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ÜBER DIE VERGLEICHBARKEIT 
DER M IT GEW ICH TSFUN K TION EN  

GEBILDETEN MITTELW ERTE

von
M. BAJRAKTAREVlC

1. Definitionen, Bezeichnungen und Problemaufstellung

Es sei :
1. /  = (0, + ~ );
2. Q die Menge der in 1 stetigen und streng monotonen Funktionen tp und 

Q die Menge der positiven und in jedem beliebigen endlichen Teilintervall von I  
beschränkten Funktionen / ,  die in I  definiert sind;

3. E = [j 1" mit а'т^а", wenn
n = 2

я' = (ait а" =  (ait ...,a l+J ,
a ^ l  (ß =  1 , al+i =  0 (/ = 1 , m);

4.

Ê f(o i)(p(ai) Z  f(üi)
i = l  1 i =  1

der mit Gewichtsfunktion / € ß  gebildete Mittelwert von a Ç.1" bezüglich der Abbil
dungsfunktion «p£(2, wo (p-1 die zu tp inverse Funktion ist.

Der Verfasser [2] hat zuerst den Mittelwertstypus (1) eingeführt und das 
Gleichheitsproblem unter Differenzierbarkeitsbedingungen bei fixen n ë 3 gelöst.
J. Aczél und Z. Daróczy [1] beschäftigten sich dann mit den grundlegenden 
Eigenschaften der Mittelwerte (1).

ln der Theorie der quasiarithmetischen Mittelwerte spielt das Vergleichbarkeits
problem verschiedener Mittelwerte eine große Rolle (S. [5]). Wir werden hier dieses 
Problem bezüglich der Mittelwerte (1) formulieren. Man sucht notwendige und 
hinreichende Bedingungen für die Funktionen tp,il/Ç.Q und f ,g € Q ,  damit die Un
gleichheit
(2) Mv [a]f  =s Мф[a]9

für alle а € (w € {2,3, ...} beliebig aber fest) erfüllt wird. Die Lösung dieses Problems 
ist bis jetzt in dieser allgemeinen Form nicht bekannt. Z. D aróczy [4] hat sich

oo
mit speziellen Fällen (wo <p = \l/ bzw. f= g  vorausgesetzt ist) von (2) für alle а £ (J I"

n =  2
und mit einigen Folgerungen aus ihnen beschäftigt.

In der vorliegenden Arbeit wollen wir die Ungleichungen (2) sowohl für die 
eben erwähnten zwei Sonderfälle als auch für den allgemeinen Fall für alle a Ç.I" 
(«€ {2, 3, ...} beliebig und fest) behandeln, und wir werden dann eine Anwendung 
unserer Ergebnisse auf die Potenzmittelwerte von Beckenbach [3] angeben.

( 1) M v[a]f  = tp-
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4 M. BAJRAKTAREVIC

2. Resultate und Beweise

Satz 1. Es sei cp, ф ай und / £  Q. Für eine beliebige aber feste natürliche Zahl 
n S 2 und beliebiges а £/" g/// die Ungleichung

(3) M„[a]r ^  МДа]г
fôzw. die Ungleichung
(За) M„[a]/ S  М Да],)

und nur dann, falls entweder ф(р~1 konvex und ф wachsend (bzw. abnehmend) 
oder фср~1 konkav und ф abnehmend (bzw. wachsend) ist.

Beweis, a) Die Voraussetzung ist hinreichend. Es sei z. B. F = фср~1 eine konvexe 
und ф eine wachsende Funktion. Dann gilt die Ungleichung

(4) «a ) ^  Í  4iF{bt)

für beliebiges b e / " (« S 2 fest) und q =  (qr1, ...,qn) y Z 9 i~  1» <7i> oj(S . [5], Satz 86).

Setzen wir jetzt in (4) qt =f(aO 2  A ai)> 0 und 6, =  (p(ß,) (/ = 1, ...,«), so
I i=  1

erhalten wir

Л  2 Д а д ш 1 2  Да,)] â  Êf(a,)F[<p(afll 2  Д а).
fi=l / i= 1 j i=l I 1 = 1

Da ф eine wachsende Funktion ist, so hat auch ф~1 dieselbe Eigenschaft, d. h. 
aus der obigen Ungleichung folgt

<P~l [ i /(« ,)9 (ad1 2^/(u ,)j S  ф -1 | Д я а ;)^ Ь (а ,)]^ Д /(а ,) |.

Daraus folgt (3) wegen Р=ф(р~1. Wenn F  eine konkave Funktion und ф eine 
abnehmende Funktion ist, so ist der Beweis ähnlich. Ähnlicherweise beweist man 
die Geltung der Ungleichung (3a), falls F konvex und ф abnehmend oder F konkav 
und ф wachsend ist.

b) Die Voraussetzung ist notwendig. Es sei jetzt л — (ау,а 2, .... a2) £ /" +1 
(«€ {1,2, ...} beliebig und fest) und ф eine wachsende Funktion. Aus (3) folgt 
—^mit der Bezeichnung Р=ф(р-1 —

F\f(a\)<P(fli) + nf(a2)<p{a2) \  ___ R ad)F[q>(aQ] + nf(a2)F[q>{a2)]
1 f ( a l) + nf(a2) \ -  f(a l) + nf(a2)

Wir setzen <р(я,)=и,- und f[<p~l (tl)]= g(tl)= g t>-0 (/ =  1,2), dann ist

(5) p[gU i+ng2t2\ ^  g iF ( t f  + ng2F(t2)
{ gi + "g2 ) ~  gi + ngi

l) J=(<p(0), <p( +  =»)), falls f  eine wachsende Funktion ist; / = ( p (  +  °°). p(0)), falls q> eine 
abnehmende Funktion ist.

S tu d ia  Sclentiarum M athem aticarum  Hungarica 4 (1969)



VERGLEICHBARKEIT DER MIT GEWICHTSFUNKTIONEN GEBILDETEN MITTELWERTE 5

Die Kurve der Funktion y = F(t) ist stetig und nach (5) gibt es auf einer beliebigen 
Sehne dieser Kurve, wegen der Ungleichung

^  t . » l W .  ,  ,
g,+ »gi

einen von den Endpunkten verschiedenen Punkt der über oder auf der Kurve liegt. 
So ist die Funktion F laut der Behauptung des Satzes 88 von [5] konvex. Im Falle 
einer abnehmenden Funktion ф ist der Beweis analog. Damit haben wir den Satz 1 
bezüglich der Ungleichung (3) vollständig bewiesen. Im Falle der Ungleichung 
(3a) ist der Beweis ganz analog.

Aus dem Beweis des Satzes und aus dem Satz 89 von [5] ist leicht ersichtlich, 
daß die Gleichheit in (3) bzw. (3a) für beliebiges a €/" wo «€{2,3,...} beliebig 
aber fest ist, dann und nur dann gilt, falls F=ip(p~1 eine lineare Funktion ist, d. h. 
ф die Gestalt ф — скр + Ь (a ^  0) hat.

Satz 2. Es sei (pdfí und f ,g d Q ■ Für beliebige aber feste natürliche Zahl 
«€{2,3, ...} und jedes a €/" gilt die Ungleichung

(6) M„[a]/  S  M ,[a],
dann und nur dann, falls die Funktion f(t)/g(t) abnehmend ist.

Beweis, a) Die Voraussetzung ist notwendig. Es sei auch jetzt a =  (al ,a 1, ..., a2) € 
€ /n+1 («€{1,2,...} beliebig und fest). Dann hat die Ungleichung (6) die folgende 
Form
,n\ ,n- 1i f ( a i)(p(a]) + nf(a2)(p(a2) \  __ „_l \g(ai)<p(a1)+ng(a2)(p(a2)\
(7) «’ 1—  7М+Ш—  Г *  — — }•
Es sei z. B. (p eine wachsende Funktion, so erhalten wir aus (7)

(8) /(ö ik (ű 2)[<p(tfi)-<p(<i2)] S  A a 2)g(ai)[(p(al)-(p (a2)].
Es sei öj, > ü 2. Dann ist (p (öx ) — cp (a2) wegen des Wachstums der Funktion <p positiv, 
so daß aus (8) /(ß ])/g (« i)s/(a2)/g(a2) folgt, und dies ist gerade die Behauptung 
des Satzes. Wenn cp eine abnehmende Funktion ist, so kann man den Beweis ähnlich 
durchführen.

b) Die Voraussetzung ist hinreichend. Der Beweis des Satzes 2 ist wörtlich 
derjenige des entsprechenden Satzes 2 von Daróczy [4].

Man kann leicht sehen, daß in (6) die Gleichheit für alle a£l"  mit «€{2, 3, ...} 
beliebig und fest dann und nur dann gilt, wenn g(t) = of(t)(<X9 i O) ist.

Satz 3. Unter den Bedingungen:
1. (p, ipZQ, f g e Q ;
2. а) Ip(p~l ist konvex, ф wachsend bzw. abnehmend oder 

b) ф(р~' ist konkav, ф abnehmend bzw. wachsend,
3. f/g  ist abnehmend bzw. wachsend, 

gilt die Ungleichung

S  Afф[a]9 bzw. M f[я]х ё  Мф[я)в 
fü r  beliebiges aber festes и € {2, 3, ...} und für jedes а €/".

Studia Scientiarum  M athem aticarum Hunyarica 4 (1969)



6 M. BAJRAKTAREVIC

Beweis. Es gilt nach dem Satz 2 die Ungleichung

Мф[a]r S  Мф[а]д bzw. Мф[а / §r Мф[a\g, 
und nach dem Satze 1 die Ungleichung

M„ [a] f  ^  Мф [a] j  bzw. Mip [a] f  s  М ф [a] f .
Daraus folgt unmittelbar die Behauptung des Satzes 3.

Bemerkung. Die folgenden Beispiele zeigen, daß die Bedingungen dieses 
Satzes zu eng sind.

Beispiel 1. Wenn <p(x) =  x4, ф(х) = х г, f(x ) = 1, g(x) = x 2, x> 0 , dann ist 
Il/(p~1(x) — jrx  konkav, ф wachsend, f/g  abnehmend und Mq[a]y ̂  Мф[aj,,. Dies 
ist leicht ersichtlich aus der Gleichgiltigkeit der Ungleichungen

Beispiel 2. Wenn <p=xF4, ф — Ÿx, f(x )  = ÿx, g(x) =  l, x> 0 , dann ist ф(р 1 
konvex, ф wachsend, f/g  wachsend und M,P [ajr ^  Мф [а]д.

Satz 4. Setzen wir voraus, daß die gegebenen Funktionen fg d Q ,  (р,ф££2 
die folgenden Bedingungen erfüllen:

1. Mv [a] f  á  Мф [&]д bzw. Mp [a] f  S  М ф [a]? bei beliebigem aber festem n Ç_ {2, 3,...} 
und bei jedem a Ç /",

2. ф(р~ ' ist konvex und ф abnehmend bzw. ф(р~1 konvex und ф wachsend oder 
ф<р~1 ist konkav und ф wachsend bzw. фср-1 konkav und ф abnehmend, dann ist 
f/g  abnehmend bzw. wachsend.

Beweis. Es sei z. В. р = ф с р ~1 eine konvexe und ф  eine abnehmende Funktion. 
Setzen wir voraus, f/g  sei der Behauptung widersprechend nicht abnehmend. Dann 
gibt es zwei Punkte x t < x 2 so daß/(xr1)/g(x1) c / ( x 2)/g(x2) ist. Man kann immer zwei 
Funktionen /*  und g*,f*, g*dQ derart finden, daß f*/g* wachsend und /*(x,) =  
= /(x j), g*(xi)= g (x i) (/ =  1,2) ist. Ist nähmlich G > 0  eine wachsende und g*£Q 
eine beliebige Funktion und sind die Bedingungen G(x/)= /(x i)/g(xi), g*(x,) =  g(x,) 
(/ =  1, 2) erfüllt, dann ist f* £ Q  durch f*  = Gg* definiert und es gilt /*(xf)= /(x ,) 
(/ =  1, 2). Dann gilt für a =  (xt ,x 2, . .. ,x 2)£ /" +1 nach dem Satz 2 und nach der 
Beweisedurchführung dieses Satzes die Ungleichung

n — 1 n n — 1 n
2 2  2  x fx j  ^ 2 2  (x t+ x j).i=l j=i+l i= 1 j=i+ 1

4

Mp[a]r  >  M„[a]9.
Nach dem Satze 1 aus 2. folgt

und daraus
Mp[a]9 s  Мф[a]9

M9[a]f  >  Мф[a]9
im Widerspruch zu der Annahme 1.

Sludia Scientiarum M athem atic arum  Hungarica 4 (1969)



VERGLEICHBARKEIT DER MIT GEWICHTSFUNKTIONEN GEBILDETEN MITTELWERTE 7

So ist die Behauptung in diesem Falle ganz bewiesen. In anderen Fällen soll der 
Beweis ganz ähnlich durchgeführt werden. Damit ist der Beweis des Satzes 4 voll
endet.

Satz 5. Falls die Funktionen <р,ф fQ  ( f f  А 0, ф' ^  0) und f, g <zQ zweimal stetig 
differenzierbar sind, dann ist die Relation

(9 ) * - Г + г \ Г - <
<P' Ф f  g

eine notwendige Bedingung für das Bestehen der Ungleichung

[a]/  S  М ф[a]9

für alle a Ç /" (n Ç {2, 3, ...} beliebig aber fest).
Beweis. Es sei a  = (x,y, ...,y )£ l"+i (n£ {1, 2, ...}) und

A =  A ( x , y ) =  . В =  B(x,y) =  » W W y  ,f(x )  + nf(y) g(x) + ng(y)

A(x,y) = (р ~ 1(А ) - ф ~1(В ) s  0.

Dann folgt für x = y  aus der Relation

()A (x, y) 
Dx = <р-1'(А)-А'х - ф - 1'(В).В'х

die Relation
à А (у, у) 

Dx =  0 (y íl) ,
und aus der Relation

D2A(x, y) 
dx2 = <P 1"(A)’(A'x)2 + (p-1'(,A) а : * - ф ~ 2 " ( В ) . ( В х ) 2 - ф ^ ' ( В ) .  В ’’г

die Relation

D2A(y,y) n f <p"(y) ф"(у) i f f y )  g 'О’))!
Dx2 (n + l)2\ f f ( y )  ф'(у) ( / (7 )  g (y ))) '

Anderseits aus der Relation

( x - y )

bekommt man die Relation

( x ^ y )

A(x,y)
11ГП . V 2
x - y ( x - y ) 2

1
2

lim
x-*y

D2A(x,y)
Dx2

1 D2A(y,y)
2 dx2

Somit ist alles bewiesen.

S tud ia  Scientiarum  Mathematic arum  Hungarica 4 (1969)



8 M. BAJRAKTAREVIC : VERGLEICHBARKEIT DER MIT GEWICHTSFUNKTIONEN GEBILDETEN MITTELWERTE

Als unmittelbare Folgerung und eine Anwendung auf die Potenzmittelwerte 
von Beckenbach (S. [3] und [4]) ist der folgende

Satz 6. Die Ungleichung p { —p2 + 2(ql — q2) s  0 ist eine notwendige Bedingung 
für das Bestehen der Ungleichheit MPi [a]?i ^ M pi[&]q2 ( a £ /n, nÇ {2,3,...} beliebig 
und fest), wo

Mp[*\q =
Za?*«i= 1

und
2 a?i= 1

(p € (— » , 0) U (0, + °°), q Ç (— », 4- oo))

M0 [a] =  exp
2  a« log a,

2  a «i i= 1

(q€ (-°°, + =°))

ist.
Die speziellen Potenzmittelwerte von Beckenbach Ма_1[л\1 bzw. M0 [a][ sind 

in enger Beziehung mit der Informationsmenge (Entropie) der Ordnung a> 0 , 
a ^ l  bzw. mit der Shannonschen Entropie (a =  l) (s. [6] und [1]).

Am Ende sei noch bemerkt daß die Ungleichheit

M 2 [a]„ s  Л/j [а],, а =  (x, у) £ I 2
dann und nur dann gilt, falls q ist. Wegen der wachsenden Monotonie der Mit
telwerte Mx[a]e mit wachsendem q (s. den Satz 5, [4]) ist es hinreichend nur die 
Ungleichheit

M 2 [a]0 s  M j [а]*, а = (x, у) € I 2
zu beweisen. Es ist aber leicht einzusehen, daß diese Ungleichheit gleichbedeutend 
mit der Ungleichheit (.v— у )2 S  0 ist.

L IT E R A T U R V E R Z E IC H N IS

[1] Aczél J. und D aroczy Z. : Über verallgemeinerte quasilineare Mittelwerte, die mit Gewichts
funktionen gebildet sind, Publ. Math. Debrecen 10 (1963) 171— 190.

[2] Bajraktarevic, M. : Sur une équation fonctionnelle aux valeurs moyennes, Clasnik M at.-Fiz.
Astr. 13 (1958) 243—248.

[3] Beckenbach, E. F.: A  class o f mean value functions, Amer. Math. Monthly 57 (1950) 1—6.
[4] D aróczy, Z. : Einige Ungleichungen über die mit Gewichtsfunktionen gebildeten Mittelwerte,

Monatsh. Math. 68 2. Heft (1964) 102— 112.
[5] H ardy, J. E., Littlewood and Pólya, G.: Inequalities, Cambridge, 1952.
[6] Rényi, A. : On measures of entropy and information, Proceedings o f  the Fourth Berkeley Sym

posium on Math. Statistics and Probability, 1960, I, Berkeley, 1961, 547—561.

Naturwissenschaflich-mathematische Fakultät, Sarajevo 

(Eingegangen: 17. Februar, 1965.)

Studia Scientiarum M athem aticarum  Hungarica 4 (1969)



Studia Scientiarum Mathematicarum Himgarica 4 (1969) 9—11.

A PROBLEM  ON SEM I-G R O U PS

by
D. A. BURGESS

It is well-known that if G is a finite group of order n and

(1) *(1), *(2), x(n)
are n (not necessarily distinct) elements of G, then there is a non-empty subset 
x(ij), ...,x (ir) of (1) whose product

is the identy element of G. The special case of this result in which G is the additive 
group of residue classes modulo the positive integer n appears in a paper [1] of 
P. Erdős. Dr. Erdős asked me if I could extend this result to semigroups, that is 
if I could prove:
(1) I f  S is a semi-group of finite order n and if

(2) у(1),...,Я «)

are n (not necessarily distinct) elements o f S, then there is a non-empty subset 
у di), ...,y(ir) o f (2) whose product
(3) kO'i)---T('r)
is an idempotent.

In this paper I give a partial answer to this question. The result presented is: 

T heorem. Statement (I) holds if  S contains only one idempotent.
As a consequence I shall deduce:
Corollary. Statement (I) holds if  S is commutative. Thus in particular (I) 

holds in the number theoretic case in which S is the set of residue classes modulo 
the positive integer n under multiplication.

Proof of Theorem. Let S be a finite semigroup containing just one idempotent e. 
Then for each element y  of S there exists a positive integer m[y] so that

y M  =  e _

Note that consequently y  and e commute.
Denote by N  the subset consisting of elements y  of 5 for which

ye = e,

Studia Scientiarum  M athem aticarum Hungarica 4 (1969)



10 D. A. BURGESS

and have a form of type (3). We suppose that (I) is false for S  and the system (2) 
and show first that then N  is non-empty. For consider the n products

y ( l )y (2)...y (i) 0  =  1, 2,

On our assumption two of these must be equal, say

y ( l ) . . .y 0 ) = ^ ( l ) —>’0 ') 0  < /)•
From this it follows that

ey(i + \ )  . . .y (j ) =  {у (1 )...Д '0 )Г с,’(1) •)’(i)]{ jO + l)" -J '(y )}

=  { y ( i) ... ̂ 0 )} mW1)-Ki)1- 1 M i )  —y (j )}

= { y (i) ...y O )rwl)- J'(,)1_1{ ^ (i)-^ (0 }
= e

and thus y{i+ \)...y{j) is an element of N.
Now choose a maximal element y(/i)y(;2)...>'0r) of N  (maximal in the sense, 

that no product of type y(ii)y(Î2)---y(jr)y(fr+i)---y(ft) (f=*-r; ifM O  is an
element of N).

By renumbering the y's we may assume it to be
y(l)...y(r) O>0).

Applying the above argument we obtain again for some i, j

y(\)...y{i)= y(\)...y (j)  (/ </)>
and hence

ey(i + l)...y(J) = e.
Now if /S r  then

y ( l) . . .y ( r ) j0 + l) - - j0 ‘) € ^

which contradicts the maximal property of y(l)...y(r). Thus But we also have

t (i ) - j (o =  м о - м о н к / м ) .  - у ( л }

= М О - Я О Н Я ' + О-М ./)}2

=  { y ( i ) . . . y ( / ) } { y ( / +  I)...y(j)}mly(i+1)"yun 
= y(\)~ y(})e  

and so we see that
y(l)...y(r) = y (l)...y (/)y (/+ l)...y (r)

= y(\)...y{i)ey{i+ \)...y(r)
= y(\)...y{i)y{i+ \)...y(j)e  

=  e,
since y(l)...y(r) belongs to N. This proves the theorem.

Sinaia Scientiarum M athem aticarum  Hungarica 4 (1969)



Proof of Corollary. A finite commutative semigroup can be partitioned into 
subsemigroups each containing a single idempotent (See e. g. [2]). For at least one 
of these subsemigroups the hypotheses of the theorem are satisfied.

A PROBLEM ON SEMI-GROUPS I 1
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SUR DEUX PR O BLEM ES D’AFFECTATION

par
HOÀNG TU Y et NG U YÊN  QUANG THAI

Introduction

Dans ce travail nous étudierons les deux problèmes suivants: 

Problème a. Maximiser z, avec:

(1) Ху s  0 ( /= 1 ,2 , ..., m\ j  = 1, 2, ..., n)

<2)
n

2  xij ^  a,. 
j= i

(/ = 1,2, ..., m)

(3)
m

2  bijxij = bjZ i= 1
(j  =  U 2, ...,/?).

m n
Problème b. Minimiser 2  2  cî.jXij, avec:

<=i j= i
(4) Xtj s O  ( /= 1 ,2 ...... nr, j  = 1 ,2 ,...,« )

(5)
n

2  xu S  a. ( /=  1,2, .. ,m)
]= i

(6)
m

bij j bji= 1 (./=  1,2, .... и),

où l’on suppose que: 0 (/ =  1,2, .. -, m), b j> 0 0  = 1,2, ..., ri), bu s 0, СцёО
0  =  1,2, ..., m; j=  1, 2, ..., ri), maxh0 > 0 (y =  l ,2 , .

Ces problèmes se rencontrent notamment dans la répartition des tâches entre 
plusieurs machines (ou entreprises): at est alors le fonds de temps disponible pour 
la machine i; btJ —■ le volume de travail que peut effectuer par unité de temps la 
machine i quand elle travaille sur la tâche j;  bjZ (dans le problème A) ou bj (dans 
le problème B) — le volume total de travail à effectuer pour la tâche y, xtJ — le temps 
(à déterminer) que la machine i doit réserver à la tâche j, pour maximiser la production 
totale (problème A) ou minimiser le coût total (problème B).

Comme l’application de la méthode générale du simplexe à ces problèmes exi
gerait un volume important de calculs, à cause du grand nombre de variables, 
beaucoup d’auteurs ([2], [3], [4], [8], [9]) ont cherché des algorithmes plus appro
priés, tenant suffisament compte de la structure spéciale des problèmes traités et 
de ce fait exigeant moins de calculs. Dans ce qui suit nous allons exposer une nou
velle méthode, plus simple, qui a l’avantage d’ètre exempte des considéra-
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14 HOÀNG TUY ET NGUÊN QUANG THAI

tions habituelles de dégénérescence et exige, semble-t-il, un volume de calcul sen
siblement réduit par rapport aux méthodes actuellement disponibles.

Le point de vue général adopté dans ce travail sera celui de la théorie des graphes, 
dont les notions fondamentales sont supposées connues du lecteur [1].

§ 1. Problème A

1. Flot maximal dans un réseau. Formons le tableau T am  lignes /= 1 , 2,..., m 
et à n + 1 colonnes: j= 0 ,  1, 2, ..., n, et regardons ce tableau comme un graphe 
simple dont les sommets du premier groupe sont les lignes, ceux du second groupe 
les colonnes, chaque arête (i,j) étant représentée par la case située à l’intersection 
de la ligne i et de la colonne j. Soit G un sous-graphe quelconque de T. Désignons 
l’ensemble des sommets et des arêtes de G par la même lettre, ce qui permet d’écrire: 
(i,j)£G , /€ G, G, pour indiquer respectivement que la case (;,/), la ligne i, la 
colonne j, appartiennent au sous-graphe G. Nous disons qu’une matrice [xfj] est 
un flot dans le réseau G si l’on a:

(7 ) X u  S 0 0 = 1 ,2 , . . . , m ;  j  =  1, 2, ..., /7, 0)
(8) X u  =  0 Q , M G

(9 ) 2  X i j  +  X i o  = Oj
j = i

0 =  1,2, ..., m )

(10)
m

2  b i j X i j  =  e b  j Ü =  1,2,.

Le nombre 0 est appelé valeur du flot ,v = [xy]. S’il n’existe aucun flot x' = [x'ij] 
sur G de valeur fF>-0, x =  [xy] est appelé un flot maximal dans le réseau G, et 
6 est la capacité de ce réseau. Le problème A revient évidemment à chercher la 
capacité du tableau T.

Le calcul de la capacité d’un réseau est particulièrement simple lorsque ce 
réseau est une forêt du tableau T, c’est à dire un graphe partiel G sans cycle de T. 
En effet, dans ce cas, la matrice des coefficients des x;j > 0  dans le système (8), (9), 
(10) est triangualire, ce qui permet de résoudre ce système très facilement. On obient 
la solution de ce système sous la forme

(H) xtm = y.j-ß ij0 ,
et la capacité du réseau G est

(12) 6 = min I*»
Iß,j

OA

à condition, bien entendu, qu’on ait

(13)
4 m inf ë

Le flot maximal est alors x =  {х,Дб)}.
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Exemple. Pour chaque/= 1 ,2 , ...,n  soit /(/) /’indice tel que biU)J = max Ьи .
i

L’ensemble des cases (/(/),/)  ( /=  1, 2, ..., ri) et des cases (/,0), (/=  1, 2, m) 
constitue un arbre G, dont le flot associé est

0bj  . .
x «j)J = T ~  O =  1 ,2 ,...,« )

* i0 = 0, -  Z  x i(j ) j  ( ' =  b  2, ..., m)
et dont la capacité est

B =  m in----- —  >  0.
i y  b j  

i ( j ) = i  b i ( j ) j

2. Propriétés du flot maximal. Soit G un réseau quelcoque (non nécessairement 
une forêt) de capacité 0, x = [xy] un flot maximal dans G. Comme toujours, nous 
supposons pour chaque (/,/)£ G. Une case (k, l)£G est dite occupée si
xw>0. Une colonne /  est dite puissante s i/  = 0 ou si elle est reliée à la colonne 0 
par une chaîne Г j de cases de G, telle que les cases impaires de Г j soient occupées 

les cases étant comptées dans le parcours de Г/, à partir de la colonne 0. Une 
colonne qui n’est pas puissante est faible.

Théorème 1. Il existe toujours au moins une colonne faible.
Démonstration. En vertu du théorème connu de dualité on peut trouver des 

nombres Xt,Pj tels que
(14) f - b t j P j  ^  о (U K  G, ;V 0

(15) Z  bjpj  S  1
i = i

(16) 1( è 0 (/, 0) € G
(17) Xi — bijfij = 0 si x , j>  0
(18) A* = 0 si xi0 >  0.

Soit /  une colonne puissante quelconque, Гj = {(i0, 0), (i0,j\), (i1 , j x), ..., (/*,/*)> 
0 /,/)}  la chaîne de cases de G telle que x,o, o>0, xh jl^ 0 , ..., x ikjk>0. D’après 
(18) on a Àio = 0, donc en vertu de (14) —bioJlpjl ^0 , c’est-à-dire 0. D’autre 
part, comme xiu i> 0  on a, d’après (17), Afl =biljlpJi ëO d’où, en vertu de (1), 
biij1Pj2=/.ii = 0 c’est-à-dire ph  ̂  0 et ainsi de suite. Finalement, Pj = 0. Donc si 
toutes les colonnes étaient piussantes on aurait /1; =  0 pour tout /= 1 ,2 , ...,n , 
contrairement à (15).

Une ligne i est dite puissante si elle coupe une colonne puissante suivant une 
case occupée; faible, si elle n’est pas puissante. Les propriétés suivantes sont faciles 
à vérifier:

P. 1) si la ligne i est puissante et (/,/)€  G, la colonne/est puissante,
P. 2) si la colonne yVO est puissante, toute ligne et colonne incidente à Г j 

est puissante.
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16 HOÀNG TUY ET NGUÊN QUANG THAI

P. 3) si la case (i,j) est à l’intersection d’une ligne faible et d’une colonne 
puissante, on a xtJ=0.

De ces propriétés on déduit une méthode très simple pour déterminer les lignes 
et colonnes puissantes: on marque la colonne 0; puis, si une colonne est déjà mar
quée, on marque toutes les lignes non marquées qui coupent cette colonne suivant 
une case occupée; si une ligne est déjà marquée, on marque toutes les colonnes 
non marquées qui coupent cette ligne suivant une case de G. Cela jusqu’à ce qu’on 
ne peut plus continuer. Alors les lignes et colonnes marquées constituent l’ensemble 
des lignes et colonnes puissantes.

Nous dirons qu’une case (/, /) est un point mort, si i est faible, j  puissant; un 
pont si i est puissant, j  faible. On a toujours, x;j = 0 pour un point mort, et (j,j)$ G 
pour un pont.

Théorème 2. Lorsqu’on ajoute à un réseau G un pont (r, s) et qu'on lui enlève 
un certain nombre de points morts, la capacité du réseau ou le nombre des colonnes 
puissantes doivent augmenter.

Démonstration. Supposons que la capacité du réseau n’augmente pas, c’est- 
à-dire que la capacité 9 du nouveau réseau G' est égale à 9. En vertu de la pro
priété P, 3) ci-dessus, on a xpq = 0 pour chaque point mort (p, q), donc le flot x  reste 
un flot maximal dans le réseau G'. Il est alors facile de voir que toute colonne puissante 
dans G reste puissante dans G'. En effet, pour toute colonne j  puissante dans G, 
la chaîne Г j ne peut contenir un point mort (p, q), d’après la propriété P. 2). Donc 
la suppression des points morts n’influe pas sur Гу et la colonne j  qui était puissante, 
le reste. D’autre part, puisque les cases occupées sont conservées, toute ligne puis
sante dans G le reste dans G'; en particulier la ligne r reste puissante dans G', et 
d’après la propriété P. 1), la colonne s qui était faible dans G, devient puissante 
dans G'. Par suite le nombre de colonnes puissantes dans G' est bien supérieur 
à celui dans G.

Comme on l’a vu, la détermination d’un flot maximal est particulièrement 
simple lorsque le réseau G est une forêt. Il y  a donc intérêt à ce que les cycles ne 
se forment pas par l'adjonction des ponts. C’est ce que montre effectivement la 
proposition suivante;

Théorème 3. — Si G est une forêt, le nouveau réseau G' obtenu en ajoutant 
un pont (r, s) et en supprimant tous les points morts, sera encore une forêt.

D émonstration. — Le pont (r, s) forme avec les cases de la forêt G un cycle 
unique sur lequel doit se trouver au moins une case (p, q) située à l’intersection d’une 
ligne p et d’une colonne q de catégories différentes (sinon toutes les lignes et colonnes 
incidentes à ce cycle, en particulier r et s, seraient de même catégoriel). Or, en vertu 
de la propriété P. 1), puisque (p, q)€ G, cette case ne peut être un pont; c’est donc 
un point mort qui doit ainsi être supprimé. Il en résulte que G' ne peut avoir de 
cycles.

Les résultats précédents suggèrent une méthode pour augmenter pas à pas 
la capacité, en partant d’un réseau dont le flot maximal est trivial. Pour que l’absence 
des ponts assure que la capacité maximum est atteinte, nous opérons sur une classe 
particulière de réseaux qui va être définie.
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3. Réseau normal. Un réseau G est dit normal s’il existe des nombres ut,Vj 
tels que
(19) u, a  1 / =  1,2, m
(20) Ui^bijVj,  i = 1, 2, m; j  =  1, 2, n

(21) u ,=  l (/,0K G
(22) Uj = bu Vj (i, j )  £ G, jVO

Le système {m,, Vj} est alors appelé un système de potentiels du réseau G.
Par exemple, le réseau construit à la fin du § 1.1. est normal. Son système de 

potentiels est
«1=1 (i =  1,2,

Vj =  T-1— 0  =  1 ,2 ,...,« )
° i ( j ) j

T héorème 4. Si pour un réseau normal G il n'existe aucun pont (i , j ) avec Ьц>-0, 
la capacité в de ce réseau est le maximum cherché.

D émonstration. Soit P l’ensemble des lignes et colonnes puissantes, F l’en
semble des lignes et colonnes faibles. Posons:

(23)
«i

Í Щ i£P  
(ям, i £ F

[ VJ J iP
Uvj je  F

11 est facile de voir que, le cas i£P, j e  F, étant ici exclu, le système (23)
vérifié pour tout i r è l  les relations:

(24) u' i -b i jVj^  0, / =  1, 2, ...,/« ; j  = 1, 2, ..., n
Supposons maintenant qu’il existe dans T  un flot xf =  [x;j] de valeur 0 '> 0 . 

En tenant compte de (24), et du fait que ы- ë l  (/'=1,2,..., m) on peut alors écrire:

(25) 2  «i « / -  0' 2  b j с) = 2  («/' -  bu v'j) x'u + 2  x'io ui ë  2  x 'io
i j  i, j  i i

Or, on a aussi
(26) 2 aiu'i - 0 ' 2 bjv'j =  2 4 « , - 0 '  2 bjVj+ nr(0')

( j  i d  P J dP
où
(27) r(9') = 2 aiui~ b ' 2 b j  Vj

i € F  j d F

Comme xy = 0  pour ieF,  j e  F, ou i$F, j e  F, et que ie F implique x(0 =  0, 
on voit aisément que:

2 x tJ = a, (ieF)
j e t

2 b ijxij = 0bj ( je  F)
id F
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d’où il suit, en tenant compte de (22)

(28) '•(0) = 2  { 2 x ij) « i-  2  Í 2  bux u) vj
i Ç F U € F  )  j i F \ i € F  )

2 ( « r
î e F j t F

bijVjXij = 0

Si 0 = 0, on aurait x iO>~0 pour tout i, donc toutes les lignes seraient puissantes, 
et la case (i0, j0) où j Q € F, biojo = max bijo>0 serait un pont. Donc 0 > 0  et on

i
doit avoir r , > 0  pour tout j, car chaque colonne j  doit contenir alors au moins 
une case (i, j )£G,  pour laquelle on a, d’après (22)

Il en résulte que
Z b j V j  >  0

j<LF
(car F ^ 0 )  et par suite, en vertu de (27), (28), r(0')<O pour tout 0 '>0 . Dès 
lors, d’après (26), pour n suffisamment grand, on aura

2 Щ u'i -  в' 2  bj v'j <  2  *;o 
* j  i

contrairement à (25). L’existence dans T  d’un flot de valeur 0 '> 0  est ainsi impos
sible et le théorème est démontré.

Désignons par L l’ensemble des ponts (i,j) tels que 0:

(29) L = {(i,y ):/€P ,y€F ,iiy >  0}

Supposons et cherchons la case (r, s)Ç_ L à ajouter au réseau normal
G pour en déduire un réseau G' encore normal.

Théorème 5. Soit (r, 5) un pont tel que

(30) = min j+  - M— :( /J )€ f |
b „ v t  I b . j V j  J

Si on ajoute au réseau G ce pont, et qu'on lui enlève tous les points morts, le nouveau 
réseau G' sera encore normal', son système de potentiels sera déterminé par les égali
tés (23), où n est égal à la quantité (30).

Démonstration. En vertu de (20), on a я ë  1, et les relations u \ ë  1 (i =  1, 2 , ..., m 
u'i—bijVj^O (i= 1, 2, ..., m; j =  1,2, ..., ri) sont vérifiées pour iÇ.P,j£P,  ou i£F,  
j £F ,  ou iZF, j£P,  ou iÇ.P, jÇ.F, Ь^ = 0. Elles résultent immédiatement de (19) 
et (30) si i £P , j £F ,  bij> 0.

D’autre part, pour la case (r, 5) qui vient d’entrer dans le réseau, on a и\ — щ, 
v's = tïvs , d’où d’après la définition de n, ur — brsvs = 0, tandis que pour les cases 
anciennes (/, /') qui sont conservées, on a soit / € P, j  € P, soit i € F, j £ F, de sorte 
que u'i=Ui, v'j = Vj et les relations (22), (23) ne sont pas modifiées. Donc {«•, v'j} 
est bien un système de potentiels pour le nouveau réseau G' qui est ainsi normal.

4 — Algorithme I — Ce qui précède conduit à l’algorithme suivant pour chercher 
la capacité du tableau T, c’est-à-dire pour résoudre le problème A.
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On choisit au départ un réseau normal G0, qui soit une forêt, de capacité 0O ëO. 
Ce réseau initial peut être pris égal au „réseau nul”, formé par l’ensemble des cases 
de la colonne 0, auquel cas 0O — 0> w?=l (i = 1,2, ..., m); u° =  0 (J=  1,2, ..., rí). 
Mais il est mieux de prendre comme réseau initial celui construit suivant l’exemple 
donné à la fin du § 1. 1.

Dans chaque étape ultérieure, on dispose d’un réseau G, sans cycles, de capacité 
0ëO, de flot maximal x = [*,;], et de potentiels {w;, Vj}. On détermine, par le procédé 
de marquage, l’ensemble P des lignes et collonnes puissantes, et l’ensemble

(31) L =  {( iJ) : i£P, j€P,bi j>  0}

1. Si L = 0 ,  9 est le maximum cherché, et x = x tj est une solution optimale 
du problème.

2. Si I ? í 0 ,  on choisit un pont ( r , i ) é l ,  satisfaisant au critère (30), qu’on 
ajoute au réseau G. On supprime de G tous les points morts pour former un nouveau 
réseau G", et on détermine, par la méthode indiquée au § 1. 1. le flot

[xfj(Û) = a,j — ß'ue]
la capacité

puis de là le flot maximal dans G':

x' = [x'tj] =  [xtj(9'))

On calcule ensuite le nouveau système de potentiels {m-, v'j} par les formules
(23), où

_  -  u'Я »
b r s Vs

et on passe à l’étape suivante. Ainsi de suite.

T héorème 6. L'algorithme décrit conduit à la solution optimale au bout d'un 
nombre fini d'étapes. En effet, dans chaque étape, le réseau obtenu diffère de tous 
ceux rencontrés dans les étapes précédentes, soit par la capacité, soit par le nombre 
des colonnes puissantes (théorème 2). Comme chaque réseau est une forêt, et que 
le nombre total des forêts est fini, l’algorithme ne peut se poursuivre indéfiniment. 
Il est intéressant de remarquer que l’algorithme précédent est tout à fait analogue 
à l’algorithme de résolution du problème de transport proposé dans [5].

Exemple numérique. Résoudre le problème A, avec les données suivantes:

2 4 1 (hj)

4 4 3 3
8 3 0 2
6 2 _ 2 __ 1

a i
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7Г 9
8

+ +

4 *
0
3

• • X2 28——0 — e3 3
G •

. 50 50 ^12--- ——62 2
_i_ i i
3 2  2

+ +
4
T9-4

ф100

2|\0 
• 

1OfN

i» T 9- 12

6

0 =  6 L=0

0 4 0
4 0 3
0 6 0j

Solution optimale

Les nombres ut(vj) sont écrits à droite (en bas) de chaque tableau. Le signe 
• indique une case de G, о un point mort; X un pont; <g> le pont qui doit entrer 
dans le nouveau réseau. Les lignes et colonnes puissantes sont marquées du signe + .

§ 2. Problème B

1. Réseau simple. Dans cette partie, les termes „flot maximum”, „capacité” , 
etc ... désigneront des notions un peu différentes de celles introduites auparavant: 

Considérons le graphe simple constitué par un tableau à m +1 lignes i = 0, 1, 
2, ..., m et à и + 1 colonnes j= 0 , 1, 2, ..., n, et un sous-graphe R de T. Nous dirons 
qu’une matrice [x^] est un flot dans le réseau R, si l’on a
(32) х и S  0 (i = 1, 2, ..., m, 0; j  = 1, 2, ..., n, 0)
(33) Xij = 0 (U M  R

(34) 2  XtJ + Xi 0 = cti 
j= 1

(i = 1, 2, ..., m)

(35)
m

2  bijX,j + x 0J = bj U  =  1, 2, ..., n)
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m n
Le nombre J? 2 ^ i j x ij est Par définition la valeur du flot. S’il n'existe dans R

aucun flot de valeur plus grande que le flot {xy}, celui-ci est appelé un flot maximal 
dans le réseau R et sa valeur est la capacité de ce réseau. Evidemment un flot maximal 
est aussi celui qui correspond au minimum de la quantité

Nous supposerons toujours 0 pour chaque (i , j)£R,  rVO, yVO et nous 
conviendrons que boj =  1 quel que soit y. Alors pour chaque chaîne simple Г formée 
de cases de R et ne contenant pas la colonne 0, on peut définir sa caractéristique

où 77 > П  désignent les produits étendus respectivement aux cases paires et aux
cases impaires de Г, les cases de Г étant toujours comptées dans le sens du parcours 
de la chaîne à partir de son origine. Lorsque Г est un cycle, pour définir sa carac
téristique, il faut choisir au préalable une de ses cases comme case impaire. Appelons 
réserve la ligne 0, ou la colonne 0, ou un cycle de caractéristique différente de 1 et ne 
passant ni par la ligne 0 ni par la colonne 0.

Un réseau R est dit simple si tout cycle qu’il contient est une réserve et si cha
cune de ses composantes connexes contient au plus une seule réserve.

L’intérêt des réseaux simples dans la question qui nous occupe réside dans 
le fait que la capacité d’un tel réseau est très facile à calculer. En effet, s’il existe un 
flot x  = [Xij] dans un réseau simple R, il est déterminé univoquement de la façon 
suivante:

On piend une case (i0,jo) de R qui soit seule dans une ligne i0?±0 ou seule 
dans une colonne jo^O  et on determine xiojo par les conditions (33) et (34), ou 
(33) et (35); on efface la case utilisée et dans le réseau qui reste on prend une case 
(/, ,yj), ayant les mêmes propriétés, pour laquelle on détermine la valeur xtlJl par 
les mêmes conditions en tenant compte de la valeur déjà calculée de xiojo, 
etc ... Lorsqu’il n’y a plus de case de R pendante dans une ligne 
iV 0 ou dans une colonne yV 0 il ne reste plus que des cycles isolés qui sont tous 
des réserves. On prend alors une case quelconque (t\,jk), située sur l’un de ces 
cycles et, en posant xikJk =  0, on peut, par la méthode précédente, calculer de proche 
en proche, en fonction de 0, les valeurs x,j correspondant aux autres cases du cycle 
considéré; il y aura alors exactement une inconnue xtJ exprimée de deux façons 
différentes en fonction de 0 et en égalant ces deux valeurs, on obtient une équation 
linéaire qui permet de déterminer 0 sans ambiguité, car il est facile de vérifier que 
le coefficient de 0 dans cette équation est égal à q — 1 ^  0, q désignant la carac
téristique du cycle. En répétant les mêmes opérations pour les autres cycles, on 
obtient finalement un système de monbres xtJ vérifiant les équations (33), (34), (35). 
Si alors la condition (32) est aussi satisfaite, la matrice x  = [xtJ] est le flot unique, 
et par suite le flot maximal, dans le reseau simple R. Si au contraire, cette condition 
n’est pas remplie, c’est que le réseau n’admet aucun flot.

n

Г+ Г -
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2. — Propriétés du flot maximal. — Soit x =  [x;j-] un flot dans un réseau donné 
R, non nécessairement simple. Comme auparavant, une case (i,j) Ç. R est dite occupée, 
si Xjj >0. Une chaîne simple Г issue de la ligne 0 et formée de cases de R est dite 
insaturée, si toutes ses cases impaires sont occupées. Un sous-graphe Г de R est appelé 
un tuyau (de 1er, 2ms, 3me type respectivement) s’il satisfait à l’une des trois condi
tions suivantes:

1. Г est une chaîne élémantaire allant de la ligne 0 à la colonne 0;
2. Г est un cycle élémentaire passant par la ligne 0;
3. Г est formé d’un cycle élémentaire ne passant ni par la ligne 0 ni par la colonne 

0 et d’une chaîne élémentaire allant de la ligne 0 à ce cycle. Il est clair qu’un réseau 
simple ne peut avoir aucun tuyau.

Un tuyau de 1er type est dit disponible, si c’est une chaîne insaturée. Un tuyau de 
2me type est dit disponible, si on peut choisir les cases impaires sur ce tuyau de façon 
qu’elles soient toutes occupées, et que la caractéristique du tuyau soit supérieure 
à 1. Un tuyau de 3me type est dit disponible, si la chaîne reliant la ligne 0 au cycle du 
tuyau est insaturée, et si on peut choisir les cases impaires sur ce cycle de façon 
qu’elles soient toutes occupées et que la caractéristique du cycle soit supérieure à 1.

Associons à chaque ligne MO (colonne yMO) un nombre A; (pi), appelé son 
potentiel propre dans le réseau R par rapport au flot donné x, et defini comme suit:

(36a)

(36b)

|тах£>(Г) si L; ^  0
ГСЕ,

0 si L; =  0

{max в (Г) si Mj 0
FiMj

0 si Mj =  0
où L; (Mj) désigne l’ensemble des chaînes élémentaires insaturées allant de la ligne 
0 à la ligne i (colonne j ) .

T héorème 7 — Les trois conditions suivantes sont équivalentes:
1.
2.
3.

Le flot x =  [x;/] est maximal dans R ;
Il n’existe dans R aucun tuyau disponible; 
Les potentiels propres Я;, pj vérifient:

(37) M O  (/, 0)£Л

(38) /'.,•= 1 (0 , j ) £R
(39) f - b upj ^  ° (i , j )£R

(40) A; = 0 xi0 >  0

(41) bj= 1 x 0J> 0
(42) k - b ^ P j  =  0 xu >  0

D émonstration l)=>-2). Il suffit de prouver que, si Г est un tuyau disponible, 
on peut corriger le flot dans Г, de manière à augmenter sa valeur.

Désignons par Г +(Г~) l’ensemble des cases paires (impaires) de Г, par o; 
la caractéristique de la portion de Г allant de la ligne 0 à la ligne i (g0 = 1), par q
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la caractéristique du cycle de Г (lorsque Г en a). Si Г est un tuyau disponible de 
1er ou de 2me type, posons

x i j  +  n  ( ' > . / )  €  r +

(43)

OÙ

(i j ) a r -  

0U H  г

(44) e =  тт{е,дсу :(/,у)€Г }
Si Г est un tuyau disponible de 3me type, posons

(45)

S
(/,/•) 6 r +\ A

e

XlJ- *
( , j ) e r - \ A

x ,  + ( t , j H r * r \ A
,J Q i e - 1

e Q (? ,]Н Г-П А
x , i ~ e ï { ! - ï
x u ( U H  г

où A est le cycle du tuyau et

(46) £ min |б « * у : (* .У )€ ^ “ \ ^ ;
в -  1 Xij‘‘(i J )  t r -

On vérifie alors facilement que x ' = [xJJ est un flot dans R, de plus grande 
valeur que x. En effet, si Г est de 1er ou de 3me type, en désignant par j0 la colonne 
de la première case de Г, on a

x'oj = x0J (j  *  j 0) ; x'0jo <  x0Jo

et si Г est de 2me type en désignant respectivement par j 0 et j \  les colonnes de la case 
impaire et de la case paire de Г dans la ligne 0, on a

x'oj =  x0j OVy'o, j  7±ji)

(x'ojo + x'0Ji) -  (xOJo + x0jt) =  £ -  1 j <  0 .
d’où l’on déduit

n n

2  X q : <  X tJ 
j=1 J=1

Donc si un tuyau disponible existe, le flot n’est pas maximal.
2)=>3). Supposons qu’aucun tuyau disponible n’existe. Alors les relations (37) 

et (41) sont évidemment vérifiées, et les relations (40) et (38) résultent de l’absence
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des tuyaux disponibles de 1er et de 2me types. Reste donc à établir les relations (39) 
et (42). Or à cause de l’absence des tuyaux disponibles de 3me type, si Г est une chaîne 
insaturée, contenant un cycle A, alors g (d )^ l ,  et la suppression de A ne fait pas 
diminuer la caractéristique de Г ; donc pour toute chaîne insaturée Г il existe une 
chaîne insaturée élémentaire Г'  telle que д(Г') ^  о(Г). Il en résulte, d’après les 
égalités (36) qu’on a А ;ёр(Г) pour toute chaîne insaturée Г élémentaire ou non, 
allant de la ligne 0 à la ligne i. Cela étant, prenons une case quelconque (i,j)£R.  
On peut supposer /^ > 0 , car les relations (39) sont évidentes lorsque /(, =0. Soit 
f j  la chaîne insaturée telle que jij = д(Г j). En ajoutant (i,j) à Гj si cette case ne 
lui appartient pas encore, ou en lui enlevant (i,j) si cette case lui appartient déjà, 
on obtient une chaîne insaturée Г- allant à la ligne i, et par suite

A; ^  g(r'i) =  bi}Q(rJ) =  bijUj,
K ,
ce qui démontre l’inégalité (53). Si la case (i,j) est occupée, en désignant par Г, 
la chaîne insaturée telle que Л; = £>(Г;) et par Г) celle obtenue de Г; en lui ajoutant

(i,j) si (/,./') $Г„ ou en lui enlevant (i,j) si (/,у)€Е;, on a Hj S  g(r'j) =  ~ ~ ~  ~  ,
®ij  ” ij

d’où, grâce à (39), on tire (42). Donc toutes les relations (37)—(42) sont vérifies.
3)=>-l). Ceci résulte d’un théorème connu de dualité en programmation linéaire. 

Il est d’ailleurs facile de le démontrer directement.
Détermination des potentiels propres. Supposons que le flot x  = [x;j] est maximal 

dans le réseau R et cherchons à déterminer les potentiels propres.
Considérons d’abord le cas particulier où R est un réseau simple. Alors, puisque 

le flot X =  [xfj] est unique dans R, le système {Af, Hj) est complètement déterminé 
par le réseau R. Comme la composante connexe de R contennant la ligne 0 est 
un arbre, il existe, pour chaque ligne i 0 donnée, au plus une seule chaîne de R 
reliant cette ligne à la ligne 0. Il en résulte immédiatement que les potentiels propres 
peuvent être calculés de proche en proche d’après la règle suivante:

On pose Hj = l pour toute colonne j  telle que xOj>0 puis, si une colonne j  a 
reçu un potentiel /iy, on pose 2f = pour toute ligne i coupant j  suivant une case

de i?; si une ligne i a reçu un potentiel A;, on pose Hj = -r- Рош toute colonne j
bu

coupant i suivant une case occupée. Lorsqu’on ne peut plus continuer, on pose 
ùi = iAj = 0 pour toute ligne i et toute colonne j, qui restent.

Dans le cas général, en s’appuyant sur le théorème 7, on pourrait démontrer 
que pour tous les flots maximaux d’un réseau donné, le système de potentiels propres 
{2:, /.ij} est le même, autrement dit, étant donné un réseau R, il existe un seul système 
{Ài, Hj} vérifiant les égalités (36), quel que soit le flot maximal х =  [х0] dans le 
réseau. Pour calculer ce système, on pose = 1 pour toute colonne j  telle que x0j >0, 
et Ài = Hj = 0 pour les autres lignes et colonnes; puis, si (i , j)£R et Af< b^fij, on 
augmente A( jusqu’ ce qu’il soit égal à b^Hj; si xfj>0  et on augmente

Hj jusqu’à ce qu’il soit égal à etc ... Comme il est facile de le montrer, cette
procédure se termine au bout d’un nombre fini d’opérations et donne alors les 
potentiels cherchés.
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3. Augmentation de la capacité. — Etant donnés un réseau R, un flot maximal 
x = [xtJ] dans R et un système de potentiels propres A,-, Pj dans R, nous disons qu’une 
case (i, j ) est un pont, si A{ — bijPj <  0, un point mort, si A( — 6 ,^->0. Pour que 
cette définition englobe aussi les cas / = 0 ou j =  0, convenons que A0= l ,  Po = ̂ < 
b0J = 1, pour tout j , bi0 = 0 pour tout i. Les remarques suivantes sont évidentes:

1. On a toujours (/,j ) 5 R, 0 pour un pont (i,j) et xtJ= 0 pour un point 
mort ( i j ) .

2. Si aucun pont n’existe, le flot x est maximal dans tout le tableau T (théorème 
7). Donc si aucun pont n’existe et que x0j > 0  pour un certain j, le problème B n’admet 
pas de solution réalisable.

3. En supprimant du réseau R un certain nombre de points morts, on ne modifie 
ni sa capacité ni ses potentiels propres.

En effet, soit Af le potentiel propre de la ligne /, Г, la chaîne insaturée dont la 
caractéristique donne Af. Si pour une case (/0,y0) € Г { on a Aio> è iojo/tyo, on pourra 
remplacer le tronçon de Г, allant de la ligne 0 à la ligne i0 par la chaîne insaturée 
dont la caractéristique donne Aio: on obtiendra alors une chaîne insaturée allant de 
la ligne 0 à la ligne i et de caractéristique supérieure à A;, ce qui est impossible. Donc 
Tj ne contient pas de points morts, et la suppression de ces points ne peut modifier 
A,-. De même elle ne peut modifier les pj.

T héorème 8. Lorsqu'on ajoute à un réseau simple R un pont (r, s) et qu'on lui 
enlève tous les points morts, le réseau restera simple ou aura un tuyau unique. Dans ce 
dernier cas, on peut supprimer encore une case (p, q) convenable de ce tuyau pour 
obtenir un réseau simple R' satisfaisant à Г une des deux conditions suivantes:

1. La capacité de R' est supérieure à celle de R;
2. La capacité de R' reste égale à celle de R, mais les potentiels propres dans 

R' sont tels que A' =»Ar, Aj ëAf (iVr), p'j^ P j pour tout i,j.
Démonstration. — Désignons par R° le réseau obtenu de R après suppres

sion des points morts; par R celui obtenu de R après suppression des points morts 
et adjonction du pont (r, i). Evidemment R° est un.réseau simple.

„  rcomme ps >  t— 
b..

SO, la colonne s appartient à la composante connexe de R°
contenant la ligne 0. Trois cas sont alors possibles: 1) la ligne r appartient à la même 
composante: puisque cette composante est un arbre, l’adjonction de (r, s) au réseau 
R° crée un cycle unique, et l’on obtient un tuyau unique (de 2me type si le cycle passe 
par la ligne 0, de 3me type sinon); 2) la ligne r appartient à la composante connexe 
de R° contenant la colonne 0: puisque cette composante est aussi un arbre, l’adjonc
tion de (r, s) crée un tuyau unique de 1er type, constitué par une chaîne unique 
reliant la ligne 0 à la colonne 0; 3) la ligne r appartient à une composante de R° 
ne contennant ni la ligne 0 ni la colonne 0: si cette composante possède un cycle 
(qui est alors son cycle unique), l’adjonction de (r, s) crée un tuyau de 3me type; sinon, 
on n’a aucun tuyau. Donc dans tous les cas, si le réseau R obtenu de R par adjonc
tion du pont (r, s) et la suppression des points morts n' est pas simple, il comporte 
un tuyau unique. La première partie du théorème est ainsi établie.

Supposons maintenant que R possède un tuyau Г. Si ce tuyau est disponible, 
on peut corriger le flot sur ce tuyau d’après les formules (43), (44), (45), (46) et 
choisir comme (p, q) une case devenue non occupée après la correction (celle qui
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correspond au minimum dans (44), (46): il est clair qu’en supprimant (p, q) le réseau 
obtenu R' satisfait à la condition 1). Comme le cycle d’un tuyau disponible a tou
jours une caractéristique différente de 1, en voit d’autre part que R' est simple.

Si le tuyau Г ri est pas disponible, le flot л: =  [jfy] reste maximal dans le réseau 
R, en vertu du théorème 7. En désignant par A-, //j les potentiels propres dans R, 
on a évidemment A- ëAf, Pj=Pj  pour tout i, j ; d’autre part A 'Sè,sJus>A, car (r, s) 
forme avec la chaîne insaturée dont la caractéristique donne /<s>0, une chaîne 
insaturée conduisant à la ligne r, de caractéristique brsps. Montrons que Г contient 
au moins un point mort dans R. En effet, cela est clafr, si Г est de premier type car 
dans le cas contraire A; — b^p] = 0 pour toute case (/,j)€  Г et puisque p's^p 's>0, 
on en déduirait p'0> 0, ce qui est impossible. Donc si Г ne contenait aucun point 
mort, il devrait être de 2me ou de 3me type. Alors, le cycle de Г aurait pour caractéris
tique 1, comme on le voit aisément en multipliant membre à membre les égalités 
Ail =bilj lfi'j l , bilj ln'jl =A'i1, . . . ,b iljkn'jk=A'ii écrites successivement pour toutes les 
cases du cycle, et en remarquant que tous les А\, pj considérés sont positifs (car 
p's^ p s> 0). Par suite ce cycle contiendrait la case (r, s), car tout cycle de R étant 
une réserve a une caractéristique différente de 1. Or, puisque Г ne contient aucun 
point mort dans R (ces points morts ayant été supprimés), on a Ai —bijpJ = 0 pour 
(,i , j ) a r  \  {(r, 5)}, et comme Ar<brsps on en déduit comme précédemment que 
la caractéristique du cycle de Г est différente de 1. Cette contradiction prouve que 
Г doit contenir au moins un point mort dans R. Il est clair qu’en prenant un tel 
point mort pour (p, q), le réseau R’ satisfera à la condition 2). D’autre part, si Г 
a un cycle, la case (p , q) ainsi choisie se trouve toujours sur se cycle, car toute case 
(/, j ) de Г extérieure à ce cycle est reliée à la ligne 0 par une chaîne insaturée unique, 
de sorte que A\ = Ьцр). Cela étant, la suppression de (p, q) détruit toujours le cycle 
de Г (si ce cycle existe) et l’on voit aisément que R' est simple. Le théorème est 
démontré.

Vérification de la disponibilité du tuyau. — Si le tuyau est de 1er type, on recon 
naît facilement sa disponibilité. Si le tuyau est de 2me ou de 3rae type, il faut, pour 
juger de sa disponibilité, savoir la caractéristique de son cycle. Pour cela, on pos^ 
A'r = lrsps puis on calcule de proche en proche les nombres A-, /q tels que A- =  b^pj 
pour toute case (i,j) du tuyau (ces nombres sont les caractéristiques des portions 
successives du tuyau). Alors en désignant par A le cycle du tuyau et par (г\ , j \)  sa 
dernière case, on a pour un tuyau de 2metype: g(A)=ßJl,et pour un tuyau de 3me 

} '  b utype q(ä ) = z— l—  ou “J'>—!, selon que est une case impaire ou paire du
bh i r i j l Ài

tuyau.
Lorsque le tuyau est disponible, les nombres A-, n'j s’emploient au calcul du 

nouveau flot d’après les formules (43), (45). Dans le cas contraire, ces nombres 
servent à déterminer les nouveaux potentiels propres.

4. Réseau normal. — Un réseau est dit normal s’il existe des nombres m;, Vj 
tels que
(47) г/,- ä  0 / =  1, 2, ..., m
(48) Ui-bijVj + Cij s  0 / = 1 , 2 ,  ..., m ; j  = 1, 2, ..., n
(49) M; = 0 (/, 0)eR
(50) щ -  bij Vj + Cij = 0 (/, j )  6 R
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Les nombres ut, Vj sont alors appelés potentiels normaux du réseau. 
L’introduction des réseaux normaux est justifiée par le théorème suivant:

Théorème 9. — Si x = [хи] est un flot maximal dans un réseau normal et sature 
toutes les colonnes j  = 1,2, n c'est-à-dire

m
X0J = bj -  2  bijXij  = 0 (/ = 1, 2, n),

i= 1

il est une solution optimale du problème B.
En effet, х =  [х,;] constitue alors une solution réalisable du problème Б, et, 

comme, en vertu de (47)—(50) les conditions du théorème des écarts complémen
taires sont satisfaites, c’est une solution optimale.

Soit maintenant х = [х,;] un flot maximal dans un réseau normal R, ne saturant 
pas encore toutes les colonnes. Nous pouvons supposer que:

(51) (/,0) 6 *=►*«, > 0 ,

quitte à supprimer de R toutes les cases (/', 0) telles que xi0 = 0. Soit {A;, /;,} le système 
correspondant de potentiels propres, L l’ensemble des ponts;

(52) L = {(/, j )  : Aj btjpj <  0}

Désignons par (r, s) un pont satisfaisant au critère

(53)

Théorème 10. — Le réseau R' obtenu en ajoutant à R le pont (r, s) et en lui 
enlevant tous les points morts sera encore normal. Le nouveau système de potentiels 
normaux est défini par
(54) ul = Ut+ÔA-t, v'j = Vj + ôpj

où Ö désigne la quantité (53).
D émonstration. — On a évidemment u\ ^0 , car ut, 6, A; sont tous non négatifs. 

D’autre part
u't -  b ijv 'j +  c ,j = Uj - bj jVj  +  eu + <5(A,-- bu p j) §è 0

pour tout i=  1, 2, ..., m; j = l ,  2, ..., n, en vertu de la definition de ô.
Si (/, 0)£È?' on a (/, 0)£R et d’après (51), x;o>0, d’où d’après (54) et (40), 

u[ =0. Si (i , j )€ R '\{(r , î )} on a (/, / )Ç R et Xi —bijPj = 0, d’où d’après (50):

u't -  bijv'j + c,j =  0

Enfin, pour la case (r, s) on a, d’après la définition de <5,

u'r-brsv's 1 c„ =  0

Donc le réseau R' est bien normal.
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5. Algorithme II. — Ce qui précède conduit à l’algorithme suivant pour 
résoudre le problème B.

A l’étape initiale on prend un réseau simple normal R0, de flot maximal x°, 
de potentiels normaux {uf, Vj). Par exemple, on peut prendre R0 égal au „réseau 
nul” formé par l’ensemble des cases (/', 0) (/ =  1, 2, m) et (0, j )  ( j=  1, 2, w):
c’est bien un réseau simple normal, dont le flot maximal est: x? = 0  ( / ^ 0, 7VO); 
xfo =  0; > Xqj = bj , et dont les potentiels normaux sont uf = 0 (/ =  1, 2, ..., m), v° = 0 
0 =  1, 2,

Dans chaque étape ultérieure, on dispose d’un réseau simple normal R, de 
flot maximal x=[xtj], et de potentiels normaux {«,, Vj).

1. Si toutes les colonnes j=  1,2, ...,n  sont saturées, c’est-à-dire xOj= 0  pour 
tout y = l , 2 ,  X est la solution optimale.

2. S’il existe des colonnes insaturées, on détermine par le procédé indiqué 
ati § 2.2 les potentiels propres {Аи pj) puis l’ensemble des ponts:

L = {(Jjy.ki-bijUj  <  0}

a) Si L = 0, le problème B n’admet pas de solution réalisable.
b) Si /.Hfl, on choisit une case (r,s)ÇL d’après le critère (53). On ajoute à 

R cette case, on lui enlève tous les points morts, c’est-à-dire les cases ( i , j )£R  telles 
que Ai — bijfij >  0, et aussi les cases (/', 0) £ R telles que xi0 =  0.

On cherche par le procédé indiqué au paragraphe 3 le tuyau créé par (r, s).
x) Si le tuyau n’existe pas, ou n’est pas disponible, le flot x = [x;j] reste maximal 

dans le nouveau réseau. On corrige les potentiels propres en augmentant Ar jusqu’à 
brsps et en appliquant la règle indiquée au paragraphe 2, on determine les nouveaux 
potentiels normaux par les formules (54), puis on supprime un point mort sur le 
tuyau (si celui-ci existe) et on passe à l’étape suivante.

ß) Si le tuyau existe et est disponible, on corrige le flot dans ce tuyau d’après 
les formules (43) ou (45) et on supprime du réseau une case devenue non occupée 
sur ce tuyau (celle réalisant le minimum (44) ou (46). On détermine par les procédés 
indiqués aux paragraphes 2 et 4 respectivement les potentiels propres et les potentiels 
normaux dans le nouveau réseau et on passe à l’étape suivante.

T héorème 11. L'algorithme précédent se termine au bout d'un nombre fini d'étapes, 
soit par le cas 1), soit par le cas 2a).

En effet, à chaque étape, d’après le théorème 8, si on est dans le cas 2) b) ß), 
la capacité du réseau augenemte; si l’on est dans le cas 2) b) x), le potentiel propre 
d’au moins une ligne augmente tandis qu’aucun autre potentiel ne diminue (la 
suppression des cases (/, 0)£R  telles que xiO= 0  «’influe évidemment pas sur les 
potentiels propres, de sorte que le théorème 8 reste applicable). Donc le réseau 
simple obtenu à la fin de chaque étape diffère de tous ceux obtenus dans les étapes 
antérieures. Comme le nombre total de réseaux simples est fini, le cas 2) b) ne peut 
avoir lieu indéfiniment. Le théorème est démontré.

R emarque. — Lorsque 1 pour tout i, j, l’algorithme II coincide avec 
l’algorithme de résolution du problème des transports exposé dans [8] (voir aussi
И ) .
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Exemple numérique. Résoudre le problème B avec les données suivantes:

at: 1 1 1

by. 3 2 1

[b,j] =
3 2 0 
2 3 2 [c,j] =

5 2 2 
1 3 2

0 1 1 2 4 4

Comme auparavant, • indique ci-dessous une case de R; X  un pont; ® le 
pont qui doit entrer dans le nouveau réseau. On obtient la solution optimale 
après 7 étapes.

(■>) 0 0 0

(m)
3 2 i

• X X
0 1

• ® X X
0

• X X
0 1

Ou) t î

(Я|)

о

о

о

Ou) i _______ i _______ i .
• • •

1 2 1

i
X 0

0

1

X

i
X X

Ou) 1 1 1

( A i )

0

2

0

<5

0 ’j ) 1 1 I (Vj) y 1

• • • . .
1 0 1 0 2 1

(ni) (AO (ui)0 0 • • .
0 J 0 0 1 2

3 3

1 1 2 7
3 i

0 X

• X • X X0 1 0 0 1

Ou) 1 0 1 O*/) y  1 1
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(vj) 13
5

12
5

46
15

0 1

3 2
5 5
. . 0
3 2
5 5

• X

1
Ou) 0 0 1

(A i)

0

0

0

s =
1

30

(m)
14

21
T

(Kj) I3
5

12
5

(Uj)

<5 = 9
10

31
10

l
3

i 0
. • .

2 1
3 3

1
X 0

(A l)

3

1

0 2
T

î
3
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ON A CHARACTERISTIC PR O PER TY  OF POLYA’S URN

by
KRISHNA B. ATHREYA

Consider a Polya’s urn scheme with parameters W0, B0 and a0. That is, we 
start with an urn containing W0 and B0 white and black balls, respectively. A draw 
consists of i) pick a ball at random from the urn, ii) note its color C and return it to 
the urn and iii) add a0 balls of the color C. Let (IV,,, Bn) be the composition of the 
urn after n draws. Then the stochastic process {(tV„, B„); n = 0, 1,2,...} is called 
a Polya’s urn with parameters W0, B0 and a0. We denote it by P(W0, B0, a0). 
The classical Polya’s urn is P(W0,B 0, 1).

A well known result on P(W0, B0, a0) is that (a simple proof appears later)

( 1) lim — — zr =  Y  exists w.p. 1 n Wn + Bn

and Y has a ß(W0/ct0, В0/oc0) distribution, namely

(2) Р{Уёу} =

у
y  Ŷ o/ao)— 1 _ vyBo/*o)- 1
0

j *  Y<W q/ iq) 1 _a) ^ ^  J d x

if y < 0  

if

if 1.

suppose we generalize the scheme P(W0, B0, a0) a little bit by letting a0 be а 
random variable with mean value a. It is the purpose of this paper to show (1) and
(2) hold for this generalized scheme, if and only if a0 is degenerate at a.

Actually we prove a more general result. We define a Generalized Polya’ Urn 
Scheme (G P ) as follows. An urn has (j 0i > •••> s ok ) balls (i0jê l )  respectively
of colors 1,2, ..., k. A draw consists of the following operations:

i) Pick a ball at random from the urn, notice its color C and return it to the
urn.

ii) If C — i, add TV, balls of color i where Nt is a random variable with proba
bility generating function f(z).

Let s„ = (sni,sn2, ...,i„)i) denote the composition of the urn after n successive 
draws. We call the stochastic process {sn; n = 0 ,1 ,2 ,...}  a GP and denote it by 
GP{k\ s0, f l , . . . , f k) to indicate the parameters involved. The classical Polya’s
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3 2 К. В. ATHREYA

urn is GP{2; {a, b), z, z }. Let pn = (p„i,pn2, -,Pnk) where

(3)

Then we have the following
i=l

T heorem 1. Let for all i, /ДО)=0, 0 < / /  ( 1 ) = Я,< аяс/
CO OO

2" Rijj logy < Where f ( z ) = 2  Let Aj = A2 = ••• = A, > Ar+, ë Ar+2 S 
i = 1 У=1
ё  ••• ёЯц. 77геи,
(4) lim p„ =  p = (p , , ...,p k) exists w.p. 1

n
and for i=-r, Pi = 0 w.p. 1.

Corollary 1. L e t /{( z ) = z \  /= 1 ,2 ,  ...,/• and f l (1)<A for i > r .  Then (p t , . . . , p r)  

as defined in (4) has a generalized

distribution over the simplex d = {x = (x1; ..., xr):Ar,-^0, 2 ^  =  1}- That is,

P{pi S  y t ,p 2 S  y 2, ... ,p r_ 1 ^  yr_i) =
У 1 У 2  У г -  1

=  / f  ... f  f ( x ít X f-iidxt . . . dXf-i  for O ^ y .^ l,  / =  1 , 2 , . . . , / -— 1,
о 0 0

where
(5) /(.vt , ..., xr_j) =

and

Г (soil f )  ••• Т(д0г/Я) s o i /Я S02/A

T((s0H------f J0r)M)
S O , r - l M  Xr— I {1 — (Xi H----+ x r_ ,)} s o , r / A

Г(/?) =  J e  Xx p 1 i/x for p >  0. 
0

Theorem 2. Consider a GP where f ( z )  is independent of i and satisfies the hypo
thesis o f Theorem 1. Then p = (/?,, ...,pk), as defined by (4), Aos a ß(sQl/)., . xofc/Я) 
distribution for all initial set up s0 jz 0 if and only if

(6) / ( z) =  Z;-

The result we stated earlier about Polya’s urn is a special case of the above 
theorem namely GP{2; (W0, B0), f(z),f(z)}.

Our approach to this problem is through a technique of imbedding urn schemes 
in continuous time multitype M arkov branching processes. We introduced and 
exploited this a great deal in [1] and [6] to study Friedman’s urn.
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Proof of T heorem 1. Consider a collection {Xu(t); t ë 0} of independent 
one dimensional continuous time branching processes where for j  =  1, 2, s0l 
and /=  1, 2, k, i^O} has the infinitesimal generating function (See [5].)
( 7 )  m, ( z )  =  [z f{ z )-z \
Then for every / and j, {Xu(t)e~Xi'; i ê  0} being a non-negative martingale,

(8) lim Xjj(t)e x‘‘ =  Wjj exists, w.p. 1
t

Further, by our hypothesis about f t(z) we conclude that (see [2])

(9) 0} = 1 for all i and
Thus

(10) lim
t

SOi

Z  x u(t)
7 = 1

• =  lim •

t

SOi
Z  X ,j(t)e-il1

j = 1
к soiz z w

u = l J = 1

к s o i

Z  Z X ij( l)e ->-■'
- i = i  ; =  l

(11) =  Pi exists w.p. 1,
where

j

( 12) Ä = 1

SOI
Z W j

7 =  1______
r SQi

Z  Z W ji= 1 j= 1
о

if /S r

if / >  r
Now let t'J denote the time at which the nth split occurs for the branching 

process {Xu(t); ts0 } . Let t o = 0 and t „ for и =  1,2, ... be the sequence of time 
instants obtained by superposing all the (rÿ}"=1, j  =  1, 2, ..., s0i, / =  1,2, ..., к 
and arranging them in increasing order.

The reader can convince himself (see [6] for a proof) that the stochastic pro

cesses {s„; n = 0 ,1 ,2 ,...}  and 2 Хц(тп +  0), /=  1, 2, ..., Arj; // =  0 ,1, 2, ...J are
equivalent in the sense that all finite dimensional distributions are identical.

Also since f ' (  1) = Д.<оо and /)(0 )= 0  for all i P{lim т|/ = °°} = 1 for every
П

i and j. Thus
(13) P{limr„ =  o°} =  1.

Now (11), (12), (13) and the above imbedding yield (4).
Proof of Corollary 1. This is immediate now from (12) and the fact that 

Wij for у =  1,2, ...,s0i, /= 1 ,2 , ...,/• are independently and identically distributed 
random variables with а Г( 1/A, 1/Á) distribution (See [4].) that is

(14) P{WtJ s  x} = ) о о
=  0

for x >  0 

for r sO .
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Remark 1. Recently Blackwell and K endall [3] computed the Martin 
boundary for Polya’s urn scheme and in the process proved a very special case 
of the Theorem 1 and the ‘if’ part of Corollary 1 using a lengthy argument. Theirs 
is the case where A = l, r = k, s0i— 1 and f ( z )  = z for all i.

R emark 2. One of the important steps in the proof of Theorem 1 is to establish 
( 11). We wish to point out that (11) is really a special case of a general phenomenon 
with multitype continuous time M arkov branching processes. Let X'(t) = (Xi (t), ..., 
X lkl(t), X2i(t), X2k2(.t), ■■■, •••> ХгкЛО) be one such process such that
we can decompose it into r independent positively regular branching processes 
(See [4] for definition.) which we denote by (XJl(t), XJkj(t)), /= 1 ,2 , ..., r. For 
a positively regular branching process X(/) =  (A/(t), ..., Xk(t)) there exists a real 
constant A such that

limX(i)e_;-' =  uW  exists, w.p. 1,
Í-*- со

where и is a non-negative vector and Ж is a non-negative numerical random variable. 
(See [1].) Using obvious notation we then have w.p. 1

lim (Xji(t), . .. ,X jkj( t))e -xJ‘ = UjWj
t

for all /= 1 ,2 , ...,/•. This determines in a trivial way the almost sure behavior of 
many functionals on X(t).

Proof of Theorem 2. The ‘if’ part is just Corollary 1. The only ‘if’ part uses 
the following two lemmas.

Lemma 1. Let {Жг};=1|2, be a sequence of independently and identically 
distributed positive random variables with EWt= 1. Suppose there exists a > 0  
such that for every pair n and m of integers, S JSn+m has a ß(n/a, m/a) distribution
where S„ = ^ H /i for n ^ l .  Then Wy has а Г (l/а, 1/a) distribution.

i=l
W W,

PROOF. Le. P. =  W i + ( s ^ _  щ  By hypothesis, Y. ~ ß ( 1/«,»/«)
where ~  stands for ‘distributed as’. Now Wk = nYn(SJn)l(\ — Yn). By strong law 
of large numbers, w.p. 1. S Jn -+1 and Y„— 0 as Thus it suffices to show
nY„ tends, as n — in distribution to а Г ( l /а, 1/a) random variable. But

P{»n S  = / X (1/a)- 1(1 — x)(n/st) 1 d x

and the right side tends to, as

f-let 0
du q.e.d.
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Lemma 2. Let [X(t), / 5 0} be a one dimensional continuous time Markov 
branching process with associated infinitesimal generating function u(z) =  a[f{z) — z\ 
satisfying м'(1) = Я< °o. Let Wbe the almost sure limit of the non-negative martingale 
{ X ^ e - ^, t^O}. Let />{И/ =0}<1. Then W uniquely determines /(z) provided 
a and A are fixed.

Proof is elementary and omitted.
Now we complete the proof of Theorem 2. From our hypothesis we have i) 

Wjj are identically distributed for all i and ii) the hypothesis of Lemma 1 is satisfied 
for Wij. Now apply Lemma 2. q.e.d.

Acknowledgment. This note is a minor part of the author’s doctoral thesis 
submitted to Stanford University. The author thanks his adviser Professor Samuel 
K arlin for his help and encouragement.

R E F E R E N C E S

[1] Athreya, Krishna B.: Some Limit Theorems for Continuous Time Multitype Markov Bran
ching Processes and B. Friedman’s Urn, Unpublished doctoral thesis, Mathematics 
Department, Stanford University, 1967.

[2] Athreya, Krishna B. and K arlin, S. : Limit Theorems for the Split Times o f Branching Proces
ses, Journal Math, and Mech. \1  (1969), 257-278.

[3] Blackwell, D. and. K endall, D. G.: The Martin Boundary for Polya’s Urn and an Applica
tion to Stochastic Population Growth, J. Appl. Probability 1 No. 2 (1964).

[4] H arris, T. : Theory o f  Branching Processes, Springer-Verlag, Berlin, 1963.
[5] K arlin, S. : A First Course in Stochastic Processes, Academic Press, New York, 1966.
[6] Athreya, Krishna B. and Karlin, S. : Embedding of urn schemes into continuous time Markov

branching processes and related limit theorems, Ann. Math. Slat. 39, 6, 1801-1818.

The University o f  Wisconsin, Madison, Wisconsin, U.S.A.

(Received April 5, 1967.)

3* Studia Scientiarum  M athem aticarum  Hungarica 4 (196°)





Studia Scientiarum Mathematicarum Hungarica 4 (1969) 37—43.

R ELA TIO N SH IP BETWEEN MIXED ZERO -O N E INTEGER 
LINEAR PROGRAM M ING AND CERTAIN QUADRATIC 

PRO GRAM M ING PROBLEMS

by
F. F O R G Ó

Introduction

Quadratic programming problems are generally defined as special constrained 
extremum problems of the following form:

(1) Q(\) = P*x+ 2 x*Cx — max
subject to

A x sb

where x and p are points of the n dimensional Euclidean space, b is a vector of the 
m dimensional Euclidean space, A is an m by n matrix, C is a symmetric matrix of 
order n. Among the constraints A xSb the nonnegativity restrictions — x ^  0 
are included. In addition let us suppose that L = {x|Ax^b} has at least two extreme 
points and every basic solution of L is nondegenerate. This latter means that x0€L 
is a basic solution of L if and only if A and b can be partitioned in the following 
manner:

b, A ,x0 = b| 
b2_ A2x0< b2,

where At is nonsingular.
Furthermore let us suppose that Q(\) attains its maximum on L.
In the special case when C is negative definite several methods are known for 

solving (1). (see: [1], [4]) In this case Q(x) is concave, every local optimumpoint 
is also a global one and the set of optimal points is convex.

In this paper we want to deal with another special case when C is positive 
definite. We call

Problem I.

(2) ß(x) =  P*x + -, x*Cx-»-max 
subject to

x€L
C is positive definite,

Problem II.

(3) ß(x) = p*x + 2 x*Cx-»-max 
subject to

x£ L
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3 8 F. FORGÓ

C is strictly positive definite.
The solution of Problem I. and II. is difficult because there can exist many 

local optimal points and they generally do not form a convex set. The aim of this 
paper is to show the relationship between Problem I—II. and the mixed zero-one 
integer linear programming problem.

I. The solution of problem II. can be reduced to the solution of a finite sequence of 
mixed zero-one integer linear programming problems.

First of all let us define what is a solution of Problem II. x0 € L is said to be 
a solution of Problem II. with precision q ( q =»0) if Q(y)  — 0 ( xo) — Q where \  CL  
is one of the global maximumpoints of Problem II.

It is sufficient to search for the solution of Problem II. among the extreme 
points of L because it is well known that there is at least one extreme point of L 
among the optimal points of Problem II. So our aim can be formulated in the fol
lowing manner: find XqÇZ/ for which Q( y)  — Q (\'0) S  Q where L' denotes the 
set of extreme points of L.

It is a consequence of the K uhn—T ucker theorem [2] that if x° is a local 
maximumpoint of (1), then the gradient vector g*(x°) = p* +  x°*C can be expressed 
as a nonnegative linear combination of such row vectors of A which belong to active 
constraints.

The Kuhn—T ucker theorem says that if x° is a local maximumpoint of (1), 
an d  the constraint qualification holds, then there exists a vector u° so that

(4)
f дФ\
{ dXj Jxo, uo

(5)
Í дФ ) ОAll

о3о
*XIaJ

(6)
w

Z u ?
i= 1

'дф )
()UX Jx°, uc

(7) U? =? o,
where
(8) Ф(х, u) =

0 j  = 1, 2, ..., n

i = 1, 2, ..., m

Since our constraints are linear the constraint qualification always holds. Substi
tuting (8) into (4) we obtain

p* + x°*C —u°*A = 0*

Equality (6) means that such u? which corresponds to a nonactive constraint equals 
to 0, and this is what we have stated before.

Let us suppose that for an x fL

(9) g*(x) =  z* A,
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where
Aj x = bt 
A2x < b ,

and z ̂  0.
Multiplying (9) by X we get

( 10) g*(x)x =  z*bj

or with the substitution u* = [z*, 0*]

(П) g*(x)i =  Û*b
The following theorem will be helpful to show the desired relation between 

Problem II. and the mixed zero-one integer linear programming problem.

Theorem 1. There exist positive constants K, e, M so that all local maximum- 
points o f Problem I. satisfy the following system o f inequalities:
(12) Ax b

(13) uêO
(14) -C x ■f A*u =  p

(15) bj — afx  ë  K8t
(16) bt — a * x s  eö -, / =  1,2......m,
(17) щ + 0~М “ M

(18)
m

Z ö
í=i

= m — n

(19)
(20)

0s<5,sl 1 
öi = integer/ i = 1,2, ..., m

where a* denotes the i-th row vector of A, bj is b'.s i-th component.
Proof. Let

K  s  Ктлх = max (max (bt—a* x)l
i l x£L' I

e e . - mm{min (bt — a*
x € L '

bi — a f x  =► 0

X) -o,

= max Ímaxt/Д
i  l  X £  V  I

max (max u,l means that at every x £ L ' we consider the linear equation system
i l x€E' I

p + C x -A * u  =  0
where A' contains such row vectors of A which belong to active constraints, then 
by the nondegeneracy assumption A' is nonsingular, u — (A'*)-  *(p + Cx) is uniquely 
determined and max /max m,1 is the maximal component of u while x runs over 

■ 1 x€L' J
all elements of U.
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Constraints (15), (16), (17), (19), (20) assure that (12—20) can be satisfied only 
by those u vectors which have 0 components corresponding to active constraints.

If for an X the equality bt — afx =  0, holds then by (16) <5; = 0. (15) is also 
satisfied and (17) takes the form: u ^ M .

If bt — afx >  0, then (15) impiles <5, =  1, (16) is satisfied because of the defi
nition of e and (16) implies ut = 0.

Constraint (18) says that ôt = 0 for exactly n indeces and it follows from the nonde
generacy assumption that (12—20) only by extreme points can be satisfied. Since 
the objective function of Problem II. is strictly convex all local maximumpoints are 
extreme points and satisfy (18).

By the above mentioned consequences of the Kuhn—Tucker conditions the 
inequality system (12—20) is satisfied by all local maximumpoints of L. Q. e. d.

Let us denote by H  the set of those points xÇL for which u and ô1,ô 2, ..., őm 
can be found such that (12—20) hold. According to Theorem 1. all the local maxi
mumpoints of Problem II. belong to H. By (11) for all x £ H  holds u*b =  g*(x)x. 
Then we can re-form the objective function of Problem II. in the following manner:

Q(x) = p*x + yX*Cx = p*X + X*Cx — x*Cx = g*(x)x —̂  x*Cx =

= u*b — ~ x*Cx = 7?(u, x)

Our aim is to find max 7?(u, x) or rather max R(y) if F={y} denotes the set of
x g h  y g y

those vectors which satisfy (12—20) (y* =  [x*, u*, z*], z* =  [dl5 ô2, ..., ó j).
Let us separate the nonnegativity conditions, write A 'x ^ b ',x ë 0  instead of 

A x ^b  and introduce the following notations:

- A ' 0 0
A 0 KE
A 0 eE
0 E ME

- c A* 0
0* 0* 1*

[b'*,-b*,b*,M l*] =  c* 
[0*, b*, 0*] =  s*

c
0
0

0 0
0 0
0 0

[1, 1, ..., 1] = 1* (with m components)
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So our original problem can be written in the following manner:

Л(У) = S*y--^ y*Sy — max
subject to

У =  О У* =  [y i , y2> — »y«+2J
(21) B , y s c

B 2 y  =  q

V<t ~ ! I к = n + m + l, n +m + 2 , n + 2m
Ук = integer J

R(y) is a concave function of у disregarding the integrality constraints because 
S is positive definite. If the admissible error for Problem II. is q, then it is admitted 
for (21), too. With other words this means that y0 is a solution of (21) if Æ(ÿ) — 
— R  (y0) S  Q, where ÿ is one of the global maximumpoints of (21).

Let us consider the following problem:

subject to

(22)

where

Л(у) = s*y— 2 y*Sy-max

y ê f l

B,y S  c

B2y =  q
f i S l  j k = n + m 4- 1 n + m + 2,
Ук = integer]

C 0 0
S = 0 ctE 0 cr > 0

0 0 oE

Since C is strictly positive definite S is strictly positive definite, too. Let ÿ =  [x*, û*, z*] 
be a global maximumpoint of (22). Obviously Ä(y)5Ä(у) and Æ(ÿ)sÆ(ÿ). From 
the latter expression we obtain

^ (ÿ ) -Â (ÿ )  S  j  a

m  tn

2  («? -  w.?) + 2  ( f f  -  <>?)
i=  1 i = l

If

(23) j <t

m

2  ( “ I  -
Li= 1

m

i ï ) + 2 № - 8 f )
i — 1

^  Q

then R(y) — R(ÿ) ë  g. if we want (23) to hold for all u, z then (23) must be satisfied 
even if the left side assumes its maximum. Since OSi/jSM and 0^<5,ё 1 i=  1,2, ...m 
then

(24)
2 Q

a ~  m{M2 +1)
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So if a is chosen according to (24) and instead of (21) we solve (22) and the optimal 
solution of (22) is y°*=[x0*, u0*, z0*], then x° is a solution to Problem II.

(22) can be solved because S is strictly positive definite, the constraints are 
linear and the absolute maximumpoint is outside of the feasible region, if q is chosen 
small enough.

A method has been given for the solution of problems of this type by KÜNZI 
and Oettli [3]. They solve a sequence of mixed integer linear programming problems 
and if such a solution is obtained which can be found among the solutions of the 
previous programming problems, then this solution is an optimal one. In our case 
we can get to this final situation after finite number of steps, since every feasible 
solution of problem (22) is a local extreme point of Problem II. and L has only 
finite number of extreme points.

So the solution of Problem II. is reduced to the solution of a finite squence of 
mixed zero-one integer linear programming problems.

II. The solution of every mixed zero-one integer linear programming problem can 
be reduced to the solution of a finite sequence of programming problems of type Prob
lem I.

Let us consider a mixed zero-one integer linear programming problem:

z(x) =  2  C:X,-*-max
j =  1

subject to
0 s  Xj  Ш 1 Xj  =  integer j  =  1,2, ..., p

(25) X j^ O  j  = p + l , . . . ,n

rx

2  aijXj s  b, i = 1, 2, ..., m 
3= 1

Let us suppose that the feasible region is bounded. (25) is said to be solved with 
precision e (e=-0) if we find such feasible point x° for which z(y)—z(x°) <  e where 
y is one of the global maximumpoints of (25).

An initial feasible solution can be obtained by solving the following quadratic 
programming problem:

subject to

(26)

P

Q (xt , x 2, .•., Xp) =  2  хД1 —X;)-min
j= 1

/ = 1 , 2 ,  . . . ,p

Xj £  0 j  = p + l , . . . ,n

n
2  aijXj S  bt i = 1,2,...,/?;

j=l
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If Q(x° ,x ° , ...,Xp)>0 where [x?, x°p, x°+l, ...,x°] is one of the global maxi- 
mumpoints of (26), then (25) has no feasible solution. If ß(x°, x°, Xp)=0, then
we proceed by solving the following linear programming problem:

n

2  cjXj-*max 
j=p+ г

subject to

(27) X jgO  j  = p + l , . . . ,n
n p

2  OijXj ^  6, -  2  а,,х0}
j = p + 1 j = i

Let the optimal solution be x 'p°+,, x'p°+ 2, ■■■,x'n°. So in the first step we have just 
obtained the feasible solution [x?,x^, . . . ,x ° ,x 'p°+1; ... ,x '0]. Let the value of the 
objective function be z t .

In the next step we add the following “cutting plane” to the constraint system 
of (26)

n

Z c j X j  S  Z x + £

In general in the A>th step the additional constraint is
n

2  CjXj Ä zk_ i+ e
j=  1

The procedure is finished if after some steps Q (x\, x‘2, ..., Xp)>0. The solution 
of problem (25) is the feasible solution obtained in the previous step. The number 
of steps is finite because the feasible set of (25) is bounded.

We can get the pure zero-one integer linear programming problem as a special 
case. In this case e can be chosen 1 if all the Cj-s are integer.

Since problem (26) and (27) are of the type of Problem L, the solution of the 
mixed zero-one integer linear programming problem is reduced to the solution 
of a finite sequence of quadratic programming problems of type Problem I.

The author wishes to thank Professor A. Prékopa for helpful comments and 
discussions.
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DERIVATION OF CERTAIN FIN ITE KONTOROVITCH TYPE 
OF INTEGRAL TRANSFORM S

by
A. CHAKRABARTI

Abstract. Integral transforms are often derived from G reen’s functions. Previous 
authors developed G reen’s functions corresponding to Laplace’s equation having 
logarithmic singularity in the radial direction. Here the G reen’s function with 
logarithmic singularity in the angular direction gas been derived to find the finite 
integral transform of Lebedev—K ontorovitch type in an easier way.

Lebedev—K ontokCvîtch integral transform is applied in solution of problems 
of physics and engineering. Its form is known when the integral extends from zero 
to infinity. Its finite integral form has been recently developed by N aylor [1]. He 
used the Green’s function corresponding to the equation

r2il/rr + ril/r + \l/ee + r2il/2Z = 0

which has got the necessary logarithmic singularity at r = r0, 0 =  0O, when approach
ed in the radial direction. This approach lead him to long calculations, and 
introduction of additional functions. But the construction of G reen’s function 
having logarithmic singularity in the approach to в —в0 in the 0-direction, solves 
the problem directly. This method was developed earlier (cf. Sommerfeld [2]). It is 
easy to pass from one form of G reen’s function to another. In fact, the essential 
step of the method employed here to construct the desired integral transforms 
is to convert one form of a G reen’s function into another form by alternative kind 
of eigen-function expansion. In this paper, several forms of finite Lebedev—Kon
torovitch transform are derived. In [1], the kernel of the integral generating the 
transform of the function f(r), defined in the interval O ^ r ^ a ,  is composed of the 
modified Bessel-functions of the first and second kinds. It is to be noted that no 
special interest was given to generate an integral transform of a function f(r) defined 
in the interval « » r S a .  In this case the kernel is a composition of the Hankel- 
functions. The transform as stated above of a function f(r)  adapted to the interval 
[0, a] is derived in §. 1, and that adapted to the interval [a, °°) is derived in §. 2

§ 1. To generate an integral transform adapted to remove the operator

d2 d
Hr2 +rt dr k 2r 2

in the finite interval O à rë fl, let us consider the partial differential equation

( 1) r2il/rr+nj/r-  к2г2ф + фвв = o

Studia Scientiarum M athem aticarum Hungarica 4 (196V



4 6 A. CHAKRABARTI

in the region O ir ia ,O ^ 0 S o c  with ф determined by the conditions

(2)

ф = 0, r = a, O ^0S « ;
ф = О, 0 =  a, 0 < r < a ;
Ijj = f(r), 0 =  0, 0 < r < a

We assume that ^(r, 0) is expansible in the form

(3) ф(г, 0) =  2 ' cn(ß)IVn(kr),П= 1

where c„(0) is a function of 0 alone and IVn(kr) is the modified Bessel’s function 
of the first kind and of order v„, where v„ (n = 1, 2,...) are roots of the transcendental 
equation

l v(ka) = 0 (v =  vls v2, ...)

The orthogonality relation for the modified Bessel’s functions of first kind is given
by
(4) /  1 IVm(kr)IVn(kr)dr = NnSmn,

о r
where

(5) N„ = 1
2v

0v
{/v(te)}

K v(ka)

Kv(ka) being modified second-kind Bessel’s function of order v„ and ömn — Kro- 
necker-deltas. This relation is directly derivable from the modified Bessel’s equation. 
With the help of relation (4), the functions сп(в)[п= 1,2, ...] can be determined 
from (3), by the equation:

a

(6) cn(0) = ™ J  ' ф(г, 0 ) I vJ k r ) d r

0
Equation (1) converts then to the ordinary differential equation

(7) c" (0) +  vl cn (0) =  0,

where dashes denote differentiation with respect to 0. The solution of (7) can be 
put as
(8) c„(0) = A sin v„0 + В cos v„0,

where A and В are constants. The constants A and В can be determined by the 
boundary conditions (2). From (2) and (3) we have for 0 =  a,

2  c„{a)IVn(kr) =  0; 0 < r< a .П— 1

Studia  Scientiarum M athem aticarum Hungarica 4 (1969)
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Therefore,
(9)
Again for 9 = 0,

c„(a) = 0 (n = 1,2, ...) 

f( r )  = 2  c„(0)lVn(kr), 0 < r< a .

Hence,

( 10)

From (8) with the help of (10), 

(11) В

■M = ~ j h Á kr)f(l )dr-

- í r j  W

and from (8) with the help of (9),

( 12) A = - B cos v„oc
sin v„a

Finally the solution of (7) is given by with the help of eqs. (11), (12) and (8)

(13)

From (3),

c M  =
sin v„(a— 9)

sinv„a N,
' Ш ш
V j  r

(kr)dr.

Ф(г, 0) = 2
1 sinv„(a — 9)

n= l Nn sin vna 

which by (5) is equivalent to

1,я(кг) (kr)dr

(14) ф(г,9) = —2 2 j
sinv(a —0) vlv(kr) Kv(ka) f  f( r )

V =  V j ,  V 2,  . . .
sin va

fo ilÁ ka))
• 1v(kr) dr.

We take the whole set of zeros of Iv(ka) which lie on the imaginary axis of the v-plane 
(cf. G ray and Mathews [3], Chap. 3, p. 88). Let us consider the integral

<15> dv,

where Г is a positively oriented contour in the v-plane containing the zeros of Iv(ka) 
which lie on the imaginary axis of the v-plane. The suitable path consists of two 
loops enclosing the zeros of Iv(ka) on the half planes Im {v}=-0 and Im {v}<0 
respectively. This path obviously does not include the zeros of sin va =  0.
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4 8 A. CHAKRABARTI

The first term of the integrand in (15) 

sin v(a — 0)

V,

sin va ■ ̂  -V J f(p  {Iy(ka)Kv(kr)}dr =

i-plane
sin v(a — 0) 

sin va Л(*»0 (Arr)rff

is an analytic function inside Г and hence it will have 
no residue, when necessary restrictions on f(r)  are 
satisfied. (See Appendix I). The second term of the 
integrand in (15)

sin v(a

Fig. 1
sin

(16)

sin v(a —0) 
sin va vKy(ka) iÁkr)  f  m

A (ka) J  г Л ( k r )  dr

has simple poles at v =  v1,v2>... in Г. Considering the pole at v =  v(, we have 

Iy(ka) = IVi(ka) + (v — Vj) j  7v(Aö)} ^ v H----

Therefore, the residue of the function (16) at the pole v = v; is

' №sinv,(a —0) A,(kr)
sin v, a 10

dv
Iy (ka)jJ v  =  v,-

V; Ky. (ka) f A ,(kr)dr.

Similarly taking into consideration all the poles inside Г, the integral (15) can be 
written as the summation

-  2 1
V =  V 1,  V 2,  . . .

sinv(a —0) Iy(ka)Kv(ka) Г f(r )
sin va d

57 {'.<*«)} i
Г

Iу (kr) dr

which is half the series (14) for ip(r, 0). Hence the solution of the boundary value 
problem considered here is obtained in the form:

(17) Ф(г, в) 1  f  м ф - о ) . J J M ) . vF(v) dv
ni J sin va Iy (ka)

Г

Studio Scientiarum M athem aticarum Hungarica 4 (1969)



DERIVATION OF FINITE KONTOROVITCH TYPE OF INTEGRAL TRANSFORMS 4 9

where
a

(18)
о

This .F(v) is the required finite Lebedev— K ontorovitch type transform of f(r)  
adapted to the interval (0, a), which is just the same as that obtained in [1].

Now when the boundary 0 = 0 is approached, the value of ф will approach 
the value /(/•). From (17) we arrive then at

which is the inversion integral. The contour however is not apparently identical 
with the contour considered in [1]. The contour can obviously be distorted to the 
line parallel to imaginary axis from c —/«= to Re (c}>0, as there is no root
of Iv(ka) = 0 in the right-half plane. The distortion of the contour is possible for 
the reasons that when v is large, and x real and finite, (4, p. 134),

and v —<=o, as 0 < r < a.
§ 2. We consider now an integral transform of a type in which the kernel is 

composed of the Hankel functions and the interval under consideration is (a, «>), 
Consider the differential equation

(19)
Г

k á *)
2v-1T(v)

so that

г2фгг+гфг + к 2г2ф + фвв =  0 in [O sflsa , r^a], 
with ф determined by the conditions:

(20)

ф = 0, r — a, O s f ls a ;
ф = 0, 0 =  a, r ? a ;
Ф =f{r), 0 =  0, r> a ,

with the further condition that ф vanishes as r — °°. Let

( 2 1 ) Ф(г,0)= 2  Dn(0)Hl!>(kr),

4 Studla Scientiarum M athematicarum Hungarica 4 (1969)



5 0 A. CHAKRABARTI

where Z)„(0) is a function of 0 alone and H $ (k r )  (n =  1,2, ...) are the Hankel- 
functions of the first kind of order v„, v'ns being the roots of the transcendental 
equation
(22) H(A(ka) =  0. (Re{v}>0).

The orthogonality relation, in this case, is

(23)

where

(24)

J  ' Hi!J(kr)HHMkr)dr = Mnômn,
a

L j>№»
" . rcv Щ2)(ка) v=v„’

0mn being Kronecker-deltas.

From (21) and (22) it follows that
CO

(25) Dn{ff) = j L  [  уф (г, в ) (kr)dr.
a

Then, by (25), the eqn. (1) transforms again to the ordinary differential equation 
for DJO):
(26) D"(6) + vîDn(0) =  0

From (26) and the first two boundary conditions of (20), proceeding as in the previous 
case, we get

(27) D M  =
sin v„(a —0) 1 f  f(r)

sinv„a M.J
■ НЦЦкг) dr.

From (21), therefore,

Ф(г, 0) =  2
sinv„(a —0) HŸ„\k

sin v„a
?Akr) f
Mn J

f(r) H\}n\kr)dr.

Then, by (24),

(28) ф(г, 0) = 2 1
71

2i
V sin v(a — 0)

{ I r " ! 1’«'''»} -J

f  ̂ Ç --H \l)(kr)H(2)(ka)dr.

The summation is over the roots v„ where Re {v„}>0. In this connection it is to 
be mentioned that the roots of Я^1)(ка) =  0 lie in the first and the third quadrants 
of the v-plane.
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Writing the series (28) into a contour integral over a contour, we get

(29)

where

(30)

Ф(г,д)=  * J vsinv(a — 0) H ^ \k r )
sin va H ÿ \k a ) F, (v) dv,

F,(v) =  f  [ H " \k a )H ? \k r )-H ? \k a )H ? \k r )] - f{ r ) dr,J У

defining the transform o f/(r)  adapted to the interval (a, °°) and Г is the positively 
oriented loop in the v-plane, enclosing the ze
ros of H^l)(ka) inside it, as shown in Fig. 2.
None of the zeros of sin va is included in it.

Here also certain restrictions on /(;•) must 
be specified. (See Appendix II). Again ф (r, 0) 
attains the value f(r)  on 0 = 0  and from (29), 
therefore,

(31) /( r ) 1 f ë ï
4 J H ['\ka)

H " \k r ) vF1 (v) dv

which is the inversion integral in this case.
The contour can be distorted to a line pa

rallel to the imaginary axis from a — i°° to 
a 4-zoo where 0<Re{a}<(5 and <5<|Re 
{v/ j Vj , . . .  lying in the upper half-plane}|.
This distortion is possible because of the asymptotic formulae for H(vp)(x)[p = 
= 1,2] for large v. (cf. [4]).

H [p\ x )
Г ( у)

71
X-+ finite, -0,

so that

Щ'Чка) ' v[Hil)(ka)Hi2\ k r ) - H l 2\ka )H il\kr)]-+0,

if Re {v}>0, since û < r.

Appendix-I.
Restrictions on f(r) in the first case.

The necessary restrictions on f(r)  should be such that the integrals

a a

J - ^ p I v(kr)dr and f  f ^ -K A kr)d r  
0 0

4* Studia Scientiarum  M athem atlcarum Hungarica 4 (1969)
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may exist. To make the first integral convergent, let us take |/( r ) |> o (rc), as r —0. 
We have (cf. [4]).

' 1

TO) T(v+1)
The first integral therefore will converge, if

-, as X-+0.

i.e. if
1 — c — V  <  1,

c +  V >  0.

To make the second integral convergent, we note (cf. [4])

2v-1TYv)
Kv(x) ~ a s  k- 0 ,

and if we take |/(r) | >o(r“), as /-—О the second integral will converge, if

v-f 1 —a <  1,
which is satisfied when v<a. Hence, if we take |/(r)| >о(гя) where a> 0 , v, 
both the integrals above exist and are convergent. The values of Re {v} are positive 
on the contour of inverse transformation. Hence, if /(/•)% о (/•“), r-*0 where or=-0, 
the transform of the kind developed here and its inverse is valid.

Appendix-II.

Restrictions on f(r) in the second case.

The restrictions should be such that the integrals

r)dr and J  Hl2)(kr)dr

both exist. We have, by the asymptotic formulae (cf. [4]) as \x\-~°o (к real and 
positive)

2_
7ZX

1exp \ ± i \ x  — ~ y k  4HI’ (p =  1,2).

If we take |/ ( r ) |<  o(rk) as /• —°o , the above integrals will converge, if

1 + 2  ~ k I
or, if

I take this opportunity of thanking Dr. S. C. D as G upta for suggesting this 
investigation and for guidance at various stages of the work.
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UNE ÉVALUATION DU NOM BRE CHROM A TIQ UE D’UN
GRAPHE FIN I

par
I. TOMESCU

Dans cette note on présente une évaluation de la borne supérieure du nombre 
chromatique et on construit une arborescence qui permet de déterminer précisément 
le nombre chromatique d’un graphe fini sans boucles.

Notations. Soit G =  (X, Г) un graphe fini symétrique et sans boucles avec n 
sommets. On désigne par d(xk) le degré du sommet xk£X  et on suppose que 
d(xi) ^ d (x 2) ^ . . .  S d{xn).

On définit une relation réflexive et symétrique Ra с  X  X X  de façon que (x, y) Ç Ra 
si у$Гх, et donc ni х$Гу.

Le problème du coloriage des sommets du graphe G avec un nombre minimum 
de couleurs distinctes de façon que deux sommets adjacents soient de couleurs 
différentes devient le problème de la détermination d’une relation d’équivalence 
R*,c Rg ainsi que RG ait un nombre minimum de classes. Ce nombre minimum, 
nommé le nombre chromatique du graphe G, sera noté K(G).

Par A \ B  on note la différence des ensembles A et B.
Définition. Un sous-ensemble SxkczX  est une classe maximale de l’élément 

xk Ç X par rapport à la relation RG si xk Ç Sxk ; pour tout х,, x} Ç Sxk, (xj( Xj) Ç Ra ; 
pour tout X,£X \ S x k il existe xm€ Sxk tel que (x ,,xm)flR a .

Une classe maximale^correspond à un sous-graphe complet maximal du graphe 
complémentaire G = (X, Г) du graphe G, défini par yÇTx si у$Гх.

Soit une partition A =  {Xk}1̂ kSq de X (q^n), telle que pour tout к et xi( XjÇ.Xk 
on ait (x,, Xj) £ R0.

On note a (G) =  max (min(fc, 1+*/(х*))) et
* = 1 ,2 ......n

ßA (G) =  max (min (к, 1 + max (d(xp)))) =  max (min (к, 1 + max(d(xp)))),
* = 1 ,2  q  X p i X k  * =  2  q  X p i X k

si
n

2  d (xp) 0,
p=i

R. Brooks dans [1] a établi l’inégalité K(G) S  1 1  max (d(xp)) et D. Welsh
p —  1, 2, . . . , n

et M. Powell ont démontré dans [3] que K(G) Ш <x(G) S. 1 +  max (d(xp)).
p =  1,2,..., n

Théorème 1. K (G) S  ßA (G) pour toute partition A induite d'une relation d'équi
valence RqCz Rq et la condition

max(d(xp)) & max(d(xp)) S  ••• S  max(i/(xp))
X p £ X  1 X p ^ X z  X p £ X q
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implique
K (G) S  ßA(G) =  % (G) S  1 + max (■d(xp)).

p =  1,2
Evidemment ßj  (G) = a (G) si Xx =  {.xq}; X 2 = {x2}; X„ =  (x„} ei ßA(G) = K(G), 
si la partition A a un nombre minimum de classes parce que dans ce cas ßA (G) S  max

(,k) = q = K{G) et donc K {G) = min (ßA (G)).

D émonstration. Si l’ensemble X x est une classe maximale par rapport à Rc , 
alors on vérifie si X2 est une classe maximale par rapport à R(; П ( A \A ,) 2.

Si X x n’est pas une classe maximale par raport à Ra, alors on complète X t 
jusqu’à une classe maximale X \ , par l’extraction de quelques éléments des classes 
X 2, ...,X q, qui deviennent X2 , ..., X*(X£ d X 2; ...; X ^ c X q).

On note avec X 2, X 2, ..., X 2t les ensembles non-vides de la suite X2 ,.. .,  Xq 
ainsi que X i= X r\; ... ; Xq\  = X ^ ' l et 2tSrx < r 2 < ... ^ q .

Si est une classe maximale par rapport à la relation Ra П(-У\Л^)2, alors 
on note X2 = X 2 et on vérifie si X 2 est une classe maximale par rapport à 
ЛоП СГМ ЛПила)2 etc.

Si X 2 n’est pas une classe maximale par rapport à R(; П (L'XAj)2, alors on 
complète X2 jusqu’à une classe maximale X2 par l’extraction de quelques éléments 
des classes X 2, . . . ,X qi.

Après un nombre fini de pas nous obtenons une nouvelle partition A' =  {Xk}lskSq. 
de X, pour laquelle q' = q avec les propriétés suivantes:

La classe X[ est maximale par rapport à la relation RG, la classe X'k est maximale
к -  1 min (k,q')

par rapport à la relation Ra П ( X \  U X-)2 pour tout k — 2 ,3,..., q' et Xkcz (J X-
i= 1 i=l

pour tout k  =  l ,2 , . . . ,q .
к <Kp )

Si xm£ X \  У X'i alors d(xm) ^ k ,  donc il résulte que xp£ U X[ avec cp(p) =
i =  1 i = I

=  min (q', 1 + d(xp)) pour tout xp£X. Si l’on suppose que xp£Xk, alors on obtient
min №.«') iK p ) «K k )

U X[. Mais x £ и  X- implique xp£ \J X{ avec i//(k) = min(q',max((p(p))) =
i=  1 i=  1 î — 1 XpÇ_Xic

=  min (q\ max (1 +  d(xp))) — min (q', 1 +  max (d(xp))).
X p £ X k  Xp Ç.Xk

11 résulte que x„Ç U X- pour tout xp£Xk, où t](k) = min (min (к , q'), iß(k)) =
i =  1

min
=  min (q', min (к, 1 -f max (d(xp)))). Nous avons obtenu que xpd U X[ pour

Xp £ Xk i=  1
tout xp£X  si l’on note ßA{G) — max (min (к, 1+ max (d(xp)))), parce que

k — l , . . . , q  Xp £ X k
min (q', max (min (q\ min (к, 1 + max (d(xp)))))) = min (q', ßA (G)).

k = l , . . . , q  Xp £ Xk
min (q',ßA(G)) q '

En conclusion X =  U X'i = [J Xi, donc min (q', ßA(G)) = q', c'est-à-dire
i = l  i = l

ßA(G )^q 'sK (G ).
Pour démontrer la deuxième partie du théorème nous considérons la relation 

d (x i)^ d (x 2) = ... ^d(x„) et du fait que max (d(xp) ) ^  max (d(xp) ) ^ . . .  ^  max
X p £ X  1 X p Ç . X  2  X p Ç X q ,
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(d(xp)) on déduit: </(x,) =  max (d(xp));d(x2) S  max (d(xp));... ; d(xq) g  max (d(xp)).
X p Ç X  1 X p £ X  2 X p Ç . X q

Dans ces conditions min (к, 1 + max (d(xp))) S  min (к, 1 + î/(x*)) pouf tout
X p Ç X k

k —1,2, .. .,  q, donc ßä(G) S  max (min (к, 1 + î/(x*))) S  «(G) c .  Q. F. D.
k = l , . . . , q

11 y a des cas où ßA(G) = K(G), même si A n’a pas un nombre minimum de classes 
par rapport à Ra.

Pour la détermination exacte du nombre chromatique K(G) on peut construire 
une arborescence H(X, Л) qui nous permettra de trouver au moins une partition 
minimale (avec un nombre minimum de classes) de X, partition qui est associée à 
une relation d’équivalence RGczRG.

Soit l’élément x f iX  dont les classes maximales par rapport à Ra sont
Ç(2) Ç(r(i))» •••> e •

On choisit un certain élément yiri d X \S x $ 1̂ dont les classes maximales par 
rapport à la relation Ra П ( X \ S x l l>)2 sont Sy[lfi Syffî, ..., Sy}'l,l(y,'d).

L’arborescence H  a la racine xt et l’application Л est définie par récurrence 
comme suit: Л(х,) = {х<>1к|А: =  1, 2, ...,r(i)}; A(x,tl) = {xMi*|fc =  1, 2...... ги ( д x)}
etc.

En considérant le chemin (xt, x t xf „2
si * = \ Я1.....où SUni.......... „, = IJ s ÿ fy  Ú
A(xitni....Bs) =  0. En ce cas, évidemment ns= l.

..., Xi,m ’ ns) de X, a Xj>ni, ..., „s, 

... U Syfyj....„s_t, alors on définit

En cas contraire on considère un élément quelconque yi n......nsÇ .X \S i nt...... „s
dont les classes maximales par rapport à la relation RG П ( X \ S i n...... „J2 sont
Syl'l,............................................... et on définit A(xi}„,....„,) =

. . . ,ns ,k\^- i»  . . . ,  r ^ Hl...... ( д в, .............

La construction de l’arborescence H  finit lorsqu’on obtient tous les sommets 
finaux.

Théorème 2. Le nombre chromatique K(G) du graphe G est égal au minimum 
de ta longueur des chemins qui réunissent la racine x t avec les sommets finaux de l'arbo
rescence H.

D émonstration. A chaque chemin (хг,х гп1.....xijBb ........ л>) de longueur s
qui va de xf à un sommet final x( Ml.....„s (avec «s= l)  on fait correspondre une
partition de X  composée de s ensembles Sx-”1*, S y f f â , Syfä]....„s_,, qui
réalise une relation d’équivalence incluse dans RG.

Il faut démontrer que l’ensemble des partitions de X  associées à tous les chemins 
qui réunissent la racine xf avec les sommets finaux de l’arborescence H  contient au 
moins une partition minimale, induite dans l’ensemble X  d’une relation d’équivalence 
R*g^ R g-

Soit une partition {Xj}lsJSr de X  avec un nombre minimum de classes telle 
que X j X X j d R a  pour tout j = l ,2 ,  ...,r.

L’élément x( se trouve dans une classe Xq, mais on peut supposer que XjÇA'j 
et donc il y  a un indice 1 S m t ^ r ( i)  pour lequel X l a S x lmiK

Si A\y±Sx[m,\  alors on complète la classe Ar1 jusqu’à Sxfm,) par l’extraction 
des éléments de Sx-m,) qui n’appartiennent pas à X t des classes restées.
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On obtient une nouvelle partition Sxfm,), X2, ...,X'r de X ainsi que X'-X X'-c 7?c , 
X 'jd X j et X'-X0 pour tout j  = 2,

On peut supposer que yimi £ X '2, donc il y a un indice
pour lequel X2 a  S y } etc. On obtient une partition Sxfm,), Syffî}, ..., Syfy]....„r_l
avec mr =  1 de X, qui est une partition avec un nombre minimum de classes, asso
ciée au chemin (xt, x imu . ( xi mi m2 Wr) de l’arborescence H. C. Q. F. D.

Si S x ^ \  Sx™, ..., Sxÿiq)) sont toutes les classes maximales de xqÇX par 
rapport à la relation symétrique et réflexive RG с  X  X X  et si X í ez X, alors les classes 
maximales de xq par rapport à la relation Rt = RGC\ X 2 sont les ensembles de la 
suite Xj П Sbĉ 1*, X2 П Sx™, ..., X, П S x ^ q)), maximaux par rapport à l’inclusion.

Ce fait permet de construire l’arborescence H  en partant seulement des classes 
maximales des éléments de X par rapport à la relation Ra.

Pour la détermination de toutes les classes maximales des éléments de X par 
rapport à Rg on peut employer la procédure de calcul booléen pour la détermination 
des ensembles intérieurement stables maximaux d’un graphe fini, procédure proposée 
par M ag h out  [5] et W eissman  [6], les méthodes combinatoires de Pa u l l  et 
U n g e r  et de Io a n in , présentées dans [4] pour la détermination des compatibles 
maximaux qui interviennent dans le problème de la minimisation des automates 
séquentiels incomplètement spécifiés, ou l’algorithme de Bednarek et Taulbee [7].
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SUR CERTAINS THÉORÈMES DE CARLEMAN ET DE HARDY

par
L. ALPÁR

§ 1. Introduction

1. 1. — Soient Ç (0 < |i |< l)u n  nombre complexe donné, h(z) =  (z —0/(1 — £z), et

/i(z) =  2  avzv
v  =  0

une fonction analytique dans le cercle |z |< l. La fonction

(1.1) Л [h(z)] = / 2(z) =  2  hnz" (bn =  é„(0)
n = 0

est également analytique pour |z |< l.
Nous avons obtenu plusieurs résultats concernant les transformations de genre

(1.1) . Nous en rappelons ceux dont nous aurons besoin par la suite.
Théorème A. — Il existe des fonctions / ,  (z) telles que

(1- 2) 2  N  <  °°
v  =  0

et, malgré cela,

(1.3) = ~n = 0
([1] et [2], Théorème 1, p. 287).

Théorème B. — Si la condition (1. 2) est remplie, la série de puissances (1.1) 
est uniformément convergente sur la circonférence \z\ =  1 quel que soit £ ([2], Théorème 2, 
p. 288).

Les théorèmes A et B constituent une démonstration de la proposition suivante 
de G. H. Hardy [10]:

T héorème C. — Il existe des fonctions analytiques pour |z[ < 1, dont les séries 
de puissances développées autour de l'origine sont uniformément mais non absolument 
convergentes sur la circonférence |z| =  1.

Quand (1.2) est réalisé /,(z) et, par su ite ,/2(z) sont continues pour |z| = I, 
on a donc

(1.4) 2  |6„|2 <n = 0
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En comparant (1.3) et (1.4) nous avons soulevé, dans la note [1], la question 
suivante: Peut-on trouver un nombre e ( 0 < s < l)  tel que l’on ait

(1-5) Í
n — 0

chaque fois que (1.2) a lieu? Ce problème a été résolu par G. H a l á s z  [9] qui a 
démontré non seulement la non-existence d’un e vérifiant (1. 5) pour toute série 
satisfaisant à (1. 2), mais il a obtenu le résultat ci-après plus fin.

T héorème D. — Étant donnés le nombre Ç et la suite {oc„}Ôj a i e c  0 < a „ < 2 , 
a„->-0, a„logя ->-°°, и il existe des fonctions f f z )  telles que la condition (1.2) 
soit remplie et, malgré cela,

2  \K\2- "  =
n=0

1.2. — Récemment nous avons étendu ces recherches aux séries de Fourier. 
Introduisons quelques notations pour pouvoir formuler d’une manière plus simple les 
résultats obtenus.

(a) t désigne une variable réelle, et soit (0 <  ß) l’ensemble des fonctions

# ( 0  =  2  Спеш, avec 2  \C.\* <
П= — ©о л = — oo

désigne alors l’ensemble des fonctions qui se représentent par des séries 
de Fourier absolument convergentes.

(b) Notons par ^  l’ensemble des fonctions continues,
(c) et par Щ l’ensemble des fonctions qui se développent en séries de Fourier 

uniformément convergentes.
(d) Soit enfin J  l’ensemble des fonctions f( t)  à valeurs réelles qui, sur un 

segment / = / ( / )  arbitrairement petit, sont deux fois dérivables avec f" ( t )> x > 0 
(ou f" ( t)<  — x<0). L’ensemble des fonctions non linéaires et analytiques sur 
l’axe des t est un sous-ensemble de «/.

1.3. — Soit

(1.6) F(t) =  2  Луе"', avec 2  IAI °°.
V =  — o o  V =  — 0 0

c’est que F ^sé. Appelons les transformées de Fies fonctions F(f(t)) = Git) périodi. 
ques de période 2n telles que l’on ait

(1.7) F(f(t)) =  2  A vé*  = G (t)=  2  Bneint-
V = — o o  П= — o o

Z. L. L e i b e n s o n  [12] et sous conditions plus générales A. B e u r u n g  et H. H e l s o n  

[7] ont démontré la proposition suivante concernant les transformées du type (1. 7).
T h é o r è m e  E. —- F(/(t)) = G(r) € sé pour tout F(t) € ,s/ si, et seulement si 

f ( t )  = Nt + C où N ( — °o<7V<°°) est un entier et C est une constante réelle.
Dans le même ordre d’idées nous avons trouvé les résultats suivants [3].
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Théorème F. — Si f ( t )  est analytique le long de Г axe des t, si f ( t )=  f( t  + 2л) 
(mod 2л), et si F(t)£sd, alors F(f(t)) = G(t)£tf/.

Nous avons obtenu aussi de propositions de caractère négatif [4].
Théorème G. — Si de plus si f ( t ) = f ( t  + 2n) (mod 2л), et e > 0

est un nombre donné à l'avance aussi petit que Гоп veut, il existe des fonctions F f t )  £ sd 
telles que Ff f ( t ) )  = G ft)£ (€, mais Gf t )£ stf2~e.

Théorème H. — Si f( t)  est non linéaire, analytique sur l'axe des t, de plus si 
f ( t )= f( t  + 2n) (mod 2л), et e > 0 est une nombre donné à l'avance aussi petit que l'on 
veut, il existe des fonctions F ft)£sd  telles que Ff f ( t  )) =  G f t )  £ aU, mais G ft) \s d 2~c.

Ces résultats évoquent la proposition suivante de T. Carleman [8].
Théorème I. — U existe une fonction g(t)£/é, avec

si petit que soit le nombre e>0.
Plus tard on a trouvé d’autres fonctions de cette nature, et l’on a construit 

au^si de fonctions analytiques pour |z |< l ,  continues pour |z |ë l  et dont les co
efficients de Taylor possèdent la propriété (1. 8) (cf. p.e. P. Túrán [13], cette note 
donne aussi une bibliographie détaillée de la question).

En comparant le théorème I aux précédents deux questions se posent. 1° Est-il 
possible d’établir le théorème de Carleman ainsi que sa variante pour les séries 
de puissances à l’aide des propositions invoquées? 2° Peut-on étendre ces théorèmes, 
valables pour certaines fonctions appartenant à <€, à quelques fonctions éléments 
de ötí1 La réponse, comme nous allons voir, est affirmative à toutes les deux ques
tions.

Dans le § 2 on va examiner le cas, à présent très simple, des séries de puissances. 
Dans le § 3 on fera connaître un lemme et l’on démontrera un autre. Le théorème 
rie Carleman sera établi et généralisé dans le § 4. Finalement dans le § 5 on appli
quera le résultat obtenu sur la transformation conforme des séries de Faber.

T héorème 1. — Étant donnée une suite {a„}j, avec 0 <a„ <2, a„ — 0, a„logn-*-°°, 
n^-oo, il existe une fonction analytique pour |z| < 1, soit

dont la série de puissances converge uniformément pour |z| = 1 et, malgré cela,

g{ t )= 2  cneint
telle que

<1.8)

§ 2. Cas des séries de puissances

(2. 1) f l  (Z) = 2  K*",

(2.2) Z I * n|2- ‘" = ~ .
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C orollaire 1. — Si petit que soit le nombre c >0, on a 

(2- 3) Í  |6„|2- ‘ =  со.
n = 0

D ém o n str a tio n . — Le théorème 1 est une conséquence directe des théorèmes 
B et D. D’après le théorème D, étant donnés Ç et la suite {a„}ô, il existe une fonction 
J\(z) telle que (1. 2) et, pour/ ,  [h(z)\ = f2(z), (2. 2) soient réalisés. Selon le théorème B, 
la série de puissances (2.1) est alors toujours uniformément convergente sur la 
circonférence |z| =  1.

(2. 3) est une conséquence immédiate de (2. 2).
Le théorème 1 et le corollaire 1 fournissent symultanément une généralisation 

directe du théorème C  de H ar dy  et du théorème I de C arlem an .

§ 3. Deux lenimes

3.1. — La démonstration des théorèmes principaux, que nous allons achever 
dans le § 4, se fonde sur deux lemmes. On doit à H alász [9] le premier et nous 
l’admettons sans preuve, tandis que nous allons démontrer le second.

Soit l l’ensemble des suites x =  {*„}” ,» telles que

(3. î) 2  l*»l -= ».
v =  — o o

Notons par {A„}ü„ une suite avec 0<1„<A  où 2 ne dépend pas de n, et par 
l’ensemble des suites y = {y„}-o° telles que

(3.2) 2  bnlA" <
n =  — oo

Nous dirons qu’une fonction appartient à l’ensemble j / M  si ses coefficients 
de Fourier forment une suite appartenant à /<д"}.

Désignons enfin par [ynv] (и=0, ± 1 , ±2, ...; v=0, ±1, ±2, ...) une matrice 
infinie avec |y(IV| où M  est une constante indépendant de n et de v. Considérons 
les transformations

(3.3) Уп — 2  (« = 0, ±1, ± 2 , ...).
П=  — oo

Le lemme 1 donne une condition nécessaire pour que (3.1) et (3. 3) entraîne (3. 2). 
(Les conditions suffisantes ne sont pas encore connues.)

Lemme 1. — Pour que la matrice [y„v] (n= 0, ± 1 , ± 2 , ...; v = 0 , ± 1 , ± 2 , ...) 
transforme tout xÇ.1 en un y  6 /,;"1 il faut qu'il existe une constante K>{) telle que

(3 .4) 2  |y J An <  AT ( v =  0, ±  1, ± 2 , . . . ) .
n =  — oo

En d’autres termes, si (3. 4) n’a pas lieu, il existe une suite x £ l  pour laquelle
y t l M .
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3. 2. — Le lemme 2 est la généralisation d’un de notre résultat antérieur 
([5], Théorème 1, p. 280) lequel, à son tour, généralise une proposition de J. P. K a h a n e  

([11], Théorème IV, p. 253).
L e m m e  2. — Soit /£■ / et

(3. 5) =  У anveinl (v =  0, ±  1, ±2, ...).
П =  — oo

{«„)“ », dénote une suite avec 0 < a„< 2 , et x„ -»■0 pour |я| -►
(1) Si a„log|/7[-°o  (|я |-оо), on a

(3.6) limI VI ”♦ oo 2
П =  — oo

12 - °o .

(Il) Si a„log|«| =  0(1) ( |л |-°°), on a

(3.7) Z  Ы 2-«" =  0(1) (|v| — oo).
П =  — oo

Remarque. — Dans le cas particulier où

é" — l/(r)  =  - / l o g T- ^ r

(3. 6) a été déjà démontré par Halász [9].
oo oo

Quant à (3.7), Z  |и„|2 =  и<  °o entraîne Z  k l 2-“” —coM< °°> si la condition
П =  - o o  n =  — oo

(II) a lieu (cf. [9] note 1). Les sommes représentées par la formule (3.7) sont donc uni-
oo

formé ment bornées car, grâce à (3. 5), Z  kv l2 =  1 Pour tout v- Nous admettons donc
П =  — oo

(3. 7) sans démonstration. Nous en aurons besoin dans ce qui suit comme le com
plément de la relation (3. 6) faisant ressortir que les théorèmes que nous allons 
établir sont, dans certain sens, les meilleurs.

D émonstration. — Nous allons faire usage d’une méthode due à Leibenson [12] 
(elle a été utilisée par Kahane [11] et par nous même [5]). Cette fois-ci il faut 
modifier la méthode pour qu’elle soit applicable au problème envisagé. Comme 
fÇ S  (cf. 1. 2 (d)), on peut écrire

(3. 8) anv =  bnv + cnv, bnv = ~ f  ~in' dt.

L’inégalité | a j >-K\b„\ (AT>  1) entraîne |c j  et, par suite,

У  \ g  I 2  ^  K  Г  У  | ç  I 2  =  Щ  =  1 - QМ>к\ь„А _  U -  1 J « = - ~  1 "vl U - l J l  2 n)
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Pour un K convenablement choisi, on a 0>O. Il s’ensuit que 

(3.9) 2  kv l2 = 0.
| a „ v | a K | f c „ v |

D’autre part à chaque v donné on peut associer deux entiers n0 et /0, où l0 >  1 
est une constante et h 0 =  / o | v |, tels que l’on ait \vn~lf ' ( t )  — 1 |> c > 0  pour tZ l  
et \n\ ёи „ . On a ainsi, d’après le premier lemme de Van der Corput ([14], I, p. 197), 
k „ | S c jn l-1 pour \n \^n0 et tout v. Il en découle

(3.10) 2  k v |2 =  O iM "1) (|v| — °°),
H S i l o

et l’on tire de (3. 9) et (3.10)
(3.11) 2  kv l2 s  0(v) =  0 + o(l) ([v] °°).

\anv\̂ K\bnv\
M  < n o

On déduit de plus à partir de (3. 8), au moyen du second lemme de Van der 
Corput ([14], I, p. 197), que \bnv\<(2/7i)0<|v|)- * =  à pour tout« (cf. 1.2 (d)). 
Posons ensuite oî„(v) =  min a„ (|«(v)|<«0). Comme a„->-0 (|«| -«-«=) et «0 °°(|v| —°°),

|и|<И0
il vient |«(v)|—°o et an(v)log|«(v)| (|v|->-°°). On en conclut, en vertu de (3.11),

2 k v l2-*" s  2 1 k v l2- " - s  Z k v l2-*"<*>
n=-oo \anv\^K\bnv\ \anv\̂ K\bnv\|я|</»о |л|<ло

= c20(v)e*a"<v>10g M

Or, selon (3.11), 0(v) — 0 (I v| — tandis que

0(v)
(Kô)x̂ >

an(v)l°g|v|
d’où le résultat.

log M ..
log «о "<v)

log|«(v)| oo (1 v| —*■ °°),

§ 4. Théorème de CARLEMAN et ses généralisations

4. 1. — Nous allons établir une proposition dont le théorème de Carleman 
est un corollaire immédiat.

Théorème 2. — Étant données la fonction f  Z f €  f\ J  et telle que f ( t )= f ( t  + 2n) 
(mod 2к), ainsi que la suite {a„}üM, avec 0< a„< 2 , oc„ ->-0, a„log|«| |«|-*-°°, 
il existe me fonction F(t) Z s i  telle que F(f(t)) = G(t)Z%> et, malgré cela, G(t)Z si^2~x"\ 
c'est que

(A. 1) 2  Ik l2-*" =  °°
П =  — oo

où est la suite des coefficients de Fourier de G(t).
Corollaire 2. — Si petit que soit le nombre e > 0 , on a

(4.2) 2  l k l 2- E= ° ° .
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D émonstration. — Employons les notations (1. 6) et (1. 7). Le fait que / ( / ) £ #  
et F( t )£s /  assure que la série de fonctions

2  = Gif)
V =  — oo

soit uniformément convergente et, par conséquent, que G(f)€#.
D’autre part il est simple de voir que

(4.3) Bn =  2  ^ VAV (n= 0, ±1, ± 2 , ...).

On a, par hypothèse, {/4v}ü„, =A£l.  Selon le lemme 1, la relation (4. 3) implique 
=2?Ç/!2-*"> pour tout A dl, s’il existe une constante AT>0 telle que

2  kv|2-‘" < *  (v = 0, ±1, ±2,...).
n =  —  OO

Or, d’après le lemme 2, une telle K  n’existe pas. Il y a donc de suites A Ç / qui ne se 
transforment pas par la matrice [a„v] en un élément de Les termes d’une
telle suite seront les coefficients de Fourier de F(t) et F(f(tj) = G(t) sera la 
fonction cherchée,

(4. 2) est la conséquence directe de (4.1) et exprime le théorème de Carleman.

4. 2. — En imposant à f i t )  des conditions plus strictes, on peut établir (4.1) 
avec G{t)^aU.

Théorème 3. — Étant données la fonction non linéaire f( t )  analytique sur l'axe 
des t, et telle que f ( t )=  f( t  + 2n) (mod 2л), ainsi que la suite {a„}ü„, avec 0<a„<2 , 
a„ — 0, a„log|«| -*», |n| -»oo, il existe une fonction F(t) f  à t telle que F(f(t)) = 
= G (t)^őU et, malgré cela, G(t)$ s /t2-*"), c'est que

2  l*„l2- ‘" = 00
П= — oo

où {ô„}üM est la suite des coefficients de Fourier de G(t).
Un corollaire analogue au précédent a encore lieu.

D émonstration. — Il résulte du théorème F que
Si, tout en remplissant les autres conditions du théorème 3, f i t )  était linéaire, 

elle devrait avoir la forme f ( t )  — Nt + C où N  est un entier et C est une constante 
réelle, mais alors, en vertu du théorème E, on aurait G(t) Çæ/.

Si f i t )  n’est pas linéaire, l’analyticité de f(t ) garantit que /Ç ^ T 1 ̂  et le résultat 
découle du théorème 2.

Corollaire 3. — Si la fonction f  remplissant les conditions du théorème 2 ou 3, 
est aussi monotone, et si / ( /  + 2n) = f ( t )  ±2n, il existe de couples de fondions F(t) 
et G(t) = F(f(t)) qui, avec certain déplacement, admettent les mêmes valeurs dans 
la même succession et pourtant F(t) £ sd, tandis que G(i)$ ^{2-<*„>, ыеп que Q(t)çf£ 
ou G { t ) m  selon que f  est seulement continue ou analytique.

Comme nous l’avons déjà fait observé, la formule (3. 7) met en évidence qu’on 
ne peut pas améliorer les résultats obtenus.
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§ 5. Application à la transformation des séries de Faber

Soit C une courbe fermée simple dans le plan des z formée d’un seul arc ana
lytique régulier, et dénote 4>v(z) le v-ième polynôme de Faber associé à C. Toute 
fonction Fx(z) holomorphe à l’intérieur de C s’y représente par sa série de Faber 
unique, soit

(5.1) а д =
v =  О

C est la courbe de convergence de la série (5.1) si Fx{z) a des singularités sur C. 
(En ce qui concerne la détermination des polynômes de Faber et des coefficients 
a^n o u s nous référons à notre travail [6] et à la bibliographie y indiquée.)

Il existe une fonction, et une seule cp(z) qui, pour des |z] assez élevés, s’écrit 
sous la forme

(5.2) w = <p(z) =  z + c0-|—-H—  ̂+ ...z z

et applique d’une manière conforme et biunivoque l’extérieur de C sur celui de la 
circonférence K: |w|=i?. Les conditions imposées à cp déterminent univoquement 
le rayon R et les coefficients c„.

Soit k(z) une transformation conforme biunivoque de l’intérieur de C sur 
lui-même. En raison de l’analyticité de C, k(z) et <p(z) sont définies même sur 
C. Soient zx€ C et z2€ C deux points homologues tels que z i =k(z2). Po
sons wx=(p(zx) et w2 = (p(z2) où Wi€K, w26 K et wx/w2=eiy. Si y reste constante 
quand z x et z2 parcourent C, nous disons que k(z) est équivalente à une rotation. 
Lorsque y varie avec z, et z2, /c(z) sera dite non équivalente à une rotation.

La fonction Fx[k(z)] = F2(z) est aussi holomorphe à l’intérieur de C et peut 
être développée en série de Faber, soit

(5.3) F2(z) = Í « < 2)í>„(z).
n = 0

Théorème 4. — Si k(z) n'est pas équivalente à une rotation et {<x„}ô est une 
suite donnée, avec 0 < a„ <  2, a„—0, a„logn °°, n il existe des fonctions Fx(z) 
holomorphes à l'intérieur de C, dont les séries de Faber sont absolument convergentes 
sur C, soit

(5.4) 2  | ^ 1)ФУ(^)| <  zeC,
v =  0

les séries de Faber (5. 3) de leurs transformées, F2(z) convergent uniformément sur C 
et, malgré cela,

(5.5) 2 № 2)4>n(z)\2-'" = <™.
n = 0

D émonstration. — Nous avons prouvé dans la note [6] (§ 3, Théorème 2, p. 
384) que (5. 4) entraîne la convergence uniforme sur C de la série de Faber (5. 3).
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Nous avons démontré également dans la note [6] que l’étude de la série de 
Faber (5. 3) transformée de (5.1) se ramène à l’examen d’une certaine matrice 
[<5nv]. Plus exactement on peut montrer que si [<5nv] ne remplit pas la condition (3. 4) 
(avec A„ =  2 — a„), alors (5. 5) peut avoir lieu. Les éléments de la matrice [<5„v] sont 
définis par la formule

1 r
<5nv =  ~2n e‘(n'2~v,') J eiv“(,)~'n'd t (n =  0, ±1, ±2, v =  0, ±1, ±2, ...)•

— n

ti et t2 sont des paramètres, a>(t) = z(t) + 1 où т(() est une fonction réelle, non 
constante, périodique de période 2n, et analytique sur l’axe des t. co(t) satisfait 
donc aux conditions imposées à f ( t )  dans le théorème 3. 11 en résulte que [<5„v] ne 
réalise pas la condition (3. 4), et le théorème est prouvé.

D’ailleurs co(i) est défiinie de la façon suivante. Soit z = la fonction inverse 
de w = (p(z) (cf. (5. 2)) et soit w = Reu, alors

(p(k[ip(w)]) = /?е'ш(<), <p(z,) =  7?e"', ç>(z2) = Re“2.
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ON THE OPERATIONAL SO LU TIO N  OF CERTAIN 
NON-LINEAR SINGULAR INTEGRAL EQUATIONS

by
T. FÉNYES

Introduction

In papers [1], [2] the integral equation

(1) (t + a)f(t)+ f  f{x)g{t-x)dx  =  /;(/)
о

has been solved by application of the operational calculus of M ikusinski. The ope
rational solutions of the algebraic differential equation

(2) D f- ( a + { g ) ) f  = - { h )

in which D denotes the symbol of the so-called algebraic derivative were found. 
The existence problem of the locally integrable solutions of (2) was also consi
dered in the homogeneous and inhomogeneous cases.

The present paper will deal with the integral equation
t t

(3) (t~ a ) f ( t )~  f  f (x)g( t-x)dx  = b f  / ( t) /( f t)dx. (0^ /< °o)
о 0

Here g(t) is given and defined on the interval (0, «>) and locally integrable in the 
Lebesgue sense, a real and a a non-negative constant. The function /  is un
known.

Every equation of type (3) has the trivial locally integrable solution

/= 0 .

If an equation of type (3) has a locally integrable solution /(?) which is different 
from zero on a set of positive measure,/(t) is said to be a nontrivial locally integrable 
solution of (3).

Equation (3) is a nonlinear singular integral equation of convolution type. 
The operational calculus of M ikusiNski will be used in the investigation and 
practical solution of equation (3). Under some restriction to g(t) we shall determine 
and give the so-called operational solutions and the necessary and sufficient condi
tions guaranteeing the existence of nontrivial locally integrable solutions. The 
operational notations and symbols of M ikusiNski [3] — the knowledge of which 
will be assumed — will be generally used.

If a < 0  the equation is not singular. But in this case it is very easy to show 
that (3) cannot have a nontrivial locally integrable solution. This is the consequence
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of the fact that every homogeneous integral equation of Volterra-type of the second 
kind

t

<p(t) + f  K(J, z)<p(z)dz = 0 
о

has no nontrivial locally integrable solutions. So in the sequel it will be assumed 
that a^O. The problem is just then interesting, if (3) is singular.

Our investigation is joined with the concepts and properties of the so-called 
algebraic differentiation and integration of operators.

The next chapter summarizes the most important properties of the algebraic 
differentiation and integration of operators.

At the end of this paper some generalization of the theory will be treated 
which relates to the integral equations of the type

t t

(4) (t -  d)f{t) -  f  f(z)g(t — z)dz = b j  /1 (z)F(t - z ) d z ,
0 0

where h(j) ^ 0 is also a given locally integrable function and

П 0  =  J f ( r ) f ( t - Z ) d z .
0

We also give some examples solving non-linear integral equations of type (3) and (4).

1. The algebraic derivative and algebraic integral of Mikusinski operators 

Definition of the algebraic derivative (see [3]): If

MO}, {6(0} €C, { 6 ^ 0 ,
then

D{a(0} =  { -ta (0 } ,

W  _  {b}{Da}-{a}{Db} 
{b} {b}2

This definition involves that every operator is infinite times differentiable. An easy 
argument shows that the given definition can be extended to locally integrable 
functions {a}, {b} the class of which let be denoted by the symbol L. The 
algebraic derivative has the following properties. (See [3]). For arbitrary operators
p, q-

D(p + q) = Dp + Dq,

D(pq) = pDq + qDp,

If a is a number, so

qDp —pDq 
q2 (<7^0)

Dx = 0.
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If
Dß = О,

then the operator ß is an arbitrary complex number [4].
The algebraic differentiation of an arbitrary rational expression R(s) of the 

operator 5 goes by the formal derivation rule according to s.
If the exponential function ew exists then

Dew = ewDw.

If for a given operatoi w there exists an operator и that

Du =  w (see also later) 

and if и is a logarithm [4], then

X = Ceu (C — arbitrary number)

is the general solution of the so-called ‘’algebraic” differential equation

Dx — wx = 0.

In the sequel a differential equation involving algebraic derivatives will be 
called an algebraic differential equation. In paper [8] there is a general operational 
theory of equations of this type called by the author differential equations “s” .

The concept of the so-called algebraic integral introduced by E. Gesztelyi [5] 
is as follows:

If for an arbitrary operator p there exists an operator q that

Dq=p,

then q is called the algebraic integral of the operator p and denoted by

f  pds = q.

The algebraic integral has the following properties:
Two algebraic integrals of an operator — if they exist — differ from each other 

in an arbitrary number.
Now we quote the most important theorem of the algebraic integrability of 

certain operators. This theorem was proved by E. Gesztelyi [5].
In [2] T. Fényes has used this theorem in another formulization. Our formuli- 

zation here is quite equivalent to those, which have been communicated in [5] and 
[2], but it will be more convenient for our purposes.

The operator
X — s ke ~ as{ f }

is algebraically integrable, where asO , — «  <  к <°°, {/} is locally integrable on 
(0, °°). The algebraic integral can be written as follows:

Let a>0. Then
J  xds = ske~as{u(t)},
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where the function

{« (0 } -
Я 0
t + a - k ( t  + a)‘: — 1 [  \ 

J ( t +  *)*+ 1 J

is locally integrable on <0,«=).
Now let д = 0. Then

J  xds г,к + 1MO}:
where

{»(0} =
\

If
0

' 1 Щ if

and finally

where

(e>0 arbitrary)

/ t  { f ) ds = JM 0 b

t

MO} = j — J  —j (e> 0 arbitrary),
e

t

where F(t)= J  f(f)dz.  (This is the case к = — 1). It can be easily shown that the 
о

functions MO} occurring here are also locally integrable on <0, »), If for any fixed 
value к S  — 1 the above integral remains convergent for s =  0, we can take s = 0. 
The operator x  is also algebraic integrable in the case a< 0 but the rule of algebraic 
integration of x when a < 0  will not be needed. Thus it can be omitted.

Special cases :

1. If |~ r^ J  is locally integrable on (0, °°) then

/ { / « » *  = { - ф } .

2. J  {e°"}^ = (a — OM 'logO  for every complex a, particularly for oc = 0 we

J‘{\}ds = -s{log 0-

3. If lim /(0 = /(0 ) exists and the functions

f /(0 - /(Q )

get

1-0

{/(0},
Г
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are locally integrable then

f  {/}ds = {/ ( 0 ~?/(0 ) | - / (0).v{lOg t} 

which reduces to 1. when /(0) =  0.

2. The operational solutions of the algebraic 
differential equation of Bernoulli-type

Let us consider the integral equation

(2. 1 ) (t — a)f{t) -  f  f ( z )g ( t - 1)dx = b f  f (r) f( t  — t)dr,
0 0

the operational form of which is

(2.2) D {f)  + { a + { g ) ) f = - b { f } \
At first we want to solve (2. 2) in the operator field, and do not take care of the 
fact whether the found solutions of (2. 2) are locally integrable functions or operators 
only. The curly brackets in (2. 2) will be omitted and so

(2.3) D f + ( a + g ) f = - b f \
Thus a non-linear algebraic differential equation will be obtained. Every locally 
integrable solution of (2. 1) is a solution of (2. 3), and conversely, but (2. 3) is more 
general than (2. 1). It can have generalized functions i.e. operators as solutions. 
If the solutions are restricted to locally integrable functions, then (2. 1) and (2. 3) 
are equivalent to each other.

The solution process of (2. 3) is very simple. Like the “classical” Bernoulli 
equation
(2.4) Ё М + ф Ы х )  = у 2(x)

(2. 3) can be regarded as an algebraic differential equation of “Bernoulli type”. But 
in the „classical” case the equation (2. 4) can always be reduced to a linear one by
the substitution u(x) = } . . This gives the idea how to solve (2. 3). 

y(x)
Of course (2. 3) has the trivial solution f — 0. Excluding it we obtain by sub

stitution

и =
/ ’

Df =
J u2 ’

and finally 
(2. 5)
which is a linear equation.

Du , ,1- i a + g ) — =

Du — (a + g)u = b
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The general solution of the corresponding homogeneous equation

Du — (a+g)u = 0 
is

и = Ceas exp [Jg ds] (C arbitrary constant), 
provided that the operator

{  g ds

is a logarithm in the sense of M ikusinski [3]. We shall take the following restriction 
on the function g(t), which guarantees the existence of the exponential function

eh ds.

Let the value lim g(t) =g(0) exist and let the function be locally
t~o ' t

integrable on (0, °°).
Then

f  {g}ds = { ^ h _ ^ ° ) J _ g(0),{,og,}

and so

(2. 6) и = Ceas exp exp [-g(0)s {log /}] .

The operator (2. 6) certainly exists. Namely according to a rule of the operational 
calculus [3] the expansion

holds. The series converges in the operational sense and apart from its first term 
it represents a locally integrable function.

On th other hand Mikusinski has proved [7] that

exp [A(s{log t) +y)] = Л (A real, у = Euler constant).

So we obtain

(2. 7) и = Ceas exp 5a(0) (C arbitrary constant).

It will be determined by the method of variation of parameters a particular solution 
of the inhomogeneous differential equation (2. 5).

Let

Mpart = C(.v)exp|g(?)~fg(0)}.^t°>; 

substituting it in (2. 5) we get

C (s) = b j e~asj~ g(0) exp |g^   ̂ ^)j (/s
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where

Here the power is understood in the operational sense. 
Introducing the notation

(2.8) (G(„ ) = i ' { M ) } ‘

by Gesztelyi’s theorem we see that this algebraic integral exists and the general 
solution of (2. 5) is

(2. 9) и = [ c  + />/ е - “ 5"»(0)(1 +{G})*] eass9(0> exp |£ Í d z i £ ^

The Bernoulli equation (2. 3) has the general operational solution

and 

( 2. 10)

/ = 0

1 _  e~<as~íí0)(l +  {(?}) 
и _  C + b f  e -ass - 9i0)(l + {G})(ls

So we have proved the following

(C arbitrary).

T heorem 1. Let g (0 )  exist and gO)-g(Q)
1 be locally intégrable ûëO. The non

linear integral equation (2. 1) has the operational form (2. 3) which is an algebraic 
differential equation of Bernoulli type, having a family o f solutions depending on an 
arbitrary constant.

Now the problem arises to determine the so-called locally integrable solutions 
of the integral equation (3), namely to investigate the operational structure of (2. 10) 
and to obtain the conditions guaranteeing the existence of the locally integrable 
solu ions.

3. The locally integrable solutions o f the integral equation 

First let a>-0. We can write the algebraic integral occurring in (2. 10) as 

(3. 1) f  e-°sj-» (0>(l+{G})i/i =  f  e -ass~9W+l{\}ds+ f  e~ass - gW{G}ds.

On the one hand by G esztelyi’s theorem of algebraic integration we get
t

J в— j-*«»+1{l}<k =  + - +(g(p)-l ) ( t + a)-<«0' J  (T +  ̂ (0-)} =
0

„ - a s  я ( 0 )

= e-°sí-*'(O){g(0)a9(O)- 1(í + a)_9<o)“ 1} --?— ------ •
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Here the well-known operational formula

s{u) = (г/} + и(0)
has been used.

On the other hand
t

0
So we obtain the following expression for the algebraic integral (3. 1)

(3.2) -OS£-9(0) .
I

G (т) dx 
(t + ű)1_í(0)J a

By substituting this in (2. 10) we get 
(3. 3)

/ = ----------- e~ass~at0> (1 +{G})

C+be-‘ss-gW [{*«>) e*<0,- ‘(t + а) ~
C(0s(O )-._r^i + £(0)(,+a)-»<O) 
t+a

f  G(r)dr  I П
J  (т +  я)1-»«” }  a J

If C = 0, (3. 3) reduces to the form

(3.4) /  = 1+{G}

k(0)...}-

It is easy to prove that (3. 4) is not a function. For (3. 4) can be written as

(3. 5) 1 +  { G )

a +  {tf(i)}’
where a is a number and H(t) is a function. If the operator (3. 5) were a function, 
say m(t), then it would be true that

t
{oun(t)} + { f  m (x)H( t -  t) í/t} = 1 +{G}

о
which is impossible because on the left side of the equation so obtained is a function 
and on the right is the sum of a function and a number.

Let now
CVO.

If g(0) = 0, (3. 3) reduces to the form

(3.6) в '“  (1+{C})

C + be~as I ! - ? - ! - 4t + a j a
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It is easy to prove that (3. 6) is not a function. For (3. 6) can be written as

(3.7) = e as + {M , (_/)}
J C + ee-°s + {M2(t)) ’

where g is a number and M ,(i), M 2(t) are functions.
If (3. 7) were a function, say m(t), then it would hold that

t

{Cm(t)} + ge~as {m(t)} + { J  m (r) M2 (r — r) í/t} =  e~as + (Л/, (/)},
о

which is impossible because a function cannot agree with the sum of a function 
and the translation operator.

If g(0)<0, we write (3. 3) in the form

(3. 8) e— (1+{G})
J Cie(0)+ Z>e_“ ["-] '

Apparently (3. 8) is not a function. Since

(3. 8) can be written as 

(3.9) е -я* + {Л/,(0}
ßi>-as + {A/2(/)}

and the reasoning follows on the previous lines.
Finally it remains to settle the case g(0)>0. Obviously (3. 3) is a function for 

every CV 0.
Namely (3. 3) can be written as

(3.10) {#i(Q}
C + { # ,( /)} ’

where # ,  and H2 are functions. But by a wellknown rule of the operational calculus 
(see [3])
( i n )  1 1 1 ... ......... [нлкС + {Я2(/)} С 1 +

| c J 1) . 4 ,- ,)‘ Í W

where the power is understood in the convolution sense. The series (3.11) repre
sents a function apart from its first term. Multiplying by (Я ^/)}  we see that (3. 10) 
is certainly a function as required. This proves the

T heorem 2. (Existence-theorem of locally integrable solutions).

Let я 5-0, and g(0) exist and let- — — be locally integrable on (0, °°). The
non-linear singular integral equation (3) has nontrivial locally integrable solutions on 
(0, ■»), i f  and only i f  g (0)>0. The solutions of (3) constitute a one-parameter family 
of locally integrable functions depending on a real parameter C ^0.
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(3. 12)

Now let us discuss the case a =  0. (2. 10) has the form
*-«((»(!+  {G})

/  = C+bfs -<*°\ \  + {G})ds ' 

The occurring algebraic integral of (2. 10) can be written

_ у - й ( 0 ) + 1

(3.13) f s ~ aWds =
l-S(O ) if g(0) *  1

-j{ lo g /} , if g(0) =  1 

and by the use of G esztelyi’s fuie of algebraic integration

_s-9(0)+ lb  -9(0) /  f,(4 S j .  if яда

(3.14) J ‘s - ^ 0){G}ds {г  ;
J  G (it) du

dz\ , if g(0) =  1

\
. 5 - g ( 0 )  +  l

h i  gG%  h . if

First let g(0)?í I. By substituting (3. 13) and (3. 14) in (3. 12) we obtain

__________ s~°i0) ( 1 + {G})(3.15) f -

C+bs~<>w
-g (0 ) Ь 1 Щ ]

if g (0)> l

and

f  =
S-9(°)(J + {G})

if g(0)-
C+bs~eW

-g( 0)
G(t) í/t1

9(0) J

The above operator (3. 15) is a function for every real value of C and g(0) 
For C = 0, g (0)> l we get

(3.16) f  =
1+{G}

*(0) I ./
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But (3. 16) is the product of

and

A« a )

Л  =

l-g(O) -M -}

which involves that (3. 16) is of type (3. 10. For C=  0, g(0)< 1 we proceed analo
gously.

The case CVO, g (0 )> l may be treated similarly because s~e<-0) + i itself is a 
function. For C?í 0, g (0 )< l (3. 15) reads as

/  =
7 [1+(C}]

Cs^0)~l + b 1
L i - / ( 0 )

and this is also of type (3. 10).
Now comes the discussion of the case ű =  0, g (0)= l. By (3. 12) and (3. 14) 

(g(0) =  l)
(3.17) /  = ----------------- — {G}- ---------------- .

f r J G(M)du «
Cs — bs  ̂jlog / T / ------------ r/rl

The decision of the structure of the operator (3. 17) is more difficult than in the 
preceding cases. Generally it is not easy to decide whether (3. 17) is a function 
or not. But with a simple restriction of g(t) we can show that (3. 17) is certainly 
a function for every value of C.

Now in the case of a = 0, g(0)= 1, we take the following restriction with respect 
to g(t):

Let 5---- --------- be locally integrable on <0, °°). We make use of the following

theorem (see [1]). If the functions {я(/)}, j “y ~ j’ {6(0} are locally integrable on 
(0, 0°), then

t

J  a(r)b(t — T)dz
0

t
is also locally integrable on (0, °°).
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Since

(3.18)

+

{fG(r)dr} = (У  l í l L _ L (/Tj +
0 о

(the power is understood in the convolution sense). 
With

ifc-i
I I (Г  I T I   I

bk(>)
and

a ( ( ) = | t í á z i *

(к = 2, 3 ,4 ...)

obviously every term of the series (3. 18) is the convolution of a(t) and bk(t) and 
so the functions

and

/  a(r)bk( t - r )d r

jG{r)dz  a{t)+ f  a(r) bk{ t - z )dz
n n k = 2

are also locally integrable.
If so, then E can be chosen as zero and (3. 17) reads as

(3.19) (1 +{G»

5 2 {log t}

We have only to show that all the following operators are functions:

!/”
1 J  G (и) du dr

, I
(3.20) s 2{logt} s{logt} ’ {logt}
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If so, then (3.19) is of type (3. 10), consequently (3. 19) represents a function as 
required. Let us consider the following integral equation of the first kind

(3.21) f  Q ( t)  log (/ z)dz = H(t),

where H(t ) is any absolutely continuous function. This has been discussed by 
Volterra—pérès [9]. The solution of (3. 21) is given by

(3.22) e(/) ~  d t2~ J
where

0

/’ t veyv
= j r ( ,  +  l , *

0

H ( r )  i i ( t  —  t )  d z ,

(y =  Euler constant).

So it is clear that the operators (3. 20) are certainly functions, namely they 
are the solutions of the corresponding integral equation of type (3. 21), with

H(t) = t; or 1; or

T
' J  G(ü) du dz

f ° —
respectively. This completes the proof of the following.

Theorem 3. (Existence theorem o f locally integrable solutions). Let a = 0, g(0) 

exist and - -  - ——— be locally integrable on (0, =»). I f  g(0) = 1 the integrability o f 
the function

j
о _________

t
will be required too. The nonlinear singular integral equation (3) has nontrivial solu
tions constituting a one-parameter family of locally integrable functions depending 
on a real parameter — «= < C < °°,

Remark 1. The case a = 0, g(0) = l seems to be too specialised, since it has 
been required the local integrability of

j
о_______

t
which seems to be superfluous. It would be interesting to prove that (3. 17) agrees 
with a locally integrable function without the above restriction.
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R emark  2. By using the well-known rules of the Mikusinski’s operational 
calculus the locally integrable solutions obtained in every case can be written in 
the „classical” form, i.e. as functions of the real variable t.

Sometimes in the solution process the complicated formulas obtained in the 
existence-theorems will not be applied. Occasionally it is more convenient to begin 
with the operational notations and express g(t) as a function of the operator 5. 
In this manner in many cases the solutions appear in a very simple closed form 
(see examples 1 and 4 in Chapter 5).

R emark 3. The existence-theorems show that the operational solutions have 
a quite different behaviour, if ű>0, or й =  0, which is exhibited by the following

Table 1

a > 0 a =  0

Existence of locally integrable solutions g( 0 )> 0 ,
CVO

-- 00 <£(0) <  oo
- o o < C < o °

Non-existence of locally integrable solutions £ (0 )S 0

4. Further investigations 

Let us now consider the integral equation

(4. 1) ( t - a ) f ( t ) ~  f  f{x)g( t -x)dx  =  f  Л(т) F(t-x )dx,
0 0

where

F(t ) =  f  f W { t - x ) d x .  
о

(4. 1) is of more complicated form then (1). The operational solution process reduces 
(4. 1) also to an algebraic differential equation of the Bernoulli type and so the 
solutions of (4. 1) can be obtained by using the method treated in the preceding 
chapters.

Equation (4. 1) can be brought in the following operational form:

(4.2) Df+ (a + g) f  — —f 2h.
Substituting

we get 
(4. 3)

M =  J  , Of  :
Du
„2

Du — (a + g)u = h. 

Here a very interesting circumstance appears.
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If the starting point is the integral equation

(4.4) (r + a ) / ( 0 +  /  f ( z )g( t-x )dx  = - h ( t ) ,
0

the following operational form will be obtained:

D f -  (a + g) f  = h
which agrees with (4. 3). But this is very convenient for us, because we may apply 
the results obtained in the discussion of equation (4. 4) (see [1], [2]).

Like [1], [2] in the case of a = 0 we require the integrability of hit) Taking
the above substitution and [1], [2] into account, the general operational solution 
of (4. 2) is

/ = 0
and

(4-4) /  =
e- â - g(0)(1 + {G»

C + e~ass~9<0> I  +g(0)(f +  a )-g(o)- 1 J
0

h{x) + H{ г) 
(т-f a)1-9(0)

if a=»0, or if a =  0, g(0)^0  

/ = ________________S-«'«'(1+(G))

С+,--«<»{-*('>-"(<> J  * w + w * }

if <2 = 0, g(0)<0,
where C is an arbitrary real constant and g>0, furthermore

t

H(t) = J  h(r)G(t — z)dz.
о

Quite analogously to chapter 3 we can obtain the conditions of the existence of 
the locally integrable solutions. The reasoning is similar to that in chapter 3, so it 
will be omitted.

This can be summarized in

Theorem 4. Let g (0) exist, — — be locally integrable on (0, °°), a ë O  and 

in the case <2 = 0 let be also locally integrable on (0, °°). Equation (4. 1) has the
operational form (4. 2), which is an algebraic differential equation of Bernoulli-type, 
having a family of solutions depending on an arbitrary constant C, which are reciprocals 
of the solutions o f the operational form of the linear integral equation

t

Ct + a)f(t)+ f  f(z)g{t — x)dz =  -h i t ) .  
0
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On the above conditions the obtained nontrivial solution (4. 4) is a locally integrable 
function for every C V 0, if and only i f  g(0)>0.

R emark  1. In the case a = 0  the condition of the local integrability of hit)

is not necessary.
It is easy to show that if g(0) >1 and h(t) is integrable, then (4. 1) has nontrivial 

locally integrable solutions.
On the other hand let us consider

Here

t f i  0  = f  h f )  F(t~T)dx, F(t) = f  f{x)f{t -  t) dr. 
0 0

D f =  - P h ,

the general operational solution of which is

£

By choosing h(t) = {1} we obtain locally integrable functions. But if h{t)
1 is integrable

we can write

This cannot involve integrable solutions.
R emark 2. of the preceding chapter holds here too. The only difference is 

that the operational notation must be introduced for the function h(t) too.

5. Examples

Example 1. Let us determine the nontrivial locally integrable solutions of the 
integral equation

(5. 1) ifit ) — a f  f ( t - r ) e ßxdx = f  fi t )f (t --c)dx.
о 0

By theorem 3 equation (5. 1) has nontrivial solutions for every real a. We show 
that it can be taken ß — О. Namely by the substitution

f ( t )  = eßlFit)
we obtain

t t
teptF(t) — a f  ер^~т) F (J — т) eßx dz = f  eß(t~x) F(t — T)eßv F(z) dz 

о о
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which involves
t t

(5. 2) tF(t)-a. f  F(x)dx = f  F(t-x)F(x)dx
о о

and we have to solve (5.2) only. Assume aêO. If a< 0  the reasoning is similar. 
We exclude a =  1 which will be considered in the next example. By (3. 15)

(5.3) F = -------l— — .
Csx + ------1 — oc

If C =  0 the solution reads as

(5.4) 
if oc = 0

О -«} ,

F = 1
C +  s { e - }

(This is the special case g(?) = 0).
If CVO and a > 0  the cases a =  integer, or not integer will be distinguished. 

If a is an integer ë 2  (5. 3) can be written in the form of partial fractions obtaining 
the wanted solutions in their „classical” forms, that is as functions of the variable t. 

For example if a = 2

(5. 5)

which is valid for every C^O. (5. 5) has no meaning for C=0, but in this case (5. 4) 
gives
(5.6) F =  {-1}.

It is obvious that (5. 6) is not a special case of (5. 5). They are quite „different” 
solutions.

Now let us discuss the case a =  3. We get from (5. 3)

(5.7) Г 1 l

Cs 3- — Cs 2
1

~ 2 C + r
Since

1 F è sh j è
, if C

] /  2 sir t
{ 2C) Г c s,r Í - 2  C ’
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I2 h é - 1)}
(5. 8) П О  =  2 cos

S -2 C  

{-2}, if C = 0.

, if C > О

111, if C <  0

Now let us discuss the case where oc is not an integer. 
Let a — n + V, where n=  0, 1, 2, ... ; 0 <  v< 1.
Then

F = ------------1—
Cs" 1 — n — V

For n = 0 

(5. 9) F =
s Cîv- ‘ + 1 — V

(1 — v) ^  (— l)fc C*(l — v)*^*(v-l)-lj

tk( 1-v)

ife = 0 F [ F ( l - v ) + l ] j ’

which contains also the solution (5.4) (C = 0) 
If n >0

(5.11) F = £  1 — n — v

Csn+V C(1 — n — v)
cs«+v ^

n k ( l  —n — v)
Ck( 1 —n — v)k

= 2
k = О

(—1/(1 —n — v)s (fc +  1 ) (  1 — n  — v )  — 1

l / i  \  'S7| ( | - ,. - , ) 2 ; с . » Г [1-н

c k+1
,kf(k+l)(n + v-l)

(lc+ 1) (n +  V— 1)] J ’

which does not contain the solution (5. 4) (C =  0). From (5. 4) we obtain the solution 
for C = 0.
(5.12) F  = {1 —и — v).

R emark. On the one hand the wanted solutions can be expressed as a power 
series of t also in the case where a is an integer, but it is more convenient to deter
mine for fixed integer values of a the solutions in a closed form, as we have done it. 
On the other hand, if a is not an integer, sometimes we can obtain the solutions also
in closed form. For example this can occur for r =  y  and n = \ ,  0 < v < l .
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It remains to discuss the case a =  l.
Example 2. 
Let us solve

From (3. 19) 

(5.13)

(A O  -  /  / ( 0  dx  =  J  f ( r ) f ( t ~ T ) d z .

f Cs — S2{log 0 - {logt}

(5. 13) can be written as an  integral equation of the first kind
t

f  -  z)[\og t -  C]dx = - t .  
о

This is the Volterra—Pérès equation [9] investigated by Fock [10] too, the solution 
of which is given by the formula

(5.14) д о
- i f

e ( c - C ) y  j  у

Г(у+  1)
dyí (c = Euler constant)

(5. 14) is valid for every C.
Example 3. Let us determine one solution of

t t

(5.15) //(/) -  J  / (  t) i y j ^  + ̂ d T  = - j / ( t)/(Z t) dx.
0 0 

The operational form of (5. 15) is

D f+ f
Ín  3 

2 ^  + 2s
By substituting m =

\ n  3 
2 s ^  + 2s

= ~ f 2.

и =  - 1 .(5.16) Du —

The general solution of the homogeneous equation is 

и — C exp
and since

exp

it holds 

(5.17)

—j  (AlogO+A) (see [7]) (A =  Euler constant) 

и — Cs3/2 exp №

= S3' 2

Studia Scientiarum  M athem aticarum Hungarica 4 (1969)



8 8 T. FÉNYES

We look for a particular solution of (5. 16) in the form 

Hpart =  С ( .ф 3/2ехр

C(s) =  — J s ~ 312 exp I j/

and the general solution of (5. 16) is of the form

giv in g

ds = —  exp 
Ín

finally

(5.18)

и = Cs312 exp —

1

r3 /2

S) in

' = й  =
г 3 /2

in
Cexp

- Í - S
If C = 0 we get the simple solution

ь
2

Example 4.
Let us solve

(5. 19) 

where

3'2 =  { i t } .

f  jП  3t2 )l“ +TJ
F(0  = /  f ( t ) f ( t - x ) d x .

о
By Theorem 4 (5. 19) has nontrivial locally integrable solutions. (5. 19) has the 
operational form

Я / + |1 + - | / = 1 т т  + 7 з | / 2-
1

1Substituting g by у  we obtain

(5.20)

The homogeneous equation

Du — 11H—  I и — — I ~2~ + 3
1 3
~2 I---■■S 2 S'

has the general solution

D u - \ \ +  — \u = 0

и = Cexp/ 1+ - ds = Cses.
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Applying the method of variation of parameters we obtain a particular solution 
of (5. 20) as follows

» p a r t  = C (j)jes,
where

- +  — I e~sds.(5.21) C(s)

The calculation of this algebraic integral is very simple. Since the integrand is
0, if / s i

and

therefore

which implies

and

( * - 1)2 , ( f - ! ) 3

C(5) =  {C(/)> =

C(s)

if /l 2 J

0, if / S i

/>1

И
12 J — s 3

«part =  ~JT =  W  ’

finally the general solution of (5. 20) is of the form

(5.22) 
and

(5.23)

и = Cses + 1

/  =
1

Cses +  - i-  s 1

If C = 0 we obtain f ~ s 2, which is not a function in accordance with theorem 4. 
For every CVO (5. 23) is a function. Indeed if CVO (5. 23) can be written as

(5.24) /  =
e~s ' 1 _ £ 1  у H I ke~ks
~Cs~ 1 e~s 

1 + c ^
' Cs Д lcJ-J3k

where

( _ l) * e - ( * + o* J ~  ( - 1уд/ , ( / ) 1
á o  Ck+1s 3k+1 \ái> Ck+1(3k)l у

Mk(t) — (,зц
0 if /Äjfc+1 

{/3*}, if t > k + l
So for every fixed / the series has only a finite number of terms.
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Remark. Let it be given an example of a g(t) being not bounded in the neigh
bourhood of the origin. In general the method applied above is not applicable 
for any g(t) unbounded in the neighbourhood of the origin. Namely we do not 
know in general whether the exponential function

efe Js

exists or not, nevertheless in special cases the application of the operational calculus 
is very convenient.

Let us consider the integral equation

(5.25) tf(t) - X f / ( t) ( t-т) " ck = f  f (x ) f ( t - t)dx (n =  2, 3, 4, ...)
о о

X — real number jt- 0,

the operational form of which is

D / + A r ( l - | )  Л ' ' " ) / =  ~ / 2.

Introducing и — and the denotation v= we obtain
/  «

(5.26) Du — ХГ (\ — v)sv~1 и = 1.
The general solution of the homogeneous equation is

(5.27) и — C exp Ar ( 1 - V)^ C exp [— ХГ (— v) i v] .

The operator (5. 27) evidently exists. We look for a particular solution of (5. 26) 
of the form

«pun =  C(s)exp[-Xr(-v)s ']
giving
(5.28) C(s) =  J  exp [AT(— v)sv]ds.

The algebraic integrand is for every real X not integrable by G esztelyi’s method,
i.e. it is not of type

{/(?)} (see Chapter 1).
Nevertheless, (5. 28) exists and the following formula holds:

(5.29) f  exp [АГ(—v) í v] í/í  = exp [АГ(— v)sv] (— 1)H ** :_ 1 (я —/)![АГ(—v)]**

The proof of the validity of (5. 29) goes by simple algebraic differentiation of the 
right-hand side.

Hence the required particular solution is:

'‘part 2 Ч - 1 ) М
и Is! .v1 “iv

(n — i)\[Àr (— v)]1
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and the general solution of the inhomogeneous equation (5. 26) is:

и =
and finally 

(5.30) /  =
1
и

П
Cexp [— АГ(—v)sv]+  2 Ï  (—1)' + 1

i= 1 (n — /)! [2Г (—v)]‘

1

Cexp [-A r(-v )sv]+  2 ; ( - l ) i+1
i=i

n\s1 iv
0Г-/)![АГ(-у)]‘

It can be very easily shown that (5. 30) represents functions for every <  
<  ( 2  <  C O ,  We need the fact that

exp (ßs“) 4 / exp(— xt — x*ß cos ая) sin (x*ß sin an) d x j ,

/?<0, 0 < а <  I
(see [3]) is an infinitely many times differentiable function, every derivatives of which 
vanish in the neighbourhood of the origin. In all the three cases C § 0  (5. 30) can 
be written in the form

f  (Aft (f)}
7 1+{M 2(/)}’

where M ,, M2 are certain functions. So we have obtained an operator of type 
(3. 10) which is known to be a function. Here we let the detailed examinations 
to the reader.
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ÜBER DIE NACHBARSCHAFT EINES KREISES 
IN EINER KREISPACKUNG

von
L. FEJES TÓTH

Meinem Freund, Professor J. Molnár zu seinem 50. Geburtstag gewidmet

§ 1. Einführung. Wir betrachten in der euklidischen Ebene eine Packung 
kongruenter Kreise, und fassen einen Kreis К ins Auge. Wir definieren die и-te 
Nachbarschaft oder Nachbarschaft и-ten Grades von К durch eine sukzessive 
Erweiterung in n Schritten. Im ersten Schritt betrachten wir diejenigen Kreise der 
Packung, die К berühren ; int zweiten Schritt nehmen wir zu diesen Kreisen noch 
diejenigen, von К und von diesen Kreisen verschiedene Kreise hinzu, die die vorigen 
berühren, u.s.w. Die neuen Kreise, die im и-ten Schritt zu den vorigen hinzukommen, 
nennen wir и-te Nachbarn oder Nachbarn и-ten Grades von K.

Aus höchstens wievielen Kreisen kann die и-te Nachbarschaft eines Kreises 
bestehen? Die gesuchte Maximalzahl sei mit M„ bezeichnet.

Offensichtlich ist M 1=6. Es lässt sich ferner zeigen [1], daß M2 =  18 ist. Für 
n>  2 ist der Wert von M„ nicht bekannt.

Im § 2 untersuchen wir das asymptotische Verhalten von Mn für große Werte 
von и. Es wird sich herausstellen, daß man die zahlreichste Nachbarschaft и-ten 
Grades für große Werte von и nicht so erhält, daß man in jedem Schritt soviel 
neue Kreise hinlegt wie möglich. Im § 3 werden wir zeigen, daß diese „gierige” 
Konstruktion für и =  14 nicht mehr erfolgreicht ist.

§ 2. Eine asymptotische Formel. In der dichtesten Gitterpackung hat jeder 
Kreis 6к Nachbarn k-ten Grades. Deshalb gilt

Mn S  6(1 + ... +и) =  Зи(и+1).
Es gibt aber auch andere Kreisanordnungen, in denen ein Kreis für jede natürliche 
Zahl к genau 6к Nachbarn к-ten Grades hat. Nimmt man nämlich 6 direkte Nach
barn, so kann man von den 12 zweiten Nachbarn einen willkürlich wählen, wo
durch aber die übrigen 11 zweite Nachbarn schon eindeutig bestimmt sind (Abb. 1).

Abb. 1
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Dann kann man von den 18 dritten Nachbarn wieder einen willkürlich wählen, 
u.s.w.

Man würde vermuten, daß die so konstruierte Nachbarschaften maximal 
sind, daß also Мп = Ъп(п+\) ist. Wir werden aber zeigen, daß für große Werte

von zz die asymptotische Formel n2 gilt, die die obige Vermutung widerlegt.
V 3

Unser Hauptergebnis ist enthalten im folgenden
S a t z . Bedeutet Mn das Maximum der Anzahl der Kreise, die bei verschiedenen 

Packungen kongruenter Kreise in der n-ten Nachbarschaft eines Kreises enthalten 
sind, so gilt

lim M Jn2 — 2zr/ / 3 .
П—> OO

In einer Packung von Einheitskreisen sei К ein Kreis und О sein Mittelpunkt. 
Offensichtlich liegen die Nachbarn höchstens n-ten Grades von К ein einem um О 
geschlagenen Kreis vom Radius 2n+l.  Sind aber in ein konvexes Gebiet wenigstens 
zwei Kreise eingelagert, so ist nach einem bekannten • Satz [2] die Lagerungsdichte 
-<я/у12. Folglich haben wir

n(M„ + 1) 71
л(2п + l)2 " j/[2 ’

woraus sich
lim MJn2 2пЦз

ergibt. Wir müssen noch die Ungleichung
lim MJn2 2л/У 3

beweisen.
Es sei w ein Winkelbereich mit dem Winkel 2m<2n/3. Es sei O0 die Ecke von tv, 

unà 0 {, 0 2, ... seien Punkte auf der Winkelhalbierenden Halbgerade von w, für 
die Ol O0 — О z Ot — ... =2 gilt. Wir schlagen um O0, O l , .. .  Einheitskreise und 
ergänzen diese Kreise zu einer dichtesten Gitterpackung G. Wir betrachten in G die 
Nachbarschaft к-ten Grades des um O0 geschlagenen Kreises K0 und greifen von 
den Kreisen die zu dieser Nachbarschaft gehören, diejenigen Kreise heraus, die 
ganz in w liegen. Wir wollen die Anzahl a = a(k,a>) dieser Kreise von unten ab
schätzen.

Wir betrachten die durch die Relationen <  AiO0Ol,= < R, O0 O, =  cu,’
<.AiOiO0 — <lßiOiO0 = 7i/3,Ai^ B i definierte Punkte At und Bv, /=1 ,2 , . . .  
(Abb. 2). Ferner betrachten wir diejenigen Kreise von G, deren Mittelpunkte auf 
dem Streckenzug liegen. Diese Kreise sind alle z-te Nachbarn von K0.
Ihre Zahl ist 1, wo г/г=/4гО, =  С);5 ;. Da aber die Geraden О0А( und O0Bi
von diesen Kreisen, wegen < О 0̂ (О;= <10 0ß ;O; =  гг — л/3 — шЁ7г/3>агс sin 1/2, 
höchstens je einen Kreis treffen, ist die Zahl der in vv liegenden Nachbarn z-ten

Grades —3. Deshalb gilt, mit Rücksicht auf vt =2i sin ca/sin |  ^ +o»J, 

a > 2  (yi ~ 3) = k (k + 1)
Sin ÜJ

sin - +  CO
-3 k .
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Um uns später bequemer ausdrücken zu können, nennen wir die jetzt betrachte
ten Kreise, zusammen mit denjenigen um Ot , ..., Ok geschlagenen Einheitskreisen, 
die aus w herausragen, Winkelbereichkreise.

Wir betrachten wiederum eine dichteste Gitterpackung von Einheitskreisen. 
Wir fassen einen Kreis К  mit dem Mittelpunkt O, sowie seine p-te Nachbarschaft 
N  ins Auge. Die Mittelpunkte der p-ten Nachbarn von К liegen in den Ecken und

auf den Seiten eines Sechsecks. Wir bezeichnen diese Punkte in ihrer zyklischen 
Reihenfolge mit C j, ..., C6p, so daß C, eine Ecke des Sechsecks sei.

Wir zerlegen die Ebene in 6p kongruente Winkelbereiche, die im Punkt О 
Zusammentreffen, so daß die Halbgerade ОСг einen Winkelbereich halbiert. Wir 
verschieben diesen Winkelbereich um den Vektor OCj, den zyklisch nachfolgenden 
Winkelbereich um OC2, u.s.w., und ergänzen N  mit den entsprechenden Winkel
bereichkreisen. Die so konstruierte Kreispackung zeigt, daß

M p+k ar 3/z(/z -E 0  +  6/7
sin

k(k +1) 6p

Hieraus folgt

( n n \
[ y + 6p)

3 к
sin

lim MJn2 =  hm Mp+klk2 s  6psin—— /sin ,  + .*-<*> 6p I {3 6p
n n

Da die rechtsstehende Schranke mit p — °° gegen л/sin ^=2я/(/3 strebt, gilt tat

sächlich lim M,Jn2 ^ 2 n l \ ,3. Damit ist der Beweis des Satzes erbracht.
П - * о о
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§ 3. Eine spezielle Konstruktion. Die obige Konstruktion würde erst für einen 
ziemlich großen Wert von n eine и-te Nachbarschaft mit mehr als 3n(n +  1) Kreisen 
ergeben. Es sei hier gezeigt, daß M 14S 636, was größer ist als 3-14-15 =  630.

Es seien a und b zwei Vektoren, für die ja| =  |b| = ab =  2 ausfällt. Wir bezeichnen 
den Kreis, der aus einen vorgegebenen Einheitskreis durch Verschiebung um den 
Vektor тя + пЪ entsteht, mit (m,n). Die Kreise (m,n) mit allen möglichen ganz
zahligen Werten von m und n bilden eine dichteste Gitterpackung. Wir greifen 
von dieser Packung die 630 Nachbarn höchstens 14-ten Grades des Kreises (0, 0) 
heraus. Wir lassen nun die 12 Kreise (1,2), (2, 1), (2, 2), ..., (4, 5), (5,4), (5,5) 
weg und tun dasselbe mit den 14 Kreisen (i, t) mit iS 5 , i S  5, 1 0 < 5 4 -/S 14. Gleich
zeitig fügen wir aber zu den gebliebenen Kreisen neue Kreise hinzu.

Abb. 3

Zunächst betrachten wir die 7 Kreise, die aus (1, 1) durch wiederholte Ver
schiebungen um den Vektor 2 .a + 1 entstehen, d.h. die Kreise (1 + k / \ 3, 1 +k/ \ '3)

_Ja + bl _  _
mit Ar =  1, ..., 7. Da 1 + 7 //3  = 5,04... > 5  ist, liegt der Kreis (1+7/1^3, 1+ 7//3 ) 
ein wenig weiter vom Kreis (0, 0) entfernt als der Kreis (5, 5). Während aber in 
der ursprünglichen Packung der Kreis (5, 5) bezüglich (0, 0) den Nachbarschafts
grad 10 hatte, besitzt der Kreis (1 + 7 //3 , 1+7//3) in der neuen Packung den 
Nachbarschaftsgrad 9. Deshalb können wir diese Packung durch die 20 Kreise 
(s + 7/УЗ, t + l / iJ ) ,  a S l . f S l ,  1<J-M=S6 ergänzen ohne den Nachbarschafts
grad 14 überzuschreiten.
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Damit haben wir einen Kreis gewonnen. Führen wir diese Konstruktion sym
metrisch in allen sechs Richtungen aus, so erhalten wir eine Kreispackung, die 
636 Nachbarn höchstens 14-ten Grades des mittleren Kreises enthält. Abb. 3 stellt 
die Kreismittelpunkte in dieser Packung dar. Die Mittelpunkte der direckten Nach
barn sind mit Strecken der Länge 2 verbunden.
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ON SO M E D IST R IB U T IO N S CO N CERN IN G  A RESTR IC TED
RANDOM WALK

by
B. R. HANDA and S. G. MOHANTY

1. Introduction and notations

Consider random sequences {0j, 02, ..., 0(i,+J)„} of цп +  l's  and n —p's 
(p being a positive integer) each possible sequence being equally probable. Letting 
5o = 0, 5f =  0Í + ...+0;, i=  1, 2, (p + 1)«, the following notations are defined. 

X: number of indices i for which 5; =  0, 5i_15i+1 =  — 1 or — p 2;
X': number of indices i for which 5i_ 1=0, 5; = 1 ; 
n: number of positive s'jS in ( 5 0 , 5 1 ;  . . . ,  5((t+1)n) .

In the definitions of X, X' and n, the sequecnes must satisfy 5(5i+1 SO for all i. This 
condition is refered to as “condition c” throughout in this paper.

y.: max {5,};
0 ^ i ^ ( n +  1 ) л

É>:min { / : 5 f = *:};
Ijr. min {5,};

0 ^ i ^ ( n  + l ) n

(p:min {/:5j = »/i} satisfying the conditions given below:
For all 0 =  ••• =

V ,+ 1 >  ~ j >  s i j - , + 2  =— j ,  • • • » S i j .  1 > - j ,  s h  =  - j ,  

j  = 1,2, . . . , -ф.
In [1], C sáki and Vincze have dealt the symmetric random walk which isaspecial 

case of the above by putting p = 1. Their main results are

(1) P(x=l)  = j [ P ( X  = l - l )  + P(X=l)\  for /= 0 ,1 , . . . ,« ,  
and
(2) P(x  = l , e = r) = P(X' = l ,n = r).

In this paper, besides deriving the distributions of X, X' and x and the joint 
distributions of (X', n), (x, Q) and (ф, tp), in the case of the generalised random walk 
(as stated at the beginning), we give the following equivalence relations:

(3) P c(A' =  / )  = j [ P c (X =  l - l )  + Pc(X=l% 1 = 0 , 1 , . . . ,  « ;

£ if 'W II 0

(4) P(X = 0 '
! ( 7 ) j W -  =  ; - o , l ^ / ^ / i ;
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10 0 B. R. HANDA AND S. G. MOHANTY

and
(5) Pc(k' = l ,n = r) = P(i// = - l ,  (p = r),

where Pc (•) denotes the probability of (•) under the condition c.
Interesting enough to note is that (3), (4) and (5) reveal the exact nature of 

correspondence, whereas the symmetry induced by the case p = 1 leads to the results
(1) and (2).

Mention might be made of another paper [4], in which one of the authors has 
obtained distribution of several characteristics associated with this restricted random 
walk.

An one to one correspondence between a set of lattice paths and the random walk 
is established by representing a +1 by a horizontal unit and a — /a by a vertical 
unit. Thus, any random sequence becomes a lattice path from (0,0) to {un, rí), the
total number of such paths being ^  . This diagrametic representation helps
us to visualize various aspects of the problem, more vividly than otherwise. For 
notational simplicity, we denote by Sßt „, any path from (0,0) to {pn,n) and by 
N('),  the number of paths corresponding to (•)• In determining the probability 
distribution P{•) of various characteristics as described earlier, it is readily seen
that each such expression is equal to N { - ) j ^  . In subsequent sections, we

therefore present results only in the form of N(-). Nc{-) denotes the paths corres
ponding to ( • ) under the condition c.

In what follows, a significant role is played by a result in G ould’s paper [2], 
which is stated below:

(6) 2k = 0
x + ßk

к « I
p + qk

{■x + ß k ) { y - ß k ) (x + y ) x (y -ß n )
p{x + y -  ßn) + nxq [x + y  

n

Furthermore, we state the expression for the number of paths from (0,0) to 
(m, rí), {m>pn), not crossing the line x = py as

(7)
m — pn + 1 [ш + и+1
m + n + 1 I n

which is also equal to the number of paths from (0, 0) to (m + 1, rí), never touching 
the line x = py. Expressions (6) and (7) are used quite often in deriving and simpli
fying many results.

2. Distributions of А, У and

T heorem 1.

(8) Nc{k = l)
2(/+ l) i(/< + l)« ï 

n U —/ —U ’
0

l = 0, 1, .... и — 1 ; 

otherwise.
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Proof. In the language of the lattice paths, expression (8) is the same as the 
number of s such that no path is allowed to cross the line х = цу except at a 
lattice point and each path has I intersections with the line х = цу (i.e. the number 
of times each path intersects the line х = цу only at lattice points is /). Denoting 
by N+ (A = /), the number of paths „ with A = /, the first step being horizontal 
one, it is easy to check that

(9) В Д  =  /) =  2 N ? ß  = l).

Because of (9), (8) is equivalent to

( 10) 7V+(A = /) /+1 (0 i+ l)n )
n U - / - 1 J ’

/ = 0, 1, 1.

For 1 = 0, N +(À = 0) represents the number of „ ’s having initially a hori
zontal step and not crossing the line х = цу. Thus by (7)

tf,+ (A = 0)
1 Г(^+ 1)«+ 1

(/< + l)n + 1 [ n
1
n

(Л+1)л1

which confirms (10) for 1 = 0. By induction we require to check (10) for /, given 
that it is true for all values upto / — 1.

Evidently, any path counted in N£ (A =  /) consists of two segments, where 
the first segment ends at the last point of intersection (jxy, у), у = 1,1 + 1, ..., n — 1, 
and contains exactly / — 1 intersections. Thus

1
(/'+  ! )(« -> ’)+  I

( j i+ \ ) (n -y )  +
n - y

" у  ( ß + l ) l  i ( ß +  1 ) ( т  +  / ) ] _ _  J _ _ _ _ _ _ _ _ i ( / i +  \ ) ( n - y - l ) +  1
y é o  ( ц +  l ) ( y  +  / )  { У ) ( ß +  l ) ( n - y - l ) +  1 ( n - y - l

( /< + !)/+ ! ((/'+ 1)«+ l)  0«+ !)/ i(/(+ 1)«| 
( я + 1 ) и + 1 (  n - l  J  ( / j + l ) « [  n - l  } ’

by (6), which simplifies to
/+1 i(/r+ l)« ]

n [n — l — I J
This completes the proof.

T heorem 2.

(11) NC(V = 1)
(H+ 1)/+ 1 i(/r+ 1)«+ 1 
(jx Т 1)/J Т 1 { n - l  J ’ 

0

/ =  о, I, ..., n ; 

otherwise.
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P r o o f . Trivially, it can be shown that NC(X' = 0 )  represents the total number 
of S„ „ ’s, with the initial step to be vertical and not crossing x =  py and this number 
by (7), is

1 foi + l)w +  ll
(/Í + 1)и+ 1 ( n

Thus the result is true for / = 0. For /=  1, a typical path is given in figure 1. It is 
clear from the figure that

W ' = i )  =  2
1

= 0 (/< + l)i+ l

X (Д +  l ) ( y - s ) ~  1 
y  — s — 1

0  ( + i )j + 1
5

1
(fi + l ) ( n - y ) +  1

which with the help of (6) simplifies to

У  -
yú-  (tí + l ) ( y - 5 ) - l

( ß + l ) ( n - y ) + \  
n - У

X

fi + 2 (ц + 1)и + 1 
n — 1(y + l)n + l

Therefore, (11) is verified for 1=1. Using induction, we can write

n — 1
NcÇt = / + ! ) =  Z

(fi + ! ) /+ !  i ( f i+ l)T + l | fi+1
=i Qi + l )y+ l  ( у - l  J ( /r+ l)(w -y ) [ n - y - 1

(u + l ) ( n - y )

(p + l ) ( /+ l)  +  l (/( + 1)и+1 
n — / — 1(y + 1 )n+  1

This completes the proof.
As a corollary from Theorem 1 and Theorem 2, we obtain the following equi

valence relation:
C o r o l l a r y  1 .

Nc( r  = l) = у [А с(Я =  / — l) + iVc(A =  /)], for all /.
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T heorem 3.

( 12)

N(y = l)= <

1
( / Н - 1 ) я +  1 

/

Qi + l)n + l for /= 0 ;

2 о (^ +1 ) Oi + /

/ + 1

(Я + 1)
a “I t (/' + l) (« -a )  - /

n — OL

-2
k =s  ( j l + \ ) ( n  —  k )  +  l +  1

(/< + 1) (n - k )  + l + 1 H(/i + l)Ar — / -  1
n — k ) ( (

for l = (s— l)p + 0, s = l , . . . , n ,  e = l , . . . , n ;
0 otherwise.

(It is observed that the second part of the theorem is independent of в).
Proof. Here the problem is to count the number of ’s not crossing the 

line X = py + l but touching it at least once. The first and the last part of the theorem 
is self-evident. Any such path in the second part consists of two segments viz. (a)

from the origin to (px + l, a), a =0,1, — , not touching x = цу + /, except
at the end, and (b) from (px + l, a) to (pn,n) not crossing x =  РУ + 1- Here [Ç] 
represents the greatest integer less than equal to £.

The number of paths in (a) according to (7) is

(13) /
(p+l)x  + I

(/i+ 1 )x + l

whereas the number in (b), by some elementary tiansformation and with the help 
Theorem 3 in [3] becomes NpiI(\, p + l; c, 1) in the notation of [3] where p =

-f p + 1 — /. The complete expression for= n— x —

J 11
■/

L J P»«v ’ r  1

’ ч ~  \ ~  and c =  J“

1 » 
/

■ /< L/(J
p + l; c, 1) can be written as

ÍO  +  l ) 0 » - a ) - /
(14)

1
- -И- (/i+ l)(/7 — a — A-) + 1

n — x
( p + l ) ( n - x - k )  + 

n — x — k ’)((p + l ) k - l - l  
к

by using (6).
Next 

We obtain

(15) N(y = l ) = 2

ismg (6). r / l Г / 1
Next assume (s — l)/i < / <  sp. Then —1 = 5 —1 and n ----- | =  n

U 'J L Pi
s.

I

n—s n — a

-2 2
= 0 (/< + 1)® + / 

/
x К(/(+ l)a + /) f(/i+ l ) ( n - a ) - /

n — oc

=oi=s (/I + 1 ) a +  /
(//+ l)a + / 

x (p + l)(/7 -a  — k) + 1X

X
( p + \ ) ( n - x - k ) +  l) Up + \ ) k - l - \

n — x —к ]((
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When the order of summation in the second term is interchanged it becomes

•y i(ß + l ) k - / — 1 1 y k I Г(/< +  1 ) а  +  Л
Á {  к  t ó O *  +  l ) o e + / l  a Д

v ________ \________[С“ + 1 ) (я - а -А :)+ ] |
( ц  +  1) (л — а — k )  +  1 ( n  — OL — k  ) ’

which yields

у  1 + 1  ( f o + l ) ( « - * )  +  / + l ï f o i + l ) * - / - l ]
Á ( j i + l ) ( n - k )  +  l + l \  n - k  Д  к  )

by using (6). Thus the theorem is proved for / + 5p. On the other hand, when / =  5^,

J— J = s, and |n — —J =  n — s. This fact only introduces a change that the lower
limit of к  in (15) becomes 5+1 in place of s. However, for k=s,  the expiession 
in the second term of (15) takes the form

jus
(ц + l)a + /w

\ ц +  l )a  +  /w jx

_____ I________ i(/t+ l ) ( r t - a - 5)+  1Ï f(// + \ ) s - n s -  1
(ц+ 1)(/J — a — 5) + 1 ( n — ix — s Д  5

and this reduces to zero. Hence the theorem is also true for / =  5p.

Corollary 2. When ц  =  1 

(16) N(x =  l) =  N(V =  l)
21 + 1 [2л+1] 
2 n  +  \ \  n  — l  ) '

The proof is very simple by using Theorems 2 and 3. We remark that because 
of the equivalence (3), relation (1) is satisfied for ц = 1 ,  as derived in [1]. Note that 
condition c is trivial here and thus Nc( • ) =  N( • )

Corollary 3. If  /S /r ,

(17) N ( X  =  0
[1 +  1 +  1 i(p +  l)/2 +  /)

(ц +!)« + / (  n—1 J

Proof. If 1^ц,  then 5=1. Application of (6) to Theorem 3 in this special case 
gives rise to the desired result.

Now we are in a position to state the second equivalence relation.
Corollary 4.

N(x =  l)
Wc(2' = /), when / = 0;

2  Г . * j ЛД/Г =  / — /), when 1

Proof. The proof of the first part directly follows from (11) and (12). Let

(18) £ /- ,  =  Ne(X = l - i )  +  Nc(X =  l - i - 1 ) ,  /Si.
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Then some elementary simplification shows that

(h+J) (У ~  1) + 2 f(/r + l)n + 2)
(ц+\)п-\-2 [ n — l+ \  j

Considering the sum S,_(, we assert that this sum equals to

/< + / + 1 i( / i+ l)n  + / j  
(/(+ 1)л + / I n — 1 ] ’

which by Corollary 3 is the same as N(% = l). To prove our assertion, we note that

( 20)

and that for / =  0,

(21) S, + S,_, ( д + 1 ) ( / - 2 )  +  3 [(д + 1 )я  +  3| 
( ^ + l ) / î  +  3 I n - l + 2  J '

Applying induction it is not difficult to get the second part of the corollary with 
the help of (20) and (21). Finally, changing by (18) the desired relation is 
obtained.

Lasty we remark that several authors [5], [6], [7] have studied the distribution 
in Theorem 3.

3. Bivariate distributions

Theorem 4.
( 22)

Nc(X' = l,n=r) =

1
(ц+ 1)и+ 1

(/<+!)«+! , when l=r = 0;

(ц+ l ) ( a - / )  + ji/ï /+1
( n + l ) ( o c - I )  + fil [  a — l  ) ( f i +  1) (« — «) +  / +  1

X (/Í + 1 ) (n — ot) + / + 1
n — ЭС

when r =  l)a —/, a =  /, /+  1, ..., n, 1= 1 ,  2, ..., n; 
0 otherwise.

Proof. Nc(X' = 0, л = 0) represents the number of „ ’s, which are above the 
line x = fiy, but do not cross it and therefore equals to the first expression in (22). 
Moreover, it is readily verified that n cannot take any other value except those 
given in the second expression.

For /=1 and r = ( / i+ l)a — 1, a typical path of this kind which is shown in 
Fig. 2 below, consists of two segments, (i) Sll>yo (yo = 0, 1, ..., n — a) that lies above 
x = f.iy and never crosses it, and (ii) the segment starting from (цу0,Уо)> initially
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(0 ,o)
Fig. 2

contains a horizontal step, intersecting the line х = цу at (ß(y0 +  a), y0 + oc), without 
touching it before and finally ends at (цп,п), not crossing х = цу after 0 ( y 0 + a) 
Уо +  а). Clearly, the number of first type of segments is

(23)

and that of the second

]_____ (O + l).Vo+ l)
O' + O j o + l  К Уо V

is

jl ÍO + 1 )« - l) ________ 1________  ÍO + l ) ( « - J o - « ) +  1
*■ C/z 4-1 ) а — 1 1 а - l  J 0  + 1 )(л -у 0- а ) +  H  n ~ y 0~ x
Thus from (23) and (24)

Nc(?:=\,n  = ( / i + l ) a - l )  = F ÍQ + l ) a - l ]
0  + 1 ) « - U  « -1  J

X  2
1

,vo = 0 0  +  l).Vo +  1
O + O T o  +  l (ínJ-Ufn.

И
Oi-f-i)«—1

О + 1)а— il ______ 2 ______i( / i+ 1)(я —а )+ 2
0 +  1 ) ( и - а )  +  2 ( n - а

by using (6). This confirms the Theorem for /= 1 .
In general, any path to be counted in Nc(k' =  / + 1, n = 0  + l)a — l — 1) con

tains two segments of which the first is Sßy with X' = l and n = (/i+ l)(a — a ^  — / 
(y =  a — ocu .... n — a; = 1, ..., a — /). Using induction we obtain,

NC{X = /+  1, n = (/i-b 1)а — / — 1)
a — l n — a
У  У  _______

ex 1 = 1 je = a—ai (h 3“ 0  («
О

-0 + 0
X

( / i+ 1) ( a - a , - / )  + ///) /+  1 ÍO + l ) ( y - a  + a,) + /+  1
a - a , - /  J (/<+ l ) ( y - a  + a,) + /+  1 { y - a  + a,

y _______Л _______fO + OOi-!) + /'] ________1__________y
(h + 1)(«i — 1) + /' l * 1 -1  J 0 + 1 ) 0 - J - a i ) +1

x  ÍO + l í O - T - a O + l )
{ n - y - a, J ’
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which with the help of (6) simplifies to

(/+1)1*
(/i + l ) ( a - / -  l) + (/+ l)/< 

1+2
X r -(n + 1 ) (n — a) + / + 2 

This completes the proof.
Theorem 5.

0 * + l ) ( a - / - l )  +  ( / + l ) / t  
a —/— 1

(/t +  1 ) (n -  a) + / + 2 
n — OL

X

(25) N(x = l , e = r) =
I

(/<+ l)a + /
(/<+!)« + / (/< + l ) ( w - a ) - /

n  — (X

2
Ч Т

l
0 * + l ) ( « - a - * ) + l n — OL — k

(ji +  1 ) ( n - a - k )  +  1 j  |(/i + \)k — l —\

for r = (ji + l)a  +  /, /= 1 ,2 ,  пц a = 0, 1, ..., n —I
/'J

Proof. For proof, we can only say that expression (25) is the product of (13) 
and (14).

Corollary 5. When
(26)

N ( x = i , e = r )  =
i

(/*+!)<* + /
0*Fl)a +  / 1

(ц+ 1) (w — a)+  1
(/i + l ) ( n - a ) + l  

n — a
for r = (/i +  l)a + /, /= 1 ,2 , ..., пц, a = 0, 1, ...,«  — 1.

Proof. In this case, the lower limit of к  in (25) becomes 1. The rest involves 
only some elementary simplification.

Corollary 6. For ц =  1

(27) * te  = '.e  = '+2«) =  ^ ( 2" ; ' |  

for /= 1 ,2 , ..., n, <x=0, 1, ..., n — 1.

____ l + l  (2(/i —a ) - / + l j
2(и —a) —/+1 ( n — a — l j ’

Proof. It needs the application of (6).
A comparison of (22) for ц =  1 with (27) establishes (2).
Finally, we consider the joint distribution of ф and (p and state the following 

equivalence relation as a theorem.
Theorem 6.

(28) И(ф = —1, (p = r) = Nc(X' = l, n=r).
Proof. It suffices to show that the number represented by the left hand side 

is given by (22). Indeed it is trivially so except for the second expression in (22).
Any path counted in ZV(ф =  —I, q> = (ji + \)oí — I) a = I, l+ l ,  ...,«, which 

meets the line x  = цу — l for the first time at (jmx — I, a), must also meet for the 
first time the line x: = цу — ß, 0 < //< /, at a lattice point before crossing it. Thus
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such a path consists of two segments; (i) from the origin to (hol-  /, a) with the 
required restrictions, and (ii) from (ца, — /, a) to {jin, ri) not crossing the line л; =  
X =  НУ — l. Obviously the number in (ii) is

(29) /+  1 i(/f + 1) (n — a) + /+  1
(H + 1 ) (n — a) + / + 1 ( n — a / =  1

In order to complete the proof, we require the number in (i) to be

(30) J ‘l ___ i( ju + l)a - / l
(ц+  l)ot — / l  OL—l J ’

/ =  1,

When /=1 the required number is equivalent to the number of paths from 
(0, 0) to (hol — 1, a — 1) never crossing х = ну, the expression for which is

H __к н +  о * -  О
(h + l ) a — 1 1 a — 1 J '

This verifies (30) for /= 1 . Then apply induction on /. The restiicted path from(0,0) 
to (hol —l — 1, a) can be split into two parts of which the first one reaches the line 
X = ИУ~1 at (ВУо— U Jo)» Уо — h /+ 1 , ...,o£—1, with the desired restriction. 
Thus the total number of restricted paths from (0, 0) to (//a  — / — 1, a) is obtained as

У  yl  ÍO t+ O ^ o -í]______ £______ Í(í<+ l ) ( a - y 0) - l )  =
(H +  l ) T o - / l  .Vo — I J ( /* +  1 )(а -У о )-Ц  a - y 0- l  J

_  ^ ( /+ 0  Uh + l ) a - / - 1 ]
( H + \ ) oL — l — 1 [ CL —l — 1 J ’

We conclude with the following remark: When и — 1, there is an 1.1 correspondence 
between % and i/g In addition, the restrictions involved in the definition of cp are 
trivially satisfied by 5 1; „, which touches the line x =  y  — l  at ( y  — cl, a) for the 
first time. T!rr:fcre

N(\l/ = — l, (p = r) = N(x = 1, Q = r) = N(k' =  /, n = r).
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DIE LÖSUNG EIN ES W ÄRM ELEITUNGSPROBLEM S 
FÜR SYSTEME BESTEHEND AUS STÄBEN UND 

WÄRMEBEHÄLTERN

von
P. KOSIK.

Einleitung

Die Lösung des Wärmeleitungsproblems im eindimensionalen Fall mit der 
ersten, zweiten und dritten Randbedingung ist bekannt. Bei der ersten Randbe
dingung ist die Temperatur, bei der zweiten ihre Ableitung in der Längsrichtung 
des Stabes, bei der dritten eine lineare Kombination dieser beiden Größen als 
Funktion der Zeit am Ende des Stabes vorgeschrieben. Man kommt zur dritten 
Randbedingung, wenn der Stab sich einem Körper mit bekannter Temperatur 
anschließt. Ist aber die Temperatur des anschließenden Körpers nicht bekannt, 
nur die diesem Körper zugeführte Wärmemenge Q(t) cal/sec, so genügt zur Lösung 
des entsprechenden Wärmeleitungsproblems die Heranziehung der dritten Rand
bedingung nicht mehr.

In der Arbeit [1] werden die Bedingungen, die in diesem Falle zwischen dem 
Körper und dem Stab bestehen, „zusammengesetzte Randbedingungen” genannt. 
Mehrere Verfasser haben sich mit solchen Randbedingungen befaßt (siehe das 
Literaturverzeichnis).

F reu d  untersucht in [1] das Problem, wenn einem Behälter von endlicher, 
nicht vernachlässigbarer Wärmekapazität sich ein Stab von endlicher oder unend
licher Länge ansch'ießt, und dem Behälter die Wärmemenge Q(t) cal/sec zuge
führt wird. Im Falle eines endlichen Stabes wird am freien Ende entweder die 
Temperatur, oder ihre Ableitung in der Längsrichtung des Stabes als Funktion der 
Zeit vorgeschrieben. Die Anfangsbedingung muß nicht unbedingt homogen sein. 
Der Verfasser beweist in dieser Arbeit auch die Eindeutigkeit der Lösung.

A dler  untersucht im ersten Teil seiner Arbeit [2] das Wärmeleitungsproblem 
für den Fall, wenn einem Wärmebehälter zwei Stäbe von unendlicher Länge ange
schlossen sind, und zu Beginn des Wärmeleitungsprozesses die Temperatur der 
Stäbe gleich null ist. Der zweite Teil der Arbeit beschäftigt sich mit dem Falle, wenn 
sich beide Enden eines Stabes von endlicher Länge je einem Wärmebehälter anschlies- 
sen, deren ß ,( t)  bzw. ß 2(0  cal/sec Wärmemengen zugeführt werden. Auch hier 
beträgt die Anfangstemperatur des Stabes Null.

In der Arbeit [3] wird jenes Problem untersucht, wo einem punktförmigen 
Wärfnebehälter mit nicht vernachlässigbarer Wärmekapazität beliebig viele — 
endliche oder unendliche — Stäbe angeschlossen sind. Unter den Stäben können 
solche Vorkommen, an deren freien Enden die Temperaturwerte, und auch solche, 
an deren freien Enden die Ableitungen in der Längsrichtung des Stabes vorgeschrie
ben sind.

In der vorliegenden Arbeit werden solche Systeme von Stäben und Wärme
behältern untersucht, wo von jedem Wärmebehälter ausgehend jeder andere Wärme
behälter auf genau einem Wege erreicht werden kann, wobei diese Wege höchstens

Studia Scientiarum M athem aticarum Hungarica 4 (1969)



п о P. KOSIK

einmal denselben Stab entlang führen und höchstens einmal denselben Wärme
behälter überqueren dürfen. Ferner können sich den Behältern auch solche Stabe 
anschließen, an deren anderen Enden die Temperatur oder ihre Ableitung in der 
Längsrichtung des Stabes vorgeschrieben ist.

Wir erwähnen auch den Fall, in dem das System geschlossen ist in dem Sinne, 
daß aus einem jeden Wärmebehälter genau zwei Stäbe zu anderen Wärmebehältern 
führen (Abbildung 2). Auch hier dürfen aus den Behältern Stäbe ausgehen, an deren 
anderem Ende die Temperatur oder das Temperaturgefälle gegeben ist. In beiden 
Fällen können sich unter den Stäben, die nur mit einem Ende einem Wärmebehälter 
angeschlossen sind, auch solche von unendlicher Länge befinden.

Wir erwähnen auch Systeme, in welchen zwei Wärmebehälter durch mehrere 
Stäbe verbunden sind. Hier können aus den Behältern ebenfalls beliebig viele Stäbe 
mit einem freien Ende ausgehen. An den freien Enden werden die oben angeführten 
Bedingungen festgelegt.

§ 1.

Betrachten wir eine aus n Elementen bestehende Menge von Wärmebehältern 
mit endlichen, nicht vernachläßigbaren Wärmekapazitäten und irgendeine gegebene 
Menge von Stäben. Man sagt von einem Stab, daß er vom Typus s í  ist, wenn er

Abb. 1

an beiden Enden je einem Wärmebehälter angeschlossen ist, und man nennt ihn 
vom Typus J 1, wenn er nur an einem Ende aus einem Wärmebehälter ausgeht.

Betrachten wir nun ein zusammenhängendes System von Stäben und Wärme
behältern, in dem einem Wärmebehälter höchstens zwei Stäbe vom Typus s í  ange
schlossen sind, und es existiere in diesem System mindestens ein Behälter, welchem 
sich genau ein Stab vom Typus s í  anschließt. Wählen wir einen solchen Wärme
behälter aus, und bezeichnen wir diesen mit /?x. Von ausgehend, sind — 
die Stäbe vom Typus s í  entlang — alle Wärmebehälter erreichbar. Ihre Indizes sollen 
die Reihenfolge des Erreichens anzeigen. Denjenigen Stab, der die Behälter ßt und 
ßi+1 verbindet, bezeichnen wir mit pI>i+1, seine Länge mit /M+1. Die Stäbe vom 
Typus Л, die dem Wärmebehälter ßt angeschlossen sind, bezeichnen wir mit q{ 
(y =  1,2, mi_ l , ntf), ihre Länge mit l{ (siehe Abbildung 1).

Nehmen wir an, daß den Behältern ßt die Wärmemengen ß ;(t) cal/sec zuge
führt werden ( l S /'^и). Gesucht wird die Temperaturverteilung in dem System 
unter der Annahme, daß die Temperatur C/;(t) der Wärmebehälter ßt nur eine
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Funktion der Zeit sei; ferner daß die Temperatur in einem Punkte irgendeines 
Stabes außer der Zeit nur von der Koordinate x  an der Längs richtung des Stabes 
abhängt. Im Zeitpunkt t — 0 ist die Temperatur der Behälter und der Stäbe nicht 
unbedingt gleich Null.

Die mathematische Formulierung der obigen Aufgabe

Man richte die Stäbe derart, daß die Anfangspunkte der Stäbe vom Typus 
só beim Wärmebehälter mit dem kleineren Index, und der Stäbe vom Typ 3S beim 
Wärmebehälter seien.

Bestimmen wir jenes Lösungssystem, welches bezüglich der Stäbe Qi$i+l die 
Gleichungen

(la) О = au + iv i,i+i,(x > О (1 ^ /< и )
( 1 b) Viix (x, t ) = (a{)2 VJ (x, t) ( 1 S /S « )  (1 s j  == /и,)
befriedigt. Durch Fi i+1(x, t), bzw. V{(x, t) wird die Temperatur im Stabe 
Qi i+1, bzw. q{ in Punkte x  zur Zeit t bezeichnet und a(JV = const.

Der Wärmeaustausch-Prozeß zwischen den Stäben und den Wärmebehältern 
läßt sich durch folgende Beziehungen beschreiben:

Für Stäbe vom Typus ,s/:

(2a) Vi,i+lx(0,t)  = - c u + l [Ui( t ) - V i'i+i(0,t)]  ( 1  = § / < / > )

(2b) Viii+lx(liM1, t ) -  ci+li<[£/t+1( f ) - ^ i+1(/M+i.O ] ( lS /< n )
C„ v = Const.

Für Stäbe vom Typus

(3) ^'(0, t) =  -c /[ f / ,.(0 -  VJ(0, ?)] 0 =  1, 2, ..., rí) (j  =  1, 2...... mf)
c* = Const.

Die Formeln (2) und (3) stellen das Newtonsche Wärmeübertragungsgesetz 
dar. Außerdem muß noch die sogenannte Wärmebilanz gültig sein:

Q M  = Л М  (/) + bu+ , [ U M  -  vltt+t (0,0 ]  + Bi.,-1 W M -  r , 1 .» 0] +
Wf

+ 2  B{ [ U M - v , J(0,t)\ ( i< /< n )
7=1

(4) und

a<0 -  w + J « ™' > - * < * • 0  o- i)
AV,B IIV und 5* =  Const.

Durch die Beziehungen (4) wird ausgedrückt, daß aus der Wärmemenge Q M  
die Menge А\и',{1х] zur Erwärmung des Wärmebehälters ß, verwendet wird, und 
die übrige Wärmemenge sich in den entsprechenden Stäben ausbreitet.
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An den freien Enden der Stäbe vorn Typus à? haben wir:

(5) t) =  g{(t) (1 ^ j s p d ,
(6) V/ (// , t )  = h{ (/ ) ( P i  Ä  / • , . ) ,

wo s /(0  und h{(t) vorgegeben Funktionen von t sind.
Im Falle /, =  °° sei

(7) lim У/(х, t)e~'x2 = 0, (r ^ j ^ m ,).
X  —  OO

Im Anfangspunkt / =  0 gelten die folgenden Bedingungen:

für Stäbe vom Typus s í  Vt ;+, (x, 0) = f  i+1 (x),
(8)

für Stäbe vom Typus ŰŐ : V{ (x, 0) =f{(x)

(Die Funktionen Д (+1(г) und /9(x) sind vorgegeben.)
Die Temperatur der Wärmebehälter /?; sei im Anfangspunkt £/,(0).

Die Lösung der Aufgabe

Das Lösungssystem des obigen Problems wird als die Superposition von solchen 
Lösungssystemen hergestellt, die gewissen speziellen Bedingungen genügen. Im 
folgenden beschäftigen wir uns zunächst mit letzteren Lösungssystemen.

Betrachten wir das auf Abbildung 1. dargestellte — aus Stäben und Wärme
behältern bestehende — System, und benutzen wir die obigen Bezeichnungen. 
Es sei к < и  — 1, und es bezeichne Pk (Jc = 1, 2, ..., rí) diejenigen Lösungssysteme, 
die folgenden Bedingungen genügen:

Die Anfangsbedingungen sind im Falle von Stäben vom Typus si\

(9a)
(9b) , (a-, 0)

I 0 für / к 
1/i.i+iW  für i= k

Im Falle von Stäben vom Typus äS:

( 10) У/Л (х, 0)
I 0 für /V k; j  = 1, 2, ..., mf 
\fij (x) für i = k

Die Randbedingungen sind für Stäbe vom Typus sí

(11a) V{%  и (0, /) =  0, 1 Шк

(Hb) Vi% iß l M l , t )  = 0, /ё к .

Unter Einführung der Bezeichnung

( 12) *u+i(°> 0
1.0 0

i ^ k
i> k
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lassen sich die übriggebliebenen Randbedingungen bezüglich Stäben vom Typus 
folgendermassen schreiben:

(13a) P f lV u C W O  =  /<=*,
(13b) Vft+lx(0,t) = - c iM l[Urk( t ) - V t f +i(0,t)] i>k.

Die Funktion f ^ +1, wie wir es später sehen werden, erfüllt automatisch diese 
Bedingungen.

Die Randbedingungen bezüglich Stäben vom Typus Ű8 lauten:

(14) V,iPk(0, t) =  — c{[UPk(/) — VlJPk(0, /)] (1 S /S n  und 1 sysm ,),
Es sei / =  k, dann sollen an den Enden x = l{ die Bedingungen (5), (6) und (7) erfüllt 
sein.

Falls /Vk, dann gelten

(15a) V£*(H,t) = 0, 1 S j ^ Pi
und

1 ) ViJPk(l{,t) = 0 p(<ysr,..
Falls к = n — 1, so sollen die (9) Anfangs- und (11) Randbedingungen bezüglich 
Stäben vom Typus sé erfüllt sein. Bezüglich t) sei (13a) erfüllt,
1 S  i  <  л - l .  Diese Bedingung ist für i = n — 1 automatisch erfüllt.

Für die Stäbe vom Typus á? sei

(16) ViJPk(x, 0) I 0, für i< k  
l/iJ(*) für 'S k ,  у =  1,2, m,.

Für Stäbe vom Typus P8 schreiben wir an den Enden x = l{ die folgenden Rand
bedingungen vor. Es sei zuerst i<k.  Dann sei

(17)
v i i Pk0 U  0  =  0 für 1 ^ j ^ P i  

VjPk{l{, t) = 0 für Pi
und es seien 

(18)
У^к(Ч, >) =  gi(>) 1 &J&P,

VtJPk(l{, t) = h{(t) r„

falls /S k . Im Falle von unendlich langen Stäben sei die Bedingung (7) für (S k  
erfüllt.

Bezeichnet man durch QPk(t) jene Funktionen, die man erhält, wenn man 
in die linke Seite der Formel (4) die entsprechenden ЦРк+1(х, t) bzw. У/Рк(х, t) 
und UPk(t) einsetzt, so genügt die Summe der Lösungssysteme Pk den Anfangs
bedingungen (8) und mit den UPk{t) und QPk(t) den Randbedingungen (2) und
(3), bzw. (5), (6) und (7).

Man erhält das Lösungssystem der ursprünglichen Aufgabe, wenn man der 
Summe der Lösungssysteme Pk jenes Lösungssystem P„ superponiert, welches 
bezüglich aller Stäbe homogenen Anfangsbedingungen genügt, an den Enden x — l{
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der Stäbe vom Typus 38 die entsprechenden homogenen Randbedingung erfüllt 
und

Die Bestimmung des Systems P„ wird mit Hilfe der Operatorenrechnung auf 
die Lösung eines algebraischen Gleichungssystems zurückgeführt. Es wird Vfi"+ ,(x, t) 
in der Form

gesucht. Diese Funktion befriedigt die entsprechende Differentialgleichung der 
Wärmeleitung und für 1 = 0 die vorgeschreibene homogene Anfangsbedingung. 
Die Funktionen VJPn(x, t) werden in der Form

dargestellt, wo v{Pn(x, t) eine solche Lösung der Gleichung (1) bezeichnet, welche 
für i =  0 gleich Null ist, am Ende x = I{ der entsprechenden homogenen Randbeding
ung genügt und

Die Darstellung von V3Pn(x, t) in der Form (22) wird durch das Duhamelsche 
Prinzip ermöglicht [4]. Diese Methode ist deshalb nützlich, weil die Anzahl der 
Stäbe vom Typus 38 weder die Zahl der Gleichungen, noch der Unbekannten erhöht.

Die Funktionen v{Pn(x,t)  können bestimmt werden, indem man für 1 
solche Lösungen v{Pn(x, 1) der Gleichung (1) sucht, welche den Bedingungen

П — 1
иг-(о) =  «7,(0)— 2  urk(0),k= 1

(19) ßf"(0 - Q , ( 0 -  2  Qfk(0k= 1
und so

П— l

(20) und
П — 1

u , ( t )  =  £//”40+ 2  u r k( t ) .к— 1

Die Bestimmung des Systems Pn

a2i, i  +  I ( l i ,  i  +  i - x ) 2

(21) Vfc.i(x, О = /  -----A e 4(,_r) w,i(x) + e
O r (t О

w.2

(22)
О

(23)

(24)

r/p*(0,1) -  c{v{p*(0, i) = 0
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genügen. Für p S j ^ r it d. h. ViiPn(l{,t) = 0 muß die Funktion гУРп(? 
gende Bedingungen erfüllen:

vjp"(x, 0) =  -  ,

(25) vip'(i{, 0  =  o

v{F"(0, t )-c{v{p*(0 ,1) =  0,

Sind die Funktionen v{Pn(x, t) bekannt, so lassen sich die Funktionen 
leicht darstellen,

(26) v{p"(x, t) =

und im Falle \

- c { f  ( и РпУ(t—t) 
0

- c i f  (ur-nt-T)

p í (x > 0 - i (1 sy^j?,) 

( л

PÍ(x, t) = Z  A^Ácos p t j x  + f f -  sin p t j  x\ e x p \ - ^ } - t  , 
*=i ( Pij ) ( )

wobei /i*j die A>te positive Wurzel der Gleichung

tg pH =  ~~
bezeichnet, und

-

Falls so gilt

H I
/ з

C-cos /i* j- л: + —j— sin p) j x
P i, j

dx

(/ COS pki ,X —f-s in  pki jX
Pi,j

Ц
1/2

pi(x, t)  =  Bfj  [cos V* jX + - ~ -  sin vljx]  exp / I ,
* = 1  V Pi, j  ) \ x i )

wobei V* j die к-te positive Wurzel der Gleichung

tg v// =  - - j
bezeichnet und

ß* ■ "i .j
/  fW+т) (cos +f : sin < > *) *

'Í
/ cosVjjä  +  ̂ - sin v*;x | dx

1/2

-, /) fol-

viPn(x, 0
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Falls r,< /S7iîi5 so ist

V/'ЧХ,  О =  i  exp (c/* + ÿ  <) erfc VT) -  ±  erfc

(siehe [3]).
Falls у > г(, d. h. l{ = °°, so suchen wir v{p"(x, 1) in der Form

(27) e f " ( * .  I )  -  Jp = e x p - ( j ^ j  » , , / « * •

Unter Benutzung der Bedingung (23) und für v\p"(x, t) die Operatorschreibweise 
gebrauchend, erhält man für wtj ( t )  eine algebraische Gleichung. In Kenntnis von 
Wjj(t) ergibt sich v{p"(x, t) nach Durchführung der angezeigten Integrierung.

Durch Gebrauch der Bedingungen (2), (3) und (4) erhält man für die Bestimmung 
der unbekannten Funktionen wn (t), wi2{t) und UPn(t) ein System bestehend aus 
3n — 2 Integrodifferentialgleichungen. Mit Hilfe der Operatorenrechnung läßt sich 
dieses Integrodifferentialgleichungssystem auf ein lineares algebraisches Gleichungs
system zurückführen.

Die Operatorenform von Vp"+, (x, t) ist

(28) ß  — aiti + l(li,t + l — x)

Nach Bestimmung der unbekannten Funktionen iv;i(i), wi2(t) und UPn(t) muß 
man zur Berechnung der Funktionen Vi i+1(x, t)  bzw. VijPn(x, t) noch die Inte
grationen (21) und (22) durchführen.

Nun wollen wir eine mögliche Bestimmung der Systeme Pk anführen. Dazu 
wird zuerst die Funktion Vpk + 1(x, t ) berechnet, z. B. mit der Fourierschen Methode.

Da
» f t+lx(0, !) =  Vk% lx(lkik+l, t )  = 0,

nnso sind die Eigenfunktionen cos-------x, n=  1 ,2 ,..., und daher
'k,k+ 1

1к,к+ 1 1к,к+ 1
K ï + i ( x ,  t ) =  -,—— f  / t ,H iW * +  2  J ---- /  /м +iW-

1к,к + 1 о n=1 ‘*,*+1 о

ПП , ПП (  n 2 n 2• cos -----xdx  • cos  -------x exp — 2-----^ ----- 1
*k,k+l k̂,k+l V ak,k+l‘k,k+l

Da U£k(t) = VkPkk+l(0,t) und U f í ^ t )  = VkPî +1(lkik+l, t), so sind auch die 
Funktionen UPk(t) und UPkl (t) bekannt.

Ist iVk, so läßt sich VPk+l(x, t) ebenfalls mit Hilfe des Duhamelschen Prin
zips bestimmen. Betrachten wir zunächst den Fall k > l  und i = k — 1. In diesem 
Falle genügt k$+i(x, t) den Randbedingungen (11a) und (13a), mit homogenen 
Anfangsbedingungen. Es wird jene Funktion vPki+l(x, t)  gesucht, welche die Dif-
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ferentialgleichung der Wärmeleitung befriedigt.

vfï+1 (x, 0) =
[-i+ i.i

(29) =  0
Vi,ki+i x (ll,i+ i , t ) + c,+ iitvlki+1(liti+1 , t )\

Die zu diesem Randwertproblem gehörenden Eigenfunktionen sind
<Pk = ak cos (pkx),

wobei цк die fc-te positive Wurzel der Gleichung

(30)
bezeichnet. Daher gelten

(31) vPk+i(x, 0  =

ci + 1 ,i
P

2

tg (/,-,(+i/O =  о

si n (/**/,.,+,)
G+ ipi *=i 2/i*/iii+1 + sin0i*/iji+1) cos(pkx)e

(32) VtPî+i(x, t)  = ci+Uif  UPk{ t - z )
, î+ 1,1 + «#+1 (*> t) c/t .

Da (r) = 1 (0, t) i ^ k ,  erhält man bei der Bestimmung von VPk+k(x, t)
zugleich auch UPk(t). Durch Fortsetzung dieses Verfahrens lassen sich für 
alle Funktionen Vt*tk+i(x, t)  und UPk(x , t ) berechnen.

Es seien nun к <  и —1, und i = k +  1. In diesem Falle muß VPk+1(x,t)  die 
entsprechenden Bedingungen (9) und (11b) bzw. (13b) erfüllen. Diese Aufgabe 
wurde — abgesehen von Konstanten bei der Lösung des Systems Pn für 1 
bereits besprochen.

Dem Fall i < k  ähnlich, lassen sich auch weitere Vl i + l (x,  t ) -s  und damit die 
Funktionen Ui+ i ( t )  bestimmen. Jene Funktionen VijPk(x ,  t ) ,  bei denen im Falle 
к <  и — 1, i ^ k  oder im Falle к = n — 1, i<k,  lassen sich — ähnlich wie bei der 
Untersuchung des Systems Pn — mit Hilfe des Duhamelschen Prinzips bestimmen. 
Ist die Anfangsbedingung inhomogen ( k  =  i, oder — falls к — n —l und i = k  oder 
i  =  k + 1 ) ,  so wird jene Lösung v{Pn{x, t )  der Differentialgleichung der Wärme
leitung gesucht, welche die inhomogene Anfangsbedingung erfüllt, d. h.

(33) vjp*"(x,0) = / / (* ) ,  
am Rande x = 0:
(34) v{Pkt(0, t )-c{vJpH0, i) =  0

viPk* ( 4 ,0  = g{ (0  für 1 =äj~Pi
oder

v\Pk\H, t) = h{{t) für p ^ j s r ,
Dieser Lösung muß eine solche Lösung vjPk der Gleichung (1) superponiert 

werden, welche einer homogenen Anfangsbedingung genügt, und für x = l{ die 
Gleichheiten

(35) v£k«{, 01
vjPk(lj, t ) \ = 0, * ^. 1,1 befriedigt,
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ferner am Ende x =  0
(36) «£л (0, t) = -  c{[Ufk(t) -  vjPk(0, 0] ist.

Hiermit sind alle Systeme Pk bestimmt.

§ 2. Die Lösung im Falle eines geschlossenen Systems

Bilden die Stäbe vom Typus s í  ein geschlossenes System, in dem Sinne, daß 
sich einem jeden Wärmebehälter genau zwei Stäbe vom Typus s í  anschließen 
(siehe Abbildung 2), so ist die Lösung im wesentlichen der in § 1 besprochenen 
ähnlich.

Bezeichne man einen der Wärmebehälter mit /Jj, und den über einem ihm 
angeschlossenen Stab vom Typus s í  erreichbaren anderen Behälter mit ß2. Die 
Bewegungsrichtung beibehaltend, werden die Behälter in der Reihenfolge ihres 
Erreichens mit Indizes versehen. Die Wärmebehälter ßt und ß2 sind durch den 
Stab vom Typus s í  q1>2 verbunden, die Behälter ß2 und ß3 durch p2 3, ... die Be
hälter ßi, ßi+1 durch Qiii+l. Hierbei wird mit /+  I die Indexziffer jenes Wärme
behälters bezeichnet, dem der i-te Behälter „vorangeht” . So bedeutet z. B. im Falle 
i — n i jenen Stab, der die Wärmebehälter ß„ und ß t verbindet. Die Temperatur 
des Stabes Qii+1 vom Typus s í  sei mit Fi i+1(x, t) bezeichnet. Es sei die Temperatur 
des Behälters ßt gleich £/f(i) (/=1, 2, ..., n), und es sei die dem Wärmebehälter ßt 
zugeführte gesamte Wärmemenge Qi(t) cal/sec. Dem Behälter ß, können sich auch 
hier Stäbe vom Typus ЗЯ anschließen, bezüglich denen die im vorigen Paragraphen 
angegebenen Bedingungen und Bezeichnungen gültig bleiben.
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Es wird jenes Lösungssystem gesucht, in dem die Temperaturfunktionen der 
Stäbe vom Typus s í  die Differentialgleichung der Wärmeleitung (la), vom Typus 
(Ш (lb) befriedigen, unter folgenden Randbedingungen:

Im Falle von Stäben vom Typus s í  ist das Wärmeübertragungsgesetz:

(2a) ViM 1я(0, 0  -  - c i>(+1[£/,(O-rç,i+1(0, 0]
(2b) rM+ix(/M+i , 0  =  c,+1><[üi+1( 0 - ^ « + i ( ^ +1,0 ].
Im Falle von Stäben vom Typus SS wird das Wärmeübertragungsgesetz zwischen 
den Stäben und den Behältern ßt durch (3) angegeben.

Die Wärmebilanz kann in folgender Gestalt geschrieben werden:

(37) Q,(t) = Aiu ;o )  + Bu + i[ui( i ) ~ v itl+i(0, I, /)] +
Wf

+ 2  B/ lU iiO-  W i0,0].
j = l

Ähnlich wie im § 1, kann auch hier das vollständige Lösungssystem als die Summe 
von solchen Lösungssystemen dargestellt werden, welche gewissen speziellen Bedin
gungen genügen.

Bezeichne man mit Pk jenes Lösungssystem, in dem jeder Stab die Anfangs
temperatur Null hat, mit Ausnahme von Qk>k+k, dessen Anfangstemperatur

vkpU,{x ,  0) =fk,k+i(x)
sei und es sei

»4fî+i,(o. 0  = K U  i,(/m +i . 0  = o.
Bezeichne man mit Ukk(t), bzw. mit £/*+,(*) die Funktionen VkPl +l(0, t) bzw.
Hft+1(4*+i,0 , (fc= 1,2..... n).
Ist / =  к + 1, so sei

*u+ ,,(0, t ) =  -  cM+, [UPk(i) -  О , (0, /)]
und

*fir+i „ ( W ' )  =  0.
Führen wir die Bezeichnung

V i% Áh,u i , t )  =  UfU(t)

ein; bezüglich У1Чк11+2(х, t) erhält man unter ähnlichen Bedingungen für x = 0, 
bzw. x =  / i + 1 > i + 2 die Funktionen V $ l i+2(x, t) bzw. Up+2(t). (Selbstverständlich 
zeigen hier die Indizes i, i+ l ,  i + 2 die Richtung der Fortbewegung an). Wenn i 
die Zahl k —2 erreicht, so hat man durch Bestimmung von Vpik+l(x, t) alle zu Pk 
gehörenden Funktionen UPk(t) erhalten.

Ist i = к — 1, so muss VPk+i(x, t) folgenden Randbedingungen genügen:

(38)
und

v f o 1,(0, /) =  -  c,'i+ t [С/Л(0 -  v f o , (0, t)

Vi%lx (/M+ , , о  =  Ci+ ,.,[£/#!( 0 -  V f o , (/M+,, t),
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In diesem Falle kann die Funktion VPk+i(x, t) in ähnlicher Form wie (21) gesucht 
werden, und auch ihre Bestimmung ist der dort beschriebenen identisch.

Bezüglich der Stäbe vom Typus 38 werden im System Pk die folgenden Bedin
gungen vorgeschrieben. Falls i = k, so seien

KjPk(x, 0) =  f J(x) (1 m j Sffl,)

yiiPk(li,t) = gi(t) (1
VJPk (//, 0  =  h{(t) (Pi <y ё  r,).

Falls so gilt für die Lösungsfunktion die für unendliche Stäbe festgelegte
Bedingung.

Falls i?± k, so sollen für die Stäbe vom Typus 38 die entsprechenden homogenen 
Anfangs- bzw. Randbedingungen bestehen. Die Funktionen Vpß+X(x, t) bzw. 
VßPk (x, t) der Systeme Pk genügen den Differentialgleichungen der Wärmeleitung 
mit geeignetem Wärmeleitungskoeffizienten und erfüllen die Randbedingungen (2a), 
(2b) und (3) mit den Funktionen UPk(t).

Bezeichnet man mit QPk(t) jene Funktion, die erhalten wird, wenn man in die 
linke Seite von (4) die Funktionen VPk+1(0,t), ^ к1{(/,-_ ut, t) und fjf*(0, t), 
sowie UPk(t) einsetzt, so genügt die Summe der entsprechenden Funktionen der 
Systeme Pk den vorgeschriebenen Anfangsbedingungen, und mit den Funktionen 
UPk(t) bzw. QPk(t) den Bedingungen (2), (3), (4) und an den Enden x = /; der Stäbe 
vom Typus 38 den vorgeschriebenen Randbedingungen.

Das vollständige Lösungssystem wird erhalten, wenn man zur Summe der 
Funktionen der Systeme Pk die entsprechenden Funktionen jenes Lösungssystem 
P addiert, welches für alle Stäbe der homogenen Anfangsbedingung, und für die 
Stäbe vom Typus 38 an den Enden x  = l{ den entsprechenden homogenen Rand
bedingungen genügt:

(39) U?(0) =  i/;(0)~ 2  Uik(0)
k =  1

und

ßf(0 = Qi(0 -  Í  ßfk(0-k= 1
Die Bestimmung dieses Lösungssystems kann — ähnlich wie die des Lösungssy
stems Pn in § 1 — unter Benutzung des Duhamelschen Prinzips und der Operator
rechnung im Falle von n Wärmebehältern auf ein lineares algebraisches Glei
chungssystem mit 3n Gleichungen und 3n Unbekannten zurückgeführt werden.

Die Funktionen ViP + 1(x, t) bzw. У/Р(х, t ) können in ähnlicher Gestalt gesucht 
werden, wie diejenigen vom System der P„ in § 1 (siehe (21), (22)).

§3

Schließlich betrachten wir den Fall, wenn zwei Wärmebehälter ß l und ß2 
durch mehrere Stäbe e l , e 2,---,Qn verbunden sind. Ähnlich wie bisher können 
den Wärmebehältern auch Stäbe vom Typus 38 angeschlossen werden. Die Länge 
des Stabes Qj sei /J; ihre Temperatur Vj(x, t) ( /=  1, 2, ..., и), der Anfangspunkt
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* = 0 sei das sich an den Behälter ß t 
ausschließende Ende. Die Funktion 
V,{x,t) sei für / =  0 f , O) (/= 1 ,2 ,..., и), 
Die Bezeichnungen bezüglich der Stäbe 
vom Typus á? seien wie vorhin, d. h. 
die Temperatur der zum Behälter ß t 
führenden Stäbe der Reihe nach Vitl,
Г,.: V Vi,Pi ’ * * * ’ vUmi o =

Pi

= 1,2), mit entsprechender Randbe
dingung an der Stelle x = ltj .  Die 
Temperatur des Behälters ßt wird mit 
Ui(t) (/=1,2) und die diesem Behäl
ter zugeführte Wärmemenge mit Qt(t) 
cal/sec bezeichnet. Die Anfangstem
peratur der Wärmebehälter sei С/Д0).

Es wird jenes — aus dem Funktio
nen ИД*, /), V2(x, t), •••. K(x, t), V^Ax, t), 
(/ =  1, 2) bestehendes

■m.
9,

Abb. 3

P i

ft
? ä

ßz
9n

г
?2

. Vi>mt(x, t) (/= 1 ,2 ) und U,(t) 
Lösungssystem gesucht, welches folgenden Bedingungen 

genügt: Jedes V,(x,t)  und Fj'(x,/) genügt der Differentialgleichung

K „ ( X ,  0  = aj VIt(x, t) ( /= 1 ,2 ,  ..., //)
bzw.

KL(x, t) = (a()2 ViJ,(x, t) ( / = 1 ,2 ; j = 1,2, ...,/w,)
mit folgenden Anfangs- und Randbedingungen:

VAX, t) = /,(* ) ( / =  1 ,2 ,..., n)
(40) V/(x, 0) = f / (x ) ( /=  1,2; j  = 1,2, ...,w,)

X
 W

.
/-—

N
 

-Ч
. II 0q “

•V
,. ( /=  1,2; j =  1,2, - ,P i )

v/Oi, 0  = HO) (/' = 1 ,2 ;  j  = p i+i ’ Pi + 2  > • • •, ri)
An der Stelle x =  0:

Vd(0, t) =  -c{[Ul(t) -V/(0, t)]
(41) Yix(0,t) =  - c 1'l [(/i ( t ) -V I(0,t)l

а д ,  0  = c2J U 2( 0 -  VA/j, /)] (/ =  1,2; j  =  1, 2, ...,»!,)
mi

(42) 0 .(0  =  Atu;( t)+ 2  В Ш 0 -  W ,  /)] +
J= 1

2 в , ' , [ и ,  (0-Vj(o, /)]  ( i=i)
+  ■1 nl

2  b .-AUÁO-VjOi , /)] 0=2).
U-l

Die Formeln (41) und (42) drücken das Newtonsche Wärmeübertragungs
gesetz bzw. die Wärmebilanz aus.
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Die Bestimmung des Lösungssystems

Ähnlich wie bisher wird auch in diesem Falle das gesuchte Lösungssystem als 
System der Summen von entsprechenden Funktionen in Lösungssystemen mit 
einfacheren Bedingungen hefgestellt.

Es sei nun Pk ein Lösungssystem, in dem die Funktionen VPk(x, t) ( /=  1, 2, ...ri) 
bzw. ViJPk(x, t) ( /  =  1 , 2 ; /  =  1 ,2, mt) der Differentialgleichung der Wärmeleitung 
mit dem entsprechenden Wärmeleitungskoeffizienten genügen, und folgende An
fangs- bzw. Randbedingungen erfüllen.

Anfangsbedingungen

ИЛ(*,0) =  {Л « V  = k) 
( ^ k )

(43)

ViJPk {x, 0)
(k =  l)
(kzU ;k =  1,2, ...,n)

Randbedingungen
(44) VPk(x, 0) =  VPk(J,, t) =  0 (7=k; k =  1,2, ..., n)
Führen wir für I = k  die Bezeichnungen

VPk(0, I) = U[k{t) bzw. V,Pk(h, 0  =  ^ 24 0
ein.

Für I ^ k  sind die Randbedingungen bezüglich VPk(x, t)
(45) VPk(0, 0  =  - c UJ[UPk{ t ) - V Pk{0, /)]
und

0  =  c2J[U2Pk( , ) ~ V Pk(ll ,t).
Am Rande x = 0 des Definitionsbereiches der Funktionen У/Рк(х, t) sei

ViJPk(0,t) = -ci[Urk{ t ) -VJPk{0,t)] (/ =  1,2; . /=  1,2, (k = 1,2, ...,n)
An den Enden x = l{ sind die vorgeschriebenen Randbedingungen für к — 1 iden
tisch mit den Bedingungen (40); im Falle k >  1 gelten die entsprechenden homo
genen Bedingungen.

Führen wir die Bezeichnung
nti

(46) Qfk(t) =  At UPk(!) + z Bi т о  -  У/ (0, /)] +
J =  *

2 ^ ( 0 - 0 ( 0 , 0 ]  0 = 0  
+  ■/“ 1

Z № « ( 0 - 0 ( / „ 0 ]  0 = 2 )1= 1
ein.

Die Summe der entsprechenden Funktionen der Systeme Pk genügt allen, in 
der ursprünglichen Aufgabe festgesetzten Anfangs- und Randbedingungen, und mit 
den Funktionen UPk(t) und QPk(t) erfüllt sie die Gesetze der Wärmebilanz bzw. 
Newtonschen Wärmeübertragung.
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Ähnlich wie in den vorausgehenden ist noch jenes Lösungssystem P zu be
stimmen, in welchem die Funktionen Vp(x, 1) bzw. У̂ р(х, 1) homogenen Anfangs-, 
bzw. Randbedingungen genügen, und

£//40) = £/,.(0 ) -  2  U,Pk(P)
fc= 1

(47) QfO)  =  Q,( t) -  2  Qik(0  0  =  1,2),
k = l

Die Bestimmung dieses Systems P erfolgt ähnlicherweise, wie die des Systems P„, 
bzw. des zur Aufgabe 2. gehörenden Systems P. Wird V^x, t) in der Form

(48) Vjp(x, t) = f  
0

_J___
F ( / - t)

exp fl/*2 )
4( i- t )J w’i.iW  + exp \аК 1 , -хУ \  

{ 4(t —t) J “’2 ,/0) dz

geschrieben, so erählt man unter Benutzung der Bedingungen (46) und (47) für die 
unbekannten Funktionen wltI(t), w2,i(t) ( /=  1, 2, ..., ri) bzw. Up{t) (/=1,2) ein 
Integrodifferentialgleichungssystem vom Faltungstyp, bestehend aus 2n + 2 Glei
chungen mit 2n + 2 Unbekannten.

Mit Hilfe der Operatorrechnung läßt sich dieses Integrodifferentialgleichungs- 
system auf ein lineares algebraisches Gleichungssystem, bestehend aus 2n +2 Glei
chungen mit 2n + 2 Unbekannten, zurückführen. Die Eindeutigkeit der Lösungen 
der bisher geschilderten Aufgaben läßt sich durch Anwendung des in der Arbeit [1] 
besprochenen Monotonitätsprinzips zeigen.

Betrachten wir nun zuerst ein im § 1 untersuchtes System von Stäben und 
Wärmebehältern. Durch einen oberen Index qx, (a = l,2 )  wollen wir zwei solche 
Lösungen der Aufgabe kenntlich machen, die denselben Anfangs-bzw. Randbedin
gungen genügen, insbesondere sind die Funktionen V“i+l(x, 0) (/= 1 ,2 , ...,«  — 1); 
У/е‘ (х, 0); У/ 6*(//, t), (/=1, 2, ..., n und j=  1, 2, ..., /иг) für a =  1 und a = 2 dieselben.

Falls
Vf1 (0) >  £/(®г(0) und Ô?'(0>Ô ?2('), 0 =  1,2...... ri),

so gilt für jedes x  und jedes /> 0  

49) VZU i(x,t)^V,4î+1(x, t)
und

KJe'(x, t) >  V/02 (x, t).

Nehmen wir an, dass es in dem durch bezeichneten Lösungssystem eine Funktion 
y iti+i(x, t) oder eine Funktion y J(x, t) gibt so, daß in irgendeinem Punkte (X, T) 
die Ungleichung

У,°иЛХ,Г)^УК+1(х,т),
oder die Ungleichung

У/е' (Л', T) < У/е2 (X, T)

gilt. Des einfacheren Sprachgebrauchs wegen nennen wir „System q "  das System 
von Funktionen, welches wir erhalten, wenn wir die Differenzen der entsprechenden 
Funktionen der beiden durch ^  bzw. q2 bezeichneten Systeme bilden und lassen
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wir für das Weitere die oberen Indizes gt und g2 weg (statt ihrer werden wir nur 
1 und 2 als untere Indizes schreiben). Das Funktionensystem g genügt dann homo
genen Rand-bzw. Anfangsbedingungen und für die Funktionen

(51)
В Д =  u n (0 - u i2(t) 

Q,0) = ß « (0 -ß « (0 .
sind die Bedingungen (2), (3) und (4) erfüllt und so gibt es im System g eine Funk
tion Viii+1(x, t)  oder eine Funktion PjJ(x, /) derart, daß in irgendeinem Punkte 
(X, T) die Ungleichung Viii+1(X, T) < 0  oder die Ungleichung V/(X ,T ) < 0 gilt. 
Da die Konstanten cii+1, ci+ li, c{, bi i+1, bi+1>i und b{ positiv sind, £/г(0)>0, 
( /= 1 ,2 , ..., ti), so folgt aus den Bedingungen (2) und (3), daß für genügend kleine 
Werte von / ( /> 0) die Größen Vi i+1(0, /), Vi i+i(li i+1, t) und F/(0, /) positiv 
sind. Jedoch aus dem Maximum-Prinzip folgt, daß diejenigen Funktionen Vi i+i (x, t) 
bzw. V/(x, t), welche in irgendeinem Streifen (0< (й Г )  negative Werte annehmen, 
auf dem Rande x =  0 oder x = lii+l des Streifens (0, T) ihr Vorzeichen wechseln, 
im Falle der Funktion V/(x, t) erfolgt dieser Wechsel auf dem Rande x = 0.

Betrachten wir von diesen Funktionen diejenige, welche an einem dieser Ränder 
für einen kleinstmöglichen t = t l das Vorzeichen wechselt. Es sei dies die Funktion 
Fii/+ i(x, 0  und die Koordinaten des in Frage kommenden Punktes seien 
und t v, also

^/,/+10 i,i+1 »  ̂1 ) = 0
und F//+ 1 (x, t) £ 0 , w en n 0 ëx S /JJ+1; 0 S t  St y .  Hieraus folgt, daß auf dem Rande 
x =  // /+1 im Punkte t = tl

^f,i+1* ( / / , / + 1 » f i )  — o
gilt. Doch durch Anwendung der Beziehung (2b) erhalten wir dann, daß

ßf +1 Oi) — o
ist. Weiterhin, da die Funktionswerte

Vt+i,i+2 (°,ti)> 0 + l< n ) ,  F/+1(0,ti), (j  — 1 ,2 ,..., nij)
nicht negativ sind, g ( ix) > 0, so folgt aus (4), daß

U'I + i(U )> 0
ist. So gibt es für die Funktion UI+1(t) eine Zeichenwechselstelle t2, ( 0 < ?2 ?i) 
und dort ist C/j + 1(t2)< 0 . In diesem Falle ist für das Bestehen der Bedingung (4) 
notwendig, daß mindestens einer der Funktionswerte

ĵ.i+iOi.i+i , t2)l F/ + 1j/+2(0, t2), wo / +  1 F/+1(0,u), (J = 1,2, ...,w,)
negativ sei, was der Voraussetzung daß auf dem Rande x =  //ji+1 der Punkt t2 
der kleinste /-Wert ist, für welchen ein Zeichenwechsel der Funktionen des Systems 
g erfolgt.

Befindet sich diese kleinste Zeichenwechselstelle der Funktionen F /,/+ i(x,/) 
oder Vj{x,t) nicht auf dem Rande x =  /J/+1 sondern auf dem Rande x = 0, so 
ist das Verfahren zum Herleiten des Widerspruchs dem Vorigen ähnlich.

Der Beweis der Gültigkeit des Monotonitätsprinzips für die Systeme der § 2 
und 3 ist dem vorigen Beweis identisch.
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REMARK ON A PAPER BY I. BIH ARI AND T. FÉNYES

by
Á. ELBERT

The paper in question [1] is related with the equation 

x' + a(xy)' = —k xx

ÿ  + фуУ = - k 2 у d
dt (a, k u  k 2 >  0)

( 1)

which by a linear transformation can be turned into the simple form

a:' +  (Ay)' = — va

y '  +  (x y ) '  =  - y ,
кwhere v = iy- (here we can assume 0 < v < l) .  The question was proposed: whether k 2

or not all the solutions of (1) with the initial conditions y(0)>0, a(0)>0 continue 
to be positive for all 0 and tend to 0 as t tends to °°. The answer was affirmative 
and the authors gave asymptotic series for x(t) and y{t) depending on the algebraic 
property of v:

I. if v=  1 then

x(t) ~ 2  ane~nt, ~ 2  bne~MП= 1 n =  1

II. if v = — (rational) then 
Я

A(0 2  2  а . ф - У .

y d )  ~  “z  2
m = 0  n  =  0

III. if v is irrational then

(aoo — boo — 0)

x ( t ) - 2 2  amne - ^ +n)l,
m = 0 n = 0

y( 0  - 2 2  ^ „ e - (mv+B)‘m=0n—0 (aoo ~  boo — 0)
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where the coefficients an, b„, amn, bmn can be calculated recursively and depend 
on two non-negative parameters A, /( which are the coefficients of the terms e~vl 
and e~‘ and the actual values of A, /1 are determined by the initial conditions x(0) =  x0 
and y(0) = j v

In the paper [1] we can find a method for obtaining the actual values of A, /{ 
but it can be carried out only if the series of x(t) and y(t) are convergent in the 
common sense. In our paper we shall prove that the above series are convergent 
in the common sense for enough small A and /i.

Suppose

( 2 )  1 /T + Î  У! +  /Г +v f i i  <  1 A è ê O ,  / i S  О

then by the identity

(1 - а 2- Ь 2)г- 4 а 2Ь* = (1 + a + b)(l + a - b ) ( l - a  + b ) ( [ - a - b )  

the inequality

(3) 1 —11+—I A—(1 +  v)^ -4(1 +  v) 11 +  — \ ) u  > 0

holds.
T heorem . I f  the inequalities (2) hold for A, q, then the series given for x(t) and 

y ( t) are absolute convergent.
__  n _  ______ n ___

P roof. I. v = l .  Suppose that ïïm У\a„\ ë l  and hm \\bn\ s i ,  then the series

(4) x(t) = 2  ane nt,
n= 1 J'O) = 2  bne

n=  1

are convergent for /> 0  and the product series

(5)
x(t)yÜ) = Z  cne

n —2

n — 1

c n =  Z  a i K - i
i =  1

is also convergent for 0. Putting (4), (5) in (1) and equating the coefficients on 
both sides we have

hence

(6)

- nan-nc„  =  - a n 

— nbn — nc„ = - b n

a„ =  bn = cn (n S  2),

( » 5  2),

while the values of ay—k and Ьу=ц  remain undetermined.
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By (5) we get

c„ =
n — 1

c2 = A/i, c3 = — 2(A +  /i)A/i ,
n - 2 l П — /

hence

Let

(7)

and

n — I .. 4 x 7 / n — I .
— ^ ( I  +  n K - ,  +  2  ¥ -  ( » S 4 ) ,

|c„| Ä 2(A +  /i)|c„_1| +  4 2 '  |c(| |c n_,| (nS4).
/ = 2

í/0 =  A/i, i/, =  2(А +  |1)Ая, 

dn+2 = 2(A +  Éí)í/n+1+ 4  2 didn-i>

( 8) / (z )  =  2 1 «U"-

It is obvious that
(9) . I cn + 21 — dn in — 0),
furthermore by the definitions (7), (8)

4z2/ 2 =  2  zn+24 2 didn-i =

= 2  z"+2K +2 -2 (A  +  /iK +1] =  [ 1 - 2 (A +  /,)z ]/-A /i,

hence

therefore
4z2/ 2 -  [1 -  2(A + /i)z]/+  А/í =  0,

f(z) = 1 -  2 (A +  n)z -  У[l -  2 (A +  /i)z]2 -  16Aiiz2 
8z2

The sign before the square root is —, because/(z) takes on a finite value at z =  0. 
The power series of the function /(z) is convergent on the circle |z| S  1 if the poly
nomial

[1 —2(A + /i)z]2 — 16A/IZ2
has no zero on the unit circle |z |S  1. Consequently the inequality

[1 — 2(A -t-/i)]2 — 16A/I >  0
must be valid which agrees with (3) when v =  1. In this case the radius of the con
vergence of the power series of /(z) is larger than 1, hence

and by (6) and (9) 

as it was supposed.

9

hm y\dn\ <  1

lim У\авI =  hm У\Ь„\ =  Ihn ][Щ  <  1,

^  e
főPCí ÁNYOS ■

-v  KÖNYVTÁRA -
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II. V = —, (p ,q) = 1, p, q are integers.
__П ___ __ И ___

Let us suppose again that lim Í\a„\ S  1, and \imy\b„\ Ш 1, and we seek the
Л —*■ oo П->оо

solutions in the form

( 10)

x(t) = 2  a„e “
n =  1

y{t) = 2  K e qt ■n= 1
These series are a little more general as the series considered in the paper [1]

for v = —, but for our purpose these forms are more convenient.
Я

Let

where

( П )

X { t ) y { t )  =  2  c n ?  4  ,  
n =  1

n — 1
2

i= 2
C„ -  2  tfA -j.

By putting these series in (1) and comparing the coefficients of equal powers on 
both sides we obtain

( 12)

n n
-яа" - я с"

n n
—  b „ ------- c „  =  —  b „ .

Let p — 1. From (12) the coefficients a{=X, bq = p remain undetermined and 
step by step

c, =  ••• =  c„ = 0

furthermore

a2 = ••• = aq = 0 
b l  =  ••• =  b q _ l  =  0 ,

c„+1 =  kp

C q +  2  —  —

с2ч = { - \ у - 1кчи П*= l I 
я

о , . ,
i =  1 1 4
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(13)

thus

hence

k„| S
Let

(14) « 

and

then we

(15) 
and by

hence

/(*) =

REMARK ON A PAPER OF 1. BIHARI AND T. FÉNYES 131

+ О

. n — ! n — ci
C n  A  7 C  n  — 1 №  ~  i “  -  q

+ " i V

/7— 1 — <7 ” A ' n—\ —q

c i On—i ( и ё 2 ?  + 2),
i=e+i ( í - l ) ( / t - í - í )

R ifl'd -l)k „ -i l +  # 1 ^ - 1 ^ - , I +  ^ ~  kil|c„_i| ( я ё 2 ?  +  2).
<7 <7 i = g + l

dn =  (? +1)''Яя+1/7 (и = 0, 1 , 1 )

4! = (<7+i)‘,^ +1/7+— V

4,+,+ i = (i+l)W„+f + ̂  2 d,dn. t (/1 = 0, 1, ...)
q q i=о

have
/(^) =  2  dnZn,

7 1 = 0

|сп| =S ( n s ^ + 1 )
(14)

W í * ‘/ 'W  =  Í ' z " « f í i ± l £  ± 4 , 4 , . ,  =  
q n=o q i=o

=  2 j Zn + q+  ̂
7 1 = 0

*„+,+ i - ( ? +  O W . + r y - K + i

1 —(i+  l)Az — —̂  * /7Z4

1 — (q+ 1)Яг— Ц2 Ч— V f l  — (q -  l ) i z — ^ ^ - f i z 4 
q  \  l  q

2_ 4 ( i± 2 ) ! A +i
q

2 ( i± i ) ! z
q

Я+ 1
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therefore the power-series of/(z) is convergent on the circle |z| S  1 if

' 2 A q + l)2l - ( g + l ) X - ^ - ß 2p > 0 .

which is equivalent with (3) being v =  — now- The radius of the convergence of the 

power series of /(z) is larger than 1, hence lim <  1, therefore by (13), (15)
Л — oo ’  П

I l m / l a J  =  lim V |6„ | =  I r a i / j ë j "  <  1,
П -* -о о  n - * -  oo  Л— сю

as we supposed.
Now let 1 <  q be and к an integer defined by the inequalities (k — \ )p<q,

kp>q. From (11), (12) we have step by step

C l  =  • ’ * “  C H +  P -  1 =  0

ü l  =  • Я р  — 1 a p + 1 =  ■’ * ß q + p - 1 =  0

b i  = • ■ II S3-
« 1 11 b q + l  =  '  ' * “  b q + p - 1 =  0,

the coefficients ap = k, bq = p remain undetermined, furthermore

(16)

n
n —p Cn

b„ =
n

n — q

(n S  p + q)

A simple consideration shows that the coefficients c„, different from 0, for 
p + q  =  n <  2p + 2q are

ca+P =

Cq + 2 p

к-  1
< w  =  ( - D ‘ - ч ‘п П ^i = 1 ip

c -  P + q ?M2C 2 q  +  p  —  n  ’

By (11), (16) and the known values of the coefficients we have

n - q
= -----n —p —q p n —p —q PC,n - q +  / j

i ( n - i )
i=piq (J -p ) ( n - i - q ) C i C „ - i

(n S  2p + 2q),
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hence

k J Яlc.,,1 + !±e-„lc . ,1  +  Í  I d  |t._ ,I <„ S  2 , +  2 ,).
P  <7 Р Ч  i = p  + q

Now we let

(n =  0, 1...... k)

<W , - í± Í M .„ + í± £ R „ + - í e ^ - Í í I«/..1 (» = о, i , ...),pq i=o

the remainder of the d„ are zero and f(z) = 2  d„zn. Hence as before
и=0

(17)
and

therefore

\c \ — dl ^ n l  —  u n - (n ^  p + q)

(p + q)2 zp +y 2(z) -  11 - P-±^ Xz” nz“\f(z) + An = 0, pq l p q 1

/00 =

1 - p- ± l  ] [  [ 1 -P ± ±  i z ' - P-+ *  И " -  4 - ^ t i ) 2 Хргр*9
P  q M  p  q J pq

2M Z
pq

p  + q

The power series of/(z) is convergent on the circle |z |s  1 if

, _ P ± i ; , _ £ ± » „
/> Ç

_ 4 < £ ± i ) i Â opq

i.e. if the inequality (3) holds for v =  —. This inequality and (16), (17) involve theq
convergence of the series (10) for all ( ё о  if v is rational.

111. v irrational. The solution is supposed in the form of double power series 
of e~vt and e~

x (0  = 2 2  amne ~ ^ ‘ (a00 = 0)m = 0 n — 0

(18)
oo ôo

y(f) = 2  2  ^ / " (т ,+ ">‘ (boo=0)
m = 0  л = 0

* 0 M 0  =  2  2  cmne - (mv+n)' ,
m = 0 n  =  0
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where

(19)
m n

2  .—. úijbm-i.n-j'
i = 0 J =  0

We assume that the double power series obtained by replacing e~'‘, e~' by и 
and V resp., are convergent on the region |u| ^  1, |d| ^  1. In this case we can derivate 
the series (18) term by term. Putting them in (1) and comparing the coefficients on 
both sides we have

(20)

By (19), (20) we get

~(mv + n) amn -  (in v + n) cmn = -  vamn 

-(m v  + n)bmn ~(m v + n)cmn = -  bmn.

c00 = 0

C01 = a00b,ai + ^ 01̂ 00 — 0

c10 = a00 b io + a io^oo = 0
aio = к (undetermined)

aoi = 0

^10 =  0

0̂1 =  V (undetermined)

We shall prove the validity of the relations
aoi ~ 0 , o0„ =0, ...

(21) b0 l=fi, blo = 0, ..., bm0=0, ...

C01 = ••• =COn~ • • • ~  0 

1̂0 = = CmO = —0.
The first relations of (21) are to be established now. If the relations hold until n = k 
then

C0,*+l =  fl01̂ 0fc + a02^0,l-H----- =  0.
By (20) we have

aO,k+l = 0 -
The validity of the relations bm0= 0 and cmO=0 can be proved similarly. 

Taking the relations (21) into account we obtain from (20)

tfmO =  0 (m >1)
bon= 0 (rt> l)

From (19) and 120) we have
c ln = ba l,n-l

и+v
a \n  — --------~  c i  n —  ~  ^ ű l , n - l >
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hence

a lB =  (-l)"A//" n' + V (/7 =  0, 1 ,2 ,...)
i= l I

n —  1 . ,

C>„ ^ C - l ) " - 1 V  Я  ( / 7 = 1 , 2 , . . . )
1=1 1

(« = 1,2,...).
n  —  1 -f- V i= 1 /

Similarly we get
m . «bml =(-irimn Я - Я -  (//7 =  0, 1, 2 ,...)

i =  1 * »
m— 1 . .

cml = ( - l ) m_1/lm/i П  (777 =  1, 2 ,...)
7=1 7V

The relations (20) give

(22)

a -  Г \)"Xmu mv + l 77 —  1 
ml  (  '  Я h  ( / 7 I - 1 ) V + 1  M  IV

(/77 = 1, 2, ...).

/77 V T /7 , „am„ = —~,---- ^ — :— cmn (except the case m = \, /7 =  0)(/77 — 1) V+  77
/77V +  /7bm„ = ------- :------ r cM (except the case //7 =  0, /7=1)

and by (19)
/77V +  /7 — 1

(/77 — 1 ) V + n 
(/77 — l)v + /7 — ]

, niv + rt— 1
^cm -l,n  — ТЗ;---- ,ч .. , „---- Г №m,n— 1(/77 — l)v + /7 — 1

+ Z  2
iv + j (m — i)v + n —j c,,cm

hence
iti jti 0 - l ) v + y  (/77 7 ) V T /7 j  1 ,J (777 =  2, / 7 ^ 2 ) ,

1 “f* V
Ю  <  — A|cm_ 1>n|+(1 +v)/i|cm,n_,| +

+ ^ r ~ 2  2  Ы  \cm-,,n-j\ (777 s  2, /7̂ 2).
v i= 1 j= 1

Now we let
doo =  2/7
^ол =  (1+v)"2//"+1 ( /7 = 1 ,2 ,...)

4.0 =  ( l + I j V + V  (/77=1,2 ,...)

+ 1, п + 1 ( ‘ + т Ц  ,n+ 1 +  0  + v)Mn + i,n +

+  (1+V) f l + T  Z  2 d i jd m. iin. j  (//7 — 0, /7 — 0) 
(  V )  i = 0  j  = 0
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and

We have now

(23)
and

f(u,v) =  2  Z d mnumv*.
m = 0 n = 0

k m .I S  ( « g l ,  « S i )

(1 +v) [1+~_] uvf 2 — 2  2 u m+1vn+i( 1+V)(l+-^] 2  dijdm_ii„_j =
(  V )  m =  0 n  =  0 (  V )  i = 0  j  = 0

CO oo

= 2 2  «m+1t/,+im=0n=0 dm+ l,n + 1 И + ~ |  M»,» + 1 ~ 0  + у)Л^ш + 1,я

= / -  2  d0nvn-  2  dmonm — ̂ oo — ( 1 + 7“ / -  2  dm0u

- ( l  + v)/tv f - 2 d 0nvn
hence

( , + v ) Яи + (1 +  v)[tV

f ( u ,  v) =

4 (■4 )J Ям —(1 +  v)/m- j
r \ [ ' - 1 [ l + \ ]

1 Яи-(1 +  v)/mjJ — 4Я/1 1( ' 4 )|(1 +  v) ml'

2(1 +  v)|
l + \ ) 1

The double power series of f(u, v) is convergent on the region |и| S  1, |t;| s  1, if
2

Я— (1 + v)|i -4(1  +v) Хц >  0.

which agrees with (3) therefore by (22) and (23) the series of the solutions x(t), 
y(t)  are also convergent. So we have completely proved our theorem for every v 
under the restriction (2) concerning Я and ц.
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D ISPR O O F OF SOM E C O N JEC TU R ES 
ON D IO PH A N TIN E A PPRO X IM A TIO N S

by
W. M. SCHMIDT

1. Introduction. Suppose x0 =0, x , , x2, ... is a strictly increasing sequence 
of reals with x„ ■— °° as n-*°o and with
(1) Um xn+ilx„ = 1.

For any Я in 0 < A s  1 let M(X) be the set of numbers у  which lie in one of the intervals
(2) xn S  у  <  хп + Цхп+1 -х„) (n = 0 ,1 ,2 ,...).

Let a be a positive number, and F(N, Я) the number of positive integers k ^ N  
for which kot lies in Л/(Я). If
(3) lim F(V,A)/V=A

N -* oo

for every Я, we say that the sequence
(4) a, 2a, 3a, ...
is uniformly distributed relative to the sequence x„. This concept is due to LeVeque [3]. 
Davenport and Erdős [1] conjectured that the sequence (4) is uniformly distributed 
relative to the sequence xn for almost all a> 0 .

By results of LeVeque and of D avenport and LeVeque [2] the conjecture is 
true if x„+1— xn is monotonie, and by a theorem of D avenport and Erdős [1] it 
is true if x„»ni+s for some (5>0. However, in general the conjecture is false. 

Define f{x) by

1 if jcC A/-1
(5) A x) =

— 1 otherwise.
If the conjecture were true, we would have that

2 /(<*”) = °(N)П — 1
for almost every a>0.

Theorem 1. There is a function f(x) of the type considered above such that

(6)

for almost every a >0.

lim sup N  1 2  A*") = 1
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The second conjecture to be discussed here is due to H. T. Croft *. Let S be 
a set of positive reals with infinite Lebesgue measure. Then the conjecture is that 
for almost every a >0, infinitely many elements of the sequence (4) are in S. A weaker 
form of the conjecture is that there is some a with this property. Our next theorem 
will show that this conjecture is false.

Let hs(q) be the measure of the intersection of S  with the interval 0
T heorem 2. Let ф(д) be a function satisfying 0 < ф{д) <  1 which decreases 

to zero as д tends to infinity. There is an open set S with

(7) Ps(q) S  еФ(в)
such that for almost all a >0, only finitely many of the numbers
(8) a, 2a, 3a, ...
lie in S. There is a measurable set S* with (7) such that for all a, only finitely many 
o f the numbers (8) are in S*.

R emarks: (1) The second assertion is an immediate consequence of the first. 
For if the open set S satisfies the conditions of the theorem, let S* be the set obtained 
from S  by removing the points a which have infinitely many integral multiples in 5.

(2) The following can be proved: If 5 is open and unbounded, there is always 
some a > 0  with infinitely many elements of (8) in S. See [4], Corollary 1 of Theorem 1.

(3) The sets S constructed in Theorem 2 have ц$(д) = о(д). The following 
theorem shows that this is necessary if S' has the properties of Theorem 2.

T heorem 3. Suppose that

(9) lim sup hs(q)Iq =  c >  0
Q -FO O

(„S has positive upper density"). Then for almost every a, infinitely many multiples 
та lie in S.

I could not decide the following question. Suppose S is a measurable set of 
positive reals such that the quotient of two distinct elements of S is never an integer. 
Is p(S) necessarily finite?2

I am very indebted to  P. Erdős who led my attention to the problems dealt 
with in this paper, and with whom I had valuable discussions.

2. A lemma.

Lemma 1. Let N >  1, e > 0 . There is a subdivision

0 —x0 < X | <  . . . < x H =  1

o f the unit interval with
(10) xl+1- X i< e  (i =  0,1...... A - l )

1 Written communication to Professor Erdős. See also H. T. Croft, Research problems, 
problem VII 8 page 27 (Mimeographed notes, Cambridge, 1967).

2 Added in proof P. Erdős informed me that E. Szemerédi can show that p(S) is not 
necessarily finite.
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DISPROOF OF SOME CONJECTURES ON DIOPHANTINE APPROXIMATIONS 139

and with the following property. Define f  (x) in 0 ̂  x <  1 by (5). There is a subset 
<x£ of the unit interval o f measure less than e such that
(11) fix ) =f(mx)
if x, mx are in the unit interval but x$ a,., and if  m is an integer with 1

Pr o o f . By D irichlet’s Theorem on simultaneous approximation, there are 
arbitrarily large integers q and integers p {,p 2, ■ pN with

( 12) log m - ,-1-1/ЛГ (1 Sw ^/V ).

Define f*(x) in 0 < x < l  by

1 if e'lq S  x  <  — (e,!q + <.0+ l)/«\

f*(x) =
1 if 2 (e'/q + e<l+ l>/?) =  x  <  e(,+1)/4

where t runs through the negative integers. Write b = b(q) for the number b between 
0 and l/<jr with

1 +ellq = 2eb.
Then

_ £(<+!)/«) =  е (Чч)+Ь

Hence

(13) /*(*) = 1 M  1 - 1  I
1 if t\q S  log x <  (t/q) + b, 

if (t/q) + b S  logx <  (t+l)/q.

Suppose that 1 ^ m ^ N ,  0 < m x < l. We infer from (12) that

log (mx) — log x - <7- 1- 1/* =  c,

say. Hence in view of (13) we have:
f*(x)= f*(m x)

(t/q) - c g l o g x s  (t/q) + c

(t/q) + b - c  ^  log x S  (t/q) + b + c 
for some negative integer t. These inequalities are equivalent with

unless

or

and
e ( t / q ) + b - c  Ä X S  e 0 / 4 ) + b  + C'

For fixed t these inequalities define intervals of length
<k e>/q(ec — e_c) <sc ce1,4
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and summation over t gives

<sc c e'lq << cq <sc q 1/N
t= - 1

since c = c(q) = q~1~1,N. Hence if x  in is outside a set a(q) of measure
<scq~i/N, then f* {x )—f*(mx) for every integer m with l and mx< 1.

Now put

fix) =

1 if 0 ё  x <  y e  q,

1 if e 4 S  x

f*(x) if e-e ä  x <  1.

The function f{x)  is of the type (5) with

(14) x ^ e - “, x 2 = e -q+1lq, x 2 -  e- q+2'q, . . . , x q 2 + l = =  1.
We have

x i+1 — x t <»:ellq— 1 «  1 \q (i =  0,1, 1).

Moreover, if x > e ~ q and if x is not in off), then (11) holds for every m in 1
with w x< 1. When q is large, say if q> q0(s), then the sequence (14) and f(x )
satisfy all the conditions of the lemma.

3. Proof of Theorem 1. Let N k <  N2< ... be a sequence of positive integers
with

(15) Nk s  2k 2Nk_ 1 (k = 2, 3, ...).

Select a sequence el ,e2,.. .  with

(16) 0<£*<m in( i ’ / t k )  (* =  1,2,...).

Let f k(x) be a function as described in Lemma 1 with N = Nk and s = ek, and 
denote the exceptional set <t£ by rr<k>. Its measure is less than ek.

We now define f(x )  as follows. In 0 ^ x < N k put

fix )  = f f x l N l).

Suppose that /  (x) has already been defined in 0 s x <  iV*_,. Let 0 =  x f } <  x (k) <  
. . . - * ß ) = l be the subdivision belonging to f k. Define j k by

and put 

We then have

.V( k )
N,к -  1

N„
v(k) KJk+1

Mk =  x% \k Nk. 

Nk_t sS Mk ^ N k.
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In A ^

( 17)

define f ix )  by

fix )  =
1 if A*_, 5 Х < | ( % !  +  Mk), 

-1  if \  iNk„x+M k) ^ x  < Mk.

In Wt s x < Nk define f ix )  by
(18) fix)= fkix /N k).

It is obvious that / (x) is of the type (5) with respect to some sequence 
0 = x 0<Xj < x 2< ... . The relation (1) holds: If x„ = Nk- t , x „ + l = M k, then 
x„ .̂t —xn^ x ^ \ 1Nk — x ^ N k, and if x„, x„Tl are both in Mk^ x ^ N k, then 
x„+1 — x„ =(xj+)i — x ^ ) N k for some /'. In both cases we have x„ + 1 — x„S£tA*S l//r 
by (16).

As we have just noted, we have Mk — Nk- 1^ e kNk, and therefore by (15), (16),

Mk s  Nk_ i+ ekNk <  N Jk2.
Assume that 1 and Ib is the interval b~l Шх^Ь. It will suffice to show that

(6) holds for almost every x in Ib.
Let a be in Ib. Suppose k> b  and

(19) NJk i m <  NJb.
Then

Mk <  NJk2 (NJk)b~1 s  mx c  Nk.
This implies that

f{im) — f kimtxlNk).
If x/Nk does not lie in aw , then the numbers

f J m x / N J

with m satisfying (19) are all equal. Hence if a is in /„ but not in /£k> =Ib П At(T№), 
then the numbers

/(ma)
with m in the interval (19) are equal. For such a we therefore have

; 2  / ( « « ) I S  i N J b ) - 2 i N kl k ) - \  = iNk/b)(l+Oil/k)).
I m̂ Nk/b

Since Ibk) has measure at most EkN k, and since this tends to zero by (16), we see 
that (6) holds for almost all a in lb.

4. Proof of Theorem 2. Suppose О<A <A /, 0 < e < l  and q is a positive 
integei. Write

[N, M  ; q, e]
for the set of points x in A < x <  M which are in an interval

eflq <  x <  e(,+£)/e
with t an integer. Denote the measure of [A, M ; q, e] by /i(A, M; q, e ).
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Lemma 2.

( 20)

Let N, M, £, q be as above, and assume that M >2N and î/ >32. Then 

I  (M — N) <  p(N, M] q, e) <  3e(M -N ).

Proof.
Then

Since

we have

Suppose first that both N, M  are of the type e‘lq where t is an integer. 

/i(jV, M;q, e) = (M -N )(e e/q~ l)/(e1/4-  1). 

a/2 <  ee~1/q <  (ee/q— l)/(e1/e — ]) <  ee1,q <  2s,

(s/2)(M— TV) <  p(N, m ;q, e) <  (2e) ( M - N ) .  

Therefore if M, N  are arbitrary we have

(s/2)(Me~1!q — Ne1/q) <  /i(TV, M\ q, s) <  (2s)(Mellq- N e ~ 1/q).
Note that

Me~ilq- N e ilq <  M-TV <  M e'lq -  Ne~llq.
The difference of the right hand side and the left hand of this inequality is

(M + N)(ei/q — e~1/q) (4lq)e'lqM <  (16/q )(M -N )  <  ~  (M - N ).
This shows that

(e /2 ) [ l- l j(A /-T V )< A i(7V ; M;<7,e) <  (2e) (l +  y j  (M-TV).

We now are going to construct the set S  of the theorem. Let 1 =бх >£2> ... 
be a decreasing sequence of positive reals with

(21) 2 1 £; <  ” •1=1
Let TV, be a positive integer so large that i K T V ^ c e z /S .  When Nk_l is given, choose 
an integer Nk with

(22) Nk >  2iVs_j and ^(Л у <  et+1/8.
By D irichlet’s Theorem on simultaneous approximation there is an integer 

qk >max (32, and there are integers pkx), ■■■, pkNq) with
■, p,

(23) log in------- < qk 1~1,Nk-^— (1 ^mSTV*).
Як Як

Let S be the union of the interval

0 < x ^ N 1
and of the sets

— 1 » hik, qk, £̂ ]
where к = 2,3, ... .

Our next aim is to verify (7). This inequality is obvious if 0 < g ^ N 1. Now
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suppose that q is in an interval 2Nk. t where к S2. Then we have by Lemma2
and by (22) that
Hs(q) = N , +  /r(A,1)JV2;<72,e 2)+ . . .+ / i ( JVJk_ 1, Nk; qk, Ek) + p(Nk, q; qk+l, Ek+l) S  

^  Nel +(N2- N l)e2/4+ ...+ (N k- N k. i)e*/4 + (ß- Nk)ek + ,/4 
QEk+J4 s  2#(/V*) = 2вф(в)-

In particular we have ps(Nk)^ 2 N kil/(Nk) for к =  1, 2, ... . Hence if q is in an interval
Nk^Q S 2 N k, then

ks(e) S  ns(Nk) ё  2Nk\l/(Nk) S  еф(е).
Thus (7) is always true.

Suppose 6> 1  and let Ib be the interval b~l SaSA . It will suffice to show that 
for almost no a in Ib, infinitely many of the numbers (8) are in S. Let Sk be the 
subset of Ib consisting of those reals a which have a multiple ma in [A*_i, Nk ; qk, %]. 
We shall show that

H ( S k ) « e k

whence

2  м($к) -*= °°
k= 1

by (21). This will imply that almost no a is in infinitely many of the sets Sk, and 
the theorem will follow.

If a is in 4  and ma in [ЛГ*_,, Nk; qk, e j, then m ^ a ~ 1Nk^bN k^ N k if к is 
large. In particular (23) holds. Now ma is in an interval

and therefore
<  m o t  <  + Ек)/Як

g(.t/Чк)  l o g  m <  (X <  ^ ( ( t  +  £к) 1Як)  — l o g  l»»e

Hence by (23) a lies in an interval
ç ( s - E k ) l 4 k  <  a  <  £>0s +  2 ek )l4 k

where s is an integer. Thus <xeCkll>k lies in an interval esl‘>k^ x < e is+3ek)l‘‘k and 
therefore in [b~1eCkl*k, betklqk ; qk, 3et]. Using Lemma 2 again we obtain

H ( S k)  s  е - ‘к1чк11ф - 1 е гк1чкг b e ík,4k ; q k , 3et) s  9ек( Ь - Ь ~ ' )  =  9 e k p ( I b) .

By what we said above, the proof of Theorem 2 is now complete.
5. Proof of Theorem 3. Routine arguments show that the set T of numbers 

a with infinitely many multiples in S is measurable. We shall show that for any 
interval /  of positive reals one has
(24) р(Ю Т)^ср{1).
This will suffice. For suppose the complement T* of T in the set of positive reals 
had positive measure. There would for every e > 0  be an interval I  as above with 
/i(/fl 7”*) S(1 — £)/i(/) and therefore /<(/П T) ^Ep(I), contradicting (24).

Lemma 3. Suppose £ > 0 . There are infinitely many positive integers m with
(25) p(m ir\S) s  (c —
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The theorem follows from the lemma: Let m l < m2< ... be a sequence of 
integers with (25). The set Sk of numbers a in /  with mka in S  has measure n(Sk)S  
= (c — e)n(I). We have

(T  П / ) з  П  Í Ű  s k)
n= 1 \k  = n )

and therefore ^ ( Г Л / ) ё ( с -  e)/j(7).
It remains to prove the lemma. Suppose 7 has endpoints a, b and let К  be 

a positive integer with
K(b — a) 6

K(b -  a) + h ' “ У
Suppose Q ШКЬ. There is a largest integer «, such that n j  lies in We have
nk^K . The ratio of the length of nvI  and of the interval Ql =nla ^ x ^ Q  is

n x(b — a) ^  n k(b — a) K{b  — a)  ̂ e
n l (b — a) +  Q—n l b ~  r ty(b—a) +  b ~  K (b  — a) +  b 3

If Qy^Kb we continue and find numbers n2, g2, then n3, g3, and so forth, until 
we reach nk, Qk with gk<Kb.

The intervals
nkI, nk_yl, ..., /7,7

are disjoint and are contained in O ^ x ^ g  and

fx(nkI) + ... +ц(пу1)^д  | l  (l - y j
if g is large.

Now if g is large and if /js(p ) s ic  — y j  g, then

n (n j  П S) + ... + ц(п, 7 П S) S  (c -  e)g S  (c -  e) (n(nkI) + ... + ц(п ,7)).
There is an «, with

/1(и;7П5) 3= {с-Е)ц(пу1).
Since n ,^ K  and since К was arbitrarily large, the lemma follows.
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ON SOME PROBLEM S OF ESTIM ATION AFTER 
SELECTIO N  IN THE RELIA BILITY  THEORY

by
A. BALOGH

Introduction

In the paper we deal with the problem of estimation after selection in connection 
with the design of a reliable equipment. In the design of an equipment it is essential 
to have a preliminary estimate of the equipment reliability on the basis of the reli- 
aiblity of components to be built in the equipment.

In practice we often meet situations in which several types of selection are 
available for a component performing a given function in the equipment. For instance, 
if it is necessary to develop a new component type for performing the given function, 
several produced types of components are available in the course of the development.

The first step is to select the most suitable one of these component types or 
generations according to some predetermined decision rule. The second step is to 
give an estimator for one of the reliability characteristics of each component which 
can be used to estimate the reliability of the equipment. Both the selection and the 
estimation can be performed on the basis of results of reliability tests carried out 
for component types. Usually the same sample is available for both selection and 
estimation. The use of the same data for selection and subsequently for estimation 
causes bias. In practice this fact is often neglected and thus quite misleading esti
mates can result in case of high reliable equipment consisting of a large number 
of components.

The above mentioned problem can be solved by different procedures and 
methods depending on the nature of the practical task and on the adopted selection 
rule. In the literature this problem was discussed by Sa r k a d i [4], who dealt with the 
possible solutions in a general case and gave estimators for the cases of the normal 
and the Poisson distributions. K it a g a w a  [1] solved a similar problem by using 
the method of „sometimes pooling” in the case of the normal distribution. R u b in 
stein  [2] dealt with reliability estimates applied in the development programs of 
components in relation to equipment design. He discussed the problem related to 
the Poisson distributions. R ubinstein  gave an unbiased post-selection estimator 
of the reliability characteristic of the equipment. The unbiased estimator derived 
by R u b in st ein  is based on the fact that for the variable

where X  has Poisson distribution, with parameter A, the statistic
IX ; X ^ a + l  
I 0; X  >  a + l

is an unbiased estimator.
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In Section 1. we deal with the modification of this problem when the original 
estimator has a binomial distribution. In this case, however, no unbiased estimator 
based on the original statistic, exists. Using some additional informations supposed 
to be available after selection an unbiased estimator is given for the variable

where X  has a binomial distribution with parameters n and p. The estimator relating 
to the equipment is discussed, too. In Section 2. we deal with a similar problem in 
case of gamma distribution. An unbiased estimator is given for the variable where

Tr has a gamma distribution with parameter r and A. The estimator concerning 
the equipment is discussed in a similar way as in Section 1.

In Section 3. we prove a characterization theorem for the exponential distri
bution.

In Section 4. it is proved that the binomial and gamma distributions are cha
racterized by the estimators given in Sections 1. and 2. In the case of the gamma 
distribution we use the characterization theorem proved in Section 3. We also 
proved that the Poisson distribution is characterized by an unbiased estimator 
given by R u b in st ein  [2].

In Section 5. a selection procedure connected with a pooling method is dis
cussed for the case of the normal distribution.

Assume an equipment consists of N  independent components. Each of these 
components is performing a given function in the equipment. Assume for each of 
these components a development program is carried out. In the course of this deve
lopment program at most L different types for each of these components are pro
duced. A produced type is named a „generation”. If one of these generations is 
suitable and it is chosen, the development program is finished. Let us denote the 
/th  generation of the /th component of the equipment by AtJ (/ =  1, 2, ..., N ;j=  1, 2, 
..., L) and the proportion of defectives by pu , respectively. The samples of size 
Ujj drawn from the populations of the components Au are subjected to a reliability 
test and the number XtJ of components failed in the test are determined. Let Хи 
(/ =  1, 2, ..., N; /  =  1, 2, ..., L) be a random variable having a binomial distribution 
with parameters n;j- and ри . Let the predetermined decision rule be as follows: 
for performing the /th function (the /th component) of the equipment that compo
nent Ajj will be chosen for which the inequality Х ^ ^ а и holds for the first time, 
where the integers atj (Ö S ű y S /iy -l)  are predetermined acceptance numbers. 
If the above inequality does not hold for any value of j  =  1, 2, ..., L — 1 the compo
nent AiL is chosen. Having performed this selection procedure an estimator is given 
for the proportion of defectives of the /th component of the equipment. In this

1. The case of the binomial distribution
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case the proportion of defectives is a random variable and it is to be estimated. 
The selection and the estimation procedures should be performed for each value 
of / (/= 1 ,2 , ...,N ).

Henceforth the notations will be simplified. Since in the equipment the com
ponents are independent, the estimators concerning the components of the equip
ment can be discussed separately. In the following, if we talk about the /'th component 
of the equipment, we drop the index /', i.e. the first index of the above used pair 
of indices. Aj will denote the /th generation of the /th component (Ay), similarly 
Xj  will denote the random variable Xu , the other notations are modified, similarly. 
We shall use the pair of indices only when discussing the reliability of the equipment.

Let us define the variable 6j for the selection as follows:

ôj =
The expectation of ôj is

l;
0;

if
if

Xj  S  ŰJ
Xj> aj

E ( S j )  = P( X j  ë  a j )  = Z  (^ J  Pkjd  -P j)nJ~k = Q'r'-

According to the above mentioned let us define the variablepx as follows:

(i- О px =  Z p jö j I I  (• — <5a) = 2  J) П  (1 -A ) .
7 = 1 *=1 7=  1 Ic=l

where/ ,  =  pjôj'p* is a random variable which is equal to pj, if they'th generation, 
i.e. the component Aj is selected.*

Let us suppose that v is a random variable considered on the basis of addi- 
itonal informations after selection; it has a binomial distribution with parameters 
1 and Pj ; uj1* and Xj are independent random variables. Taking into account these 
informations the following unbiased estimator can be given for px:

(1-2) p =  Z f / n V - à ù ,j= 1 k=1 

у . j _  i , ( i )

if X. + vW  ^  a +1 

0 ; if X j+ v ^  >  cij+1
Thus

(1 -3 ) E ( p - p x) =  0.

Since (f j —f j ) is independent of ôk for every к <j, E(p —px) may be written in the 
following form:

(1.4) E (p ~ p x) = 2  E(/j-/,-)E
7=1

j - 1
Ж 1k= 1 <h)

* pjôj is a polynomial of degree (Hj+ 1 ), therefore an unbiased estimator based on the original 
statistic cannot be given (с/. [5]).
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Since we have

(1. 3) follows from (1. 4) Let us calculate the expectation of (p —px)2.

т - Р ХП  = E {[ Д ( / , - / ; )  Д (  1 - а д ] ]  -  Д  {e[(/7- / ;)2] E
(1.5)
since the cross products vanish.

EU?) =  - ^ ~ 1)) + ^ T Ö Í " 2)

E (///j) = - ^ )) + - ^ T  К  +

я  ( . - « ] } ■

where
E { f f ) = p ] Q ) nl),

= J . K r

(nj-D _  I nJ ^

/ 3 0 1_*

p5j( i

<7jnj) =  L /  к о - ^ ) "

It follows from (1. 5) that the expectation of

( 1. 6)

is
Sp  =  ( P ~ P X) 2

where

e(s|)  = д  (6)"'“ 1J -  ̂ ~ ir) + Qjni) ~p*Qjni) +

+ Ш ^ рА  (а +1)дГш \ . { Jf j \ i  _  Q(n
r t j  +  1  )  U =  1

qt inj) =  [a ni l ) p j j+1(l ~ p ^— пЛ*1-<ч-1

It will be shown 

(1.7) s l=  2 g j Jf l \ i -г»)
7 = 1  fc=l
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is an unbiased estimator of s~ = {p—px)2.

>'j

Sj = fij + aJ(nJ-  aj)(XJ + ^ °  + VJ2*) . 
(t i j+  l ) 2(rij +  2)

if Xj + v ) l )  + v)2) S d j + 1  

if Xj + v<j" + vW = aj + 2 

if Xj + v ^  + v]» >  aj+2

In the above mentioned expressions uj1) and v]2) have a binomial distribution with 
parameters 1 and pj\ they can be constructed on the basis of further informations 
after the selection, r j1*, rj2) and Xj are independent random variables.

[ ̂  + t;j1)|2 _ (Xj + r)1) + Vj2>) (Xj +  vj1) + t?j2)— 1 )
1 { " j + 1 ) («/ +  !)(« /+  2)

By a simple calculation we obtain

Héj) =  E  K / j - f j ) 2].
Thus we get

E ( Ф  =  E ( s | ) .

We summarize the above discussed statements in the following theorem:

T heorem  1.1. The estimator p in (1.2) is an unbiased estimator o f the random2 -y

variable px in (1. 1) and the estimator s~ in (1.7) is an unbiased estimator of s~ in (1.6) 
A biased estimator p of px can be given, for which the inequality

( 1. 8 )

holds.
Let be

(1.9)

E [ ( / > — Z7* ) 2 ]  s  E \ (р-р*У]

L  У . 4 - f j U )  J -  1p= 2 -Sj п (I-sk).
j -  1 " J + 1

2 X + V - ’ 2
Let us introduce the notation f j  = Sj. The expectation of f j  is

and the bias is

So we have

e ( b = PjQjni)- (1 f f i +1) qj

W j - b  = (1 pnf + { + l)

+ (nj)

E(Px-P )  = Í —ÿ r t ° 4Î™ п\ 1 - Qn.
j =  1 Hj-1 - 1  k = l
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On the other hand we obtain by calculation

E \ û , - m  =  E к / ,  - m  -(1 1)1
So it follows

m ] - m  -  e \ i f j - m
and hence we get the inequality in (1. 8).

Now we turn to the discussion of the proportion of defectives concerning to 
the equipment. The proportion of defectives of the equipment, if the components 
fail in the equipment independently, is

p x= 1 — 77 0  —p*)-
i =  1

For the estimators of the proportion of defectives of equipment the following similar 
formulae may be written

P = 1 -  П  ( 1  - P i )
i — 1

p  = 1 -  П  ( ) - Pi)■
i =  1

One may ask: on what conditions does the inequality

E [(F -P X)2] 3  E [ ( / - P x)2]
hold? The calculations are tedious and lead to a complicated formula. Since in 
most of the practical cases a large number of components are operating in the 
equipment and the proportion of defectives may be assumed to be small, we may 
accept the „approximate proportion of defectives”

N

Px = Z p *
i =  1

as an approximation for the proportion of defectives. The estimators can be modi
fied in a similar way:

N

P =  Z  P i
i = 1 

N л

p =  Z  P i -;= l

We shall discuss the following problem: on what conditions does the inequality

(1.10) E [ ( P - P X) 2]  s  E f t# - /3*)2]
hold?

Theorem 1. 2 gives an answer to this question:
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T heorem 1. 2. I f  the inequality in (1. 10) holds then the inequality

i- i  u —12  2 0 -A y)
au + 1V j — 1

iJ U y + U qîj™  +

( i n ) +
7=1

A,+ 1 7-1
2  (1 ~Ay) I ^  r , I Ay'""’ / /  (1 — Q\kk))k= 1 1 «

N L

2  2 0 -A y)
Li= 1 7= 1

Ay +  1
n i j +  1/

7 - 1 12

q t/n,J) П  ( i-Q ik ,k))
is fulfilled.

In order to prove this statement we consider the following expectations:

E [ ( ^ - ^ ) 2] = Í Í Í
i=l U = 1 E ( ( /y - /y ) 2) - ( l  -/»у)

Ay +  1 
0*0 + 1 41J

j-  1
Ж 1 - 0 / Г ’) -

7=1

A/ +  1 7- 1
2  (1 -P tj) I 1 4 t/niJ) n  (1 - QU1")k= 1

+

( 1. 12) +
N L

2  2 ( i - A y )1= 1 y= 1
aij +  1
А/ +  I

7 -  1
í í w í ( i - 0 Wk= 1

(1.13) E[(à -  À-У] =  2 2  E ((/,y -/,y )2) 77 (1 — Q!r>).
i = 1j —1 *=1

Substituting (1. 12) and (1. 13) into (1. 10) after some calculations we obtain (1. 11).
It 9

Another estimator a.P-\-(\ - a ) f ( 0 S a ë l )  also can be given for the „approximate 
proportion of defectives” Px. The bias and the mean square error are given by 
the following formulae:

l { P x- a P - { \ - a ) b )  = Z  2  ( 1—a) ( 1 —Pij)
1=17=1

aij +  1
K y+ 1 qtjimi)Jf f o - Q l k ,k));

E [ ( ^  +  ( l - a ) ^ - P ) 2] =  a22  2 ( 1 -A y )
i= 1 y= 1

aij +1
Ay+1

7-1
q b ™  I H \ - Q № > )  +k= 1

+ 2 i= 1 I
| ( е [ (а -/»Г)2] - ( 1 - « ) 2

+ ( l - a ) 2

2  (1 -  A y )
7=1

Ay +  1 
Ay+1

Ay("'j) /7  (1 -  0 /Г к>) +

2  2  (1 -  A y) l ^ j l  ^ (П,ЛД  (1 -  ö / r o
ЛГ L

2 2Li= 1 7 = 1

In the following we deal with the estimate of the variable

j-
' Lk=l

(1 - p ) x = Px = 2  { Y - p f iô j  П  (1 - à k) = 2 ï j I J  (1 - à k).
7=1 k= 1 7=1 fc=1
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The expectation of the variable px is

Е(Г) = 1  (1 - P j ) Q Ï J)n \ l ~ Q i nk)),
where

i= 1 *= 1

Ôj"J)

The following estimator p is an unbiased estimator of px:

where

/ i  =

P =  Z fj П  (l-<5k)>
j =  1 k =  1 

Y. -UrU)
1 n^Tl ’ if * ' + V' S e '

0 ; if Xj + Vj >  aj
The expectation of (p —px)2 is

E в - Р х)2 =  Zj= 1 (1 _ ^ )2^ t t  е)"у)- (1- л )2е )лЛ я о -k=1
Let us define the following biased estimator p of px as follows

where

Calculating the bias we get

P =  Z h nj=1 ft=l

where
e( I —p) =

j =  1 H j  +  t k= 1

<7j
<"j) _  I J  I „ V

The expectation of (p —px)2 is

E[(| —P*)2] = E[(jl —p*)2] + Z

р П  1 - P j ) n j ~ a j .

п1 ~ а А  2 _  2(1 - P j K r i j - a j )

nj+  l j  «j+1 9jnj)P j JIT (1-fc=l

Hence it can be seen that E[(p —px)2] ^  E[(p — p*)2] if for every у (1 =
f t -- ű  •1 — pj ё  ^  |y . By calculation we get that

E[(£^ + (l —e)p —Px)2] = E[(p-p*)2]; (O á e s  1) 
if for every y(l S у Ш L)
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2. The case o f  the gamma distribution

Suppose the equipment consists of N independent components. Each of these 
components is performing a given function in the equipment. At most L generations 
are carried out for each of these components. If one of the generations is accepted 
the development program is finished. The yth generation of the /th component 
is denoted by Au (/=1,2 , ..., N) (J= l, 2, ...,L ) and the failure rate by ktJ. Let 
us suppose that the life time of components has an exponential distribution with 
parameter k{J in the case of the component AtJ. Hereinafter, unless otherwise stated 
we deal with the yth component and therefore we drop the index ,,/” for sake of 
simplification.

The samples of size rij drawn from generations At , A2, Aj, ..., AL are 
subjected to life test, the times of the first r failures — 0 = /J>0 <  tjA <?J(2 < ...
— are observed, where r is a predetermined number. That component Aj will be

r

selected for which the inequality TJ r = Z  tj,s + (nj — r)tj,r — Tj 0 holds for the
S =  1

first time. If the above inequality does not hold for any value of j  =  1, 2...... L — 1,
the component AL is chosen. TJ0 > 0  is a given number. Since the variables = 
= (/ij — s)(tj'S+ j —tj,s) are independent and have the same exponential distribution 
with parameter kj, T j , has a gamma distribution with parameters kj and r.

Let us define the random variable for the selection as follows:

11 ; if s  TJi0 
dj 10; if Tj r <  Tq

Let us suppose the simple case Tj 0 = T0 for every j. The expectation of the random 
variable Sj is

oo

E(<5,) = P(Thr S  T0) =У* e-**dt = Pjr).
T o

Let us define the variable kx as follows

(2.1) k* = z kjöj /7 (1  - sk) =  Z f j /7(1 - àk),
j = I *=1 J= 1 *=1

where f j  = kjöj.
kx is a random variable which is equal to kj if the component Aj is selected. 

The following estimator к is an unbiased one for kx:

Z = Z f j Jn \  1 - а д ;
7 = 1  k = 1

r if T j , r + 1 S  r 0
f j  =

0 ; if Tj.r+1 < T0
r+ 1

T j , r + l = 2  tj.s +(*j ~ r ~ l)j.r+1
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Since (S j—f j ) is independent of bk for к < j and E (fj) = E(JJ)  = /.jP<f ) we get 
E (l — Ax)=0. Let us calculate the expectation of

(2. 3)

It is equal to
sf =  ( A - A * ) 2 .

where
E [(Â — Ax)2] =  2

j =  1

/ З г - l #r - 2
J—?-----e - ;-" dr
( r - 2)1

■ /7  0  - n r)h
k =  1

cjr) _  [  ( . ' - jT o ) r e  * *  .
s ‘ - J  M î t 4

To

The considerations described in Section 1. and the following expectations are used 
in calculation

E ( /y /y )  = A?T>f-A?Sj'> 

E ( / / )  = A2/>j,).
2 2 The following estimator sj is an unbiased one for sj

(2. 4)

where

„2
2  éj П  (1 - ô k),

j =  1 fc=l

rj>+iJ T j r + l , T j r + 2 ; if t j, >  Tr + 1 =  1 0

h  = <
T j , r + l  T j r  + 2

’ 'E T'j.r+i ^  > Tj r+г S  7"o

> *E Tj r+l <  Tq, Tj r + 2 <  Tq

Ty.r+i =  2  0 ,s  +  ( « ; - ' • -  O O .r + i

T j fr + 2 =  2  O.S +  ( « / - ' • - 2) 0.Г+ 2-
s =  1

After some calculations we obtain

E (g y) =  E [ O y - / } ) 2]
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and therefore
EC?!) =  EOf).

We summarize the above discussed statements in the following theorem.

Theorem 2. 1. The statistic A given in (2.2) is an unbiased estimator for the
2 2 random variable Xх in (2. 1), the statistic s~ in (2. 4) is an unbiased estimator for s%

in (2. 3). We give a biased estimator A of Xх, but it holds for X

(2.5) E [(Я — Я-)2] S  E[(X-A*)2].

Let be

(2.6) 1 =  1 ^ —  à jJf l \ \ - à k).
J= 1 1 j,r+ t *=l

The bias of X is

E ( f —л*) =  Z  XjSp n \ \  -  РП-
j = 1 k=t

The mean square error of A is

(2.7)
where

E[(A- Xх)2] =  E[(A-A*)2] -  1  XjZy Jf j \  1 -  P ÏZ
j = 1 * = i

z r  =  f  W ° L e— d t  
} J (r— 1)! t 2

To

The inequality (2. 5) follows from (2. 7).
Considering the selection we obtain for the failure rate Л* of the equipment

N
л х = Z  Xf

i — 1

since the operations of the components are independent in the equipment. We get 
for the estimators in a similar way

N
Л =  zi — 1

Ä V s
л  =  2  2,-i= 1

Similarly to the Theorem 1. 2 described in Section 1. we have 
Theorem 2. 2. I f  fhe inequality

(2. 8) E[(Л-  Лх)2] s  E [(i - Лх)2]
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holds, then

(2. 9)

,i=l j= 1 k= 1

The proof of the Theorem 2. 2. is similar to the proof of the Theorem 1. 2. therefore 
we don’t enter into the details of it.

In the literature several theorems are known for the characterization of the 
exponential distribution e.g. [6]. In the course of our investigations a new charac
terization theorem has been found.

Theorem 3. 1. Let f ( x ) be a continuous density function in the interval (0, °=) 
If the convolution of f(x )  with itself is equal to xf(x), then f(x )  = e~x.

Proof. If follows from the assumption that

Let us denote the Laplace transformation of f{x) by <p(z). Taking the Laplace trans
formation of both sides of the equation (3. 1), we get the following differential 
equation.

3. A characterization theorem of the exponential distribution

X

(3.1) ■V( * )  =  f f i x -  y)f(y) dy-
0

(3.2)
Solving (3. 2) we obtain

~(p'(z) = (p2(z).

Taking into consideration that
oo

(p(o) = f  f(x)dx = 1,
о

we get

Since (p(z) = is the Laplace transformation of f(x ) = e x, we proved our

statement.
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4. The characterization of the Poisson, the binomial and the gamma distributions 
by unbiased estimators of a given form

In this Section it will be shown that the Poisson, the binomial and the gamma 
distributions are characterized by unbiased estimators of a given form. R u b in 
stein  [2], using a selection procedure as described in our paper for the binomial 
distribution, gave an unbiased estimator for the parameter (Я) of the Poisson distri
bution. The unbiased estimator given by Rubinstein is based on the fact that the 
estimator

(cX; if X  ^  a + \
I 0 ; if X  >  a

is an unbiased estimator for the random variable

f Я ; if I s a  
/Г= jo ; if X > a

Я
where X  has a Poisson distribution with parameter . Similar considerations arec
true in the cases of the binomial and the gamma distributions discussed in our 
paper, too. It will be shown that the above mentioned distributions are charac
terized by estimators of a given form.

T heorem  4. 1. Let X  be a random variable taking on the values 0, 1,..., n, ... 
with probabilities p0(f), where Я> 0  is the parameter of the distri
bution. I f  the estimator

if X i s a + l  
if X > a + 1

is an unbiased estimator o f the random variable

Г Я; if X ^ a  
^ ~  jo ;  if X> a

for any positive real number c and for every integer a s  0, then X  has a Poisson distri
bution with parameter —.c

P roof. It follows from the assumption that 

(4. 1) c 2  kpk(K) = л У pk(Я).
fc =  0 fc= о

Replacing in (4. 1) ( a+ l )  by a and subtracting the equation obtained in this way 
from the original one, we get

(4. 2) Pa+ iW
 ̂ P Á 'd  

a a + 1 '
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Replacing in (4.2) a successively by 0, 1, ...,a  and multiplying all the equations 
thus formed, we obtain

(4.3) Л,+,(А )= 14

Hence for every integer k > 0 we get

PoW . 
(« + !)!’ ( a  =  0 , 1 - . . )

a W = I7
Я)‘л(Я)

к!

Taking into account 2  л(Я) =  1, we obtain
k = 0

р0(Л) = e c.
Therefore we have

PkW =

i.e. the random variable X  has a Poisson distribution with parameter —.c
Theorem 4. 2. Let X  be a discrete random variable taking on the values 0,1, n 

with probabilities p0(a), /;, (у)..., p„(p) where a (0 < a <  1) is the parameter o f the 
ditsribution, and let Y be a random variable being independent o f X and taking on the 
values 0, 1 with probabilities 1 — a, a, respectively. I f  the statistic

/  =
X + Y ,
n 4-1 ’ if

0 ; if

X + Y ^ a + 1 

I + F > a + 1
is an unbiased estimator for the random variable

la;  if X ^ a
- | 0; if X>a

for every integer c (0 ^  a S  n — I ), then X has a binomial distribution with para
meters n, and a.

The proo f is omitted, because it is similar to the proof of Theorem 4. 1. 
As a corollary of Theorem 3. 1. the following theorem holds:

Theorem 4. 3. Let t j ,  t2, tr be identically distributed continuous, independent 
and non-negativ random variables having the same density function f(x  ; A), where 
A > 0  is the parameter of the distribution. Let us denote the random variable f  + t2 + 
+ ...tr by Tr. I f  the estimator

Â
1
ту if T2S T 0

о ; if У л ч о

is an unbiased estimator of the vat■iable
( A; if г , S  Го

/ . = 1 0; if T i^T o
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for every real number T0 ^0 , then the variables tx, t 2, ..., tr are exponentially dis
tributed with parameter Я and consequently Tr has a gamma distribution with parameters 
Я and r.

5. The application of a pooling method for the estimation after selection

K itagawa [1] discussed the following problem: Consider two samples drawn 
from two normal populations with parameters and (p2,a 2), respectively.
The sample sizes are я , and n2, respectively. Supposing a , and <r2 to be unknown

K itagawa gave the following estimator for p t

where

X
nxX , +n2X 2' ;r

I 5 ^«1 + П2
X , ; if

M < '«(«1 + « 2 -2 )

M S  tx(ni +n2- 2 )

______X 1 X 2\
| 1 Y

[nj +n2 — 2) f nI n2)

X: = 2  Xu ; 
i=r

0 = 1, 2)

m

ni 1 j- 1
a',)2 ( /=  1, 2)

га(я ,+ я 2—2) is the ж percentage point of the non-central t distribution with 
(«1 + n2 — 2) degrees of freedom.

In our paper the following problem will be discussed:
Let us suppose we have two types of components, A{ and A2, the theoretical values 
of their reliability characteristics p t and p2 are unknown, but we know the values 
of their estimators X, and X2 ; let us suppose these estimators to be unbiased.

E ® =ii,; 0=  i,2)

Let us suppose that the component having the less observed value Xt will be chosen. 
In addition let us suppose that X x and X2 are normally distributed random variables 
with unknown expectations and p2, and with known variances o\ and a2. If 
A,• is the component chosen, let us introduce the notation

i.e.

(5.1)

m = pi,

f/t.; if ^ . S 2f2 
b 2; if X2< X x

Sarkadi [4] gave a biased estimator of the random variable in (5. 1), but the bias 
can be made as small as desired. Another estim ator of m is given by using a pooling
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method (see [4. p. 344])

m =

X\ ; if X2- X t > K

ifa l  +  о  2

X2 ; if A\ - X 2 > К
where К is a predetermined percentage point 
The expectation of m (see [4]):

E(m) = +(м2- м 1)Ф

of the random variable \X2—X i \.

]f*l+02
where Ф(Х) denotes the standardized normal distribution function. 

After some calculations we obtain the expectation of m

(7l+<r2 \o \  +  a\ )
+ а2Ф

<- K - ( j i 2- y M
i i<r\ + a22 j

1
ío \  + a\

o\<p (K - ( j i2- ц х) \{ ]/o\ + <j\ j+  (T22q>
K + ÍH 2-H M!a\ + al J

where (p(x) = Ф'(х).
It can be seen m is a biased estimator of m\ the bias cannot be made as small as 
desired and the estimator is biased in the case Ц1 =ц2, too.

A similar estimator can be given in the case of unknown variances, a\ and 
a2 , too. The properties of the estimator are the same as in the above discussed case. 
Here we do not enter into the details of calculations leading to complicated formulae.
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CORRELATION PR O PE R TIES OF THE INTERVALS 
IN THE SU PE R PO SIT IO N S OF IN D EPEN D EN T STATIONARY 

RECURRENT PO IN T PROCESSES*

by
R. V. AMBARTZUMIAN

1. Let ríj, i= \ ,  ...,n  be independent, stationary, recurrent point processes 
and let П be their superposition.

We denote by
(I) X0, X l , X2, ...

the lengths of consecutive intervals between the events (points) in П, starting from 
an arbitrary event in П .  In the present paper the sequence q k , K =  1,2, ... of corre
lation coefficients between X0 and Xk is investigated, while the following assumptions 
are imposed upon the distribution functions 1 — F;(x) of renewal times in Пit 
/=1 ,2 ,  ..., 77.

Assumption A. There exists a > 0  such that the integrals representing the Laplace 
transforms

h{s) = —f  e~sxdFi(x), i =  2, 3 , ..., n

converge in the stripe —a < real s <  0.

A ssumption B. Each of the d. f ' s  1 — F,(x) for /= 2 ,  3, ...,n  possesses non- 
vanishing absolute continuous component.

As to regard of the d. f. 1 — Fx (x), we always assume the existence of

а Г1 =  - / xdFi(x)

and in the sequel stronger assumptions about the behaviour of the Laplace transform

h (s) = - f  e~sxdFl (x) 

at j  =  0 are being stated when needed.
By assumptions A and В it is shown (for the case n = 2) that the generating 

function

4 > ( z )  =  2  0 n z "
n=l

is analytical everywhere on the periphery of the unit circle except may be of the

* This work was carried out during author’s stay in Budapest on the exchange program 
of the Hungarian Academy of Sciences, Sept. 1967.
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point z =  1. The cp(z) is shown to possess К derivatives at z =  1, if and only if the 
moment

— J  x K + 1 dFi (x)

is finite. cp(z) is shown to be analytical at z =  1, if and only if /1 (s) is analytical at 
s =  0.

The relationship

? + « , - i W D =  1
Z  К  =  1 Z

or equivalently

^  + (с0-1 )ф (1 ) -1  = lim [M (t)-t] ,
Z  t-+oo

where
c0 = EXq, nK = - f  x 2dFK(x), с« 1 = ~ f  xdFK(x),

M (t) is the „renewal function” for П, is derived.
In the special case, when n = 2 and П2 is assumed poissonian it is shown, that 

if (p(z) is reduced to a polynom, we have (p(z) = 0 and П 1 is a Poisson process.
2. Without loss of generality we can (and do) assume, that

<7 J +  . . .+  an = 1.
We introduce the distributions

Ф(т>(х) = P{X0 + X t + -  +Xm >  x}

as well as the distributions F[m)(x), so that 1 — F/m)(x) is the m + 1. fold convolu
tion of 1— Ft(x), i=  1, It is well known, that Ф<°>(х) is expressed in terms
of F[0)(x) by the following relation (see [1]).

oo oo oo

( 2 )  /  Ф (ti) dit — (T ] Î‘ F ] (w) du . . .  (Tn J* Fn (w) du ,|
JC X X

One can obtain similar expressions for Ф<т>(х) by the following reasoning.
p

For any stationary point process Г, we can introduce a new one Г by can
celling some of its events, the cancelling being carried out in such a way, that each 
event may be cancelled with probability p (and retained in its place with probabi
lity 1— p), independent of cancelling of any other event and the position of

p
events on the line. It is easily seen, that П remains to be a superposition of inde-

p
pendent stationary recurrent point processes, namely Я ;, i=  1, ..., n. So (2) remains 
valid, when we substitute in (2) instead of each quantity another one, which has

p  p
analogous meaning for the corresponding process П or 77;, г =  1, n. In this
way we come to the identity

(1 - p ) f  2  { \-p )p k<t>{k)(u)du = 77 (i - pM /  2  (1 — p)pkFlk){u) du.
0  k = 0  i—  1 *  k =0
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This identity was used to obtain the expressions for Ф<т>(x) in [2J. Restricting 
ourselves to double integral

(1 —p) f  dx f  2  (1 — p)pk (и) du
О X  * =  о

we shall show, that it is closely related with the function q>(z). Indeed, changing 
the order of summation and integration, we get

(3) (1 —p)2f  dx J  2  pkd>^(u)du = (1 — p)2 2  Pk J  dx J  4>M(u)du =
*=o k = о

where

Put

=  (1 -P )2 2  Pk* = 0
mk 
2 ’

mk — E(3f0 + A'1+  ••• + Xk)2,

ck — iX 0Xk, c0 — m0
Then making use of the stationarity of the sequence (1), we find 

mt = (/+  l)c0 + 2/C, + 2(i — l)c2 + ... + 2cf, / S i  
the equation (3) is transformed to

(1 — p)2 J  dx J  2  Pk d>̂k/(u)du —

^  i = 0

k= 0

(/+  l)c0+ 2  0 +  1 - k ) c tk= 1 =  y  + 2  ckpk^ k= 1
and finally substituting instead of ck their expressions

ck =  e*00- i )  +  i>
we find

(1 ~P)2 f  dx [  pk<P<k>(u)du = ^  + (c0-l)q>(p) + T~ - .J J k = о 2 I —p0 X
Thus the generating function cp(z) is to be found by calculating the right-hand side 
integral in the equation

(4) Co+ (c0- \) (p (p )  +  - ~ — =  I dx f i  (1 - p ) 2ok [  j ? p iFtf\u)du. 
l~ P  J k= 1 J i= 0

For this purpose we use the theorem on complex convolutions. 
Denote by Lk(s) the Laplace transforms

Lk(s) = f  e sxd x  [J ( 1 - P ) 2° i  j  2 P l P i ' \ u) d 4 ,  к = 1, 2, . . . , nу j — 2 • ' I  n1=0
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1 6 4 R. V. AMBARTZUMIAN

then, on the basis of the mentioned theorem, we find

a + joo

(5) Ln(s) =  2~. f  Ln- i  (z)în(s -z ,p )d z ,
a —y °°

where

L(.s,p) = (1 - p ) 2(Tnf  e~sxdx f  Z  pkFlk)(u)du
О X * =  °

and integration is performed along the vertical line of the complex plane, connecting 
the points a — j°° and a +700 with a and s satisfying

rea lj> ű , 6f> 0.
Using the relationships

00 00

[  e~sx dx [  Fjik)(u)du = - * ± ! _ +  к = 0,1, 2, ...
J J san s s
O X

where

(6) ln(s) = - f e ~ ° xdFn(x),

rewrite the equation (4) as follows

(7) Ln(s) 2 nj

a + j  о«»

ь ICO
<x — j °°

(1
( .s -z)2 +

(1 -P )2°n ln(s~z)
( s - z ) 2 1 - p U s - z ) .

dz.

To evaluate the right-hand side of the equation (4) we need only to find the 
limit limL„(i).

s - 0

Now to simplify the calculations, assume that n = 2. Making use of the assump
tion A, we find that the function

h(.z, p) 1 (1 —/?)<т2 (1 -Р У 0 2  l2(z)
Z Z2 Z2 1 —p l2(z )

is analytical in a certain stripe

— a(p) <  real z <  0,

whose width now depends on p. This permits to put j  = 0 in (5), choosing a to 
satisfy 0<a<űf(p). Notice, that 1

Z.,(z) 1 _  (1 - p ) a x ( 1 - p ) 2ai li(z) 
z z2 z2 1 —/?/, (z)
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So we get

(8)

Я +  j o o

x - j o o

(1 - p ) o I . (1 - p ) 2° i l i (z) 
Z2 Z2[ l— /j/,(z)

(1 -P )t7 2
7̂

(l-/> )2g2/2(-z )  
z2[ l - ^ / 2(-z)] . dz.

After some straightforward calculations (6) is transformed to

(9) ^ ° + (C o - l)  cp(p) + =  L2(0) =2 1 -/>
^2 /2(0)(1~,р) +  2р/22(0)
2 1- p

а д  (1 ~/>)2/r (0) + 6p(l-p)l'2(0)I'm + вРЧ'2Ц0)
6 1 —p

( \ - p ) Ao l o2 Г l i (z)l2( - z )d z
2*j J z4[\-plAzW -pl2(-:)} '

tX —  j o o

This representation is convenient for the investigation of the behaviour of 
<p(z), which is analytical inside the unit circle, in the points of its periphery. 
Note that the singular points of the function under integral in (9)

( 10) 1 Л00 h ( ~ z)
z4 1 pi\ (z) 1 - p l 2( -z )

which lie in the stripe 0 créai z < a  coincide with the solutions of the equation

( 11) 1 - P h i - z )  = 0.
From the assumption В it follows that

supremum \I2(jt)\<  1, when t is real

|/|> e , e > 0.
So the assumption A and В imply the existence of a small positive quantity <5(<p), 
0<<p<27T which is independent of p, such that the equation (11) has no solutions 
in the stripe real z<<5(<p) when p changes in the sufficiently small neighbourhood
of ei,f, <р7± 0.

Thus, when p -e '" ’, cp?±0, the path of integration in (9) may be left unchanged, 
with a, say, being taken equal to <5(<p).

At the same time the uniform convergent in some neighbourhood of p = ei4>, 
q>?± 0 the integral

0(<p}+joo

0 (< p ) —  j ° o

Ш  
1 - p i  i OO

lz ( -z )
1 - p t 2( -z )

dz

represents an analytical function of p in that neighbourhood. We come to the result:
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166 R. V. AMBARTZUMIAN

By the assumptions A) and B) cp(z) is analytical in every point of the periphery 
of the unit circle, with exception, may be, of the point z —l.

Consider the behaviour of cp(z) near the point z=  1. Denote by w(u) that 
branch of the solution of the equation

1 -(1  -  u)l2( - w ) = 0
which vanishes when u = 0. The specification of such a branch is possible because 
/'(0) =  — a2 г ^ 0 .  Assumptions A) and B) ensure the existence of such o O  that 
w(u) is the only singular point of the function (10) in the stripe 0 <  real z < c  when 
и is small enough. Rewrite (9) changing the path of integration to real z = c and 
taking account of the residue at the point z = w(n) as follows

( 12) -y- + (,c0 - 1) <p (1 -  u) +  ~  U a2 /г(0)ц +  2(1 — и)/г2(0)
2 и

n*i <72 112/Г(0) + 6и(1 -  и) /2(0) I 'm  + 6(1 -и)Ч '23(0) +

+ tr o 1<T2
li(w{u))w'{u)

1 2 IV4 (и) 1 — (1 — w)/i ( vv(m))

C + j  со

, , „ J _  f  1 Ш _________ h k
1 2 2nj J z4 1 - ( 1 - m) / j (z) 1 — (1 —

- z )
u)/2( -z ) dz.

Note that the integral

1 f  1______ l j ( z ) ___________ /2( - z )  ,
2 nj J z4 1 (1 ti) 11 (z) 1 —(1 —m) / 2 ( —z)

C —  j o o

is analytical at u = 0; so is w(u). A straightforward calculation shows, that the 
term, proportional to u~x in the expansion of cp(l — u), read from (12), vanishes. 
By the assumption that the first one of the moments

Ик = — f  X2 dFk{x), k = 1,2,

is finite, the calculation in (10) of the term, proportional to u° gives

(13) y  + fa ,-l)4 P (l) 2 2

In general, the function <p(l — u) is seen from (12) to possess k derivatives at 
m =  0, if and only if /, (z) possesses k + 1 derivatives at z = 0. Again, the function 
<p(l — u) is seen to be analytical at и = 0, if and only if /^z) is analytical at z = 0.

To extend (13) to the case of general, return to (7). First change the path of 
integration in (7) to become

real z = ß, real s <  ß <  real (5 + H’„(n)),
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where iv;(m) are those branches of the solutions of the equations 

1 - (1  -м)/,.(-и'(и)) = 0, i= l , . . . ,n
which vanish at w = 0. Since the residue due to the point z= s  vanishes, we get

(14) L„(s, и) = anir  
2 nj

ß+j°°

/ß-joo
К - Az, ч)

d z ___ l„(s-z)
( s - z ) 2 1 -(1  - u ) ln( s - z ) '

Choose у in such a way, that the point j + h'„(m) is the only singular point of the 
function under integral in (14) in the stripe

real s <  real z <  у + reals s,
when и is taken small enough. Next, choosing s to satisfy r e a ls c y — real w(u), 
we may shift the path of integration in (14) to become .

which implies 

(15)

real z = y,

Ln(s, u) апиг Ln_ As+  wn(u), u) W’«(m) +

OJ42 f  L„_ 1 (z, u )lA s-z)d z  
2nj J  (í - z)2[1- ( 1- m)/„(í - z)] ’

J-JOO
The integral

y+j°°

/  L"~1 (Z’ U) (s- z)M -(1 - U)l„(s- z) dz
y-joo

is an analytical function of и at the point u = 0 and remains such when we pass to 
the limit when For that reason (15) may be written as

(16) LAs, u) оnu2 1 (.у + н'п(ц), и)
wn (и)

wn(u) + О (и2) ,

the above equation being valid when s = 0, also. From (16) it is easy to derive, that

(17) y  + (c0-l)(p(l-и) + - = П
k =2

G l U ‘ wAu)
Wk(u) L A w2 + ■■■ + и’п. U) + 0(U2)

with
, . 4 1 cr ,uL j (z, u) — — I---j—b 0-1 1/2 lAz)

Z2 \ - { \ - u ) l A z ) ’
The desired generalisation of (13)

( 18) y  + (Co-D<P(D =  2
Z  K =  1

Ик ”k 
2
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now may be derived by a straightforward calculation of the term, proportional 
to n° in the expansion of (17) on the assumption, that ц is finite. One may check

2(18) by assuming that the components are poissoman. Indeed, putting цк = —̂ ,
ak

c0 — 2 and <p(l) =  0 reduces (18) to an identity.
The following observation may be of interest: Consider the expected number 

M (t) of the events in П, happening during the period (0, t) on the condition that 
at r =  0 an arbitrary event of П has taken place. Making use of the assumption 
of stationarity of the components and their independence, we find

n
M ( t )  =  2  ffit(i-ffi)f+ «* j(0 ]»

i= 1

where mt(t) is the renewal function for /7;, / = 1...и.
The well-known result of the renewal theory states

(19) m,(f) =  ffjf +  y f f f - l + o O )  
and thus

M(t) = t+  i+o(i)-1= 1 ^
So, we come to the result

(20) £7° + (c0- 1)<M1)-1  = lim

The corresponding relationship stated in terms of the Laplace transform 
J e ~ s,d M ( t ) was first proposed by J. A. M cFadden in [3], where pure analytical 
conditions for its validity were outlined. In fact, in [3] these conditions were justified 
only for recurrent point processes, when (20) is reduced to (19).

3. In this section we consider the case, when n = 2 and Tl2 is Poissonian, with 
positive parameter A. The assumptions A and В are in this case satisfied, and we 
can begin directly from (12), where we have to put

<71 = 1 — A, о 2 — A, l2(s) = h(p) = —\ ,
А  - г  S  A

2 ^
/ 2 ( 0 )  =  J r , 11' ( o )  =  — t j , n ( u )  =  An.

A A

The integral in the right-hand side of (12) vanishes and we establish

(21) 2°  +  ( c o ~  I ) <P ( 1 — n ) +  ^ —
1 1 — A 1 — A / ,  (A n)

An А2 и A2 1 — (1 — n ) / j (A n)
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From (21), /,(z) is found to be
(22) /,(z) =

A Z y -  l j  +  2z(c0—l)<p l - | ) + ( l  - A )2

2°— 1 ) z + 0  -Я )г + г (Я -г )(с ° -  l )< p | |  _  L + ( l - 2)2

Thus the quantities Я, c0 and q>{z) uniquely determine the distribution function 
1 — F, (x). Note that, as it was shown in [2], Я may be expressed in terms of 77 as the 
solution of the equation

(3/Wq — 2v)22 + (6m, — 24/и0 + 2у)Я — 6/w, +  12m0+ 12 = 0,

where
m0 = iX$, m l = E(Ä'o +  A ',)2, V -  ЕЛ^

which lies in the interval (0, 1). Assume now, that <p(z) = 0; that means, then the 
intervals between the events of П are assumed to be noncorrelated. The expression 
(22) is reduced to

2z
( l - 1)

+ ( l - 2)2

z’ + Д
( ? - )

z + ( 1 — Я) z + ( 1 — Я)2

If c0 ^ 2 ,  then for large positive values of z the function (12) has to become negative, 
and this contradicts to its definition (6). Thus, the only possibility for <p(z) to vanish 
identically arises when c0 =  2, or in other words, when

11(2) =
1 -Я  

z+  Í — Я
This corresponds to the case of poissonian /7,.

The same result is valid by a milder assumption of <p(z) being reduced to a 
polynom. Indeed, let

<p(z) = Qnzn + Qn_i zn~i + ... + g,z, q„ ^  0.
When z tends to infinity, remaining positive, (17) is seen from (22) again to become 
negative, this time due to the fact, that the main terms in the numerator and denu-

уП + 1
merator of (22) are (— 1)"t^ i  (со — 1) and (— 1)"+1 -  (c0— 1), correspondingly,Л
the whole expression being equivalent to

Я*

/2ОО = - -  + 0

This ensures, that <p(z) = 0, and thus 77, is poissonian. By a similar argument one 
can also show, that if Q„ = g", then £>,=(), and 77, is again Poissonian.
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ÜBER DIE KONVERGENZ MULTIPLIKATIVER 
ZA H LENTHEORETI SCHER FUNKTIONEN

von
G. HALASZ

Zur Beleuchtung des Problems erinnern wir an das Verhalten der Reihen
entwicklung

der Riemannschen ^-Funktion auf der Grenzlinie (r = Re5= l  der Konvergenz
halbebene o - l .  Es ist eine elementare Tatsache, daß die Reihe überall auf dieser 
Geraden divergiert, ihre Partialsummen jedoch mit Ausnahme von 5=1 beschränkt 
sind. In der vorliegenden Arbeit beweisen wir, daß dies auch im allgemeinen der 
Fall ist, wenn die Eins im Zähler durch eine beliebige streng multiplikative zahlen
theoretische Funktion g(n) (d.h. g(nm) =g(n)g(m) für ganze n, m S  l) mit |g(«)| = 1 
ersetzt wird; die Ausnahmemenge besteht dann natürlich nicht aus einem einzigen 
Punkt, bildet aber eine Menge vom Maß 0. Mit anderen Worten:

Ist g(ji) streng multiplikativ, |g (/î) |ë l, so sind die partiellen Summen der 
Reihe

fast überall auf der Gerade a -1 beschränkt. Ferner konvergieren sie sogar fast überall, 
falls sie es in einem einzigen Punkt tun.

Was die Multiplikativität anbelangt, sei zuerst erwähnt, dass sie nicht einfach 
weggelassen werden kann: die Partialsummen können in jedem Punkt unbeschränkt 
sein, wenn man nur |g(n)| ^  1 fordert. Zweitens bemerken wir, daß die Annahme, 
g{ri) sei streng multiplikativ, keine wesentliche Einschränkung gegenüber der üblichen 
Multiplikativität (d. h. wenn g(nm)=g(n)g(m) nur für (n,m) = 1 verlangt wird) 
bedeutet: die erste Aussage gilt unverändert, die zweite — abgesehen von einem 
wenig interessanten Fall — auch für schwach multiplikative Funktionen. Durch diese 
Einschränkung wollten wir den bekannten elementaren Übergang von schwach 
zu streng multiplikativem g(n) ersparen. Überigens wird diese zahlentheoretische 
Eigenschaft natürlich durch die Produktendarstellung

2  З Г  (5 =  a +  i t )n=l «

P
ausgenützt.
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Betreffend der Ausnahmemenge bemerken wir, daß man eine beliebige abzähl
bare Punktfolge aus a = 1 zu Unbeschränktheitspunkten machen kann. Wählt 
man sie überall dicht, so wird die Unbeschränktheitsmenge, nach allgemeinen men
gentheoretischen Sätzen, die Mächtigkeit des Kontinuums haben.

Da die Beweise unserer zwei Aussagen sehr ähnlich sind, wird die erstere aus
führlich begründet, und an manchen Stellen, wo der Beweis der letzteren etwas 
abweicht, wird auf die Abweichung in Fußnoten kurz hingewiesen.

Der Beweis wird jetzt aus zwei Teilen bestehen. Zuerst werden wir eine (auch 
notwendige) Bedingung geben, die die Beschränktheit in einem Punkt nach sich 
zieht (Satz 1). Als zweiter Schritt wird diese Bedingung für fast alle Punkte veri
fiziert (Satz 2).

Im ersten Teil verletzt man die Allgemeinheit nicht, wenn s=  1 als der zuunter
suchende Punkt gewählt wird. Eine notwendige Bedingung kann man leicht finden. 
Es sei s(x) die in Frage kommende Partialsumme

s(x) = y  g (и) 
пШх n

Durch partiellen Integration ergibt sich

G(s) = Z
П — 1

£(' 0 
ns

1
dx = (falls s(x) = 0 (1) wäre) —

I
gleichmäßig für ст>1. (Zur Orientierung sei bemerkt, daß G(s) in jedem Winkel
raum mit Spitzenpunkt in 5= 1, aber übrigens ganzauf<x>l, beschränkt ist.) Wir 
zeigen, daß diese Bedingung schon hinreichend ist.

Satz  1. Ist g(n) streng multiplikativ, \g(n)\ S  1, und erfüllt die zugehörige Diriclr 
letsche Reihe

0(5) =  О

gleichmäßig in der Halbebene а >-1, dann ist

s(x) =  J  — =  0 (1). 
n̂ X ft

B eweis. Dieser Satz wird auf eine elementare Weise auf eine frühere Arbeit [1] 
von uns zurückgeführt. Dort haben wir das entsprechende Taubersche Problem

bzw. =  (falls s(x) =  C + o(l) ist) =  (s - » /
C + o (l)

dx C + o  Í  ̂ j für die zweite

Aussage (im folgenden kurz z. A.).
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für den Mittelwert

~  i mn^x
untersucht und haben gefunden, daß die entsprechende notwendige Bedingung 
ebenfalls auch hinreichend ist, nicht nur im Falle |/(и)| S  1 (wo die Beschränktheit 
des Mittelwertes trivial ist), sondern unter den folgenden allgemeineren Voraus
setzungen :

Sa t z .

a) f(n) ist multiplikativ,

b )  /(/>) = 0 (1),

c) 2
p ks  2 P

d) keiner der Faktoren

1 + f(p )  , f(P 2)H----2s + •••P
der entsprechenden Dirichletschen Reihe

~ 1  П ' у  t PS 

verschwindet auf der Geraden а =  1,

\s

Я р) , A p2)H-----ТГ -

e) F(s) =  О I ——- 1 (die notwendige Bedingung).

Dann ist
2  Л») = 0 ( 4

Das Wesentlichste für uns ist die Tatsache, daß in b nicht |/(/» ) |^ l, sondern 
nur f(j>) — 0 (  1) gefordert ist (was einfach bloß 2  A n) — 0 (x  logA x) implizieren

n^x
würde). Wir wenden nämlich diesen Satz für die Funktion

A n )  =  2  S(d)
d[n

an. Sie ist auch multiplikativ,

I/O*)! =  U + s O ) + g ( / > 2) + — l к +  1,

2 Für die z. A. statt e) F(s) =  ———f о ( — —) mit der Behauptung £  f(n) =  Cx +  o(x).
S — 1 ( f f — 1 )  i s j

Der Satz 3 in [1] wurde tatsächlich für diesen Fall ausgesprochen, der Beweis gibt ihn aber auch in 
der oben zitierten Form.
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womit wir zugleich die Voraussetzungen a, b und c verifiziert haben, die letzte wegen

k + l
p k T i  P k T P
2  2  "

l 3 _ “
p ш 1 2 2 - 2 ^  + °°.

p  p

Für die zugehörige Dirichletsche Reihe hat man

m =  i ® =
/1=1 n  /1 =1^ 7 71=1 H

Was also d betrifft, verschwinden weder die Faktoren * -von C(s), noch
1 - g(p)1

von G(s) auf a = l . Endlich ist für |ä| = 2

1
Ij — 1C(i) =  о

auf Grund des Pols in s = l  und nach Annahme

c «  =  0  ( й
d.h.

F(s) = C(s)G(s) = О
während für Is is  2

1 = О а — 1а — 1 

C(s) =  0 (log |j|)

gleichmässig für tx ^ l nach der bekannten Abschätzung und

\G(s)\ = I y g{" ]
d.h.

n= I «
= = C(ff) s  2 , (1 <  <T s  2),

„=1 /! (7— I

F(s) = C(s)G(s) =  О 

Der angeführte Satz behauptet jetzt

log |s О а — 1

2  А») = 2  2  A d ) = У g(d)
n ^ x  n S x  d n  d ^ x

0(4

3 Für diez. A. benützt man die entsprechenden Relationen mit o( )für |i!sA" statt |r |s2 , wäh
rend man für |s|&X auf obige Weise verfährt. Dann läßt man zuerst er zu 1, nachher К zu <*> streben.
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Das Zeichen [ ] weggelassen, ergibt sich ebenfalls ein Fehler 0(x):

X  2  = 0(x),

und Satz 1 ist bewiesen.

d^x d

g(d)
d^x d

Sa t z  2. Wie oben, sei g(n) streng multiplikativ, | g ( / t ) | S l .  Für fast jedes feste 
а (— °o < а < + о») gilt dann

| j - ( l + i e ) fG(s) = О
gleichmäßig für <r=-l.4 5

(7 — 1

B ew eis. Wir beginnen mit einer allgemeinen Bemerkung. Wenn eine Dirich- 
letsche Reihe

Л П - 2 &n= 1 n

für ct> 1 absolut konvergiert, so ist durch partielle Integration mit der Bezeichnung
2  Ф )  = м(х)

ЛЗДГ

Л(т)
S

í 1

- ] т ч М (е " ) е (s l)udu.

Nach der Parsevalschen Gleichung gilt also

/ ^ | V i  = 2 * y W e 2(<T l)u

4 Für die z. A., um den Fehler durch Weglassung von [ ] kleiner zu machen, zerlegt man die
X X  X X

Summe Z  f(ri)= Z g(d) in zwei Teile: — und K, — < — . Im zweiten Teil
п ш х  m d ^ x  K d  K m

kommt £  g(n) vor, welches o(y) ist, wie der zitierte Satz es mit /(n) =  g(n) gibt. Man läßt x  und
n у

dann К  zu “  streben.
(  |s  I f  ( \s — (1 +  /e)|\

5 Für die z. A. muß man noch G(s) =  о | ------1 annehmen und G(s) =  C + o  I---------- -̂--- 1 kann

behauptet werden. Die z. A. folgt in der Tat aus Satz 2 und I, da die Konvergenz in einem Punkt 

diese zusätzliche Bedingung G(s) =  о f —— 1 zur Folge hat (s. Fußnote 3, wobei |s — 1| S  |s | ist).
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wobei das Integral auf der linken Seite über die Gerade Re 5 =  cr(>l) zu erstrecken
zl ( i ) list. Je größer daher |M(.v)| ist, desto größer wird das Quadratintegral v o n -----

auf (er).
Jetzt betrachten wir die Produktendarstellung

riog
G(s) = П

p

!_*<« Z  Z k(p)

1 - g{P)
= e p- _  kp*< defyëiZ An) —

W O

1—, wenn n = /г ist,
m

0 sonst.
Man kann <j(s) zur 1/3-ten Potenz erheben:

1 1 s ,»(")
- b ,  , nsG (s) = e

und ex in seine Taylorsche Reihe entwickelnd, erhält man wieder eine für <r>l 
absolut konvergente Dirichletsche Reihe. Dies sei das obige A (s). Die Koeffizienten, 
folglich auch die summatorische Funktion M(x), werden wegen i(n )ë O  und 
|g(/j)| ^1  die größten sein, wenn g(«)= 1, d.h. G(s) die ^-Funktion ist. Die voraus
geschickte Bemerkung gibt daher

/ | < 9 ü | V I s / | ü 13 ( s )
S

(ff) (<T>

Das rechtsseitige Integral bleibt aber für о — 1 beschränkt, da wegen des Poles in 5 = 1
2

f  C 1 / 3 ( 5 )  2 .  ,  .  Í  | < f c l  -  r
J  —  1*1 = const J  -|д_ i]ä?3 ^  2const J  7
(ff)

| s | = = 2

dt
213 + <

(ff)l»|S2

und wegen £(•*) =  0 (log |i|) (|s| S  2)

/ 1£
/3

( i )

(ff)Isis 2

|ife| ^  constt J  log2/3^

1,5

dt + 00

sind. Wir können also den bekannten Satz von F at o u  heranziehen: Ist das Quad-
G1/3(s) G1/3(s)ratintegral von ———  beschränkt, so strebt die Funktion ------- - für fast alle a zus s

einem Grenzwert, wenn 5 zu 1 + ia strebt, nicht nur auf der horizontalen Geraden,
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sondern auch in jedem Winkelraum ——y  ^  const (f =  Im j ). Dasselbe trifft daher

für G1/3(s), also auch für G(s) selbst zu. Dies bedeutet speziell, daß die Behauptung 
des Satzes

G(i) =  О | |д-(1 +  /д)||

für ein solches a mindestens im Winkelraum —— %- ^  1 besteht. Es gilt noch zucr—1
zeigen, daß daraus auch das Bestehen in der Allgemeinheit folgt. Dazu werden 
wir wieder von der Multiplikativität und der Annahme |g(n)| S 1 einen wesentlichen 
Gebrauch machen. Ohne Beschränkung der Allgemeinheit sei a =  0.

Es liege also s =  a + it außerhalb des Winkelraumes — - S  1. Wir können<7—1
etwa | f | S l  annehmen, andernfalls wäre die Abschätzung

g(n)
n?i n

|C(5)| =

trivial. Wir müssen |G(s)| mit

V  1
— Zj „

n =  1 n
= О 1 (И s l)

1
<7— 1

<7— 1  ̂ <7— 1

oder — auf Grund der mehrmals gebrauchten
Asymptotik — mit £(<r) vergleichen. Beide werden in der exponentiellen Form der 
Produktendarstellung geschrieben :

\G{s)\
№

£ U

r  —"1n = 1 na

2  Я(п)  д ( п ) _  ~  M n )
n i l  n ” n “  n i l  n °— e =  e n=l Па \ Пи )

Wegen |g(w)|sl hat die Summe im Exponent nichtnegative Glieder. Für festes 
t ist also der ganze Ausdruck eine monoton zunehmende Funktion von <7. Faßt 
man außer s auch den in derselben Höhe liegenden Punkt =  1 +  |i | +;7 des 
Randes unseres Winkelraumes ins Auge, so kann man schreiben

\G(s)\ lG(f,)|
C(<7) — C ( l  +  | f | ) -

Im Winkelraum ist aber G ^ )  beschränkt, so daß hieraus

ЮМ1 S ЮОО! = о  ( ^ )  = о  ( t i ! )
folgt, wie behauptet wurde.6

6 Für die z. A. benützt man für |/| S  — die zusätzliche Bedingung G(s) =  о  ̂j . Für

|r | S  — betrachtet man den größeren Winkelraum------s  M  und nützt die von Fatouschen SatzK G — 1
gesicherte Konvergenz von G(s) im Mittelwerte nicht nur durch die Beschränktheit aus, übrigens 
gilt aber dieselbe Überlegung. Darauf führt man die Grenzübergänge < r - l , K -  =», nachein
ander durch.
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LAGRANGESCHE INTERPOLATION ÜBER DIE NULLSTELLEN  
DER HERMI TESCHEN ORTHO GO NA LP O LYN OME

von

G. FREUD

A. Einleitung

Es seien

(О
die Nullstellen des Hermiteschen Orthogonalpolynoms

Hn(x) =  ( -1  )"e* d"
dxn

und es seien

U - * )  =
Hn(x)

K (x kn)(x -  xkn)
die Grundpolynome der Lagrangeschen Interpolation mit den Stellen (1) als Knoten
punkte.

Es sei f(x )  eine in ( —°°, +°°) gleichmäßig stetige beschränkte Funktion

(2) 11/11= Sup |/(*)|
— oo < X <  + 0 0

und der Stetigkeitsmodul r-ter Ordnung von f(x )  sei

(3) <»,(/; <5) =  Sup
— OO < X  <  +  OO

Го IV (— 1Уf( x  + v/ï)

Wir betrachten die Folge der Interpolationspolynome

Ln(f; x) =  2  lkn(x)f(xkn)
*= i

welche an den Stellen xkn (k = 1,2, den gleichen Wert wie f(x )  annehmen.
Ziel vorliegender Arbeit ist der Beweis nachstehenden Satzes (Satz 2)

Es gilt für jedes reelle x  mit absuluten Konstanten K(r[> und K(r2) (r=  1,2, ...)

\f(x) -  L J J j x)\ ^  K (1) log n +  K<2> e*2l*]a>f / ;  n~l'2) + 2 \\f\\(2e~ 1)"/2^ 2/2.

In dieser Abschätzung können die Konstanten K(rX) und K{r2) nicht durch die gleiche 
feste Nullfolge {£„} ersetzt werden, (vgl. Satz 4 und Satz 5.)

Es ist recht merkwürdig, daß der Faktor von log n von x  unabhängig ist.
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B. Einige Abschätzungen

Die orthonormierten Polynome mit der Gewichtsfunktion e~x2 sind

(4) hn(x) =  n~1,4(2nn\)~112Hn(x) = ynxn+ ... (n = 0,1, ...) 

so daß

(5) У. =  к ' 114
ist. Es gilt dann (vgl. G. Freud [4])

( 6) lkn(x) =
У„ - 1 , hn(x)hn_x(xk„)

У n 4n x - x kn
'i hfl — 1 ĈLn) 

2 kn x - x kn hnix),

wo 2kn>0(k = 1, 2, ... ri) die Christoffelschen Zahlen der Gauss—Jacobischen 
Quadraturformel

+ 00

/ И
n2n-i(x)e~x2dx = 2  (**„)

sind. Diese Formel ist für jedes Polynom n2a- 1(x) höchstens 2n — 1-ten Grades 
gültig.

Es wird uns die Ungleichung von J. B alázs—P. T ú r á n  [1J
+  oo

(7) 2  4 / (1/2)' ^  f  e - W * 2dx = c0
k= 1 -»Г

von Nutzen sein. Mit c0, c l 9 ... bezeichnen wir positive absolute Konstanten. 
Die Funktion R„(x) = e~*2l2Hn(x) befriedigt die Differentialgleichung

(8) К  + Чп(х)К = 0, qn(x) =  2n + 1 -  x2

und es ist

(9) x ln = \xnn\ < У2n +1

(vgl. G. Szegő  [8] Formeln (5. 5. 2) bzw. (6. 3. 2. 6)).
Es ist also qn(x) ̂  2n +1 und mit Hilfe des Sturmschen Satzes folgt

(1 0 ) X jn Х ц . 1 ,n — / -  0" 1 ,2 ,  . . . ,  Я 1 ).
У2я +  1

In dem Intervall [ /  — и, / я ]  ist q„(x)^n + 1 und aus dem Sturmschen Satz 
erhalten wir

(H) x i n ~ x i + l , n  — 1---- — (|л'|'п|> l î+l.nl —/я).\n  F 1

Es sei \xkn I — /я  — 4 ; dann fallen wegen (11) die zu xkn banachbarten Nullstellen
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und xk+ln in [ — |//t, j/я]. Mit Hilfe der Markoff—Stieltjesschen Ungleichung 
erhalten wir unter Beachtung von (11)

Xk+ I,n
( 12)

n = - - 2 K -  2  f e x2dx —
i = k i-k+l

!_ n \
x2dx <  (хк- 1 '„ -х к+1'П)е ' fn+tj

2 n .2n ~i=z =!*fcn| _v2
----- p ̂ "+1 e k" <  cxn -1/2 e~X*n

\n +  1

(|*J S l / n - A ) .

Es ist infolge der asymptotischen Formel von M. P lancherel— W. R otach  [7] 
(vgl. auch G. S zeg ő  [8] (8. 22. 12))

(13a) |Л„(*)| = c2n~í,4ex2l2 (|*| S  }'n)

und nach einem Resultate von H. C ramér (A. E rdélyi [4], Formel (19) S. 208 und
С. V. L. C h arlier  [2] S. 49—52)

(13b) [A„(jc)| ^  c3ex2l2 (— <=° <  X <  +°°).

Endlich sei bemerkt, daß die Beziehung

(14) Н'п{х)=2пН п_,{х) d.h. h'„(x) = Í2nh„_i(x) 
gültig ist.

C. Hilfssätze

H ilfssatz 1. Es gilt

(15) K„(x)= * = 1  Ákn

B ew eis. (Vgl. G. F r e u d  [6]). Es gilt die Identität*

A„(.v) = 2  hv(x)
v  =  0

Wir setzen in die Mehlersche Formel

<P (w ,x )=  2  h 2(x )wv =  (1 — w2) 1/2e 1+w
v  =  0

* Vgl. etwa das Buch G. Freud: Orthogonalpolynome, Birkhäuser Verlag, Basel, 1968, 
Formel I. (4. 7).
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(vgl. A. Erdélyi [3], ferner A. Erdélyi [4], Formel (22) auf S. 194) и> =  1 — ^ :

i l —M  K„(x) ^  Ф | l  -~n , xj =§с5п1/2<?*2,

( О "und wegen 11——I - + e  1 folgt (15), w.z.b.w.

H ilfssatz 2. E s  g i l l  f ü r  j e d e s  n  u n d  l ^ k s n

(16) |Ä„-i(x*„)| == c6n-4*exiJ2.

Beweis. Aus der Christoffel—Darbouxschen Summenformel ergibt sich unter 
Beachtung von (5) und (14)

n — 1

(16a) Z  К (xkn) = K(Xkn)hn- ! (xkn) = nh2n_, (xkn),
V =  0  Yn

und wir erhalten (16) mit c6 = /c 4 aus Hilfssatz 1, w.z.b.w.

H ilfssatz 3. F ü r  | x | s j I n  g i l t

(17) 2  \U x)\ Ш Cle**l2.\x-xk„\sl
Beweis. Aus (6), (13a), (16) und (7) erhalten wir

Z  |4я(х)| =  I/ ”гС2п 1/4ex2’2 Z  c6n XIArexiJ2xkn S  c2c6c0ex'l2
IJC— Xkn\ — 1  I  Z  k =  1

W . Z. b. W.

H ilfssatz 4. Es gilt
(18) Z __ \lkn(x)\ 5: c8ex 12|* lm |S2flO gn

Beweis. A us (7) und Hilfssatz 1 folgt

2  IU * )k (1/4)xi" ^k= 1 2  h Y  4n(x)k= 1

1/2 (  n

2 Ч „ е (1/2)*г*=1

1/2

ä  c9n1/4e*2/2.

Für |xin| S  2 /log n ist e^l4)xkn a  n,

so daß aus der letzten Formel (18) folgt, w.z.b.w. 

H ilfssatz 5. Für |x| ёи* gilt

0 9 ) Z  \ U x ) \  ^  c ^ 2.
k = 1
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Beweis. Infolge Hilfssatz 4 reicht es den Teil |x*„|^ 2 /lo g  n der Summe (19) 
für «1/4> 2 l/logn abzuschätzen. Es ist dann wegen (6), (13b), (16) und (7)

/ I  - -  1Z _ \ i m  I
|*knl<2flogn

съех 2  h n ^ 2 s  ci0e*2i2
w l / 4 _ 2 y l o g n  * = 1

w. z. b. w.
H ilfssatz 6. Unter den Voraussetzungen |jc| S « 1/4, |jc — Х;„| Ш 10«_1/2 g/7/

( 20) M *)l — c 11 •

Beweis. Ohne Einschränkung der Allgemeinheit kann vorausgesetzt werden, 
daß n so groß ist, daß n11* + 10n~1/2 ä w‘/2 _ 4  erfmit ist. Aus (12) und (15) ergibt 
sich wegen |лг7-„| S |x | +  |x — x^J S n 1/4 + 10«~1/2ё и 1/2 — 4

M * ) | (я,, 2  & (* ) ) '%  е<‘/2)^е-(1/2)^п.

Für |ху„|ё|х| folgt (20) aus dieser Ungleichung unmittelbar. Ist |ху„|ё|х|, dann ist

£ - ( l / 2 ) x 2n  _  е - ( 1/ 2 ) [ | л | - ( | х | - | х у„ | ) ] 2 ^  £ - ( l / 2 ) x 2 e | x | ( | x | - | * / n | )  g  

g  г ( 1 / 2 ) х у / 1 ( О л - ' / ! )  s  C i i g - ( l / 2 ) x 2 >

und das zeigt die Gültigkeit von (20), w.z.b.w.

H ilfssatz 7. Für |х [ёи 1/2 —5 gilt 

(21) 2  |/*n(*)| S  Ci2(logn + elxl).
1 On“ 1/2̂ |ä —jcknl ̂  1

B ew eis. (A us (6 ), (12), (13a) und \x — х*„| S  10n-1/2 fo lg t

xk„+n-m
e - ( l / 2 ) x 2

4.(*)l S  cl3e* 12n~1/2^r-—-4 -  c1Ae*'i*
\ X - X kn /-n -02

e-d/2)<2
l * - f |

dt.

Aus (10) folgt, daß die Intervalle [xkn — n~il2, xkn+n~112] nicht übereinan
der greifen. Es ist also

f x - 9 n - V 2

2  IU*)I == c14e*2'2lOn-'^sIx-ximlSl
(22)

/
;- ( l / 2 ) ! 2

Ix —/I
dt +

X - 1

| x | - 9 n - ‘/ 2

x +  1
/ е-(Ч2)1г

I x - t
dt

x + 9 n -1/ 2

S 2cl4ex*l2 / e-(l/2)r2
V i— dt- |x| t

1*1-1
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Durch Einführung der neuen Variablen u = \x\ — t ergibt sich
|x| -9n-‘/2

P* 2/2 /
?- ( l / 2 ) r 2

U l - / dt =  ех2,г
l*l-i

1

/ , - ( l / 2 ) ( | * | - » ) 2
du

9п-Чг 
1*1+1

3  J ^ C u ^  J  t dt
9 n->/2 9 п - » / 2(|ж| +  1)

1*1+1

S  e /  M ê  dt ^  e(log n + ebl).
9 n - ‘/ 2(|x| + l )

Wir setzen diese Ungleichung in (22) und erhalten (21), w.z.b.w.

D. Die Hauptsätze

Satz  1. Es gilt fü r jedes reelle x und natürliches n

(23) 2  |4»(*)l ^  c15logn + ci6e*2/2.
*=1

B ew eis. Für « s 64 läßt sich (23) durch passende Wahl von ci6 befriedigen. 
Des weiteren sei n >64, also n1/2 — 5 :»и1/4.

Für |x| ё  /и  — 5 > и 1/4 folgt (23) aus Hilfssatz 5. Es sei nun [x| <  \'n — 5. Wegen 
Hilfssatz 3 und Hilfssatz 7 ist

(24) 2  I4n(*)l S  2  l4»(A-)|+c12(ebl + logn) + c7ex2/2.k=l |*-*k„|älO n-‘/2
Die Anzahl der Glieder in der Summe rechts ist infolge (10) weniger als 

10/2“ *̂2
2 (2 + l ) - i /2< ^e un<̂  nac*1 Hilfssatz 6 ist jedes einzelne Glied kleiner als cn , 
es ist also

(25) 2  I4„(*)| ^  20cn .|x-*k„|S10/|-‘/2

Aus (24) und (25) erhalten wir (23), w.z.b.w.
Sa t z  2. Für jede beschränkte und an der ganzen reellen Achse gleichmäßig 

stetige Funktion f(x )  gilt für jedes natürliche r

f[Ä'r(1)logn + Ä'r(2)e*2/2]cor(/; n~112) für \х \^ ^ 2 п  + \
(26) \ f ( x ) -L n(f;  x)| ^  J _____

(2[|/||(2e-1)n/2ex2/2 für \x \^ } /2 n + \

wo K{rl) und K\.2) nur von r abhängen.
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B ew eis. Für die Funktion /„ (* )  = / ( ] / 2«  +  1 x) gilt

«),(/,; <5) =  wr(f; \2n  + I à) g  c ,7cor(/; n'/2ö).
Es gibt also einen Polynom höchstens /г — 1-ten Grades Лп-^х), so daß für | x | ä l  

— 2Ц/11 ist und
I/»(*) -  я я _  J (x) I ^ c rojr(f„ ; n _ 1 ) s c , 7 C , t t ) r ( / ;  n~i ß )

gültig ist**, d.h. es ist

(27) /(x)-7r„_,
X

/2  n +  1
cn Crœr( f\n  1/2) ( |x | s /2 /г + 1).

Unter Beachtung von (27), (23) und der Identität
x

* n -  1 ./2/1 + 1

folgt, daß für |jc| s  /2/г + 1

f (x )~  2  lkn(X)f(Xkn)

~  2  lkn(x)nn_i
k= 1 ,/2/? +1

fix') Им - 1
,/2/j + l

+

+ 2  IU*)IЛ = 1 /2Й +1
S [1 + c 15 log/i + с16ехг/2]с17Сгсиг(/; n“ I/2)

gültig ist. Das zeigt die Gültigkeit der oberen Hälfte von (26). 
Es sei jetzt |x| ё  /2« +1, also

2я+ 1

(28) № ) | s e  2 e*2'2 ll/H S е-"е*'12\\Л\.
Aus |я„_1(х ) |ё 2 ||/ | | ( | x |Sl )  folgt mit Hilfe einer klassischen Ungleichung 

von P. L. T schebyscheff, d aß  für |jc| > 1

I*.- ,(* ) |s  211/11 r .(W )s  Il/H(2\x\y

gültig ist. Dabei ist Tn(x) das Tschebyscheffsche Polynom /г-ten Grades. Es folgt 
weiter

e-x'ß

(29)

"/2
— Max (\x\"e~x l2) =

=  \ \ f \ \ [ l ) n ”'2e-"'2 = (2e-lYl2\ \ f l

Die Formeln (28) und (29) zeigen die Gültigkeit der zweiten Hälfte von (26), 
w.z.b.w.

Vgl. etwa А . Ф. Т и м ан , : Теория приближении функции, Москва 1959, s. 274, § 5. 1. 32.
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E. Abschätzungen nach unten. Gegenbeispiele

Satz 3. Ist £ eine Nullstelle von Hn+i(x), welche 2311£| ^ /л  — 4 befriedigt, 
dann gilt für jedes n

(30) 2  M OI S  c18logB +  cI9|{ |- 1e«,/>.
k=  1

Bew eis. A us (16a), (15) und (12) ergibt sich unter der Voraussetzung I M  S  Y n -  4

(31) IM iO M I =  n~1/2K lf 2(xkn) = n~1,2X~1/2 m c20n~1,*exU 2.
Setzen wir in diese Formel n + 1 an Stelle von n, dann ergibt sich

(32) |A„(OI S c20(» + 1 )-1/4A  
Aus (15) erhalten wir

(33) l kn =  K ~1 (xk„) s  cj-1 n~1/2 e~xln.
Aus den letzten drei Ungleichungen ergibt sich mit Hilfe von (6)

(34) M O I S  с ^ е - ^ е ^ л - ^ М М - 1 ( |M  — Y n - 4).
Da der Ausdruck in (30) eine gerade Funktion von £ ist, reicht es Werte 

2 <{<] / л  —4 zu betrachten. Wir können auch (unter Beachtung von 2\Un(x)\ = 
— 2 L (.x ) =  1) ohne Einschränkung der Allgemeinheit лёЮО voraussetzen. Wegen
(11) ist die Anzahl der xk„, welche in (£ — 1, f)  fallen und auch die Anzahl der xkn, 
welche in (0, 1) fallen, für nSlOO größer als с22л1/2 +  1. Es ist also

(35) 2  M OI S  c21e-i/2 ei>/2 „ -i/2 |£ |- iC22„i/2 -  с23| Г ‘^ /2
О <Xkn < 1

und unter nochmaliger Beachtung von (11)

2 1 M O I  =  ^ 2 i « - 1/2 2  l i - M - 1  ^
^ 6 )  i - l < x  k n < Ç  Ç - l < x k n < i

C22Hi / 2 + l  1
S C 2 2 « ~ 1 / 2  Z  ^ 5 C 2 3 l 0 g  Л.

Г= 1 '  ' l

Die Intervalle (0, 1) und (£ — 1, ß) haben wegen Ç =2 keine gemeinsame Punkte, 
so daß aus (35) und (36) die zu beweisende Ungleichung (30) folgt.

Satz 4. Es gibt eine Folge {/„} von Funktionen, welche auf der reellen Achse 
gleichmäßig stetig und beschränkt sind und eine reelle Zahlenfolge {£„}, so daß für 
n — c24

(37) 0)1 s  c252-'cor(f; n -^X logn  + I O I - W )  
befriedigt ist. Dabei kann als Folge {0} jede Zahlenfolge dienen, deren Glieder

(38) //„ + i(0) =  0 und 2 s | 0 | ^ » /« - 4  
befriedigen.
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B ew eis . Wir wählen eine Zahlenfolge {£„}, deren Glieder (38) erfüllen. Die 
Funktion /„(x) definieren wir wie folgt. Es sei f„{xk„) = sign lkf f n) und für die anderen 
Werte von x  setzen wir es so fort, daß /„(x) an der reellen Achse gleichmäßig stetig 
wird und II /II S 1 befriedigt. Eine der möglichen Verfahren ist z.b., daß wir zwischen 
xk+ und xk n linear interpolieren und /(x)= /(x ,„) für x>x , „  bzw. f(x )  =/(x„„) 
für x <  x„„ setzen. Es ist dann offenbar
(39) cor(f; Ő) ^  21/11 ^  2r 

und

(40) Ln(fn; Ы  = Ê  \U U \-
k= 1

Aus (38), (39), (40) und Satz 3 folgt (37) für hinreichend große Werte von n, 
w.z.b.w.

Satz 5. Es sei co0(ö) eine solche für 0 ^ 0  nichtabnehmende Funktion, daß 
юо( + 0)=0, ю0(<5)>0 für <5>0 und
(41) co0(2ö)^2w0{ö)
gültig ist. Für jedes solche a>0(ö) gibt es eine auf der reellen Zahlengeraden gleich
mäßig stetige beschränkte Funktion F(x) mit

(42) co(F] ö)^(o0(ö)

ferner eine wachsende Folge natürlicher Zahlen {nr} und eine Zahlenfolge {£,.}, so daß

(43) I F(Çr) -  L„r(F; Q \ S  c26 [log nr + e4? 12] m0(n~il2) 
befriedigt ist.

B ew eis. Die Idee der nachfolgenden Konstruktion ist die gleiche, durch welche
P. Du Bois R aim ond das erste Beispiel einer stetigen Funktion mit divergenter 
Fourierschen Reihe gegeben hat.

a) Konstruktion von {«r}, {f} und F(x).
Wir wählen eine beliebige natürliche Zahlenfolge {яг}, welche so verdünnt 

ist, daß log log 100 ist und

(44) flog lognr+i >  иг + 4 ( r = l , 2 ,  ...)

gilt. Dann werden die Intervalle Ir = [log log nr — 2, log log nr +  2] ( r = l , 2 ,  ...) 
sicher nicht Übereinandergreifen. Es sei ferner <̂r eine Nullstelle von#„r+1(x) mit

(45) /log log иг — < £r S  flog log nr.
\n r

Die Existenz einer solchen Zahl £r ist durch (11) gesichert. Die Intervalle
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t<?r — 1» С] c  b  greifen nicht übereinander. Ist xk „r  eine in [çr — I, £,] liegende Null
stelle von H„r(x), dann sei

(46) 'F(xk,„r) = j  co0(nr~1/2) sign lki„r(Q

(ir - l  r =  1,2,...).

Es sei ferner ç* die rechts von liegende erste Nullstelle von H„r(x) und <?** die 
links von Çr — 1 gelegene erste Nullstelle von H„r(x). Es sei dann

(47) = =

In den Intervallen 1* = [£*, £**] c  Ir definieren wir F(x) so, daß wir zwischen 
den benachbarten Stellen (46), bzw. (46) und (47) linear interpolieren. Fällt x  in 
keine der Intervalle /*, dann setzen wir F(x) = 0. F(x) ist offenbar beschränkt,
und ||F|| = •£ со0(и_1/2).

b) Abschätzung des Stetigkeitsmoduls von F(x).
Aus (41) folgt leicht, daß

(48) _а>о(<52) ^  2 Щ 0±) für 0 < 0 ! < « 5 2
д2 ОI

gilt. Für h ^ l  gilt

\F{x + h)-F{x)\ =i 2||F|| S  cu0(n r1/2) ^  « 0(Ä).

Es sei jetzt 1. Fällt x  und x +  h in keine der Intervalle I* (r =  l ,  2, ...) ,  
dann ist F(x + h) — F(x) — 0. Fällt wenigstens einer der Punkte x, x  + h in /*, dann 
kann der andere Punkt nicht in ein I* mit s ^ r  fallen. Es ist also wegen (46)

[E(x4-h) — F(x)\ s  (o0(n~1/2) s  (o0(h) für h s  n~1/2.

Es sei endlich [x, x  +  h\ DF* F 0 und 0 < h < n~1,2. Die Funktion F(x) ist zwischen 
x  und x + h stückweise linear, und der Betrag der Steigung F'(x) ist infolge (46) 
und (10) kleiner als

71“ 1 j/2«, + 1 • ti>o(n~ 1/2) < Tt~1CO0(n~1/2).

Es folgt unter Beachtung von (48)

\F(x + h) — F(x)\ s  1 n'r,2u)0(n~ t/2)h ä  7t“ 12cо0(/г) <  (o0(h).

Es ist also für jedes reelle „v und / г>0

F(x + h )-F (x)  s  co0(h),
so daß (42) befriedigt ist.
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c) Abschätzung nach unten von \F(Çr) — L„r(F; £r)\.

Es sei

(49)
\F(x) für x<U* 
\ 0 für x^I*.

Wegen (46), (36) und (45) ist dann

(50) L„(Fr; Çr) =  i . to 0(« r1/2) 2  I4.JW I S  с21со0(п ; '/г)\о%пг.
2 *Mr€/;

Für die Funktion F*(x) — F(x) — Fr(x), welche wegen (49) in I* verschwindet und 
ausserhalb I* gleich F(x) ist, gilt wegen der schon bewiesenen Formel (42)

co(Ft;ô)^co0(ô).

Nach dem Muster von (27) konstruieren ein Polynom Фг(х), dessen Grad 
niedriger als nr\2 ist, für welches

(51) |ЕГ*(*)-Ф Г(*)| == c28co0(n -1/2) (|*| ^  /2 ^ + 1 )

gültig ist.
Es sei / r(x)=0 für |* —£r| ^ l , / rO) =  l für \x — £r| ë 2  und in —2, 1]

bzw. [ir+  1, kr + 2] sei f r(x) linear. Dann ist | / r(* +  A)—/,0)1 — Щ, so daß es wegen 
(27) ein Polynom i/ir(*) mit niedrigerem Grad als n j2 gibt, so daß

I f r(x) -  ¥'r(x)| S  c29nr 1/2 für |*| — ]f2nr +  1

gültig ist. Der Grad des Polynoms уг(*) =  Фг(х) УÁx) is dann kleiner als nr und 
es folgt aus einer leichten Rechnung

(52) |-F?0)-X ,0)| =  136-0)1 S  с30иГ1/2спо(лг-1/2) für \x -Ç r\ S  1 
und

(53) |*70)-X r0)l ^  с31оз0(п~112) für |*| ^  \'2nr + 1.
Es ist dann

\F * ^r)-L nr{F*r -Q \ S  \F*T{Q -X r^r)\ + \K {F * -X r\Q \ ^  с31ш0(«Г1/2) +

+ 2  \1к,пгЮ \‘Съ0П-112СО0(п-1/2)+  2  !4,«r0r)l •C31CU0Or- 1/2),
\ x k „r - S r \ r S l  \ x k „r ~ í r \ > l

und unter Anwendung von (23) und (17)

\Ft( ,0 -L n X F *; Ér)l ^  c3!w0(n- 1/2) + c32(log nr +  et}12)n~ll2co0(n~1/2) +
(54)

+ c33e ^ l2co0(n -il2) <  c34eir2/2Cü0Or_1/2)-
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1 9 0 G. FREUD : LAGRANGESCHE INTERPOLATION

Infolge (45) ist e ^ 12 «= (log nr, so daß aus (50) und (54) unter Beachtung von 
F(x) = Fr(x) + F*(x)

№ , ) - L nr(F; çr)l ^ ILnr{Fr\Ul ~ IUUI -  W* (U~ M F*^)I =
S  (c27log/7r - l - c 3 4eir2/2)cuo(«r“' 1/2) ^  c35(lognr + e ^ l2)<o0(n~1/2) 

folgt, w. z. b. w.
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ÜBER FU NKTIONEN, DIE d2-STETIG BZW.  
STETIG VON 2. ORDNUNG SIND

von
M. TASCHE

К. Bögel betrachtete in [1], [2] reellwertige Funktionen f : R 2-*R zweier reeller 
Variabler. Eine Funktion /  nennt er A 2-stetig im Punkt (x0,_y0) (bezüglich des 
Cartesischen (x, ^-Koordinatensystems der Euklidischen Ebene R 2), wenn es zu 
jedem e> 0  ein <5>0 gibt, so daß für beliebige h, k£R  mit |Л|<<5, |k|<<5

l/(*o , То) -Д * о  +  h ,  То) - / ( * 0, To +  k )  + / (x 0 +  h ,  y 0  +  k )  | <  e
gilt.

Wie K. Bögel zeigte, ist die Funktion / genau dann d 2-stetig in (x0, y0), wenn 
/  sich in der Form

f ix , y) =  g (x, t) + g , (x) +  g2 (y)
darstellen läßt, wobei g(x, y) in (x0, t0) stetig ist und gi(x), g2 (y) gewisse Funk
tionen einer Variablen sind.

Der Begriff der A 2-Stetigkeit ist, im Gegensatz zur Stetigkeit, nicht drehungs
invariant. Um Strukturaussagen für A 2-stetige Funktionen zu gewinnen, stellte mir 
G. Freud* folgendes

Problem. Wodurch kann man die Funktionen f : R 2-»R charakterisieren, die 
bezüglich aller (Cartesischen) Koordinatensysteme in einem Punkt A2-stetig sind.

Die vorliegende Arbeit gibt eine teilweise Antwort auf diese Frage. Im Teil
1. wird die Menge der von 2. Ordnung stetigen Funktionen angegeben, die bezüglich 
aller Koordinatensysteme zl2-stetig sind. Ein Beispiel zeigt, daß diese Funktionen
1. a. nicht stetig sind. Wir bemerken aber, daß es umgekehrt Funktionen gibt, die 
bezüglich aller Cartesischen Koordinatensysteme A 2-stetig, jedoch nicht stetig von
2. Ordnung sind. In mehreren Schritten beweisen wir im zweiten Teil, daß eine 
meßbare, von 2. Ordnung stetige Funktion stetig ist.

1. Es seien X  und Y normierte Räume. Die Funktion f :  X-+Y  bilde X  in Y  ab. 
M. N icolescu (siehe [4], S. 456) nennt eine Funktion / : V — Y stetig von 2. 

Ordnung im Punkt a£X, wenn für jedes es=-0 ein <5>0 derart existiert, daß für 
beliebige h, k £ X  mit ||A||<<5, ||k ||<d

\\f(a) - f ( a  +  h) - f ( a  + k) +f(a + /, + k)|| <  e
gilt.

Ist X  der Produktraum zweier normierter Räume Xl und X2, so gilt der fol
gende

* Herrn G. Freud möchte ich für seine Unterstützung sehr danken.
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S a t z  1 (siehe [4]): Die Funktion f:  X t X  X2 Y ist genau dann in a = (ö, , a2) 
stetig von 2. Ordnung, wenn

1. f ( x i , a2) und f(a v, x2) in ал bzw. a2 stetig von 2. Ordnung bezüglich х, bzw. 
x 2 sind und

2■f(xi , x 2) in (al ,a 2) A2-stetig ist.**
Es sei nun X = R 2 und Y= R. Der Begriff der Stetigkeit von 2. Ordnung ist, 

wie man sofort aus seiner Definition ersieht, drehungsinvariant. Ist f : R 2 — R in 
einem Punkt a £ R 2 stetig von 2. Ordnung, so ist dann/ wegen 2. von Satz 1 bezüglich 
aller Koordinatensysteme d 2-stetig.

Umgekehrt braucht aber eine Funktion, die bezüglich aller Cartesischen Koor
dinatensysteme A 2-stetig ist, nicht stetig von 2. Ordnung zu sein. Ist z. B. g(z) eine 
unstetige Lösung der Cauchyschen Funktionalgleichung g(z)+g(z') = g(z + z'), 
so ist f(x , y) =  g (x2 + y 2) im Punkt (0,0) bezüglich aller Cartesischen Koordina
tensysteme d 2-stetig, aber nicht stetig von 2. Ordnung.

Wir betrachten jetzt nur noch Funktionen, die stetig von 2. Ordnung sind* 
Wenn die Funktion f : R 2-»R im Punkte a = (0, 0) stetig von 2. Ordnung ist, 
so braucht /  noch nicht stetig in diesem Punkt zu sein. G. H a m e l  zeigte in [3], daß 
es unstetige Lösungen der Cauchyschen Funktionalgleichung gibt. Da sich sein 
Konstruktionsverfahren einer unstetigen Lösung ohne weiteres auf die mehrdimen
sionale Funktionalgleichung

f(x , x') + f(y , y ') = f(x + y , x ' + / )
übertragen läßt und /(0, 0) =  0 ist, haben wir eine Funktion gefunden, die in (0, 0) 
stetig von 2. Ordnung, aber unstetig ist. Betrachten wir die Funktionalgleichung

f(x , x )  +  f i x + y  + z ,x '+ y ' + z') =  f ix + y ,x '+ y ')  + fix  +  z, x' + z'j,
so können wir wie oben einsehen, daß eine Funktion f : R 2-*R in allen Punkten 
von R 2 stetig von 2. Ordnung (also auch A 2-stetig) sein kann, ohne irgendwo stetig 
zu sein. Falls /  aber Stetigkeitspunkte hat und diese in R 2 dicht liegen, so ist /  in 
allen Punkten stetig.

2. Es seien X  und Y  normierte Räume und f :  X-> Y  eine Funktion, die X  in Y 
abbildet. Wenn f  stetig von 2. Ordnung ist, unter welchen Bedingungen ist /  dann 
stetig?

S a t z  2. Die Funktion f \X -* Y  sei in a£X  stetig von 2. Ordnung. Es existiere 
eine Umgebung U(a) von a derart, daß die Menge {||/(x)||; x Ç U(zz)} beschränkt ist. 
Dann ist f  im Punkt a stetig.

Beweis. O. B. d. A. können wir annehmen, daß a — 6 x und /(a) = 0r sind, 
wenn в das Nullelement des betreffenden Raumes ist. Angenommen, daß /  in 
в unstetig ist. Sei ç>(x)=||/(x)||. Nach Voraussetzung ist r/?(0) =  lim cp ix) für x-+0 
endlich. Dann gibt es eine zu в konvergente Folge {x„} derart, daß <p(x„) -+<piO). 
s0 sei eine beliebig kleine, positive Zahl mit <p(0) — 3e0 >0. Weiterhin gibt es zu 
s0  ein c>0>-0, so daß für ||x||<<50
(1) 9(0) + £o><Hx)

** Die Definition der zf2-Stetigkeit wollen wir auf Funktionen f : X í X X 2 -j* Y  übertragen, in
dem wir die Absolutbeträge durch die entsprechenden Normen ersetzen.
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ist, und ein <50 >0, so daß für alle x„ mit ||x„|| <<50

(2) 1<Р(0)-<Н*„)|<Ео

ist. Da x„ -+0, gibt es zu jedem positiven <5 S  min j y - , <5öJ ein xm mit ||xm|| <<5. Nach
(1) und (2) gelten die Ungleichungen

<p(Q) + e0 x p ( 2 x J ,
9(0) + e0 ><p(xm) >ф(0)-Ео.

Folglich ist
2<P ( x j  -  (p (2xJ  >  (p (0) -  3 ß 0  > 0 ,

d.h. (p ist in в nicht stetig von 2. Ordnung. Da aber

112/00—/(2xm)|| S  2(p (xm) — cp(2xm) ><p (0) -  3e0>0
ist, kann /  in 0 im Widerspruch zur Voraussetzung nicht stetig von 2. Ordnung 
sein. Damit ist der Satz bewiesen.

Ist Y= R , so läßt sich die Voraussetzung in Satz 2 abschwächen.
Satz 2'. Wenn die Funktion f:X -» R  in a£X  stetig von 2. Ordnung und in einer 

gewissen Umgebung von a nach oben (unten) beschränkt ist, dann ist f  in a stetig.
Der Beweis verläuft wie der von Satz 2.
Es seien nun X  der и-dimensionale Euklidische Raum Rn und Y  ein normierter 

Raum.

Satz 3. Die Funktion f:R n-*Y sei in a £ R" stetig von 2. Ordnung. In einer hin
reichend kleinen Umgebung U(a) von a existiere eine Menge M mit positivem Lebesgue- 
Maß, auf der f  beschränkt ist. Dann ist f  im Punkt a stetig.

Beweis. Es sei a = 0 und f(0) = 0Y. Da /  nach Voraussetzung in 0 stetig von
2. Ordnung ist, gibt es eine Kugelumgebung V von 0 derart, daß für К, к' £ V

\\f(h ')+ f(k ')-f(h ' + k')\\ S  1
ist. Sind h = h' + k', k = k', so gilt für beliebige h, k£$V

\\f(h -k )-f(h )+ f(k )\\ S  1.
Nach Voraussetzung sei nun U =U(d)C_\V. Aufgrund eines Satzes von H. Stein
haus (siehe [6], [5]) existiert ein <5>0 derart, daß jedes xÇR" mit Rx||<<5 in 
der Form x =  m — n, wobei m, n£M  sind, dargestellt werden kann. Seien W= 
= iV ( l {x; ||x|| <5} und keine obere Schranke von ||/|| auf M. Dann gilt für beliebiges 
x = m — и € W, wobei m, n£M  sind,

ll/WII =■ \\f(m-ri)\\ S  \\f(m)-f(n)\\ + l S  2k+ 1.
Folglich ist/ auf der Umgebung W von 0 beschränkt. Nach Satz 2 ist/ stetig in а = в.

Satz 4. Die Funktion f:R "-*Y  sei überall in R" stetig von 2. Ordnung. ||/|| sei 
fast überall durch eine meßbare, endliche Funktion g: R" ~*R beschränkt. Dann ist 
f  in Rn stetig.
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Beweis. E s sei adR" ein beliebiger Punkt. Wir zeigen, daß /  in a stetig ist. 
U(a) = {x; H je — a\\ <  <5} sei eine beliebige Umgebung von a. Da g eine meßbare 
Funktion ist, sind die Mengen Gn = { x d  U(d) ; g ( x ) S n }  (и =  1,2, . . . )  sämtlich

oo
meßbar. Es ist G„QG„+1 (и =  1,2, ...) und U G„=U(d). Ist /t das и-dimensionale

П= 1
Lebesgue-Maß, so gilt

lim /y(G„) =  /t(t/(ö))>0,
П -*-оо

d.h. es gibt einen Index i mit /i(Gj)^*0. Da fast überall ||/|| ist, gibt es in 
jeder Umgebung von a eine Menge von positivem Mass, auf der /beschränkt ist. 
Aus Satz 3 ergibt sich, daß f  in a stetig ist.

Folgerung 5. Jede meßbare und von 2. Ordnung stetige Funktion f  : R" R 
ist stetig.
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ON A PROBLEM OF L. FUCHS

by
A. R. RHEMTULLA

1. Introduction

1.1 The Problem: In a finite group G of order n, every product of the n distinct 
elements of G lies in the same coset of the derived subgroup G'. Can every element 
of this coset be represented as a product of the n distinct elements? The question, 
put forward by L. Fuchs, was discussed by J. D énes in [2] and in section 3 of [1]. 
Here we give an affirmative answer to this problem for the class of all finite soluble 
groups.

In [2] J. Dénes obtained an affirmative answer to the problem for a group 
G of order n in which (i) the number of elements of order two does not exceed и/2 
and (ii) all the elements of G' are commuators. His result can be used in the case 
of many finite simple groups like the simple alternating groups and the simple 
projective special linear groups where condition (ii) are known to hold. (See [3] 
and [4]).

1.2. Notations. For a subset X = {x x, . . . ,x m) of a group G we write p(X) 
to denote the subset of G consisting of all the elements of G that can be expressed 
as the product of the in elements of X. Thus, for example, if X  consists of just one 
element x, then p(x) — x; If X=  [xt , x2) then p(x) = x yx 2 if x 2x t = x tx 2 and p(x) = 
{XiX2, x 2 x t } otherwise.

We denote by F  the class of all finite groups G in which |p(G)| =  |G'|. Thus 
F-groups are precisely those groups for which Fuchs’ problem has an affirmative 
answer.

Let X, Y be subsets of a group G. If X ^ Y ,  then (У \А ”) denotes the set 
{y;y€ Y, If X  and Y are disjoint, then (X+ Y) denotes A'U Y. We shall
write (X ) for the subgroup generated by X.

For any elements h, к  of G, [h, k] = h~ гк~ lhk and if H, К  are subgroups of G, 
then [H, K] — ([h, k], h£H , k£K ). We shall write H for ( H \ l )  and H<i G if H  is 
normal in G.

As usual we shall write G(r) for the r,h derived subgroup of G and £,(G) for the 
s,h centre of G.

1. 3. Statement of Results: The main result of the paper is

T heorem  1. Every finite soluble group is an F-group.
This is proved in Section 2 where the preliminary results necessary for the 

proof of the theorem are also stated and proved. In Section 3 we prove the following.

T heorem  2. For a finite group G,p(G) and G' are disjoint, i f  and only if the fol
lowing three conditions hold.
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(i) |G| is even,
(ii) \G'\ is odd,
(iii) Sylow 2-subgroups of G are cyclic.
Groups satisfying these three conditions are soluble by the celebrated result 

of F e i t — T h o m p s o n  concerning odd order groups. Hence by Theorem 1 ,  such groups 
are always F-groups.

2. Proofs

Lemma 2. 1. I f  X  is a subset o f a finite group G and \p{X)\ = \G'\, then G Ç_ F.
P r o o f . Let Y = (G \X ).  Then for some g£G, g£p(Y), and p(G )^p(Y ) ■ 

•p(X) S  g’p(X). Since \g-p(X)\ =  |p(X)| =  |G'|, the result follows.
If G = A X В is the direct product of two non-trivial F-groups, then G £ F. This 

follows as a corollary to the above Lemma. Since AÇ.F, \p{A)\ — \A'\. Similarly 
|p (5 )| = |B'|. Now G — (A+B + X) where X={ab; aÇA, bÇBj. \p(A + B ) \ ^  
^\p (A )'p (B )\ = \A'\\B'\ = \G'\. Hence the result.

Lemma 2. 2. I f  G — (A, x t , ..., x„) where A <\ G and abelian, then the set 

S={[ai , x i\...[an,x n]-, a'iS£A} 

is precisely the subgroup [A, G],

P r o o f . For any fixed gÇ_G, the mapping

a^[a,g], a£A

is homomorphic since A is abelian and normal in G. Thus the set Sg =  {[ű, g]:a£A} 
is a subgroup of A. Also g normalizes Sg since g~1 [a, g]g = [g~ 1ag, g] Ç Sg. Evidently 
A/Sg  is a central factor of (A, g) and thus Sg=s[A, (g)]. But trivially Sg Ш [A, (g;>] 
so that 5g = [^, (g)].

Now write Si for SXi so that S=  S 1 S 2 ...S„. As shown above, xt centralizes 
A /S t. Since Sts S ^ A ,  x t centralizes A/S. This holds for all /= 1 ,2 , ...,n ,so th a t 
G = (A ,x lt ..., x„) centralizes A/S, whence [A, G ]^S. But again trivially G]
so that S —[A,G].

Lemma 2. 3. I f  A <1 G and abelian, and G finite, then for any çeA. [ç, g] Çp(Ag -+- 
Ag~ x) whenever A g ^ A g -1.

P r o o f . Since A < G, Ag~ 1 = g ~ 1Ä.  Let £ be any element in Ä. The map

g~i aÇ-+a~i g, a£A

is one-one from g~ xA onto Ag. Under this map, g _1-*£g and g -1£-*-g. Hence 
for all a A 1, £_1 in A, g~ 1a ÇEg~1Â and its image a_ 1g£Ag. If |Л| = w> 2, then 
for each of the n — 2  such values of a, the product of g _1öí and its image a _1g 
gives £ or g~ 1b,g depending on the order in which we take the product. Hence £,” ~ 2 

and Ç"~3g~1Çg both belong to p(Âg + g~ 1Â \ g ~ 1Ç\Çg). But £g-g~4; =  Ç2 so
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that £л and are both in p(Ag + Ag~')L Since £"=1 for all £ in A, we
conclude that 1 and [{, g], Ç£A all lie in p(Äg + Äg~').

If A = { \,a )  is of order two, then p(Äg + g~ 1Ä) consists of ag-g~la =  1. 
Since a normal subgroup of order two is always in the centre of G, [a, g]= 1, for 
all g£G.

Lemma 2. 4. Let A =  (e) be a cyclic group of order p for some odd prime p, and 
let t be an element of order two such that t~ 1at = a~1. Then A — p(A + At).

Proof. Since p is odd, it is enough to show that a2r£p(Ä + Ät) for all r = 0, 
1, ...,p  — 1. Establish a one-one mapping a~'-*a‘t / = 1,2, . . . ,p — 1, from Ä onto 
At. The product of a~‘ and ait is t or a2lt depending on the order in which we take 
the product. For i^ r ,  take the product а~1-аН to obtain t and for i = r, take (ft-a~r = 
=  a2rt. Thus if r^O  then

and if r =  0, then

This completes the proof.

a2rt - t p ~ 2 =  a2r£p(A + At) 

t” - 1 =  \£p(Ä  + Ät).

Lemma 2 .5. If 1 ^éc = [x, y]è^i(G ), C = (c) is of prime order and G/C£F, 
then G € F.

Proof. When cisofodd order p, Cx, Cx-1, ..., Cxp~1/2, Cx1~p/2. Cy, Cy~l 
are all distinct cosets of C. Let S be a set of coset representatives of C in G such 
that {x, x ~ 2, ..., xp~1/2, x 1~p/2, y, Since G/CÇ.F, p (S ) = G'z, mod C,
for some suitable z£G. By Lemma 2. 1 it is enough to show that

C ï S  p{cx, c - » J e - 1 , . . . ,  cxp- Í / 2 ;
p / 2 ,  c y , c

For any positive integer a S . p — 1/2,
cx --= [ л * ,  y] =  C _ 1 X ~ x ■■c~1y ~ 1 • CXx • c y

c~x =  [У, Xх] =  c~ iy~ 1•c~1x~ *  •  cy •  cxx
1  =  c~ 1X ~ x • cx* • c ~ 1y ~ 1 • cy

and
p{cxr, c~1x~r; r = 1, 2, ..., a — 1, a + 1,... , p  — 1/2} = 1.

Hence
C ä  p{cx, с -1 * -1 , ..., cxp~1/2, c~1x i ~pl2, cy, c~1y ~ 1).

When Cis of order two, Cx~l, Cy~1 and Cxy are all distinct, and using argument 
similar to above, it would follow that G £F  if С ^р(сх~ г, су~г, cxy). Since c2 =  l, 
cx~ 1 -xy~1’cxy = с4 = 1 and xy~ 1 -cx~1'cxy =  c3 =  c. This completes the 
proof.

Proof of Theorem 1. Suppose that the theorem is false. Let G be a soluble 
group of smallest order such that G $ F. Since every finite abelian group is trivially 
an F’-group, we can assume that G(r) ^  1, G(r+1) =  l for some integer r S l .

Corresponding to every abelian subgroup A < G, we define a subgroup HA by
HA =  <x, x£G, x 2 <{A).
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Note that for a general element h of HA, h2 may well lie in A, but we can choose a 
suitable set {xl5 xm} of HA such that Нл = (х1г xm) and xf $A, i=  1, 2, m. 
Also note that HA < G and
(1) B<\G, В ^  A implies HB s  HA.

If [A, Ha] — A for some non-trivial abelian A <3 G, then it is easy to show that 
G £ F. For let AHa = {A, x l5 xm) where m is minimal and x f $A, /= 1 ,2 , ..., m. 
Choose a set S of coset representatives of A in G such that

f r l .X r 1, Sä S.
This is possible since A x— A x f 1 implies x tx f 1 £A. IfyV/, then AHa = (A, xt , ..., 
X j - i , x j+ i, ..., xm) contradicting the minimality of m. If j = i  and A x— A x f 1 then 
x f ÇA  contradicting the choice of x;. Now G/A£F  so that

p(S) = G'z(mod A)
for some suitable coset G'z of G', and it is sufficient, by Lemma 2. 1, to show that

By Lemma 2. 2, 

and by Lemma 2. 3, 

so that
A =

A S  p(ÂXi + Â x ï 1 + ... + Яхт + Лх“ 1).

[A, HA] = {[ei,x,]...[flm,x m]; aisÇA}

[ffi, x j €p(ÄXi + Ä x f *),

[A, HAI s  р(Лх1+ Л хГ1 + ...+ Л хт +  Л х -1).
We shall hence-forth assume that for every non-trivial abelian A < G,

(2) [A, Ha]<A.
If iJ2(C )>^ i (G), then choose an element x£/;2(G), X$£i(G) of smallest order, 

and let у be an element of G such that 1 ^  с =  [x, у]. Then for any integer a, c* = [x®, y] 
so that by our choice of x, c is of prime order. Lemma 2. 5 now applies and G£F. 
We can therefore assume that

(3) £2(G) =  é i( G).
If A is any normal abelian subgroup of G, then G/AHa is an elementary abelian 

2-group since for any x£G, X2ÇA or xÇHA. By virtue of (1) and (2), D = 
An£i(AHA)A  1. Choose a cyclic subgroup At = (a) of prime order in D such 
that the centralizer C of A t is maximal. We now show that A t <lG and for any 
x€G , x~ 2ax is either a or a " 1. Note that G' S A H Á^ C  since G/AHa is abelian 
and for any x in G, x2ÇC. If x~ 1ax = ax ^  a, ß_1,then (C, x) centralizes aax for 
(aax)x = axa = aax and for any c€C,

(aax)c = cf axc =  aaclc,x~ = aax.

Now 1 7iaax£D since D <G , and aax is of prime order so that the maximality of 
C is contradicted.

Hence every abelian subgroup A <\ G contains a cyclic subgroup A l =(a) 
of prime order such that А 1 Ш^1 (АНЛ) and ^ O G . Either A 1 ^ Ç 1 (G) or for some

S tud ia  Scientiarum M athem aticarum  Hungarica i  (1969)



ON A PROBLEM OF L. FUCHS 199

xÇG, [x, a] = a2. If [x, a] —a2, then by Lemma 2.4, ^  p{AY + Ä vx) that
for any set S, containing x, of coset representatives of A{ in G, |p(S +  +  Лхх)| =
=  |G'| and hence G£F.

We can thus conclude that for every non-trivial abelian subgroup A < G,

(4)
If G(,)S ^ (G ), then choose an element x of smallest order in G(r_1) such that 

[x, G(r_1)]?í 1. Hence for some j€ G (r_1), 1 x c  = [x, y]^^(G )  and c of prime 
order by our choice of x. Lemma 2. 5 applies and we conclude that G Ç F.

Thus not every normal abelian subgroup of G lies in (G). Let A be the smallest 
abelian subgroup such that А ф £ 1(G). By (2), A V—[A, Ha]<A  so that Al ^^i(G). 
If Ai  7*1, then we can find an element x £ A ,  у € Н л  such that 1 7i [x,y\Çi Çl (G) is 
prime order, and then conclude by Lemma 2. 5, that G Ç F.

If At = 1, then for any xÇ G,
[A, <x>] =  {[a, x], а£Л}

by Lemma 2. 2. Since n̂<Üi(G)>-l, the set [{a, x], a£A} has fewer elements than A. 
Also

[a, x f  =  [ae, x[x, g]] =  [ая, x]£ {[a, x]; a£A}
for any aÇA, gdG  so that [A, <(x)]<]G. Thus [А, (х)]^£,(С ) by our choice of A. 
Since x was arbitrary, we conclude that A ^ Ç 2 (G). But £2(G) =  £j (G) by (4) so that 
A^ÇiiG ). This contradiction completes the proof.

3. Finite groups G with G' and p{G) disjoint

L emma 3. 1. p(G )^G ' i f  G is an odd order group.
Proof. It is clear that either p(G )sG ' or p(G) is disjoint from G'. Since |G| 

is odd, for every x X  1 in G, x ^ x -1. Thus we can pair every element with its inverse 
to get 1 €p(G). Hence p(G )^G '.

L emma 3. 2. I f  G is an abelian group of even order, then p(G) = l i f  the Sylow 
2-subgroup of G is поп-cyclic and p (G) consists o f the unique element o f order two 
in G in the other case.

Proof. Consider first the case when the Sylow 2-subgroup S  of G is cyclic. 
We can express G as the direct product H X S  where H is of odd order m for some 
f f lë l and S =  (a) is cyclic oforder2''for som éró l. NowG — H+ Ha + ... + Ha2' - 1  

and p(H)=  1 by Lemma 3. 1. Hence p(Ha‘) = ami and p(G )=am(1+2+—+2'-G  — 
— a2r~' X-1.

Assume induction hypothesis in the case where the Sylow 2-subgroup is non- 
cyclic. We can write G = B X C , where C = (c) is cyclic of order 2s for some j ë l  
and В is of even order. Since |ß |< |G |, we may assume that p(B)=  1 or p(B) = b 
with b2= 1. Now G = В + B c+ ... + Be2’-1. Let \B\—2n for some я ё  1, then 
p(Bc‘) = p(B)-c2i" so that p(G) =  (p(ß))2s.c2B(1+2+ - +2’- 1) =  1.

P roof of T heorem 2. p(G )^G ' for odd order groups by Lemma 3. 1. Hence 
we may confine our attention to the case when |G| == и is even. Let |G '|=m  and let
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T  be a set of coset representatives of G' in G. Then for any g£p(G), g = (p(T))m 
(mod G'). Also (p(T ) ) 2  = 1, (mod G') by Lemma 3.2 so that if m is even, then 
p(G )^G '. If the Sylow 2-subgroup of G/G' is cyclic, then p ( T ) ^ l  (mod G') by 
Lemma 3. 2, so that if m is odd and the Sylow 2-subgroup of G is cyclic, then (p{Tj)m 
(P(T))m^  1 (mod G'), and hence p{G )^G ’. If the Sylow 2-subgroup of G/G' is non- 
cyclic, then p(T) =  1 (mod G') by Lemma 3. 2 so that {p{T))m£ G' and hence p(G 
g G '. Finally, the Sylow 2-subgroup of G and that of G/G' are isomorphic 
when |G'| is odd. This completes the proof.
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О П РИ Б Л И Ж ЕН И И  П Е РИ О Д И Ч Е С К И Х  ФУНКЦИЙ  
ЛИНЕЙН Ы М И  П РОЦЕССАМИ

В. В. ЖУК

1°. В работе рассматриваются вопросы, связанные с порядком прибли
жения периодических функций линейными методами аппроксимации.

2°. Примем следующие обозначения и предположения. С — пространство 
непрерывных 2я-периодических функций с обычной нормировкой. Функция 
/£ С . En(f) — наилучшее приближение функции /  тригонометрическими поли
номами порядка не выше п, mk(ö,f) — её модуль непрерывности порядка к. 
/  — функция тригонометрически сопряжённая с функцией /. Запись f d K  озна
чает, что /  бесконечно дифференцируемая 2я-периодическая функция. А — 
множество операторов U, удовлетворяющих условиям: 1 . 1 /  — линейный 
оператор из С в С, 2. для любой f d K  U'(f) d С и U'(f) — U(f'). В — множество 
операторов U, принадлежащих А и удовлетворяющих для любой f £ K  условию: 
U ( / )  =  Ü(/). F(x) — функция тригонометрически сопряжённая к первообразной

d  1 П
для f(x) —  ° ,тде ао =  — J f(x)dx. С — неотрицательная постоянная, зави

— П
сящая только от тех аргументов, которые будут выписаны.

3°. В дальнейшем нам понадобятся следующие результаты.

Теорема А. Пусть U — линейный оператор из €  в С, г и п — натуральные 
числа. Если для любого тригонометрического полинома порядка не выше п Тп(х)

то для любой fÇ.C
| |С / ( Г „ ) | |  S  C j r « ( * ) | | ,

||£/(/)|| =ï C2(r)(||C/|| +  C1iir)íür

Теорема В. Пусть U линейный оператор из С в С, г и п — натуральные 
числа. Если для любого тригонометрического полинома порядка не выше п 
ТЛх)

IIÍTOII — С3№ К * )1
то для любой fd C

И̂ СЯИ ^ с 4(г) \\U\\En(J) +  C2rf+'o>r^
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Теоремы А и В суть простые следствия теоремы 1 работы [1] и теоремы 
2 работы [2] и обобщают в некоторых направлениях более ранние результаты 
Г. Ф ройда [3], С. Б. Стечкина [4], стр. 60 и автора [5], стр. 93—96.

4°. Теорем а 1. Пусть операторы Uk f_ В {к =1 ,2 ,... целые числа
I Í

рк>0 и тк^ 0  таковы, что г — £  рктк > 0 . Положим g — 2  Рктк- Тогда, если
4 = 1  4 = 1

для любой fd  К
I|Í4(/)II ^  Q l l /^ l l ,  (к — 1,2 ... I) 
l |£ 4 ( /) ll  S  C J / ^ I I ,  (к = i+ 1 ,... /) 

то для любой и при любом натуральном и*)

(Я  U D ( f )  s. с ь(г)\ Я  ЦС41Гк+ «г Я  СГ
4 = 1  I U = 1  4 = 1

если g — четное число и

' (Я  u D ( f )Il к= 1
=§С7(г) (Я  \\ик\Л )Еп(Л  + (пг + 1 Я  Cf4»r+. ) |~ ,  F

если g — нечетное число.
Д оказательство . Замечая, что если / £К и оператор U £А, то 

нетрудно проверить, что для f £ K  при любых неотрицательных целых числах 
У к И *

(Я  ( /)к = И

(s) I

(Я  Uk,k) ( f (s>) ( Л = 1 ,2 . . . / )к = И

(Я  и л )  ( / )  =  (Я  W C A  (Л = 1, 2 ... /)
4 = 4  4 = 4

где знак ~ означает тригонометрическое сопряжение.
Пусть g=»0 — чётное число, т 1 >0. Тогда для любой f£ K

a i  F D  ( /) —; kЛ= 1 (Як=2 >))
— Cj. Iи г - '  I Œ2 Ukmk) ( f ) \JJ =  с , с/Г1“ 1 (Я  ик"к) ( / (р0)к = 2

Поступая аналогичным образом нетрудно убедиться, что неравенство

(о (Я  U D ( fк= 1
— (I I  c ^ Pk)\\ftiw

к= 1
3 I

*) по определениню полагаем (Я  Ukk)(f) = U?l(U™2(U73(f)))- Выражение (Я  U™k)(f)
к = 1 /с  =  1

опрегелястся аналогично.
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справедливо для любой f£ K  при единственном условии g — чётное число, 
если же g — нечётное число, то для fa  К имеет место соотношение

(2) (/7 Ukm*)(f)\ ^  (П  c r k)ll/fíll.Il *=1 Í *=1
Остальное следует из сопоставления неравенств (1) и (2) с теоремами А и В.

Замечание. Если g =  0, то теорема справедлива и когда вместо условия 
Ukd ß  предполагается UkdA (fc= 1,2... /). Справедливость замечания сразу 
следует из доказательства теоремы.

5°. Г. Фройдом (см. [6], стр. 10) установлена следующая теорема.

Теорема (Г. Фройд). Пусть A„ = An(f)  — последовательность линейных 
операторов, преобразующих С в С и подмножество неотрицательных функций 
в себя и пусть для целого т > 0  имеем

Л'Ш = / 0, Аа(Л) =/*(*)+ О Д И), к = 1, 2 ... 2т, 
где /о = 1, f 2k_ l(x) = sinkx, f 2k(x) = cos кх.
Тогда для любой /£  С

И/-4.СЯИ — о(1)(«2и(Яв,/) .
Эта теорема обобщает некоторые более ранние результаты X. Бохмана, 
П. П. Коровкина и самого Г. Ф ройда.

Из теоремы Г. Фройда сразу следует, что если f  fK , то для последователь
ности An(f) имеет место соотношение

Ц/-ЛС0Н — 0(1)Я2"||/#">||,

так как хорошо известно, что (см., например, [7], стр. 116)

" 2m(à,f) 0 2 т\\/$ тЦ, если / ((2)т) € С.

Сопоставление последнего утверждения с теоремой 1 позволяет получить для 
операторов А„, удовлетворяющих дополнительному условию А„£А следующее 
обобщение приведённой выше теоремы Г. Фройда.

Теорема 2. Пусть АП£А — линейные операторы, удовлетворяющие усло
виям теоремы Г. Фройда, Е — оператор тождественного преобразования С  в С, 
г — натуральное число, lim Я„ = 0. Тогда для любой /€<?

П-+оо

КЕ-АпУ(/)\\ S  0(1)сд2тг(Яя,/) .

Следствие. Пусть
Л

А ( / )  =  f  f(x+ t)4> n{t)dt,
— л

где функция Ф„(0^0 удовлетворяет условиям:
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п
1. J  <Pn(t)dt =  1, 2. Ф„(0 — чётная функция, и пусть

— П
п

É?[n) =  [  co s  t <Pn(t)dt 1.
- Í

Тогда для любой /€  С

\\{E-An)'{f)\\ ё  C8(r)w2r( y T ^ ë F , / ) .  
Д оказательство . Очевидно, что

1 -Л (1 )  = 0,

||sinx-/í„(sinx)|| ^  1 — 01л), 

llcosx — T„(cOS х)|| ё  1—{?(,п).

Остальное следует из теоремы 2.
Отметим, что процессы, рассматриваемые в следствии, впервые изучались 

И. П. Н атансон ом  [8], а в случае, когда Ф„(г)-ядро Джексона также, неза
висимо, и И. Ю. Х аррик [9].

6°. Проведём некоторые приложения изложенных выше результатов к 
конкретным методам аппроксимации.

1. Пусть

пп

Т С . n i
Г s in --
/  f(.x + t)

Z
tJ

- n s in -
dt

интеграл Фей ер а,

/„ (/) 2ли(2п2+  1)

Т С

!

sin
д * + о

sin

nt
~2

t dt

2

интеграл Д ж ексона, числа гёО  и /сёО целые и таковы, что т = г + 2/с>0. 
Тогда для любой /£  С

||( (£ -  апУ {Е-1пУ‘) ( /) || ^  С9(г, к)сот ( | ,  / ]  , 
если г — чётное число и

\\((Е -опП Е -1„)к)(/)\\ Ш С 1 0 (г, к) E„(f) + ncom + 1

если г — нечётное число.
Д оказательство . Г. А лексичем [10] показано, что

( 3 )  К ( / ) - / ( * ) И  —  С 1 1 й - 1 | | / ( х ) | | ,
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ели f ' d C .  Легко проверить справедливость неравенств

1|/„СО-/(*)11 ^  С12и- 2||/" (х)||,
если f "  € С и

(5) \ \ ( Е - а пУ ( Е - 1 пП  ^  ||£-<тп||1 £ - / лГ Ш 2 ' + \

Остальное получается сопоставлением оценок (3)—(5) с теоремой 1.

2. Пусть

w >  ”  ш _ / л * + '> с о ‘” у л

синтеграл Валле-Пуссена, г — натуральное число. Тогда для любой f ç C

\\(Е -К П Л \\  ё  С13(г)(Д2г^ = , / | .

Доказательство этого утверждения легко получить, опираясь на следствие 
теоремы 2.
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ON BASIS O PTIM A LITY  IN LINEAR PROGRAMMING

by
A. MAJTHAY

1. Introduction

The so-called optimality condition plays an important role both in the theory 
of linear programming and in the simplex method. It is a sufficient condition for the 
optimality of a feasible basis. Using the lexicographic simplex method we can prove 
that in case the problem has a solution, there always exists a feasible basis which 
satisfies the optimality condition [6]. Nevertheless if we have a feasible basis which 
does not satisfy the optimality condition, the question arises whether it is optimal 
or not.

In this remark we give a necessary and sufficient condition for the optimality 
of a feasible basis. This condition impies the well-known optimality condition.

2. Definitions and notations

Let ap p = 0, 1, ...,n  denote w-component column vectors. Let furthermore 
A = (* ! ,.. .,  a„).

Among the columns of A we choose r linearly independent vectors and denote 
them by a(1, ..., aIr, where r is the rank of A, and construct the matrix B = ( a,,, ..., a,v). 
The columns of В form a basis of the subspace generated by the columns of A. 

Let us suppose that the system of equations
(2.1) A x =  a0

is solvable. In this case a0 is a uniquely determined linear combination of the columns 
of B. If in this linear combination all coefficients are nonnegative, then В is called 
a feasible basis. Let us introduce the following sets of subscripts

I  — {h, ,  i'r}>
I  =  {1,..

In view of the definition of the basis, the vectors a1; ..., a„ can uniquely be 
expressed as linear combinations of tne basis vectors:

(2. 2) 2  *idiP =  a„ P = 0 ,1 ,..., и.
i€ /

For a given p we shall construct the vector dp from the components dip i£l .  Then we 
can write the system of equations (2. 1) in the following equivalent form:

(2.3) £  =  d0.

Studia Scientiarum  M athematicarum Hungarica 4 (1969)



20 8 A. MAJTHAY

The following solution of (2. 1)
_ \ d po for p e l  

Xp jo  for p e l
is called a basic solution defined by the basis B.

Consider now the linear programming problem:
Maximize

(2. 4) 2  cpx p
p = i

subject to the linear constraints
П

(2. 5) 2  я р х р  = ao
p — 1

and nonnegativity restrictions

(2.6) xp ^ 0  p = l , . . . ,n .
A basis В is said to be optimal if the basic solution defined by В is optimal,

i.e. if (2. 5) and (2. 6) implies

(2. 7) 2  cpx p = 2  c i d ioP = 1  i i l
for all «-tuples x l , ..., xn satisfying (2. 5) and (2. 6).

In what follows we shall make use of the following

Theorem of H aar [3], [4]: Let us consider a real m X n matrix G, an m-component 
column vector g, an n-component column vector h, and a constant k.

The consistent system of linear inequalities
(2.9) C ySg
implies the linear inequality
(2. 10) hTy =§ к

if and only i f  there exists an m-component vector u which satisfies the following con
straints:

u ё  0

ur G =  h7 

u7 g £  к

where the superscript T  refers to the transpose.
For the sake of completeness we give the proof of this theorem, more exactly 

we show that this theorem is a consequence of the well-known theorem of Farkas.

Sufficiency. If у is a solution to  (2. 9) then

h7 у = uTGy Ш u7 g ё  к.
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N ecessity. First we prove that the homogeneous linear inequality 

(2. 11) hr y — kz s  0
is a consequence of the system of homogeneous linear inequalites

C y - g z  S  0
( 2 . 12)

— z 0.
For, if (y, z) is a solution to (2. 12) and z=-0, then y is a solution to (2. 9)

and so it is a solution to (2. 10) according to our hypothesis. But this means that 
(y, z) is a solution to (2. 11).

i f ( y ,  *) is a solution to (2. 12) and z = 0, let us choose a vector yt , which solves 
the system of inequalities (2. 9). Such a exists, because the system (2.9) is consist
ent as we assumed. The vectors ух+Яу, Я SO are solutions to (2. 9) for arbitrary 
Я and so they solve (2. 10). But this is possible only if hTy ^ 0  or in other words 
if (2. 11) is a consequence of (2. 12).

By the theorem of Farkas [2] we know that there exists a non-negative in- 
component vector u and a non-negative constant u0  such that

hr = u7 G
- к  =  uT( - g ) - n 0.

This proves the theorem of H aar.

3. The optimality of a basis

T heorem. A basis В is an optimal basis o f problem (2. 4)—(2. 6) if and only i f  
there exists an r-component vector v such that

V  s  0

(3. 1) vr d0 =  0

vTd„ s  Ср-z ,, p = 1, ...,n .
P roof. Let us write the constraints (2. 5), (2. 6) in the following equivalent 

form:

(3.2) 2 < U - = d0-2 d p X p
lg/ pd
xp s  0 p = 1 ,..., n.

Looking at (2. 2) we see that the vector d, /£ /  is the i-th unit vector, having 
all components zero except the /-th one which is 1. Consequently (3. 2) can be 
written as follows

(3. 3) Xi d ^  dipxp /£ /
p 6/

Xp — 0 p = 1,. ..,n .

14 Studia Scientiarum  M athematicarum Hungarica 4 (1969)
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Hence we obtain the system of inequalities:

(3. 4) 2  äpxp s  d0

xp s  о p e l .
By means of (3. 3) we can write the objective function in the following form:

n
2  CpXp 2  Cî iQ “b 2  (cp 2  Cidip)xp.

p=i n i píi a I
Thus in accordance with (2. 8)

n
(3.5) 2  cpxp = zo + 2  (cp~ zp)xp-p=1 per

We see that the linear programming problem (2. 4)—(2. 6) is completely equi
valent to the following problem: maximize (3. 5) subject to the constraints (3. 4). 
For there is a one to one correspondence between the feasible solutions of the two 
programs and the values of the two objective functions on corresponding solutions 
are equal.

Thus the basis В is optimal if and only if the linear inequality

(3.6) 2 ( . c p ~ z p ) x p  ^  0per
is a consequence of the system of linear inequalities (3. 4).

The theorem of H a a r  implies that (3. 6) is a consequence of (3. 4) if and only 
if there exists an r-vector v^O and constants wp ^ 0  p e l  such that

(3.7) Cp-Zp = y ' dp- w p p e l
0 ^  v' d0

or equivalently

(3.8) vr dp = c p ~ z p  P £ Î

vrd0 =  0

where we took into account that vSO and do^0. For p e l  the inequalities (3. 1) 
are trivially fulfilled and thus the theorem is proved.

R em ark  1. If a basis В satisfies the optimality condition

cp~ zp =  0 p=  1, ...,n

then v = 0 satisfies the conditions (3. 1). Hence В is an optimal basis. Thus the clas
sical basis-optimality theorem of linear programming is a special case of our theorem.

R em ark  2. In the general case the optimality condition is not necessary for the 
optimality as we can see from the following trivial example. In the linear program

max {xq + 2 x 2 \ x t  + x 2 á  0, xq^O, x2s0}
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the only — and so trivially optimal — solution is

x i  =  X 2 =  0 .

We can consider this solution as a basic feasible solution corresponding to the basis 
fi = a j= ( l) .  It is easy to see that z2 — c2 =  — 1 < 0 ,  so this optimal basis does 
not satisfy the optimality criterion. Our theorem makes it easy to construct such 
examples.

Remark 3. In the case of nondegeneracy, i.e. if d0 >0, the orthogonality relation 
in the theorem implies v =  0 so the optimality condition is also necessary that the 
basis is optimal.
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ON COMPLEMENTARY PIVOT THEORY

by
A. M AJTHAY

1. Introduction

As it is well known [8], the convex quadratic minimumproblem can be reduced
to the solution of the system

(1. 1) w =  Gz + g,

(1.2) wSO, zSO,

(1.3) zTw = 0.

Here G is an m by m real matrix, g is a fixed while w and z are variable vectors.
This reduction can be especially advantageous if the quadratic programming 

problem has a special structure. As an example let us consider the problem of finding 
the point of a convex polyhedron nearest a given point. This problem can be reduced 
in a trivial manner to the following.

Minimize

(1.4) { Л
subject to the constraints 

(1. 5) /fx S b

where A is an m Xn  matrix.
In the case of bSO, the vector x =  0 is (the only one) optimal solution. If b has 

at least one negative component, then the problem is not trivial. The constraints 
are linear and the objective function is convex, so the K u h n .—T u c k e r  optimality 
conditions are both necessary and sufficient.

According to the K u h n — T u c k e r  theorem x  is an optimal solution of problem 
(1. 4)—(1. 5) if and only if a vector у SO can be found such that

(1.7)

( 1. 8)

(1.9)
From (1.7)

x + A Tу -  0 

b — Ax S  0 

y 7 (b — Л х )  =  0.

x  =  — А т у
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so we can find the Lagrange multipliers by solving the following system:

(1.12) AATy + b S  0,

(1.13) yT(zLfTy + b) =  0,

(1. 14) y s O .
Introducing the notation

G = AAT 
g = b

z =  У

w = AAT y + b
we see that our problem is reduced to (1. 1)—(1. 3). This result seems to be very 
useful because the size of the matrix AAT is m by m, while the general theory of 
quadratic programming leads to an m + n by m + n matrix.

For the solution of (1. 1)—(1. 3) Wolfe proposed the simplex method with 
some modifications [8]. Recently D a n t z ig  and C ottle [1], L emke [5] and G raves [3] 
proposed new methods which use deeply the special structure of the problem.

Some authors regard problem (1. 1)—(1. 3) as a programming problem: mini
mize zTw, subject to the constraints w =  Gz + g, wSO, zSO, while in this paper 
we prefer to regard it as a combinatorial one.

2. Definitions and notations

Let gt , ..., g„, denote the columns of the matrix G i.e.

Let furthermore

8n  • • * 8in

8 m 1 • ■ • 8m

[§1 ) ..* ? gm]*

g =
8 1  '

, z =
Zl '

, W =
Wi '

Л и . .Wm.
If the pair z, g satisfy the conditions (1. 1)—(1. 3) then

z.-Wj = 0 f =  l, ..., m,
so in some sense the variables wt and z; are complements of each other. The vectors 
w, z satisfying (1.1) are said solutions, the solutions satisfying (1.2) are said feasible 
solutions and the solutions satisfying (1. 3) are said complementary solutions.

Let us denote by ef i =  1, ..., m the i-th unit vector i.e. the w-vector, the compo
nents of which are all zeros except the /'-th one which is one. Let

m
e =  2  e; •i= 1
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We consider now the following auxiliary problem:
(2. 1) w =  Gz + e/ + g
(2. 2) w^O, z = 0, / s 0

(2. 3) z7w = 0.
Here t is a real variable. We speak about solutions, feasible solutions and comple
mentary solutions of problem (2. 1)—(2. 3) analogously as above.

It is immediate that problem (2. 1)—(2. 3) has a feasible solution e.g.
z = 0

t  =  max (—min gt, 0) 

w =  et + g.
We give another form to the above equations

w
[E, - e ;  -G ] t  = g 

z

here £  is a unit matrix of size m. The variables wt and zt i = 1, ..., m are called com
plementary variables — each one is a complement of the other one — and in accord
ance with this the vectors e f and — g; 2 =  1 ,  ..., m in the matrix

A = [E, - e ,  -G ]
are called complementary vectors. It is convenient to give a unified notation for the 
columns of A:

A =  [a ,, ..., a2m+J.
Thus

(2.4) ap

Let

and
a0 = g.

Using these notations we can write (2. 1), (2. 2) in the following form:

4 x  =  a 0

— e
Sp —m—1

P = 1, •••, m, 
for p — m+ 1,

p = m + 2 ,..., 2m + 1.

X =

(2. 5)
xsO .

The matrix A contains a unit matrix E, so the rank of A is in. Consequently an 
arbitrary basis of the linear vectorspace generated by the columns of A has m ele-
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ments. We denote by В (sometimes with a superscript) a basis of this vectorspace 
consisting of columns of A. If

В =  [an , ..., 3,-m],
then let

1 = {/,,
Here В denotes a matrix. We shall, however, use the notation В for the set of 

vectors (aa , ..., aim} as well.
To every basis В there corresponds a matrix

D — [do 5 d ], d’m+l] — K J ,

as a unique solution of the equation system
BD = (a0, A).

We see that dp contains the components of ap p — 0, 1, ..., 2m +1 relative to B. In 
the following if В has a superscript then all the symbols depending on В will have 
the same superscript.

The solution
\ dp, о P i l  

'V p - lo  p<U

of the system of equations (2. 5) is called a basic solution defined by the basis B. 
The basis В is feasible if d0SO and it is called a complementary basis if it contains 
no complementary pairs of vectors.

The row vector 8 ^ 0  is said to be lexicographically positive 6>-0 if its first 
nonzero component from the left is positive. We say that the vector 8i is lexicogra
phically greater than the vector S2 and denote it by 82 >- ô2, if 8j — 82 >- 0.

If we have a finite number of л-component vectors, there always exists a lexi
cographically minimal and a lexicographically maximal among them, because the 
relation >- is a total ordering. We denote these extrema by the symbols /-min and 
/-max, respectively.

The matrix D is said to be lexicographically positive D >0  if each of its rows 
is lexicographically positive. It is clear that in such a case do ê 0  i. e. В is feasible 
and this is the reason for the following definition:

The basis В is called /-feasible if the matrix D belonging to В is lexicographically 
positive.

3. A complementary pivot algorithm

We want to find a complementary feasible solution to (1. 1)—(1. 3) or to show 
that such a solution does not exist.

If g^O then the problem can be solved trivially. In fact in this case w = g, z = 0 
is a complementary feasible solution. So we shall suppose that

g^O.
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It is clear that our problem is equivalent to the following: find a complementary 
feasible solution to (2. 1)—(2.3), in which t — 0, or show that it has no solution. 
In the following we shall deal with this modified problem.

Preparing the algorithm suppose we have an /-feasible basis B. Let us choose 
one of the vectors ap pd {1,2,..., 2m+  1} — /, say afe. Assume we inserted ak into 
В and removed from B an ajjÇ.1- The question arises whether the new basis ß (1) 
is /-feasible, too. If so, we will call it the neighbour of B.

T heorem 1. The l-feasibte basis В has a neighbour, obtained from В by inserting 
ak if  and only if  dfc has a positive component. In this case the neighbour is uniquely 
determined.

Proof. Let us insert ak into В and remove an a j j £l .  The subscript j  is undefined 
yet. ß (1) is a basis therefore necessarily dj k 7±0. Assuming this to be the case, let 
us examine whether the new basis B(1) is /-feasible or not.

As it is well-known [6], the transformation formulas in terms of the rows of 
D resp. Du) are the following:

The vector ôy>»0, so we see from (3. 1) that necessarily </,•*>0. Supposing this, 
let us examine the equations (3.2). S ^O  and ôj>0, so dikS.0 impies 6f(1)>-0, 
therefore we have to examine those subscripts only for which dik> 0. Such a dlk 
always exists, e.g. dJk> 0 in accordance with our hypothesis. For such subscripts 
/, the vector <5/1( is lexicographically positive if and only if

Thus we see that the subscript j  is defined by means of the following relation

The subscript j  is uniquely determined by this relation, because in the opposite 
case two rows of the matrix D were linearly dependent. We know, however, that 
the rows of D are linearly independent, because D contains an identity matrix. 
Thus the theorem is proved.

After this preparation we can define the algorithm as follows:
(i) Let ß (0) — [ai, ..., a j .  According to the definition of the vectors ap we see 

that D(0)=  (a0, A) therefore ß<0) is not feasible.
(ii) We define now the basis ß (1). Let к — m+  1 and let us insert ak into the 

basis ß<0). The subscript h of the vector to be removed from ß<0) will be defined

(3. 2)

(3. 1)
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by the following relation:

(3.4)

We can see as above that h is uniquely determined.
Remembering to the transformation formulas (3. 1), (3. 2), to the definition of 

am+1, furthermore to our hypothesis concerning a0 = g (that it has at least one 
negative component) we see that B(1) is /-feasible.

It is easy to see that d,'u <  0 i.e. all components are negative. It is therefore 
an immediate consequence of Theorem 1 that we cannot construct a neighbour 
to B(1\  by inserting a,, into S(0). It is clear, too, that am + 1 is on a positive level in 
5 (1).

(iii) After having constructed 5 (0> and B(1) we construct the series of neigh
bouring bases

in the following manner:
if in the construction of Biq) q=  1,2,3, ... aj is removed from B(q~1) then 

denoting by ak the complementary pair of aj, in the following step a* will be inserted 
into B(q). For q=  1 we have j  = h which was well defined in (3. 4), so according to 
Theorem 1 the series is uniquely defined.

It is clear from the definition of the series (3. 5) that each basis in it is /-feasible. 
Also, each basis is of a complementary type by the construction. The sequence 
(3. 5) terminates if one of the two possibilities arises.

(iv') we remove am + 1 from the basis, or it remains in the basis on a zero level, 
(iv") am + 1 is in the basis on a positive level, but we cannot insert at into the 

basis because dt ^0 .

Theorem 2. The series of bases (3. 5) is finite, i.e. after a finite number o f steps 
we reach either case (iv') or (iv").

Proof. The number of bases selected from the columns of A is finite, so it is 
enough to prove that in the series there is no basis appearing twice.

If we had a basis appearing twice in the series then we would have a first one, 
say Ä(,). Here q = \, because all the bases are /-feasible except for 5 (0).

We defined the bases of the series in such a manner that for each basis exactly 
one pair of complementary vector is outside the basis and the neighbours of the 
basis are constructed by inserting one of them into the basis. Thus remembering 
to Theorem 1 we see that each basis has at most two neighbours in the series.

The first basis appearing twice in the series must have at least three neighbours, 
because at the first appearing it has a different preceding basis than at the second 
appearing. In the opposite case it would not be the first basis appearing twice.

Theorem 3. In case (iv') the last basic solution is a feasible complementary solu
tion to problem (1. 1)—(1.3).

(3. 5)

4. The finiteness of the algorithm
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Definition. We call an m by m real matrix G positive semidefinite, i f  for all 
n-vectors z

zTGz s  0.
As we see this definition is a little more general than the usual.

T heorem 4. I f  G is a positive semidefinite matrix, then in case (iv") the problem 
(1. 1)—(1. 3) has no feasible solution, so it has a fortiori no feasible complementary 
solution.

As a preparation to the proof of this theorem, we prove two lemmas 
Lemma 1. Let G be a positive semidefinite matrix, and let

(4.1) z7 Gz = 0.
Then
(4.2) (G +G T)z = 0.

Proof. Let y be an arbitrary vector and Я an arbitrary real number. The positive 
semidefiniteness of G implies

(у + Яг)гС(у + Яг) S  0
or as a consequence of (4. 1)

yTGy + XyT(G + GT)z a  0.
This inequality is true for arbitrary Я values hence necessarily

yT(G +  Gr)z =  0
which is again true for an arbitrary у thus

(G + Gr)z =  0.

Lemma 2. The system of inequalities 
(4. 3) Gz +  g ë  0

z g O
has a solution z if and only i f  the system

d ä O

(4. 4) GTd 0

g 'd <  0
has no solution d.

Proof. If there exists a vector d satisfying (4. 4) than for an arbitrary vector 
zS O  we have

dTGzt£0,
thus

d' (Gz + g) <  0
therefore the second factor of the product has at least one negative component.
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On the other hand if there is no vector d satisfying (4. 4) then the inequality

g7 d s  0

is a consequence of the system of inequalities

d & 0

(— G r) d & 0.

Then by the theorem of Farkas we know that there exists a pair of vectors z^O, 
a^O  satisfying

g = — Gz + u,

i.e. the system (4. 3) is solvable.

5. The proof of Theorem 4

Let us suppose that G is positive semidefinite and the algorithm stopped at 
case (iv"). Denote the last basis of the series by B. We have to investigate two pos
sibilities: 1) 2? =  i?(1) and 2)

1) If
(5. 1) В = ß (1) = [e, , ,  eA_ !, — e, e/l+1, ..., em]

then /  =  / (1) = {1, ..., h —\ , m + \ , h +  1, ..., m), because in the first step am+1 = 
=  — e was inserted into ß (0) = [e,, ..., e,„] and e„ was removed from it. The comple
mentary pair of e,, is ak =  — g;,, so we have

(5-2) 5dt = -g „ -
Here, in accordance with our hypothesis,

(5.3) dt ^0.

From (5. 1) and (5. 2) we see that

dm+1 л = Sm(5. 4)
di,k = gh,h~gi,h i £ I - { m +  1}

G is positive semidefinite thus
(5.5) ghh =  e,[ Ge„ S  0.

From (5. 3), (5. 4) and (5. 5) we conclude that
(5.6) ghll = eA'Ge,, = 0.

We know from Lemma 1 that
(G + Сг)ел = 0

which says

(5.7) giH + gbi = 0 i f  I-

Sludia Scientiarum  M athem aticarum  Hungarica 4 (19G9)



ON COMPLEMENTARY PIVOT THEORY 221

From (5. 3), (5. 4) and (5. 6) 

So from (5. 7) we see that

i.e.

(5. 8)

8» = 0

8k. -  0 /€ /

( 7 4  ^  0.

The vector ef, was removed from the basis £ <0), therefore gh< 0 hence

(5.9) g 'e„<0.
If we define

(5. 10) d = e , ê 0 ,

then from Lemma 2 and from (5. 8), (5. 9) and (5. 10) we see that our Theorem is 
true.

2) In the second case, i.e. if В contains at least one vector of — G,
it is a feasible complementary basis to the auxiliary problem and it contains the 
vector am+i on a positive level which is

(5.11) </m+1,o>0.
As we supposed
(5. 12) dt ^0,

here ak is the vector to be inserted into the basis B.
For the sake of simplifying the notation we can suppose that

(3- 13) В = (a j, . . . ,  ar, am + ( , ат + г + з , . . . ,  a ,m+j).
We know that
(5.14) 0 s r < f f l - l .

From this it is immediate that

(5. 15) {er+1 if fc< m  +  l
- g r + 1 = a ra+r+2 if k > m  + l.

We can express the vectors a0 and a* in terms of B, namely

r  _  2  m +  1

î, 0 + 1 dm +1,0"̂ " »0*
i =  1 i =  m + r + 3

r  2m+  1

»i î,k + 1 dm + 1 fк •
i=  1 /=m + r + 3
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By means of (5. 13)—(5. 15) we can write

(5. 16) 2  ei (di,o — dm+i i= 1

(5. 17)
r

2 j ißi,k dm +

Let us define

, o) 2  ei dm + 1 , 0

m
2  8 i^ i  + m + 1,0 =  8 ’ i=r+ 2

m m
l , f c )  2 j  ® i ^ m + l , f c  2 j  § i ^ i  +  m  +  l , k  

i= r+ l i — r + 2

{er+1 if к <  m+ 1
- g r+1 if к > т + 1.

(5. 18)
2 ei î + m+l,k if

d = i=r+ 2 m
er+ l — 2  ei î + m+l,k if

. i= r+2
Clearly

(5. 19) d a  0.

We multiply the system of equations (5. 17) by dr:

k < m +  1 

k > m +  1.

(5. 20)

t 2m+1 Л
- d m + 1,J 2  ( - d i , k )  + d7Gd = 0 if k < m + 1,

\ i  = m + r+ 3 )

- d a+J l + 22  ( -4 ,* )]+ d r Gd = 0 if k > m  + 1.
V i=m + r + 3 )

The positive semidefiniteness of G implies that the first term of these sums is non
positive. On the other hand d*S0 so it cannot be negative, hence it is zero. In the 
second equation we see that the second factor of the first term is positive. It is posi
tive in the first equation, too, because in the opposite case we had di<k =  0 i = m + 
+ r + 3, ..., 2m +  1 and so the system of equations (5. 17) would be in a contradic
tion to (5. 14). The results of our considerations are

(5.21) dm+uk = 0, 
and
(5.22) drGd = 0.

Taking these into account (5. 17) can be rewritten as

(5. 23) Gd
2 ei(—di k) + er+ ! if k< m  + 1
i= 1

2 ei(—di,k) if k> m  + 1.
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In view of (5. 19) and (5. 22) Lemma 1 implies

(5. 24) GTd -Gd =
2 4 4 , *  ®r+i
i=  1 

r
2  eidi,k i= 1

if к <  m +  1 

if k> m +  1.

A special case of this
(5.25) (Grd), = 0 if i > r + l
and in general

(5. 26) Grd s  0.

Multiply (5. 16) by dr. Then by means of (5. 25) we get

-  2 4  + m + iJ if k< m +  1
! =  Г + 2

“  s  —  (  m

~dm+ i o 1_  2
( i = r + 2

Here, according to (5. 11) the first factor is negative and the second one is positive 
as we saw it above, thus

(5.27) d 'g < 0 .

The relations (5. 19), (5. 26), (5. 27) and Lemma 2 prove our theorem.
An immediate consequence of our Theorem 4 is the following

T heorem 5. Let G be an m by m positive sémidefinite real matrix and g an m 
component real vector. I f  the system of inequalities

Gz + g S 0

z S 0

d;i + m+  1 ,k if к >  m +  1.

is consistent, then among its solutions we have at least one for which
zr(Gz + g) = 0.

The author w ould like to  express his appreciation to Prof. A . Prékopa for 
m any stim ulating discussions and helpful suggestions toward the developm ent o f  
this paper.
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KREISÜBERDECKUNGEN DER SPHÄRE

von

G. FEJES TÓTH

§ 1. Einleitung. Unter einer Kreisunterdeckung der Sphäre verstehen wir eine 
Menge offener Kugelkappen, in der jeder Punkt der Sphäre zu höchstens einer 
Kugelkappe gehört. In ähnlicher Weise definieren wir eine Kreisüberdeckung der 
Sphäre als eine Menge abgeschlossener Kugelkappen, wobei jeder Punkt der Sphäre 
zu mindestens einer Kugelkappe gehört. Eine Kugelkappe wollen wir eine Kreis
scheibe, oder schlechthin einen Kreis nennen. Die Dichte einer Kreismenge wird 
als der Quotient aus der Kreisinhaltssumme und dem Flächeninhalt der Sphäre de
finiert.

Wir richten unsere Aufmerksamkeit auf zwei wohlbekannte, einander dual 
gegenüberstehende Probleme, nämlich auf die Probleme der dichtesten Kreisunter
deckung und der dünnsten Kreisüberdeckung der Sphäre:

Gesucht werden diejenigen Unterdeckungen der Sphäre durch n kongruente 
Kreise, bei denen die Kreisdichte den grösstmöglichen Wert erreicht.

Gesucht werden diejenigen Überdeckungen der Sphäre durch n kongruente 
Kreise, bei denen die Kreisdichte den kleinstmöglichen Wert erreicht.

Das erste Problem lässt sich nach M eschkowski [9] folgendermassen inter
pretieren :

Auf einem Planeten herrschen n einander feindliche Diktatoren. Wie sind die 
Residenzen dieser Herren zu verteilen, damit der Minimalabstand zwischen zwei 
beliebigen von ihnen möglichst gross wird?

Um die Dualität der beiden Probleme zu betonen, geben wir dem zweiten 
Problem folgende Interpretation:

Auf einem Planeten herrschen n miteinander befreundete Diktatoren. Wie 
müssen diese Herren ihre Residenzen verteilen, damit sie den Planeten am besten 
kontrollieren können in dem Sinne, dass der Maximalabstand zwischen einem 
Planetenpunkt und der nächsten Residenz möglichst klein wird?

Das Unterdeckungsproblem scheint zuerst der Biologe Tammes [14] aufgeworfen 
zu haben, der die eigenartige Verteilung der Öffnungen an den Pollenkörnern ge
wisser Blumen durch dieses Extremalprinzip zu erklären versuchte. Das Problem 
scheint auch in der Struktur des haploiden Zellkerns [11] und im Aufbau gewisser 
Viren [6] eine Rolle zu spielen. Aber auch das Überdeckungsproblem scheint von 
biologischem Interesse zu sein [3]. Bemerkenswert ist auch der Zusammenhang 
der analogen höherdimensionalen Probleme mit der Informationstheorie [8, 15].

Die erste mathematische Behandlung des Unterdeckungsproblems rührt von
L. Fejes Tóth [1] her. Er gab für die Unterdeckungsdichte eine obere Schranke an, 
die für n =  3, 4, 6 und 12 die Lösung des Problems ergibt. Für n = 5, 7, 8 und 9 wurde 
das Problem von Schütte und van der W aerden [13] und für и =  24 von Robinson
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[10] gelöst. Ausserdem wurden günstige Unterdeckungen für n=10, 11, 13, 14,

120 und 122 angegeben (s. z. B. [5]).
Trotz der vollkommenen Dualität der beiden Probleme erregte das zweite 

Problem weniger Interesse. Eine von L. F e j e s  T ó t h  [2] stammende untere Abschät
zung der Überdeckungsdichte enthält die Lösung für n = 3, 4, 6 und 12. Für n = 5 
und 7 hat das Problem S c h ü t t e  [12] gelöst, der zugleich eine günstige Überdeckung 
mit n = 8 Kreisen konstruierte. Das ist aber alles, was über das Überdeckungs
problem bekannt war.

§ 2. Ergebnisse. In diesem Aufsatz lösen wir das Überdeckungsproblem für 
и = 10 und 14. Weiterhin konstruieren wir einige lokal extremale Überdeckungen, 
von denen eine, die wir ikosidodekaedrisch nennen werden, vermutlich die dünnste 
Überdeckung der Sphäre durch 32 kongruente Kreise darste.llt.

Das oben erwähnte Resultat von Schütte bezüglich der Überdeckung mit 5 
und 7 Kreisen besagt, dass in der extremalen Lage je ein Kreismittelpunkt im Nord- 
und Südpol liegt, während die übrigen Kreismittelpunkte auf dem Äquator gleich- 
mässig verteilt sind. Da dasselbe auch bei der dünnsten Überdeckung mit 6 Kreisen 
zutrifft, gilt folgender

Satz von Schütte. In der dünnsten Überdeckung der Sphäre durch 5, 6 oder 7 
kongruente Kreise sind die Kreismittelpunkte Ecken einer regulären Doppelpyramide.

Um unser Hauptresultat in einem analogen Satz aussprechen zu können, 
nennen wir den Körper, der durch Aufsetzen zweier kongruenter gerader Pyramiden 
auf die Grund- und Deckfläche eines Antiprismas entsteht, eine antiprismatische 
Doppelpyrainide. Ist ein solcher Körper einer Kugel einbeschrieben, und sind alle 
seiner Flächen kongruent, so nennen wir ihn regulär (Abb. 1).

Nun gilt folgender
S a t z .  In der dünnsten Überdeckung der Sphäre durch 10, 12 oder 14 kongruente 

Kreise sind die Kreismittelpunkte “Ecken einer regulären antiprismatischen Doppel
pyramide.

§ 3. Gedankengang des Beweises. Da die Lösung des Überdeckungsproblems 
für 12 Kreise bekannt ist, können wir uns auf den Fall von 10 und 14 Kreisen be
schränken.

Es sei S  ein System von n Punkten auf der Einheitssphäre, die nicht alle auf 
einer Halbsphäre liegen, К die konvexe Hülle von S, und M  das Mosaik, das durch

Abb. 1
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Zentralprojektion der Flächen von К auf die Sphäre entsteht. Wir stellen uns M 
als ein Dreiecksmosaik vor, indem wir die eventuell auftretenden mehr als drei
seitigen Flächen durch einander nicht kreuzende Diagonalen irgendwie in Dreiecke 
zerlegen.

Es sei r der kleinste Raduiswert mit der Eigenschaft, dass die um die Punkte 
von S  mit dem Radius r geschlagenen Kreise die Sphäre überdecken. Wir betrachten 
eine Fläche /  von M sowie den Umkreis к von / ,  d. h. den Kreis, der die Ecken 
von /  auf seinem Rand enthält. Da kein Punkt von S ausserhalb К liegt, liegt kein 
Punkt von S innerhalb k. Deshalb ist der Radius von к nicht grösser als r. Sonst 
könnten nämlich die um die Punkte von S  mit dem Radius r geschlagenen Kreise 
den Mittelpunkt von к nicht überdecken.

Ist der Umkreisradius eines Dreiecks nicht grösser als ein gewisser Wert a, 
so nennen wir das Dreieck ein a-Dreieck. Ein Dreiecksmosaik mit lauter a-Dreiecken 
sei ein a-Mosaik genannt. Das Mosaik M  ist also ein r-Mosaik.

Wir setzen ;i1 = 10 und n2 = 14. Wir bezeichnen das Mosaik einer regulären 
antiprismatischen Doppelpyramide mit nt Ecken mit M; und die entsprechenden 
Werte von r mit r; ( 1, 2). Nach einer elementaren Rechnung gilt

Wir werden zeigen, dass ein rr Mosaik mit wf Ecken mit dem Mosaik Mt identisch 
ist.

Der Beweis beruht auf folgendem

H ilfssatz  1. Wir betrachten к r-Dreiecke, die eine gemeinsame Ecke E haben 
und eine Umgebung von E schlicht und lückenlos bedecken. An die E gegenüberliegenden 
Seiten der Dreiecke sollen sich weitere к r-Dreiecke anschliessen. Ist r <  я/4 und / о  5 
oder r = rx und к >3, so erreicht die Inhaltssumme dieser 2k Dreiecke ihren grösst- 
möglichen Wert für kongruente gleichschenklige Dreiecke vom Umkreisradius r, die 
so angeordnet sind, dass in E lauter kongruente Dreiecksseiten Zusammentreffen.

Zuerst werden wir zeigen, dass ein rf-Mosaik mit /?, Ecken für /= 1  nur 4- 
und 5-kantige Ecken und für j = 2 nur 5- und 6-kantige Ecken haben kann. Es wird 
sich dann herausstellen, dass dadurch die topologischen Typen der beiden frag
lichen Mosaike eindeutig bestimmt sind, dass also diese Mosaike zu M x und M2 
isomorph sind.

Wir greifen nun die beiden 4- bzw. 6-kantigen Ecken Ex und E2 eines r;-Mosaiks 
mit И; Ecken heraus. Die Inhaltssumme der in Ex zusammentreffenden Dreiecke 
und der weiteren Dreiecke, die sich an die vorigen entlang ganzer Seiten anschlies
sen, sei Sj (J=  1, 2). Nach Hilfssatz 1 gilt S j^ ln .  Andererseits haben wir s, + i 2 = 4n, 
woraus sx =s2 = ln folgt. Dies ist aber nach Hilfssatz 1 nur so möglich, dass das 
Mosaik mit Mt identisch ist.

§ 4. Hilfssätze. In diesem Paragraphen beweisen wir einige Hilfssätze, die 
wir einerseits beim Beweis des Hilfssatzes 1, andererseits bei der Ausschliessung 
der Ecken mit unzulässigen Kantenzahlen brauchen werden. Unsere Betrachtungen

r, =  arc tg / 2 ( ^ 2 - 1 )  »  42° 18'28"
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beziehen sich auf die sphärische Geometrie. Dies 
wird im folgenden stets stillschweigend vorausgesetzt.

H ilfssatz 2. Wir betrachten in einem festen 
Kreis einen Peripheriewinkel vorgegebener Grösse. Dann 
erreicht die Länge des zugehörigen Kreisbogens ihr Mi
nimum im symmetrischen Fall.

Offensichtlich ist Hilfssatz 2 äquivalent mit fol
gender Behauptung : In einem Kreis К erreicht der zu 
dem festen Bogen AB gehörige Peripheriewinkel со = 
= <a ACB sein Maximum im Falle AC=CB. Um dies 

einzusehen, bezeichnen wir den Mittelpunkt von К  
mit 0 und schreiben у = ±  <$ОАВ, а =  ±  -A.OBC, 

ß =  ±  <[OCA, je nachdem ob der Bogen AB, BC bzw. CA kleiner oder grösser 
ist als ein Halbkreis (Abb. 2). Dann ist der Inhalt t des Dreiecks ABC

t = 2<x + 2ß + 2 y — n =  2co + 2y — n.

Da aber у konstant ist, erreicht der Winkel со sein Maximum in derselben Lage 
wie t. Ist nun AC t̂ CB, s o  bringen wir C auf dem Lexellschen Kreis in die sym
metrische Lage, wodurch t unverändert bleibt und C in das Innere von К rückt. 
Bringen wir jetzt C unter Behaltung der Symmetrie wieder auf den Rand von K, 
so nimmt 1 zu. Deshalb ist t, ebenso wie со in der symmetrischen Lage grösser 
als in einer asymmetrischen. Diesen Beweis, der einfacher ist als mein ursprünglicher 
analytischer Beweis, verdanke ich Herrn Professor G. H a j ó s .

H ilfssatz 3. Ist das Dreieck ABC einem festen Kreis einbeschreiben und ist die 
Grösse des Winkels <  АС В vorgegeben, so erreicht der Inhalt von ABC sein Maximum, 
wenn AC=CB ist.

Es sei d der Durchschnitt des Winkelbereichs ACB und des Kreises. Wir setzen 
voraus, dass AC <  CB ist und drehen den Winkelbereich um C solange, bis AC — CB 
wird. Inzwischen überstreichen die Sehnen CA und CB je einen Kreissektor. Da 
aber während der Drehung stets AC<CB  ist, ist der Inhalt des ersten Sektors kleiner 
als der Inhalt des zweiten. Deshalb ist der Inhalt von d in der symmetrischen Lage

grösser als in einer asymmetrischen.
Nun entsteht das Dreieck ABC so, dass man von 

d das zum Bogen AB gehörige Kreissegment abschnei
det. Da aber der Inhalt dieses Segments sein Mini
mum nach Hilfssatz 2 im symmetrischen Fall erreicht, 
nimmt der Inhalt des Dreiecks sein Maximum eben
falls im symmetrischen Fall an.

H ilfssatz 4. Haben vier r2-Dreiecke einen ge
meinsamen Eckpunkt E, und bedecken sie eine Umge
bung von E schlicht und lückenlos, so erreicht die In- 
lialtssume der Dreiecke ihr Maximum für kongruente 
gleichschenklige Dreiecke vom Umkreisradius r2, de
ren Schenkel in E Zusammentreffen.

G. FEJES TÓTH

C

2 2 8
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Es sei ABC ein Dreieck vom Umkreisradius r<n/2  mit AC=CB. Wir setzen 
<$ACB = 2x, <iBAC = x und AC—b (Abb. 3). Wir betrachten die Funktion

T(x) =  2x +  2arctg ctg x(l + tg1 2 * r cos2 x) 
1 — tg2rcos2x 7Г, 0<X<7t/2,

die mit Rücksicht auf die Relationen tg b/2 = tg r cos x  und cos b =  ctg x  ctg oc den 
Inhalt des Dreiecks ABC angibt. Wir wollen zeigen, dass für r — r2

S^4T(n/4)
ist, wo S die Inhaltssumme der Dreiecke bedeutet. 

Aus Hilfssatz 3 folgt, dass

S S  ПхО +  .-. + П х Д
wobei 2xls ..., 2x4 die bei E liegenden Winkel sind. Es genügt also zu zeigen, dass

ist. Setzen wir
ПхО + .-. +  ПхО s  47ХЯ/4) 

P = tg2 r,
so ergibt eine elementare Rechnung

_1_ T>  _  j _____________ P  cos2 x  -|-1 __
4 p2 cos4 x  + 2p cos2 x cos 2x +1 ’

1 „„ . (p2 + 4p) cos4 x + (2p + 8) cos2 x — 3
4 (p2 cos4 x + 2/? cos2 xcos2x + l)z

Da
(p2 + 4p) cos4 x + (2p + 8) cos2 x — 3 

eine abnehmende Funktion von x ist, die für

i  =  arccoS/ i ( 2^ i ± £ - l )

verschwindet, ist T(x) im Intervall (0, Je) eine konkave und im Intervall (Je, n/2) 
eine konvexe Funktion von x.

Es sei 2x ein Winkel und A der Inhalt des gleichseitigen Dreiecks vom Umkreis
radius r. Offensichtlich ist А =  Г(х) = 6x — n das Maximum von T(x). Bezeichnen 
wir die zu r = rt gehörigen Werte von je, 3c und A mit dem Index /, so gilt

x t «  58°8'46", xt «  37°58'43", A, «  47°52'18"
Jc2 % 56°7'30", 3c2 «  35° 9'23", A2 % 30°56' 18".

Wir können voraussetzen, dass die Winkel x l t  ..., x4 alle kleiner sind als jt/3. 
Sonst hätten wir

T(xt) +  ... +  T(x4) ^  T(n/3) + 3zl2 % 104°39'18", 
was erheblich kleiner ist als

4T(n/4) 109°42'32".
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Wir betrachten die lineare Funktion l(x), die durch 1 (я/4) = 7”(я/4) und 
1'(я/4) =  Г'(я/4) definiert ist. Wegen

16°58'53" % 1 (60°) >  7X60°) ~  12°50'24"

haben wir für я/4<л:ёя/3
1 (x)>T(x).

Wir definieren jetzt die Funktion G(x) durch
Í T(x) für 0 < r S  я/4 

^(-Y) I für 4 <  x  ^  nß '

Da G(x) in (0, я/3) konkav ist, gilt nach der Jensenschen Ungleichung

5  ^  Г ^ Н . . . +  7Xjc4) ^  G ( x 1)  +  . . .  +  G ( x 4) S  4 С ( я /4 )  =  4 7 ( я / 4 ) .

Der Fall der Gleichheit leuchtet ein.
FIilfssatz 5. Es sei ABC ein beliebiges r-Dreieck mit г < я /4 . Ist die Seitenlange 

AB sowie die Grösse des Winkels <$ACB vorgegeben, so erreicht der Inhalt von 
ABC sein Maximum entweder, wenn AC=CB oder wenn der Umkreisradius von 
ABC gleich r ist.

Wirsetzen <$CAB = ct, <lABC = ß, <^BCA = y und setzen voraus, dass 
ist. Wegen г< я/4  gilt dann BC<CA<n/2. Deshalb ist der Inhalt des Dreiecks 
ABC  kleiner als der halbe Inhalt des durch die „Halbgeraden” CA und CB be
grenzten Zweiecks: a + ß + y — я <  у.

Wir bewegen die Strecke AB so, dass A und В auf den Halbgeraden CA und
CB bleiben und dass CB zunimmt. 
Ist ß ^n /2 , so ist, wegen oc-t-ß < 
<  я, а< я/2 , weshalb auch CA und 
zugleich der Inhalt von ABC offen
sichtlich zunimmt. Ist dagegen 
а< /?<я/2 , so nimmt CA ab. Es 
sei D der Schnittpunkt der von А 
und В ausgehenden inneren Nor
malen des Zweiecks und r  der 
Fusspunkt des von D auf die Strecke 
AB gefällten Lotes (Abb. 4). Da D 
das momentane Drehzentrum der 
Bewegung ist, dreht sich die Gerade 
AB um F. Wegen <$DAF =  90°— 
— а >  90° — ß = <$DBF gilt aber 
AF<FB, weshalb der Inhalt von 
ABC auch in diesem Fall monoton 
zunimmt, bis entweder A C —CB 
oder der Umkreisradius von ABC 
gleich r  wird.

Abb. 4 Es sei bemerkt, dass Hilfssatz
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5 auch ohne die Beschränkung r <  n/4 gilt, doch erfordert der Beweis einige Fallun- 
terscheidungen.

H ilfssatz  6. Es seien ABC und ABD zwei r-Dreiecke mit r <  n/4, die bei einem 
konstanten Wert von r und des Winkels <1ACB frei variieren. Dann kann die Inhalts
summe der Dreiecke ihr Maximum nur in einer solchen Lage erreichen, in der AC= CB, 
AD = DB und der Umkreisradius von ABD gleich r ist.

Wir halten die Seite AB fest und bringen D durch eine Bewegung auf dem 
Lexellschen Kreis in eine solche Lage, dass AD = DB sei. Dadurch bleibt der Inhalt 
von ABD unverändert. Lassen wir jetzt die gemeinsame Länge der Seiten AD und 
DB zunehmen, bis der Umkreisradius von ABD den Wert r erreicht und ABD 
seinen Umkreismittelpunkt enthält, so nimmt der Inhalt von ABD zu. Nach Hilfs
satz 5 müssen wir uns also nur mit demjenigen Fall beschäftigen, in dem der Um
kreisradius beider Dreiecke gleich r und AD = DB ist und ABD seinen Umkreis
mittelpunkt enthält.

Wir variieren das Dreieck ABC so, dass sein Umkreisradius r und der Winkel 
оз= <lACB unverändert bleiben, und fügen an die Seite AB das oben betrachtete 
gleichschenklige Dreieck ABD hinzu. Bei dieser Operation ändert sich auch die 
Länge der Seite AB, und es kann Vorkommen, dass, während der Inhalt des einen 
Dreiecks zunimmt, der Inhalt des anderen abnimmt. Wir wollen zeigen, dass die 
Inhaltssumme S der Dreiecke ihr Maximum im Falle AC=CB  erreicht.

Im Beweis wird die Funktion g(x) eine Rolle spielen, die wir in (0, n) durch 
die Formel

g (x) = arc tg (h tg лг), h = cos r

und durch folgende Vereinbarung definieren: 1. für *<7t/2 ist der Hauptwert der 
arc tg-Funktion zu nehmen, 2. es sei g(n/2) = n/2 und 3. für x> n/2  ist der zwischen 
n/2 und Зтг/2 liegende Wert der arc tg-Funktion zu nehmen. Wir haben dann

g(*)+g(7r-x) =  n
und

= i - Л .»* ■ k = ^ r-

Es sei 0 der Umkreismittelpunkt von ABC. Wir drehen die Halbgerade О A 
um 0, so dass sie zuerst mit OB, dann mit OC koinzidiert, und nach einer Drehung 
um 2n in ihre ursprüngliche Lage O A zurückkehrt. Bezeichnen wir die entsprechenden 
Drehwinkel mit 2y, 2a, 2ß, so haben wir

a + ß + y = n.

Ferner sei cp der mit einem positiven oder negativen Vorzeichen versehene 
Winkel <ZOCB, je nachdem ob a<7t/2 oder <x>n/2 ist. Dann gilt

cos r = ctg a ctg (p,
woraus sich

\~< ? = £(<*)
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ergibt. 1st a <  n/2, so ist der Inhalt и des Dreiecks OBC
и = 2a+ 2 cp —л = 2a — 2g(a).

Ist dagegen a>-7r/2, so haben wir
и =  2л —lot —2cp —л = — 2a — 2g(a).

Deshalb ergibt die Funktion
t(a) =  а —g(oi)

den halben Inhalt von OBC mit einem positiven oder negativen Vorzeichen, je nach
dem ob а <  n/2 oder а >л/2 ist. Folglich haben wir

\  S  =  *(«) +  i  08) +  2t (— ~ ~ ß) =  t t - g (ot) - g (ß ) - 2g  [ K ~ 2 ~ ß) ,

bzw.

I  S =  f (а) + /OS) + t(y) + 2t f c i ]  + t(y) =

= 2 n - g ( a ) - g ( ß ) - 2 g ( y ) - 2 g ^ y ^  = -  g (а) -g(j8) + 2g (а + ß) -  2g j ,
je nachdem ob а +  ß S  n/2 oder а + /i >  jt/2 ausfällt (Abb. 5).

Da andererseits
(1) n-g(<x)-g(ß) = m

ist, müssen wir das Maximum der Funktion

'  CD

2 g 

CO —71+ g(ct + ß ) - g Ot + ß

0 <  а + ß Ш n/2

, л/2 <  а + ß <  я

unter der Bedingung (1) bestimmen.
Wir fassen ß = ß(ct) als Funktion von а auf und zeigen, dass für a< /i

ausfällt.
Aus (1) ergibt sich

Deshalb gilt wegen Fa = Fß

А
clot

dot
F(а, /?(а)) > О

g ( * )  +  ^ g ( ß )  =  о.

* W ( « »  =  F .+ f
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Da g'(x) in (0, 7t/2) eine positive zunehmende Funktion und g'(x)=g'(n — x) ist, 
gilt wegen u + ß <  л  und der Voraussetzung a</?

1 - I M
g'(ß)

0 .

Wir müssen deshalb noch zeigen, dass auch Fx positiv ist.

Für a -f ß S  л/2 ist dies wegen Fa =  y  g' trivial. Für ос + ß >  тг/2 ist dage
gen die zu beweisende Ungleichung

Fx = g '(2 x ) - jg '( x )  = __ h____
1 — к sin2 2x

-  -  n * + ß -  V
2 1 —ksin2x ’ 2 X

äquivalent mit
1 + 2k sin2 x  cos 2x >  0,

was wegen к = sin2 /-<sin2 n/4= 1/2 tatsächlich richtig ist.
§ 5. Beweis des Hilfssatzes 1. Wir beginnen mit dem Fall, dass k>~ 5 ist.
Wir betrachten einen fest vorgegebenen Wert r <  zr/4 sowie ein konvexes 

Viereck ACBD mit folgenden Eigenschaften: 1. AC=CB, 2. AD = DB, 3. ABC 
ist ein /--Dreieck, 4. der Umkreisradius des Dreiecks ABD ist gleich r und 5. ABD 
enthält seinen Umkreismittelpunkt. Wir fassen den Inhalt V des Vierecks als Funk
tion der Winkel x = $<ACB  und y = %<$ADB auf: V= V(x,y). Offensichtlich 
gilt x  ̂ y .

Es sei 2.x, wie früher, ein Winkel eines gleichseitigen Dreiecks vom Umkreis
radius r. Wir behaupten, dass V(x, y) bei einem festen Wert von x  für
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eine zunehmende Funktion von y  ist. Ist nämlich j < x  und lassen wir y  zunehmen, 
so nimmt sowohl der Inhalt von ABD, wie die Länge der Seite AB zu. Nimmt aber 
die Länge von AB zu, so nimmt wegen der Voraussetzung r<n/4  auch die gemein
same Länge der Seiten AC und CB zu. Hieraus folgt, dass auch der Inhalt von ABC 
zunimmt.

Damit haben wir zugleich bewiesen, dass für x S x
V(x, v) == V(x, x) = 2 T(x)

gilt.
Wir definieren die Funktion H(x) durch

D
Abb. 6

J 2T  (x), 0 < x ä x  

H(x) 12T(x), x <  x «= n/2.

Da T(x) in (0, x) eine konkave, zunehmende Funktion 
ist, ist H(x) im ganzen Intervall (0, n/2) konkav. Da fer
ner für x< x <7t/2

V(x, y) <  2A = 2 T(x) = H(x)
gilt, haben wir überall

V (x, y) = H (x).

Es sei nun W die Inhaltssumme der im Hilfssatz 1 
betrachteten к Dreieckspaare. Ist r<7i/4, so ist der Inhalt 
eines Dreieckspaares nach Hilfssatz 6 und den obigen Über
legungen SH (x/), wo 2x; der bei E liegende Winkel des 
betreffenden Dreiecks ist (i= 1, ..., k). Mit Rücksicht auf 
die Konkavität von H(x) gilt also

W =£ //(x ,) + ... + H(xk) Ш kH(n/k).
Ist aber /с >5, so haben wir, wegen x>7t/6, H(n/k) = 2T(n/k) und folglich

W ^2kT(n/k).
Gleichheit gilt dabei offensichtlich nur in dem im Hilfssatz 1 angedeuteten Fall.

Wir wenden uns jetzt dem erheblich schwierigeren Fall zu, dass r = rx und 
к =4  oder 5 ist.

Wir zeigen zunächst, dass fü rr =  r1undO-<xS)’ =  47° V(x, y) eine zunehmende 
Funktion von у  ist. Da dies für 0 < j ;S x  — x t bereits gezeigt wurde, können wir 
uns auf den Fall X! < y ä x ä y  beschränken.

Führen wir die Bezeichnungen AD = 2c, AB — 2a, <lBAC — œ, tg2 >\—р ein 
(Abb. 6), so erhalten wir im Hinblick auf die Relationen tg c — cos у  tg r, sina = 
=  sin 2c sin y, cos x = sin со cos a durch etliche Rechnungen den Inhalt des Dreiecks 
ABC:

U(x,y) = 2x + 2co—n — 2x — л + 2 arc sin 

Es gilt also

C O S X ( l  + / J C O S 2 jh)

/(1 +p cos2 y)2 —p sin2 2у  

V(x,y) = T(y)+U (x,y).
Wir wollen zeigen, dass Vy(x, y) für positiv ist. Bemerken wir
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hierzu, dass Vy(x, y) — T' (y)+ Uy(x, y) eine abnehmende Funktion von x  ist, 
wie dies aus der Darstellung

'  U,(x,y)
p cos л' sin 2y  (cos 2y  -1-p cos2 y)

/sin2 A'(l + p COS2 V’)2 — p sin2 2y[{\ +p cos2 y)2 — p sin2 2y]
klar ersichtlich ist. Deshalb haben wir nur die Positivität der Funktion

z(y) = T'(y) + Uy(y, y ), x j — У — У
nachzuweisen. Führen wir die Bezeichnungen a = 37°30', ß = 45° ein, so haben wir 
für x ^ y ^ ß

4p cos ß sin 2a (cos 2ß + p cos2 ß)
z ( y ) ^ T ( ß )  + _____________________

/sin2 ß(\ +p  cos2 a)2— p sin2 2a[(l + p cos2 a)2—psin2 2a]
und für ß s  y  s  у

0,0314

z ( y ) ^ T ' ( y )  +
4p cos у sin 2/?(cos2y + pcos2 y)

/sin2 y(l +p cos2 ß)2—p  sin2 2у [(1 + p cos2 ß)2 —p sin2 2y]
0,1593,

womit die Positivität von z(y) und damit die Ungleichung
V (x ,y )^ V (x ,x )  = 2T(x), 0 < y S x Ë y

dargetan ist.
Lassen wir x  von dem Wert y ausgehend zunehmen, so hört die Gültigkeit der 

Ungleichung V(x, y ) ^  V(x, x) rasch auf. Etwa für x = 48° gilt sie sicher nicht mehr. 
Beispielweise sei erwähnt, dass V(x, y) für л; ==50° sein Maximum für y ^  47° erreicht. 
Eine explizite Darstellung der Funktion max V(x,y) scheint für recht kompli-
ziert zu sein. Statt dessen werden wir diese Funktion durch eine, unseren Zwecken 
entsprechende Funktion vv(x) von oben abschätzen, die wir in (0, ti/4) durch

ív (,v) = V (.V, x)
und in (тг/4, k/2) durch

IV (л) =  2л- 3  w j .

definieren. Es wird genügen, die Ungleichung V(x, y)<w(x) für j /4 < x S i /3 zu 
beweisen.

Im Falle л/4<д:<)> haben wir uns nur auf die oben bewiesene Ungleichung 
V(x, y ) ^  V(x, x) und auf die Tatsachen zu berufen, dass in (л/4, y) V(x, x) konkav, 
vv(x) dagegen konvex ist, und dass diese Funktionen an der Stelle х = л/4 eine 
gemeinsame Derivierte haben. Deshalb müssen wir die Positivität der Differenz

D(x,y) = w (x)-V (x , y) =

= w(x) — T(y) — 2х+ л  — 2 arc sin cosx(l +pcos2j)
/(1 +p cos2 y)2 — 4p sin2 у  cos2 у

nur in dem durch die Ungleichungen
у <  X  < л/3, x x ^  у  Ä  X  

definierten Trapez nachweisen.
Wir zerlegen die (x, j>)-Ebene durch die Geraden x = 37, y = 3'j (/ , /= 0, ± 1,
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± 2, ...) in Quadrate, und betrachten diejenigen Quadrate, die mit dem Trapez 
gemeinsame innere Punkte haben. Ist etwa

a ^ x ^ b ,  c S y ^ d
ein solches Quadrat, so gilt hier

D(x, y) =» w(b) — T(c) — 2b + n — 2 arc sin cosa(l +/?cos2c)
1̂ (1 +p cos2 dY  — 4/7 sin2 d cos2 c '

Diese unteren Schranken wurden für sämtliche Quadrate mit einem ICT- 
Computer (Zentrales Physikalisches Institut der Ungarischen Akademie der Wis
senschaften) berechnet. Es stellte sich heraus, dass die Argumente der arc sin-Funktion 
alle <  1 ausfielen, womit die benützte Abschätzung nachträglich gerechtfertigt 
wurde. Im Quadrat 47° Ш x, y S  47° 3' ergab sich für diese Schranke der Wert 
0,0015 10~4 und in den übrigen Quadraten ein grösserer Wert.

Auf Grund dieser Rechnungen und der obigen Überlegungen haben wir also 
im ganzen Dreieck 0< yS xS 7t/3

V(x, j ) S w(i ).
Nach dieser Vorbereitung wird der Beweis der Ungleichung

W ä2kT(n/k), 3
ziemlich einfach sein. Wir beginnen mit dem Fall k=  4.

Ist ein Dreieckswinkel bei E grösser als oder gleich 2nß, so ist
W == T(nß) + 1A, <  358° < 8Г(я/4) =  2тг.

Wir können also voraussetzen, dass г (< я /3  gilt (/ =  1, ..., 4). Dann haben wir
W S  w'(x1) +  ... +  w(x4).

Es sei Ist x3 >  n/4, so lassen wir x3 ab- und x4 um ebensoviel
zunehmen, bis x3 den Wert тг/4 erreicht. Da \v(x) in (n/4, n/2) konvex ist, nimmt 
bei dieser Operation w(x3) + w(x4) zu. Ist auch х2> я /4, so wiederholen wir die 
obige Operation mit x2 und x4. Da ursprünglich x4 < n ß  war, gilt in der neuen 
Lage x4<7t/2. Jedenfalls können wir also voraussetzen, dass von den Werten x; 
drei im abgeschlossenen Intervall (0, n/4) liegen, während einer, etwa x4, in das 
abgeschlossene Intervall (n/4, n/2) fällt. Da aber w(x) in (0, n/4) konkav ist, haben 
wir

3w + ^2 + Хз|  + и’(х4) =  3w [ ^ ) + и  (х4) =  2n.

Gleichheit gilt nur, wenn Xj = ... = x4 =  n/4 ausfällt. Auch die übrigen geometrischen 
Bedingungen für den Fall der Gleichheit sind klar.

Ist r = rt und k — 5, so können wir wegen n/5 <  х3 die im Falle к >- 5 benützte 
Methode anwenden, indem wir V(x,y) mit Hilfe derjenigen Funktion von oben 
abschätzen, die sich aus der oben definierten Funktion H(x) im Spezialfall r = r{, 
x = xt ergibt.

§ 6. Zulässige Ecken. In diesem Paragraphen zeigen wir, dass ein rx -Mosaik 
mit 10 Ecken nur 4- und 5-kantige Ecken und ein r2-Mosaik mit 14 Ecken nur 
5- und 6-kantige Ecken haben kann.

Die 3-kantigen Ecken lassen sich mit einer von S ch ütte  [12] herrührenden
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Methode leicht ausschliessen. Stossen in einer Ecke eines /--Mosaiks genau drei 
Dreiecke zusammen, so bilden diese ein neues Dreieck, dessen Seiten offenbar 
kleiner sind als 2r. Deshalb ist der Inhalt dieses Dreiecks kleiner als der Inhalt 
eines gleichseitigen Dreiecks der Seitenlänge 2r, dh. als

Q(r) =  6 arc sin -—!----- я.’ 2 cosr
Nun hat aber ein Dreiecksmosaik mit n Ecken 2//-4 Flächen. Hätte deshalb 

ein Г] -Mosaik mit 10 Ecken eine 3-kantige Ecke, so wäre die Inhaltssumme der Drei
ecke höchstens

Ö O -J+D d, < 700° <  720°,
was unmöglich ist.

In ähnlicher Weise folgt aus
Q(r2) + 21A 2 <  696° <  720°,

dass in einem r2 -Mosaik mit 14 Ecken keine 3-kantige Ecke auftreten kann.
Um uns darauf später berufen zu können, formulieren wir diese Ergebnisse 

ein wenig allgemeiner. Wir betrachten in einem Dreiecksmosaik ein Kantenpolygon, 
d. h. ein einfach zusammenhängendes Polygon, dessen sämtliche Seiten Mosaik
kanten sind, das aber selbst keine Mosaikfläche ist. Dann gilt die

Bem erk ung  1. In einem /-,-Mosaik mit nf Ecken (/=1,2) kann kein Kanten
dreieck Vorkommen.

Ein Kantendreieck würde nämlich wenigstens drei Flächen enthalten, weshalb 
der Gesamtinhalt der übrigen Flächen zur Bedeckung des komplementären Kanten
dreiecks nicht ausreichen würde.

In einem r-Mosaik mit n Ecken sei E eine fc-kantige Ecke und E' der zu E 
antipodische Punkt. Die um E und um die mit E benachbarten Ecken mit dem 
Radius r geschlagenen Kreise können nicht in den um E' mit dem Radius iz — 3r 
geschlagenen Kreis hineingreifen. Deshalb müssen die um die übrigen n —k — l 
Ecken mit dem Radius /• geschlagenen Kreise diesen Kreis überdecken.

Wäre also in einem /-,-Mosaik mit 10 Ecken eine 6- oder mehrkantige Ecke 
vorhanden, so müssten 3 oder weniger Kreise einen Kreis vom Radius n — 3/-t >  53° 
überdecken. Der Radius eines Kreises, den drei Kreise vom Radius /• überdecken 
können, kann aber nicht den Umkreisradius eines gleichseitigen Dreiecks der Seiten
länge 2r, d. h.

. . 2 .R(j) — arc sin —j= sin r 
V3

übertreffen. Da aber R(rt)< 51°<53° ist, hat unser Mosaik höchstens 5-kantige 
Ecken.

Wäre in einem r2-Mosaik mit 14 Ecken eine 7-kantige Ecke vorhanden, so 
wäre die Inhaltssumme der 24 Dreiecke nach Hilfssatz 1 höchstens

14Г(я/7)+ 10d2 <  700° <  720°,
was unmöglich ist. In ähnlicher Weise lässt sich der Fall von mehr als 7-kantigen 
Ecken ausschliessen.

Schwieriger ist die Ausschliessung 4-kantiger Ecken.
Wir setzen zunächst voraus, dass in einem r2-Mosaik mit 14 Ecken eine ein
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zige 4-kantige Ecke V auftritt. Wir werden im 
§ 7 zeigen, dass es dann eine 6-kantige Ecke 
S geben muss, die kein Nachbar von V ist. 
Die in S bzw. V zusammenkommenden 
Dreiecke bilden ein Sechseck s und ein 
Viereck v. Wir setzen voraus, dass s und v 
eine gemeinsame Seite AB haben.

Wir behaupten, dass s = ABCDEF und 
v=ABGH  ausser AB keine weitere gemein
same Seite haben (Abb. 7). Die Seiten A F 
und AH, oder die Seiten BC und BG können 
nämlich nicht zusammenfallen, da sonst A 
bzw. В eine zweite 4-kantige Ecke wäre. Wäre 
aber etwa G mit D identisch, so würden die 

Kanten GB, BS, SD zwei Kantendreiecke begrenzen, was nach Bemerkung 1 aus
geschlossen ist.

Hieraus folgt, dass keines der fünf Dreiecke, die sich an s entlang den von AB 
verschiedenen Seiten anschliessen, mit einem in v liegenden Dreieck identisch ist. 
Setzen wir also 2x= <ASB, so ist die Inhaltssumme der Mosaikflächen nach Hilfs
satz 5 und den beim Beweis von Hilfssatz 1 benützten Überlegungen höchstens

5(x) =  ' Híx)

Da aber H{x) konkav ist, gilt dasselbe für S(x). Nun zeigen die Funktionswerte 

5(24°) % 718° 43' 44", S(26°) ~  718° 52'30", 5(28°) «  718°41'22",

0 <  S  (26°) — S (24°) <  5(26°)-5(28°) <  12'

ist. Hieraus folgt, dass S(x) sein Maximum im Intervall (24°, 28°) erreicht und dass 
hier, also zugleich im ganzen Intervall (0°, 90°),

S(x) <  5(26°) + 5 (26°)- 5(28°) <  719° 5' < 720°

gilt, womit wir zu einem Widerspruch gekommen sind.
Diese Abschätzung gilt auch dann, wenn s und v keine gemeinsame Seite haben. 

Wir haben also nur noch den Fall zu untersuchen, dass wenigstens zwei 4-kantige 
Ecken Vy und V2 auftreten.

Sind Vx und V2 keine Nachbarn, so ist die Inhaltssumme der Dreiecke nach 
Hilfssatz 4 höchstens

8Г(7г/4)+ 16d2 <  715° <  720°.

Sind dagegen Vy und V2 Nachbarn, so bilden die um die Kante Vl und V2 liegenden 
sechs Dreiecke ein Viereck, dessen Inhalt kleiner ist als der Inhalt eines regelmäs
sigen Vierecks mit der Seitenlänge 2r. Deshalb ist der totale Inhalt der Mosaik-
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flächen kleiner als

womit auch die letzten beiden Möglichkeiten ausgeschlossen sind.

§ 7. Zulässige Mosaiktypen. Wir beginnen mit einer Bemerkung, die zusammen 
mit der Bemerkung 1 im § 6 die Untersuchung der möglichen Mosaiktypen erleich
tern wird.

Bemerkung 2. In einem Dreiecksmosaik sei К ein Kantenpolygon, aus dessen 
Ecken entweder genau eine Kante oder genau zwei Kanten in К hineingehen. Dann 
ist keine Kante eine Diagonale von K.

Sonst gäbe es eine Kante AB, die К  so in zwei Teilpolygone K3 und K2 zerlegt, 
dass etwa K3 keine Kantendiagonale mehr enthält. Wir betrachten die in Ki und 
K2 liegenden Dreiecke ABCX und ABC2, die AB als gemeinsame Seite haben. Da 
nach Voraussetzung von jeder von A und В verschiedenen Ecke von Kt wenigstens 
eine Kante in hineinweist, kann ABCt nicht mit Kt identisch sein (7=1,2). Da 
ferner weder ACX noch BC7 eine Diagonale von Kt ist, ist weder AC, noch BC1 
eine Seite von K l . Was nun die Seiten AC2 und BC2 betrifft, können wir offen
sichtlich behaupten, dass wenigstens eine von ihnen, etwa AC2, keine Seite von 
K2 ist. Deshalb gehen von A drei Kanten, nämlich ACt , AB und AC2 nach К aus, 
was unserer Voraussetzung widerspricht (Abb. 8).

Im § 6 haben wir bei der Ausschliessung einer 4-kantigen Ecke in einem r2- 
Mosaik mit 14 Ecken einen Fall nicht untersucht: Es gibt eine einzige 4-kantige 
Ecke, keine 3- oder mehr als 6-kantige Ecke und keine 6-kantige Ecke, die mit der 
4-kantigen nicht benachbart ist. Wir zeigen vor allem, dass dieser Fall nicht zustande 
kommen kann.

In einem Dreiecksmosaik mit n Ecken sei A-t die Anzahl der /-kantigen Ecken. 
Dann haben wir

Da andererseits die Flächenzahl 2n — 4 und deshalb die zweifache Kantenzahl 
3(2n — 4) beträgt, gilt

A 34~ A4 ~h ... — 11.

3A3+4A4 +  ... — 6it—12.

Ist n=14, A3—A7 = Aa = 
=  ...= 0  und A4 — 1, so haben 
wir

А 5 + A6 — 13

5A g —f- 6A f, =  68,

und folglich A s =  10 und A6 =  3.
Es sei A die einzige 4-kan- 

tige Ecke und BCDE das Vier
eck, das aus den in A zusam
mentreffenden Dreiecken besteht. 
Wir setzen voraus, dass В, C Abb. 8
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und D 6-kantige Ecken sind 
und zeigen, dass es unmöglich 
ist, das Mosaik unter der Be
dingung zu konstuieren, dass 
die übrigen zehn Ecken alle 
5-kantig sind.

Es seien AEFGHC, 
ABHIJD und ACJKLE die 
Sechsecke, die aus den in B, 
C bzw. D zusammenkommen
den Dreiecken bestehen (Abb. 
9). Wir behaupten, dass die 
12 Punkte A, ..., L alle vonei
nander verschieden sind. Da 
nämlich E eine 5-kantige Ecke 
ist, sind die Kanten EF und 
EL verschieden, und EFL ein 
neues Dreieck. Wäre nun etwa 

3 K=G, so würde der Strecken
zug KLF zwei Kantendreiecke 
begrenzen, was nach Bemer
kung 1 unmöglich ist. Des
halb sind die Punkte F, G, 
H, /, J, K, L Ecken eines 

Kantensiebenecks S, wobei immer dasjenige Kantenpolygon gemeint wird, in das 
noch keine Dreiecke eingezeichnet sind.

In S gehen von G, /  und Kje zwei Kanten, und von F, H, J  und L je eine Kante 
hinein. Deshalb führt die etwa von F ausgehende Kante nach Bemerkung 2 zu einer 
neuen Ecke M, wodurch die neuen Dreiecke MFL, MFG und MLK  entstehen. 
Wir können jetzt diese Konstruktion mit dem Kantensechseck S ' = MGHIJK 
fortsetzen. Die von M  in S' hineinweisende Kante führt zu einer neuen Ecke N. 
Dann haben wir zugleich die neuen Dreiecke NMG, NMK, NGH, NKJ und das 
Kantenviereck S" = NHIJ mit der unmöglichen Eigenschaft, dass in S"  von N. H 
und J  keine Kante, von /  aber zwei Kanten hineingehen.

Damit ist der Beweis der Tatsache, dass in einem r2 -Mosaik mit 14 Ecken 
keine 4-kantige Ecke sein kann, beendet.

Wir betrachten jetzt ein Гц-Mosaik mit 10 Ecken. Da es nur 4- und 5-kantige 
Ecken hat, haben wir die Gleichungen

A4. +  A s =  10 
4A4 + 5As =  48,

also A4 = 2 und A s =  8. Wir behaupten, dass die 4-kantigen Ecken A und В weder 
erste, noch zweite Nachbarn sein können.

Ist AB eine Kante, so bilden die sechs Dreiecke um AB ein Viereck CDEF, 
das wir so bezeichnen, dass in das komplementäre Kantenviereck von F und D aus 
je eine Kante und von C und E aus je zwei Kanten hineinweisen (Abb. 10). Wir 
können dann zu diesen Dreiecken nach Bemerkung 2 sukzessiv neue Kanten und
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Dreiecke adjungieren, etwa in folgender Reihenfolge: FG, G FC, G FE, DH, HDC, 
HDE, GEH, GCH. Da aber jetzt die Dreiecke die Sphäre lückenlos bedecken, endet 
die Konstruktion mit einem Mosaik mit 8 Ecken.

Ist AB keine Kante und C eine Ecke, die sowohl mit A wie mit В benachbart

Abb. 10

Es sei jetzt CDEF das von den in A zusammentreffenden Dreiecken gebildete 
Viereck. Wir haben nur noch den Fall zu untersuchen, dass C, D, E, F und die von 
A verschiedenen Nachbarn dieser Ecken alle 5-kantig sind (Abb. 12). Da die von 
C aus in das komplementäre Viereck weisenden Kanten in zwei verschiedenen

16 Studia Scientiarum  M athematicarum Hungarica 4 (1969)

ist, so gibt es eine Kante CD, so dass auch 
die Ecke D mit A und В benachbart ist (Abb. 
11). Die in A bzw. В zusammenkommen
den Dreiecke bilden zwei Vierecke CDEF 
und CDHG. Dann ist aber EFGH ein Kan
tenviereck, aus dessen jeder Ecke genau eine 
Kante in das Viereck eintritt. Deshalb treffen 
sich diese Kanten in einem Punkt, womit wir 
zu einem Mosaik mit 9 Ecken gekommen sind.
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Punkten G und H  enden, haben wir die neuen 
Dreiecke FGC, GCH, CHD, zu denen dann 
sukzessiv die weiteren Dreiecke HDI, DIE, 
IEJ, EJF, JFG hinzukommen. Nun geht 
von jeder Ecke des Vierecks GHIJ noch ge
nau eine weitere Kante aus. Deshalb treffen 
sich diese Kanten im Punkt B, womit wir 
ein zu M, isomorphes Mosaik vor uns haben.

Die Untersuchung der topologischen 
Struktur eines r2 -Mosaiks mit 14 Ecken ge
schieht in ähnlicher Weise. Aus den Glei
chungen

A s + A 6 = 14 
5AS + 6A6 = 72

folgt As = 12 und A6 = 2. Wir werden zei
gen, dass die 6-kantigen Ecken A und В we
der erste, noch zweite Nachbarn sind, wo
durch sich das Mosaik automatisch und 
eindeutig konstruieren lässt.

Es sei AB eine Kante und BCDEFG und AGHIJC die beiden Sechsecke, die 
aus den in A bzw. В zusammentreffenden Dreiecken bestehen (Abb. 13). Wir adjun- 
gieren die neuen Kanten und Dreiecke CK, KCD, KCJ, DL, LDK, LDE, EM, MEL, 
MEF, GN, NGF, NFM, NGH, HO, OHN, OHI, ONM, IP, PU, PJK, PKL, PIO, 
wodurch ein Mosaik mit 16 Ecken und der Vierecksfläche LMOP entsteht.

Sind A und В zweite Nachbarn, so haben die beiden Sechsecke, die aus den 
in A bzw. В zusammenkommenden Dreiecken bestehen, eine gemeinsame Seite, 
so dass diese Sechsecke mit CDEFGH und CDIJKL bezeichnet werden können 
(Abb. 14). Um uns zu überzeugen, dass die verschieden bezeichneten Ecken tat
sächlich verschieden sind, streichen wir vorübergehend die Dreiecke BLK, BKJ,

BJI, zeichnen aber gleichzeitig die 
Dreiecke CHL und DEI, und gehen 
vom Kantensiebeneck EFGHLBI 
aus, dessen Ecken nach Bemerkung 
1 verschieden sind. Es genügt dann 
zu bemerken, dass die Endpunkte 
der von В aus in das Siebeneck wei
sende beiden Kanten nach Bemer
kung 2 von den Ecken des Sieben
ecks und offensichtlich auch vonein
ander verschieden sind. Deshalb 
können wir die gestrichenen Drei
ecke wieder aufnehmen, und vom 
Kantenachteck EFGHLKJI ausgeh
end die neuen Dreiecke LHM, MLK, 
MHG, EIN, NEF, NIJ zeichnen. 
Es entsteht das Kantensechseck 
FGMKJN, von dessen jeder Ecke
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noch genau eine weitere Kante ausgeht, die in einer neuen Ecke zusammensto- 
ssen. Unsere Konstruktion führt also zu einem Mosaik mit 15 Ecken.

Es sei nun CDEFGH das Sechseck, das aus den in A zusammentreffenden 
Dreiecken besteht (Abb. 15). Sind die Ecken dieses Sechsecks alle 5-kantig, so liegen 
um C die weiteren Dreiecke HIC, ICJ, CJD, an die sich sukzessiv die Dreiecke 
JDK, DKE, KEL, ELF, LFM, EMG, MGN, GNH, NHI anschliessen. Sind auch 
die Ecken des neuen Kantensechsecks IJKLMN alle 5-kantig, so sind sie noch mit 
der zweiten 6-kantigen Ecke В durch je eine Kante verbunden. Das erhaltene Mosaik 
ist mit M2 isomorph.

Damit sind alle Behauptungen, auf die wir uns im § 3 ohne Beweis berufen 
haben, bestätigt, und der Beweis unseres Satzes dargetan.

§ 8. Bemerkungen. Eine verhältnismässig günstige Überdeckung mit 9 Kreisen 
entsteht, wenn die Kreismittelpunkte folgendermassen angeordnet sind. Es seien 
ABC, A 'B 'C ' und A"B"C" drei gleichseitige Dreiecke, die dem Äquator und zwei

A“

kongruenten Breitenkreisen so einbeschrieben sind, dass AC'BC", BA'CA" und 
CB'AB" kongruente Rhomben sein sollen (Abb. 16). Die Breitenkreise seien so 
gewählt, dass die Umkreisradien von A'B'C ' und AB'B" einen gleichen Wert r 
haben. Leider ist der Umkreisradius von AB'C' kleiner als r, so dass die um die 
Ecken der Dreiecke mit dem Radius r geschlagenen Kreise gewisse Flächenteile 
dreifach überdecken. Deshalb ist die Dichte dieser Überdeckung grösser als die 
Dichte der von Schütte konstruierten Überdeckung mit 8 Kreisen.

Wir richten jetzt unsere Aufmerksamkeit auf das Problem der dünnsten Über
deckung der elliptischen Ebene durch m kongruente Kreise, oder — was auf das
selbe hinauskommt — auf das Problem der dünnsten zentralsymmetrischen Über
deckung der Sphäre durch 2m Kreise. Das analoge Unterdeckungsproblem haben
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für m = 4 und 5 L. F ejes Tóth [4] und für m = 7 K. Böröczky gelöst. Da die dich
testen Unterdeckungen der Sphäre durch 6 und 12 Kreise automatisch zentral
symmetrisch sind, ist damit das elliptische Unterdeckungsproblem für m ^  7 gelöst.

In der dünnsten zentralsymmetrischen Überdeckung der Sphäre durch 8 Kreise 
liegen die Kreismittelpunkte — wie A. H eppes [7] gezeigt hat — in den Ecken einer 
regulären sechsseitigen Doppelpyramide.

Bei 10 Kreisen scheint es günstig zu sein, die Kreismittelpunkte in die Ecken 
einer „prismatischen Doppelpyramide” zu legen d.h. in die Ecken eines Mosaiks, 
das aus 8 kongruenten gleichschenkligen Dreiecken und 4 kongruenten gleich
winkligen Vierecken besteht, wobei die Umkreisradien der Dreiecke und Vierecke 
übereinstimmen.

Eine günstige Anordnung von 14 Kreisen ergibt sich, wenn man die Kreis
mittelpunkte in die Ecken und Flächenmittelpunkte eines oktaedrischen oder, was 
dasselbe ist, eines hexaedrischen Mosaiks legt. In bemerkenswerter Weise ergibt 
diese Punktanordnung die Lösung des entsprechenden Unterdeckungsproblems. 
Wir wollen diese Anordnung kuboktaedrisch nennen, weil hier die Punkte die Flächen

mittelpunkte eines kuboktaedrischen 
Mosaiks sind (Abb. 17).

Bei 16 Kreisen ist es zweckmässig, 
als Kreismittelpunkte die Ecken einer 
regulären antiprismatischen Doppel
pyramide zu wählen. Diese Anord
nung scheint nicht nur unter den 
zentralsymmetrischen, sondern auch 
unter beliebigen Überdeckungen der 
Sphäre durch 16 Kreise günstig zu 
sein.

Eine sehr sparsame Überdeckung mit 32 Kreisen entsteht, wenn man die Kreise 
um die Flächenmittelpunkte eines ikosidodekaedrischen Mosaiks schlägt (Abb. 18). 
Wir haben gute Gründe zu vermuten, dass diese ikosidodekaedrische Kreisanord
nung die dünnste Überdeckung der Sphäre durch 32 kongruente Kreise darstellt.

Bemerken wir, dass die drei letzten Punktanordnungen bezüglich des Problems 
der befreundeten Diktatoren lokal extremal sind. Genauer ist jede dieser Punkt
verteilungen unter allen zu ihr isomorphen Verteilungen die bestmögliche, wobei 
unter isomorphen Punktverteilungen Anordnungen mit topologisch isomorphen 
Mosaiken verstanden werden.

Für die Punktanzahl 16 folgt dies unmittelbar aus Hilfssatz 1. Allgemeiner 
bilden die Ecken einer mehr als dreiseitigen regulären antiprismatischen Doppel
pyramide eine beste Punktanordnung unter sämtlichen isomorphen Anordnungen. 
Da bei grosser Seitenzahl diese Anordnung sicher nicht die absolut beste ist, haben 
wir unendlich viele Beispiele lokal extremaler Punktsysteme vor uns, die nicht 
absolut extremal sind.

Weitere Beispiele ergeben sich aus folgender Bemerkung. Wir betrachten ein 
Mosaik, das aus kongruenten regelmässigen k-Ecken besteht. Ist k >  3, so ist die 
Punktverteilung, die aus den Ecken und Flächenmittelpunkten des Mosaiks besteht, 
unter allen isomorphen Punktanordnungen die beste.

Gehen wir vom hexaedrischen und dodekaedrischen Mosaik aus, so erhalten 
wir die kuboktaedrische und ikosidodekaedrische Anordnung, von denen die erste
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nur lokal, die zweite aber wahrscheinlich auch absolut extremal ist. Gehen wir 
dagegen vom diedrischen Mosaik aus, so erhalten wir die Ecken einer regulären 
Doppelpyramide, die für die Seitenzahlen 3, 4 und 5 eine absolut, sonst aber nur 
eine lokal beste Anordnung liefert.

Um die Richtigkeit unserer Bemerkung einzusehen, erwähnen wir, dass Hilfs
satz 4 seine Gültigkeit unter viel allgemeineren Bedingungen behält. Da nämlich 
die Tangente, die die Kurve der Funktion T(x) im Punkt x = n/5 berührt, für jeden 
Wert von rcn /2  im ganzen Intervall (n/5, n/2) oberhalb der Kurve liegt, gilt der 
Hilfssatz auch dann, wenn r beliebig und die Anzahl к der Dreiecke > 4  ist. Es 
ist nicht zu bezweifeln, dass Hilfssatz 4 auch für k = 4 bei beliebigen Werten von 
г< л /2 gilt, doch scheint der Beweis noch einige weitere Überlegungen zu erfordern. 
Jedenfalls gilt der Hilfssatz bei k — 4 für denjenigen Wert von 36°12', der der 
kuboktaedrischen Kreisüberdeckung entspricht. Dies lässt sich in gleicher Weise 
zeigen wie im Falle r = r2. Die Richtigkeit der obigen Bemerkung folgt nun, wenn 
wir in den Mosaiken der fraglichen Punktsysteme die Inhaltssumme der in den 
к -kantigen Ecken zusammentreffenden Dreiecke mit Hilfe dieses verallgemeinerten 
Hilfssatzes von oben abschätzen.

Unsere Tabelle enthält für einige Kreisanzahlen n die Näherungswerte des
extremalen Radius- und Dichtenwertes r und cl = -  (1 — cos r), bzw. Schranken
derselben, die sich einerseits aus der Abschätzungsformel [2]

r s  arc cos ctg_ÜL_ —
]/3 n — 2 6 ’

andererseits aus den betrachteten günstigen Überdeckungen ergeben. Ist bei geraden 
Werten von n die beste bzw. die konstruierte günstige Überdeckung nicht zentral
symmetrisch, so enthält die Tabelle weitere Werte, die sich auf das Problem der 
dünnsten zentralsymmetrischen Überdeckung beziehen.

n r d
2 90° 1
3 90° 1,5
4 70° 32' 1,333
5 61° Г 1,382
6 54° 44' 1,268
7 51° 2' 1,299
8 46° 31'

49° 6'

OsОoo 1,246
1,381

1,331

9 43° 36' 45° 53' 1,232 1,368
10 42° 18'

47° 4'
1,302

1,596
12 37° 23' 1,232
14 34° 56'

36° 12'
1,261

1,351
16 32° 8' 33° 32' 1,226 1,332
32 22° 29' 22° 41' 1,221 1,238
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Wir bemerken noch, dass sich die obige Abschätzung von r noch ein wenig 
verschärfen lässt. Es seien nämlich in einer Überdeckung der Sphäre durch n Kreise 
vom Radius r Dt , ..., Dn die Flächeninhalte und k t , die Seitenzahlen der
Dirichletschen Zellen. Dann gilt Di^ P (k i), wo

P(k) = 2k — 2karctg cos r tg —

den Inhalt eines regulären k-Ecks vom Umkreisradius r bedeutet. Da aber einer
seits P(3), P(4), ... eine zunehmende konkave Folge, andererseits k i + ... + kh Ш 
^  6л —12 ist, haben wir

4к = /),+ ...+£> ,, ~  P (k1)+  ... + P(kh) S  n1P(p1) + n2P(p2), 

wo und n2 nicht negative und p l und p2 positive ganze Zahlen sind, für die

n2+n2 = n, p2~Pi =  1, >hPi+n2p2 = 6л-1 2
ausfällt.

Für л =  32 haben wir
12/>(5)+ 20P(6) =? 4тг,

woraus sich r £ 22° 32' ergibt. Diese Schranke ist nur um weniger als 0,7% kleiner 
als der vermutete Minimalwert von r.

Schliesslich spreche ich meinen aufrichtigen Dank meinem Vater L. F e j e s  T ó t h  

aus, der meine Aufmerksamkeit auf diese Probleme gerichtet und meine Unter
suchungen durch wertvolle Bemerkungen unterstützt hat.
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ON AN ITERATIVE M ETH O D  WITH D IFFEREN CE Q U O TIEN TS 
OF TH E SECOND ORDER

by
M. BALÁZS and G. GOLDNER

In this paper an iterative method is given with difference quotients by analogy 
with CebySev’s method [1], for solving equation
(1) P ( x )  =  0,

where P ( x )  is a continuous operator defined on a Banach space X ,  with values in 
a Banach space Y.

S. U lm [2] has given such a method, but his recursive relation for finding suc- 
cesive approximations contains more terms than the corresponding formula in this 
paper. In [2], also the author supposes the existence of the solution of the equation
(1), proving only the convergence of the method to the solution assumed as existing. 
In our paper we prove the existence and uniqueness of the solution.

In the paper we use some properties of the difference quotients used in [3] 
and [4], but we also need some other properties wich will be given in § 1.

§ 1. Some properties of the difference quotients

In this paragraph we adopt Schroder’s definition [5] for difference quotients 
of the first order. The difference quotients of the higher orders can be succesively 
defined. We denote by

Z>(xl5x2; T ( x )) respectively D ( x 1, x 2 , x 3; T (x ))  

the difference quotients of the first, respectively second order of operator T (x) .

Lemma 1. I f  B[u,v] isab il inear  operator  (УХ y 1  Z )  and u ( x ) ,  v ( x )  are operators  
( X ^  У), ( X -1 Y )  with difference quotients o f  the f ir s t  order in the po in ts  x , , x 2 , then

D { x x , x2; B [u(x) ,  i>(x)])dx =
=  i?[D(x,, x2 ; m ( x ) ) J x , г;(х,)] +  B \ u ( x 2), D ( x l , x2 ; r(x))dx]

Proof.

Z)(x,,x2; Я[и(х), r (x )])(x j-x 2) =
=  Я[и(х,), »(*!>] -  ä [m(x2), d(Xi )] + B [u (x2), e(x,)] -  Я[и(х2), n(x2)] = 
=  Ä[u(Xj), (̂л-,)] -  Ä[«(x2), 1>(х2)].

We assume that
D (x , , x 2 , x 3; B[u(x ), u(x )]) =  D (x ,,x 3; D ( x , x 2; B [u (x ) ,  v(x)])).
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Lemma 2. I f  the conditions o f  L e m m a  1 take  place a n d  u (x ) ,  v (x )  have the 
difference quotients o f  the second order in the po in ts  x x, x 2 , x 3 , then

D ( x 1 , x 2 , x 3 ; B [u (x ) ,  v & y ^ A iX A z X  =

=  B [ D ( x l , x 2 , x 3 ; u ( x ) ) A 3x A 2x ,  n ^ ) ]  +  B [ D ( x 2 , x 3 \u {x ) )A y X ,

D ( x t , x 3 ; v {x ) )A 2x \  + B [ i t { x 2), D ( x l , x z , x 3 \ v ( x ) ) A ix A 2x'\

The proof is analogous with the proof of Lemma 1. Thus we assume that

D ( x i ,  x 2 , x 3 , x 4 ; B[u(x ) ,  v ( x ) ] )  =  D ( x 1 ,  x4 ; Z)(x , x2 , x 3 ; B[u(x),  r(x)]))

We obtain immediately
Lemma 3. Under conditions o f  L e m m a  2, and  i f  u ( x ) , v ( x )  have difference quotients  

o f  the  third order in the po in ts  x , ,  x 2 , x 3 , x4 , then

Z )(x j , x 2 , x 3, x 4 ; B [u (x ) ,  n(x)]) =  B[^D{xl , x 2 , x 3 , x 4 , u { x ) ) A i x A 2x A 3x , v { x i )\-\-

+  B \_D (xl , x 3 , x 4 ; u (x ) )A 3x A 2x ,  Z)(x 1, x4 ; r (x ))d 3x ]  +

+  ő [ ö ( x 2 , x 3 ; w(x))d | X ,  D ( x l , x 3 , x 4 ; v (x ))A 2x A 3x )]  +

+  B \ u { x 2), D ( x x , x 2 , x 3 , x 4 ; v (x ))A  vx A 2x A 3x \ ,

Lemma 4. The fo llow ing  N ew ton 's  form ula  takes p lace f o r  any operator P (x) ,  
which has the difference quotients o f  the f irs t ,  second and th ird  order:

P {x )  =  P ( x f )  +  D ( x t , x 2 ; / >( x ) ) ( x - x 1) +  D ( x 1, x 2 , x 3 ; />( x ) ) ( x - x 2) ( x - x , )  +

+  D ( x t , x 2 , x 3 , x ; J°(x))(x —x 3)(x  —x 2) (x  — x j ,

In the following paragraph we shall denote:

P ( x t , x 2) =  D { x y, x 2 ; P (x )), P ( X i , x 2 , x 3) =  D ( x 3, x 2 , x 3 ; P (x ))  and

P ( x  1 » x 2 , x 3 , x 4) =  D (x 2, x 2 , x 3 , x 4 ; P (x ) )

§ 2. Convergence of the method, existence and uniqueness of the solution

Let equation (1) hold, where P (x )  is a continuous operator with symmetrical 
difference quotients1 [3] of the first, second and third order in the space X. The 
method studied is given by the algorithm

(2) x n+i =  x„ — Г nP (x„) — Г  nP(x„ ,  x „ _ 1; х п_ 2) Г п^ 1Р ( х „ _ 1) Г пР(х„),

(n = 0 ,1 ,2 ,...)
where

Л' = [^(x,-, X ; _  ,)]_1, r i+l = [P(xi+i, x i_ l)]-1 (/ =  -  1 ,0 ,1 ,2 ,...).

1 Evidently, in this case the lemmas of § 1 apply too.
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T heorem 1. Ifin  the domain o f definition of the operator P(x), there exist points 
x _ 2, x_ !, x0 for which the following conditions hold:

1° r _ t , Г 0, Г0 exist, in the sphere S0(x0, R0) ап(1 Г =  [/*(*', x")] ~1 exists too, 
for any point (x', x")d S0X S0, and

m a x f l i r . J ,  \\Гo||, | | Г 0 | | ,  | | Г | | }  = В;

2° ||P (*_2)|| ^  4-2> ll̂ >(A:-l)ll - 4 - 1» 11/4*0)11 — 4o> (>1o — 4-1 — 4-2)i

30 For any points x', x", x'", xlv from S0

W ,  *"> *"011 ^  M, \\P(,x', X ,  x"', xIV)|| =i N- 
4° Л_2£_2< 1, where h_2 = B2Mq_2,

N

and
=  _ 1 _ Í 3  +  Í N  

Н -г \ 2 + 1 |(1 +h_2)~

tf_ 2 =  1 -Л _ 2(1+Л_2) > 0
2 Bt]_then equation (1) has a solution x*Ç. S0(x0, R0), where R0 =  . ,, _

1 — (П-2 Е - 2 )
x* being the limit o f the sequence (2), and the rapidity of convergence is given by the 
inequality

(3) * -* „  ^
201,-2 r

l - ( h _ 2E_2y (h_2E_2) RoQ t-iE -i)
M - 1

2  I  t i
i  -  2

where ti is the general term of the generalized Fibonacci's sequence with ti = t(_3 -f 
+ ti_2 + ti_i; (/ =  2, 3, ...) and =  - l ,  t0 = l, t t = 1.

R emark 1. From the condition 4 °  results that 1.
1

Remark 2. The condition E _ 2 h - 2 <  1 holds, if, for example, h ^ 2 <  —  and

N  ^387 
BM 2 ~  125 '

R emark 3. In the conditions of the theorem x_l5 x_2 € •S'o- In fact

l l* - 2 “ *oll =  11^oP( * o > * - 2) ( * _ 2 >*o)ll ^  \\rо11( 11̂ ( * - 2> Ж 1̂ С * 0) 11) =

— 2Btj_2 ■< R0.

Analogically can be proved that x_ t Ç S0.

P roof of the theorem . From the conditions 1° —3°, formula (2) and Remark 3, 
results the possibility of the construction of the point x { and

||xx — x0|| =5 j5i,0(1 + /! -2) S  R0
whence

II Я(хt , X0, X— j , X_ 2)|| ^ N .
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We prove that the points x,,, satisfy the conditions of the theorem 
10 Г0, Г л, Г J exist and

max {\\Г0||, ||Г PMI} =S Ä
2° Let be the operator:

Fn{x) =  x  -  XnP(x) -  цп[Р(х)]2, (и = 0, 1, ...), where
XnAx = ГпАх + ГлР(х„,хп_1,х п_2)Гн_ 1АхГпР(хп) +

(4) +Г„Р{хп, x„_i, х„_2)Г„_1Р(х„_,)Г„Ах,
цпА 1х А 2 х  =  - r nP(x„,xn_ 1,x n_2) r„ _ 1d 1x f„ d 2x.

We obtain immediately the following properties:

F„(x„_2) = Fn(xn- i)  = Fn(x„) = xn+1, F„(x„, x„_,) =  0, Fn(x„, x„_1, x„_2) =  0, 
F„(xe+t,x K, x„_l5 x^^d iX d iX d jX  =  Яп/ ,(хп+1, x„, x„_u xn_2)d ,x d 2xd3x —

-  /VP (*„ +1, xn, x„ _ !, x„ _ 2) d , xA 2 xd 3 xP (x„) -
- Ь П̂ (^Я+1 .^ п -1 ^ „ -2 )^ 1 ^ 2 -^ (^ „ +1,Х„)/1зХ-
-H nP(xn- i , x n_2)A l xP(xn+i , x n,x n_2)A 2xA3x -
-HnP (Xn-t)P(xn+1,x n, x n_1,x n_2)A ixA2xA3x.

Applying Lemma 4 to the operator F0(x) in the point x = x, and using the 
conditions of the theorem we obtain

Il^(x1)||[l — A_2(l + /i_2)] S  ( N +  Af2j3)||x-x_2|MI*-*-ilMI*-*oll +ЗЛ12»/о- 

Using the property

we obtain
(5)

F0 (x_2) =  F0(x_, ) = F0 (x0) =  Xj 

\\P(Xi)\\ S ( h - 2E _ 2) 2>]0 =  i i , < tfa .

3° The conditions are evidently satisfied.
4° =  B2Mi1_ i S  /?_2, =  1 —/r_!(l +/*_!) ё  tf_ 2

whence
2, hence

From the proved properties results the possibility of the construction of x2 
and we have

||x2- x 0|| =2 Bt]0[l + (E -2h_2)Л-il =  2Ä/-2 <  /?0-

We show that the condition 1° — 4° are valid for the points x0, х15 x2.
1° This condition is evidently satisfied.
2° Putting in the formula (4) n = 1 and applying Lemma 4 to the operator, it 

results
II ̂ (*2)11 =  (£_ !h _ tYr/ ! =  r\2 <  ri !.

3° The conditions are evidently satisfied.
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4° lt0 = B2Mt]0^ h - i , //0S W .,,  E0^ E _ l and E0h0< l.
The conditions can be verified succesively by induction, and the following relations 
can be proved:

(6) Пп + з S  (h„E„)2 t]n + 2

(7) >'n + : V’nEn)3
b„

(8) hnE„ <  1,

where ||/>(-v„)|| t]n, hn = B2 Mt\n,

E2 =4  ----- 3+ lÄ ^ +1 l (1+/° 3
and Hn = 1 -//„(1 +/;„).

From (6) it results that .x̂ Ç S0(.Vo. £0)> Só(.v_,, R0) and xn£ Ső(*_2, £<>)• 
In fact, we have

2Bi]0||.vB- x 0|| == 2B(qn_ t + ... + ql +q0) s
1 - (£ _ 2Л_2)2 - R°-

Analogically we can prove the other relations. 
From the relations (6) and (7) we obtain

(9)
whence it follows

( 10)

hn+l — ( £ - 2 ^ - 2 )  • ^0

2Bn-2 ,  Л Й "
1 - ( A _ 2 £ _ 2 ) (

( £ _ 2 /i _ 2)

П — 1
2 Z  U

1 = 2

From (8) and (10) it results that the sequence (2) is fundamental, hence it is 
convergent to an element x*£X. Also

x*£S(x0, R0), x*£S'0(x_ l , R0), x*eS'ó(x_2, b 0).

If in (9), results the formula (3).
We have to prove that

P(x*)=0.
From (9) it follows

n- 1

\\Р(хп)\\^(1 ,_2Е_2У * ' ‘-По.

For n — using (9) and the continuity of P(x), we obtain

P(x*) = 0.

T heoem 2. I f  conditions of the Theorem 1 take place, then equation (1) has a 
unique solution in the sphere S0(x0, R0).

S tu d ia  S c ie n t ia r u m  M a th e m a tic a r u m  H u n g a r lc a  4 (1969)
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Proof. Let x£ S 0 ( x 0 , R0) be a solution of equation (1), x^x*  and (x „ )  the 
sequence obtained by (2). According to the condition l°o f Theorem 1 [P(x, x„)]_1 
exists, and

||[/>(x,x„)]-1|| S B .
We have

x - x n = [P (x, x„)] - 1P (x, x„) (x -  X„) =  - [P  (x, x j]  - 1P (x„), 

whence ||x — x j  ë  Brj„. Using the relation (9) we obtain

n- 1

||x —xn|| S  B(E_2h_2) = ho

using the relation (8) it results
lim x„ =  x
П—► o=>

and from the uniqueness of the limit

Remark 4. In case of algebraical or transcendental equations the formula (2) 
has the following form:

( П )
X  —  X“v#l */vM

'/J+1 f{ xn) - / ( * „ - 1)
f(x„) +/(x„_ i)/(x„) •

X„ X n - i  ,
[/(*„) - / ( * „  - 1)] [/(*„)- f { x n_ 2)\ [/(Xn) - / ( * „ - ,)] [/(x„_ , ) - / ( x „ _ 2)] '

_l------------------------------------------------------ --------------------------------------------------------  .

[ / W  - /(* „ -  2)] [/(*„-i) - f ( x n- 2)]

N umerical example. Let the algebrical equation be x3 + 30x —12 =  0 and

/(x) = ~ x 3 + 5x —2. We let x_2=0;  x_!=0,6 ; x0=0,3.
6

It is easy to verify, that these points satisfy the conditions of Theorem 1, 
and 0,83 < R 0-c 0,854.

Using the formula (11) we obtain

x t =0,39766 and x2=  0,3979.

Using the method of chord in [0,3; 0,6] we have

xt = 0,39771 and x2 =  0,3978977.

We can easily prove that x2 is nearer to the solution than x2.
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ON THE SO LU TIO N S OF THE DIFFERENTIAL 
EQUATION y"+q(x)y = 0, WHERE [<7 (x)]v IS CONCAVE, II.

by
Á. ELBERT

Let y= y(x) be the solution of the differential equation

( 1) y” + q(x)y = 0 I ' =  ,У + q(x)y =  0 I '

where q{x) is continuous, ^(x)ë0. Let us assume that the solution y(x) is oscilla
tory and x0(q), x , (q), ..., X „ ( q ) , ... denote the consecutive roots of the equation 
y(x) =  0 and x'0(q), x\ (q), ..., x'„(q), ... the roots of y'(x) = 0 with the validity of 
the inequalities x0 (q) <  xó (q) <  x, (q) < x\ (q) < ...  <  x„ (q) <  x'„ (q) <  ... .

We make the following
Definition. The function q(x) belongs to Cv[a(q), b{q)] (0< v< °°) if q(x) 

is a nonnegative continuous function on [a(q), b(q)] and [^(x)]v is concave (no 
point of an arc lies below the corresponding chord).

This class of functions q(x) was considered in [1] and our main tool now is 
based upon the method expounded there.

If q(x) is twice continuously differentiable then the relation ^(x^ÇCJa^), b(q)\ 
is equivalent to
(2) (1 -v )q ’2-qq"  £  0 (a(q)SxSb(q j).

Let Cv[x0,* n], с Л х 'о , х „ ]  be defined by

Cv[a-o, xn] = {q\ q{x) 0, 3 a , (q), ..., xn(q), q(x)£Cv[x0(q), x„(i/)]} 

Cv[x'o, -v„] =  {q\q(x) a  0, 3x'0(q), x, (q), ..., x„(q), q(x)Ç Cy[x’0(q), x„(^)l}

and similarly Cv[x0,x '], Cv[xó,x'], too. 
We are interested in the quantities

if q(x) belongs to Cv[x0,x„], Cv[x'0,x„], Cv[x0,x'„], Cv[x'0,x'n]. Concerning the 
first of these quantities, E. Makai proved [2] that

(3)
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if Í * '
0 <  v <

-qq \ 
that

0. In [3] it is proved for a nondecreasing q ( x )  satisfying (2) with

х '„ ( Я )

х0(я)

where ц =

f  Yqdx >  п п - ^ + ц п ,  f  Yqdx >  ПП + ЦП
х 0 СЯ)

V

(n = 0, 1, 2,...) ,

1 + 2v '
In this paper we shall give sharp upper and lower bounds for these quantities. 

These bounds depend on the property of q(x) that q(x) is nondecreasing or non
increasing or increasing-decreasing.

We can restrict ourselves to twice continuously differentiable functions q(x)
Хп(Я)

as it was done in [1] because the integrals J  Zqdx, ... depend continuously on q
х о ( Я )

and the function q(x) can be approximated by

яЛ*) =
л x  +  e  f  u  +  e  \

p2 f  f  q 4 v ) d v \ d u

l / v

(e  >  0 ) ,

where q e has the same monotonity property as q ,  q \ ( x )  is concave if q v ( x )  is concave
and lim q f x )  =  q ( x ) .

+ 0
We introduce the function c p ( x ) by

(4) cos cp = Sin (p =
yZq <p(x о Ш  = о.

Zq + \  ^ sin 2(p

Z q y 2 + ÿ 2 Z q y 2 + y ' 2

By (1), (4) we have

(5) cp' 

and
(6) c p ( x n ( q ) )  =  n n ,  cp(x'n ( q ) )  =  (и +  |)тг (я =  0, 1, 2, ...).

It was proved in [3] that c p ' ( x ) > 0, therefore the inverse function x ( c p ) of the in
creasing function c p ( x )  exists.

The following lemmas are needed.
Lemma 1. I f  q ( x )  i s  n o n d e c r e a s i n g  a n d  b e l o n g s  t o  Cv [xó, x j  t h e n

*i(e) _
/  у .

х'0(я)

Proof. Since by (6) n / 2 ^ s . c p ( x ) ^ n  for x'0 ( q ) ^ x ^ x 1 ( q )  we obtain by inte
grating (5) over [xó(<7 ), x f q ) \

_  -MW 1 '
J  -  f  Zq dx = f  -J -  sin 2cp dx = 0,

х'о(Я) x'a{q\ 4

which proves Lemma 1.
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Lemma 2. I f  q(x) is nondecreasing and belongs to Cv[x'0, x\] then
x ‘,(q) _

j  ÿqdx S  я.
■*ó(«)

Proof. Let s(x) = $ q'q~312. Then by (2) s '( x ) ^ 0, therefore s(x) is decreasing. 
Integrating (5) over [x'0(q), x[ ((?)] and taking into account (6) we have

x\(q) _
я — J  У qdx

x\(q)

f
x ’0(q)

— -  sin 2(0 dx 4 q
Xç q) s(x) sin 2(р(л-) 

J q )  1 + í (a) sin 2(p
<p'(x)dx =

c s(x((p)) sin 2<p 
J 1 -f s(x((p)) sin 2(p
2

/ s(x(n — ip)) sin 2ip s(x(n + ip)) sin 2ip
1 — s(x (я — \p)) sin 2ip 1 +s(x(n + ip))sin 2i\p

dip îï 0

which proves Lemma 2.

Lemma 3. I f  q(x) is nondecreasing and belongs to Cv[x0, xó] then
x'0(q)

I  Уя
х 0(й)

dx S я
2 '

Proof. Similar to the proof of Lemma 1.

Lemma 4. I f  q(x) is nondecreasing and belongs to Cv[x0, x,] then
X\(q) _
f  У qdx ^  Я.

* o ( « )

Proof. This lemma is a special case of (3) proved by E. M akai. Alternatively, 
one can prove it on the lines of the proof of Lemma 2.

Lemma 5. I f  q{x) is nondecreasing and belongs to Cv[x0, xó] then
x'0(q)

f  Ÿ q d x ^ jp - i  
x0(q)

яwhere j ß_ t is the first positive root o f the Bessel function of order p — 1 and 0</„_ t -<-r- 
and p is defined above.

Proof. We can assume that xo(̂ r) = 0. (If it were not so we would make use 
of the substitution x = x — x 0(q).) If q'(x) = 0, i.e. q’(x) =  const. we have by (5),

x'o(q) _
(6) J  Ÿqdx = — >~jll- i , therefore the inequality holds for q(x) = const.. If q(x 

о ^
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const., then let x* = sup{x; q '(x )> 0, 0^x^xó(<?)}. We define the function r(x) by 

(7) t ( x )  = 2 -  vxj 0 <  x <  X *.

By (2) t ( x )  is nondecreasing in (0, X*). Let q*(x) = s | (x) be defined for 0 <  £ <  x* by

( 8)
Í iq

Si(x) I C(x +  y)1/2v x s £ ,

where C = C(£) and y = y(Ç) are determined by j{(<̂) = (̂< )̂ =  ( ^ ( x ) ) '=i
(C>0, y =  0). It is clear that q. = s* 6 Cv[x0,x'0] and lim 5,(x) = I^r(x) and sTx)

í-x*-0
is twice continuously differentiable except at x —£ where s"(x) may be discontin
uous.

Let ф((х) be defined for xSO  by

(9)
1 s'?Ф'ц =  -У4+ТХ — Sin 2^ ,  i/^(0) = 0.A

We introduce the notations x'0(q^) = a(^) and

( 10)
o«)

J ( 0  =  J  S((x)dx.

Let £ be any place where т'(<!;)>0; differentiating (10) we have
oCi)

( 11) dJ№  -  [  ds^ x ) dx I S fflfflV da{0
* ( 0  ~ J  d r (O dx+Sf{a(0) dr(0  •

By (6) we have |/^(а(£)) = — and by (9) iJ/'f (a(Ç))=Sç(a(Ç)). From these we get

( 12) , ,(„ « ))  Ш +  # i Wdr(0  d t(0  

From the differential equation (9) it follows

= 0.
*=«

(13)
dj/ç(x)
dr(ç)

_  dsç(x) | 1 { d s'ç(x)
dt (A) 2 [dr (О (x)

) s in 2^ W + * ‘g c o S2*! W . i ^ - (X ^  О ,

which is a first order linear differential equation for б^(х)Д/т(£) with the initial 
value dij/( (x)/dxA)\x=i = 0. To solve this differential equation and to determine
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dSj(x)
dr(0

i{W

du X

the sign of dJ(Ç)/d-t(Ç) we need some relations proved already in [1]:

0 0 л: <  £

s 'iW Y
(

d  s'( ( a') 

dx(0 s((x) ~
Let о (x), t(x) be defined by

X S f .

(14) Q = Y '2 + s2Y 2, t =  q —, + Y Y ' ( r s O ) ,

where s = s((x) and Y = У,*(х) is the solution of the differential equation Y" + s 2Y =0 
with the initial conditions У4(0)=0, У^(0)=1. Using these functions the other 
relations needed are

g' = 2ss'Y2 (x 0) 
sY Y'

sin ф( =  — , cos ф( = —  (x s  0)

/' =  (2v+i)e  ( r ê ( )

(x 1È 0).5 Л / Q \s — cos 2ф* — — — s 4 s (o
Applying these relations we have by (13)

#{(x )
dr(0 d u -  -  - У Г  +  i  -в ( s)  # {(x)

hence

' =  _ r V y
J U J " ” UJ в  "  1 í  UJ d x ( 0(

(* §= 0 ,

therefore

#{(x) _
dr(0

■*(*)
e(x) f e<v>/ b )  Л*+/(7 Y T  du (x S 0-

Taking into account that i(x) =  C(x + y)2v for x i (  it follows

# i ( x )
d x ( 0 *=<■({)

X  5(0«)) f _ l _ £ 4 i )
2v e(e « ) ) l l  +  2v S(Z) WJJ +

^ y ( í ) i " ( ö - [ e ( e ( í ) ) - e ( ö ] J
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and similarly
«({)

dsç(x)/ dx =  — ;
dx(0

о
We get also by (11), (12)

d m

1 /  1 s ' ( a 52( а ( 0 ) s2( a l
2v l2 v -f 1 s(Ç) [ * 'И а ) 5 ' ( a  J

[í (ű(0 ) - í (0 ]}-

(15) dr (0  2v + 1 e(a(0 ) [z© -z(« )j,

5 ' ( . V ) 1 + 2v s' 
2v s2 Y T  <  0where z(.v) =  -2K, \  ?(*) an(l by (8) z'(x) =j  t-V j

for £ S x< ű (£ ), therefore dJ(Ç)/dr(Ç)>-0. The derivative dJ(Ç)/dr(Ç) can be de
fined by (15) for all £€(0, **)• We obtain in this way

x'oii)
(16) f  iq d x  =  J(x*) = J(£) + J  <IĴ  r'(u) du (0 < £ <  x*).

о ( drM

Let <т?(х) be defined for by

(17) 0 s(x) =  C(x + y)l,2v (.v = 0),

where C=C(£) and y = y(0  are the same as in (8). Let ^ (x ) be the solution of the 
differential equation

(18) I  = <r4 +  \  ^  sin 2/ ? ( r ä O )A (Tg

with the initial condition Xç(Ç) = and let а(£) be the value of x  where Х{(а(£)) =0 
Like q>(x) and i//g(x), the function Xç(x)> too, is an increasing function of x, there
fore а(£) <  £. The inequality ê î ç valid by (2) on [0, £] gives S  iJ/( for 0 S  x S  Ç, 
therefore а(£)^0 . Taking into account the relation

Í ««) 1 í _ í
lim t / ( £) — f  adx)dx\ =  lim f  Yqdx — lim f  ai (x)dx = 0,

« - * + 0  I  a ( ( )  I  5 * + » 0  Í -  +  0 « « )

assuming r'(x ) ^ 0  (i.e. (1 — v)q '2 — qq" ^  0) and using (16) there is Ço£(0, x*) 
with

х'о(Я) _ а(£0)
(19) f  Ÿq dx => f  afo(x)dx.

0 a(t0)
We remark here that for <7 =  a\0 the sign of equality holds in (2) and conversely, 

if equality holds in (2) then q has the form a%(x) where сг$(х) is defined by (17). 
The proof for such a q goes as for q = a\a here.

If y0 = у(^0) + а (^о) =* 0 then the domain of the definition of the differential 
equation (18) can be extended from [0, °°) to [— y0, °°). Let x(0)(x) be the solution 
of this extended differential equation with the initial condition X(0)(— y0) =  0 and
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let a0 be the value of x where / (0)(а0) = л/2. The uniqueness of the solutions gives 
X(0)(x) > x io(x) f°r x — a(£o)’ therefore for their inverse functions x(0)(z) and x{o(x) 
the inequality
(20) x(0)(x)< x (o(x) (x=°)
holds. Putting into (18) the function xio(x) and integrating it in [a(f0), а(£0)] with 
<t,» = <tío we have

e « o )  « < io >

(21) I  -  /  ff(0W  dx = j  I  ^  sin 2x(o dx =

a ( í o )

h -

* ( í o )

sin 2y?0
4vC(x + y)1 + 1/2v + sin 2/ io

« ( S o )

and similarly for x(0)(x)

«(So)
ji/2

sin 2^
4vC[xio(^) + y]1 + 1/2v + sin 2/

*/2
sin 2^

(22) f -  /  °iod x = J
-У о

hence by (20)
«(io) .

(23) f  aio(x)dx >  f  <rio( x ) d x  = f  Cxll2' dx

4vC [x (0)(y) +  yj1 + 1/2v +  sin 2^

У о +  “ о

« ( i o )

xó(C2x'/v) *b(*1/v)
J  Cx1/2v i/x =  J  x l/2vdx, 
0 0

where the last equality can be proved by the substitution
2v

X =  Xu, X =  C 1+2v =  С -Ч
The solutions of the differential equation y" + x1/vy =  0 with the initial con-

X

ditions _y(0) = 0, y '(0) И0 are y(x) = c /x .//1(2/ix1/2'‘), where J  ui,2vdu = 2pxl,2>‘
о

and c is an arbitrary constant, hence y'(x) =  cJß_ t (2/ix1/2'‘)/(2/í( x), therefore for 
xó(x1/v) the relation

*b(*,/v)
J  x il2vdx = j ll- 1
о

holds. This and (19), (23) complete the proof of Lemma 5.

LEMMa 6. I f  q(x) is nondecreasing and belongs to Cv[x'0, x j] then
xite)
f  l / q d x s j  

*b(«)
where j_ fl is the first positive root of the Bessel function of order — p and
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Proof. The method of the proof of Lemma 5 can be used now, too, only the 
following changes are needed: (?(0) = n/2, <p(xt (q)) = n, ip f 0) =  я/2, = ...,
..., У4(0)=1, У^(0) = 0 and z'(x) = —(\+ 2v)s'YY'/(2vs2) > 0 for £,^x<.a(_Ç) 
because У>0, У'-=0 for these x-s and therefore dJ{f)ldx(f)^0  by (15) and the 
relation < holds in (19). In (21) and (22) we integrate over [n/2, я] instead of [0, n/2], 
therefore the relation <  is needed in (23). The solutions of the differential equation 
y" + x 1,vy  _  wjtjj the initialconditionsy(0)Tí0, j , (0) = 0 arej(x) = c)'/xy_)I(2^x1/2'‘), 
hereby the Lemma 6 is completely proved.

Remark. It is clear that the inequalities in these Lemmas are sharp.

T h e o r e m  1. I f  q(x) is nondecreasing and belongs to a) Cv[x0, x„], b) Cv[x'0, xn],
c) Cv[x0, x'], d) Cv[xo,x'„\ then

Хп(Я) _
a) n n - -  +y(I_i ^  f  y q d x s n n  (и = 1, 2,.. .)

Z *0 (?)
xn(q) _

b) r a - r S  f  iq d x  S  ( n -  1)л+у_„ (и =  1,2, ...)
1 tod)

x’„(q)

c) и ^ + Л - 1 -  /  f q d x ^ ( n  + \ ) n  (n =  0,1,2 , . . . )
* o ( « )  

x ’„(q) _
d) nn S  f  Ÿqdx Ш (n -i)n + j_ „  (n = 1, 2,...).

x'od)

Proof, a) We have the left inequality by the partition [xQ(q), xn(q)\ = [x0(<y),
n — 1

xó(?)]U U [x'i-i(q), x'i (i)]U[x'_!(g), x„(^)] and using Lemmas 5, 2, 1. The right
i= 1

inequality is the same as in (3).
П— 1

b) For the left inequality we need the partition [x'0(q), xn(q)] = (J [x’̂ ^ iq ),
i= 1

x \ m  UlX-i(<7)> *„(<?)] and Lemma 2, 1. For the right inequality [x'0(q), xn{q)\ =П ~ 1
=  [xóteO.XjteOlU и  [Xi(?),Xi+,(̂ r)] and Lemmas 6, 4.

i= 1
The proof of c) and if) is similar.
A similar theorem holds for nonincreasing q(x) — s, too (see Tables I, II). 

L e m m a  7. I f  q(x) is nondecreasing on [x0(</), <=°) and belongs to Cv[x0(r/), со],
then

x 71
0 ä  <p(x) -  f  iq  du ^  for x a  x0(q).

* o ( « )
X

Proof. By (5), (6) the function <p(x) — J  \ q du has local minima at x„(q)
xo(q)

(n = 0 ,1 ,2 ,...) and local maxima at x'„(q) (n = 0, 1, 2, ...). Applying Theorem 1 
(cases a), c)) we have the desired inequalities.

Studia  Scientiarum M athem aticarum Hungarica 4 (1969)



SOLUTIONS OF THE DIFFERENTIAL EQUATION y " + q ( x ) y  = 0 2 6 5

Lemma 8. I f  q(x) is nondecreasing on [ jcó (<y), °°) and belongs to С„[л‘0(<у), oo]
then

f ^  ( p ( x ) - ~ -  f  i q d u ^  0.
*8(«)

Proof. Similar to the proof of Lemma 7.

T heorem 2. I f  q(x) belongs to a) Cv[x0 ,x„], b) Cv[x'0, x„], c )  Cv[x0, x '„],
d) Cy[x'0,x'n] then

x„(q) _

a) (n—^Ti + l j ^ ^ i ^  j  ]/q dx s  nit (n =  1 , 2 , . . . )
* o ( « )  

x„(q) _

b) ( n - \ ) n + jll_ l ^  f  Ÿqdx S  ( и -  1)тг-Н7_  ̂ (я = 1, 2, ...)
x'o(q)

С)
x'„(q) _

n t t j ц  — I — /  ^ q d x  S  n n + j _ „  

*0 («)
(я = 0, 1, 2, ...)

x'M _
d) nn S  j  yjqdx S  ( я -  1)л-(-2_/_„ (и = 1, 2,...) .

x'o(q)

Proof, a) If q(x) is monotonie then there is no news in this theorem. If q(x) 
is increasing-decreasing then we consider the intervals where q(x) is monotonie: 
[*0(<7), X**] and [x**, xn(q)]. Let q(x) be defined by

q(x) = {<?(*)
t <?(***)

x 0 (q) S  X S  X**
X  ^  X **

then q€Cv[x0(q), nondecreasing, applying Lemma 7 we have
JC**O^cpix**)- J

*0(q)
similarly on [x**, xn(q)]

0 ä  (p(xn(q))-(p(x**)-

hence

\  q dx ^ n
у  —7»i-i>

/  vW*

Xr.(«)
0 s  nn — J  i q d x  S  7Г — 2у'д_1,

*o(«)
which was to be proved. Since the proof of the other statements b), c), d) involves 
no new ideas, we omit the proof.

Finally let the results of this paper be collected in two Tables as follows.
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b(q)
TABLE I. inf /  Í q dx

«eCvla.W afq)

q(x)
a b

nondecreasing nonincreasing general

X0 X„ 4.

1К✓—V
—|C4 1к ( n ~ ± ) K + jf - l ( я - l)7r +  2;„_ !

Xo Xn ( n - i ) n ( « -  1)л+У „-, ( я -  1 )ic+ jlt. í

X0 X'n n n + j^ -i (« +  i ) n пл+ j^ . i

x'o x'„ nn nn nn

TABLE
b(q)

T. Sup / )! q d x
9€Cv[ii,6] „<q)

4(x)
a b

nondecreasing nonincreasing general

Xo xn nn nn nn

X'o xn ( n -  1 )л + /-„ ( n - i ) n ( n - l ) n + j - K

Xo Xn ( n + i ) n n n + j-„ n n + j-„

X'o Xn ( / i - l ) j t+ y ' .„ (я -^ )я + ./_ м ( я -  1)я +  2j.q .
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SYNTACTIC ANALYSIS AND UNILATERAL  
CONTEXT-SENSITIVE GRAMMARS

by
GY. RÉVÉSZ

Introduction

The formal syntax of a programming language is usually given in the form of 
a context-free grammar [1] and consequently, the syntactic analysis performed by 
the corresponding compiler is based on that grammar. It is a natural requirement 
that the analyzing algorithm should be in a direct connection with the formal gram
mar. In addition it should be efficient from a practical point of view.

There have been developed general parsing algorithms for context-free languages 
[2, 3, 4] though, these are not as simple as it might be desired, since the possibility 
of processing strictly from left to right cannot be ensured in general. In other words, 
every general parsing algorithm for context-free languages must adopt trials. This 
means that the application of some syntactic rules are subject to reaffirmation or 
rejection in the course of the analysis later on. In order to avoid such trials, or at 
least minimize their number, we must either restrict ourselves to some subclass of 
context-free languages [5] or the original rules of the grammar must somehow be 
transformed for the actual analysis [6].

It is a usual feature of these transformed grammars that some elements of the 
context will also be taken into account during the analysis of the input string [7, 8]. 
This has directed my attention to context-sensitive grammars that have already 
been introduced and investigated at some length as an extension of context-free 
grammars. In a previous paper I introduced a special subclass of phrase-structure 
grammars which I called „operator-operand” grammars [9]. This type of grammars 
has been used for constructing a parsing algorithm that proceeds from left to right 
and can be utilized for syntactic analysis on certain conditions. In [4] Dömölki 
investigated also the problem of the syntactic analysis from left to right in a class 
of languages that is more general than context-sensitive languages.

It is essential to apply the same rules (only in the opposite sense) in the course 
of the analysis that serve for the definition of the language in question since the 
semantic contents of the language must also be related to these rules. Furthermore, 
any changes in the syntax must obviously affect the analysis in a possibliy direct 
way. Of course this requirement influences the class of grammars that can be made 
use of.

The above mentioned operator-operand grammars belong to a subclass of 
context-sensitive grammars where the restrictive context in the rules consists of 
at most one symbol which appears to the right of the symbol to be replaced.

In this connection Dömölki has raised the question as to whether unilateral 
context-sensitive grammars are more general in generative power than context- 
free grammars. The answer to this question is in the affirmative since E. Farkas
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has constructed such a grammar that generates a language that cannot be generated 
by a context-free grammar [10].

But the parsing algorithm developed for operator-operand languages in [9] 
can be generalized for these unilateral context-sensitive languages, so can the con
ditions ensuring the possibility to carry out a deterministic analysis (i.e. without 
trials). Moreover, these conditions can be met also by languages that are not con
text-free, that can be shown by a suitable modification of F a r k a s’ example.

In the present paper we describe a parsing algorithm developed for these special 
context-sensitive languages. Then we shall specify a few conditions and prove that 
they are sufficient for the applicability of this algorithm which is deterministic 
and proceeds from left to right in some sense.

The context-free languages form a subclass of the languages dealt with in this 
paper, hence the algorithm and the corresponding conditions also hold for context- 
free languages. On the other hand in the light of our results, it would seem that 
the „monopolistic” role of context-free grammars in the definition of programming 
languages can be questioned if the efficiency of the analysis is taken into account.

§ 1. The class of right-sensitive grammars

Let us recall the formal definition of context-sensitive phrase-structure grammar. 
The set of strings over a set of symbols V will be denoted by I(V ). This set is equi
valent to the free semigroup generated by the symbol set V including the empty 
string Л as its unit element.

D efinition  1. A context-sensitive phrase-structure grammar G is a quadruple 
G = (Г, /, s, P) where T  and I are finite sets of terminal and non-terminal (auxiliary) 
symbols, respectively, Г П /= 0 , s £ l  and F is a finite set of ordered pairs (called 
rules) of the form (XqY, XQY) where q £ l  and X, Y, Q dZ(TU I) and Q A A  
(i.e., Q is nonempty). Remark: In this paper the term grammar will stand for 
context-sensitive phrase-structure grammar.

D efinition  2. Given a grammar G and two strings A, B £ I{T U I), В is an 
immediate consequence of A (in symbols A 1-B ), iff there exists a rule {XqY, XQ Y)£P  
such that A = ZXqYW  and B = ZXQ YW  with some Z, W dZ (TU /).

D efinition  3. A finite sequence of strings X1, X2, ..., Xn is called a derivation 
with respect to a given grammar G, iff Xt\-X i+1 for l i i e r t .

D efinition  4 . Given a grammar G and two strings U, VdZ(T(JI), V is a 
consequence of U (in symbols U\= V) iff there exists a derivation X l , X2, ■■■,X„ 
with respect to G, where U = X i and V=X„.

D efinition  5. Given a grammar G, the set of strings

Lg =  {W\s\= W) П Z(T)

is called the language generated by G.
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D efinition 6 (RSG). A grammar is called right-sensitive, if the string X  is 
empty in each rule of P, i.e., all the rules of P are of the form (qY, QY), where 
q£l, Y and Q £Z{T\JI), and Q *A .

The right-sensitive grammars can be classified according to the maximum length 
of Y in their rules:

D efinition 7. A right-sensitive gramm ar is of order n if the length of each Y 
occurring in its rules is not greater than n .

R emark. The length of a string Y (i. e. the number of its symbols) is denoted 
sometimes by |T|.

The class of right-sensitive grammars of order n will be denoted by RSG„ 
and the class of all languages La with GÇ RSG„ will be denoted by RSL„. According 
to the above definitions RSG„c RSGn+1, hence RSL„QRSLn+1 for n = 0, 1,2, ... 
but it is a question, whether RSL„ forms a proper subset of RSL„+1. As /  have 
mentioned in the introduction, for n = 0 the answer is in the affirmative, i.e., the 
context-free languages form a proper subset of RSLj.

This was shown by E. Farkas with the aid of the language akbncn where k ^ n  
[10]. Here we shall make use of this language in the modified form a2kpb2nqc2n 
with k ^ n .  This particular language cannot be generated by a context-free grammar 
just because of the restriction k^Sn. This can indirectly be shown in the following 
way.

With the assumption that there exists a context-free grammar G generating 
this language, we may argue similary to the proof of Theorem 4.1 in [11]. Namely, 
let us consider the generation trees of the terminal strings a2kpb2"qc2n. By a generation 
tree we mean a directed graph, where to each node a symbol of TU /  will be assigned 
that occurs in the derivation of the given terminal string, while the arrows drawn 
from a node correspond to the applicatin of a rule replacing the symbol assigned 
to the initial node by those assigned to the points of these arrows.

The tree below (see Figure 1), for instance, corresponds to the generation of 
the terminal string a2pb2qc2, by means of the set of rules P*.

Now, if the maximum length of the right-hand sides of the rules is m and the 
length of the longest path in a tree is /, then the string corresponding to the terminal 
nodes of the tree is not longer than m'. So, if 2k>m ' + 1 where i denotes the number 
of the elements of /, then there is a path in the generation tree of the string a2kpb2nqc2n 
that leads from s to some a and is longer than i +  l. Thus, some noterminal symbol 
q0 must occur twice along that path.

This means that q0 \=Zq0W for so
me Z, W dZ(T) and q0 \=AaB for some 
A, B£Z(T), which implies that q0 1=
1=  Z hAaBWh and, thus, the string 
UZhAaBWhV<iLG with some U, V£Z(T) 
for h = 1 ,2 ,... .  Now, it follows that the 
string Z must be built up from the ter
minal symbol a only, while the string W 
cannot contain b and c both. If the string 
IT contains a only, the restriction k ^ n  
will be violated for some h ,  if it contains

(s, axy) 

(x, apx)
P* (x, bb) / \* p i к \

(x , q y ) °  P  x  q  у

(z, cc) А  Л
b b с c

Fig .  1
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b от c the number of these terminal symbols will be different in some string of the 
language for some h. Qu. e. d.

On the other hand, the language a2kpb2nqc2n with k ^ n  can be generated by 
the following right-sensitive grammar:

E x a m p l e  I. G = (T, I,s, P), where T= {a, b, c, p, q), /=  {s, x x, x2, y x, y 2, 
bx, b2, Ui, u2, z y, z2j, and the rules of P are as follows

0 , XiУх)
(y \ ,b 2z2) (xxb2,u 2b2) (u2, ax2)

(z2, y 2c) {b\ b2, b2b2) («1, axf)
(y2,b l z l) (x2b , , m, 6,) (X\,P)
Og , y t c) (b2 bx, 6, bx)

(by,b)

E.g. the derivation of the string a2pb4qc4 can be given in the following way:

sl-A'iJ'i \ - x xb2z2\-u2b2z2\-ax2b2z2V-ax2b2y 2c \-a x2b2bxzxc\-

ax2bl bi z l c\- auxb l blz lc\- а2 x xbx b1z l c\=a2pb2z i c \-a 2pb2y l c2 I-

a2pb2b2z2с21— a2pb2b2y2c31— a2pb2b2bi z l c3\-a2pb2b2bxy xc4 \=a2pb4qc4.

In general the string a2kpb2nqc2" can be derived if we apply the rule (yx, b2z2) 
n times and the rule (xxb2, u2b2) к times.

§ 2. The algorithm of the syntactic analysis

All grammars GÇRSG, can be reduced such that the right-hand sides of the 
rules will contain no more than two symbols.

D efinition 8. A grammar GçRSG„ is said to be in reduced form if the length 
of the right-hand side of each rule of G is not greater than n+  1.

T heorem 1. To each grammar G g RSG„ for 1 there exists a G* such that 
Lq — Lq* and G* is in reduced form.

P roof. Each rule whose right-hand side is longer than n +1 is of the form 
(qY, rlr2...rmY) where m=~l. We may replace this rule by m new rules of the form
IqY, umY), (um, um_ xrm), ..., (u3,u 2r3), (u2, rxr2), where the symbols u2...... um
are newly introduced auxiliary symbols but мг€/*). Thus, we can construct
another grammar G* that generates the same language and is in reduced form 
since \Y \^n .

R em ark . It may be observed that the maximum length of the right-hand sides 
of the rules of a context-free grammar can be reduced to 2 only, though |F |= 0  
in that case [6].
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The algorithm developed for the syntactic analysis in the class RSL, makes 
use of the reduced form of the grammar, which means that the grammar G must 
be transformed first into some G* according to Theorem 1. Therefore, we may 
assume that for every Lg£ RSL, each rule of G has one of the following three forms

1 • (*, y)
2. (x, yz)
3. (xt,yt).

According to these schemata the rules can be divided into three groups R ,, P2 
and P3, and they can be represented by three functions Fl , F2 and F3, where x, = 
= Fi (yi) iff (Xj, >’,)€ P,, Xj = F2(yj, Zj) iff (Xj, yjZj)(: P2, and xk = F3(yk, tk) iff 
( X k!k i Ук!к) € P 3 •

The right-hand sides of the rules of P,, P2 and P3 will specify the sets Rk, R2 
and R3, respectively and the functions Flt F2 and F3 are defined on them.

Let us denote the string to be analysed by x Ix 2...x„, where x tÇ T for 1 ^ i ^ n .
The algorithm Ml of the analysis makes use of a push-down-like store, where 

the processed part of the input string will be stored. The symbols of the input string 
will be read into this store one by one strictly from left to right, but not only the 
top of this store will be operated on. The contents of this store will be denoted by 
vlv2...vm, where v,£TU I for

The algorithm Ml of the syntactic analysis is represented by the flow-chart in 
Figure 2. The subscripts here /, j  and к have nothing to do with those occurring 
in the above definitions of the functions Fk, F2 and F3, which are considered here 
as already given parameters of the algorithm.

The algorithm works in the following way. It performs always the leftmost 
replacement (or at least one of them). This is achieved by a reverse scan whenever 
a new symbol is placed into the push-down store, since this makes it possible that 
another replacement could take place below the top by applying a rule whose right- 
hand side terminates just in the new symbol etc. New symbols are added to the 
contents of the push-down store only if the string contained there so far is no more 
reducible.

If the functions Ft , F2 and F3 are unique then this algorithm is deterministic. 
But in any case it cannot handle all the possibilities that may result from the dif
ferent choices of the rules applicable to some string. Therefore, our next aim is to 
select a class of grammars such that for the languages generated by them the algo
rithm Ml should represent an effective decision procedure. Ambiguous sentences will 
be analysed, of course, in one way only. To each input string only one syntactic 
structure (if any) will be assigned.

The algorithm Ml has a very important property with respect to the RSG, 
grammars in reduced form.

Lemma 1 : For a grammar G 6 RSGj in reduced form the algorithm Ml performs 
always the „leftmost ” reduction (replacement) in the course o f the processing of an 
arbitrary input string, i.e., the initial part vlv2...vi_ { of the string stored in the push
down store just before the application of a function F is irreducible with respect to G. 
This means that there is no substring of vlv2...vi_ , that belongs to R] U k 2U k 3.

Proof. A s the first symbol of the input string is placed into the push-down 
store, the index / takes the value 1 for which the assertion is trivial. (The string in
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question is empty.) Then it will reach the value 2, if and only if the single symbol 
contained in the push-down store cannot be replaced by another one, i.e., if t>(- is 
irreducible.

Now let us suppose that the irreducibility of the string v1v2...vi- 1 has been 
preserved throughout a number of steps performed by the algorithm 91 in the course 
of processing some input string. We can show that this property will be preserved 
also in the next step of 91.

Namely, the value of i is decreased by 1 whenever the symbol is changed. 
(The symbols vx,v 2, ..., r ,_2 are left unchanged.) The value of i is increased by 
1 only if the whole string vl v2...vi_1vi is irreducible. Qu. e. d.

C orollary 1. When the algorithm 91 stops then k  — n and the whole string 
vi v2 -.-vm stored in the push-down store is irreducible.

Remark: If for an input, string the algorithm 91 stops with m >  1 or with 
vl ^ s  then the input string may however, be derivable in the grammar. Thus, the 
algorithm 91 may be blocked on a dead-end in spite of the fact that the input string 
belongs to the language. It may also happen that 91 does not stop at all.

§ 3. The class of left-deterministic languages

D efinition 9.  Any language generated by some G Ç R S G i  in reduced form is 
called left-deterministic if the algorithm 91 above represents an effective decision 
procedure for it, i.e., if the algorithm 91 will stop for any string UÇ.Z(T) after 
performing a finite number of replacements and will reduce the string U to the 
single initial symbol s iff UZLC.

This definition is of no real value if we do not know how to decide whether a 
given grammar G generates a left-deterministic language or not. For that purpose 
we shall give a sufficient condition in Theorem 2. In order to do that we have to 
define some sets of symbols. So to each symbol XÇ.TUI a set Ф(х) will be assigned 
as follows:

D efinition  10. Given a grammar G = (T, /, s, />)ÇRSG1 in reduced form and 
a symbol XÇ.TUI then the set Ф(х) is defined recursively as follows:

(1) н£Ф(х), if (и, x)€P
or (u,xy)£P  for some y £ T U I  

or (u t,x t)£P  for some /6 TUI.
(2) V£Ф(х), if for some и£Ф(х)

either (v, u) Ç P

or (v,uy)£P  for some y £ T U I  
or (t>t,ut)Ç.P for some tÇ_TU/.

As can be seen from the definition the symbol x  need not belong to Ф(х).
L emma 2. I f  xY l= xZ  and х$Ф(х) then Y\=Z.
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Proof. This can be proved by induction according to the length of the derivation 
xY\= xZ.

Basis: x Y [ -x Z  and х$Ф(х). The rule that is applied here cannot replace the 
first symbol of the string xY, because in that case both of its sides would have to 
begin with x, which is excluded by х$Ф(х). Thus, only some symbol of Y  can be 
replaced by that rule, which implies that Y \-Z .

Induction step: If the derivation xY \= xZ  is of length n+  1 then there exist 
some x 'and Z 'fo r  which xY \= x'Z ', and x 'Z '\ - x Z  where the derivation xY \= x 'Z ' 
is of length n. If x ' ^ x  then х£Ф (х') and х'£Ф (х) and therefore, х£Ф(х) which 
is again excluded so that x' = x  must be the case. Then T |= Z ' by the hypothesis 
and Z 'b Z  follows similarly to the basis of the induction which implies that Y \-Z  
qu. e. d.

Definition 11. A sequence of rules it„ n2, ..., n„ is called a loop, if for some 
t€ r U /a n d  for i =  l , 2, n — 1, ni = (xi, x i+1) or nt =  (Xjt, xi+1t) and x l = xn. 
If the rules are all of type 1 (type 3) then the loop is called type 1 (type 3) other
wise it is mixed.

Remark: For a given grammar G f RSG, in reduced form it can be decided 
(obviously in finite steps) whether the set of rules P contains any loop. (The length 
of a loop cannot be greater than the total number of the rules in Pv U P3.)

Theorem 2. A language is left-deterministic i f  it can be generated by a grammar 
G = (T, /, s, P) £ RSG, in reduced form which satisfies the following five conditions:

(1) The right-hand sides o f the rules are different from each other.
(2) I f  the right-hand side o f a rule consists o f only one symbol then this symbol

must not occur on the right-hand side o f any other rule.
(3) I f  (z, xy) £ P and y* ft Ф(у) then

a) xy* £ R3 and
b) i f  (u,xy*)£P then z = y and u=y*.

(4) I f  (z t ,x t)£ P  and t*£ 4>(i) then
a) i f  (u,xt*)£P  then (u,zt*)£P and
b) i f  \vt*, xt*)£P and v j^z then (vt*,zt*)£P.

(5) There is no loop in P
Proof. Let the grammar G satisfy these conditions. We have to show first 

that the algorithm 31 will stop for any U £ l{T )  after a finite number of steps.
This can be shown indirectly. Assuming that 31 does not stop for some U £ l  (Г),

i. e., it performs infinitely many replacements by applying the rules of G, then it 
will produce an infinite sequence of strings U=U0, U1, U2, ... where Ui+11— L). 
Since the application of a rule of type 2 (i.e., of the form (z, xy)) decreases the 
length of the string, these rules can be applied only finite many times. Thus, if the 
subscript M  is great enough then the strings UM, UM+1, ... will be all of the same 
length. But the set of symbols TU / i s  finite, hence UM+J = UM must hold for some
j, which implies that UM\=UM.

Let x  be the rightmost symbol of the string UM that is replaced by some other 
symbol in the course of this derivation. If this is the last symbol of UM then it can 
be replaced only at the application of a rule of type 1, say (x, x,). But at the end
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of the derivation UM\=UM we must get back л: as the last symbol of the string, which 
implies that a loop of type 1 must exist in P,

If X is not the last symbol of UM then there is some symbol t next to it which 
is left unchanged in the course of the derivation UM\=UM. Now the symbol x  can 
be changed only by the application of a rule of type 1 or else of type 3 with t as the 
second symbol on its both sides, say (xt, л:^)- But again at the end of the derivation 
we must get back x  in front of t which means that there must be a loop in P.

Thus, if P does not contain any loop then the algorithm 31 will stop for every 
UZZ(T). It can be observed that this has been shown independently from Con
ditions (2)—(4).

Now we can prove that the algorithm 31 will reduce the input string V to the 
single initial symbol s whenever U£LG.

Assuming hat t/ÇLc , there is a derivation sl= U of finite length, say N. This 
means that there is a sequence of strings X0,X l , . . . ,X N where X0 = U, XN=s 
and * i+ —Xt for O ë/<lV . The algorithm 31 will produce, on the other hand, a 
sequence of strings U = U0, U{, ..., UM where Ui+, (- t/.. Let J denote the highest 
subscript for which all the relations X0 — U0, X r = Ut , ..., X j=  Uj hold. Here 
we have obviously O s/S m in (M , N). If J= N  then M = N  and we have nothing 
to prove. If J< N  then also J< M , since the algorithm 31 must not stop at Uj in 
this case because of Corollary 1 and XJ + l \=Xj= Uj. Thus, the algorithm 31 per
forms at least one more replacement producing UJ+1, for which X j+1*U J+l.

Now the hypothetical derivation s — XN\- . . . \ - X j \ - . . . \ - X 0=U  can be modi
fied in such a way that this first deviation of the two sequences will be eliminated,
i.e., Xj = Ui will hold for O S / S  J+  1. The length of the hypothetical derivation 
will be either left unchanged or increased by one through this modification. By 
repeating this procedure every deviation can be eliminated throughout the whole 
derivation s\=U.

Let us consider the above reasoning in details. Let the string Uj be denoted 
by AxyB where xy corresponds to the substring г?4_ j t\  (see Figure 2) just before 
31 performs the replacement that yields UJ+l. The following cases must be considered :
Case 1: 31 applies a rule o f type 1 to Axy.

Let this rule be (z,y), hence UJ+l=AxzB  and XJ+i = Axy'B', according to 
Condition (2) and Lemma 1. Here we have y 'B '\-yB  and у'£Ф (у) unless y '= y  
and B’\-B. In the former case y' should be equal to z according to Conditions 
(1) and (2) which implies that B' = B, but this is excluded since XJ+l?±Uj+i. In 
the latter case let us follow the sequence XJ+l, XJ+2, ... up to the point where 
the indicated occurrence of у  will be replaced by another symbol. Because of Con
dition (1) this may happen only by applying the same rule that is applied by 31 to 
Axy. This means that the hypothetical derivation must be of the form

j  1= AxzB* AxyB* \= AxyB \= U
where B*\=B. But this can be modified simply by changing the order of the replace
ments such that we obtain.

s |= AxzB* |= AxzB\- AxyB\— U 
which eliminates the deviation in question.
Case 2: 31 applies a rule o f type 2 to Axy.
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This rule will be of the form (z, xy) and UJ+l= AzB while XJ+l= Axy'B' 
according to Condition (1). Now let us follow the sequence XJ+1, XJ + 2, ... up to 
the point where the indicated occurrence of x will be involved in a replacement. 
This may happen only by applying a rule of type 2 or type 3, for type 1 rules are 
excluded by Condition (2). The string AxyB is reduced in the meantime to some 
Axy*B* where y*B*\=yB.

If у*$Ф(у) then y*= y  must be the case and 5*1=2? according to Lemma 2. 
In this case the rule in question must be the same as the one applied by 21 to Axy, 
so that the hypothetical derivation is of the form

5 |= AzB* h  AxyB* |= AxyB 1= U
which can be modified into

s 1= AzB* |= AzB h  AxyB 1= U
that eliminates the deviation in question.

If y* £ Ф(у) then, according to Condition (3), only type 2 rules are to be con
sidered. Moreover, the rule applied in the hypothetical derivation must be of the 
form (j*, xy*) and the one applied by 21 to Axy must be of the form (y, xy). Thus, 
the hypothetical derivation

s 1= Ay* B* b  Axy*B* |= AxyB |= U
can be modified such that

51= Ay* В* |= AyB\-AxyB\= V
Case 3.' 21 applies a rule of type 3 to Axy.

Let the rule in question be (zy, xy) hence UJ+l=AzyB  while XJ + i = Axy'B'. 
Let the sequence XJ+1, XJ + 2, ... be followed again until the indicated occurrence 
of X will be involved in a replacement. The string AxyB is meanwhile reduced to 
some Axy*B* where y*B*\=yB.

If у*$Ф(у), then by a similar argument as given in Case 2 the hypothetical 
derivation must be of the form

51= AzyB* b  AxyB* |= AxyB 1= U
which can be changed into

51= AzyB* |= AzyB b AxyB [= U

that eliminates the deviation under discussion.
If у*£Ф(у) then according to Condition (4) two subcases arise.
3/a. In the first subcase a rule of the form (u, xy*) is applied in the hypothetical 

derivation. According to Condition (4) there exists also a rule of the form (u, zy*). 
Thus, the hypothetical derivation is of the form

s\= AuB* \- Axy*B* |= AxyB 1=  U

that can be replaced by

51= AuB* b Azy* B* |= AzyB b AxyB 1= U
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which removes the deviation in question but the length of the hypothetical deri
vation is increased by one.

3/b. In the second subcase a rule of the form (ry*, xy*) is applied in the hypo
thetical derivation. According to Condition (4) there exists now a rule of the form 
(vy*, лгу1*) unless v = z. Thus, the hypothetical derivation is of the form

s\=Avy*B*\-Axy*B*\=AxyB\= U 
that can be replaced, by

s|=  Azy* B* |= AzyBh AxyB\= U 
if v = z, otherwise it can be replaced by

s 1=  Avy* B* h  Azy* B* |= Azy В \~ AxyB\= U.
In both cases the deviation under discussion is removed, only the length of the 
derivation is increased by one in the latter case.

Thus, every deviation can be successively eliminated until J = M  = N  holds. 
Hence the proof of Theorem 2 is complete.

E xam ple 2. Let the unsigned numbers, variables and function designators be all 
denoted by v. The following set of rules may serve as the definition of the primary 
expression in the sense of ALGOL 60 [12].

v-*(e a—v + b-+vX
e - r ) a-*v — b-+v/

b-*v +
e — ae a-*aa
e^-be a-+ba b-*bb
e-+-pe a^-pa b-*pb

Here the rules are described with the aid of the arrow -*• since the parantheses are 
symbols of the language. It can be easily shown that the conditions of Theorem 2 
are satisfied by these rules. This is obvious for the first two conditions and also for 
the last two ones because all the rules are of type 2. Condition (3) is concerned 
with the sets Ф assigned to the symbols that occur as the last symbol on the right- 
hand side of a rule of type 2. It can immediately be seen that all these sets are empty 
except for three, i.e., only Ф(а), Ф(Ь) and Ф(р) are non-empty. Namely

Ф(а) = {е, a}
Ф(Ь) = {е, a ,b }

Ф(р)= {e, a, b ,p}.

Now, for instance, the rules a-*aa and e-^ae where е£Ф(а) satisfy Condition 
3/b and the same holds for all other pairs of rules in question.

This example shows the application of Theorem 2 to a context-free language, 
but it can be applied also to non-context-free languages.
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T heorem  3. There are left-deterministic languages that cannot be generated by 
a context-free grammar.

P roof. The language a2kpb2"qc2n where k S n  is left-deterministic. In order 
to prove this two more rules, (y l ,b lz2) and (y2>^2zi)> must be added to those 
given in Example 1. It can be easily shown that the introduction of these two redun
dant rules has no influence on the language generated by the grammar, though, 
the grammar becomes ambiguous. The fulfilment of the conditions of Theorem 2 
for that augmented grammar can be verified without difficulty'by the reader.

In virtue of Theorem 3 the class of left-deterministic languages is not contained 
in the class of context-free languages, but it is hoped that most programming lan
guages are left-deterministic and thus can be analysed by the algorithm 31. It is, 
however, an open question whether the grammar to be constructed for the appli
cation of 91 could be unambiguous. It is ambiguous in our both examples, though, 
the corresponding languages can be generated also by unambiguous grammars.

It should be mentioned that if we restrict ourselves only to context-free grammars 
then the algorithm 91 might be much simpler, but it is quite possible that a context- 
free language requires a right sensitive grammar for the algorithm 91.
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ЗАМЕЧАНИЯ ОБ ОЦЕНКЕ ПОГРЕШНОСТИ ИНТЕРПОЛИРОВАНИЯ

О. KIS

Sliidia Scientiarum Mathematicarum Hungarica 4 (1969) 279 —289.

§ 1. Введение

Обозначим через g(x) любую 2т1-периодическую непрерывную функцию 
и через со (g, t) ее модуль непрерывности. Пусть тригонометрический много
член я-ого порядка Tn(g, х) совпадает с g(x) в узлах

(1. 1) Хк = ^ ± 1 п (* =  0, 1, . . . , 2и).

Обозначим через А„ число Лебега тригонометрического интерполирования по 
узлам хк. Основная цель настоящей заметки доказать, что

(1.2) |r ,(g ,x )—g(x)| s  [ у А» + у  +  ̂ ] <и(^ 2и^т) (« =  0 ,1 ,2 ,...).

Это неравенство мы докажем в § 2.*
Заметим, что более грубая оценка

(1-3) |Tn(g ,x )-g(x)| s  (A „+l)w |g, (я  = 0, 1 , 2 , ...)

является следствием хорошо известного неравенства

(1-4) \T„(g, х ) -tf(x)| S  (А„ + ! )£ ’„(?) (я =  0, 1, 2, ...),

где E„(g) — наилучшее приближение функции g(x) тригонометрическими много
членами я-ого порядка, и соотношения

(1. 5) E„(g) & со (g, (я = 0 ,1 ,2 , ...),

которое Н. П. Корнейчук доказал в работе [4].
Заметим также, что для тех функций g(x), модуль непрерывности которых 

есть выпуклая кверху функция, выполняется более точное неравенство

(1. 6) |r „ (g ,x ) -g (x ) |s  + j ^ J  (я =  0, 1, 2,...).

, 2
* Известно, что /„ ^  — In п + с, где с — положительное число, 

я
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Этот факт является следствием неравенства (1.4) и оценки

(1. 7) En(g) S  ~co\g , (п = 0, 1, 2, ...),

которую Н. П. К орнейчук доказал в статье [3].
Возможно, что справедливо более точное чем (1.2) неравенство

(1 .8) |r „ (g ,x ) -g (x ) | ^  2 ^ т )  (« =  0 ,1 ,2 , . . . ) ,

однако эту оценку уже нельзя улучшить, так как существует зависящая от п 
функция gn(x), для которой имеет место равенство

(1.9) Г.(гя, 0 ) - Л (0)=  + 2^ р т ) ’

где п — любое фиксированное натуральное число. Такую функцию мы по
строим в §3.

Равенство (1. 9) выполняется лишь для одного значения п. Однако можно 
построить такую функцию g(x), для которой

(1.10) Tn(g, 0 )-g (0 )  >  (1 -е ) |у 2 „ +  y j w |g ,  2^Т г) (« =  п1з п2, п3, ...),

где е сколь угодно малое положительное число и пи п2,п 3,... возрастающая 
последовательность натуральных чисел. При этом функцию g (х) можно вы
брать так, чтобы выполнялось условие

( 1. 11) (o\g
2 п 

2/1 + 1 = со 2 л
2/7 + 1 (/2 = п1,п 2,п 3, ...),

где со (г) любая такая функция, которая удовлетворяет условиям

(1.12) со(О >0 (г>0),

(1.13) lim œ(t) = 0,
í=  + 0

(1.14) lim —rv<=+o co(t)
=  0.

Этот факт будет доказан в § 4.
Для тригонометрических интерполяционных многочленов тг-ого порядка, 

не содержащих члена а„ cos пх или bn sin пх и совпадающих с функцией g(x)
в узлах

* 2к— 1XZ =  —~--- - Я* 2/7(1.15) (к = 1,2, ..., 2/7)
ИЛИ

v** _ ки
* п(1.16) II ы К) 2:
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можно доказать результаты, аналогичные тем, которые мы сформулировали 
для тригонометрических интерполяционных многочленов Tn(g, х). Эти резуль
таты мы приведем в § 5.

Из теорем о тригонометрическом интерполировании следуют аналогичные 
теоремы о четном тригонометрическом интерполировании. Мы сформулируем 
их в § 6.

Следствиями этих результатов являются аналогичные теоремы о Лагран- 
жевом интерполировании. Мы приведем их в § 7.

Так как

(2. 1)

§ 2. Доказательство неравенства (1,2)

r« (g ,x )-f(x ) | ё  yT„(g,.v)+ - Tn\g ,x -
2 71

2п +  I -g {x ) +

+ Tn\ g , x -  =2n
2 n +1

то неравенство (1. 2) будет доказано, если мы убедимся в том, что

(2. 2)

и

(2. 3)

1 1 2 пз г Tn(g,x) + — Tn g , x - ; r - —Г -g (x )2п +1
3 4
2 + п со g,

2 л
2п +1

1
T „ ( g , x ) - — T„\g,  X -

2 я
2п +1 — 3, Кш \g,

2 к
2ЙТГ1 '

Первое из этих утверждений по существу доказал С. Н. Бернштейн 
в работе [2]. Точнее говоря, в [2] доказано, что

(2.4) и
2 T„(g,x) + l - T n\ g , x - 2 п

2 л + 1 — — шах |g(x)|. п
Однако, дословно повторяя рассуждения, с помощью которых С. Н. Берн
штейн в работе [1] оценил разность

^-5„(g,jc) + —5n|g, ж -
2 Л

2п + \ g(x)

tae S„(x) отрезок ряда Фурье функции g(х), и обозначая через U(х) тригоно
метрический многочлен я-ого порядка, наименее уклоняющийся от функции 
g(x), получаем:

(2. 5) 1

1

Tn(g,x)+ \  Тп lg, х -

+

2 к
2/1 +  1 -gW

1
T„(g— U, х) +

+  з г Т я g - £ / ,  Х -  —
2 п

2 л +  1 у  t / ( x ) - -  g(x) + и я x - z
2 п

2лТГ

- T Î * -
2п

2л +1 + э-#  *
2 я

2 л + 1 - y g W
2л

2л + 11 '
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Чтобы получить неравенство (2. 2), нам остается сослаться на формулу (1. 5), 
и очевидное соотношение

( 2 . 6) со g ,’ iï+T) ffl r  â T + î r
2л

Чтобы доказать (2. 3), воспользуемся тождеством

(2. 7) 

где

( 2. 8)

Очевидно 

(2.9) Тп

Поэтому

т„ (g, х) =  2  g(xk)  In (х -  Хк),
к =  0

1п(х) =

. 2п + \
s i n --- -----X_  2

(2n+ 1) sin '

g ,  X
2 n

In +1

2 и 4- 1
=  Z  g(xk)tn{ x - x k+l) =  2  g(,Xk - l ) t n( . X - X k)  =

k = 0 k ^ l
2 n

= Z  g(xk- i) tn( x - x k).

1 1 f 2 'll I 2 n
(2.10) \ 2 T ^g’ X) ~  2 Tn{g , X ~ 2 n T Î ) \  -  2' Д  i>l * —^*)l —

s  T "(*■ S T T ï) i l  **)1 s  ï "  (*' 2 T T l)

что и требовалось доказать.

§ 3. Доказательство равенства (1.9)

Определим 2л-периодическую непрерывную функцию g„(x) следующим 
образом: пусть

(3.1) ft(0) =  - l ,  £„(**) =  (~1)‘ (* =  0, 1.......2«)

и пусть g„(x) линейна на отрезках

[0, Л'0], [Х0, Xj], [*!, х 2], ..., [х2п_ !, х 2п], [х2п, 2л].

Ввиду (2. 7) и (3. 1)

(3.2) T n ( g n ,  0 ) - g n(0) =  2  ( - i ) 4 ( - * * ) + i .
к =  О
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Из (2. 8) и (1. 1) видно, что
2 л

( 3 . 3 ) 21 ( !)**■( хк) 2п + 1 2? 2к+1п'
2п + 1 2

* = О

В работе [5] доказано, что 

(3.4)

Поэтому 

(3. 5)
Очевидно 

(3.6)

11 2"
кп = 2п + \ ^ 0 \. 2к+ \ л  -sin.

2/1 + 12 

T„(g„, 0)—g(0) = 2„+ 1.

CO\gn
2л

” 2/Г+Т =  2.

Из двух последних неравенств следует (1.9), что и требовалось доказать

§4. Доказательство соотношений (1.11) и (1.10)

Пусть 0< е<  1 и натуральные числа и, удовлетворяют условиям
(4.1) 2«i+i +1 ë2(2/i; + l) ( /= 1 ,2 ,3 , . . . ) ,

(4. 2) "i+i - f i  ( / = 1 ,2 ,3 , . . . ) ,

(4. 3) (2«i+ i + 1)û>j+i
14S  -  (2/i, + l)ft/( (/ =  1, 2, 3

где

U tT f ) 0 =  1. 2, 3, ...).(4.4) /■»1 —(X /j —  LU

Это возможно, так как мы предположили, что выполняются условия (1. 13) 
и (1. 14).

Определим числа ct как решение бесконечной системы линейных урав
нений

(4. 5) 2 2(0fc= 1
__ 2пк+ 1
с о , -  2tij + 1

с* + с,- + 2  ~ г  ск — 1 (/ — 1, 2, 3, ...).
k=i +1 <°i

Эта система имеет единственное решение, так как ввиду (4. 3) и (4. 2)

(4. 6) ‘•у 2шк 2пк + \ + у  о)к _ ‘у  
4=1 COj 2/lj+l ft = i+1 4=1

i-4 ~
+ 2 1 4 = i+l

1.
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Заметим, что

(4. 7) 1 — у  <  С , <  1 (/ =  1, 2, 3 , . . . ) .

Положим, наконец,

(4. 8)
1 °°

g(x) = 2  ckwkg„k(x).
z к= 1

Ряд справа равномерно сходится ввиду (4. 7), (4. 2) и неравенства

(4.9) |£пС*)| — 1 (и =  0, 1 ,2 ,...),

которое является очевидным следствием определения функций g„(x), приведен 
ного в предыдущем параграфе. Так как эти функции 2л-периодичны и непрерыв 
ны, то и их сумма g(x) также 2л-периодична и непрерывна.

Покажем, что для нее имеет место равенство (1. 11). Очевидно

(4.10)

Ввиду (4. 1)

(4.11)

О =

„ 2и +1 Л п2 ------- t, если O á / S  — ; ,п 2п +1

2, если t — Л
2/1 + 1

a>\g,
2л

2и,+ 1

2 пк +1 . .4 , если />*:,
2/7;+ 1

2, если i ^ k .

Отсюда, из (4. 8) и из (4. 5) получаем:

>-1
(4.12) u>\g-

2л
” 2/7;+ 1

2nk+ l  V
' I 2  № к Ск -]- j/ j  (Ок Ск Ш ;,

к =  1 2/7;+ 1 fc = i

что и требовалось доказать.
Докажем неравенство (1. 10). Очевидно

(4.13) Tni(g, 0 )-g (0 ) =  \  Z  ckcok[Tni(g„k, 0) -g „ k(0)] s
k= 1

ë  J C;£»;[r„((gni, 0 )-g„ .(0 )]-^ - 2  (OkCk\Tn.(gnk, 0 )-g„k(0)|.2 1
kĵ i

Ввиду (1. 3) и (4. 11)

(4.14) | r nj(gnk,0 )-g „ k(0)| S
. , ,  ,, 2nk + 1 . ,

4 ( ^ + 0  2n.+ i ’ если l > k '

2(2ni+ l) ,  если i< k.
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Поэтому и в силу (1. 9)

(4.15) T„,(g, O)-g(O) S  2 (Л„. + 4ckcok^ ± j 2 2c* ш*
k = i+l

На основании (4. 7) пишем здесь — £ J сн, вместо с,со(. Кроме того, восполь
зовавшись неравенствами (4. 7) и (4. 6), получаем:

(4.16) 2 4с* со* 
&= 1

2»* + 1
2л,- + 1

оо

+  2  2с* со* ё  2со, 
»=1+1

2 ,12 “ * | 5 ± | +  2 — 1
fc=l ÚJ; 2/7/ -h 1 fc=f + 1 СУ, J

2
У £С0*'

Поэтому

(4-17) Tni(g, 0)-g (0 ) s  ~ ( À n< + l)co,,

что и требовалось доказать.

§ 5. Оценка погрешности тригонометрического интерполирования 
с четным числом узлов

Обозначим через Т*(g, х) тригонометрический интерполяционный много 
член вида

п- 1
« о  +  2 ( а к cos кх  +  bk sin кх) +  b„ sin пх,

к= 1

совпадающий с 2л-периодической функцией g (л) в узлах (1. 15), и пусть к 
соответствующие чзсла Лебега. Также, как было доказано неравенство (1.2), 
можно показать, что

(5. 1) |П ($ , JC)-S(*)| ^  ( у  4  + 2 +^-) со (g, (п = 1, 2, 3, ...).

Как и в § 3, можно построить функцию g„(x), для которой

(5- 2 )  П  ( g „ , 0 )  - g „ (0 )  =  [2 2 Л* +  у )  со ( g „ , -п  ]  .

Рассуждая также, как в § 4, можно найти функцию g(x), для которой

(5. 3) 
и

(5.4)

(п =  и*, я2, и3, ...)

Ï ï f e . 0 ) - g ( 0 ) s ( l - e ) а» g-. (п = пу,п 2,п 3, ...).
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Аналогичные утверждения справедливы и для тригонометрического много
члена T**(g, X) вида

л - 1

а0 +  ^  (ак cos кх + bk sin кх) + ап cos пх,
к=1

совпадающего с g(x) в узлах (1. 16), только в формулах, соответствующих 
равенству (5. 2) и неравенству (5. 4), следует писать л вместо 0. (Числа Лебега 
для узлов (1. 15) и (1. 16) очевидно совпадают.)

§ 6. Оценка погрешности четного тригонометрического 
интерполирования

Обозначим через Cf_t(g,x) четный тригонометрический интерполяцион
ный многочлен п — 1-ого порядка, совпадающий в узлах

2к — 1
(6. 1) х*к = п (к = 1, 2, ..., и)

с четной 2л-периодической функцией g(x), а через Л*_, соответствующие числа 
Лебега. Из (5. 1) следует неравенство

(6.2) | C _ 1( g ,x ) - g (x ) |  ( у Л" - 1 + 2 + 7 ]  ( « = 1 , 2 , 3 , . . . ) ,
так как очевидно

(6. 3) C*_x(g, х) = T*n(g, х) (« =  1,2, 3 ,...)

(6.4) A*n_t = Я* (я =  1 ,2 ,3 ,...)

(это по существу доказано в [5].) Следствием формулы (5. 2) является равенство

(6. 5) C _ x(g„, 0)-g„(0) =  [ I  Лл*_, + ’ j со [g,„ nn ,

а из неравенства (5. 4) получаем:

(6. 6) C„*_,(g, 0 ) - g ( 0 ) a  ( 1 - е ) |у Л * _ х+ у ] с о ^ ,  (я =  «!, я2, я31 ...).

Аналогичным образом для четного тригонометрического многочлена 
л-ого порядка C„**(g, х), совпадающего с g(x) в узлах

(6.7) *Г  = ~  (к = 0, 1,..., л),л
выполняется неравенство

(6. 8) |C**(g,x:)-g(x)| =g ( у Л«* +  у  +  ̂ )й>(^, (л = 1, 3,5, ...),
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так как

(6. 9) С**(g, х) = T**(g, х) (л =  1 ,2 ,3 ,...)
и, как доказано в [5],

(6.10) Л*„* = К  (и =  1 ,3 ,5 ,...).
При этом для некоторой функции gn(x)

(6.11) ’ 2 - g  п
1

=  h ïA*n* + - \ œ \ g n,

и для некоторой функции g(x) выполняется условие (5. 3) и

(6.12) T j - S " ( 2 j - ( l ~ EH Í ^ *  +  Í M g’ í l  =

Наконец, для четного тригонометрического многочлена п-ого порядка 
C„(g, х), совпадающего с любой четной 2л-периодической непрерывной функци
ей g (х) в узлах

2к + 1
хк — а-----г пк 2п + 1 (к -  0, 1, ..., л),(6.13)

выполняется неравенство

(6.14) |C .( f t if ) -g (* ) |á  [ | Л + 3 
так как

(6.15)
И
(6.16) Лп = Хп (л = 0 ,1 ,2 ,...). 
При этом для некоторой g„(.v)

4]I f  2л ï
л]l " l *  2 n T l J

x) (л =  0, 1, 2,

(л =  0 ,1 ,2 ,...) ,

(6.17) C„(g„,0)-g„(0) A n + w \ ( o \ g n ,
2 п

2п + 1
и для некоторой функции g(x) имеет место (5. 3) и

(6.18) Cn(g, 0) —g(0) (1 — е) Л„+ п 'со g,1 1 2л
2л+  1 (л = л ,, л2, л3, ...).

§7. Оценка погрешности Лагранжева интерполирования

Обозначим через P?-i(f,y) интерполяционный многочлен Лагранжа л —1- 
ой степени, совпадающий с непрерывной на отрезке [—1, + ] функцией f(y) 
в узлах

2 к  —  1
(7.1) Je = cos 2п п (к =  1,2, ...,л),
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а через L*_, соответствующие числа Лебега. Из (6. 2) следует неравенство

(7.2) \Р%~ 1 ( /, у) —/(у )| =
так как, полагая 

(7. 3)
получаем:

1
L*. I +  тг +  —: / , (я = 1,2, 3, ...),

(7.4)

и очевидно 
(7. 5)
(7. 6)

g (х) =  /(cos х),

/>„*_,(/,COSX) = <?*_!&, X) (л =  1, 2, 3, ...)

Ц,-х =  A*-i ( « = 1 ,2 ,3 , . . .) ,

co(g, /) = «(/> 0  (0^ / ä 2).
Рассуждая как и в §3—§4, можно построить непрерывную функцию /„(у), для 
которой

(7.7) ............................................1 1PLiifn-r, l ) - / . - i ( l )  =  I 2 ) J [ / „ _  1 , * )J ! « J
и непрерывную функцию /(у), для которой

» [/, "-] — H«J(7.8)

(7.9) Рв*_,(/, 1 ) - / ( ! )  S  (1 -8 )

(« =  « ! ,  «2 , « з ,  . . . )

Í Í - 1 + T  ® /. (и =  « I , «2 , Из, . . .).

Аналогичные результаты можно получить для многочленов л-ой степени
P„*{f,ÿ), совпадающих с /(у ) в узлах

(7.10) у£* = cos кп (к = 0, 1, ..., и).

В этом случае вместо (7. 2), (7. 7) и (7. 9) имеем:

(7.11) / Г ( / у) - Л у)! ^  11 К - \c o \ f ,

(7.12) Р**(/п,0) -/„(0) 7 - Г + т г М / ,2 "  2 

1(7.13) Р ?  ( /, 0) - /(0 )  i= (1 -- е) -  L T  +  -  ■\со / ,
1

(и = 1, 3, 5, ...),

(л =  Л!, л2, «з, •••), 

(л = л 1, л2, лз, ...).

Наконец, в случае многочленов л-ой степени /*„(/, у), интерполирующих 
/(у )в  узлах

2 к 4-1
(7.14) yfc =  co s2/7 +  |  л &  =  0, 1, ..., и),
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получаем: для любой непрерывной функции f(y)

(7.15) \РЛ/,У)-ЛУ)\ =

для некоторой функции f n(y )

L"+ 2
2 п

2 п +1

(7.16) Pn( fn, 1 ) - / „ ( ! ) =  | 2 Ln+ У
5 T Ï

для некоторой функции/(>>) имеет место 

2п(7.17)

н
ш / , 2л + 1, = (О 2л

2/Г+1

(я = 0, 1,2,...),

(д = И^Иг, Лз, ...),

(7.18) />„(/, ! ) - / ( ! )  ё  ( 1 - 8 ) 1  ‘ Ln + i |  (o \f,

(п = п1,п 2,п 3, ...) 

2л
2и + 1 (я =  Hj, я2, я3, ...).
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A CLA SS OF M ETH O DS FOR FON CTIO N  M INIM IZA TIO N

by
L. VARGA

1. Introduction

The solution to many different types of practical problems can be obtained 
by minimizing a function of several variables. Such problems are e.g. the fitting 
of a formula to a set of measurements, the optimization of the solution to economic 
or technical problems, etc.

In [1], A. Cauchy proposed the steepest descent method for finding the mini
mum of certain functions of more than one variable. The steepest descent method 
is based upon a linear approximation to the function and it requires only the func
tion values and the gradients to be calculated. The convergence of the procedure 
can be proved for a fairly general function-class ([2], [3]), and the rate of the con
vergence turns out to be quadratical. In practice, however the steepest descent 
method can be very slow.

For getting more rapid convergence, a number of methods, using quadratic 
approximations to the function, has been developed. Such procedures are those 
of quasi-Newton methods ([5], [6], [7]), the modified Gauss-Newton method ([8],
[9]), and the maximum neighbourhood method ([10], [11], [12]). Each step of these 
iterative methods usually consists of the following routines:

a) Construct a quadratic approximation to the function.
b) Using the quadratic approximation, determine a curve for the one-dimen

sional minimization.
c) Search the minimum along this curve.
In this paper the methods for function minimization are discussed from a new 

point of view based upon the problem b).
In section 2 a class of methods for finding the minimum of a function is defined. 

These methods are referred to as asymptotically Newton methods, the basic proper
ties of which are given below by Theorems 1, 2 and 3.

In section 3 many of the well known methods are discussed as special cases 
of the asymptotically Newton methods. A new special case which is a generalization 
of the steepest descent method is also given.

2. The Class of Methods

D efinitions. Let /(x )  be a real-valued function defined on the n-dimensional 
Euclidean space. For fixed x0 define the set # { x : / ( x ) ë / ( x 0)}. The function / (x )  
satisfies:

C ondition I. if / (x )Ç C 2 everywhere on the Euclidean space;
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Condition II. if there exists a bounded convex set К such that Я  is a subset 
of К  and the Hessian matrix of /(x) is positive definite on K.

Let h(x) be a positive valued function given in the interval Let us
suppose that the function h(x) is analytic and satisfies the boundary conditions

(2. 1) lim h(x) =  c, (c> 0),
X- + 0

(2.2) lim xh'(x) = 0,
x-*- + 0

(2. 3) 1 i m xh (a) = 1,
X-*-oo

^that is the function h(x) is asymptotically equal to ~

(2. 4) e '(x )< 0 , (0 S x < ° ° ) ,

and

(2. 5) lim q (x ) = — 1.

where

e<i) =  f](x) ■

moreover

Let be a quadratic approximation to the function/(x) given by the formula

(2.6) Ф(х ; у) = /(x ')  + q*(x')y +  ̂ y*A(x')y; у =  x - x ',  (х '€Я , х£Я ),

where q(x) is the gradient of /(x ), (ч*= У~г> " 's апУ symmet"
rical and positive definite matrix with bounded eigenvalues on Я  (e.g. the 
HESsian matrix).

The asymptotically Newton method for finding the point xM where /(x) has a 
minimum is given by the following steps:

Initial step: Select an estimate x0 o f x M and a function h(x) satisfying the con
ditions (2. 1)—(2. 5).

General routine: Having obtained the estimate xk (k = 0, 1, ...) compute xt+ , 
by the formulas
(2. 7) Ук(е) = -£А(еА(х*))я(хл),
(2. 8) f ( x k +  yk (sk)) f ( x k + yk (e)), ( 0 s £<oo),

(2.9) x k+1 =  x k +  yk(ek).

The equations (2. 1)—(2. 5) do not define a unique function h(x) but a class 
of functions. Hence equations (2. 1)—(2. 9) define a class of methods for finding 
the least value of a function.

Lemma 1. The function h (,v) is a monotone decreasing function of x.
The sentence of the Lemma 1 follows from (2. 2) and (2. 4) immediately.
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Lemma 2. The function xh(x) is a monotone increasing function of x.
Using (2. 4) and (2. 5) we find that g (x)>  — 1 (a > 0) that is 

xh' + h = (xh)' > 0 ,  (0^x<oo)

consequently the function xh(x) is a monotone increasing function of x.
The basic properties of the asymptotically Newton methods are given by the 

following theorems.
Theorem 1. Denote ||y|| the norm of the vector y and let a be the angle between 

y ( e )  and q. Then | | y ( e ) | |  and a are monotone increasing functions o f s, moreover

(2. 10) lim ||y (fi)|| =  0,
c = 0

(2. 11) 
and

limy'(e) =  — cq  
« = 0

(2.12) lim y(e) = — A-1 q.
E-+00

Proof. Let v,, v2,..., v„ be the normalized eigenvectors of A and let , X2,... , k n 
be the corresponding eigenvalues (2t ^ kj, к «=/). As known, the matrix A can 
be written in the form
(2. 13) A = VAV*

where the columns of V are the vectors v l , ..., v„ and Л is a diagonal matrix with 
diagonal elements (The asterisk denotes matrix transposition.) Since
the vectors v,, ...,v„ are linearly independent, we may, accordingly, choose scalars 
al ,a 2, ..., a„ such that

(2. 14) q = 2  ak\ k = Va.
*=i

Using the formulas (2. 7), (2. 14) and the formula 

(2. 15) h (e A) = V/i(eA)V*

valid for any analytic function of the matrix, we have

НУ (e)ll2 = e2q*/i2(£/4)q =  e2a*V*Vh2(eA)V*Va.
Hence

(2. 16) lly(e)ll2 =  Ё е 2Ь2(еЛк)аЦ.k= 1

Considering Lemma 2, it follows that ||y(e)|| is a monotone increasing function 
of £. The relation (2. 10) follows from (2. 1) and (2. 16).

Using the formulas (2. 7) and (2. 15) we have

(2.17) у (£) = -£V/7(£A)V+q
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and
(2. 18) y'(e) = — V(/?(£A)f£A/i/(eA))V*q.

By (2. 1)—(2. 3) we obtain the relations
limy(e) =  — VA- 1 V*q =  - A ~ ‘ q
£-►00

and

By definition 

(2. 19)

limy'(e) =  — VcV*q = — cq.
£ = 0

cos2 a = llq||2l!y||2 ■
Inserting (2. 16) and (2. 17) in (2. 19) yields

cos2 a =
2  Eh (eh) ükk= 1

Differentiating we get
2" al 2  z2h2(£/.k)al

k= 1 k=l

( 2. 20)
j  2 2 У hkald cos2 a kti 2  2  (hk-hj)(hk h) -h jXk h'k) al a]

k= 1 j = k+ 1 _____  ____
de

2  4k= 1
2  hlal

,k=l
where hk=h(eÀk) and h'k = h'(e>.k). Using (2.4) we see that

e/.jh'j iJ.k h'k
(2. 21)

hj
L, U  >  k),

thus the value of (2. 20) is always negative. Consequently, a is a monotone in
creasing function of e, and the theorem is proved.

Theorem 2. The function

(p(e) = Ф(х; y(e)), (x£H, 0 á e < « )

is a monotone decreasing function o f e.
Proof. Using the formulas (2. 6) and (2. 7) we find that

<p'(e) = q*(8A/;'(eA)+/ï(fiA))(eA/)(eA) — E)q,

where the unit matrix is denoted by E. By (2. 14) and (2. 15) we have

9  ( e)  =  2  h ' 0 - 2 )  +  h  (eA*)) ( s Â k h  (eA*) -  1 ) a l
k= 1
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since the function xh(x) is a monotone increasing function of x and 0Sx/i(.v)<l 
(0 ^x < °°), the inequality

(xh(x))'(xh( x ) - l )  0, (0Sx<=o)

holds, hence <p'(e)S 0. This proves the theorem.
In view of result (2.12) it is seen that the name „asymptotically Newton methods” 

is an appropriate name for the class of methods defined by (2. 1)—(2. 9). Moreover 
an asymptotically Newton method performs an interpolation between the steepest 
descent method and the Newton method.

T heorem  3. The function / ( x )  satisfying the Conditions I and II has a unique 
minimum on the set H and the sequence x0) xl5 ..., \ k, ... selected by (2. 7)—(2. 9) 
converges to the point x M which minimizes / ( x )  on H.

P roof. Without loss of generality we may assume the sequence x 0 , x , ,  . . . ,  
xk, ... to be infinite. By Conditions I and II a î o -0 can be found such that the in
equality

/ ( x  + y) = ë / (x )  + q * y  +  *:||y||2, (xÇ  H, x + y £ t f ) ,
holds.

Using (2. 7) and (2. 15) we have

(2. 22) f ( x k) - f ( x k + y*(e)) ^  a*(xk) V* Ve/i(eA)(E — exh(eA)) V* Va(xt) =

=  2  eh (eA,-) ( 1 -  ey.h (eA,)) af (xk).
i= l

Let Amin and Amax be the lower and upper bounds of the eigenvalues of matrix A 
on H. Let ë> 0  satisfy the inequality

ÊAmax/i(ëAmax) <= I f - .

Then, for all eSe the right side of (2. 22) is positive. By definition 

/ ( * * )  —/(x* +, )  S  f{ x k) ~ f(x k + yk ( e ) ) ,  ( 0  s  e <  =o).
Therefore

(2. 23) f ( x k) -  f ( x k + ,) a  2  e h ( e À i ) ( \  -  e x h ( e f ) ) a f ( x k) ,  (e s  ê).
>= l

Since /(x) is continuous it achieves a minimum on the bounded and closed set H. 
Thus, the sequence /(x 0), /(xj), . .. ,f(x k), ... is bounded from below and has a 
cluster point

consequently 

that is

lim f(x k) = f T = Д х г), (xT € H),
k-+ co

ű í(x t ) =  0 , / = 1 , 2 , ...» и,

q(xr) =  0.
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That this stationary point is actually a minimum, is clear from the fact that Q(xr) 
is positive definite, where Q(x) denotes the Hessian matrix of /(x). The unicity is 
almost trivial. Let the points xr and xM satisfy the equation

q(xr) = q(xM) =  0, (xT xM).

Therefore the function
F(t) =  q*(xr + i(xM- x r))(xM- x r), (0 ^  t ^  1)

vanishes at i = 0 and t = 1. Thus by Rolle’s theorem there exists a tb (0<ГЬ<1) 
such that.

F '  Ob) =  (хм -  Xr)* Q(xT +  fi, (xM -  xr)) (xM -  xT) =  0.
Since the matrix Q is positive definite on a convex set К the contradiction is obvious, 
and the theorem is proved.

3. Particular methods

The asymptotically Newton method depends on the choice of the function 
h(x). Various functions can be chosen, each leading to a special method. Now let 
us consider the most important special cases of the asymptotically Newton methods.

1. Gradient methods
The curve for one-dimensional search (2. 7) is not invariant under linear trans

formations of the у-space. Applying the linear transformation

w =  Wy
to (2. 6), we find that

Ф(хк; У) = /(x t) + q íW -1w + iw *W *-1A W -1w.

Introducing a scaled matrix A„. and a scaled gradient qH. of the form

Aw = W *-1 AW "1,

qw =  w *~ 1 q,

the curve for the linear search in the w-space is

w(e) = — £/;(e\V*_ 1 AW~ ') W*~1 q.

By retransformation we have

(3. 1) yr (e) = — eW"1 A(eW*- 1 AW" ‘) W*- 1 q.

Clearly, the у-space may be scaled in some convenient manner. The choice of scale 
has, in fact, been widely used as a tool for improving the convergence of the pro
cedure. On the other hand, the choice

W =  A i
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(the square root of a positive definite matrix exists) causes the matrix A to trans
form into the unit matrix, and we have

Уг(£) =  -eA (e)A "1q
or
(3.2) Ут(°0 — — aA~ 1 q,  (Ogttsl).

The methods defined by (3. 2), (2. 8) and (2. 9) where A is any positive definite 
matrix, are called gradient methods. A few of them are discussed in [4]. Now we 
restrict ourselves to refer to the most important cases of the gradient methods.

1. 1 Steepest descent method: A = E. This is the simplest case of the gradient 
methods.

1.2 Modified Newton Method: A = Q. (Q is the HESsian matrix of function 
/(*)•)

The Newton method frequently fails to converge, since the conditions for 
convergence rely on the initial estimate of the minimum being sufficiently good. 
This requirement is often impossible to realize in practice. In order to overcome 
this disadvantage of the Newton method the usual procedure is to obtain <xk such 
that /(x* +  y(a*)) is a minimum with respect to a along (3. 2). A further disadvantage 
of the method is the difficulty of computing the matrix Q. Therefore preferably 
the quasi-Newton methods are used.

1. 3 Quasi-Newton methods: A = Q(k), where the matrix Q(4) is chosen such 
that it satisfies the relation

(3.3) (^-‘qW^Q-'WqW.
A matrix sequence satisfying (3. 3) can be constructed step by step, computing a 
correction from the values of the first partial derivatives of /(x) to the preceding 
approximation to Q [7].

Most of the numerical methods for minimizing a sum of squares of non-linear 
functions can be regarded as quasi-Newton methods. Let us consider the mini
mization of the form

/0 0  =  2 7 ?  00(= l
where the functions f(x ) ,  (f=  1, ..., N) are non-linear forms of x.

Expanding the functions /j(x), . .. ,fN(x) in a Taylor series through the linear 
terms we get

/ К  +  У) ~/(x*) +  q(t)*y + iy*Q u)y
where

qP  = 2 f } k)f jV,  0 =  i,.. .,«),
(3.4) „ 7 *

Qlp = 2 / i W ,  O' =  l , ...,«; j  = 1,..., «),1= 1
and

f i k) =fj(*k), fi\k) = ^ £ r  I •o x i |x=xk
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It is obvious, that Q(,i) defined by (3. 4) satisfies the relation

lim Q(fi> = Q(xM)
X/<—XAi

if the equation / (x M) =  0 holds. This type of quasi-Newton method is sometimes 
referred to as modified Gauss-Newton method [8], or linearization method [9]. 
It has a simple algorithm, even though it does require the solution of n linear equations 
at each step, it is perhaps the most powerful procedure for minimizing a sum of 
squares of non-linear functions. But not infrequently it runs aground because of 
poor conditioning of the surface /(x).

2. Generalized steepest descent method
As it was remarked in section 2, the asymptotically Newton methods perform 

an interpolation between the steepest descent method and the Newton method. 
In this method an optimum interpolation is realized by choice h{x) such a way as 
to guarantee a steepest descent in function Ф(хк; у).

The maximum decrease in function Ф is in the direction of the negative gra
dient. Thus the curve for steepest descent minimization of function Ф is determined 
by the differential equation system

y' =  -  A y-q ,
which has the solution

(3.5) y(e) =  —eAs(fiA)q 

where

(3.6) hs(x) = ]—f ^ -

T h e o r e m  4 .  The algorithm given by the formulas ( 3 .  5 ) ,  ( 2 .  8 )  and ( 2 .  9 )  is an 
asimptotically Newton method.

P r o o f .  In order to prove this theorem, it is sufficient to verify that relations 
( 2 .  1 ) — ( 2 .  5 )  hold for hfx). This can be done by a simple calculation.

The algorithm given by ( 3 .  6) and ( 2 .  7)—(2. 9 )  is called generalized steepest 
descent method.

In order to compute the matrix function hs(sA), eigenvectors and eigenvalues 
of matrix A must be evaluated. Therefore this method can not be regarded as a good 
practical algorithm. However, this difficulty can be avoided by using rational appro
ximations of the form

( 3 .  7 ) hj(x) =

* X
l +  2! + '

X'-1
7 Г

, x XI
' ' I !  ......... /!

0 =  1 ,2 ,...)
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instead of h s(x). It can be seen, that the choise h (x )  =  h j (x ) ,  (/=1,2,...) also 
leads to an asymtotically Newton method. The advantage of these approximations 
is the fact, that the matrix functions hj(eA) (/= 1 , 2, ...) can be calculated by in
version. On the other hand, when /  — «= the sequence given in (3. 7) rapidly con
verges to hs(x). The functions h ^ x ) ,  h 2(x )  and hs(x) are illustrated in Figure 1.

By a modification of h2(x) we have got the function

(3.8) r(x) = 1 +P2X 
(1 +px)2 ’ p = 0.375,

which is a better approximation to hs(x) than h2(x) and has a more simple form. 
In practice the method defined by (3. 8) and (2. 7)—(2. 9) proved to be a good 
approximation to the generalized steepest descent method.

A numerical advantage is that the matrix E-b/ieA (e>0) is always better con
ditioned than A itself. Thus the method described above is useful for minimizing 
a function even though the matrix A(x*) may be ill-conditioned at points xk, which 
lie still far from the minimum point.

The first approximation to the generalized steepest descent method can be 
obtained by using Aj(x). This method is equivalent to the maximum neighbour
hood method [11].

3. The maximum neighbourhood method 
If the function

(3.9) А«  = Т Ь

is chosen, the corresponding asymptotically Newton method defined by (3. 9) and 
(2. 7)—(2. 9) is called the maximum neighbourhood method. This method was first 
proposed by K. L e v e n b e r g  [10] for minimizing a sum of squares of non-linear 
functions, and called the damped least squares method. But D. W. M a r q u a r d t  in 
[11] gave it the name “maximum neighbourhood method” because of the following 
property :
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I f  y0 satisfies the equation
( А ( х * )  +  Л Е ) у 0  =  - q ( x * ) ,

with an arbitrarily chosen /.>0, then y0 minimizes Ф(\к; у) on the sphere whos- 
radius ||y|| satisfies ||y||2 = ||y0||2.

Finally it may be noted that an appropriate choice of scale in the у-space leads 
to a fast convergence of the method described. This follows from the fact that gene
rally the contours of the function / ( x fc +  y) —  Ф ( х к ;у )  are ellipsoids near the point x k.
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RANDOM M ODELS OF LOGICAL SYSTEM S

by
I. RÚZSA

Part I
Models of Valuing Logics

In the present paper I shall deal with models o f some logical systems in the 
probability calculus. In these models the logical variables are represented by random 
variables, and the logical operators by function operators ranging over random va
riables (viz. over и-tuples of random variables) and having random variables as 
their values. Henceforth the models thus generated will be called random models 
(more exactly: random model systems).

The results of my investigations might make it possible to generalize or 
specify several logical systems. One may draw some semantical conclusions from 
them too. However, the main aim of this paper is to give the mathematical descrip
tion of the modelling method outlined above, hence the logical and philosophical 
problems related to it will be at most briefly indicated. A thorough logico-seman- 
tical analysis of my mathematical results will be perhaps the subject of another 
study.

In Part I  I deal with random models of valuing logics (i.e. logics which are 
decidable by a finite valuing matrix), including the random model of the two-valued 
propositional calculus. Part II  deals with the random models of modal propositional 
logics of L u k a sie w ic z  and that of Lew is. The subject of Part III is the random 
model of quantified logics, including quantified modal logic too. In forthcoming 
papers I shall deal with a random model of P r io r ’s system Q, and that of the intui- 
tionistic logic.

§ 1. Preliminaries. Notation and basic notions

We shall denote the empty set by 0, the union, the intersection and the dif
ference of the sets A, В by A U В, А ПB, and A \ B  respectively. AQ B  denotes that 
the set В includes the set A.

If A is a set then Ak denotes the Cartesian product A X . . . X A ,  i.e. Ak is the 
set of ordered к-tuples of the form (ак, ..., ak) where ű, Ç.A, ..., ak£A.

D efinition  1. We shall call a quadruple

S = (K ,0, F, T)

an elementary logical system (briefly: a system), if the following conditions are 
fulfilled:

F is a denumerably infinite set called the set of variables, its elements are the 
(sentence) variables.
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0  is a finite union of disjoint finite sets, i.e. 0  = 0 1U ...U 0„, where пШ 1 
and O n is not empty; the elements of Ok are the к -placed operators (k =1,2 ,
О is called the set of operators', V and О are disjoint.

F is the smallest set satisfying the following conditions: (a) V ^ F ;  (b) if 
aj £ F, a *€F, then o<xl ...otk£ F (к  = 1, 2, n). — F is called the set o f  fo rm u la s
o f  the system S ; the elements of F  are the fo rm u la s  o f  S.

T  is a subset of F ( T Q F )  called the set o f  theorems o f  S.
The triple

S ' =  ( V , 0 ,  F )

will be called the language of the system S.
If we substitute a variable p  (in all its occurrence) in a formula a by a formula 

ß, then we denote the resulting formula by “ o t(p lß )” .

D efinition  2. We shall call a triple

Z  =  ( I , s i ,  F)
a p ro b a b ility  space, if

1 is a non-empty set;
s i  is a а-algebra of certain subsets of 7;
F  is a p ro b a b ility  measure defined on the measurable space (I, si) satisfying 

the condition F (7 )= l.
The elements of s i  will be called events. The event I \ A  will be called the com

plem ent of А (А в s i)  and denoted by Ä.
A measurable function w defined on /  will be called a random variable on Z. 

— We shall denote the event Az which contains an element E of /  if and only if 
w (F)< z (where z is a real number) by “[tv <  z]” . The meaning of [vvSz], [w = z], 
[w>z] and [w^z] is similar. However we write F(iv-<z) etc. instead of F([iv<z]) 
etc. (where F  is the probability measure) provided no misunderstanding can 
arise.

Let Z  be a probability space, and let w be a random variable on Z, furthermore 
let ( e t , ..., em) be a strictly increasing sequence of real numbers (m ë l). We say 
that w is discrete w ith  respect to the sequence (e t , ..., em) if the set {e,, ..., em} con
tains all the values of w. If m = 1, then we say that w is a constant (or degenerated) 
random variable. A constant random variable having the sole value c will be often 
denoted by its sole value c.

D efinition  3 . The triple
Z  =  (a, b, 0)

will be called a random model s tructure (briefly: rm s) of a language S ' = (V , O , F )  
(see in D e f. 1.), if the following conditions are fulfilled:

a and b are real numbers, a < b .  The closed interval [a, b] will be called the 
base in te rva l of the rms Z .

0  is a function defined on О such that if o£Ok ( k S \ )  then 0  (o) = ô is a function 
operator in к  variables, and ô = ô(wl , ...,w k) satisfyes the following condition: 
if wk, ...,w k are random variables on a probability space Z, and [a, b] contains 
all values of wt , ..., w k , then ô(vv,, ..., wk) is also a random variable on Z , and 
[a, b\ contains all values of 0(v.\, ..., wk) too.
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D efinition  4. The pair
Г = (1, W)

will be called a random model belonging to a rms Z, if the following conditions are 
fulfilled:

I  is a probability space.
IT is a function defined on F (i.e. on the set of formulas of the language S') 

such that the following conditions are fulfilled: (a) If a £ F, then IF(a) is a random 
variable on I ,  and the values of W(a) belong to [a,b\. (b) If o£Ok ( k ^ \ ) ,  and 
otj, ctk are elements of F, then W(o<x1...ak)=ô(W(<xi)..., W(ak)), where ô = 0(o).

D efinition  5. We say that an rms Z  — (a, b, 0) of a language S ' is discrete 
with respect to the sequence (a = el ... < e m = ô) (m ^ 2), if 0  has the following
property: If o£Ok ( i ë  1), 0(o) = ô, and wk, ...,w k are discrete random variables 
with respect to the sequence (e1, . . . ,e m), then ô(w1, . . . ,wk) is also discrete to 
(é?i , ..., em).

Let Z be an rms (of a language S') which is discrete with respect to a sequence 
(Cj, ..., em), and let Г = (T, W) be a random model belonging to Z. We say that 
Г is discrete with respect to (e, , em), if p £ V  implies that W(p) is discrete with 
respect to (et , ..., em). (Note that V is the set of variables of S'.) It follows from 
this stipulation, that if a£F then  W(ot) is also discrete with respect to (et , ...,em).

We write [a<z] and P(a<z) instead of [lF(a)<z] and P(W/(a)<z), respec
tively, since using this notation no misunderstanding can arise.

T heorem  1.1. Let S ' = (V, O, F) be a language of a system, and let Z  — (a, b, 0) 
be an rms of S'. Assume, that a is a formula o f S', for which there is a real number 
c such that a < c ^ b ,  and in any random model Г belonging to Z, [a< c] =  0 is ful
filled. Let p be a variable (p Ç V), ß be a formula (ß Ç_ F), and denote a {piß) by a ,. 
Then in any random model belonging to Z, [a j <c] =  0 is also fulfilled.

P roof. Let Г = (T, W) be an arbitrary random model belonging to Z and take 
lV(ß) = w. Consider the random model T t = (X, Wß) which only differs from Г. 
in Wi (p) = w. (It is evident that if Г exists and belongs to Z, then Г у also exists 
and belongs to Z.) Now it is clear that tV(a,) (in Г) and IL^a) (in Г,) are identical 
random variables on the same probability space I .  From this and from the assump
tions of the theorem it follows that [a, <c] =  0 is fulfilled in Г.

§ 2. A random model structure of the two-valued propositional calculus

Let us consider the language A'0 of the two-valued propositional calculus: 
A'0 = (V, O, F); where 0  = 0 , U 0 2, 0 ,  = { l j ,  0 2 = {л},

0  = {-1, л}.

“ 1 ” and “ л ” is the negation and conjunction operator, respectively. We shall 
write “ал /?” instead of “ A a f  (a£F, ß£F),  and so we shall also use brackets, 
in the usual way.

We shall use the operators of disjunction, implication and equivalence as 
defined operators, denoted by v ,  -  and , respectively, given by their usual

Siudia Scientiarum  M athem aticarum Hungarica 4 (1969)



3 0 4 I. RÚZSA

definitions:

( 1)

a v ß = l ( l o c A  Iß) ,  
<x-~ß= 1 ( « л  ~[ß), 
cc~ß = (a-+ß) а  (/9 — ос).

( a  eF,ßdF) .

The rms Z0 of AÓ is given as follows:

Zo =  (0, 1 ,0),

where the function operators 0 ( “|) =  1 , 0 ( л ) =  л are defined by the following 
stipulations:

(2) Й tv =  1 — tv, and

(3) tv, л tv2 =  min (tv,, w2)

(we write “I tv and tv, л tv2 instead of 1 (w) and л (tv,, tv2), respectively). One 
can see easily that “1 and л satisfy the condition prescribed in Def. 3.

If we take — in accordance with (1) —

tv, V tv2 =  1 ( Î  и1, л Î  vr2) ,

i.e. if we accept this equality as the definition of 0 (  v ) = v , then we get

tv, v tv2 =  1 — (min(l — tv,, 1 — w2)) =  1 — (1 — max (tv,, tv2)) =  max (tv t, tv2), 

i.e.

(4) tv( v tv2 = max(w,, w2).

From (2), (3) and (4) we get the following identities easily:

tv л ív =  w tv V w =  tv

( 5 K

Wj À tv2 = IV2 Á IV!
W ,  A (tv2 A tv3) =  (w,  A IV2) A tv3 

Wj A (vv2 V И’з) =  (tVj A W2) V (tV! A tv3) 

Î  (tv! A tv2)=  П tv, v i  w 2

tv , V IV2 =  1V2 V tv, 

tv , v  (tv2 V tv3) =  (tv , V 1V2) V tv3 

tv , v  (tv2 A tv3) =  (tv , v  tv2) A (tv , v  tv3) 

"1 (tv , v  tv2) =  П tv, A 1  tv2

i  1  tv =  tv

For the constant random variables 0 and 1 we have the following simple laws:

( 6)

Í 0  =  1, П 1 = 0 ; 
0A0 = 0A 1 = 1 A0 = 0, 

1 A 1 = 1.
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Lemma 1. Let tv, tv, and tv2 be arbitrary random variables, and let z be any 
real number. Then:

(7) [П tv<z] =  [ t v a  1 — z]
(8) [ Í h' =  z] = [tv =  1 - z ]

[ 1 tv a  z] = [if <  1 — z]

(10) [w, Â tv2 <  z] = [tv, <  z]U[tv2 -= z]
[w, л  w2 a  z] =  [tv, a  z] П [tv2 a  z]

(11) [tv, л  tv2 a  z] =  [tv, a  z] П [tv2 a  z]

(12) [ t V ,  V tV2 <  z] = [и»! <  z ]  П [tv2 <  z]
[»1  V W2 a  z] =  [,Vl a  z] и  [И'2 a  z]

[tv, V VV2 >  z] = [w, => Z ]  U [tv2 >  z] .
Proof. From (2) we get:

[ i  W <  z] =  [1 — IV <  z] =  [tv a  1 —z]

i.e. (7) is true. We get (8) and (9) similarly.
To get (10), observe that according to (3)

[tv, л tv2 < z] =  [min (w ,, tv2) <  z],
thus we have to prove that

(13) E Ç[min(tv,, w2)<z] if and only if EÇfvv, <z] U[h’2 <z].

Assume, that E 6 [min(tv,, w2)<z]. Then min (tv,(E), tv2(£ ))< z; i.e. tv ,(£ )< z 
or tv2(£ )< z , hence E€[tv, <z] U[tv2<z]. Conversely, if E6[*v1<z]U[tv2<z], 
then ££[rv,<z] or ££[tv2<z], i.e. tv,(E)<z or H/2(E)<z,  hence min (tv, (£), 
tv2(£ ))< z, that is ££[min (tv,, tv2)<z]. Consequently (13) is true, hence (10) is 
true, too.

The proof of the other identities is very similar, and so is left to the reader.
Lemma 2. If tv is an arbitrary random variable, then [tvÁ П tv a  1/2] = 0, and 

[tv V Î  tv <  1/2] =0.
Proof. By (11) and (9) we have:

[tv л "1 tv >  1/2] = [tv a  1/2] П [tv <  1/2] = 0.

Similarly, by (12) and (7) we get:

[tv V П tv < }] = [tv < ^] П [tv > £] = 0.

Let the set T  appearing in A0 = (V, O, F, T) be the set of valid formulas (i.e. 
theorems, or tautologies) of the two-valued propositional calculus. The following 
theorem presents the first connection between A0 and Z0.
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Theorem 2. 1. I f  a is a theorem o f A 0, then in any random model Г =  (X, W) 
belonging to Z 0, [oe <  1/2] =  0 is true.

Proof. By using the definition (1) and the equivalences (15) below, we can get 
a special conjunctive normal form of at:
(14) a0 =  <Xi л  ... лоет (m ë  1),

where a, is a disjunction of some negated 
equivalences are:

( ß A ß ) - ß

(ßl л ß2) ■*"*" (ß2 л ßl)
{ßi * ( ß 2* ß3) ) - { ( ß l * ß 2 ) *ß3)

' (ßl A (ß2 V ß3)) ~  ((ßl A ß2) V 09, Л ß3)) 
l ( ß l A ß 2) - ( l ß i V l ß 2)

“ П
(15)

nd nonnegated variables. The mentioned

( ß v ß ) - ß  

(ßi v ß 2) ~  (ß2 ^ß i )

(ßl V (ß2 V ß3)) ((ßl V ß2) V ß3)
(ßl v (ß2 A ß3)) ( № 1  V ^ 2 ) A (ß 1 V /?з))

~l(/?l V ß2) ** ( Iß i  Л П/?2)

~ ß

(Here ß, /0 , /?2, ß3, are formulas of A0.)
The equivalences in (15) are valid formulas of Л0, hence also a«~>a0 is valid 

in A0. From this and from the assumption that a is valid in A0 it follows that also 
a0 is valid in A0.

Since the equivalences in (15) are analogous to the identities in (5), it follows 
that W(ot)— W(ot0). Hence (using (14)):

(16) [a<  1/2] = [a0<  1/2] = К  <  1/2] U ... U[am <  1/2].

Since a0 is a theorem of A0, it follows that any of the a'ts is a theorem of A0 
too. But this is possible if and only if

*;=P;V IP iV  ßi (i= 1, ..., m),

where p, £ V and ßt is an (eventuell empty) disjunction of non-negated and negated 
variables. Then:

[ai -=±] =  [Pi v "lp, v ßi <  i] =  [p, v Ipi  <  i] П [ßi <  i ] .

According to Lemma 2, [p,-v 1 p ,<  l/2] =  0, hence [a;<l/2] = 0 ( i=l , . . . ,m) .  
From this and from (16) it follows that [a<  1/2] = 0, qu. e. d.

The following example shows that the result obtained in Th. 2. 1. is “ best” 
in the following sense: if we put a number d greater than 1/2 instead of 1/2 into 
Th. 2. 1., then we get a false statement.

The counter-example : Let Г =  (T, W)  be a random model belonging to Z0, 
where X is arbitrary, W(p) =  1 /2 for a variable p (p £ V), and for other variables 
let W be defined arbitrarily. Then, for z >  1/2,

[ p v l p < z ]  =  ß v ( l - i )  <  z] =  t i< z ] n [ | <  z] =  [i <  z] = I.
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Definition 6. Let S = (V, O, F, T) be a system, let Z  = (a,b,0)  be an rms 
of S', and let d be a real number for which a < d ^ b  is fulfilled. We say, that Z is 
a total d-representation of S, if a € T implies that in any random model belonging 
to Z, [oc-=<f] =  0 is true.1

Using this definition, we may re-formulate Th. 2. 1. as follows: The rms Z 0 
is a total 1 /2-representation of the system A0.

D efinition 7. Let S, Z  and d be as in Def 6. We say that Z is an adequate total 
d-representation of S, if a Ç T  is true if and only if in any random model belonging 
to Z, [a <</] = 0 is fulfilled. •— In the case d=b  we say that Z  is a perfect total 
representation of S.

Theorem 2. 2. The rms Z0 is an adequate total 1 /2-representation of system A0.
Proof. Having proved Th. 2. 1., we only have to prove the following statement: 

If a is a formula, which is not a theorem of A0, then there is a random model Г 
belonging to Z0 in which [a<l/2];*0. To prove this statement suppose that a is a 
formula which is not valid in A0. Then there is a substitution of the variables of 
a by the truth values “true” and “false”, for which — according to the usual reck
oning rules of the truth values — a will be “false” ; let us denote this substitution 
by B. Take Г =  (Z, IV), where I  is arbitrary, and for p£ V

W(p) =
1, if p occurs in a, and p is “true” for B, 
0, if p occurs in a, and p is “false” for B, 
arbitrary, otherwise.

Since the laws in (6) are completely analogous to the reckoning rules of the truth 
values, it follows immediately that IL(a) =  0, and so [а <  1 /2] — [0 <  1 /2] = /  in Г.

§ 3. Random model structures of valuing logics

In the present § we shall give a universal method to construct random model 
structures for logical systems (defined in Def 1.) which have a finite adequate valuing 
matrix in the sense of the Definitions 8-10 given below.2

D efinition  8. Let S = (V, O, F, T) be a system. We shall call the triple
M = (C, D, V)

a valuing matrix o f the language S ' (briefly: a matrix of S'), if the following condi
tions are fulfilled:

C is a set called the set of values of M containing at least two elements.
D is a non-empty proper subset of C called the set of designated values of M. 
f ' is a function defined on О such that if о € Ok (k S 1), then *P(o) =  o* is a func

tion ranging over Ck, and the values of o* are elements of C (i. e. if (clf ...» ck)£Ck, 
then o*(cj, ..., ct)ÇC).

1 The meaning o f the adjective ’’total” will be cleared up later.
2 These definitions are generalizations of similar definitions due to T arski, see J. Lukasiewicz— 

A. T arski: Investigations into the sentential calculus. Logic, semantics, metamathematics (by A. 
T arski). Oxford, at the Clarendon Press, 1956; p. 38—59.
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We say that the matrix M =  (C, D, W) is finite, if the set C is finite.
D e f i n i t i o n  9. Let S ’ ~{V, O, F) be a language, and let M = (C, D, F) be a 

matrix of S'. We say that a function /  is a valuing function of M, if the following 
conditions are fulfilled:

(a) The domain of / i s  F, the values of /  are elements of C. (b) If o£Ok ( £ s l ) ,  
oq £ F, ..., otk£F,  then

f(oxk... a*) =  o*(/(a1), . ..,/(a*)),
where o*=4* (o).

D e f i n i t i o n  10. Let S = (F , O, F, T) be a system, and let M = (C, D, F) be 
a matrix of S'. We say that M is adequate to S if the following condition is ful
filled: for an arbitrary formula a ÇF, tx£T if and only if for an arbitrary valuing 
function/ of M ,/(a)€  D. (In words: M is adequate to S, if a formula of S has always 
designated values if and only if it is a theorem of S.)

D e f i n i t i o n  11. Let M =  (C, D, 4*) be a finite matrix of a language S', and let 
[a, b] be an interval of real numbers. We say that M is appropriate to [a, b], if the 
following conditions are fulfilled: (a) a d C \ D ,  and b£D,  (b) if c£C, then a S c ^ b ;  
(c) if c £ C \ D ,  and d£D then c<d. (In other words: the elements of C constitute 
a (strictly increasing) sequence of the form

a = ck < . . . < c m =  Z>

(where m is the cardinal of C) having the following property: if c £ C \ D ,  and 
d£D,  then c<c/.)

Evidently the restriction that (a finite) M should be appropriate to a given 
[a, b\ is inessential: if S' has a finite matrix M, then it also has a finite matrix Mi 
ippropriate to [a, b].

D e f i n i t i o n  12. Let S ' = (V, O, F) be a language, [a, b] be an interval of real 
numbers, and let M = (C, D, XF) be a finite matrix of S ' appropriate to [a, b\. We 
say that the rms

Z  = (a, b, 0)
as characteristic to M, if the function 0  is defined as follows:

Let
(17) a = c{ < ...  <c,„ = b (m s2)

be the strictly increasing sequence of the elements of C. If o£Ok (k S i) , 0(o) = d, 
ip(o)=:o*, wt , ..., wk are random variables on a probability space l  = P),
and wq, ..., wk are discrete with respect to (17), then

(18) 0{wl (E ),...,w k(E)) = o*(wl (E ),...,w k(E)) for Eel.

(Note that wt(E)eC,  for /= 1 , ..., k, and for any E£l ,  since wt is discrete with 
respect to (17).) In other cases (i.e. if at least one of the random variables uq, ..., wk 
is not discrete with respect to (17)) ó(wq, ..., wk) can be chosen arbitrarily.

It is clear that 0 , defined as above fulfils the conditions prescribed in Def. 3., 
hence Z is an rms of S'. Furthermore, Z  is discrete with respect to (17), in the sense 
of Def. 5.
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D efinition  13. Let S', [a, b] and M be as in Def. 12. We shall define to any 
formula a (aÇF) a function denoted by a* as follows:

(a) If u.£F, and (pk, is a sequence of the distinct variables of a (n S l)
arranged, say, according to their first occurrences in a then a* is a function on 
C", and the values of a* belong to C.

(b) If p £ V  and c£C  then p*(c) = c.
(c) If o£Ok (Ar^l), at£F,  and (pn , ...,Pij() is the sequence of the variables 

of or, for I s i ^ k ,  a is oat...a*, (Pi , ..., p„> is the sequence of the variables of a, 
(ci, ..., cn)eC n, then

a*(cj, ...,c II) = o*(aî(c11, . .. ,c lh), ...,<4(ck l, ...,ckJkj) where o*=4'(o), and 
cis — cr if and only if pis=pr, for 1 =  1, ..., k, J = l ,  ...J ,.

T heorem  3. 1. Let S ' ,  [a, b], and M be as in Def. 12, and let /  be a valuing 
function of M. Then, for any a € F,

/(a ) =  a * ( / 0 - Л рЛ
where (pk, ...,p „) is the sequence of the variables of a (u 1=1; see Def. 13).

Pro o f . We shall prove this theorem by induction on the rank of a. The rank 
of a formula a will be denoted by |a| and defined as follows: (a) If aÇ V (i.e. if a 
is a variable) then |a|=0. (b) If \<xl \ = r1, ..., \ak\=rk, and o£Ok (fcël), then 
1оа1-- а*1 — max (r,, ..., гл)+  1.

If |a |= 0 , i.e. if a is a variable, say p, then our theorem states that

f(p)=p*(f(j>))=f(p)
(see (b) in Def. 13.), and this is of course true.

Assume that our theorem is valid for any formula ß for which \ß\ (w > 0),
and that \<x\=m. Then a =  oat ...at , where o£Ok (/cël), | a j | | o c * |  
According to (b) in Def. 9 we have:

(19) /(a ) =  o* (/(a ,),...,/(«*))
where o* — F (о). Since |af|< w  (/=  1, k), we may apply our induction assumption
to aq:
(20) /(a,) =  otfifiPn), -  J(P u ,)) O' =  b - ,k) ,
where {pn , . . . ,р Л  is the sequence of the variables of oq. From (19) and (20) we 
get:

f ia)  = o*(aUf(Pii), . . . , f(Pijl)), ..., <xt(f(Pki), ..., f ( pkjk)))•

According to (c) in Def. 13 the right side of this equality equals u.*(f(p J ,  ...,/(/?„))• 
Hence our theorem is valid for a too.

T heorem  3. 2. Let S', [a, b] and M be as in Def. 12, let Z  = (a, b, 0 ) be an rms 
characteristic to M (in the sense o f Def. 12), and let Г = (I, W) be a random model 
belonging to Z  and discrete with respect to the sequence (17), where Г = (/, sJ, P). 
For arbitrary а (a £F) let us denote W(a.) by à. Then: I f  a £F, E£l ,  and (Pl , ..., p„) 
is the sequence of the variables o f a  ( « S  1), then

я(Е) = «*(Р1(Е), . .. ,/*„(£)).
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Proof. We shall prove this theorem by induction on the rank of a (see the 
proof of the preceding theorem).

If |a| =0, i.e. if a  is a variable, say p, then our theorem states that

P(E) — p*(p(E)) =  p(E)
(see (b) in Def. 13), and this holds trivially.

Assume that our theorem is true for any formula ß for which \ß\ < m (m >0), 
and that |«| =m. Then а=о<хк...ак, where o£Ok ( k ^ l ) ,  (aj <m, ..., \ak\ <w . 
According to (18) in Def. 12 we have:

(21) i (E)  = 0{^{E),  ..., àk(E)) =  o*(à,(E), ..., àk(E)),

where ô = 0(o),  and о* =  'к(о). Since |a;|< m  (/' = 1, ..., к), we may apply our 
induction assumption to a.,:

(22) á,(E) = аГ(Рп(Е), E)) (Í =  1, ..., k),

where (pn , is the sequence of the variables of at. From (21) and (22) we
get:

à(E) =  o*(a*(pn (£), ••., PijfE)),  ...,«  *k(pkl(E), pkjk (£))).

According to (c) in Def. 13 the right side of this equality is identical to a *(pl (E), 
...,pn(E)). Hence our theorem is valid for a too.

C o ro llary . If for some E£l ,  ù(E) = c (where cfC) ,  then there is a valuing 
function /  of M, for which /(a) =  c.

Proof. According to the assumption and Th. 3. 2

(23) c = à(E) = a*(pi (E) , . . . ,pn(E)).

Take: p1(E) = c1, ..., pn{E) = cn. Clearly, {cq, ..., c„}QC. Choose the function /  
as follows:

ic ;, if p = pi, for i = 1, ..., n,
I a otherwise.

Then, according to Th. 3. 1, and using (23), we get that

/(a) =  a*(Cl, . .. ,c n) =  «*&( £) ,  ...,p„(E)) = i (E)  = c ;
qu. e. d.

Theorem  3. 3. Let S = (V, O, F, T) be a system, let [a, b] be an interval o f real 
numbers, let M =  (C, D, 4J) be a finite matrix of S ' appropriate to [a, b] and adequate 
to S, let Z be an rms characteristic to M, let Г be a random model belonging to Z  
and discrete with respect to the strictly increasing sequence o f the elements o f C, and 
let d be the smallest element o f D (i.e. the smallest designated value o/M ). Then: 
I f  a £ T, then [a <  d] = 0.

Proof. Since a a n d  M is adequate to S, it follows that for any valuing 
function/  of M, /(a ) S i/ holds. Henceforth, according to the Corollary of Th. 3. 2, 
for any EÇ I, i (E)  ^ d  Aolds too. Consequently, the set [a < d] is empty, indeed.
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D e f i n i t i o n  14. Let S = (F, O, F, T) be a system, and let Z  = (a,b, 0 )  be an 
rms of S ' discrete to a sequence {a = e i < ... <em = b) (in the sense of Def. 5), and 
d be a real number for which a<.ds.b  is fulfilled. We say that Z is a discrete d-re- 
presentation of S in , ..., em), if a £T  implies that in any random model belonging 
to Z  and being discrete to {ei , ..., em) (in the sense of the second part of Def. 5.), 
[a <if] =  0 is true.

Using this definition, we can re-formulate Th. 3. 3. as follows: I f  the system 
S has a finite adequate matrix, and [a, b\ is an arbitrary real interval, then there is a 

finite matrix M of S ' appropriate to [a, b] and adequate to S such that any 
rms Z  characteristic to M is a discrete d-representation of S in (cI , ..., cm), where 
{c 1, ..., cm} =  C, and d is the smallest element of D.

D e f i n i t i o n  15. Let S, Z, (ex, ..., em) and d be as in Def 14. We say that Z is 
an adequate discrete d-representation o f S in (el5 ..., <?,„), if a € F  is true if and only 
if in any random model discrete to (e1; ..., em) and belonging to Z, [a<d] = 0 is 
true. — In the case d —b we say that Z is a perfect discrete representation of S  in

. . . , 0 -
T h e o r e m  3. 4. Let S, [a, b] M, Z, and d be as in Th. 3. 3. Let (c ,, ..., cm) be 

the strictly increasing sequence o f the elements o f C. Then: Z  is an adequate discrete 
d-representation of S in (c ,, ..., c,„).

P r o o f .  Having Th. 3.3. we have to prove only the following statement: If 
a € F  but a $ T, then there is a random model Г belonging to Z and discrete to 
(cj, ..., cm) in which [a<í/]?í0.

To construct such а Г, let/  be a valuing function for which /(a) = c< i/ is true. 
(There exists such an f  since a^F , and M is adequate to S.) Let {plt ... ,pr} be 
the set of variables occuring in a. We define the probability space F = (7, s i, P)
as follows: Let 7 be C, let só contain all subsets of 7 (i.e. of C), and let P({c,}) =  —
be fullfilled (i = 1, ..., m). (It is clear that I  is fully determined by these stipulations.) 
Let the function W be defined as follows (we use the notation i  for IV(ot), as above):

(IF is defined for other formulas by Def. 4.)
Consider the random model T — ( l ,  W) with I  and W defined above. It is 

clear that Г is trivially discrete with respect to (c{, ..., cm). Using Th. 3. 2, we have:

From (24) and (25) we get that á = c<í/, i.e. [a =  c] = 7, that is [a<< /]= / in Г; 
qu. e. d.

The next theorem gives the simplest example to Theorems 3. 3—3. 4.

(24) à = a*(pi, ...,p„) =  a*(/(/?,), ...,f(p„))

(using that pi is constant). Furthermore, Th. 3.1 gives that

(25) c  = /(« ) = a*(/(Pi)> ■ ■ ■ J ( P n ) ) -
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Theorem 3. 5. The rms Z0 (see in §. 2) is a perfect discrete representation of 
system A0 in <0, 1).

Proof. Let C be {0, 1}, ö  be {1}. We define a function ' T  over (~|, л } by 
the following table:

A* j 0 1 1*

0 j 0 0 1
1 0  1 0

The matrix M0 =  (C, D, 4>) is appropriate to [0, 1], and — as it is well-known — 
is adequate to system A0. It can be seen easily that Z0 is discreet with respect to 
<0, 1). Furthermore, Z0 fulfils the stipulations of Def 13., i.e. Z0 is characteristic 
to M0. In details (see (18) in Def 13);

iw (£ )  = l-H -(£ ) =  l*(w (£)),

since 1*(c)=  1— c. Furthermore:
л (WiCE), w2(£)) =  min (vvj (E), w2(E)) = л *(^(£0, ™АЕ)),

since л * (с?!, cf) =  min (c1; c2), as it may be seen immediately from the table given 
above.

Flenceforth, according to Th. 3. 4. and Def 15. we get that Z0 is a perfect 
discrete representation of A0 in (0, 1).

In Part II we shall apply our results in the analysis of Lukasiewicz’s modal 
systems.

Eötvös L. University, Budapest 

( Received June 1, 1968. J
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ASYM PTOTICALLY UNIFORM SEQUENCES OF MEASURES

by
D. SZÁSZ

Introduction

Denote by v" the zz-th convolution power of a probability measure given on 
a locally compact abelian topological group. Let /z be a — possibly infinite — measure 
and consider the convolution v". In connection with the investigation of general 
branching processes ([6]) the following problem has arisen: under which conditions 
on v can we assert for an enough large class of measures /z that jz-̂ -v" tends weakly 
to the Haar measure? The stated property expresses that the powers v" have a 
smoothing effect on the measure /z. If the group is compact, then results of K loss 
and U r b a n ik  ([4], [7]) state that under fairly general conditions v" tends weakly 
to the normed Haar measure of the group, so we can say that the sequence {v"} is 
asymptotically uniform.

In the locally compact case the sequence {vn} tends weakly to the 0-measure, 
unless v is degenerate. This is so, because in a locally compact group there exists 
no finite Haar measure. To express the asymptotic uniformity in this case we have 
to give a suitable definition of asymptotic uniformity on the basis of a characteristic 
property of the Haar measure. This may be done in completely different ways:
H. H er r m a n n  and A. R ényi gave such definitions, while the smoothing effect describ
ed above offers a third possibility. Our aim is to investigate asymptotic uniformity 
in this last sense.

In § 0 we give some well-known definitions and results of the theory of regularly 
varying functions and of stable distributions. § 1 deals with the three mentioned 
definitions of asymptotic uniformity: that of A. R én yi, H. H er m a n n  and that 
given by the above effect; some useful lemmas and theorems concerning the last 
definition are proved. Examples show that the three definitions are completely 
independent of each other. In § 2 we give conditions under which the sequence {v"} 
is asymptotically uniform in our sense. In case of R én yi’s definition this is done 
in [5], and in case of H e r r m a n n ’s definition in [2] and in a recent paper of J. K erstan  
and K. M atth es ([8]).

§ 0. Preliminaries

Here we summarize some known definitions and results, which will be used 
in our proofs.

We say that a positive function li(t) defined for is slowly varying, if and 
only if for arbitrary x> 0

lim
t - * - o o

h(tx)
Ш

=  1
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We say that a function Z( t ) defined for t > 0  is regularly varying with exponent 
y (— o o < y <  + o o ) ,  if and only if it is of the form

Z(t)  = t*h(t)

where h(t) is a slowly varying function.
The definitions above remain reasonable, if the functions are defined or are 

positive only for large values of x.
T heorem  0. 1 : [1] I f  Z(t) is regularly varying with exponent y and

Z„(t)

then for p + y+  1 =  0 

and for p + y + 1 < 0

f y ' Z ( y ) d y ,  Z*(t) = / y»Z(y)dy
0  t

lim
t-+oo

t”+1Z (t)
Z P(0 —  Р  +  У +  1

lim
t-+oo

tP+lZ ( t )
z ; o ) \p + y+ 1|

(The latter equality is also true, if  p + y + 1 =  0 and Z*_t exists.)
We recall that a nondegenerate probability law G(x) is stable, if and only if 

it is the limit of the distributions of the normed partial sums

(1 gt +  - + g ,
B„

where ^  are independent, identically distributed random variables
with the common distribution F(x) and An, B„ are suitable constants. In this case 
we say that F(x) belongs to the domain of attraction of the stable law G(x). The 
logarithms of the characteristic functions of the stable laws have the form

iyt — c\t\x iß \t \W(t, a)

where a, ß , y , c  are real constants ( c S 0, 0<<xs2, — and

w(t, a)

n
tg y «  

^ lo g |i |Л

a 1

a =  1

a is called the exponent of the stable law. ([3], T. 2. 2. 2).

Studio Scientiarum M athem aticarum H ungarlca  i  (1909)



ASYMPTOTICALLY UNIFORM SEQUENCES OF MEASURES 3 1 5

Theorem 0. 2 ([3], T. 2. 6. 1) The distribution function F(x) belongs to the domain 
of attraction of a stable law with exponent a (0 < 2) i f  and only if  for |x| — °°

m  =  C l | ^ « (1 )  * ( i* d

(2)

1 - F(x) =  С2+; (1)И(х) X > 0

where h(x) is an arbitrary slowly varying function, q S O , c2 — 0 and cl +c1 >  0. 
Let us introduce the notation

X (x) =  F( -  лг) + 1 -  F(x) (x >0)
It is shown ([3], T. 2. 6. 1) that if F(x) belongs to the domain of attraction of a 
stable law with exponent a, then in (1) the norming constants B„ can be chosen 
so that Bn should be the greatest lower bound of those values x, for which

(3)

(4)

X (* + 0) s  Cl S  х(лг-0)

Lemma 0. 3: I f  h(x) and B„ are defined by (2) resp. (3), then for any e > 0

Proof. From (2) it follows that 

but from (3) we have

X(B„)
c, +c2

thus
nh(B„)

B* 1

h{x) is a slowly varying function, so (4) is true.
Lemma 0. 4: For any e> 0

lim nF(—eB„) = c ^ 1-*
И-*-оо

lim/j(l —F(eB„)) = c2e1-“
ft-*- oo

Proof. We prove only the first equality:

nF(-eB„) = h(cBt:)
Ь  D n

If с 1 =0, then the assertion is trivial, if ct >0, then it is the consequence of Lemma 0.3.
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T heorem  0 .5 : ([3], T. 2. 6. 2) The distribution function F(x) belongs to the 
domain o f attraction of the stable law with exponent 2 (i.e. o f the normal law) if 
and only i f  one of the following conditions is satisfied 

10 F(x) has finite variance 
2° For y > 0

X(x) =

where h(x) is an arbitrary slowly varying function.
It is an easy consequence of the convergence theorems that in this case

(5) lim n /f  ß„x) = 0
n—► OO

for any x>0.
In general (0<oc^2), if the B'„s are already given, then the constants A„ can 

be chosen so that

( 6) An
■ /

xdF(xB„) + y(e) n
B n /

|x| < eB,

xdF(x) + y(s)

where e is a fixed positive number and y(e) an arbitrary constant.
Let us denote the distribution function of the random variable (1) by F„(x), 

the absolute continuous resp. singular components of F„(x) by Rn(x) and S„(x). 
The density of R,,(x) will be denoted by p„(x).

Theorem 0. 6: ([3], T. 4. 4. 1.) I f  g (x) denotes the density o f a stable law G{x),
then

+  oo

lim f  \Pn(x)-g(x)\dx =  0
x-~ - t

i f  and only if
(i) F(x) belongs to the domain o f attraction of G(x)

(ii) There exists a positive integer N, for which RN ( + °°) >  0.

§ 1. Asymptotic uniformity

Let {v„}“=1 be a sequence of probability measures given on a locally compact 
abelian topological group G. (Writing R instead of G we shall restrict ourselves 
to the additive group of real numbers.)

D efinition 1. (A. R én yi, [5]) We say that the sequence {v„} is asymptotically 
uniform in sense 1) on G if and only if for arbitrary bounded open sets U and V

lim
n-+oo v„(R)

1{U)
A(V)

where A is the Haar measure. (It is implicitely required that for enough large values 
of n v„(V)>0.)
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Definition 2. (H. H errmann, [2]). We say that the sequence {v„} is asymp
totically uniform in sense 2) if and only if for every x£G

lim Var(v„ — vn^ ô x) =  0
П -~ о о

where öx is the probability measure, concentrated into the point x, ^  means con
volution of measures, and Var ( ) means the total variation of the signed measure 
in brackets. We remark, that in [2] a weaker form of this definition is also given. 

Let us denote
Í1

m*(x) =
|o
Í1

/Я* (.V) =
lo jcso

D efinition 3: Let 9JÍ be a linear class of complex measures p defined on R. 
Suppose that 9.1} contains the measures p* and p* with

d~  (x) = m* (v) (a) = ш* (л*)

We say that the sequence {v„} is asymptotically uniform with respect to the class 
93Î, if and only if for every p£*))l

<7) p * v n -  Ф(р)'Л
weakly as /?-*-<*> (i.e. for bounded sets U lim ( p ^  vn)(U) = ф (p)À(U)), where ip(p)

П-*- oo
is a linear functional on 9J} such that ф (р*)ф (p*) ^  0.

R e m a r k . The restriction ф (р*)ф (//*) ^  0 is advantageous and disadvantageous 
at the same time. Its disadvantage is that it is difficult to generalize. Its advantage 
is that it does not allow the sequence v„ to go out to the infinity and this fact has 
importance in applications for branching processes.

Obviously the more measures are contained in 991, the more the asymptotic 
uniformity with respect to 9Л requires. 991 would be chosen succesfully if on one 
side for a large class of measures v, the sequence {v"}, (v" denotes the я,ь convolution 
power of v) were asymptotically uniform with respect to 9J}, and on the other side 
asymptotic uniformity in the sense of Definitions 1 and 2 followed from asymptotic 
uniformity with respect to 99}. The first aim is reached, the second is not.

Let us define 99} as follows: let 93 denote the Banach space of bounded, complex 
valued functions, defined on the real line, supplied with the uniform norm, and 
consider the subset 9J}0 of 93 consisting of functions of type

/77(0 =
eiyt t ^ o
0 t<ci

eiyt t <a
/71 (0  = 0 t ^ a

where a and у are arbitrary real constants.
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Let £(9ft0) and [£(9ft0)] = 9ft denote the linear manifold generated by 9Ji0 
resp. its closure in i f  Let 9ft (and 9ft0) be the set of complex-measures //, which are 
absolutely continuous and the density m of which belongs to 9ft (9ft0). 9ft can be 
supplied with a norm in such a way that if m is the density of p, then the norm of 
p is the same as that of m. It is obvious that the fact that here also complex measures 
are allowed, has no important influence.

In this paper we apply Definition 3 so that 9ft means the class defined above 
and refer to the notion of asymptotic uniformity with respect to 9ft as to asymp
totic uniformity in sense 3).

We remark that 9ft contains every almost periodic function and also the func
tions of type

Í (?) Ш а 
m(t) =  (w  ! 0 t< a

and

m(t) = j " h ( 0 t<a
t ^ a

where mk(t) is arbitrary almost periodic function and a is an arbitrary constant. 
First we prove some useful lemmas.
Lemma 1. 1 I f  for a sequence {v„} of probability measures we know that (7) is 

valid for arbitrary p £ 9ft0, and that ф (p*) ф ([if ^  0, then the sequence {v„} is asymp
totically uniform in sense 3).

Proof. From the conditions of the lemma it follows that (7) is valid for elements 
of £ (9ft0), and that ф(р) is a linear functional on £(9ft0). What is more ф(р) is 
also bounded, its norm is 1, so its definition can be extended uniquely to 9ft keeping 
linearity, boundedness and norm.

For every p £9ft we can choose a sequence p j , p2, ••• such that pk£ £(9ft0)
and

in norm. So for fixed U and e>-0 there exists a k0 such that for k ^ k 0

sup \pk( U - t ) - p ( U - t ) \  S  et
Now for k ^ k 0

\(ß*vn) ( U) - ( ßk* v n)(U)\ = f  (pk(U- t ) - p ( U- t ) ) v „( d t ) \  ^  e 

Further if k ^ k 1} then
g\Ф(кк)~Ф(к)\ <  jÿjj

thus if к & max (k0, кф)
\(p-^vn){U) — ф(р)X(U)I тё |(q * v n)(t/)-0 u * * v n)(t/)[ +

+ \(кк*Уп)(и)-ф(pk) ц и ) \  + \ ц и ) ( ф (pk) - Ф(p))I ё  

ё  2е + \(рк* у п) ( и ) - ф ( р к)Ци) \
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For a fixed к the right side tends to 2e if but e is arbitrary, the lemma is
proved.

L emma 1.2 I f  p Ç. 9Л, (/) =  /??(?), and for every x£RÚÁ

lim f  m(x — t)v„(dt) = c
П-+00

then for every bounded set
lim (/I* v„)(i/) = cX{U)
П-+ 00

P roof. m (t) is a bounded function, thus the Lebesgue theorem can be applied.

Lemma 1. 3. I f  the sequence {v„} is asymptotically uniform in sense 3), then for 
every bounded A
(8) lim v„(/4) = 0

П-*-оо

P ro o f . We prove (8) for an arbitrary bounded interval J=(a, b). If (8) is not 
true, then for an e> 0  and a sequence nk

9) v„k(7)ge
Clearly if I — {ot, ß), then

ß  o o

0 '* * v j ( / )  = f  ( t—cc)v„k(dt) + f  k(I)vnfd t)
a ß

and
ß + S  OO

(jt**vnk)(I+s) = f  (t — a — s)v„k(dt)+ f  À(I)v„k(dt)
a + s ß + S

so if the numbers a, ß and s satisfy a <  ß S  a +  s <  ß + s, then

(/<* *  v j  (/) -  (/I* *  v„J (I + s) =

f  ( W ) - t  + <* + s)vnk(dt) s
a

a+ß
2

+ 2

ß

-  f  ('■(I)~t + cc + s)vnk(dt)

a + s

ß - a  [
I« + í .

oc H- ßIf we choose a, ß and s so that a + j  =  a , - ^ -  + s = b, then the obtained in
equality contradicts to the asymptotic uniformity of v„. (The necessary equalities 
can be reached with a =  4a — 3b, ß =  2a — b and s = 2 (b — a).)
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Lemma 1.4. I f  {v,,} is asymptotically uniform in sense 3), then if 

dp i«** t = a (t< a)
“  I 0 r< a  ( /s e )

and y^O, then ф (fi) =  0, iv/zere ф is defined by (7).
P roof. We can suppose that ö  = 0. If I=(a,ß), then from the asymptotic 

uniformity we have
lim(/i*v„)(/) =  ф(р)Щ)

П-*-оо

and

But

lim(/i*v„) | / + y |  =ф(р)Ц1).

x  +  —
У

( ß * v n) /+  — = J  J e iy(x~,)vn(dt)dx =  J  f  eiy(x ° einvn(dt)dx
\ У /  Я — oo I  — oo1 +

y
n

X H------
X y

= — J  J  eiy(x~,)vn(dt)dx— J  J  e'y(-x~,) vn(dt) dx
I  X

Obviously

* + y
J  J  en(*-0 Vn(dt)dx I S  J  J  vn(dt) dx S  A(7)

P + -

I  a

'n ( [a , / ?  +  y ]j  -  ° (и -°°)

so

lim(/i*v„) / + — =  -  lim0i*v„)(7)
Л —oo V. 7 /  И-*-оо

thus ф (р) =  0. Q. е. d.
Simple examples show that Definitions 1, 2 and 3 are completely independent 

of each other. Let us denote by e(a, £) the uniform propability measure on the 
interval (a, b).

E xamples 

1) & 2) =|> 3)
Let

v„ =  e ( - « 2, «)
The asymptotic uniformity of {v„} in senses 1) and 2) is obvious. On the other 
hand one has for n-+ + o°

J  m fix - t ) v n(dt) -  0
1) & 3) 4 -  2)
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Now v„ is purely atomic, it has atoms of mass - >n every point of form к + ,
where — n ^ k < n ,  О ё/< и . Asymptotic uniformity in sense 1) is obvious, that 
in sense 3) can be shown by an easy calculation, and if X is irrational then

2) & 3) 1)

Let

dv,
dk,”W  =

V ar(v„-v„*dx) =  2

2enx  if x £ [0 ,1)

if * € [-« , 0)U [l,n) 

0 otherwise

where lime„ =  0. It is easy to see that {v„} is asymptotically uniform in senses 2)
П-+00

and 3), but for example
v„((0> D ) 1 A
vB((0,1)) 4 ^  2

Now we prove two simple theorems which reflect some properties of asymp
totic uniformity in sense 3).

T heorem  1. 5. I f  a is an arbitrary probability measure and {v„} is asymptotically 
uniform in sense 3), then the sequence {a Ж v„} is also asymptotically uniform in sense 3).

P roof. By Lemma 1.1 it is necessary to prove the validity of (7) only for 
|i£ s.Ul0. Let

dk
Г eiXx X ̂  0

< * )= ,» (* > = j 0

Then the density of a ^ /i has the form
X  X

n(x) =  f  e,x(-x~^a(dt) = e,Xx J e ~ ,x><x(dt)
— oo — oo

Clearly
X

J  e~tx,a.(dt) j =  a((—oo, x]) S  1
— oo

and we can choose x '< 0  and x "> 0  so that for a given positive e

<*((-“ . *']) <  e
and

a ([x", +oo)) <  e
Now let

n(x) = n l (x) + n2(x) + n3(x) + и4(х)
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where

« iW  =

и2(х) =

I и (л:)

{?

х < х '

X
/V

«з(*)

+ 00
!Ux J  e~iXt a. (dt) X >  X

— 00
0 r>u

Obviously

and

и4(х)

+ оо
п(х) — е,Хх J  е~а,<х(dt) 

О

/  nt ( x - t ) v n(dt)\  =э £

| / и4(а: - О у„ ( Л ) |  — £

X  > - X
//

/V

further because of Lemma 1.3

f  n2(x- t )v„(d t)  I ^  v„([x', x"]) -  0

if и - * - о о .  If A ^ O ,  then
H-о о  X — x"

J  n 3 ( x — t ) v n ( d t )  =  J  e ~ M u ( d t )  J  e a ( x ~ u ) v n( d u )  - *  0 ( n  » )
— oo — oo

and if A = 0, then
x  — x"

f  n 3 ( x - t ) v „ ( d t )  =  f  v n ( d t )  -  ф(ц) ( и  -  o o )

So in general for any x
f  n(x — t)vn(dt) -  ф(р) 

if and the theorem is proved.
The proof shows also the fact that the functional ф (p) is the same for the se

quence (a*  V,,} as it was for the sequence {v„}.
Theorem 1 .6  . I f  {v„} i s  a s y m p t o t i c a l l y  u n i f o r m  in  s e n s e  3 )  a n d  h n =  0 (  1), 

t h e n  {v„̂ <5,,n} i s  a l s o  a s y m p t o t i c a l l y  u n i f o r m  i n  s e n s e  3 ) .

Proof. We assert that if p Ç 9W0, then for bounded open sets U

f  p ( U - h n - t ) v n ( d t )  -  ф ( р ) А ( и )
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where ф is the functional corresponding to the sequence {v„}. If this were not true, 
then we could choose an e> 0  and a subsequence {nk}~= t such that h„k — h (&-*•<=°), 
and

(10) \ f  — h„k — t) — n(U — h— ty]v„k(dt) \ >  e

Obviously if then uniformly in t

v ( U - h nk- t ) - + n ( U - h - t )
so (10) is impossible.

§ 2. Conditions for the asymptotic uniformity in sense 3) o f v"

Now we turn to give conditions for the asymptotic uniformity of the sequence 
{v"}“=|, where v is a given probability measure. We shall see that in certain cases 
the asymptotic uniformity of the sequence strongly depends on the behaviour of 
the constants A„ in (1). This is partly shown by the following theorem.

Theorem 2. 1. Suppose that for the distribution function F(x) o f the measure 
v the conditions o f Theorem 0. 6 are satisfied. Then

Ая = 0 (  1)
is a necessary condition for the asymptotic uniformity o f {v"}, while

Л  =  о( 1)
and

0 <  G (0) <  1
are sufficient conditions for that. G(x) is the stable distribution function in Theo
rem 0. 6.

Proof. From the inequality

Ä«+i(°°) S  f?„(o°)(2-/?„(o°))
it follows that
(11) ■/?„(«>)-»-1 if n-+°°
If A„ = 0 (  1) is not true, then we can suppose that for a subsequence {nk}

Ank-*°°
In this case

X X  X

J  m*(x— t)v"(dt) = J  vn(dt) =  У * л „ [ £ - л ) +  У*5п( £ - л )
— oo — oo — oo

Because of (11) the last term tends to 0 if n and for the first term we have
JL-a JL-a

X  B„ An Bn An

J Rn{w ~An)= /  R" ^ ~  f  p»(s)ds
21* S l u i i a  S c ie n l la r u m  M a th e m a tlc a r u m  H u n g a r ic a  i  (1969)
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If {v„} were asymptotically uniform, then for every x

lim J  pn(s)ds — ф(р*) 0

would be satisfied. But for x = 0

— An
f  Pn(s)d*

“ An
f  \Pn(s)~g(s)\ds +

— /

f g(s) ds Ш

+  CO

f  \p„(s)-g(s)\ds +
Лц

/  g(s)ds

and on the basis of Theorem 0. 6, if k-* °°, then

— Ank
f  Pnk(*)ds-~0

and this is a contradiction. 
Suppose that

Let
4„ = o( 1)

m(x) =
л ё й
x < a

Now with the same transformations as above

-A„B„
J m ( x  — t)vn(dt) =  J  eUB"spn(s)cls +  o( 1)

But
■— An — AnBn Bn +°°

J  eUB"spn(s) ds— J  eiXB"sg(s)ds ^  J  \pn(s) — g(s )ds

By Theorem 0. 6 the right side tends to 0. Further

so if 1 = 0, then

и
f  g(s) ds -  J  g (s') ds =  G(o)
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and if À 9*0, then using the Riemann lemma (B„~* °°),

J  ei/B"sg(s)ds ->- 0 (n -* °°)
— oo

Q. e. d.
The second part of this theorem gives the basis of the main theorem.

Theorem 2. 2. Suppose that for the distribution function F(x) o f the measure 
V the conditions o f Theorem 0. 6 are satisfied with some stable law G of exponent a.

1. I f  a >  1, then a necessary and sufficient condition to the asymptotic uniformity 
of {vn} is that

(12) f  tv (fit ) =  f  tF(dt ) =  0

2. I f  a < l ,  then a necessary and sufficient condition to the asymptotic uniformity 
of {vn} is that

0 <  G (0) -= 1.

3. I f  ot = 1, then a necessary condition to the asymptotic uniformity o f {vn} is that

F(— x) ~  I — F(x) X

Proof. 1. a > l .  (6) shows that a possibility to choose An is that

(13) An = Пв  j  xdF(x) + y(c)
1*13cB„

where e is a fixed positive number and y(e) is an arbitrary constant. Now

(14) An = ~  J xF (dx)- ß -  J  xF(dx) + y(e)
\x\>cB„

Here
zB, I

J r  /  xF(dx)= n- \ - EBnF ( - EBn) -  J  F(x) dx +
|x|>£ßn -oo

(15) +£ß„(l-F(ßß„))+  J ( l - F ( x ) ) d x }  =
cB„

— £Bn oo

= - enF( - eBn) + en(l-F (eB n) ) - y  J  F(x)dx+ ” j { l - F ( x j ) d x
—  oo e B n
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If a 7^2, then Theorem 0.2 says that l — F(x) is regularly varying with exponent 
— a, if c2>  0, and so by Theorem 0. 1

f  (1 —F(x))dx
t B n 1

eBn( 1  -F(eB„)) ~~ a  —  1

and using Lemma 0. 4

( 16)
к  / _J___c2

a — 1 e“-1

(If c2=0, then 1 — F(x) can be majorated by a regularly varying function with 
exponent — a, and the right side of (16) will be equal to 0.) Similarly

n
Bn

— E B n

J  F(x) dx 1 £i
a - i r 1

Now from (15) we have

(17) к  /  xF(&) = - £ *  + £ г

It is known that for a > l
n

C O

----- —---- Г + ----- —
( a — 1 ( a — l ) e

(this follows also from Lemma 0. 3), so if (12) is not true, then A „ ^ 0 (  1), and so 
by Theorem 2. 1 the sequence may not be asymptotically uniform, the necessity 
is proved.

If (12) is true, y(e) is equal to the right side of (17), then An—o( 1) and the 
sufficiency comes from Theorem 2. 1.

Turn to the case a = 2. If Thas a finite variance, then denoting its expectation 
and variance by M and D2, the central limit theorem says, that

£ i  +  . . .  + ^ n — h M  _  <̂ i +  . . .  + ^ n _ у — M

j/ h D D

has a limiting distribution. This means that An = 0 (  1) is possible only if M = 0, 
further in this case every A„ may be chosen 0. Consider the case, when

*(*) =

(see Theorem 0. 5). Now from Theorem 0. 1 it follows that

/  X(x)dx 
Bn
t.Bny_(cBn) ( я -  °°)

S lu d ia  S c ie n t la r u m  M a th e m a tic a r u m  I iu n g a r lc a  i  (1969)
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so from (5)

0 (n -*• °°)

Similarly

~  J  F(x) dx — 0 (n — cc)

and the other terms in the right side of (15) also converge to 0, so the proof can 
be finished, as above.

2. a <  1.

We calculate again An. With integrating by parts

(18)

Using Theorem 0. 1
о

cB,

о

and using Lemma 0. 4

Choosing

we have An = o( 1), and Theorem 2. 1 may be applied.
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3. a = 1.

In this case we use (18). Now from Lemma 0.4
e«F( — sBn) — Ci 

£«(1 -F (sB n) ) ^ c 2
so it is sufficient to consider

s B neBn О еВп

(19) y f  (1 - F (x ) )d x - j f -  J  F(x)dx =  д  I  (1 - F ( x ) - F ( - x ) ) d x
0  - c B n о

From (3)
c ,+ c 2

so

C1 +C2 ___
X(B„) c, + c2 + o(l) 

B„ h{Bn)

f  ( 1 — F(x) — F(— x)) dx
B - J  (1 - F M - F ( - x ) ) d x  ~  (c, + c,)‘w г д а щ

0
If cl 9i c2, say cx< c 2, then for enough large values of x

1 - F ( x ) - F ( - x )  >  0

and 1 — F(x) — F( — x) is a regularly varying function of x with exponent — 
Applying Theorem 0. 1 for this function

f \ l - F ( x ) - F ( - x ) ) d x
0 ________
Bn( l - F ( B n) - F ( - B n))

cBn

f  (1 - F ( x ) - F ( - x ) ) d x  f  (1 - F ( x ) - F ( - x ) ) d x

and so
eB,

C i-C 2 + 0(l)
Bn( l - F ( B n) + F (-B n)) Bn(\-F (B „ )-F (-B „ )) Cl+c2 + o( 1)

that is A„t± 0(  1). Thus cl = c2 is a necessary condition.
Remarks 1. In case of a =  1 the boundedness of (19) is also a sufficient condi

tion, but it is not a simple one, the boundedness depends not only on the constant cx 
(=  c2) and the function h(x) in (2), but also on the behaviour of the o(l)’s (more 
exactly on the behaviour of their difference).

2. An interesting consequence of the proof is the fact, that if £l5 ..., ...
are independent identically distributed random variables, and

+  . . .  +
B„ - A m
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has a stable limiting distribution of exponent a, and we suppose that Bn is given 
in the manner, described in § 0, then if o o  1, then the constants A„ can be chosen as

A. =  " MS,On
and if a <  1, then An can be chosen identically 0. This fact is known: see the foot
note of translator on p. 175 of the book В. V. G n e d e n k o  and A. N . K o lm og orov: 
Limit distributions for sums of independent random variables. Translated by. 
K. L. C h u n g . Addison-Wesley, Inc. Cambridge, Mass. 1954.
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ON SINE FUNCTIONAL EQUATION

by
PL. KANNAPPAN

Introduction

The functional equation

(B) f{ x + y )R x -y )  = f ( x f  - f { y ) \

X, y  real where /  is a complex-valued function of the real variables, has been 
treated considerably and is known [5] that either /  satisfies

(0  f ( x + y )  = f(x )+ f(y ) ,
or
(2) / 0 )  = c [ g (x ) -g ( -  *)], 

where c is a complex constant and g satisfies

(3)

If /  is a measurable solution of (B), then /  is continuous and either f(x) — cx or 
f(x) — c sin dx, c, d are complex constants [1], [3], [5]. The aim of this note is to give 
a functional equation satisfied only by the sine functions. For this, we consider 
the equation

(C) f ( x + y  + A)f(x - y + A ) =  Д х У - f { y ) \

where /  is a complex-valued, measurable function of the real variables, and .4 ^ 0  
is a real constant and prove that/ = 0  or f(x )  = u. sin ax or f(x ) — — a sin bx, where 
a is a complex constant and for the constants a and b only a countable set of real 
numbers is admissible. Equation (C) is similar to the equations,

(D) f ( x - y  + A) - f ( x + y  + A) =  2f(x)f(y) 
and
(E) R x + y  + 2 A) + /(x  —y  + 2A) =  2f(x)f(y)

considered in [2], [4], the former having only the sine function as solutions while 
the later has only the cosine function as solutions (excluding the trivial solutions).

T h e o r e m  1 .  Let f  be a complex-valued function of the reals R, satisfying ( C )  

for every x, у  in R, where A ^O  is a real constant. Then the most general solution 
of (C) is fix )  = h(x — A), where h is an arbitrary solution of (B) with period 2A and 
only this.
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Proof. First let us prove that
(4) f{x) = h(x — A)
is a solution of (C), provided h is a solution of (B) with period 2A. In fact from
(4) , (B) and the periodicty of h, we have

f ( x + y  + A )f(x— y  + A) — h (x+ y)h (x—y)
= h(x + y  — 2A)h{x — y)
= h(x — A)2 — hiy — A)2

= fix )2- f ( y ) 2-
Now we show that every solution of (C) is of the form (4). Putting x = 0, y  = 0 in 
(C), we obtain
(5) f(A ) = 0.

Changing y  into — y  in (C) and comparing it with (C), we have

(6) f i y ) 2 = Д - y ) 2, for all y in R.
Letting y  = A in (C) and using (5), we get
(7) f ( x  + 2A)fix) = f(x )2, for all x in R.
Flence from (7), we conclude that

(8) f ( x  + 2A) = f(x), for all x  for which f ix )  + 0.

Now let /(x 0) =  0. Replacing x  by x0 and у  by x0 + 2A in (C) and utilizing (5) and
(6), we get f ( x 0 + 2A) = 0. Hence (8) holds for all x in R. That is , / is  a periodic 
function with period 2A.

Here we remark th a t / i s  an odd function. For, interchange x+ y  in (C) and 
comparing it with (C), we get

(9) Д х  + у  + A ) f ix - y  + A) =  - f i x + y - 1- A ) f iy - x  + A).

Let Д х о) + 0. Put X = x0 — A, y  = 0 in (9) and use (8). We obtain

(10) / Ы  = - / (  ~  *0), for f i x 0)^ 0 .

If f i x 0) = 0, by (6),/(x 0) =  — / (  — jc0). Hence / i s  odd. Changing x  by x + A 
and у  by y + A in (C), we obtain

f i x  + y + 3А ) Д х - у  + A) = f i x  + A)2 - f i y  + A)2,
and from (8),
(11) f i x + y  + A ) f i x - y  + A) = f i x  + A)2- f i y  + A)2.

Thus for h as defined in (4) for all x  in R, it is easy to see from (11) that h satisfies 
the equation

(B) hix + y )h ix - y) = hix)2 - hiy)2.

Siudici Scientiarum  M athem atlcarum Hungarica 4 (1969)



ON SINE FUNCTIONAL EQUATION 3 3 3

Also, from (4) and (8), we conclude that h is a periodic function with period 2A. 
The proof of the theorem is thus complete.

Theorem 2. All the measurable solutions o f (C) are /(.v) = a sin — W7r] >

n=0, l , . . . , a ,  a complex constant. That is, f  = 0, f(x) =  a sin o r  f ix) =A
— a sin i ! -  — (k =0, 1, ...) are the only measurable solutions of (C).A

Proof. I f / is  measurable, then the function h defined by (4) is also measurable. 
Since h also satisfies (B), h is continuous. T hus/is continuous. The only continuous 
solutions of (B) are h(x) = cx and h{x) = a sin clx, where c, ct and d are complex 
constants. Since h is of period 2A, (i) h{x) = cx is possible only when c = 0, (ii)
h(x) = a sin d x  is possible only when d = , (и=0, 1, ...). Thus we obtain theA
measurable solutions of (C) as, /(x ) = 0 and /(.v) = a sin ( - - -  —«7tj, // =  0 ,1 ,....

2icTZWhen n is even, n = 2k(k = 0, 1, ...), we have f(x) = ot sin ax, where a = ——,A
к — 0, 1, ... . When n is odd, n = 2k + 1, k = 0, 1, ... we have f{x) =  —a sin bx, 
where b =  1)тг, ^  Thus the proof of this theorem is complete.
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RATIONAL A PPRO X IM A TIO N  IN COMPLEX DOMAINS

by
J. SZABADOS

There is a lot of results which show that the degree of rational approximation 
is (more or less) better than that of the polynomial, when the considered function 
has singularities only at finitely many points, or in the neighbourhood of these 
points, and excluding these points or neighbourhoods, the function will be “better” . 
These results always refer to functions defined on an interval of the real axis.

But there is a possibility for developing such results in complex domains. 
As far as I know, the first (starting) result in this direction was expounded in [1]. 
We intend to generalize it in Theorem 1.

First of all, we give the usual definition of the modulus of continuity in the 
complex unit disk. Let /(z) be analytic in |z |< l and continuous on |z |^ l .  Then 

w{h) = sup |/ ( z , ) - / ( z 2)| ( 0 s A s 2 )
\zi—zz\Sh
| z i l , | z i | s i

(see e.g. [2], p. 32).
T heorem  1. Let / ( z )  be continuous on | z | s l  and analytic in every simply con

nected closed subdomain of Ce — {z:|z| Sß}(g >1) which does not contain s fixed 
points o f \z\—\. Then there exist rational functions r„(z) of degree n such that

(1) 1/00-'•„001
for sufficiently large n's.

64o.ç2
0 —1

cu log2 n
pt 2 (1*1 s  1)

R em arks. In [1], it was proved essentially the case j = l .  The order of polyno

mial approximation is generally not better than œ (see [2], P- 222), and
in the case Lip a (0 < a <  1) can not be 0(n~ß) where /?>a (see [2], pp. 90 and 101). 
The advantage of the rational approximation is based on the fact that /(z) has sin
gularities on |z| =  1 only at finitely many points, and we are able to construct rational 
functions whose poles converge to these singularities.

( k i l= i ,  y=i .  •,.,j)  be the singularities of /(z),*

(2) ™ l o 8 2 «  ./ Í 1 -  / й  Y  
‘' • = 32 *■ • -

(3) g .  (z )=  \ * - Ф ~ П а п)У  
. Z - Z j ( l  +  ^2eB)J

* In what follows where the index j  figures it is to be understood, that /= 1 ,
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Denote by Lj the tangent line of |z| =  1 at the point Zy, and by Pj that closed 
half-plane bordered by L} which does not contain |z| =  1 (see the figure). Then 
easy to verify that (compare [1])

(4) Is,-,„001 S  1 (zePj)
and
(5) ls,,„(z)| =  dn

for |z + ̂ a„Zy| =  1 — z an- Thus, by the maximum-principle,

(6 )  \gj,n{ z ) \^ d n ( |z |  =S l - f l „ ) .

On the other hand, easy to see by (3) and (5) that

(7)
Further let

(8)

\gj,*W s  dn ( | Z | S 1 ) .

WJ.n(Z)
1 - a n gz +  (l —bna„)2Zj :  

1 ~b„an' z + qzj
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where

(9)
Then

2(0  +  1) в  +  1

Q - \+ a n+ i i ß - \ + a n)2 + 4a„{Q+Y) 0 - 1

(10) vvj,„((l- b nan)zj) =  (1 - a n)zj, w7-,„((— 1 + b nan)zj) = (-1 + a n)zj,

wj.«(~ezj) = °°-

By (8) and (10), the wJt„ maps the circle |z| =  1 —bnan into the circle \z\ =  1 — an. 
Thus from (6)

(11) \Sj,n(wJ,n(z))| ^  dn (lzl S 1 ~ b na„).

Easy to verify from (9) that

1 - b nan
Thus, by (8) and (9)

bn — 1 n , _  (b„ ~  l)(^n + 1 + в)
Ьп+ I е’ " bn(bn+ 1)

\Wj,n(Zj)\ \ - a n p + ( l - M „ ) 2 
1 - b nan 0 + 1

bn + 1 + ü (b„+ \ )2 + (b „ -\)2Q 
bn ‘ (0 + !)(/>„+1)2

moreover

\Wj,„(-Zj)\

[g + l- fc n( e - l ) ] 2
bn( Q + l ) ( b n + l ) 2 ^

1 - g » . Q - ( l - b „a„)2 
1 -  bnan в  -  1

1 - a „  0 +  ( l  — b„an) 2
1 -b„a„ 0+1 = K n (Zy)l >  I-

So we can choose a c„ such that 1 — a„ < c„ <  1 and for D„ = {z: |z|ëc„} we have 
(with symbolical notation)

(12) wj,n(Dn) i  {z: |z| =i 1}.

Now let Uj „ — cnZj and choose м]° and и)2) such that

l«j1)l =  l«j2)l =  e, arc Zj
arc и]1* +агсм)2>

:2
moreover, let i/j1) and wj2) be so near to Zj that there should be no other иil) ( /= 1 ,2 , 
k ^ j )  point between i/j1* and м]2), and the ^-„-images of the line-segments Uj,„м)1) 
and U j  „ u ^ 2 )  be in P j  (see the figure). The latter is possible because of arc u J n  = 
=  arc Zj, \wjtn(uj>n) \ ^ l  and

\ W j ,„ ( Q Z j )  I
l~ g„  Q2 + ( l - b na„)2 

1 - b na„ 2 0
l - g „

1 -b„an
0 + (l —bna„)2 

0+1 =  \ W j , n ( Z j )I  >  1.

Clearly, wj n(Cg) is a line which touches the circle \z\ = \wJt„(QZj)\ at the point 
Wj „ ( q z j ) .  By (12), the wJ>n-image of each line-segment uk „uil) and uknul2) is external 
to |z |s l .  Denote by Ce„ the closed curve put together from the bows м]2)1м)1),

22 S tud io  S c ie n tia ru m  M athem atlcarum  H ungarica  4 (1969)



3 3 8 J. SZABADOS

Ч/2М+1 anc  ̂ line-segments ujnu)2\  By construction, /(z) is analytic in the
simply connected closed domain bounded by Cg n.

Now let R„fz) be the rational function of degree at most ns which inter
polates to /(z) in the roots of gj,n(wj,n(z)) (with multiplicity n) and inO , and which 
has the same poles as gj,n(wj n(z)) (with multiplicity n). Then (see [3], Ch. 8, Theo
rem 2)

П  Sj.niWj,„(*)) 
(13) /(z) — Rns(z) = J'- ' № <%

2n i

Thus, by (11) we have
J  № - z ) I I  gj.n(WJ.n(0)j= 1

( z ( C J .

(14) |/(z)-7?„s(z)| ^  c, Mdl w \

Ce,n
П  \ g j , n ( Wi , n ( 0 ) \

J — 1

(\z\ s  1 - b nan)*

where M =  max|/(z)|. First of all, let ç; £ Ce П C„ „, then by wj n(Ce)ci Pj and (4)
I21 —Cg,n

we get

(15) n  !gJ>n(u’j,n(^))l -  L 
j=i

On the other hand, when Ç is on the broken line иЩики ^  then by (4)

and by (7)
|^ ,nK ,„ (0 ) | S  b 

\8jA wjA®)\ -  dn O' ^  *)•
Thus in each cases we have from (14)

(16) \ f ( u ) -R ns(u)\ ä  c2 M  J _ , =§ c3M  M2.[~g2"  d“l = !-M n )-  

Put here и = (1 —bna„)z, |z| =  l. Evidently

(17) \A z ) - f (S \~ b nan)z)\ = w(bnan) s  -с о  [ ^ r ” j dzl -  0-

(16) and (17) gives

\f{z)-R „s{ { \-b na„)z)\ s  с о (lzl = ])-

From this easy to obtain (1), qu. e. d.
Theorem 2. Let 1 /(z) continuous on \z \^ r  and analytic in every simply

connected closed subdomain of jzj ^  R which does not contain s fixed points o f |z| =r.

* C !,c2, . . .  denote explicite positive numerical constants.
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Then there exist rational functions /•„ (z) o f degree at most n such that

\f{z)-r„(z)\

(18)

А/*[Ял +  ( / ? - ф ] ( Л + 1 )  
n r(r-  1) УНтИ'-ЯГ (1*1 ^  1)

for sufficiently large n's where MR — max |/(z)|.
1*1**

R em ark s. The order of the polynomial approximation is generally not better 
than О I Jc< j (see [2], pp. 156 and 166). Our result (18) gives a better estimation if

1log

(19)
1 -1 / 1 R - 4 1 - 1 )

2 R+ 1 ( r ) def

Evidently with fixed R (> r )
logr

lim F(r, R) = °°
r-~ 1+0

F(r, R).

i.e. (18) is advantageous when r >  1 is near to 1 (then s can be large). The estimation 
(18) is as better as large R is. Roughly speaking, (18) is useful if s is not too large.

P ro o f. Consider the function f{rz). It is continuous on |z| S 1 and is analytic 
in every simply connected subdomain of \z \Sg  = R/r not containing s fixed points 
of |z| =  l. Apply the proof of the previous theorem with

(20)

instead of (2). Then

(21)

and by (9)
( 22)

R - \  1
a" R + \  I r

bn =

, R + r

R - r  | ( / ? - l ) ( r -
(Ä+1)

r (R -  1 ) ( r -  l ) f  4 (Ä - l) ( r— 1 )(R + r)
+ (R+  l)r

2(R + r ) (R y \)

(R + \)r

R2-2 r+  1 + ]/(R2-2 r +  1)2+4(R 2-  l ) ( r -  l)(/? + r)

2(R + r)(R + l)  Л+1
R2~2r+  1 + R 2- l+ 2 R r - 2 R  ~  R -  1 ‘
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Thus we get by (13), (21), (20) and (22)

|/(г2) - * „ « |  S  )]•

2 MR
R R - r---Л +  5 -------r r

R - lnr-

for

Л+1

Л/„[Яя + ( Д -ф ] (Л + 1 )  
n r ( r - l )

\z\ s  1 - b nan = 1 -

1 2
r , R - l

4

1 R - l
1 R+  1

■d„ =

-кШ К)Г

where R„s(z) is a rational function of degree ns. Putting z instead of rz and n instead 
of ns, we have (18), qu. e. d.
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UNE INÉGALITÉ DE TY PE DE HARNACK 
CONCERNANT LES FO N CTIO N S BIH A RM O NIQ U ES

par
G. ADLER

Soit v(r,tp) une fonction harmonique et non-négative dans le cercle r e R  
(où r et tp désignent des coordonnées polaires). Alors l’inégalité de H a r n a c k  s’écrit 
de la manière suivante (voir [1]):

(O
R
R + rГ p(0, 0) s  v(r, (p) s  v(0,0).

Nous nous sommes proposés d’établir une inégalité analogue pour les fonctions 
biharmoniques et non-négatives dans un cercle, c’est-à-dire de trouver une majoration 
pour ces fonctions en termes de certaines de leurs données se rapportant au centre 
du cercle. Le premier problème qui se présente c’est de trouver le nombre minimum 
de ces données qui suffisent pour une majoration de telle sorte.

Soit u(x, y) une fonction biharmonique et non-négative dans le cercle n e  R. 
L’exemple de la fonction ax2 ( a > 0 arbitrairement grande) montre que la quantité 
n(0, 0) même ensemble avec |grad u(0, 0)| ne suffisent pas pour majorer u. Nous

( d2 d2 \conjecturons que ы(0, 0) et Au(0, 0)|d = + sont les données appropriées
pour la majoration en question. Dans notre majoration nous nous sommes servis

3ud’une hypothèse supplémentaire, notamment de l’inégalité dr r=R M (M con
stante donnée). Nous en sommes convaincus que l’utilisation de la quantité M  
dans la majoration en question est superflue et que la nécessité de son application 
résulte uniquement de l’insuffisance de la technique appliquée. De plus, nous n’avons 
établi que la majoration analogue à la deuxième inégalité dans (1).

Le résultat que nous avons obtenu s’énonce comme suit.

T héorème. Soit u(r, (p) une fonction biharmonique et non-négative dans le cercle 
r <  R, satisfaisant à l'inégalité

(2)

Alors

du(r, (p)lim sup----s-----  M.
r~R vr

Ф . V) S  »(0.0) +««(0,0) + M

D ém o nstration . On peut supposer, sans restreindre la généralité, que la fonc
tion и soit assez régulière jusqu’à la frontière r =  R. Dans le cas contraire on peut
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342 G. ADLER

effectuer la démonstration pour un cercle r< R ' (R' <  R) et puis faire le passage à 
la limite R'-<-R.

Soient
u(R, cp) = g(cp),

du{r, q>) 
dr =  h ( t p ) .

La fonction и peut être représentée sous la forme (voir [2]):
2 к 2 k

(3) u(r,<p)=— f  H(r,x — (p)h(x)dx + J  K(r, x —tp)g(x) dx,

où
о

H(r, a) - (R2 — r2)2 1
4nR R2 + r2 — 2Rr cos x ’

K(r, x) = (Л2 — / 2)2 R —r cos a

On en tire:

(4)

(5)

2 к R (R2 - f r 2 — 2Æ/cos oc)2

2 k 2 k

J  h(x)da + ̂  J  g(x)dx

2 K

Au(0, cp) = J  h(x)dx.

Étant donné que g (a )S 0 (en vertu de иШ0) et que

(R + r)2

on obtient

(6)

2.K

K(r, X) s

X -  <p)g(x) dx

2 n R (R -r )

2k
( R  +  r)

* J
g(x) dx.2л R(R

0
Écrivons la condition m è O sous la forme détaillée:

2 к 2 k

— (p)h(x) dx +  J  K(r, X — (p)g(x) dx a  0.
O O

Nous affaiblissons cette restriction en considérant seulement le cas où (p = n, et 
en remplaçant le deuxième terme par sa borne (6):

2n

(7) - J  H (r ,x - n)h(x) dx ü= — (Я +
2nR(R

2t
r)2 f
: - / • )  J g (et) dx.
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On a

d’où

( 8)

H(r, et) + H(r, a — n) = (R2- r 2)2(R2 + r2) ^  R2 + r
2nR[(R2 + r2)2 — 4R2r2 cos2 a] — 2nR

2
H(r, a) s  — H(R, oc—n) +

En vertu de la condition (2)
— h(ot) + M  ë  0.

Nous obtenons ainsi, à l’aide de (8) et de (7),
2n

R2 + r ‘ 
2 nR

(9) I" H(r, a)[— /z(a) + M]dot ^  J  — — я) 4- R2 + r2 
2 nR [~h{a) + M]dtx s

(Л +
2л 2тг 2Я

г ) 2  Г R 2 4 - / * 2  Г C R 2 4 -  #*2

r ) J g{d)da.---- J h(a)du .— M  J H(r, a —n)dcc + M — - — .2тгЛ(Л

11 suffit de démontrer le théorème, sans altérer la généralité, pour =  0. Il 
découle de (3), pour q> = 0, en vertu des inégalités (6) et (9):

" <r' 0 ) s  j
O O

— M Í  [H(r, a) + H(r, a — n)]dx + M  ^  .
о R

11 en résulte le théorème à l’aide de (4), (5) et de la formule

R2 — г 2f  [H(r,a) + H(r, a — n)] dx = 7?
* * *

Je suis bien reconnaissant à M. E. Makai qui m’a bien voulu montrer, au 
moyen de la construction très élégante d’un contre-exemple, que les seules quantités 
w(0, 0) et Au(0, 0) (sans faisant intervenir l’inégalité (2)) ne suffisent pas pour la 
majoration désirée si l’on substitue la condition и ё 0 par la condition affaiblie (7).
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ОБ О Ц Е Н К Е О СТАТОЧНОГО ЧЛЕНА 
В Ц ЕН ТРА Л ЬН О Й  П РЕ Д Е Л ЬН О Й  ТЕО РЕМ Е 

ДЛЯ ВЫ БО РО К, ВЗЯТЫХ ИЗ К О Н Е Ч Н Ы Х  МНОЖ ЕСТВ*

A. BIKELIS

Рассмотрим асимптотическое поведение функции распределения

F . . M  = 2  1ani1+... + a„is <ха„

1 ^  / j <  /2 < ... <  íSn Sf; П

всевозможных сумм составленных случайным выбором s„ 2 j Различ'
ных элементов из некоторой генеральной совокупности апХ,...,апл конечных 
вещественных чисел. Здесь

1 - У  2П)к= 1Онк

Как известно fl], не ограничивая общности можно считать, что £  апк= ®-
*=1

Р. Erdős и A. Rényi показали [1], что при выполнении условия типа Лин- 
деберга для всех х

=  Ф(х),

где Ф(х) — функция распределения нормального закона с параметрами (0, 1). 
Проведенные ими исследования полностью покривают результаты по этому 
вопросу С. Н. Бернш тейна [5], стр. 255, W. G. Madov и F. N. D avid (cm. [1].) 
В 1961 году J. Hájek [2] доказал, что условия Р. Erdős и A. R ényi являются 
необходимыми и достаточными, более того, он исследовал условия при кото
рых F„ Sn(x) сходится к безгранично делимым законам.

Здесь мы исследуем скорость сходимости F„ Sn(x) к функции распределения 
F(x), а именно, докажем следующую теорему.

Теорема. Существует положительное постоянное С, такое, что
max \ank\

sup |F ,Sn(* )-  Ф(,)| S  f t

* Эта работа была выполнена под руководством проф. A. Rényi во время стажировки 
автора в Будапештском университете им. L. Eötvös.
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Далее, через Cu C2,... обозначим положительные константы. Приведем не
сколько примеров из работы [1].

П ример 1. Если 0<сШ\апк\^ С ,  то
sup|F„jSn(x:)-4>(x)|

Пр имер 2. Если апк = ( - 1 ) *
Ук

-, то

SUP l̂ n.SnC*) -  Ф(х)1 ^
С3Уп 

ln п

П рим ер 3. Если 0<с/с2^ \а„к\ ^  С/с2, то
sup|F„,s„(x )-0 (x )| ==

* \sn
_ пВ частности, если sn =  —, то

1 C
sup|Fn,s„ ( x ) - i > ( x ) | - Æ .

X \п
Утверждение теоремы является очевидным следствием из трех доказывае

мых ниже лемм и следующей теоремы E sseen [3], стр. 24.
Теорема. Пусть А ,Т ,е  — постоянные, F(x) — неубывающая функция, 

G(x) — функция ограниченной вариации, f(t)  и g(t) — их характеристические 
функции. Если

1. F ( —°°) =  G( — °°), F( + oo) =  G( +  °°);

2. G'(x) существует при всех х  и |G'(x)| <А;

Л  =  8, 
t

-Т
то каждому числу /с>1 соответствует число с (к), зависящее только от к 
такое, что

\F ( ,x ) - G { x ) \ ^ k ^  + c{k)~ .

24При этом С (2) =  — .71
Перед тем как сформулировать леммы, следуя Р. Erdős и A. Rényi 

введем в рассмотрение характеристическую функцию, соответствующую 
функции распределения Fn Sn(x):

( 1) <Pn,S,

ОО

2ÍSÍx<Í2<...<ísnSn
i—(ani ,+а„1 +... + a„i )

e an
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Ее (см. [1]) можно записать в виде интеграла
п  \  п р и

m  1 г  « г -<РМ = +- ^ 1  i4r • +JS-L1
= ------= 4 --------  / / t Jűp W»m 7+ре U«m ""J■•‘•W а й J ü \  p d9.

- n ] f n p q

Здесь p = <7 = 1 —P и

Л.0„) = I I P s" 4 n Sn-

Далее положим

—*> Г
Qk(ß> t) = qe ' 

Если примем, что

О tank } 
] / n p q

) iq(7e - + 'ű"k) 
> pe  vK"P* /

я e , ( 0 , 0 ) 0 , ( 0 , 0 =  П  в, ( 0 , 0  =  1 ,
/ = 1  / = п + 1

то нетрудно проверить, что имеет место равенство

Я  е * ( 0 . 0 -  Я  & (0>  0 ) р * ( 0 ,  о  =*=1 Л=1

=  Í  П  е,(в, 0 ) 0 , ( 0 , 0 [ « ? Д 0 ,  о - е д е ,  0 ) 0  д о ,  / ) ]  / /  « д о ,  0 -
7 = 1 1 = 1  11=7+1

Поскольку
и

-  й -  / (q+pew)ne - inpe dû,

то
п 7 itpank itqank\

П  I qe "к +ре *" I = 1
*=i

Следовательно
2 л />„($„) J

- n f n p q

I }/npq

[  П е л о ,
J к= 1

0 ) 0 *  ( о ,  t)de.

( 2 )

2n]/npq Pn(sn)

(J ) П / itparik ligánk 1
—J - J J  [qe +pe ff" j  =

n  1U p q

/ n 7-1
2  П
7=1l=i

e»(0.0)0,(o, t ) [0j(0, t )-Qj(e,  0)ßj(o, /)]x

X / / 0*(0,/)</0.
Ic-i+l
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Л ем ма 1. Для всех | í | s
2 4 -  
48 nb

— í— V
b,, [ 560 J

имеет место неравенство

Й п ( tank . *апк\| '-'6 1,17 Т I -*P---- «4 ---I 1 ̂

-  Ц  [qe '•> +pe '» j ^ ------
*=i \ a.

C6 max \ank\(\t\ + t4)
1 ̂ k^n -C-jt2

JnpqP„{sn)

Здесь и в дальнейшем b„ =
max \ank\

I S K S n

Л ем ма 2. При |i |S 32 К
n (  . tank . tank  \

J J  \ qe P °n + pe4 Cn j 8 К |3

Л емма 3. Для всех | i |ë  
танты C8 и C9 такие, что

24 — л2 í 1
48л bn 560

существуют положительные конс-

C M t \  + t*)e4 Зо-с9»2

Д оказательство  леммы  1. Обозначим
1gk{Q, t) =  exp | — О 2  ч  2  ' '  0 t  + 

пРЧ ajnpq ’t - f

В силу того, что 2  апк= 0? имеем
к= 1

2  77 g , (0 , о ы о , 0  [gj(ß,  t ) - g j ( 0, 0) g j (0 , г)] п  gk(0 , t ) =
j—í 1=1 k=j+ 1

n  j ’ n

= 7 7 gk(ß, О -  П  gk(ß> 0)gk(0, t) = о.k= 1 k= 1
Следовательно,

(3) 2  f f  Qliß, 0)e,(0, t) [ Q j ( 6 ,  t )-Qj(9, 0 )ßj(0, 0] 77 в к ( в ,  0 = 2  (Y + ij,)
j=11=1 fc=J+l j - 1

где

Ш[ n

e,(0,o)e,(O,o П  Qk(ß, 0 -k—j+1

-  / 7  ft(0> o )g ;(o, о  77 ft(0> o lÄ = i+1

I j  =  { t e y ( 0 ,0-еДе, 0 ) e  Д О ,  0]-M e» 0-^(0. o)gj(o, /)]}х

X 77 ft (в, o)ft(o, 0 77 а (в ,0-1=1 fc=j+l
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Сперва оценим Yj. По определению о/0 , t)
( lta„j \  / J 0 3  Í в | la,,j \

Q j ( e , t ) - Q j ( e , 0 ) Q j ( 0 , t ) = p q [ l - e a n ) { l - e Ÿ n',q)e  a" >.

P4\0\’ \t\\a*j\ ' 
a jnpq

Из этого равенства следует, что

(5) \ej(ß,t)-ej(0,0)Qj{0,t)\

Очевидно
( 0 tank

(6) \дк(0, 012 = P 2+q2 + 2pq cos |у —  + ’

следовательно, при l / l s - J — и |0| / npq имеет место оценка
4 Ьп 4

ЫО, 0 |2 S y .

Этот факт позволяет нам применить многомерную формулу TAYLOR-a:

7 7  Qi(0, 0)0,(0, 0  / 7  Qk(,0, о  =  exp  ln  Qi(0, 0)0,(О, 0 +  È  ln  Qk(6, f ) l  =
1=1 k = j + 1 U = 1 k = j + 1 J

= 1= 1

+ 2 1
k = j+  1

1

’ b + p - ß J e + i -  q ip a - + P l- q a A t  
X n p q  X n p q )  ( a n a n )

- q ^ + p ^ U + i - q ^ + p ^ t -  
X n p q  \ n p q )  V a ”  a "  )

- j 2Z  i =  1

1 JL

T  2k = j+  1

p2 g 
npq

l °n )

+  ^  W  2 Í ^  +  Í  Л  +  r„(0
' w j  U L w  njnpq) { ° "  J  J

P2q + PJ2 
npq npq) 

2

в вышеуказанных интервалах изменения t и 0. Здесь r„(0, /)—остаточный член 
в формуле TAYLOR-a. Так как он очень грамоздкий, то его в явном виде выпи
сать не будем.

Замечая, что

Jf f g , ( 0 ,  0)ft(ö, 0  у /  gk(ö, о  =  ехр \-°2 2 р— а"к\ '
/= .  * 4 + 1  1 2 2пРЧ 2an kJ f ti  o jnpq)
последнее равенство можем записать в виде

/ 7  е , ( 0, о )0,(о , о  П  е*(о , о  -  7 7  f t (0. o ) f t ( o ,  / )  Í J  gk<ß, /> -/=1 fc=7+1 / =1 *=7+1

П  ^-<»->)) c x p ; 02 + t 2 pqO2 pqt2a2nj ±  pqtoa±
2 2npq 2ol k=f J l a j  npq
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Из этого соотношения вытекает, что
J — 1 "  J —  1

(7) П  Qi(e,0)Qt(0, t) f l  ok( ß , t ) -  П  g,{в, 0)g,(0, t) Ц  gk(0,t)
k = j+ 1 k=j+ 1

,  ,,.№ ,„}.

n w
Поскольку сумма V ank равна нулю, a al — pq 2  ank> T0

4=1 4=1

( 8)
y  PQOtohk 

k=Hi a J  npq

Осталось оценить сверху г „(в, t) при

в2 t 2
2 У 2 2 / 2  '

13 и |0 |g  — • Имеем

k»(0» 01 =
(/2  У ( р 2 + д2 ,fll3 , pq(pz + q 2)\t |3 ^

6

3m (/>2 + ? 2) ! /0 2 4 ,,  I 3/7<7(/?2 + ^ 2)г2|ö| " 2 )
annpq 4=1 а2 У npq 4=1 J

| ö |3

560 b. 1 1 “  560

2  Ifln4|3 +

( / 2 ) 3 V  f2/?g |ö | | 2 p <?|(| |a„,
V/7/7<7 17 n^ /=1 

3 n

ff2 /«M
, 2pq\e\\t\\anl\ x  

npq a j  npq an
+

+
( 12 )

(9)

2  [2M|g[ . 2pq \ t \ \ a M
=j+i\Ynpq an J l

pqO2 +  8 p 2q 2 \0\jt\\aJ  +  pqt2a2nk 
ПРЯ a j  npq 0-2

+

+
( / 2 ) 3 у  (2pq\6\ | 2pq\t\ |anfc| j2

k= 1 ( Уnpq

/«M

1312 Sl'2 |, |9 , , S l°j l  5£2 ^
6 CTn 2 <T„ 2 vjnpq

а также

( 10)

В силу (4,5,7—10) существуют константы С ,0> 0  и С,, > 0  такие, что

t 2 в2
1Г"(0 ,*)1 -  Т о + 1Г

( П ) 2 > ,-1=1
. V M l ^ l l g l l f l j [ l 3 /2 j f l l 3 , 13]/2 | 5 / 2  1? 1 | 5 / 2  [gjf* c _Cin(e2+,2),

i = i  a jn p q  \ У npq 6  1 2 Jn /x /
13/2b„(04 |?| +  i 4 |0| +  / 2 |0|3 f  02 | i |3) e - c» (,2+e2)

, . 13 ... У npqдля всех t g - - .... и 101 â -560 b„ 560
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Теперь оценим сумму £  h- Очевидно
J - i

I'j = [Qj(0 , t ) —Qj(0 , o)ßj(0 , t)]-[gj(e, t ) - g j ( 0 , 0 )gj(0 , 0] =

-еЩ(, - е Щ  . - ( в Г ? )  -  [exp { - ‘ (ä  o‘

+  _  exp j - 1  „> + № ^ A \
о J  npq JJ \ 2 {npq a2n JJ

С помощью формулы TAYLOR-a I) можем записать в виде

+

iian
0„I’j = РЧ

1 - ip

"J + —
2 1 

P an Í - 4 L + I í i ) 2É+ 2 e J L|//7/7̂ r 2 l {npq]

■ e , ^nj— j exp j_ • í L .
У npq дп ip>’3 { Ÿ npq M l

2 [npq ап\ npq

+ 1 { РЧ
4 I npq 

1 Í РЧ

02 + 2-РЩ - 0 , +Р̂ , 2
a jnpq  On

exp Ж e2 + 2 ^ ^ L  Gt +
nP4 a jnpq

-2-Д- e2 +P4ai,j
2 {npq i  И . ( P + ^ , ’ 1 exp 4 I npq al 1

f 'l ! +

Здесь 0<£, < 1,7 =  1, 2, 3, 4, 5. Отсюда для |f| g  ■■ и 101 s  получаем
joU bn 560

in  2 p4 t 2\e\alj , 2p</02|f | |anj-| , 2p2qt2e2a2nj , p2?|0 |3|i| |anj| , 
o2J n p q  W p q  olnpq on{]/npqf

; p2q2\6\\t\3\a„j\3 + p2gf2|013fl^ +  p2g02[fl3|g j 3 +  p3q302t*alj 
lo linpq  2 o l d  npq)3 4ct3npq 2o^npq

Так как для тех же t и О
j - 1 »
П  f t(M )ft(0 ,/)  п  gk(0 ,O *  2е *° ,

1=1 И = Л-1
то

. JÍ+Í?
s  26„(/210| + 021/| + г202 + |/| |0|3 + [0| |/ |3 + / 210|3 + 02 |f |3 + 02/ 4)е 10

у=1 !
( 12)
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Из (3), (11) и (12) вытекает, что

(И) 2  П  ei(ß,O)ei(0,t)[ej(ß,t)-ej(0,0)Qj(0,t)] П  gk(ß,t) s
j= ii= i k=j+1 I

s  131̂ 2 én(|/|64 + / 4|0| + r2|0|3 + 02|í|3 + |/lö2 +  |0|í2 + í202 + [í||0|3- 

+ |0 ||/ |3 + 02/4)<?-c‘*('2+e2)

I. 13 |Л| Ÿnpq
пРи М ^ « п ,.  и löl =560bn 1 560

Теперь оценим подинтегральное выражение

J- 1

для р

Aj =  I I  Qi(9, 0)р,(0, Í)[ey(0, t)-Qj(ö, 0)Qj(0, 0] I I  Qk(S,t)
1=1 fc-J+1

24~  7 ( 5® )  “ B <5> " <6>48л b

P4\Manj\ J-'
14/1 -  ,/— ü

1 = 1
/7  + 9 2 + cos H + <72 + 2p# cos

ta„i

. j y  + q > + 2P, c U0anj|
Inpq

expj —2pq 2 j sin'
J-'S
/=1

pq\tOa„j\
v jn p q

, 0 tcin,) n
2 i  °2inpq 2(Tn) 2 j sink = j+1 U  у npq + 2 » . ] l r

t 2 + 02 в2 > 2 anj 04 pqtxaxnj 04
2  ̂ 2 n * 2a2„ 24n2pq 24a4 24 npq

■ -^7 p q t  ^nj _  -yri p q Q tä nk I лгт

Д  24<т4 ^  ~ w  Z
í||0 |3|a j  . W 2t 2a2nk , |0Цг13к , |

+ + -
k-j+i VnVnpq k= jii v4<r„ (\npq )3 4a3J  npq

Далее, при вышеуказанном изменении t и 9, получаем

1
у  pqOtank 

:= iti a jn p q
24 —л2 
48л0„ Г5бо1 I0!’

при ЭТОМ
_  О2 о*

2 24npq k j f i i o jn p q

Из трех последних неравенств вытекает

j p  pqOtank 24 —-л2<  -  в2.
48

|^ .| g  С и Р 9 \ ( ^ а "1 c - c , , ( t 2 + o 2) '

ojJnpq
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Очевидно

(14) 2  М/| ё  С1410/ [ Уп Ь„е~с,,(,2+02) ё  Cí6\tO\b„e~Cn<-,2+e2)
j=i

r i  2 4  — п 2 (  1 

" р и  | , | а Т 8 Ж Г  560 и ^  iöi - я ■

(f  \  n i  itpdnk itűnk Ч I

— -  П \9 е  +Pe an I
anJ *=1 v 2nl/npq Pn(s„)

Из (2), (13) и (14) вытекает, что

4>п

Vnpi
5 6 0

■ /  i3i2bn(o*\t\ + \o\t*+t2\e\3+e2\t\3 + \t\o2 + \o\t2 + t2e2 + \t\\e\3 +
V » P 9

5 6 0

+ |/ |3|0| +02t*)e~Ci*(,2+e2)d0 + 1

/2n Í npq Pn(s„)

. e~Clo(t2 + »2) (fö ^  Q l^ n (k l+ ^ 4)

C i9pq\tOan
Vn/npq

при | i |^ -
24 — л2 Í 1
4 8  nb„  560

\npq P„(sn)

. Лемма 1 доказана.

Д оказательство  леммы 2. Надо заметить, что для 1 и
4 Ь.

и м еет  м е с т о  неравенство
tOnk , tünk- i p - - - - -  iq - - - - - -

\qe a" +pe ”n 2  
2 '

П о э т о м у  м о ж н о  прим ен ить ф орм улу TAYLOR-a д л я  указанны х t:

„ (  . tank . ta„k  4  t2 „  , ,гг I ~ip~V~ , ,q n —z-Rn«)Ц  I qe ”n +pe a" I = e 2 ,
Ъ —  1 ^  J

где
( ;* \Ъ  n Г (  - г0°пк . toanfc41*

Rn(t) = - g - r  2  [in (<7C •- + p e “ *« )]„0=a, 0 < e <  1.ii=i
В силу леммы 3 работы [4]

2

к=  1

„  I f  (  . todnk . toank \ Y

Z I [ln [qe IP *» +pe -  )] 16pq 2  |«<J:fc=l

при \t\ — -ÿ2b~' ^Роме того>

l6pq\t\3 ÿ ,  ,э Ä
6 * 2  Á  ] a "kl -  4  •
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Из двух последних неравенств и того, что
и ( . '«лк -„ '«"k l '" I  - i p - -  Щ- - 1 - -Ц  I qe "n +pe «" I — e ■

*=iv ’

2  \ank\3 exp H^  1бм И 3
6<T̂ »=i

следует утверждение леммы 2.
Д оказательство  леммы 3. Для всех значений s„ и пё н 0(£) имеет место 

неравенство
2 J/2

Действительно,
s+-f _2 S  е, если î è 2,

и — 1
1 + — I =  е, если п ё  1. и

Поэтому последовательность

возрастает:

Кроме того

“("’S )= ( " ) ( ï )  (‘ Ч )  Га О = 2, 3,

2^2
a(n, s ) ^ a ( n ,  2 )-* — 2-- ,  и —

а(п, !)->-—, и —е
Теперь утверждение леммы 3 немедленно вытекает из леммы 1 и 2.
В заключение хочу сердечно поблагодарить проф. A. Rényi за постановку 

задачи и ценные советы при ее решении.
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ON THE ASYMPTOTIC BEHAVIOUR OF THE SOLUTION S OF

y" +  2 ai(x)y 2t+i =  0
i =  0

by
L. HATVANI

§ 1. Introduction

In this paper we shall study the asymptotic properties of the solutions of the 
equation

( 1 .  1 )  y"+ 2  ai(x)y2i+i =  0  ( 0 S t < ° ° )
i = 0

where the functions afx) (/=0, 1,2, и), defined on the interval [0, <=°), are non
negative and continuously differentiable. We shall seek for conditions which assure 
that all the solutions of (1. 1) are bounded, or satisfy even

( 1. 2) Нт^(л:) =  0
JC-*-oo

and at the same time we shall consider the behaviour of the function y'(x) for large 
values of x.

A. M eir , D. W illett and J. S. W. W o n g  in their papers for the linear and 
nonlinear equations

(1.3) y" + a{x)y = 0 (0 S. x  <  °°)

(1.4) y" + a(x)y2k+1 = 0 ( O s r < c o ; b O , l , 2 , . . . )

respectively, proved the following theorems:

T heorem  1. (A. Meir, D. Willett and J. S. W. Wong [1])
I f  a(x) d C3[0, °°) is a monotone nondecreasing, nonnegative function for which 

lim ö(x) =  oo and
X -+  oo

/  \{a *(t))"'\dt = o(al -*{x)) (x -°° )
0

for some real number a ( 0 < a <  1), then all the solutions o f the equation (1.3) satisfy 
the relation (1.2).

23* Studia Scientlarum  M athematicarum Hungarica 4 (1969)
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Theorem 2. (D. Willett, J. S. W. Wong [3])

Suppose ihat û(x)ÇC3[0, °°), a ( x ) ë v >  0 and introduce the following notations: 

Il/(x) =  a~*-(x) where A =  , | 0  ,

Ч'к(х) =  фк+'(х) J  d t l
O

and

Фк(х) =  фк+1(х) f  \ r \ t ) \d t .
0

T. I f  к = 0 and P0(x) S  2 /от all x ^ x 0, or k S  1 and 'P k (x) is bounded for x ^ x 0, 
then all the solutions o f (1.4) are bounded.

B. Suppose that lim о(д:) = °°. I f  к = 0 and lim sup Ф0(x)<2, or fc ë l andX-+00
lim sup (x) =  0, then all the solutions o f (1. 4) satisfy the relation (1. 2).

X-*-oo

In §2 of our paper we shall extend Theorems 1 and 2 to the equation (1. 1 
in sharpened forms.

In § 3 we find a sufficient condition assuring (1. 2).
In the conditions of the theorems we introduce a function q(x) with some 

properties T, Tß defined as follows:
Definition 1. Let the equation (1. 1) be given. A positive function q(x) defined 

on an appropriate interval [,v0, °°) (x0 ё0 ) is said to have the property T  if there ex
ists at least one j  such that

lim inf >  0.q{x)

Definition 2. Let the equation (1. 1) be given. A positive function q(x) on an 
appropriate interval [x0, oo) (x0 ё  0) will be called having the property Tß (where 
ß is a positive number) if q(x) is continuously differentiable, has property T, and 
moreover the inequalities

a\ (a) == ßai(x) q~

hold for / =  0, 1, 2, ..., n, on [x0, °°).
If the system {ai{x)}1=0 consists of positive functions, and there exist a number 

j  (Os/Sw) and a function f(x), nonnegative and measurable on an appropriate 
interval [x0, °°) such that

т и  ш \ =°m
osisn K(-v)J aj(x)

1 For any real number a, we denote by [a] + the positive and by [aL the negative part of a, i.e. 
[a]+ =  max {0, a) and [a]_ =  max {0, —a).
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on [x0, °°) and

a f 1 Wexp j f ( s ) d s j  = 0(1) (x -°°)

then by differentiation it can be immediately seen that the function

q(x) = ca» (x) exp f  f ( s ) (c >  0, ß >  0) 

has the property Tß.
In the proofs of the theorems of this paper we shall refer to the following pro

perties of the function

0 . 5 )  П х . у , У , , , )  H  +

where the function q(x) has the property T.
Supposing _у=^(д:) to be a solution of (1. 1) on [x0, °°) and introducing the 

notation
( 1 . 6 )  v  =  v ( x ) =  K ( x , y(x),y '(x)\ q(x))
we have:

(a) v(x) is a nonnegative continuous function on the interval [x0,
(b) If v(x) is bounded then the solution j>(jc) is bounded too and y'(x) = 

= 0 (q l/2(x)) {x- »).
(c) If limu(jc) =  0 then lim_y(x) = 0 and y '(x) = o(q1,2(x))

X -+ 0 0

(d) If the function q{x) is nondecreasing and has the property Tß (0 < /? ^ l)  
then the function v(x) is nonincreasing on [x0, «=).

The property (a) is obvious, (b) and (c) can be obtained immediately combining 
(1. 6) and the definition of the property T.

ad(d): The function q(x) has the property Tß with /?Sl ,  hence

(1.7) 0 = 0,1, 2 x s  Xq).

Since the function y= y(x)  is a solution of (1. 1), we have

V  =  —  -
/ V  . ^  1•+2Чi = 0 Í +  1

From q'(x) ^ 0 and (1. 6) we deduce that i/(.x )^0  for x S jc0 showing that (d) is 
true. In what follows, according to these properties, the function V(x, y, y'; q) 
will be called the Liapunov function for the equation (1. 1).
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§2.

The first lemma of this § is a generalization of a result of Utz [4].

Lemma 2. 1. I f  d f x ) ^ 0 (/ =  0, 1, n) on an appropriate interval (b, =») and

(2. 1) lim a,(x) >  0X-+00

for at least one / (0 ^  S  я), then every solution o f ( 1. 1 ) satisfies \y(x)| <  Ct , |j/(x)| <  
<  C2.

Proof. Multiplying the equation (1. 1) by y'(x) and integrating from b to x  
(x >b), we obtain

c = y '2(x) +  “г т т  ai(x)yW+ 1)(-x) -  /  f Z 7^ T ü i(0 T2(i+I)(0 ] ‘H ^i = o i + i ь u=0 '+ !  )

s / 2(* )+ 7 ^ r« /W T 2<'+1>W-

In view of (2. 1) this proves the lemma.

Lemma 2. 2. I f  J  a,(x)dx — °° for at least one/ (O s/^л ), then all the solutions o f 
о

(1. 1) are oscillatory.
Proof. Suppose that (1.1) has a nonoscillatory solution, that is there exists 

a solution j(x ) and a positive constant b such that j(x )? í0  when x ^ b .  Since, with 
j;(x), — y(x) also is a solution of (1. 1), we may assume without loss of generality 
that .y(x)>0, if x S b .  Then from (1. 1) it follows thaty"(x)<0 on [b, °=>), i.e. y'(x) 
is a strictly decreasing function, therefore lim y'(x) = y. exists and evidently aêO .X-+00
Thus y(x) is an increasing function on [b, °o). Integrating the equation (1. 1) from 
b to x (x>Z>), we obtain the relation

ÿ (b ) -y '{ x )  =  f  Í2  űí (O t 2í+ 1 ( o ) ‘h — f  a,(t)y2,+ l (t)dt ^  y 2,+i(b) f  a,(t)dt
b  0 = 0  '  b b

oo

which shows that y'(x) is unbounded, since J ö,(í)í// = °°. This contradicts the
b

existence of lim y'(x), consequently all solutions of (1. 1) are oscillatory.
X —>-oo •»

Theorem 2. 1. Suppose that J a t(x)dx = °° for at least one /(O s/S n ).
о

I f  there exists a function q = q(x) Ç C3 [x0, » ) having the property T such that 

(2.2) a\{x) S  a ^ ( [ q ' ( x ) \ +- ( i  + 2)[q'(x)]_] (Í = 0,1, 2, ..., n; x s  x0)
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furthermore 

(2. 3), 9*00 /  [(9 a)m(t)\-dt S 2 a 0(x) if j  = 0,

(2. 3)2 ^ ) / [ ( 9 Т ( 0 ]- Л < ^  i r / * 0

(see / in Definition 1) on the interval [лг0, °°) for some real numbers a. (0 < a <  1) 
and K, then all the solutions o f the equation (1.1) are bounded.

P roof. Let у = y (x ) be a solution of (1. 1) on [x0, <=°) and introduce the notation

(2. 4) D = D{x) =  ql-*(x)v(x)-(q-e)\x)y(x)y\x) + b(q-*Y{x)y2(x).
Using (1. 1), we obtain by derivation the identity

Taking into account that q' — [q’]+ — [q']~, from condition (2. 2) obviously

Suppose that y(x) is not bounded. Since the assumption of the Lemma 2. 2 
holds, y(x) is oscillatory. Therefore there exists a sequence {xjJ^L i . such that x0 < 
< x t -=x2 < x 3 < y'(x*) = 0 (k = 1, 2, 3, ...), lim xk =

Integrating (2. 5) from { to xk ( ^ r 0; xk> f)  and using the inequalities (2. 6) and

(2. 6) 9(*)a,(*) S  a (/ + 2)q'(x)at(x) (i =  0, 1,2, x & r0).

(2.7)
У(хк) й  у (л ) (x s  x*) 
limy(x*) =  oo.

we get

Hence by (2. 7)

(2.9) D(Ç) S  i у2(х*)(<г*Г(£) +

+ 91_*(**).f2(**)
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Suppose that there exists a £ (^ 5 x 0) such that (q~*)"(£,) >0. Then by (2. 3)x, 
(2. 3)2, (2. 7) and the definition of the property T  it is clear that the right member 
of (2. 9) becomes unbounded as yielding a contradiction, whence it follows
that y(x) is bounded. If (?"“)"(r)sO  on [x0, °°) then

q"(x) (1 +q)g/2(x)
Ф )  -  ;

i.e. the function q'(x) has the same sign for all large values of x. If q '( x ) ^ 0, then 
from (2. 2), it follows that fl|(x)SO (i= 0 , 1, 2, rí), thus in view of Lemma 2. 1 
our statement is true. If / ( x ) ^ 0 ,  then from (2. 2) we get the inequality

a\ (x) q (x) S  ae,(x)?'(x) ^  afx)q '(x) (i = 0,1, 2 ,.. . .  n; x S  x0) 
i.e.

( 2. 10) (r =  0,1,2, x  S  x0),

but then by properties (b) and (d) of the Liapunov function r(x), we obtain that 
all the solutions of (1. 1) are bounded. This completes the proof.

T heorem  2 . 2 . I f  there exists a function q = q(x) Ç  C 3[x 0 , ° o )  having the property 
T, lim q(x) =  o o ? and

(2.2) a,-(x) S  < x^^([q '(x)]+- ( i  + 2)[q'(x)]_) (i =  0,1, 2 ,.. .,  n; x  S  x0)

furthermore

(2- 11} ^ c )  /  К * - Г ( 0 |  d t  =  0

/o r some number <x (0 <  a <  1), /Леи for all solutions o f the equation (1.1) lim y  (x) = 0
JC-+-00

is valid.
Proof. From the condition lim q(x) = and the definition of the property

X-^oo
T  it follows that o ,(x )^ v > 0  on some interval [b, °°), thus the assumptions of the 
Theorem 2. 1 hold, consequently all solutions of the (1. 1) are bounded.

Let y= y(x)  be a solution of (1. 1) on [x0, =») and y2(x)<M . Suppose the 
contrary i.e. that y(x) does not tend to 0 as x-*°°. Since y(x) is oscillatory (see the 
proof of the Theorem 2. 1), there exists a sequence {xt }F=i such that x0 <  x j <  
< x 2< x 3< .. . ;  Нтх* =  °°, у'(х*) =  0 (k = 1 ,2 ,3 ,...)  and lim y2(xfc) >0. Since in

к - * -  o o  k - * - ° о

the proof of the Theorem 2. 1 we have obtained formula (2. 8) without the use 
of the properties (2. 7) of the sequence {xt }j"=i> the formula is true also for this 
sequence {xk}F= í • Similarly as in the proof of the Theorem 2. 1, from (2. 8) we 
obtain the estimates:
( 2. 12)

+ 01 "“(**)

S  i y 2(xk) ( q - r ( 0  +

к г * > * « 1 *
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i -  0

We see from (2. 11) and the definition of the sequence {x*}£°=1 that the right member 
of (2. 12) becomes unbounded as k-» <=°, which is a contradiction, consequently 
limy(x) =  0 holds for all solutions of (1. 1).

X-+00
The last theorem of this § contains a result concerning the derivate of the solu

tion too.

T heorem  2.3. I f  there exists a nondecreasing function q = q(x) € C3 [x0, oo) 
with property Tp (0 < /? ^ l)  and such that

(2.13) lim q(x) =  »
X-+00

and

(2- H) lim - J —  f  \(q~*)"'(t)\ dt = 0
Я W  xo

for some real number a (0 <  a < 1), then for all solutions y(x) of the equation (1.1) 

limy(x) =  0 and y '(x) =  o(qll2(x)) (x -*•<»)
Х -w oo

are valid.
P ro o f . Let y=y(x) be a solution of (1. 1). In view of the properties (c) and 

(d) of the Liapunov function v(x) the theorem will be proved, if we show that 
lim r(x) =  0 holds. Suppose that lim v(x) = s>  0. If 8 is an arbitrary positive number,

X-*oo X-+00
there exists such а £ = £(е) that ( è x 0 and

s S  r(x) S  ( l+ e ) j  (x è iJ).

Combining the condition (2. 13) with the definition of the property Tß, we see that 
a; (x )S v > 0 (see j  in Definition 1) for some positive number v and for sufficiently 
large values of x, thus the assumption of the Lemma 2. 2 holds, i.e. y(x) oscillates. 
Hence there exists a sequence {xt}£°=1 such that xk>~Ç, у(х*) = 0 (k = 1,2,3, ...) 
and lim xk =

k-+ oo
The identity (2. 5) can be written in the form

D’ = \  (я~*)'"у2+Я1-  È 7П  f v ]  J 2(,+:° + Ï " V  È  1 ^ ' +2) - J y 2(i+i=0 ( î l  i = 0 Ï + I  Я
1)

too. Integrating from £ to xk and taking into account the definition of the sequence 
{*fc}r=i and the property Tp of q(x) it follows the inequality

? 1- ( ф ( х 4) * |  f  \ ( q - T ( t ) \ y 2(t)dt +

+  ( 1 - 2 « )  f  q - ( t ) q ' ( t )  [ 2 ^  f $ y ti+1>(0 ) d t + 0 (  1) ( * - * ~ ) ,
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whence by the reason of the definition of  ̂ and of the boundedness of y(x) it fol
lows that

^  f  \(q~T0)\dt + [i-2a]+ l 9 1~ ‘4 * t ) ( 1 + Ф  +  0 0 )  ( / r - ° ° ) .

Multiplying both sides of this inequality by q~ 1+°'(jc)t)5-1, by (2. 13) we obtain 
as k-+°° the relation

I S  14 a (l +  e )[ l-2 a ]+.

This yields the desired contradiction with any e> 0  if a S y ,  and with

if oc<^ . Therefore limi>(x)=0, which completes the proof.

R e m a r k  2. 1. If the equation (1. 1) is linear (n = 0) and the function a(x) = a0(x) 
satisfies the conditions of the Theorem 1 mentioned in the introduction, then under 
the choices q(x) = a(x) and ß = \ the assumptions of the Theorem 2.3 are also 
satisfied. Therefore the Theorem 2. 3 contains and sharpens the result of M e i r ,  

W i l l e t t  and W o n g  [1].
R emark 2. 2. If instead of the condition (2. 2) of the Theorems 2. 1 and 2. 2 

we require the inequalities

(2. 2)' a' (x) S  a (i + 2) q (x) (i =  0 , l ,2 ....... » ; x S  x0)

(Z 15) 0 < « S - f j

then the conclusions of the Theorems 2. 1 and 2. 2 remain true. Indeed, in the course 
of the proofs the relation (2. 2) plays a role only by the deduction of the inequalities 
(2. 6) and (2. 10), but we may obtain these inequalities obviously also from the 
relations (2. 2)' and (2. 15).

These versions of the Theorems 2. 1 and 2. 2 contain the result of W illett 

and W o n g  3 (Theorem 2) if q{x) =  a(x) and a =  , .
К г A

§з.

Theorem 3. 1. Suppose that there exists a positive number v such that 

(3 .1) e 0W - v

on some interval [£, °°), and a function q = q{x)£C 2[x0, » ) having the property Tß 
(/?Sl), nondecreasing on [x0, °°) (x0S^) and such that

(3. 2) lim q(x) =  °o
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furthermore

(3.3) A, =  A =  lim sup- J -  f  qx~l (.t)\q"(t)\dt 2k

2 + 1 —a
for some number a (0< a < 1), where 0 < k ^ l  and a0(x )S k  (x = x0). 

Then for all solutions y(x) of the equations (1.1)
(3.4) 

are valid.
lim y>(.v) = 0 and y'(x) = o(qxl2(x)) (.v — ■»)

Proof. Let y= y(x)  be a solution of (1. 1). According to the properties of the 
Liapunov function г (л) it is sufficient to prove, that lim г(х) = j  = 0.

со
Suppose that s>0 . If e is a positive number, then there exists an q=q(e) such

that 
(3. 5) 0 <  S Ш v(x) <  £ + £ (rS tj).

Let у (0 <  у < 1) be an arbitrary number. By the form of the derivative of the function 
v(x) we get

(3. 6) (qxvY = (l-y)(q°,yv  + <xyqx- 2q' \ ÿ 2 + J b + r T a.\>'2(, + 1)|  -
( i=0 i+ i  )

-  qx- 2q'y'2 + qx 2  T  í  j )  3'2('+1). i=o 1 + 1 f <7 )
Since the function q{x) is nondecreasing and has the property Tß ( ß ^ l )  we obtain, 
using the inequality

/ 2 +  2  TT T ai(x)y2i,+U s  -(уу'У + 2 / 2 i=0 l +  1

from (3. 6) the estimate

(qxv)' S  ( l-y ) (q x)'v-ccyq*-2q'(yy'y + [2y<x- l]+qx~1q'v.

Integrating this inequality from q to x (x>q) and applying (3. 5) it follows

(3. 7) sqx S i - y + f i ï î r ü k
a f  g’ 2g'{yy')'dt(s + e)qx + ay

Integrating by parts, we can immediately get the identity 

(3.8) /  ЧХ~2Ч'(УУ'У dt =
Ч
X X

= [дх~2д'уу']щ- f  qx~2q"yÿ dt + (2 -a )  f  qx~3q'2y y d t

+ 0(1) ( * - « ) .
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In view of (3. 1) there exists a number к such that 1 and a0(x ) ^ k  on [ц, °°),
but then

(3.9) \yy'\ y'2+ ^ y 2\
1

2k (s + E)q.

By repeated using of (3. 9) from (3. 8) it can be obtained the estimates
X

(3.10) f  q*~2q'(yy'Y dt ==
n

- i ( s +e ) ft1 + Ш (x)+( Й  + 1 ) /  «*"1li'l*} + ° ( i ) s

- i (5 + e)(2 + b ^ J  /  q*-l \q"\dt + 0 ( \)  ( x -~ ) .

Substitute this in (3. 7) and multiply both sides by q~*:

[2yot— 1 ]+
(3.11) s li- 1 - y  +  - (s +  e) +

+ Ay(5 + £ ) - ^ / + (x-oo)

where h =  — 2 +  ,2k l 1 —a

According to (3. 3) there exists a sequence {х*}Г=1 such that X* » 7  (k = 1,2,3,...), 
lira xk =  oo and

Л-*-оо
1

l im^ > /  ^ - 4 0 1 ^ ( 0 1 ^  =
A:-► со ( /  ^

Consider (3. 11) with x = x* (A= 1, 2, 3, ...). Letting k-+°°, (3. 2) and (3. 3) imply

[2ya— 1]+
(3. 12)

Put

Then by (3. 12)

l + y(AA-l) +  - (j + e).

0 <  у <  min { l . i . d - M ) - } .

о -c , У Ч , а  ,
1 — у (1 —ЛЯ)

which yields a contradiction, i.e. i = 0  thus the proof is complete.
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R em a rk . If instead of the condition (3. 3) we require the inequality 

(3. 3)' = H = lim sup

then the conclusions of the theorem remain true. This version of our theorem can 
be proved similarly taking In q instead of the function q* in the identity (3. 6).
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FACTORIZATION OF GENERALIZED PO ISSO N  
DISTRIBUTIONS

by
R. CUPPENS and E. LUKÁCS

1. Introduction. Let f( t)  be the characteristic function of an infinitely divisible 
distribution which has the canonical representation

oo

(1.1) lo g /( /)=  /  (e"“- 1 )dN(u)
0

where N(u) is a non-decreasing function of bounded variation. The corresponding 
distribution is called a generalized Poisson distribution and was studied by F. E. 
S atterthw aith  [1] and other authors. A. R i-n y i raised in a conversation the problem 
of determining the factors of these distributions.

For the formulation of the result it is necessary to introduce the following 
terminology. Let p(x) be a function of bounded variation, the point a is said to 
be a point of constancy of /<(*) if p(a + e) — ц(а — e) =  0 for e sufficiently small. 
The complement of the set of all points of constancy is called the spectrum of p 
and is denoted by S(ß). Let A be a set of real numbers, we define the set (n)A by 
induction writing (1 )A = A  and (rí)A = (n— l)A( + )A where ( + ) indicates the

oo

vectorial sum of two sets. We denote by °°A = U (n)A.
n = l

T heorem . Let f ( t ) be a characteristic function which admits the representation 
(1. 1). Then every factor j \  (t) o ff( t)  can be written in the form

(1 • 2) log/, (/) =  ita + f  (ei,u -  1)dN t (u)
о

where a is real and N , (u) is a function of bounded variation (not necessarily non
decreasing) which satisfies the condition Á(A,)c o°S(N ). (The horizontal bar denotes 
the closure).

It is known that there exist characteristic functions which are not infinitely 
divisible but admit a representation similar to the canonical representation of infi
nitely divisible characteristic functions but with a „spectral function” which is not 
monotone but of bounded variation. Examples of such characteristic functions 
were given by D . A. R aik ov  [7] and by H. C ram er  [8]. C ram er’s example has also 
the form (1. 2).

In section 2 we present some properties of boundary characteristic functions, 
in section 3 we prove the theorem and extend it to the multivariate case in section 4.
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2. Boundary characteristic function. A characteristic function f i t )  is called 
a boundary characteristic function if there exists a complex valued function A(z) 
of the complex variable z =  t + iy which is regular in the rectangle {|/| О су  <6} 
(respectively in { | / |<d,  —a < у <  0}) and has the property that lim A(t + iy) =

y-0
= f i t )  for \t\<A  and y > 0  (respectively and y<0). These functions were
introduced by J. M a r c in k iew ic z  [2] and studied recently by C. G. E sseen [3] and 
B. R a m a c h a n d r a n  [4]. We state now some properties of boundary characteristic 
functions which we shall use.

L emma 1. A boundary characteristic function f( t)  is analytic in a horizontal strip 
0 < Im z <b and can be represented in this strip by the Fourier-Stieltjes integral

oo

/00= /  eizxdF(x). Here F(x) is the distribution function corresponding to fit) .

L e m m a  2. Let F(x) be a distribution function and f( t)  its characteristic function. 
F(x) is bounded to the left if, and only if, f i t )  is regular in the upper half plane and if

|/(z)| =§ ec|z|
for some o O  and lm z> 0.

For the pr o o f  of the lemmas we refer to the papers quoted above.
3. P roof o f  the theorem. It follows easily from the assumption (1. 1) that the 

characteristic function f i t )  can be written as

f i t )  = c ) 1 +  2  А f  eU" dN*"iu)

where c =  exp j — J  dNiu)j  and where N*"iu) denotes the «-fold convolution of
о

Niu). The corresponding distribution function Fix) is therefore

where A; is a constant and e(x) is the degenerate distribution. The point л = 0  is a 
discontinuity point of Fix) and we conclude that

(3. 1) SiF) = (0}Uco5(Tv) c  [0, «].

Let
(3.2) / ( 0 = / i ( 0 / z ( 0

be a decomposition of f i t )  and let Z7, (x) be the distribution function of / ,  (/)• One 
concludes easily from (3. 1) and (3. 2) that ^(x-) is bounded to the left and can 
assume without loss of generality that lext [FJ = 0. The point x — 0 is then a dis
continuity point of F fx). We can therefore write

F, (x) =  c1a(x) +  G'(x)
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where G(x) is a non-decreasing function of bounded variation such that G(x) is 
continuous at x = 0 and that

(3.3) S(G)czooS(N).

It follows from lemma 2 that / ,( f )  is regular in the upper half plane and we see 
from lemma 1 that

f i  (0  = Ci + J  ei,xdG(x) ( I mt sO) .
0

It is therefore possible to select 0 such that

oo

(3.4) J  e~rxdG(x) <  c,.
о

We introduce the function
X

(3.5) H(x) = J  e~r" dG(u)
0

and have then
oo

f i ( t  + ir) = Cy + J  ei,xdH(x) ( I m / a —r).
о

Therefore

log/, (/ + ir) = log Ci + —  f  eitx dH(x)„=1 nCi

where (3. 4) assures the convergence of the series. Let

(3.6) H t(x) =  2  {~ Z ~ l- H *n(x) 
then

log/i (t +  ir) = log Ci +  J  el,x dH I (x) ( I m ( g -  r).
о

We write

(3.7) N i(x )=  J  eru dH I (u)
0

and see that
oo

l ° g / i ( 0  =  l o g C1 +  f  ei,xdNi(x) ( I m i ë O ) .
о

This is the representation (1.2) where c, is determined by the condition that 
log/1(0) = 0. We still have to show that S(Ni)<z°°S(N). This follows immedi
ately from (3. 3), (3. 5), (3. 6) and (3. 7).
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4. The multivariate case. We denote by / ( t ) = /( t l5 i2, ..., /B) =  «i’{exp(/tX)} 
a multivariate characteristic function. Here tX = t lX 1 + ...  +  t„X„ is the inner 
(scalar) product of the vectors t =  ( r , , ..., tn) and \  = (Xl , ..., Xn). We consider 
a function

Here D is the positive octant, D = {x: AjSO, . . . ,x„SO} while 7V(u) is a positive 
and finite measure on D. It is well known ([5] 214—221) that the canonical repre
sentation of infinitely divisible laws is also valid in the multivariate case, hence 
(4. 1) is the characteristic function of an infinitely divisible law.

T heorem . Let fi t)  be a characteristic function which admits the representation 
(4. 1). Then every factor j \  (t) o f / ( t) can be written in the form

where a is a real vector and N\ (u) is a finite signed measure on D.
The proof is completely analogous to the one given in section 3. It is naturally 

necessary to replace the lemmas of section 2 by the corresponding multivariate 
results. These can be found in [6], chapter 3.
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(4.1)
D

/ i  (t) =  exp {/ta + J  (eita -  1 ) dN, (u)}
D
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ÜBER „LÜCKENHAFTE” ORTH OG O NA LP O LY NO MSY S TEME

von
M. SALLAY

1. Es sei 0 = Ао<А1 < ...  <A „< ... (А,- — eine Folge ganzer Zahlen, 
und betrachten wir in dem Intervall [0, 1] das System der x- Potenzen {лд‘} (/ =  0, 
1, ..., rí). D. N ewman hat in seiner Arbeit [6] den folgenden Satz bewiesen:

Es sei f{x) im [0, 1] L2-integrierbare Funktion; dann existieren die Koeffi
zienten cXi (i = 0, ...,n), für welche

/ ( * )  ~  2  Сд,**' == Зш<2)( / ;  Ел)

besteht, mit
i= 0 11̂2

Г л1 V 12
tü(2)(f; Ô) =  sup f  (f(x + t ) - f ( x ) ) 2dx\

ist Lo -1
und

Ел = f i
i=i А( + i

D a in dem Fall A. =  2 i e,  =  -------- ist, enthielt der NEWMANsche Satz den4/1 + 3
wohlbekannten Satz von D . Jackson .

Im weiteren setzen wir voraus, dass A „-*°° strebt und die Reihe

( 1)

divergiert. Dann bildet — nach dem Satz von H. Münz [8] und O. Szász [9] die 
Folge von .V -Potenzen {хд'} ein vollständiges System.

P. Lesky in der Arbeit [5] beschäftigte sich mit der Orthogonalisierung der 
x-Potenzen mit ganzzahligen Exponenten {1, x, xa~1, x®+s, y*+s+1, ...}, (5=1,2,...), 
unter denen aufeinander folgende fehlen.

Es sei nun vv(y) in dem Intervall [0, 1] gegebene Gewichtsfunktion. Setzen 
wir voraus, dass die Folge {A(} die Bedingung (1) befriedigt. Von der Idee von P. 
Lesky ausgehend, orthogonalisieren wir das System {xA‘} bezüglich der Gewichts
funktion w(.v). Auf diese Art ergibt sich nach (1) ein vollständiges und normiertes 
Orthogonalsystem { ^ (r)} , wo pXi(x) ein Polynom von x  höchstens A,-ten Grades 
ist, und in dem Polynom treten nur die x- Potenzen mit den Exponenten Áj (J — 0, 
1, . . . , / ) auf. Wir werden das System {рд,.(х)} „lückenhaftes” Orthogonalpolynom
system nennen.
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Es sei f(x )£ L 2, *€[0, 1] und

£ í f ( / ;n s /U * ) )  =  Min /  /(*) -  2  «я A W  w(x)dx
i =  О

Aus der Vollständigkeit des Systems {pXi} folgt, dass

l
<*х, = f  f(x)ßx,(x)w(x)dx 

0
ist, woraus die Relation

[ ,JZ 1 K l j  =  Ei2n (f'’ W'’Pln(x))
folgt.

In der vorliegenden Arbeit untersuchen wir die folgende Frage.
Man betrachte die Orthogonalpolynomentwicklung der Funktion f(x )£ L 2 

in dem Intervall [0, 1]. Neben welchen Bedingungen bezüglich w(x) und f(x)  wird
oo

die Reihe 2  ax,Px,(x) absolut konvergent sein?
1 = 0

2. Das Problem der absoluten Konvergenz der Orthogonalentwicklung haben 
in  seinen Arbeiten [7], [4], [1] und [2] B. Steckin, G. Alexits und G. Freud unter
sucht. Wir zeigen, dass man die Resultate von G. Freud auch für lückenhaftes 
Orthogonalpolynomsystem übertragen kann.

Satz I. Es befriedigen die Zahlen Яг ( /= 1 , ..., ri) die Bedingung (1), und es sei 
H’(.v) im [0, 1] Gewichtsfunktion, für welche

0 <m Sw (x)

besteht. Setzen wir ferner voraus, dass für /€  L2

( 2) 2
n — 1 n

O O

gilt. Dann ist die Reihe 21 а>., Pkt (-v) m jedem inneren Punkt des Intervalls [0,1] absolut 
I— о

konvergent und in jedem inneren Teilintervall von (0, 1) gleichmässig absolut konvergent. 
Wenn wir für w(x) auch die Bedingung

(3) 0

voraussetzen, folgt aus dem Newmanschen Satz die Ungleichung

(4) E<2( / ;  w;p2n(x)) ЗЛ/ш(2)( /;  ел).

Nach dem Satz I und aus der Ungleichung (4) ergibt sich der folgende Satz:
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Satz  II. Es seien die Bedingungen (1) und (3) befriedigt, ferner sei

n=i n (/; *лп)

Dann ist die Reihe £  axtPxt(.x) in jedem inneren Punkt des Intervalls [0,1] absoluti= 0
konvergent und in jedem inneren Teilintervall von (0, 1) gleichmässig absolut kon
vergent.

Vor dem Beweis des Satzes I zeigen wir folgendes:

L emma 1. Setzen wir voraus, dass w(x) (1) befriedigt, dann ist in jedem inneren 
Punkt von [0, 1]

(5) 2  [ß,t(x)]2 =§ 0(Xn),
i — O

und diese Abschätzung ist in jedem inneren Teilintervall gleichmässig.
Es sei {/>m(*)} e>n beliebiges Orthogonalpolynomsystem bezüglich w(x). Пт(х) 

durchlaufe alle Polynome höchstens w-ten Grades, für welche

1
f  n 2Jx)w {x)dx = 1 
0

ist. Wir suchen das Maximum von nl,(x). Aus der Orthogonaleigenschaft des Sy-
m

stems folgt, dass das Maximum von П„(х) gleich 2 Pm(x ) ist- (S- z. B. [2]). Es bezeichne
k = о

Плп(х) die Polynome höchstens An-ten Grades, für welche

1
f ß l  (x)u'(.v) dx s  1 
о

ist und in welchem die x  Potenzen nur mit den Exponenten Xt (i= 0, 1, ..., n) auf- 
treten.

Da

Z ß l ( x )  = Max \Üjn(x)\ S  Max \n jfx ) \  s  2 pH x)
1 = 0 nÁn Йл„ i=0

ist, und nach (1)

2  Pi W  = °(.K)
i = 0

besteht (s. [3]), ergibt sich die Behauptung.
B eweis des S atzes I. Es sei

2v+ 1
•l O) =  2  k A M I -i = 2v+ 1
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Da E)2J (/; vr; pXn(x)) eine monoton abnehmende Funktion von n ist, ist aus (5)
2»+l 2V
2  al  2  Pl  O )

2 V+ 1 2 V+  1

1/2 2v+ 1
PlMn =\i= 1

1/2

= £ ^ . 0 ( ^ 2 — ) = 0 ( ^ 2vt ,)2 -(v+1) 2  С > = с>{ 2 "
m  =  2 v - ! + l  ( m = 2 v ' 1 + 1  W  J

Man addiere diese Ungleichung m =  1 bis ?и = so ergibt sich

2  k A ( - Y)l -  2i=0 n= 1
Un Ex2J ( f ^ ; p Xr),

w. z. b. w.
3. Im weiteren setzen wir voraus, dass die Funktion /(x) im [0, l]r-mal stetig dif

ferenzierbar ist.
Wir können die folgende Erweiterung des NEWMANSchen Satzes beweisen :

Satz III. Es sei 0 =  A0 <  Ax < . . . <  A„ <...(А ,— Я(_х >  0), ganz) und 
{xXt} System der x-Potenzen mit den Exponenten A; (/ = 0, 1, ...,ri). Existieren die 
Koeffizienten c}. (/ = 0, 1, ..., n) für welche

besteht mit
/(■*) -  2  £>.2'

i = 0 L2
of2'( 2 ; ел<г>)

£Л<°> — £л , £Л(<с>
ГГ (Я; — kl — 1 

а,->л,- Sb (Я; —к )-Ff

Wir beweisen den Satz III durch vollständige Induktion.
Es sei g(x) im [0, 1] differenzierbare Funktion. Bezeichnen wir den Stetigkeits

modul von /(x) in dem Raum L2 mit o><2>(/; <5). Es ist leicht zu zeigen (S. z. B. [6], 
Lemma 1), dass die Ungleichung

(6) a>(2)(g; ö) ^  ö\\g(x)\\L2
besteht.

Wir beweisen den Satz erstens für r=  1. Definieren wir die Folge der ganzen 
Zahlen {/<,} folgenderweise:

Po = 0, Pi =  А, — 1, p2 = A2-  1, ...,p„ = A„- l  (für Aj ^  1)

Po — 0, l =  A2 — 1, p2 = A3- l ,  . .. ,/i„_1 = A„- l  (für Xi =  1),

u n d  betrachten  w ir das System  der x -P o te n z e n  {x"'}. D a / ' ( x ) £ L 2 , aus d em  N ew'- 
MANschen S atz fo lg t , dass d ie  K oeffiz ien ten  а„( existieren , für w elche

(7)
П

/ '(* )  -  2  <Хц2‘
i = 0 Li Зси(2)( / ' ; £ло>)
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ist mit

e/K*> —

7  A'.“ i  _  J J  (Я( — 1) — iПi— 1 Hi + i  1=1 (Я-i— l) +  i
(für A, ^  1)

/7  _  /7  U i - O - l  {fü д _
«  Л + 4  1-2 (A ,-i) + i  ( 1 }

_  TT (Я; — 1) — j  

Ai>1 .Isn (Ai—l) + i

Es sei die Funktion 

Aus (7) folgt, dass
ф (х) = Д -v) -  2 ”

í=o Hi +1

/ '(* )  -  2  Я/,,*"'
i = 0

£  3ш(2)( / ';  вл(1,)

ist. Wieder aus dem „Newmanschen Satz” folgt, dass die Koeffizienten ßя. mit

\Ф(х)~ 2  ßxtx x 3ш(2)(Ф; £,,(0))
existieren.

Da die Funktion Ф(х) differenzierbar ist, folgt aus (6) die Ungleichung

Hx)- 2  ß>.,xx‘i=0
— 32ел(о>ш(2)( / ';  £Л(1,).

Da das zweite Glied von Ф(х) Polynom der x-Potenzen mit den Exponenten 
Hi +1 =  А( ist, ergibt sich mit der Wahl der Koeffizienten

— ßo> Cx, =  ßx, + - ji
der Satz III.

Es sei nun f{x) im [0, 1] r-mal stetig differenzierbar. Setzen wir voraus, dass 
die Behauptung für r — 1 besteht.

Es seien die ganzen Zahlen vf gleich

v0 =  0, =  Ay — r (J = min / А,- >  r)
v( = Xj+lXJ+i — r (i = 1,2, ...,m  = n —j+  1).

Betrachten wir das System {xVi}. Bezeichnen wir mit yVi die Koeffizienten, für 
welche

(8)

besteht mit

Es sei

(9)

/ (r)-  2  7v,*v'*=o
£  3w(2)( / (r); eAlr))

E  =  /7 Jüdi. -  TT ( t - j - r ) - i  
Mr> L \  V, +  |  x J r U n  ( A , - r )  +  i  •

1n
n-j+ 1

* , ( * ) = / ( * ) -  2 *1.Vj +  r

1 = 0 (Vj+ l)...(V( + r)
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Da Ф(х) r-mal stetig differenzierbar ist und wegen (8) ist

(10) Зси<2>(/(,);ел<м).

Nach der Induktionsbedingung existieren doch die Koeffizienten öXl mit

n r —2 \  (  r — 1 \

фАх) -  2  SX.XXi = 0
s  3r П  ел<(>| со'

Li i = 0
, (2 ) ( Ф (г- 1). ело--и) ^  3r | 77 e/1(i)

i = 0
1|Ф(г)1к,

woraus wegen (9) und (10) die Behauptung folgt.
Aus dem Satz III folgt, dass für die r-mal stetig differenzierbaren Funktionen f(x )

E (2 ( / ;  w;ßxXx)) =  y+1 [ / 7  £a(-oj w <2)( / (r); ел(г))
besteht.

4. Betrachten wir nun die Reihe

2  a) j (M W-i = 0
oo

die durch gliedweise Differenzieren aus der Reihe ctx.pxfx )  entsteht.
i= 0

G. F r e u d  in seiner Arbeit [3] versuchte das Problem der gliedweisen Dif
ferenzierung einer orthogonalen Polynomreihe. Wir können sein Resultat auch 
für lückenhaftes Orthogonalpolynomsystem übertragen.

Satz  IV. Es sei w(x) Gewichtsfunktion in dem Intervall [0, 1] mit

0 < m S » ( t)< M ,

und es sei f(x ) im [0, 1] r-mal stetig differenzierbare Funktion, für welche die Reihe

2
n = 0

CO( 2 ) o o

konvergiert. Dann ist die Reihe 2  a>.ipZ) (■*) in jedem inneren Teilintervall von (0,1)
i = 0

absolut konvergent und stellt da die Funktion f (r)(x) dar.
Der Beweisgang geht dem Beweis des Satzes I von G. F reu d  in [3] und dem 

Beweis des Satzes I ähnlicherweise.*

* Aus dem Hilfssatz I von [3] ist es leicht zu zeigen, dass

í i w f w f s o a r 1)
i= 0 

ist.
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EIN BEITRAG ZUR THEORIE DES LAGRANGESCHEN  
INTERPOLATIONSVERFAHRENS

von
G. FREUD

Einleitung

Der erste Paragraph vorliegender Arbeit enthält einen Satz über die Konver
genz bzw. Konvergenzgeschwindigkeit des Lagrangeschen Interpolationsverfahrens 
in einem Endpunkte der Interpolationsinvervalles [—1, +1], falls im «-ten Schritte 
als Knotenpunkte der Interpolation die Nullstellen des Orthogonalpolynoms 
pn(dct; x) bezüglich einer recht allgemeinen Belegung do. gewählt werden. Der 
Träger dieser Belegung soll in [— 1, +1] liegen, so dass die Knotenpunkte in [— 1, +1] 
fallen (vgl. G. F reud [1], Satz I. 2. 5.) Für die Nullstellen der Tschebischeffschen 
Polynome oder der LEGENDREschen Polynome als Knotenpunkte sind diese Ab
schätzungen der Grössenordnung nach bestmöglich.

In den zweiten Paragraphen wird der erhaltene Satz auf die gleichmässige 
Abschätzung des Fehlers des Interpolationsverfahrens in [—1, +1] angewandt. 
Das Ergebnis ergibt z. B. für die Nullstellen der LEGENDREschen Polynome als 
Knotenpunkte die richtige Grössenordnung. Es sei hier in einigen Zeilen ein all
gemeines Prinzip erörtert, welches sowohl hier, wie in meiner (auch hier benützten) 
früheren Arbeit G. Freud [2] angewandt wurde.

Lemma. Für ein Polynom co(x) mii lauter verschiedenen Nullstellen bezeichnen 
wir mit L(w; f ;  x) das Lagrangesche Interpolationspolynom in der Veränderlichen 
X, welches die Funktion f(x) in den Nullstellen von <u(x) interpoliert.*

Sind nun ш, (x) und co2 (x) zwei Polynome mit lauter verschiedenen Nullstellen 
und ohne gemeinsamen Nullstellen, dann gilt
( * )  L(œiœ2;f; x) =  L((ol ; f ,x )  + (ol (x)L{co2; [ f - L ( w l ;f)\(oT1;x}.
Der Beweis dieses Lemmas erfolgt unmittelbar, und sei dem Leser überlassen.

ln meiner Arbeit G. Freud [2] habe ich ( * )  mit юДх) =  1 —x 2, co2(x) = 
=  pn(da; x) angewandt. In § 2 vorliegender Arbeit kommt ( ^ )  mit œ y (x)=p„(dor, x) 
und co2(x) = 1— x2 zur Anwendung.

§ 1. Über das Verhalten Lagrangcscher Interpolationspolynome in einem Endpunkt des
Interpolationsintervalls

Es werden die gleichen Bezeichnungen verwendet, wie in meinem Buche [1]. 

Satz 1. Es sei Tr (do) £  [—1, +1],
+1

(1 )

* Der Grad von L(co\f; x) ist um Eins kleiner, als der Grad von w(x).
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und/Ç  Lip Q (0< 0 S  1), dann gilt mit einer absoluten Konstanten A >0

(2) \ f ( l)~  Ln(da;f; 1)| ^  A[Ie(tb)pn_i(da\ 1 )p„(dcr, l)]1/2«_e- 
Gilt sogar gleichmässig bezüglich x,x + h£[— 1, +1]

(3) f ( x  + h ) - f ( x )  = o(\h\°) 
fü r h-* 0, dann ist
(4) f ( \ )  — Ln(da;f; 1) =  {pn-i(da; 1 )pn(d<x; 1)]1/2o(/|-°).
Für die Interpolation über die Nullstellen der Tschebyscheffschen Polynome ergibt 
sich an der rechten Seite von (2) bzw. (4) 0(n~a), bzw. o(n~e). Das wurde schon 
früher als Ergebniss einer vom Verfasser vorgeschlagenen Untersuchung von O. Kis
(5) gezeigt. Satz 1 zeigt, dass das immer der Fall ist, wenn die Folge {pn(da\ 1)} 
beschränkt ist.

Es gelten aus Symmetriegründen analoge Abschätzungen für die Stelle x = — 1 : 

Satz  1*. Es sei Tr (da) g  [ - 1 ,  + 1 ] ,

+ i
(1 * ) f  (1 + x)~1+eda(x) = I*(da) < -

und / 6  Lip о (0 <  (?=1), dann gilt
(2*) |/ (— 1) — L„(d<x;f; -  1)| *  A [ I * -  \)Pn(dor, -  1)|]1/2АГв,
und aus der Bedingung (3) folgt
(4*) f ( - l ) - L n(d<x;f; - 1 )  =  \pn_ i (da; - l ) p n(da; -  1)|1/2о(/Г<0.

Beweis des  Sa t ze s  1. Aus /£ L ip  о bzw. (3) folgt die Existenz einer Folge 
{i/̂ „(jc)}, so dass фп eine Polynom höchstens n — 1-ten Grades ist und

(5) |/(x)-<M *)| s ö „ ( l - x 2y l2n-°

gültig ist. Dabei ist ön eine beschränkte Zahlenfolge, bzw. — falls (3) erfüllt ist — 
eine Nullfolge. (Vgl. I. G. G o pen g a u s  [4], S. A. T eliak o w sk i [6]). Aus (5) folgt 
•An(0=/(0, so dass

\ f ( l ) - L n(dor,f; 1)| =  \фп(1 ) -L .(d * ; f;  1)| =

=  \Ln(da; ipn- f ;  1)| S  2  Iln(dxi -A„)l \Фп(хк„ )- /(х кп)\
k= 1

ist. Aus (5) erhalten wir weiter

(6) \ f ( l ) - L n(dor,f; 1)| ö„n~» 2  Il„(dor, 1 ; (1 - x 2kn)el2

— Snii~e I 2  Iln(dcr, 1 ; xk„)pn_ , (da ; xk„ 
U=i

1/2

\l„(da; 1 ; xkn)pn_\(da; xkn)\(\ - x l f
12
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Nach Formel III. (6. 3) aus [1] gilt

(7) ln(dcr, 1 ; Xkn) = ).„(da\ xkn) Уn - \ (ß*x) Pn-\(da\ xkn)
у „(da) l - x kn P „(da;  1).

Es ist pn(da; 1)>0, da der Leitkoeffizient yn(da) von pn(da; x) positiv ist und alle 
Nullstellen von p„(da; x) in (—1, +1) liegen.

Aus (7) folgt

(8) sign l„(da ; 1 ; xkn) =  sign pn_ , (da ; xkn) 
und

n n
(9) 2  'L(da\ I ; xkn)pn_ , (der, xkn)\ = 2  W er, 1 i xkn)pn_ , (da; xkn) =

k= 1 k = 1

Andererseits ist wegen (7)
=  Pn-i(.dor, 1).

n2  IWer, 1  ; xkn)p-_\(da; x*n) |(l - x2kn)e =s
k= 1

-  ^ W e r ,  x*")(i “ ■**«)* *’*=i
so dass infolge Hilfssatz III. 1. 5 und I. 7. 2. von [1]

n
0°) 2  IKidcr, 1 ; xk„)p~}, (da; хкл) |(1 -х*2л)* s  4p„(</ot; l ) /e(c/a)

f c = l

gültig ist. Aus (6), (9) und (10) ergibt sich

(11) \ f ( \ ) - L n(dorJ; 1)| S  2(Ie(da)Pn_ x(da-, \)Pn(dcr, 1 )]ш 0пп~°
bzw.

(11*) \ f ( - \ ) - L n(d a -f- -1 ) | S  2[i;(da)\pn_ l (da-, - l ) p n(da; - l ) \ y l2önn~° 
w. z. b. w. § *

§ 2. Über die glcichmässige Konvergenz des Interpolationsverfahrens

Es bezeichne wie in [2] L*(da;f; x) das Lagrangesche Interpolationspolynom 
höchstens n+  1-ten Grades, welches an den Stellen — 1, +1 und x*„ (k = \,2, ...,«) 
die gleichen Werte wie /(x) annimmt.

Satz 2. Es .vei in >0, ferner sei für fas! alle x€ [— 1, +1]

a’(x) S  m( 1 — x2)1/2

+1
Je(da) = f  (1 - x 2)i_1 da(x) <  <*>;

( 12)

und

( 13)
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dann folgt aus f  Ç Lip q bzw. aus (3)

(14) \ f ( x ) - L n(da;f;x)\ s  4[w "1 Je(da)]ll2önnU2- e

wo <)„ gemäss (5) eine beschränkte Folge bzw. — unter der Voraussetzung (3) — eine 
Nullfolge ist.

Der Beweis dieses Satzes ergibt sich genau so, wie der Beweis des Hauptsatzes 
der Arbeit [2], welcher der Spezialfall q = 1I2 dieses Satzes ist. Die Einzelheiten 
seien dem Leser überlassen.

H ilfssatz 3. Es gilt die Identität

(15) L*„(da;f;x) = Ln(da;f;x) + PÁf ^ \  l+ X  [ f( l)~  L„(da;f; 1)] +
Pn\d<x, 1 ) 2

Beweis. Es ist klar, dass die rechte an den Stellen + 1 , - 1  und xk„(k = l,2,...n) 
den gleichen Wert wie f(x)  annimmt. (Spezialfall des Lemmas aus der Einleitung.)

H ilfssatz 4. Aus Tr(da) Q [— 1, +1] folgt

(16)
P„ - \(d a ; 1) ^  2 y „(da)

P „ (d a ; l )  ~ y„_ j (da)

Beweis. Wir setzen x=  \ in die Rekursionsformel (vgl. I. (2. 4) in [1])

xpn(da; x) = ■J —dS xrP„+1 (da; x) +  anPn(da; x) + ̂ f j ^ ~ P „ - i (da; x) 
Уп+1\аа) Уп\их)

und beachten, dass für jedes v p v(da;  1)>0 und yv(i/a)>0 ist, ferner dass

a J =
+ i + i

gilt. Wir erhalten

J  xpl (da ; x ) da (x) Ш J  p2 (da ; x) da  (,v) =  1 

Уп- i (da) P„ - i (da ; 1)
У „(da) P„(da; 1)

ë l - f l . ë 2
w. z. b. w.

Satz 5. Unter den Voraussetzungen des Satzes 2 gilt 

(17) \f(x)-L„(da;f;x)\ ^  Ц т '1 Je(da)]ll2önn1,2~e +

+ K(da)\pn(da; x)\ö„n~e (—l s x s + l )  

wo К (da) nur von da abhängt.
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B ew eis . Es folgt aus (11), (11*), Satz 2 und Hilfssatz 3 unter Beachtung von 
Ie(da)^ 2JQ(di) und I*(da)s2Je(d<x)

\f(x)-L„(da-,f;x)\ ==

(18) s  Je(doL)Yl2 +

Pn-i № ; - i )

2 Pn (der, 1)

1/2 0 + * ) \pn(dcr, x)\n~1/2 +

+
P n (d c t;  - 1 )

Jc(da) — ~2 ^  1л.(Уа ;-* ) |л ~ 1/2|  snnl/2-<>.

Infolge (12) ist (1 — X2) 1/2 log a'(x)£L, so dass nach bekannten Satze 
(vgl. [1], Tabelle V. A)

У «(.da)(19) lim
Уп- i  (da)

ist. Es ergibt sich (17) aus (18) und (19), w. z. b. w.
Zum Schluss wenden wir Satz 5 auf die Interpolation über die Nullstellen der 

Jacobischen Polynome P<F’ß)(x) an. Nach G. Szegő [3] Satz 7. 32. 2 und Formeln
4. 34, 4. 33 gilt für die entsprechenden normierten Orthogonalpolynome mit der 
Gewichtsfunktion x'(x) =  (1 — x)3( 1 +x)f

(20) ,o*.P) Ml
[em in{(1 — x)~*l2~1/4, n,/2+a} für л:Ç[0,1]
Iem in{(1 + x)~ß/2~1/4, n1,2+ß} für x6[—1,0].

Die Abschätzungen, welche sich aus (17) und (20) ergeben, haben wir in nachstehen
der Tafel zusammengestellt.

\f(x)-L„(doc;f;x)\ g  Snen(x)

— Q < a s 0 =  0(п112 с) ( O ë r s l )

a >  0 е„(х) = 0(п~е){п1/2 + min [(1 — х)- */2-1/4, п112+°]} (0 S  г  S  1)

—  Q <  j 8 s 0 еп (*) =  0(nil2~e) ( - 1 S  0 з= 0)

оА«а. е„(х) =  0(п~е){п112 + min [(1 -f x l_^ 2~1/4, и1/2+ ]̂} ( - 1 За х За 0)
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NOTIZ ZUR EULERSCHEN CHARAKTERISTIK OFFENER 
UND ABGESCHLOSSENER EUKLIDISCH ER POLYEDER

von

H . H A D W I G E R

Wie bekannt, lässt sich die Eulersche Charakteristik der Polyeder des eukli
dischen Raumes auf rein elementargeometrische Weise begründen. Existenz, Ein
deutigkeit und Haupteigenschaften können aufgrund eines nach der Raumdimen
sion weitergreifenden rekursiven Verfahrens sichergestellt werden, wie dies vom 
Verfasser (vgl. [1], S. 103 ff) etwas allgemeiner für Körper des Konvexringes dar
gelegt worden ist. Speziell für Polyeder ist die erwähnte Methode auch von H. 
Lenz (vgl. [2], S. 291 ff) ausführlicher erklärt worden. — In der vorliegenden Note 
soll darauf hingewiesen werden, dass sich nach dem nämlichen Rekursionsprozess 
in leicht differenzierter Art eine Begründung der Eulerschen Charakteristik für 
abgeschlossene — aber andererseits auch für offene Polyeder darstellen lässt, wobei 
sich im gleichen elementaren Rahmen aus der Wechselwirkung beider Begrün
dungen weitere mitteilenswerte Relationen ergeben. An sich sind diese Beziehungen 
zwar nicht neu; wie dem Verfasser von H. E. D ebrunner in freundlicher Weise 
mitgeteilt worden ist, lassen sich die fraglichen Relationen innerhalb der Topologie 
mühelos aus dem ALEXANDERSchen Dualitätssatz folgern. Jedoch scheinen die 
Formeln in der hier vorliegenden einfachen konkreten Gestalt im zuständigen 
Fachschrifttum kaum berücksichtigt worden zu sein.

Es sei « S i ,  E" der и-dimensionale euklidische Raum, Xn die Klasse der be
schränkten abgeschlossenen Polyeder AczE". Weiter bezeichne lf " c ï"  die Teil
klasse der konvexen Polyeder. Es gibt dann eine eindeutig bestimmte Abbildung 
/ :  X" — Z von X" in die additive Gruppe der ganzen Zahlen derart, dass die Postulate

О) *0 = 0;
(2) xP =  1» /> ^ 0 ;
(3) x W B )  + x (A nB ) = yA + XB, A,B£X"

erfüllt sind, wobei 0 das leere Polyeder bedeutet. Die Funktion у ist die Charak
teristik von Euler-Poincaré. Weiterhin gilt die Relation

(4) XA = 2;,[х(ЛПЯ,)-х(ЛПЯ| + 0)].

Hierbei ist Я, = H+tu, wo Я  einen durch den Ursprung des E" hindurchgehenden 
(и— l)-dinemsionalen Unterraum von En, и einen auf Я  orthogonal stehenden 
Einheitsvektor, / einen reellen Parameter und schliesslich ПЯ(+0) den Grenzqert 
lim х(Л П Ht+d), i /> 0, d-+0 anzeigen. Die in (4) vorgeschriebene Summation 
erstreckt sich über alle t, — «  <  / <  °o, wobei vermerkt werden muss, dass der 
Summand für alle / mit endlich vielen Ausnahmen verschwindet. — Da А П Я, £ Xn~1
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gilt, ist wie oben angedeutet eine auf (4) basierende rekursive Begründung von 
y über P  möglich.

Es sei nun andererseits 2)" die Klasse der beschränkten offenen Polyeder BaE", 
93"cz2)" die Teilklasse der konvexen Polyeder. In analoger Weise lässt sich zeigen: 

Es gibt eine eindeutige Abbildung y: 2)"->-Z von 2)" in die additive Gruppe der 
ganzen Zahlen so, dass die Postulate

(1°) X0 =  0;
(2°) xQ = h  е е  a3-, e ^ 0 ;
(3°) х(А1)В)+х(АПВ) = хА + уЛ  А , в е ч у
erfüllt werden. Wieder ergibt sich die Charakteristik y. Ferner gilt erneut eine rekur
sive Beziehung, nämlich
(4°) yB = - 1 М В П Н , ) - х ( В П Н 1 + 0)]
mit den analogen Festsetzungen wie bei (4); man beachte jedoch den Vorzeichen
wechsel! — Da ВГ\ H,e 2)"-1 gilt, lässt sich basierend auf (4°) in analoger Weise 
eine rekursive Begründung von у über 2)" durchführen.

Steht nun die Charakteristik у für beide Klassen P  und 2)" zur Verfügung, 
so lassen sich die nachfolgend angeführten Beziehungen nachweisen:

(5) AÇX”, B Z W , B c z A ^ y A  = y (A -B )  + (-l)"yB;

(6) л е г ,  в е ч у ,  A ^ B ^ y B  = y (B -A )  + (-\)"yA,

Hierbei ist in (5) А - В  =  АГ\В*еХ" und in (6) В - А  = 0ПЛ*£2)"; Der Stern 
zeigt den Übergang zur komplementären Menge an.

Die Relationen (5) und (6) sind für n =  1 trivial richtig. Für n >  1 lassen sie 
sich mit Heranziehung beider Rekursionen (4) und (4°) in naheliegender Weise 
nach dem Induktionsverfahren sicherstellen; man hat lediglich zu beachten, dass 
in beiden Fällen AC\HteX n~l, В(ЛН,еЧУ~1, in (5) BC\HtaA C \H ( und in (6) 
4  П Я ,с й П Я , für alle t gilt.

Als Korollar lässt sich noch die Formel

(7) A eX n = > x A = x Ä + (- iy x A °

gewinnen, wo Â den Rand und A° den offenen Kern von A bezeichnen. — In der 
Tat genügt es, in (5) B = A° zu setzen und Â = А — A° zu beachten.

Endlich wollen wir „ausreichend normale” Polyeder in Betracht ziehen, deren 
Charakteristik mit derjenigen ihres offenen Kernes übereinstimmt. Es resultiert 
aus (7) die Relation

(8) А e P , yA = yA° => XÂ = [1 -  (-1 r\yA,

welche die Charakteristik des Randpolyeders mit derjenigen des Polyeders selbst 
in Beziehung bringt.

Natürgemäss ist es jetzt wünschbar, die für die Gültigkeit von (8) verbindliche 
„Normalität” eines Polyeders rein geometrisch zu kennzeichnen. Diese Frage 
soll an anderer Stelle untersucht werden.
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Abschliessend haben wir noch darauf hinzuweisen, dass sich die Existenz der 
Eulerschen Charakteristik simultan für offene und abgeschlossene Polyeder auch im 
Rahmen einer von V. K lee [3] entwickelten rein verbands kombinatorischen Theo
rie ergibt.
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ENTRO PY  OF PO IN T  PRO CESSES

by
J. FRITZ

This paper deals with the problem to define entropy for point processes. The 
first results in this direction has been published by M. R udemo [1]. Here we apply 
the results of I. Csiszár [2] on generalized entropy, and for point processes in Eu
clidean spaces we give another interpretation of this definition.

I should like to express my thanks to Imre Csiszár for his valuable advices 
and for the correction of the manuscript.

1. Generalized entropy

In this section we summarize briefly some results on generalized entropy 
which are needed in our investigations. (See I. Csiszár [2] § 2—3.) Let (Í2, s i , Л) 
be a (T-finite measure space, and let P be an arbitrary probability measure on s i .

Definition 1. The generalized entropy (Л-entropy) of P on the cr-algebra 
(£ a s i  is defined by

(1.1) Нл(Р:<в) = -~> if P % Л on ^  

and
(1.2) ' Нл{Р:<в) =-fft((o)\ogf«(m )A(dœ )  if Р < Л

я

on <£ and /*(ю) is its Radon-Nikodym derivative. If Р<^Л but the integral (1.2) 
does not exist, then НЛ(Р:Ч>) is not defined.

In the case, when there exists a finite or countable family {Л;}1ё, of atoms 
of the fj-algebra <êdsi, such that £  Р(Л;) = 1, then

m

(1.3) HA(P-.V)= 2 П Л д  \ o g ~ lHi P\Ai)

provided that the right hand side exists.
An important consequence of the convexity of the function x lo g *  is that 

НЛ(Р\e£) exists, if НЛ(Р\(£) ■*= +°° for some cr-algebra and then НЛ(Р:<£) ^
S НЛ(Р:Ч>). The following statement is a bit more difficult, it is Theorem 3. of 
Csiszár [2].
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T h e o r e m  1 . Let Г be a system of o-algebras with the following properties:
(i) For each *8y, € Г there exists a %>£ Г such that c6y ,(62a T .
(ii) s t  = o(U{V; ^ € Г } ) .

(iii) HA(P:сё) <  +  “> for some 
Then HA(P:st) exists and

(1. 4) HA(P: st)  =  in f{HA(P: 'if); HA(P: <#) exists).

Now we define the conditional generalized entropy. Let s i y d s l  be a c-algebra 
and let Ay be a ir-finite measure on sty, such that A 4, Ay o n j^ ;. For a fixed A £st,
Aa (C) = A(AC) is a ir-finite measure, and AA4 A t on sty. Set (pA(w) =
If P 4 A t on sty, then

(1.5)

A j (dm) ’

Л'(A) = f  (pA(w)P(dco)

is defined and it is a <r-finite measure on st.
It is easy to see, that P 4  A on st, if and only if, P 4, Ay on sty and P 4  A' on 

s t , further
(1 .6) HA{P :s t)  = HAi(P: sty)+ HA (P: st)

provided that its terms exists, and the sum on the right hand side is defined. This 
relation suggests to define the conditional A\AX -entropy of P on s t  given the cr-al- 
gebra sty as HA. (P :s t), provided that P 4 A X on sty and HA■ (P:st) exists. (See 
C siszár [2] § 3.)

In this paper we need this definition only in the following special case. Let 
s t 2 c  s t  be another u-algebra such that sty and s t 2 are qualitatively independent 
— i.e. AyA2 =0 for an Ay £sty ,  A2£ s t2 only if Ay = 0  or A2 — 0 — and s t  = 
= o (s tyU s t2). Further, let A2 be such a u-finite measure on s i2 that

(1.7) Л(АуА2) = Лу(Ау)Л2(А2) if A l £ s t 1,A 2Çst2.

Because of the qualitative independence of sty and s t 2, Ay and Л2 determine the 
measure A on s t  = a(sty U s t2) by (1. 7) uniquely, thus we may write s t  = s t  y X s t  2 
and A = A yX A 2.

In this case (1. 5) implies that A’ — Р уХ Л 2 on s t  =  s t yX s t 2, where Pt 
denotes the restriction of P to sty,  consequently HA.{P:st) does not depend on 
the choice of Ay.

D efinition 2. In the above case we define the conditional A2 -entropy of P 
on s t  given the u-algebra ^  as

(1.8) HAl{P\sty) — HA-(P: st)

provided that HA.(P:st) exists, where A' = Ру X A2 on s t  — s i  у X s t 2 ■
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ENTROPY OF POINT PROCESSES 391

With this notation (1.6) becomes

(1.9) HA(P :s i)  = НА1( Р : ^ )  + НЛг( Р \^ ) .
Further

(1.10) t f ^ / W . ) ^  HAi(P :s i2)

and equality holds if, and only if, s i  x and s i2 are / ’-independent.
We see that the well known properties of the conditional entropy are valid 

for HAl(P\sii), too.

2. Point processes

Let us consider an arbitrary separable measurable space (R,3l); i.e. let ^  
be a a-algebra of subsets of R generated by a countable family of sets {G,; / €/}. 
Then the atoms of the ст-algebra ЗЯ are the nonempty sets of type F= П{£); /€/}, 
where £,i =  G, or Et =  R — Gt for each /£/. Of course, the set of atoms of 3% does 
not depend on the choice of the generating family {С;; /Ç/}. Further, in a separable 
measurable space (R, 3t) every measurable set is a (not necessarily countable) union 
of atoms. Thus, without any loss of generality, we may assume that the atoms of 
3# are exactly the elements of R.

A cr-finite integral valued measure и  on ^  will be called a counting measure. 
Because of the separability of (R, 3t), each counting measure со on âi has the form

(2.1) œ(F) = Z ô (F \Xi) if Fiât,
k i

where ti(F|x) denotes the indicator of the set F. In this representation /£ /}  
is a finite or countable sequence of not necessarily different elements of R. The 
elements of this sequence are characterized by the property <w({x})>0, and an 
x £ R  occurs in it exactly eo({x})-times, thus the representation (2. 1) is unique. As 
со is a u-finite measure, со ({x}) <  +°° for each x£R.

In order to define a point process in (R, 3t), we construct the probability space 
(Q, si, P) as follows. The realizations со of the process are counting measures on 
{R, 3t) ; the set of all these counting measures is Q. For an со € Í2 the elements x  of 
R with cu({x})>0 are called the points of the process if the elementary event со 
has occured, or briefly, the points of the realization со. If cu({x}) =  l, then x is a 
single point, and x is a multiple point with multiplicity к if co({x}) =  k > l .  We 
introduce also the notation N(F, co) = co(F), where F£3t, coÇÎ2-N(F, со) is called 
the number of points of the process in F (with their multiplicity) if the elementary 
event со has occured.

The algebra of events s i  will be the c-algebra of subsets of Q generated by 
the functions N= N(F, со)', that is the minimal a-algebra with respect to which 
all the random variables N(F) = N(F,co) if F£3i, are measurable. We shall say 
that a point process in (/?, 0i) is given if we are given a probability measure P on si.

The average number of points (with their multiplicity) in the set FÇ.31 is

(2. 2) v(F) =  E(N(F)) =  f  N(F, co)P(dco).
n
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The set function v is a measure on 0t, we assume that it is a tx-finite one. Then the
oo

counting measures coÇQ are uniformly cr-finite with probability one: if y  Gt = R,
i =  1

G ;£ ^  and v(G ,)<+~> for each /= 1 ,2 ,3 ,. . . ,  then £u(G,) =  N(Gt, со) <  + °° 
for each i with probability one.

In general, the set D(G) of realizations со having at least one multiple point 
in the measurable set G need not belong to si, but the the u-finiteness of v and the 
separability of the measurable space (R, Щ imply the existence of such an event 
C £ s i  that P(C) = 1 and D(G) = D(G)C belongs to s i  for each G£á2. Namely,

oo

let {G;}/1 j be a sequence of sets of 3â such that U Gt = R and v (G;) <  +°° for
»= 1

each i =  1, 2, ..., and let C be the set of those realizations со, for which N (G;, со) <  
<  +  oo for each i. Then C £ s i  and because of the cr-finiteness of v, P(C) =  1. On 
the other hand, from the separability of (R, Л) easily follows that D(G)C = D(G)Zsi, 
which proves our statement. We see that the choice of the event C depends only 
on the measure v. In the most familiar cases there are no multiple points of the 
process with probability one, i.e. P(D(G)) = 0 for each G£â2.

We shall denote by A(F2, F2, ..., Fj\ k l , k 2, ..., к j) the event that N(Fi) = ki 
for i =  l,2 , ...,7; where Ft , F2, Fj£â$ and k l , k 2, . . . , k j are nonnegative 
integers. These events generate sé even if Ft , F j  range over only an algebra 

generating thus sá is a separable u-algebra, too.
In many cases we are interested in the behaviour of our point process only 

in a measurable subset G of R. Such a problem is formulated in terms of the events 
of the cr-algebra stfG = a {A(F, k) ; F£&, FÇzG, k ^ 0 integer}. This is exactly the 
(T-algebra generated by the restriction Na(F, co) = N(FDG, m) = Na of N  to G. 
Obviously, the mapping A-+AQa is an isomorphism of s /G to the cr-algebra sé% = 
= {AQG\ A£jtfG}, where Qa denotes the set of counting measures со vanishing 
outside G. Further, it is easy to see, if Gx П G2 =  0, then jtfGi and are quali
tatively independent, and s / GiUGl = j/ Ci X ^ 6j .

Another approach to the above problem is to consider such a probability 
measure PG on s i  instead of P that

(2.3) PG(A) = P(A) if 
and

(2.4) Л;(ЯС) =  1-

Then the mapping A -^AQa preserves PG, and N = NG with PG-probability one. 
This PG is constructed as follows: For each A £ s i  there exists an AG£ s in such 
that AQg = AgQg, because the events A £ s i  with this property form a cr-algebra, 
and for the events A(F ,k ) generating^, we have A(F, k)Qa = A(FD  G, k)Q0. 
As BQg = 0 for a B £ s iG only if Ä =  0, Aa is uniquely determined for each A £si.  
The mapping A -*AG is a homomorphism of s i  to s i G, where A = A G if and only 
if A ÇsiG; thus

(2.5) P(1(A) = Pg(Ag) = P(Ag)
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defines a probability measure PG on stf, and it is the only one with the above prop
erties. We remark that the image of the event

(2. 6) zl0(F ,, . . . , Fj- k y , . . . , kj) = A(F,, ..., Fj; Ar,, ..., kj)A 

by the mapping A -+Aa will be the event

R -  Ú F ,;oj

(2. 7) A$(Ft , . . . ,  Fj; Ar,, ... ,  kj) =  A ..., F jП G, G -  Ú Ft; Ar,, ..., ks, 0 | ,

thus their /^-probabilities are equal

3. The generalized entropy of a point process

In order to define the generalized entropy of our point process, we have to 
give a measure A on stf. Then Нл(Р0 :л4) will be the Л-entropy of the process in the 
measurable set G. Of course, the most convenient choice of A depends on the concrete 
problem. Here we investigate a simple class of measures having very advantageous 
properties. For each a-finite measure A, 9, ... on 0? we define a <r-finite measure 
A, 0 , ... on s i  by the following construction.

Let A be an arbitrary c-finite measure on 0t. For each natural integer s set
(Rs, 01s, 2s) =  y^(R, 01, A)- R° is defined as a set having the only element x°  = 0,

k =  1
^°= {0 , R0} and A °(/t°)= l; i.e. (R°,0$°,A°) is also a measure space. The union 
of the disjoint sets R°, R 1, R2, ... will be denoted by R +. Similarily, Fs— X  F,

k =  1
oo

F° =  {x0 } and F+=  [J Fs for every FÇ.0Î. The elements of R + have the form
s= 0

x  =  ( x , , x 2, ..., x s) if x £ / ? s and x =  x° if x Ç /?° .  Observe, that to every x £ R +  there 
corresponds a finite counting measure cux in a very natural way, namely tox(F) =

S

— 2  à(F\xi) if x  = (x ,, x2, ..., xs) and a>xo =  0 .
i=  1

Now 3#+ = 1 (J Fs; is a d-algebra of subsets of F +, and

(3.1) A+(F) = if F£0l+
s = o

defines a tx-finite measure A+ on 0i + . Of course, every Fs and F+ belongs to 0t+
if F£0l, further A+(FS) = ~A (F )S for s =  0, 1,2, ... and A+(F+) = eMF).

The measure A will be defined by the following mapping T of s /  into the subsets 
of R +:
(3.2) ТА =  {х;х€Л+, wx€/t} if A^s0.

A relevant property of T  is that TA = Q if, and only if, N(R,co) — +°° for each
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со Ç. A. It is easy to see that T  preserves the set-theoretic operations, and TA (F, k)£ât+ 
if consequently Г is a homomorphism of s i  into . Thus

(3.3) Л(Л) = Я+(ГЛ)

defines a c-finite measure A on s i  such that A (A) = 0 if N(R,co) = + °° on A. Taking 
into account that

(3. 4) TA°(Fl , ..., F/, к j ,  . . . ,k j) = U  j X  Enl En =  F,kr  times, i =  1, . . . , j

j
where Ft , ..., Fj are disjoint sets of and s= 2  we have

i=l

(3.5) A { A \F l , . . . , F j - k l , . . . ,k j )) =  П ^ т у

D efinition 3. The entropy of our point process in the measurable set G is 
defined as the Л-entropy H A(PG:si) of PG on si,  provided that HA(JPG:si) exists. 
We shall denote this entropy by H2{P:G) expressing the fundamental role of the 
measure Я in its definition.

In the case, when PG-% A, then Hk(P:G) =  -  «>. We remark that PG% A if the 
process has multiple points in G with positive probability and the measure Я is 
nonatomic. Now let us assume that PG4, A on s i  and f G(co) is its Radon—Nikodym 
derivative. / G(co) vanishes outside S2a and

(3. 6) H ^ P :  G) = — J f G(co) logf G{co)A{dco).
n

Here / G(co) = 0 even if N(R, со) = +°° and

(3.7) f G(co) = P(A (G, i))/,(xx, x 2, ..., xs)

if N(R, co) = N(G, co) — s and co = cox, x — (xl , x 2, ..., x s); where f s is a nonnegative, 
measurable symmetric function on Rs vanishing outside Gs and

(3.8) //Д х)Д -Я 5(</х) =  1.
Gs S -

The function ^ f s is called the s-dimensional symmetrized density function of the 

process in G with respect to Я. From (3. 7) and (3. 6) we have

(3.9) H>{P: G) =  -  £  ws\ogws-  2= 1 5!
»V, f  f s \og f s/.s(dx),

Gs

where ws = P(A(G, s)). This is a well known formula for one dimensional point 
processes, when Я is the Lebesque-measure. (See R udem o  [1] and M c F a d d e n  [4]).

Now we derive a useful formula for the transformation of entropy, when Я 
is replaced by another measure. Let 9 <? Я be an arbitrary cr-finite measure on
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»9 (dx)set - - - -  = cp{x)-19 induces by (3. 1), (3. 2) and (3. 3) a cr-finite measure О on si, kyax)
0<^A and

(3.10) = П <р (х() if ы = and X =  (X,, . . . , *s)e R+.A (aw) i=i
Thus in the case when PG<^0 and the terms of (3. 11) are defined, from (3.9) we 
obtain the following relation:

(3. 11) He(P: G) = IIÀ(P : G )+/ e(x) log <p{x)k(dx),
G

where

(3. 12) q ( x )  = ’ <£>■ =  s w s f . . .  f f s ( x ,  x 2 , . . . ,  *s)A(r/x2)...A(i/xs)

is the density function of the point process with respect to A.
Finally we define the conditional entropy HX{P:G1\G2) of our point process 

in GI given the points of the process in G2 (G{ 0 G 2 =  0), in the sense of Definition 
2. For this purpose we have to define a measure Ac on s i  G such that

(3. 13) П2(Р: G) =  HAc(PG: siG) for every G i®
and
(3. 14) AG iUe2( ^ i d 2) — ЛС1(Л|)Лв1(Л2)

if С,П<72 =  0 and At € j i Gi, A2e s / C2; that is AGlUGl = /lCl X ЛСг. This Л0 
will be defined by

(3. 15) AC(A) = A(AQG).
Then
3.16) Лс (Л )= 0 if N ( R - G )  >  0 on Л,
further

(3.17) ЛС( Л ° ( ^ , ... ,  Fjik,.......kj)) = П i -A i^ n G )» ' =
»=1 'Ч*

= AG(A°G(Fl , . . . ,Fj ; k l , . . . , k J)) 
if Tj, F2, ..., Fj are disjoint sets of and

(3.18) Лс(Л) =  0 if N ( G , w ) = + ° °  on A.

Thus (3. 14) holds for events of ,tfGl respectiely s i Gl of type as in (3. 17) or 
(3. 18), but these events generate s iGt respectively s i Gl, consequently (3. 14) is 
true for each A 1Çs/Gi, A 2Ç s/G2.

On the other hand, as the mapping Л —Лйс preserves PG and AQG — AGQG 
for each A £ s /,  we see that

(3. 19) H APa: s i)  =  НЛс(Ра: О  =  HAc{P: siG)
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Thus the conditional entropy H/ (P:Gl \G2) can be defined in the sense of Definition 
2. as

(3. 20) Яя(Р : G,\G2) = HAey Glua2\ < 2), where СХПС2 =  0.

From (1.9) we obtain

(3.21) Hx(P:Gt ÖG2) = Я ,(Т :С 2) + ЯЛ(Р:С1|С2).

Further, (1. 10) becomes

(3.22) HÁ(P:Gt \G2) ^  Hx(P:Gt),

where equality holds if, and only if, s4Cy and s4 Gl are F-independent, that is

(3.23) НХ( Р : С ^ С 2) Яя(Т:С1) + Яя(Т:С2) 

with equality if, and only if s4 G% and $4 Gl are P-independent.

4. The dimensional entropy

In this section we give another definition for the entropy of an r-dimensional 
point process, which is essentially equivalent to the above one, if 2 is the Lebesque- 
measure.

An approach to the definition of the entropy of an abstract random variable 
is the method of R ényi and Balato n i [3]. (See C siszár  [2] § 4 , too.) The crucial 
step of their definition is the construction of an approximating sequence of discrete 
random variables; the asymptotic behaviour of the Shannon-entropies of these 
random variables suggests the way of the definition of the entropy. Taking into 
account the structure of an r-dimensional point process, this method can be applied 
in our case, too. We define the entropy of our point process in every Borel set 
G, where the average number of points is finite.

Let us consider an r-dimensional point process. This means that R is the r- 
dimensional Euclidean space and 'M denotes the e-algebra of its Borel subsets. 
An r-dimensional interval of type

(4. 1) /„ =  { f o , ... , r , ) ; ^ s r f <  2> •• » r} >

where кл ,к 2, ..., kr, n are integers and и>-0, will be called a cell of the e-algebra 
rM{n), generated by these intervals. The e-algebra »4G > of subsets of Q, generated by 
the restriction N^  of NG to áí?(,,) is an atomic e-algebra, and in case of N(G) <  + °° 
with probability one, the atoms of s 4 ^  having positive probability are events of 
type
(4.2) Tg(F i"),...,F jn>;k1). . . ,k J) =

=  A П G, ..., Fj"> П G, G— U Fln) ; k l f ..., kj, oj
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where F}n), F)n) are cells of á?(n). This means, if 7V(G) <  with probability 
one, then Ntf* is a discrete random variable taking values in the set of finite integral 
valued measures on dt(n) vanishing outside G. The sequence Nq'1 approximates NG
in the sense that .c/c = cr j |J The following theorem characterizes the beha
viour of the Shannon-entropies Я(iV^,,).

T heorem 2. I f  v(G) <  +°°, then 

(4. 3) Я(Л#>|Л$">) ё  rv(G) log + 2J

where H{NG)\NG')) denotes the conditional entropy of NGn) given NG'\
Proof. The assumption v(G) ■< +«> implies that Nty is a discrete random 

variable for each n. Now, let us be given any atom Abm) = AG(FÍm), Fjm); k 1 
of Under the condition that A%"\ obtains, Ntf'* can take on at most

(4.4) яЫ * m- +  2
\rN(G)

I

\rki

different values, namely the number of those cells of having nonempty inter
section in any fixed cell Fjm) of 0?(m) is at most | ^  + 2j , and the kt points of the

process in F\m) can be distributed in these cells of d#in) at most in +  2  ̂
ferent ways. Consequently 

(4. 5)

dif-

H(N£>\Ap>) S  rN(G) • l o g ---- (- 2 .m
Taking the expectation of (4. 5) we obtain the required statement.

As Я(Л$>, N tf f  = //(A#0), from (4.3) follows that

(4. 6) Я(Л#>) s  A « "» )  Я(Л#>) + r • v(G) • log (n + 2).
Thus either each is finite or all are infinite. It is easy to see that H(N
is always finite if G is bounded. Relation (4. 6) suggests the following definition. 
(See Balatoni and Rényi [3]).

Definition 4. In the case, when H(N(Gl)) <  and d =  rv(G) <  +  = , we 
define the (/-dimensional entropy of the process in the Borel set G by

(4. 7) Hd(NG) = lim (H(Ng>) -  d log n),
n

provided that this limit exists. Hd(Nc) is called the (/-dimensional entropy of NG, 
too. If A ^ ^ 1’) =  -boo, then we don’t define Hd(Nc).

T heorem 3. I f  the average number of points in the Borel set G is finite, d — r- v(G) 
and A (N(Gl)) <  + °o, then the d-dimensional entropy of Na exists, and

(4. 8) Hd(NG) -  inf (Я(Я^)) -  d log n).
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Proof. Let h be the greatest lower bound of the sequence H P  = H(NP) — 
—d\ogn; we know that h <  4-°°. We have to show that, if о  h, then HP~cc 
for every n large enough. According to the definition of h, there exists an m such 
that For every n there holds the relation

(4. 9) H P  H{N(p )  + H{Np)IN p r) - d -  log«,

whence by Theorem 2. we have

14. 10) H P  ё  tf<"■> + </. log ( 1 4- 2

which proves the theorem.
Finally, we treate the connection of Definition 3. and Definition 4. We shall 

see that they are essentially equivalent if the process has no multiple points with 
probability one.

T heorem 4. Let us denote by Â the r-dimensional Lebesque measure, and let 
Л be the measure induced by X on s/. I f  Hd(Na) is defined (i.e. H (N(G' *) <  +°°, 
and v(G) <  4- further
(i) HfiPc - . s d p ) > - ~

(ii) P{D(G)) = 0, 

then I f  (P : G) also exists and they are equal.
Proof. In view of Theorem 1. it is sufficient to show that the sequence

(4. 11) d (H)(G) =  H (N P )-d \o g n  - Н Л(РС: я?Р)

converges to 0. The atoms with positive probability of and of sd(p  respectively, 
are the events A%(F[n), ..., F p ;  k t , ..., kj) respectively A°(F\n), ..., F p ;  k x, ...,kfi, 
where F{n), ..., Fjn) are cells of Л(п), and the PG-probabilities of the corresponding 
atoms are equal. As N(G) is measurable on j d (p ,  and d-\ogn = E(\ogn~rN(G)), 
from

(4. 12) A(A°(F{n\  ..., FP; k i t ..., kfi) =  n ~ ^ G) f j  Â
i= 1 I

we see that
(4. 13) AM(G) = E(nM (G))

where f n)(G)= ^ " )(G)*log k\, and £P (F) = £P  (F, cb) denotes the number of

those cells FM of ^ (n) for which N(GH FD F (n), (d) = k. Цр(т, со), thus /j<n)(*,w), 
too, is a measure on á?(1), and

(4. 14) tj<a)(F(1)) = log Na(F(l))\ = qa ) (F(1))

if F (1> is any cell of ^ (1); consequently

(4.15) t1M( G ) m i f1\G).
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Further, if N(G, of) < + » ,  and w has no multiple points in G, then for an 
n which is large enough, all the points of ы in G will be in distinct cells of á?<n>, thus 
from v(G) -c +°° and assumption (ii) we obtain that
(4.16) lim t](n)(G)=0

П
with probability one.

On the other hand, assumptions (i) and H iN ^ )  <  +=» imply

(4.17) £(i,(1> (G ))< + ~ ,
whence the statement of the theorem follows by the dominated convergence theorem. 

Observe that (4. 17) follows also from
(4. 18) E(N(G) log N(Gj) < + «
and if G is bounded, then they are equivalent. But, assumption (i) is a very natural 
one, namely if it does not hold, then НЛ(РС:38) =  — for each <r-algebra
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ON GENERALIZED ENTROPY

by
I. C SISZÁR

§ 1. Introduction

In information theory, the following quantities as measures of the „amount 
of information” are very important:

(i) Entropy: Let 0>= {p i)i€/ be a discrete probability distribution (i.e., 0,
2 > ;= 1 )  where /  is a finite or countably infinite set of indices; the entropy of 3P
ia
as defined by Shannon [13] is

(1.1) H(&) = - Z P i \ o g 2Pi.
tei

(ii) Differential entropy: let SP  be a continuous probability distribution in the 
r-dimensional Euclidean space, given by a density function/(x) (/(x)ë0, J f (x )d x  = l) 
where x =  (xt , . .. ,xr), dx = dxl ...dxr. The differential entropy of SP  as defined by 
Shannon [13] or r-dimensional entropy of 3P  as defined by Rényi [8] is

(1.2) Hr(&) = - f f ( x ) l o g 2f(x)dx.

(iii) I-divergence: let //, and p2 be two probability measures on an arbitrary 
measurable space (X , 3C). The /-divergence of p t and p2 as defined by K u l l b a c k  
[5] is

(1.3) I(Pi: Рг)
f  log, P i  ( d x )  if P i  <  P i

+ °° if p1 M p2‘

A particularly important special case of /-divergence is 
(iii a) The mutual information of two arbitrary random variables £, and £2. 

Let í j  and take their values in the (arbitrary) measurable spaces (Y( , 3Cf) and 
(X2,& 2); let P(t, and p(lf2 denote the distribution of the distribution of 
^2 and the joint distribution of and £2, respectively (p{i, pi2 and gil?2 are proba
bility measures on (X1,3 f1), (Х2,ЗС2) and (Xt X X 2, respectively). The
mutual information of and ^2 is defined as

(1-4) Щ 1,И2) =  Щ 1(2-Р'1ХР'г)-

The information quantities (i)—(iii) are of similar type and as a common 
generalization of them one may consider the entropy of a probability measure p
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on an arbitrary measurable space (X, Ж) with respect to a u-finite measure A given 
on the same measurable space:

J f(x)\og2f(x)?.(dx) if p 4: A 
°° if p A

where f(x)  denotes the Radon—Nikodym derivative of p with respect to A 
(if /r <4 A).

If X = {x i}iiI is a finite or countably infinite set, 3C consists of all subsets of 
X  and the probability measure p = & is defined by the measures of the one-point- 
sets: p({xi})=pi (i€/) and if we choose for A the counting measure, (1. 5) reduces 
to (1. 1). In a similar way, if X  is the r-dimensional Euclidean space, 3C consisting 
of the Borel sets, and if the probability measure p = SP is absolutely continuous with 
respect to the r-dimensional Lebesgue measure, playing the role of A, (1. 5) reduces 
to (1. 2). At last, according to (1. 3) and (1. 5) we clearly have

(1.6) Iißi-Pi) =
The term „generalized entropy” is due to P erez  [6]. He has considered, however, 

only the case that A is a probability measure. The quantity (1. 5), with an arbitrary 
u-finite A has been treated in several papers of R osenblatt— R o th , see e.g. [10], 
[11]. [See also Ghurye, S. G. Information and sufficient sub-fields, Annals Math. 
Statist. 38 (1968), 2056—2066; added in proof.]

The aim of this paper is to give an account of some basic properties of gener
alized entropy (mostly well-known in the case that A is a probability measure, see 
[3], [5], [6]) and to call attention to connections of generalized entropy with some 
other information-theoretic concepts, in particular, with the concept of dimensional 
entropy (see [8]). The main motivation has been to provide a background for inves
tigations concerning the entropy of point processes, see the forthcoming paper 
of J. F ritz  [4].

Section 2 is centered around the generalization of a theorem of D o b r u sin  [3].
Section 3 is devoted to the definition and basic properties of conditional gen

eralized entropy.
In Section 4, the connections of the theories of generalized entropy and of dimen

sional entropy are pointed out. Some of the ideas of this section are due to J. F r it z .

( 1 .5 )

§ 2. Basic properties of generalized entropy

Fet (X, ?I) be a measurable space, let p be a probability measure and A a a- 
finite measure on 9C.

D efinition  1 . If W is a sub-u-algebra of Ж, the generalized entropy of p with 
respect to A, or briefly, the A-entropy of p on Щ is defined as

(2. 1) Hx(p, V ) = - f  M x )  log2/*(*)A(</x)

if /( <̂  A on rW, where f®(x) denotes the Radon—Nikodym derivative of p with respect 
to A with underlying u-algebra W (if the integral does not exist, Hk{p, <¥) is not 
defined) and we set Hx(p, <¥) =  — °° if p ̂  A on .
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If <& = 9C, we write Hя(р) and f(x)  instead of Hx(p, 3C) and /<*(*); for this case, 
definition 1 clearly reduces to (1. 5).

D e f i n i t i o n  2. If £  is a random variable with values in (X, S )  (i.e. a measurable 
mapping of a probability space (Q,  P )  into (X , S ) )  and Я is a а-finite measure 
on S', the Я-entropy of £ is defined as HÀ(Ç) = Hx(p() where p( denotes the distri
bution of £, i.e. the probability measure on S' defined by

(2.2) ^ (A )  = P (U A )  = P({(o:^(w)eA}) if A^3C.
A finite or countably infinite class SI =  {Л,},€/ of subsets of X  is called a partition 

of (X ,S) if 4€ЯГ(*€/), Air)Aj = 0 ( t* j)  and [j At = X.
ta

If p is a probability measure and X a cr-finite measure on S’, let us denote by 
R = RÀ fl the class of all such partitions of (A", S') for which X(A,)<«= (iÇl) and 
the sum of the positive terms on the right hand side of

(2. 3) Яя ( p ,  31) =  Z  И (Ад log2 4 т 4 т
ie I P\Ai)

is finite. Observe that if we denote by stf the ст-algebra with atoms At ( / € / )  then 
(2. 4) Hя (p, 91) =  H, (u, si) if SI € R.
We agree to understand

(2.5) 0-log2 ^  =  0; b • log2 Ц = — °° if b>0.

Then # я(//, Sl) is well defined by (2.3) for every SI €2? and we have — °° s  
— SI) < + “ •

If St =  {^,}Í6Í and 35 =  {2?j}j€J are two partitions of (X, S') such that to each 
j £ J  there exists /£ /  with B j d A iy we shall write SI-<33 or 35>~Sl.

Lemma 1. $5>Sl6 2? implies 35 Ç 2? and
(2.6) H x(p, 35) s  HÀ(p, SI) <  -poo.

Proof. Substituting in the inequality 

(2. 7) log2 u ä  l0g2 u0 +  b (u -  u0) log2e)
»0 J

HBj)
~ P(Bj) '■ u о = M4Ù

P(Ai)
multiplying both sides by p i B j ) 1 and summing for the indices j £ J  with B j d A t we 
obtain, since 2  P(Bj) =  p(A,), 2  Л(Л,) = Л(Л,),

j ' . B j t z A i  j - . B j t z A t

(2. 8) Z  p (Bj) iog2
j : B j C A t

Ш А
KBj)

S  p(Ai) log2
4AJ_

1 Observe that — due to the conventions (2. 5) — the inequality obtained in this way is valid 
even if p(Bj) or l(Bj) or both vanish.
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Summing for all id I, the inequality (2. 8) obviously implies (2. 6).
Lemma 2. I f  p 4, Я and 2Í £ R, we have 

(2. 9) - / / ( * )  log2f(x)l{dx) ^  H-(p, 21)

H(dx)where f{x) denotes the Radon—Nikodym-derivative

Proof. Substituting in (2.7) u -
1

-f{x) ’ W° p{At) ’ 
integrating on At we obtain, similarly as in the proof of lemma 1,

Â(dx)'
MA,) multiplying by f(x)  and

(2. 10) f f ( x )  1°ё 2 д у) Mdx) ä  p(At) log2 ^  j y -

Summing for all id I, the inequality (2. 10) gives rise to (2. 9).
Observe, that the class R is a directed set with respect to the relation -<. Lemma 

1 implies that the limit lim Hx(p, 2Í) exists and equals inf Hx(p, 2Í).
R 916 «

T heorem  1. I f  R = RX fl is non-void, we have
(2.11) inf Hx(p, 91) =  Hx(p).

91 6R

Similarly, i f  <& is a sub-o-algehra of 3C and the subclass R<& of R — consisting of those 
partitions Ml = {Aijif f for which AtdatJ, id l  — is non-void, we have
(2.12) inf Hx(u, 91) = Hx{p, <&).

91 ÍR a /

P ro o f . Obviously, it is enough to prove the first statement. If p is not absolutely 
continuous with respect to Л and 91 = {Лг},е /is an arbitrary partition belonging to R, 
for some /Ç/there exists Ad&, A c A ,  with p(A)=~À(A) = 0. Replace in 2Í the set 
AI by A and for the partition $>21 obtained in this way we have Я л(/г,$) =
=  — °o. Thus we have to consider the case p<^/. only.

Lemma 2 implies

(2. 13) inf Hx(p, 21) = — / f(x)  log2f(x)X(dx) = Hx(jp);
916 R

in particular, the integral is well-defined and it is < + ° ° . Furthermore, if e>0, 
let h,, i = 0, ±1, ±2, ... be positive numbers such that A,<Aj + 1, lim A,=0,

lim h, = +°° and
i-+ +  00
(2.14) log2 AJ+1 —log2Af <  e, i =  0, ±  1, ± 2 ,. . .  ;
consider the partition 2Í =  {4,},€/ where the index set /  consists of the integers 
and of the further index a and
(2. 15) Ai={x: hi ==f ( x ) < A/+,} if i = 0, ±1, ± 2 ,...

(2. 16) Aa =  {*:/(*) = 0 or f(x)  =  +°°}.
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Then, by the definition of A-x and of f(x), we have Л,А(Л1)ё/1(,41) ё / /1+1А(Л1.)

if /£ /, (V a; thus, if x £ A (, both /(x) and are in the interval [Л,-, Ai+1) andл\A i)
therefore, using (2. 14)

(2. 17) / Ax)  log2/(x)A(<fx) f  /(x) [log
i i  A i  V

= -  P(A) log2 + ep(At).
Of course, for i =  a

(2. 18) f /(x) log2/(x)A(i/x) -  -/i(z la) log2 = 0.

(2. 17) and (2. 18) give rise to

(2. 19) / / (x ) lo g 2/(x)A(t/x) ё  - Я л(/г, 91) + г.

As e> 0  has been arbitrary, (2. 19) implies that the right hand side of (2. 13) 
is greater than or equal to the left hand side. The proof of Theorem 1 is complete.

R e m a r k . The above proof shows, too, that if /i A and J /(x) log2 /(x)A (dx) >  — °° 
then R is non-void; thus, in this case, the condition of Theorem 1 that R is non
void may be omitted.

Let now be an algebra of subsets of X  generating the ст-algebra SC. Let 
9l0 =  {Л?}1€167? be a fixed partition with Af£2C0, i£ l0. Let us denote by R0 the 
class of partitions 93 = {5j}j€j of (X, SC) with the following properties:

(i) 93>9l0; BjÇ.% 0  for each JÇ.J-
(ii) There is only a finite number of B f  s not equal to some Af (/Ç/0).

T heorem  2. Let R* be a class of partitions of X  such that to every 9.1 £ R0 there 
exist 91£ R* with 91 >91. Then
(2.20) HÀ(p) =  inf H;fp, 91).SI (R*

C o ro lla ry . If 9I„, n = 1,2, ... is an increasing sequence of partitions of (X, 9C) 
(i.e., 91n+1>9l„, n — 1,2, ...) which generates the cr-algebra SC (i.e., the smallest 
а-algebra containing all sets belonging to some 9l„ is SC) and 91, £R then

(2.21) Hx{p) =  Hm Hx(p, 9l„).
П -+00

P r o o f . In view of Theorem 1 and lemma 1 it is enough to show that to every 
partition 9Г>-910 there exists 916 R* w ith/ /д(р,91) arbitrarily close to Нл(р, 91')-

For the sake of definiteness assume that Hx(p, 9Г) is finite; if Hx(p, 9Г) ----- OOj

in the following proof only obvious modifications are needed.
Let 9l' = {Aik}UIMl where U Aik = Af  (г€/0).

*€/
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Let 8 be an arbitrary positive number and let I'0 be a finite subset of 70 such that

(2. 22) 

and 

(2. 23)

Z  v(A?)l°g2^ r ú  <  enfM, ML4;)

Z  M (Л*) log2 <  Я , (p, ST) + a
t a ’o k Z I  A A ik)

(the existence of such Г0 follows from 'Л0 f  R and the assumption Hx(ß, 31') >  — °°).
As the algebra 9£0 generates the e-algebra 9£, for arbitrary s' >0, there exist 

Bik € Ж0, BikcA?  such that2

(2. 24) g (Aikо Bik) <  a', 2(d,t о ßik) <  г' («€/0, к^Г);
here we made use of the condition 2(/4г/[)й2(Т ?)< °°.

Let Г  be a finite subset of I  to be specified later; without any loss of generality 
we may and do assume Г  =  {1, M  — 1}. Consider the sets

к —1 M -l
(2. 25) Cik = Bik \  U BtJ ( l á j á M -  1), CiM = A? \  U Bt].
Then

t=i ‘ j'=i

° Cik — (Aik\ C ik) U (Cik\ A ik) c  (Aik\ B ik) U
k-i

7=1
U U (Aikr)Bu) \{J(Bik\ A ik)cz U (Ajoß,;);

7=1
thus, using (2. 24)

(2.26) i;(d№oCit) <  W ,  / ( 2 itoC;t) <  Me' (k=  1, M - 1),

furthermore

(2.27) n (C ,„ )< /i U ? \  U A.
7=1

- M 2e', а д и) < Ш ? \  и Лу
7=1

+ M 2e'.

Let now Т с /  be chosen in such a way that for every i£l'0

(2. 28) 

and 

(2. 29)

2 . o , a . o S2^ S ; 2 , ( 7 , a i o g !^ +8'

M -l
м М ? \  У 1 т4уI < e", 2

M -l
d , ° \  U Лу

J
where г" is a positive number to be specified later. According to (2. 26), (2. 27) and 
(2. 28), if e' and s" have been chosen small enough, we have

(2. 30) Ё в ( с ш) log2 ^  S  Z  K A ik) log2 ^  + N ,

2 The symbol о denotes symmetric difference: A o B  — ( A \B )  u (Æ\/l).
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£
where N denotes the size of T0 ; in particular, we may assume e" < - . Then, according
to (2. 22), (2. 23), (2. 28) and (2. 30), for the partition 33Ç/?0 consisting of the sets 
Clk (idl'o, k=  1, . . . ,  M) and A? (i£I0\I'o) there holds
(2.31) Нх( р , Ъ ) ^ Н х(p,W ) + 4e

(we made use of the fact that, in view of (2. 8), the condition (2.22) implies

2  2  /*(Л№) log2 as well).
mil, к a  H(Aik)

The proof of theorem 2 is complete.
To prove the corollary, we have to take as 9£0 the algebra of sets which are 

finite unions of sets belonging to some S2I„ (и =  1,2, ...) to let Æ* =  {2lB}, and to 
refer to lemma 1.

Also the following generalization of the corollary of theorem 2 is valid:

Theorem 3. Let {%}aeA be an increasing net of sub-c-algebras of 3C, i.e. let 
A be a directed set and let if  > a 2• Let 0/ denote the smallest a-algebra
containing all W^s. Then
(2. 32) lim Я , 0 ,  а д  =  Я ; 0 ,  Щ

provided that is non-void for some ot£A.
P roof. Without any loss of generality, we may assume <Ш = 9£. Theorem 1 

implies that the limit on the left hand side of (2. 32) exists and equals

(2 .3 3 ) in f я я(/|, а д  ё  H x(p).x£A
Furthermore, S£0 = (J *s an algebra generating — by assumption — the

a£ A
er-algebra ST. Let 2I0 be a partition belonging to Rya0 for some ix0£A and let R* 
be the class of all partitions 9t>9f0 which belong to for some a £ A. Then, by 
theorem 2,

(2.34) H k(p) = inf H x(p,  91)SJ € R*
and as Яя(/4, а д ^ Я я(/у, 31) if 91 Ç R9^, (2.34) gives rise to

(2.35) H x(ji) ё  inf H x(ß, а д  =  inf н х(р, а д .
x£A

(2. 34) and (2. 35) imply Hx(ji) = in fHx{pfyf) completing the proof.
a £ A

In view of (2. 4), theorem 3 is, indeed, a generalization of the corollary of Theo
rem 2. Let us emphasize that the condition that R^x is non-void for some a Ç.A, 
as well as the corresponding condition in the corollary of theorem 2 that 
(or, at least, 9I„ÇÂ for some n) cannot be omitted, in general. E.g., let X  be the 
real line, ST the c-algebra of Borel-sets, and let 91,, be the partition of X  to the diadic

[
к к +  1 )—, — —I . Let к be the Lebesgue measure and let p be a discrete probabi-
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£
lity distribution concentrated on the integers A:S2, defined by p({k}) = ^  2 ^ ,

where c is a norming constant. Then Hx{p, 2T„) =  +  °° for each n, while H x(jj)  = —
A similar counterexample may be constructed even with p<^k. In fact, let the próba-

Q
bility distribution p be defined by the density function f(x) = -log2 к if к

1k + ^r (k = 2, 3, ...) and /(x ) = 0 elsewhere, where c is the same norming constant
К

as above. Then Hx{p, ЧЛ„) =  -f- со for each n, while Hx(p) — —J f(x)\og2f(x)dx  
is finite.

If Я is a probability measure (or, more generally, a finite measure), the trivial 
partition consisting of X  alone always belongs to R. Thus, in this case, the condition 
of the corollary of theorem 2 as well as that of theorem 3 is automatically satisfied. 
Actually, for the case that Я is a probability measure, when Hx(p) reduces to the 
i-dinvergence I{p:X) (apart from a — sign) the statements of theorems 1—3 are 
well known. In this respect, the contribution of this paper consists only of the gen
eralization to the (т-finite case. The proofs of theorems 1 and 2 presented here are 
adaptations of Dobrusin’s proofs [3], given originally for the particular case (iii a) 
(see § 1). Theorem 3, for the case that Я is a probability measure and A = { 1,2, ...}, 
appears in [6], with a proof based on martingale theorems. Of course, theorem 2 can 
be deduced from theorem 3.

We conclude this section by a property of Я-entropy which is well known and 
basic in the particular cases (i) and (iii) referred to in § 1 (cf. [13], [5]) and which 
provides an intuitive meaning of Я-entropy in the general case, as well.

Theorem 4. Let (X", Ж") be the Cartesian product of n exemplars of (X, Ж) 
and let p" and Я" be the corresponding product measures obtained from p and Я, re
spectively. Let us denote by ß* = ß*(a) the infimum of X"(A) for the sets A f  SC' with 
p(An) a j .  Then, for every 0 < o t< l, we have

(2.36) lim i-log2^  = Я я00
П-+оо ' ‘

provided that Hx(p) exists.
Proof. If there exists a set Bd31 with Я(5) = 0, /<(£) = e >0. Then, if

n is so large that (1 — e)n <  1—a, the set A = X r\ ( X \ B ) n having Я^теавиге 0 
satisfies p"(A)xx, hence ß* = 0; i.e., in this case, (2. 36) is trivially valid. If / r Я,
f (x) = K dx) 
П  ) Я( dx ) ’ we have цп Я" with Radon—Nikodym derivative

(2. 37) pn(dxl 
An(dxl .

■dxn) = TJf(x .) 
:dXn) Д ЛХ‘}-

Let

(2. 38) 4n = ... >*„) = i ' l o g  2 f ( x t)

and denote by T„(e) the subset of X я where \t]„ — <  e if Hx(p) is finite or
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r ] n ^ ~ B  (°r t] n  ^  “ J if Яд^  = +°° (or Яя(я) =
large numbers implies
(2.39) lim nn(Fn(ej) =  1.

oo). Then the weak law of

On the other hand, on account of (2. 37) and (2. 38), we have 
(2. 40) 2*н м - г)nn(Fn(e)) S  Xn(Fn(E)) =s 2n(HM+e) n"(Fn(e))
if Hx(g) is finite and

(2.41) A"(*,(e))
S  2

From (2. 39), (2. 40) and (2. 41) — as 
follows.

if ( p )  =  + ° o

if =
£>0 has been arbitrary — (2. 36) readily

§ 3. Conditional entropy

Our next aim is to give a proper definition of conditional generalized entropy, 
with respect to a cr-algebra i ^ c f .

Let (X, ЭС) be a measurable space, let У  be a sub-er-algebra of SC, let ц be a 
probability measure and X a o-finite measure on SC, and let the restriction of ц and 
X to У  be denoted by Д and X, respectively. Observe, that X may or may not be a- 
finite on У . Let Aj be a er-finite measure on У  such that

(3. 1) X<Xt (on У).
Let XA (A € 9F) denote the measure on У defined by

(3.2) XA{B) = X{AC\B) (В £ У).
Then, in view of the assumption (3. 1), XA<̂ X1, thus one may speak of the (^-meas
urable) Radon—Nikodym derivative

(3. 3)
If fi<^Xt , let us define

8 a (x )  =
}-A(dx)
Xx(dx) ‘

(3.4) X'(A) = f  gA(x)n(dx) =  f  gA(x)n(dx) (A £ SC).

As different versions of the Radon—Nikodym derivative gA(x) may differ only 
on a Xt -null-set, under the condition ß<^X{ the integral on the right hand side of 
(3. 4) is uniquely defined, and it is easy to see that X' is a c-finite measure on SC. 

We shall write

(3. 5)

(3. 6)

™  = ш if 

Кх> = Х Щ  if
(of course, the Radon—Nikodym derivative \  is understood with respect to У),

A  ] \jClX)
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T heorem  5. The following assertions are valid:
(i) Д <| /[ implies A' <̂ A; in this case3

(3.7)
)' (dx) 
A (с/х) =  /(*) [А].

(ii) p *4/. if and only i f  and /; A' ; /« /Ай сдав

(3.8)
(iii) we have

P(dx) /(x) 
A' (с/х) /(x) [A'].

(3.9) 77д(/0 =  HXl(ji) + Hx.(ji)

provided that the right hand side is defined. Here, o f  course, Hx ] (p) means H; f  p, <W) = 
= H Xl(p, <¥).

P ro o f , (i) If Д<^А1; we have, according to (3. 4), (3. 6) and (3. 3)

(3. 10) f (A )  = f  gA (x)p(dx) = f  gA(x)J(x)).fdx) = f  f(x)/.A(dx)

for every A In view of (3. 2), the last integral in (3. 10) is equal to J /(x)A(rfx).
л

Thus assertion (i) is proved.
(ii) p<4X implies ß<4%, thus, in view of (3. 1) fi <4 Ai ; moreover, in this case 

A' is defined and, according to (i), A'(/1) = 0 (AÇ.ST) implies/(x) = 0 [A] on A, i.e. 
A czN 1UN2 where N l = {x:J(x) = 0}Ç^ and A(/V2)=0. (3.6) implies /i(/V,) = 
=  ̂ (/V1) = 0 and p<4À implies p(N2) = 0. Thus, if Л'(А) = 0, we have/i(/l)=0 as 
well, i.e., p<4f-

The converse implication is trivial, as, by (i), Д<^АХ implies A' <|A.

(3. 8) follows from the “chain rule” 4?~ГТ =  ^ 7 ^ 'T T X T  using (3- 5) andA (ax) A (dx) A (с/х)
(3. 7).

(iii) The second term on the right hand side of (3. 9) is defined only if /r<^Ax. 
In this case, if /i<ti A', we have Hx.(p) = — °° and, by (ii), g<gA, thus Hx(jp) =  — oo 
as well.

In the case Д<^АХ, p<4^' we have

(3. 11) HXl(ß)= - f  /(x) log2/(x)A, (dx) = - f l o g 2f(x)ß(dx) =

= ~ f l o g 2 J ( x ) p ( d x )  = —  f f ( x )  log2/(x) А(Дх) 

and, in view of (3. 8) and (3. 7)

(3. 12) H M  =  -Jlo g 2f f  2 '№ ) =  - j m  l o g , ®  2 № )

3 The symbol [A] means as usual: almost everywhere with respect to A.
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provided that the integrals defining H Xl(̂ i) and # 2.(/i) do exist. Thus, if the sum 
Дя,00 +  -^А'0l) >s not °f the form -f oo — oo? (3. 11) and (3. 12) gives rise to

(3. 13) HXt(fi) +  HX.Q0 =  - / . f i x )  \og2f(x)k{dx) =  ЯА0!)•

The proof of Theorem 5 is complete.
Equation (3. 9) suggests to interprète Я л-(/1) as conditional entropy with respect 

to the <T-algebra 3J SC.
Definition 3. If A is a cr-finite measure on SC and At is a (7-finite measure on 

ЗУcSC with (where the bar denotes restriction to <3f), the conditional A |A j-
entropy of a probability distribution ц on SC with respect to 3/ is defined as

(3.14) Нц21(ц\<аг) = н ж  0
provided that Д^АХ and Hx.(jC) exists. Here the a-finite measure A' on SC is defined 
by (3. 4) and (3. 3).

According to (i) and (ii) of Theorem 5, we have

(3.15) HMil (л|39 = —/ / ( * )  log2^ A ( d r )  if

(if the integral does not exist, HX\X{(ji\3/) is not defined) and
(3.16) HX\Xi(n\<&) = - c o  if fi 4 . /i A 

(if Д <^А 15 HX\Xl(ß\3/) is not defined).
With the notation (3. 14) the identity (3. 9) becomes

(3. 17) Яд 00 = HXl(jx, <3T) + HX[Xl(ß\W).
R em ark . The measure A' defined by (3. 4) plays the same role as the measure 

Hi2 in [1] and [2]. Analogously to the definition of /i12 in [2], one could define A' 
for the case ^<^A t as well, thus one could speak of H X\Xl(ß\3J) even if Д^А2; from 
the point of view of identity (3. 17) the way how HX\Xt(n\3f) is defined for Д At
is irrelevant as in this case Hx(jx) = • HXl(p) —  ----- OO,

An important special case of Theorem 5 arises if and 3J2 are qualitatively 
independent4 sub-er-algebras of SC, such that the smallest c-algebra containing both 

and 3J2 equals SC, and the measure A has the property

(3.18) A(Z?, (T ß 2) =  A1( ß 1)A 2 ( Ä 2) (Bxd<3Jx, B2d3/2)
where At and A2 are (cr-finite) measures on 3/l and <&2 respectively. As the class of 
finite disjoint unions of sets Bx П B2 (Bi ç <3fx, B2 £ 3/2) is an algebra generating 
the e-algebra SC, A is uniquely determined by At and A2. The point worth emphasizing 
is that, in this case, the conditional A|At -entropy HX\Xl(ji\3/j) = Hx (ß) depends only 
on A2 and not on Aj. In fact, if A = ВХГ\В2, В 1 £ЗУ1, В2 аЗУ2, we have, in view 
of (3. 18), £л(х)=А2(52) if x £ B t and g/t(A’) = 0 elsewhere, thus, by (3. 4),

(3. 19) k'(A)=p(B 1)k2 (B2).

4 I.e., B,z3J„ Bl í3 /1, j9,?í0, B2*Q implies B,nB2 ^0.
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Using the qualitative independence of <3̂  and <3̂2, cf. Footnote4, it is easy to check 
that (3. 19) gives rise to a uniquely defined <r-finite measure on the algebra of finite 
disjoint unions of sets В1Г\В2 , B2 Ç <W2) thus the measure k' is uniquely
defined on 3C, as well, without any reference to k^ or k.

D e f i n i t i o n  4. Let and c&2 be qualitatively independent sub-cr-algebras of 
3C such that the smallest сг-algebra containing both <8̂  and <У2 equals SC. Let p be 
a probability measure on 3C and k2 a cr-finite measure on . Then

(3.20) Я Л2( / ||^ )  =  H A ß )
will be called the conditional k2 -entropy of p, with respect to the сг-algebra 

With this notation, the identity (3. 9) becomes

(3.21) Ял GO = я 2 , ( р ,  % ) + н ^ ш
Let now and Ç2 be two random variables with values in the measurable 

spaces (X{, SCt) and (X2, SC2), respectively. Let (X, SC) be the product space (X, SC) = 
=  (X2, SCl)X(X2, SC2) and let the joint distribution of and £2 be defined, in the 
analogy of (2.2), as the probability measure on Ж = Ж1ХЖ2 defined by

(3.22) aiji42(^) =  P ((€„{2)€ ^ )  if 4 £ f lX f 2.
D e f i n i t i o n  5. Let k2 be a <r-finite measure on Ж2. The conditional A2-entropy 

of f 2 given £il is defined as

(3.23) tf,.2(ç2|£,) =

provided that the right hand side exists.
Observe that the conditional k2 -entropy defined above is the same as the con

ditional k2 -entropy of the probability measure p?1Í2 with respect to the <x-algebra 
oy, = {B,:B, =  A l X  X2, A j g SCy} in the sense of definition 4 (if we interprète 
k2 as a measure on <У2 =  {B2:B2 = X i X A 2, А2£Ж2) rather than on Ж2). In 
fact, if Bx = A l X X 2£ J3ki , we have pil?2 (£,) =  p ^ / t j ) ,  thus (3. 19) means k'(A) = 
=  BÇt 1)̂ 2 (^2) if A =  AI Х А 2£Ж and this amounts to k' = p?1 X k 2.

If p^&^Ps, ХЯ2, let us denote by f ( x 2\x{) the Radon—Nikodym derivative 
of p4l?2 with respect to p$, XA2. Then f ( x 2 |xj) is the conditional density function 
of £2 with respect to k2, in the sense that for every А2(-Ж2 we have

(3.24) f f ( x 2\x1)k2(dx2) = P(Ç2£ A 2\Ç1 = x 1) (p j.
Ai

In fact, the left hand side of (3. 24) is Жх -measurable, and its integral over a set 
d jÇ f ,  is equal to the integral o f /( jc2|*i) over A l X A 2 with respect to n(tX k 2, 
i.e. — by the definition of /(xr2|x,) — to pílÍ2 (4 ,X /t2) =  P(£i ÇAt , Ç2 ÇA2). 

In the case Pçlç2<l-içl '><k2, definition 5 reduces to

(3.25) ЯЛ2(£2|£,) = - f f / ( x 2\xl)\og2f ( x 2\xi)k2(dx2)nit(dx]), 

providing an intuitive interpretation of conditional k2-entropy; in fact, the quantity

(3.26) Яд2(^2|<̂1 =  *j) = - f f ( x 2\xl)\og2f ( x 2\xl)k2(dx2)
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may be interpreted as the A2 -entropy of Ç2 under the condition £1= *! and then 
(3. 25) becomes

(3.27) НХгШ х) =  /  ЯА1« 2|«1 =  xJV 'AdxJ.

In particular, if X2 = {xt}l€/ is a finite or countable set, 3C2 is the rr-algebra 
of all subsets of X2 and A2 is the counting measure, (3. 26) reduces to

(3.28) H(Ç2\Çl = x 1) = - 2 P t f 2 = x , \ t i  = x t)log2P(Ç2 = x,\Zl = x 2)
l£I

and (3. 27) reduces to the familiar definition of Я({2|<Üi).
The concept of conditional A-entropy of a random variable with respect to 

another one is of course by no means new; for the case that the conditional distri
bution of £2 given is absolutely continuous with respect to A2, with density
f ( x 2|Xi), the formulas (3.26) and (3.27) are familiar, see e. g. [10], [11]. In this 
respect, the contribution of this paper consists in deriving these formulas from a more 
general definition. The following theorem shows that conditional A-entropy can 
play, in many respects, the same role that usual conditional entropy does in the 
discrete case. Without any claim of novelty, for the sake of completeness, we shall 
give the simple proof, as well.

T heorem  6. //'A, and A2 are arbitrary а-finite measures on (ЛГ,, 3CX) and (X2, 
respectively, we have

(3.29) Я21Х21« 1,« 2) =  ЯЯ1« 1) +  ЯА1({2|{1)

(3. 30) /(« ,, í 2) =  HXl^ 2) -  Я Яа({2|{,)

(3.31) I ( tu  ( 2 ) =  ffi ,(€i) + Hi j ((2) — H2lX2l(t;l , Z2)

provided, in each case, that the right hand side exists. There hold, too, the inequalities

(3.32) ЯД1« 2|{,) S  ЯД2(^2)

(3.33) Яя1ХД1({1,{ 2)дбЯд1« 1) + Я А1« 2)

provided that both sides exist, with equalities i f  and only i f  and ç2 are independent 
or i f  both sides are infinite.

P ro o f . Equation (3. 29) is a particular case of (3. 21), namely that of p = p ili2, 
A = Aj XA2, <3f1 = {Bl :Bl = A t X X 2, (cf. definitions 2 and 5).

To verify (3.30) observe that if p(l(2% p(lXX2 then in the case pi2^ k 2 the 
right hand side of (3. 30) is of the form +  °° — while in the case pi2 <t  A2 we have 

X/iÍ2 as well, thus /(^1(^2) =  + 00, and (3. 30) holds if the right hand 
side is defined. Therefore one may restrict attention to the case /*4,^ XA2. 
In this case, of course, /rÍ2^A2, too. Denoting the corresponding Radon—Nikodym 
derivatives by /(* 2|Xi) and f 2(x2), respectively, observe that f 2(x2) is the Radon— 
Nikodym derivative of p(iX p i2 with respect to pi t XÄ.2, as well. Hence, as by the 
definition of f 2{x2) we have

(3. 34) ß(lt2({(xi,x2) : f2(x2) =  0}) = Pi2({x2:f2(x2) = 0}) = 0,
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t h u s i m p l i e s / 2(х2) >0  [/t^XAJ, one concludes that /r?1Í2 is absolutely 
continuous with respect to X /i?2 with Radon—Nikodym derivative a(x l , x 2) =

. In view of (1. 4), definition 2 and (3. 25), we arrive at
J  2 ( X 2 )

(3. 35) / ( £ i , £2) =  f f  log2 a(Xi, x2)[i(ii2(dx1, dx2) =

^ T i fx Y  l°g2 Л х21X i) . (^Х1 ) (dx2) ~ J J  1og2f 2(x2)nili2(dx1,d x 2) =

= f  ff( .x2\xl) log2/ ( x 2|x1)^il(i/x1)A2(ßbr2) — J*log2/ 2(X2)Hç2(dx2) =

= - Я 11« 1|«2) +  Я Д2({2)
provided that the right hand side exists. The identity (3. 31) follows from (3. 29) 
and (3. 30). The inequalities (3. 32) and (3. 33) are immediate consequences of 
(3. 30) and (3. 31), respectively.

The conditional A-entropy of a random variable with respect to another 
has been a particular case of conditional A|A± -entropy in the sense of definition 3. 
Another important particular case of definition 3 arises if A is a probability measure 
and one takes =X (the bar denoting restriction to the cr-algebra ЧУ c f ) .

In this case HXi(fi) reduces to У) = — 1(ц:к,^/) and gA will be the
conditional probability of A^3C with respect to ^  (with underlying probability 
measure A). Substituting in (3. 4) this gA, we can define the conditional /-divergence 
(with respect to Щ of ц and A as

(3. 36) /G*:A|flO = IQi :ï ) =
provided that A' is defined, cf. (3. 4), i. e. that ß A (as to the possibility of defining 
I (/л : À\<3/) also for /7 A cf. the remark to theorem 5.)

According to (3. 14), (3. 15) and (3. 16), the conditional /-divergence (3. 36) 
equals

(3. 37) /0*: A\<&)
j f ( x ) \ o g / j ^ l ( d x )

+ °°

if Ц A, 

if /i<gA, ß4,I.
On account of (3. 9) and (3. 36) we have
(3. 38) /(/г: A) = /(/i:A ,^) +  /(/r:A \<8f).

The identity /(/i:A) =  /(/; : A, <&) + I(ji : A') is, of course, well known; 
it has been used, e.g., to the study of statistical data reduction problems, see [7]. 
The interpretation of the second term on the right hand side as conditional /-diver
gence, however, seems to not have been recognised.

A particular case of conditional /-divergence is, however, well known as con
ditional mutual information. To arrive at this concept, consider three random 
variables £2,£2, £3 with values in the measurable spaces (X1, 9Cß), (X2, 3C2) and

3
(X3, ?£ъ) respectively. Let (X, X) be the product space Инг iui,fj

i  —  1
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O V y) and n (l(2(i denote the distribution o f  the jo in t distribution o f  f ,  and Çj 
and the jo in t distribution o f  £2 and £з> respectively. Then the mutual inform ation  
o f  ( f 1; £2) and £3 is defined, according to  (1. 4), as

(3. 39) f((£ i>  £г)> £з) =  f'íiíz X

Let us choose as ^  the copy o f  3C3 X S £3 em bedded into Ж-, i.e. <У =  {/4t X 
X X 2 X A 3 =  A 1£ & 1, A 3 £ & 3} and let /íílÍ2Í3 and /rÍIÍ2X /iÍ3 play the role o f  /i 
and A , respectively. Then the auxiliary measure A ' is defined —  in accordance with 
(3. 4) -  by

(3. 40) А'(Л) =  f  gA( x , , x 3) p {l{3( d x t , d x 3)

where £ л (* 1>*з) is the conditional probability o f  Aç^dC with respect to  <&, with 
underlying probability m easure Psii2X p i3 . It is easy to  check that for A =  A t X  
X A 2 X A 3 (A,€t% i, i =  1 ,2 ,3 )  we have

(3 .41) =  P (A  2

where y.Al denotes the indicator function o f  the set A t . Thus

(3 .42 ) X ( A 1X A 2 X A 3) =  f  P (Z 2 Z A 2\ t l =  x J n M i (flx l , d x 3) =
A 1 X A 3

=  / / ’( i a ^ a l f i  =  X i)P (Ç 3 £ A 3 | i i  =  X l) n { l(d x t).
A i

The average conditional inform ation o f  £2 and £3 given f  x is defined as

(3 .43 ) / ( f a , f 3| f i )  -  ^ ifeX M ejeO  =  / ( ^ , « , ^ 0

where the probability m easure A' is uniequely determ ined by (3. 42).
A s the restrictions of /iílÍ2Í3 and ^{lÍ2X /iÍ3 to ^  are and р ^ Х р ( з , re

spectively, (3. 38) reduces to Kolmogorov’s identity

(3. 44) / ( ( f t ,  f 2), f 3) =  / ( f  1, f 3) +  / ( f a ,  f 3| f  1)

(cf. [3]).

§ 4. Generalized entropy and dimensional entropy

The concept o f inform ation-theoretic dim ension and dim ensional entropy  
has been introduced by A . Rényi [8]. If £ is a random  variable taking values in  the 
/■-dimensional Euclidean space E r, let us approxim ate the distribution o f  f  by a
sequence o f  discrete distributions &>„ =  {p nki.....*,.} (и =  1, 2, k t =  0 , ±  1, . . . ,
i=  1, r )  where

(4. 1) Pnki.. .kr
k i + 1

9n

here f* stands for the j’th coordinate o f  f .
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(4 .2 )

T he inform ation-theoretic dim ension o f  £ is defined as

lim
log г л

(provided  that H  {3fix ) < + = »  and the limit (4. 2) exists) where

( 4 .3 )  H(0>„) =  -  2  ■■■ 2  Pnki...kr l ° ë 2P„kl...kr‘>
к  i =  — oo k r =  — 00

i f  a ls o  the limit

( 4 .4 )  lim  H(&n) — d log2 n  = Hd(0
П -+00

ex ists, it is called the ^-dim ensional entropy o f  £.
R ényi has sh ow n  th a t th e  in form ation -th eoretic  d im en sion  o f  a ra n d o m  variable  

ta k in g  values in E r and  h a v in g  an ab so lu tely  co n tin u o u s d istr ib u tion  eq u a ls the 
g e o m e tr ic  d im ension  r  o f  th e  sp ace  (provided th a t Н ( Ж Х) <  +  «=) an d  th e  r-d im en- 
s io n a l entropy o f  Ç is

(4. 5) H r(Ç) =  - f / ( x )  lo g2/ ( x )  d x

w here / ( x )  is the density function  o f  £ (here x  and d x  stand for ( x x , . . . , x r) and 
d x x. . .d x r , respectively). T h is m eans that H r( 0  is equal to the Я-entropy o f  £, in 
th e sense o f  definition 2, i f  w e choose 2 to be the r-dim ensional L ebesgue measure.

A lso  the dim ension an d  dim ensional entropy o f  certain stochastic processes 
have been defined, see [12], [4]. In this section we attem pt to indicate how  the theory 
o f  dim ensional entropy can  be incorporated into the theory o f  generalized entropy.

Let (X , 9C) be a m easurable space and 2 a n-finite measure on (X , ST). I f и  is a 
probability  measure on  (X , Ж) and 9t =  {T f},€ / is a partition o f  (X , Ж), let #(ju, 91) 
d en o te  the entropy o f  и  o n  91, i.e.

(4. 6) Щ и ,  91 ) =  -  2  K A ,)  lo g 2 K A ,)-
mr

Furthermore, let us write

( 4 .7 )  d (fi ,  91) =  2  K A ,)  lo g 2 2(T ,)
■ er

provided  that the right hand side exists.
Then, if # ( / i ,  91) <  +  oo and d(n , 91) exists, w e have, cf. (2. 3)

(4 .8) H x (m , 9 0  =  Щ и ,  91) +  d(H, 91).

D e f i n i t i o n  6. Let 9I„, и— 1 ,2 , . . .  be a sequence o f  partitions 9In =  {T”} o f  
(X , Ж) and let Л  be a c lass o f  probability distributions on (X , Ж). A  real-valued 
fu n ction  d(ri) will be called  a dim ension function w ith respect to  the sequence o f  
partitions 9t„ and to  the c lass o f  distributions J t  if

( 4 .9 )  d (ß , 9I„) — d (n )  0 as я — °° for every
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Theorem 7. L et 9I„, n =  1, 2, ... be an increasing sequence o f  partitions o f  ( X ,  SC) 
and let d (n ) be a dimension fu n c tio n  with respect to the sequence  {9I„} and to a  class 
J t  o f  probability  distributions on ( X , SC). L e t ° il be the sm allest о -algebra containing  
all the se ts  A" (n =  l , 2 , . . . ;  i € /)•  Then

(4. 10) lim  (Я (/1, 9I„) +  d (n )) =  H x (p , W)
П -*-оо

provided tha t H(j.i, 9I„) <  +  °° fo r  som e n f o r  which d (p , 9I„) exists, and is <  -f  «>.

Proof. The statement o f  Theorem 7 is an obvious consequence o f  (4. 8), (4. 9) 
and the corollary o f  theorem  2 (with SU playing the role o f  SC).

A n im portant particular case is w hen the partitions 91 „ =  {A"}i£I consist o f  
sets o f  equal Я-measure

(4 .1 1 ) X (A f) =  c (n )  ( / € / ) .

In this case

(4 .1 2 )  d (p ,V ln) =  \og2 c(n ) n =  1 , 2 , . . .

thus d(n) =  log2 c{n) is a dim ension function with respect to  the class o f  all proba
bility distributions on { X ,  SC). E.g., let X — E r , SC the а -algebra o f  Borel sets, Я the 
Lebesgue measure and let 9l„ consist o f  the sets

A"kl.... kr =  j(* i>  . . . , x r): ^  X/ <  ' =  !> •••> '•}:

then c(ri) =  2~ rn, d(n) — — rn and (4. 10) gives rise to

(4 .1 3 ) lim  (H (p , Slln) - r n )  =  H x(ß)

provided that H (p , 9It) <  + 1» ,
In particular, if  C, is a random  variable with values in E r and p =  p ^ is  the distri

bution o f  £, with the notation (4. 1) we arrive at

(4. 14) lim ( Я ( ^ 2„) -  r lo g2 2") =  Я л( 0 -

Observe that (4. 14) is a bit weaker result than R ényi’s theorem  (4. 5), as (4. 14) 
asserts the limit-relation (4. 4) only for a subsequence o f  the positive integers, nam ely  
for those o f  form 2". To obtain (4. 5), a sim ple additional argum ent is needed.

Lemma 3. I f  n is a positive  integer and  f > 0 , there ex is ts  m 0 =  m 0(n, e) w ith  the 
property  tha t fo r  every positive  integer m  = m 0

(4. 15) H (& m) - r \ o g 2 m  =  H(0>n) - r \ o g 2 n + e .

Proof. Let the random  variables £,n be defined by

(4. 16) £„ =  ( £ . .........K ) if ^  s  
n

kt+ l
i =  1, . . . ,  r
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w here stands for the f t h  coordinate o f  £. T hen, according to (4. 1),

(4. 17) n m  =  m „ \

Under the condition that Çn takes on som e given value, £m can take on  no m ore 

than  +  2j different values. Hence follows

(4. 18) H ( U  s  / / (£ „ ,  U  =  H ( U + H ( U U  ^  H ( U  +  r iog2 [ ”  +  2]

an d  thus

(4. 19) H(Çm) -  r  lo g 2 m  == H (t;„) — r lo g 2 n +  r log2 | l + 2  ” j .

In view o f (4. 17), lem m a 3 is proved.
N ow  lemma 2 clearly im plies

(4 .2 0 )  H (& m) - r \ o g 2 m S

for  every m. This m eans that (4. 14) and lem m a 3 gives rise to (4. 15).
In order to find an abstract generalization o f  (4. 5), one could look  for general 

conditions ensuring the valid ity o f  the conclusion  o f  theorem  7 for certain non
increasing sequences o f  partitions, as well. In this paper, however, w e do not enter 
th is  problem. C oncerning a m ore com plex exam ple o f  dim ensional entropy we  
refer to the forthcom ing paper o f  J. F ritz  [4].

R emark . A s it has been pointed out in [1] and [2], the /-divergence o f  tw o  
probability distributions can be considered as a particular member o f  a wide class 
o f  measures o f  divergence o f  distributions, called /-d ivergences, sharing many  
im portant properties o f  the /-divergence. This fact suggests to define the generalized 
/-e n tro p y  o f a probability distribution ц  w ith respect to a er-finite measure A, as 
w ell, in such a way that the relation o f  /-d ivergence and generalized /-en trop y  be 
th e  same as that o f  /-d ivergen ce and generalized (Shannon) entropy. The results 
o f  section 2 (except for T heorem  4) carry over w ith very slight changes5 for gen
eralized /-entropies, as w ell; the case o f  /-d ivergences has been considered in [1] 
in  detail.

The results o f  section  3 do not seem capable o f  a sensible generalization in this 
direction. As to section 4 , while nothing can be done for generalized /-entrop ies  
in  general, to consider partitions 9l„ with the property (4. 11) is a proper approach  
to  the theory o f  dim ensional entropy o f  order a, in the sense o f  R ényi [9].

5 Perhaps the only essential difference is that the /-entropy may conceivably be finite even if
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TAUBERIAN TH EO REM S FOR UNIVALENT FU N C T IO N S

by
G. HALÁSZ

1. Throughout this paper we assume, w ithout constantly repeating it, that 

w (z) =  a lz  +  a 2z 2 + ... ( | z | < l )

represents a univalent function in the unit disc |z| <  1. This simple topological prop
erty has, as is well-known, far reaching function-theoretic consequences. Can it 
serve also as a TAUBERian condition?

Fejér’s elementary theorem  “from Abel sum m ability o f  I a n fo llow s conver
gence i f  Z n\a„\2 <  + ° ° ” adm its such an interpretation, the square sum (m ultiplied  
by n) being the area o f  the im age under a conform al m apping w(z). W e look , how ever, 
for cases where the fact that w (z) is univalent plays an essential role. A n  exam ple  
is the problem  raised by G. Piranian and Ch . Pommerenke (see [1], Problem  2) 
whether Abel sum m ability im plies convergence already under the m inim al con 
dition о„ — 0. W e believe that it is not true but prove here som e positive results.

C om m on prem ise in a ll o f  these: w(z) is univalent and  its series is A b e l sum m able  
a t  z  =  1,

vv(r) —A as r — 1 —0.

W e begin with the sim ple

Theorem 1. Ia„ is sum m able even by  Cesaro m eans

4 ‘> =
1 -y  [<x + N  —n

a  + A )  n = i  a" [ N - n

o f  every order a > 2  ( to  the sam e sum  A ) .

F or the coefficients holds L ittlew ood’s sharp estim ate а„ =  0 (и ). Therefore, 
it is still possible that Theorem  1 remains true for (C , 1 + e )  sum m ability ((C , a) =  
=  Cesaro ... o f  order a) and (C, 1) boundedness. This is o f  course the m ost that 
can be expected: (C, 1) sum m ability has already the necessary condition a„ =  o (n ). 
W e can prove only

Theorem 2. For the f i r s t  Cesaro means

a (Nl) =  О (log N ).
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It is our feeling that the log  factor cannot be dropped altogether. Therefore it 
is o f  interest to find subclasses o f  univalent functions for which the best possible  
resu lt holds.

T heorem 3. cr̂ 1* =  0 (1 )  in case w(z) is s ta r-like , i.e. maps |z |< l  onto  a domain  
s ta r lik e  with respect to the origin.

W e mention only that (C , 1 + e )  sum m ability fo llow s already from  (C, 1) bound
ed n ess (Theorem 3) and (C , a) summability (T heorem  1) by an elem entary Tau- 
berian  theorem (see [2]).

F or this class o f  fu n ction s even the above question o f  P ir a n ia n  and Pomme- 
r e n k e  can be answered in the affirmative.

T heorem 4. I f  w (z) is  s ta r-like , a„ —0, then 2  an converges ( to its A b e l sum  A ) .
П= 1

There is a little flaw  in these two theorem s, nam ely that star-likeness can be 
characterized very sim ply by function-theoretic m eans:

R e ^ ( z ) > °  ( N  <  i )

is b o th  necessary and sufficient (see [3]), so that they are purely analytic theorem s. 
T herefore, we give a w ider class o f  functions w ith  an exclusively geom etric defini
t io n . It is not our intention , how ever, to give as general a class as w ould be possible.

Let us regard the im age o f  |z| <  1 under the m apping w(z) on the w plane. 
E very  circle |w |= i?  intersects it (if it does) in  one or more open arcs and every 
arc divides it into tw o dom ains. W e call a “ ton gu e” corresponding to such an arc 
th a t one o f the tw o dom ains w hich does not con ta in  the origin. First for the sake 
o f  sim plicity only, we assum e that this lies entirely in  |w| > R .  Let us now  choose

different arcs, possibly on different circles 
|w |= i? ;, but in such a way that the 
tongues corresponding to them  be dis
joint. L et A i denote the angular measure 
o f  an arc and suppose secondly that

2 л ч

-0 for any describedwith constants a, C; 
choice o f  arcs.

I f  a dom ain possesses these tw o pro
perties, w e call it, as well as the function  
m apping |z| <  1 onto it, adm issible.

Star-like dom ains are really all adm issible: the first condition is trivially ful
filled , while tongues are d isjo in t if and only if  the beam s o f  rays which lead to the 
arcs are disjoint in w hich case we have l A ^ l n ,  i.e. the second condition  with  
a  =  l ,  C  = 2n. In Fig. 1 w e sh ow  an inadm issible dom ain.

T heorem 3'. Theorem  3 holds fo r  adm issible fu n c tio n s  as well.
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Theorem 4'. L e t w (z) be admissible and  suppose also that the image conta ins no  
circle with centrepoint on jvi’| =  R and radius (x/ 2 — 8 )R *  with a f ix e d  (5 > 0  f o r  large

oo
enough R. In this case 2  an converges.

П= 1

A t the end o f  the paper we shall discuss som e other results, e.g. that in the  
above interpretation o f  Fejér’s theorem the requirem ent o f  finite area can be w eak
ened to  finite logarithm ic area. It will be clear then, h ow  to obtain them.

2. The p roof o f  Theorem  1 is quite sim ple, but for orders less than 2 m ore  
precise m ethods are needed. The com m on part in the p roof o f  these theorem s (the  
function-theoretic part) was found by us in [4] and [5] in investigating the m ean  
values o f  general m ultiplicative num bertheoretic functions. As we learned after
wards, this part som ew hat resembles to  H a y m a n ’s paper [6], but also it essentia lly  
differs from it. A s a m ain too l a differential inequality is used here. We also learned  
that another type o f  differential inequality had been used by Clunie and Pomme- 
renke [7].

3. First step in the proofs. I f  we are to  prove convergence or sum m ability for
oo oo

2  ctn, then w (z) =  2  anz " m ust satisfy certain conditions. E.g. if  s„ =  a v +  .. .  + a n
u = 1 n = l
tends to A , then

» ’(z)
1 — z

oo oo oo

=  2  snz " =  A 2 Z"+ 2  o ( l ) z n =п =  О n = 0 n = 0
- +  o 9

w (z) =  A  +  o
1 -  z|

uniform ly as \z\

u -  к

1 —0. (C, 1) sum m ability w ould im ply

u'(z) =  A +  o | 1 ~ * |  
1 — Izl

In this “first step” we prove at least these necessary conditions.
Let us begin w ith the case o f  sum m ability (T heorem  1, 2, 3, 3'). H ere there 

will be no need for special properties such as star-likeness etc.
W e know that

|w(r) — A \ <  e

for r sufficiently close to  1. O f course the Abel sum  A  does not belong to the im age  
so that w (z) om its values from  the circle o f  radius e round vi’(r) on the iv p lane. 
But then Koebe’s theorem  (see [3]) can be applied e.g . in the circle \z — r \  <  1 — r. 
T o transform it into the standard form , let

/ ( « )  =
w (r +  u[ 1 —г]) —и (г )  

w' ( r ) ( l - r )
=  u + . . .  ( H  <  1).

* The 1/2 could be enlarged.
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T h is function will then om it values from the circle round 0 o f  radius

By the “ V4 theorem ” o f  K oebe

1 e
4

w 'O O I O  ~ r Y

K ( r ) | ( l  — r )  <  4s.
K ( r ) | ( l - r ) :

K o e b e ’s inequality for |/ (n ) | gives then the un iform  bound in \u\ ~ 1/ 2

l / ( M)l = 2 ,  |w (r +  i / [ l - r ] ) - w ( r ) |  S  2 \ w ' ( r ) \ { \ - r )  <  8e ( |« |^ V a )  

an d  in  particular,
1 — r

w (rei9) — w (r )I <  8s, \w(rei9) — A \ «= 9s 1|9| s

N e x t we can apply the sam e argument to  the tw o  circles 

be replaced by 9s am 

th e m th step we get

±i-
z  — re

1 — V
1 — r, E to

be replaced by 9s and increasing the range o f  9  in this way by — — at a tim e, after

\w (re '9) — A\ <  9me |9 | S  щ
1 — T

In other words, w (z) tends to  A  as z  =  re‘9 ten d s to  1 in |9| ^  K(1 — r )  w ith any 
tem porarily fixed К  ( ё 2 л ) .  W e call it a Sto lz angle.

Let now z  =  re‘9 ( | 9 |^ л )  be outside th is angle. The ray leading through it 
intersects the boundary o f  the angle at z 1 = r 1e i9 where |9| =  K ( \  — r j ,  i.e.

r 1 = 1 —^7 ( ^ 7 2)- The difference 
К

lo g  |w ( z ) | - l o g  |w (z ,)| Ä  J (xe i9) dx

Гcan  be estimated by the K oebe inequality concerning у  applied to  / ( z )  =  w (z) in 

th e w hole circle Izl <  1 :

w
(xe '9) <  - +  2

X  1— X  1 — x
+  0(1)

2
log | iv ( z ) |- lo g  |w (z ,) | Ä  f  — — d x + 0 (  1) =  log

n  1 x

k ( z ) |  S  Cj |w (z ,) | ( -J “ )

+  0 (1),

к , Is !or by 1 - r j  =  Jy L

Iw(z)I S  CjlwCZi)!
|9 |

K ( \ - r т Г - c 2 k ( z j )  I
|1 —z\

K ( ï ^ 7 )
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N ow , in Theorem 2, 3 and 3' where О-estim ations suffice, we put e.g. K=2n.  
w(zi) = 0( \)  as we know  already, z t being in the Stolz angle and our last inequality  
becom es

0 )  w * ) l  S  c ,  ( i ^ p } )
for z  outside the Stolz angle. Inside it, the inequality m eans just iv(z) =  0 ( l ) ,  so  
that it holds everywhere.

For Theorem 1 o (  ) remainder term is needed. Therefore, we have to ch oose  
К  large and in order to  m ake again iv(z j ) bounded, uniform ly in K, we have to  
ensure that Zj is sufficiently close to 1. This will happen if  |1 — z| <  ö w ith a ô > 0  
depending on К  and we m ay write

|w(z)| s  C2\w(zi)\ 11 z|

t f ( i - W )

11—2-1
tf(l-|z|)

l l - z l
K ( \ - \ z \ )

2 +  4

In 11 — z| ё  c> we make use o f  (1),

| l ~ z |
1 -  Izl

l l - z l
AT(1 -  |z |)

2 + n
k ( z ) |  ^  c 3

provided |z| is sufficiently near 1. Summing up,

(2) w (z) =  zl +  0 ( [ i b i j  +’)  (r] >  o).

In fact, in the Stolz angle it sim ply means w (z )-» A  and outside it the m ain term
11 — z\

A ,  by ё  c5 , as well as w (z), according to  our estim ations, will be sm all
M 1 — \z \)

i \ l — Z \ \ 2  +  4
com pared to J-j— , choosing first К  large and then 1 — |z| small.

Concerning ordinary convergence,

(3)

is to be proved. The square in the previous cases resulted from  the 2 in our estim ation

(z )  á
1 -  Izl

+  0 ( 1).

I f  we can replace it by 1 or even by a fixed d <  1, then a repetition o f  the argum ent 
for Theorem 1 gives even

w (z) =  A  +

with a little larger < /(< ! ) .
• m
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F or this purpose, in Theorem  4, a„ -»0  and the property o f  star-likeness are 
available. The former w ill be exploited through its immediate consequence

It is well-known* (see [8]) that in this case there exists a positive m easure ц  on the 
periphery |£| =  1 w ith tota l measure /i(|<!;| =  1) — 1 and

T o  get an expression for |w (z)|, let us divide by z and integrate from  х/2 to  z i • Taking 
real parts

O n the subarc |£ —z t | =» 1 the integrand is negative but not less than —log 2 and 
th e contribution o f  this arc can be incorporated into the 0 (1 )  term. By narrowing 
further down the range o f  integration to  [£ — z t \ <  ô ( > 1  — |zx| lest it should be 
v o id ), no additional error term  emerges in the inequality, the integrand being already 
p ositive. Since lo g o ( l )  tends to — » ,  uniform ly as |zt | — 1 —0, let us fix \z l \ =  r l

( S  y 2) in such a way that the right hand side should be less than, say, log  —  - —  1.

I f  w e choose afterwards e. g. ô =  2(1 — r t ), then we have for the m easure o f  any 
arc, though small but o f  fixed length,

and the latter, as we have already remarked, through

141 = 1 141 = 1

141=1
O w in g to

I4l=i

I4-zi|<<5

2/1 (|<? — z t I <  8) = ----------^ 1).
I c g f - L - - !

log ------------ log 2
1 V1

* We do not need this theorem. The Poisson integral for |£| =  r <  1 would do.
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Let us use this in the integral representation o f  z —  (z). If z and z , have th e same

argum ent, then for |£ — z , |  S á  ~ —  is bounded and so is its integral. On the other 

hand,

£ - z
li-X l|<i

and the w hole expression,

/

w  , . 
z —  (z) 

vv
=  l + 2 z

2 f t
1411 = 1

=§ 0 ( l )  +  2 |z |
2 Ö H Ü ) ’ ^ (f b N + 0 ( 1)

(± S  |z| <  1)
as we stated.*

In Theorem  4 ' the non-existence o f  certain circles is assumed to guarantee this.

Suppose that — (z)
1 -  z|

and let |tv(z)| =  R. In the usual application o f  K o eb e’s

г/4 theorem , put

tv

/ ( « )  =

M +z .
------- - — w (z)
1 +  wz 1

и -Ч гК Г - |z |2)
=  « + . . .  ( |m| <  1).

The im age o f  this function contains a circle o f  radius 1/ 4, round 0, hence that o f  tv 
contains one o f  radius

|iv '(z ) |( l - | z | 2)
—  (z)
IV

round the point w(z) on |tv |= Ä . By assum ption it cannot exceed ( 1/ 2 — ô )R :

| ( l + | z |

for |z| sufficiently near 1.
It is true that the assum ption concerned R > R 0 , but since iv(z) tends uniform ly  

to  the boundary (in the spherical m etric) as |z| — 1 - 0 ,  the image cannot contain  
such large circles round tv(z) even if  w (z) falls in |w| ^  R 0 , at least for |z| c lose enough  
to 1.

4. Proof of Theorem 1. From the first step, (2)

tv(z) =  A + 0 Í | l - z |
2 +n'

l .1 — l2l. ,

* This, we have learned, was essentially done by Pommerenke “On star-like and convex 
functions”, Journal of London Math. Soc. 37 (1962), 209—224.
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T his is, by the way, a necessary condition for (C , 1 + rj)  summability. W e can deduce 
from  it only (C, a ) sum m ability , a  >  2 + 1], T he definition o f  the latter is

V  (ос +  А - и !  íoe +  jV l |Ya +  A '|l

N - n  \ = A { N  J+»H Д Г  ))•

(a ^  is the coeificient o f  z" in 7-—  ̂ . .  , hence the sum is the TVth coefficient o f
n  ) (1 — z)a+1

h>(z) .
(1 - z ) e + 1 ‘

±  f __ _ _ _ _ _ dz2ni J zN + 1( l - z y +1
| z | = r

R eplacing w(z) by its asym ptotic  relation,
1-  z| 2 + n

2ni / z w+1( l - z ) ï+1 dz + 0 ^  /  r N + 1 | l - z | “+1 |i/z|
| z | = r  | z | = r

fa +  iV l Í_______1_______ 1 f  \dz\
\  N  Г  [rN + 1( l - r )2 + '’J J

|z|=r

T he main term is the on e required. On account o f  | a ^ .^ j~ co n st'7 V °!, it

to  prove that the second on e  is o (N “).
Generally (z =  rei9)

remains

(4)
/ 1 t S f =  / +  / ® ï ï ^ ? + 2 '  /

| z | = r  isisl-r |9|fel-r l-rS|9|<~

d9
|S|" ( 1 - r / - 1  >

provided ß  >  1. In our case th is means a — 1 — i/ >  1, a > 2  + rj and if  so , the rem ain
der term becomes

°  ( r " + i ( l - r ) 2 + ’> ( l - r V 1- 2 - ’' )  =  °  (  r w + 1 ( l - O a )  ‘

1 (  n N +i
A t the optimal choice r =  1 —— rN+1 =  1̂ — — j -*■ e 1 and our quantity

h as the right m agnitude.
Q. e. d.

P r o o f  o f  T h e o r e m  2. The first Cesaro m eans are given by

N
N + ]~
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so that we have to  prove ^if again r =  1 —

\ 2 a n ( N + l - n )  
I П= 1

1*1=' -1*

The estim ation o f  the first step, (1),

|w (rei3)|
II- r e 'id 12 =  О

( 1 - r ) 2

provides a uniform bound for the integrand (which trivially w ould give only 0 ( N 2)). 
The follow ing device is able to yield sharp bounds for integrals on  using the m axim um  
o f  the integrand only.

Let

U (r) =  f  |F(re'»)| dB.

In subsequent cases F (z ) will be a power o f  a regular and non-zero function in
F '

0 < | z | < l  and therefore we a llow  that F (z) can be m ulti-valued but |F (z)|, —  (z)
F

and so \F '(z)\ are all single-valued.
Let us differentiate U (r). O n the basis o f  the elementary fact |/(.v)j' s  \ f ' ( x ) \ ,

К О rz

U '(r )  =  f  j -  |F (re i9)| dB J  \F '(re i9)\ dB.

W e shall write IF'I in the form F I and factor out the logarithm ic derivative. 

<5F '
1  —  r (d fixed) is large, weBut on  the set ß  =  ß (r )  =  ß (r , ô) where 

estim ate trivially:

f  |F '(rei9)| dB s  |ß (r ) | max |F '(re<s)|.
ß »€[->*,я]

( |ß |  denotes the measure). In order to  express it in terms o f  |F |,  by Cauchy’s in-
1 — Г

equality for the derivative in the circle |z —reiS| ^

1

and

|F '(re ‘ft)| S  — - —  m ax |F(z)|
I n  И - Ц - '

2 2

|Û (0If  \F '{rei!i)\ dB  S  2 - I p  ’t max |F (z)|.
о  1  — r  1 + r
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T he complement f i  o f  f i  is  characterized by  

as was indicated:

F '
) 1 - r

and here we proceed

П

J |F '(re ,s)| cl!) =  J \ Ç ( r e i3) \ F ( r e i s )\ cl!) ^  J  |F(rei9)| d ! )  =  ~  U ( r ) .

Sum m ing up, we have to  solve the differential inequality

l / ' ( r ) S T^ i / ( r )  +  2 ®  max |F (z)|. 
l ~ r l ~ r uiS ^

I f  w e multiply by (1 — r ) s, the terms with U '( r )  and U (r) form a derivative:

[ t / ( r ) ( l - r )* ] '^ 2  max |/r(z)|
( 1 - r ) 1 1+Г

or integrating from  г/ 2 to  r

(5) m“ |F(z)l (('ü b ? )
+ lz| ̂ —=—

and all depends on the estim ation o f  the m easure |fi| and m ax ]F |.

In the present case F (z )  =  and according to the first step, (1)

1*1

m ax |F(z)| ^
l + r

4c ,

1 -
1 + r f  (1 — r )2

A s to  the logarithm ic derivative,

Ç ( z )  =  —  (z) +  ~

F or the sake o f  com pleteness we shall reproduce the proof o f  the result

_ / i “ < " V 9 =  O ( T ^ l 0 6 b b )

due to Biernacki [9]. T he same holds true for —  even w ithout the log factor
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(see (4) in the proof o f  Theorem l)  and so (by \a +  b \2 S. 2 ( |a |2 +  |(>|2)) a lso  for 
F ' IF '

cannot be large on a large set:, (z). Then
\ r
F

|fl(OI Ш  - / I f H —
|ß (r ) | 3= c9 ( c 5 ) ( l - r ) lo g

1 - r  '

Substituting these in our inequality (5)

U(r)
2 r c9(<5)(l-x)log ! ■X 4c

Cio(S)
log

(Ï

( 1 - jc) 1-«5

1

( \ - 3x ) 2(,X + 0
1

1 ( 1 - t P

1 — г Г d x  (

log

^  Cu(<5)
1 - r

(1 —/•)■» ( 1 - r ) 1
+  0

( 1 - r )

x ) 2~s

— C1 2 0 7

( l - r ) á

l o g T ^ 7
1 - r

=  c 12(á )T V lo g ^ >

provided 2 — 6 >  1, e.g. < 5 = 7 2 -
The p ro o f o f  Biernacki’s result consists in an application of the area principle.

1 +  Г
The logarithm ic area o f  the image o f  r ^  |z| ^  is given, on the one hand, by

l + r
2

/  /
1 - r

— (xe is) dli x d x  Ш .  
iv v 7 2 / (re'9) </S,

w
the square integral o f  the regular function z — (z) being increasing. On the other  

hand, it can be transformed into an integral

I f d 0 R  dR

over the im age on the vv plane. N ow , this im age is bounded away from 0 ( if  r S 1/ 2) 

and is 

ed by

and is contained in |w| s  , , ..13 by Kobbe’s theorem, hence the integral is majoriz-
(1 — r )2

(1- r)2 ! ï

2П I  R dR -  ^ I S 108 J ~ r
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and com paring the tw o inequalities, the prom ised result

2

/ (re‘9) dB — О 1 , 1------- log-j------
1 — r  1 — r

fo llow s.

P roof of T heorem  3. It is clear from the previous case that if

/ —  (re№) 
w

dB
- ° ( т М -

then the log  factor vanishes and the theorem  is proved.
In fact, it is a direct consequence o f  star-likeness. Since the function

z ~ i z ) =  2 c nz nW „ = 0

has positive real part, its coefficients, as is well-known, are bounded* and by Par- 
seval’s equality

i  _ / r2 ’ . 4 |с-|2г!' -  ° L H = ° ( t M
as stated.

P roof of T heorem  4 . In the case o f  convergence, proceeding just as before, 
an undesirable log  factor w ould appear because o f  the exponent 1 (from , so to speak,

J • The difficulty can be circumvented by appealing to the elem entary Tau- 

berian theorem  called Tauber’s second theorem  (see [2]): It is enough to prove

1V
2  na„ =  о  ( N ) ,
n= 1

since this and A bel sum m ability together im ply convergence.
The quantity is a partial sum o f the derivative,

V  1 Г w '(z) f  w '(re ‘9)
è  Шп\ ~  Ъ й  J  z N( l - z )  dz -  Cl6 J  I 1 - r e 19

| 2 l  =  r  —  П

dB Ir — 1
A j -

W e dispose o f  the range |3 | S  K (  1 — r)  first. In the course o f  the first step we actually 

proved that w '(z )  =  о ^  *. J  in this range, but it follow s from w (z) — A  =  o ( l )

E.g. because r"\c„| =
1 1

—  f  м(ге,9) е - ‘"943| =S —  Í  u{re^)dB =  2и(0), 1,
n J n J
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(in a Stolz angle), anyway, by the much used Cauchy estim ation. Hence

1 ) 1/ 1 — re'9 1 — r I 1 - r
2 K ( l - r ) =  о

1
T ^ r

=  o (N ) .
l » l s K ( i - r )

Vt'
On the remaining part we write w’ in the form  —  w and apply H o l d e r ’ s  inequality

( i + i - i )\ p q )Kp q 

(6) /  / I &
d9

Чя

|»|SK(t-r) -71 |9|eK(l—r)

Here we could take the Schwarz case p  =  q =  2. As we remarked in the proof o f

Theorem 3, w (z) being star-like, the first integral is О  | =  О  * j ] .

From the second we factor ou t a small power, taking care that an exponent greater 
than 1 should remain:

Г  iv(rei9)
J  j 1 — re '9

q — 1 к

d 9  s  max
|9|^X(l —г) I

1 w(re13) 2 Г 1 if (re' 9)
1 1 -  re'9 J  j 1 -  re'9

| 9 | £ K ( l - r )

The result (3) o f  the first step  concerning convergence reads

g+i
2

d9.

w (z) =  A  + о
w (z )

U  - \ A V 1 — z
M l

II — г!
+  o

1 — r I *

For the above max it means for small 1 — r, z  being far from  1,

m ax
I S I ^ K ( l - r )

4 -  1
w(rei9) -17

1 -re*

while on the whole circle uniform ly
<+i

j w(rei9) j 2

[ t f ( l - r ) ] * 2

1 - r e ' 1 9+1
2( l - o

This latter is needed if we are to  apply to the remaining integral our inequality (5),

n r

f\F(re»)lJS -  +
-7 Г  +  1*1
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9 + 1

w ith  F (z ) =  ( j ~ ]  • Here, as in Theorem  3, |ß (r ) | S  c 19((5 )( l—r) and

get further

^  caÆ I  f ________ i z £ ________d x  +  o \  1 )
~  ( i  — r)Â J  l ± i  +  I d - r y J -

i  (1 -л г )1_й(1 — x )  2

we

c2o(<5) C2l (^)
( l - r ) à î ± l - t -

( 1 - 0  2

о 1 1 c22(ff)__
Ц 1 - Г ) й 1 =  * = i

( 1 - Г )  2

provided  ̂^  - — ô =» 1, e.g. <5 =  • Collecting our estim ations to the H ôlder

inequality (6),

Г I w '(re i9)

J  I 1 — re'®
d 9  s

I S I ^ x ( l - r )

с 2 4

(1 - r)p_1 

1

1 Ip c22 (A)
9 - 1  9 - 1

[ A T ( l - r ) ]  ^ ( 1 - r )  2

i/«

1
9 -  1

+  1 -

a : 2« (1 — r )  p « к 2«
<7 — 1 ,„/г— 1 — Г

C2 4  
g -  1

a : 2«

- A .

C hoosing К  large, w e see that this contribution, too , is sm all com pared to N  and  
th e proof is com pleted.

P roof of T heorem  У  a n d  A'. A s to  Theorem  3', i f  one repeats the m ethod  
o f  Theorem 2, one finds, as in Theorem  3, that the only estim ation m issing is

1. |ß (r)| =  m easure o f  the set
w

(rei9)\ s
1 — Y с2л т - г ) . *

In Theorem 4 we used  H older’s inequality w ith general p  and q  in order to  p o in t  
o u t that in Theorem  A', in addition to  1., only

2. I
w
w

(relS) d& =  О - r V ~ l( i - O

for  a p  however large, is needed. W e derive these from the fact that w(z) is adm is
sib le. A lthough 1. fo llow s from  2., w e begin w ith 1., giving a c2 (<5) explicitly and  
then  deduce 2. from  this sharpened form .

W e could operate on  the w  plane but it is m ore convenient to  take s  =  a  +  it  =  
— log  w. Let us jo in  on  the w plane 0 and e.g. a boundary point o f  the im age o f  
w (z) nearest 0 w ith  a straight segm ent. In the dom ain split th is way, s  =  lo g w  is

* Formerly О  was defined by
w' C
---- 1-------
w 1 —z

— . But, since the inequality in 1. is ob- 
l —r

viously satisfied by ------ , the two Q's are equivalent from the point o f view o f this inequality.
1 — z
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single-valued and maps it on to  a strip-like simply connected dom ain D  on the i  
plane (see Fig. 2). If the above nearest point is on |w| =  e , then let us first restrict 
ourselves to  the part <r =  R e i  ë  log  q  +  2 o f  D  so the slit do not cause any incon
venience. Every vertical line (corresponding to circles on  the w plane) intersects 
D  in open intervals (corresponding to  arcs) and every interval cuts D  into tw o d o
m ains. From  now on, that part which does not contain  — °° as a boundary point 
will be called a tongue (and not its counterpart on the w  plane), corresponding  
to  the vertical interval or even to  a point on the interval. The first assum ption in the 
definition o f  admissibility says that it lies always to the right o f  the interval.

(0 < < 5 ^ 2 )  and also
it-

Let z 0 =  reiS ( r S 3/4) be a point o f  Q: — (z0)
w 1 — r

log |u'(z0)| S  log q +  2. Let us regard i  =  i (z )  =  log w (z)  in the circle |z —z0 | S  —- — .

For the derivative at the centrepoint |s'(z0)| =  " (z0) S - j -----  and by the 1/4

theorem  the image contains a circle o f  radius <5/8 or a square o f  side length <5/8 round 
*0 =  ffo +  ‘to — í ( z 0). It is natural to  expect that if  the s  im age o f  |z| =  r has points 
far to  the right o f  j 0 , then, as passing through j0 , it m ust be near the boundary o f  
D  so  that D cannot contain such a large square. This is roughly what we prove 
first.

Let us regard the tongue corresponding to i 0 +  á/16 and suppose that it con 
tains a point s* =  a* +  it*  with a* S  <r0 +  L  ( L ë 3) the inverse im age o f  which, 
z* =  re'®* is on |z| =  r as well. For x/ 2 < /• the image curve o f  the segm ent z =  x e '9*
r [== X = r is not longer than

r  r  /  r  I  j

f  |i'(jceiS*)l d x  =  f  —  (x e ist) d x  <  f  —-------d x  — Ъ l o g - — — .
J  J  w  * ' 1  — X  1 — rri r i l l  r 1

If this does not exceed L  — 1, then the curve cannot get out o f  the tongue and even 
its endpoint s , = 5 ( z ,)  =  i ( r 1e is*) will remain inside the tongue. W e define, therefore, 
r 1 by

3 log - =  L - \ ,  \ - r l
L — I

(1 — r ) e  3 .

( r l < r  is trivial, while r , ё  x/ 2 m eans

L -  1

(1 —r ) e  3 L  ^  3 log у —-  +  1 — 3 log  2.

But this is fulfilled autom atically for 1 — r small enough, since the im age o f  |z| =  r

runs entirely in ír S  2 log j— - +  0 ( 1 )  by K oebe’s theorem .)

N ext we intersect the im age o f  гг -= |z| <  1 with the vertical strip \a — ct0 | ■< 5/16  
and select the com ponent containing our square. (W e m ight have remarked that

1 — Y
ow ing to  L ^ 3  1 — /*! > 2 ( 1 — r )  so that the square, being assum ed in \z — z 0 \ <  ——  , 

really belongs to  the intersection.) This com ponent can be bounded by the vertical
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lin es er =  <т0 ±<5/16, by the im age o f  \z\ = r x and by the boundary o f  D. N ow , either 
upw ards or downwards from  the square, the last possibility cannot occur. Other
w ise  w e could join  s0 both  upwards and downwards (within the vertical strip) with 
boundary points o f  D  by a curve each, w ithout intersecting the im age o f  \ z \= r l . 
T he tw o  curves together split D  to  pieces. W e recall that tongues are located to the 
right o f  the interval or the point defining them. Therefore, the tongue corresponding  
to  50 + <5/16 lies entirely in one piece, the com plem ent o f  the tongue (with respect 
to  D ) corresponding to  50 — 5 / 16 lies in another. They belong indeed to different 
pieces, since the tw o points 50 ±<>/16 are on different sides o f  the splitting curves.

T he im age o f  |z| = г г has points in  the first named tongue, nam ely s l and also it has 
p o in ts  in the com plem ent o f  the second, e.g. it always reaches the tw o parallel 
lin es corresponding to the Schlitz on  the w plane. This m eans that different pieces 
can  be joined (by the im age o f  |z| = r t ) avoiding the splitting curves. It is impossible. 
In  F ig . 2 the upper part o f  the above com ponent is such that it is n ot bounded by 
th e boundary o f D. Let then F  denote the dom ain (hachured in the figure) consisting  
o f  th is upper part together w ith the square.

Let us regard in F  the inverse function z =  z (5) or rather the harm onic function

*<s> =  loS j i 5 r

It is everywhere positive but on  the non-linear part o f  the boundary o f  F  which, 
as w e know, consists so lely  o f  the im age o f  |z| =  r l , it is as large as

, 1log— s  1 — Tj.
r i

T o  m inorate g (5), let us enlarge F  to  a rectangle o f  height 2n  (see the figure). The 
low er  horizontal side is fu lly  contained in D, hence the upper can contain  no point 
from  D , different points o f  D  being incongruent m od 2ni. Therefore, F  is really a 
subdom ain  to the rectangle. Let h (s)  be a harm onic function in the rectangle with 
boundary values 0 except on  the upper horizontal side where it should  not exceed 
1 — r x . Such a h (s ) m inorâtes g  ( 5 )  in F, for on the linear parts o f  its boundary the
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latter is positive while the form er is zero, and on the remaining parts the latter is 
at least 1 — r, but the former cannot exceed 1 — r, anywhere. A s a consequence,

H s  o)

The function (5 =  a  +  it)

S Oo) =  log  -  5  2(1 r).

8  nt Hnt  > 
Ô COS

8 no

is harm onic Jbeing imaginary part to 2 sin 

/ =  0 while for t =  2n  it is at most

8 яд) 
Ô )

and vanishes on a =  ± 0 /1 6  and

1 6 7t2 16Л2 16Л2
e  à _  e  à <  e  0 .

1 6л2
M ultiplying by (1 — r t)e 0 , it can serve, after a shift o f  the rectangles onto  each 
other, for a h (s ) . To s0 corresponds the poin t <r =  0, t =  >5/16 so that

1 6  Л 2 /  Я Л \

(1 — r t ) e  0 ( e 2 —e 2 J

L— I
By the definition 1 — r v — (1 — r)e  3 o f  r x

L— 1 16л2 / л л \
(1 — r ) e  3 e 0 ( e 2 — e 2 J

A (i0) ^ 2 ( l - r ) .

2( 1- 0 ,
500

ô

Recalling the m eaning o f  £ ,  our result says: I f  50 is the image o f  a z 0 =  re i9 from  

Q i. e. " (z0) ----- 1 with Re s0 S  l o g e +  2, then the tongue corresponding
V W 1 — Г/

to  s0 + Ô/16 contains points from  the image o f  |z I = r ,  if  any, only in a  S  R e i 0 +  — .0
We have to  prove that there are „few ” such points z0 .

Let us chose points zk =  reiSk (& = 1 , . . . ,  M )  from Q with |9( — #j| S  4(1 — r )
1 — Y

m od 2n  ( r ê 1/ j ,  i ± j ) .  The restriction is im posed to make the circles |z — zk \ <

and so the above squares round the images sk =  s ( z k), disjoint. Suppose first that all 
sk lie in а  ё  log  q +  2.

W e have M  tongues corresponding to  the points i* +  <5/16. Since tw o tongues 
are either disjoint or one contains the other, each o f  them is a subset o f  a tongue  
which is already no (proper) part o f  any other. Let jj +  ő/16 define such a maximal 
tongue. H ow  m any subtongues can it have? I f  +  <5/16 defines one o f  them , then

500
Re Sj S  R e sk and also Re sk s  Re by what we proved before. The square

о
round sk belongs therefore to

Re ^  a  g  R e s, +
16

500 <5
~6~  +  Т б '
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This part o f  D  is at m ost o f  area

3500
5

while the area o f  a square is (5 /8 )2 so  that a m axim al tongue can contain not m ore  
than

3500
5 106

I F s '
subtongues (including itself).

To estim ate n ow  the number o f  m aximal tongues, we remark that they are 
(identical ones counted  now  only once) disjoint. If the A t denote the length o f  the  
open intervals defining them , then according to the assum ption

Z A ^ C .

But A i^< 5/8 so that there are at m ost

C  _  C 2 6

(5/8)* ~~ 5*
maximal tongues. H ence the total num ber M  o f  tongues (o f  points zk) cannot exceed

с 2 6  Ю 6 c 27
5* * 53 ~  5*+3 '

If now we allow  points with R es* <  lo g  g +  2, then, possibly, their squares con sist  
o f  separate parts, this fact, however, does not effect the area. Since certainly Re sk ë  a 
( =  const.) for r S  V2 , these points are not more than

2n | l o g 0  +  2 - ű  +  2-j^r

(5 /8 )2 =  5 2

in number and adding it to the above estim ate,

in any case.
Let & !£ [— n, it] denote the first point 9 o f  the closed  set Q with 9 ë  - ti +  

+  4 ( 1 —r), 9 2 € [ — n ,n ]  the first with 3 ë S , + 4 ( l - r), 9 3 € [ — n ,n ]  the
first 9 Ç Q with 9  s  9 2  + 4 (1  — r)  and so on. In this w ay we get a finite num ber o f  
points from Í2 the m utual distance o f  which, |9; — 9j\ ^  4(1 — r)  (m od 2n). T heir

number M  cannot, therefore, exceed The M  intervals [9* —4 ( 1 —r),

9 * +  4 ( 1 — r)] and [ — 4(1 — r), 4(1 —r e c o v e r  the w hole o f  Q, so that for its m easure

|0 |  ^ ( M +  1 )8(1  - r ) S ^ j - ( l - r ) .

For 5 fixed this is noth ing else than 1. in an explicit form .
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T o estim ate the integral o f  

divide [ — я, я] into sets with

<5*.
1 - r

(re1*)

IV

IV
(re1*)

with its aid, let ô =  ôm =  2 ~ m and let us 

<Sm- i
1 — r

Since (re1*) S. j— - ( r ê 1/ 2)> *s sufficient to deal with m  =  — 1 ,0 , 1, ...

This set is contained in our Q =  Q (r, ô) with ô = ô m so that its m easure is at m ost

Т5ТУ (1 ~ r ) =  c302(*+3),"(l — r).О m
(F or very large m  this is worse than the trivial 2n  but for our purpose it is indif
ferent.) On the other hand, the integrand is bounded by

M P _  v  2 —
l - r j  ( l - r ) P  

and for the contribution o f  this set

ôn,
1 —r

/ —  (reia)
IV

d9  ^  Сз02(1+3)т(1 —r)
2P

( 1 - r ) '
2 -p m  _

С31 (P) 
( l - r ) p- 1

2 - ( p - - 3 )m

Sum m ing over m , the series is convergent if only p  >  я +  3 and yields the necessary 
estim ation.

Q. e. d.

5. Corollaries
Let

f ( z )  =  a t z  +  a 2z 2 + . . .  ( | z | c l )

be regular for | z | < l  and convergent at z = l .  If z = T ( v )  stands for any conform al 
m apping o f  the unit circle onto  itse lf with T (l)  =  1 but not the identity, then Turán’s 
theorem  [10] states that

f ( T ( v ) )  =  b0 +  b t v +  ... ( M < 1 )

can diverge at v =  1. The p roo f o f  our Theorem  4 or 4 ' shows that it cannot happen 
for star-like or adm issible functions (the first step being even superfluous, since 
the necessary condition is not spoiled by the transformation z =  T (v)).

In Theorem  4 (using the full strenght o f  the result o f  the first step with d <  1) 
we could  prove even (C, — S) sum m ability with a positive ô depending on the func
tion or: a„-»0 im plies a„ =  o (n ~ s) for star-like iv(z).*

* This was also proved previously by Pommerenke, see the above footnote.
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It is clear how  to  replace angular measure in the definition o f  admissibility 
(for Theorem 4') by certain area, show ing that even for a w ide class o f  dom ains 
with infinite logarithm ic area Abel sum m ability im plies convergence. But in the 
case o f  finite logarithm ic area, i.e.

/  I  £ < " ■ >
- 7 1

d9r dr <  +  CO

there is no need for the geom etric considerations o f  Theorem  4'. —  (z) =  о f— ^, , |
w U  — \z\)

and I — (reiS) d9 =  о -̂— -J fo llow  trivially and m uch less would be already

enough for the m ethod.
Added in the proof. In a subsequent paper Proof W . K. H aym an will make great 
im provem ents. Just to  m ention tw o: Contrary to our conjecture expressed above, 
Theorem  3 (and 3') hold for any univalent function. U nivalency and a„-*-0 do not, 
however, im ply convergence. H is exam ple diverges everywhere on  the periphery.
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REMARKS ON A THEOREM OF R. M. ROBINSON

by
L. FEJES TÓTH

H ow should n points be arranged on the unit sphere so as to m axim ize the 
least distance between pairs o f  points? T his problem , which is connected also with 
biology and inform ation theory [1 ,2 , 3 ,4 ]  attracted the interest o f  m any m athe
maticians. Special attention is due to the problem  o f  finding the values o f  n such 
that an- i = a n, where an denotes the m axim um  o f  the m inim um  distance. The first 
such number is known to be n — 6. Are there other numbers n with this property, 
and if  so which ones? The follow ing theorem [5] m ay be considered as a first approach  
to  this difficult problem, which is unsolved so far.

Theorem of Robinson. I f  n points are  p laced  on a sphere in such a way tha t 
each point is as near to fiv e  o thers as two nearest po in ts are to each other, then n  =  12, 
24, 48, 60 or 120. For any n , the configuration is unique up to rotation and reflection.

For n =  12, 24 and 60 the points form  the vertices o f  an icosahedron {3, 5} =  
=  (3 ,3 , 3 ,3 ,  3) and the Archimedean solids (4, 3, 3, 3, 3) and (5, 3, 3, 3, 3), re
spectively. The configurations corresponding to the remaining tw o cases и =  48 and 
120, discovered by Robinson, are described in [5].

Robinson also pointed out that no analogous theorem  exists if  we replace 
the number five by four or three or by a num ber greater than five. For, in the first 
tw o cases there are infinitely many configurations, while in the third case there is 
none. Nevertheless Robinson’s theorem can be com pleted in a natural way as fo l
low s.

We define the N ew ton num ber  o f a convex body b as the m axim al number o f  
non-overlapping congruent replicas o f b w hich can be brought into contact w ith b. 
This name refers to the controversy between N ewton and D. G regory about the 
N ew ton num ber o f  a ball, which has been decided 180 years later in favour o f  N ew 
ton . Again, we define a m a xim a ! packing  o f  congruent convex bodies as a packing  
in which each body is touched by as many others as its N ew ton number.

N ow  we can state the follow ing

Theorem. I f  on a sphere n congruent circles fo r m  a m a x im a l p ack ing  then n  — \ ,  
2, 3, 4, 6, 8, 9, 12, 24, 48, 60 or  120. For a n y  n > 3  the configuration is unique up to 
rotation and  reflection.

If the radius r o f  the circles equals the face-inradius rp o f  the tessellation {p , 3}, 
we obviously have the face-incircles o f {p , 3}, i.e. 3, 4, 6 or 12 circles according  
a s p  =  2, 3, 4 or 5, The cases when r > r 3 are a lso  trivial: for г > л / 2 we have a single 
circle, for 7 r /2 S r > 7 i/3  =  r2 a pair o f  touching circles and for r2 S r > r 3 three circles
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m utually touch ing  each other. I f  r3 = - r > r 4 , the N ew ton num ber is equal to three. 
T hus we m ust have at least four circles. But since four circles with r < r 3 cannot 
form  a m axim al packing, and m ore than four circles with r > r 4 cannot be packed  
on  the sphere at all, there is no m axim al packing for r3 = - r > r 4 . On the other hand, 
w e will prove that for r4 = - r > r 5 there are tw o m aximal packings, one consisting  
o f  8 circles centered at the vertices o f  (4, 3, 3, 3), the other consisting o f  9 circles 
arranged in a configuration shown in Fig. 4. For r ^ r 5 the enum eration o f  m axim al 
circle-packings is equivalent w ith the problem  solved by R o bin so n ’s theorem .

In the fo llow ing  investigation o f  the case when r s <  r <  r4 we do not make use  
o f  the m ethod developed in [5]. N o w  each circle is touched by four others. W e 
claim  that

a)  to  each pair o f  touching circles there is a third touching both.
Let p  be a pair o f  touching circles a  and b, and suppose, contrary to a ) ,  that 

n o  circle touches both a  and b. Since apart from  each other, both a and b have  
three neighbours, p  is surrounded by six circles c, d, e, / ,  g, h, in this cyclic order, 
the first three touching a  and the rest touching b. W e claim  that the angles < ^H BA  
and <$BAC  add up to m ore than 3a, where the capital letters denote the centers 
o f  the corresponding circles and a is an angle o f  an equilateral triangle with side- 
length 2r. T o see this, we obviously m ay suppose that c and h abut (Fig. 1). T hen  
A B H C  is a rhom bus with sides equal to  2 r and diagonals longer than 1r. But since  
the area o f  a rhom bus with a constant side-length decreases if  its shorter d iagonal 
decreases, the sum  o f  the angles o f  A B H C  is greater than in the lim iting cases w hen

A H  — 2r or B C  =  2r, i.e. 
greater than 6a. Thus we 
have < Z H B A +  < J.BAC >  За 
and, sim ilarly, <  E A B  +  
+  < T 5 F > 3 a .  Consequently, 
the sum o f  the angles <  C A D , 
<$DAE, <£EAB, <£ABF, 
<  FBG , <  G B H , <  H B A  and  
< lB A C  is, on the one hand  

greater than ( 6 + 4 ) а =»■ 10-

• — , on  the other hand,

equal to  2-2n . This contra
diction proves the proposi
tion a ).

In a similar way one can  
show  that

b) to  each triple o f  m u- 
Fig. 1 tually abutting circles there

is a fourth touching tw o circ
les o f  the triple.

Indeed, in  the opposite case, the angles around the centers o f  the three circles 

(Fig. 2) w ould add up, on the one hand, to  m ore than ( 9 +  6 )а >■ 15• -  , on  the  

other hand, to  3 - 27г.
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We use the sym bols (ab) 
and (abc) to  express that the 
circles in parentheses m utu
ally abut. A ccording to  pro
positions a )  and b )  we can 
start with four circles a, b, c 
and d  such that (abc) and  
(bed). There is exactly one 
circle e other than a, b and d  
such that (ce). By a )  we then 
have a circle x  such that (cex). 
This circle m ust be identical 
either with a  or d, since other
wise c would have five neigh
bours: a, b, d, e and x . Sup
pose that x  =  d, so  that (ced). 
Similarly, there is a circle /  
such that either (d e f)  or (bd f).

Case (d e f) . Since c has 
already four neighbours, there 
m ust be a circle g  such that 
(efg). Again, since d  has alre
ady four neighbours, there is 
a circle h such that ( fh g ), etc. 
(Fig. 3). The circles are cente
red at the vertices o f  an Archi
medean antiprism (k , 3, 3, 3), 
and the assum ption that r 5 <  
< r < r 4 im plies that к  —4.

Case (bd f). I f any two o f  
the circles a, e and /  touch, 
then (a e f)  and we have the 
face-incircles o f  {4, 3}. This 
contradicts the assum ption  
that r < /-4 . Therefore each o f  
the circles a, e and /  has two 
further neighbours (Fig. 4). 
These neighbours cannot be 
all different from  one another 
because then we w ould have 
twelve circles, which, because 
o f  r > r 5, is im possible. C on
sequently there is a circle g  
other than d  such that, say, 
(eg) and (fg ). This im plies the 
existence o f  tw o new circles h 
and i such that (egh) and

Fig. 2
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( f g i ). These circles are different from d  because otherwise d  w ould have g  as a 
a fifth neighbour. On the other hand, since there is no circle o f  radius r other 
than d  and g  touch ing both e and / ,  the circles h and i are also different from  one  
another. A gain , there are two circles one touching two o f  the triple (eg/г) and the 
other touching tw o o f  the triple ( fg i) .  Since each circle except a, h and i already 
has four neighbours, and a  does not touch  e, /  or g , these circles are identical w ith  
i  and h. Thus w e have (g/гг), which, by sym m etry implies (alii).

This com pletes the enumeration o f  the m axim al packings o f  circles with r > r 5 .
In the m axim al packing o f  4, 6, 8, 9, 12 and 24 circles the centers have been  

proved to  form  an extremal arrangement regarding the problem  m entioned first 
[4, 6, 7]. A s to  the remaining cases, R obinson  calls the configuration o f  48 and 120 
points „excellent” and the configuration o f  60 points „good” .

In Euclidean plane the only m aximal circle-packing consists o f  the face-incircles 
o f  {6, 3}. W hat about hyperbolic plane? Is the number o f  m axim al packings 
o f  circles with radius lying in the interval (0, r7) finite? The same question m ay be 
raised for the intervals (r7 , r 8), (r8 , r 9), etc.

It m ay be conjectured that in Euclidean 3-space all maximal sphere-packings 
are built up o f  hexagonal layers, so that the Dirichlet-cell o f  each sphere is either 
a rhom bic or a trapezo-rhom bic dodecahedron [4, p. 295]. This conjecture m ay be 
supported by the follow ing considerations.

Let « be a unit ball, and u l , . . . ,  u l2 tw elve unit balls touching u. Since a further 
unit ball и i J cannot touch u, the centers o f  и and u l3 have a distance greater than 2. 
The m inim um , D , o f  this distance for all possible arrangements o f  u i t  . . . , u  13 is 
conjectured to  be 14/^27 =  2-69 ... [4, p. 297].

Both in the rhom bic and trapezo-rhom bic arrangement each o f  the balls u x , 
. . . ,  u l2 is fixed by the others. N ow  the least distance between the centers o f  n on 
abutting balls equals / 8 ,  which, o f  course, is greater than D. But it seems very likely  
that in any other position  som e o f the balls u l t  . . . ,  u 12 have a little play, so that 
there will be tw o r.or.-afcutting balls the centers o f  which have a distance less than  
D , thus hindering each other to be touched by twelve unit balls.

To recapitulate, we formulate the fo llow in g  problem : In a certain arrangem ent 
o f  M1, . . . , M i 2 other than the rhom bic or trapezo-rhom bic arrangement, let d  be  
the least distance between the centers o f  non-abutting balls. Prove (or disprove) 
that d < D .

After I called the attention o f  Professor R obinson to this problem , he soon  
proved that d  <  2 .54, so that the desired result concerning m aximal sphere-packings 
w ould be obtained by proving that D  >  2.54. R obinson made the conjecture that

the maximum o f  d  is equal to J^(42 — 2 ]/5 7 )/5  % 2.32. This bound is attained when  
the points o f  tangency o f  и and u l t  u l2 consist o f  the vertices o f  an equilateral 
triangle o f  side-length 60° centered at the north pole, o f  the images o f  the vertices 
reflected in the sides and the images o f  these six points obtained by a glide-reflection  
in and along the equator which carries the three southernm ost points o f  the northern  
hem isphere 60° from  their original positions.

We still m ention a result o f  another type concerning the notion o f  a m axim al 
packing. It is know n that in Euclidean plane the N ew ton number o f  a square equals 
8. Thus the faces o f  {4, 4} form a m aximal packing. The same is true for all spherical
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and Euclidean tessellations {p , q ), —  +  — s  ~ . On the other hand, it may be conjec

tured that the number o f  the regular hyperbolic tessellations {p , q ), — h — «= — ,
p  q  4

w hose faces form  a maximal packing is finite.
An upper bound for the N ew ton number o f  a convex Euclidean disc in terms 

o f  its diameter and width is given in [8].
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AUTOMATISCHE PR O G R A M M IER U N G  
ZUR BERECHNUNG DER PARTIELL-REKURSIVEN 

FUNKTIONEN

von

R. PÉTER

J. C. S h e p h e r d s o n  mit H. E. S t u r g i s 1 und Verfasser2 haben — unabhängig 
von einander — gezeigt, dass falls eine partiell-rekursive Funktion und eine Stelle 
gegeben ist, dann für eine entsprechende Maschine von einfachem Anweisungsystem 
ein Programm derartig angegeben werden kann, dass im Laufe dessen Durchführung 
durch die Maschine der Wert der gegebenen partiell-rekursiven Funktion berechnet 
wird, wenn dies existiert; im entgegengesetzten Fall aber die Maschine ewig weiter
läuft ohne etwas zu berechnen.

Es erhebt sich die Frage, ob die Maschine auch selber ein solches Programm 
verfertigen kann, wenn in ihrem Speicher ein fixiertes sog. programmierendes Pro
gramm gesetzt wird, ferner, als Ausgangsinformation, ein definierendes Gleichungs
system der betreffenden partiell-rekursiven Funktion, das Zeichen dieser Funktion, 
und die betreffende Stelle.

Die Existenz eines solchen programmierenden Programms folgt unmittelbar 
aus dem genannten Ergebnis der zitierten Arbeiten und aus der Tatsache, dass die 
bekannte KLEENEsche explizite Form so gestaltet werden kann (indem eine aus den 
Argumenten n t , n2, ..., nr bestehende Stelle einer r-stelligen Funktion etwa durch 
die Zahl

p"‘p”2 ■■■ p"r

repräsentiert wird, wo pt für /= 1 ,2 , ... die wachsende Folge der Primzahlen ist), 
dass eine universelle partiell-rekursive Funktion ф angegeben wird, welche den 
Wert einer beliebigen partiell-rekursiven Funktion tp an einer gegebenen Stelle 
annimmt, wenn für ihre Argumente die betreffende Stelle und die Gödel-Nummer 
eines definierenden Gleichungssystems von tp gesetzt wird; und daher würde es 
genügen für die Berechnung der einzigen partiell-rekursiven Funktion ф ein Pro
gramm zu konstruieren. Die Konstruktion eines programmierenden Programms 
auf Grund dieses Grundgedankens wäre jedoch nicht so einfach.

Vielleicht ist es nicht ohne Interesse einen direkten konstruktiven Beweis für 
die Existenz des genannten programmierenden Programs zu geben, ohne den Umweg 
über die KLEENEsche explizite Form, und ohne die Gödelisierung des definierenden 
Gleichungssystems. Dies wird in den Folgenden durchgeführt werden.

I enthält die Festlegung des Bezeichnungsystems für die Gleichungssysteme, 
durch welche partiell-rekursive Funktionen definiert werden. In II gebe ich die

1 J. C. Shepherdson and H. E. Sturgis, Computability of Recursive Functions, Journal of the 
ACM, 10 (1963) S. 217—255.

2 R. Péter, Programmierung und partiell-rekursive Funktionen, Acta Math. Acad. Sei. 
Hungaricae, 14 (1963) S. 173—401.
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einfachen Grundanweisungen unserer Maschine an, und weitere (Makro-) Anwei
sungen, welche auf diese zurückgeführt werden können. In III werden die zu unserem 
Zweck notwendigen Subrutinen konstruiert. Endlich wird in IV das gesuchte 
programmierende Programm angegeben.

I

Nehmen wir an, dass in die Speicherzellen der Maschine (neben endlich viele 
weitere, zur Aufzeichnung des Programms notwendige Zeichenketten) „Worte einer 
Wortemenge über das endliche Alphabet”

21 = {at ,a 2, ... ,  a j
eingetragen werden können, worunter endliche Ketten (Folgen ohne Trennungs
zeichen zwischen ihren Gliedern) von Elementen aus 21 (kurz: von „Buchstaben”) 
verstanden werden. Die Elemente von 21 werden die in den definierenden Glei
chungssystemen auftretenden Zeichen sein. Damit 2t endlich ausfallen soll, werde 
ich zur Bezeichnung der Variablen nur die beiden Grundzeichen

X  und

benutzen; aus diesen kann eine unendliche

*|, *||» *111» •••

Variablenzeichenfolge aufgebaut werden. Die Zeichen für natürliche Zahlen werden 
aus dem Grundzeichen 0 ausgehend durch das übliche obere Strichzeichen der 
Nachfolgerfunktion gebildet :

0, 0', 0", 0'", ....

Doch für Zellenadressen werden die Zeichen

Л, I, II, III,...

günstiger sein, wo Л das Symbol für „leer” ist. Auf eine durch к Striche bezeichnete 
Adresse werde ich mich im Text mit der Bezeichnung „к” berufen.

Wir brauchen auch unendliche Folgen von Funktionszeichen bei jeder Vari
ablenanzahl; deise können z. B. durch Verwendung von Paaren je anders bezeich- 
neter Indizes neben /  konstruiert werden; z. B. wird — nach Aufnahme etwa von 
+  als neues Grundzeichen —

f x x x  +  +

das 2-te unter den Zeichen für 3-stellige Funktionen sein. Sei unter diesen auch 
ein „nulltes” , durch

f x x x

bezeichnet; und ähnlich für jede Variablenanzahl. Machen wir die Vereinbarung, 
dass die zu berechnende Funktion immer durch ein nulltes Zeichen bezeichnet 
werden soll.
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Ausser den bisher aufgezählten Grundzeichen gehören zu unserem Aphabet 
Л noch das Komma, der Strichpunkt, die Anfangsklammer und die Endklammer; 
insgesamt enthält es also s=10 Elemente.

Unter den Worten über das Alphabet Л werden 0 und die Variablenzeichen

*1, *11. *lll> •••
Terme genannt; ferner, falls

t bzw. t l , t 2, . . . , t r
bereits Terme sind, so gilt auch t' bzw. bei beliebigem i auch

f x x ^ x  + + ••• +  (/,, t2, ..., tr)
r-mal i

als Term. Wenn und t2 Terme sind, so heisst

t i= t2
eine Gleichung. Ein definierendes Gleichungssystem für eine durch

/  X X . . . X  

r-mal

bezeichnete partiell-rekursive Funktion ist eine endliche Folge von Gleichungen, 
wenn daraus, sooft nlt ...,nr Zahlzeichen, und zwar Zeichen für solche Argumente 
sind, für welche diese Funktion definiert ist, eine „Ableitung” zur Gleichung

fx x .. .x { n i , . . . ,n r) = n
r

führt, wo n das Zeichen des Wertes der betreffenden Funktion an der betrachteten 
Stelle ist; und keine Ableitung daraus zu einer Gleichung

/ x x . . .x ( / i , ,  . . . ,n r) =  m
r

führen kann, wo m ein von n abweichendes Zahlzeichen ist. Dabei wird unter Ablei
tung eine endliche Folge von Gleichungen verstanden, deren jedes Glied entweder 
eine der Definitionsgleichungen ist, oder durch einen der folgenden drei Schritte 
entsteht ;

1. Substitution von 0 für jedes Vorkommen eines Variablenzeichens in einem 
vorherigen Glied der Folge,

2. Substitution von
* ji-1 ;

i-mal
für jedes Vorkommen von

*11-.J
i-m al

in einem vorherigen Glied der Folge,
3. Ersetzen eines Teils t t durch t2 in einem vorherigen Glied der Folge, falls 

unter den vorherigen Gliedern der Folge auch t i= t2 oder t2=t^ vorkommt.
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In einem Gleichungssystem kommen natürlich nur endlich viele Variablen
zeichen vor (es könnte ohne Einschränkung der Allgemeinheit auch verlangt werden, 
dass diese immer von x\ an mit lückenlos zunehmende Indizes bezeichnet werden 
sollen).

II

Als Grundanweisungen übernehme ich aus der unter1 zitierten Arbeit (mit 
einer kleinen Abweichung in den Bezeichnungen), wo m, n Speicheradressen bezeich
nen,

<»>

immer den Inhalt der Adresse я bezeichnet (für welche keine Schranke vorgeschrieben 
wird), und ö; ein beliebiges Element des benutzten Alphabets ist (also bei uns 
i =  l ,2 ,. . . ,  10 sein kann):

Pia,\n): Füge at an das Ende von (n).
D(n): Streiche den ersten Buchstaben von (я) (falls (л) =  Л, tue nichts).
J (ai)(n) [c] : Wenn (л) mit at beginnt, springe zur durch die Zahl c bezeichneten 

Anweisung (kurz: zur Anweisung c).
In der genannten Arbeit wurden auf diese auch die folgenden weiteren Anwei

sungen zurück geführt:

C(m, n) (das ich auch durch (m, л) bezeichne, um herforzuheben, dass
seine Zurückführung auf die Grundanweisungen auch ein Hilfsregister 
SPy bedarf, welches zum Schluss entleert wird ; ähnliche Bezeichnungen 
werde ich auch später gebrauchen) : Kopiere (m) — auch in m beibe
haltend — in л (d.h. an Stelle von (л)).

7(л)[с]: Falls л nicht leer ist, springe zur Anweisung c.
J[c]: Springe (unbedingt) zur Anweisung c.
/(л)[с]: Falls л leer ist, springe zur Anweisung c.
Л(п): Entleere я (d. h. bringe Л hinein).
CP(m: л): Füge (m) an das Ende von (л), bei Entleerung von m.
Falls F(ai) für i =  l,2 , ..., 10 bereits eingeführte Subrutinen sind, bezeichne

1 0
(«) F(a,) : beginnt (л) mit at, so durchführe F(ai).

i= 1
Bei den Zurückführungen auf die Grundanweisungen kommt meistens auch 

ein Hinweis auf eine nicht leere Adresse vor; eine solche Adresse wird aber in unserem 
Programm gewiss immer vorhanden sein (z. B. zu Beginn „1” und nach dem ersten 
Schritt immer „2”).

Ich werde noch die folgenden Anweisungen gebrauchen, für welche ich gleich 
auch die sie auf Grundanweisungen zurückführende Subrutinen angebe:
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J <0i)(«)[c]: Beginnt (л) nicht mit aif so springe zur Adresse c. 
Subrutine: ,/(n)[c]

J ta'\n)[c]

У(в'- ‘)(и)[с]

/ (®,+,)(л)[с]

J(m, л)[с]: Ist keines von m, n leer, und beginnen (nt) und (л) mit demselben 
Buchstaben, so springe zur Anweisung c.

Subrutine: 2  (/»)-/(ai)(")[c]

J(m, л)[с]: Beginnen (nt) und (n) nicht mit demselben Buchstaben (auch wenn 
genau eines der Adressen m, n leer ist), so springe zur Anweisung c.

Subrutine: Hm)l 1]
J(n)[c]

10

1. 2 (n t)J^ \n )[c]
i= 1

J{nt, л}[с]: Wenn (m) und (rt) übereinstimmen, so springe zur Anweisung c. 
Subrutine: CSl(m ,S2)

Cs, (и> Q )

1. J ( S 2, S 3)[ 3]

J (S 2)[2]

J[c]

2. D(S2)

D(S3)

J[ 1]
3. A(S2)

A(S3)

Will man die dabei benutzten Hilfsregister hervorheben, so verwendet man die 
Bezeichnung:
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J {w, «}[c](JSl s2(S3{m, и}[с]): Stimmen (m) und (и) nicht überein, so springe
zur Anweisung c.

Subrutine: Cs,(m> s z) 
CSl Ob S3)

1. J (5 2,S 3)[2] 

H S i W ]
D(S2)
D (S3)

J[ 1]
2. Л(52)

A (S3)

J[c\
Das hier — und auch in den Späteren — verwendete N bezeichnet immer die nächste 
(auf die Subrutine folgende) Anweisung des Programms.

Die folgende Anweisung wird nur in solchen Fällen angewandt, wobei die 
Adresse n nicht leer, und sowohl (m) als auch (n) eine Kette lauter Striche ist. (Die 
ersten Buchstaben zweier derartigen Ketten stimmen dann und nur dann nicht 
überein, wenn genau eine der beiden Ketten leer ist.)

Max(m, «) (=  MaxSl s2 s3(m, и)): Bringe das Nicht-Kürzere von (m) und (n)

Subrutine:

in m, bei Auslöschung des Kürzeren.

Cs, 0n> S2)
Cs,(n, S 3)

1. J(S2, S 3)[ 2]

J(S2)[3]
D(S2)
D(S3)

А 1]
2. 7(S3)[3]

Cs,{n,m)

Л(53)
3. Л(п)

In den Folgenden gebe ich Subrutinen bezüglich der partiell-rekursiven Funk
tionen definierenden Gleichungen und der Ableitungen aus diesen.
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III

Mit Hilfe der zuletzt beschriebenen Anweisung Max(m, n) ergibt sich
Maxind(w, ri) (=MaxindSl>S2iS3 Si) S5(/w, и)): Kopiere den maximalen in (m)

enthaltenen Variablenindex in n.
Subrutine: CSl(m ,S4)

1. J(SJ[N]

J (H s4)[3]

2. D(S4)

J[ 1]

3. P « \S 5)

D(S4)

y<|)(S4)[3]

MaXSb52>s3(w,

J(S4)[N] 

j [  2]

Es wird auch die „Länge” eines (Gleichungbezeichnenden) Wortes eine Rolle 
spielen, das durch soviele Striche angegeben werden kann, wieviele Buchstaben 
das betreffende Wort enthält (mehrfach auftretende Buchstaben mehrfach gerech
net):

Long(w, ri) (=LongSl 52(m, w)): Setze nach (и) (das in den Anwendungen
leer sein wird) soviele Striche, wieviele Buch
staben (m) enthält.

Subrutine: CSl(m ,S2)

1. У(52)[ЛП

D(S2)

P('\n)

J[ 1]

Auch die Vertauschung der Seiten einer Gleichung wird notwendig sein. 
Die folgende Subrutine wird nur dann benutzt, wenn (m) eine Gleichung ist.

Vert(/w, ri) (=VertS](/w, и)): Setze {ni) (in m beibehaltend) mit vertauschten
Seiten in n.
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Subrutine: CSl(m,n)
1. ß=\n)[2]

2(n)p< ‘H s t)1=1
D{n)

m
2. D(n)

P( = \n )
CP(Sl : ri)

Ferner werden wir erkennen müssen, ob die rechte Seite einer Gleichung (m> 
ein Zahlzeichen ist:

Num(m) M ( =  NumSbS; W  И) : Ist die rechte Seite von (tri) ein Zahlzeichen,
so springe zur Anweisung c.

Subrutine: CSl(m ,S 2)
1. ./(=>(S2)[2]

D(S2)

J[ 1]

2. D(S2)
7 ( 0 ) ( 5 2 ) [ 3 ]

Л (S2)
J[N]

3. D(S2)

4. J(S2)[c]

J " (S 2)[5]

A(S2)

J[N]

5. D(S2)

m

Nun soll die Subrutine für den ersten Ableitungsschritt verfertigt werden. 
(In den Anwendungen wird dabei (к ) immer der Indexteil ||...| eines Variablen
zeichens x ||...| sein.)
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Subst°(w, n, k) (=Substsl>S2iS3iSiliS5(w, n, k)): Es soll <m) derart modifiziert
in n übertragen (aber auch in m 
beibehalten) werden, dass für 
jedes Vorkommen von x(k) wo
rauf kein Strich folgt in (m) das 
Zeichen 0 substituiert wird.

Subrutine : CSl (m, S4)

1. yu>(54)[2] 

J(SJ[N]

2  (s4)p <a‘\n )
i =  1

D(S4)

J[ 1]

2. D(S4)

3. y('454)[5]

•̂ S,,S2,S3{̂ 5> ’̂}[4]

PM (n)

CP(S5:n)

J[ 1]

4. Pi0\n )

A (S5)

J[ U

5. D(S4)

P « \S 5)

J[ 3]

Die Subrutine für den'zweiten Ableitungsschritt wird folgenderweise bezeichnet:

Subst*' (m, n, k) (=SubstsliS2>s3,s4,s5(w, n, k)): Es soll (m) derart modifiziert
in n übertragen (aber auch in 
m bei behalten) werden, dass 
für jedes Vorkommen von x(k) 
worauf kein Strich folgt in (nt) 
das Wort x(k)' substituiert wird.

Studia Scientlarum M athem atlcarum Hungarlca 4 (1969)



4 5 6 R. PÉTER

Dies ergibt sich genau so, wie die Subrutine für Subst°(w, n, k), mit dem einzigen 
Unterschied, dass statt der Anweisungen

4. P<°\n)

Ä(S5)

die folgenden Anweisungen aufgenommen werden:

P " (S 5)

CP(S5:n)

Nun folgt die Subrutine für den dritten Ableitungsschritt, (ln den Anwendungen 
wird dabei (к) immer eine Gleichung und (/) immer eine Kette von Strichen sein.)

Ers(m, n, k, /)[c](=ErsSl s2 s3 s4(w, и, к, /)[с]): Es soll — falls möglich —
(m) derart modifiziert in n 
übertragen (aber auch in m bei
behalten) werden, dass falls ein 
— mit seinem /-ten Buchstaben 
beginnender — Teil von (m) mit 
der linken Seite von (k) über
einstimmt, dann dieser Teil 
durch die rechte Seite von (к) 
ersetzt wird, wobei / um 1 mehr 
als die Länge von (/) ist; und 
dann springe zur Anweisung c.

Subrutine: CSl(/, S2)

CSl(m, S3)

C sM ,S 4)

1. y(S2)[2]

./(S3) [5]

2  (s3)Pu‘\n )
i= 1

Z>(S3)

D(S2)

y[l]

2. J(S3,S A)[ 6]
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3. />№)
D(Sa)
ß  = \SJ[4]

J(S3,S 4)[6]
J[3]

4. D(S4)
CP(S4: n)
CP(S3:n)
J[c]

5. Л(52)
J[ 7]

6. A(S3)
7. Л(54)

Л (//)
Endlich gebe ich eine Subrutine an, das im „Finish” gebraucht werden kann, 

wo nach Entstehung je eines neuen Gleichunges untersucht wird, ob sie eine Glei
chung der Form

fx x ...x (n x, ..., nr) = n* oder n*=fxx...x(nx, ..., nr)
ist, mit einem Zahlzeichen n*; diese bestimmt dann sicher den gesuchten Funktions
wert. (ln den Anwendungen wird S6 leer sein, (к ) wird mit fx x ...x (n x, ..., nr) 
übereinstimmen — es wird auch benutzt, dass dies keine Variablen enthält — und 
/ wird die für das Ergebnis vorbehaltene Adresse sein.)

Fin(m,k, /)( = FinSl Sj,Sj,s.,,S5,s6>s7(w> к, /)): Ist (m) ein Wort der Form <k) = n*
oder n* = (k), wobei n* ein Zahl
zeichen 0 " '" ' ist, so bringe n* in / 
und dann stop!

Subrutine: NumSljS2(m)[4]
VertSi(m, S5)
NumSl>S2(55)[3]

1. Л (S5)

J(A]
2- Cs,(S6,/)  

stop!
3. ErsSl S2iS3iS<(/r, S6, S5, S7)[2] 

J[\]
4. ErsS| S2>S3iS<(k, S6, w, 57)[2]
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Dabei wird benutzt, dass ein echter Anfangsteil von

fxx ...x (n !, ..., nr)

mit der linken Seite einer Gleichung nie übereinstimmen kann.

IV

Nun sind die Mitteln beisammen um das in Frage stehende programmierende 
Programm anzugeben.

In Adresse „2” soll immer das zu berechnende

fx x ...x (n i, . . . ,n r)
r-mal

gesetzt werden (wobei die nt Abkürzungen der Zahlzeichen
rti-mal

o - ~

sind); Adresse „1” wird nach gewissen vorbereitenden Schritten für das Ergebnis 
Vorbehalten; in Adresse „5” wird immer der grösste Variablenindex ||...| gesetzt, 
das im definierenden Gleichungssystem vorkommt.

In die Adressen „3k” für k = 1,2, ... werden Gleichungen gesetzt: zu Beginn 
die Definitionsgleichungen, dann die durch Ableitungsschritte allmählich zustande 
kommenden Gleichungen. Diese sollen als in besondere Klassen eingeteilt betrachtet 
werden: die Definitionsgleichungen bilden die О-te Klasse; auf diese folgt die 
1-te Klasse der aus ihnen durch einen Ableitungsschritt gebildeten Gleichungen; 
auf diese folgt die 2-te Klasse, die aus jene Gleichungen besteht, welche aus den 
Definitionsgleichungen durch zwei nacheinander ausgeführte Ableitungsschritte 
entstehen, usw. ; Gleichungen höherer Klassen kommen immer in Adressen grösserer 
Nummer.

In die Adresse „3k + 1” kommt für k = 1,2, ... die grösste Adresse der к — 1-ten 
Gleichungsklasse; zu Beginn wird also in „4” die grösste der Definitionsgleichungen 
enthaltenden Adressen gesetzt, und die weiteren Adressen „3k + 1” werden nach 
das Unterbringen des letzten Gleichunges je einer Klasse ausgefüllt.

Unter den Adressen der Form „3k +  2” werden jene, für welche 2 s k ^ 8  gilt, 
die zu den in II und III angegebenen Subrutinen notwendigen, durch

■Si> S2, S3, S 4., S5, S6, Sy

bezeichneten Register-Adressen sein; auf diese folgen für 9 ё к ^ 2 2  die Adressen 
der zu den Folgenden notwendigen weiteren Register, die ich mit R bezeichnen 
werde, mit verschiedenen (ihre Rollen einigermassen andeutenden) Indizes ver
sehen. (Die Adressen „3k+ 2” für k s  23 stehen zum Unterbringen des program
mierenden Programms zur Verfügung.)

Genauer: Sei die zu den Subrutinen „Subst” notwendige, immerein Variablen
index enthaltende Adresse durch Rv bezeichnet, und die zur Subrutine „Ers” not-
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wendige, immer eine Kette von Strichen enthaltende Adresse durch Rt. Die Länge 
des Inhaltes der letzteren wird immer mit der Länge der eben betrachteten Gleichung 
verglichen; zu diesem Zweck soll deren Länge immer in eine durch RL bezeichnete 
Adresse gesetzt werden. Die Adresse der eben entstehenden Gleichung wird immer 
in eine durch Rc bezeichnete Adresse gesetzt.

Wird die Bildung einer neuen Gleichungsklasse begonnen, so müssen wir 
immer die erste und die letzte bereits fertige Klasse vor Augen halten (bei Bildung 
der 1-ten Klasse fallen diese beiden zusammen). Die Adressen der zur ersten gehö
rigen Gleichungen sind jene, die grösser als der Inhalt der Adresse | und höchstens 
so gross wie der Inhalt der Adresse |||| sind; diese beiden Adressen | und |||| sollen 
in durch R* bzw. R*,. bezeichneten Registern gespeichert werden. Die Adressen 
der zur letztgebildeten Klasse gehörigen Gleichungen sind jene, die grösser als 
der Inhalt der vorletzten, und höchstens so gross, wie der Inhalt der letzten nicht 
leeren Adresse „3k + 1 ” sind; diese beiden (im Laufe der Berechnung veränder
lichen) Adressen sollen in durch Rx bzw. R ^  bezeichneten Registern gespeichert 
werden. Das Zeichen ^  will eine Fixierung der Inhälte der Register während der 
Bildung einer Klasse andeuten; für Änderungen dieser Inhälte sollen Arbeitszellen 
R,; Rj.; Rx ; Rx, zur Verfügung stehen. Endlich werden noch die Inhälte von Rr 
und RX' (die Gleichungsadressen sind) in durch R ^  bzw. R(X) bezeichnete Adressen 
gesetzt.

Das in Adressen der Form „3k + 2” für i S 23 eingetragene Programm wird 
dadurch in Gang gesetzt, dass in „1” als Ausgangsinformation das „Wort”

fxx ...x (n l , ...,n r); Gi; G2; ...; Gg

gesetzt wird, wobei /  das Zeichen der zu berechnenden Funktion ist, worauf eine 
r-gliedrige Kette von x-Zeichen folgt; die Zeichen «,• für /= 1 ,2 , ...,/• die Zahl
zeichen

я,-mal 
0 " - '

der betrachteten Argumente, und die Zeichen G, für /= 1 ,2 , ...,g  die gegebenen 
Definitionsgleichungen bedeuten.

Das Programm beginnt mit vorbereitenden Schritten, durch welche (1) der 
Anfang

/xx...x(//j, ..., nr)

von (I) an seine endgültige Stelle, in „2” übertragen wird, (2) der in (|) enthaltene 
grösste Variablenindex in „5” kopiert wird, (3) die Gleichungen G1,G 2, -„Gg 
bei Entleerung von „ l” an ihre Stellen „3”, „6”, ..., „3g” übertragen werden, 
(4) in Rj und in Rx die Adresse „1”, in R*. und in Rx, die Adresse „4”, in (Rx■) 
(das jetzt „4” ist) die Adresse „3g” gebracht wird.

So lautet der Beginn des Programms (mit der Abkürzung

{AY
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falls eine Anweisung A и-mal nacheinander auszuführen ist):
1. У<;>(|)[2]

i= 1

Л(1)

J[\]
2. £>(|)

Maxind (I, ШИ)

3. { p ( ' H K ) } 3

4. yh)(|)[5]

Z  ( i)p ^ ((K ))i= 1
D ( \ )

j ( \ m
m

5. ö ( |)

Fin«Äe>, ||> I)

m
6. P ^ \ R * , )

P('4R*x)
{/»«(Äf.)}4

{ P (l)( R * x ) V

C ( R e , (R *x . ) )

Nun folgen die vorbereitenden Schritte jeder neuen Klassenbildung

7. C ( R l  R , )

C ( R p ,  R /  )

C ( R h R x )

C ( R * x R x  )

C « R f) ,  R ( i ) )

C ( ( R x ) ,  R ( x >:
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Falls die Definitionsgleichungen überhaupt Variablen enthalten (also die 
Adresse „5” nicht leer ist), beginnt die Bildung einer neuen Gleichungsklasse mit
Ableitungsschritte „Subst” . Nur durch Anwendungen auf Gleichungen der zuletzt 
gebildeten Klasse können solche Schritte neue Gleichungen liefern. Die Adresse 
der ersten Gleichung dieser Klasse ist um 3 länger als der Inhalt von -/?<*>; und die 
Adresse, worin die erste neue Gleichung aufzubauen ist (die erste leere Adresse 
der Form „3k”) ist um 3 länger, als der Inhalt von Re. Bei der Bildung je einer 
Gleichung wird der Inhalt von Re um je 3 verlängert, was aber, falls der angewandte 
Schritt zu keiner neuen Gleichung führt, wieder rückgängig zu machen ist.

So lautet die Fortsetzung unseres Programms:
8. Alllll)[14]
9. {PU)(RW )}3
10. {PU\Re)}3

P " \R V)
Subst°«Ä<X>>, (Re), Rv) 

J{(Rw ),(R e)}[ 11] 
A((Re))

{D(Re)}3
•/[12]

11. Fin«Ä.>, ||, |)  

{Р('\Р ')У
Subst*'«/?<*>>, <Äe>, Rv)

12. H K ,  IIIIIH13]

ЛЮ]

« 13- A(RV)

J{R(x>,<Rx'))l 9] 

C((R*X))’ R/x>)
14.

Hier beginnt die Bildung neuer Gleichungen durch Ableitungsschritte „Ers” . 
Bei diesen spielen immer zwei Gleichungen eine Rolle; gehören diese zur/-ten bezw. 
zur j'-ten Klasse, so gehört eine aus ihnen durch „Ers” gebildete Gleichung zur 
i +7 +  l-ten Klasse. So erhalten wir sämtliche durch „Ers” gebildete Gleichungen 
einer entstehenden neuen Klasse, indem wir die Ableitungsschritte „Ers” erst auf 
Gleichungspaare anwenden, deren erstes Glied zur letzten, zweites Glied zur ersten 
bereits fertigen Klasse gehört, dann auf Gleichungspaare, deren erstes Glied zur
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vorletzten, zweites Glied zur zweiten fertigen Klasse gehört, usw. bis zu den Glei
chungspaaren, deren erstes Glied zur ersten, zweites Glied zur letzten fertigen Klasse 
gehört. Haben wir inzwischen die Behandlung eines Klassenpaars beendet, so gehen 
wir dadurch auf das nächste Klassenpaar über, dass wir die Inhälte von Rj und 
von Rj. um 3 verlängern, und die Inhälte von Rx und von Rx, um 3 verkürzen; 
und dies tun wir bis zur Entleerung der Adresse (Rx).

Die Länge des ersten Gliedes des eben betrachteten Gleichungspaars wird 
immer in RL gesetzt. R{ ist zu Beginn leer.

Die Klassenbildung wird (neben Entleerung der Adresse RL) damit abgeschlos
sen, dass die Inhälte von Rx und von RX' um 3 verlängert, und der Inhalt von Re 
in die Adresse (RX') kopiert wird.

So lautet der restliche Teil unseres Programms:
14. {/*l>(Ä<x>)}3

Л (Rl )
Long «Ä(x>)> Rl)

C((Rr), R(I})
15. {P(|)(*<,>)}3
16. {/^(Ä,)}3

Ers «*<*>>, <Re>, (R(l)), Ä,)[ 17]

P M 3
Л18]

17. Fin«Äe>, II, I)
18. У{л,.,тга[19]

p (1)W
-/[16]

19. Л(Я;)
J{R(1),(R r )} (15]

J{R(x>, <^л->}[14]
7«Äx»[20]
{P^(R,)}3

{P(0(Rr)V 
{D(RX)V 
{D(RX)}3 
C((RX), R(X))
/[14]
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20. A(R l)

{ ^ 'ч е д 3
{/Х 'ЧВД3
C(Re,(R*x.))

J[ 7]
Gelangt die Maschine im Laufe der Durchführung dieses Programms nach 

endlich vielen Schritten zum „stop”, dann befindet sich der gesuchte Funktions
wert in Adresse „1”. Gelangt die Maschine nie zum „stop”, so ist die betrachtete 
Funktion an der betreffenden Stelle nicht definiert.

Eötvös L. Universität, Budapest 

(Eingegangen: 7. Oktober, 1968.)
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ZUR KONVERGENZ VON FOURIER-REIHEN 
QUADRATISCH INTEGRIERBARER FUNKTIONEN

von
H. KLEINDIENST

/

Mit C„ bzw. C^m) seien die von E. Makai in [1] eingeführten Konstanten bezeich
net. Man zeigt leicht, dass folgendes gilt

( 1)

(2)

2n

sup sup / sN(x)(x ; f)d x
А€Ж  11/11 =  1 IJ

2 я 2 n

SUP u / /  Dmin(N(x),N(y))iX y)dxdy

C(nm) = Ÿк sup max —
lipr.il = l i!r' m

= ^  max 0 т |„(Яр.„,)(Ар-А ,) | .

2  s „ ,1
2n

r;p„\ =

i

Zum Beweis siehe [1] und [2]. Dabei ist fÇ L2, sk(x ; f ) die k-te Teilsumme der Fourier- 
Reihe S[/] an der Stelle x, JT die Menge derjenigen Funktionen N, die nur ganz
zahlige Werte aus [0, и] haben und so beschaffen sind, dass sy(x)( x ; f)  messbar ist. 
Ferner ist pn ein trigonometrisches Polynom n-ter Ordnung und 1<т) = (пк, 
ein /w-Tupel ganzer Zahlen nr mit 0 ( r =l ,

Die Konstanten C„ bzw. C‘m) spielen eine entscheidende Rolle in der Theorie 
der Konvergenz f. ü. von Fourier—Reihen quadratisch integrierbarer Funktionen, 
wie die folgenden Sätze zeigen.

Satz 1. Das trigonometrische System ist genau dann ein Konvergenzsystem 
bzgl. L2, wenn die Zahlenfolge (C„) beschränkt ist.

Satz 2. Das trigonometrische System ist genau dann ein Konvergenzsystem 
bzgl. L2, wenn es zu jedem n eine natürliche Zahl m„ gibt, so dass die Folge (C^m")) 
beschränkt ist.

Es soll hier nur Satz 2 bewiesen werden, für den Beweis von Satz I siehe [1],
[2] , [3]. Der Beweis wird dadurch erbracht, dass die Gültigkeit folgender Unglei
chungskette nachgewiesen wird.

(3) 2 ^ С ^ ) - 2 я / 2 ^ ” (я+1) s  C„ 2ÿnC (nm).m
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Die Richtigkeit von С „^2 /яС ]т) wurde schon von E. M akai bewiesen [1]. Die 
linksstehende Ungleichung erhält man folgendermassen. Nach Definition der Kon
stanten C„ gilt für jedes / € L 2 mit ||/|| =  1 und jede Funktion

2n
Cn s= f  sN{x)(x ;f)d x  

о
a) Konstruktion der Funktion f £ L 2.
Es sei m eine natürliche Zahl. Dann sei /<m) = (/i1, nm) eines derjenigen 
/я-Tupel ganzer Zahlen nr mit 0 Шпг^ п  ( r= l ,  für das gilt

Ferner sei g(x) =  2 ■ ^  D„q(x — xq) mit xq =  — q. Dann wird
q= 1 M

gesetzt. Mit £„rjV =  1 für |v| S h, und e„rV = 0 für |v| >иг ergibt sich für g die folgende 
Darstellung.

m m
g(x) = 2 - Z  Dnq( x - x q) =  £  

9=1 <f=l
2v= —n

p Xq) —
°Wq,VC

n ( m
=  2 \ 2 >v= — ;i \q= 1 = 2v= — n

cve‘ mit

Aus der Parsevalschen Gleichung

2  kvl2 =  -J- k l l2
V =  —n ^ 7U

ergibt sich für die Norm von g

m
2q= 1

£nq,V&

Ы 2 = 2к Z
m 2 n ( m \ /  m Л

Z  e ^ . , e " lvx* =  2 л  Z \ Z  Z  enp,ve ‘vx'’ =
q =  1 V =  — n \ q =  1 У V P = 1  /

n m
2л Z  2  C m in ( „ p , n, ) / i v ( ï p ' , ’ ) =  4я 2  D m \n(np,nq) ( x p - x q)  =  4лп12( C ^ )2,

v= —n p,q= 1 P , 4  =

d.h. \\g\\=2fcmC<r\
Weiter wird nun •%(*)(*; / )  bei zunächst beliebigen N  betrachtet. Mit /  =

=  g - M -1 gilt N(x) 2 m
SN(x)(X’f )  =  и -.11 2  Cve"x =  .. .. 2  ^min(N(x),nq)(X ~ Xq)

ll£ll V=-N(x) ll£ll 9=1

ß) Wahl von N(x).
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Wird das Intervall [0,2л] in w-Teilintervalle /p = (xp_ l ,x p) (p=  
unterteilt und N(x) = np gesetzt falls x £ lp ist, so gilt — da es auf eine Menge vom 
Masse Null nicht ankommt -— bei Verwendung der soeben konstruierten Funktionen 
f  und N die folgende Abschätzung

2n I n

j£ll
2 |У sNix)(x ;f)d x ' = J  Д п т1втх)1„я)(х - xq)dx  =

0 0
X p  X p

! m m (* \ m Г

=  \ 2 l  2  I m̂in(N(x),nq)(X Xq)(f.X =  ! 2  I Dmin(np,nq)(Xp Xq) X̂
\q= 1 p= 1 J ! р,ч= 1 J

X p -  1 X p -  1

X p  -  1

2 n 
m

- , ,

2 j I  I ^ m i n  (np ,nq) (.X Xq)  - ^ m i n  (np,nq) C ^ p  X q ) \ ( l x
Р,Я=1 J

m

2 j  ^ m i n ( n p , n q ) ( X p  X q )

>,<7=1
m Г  j min(/»p ,fig)

-  2  /  I  2  (cosfi(x-xq)-cosfi(xp- x q))\dxm
P,q=  1 J  I P = i

X p - i

X pm l* imn(np,nq) :
5  2ш(С<т»)2 -  Z  Z  2 si

p , 4 = l  J  R = I
: sin /1

x + xp- 2 x q sin p X - X n dx.

Da \x — X 
erhält weiterhin

2n

X p -  I

2 npl<\xp- i - x p\ = —  für x £ /p ist, gilt 2 sinp x~ ^ 2 n: p —  und man m

/ 2v ^ - ^ i  i  /  ( f  .
о Xp-l

=  2f k C ^ ~  —  -” (” +1) =  2|;/лС(т) - 2я1/яИ(я+1)F " ||g|| 2 mC<"> •
Um das Ergebnis auf der linken Seite der Ungleichung (3) zu erhalten, wird noch 
eine untere Schranke für die C^m) benötigt. Es gilt

(4)
!  1 r  « 1

7Г "Ь -
2 M

Beweis. Es sei n r = n für r — 1, ...,m  gewählt und
*

< m4 n ) =  Z  Dn[ ~ { p - q ) \ .
р ,ч =  1 \ m  )
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Dann gilt
m— 1

=  m • 2  Dn
q=о
n wi — l

( - « ] l — (
l m J1 \ö„(0) + 2  I ̂  + 2  cos

2лcos 1 —  q\ Vm

= /и I « + . + ^  2  cos2 у =1 9=1
2n
m yUI = m \ ^ + n + 2 \ - ^ + D m- t \ ^ v

Für v ^ k m  (k=  1,2,...) ist ö m_ t vj =  - ÿ ,  für v = G» ist =

=  Z)m_1(0) =  m — —. Daher ist

öm-l
27Г

m V =  — — -f m
4

denn wegen vSw treten in der Summe | ” |  Glieder, auf bei denen v ein Vielfaches

von m ist. Somit erhält man

а Г (« )  =
n
m

Nach Definition der Ĉ m) folgt damit die Richtigkeit von (4). Aus C<m) S

man übrigens auch sofort erhält, wenn man in (2) /im) =  (0, ...,0) wählt — folgt die 
in (3) behauptete Abschätzung, womit auch Satz 2 bewiesen ist. Weiterhin ergibt 
sich aus (3) die Grenzbeziehung

C„ = lim 2^лС {пт).
m - * o о

Mit Hilfe des Resultates von L. C arleson , wonach das trigonometrische System 
ein Konvergenzsystem bzgl. L 2 ist, lässt sich aus den Sätzen 1 und 2 sowie den 
Ungleichungen in (3) sofort das nachstehende Ergebnis folgern.

Satz  3. Die Zahlenfolgen (C„) und {C(„mn)) mit m„ S n 2 sind beschränkt.
Letztere Aussage enthält insbesondere den Beweis für die Richtigkeit einer 

Vermutung von E. M a k a i. Wie weiterhin (4) zeigt, ist für die Beschränktheit der

Folge (C„m") notwendig, dass — = 0(1) ist.*

* In der nachfolgenden Arbeit von E. M akai [4] wird ergänzend gezeigt, dass diese Bedingung 
nicht nur notwendig, sondern auch hinreichend ist.
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A REMARK TO THE PRECEDING PAPER OF H. KLEINDIENST

by
E. MAKAI

In this note the same notations will be used as in the preceding paper of H. 
K l e i n d i e n s t  [2]. The theorem of L. C a r l e s o n  fl] is equivalent to the statement 
that the sequence {C„}, w=l ,2,  ... is bounded. The inequality

(1) С„ш2]/пС(пт)
was shown in [3]. A lower bound for C'm) was found by K l e i n d i e n s t  [2], namely

(2) (M =  greatest integer contained in x).

Here we shall prove

(3) 2\'пС<„") s  il + 2 я ~ | C„

which together with inequality ( 2 )  yields a statement comprising K l e i n d i e n s t ’s  
Theorem 3:

A sequence (m„ natural numbers, n=  1,2, ...) is bounded i f  and only i f
njmn = 0{\).

From Lemma 2 of [3] and its proof follow that {a) in formula (2) of [2] the sign 
“sup” can be exchanged into “max”, {b) there exist a real trigonometric polynomial 
p* = I c vev,x (cv =  c_v) of order n and of unit norm and a sequence of integers n*, 
Иг, •••, n*m satisfying Os«,*g/i such that if xr = 2nr/m, then

(4)
— 1

С<Г' = У п-~  2  sn;(xr;p*).m r=i
We remark here the elementary fact that

(5) Ill'll =  f i n

By the definition of Cn we have

n n
2  v2cv2 S  ]/2nn 2  cl

. V =  — n ,v = —n
= n.

2 k

(6)

C„=sup sup f  sNU)(x ;f)d x  I
меж n/n= I 5

c* r'= sup/  sN(x)(x;p*)dx ^  2  f  Sn;(x;p*)dx.
X?..

Studia Scientiarum  M athematicarum Hungarica 4 (1969)



472 E. MAKAI: A REMARK TO THE PAPER OF H. KLEINDIENST

Let now 0 s i ; r s 2 nlm be a quantity for which

Then

(7) 2
m

Sn*r(xr- t] r-,p*) = min s„*(x;p*).
X r - l ^ X ^ X r

X rm m (*
-  2  s „ * ( x r - t ] r ; p * )  ^ 2  s „ * ( x ; p * ) c l x  =§ c„.

r= l r= l J

On the other hand by (1) we have from (4) that

( 8)
rx m

2 snt(xr;p*) = 2]/лС(пт) ё  C„.m r=i
Introducing the continuous function

I k m
g (.9) = — 2 v ( x r-H;p*)''I r= 1

of $ we infer from (7) and (8) that g ( l )  ^  c„ and g(0) ^  C„. Hence there exists in the 
closed interval [0, 1] a quantity 90 such that g(#0) =  C„. Using again (8) we have

Xr

2\/лС <пт)- C n = 2̂ 2  {Sn*r(xr;p * )-sn;(xr -  90t]r-,p*)} = 2* 2  [  sn*{x\p*')dx=
t i l  r  171 r  J

Хг — &0Уг
Xr—&04r xr 2 я

=  — 2 )  I S0(x;p*')dx+ I  s„*(x; p*')dx\ s 2n [  max sk(x;p*')dx. 
m r [ J J  J m j  *=o,i,.. ,n

X r - 0 o  4 r

We distinguish now two cases: (i) ||/7*1=0, (ii) ||/7*'||^0. Incidentally, case 
(i) occurs only if /7 =  0. Supposing it, however, for any n, the last integral would 
vanish and we would be led to an inequality consistent with (3). In case (ii) we have 
by (5) and by the definition of C„

2 я

2\nCj,m) - C „ s ~  ||/7*1 j J  max sk j dx S  ~  nC„,
0

an inequality equivalent to (3).
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P RO PE RTI ES  OF GRAPHS WITH CONSTRAINTS 
ON DEGREES

by
J. A. BONDY

1. Introduction

A graph G is Hamiltonian if there is a simple circuit which passes through 
each vertex of G. Such a circuit is called a Hamiltonian circuit of G. G is /.-connected 
if the removal of fewer than A vertices neither disconnects G nor reduces it to the 
trivial graph consisting of a single vertex. The degree d(v) of a vertex v of G is the 
number of edges of G incident with v. Let D be an и-tuple (</t , d2, ..., dn) of non
negative integers. We shall say that a graph G of order и is a realization of D if the 
vertices {г,}" of G can be arranged so that d(vt) = dt for all /. Posa [4] and C h a r t r a n d , 
K apoo r  and K r o n k  [1] have given conditions on D which suffice to ensure that 
any realization of D is, respectively, Hamiltonian and А-connected. In this paper 
we show that these conditions can be somewhat weakened. We also give conditions 
on D which ensure that any realization of D has at most c components. All graphs 
considered will be finite, undirected, loopless, and without multiple edges. D will 
be assumed ordered so that dk — ••• — dn. We write D) for the set of graphs
which are realizations of D, and |S| for the cardinal number of the set S. 2

2. Hamiltonian circuits

T heorem 1. Let D satisfy the following condition:

(A) dk S  k, d, S  / (к I) => dk + dt S

where и^З. Then i f  G (+7/ (£>), G is Hamiltonian.
P roof. The argument is similar to that used by N ash— W illiams in his proof 

of P ósa’s theorem [3]. Let G£&(D). Suppose that G has two components K, L, 
of orders к, I, respectively. Then each of the к vertices of К can be adjacent only 
to other vertices of K. Hence dk S  к — 1. Similarly dt S  / —1, and therefore dk + 
+ dt s  к + 1 — 2 <  и. But this contradicts (A). Hence G has just one component 
and is connected.

Now let P = v0, Pj, ..., vp, be a simple path of maximum length (p) in G (we 
represent P only by its vertices in sequential order), chosen so that d(v0) + d(vp) 
is as large as possible. By the definition of p, v0 is adjacent only to vertices of P. 
Let S  be the set of all vertices i\ such that v0 is adjacent to vi+,. If S, vh t’,-_,, ..., 
t’o, vi+i, vi+2, ..., vp, is a path of length p in G, and therefore, by the definition 
of P, d(Vi)^d(v0) = k, say. Also |S|=&. Hence there are к vertices of degree at 
most к and so dk^ k .  Similarly if d(vp) = l then d ,^ l.  If k ^ l  this implies, by (A ), 
that k + l^ n .  If A: =  / then there are к + 1 vertices of degree at most к (the vertices in S
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together with vp). Hence dkS k , dk+1S k  and, again by (A), we have 2 Аёи.  Thus 
it is always the case that d(v0) + d(vp) ^ n .  Therefore vp is adjacent to some vertex 
Vj£S  and so Vj, V j-i, v0, vj+ i, vJ+2, . .. ,v p,v j, is a circuit C of length p + l 
in G. If p +1 were less than n then, since G is connected, there would be a vertex 
V  of G not in P, with V  adjacent to some vertex of P. But then v together with the 
vertices of C would be the vertices of a path of length p + l .  Hence p+  1 =  n and 
C is a Hamiltonian circuit of G.

C o ro llary  1. 1. (P osa [4]) Let D satisfy the following conditions:

(i) dk — к => dk =ё
n — 1 

2 ’

(ii) If n odd, i/n + i a  — ,2 2

where /гS3. Then if G£&(D), G is Hamiltonian.
Pósa’s argument can also be used to prove Theorem 1, and yields the follow

ing result when applied to bipartite graphs.
T heorem  1a . Suppose G is bipartite, with the same number of vertices in each 

part. Let D satisfy the following condition:

dk^ k , d , s l  (k*l)=*dk + d & ± ,
where wS4. Then if GÇ 3i(£)), G is Hamiltonian.

When in addition we know that G has degrees {î/,}î/2 in one part, and degrees 
{d \}r  in the other part, we obtain a generalization of a result of Moon and Moser [2] :

T heorem  1b. Suppose G is bipartite with vertices {r,}"/2 in one part, and vertices 
{v'i}"12 in the other part. Let D satisfy the following condition:

/ /2dk^ k ,  d,ml=>dk + dt ë y .

where и ё 4  and dh d{ respectively are the degrees of vertices vit r- with dt ^ d 2S . ..  
. . . ^ d n/2, d[ Then if G£ &(D), G is Hamiltonian.

3. ^-connectedness

T heorem  2. Let D satisfy the following condition:

(B) dk a  k + k -  1, (1 S  к s  n- d a_x+l- l ) .

Then if  G 6 (D), G is X-connected.
P ro o f . Let G € D) and let S be any cut-set of vertices of G, with | S \ = s.

Suppose that К is a component of G — S  of minimum order, say k. Then each vertex 
of К can have degree at most A: — 1 in G — S, and hence at most k + s — 1 in G. There-
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fore dk s  k + s — 1, and, by (B), this implies that either ssA  or к >  n — d„_x+l — 1. 
Now there are n — k — s vertices of G not in S or К and therefore, by a similar 
argument to the above, each of these vertices has degree at most n — k — 1 in G. 
Hence there are at most s vertices (those in S) with degree greater than n — k — 1 
in G. Therefore </„_s S. n — k — 1. Now if к > n — dn- x+i — 1 then i/„_s <  i/„_A+1 
and so j S l .  Hence we always have i S i  and this implies that G is Я-connected.

C orollary  2. 1. (Chartrand, Kapoor, Kronk [1]). Let D satisfy the following 
conditions:

(i) dk ^ k + A - l ,  ( i s  A: s " “— j

(Ü)  4 . - Л + 1

Then if G^'ÿ(D), G is Я-connected.

4. Number of components

T heorem 3. Let D satisfy the following condition:
(C) dk s  k, ( I s t S f l i ) ,

Then if  G £ '3(D), G has at most | "̂] components.

P roof. Let G€&(D). Suppose that G has c components, the smallest having 
order k, and the largest having order I. Then there are at least к vertices of degree 
at most к — 1. Hence dk S  к — 1 and, by (C), we have k S  m+  1. Also, every vertex 
of G has degree at most / —1. Therefore d„ S  / —1, i.e. I Ш d„+ 1. Now (c — 1)A: +
+ / S  n and hence (c— l)(m + 1) S  n — dn — 1. Thus c S  * + l, and som - 1
0 s  f e t ^ l ,

l m + 1 1
I am indebted to Professor C. St. J. A. N ash— W illiams for prompting this 

investigation.
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CONVERGENCE ABSOLUE ET CHANGEMENT DE VARIABLE

par
L. ALPÁR

La note présente n’est qu’une simple remarque attirant l’attention sur le fait 
que deux propositions obtenues respectivement par G. H alász ([3], p. 64) et par 
nous même ([1], théorème 1, p 61, et théorème 2, p 64) contiennent des résultats plus 
généraux que ceux qui ont été formulés dans les travaux cités. Ces théorèmes améliorés 
s’énoncent comme suit:

T héorème 1. — Étant données la fonction h(z) = (z —0 /(1 — £z) (0 < j£| <  1) 
et la suite {a„}ô, avec 0 <  ocn <  2, a„ -*-0, a„ log n °° pour n il existe une fonction

/ ( z )  =  2  ovzv
v  =  0

analytique pour | z |<l ,  ainsi qu'une suite {ev}o> avec 0 <e v<  1, e,,—0 pour v — 
telle que

(0  2  l«vl£v < 00.
v  =  0

et si l'on pose

(2) /(A(z)) =  g(z) = 2  b„z*r = 0
où g(z) est aussi analytique pour \z\ <  1, on a

3) Z  \ b n\2 ~ x" =/1=1

En tenant compte d’un autre résultat ([2], théorème 2, p. 288) nous pouvons 
y ajouter que la série (2) est en même temps uniformément convergente sur la cir
conférence |z| = 1.

La seconde proposition, dans laquelle t désigne une variable réelle, concerne 
les séries de Fourier.

T héorème 2. — Si, sur un segment I arbitrairement petit, f  est deux fois dérivable, 
avec / ' ( i ) > « > 0  {ou f" ( t )<  —x <  0), et si ta suite {a„}_ ̂  remplit les conditions: 
0<a„<2,  a„— 0, a„log \n\ <» pour n — il existe une fonction

П О  =  2  AveM,
V =  — 00

Studia Scientiarum M athem aticarum Hungarica 4 (1969)
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ainsi qu'une suite {ev}_H, avec 0 < e v<  1, ev -*0 pour |v| -*«>, telle que

(4) 2  Mvl£v <  ">
v =  —  OO

et si Гоп pose

(5) F(f(t)) = G (t)=  2  Впеш,
П =  —  о о

on a

2  \Bn\2~*n =  °°-n— — oo
D’après les théorèmes 2 et 3 de la note [I], si f( t)  = f ( t  + 2n) (mod 27t), G(t) 

est une fonction continue ou la série (5) est même uniformément convergente selon 
que f ( t )  est seulement continue ou analytique sur l’axe des t.

Dans les notes [3] et [1] ont été établis de théorèmes analogues avec ev= 1 pour 
tout v; c’est-à-dire ces théorèmes concernent les cas où les séries (1) et (4) sont 
absolument convergentes au sens ordinaire. H alász  a obtenu son résultat en con

struisant une fonction particulière / 0(z) =  2 aí0)z'’ telle que ^ l űí0)l<o° et dont
v=0 v=0

la transformée (2) satisfait à la relation (3). Or, il est simple de voir que la série 
formée des mêmes oj0) vérifie aussi la relation (1) avec une suite {sv}ô convenable
ment choisie, où 0 < e v< l ,  ev — 0 pour v — » .

En effet, il construit, selon une certaine règle, deux suites: l’une d’entiers positifs 
{vJt}cT et l’autre de nombres positifs {и/J j ,  d’où nous retenons seulement le fait que

0 *= Uk <  ÿ  (fc =  0,1, 2, ...)

où o O  est une constante. On met ensuite \a ^  \ =uk et a*0)= 0  si v ^ v t . Les ev 
peuvent donc être arbitraire quand et les eVk doivent remplir la condition

( 6)

On a alors

2  2 ~ k t \  

k = 0

2  !ai0)l'!v =  2  uk"k <  c, 2  2~v=0 k — 0 k=0
11 est évident qu’il existe une infinité de suites {sVfc} réalisant (6). On peut poser p.e

(1 +<5) log к
Е*к —

On obtient ainsi
к log 2 (0 I)-

2  l«v0)lCv <  «'г 2 k  1 л <  °°-v=0 k = i

Pour établir le théorème 2 on peut procéder de la même façon, avec la différence 
simple que cette fois-ci k = 0, ±1, ±2 , ... .
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