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NOTES ON A NONLINEAR INTEGRAL EQUATION

by
I. BIHARI

1. Introduction

Certain investigations concerning the stability and asymptotic behaviour of
the solutions of the system

@ X= Ax +f(t, x), A=const, /(/, 0)=0, iSO
lead to the integral equation

t
@ 1) =y() + J Y(t—s)f(s, x(sj)ds, y(t) = Y(Ha, x(0)=y(0) = a
0

equivalent to (1). Here

3 Y=AY, Y0)=1
Let every solution of
4) y = Ay

be bounded for 0, i.e. the real parts of the characteristic roots Aof A are non-
positive and the roots of the minimal polynom of A are simple. Unifying every
block of Y with ReA<0 in a hyperblock  and those with ReA=0 in a hyper-
block Z2, Y can be decomposed as

Zi 0
©) 0 72
where Yx-*0 as while Y2 is bounded for every t (for /<0, too). Making

use of (5) equation (2) may be replaced by

(6) x(t) = z(t) + T Y, (t-s)f(s, x(s)) es- f Y2(t—s)f(s, x(s)) ds

z(t) = Y()c, c=a+bh, b=j Y2(-s)f(s,x(s))ds.
0

This equation has been investigated and solved in [1], in connection with asymptotic
problems. The present paper deals with the following generalization of (6)

t co

(7 x(t) = z(t) + f ki (t,s)fi(s, x{s)) ds+ f k2(t, s)f2(s, x(s)) ds
0 /

1 Studia Scientiarum Mathematicarum Hungarica 2 (1967)



2 I. BIHARI

the solutions of which will be studied in certain function space. Here k ft, s) and
k2{t,s) are real nXn matrices, continuous on O"j and
respectively. j\{t, X), x(t), z(t) are vectors in Rn.

Equation (7) without the second integral has been investigated by Corduneanu
[2] who obtained considerable results which may be easily extended to (7) (at least
if/j = /2= /J) only his operator Ux(t) must be replaced here by

t @®
8) Ux(t) = z(t) + J A (t, s)f(s, x(.v)) ds+ J k2(t, s)f(s, x(sj) ds
», > 0 t
which is a compact (completely continuous) map assuming suitable conditions
(s. later).

2. As an extension of the results of A. Stokes [3] the statements of [1] can be
reestablished and generalized under less restrictive conditions. However, this will be
done on the loss of uniqueness of the solutions of (6) and (7). Also it fails now
the possibility of a successive approximation-process.

The tool used here is the fixed point theorem of Schauder—Tychonov in the
form as follows:

Let £ be a complete, locally convex, linear topological space. Suppose A is
a closed, convex subset of E and U\E-*E a continuous map of E into itself such
that U(A) is relatively compact in E. Then U admits at least one fixed point in A.

Theorem 1. Let the following conditions be satisfied:

1° kft, s)andkft, s) are continuous and bounded//iO Ss*I<« and0
respectively, i.e. \\kft, s)]| é Kt, i=12, 2
- 2° f(t, x) continuous for tsO, xER" and

I/t x)[1sG (i,]Ix]]), t"0,xeR”™

where G (t,r) is piecewise continuous in i€O, rSO and non-decreasing (for fixedt)

with respect to r,
t ®

3° y+Kxf G(s,g(s))ds +K2f G(s,g(s))ds * g(t)3
0 t

for certain function g(t)= 0 continuous for iS 0 and arbitrary constant y > 0,

4° z(t) is bounded continuous for t"zO, (z(t) CC(/?+)), then equation (7) has
at least one solution x(t) continuousfor (S 0 satisfying ||x(t)|| =g(t), t=0.

Proof. LetE—C fR +, R") be chosen, where Ccmeans the space of the functions
defined and continuous on R +:tS0 with their values in R". The topology of this
space is the uniform convergence on every compact set of R+. Ccis a complete,
locally convex, linear topological space.

1 In the sequel this will be assumed.
2 As norm of x=(xt, ..., x,) and of A —(aw) it will be taken ||x|]|] = ~ WX\ and || =
= 2 lofd, respectively. 1
I,

K
3 Condition 3° implies the existence of the second integral.

Studia Scientiarum Mathematicarum Hungarica 2 (1967)



NOTES ON A NONLINEAR INTEGRAL EQUATION 3

The operator Ux(t) defined by (8) is a compact one (in the topology of C¢
on the subset A cC c defined by
©) A—{x£Cc:|x(Dll =g(t), t SO}.

Clearly, A is closed convex and bounded (in the topology of Cc, i. e. in every compact
set of R+).

The existence of Ux for xEA is consequence of 3° and 2°. The continuity of
Ux on A means that

xn, X €A, xn—X implies Uxn—Ux
for every finite interval a~t*b. But (8) gives

Ux-Uxn= 6] K1(t, S)[F(s, X(5))-f(s, x,,(i))] ds+

+3 k2(t,8)[f(s,x(s))-f(s,xn(sj)]ds

whence
t

(10) IUx- UxJ @2 *($))-(s, x,(9))|| ds+
0

K2d /G, X(5-))~1(" x,,(5))|I1 + 2A2jw G(s,g(s))ds, T "t.

Choosing T so large that the last term is less than e/2 (where e>0) and N >0 so
that the first two integrals together in (10) are less than e/2 for n>N (on account
of the uniform continuity of/(/, x) in every finite and closed domain), we have

IUx—t/xj S e, n>N.

Being A bounded and U continuous the set U(A) is (uniformly) bounded and by
3° U(A)CA if |z(Ol tSO. To prove the compactness of U(A) it remains to
show the equicontinuity of the functions Ux(t).

Concerning the difference

Ux(t)-Ux(x) = z(t)-z( 4+ (f) [k1(t,s)-k 1(r,s)]f(s,x(s))ds +
© t
+J [k2(t,s)-k 2(z,s)]f(s,x(s))ds +j [k™t, s) -k 2(x, s)If(s, x(s)) ds

we have
t

(1) JICHrO-tX(T) 'S l2) —=(8 + [ 1IMC 1)~ M t>5)[G(5,g(j))ife+

Studia Scientiarum Mathematicarum Hungarica 2 (1967)



4 I. BIHARI

Let a=»0 be a fixed number, 0St, xSa, G(s, g(s))*Gain 0SsSa. Then, on
account of the uniform continuity of the functions continuous on a finite closed
domain, to every g>0 there is a 0X>0 such that

bit)-z(QUS y, \KI(f,s)- kx(t, 1) 3=y " -

provided that \t—X\LLUBX O éJSa and

t
f \kl(z,s)-k2(x, s)\G (s,9(s))dsS(K1+K2Ga\t-r\ s y
if \t—mI1S 62 — . Then the first, second and the fourth terms on
00 T

the right of (11) are less than e/5. In the third term we write / =/ +/ n»»)’
t t T

B(Kx+K2)Ga

The value of T may be chosen that

[ \W2(t, s) -k 2(x, S)\G(s,g(s))ds S (2K2)J G(s,9(s))ds S vy.

To this T a number >0 can be found that
T
f \k2(t, s)- k2(x, s)WG(s, g(s))ds s 1
r 3

be fulfilled provided \t—t|” 53, viz. k2t, s) is uniformly continuous in OSi, xS f.
Taking all these into account, the right member of (11) will be less than e if ||i —t|| 3=
Amin (5X b2, &), which is equivalent to the stated equicontinuity. Therefore
the closure of U(A) in Ccis compact.

Let us apply Theorem 1to equation (6). Now
NIl =cle ", (SO, Wt)\\*c2, tgO, a>0
Specify now G{t,r) as G = h(t)<o(r) where co(r) =50 is piecewise continuous, non-
decreasing and

© *(n> 0), " het) dt e
0

then condition 3° reads as

(12 y+a/ h(s)co(g(sj)ds +c2f h(s)co(g(s))ds S g(t).

Studia Scientiarum Mathematicarum Hungarica 2 (1967)



NOTES ON A NONLINEAR INTEGRAL EQUATION 5

It will be shown that (12) has a solution g(t)EC for every y>0. Letting

u dr B _ ]
Q) | () (>0, Q@=c¢q /=1,2, q 4.(0 dt

and defining the number a =-0 — if possible — by the equation

(D a(+"n,,)-a(,+,,)=/ ~ = f2-1,
Y+a
(that exists certainly for co(r) =r. Its value is a=yp, e the function
Qie2—eQ)
(13) g(t) = Q-i"Qy+a)+ (c2-c i) f /;(j)i/s]

satisfies (12) with the sign =, provided that cx?+c2. This assertion may be verified
(like a similar one in [1]) in the following way. By (13)

R(tF(0) = Ay +a)+{c2-ci)j h(s)ds

— (*(0) = - -(c2- Chh(t) or g'(t) =-(c2-c hHh(t)ee(g(t)).
Therefore
/(1) = y+ G J h(s)e(g(s))ds+ c2f h(s)co(g(s)) ds =

t 00

Cig(0) -c 2g(°°
=¥ gmor S s f o) ds = yag(o+ SODEHOY

Here we have by (D)
g(0) = B-1(u(y+a) + (c2-c Dg) = Y+ a
9(*°) = Y+a

thus 7(/)=g(/) as stated. — For w(r)=r

g(t) = yeei——(—j—e)Te—Zé,;--epr (c2—c1)J h(s)ds

Studia Scientiarum Mathematicarum Hungarica 2 (1967)



6 I. BIHARI: NOTES ON A NONLINEAR INTEGRAL EQUATION

In the case cl—c2, g(t) =y+a (where a satisfies a = gco(y +a) if possible) and for
o)(r) =r,g(t) = lye provided o< 1, where g=gt=g2(s. [1]).

The assumptioﬁs i2(°°) = °°, fi(0) = — i.e. condition (C) are necessitated
by the circumstance that without them the argumentum of Q~1in (12) can leave
the domain of Q~ The foregoing may be summarized as

Theorem T. If in equation (6)

1° z(t) EC(R+ Rn) i.e. z(t) is continuous and boundedfor tdR +,

2° Yft) and Yt) are like in the Introduction,

3° f(t,x) is continuous and \\f(t, x)|| *A(Oco(||x|]), tER+, x t Rn,

4° h(t) and co(r) satisfy conditions (C) and (D),
then (6) has a solution (or several solutions) xEA where g(t) is given by (13). As
a consequence Xx(t) —z(i)—0, t—»e0 (s. [1]).
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ON THE DETERMINANT OF (0,1) MATRICES

by
J. KOMLOS

l. Introduction

a) In the present paper we consider nXn matrices with elements 0,1 and our
purpose is to investigate the number of all non-singular ones. We shall prove that
the singular matrices form a negligible percent asymptotically. More precisely,
we shall prove the following

Theorem

Let A,, denote the number of nXn matrices with elements 0, 1 having determinant
0, then

. A -
n':'mm o 0.
b) In other words let us choose at random a matrix from the set of nXn (0, 1)

matrices such that all matrices have the same probability (2-"2. If a, means the
probability of the event that the determinant of the chosen matrix equals O, then
lim an—O0. It is easy to see that the following fact is equivalent to our theorem:

BT Ejj are independent random variables which take the values 0 and 1 with

probabilities 4,\ and
el,l el,2 me£l)n

£2,1 €22+ "2n _
pn= P =0

4 Enl £n2ee™n

then
nji[noc p,, —0.

We shall use all versions at the same time. In the section VI. we deal with a general-
ization of this problem in the case of infinite matrices.

C) The proof goes as follows: We show that the probability of the event, that
the rank of an nXn (0, 1) matrix is Kk + 2, where k denotes the rank of the (n—1) X
X(n —1) matrix, consisting of its first n—1 rows and columns, or is equal to n,
tends to 1 if n—»oo.

Using this fact we prove that

ljm,inf-54 = 0.

Having proved this, we prove the convergence of the sequence AJ2"2
Before the proof of the theorem we give some definitions and lemmas.

Studia Scientiarum Mathematicarum Hungarica 2 (1967)



8 J. KOMLOS

Il. Definitions and Lemmas

a) Let A,k denote the number of n X« (0, 1) matrices whose rank is equal to k.
Clearly
na

An= 2 Ank=2

Then we have to prove that

First we give a known lemma.
Lemma 1. Let at, a2, a,, be real numbers differentfrom 0 and c an arbitrary

real number, then at most among the sums " e,1; (e; is equal to O or 1)

are equal to c
n n

Proof. Let us consider instead of the numbers 2 8fa; the sums 2«2 V -

—2 1 =2 1 where qt=2ef—1, then qtis equal to 1 or —1 if stis equal
= =

to 1or O, respectively. The sum I2_lsiai equals c if the sum t2_I Piai equals d =

n

= 2c —2 ,ai. Then we can reformulate the lemma so that the numbers er are
equal to 1 or —L1 In this case we can suppose without violating the generality,

that the numbers al, a2, are all positive.
Then it is enough to prove the following: if ai, a2, mmanare positive numbers
n
and d is an arbitrary real number, then at most among the numbers 2 eiai

(8; equals 1or —1) are equal to d.

n

Let us correspond for every sum 2 1eiai the set of those natural numbers i

n n

for which 8;=1 holds. If for two different sums IZ_lEiai =2 r\au then the

= 1=

corresponding sets of the two sums cannot contain each other.

The Sgerne(—theorem implies that the number of sums equal to any constant
n

is at most

Clearly we can formulate the lemma as follows: if at, a2, am are real
numbers, among which n are different from 0 and c is an arbitrary real number

Stucia Scientiarum Mathematicarum Hungarica 2 (1967)



ON THE DETERMINANT OF (0,1) MATRICES 9

then among the numbers | (fi; equals 0 or 1) at most

i=
are equal to c.
b)

D efinitions.

A system of kK linearly independent row (resp. column) vectors of a matrix of
rank K is called a row (resp. column) basis of the matrix.

We shall use that any row (resp. column) vector is a uniquely determined
linear combination of the vectors of any fixed row (resp. column) basis.

1) The degree of a row (resp. column) vector with respect to a given row(resp.
column) basis, is the number of those elements of the row (resp. column) basis, which
have coefficients different from 0 in the above mentioned linear combination.

2) The degree of a row (resp. column) vector is the largest one among the degrees
gf this row (resp. column) vector with respect to all possible row (resp. column)

asises.

3) The row (resp. column) degree of a matrix is the largest one among the
degrees of its row (resp. column) vectors.

Lemma 2. If the row-degree of an mXn (0,1) matrix is | and its rank is k,
then we can add to the matrix a column vector (with components O, 1) so that the

rank ofthe obtainedm X (n + 1) matrix is k again, at most 2-2m different ways.

Proof. For the sake of simplicity let us suppose that the first k row vectors
form the basis, with respect to which the degree of the t-th row vector is equal to /.

Let us denote the ~th row vector by a;, the y-th column vector by b, and the
additional (the (u+l)-th) column vector by h,+1, i. e.

a  (d.1?27,2) s ) i),

(Kij} \4
i b2
K] » Hi+1—
fimy

The row vectors of the enlarged matrix are
a- = (alg ; aif2; ...;ait,,; bfi

So we have at=clal+c2a2+ ... +ckik where among the constants ct | are
different from 0.

If the degree of the new (m X (n+ 1)) matrix is also k then (because the maximal
numbers of linearly independent row and column vectors are equal to each other
and clearly n\, 12 ...,a'k are also linearly independent)

a; = clal+ c292+ ... +c*a*

hence
b, =cibl +c2b2+ ... + ckbk.

Studia Scientiarum Mathematicarum Hungarica 2 (1967)



10 J. KOMLOS

But bi is equal to 0 or 1 and among the numbers ct | are different from O,
so by Lemma 1 we can choose the vector (bt, b2, ..., bK) at most LS different ways
rn
such that b, =0 holds; similarly we can choose (bl,b2, bk) at most 2k different
‘L

. 2%2 T
ways such that b,= 1 holds. That is, we have at most m possibilities to choose

the vector bn+l. Q. ed.
Similarly, if the column-degree of a matrix is /, then we can construct to the

matrix a row vector at most 3,2 different ways such that the maximal numbers

I
of linearly independent vectors of both matrices are equal to each other,
c)

Lemma 3. By kK m-dimensional vectors (with elements 0, 1) we can construct
at most 2X different vectors (with components 0, 1) with linear combinations.

Proof. Let us consider a kXm matrix with row vectors a1} a2, a& It
contains at most 2k different column vectors (because it has only 0 or 1 components).
If the i'i-th, 2-th, ..., #th column vectors are the different ones (iS 2k), so any
of the others is equal to one of these, then in the linear combinations of the row
vectors the g-tb, /2-th, ..., Z-th components can arbitrarily vary. Then among the
linear combinations, whose components are 0,1, at most 22 2« can be different.

Q. e d

Lemma 4. There exists a natural number mO so that the number of those mXn

(0, 1) matrices whose row-degree is at most log m but not equal to 1, is less than
2n(m-i).2m45 if m>moO.

Proof. Let us denote by Dt the number of those mXn (0, 1) matrices, whose
row-degree is / and by D, r; the number of those (0, 1) matrices in which the Z-th
row vector has degree /. Then

A s i2:!1A'i= m*A m
(because evidently Ai —A 2= —Am)-
We shall prove that
A™ (/1S 2),

what proves our Lemma because the number of those matrices whose row-degree
is at most logm but is not equal to 1is
[logm logni _

Dt LU A m-m1-22°< 2nm_ elog m em eznlogme22°°im < o245

1=2 1=2

if z27>mO0 for some suitable natural number moO.
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If we fill in the first m —1 rows of the matrix arbitrarily (it can be done by
2n(m-i) different ways) we can construct the last row using a row-basis consisting
of the first m—1 rows by a linear combination (because  2) but actually we use
only / rows of the row-basis, because the coefficients of the other rows are equal

to 0. We have <ml possibilities to choose the / vectors and by / vectors

we can construct at most 22 vectors as linear combinations according to Lemma3,
that is
(I~ 2).
Q.e d

Similarly the number of mXn (0, 1) matrices whose column-degree is at most
log« but is not equal to 1, is less than 2"("_1)-2"45 if n>mO.

If the row-(resp. column) degree of an m X n matrix is equal to 1, then we have
two possibilities: either there are two rows(resp. columns) which are equivalent
(the number of such matrices is less than m2¢2<m ,)n(resp. n2 or the rank
of the matrix is m (resp. ri) — these are the good cases for us.

d) Let us consider an nXn (0, 1) matrix (n>«70).

A) If its rank is n, then any additional column vector is linearly dependent
of the column vectors of the matrix.

B) 1 Ifitsrank is /c<n and its row-degree is /=»log n then by Lemma 2 we

have at most 2= < 2% possibilities to add a column vector so that the rank

/log u
of the obtained nX(n+ 1) is also k.

B) 2. The number of those uX(u+ 1) (0, 1) matrices for which the row-
degree of the nXn matrix consisting of its first n columns is less than log n but not
equal to 1— by Lemma 4 — is less than 2r‘(n+1>—2 4

B) 3. If an nX(n+ 1) matrix has the property that the row-degree of the
nXn matrix consisting of its first n columns is equal to 1, then (because /c<u)
in the latter matrix there exist two rows which are equivalent. So the number of

fi
these matrices is less than 2n(n+1)’# |2r.

Let B denote the set of matrices of the types B)2. and B)3. The number of
elements of B is less than

. " 1
2"("+) 2"(»+D. oo
if for some suitable natural number nO.

By a similar way we can prove that if we enlarge the obtained nX(n + 1) matrix
by a row vector and if the matrix is not an element of the set B, then the probability
of the event, that the rank of the new matrix is larger than the rank of the first mat-
rix is at least

/log«
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a) So we have proved the following

Lemma 5. Let us consider an arbitrary nXn (0, 1) matrix which is not element
of the set B. Let us enlarge the matrix by a column vector (with components O, 1)
and let us add to the new matrix a row vector in all possible ways. So we obtain 22+1
(n+ 1) X(n+ 1) matrix.

If the rank of the first matrix is k< n, then the rank of the new matrices are

K + 2 exceptfor at most fl 2 *22'+1 matrices, and if the rank of the first matrix
ogn

. . 2
is K =n, then the rank of the new matrices are n+ 1 exceptfor at most «22n+1

. flog«
matrices.

b) Using Lemma 5 we obtain
Lemma 6. There exists a sequence nl,n2, ...,«*, s of natural numbers such that

> 2- k = 1,2,... s
Ank,k> 2-41 flog>h ( )

where Amr denotes the number of mXm (0, 1) matrices whose ranks are equal to r.
By other words

liminf = liminf—" = limsup = 0.
= n= + O 1311

N= + co

Proof. Let us put S, = Ank-k and /(«) = - f The inequality Sn o
k=0 2"
n

- 2 A,,K M=I12"2 implies that /(«)<«. Let Ank denote the number of those

an matrlces whose ranks are k and which are not elements of the set B and
Bn,k—ATk—/1,k. We can obtain all (n+ )X (« + 1) matrices so that we enlarge
the nXn matrices by a column vector to the right and after it by a row vector
upwards in all possible ways.

So we can obtain from the nXn matrices of number A bk and of rank K new
(nX_ D+ (n+l) matrices the number of which is A,,ik22n+1 and among them
xn,k*n,k22n+1 have rank smaller than min (k+2, n+ 1). By Lemma 5.

2
xnk < [----- - k=012, n).
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c) So we have
S,+i = (I)( -A K+ukh 2 2'+1 2O ATK(\-x MY(1c+2) +
k= k=

ft- 1

+22ntl 2 AMK-XTK-K + 22014, TT1- X,,'T(n+ 1) + 220+ 10, -xMn

k=0

n—1 flo1

= 22'+1 20A94K(K+2)+Ar1r(n+\) 22 2'%1 2- 2 A k-xTk+AITKM g
k= k=0
n-1

s 22+l 2 AAk(K+2)+Adn+ 1) -2 2-+° 2.2 Ank+Ann
k=0 J v k-0 /log «

= 200+ \ZA,, kKk+2)-An\-2~~ (2-2 Anik-A,, n
k=0 |llog 12

=221 N £+ 2212 1— -22'+1-1,, 2
k=0 /logn /log«

2220+l 1— — =- 2 B NK= 22n+1'§=6ﬂ an +2-2(»+1)2 1-

yiogn /log «

22'+1-A, Il —2-22n1 1 2 Bnk
/log« /log«

'22n+1Z 5 (jr* + 22'+° .22 11-
/log«

22n+1eS,,+ 2-2(n+1)2 1 221 A, 1—
llog« /log«

2o 2n1<F 2 g 221415+ 2.2<"4121 | - oyl 1

/log« /log«

tl) Dividing by 2(m1)2 we get

_ i w g
e D=ltg+2ll o] 22 Noge

If we suppose that there exists a number NO such that

29 1. °
/log«
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14 J. KOMLOS

holds for all nSN 0 then we have

[(¢«k+ OS/H +2 1-

/logn /logn
that is
f(n+ ) S/00 + 1
(3 ( ) ' flogn
for all nSNO. But 2 ! + °0 therefore using Relation (1) (1—NO0) times
k-No fm
we obtain
f(n+ D)S/W O+ («-7VQ+ 2 -, =me
(n+ 1) SIW 0+ («7V0) o
a 1
for all nSNO. If Vis so large that > JT0O+1 holds, then we have
k=No ﬂO—gK
/[(TV+1)>TV+1 which is a contradiction. Q.e.d.
V.

a) Lemma 7.

Let fix, y) be afunction definedfor all pairs x Sy of natural numbers with the
following properties:

There exists a natural number n and a real number 0 <c< 1such that

1° f(x, y)SO
2° f(x, x)=1
3 fix,y+\)Sfix, y)
4° fin,n—1)<c
5 fim + 1K) S cfim, k) + (L- ofim, K- 2) + dm
for all mSn and Osfcém, where {dm is a sequence of positive numbers.

We show that these properties imply that

2 fim,m—1) < 2c+ 2 ds

s=n
or all mSn.
b) By a double application of 5° we get

(3) fim +20) =cZim, k) + 2¢(l - c)f(m, K —2) + (1- O)2im, Kk - 4)+ dm+ dm+1

mSn t
O "k"m)

and this inequality implies (as fim, k—4)"fim, kK —2)):
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(4) f(m +2 k) cE(m, k) + (1- c2f(m, k-2) + dm+dm+L

m”~n
0=bkgm
The relation
f(N+],k)Scf(N, K)+ (1- c)f(N, k-1) +dN\N*
Sf(N, K)[c+ (1 —)] +dN=Ff{N, k) +dN
Nsn
OrSk”N,
and Relation 1° (/(n, n—I)<c) show that
m 1
(5) flm,K) <c+" ds foral ké n—1 (m~ n).

Now we prove by induction that the following inequality holds:

) m - |+ 5 n+t- 1
(6) f(n-\-tn 2+ /—-)=c+ ~* g Qts+2+ " 4
s=n

tS2is 0

If />/—2, then we have to prove that f(n+t, n—(/—<+2))sc 4’“;{ 1 ifs;
but this is an immediate consequence of (5). Let us suppose that o
2.
c) In the case t—2 (and so i=0) the inequality is

f(n +2,n)"c +c2+dn+dn+l.
By (4) we have

In+2,mScZ2(n, n+ @- cd/(n, n- 2)+ dn+dn+l”

ac2+(l - c2)c+il,+ il 1+l< c+ c2+ il,,+ il ,+1.

In the case /= 3 the inequality is (for i= 1 or i—0)
[(«+3 1)ac+carf, +rfHi+4.+
/(n +3,n+ 1)SC+ Q+ il,,+ rl+1 +i/ ,+2-
Using Relation (4):
I+ 3 ri)rcX(n+ Lw+ (I-c/(n+ L «—=2)+il,,+] +i/,, +2"
S c¢Zcf(n, n)+ (1- c)f(n,n- 2)+d]+ (1- c(c+d,)+ dn+x+ dn+2S
s=c3+c3(l _c)+c(i -c 2 +dn+dnH +dn+2<

<c+c3+d,, +dn+l +dn+2
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16 J. KOMLOS

or similarly:
f(n+3n+1)SCZ(fl+ L,n+1)+(L -cAf(n + 1, n- I)+d,+L +dn+2"
re2+ (I-c(c+dn +d,,+1+dn+2<
<c +c2+dn+dntx + dn+2.

That is the inequality is proved in the cases t=2 and t=3
d) Let us suppose that the inequality is proved for t=T and let us prove

it for t =T+ 2. Denote = w. Applying (3) we get, ifis 2 L1 =0 per. def.

if k>n or
I(N+T+2n=2+[7+2)—) =f(n+T+2,n+T—i) " cA(n+T,n+T—1) +

+2c(1-09/(n+T mn-2 +T-/) +(1-92(n+ T ,n-4 +T -0 +4 +r+ " ++l —
fi+s-2'l .. A+l T
| IC

C+ 2 +s+ 2 ds\+
s=0V s=n )
n+T-1

+S
cfH+s+2 4+ 2 ds +

H2c(l —c¢) Ic+ #*1
(1—0) go s

i wW—2 . n+T-1
Ca o, FST2 chcar 2 ds\+d,+THpq,
s=0 S—ll
n+T+1 - -
ii+s—2 . i+s—1 .
A ni+s+ 2 ni+s+2 __
+ <4+2oI +221 s—1
w+1l - .
I+S—2 ,..» i4-s—1 .
_ 1 ni+s+2
25%21 ) + | 2?:3 s—3 +
i+s—2 Ci+s+2 — S.
s—4
Using the following identity
i+s—2 4 i+s—1 ) i+s—2 i+s i+s—I i+s—2 i+s
s s—1 s—2 ' s—2 53 " s—4 s

(this identity holds for s~ 1, isl)
one can see, that

n+T+1 w

S=c+ dx+ A 1+S iigen o TFW—1 g3
S—A s=0 s w- 1

N1 " 1 L * i +w+3
Z\V/V-'-—Z)d « « +[\II\I'12)')A +{| W_’VST)I]Ci

Studia Scientiarum Mathematicarum Hungarica 2 (1967)



ON THE DETERMINANT OF (0,1) MATRICES 17

and as
. " I+ >
W+ w=sl wor
we get the relation

N+T+ 1

f(n +(T+2),n-2 +(T+2)-i) WIS = c+ S% f'ZS 22 ds
what we had to prove.
If i=0 or /=1, then the estimate
W . n+T- 1
fn+T,n+T—i)Sc+ 2 '+i_2 + 2 ds

and also the identity was false. Instead of this estimate we writef(n + T, n+ T—i) S 1,
and so we get for S the same formula as above.
e) Let us apply the proved inequality in the case i= 0.

fn+tn+t—2sc+ 2 & 2 & s 2.

Hence

f{n+t+1Ln+t) S cfn+t,u+ 0+ (L—)f(n+t,n+t-2) +dntt S

/-

c+(l—) + 2 cs¥2+ 2 ds\+dn+, <c+(l-c) c+2c°+2\+

d,=c+c-c2+(l +2 ds=2c+2 s
1 C s=0 s=n

S=n
for all /& 2.
But

f(n+2,n+1) » c{n+\,n+\)+ (\-c)f(n+\,n-\) +dndrl S

= c+ (|-Em)(Em+ ) + i+l <2c+ 2 ds
s=n
and
f(n+ L, n) ~ cf(n,n)+ (I —)f(n,n—2)+dn” c+ (I -c)c +dn<2c+ 2 ds,

s=n

hence we proved that for all

flm,m- )< 2c+2 ds

s=n

holds. Q. ed.
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18 J. KOMLOS

V.

Now we can already prove the theorem:
Let r be an arbitrary positive number. Let the integer N be so large that for

the ,\-th element of the sequence nk (defined in Lemma 6)

13
llogu.v

< £

Let us put _
Ky 257 9 >
1=0 »

6
/lognN
n = nN,
.1
<m~ 2nm2'

It is easy to see that for the functionf(m, k) 1°—2°—3° hold.
The fulfilment of 4° follows from the definition of the sequence {nk} (in lemma 6).

Let us prove that 5° holds.

From the An¥.i matrices of rank Kk —1 except for at most c-Amk- |-22m+L
ones, and from the Anitk matrices of rank k except for at most o/1,,,4-221+1 ones
we get such matrices, which have at least k +1 as rank. So we have

X»+VfOn+1,k) * Z  Anj e22m+1+c «22m+1(Amk- | +Tiaf) +
y - o
+22mt'-dm-2"2si Z Anwe22™*+ ce22m+l + AT/ + dme2<'+ 2
=f(m, k- 2)-2(m+")2+ c- 2(T+12(/(Tn, K)- f (M, K - 2)) + dme2(m+D2 =
= 2(m+12[c/(w, k) + (1 K~2)+d,]
Dividing by 2(m+1)2 we obtain

f(m+ 1K)~ d(m, K) + (@ - c)f(m, K- 2)+dm

that is 5° holds.
By lemma 7 we get:

f(m, m- < 2x+Z (s

for all m”~n. But

Vi_ Vv 1 4 1
sTE 2d2- 212
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that is
12 1

f(m, m—1) T E
AlognN  i\ognN
for all m~nN or in other terms
Amm>2"20—€) forall m ~nw,
what proves our theorem.

VI.
Professor Egyed asked whether the following generalization of this theorem

is true:
Let us consider the matrices:

ol.1 01,2 « alk
a2, 1 a2,2 «oo «2,k
ai, ai}r .. mOi.k

where the elements alk equal to 0 or 1 The set of those matrices in which the rows
or the columns are not “linearly independent”, has a measure 0.

First we have to agree in that what is the meaning of “linearly independent”
in this case.

Let aik (/=1,2,...; k=1,2,...) be mutually independent random variables
which take on the values 0, 1 with probabilities «£  Let us form by these random
variables the above matrix.

We make use of two definitions of the linear dependence of the rows of a matrix.

The rows of a matrix are finitely linearly dependent, if there exists a natural
number i, some natural numbers (finitely many) nn< /2< ... <is and real numbers
«u a2, . aswith the properties:

v [/ for V—1,2,...,5
and

™ Qik= Aj &&ivk for Kk =12

The rows of a matrix are infinitely linearly dependent, if there exists a natural
number i and real numbers ax, a2, ..., a,-!, ar=0, ai+1, ... such that

(8) a, K= 2 avavk for k =1,2,....
v= 1

Let A denote the event that the rows of a random matrix are finitely linearly
dependent and B the event that they are infinitely linearly dependent.

Making use of these definitions we can formulate the question as follows:

What are the probabilities P(A) and P(S) equal to?
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b) The answer is:
9) PM)=0,

(10) P(B)=1

The proofs of these relations are simple.
Proof of (9):
Let At denote the event that

= ¢ .=ast=0 and a f=1
Clearly At, A2, ..., At, ... are mutually independent and 0<P(T,) =P(T2=...=
=P(J1)=... . One can see from the relation (7) that A, MA=0,s0 | @ /,]MNA=0

and thus (iOJ_A,::f]A,Z)A. This fact implies that
=i =i
P P(A).

But we have P f) A,

|_|_ P(T,) because the events At are independent.
=1 =i
As P(A,)cljand

r

P(AX=P(A2) =..= P(A)=...,
we get tI_J_P(At)=0 whence P(T)=0.

Proof of (10):
Let B, denote the event (t=1, 2, ..) that there exists a natural number i,
(different from ii,i2, ..., it- 2) such that

=.=a,, 0 and &, 1

Clearly P(S,) =1, therefore P

That is, a random matrix contains a triangular matrix, in which all diagonal
elements are equal to 1, with probability 1. Clearly the matrix also contains an
Z-th row vector which is different from the rows of the triangular matrix, with
probability 1 We show that such a row of the matrix is an infinite linear combination
of the z\-th, 2-th, ..., A-th, ... rows.

Put ah=aiA and define the numbers aik successively as

K-1

ANk Nk ) AAivke

If t is not one of the numbers ik then let a, = 0.
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Since
kk' 1s
af,*=0 for
and av=0 if vWr,
we have
K—1 K (03]
. - . . - - - ‘ — = A NI >
aik = aik+ e Xivaivk =\, aiva‘vk V%alvOlvfc I’2:1 tinii.k

that is (10) holds.
The condition (8) says that

N
lim 2 avavk=atk for fc=1,2, ....
w=+°°v=|

If we substitute this condition by the condition

N
lim 2 avavk — aix uniformly in «,
N=+°° v=1

then the probability in question is equal to O.

C

I?1 the proof of (10) we actually proved that the rows (and clearly the columns
too) of a random matrix contain an infinite basis with probability 1

(A subset of a set of vectors is called) “basis infinitely”, if any element of the
set can uniquely be represented by an infinite linear combination of the elements
of the subset.

A subset of a set of vectors is called to be “basis finitely” (it can contain in-
finitely many vectors) if any element of the set can uniquely be represented by a
linear combination of finitely many vectors of the elements of the subset).

I do not know whether there exists a set of vectors (with countably many compo-
nents) containing no “basises infinitely”.

(Finitely many vectors ever contain basis. It is easy to see that a set of countably
many vectors also contain at least one “basis finitely” and we proved above that
this basis is the whole set with probability 1)

MATHEMATICAL INSTITUTE OF THE HUNGARIAN ACADEMY OF SCIENCES,
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ON A PROBLEM OF GRAPH THEORY

by
G. KATONA and E. SZEMEREDI

1. Introduction

We say that a directed graph has the diameter 2 if any two vertices are connected
by a directed path of length at most 2. Let V{G) denote the number of vertices
of a graph G. Let E{G) denote the number of edges of G and D{G) the diameter of G.

Put

F(n)= min E(G).

KG=n

D(G) = 2

P. Erdés, A Reényi and V. T. S6s [1] proposed the question of determining the
value of F(n). The problem has the following interpretation. There are n airports.
Any (ordered) pair A, B of these airports is connected by at most one (directed)
flight from A to B. How many directed connections have to be established to assure
the possibility to fly from every airport to any other by changing the plane at most
once?

It was noticed also by P. Erdés, A. Rényi and V. T. S6s that we can reduce
this problem to the following one. A (non-directed) graph is called to be a complete
even graph if we can split its vertices into two disjoint subsets, so that two vertices
are connected if and only if they are in different subsets. At least how large is the
sum of the numbers of the vertices of even complete graphs covering every edge
of a complete graph having « vertices? We are going to prove in 2 of this paper

2
that this number is at least n log n. (Now and in what follows log n denotes log n).
In 3 we deduce from this result of 2 estimates for F(n). In 4 we consider the sum
of the numbers of the vertices of complete even graphs covering an arbitrary given
graph.

2. On Covering of a Complete Graph
by Complete Even Graphs

Let A and B be two finite disjoint sets. Let (A, B) denote the complete even
graph in which x and y are connected if and only if xEA and yCB, or if ,v£B and
y€A. We denote the number of elements of a set A by \A\. We say that the G graph
is covered by the family of complete even graphs (AtB,) 1SiSm if any edge of
G is the edge of some of the complete even graphs (A,B,). The complete graph
having n vertices is denoted by (1).
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Theorem 1 If (r) is covered by the family of the complete even graphs (/1,/?)
IS/iffl then .

1) |Z—1M"+ Hil S nlogn.

Proof of Theorem 1. Let us denote the vertices of (n) by xt,x2, ..., x,,, We
construct a matrix M of m rows and n columns each element of which is equal
to one of the numbers 0, 1,2.

We put M= (a;j) where

0 if xjent
1 if xjisi
2 if xjia:

We denote the number of zeros and ones being in the j-th column by hj. In case
the family of complete even graphs (T;5;) Isiara cover (n) then there is to any
of the pairs (xk, xt) an (AtB#), so that one of them is an element of At, and the other
is an element of Bt. Concerning M this means that to any two different columns there
is a row, so that in this row in one of the two columns there stands 0 and in the other 1
By other words to eachj and k (/” k) there is at least one i such that either afj =0
and aik=1or atj= 1and aik=0. Thus the k-th column and /-th column are different
if KA/, and they remain different even if we replace any 2 by either 0 or 1 There
are in the fcth column m —hk elements equal to 2, so we obtain from the k-th column
2m~hk different columns, if we replace 2 whereever it occurs either by 0 or by 1
As, however, the number of columns having length m consisting of either 0 or 1
is 2m we get the inequality

(2 ZlZm~H<3a 2m
k=
that is
y" Ils I
®) L1k .

The inequality between the geometrical and the arithmetical means and (3) imply

1) <1
AnlFk~n
wherefrom "
log n.
(4) k=1 J

However the total number of zeros and ones in the matrix M is equal to

n m
2 hk, and it is equal to "l MU+ 179 as well.
iz

k=1 =
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Otherwise it is obvious that we can always find such a family (AtB,) 1Sigm
which coverns (1) and satisfies
m
2 |n1+ [l = «{log«}
where {x} denotes the smallest integer which is greater than x or equal to x. Let us
construct the family inthe form of a matrix. Letthe y'-thcolumn consist of the sequence
of digits of the number j —1 in the binary system. Since the number of digits of
any IcSn—1 in the binary system is S[log(a—L)]+1 = (logn) the number of
the rows of the matrix will be {logs} M will entirely consist of 0-s and ZILr.
Obviously the columns of M are all different and M has n{log s} elements. In this
example was no 2 in the matrix. This corresponds to the case when the set is divided
into two disjoint subsets by (AtB f To cover (51) log s such pairs (ARi) are necessary,
as it was proved in [2]. As then \A\ +\Bt\=n the total number of vertices of the
covering graphs is in this case u{log a} . This fact led to conjecturing the result
of Theorem 1

3. Lojwer and Upper Bounds for F(n)

Now let us consider a directed graph of diameter 2, having s vertices x 1x2...x,,
and between any two different vertices there is at most one directed edge. Let us
consider the vertex Xj. Let the set Aj consist of those vertices to which a directed
edge leads from Xj, and let the set Bj consist of Xj and of those vertices wherefrom
a directed edge leads into Xj. Let xkand x, be any two different verices then, according
to our assumption, either a directed edge or a directed path of length two leads
from xk into x,. In the first case xkEBk and x,BAK while in the second case, if the
directed path of length 2 from xk to x, goes through Xj, then xkEBj and x,€Aj.
That means that (a) is covered by the family of (Ah Bf) 1éy'~a complete even
graphs. Theorem 1 implies

|2—1M” + |5f] is Alog A

Since the number of the edges starting from x-is \Aj\ and the number of edges ending
in Xj is B\ —l
£G)=i W +M-"s!I*ST-",
j=1 2. Z Z
Thus we obtained the following theorem:

Theorem 2. Let G be a directed graph of diameter two between any two vertices
of which there is at most one directed edge and the number of its edges is E(G), then

) E{G)é I logl .
Thus for the function F(n) defined in § 1 we obtain the inequality
©) T(a)é| log].
On the other hand, it follows from the remark at the end of § 1 that F(ri) LLin {log s}.
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26 G. KATONA AND E. SZEMEREDI

4. The Covering of Arbitrary Graphs by Complete Even Graphs

Theorem 3. Let G be a nondirected graph having n vertices xt, x 2 mmxn and let
the degree of Xj befj andlet G be coveredby thefamily ofcomplete even graphs, (Aff)
I /S m then

n

n-fi'

() 2 Mil+M ilog

Proof of Theorem 3. The following lemma is necessary for the proof.

Lemma: Let A be a set of k elements, let Hx...Hnbe subsets of 4 and suppose
that from any fixed i the number ofj-s for which 4 ;MLf 0 is at least . Then

my \Hj
1-1 Si

P roof of the lemma. It is easy to see that

®©) Ay mgi glxgHi S x£2H fi: X Hi}%i

To any fixed x, however, if xdHj we have |{i:x£ //,}]=gj, because If has

common elements at least with |{/:x€4;} sets A ;. Therefore (i)%H)E = land thus

n I
from 9) 2 — " k

i=1 Si
Let us return to the proof of the theorem. Similarly as in the proof of Theo-
rem 1 we construct a matrix M of m rows and n columns, whose elements aun are
defined as follows:
0 if Xj€Ai

1 if XjEBt
2 if Xj<iAi Xj°Bi

where X!, x2 ... x,, are the vertices of the graph G. Let Hj be the set of those columns
which we can get from they'-th column of M, so that we write instead of any 2 occurr-
ing there independently either 0 or 1 Further, let us examine at most with how many
A; has a fixed | f a common element. Ifin a graph G between Xj and x; there is an
edge, then there is an (A,, If) such that x;£/(, Xx¢€Bt or x;CB, x}€At. That is
there may be found such /-th row to thej'-th and i-th column in which the y-th element
is 0 and the r-th element is 1 or vice versa. However, if we write into the y-th and
i-th columns in the place of 2 either 0 or 1, the columns remain different, that is
A; M Hj=0. Since the degree of Xj isf, at most n—fj is the number of those Hi
for which Hi MHj AO. We can get from the lemma

y Wi\ < o
An-f-
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If hi denotes the sum of the number of 0-s and 1-s in the /-th column we get

fi woH 2

that is
(10) ;,_ ! 21
2*'(<-1()

The inequality between the geometrical and arithmetical means and (10) imply

1 1
/' LH n ki voon oty
2=l M n—

wherefrom, after some calculations using the equality

Z\Ai\ +\B\ = ZK

we get

(io Z Wi+ iNi—Z log -

Kl
n —Ji

what was to be proved.

Remarks

It is easy to see that Theorem 1 and Theorem 3 can be generalized in such a
way that we use as covering graphs (instead of even graphs) graphs of the form
(At, A2, mms) which are defined as follows: The sets of vertices Al,A2,...As
are disjoint and two vertices are connected by an edge if and only if they do not
belong to the same set At. In this case the result, according to Theorem 3 is:

m n s

Z Mi|+ |/42]-.14 | &z log—37 »
i—1 i=1 72 Ji

A good estimate can be obtained by Theorem 3 if/; is large. The case is of special

interest when/;=/(l In this case the right-hand side of (11) takes the form
n . tl .
of zzlog—i—:#lf, for instance, f —n—c then Z i;Ar}h+ I9-1S 2 log —.CThat is it

does not differ essentially from the case of a complete graph. Taking the other

interesting case when/—cn then the right-hand side of (11) is zlog|—
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THE PRINCIPLE OF CONSERVATION OF ENTROPY
IN A NOISELESS CHANNEL

by

G. KATONA and G. TUSNADY

Introduction

The main aim of this paper is to formulate precisely and to prove the follow-
ing statement:

If we have an information source, more precisely, a sequence of random
variables £1; £2, ...with entropy H(SC) and we code this sequence in a uniquely
decodable manner, the obtained sequence  has the entropy

(0 Hiw) = "9

where L is the average length of the codes.

The intuitive meaning of (1) is clear: it expresses the principle of conservation
of information, when the coding is uniquely decodable (and no noise is present). In
spite of this according to our best knowledge (1) has not been proved in full gener-
ality up to now.

If we have finite number of code signals yt, the maximum of #(<30
is log m, where log denotes the logarithm with respect to the base 2. It follows from
(1) that

HT ~ L
log/w

This is a well known theorem of Shannon, and according to our best knowledge
only this consequence of (1) was proved (e. g. [1]).

In the case when the coding is not necessarily uniquely decodable instead of
(1) we prove the inequality
#(.1)
#(<30 S T~

which has also an intuitive meaning.

Precise Formulation

Let X= {al, ..., x,,}be the set of possible signals (the alphabet) of the information
source, and let X°° be the set of all infinite sequences formed from the letters xt, x ,, .
If 1Si) S/i, ..., 1s4Su, we denote by [xtl, ..., xik] the set of all sequences having
xIt,  xik on the first k places. We call such subsets of X°° cylinder sets. Let ‘v
denote the cr-field generated by the cylinder sets. The measure space SC= (X °°, MY, px)
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30 G. KATONA AND G. TUSNADY

is called an information source, if px is a probability measure on This space
defines an other space on the sequences of length k: 3&k=(Xk, 2l|, p\), where Xk
is the space of the sequences (xh, ..., xP. The average information contained in
the first k signals of the information source is

HPKY = - Y p\(xh, ..., xiQ logpk (xit, ..., XiK) =

1—ik—n
=- 2 Px[xu, e, x j logpx[xu, ..., Xj.

1Uik”n
Finally, the definition of the entropy of X is

H(@3C) = lira H{iCk)

(the average information content of one signal), if this limit exists.

Consider now the definition of the coding. Let Y={yt, be the set of
possible code signals. Let c(x;) (1S iSri) be afinite, non empty sequence formed from
elements of Y. We call this function coding. Thus we may associate to every (xit, ...,XiK),
resp. (xJt, xj2, ...) a sequence of y/s. Let us write successively the codes c(x,,), ...,
.o, C(xiK), resp. c(XjJ, c(xj2), .... Denote by c(xu, ..., xiK), resp. d(xJt, xj2, ...) the
resulting sequence. Let Y°° be the set of all infinite j-sequences. Thus the function
d(xJt, xj2, ...) transforms the set X°°into a subset Y* of Y°°. Let 9Ir be the n-field
in Y* generated by the mapping d(xJt, xj2, ...)of i'ly and let us define the measure
Py on Ulj. by putting: )

pY(A) =Px(d~1(Aj) AeSly

where d~I(A) denotes the inverse image of A. W= (T*, Sty,pV) is the space of coded
sequences. As above [yit, ..., ytJ denotes the cylinder set consisting of all sequences
in Y°° of which the first Kk terms are yit, ..., yik

Lemma 1 \yn, M F*ESly.

Proof. Wehave to prove that the set ofall sequences (xJt, Xj2, ...) having the image
in [yh, y&]MY*isin SIx. We say that (yh, ..., yiK is a segment of (yh, yk)
if feST, and yh=yh, ...,yik=ylk. Obviously, the image of (xs, xj2,...) is in
[ytl, ...,y,jnr* if and only if (yu, ...,yik is a segment of c(xh, ...,xjK). Thus

(2 w>T;jn T*)= U[xus ..., XXK],
where union runs over sequences j\, ...,jk for which (yh, ..., yiK) is a segment of
c(xJl, ..., xjk). However the right side of (2) is a union of cylinder sets in 2tx which

proves the Lemma.

Denote by Yk the set of sequences (y.4, ..., yik for which the cylinder set
[yu, yiJ isin Y* Let &ty be the tr-field of all subsets of Yk By Lemma 1we can
define

Prcyn, mmYK=Py([YH, Lijn ¥*).
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The average information content of the first k signals of the coded sequence is

H(B/K = - IS)%hSmP\(yM’ log/'rOi,.

where e/k=(Yk, Wy, p\). Finally the definition of the entropy of % is
wy) = lim—~

(the average information content of one signal of the coded sequence), if this limit

exists.
If /; denotes IEhc—: length of the sequence c(xj (1&/én) then the length of

c(xh, ..., xik is 2 hjmLet Lk be a random variable in the probability space SXk,
-1

K
which takes on the value 2 hj if we have the sequence (xh,...,xik. We say

i=1
that the average code length is L, if

for /c*«=, where => denotes convergence in probability.
A coding c(Xj) (17iSn) is called uniquely decodable, if

® 1, ....X0 = Cc(XJ> -, XJ))

holds only in the case k=s, xti=xJt,  xik=xJk.

We would like to point out that in the above sequence of definitions only the
definitions of entropies, average code length and uniquely decodable coding are
important, and the other ones are technical.

Finally, one more definition is necessary to the proof. Denote by ZNthe set of
the sequences (xtl, satisfying the conditions

S S—1
2 hj<N
Let be the u-field of all subsets of ZNand put
Pz(xtl, *>xu)=Px U, °m, *]e
It is easy to see, that
Cib> 2 Pz(xu>->x0 = 1
thus  N= (ZN 9lz,pz) is a probability space, and

H{&N) = - 2 Px(xu> -, xi)logPx(xn> -, X,,).
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32 G. KATONA AND G. TUSNADY

Theorems and Proofs

To prove our main theorem we need a lemma.

Lemma 2. If L exists,
H (XK
L K N T

provided that and

Proof. Let H{3fN\XK) be the conditional entropy
H(XNXK = - ngPx(«, 2)\ogpx(Z\u),

z€ZwW
where px(u, z) denotes the probability of the subsets of elements in X°°, for which

the first k elements are xh,...,xik and the first s elements are xJIf ..., xJs, if
U= (xii, XK, z = (xjt, ..., XjJ. Further

_ Px(u, -)
Px(z\u) =
x(z\u) PY(n)
Obviously, Px(u, z)xO (px(z\u) Z 0) ifand only of if one ofthe nand zis a segment
of the other.
It is well known that (e. g. [1])

(3) H{XK + H{%n\3XK) = H{%N) + HECK\%N),
so it is sufficient to show, that

Hi%N3X)=0{N)
and

H(StK\&*) = o(N)

if K — N , Namely, in this case

X
HiSCK  H(?XN HEXK'AY  H(XNXK
~~N N~~ ~ N N~
follows from (3).
However
4 H (XN\XK = L%)«PX(«)H(Z*\U)

where H(2EN\W) denotes the entropy — 2 Pxiz\u) logPxiz|m). Let Lk(u) = /(n) be the
ZEZw

number 2 h, Jf M (xil, ..., xiK.

If |{JLT)’\N, Px(z\u) X o can hold only if z is a segment of n (as n cannot be a
proper segment of z only if u=2), but because of definition of Zv there can be
only one segment of n in ZN Thus px(z\u) = 1 for a certain z, and

®) H (3fN\u) —O.

Studia Scientiarum Mathematicarum Hungarlca 2 (1967)
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In the case /(m< N, px(z\u)”0 if and only if u is a segment of z. On the other
hand s—ksN —(u) since in the case s—k =N —l(u) for the length /(z) the in-
equality 1(z)” I(u)+s—k = N holds. Obviously, we have only nN~I{U) such sequences
zZ, that s,

() H ("Nw)S\og nN~K) =(iV—/(0) log/

(as the maximum of the entropy of a distribution on a set of M elements is log M).
Applying (4), (5) and (s) we have

H(ZNK) = uEXkPx(“)H(&l\l\u) Sue%k Px(u)(N--1(u)) logn =

I(u) <N I(u)<N
2 AxM)(Tr-/(m))1og 2+ 2 Px(u){N-I(u))\ogn
N(1 -E)Is?(/(ku)dv |(u)2|(i<-t)/v

N Nelogn+px(UEXK, /(n) «= (1 —e)N)N\og n.
Thus we have the inequality

(7) H{Zil ) ElogH+Px(udxk /(M) < (L—)n) log«.
Since converges stochastically to L, /T/TIn A", “|_|7L—’)—— LJ\>£ ‘con-
verges to zero if « — It follows that on the right side of (7)
Px{uexk Hu) < (L-e)N)=Px [uexk, » - L @ e)N L\a

Spx\uexk”™~-L < -L-|-

tends to zero for A—  because of /& . Thus, if N is sufficiently large,
px(uEXk I(u) <(1 —e)N) <e
that is
H (% N\SX)
N 2elogn

consequently

|\|IET.1 Hggg/\'\z@ =0 K =
We prove in similar way that

lim N =0 U=

HORIDY = 2 Px(2)HNRD,

Obviously
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34 0. KATONA AND G. TUSNADY

where Htf£k|z)=0 in the case z =(xtl, xis), s"k. Further, if s<k, we have
only nk~s different iis with px(u\z)* 0, that is, H(3,'k\z)"(k —s) log/;. Finally,
as above
H(XKX") 5 zé" PxWk s)\ogn+ Z px(2)(k s)logr A
k(l-e)ras<k s<(1-‘ e)k
S eklogn+klogrrpx{z€Z'v,s < (1—8)K).
Here on the right side
px(zFZN's < (1—e)k) = Px(uE XH~BR I(u) » A) =
) N )]
px Ui X M L ek L Px UE AN M

which converges to zero if M=[(I —5)& - o» Thus H(3PK\3?N-"0o(N), indeed,
which proves the Lemma.

cL

Theorem 1 If the entropy H(3C) and the average code length L exist, and the
coding is uniquely decodable, then H(W) exists, and

H, P

Proor. ¥ HI&Y exists, in Lemma QﬂL@Kﬂ tends fo Hl(_B), and so i%f’—l
does, too. Thus, it is sufficient to show that

lim ﬂ(dP_N) = |nn_|___Kw
N->o00 N N7-»00 A7
We can write
(8) H(2/N +H(&N<&) = H(dZN + H(WN2PN)
where
HEENW = - z_|ZZNPX('V’ z) logpx(z\v),
H<N&N = - 2 Px(u, z)logpx(v\z),
Px(z\v) = Px(v>2) Pxip\z) - PXiP, z)
Py(v) Px(2)
and px(v, z) is the probability of the set of sequences in X°°, for which the first i
elements are xtl, xis and the first N elements of its code are yJt, ..., yjN, if

z=(xit, ...,xi9, v=(yj* ...,yjN).
Obviously px(v, z)p™0 only if v is a segment of c(z). Thus for given z there
is only one v satisfying px{v, )" 0, that is, px(v, z) = L Applying this result we obtain

9) H@/N2EN) = 2 Px(z)H (WNg) = 0

ziZN

because of H{¢/N\z) =Q On the other hand
(10) H (& NN :uiZYNPr(v)H (&NW).
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Let / be the maximum of the numbers /,, Because of definition of ZN N s
N(2)<iV +/ holds. Thus for a fixed v, the sequences z satisfying px{z\v)~o are
such that the first N elements of c(z) are equal to v, and the other elements are
arbitrary. The number of such c(z)’s is at most mi~1. Since the coding is uniquely
decodable i. e. to a given c(z) there exists only one z, the number of different z is
also at most ml~I. From (10) we obtain
H(3fN\WSN) s i_I_)impy(v) logm'~ 1= log/n'-",
which lends to zero divided by N, if The proof is finished by (s).

If the coding is not necessarily uniquely decodable, we can not prove the existence
of HRf). In this case let us put

In this case from the above proof we get only H(RfN"=H(3?N that is, the
following theorem holds.

Theorem 2. If the entropy H(3C) and the average code length L exist, then

(ID H<& S

Further Questions

1. A natural question is the following: under which assumption does the

limit lim K exists in the not uniquely decodable case? Probably it is not difficult
to answer this question if ST is an information source, which produces independent

signals.
2. It is easy to see, that for independent 3£, and not uniquely decodable coding
the strict inequality

HIR/) L

holds. In other words, in the independent case equality holds in (11) if and only
if the coding is uniquely decodable. What is the necessary and sufficient condition,
in general, of the equality in (11)?

We are greatly indebted to A. Rényi and |. Csiszar for several helpful comments
and ideas.
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ON THE ARRANGEMENT OF HOUSES IN A HOUSING ESTATE

by
L. FEJES TOTH

On a large area we want to build as many houses as possible under the condition
that the houses have congruent rectangular bases which are not allowed to get
closer to one another than a prescribed distance. Calling the parallel domain of
a rectangle a site, we face the problem of finding a densest packing of congruent
sites.

It is known that the density of an arbitrary packing of congruent centro-
symmetric convex discs cannot exceed the density of the densest lattice-packing
of the discs'. This enables us to restrict ourselves to lattice-packings.

Without loss of the generality, we may sup-

pose that the site s is a parallel domain at unit
distance of a rectangle of sides aand b with a”b.
We will show that, depending on a, there are
three types of densest lattice-packings which we
define by certain properties of the centro-symmetric
hexagon It of least area containing s. The corres-
ponding packing arises by paving the plane by
translated replicas of h and placing in each hexa-
gon a translated replica of s.

We call the axis of symmetry of s parallel to
the longer side of the rectangle the axis of s.

If a=b, we agree to call only one of the axes of
symmetry the axis of s.

We consider a centro-symmetric hexagon cir-
cumscribed about s in such a way that it has a
pair of sides parallel to the axis of s and all of its
side-midpoints lie on the boundary of s. Among the
hexagons sharing all these properties we distinguish
three types.

Type 1 The hexagon has bilateral symmetry about the axis of s (Fig. 1).

Type 2. The hexagon has no bilateral symmetry about the axis of s and no
side perpendicular to the axis of s (Fig. 2).

Type 3. The hexagon has two sides perpendicular to the axis of s (Fig. 3).
Our result reads as follows.

1See, e. g, L. Fejes Téth, Regular Figures, Oxford 1964.
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Let s be the parallel domain at unit distance of a rectangle whose shorter side
has the length a. Then the centro-symmetric hexagon of least area containing s is
of type 1,2 or 3 according as a 'x\—\ 12,4 —12«wa<2—2 ora”2 —\2, respec-
tively.

As to the proof we must confess that it has a blemish: The comparison of
the order of some functions with one variable had been carried out only by numerical
computations (kindly performed by K. Kényves Taéth, Using a computer giving
g figures). Since this process seemed to be sufficiently reliable, I did not find it worth
while to enter into tedious exact investigations.

First we consider the case that the rectangle is a square g with side-length
a=2x. The fact that all side-midpoints of a minimal centro-symmetric hexagon
lie on Xis easily seen and we omit its proof. In order to survey all hexagons H with
this property, we classify them as follows.

Class 0. H has no side parallel to a side of q.

Let A, B, C be consecutive vertices of g such that the unit circle with center B
contains two side-midpoints S and Tof H (Fig.4). Let LM and MN be the sides of H
containing Sand T, and let R and U be the adjacent side-midpoints. Since LS = SM =
=MT=TN, we have LB —MB —NB. Again, since in view of the central symmetry
RL =NU, we have AL =CN. Thus the triangles ALB and CNB are congruent,
in consequence of which H is symmetric about the diagonal of q passing through B.

Since 2ST=RU=2(l +¥2x) and ST<y 2, this case exists if and only if 2.v<
<2 —]/2. The half area of //equals

oW = 1+ 1/2x)("Db-\%x-2x2+ |/8r).

Class 1 H has exactly one pair of sides parallel to a side of q. Here we have
two subclasses.
Subclass 11. A has an axis of symmetry.
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Because of the central symmetry, H has two axis of symmetry, one of which
must be parallel to those sides of H which are parallel to a side of g This case can
be realised only if a< 1 The half area of H is

/In (@) = 1+ x)(Y3+ 2x—x2+ 2a).
Subclass 12. H has no axis of symmetry2.

Let AB be a side of g not parallel to any side of H (Fig. 5. We imagine AB
to be in a horisontal position and suppose that A and B are the upper vertices of
g Let L, M, N be the three upper vertices of H such that AL—AM<BM —BN.

Let the line AB intersect the vertical sides of H at T and U. Letting <7/tL=a
and <IUBN=R, we have AL =1/cosa and BN =\/cosf. Hence, expressing the
distance of M from the line TU both in terms of a and 8, we find that

) 2(«) =z(B),
where
S

On the other hand, projecting the broken line AM B perpendicularly to the line

AB, we obtain
cos 3a  COoS 3&3
e ,
cosa  CcoS
whence, on account of

cos 3p _ .
¢0s {0 = 1—4sin2(p,

2) A= 2(sin2a+ sin2/?)—!.

2 The possibility of such a hexagon was first pointed out by G. Hajos.
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The assumption that AL<BN, along with the obvious conditions
sin 3a/cosa>1 and tan/?<l, implies

(3) g 2a< B 4
In the interval (n/8, n/4) the function z(cp) has a single maximum defined by
Z' c0S2p= 8 cos*(p—4 cos2(p—i=o.
Denoting the root of this equation by y, we have

1+ ¥3

coszy -- 7,

In (w/s, y) the function z(g>) increases and in (y, n/4) it decreases. Consequently,
to any value of @ such that 7t/8<a<y the equation (1) associates a unique value
of B such that y< B < n/4. Thus, in view of (2) , x may be considered as a function
of a. Numerical computations show that x strictly decreases when a increases from
W8 to .

Tn the limiting case when a=R =y, we have

Y= 4sin2y—1= 3—4c0s2y —2—Y3.

In the other limiting case, when a= /s, we have B=n/4 and 2x=2—y2. Since
these limiting cases do not belong to the subclass under consideration, we have

2 #3<.Y <1 =2 The half area of H is equal to

/, 2(v) = s (sina cos a + sin3/? cos B) + 2x(l + ..

where a and 8 are given by (1), (2) and (3).
Class 2. H has two pairs of sides parallel to the sides of q.
Now the third pair of sides must be perpendicular to a diagonal of g. This

case can be realised only if 2xS2—Y2. The half area of A equals
f2(x) = 2y2+ 4y+ j8-1.

This completes the enumeration of the hexagons under consideration.
Now we must pick out of the functions /o ,/u,/i2 anc*/2 the least one for
various values of x. We denote the graphs of these functions by g0, gtt, g, 2and g2m

For 0<x”~2 —Y3 we have to compare only fO and /u . We have /0(0) =
=/,,(0=/3,/00)=y ! +j/824,46 and N1,(0) =~ - +274,31. Thus g0 and

start from the same point, but g0 has here a greater slope than gu . The graph

g0 remains in the whole interval (O, 2—/ 3) above glt. At x =2—Y3 we still have
fo = 3,0426... >/n = 3,0394... .
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In the open interval 2-Yy3, Y2 three functions compete, namely

and/ 12. In the whole interval f 12 turns out to be the smallest. Atx = 2—f3«; 0,26795
we have fu = f\2, and at the beginning/,! is a strong rival o f/12. At 0,26806
(a=33°30\ [1-35°T28,9") we have / 12« 3,0400064 and /,,% 3,0400065. From

Y2
here on the difference / 12 increases more rapidly. At x=1— —" 0,29289

we have /,,% 3,1761411 and / 12« 3,1715729.

Yet, at the end of the interval, / 12 has another rival. For, at a value of
Vnear 0,28 the graph g0 intersects g,, and at the end of the interval g0 meets g 12.
Nevertheless, g0 remains above gl2. For instance, for x% 0,29082 (a=23° Rm
»44°35/2,5") we have / 12%3,1608412 and /,, « 3,1608621.

For rs 1—- the competition is less acute. At first there are two competitors,

namely /,, and /2. In view of/ 12 1 22 =/21 . 2 =/ii , 02 starts
from a lower point than g,, and remains throughout below g,,. At x = 1the function
/,, gives up the game so thatf 2 becomes unrivalled.

Recapitulating, the minimal centro-syinmetric hexagon circumscribed about

s belongs for ,v"2 —\’IE to class 11, for 2—\4’3<x< I—yi to class 12 and for

to class 2. Since these classes are identical with the above types 1 2

and 3, respectively, our assertion is established for a square.

In order to settle the general case, we describe a transformation carrying a
convex polygon p into a new one. Let a and b be two vertical supporting lines of
p (Fig. 6). Let A and B be vertices of p lying on a and b, respectively. A and B de-
compose the boundary of p into an “upper” and a “lower” polygonal line A...B
and B...A. We consider p as being the intersection of the two convex pointsets
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Pi and p2 bounded by a, A..B, b and b, B...A, a, respectively. Translating p2
upwards through a distance d, we obtain a new polygon p'. We call this process
telescoping.

We suppose p' not to be empty. Let a' and b' be the vertical supporting lines
ofp’, and let tv be the distance of a' and b'. Then

t—1I-bw'd-ft",

where t, t” and t" are the areas of p, p' and the part of p outside the strip bounded
by a' and b".

Now let j be a site with a vertical axis arising from a rectangle with side-length
a and b such that a<b. Let h be an arbitrary centro-symmetric hexagon of area
t circumscribed about s. We telescope h in a vertical direction through the distance
b—a, obtaining a hexagon K of area t' (Fig. 7). The hexagon h' contains a site
s' arising from a square of side-length a having a vertical axis. Therefore the width
w' of h' in a horizontal direction is at least 2+ a. Thus

IS (4 W(b—2a)" t' + 2+ a)(b—a).

Replacing t' by the area t of the least centro-symmetric hexagon It containing s',
we obtain
tr"t+ (2+a)(b—a).

But since h has a pair of vertical sides, the sum t+(2+a)(b—a) equals the area
of the hexagon arising from h by telescopic elongation in a vertical direction through
the distance b—a (Fig. 8). Since this hexagon contains s, it is proved to be the minimal
hexagon of all centro-symmetric hexagons containing s.

MATHEMATICAL INSTITUTE OF THE HUNGARIAN ACADEMY OF SCIENCES,
BUDAPEST
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ON THE SUMMABILITY OF THE FOURIER SERIES
OF L2 INTEGRABEE FUNCTIONS, III.

by
E. MAKAI

§1
Let

f(x) = a®+ £ (thvcos w+ sinvx)

be a trigonometrical polynomial with complex coefficients, sk(x;/") its A'th partial
sum and

W = {-Ay~+ Z (W v+ bvhy\

In a previous paper [2] | have verified that for nss3

21 1
(1) 2 - nH = A

A=0,1 /rr=1  n) with equality if and only if
)] Ki=k2=..—k,=n and f(x) +C0S nx).

If (1) would hold for an infinity of ris then the Fourier series of any L2 integrable
function would converge almost everywhere.

Let now be F(z) = c0+ ¢,z + ... +¢,,2", I|H112= c0™ + c,c, + ... + ¢, cnand Fk(z) =
=c0+clz+...+ckk further P@Q=y,z +y2Z2+ ... +ya", |[IOIR=yiA+Y2l2 + e
.+ymyn and 4Kz) =ylz +y222+ ... +ykek.

In 81 it will be shown that

whenever for a particular n (1) and (2) are true, then for this n

* ' N 1
(3) \/g:? n* 2 ~2 /7 1Fll
and
I n
(3" \2  dle2nti\ A m\W\DWW
Ir=1

hold with equality if and only if
4 K,=k2=... =kn=n and F(z) =c(\ +Z"), F@=yz", respectively.
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In particular (3) and (¥) are truefor nS 53 1, with equality if and only if (4) hold.
Indeed, using the notations Sr=2nr/n and evit= 1 if v*k and swk=0 if

V>k, we have
2 pkM ) =l , Bee

L Lok =Zo0Z 7 Sdieie)

V=

by Schwarz’s inequality. Since this last quantity is positive we may write

n - min(kp,kq) 1172

\ZFK,Vai =1Ifil (2 2, cos VS -

q= =

()

2

1/
= ”H”{Z L 2 "min(Kp_K<>(3,-3,)]}

P.9=
where Dfx) =12+ cos i+ cos 2x + ... +cos Ix is Dirichlet’s kernel.
Equality stands in (5) only if
(6) C=cZz 1W * *

where ¢' is independent of v.
Now 1 have shown [1] that for a fixed sequence k,, k2, ..., k,,

1/2

Z Sk,& ,,f) S 2 Dinin(fcp.fcq) ~q)
p.g=1
where equality is attained for a particular/.
Hence
n 2
() Ry 2 'Fde”)  max 2 skMmif) =

and whenever the modulus of the second term on the left hand side is less than
3«2/2, we have

R ey P ) care

This is true, as previously mentioned, if min (kr, k2, ..., £,)<// and n” 53
(possibly for the other ws, too). It rests to envisage the case k{=k2=... =k,,=n.

1 If either (3) or (3') would hold for all ris or at least for an infinity of «’s then in view of
our main formula (7) or of the analogous equality

n 2 " |
max Z SskfF-f) — max Z  dkr(e0n)\
i =i r=1 =1

it would follow again that the Fourier series of every L2 integrable function would converge
almost everywhere.
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Then we have, again by (7) or directly from (5)
2

Ir2_1 Fie*") 2<2||1H2
and equality stands here by (6) if and only if

n

G=c 'r2=1e~i\/31rl"

i. e, c0=c,=c, cl=c2=...=e,1=0.
Thus we have proved the statement about the polynomials F(z). The correspond-
ing statements (3') and (4) about 4>(2) are deduced in a similar way.

§2

Let ri,, be the class of the not identically vanishing n’th order real trigono-
metrical polynomials A

(D [ =f(x) = 2:1(av(IB\A+ s*n vx)

with the norm
112

I = jfZ((jv2+A) j oo
Let further sk(x;f) be the Ath partial sum of (1) and m a natural number.
In Part 11 of this paper [2] | verified up to m =53 an equivalent of the following
Conjecture. |If m\n, then
I n
(2) w2 =8 n o i (/€<)
with equality if and only if
(3 f(x) = c¢(cos mx + cos 2mx +cos bTx+... + cos nx), c> 0.
Consider the special case m=n of this conjecture. It asserts that

@)
with equality only if
®) f{x) =ccosmx, c>0.

We are going to show that this last weaker form implies the whole conjecture.
Stated more explicitly:

Theorem. Iffor some m (4) holds, then for any multiple n of m (2) is true,
further iffor the same m the sign of equality in (4) holds only for positive multiples
of cos mx, then in (2) equality holds only iff(x) is given by (3).
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In the following let us introduce the notations xr=2nr/rit,

= max -t 2T max SO0 AR

fti, m r= ; K=o0,i,...,

and let us denote by /= (&Ycos vv4-0vsin vv) an extremal function of this
v=1

maximum problem, i. e
1_m
r) =n:Z. _max x*xr;/)/[|/]].
We shall need the following
Lemma. Ifm\n, then I{1)sYn/m F’m).

Indeed, introducing the functions
Im
fi(x) = 2 (Gvcosw+  smv*) =

v=(i-1)m+lI
= 2 («- 1)+, c0s [(- DL /iA+ BL D), sin [(/- hm + /,]x)

/1=1

and
<Mv) = ;‘_1 (8,,_,)mk, cos /ix + ,»Sin /ix)

(/= 1,2,...,n\\m) we may write
tilin
max sk(xr;f) = max ,vjxr;2 fil= L, max sk(xr-f) = ?to%ny(xr; +)

since we have exp //,xr=exp ,[((—)m+ //]xr for r=\,2, m, hence on the
places xr we have

m5(-D1 +4X; fi) =7 (xrs () (r,n=1.2,

Moreover

(6) el = - 2 max **(*,:/) K

2" 2 max xr ) = 2 TI =

ntd I fn/m 1172 [
=2 nNHu/,a1sr" iifii

by using in turn the definition of I(f) and Cauchy’s inequality.
From our lemma it follows that if for a particular m 1) = 1, and min, then

I<')S /u/w. On the other hand by the definition of I"T), supposing again win,

= m 2 kmax sk(Xr; cos mx + cos 2mx + ... + C0S nx)/ .
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and since for /=1,2, ... cos Imxr=1 we may write by taking everywhere k =n

1 w
1 = 2 SNn(Xr;cos mx+ cos2mx+ ... + COSNX) =

m
Hence if = 1, then
) nr =1 (n=m, 2m, 3m, ...).

It rests to show that if for some m (5) is the only extremal function of (4), then
(3) is the unique extremal function of (2). Indeed, by our assumption it follows that

(8 rw-= mrf= 1 k=fnax  k(xrl €0s mx) = 1

Hence by (7) and (8) there must stand equality everywhere in (6).
On the place of the last inequality in (6) there stands the sign of equality only if

<Pl =ll</>21 = ... = NP

and the next but last inequality degenerates into equality by our assumption if
and only if
ip, —¢, COS MX.

Combining the last two equalities we have
Cf=cEi (/I=4,2 , nim)
where ¢, = + 1, hence every extremal function of the problem is of the form
c(a, cos mx + e2cos 2mx +... + COS NX).

Since the partial sums of these functions on the places  either vanish or are equal
to one of the quantities c(et +e2+... +£9), where 0 <gSn/m, we can conclude
that in case of an extremal function we have necessarily

9 Bi=e2=...=enm=I, c¢>0.
Indeed, for r=1, 2, m
sk(xr; Si cos mx + ... +enfmcosnx) =el +e2+ ... + e[km]* n/m
with equality if and only if k=n, and (9) holds.
This proves the unicity of the extremal function under our assumption.

Finally we want to point out that in Part | of this paper [1] we formulated
the conjecture that if n,, is the class of the «’th order trigonometrical polynomials

[ « "+ 2 « vcos VX + bvsin vx)
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and m\n, then

1/2
©) 2
with equality if and only if
(10) f =c(i + cos mx+ cos 2mx +... + C0S nx).

Now we can state that if for a particular in (4) and (5) hold, then for this m
(9) and (10) are true, too.

This is an obvious consequence of our theorem and of Lemmas 1 and 2 of
Part Il of this paper.
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UBER DIE VERZERRUNGSEIGENSCHAFTEN
DER KONFORMEN ABBILDUNG
DES EINHEITSKREISES AUF ,A-KONVEXE” GEBIETE II.

von
K. SZILARD

In der ersten Mitteilung Uber den hier zu behandelnden Gegenstand (s. [1]) wurde
folgender Satz bewiesen.

Es sei die Funktion w=f(z) im Inneren des Einheitskreises der Ebene der kom-
plexen Verdnderlichen z definiert, dort analytisch, /(0) =0 und |/'(0)| = 1, ferner
sei die Menge © der Bildpunkte w in der w-Ebene ,,Q0-konvexartig" in bezug auf
einen solchen Randpunkt C von ©, der von dem Punkte w=0 einen minimalen Abstand
R besitzt (d. h. jeder Punkt w mit |w| < /1 sei ein Bildpunkt). Wir setzen auch voraus,
dall die Halbgerade aus w=0 durch C keinen Bildpunkt w mit |h|*R enthalt.
Dann behaupten wir:

(1) {|Y (4€0-1)2+ 32&b- (400-1)].

Die rechte Seite dieser Ungleichung, die wir durch RO(q0) bezeichnen wollen,
ist eine monoton wachsende Funktion von #0. Es ist Ro(0)=% und lim RO(eo)~

Der Termin ,,B0-konvexartig in bezug auf einen Randpunkt” wurde in der zitierten
Arbeit [1] erkléart.

Wir wollen uns nun von der Voraussetzung ,,dass die Halbgerade aus w= 10
durch C keinen Bildpunkt w mit |w|éR enthalt” befreien, also beweisen, daR die
Ungleichung (1) ohne diese zusétzliche Voraussetzung gilt. Der Beweis gelingt
fir den Fall, dafl die Abbildung, welche die Funktion w=/(z) von der Kreisflache
|z < 1 liefert, schlicht ist, was wir flr die folgenden Ausfiihrungen auch annehmen
wollen. Somit lautet der Satz, den wir beweisen wollen, folgendermaRen.

Dieflr \2\ < 1 definierte analytische Funktion w=f(z) verwirkliche eine schlichte
Abbildung des Einheitskreises auf ein Gebiet © der w-Ebene, es sei /(0)=0 und
If'(0) I= 1, ferner sei das Gebiet © ,,@-konvexartig” in bezug auf einen seiner Rand-
punkte C, der von dem Punkte w—O0 einen minimalen Abstand R besitzt. Dann gilt
die Ungleichung (1).

Beweis. Wir betrachten das Gebiet ©*, welches wir durch Symmetrisierung
nach Polya aus dem Gebiet © in bezug auf eine Halbgerade, die durch den Punkt
w= 0 geht, erhalten haben (s. [2] und [3]). Um diese Halbgerade zu fixieren, nehmen
wir ohne die Allgemeinheit einzuschranken an, dass der Randpunkt C auf der nega-
tiven Halfte der reellen Achse der w-Ebene liegt und somit dort die Abszisse w = —R
besitzt (s. Fig. 1). Da das Gebiet © in bezug auf diesen Randpunkt ,£0-konvex-
artig” ist, so enthélt der Kreis mit dem Mittelpunkt w = —q0—R und mit dem
Radius 30 (der also den Punkt w = —R auf seinem Rande erhalt), in seinem Inneren
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keinen Punkt des Gebietes ©. Die Halbgerade, in bezug auf welche wir die Symme-
trisierung nach Polya vornehmen, soll aus dem Kreismittelpunkt w = —q0—R
ausgehen und durch den Punkt w=0 gehen (also insbesondere die ganze positive
Halfte der reellen Achse der w-Ebene enthalten).1Das Gebiet ©*, welches wir durch
Pélya-Symmetrisierung in bezug auf
diese Halbgerade erhalten haben,
enthélt, genau so wie ©, die ganze
Kreisflache und enthalt kei-
nen Punkt iv der abgeschlossenen
Kreisflache |iv+ R+ g0|S Bo- Doch
enthélt es auch keinen Punkt der
negativen Halfte der reellen Achse
mit einer Abszisse —R. Dies
folgt daraus, dasswegen der Schlicht-
heit der Abbildung durch die Funk-
tion vv=/(z) das Gebiet © einfach
zusammenhangend ist, folglich das
Gebiet ©* auch (s. [3], Seite 71).
Wiirde ©* einen Punkt der reellen
Achse mit einer Abszisse w< —R —2g0 enthalten, so wiirde es eine ganze Kreislinie
mit dem Mittelpunkt w = —R —Q@ durch diesen Punkt und (wegen des einfachen
Zusammenhanges von ©%*), auch die ganze zugehdrige Kreisscheibe enthalten,
was, wie wir gesehen haben, nicht der Fall sein kann. In bezug auf die beiden
Gebiete © und ©* und den Punkt w=0, der in beiden Gebieten enthalten ist,
gilt folgender Satz von Pdlya und Szegd' (s. [3], Seite 81).

,Nehmen wir an, daB a0 ein Punkt des Gebietes © in der w-Ebene ist und,
dall das Gebiet ©* aus © durch Symmetrisierung in bezug auf eine Gerade, oder
Halbgerade, welche durch a0 geht, entstanden ist. Es seien rO und r$ die inneren
Radii von ©, bzw. ©* in bezug auf a0. Dann ist

In unserem Falle ist a0=0 und auf Grund dieses Satzes kénnen wir behaupten,
daB wenn die Funktion w=f{z)=z +a22+... eine schlichte konforme Abbildung
des Einheitskreises der z-Ebene auf das Gebiet © verwirklicht (so dal also der
innere Radius rO von © in bezug auf w= 0 gleich 1 ist), so gilt fiir eine Funktion
w* =f*(z), welche eine schlichte Abbildung des Einheitskreises der z-Ebene auf
das Gebiet © mit/*(0) = 0 und f*'(0) =K 0 liefert:

11571

Es bedeutet hier keine Einschrdnkung der Allgemeinheit, wenn wir die ersten
Ableitungen, /'(0) und f*'(0) =K reell und positiv annehmen, also statt der vorigen
Ungleichung | E 1 schreiben.

Die Funktion w*=f*(z) hat die Potenzreihenentwicklung
f*(z) =Kz+atz2+ ...

1 Diese Symmetrisierung von © kann ausgefiihrt werden, wenn es nur im Randpunkte c
»go-konvexartig” ist. Im Ubrigen kann © einen beliebig komplizierten Rand haben.
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und die Funktion

MNE(z) =2+~ 22+

verwirklicht eine konforme Abbildung der Kreisscheibe |z|< 1 auf ein Gebiet der
tv-Ebene, welches aus ©* durch eine Ahnlichkeitstransformation in bezug auf
das Ahnlichkeitszentrum w=0 im Verhédltnis K:1 entstanden ist. Nach dieser

. ; . 0 R
Transformation miissen wir g0 durch und R durch — ersetzen. Das entstandene

Gebiet ist ein solches, fiir welches die Ungleichung (1) bereits (s. [1]) bewiesen wurde,
sodall wir behaupten kénnen, dafl die
Ungleichung

R\
R
K S RO

gilt. Es ist nun nicht schwer zu zeigen,

daf
KRO bl: r o(Qo)

ist. Dies folgt daraus, da® K S 1 und,

dal die Kurve, welche die Abhén-

gigkeit der GroRe R0O(g0) von gO ver-

anschaulicht, wie man sich z. B. durch zweimaliges Differenzieren von RO0(g0)
nach g0 tberzeugen kann, konkav ist, (s. Fig. 2), woraus schlieflich folgt:

R—R0e0>

womit die Behauptung des Satzes bewiesen ist. Fir den Grenzfall go—0 ergibt
sich die Koebesche Konstante
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ANWENDUNG DER THEORIE
DER DIFFERENTIALUNGLEICHUNGEN
AUF ZWEI NEUE RANDWERTAUFGABEN
FUR PARABOLISCHE DIFFERENTIALGLEICHUNGEN

von
H. BECKER

Bei Warmeleitungsproblemen wird gewohnlich eine der drei Randwertaufgaben
behandelt: AuRer der Anfangsverteilung der Temperatur in einem Korper ist auf
dem Rande flr jeden spateren Zeitpunkt entweder die Temperatur oder der Warme-
fluB oder eine Kombination beider vorgeschrieben. Man denkt sich etwa bei der
ersten Randwertaufgabe (RWA) den Korper D in ein Wérmebad gebracht, das
dem Rand dD die vorgeschriebene Temperatur verleiht und dessen Warmekapazitat
im Vergleich zu der des Kdorpers so grof? ist, dafl der Wéarmeflu® durch i)D die
Temperatur U(t) des Bades nicht beeinfluft. G. Freud [1] und G. Adler [2, 3]
lieRen diese Voraussetzung fallen. Damit ist—auBer fir die Zeit t =0—die Tempera-
tur U(t) selbst unbekannt; statt dessen besteht eine Wérmebilanz, die U(t) mit
den duBeren Wérmequellen und dem Wérmeflu durch r)D verbindet. Entsprechend
l4Rt sich auch die dritte RWA modifizieren.

Die so entstehenden neuen Probleme nennen wir hier (im AnschluB an Adier)
vierte bzw. fiinfte RWA der Warmeleitungsgleichung. Fir diese Aufgaben hat
Adier [3] Existenz- und Eindeutigkeitssatze angegeben.

In der vorliegenden Arbeit werden die Eindeutigkeitssatze unabhéngig von
der Existenztheorie mit Hilfe der Theorie der Differentialungleichungen hergeleitet.
Die Starke dieser vergleichsweise elementaren Methode besteht darin, dafl ohne
VergroRerung des Aufwandes sofort Aussagen Uber groRe Klassen nichtlinearer
Probleme und allgemeiner Bereiche gewonnen werden kénnen. Den Ausgangspunkt
bildet ein dem Problem angepaltes Lemma von Nagumo-Westphal, wonach sich
unter einfachen Voraussetzungen Ungleichungen auf dem Rande ins Innere fort-
pflanzen. In der dann folgenden Verscharfung dieses Lemmas, bei der in Voraus-
setzung und Behauptung die < -Zeichen durch S ersetzt werden, steckt bereits
ein Eindeutigkeitssatz. AuBerdem 1aBt sich aus dem Lemma ein Abschétzungs-
satz herleiten fiir Losungen ,,benachbarter” Differentialgleichungen mit ,,benach-
barten” Randbedingungen. Aus diesem Abschatzungssatz liest man unmittelbar
einen Satz Uber die stetige Abhéngigkeit einer Ldsung von den Randwerten ab.
Damit ist unser VVorgehen bei den in 81 formulierten RWAn skizziert. Die in § 2 wieder-
gegebenen Hilfssétze spielen eine zentrale Rolle in der Theorie der Differentialunglei-
chungen ; wir entnehmen sie der Monographie [4], an die wir uns auch sonst in den Be-
zeichnungen und der Darstellung sehr eng anschlieBen. Der §3 bringt ein zu den
betrachteten Problemen gehoriges Lemma von Nagumo-Westphal und den daraus
folgenden Eindeutigkeitssatz. An einem Gegenbeispiel wird gezeigt, daB eine win-
schenswerte Erweiterung dieses Lemmas nicht erwartet werden kann. Wie in [4]
lassen sich aus den Hilfssatzen und dem Lemma eine Reihe von Ergebnissen her-
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leiten, von denen wir in §4 zwei einfache Abschatzungssatze wiedergeben, die die
stetige Abhéngigkeit von den Randbedingungen und der rechten Seite der Differential-
gleichung enthalten. — Bemerkenswert ist, dal die lokalen Methoden der Diffe-
rentialungleichungen auch hier zugkréftig sind, wo eine integrale Nebenbedingung
besteht.

Ich méchte Herrn Prof. Dr. Wolfgang Walter, der diese Arbeit anregte und
in Diskussionen forderte, meinen Dank aussprechen. Herrn Dipl.-Phys. M. Lenhard
danke ich fiir Erérterungen im Zusammenhang mit dem Gegenbeispiel des § 3.

8 1. Bezeichnungen. Problemstellung

Es sei JO das Intervall 0</Sf, J das Intervall O At*"T. Die Klasse aller
(reellwertigen) Funktionen ®(?), die auf J stetig und auf JO differenzierbar sind,
nennen wir Z. Der m-dimensionale Euklidische Raum, d. h. die Menge aller m-tupel
reeller Zahlen x = (xt,..., xn), versehen mit der Norm |x| = x\ +... +x;n, bezeichnen
wir mit Em In diesem Raum sei ein (offenes) beschrénktes Gebiet D vorgelegt,
dessen Berandung dD einen endlichen m—1-dimensionalen Inhalt hat (es gentgt
vorauszusetzen, dafl dD beziliglich eines m—I1-dimensionalen Males, etwa des
HauRdorffschen MaRes, mefRbar ist und ein endliches Mal3 besitzt). Ferner sei
D = DiJdD die abgeschlossene Hille von D und G das topologische Produkt von
JO und D. Der Teil des Randes von G, der von den Mengen {0}XD und JOxdD
gebildet wird, heile d'G.

Fir eine auf G einmal nach t und zweimal nach xx, ..., xm differenzierbare
Funktion g>(tx) bedeutet gt die Ableitung nach t, sx den Vektor der ersten Ab-
leitungen nach Xi, ..., xmund <px die mXw-Matrix der zweiten Ableitungen. Die
Funktion f(t, x, z, p, r) sei definiert fiir alle (t, X)£G, (z, p)6M, r£Mr, worin
M eine Teilmenge des Em+L und M,. eine Menge symmetrischer m Xm-Matrizen ist.
Die Differentialgleichung

u,=f(t, X, U, UX, Uxx)
heilRt parabolisch, wenn

(D f(t, x, z,p, r) S(t, x, z,p, f)

gilt, falls die Argumente im Definitionsbereich von /liegen und r—r positiv semi-
definit ist.

Es bezeichnet Z* die Klasse aller Funktionen (p(t, x) mit den folgenden Eigen-
schaften: 1 (pist auf G=JXD stetig und in G einmal nach t und zweimal stetig
nach x differenzierbar. 2. In jedem Punkt (t, x) £J0XdD besitzt ¢~ eine dufere
Normalableitung gnim Sinne von Walter [4, S. 222], d. h. firr jedes XxEdD st eine
gegen x konvergente Folge x{K CD ausgezeichnet, und der Grenzwert

@) * («, X) = - lim

existiert. 3. Die Funktion <mist fir jedes feste i€ /0 tber dD integrierbar.
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Die im folgenden auftretenden Integrale erstrecken sich stets tber dD.

(©) PE=9, £9x, P (9€Z%)

heilt Defekt von (o

Die unten angegebenen Eindeutigkeitsaussagen beruhen auf einer verall-
gemeinerten Lipschitzabschatzung mittels einer Funktion w(t, zZ). Die Funktion
ooft, z) gehort zur Klasse E bzw. E, wenn sie fir tEJ0 und z é 0 erklart ist und die
folgende Eigenschaft besitzt: Zu jedem e>0 gibt es ein $>0 und ein g(t)£Z, so dal

(4a) E: 6S g”Se, o> w(t, g), 0 in JO
(4b) E: 6SgSe, g>w(t, q+6,g>06 in Y
gilt

" FaRt man g(t)£Z als in G definierte Funktion auf, so ist g£Z*.
Wir beschéftigen uns hier mit Problemen der folgenden Art:
Gesucht werden eine Ldsung u(t,x)£Z* der parabolischen Differentialgleichung

(5a) u, =f(t, x, u, ux, uxx) (/, xy £G)
und eine Funktion U(t)£Z, die den Randbedingungenfiir t=0
(5b) 1 (0, x) = uo(x) (x£D)
(5¢) U{0) = Vo,
der Beziehung
(5d) fu,txdo+u®) =0  (t£30)
sowie der Randbedingung auf JOXdD
(5€) R[u, U1=0
geniigen.

Der Randausdruck R=0 hat die Gestalt
(5e,) u(t, x) —U(t)=0 (vierte RWA)
oder
(5€2 un(t, x) +d(t, x, u(t, x), Ut))=0 (funfte RWA).

Dabei sind uOund Q gegebene stetige Funktionen auf D bzw. J und UQeine gegebe-
ne Konstante. Die Funktion d(t, x, z,, z2) sei flr t£J0,x£dD, zI2£E" definiert, inz!
monoton wachsend und in z2 stark monoton fallend. Dies ist z. B. der Fall, wenn
bei (5e2) eine Randbedingung dritter Art

(6) un+a(u—U)=0 (a>0)

vorliegt.
Die Beziehung (5d) stellt die eingangs erwahnte Bilanz dar. Bedeutet n die
Temperatur im Korper D, U die des Warmebades B, so ist in geeigneten Einheiten
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und bei passender Normierung des Oberflichenmales / u,,do die nach D hinein-
flieRende Wéarmemenge, U' die zur Erwarmung von B benétigte und Q die von aulien
zugefiihrte Wéarmemenge, jeweils bezogen auf die Zeitenheit.

Ohne Anderungen in den Beweisen bleibt das folgende Ubrigens glltig, wenn
man das Integral Uber dD ersetzt durch eine Schar monotoner Funktionale F(t;.),
die erklart sind fiir Funktionen aufdD. Lediglich die dritte Eigenschaft der Funktionen
aust* mull geandert und dem Definitionsbereich dieser Funktionale angepaft
werden.

§2. Hilfssatze
Die beiden folgenden Hilfssatze sind fiir unser Vorgehen grundlegend. Der
erste ist im wesentlichen der Satz 8. 11 in [4], der zweite ist ein auf die vorliegenden

Verhéltnisse zugeschnittener Spezialfall von Satz 24. | in [4]. Auf die Beweise darf
deshalb hier verzichtet werden.

Hitfssatz 1. Es seien ®(/), 'IP(t) zwei in J0:0<ts t differenzierbare, in
0 stetige Funktionen mit der Eigenschaft:

(7 Ist M10)=d (/0 fir ein D€/0, so gilt <H)<4"{t0).
Dann liegt genau einer der beiden Falle vor:

(8a) d<d in 10,

(8b) Es gibt ein /*>0 mit ®"d in

Hitfssatz 2: Es seien cp(t, x), /(t, x) zwei Funktionen aus Z* mit der Eigen-
schaft:

9 Ist (p=\f/, (x=ijlx und illkx—gxx positiv semidefinit an einer Stelle in G,
so gilt an dieser Stelle Dann liegt genau einer der beiden Félle vor:

(10a) <p<ij) in G
(10b)  Es existiert ein (t,x)£d'G so daf

(1) ot x)< V) fur 0<iSi, xED

und

(12) <, X)SnKi, A).

Man beachte, dal’ fir f>0 der Punkt x auf dD liegt und daf? die Ungleichung (11)

noch bei t=t erflllt ist; wegen der Stetigkeit von @ und ¢ in G gilt dann in (12)
die Gleichheit:

13)  cp@x) = \j(Lx).
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83. Ein Nagumo-Westphal-Lemma

Die Funktionen &, F seien aus Z, die Funktionen @ ¢ aus Z*, und es gelte
(14a)  Pcp<Pd in G—JOXD
(14b) (90 x)< (0, x) fur x£ED
(14c)  P(0)<P(0)

(14d)  f(p,,do + ®'(0</|A, "0+ YUO fiir t£JO
(14¢)  R<p @]=0, Alh, ¥|=0 auf JOXdD.

Dann st
ukg in G ®<d in JO.

Der Beweis beruht auf einer gleichzeitigen Anwendung der beiden Hilfssitze.
Wir weisen zundchst (9) nach. Ist (p—d, (x=dx und dax—(px positiv semidefinit
an einer Stelle in G, so gilt mit (1), (3) und (14a) dort

O<P¢)'P(p :Cb,-(p, -f{t, X, dIJ, qJX, qJXX)_Ff(tI Xi(bl(bxi (pd S q:)l_(pl'

Der Hilfssatz 2 ist also anwendbar. Nehmen wir an, es liege der Fall (10b)
vor. Wegen (12) und (14b) ist 0. Nun soll der Hilfssatz 1 auf das Intervall
70:0<iS? und die Funktionen &, ® angewandt werden. Der Nachweis von (7)
und die weiteren Schlisse missen fir die vierte und fiinfte RWA getrennt gefihrt
werden. 1°. Hat (14e) die Form

(15) D, x)= d(r), b(t, x)=4'(t) (t£JO, xddD)

und ist ®=® in tO£10, dann ist cp(t0, x) = (10, x) auf dD, also wegen (11) und
(2) <pft0,x) (20, x) auf dD. Hieraus und aus (14d) folgt P\(Q)<d'(10); damit
ist (7) erfullt. Da der Fall (8b) wegen (14c) nicht eintreten kann, gilt nach dem ersten
Hilfssatz ®<® auf 70, insbesondere an der Stelle t. 2°. Aus ®(?)<®(?) und (15)
folgt (p{J, X) < (L, x) auf dD. Dies steht fiir x =x im Widerspruch zu (13). Also
liegt nicht (10b), sondern (10a) vor.

3°. Nun zeigen wir, daB auch fir die funfte RWA der Fall (10a) vorliegt. Die
Randbedingung (14e) lautet jetzt

(16) @, +d(t, x, (@ ©)=0, i",+'9(/,x, ¢, =0 (t£EJO,xEdD).
Mit (14d) ergibt sich aus ®=® in tO£10 und aus der Annahme (10b)

®'('0)-¥"('0)</ d(t0, x, (b, D(t0))d 0 - d(t0, x, b, B(t0))do S O,

letzteres wegen der Monotonie von 9. Damit ist auch hier (7) erfullt. Weil der Fall
(8b) wegen (14c) nicht eintreten kann, gilt wieder ®< ® auf/0. 4°. Aus ®(?) < d(r),
(13), (16) und der starken Monotonie von 9 im letzten Argument ergibt sich

(L, x)-pn(1,x) = 9L, X, f D(?)—9(1, x, @ P(?))<0.

Aus (11), (13) folgt aber qndp,, in (t, X). Dieser Widerspruch zeigt, da auch hier
(10a) gilt.
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5°. Gehen wir die Punkte 1° bzw. 3°. erneut durch, wobei wir t durch T, d. h.
70 durch JO ersetzen und an Stelle von (10b) die bereits bewiesenen Ungleichungen
@<ili in G, in G benutzen, so ergibt sich @< IPin JO. Das Lemma ist voll-
standig bewiesen.

Die folgende Abwandlung des Lemmas 14t sich auch fir die flnfte RWA
leicht durchfihren, wenn 9 die spezielle Form

a7 9(t, x,u, U)=9*(t, X, u—U)

besitzt; 9*(t, X, z) soll dabei bzgl. z stark monoton wachsend sein. Die Randbedingung
(6) ist z. B. von dieser Gestalt.

Corollar: Es seien V, WEZ und v,w£ z*. Die Funktion f geniige fir ein
o>£ E der einseitigen Abschéatzung

(18) f(t, X, ir+z, wx, wxx) -fit, /| w, wx, wxx) r8ci(/, z) flir z>0,
falls die linke Seite definiert ist. Ferner gelte
(192) <« = o)
(19b) 0 \)a MO, x) in D
(19c) F(0) S W(0)
(19d)  Jv,,do+F'(0=/wndo+ W'(t) in JO
(19) R[v,V]=0,R[w,w]=0 in JoXdD.

(Liegt dieflinfte RWA vor, so moge (17) gelten.) Dann ist

v w in G VAW in J

Beweis: Zu €>0 wéhlen wir ein (5=>0 und ein p£Z derart, dal (4a) gilt, und
setzen cp=v, d=V, h=w+ g, 4=W+q. Dann sind, wie wir sehen werden, die
Voraussetzungen des Lemmas erflllt. Die Ungleichungen (14b, ¢) sind evident.
Da on=0 und 0 ist, gilt auch (14d). (14e) folgt ebenfalls sofort, im Falle der
flnften RWA wegen (17). Der Nachweis von (14a) bedarf einer kleinen Rechnung:

Ph- RP=R"+ W- v, -fit, x, w+ o wx, wxx) 4-f{t, x, v, v, vxx) *
=g +Pw—Pv—a>(t, ) =0.

Also ist vew +s und VcW+e in G bzw. JO. Weil B beliebig war, folgt die Be-
hauptung t>Sivin Gund V. W in J.

Eindeutigkeitssatz: Genlgt f einer Abschatzung (18), dann hat die RWA
(5a—=), (17) hochstens eine Losung (1, U).

Fir zwei Losungen (v, V), (w, W) liest man aus dem Corollar vAw und w”v,
also v=w in G ab. Analog folgt V= W in J. Auf die Einschrankung (17) kann im
Corollar und im Eindeutigkeitssatz verzichtet werden, wenn 9 einseitigen Abschatz-
ungen in nund Uund/ einer verscharften Abschatzung (vgl. [4, 25. VIII <) genligen.
Mit geringen Anderungen verlauft dann der Beweis des Corollars wie der des Lemmas.
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Bemerkung: Dem Lemma scheint ein Mangel anzuhaften: In (14e) und (19)
muR das Gleichheitszeichen gelten. Das engt fiir Rechnungen den Kreis der Ober-
und Unterfunktionen stark ein und macht Einschrankungen im folgenden Ab-
schatzungssatz notig. Es ware darum winschenswert, z. B. (19e) bzgl. der vierten
RWA durch ,,vAV, w” W auf JOXdD” (oder die umgekehrten Ungleichungen)
zu ersetzen. Die folgende Betrachtung zeigt jedoch, dafl dann Lemma und Corollar
falsch werden. Es sei w(t, r) die Ldosung der ersten RWA der Warmeleitungs-
gleichung u, =Au fur die Kugel D: [x|=r<R im E3 mit w(0, r)=0 und vr(i, R) =
=h(t) = t{t0—t) fur iS 0; f0>0. Dazu konstruieren wir durch die Beziehung

J V\(t, dX+W{t) =
D
eine Funktion WdZz, die wegen wt= Aw und der Greenschen Formel der Gleichung

Jwdo+avi@)=0 (i>0)

genlgt. Da tt(i, r)>0 in (0<iSiQ)xE) gilt, ist W(t) fir 0<iSi0 negativ. Dann
existiert rechts von i0 eine Stelle i, derart, daR w(i, R) =h(t) S W(t) fir O "iSi,
und w(ils R)<O0 ist. Auf Grund der Stetigkeit von w in JXD gilt w(il; /+)<0
flr passende r<R.

Setzt man noch u=0, KsO und wahlt man im Corollar fur J das Intervall
O "iSfj, so sind alle Voraussetzungen (19a—e) bzgl. der vierten RWA erfillt
mit Ausnahme der Abschwachung: u’(i, x)S IE(i) auf JOXdD von (e), und es
gilt V> wfir i=tl und gewisse Punkte aus D sowie W in JO.

Ahnlich zeigt man, daB auch eine entsprechende Abschwéachung des Lemmas
nicht gelten kann; man wéhle etwa = ® = —e(l +t) mit e>0 und h=w, &= W
mit den oben konstruierten Funktionen w, W.

Die umgekehrte Abanderung von (19) in ivS W ist auf Grund der Verhéltnisse
bei der ersten RWA (vgl. [4, 25. 11]) sicher nicht mdglich. Anhand des obigen Gegen-
beispiels sient man dies ein, wenn man h durch —h und folglich (w, W) durch
(—w, —W) ersetzt: Fur 0<t”to trifft dann die Behauptung des Corollars nicht
mehr zu.

Auch fir die funfte RWA kann man auf demselben Prinzip beruhende Bei-
spiele daflr finden, daB in der Randbedingung (19¢) wn+a(w—W)=0 (a>0)
nicht das ~-Zeichen zuldssig ist. Betrachtet man unter sonst gleichen Gegeben-
heiten wie oben die dritte RWA w,,+ a(w—h)=0 fiir die Kugel D, so gilt im Inter-

vall 0 die Ungleichung wn+a(w—W )"0, und durch Wahl von a laRt sich
auch hier ir(tl,r)<0 in der N&he des Randes erreichen, da nach (20) IF(?,)<0
gelten muR.

Dal in diesem Falle die Randbedingung nicht verletzt werden darf, ist nicht
so Uberraschend wie im Falle der vierten RWA, weil schon bei gewissen Sétzen
Uber die dritte RWA (vgl. [4, 31. X, XII]) die Randbedingung exakt erfullt werden
muf.

§ 4. Abschatzungssatz

Mit den von Walter [4] behandelten Methoden lassen sich auch in unserem
Falle Abschatzungssatze beweisen, wobei man sich hier auf das Lemma aus §3
beruft. Ein Beispiel dafir ist der folgende
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Abschatzungssatz: Es seien V, WCfZ und v, wEZ*. Die Funktion f genlige
den Abschétzungen

fit, x, w, wx, wx)-f(t, x, w-g, wx, wx)Sce(t, g)
(21a) f{t, x, v+ g,wx, wxx) -f(t, x, w, wx, ux® S oft, o),

wobei Funktionen g,4 6Z und Funktionen &, O auf J existieren mdgen, die den Un-
gleichungen

(21b) g'xof, p)+<5(/), g'>ceit, )+<5(0 in JO
genligen. Ferner gelte
(22a) Pv=0, -0it)tSPwtSOit) in G
(22b) —e(0)<vw— p(0) fir t=0,xED
(22c) - 80)< Wi0)- F(O)< a0
(22d) —g'<fwrmdo+ W'—f v, do—V <g" in JO
(22e) Rlv, F]=0, Mw>, W]=0 auf JOXdD.

(Wenn diefunfte RWA vorliegt, soll (17) gelten.)

Dann ist

—Qit)<w —v<QIit) in G —git)< W—F<git) in JO.

Zum Beweis setzen wir <p=w—a, t//=u, <P=W—g, W=V und priifen die
Voraussetzungen des Nagumo—Westphal-Lemmas nach. Nur der Nachweis von
(14a) sei erwahnt, die Ubrigen sind noch einfacher:

RP- Pi=1iv,- o -fit, x, w g, wA wx)”" Pw-g" +coit, g)tS
AGit) —g' + coit, £7)<0.

Also gilt p<  in G, @< W in JO, und das ist die eine Halfte der Behauptung; die
andere ergibt sich entsprechend. Es sei darauf hingewiesen, daR die im Satz vor-

kommenden Schranken g, g, 6,0 keineswegs positiv sein missen. Nimmt man
dies jedoch an, so kann man dem Satz die folgende einfachere Form geben.

Corollar: Es seien U, We¢Z und u, vw€Z*. Die Funktionen fg =g und 6
mogen (21a, b) erfillen. Ferner gelte (17) und

(23a) Pu=0, .Piv|S(5(r) in G

(23b) \Ww—ul|<p(0) fur t=0,xED

(23c)  1M(0)—£/(0)] < €(0)

(23d) /[ w,do+ W'—f undo—U\< g in JO
(23e) R[uU]=0 R[w,W]=0 auf X =
Dann ist w—u\<git) in G ,\W—i/|< eit) in
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Die Bedingungen (21a, b) kénnen ohne Kenntnis einer Ldésung (u, U) des
Problems (5a—=e) geprift werden, die (u, U) betreffenden Angaben in (23b—e)
lassen sich der Problemstellung entnehmen. Der Abschatzungssatz gestattet also,
falls nur die Existenz einer Losung gesichert ist, die Giite einer Naherung (w, W)
zu beurteilen. .

Unter Beachtung der Definition (4b) der Klasse E folgt aus dem Corollar der

satz: Die Funktionf geniigefiir ein <icE den Abschatzungen (21a). Die Losung
(u, U) der RWA (5a—¢), (17) hangt (wenn sie existiert) stetig von der rechten Seite
der Differentialgleichung und den Vorgaben u0, U0 und Q ab, falls die Randbedingung
auf ,/0Y.BD exakt erfiillt bleibt: Zu jedem £>0 existiert ein 6>0, so daB aus
WC.Z WEZ*, |IV|<<5 in G, |u'(0, x)—nO(a)|<(5 in D, \W(0)—Uo\<6,

[/ wdo+ W'—qg\<.6 in JO
und 77[u’, W] =0 folgt:

W-—|<E in G \W—C/|<E in JO0.

LITERATURVERZEICHNIS

[1] Freua, G.: Uber Wéarmeleitungs- und Diffusionsprobleme mit zusammengesetzten Rand-
bedingungen, 1., Magyar Tud. Akad. Alkalm. Mat. Int. Kozt. 3 (1955) 369—394.

[2] A arer. G.: Uber Warmeleitungs- und Diffusionsprobleme mit zusammengesetzten Rand-
bedingungen, Il., Magyar Tud. Akad. Mat. Kutaté Int. Kozt. 1 (1956) 167— 183.

[8] A a1er. G.:Un type nouveau des problémes aux limites de la conduction de la chaleur, Magyar
Tud. Akad. Mat. Kutaté Int. Kozi. 4 (1959) 109—127.

1e1 w areer, w .. Differential- und Integral-Ungleichungen und ihre Anwendungen bei Abschétzungs-
und Eindeutigkeitsproblemen, Springer Tracts in Natural Philosophy, Vol. 2, Sprin-
ger-Verlag, 1964.

MATHEMATISCHES INSTITUT Il DER TECHNISCHEN HOCHSCHULE, KARLSRUHE

(Eingegangen: 27. April, 1966.)

Studio Scientiarurn Mathematlcarum Hungarica 2 (1967)






Sindia Scientiarum Mathemalicarum Hungarica 2 (1967) 63—66.

ON APPROXIMATION BY POSITIVE LINEAR METHODS, |
by

G. FREUD

We refer to the following theorem of P. P. Korovkin [4]: Let C2n be the space
of 27t-periodic continuous functions, {An} a sequence of linear transformations
of C2ninto C2n. We denote the ~,,-transform of/(x) by A,,{f(t)\ x}. Let us suppose
that all A,, are positive in the following sence: 1ff(x) 20 for all real x, then A,,(f;x) * 0
for all real x. Now, Korovkin’s theorem states that if for such a sequence {A,}
we have for a numerical sequence A,—0

@ N,,(L;x) = 1, yl,(cos/; x) =cos x +0(X2),
A (sin t; x) = sin x + 0(X$)
then we have for an arbitrary /£ C 2

() \A,, (f,X)-FT(X)\*"KMF\K)
where
3) co(f; O = (eSS \f(x +h)-f(x)\

is the modulus of continuity of/.
As an immediate consequence of this relation we deduce as a necessary and
sufficient condition for

3) IN,, (/)-/11 -0

that (1) should be satisfied with some sequence A,—0. This means that a necessary
and sufficient condition for (3) to hold for all /€ C 21 is, that it should hold for just
the three functions /0= 1,/, (x) =cos x and / 2(x) = sinx. A phenomenon of this
kind was first observed by H. Bohman [1]. As it was proved by P. P. Korovkin
himself, by a proper choice of the Anwe can achieve, a., that An transforms C2t
into the subspace T,, of trigonometric polynomials of order n at most; b., that
X,=0(n~2). We then conclude

f(x)-A,, (f;x) =0(\)co(f; n~")

i. e. our sequence is jacksonian.

Though we obtain in this way a rather simple proof of Jackson’s theorem,
our condition is no more of a genuine test condition type, as we were assuming
in (1) a better order of approximation forf0,fxand/ 2, as it would follow from (2).
The reason of this slight defect of a very beautiful result was pointed out in a former
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paper of the author [2]. To obtain a more precise result we must replace co(f; ®
(see [3]), by the smoothness modulus

4 co2(/; d)=max [f(x + A+f(x- A- 2f(x)\.
We then obtained — nevertheless only under additional conditions concerning
the An— that from (1) follows

Na(Y; x)-f(x)\SK 2e2(f; AJ.

In this way, if Ansends C2n into Tn, then (1) to hold with A,= 0(1/n) is necessary
as well as sufficient for {An} being zygmundian. (And — as a consequence — sufficient
for being jacksonian). The additional conditions concerning the An where that
they should commute with the operators of translation Tn and the symmetry
operator S, defined by

Th{f(t); x}=f(x+h) and S{f(t);x}=/(- X).

Recently | found that this additional assumptions can be dropped entirely. Indeed,
we are going to prove an even more general statement, where a)(f; S) is replaced
by the higher order continuity modulus

(5) oOm(/; O = gy geg Ky (= DV(* + vh)
with arbitrary m> 1 (see “Theorem” to follow).

Lemma: Let B be a linear operator C2n  C2n, B(n) the restriction of B to the
space CVy of 2n-periodic function having a continuous 2n periodic m-th derivative,
thenfor an arbitraryf £C2n and an arbitrary integer v we havefor all x

(6) [IS(NlIc2,= Max B (f; x)\SIfm(||fi|| + v 5«]|)w,,,(/; v ]
where the norms of the linear operators B, resp. B<wrare defined as

ISIl = sug AIagnc , WM\ = sup [IBm(/)]|@,
INic2,si >
I1C|[Crsi

This lemma was proved for the case =2 by the author [3], and it was conjectured
by the author to hold even for arbitrary integer m. The proof of the general case
was given by G. l. Sunouchy [5].

We arrived at the point to formulate and prove our main theorem. In all what
follows we assume {An} to be a sequence of linear operators C2n->C2n, which are
positive in the sense explained. Let further wi=-l1 be an integer and (A,} a positive
null-sequence.

Theorem: It is a necessary and sufficient condition that

) ., (/; x)-f{x)\*Koin{f; Al
should holdfor some fixed K and allf €C2n, that
(8) An{fo-x) =1, A{fi\x) 4+ x)= 0@Y; v=1,2
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where
fo(x) =\, /i(x)=cosX, f2AX)=sinx.

As (8) means exactly that (7) is satisfied for the special cases f=fv, v=10, 1 2
we obtained a genuine test condition.

Proof of the theorem: we prove that for an arbitrary /u-times continuously
differentiable 2n periodic function g(x) the relation

(9) M., (")-A112AMA,-TM ¢ A

is satisfied. To this end we observe that for every fC_Cy! the second derivative

of the function
g(x) =f(x) -/(f) - (1) sin (t- X)
satisfies the inequality

| sin (i - onii/"ii+ 11/1 =2(27r)m_in/(mif ».

We obtain in this way, using (X —t)2= nZsinzé—_—t
(10) 2 - mamt+1||/ (M) sin2 vy ——

S /(*)-1(f)-1"(/) sin(x-f) ™ 2nifm+1||/ ()] sin2 .

Now we observe that — as a consequence of (8) — we have

(11) N {sin (x-1); x} =0(X™)
and
(12) A, jsin2~y-s xj = O(A™,

In applying the operator A,,{g; X} to the inequality (10) 2 and using (11) and
(12) we obtain
f(x) —An(f; x) =0{)..).

That means, that for B(f; x) —An(f; x)—(x) we have
W\AS2 and \\BM\=0{X:).

0
1 Forietrecji?, Kr2, then Jf (k=1 iy dt=fik~2 m=0, so that f (k~)(1)=0
-

X
for some £€[- N n] and then we have |/ <k-1>(*)I = \JFik)(t)a |m<2a||/<w), and finally

I1/k" 1|l s 2n|]/<¢||. This establishes the second part of our inequality.
2 This is legitimate, because A,, is positive.
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We insert this inequalities in our lemma and take v= . It follows

A)-/H =0(lcom(f; r-D<O(DLs,,.(/; A y
Q. e d
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ON A THEOREM OF L. ALPAR CONCERNING
FOURIER SERIES
OF POWERS OF CERTAIN FUNCTIONS

by

G. HALASZ

L. Aipar [1], investigating a problem on convergence of Fourier series, has
proved the following theorem:

If/(x) is real valued and analytic on the real line, periodical with period 2n
then the partial sums i

2 . an,eix
) ) n=m
of the Fourier series

<7-/(*> = 2 an,einx
—0

are bounded by a constant K =K (f) independent of v, m1, th2 and x.

His proof is very complicated, using saddle point method for suitably chosen
paths. In this paper we give a simpler proof based on Van der Corput’s ideas.
There will be no need to deform the path of integration and this, at the same time,
enables us to relax the very strict condition of analyticity of/(x). However, for the
sake of brevity we shall not consider uniformity in x but confine our attention to a
fixed point. Accordingly, the conditions too, imposed on/(x) will be local as given
by the following

Theorem. Let/(x) be measurable in [—it, n], twice continuously differentiable
in a neighbourhood of O satisfying

f "(x£ x)=const xp+ O(xptE) (x—+0)

with a p> —I,fi>0, the const 20 (this const ~0 may be different in the two
cases +)x If

eVA*) ~ a, veirx
then for the partial sums at 0 o
anA Ittm <K
independently of v, mv and m2.
1 If >=00rp=0 and the two constants are not e(%ual then /"é)x) does not tend to finite limit
as x - 0 and in that case we allow that /"(0) should not exist though /' (0) must exist in any case.
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68 G. HALASZ

Apar conjectured that the statement holds if only f"(x) is continuous. This
was disproved by Y. Katznelson, the example can be found in [1]. That function
vanished in infinite order at x =0, a possibility which is ruled out in our theorem
by the basic condition on the asymptotic behaviour of

Corollary. If f(x) satisfies the hypotheses of the theorem and F(u) has an
absolutely convergent Fourier series then that of F[f(x)] converges (if not absolutely)
at x =0.

For the (simple) connection between theorem and corollary the reader is re-
ferred to Apar’s paper ([2], formuli (1.8), (2.3)). Here we only prove our theorem,
but first a lemma of Van der Corput type.

Lemma. If (p(x) is continuously differentiable in [a b] and [b, —a] (0*aSbh)
and is of constant sign and monotone separately in each of the two intervals,
furthermore

l cp(x) . . 00
(1 0< M[ =Mi< + (x€(a, b)),
PO A M2< +° (1$(a, B)U(—b, —a
2 X(p'(X) (r$(a, 6)U(—b, —a)),
®) Var '%‘6() s M3< +
C-b. -~e)U (e« X(p
then
b
giipix) __g!>(-x) A
. X dx C(Mi,M2, M3

and this bound depends only on Mx, M2, M3 and neither on other properties
of <p{X) nor on a, b.

We split the range of integration a* x * b into two parts according as \(X)\S 1
or |¢>(x)|él. Since cp(x) is of constant sign and monotone these sets, say f and /2
are intervals. On /, we write the integrand in the form

Bi<p(x) — 1 1 2 —ei<p(-x)

X X

and integrate these separately. Here \cp(—x)\ ~ M x|¢g>(X) SM t and as the constant 1
in the definition of f 2 had no special significance it is enough to consider the first
term:

eiip(.x)__ |
/ dx \ept )\ dx s

X
—3F2J W(x\dx = M2!J cp'(x) dxJa M2
h h

For the second term we would get M, M2.
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In the case of 12we leave the numerator in the original form and integrate the
two terms separately. Again we may confine ourselves to the first one since in

12 \<F(—X)|é—Tm <p(x)|é—ﬂ|— a positive constant which is the only essential fact.
We have

piip(x) r pi<pw 43()()
/ x@p @

or by partial integration if S(t) du

h

I/ I = 20 xjg)&) ax \S(<p(90\ + max \SAp(IV +Var - (Kt

But in 12 \<p(X\ S i, consequently S(|(p(x)]) is bounded and so all quantities occurr-
ing on the right hand side are bounded and the proof is finished.

Before passing to the proof of our theorem, let us make a remark which points
out the background of that theorem. The partial sums of the Fourier series can be
expressed by an integral similar to that of our lemma and we shall have to apply
the lemma to cp(x) =\f{x) and similar functions. But v cancels out in each of the
conditions, showing that the situation is in fact independent of v. Also, in Alpar’s
proof to estimate the Fourier coefficients, not their sums it was essential in which
orderf"(x) vanishes. Here, however, it is not. Let us put e. g. (p(x) =x4then

P(x) _ x4 1
xq)"(x) Xgx4d~1~ q

a constant which shows that the conditions of the lemma are fulfilled independently
of g. Although our functions will not be so simple as x4 but they will turn out to
imitate it, possibly with different g's in different intervals.

Now we turn to the proof. The partial sums of the Fourier series in question,
beginning with the term aOv are given by

n
1 1 e-imx
2n 1—e &

where T, 0 is an integer.

In [, 5] ——£ = —I-+0(\) while the numerator cannot exceed 2 in

absolute value, making it possible to replace the denominator by x. Also we can
disregard integration outside (—, t) if T is fixed and the integral to be estimated
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takes the form

T

1_p —imx V/(.X)_pivf(x)—imx
eiv/(x) _— £ - d x dX —
/ X
V/(X)_ giV/(-jC) ivf(x) —imx  pivf(—x)+imx
dx -dx.
-9 - X

It is sufficient to deal with the second integral since it reduces to the first if m=0.
If we prove, which we shall indeed, the boundedness of the second integral for all
real m not necessarily integer then we may even suppose /'(0) = 0 (substracting
from f(x) f'(0)x which can be included into mx) and independently of anything
that/(0)=0 since it only means a multiplication by the factor e->V(°). In this case
we have, by integrating the formula satisfied by f"{x), together with itself

f" (£x) = constxp+ 0 (xpte)
4 f'(+x) = const xp+l + 0 (x p+l+€) (\V~—+0)

/(£ x) = constxp+2+ 0 (X p+2+E).
Now fix t so the main terms should dominate in these asymptotic expressions.
Here and in that follows we mean by the domination of a quantity over an other
the exact meaning that the dominating one should be at least twice as much in mo-

dulus as the other.
We apply the lemma with

ip(x) = ¥(x) —mx
<PKR=vf'(x)-m.

Its conditions would not be satisfied on the whole interval (—, ©) and we have
to exclude values where the two terms of (p(x) and <p'(x) are approximately equal.
This happens when

M W\p+2~ Imx\

VFdP+l ,

i Gf . ™ mptl
and we can find two constants 0 < a< A such that for 0< 1< TX= min a v >T
1
. m pt+r
and —Tj CX-i Othe second, for t2* min y T <Xx<z and —T<x<—t,

2 ~ means that the quotient of the two sides lies between two positive constants.
3 Assume m”~O, v~O. v too may be any real number, not necessarily integer so that taking
limits afterwards, we can get the result for these excluded cases.
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the first terms dominate in the expressions of <p(x) and <p'(X). On the range (xq, r2),
instead of using the lemma, we use the trivial estimation

y IV dx —dx = 2log—" 2log — (a constant).

Jis S 2_If X rl a
i i
On the remaining parts (0, x"), (€21), however, we can verify the requirements
of our lemma, and that is what we shall do in the sequel.

In (O,1,), (12,v) and the symmetric intervals either the first or the second
terms of cp(x) and cp'(X) dominate so that both cp(x) and cp'(x) are of constant sign
and the qualitative properties required are satisfied.

As to (1), in (—t,, Tt) the second is the dominating term hence

1 i\mx\,, <P vi(x)—mx _ i\mx\ _

3 i\mx\ <P(~x) vi(—) +mx - \\mx\ ~
while in (— —2AU(2, 9

N p+2 _ llv/OOI N Wi\ Byip+2

Wpt2 ~ 2|v/(-*)| <p(-x) Wf(-x)\ ~ |x|p+2
Similarly in the case of (2), in (—t1; t,)

<Px) vix) - mx - ™A
X(p'{x) x(vi'(x)- m)  ~ Wi|w]|
1

<(X) flv/W| IX|pt2

X(p\x) Wilv/'WI WWPH

To verify (3) it will be more tiresome. Since the situation is entirely the same
in the symmetric intervals, let us confine ourselves to estimating the variation over
0, £,)U (€2, ©). We have to compute the derivative and integrate it in absolute value.

D) X2 - @(x) (p'(x)- X(p () 99" (X)
dx xip'(x) x2(p'2(x)

Let us introduce for the numerator the abbreviation V[cp(x)]. For example V(x4=0

since, as we observed already, in this case Xp (%) is constant, its derivative zero.
In the numerator we substitute cp(x)= v/(x) —mx and carry out the derivations
and multiplications. Those terms to which only mx contributes cancel out because
they give V(mx)=0. Next we collect terms originating solely from vf(x). In the
numerator it is V[\f{x)] and the whole expression is

VWOV _ y2[xf2(x)-Ax)T (x) - xfF(x)f"(x)}
x2(p'2(x) x2(yf'(x) —m)2
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Each term in the square bracket is 0 (x2p+y). Nothing better is needed for the integ-
ration over (0, Tj) namely in the denominator it is m that dominates and

M q2P+2
f v2x2p+3 2 t2p+2 _. Nz

X2 th2 X m22p+2~ m2 2p+2

In the case of the second interval, however, the estimation 0(x2p+3) would not
be strong enough. But we can obtain a better one if we put the asymptotic formulas
(4) in the place off(x), f'(x), f*(x). The main terms of exponent 2p + 3 cancel out,
their contibution being V(xp+2)=0, while the O-terms have exponents greater
than 2p+ 3 by at least e so that the quantity V[(f(x)] in the square bracket is in
fact 0 (x2p+3+c) and the whole fraction in (T2, t), owing to the fact that here vf'(x)
dominates over m
f v2x2pt3+c) N fx2p+3+t ]
[x2vZ'2(x) J = °( n2r2'+2J
which can be integrated even from O to r.
Now only the mixed terms in (5) remain to be estimated:

vm[-2x f (X) +/(x) + x f (X) + xZF" (X)]
x2(yf'{x)-m)2
In the square bracket each term is 0(xp+2). This bound is applicable to (0, rj where

0lX1- 1)

m\xp+2 V B
/ comp X =0(1) ieri= 0D

as well as to (12, t) where (if 12< 1)

T

\vm\xp+2 _ m yP+ 2
" ovzrop) T O v/

T2

L = 0 (1
™1 = 00

and having verified (3) of our lemma, the proof of the theorem is completed.
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GENERALIZATION OF TWO THEOREMS OF G. FREUD
CONCERNING THE RATIONAL APPROXIMATION

by

J. SZABADOS

1 In his paper [1] G. Freud has proved among others the following two

theorems:

Theorem 1. Let f(x) be a continuous function in [0, 1] and let us assume that
there exist polynomials /;W(x) of degree nfor which

1/(x)-P<>(x)[<e,,  (*€/* = [& €+1], n=0, 1,2, ...)

holds for k =1, s where 0=<l-<2< ..-=is+i=1 and limgpe. = O. Then there
exist rational functions rN(x) of degree N for which

(1.1) |/(*)-rNlac)| = 0(1)[B2r»,+ 51 e"*A:])  (x€[0,1]JIr>85).

Denote by V()& b) (r=1,2, ...) the class of the functions f{x) which are
continuously differentiable r—21-times, and / (r_1)(x) is an integralfunction of a
function/ [r](x) of bounded variation (in a finite interval [a, 6]).

Theorem 2. |ff(x) £ F(r)(0, 1) then there exist rationalfunctions rNXx) of degree
N for which

\F{x)-rNO\ = V(fM)0 Im%ﬂ\lf (VE[0,1], N*2r+ 1)

where K (/[ri) is the total variation of/ w(x).

In this paper we are going to prove two more general theorems instead of
these ones. We shall use the same notations.

Theorem 1A. Let f(x) be a continuous function in [0, 1] and let us assume that
there exist rationalfunctions rk{x) of degree nfor which

[1(.Y)-r“I(x)|<E,, (x€lk, M=0, 1,2, ..)
for k=\,...,s where nIi_|;a)e,,=0. Further let

(1.2) a,,(6n) = max max [riM(x)|
Ink~s XxE(JkUIk+ )M[0,1]
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where
n=f é * (k=1 i+1)

(an> 0 is such small that an(fin) is finite, further <5< ZilrgtiQS(EfeH —X¥), and
M — X))
o o g (00

Then there exist rational functions rN(x) of degree N for which

1. 3) 1/(X) - TN\ ™ 2en+ e-Y» (x€[0, 1, n” n0O)
where n is the greatest integer satisfying the inequality

3M 9 213
(1.4) 59+ 7 by 3i,() + d , * |'

Theorem 2A. Lei/(x)  continuous in [0, 1] and
&+1) (A:=l,....0m, 0= <£2<...<f£stl=1).

Then there exist rational functions rN(x) of degree N for which
o =N
\F{x)-rNpo\ = sr+ivw)o 8210 voFha

for sufficiently large N’s, where F(/w) is the maximum of the total variations
off IAX) in the intervals (£*, £5+1) (k=\, ..., s).

2. First we prove that Theorem 1A implies Theorem 1 (this is obvious in
connection with Theorem 2 and 2A). For this purpose we have to estimate (1. 2)
if r*\x) are especially polynomials. Let

W = x- &+ Tl
f K

and Tn(XL, the transformated Chebyshev-polynomial. Using the classical Markov’s
and Bernstein’s inequalities, we get for 6n=1/n2

. 2Ir .
3,00 S 1% n s 3 g1+ 20n sefck-THE 11457 WML S

2n2M .
max W w)lj S
+oar]

Ek+1 — i**eKk-In, ck +i

A max LM ot + (uw2- 1)s

2n2M

1+
I8 gl —i M e Y ei-a )2 ¥

2n2M 2n2M
' max . 1+2 ¢ S max | SAk+l -
PR evta M2p. . %S IR P 1 Ac—G 0(nd).
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Thus the condition (1.4) means that for sufficiently large n’s

5n+ " (0 (logri)+™n)2S 8iis”" @S «)

. N
i. e. we may choose n= 8i
are of the same magnitude.

which shows that the right hands of (1. 1) and (1. 3)

3. Proof of Theorem 1A. We construct a new approximating rational function
as follows. Let

rh\x)
RO 1+rf>ikx)2

where
3. 1) 9% V'3

' 2M  beT'
C) m=[|{iog(3«.(3.)+~(~] J+ P}
Clearly
(3.3) limd, =0

RikXx) is a rational function of degree 2n and has the following properties:

(3.4) VOO =R A VFOO)-rEVON +\r(x) -R O s
2008 g meMal (XEIK, K —1, . 9),
1414 M “U*)2
@ 5 RIKOO\ S (r€[01]),
L 21, 42
(3.6)

(*e(Nnn+)N[0,1]; k = 1.......9).

Now we have to change the R”(x)'s so that they coincide with f(x) at the
endpoints of Ik. For this purpose let

3.7) RRx) = R{(x) +

N ¢ DD Eerifracsiorty N Een]
k~Ci+1
which is a rational function of degree 2« +1. Flence
@9 AoRax) =lax),  aber )=/ ({* +1)
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and taking into account (3. 4), (3. 7), (3. 5) and (3. 3) we obtain
(3. 9) Ne - R™M(X)IS [/(*)- R £1x) I+ \RI\X) - RiK}X)\ s
S E+Mrul+e+MrrR = 2en+ 2M 3ri (*€I*;, k =\,..., s),

(3.10) |4 NS — +(+MUD 2 max 3y 4 +1 = (xe[0.]ns=n2)

ISkSs Ck+1 — Ck

3. 1) N2r( A &) + mt { ML 4 3= k@) + o o
(X€E(MTnN+DN[0,1], n's nI.
Now let W £
_nam el ah'(x) m RYTH(x)
(3.1  /,(n) T ;%ég\)“ £ x-Ck
Evidently

fnx) =RAx)  (xeik,k =1,2,...,s),
thus we get by (3. 8)
(3. 13) ifix) —nx)|= 2, + 2M 3 (ace [0, 1]).

Further let FM(x —£K) be the Newman’s rational function of degree LT then
(see [2])

(3.14) Wx-ik\-Fn(x-"K\r2e-~ (*€[£*-1, £*+1]).

Consider the rational function

,3. is) SW =
L k=2 X — Ck

which is of degree not greater than (see (3. 2) and (1. 4))
22n+ \) +(s—\){m+An+ 1) S s(m+5ri) ~

w5« + | {log\banfer) + ~ {yj23+)"}3 s N.
From (3. 13), (3. 12), (3. 15) and (3. 14) we get
[/(*)-Ov(®)| ~ \f(x) fn)l+ \fn(x)-r NX)\

beU  P22Ki9 - 42 19|
S 2t 2MHI* 5o TGk

First ofall let x$Jk (k =1, s). Then [jc—£k\x5,,, thus from (3. 10)

2 \RnJ(x)- R* 1™j A 23~ 1 C =
IX-Ck an*in (x$Jki k=1 ).
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Should it happen that x*Jt then by (3. 10), (1. 2) and (3. 11)

|n2,(*)-4?2-1,(%) "~ 7- 2 sixy-rR B o 4 4<At6)-4'""Dw

* =2 \x - Z k\ “ hné4n X -Zi Ci-x

5-2 . 3s _,C.
= 2 _I';I_'FI:I-'- Z an(an + 25ni], a}l'!"+ QOH@S,,)

Hence we have for all x£[0, 1 by (3. 1) and (3. 2)

1/(*)- IN(X)| 2e,+2M3t),4 + 28 «(@)] =
M( 9 Y'3+M 9) )23 1 3ahp
“ 2"+ Uel 6,,.e"ml gf™
s20,+[~ (])iB+3,<  Bf=oemiey  (etax(nlii2,nd = no)

which proves Theorem 1A

4. Proof of Theorem 2A. First we prove a lemma concerning the Newman’s
rational function.

Lemma. Let
Gn =Fn(><) P (x)-p(-x)
) p{X)+p(-x)
where
Fl—l
Px)= Y I(*+sp C=e 1
Then

\G.(0x)\' S 5 WA 1+ﬁ
and

LK) = O(nSI2e6l)  |[id ~ 1+ ~-j.

It is sufficient to prove the statements for O sx S| + 2/n. We will make use
of the inequalities

1+rSel, I+2x"ex (O~rS,

In L 2/n,

-C
and the Markov’s inequality to estimate |//(x)| and \p \—X)|.
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Case 1: Then
n(n—1) n—1 _ L d-in
O p(-x)wp(x)=C 2 N 1+ = e Antn-) ) ' < g 2

00) a e B Ds 00| & 2n2e 29 D (O] S 22 2/ D+
Thus

0" Ga(x) S 1,
G/~ g 2 + b (-*)/>(*)1 A2 o\ x)\+ o' (-x)\
[/>(*)+/>(--*m)]2 PO)
AT (M
Bnze-"" (=% _ gear
In(n-X)
Case 2: (k=Q 4 ..., n—1). Then
o *Ne+1l) ok
O< — -1 /7
PO) =m0 1 T2 s
k(k+ 1) k(2n —k —1)
<Xrk-" 2 dgi®< "N 2 p4m
where
M+ I _fn-t-1I VvV o IMt+ 1 1 _
=N e 3 <M(X)- 4~
Analogously )
*NeH) |. kk+1) 1
p(x) s xmMk~1f 2 e2" >xn-k~1C 2 €6,
k(k+ 1) k(,2n-k-1) 1 k(2n-k-1)
\p{—})| * xnk~1" 2 ev09 2 2
fc(2n-fc-I) 4/
- , n .. 5 k(2n-xk-b)
1/(*)1 2n2e 2 A 472 2 o
5 k(2n —k —3)
\p'(-x)\ N 4n2t 2
Thus P(x)
k(k+ 1) _1_
2y"-&-1F 2 p 3 0
IG'WI = 1+ — Jiui = 1+-—=2
i ) (e6— 3) Tex |

I<3[]s 2-—214«2™ 2" A2)ed/n A= o A kL 2n2edh j A O (,,2€6if).
\Qn'Zk—ZEk(k+l) [e6 _ e 37
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Case 3: \~ x» H_n' Then

n—= g 1 2f» |¥-
O<p(x)=X'J[ 1+—13 1is e-ex 3 e2™+l, p(x)s?e2"
i =0
In T
I3 3 ee 23 e 47T \p(O\ 3 32, 2(—idl s n3e AL
Thus
2e-N"41 . 2e
*' - - =
G,™I's |+ M 441 i+ 5
e4 —e
2+2n3ed" "
ig;wis 2 =0 (»>/"")

and the lemma is proved.
Now we turn to the proof of Theorem 2A. Let us apply Theorem 2 in the
intervals /*=[£*, C*+J (fc=1, s) instead of [0, 1]. There exist rational functions

(4.1) ?>(x) = iz_o . (*- CV+ (x- 1J +

' 0 wA Mowx Bl sk B
of degree /7, for which
4. 2 [/(x)-r<1(*)| = F (/w) 0 (*€/*, kK =\, s).

Here the <W(x)’s are suitable rational functions of degree v having the properties

(cf. [1])

4.3 k« WI = °(«r+5) P (/W)  (JCE[—2,2]),
(4.4) BA*)1 = 0(n3r+l6) KGW) (ac€[—2,2]),
furthermore

@.5) v = 104r2[log2/q], t= IO_Gr—Zio_é\ZF
and

&~Cok Cl,* " "Cl, K—C+1e
Now we have by (4. 1), (4. 3), (4. 4), (4. 5) and the lemma

"'W'X)| = O nr+5+ .IoézZM(IogSn>n600r’°nr+5+/r3r+16)
= 0(log3n *n60ir+b)
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Thus we can apply Theorem 1A with (see (4. 2))

The condition (1.4) gives
N (1IN4-12< o

N

Correspondingly, there exists a rational function rN(x) of degree N for which

N
N*)-r.(*)] = o rby+e f m
V 14s

Remark. It would have been possible to prove Theorem 2A without using
Theorem 1A, but this way seems to be simpler.
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A NOTE ON THE SOLUTION OF INTEGRAL EQUATIONS
OF CONVOLUTION TYPE OF THE THIRD KIND
BY APPLICATION OF THE OPERATIONAL CALCULUS
OF MIKUSINSKI

by

T. FENYES

Introduction

In paper [1] we have solved the integral equation

«

() 0 +a)f(t) +j f(z)g{t - ., ck = h(t)
0

by application of the operational calculus of Mikusinski. The functions occurring
in (1) are defined and locally integrable over the interval (0, °°), a is an arbitrary
real number.

The equation (1) has the following operational form

(2) Df-af-fg = —h

in which D denotes the symbol of the so-called algebraic derivative. We have proved
that (2) is solvable in the operator field, if the quantity

g(+0) = lim g(t)
exists and if the function
g(Q-9(+Q)
t

is also locally integrable.

In this case every solution of the algebraic differential equation (2) is a finite-
order derivative of a continuous function in the generalized operational sense and
can be identified with a Schwartz distribution having a support bounded on the left.

In (1) we have given an explicit general operational solution of (2)

We have also considered the problem of existence of the locally integrable
solutions of the algebraic differential equation (2). We have proved that a homo-
genous equation (J1=0) has non-trivial locally integrable solutions, if and only if

(3) aSO and g(+0)<0.

We have also discussed the problem of existence of the locally integrable
solutions in the inhomogenous case /r*O assuming a to be non-negative.

The above discussions are based on the theorem of the algebraic integrability
of operators. This theorem has been proved by E. Gesztelyi [2] and states the
following fact.

Let

X = ske~af
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where / denotes a locally integrable function defined on (0, «), a a real number,
K a non-negative integer, s the differential-operator, then \vis algebraic integrable and

j xds = sk+2e~asu(t),

|
(t+a)k+|/ (t F(D dr, if a~ o0

+ a)k
(4) uct) = :

-tk +1 J , if a=0, B > 0 arbitrary

Q t

Fit) = //(©) i,

The determination by applying (4) of the locally integrable solutions of the
inhomogeneous integral equation (1) is' rather complicated and the formulae ex-
pressing the results are very involved [see 1 4. 8].

In this paper we shall apply a simple generalization of Gesztelyi’s theorem,
the application of which will be very convenient for the determination of the locally
integrable solutions of (1). The formulae will become much more simple.

This is the only purpose of this Note.

1. The Generalization of Gesztelyi’s Theorem

Theorem 1. Let
x - Ske~af,

where f is a locally integrable function defined on the interval (0, °°), 6S 0, kK an
arbitrary real number, then

J xds = sk+2e~asu(t)

where
t
. F(r) dr .
—(t + a)k+H | (et a)ke2 ” if a>0
t
u(t) =1 —tk+ Jr FOOIr ¢ 2= 0 and k< —1
t
FEL{Lgr if a=0and kS —1
e
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in which the number >0 is arbitrary, and

t

Fit) - Jf(x)dx,
0

u(t) is continuous on (0, °°) except the case a=0, kK = —1, where, in general, it is
only locally integrable.

The proof of this theorem is wholly analogous to that which has been published
in the paper [2] of E. Gesztelyj and so we omit it. Nevertheless, we notice, that
Theorem 1 refers only to the cases where aSO and loses its meaning if 0.

2. The Locally Integrable Solutions
of the Inhomogeneous Integral Equation

We have shown [1] that, ifg(-f-O) exists and if is locally integrable,
a particular solution of (2) can be written as

2.1 [ = [-J he-*s-*4 (I +{G0})*] e"s*+0>(I +{G})
where

(2.2
CoWw?i{l<itl(x5))'71.

The powers are to be understood in the operational sense. In the sequel we shall
deal with the problem of the local integrability of (2. 1) by assuming a to be non-
negative.

First let a=-0. Applying Theorem 1 we get for the algebraic integral occurring
in (2. 1)
2 3 - f he-ass-e(+o)" + ds =

t

_ 01 2. —as 116 A .1 'hih GO
- ) |(t£6)-9(+)p+1] e+ 2)-%(+0)12 dx

Substituting this in (2. 1) we get

Ih+H GCq

f= (I+{G})52{(t + a)-»<+°)+1J (t+ a)-e(+°)+2

dx).

It can be easily seen that the multiplication of the operator s2 and of the function
occurring in the second bracket of the above formula corresponds to two times

6* Studia Sclentiarum Mathematicarum Hungarica 2 (1967)



84 T. FENYES

differentiation of this function. So we obtain the function:

h-\-h%Go _ . Ih+1h~"GO

t ¢ E(0) qiqap

_ J Ih+1h"G 0
-f(+0)(i -aC+0OXr+a)-~0-1 +2)2~5(* ) r.
c
Integration by parts gives (g(+ 0)yi0, 1)
:
Ih+Ih" GO dt = Ih+Ih GO h+h"GO "
f 1+ fh2-i(+0) T (g Ah-nri+a)l-A 0 1—A(+ 0)§:(T+a)1o@ ™

By carrying out every substitutions, we get the wanted locally integrable solution
which can be written in the form ¢

~h" h+h” G
(2.4) I=(1+{G}){ hJ‘tHdGO SAM+0)( + a)-/\+°)-1/ (T++a)1_9(-l(-)0) dx\.

However, it can be easily seen that (2. 4) holds for every values of g(0). In [1] we
have shown that in the case a> 0 the homogeneous integral equation (1) has no
locally integrable solutions except the trivial solution. Referring to this we have
the following

Theorem 2. Let g(+ 0) exist and let the functions - — an®
locally integrable. Then the integral equation

(t+a)f(t) +/ fifgU -x)dx = h(t), (a>0)
0
has only one locally integrable solution which can be written in the following form

f(t) = U)+U)*G(t)
where

c(0=|{M t<o} M

U0 = M 900 gy
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Now we will discuss the local integrable solutions in the case a—0. The local

integrability of h(t), A does not guarantee the existence of locally integrable

solutions of the equation
tf(t)+f*g =h.

As an example, let us consider the integral equation
t

tH{)+f/(r)dr = {1}
0

the operational solutions of which can be written in the form
f=Cs+ 1 (C is an arbitrary number).

Consequently there are no locally integrable solutions. We shall give later a simple
sufficient condition concerning h(t) which admits the existence of at least one locally
integrable solution. We make use of the following three statements which have
been proved in paper [1].

1 Let the functions a(t), a?), b(t) be locally integrable on the interval

<Q, «), then the function
a(t)*b(t)
t

is also locally integrable on this interval.

2. Let ~j—be locally integrable on (0, °°), then the function is absolutely

continuous and tends to zero as t tends to zero. Moreover, the function th IS

also locally integrable on <0, <»). Here / denotes the integral operator.
3 Let F(t) be a locally integrable function on (0, °°), k"0 a real number,
£270. The functions

/c<0

k>0

are locally integrable on (0, °°). (Of course, the choice £2=0 is only permissible
if the second integral remains convergent).
Let us rewrite again (2. 1) substituting a=0

(2.5) [= -[3fo-*(+0)(i +{GOYi/V]i®H)( +{G}).
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By Theorem 1we get
f Aj-e(+°)(1+ {GO} ds =

gHfHOH2 NI x kw00 51 if 5(+0)
0

$-g(+0)+2 e it 2(+0) S 1

and

[= (1+{C 2f-g(+0)+]é (M if *<+0>
(2.6)

/= C+{g»2f-gH0+l/ ~ (ts 2 0*}. if 9(+0) =1

The operator (2. 6) is not a function in general. Nevertheless, it is evident from the
elements of the operational calculus that (2. 6) is a function, if and only if the function
occurring in the second bracket of the corresponding formula in (2. 6) has a locally
integrable second derivative and if this function itself with its first derivative tends
to zero as t tends to zero. If these conditions are satisfied the multiplication of the
operator s2 and this function is equivalent to two times differentiation of it.

We show that if is locally integrable then the operator (2. 6) is a function.

In the sequel we require the local integrability of |

Then it may be chosen the value = 0 in the second equation of (2. 6) provided
that g(+ 0)&0, because the integral remains convergent. This fact can be easily
seen by application of the above statements 1 and 2. So we can write (2. 6) in the
more convenient form

L+ G)2f -«*7*1 dx\, if g(+0)ao0,

-
1

(2.7)

t

0+{G}y f—g(+0)+l <fg}. if 2(+0)<O0.

~
1

When g(+0)"0 the function occurring in the bracket after s2 in the first
formula in (2. 7) is absolutely continuous and tends to zero as t—0. Its derivative

lh+1h*GO0 +(1 _g(+0))? 9o it Ih" GO

(2.8) 2tf(r0) Ot
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also tends to zero because of the required condition on the function This

can be seen by application of the statements 1and 2 and of the Bernouilli—L’Hospital
rule. Moreover (2. 8) is also absolutely continuous, its derivative is

A .
h+ h4cGo ~g(+0) IhT Ih GQ_£(+O)(|_£(+O))/_»(+o>_ 1] Ih+9|(h+0(go ih.

Wholly analogously to the case a>0, this expression can be reduced to the following
form

(2.9) n+1/j GO _£(+ JI h:qr:(g;ff dx.

This is a locally integrable function (see the statements 1 and 3). By (2. 9) and the
first formula of (2. 7) we get the required particular solution as follows:

210  /_ (I+{G){*tA *®T-g(+0)<-*es»-]

(o}

When g(+0)<0 we start from the second formula of (2.7). Analogously
to (2. 9) we get the function

@1 r - G+ yg(+0)(I-s(+0))r»<+0>-1-g(+0)/-»<+o>_/£+ h* GOy

9(+0)+1

where the constant y is determined by the constant e>0. The required particular
solution can be written as follows:

(2.12) /= @+ {CHj*+**Ga-yg(+0)(I-g(+0))f-=901—

R

Comparing (2. 10) with (2. 12) we see that these functions differ from each other
in the function

(2. 13 CoO+fGHr-"0-1 (C = constant).

However, we have proved in paper [1] that (2. 13) is the general solution of the
homogeneous integral equation

tf+f*g =o.
So we get the following
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Theorem 2. Let the value g(+0) exist and let the functions 9(0~9(+ 0)

and h(t) be locally integrable on <0, °°). When g(+ 0)s0 the integral equation
(2. 19 tf(t) + J fifigu - ©dx = /r(0

Aas exactly one locally integrable solution on (0, °°) which can be written asfollows:

f(t) =U()+U(t)*G (1)
where

UO=M £ M * M )_g(r0)ieiro)i THEINTG 0y,

/1'g (4-0) <0 the integral equation (2. 14) Aas an infinite number of locally integrable
solutions that has the following form:

f()=U(t) + U()*G(t)
where ¢

[ h\-h" G$

h(t) +h ()G 0(t) RLAAS
L+

u(t) = a-*+0)-1+ g(+ 0)t~a(+°)~i

(e>0, C arbitrary).

Any two solutions differ from each other in one solution of the homogeneous integral
equation.

Remark. The local integrability of is only a sufficient condition and is
not necessary. We can easily give examples of the discussed integral equation where

the function is not locally integrable, although the integral equation

tf+f*g =h
has a locally integrable solution.
As an example let us assume that

1
m = tlog2t
0 if t>0

if 0stad<l1

g(t) =
Here f(t), g(t) are locally integrable but a simple calculation shows that

h(t)
is not locally integrable on (0, °°).
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FIXPUNKTSATZE FUR ITERATIONEN
MIT VERANDERLICHEN OPERATOREN

von

T. FREY

1.§. Einleitende Bemerkungen

J. Schroder hat vor einigen Jahren erkannt, dal man die Gite der benltzten
Néherungsverfahren bzw. numerischen Methoden viel tiefer charakterisieren kann,
wenn die Abstande der betrachteten Funktionen nicht mit Hilfe von Zahlen, d. h.
mit gewdhnlicher Metrik, sondern mit Hilfe von Elementen eines halbgeordneten
linearen Raumes, d. h. mit einer sog. Pseudometrik angegeben sind (s. z. B. [1], [2]).
Er hat namlich einen Fixpunktsatz fiir Iterationsverfahren angegeben, mit Hilfe
welcher man in vielen Fallen nicht nur Existenz, aber auch Konvergenz bzw.
Konvergenzschnelle von Iterationsfolgen gegen die gesuchte Losung beweisen
kann (s. z. B. [3], [4]). Dieser Satz ist jedoch nur dann anwendbar, wenn man
»konvexe” Operatoren betrachtet, die daneben beim Verlauf des Prozesses konstant
bleiben. In den interessantesten praktischen Fallen sind jedoch die Operatoren
oft ,,konkav” und bleiben daneben oft nicht konstant.

Wir geben nachstehend einige Verallgemeinerungen dieses ScHRODERschen
Fixpunktsatzes in den benannten Richtungen an, und zeigen mit Hilfe einiger
Beispiele die Anwendbarkeit dieser Satze. Zuerst einige Bezeichnungen und De-
finitionen:

Wir nennen die Menge 91 einen halbgeordneten, linearen Raum (iber dem
vollgeordneten Ring K, falls

a) SU halbgeordnet ist, d. h. eine Ordnungsrelation (bezeichnet durchs)
zwischen gewissen Elementen von $§Ji besteht, mit den Eigenschaften:

1°, AsA fur alle /)£dJi;

2°, s st transitiv, d. h. aus/Sg; g”~h folgtja/SA;

3°, aus/Sg und gS/ folgt ja/=g;

b) Linearitdt und Halbordnung von Sii sind einander kompatibel, d. h.

4° aus/S0;/€9JI; céO, cEK folgtja i/=0 wobei 0 das Nullelement der
Abelschen Gruppe 9W 0 aber dasjenige des Ringes K bezeichnet;

5°, aus fjTsgj (j= 1 2; /}, g; €8R) folgt ja /, +/2SglL+g2;

c) Die Topologie von Sil ist kompatibel mit der Halbordnung und mit der
Linearitat von Ul d. h. es gibt einen abstrakten Limesbegriflf Gber  bzw. K (bezeich-
net durch I}E*%e,,ze) mit den Eigenschaften:

6°, eine jede konstante Folge ist konvergent, d. h. ist ¢,=e (n=1,2, ...), so
ist H% e,= € (e,, e€9Y1 bzw £K).

7°, jede Teilfolge einer konvergenten Folge ist konvergent und strebt nach
demselben Limeselement;
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8°, strebt die Folge/,,£331 bzw. gn£RBL nach / bzw. g, so ist auch f n+gn kon-
vergent, und strebt gegen f+g°,

9°, strebt die Folge /,,£331 nach/; c,£K aber nach c, so ist auch ”Iir_po crfn—cf
gultig;

10°, strebt die Folge/,£331 nach/ und ist flr alle n/,,= 0 gultig, so gilt auch
f=© \ und endlich

11°, strebt die Folge /,,~ 0,/,,£31 (w=I, 2, ...) nach 0, und gilt fir jedes
n0 Sg,S/,, so steht auch Hpgo gn=0 fest.

Wir nennen nun die Menge R einen pseudometrischen Raum, wenn zu jedem
Elementenpaar s, t von R ein Element g(s, t) eines linearen, halbgeordneten Raumes
Rl zugeordnet ist, mit den Eigenschaften:

12°, q(s, t) =0 m dann und nur dann, wenn s=t ist;

13°, q(s, 1) S gfs, U) +g(t, u) steht fir jedes MEN fest.

Es ist nun leicht einzusehen, daf dieser Pseudoabstand g symmetrisch und
ein Element der sog. positiven Halbgruppe von @l ist, d. h. auch

®, t)=9g(t, s)
Q(s, t)s=0m

auch

gultig ist.
Die Topologie des Raumes R ist somit durch diejenige von %L definiert: r,,.ER —
—u£A ist namlich gleichbedeutend mit Hm a(v,,,v)=0w. Es leuchtet ein, daf

dieser Limesbegriff eindeutig definiert ist. Man kann somit auch die Begriffe Voll-
stdndigkeit, Kompaktheit, Stetigkeit usf. in R einflhren.

Es sei nun R bzw. S ein pseudometrischer Raum, mit Pseudoabstdnden f
bzw. a des halbgeordneten, linearen Raumes Rl bzw. 91 Wir nennen nun den Operator
T, definiert Uber rQ R, mit eindeutiger Bildmenge in S, einen beschréankten Operator
in r, falls man einen stetigen, beschrankten, positiven Operator P, definiert iber QL
mit einer Bildmenge in 91 so angeben kann, daf fir jedes u, vEr

a(Tu, TP g(u, v)
feststeht.

Ist daneben auch POW= 0 A glltig, so ist T auch stetig in r.

Man kann auch die Topologie des Raumes 91 auf die Menge der Operatoren
(den Begriff der schwachen Konvergenz), definiert Gber r, mit Bildmenge in S,
Ubertragen. Wir sagen namlich, daR die Folge Tn solcher Operatoren 91-schwach
nach T strebt, falls fir jedes nfr

lima(T,,u, Tu) =
feststeht.
Es ist zweckmaRig, auch den Begriff der (9l-schwachen) gleichmaRigen Kon-
vergenz von Operatorenfolgen einzufiihren. Wir sagen namlich, dal die Operatoren-
folge T,, 91-schwach gleichmaRig nach T Uber rQR strebt, falls man ein Element

wO (LR, ferner eine Folge stetiger, positiver Operatoren Pn, definiert Uber R mit
Bildmengen in 91 so angeben kann, daf}
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1°. die Folge Pn monoton in n ist, d. h. fir jedes gCtUi und jedes Indexpaar
m A — bzw. TLLU1 — eine Relation

PTQ—PIQ

gilt; . . . y
11°. die Folge Pn nach einem stetigen, positiven Operator P,,=P strebt, d. h.
fiir jedes RGaH
J,i*qg (an—P 77 q) = Oyn
feststeht;
IIP. die Relation

a(Tmu, Tru) ra Pno{U, wo) - P , a(u, wo)

fiir jedes u£r und fir jedes Indexpaar 1"m S°° — bzw. — qilt.

Man kann einsehen, dass jede gleichmaRig konvergente Operatorenfolge
auch konvergent ist.

Den Begriff des Pseudoabstandes (den Begriff der starken Konvergenz) kann
man im allgemeinen nicht direkt in den Raum der Operatoren Ubertragen, da im
Raume 91 im allgemeinen keine ,,obere Grenze” flir eine Menge von Elementen
existiert. Wie wir aber gleich sehen werden, braucht man diesen Begriff nicht un-
bedingt.

2. 8. Die Fixpunktsatze fur pseudometrische Raume

Wir betrachten nachstehend folgende Probleme: der Operator T=T,, bildet
den Teilraum rQR des vollstandigen, linearen, pseudometrischen Raumes R in
R ab; es gibt ferner eine Folge von ,,numerischen Operatoren” Tn, die r in R ab-
biiden, ferner (9Ji-schwach) gleichméfRig nach T streben. Gibt man nun eine ,,appro-
ximierende” Folge un+i=T,u, an, so kann man folgende Fragen betrachten:

1°. Strebt die Folge un nach einem Fixpunkt i/Cr des Operators TJI

2°. Ist dieser Fixpunkt eindeutig definiert?

3°. Wie ist die Konvergenzschnelle dieser Folge?

Satz la. Setzen wir voraus, daf die Operatorenfolge P,, mit Hilfe welcher
wir — und mit Ho€ R — die gleichméaRige Konvergenz von {Tn} gegen T=T,, dar-
stellen, monoton nichtfallend nach P, strebt, ferner diefolgenden weiteren Bedingungen
erfullt sind:

a) fur jedes Paar von Elementen u,vEr, und fir jedes Indexpaar m ~[~°°
gilt die ,,Abschatzung'”

af{T,u, TW)AQB(U, v) + P,[g(u,v) + a(v, WO)]—P rTg(V, vr0)

mit QOm=0m;

R) die Paare der Folge P,, ferner der Operator Q sind monoton ,,nichtfallende"
und ,,nichtkonkave™ Funktionen ihrer Argumente, d. h.firjede 0Se =e*; 0 "aSa*
und m” A ¢ ist

P\(g + o)~ PmQS P,(B*+ o*) -PTB*",
Q(a+<?)-QqS Q(q*+0*) - Qo*;

Studia Scientiarum Mathematicarum Hungarica 2 (1967)



94 T. FREY

y) TCIt6i e/v geeignetes Element, mit dessen Hilfe man die Operalorenfolge S,,:
Sma=Qo0+Pma+x

bzw. die Folge Sron=an+i €TH definiert; ferner ist uO£r bzw. a0f LU das Anfangs-
element der Folge T,,unbzw. Sra,, zusammen mit x so gewahlt, dal

Go = Q(uo, 1)
und ai=S0a0"a 0+ q (uo, TOW)
gilt.

S) Die Folge Sijst ,,gleichgradig” vollstetig, d. h. ist die Menge M{ma; a 8 '} ez ®I
beschrénkt, so ist M{S,,"ma’, 1 CI'} bei beliebiger Wahl der beniitzten Indexmenge
n(y.) kompakt. Die Folge on sei beschrankt.

€) Endlich ist r eine vollstdndige Menge, welche daneben die ganze Folg
un+i = T,,un enthalt.

Neben den oben angegebenen Bedingungen gibt es fiir die Gleichung n= Tu

mindestens eine Losung (d.h. der Operator T besitzt einen Fixpunkt) in r; die
Folge un strebt nach einer solchen L&sung.

Beweis. 1°. Wir zeigen zuerst, dass die Folge S,, bzw. an konvergent ist, nach
S.,, bzw. <, €t)i strebt, und letztere geniugt der Gleichung

(

Nun S, 0=Qo+Pro+x, und da hier Pn nach P,, strebt, so strebt auch Sn
nach S,, mit S,,a=Qo+P,,0+x

Die Folge <, ist monoton wachsend: a”écro folgt namlich aus y), und gilt
JI+l=onflir n=0, 1, 2, ..., N—1, so ist nach R) bzw. y)

fin+ 1~ aN= $NaN~ Sn+Wn-l = QaNn+pnen +T —

« [QGN- = (6°jv ~ Q°N=-1)F (P.NGN~ Pn-1aN-1) —

d. h
(1) an+ 11— °ii

auch fur n=N, also fur alle n gltig.

Nach < ist daneben die Folge onbeschrankt, und so nach ¢) auch kompakt,
da a,= 5, lcr, 1 giltig ist. anhat also eine konvergente Teilfolge, und die Folge
selbst strebt nach dem Grenzwert a,, dieser Teilfolge, da sie monoton ist.

Nach ) bzw. y) ist auch die Folge S,, (mit dem Index) monoton wachsend;
es gilt also fur jedes kLT

. $KaT—8&maT= Gn+-1
folglich auch

Gn—Qn+1;
also auch

(2)
da stetig ist.
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Jedoch ist nach B) bzw. y) Sn auch eine monoton wachsende Funktion des
Argumentes. Somit flir jedes k”m

m+ 1— STAM- $TaK- i
also

i3) ff.sS.d..

(2) und (3) zeigen nun die Glltigkeit unserer Behauptungen.
2°. Wir schatzen nun die Pseudoabstdnde der Elemente uk und um, bzw. uk
und w0, d. h.
km=1B(«*, «J bzw. = Q(uk, Wb).

Nach vy) ist die Abschatzung 9<0SR0 und al—d0—<?i,0 glltig. Wir zeigen
nun durch vollstandige Induktion, dal auch allgemein die Abschéatzungen

4 und fur k>m ak-<jm™Q km
glltig sind. Es sei vorausgesetzt, dass (4) furn=0, 1,2, N bzw. firk=12, ..., N
und fir m=0, 1, ..., K—1schon gezeigt wurde. Ist nun k =N+ lund0<mSN, so

Qn+im= Q(IN+1>wmm) = Q(Tnl<Ni T, 11m- 1) —

—QQn.ih- 1+ PN[i?V,m—1+ B(Um-1>U0)] —Pin- 16 (Mn-1>10)—
= QIN- <bi-)+ Pn[’N- fm-1+ om-1] = nu- 1415
SR T {00n- e 10T 4 T)
—94aN—Sm Jffim ! = N+ —r,,,

d. h. der zweite Teil von (4) ist fir k=N+ 1 und m=1,2, ..., A gultig. Ferner

O0\+i,0 = e(“w+i» n0) = O(«n+i. W) + 6(«j, W) S
— i— "bffi—0= °iv+i
d. h. dieser zweite Teil ist auch flir m=0 gltig.
Endlich
On+i—Q(un+I1>Ho0) —Q(un+i>w0) + f2(w0, w,,) S
—@®v+l—°0 'Fuo= Gw+1>
d. h. auch der erste Teil von (4) ist fiir N+ 1— und so fur alle n bzw. K und
—K 1 gultig.
3°. (4) hat zur Folge, dal u,,+l = Triineine in sich konvergente Folge ist; nach
€) besitzt sie somit einen Grenzwert m,£/\ Wir zeigen nun, daf u,,=T,u,, giltig
ist.
<Am_, r.ic)se(i/,+1, 7Lw,) + e(Mn+1, W) —
=Q(Tnth, T,,u,,) + Qun+l,u,,)*Qe(un, U,) +P,,[a(u, M)+
+ oW, VI0)]- P..Q(u,, N + e (W, +i, W)=S
S O K -anl+ P~ - ff + <r]- Pn<*n+ <* - <5 +17

+ +  {O<T,+Pn(h+ 1} + 40Q,-(T, 1+ =
=§,%,- S,.a,+8,~ €+, = 2(¢, —n+))
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falls n-w°°. Also
a{u,, TLw,,)" Oa(,

und daraus folgt unsere Behauptung.
Es sei noch bemerkt, dak man in a) Q mit einer monoton wachsenden Folge
Q, ersetzen kann.

Satz 1b. Betrachten wir wieder das Problem des Satzes la, jedoch setzen
wir jetzt voraus, dafl die Folge P,, monoton fallend nach P,, strebt, ferner die Paare
Pn, Pm ,konkav”, und Q=0 sind. Genauer:

ab) fir k"m~*°o
Q(Tku, Tnv)*Pk[B(u, V) + a(v, w)] - P,,0(v, WO);
Bb) fur kA TLW°°, G "g" ¢* und 0 * g" g*
Pk(e*+a) - P,,g* LLPkQ+ ) ~P,,,Q\
yb) Smo=P,0+ T, mit entsprechendem T1€93; ferner
uo=s(wo, U0 und <o = ffi +qo0, TOUO);

(5) und eb) enthalten dieselben Voraussetzungen wie <€ und €) in Satz la), wir
setzen jedoch auch noch an*0 m (n=0, 1, 2, ...) voraus.

Unter diesen Bedingungen ist die Behauptung des Satzes la) wieder gultig.

Beweis: Wir werden dem Gedankengang des Beweises des vorigen Satzes
folgen und nur die Anderungen bemerken. In 1° kann man jetzt aus der Voraus-
setzung g1” go, und aus P,,\P,, gleich zeigen, dass die Folge an monoton fallend
ist:

aN~ aN+ 1= Pn-1°iv-l ~ PNaN — fallS aN-1—°N —
Daraus und aus i7,S0 folgt nun wieder, dass on-+a" feststeht. Da nun weiter
auch an, auch S,, bzw. Pnmonoton fallend sind, so gilt einerseits flr k>m

Ygm—Smem GmfJ
596mMS Gm+ , .

resp. wegen der Stetigkeit von S,,

S00Goo — G ,, ,

anderseits aber

d. h.

Gm+1 BmGm SmG

Ge =Z SaoG e ,

woraus wieder g,,= S”"g,, folgt.
2°. Hier beweisen wir jetzt mit Hilfe vollstandiger Induktion, daR

(5) an=Q und X-Gm*Qmk (k<m)
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gilt. Fur /2=0 bzw. k =0, m=\ sind die Ungleichungen (5) vorausgesetzt; sind
sie schon fir n=0, 1, N, bzw. m=,.2 ..., N und 0<i:Sm -1 bewiesen, so
gilt (far fc>0)

QW k= Q(PhuN> —Pk-I[e(uNf uk- 1) + 6(NN>Ho)] —
— PnQ(Bn>Itjo) —Pk-Aak- I —ffy+ ff\] ~ Pn°N — dk ~ N+ 1>

da oA—Qv; fir k—0 aber

dlich RBiVAHL0 —0+1,1+01,0—TL—O0Nr+1+0'0—°"i =(To—L0iv+i!
endlic

Qn+1= Q(uN+1) *vo) — & (v0> M0) ~ B (Mo; UN+ ~[°0 —°>/+1] =(T/;T+ 1>

und soist (5) firn=N + 1, bzw. m=N + 1, O k"N, d. h. flr alle n, m, K bewiesen.
Die Behauptungen in 3° haben Wort fir Wort auch jetzt Giltigkeit.

Satz lc. Betrachten wir wieder das Problem des Satzes 1—Ib), und zwar unter
folgenden Bedingungen:
ac) fur kSm~°° sei

Q(Tku, Tmv) S Qo(u, V) + PK[u(u, V) + g(v, wO)] - PmQ(v, w0)

ferner

Bc) die Paare Pk—Pm erfullen diejenigen Bedingungen, wie in Rb),
ferner ist Q auch eine stetige und monoton wachsende Funktion des Argumentes,
endlich ist

Q&w —P = @+
yc) S,, ist durch Sn(T= QT+ P,,(T—P,,+10 definiert, ferner hat die Gleichung

ff=S,,0 = Qo0 + P«,0
unter der Bedingung 0 =« (.. v): «. v £r, nur die ,triviale” Losung a=0m. Ferner ist
ffore(MO.Mi) und fft <ff0;

de) Auler den Bedingungen in 3) bzw. db) soll auch vorausgesetzt werden, daR
die Operatorenfolge T,, gleichgradig LLl-vollstetig ist (d. h. sie bildet eine LL-beschrankte
Menge in eine LL-kompakte ab)',

ec) AuBer den Bedingungen in €) bzw. eb) soll auch vorausgesetzt werden, dal
die Menge r LLkbeschrankt ist, d.h. flir jedes u,vdr die Abschatzung g(u,v) Q
feststeht.

Unter diesen Bedingungen besitzt die Folge un+l = Trun einen Grenzwert in r,
welcher ein Fixpunkt von T,, ist.

Beweis: 1°. Ebenso wie friher, ist mit vollstdndiger Induktion gleich einzu-
sehen, dall die Folge <;, monoton abnehmend und durch Om begrenzt ist, also
einen Grenzwert ff,, besitzt, welcher der Gleichung = S,,a,, genlgt. Nach yc)
ist also ff*=0m gultig.
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2°. Wir beweisen jetzt durch vollstdndige Induktion die Giltigkeit von
(6) <h"Q(un,un+l).
(6) ist namlich fur n=0 nach yc) gliltig. Ist es schon fiir n=N bewiesen, so ist
Q(un +1>un+2) = Q(Tnun>TN+IuN+1) » Qqg(un, un+j) +

+ PIN[g(uNj uN+ 1) + B{I<N+ 1> ,1"0)] —Pn+IB(uN+1! vo) —
—QaU+ Ps\aN+ 0] —Pu+1& = SNN= ffN+!
da Q monoton wachsend und die Paare PN,P N+l konkav sind. Somit ist (4) fur
alle n gltig.
3°. Da die Folge T, gleichgradig 'Di-vollstetig, ferner r 3/tbeschréankt, endlich
u,£r fir alle n ist, besitzt die Folge {«.} eine konvergente Teilfolge {u,k}, welche

nach u,, £r strebt. Dann strebt aber (4) gemal auch die Folge {ukHl} (m=1,2, ..)
nach u,, d. h. die Folge {u,,} selbst auch. Endlich

e(n_, T,,ul)™a(u,, U)+o¢tn_iun_l, 71m,)S
Sg(un, u,,) + QQ(un- 1,u,,) + Pn- 1[e(un. I ,u,,) +
+ B(n», Wo)l-P,,Q (W,, wo)~ Q(Un, W)+ Qq(un_t, uf) +
+Pn-Ae(*n-1,U,,)]SQ(un, ul) + QQ(un-!, M,)+Pme(w,,-1, M)],

falls mSn —I ist. Da nun Pm eine monoton abnehmende Funktion des Indexes
und des Argumentes, ferner PXO =0 gultig ist, so strebt die rechte Seite unserer
Ungleichung nach PnD, falls n—°°, bzw. nach 0, falls dann auch m —°° gilt. Folg-
lich ist

. _ _ g(u,,, = ]
womit alles bewiesen ist.

Satz Id. Betrachten wir das Problem bzw. die Bedingungen des Satzes Ic),
setzen jetzt jedoch auch wO£r voraus, lassen dagegen aber zu, dal die Paare Pk, P,
nur asymptotisch ,,schwach konkav” sind, d. h.

Bd) fir k-<m”°°, O Sg” g* 0 Server*
Pk(0* +a)- PmQ*"Pk(g+a*j-PmQ+aKmR(g*- q)

gilt, wo R ein positiver, monoton wachsender Operator ist, ferner yk m eine monoton
faltende Zahlenfolge beider Indexe, flr welche daneben ykJ\0 fiir k °° auch
feststeht;

) Sn soll durch S,,0=Qa+ Pra—Pn+j0 + an,+xRor definiert sein.

Die weiteren Voraussetzungen des Satzes Ic) beibehaltend, sind auch die Be-
hauptungen dieses Satzes giiltig.

Beweis: 1° Da ark,+1 monoton fallend ist, kann man die Monotonitdt von
an ebenso wie in Satz Ic) beweisen; daraus folgt wiederum die Relation o= 0 &)i.
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2°. Auch die Ungleichung a,,*3(u,,, un+i) ist durch vollstdndige Induktion
leicht zu beweisen: namlich

e(UN+H >m+i) ~ e(TNUN, Ts+xuN+j) = QR(UN, un+i) +
+ Njvte(«v> WhvH) + e(Mv+i> wo)]-"iv+ie (M +i. no) —
—QaN+ PnWn + 0] —PN+{0 +0INN+1Rq(un+1, M0) &
—QffN+ Pn°n~ Pn+i® +aNIN+IRRr—SNaN=aN+1,
falls gNN+l~ o N gultig war, und damit ist alles bewiesen.
3°. ist Wort fur Wort aus Satz Ic) beniitzbar.

Es sei hier bemerkt, daR man statt aknmR auch den Operator Rk,m benitzen
kann, falls Rkm monoton abnehmend mit seinen beiden Indexen ist, ferner Rk,,\0,
flir K —. co auch gultig ist.

Es sei noch bemerkt, dal in Satz Ic) bzw. Id) die Unizitatsbedingung der
Losung der Gleichung a=S,,a die strengste Voraussetzung ist. Mit Hilfe von
sehr schweren Hilfsmitteln kann man diese VVoraussetzung abschwachen; wir werden
darauf in einer spateren Arbeit zuriickkommen.

Satz 2. In Satz 1 ist Voraussetzung €) durch e2): r enthélt die abgeschlossene
Pseudokugel
K{v:ia(v, M)rcr, —er}
ersetzbar.

Diese Kugel enthélt dann das Limeselement m« von {1}, und in K ist dieses der
einzige Fixpunkt von Tm—T. .
Es sei ferner nOLUL und r,0€WI erfulle die Unglechung x0S <,0, endlich die
Folge
Tn+i = Srx,, (n=n0,n0+1; ..)

strebe auch nach er. Dann enthdlt die Pseudokugel K*{v; (v, uf) S t,0—a,0j
hochstens einen Fixpunkt von T«.

Beweis: 1°. Es sei zuerst bemerkt, daR in Satz 1 Punkt 1° die Voraus-
setzung €) gar nicht benitzt wurde, <, und somit K existiert also auch im Falle
e2) statt e). Es ist nun leicht zu sehen, daB unEK fir «S 1 glltig ist, da T,,KA=K
feststeht. Es sei denn vC.K beliebig, und nLU 1; nun

R(Trv, W,) = R(Trv, TOu0) S Q[R(u0,r)] + P,,[R(u0,v) +
+ 2W0-10)] - PoQiFo, «0)* QMuo,U\) + Qu\, v) +
+ e(M0. ho)]-0 [8(mo, h0)] + P«[6 (W, M,) + e(n, ,u) +
+ PWO, Vo)l - PO[e(nD, M0)] "0(<T,-<70 + A~-"1+"0)-
-Q(<rO) + P~(°i -00+0--01+a0)- PXa0) =
—*Sex—Sqgdg= ex—oi,
d. h. TwE€K, w.z b.w. Da nun TrK K giltig ist, so ist €) eine Folge von €2).
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2°. Es sei vorausgesetzt, dass wWEK auch ein Fixpunkt von TL ist. Da wEK,
S0 ist q(w, liJSir»-al. Dann kann man aber mit vollstandiger Induktion leicht
zeigen, daf}

(7 eO,
fur jedes né 1 gltig ist. Steht ndmlich (7) fur n=N fest, so gilt

QO, m+,) = e(T,w, TUN"Q \g(w, Myl +  [6(w, M) +
+e(%, Ho)l- Tme v, WOl =Q[o (w, My + QuN, w0 -
-Q g(un, Uo) + P.{g(w, uN + Qti\-PNQN"aQ[a=x a N+

+ fiM —QV\ +T*[cr@—aN+ aN]~P NaN= SNaN=a,, -aN+I,

d. h. (7) ist auch fir n=N+ 1 d. h. fir alle n~ 1 glltig. Daraus folgt aber gleich,
daB un—w, d. h. w=u,, ist.
Die Behauptung Uber K* ist Wort fiir Wort ahnlich wie (7) zu beweisen.

Satz 2b. Die Voraussetzung eb) in Satz Ib) ist durch e2b): r enthalt die ab-
geschlossene Pseudokugel
K{W\ q(v, nDLLkT1-2"}
ersetzbar.

Diese Pseudokugel enthélt dann auch u,, und dieser ist der einzige Fixpunkt
von T, in K

Istferner nOS | und W1"0,,0, strebt daneben xn+1= Sren (n=n0) auch nach <,
so besitzt die Pseudokugel K*{v; o(v,unj =oro—t, 0} hdchstens einen Fixpunkt
von T,,.

Beweis: 1°. Die Existenz von bzw. K ist jetzt wieder unabhéngig von eb).
Auch T,,K"K ist wieder leicht einzusehen: ist namlich vCK, so

q(Tv,Ui)= g (Tv, TOu0)"P 0[q(ul,v)+ q(uO,V\D)]-
- PgO o, W0)AP 0[q(ud,Ui)+ q(mj,v) + q(u0,w0)]-P , g0n7
—Po[°0—ai + +o,]—T,, (J,,= S0a0—Sx o = 01—0,,,

da P,, monoton abnehmend mit seinem Index ist, und g(u0, w0) Scr0, um so mehr
a(u0, w0) S(tm Damit haben wir also schon bewiesen, dal3 e2b) die Voraussetzungen
von eb) mitzieht.

2°. Es sei nun wieder wLV ein Fixpunkt von T,,. Wir zeigen durch vollstandige
Induktion, daf3

(8) a(w, un = <, —ax
feststeht. Fur n= listja (8) glltig, da wEK. Ist (8) schon fiir n= N bewiesen, so gilt
e(W, un+1) = a(T,w, Tnun) S P nla(un, w) + a(un, wq)] —
- T,[o(A>u0)]=Ty[aN— +erj- P,[(7,= SNaN—S,0 ,,=aN+1—r

Studia Scientiarum Mathematicarum Hungarica 2 (1967)



FIXPUNKTSATZE 101

da g(un, w0)*a Nnach (5), um so mehr also g(un, w0) = o«,.. Damit haben wir also
(8) fiir jedes né 1 bewiesen.
Im weiteren kdnnen wir den Gedankengang des Satzes 2 Wort fiir Wort folgen.

Satz 2c. Unter den Voraussetzungen des Satzes Ic besitzt T,, keinen Fixpunkt
auler im Gebiet KO{v: [6(X,N]+ Qla(w,, t)3— (u®,»}Mr, falls 0"9<1
o Beweis: Es S€I vorausgesetzt, dal wC KeC\r ein Fixpunkt ist. Dann aber ist
(10) a(u,,, uj=e(T~u,,, T,,w) SQ q(u,,, uj +P,,q(u,,, W) S &Qu,,, W),
da wEKdC\r. Ist nun 0S$<1, so folgt g{u*,w)—0 aus (10), w. z. b. w.

Satz 2d. Unter den Voraussetzungen des Satzes Id besitzt T,, keinen Fixpunkt
auBer u,, im Gebiet

Ka{v:P,,o(um v) + Qq(tc,v) S 9g(u,,V)}Mr, falls 0S $< 1 st
Der seweis entspricht dem des vorigen Satzes.

Satz 3. Unter den Voraussetzungen des Satzes 1. kann man die Konvergenz-
schnelle der Folge u,, nach durch

u,,)"o,,-on
abschatzen.

Beweis: FUr beliebiges N~n gilt die Abschdtzung
a(w,, u,)"q(y,,, u)+ gq(un, u,)Sq(y,, ,un) +on- o,,
Strebt also so strebt g(u,,un) nach 0m, folglich ist

6(W',Aé01n+511_|T11
w. z. b. w.

Satz 3b. Unter den Voraussetzungen des Satzes Ib ist die Abschétzung

a(u,,, 1/,,)éff,-d,,
glltig.
Der Beweis entschpricht dem des vorigen Satzes.
Satz 3c. Unter den Voraussetzungen des Satzes Ic sei S* durch
S*t=Qz+P,t
definiert; es seiferner 'IR3r0= Q(uO, u.f) so gewahlt, dal auch
zl = Sq20?%10
gilt. Dann gilt die Abschatzung
Qun,

und hier z,—0,m, falls
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Beweis: 1°. Da hier t0S g(w, uj) und glltig ist, kann man durch
vollstdndige Induktion zeigen, dafl t, monoton abnehmend ist. Istdannt,-t, +1S0
fir n=N—1 noch gultig, so muB

'N~XN+I="N-1rN-1~"~NTN=QTN- 1 +-i*iV-ITM1~QXN~ PNN—®
auch gelten, da Q monoton nichtabnehmend ist, bzw. nach den Voraussetzungen
von Rc). Da nun weiter t,, 0 auch feststeht, so muss t, nach streben, da mit
der Folge Snauch S* gleichgradig vollstetig ist; da ferner S* =S,, auch giiltig ist,

soll nach yc) gleich 0 T sein.
2°. Die Abschatzung

(11) e(n,,,ro=rm,

ist auch leicht mit Hilfe volistandiger Induktion zu prifen. (11) ist namlich fur
n = 0 nach Voraussetzung erflllt. Ist es schon flir n = N bewiesen, so ist

g(un+1, u~) =e(TNuN, T,,ul)"*Q g(un, IO +
+Pn[q(un, uf) + Qw,, Ug]-  Qu,., W) S
—Qxn+ Pn[v~@]~P°°® —Sn TN ~rN+1,

und damit ist alles bewiesen.
Satz 3d. Unter den Bedingungen des Satzes Id soll S* durch

S*t=Qt+P,x+a,,+) Rg, (bzw.+RnnH Q)

definiert sein; ferner soll 9Ji a(O—wo , ufi so gewahlt werden, daf

X~ X0

Dann strebt die Folge t,+1= S*t, nach 0, und es gilt die Abschéatzung

auch feststeht.

(12) e(n,«-)St,.

Beweis: 1°. Wort fir Wort &hnlich, wie im friiheren Satze, man kann leicht
zeigen, dal r,, monoton abnehmend nach O strebt.

2°. (12) ist nach Voraussetzung fiir n= 0 erflllt. Ist es schon fiir n=N bewiesen,
SO ist

a(un+l, ufi = gq(Tnun, T,,u]) & Qg(un, W) +Pnlg{un, u,,) + q(u,,, H0)]-
-P~e («~,Wo0) = Qxn+ pnixn+ 0»(]-P~&m + aN,~P [g(m,w0)- ©ga] S
—Qxn+ PnxnF gsn,n+|PRr= ShTn = XN+j,

und damit ist alles bewiesen.
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3. 8. Anwendungen bei dem Picardschen
bzw. Picard-Carathéodorischen lterationsverfahren

Im weiteren wenden wir die Fixpunktsétze bei der Untersuchung einiger Iterations-
verfahren an, welche wir bei der Losung der Anfangswertaufgabe des Differential-
gleichungssystems

(13) x = f(t, x); x(/0) = x0
benitzen.
A°. Es sei zunédchst vorausgesetzt, dass f(t, X) bei beliebiger x (<)iC (- °°, °°)

meRbar und an jedem endlichen Intervall integrierbar ist, ferner in x eine Lipschitz-
Bedingung (mit Exponent 1) erfillt, d. h.

(14) If(t, x2-F(/, x,)| = L(t) * %x2—xI

gultig ist, wo L(t) eine meBbare und am jeden endlichen Intervall integrierbare
Funktion ist.
Es sei ferner
( ‘
(15) 16 If(t, xO<ft  K(t); f L(2)dz =m

to

Wir werden im weiteren die Picardsche Iterationsfolge

(16) xn+1() = X0+ J[r, \, 2]z

untersuchen. Zu diesem Zweck sei 91 der Raum C(—°°, <»), wo wir die Halb-
ordnung durch

frg, falls /(r)Sg(O (- °°<r<m)

definieren, den abstrakten Konvergenzbegrilf aber mit demjenigen ,,gleichmaRige
Konvergenz Uber allen endlichen Intervallen” identifizieren.
In C(—0, og) fuhren wir folgenden Pseudoabstand ein:
()] e(u (0, v(0)="e _A(Q-|u(0-"r(0I
Da wir jetzt immer denselben Operator anwenden, gilt

t

Tnu = 7u= x0+ J f[t, u(¥]dz,
to

folglich ist
(18) 5 (Tu, Ty) —e-n()* J {ife u(t)]-f[i,v(1)]}4

t

g 40 J E(1)-en(m-B(u, y) dz .

to
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Betrachten wir nur das Gebiet t*t0, so gilt

(19) a(Tu,Tv)= JL(x) e JAD AMR(u, V) dr,

t

folglich ist dann Pn=0, Qq=J AT1)-e_1'(1)-agle dx, d. h. ein linearer Operator,

to

und ist somit Satz 1—2—3 anwendbar.
Da nun ferner hier Q linear ist, kann man w0=n0, und somit a0= 0 wahlen.
Es gilt folglich al=x, ferner

02=Qal+i~Qai+al=(E+Q)ai,
usf., und allgemein

(20) (T+i=Qxh+x=Qan+tav=(E+ Q+ ... +Qna
Die Konvergenz der Folge a, ist also hier gleichbedeutend mit der Konvergenz
der Reihe r%\OQ"i»Ietztere ist aber in unserem Falle die Resolvente der Integrél-
gleichung

t
(21) e(0 - f L(Qe-M>-«*»e (Qdf = iHO-

to

Letztere ist keine Gleichung des Typs Volterra, da ihr Kern,
10, falls t< £
(22) KI(?”6 = falls t~ C

nicht beschrankt ist; jedoch kann man die iterierten Kerne in geschlossener Form
darstellen, und somit die Konvergenz der Reihe Y, Qn zeigen, da

(23) = 1 und L(.O=~[Ne ~m]

flr fast Uberall gultig ist und beide Derivierten integrierbar sind. (Es sei be-
merkt, da® man in dem Falle, in dem die Konvergenz von &, gegen &,, direkt zu
zeigen ist, die Bedingung 5) nicht voraussetzen muRB.) So namlich

K2(t, O =0, falls t< bzw. = J L(s)e-W0-««>K

4
L ) e-UW-A(4)] ds = LU, ) *[A(Q-LL )] se-WW-itdl, falls tS £
bzw. auch allgemein, wenn
0, falls t< £
(24) n O : W o-u N
KM L(Oe~im~W)! 1! falls
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fur n=1,2,..., N noch glltig ist, so
KN+1(t, i) = 0, falls /<

bzw = i.JL(s)e—w,>*(s)]*L(|)e~ (N—1) di =
1 falls
auch feststeht, d. h. (23) ist fir jedes n gliltig.
Ist nun u0=x0 als Anfangsglied gewahlt, so ist
u, = x0+ JA[I, Xqilg,
0
und deshalb
(24) = (Y= {(u)s [ b al) !
ferner
(25) an= (E+B + B2+ ...+ 6"-D<tl=
f -2 f
= ffi+ fut) ee-U(0-w)i. [, ~0 _-A(O]tg| + Juftotadt = ff,

da A [A(’)I(/\*(f)]* elAO<d)l, und zwar gleichmaBig an jedem endlichen

ftc=0
Intervall.
Somit ist
A - finz | Z,(i)jl - eWO-*™ 11 i (0 di =
tk K(H)e~M jL (i) JeM»-cdl - 1 Jat =

d. h., beachtend Satz 3. bzw. die Definition von q:

(26) x(0-x,,0l Sm §&&>-40 -M },

wo X(t) nach Satz 2 die einzige stetige sog. verallgemeinerte Lésung des Anfangs-
wertproblems (13), x,,(t) aber das u-te Glied der Iterationsfolge (16) bezeichnet.
(26) gibt somit eine Abschatzung Uber die Konvergenzschnelle des Picardschen
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Iterationsverfahrens in bezug auf n und t, bzw. die betrachteten Voraussetzungen.
Es sei noch bemerkt, daB im Falle, daR unsere Voraussetzungen nur in einem
Bereich erfiillt sind, auch die Behauptungen fur diesen Bereich gliltig sind.

B°. Betrachten wir wieder das Problem in A°., setzen wir jedoch statt (14)
nur voraus, daf

(27) IFGi, x2)-f(t, XI)| S g(t, [x2—xXI|)

gultig ist, und hier g eine monoton wachsende, stetige Funktion bei fixiertem t
des zweiten Argumentes, ferner eine meRbare Funktion bei fixiertem [x2—xt]|
des ersten Argumentes ist, mit g(t, 0)=0, endlich, dal eine mefRbare und auf
jedem endlichen Intervall integrierbare Majorantenfunktion m(t) bzw. c>V) exi-
stiert, so daf}

(28) 07g(t,v)Sm(t)-(p(v);  (-00<?<00)
und hier
(29) <p(v)SC(l+vn

mit entsprechendem n.

Um einen unserer Fixpunktsdtze anzuwenden, wéhlen wir ebenso wie in A°,
die Operatoren Tn=T (n=0,1,2, ...), ferner den Raum C, 51 bzw. 91 den
Pseudoabstand aber in Analogiam mit (17) durch

(30) e*(u, v) ! g(C, [u—v|)z/c
oder durch
(31) e(u, v)= |u(/)-v(O].

In beiden Fallen bekommen wir dieselbe Formel, namlich:

t 5 Q
(32) 0*(7u, 7v) is t wWC

J g(C, e*(u, v))ilc

bzw.
t

(33) e(7u, V) » J g(C, e(u, \))dC
Wenn wir wieder den Fall t =t0betrachten und g bzw. o* durch & bezeichnen,
so gilt

(34) §(Tu, Ty) Ig 9(Z, &(u, v))d".
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Im weiteren betrachten wir nur den nach A° noch interessanten Fall, wo
g(t, \) eine konkave Funktion des zweiten Argumentes ist; dann konnen wir aber
nur den Satz lc—2c—3c anwenden. So wird also r eine echte Teilmenge (Sil-
Beschranktheit!) der Funktionen von CJt0, °°), die auch die Voraussetzung v(/0) =x0
erfullen.

Nach Satz Ic. werden wir also auch voraussetzen, dass die Integralungleichung

t

(35) e(t) s fg(Z;Ne)dt

fur j5(to)= 0 nur die triviale stetige Ldsung £(?) = 0 besitzt. Es sei ferner ¢ eine
entsprechende, monoton wachsende, konkave Funktion mit ¢(0)=0, fur welche

die Integralgleichung
t

(36) gx0) = f  T@ExQ))de

auch stetige nichttriviale Losung fir £*(/0)=0 besitzt (wie gut bekanngfi
z. B Wﬂf mit 0 <a<| unseren Voraussetzungen geniigt). Bezeichne nun g@
das sog. ,,0bere Integral” von (36) — wie es ndmlich Carathéodori bewies, (3
besitzt ein solches stetiges oberes Integral fur t” t0, mit /(/0) =0.

Es sei ferner k(t) = x0(?) = uQ(r) das Anfangselement der Picardschen Iteration,
welches man so wahlt, daR

(37) K())EC[/0, “); k(r0)=x0; R(k,Tk)rSQf

erfullt seien (so entspricht z. B. k (t) = x Osicher diesen VVoraussetzungen). rc C [/0, °°)
kann man also folgendermassen wahlen: fir jedes Elementenpaar u,\£r seien
folgende Bedingungen erfullt:

u(to) = v(i0) = x0; é(u, k) S B i(v,k)S”; e(u

Satz 4. Unter den oben angegebenen Bedingungen sind alle Bedingungen des
Satzes lc—2c—3c erflillt, strebt also die Iterationsfolge

(38) X+l = 7%, = x0+ [ f(r, xa(1)) dz

to
nach dem einzigen Fixpunkt x,. von T in r. Die Konvergenzschnelle ist durch

(39) 8(x~> x,)St,

t

angegeben, wo z0=gf, und zn+I=f g(f; xn(f))d* definiert ist.

*o
C°. Fur numerische Anwendungen scheint es am glinstigsten, das Picardsche
und das Carathéodorische Verfahren entsprechend zu mischen, d. h. xn+1(t) mit
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Hilfe einer Mischung des ,Carathéodorischen” Term . f(t, x,+1(t-9))A, des
0

t
LPicardschen” Term J f(x, xnx))dx, bzw. vielleicht eines ,Picardschen kompén-
0

t
satorischen” Term Jf(x, X,,(Xx +S))dx darstellen, wo man & so klein wahlt, wie

es numerisch mdglich ist. Es ist leicht zu verstehen, daR man dann eine gute Konver-
genzschnelle erreichen kann, wenn man in den ersten Schritten (dann liegt noch
xn(t) weit von x,,,(t)) den ,Carathéodorischen” Term, spater aber immer starker
den ,,Picardschen” Term beschwert.

Unter den Voraussetzungen von A° bzw. B° werden wir erst die Formel

t t

(40) X, (0 = x0+snJ f(t, x,+x(t- ) dx+ (1- e,)f f(X, X,(X)) dx

to to

betrachten (im weiteren setzen wir voraus, daB x,+1(f)sx0 fur t0—& StStO0 in
(40) genommen ist).

Der Operator Tn ist somit durch

« t

(41) M, = r,u = x0+ 6, f(i,w, (T-S))a+(I-E,) Jf(r, u(®)dx

to to

definiert, der Pseudoabstand sei aber durch
(42) e(u, V) = max. Ju(t) —v()

charakterisiert. Dann strebt T,, gleichméssig nach T, falls s,\0, und falls wir
nur diejenige Teilmenge r*czC[t0,°°) betrachten, fur welche u€r*;u(t)=x0 fur
t0—S A x M t0 feststeht. Dann ist ja auch

(43) e(u(f-9), v(t-9))Sfi(u(0,v(0)

glltig. Mit Hilfe dieser Ungleichung werden wir erst eine grobe Abschétzung fir
a(T,,u, Try) angeben, und diese zur Verfeinerung selbst benitzen. Zu diesem Zweck
flhren wir die folgenden Bezeichnungen ein:

t t

Tu = en= x0+e,, / f(r, <n(x —9j) ilt+ (L —£,) J f(r, u(v) dx

(44)
Ty = Min= x0+ £, J f(r,vm(t $))dxT @ ) J t(x,y(x))dx.

to to
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Hier werden die zweiten Glieder an der rechten Seite auch mit Hilfe einer Trans-
formierten von u bzw. V angegeben; z. B.:

f(r, co,,(r-9)) = f(x, Wnu) =
f(t, x0), falls /0 —T—%+$

T-& x-0

z,x0+snf f(CxOdC+ (I-en/ f(£:u(0)dC

falls 10+ 9 sts 0+ 29,

[<ote t-e / {-#
T,x0+e,\J f@x0de+ J f(i;x0+fi,,J f(Cx0)/E+

Wo to+0

5-6

+o -0 [ f(c,u(o)de)rf{ +(I-e») / f(*u(o)A

falls /qT29 71 = tg+ 39,

USW.
Somit ist
w,0 = XOHe, Jf(z, w,.uydz+ (L-e,,) Jf(r, uyrir
D
(45) 3
V,,(0 = Xo+emff(z, wm\) dz+ (| —em Jf(z,v)dz,
to to
folglich — vorausgesetzt, daf nSw, d. h. 8,Se,, giltig ist —
(46) Q(Tru, Tny) = max, 72, (1)-y...(1)] &

= (1-0 JS(X, ju—v|)dz+B,Jg(z, \Wnu-w mp\)dz +

to to

+ (e, £,,) J {f(x, YTnv)-f(T, xQ)| + |f(r, v(r))-f(r, x0)|}it.

to

Hier ist das erste Glied an der rechten Seite direkt mit (?(u, v) ausdriickbar; die
anderen aber nicht. Wir beschéftigen uns also mit diesen Gliedern. Es sei also
w0=x0. Dann ist

i If(r, v(r))-f(r, X0 = g(z, [v(t) - WO(9)]) s g(r, e(v, w0),
(47) .Jt If(r, v(r))-F(T, x0)| dz # /tg(z, A, w))dz
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und ebenso
(48) f i, wmy- f(r, x0lax a | g Qwmy, vio)dx,

to to

da g eine monoton wachsende Funktion ihres zweiten Argumentes ist. Nun ist
nach der zweiten Relation von (45)

t t

(49) vm0-xo0= smj [f(t, wmy) —f(x, x0)\dx —£m J [f(r, v(t))-f(r, x0O)] dx +

to
t

+ j f(r, \(x))dx.

to

Fuhrt man hier die Bezeichnung e(vn{t), w0(t)) = @Qn ein, so ist nach (43) auch
Q(Wnv, w0) S g B gultig. Setzt man diese in (49) ein, so folgt

t

(50) QnBsmf{g(x; am +g(t, e(v, wO)}dx + f [T, WO dx+ T g(x, « . WO) dx.

to to io

Fihrt man noch die Bezeichnung 0= qg(\, w0) ein und betrachtet man die Integral-
gleichung entsprechend der Formel (50):

t t

8n = emJ {g(T, tm+g(y, c0} dx + f g(X, @dx + f [T, wo) dx,

t io t

so kann man das maximale stetige Integral letzterer Gleichung Qm=hmt, R0(0)
flr die Majorisierung von gm benitzen. Es ist gleich zu sehen, da hm(t, Qo(t))
eine stetige, monoton wachsende und konvexe bzw. konkave Funktion ihres zweiten
Argumentes ist, je nachdem g konvex bzw. konkav im zweiten Argument ist; hm
ist ferner monoton abnehmend mit dem Index m, falls emeine solche Folge ist.
Es sei aber bemerkt, dall wegen des letzteren Gliedes im allgemeinen hmt, 0)>0
flr t>t0ist- Nach (50) gilt also die Abschétzung

. Q(Wm\l, VVO) _Qn_hm (tv @)
und somit

(1) g(x, Q(Wmy, w))+g(t, e0)=2Zm(T, e(v, W0))=g(r, hjx, 60))-+g(T, qO),

wo Xn eine monoton wachsende, konvexe bzw. konkave Funktion des zweiten
Argumentes ist — ebenso, wie g —, ferner eine monoton fallende Funktion des
Indexes, endlich eine mefRbare Funktion des ersten Argumentes.

Benitzen wir denselben Gedankengang auch fiir (51), so bekommen wir
fur e,,m= <A, vj, bzw. fir

e (Wnu, Wm\) = a((On(t —9),
die Abschéatzung

t

(52) am®) S (I-£,) I gX, o@u.y)dx +enf g(r, gmdx +(Emsnj ymx Q@)dx.

to to to
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Setzt man hier 1 statt 1—e,, ferner statt em—e,, und beachtet man, dal zu
g und Xm eine solche Majorant tim(r, ) sich angeben I1akt, daR ¢T auch eine
stetige, monoton wachsende und konvexe bzw. konkave Funktion des zweiten
Argumentes sei, und

g(r, e(u, v)) + xm(r, O T(r, q(u, v) + £0)
feststeht, so kann man gmin (52) mit dem oberen Integral der Gleichung
t t

(53) Gwm=en/ g(T, UnJdl + ) ¢T(r, Q+ B0) dz,
to 10

bezeichnet durch gnm=y,7(T, g(u, v) + q(\, w,,)), wo Yy eine ebensolche Funktion
des zweiten Argumentes wie g ist, ferner monoton fallend mit den Indexen. Setzt
man (51) und (53) in (46) ein, so folgt:

t t

(54) e(C,.m, rmv) A (l-e,,) J g(z, <Au v)<*+e,f y,,mz q(uv)+ q(\, wd) dz +

to to
t

+(zm-en/ *1(7, B(v, W) dz.
to
Es sei aber zugleicht bemerkt, da man bei der Majorisation von (50) bzw.
(52) auch 1 statt sm, bzw. statt 1—e,,, €,, und emschreiben kann, und dann bekommt
man solche obere Integrale x bzw. y, die unabhdngig von m bzw. von n und m sind.
Es gilt also auch die Abschatzung

t t

54%) e(u, 7B )S (1-0 /g (r, e(u, v))ir+enf y(z, q(u, v) + e(v, w0))dz +

to to

t
+em 0 J  ev, W) dz
to

Satz 5. Ist die Funktion g(t,v) eine monoton nichtabnehmende und nicht-
konkave stetige Funktion des zweiten Argumentes (und ist g(z,v(z)) aufjeden end-
lichen Intervall integrierbar, falls v(r) £ C[f0, °°)), strebtferner e,monoton abnehmend
nach 0 und genligt die Ungleichung g,=\ (n=1, 2, ...), so strebt die Folge (40) neben
einer jeden stetigen Anfangsfunktion k(/) = x0(t); k(t0) = x0 nach der einzigen verall-
gemeinerten stetigen Losung des Anfangswertproblems (13).

Beweis: Neben den angegebenen Bedingungen kann man (54*) auch so um-

schreiben:
t

QU Tm) a a -£,) J {g(r, g(u, v) + e(v, w0))+ y(z, e(u, V) + e(v, w)) +

to

+2 (e equ, V) + e(v, W0)) }r/r-(le..y T {o(T, e(v, wO) + y(T, B(V, w0)) +

+ 2(t,6 (v, wO))}/t,
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wo man die Abschatzungen e, Sl—en und em—e,,=(1—£,)—(1—£M) benltzte.

Man kann also Satz 1—2—3 anwenden, und zwar mit Q=0, P,,=(1—s,,)P; Pg=
t

= /{#(*, E) + y(t, q) + x(z, E)}*.
fo

Satz 5b. Ist die Funktion g(t, v) eine solche Funktion, wie in Satz 5, jedoch
nichtkonvex, ferner g, eine positive Zahlenfolge, fir welche ¢,+1=1ie,, (=0, 1, 2, ...)
glltig ist, besitzt endlich die Integralgleichung

QW = Jg(t, Q()dr

nur die triviale stetige Ldsung, so strebt die Iterationsfolge (40) nach der eindeutig
definierten stetigen Losung des Anfangswertproblems (13), falls nur das Anfangs-
glied k(/) = x0(t) mit k(t0) = x0 schnell genug in Absolutwert wéchst.

Beweis: Unter den angegebenen Bedingungen kann man q(T,u, Tmy) nach
(54) wie folgt abschétzen:

t

Q(Tnx Tmy) ™ j g(z, afu, M)di +

to
t

s ] ymm(E QEev)+ a(\, wO) + xon(t, V) + B(v, WOy} dz -

J{yn.nif, e(y, w0) + X.(t, aly, W) }dz,

to

da EillkeT—en, falls m>n glltig ist. Man kann somit Satz |d—2d—3d anwenden,
und zwar mit
t t

Qa= Jo(r, A dz; P8 = enf {y,,..@z e() +yijz, Q@)}dz

to to

Die Bedingung < a0 kann man durch entsprechende Wahl von x0(/) bzw.
immer sichern; die Bedingung P,,© =0 ist automatisch erfullt, da Pn-»Q

Es sei noch bemerkt, dass Satz 5 bzw. 5b auch dann giltig bleibt, wenn man
in (40) eine allgemeinere Summe von Picardschen und Carathéodorischen Gliedern
betrachtet. Fir numerische Zwecke erwies sich als glnstigste Iterationsfolge

1 < ' \
X,+1(0 = e, Jt(z, x,+j(t- 9))dz + Jf(r, x,(t+ 9)) dz. +
[to to )
+(@1- 2,)J f(r, x,(edz, mit e0=1; e,= —,

to

wo man 9 so klein wahlt, wie es bei den angewandten numerischen Integrationsmetho-
den bzw. Funktionswert-Auswertungen moglich ist.
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4. 8 Anwendungen bei Randwertaufgaben

Betrachten wir beispielweise die nichtlineare Randwertaufgabe
(55) L[u\=f(x, u) in B
(56) Al<]= <p(x) auf T,

wo B einen Bereich des n-dimensionalen Raumes X (mit x£X), ferner I' den Rand
dieses Bereiches bezeichnet, L[u] einen linearen Differentialausdruck, R[n] aber
einen ebensolchen Randausdruck bedeutet. Es sei vorausgesetzt, dass zum (55)—(56)
entsprechenden linearen Problem eine Greensche Funktion G(x, s) angegeben ist,
mit Hilfe welcher man das Problem L[w]=r(x); R[\] —p(x) in der Form

(57) U = 1x)+g G(x 9r(s)dws

I6sen kann, falls r integrierbar ist, wo {/ eine feste, nur von (p abhéngende Funktion
bedeutet. Falls nun G in B=BU r gleichmaBig L-stetig ist, d. h. falls man zu
jedem e>0 ein 0(e) so angeben kann, daf

B |G(x*, s) —G(X, s)| dos < e

immer giltig ist, wenn nur x, X*CB und |x—x*|<<5 feststeht, ferner/in B nach
u eine beschrankte Ableitung besitzt, so hat Schroder das Problem (55)—(56) geldst
(s.z. B. [5]). Wir betrachten nun den Fall, wo G wieder gleichméaBig L-stetig in
B ist, ferner/ in u nur die Bedingung

(58) [/(x, u2)-/(x, M,)|Sg(X, |M2—mx])

genlgt, und g im zweiten Argument stetig, monoton wachsend und konkav (bzw.
nicht konvex) ist, ferner fur jede r(x)(C(S) g(x, u(x)) in B integrierbar ist.
Es sei dann Tn=T durch

(59) Tv(x) = IKX) +J G(X, s)/(s, v(s)) dcos,
B
ferner der Pseudoabstand der in B stetigen Funktionen durch
(60) a(w v) = \u(s) - v(s)\
definiert. Dann gilt
(61) q(Tu,Tv)S \] |G (x, S)|-9(S, a(u, v))dws.
B

Da g im zweiten Argumente konkav ist, so werden wir Satz lc—2c—3c anwenden,
mit P,,=0. Daher setzen wir g(x, 0)=0 voraus. Somit sind die Voraussetzungen
ac—Rc —o6c und ec erfillt. Ferner ist Sma=5,,a durch

(62) Sa =f |G(x, s)| -g(s, a(s))dees
B
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definiert. Somit sind also unsere Séatze anwendbar, falls einerseits die Gleichung

(63) 8

flr <x"0 nur die triviale Lésung cr=0 besitzt, ferner falls man ein uOCC(B) so
angeben kann, daB mit 50~ 4 (uo. wp auch crlScrO erfiillt ist.
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A REMARK CONCERNING THE RATIONAL
APPROXIMATION TO x|

by
G. FREUD

Let us denote in the sequel by nnx) a polynomial of degree n at most, and
let us agree, that the n,,(X) need not be the same, even if they enter in the same formula,
resp. the same equation.

We call an expression of the form

rc,,0)

a rational function of degree n, and the set of all such functions we denote by Rn.
D. Newman [2] constructed a sequence MX)ER,, with the property

Q) [IX| —r,.(X)| & for x€[—1,+1], n=>5,6,...

and he proved also that there does not exist any sequence for which
) M-r*(*)| ~» \ e~""”  *€[-1,+1]

would hold.

This fine and surprising result of D. Newman was developed to a method of
approximating certain classes of functions by rational functions. The first result
of this kind is due to P. Szusz and P. Turan [4], we mention here two of the more
recent results:

A) Iff{x) is of bounded variation in [0,1] and belongs to the class Lipa(0<a< 1),
then there is a sequence g,,(f; x)cR,, so that

f{x)~Qnif\ix) =0 A A [,

the dependence of the estimate on the Lipschitz-exponent a enters only in the value
of the constant of the O-estimate (see G. Freud [1]).

B) Let us denote by F(n* the class of functions fix) with the following pro-
perties:

a) f(x) is continuous in [0, 1],

b) There is a subdivision 0= fo<<!;1-<...<<!;5= 1 of [0,1] so that fix) is
(r—)-times continuously differentiable in each [Ck, £ft+1], and/ (r_1)(/1) is absolutely
continuous in [E*, £fcH].
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C) The function f (Ax) (defined almost everywhere) is equivalent to a functior
of bounded variation.
Now, let f €V*, then there exists a sequence g,,(f; x) €R,, with

Y(*)-c»(/;*) = o0

(J. Szabados [3]).

Owing to this results, it seems to have some interest to extend Newman’s
result to weighted approximation on the infinite interval. We hope that this extension
could be a starting point of investigations concerning weighted rational approxima-
tion on an infinite interval of certain classes of functions.

Theorem, a) There is a sequence Q(x) € Rnfor which

1 3 -]TE+
3) y— 2iW-e»W| "~ 2e ' 27 -°°<x<+co
is valid:
B) There does not exist any sequence g*€ Rn, for which

(4) 1 «00< X< 00,

1+Xx

Proof. Part B): (2) is a consequence of (4), and we know that (2) is impossible.

Part a): We substitute in (1) y——2—)—(—j for x, v for n and observe, that 1312 Si

for all real x. In this way we obtain

. 2\X\ 2X — * * 00
©) 1ex2 vitex % o TCo
Using the formula

2X 2X 1 _
1+ x 2] vi4x2)  (1+A2vt=o (L+xy-k=
we havel )
2X )
_1+x2 2X 1+x: 7lv{\+x2j
<?V(X)_ +x2 2 1 2X )
nv
{I+x2J
O 1+X2 L+ XxD)~vn2u(X) _ (A+xIn2v(x) _ n+2(X)
C o L+XD-VAMX) ~  2nM(X)  ~ n2x) €22

1 See the notation we agreed to use at the beginning of the paper.
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and from (5)

l+)2 N Ze'fv'l .00< X< oo.
Finally, we obtain (3), ifwe put v=— forevennand v= W foroddn, Q.e.d.
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REMARKS ON THE POISSON PROCESS

by
A. RENYI

The inhomogeneous Poisson process on the real line is usually characterized
as a stochastic additive set function C(E) defined for each bounded Borel subset
E of the real line such that

a) the random variable C(E) has for each bounded Borel set E a Poisson
distribution, i. e.

[/(E)]"
n

(1) PH{(E) = n) = n=01,..)

where 1(E) is a nonatomic measure on the real line such that 1(E) is finite for
each finite interval E, and

b) if EI,E2,...,E,, are mutually disjoint bounded Borel sets the random
variables £(£j),  £(E,) are independent.
If we put A =2([0,))) for />0, = —£([/, 0)) for 0, this means that C

is a process with independent increments such that Gt—£s has a Poisson distribution
with mean value A(t) —A(s) where A(t) is the Smeasure of the interval [0, t) if
r>0 and —A(t) is the SAmeasure of the interval [t, 0) if f<0. D. szasz (oral
communication) asked the question whether there exists a point process for which
a) holds but b) does not hold.

We shall show in this note that such a process does not exist, i. e. the usual
supposition about independence in the above characterisation of the Poisson
process is unnecessary; by other words supposition b) is a consequence of the sup-
position a).

More exactly we prove the following

Theorem 1 Let J denote thefamily of all subsets of the real line which can be
obtained as the union of a finite number of disjoint finite intervals [a, b) closed to the
right and open to the left. Let £(E) be an additive stochastic set function defined
for each EdJ, i e. such that if El and E2 are disjoint one has C(El + E2) = £(£)) +
+¢,(E2). Suppose thatfor each EEJ £(E) has a Poisson distribution with mean value
).(E) where 1(E) is a nonatomic measure on the Borel subsets of the real line, which is
finitefor each E£J. Then itfollows that if £j, ..., E, are disjoint sets (EK£J) the
random variables ¢(£j), C(En are independent, i. e. £(E) is a Poisson process.

Proof of Theorem 1 Let A(E) denote the event £(£) = 0. If E is the union
of the disjoint sets Ej£J (j—1, 2, ..., n) thenlclearly A(E) = A(Et)...A(En) because

(;(E):jng(ej) and thus £(£)= o iff Z(Ej)=0 fory=1,2.....n.
1Here and in what follows the product of events denotes the joint occurrence of these events
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But by supposition
y supp N N

) P(A(E)) = P(c() = 0) = e~AB>= %J1e~»|31= 731 P(A(E))).
Thus it follows that if the sets F1; E,, are disjoint, the events A(F,), ..., A(E,,)
are independent.

Now let Ki(B be the indicator of the event A(E).

Let EdJ and F£J be two disjoint sets. For any s>0 we can clearly decompose
E into disjoint intervals F; (1~r~n) and F into disjoint intervals Fj (1Sj"m)
such that

mi:‘lX X(Ei)<e and m,?x X(F.) <e

Now evidently £(E  J? 1AH) implies max~(F;)S2 and 'i(F)" 2 1AJ)
1=1 * j—1
implies max C(Fj)*2. On the other hand for any BdJ J

* XBY-eW

(3) P(W) S2)=p, N S2(0)-
Thus
(4a) ) LLE) A2 UN) s 2 12HI< sXB
and
(4b) «n * 72:11v J S 72=l *2(Fj) < 82(F).

This implies, as the sums 2 lare,) mid J? IAF, are independent that <j(F) and
m=i 7=i J
C(F) are independent, too.
As a matter of fact it follows from (4a) and (4b) that for any n and m
(nl m=0, 11 21 )

(5) \W(E)=n, £(F)=«r)- P(E(F) = m<*PE(F)=m)|S 2e2(F + F).

As s>0 can be chosen arbitrarily small, our statement follows. The independence
of the variables ¢(F;) (7=1, 2, ... r) with disjoint Et and t>2 is proved in exactly
the same way. Thus our theorem is proved.

Remark 1 Note that to prove the independence of £(F; (/'=1,2, ...,/) for
EiEj —O0 if i?+j we have not used the full supposition that for each E£J £(F) has
a Poisson distribution, only that

(6a) P(E(F)=0)=e~AB
and
(6b) P(E(F)s2) =0(2(F)) if 2(F)-0

uniformly in E.
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Thus even these suppositions imply that the process b,(E) is a process of inde-
pendent increments. It is easy to show however that this together with (6a) and
(6b) implies that £(2?) has a Poisson distribution.

Thus the following theorem is true.

Theorem 2. Let J denote thefamily of all subsets of the real line which can be
obtained as the union of a finite number of disjoint finite intervals [a b). Let £,{E)
be an additive stochastic set function defined for E£J, i. e. such that if Et£J and
E2€J are disjoint one has £(£’, + E2) = C(Et) + C(E2). Suppose that C(E) is for
each E fJ a nonnegative integer valued random variable such that

(7a) P(E(£)=0)=e-9£
and
(7b) P(E(£)E2)EN(E£)-<5(A(E))

where d(x) is an increasing positive function definedfor x>0 such that lim<5(x)=0

and 1(E) a nonatomic measure on J. Then it follows that £(E) is a Poisson process,
i.e ifEi(i=1 2 r) are disjoint sets, Efi*J the random variables £(gj) (i—1,2, ..., 1)
are independent, and (1) holds.

Proof of Theorem 2. Put for E£J

GEQ) = HEIE)  (—°<n<+ )
then clearly

8) \pE(UN ge-«£) - (1-rJE)>0

if 1(Em)-=log2. Thus if E=/"_1Eit where Et£l and £;£}=0 if iV], then

if A(£j) < log2 we have (as it follows from the proof of Theorem 1 that the
random variables £(£,) (i=\,2,...,r) are independent)

© %@1ﬂm@Ao

and therefore

(10) log () = 'Z log <%E (9

As however

(11) qEi(u) = e  +ew([_e-nE)+0(2(Ej)6(/(E))
we get

(12) log PEt(U) =k (ENe »-\) + O{k(EU{X(Ei) + 6{k(Efi)).

It follows that if A(Ej)<e for /=1,2, ..., r
(13) log (1) = LIE)(e>*-1) + 0(e + 0(e))
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that is, as e>0 can be chosen arbitrarily small,
(14) Re(u) —e (e >

which implies that ME) has a Poisson distribution with mean X(E). Thus Theorem 2
follows from Theorem 1

Remark 2. The proof can be carried over without any change to the discussion
of a Poisson process in more than one dimension or even in an abstract space..
Thus we obtain the following

Theorem 3. Let X be any space, J afamily of subsets of X and X(E) a non-
negative finite valued set function defined on J such that

1) if Eldl, E2dJ and EIE1=0, then E1+E2dJ,

2) If E, €/,E2U, E,E2=0 then X(E, + E2) =X(Ej) +X(E2),

3) There is a constant @ with 0<a<| such that for every EfJ with /.(E) >0
there exists a subset F of E such that FC.J, E—F£J and a- ME)
suppose that a stochastic set function is defined on J i. e. to every EdJ there corres-
ponds a random variable ME) such that if EtCJ E2CJ) and E{E2=0 we have
£(Ei + E2) = ¢(T,) + MEf) an(! ME) has a Poisson distribution with mean value 1(E).

Then the random variables £(Ej (/=1,2, are independent if the sets
EtCJ (i=1, ..., r) are disjoint, i.e. ME) is a Poisson process.

Note that condition 3) is not quite the same as that X is nonatomic, because
we did not suppose that / is a c-algebra of sets.

1—a Let us

Remark 3. The question arises whether the condition that the process should
be one with independent increments can be deduced from other suppositions for
other processes of independent increments, too.

The most interesting case is that of the Wiener process. For this process one
has the following (almost trivial) analogue of Theorem 1

Theorem 4. Let £t (— +°°) be a stochastic process such that f ~ f
is normally distributed with mean 0 and variance (t—s) for s<t. Suppose fur-
ther that if the intervals [5", tfi (/= 1,2, ..., r) are disjoint, any linear combination

g bj (£,. —M) ° f the increments C,.—M with real coefficients bj is normally distributed.

=1
hen {£} is the Wiener process, i. e. the random variables GtJ—C5 are independent
if the intervals [s-, tf) are disjoint.

Proof of Theorem 4. Clearly putting for 1k=[sk, t Mfi)= —Mk (k=1 2)
if 7xand 12 are adjacent intervals (st<tl1=s2< t2) <Wf+ /2) = M D + MM) and thus

M((E(A + A)D) = t2- s, = 12—i 2+ A —A = M{M(h)) + M(M("2)

and thus M(*(/D™(/2)= 0, i.e. Mf) and f(A) are uncorrelated. Now let f and
12 be arbitrary disjoint intervals

h=[si>ti),h =[s2,t) where sl<tl<s2<t2
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and put /3 =[ti, 8) Then, taking into account that M(*(/)"(/3)=0 and
M@(/3C(/2» =0, we get M(N(/1+ 2+ /3)) = t2-5 1= M(i2(/D)+ H (™ (/2) +
+ M%ﬁ@ + 2M{(/) {(7)).

W («J1){(/2))=0.

(We have used here the following elementary geometrical fact: if a, b, ¢ are
vectors in the 3-dimensional Euclidean space for which c is orthogonal both to
band to a+b, then cis orthogonal to a, too.) Thus C(ly) and £(/2) are uncorrelated
if ly, and 1. are arbitrary disjoint intervals.

It follows that if ly, 12, em,Ir are disjoint intervals and I} has length |/,|,
and vy, ... vr are arbitrary real constants, then

Thus
Mie"dx )= e 27 FL
and thus for any real numbers wu,m2,...,MT

H(;M.pal=am ()
=1

i. e the C(j) (j=1,2, ..., 1) are independent i.e. C, is the Wiener process.

Remark 4. Returning to the Poisson process, the question arises whether
if in Theorem 1 instead of the condition that £(£) has a Poisson distribution if
E is any finite union of intervals, one supposes only that £(/) has a Poisson distri-
bution if | is any interval, does this ensure that the process is a Poisson process?
We can prove only that in this case G(ly) and £(/2) are uncorrelated if Iy and /2
are disjoint intervals. The proof of this is essentially the same as the first step of the
proof of Theorem 4.

MATHEMATICAL INSTITUTE OF THE HUNGARIAN ACADEMY OF SCIENCES,
BUDAPEST

(Received June 14, 1966.)

Remark added on August 22, 1966.

| have been informed by Jay Goldman that the answer to the question in
Remark 4 is: no. This has been shown by a counterexample by L. Shepp; his
example will be published in a forthcoming paper of J. Goldman.

Remark added on March 15, 1967.

P. A. P. Moran has obtained independently from L. Shepp the same results.
His paper will be published in this journal.
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ON RANDOM DETERMINANTS |

by
A PREKOPA

1. Introduction

Consider the determinant with random entries

in £12 «¢j
(1.1) 4 = £21 122 o o]
i 0,2 eei

where we suppose that the random variables Qtk,i,Jc =1, ...,n are independent
and identically distributed. (The reader will observe that certain conditions can be
weakened without violating the validity of our subsequent statements.) We shall
assume later on the existenceof the moments of the £iics of order as high as it will be
necessary. We are now interested in finding the moments E(@"), « — 1,2, ... .
The odd order moments of Anare clearly equal to 0 as Anhas a symmetrical distri-
bution with respect to 0. In fact interchanging two rows in A, we obtain —An
and this latter has the same probability distribution as An Suppose that E(<R = 0,
ECR=1, i,k=1I,...,n. Then it is well known that:1 (first remarked in [4])

(1.2) D2(d,) = 1(AB) = n\.

The fourth moment of A, was obtained by Nyquist, Rice and Riordan [6] and
the formula is the following

(1.3) Eid,’) inf2 fr-» D(«-/+& (..« 1}y
” VA =N 11

where
= ik= 1 ..., n.

In an earlier paper Taran and Szekeres [1] (see also [2], [3]) investigated the sum
of squares and the sum of the fourth powers of all determinants with entries —1,1.
Applying non-probabilistic arguments they obtained the formula (L. 2) for the
arithmetic mean of all squares and a recursion formula for the arithmetic mean
of the fourth powers. This recursion formula was not solved, however, but it is
a special case of the recursion formula proved later in [s] for E(dE) which lead to
(1. 3). We can therefore obtain from (1. 3) the explicit formula for the arithmetic

1E(£) denotes the expectation and D(C) the dispersion of the random variable
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mean of all fourth powers of the determinants with entries —,1 if we substitute
ma = lin (1. 3).

There is only one type of probability distributions as the distribution of the
Cik’s for which all moments of Anare known and this is the standard normal distri-
bution. In this case we have

M+2! («+ 4 (n+2k-2)\
21 4 (2k—2)\

This result can be obtained in a well known way from the Wishart distribution
(see e. g. [7]). Other proof is published in [6]. In a summary of a lecture Forsyth
and Tukey [5] gave without proof a formula for the 2k-th moment of the content
of n random unit vectors uniformly distributed on the surface of the unit sphere
in the mn-dimensional space. Formula (L. 4) can simply be obtained from this and
vice versa. The proof was never published. We shall give a direct proof for that
without using any deeper tools as this case seems to be of particular interest.

(1.4) E(A ak)

2. Reformulation of the Problem. Moments of Permanents.
New Proof of an Earlier Result

Together with the random determinant

AN= b2 i)
we shall investigate the random permanent

p,,= 2
In)
of the same random matrix. We assume that the random variables GtJare symmetri-
cally distributed with respect to 0. Let us introduce the notation m2k=E(£?j). The
problem of finding the 2k-th moment of the random variable P,, can be reformulated
in the following way. Consider all tables of 2k rows and n columns one row of
which consists of a permutation of the elements 1,2, ..., n. The number of all
such tables is (n\)2k. A table is called regular if every number in every column
has an even multiplicity. We assign a weight to each column and define the weight
of a regular table as the product of the weights of the columns. The weight of
a column is defined as
mpImX...m&, m2= 1

where 2j\ + 42 + ... + 2kjk=2k and j\ is the number of different numbers with
multiplicity 2, j2 is the number of different numbers with multiplicity 4 in that
column etc. If at least one column contains a number with an odd multiplicity
then the weight of the table is 0 by definition. The sum of the weights of the tables
is equal to E(P*K).

Let us now give a positive or a negative sign to each table according that the
sum of inversions contained in the different rows is an even or an odd number.
The sum of the signed weights is equal to E(AIK).

The above assertions follow immediately from the definition of the permanent
and the determinant taking into account the independence of the random variables
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Gk, i,k =\, We observe that P,, has also a symmetrical distribution with
respect to 0. Now we prove the following

Theorem 1 FP2 = E(d2), t(P%) = i(An), n= 12, ..,
ECO = Ed2), for n=1,2; K= 1,2,.»
but if P(£ij=0)?i 1 /Jlen
ECO *E (0 Jor Ns 3; n™ 3

Proof. The validity of the first equality is trivial. When proving the second
one we give at the same time a proof for the formula (1. 3). We shall make use of
the above reformulation of the moment-problem and consider all 4 X n tables where
each number in each column has an even multiplicity. Any multiplicity can be
now just either 2 or 4. We may fix the permutation of the first rowas 12 3 ... n
and at the end multiply the result by n!

Consider together the first and the second rows:

12 3..n,

J1J2Js =

This is conceivable as one permutation. Let il,i2, ...,/,, denote the number of
cycles of lengths 1,2, ...,n, respectively. The 4 X n table is regular if and only if
in the third and fourth rows below each cycle with the same numbers in the same
ordering is repeated what stands in the first and second rows but there are two
possibilities. Below from the considered cycle the third row may contain the above
standing part i. e. the first row while the fourth row contains the corresponding part
of the second row or conversely.

These two possibilities can be used independently of each other below each
cycle of the permutation defined by the first two rows. To illustrate the situation
consider the first three numbers of the first and second rows, and suppose that
they form the following cycle:

12 3
2 31

Now in the first column we must have one more 1 and one more 2 to obtain a
regular table. This can be done so that 1 stands in the third row and 2 in the fourths
or conversely. This choice uniquely determines the other two elements in the third
row and also in the fourth row. Therefore we have

either or

wl\) wl\)
, Wk, W
N oWWN
wr » W

1
2
1
2

B NN e

Having this structure of the 4x n regular tables we show that every such table has
a positive sign. Applying a permutation for the n columns so that elements in
the cycles in the first two rows be connected and stand after each other, a regular
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table keeps the weight and the sign. In this new table from the point of view of the
weight and sign it is immaterial whether the elements inside a cycle in the second row
are repeated in the third or in the fourth row. In fact a cycle of an odd length has an
even number of transpositions and a cycle of an even length has an odd number
of transpositions therefore the internal number of transpositions remains the same.
The external number of transpositions also remains the same thus the new table
is not sensitive for such a change from the point of view of signed weight. But
if the whole first row is placed in the third and the whole second row is placed in
the fourth row then the table is clearly positive. This proves the second assertion
of the theorem.

To prove that i.{P,,K ™ E(d2) if m2”~ 0, n*3, ks3, it is enough to show
that there are tables with negative weights. 1f n= 3 and k = 3 then the signed weight
of the table

wwl\)’\’l—‘b—‘
N b, W
N W W

is —m fc 0. For arbitrary nS3 and 3 it sufficies to supply the above table
by adding 4 56 ... n to each row in the same permutation and adding as many
new rows as it is necessary containing the same permutations. The obtained table
is surely negative. Finally it is easy to see that

EP2) - (A for n= 1,2; k=12, ...

To derive formula (1.3) we remark that the columns of a regular table can
be subdivided into three categories. The first category contains columns which
have four times the same number. The second one contains columns which have
the same numbers in the first and second rows also in the third and fourth rows
but these numbers are different. The remaining columns belong to cycles of length
at least 2 of the first two rows and these columns form the third category. In order
to obtain the number of tables (which is the sum of weights in this case) all columns
of which belong to the third category we mention that if d(n, k) is the number
of permutations consisting of k cycles with lengths at least 2 then it is well known
that (see e g. [s])

n

d.() = 2,d(n, Ktk t{t+\)..{t+n-k-\){-t)k

As each cycle can be repeated either in the third or in the fourth row, dn2)
gives the number of tables having columns belonging just into the third category.
If a table consists of columns of the second kind then the first two rows
are identical and also the third and fourth rows. As there is no column containing
four times the same number, the number of all 4x n tables is the sum of weights
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and itis d,(1). Thus
EK)=/In 2 7TN7T 4.0) dh(2)mi =

ii+i2+ii=n *1112°131
2z (h—k+D)(n—k +2)
2 k=0 it!

We remark that the numbers d(n, k) are the associated Stirling numbers of the
first kind.

(in4- 3/.

3. The Case of the Standard Normal Distribution

We suppose that the <+/s in (1. 1) have standard normal distribution and
give a proof for the formula (1. 4). For this purpose first we prove the following

Lemma. Let £i> «>£& be n-dimensional independent random vectors with
independent components having standard normal distribution. The k-dimensional
content of the parallelotope determined by these vectors is the product of two
independent random variables one of which has a y-distribution with n—k + 1
degrees offreedom and the other is distributed as the k —I-dimensional content of
K —I independent random vectors having independent and standard normally distri-
buted components.

Proof. Let Ajf denote the content of the kK random vectors. Then
A = skAf-I)

where Af~1) is the k —1-dimensional content of the parallelotope determined by
and ak is the distance of Ck from the subspace spanned by £t, ...,Ck_I.
In view of the spherical symmetry of the distribution of £;, tkand A~ ~ 1 are inde-
pendent of each other. <k is clearly a /-variable with n—k + 1-degrees of freedom
as the subspace of the first K—1 vectors can be fixed as the set of those points
(Xj, X2, X, for which xk=xk+l=... —xn—0. This completes the proof.

Theorem 2. If the f/s have standard normal distribution then the random
variable (1. 1) can be written as the product of n independent y-variables:

dn= XIX2 wmin
where ak has n—k + | degrees offreedom.

Proof. The theorem follows from a subsequent application of the idea of
the proof in the preceding Lemma.
As the A&th moment of a / 2-variable with degrees of freedom is equal to

(i+2k-2)(i +2k-4)... (i+2)i,
it follows that

n
E@2)= 0 (i+2k—2)(i+2k—4)...(i+2)i - nl (”;!2)! (772!4)! (”(“;E_kz')zl)\
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which proves (1.4). We remark that the moments of the content of n random
vectors uniformly distributed on the surface of the unit sphere in the n-dimensional
space can be obtained from this because

iu _ tin
Xi Xn
tnl tnn
Xi Xn
where
Xi = Yth + mmm+&> i=\,...,n

and the n+1 factors in the product as well as the rows of the determinant are
independent.

4. Polynomials Associated with Random Determinants,
Generalization of the Formula (1.3)

Let us define the polynomials f,,(ml,m2, ...,mK), k,n=1,2, ... as the sum
of signed weights of all kyin tables where in each row we write one permutation
of the numbers 1,2, ..., n, the weight of a table is the product of the weights of
the columns and the weight of a column is ... m£ where ij is the number
of different numbers with multiplicity j in the column. The sign is the total sum
of the transpositions in the K rows. The non-signed sum of weights will be denoted
by gn(ml, m2, ..., mK). The variables ml,m2,...,mk can be real or complex.
Considering a random determinant (1. 1) where the random entries are independent,
identically (but not necessarily symmetrically) distributed having finite moments
up to order k, and these moments are ml,m2, ..., mk, then

@. 1) fn(mi,m2, .., MK = E@),

while

4.2 gn(mj, m2, ..., mk) = E(p~).

As Anhas a symmetrical distribution with respect to 0 m2, ..., mK) vanishes

if mi,m2, ..., mk are moments of a probability distribution and k is odd. This
implies that/,,(mk, m2, ..., mK) vanishes for all values of the variables my, m2, mk
if K is an odd number. The same holds for gnif the entries have symmetrical dist-
ribution with respect to 0. The polynomialsf,,, gn will be called polynomials associa-
ted with random determinants, random permanents, respectively. Both/,, and gnare
clearly homogeneous polynomials of their variables. We mention also the following

Theorem 3. For fixed Kk and my, m2, ..., mk_x, the polynomials gjnl are
Appel polynomials of the variable mk. The same holds for /,/m! if K is an even
number.

Proof. Note that polynomials y1(x), y2(x), ... are called Appel polynomials
if yn(x)=nyn_i(x),n=1, 2, ... . To prove this property of the above polynomials
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consider the kX n tables. Each table contains acertain number of columns consisting
of k times the same number. If the number of such columns is j then they can be

selected in different ways. Thus g,, has the form
4. 3 oMk =n\Z\\Am Bd, m(/«!, ...,
j=01\JJ

f,, has a similar form but we have to remark that if k is even then any particular
choice of the j columns consisting of k times the same numbers the remaining
columns form a kx (n—j) table of the same sign. Thus

(4 4) [,(m,,m2, ... mK) = n\ z0 U [er-j{mi.....mk-i).
-
Our assertions follow immediately from (4. 3) and (4. 4).
If the random variables in (L. 1) have a symmetrical distribution then
mx=m3=mb=... =0. If moreover we take into account that mz2 = | then we have

polynomials g,,(m4, ..., m),f,,(m4, ..., m%&). Now we generalize the formula
(1.3) and express it in

Theorem 4. If the random variables  in (1. 1) have a symmetrical distribution
and this has afinite moment o forder 2k moreover the moments oforder 2, 4, ...,2k —2
are the same as those of the standard normal distribution,

(4. 5) mzj = W =12 .., k—\

while m2k is arbitrary, then

4. 6) Ed29 = ("“)2,50 ) Skz)ﬁ;

where M (X standsfor the 2k-th moment of Anthe entries of which have the standard
normal distribution, i.e M(X) is given by (1.4).

Proof. From Theorem 3 we know that

d E(zJ») E(4«4)
S dmz n\ {n—21!
where we have the initial conditions

R ) (2k)\
@. s) E(d2) = N/'2> for k= k)

The sequence of polynomials E(zIfk), E(AZ), ... is uniquely determined by (4. 7)
and (4. 8). But (4. 6) satisfies these conditions hence our theorem is proved.
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GENERALIZATION OF LINNIK'S ASYMPTOTIC FORMULA
FOR THE ADDITIVE PROBLEM OF DIVISORS
TO GAUSSIAN NUMBERS

by

J. PERGEL

Let us denote by t%z) the number of ways of writing the Gaussian number
z in the form z=CxQ...I;k, where £1; are Gaussian numbers. & (z) = t(2)
is the number of Gaussian divisors of the Gaussian number z

Let B be a star region, such that if its boundary is represented by the function
|g|=:F(arge) where F(-) is a mod 2n periodic function. Let us suppose that F(-)
is absolutely continuous. If a is any complex number let us denote by af2 the set
of complex numbers {az;z£R}.

We want to get asymptotic formula for the expression

(1) Zi’;(”t(z+ 1) t*(2) (x > 0,

WheEe)/ is a fixed Gaussian number, the z are the Gaussian numbers ofxQ, and £(0) =
= 1*(0)=0.
If f(xu ...,xn) is any function of Gaussian numbers, then let us denote by

NE(xi»ee>*)=0, Xi, ..., X,,EH} the number of solutions of the equation
[(*1,..., %,)=0 in Gaussian integers x1,...,x,,, such that {xIt X,,}EH where
H is any set of u-tuples of complex numbers. Then

() Z%hll(z +1)4(z) =N{"-97-9, =/ N...S*"xR}.

In this paper we use both of the forms of ().

The analégon of this problem for natural numbers was solved by Linnik [1]
and Bredikhin [2] with the aid of Linnik’s “'dispersion method”. Dealing with (1)
we also use a version of this “dispersion method” for Gaussian numbers. We deduce
the following asymptotic formula for (1)

&)} 2 & + 0= TTan)y] |B] .r2 (log X)*+ O (x2(log x)*- 1(log log x))c
1) o

z £JCi2

where |Bj is the area of B and c is a suitable constant,
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Where g runs through the Gaussian numbers, N(q) is the norm of g, p denotes
prime number, x(p) is the greatest natural number, such that pxp | and

Sk(m) = 2 1

Bl+..+Bk-m, Bj*O
is the number of partitions of m into nonnegative summands.
1. Using the dispersion method, we regard in spite of the equation

(6) Cri—Q\...9k = I, Si...9k"xS2
the equation
(M Zn-91.9% =al, V -A txQ

where the numbers cij are quasi primes, that is if p is a prime divisor of at, then
we have

(s) \p\*exp (log log xY I2

We suppose, moreover, that

(9) y xl_£0- N - xi_B> (°~¢° - w

Letalt aHbe the set of all quasi prime numbers, with the properties (s) and (9).
The numbers

g0=1, <h=a,l,... gH=aH

we call coherent numbers.

We want to bring equations () and (7) to another form, more suitable for
the dispersion method.

First we show that the terms in (1), for which «-(.) S(log x)K have estimation
o(x(logx)~Kp) even if we substitute gj for /, where K is a suitable constant.

First we remark that if we denote by dk(n) the number of decompositions

of the natural number n, into products of k natural numbers, then we have the
estimation

(A) 2 W= o(*(log*)**.))
nx

where r(k, 1) is a suitable function of k and / but independent of x (see Linnik [1]).
From this for rk(z) we get

(B) 2 bR)Y LrI]JAXZZN( 2 Y™ 2 (4« = Ox2(0g e+ ).

|z |~ x z):n

(10) 2 OKOOT(z+cimz= 2 (u00)4 = 0(x2(logx)r(k-5).

[z|*xsup|B]

From (10) we get . o
z%)<&Tk(Z)X(Z+qJ) = o(x2(logx)-K2

where prime denotes that zk runs through Gaussian numbers for which zk(z) s
&(iog x)K and K=2r(k, 5).
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2. We write equations (s) and (7) in the form

(N) Cr]-z =qj zdxQ,j =0, 1,2, H

where each z is considered Tk(z) times. As we have seen, we may neglect the solutions,
for which
Tt(z)a(log.v)K

It is easy to see that we may neglect the solutions for which |E| = ). (They have
estimation Bx1+¢, where ea can be made arbitrarily small.)

So if we suppose that |E|]-=M, and then consider the double number of the
solutions, we get an error o(x1+c°). Now we show that the number of solutions
for which |(*, g))\> |(*, /)| may be neglected.

Indeed, the number of such solutions may be estimated so:

(12 B(\ogxY2 2 2 1=
(tog Pal |7 1< _Lj/~ z'=9y(madii)
R rl

2X
|Zl,<bT
= Bx2(log x)K+12 —u%—x = Bx2exp (- /log .v).
paj A (pP)

Now we consider the solutions of (11) for which z has a prime divisor v with the
property
(13) exp (log t)1S g r'

for arbitrary 0<£1<1, 0</i< 1 More exact values of  and p will be chosen

1ater.
If (13) is not fulfilled, we have the following possibilities

I. z has only prime divisors p with |p| <exp (log X)E.
Il. z has only prime divisors p with \p\>x*.
I11. z has only prime divisors for which I. or Il. is fulfilled.

We show, that the number of solutions for which I., Il. or Ill. is fulfilled,
has an estimation Bx2(\ogx)® where

0<b< 1

If 1. is fulfilled, then we have an estimation for the number of solutions

(14) E(logx)K 2" t(z+ ") = E(logx)K{2 ' 1v2( 2 T2(m)V/2.
\A

\z\<x-qj Sx ) (Im[<x )

Here prime denotes, that for z I. is fulfilled.
We have

(15) 201=2" 2 1/2'd(ri).

\z\Sx nSx1x2+R2=n nSx
The set (1, x2} of natural numbers we divide into two subsets: the set for which
d(n)*exp © /log ~vjand for which d(n)>exp /log xj. We denote by 2'*
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the sum for the first, and by J?'** the sum for the second subset. We have

(16) 2r+d(ri) S exp iy /logxj 2'} = B*2exp
and, as by (A)

17) 2o dfn) = Bxaexp 1—" /log X
We have for (14)

(18) Bx2 exp

If 1. is fulfilled, we must use the version of Brun—Titchmarsh’s theorem for
Gaussian numbers. Let us consider the prime numbers, occurring in the set
{AC + C, |i*|<G}, where A,C,£ are Gaussian numbers, (A,C)=1. If AC+C is
prime, then N(AC + C) is a prime of the form Ah+ 1, or the quadrat of a prime of
the form Ah+ 3

We get for the primes of the first form, using the sieve method of A. Selberg,
the following estimation

(19) B e 2 _
«(iVM»lo8w -}

For the primes of the second form we get the estimation

(20) Y] r-

if we take into mind that the congruence t2=a (mod m) in natural numbers has
at most 2 Vsolutions, where v is the number of distinct prime divisors of m.
Now if Il. is fulfilled, we get for the number of solutions of (7) the estimation

(21) * 2

Z—qu(m"od £) * " * T <y<p(nye>)

\z\<2x

If I11. is fulfilled, then we take z=zxz2, where

zi =N P, \P\ < exp(logx)H, z2 = pi...ps, \pj\ > X"
p

Let us first suppose that
|zj| <exp (log x)2¢'.
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Then we have the following estimation for the number of the equation (7)

B2 2'
<KM“TirA O
(22) .
=B 2 2" T*(z)) v '
lil<f* bi l<exp (log*)2c Z)=_iL _f_£i—V (mod_L _)
(*1,4) 1(*1.{)] V (z1i0)

I 2x

Using the version for Gaussian numbers of the 8 run— T itchmarsn theorem, we get
for (22)
Bx2(log x)cc.

If \zLI> exp (log x)2Z then we have for the number of solutions of the equation (7)

B (log x)KZ =*(*1 12+ qj) = Bx2(log x)K+ 2" =

exp (log g:)2c< |zi| <2x ™\? 1)

= Bx2exp | —(log log x)2 |.

It is easy to prove, that for such z, for which z is divisible by the quadrate of a
prime of the form (13), the number of the solutions has the estimation

(23) Bx2exp ——/log «x

So we can suppose that every prime divisor of z of the form (13) is simple. So if
v, and v are two such prime divisors of z, then we have also |vX|3£|v2)|.

If we choose the least of these primes, and denote this by v we can write the
equation (7) in the form

(24) CQq—vD' = qj; vD'€xfi

where v is a prime of the form (13) and if w2 is a prime divisor of D', for which
Iv21Sexp (log x)et, then |v2|>[v].
There is no other dependence between vand D'. Every solution of (24) must
be multiplied by
4 (D) =b* (0" sUlog x)K

3. So vand D' are dependent but we can get rid off this dependence in the
following way: we divide the region {exp (logx)*“S |z| S /) into subregions of

the form
{Vo—z I—w b \g, (pi *arg z<(/>2}=0o (vo, t, D)
2n .
_ 2
where VA= EI 0gx)K K, > 100 and <2—(p. (log)+2 ° JT2>100, Ki?K2 are

natural numbers.
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If VEO(vo, <pj, $2) we substitute the dependence between v and D' by the
suppositions

a D' e-1*
) o Q

(25)
b) if v2 prime, V2|£5 and |v2|sexp (logx)5, then |v2|>VvO.

Then we can estimate the error in the following way : this error has an upper bound

26 £(logx)K 2 2 21
( ) ( g ) III<CW D'SslqjiITDdi)

i
Sl eng

Where the region Qgwe get if we remove from the region x(v0—v6)~1Q the region
vO+ v0)_1R- For (26) we get B  (logx)K~Kin(0) 2 177~ where £(0)

. . VO - hict-hMov
denotes the prime numbers in 9(v0, ¢, §2)F This last estimation equals to
BX2 (log X)K-KI+1 n(0). For Z(9) we can get by using Selberg’s method
Vo
B 42-<Pi \q\q
n  log|vOvo m

Substituting this, and summarizing for VO, t, 42 we get for (26)

£i
Bx2(log x)~ 2
if we choose K{ big enough.
If vO=x"<V0+ vo, the number of solutions of (24) has an estimation

Ki
Bx2(logx) 2.

4, Now we see easily that the number of solutions of (24) for which

0’1 V0 (log vo) k> K3> 100
has an estimation ks
Bx2(logx) 3

The region (o'i —e~&1Q: \D\'S
gion o1 7o e~ 1Q vO(log \6)I<3}
the form

27) {£):£51< \D\ A Dt+D2, ¢l< argD' S 2}

we divide into subregions of

Dy .
D, (log X)Ks «Ar— «Ai = [log x f K, > 100.

The subregions of the form (27) may not be complete, but the number of solutions
of (24) with D' in such regions may be neglected.
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5. Let us denote a region of the form (27) by A(Diy i/g). We have got the
following problem: to find the number of solutions of (24), where v60(vo, 9i)>
D' *"A{DI,\jj{) and D' satisfies the supposition (25) b).

The next step is to prove, that for different qXt and gj2 this number is almost the
same. For this purpose let us examine the following expression:

2 I 2 r(qjt+vD")- zZ T(gh +vD")y
D’£J(Dj , 1) VVvEO(vo, (pi) VEO(vo,«pi) )

Fundamental lemma.
(28) V(qj,, gj2)=BD2v4(log x) 3.

6. We prove this lemma in more steps. These steps are analogous to those
of Linnik [1] and Bredikhin [2]. It is easy to see, that

V(iy,. 4h) = yi- 2V2 +V3+Bx2exp (- (log log x)2.
Here Mt is equal to the number of the solutions of the equation
(29) = gJli(vl-v 2
where ——"  €d(£>], ifij), |C- and V2 is equal to the number of

the solutions of the equation

(30) Vitti - \bi& = 7R2(vi~ V2)

where V=432 CA(D2, ijli), £/ < \j\, \O< |S| and V3 is equal to the number of
the solutions of the equation

(31) viNi/-v2Ca = gJlvi-q JIv2

where

— S.AD2, t/i) N < M\, [O< [S].
V2

7. In the following we examine the equation

(32) Virri~v2C9 = gqavl-qbv2 = M
with the suppositions

a) N=NEN(Z)ILW o b) [iIM L o [CKI9
v2
ga and gb are coherent numbers.
Now let us first suppose that (£, Q=1. Then we can write (32) in the form
(33) g=Mv[*(mod v2¢  where = 1(mod v20

with the suppositions (32) a), b). The supposition (32) c) we can write in the form
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We can write (33) c) in the form

(34) Vl_?_' Ha it

As in [1] we can substitute this supposition by

(35) a</Aihf-
The error term we get by this substitution is
(359 BD\ (log x)~Ks

where K5is as large as we want, depending on K,, K2, K3, Kx.
From (32) b) we get

36 1a2 th

(36) \2 lui V2

Using again the fact that *r), we may substitute (36) by
(37) I 1DxM2|

with the error term

(370 BD\ (log*)-**.

From (32) a) we get for tj the range
(38)

For fixed Vj, v2, Cand Cwe have for the number of solutions of (33) with the sup-
positions (35), (37) and (38)

MQPr.'M , g Pi
(39) N(C-Q + |ccr
In the following we take vt and V2 fixed. For the set {£ C we

get the number of solutions of (33)
(40) \A(Di, '\ Q+BDIx-t*
where Ut denotes the set of the suppositions (35), (37), (38)

N{Q)<D\x~B and (£,£)=1 and ed=JE3

Now let us suppose that

(41) N&)"D x~a
Then
(42) N> x 1" R-E5>n:1645  jf e5= 2£3.
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So for fixed Cwe have the range for £
B Y

(43) /'

Let us divide this region into subregions of the form
a<arg C"a +a'

(44) 8 <arg (G—1(Eo,cc))np + &

\A(CO, x) —t;0eiX\s £ 0
a,a+a, R RB+R

have tangents of the form

For fixed £0 and a let us substitute the range for ¥ by the region
(45) - exp(-<xi)(v2A(D1,il/i) +ga).
S0

This region differs from that of (38) by a set of measure Bx2* 2~eéd For the error
term of (32) we get
(46) BD\ \4x-E7 e7= e7(eb).

Now let us divide the region (45) into two subregions. The first is the union of the
squares of the lattice A generated by the vectors v2Cand i92C and contained com-
pletely by the region (45). Let us denote this union by *

Let us denote the remaining part by F2£o)- We divide Y2(£0) too into sub-
regions so that one subregion is the part of F2(Eo) contained by a given square
of the lattice A. Let us denote these subregions by Y2J(Q0)- 0 = 1,2 ... R) (R — the
number of the subregions.) These subregions or their complements to the square
are convex. Obviously

47
@0 R 5 icilL’

Let us denote by |F2j(~0)| the area of Y2J(£0). For those T2/£ Q) for which
\Y2j~0)\ x2- %

N(WV2Q  N{y2Q @

the number of solutions of (32) has an estimation

(48)

(49) BD2vix~€9 eg= E9(EB).
So we consider the case

(50)
Now we need the following

Yijito)l A *2-‘8 ..
™20 - Mwo FOF
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Lemma: Let " be a convex region in the plane, contained by the unity square
{(0,0), (0,2), (1,0), (1, )} ,r>0natural number, y a real number, ) y<infd,
where d is the distance of two parallel straights surrounding I'; |-y E sup d(x, y),

x.yi [
where d(x, j) is the distance of the points x, y. Then there exists afunctiz)n Ph(x, y),
for which

L p{x,y)=\ if (x, y) £l and the distance of (X, y) from the complementary
of Mis Sivy.

2. d(x y)=0 if (x, y)$T and the distance of (x,y) from ' is >iy.
3. OM)(x,y) S 1if the distance of (x, y) from I andfrom the complementary
of I is y.
4. (x,y) can be expanded into Fourier series
d(x,y = |F|+ 2 2 asmexp (2ni(mx + ny)
n2+ﬁ;@0
such that
B N
8) \am max (m, D max (n, 1) ’ b) am”BATA,
2

¢) \am =5 (max (ar 1)Tax(n, )1 (=% 1)'Tax(|/|, hy2

Proof: Let dp0(x, p) =0, if (x, y) is an outer point of I', ¢0(x, y) = 1if (a,y)
is an inner point of I, and (X, y) ZE(X nif (%, y) is a boundary point of I', and a

is the infimum of the measures of the angles, containing I, and whose vertex
is in (x, y). O(x, y) satisfies the conditions L, 2., 3. Then we know from the theory
of the Fourier series that ¢0(x, y) can be expanded into Fourier series
do(x,y) =\'\ +2 2 anh exp (2ni{mx + nyj)
n2HR#0
for which the coefficients a,,, satisfy a) and b). Now we choose 5= ~ and define
the functions . {x, ¥) (g=1,2, ... r) recursively by

(0] (0]

Dixy) =~1 J I o(x+ wY FED.

Then I/fx,y) for I< p”r satisfies conditions 1., 2., 3. It can be expanded into
Fourier series
®B(x,y)= |F|+ 2 2 am exp (2ni(mx +ny))

T2+n2¢0

and it is evident that the coefficients a@ satisfy the conditions a) and b). We have
the recursive relations
= alel) sin 27zm6 sin 2nno
i afs nmnoé2
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If we take Q=r, condition c) will be satisfied, too. If we have two mod 1 periodic
functions Fi(x, y), i=1,2 of integral x and y, and we want to estimate the number
N{(Fi, FQ£r\(x, Y)ES}> where S is a set of Gaussian numbers, from above,
then, denoting by "2 the set of points, whose distance from I" is not greater than
yt =% y and we determine the function i/*Cx, y) belonging to I'x and yx and some
r and then examine the sum
(51) ( 2)_S'I'i(FAx>y)>F2(x,yj)
X, y)i

which is on upper bound for N {(*, F2 €F\{x, y)6S). We get a lower estimate,
if we take the set of points M'2cl", whose distance from the complementary of I
is not less than yl=%y.

If we want to determine the number of the solutions of (33) where L£ YZ(QO)m
by this method, we must examine the sums of the form

52) exP QAZ"’NI(?)AF}

i€«0)
where (£0) is the set of Gaussian numbers £ in (44) such that

(0 =1
Let us denote the sum in (52) by G(A), and the sum

mQ Mt + QA{+pBC +BBC

A =xp[2,-<----—--=

(53) 2
e
by g(A, B).
Then

54 <A =-J~ 2 expi2.i- Uf-Q BS)m
( ) ) XK Q) B(modd) S€(io] g\l(é; P Q )
We denote by [(]] the region (44) without the assumption

o ® 0 =1
From (54) we get the estimation

-QBS-QBS 3
max W ,A)\ 2
NQ B WA, fuie B - 2N@Q)
Taking; into account the conditions (44) we get
-QBS-QB Sj’\
B(mzod o sgicic® ~ 2N(Q)

Let us now examine g(B, A). If Q is a Gaussian prime number (that is N(Q) is a
natural prime number of the form 4/'+ 1) then every residue class (mod Q) contains
a rational element. So it follows immediately from w ey1's estimation that in this
case (53) has an estimation

(57) B\Q\min(}/(N(A),N(Q)),  ¥(N(B), N(Q))).
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If Q is a rational prime of the form 4j + 3, then (53) can be written in the form

58 2 2  exp2t'(W > +
( ) s t(mod Q) P ( 2 Q

where t=1,2, Q—1, and £]0) (5=1,2, ... Q—1) are such Gaussian numbers
that every residue class of Gaussian numbers has a well determined representative
of the form fEo)f.

If (A, Q=I, then there exists a uniquely determined ~  with

(59) 0 (mod Q).

So in this case (58) has an estimation

(60) B\Q\B min (f(A, Q), \(B.Q)).

In the general case we can get the estimation in the same way as in [9]
(61) \g(A,B)\=Bc\Q\32+e-

We get from (54), (56) and (60)

(62) \G(A)\ = BAQ\B+*.

So for fixed v1; v2,C a and Y20, a) we get the number of solutions of (33)
in the same way as in [1]

(L+Bx=c9) [ 2! 11+ R

«e«0) >

(63)

N (v2Q
where
R,=B\V2:\I2+\ (M ,0\.

It can be shown in the same way as in [1] that the number of the solutions of (32)
for which

(M, Q[>xF°
has an estimation
(64) : . BD\VEX 2.

go ] _ _
If KM, 0|<x 10 and M—24 >then £i>«>HEo are little enough, we have
(65) R: = BX7*
r2 —£8 23 ‘

66 1 2£6)_2 pP.2 > .y.p4 4fi6-£8
) N(2Q  4€fS0) 1 Ny20 @ -

So we get for (63)

(67) LE4-"+BX"),4 |
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We get the number of the solutions for the whole range of q

M(A,A)1 a A

68 + Bx~C min },. '

) CSAO wa ™" Pk Zo-

As 2  ifi —T?02 and 2 aul —B I°g* we get for the error term
io]C<2 Cold |C|<f2* 'AC)

in (68) if we summarize for £0, vt, v2and C

(69) BD2\x-°4

if £12 is little enough.
Taking this into account, we get for the number of the solutions of (32) from
(40) and (66) for (£,0=1

BD\ (log*)“*
(79) 4[d(/)'t/'])' <>|)£ i 1 ACLC) (40)45«0% COAC) (log=)™

where i/2>£/3, UA denote the conditions

U2:\(M,0\ A< /A N
(71) A:ICI < No (CO =1 ACC)- A*-§
AICI < Ne , (C0 =1 ACC)S

The error term in (67) is composed from the error terms (35), (37), (40), (46), (49),
(64), (69).

Now let us suppose that |4 = |(£, O| >1. For fixed 6 we get in the same way
as in the case |§= 1 for the number of the solutions of (32)

(24 ‘W_M,_ ’9& & Tvieo) (%II%O_)J%TZ ag) Sl0gV)-«.

In (72) we must summarize for v1; v2 for which
(73) M = gavl-qbv2=0 (mod 6).
Us, U6, U7 denote the conditions

Y,
A: d ICN/AKI
M J)
(74) A:C| < /AN> (CO =1, ™S N(S)DIx-°3
A:ld< /A Al, ICQ=r, ACC)> n(6)d2x-">

In the same way as in [1] we can make sure that the number of the solutions for
which

|a >(log x)Kb
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has an estimation
KB
(75) BDWf{log.v) 2.

So we can examine the case [4S(log x)Ko only.
If we substitute the conditions U5, U6, U7 by the conditions

M C .
s g1 ia 2j\W0
(76) U9:\A < \DIVo, (5,0 = & N(g) < N(S)D2x-"

u10:8L- |/7,v,,, (5,0 =S, 7V(50 - N(6)D2x-">
then in the same way as in [1] we get the error term

DI

(77)
BT *°r0oBx)~K'-

So we get for (72)

79) )i A 212 ¥
3 e ) M- © T (V(Co+Etw o> WO
>\vo4 e
+B N(S) (logA)*“*7
where (f/a, 1/ is the number of the solutions of the congruence
(79) gavj - D2=0 (mod 6).

With primes v1;, v2€0(vo, ¢t). To determine n(ga, g we need the following
Lemma: Let 6 be Gaussian number x >0, Kj< (logx)K K>0, | Gaussian

/| <2c>, (/)= 1, 0<a <2TT, of = (Iogri()eﬁ» 7f=-0 fixed. Then the number of the

Gaussian primes P for which

(80) P=1 (mod B

oc™argp”a + of, \p\
is equal to

(81) li(x2) + Bx2exp (—¢ flog x)

2n 2cp(N{0))
where c is an absolute constant and ([>@®) is the Euler's function.

Proof: For Gaussian z let A(z)="j-j O=0, I>w)> X(z) a character mod
and 2j(z)x(z) = Mfiz). Let further

log \pl if z—p" where p is a Gaussian complex prime
A@Z)={2log |pl if z=p” where p is a Gaussian rational prime
0 in the remaining cases.
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Then we get from the results of Hecke [6], Fogers [B] and k srnyei [7] that
82 2 Hj(z2)A(z) = EOx2—£ i 6— ho (x2exp(—0) /logx
(82) ﬂ<*J()() s (x 2 exp (—€0) /logx)

1 if y=0, X=Xo the principal character

where EO= 4 in the other cases.

is a real character with exceptional real root

HO E the other Cases.

As we know ()</?,Si f(e) . We get then, if we define

(83) \J/(on,l,) : \\2 *j(2)A(;2)

z —I (mod 9§
that

Bx2exp(—e /logx) if j> 0
i 2
(84) VOGS 5% i Bx2exp(-cVlogx) if j = 0.
Now let us define

85 a', /) = 2 2 A

( ) qJ(X X /) |z]<x z=1(mod §) a”arg z"a +a (Z).

Then using Vinogradov’s method (see [1] p. 42) with A = exp (—c/log x) and
r=[exp (cj/log *)] we get

(86) ix,<x,oc, 6,1) = +Bx2exp(— *og.v).

2
2 (p(N(9))

From this follows the Lemma.
From this lemma it follows that

1 . ) .
87 = . (li((vO+ v0))-li(vg))2+
& (B = 20p(N(O)) [log XIK
+ A4 exp (—2cv0).
Substituting this into (78) we get for this expression
88) DW<?

L+Bm (loéxn

where L does not depend on the coherent numbers. From this fact, summarizing
for 7V(<5)<(logx)ké we get the Fundamental Lemma.
It follows from the Fundamental Lemma that

IN{*-vD"' = gh\ vE£O(vo, (pi), L>'6d(D,, (AJ}-
(89) -N{¢ri-vDp' = gh\ VEfI(VO, ), Z)'6d(Z>i, {i,)}| =
= BD\ vd2(log x)~K8
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Summarizing for the regions 0O(vo, ¢) and
(90) L0, - M9, L S*Eall—
-ivr-V LA = o O*EXRY = Be2Ai°gxy.
And so we get
A =/A,AEXR} =
(91)

b N{&-91..9k-q ] = 0,d".XdXQJ = 0, L .., H) + Btx2(logxf.

Let us now examine the equation
(92) fr-Sx ... 9k-qj = 0; .. 9kdxQ, j =0, ..., H.

We divide the region xQ into squares whose sides are parallel to real and imaginary
axes and are of the length x1 2e° Then the incomplete squares give BHx2~2pn
solutions of (92).

Let us denote these squares by la (a= 1,2, ...). Let us extend the lattice of
these squares to the whole plane. The set of those a for which lacxQ we denote
by T. Then let us denote

93) L(ab) = N{*r,-91 ... 9k- qj = 0; £?€/,,V-A A, 7=0,

Let us denote by 7)(b), bdT the set of natural numbers a for which *|/|x1 £0<
< \zk—z2\</jcl £ for every Zj £74 z2dlb. Then for fixed bdT the number of
such a for which a*Tx{b) but Ia has at least one element zk and Ib, an element z2
such that \ /x1 £0< \zt- z2|</x1fc is

(94) B,
The number of solutions for such a, b is
(95) BXA- leo.

That is, we may suppose that b£T, adT”"b). For such a b L(a, b) has a more
simple form

(94) L{a, b) = —id .. k- aj = 0, £%/,, .. $kdh , ajd W)

where W is the set of the quasiprime numbers, that is, the numbers every prime
divisor of which is ” exp (log log x)32 We can write L(a, b) in the form

(95) L{a,b)= I;Siénz)x(gwiV{A-gi...S/‘s;/ii = 0}

where JIx is the set of the Gaussian numbers, every prime divisor of which
< exp (log log x)B.

In the same way as in [1] we can prove that for the set of A for which
exp (log log x)4S |1 S2x we have the estimation

(96) BcexA~2t0(logx) _c.
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So we can suppose that | < xt=exp (log log x)4. Now let us examine
N{Cri-9t ...9k-1Xt =0, {*€/., B, ...9ka b)
for fixed A If we put

then have

N{"-91..9k-IXt = 0, i4€/., 3,..«*€*} =
(99)

=fr . Z o SIT>(AIX)SIrK-AIX).
MATAjAimod IX)

If 6—(A, IX), A=Atd, /A—Xt6, then in the same way as in [1] we can get

(100)  Sf>(AU) = Sj»(A, A) - + i
N(Xt)logx
where
S ) especia"y s>  N(Xi)

So we can write (99) in the form

1 v cpjNjXjy»

NIX)N  ™a)  dh Tt

&tessok €1

(101
DR 1 toglog.y mA,) log A, TAA)T(A,)loglA
+ 8 L x) z log v TA) f NA)(log V)2

Summarizing the error term in (101) we get

(102) BSEx0, 1)~5)(0, 1) (09109 X)K
logx
Let us now denote * Y —by C(/A). For L(a, b) we get from (95)

(A ADn  AMA)

(103) L@ b) = ( 2 AMICIA) (2. 1+B52)0, 1Sia0,1) W 0c*)*

MVA<a ) 0, ..<lkii b
Now if we summarize for a, b
(104) 2 2 1= 2 1+ Rx4~7
*TTaWi {,s4 . i /n1-0ail{ii-e, ..fliclail*1-*o0
b(.T fil...«kill 0,...0k(xM
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For fixed ... & we have

(105) +x-eCBIn &Y. &asIxt- @~ (108 X+5)

where E is the area of the ring {z:\ Ixi+&0S |z Sx 1 10. We have

(106) 1= |o;.r2 1~ 2dogX)*-2.

Si. Bkaxfi (o—ii
From (105) and (106) we get for (104)

0 o 1= © I & -
(107) aZ"I'/(,)(b)» ,é"bl EK !rér T +BEx2(log Ak~1.

We get for the number of the solutions of (90)

(108) TR L ‘wem) (}\"g)i
BE [&ﬁ P& C(IA) X2(log x f - 1(log log xy*.
(1491 =x.
Let us now examine the sum
(109) 2 u(K)c(u= D ‘9(&' iM>
<JG ﬁ'e/ﬁMyLLl,x%h Mg
We have for this sum
'Df L1 y B(1d
]x.%q* nfe1 M% ph | _N(Fﬁ(%é _AlﬂFEﬂZ) -
(No)
1 1 13 y I0G)
At nf=1 “7\/7(R/ﬁ)!V'pU\h 11 o "N{p)) ti}!ég;:' D)
' A

From (110) we get for (109) in the same way as in [1]

= T0N |inq\xA.\ér).( 1) g AM " (i~ 1+ ifloBs s

We can extend the inner sum in (111) for every Gaussian A*O with the error term

A?(log x)~5.
We have
(112) 2 2~ --4 —,-J-
hh=i 4 N(I1A) p\ij IN{p)

Studia Scientiarum Mathematicarum Hungartca 2 (1967)



ADDITIVE PROBLEM OE DIVISORS 'O GAUSSIAN NUMBERS 151

Let us denote the sum in (112) by Ak. Then we get for (108)

i) . X2(log )k
(113) \Q\Em,_%g N(D) 2 h BEN T

As we know (see [1] lemma 1 5. 2)

x2 (log x)k 1(log log x)K

MO \ipH+ B
R N(I)

From this the theorem follows if we write AKN(I) instead of AkBK(I).
Using the formulas

(logy)2"

1 y W exd
114 * R
(14) 22 > w - N(p)]r X N(X)
PIA (4,A)= 1

and

y [KM-M*
we get
(115) AKN (1)=AkBKk(I)

and the theorem is proved.
1 wish to express my thanks to Prof. Linnik, Prof. Chudakov, Mr. Skubenko
and Mr. Kosrnyei for their valuable advices.
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ON ANGLE-MODULATION PROCESSES

by
S. CSIBI

1. Posing the Problem

By angle-modulation we mean the following transformation of a real-valued
random process, U ={u,, tEr} into £= {£, t£ '}

€)= cos (Qt+n,+ D),

for all tdT, where T=(—o0}00). 12>0 is a constant, ® is a real-valued random
variable, and /1 and @ are independent.

We shall call ~ angle-modulation process.

Obviously £ is wide-sense stationary, provided v= {exp /i<, tdT) is stationary
in the wide sense, and @ is uniformly distributed in (0, 21]. (E. g. v is wide-sense
stationary if /t is stationary in the strict sense.) In what follows we shall assume
that v as well as @ meet these conditions.

More distinctly, we shall assume that v is stationary in the wide sense and
continuous in the mean. Accordingly [4]:

@ v, = foe‘x,zv(d)().

Here zv(A) is a random spectral measure defined for any Borel set, A on the
real line, and (1) is defined as a limit in the mean.

We shall adopt the notations, 0, —J exp (/Ar)-ze(i/A) and Rs(i)=M0@0d

for any random process, 0 which is stationary in the wide sense and continuous
in the mean. (Here ze(A) is a random spectral measure, and 0, is the complex
conjugate of 0,.) The spectral distribution function, Fe is defined by Fe (—°°)=0,
and Fe (A2) —Fe (X} =\A\ze(A")\2, where /4'= (A,, AZ] for any A < A (M denotes the
expectation.)

Observe that ze(A")=ze(A') if 0, is real-valued. (/t"=[ —22, —A,) for any
A<R)

In communication theory it is a question of considerable interest to study the
perturbation of angle-modulation processes. A prototype of this sort of problems
is the perturbation of £ due to a superimposed real-valued process, = {//,, t€T};
i.e. the particular situation when, for any t, only

@ G=1+4

is available for observation (or for further processing), instead of £(, and g, /t and @
are independent.
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Within the scope of this paper we shall confine ourselves specifically to the
study of independent additive perturbations such as given by (2). However, about
t] we shall only assume that it is stationary in the wide sense and continuous in the
mean, its spectral distribution function, Fn being continuous at the origin.

Accordingly:
©)) >1=f ei>lzn(d).),

4) F..(0+) = F,,(0.

Notice that we have introduced (4) just for simplicity. In actual communication
situations we may usually assume 77(0+) —7~(0— = 0, and therefore restriction
(4) is of no relevance.

From (3) and (4) it follows that

(5) G = cos I/, +f eiXzn(dX)+ f en,zn(dX) = |y,| cos (¢, + B,),
where ) = Qt+u, + &,

X = 1+2f eW-"ZgidX),
and

(6) g = arcX = Imlog 1+2J e”*-~zndX)

Frequently our interest is not a statistical inference from f on £ but rather
to describe e={e(, tC T}, i. e. the deterioration of /n due to nj, given Fvand B.
More distinctly, our aim is to describe e in terms of either the correlation or the
spectral distribution function ([1]—{3], [5], [6]).

It is, of course, a question of considerable interest in what detail has one to
specify f] in order to be able to describe e in terms of second moments, given Fv
and 12 We shall be concerned with this question specifically under the asymptotic
condition MF;2—0.

Additive perturbations of angle-modulation processes have been frequently
investigated under various particular assumptions [1}—[3], e.g. for a perturbation
which is an (undistorted) angle-modulation process. However, more general situations
are also of interest, e.g. when f]is a moving average of an angle-modulation process [5].

The subject of this paper is a study of additive independent perturbations
of an arbitrary, wide-sense stationary, angle-modulation process, described in
terms of Fvand Q, due to any tj which is stationary in the wide-sense, and for which
(3) and (4) hold.
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2. Relations between Second-Moment Properties

First let us describe the asymptotic relation between p and e by the following

Lemma

E=. . \] {dk)
0

is an asymptotic approximation to g in the following sense:

- S
(8) I\I/l”2n> )% eE 1, for |e| > 0,
and

9 e=0, for £=0,

for any t£T.

Proof (9) follows immediately from (6) and (7). Therefore we may confine
ourselves to [s,| >0.
Let

y, = 2 J'ei(-x,~*"\z4(dx).

i, H

and consider Cebysev’s inequality, i. e.:

Observe that

(10) P(W2>c)=i-" 4
for any C>0.
From (6), (7) and the Taylor series of the logarithm we obtain:
I' 2 sinna,
() = Imir(-Dan = Evae (D20 g

for any t"T, and |«,|SC<1. (Here a =arc«,, and £= Imx,.)
Observe that |sinwa/sina,|i». Then, from (11) we obtain

(12

for any K 1aC d, and [¢:>0.
Finally, from (10) and (12) it follows that

C M,2
1-C P(k e 5 ¢

for any /6T, and 0<C<1, that completes the proof.
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Remark 1 Since the transformation from 1 into ¢ is the limit of linear
combinations of time-invariant linear transformations, including coefficients in-
dependent of f\ but depending on v, s is wide-sense stationary, provided v and  are
stationary in the wide-sense. Given Fvand Q, the spectral distribution function, F;
is obviously determined by Fn.

This relation is described in more detail by the following

Theorem. |. Let t] and v be stationary in the wide sense, then s is also wide-
sense stationary, viz.

(13) Bt) = 2Re Bv(t)/() -**dF,,(S:D.

Il. Specifically, if Bv is real-valued, i.e. BVz) =& v(v), for all r, then

PV R0

for all A46(—°°, “>. Here

(15) X = + A)-<r4(Q - 1),
16 _NMN(AD)-N(A,). for A~A N0,
(16) S(;-2) 1~ 1 0 , for 0>42a b

and a (-00) = 0.

Proof (13) follows from (7), observing the independence of tj, L and @ and
the following well known properties of an integral with respect to a random measure:

M 1 (Pi(X)z4(d)J (2(u)zn(deo) = é 9fF)cp2().)dF, (X),

and
M T <Pipom@)d g()z4d) 0,
for any (pt:ol bl X)\2dF4(X) < 00? and i= 1,2.

Next let 5Vbe real-valued, and define an by (16). Then for 0 = +(Q —%) it
follows that

@1 J ex«*-x*dF4(k)= f e~dBfco),
(o} ~0o0

where /2,(w) =+afQfw).
From (13) and (17) we obtain

(18) B-(2) = BAt) T eray, ),
where y is defined by (15). -
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Observe that y(f2)- = y(-At)-y(-,i2)?0, for any A" A2.
(14) follows from (18), the relation between B0 and Fe and the convolution
theorem.

Remark 2. The relation between the second-moment properties of the deterio-
ration at the output and the interferring process at the input, described previously,
is of particular relevance when studying angle-modulation channels. Obviously,
if the deterioration at the output may be completely described by Fn(given Fvand Q),
one has merely to examine the spectral distribution function of the interference
sources and the attenuation (or gain) functions along all linear and time invariant
interference paths between such channels, respectively, the phase characteristics being
irrelevant. This situation simplifies the analysis as well as the experimentation con-
siderably.

As a matter of fact the present note was also motivated by a previous study
in this field [5].

Notice that the described relation between the second-moment properties of
the interferring processes at the input and the output holds specifically in the asymp-
totic situation. However, the exact relation between e and 7 is nonlinear, and it is
well known, that for nonlinear transformations the knowledge of the correlation
(or spectral distribution) function at the input is, in general, insufficient for speci-
fying the correlation function at the output.

Remark 3. Observe that Bw(t) = z(v), for all r, if, for instance, s is a stationary
Gaussian process. It iswell known that angle-modulation channels carrying multi-
channel telephony may be successfully studied by considering such //. However,
this is also the case when p is generated by scanning a picture (or some similar
procedure) and one may suppose Bv to remain unaltered when reversing the
sequence of the scanning. (Since, from Bv(t) = Bv(—t) and the stationarity of v

it follows that: BWr)=Bw(rj.)
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A REMARK TO A PAPER OF L. SCHMETTERER

by
A KRAMLI

In the present note we shall generalize a theorem of L. Schmetterer [1]. The
new form of this theorem, — and naturally also its proof — doesn’t involve the
notion of Gateaux differential, the proof is somewhat simpler.

Let R be a set and S a cr-algebra of its subsets. Let iR be a non-void family
of probability measures P over S and g a real function defined on iB. A real

S-measurable function h on R is an unbiased estimate ofg if and only if JIulP =g(P)
for every PEIR3. K

Let us denote by Ha the set of all unbiased estimates of g.

Let us make correspond to every P£i a Banach space BP of measurable
functions on R with the norm NP. Suppose that cEBP for every P€i}, where c
is an arbitrary constant real valued function on R. We shall make use of the defini-
tions given by Schmetterer.

An estimate hO£HgN f) BP is uniformly AP-minimal if and only if

PiV
NP(hO-g(P))sNP(h-g(P)) for every tEHqgM 1;| bp and (To simplify
v
the writing further we shall denote f] BP by B.

eV
Further: An estimate hO"HgC\BR is locally APj-minimal if and only if
MR(h0-g(Poj) =MR(h-g (J1>)) for every heHgf)BPo.
Denote by V the set of all measurable functions r on A such that f vclP=0

R
for every PG'3 (the unbiased estimates of the identically zero mapping). Obviously
Vis a linear manifold and every hEHg assumes the form h=h0+v, where hO is
a fixed element of Hg and v6 V.

Theorem Of Schmetterer: When every BP is smooth (namely the norm NP
is a Gateux differentiable function on BP) the estimate hOCITgMB is uniformly
NP-minimal if and only if the Géteaux differential LP of the norm NP vanishes at
h0—g(P) for every vector v£ VT\B and every PER (LRh0—g(P), v) =0).

From the Hahn—Banach theorem there follows the existence of a linear
functional P on BP such that:

(*) In(h0~g(P)) = NRhO~g(P)) and \Rh-g(P))\"NMh-g(P))
for every hdBP.
Now we give Schmetterer’s condition without applying the notion of the

Gateaux differential, and this condition will be valid in non-smooth Banach spaces,
too.
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Theorem: An estimate hQ HgliB is uniformly Np-minimal if and only iffor
every P7SR there exists a linear functional 1, of property (* ) and such that IRv) =0
for all vevn B.

Remark: It is well known that every convex subset of a Banach space has
a supporting hyperplane at every point of its boundary. A hyperplane may be always
defined by an equation of the form I(x) =c, where I(x) is a linear functional and
c is a real number. Moreover this functional is uniquely determined by the hyper-
plane, apart from a multiplicative constant. The relations (A) mean that the equation
IR(x) = NP(h0—g(P)) defines a supporting hyperplane of the set {x:x € BP, NRx) S
AN P{h0-g(P))} at the point hO-g(P).

If the norm NP is Gateaux differentiable, then there exists one and only one
such supporting hyperplane, and it is defined by the equation LP{hO—g(P),x —
~{h0~g(P))) =0 and — as LPis linear — by LP{h0—g(P), x) =LP{h0—g(P), h0—
-g(P)) =c

o S)o) Ip(x) and LRhO—g(P), x) may differ in a non-zero multiplicative constant
only. Consequently, our theorem includes the Schmetterer’s One.

Proof:

a) Necessity: Let hObe a uniformly AP-minimal unbiased estimate of g. Denote
by VPthe closure of the linear manifold Vf\B in the sense of the norm NP.

Let I be the identically vanishing functional defined on VP. We can extend
this functional to a functional IP over the Banach space <VP, h0—g(P)) generated
by VP and hO-g(P) so that P(h0-g(P)) = NP(h0-g(Pj) and VP(h)\saNP(h)
if hd(VP,h0—g(P)). In fact, it follows from the well-known proof of the Hahn—
Banach theorem (its idea is due to Her1y; see e. g. [2]) that [P{(hO—g(P)) may have
an arbitrary value between the two numbers

= sup {-Ar(u+ (/70-£CP))-/p(F)} and M = inf {NRv+(h0—g(P)) —RV)}.

vd Vp

Since hOis a minimal estimate we have
-Np{v +(h0-g(P))) S Np(h0—g(P)) " NP(v+{h0-g (P ))

for every VEVP. Considering that I(v) =0(vE VP) we can writem ~*N P{h0—g(P))sM,
and this fact proves the existence of the desired extension of the functional IP. Then
there exists an extension of IP over the whole BPto a functional IP of property (*),
and such that IRV)—O0 for every vfV MB.

Applying this extension procedure to every RCip, we get the proof of the
necessity of the condition.

b) The sufficiency is obvious, since, by the condition, for every P ip there
exists a linear functional IP of property (A ), so that IRy)=0 (vGVfiB) and conse-
quently :

NP(hO-g(P)) = IRh0-g(Pj) = Ip{h0+v-g{P)) S NP{h0O+v-g(P)) m=
=NP(h-g(P))
for every hEHgC\B.
An analogous theorem is valid for locally NP minimal unbiased estimates.
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ON JI-PRODUCTS OF AUTOMATA, Il
by

F. GECSEG

In [2], we dealt with the quasi-direct product and quasi-superposition of
automata from the point of view of the metrical completeness. It was shown that
there exists a finite system of finite automata which is metrically complete with
respect to the quasi-superposition and that there exists no finite system of finite
automata which is metrically complete with respect to the quasi-direct product.

In this part of the work we shall prove the existence of an infinite minimal
system which is metrically complete with respect to the quasi-direct product.
Furthermore, we shall study the question of when an automaton-map tp can be
induced in length A by a quasi-direct product of automata such that the number
of states of these automata is smaller than the weight of tp.

For the notions and notations not defined in this paper, see [1] and [2].

Before studying the above mentioned questions, we shall introduce a notion.
Let 3I1=(A|,/=1,2,..) be a system which is metrically complete with respect
to the quasi-direct product. We say that 91 is minimal if for arbitrary Af69l, the
set 9F = 9I\A; is not metrically complete with respect to quasi-direct product.

We shall prove the following

Theorem 1. There exists a system offinite automata which is metrically complete
with respect to quasi-direct product and minimal.

Proof. Let K be an arbitrary natural number and X=(xlIt ..., x,) («>1)
an arbitrary finite set. Denote by A(**»= A@KX, A(-*> a0, Sk the following
Medvedev automaton :

(1) JR">= (aO,a ]} an+k)
ai+1> if /<K

) ak(@i>xj) = ak+> if i=k
ao if i>k.

We show that the set 9l,, of automata AR (k=10, 1,2, ...) is metrically complete
system with respect to quasi-direct product and minimal. First we shall prove that
the set 9t, is metrically complete with respect to the quasi-direct product. Since
the system of all k-free (k=1 2, ...) Medvedev automata with n(é2) as number
of inputs is metrically complete (see [1]) with respect to the quasi-direct product,
so it is sufficient to show that each /c-free automaton S= S(Ar, S, Y0, &) is /c-iso-
morphic to a quasi-direct product of automata from 9l,,. If k =1, then S is ic-iso-
morphic to A(0). Let us suppose that our assertion is already proved for k —1( LL1)
and let B=B(X, B, b0, d) be a quasi-direct product of automata from 9l,, which
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is K —1-isomorphic to S. Let 3 denote this k—21-isomorphism. We shall prove
that the quasi-direct product B'=B'(X, B', 00, S") of automata B and A(>k~B>
for which
B'=BXA"-k-§
and
S'((b, @), X) =(S(b, X), Sk_k@a, x)) (b3B, a€AM*1))

hold is “~-isomorphic to S.
Let -+B'W) be the following map:
S'O0P) = (5(soP), aoP) (I(P) <k,peF (X)),
9'(s0px) = (9(s0p), a0px) (I(p)=k — p £F(X)).

It is obvious that 3'is a kK —1-isomorphism on the set S%~1 So we have still to
prove that for arbitrary p£F(X) with /(p) —k—1 and for arbitrary xt, XjdX
ixj implies &(sOpXi)XS'(sopXj). This is true, because aOp =ak_1, so

3'(s0pXi)=(9(s0p), ak- 1xi) = ($(sOp), ak_I+I)
d
o :y(soPXj) = (3(s0p), ak_1xJ=(9(s0p), ak_i+J).

But iAj and (2) imply ak- |+iXak-1+j, that is S'(sOpXi)X&'(sOpXj). So we
proved that 9l,, is metrically complete with respect to quasi-direct product.

Now we show that the system 9l,, is minimal i.e. the set 41'=9l,\A(>k> for
arbitrary A(ik=d 4Inis not metrically complete with respect to the quasi-direct product.
To do this it is sufficient to prove that the map <pinduced by arbitrary /-free (/> i)
automaton A() = A(i{X, Aa> a(l), B®) can be induced in length / by no quasi-
direct product A= A(Z, A, a0, S) of automata from 91', that is an arbitrary quasi-
direct product A= A(Z, A, a0, S) is not /-free. Indeed, if I(p) =k then for the state
alp (pEF(X)) of automaton A and for arbitrary inputs xiyXj£X the equation
alp x ~aOpxl holds, i.e. the automaton A is not /-free if />/r. This ends the proof
of the Theorem 1

We note that a system which is metrically complete with respect to quasi-direct
product need not have a minimal subsystem which is metrically complete with respect
to the quasi-direct product. Indeed, let 41 be the set of all finite k-ifee automata
AKk—AK(X, Ak, ako, SK (k =1,2, ...) with fixed set X (Z> 1) of inputs. It can be seen
easily that 41 is metrically complete with respect to quasi-direct product and 91
has no minimal subsystem which is metrically complete with respect to quasi-direct

roduct.

P Let A—A(Z, A, a0, Y, §Aand B= B(Z, B, b0, Y, &', X) be arbitrary automata.
Then a map 3: A¢>-mB(K is said to be k-homomorphism, if

a) 3(d0)=h0, 3S5(a, x)) = S(B(@), x) . )
b) Au x)=A(3(a), x) j (xdX, aEA*-»)
holdsl

1 The set A(n) will consist of the states of automaton A, the heights of which do not exceed
N (see [1]).
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Let () F{X) —F(Y) be an automaton-map and let S= S(A", S,s0, Y,ds,As)
be a Afree automaton, which induces (p in length k. A /c-congruent partition n of
S is called natural partition if s=s'(n) (s,s' £Sik) implies A(s, p) =/s(s\ p) (p£ F(X))
whenever [(p)~k —max (h(s), h(s")).

It is clear that if 5 is a ic-homomorphism from a &-free automaton S into an
automaton A, then the following /r-congruent partition n is natural:

s=s'(n)*>$(s) = 3(s") (s,5'€SP>).

The number of classes of a A>congruent partition n will be denoted by |s|.

The number of states of a minimal automaton A which induces @ is called
weight of (p and it is denoted by w((p).

We have the following

Theorem 2. An automaton-map ¢>can be induced in length K by a quasi-direct
product of Medvedev automata At (t=1, ..., r) such that A;<w<p) (1SiSr) ifand
only if there exists a K-free automaton S inducing g in length k, which has k-congruent
partitions aJ, >k and the natural partition n satisfying the following conditions:

n sa->7t for each i(1S/Sr),
(I [mj<we for each /(IM/'Sr),
mny  n4a,=sa.

i=1

Proof. To prove the necessity of our conditions suppose that there exists
a quasi-direct product A=A(X, A a0, Y, 6, X) of Medvedev automata Ar=
= A[(Xi, At, aio, &) (/=1, r) with At<w(cp) (1=/Sr), such that A induces
(p: F(X)-+ F(Y) in length k.

Let S=S(X, S, s0,Y, «,2s) be arbitrary /o-free automaton inducing @ in length
K and let 9 denote a map of S(K) onto Am for which

€ 9(iQ)=0
and
@) 9(sOp)=alp  (PEF(X), I(p)tSk)

hold. It can be seen easily that 9 is /cchomomorphism. Let us consider the partition
>xof for which
s=s'(n) <>9()=9(s") (5, s'£SiK)

holds. Because 9 is /chomomorphism so n is natural A-congruent partition.
For arbitrary i (L"iSr) let nmdenote the partition of A% for which

a( =(«j, ..., at, an)=(@', ....a- , ..., dr) =)a'(n[) <sa(=a-

holds. It is clear that |m-1= A; foreach / (1sis r). Let W((1 S /S r) be the following
partition of Sw:
s=s'(n,) o 9(M)=9(F) () (s, ' g

It is easy to show, that the /~-congruent partitions 71,71!,..., nr satisfy the conditions
I—II1.
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Conversely, suppose that the conditions I—II1 hold. We shall construct for
each w; (IAjA/-) an automaton A;=A-(X, At, aio, &) in the following way:

N(E= () y€ £ N>,
ariay
f ni("s(s >x)) if there exists an s' S (k~1) such that s=s"'(nt)
ot(ni(sy>x) | arbitrary at in the contrary case.

It is clear that the number of states of an arbitrary automaton Ar (1Si'Sr)
is not greater than (< w((pj).

LetA=A(X, A, a0, Y, S, A) be aquasi-direct product ofautomata A; (i= 1, ..., r)
for which
(5) a((at, ...,an,x) =(61(al,x), onar, x))
and

As(s, x) if there exists an s£ if) a< such that I(s) <k

(6) Walr an,x) = "=

arbitrary y£Y in the opposite case.

We shall prove by induction on length of words p(EF(X), I(p)”~k) that the
automaton A induces @ in length k, i.e.

(7) (p(p) =k(a0,p)
whenever I(p)sk. Let /(/;})=1 ie. p=x£EX, then A(ao, X) =As(s0, X) —tp(x).

Suppose that (7) holds whenever 1(p)"Sj—1(<&), we want to point out (7) if
I(p) =j. p can be written as p'x (I(p') =j—1). We have

A(a0,p'x) = Ao, p")ea(alp’, )9
£500, p'x) =500, p') *ks(sOp', X).

and

The first factors on the right sides are equal by the induction hypothesis. But
Sopt I'I O,, where (al5 ..., ar) =(nl(sOp), ..., nr(sO,p)) =alp, so by (6) A(alp, x) =
—As (sOp X). This completes the proof of the Theorem 2.
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ON A POLYNOMIAL OF INTERPOLATION1

by
R. B. SAXENA

L Very recently Professor Géza Freud [1] has considered an interpolation
process with roots as the zeros of Cebysev polynomial of first kind T,,(x) =
= cos n(arc cos x) which gives directly a proof of Jackson’s Theorem. Later
M. Sallay [2] has solved the same problem with abscissas as the zeros of the ortho-
gonal polynomial with weight function which is positive on [—1,1] and satisfies
a Lipschitz condition of order 1 In this paper we solve the same problem with
another interpolation process, constructed on the roots of Cebysev polynomial of
second kind
_ sin(n+1)0
Un(x) = sin0  ’

which is a modified form of the process considered by Professor Freud.
2. Let

cosB = X

kn
an_COSVHT’ K= 1,2,..,n
be the zeros of
u = sinfr+1>0  * = =
K i , COS B, n 1,2, ..
the Cebysev polynomial of second kind. For the fundamental polynomial
of Lagrange interpolation we have the expression

(-D)+1(1-4 1) UIx)

@9 4.W n+l X - X kn
Further let

A 3 (R,
(2.2 ((*))(*):!_______1(_ _2___)__

~ Xkn

and
2.3 '
(2.3) N4 1x=1Y r(t)Ur(u).

We then denote

2.4) K ® 17X 212

1 *In [vin(x) kn(*) + 2 (x-x k) 4n(o) (1- xl,,) dn(xkn, x)]

1 This research has been supported by the National Research Council (N. R. C.) Grant
MCA-41 to the Department of Mathematics, University of Alberta, Edmonton, (Canada).
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the fundamental polynomials of degree An+1 of our interpolation process. Let
f(x) be an arbitrary function defined for -1~ iS |, then we consider the following
interpolation polynomial of degree 4n+2:2

An(E, X) = =AT(1) +\A /(- D+
2. 5)
w2 ST AL+ A o-i) Rn(X).

We shall prove the following

Theorem. Let f{x) be a continuous function defined in [—1, 1]; then for the
sequence of polynomials An(f x) in (2. 5) we have

\AN(fx)-f(x)\ si 414cu
uniformly in [—1, 1] where co(f ) is the modulus of continuity offix).

3. For the proof of our theorem we shall need a number of auxiliary Lemmas
In this section we shall estimate the quantity

1 -2 7~ 4
=4 I
Lemma 3. 1. If
(3.0) ®-A ) =y 1+ 24(0 200
then3
(3.2) é:*lk(x) = [ x2yen—(x, 4]2*

Proof. We know the following Christoffel—Darboux formula for Un(x)

Unix) _

x—xt = 12 1+ 2 Un(Ur()

and on making use of (2. 1) we have

(3.3) AW = AT r(1-72) 1+ 2 Ur(xkUr(x)
i.e. owingto (3. 1)
(3.4) IKX) = (1-x$) P n- LXK, X).

2 The polynomials A ,,(f x) take the values f(xK) at x=xk (k=0, 1,2,..., n+1) where x0= 1,
X,,+i= —L

3 For simplicity in writing we shall denote the suffixes kn by k and thus write xk for xk,,, 1k(x)
for tk,,(x) etc.
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Now the Hermite—Fejér polynomial of degree 2n+ 3 for any function cp(x)
constructed on the points

_ kn _ _ .
xk = cos]1+1 s k=012, ....u+1 [x0= 1, xnH —]
is given by
_ 2n2+2n+3 O * ‘a )
Hn(cp.x) = (p(2) NQ 1+ 2508 ) 1t s

— 22420+ 3
+<?2(-1) 1427, e (1+x) III +
: L X 1—X2%2 114 (1+x)(x2—1) rr2.
+ 2 <p(xk)

v 1) [-**2 +* (1> 4(n+ 12 uvi(xi+
x K

FOY—1) A af £ U ) vigx)+a epk YTTr2] (X~ XK)IK(X).

From this we have for any arbitrary polynomial P2n+(x) °f degree (2n+ 2)
the identity :

(3.5)  P2mH2(x) = P2n+2(1) |+ 2"2+7?"+ 3 (I -x)

[ ¥ [ N )
+PIn+ii- 0 1TME2n+3(i+x) Xr No
! { xk (x -x k) .
+ 2 P2n+2(Xk) 1-x? 1 xk 4(n+1)2 t/;w +
1-x2
ER LR T w3 T vamzin j ny (x-xRING).
Let us take
P2n+2(x) = [(\~xIl)*n-Ax, O0]2
so that
P2'1+2(xk)—|2(E)
and

canton = 2(1-X1) IKZNS(KS)- 7 s 120
Hence from (3. 5) we have

[(I-x2#.."«]2=
:ii:EU!.xl;zz L. 3k(x-xR KO0 + 2(x —x*) (1| —xK) Ik (x)d(xK, £)

and putting (=x we have the lemma.
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Lemma3. 2. For - 1~xS| wehave
- N
1 léi}(x) 3,

. KA
Yi-x2 1. [ a0) -
Proof. From Lemma 3. 1 we have

Eh(x) = [L—2®,,_!(1)]2

But from (3. 1)
2w . H

(L-x 2D,,-1(x,X) = 1+ Z U2(x)

n+l
1 n— 1 n—4
. . i . A
N+ 1 2sin20+ Z 2sin2(/-+1)0 41 25|n20+k:F1 —¢0s (2r+ 2) 0)
1 1+ sin (2[7+ 1)0
n+ 1 N—Z coszro 2+ 2 sin0
Hence
sin (m+ 1)0 G870
(n+1) sin0 2+ 1)sin0
From this and Lemma 3. 1 we have
L oY sin(n + l)cos//0 _ SHI(/2+ 1)0 COS720
1- ki:/]_h(x) ~  @F Dsin0 ¢2F 1)sin0
Now
[sing2+ 1)0] S (n+ 1)sin0
|C0S /20) S 1,
therefore
-7 A * (x) 3 [Sln(/?+ l)C{2 3
fe= 1 2+1 Sin 0
and

r1-s lzrke)y i1 n
which proves the lemma.
4. In this article we shall estimate the sum

B (%)% -x %]
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Let us denote by Ek the expression

1) derul=X 2}

We write

#(*) \x-xK, IsH fl.

0 = arccos X (-1daxS 1

in _
0 - N+ 1 (/=0.1,2,

then owing to (2. 1)
_ (1X2£/4(X)(I —xk)2 _  sind («+ 1)0sin4
(4.2) BK= " (nd 1)apx = xa3 (n+ 1)4[cOS0—COS043"

We prove the following lemmas:
Lemma 4. 1. For I1"k<iSn, we have in [xi+1, x,]

1 1
N
Bk 1 (i3
Proof. Since " "
+ -
sinBk  sin Bk+ sin H = 25'mo—2g 0030—2g A Dsin e+ok
@3 1c0s0 —cos0*| = 2sin 0 O sin 8K
sin Ok _ 1
Icos 0—cos Qi1 . 0—O
sin
|sinn/|~ 1,
therefore from (4. 2) we have
(4.4) 1 1
' («+1)4 &, 0-9k°
If
N+iSxSX,
then
0|S0sO|+1.
In the case
1 —1,
0j —Ok—8~ 0 K—X,
therefore,
smo__g* S 5|.n O_’__E = Sf‘n i n- I__k
5 - 2 7 2{n+1) " n+1°

From this and (4. 4) we have the lemma.

171
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Lemma 4.2. If Osi?*n —2, i+2=k-"n, then in [x(+1,x ]

A 1 1
B () e )
Proof. Here
0k-0i+i = Ok-B S n,
sin 0k—0 sin Ok—O0i+1 k—i—1
2 2 n+ 1

From this and (4. 4) follows the lemma.
Lemma 4.3. For 1Si'Sn, we have in [xi+I, x ]

8

E, 3=n+1

Proof. From (4. 2)
(4. 5) E, = sind(n+ 1)0sin4Q Isin3(n+ 1)0] sin30;

~ (n+ N4|cos 0—cos ;|3  (n+ 1)4|cos 0—cos O;
since

Isin(«+ 0] = [sin(«+ D0—sin(2+ 101 T+ 2= cos n+ 1) RS
(. 6)

s 2 sinw+ )X OMg2(n+1) sin O O

then from (4. 3) follows the inequality

(4.7) Ismfr+nOlIm»,
|cos0 —cos O;1

Thus from this and (4. 5) follows the lemma.
Lemma 4. 5. If 07 i*n —1, then on [xi+I, xj
1= e

The proof follows analogous to Lemma 4. 3. Using the above lemmas we shall
now prove the main lemma of this article.

Lemma 4. 5. For —1” x~ 1 ire have
| —x2 20
Tk (x)\x-xk\ 3a
J1.T 2 '™ n+ 1

Proof. We break thie sum

n

3 N2
2 X owexk = 2 Ek
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as

2Ek=P Ek+Ei+Ei+1+ 2 Ek.
k=1 k=1 k=i+2

Now using Lemmas 4. 1, 4. 2, 4. 3 and Lemma 4. 4, we have
\ 1 \! 1 1

X . 6 1 \’
2 BK< (+1) foti F-13 T4 fl Bk/\hzk )3
2 V1 16 20
N2+1 jéi 3+ 2+ N [2+1 .
5. In this article we shall estimate the sum
1—x2V  (x-xK2

inx 0-%*)
Let us denote

1 -
5.1 del 1
61 Et L) 1- xR

then owing to (2. 1) and (4. 3),

(5.2) _sin4(/r+ 1)0 sin2Ci
' ~ (2+1)4(coso -cosot)2  (jj [ 1)4,in20-0/

Without going into the details of the calculation, which will be obvious from
the previous article, we have the following

Lemma 5.1. For —I~ x s |

o M—x2"2 (x-xK2 12

WX) "1 x2 « (1+12)2
6. In this article we shall estimate the quantity

A [i-> 212l(l—xﬂ'rlx)cbn(XK,x)\(x—xk)Z
We shall first prove
Lemma 6.1. We have
Y 1~x2\th,,(xK,x)\
Proof. From (2. 3)

1 1

sin304  sin2Gk  kin\(0 —0f)| * &N~ (0 + 6%
4

N lr2= Ur(xK) Ur(x) =

dn(xK,Xx)

)

2 sin (*+ 1)0
241 r=L  sin0  {TtA5°'(-n 7 r Q05('+1)4
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Therefore
2 n-1 i
Wox 20, 0000) = g2 sin(reno PG

-(r+1) Cogfs (! k—i— (i:@;%kso*l\;': S'i(}(r+ I)E)S'iruri+ )04

(n+1)sm~(7 (r+ 1)S* <r+ 1)BcO5(' + U0* =

a5k ”—W}

("tuw, rn-~J tcosh + 1)(8—a,u, ~cos (r+1)(B+ap-
"<m2yf| ., O+1)[sin(r+1)(0- 09+ sin(r+1) (0+ O :
COSBK cos(8+d)-cos (& -84+ L)isini(2«+ 1)(0—0*

(n+ 1) sin3o0*

sinl(2n+ 1)(0+ 0%

sin1(0 + 0%) (»+ Dsmx»l). [sin(»-»0 + »!"(»+ ag
1 Jcos 1(0—0*)sin 1 (2ii + 1)(0—0%) cos 1(0 + 0%)sinl(2« + 1)(0
sinH (0-0*) + Si21(0.+ 0%

Li+i Tac{c’si(2n+1(0-0*) cosl(2u+ 1)(0+ 0%)]
IV sin1(0-0%) + sin1(0+0% J

|cos 0| S 1
Now

|sin JIY sin 0
(6.1 jeos MO~ 1

|sin O~ L
We have

=B (x,*)| s (n+1)Ein, 9t [2+ 2w+ 1] +

1 1 1
+ . 2+ (2n+ 1)
(n+1) sinpo* [sif 0-9% Smo+20*

3 2 1 1
~ sin30* "sin20* shgfg* « 0+ 0

N
|

which proves our '
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(6.2 EE* = (] _*z] \(I ~XK)Ik(x)'I'n(xk»* \/4
then owing to (2. 1)
E** = |(-D t+1 sin40,sin3(n+1)0 yy— ? .
* I (n+ 13 cos0—eosOk I LU xK,Xx)

and using Lemma 6. 1we have

B> < 1 .sindOk|sin » . .
(n+1)3  |cosO—cos0,

i L 1 1 1 I
sin30k  ssin 20K [[sin(0 —OK\ ~sini(0 + 0%)J

From (6. 3) using the inequalities (6. 1) we have

(6.3)

Et* -3 sin0g foo sin Ok .

(n+1)3 |cos0—cos Ofd ~ (u+1)3 |cos 0 —c0s04] ISiR(0-0*)!

2 sin Bk sin ek<
+ (n+1)3 |cosOi—budE sin”(0 + 0K) °

On making use of the set of the inequalities (4. 3) we get

3 i, 2 1
* (M+1)3 BrE(0-0%) (n+1)3 sin2i(0-0%)

4 9 1

A («+ 1)3[sini (0—8%)| = («+1)3 sin2i(0-0*) *

Following the same reasonings as in Lemma 4. 1 and Lemma 4.2 n
the following two lemmas.

Lemma 6.2. For we have in [xI+1,x j
C g e 1
* e\ (1-k)2”
Lemma 6.3. For O s/én-2, i+2sk”n, we have in [Xi+1, Xj

S S

(6.4)

We shall now prove
Lemma 6.4. For 1~ /S n, we have in [xi+1,x,]

Et* <
n+|
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Proof. From (6.3) on using the inequalities (6.1) we have

nRn 3 sin Odsin T+ 1)0] 2 sin 0;sin2(n+ 1)0
£ (M+1)3 |COSO—COS)|  (u+ 1)3|cos 0—QBO;| sini(0 —0;)
2 8120r81(n + 1)0

~(n+1)3 |cosO —cos 0;|sin~(0+ 0,) *
From (4.7) and (4. 3) we have
sin 0, ’ sin0; 1
sin\ (0+ 0) " |cosO —COS0;| |sini(0-0,)]
sin Oflsin (n+ 1)0|

lcos 0 — cos of\

(6.6)
2(n+1).

Thus from (6. 5)

8 15
* 24 - N -
S (n+61“)rz+|/|+1+(m+1)2 n+1’

Similarly we prove the following
Lemma 6.5. For O s/Sn-I, we have in [xi+L x]

ti+l =n+ 1
Using the Lemmas 6. 2, 6. 3, 6. 4 and Lemma 6. 5 we at once have the
Lemma 6.6. For -1S x S 1, we have

60

2 1_X2A2|(1—xfoll(x)" n(xk, X)|(x- xK)2
y ' n+1'

1. In this article we estimate the quantity
2\h (x)\\x-xk\
k=1

Lemma 7. 1. For —I~ x|

Z\h ()\Wx-xk 7

n

Proof. From (2. 2) and (2. 4) we have

A TEOIX-XE M2 - A=S | A FEE RN A | (x)-y—g
(7 1) 1 d=1 V1 — k=1\1~ xk)

-|-E (S - X2P3(x) iA,0¢%, )| (X - X,)2.
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Owing to the Lemma 4. 5, Lemma 5. 1, Lemma 6. 6 and (7. 1) we have
N omi .2 0 L3 , 12 176 176
A |T*(*)*-**1s nTi+n+T+711+T = ~+T - -T -
8. In this article we shall estimate the sum

2R

If we denote

Ve

sk= |
then using (2. 1) we have

(8.1) sin4(n+ 1)0sin4 0*

(n+ 1)4 (C0S 0 — COS 0%*)4 *
Lemma 8. 1. For Is~<iSn, we have in [xi+1,xf]
1
S .
(i—k)4

Proof. From the inequalities (4. 3) and the expression for Sk in (8. 1) we get
asin Lemma 4. 1

Sk

Sk =s 1 = — k-
(n+ D4Sind-y -~ v 7

Similarly we have
Lemma 8.2. For Os/én-2, i+22k”n, we have in [x(+I,X]

1
Sk S (k-i-iy
We further prove

Lemma 8.3. For Isis/i, we have in [xi+1, x,]

5,16.
Proof. From (8. 1)
_sind(n+ 1)0sin40f
“ (n+ 1)4(cos0 —€0s0,)4’
and on using (4. 6) we have

S 16
Similarly we have
Lemma 8.4. For Osi”n —I, we have in [xi+1, xf
Si+,g 16.

Making use of these lemmas we finally have the
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Lemma 8.5. For -1S x &l, we have

n

(1 '4”
2 p k() = 40,
K=1 x k

9. In this article we shall estimate the sum

1—x~
) 2 1-x1 (1-n-*2)
Denoting
1—¢\2

. AW (1-*0"
we have owing to (2. 1)
91 * _ sind(n+1)0sin20k
(9.1) A (n+ 1)4|cos 0—cos 0*|3
We have

Lemma 9. 1. For 1*k<i”n, we have in [xr+1,x ]

0* N

= (i-kf m

Proof. From (9. 1) on using (4. 3) we have

9.2) [sin(n+1)0| 1 o

cos 0—cos O (4 1)4stn2 279
Now
lsin (N+1)0\ = [sin(n+ 1)0+ sin (n+ 1)0t| = 2 sin fn+ 1)0L07‘cos(h + 1)w:

5= 2(n+ Ysh O+20*
and
Icos0 —cos 0 = 2sin 0+ 0 S.m‘9:2~0

therefore

[sin (n+ 1)0| n+ 1
©-3) lcos 0 —cos 0* sin 0. O

From (9. 2) and (9. 3) we have

1
(9.4) Sts

(n+N3 sifnG
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Owing to the conditions of the lemma we have, similar to Lemma 4. 1, the inequality

S*- (i-k)3
which proves Lemma 9. 1. Similarly we have
Lemma 9.2 Foro~/éii-2, i+27kSn we have in [x,+1, x,]
1
SU k—i—n3

We now prove
Lemma 9.3. For 1Si”n, we have in [x,+1,x,]

16
Proof. From (9. 1)

sin4(«+ 1)0sin2Q

Sf = (?+ D4|cos 0—cos 0,|3
Using (4. 7) we have
sin2(n+1)0 4
(®-9) ST % cosO—cos0,| (n-fl)2'
Since
sin («+ 1)0] = |sin (n+ 1)0—sin (n+ 1)0( =
=2 sfhn+ 1)&-0—; cos (n+ 040 & 2(n+ 1)lsin 0-0,
|sin (n+ 1)0] = Isin (w+ 1)0+ sin (n+ 1)01 =
=2 sin(;;;+ 10 cos(»+*1 ) s 2(n+1)sin-~y-~»
|cos0 —co0s0,| = 2sin 0+0, sin—Q—'_Q—’—
therefore
sin2(n+ 1)0 .
(9.6) 1c0s 0—cos 0 4(li+1)2.

From (9. 5) and (9. 6) we have
SfS 16
Similarly we have

Lemma 9.4. For Os/Sn - 1, we have in [xi+1,x,]
sf+Ir 16
Making use of the above lemmas we have
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Lemma 9. 5. For —1 1, we have
20
i f—
=.U--v,27 7w Ne 36-
10. In this article we shall estimate the quantity

= 2t2
zl\f - (2- xD)/1(x) don(xk, x)(x - xK\.

If we denote
1—x/12
st* = I IKMO - XI\n(xk,x)(x - XQ |
J-xk
then owing to (2. 1) we have

. _  (=D'+ sindsin3(n + 1)0
St = (n+ )3 (cos—cos 0K)2

Making use of Lemma 6. 1 we have

5% A 1 sind0jsin3(«+1)0| N
k ~ (m+1)3 (cos0—cos 02 sin30k

2 1 1
* Sin20tfsini(0 —9K\  sini(0 + 0j)

1-1-2¢,,(XK,X)

(10. 1

From this on using the inequalities (6. 1) we have

S** ¢ sin Ot |sin(n+ 1)0|
koS (n+ 13 [cos0 —COSOt| (cos O0—cos Ot|
N sin20t 1 2 sin20t
(a+1)3 (cos 0—cos 0%)2 |sin*(0 —0t)] {n+1)3 (cos0O—c0s0A2
|sin(n+ 1)Q|
|sini(0 + OB

which owing to (4. 3), (9. 3)

3
St* S -+
(+1)2  ,0-0 (n+1)2 ., 0-0

10.2
(10.2) 1

+ -
GinbBsinge ole (D2 o0 Q

Following the same reasoning as in Lemmas 4. 1and 4. 2 we have the following
two lemmas.
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Lemma 10. 1. For 1 we have [xi+,, x1

1n
(i—k)2m

Lemma 10.2. For 07i'S/i-2, i+2si:S/i, we have in [x!+1,x (

St* s

n

SS (Jt-i-1)2"

We shall now prove
Lemma 10.3. For 1SiS/i, we have in [vi+,, xj

S?7*< 56.

Proof. From (10. 1) on using the inequalities (6. 1), (6. 6), (9. 6) we have

3 sin6Gilsin(n+1)0] sin2(«+1)0

1 —(n+ 13 |cosO—cos0;]  |cosO—cos 0
2 sin20,sin2(n+ 1)0 |[sin(n+1)0]| 2 sin20,sin2(n+ 1)0
+ (n+ 1)3 (cos0—co0s0,)2 [sini(0 —0) » (n+ )3 (cos 0—co0s 0,)2
Bt + 1005 16+16 = 56,
sin1(0+0,)

which proves the Lemma 10. 3. Similarly we have
Lemma 10.4. For OSiSn —\, we have in [xi+1, x|

Stti <56.

Using the Lemmas 10. 1, 10. 2, 10. 3 and Lemma 10. 4 we at once have
Lemma 10. 5. For -1~ xs| we have

A~ 7

E 1L no] \1-Xi01k(0 1,00k, %) (- xR\ < 150.

ft= 1 V1 — Xk)

11. In this article we shall estimate the quantity
n
2\K(x)\-
k=1

Lemma 11.1. For —1~x”"N 1

2\K (x)\ < 226.
k=1

181
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Proof. From (2. 2) and (2. 4) we have

214mM1~ 2 K AT

k=1 V1

t2,2 K-y M- XD 1@ iln0k, X) (x- xighe

Now making use of Lemma 8.5 Lemma 9. 5 and Lemma 10. 5 we have

2\NTK(X)\ < 40+ 36+ 150 = 226.

k=1

12. Proof of the theorem.
Let co(f, 5) denote the modulus of continuity of the function/(n) then

co(f, n8)S (n+\)co(f, <, /00O
and

G/, x-X*|) » © + |/|A—xijDF/ IH
I »J
Now

o Al ZH0- 2 14 @+ 2 (04 (@)
AJ(D +7/C -D 1-2 Ife)-{- 4 (a)
=N 12 4(A) + 25 HOA)-I@IA )], A1)
- 2 4(a) [(L+A{(A)-I(D}+(-A)
U@ (=) - 24 () + 2[/(a)-I()]4(a)
AT - 2 4(e) s 12 V@) - 24 (a) &

+ 2 [(A)-I(A%)]4(A).
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Now from Lemma 3.2

1+ X [1+x\
o [/(*)-1(M)] e
OIS 1-ZXK(X) 0 /,—  1-2 w @ f+
1+ x| ¢[1—x\ .
+u X(x) iw /, 1-2W oy g
1 1
n)/1—12 1-2 x k(x)\ © f, B+3)a\f, - = 60 —1S X~ 1
Similarly we prove that
- X .
[1(*)-1(-D] T-2 Xk s f,
Further on account of the Lemma 7. 1 and Lemma 11.1 we have for —1 1
. - Y (i i & e[ ly 2 rs
L2=1 1/0)-f (x K\WXK()\ LIJ\;, r])k2=|0l ['v--.vA)
s <af ),zzi 140) 1+« 2. Wi i
(226 + 176)cu /, — = 402¢0 f
Thus
\f{x)-A X, x)\ < 41l4<m|/, —I, -1 S X 1

and the proof of our theorem is completed.

REFERENCES

[1] ¢ +cua. G.: Egy Jackson-féle interpolacids eljarasrol, Mat. Lapok 4 (1964) 330—336.

[2] sav1ay. M.: Uber ein Interpolationsverfahren, Magyar Tud. Akad. Mat. Kutaté Int. Kozi. 9
(1964) 607—615.

[8] Fanca, K.,k iss. O.2 O CXOAUMOCTU WHTEPNOMISLMOHHBIX METOLOB pPeLUeHUsI FpaHUUHbIX

3afa4 AN 0ObIKHOBEHHbIX AudepeHUManbHbIX ypaBHeHuid, Magyar Tud. Akad.
Mat. Kutaté Int. Kozi. 9 (1964) 89—112.

ALBERTA UNIVERSITY, EDMONTON, CANADA
and

LUCKNOW UNIVERSITY, LUCKNOW, INDIA

(Received June 28, 1966.)

Studia Sctentiarum Mathematicarum Hungarica 2 (1967)






Sludia Scientiarum Mathematicarum Hungarica 2 (1967) 185—191.

Ob OUEHKE MOIrPEWHOCTU TPV HAXOXAOEHWWN COBCTBEHHbIX
®YHKUNMA METOAOM KOHEUHbIX PA3HOCTEMN

L. VEIDINGER

1 PaccMoTpyM B OTKpbLITO ABYMepHOi 06nact R ¢ rpaHuueid C 3agauvy
Ha COOGCTBEHHbIE 3HAYEHMS:
(1) A+ AmM=0 B R,

n=20Ha C,
raoe
du a , du
Lu dx a(x'y)W +ay H*’y)di. AX,Y)m,
a(x,y) & a>o, b(xy) d« >0, f(x,y)= o, a= const
Myctb AlEé A2S ... — COBCTBEHHbIE 3HaYeHUs 3aga4m (1). Co6CTBEHHbIE (hYHKLMK

n1 n2 ..., COOTBETCTBYHOLLME COBCTBEHHLIM 3HaueHMsaM Al A2, MOXXHO BbI6paTh
OPTOHOPMMPOBAHHLIMA B TOM CMbIC/E, YTO

SJjldxdy=«, =R

B pab6oTte [1] 6bina nonyyveHa paBHOMEPHas OLEHKa NOrpeLlHOCTN COOCTBEHHbIX
(hyHKUWIA 3agaum (1), BbIUMCNSAEMbIX METOLOM KOHEYHbIX pasHocTeil. OfHako, npu
BbIBOZe OLeHKM B paboTe [1] npeanonaraetcs, 4to 06nacTb R ABNSeTCA 06beAMHEHN-
eM flUeeK CETKM U

K(x,J)ECm((R)*, rge R=RUC.

3TV ABa ycnoBusi 06bIYHO OfHOBPEMEHHO He BbINOAHAKTCA (CcM. [2] nnn [3]).

B pa6ote [4] maeTca oueHKa MOrpeLlHOCTM COBCTBEHHbIX (hYHKUWIA B HOpME
b2. Mpun BbIBOAE OLEHKWM MpegnonaraeTcs, 4To UKX, Y) CCR).

B HacTosleli paboTe MoAy4vaeTcs paBHOMEPHAs OLEHKA MOrpeLiHocT cob-
CTBEHHbIX (hyHKUMIA Mpu npeanonoxeHunmn, yto a(x, y)EC RR), b(x, y)ECR)(R) u
nKx, y) €C(@4,(R). Mpn BbIBOAE OLEHKM MOrPELUHOCTM Mbl UCMONb3YEM HEKOTOpble
ngen n3 pabotbl [B].

2. MycTb GeCcKOHeYyHas MNOCKOCTb, B KOTOPO HaxoauTca obnacTb R, pasge-
NeHa ABYMS CeMelicTBamMW NapanfiefibHbIX MPsSMbIX, 06PasyloLMMU KBagpaTHYH
ceTKy. TycTb aTumn npambIMKM ByayT X =mh M y=nh (T,n —0,£1,...). Touku

* OyHKUMS <p(X, y), onpefenieHHass B OrpaHWYeHHON 3aMKHYTOi o6nactv T, NpUHAANeXuUT
knaccy C,T>(T), ec/iu oHa MMeeT B 061acTy T HenpepbIBHbIE YACTHbIE MPOM3BOAHbIE W-ro NOPSAKa.
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(mh, nh) Ha3biBatoTCA y3namm ceTkn. Yepes Rho603HauMM MHOXECTBO Y3/10B CETKM,
KOTOpbIe BMECTE C YeTbIPbMS OTPE3KaMM MPSMbIX, COEAVHSAIOLLMMUN UX C COCELHUMM
y3namu, npuHagnexar R, a uyepe3 CA— MHOXECTBO OCTa/lbHbIX Y3/10B, MPUHagi-
nexawmx R. Myctb Si, = Rh{J CYmO603HaumMMm yepe3 Ch MHOXECTBO TOYeEK nepece-
yeHUs C c NpAMbIMU CETKM.

Ecnn PdSh, To 6nmxaiiwne K P Toukm mMHoXectBa ShU Ch, nexauipe Ha
NPsSIMbIX CETKM, NMPOXOAALLMX Yepe3 P, Ha3blBatOTCA COCEAHUMM TOukamu y3na P.

Beesem cnegytolive 0603HaYeHUA

V(P)-V(IV) V(E)-V(P)
V-AP) = hw VAP)  05(bE+ hy)
V(P)-V(S) V(N)~ V(P)
W(P) hs VY(P) = 0,5(hN+ hs)

rae V= V(P)—ntob6asa hyHKuus, onpefeneHHas B Toukax SuU Ch; E — (xp + hE, yp),
S — (xp, yP—hs), W = (xP—hw,yP), N = (xp,yP+ hN — cocegHne TOukM Yy3na
P = (xp,yp). (Ecom PeRh, To hE=hs=hw=hN=h.)

3agaya (1) annNpoOKCMMMPYeTCS Pa3HOCTHON 3afJauveld

LhUu+XhU =0 B Sh,
U=0 Ha CA

rae L, —nATuTo4euHbIA Pa3HOCTHbIA onepaTop Mukenaase, onpeaeneHHbIA hop-
MYoWi
LhU = (al Uy)i + (b1Uy)i,-fU.

3necs ai(P)= a(W"), W'= (n:,—90,5hw,yP, b*P)= b(S"), S'= (xP,yP-0,5hs).
Cnenys [6], BBeaem CKanspHoe MPOW3BEAEHWE CETOYHbIX (yHKUMIA. TMycTb V
n W — nNpomnsBonbHble PYHKUMK, 3agaHHble Ha Sh. O603Ha4YnM

V, W) = 2V (P)W(P)HP,
(V, W) IO(;Sh() (P)

rae
_ (hE+ hw) (hN+ hs)

Myctb =Aa= ...—C0OO6CTBEHHbIE 3Ha4YeHns 3aaa4m (2). CoBCTBEHHbIE (YHKLMM
U1l U2 ..., COOTBETCTBYIOLME COOCTBEHHbIM 3Ha4YeHMsIM 1A ..., MOXHO BbIOpaTb
OPTOHOPMUPOBAaHHLIMKU B TOM CMbIC/ie, YTO

(Uk, U) = 6kl.

Nemma 1 TMpu k= 1,2, ... UMEeT MeCTCAHepaBeHCTBO

3 cllc<Aa< c2”,

rae ¢, u C2— nono>KNTebHbIe NOCTOSHHbIE, 3aBUCALLME TOALKO 0T 061acTu R 1 0T
KoathtpmumeHTOB onepaTopa L.
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Nemma 2. Mpu k=1,2, ... UMEET MECTO HEPaBEHCTBO
4 Imax\Uk(P)\ < c3(M) " < cAKTH

rée c3 n c4—nNoNo>KUTENbHbIE NOCTOSAHHbIE, 3aBUCALLME TONBKO OT 06MacTU R 1 oT
KoaththuLMeHTOB onepaTopa L.

Mbl He OCTaHaB/MBaeMCA Ha [0Ka3aTe/lbCTBe 3TUX SIEMM, TaK Kak OHO Mpo-
BOAMTCSA NOZOOHO [1], C HEKOTOPbLIM M3MEHEHWEM [/ Hallero ciyyas.
MycTb p —umncno y3nos mMHoxectsa Sh. M3 (3) n (4) cnegyet, 4To

©) Z Wgf2 c>gl-" pesd

rae C5—nonoXxmTenbHas NOCTOsSHHas, 3aBMCALLAsA TONbKO OT 061acTv R noT Koathdu-
UneHTOB onepartopa L.
Beegem pasHOCTHYHO (yHKumo pmHa Gh(P, Q), nonaras

L.pGh(P, Q) "7;5 . pts"QeSbUc,,,

CGh(P,Q) = 0, PEChQeSh\JCh

rae 6(P, Q=0 npn P"Q, 6(P, P) =1I. NHgekc P B cumBone LhP o3HavaeT, 4TO
onepatop JO/MKEH OblTb MPUMEHEH OTHOCUTENIBHO MepPeMeHHON P.
Nlerko nokasatb, 4To Ana dyHkumm Gh(P, Q) cnpasegnvea gopmyna

y LI(P)U4Q)
7=1 Ah

3 Teopema. MMpegnonoxkum, uyTo a(x,y)€CEL(R), b(x,y)ECE>(R)
uk(x, Y)CC()(R). Torga, ecnm Ak— npocToe coBCTBEHHOE 3HaueHve 3agaun (1), To
MeeT MEeCcTO HepaBeHCTBO

W*0P)—Gk(P)\ < c6h2\0é h~I, PE£Sh,

rae c6— nono>kKuTeNnbHasA NoCTOAHHAsA, 3aBucsllas TOMbKO OT K, OT 06nacTn R #
0T Ko3(hmumeHTOB onepaTopa L. Ecnm Ak = S+l = ...= Jk+"~1-n-kpaTHoe
CO6CTBEHHOE 3HayeHue 3agaun (1), TO MMeeT MeCTO OueHKa

C.(11 q)

n-11

uk(P)—_2th,+tUk+,(P) c7ir2logfr 1, PESh,
1=

roe 1, ...,Bh+rl—peAcTBUTENbHbIE KO3NMLMEHTbI, C7—NONO>KUTENbHAA NOCTOSH-
Hasl, 3aBucsALLlas TOMbKO OT K, 0T 06nacTu R v 0T KoadumumeHTOB onepaTopa L.

[Joka3aTenbCcTBO. PaccMoTpyM cHauana cnydaid, korga Ne— npoctoe co6cCT-
BEHHOe 3HayeHve.

Myctb
(6) <k = Lhuk—Luk+ (FE—XK) uk.
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3 npeanonoxeHwin Teopembl cnegyet, 4to (cMm. [7])

(0(h2, P"R,
7 Lhu4P)-Ljo(4)i

B pa6oTte [4] gokasaHa oOueHKa
(8) X\-1k= O{h2).
Moactasnas (7) n (8) B (6), nonyymm

i0(h2), PiR,,,
1o (h), PECE,

9) D(P) =
Myctb ck=(Uk u) n 1Vk = uk—ckUk. ®yHkumna WK ynoBneTBopseT yCcnoButo
(10 (Uk, WK) = 0.
Janee, Wk sBnseTca pelleHneM 3agayu

L,,Wk+MAAWk= &g B Sh,
(117 Wk=0 Ha Ch.

N3 (10) n (11) cneayeT, uTo (CM. Hanpumep, [8], cTp. 43)
(12) Wk=zZ e

rae p—u1cio y3noB MHoXecTBa Sh.
Mbl moxem 3anucatb (12) B BUAE

(13) w k(P)= inSthh(p’O h*(6)a
rge
8:* &) Ah— Ah
b U(P)Uj(Q) Uk#P)UK(Q) p UWPuj@Q N
A n £S l?kk) W)2 AH— n
C enroy & UkP)UKQ  ar viPu4aQ) A
5 A $H2 A1
o™ M

MycTtb
w\(**)=- 26 h(P,Q)0UQ)HQ
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AHaNorMyHo [9] MOXXHO MoKasaTb, 4TO
(14) S.{P) =0{h").
MycTb

*(Y - Z

Q€s,, nA
Mo nemme 2 co6¢TBEHHbIE PYHKUMKM UK paBHOMEPHO Mo /; orpaHuyeHbl B Sh. OTcroga
n u3 (9) cnegyert, 4To
(15) S2(P) =0(h2.
MycTb
p UJP)UHQ) Y
s3(P) = 2 2 n(Q)na.
(P) |y A _;

QisSh j=i
U* K

MNpymeHAa HepaBeHCTBO KoLW-BYHAKOBCKOro, nonyyvm

s UJ(?&l;J(Q> R i wieRy [c/w(y 2
i y

Moacrtasnss (5) B (16), HaxoaMm

él,l (Lly A = O(log A" 1)

Y
OTtctoga n u3 (9) cnegyet, 4To
(17) 53(P) = 0(//2logA-2).
Moactasnas (14), (15) n (17) B (13), nonyumm
(18) (*(P) = 0(h2log h~").
Mycts Zk = vk— Uk Torga
(19) 2f= — +

ck ck

3 onpegenenns ck n WKk cnegyet, uyto

(Wk uk) = (uk, uk) —ck{Uk,uk) = (uk,uk) —ck,

0TKyfja

(20) ck = (uk, uk)—( U r/).
Ho, KaK Nlerko npoBepuTb,

(21) (u*u*) = 1+ 0(A2).
Moactasnsasa (18) u (21) B (20), nonyumm

(22) c2= 1+0(h2log J/}1).
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Bblbepem 3HakuM yHKUMiA MK 1 Uk Tak, 4yTobbl ck>0. Toraa n3 (18), (19) n (22)
cnegyert, uTo

k . wk)y { CI-1 * -
74P o a1 (P) = <9URlog/T ).

MycTb Tenepp A = A+1=... = A< ~«-KpaTHOe COOCTBEHHOe 3HadeHue. Pac-
CMOTPUM (PYHKLMIO

(R
KE= Wk- i2:0f3h+i u k+i,
he R =
®dyHkuma K* npu 1= 0, 1, —1 y[0BNeTBOPAET YCN0BUIO
(23) (K\ £/*%+) = 0.

[anee, nerko Buaetb, 4to VK ABNSETCA pelleHMem 3ajaum

LhVk+tiVk=T1 B Sh,

24
(29 Vk=0 Ha CN

roe
n = @1+ Z (tt-tt+H)Bk+uk+i-

N3 (23) n (24) cnepyet, uTto (cm. [8], cTp. 43)

(n, t)
J21 4S-4S o

UMK, k+1,..%, +n—1)

OTclofia, paccykaas, Kak B Clyyae MPOCTOr0 COGCTBEHHOTO 3HAYeHWs, MOMy4nM
VK(PP) =0(/i2log /T J).

OTUM W 3aKaH4YMBaeTcA [0Ka3aTeNnbCTBO TEOPEMbI.

BVNBNTNOTPA®PINA

[1] Caynbes, B. K.: O6 oueHKe NOrpellHOCTU MPU HaXOXKAEHUW COBCTBEHHbIX (YHKLMIA MeTO0LOM
KOHEYHbIX pasHocTei, B cb6. ,BblunmcnutenbHas matematuka” Ne 1, U3g-Bo AH
CCCP, Mocksa, 1957, ctp. 87—115.

[2] KoHppaTbeBs, B. A.: KpaeBble 3a4a4uu N8 aNAMNTUYHECKUX YPABHEHWI B KOHUYECKUX 061acTsX,
Dok.!. Akag. Hayk CCCP 153 (1963) 27—29.

[3] KoHgpaTbeB, B. A.: KpaeBble 3agaun Ans 3MIUNTUHECKMX YPaBHEHWI BbICLUMX MOPSIAKOB
npu HaaMuun ocobeHHOCTe rpaHuubl, MaTepuanbl Kk COBMECTHOMY COBeTCKO-
amepuKaHCKOMY CUMMIMO3UYMY M0 YpPaBHEHUAM C YacTHbIMU MNPOU3BOAHLIMKU, W37-BO
Cubupckoro otgeneHns AH CCCP, Hosocubupck, 1963.

[4] Mpukasunkos, B. I'.: PasHocTHasA 3afaya Ha CO6CTBEHHbIE 3HAYeHUA AN 3NIUMTUYECKOro
onepartopa, X. Bblumcn. MaT. n MaT. dun3. 5 (1965) 648—657.

Studia Scientiarum Mathemattcarum. Hunpgarrca 2 (1967)



HAXOX[AEHWE COBCTBEHHbIX ®YHKL NI 191

[5] TuxoHos, A. H. n Camapckuii, A. A.: PasHocTHas 3agada LLtypma-/lnysunns, X. Bblunch.
MaT. n MaT. ®u3. 1 (1961) 784—805.

[6] Camapckuii, A. A.: JloKanbHO-0L4HOMEPHbIE CXEMbl Ha HepaBHOMEPHbIX ceTKax, . Bblumcn.
MaT. nMaT. ®u3s. 3 (1963) 431—466.

[7] TuxoHoB, A. H. n Camapckuii, A. A.: OAHOPOAHbIE Pa3HOCTHbIE CXeMbl Ha HepaBHOMep-
HbIX ceTKax, XX. Bbluucn. MaT. n MaT. ®us. 2 (1962) 812—832.

[8] ¢ ow1a, S. H.: Variational methods for eigenvalue problems, Univ. Toronto Press, Toronto, 1957.

[9] Camapckuii, A. A.: O TOYHOCTM MEeTOAA CEeTOK A5 3agaun Aupuxne B Npon3Bo/bHON 06nacTu,
Apt. Mat. 10 (1965) 293-296

MATEMATUYECKNN MHCTUTYT BEHITEPCKOW AKALEMWN HAYK, BYAAMELUT

(MocTynuno 12-oro asrycTa 1966 r.)

Studie. Scientlarum Mathematicarum Hungarica 2 (1067)






Sttu/ia Scientiarum Mathemalicarum Hungarica 2 (1967) 193—199.

O PA3HOCTHOM METOAE POLYA
L. VEIDINGER

B pa6ote [1] Polya npeanoxun pasHOCTHbIA MeTOA MNONYYEHUA BEPXHUX
rpaHuy Ans coGCTBEHHbIX 3HauyeHWil omepatopa Jlannaca. B HacTosweii pa6oTe
MeTod Polya o6o6uwaerca Ha 60nee obuiMe annUNTUYECKMe OnepaTopbl U ycTaHaB-
NWBaeTCcA MOpPALOK MNOrPewHOCTU COOGCTBEHHbIX 3HAYEHWI, BbIYNCAAEMbIX pas-
HOCTHbIM MeTogoM POLYA.

1 PaccmoTpuMm cHayana 3agadvy

An+m=0 B R,
n m=0 Ha C,

roe R — oTKpbITas AByMepHas 0651acTb, rpaHuLa KoTopoi C cOCTOUT M3 KOHEYHOTO
yucna KycouyHO-aHaIMTUYECKMX MPOCTbIX 3aMKHYTbIX KpuBbIX. O6G03HauMM 4epes
ANA2N ... cOBCTBEHHbIE 3HaYeHMs 3agaum (1).

MycTb 6eCKOHeYHas NOCKOCTb, B KOTOPOW HaxoAuTcs 06nactb R, paspeneHa
[OBYMS cemelcTBaMM NapaiieNbHbIX MPsAMbIX, 00pasytowumMmn KBagpaTHYH CETKY.
Myctb 3TMK npaMbiMu 6yayT X —mh u y=nh (T,n —0, 1, £2, ...). Touku
(mh, nh) HasbiBalOTCA Yy3naMu CETKW. HavMeHbLUMIA KBagpaT, OrpaHUYEHHbI Ye-
ThIPbMS NPAMbIMU CETKMW, Mbl Ha3blBaEM SYEKOMA ceTKu. [ycTb R* — 06beanHeHne
BCEX AYEEK KBaJpaTHOW CETKM, Niexallmx BHyTpu 061actu R, a C* —rpaHuua 061actu
R* MycTb RhcocTouT n3 BCex BHYTPEHHUX Y3710B R* u nycTb C, COCTOMT U3 BCEX
y3noB Ha C*

B pa6ote [1] 3agaya (1) annpoOKCMMMPYETCS PasHOCTHOW 3adaveld

pon(P) +y, EHP)F UE)+ UGE)+ D)+ UW) + UNW) + UN) _

2
(2) U(P) = 0, PZC,, Pe Rb,

roe E = (xP+h,yB, SE = (xP+h,yP—h), S = (xPyP—1), W = (xP—h,yB),
NW = (xP—h,yP+Ili), N = (xP,yP+It) — cocegHne Toukmn y3na P= (xP,yP), a
Ah  nAaTUTOYeYHbI Pa3HOCTHLIA onepartopa flannaca, onpefeneHHbIA hopmynoi

ARU(P) = h-2[U(E) + U(S)+U(W) + U(N)-4U(P)].

0O603Ha4YMM yepes COOCTBEHHbIE 3HaYeHMsi 3agaun (2), a 4epes
A*NA2M .. cOBCTBEHHbIE 3HAYEHUs 3afauu
AhV(P)+XhU(P) =0, />€«,,  U(P) =0, POC,,.
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B pa6ote [2] gokasaHo, uTo ecim h2X\<4, TO WMMeeT MEeCTO HepaBeHCTBO
ti

1 hZM(

Teopema 1 lNycTb R COCTOUT U3 KOHEYHOrO YWCNA KOHTPY3HTHbIX KBaApaTOB

CO CTOPOHOI /;0, OrpaHnYeHHbIX NpsMbIMKA CeTKU. Eciu =, rae p — nonodku-
TeNbHOe Lenoe uucno, To npu K=\,2, ... UMeeM

4) -ClhA ti = Q

roe G/ — NONo>KMTENbHAsA NOCTOsHHAsA, 3aBKCALLas TOMbKO OT K M 0T obnacTu R.

JokaszaTenbcTtBoOo. [lpn npegnonoxeHuax Teopembl 1 nMeeT MecTo
oueHka (cm. [3))
(5) ti”lk+c2h4>
rae €2 — nonoXuteNbHas MOCTOSIHHAsA, 3aBUCALLAA TOMLKO OT K U OT obnactu R.
ConocTaBnsisi HepaBeHcTBa (3) 1 (5) nonyyaem >XenaeMyto OUEHKY (4).

Teopema 2 TycTb R—npou3BonbHas 0 TKpbITas gBymepHas 061acTb, rpaHuLa
KOoTOopoii C COCTONT M3 KOHEYHOTO umcia KYCOUHO-aHaIMTUUYECKUX MPOCTLIX 3aMK-
HYTbIX KpuBbIX. Torga mpu K= 1,2, ... uMeem

(6) -crH< ti-p\ é Q
rae €3 — nonoXkuTenbHas NOCTOAHHAA, 3aBUCALLAA TONMbKO OT K M 0T 061acTu R.

LokaszaTenbcTBO . lNMpn npeanonoxeHnsx Teopembl 2 UMeEET MECTO
oueHka (cm. [3))
) Xk A X k+ cAh,
rae c4 —mon0oXUTENbHAsA MOCTOSIHHAA, 3aBucALlas TOMbKO OT K U OT obnactn R
ConocTtaBnss HepaseHcTBa (3) v (7), nonydaem Xenaemyto oueHky (6).
2. PaccmoTpum Tenepb 6onee 06Lyt0 3agady
Lu+Xu=0 B R,

B
®) n=0 Ha C,
rae L — nuHeliHbIA camoconpspKeHHbIA andithepeHUmManbHbliA onepaTtop
[ d d du
Lu — a/\ -\ ~ b(x,
= r)(Y)J:I\ = O e
i} du d du,
+ ay Loy ohy) iy T

3NNMNTUYECKOTO TWMa, T. €. TakoW, yto gns Bcex (Poy)(LR
aC2+ 2bCt) + cu2é ad2+L2) (a = const > 0)
npn no6bIX AeAcTBUTENbHLIX U, Mpeanonoxum, uto f(x, y) =0.
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Beegem 0603HaveHUs
VYP)= A -'lW -W |, V5(P) =h-"[V(P)-V(W)\,
Vy(P) = h-"[V{N)-V(P)], Vi{P) = h-"[V{P)-V(S)\,

rae V—V(P) — nobas qyHKums, onpefeneHHas B y3nax CETKM.
3agaya (8) anmpoKcMMMpyeTcs pasHOCTHON 3ajaveit

6U(P)+U(E)+U(SE)+U(S)+U{W)+U(NW) + U(N) _ E)

LhU(P) +fih
(9) UF) = O PEC.., PEAN>

roe
LU P) = {[A(P)+D'(P)JUx(P)Ix+[B'I(P) + E[(P)]Uy(P)},+

+ {[B2(P)+ E2(P)] ny(P)}x+ {[B\ (P)+ E\ (P)] n x(P)}y+
+{[B2(P) + E2(P)] nx(P)}y+{[C'(P) + G'(P)] Uy(P)}, -

- H\ (P) ux{P) + [H\ (P) U(P)]X- H2(P) ux(P) + [H2(P)U(P)]X-
- K[(P)ny(P) + [K\(P) UP)]-y- K2(P)C/,(P) + [K2(P) LLIP)]Y-
- F'(P)U{P).

KoatdmumeHTsl onepatopa L'h onpeaenstoTcsi COOTHOLLEHWUAMM
A'(P) = Ir2f] adxdy, B[(P)=h Zﬂ\]bdxdy,
B |

B2(P) = Ir2f f bdxdy, C'(P) = h~2f j cdxdy,

tl

D'(P) - h~2\JJf(x_Xp)zdx dy+ff/(x -x B2dxdy\,

(10 T T*
E'i(P) = h~2f f f(x-xP (y-yBdxdy, E2(P) = h~2fff(x-xP(y-yPdxdy,

Th tl

G'(P) = Ir2[fff(y-yP2dxdy+fff(y-y N2dxdy\,
H\(P) = Ir2fj f(x-xPdxdy, H2(P) = h~2f ff(x —xPdxdy,
Th tl

K\(P) = h-2f f A y-y Pdxdy, K2(P) =h-2fff(y - yBdxdy,

Th Th

F'(P) = h-2\fffdx dy+fffdx dy\.

Th Th
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3pecb Dh— YeTbIpexyrofbHUK, OrpaHUYeHHbIA NpsAMbIMK X = XP, x+y = xp+
+yP+h, X=Xp+h, x+y = Xp+yP; TI| — TpeyrofibHUK, orpaHnUyeHHbIA nps-
MbIMU X = Xp, y =yP, x+y = Xp+yp+h; T%— TpeyronsHuK, orpaHUYeHHbIN
npsMbIMU X = Xp, y = yP, x+y = Xp+yp —h; EW— 4YeTbIpexyrofbHuK, orpa-
HWYEHHbIA NPsSMbIMK y = YP, Xx+y = Xp+yp+h, y =yP+h, x+y = xP+yP;
T1 — TpeyronbHUK, OrpaHNYEHHbIA NPSMbIMK X = XP+ h, y = yP, x +y —XP+yP;
Th — TpeyronbHUK, OrpaHNYEHHbIA NPAMbIMKA X = XP,y =yP+h, x+y = xP+yP.

Mbl 0603HauMM yepe3 X1LLIX2LLI... cob6cTBEHHbIE 3HayeHWs 3agayn (8), a yepes
Nb=Wun=--- cobCTBEHHbIE 3Ha4YeHWa 3agaun (9).

Teopema 3. MycTb R —npou3BonbHas 0TKPbITasA AByMepHas 0611acTb, rpaHuLa
KoTopoii C COCTOUT U3 KOHEUHOro 4ncia KYCOUHO-aHaNMTUYECKUX NPOCTbIX 3aMK-
HYTbIX KpuBbIX. [pesnonodkum, 4TO KO3(MuUMeHTbl onepaTopa L aHanMTU4HbI
B HEKOTOPOI OTKPbLITOW 0651acTu, cofep>kalleid R ¢ rpanuuei. Torga npu k= 1,2, ...
crpase/iMBa [BYCTOPOHHAA OLEHKa

(11) —cbh - 2k—ub ' - 0,
rge c5— nono>KUTeNbHas NOCTOsHHas, 3aBucALlas TOMbKO OT K, 0T 06facTu R u
0T KoaghhvumeHTOB onepaTopa L.

Joka3zaTenbcTBO. COBGCTBEHHblE 3HaYeHWs XK ABNAKTCA CTauUWOHap-
HbIMW 3HayeHusIMM 4YacTHOro Panes (cMm., Hanpumep, [4], cTp. 186).

R
rae v=v(x, y) — nobas ¢yHKUMS, YA0BAETBOPAOLLAs CNeayOWUM YCI0BUSM:
1 V HenpepbiBHA Ha MHOXecTBe R =RUC;
2. BeKTop-(hyHKUMA Vv =(VX, W) KyCOYHO-HenpepbiBHa B R, a jVr;|2 nHTerpu-
pyem no Jlebery Ha R.

3 r=0Ha G
MycTb
V(P)= 2 UT‘P),
roe tu-.., tk m- gefictBuTenbHble napametpbl, V1 ..., YK— no6bble SIMHEAHO-He-

3aBMCMMble CETOYHblE (DYHKUMM, obpaljatolimecs B Hyﬂb B y3nax Ch.

Pa3obbem Kaayt AUEKy CETKV AnaroHasnbto, NapanniensHon npamoii x+y =Q
Ha fBa TpeyrosbHuka. O603HauMM uYepe3 V(X, y) (YHKUMIO, KOTOpas B KaX4oM
TpeyronbHUKe N1HeiHa, conagaeT ¢ V(P) B y3nax Rhu obpallaetcs B Hy/b BHe R*.

Ecnu BepLIJI/IHaMVI Tpeer!‘IbHI/IKa T\ asnsawoTca Toukn P = (xP,yP), E = (xP+
£ W) W =—\rp Al (R YDETh SyrmyvR v(X,y) onpegennerca pa-
BEHCTBOM V(X, y) = h I V(P)h+[V(E) —V((P)\ x—=xB+[V(N)—V(P)] (y—=3}
HeTpyaHO npoBepuTb, 4TO

ST voaxdy = r%{[\/(P)]y [V{E)]2+ [FAV)2+ V(P) V(E) +
ri
(12) + Y(P) V(N) + V(E) V(N)}
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30(al + 2000+ 0 Fivdddy = [AP) - DP)(V(E)- VPJ+

132[B(P)+E(P)](V(E)- V(PILV(N)- Y(P)] + [C(P) + G(P)][V(N)~ V(P)]2+

+ 2hH(P) V(P)[V(E) - V(P)] + 2hK(P) V(P)[V(N)- V(P)\ + h2=(P)[V(P)]2,
roe
A(P) —h 21_Jadxdy, B(P) =1li 2fjbdxdy,
h N

C(P) =h~23Jcdxdy, D(P) =h~2JJ f(x —xP2dx dy,

Th t'h

E(P) = h~2]JJ f(x-xP (y-yPdxdy, G(P) = h-2JJf(y-yP2dxdy,

Tit Th

H(P) = Ir23J3f(x-xPdxdy, K(P) = h~2Jff(y—yBdxdy,
Th Th
F(P) = h~23Jfdxdy.
Th

CyMMUpoBaHWe BbIpaXeHWd (12) Mo BCeM TPeyrosibHWKamM CETKM NMPUBOAUT
K COOTHOLLEHUIO

fv2dxdy = INV) = 5 2o V(P)[DV(P)+V(E)A-V(SE)+V(S)A-V(NW)A-
(149« V(N)] = n2 2 \[V{P)I2-~ [V{E)-V (P)]2~Ir[V{S)-V(P)Y -

- — [V{SE)-V{P)]2\.
Cymmumpys (13) Mo CeTKe, Mbl Haigem, 4TO
JJ (av2+ 2bvxw+ ov2+fv2)dxdy = A(V) =
= F%/.jh{[A'(P) T D'(P)IIV(E)- V(P)I2% 2[B[(P) T E[(P)I[V(E)- V(P)\X
X[¥Y(N) - Y(P)] +2 [B2(P)+ E2(F)] [V (W)~ V(P)I[F(S) -V (P)] +
(15)  +[C'(F)+ G (F]IY(N) - V(P)}2+ 2bH\ (P) V(P) [V(E) - V(P)] 4
+ 2hH2(P) V(P)[V(P) - Y(IV)] +2hK\ (P) V(P) ["(7V)- V(P)] +
+ 2hK2(P)V(P)[V(P)-V(S)] +h2F' (P)IV(P)]2.
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3pecb KoathuumeHTsl A'(P), B'(P) u T. 4. onpefenstotcs cooTHoweHusMu (10).
Jlerko nokasaTtb, YTO COOGCTBEHHbIE 3HaYeHUs 3agaqun (9) ABNAOTCA CTauMOoHap-
HbIMU 3HA4YeHUAMM YacTHOro Panes

(16) Q(V) M{X/)) .

Mycts V (i=1, 2, K) — ceTouHas (yHKLMS, AN KOTOPOI YacTHoe Panes
(16) npuHMMaET CTauMoOHapHOe 3HaueHue o*. Torga, NpMMeHss HepaBeHCTBO [MyaH-
kape (cm. [5] n [6], cTp. 63), nonyumm

17)

Myctb X ... — COBCTBEHHbIE 3HAYeHWA 3adaumn
(18) LhU(P) + XhU(P) =0, PCP,, U(P) =0, P€C,,
roe

U U(P) = 0,5{[a(P) Ux(P)Ix+[a(P) ux(P)]x+ [b(P) ny(P\x+ [b(P) t/y(P)],+
+ [b(P) nx(P)ly+[b(P) ux(P)ly+ W P) wy(P)ly+WP) ny(P)y) - & p ) n (P).
Mpy NpeanonoXeHnsX Teopembl 3 MMeeT MeCTO oueHKa (cMm. [7])
(19) X-Xk= 0(h).

Cob6CTBEHHbIe 3HauveHUs 3agavn (18) fBNAOTCA CTaLMOHAPHLIMU 3HAYEHUAMU
yacTtHoro Panes

_h(vI
BXV) = MV) m
rge
MV) =h2 2 [V(P)Y
" Pi Rh

Ih(V) = 0,5h2 2 h{a(P)[(VX(P))2+(VX(P))Z’] + 2b(P)[Vx(P)Vy(P) +

+ VX(P)V-y(P)]+c(P)[(vy(P)y+{vy(p))Y +
+2AP)[F(P)IZ = 2 W(P)[V(E)-V(P)Y +b{P)[V{E)~ F(P)IX
PiRh
X [V(N) - F(P)] +b(P) [V(W)-V(P)UF(S) - V(P)]+c' (P)[V(N)- F(P)]2+
+/FI(P)(F(P)]2}.
3necb a'(P) = 0,5[a(E)+a(P)], C'(P) = 0,5[c(N)+c(P)].
C nomoubto Teopembl Talinopa Merko nokasaTb, 4TO
A'(P) = a'(P)+0(h), 2B\(P) = b(P)+0(h),
25',(P) = b(P)+0(h), C'(P) = c'(P)+0{W).
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JOanee .
ng, {D'{P)[V{E)-V(P)Y + 2E\(P)[V{E)-V(P)\[V{N)-V{P)) +

+ 2E2(P)[V(W)- V(P)IIV(S)-V(P)\ + G'(>)[Y(N)- V{P)J2+

(21) +2hH\{P)V(P)[V{E)-V{P)] + 2hH2(P)V{P)[V(P)-V(W)] +

+ 20K\ (P)V(P)IV{N) - V(P)\+ 2hK'i(P) V(P)[V(P) - F(5)] + RF'(P)[V(P)]Z =
= h22 SP)[Y(P)]2+ 0{/MV)) +ofhIh(V)).

Moactaenss (20) n (21) B (15), HaxoAMm, 4TO
(22) I'h(V) = h (¥¥+ O(Mh(Y)) + 0 (A1(V)).
C papyroii cTtopoHbl, 13 (14) cnegyeT, yTo

JRV) S 2 [V(P)]2-\h 22 {[V{E)-V{P)]2+ [V(N)-V{P)]2) =
@3 = Jh(V) + 0(h2Ih(V)).

M3 (22) n (23) Mbl BMAWM, 4TO
(24) ft* S A+ O(A).

ConocTasnsas HepaseHcTBa (17), (19) u (24), nonyyaem >xenaemyto oueHky (11).
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UBER EINE ERWEITERUNG DES ZYGMUNDSCHEN
APPROXIMATIONSPROZESSES IN ZWEI DIMENSIONEN

von
M. SALLAY

L

Es sei /(jo stetige, nach 2n periodische Funktion, weiter {71} eine Folge von
linearen beschrénkten Transformationen, die den Raum C2nin den Raum der trigo-
nometrischen Polynome hdchstens n-ter Ordnung abbilden. Die Folge {7;} nennen
wir ZYGMUNDsche Approximationsfolge, falls fir fd C 2n

| ;a}|Soa2(/; n-9), (c= Konst.)
besteht, wo
w2(f;a)= max \f(x + K+f(x- h)- 2/'(X)|
X ,2n]
der Stetigkeitsmodul zweiter Ordnung von f(x) ist. In der Arbeit [2] hat G. Freud

gezeigt, daR eine Folge {T,,} dann und nur dann eine ZYGMUNDsche Approximations-
folge darstellt, falls die folgenden Bedingungen erfullt sind:

a) \Tr{f; x}|Sc, ma f(x)\,
fur /€EC 2,
b) 1Tn{g; x}-g (x)\"*cn~2max |g"(v)]

fir jedes zweimal stetig differenzierbare, nach 2n periodische g(x); wobei die
Konstanten  und c2 von X, n und von der Wahl vonf(x) undg(x) unabhéngig sind.

G. Freuda hat die folgende Frage gestellt (vgl. [4] S. 182): ,Wére es mdglich,
diese Aussage auf mehrere Dimensionen zu erweitern? In der Bedingung b) mifite
eine Summe (ber die Normen der zweiteren partiellen Ableitungen &uftreten;
die Schwierigkeit aber dirfte in einer geeigneten Definition von &2 liegen.”

In unserer Arbeit versuchen wir eine Definition von &2 in zwei Dimensionen
zu geben, mit deren Hilfe wir das Problem von G. Freud losen konnen.

2

Es sei D ein beschréanktes Gebiet der Ebene, es seien P(x,y) =P die Punkte
von D undf(P) in dem Gebiet D stetige Funktion. Wir betrachten einen beliebigen
Punkt P von D und schreiben um den Punkt P einen Kreis RO mit dem Radius B-
Wir bezeichnen die Eckpunkte des Durchmessers von RQin der Richtung a mit

resp. P¥%e. 1 Wir definieren den Stetigkeitsmodul zweiter Ordnung von f(P)

1 Es wird R,,a D nicht verlangt, es werden nur die Richtungen a beachtet fir welche Pf,. Pf* ( D
besteht.
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in dem Gebiet D folgenderweise:
D «2(/; <5dd Sup \f{P\e+f(P"g-2f(P)\.

P.,P +%<LD

In dem Falle, wennf(P) die Funktion f{x, y) der rechtwinkeligen Koordinaten
X resp. y ist, ergibt sich

2 wW2(/")WN 9P |/(x+ gcosa y+gsina)+f(x —gcosa,j —gsina) —2/(X,j)|.
D Osaw(

(x,y)ZD

Bemerkungen :

D Der Stetigkeitsmodul w2(f',6) ist eine nicht abnehmende Funktion von
O resp. D, d h. D

©2(F M) w2(/;c52),

fir ©(52;
CI?Z(/;<5) S 0%2(/;<>)
fir D[CR2.
2) Wir kdénnen (2) wie die Erweiterung des wohlbekannten Stetigkeitsmoduls

zweiter Ordnung betrachten; es seien z.B./(x, y) =f(x) und D das Interval [a, h],
dann ist
(/; 9= 88 \f(x + 0) +f(x 2f(x, Mie

xi[a,b]
3) Es sei a eine festgesetzte Richtung, Ex eine Gerade in der Richtung «

Betrachten wir die zu dem Gebiet D gehdrenden Strecken von Ea. Aus den Bemer-
kungen 1 und 2. folgt .

3) (02(f\06) sup = a2(/;<5).
0 =2m Ex D
4) Es sei vorausgesetzt, dal} die partiellen Ableitungen zweiter Ordnung vor

f(x, y) in D existieren und stetig sind. GemalR der Definition der Ableitung in Rich-
tung a ist

V(*+£7? cos a, &+ £2sin oc)+/(x —Qcos oc,y —g sin a) —X(x, y)\ =
a2

- 12 cos?a 9% 4+ 2cosasina

2 v dp dy2 T o(sd,
und hieraus folgt, dafi3
N Az d fix,y) djXx.y)
: A W . TCTA
Cooz(f’o) Ozﬂl?fa X2 ~ ’ /;Ti: Xfy
dZ(x,y) '}
+r??)o( dy2 ‘

mit fi*rlicosa, ®€=(5sm a.
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5) Es ist aus (3) und aus dem eindimensionalen Falle leicht ersichtlich, daR
fur 9>1
w2(/;9«5)"(29)2w2(/;<5)
D D

ist.

6) Es sei D ein «-dimensionales Gebiet, und f(P) eine Funktion in D; wir
kénnen die Definition (1) ohne Schwierigkeit in « Dimension erweitern. Wir mussen
nur statt Rneine «-dimensionale Kugel mit dem Radius g betrachten.

3.

Es sei DO ein Parallelogramm — mit dem Mittelpunkt (x0,y0)=P0 und mit

der Kantenlange 2glt resp. 292, (q= YQi +Q2) — deren Seiten mit den Achsen
x resp. y parallel sind. Es seien die Koordinaten der Eckpunkte Pt (/=1,2, 3,4)
wie folgt:

P\ "(xo+ 6i' ko + (?2r); P2(*0+ i?i, ko- Qi)'i A :(x0-01. ko + 62)1
P*'(x0-Qi, yo~Qi)\ = I/&+0di; (h = Qcosa, g2—Qsina

Lemma 1.2 Es sei tp(x,y) eine in dem
Gebiet De in beiden Veranderlichen stetige k
Funktion, die in den Eckpunkten von D, ver-
schwindet, d.h.:

4) <p{P)=0, (i=12. 3,4).
Dann gilt
max PGy s 20269 q).

Beweis. Es nehme die Funktion \tp(x, y)\
ihr Maximum in dem Punkt «; t?) an.
Es sei ferner

<> e)=l<p(*+ei, Y+B2)+
(5)+ (p(x-Qi, y-Q 2+ (p(x-Qi, y +g2+

+Px+o1 Y-Q-4(p(x,y)\.
Wir setzen in (5) fir (x,y),s2,42 nacheinander die folgenden Werte ein:

Xx=£ Qi=Z-(x0-Qi) fir £Sx0
X =i Q=(x0+ Qi)-¢ fur i>.v0
k=4 Q~4 (ko Qi) fir 1=ko
y=Y  Qi= (yo+ Qi)-4 rar i/>ko-

2 Dieser Hilfssatz ist die Verallgemeinerung auf zwei Dimensionen des Lemmas 5. 2 von
H. sur«in in 11, Unser Beweis geht nach der idee des Burkillschen Beweises. Es ist auch ohne
Schwierigkeit mdglich, den Hilfssatz auf «-Dimensionen zu erweitern.
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Nach der Einsetzung erhalten wir z.B. in dem Fall » r O, f]>p0
QAP @) = \(p(2G- (do- Qi), yO+ Qi) + <p(x0- Qi.2u-(y0+ e2)+
+ <POO-Qi , Yo+ Q)+ pNe - (x0- di), o — (o + Q2))-4<P(z> ]
Nach der Bedingung (4) ergibt sich
AP, B) = \D(E, M)+ [3PE ri)-(p(24-(x0-Q 1), Yo+82) -
-(p(27-(x0-Qi), 2r]-(yo+ a2))-(p(x0-81,2u-(Y o + 02LU = \(p(©, Y\

woraus wegen Q((p, g)s2co2( g) unsere Behauptung folgt. Inden anderen Féllen
geht der Beweis ahnlicherweise.

Lemma 2. Man kann zu jeder Funktion f(x, y) in De ein bilineares Polynom
der Gestalt

(6) p(x, y) = (aix +bi){azy + b2
konstruieren, fiir welches

17) max ¥(x,y)—p(x,y)\ S 4w2(/; g), g = Yg2+Q@
gultig ist.

Beweis: Es nehme die Funktionp(x, y) in den Eckpunkten des Parallelogramms
Ds die gleichen Werte wie f(x, y) an. Da die Funktion o>(x, y) =f(x, y)—p(X, y)
in den Eckpunkten verschwindet, ergibt sich aus dem Lemma 1

(8) max \f(x,y)-p(x.y)\ & 20(f-p; q) W2(w2(/; 9)+a2(p; 9)).
Bezeichnen wir mitf t den Wert vonf(x, y) in den Eckpunkten Pt und schreiben
wir p(x, y) in der Form

p(x,y) = —[fl+/4-f2-/3]1(X- xO)(y - yo) +
1Qe
9)
+ 4N [fI-fl -h -/3](*- *0)+Jfi2t/3-fl -U -fI](J- Jo)+ 4 E f m
Setzen wir (9) in das zweite Glied der rechten Seite von (8) ein. Aus der Definition

(2) folgt ~
«2(p;Q3limaxl/j+/4-f2-f31~

S i{max\fl+/4- 2/(v0,y0l + max|/2+/3- 2(x0,yO} o(/; ()

und hieraus erhalten wir (7).
Lemma 3. Man kann zu jeder Funktionf(x, y) in Deein Polynom der Gestalt
(10) r(x, y) = (ayX2+bix +ci)(a2x2+b2y +c2)
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konstruieren, fur welche die Ungleichungen

(n)

(12
bestehen.

Beweis.

max \rxx(x,y)\ N -r® 2(/; Q)
Dn 01 Do

max |[r (x,j)| S - -<u2(/;<?)
Do 0102 Do

max \ryy(x,y)\ S -yCu2(/;£>)
Do Q2 Do

max »
Dn

r(x,y)—p{x,y)\ N 2i02(f;0)
Do

Bezeichnen wir mitfw (i= 1, 4;j= 2, 3) die Werte vonf(p) in den
Mittelpunkten p t3 der Seiten von po, ferner mitfo den Wertvonf(xo, j 0)=/(.P0).
Das Polynom r(x, y) sei folgenderweise beschaffen:

l'(Pij)

r(pd = f,

KPo)

(/1=1,2,3,4)

4(f+1j+2%j); (I1=14;5 =203

{ (Z1i+40

Durch Ausrechnen erhalten wir:

r(x,y)=<

SQ}BI((/' +12 - 2f 12)+(/3 +/1 - 2/43)-

- 2013z -109)) (*- *0)2(y - Yo)2

1

+80fe2(("* *1* "

N i -
+ 0"71_@((“ +/3

+

* ot

+ N

»01

(Cli+1 -

(l.2+143 -

(11 +712 —I3

(/. +13 -2

20,2)- (12 +11 - 2/ 42))(x- x0)2(j - y0)
2/18)- (2 + 11 - 2/42))(* - *0)(Y - Jo)2
2N) - (2 +13 - 2/0))(*- *o0)(y - Jo)

210) (V- voy2 + i402 (/1 3+742 - 2/0)O’- Joy2
—t+4 + 2712 —2f 4.3 XX —X0) +

N1+ 2/,3- 2/42)O-J0)+{ (/, +12 +13 + 14 + 4l 0),
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woraus nach den Relationen \x—n01= ei”\y~ Vol —8r und wegen der Bemerkung
(3) die Abschatzungen (11) folgen.

Man kann auch die Ungleichung (12) mit Ricksicht auf die Darstellung (9)
von p(x,y) leicht beweisen.

4.

Es sei im weiteren das Gebiet Dedas Quadrat D — {—irai, —
Es bezeichne #Ddie Klasse der in D stetigen Funktionen. Es sei {Ant} eine von den
Parametern n, m (n und m sind ganze Zahlen) abhéngige lineare Transformations-
folge, welche den Raum  Din sich selbst transformiert. Es sei die Norm des Operators

(13) WA = max  \Anm({f; x,y}\.
x.yCD
Setzen wir weiter voraus, daR
(14) IK JA]
besteht, wo x1eine von n und m unabhdngige Konstante ist.
Wir nennen die Approximationsfolge {Anmm} — dem eindimensionalen Fall

entfprechend — Zygmundsche Approximationsfolge, falls fir f(x,y)£é&D die
Relation

(15) \f(x, y) - AIm{/; Xy)I'S Ko=2[/; j/-L +JL-j

befriedigt ist, wo K eine von/, n, m und A,,, unabhéngige Konstante ist.

Es bezeichne die Klasse der zu dem Raume €Dgehoérenden Funktionen,
deren partielle Ableitungen zweiter Ordnung existieren und stetig sind. Wir setzen
voraus, daB fiir

(16) \WE- A mf\ w *

gultig ist, wo y.2 eine vonf, n, m und Amunabhéngige Konstante ist.

Satz 1 Eine Folge {Anm} linearer Transformationen stellt dann und nur dann
eine Zygmundsche Approximationsfolge dar, falls die beiden Bedingungen (14) und
(16) erfullt sind.

Es sei nun f(x, y) in beiden Verdnderlichen stetige und nach 2k periodische
Funktion, und {Tnm} eine Folge linearer Transformationen, die den Raum C2nder
stetigen Funktionen in den Raum der trigonometrischen Polynome hdchstens n resp.
/n-ter Ordnung transformiert. Wir setzen voraus, dafl fir {Am}= {Tm3} die Bedin-
gungen (14) und (16) erfillt sind.

Satz 2. Die Bedingungen (14) und (16) sind hinreichend und notwendig dafiir, dalZ

(17) WX, y)-Tm{f-x,y}\\ S 2(x2+ 2(y1+ \))x2:2|/; 1/p “+ ~T]
erfillt sei.
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Wir zeigen zuerst, dafl die Klasse der Operatoren, die die Bedingungen (14)
und (16) befriedigen, nicht leer ist.

Es sei f(x,y) eine in beiden Veranderlichen nach 2n periodische Funktion,
deren partielle Ableitungen zweiter Ordnung in dem Gebiet D ={-JtSxSir,
—A"y~n) existieren und stetig sind.

Es sei
4 m 4

K Slny (X—U) Siny O__r)
t,,m{f\X K I /m«», ; ini dudv
-M{AX.y) 34 107 )) sinf(x =), sini(F-") .

mit
n n 4 4
sin -(x-u) s'mr)r} O'-»)

AT Simx— 1 smi(y-v)
Aus (13) ist es offenbar, dal fur die Norm des Operators T
frut —1

besteht, wir mussen noch zeigen, daf$ furf(x, y)kCzn die Bedingung (16) erfillt ist.
Wohlbekannterweise kann man zeigen, daf3

\f(x,y)-zm{f\x,y)\ =

4] J (f(x +u,y +v)+f(x +u,y-v)+f(x-u,y +v)+
+f(x-u,y-v)taf(x, y))\s'gr':'“"smim‘v’
ist. Nach f(x, y) £C2K besteht
\f(x+ny+v)+f(x-u,y +V)+f(x+u,y-v)+f(x ufy v) 4f(x,>)
X,yED dx dy dy2
Aus den bekannten trigonometrlschen Relationen (vgl. z.B. [6] Seite 87—389)

dudv

(18)

ny(2u2+ 1)
| sint) 6
M

und nach (18) bekommen wir die Relation (16).
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Beweis des Satzes 1.

Es sei {Ant}eine Zygmundsche Approximationsfolge, dann konvergiertA,,m{/;X,y)
in B fir jede festgestellte Funktion f(x, y) gleichmaRig. Nach dem Banach—
Steinhausschen Satz ist

M, mll=«l» (x = konSt.).

Hieraus und aus der Bemerkung 4 folgt, da die Bedingungen (14) und (16)
notwendig sind, man muf} noch zeigen, dafl (14) und (16) hinreichend sind.
Teilen wir das Quadrat D mit den Geraden

v 2l n- 0,+1+2. 9 "
Zln; ! I —0, b1, 2,. /751
so ist das Quadrat in nm Parallelogramme zerlegt. (. in
-]
=0, #1, .., + nzl /=0, 1, .., /77_1| und mit den Kantenldngen
%( , % und konstruieren fiir jedes Parallelogramm die Funktionen p(x, y) resp.
r(x,y)q,mitd=—1, lei, Q- 11

Auf diese Art haben wir Funktionen p,m(x, y) resp. rm(x, y) definiert, die in
D stetig sind und deren partielle Ableitungen zweiter Ordnung, die Punkte der
Geraden X = 2_|§h___1 y = ——2—1—rh——lausgenommen existieren. Wir zeigen, daf’ man
zu jedem r,j(x, y) eine Funktion ym(x,y) konstruieren kann, deren partielle Ableitun-
gen zweiter Ordnung in D existieren und stetig sind, so dal

(19) W, (X,y)-ynT (x,y)\\ = €
d2 d
,qx*)’nﬂx’y) — X)x2 r,m(X,Y)
d2 rv
(20)
dxdyym(X,y) Axpy MT{Xyn
1d2 d2

JyY rom(X,y) +

j B 2 Yar(X,VY)

befriedigt sind.
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Aus der Konstruktion von rmqx, y) folgt, daR die Schnitte x =x0 resp. y=y0,
(x0,y0£D, x0=konst, yO=konst.) aus Parabelbégen zweiter Ordnung bestehen,
die in den Punkten

n—1
X 2k K =0, 1
X n’ 2
21 'm- 1
/=0, %1 > +
y = m' 2

dieselben Werte wief(x, y) annehmen. Es ist leicht zu zeigen (vgl. z.B. [2]), dal man
fiir eine Funktion r(t), die in einem Intervall [a b] abschnittweise aus Parabelbdgen
zweiter Ordnung besteht, eine stetige und zweimal stetig differenzierbare Funktion
v,(t) konstruieren kann mit den Eigenschaften

(21) lIre(/)-3v(ON=£i> IMIOI =117(011+£i. 101 S|K || +£i.
Betrachten wir die Darstellung (10) von r(x, y) und schreiben wir die Funk-
tion r,.(xYy) in der Form romx, y)=rjx)rkdy) (1=o0, = 1 .., % ,

Ar=0l, ..., £ [m” *], wo die Funktionen rrl(x) resp. rkr(y) in den Intervallen

[HAXxA]  resp. [— abschnittweise aus Parabelbdgen bestehen.
Konstruieren wir zu rkr(y) resp. rrl(x) die entsprechenden Funktionen v,,(X)
resp. ykr(y) und bilden wir die Funktion ym(x, y) = ynl(x)ykr(y), deren partielle
Ableitungen zweiter Ordnung existieren. Nach (21) ist es leicht zu beweisen, dal3
die Funktion y,)(x, y) die Bedingungen (19) und (20) befriedigt.

Es sei jetzt f(x,y dann st
1(x, y)- Am{/; Xy} H= I(f(x, y)-p.,n(x, y)) +
+ (Pn,(x y) - rmix, y)) + (rm(x, y) - ym(x, >0) +
+ (i, y)-n, {YnT< x,y}) + (Anm{y x .y } - A nmfrmy x,y}) +
+(KmK™; y) - Km{Pm X y)) +
+éann{Pm;*>y - Km{/;  >Hlim
Nach der Anwendung der Relationen (7), (12), (13), (16), (20) resp. (14) ist
K(x,y)-Am{f; x,y)I S (4(1+x,) + 2x2+e)0)2|/; | / »

woraus fiir r—0 die Behauptung des Satzes folgt.

Es seif(x,y) €C2,; 0sx*2n, 0x=y*2n. Wir erweitern die Funktion f(x,y) in
dem Gebiet DIn: {—2nsx”"2n, —2n”y~2n} so, dal’ f(x,y) eine gerade Funktion
der Veranderlichen sei. Wir transformieren DIn in D, wo die Behauptung des Satzes
1gilt. So haben wir auch den Satz 2 bewiesen.
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5.

P. P. Korovkin hat in [5] den folgenden Satz gezeigt: eine folge linearer
Transformationen (/!,,{/; x}) befriedingt dann und nur dann die Relation

A{/; v}—H(.v)!" Konst. co(/; 6) mit w(f;0) = ?_ugif(x + h) —f(x)

wenn es die konstanten Funktionen identisch darstellt und die Funktion gx(/) =
= sin“ in v gleichmé&RBig in der GréRenordnung 0(n~2) approximiert.

Den Satz von P. P. Korovkin hat G. Freud fir den Stetigkeitsmodul zweiter
Ordnung erweitert [3].

Mit Hilfe des Satzes 1 geben wir eine Erweiterung in zwei Dimensionen der
Satze von P. P. Korovkin [5] und G. Freud [3]

Satz 3. Es seif(x, y) C/é, ix,y f D), es seiferner vorausgesetzt, dalfiir die Funk-
Honen f(x, y) GTj} einen Punkt (f n)GD gibt mit ~/(¢, A) = y) =0.

Die Folge linearer Transformationen {/,,,} stellt dann und nur dann eine Zygmund-
sche Approximationsfolge dar, falls die Bedingungen

nr{y=1
(22) = ti+0 (=12

JpiviUitj} = tfj+ O (/,.1I= 1,2
mit ti=x, t2=y, P\=n, p2=nt erfllt sind.

Beweis. Nach dem Satz 1 ist es hinreichend zu zeigen, dal fir f(x, y)€%&e
aus (21) die Relation (16) folgt. Schreiben wir die Taylorsche Reihe von f(x, y)
in dem Punkt (x, ¥) folgenderweise:

fix,y) =fix,y)+lix- x)~ +iy-y) |[/(X,y)+
(23)
' )%/I(x X) “, 0'-y)§{ﬂf(x+ ix- X)'Y+ Riy- j0)

mit 0<Si«=1,0<S2<].
Wenden wir die lineare Transformation {Anm} fir die beiden Seiten von (22)
an. Wegen (21) ist

Al SF=Fixgy) +|(x-x )~ +iy-y) L fix,y) +
. . d, .. . -
1o Xoxo Hiy- y) d§/|f|x+9,(x— X),y +d2iy-y)) +0 dXf|xj')+

o 1 d LU s ] ]
O areaa bonlax © gy Tk Xy 20 - )
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Hieraus ist fiir jedes (x, y)dD

A{I( (NS O (vl + 0 \i,f)yAX,Y)\\+

nr
(24)

o (a) () Y ) Ny AVOGTO [l Qo)

Da die Funktionen fx(x,y) und fy[x, y) in D nach y und y differenzierbare
Funktionen sind und in dem Punkt (£, p) verschwinden, gelten die Relationen

s y
fx(x,y) = Jfxx[t, n)dt+J fXy(x, u)du
? 4

v v

fy(x,y) =J (£, t)dt +J fxy(u, y)du.
y
Es ergibt sich (

(25) nExoe Y)\ S 2 (17X, y)ll + W(x, y)lly

resp.

(26) 0,05, W s2 (|11, (*, y)W+'1111,(x, ~1D -

Nach der Einsetzung von (26) und (25) in (24) folgt, daf die Bedingung (16) be-
friedigt ist.

Es seien f(x, y)€CIn,D={—"x"n, —a*y~n} und {T,.} eine Folge
linearer Transformationen, die den Raum C2, in den Raum der trigonometrischen
Polynome hdchstens n resp. w-ter Ordnung transformiert. Aus (17) kénnen wir die
folgende Erweiterung des Satzes von G. F reua [3] beweisen.

Satz 4. Die positive lineare Transformationsfolge {Tnm} stellt eine Zygmund-
sche Approximationsfolge dann und nur dann dar, falls die Bedingungen

7™} = 1

T.m{sin (Y-n)} = o

T.m{sin z—y)} = O

(27)
\sinz 2 g o
(sin2 JLOII
. Y- M. y-v\ 1
| 2 2] [nm)
erfallt sind.
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Beweis. Es ISt hinreichend zu zeigen, daB fur f(x, y)cC 21 aus (27) die
Relation (16) folgt. Wir betrachten die Funktion g(x,y) = f(x, y)—f(u, v)~
-[/x(n.v)sin (x-u)+fy(u, V) sin {y-v)]. Da g(u, v) = gx(u, v) = gy(u,v) = 0 ist,
konnen wir g(x,y) aus den partiellen Ableitungen zweiter Ordnung folgender-
weise ausdricken:

XX XX yy

g(x,y) —f f y)dt. dC+2f f gxy(C, rhdCd]+f f gyy(x, f])df] dj

Aus der Definition von g{x,y) ist es offenbar, dal die Abschatzungen
1*J S \\boh+ ||/]], \g,\ s ||/, + 1AL \gx\ s 1171
gelten, woraus

CARAE I = H (AT HAD= t A -+ (- 1))

B Sy BATHUMN 2u )+ = LT
PR - 0)+ (-0 )2
folgt. Setzen wird die Relation t2= n25in2+ in (28) ein, und wenden wir die lineare

Transformation {Tm} fir (28) an. Wir bekommen

—&2{(NAT + 1AM} {Lsin2- 2;*3 + ([|[,n + 1], Trm{sin2 +
AJAmM}sin - ~ Tsin?y-'-; Xy\ A Tom{f;x,y}-f(u,v)Tom{l;x,y}-

-[AAm(sin(x- u);x) +fyAm{siny;¥Y- nj] s nl (HAd+ HAH AMEER2- 2-w;*j+

£ (IA T+ TAID AM isin2—r— g\ + Wi SinX =2+ sin LY oy

Nach den Bedingungen (27) und den Ungleichungen (25) und (26) folgt die
Abschétzung (16).
6.

Die Funktion f(x, y) gehort in dem Gebiet D zu der Zygmundschen Klasse,
d.h. f(x, y)dZ, falls fir jedes (x, y)dD und fir beliebige Richtung a OSa”27r

sup KF(x+ Qcosa,y +s sina)+f(x —qgcosa,y —a sina) —
(29) (*")Eo
—2f(x,y)\ s Mq (g — Konst.)

Studia Scientiarum Mathematicarum Hungarica 2 (1967)



ZYG MUNDSCHER AP PROXIMATION PROZESS 213

ist. Offenbar ist die Definition (29) mit der Relation

(30) we2(/; Q= Md
identisch.

Bemerkungen.

1) Aus (2) ist es Kklar, daR eine Funktion f(x, y) dann und nur dann f(x, y)C.Z
ist, falls in jeder Geraden Z5"in der Richtung a in gewdhnlichem Sinne zu derZygmund-
sche Klasse gehort.

2) Es ist leicht ersichtlich, daB fiir die Funktionen f{x, y)£Lipa, f(x,y)dZ.

3) Es sei f(x, y)EC2n und bezeichnen wir die beste Approximation vonf(x, y)
durch trigonometrische Polynomen mit der Ordnung n resp. m mit Em(f). Aus
dem Satz 1 konnen wir ohne Schwierigkeit beweisen, daf die Funktion f(x, y)
dann und nur dann zu der Zygmundschen Klasse gehort, falls

ist. Dieser Satz ist eine Erweiterung in zwei Dimensionen des Satzes von A. Zygmund
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ON RATIONAL APPROXIMATION

by
G. FREUD and J. SZABADOS

1. In his paper [1] one of us proved some theorems concerning the rational
approximation. Two of these theorems were generalized in [2]. In this paper we
will give further generalizations of the theorems in question towards an other
direction.

Let us denote by 0,, the class of piecewise constant functions defined in [0, 1]
having less than n jumps (we need not care about the values of a 9,,(x)f0,, at the
points of jump). Let us further denote by the best approximation of a bounded
function /(.v) (OSarSl) the quantity

E(f;n) = inf X(S;t%?i]ll('y)_’g"('y)l

Theorem. Let ré1 and assume that the (r—I)"™ derivative of a function f(x)
exists in [0, 1] andf (r~u(y) is a primitive function of an integrable function f Inx).
Then there exist rational functions rNx) of degree N for which

f(/w

N
\F(X)-TNO\ = O ' 10g2jVefr+1 !

"f'ﬂ,rr+1 Og*al
further
\rN(X)\ =0 (N 2Sr+29l0g3N) (0 =1 -YA 1)
Proof. We make use of the same method as in [1]. Consider

] ] 11 1 f Ik\o / O +0

(L. h (p(x) = f(x)-éo K\ ) ](r\ )

then =/M(*)_/IM(+0) and E(flrJ;n) = E<plri;ri). Let
N

10g2\O" + \

Consider the function ®"](x) £0 N approximating g[r}X) with an error smaller
than 2E((plrh, sN).. Let 0= =t 1 (tN*2sN) a sequence containing
all the jumps of ®~(x) and the points k/sN(k=0, I, ...,sN. In this way we have

(12 sN

- 1
&+ £ — N (/=0,1.» =)
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and
KPvW -fIS[](J)[s4£'(/w;sN for x,yC.J,=(Z, zZt+] (i=0, 1, ..., tN- 1.
Now we divide the /,’s into two classes. Let

(1.3) ™= NT
and denote by J[ that intervals for which

) «+1 -2 i=7N
and by J" for which

+ = <Tn-
For the J/’s we get polynomials p® (x) of degree

(1.4) VK= 2 log2Ag(+1)
for which (see [1])
I<p(x)-pW(x)i = od) = o (1) £(/GgL%) (x€J'1)
and
PII(Zi) = <2(«h)> Pviti+ 1) = <MEi+i).
Further let
{eti + &

and TW the Cebysev-polynomial of degree v*; finally

a rational function of degree VN. We obtain in the same way as in [1]

(1.5) Ne&) =via r«(fl+l) = cpia,),
(1.6) <p()-nee) = o) EUIED)iyariy,
(1.7) kviW! = 0(I)v%yN3  (x€[0, I]).

For the Jf’s let ril(x) be that linear function for which (1. 5) holds. Then we have

(see [1])

(1.8) ipW-H'l (X)| = 0(1)-y*  ixEJ")

(1-9) OO\ = 0(1)  (*€[0,1]).

Now let |j]
S AN R A ¢ I i (x)- & x)

(1. 10) Fhix) = - A 2o .7,
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Evidently
n(x) = fi'iW  for X€J,

and hence we obtain by (1.6) and (L 8)
\(p(x)-g>N(x)\ = 0(1) max nr YN

(1. 11

£(/1/| %)

=0} + yN (0 S X Si 1.

Let R (x—£j) denote Newman’s rational function of degree vN approximating
|IT—£, then the rational function
rVjw+CH)
2

L) A Tu(+0)
fo~id~ +.~r~*+

4%24 AE-E) r{I(X) r{‘,, T1ex)
is of degree (see (1.2) and (1.4))
r+ 2yn+ (tN—1)2\jv —r + 2tNUN~ r+ 4sNVN~ r 64 N~ N

(112

at most, provided that N*65r. Further, taking into account (L 1), (I. 12), (1.
(110, (1.7), (1.9) and (1.3) we have

) =y W)W (X) 1 rr(x)-rd-N) 1
V(X)-rNOO\ = (id A (=2 -G
. 3e-fyN @ . .
0(1) E(fll\:‘r,sN) YN L -»|\)/(V--g:/|||I) +
ML LAV NI 01

= 0 () E< /[r] V\)+yN+y||65vh»| 0(D g(lll\\l/lr;JW)+yN (0 si x si 1)

which proves the first part of the theorem. As regards the second statement of
the theorem, we have from (1. 2—(I. 4), (I. 7) and (1. 9)

It*i(c)| = 0(y™*') = 0(/Vr+l) (x arbitrary)
res (9 = 0{\"byiiy) = O(IVI+Mogiy) (x arbitrary).

Apply the Lemma from [2] according to our notations:

I RO | 0(1) If'*«,(*_-ft) 0 (vn2e6”'
_ft e, ) oGz
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From these relations we obtain

N
Kn(*)1 —O log2N (N27(+1) Jog5N - N r+ + N 3a+) \og2N)
= 0(N2Zr+29\0g3N)

thus our theorem is proved. The last estimation for Nx) gives a possibility for
using Theorem 1A from [2].

2. A corollary and an example. Let especially f inx) be of bounded variation
with tolal variation K (/[r]). Then there exist rational functions rNx) of degree N
such that

\m - NV = o(1) V() 282N e o, )

This corollary is Satz 2 from [1]. We can obtain it from our Theorem by ob-
serving that if/w(x) is of bounded variation then

(2.1) E(/«;«) = 0UJJ.
To prove (2. D) letf inx)=gl(x)—gfx), where g{(x) and g2(x) are both monotoni-
cally increasing. Let w= [*] and
Cifl= infj.v: g,(x) s /( (p=0,1,
Consider the jump function
<?2,(*) = giL(@ gl(0)+gl(0) for Je€(Cif),Cir+l)) (<= 0.1, ...,m-1)
with m jump. Clearly
\gi(*)- ()l ~ i0) (*€ [0, 1).
Analogously, one can find a functioni s u c¢ h that
\g2(x)-il/mx)\ 92('%92(0) (.vCI[0,1]).
But in this case for the function ®,,(x) = cpr(x) —i/x,,,(X)€0,, we have

\ML)~d,,00\ = O 1= 1- O
i.e. (2. 1) holds.
An exampie. There exist rationalfunctions rNx) of degree N such that

\og3N

2.2 || tAsin \ \dt—rN(x)! = O (xt]0, 1,0 <a< 1.
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Namely, we may apply our Theorem with
X 1
J / Sillt— r=1

In this case an easy calculation shows that

(2.3) £m(/ i) —EIx* sin [nl= O '°ﬁ”

To prove (2.3) let v, _ LL then for even k's f'(xK) =0, for odd k'sf'(xk)= kn

is a local maximum. We obtain a function 9,,(.v)EQ,, approximating f'(x) with
an error e as follows. Let

n.(v) = e if x =xko, where ko =2 - +2.

As regards the intervals (x*+1, xK) (k”k0), we can approximate /'(.*) by a jump

function which has at most
1
kg 1

jump points. Thus the total number of jump points is at most
\+ 7 Lof1os ands oo 1d
=1 Kne ne ne e

logn

Correspondingly, if we put e= then we can see that (2. 3) holds.

Thus the Theorem gives (2. 2). Clearlyf'(x)$ Lip B if B>a so the magnitude
of the polynomial approximation is not better than which is worse
than (2. 2). The Corollary or Satz 2 from [1] cannot be applied because f'(x) is
not of bounded variation.
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UBER STARKE APPROXIMATION
DURCH DIFFERENZIERTE FOLGEN
VON APPROXIMIERENDEN POLYNOMEN

von
G. FREUD

Es sei f(x) eine im endlichen Intervall [c, a1 stetig differenzierbare Funktion,
™) (Vv=1,2, n=12, ..) eine zeilenfinite Matrix von Polynomen, welche
f(x) in [c,d] im folgenden Sinne stark mit Exponenten p approximieren :

1) j~ 2 \KX)—nvn("pl e, 0
fir xClc, 1], n=12 ...

Es sei weiter vorausgesetzt, dal die Polynome nw(x) (v=I1,2hdéchstens
vom Grade 2n sind. Gefragt wird nach einer Abschatzung des Ausdruckes

2 n\n;x) = ji- 21 [I'(*)-<»M 1] =

Wir zeigen, daB — oberflachlich ausgedriickt — falls die Polynome nv,, selbst
die Funktiont(x) im starken Sinne hinreichend gut approximieren, dann approxi-
mieren auch die differenzierten Ausdriicke v, im starken Sinne, mit dem gleichen
Exponenten p und mit einer passenden Genauigkeit die Funktiont(x). Als Anwen-
dung seien Abschatzungen der starken de la Vallée Poussinschen Summen und der
Starken (C, 1) Summen von Orthogonalpolynomreihen bewiesen.

Wir bezeichnen — wie Ublich — mit

(3) E. (f;c,d) = Min Max\f{x) - 7t,(V)|
A = d
falls n,(x) alle Polynome hdchstens /r-ten Grades durchlduft.

Satz 1L Aus (1) folgt fur jedes 0<<5<dTC

(4) hI\p\f\ 7y, + £, _,(/"¢c, el
fir x£[c +(5, d — o]

wo K eine sowohl von n, wie von der Wahl der Polynom-matrix |zrvr1 und derFunktion
f unabhéngige positive GroRe ist. 1

1 Das gleiche sei Uber die spater auftretenden Grofen Kt, Kr, vorausgesetzt.
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Beweis: Im Falle p>\ sei p~I+q~I=\ und wir bezeichnen mit Rjp die
Menge der «-gliedrigen reellen Folgen {ev} mit

IKAT=

Im Falle p=1 sei die Menge der wu-gliedrigen Folgen {gv} mit [6vj=I
(v=1,2, n). Infolge der Flolderschen Ungleichung gilt fur /?> 1
(5) \;l fir  fy5wHK B

und diese Formel behdlt ihre Giltigkeit fir p= 1
Nach einem wohlbekannten Satze der Analysis ist

(6)
1 {JERV> v=1

diese Formel bildet die Grundlage des Beweises.
Aus (1) und (6) ergibt sich fir jedes {gv}C/?,9)

) 2y VI(V)-TTy(] =271

Es sei r,(/; x) das — nach einem bekannten Satze von E. Borel vorhandene —
Polynom hdochstens s-ten Grades, fiir welches

8) [/(x) - t,(/; X)\SEn(f; ¢, cl) fur x€[c d]
gultig ist. Wegen (5), (7) und (8) ist

Z RVM /; *Y-TA,(*)] a n'l-[e, + E,,(f,C,d)\ fUI’ I'I€[C, d]

Unter dem Betragszeichen steht ein Polynom hdochstens n-ten Grades; durch An-
wendung der Bernsteinschen Ungleichung haben wir

9 I»2=10’[ t x)-n'm(x)] g Rinl+7p[E,+ £,(/; ¢, d)]

fiir [c+&5d—8

Laut eines friheren Ergebnisses des Verfassers (G. Freud [5]; vgl. auch J. Czipszer
und G. Freud [4]) folgt aus (8)

(10) \f'(x)-Tn(f- x)\AK 2[nE,, (f;c,d) + En_i(f;c,d)\ fir x£[c+ §<-<].
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Aus (9) und (10) ergibt sich unter Beachtung der bekannten Ungleichung 2

En-Af'\c, d)
Er,Uicid) = K3
dai
(11) } 2 VLG ()] —KA*[re,,+ En(/" ;c, d)]
fir x€[c-f<5i/—§
gultig ist.

Da (11) fur alle Folgen {pv}£R(p glltig ist, ergibt sich unter Beachtung der
Beziehung (6)

[2j V'(*)- ~vnWIj =KAn[ne, + £, (/'; c d))

fir x€[c+6d—4

und das zeigt die Gultigkeit von (4) (vgl. (2)) w.z.b.w.
Durch wiederholte Anwendung des Satzes 1 ergibt sich

Satz 2.: Esseif(x) in [c, d] r-ma! stetig differenzierbar, dann folgt aus (1) fur
. d—c
jedes 0< &< ——und n>r

heXp;F;AVXY) = U Z 11 ()W -* n )W 1 P

A KA[n(n- 1)...(n-r+ \)en+ En-,(fV;c,d)]

(12)

wo K Ir>sowohl von n, wie auch von der Wahl der Polynommatrix #v, und der Funktion
f unabhéngig ist.

Einige wichtige Anwendungen dieser Sétze ergeben sich aus den Untersuchungen
von G. A texits und D. K rarnik [2], [3], L. Leindler [6] und endlich G. A 1exits [l]
beziiglich der starken (C, 1)-Summierung von Orthogonalpolynomreihen. Mit
Hilfe der in den zitierten Arbeiten entwickelten Methode ergeben sich folgende
Sétze:

Satz A: Es seien w(x) eine in einem endlichen Intervalle [a, b] definierte nicht-
negative L-integrierbare Gewichtsfunktion, {pr{wA x)} die Folge der normierten

2 Beweis: Es sei v/,-i(x) das Polynom hdchstens n- I-ten Grades mit \f\x)-y/,,- ,(X)| S
3En-i(f; c,d) fur xi[c.d], ferner sei 'P,(x) eine primitive Funktion von t/,->x). Infolge

1(/— ~NEL-I(/") qilt fur das Jacksonsche Approximationspolynom J,,(x)=J,,(f\ )]
£,..(/"; cd
die Ungleichung|/(x)~ (P,,(X) —,,(.v)| s 10(i/—¢)------- (n ———————— ) , es ist also E,(f;c,d)s
. c,d)
SIO (if-r) —— w. 7. b. w.
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Orthogonalpolynome beziiglich dieser Gewichtsfunktion. Es sei vorausgesetzt,
daB vr(x) in einem echten Teilintervall [c, d]a(a, b) beschréankt ist und

(13) %?pr,x) = 0{n)

gleichmdRig beziiglich x 6 [c, d] befriedigt ist. Es sei ferner /(x) eine in [a, b] stetige
Funktion, und iv(vr;/;x) sei die v-te Teilsumme der Orthogonalentwicklung von
1(x) gemaR {puw; x)}; dann gilt

» 2n
(14) — 2 \M(x)-sv(w;f;x)\' S clEn(f;a,b)
n v=n+l
mit einer positiven Zahl C,, welche weder von n, noch von/ abhéngt.3

Satz B: Wir machen die gleichen Voraussetzungen wie bei Satz A, es sei
aber an Stelle von (13) sogar

(15) pfiv;x) =0(J

beziglich x£[c, d] gleichmaRig erfillt; dann gilt sogar fur jedes p 5 |
16 — 2 |/(x)-IUw;/;x)[4 S C(p)E,.(f;a,b).
(16) (= 2 J1()-Mw:lx)l4 S C(p)E,(Fabh)
Unter Anwendung des Satzes 2 ergeben sich folgende weitere Satze:

Satz 3: Es sei/(x) in [a b] r-mal stetig differenzierbar, ré . Dann gilt unter
den Voraussetzungen des Satzes A

@an - 2 l\fM(x)—s'|'>(Wif;x)\ * ¢ 2E,,-r(fM;a,b)

«V=n+
und unter den Voraussetzungen des Satzes B, fiir jedesp 1
(18) (— 2 /W -5In(w;/;x)[pd = c3(p)E,,-2(f();a, b)
i v=/+1 J

fir x£[c + §d—0].

Beweis: Wir setzen nv,(xX)= s, w;f; x), und schlieBen aus Satz 2 und
Satz A bzw. Satz 2 und Satz B, daR

11 2n 10p
2 \fA\x)-s™Mw,f-,x)\pp = c4(p)[n(n- .(n- r+ 1) E,(f; & b) +
1M v=n+l J

+En-r(f;c,dj]
fur x£[c+Gd—9§
3 Das gleiche sei fur die mit C(p), ct u. s. w. bezeichneten Konstanten gultig.
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im Falle p= 1, bzw. im Falle pS 1 giiltig ist. Die Behauptungen des Satzes folgen
nun aus den Ungleichungen

En-r(f(>; c,d)sEnr(f<n;a, b)
und (furnér)
n(n-1 .. (n-r+1En(f; a b)*csEn r(fin;a, b)

(vgl. Funote 2).

Zwecks Ubergang zur Abschitzung von starken (C, 1)-Summen und ver-
wandten Mittelbildungen bedienen wir uns folgenden (ziemlich trivialen) Hilfs-
satzes, welcher auch unter anderen &hnlichen Verhaltnissen von Nutzen sein kann:

Hirfssatz: Es Sei {Av} eine beliebige Folge positiver Zahlen, und {ev} eine
abnehmende Folge positiver Zahlen, s eine beliebige reelle Zahl, r> 0 eine ganze
Zahl; dannfolgt aus

1
(19) T\,é-Hsz e« h=r,r+1 ..,
daf fir jedes n>/*

(20) 2\ y,rssr+2y2 V
v=r+1 v=r+1

mit
ys= Max (1,2s" )
befriedigt ist.

Beweis: (Durch elementares Rechnen) Fir m gl ergibt sich unter Beachtung
von (19) und der Monotonie von {ev}

p2mt+ 1 r2mt1
- "AvS ys(r2ams~1 2’ 1 N yNAr2tyer2ré
v=r2w+| r2m1
rZm r2m
— ~ B2y \5- “ev.
2ys(rany v=r2rzn-‘+l yv=r22"-1+l v
Wir addieren diese Ungleichungen fir m=\,2, miteinander und mit
der — sich aus (19) ergebenden — Ungleichung
2r 2r
2 Vs - '1Aav S {/-ls F.‘:—l Z Av-=
v=r+l v=r+l
und erhalten
21 2 w~IAv=>ysrssr{~22 Z \s~iev N =12 ..)4
(21) = y {2>/2V:r+1 ( )

4 Fir N= 1 setzen wir die letzte Summe laut Verabredung gleich Null.
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Es sei nun n>r,2N 1"n<2Nr; dann folgt aus (21)

r2N raN~1
- A Srse, + 2y; - evS yshoré-
A E 2 TAVY 52,2, % yshg

+2y8 2 \8 IEv

Vo=l-+ 1

w.z.b.w.

Aus dem Hilfssatz, angewandt auf Av =f \x) —s"(w;f;x) und el=
= c3(/?£E,,_rn f< a-b) erhalten wir

Satz 4. Aus (18) folgt

N _ - f_ N
2+1vs INEA{X)-sfiw; f-,x)\v
(22)

S b(p, s) {rs[EO(/W ;a,b)»+ ~% ~ - “[Sv-rC/™ ;«, 6)]"}

fir x£[c+0,d—0) (n=r+1r+2 ...

Ist z.B. f (N(x) w-mal stetig differenzierbar, f <tm(x)@Lip @ (0<a”l) und
(m + a)p <s. dann folgt aus (22)

2,V U909 - Anfwil; $)I4 = 0 (nent

[0’ v=r+i

gleichmaRig beziiglich x£[c + ¢ d—S\
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ON THE GENERAL BRANCHING PROCESS
WITH CONTINUOUS TIME-PARAMETER

by

D. SZASz

8 0. Introduction

There are various types of applications, in which the following model can be
set up: in some space (for example on the real line or in the three-dimensional
euclidian space) particles are distributed at random. The particles may have dilferent
life-times, depending on the chance, and then they divide. The new particles are
spread out in the space at random. This phenomenon may be repeated. This process
of random distributions of particles in the space is the spreading process, or clus-
tering process, or with the expression used in the theory of branching processes —
the general branching process with continuous time-parameter ([1] M. 17.). In fact
our process is an age-dependent branching process, but the points are elements
of some space, and we describe not only the entire number of points, but also their
situation in the space. The necessity of such an investigation arises in the stochastic
foundation of cosmology (J. Neyman [2]), in the theory of epidemics, in biology
(for example in the description of propagation of plants), in physics (in the description
of a nuclear reaction), etc.

This paper is the starting step of the systematic description of the general
branching process with continuous time-parameter. For the case, when the life-
times are not random variables, but they have unit length, the process was studied
by A. Prekopa ([3]), and some of our theorems generalizes his results. J. A. Moyal
([4]) investigated the multiplicative population process, which corresponds to our
homogeneous spreading process, but his approach and results differ from ours.

8 1 contains the concept of random point distribution in an abstract space,
some définitions, and a theorem of A. Prékopa, Which will be used later. In §2
we study the single spreading, because the results obtained for it are very useful
for the investigation of the spreading process. In §3 we consider the spreading
process and in §4 we give the expectations of the random variables characterizing
the spreading process. An interesting type of the spreading process is the homogeneous
spreading process. This is considered in 85 §6 contains an interesting property
of the single spreading and an application of this property for the spreading process.

Some of the results contained in this paper is the content of the thesis of the

author ([5)).
At last | should like to express my sincere thanks to A. Prékopa and A. Rényi
for their valuable remarks.
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8 1. Random Point Distributions in Abstract Spaces

Let T be an abstract space, and < such a n-algebra of subsets of T, which
contains the countable subsets of T.

Let Q contain the non-negative, integer-valued (allowing the value -f °0 too)
functions .j(: ) defined on T and having values different from O only on a countable
subset of T. In what follows Q will be called the sample space of a random point
distribution. Every oo will be called a realization of the random point distribution.
If a>(t)~1, we say that t is a point of the realization o (?£co), and if m (i)s2, then
t is a multiple point of the realization co. The realization @ is determined by the
set of its points with their multiplicities.

In case of A£aT we define the function £(co, A) = C(A) as follows

Uo, A) = 2 <off)

(the value of £@>, A) may also be +°°).
We form a n-algebra containing subsets of Q so that it should contain the sets

(LD {ou: co£Q, (co, A=Kk, ..., £(co, A,)=K,,)

where At, ..., A, are sets from aT and ky, ...,kn are non-negative integers. Let
a0 be the system of sets of type (1. 1), and an the smallest n-algebra containing ao0.
This definition guarantees that in case of any Al,... A, (i, i=1, .., n)
(C(AL), ..., C(An) is a random vector variable. We suppose further that on <n a
probability measure P is defined (P(i2) = 1).

If Q, agand P are given in this manner corresponding to the space T, we say
that in T a random point distribution is given. In this paper, we suppose that for

each tET
P(«({'h)<)= 1

Obviously Mi1(A) is a measure on oT. We call Mc(A) the expectation measure of
the random point distribution

The probabilities of the sets of a0 determine the probability distributions
of the random vector variables (*(TJ, ..., C(An) (A*cTT), and these distributions
determine the measure P on efi; thus P is uniquely determined by its values taken
on elements of a0.

Tf the sets An, ..., Anin (1. 1) are not disjoint, then one can find disjoint sets
R., ..., Brin oT such that for every Ak {k=1, ..., r)

JK = (;.lBk, .

If we suppose that random variables corresponding to disjoint sets are independent,
then the measure P is uniquely determined by the distributions of the random
variables C(A) (ACoT), namely these distributions determine the probabilities
of the sets (1. 1.
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Definition 1.1. We say that a random point distribution is of Poisson type,
if random variables corresponding to disjoint sets of oT are independent, and there
is a ff-finite measure p on oT so that if AdaTand p(A)<  then

P(t(A) = k) = I"jE-e-M *=0,1,.)

The measure p mentioned in the above definition will be called the parameter-
measure of the Poisson random point distribution. If /i(7')<o00, then the random
point distribution will be called finite Poisson type.

Definition 1 2. We say that the random point distribution £ is atomless, if

for every tdT
P(W ®=0)=i.

A Poisson random point distribution is clearly atomless if and only if for its
parameter-measure /i({/})=0 (tdT).

In what follows we shall state the product space theorem proved by A. Prékopa
([6]), which will be a useful tool in characterizing Poisson spreading processes.
We suppose that in the space T a random point distribution is given. This point
distribution will be called the underlying point distribution. Let us suppose that
every point of the underlying point distribution is the starting point of a random
happening taking place in the abstract space Y. These happenings are symbolized
by elements of the space Y. If w=(tl, 2, ..) is a realization of the under-
lying random point distribution, then the whole phenomenon is described by the
set of pairs of points ((?!, (t2,y2), mm whereykd Y (k= 1, 2, ...). So the sample
space of the whole phenomenon consists of point distributions defined in the
space Z=TX Y. We suppose that a a-algebra <Y of subsets of Y is given and denote
by trz the <T-algebra ar Xo> defined in Z.

As we said, the sample space Qt of the whole phenomenon contains the point
distributions ((tt, Ji), (t2,y2), ...) for which (/j, t2,...)Efi, and yt,y2-— are
arbitrary elements of ¥. Naturally the elements of can be identified with non-
negative, integer-valued functions co{(z) defined on Z and having values different
from 0 only on a countable subset of Z. In case of Dderz we define the function
/I(«!, D)=rj(D) as follows

4(coi,D) = 2M(2).

trfl] will be the smallest tr-algebra for which the functions i/(eu,, D) are measur-
able for every Ddoz. It will not lead to misunderstanding if we denote the probability
measure defined on an, also by P (P(R8,) =1). We remark that the ff-algebra aS is
isomorphic to a system of subsets of <81 so we need not separate the underlying
point distribution from the whole phenomenon. Thus we can denote the isomorphic
tr-algebra also by on, and we can keep the notations w, C(A) too.

Provisionally we suppose that

P(E(M<o00)=1

i.e. the realizations of the underlying distribution contain finite number of points
with probability 1

Studio Scientiarum Mathematicarum Hungarica 2 (1967)



230 D. SzZAsz

Let us consider the following conditional probabilities
= L ¢ )= ko))
(Dt=AiXCi, A(€aT, Cifoy,i= 1,

where kx, ...,knare non-negative integers. Because of the isomorphism the condi-
tional probability can be written in the following form

P(n(DI)=kI, ..., I(D,) =kn\tl, ..., tr)

where o= (t1, tn)£fi.
We assume that the underlying points generate the secondary happenings
independently of each other, and we formulate this assumption as follows

a) If DMAiIXCi, where T;fcT, C;Eoy, and /[E/<; (/= 1, n), AiAk=0
(if iXKk), then

(1.2) PAI(DY=1,....ri(DH=\ti,...,t) =e(C1,t1)...ECn,tn)

where for every fixed t e(C, t) is a probability measure on the cr-algebra ay.
This measure s(C, t) is the probability distribution of the secondary happening,
if its starting point is t. But in case of a fixed C£oy e(C, t) is also a measurable
function of the variable t with respect to the cr-algebra aT. To prove this let us
consider the subset (2()) of the sample space Q, the elements of which consist of a
single point tET. From (1.2)
P(r,(D) = I\t) = E(C 1)

where D=TXC, C£oy, tET. From the definition of conditional probability
it follows that a set (co}= {(?)}czi2()) is measurable with respect to an if and only
if the set {t}cz T is measurable with respect to an, so

(co: cuf 12(1), a™(r](D) = \\(a)"b}C_on
and thus
{t: t£T, aSe(C, t)"b}ioT

what means the measurability of e(C, t) with respect to aT*

If for the underlying distribution P(£(I") < °°) < 1, then with positive probability
it happens that @ has infinite number of points, so in (1. 2) we have an infinite
product. To exclude this we say that the phenomenon satisfies the condition a),
if for every B*aT, for which P(*(5) < °°)—1, the condition a) is satisfied for the
set B instead of the set T.

Theorem 1 1 Ifin T an atomless Poisson random point distribution £ is given
with parameter measure // and for the whole phenomenon in T XY the condition
a) holds, then the random point distribution f] of the whole phenomenon is also of
atomless Poisson type and if D=AXC (A <r, Cfay), then

(1.3) Mr,(D)= f E(C,t)p(dt).

* The proof above is taken over from [6].
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If o' is an arbitrary element of az, then
Mn(') = v*(D")

where v* is the extension to ay of the measure \At](D) defined for the rectangular
sets D—AxC (ACoT, C£aV).

The proof of the theorem can be found in [6].

2. 8 Single Spreading

We suppose that in I" a random point distribution £ is given. In case of the
spreading process the secondary happenings are again point distributions, so the
space Y consists of the point distributions in T, that is it is identical with Q defined
in 8§81 Similarly the n-algebra aY is identical with an. In case of AE<rT,yd Y let
§/(y, A) =d(A) be defined by

Dy, A) = t%a Y(0-

If co=(t1, 12, ...) is a realization of the underlying random point distribution,
then to every tt€bl we choose a random element y, of Y, i. e. every |- generates
a random point distribution in T.

By the superposition of these point distributions we obtain a new point distribu-
tion £in T, that is

Cleu, A) = 2, DY)

where wl=((t,,y], (t2,y2), ...). This phenomenon will be called single spreading.
We remark that here we supposed that the underlying points die, but if they do not,
they can be taken into account in the y’s, and so our model contains this case too.

Definition 2. 1. We say that a single spreading is independent, if it satisfies
Condition a) of 81

To determine the expectation of ((J1), we use the equality
MC(zi)=M[M(¢(/i)N
where  M(£(/1)|T) —M(E(T)|<Ts)). Supposing that 0 — (t1; t2> )]

If the spreading is independent, then

2. 1) MOKn J1)1*1 *a, ...) = M(A,t,)

where for fixed tET M(A, t) is a measure on aT, and for fixed AZoT, M(A, t) is
a measurable function of t with respect to aT. This latter statement follows from
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the measurability of s(C, t) for a fixed C. Using the concept and the properties
of the random integral defined in [1] (I1l. 4 and I11. 9. 1) we have
M (ENe) =/ M(A, tw(dt)
T
and thus
(2.2) ME(JT) = w j/ M(A, t)w(dt)j = f M(A, t)p(dt)

where p is the expectation measure of the underlying distribution. Thus we have

Theorem 2. 1. If in case of an independent single spreading p is the expectation
measure of the underlying distribution, M(A, t) is the expectation of the number of
points spread by the underlying point t to the set A (the exact definition of M(A, t)
is (2. 1)), then the expectation of ((A) can be expressed in theform (2. 2).

This theorem was known on more special conditions and is proved for example
in [1].

Definition 2. 1. We say that a probability distribution is of compound Poisson
type, if its characteristic function is

exp U:’?lck(eiuk— 1

where the ck's are non-negative real numbers, and " lck is convergent.

It is clear that the distribution of the random variable ( is of compound Poisson
type if £ is the sum of a series

It +2»h + 3r3+ =

where /i, j2,... are independent random variables having Poisson distributions
and the series converges with probability 1
Let us consider an independent single spreading where the underlying random
point distribution is of atomless Poisson type with expectation measure p and
suppose that for the set A » (G(A)< °°)= 1 Let CAk be that subset of Y, for the
points of which
dy>A)=k (k=0,1,2,...)

and introduce the notation
Da,k= DX CAKk .

From the definition of it follows that CAkEoY, and so DAKCaz= aTXay.
Obviously

C(A) = Z 110,

Using our suppositions
P(nCOrgH) = 1e

In case of iXj,DAIDAk=0, so in consequence of Theorem 1 1 the random
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variables tI(DAI), rj(oa2), ... are independent with Poisson distributions, and
the expectation of t]J(DAK is

= T.] s(CAfk, Op(dt).

Let us denote the random variable pb(y, A) by i,(A), ify is selected from Y
to the point t. In this case
*(CAk,t) =P(MA) =k)
and so

@ 3) Mn(DA] = T P(&,(A) = K)p(dt)

But we supposed that P(£(J1)<°°)=1 and this means that £(A) has a compound
Poisson distribution with the characteristic function

I(n, A) = M(e"gd) = exp | y P(o.(a) = K)LU(dt) (eitk—1)]
and the series
2  1p(o.(a) = K)p(dt)

k=1y
converges. Thus

k2=|j| IP{®PN1A) = k)(eiuk-\)\p(dt) S 2k2=If| POMIT) = k)p{dt)

so we can invert the order of summation and integration. Accordingly

f(u, A) = expjJ P(ij/,(A) = k)(eitk- 1) / 1 =

expjd 20P{®) = k)(eik—\)p(dt)

expjd O Pill,(A) = K)eik- 11p(dt)

Denoting the characteristic function of ¢,(A) by g(u, A, t) we have
Theorem 2. 2. |If a single spreading is independent, the underlying distribution

is of atomless Poisson type, and P(((A) < °°)= 1, then the distribution of ((A) is
of compound Poisson type with the characteristic function
JAu, A) = expJ (g(u,A,t)-\)p(dt).
Theorem 2. 3. If the conditions ;f the preceding theorem hold, then
Y (M) = I miaayp(t)
provided the integral on the right hand Tside is finite.
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Proof. Itiswell-known that the variance of a random variable with compound
Poisson distribution is

k2_ k 2ck
Using (2. 3) )
Decio) = 2 K2 [p(d,(A) = K)n(dt) = f 2 K2P(,(A) = Kn(dt) =

fe=1

=3 M",Z(ﬂ)lr(ﬂ)

Q.e d

§ 3. The Spreading Process

We shall denote in what follows the underlying distribution by £ and MC(A)
by n(A). In case of the single spreading each underlying point had the same life-
time, and after this time the points died and generated new random point distributions
independently of each other in the sense of Condition a), and the result of the spread-
ing was the superposition of these point distributions.

In case of the spreading process the life-times are also random variables and
the process contains not only one step, but the generated points also have random
life-times and after it they generate random point distributions again, and so on.
As the spreading process consists of single spreadings, we can use here the results
obtained for the single spreading. We shall use the notations of the preceding section.
(As we have said, in the case of the spreading process Y(analogously vy, §y) is
£2(resp. , an). In the preceding section we used the notation Y to make clear
the difference between the underlying distribution and the generated distributions,
but from now on we use only the notation £2)

First we shall give the sample space of the spreading process. A realization
9 of the spreading process is given by the history of the process. The history contains
the underlying point distribution <o=(tl,t2, ...), the life-times of its points: s1,52,...
(sit is the life-time of the point th), the point distributions generated by the underly-
ing points: ol =(?n, tVY2 ...), ®2= (')z|>*22»-“)»l- («,, is generated by tit), the
life-times of these points: ru 5|2 .; 821,822, ...; ..., the point distributions
generated after these life- times: -(ilu tII2 -) ool2 = (tl21, t122, I -

<°21=(7211, *212> ees), %221 >*020% SO 0r The P°'nt *, .. i,
has a life-time stl i and thereafter it generates the pomt distribution in=
= (*ii...i,,i> *,..i,2 »»m  So the points 9 of the sample space 0 of the spreading process
have the form

9=(co; sl, mj ;s2, a2; ...sjjj, (O ;sl2, col2; ...)

where co; <dt o2, ... ;au , 0012, ... ; ... are elements of £2 51,2, ... ;j1x sl2, ...; ...
are non-negative real numbers, tt,t2,...; *X, t12, ...; ... are elements of T.
(We remark that if coit in has only finite number of points, for example hiu in,
where

3-1 K..in = @

then points tiY"inj for whichy>/1* fn, do not exist in *)
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Naturally the 9%, which differ only in the order of the /’s in certain a&'s, are
considered as identical.

The point tiiim is an ancestor of the point if«Sm, and ceey IM=] -
In this case tJi Jnis a descendant of ~ m We say that the point tli im belongs
to the generation m. We remark that in Othe t's are determined by the co’s. We make
the following suppositions and we shall use them without mentioning:

1° The s’s are independent of each other and of the ars, with a common
distribution function U(s) (C/(+ 0)=0),

2° The point tti im determines the probability distribution of mil 4min an,
that is if C£€trfi then

P (cli(l...imeC) = ¢(C, J

where for fixed tET, e(C, t) is a probability measure on an, and for fixed CEern,
e(C, t) is a measurable function of t with respect to the a-algebra <t (See 1 2).

If the probability measure of the underlying distribution  the distribution
function U(s), and the measures e(C, t) are given, then the probability measure
of the spreading process is defined.

The spreading process is a process of random point distributions  depending
on the time parameter s (0Ss<*“>. The point distribution £s consists of points
tit imoccurring in the realization 9, for which

(3.2 A 4Sji2+ e+ 552 . =51 o

So we can define £5($, A) =CJA) for A£0T as the number of those ti,..jm, which
occur in 3, and for which (3. 2) and

are satisfied. In other words, (§A) is the number of those points, which are living
in the time s and fall to the set A.

We suppose that for the function M(A, t) defined for the single spreading in
82 (2 1)
(3.3) nir,t)=Q
independently of t (€T), that is the expected number of generated points has a

finite upper bound not depending on the generating point. This supposition will be
kept in the whole paper. We can define M(A, t) in another manner too:

M(A,t) = 2A :e(CAk,1)
k=0
where

CAk = {o: oe£Q,l§Aw(t) = k}.

Let us denote by as the number of those points which were born before the
time s, i. e. the number of those iil im for which

(>4) si, '], 12+
Theorem 3. 1 Ifu(T)< °and (3.2) holds, then

Proof. For each «/-tuple of positive integers let be 1, if for
the index i\ ... imthere is a ti4_min 5, or with other words if

h —h, 12 —Ajj, ...
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otherwise we put <it...im=0 (about the definition of bh..imsee (3. 1)). Let
be 1, if (3. 4) is fulfilled, and O otherwise. Obviously

BiEL i1

and because of the independence of the (p's from the y's

Mas - LE#lilzzl_ imfe""’ ™

But H(x, where C(n) is the m-th convolution power of U, and
Er MO Ry fepl T LA A

=2 2 2 PAS A, S i2 . Altema_ e rmL =
2y ihieul 2 PAS IALS 12 Altyma gy =)

=~"J"I)=i ."'im-]_: ‘EQ 2 ZZ -a = Imlhi,. . Am~, :7) =

=i - 2 MAMJTA a A, S i2 %>Aj.im2= In

wh iuhit 2 ..hil_im2?

The distribution of Afl im_| depends only on so in case of mg2 we can
use (3.3

M(AIl...im_JAs/1, A, = i2, .... hii"™im 2=im1) =Q
consequently

2 ...2; se 2 .. 2 Mfp,.,.a Qm-In(T)
it=1  inF1l =1 tml=1
therefore
(3.5 M*s =S 2 U<)(s)Qm~Ip(T).
m=1

From the following lemma it follows that the sum on the right hand side is con-
vergent. The theorem is proved.

Lemma. | ff , ... ... are independent, identically distributed random variables
with distribution function U(s), and £/(+ 0)= 0, then in case offixed s

rrlri—*m {P("+ .. +E£m< 5)}/-= 0.

Proof. It IS obvious that if 4>0, then
P«it+ eom+fm<s) = P(e-««i+-+W N e.x°y.
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If we introduce the function 17(A) by

<A = Hie-'k)
then 0< 17(A)<1, and by the Markov inequality
ple-ne, +..+{,) > < eMq(X)Im
SO
nl}pyoP(’\ + ... +Cm< s)'l« =2 17(A).
But

17(A) = J e~XdU(s) < U +e~Vk
thus because of t/(+0)=o
Al,if]] 7(A=0
and this proves the lemma.*

If we denote by the process of random point distributions consisting only
of the descendants of the underlying point th then

(3.6) w oy = 2 W)-

tis O
From the Theorem 3. 1it follows that (}fi\A) exists, and this implies the existence
of CJA).

If the underlying random point distribution is of atomless Poisson type we
have the following

Theorem 3. 2 Suppose that for an independent spreading process the underlying
random point distribution is of atomless Poisson type, and thatfor some A and s

P(£5(N )< oo)=1.
Then the distribution of (s(A) is of compound Poisson type.

Proof. The random point distribution if*] depends only on the point th
so the spreading process can be interpreted as an independent single spreading,
therefore Theorem 2. 2 is applicable. Hence the theorem.

8 4. Expectations

We shall keep the notations and suppositions 1°,2° and (3. 3) of §3.

Theorem 4. 1. If p(T)<°®, then MEs(JT) exists. Let the functions Msn(A, fi)
be defined by the following recursion

MsA(A,p) = p(A)

s

MsnHl(A,p) = J f Ms_rn(A,M,)dU(r)p(dt) +(I-U (s))p(A)
T o

N
(4.0

= This proof, which gives more than my original one, originates from a. Rényi.
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wherefor each t€ET M, is the measure defined by M,(A)=M(A, t) (A£0T). Then
the sequence Ms,, (A fi) tends to MEFJ/) for n_. co.

P roof. We modify the spreading process supposing that the points of generation
12, —1 spread in the manner described above, but the points of generation
n do not spread, i. e. they have an infinite life-time. So for any positive integer
we get the modified process Gn(0Si<»), where obviously £5,,(3) consists of those
til... 9f°r which m<n, and (3. 2) is fulfilled, or for which m—n and

- i N
holds. sh+shh+ -+ shh...im * s

We assert that Msn(A, fi) is the expectation of C5,,(A). For «= 1 the assertion
is obvious. Let us suppose that it is valid for some n. We apply the Theorem 2. 1
for MEss+i(d) therefore we need the expected number of points spread by an
underlying point t to the set A, supposing that the (u+ 1) —st generation does not
spread already. The point t has a life-time r. If 0S r<s, then in the time r the point
t generates a random point distribution in T with the finite expectation measure M,.
Then we have a modified spreading process starting at time r, the expectations
of which are known from the inductive assumption. If r*s, then we have 1or 0
point in the set A according to tEA resp. t$A. So

Msn+1(A, 1)) = J\VEM s* n(A,MI)dU(r) + {I-U(s))\n(dt) +

+ f f Ms-r(A M,)dU(r)n(dt) = J J Ms-rn(A, M,)dU(r) + (1- U(s))q(A)
But D
P(C,,.,(J1)-«J1))=1

because from Theorem 3. 1 it follows that with probability one there exists an
index N, such that

c.(A)=1)
if n~N. According to the definition of as
is,,,00 =as
for each /iS| and AC_aT, but we know that Mas< °°, so
MG3,,(/1)-MC3/)

Q.e d
If g(T) = °°, then we can determine ME((I04) (about £(](T) see (3. 6)) by the
help of the preceeding theorem replacing in it g by g(, where

if thA

"M)=" it tsA
so applying Theorem 2. 1
S
hc,m)=JMKAMdt) J lim/m .- @A, M,)dU(r)n(dt) + (1 - U(s))q(A)
thus we have the
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Theorem 4. 2
S

W,(A) =/ limf
r n*o
The next theorem asserts that under certain conditions the order of integration

(with respect to t) and the limit can be inverted, although the finiteness of u(T)
is not supposed.

Theorem 4.3 If t/(s)<I, and MC/N) exists, then

S

(4.2) MCIVT) = lim f 3 Ma,,(,A,M,)dU (r)Adt) + (1-U (s))R(A).

T o

M,)dU(r)n(clt) + (1- U(s))n(A).

Proof. Let as(A) be defined as the number of those points which are elements
of the set A and were born before the time s, i. e. the number of those for
which t,, : and

We assert that Ma\/f) < ... Clearly

W) = 2 M(C.(VK(4) - AP@E() = K) .

The condition us{A) =k means that k points were born in A before the time 5. For
each of them the probability to be alive in the time s is at least 1—U(s), so

M (04)k(/1)=*)"(1-£/(9))
therefore

M2(T) s j (1 - UEDKP(es(A) = K) = (L- C(i)Has(")

what means that MxgA)<°°, because t/(i)<I. The finiteness of MaqJ1) makes
possible to repeat the proof of Theorem 4. 1 for this case too.

Corollary. We have seen that to get the assertion of the Theorem 4. 3 we
need only to prove the finiteness of Ma/,4). What is more, if we suppose that
Pbl A) < 00)= 1, then obviously we have (4. 2). It is also obvious that if we suppose
that there exists a positive s* such that U(s*) =0, then (4. 2) will be also valid.

8 5. The Homogeneous Spreading Process

In many practical cases the space Tis a euclidian space; in this case the spreading
has special properties. The most interesting property is the homogeneity. We considei
this problem on topological groups. Let T+ be a locally compact topological group
(the index + marks that we assumed the group property; the other notations remain
unchanged), and ar+ the a-algebra of its Borel sets.

Definition 5. 1. We say that a single spreading is homogeneous, if for the set
CNlk and measure e(C, t) defined in §2 we have

E(Cn,k> 0 ~ E(Cn-,,k’0)
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where AC(TT+ k=0, 1,2, ... , tET+and 0 is the unity of T+ (A—t = {t: TET+,
T+ tEA}). The spreading process is homogeneous, if the single spreadings occurring
in it are homogeneous.

The homogeneity of spreading means that the distribution of number of points
spread by the point t to the set A is identical with the distribution of number of
points spread by the origin to the set (A —t).

Definition 5 2. We say that a single spreading is homogeneous in wide sense,
if for the expectation M{A, t) defined in 82 we have

M(A, t) = M(A —t, 0)

where AEaT+ tET + The spreading process is homogeneous in the wide sense,
if the single spreadings occurring in the process are homogeneous in the wide sense.
If the process is homogeneous in the wide sense, then the supposition (3. 3)
means that
M{T+, 0)<°°,

We shall denote the measure M{A, 0) by B(A) (A£or+) and generally convolution
of distribution functions by ” , and convolution of measures on T+by . For
both types of convolution the a-th power of convolution will be denoted by upper
index in brackets. We remark that

sSO

U@s) = i>0
fl OCA

BOA) o ogﬂ

and by convention £/(-1)(&) = 0.
Theorem 5. 1. Ifin T+ a spreading process is homogeneous in the wide sense, then

M) T LG-IN*UICHREP (A).
Proof. Let us denote Msn(A, B) by mn(A, s). We shall prove by induction that
(X)) mr(A, s) = {[1- U](S)R(A) +[(1- 1/)* UI()RMA) + ...

o[- U)* UA-2Y{)RM-INA)F+ Uto-i\s)Rf*\A).
For n=1
mfA, s)=R(A)
and using (4. 1)

S

mn+l(A,s)= J f m,,(A-t,s-r)dU(r)B(dt) + (I-U(s))B(A) =

= [(MnU * U ) +R-J(A8) + (I-U (s))R(A) = t(1-U)*U](s)BbKA) +
+[L-U)* Um]E)BEHA) + ... + [(L- V)* t/("-"](s)BM(A) +
+ Cw@)iS(+) (") + [I - UI(s)B(A)
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and this proves 5. 1L So for fixed A and s

lim mn(A,s) =2 (-1 (._1,10)BM(A)
because BM)(A)R"(TH), and again by the convergence of the right hand side
e (S)BEHA)-+0.

Using the Theorem 4. 2 we get the assertion of the theorem.
Theorem 5. 2. |f the spreading process is homogeneous in the wide sense, and
for BEoT
p{B)"KK{B)

where 2 is the Haar measure, and K is a finite positive constant, then for A(A)< a
mun) isfinite and

(5.2) man) = 2 [(L-U)*UM](s)[Rin)*B](A).

Proof. If the underlying realization is c0—(tl,t2, mm then let us denote by
a£")(/1) the number of those th...ins, for which it=i, th _imA, and

Si, + Si,i2+ --- + Ji.i2...im-1 <5 -
= M
a,() ti%(oa' um.
From Theorem 3. 1 it follows that M{,]J(7\)<°0. On the basis of homogeneity
M«afl) - Ma™(N1-/).

Obviously

Using the Theorem 2. 1
Mec,(A)= T Msgora —ty/i(dt) si

S K /M 40)(N-NAT) = A2(N)MA0J(7+) <>
T+

thus by the Corollary of Theorem 4. 3 MC5,,(JT)-»M(,(/T). The theorem is proved.
Corollary. If the life-times have exponential distribution, that is

U 10 JSO
) (te-15 s> 0
then
0 sNO0
[A-rH*C/@](5) = (E\sfe_ s> 0

SO

wan) = 2. ('ﬁ\)”e TIR() MHFi\(A).
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In what follows, we prove theorems concerning the characteristic functions
of the random variables C/1).

Theorem 5. 3. |ffor the homogeneous spreading process the underlying random
point distribution is of atomless finite Poisson type with parameter measure p, and
the random point distribution generated by the origin is of atomless finite Poisson
type with parameter measure B3, then the characteristic function f(u, A, s) of (/A)
can be obtained in the following manner: let us introduce the notations

fSt(u,Afi) =
fs,n+i(u,A,p) = e**l\/b(i«d(*))<e"‘—i)expj J (fs_r(u,A,R,)-NdU (r)p(dt)

T+ o

where B, is the measure for which B,(A)=R(A —t). In case of n->-00 the sequence
f ., (u, A p) tends tof{u, A, s) and the convergence is uniform in every finite u-interval.

Proof. We prove by induction that fs,,(u, A, p) is the characteristic function
of £S,(T). For u= 1 this assertion is trivial. Supposing that the assertion is valid
for some n let us determine the characteristic function of £s,+1(A). We should
like to apply Theorem 2. 2, so we must determine the function g(u, A, t) involved
in it. Because of the homogeneity the knowledge of g(u, A, 0) is sufficient. The
point 0 has a life time r. If r<s, then the origin generates a Poisson random point
distribution with parameter measure 3. For the spreading process starting at time
r we can apply our inductive assumption. If rSj, then the characteristic function
of the number of points spread by the origin to the set A is

\eiu OeA

ne"'o=»>b oM
So

glu, A, 0) = (]: fs-rJu, A, B)dUIr) + (I —U(sj)h(u, A)
and in consequence of Theorem 2.2 the characteristic function of £sn+l(/i) is

exp! / flfrrju, A -1R)dU0) + (I —U(s))h(u, A -t))-1 p(dA .
VI+ LO J J
But if tC A
(1- U@G) hlu, A -t)- 1= (1- U®H)) leiu- I)- U(s)

(L- Uls))hly, A -t)- 1= - Uls)

while if t$A

so the characteristic function of n+1(A) is
S
en -u(s)xewu- NLA) exp J F(Fs_rn(u,A-t,8)-1)dUIr)pldt)

T+ o

which equals to f S, +i(ii, A, u), and the assertion is proved.
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In Theorem 4. 1 we proved that
P(CSMAbCHM))= 1

This implies the convergence of the characteristic function fsn(u, A, Q to the
characteristic function of C/A) for n <

The following theorem gives a sufficient condition for the convergence of
fSli(u,A,n) to f(u,A,s), if p(T+)=<>

Theorem 5. 4. Let us make the same assumptions as in Theorem 5. 3 except
that instead of thefiniteness of p we suppose only thatfor BCoT

p(B)"KLB)

where K is a positive constant. Then the characteristic function f(u,A,s) of CJA)
has theform

f(u, A,s) = lime"Ki-*X"*-Dexp f J\fs_rn(u, A, B)-DdU(r)p(dt).
r+ o

Proof. In the preceding theorem we proved that
I 's,,(w, A, fi)=M(eiu
From the proof of Theorem 5. 2 it follows that

P(limCs;,(T) = CAM) - 1

SO
limf (A fi) =f(u, A, s)

and the convergence is uniform in every finite minterval. Q. e. d.

§ 6. The Converse of the Theorems of Doob and Rényi

A. Rényi resp. J. L. Doob proved the following assertions:

Let us consider on the real line a Poisson random point distribution which
is stationary, that is its parameter measure has the form p(A)=CA(A), where
Ais the Lebesgue-measure. The positive number C is called the density of the random
point distribution.

A realization of the given random point distribution is ce=(tl,t2, msm Each
/,, (€<m) is kept with probability p and is cancelled with probability (1—p). The
cancelling of points is independent of w and of cancelling of other points of co.
So we have a new random point distribution about which one can easily prove
that it is also a stationary Poisson type with density pC. (Interesting theorems about
this type of transformation of random point distributions are contained in [§]
and [9].)

Let us consider again the realization co. Each point of oo will be transformed
at random to another point of the real line independently of w and of the trans-
forming of other points of co. The probability that the image of the point t belongs
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to the Boréi set A is Q (A—t), where Q is an arbitrary probability measure on the
Borel sets. J. L. Doob has proved that the random point distribution consisting
of the images is also a stationary Poisson random point distribution with unchanged
density C ([12]).

In both cases an independent homogeneous single spreading happens and the
new random point distribution £ is again of Poisson type. A. Reényi has asked
whether there are other types of single spreading in which the point distribution
also remains of the Poisson type. The answer is: this can happen only in these
two cases and in their combination, i. e. if the underlying points spread no more
that one point. We shall treat this problem under more general conditions. We assume
that the space T+ is a locally-compact, er-compact topological group, so the Haar-
measure on T+ is cr-finite ([10]).

Theorem 6. 1L In case of an independent homogeneous single spreading, the
underlying distribution of which is of atomless Poisson type, the random point distri-
bution £ is of Poisson type if and only if with probability 1 the number ofpoints spread
by an underlying point is less than 2, that is

P(M7V)<2) = 1

Proof. Let us suppose that the random point distribution £ is of Poisson
type. So if A(A)<  then there exists a constant ¢ such that the characteristic func-
tion of £(T) is

/(n, A) =edeu~!) .
But using the Theorem 2. 2

f(u, A) = exp 7[1 (g(u, A -t) - Dp(dt)
therefore

6. 1) logflu, A) = 2 (eiu- 1) J P(<A004-0 = I)n(dt) = c(eiu- 1).
(=i T+
By the uniqueness of Fourier expansion
J P(dho(/1-0 = I)p(dt) = 0
T+
if Ad(jT,N(M<° and /=2, 3, ..., that is

(6.2) Ip(do(A-0 S 2)fi(dt) = 0
r+

if A(A)<°°.
We assert that if X(A)-<°°, then

(6.3) PO(A)E2) = 0.
If on the contrary there were a set A, such that A(A) and
PO20(i)i-2) = «&>0
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then we should choose such neighbourhood V of the origin, for which
If(F)>0. For the set . )

A+V = {t+r:tZA, i€V}
we have

fpyO(A+V)-t) s 2)i(Aa)s /P (rou + V)—t) s 2)p(dt).

T+ \%

If tEV, then (A+V)—ZDA, so
I P(MU+ y)-1) S 2)p(A) & J p(MJ) ~ 2)fi(dt) S ty(F) >0
Vv Vv

and this contradicts (6. 2), so (6. 3) is valid.
Finally we prove that

(6.4) P(M7V)"2) =0,

Because of the c-finiteness of 2 there exists a sequence of sets A,, ..., A,, ...
(N,cN/+1), such that 4(n,)<°°, and ("_At:T+. Then
=i

{lI'o(.T+) 5 2) = /2= | {®o(Ng —2}
and so

POMI+)S 2" | P(M")s2) =0

Thus (6. 4) is valid, and we proved the necessity of the condition.
To prove the sufficiency we remark that from (6. 4) it follows that

(6.5) P(p0(A)=1) = chO(A).

Let Ai, ..., Anbe disjoint sets from aT, and let us denote by g(ut, .... un; Ax, ..., A,)
the joint characteristic function of the random variables ij/*Ai), ..., \lO(A,,). From
(6. 5) it follows that

g(uu ...,un;Au ...,A,) = \+iz_i

On the basis of facts used in the proof of necessity, the joint characteristic function
of random variables C(Aj), ...,C(An is

I c-(-1) (i1 1 ESe‘"i—I)f MVAI-OMVF)
[(«1, mmmu,:AJ ..., A,) = e*+nl e= *+

that is the random point distribution £ is of Poisson type. Q. e. d.
Connecting with this result we can easily prove the following theorem.
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Theorem 6. 2. |Iffor a homogeneous spreading process the underlying distri-
bution is of atomless Poisson type, then from

(6-6) P(Wr+)si)=i
it follows that C, is a Poisson random point distribution for every s.

Proof. The condition (6. 6) implies that every underlying point may have
only 0 or 1 descendant in time s, that is

P(CM(7V)==1)=1

where  was defined in (3. 6). Taking the whole process between the times 0 and
i as a single spreading, we can apply Theorem 6. 1, and the theorem is proved.

The parameter measure of f can be got from Theorem 5. 2.

Definition 6. L We say that the random variable of compound Poisson type
with characteristic function

exp] 2 ck(eiuk—1)
In—

is of order n, if ck=0 for fcSn+ 1.

Theorem 6. 3. Under the conditions of Theorem 6. 1the following two prop-
erties are equivalent:

@) If /.(A) <», then the distribution of f A) is of compound Poisson type
of order n

(i) PIAXT+)Sn)=I.
Proof. On the basis of (6. 1) the logarithm of the characteristic function of
C(A) is

logf(u,A) = 1)jJ P(<AO(A -1) = N)p(di)

24
and using (i)
logf(u, A) = 2 Of(eid- 1).
1=1
Hence for 1"n + 1

JP(MA~t) = )p(dt) = 0
T+
and with the order of ideas followed in the proof of Theorem 6. 1
P(lo(7T+)=«+ 1)=&
If (ii) is valid, then (i) is also \ialid, because in case of /éH + 1
J P(iAo(A-t) = Dn(dt) ~ 3 P@l/O(T+ = I)p(dt) = 0.
T+ T+
Q. e d
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List of most frequent notations

L L 228 Y113 T
Q a), CO(t) e, 228 L - s
A), C(A), G, 228 T
228 (U1 N
229 O (- N o
229 G5 ooeeeeeeeeeeeesie et
229 70, 0°
229 C,JA), t,.,
230 LT
231 I S {1 S
231 B
231 A
232
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STATISTICS AND INFORMATION THEORY1
by

A. RENYI

8 0. Introduction

In the present paper we deal with certain basic questions connected with the
information-theoretic point of view on statistics. This paper is a continuation of
the papers [1], [2], [3], [4], [5] of the author; most of the results of these previous
papers are presented here in an improved (sharper or more general) form.

8§ 1. On the Amount of Information in a Random Variable
Concerning Another

In this section we collect the basic definitions and well known results needed
in what follows.

Let S—(i2 j/, P) be a probability space, i.e. Q an arbitrary nonempty set,
A/ a (ralgebra of subsets of U and P a probability measure on sd. In what follows
0 will always denote a discrete valued random variable in S, i. e., a function 9 = ()(<0)
defined for a>£Q, taking on only a finite number of different values 0I5 02, ..., Or
(r~2) for which the set (event) Hk={a>: 0(e) =9Kk) belongs to n/ fork= 1,2, ..., r.
Here 0,, 92, ..., Or may be numbers, or any distinguishable symbols: their values
will be in what follows irrelevant. We shall usually interpret O as the parameter
of a probability distribution and the event Hk as the hypothesis that the true value
of the parameter 0 is equal to 9k ; we shall use the notation

(1.1) pk=pP@En=PO=09 (k=12 ..1)

and call the distribution (pk,p2,+ p,) of 0 (contrasting it with the conditional
(or posterior) distribution of O given certain observations, to be introduced later)
the prior distribution of 0. The (unconditional) entropy of O is defined by Shannon’s
formula 2

(1.2) H(0) = 2iP k\og2~
k=1 Pk

where the numbers pk (k= 1, 2, ..., r) are those defined by (1. 1) H(O) will be inter-
preted as the amount of missing information on 9 when nothing else is known about
0 except that its prior distribution is given.

1 This paper has been presented to the 1st European Meeting of Statisticians held in
London, 5—10 September 1966.

2 logj.v denotes the logarithm with base 2 of the positive number x; 0 log2 , always means 0.

0
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Let now C=C{©=(0;Am }, £,0) be an «-dimensional vector valued
random variable, i. e., an "/-measurable function defined on Q and with values
in the Euclidean space E,, of dimension n. We shall interpret t, as an observed sample.
As £ and B are random variables on the same probability space, by observing £
we usually get some information on B (except when B and £ are independent). After
having observed £ we may consider the conditional (or posterior) distribution

(1.3) nw =P(a*K0

of Hk given the value of C The conditional probability of an event Ads/ given
the observed value of £ is as usual defined as follows: Let s/¢ denote the least
cr-algebra of subsets of Q on which £ is measurable (i. e., the tr-algebra generated
by £). By supposition si%is a subalgebra of si. The conditional probability P(T|E)
of an event A, given the value of £, is defined as an j/*-measurable function (random
variable) such that for every Bds/t, one has

(1.4) J'P(A\C)dP=P(AB).

As well known, P(A[£) is by (L 4) uniquely defined up to a set of measure 0 and
{P(/lj |E), ..., P(HNQ)} is with probability one a probability distribution, i.e.,

P12 P{HK\O—Ij= L Let us consider now the entropy of the conditional (a pos-
teriori) distribution of 0 given f i. e, the quantity

(1.5) H(0|O = lgz\i\/ Olog Zﬁ&)_

We interpret H(O|£) as the amount of information concerning B still missing
after having observed the sample  Clearly H(Of ) itselfis a random variable (which
is not only ~/-measurable but also n/A-measurable); its expectation E(H(Q|f)) is
interpreted as the average amount of information still missing about O after having
observed f We shall call this quantity for the sake of brevity when there is no danger
of misunderstanding simply ,the amount of missing information”, and denote
it by R(f 0); i.e., we put3

(1.5) R(0,t) = E(H(0]0).

The amount of information 1(0, £) in the observed sample £ with respect to
the (unknown) parameter B is defined as the average decrease of the entropy of
0 by observing £; that is, we put
(1.7) /(0,0=H(6)-a(0,6.

Evidently the conditional (posterior) distribution {pk(£), ...,pr(f)} of 0 is identical
with its prior distribution {pt, ...,pr} if and only if £ and 9 are independent. In
this case R(0, £) = H(0), i. e, 7(0, £) =0, that is the observation of the sample”
does not give us any information on 0. In every other case one has R(0, £)<H(0)

3 Here and in what follows E(t/) denotes the expectation of the random variable .
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and thus 1(0, £)>0. This can be shown by Jensen’s inequality as follows. As the
function Xlog, —is concave in (0, 1) and by Jensen’s inequality for any concave

functionf(x) and any random variable t] the values of which are lying in the domain
of definition off(x) one has

(1.8) E(/07))s /(E(»,)
it follows
(1.9) ROC) =2, /n(£)1°82T [ TrTA-
1
- & (fpk(od) = H(0)
(/

because by (L 4)
(1- 10 é pk(i)dP = » (HK) = pk

Evidently there is equality in (1. 9) if and only if the distribution {pfb,), ...,pr(f)}
is (with probability 1) identical to the distribution {pk, ...,pr} i. e, if £and O are
independent.

Let g(x) (XEEn) be any /r-dimensional vector valued Borel measurable function
defined on the u-dimensional space £,. We shall call the random variable g(f)
a statistic. If after observing £ we consider the value of the statistic g(if) only, and
disregard every information (on 0) contained in the observation of £and not contained
in g(C), we usually loose some amount of information, i. e,

@ wm I(g(0, 0)3-/«, 0).
The inequality (1. 11) is clearly equivalent to
(1.12) R(C,0)sR(g(0,0).

To prove (1. 12) we need the following Lemma 1 which is an immediate consequence
of the definition of conditional probability.

Lemma 1. Iff(x) is any Borel measurablefunction and any event, we have
(1.13) E(/(£(0)PC% (LU =E (/(E(0)P(/11O).
Using Lemma 1, we obtain
(1.14) R(0,9(0)-R(0,0 =e(a P(HKO log25; ¢ | ).

Now we need the following simple

Lemma 2. If {gk, (#2 mm (r) and {Qi, Q2, m Qr} are arbitrary probability
distributions consisting of the same number r of terms, we have

(1 15) gzldkl S2 - —1
with equality standing in (1. 15) if and only if gk—Qk for k =\,2,
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Applying Lemma 2, we obtain from (1. 14) that (L. 12) holds and there is
equality in (L 12) if and only if with probability 1, one has
(1.16) P(A*HO =P (/LU O) *=1,2,...,1).
If (1. 16) holds (with probability 1) we call g (f) a sufficient function of £for 0 (or a
sufficient statistic). Thus a function of the observations is called sufficient for a
parameter if and only if it contains all information in the observation which is
relevant to the parameter, in the sense that there is equality in (1. 11).

Note that if (1. 16) holds and the random vector £ has the conditional density
<k(x) under condition Hk, and gUp) has the density Wk(g(xj), then

<P = "Tk(g(x))x(x)
where the function %f{X) does not depend on /c; as clearly <k(x), Uk(g(x)) and y(x)
are all independent from the prior distribution {/;,, . . pr) of 0, it follows that our
definition of sufficiency is equivalent with the usual definition of a sufficient statistic
in case both definitions are applicable. An advantage of our definition is that it
does not depend on the existence of densities; besides it has a clear information-
theoretical meaning.
Before proceeding further we prove the following

Theorem 1. The conditional distribution /7 (£) = (/2, (¢), .... pfc)) of B given £,
considered as a statistic, is sufficient with respect to 0.

To prove our theorem it is clearly enough to show that
(1.17) p(HK\II))=pkf) (*=1,2,..., n).

But (1. 17) is evidently true as pk£) is j/n(i)-measurable (pk(c) being the k-th
component of the vector I1f), we get pkf) by projecting the vector 11(f) to the
Yc-axis.)

The statement of Theorem 1 can be expressed by saying that the conditional
distribution of 0 given ¢ contains all information relevant on 0 which is present in the
sample £

8 2. A Bayesian Version of the Fundamental Lemma of Neyman and Pearson

If we have to make a decision concerning the parameter 0, on the basis of the
observed value of the sample £, i. e., after observing £ we have to select one of the
possible values of 0, this decision can be described by a Borel measurable function
D(£) of £, the set of values of which is the set (0t, 02, ..., 0.} of possible values
of 0. The error e of such a decision is simply the probability of the decision being
false, that is

(2.1) e=P
We define the standard decision A(f) as follows : we decide always in favor of that hypo-

thesis Hk (that value Ok of 0) which has the largest conditional probability given
the value of £; in case there is more than one value K such that pk(£) = v pJf),

we select in some way one among those values—say the least such value of k. If another
rule is applied we call the corresponding decision a variant of the standard decision.
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It is easy to see that it does not matter much which one of these values of Kk we
choose (i. e., whether we use the standard decision or one of its variants) as the
error of the decision is independent from this selection. As a matter of fact if e
denotes the error of the standard decision, we obtain by the definition (1.4) of con-
ditional probabilities

0.1) e = P(Je)H0) = P40 = 0) = L-epco = 0],

Clearly if we change the definition of the standard decision for some value of £
from 4(0 =0» to 4(0 =0» where p»X0=/1,(0> then e remains unchanged,
because P(0=4(0|£)=/,4{(O is by definition not affected by such a change.

Now let 0 (0 be any other decision, and e its error. Then we get, similarly
to (2. 2)

(2.3) e = 1—E(P(0 = 0(010)-
Thus we have ,
2. 4) e-e = EPO = L)[I]-P [ = ~010)-

The random variable, the expectation of which gives the difference e —e, is clearly
always non-negative, because for each value of £ we have for some value of K
(namely k =0(0)

(2.5 PO- 4(010-P(0 =Ol)=max"(0-A(0 SO
Thus we have proved the following
Theorem 2. No decision can have a smaller error than the standard decision.

Clearly if the decision O(£) is such that P(0= O%O|U)?£P(O:4(OI£) with
positive probability, then e>e. However, if P(Q=D(H\")=\X0= with
probability 1, this means that the decision 0 (0 differs from the decision 4 (0 only
in that in case a tie presents itself, i. e., if the value of k for which pk0 is maximal
is not unique, the decision 0 (0 prescribes another choice among those values
K for which pl{0 is maximal as 4 (0; thus exceptfor variants of the standard decision
every other decision has a definitely larger error than the standard decision (or any
of its variants).

Note that the difference between Theorem 2 and the usual form of the Neyman—
Pearson lemma consists in that we have supposed that the parameter 0 is a random
variable, i. e. we have taken the Bayesian point of view. Thus we do not distinguish
between errors of the first and second kind: only one sort of error is possible. A de-
cision is namely either correct, or wrong, and the error of a decision is the probability
of it being wrong. A formal difference of minor importance is that by using the
general notion of a conditional probability we did not need any supposition concern-
ing the existence of densities.

Note that it follows from Theorem 2 that the error of the standard decision
is S 1/2 in the case r=2, because if 4 means the decision which is the opposite
of 4, 4 has the error 1—e and thus by Theorem 2, elll1—£

As regards the standard decision 4 (£), we may compute the amount of infor-
mation contained in the value of 4(£) with respect to 0, i. e., the quantity /(4("), 0).
Clearly one has /(4(£), 0)&/(£, 0) with strict inequality except when 4(Q) is a
sufficient function of \ concerning 0; thus even when the best possible decision is
adopted some information is lost. The explanation of this somewhat paradoxically
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sounding statement is that usually the information on O contained in the observed
value of 1 is not enough to decide with certainty which is the value of the parameter,
it only gives us a (conditional) probability distribution on the possible values. If,
nevertheless, we insist on choosing one of the possible values and rejecting all the
others, we naturally lose by this a certain amount of information.

8§ 3. Estimating the Error of the Standard Decision
by the Amount of Missing Information

We prove in this section the following 4

Theorem 3. Let r denote the error of the standard decision and R = R(0, f) the
amount of missing information, then the following inequality holds

(3.1) log2 S R
or expressed otherwise

(3.2) en -,
Proof of Theorem 3. Let us denote for the sake of brevity the event A(C) = 0j

by Aj (j=1,2, ...). Then we have clearly

3.3 R = E(H(0[O) - jéi P(1,.)E(H(0IE)|;)-

(Here and in what follows E(//|B) denotes the conditional expectation of the random
variable g with respect to the condition B, when B is an event such that P(B) >0.
Now by definition under condition Aj we have pk{f)*pj{f) for k=12, ..., [,
in view of (1.5) we get that

1
3.4 is 2 e log2 .
(3.4) 'S7=1p( e log Pi(0
Applying now Jensen’s inequality to the convex function log2- (O SxSl), it follows
that X
(3.5 R Pillog, -W, AW, -

Now it follows from (1.4) that
J'P(0 = 0j\OdP
(3.6 E(pj(0\Aj) = e = P(AM - e\A).

4 in our previous paper [3] we have proved only the weaker estimate e”R. Clearly (3. 1)

E
implies not onlye”/? but also-----z-’\ R.
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Thus we obtain from (3. 5)

(37 R - d 1P(/4)),092 P(A(0 = O|A}y

We need now Jensen’s inequality, in the form that if f(x) is a convex function,
..., Xrany values in the domain of definition off{x) and >,  wrnon-negative
numbers with sum equal to one, then

(3.9 2 wit(xj) M ( 2
Applying (3. 8) it follows from (3. 7) that

39 R i= log2— - = log20(A(™ _ al= log2
2 P(A)P(A(C) = 0\Aj
7=1

and this proves (3. 1).

In our previous paper [4 we have shown for the special case r=2 that the
inequality 26SA holds; for this special case this is slightly better than (3. 1). We
reproduce here the proof of this inequality as it requires only a few lines. Let the
possible values of 0 be 00and 0,, the corresponding hypotheses 0= 00and 0= 0,
shall be denoted by HO and //, respectively. Put

(3. 10 h(x) = Xlog2~-f- (1-*)log2y ~ r

Then we have evidently h(x) =h(l —) and h(x)"2x for 0~xSI1/2. Let us put
{Po(0 if i.e. if 21(0=0,

@ 1) P40 =
Pi(£) if Po(t)=i i-e. if A(0=0Q

Then we have clearly p*(£) =i further
(3.12) A= E(A(p*(0))"2E(p*(0).
Denoting the event A(C) = 0o by B0 and the event d(£) = 0, by Bi we obtain

(3.13) «S 2|’V£p 0(QdP+BépAOdP).

As by (1. 4) we have

(3.14) jpoiOdP =P(HOBI) and f PI(E)dP = P(tf, BQ
B\ Bqg

it follows that

(3.15) AS2(P(00oR,)+P(0,80) = 2f,

which was to be proved.
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Returning to the general case, we mention that one can also get an upper
bound for the amount of missing information by means of the error of the stand-
ard decision. In this direction the following theorem is known (see [6] p. 35.).

T heorem 4. One has
(3.16) Rmh(s) + £\og2(r - 1)

where h(x) is defined by (3. 10).

My thanks are due to G. Katona, who called my attention to the fact that the
estimation (3.16), proved first by R. M. Fano [7], is slightly sharper than a similar
estimate which | have found previously.

84. Conclusion

It follows from Theorems 3 and 4 that if we have an infinite sequence of ob-
servations Ci, £2, ... each £, being a random variable on the probability
space S (it is not a restriction to suppose that each ¢, is real valued), and £() denotes
the sample (£1; £2, «=>{,) further A, the standard decision concerning the true
value of 0 taken on the basis of observing the sample ¢<) and s, the error of the
decision An, and if finally R,, denotes the average amount of information on 9 still
missing after having observed the sample £<% then Alm e,=0 if and only if

lim R,=0. This shows that to get in the limit all information on B which is needed,

is equivalent with having the possibility to make decisions on the true value of
s the probability of correctness of which is in the limit equal to 1 By other words
the information-theoretical point of view is in accordance with the usual point
of view of statistics.
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ON THE DENSEST PACKING OF CIRCLES
NOT BLOCKING EACH OTHER

by
A. HEPPES

Introduction. It is a common requirement in the design of parking areas that
each car should be able to leave its place without disturbing the position of the
others. In the present paper we shall approach the problem of finding the most
economic parking system by giving an upper estimate for the number (or density)
of congruent circles which can be packed in a given domain without blocking each
other’s way out of the domainl

Definitions, results. Consider a set of disjoint circles lying in a finite domain D.
We shall say that the circles do not block each other if to each circle there is a
continuous motion which carries it out of the convex hull of D without entering
the other circles or disturbing their position. The upper estimate we are going
to give for the number of unit discs which can be placed in D can be considered
as an estimate for the packing density. The result can then be extended to unbounded
domains e. g. for the whole plane2. Our estimate cannot be improved for certain
domains. In the case of the whole plane the estimate provides a density which is
somewhat greater than that of the “best expected arrangement”, namely double
rows of touching circles divided by narrow, slightly winding roads (Fig. 1). (For
infinite domains the removal of a disc means that the distance through which it

can be moved is not limited.) The density of this arrangement is—gl=——\—(——5—'—l =

= 0.56050... , while our upper limit is 0.56518... .

Our method enables us to obtain the same density estimate under weaker
requirements on the arrangement of the circles. We call a system of unit circles
approachable if each circle can be approached and touched by a circular ,,vehicle”
of the same size, coming from outside the convex hull of D. This condition is really
weaker because it does not imply the possibility of moving each circle out of D.
Moreover we shall deal with r-approachable packings, i.e. packings whose unit
circles can be approached by a circular vehicle of radius r. Thus we can provide
an estimate for the number of equal barrels which can be stored standing in a given
cellar such that the brewmaster (of given circumradius) can go to each of them.

We shall prove the following

1 This problem has been raised by G. Fejes Téth. He studied related questions in his paper
“Uber die Blockierungszahl einer Kreispackung”, Elemente der Mathematik, 19 (1964) 49—53.

1 For the exact definition of the density of a set of circles with respect to unbounded domains
see L. Fejes Toth, Regular Figures, Pergamon Press, 1964, p. 161.
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Theorem: Let D be a simply connected bounded domain containing an r-approach-
. o 2 .
able packing of n unit circles, The area Dr of the outer paralleldomain

Yy
Dr of radius r of the domain D satisfies the inequality

Dr S nAr+2n d+n)2 1n1

. . W .
— — N
where  Ar—| lja4ylu+ j+ 2r and T aresing,

Ar is the area of the domain shown in Fig. 2. For the special case r= 1, when

0= " we have
Dt Wn a+21/3 +44a-2 j/3.

Consequently, the density of the packing in the plane satisfies
or E, and in particular 3u = 0.56518... .
2n+6]/b

In the following the angles and the arcs are considered to be directed angles
and arcs, and are measured in positive sense.

Stuc .mScientiarum Mathematicarum Hungarica 2 (1967)



PACKING OF CIRCLES NOT BLOCKING EACH OTHER 259

Lemmas. We define the angular area at 0 of a triangle AOB to be the quotient
of its area and its angle at 0.

Lemma 1. Let AOB be a triangle with the following properties
(@) it contains the sector AOB of the unit circle C{ of center O,
(b) neither A nor B lies in the interior of the circle C2 of radius 2/I;3, concentric
with Ci.
Then the angular area of AOB with respect to its vertex O is S Y3/n. Equality holds
only if the triangle is regular with sidelength 2//3.

We can suppose that the side AB meets C2 and has a chord A'B' in common
with it, since otherwise the statement is trivially true. Obviously
the angular area of the isosceles triangle A'OB' is greater than that
of AOB with the only exception that the two triangles coincide.
If A'OB' is not regular then the angle AOM, where Mis the midpoint
of the segment A'B, is smaller than n/6. We now compare A’OM
with the triangle A'O V having an angle of n/6 at O and a right angle
at V (Fig. 3). Clearly, the value of the angular area decreases if we
replace A'OM by the common part of A'OM and A'OV and then
that by A'OV, which is the half of a regular triangle of sidelength

2/73. This proves Lemma 1.3

Lemma 2: Let C,, C2and C3 be three concentric circles of radii
1,2//3 and 1+ r>2//3, respectively, with common center O. Let An, A\, ..., Ak, Ak

(Jk” 1) be points on C3 in cyclic order such that the angle AkOA[> 22 a& where

a) denotes the central angle of a chord of length 2 of C3.
If P is a convex polygon with the properties

(@) P contains Ct,
(b") P contains the arcs AtAi of C3, /=1.....k, and
(c") all vertices of P lie outside or on the boundary of C2,

Fig. 2

Fig. 3

3 Similar results have been used for density estimation in a paper of J. » o1. 4., Kdreibe
lyezések allandé gorbuleti felileteken, MTA 111. Oszt. Kozi, 12 (1962) 223—263.
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then the area of the polygon satisfies

r(dd+r)2 Y3
2 K

where a denotes the sum of the angles AfiA'i, i= 1, k.
Let B! and Bk be the points of the circle C2for which both angles 1f OA { and
AkOBK equal ~ . Under this condition both lines BIA1and AkBk are tangent

to Cx. Therefore, by the convexity of P, the points B] and Bk and also the triangles
AxOBx and BkOAk belong to P (Fig. 4).

Now decompose P into sectors by the rays OAX, OA\ , OAk, OA'k, OBKk,OBXx.
The area of the sector St determined by OAi and OA] clearly exceeds the area of
the corresponding sector of the circle C3, /=1, k. Thus the sum S of the areas
of Sj, S2, ..., Sk satisfies

P& Q+ys H --h\y-Yr2+ 2r

SA(l+r)2-~.
On the other hand the sum T of the areas of the triangles AiOBI and AkOBK is

T = Y2+ 2r----
Y3

The rays passing through the vertices of P, lying in the interior of one of the
angles A[OA2, A20A3, Ak_10Ak or BkOBX, decompose the corresponding
sectors into triangles containing the corresponding sectors of C, and having sidesr
emerging from O, not shorter than 2/Y3. By Lemma 1the sum U of the areas of these
triangles satisfies

u =3,
n
where a denotes the sum of the angles of the sectors in question. But a=2n—a—
hence
4 -t ):
I’G 71 w
U 2n—a—2 3--2
Consequently,
(1+r)2 ¥3 N \AL
P S+T+U 2 7 a+”"3 H 7l\Ayr2+2r.

Proof of the Theorem. Let D be a bounded domain containing an /--approach-
able packing of n unit circles. The circles of radius 1+r concentric to the circles
of the packing lie in the domain Dr, the outer paralleldomain of radius r of D.
We shall refer to these circles as great circles of the unit circles of the packing. The
defining property of the /--approachable packing implies that for each circle there
exists a curve connecting a point of the corresponding great circle with infinity,
without entering any of the great circles. For the sake of simplicity we shall suppose
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that the great circles have general position i. e. that no two of them are tangent
and no three of them have a common point of intersection. Since small changes
of the positions of the circles do not influence the upper bound of the density this
assumption imposes no restriction.
The union of the great circles consists of one
or several “islands”, lying in Dr, such that every great
circle adjoins the “ocean” along one or more “shore
arcs”. It follows from our assumption that a shore
arc never consists of a single point4. For proving the
Theorem we shall consider only a single island contain-
ing m circles and show that the area I(m) of this is-
land satisfies the inequality

/(I») S mAr+2n ('+2r)2

The island is bounded by T'LLUT circular arcs
convex outward. Going around the boundary coun-
terclockwise we turn continuously to the left while
following an arc and turn to the right at points of intersection of consecutive arcs. Be-
cause the corresponding unit discs do not overlap, their centers and the point of inter-
section of the great circles form an isosceles triangle with a base S2 and sides
1+r, 1+r. Consequently, the boundary of the island turns to the right at points

of intersection with angles 2 arcsin—;l—jr——r =C0.

Let us denote the boundary arcs of the
island in cyclic order as well as their central
angles, by ax, a2, ..., am, and the angle of
right turn succeeding ay by Bt,i=1, .., m'
(“m+i=ai, Bm'+ —Bi) (Fig- 5)- A complete
turn along the boundary shows'that

(D igl«r Tglﬁi = 2n-

Combining this with the inequality Bi =w,
proved above, we have

(2) iglai—m'l/v+ 2n,

or with other words, the average left turn of
an arc is greater than & Fig. 5

4 If a component (island) of the union of the great circles is not simply connected, then the
boundaries of the “holes”, not being connected with the ocean, will not be considered as shore arcs
or parts of the boundary of the island, and the holes will be considered as parts of the island.
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Consider now the Dirichiet cells5 of the circles as a decomposition of the
island. It is easy to see that the cells are convex and that the non-polygonal part
of the boundary of a cell consists of the shore arcs of the corresponding great circle.
We shall say that the cell is good if on the great circle there exists an arc of central

angle — @ which has no common point with the shore arcs.

Suppose first that all cells are good cells. Then Lemma 2 can be applied to
estimate the areas of the cells. Thus the sum of the areas of the cells i. e. the area
of the island satisfies

(1+r):

{m) = +m ]/3\\+ M+ ir2+2r

Hence, applying (2) we have

"(1+1)2  vs 1+41)2 3

Km) é m 5 0

U+ v3 1+n—\+ yr2+2r 27 (

proving the Theorem for this case.

Unfortunately, it may happen that some of the cells are not good. Let us denote
by y an arc of such a cell, determined by the endpoint of one of the shore arcs,
say as,and the beginning of the next shore arc on the same great circle. Finally, let

% be an arc of central angle = —e, containing y. Next we reduce the shore arcs

lying on the great circle in question. For each shore arc txj, let x} be the intersection
of § and the complement of 5. Then

(©) z<*j-2<*j = W -o0-y,
where the summation extends over the shore arcs of the great circle.
We define
4) BRs=Rs-["-a>~y)e
By assumption and therefore, since the angle of the right turn after

asis Bs"n —y we have Bsé n—y— —a>—yj>

We now perform the corresponding reductions in the angles related to the other
“bad” cells and then define ak =ak and R{ =Rt for the cases when ak and B[ has
not been defined otherwise. The total reduction in shore arcs does not exceed the

5 The Dirichiet cell of a circle consists of those points of the island which are nearer to the
circle in question than to any other circle of the packing. As is well known in the case of packing
of unit circles, each cell is the intersection of the island and a convex polygon which contains the

circle and has vertices whose distances from the center of the circle are S2/V 3.
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total reduction of the angles h i. e. it holds

0) 2«i-2 RIS 2 2 Bi = 2n
i= i=1 i=1 i=1

and, since Ri we have

2" 2. ai— ew+2n

But the reduced angles admit the application of Lemma 2, which was made above,

for all cells. This completes the proof of the Theorem.
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QUASI-CONVEXITY AND QUASI-MONOTONICITY IN
NONLINEAR PROGRAMMING1

by

B. MARTOS

We inspect a series of theorems which have played an important role in the
theory of nonlinear programming. In these theorems, the sufficient convexity or
linearity requirements which have usually been set up for the involved functions
turn out to be unnecessary and substitutable by weakened assumptions which are
(in many case and in a defined sense) even necessary. The whole business is based
upon the notion of quasi-convex (and related) functions. For objective functions
of this kind, even continuity requirements are dispensable.

Significant characteristics of quasi-convex and/or quasi-monotonic functions
have been investigated by DeFinetti [5], Fenchel [6], Berge [3] and Deak [4],
without reference to nonlinear programming problems. In this latter context, quasi-
convexity appears first in the following publications: Arrow and Enthoven [1],
Arrow, HuRwiczand Uzawa [2], and Kovacs [9]. The first two are devoted primarily
to generalizing the basic Kuhn—Tucker theorems, a subject excluded from the
present paper. The third one deals with the extension of Rosen’s gradient-projection
method to quasi-concave maximization, and contains a less sharp version of our
Theorem 3a.

This short prehistory of the present subject must be supplemented, unfortu-
nately enough, by a list of papers which, beside correct or partially correct theorems,
happen also to contain mistakes and inaccuracies. This list consists of the articles
of DeFinetti [5], Hanson [7], Hoang Tuy [8], and Martos [10]. Fenchel [6] cor-
rected DeFinetti’s mistake and Martos [11] disproved Hanson’s duality theorem.
The relationship of the present results to those contained in Hoang Tuy [8] and
Martos [10] will be made clear in what follows.

Notations and Definitions

We apply capitals to denote sets, lower case letters for vectors (also called
points) and Greek letters for scalars. All the occurring sets are subsets of the Euclidian
u-space, En

[x, y] denotes a closed straight segment connecting the points x and y; (X, Y)
is an open one.

1 The present paper contains the essential part of paragraphs 4.—6. of my paper [11], published
in the Hungarian language. Slight modifications in Theorem 5. and Lemma 2. (as compared with
the less accurate Theorems 7. 9 and 7. 10 in the referred paper) are worth mentioning. These im-
provements (and a fair deal of others) are due to the highly appreciated criticism of e -vin 0 cax
(Math. Inst. Hung. Acad. Sei.). Of course, he can not be held responsible for any remaining
mistakes.

1 Studia Scientiarum Mathematicarum Hungarica 2 (1962)
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XSy Stands for the same kind of inequality in each corresponding component.
An upper index like X°, X1, ... refers to a selected value of the variable vector x;
a lower index distinguishes the components of a vector. For the reader’s convenience,
we recall a few well-known definitions.

Convex set. The set X is convex if X1, X2EX implies [x1, x2] ¢ |

Polyhedral set. A polyhedral set X is an intersection of closed halfspaces
of finite number. (X is thereby closed and convex.)

Polyhedron. A bounded polyhedral set (marked like XA.

Edge. Let S be a straight line in Encontaining two different points of the closed
convex set XcE". ST)A'is an edge of X if X —(S'MA) is convex. (Note that X is
not assumed to be polyhedral. A finite or infinite closed segment in E1is an edge
of itself.)

Vertex. XX is a vertex of the polyhedral set X if X —{x} is convex.

Adjacent vertices. Two different vertices xr,x 28X are adjacent if X —[xlI,x 2]
is convex. (Or, equivalently, if they lie onthe same edge of X. A vertex is not adjacent
to itself.)

In the following definitions, let X be a convex subset of Enand <p(x) a scalar-
valued function2 defined for each x£X.

Definition 1. Weak quasi-convexity.3 <x) is weakly quasi-convex in X if
for each x \x 2CX, and x°€(x1,x 2) holds:

(1) <Mx°) = max {"(x1), <p(x2)}.

Definition 2. Explicit quasi-convexityA <p(x) is explicitly quasi-convex on
X if it is weakly quasi-convex, and the strict inequality holds in (1) whenever

9 (xD"9 (x2.

Definitions. Weak (explicit) quasi-concavity. ip(X) is weakly (explicitly)
quasi-concave if [—<p(x)] is weakly (explicitly) quasi-convex.

Definition 4. Weak (explicit) quasi-monotonicity.5 (p(x) is weakly (explicitly)
quasi-monotonic if it is both weakly (explicitly) quasi-convex and quasi-concave.

Definition 5. Skew quasi-monotonicity. (p(X) is skew quasi-monotonic in the
set X if it is weakly quasi-concave in X and is explicitly quasi-convex between any
pair of points which do not lie on the same edge of X.6

2 For a vector-valued function f(X) apply these definitions to each of its component.

3 Called ,,quasi-convex” by Fenchel [6], Berge [3], Arrow-Enthoven [1] and others, ,all-
gemein maximumlos” (i. e., general-maximumless) by Deak [4].

4 Called ,,functionally convex” by Hanson [7], ,,streng allgemein maximumlos™ (i. e., strictly
general-maximumless) by Deak [4]. Kovacs [9] also used the narrower concept of “strict quasi-
convexity” requiring strict inequality to hold in (1) even for <p(xl)=<p(x2).

5 Called “(streng) allgemein-intern” [i. e. (strict) general-internal] by Deak [4]. Weak quasi-
monotonicity occurs also in Arrow-Hurwicz-Uzawa [2] without a special name. Our term is
justified by the monotonicity property of the corresponding single variable function.

6 Considering the asymmetry of the last definition, a pair of notions (reflecting each other)
should have been introduced. But in this paper, where we transform all programming problems to
minimization, the other part of the pair does not occur. This fact enables us to avoid a still longer
expression or circumscription.

Stuaia Sclentiarum Mathematlcarum Hungarica 2 (1967)
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The mutual connection between convexity, linearity, and the concepts introduced
above can be seen by the following propositions which we give without proof:

A. Convexity implies explicit quasi-convexity. Linear functions (including
constant functions) are explicitly quasi-monotonic, consequently.

B. <p(x°)<max {(p(x), (p(x2} for (p(xD*cp(x2) implies explicit quasi-
convexity if <p(x) is lower semi-continuous. (For such functions the weak quasi-
convexity need not be stipulated in Def. 2))

C. Weak quasi-convexity implies explicit quasi-convexity if <p(X) can be
expanded in Taylor series.7

D. Skew quasi-monotonicity implies weak quasi-monotonicity if X has no
edges or if <p(X) is lower semi-continuous and X does not consist merely of a single
edge. If X happens to be a single edge, skew quasi-monotonicity is equivalent to
weak guasi-concavity.

Instead of the well-known continuity property of convex functions, the follow-
ing weaker theorem is valid:

E. 8 A weakly quasi-convex function is continuous almost everywhere.

Admissible Sets

Let g(x) = [yx(X), y2(x), ==>¥T1(x)] be a vector valued function of x, defined
in the closed convex set X, and b a given m-vector. The set

2 L = {xE£X\g{x)mb)
will be called admissible set.

Theorem 1 Convex admissible sets. The set L is convex for each b£Em
if and only if g(x) is weakly quasi-convex on X.

Theorem 2. Polyhedral admissible sets. Let g(x) be a lower semi-continuous,
weakly quasi-monotonic function in the polyhedral set . Then the admissible set

©) L={x£N\g(x)"b}
is a polyhedral set for each b£E"".

For proving Theorems 1 and 2 we need the following.
Lemma 1 Let X be convex. The set

M ={xeX\y(x)"3}

is convex for each real B if and only if y(x) is weakly quasi-convex in X.9 The same
statement holds for the set
N= {xEX\y(x)-=R}.

7 Ad libitum differentiability is insufficient, in contrast with Martos [10].

8 Deak [4], Theorem 7, p. 120.

9 This serves also as the most usual definition of weak quasi convexity. In the economic litera-
ture it appears often this loose way: “The level surfaces of <p(x) should be convex”. For a proof
similar to ours, see Fenchel [6], Theorem 50, p. 118.

Studia Sclentiarum Uathematicatum Hungarlca 2 (1967)
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Proof of Lemma 1.

a) Sufficiency, x , x2CM, (resp. TV) implies m, x2(¢_Xand x° €(x*, x2 implies
x° CX, by the convexity of X. By the weak quasi-convexity of y(x) and the definition
of M (resp. V):

y(x°)Smax M *1), y(x2 }*R (resp. </?).

This is: x°€M (resp. TV).

b) Necessity, x1, x2£X, x°*(x1,x2) implies x° £X. If max {y(x]), y(x2} =
= +°°, then y(x°)Smax y(x2}. Consider now the set TV in case
max {yovd), y(x2)}< + °°, and put /7= max (yixD, y(x2}+ e e>0. Thus x1, x2£TV,
for each e>0. By the convexity of TV x°GTV, for each r>0. This is y(x°)<
-=max (y(xX, y(x2}+e, for each e>0 and y(x°)Smax (y”1, y(x2}, conse-
quently. By putting e= 0, the same exposition applies to the set M.

Proof of Theorem 1 Both the sufficiency and necessity part of Theorem 1
result immediately from the M-part of Lemma 1applying it component by component
to g(x) and b, and considering that L is the intersection of the convex sets defined
this way.

Proof of Theorem 2. L is closed by the lower semi-continuity of g(x). Both
MJ = {xEX\yj(x)SRj}

and the set
NJ= {xeX\yj(x)>RJ}

are convex for each 3j by Lemma 1 because y/x) is both weakly quasi-convex and
quasi-concave. Moreover MJ is closed. Therefore the sets MJ and NJ are separated
by a hyperplan whose intersection with A1 belongs to ML Mj is thus a closed convex
polyhedral set for each Rj and so is L= f| MJ for each b.

: J .
We have not succeeded constructing a converse (necessity) theorem to Theorem 2
as yet.

Local and Global Minima

Let us consider the non-linear programming problem10
4 min {g>(x)\xdL}
where L is a convex set in En

D efinition 6. Global minimum. x*€L is a global minimum point of (p(X)
in L, if <p(x*)S<p(x) for each xEL. cp(x*) ——°° is allowed.

D efinition 7. Local minimum. x£L is a local minimum point of cp(x) in
L, if an e>0 exists so that cp{X)"<p{x), whenever xEL and jx—x|<e.

10 In the following part of the paper the sets L. L, LA need not be identified with the ,,ad
missible sets” as defined in (2) or (3), though in the practice of the non-linear programming they
usually are.
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Theorem 3. Theorem of G lobality.

a) 1 If L is convex and <p(X) is explicitly quasi-convex in L, then each local
minimum point of cp(X) is a global minimum point in L.
b) 122 1f L is convex, <p(X) is continuous in L andfor all convex subsets K of L

is valid, that each local minimum point of <p(X) in K is a global minimum point in K,
then <p(X) is explicitly quasi-convex in L.

Proof of Theorem 3.

a) If L contains a local minimum point x which fails to be a global minimum
point, then there is a point X £L satisfying (p(X)< <p(x). By the explicit quasi-
convexity of <p(x) for each x°€(x, x) holds <p(x°)<<p(x). Approaching x by x°
we can see that x cannot be a local minimum point.

b) If (p(x) is not explicitly quasi-convex it cannot be constant by proposition A.
Therefore by the continuity of cp(X) and by proposition B: x1 x2CL x°£(x1x 2
must exist satisfying:
®) (P(xP)*a>(xI)xp (x 2.

If x1is a local minimum point in [x1, x°] so is it in [x1, x2] but it fails to be a global
minimum point in the latter. If x1is not a local minimum point in [x1, x°] then
by the continuity of (p(x) a point x3€(x*, x°) must exist satisfying:

(6) (P(x) xp (x3) > @(x2.

Consider the set of points {y\yd[x3, x°], (p(y)=(p(x3)}. By the continuity this
set contains an element (x4, say) which is nearest to x°. Then

q>(x)*p(x)xp (x3 = cp(xd) ><p(x2).

Accordingly x4 is a local minimum point in the segment [x4, X°], thus so is in the
segment [x4, xZ], but fails to be a global minimum point in the latter.

Local and Global Vertex-Minima

Let L be a polyhedral set with vertices x\ x2, ..., xr; i?={l, 2, ..., r} the set
of indices (which may be empty) and Rkc.R a subset of R which consists of k and
the indices of vertices which are adjacent to xk.

Definition 8 Global vertex-minimum. The vertex x'lis a global vertex-minimum
point of <p(X) in the polyhedral set L, if cp(xk)LLI(p(x) for each i €R.

D efinition 9. Local vertex-minimum. The vertex xk is a local vertex-minimum
point of (p(x) in the polyhedral set L, if (p(xk~(p(x‘) for each i£Rk2

11 For L polyhedron and <p(X) continuous: Martos [10], Th. 2., p. 244. For L closed <p(x)
continuous, strictly quasi-convex: Kovacs [9], Lemma 3, p. 215. In this case a local minimum point
is also unique. The alleged existence of such a point is valid only if L is also bounded, a condition
omitted by Kovacs. For L polyhedron and <p{x) weakly quasi-convex (erroneously): Hoang Tuy
[8]. Th. II, p. 214. (Owing to a—supposed—misprint in Hoang Tuy’s definition M2 we cannot
be quite sure what this theorem contains. My interpretation is — | believe — well meaning.)

12 For L and K polyhedron: wm ar:os [10]. Th. 2, p. 244.
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First we consider theorems concerning a function g>x) defined in a polyhedron
LA and the problem
min {<p(X)\x(zLA}.

Theorem 4. Theorem of global vertex-minima.

a) 13 If (p(x) is a weakly quasi-concave function on the polyhedron LA then ea
global vertex-minimum point of cp(x) in LA is a global minimum point in LA
b) 14 1f L is a convex set andfor each polyhedron LAc.L is valid that each glok

vertex-minimum point of <p(X) in LA is global minimum point in LA then <p(X) is
weakly quasi-concave in L.

Proof of Theorem 4.

a) Considering that each point of a polyhedron is a convex linear combination
of the vertices and applying Definition 1. successively, for each x£ L Aresults (x) S
Smin {(p(x)\iC.R}.

b) Let x1x2£L, and LA—[xI,x2]. By our assumption <pX) —
Smin {(pixd, (p(x2)} for each x° Cfx 1, x2) which is just the definition of a weakly
quasi-concave function in L.

From Theorem 4. results:

Corollary 4. |f cp(x) is weakly quasi-concave in the polyhedron LA then it
assumes its minimum on a vertex of LA

Theorem 5. Theorem of local vertex minima.

a) 15 If (p(x) is skew quasi-monotonic in the polyhedron LA then each local vert
minimum point of <p(x) in LA is a global minimum point in LA
b) 16 1fL is convex, <p(X) a continuousfunction in L andfor all polyhedron LAc

is valid, that each local vertex minimum point of (x) in LA is a global minimum
point in LA then cp(x) is skew guasi-monotonic in L.

Proof of Theorem 5.
a) Assume that the vertex yf is a local vertex-minimum point in LA i.e.:

(") <K =min {<ppy\iCRk}

and that xk fails to be global minimum point on LA i.e. there exists an x2€LA
satisfying

(8) " (x9<<p(x*).

Let Li denote the convex polyhedron spanned by the vertices with index from Rk.
If x2CLA then by the weak quasi-concavity of cp(X): (p(x2"min {(p(x)\iC.Rk}
in contrast with (7) and (8). If j@2$Lk, then xkand x2cannot be points of the same
edge of ZA Consider a point x° €Lk (x\ x2). Then cp(x°) by applying
Corr. 4. to Li, considering that x° £Li and cp(X) is weakly quasi-concave. Simulta-8

B Hoang Tuy [8 Th. I, p. 214. For () continuous: m artos [10], Th. 1, p. 244.

14 For L polyhedron and <p(X) continuous: m artos [10] Th. 1, p. 244.

15 Forp(x) continuous, weakly quasi-concave and explicitly quasi-convex included in Martos
[10]. Corollary 2, p. 244. For <p(x) weakly quasi-monotonic (erroneously): Hoang Tuy [8], p. 214.

16 For L polyhedron, <p(x) weakly quasi-concave and explicitly quasi-convex included (erro-
neously) in m artos [10], Corr. 2, p. 244.
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neously (p(x°) < (p(x*) because x° C(xk x2) and <p(x) is explicitly quasi-convex in
[xk, x2]. This contradiction proves a).

b) The weak quasi-concavity of <p(X) comes simply from applying the “local
vertex minimum is global” assumption to LA=[xI, x 2], where X1, x2 are arbitrarily
chosen from L. This property of cp(x) finds application in the remaining part of the
proof. Suppose now that there is a segment [x1 x2]cL, satisfying:

a) op()xp(xd

B) xland x2do not lie on the same edge of L

y) <p(¥) is not explicitly quasi-convex along this segment.

We are going to prove the theorem by constructing a convex, planar quadrangle Q,
in which a local vertex minimum point fails to be global minimum point.

For the sake of brevity, let us use the notation ((=(p(x9), and Q=Q[x R, y, §
for the quadrangle with vertices: xa, xfi, Xy, xs, ~ referring to a local vertex minimum
point which is not global.

Let E be the straight line through x1, x2 and S a plane containing E and such
that the open halfplanes T and V, which are separated by E, shall contain a point
of L, each. The existence of such a plane results from R). All of what follows takes
place in this plane. From a) and y) comes the existence of a point x°£(xx X2
satisfying:

(9) (Po= <PI><P2-
But then for each x£[x’,x2 holds
(10) PE)Sp!

by the weak quasi-concavity of (p(x).

Case 1. If there is an x(= x°, maybe) for which the strict inequality holds
in (10), then by the continuity of <p(x) its neighbourhood contains a pair of points:
x3, x4 with the following properties: x3£7T1L, x4€VC\L, min {(p3, ¢4}
and the quadrangle g = [l, 3, 2, 4] is convex.

Case 2. Consider the opposite case:

(12) @ =(pP) =@ forall x in (x1, x°).

Choose a point xiix”~x0 arbitrarily, and a pair of points x3 x4 such that:
[x3, x4] should be perpendicular to E inx, x3€TTL, x4€FITL, and

(12) 8 Scp4>(p2.

(The left side inequality can be supposed by the symmetry, the right side results
from (p(x) =qOx p 2 and the continuity of cp(x) if we chose x3, x4 close enough
to x.) From (12) by the quasi-concavity of cp(x) along [x3, x4]:

(13) cp(x) = @"(pA

Subcase 21. If ([O=(p* then Q=qgW, 3, 2, 4].

Subcase 22. In case 0> g4 the following sub-subcases are mutually ex-
cluding and collectively exhausting.

221 <P05?3>1@' Then Q= % [1, 3,0 4_]

222. f0x p 3= (4. Approach x to x unt reaching a point with a value greater
than 4, but still not greater than q0. This is case 221.
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223 (B3>¢>0x p 4. By continuity we have a point x5€(x3, x2) with gb=cp0.
We should have Q=Q[l, 5, 0, 4], but it may or may not be convex. If it is not we
can approach x4 to x, either prevailing q0> g#, until Q becomes convex, or reach-
ing a point with 9= 94, when Subcase 21 applies.

Thereby the proof is finished.

In Theorem 4 and 5 (p(x) is defined in a (bounded) polyhedron. The sufficiency
part of these theorems however, may be extended to (not necessarily bounded)
polyhedral sets depending on the following:

Lemma 2. If L is a closed convex polyhedral set, LAis the (non empty) poly-
hedron spanned by the vertices of L, (p(X) is explicitly quasi-concave in L and
assumes its minimum in L then it assumes the same minimum in Ld.

Proof of Lemma 2. Employing the statement a) of Theorem 4. let us suppose
that xk is one of those vertices of If satisfying

(14) cp{x® = TT{(p{X)\XEbn).
Assume that there exists x° £L so that
(15) Q(X°)«M**),

We are going to prove that x° cannot be a global minimum point in L. Obviously
x° (FLA consequently it cannot be a vertex.

Let us now choose a point x1ZLAso that if x° lies in the interior of L then
x 1 be any point of LA but if x° is a boundary point, then x1 be such a point of
LA that all those bounding hyperplanes of L which contain x° should contain x1,
too. This choice enables us to find a third point x2 such that [x1, xZc~L, x1dLA
and x°€(x1 x2).

cp(xD”(p(x2) is impossible, because by weak quasi-concavity in [x1, x2] and
by (14) M(x"é¢x"ScpOx*) would result in contrast with (15). Thus <p(xv) ><p(x2).
By the explicit quasi-concavity <p(x°)><p(x2), accordingly x° fails to be a global
minimum point on L. Summed up: if the global minimum of g(x) on LA fails to
be the same in L, then (p{x) does not assume its minimum on L, what is just what
the lemma alleges.

From Lemma 2 immediately results:

Corollary 4—5. The statement a) of Theorems 4 and 5 remains valid even
if we replace the polyhedron LAwith apolyhedral set L supposed that cp(x) is explicitly
(rather than weakly) quasi-concave and that qo(x) assumes its minimum in L.11

The Set of Optimum Points

Let us consider the problem min {<p(x)|xEL}, where L is supposed to be convex.
Let L* be the set of the optimum points of the problem and L =L —L* the comple-
ment of L*. Whether L* or L is allowed to be empty.T

7 In case L has no vertices the referred statements become meaningless. This case is, however,
excluded as a rule, L being defined as in (3) and X identified with the non-negative orthant of E".
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Theorem 6.18 The set of optimum points. If qXX) is Weakly quasi—convex
(resp. quasi-concave) in the convex set L, then the set L* of the optimum points
(resp. the complementary set L =L —L*) is convex, maybe empty.

* * *

A practical importance may also be attached to the above results. They enable
us to extend and in some cases delimit the power of some well-known programming
techniques. We published a fair deal of such results in [11].
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ANWENDUNG DER HYPERMATRIZEN
FUR DIE UNTERSUCHUNG EINES WIDERSTANDNETZES

von
Z, PERJES

1 Einfihrung. Fir die Behandlung der rdumlichen Systeme periodischer
Struktur erwies sich die Anwendung der Hypermatrizen als ein vorteilhaftes Mittel.
Zum Beispiel sind diese fir die Untersuchung der Kristallgitter in der Festkorper-
physik sehr geeignet [1]. In dieser Arbeit wird gezeigt, dal mit Hilfe von Hyper-
matrizen auch der resultierende Widerstand periodischer Widerstandssysteme
bestimmt werden kann.

Wir werden unseren Gedankengang am Beispiel eines unendlich ebenen guadrat-
gitternetzes vorflhren. Jedes Element des Netzes hat den Widerstand r (Abb. 1)
Binden wir zur Untersuchung der Eigenschaften des Netzes eine Spannungsquelle
an die Endpunkte eines Elements. Wir werden ausrechnen, wie groBes Potential
sich in irgendeinem Endpunkt des beliebigen Elements ausbilden wird. In Kenntnis
dieser Potentiale wollen wir die GroRRe d°s Widerstandes bestimmen, den man zwischen
den Endpunkten eines Netzelementes messen kann.

Zu diesem Zwecke nehmen wir zuerst ein aus endlich vielen Elementen be-
stehendes Quadratgitternetz, und zwar ein solches, in dem die Elemente in
a-zahligen Reihen und Spalten der gleichen Zahl
angeordnet sind. Es vereinfacht die Verhandlung,
wenn man das unendlich ebene Quadratgitternetz
als den Grenzfall eines solchen Netzes betrachtet,
das sich an einer Torusflache befindet. Strebt der
Parallel- und Meridiankreis des Torus dem Un-
endlichen zu, und strebt inzwischen aucn n zum
Unendlichen, dann erreichen wir im Grenzfall
ein unendliches Flachgitter. Wir werden also so
Vorgehen, dafll wir, die erste Reihe des Flachgit-
ters mit der s-ten koppelnd, zu einem Zylinder
kommen, dann die erste Spalte mit der d-ten
koppelnd einen Torus erreichen. Somit wird das
System in ein zyklisches umgeéndert weiden.

Dann werden wir mit Hilfe der Kirchhoffschen
Gesetze die Gleichungen anschreiben, die einen Zusammenhang unter den Spannun-
gen in den einzelnen Knotenpunkten des Netzes geben. Das so erhaltene Gleichungs-
system wird mit Anwendung der Algebra von Hypermatrizen geldst. Das Gleich-
ungssystem wird ergdnzt, um die Symmetrie des so erhaltenen Systems ausniit-
zend, die Potentiale bestimmen zu konnen. Zerlegen wir das System auf geeig-
nete Weise, so bekommen wir flir die Potentiale ein inhomogenes lineares Gleich-
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ungssystem. Die Inverse der Koeffizientenmatrix dieses Gleichungssystems wird
aus der urspringlichen Koeffizientenmatrix berechnet.

Es ist naheliegend, daR auch andere periodische Widerstandsstrukturen
auf ahnliche Weise zu behandeln sind.

2. Zusammenfassung der benitzten Sédtze. Setzt man beliebige Matrizen
(Blocke) an Stelle der Elemente einer aus skalaren Elementen bestehenden Matrix,
erhalt man eine Hypermatrix. Es ist bekannt, daB das direkte Produkt der Matrizen
A und B= die Hypermatrix

A-XB= [Abjk]

ist. Die Spektralzerlegung der Hypermatrizen, die man als direktes Produkt von
symmetrischen Matrizen erzeugen kann, wird auf Grund des Satzes von Egervary [2]
durchgefiihrt. Hier werden wir diesen Satz in der folgenden Abfassung (von ver-
engter Gultigkeit) verwenden:

Satz A. Sind A und B symmetrische Matrizen, dann sind die Eigenwerte von
A- XB die Produkte apk der Eigenwerte von A und B und die Eigenvektoren von
A-XB sind die direkten Produkte uj- X\'k der Eigenvektoren von A und B.

Satz B. e seien die Blocke A und D der Hypermatrix

A B
cD

quadratische Matrizen beliebiger Ordnung. Wenn diese Hypermatrix nicht-singulér
ist, und in aufgeteilter Form folgend aufgeschrieben wird

A B XY
cCD Z W
weiterhin der Block X umkehrbar ist, so existiert auch D 1 und kann, wie folgt,

ausgedriickt werden:
D 1= W—2ZX_1Y.

Dieser Satz war in einer etwas anderen Abfassung von Egervary, Rézsa und
Sieber erkannt (Siehe z. B. [3)).

Beweis. Nach der Definition der inversen Matrix gilt die Beziehung:

AB XY EO
LeD zwW OE

Wahlen wir die Gleichungen aus, die sich auf die untenstehenden Blocke der Ein-
heitsmatrix beziehen:

CX+DZ = O,
Cy+DW = E.

Aus der ersten Gleichung kann man C ausdriicken, wenn man mit X-1 von rechts
multipliziert :
C=-DzXL1

StucUa Scientlarum Mathematicarum Hungarica 2 (1967)



ANWENDUNG DER HYPERMATRIZEN 277

Setzt man diesen Ausdruck in die untere Gleichung ein, ergibt sich:
D(—ZX_1Y-fW) = E,
woraus der zu beweisende Zusammenhang unmittelbar folgt.

3. Das Potential in den Netzpunkten. Wir bezeichnen das Potential der Netz-
punkte, wie in der Abb. 2 gezeigt wird. Wir binden die zwei Pole einer Stromquelle
von gegebener Spannung an die (0, 0) und (0, 1) Punkte. So sind U0 und UOI
bekannt und zwar

Uoo—
Uoi —U
Am Torus sind n-n Netzpunkte, also die

Anzahl der unbekannten Spannungswerte ist
n2—2, sie sind also durch gleich so viel, n2—2
Gleichungen zu bestimmen. Den Wert von
Uik ((/, k) ?i(0, 0) und (0, 1)) kénnen wir aus
den Spannungswerten in den Nachbarpunk-
ten mit Hilfe der Kirchhoffschen Sétze er-
mitteln (Abb. 3). Da die Summe der Stréme
in Punkt (/, k) gleich Null ist:
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hieraus folgt
Sik—- Uik . Urk= UjHk Upk- Up'b.!  Ujk~ Ujk+l
Es ist daher

Ujk = Uj-1,k+ Uj+l,k+ Uj,k-1+ Uji,k+1

oder
k— Uj-l1.k~ Uj+l,k~ Uj,k- 1— Uj.k+l —o-

Fugen wir die zu den Knotenpunkten (0, 0) und (0, 1) gehérenden Gleichungen:
4U0j0 UOA U10 Un-10 — Uo,n-i —0,
4tfo,i —£/0,0 —"0,2 —~1,1 — £/n-i,i = *

dem Gleichungssystem hinzu. Wir erhalten das System

AX'—bh,
WOo
n 0,0
UO0.t
0 Uo,n-I
v Us.0
X Ui
0
un- 10

X' besteht nicht aus lauter Unbekannten, weil die ersten zwei Elemente 0 bzw. £/
sind. Diese Schreibweise hat den Vorteil, dal man die Matrix A als das direkte
Polynom der wohlbekannten zyklischen Matrix n-ter Ordnung
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aufschreiben kann:
A= E-XK+K-XE; K=2E-ii-i21
Die Spektralzerlegung von il 1aBt sich namlich in geschlossener Form anschreiben:
il = UAU*, u”1= U*
A= <4>= (e ” > k=01, ...n-I,
U= [uK = j=0,1, ../1-1.

So ist

und die Eigenwerte von K sind:
2—en — " = 4sin2™ K, kKk=20,1,.. n—1

Wenden wir jetzt den Satz A an, so kénnen wir die Elemente von A aufschreiben:

11 / n \
Aa*), (Ilm) = (k> XE+E- XK)M) (M) =2 2 vujruks 4sin2—+4sin2i?l Glriims.
r=0 s=0 f n 1)

Zerlegen wir jetzt das Gleichungssystem folgenderweise:

y* 0 0
1 n n
V B X = 0
wir erhalten :
+ V*x =
n
B-x=-v 0: .y 0
n n

Aus diesen zwei Systemen brauchen wir nur das Zweite zur Bestimmung der Un-
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bekannten. Aus diesem folgt:
0.2)

(V)
) X= B_1g; c= U

(«-1,D

Hier durften wir den Satz B anwenden, wenn A eine Inverse hatte. Aber A ist eine
singuléare Matrix, deswegen werden wir die gesuchte Inverse B-1 in zwei Teilen
bestimmen. Durch das Weglassen der ersten Spalte und Zeile von A bekommen
wir Aj. Zuerst bestimmen wir die Inverse von A,, indem wir die bekannte Spektral-
zerlegung der Matrix A benitzen. Mit Hilfe der Spektralzerlegung der Matrix A
erhalten wir:

Al u, ;A uf
Also:
Afl= (U$)-1Ariurl
U flund (Ul)-1lassen sich mit Hilfe des Satzes B ausrechnen:

U-1= U*-- 1 VjUl,

n*-1= Um 1 UiVI.

Hier haben wir mit v* die erste Zeile, mit u, die erste Spalte von U bezeichnet und

u, = v,.
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Aus der Inversen von At konnen wir die Inverse von B nunmehr ausrechnen:
-1

0 0 y o 0 M -- o a*
0 B 1 p -p
Afl
Uu- Uw Aafr <4
«n
1*“ -.(..@_]: TT 1
¥ Y| MUT
R AR
X2 i
Durch vT wird die erste, durch vE die zweite Zeile in U bezeichnet. Beachten wir,
dal -—-u*=(l, 1..... )=e* ist, dann bekommen wir das folgende Ergebnis

«l
fur die Inverse der Matrix B:

@) B * = (U—evi) (ATL- AR A “02-v) T 1)

Substituiert man die Matrizen U, At 1 usw. in (2), dann ergibt sich flr das (j,]");
(K, &)-te Element der Inversen:

oo \7T/ 1 0 —-U'+fT) 1 i ——gtsk) 1

h 1¢1,0),(*>*") — .2 le " U af(rr’), (s,;s") le " 17i

wo

fys.s), <) ___IMe__n

B o)y (D NN(r, r) «N,,(s,s")
»r / N C . S) Ti
Nn(r>r) = 4\ Sinz----- hsinz n
N(s,s'), (r,r') = cn = yz,2=05rn2_§”‘_b§i‘n2&
n n
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Das Zeichen 2 ' zeigt, dafl das Glied mit dem Index (0, O, 0, 0) aus der Summe
wegzulassen ist.

Mit Hilfe der Matrix B- 1und der Gleichung (2) schreiben wir die Potentiale auf:

Or+j ) 20 rey 2N (s8)
X - w I] a(r,r), (s,s" n +e

4. Bestimmung des resultierenden Widerstandes. Der im vorigen Punkt fi
U(j K gewonnene Ausdruck wird verwendet, um den resultierenden Widerstand
zwischen den beiden Endpunkten eines Elements auszurechnen. Binden wir die
Stromquelle eben an dieses Element. Dann ist der resultierende Widerstand (Abb. 3):

/ ist der durch die Stromquelle flieRende Strom. Der verzweigt sich im Punkt (0, 1)
in vier Teile:

i= 2hi
j-ou. ! _U-Uk, . U-Vo2o U -1l
f1— r’ 2- r >3 -
Der resultierende Widerstand ist also
R =
4- + 70,2+ Un-11
u

Wenden wir den Ausdruck fir die Potentiale an:

uu,+uot2+Un-u, _ | 0 A
U - U e n - cos 0 3
4-ni _2ni Kjfl
ta(nr), (5.8) "o+2 M cos— 53

Bilden wir jetzt den Grenzilbergang n—e, so erhalten wir:

AL+ '\OUZ+'\n—1,1 :hr+lhr,
wo
Zn zn . . N
h (e2ix +2eix cos x —3)(e~AC-f 12e~m cos X —3) dxdx = 4,
jow X X

sin2 2~ sin’ 2
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ferner
2K 2k 2k 2k

3 1 ;o ) N A
oo C(Zh)*JOjJJ 16(e2|x+2e|xcosx 3)

fe XX 1%ﬂ;iy1y_ljl

sin“ ' +sin2 Y 1[sin2” -rising

(e~2iy + 2e~Yy cosy —3)dx dx dy dy’,

hn 33X

dxdy

em: || : y

sin2 s +sin’;,
ist.

Der Integrand im Ausdruck von c ist nichtnegativ, so ist ¢>0. Das vierfache
Integral zerféllt in das Produkt von zwei doppelten Integralen. Das erste von
diesen kann man nach einer kleinen Umdénderung mit dem Nenner vereinfachen.
Der Ausdruck von 12 hat somit folgende Gestalt:

ZK ZK
1-cos(x+j0

————————————————— dxdy = ————;—,

- W 2605 X —€0s y

wie es leicht zu beweisen ist.
Also lautet der resultierende Widerstand des Systems:

r n
4-N-72 = 8 r;
N«0,394r.

Herrn Dr. P. Rozsa danke ich fur die wertvolle Forderung dieser Arbeit.
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KARTESISCHES PRODUKT VON
MENGENSYSTEMEN UND GRAPHEN

von
W. IMRICH

Mengensysteme sind eine Verallgemeinerung von Graphen, In dieser Arbeit
wird der Begriff des Kartesischen Produkts von Graphen auf Mengensysteme
erweitert und gezeigt, dal die Primfaktorzerlegung zusammenhédngender Mengen-
systeme beziglich des Kartesischen Produkts eindeutig ist, falls Gberhaupt eine
Primfaktorzerlegung existiert. Eine einfache Folgerung davon ist, dafl idempotente
zusammenhangende Mengensysteme keine Primfaktorzerlegung haben. Weiters
wird gezeigt, dall die Automorphismengruppe eines zusammenhdngenden Mengen-
systems mit Primfaktorzerlegung isomorph zur Automorphismengruppe der Summe
der Faktoren ist.

Sabidussi [1] erzielte ahnliche Ergebnisse. Er zeigte mit einer anderen Methode,
dal die Primfaktorzerlegung von zusammenhangenden Graphen finiten Typs
oder mit einem Punkt endlichen Grades eindeutig ist, und die Automorphismen-
gruppe solcher Graphen isomorph zur Automorphismengruppe der Summe der
Faktoren ist. Auferdem konstruierte er zusammenhangende idempotente Graphen
und vermutete, daB sie keine Primfaktorzerlegung haben.

Es ist zweckmé&Rig mehrere graphentheoretische Begriffe auf Mengensysteme
zu verallgemeinern :

Definition 1 Unter einem Mengensystem X verstehen wir ein geordnetes
Paar (g, G), bestehend aus einer Menge g und einer aus Teilmengen von g zusammen-
gesetzten Menge G. Wir lassen allerdings nur solche Teilmengen zu, die mindestens
zwei Punkte aus g enthalten. Die Elemente von g heilen Punkte, wir bezeichnen
sie mit kleinen lateinischen Buchstaben a, b, ¢, ... . Die Elemente von G nennen
wir Kanten. Sie werden mit grof3en lateinischen Buchstaben bezeichnet. Die Kardinal-
zahl der Menge der Kanten, denen ein Punkt angehort, ist der Grad dieses Punktes.

Besteht G nur aus Paaren (a, b), so liegt ein ungerichteter Graph ohne Mehr-
fachkanten und Schlingen vor.

Definition 2. Wir sagen die Kantenfolge {Ct, C2, ..., C} verbindet die
Punkte a und b, falls agCj und b£C,, ist, sowie C;NCr+ ~0 fir/=1,2, ..., n—L1
Liegen a und b in einer Kante, so sagen wir a und b seien durch eine Kante ver-
bunden. Die Zahl der Kanten einer Kantenfolge nennen wir die Lange der Kanten-
folge, das Minimum der L&ngen der Kantenfolgen, die zwei Punkte verbinden,
den Abstand dieser Punkte. Ein Mengensystem ist zusammenhéngend, falls je zwei
Punkte durch eine endliche Kantenfolge verbunden sind.

Definition 3. ES seien X=(g, G) und Y= (h, H) Mengensysteme. Unter einem
Isomorphismus von X auf Y verstehen wir eine eineindeutige Abbildung $>von g aufh,
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sodall cpAdH ist fir alle AdG und <p-1BdG fir alle BdH, symbolisch g>X=Y.
Fur isomorphe X und Y fihren wir auferdem die Schreibweise X Y ein. Ein Auto-
morphismus ist ein Isomorphismus von X auf X selbst.

Sind X=(g, G) und Y —(h, H) Mengensysteme mit gc.h und GdH, so sagen
wir X sei in Y enthalten, XdY. Unter dem Durchschnitt zweier Mengensysteme
X und Y verstehen wir das Mengensystem XC\' Y =(gPh, F), wobei F aus allen
jenen Elementen von G und H besteht, die in gC\h enthalten sind. 1st {AjlidI)
eine Menge von Mengensystemen XlI—(gl, Gj) mit g,C\gx=0 fiir iXx, so sagen
wir das Mengensystem Af= (Uafi> U Gf) sei die Summe JEA] der Mengen-
systeme X,. TR ) ‘el

Ist eine Menge von Mengen, so bezeichne g= J[gl das Kartesische

ul

Produkt der Mengen g,. Fur Adg bezeichne weiters p,A die Projektion von A
auf die i-te Koordinate von g.

Definition 4. ES sei {A"|td/} eine Menge von Mengensystemen XI=(gl, Gj).
ETnter dem Kartesischen Produkt I[J X, der Mengensysteme X, verstehen wir das
a

Mengensystem (g, G), wobei g=ng, ist, und G aus allen Teilmengen A von g
besteht, flr die es ein kK gibt, sodall pxA dGHund p,A dg, fur alle ixx. Da wir nur
ein Produkt betrachten, werden wir oft statt ,,Kartesisches Produkt” nur ,,Produkt”
sagen.

Offensichtlich ist das Kartesische Produkt von Mengensystemen assoziativ
und kommutativ, wenn man isomorphe Mengensysteme identifiziert. AuBerdem
gibt es eine Einheit, ndmlich das triviale Mengensystem E=(g, 0), wobei g nur
aus einem Punkt besteht. Das Produkt endlich vieler zusammenhangender Mengen-
systeme ist zusammenhéngend, jedoch ist das Produkt nicht zusammenhéangend,
wenn unendlich viele Faktoren auftreten, oder ein Faktor nicht zusammenhangend
ist.

Definition 5. Unter einer A™-Schicht von X=(g, G)= MX, verstehen wir
ein in X enthaltenes Mengensystem Y—(h, H), fir das pji—gx, pxH = GX ist und
p,hdg, fiir alle i*y.. H besteht also aus allen Elementen von G, die in h enthalten
sind. Die A"-Schicht, die den Punkt a enthalt bezeichnen wir mit X".

Lemma 1 Sind a, bdX* und liegen a und b in einer Kante A aus IMX,, so ist
A in Xf enthalten.

LEMMA 2. Sind X" und Xt zwei verschiedene Schichten des Mengensystems
MX,, so istjeder Punkt aus Xj mit genau einem Punkt aus Xb durch eine Kante ver-
bunden, oderkein Punkt aus X ““ist mit Punkten aus Xb durch eine Kante verbunden.

Lemma 3. Ist adXj mit zweiverschiedenen Punkten aus Xbdurch je eine Kante
verbunden, so ist X“—Xb.

Lemma 4. ES sei s eine isomorphe Abbildung des zusammenhéngenden Mengen-
systems RXS=T auf X X Y=Z, bei der jede R-Schicht von T auf eine X-Schicht
von Z abgebildet wird. Dann gibt es einen Isomorphismus g von R auf X und a von
S auf Y mit <p(r, s) = (or. as).

Beweis. Lemma 1 und 2 folgen direkt aus der Definition des Kartesischen
Produkts. Lemma 3 ist eine unmittelbare Folgerung aus Lemma 2. Um Lemma 4
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zu beweisen, zeigen wir zuerst, daB aus ip(r, s)=(x,y) und ip(r, t) =(x', z) folgt
n—n'. Da wir sxt voraussetzen, liegen (r, s) und (r, t) in verschiedenen /(-Schichten
aus T. Nach Voraussetzung wird jede /(-Schicht auf eine ¥Y-Schicht abgebildet,
also ist yX-z. Weiters ist n zusammenhangend, also gibt es eine Kantenfolge in
einer /(-Schicht, die (r, s) mit (r, t) verbindet. Diese Kantenfolge wird durch ¢ auf
eine Kantenfolge in Z abgebildet, die (x,y) mit (X', z) verbindet. Ist die Lénge
der Kantenfolge eins, so liegen (x, j) und (x'z) in einer Kante. Da y X z ist, mu}
laut Definition des Kartesischen Produkts x —x' sein. Durch Induktion ergibt
sich die Richtigkeit der Behauptung x —x' auch fir beliebig lange Kantenfolgen.
Es gibt also eine von s unabhangige Abbildung g, mit <p(r, s)—(ar, y(r, s)). Das
heifRt, dal’ jede /(-Schicht von T auf eine ¥Schicht von Z abgebildet wird. Es gibt
daher eine von r unabhangige Abbildung a mit (p(r, s) =(x, as), also (p(r, s)=
=(gr, ay). Man sieht leicht, daB 4 ein Isomorphismus von R auf A und a ein Iso-
morphismus von S auf Y ist.

Dehnition 6. Ein Mengensystem X ist prim, wenn aus IsfX Z folgt
oder Z 3eE, wobei E das triviale Mengensystems ist. Zwei Mengensysteme X, Y
sind relativ prim, wenn aus X= UXZ und Y= VXZ folgt Z=£.

Ist X =(g, G) ein zusammenhadngendes Mengensystem mit einem Punkt end-
lichen Grades, so hat X eine Primfaktorzerlegung. Denn sind X—(g,G) und
y=(/i, H) zwei Mengensysteme und ist (a, b) ein Punkt aus XX Y, wobei a den
Grad a in X hat und b den Grad B in ¥, so hat (a, b) den Grad a-h/1 in XX Y.
Ebenso hat jedes zusammenhdngende Mengensystem, fiir das die Distanz von
je zwei beliebigen Punkten unter einer Schranke m liegt eine Primfaktorzerlegung.

Satz 1 Es sei Z—UX.V—XXY ein zusammenhangendes Mengensystem.
Dann ist jede U-Schicht con Z das Produkt PXQ zweier Mengensysteme P ¢ X
und Oc Y.

Beweis. Es S8l X=(g,G) Mit G={A\iCI}, Y=(//, 9) mMit H —{B,\x £ K)

und Ua—(w, W) eine (/-Schicht von Z. Firr die Punkte d mit pxd£At bezeichne
ferner .4f die Kante aus Z mit pxAA=Alund d€,4f. Analog fir Bf. Wir fihren
den Beweis in mehreren Schritten.
(A) Sind < und By zwei Kanten aus Ua so zeigen wir zuerst, dalR alle Punkte
z mit pxzC.A, und pYzdBx in Ualiegen. Denn sei etwa pxz£A|l und pYzEBx. Dann
ist e—(pxz, pYd) (pxd, pYz) CBy und z und e liegen in der Kante BI, sowie
z und/in der Kante A\. Liegt z also nicht schon in Zf oder Bd, so ist z mit zwei
verschiedenen Punkten von U“ durch je eine Kante verbunden und liegt daher
nach Lemma 3 in Ua

Da Ua—(w, V) alle Kanten von Z enthdlt, die Teilmengen von w sind, liegen
also auch alle Kanten A\ und Bx mit pxz*A, und pYz4Bx in Ua Das bedeutet, daf}
das Kartesische Produkt der Mengensysteme Al und Bx in U*liegt.

(B) Liegt die die Punkte b und c verbindende Kantenfolge {Rf, .4f} in U* so
liegt auch {/4f, Bg) in Uaund verbindet b und c, wie gerade gezeigt wurde. Liegen
also b, cEU a nicht in derselben Y-Schicht, so kann man annehmen, dafl von zwei
Kanten aus U* die b und c verbinden, die erste in einer Z-Schicht und die zweite
in einer Y-Schicht von Z liegt.

(C) st {Cj, C2, ..., C,} eine Kantenfolge F in Uamit C*IC;+1X0 fur 1S/<n,
so zeigen wir durch Induktion, daR alle z mit pxz(LpxCi fir exn Q aus “und pYzE
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CpYCk fur ein Ck aus F in Ualiegen. Der Fall n =2 wurde soeben behandelt. Die
Behauptung sei also flir 2Sk<n richtig. Liegen Cx und C, in X-Schichten, so
liegt pYz in pYCk fiir ein k mit 1</,<«. Je nachdem ob pxzCpxCt mit 1

oder i—n ist, wenden wir die Induktionsvoraussetzung auf {Cx, ..., C,,_x} oder
auf {C2 ..., C,] an. Ebenso geht man vor, wenn C, und C2 beide in F-Schichten
von Z liegen.

Es bleibt also der Fall zu betrachten, wo von den Kanten Cxund C, eine in
einer X-Schicht und eine in einer F-Schicht von Z liegt. Falls nicht schon Cxin
einer X-Schicht liegt, so kann man dies durch Umkehrung der Numerierung der
G- erreichen. Es sei also pxCi=Al und pYCn=By. Ist pxz<ipxCi und pYz£p YCk
mit 1Si, kor oder 1<i,kSn, so wenden wir die Induktionsvoraussetzung auf
{Cj, ..., C,,>}oder {C2, ..., C}an. Esseinanpxz£A, undpyzCP*. Da C;I:Cr+1"
=0 istfir 1 gibt es einen Punkt cCCxIMC2und einen Punkt /CC,, xIC,,.
Laut Voraussetzung liegt dann der Punkt e=(pxc, p¥d) in U* Ebenso sind alle
Punkte (pxc, s) mit s£Bx und (r, pYd) mit rEAl in Ua Laut Definition der Schicht
liegen dann die Kanten A\ und Bgin U Also liegen alle Punkte z mit pxz £pxA‘=
= At- pxCl und pYz @PyBx=Bx=pYC, in Ua
(D) Sind h und c zwei beliebige Punkte aus Ua, die in verschiedenen X- und Y-
Schichten liegen, so gibt es eine Kantenfolge {Cx, C2, ..., C.} in U die b mit c
verbindet, und zwar derart, daR fir ein bestimmtes / die Kanten Cx, ..., C, in
einer X-Schicht von Z liegen und Cr+X ..., C, in einer Y-Schicht von Z.

Da U“zusammenhéngend ist, gibt es sicher Kantenfolgen in U* die b und c

verbinden, es bleibt zu zeigen, dal eine mit den gewinschten Eigenschaften dar-
unter ist. Fur n=2wurde dies in (B) gezeigt. Die Aussage sei also richtig fur 2=5k <n.
Ist Cx in einer X-Schicht enthalten, so wenden wir die Induktionsvoraussetzung
auf {C2, ..., C .} an und alles ist bewiesen. Es liege also Cx in einer F-Schicht. Da b
und c in verschiedenen X- und F-Schichten liegen, gibt es sicher Ch die in einer
X-Schicht liegen. Es sei Cm die erste Kante dieser Art. Man kann m-'n voraus-
setzen, andernfalls wende man die Induktionsvoraussetzung auf {C,_x, C,} an.
Durch Anwendung der InduktionsVoraussetzung auf {Cx, ..., Cm) erhalten wir
dann eine Kantenfolge {2, ..., Dm Cm+l, ..., C,}, die b und c verbindet, wobei
Dx in einer X-Schicht liegt. Dieser Fall wurde aber gerade betrachtet.
(E) Wir zeigen nun, dal Ua=(w, W) das Produkt zweier Mengensysteme ist.
Es sei pxW die Menge aller Kanten A aus X, fiir die es ein d gibt mit AdE W. Analog
definieren wir pYW. Setzt man P =(pxw, pxW) und Q=(p¥w, pYW), so folgt aus
(C) und (D) sofort V*“—PXQ.

Satz 2. Ist ¢ ein Isomorphismus des zusammenhangenden Mengensystems
PXQ =R auf XXY=2Z, wobei P prim ist, so liegen die cp-Bilder der P-Schichten
von R entweder alle in X-Schichten von Z, oder alle in Y-Schichten.

Beweis. Es genligt zu zeigen, daB fir PXQ=XXY—Z jede P-Schicht
in einer X-Schicht, oder jede P-Schicht in einer F-Schicht von Z liegt.
Wegen Satz 1 ist jede P-Schicht ganz in einer X-Schicht oder ganz in einer
F-Schicht enthalten. Wir flihren den Beweis nun indirekt. Angenommen es sei
Pad X aund Pbcz Yh Sinda undeé nicht schon in einer Kante enthalten, so gibt es
eine Kantenfolge, die a und b verbindet. Jeder Punkt dieser Kantenfolge liegt in
einer P-Schicht. Da die Kantenfolge nur endlich viele Kanten hat, gibt es eine
Kante, in der zwei Punkte liegen, von denen einer einer P-Schicht angehon, die
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in einer A'-Schicht enthalten ist, und der andere einer P-Schicht, die in einer
Y-Schicht enthalten ist. Es sei also Pac X“ Pba Ffrund 0.B.d.A. a, b*"A”czX*““ und
c—(pPc, pQb) ein Punkt aus Pb, der mithin einer Kante liegt. Offenbar ist c£F 6
cMX*“ Weiters liegt der Punkt (pRc, p@)Ab in Paund ist mit ¢ durch eine Kante
verbunden. Dann ist also c$Xamit zwei Punkten aus X*“ durch je eine Kante ver-
bunden, im Widerspruch zu Lemma 2.

Folgerung. Liegt unter den Voraussetzungen von Satz 2 das Bild einer
P-Schiclit von PXQ in X*, so ist X“—(p(PXQ") fur ein Mengensystem Q'czQ.

Beweis. Nach Satz 2 liegen dann alle Bilder von P-Schichten von PX.Q in
X-Schichten von XX Y. Ist P=(g, G) und Q={h, H> so bezeichnen wir die Menge
aller <£F, flr die ip{(p, q)\p £g}c.X*“ist mit h' und das Mengensystem (h', H"),
wobei #'= {A\A6//, Ac.h'} ist, mit Q'. Dann ist offensichtlich (p(PXQ') =Xa

Satz 3. Ist <p(PXR) =P\ XP2X...XP,,, wobei P und Pir..., Pn zusammen-
héngende prime Mengensysteme sind, so gibt es ein Pk, sodaR jede P-Schicht von
PXR auf eine Pk-Schicht von P1 X ... XPnabgebildet wird.

Beweis durch Induktion. Fir n=1 ist der Satz sicher richtig. Es sei nun
P2X..XPn=S§, also (p{PXR)=P\XS. Nach Satz 2 sind zwei Félle mdglich:
1 Jede P-Schicht von PXR wird auf eine P-Schicht von PxXS abgebildet, dann
ist nichts mehr zu zeigen. 2. Alle Bilder von P-Schichten liegen in S-Schichten.
Jede Schicht Savon P, XS ist isomorph zu P2 X... XP,,, und nach der Folgerung
zu Satz 2 gibt es ein Mengensystem R’={h',H")aR mit (p{PXR’)=Sa Laut
Induktionsvoraussetzung gibt es also ein P,, sodaB jede P-Schicht von PXR" auf
eine P,-Schicht von Sa abgebildet wird. Fir ein festes rEh' und beliebiges p€P

gilt also
< nN={pl,p2, ...,Pi-,, np, pi+l, ....p,,).
Ist P(i*9) eine andere P-Schicht von PXR, so gilt analog

cp(g, 8)=(ql,q2, ...,qk-,, @ gk+i, ...,q,,).

Wir brauchen nur noch zu zeigen, daf k =i ist und np —qp. Fur p{= 7, ist dies laut
Induktionsvoraussetzung der Fall. Liegen r und s in einer Kante von R, so liegen
(P, r) und (pfp, s) ebenfalls in einer Kante. Nach der Definition des Kartesischen
Produktes muf} dann auch fir pA-Ag™ k =i sein und np—qp. Da R zusammen-
hangend ist, und jede zwei Punkte verbindende Kantenfolge nur endlich viele
Kanten hat, ergibt sich die Richtigkeit der Behauptung.

Satz 4. Ist X ein zusammenh&ngendes Mengensystem und hat X eine Primfaktor-
zerlegung, so ist sie eindeutig bis auf die Reihenfolge und Isomorphie der Faktoren.

Beweis. Da X zusammenhdngend ist, kann X nur als Produkt von hochstens
endlich vielen Faktoren dargestellt werden. Wir fuhren den Beweis durch Induktion
nach der Minimalzahl der Faktoren aller mdglichen Primfaktorzerlegungen von X.
Flr n= 1ist der Satz sicher richtig, er gelte also fur k-"n. Es sei PtX...XP,, eine
minimale Primfaktorzerlegung von X und 0, X... XQm m z:-n eine beliebige andere.
Setzen wir Q2X...XQm=R, so ist QI XR =Pi X ...XP,,. Nach Satz 3 gibt es
daher ein P;, sodal’ jede {"-Schicht von X eine Pr Schicht von X ist. Klarerweise
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ist Pi=Qi- Nach lemma 4 ist weiters A s?1X.-.XP,-iX/'i+iX...XPB Da
nach Induktionsvoraussetzung die Qk, 2T=k?+T mit den Pt, 1-Jal*n, | i bis
auf Reihenfolge und Isomorphie Ubereinstimmen, ist der Satz bewiesen.

Folgerung. Ist X ein zusammenhédngendes idempotentes Mengensystem, d.h.
ist XX,X=.X, so hat X keine Primfaktorzerlegung.

Beweis. Hétte X eine Primfaktorzerlegung, so wére sie nicht eindeutig.

Satz 5. Ist P,x .. XP, eine Primfaktorzerlegung des zusammenh&ngenden
Mengensystems X, und sind die Punktmengen der Pt paarweise disjunkt, so ist die
Automorphismengruppe von X isomorph zur Automorphismengruppe der Summe
der Pj.

Beweis. Aus dem Beweis von Satz 4 geht hervor, dafl es zu jedem Auto-
morphismus ¢=von X und jedem Pt ein Pk gibt, sowie einen Isomorphismus n von
Pi auf Pk mit

<P(Pi, =>xt, ...,pN=(ql, ..., gk-1i, zive. OK,i, ..., Q0.

Man sieht, daB jeder Automorphismus von X einen Automorphismus von Y,P,
liefert. Auch die Umkehrung zeigt man leicht.
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AN INFORMATION THEORETICAL IDENTITY AND A PROBLEM
INVOLVING CAPACITY

by

F. TOPSOE

Let X—{x:i=1 2 n} and Y—[yr.j=1, 2, m) be finite sets. A proba-
bility distribution over X will be denoted by the letter p and one over Y by the letter g.

Suppose that the distribution of Y is changed from g* to g. Then we define
the amount of information one gains by knowing that the distribution has changed
from g* to q by

(1) 1(g* 1) = §14J' log (/0r*).

In order that this quantity be finite we must assume that gj vanishes whenever
g* vanishes (no new events have been born). The quantity just defined has been
studied by many authors; in the book [1] the notation /(-1-) is used, /(q* :q)
is non-negative, and it is zero iff g+=q.

Now suppose that a joint probability distribution on the product space X XY
is given. Let p and g denote the marginal distributions on X and Y respectively,
and denote by g- the conditional distribution on Y given xt. Clearly, X and Y can
also be regarded as random variables. The amount of information X contains about
Y can be defined by the equation

f N R[]

This quantity is symmetrical, so that /(X, F)=/(T, Y).

1J g* is any probability distribution over Y such that /(g* :q) is finite then
the identity

©)] i(x,y) = 2A/(g*:q.W(q':q)-
holds.

; This identity is a simple consequence of the additive property of the logarithmic
unction.

We now want to apply our identity to the problem of finding the capacity
for a memoryless channel. Let (X, P, Y) be the channel. X and Y are finite sets
as before and P = (j>ij)i=i....i e a stochastic matrix. The fth row in P is
denoted @, i.e. gi=(pn> e /> ) We assume that no column in P is identically
zero. Clearly, any distribution p on X induces a distribution on XX ¥; if we call
the corresponding marginal distribution on Y for g then q=2 PiimA distribution
on Y is called admissible if it is a convex combination of the g,’s. An optimal source
is a distribution on X that maximizes I{X, ¥); the maximal value of I(X, Y) is
the capacity of the channel.
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Theorem. Let p+be any distribution on X with all p* positive and denote by g* the
corresponding distribution on Y i.e. g*=2iP*4im Then a necessary and sufficient
condit|ior] that p* is an optima! source is that the value of 7(g* :q; is independent
ofi. 151, 2, n

If the condition is fulfilled then the common value of /(g* :q( is the capacity
of the channel.

The necessity is well known and can for instance be proved by introducing
Lagrange-multipliers. The sufficiency, as well as the last part of the theorem, is an
easy concequence of the identity (3) and the non-negativity of /(g* :q).

It is easy to prove that a necessary and sufficient condition for the existence
of a distribution o* with all ¢* positive and such that /(g* :q;) is independent
of /, is that the matrix equation Px=h has a solution; here /;ris the entropy of

(M =— TjjPij log Pi/). A complicated problem arises, however, since we cannot
be sure that such a g* is admissible (compare the example in [2]) Unfortunately,
we have not been able to describe in information theoretical terms when this un-
pleasant situation arises.
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ON THE ZEROS OF THE SOLUTIONS OF THE DIFFERENTIAL
EQUATION y* + q(x)y = 0, WHERE [¢(X)]v IS CONCAVE

by

A. ELBERT

A. S. Garbraith proved the following theorem [1]:
In the differential equation

Q)] y"+q(x)y=0

suppose q(x) to be nonnegative, monotonie and concave (no point of an arc lies
below its chord) in some closed interval [s, i]. If
b

(b—a)Jg{x)clx s —n2n2

where n is an integer, then every solution of (1) has at least n zeros in [a, b\. The
number 9/8 cannot be replaced by a smaller one.

In this paper we shall generalize this theorem in two directions and at the
same time give another proof of the theorem of Gaibraith. At first we make a

Dennition. The function q(x) belongs to Cv[a, b] (o«=; v< °°) if g(x) is a nonne-
gative continuous function in the closed interval [a b\ and [i7(y)]vis concave (in
sense mentioned above).

It is obvious that the set CV[a, h\ is a little more general as the set of those
functions which are taken into account in the theorem of Gatbraith.

Now we can formulate our

Theorem. |f Q(X)ECV[H, b] and
© (b- a)fq (a)dx S n2n2,

where n is an integer, then every solution of (1) has at least n zeros in [ab\. The
coefficient of n2n2 on the right side of (2) cannot be replaced by any smaller one.

Throughout this paper we shall use the notation ~() 4(‘3\’;3)2
We set out from a result of E. Makai [2]. His result implies the fo)lowmg

Lemma |. Ifp(X) is a nonnegative continuous function in the closed interval
[a, 1] with continuous first and second derivatives and the inequalities

ip "2(x)-p(x)p“(x) s O

and b
f \'p(x) dx ~ Tin

Studia Scientiarum Mathematicarum Hungarica 2 (1967)



294 A. ELBERT
hold, where n is an integer, then every solution of the differential equation

_ y”+p(x)y =0
has at least n zeros in [a, b].
We need yet two other Lemmas too.

Lemma 1L If y(u) is a non-negative continuous function in the interval [0, t]
which satisfies the equalities

T

Jy{u)du - a
and

R (0 < V< )
0
then the inequality
I 1+ i+ 1 1
y (Vl) ——————————— du < 2Bx v —aTv
X~u
0
holds.

Proof: Taking into account the meaning of the quantities a and B we obtain

tv+u NT-ut) g«
T—¥#
I 1
ﬂ 1 — N2v
aTv-f2rav mlu
1+ 1+
= atv+2ce . y(n) b du —2Bx v —aTv .

Lemma IIl. If «/(X) €CV[a, b] and

Jig{x) dx = J,

then
b

I = (b—a)J gq(x)dx N M(V)T2

Proof. We denote the maximum of the function [g(X)]vin the interval [a b]
by t, and the length of that subinterval in [a b\, where the inequality [i|(x)]'S/
holds fOMAT), by <X?). The function g(t) is decreasing and concave in [0, r] and,
of course, g(0)=b—a.
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By this definition of g(t) it is clear that

u T-m T

3 J=/\qO)dx =f g(s2)ds = — Jg(t)ta dt

and
) 1= (b—3Jq(x)dx = (b—3J g(s)ds = ——Jg(t)tv dt.

We extend the domain of the definition of g(t) from [0, «1to (— r] by making
the convention g(t) =g(0)—b—a for /SO. Let the function gft) be defined by

er = p-f[ J e(<0d<rj ds « 0

t—E S—E

and le, Jc by putting gqt) instead of g(t) in (3) and (4). The function of(/) is also
concave gr(0) = g(0) =b —a, its first and second derivatives exist and are continuous.
Let us write

1 for 0O=t=wm
rt,u) - vt

T—U

lor uS ts. T

A simple calculation shows that

T

Qt(0 = e«W-e'(0)(T-t)-J g"(W)(x—wr(t,u)du for 0 g (sT

and / 1 I T =
s 4 — 1, V2 T vV —u v

r(t,u)tv dt= T S ,

hence N
o 1 2y ~t |
4 /g,(t)t2v dt = &,(MT- 27 6<«o)t +A+

©)

2V 1

o+ J/ Q(u)(t - u- - du
and .

1 L v L+
le-(b-a)- /gc(t)t" dt=gcfotv vy ef0)rv

v l/ iL(«)(r- )

T—0
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Let now be
y(u) = - q"(u) (£— m),
s

a=f yudu = ef(0)-ef(1)+ e'(0)T
and
B = 2tht1 ne- -"pr” BBOOT2v+ E©O)e1+ 2V,
then by Lemma Il and (5) we get from (6)
i+J- y 1 -i- 2v+l

L
ic(b-a)~1ii et(r)Tv y ef(0)t v+ — 5§ |2t2v N n—

Ao A HO*N+e'(0)TI+ L mev[e«(0)-e,(T) + ex(0)4)] -

v+ 1 \%
© = 0T 2N g REQTVE Rued) T ©

V+1 (b-a) Y
l. e

O It —A(v)Jg.
If etends to O, then ggt) tends uniformly to g(t), therefore from (7) we obtain

I"A(V)J2,
as it was stated.

Proof of the Theorem. Applying Lemma Il we get from (2) that
(B) J ig(x) dx  nn.

Let geA(x) be defined for e, A>0 by

jc+r £ E£+e

Fa(x) = A+i f qv/\ dt]) qn @™ Xs b—2e).
X

The function ge Ax)"Cya, b—2c] and there exist its first and second derivatives,
too, hence

[T*"W f = LW\a (O[(v- 0) + geAItAM)] o,
therefore

(9) j <90 - S nCOQLAX) = |~ +vj IM CO+ [(1- V)qt%(x) -q, A(X)q"A(*)] ~ O.
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Let y = y(.v) be any solution of (1). We will prove that the inequality (8) implies
the existence of at least n zeros of p(X) in [a b], Let ytA(x) be the solution of the
differential equation

v+ +0eAx)y =0
with the initial conditions A@)=y(a) and yeA@a)=y'(a). If e is small enough,
then by Lemma I, (8) and (9) the function has at least n zeros in [a, b—27] since
b b j b
JmT  fgcAX) dx = J [A+qv(X)]Xdx > f \q(x) dx S nn.

But ) :

£_»8 = C](X),
hence

D = Y(x),
»0

and ,v(x) has at least n zeros in the interval [a b\, too.
Finally we shall show that the quantity A(v) cannot be replaced by a smaller

i_
one. Let q(x) be ny$CVO, °°) and consider the differential equation

y"+xvy —0.

Let y(x) be the solution of this equation with the initial conditions j>0)= 0, y'(0)"0,
and denote the nth zero of y(x) by x,,, where Mo=0. Then from the result of the
paper [3] and of Lemma 1 we obtain

ma " ? o iy- nn
2 ~jx dx=2i+1ix- ’
hence
X
- - — N
A(v) n-y] e< x,, fxvdx vh 1 vrA(v)n2n2
therefore

. 1 -
rl1|_n(1D v xng}( xvdx = A{y),

i.e. the coefficient of n2n2 in (2) cannot be smaller than A(v).

3 Studla Scientiarum Mathematicarum Hungarica 2 (1967)



298 A .ELBERT: ON THE ZEROS OF THE SOLUTIONS OF THE DIFFERENTIAL EQUATION y"+q(x)y =0

REFERENCES

[1] Galbraith A. S.: On the zeros of solutions of ordinary differential equations of second order,
Proc. Amer. Math. Soc. 17 (1966) 333—337.
[2] Makai E.: Uber die Nullstellen von Funktionen, die Lésungen Sturm-Liouville’scher Dif-
_ ferentialgleichungen sind, Comment. Math. Helv. 16 (1943—44) 153—199.
[3] Elbert A.: On the zeros of solutions of ordinary differential equations of second order, Publ.
Math. Debrecen. (1967) in the press.

MATHEMATICAL INSTITUTE OF THE HUNGARIAN ACADEMY OF SCIENCES,
BUDAPEST
(Received November 10, 1966.1

Studia Sclentiarum Mathematicarum Hungarica 2 (1967)



Studia Scientiarum Mathematicarum Hungarica 2 (1967) 299—3/8.

INFORMATION-TYPE MEASURES OF DIFFERENCE
OF PROBABILITY DISTRIBUTIONS AND INDIRECT
OBSERVATIONS

by
. CSISZAR

This paper deals with the implications of sufficiency and e-sufficiency of obser-
vation channels defined in tenns of certain information-type measures of difference
of probability distributions, called /divergences. The results published here
are taken from the author’s thesisl [1]; except for Theorem 3 1 which
— although a direct consequence of the ideas developed in [1] — explicitely
does not occur there. The results published earlier in [2] and [3] are considerably
improved (the concept of /-divergence has been introduced in [2]). The first two
sections are of introductory character; the main results are contained in §3 while
84 contains corollaries and comments.

8 1. The Concept of/-divergence

Let /(«) denote an arbitrary convex function defined in the interval (0, +<*>).
In order to avoid meaningless expressions in the sequel, let us agree in the follow-
ing notational conventions:

50 = Jim, ™
(1.1 =0

Jimpet alim (9 (0<a<+)

If (V, 20, 2) is a measure space, i.e. X an arbitrary set, 30 a <r-algebra of subsets
of X and 2 a measure on (X, 20) (all measures will be assumed either finite or
ff-finite), the symbol [2] will stand, as usual, for “almost everywhere with respect to 2.”

Lfmma 1.1. Let a(x) and B(Ix) be two nonnegative measurable functions on

a measure space (X, if, 2); then B(x)f%yxﬁ 2(</n) is well-defined for all EC.20

t

1 Other results of [1]— concerning topological properties of /-divergences — will be published
in another paper.
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on which both a(x) and B(x) are integrable, andfor such an E

ft(x)A(dx)
(1.2) 1 BRE)F “H I A@X) S j RX)X(dX) +/
i'B(x)Hdx)

If J RBix)X(dx) >0 and f(u) is strictly convex at u0= JtX(X)X(dX)]J B (x)X(dx),
there is strict inequality in (1 2), except for the case
(1.3) afa) = ufi(x) [/] ontheset E.

Prooi. One may assume J B(x)A(dx)>0 and Joc(x)A(dx) >0, since other-

E E
wise, according to the conventions (L. 1), the statement is trivially true. Let h denote
the arithmetic mean of the left and right derivatives of f(ii) at the point w)=

= f apx@ol | B)A(dx) (0<biO<+°T:). Then b is finite and the convexity
of f(u) implies

(1.4) [(;) i/(uQ)+b(u- u0) 0=k +*),
whence, substitutine n= g ((Q)) we obtain for ,8(.v)>0
(1.5) B(x)f - B (x)f(uo) + b(a(x) - u O (J1).

According to (1. 1), relation (L. 5) clearly holds even for $(x)~0, as the con-
vexity of f(u) implies Ll)ng——M— . The right hand side of M. 5) is integrable on
E by assumption and thus the integral over E of the left hand side is also well-
defined; since J (XCQA(dx) —u0dJ B(x)A(dx) =0 by the definition of u0, (1. 5) gives

rise to (1.2). If/(n) is strictly convex at u=u0, the inequality in (1.4) and (1. 5
is strict, except for ii=it0 and a(x) =uOB(x), respectively. Thus also the condition
(1. 3) of the equality in (1. 2) is proved.

Let now Pi and p2 be two probability distributions (i.e. measures with p~(X) =
=p2{X)-=1) on a measurable space (X, if). Let X denote an arbitrary dominating
measure of /q and p2, i.e. a finite or cr-finite measure on (X, 91) such that both
Pi and p2are absolutely continuous with respect to X (one may choose e.g. /. +
+pb2). (D)enote the density (Radon—Nikodym-derivative) of /q with respect to
A by pt(x) :

<L6) ek

Integrals without specifying the domain of integration will always mean integrals
over the whole space in question.
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Definition 1.1. The quantity

(L 7) S/(Bi, Pi) = / ) 4dx)

is called the /-divergence of the distributions /(, and /i2.

By Lemma 1 1, the integral (1. 7) is always well-defined and s f {p1; p2)~ (1)
with equality only for Pi=p2, provided that/(n) is strictly convex at u0=1. It is
also clear that the value of st(pi, /t2) does not depend on the choice of X

The concept of/-divergence has been introduced in [2] as a generalisation of
Kullback’s “information for discrimination” or /-divergence2 [4], [5] and of
Reényi’s “information gain” (/-divergence) of order a [9]; in fact, the /-divergence
(of order 1) equals

(1-8) I(ni||/i2) = fpi(x) log X(dx) = SuicuQii, Hi)
while the /-divergence of order a
(1.9) I«(tillPi) = J Pi ix)Pi ~*(x) X(dx)

is a strictly monotone function of an /-divergence:
(1.10) IAPiVR) = —yleg|M-«(Mi>/2)l; f«(«) = «*sgn(a - 1).

Let us also mention, that the choice /(M) = (n—)2 yields again a familiar measure
of difference of distributions, that may be called "-divergence (having in mind
the occurrence of its discrete special case in the /-statistic) ;

Ax)—P 2
(1. 11) X2(Pi>Pi) = r:{--p-----x-) ------- I-g—)-(-))— X(dx) = Siu-i)2(RBu ti2)

and that the variation distance \pi—p2\—Tf \pAX)—Pi(x)\X{dx) is equal to

Pi)-

As the rr)1inimum of MN{Pi, p2) equals/(1), (attained only for =p2, provided
that/(n) is strictly convex at n0=1) it may seem convenient to require /( 1)=0
if we want to consider the /-divergence as a measure of difference of probability
distributions; since, however, an additive constant is irrelevant in all the following
considerations, 1 prefer to make no such restriction on/(w).

The /-divergence is in general asymmetric in ~ and p2. Nevertheless, the con-
vexity of /(1) implies that of

(1.12) 1*(«) = «/(-J-)
and with this function we have
1 13 St (fl2, Pi)-

2 Often called also generalised entropy, as in [6], [7] and [8].

Studia Scientlarum Mathematlcarum Hungarlca 2 (1967)



302 1. CSISZAR

Hence follows, in particular, that the symmetrised /-divergence u2) +
+ -ff(R2, Hi) is again an/-divergence, with respect to the convex functionf(u) !-/*(«).
E.g. for the so called /-divergence (symmetrised /-divergence) of order 1 we have

(L 14) I(hi, H2)=I(RINH2) + I(H2\Hi) = S (u-Dlogu(nl, u2)-

The concept of /-divergence can be used also to define a class of measures
of dependence of random variables. Let namely £ and » be two random variables
(in the most general sense) i.e. measurable mappings of a probability space (R, P
into measurable spaces (X, X) and (T, <W), respectively, and consider the proba-
bility distributions Hyi and t/X/t,, on the product space (XX Y, #XX”"), where
Hn, Ht and H stand for the joint distribution of £ and ¢ and the marginal distri-
butions, respectively. Then, intuitively, one can say that £ and ware the less dependent,
the closer are the distributions  and w, X.u4, thus /~ (/i u*XWu) can be considered
as a measure of dependence of £ and L,

A set of properties required of a measure of dependence (for real-valued random
variables) has been proposed in [10]. The above quantity obviously possesses the
properties A), B) and F) listed there (with Borel-measurable functions replaced
by measurable mappings) and it is easy to t{gqsform it in such a way as to possess

also the properties C), Dys and, if lim*----=+<*>also E). For f(u) =ulogn

U

we obtain the mutual information of £ a}1d i
(1-15) I(E, 4) = I(nin\HXH,,) = N loguHr PiX/r,)
while f(u) ={u—1) yields the mean square contingency:
(1.16) CAE, ) =3 (U_, 2 (B(n, LLXT,,).

Remark. In [10] the mean square contingency is defined only for 4, in
order that (1. 16) be generally valid, one has to extend the definition by the obvious
setting 92(£, if) = + ~ for Hin"HiX-Hn-

Of course, the /-divergences have unpleasent properties, too. The/-divergence is,
in general, not even a quasimetric, i.e. it does not satisfy the triangle inequality:
moreover, the “neighbourhoods” Uf(n,e) = {/i'= I)-=e} need not
define a topology in the space of distributions. As to the purposes of this paper,
we need not worry about these embarrassing facts, present already in the case of
the /-divergence ; they will be considered in another paper.

8 2. Indirect Observations

A measurable space (X, 3 can be interpreted as an experiment, the outcome
X being governed by some probability distribution )i on (X, 9. In mathematical
statistics the distribution u is usually assumed to belong to some family {no)eze
of distributions, where 9 is an unknown parameter.

3 Provided that/(n) is strictly convex at u0= 1
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Definition 2. 1L By an indirect observation we shall mean a measurable space
(Y, W related to (X, SO in one of the following ways, including also a correspondence
of probability distributions 1, on (X, SO to distributions Ji on (Y,SU)-.
(i) Y=X, &cSC,Ji=restriction of /i to
(if) there isgiven a measurable mappingy = Tx of (X, 0 into (Y, Sd)ffi=uT~1;
(iii) for each x£ X there is given a probability measure v(-|x) on (Y,Sd) such
that v(B|-) is *-measurable for each fixed B CRJ; [ is defined by

@ 1) Ji(B) = f v(BW)ii(dx).

In mathematical statistics indirect observations of types (i) and (ii) are the
most familiar (grouping of data, using a statistic); they are well known to be essen-
tially identical (in case (i) the identity mapping can be introduced as a statistic,
while in case (ii) (Y, Sd) can be replaced by the isomorphic measure algebra (X, T~ 1Sd).
In practice, however, most of the indirect observations are subject to random
effects (e.g. measurement errors), in which case (iii) is the appropriate model. In
terms of information theory, one can speak of an observation channel (X, v, ¥),
the outcome y of the indirect observation being interpreted as the output of the
channel (cf. [7)).

Clearly, indirect observations of type (ii) — and thus, essentially, of type (i)
too — are special cases of the more general model (iii); one has only to set v(B\x) = 1
for TXC_B and 0 otherwise. On the other hand, (iii) can be reduced to (i) if the space
(X, O is replaced by the product space (XX Y, SCXdC). Indeed, to each distribution
(and, in general, to each m-finite measure) 1 on (X, SO there corresponds a measure
u* on (XXY, SCXSd) defined by

(2.2) L*(AXB)= \]V(B\x)n(dx) (ACSC, B4<Y)

A

and the routine extension to the whole SCXSd; the restriction of /(* to the tx-algebra
(2.3) &' = {XXB: BE<&}

is essentially identical with Ji as defined by (2. 1) (in the sense of the isomorphism
of the corresponding measure algebras).

The indirect observation will be called sufficient with respect to a family {/i0}9ge
of distributions on (X, SO if the conditional distribution given the outcome of the
indirect observation does not depend on O; restated more formally:

Definition 2. 2. An indirect observation of type (i), (ii) or (iii) is sufficient
with respect to a family {/(eJeee of distributions on (X, SO if for each AC.SC there
exists a ~-measurable function nAly) on Y such that for every BE%/ and 0€©

(2-4) ! nA(y)Jt0(dy) = Pe(x£A,yEB),

where Pe(xtA, yEB) stands for LO(A MB), u,,(A M T~IB) or uLl(AXB), respectively.

This definition can be considered as a special case of the more general concept
of sufficiency of an experiment (Y,®) with respect to another experiment (X, SO),
introduced by Brackwenn [11]; in cases (i) and (ii) it reduces to the familiar concept
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of sufficient a-algebras and statistics, respectively. In case (iii) we shall speak of
sufficient channels.

In the sequel we shall concentrate mainly on the case 0 = {1, 2}, i.e. in terms
of mathematical statistics, the problem of discrimination between two simple
hypotheses.

Let /r, and p2 be two probability distributions on (X, X). Let X0 be a sub-
cr-algebra of X and /7- the restriction of utto X0 (/=1, 2); let Cf.X0 denote a set
with Ji2(C) =0 such that /r,<sc/I2 on X —C (if Pi<zp2, we choose C=0). We intro-
duce an auxiliary distribution pl2 defined by

(2.5) F2(0) = | p2(AXO)plAX) +pl(ANC)  (JleX),
X-C

where p2(A\X0) denotes the conditional /*-probability of A with respect to the
a-algebra X 0. It is clear from the properties of conditional probabilities, that p12
is uniquely defined and it is in fact a probability distribution on (X, X). For A£X0
(2. 5) implies p12(A) =pfA); thus pl2 is an extension of Jil to X, in general different
from Ir, .

Lemma 2. 1. X0c X is a sufficient a-algebra with respect to the pair (pl, g2)
if and only if /i2=px.

Proof. The statement follows directly from definition 2. 2 and (2. 5).

Let Pi(x) and p,(x) denote the density of //, and /7, (/= 1, 2) with respect to
some dominating measure Hand its restriction fto X0, respectively. (lis also assumed
to be cr-finite).

Lemma 2. 2. pl2 is also dominated by X and its density function equals

JA-PzO) if Pi(x)> 0
Pi(x) if p2{x)=0.

Proof. The absolute continuity of /t,2 with respect to X is obvious. To prove
(2. 6) we may and do assume that fis a probability measure. We set C = {r: p2(x) =0}
and denote the indicator function of a set AczX by yA(x). Utilizing the well-known
properties of conditional expectations, in particular that for any &"0-measurable
function h E(gh\X0) = hE;(g'X0), we obtain for arbitrary A dX

(2.6) P120)

I pi2(X(dx) = E *~ p 2Xn-c\ + bl P1Xnc) = B( 5 Xx- c"AXaPil"o) | +
@2.7) +/1, (ATIC) = B11Ji- Xx. cp2(/NX0)p21+ /r, (ATIC) =

= /| M(4\XO)pIX(dx) +p I (ATIC) = p,2(A).
X-C

This means that (2. 6) is indeed the density function of /il2.

Sluata Scigntiarvm Neathcmaticarum F.ungarlca 2 (1967)



INFORMATION-TYPE MEASURES OF DIFFERENCE OF PROBABILITY DISTRIBUTIONS 305

Lemma 2.3. The o-algebra 3T0c X is sufficient with respect to the pair (p{, p2) if
andonly ifpfx)\p2{x) equals almost everywhere an XX*-measurable function, both with

respect to /(, and p2 (here we understand 0= + °0 (@>0) but — remains undefined) ;
P\(x) =PiM . i
Pi(x) Pz(x) LM*HI

PROOF4 If is sufficient, from Lemmas 2. 1 and 2. 2 follows

moreover in this case

Pt(x) PiW

Pro*) P2M
[fii+fi2}> the exceptional set being {x:pl(x)=p2(x) —0) and, possibly, some
A-null-set. On the other hand, if P\(x)/p2(x) is [H -14W2] equial to an ~-measurable

function, the/Fj-null-setD — = +=} differs at most by a (/t, + |[t2)-null-

set from a set in 410. Hence follows that D is contained in C=
= {x:p2x) = 0}Cif0 tip to a (fii+fi2)-null-set, and thus on X—C we have

Pi<zp2,

02(dX) = ’6 : ;8 [[<%e (Of course, p{ need not be a probability measure on
X —C). Since, by assumption, p 1(x)/p2(x) is (~1 +,uZ] equal to an $'0-measurable
function and on X -C ?ﬂ(dx) 02(X) the relation
Foivdx> v(dx)
29 &Pl *° = pldx)

valid by the definition of conditional expectations for any w=sot (v need not be
a probability measure), implies

PA*)  Pi(x) _
(2.9) PiLG)  P2(X) [pZ] on X—C

From (2. 8) and Pi<"p2 on X —C the sufficiency of 3@ follows by Lemmas 2. 1
and 2. 2.

Let us now be given an observation channel (X, v, Y) and let p{ and p2 be
two probability distributions on (X, 3. Consider the product space (XX F ,f Xf)
and the distributions p* and p2 on it, defined according to (2. 2). Let A be a dom-
inating measure of p2and p2\ then the corresponding a= on the product space
is also (7-finite.

Lemma 2. 4. The density of pf with respect to A equals the density of pt with
respect to A

(2.10) PKx,y)=Pi(x) [&] (/=1,2).

4 Lemma 2. 3 is a variant of the well known factorisation criterion of sufficiency; the proof

— though presumably new, at least in form — is given mainly for the sake of completeness (in lack
of a direct reference for the required form of the statement).
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Proof. It suffices to prove Jpfx)X*(dx, dy)—p*(E) only for E=AXB
E
(zt £.f, B4®)). But this follows directly from the definition of A and p* (cf. (2. 2)):

J Pi(x)X*(dx,dy) = f Pi(x) v(B\x)X(dx) = J v(B\x)pfdx) = pf(AXB).
Ax B A A

Lemma 2. 5. The channel (X, v, Y) is sufficient with respect to the pair (p,, p2
if and only if the o-algebra <€@4—{X XB'BC/MW} is sufficient with respect to the pair
(Bu PI). '

Proof. The ,,if” part is trivial ; to prove the ,only if” part, we have to show
(cf. Definition 2. 2) that for every EASTXW there exists a ~'-measurable function
nHEx,y) ie a ”-measurable nHy) such that

(2. 11) i TE(y)pf(dx, dy) = pt(EC\ (XX B))  (i-1,2)
XxB
for each B"fJ.
If E=EiXE2, the function nHy)= r.E(y)/EXy) obviously possesses this
property, where nEt(y) denotes a function, existing by assumption, such that

S nEly)Bi{dy) = BKEiXB) (/=1,2) forall BA"J.
n

This already proves the lemma, as the class of sets E a X x Y for which n|(y) satisfy-
ing (2. 11) exists is obviously a c-algebra.

We define the auxiliary distribution p*2on (AfX Y, 3CX'Y) by a transliteration
of (2. 5) to the present case. Then, as it is easy to see, p*2 is defined by

(2.12) pi2(AXB) = f p2(Aly)fil(dy) + 1 (AX(BnC))

B-C
(where pt (i=1, 2) is defined by (2. 1) and C (fU stands for a set such that p2(C) —0
and on Y—C Pi<zp2) and the usual extension to the whole SPXWmHere p2(Aly)
is an abbreviation for the conditional probability p2(A X Y\YI). The density of
p*2 (with respect to X* connected with Aaccording to (2. 2)) is given, according
to lemmas 2. 2 and 2. 4 by

(2. 13 P\i(x,y) w px) if ply)" 0
Pi(x) if p2(y) =0,

where pfy) denotes the density of pt with respect to A, defined5 according to (2. 1).
The following characterisation of sufficient channels is also of some independent
interest.

Lemma 2. 6. The channel (X, v, Y) is sufficient with respect to the pair (p2, p2)
if and only if the output space Y can be represented in theform

(2.14) Y= U Bs (BSiOB2=0 for s, Xs2

0SsS+<»
5 We consider only such cr-finite A’s for which A, too, is <r-finite.-
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where for every OSaSftS+w |J BS4N and implies v(Bs\x)= 1
aSsSh P1(x)

[pI-fp2] IQ = +°° if . Here one may choose

(2.15) Bs= Jy: =,j (s>0), BO={y.pfy) =0}k

Proof. We set

A'= X~ I-p2(x) » pfx) < rP2(x)} 2
(2. 16)
\' k- 1_ _ K | U= »2
Bi=p » Pz(y)- My) <vM >)
and _
@ 17 Ao = {*:Pi(A>p2(v)—0}

B» = {y;Pi(y)>p2Ay)=Q}-

If the channel is sufficient with respect to (p,, p2), we have, according to (2. 2)
and (2. 4), for each k and n

2. 19) A2, pi(Aix Rf) S pT(AMTXR?) S A p2(T?XRf)

- 19) A-1iT(ATXBT) LUpPi(AIXBi) S 2- p$(*XRD;

both in (2. 18) and (2. 19) the second inequality is strict except for pf(AkXB") —0
(/=1,2). (2. 18) and (2. 19) imply p*(AkXB")=0 (/=1,2) for k Al, and by a
similar reasoning, we also have iif(A,,XB") =pf(A"kXB,,)=0 (/=1,2). This
means, by (2. 2), that xf_A£ implies VBk\x)=\ [p, + pZ for all n and k, including
also Kk = +o00 if we write AL =A,,, Bi =R Mfor all n. Hence follows, if we set in
accordance with (2. 15)

(2.20) Bs=n Blm]#1 (0 +~), RO=y- UR,
s>0

P\ (TV) -

that for

i\x
the statement. On the other hand, if ¥ can be represented in the form (2. 14), let
s(y) denote the value s for which y €8s Then s(y) is i*-measurable and

s one has v(Bs|x)=I [pi+p2], proving the “only if” part of

(2.21)
sW = Ppn n+ "a

thus, utilising Lemmas 2. 3, 2.4 and 2. 5, the channel (X, Vv, ¥) is sufficient.
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83. (/, e)-sufficiency of Indirect Observations and its Implications

It is intuitively clear, that in indirect observations the discernability of two
probability distributions cannot increase. This means, that if the /-divergence is
an appropriate measure of difference of probability distributions, the inequality

(CAY) Ar) I<)
has to be valid for any pair of distributions on (X, 3f). It has been shown in [Z]
that this inequality holds, indeed, and for strictly convex/ and finite , Ji2)

the condition of equality in (3. 1) is just the sufficiency6 of the indirect observation
with respect to the pair (jit, /i2- (The proof will be reproduced in the sequel.)
This theorem is a generalisation of the theorem of Kut1back and Leibier [4] Stating
that for indirect observations of type (i) or (ii) (Definition 2. 1) the /-divergence
does not increase, i.e.

(3.2) /(O EAD = 1(MiN\H:)

with equality only for sufficient cr-algebras or statistics, respectively (provided that
the /-divergences in question are finite). The difference of the two sides in (3. 2)
can be interpreted as the loss of information in the indirect observation and it
provides a measure of degree of non-sufficiency of the indirect observation, c.f.
12], [13].

1121 I[nd!rect observations of type (iii) do not seem to have been considered in this
context; of course, as it has been pointed out in §2, this is rather a question of
interpretation, though to recognize the fact that the theory covers also indirect
observations of type (iii) seems to be essential at least from the point of view of appli-
cations. From the pure mathematical point of view, the generalisation from
/-divergences to arbitrary/-divergences is more important; it turns out that the con-
vexity of/ alone leads to interesting results. It should be noted however, that the
restriction to f{u) =ulog n (i.e. /-divergences) does have certain advantages, e.g.
that the “loss of information” can be expressed again as an /-divergence, namely?7,
with the notation (2. 5),

(3.3) HRIWA-KBiWz) = /(Millffiz);
obviously no similar equation can be hoped for in the general case.

D efinition 3. 1. An indirect observation (of any of the types (i), (ii), and (iii))
will be called (f, e)-sufficient with respect to the pair of distributions (/ti,/i2) if
ST (Bi, A4rH +°° and

(3.4) ST(I*ul*2)-Sf(Ru Ar)=e (e —0).
Remark. The term ,e-sufficiency” has been introduced by A. Pé¢rez, in con-

nection with decision problems (cf. e.g. [13]). Here we use the term in a somewhat
different context, but the idea is the same.

6 In [2] the concept of sufficient channels did not occur but the condition of equality given
there is just that of the sufficiency.
7 Equation (3. 3) is an immediate consequence of (1. 8) and Lemma 2. 2.
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According to the result of [2], referred to above, for strictly convex f (f in-
sufficiency is equivalent to the usual sufficiency. Our aim is to deduce estimates for
the deviation of p, and the auxiliary measure /r,2 (or of p* and p*2) in case of
e-sufficiency.

First we consider indirect observations of type (i).

Theorem 3. 1.8 Let E be a compact subset of the interval (0, +°°) such that
f{u) is strictly convex at each point of E. Then there exists a positive function <p(v)
(0 < +00) depending only onf and E, with <p(0)= Iim0<p(v):0 such that

(3. 5) \px- p2)~ Ji2)\
provided that the right hand side is meaningful, where

* L]
&) H*:L..

Proof. We start from the inequality (1.4) valid for all 0~u < + <» and
0< nmo< + °= (with b depending on u0). The condition that /(n) is strictly convex
at the point w) means that for \u—uO\*e there holds even a stronger inequality,
namely
(3.7 f(u)f(u0)+b(u-u0)+e\u- ud\

where £j is a sufficiently small positive number (depending on u0 and e). If f(u)
is strictly convex at each point of the compact set E, it is easily seen that £t= vi(e) =-0
can be chosen uniformly for nO£E and (3. 7) gives rise to

(3. 8) f(u) a/(moy + B(UO)(U- UO)+ AC)WM — wai(1 - Xuod'0)/ e(co) (u0>0);
here Xuwoc an<™ Xe stand for the indicator function of the interval WO—e, VO T €)

and of E, respectively. Substituting u 265 and multiplying formally

0 " paco
by p2(x) we obtain an inequality valid everywhere on the set XOm {.v:p,(x)p2(.\-)>0};
integrating with respect to Hover X0, we obtain

Ei‘ ?§$ j X(dx) s

S/ P2M /(LW Adx)+~(e)] I\Pi(x)-p12(x)\X(dx)-e

(3.9)

In fact, Lemma 2. 2 implies that on X0

[P\{x)  Pi(x))

(2w Plix)) Pi(x) Pi(x)-pi2(x)W;

|pi —P 12K/I) stands for the total variation oftu —/02 on the set A, i. e.

IP.- /1 KI) = J\p,(x)-p,i(xM (dx).
A
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now the vanishing of the integral of the second term follows from the ” O-meas-
urability of bL 1~ j and the fact that on 300 the measures //, and p12 coincide,

while tiie estimate in brackets of the integral of the third term follows directly from
the definition of the set A and of xuoe-
We also have for Xt={x: p,(x) =0}, where also pl(x) =0 [A]

3. 10) JpZ(X)ffj 3 yaay =j el T E’j((‘:)}g LX) = p2(Xf) -/(0);

further, by Lemma 1. 1 and the convention (1. 1)

. fp 1(x)a(dx)

] Pi(x)f y -(dx) 52 Jp2()A(dx) o/ X2

x2 X2 Jpfix) I (dx)
X2

Pi(x2 fim ) ) 5’2'88j

where X2={x: pfix)>p2(x) =0} =X —Xo—XI. From (3.9), (3.10) and (3.11)
follows

(3. 12 dE)(\p, - p J2\(A)-E) ~ Sfipi, p2) -~ f Jii, p2)
and ‘ ence, choosing to given + °° such an e=e(u)=»0 that for n->-0 e(u) +

3. 11)

(‘—) = (p(v)-~0, we obtain (3. 5). The proof is complete.

Thus, under the conditions of Theorem 3. 1, (f e)-sufficiency (definition 3. 1)
implies |/b —/<i2M) = <p(c). The result that (f 0)-sufficiency is equivalent (for
strictly convex/) to the usual sufficinency is a direct corollary of Theorem 3. 1
In fact, (/, 0)-sufficiency implies \pl —pI2\(A,,)=0 for An= !X: = PIVY) _M]J>
n=1, 2, ...; for AO= {x: pL(x)p2(x) =0} we also have \p2—ni2\(A) =0 as it follows
at once from Lemma 2. 2. But X= \J At, thus \pt —12\=0 and 2£0 is sufficient

i=0
by Lemma 2. 1 The converse is obvious (Lemma 2. 3).
Remark. If Pi(x) CE \p]+p2l (3-5) can be rewritten as |/q—pi2\:

p2)~ 'ffikit ~2)); under appropriate restrictions of /(n), we shall
obtain an estimate of this type also for the general case (see Theorem 3. 3).

Theorem 3. 2. Let E be a Borel subset of the interval [0, + °°) such that in
the neighbourhood of radius r0 of each point of E thefunctionf(u) is twice differentiable
and f"(u) S<>0. Then
(3-13) \Pi~Pn\ (A)™ j/I~ ~M(Pi,P2)-~(Pu Pi)

provided that Jf (pl,p 2) —fif (Jil, /72=i0o>"'0> where A is defined in the same way
as in (3. 6).
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Proof. From the assumption follows that in (3. 7) one may choose £, —(e) =

= 2 Efor eSr0. Then, settingc= j/ ~, 6=Jf{p,, IR)— , p2), from (3. 12)

we obtain the desired estimate.
Let us remark that there are more general inequalities underlying to Theoiems
3. land 3. 2. We formulate the one corresponding to Theorem 3. 2 as

Lemma 3. 1L Let (B3, .¥. P) be a probability space, a sub- a-algebra of  and
£, a random variable on (Q, i f, P) withfinite expectation. Let f(u) be a convexfunctcion
defined in a real interval 14 that contains the range of £ and let R be a Bore/ subset
of / such that in the r*neighbourhood of each point of B f(u) is twice differentiable
and /" (m)iAn>0. Then

@ 1) f \H-m%0)\pldo) A V1 VE(g0-0 E (ENo)))
E«|"0)€B 'a

provided that E/(£) -E/(£(0-~0)) =i a%

The proof is the same as that of Theorems 3. 1 and 3. 2 except that in (3. 8)
we have to substitute m= £, »0— and to show that the integral of the se-
cond term vanishes we have to use the well-known properties of conditional ex-
pectations.

Lemma 3. 1can be considered as the generalisation of the lemma of [3] on the
“stability of Jensen’s inequality” for conditional expectations, announced there.

It should be noted, however, that a direct application of Lemma 3. 1to obtain
Theorem 3. 2 is possible only in the case when one may set (8, &, P)=

= (M 3 p2i m~ro)= P {A (cf- (2.8)).
) ) P2\x ] Pitv
The following variant of Lemma 3. 1 will be also useful.
Lemma 3.2. Under the conditions of Lemma 3. 1, iff"(u) ~min ja, ~j with

some positive constants a and b, then
(3.15) E|i-E(TO|s ]/]+ YE (Ne -/ ( E(ENe))

provided that the right hand side is meaningful.

Proof. We split B into the disjoint subsets
Qn= Jag:(N1-1)-A . ME(]T O < uA} (w= L2,...)

and apply Lemma 3. 1to the conditional probabilities with respect to the events Qn.
In this way we get for P([3,,)>0

(3.16) E(E- E("OIB,)s y ~ YE(AO-/(E(i|"e))IBB 9

9 Unlike to the rest of the paper, in Lemmas 3. 1and 3. 2 we do not assume that /=(0,-f «).
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here we used the fact, that on the set Q, the conditional expectation with respect
to under the conditional probability measure with respect to £, is the same

as under the original P, further that in the neighbourhood of radius rn=n— of

each point of the interval I—n ~ , j we have f"(u) =~ and also that

e |{-e{"giic) = pry A\z-m*0)\pm~#
3. 17)

s P(b-2/ E({INeP<* ,s, 4
in any case, thus (3. 16) holds also for
E(I -HEB))0) > : fa-
From (3. 16) follows by the Cauchy inequality (E' denotes summation for the
indices n with P(i2,,)>0)

EM-E(C\&0)\ = 2n' P(B,,)E(|E-E(™O)IB,,) »
]r/AbZH'P(o.)y NE(T -T T w) s
(3.18) =/ ”12'nPW ]/Z'P(O-) E(NO-NE«|"N0))|0.) —

“ | H -fE *)> A~EJ10-/(E«Ne))) -

/4 +~ B rw o T W)

Thus Lemma 3. 2 is proved.

Remark. If f"(u)*a>0 (0<u< + <), the distance of £ and E<}J%)
can be easily estimated even in the sense of £2-norm; in fact, in this case

W -W ~o0))2» @ HMNe -Ne Ne 0))\ see [2. The condition /» S o >0

(0<«< +«>) is, however, very restrictivel0; the importance of Lemma 3. 2 is that
it provides an estimate of the Lrdistance of ¢ and E(£|0) under a relatively weak
restriction on /(n).

10 Though it holds e. g. for/(n) = (n—I)2; this means that for the / 2-divergence (1. 11) a bet.
ter estimate holds than the one given in theorem 3. 3.
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The following estimate is an immediate consequence of Lemma 3. 2:
Theorem 3. 3.1)there exist positive constants a and b such that f*(u) 5?min —
for all n>0 then (/, e)-sufficiency ofsfo with respect to the pair (/<,, p2) implies

a-{-2b —

(3.19) \P\~Pm\= 4 ab T

Proof. We may assume /ijC/i2, since otherwise, by the assumption on
f(u), p2) cannot be finite.

In the case Pi<zp2, however, Lemma 3. 2 applies with (B, J7, P)= (JT, 9C p2),
No="o, = 1> )=£ N, p2dx)=p2Ax)k{dx) and (3.16)
yields (3. 19).

Of course, our results remain valid also for indirect observations of type (ii) or
(iii), since these, too, can be reduced to type (i). The transliteration of theorems

3. 1,3 2and 3. 3to the case of indirect observations of type (iii), i.e. to noisy channels
of observation is summarized in

Theorem 3.4. |f the observation channel (X, v, Y) is (/, e)-sufficient with

respect to the pair of distributions (/!,, p2), the following estimates hold (with the
notations introduced in §2):

a) Iff(u) isstrictly convex on acompactset Ea(0, + »)ands=1y: | £E

then
(3. 20) IM1-/«12P'X 8)==,/>(Q

for an appropriate function sp(depending only onf and E) such that 0) = FLimO cp(r) —O0.
b) If in the r*-neighbourhood of eachpoint of a Bore! set E(z [0, + °°) f(u) is

twice differentiable andf"(u)Sa=>-0 thenfor e ~ aro (3. 20) holds with <p(r)= |/ fr.

c) |If there exist positive constants a and b such that f"(u)= min —j for
all n>0, then

(3.21) \PT-PT12\
Remark. Theorem 3. 4 is a sharpening of theorems 2 and 2' of [2]. It is worth

while to recall that — according to (2. 13) — on the set XXB (and in the case c)

almost everywhere on X xY ) the density of p*2 equals p*2= j p2Ax). Moreover,

in the latter case one may choose /.=p2, ie. p2Ax)=p2y)=\, pfy) — .

4 Stuclia Scientiarum Mathematlcarum Hungarica 2 (1967)



314 1. CSISZAR

8 4. Corollaries and Comments

In this section some corollaries of the results of § 3 are presented.

We obtain nontrivial inequalities already when choosing for 3@ the trivial
cr-algebra {0, X). In this case pi2=p2 an3 P%?” =1 thus /A4, [02)=1 and

X

one may choose E={1}. Theorems 3.1 and 3.2) imply (cf. also the remark to
Theorem 3. 1)
4. 1) K ~P2\ = <p{Sf(Pi> /hr)-/0))
where, if J\u) is twice differentiable in the ~-neighbourhood of M)= 1, and there

/" (wW=6>0, one may take cp{v)=j/" -~for u=="iTo Of course, this inequality

can be proved also directly, as it has been done in [3] (in [3], for the sake of simplicity,
only the case Pi<"p2 was treated).
In particular, for f(u) = nlog n we obtain

(4.2) \Pi~p2\ = rl
An estimate of form

4. 3) Ii, -1i2] ~ ¢ VI(/i,||/i2)

was obtained first by Pinskrr [8]; as we have shown, such estimates hold for a

wide class of/-divergences and can be proved without any reference to the concrete
form of the function/(1). Now we show, that for the case of /-divergences the best

constant is C=Y¥2 (this result has been announced without proof in [3] n).

8 N
| . GiPiwih) liPiWPZ)

Theorem 4. 1. We have for any two probability distributions /t, and p2 Q11 (2f, ,f)

(4.4) \Pi~P2S ]/21{py\\p2) .
Proof. The choice A —{v:/l|(d)s *2(x)}, 3'0—{0, A, X —A, X) in which
case \il—p21= |[fi—p21= 2|/it] (/4)—g2(/4)| and, according to (3. 1),
pi (a) M X-A)
-p,(X-A)l
pacny P XAVI0G by )

reduces the problem of finding the smallest C satisfying (4. 3) to that of finding
the minimal C such that for all OsmS dS|

HRIWPI) A 1(p A\P2) = Pi (A) log

1
(4. 5) 2|lu—v C log™+ (I u)log
We set for O i
(4. 6) ®dc(n,a) = nlog~ T(L u)log g "
\% —V
il Inequality (4.4) appears, even in a somewhat sharper form, also iN S. «k wi116ac«: A lower

bound for discrimination information in terms of variation, IEEE Transactions on Information
Theory 13 (1967) 126—127. (Added in proof.)
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Then ]
@7 Yo el =
thus C s/2 implies I;)I'ﬁc s?0 for hence
mwee(m,H)=0 for 0<u=v<]
and, on the other hand, C </2 implies -=0 and hence dgc ™ ,rj<lAc” =0

for H=-S»S-r+£ (with £>0 small enough).

As by (4. 6), dc(u, ) SO is equivalent to (4. 5), Theorem 4. 1is proved. Let us

remark that we have also proved the impossibility ofimproving the constant Crmin= \2

by restriction to small values of I1(pi\\p2)-
The best constant can be determined, at least principially, in the same way

as also for arbitrary f(u) for which an estimate of type |/t, —p2\S ,u2)—(1)
holds. Unfortunately, in the general case the extremum problem cannot be solved

explicitely.
Theorem 4. 1 gives rise to the following corollary:
Theorem 4. 2. For indirect observations of type (i) or12 (ii)
(4] It b2 = 210, r2) - | (¥ U
and for indirect observations of type (iii)
(4.9) K - /42155 |12(/(,(L1D)-/1()4 P4)

Proof. (4. 8) is an immediate consequence of (4. 4) and (3. 3); since indirect
observations of type (iii) can be reduced to those of type (i), (4. 9) holds by the
same argument.

Remark. A weaker estimate of this type (based on rinsker’s result, referred
to above) has been obtained by re¢re- [13]. Our sharpening consists of obtaining
the best constant Cmill= fl. Let us emphasise, however, that while in [13] the specia
properties of the function f(u)—ulogu (as e.g. relation (3.3)) were essentially
used, here we used them only to determine the best constant. The estimate itself
(with a worse constant) follows already from the convexity of /(«) alone (under
a rather weak condition on f"{u)), as it has been shown in Theorems 3. 3 and 3. 4.

We have seen that for strictly convex/(n) the equality

(4. 10) «*f(Fuih) = JT&UFi) < + 7

is equivalent to the sufficiency of the indirect observation with respect to the pair
(/i,, p2). Utilising Lemma 2. 6, we hence obtain the corollary that for an observation2

12 For indirect observations of type (ii) /12 is defined by,,(2. 5) with XXa~ T-"ty.
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channel (X, v, 7) the relation (4. 10) implies the existence of a lossless code (i.e. a
code with zero probability of error) for the channel of length equal to the power

of a setiM:« for some XxEX —70j where Pi(X0)=fi2(X0)= 1 In particular,

if there exists no lossless code for the channel (X, v, 7) of length greater than one,
the equality (4. 10) implies u1—u2. Such channels are e.g. those where the ratios

\\I/&&B are uniformly bounded, ie.

i 1
(4. 1) 0<cxn VEOKD oo +< (BE&, X ,x2€T).
V(8]-V2) c7

For channels satisfying (4. 11) we also have C, ¢ JLZ'(()J) g ¢2 and therefore, by
paly
Theorem 3.4, (/, e)-sufficiency implies W\ —r*21= 1/~ /e iff"(u)*a>0 in the

interval (C, —0, C2+r0) and e—\ ar®

Finally 1 should like to point on the applications of the above results when
adopting the Bayesian approach (cf. [13], [14]).

Let {te}oB> be an arbitrary family of distributions on (X, SC) and assume that
the parameter U has some a priori distribution which is a probability measure n
on a a-algebra 2I" of subsets of 0, such that uB(A) is ~-measurable for all fixed
A edC. Then (0, L, X) can be interpreted as an observation channel for 0 (cf. defi-
nition 2. 1) and one can speak of the joint distribution n* on (0 XT, 9~ XdC) defined

by
4. 1) n*(CXA) = Jn,(ANMAO)  {Cbl, AdiM
C

and its marginal distribution on (X, 30
(4.13) n(A) =f fio(A)K(c/0) (Aen
B

Now if (7, v, 7) is an observation channel for x, we can consider the composite
channel (0, Ji, 7) having the transition probability function

(4.14) Jio(B) =f v(B\x)n0(dx) (Be?)),

the corresponding joint distribution n* on (0 X 7,.f Xf)

@ 15 nxcxB) =T Jo@n@o) =J T v(Bwne@ndo)  Bf<w, CceP)
C C X

and the marginal distribution n on (Y,°2/)

(4.16) n(B) = JjioB)n(dO) = f y(B\)h(dx) (B en
(0] X
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Of course, all the distributions n, n, n, *, n* are marginals of the joint distribution
o on (0XXXY, YX3CXY) defined by

4. 17) M**(CXAXB) = f f v(B\X)pO(dx)n(dO)  (AC.3C, B Y, C$ 2N).
C A

Since nXn) is a measure of dependence of x and 0 (see Section 1), it can
be considered also as a measure of how informative is the observation of x with
respect to 0. From (3. 1) follows, applied to the observation channel (0XX\>, 0 X Y)
where 0 stands for

(4.18) O(E>0, x) = v(E>e!x) (DtSTXVC-, Ze= {x:(0,x)€Z>})
that
(4.19)

The difference Jf (m*, n X n)—Jf (n*, n Xn) is a measure of the “loss of information”
by the indirect observation (X, v, Y).

If the “loss of information” j f(n*, n X a4)-//?, nXn) is not greater than e,
one may call the channel (X, v, Y) (f e)-sufficient with respect to the family {pe}O(e
with the a priori distribution n. Observe that this (f e)-sufficiency is not directly
related to definition 3. 1, not even in the case 0 = {1,2}; in terms of definition
3. 1it would be more adequate — but less intuitive — to speak of (f ~-sufficiency
of the channel (0X X ,v,0XY) as defined by (4. 18) with respect to the pair
(n*,nX n).

If the channel {X, v, Y) is (/, 0)-sufficient with respect to {fre}eee 'n the sense
described above, i.e. if in (4. 19) the equality holds and * f(n*, n X< -F  we
may assert (by the result of [2], quoted and proved in connection with Theorem 3. 1)
that the channel defined by (4. 18) is sufficient with respect to the pair (n*, nXn),
provided that/(u) is strictly convex. Hence, it is easy to deduce, utilising Lemma 2. 6,
that the channel (X, v, Y) must be sufficient with respect to the family {//e}e€e,
if we neglect a subset of 0 of 1 measure zero.

Furthermore, applying Theorem 3. 4 to the channel defined by (4. 18)— with
%, nXi, a*r and nXn* playing the role of pl, 12, p* and Wb respectively — we
obtain (cf. also the remark to Theorem 3. 4)

Theorem 4.3. In the case /"(w)Smin (a>") (/> "-sufficiency of (X, v, Y)

with respect to {/(e}eee (with a priori distribution n) implies

(4.2°) f \(p(x,0)-p(y,0)\(nXn*)(d0,dx,dy) S >
. n*(do, clx) n*(dO, dy)
where p(x, 0) and p(y, 0) standfor the densities
) andpl. 0 (nX5) (O, dx) 0  (nXn)(dO, dy)
. 1Aa +2b
In the case J(u) =u log it the constant V —2db- can be replaced by the smaller

constant Y2, utilising Theorem 4.2. In the latter case in the term “loss of information”
the parentheses can be deleted, as then one really has to do with a difference of
information quantities, namely the difference of the information in x and in y with
respect to O (cf. (1. 15)).
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ON FINITE AND INFINITE SEQUENCES OF EXCHANGEABLE
EVENTS

by
D. G. KENDALL

Summary. Finite and infinite sequences of exchangeable events are reviewed
from a unified point of view, and versions of a Poisson limit theorem are proved
for both the finite and the infinite case. The paper concludes with two open problems.

1. On a probability space (Q, $4, pr) the members of a (perhaps terminating)
sequence At,A 2, .. of elements of s/ are called exchangeable events' when the
probabilities
@) —pr (An MARIM... MATY

(for r,, r2, ..., rk all different) depend on k alone, for all relevant values of the r's.
(It is useful to set a0=1.) Finite and infinite sequences of exchangeable events
were introduced by de Finetti in his celebrated memoir [1]. For the infinite situation
he proved a strong law of large numbers; if N(n) is the number of the events
Al,A2,..., A, which happen, then

- 1im N()
(2) E=lm

exists almost surely, and if n (a probability measure on / = [0, 1]) is the distribution
of  then he further showed that

@) &=J(dx) (k=0 12..).
|

Conversely, any set of a’s expressible in the form (3) can obviously be associated
with an infinite sequence of exchangeable events defined on a 7r-mixture of direct-
product spaces.

De Finetti also obtained the appropriate analogue to (3) for finite systems
of exchangeable events. Far-reaching extensions of (3) were later found by Hewitt
and Savage [2]. It is natural now to see in (3) a typical example of Choquet’s
theorem [4]. But Choquet’s work was not published until 1956, a year later than
the appearance of [2]; Hewitt and Savage, however, made essential use of extreme-
point methods in their work, and especially of the K.cin— m i1'mnan theorem.

Recently Rényi and Réwvész [6] have proved a deeper result underlying (3):
there exists a random variable A such that

@ pr (An MAT2M... M,KA)=A* a. s.

1 We prefer this to the older expression “equivalent events” because of the ambiguity of the
latter in some contexts.
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Their conditioning random variable X is defined by them up to sets of measure
zero as the Radon—Nikodym derivative associated with a certain stable sequence.
We shall here give a simple martingale proof of the Rényi—Reévész theorem, and
then follow up some further topics suggested by it.

2. The following proof of the strong law of large numbers for an infinite sequence
of exchangeable events is well known (Loéve [3], p. 400). Let Ir be the indicator
of Ar and let 3B(n) denote the e-algebra

<%(n)=s*{N(n), N(n + 1), ...)

(5% =s/(N(n), In+i, [,+2, .).
Then

—fr = ZENNM) = E"D)()
(6) = E~ (1Y,

by exchangeability. But by martingale theory this last conditional expectation
converges almost surely, as n-+  to a finite random variable. If we set £= lim sup
N(ti)/n, then we shall have 0&£(a>)SI for all co£Q, £ will be measurable with
respect to the tail e-algebra

(7) %= Mnn» Ln+i, ..,
and we shall have o
(8) £= lim N(m as.

3. Now if nér2>r1é1, we shall have

pr (An MArA(N)) = pr(A1NA,,1&(n))

- Ey N (n-1)’
=ER) L

—  Eme(«) ' L|.|,“I'I)-I1 )

_ N(n)- 1 N(n)_
n—1 n

on using (6) twice and noting that N{n—I)=iV («) —1 unless /,,= 0. An obvious
inductive extension of this argument gives

9) pr(AriMAM ... MARLWM) = JJ A= 1,

i=o n—j

whenever 1Sr,<r2<... the case k = 1 of this identity having been proved
already in the form (6).
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If we now let n— we find that
(10 pr (AFINAR2M...MNATRA) =
where
(11) a5 = I M(n).

To relate (10) and (11) to the Rényi— Révész result (4), note that from (4) we must
have

. N(n)
Eal n “n i E i)
—pr(nNjlA) = A as,
and so on letting n— it follows that
(12) Em>*«(f)= A
Similarly
ayy N(n)
£~U) N ) n*Z_ZieAK”j)
=~ Pr(4 W+ Pr(~i NN25),
and so
(13) E*» (22 =12

From (12) and (13) we find that
E*W((G-X)2) = 2452 =0,
and so
(14) £=4 as.
From our present point of view (10) is slightly preferable to (4); f has better measur-
ability properties than A and on the other hand the conditional smoothing involved

in (10) is the less drastic. The de Finetti representation (3) of course follows
immediately from (10), just as it did from (4).

4. The analogous results for a finite set of exchangeable events are easily obtained
by consideration of the difference tableau
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Here 6 —1- E, where Ectj =olj+i. Clearly
(16) %= pr (Amin... MAR,MA*uAN .. .r" AMH)
when all the m's are different, and A* —Q\A. Thus

17 0% _rsO (r=0,1,...,n)
and (because a0—1)
(18) 2 (" = I
Conversely, (17) and (18) ensure that (s0,Xi, ..., &, can be associated as at

(1) with a set of n exchangeable events. We have only to take a probability space
Q of 2" points labelled e,e2..£, (all e’s being 0 or 1) and let Aj be the set of points
for which B = 1. We then obtain the desired construction by giving eiE2...sna mass
&a,, P, where r is the number of e’s which are equal to zero.

From the usual formulae of the calculus of differences,

let us write

(19) (j=0,1..,n)

so that w is a probability distribution in virtue of (17) and (18). Then
my s(s—I)...(s—m+ 1)

ssmn(n-\) ...(n-m+\) W

and this is the correct analogue of (3) in the finite case. A formula equivalent to
(20) can be obtained from (1) of [1] on on setting k=m.
Now if exactly N of the n events occur, we shall have

(20) (m= 0,1

(21) pr(N =j) = 0"-jecj = wj,
and thus
n—k
pr (An A2 ..M ATKIHO NCK) % N -k
so that
(22) 1A NAT .. NAEN) = NEN- 1) (N-k+ 1)

n(—1).. u—k+ 1

this formula (22) corresponds to the Rényi— Révész theorem (4) in the finite situation.
We may say that every system of N exchangeable events is equivalent to a random sam-
pling scheme “without replacement”, the number of items N in the sampling having
an arbitrary distribution <&

5. Reényi [5] (cf. also [2]) has remarked that for an infinite sequence of exchange:

able events the simple condition
(23) x2=al
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is necessary and sufficient for independence, because it implies that £ (or A) is as.
constant and so that afc=af for all k. In general a2Sa, for an infinite sequence.

But when we are concerned with a finite set of equivalent events this result
ceases to apply. For example, let 12 consist of (in —I)2 équiprobable points arranged
as an mX(m —2) array plus one “extra” point, and let Aj consist of they'th row of
the array plus the extra point, for y'=1,2, ..., m. These events are obviously ex-
changeable, and

Here a2= ai> but the events are not independent for w = 3 because a3”a,.
There does exist a correct parallel to Rényi’ sresult, however. The Schwarz
inequality applied to (20) shows that

r@2—a2éa, —az,
with equality if and only if cos=1 for some 5=0, 1, ..., n. Thus
(24) Ir(a, —a2)=a, —a2
is the necessary and sufficient condition for the n equivalent events to be those
associated with a random sampling scheme “without replacement” where the sample
size is fixed (and is equal to /ra,). In all cases a, Sa2, but a, —a2 can have either

sign or may vanish. If a,>a?2 then we cannot associate (a0, a,, a2) with a subset
of a system containing more than

exchangeable events.

De Finetti in [1] formulated a conjecture which it is convenient to settle here.
Let #,, denote the class of sequences (a0, a,, ...) such that the n-ad (a0, a,, ..., &,)
can be associated with a set of n exchangeable events, and let be defined similarly.
Then it is clear that

for all n and de Finetti conjectured that
(25) J~=T/«e

We shall now prove that this conjecture is correct.
Suppose that (a0,a,, ...)E,/,, for all n. Then

where n,, is an atomic probability measure defined by
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and where /0, (x)=1, and

Now for O SxSlI,

and so

If we now choose a subsequence of n=1, 2, ... for which the corresponding sub-
sequence of the sequence (7rl, 72, ns>eee) of probability measures on / converges
completely to a probability measure n on I, then from (26) we obtain

and so (in virtue of the remark following (3)) (a0, cq, as required.

6. The following Poisson limit theorem appears to be new. Professor Reényi
tells me that a related but different result has been found independently by A. Benczar.
Benczur postulated the existence of all the limits limvia,y=p, (y= 12, ..),

and obtained a mixture of Poissons as the resulting limit-law. Viewed against the
background provided by Benczur’s theorem, the essential content of our Theorem |
is not so much that the limit-law will be Poisson when p2= /if, as that in that case
the existence of the limits ps for j> 2 need not be assumed.

Theorem |. Let (Qv, séx, pry (for each v=I, 2, ...) be a probability space
carrying an infinite sequence (Af\W) of exchangeable events with de Finetti constants
(ajv)), and let Xv be the number of the events

which occur. Suppose that
(27) va\) —p and v2af) —p2
as V—  then

lim prv(A\, = y) = ¢ " é( (s=0,1..).

Proof. From (21) and (3) we see that

where 7vis a probability measure on /, and so

(28)
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for |z|sl, where y =vx and 77vis the measure on the v-axis corresponding to nv
on the .v-axis. Now ([8], p. 242) we know that

if v, and so if we replace the integrand in (28) by
exp {-(1 -z)y}.
then the resulting error in the integral will be at most (4e~2)/v, provided that z is
real and that OSzSI.
Next we observe that if y has the distribution 1JVthen
Ew=vafy) and varvy)= v2{&\)—a¥)2},

and so from (27), using a Cebysevian argument, we find that for 0=szg] we must
have

But now it follows that EMzXy) must have this same limit as v— ifOSzgl, and
the continuity theorem for probability-generating functions then gives the desired
result.

It is worth noticing that (27), though sufficient, is not a necessary condition.

To see this, let Avassign masses 1----Vto X = - and —~ to y =1 Then

and

so that
vahy) /i+1 and v2od) -»

and (27) does not hold; nevertheless

In connexion with a problem in epidemic theory2 the need has arisen for an analogue
to Theorem | which will be valid when on (Qv, pn) we have v exchangeable
events and perhaps no more. In these circumstance the condition (27) is too weak’,
for example, let (f>v, s/v, pny) and A[v), AR% ..., A{>be constructed as in the second

2 See a forthcoming paper by Miss V. R. Cane (./. Roy. Statist. Soc. B, 28 (1966) 487—490).
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paragraph of §5, with m = v. Then we shall have

and
-
so that (27) is satisfied with p=\, and yet
Prv(*v= 1)=1--(v',)2 - 1

and the limit-law is not Poissonian. A correct analogue to Theorem I in this situation is

Theorem Il. Let (fiv, pryy for each v=1,2, ... carry v exchangeable
events AWM A”, ..., A™ with de Finetti constants .., ff, and let Xv he
the number of these events which happen. Suppose that, for eachy=1.

(29) viajy)—pJ as v-* (0Osjsv<»o).
Then
lim prvdw = s) = e=>* -5|| (s=01..).
V-» :

Proof. From (20) we know that

viv—1)... (v—y +1)ajv) = i2:05(3—1)...(5—j+ m.,(v),

and in view of (29) the left-hand side of this identity converges (when v—°°) to the
limit
M = j% s(s-1)...(s-j+ Ve~» /(.
s=0 Si
Now the yth moment of a distribution is a linear combination of the factorial mo-
ments of orders not exceedingj, and so it follows that

Y] sday) )_/] sle R .

for each j'80. The conclusion of Theorem IT now follows from the moments con-
vergence theorem ([3], p. 185) and the fact that the Poisson distribution is uniquely
determined by its moments.

Theorem Il is a straightforward generalisation of a result of von Mises
concerning the limiting values of certain occupancy probabilities [7].7

7. Theorems I and 11, and the counter-example used to show that there is no naive
generalisation of Theorem I, together suggest that attention might now profitably
be directed to the following open problems.
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For each v=1, 2, ... let (Qv, s#v, pry) be a probability space carrying a finite
number Mv of exchangeable events r=12, ..., Mv}, where and
Mvt°oas v->°0. Let Xv bethe number of the first v events A[\s A"\ AW which
happen. What conditions on the rate-of-growth of the sequence My, M2, ... make
it possible to assert the desired conclusion,

(30) lim prv3fv=s) - e~" (s=0,1..),
when (29) of Theorem 1l is replaced by
vJajy) —nJ (v -»°°)

fory=1, 2, ...,./? (The case J =2 is of especial interest.)
On can also ask, when Mv=v and ./= 2, whether (30) follows if vajy) and
v2ol) are required to converge to their limits /r and /i2 sufficiently rapidly, as v—oo.
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ON TOPOLOGICAL PROPERTIES OF /-DIVERGENCES

by
. CSISZAR

The concept of /-divergence of probability distributions has been introduced
in [1] as a generalisation of Kuriback’s /-divergence (,information for discrimi-
nation”, [2]) and of Rhnyi’s /-divergence (,,information gain”) of order a [3].
The interpretation of the /-divergence as a measure of how different two proba-
bility distributions are, suggests the question, what kind of a topological structure
it gives rise to in the space of probability distributions. This problem, for the case
of the /-divergence (of any positive order a>0), has been considered in [4] and [5];
in this paper we extend this investigation to arbitrary /-divergences. The paper
contains so far unpublished results of my thesis [6], with one sharpening (Theorem 4).
Other results of the same thesis — concerning the decrease of/-divergence in in-
direct observations — are published in [8].

Let im) be an arbitrary convex function defined on the real half-axis (0, +°°).
The /divergence of any two probability measures pl and /= on a measurable space
(X. if) is defined (cf. [1], [7], [8]) as

(D =fPim (P2 "dw

where k is an arbitrary (r-finite) dominating measure of /q and /q and pt(x)
stands for the density (Radon—Nikodym-derivative)

(2) Pt(x) =

In (1) we understand
/(0) = Jim /(<)

©) 00/ - 0

o_/lOl - A N ["1 = aHimmf(E) (a > 0)

Thenl the integral (1) is always well-defined, its value does not depend on
the choice of the dominating measure k and we have ” (/q, p2) ~ f( 1) with equality
if and only if /q=/q> provided that /(1) is strictly convex at n0= 1

1 All these simple properties have been exhibited in [11; the last one is also an immediate
corollary of theorem 1 below.
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The/-divergence  (/q, p2) or, more precisely, the difference p2)—{1)
can be interpreted as a measure of how different is /g from /i2. This suggest the
following

Definition 1. Let J be a set of probability distributions (= probability
measures) on a measurable space (X, ). The /-neighbourhood of radius e of a
distribution FOCM is the set of distributions

4 Uf (no, e) = {p: Jf(p, M)-/(I)<e, pili) (e>0)
Remarks. 1. The choice
f(u)=u log m=/]1(m or f(u)=uxsgn (a—1) = falu) (an0.anl)

leads to the /-divergence ///<i||ju2) °f order or

(5) I(nivn2) = /0 g Hik) =f PiOO log X(dx) =

(6) IAPiVA) = ~ ~ y logdp\(x)p\-a(x)dx = -*--\og\Ju {P\,P2)V

Thus the “information-neighbourhoods”

7 Va(pO0, e) = {<:4(i“lbo)<e.
introduced in [4], are special /-neighbourhoods.
2. Our definition of /-neighbourhoods is by no means the only one possibl
E. g. one could substitute in (4) the term
Sf(p,po) by Jf(no, p) or p0) +J f (p0, p)

(for f(u) =u\ogu the latter quantity is the so called /-divergence: J(/q, p2)~
= /(/q||/i2) + /(/i2||/q)). This substitution, however, leads again to /-neighbourhoods
in the sense of definition 1 itself, only the original /(1) has to be replaced by another
convex function /*(n) or /(n), respectively:

(8) fHu) = uf
(9) f(u)
In fact, we have — according to (1) — for any two distributions /q and p2
(10) Pi) — *~/x(/g> Pi)
(11) ~f(Pi,P2) + ~f(p2,Pi) =

Definition 1 makes the set of distributions J 1to a so called Fréchet (F)-space
(see [9]). In such spaces many topological concepts can be defined (open and closed
sets, convergence, etc.), though they need not be topological spaces in the usual
sense. In particular, we may say, that a sequence {p,,} or, more generally, a net
{/q} (d ranging over some directed set D) of distributions from Jt /-converges
to podJf iff for any £>0 there exists an n0 (or dO£D) such that n=u0 implies
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ju£Uf(no, e) (or d>d0 implies pdEUf (pO0, e), respectively.) For f{u)-fffu) (cf.
remark 1 to definition 1) this /-convergence reduces to the ,total” information-
convergence of order a, considered in [4].

It follows directly from [7] (see also [8]) that the topological structure defined
by the /-neighbourhoods — with /(m strictly convex at u0=1 — is finer than the
metric topology defined by the variation distance

(12) £I</<z) = \Pi-/<21= f\P \(x) - p 2(x)\k(dx)

(Eventually, g(pi, p2) also belongs to the class of /-divergences: g(pi,/t2)=

= S\u-i\(Pi> Pi))- ) .
For the reader’s convenience, | reproduce here the simple proof.

Theorem 1 |ffiff) isstrictly convexat u0= 1for smallvalueso f p 2)—/(J
also g(pl, n2) is smalt, if, in particular, f(u) is twice differentiable at u0= 1 and
/" (1)>a>0, then Js(/1,, p2)— (1)< e implies in case e small enough

(13) Q(Pi,Hi) <
Proof. We have by the convexity off(u)

(14) f(u)~f(\) +b(u-I)

where b=f"(1) if/"( 1) exists, and b equals e.g. the arithmetic mean of the left and
right derivatives of /(«) at wo=1 if/*(1) does not exist. If/(n) is strictly convex
at f0=1, for \u—I|Seo>0 even the stronger inequality

(15) I(b1)EI(L)+ /> (/- D+ £, |m- 1

holds, where

(16) £ = 1min{/(1+e0)+ be0—(1),/( 1—e0) —bt0—( 1)} > 0.
fo

(14) and (15) can be rewritten as

(17 I(ms/(1) +6(m—D)+e,[u- 111- xAm)  (m=0)

where xtQ(u) =1 for M—1l< e0and 0 for |[H—11"e0. If we substitute in (17) n= Sl{/‘v
i

and multiply formally by p2(x), the obtained inequality remains valid even for
£2(n) =0, in sense of the conventions (3). Integrating with respect to ), we get,
according to (1) and (12),

18)  -ffiPuPi) ~/(1) +e,e(/i, /22) - £i J \Pi(x)-p2(x)\X(dx)

Ip2u) |
whence

('9) a(Pi’Pi) 5 ~-{*"Mi,Pi)~RV>) +4-
As e0 can be chosen arbitrarily, (19) proves the first statement of the theorem;
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(13) follows by the choice £0: using that (16) implies £j & —e0, if f"(\)>a
and £0 is small enough.

Though of little importance, let us remark, that the constant J -- in (13) is

smaller than the corresponding constant obtained in [7]. For the casef(u) =u log u,
the best possible constant has been determined in [8], where the estimate

(20) Q(Ri,Pz) S 12/(/*i||/i2)
was proved.

Theorem 1 means, in particular, that the ,,/-convergence” of distributions
necessarily implies uniform convergence, i.e. convergence in the metric g(jil, Ww2)—
= \pl—P2\- 11 the opposite direction only the following holds:

Theorem 2. If both/(0) and f*(0)= Ilim —  arefinite, then

(21) AM(PuPi) S/(I)+ C
where C>0 is a constant, depending only on fi
Proof. By the conditions of the theorem, in the interval [0, 1] both f(u) and

/*(w) —uf j are bounded, thus there exist constants Kt and K2 such that

(22) [/(w)-/(D] < Kwn -» 1 1) < K2 Osils 1.
We set (0<£< 1)
El = {x:(1- DH(r)€é p2(x),p.(y) o}

(23) El = {v:i(1l- e)p2(a) & pX(n-)}
Ee= X-(ENJEI) = (o . 1-¢ X)) < 1
Pi(a) 1l-e)'
Then for A£Ec
(24) /\P\(x) ) —K ‘E
1P /1x)
with
1
— max 1@)-/1(1-e)], / -1(1)
C o 1—£
|—e

where, by the convexity of /(1), KFis a monotone increasing function of e. Further-
more, by (22) and (23).

PAX) pt)I(dx) * K2pt(El)
(25)
p2(x)).(dx)  K,ft2(Ef
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and by (23) and (12)

(26) E204,/42) S f \Pi(x)-p2(x)\k(dx) S efii(E") 0 =1,2)

Finally, the inequalities (24), (25) and (26) give rise to

no<y-1(y~/ f[p'» P 2(x)-A\)p2{x) "X{dx) =
(27)

. N N (/\ 2)

U
m~

. 1 12
whence, e.g. by the choice e= 2~ o<i, ~2) (implying and thus A,

we obtain (21).

According to theorems 1 and 2, if/(n) satisfies the conditions of theorem 2
and it is strictly convex at wD= 1, one may assert that the/-neighbourhoods generate
a topology, namely the metric topology associated with £>(/i,, p2). For the functions
/(n) (remark 1 to definition 1) these conditions hold for 0<a<]l; thus for such
an a, the ,information-neighbourhoods” (7) generate the topology of the uniform
convergence of distributions, as it has been shown already in [4].

Now we are going to show that if /(0) or /*(0)=lim is infinite,

the /-neighbourhoods (4) do not generate a topology for J1, except for
very special sets of distributions /1. To get a counterexample, one may choose
even X= {x[, x2, me} i.e. a denumerable set, consisting of all subsets of X. Then
any probability distribution p, on (X, 30) is uniquely determined by the sequence
P= {pi,p2, «m},£*= /<({**})» We choose for JI the set of all distributions on
(X, it) for which each pk is positive. Observe, that this is a rather well-behaved
set of distributions, e.g. all the distributions in J1 are absolutely continuous with
respect to each other.

Theorem 3. If either of/(0) and Jim o~ U is infinite, the (V)-space defined

by the f-neighbourhoods is no topological space in general; this is the case already
if X is countable and /1 is the set of distributions described above.

Remark. The corresponding theorem for /-divergences of order a=-0 has
been proved in [4]; the idea of the proof is similar also in the general case, but the
lack of knowledge of the concrete form off(u) causes some difficulties.

in order that a Frechet (K)-space £ be a topological space (in the sense that
the given neighbourhood systems of the points of £ are bases for the neighbourhood
systems of the points of E in some topology on E) the following property is clearly
necessary?2:

2 This property is well known to be sufficient, too, provided that each point of E possesses at
least one neighborhood and is contained in all of its neighbourhoods.
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(B) For all points e€£, each neighbourhood U of e contains another neigh-
bourhood U' of e such that each point e' £ U' possesses a neighbourhood which is a
subset of U.

We shall show that under the conditions of theorem 3 the neighbourhoods
(4) do not possess property (B). We shall need two lemmas on infinite series; the
first one is trivial and we formulate it only for the sake of later reference while
the second one seems to be of some independent interest, too.

Lemma 1 |If kg 1ak is a convergent scries with positive terms then for any two
sequences of positive numbers e(»0 and yk ~ there exists a sequence Rk—»-} @

such that 21>lakf3k r~+ », 2 akk = + “ ond each Rk is equal to some yt.

k= k=1

We omit the simple proof.

Lemma 2. Let Y ak be an arbitrary convergent series with positive terms ak> 0
k=1
(k=1,2, ..) and /(u) an arbitrary positive valuedfunction definedfor n>0 and tending
to infinity as n-»+ «. Then there exists a sequence bk— + °° such that

(28) 2 akbk < +°°; 2 akbkd{bK) = + «.
fc=1 k=l

Proof. Let i//,(u) be a monotone and continuous function such that Osoj/fu)
=¢pMWu) (0<m<+°°) and |I4rE]0 ™) =+«>. Let {n/1 be a sequence of positive

integers growing so rapidly that the positive numbers c, defined by

1
29 =
( ) K%Lu'ak d<mc))
satis
b ¢ 1
30 y
(30) iti ok(c)

Then, setting bk— t2kci (of course, bk—+ °°) the conditions (28) will
n N\
be satisfied. In fact, using (29) and (30), we obtain

_ N < f°0
emp 2ROk = ﬁc'l@'ﬂa" «il (O
and, since by dy(n) =) and the monotonicity of i/q(i/)

bk (bk) S bkipi(bk) s 2 c/fc,),

also

k=21 WS 1221 aiid%z% d(:/=12 1= +°°-
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Proof Of Theorem 3. The distributions we are dealing with are of form

P={Pi>P2, ese}> 0 = {?i. 72>00e} i=1,2,...). The /-divergence of
two such (discrete) distributions equals, according to (1),

(31) Sf(P,Q)= L /|\44i).
We have to prove that if U1jr+n0 /(w) + M,!imoo — =+ °°, the property (B) does not

hold for Jf and the /-neighbourhoods defined by (4). We shall prove even a bit
more, namely that for each P ={pt, p2, .«.}€*-# and e > 0 there exists Q£ Uf(P, e)
such that for any e'>0 there exists REUTf(Q, e) for which Jf(R,P) =+°°

(i,e. R$ Uf(P,c), forany cs + <v). If k2_14k and k2_ K are two convergent series

with positive terms such that

(32) Zpkf m o0
(33) + 00, -f- CO,
we may set
gk if k<N 1- y 4k
=N
(34) 4dk=m C= N-1
if kK N
4K k2:1Pk
and
cak if K <N 1—2 rk
(39) rk c ~ N'k-|:N
if k~ N 2 &
* : K1
Then, if N is large enough, we have by (31) and (32)
(36) Jf(Q, P)-/f-(M;gzla +IEij{\ﬂk)</(!)+«
and, similarly, if N’>N is large enough,
(37) Jf(R, Q) <A41) +¢&
while, as the series 2 PKf | diverges,
k=1 VIV
(38) JI(R, P) =+ o

(36), (37) and (38) mean just what we wanted to prove, thus our only task left is
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to show that if either JO) =I_‘H|110LI,M) orn_)!'ipg0 ZL?. is infinite, there do exist

convergent series 2 gk and 2 4 with the properties (32), (33). We distinguish

two (not mutually excluswe) cases
Case a): /(0)= Nw/\Om) = + ». Let us choose a sequence +°° such that

I(2_1akPk< +°° and set %0 =Agi(*/1), where gj(a) stands for the smallest value m for
which f(u) =c or an arbitrary fixed positive number if/(m)>a for all 0<n<

o) ®
Then = =g Yat) —0, thus k2_14k< +°° and (32) is valid. Let further Rk->-\-an

GO nd

a sequence such that 2 Rk4k< +°°, 2 RkPk = +°°; since P 0 such sequences
4=1 4=1

exist by lemma 1 Then, setting rk=qui(r3k), 80 ?k< +°° and (33) holds, as ;7—0

implies, for k large enough, /I —| >/ I ~ | Rk.

Case b): Ilm(D A

o0 In this case a more subtle reasoning is needed.

Let us apply lemma 2 to the series 2 Pk and the function ijyu)—g21 “ 1
\g2\u))
where g2 stands for the largest value l/I for which f(u) =a or an arbltrary fixed

positive number if /(m)>a for all 0<m<+°°. The validity of the condition

«_IAimDmlvl) = + 0 of lemma 2 follows from the assumption |Il‘[b a—= +°°.

Thus there exists a sequence bk—+ » satisfying (28) (with ak—pk). We set

(39) 4 = Pkg: (bk\  fk = gkg2 giﬁ‘;k)\ 4K (bK).

Then K 4 (& + °°) and f —bk if k is large enough; thus the first half
278 RIS

of (28) gives just (32). Furthermore, from the second half of (39) follows /|4 n{k )>=

2t|’)|t:k) Pk (for k large enough) and thus the first half of (28) yields also the
g S (k

first half of (33). Finally, asf(u) is convex and ”_I>i9100 2 6)_ + °°, for n® large enough

necessarily f(u) /(«0) M(n > mo); substituting here uozﬁ( and u=—k, we obtain
4

using (39) — for k large enough

ol
4 L 274 4k >\
_ = b bK).
PK) & P ac T PP
P
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Thus the second half of (28) gives rise to the second half of (33). The proof of
theorem 3 is complete.

It follows directly from theorem 3 that in the case /(0) +L¢II;TED 1a-= + M

there exists no strictly monotone function h(u) continuous and vanishing at n0=/(1)
for which h(Jf (nj, 42) would satisfy the triangle inequality. This negative result
can be extended to functions of more general type, too, in the same way as it has
been done for /-divergences of order aS 1 in [5]. To this end we need the following
sharpening of Theorem 3:

Theorem 4. |If either o ff0) and d—gpm_l_ltj is infinite, then for each P£..// and

£>0 there exists Q€Ji such that ~f(Q, P)+.//P, (?)<£ and that for any s'>0

there exists R6Jt with ,ff(R, Q) +~fiQ, /?)<£' and JfiR, P) = JfiP, R) = +°°.

Here M stands for the set of all discrete distributions P = {pt,p2, ...} such that
0 (/=1, 2, ..).

Proof. We proceed as in the proof of theorem 3, with some modifications.
The construction there should be applied to the convex function f(u)="f(u) +/*(«) =

=/(NI+ w/(~] (cf. remark 2 to definition 1; observe, that the condition of the
\

theorem implies both /(0) = + °°and Iir&; h +<*>), and, instead of P, to the

auxiliary distributions pi = {p\,p2, e} (/=1,2) defined by
(40) Pk =cIP2k-I> Pk=C2px (k=12 ..)
where ¢, and c2 are appropriate norming constants.
Let £>0 be given and set £= ZZ; , further, for arbitrary set fo= FCi—.

Then, as in the proof of theorem 3, we can construct QU j*P,, " j (/1=1,2)

such that for any >0 there exist Rt€Uj. "2, ~ j with ~-(R” p.) —+o00

(/=1, 2). We show, that this can be done in such a way that , PI) = +°°
and Jf(P2, R2)="ff*(R2r Pi) —+°°- In fact, let us first assume /(0) = + °°,

/*(0)= lim "~--<+00, Then we have
(41) [(m™*(m) for n small enough,
(42) f*(u)~f(u) for u large enough,

and therefore, using for /=1 the construction given for case a) and for /=2 the
one for case b) we see at once that Jj{Rx Pt) = ™ (/?-, P")+Jf.(Rh Pt) = + °°

(/=1,2) implies J3(RI, P) =Jft(R2, P2) —+ °°. The same argument applies

also when /(0) is finite and /*(0)= L}Lmo y —too with the only difference that
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for /= 1 the construction of case b) and for i= 2 the one of case a) should be used.
At last, if both /(0) and f*(u) =|_I7I>i[n , are infinite, it is still possible that (41)

— and then, necessarily, also (42) — holds true or that the reversed inequalities
are valid, in which cases the above argument applies. On the other hand, if there
exist sequences of positive numbers 6{ —0 and &*—Osuch that

(43) =f(ak)  (*=1,2,...),

then, according to lemma 1, the construction for case a) in the proof of theorem 3
can be applied both for i= 1and i=2 in such a way that each Bk be equal to some
of the numbers /(<5j) (/= 1, 2). Then (43) implies (41) for u=gl(Rl) and the reversed
inequality for u=gt(B8k), and hence, by the proof of theorem 3, we get again

Sf(Ri, Pi)=Sf.(R2, P2 =+«

The proof of theorem 4 is now easily completed; all we have to do is to build
from Q;={q\, q2, ...}, Rt={r[, r2, ...} (/=1,2) the distributions Q = {qt, g2, ...}
and R= {rl(r2, ...} in the analogy of (40):

- = k = 1,2, .00
Am T o1 & 2 ( )

1, 1 2
r2k-1 — rk, r2k — rk (k= 1,2,.
cl

c2
r( \

L,
exist such a nonnegative function h(u,v) defined for /(1) =m= -f°°, /(I)=v +«>
which is continuous at (/(1), /( 1)) and vanishes there hut does not vanish «/( + «=, + °0),
that the function dhf(fj.i,/q)=/*(/f(/q,u2), Jf{p2,tq)) defined on Ji would
satisfy the triangle inequality.

Corollary. If either of f(0) and /*(0)= u_I>ir+nm is infinite, there does not

Remarks. For the case of /-divergences of order a(a-2 I) the statement of
theorem 4 and its corollary has been proved in [5]. The knowledge of the explicite
form of f{u), however, considerably facilitated the proof. In the cases when both

/(0) and /*(0)= U_I)jr+nCO g are finite, one may look for functions of JA(/.q, /i2)
— or of ) and Jfin2, ufi — which are non-trivial quasi-metrics (asym-

metric ,,metrics”) or even metrics in J1 and which, preferably, generate the same
topology in Ji as the /-neighbourhoods. For such investigations, for the case of
/-divergences (of order 0<a<l) see [10].

Finally let us remark, that it is easy to exhibit on Ji such a metric which makes
it a complete metric space with a finer topological structure than the one of the
/sneighbourhoods, for any convex/(n). Such a metric is e.g.

(44) q'(hj,/i2) = min {C, log (max {«/(/q, y2), </(/b, Iq)})}
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where C>0 is an arbitrary constant and

vrai sup (M) gy
i(HNUH2) = Hi(dx)
+ if Hi A Hi-

The convergence u,,~* > equivalent to the uniform convergence of FRNY 1<()
(A £.f) to zero, and this obviously implies the /-convergence for any convex /(»)e
Of course, this implication can not be reversed, in general.
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ESTIMATION AFTER SELECTION1

by
K. SARKADI

1. Introduction

Let ul,...,un be parameters characterising the populations Alt A, re-
spectively. These parameters are unknown but we know their unbiassed estimators:

E(n")=/<; (i=l,...,n).

are supposed to be independent.
According to some predetermined decision rule, one of the populations
n,, ..., A, will be selected. This decision is based on the actual values of the statistics

This paper deals with the problem of estimating the parameter of the chosen
population.

Such selection procedures often occur in practice. Usually they are performed
without any theoretical statistical tools; for the theory of selection, see, e. g. [4], [2],
where additional references are given.

In most cases the characterisation of the selected population remains interesting
after the selection. The fact that, apart from a preliminary report [6] and an un-
published paper [7] of Rubinstein, the above problem seems to have nowhere been
mentioned in the literature, indicates that usually the effect of the preliminary
selection is ignored in the estimation. Evidently this causes bias.

Rubinstein’s mentioned paper treats the estimation problem after selection
according to a special sequential model.

Some related problems, however, are dealt with by several writers. The problem
of estimation after preliminary tests of significance have been first treated by
Bancroft [1]. In 1963 the results of several authors on this field were reviewed
and summarized by Kitagawa [3]. In the binomial acceptance sampling model,
Kolmogorov [4] considered the problem of the estimation of the average fraction
defective in the accepted lots.

In the latter-mentioned problems the parameters to be estimated are unknown
constants as far as in our model they are random variables.

As it is pointed out, regarding his model, by Rubinstein, the post-selection
estimation problem has particular importance at the design of equipments or
systems having a large number of components. If both the number of components
and the assortments are large the accumulated bias may cause quite a misleading
result if the hazard rate or other characteristic quantity of the whole equipment
or system is estimated.

1 This paper has been presented to the 1 European Meeting of Statisticians held in London,
5—10 September 1966.
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Sometimes more data are available in the time of estimation than were in
the time of selection. Accordingly, we consider the following to models simultan-
éously :

Model A

With the above notations, let the selection rule be characterised by the
partition of the n-dimensional Euclidian space E,, into the subsets
A*, ..., A* (A*+... +tA% =E,, A?Aj=0 if i?4j, i,j= 1, ..., n) in such a way that
if for the vector x={xx, X+ XEAT the population At will be selected. With
these notations the task is the estimation of the random variable

(1.1) if XEAf (i= 1, ..., n).

Model B

We denote by yXx, ...y,, the statistics available in the time of selection
and zl,...,zn the additional statistics which are available in the time of
the estimation, j,, ...,yn, z,, ...,z,, are supposed to be independent variables with

E(a) = E(#) =], (=1, ....n).
We use the notation /n, for the random variable
(1-2) »'I=/<; if y = {yt, 0=1.... n)

where A\ +... +Ap=En\ AJAT—Qfor iAj. i,j=\,...,n. This partition of E, is
predetermined.

The variances D20>-) and D2(z() are supposed to exist.

In this case, for convenience, we use the notation xf for the pooled statistics

DHzdyi + OHydz,
D2(Ti) + D2(z;)

On the other hand, the symbols y,, zt (i=\, ..., n), /n, are used as auxiliary
variables in Model A. Where they are used, they are supposed to fulfil the
mentioned relations, i.e. yx, yn,zl5 ..., z, are independent and mx is defined
by (1. 2), in addition D2(y;), D2(y;) exist and (1.3) holds.

Section 2. enumerates some possible solutions of the problem of estimating
/n and mxin the general case. The cases of normal and Poisson distributions, n= 2,
are dealt with in details in Sections 3. and 4., respectively.

(1.3) (=1 n

2. The General Case
2.1. The simplest unbiassed estimator of nr, is the statistic
(2. 1 u=zt if y€Ay.

Evidently v is unbiassed in the sense that E(w)= E(n7j), moreover in this case
u is conditionally unbiassed given A\. The accuracy of the estimator may be charac-
terised by the conditional variances

D2(w—m, d!’)= D2(z;) (/=1, ... n)
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where Af stands for the event yE£Af, or the unconditional variance
n
D2(m— = 2’P(Af)D2(z)

2. 2. In general, n will be biassed for m. However, if the correlations between
Xj and yt are high, and the partitions A\, ..., Aband A\, ..., Ay nearly agree, the
pr, 7atf)llltle€ 5 EAT,y i Ay) foriV /will be small, therefore, in general, |[E(m—m)|=
- I r will be small. We shall see in the particular cases that this bias
can be brought below an arbitrary level and this can be expected to hold under
rather mild conditions, in the general case of Model A.

(1. 3) shows that high correlation between xt and yt implies large value of
D2(z,). This means, since

A
E(u-m)2s D2(u-m{ = iélP("?)DZ(z,)

that decrease of bias will mean loss in efficiency.

In reliability applications, once we shall know the exact relationship between
bias and variances the optimal estimator can be chosen from amongst the possible
ones, taking the size and the structure of the whole system into account. Usually
the limitation of the bias of the component estimator is the more important the
larger the system is.

The exact evaluation of D2(u—m) or of the conditional variances is difficult,
even in the simplest particular cases.

If the selection is based on the values of x it ...,x,,, and m is estimated by u
this method uses full information in the selection but partial information in the
estimation procedure. It can be performed relatively easily, almost independently
of the forms of the initial distributions. In general, the bias can be made as small
as desired.

2. 3. The estimation procedure, given in 2. 2. can be ameliorated by replacing
n by its conditional expected value given X,, ..., x,:

/= EWn|X,, ..., xn).

In two concrete cases we shall give explicit formulae for t (see Egs. (3. 4) and
4. 2)).

This modification does not change the bias but decreases the variance D2(n —m).
The evaluation of the variances seems to be difficult.

The estimators n and t will be investigated in the mentioned cases in Sections
3and 4.

2. 4. Also, the problem of the existence of an unbiassed estimator for m is
investigated, in the concrete cases. In the normal case, no unbiassed estimator
having finite variance exists (Section 3. 3), in the Poisson case such an estimator
is given, and turns out to be the limiting case of the estimator t.

2. 5. Another possible way is the “sometimes pooling” method. If, e.g. = 2 and
/I, if xt~x2
u2 if Xi < X
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then — with a slight modification of (2. 2) of [3] — the following estimator can be
constructed :

Xi if x2—x, »K

D2(y2).v, + D2(x,)x2 )
D2(v,)-| D2(y2) p—X, 1=K
x2 if x1—x2>K

where K denotes the significance point of some predetermined level of the distribution
of \x2-x t\

The computation of this estimator is relatively simple. It is clear that its bias
can not be decreased in arbitrary degree, if u,” 12. We do not deal with this type
of estimator in this paper.

2. 6. A further possible way is the Bayes solution. This way avoids the para-
doxical phenomenon that the estimations of m and /r; are not equivalent problems;
using Bayes’ method they are. The assumption that the /t; are random variables is a
reasonable one since they are affected, in the course of the production process, by
random sources; however, their a priori distributions are not known in general.

If n is large and the assumption of a common a priori distribution of a given
type for the variables /q seems to be justified, the method is particularly appropriate.
In this case the parameters of the a priori distribution may be estimated from

*1> -Y,,
3. Normal Distribution, n=2

3.1. Let us consider the case of the normal distribution with two variables,
i.e. let us suppose xt and x2 to be independent normally distributed variables with
unknown expectations E(x1) =u1and E(x2) = /i2 and with known variances D2(x,) =
= al and D2(x2) = o2. Let the variable n be defined here as follows :
pi if X, 3=x2

(3.1) pi If x2> x2

In the practical application this definition corresponds to the selection of the
better population if less values of /q mean better quality.
Since

p=Pm=/2=PXx2-x, <0)=d[" Ih )

where ®{x) denotes the standardised normal distribution function,

E(m) = Hi +(p2~lii)P
and
D2m) = Ui2-Hx)2 (\-p).

The variablesyt and z; (cf. (1. 3)) may be defined, in the case of Model A, by
the following formulae:
y,=xt+v,lc

" Xi-cVi (/=1,2)
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where c is a positive number, v,, v2 are independent normally distributed random
variables, with parameters 0, erf, and 0, of, respectively; they are independent
of and x2mThey may be generated by a table of random numbers or may be
defined as functions of the original sample elements. The suitable choice of the
constant ¢ will be discussed later.

With this definition, yx,y2, zx,z2 are independent and (1.3) is fulfilled;
D2y,) = (I +c2(jffc\ D2(z;)= (@1 +c2o? (/= 1 2).

In accordance with Section 2, let us define mxand u by the formulae

Since

EWw) = E(wi,) = flt +(1*2-VI)Pc
where

u is unbiassed for m, and biassed for m, the bias being

(3.2) E(u ni) = (p2~Hx){pc~p).

Evidently this bias is positive, except in the trivial case /it =/i2 when the estimator
is unbiassed. The bias tends to 0 if ¢ or —p2\ tends to infinity.
The variances of n and u—mx are

D2u) = (1 +c[G\+{pl-0\)pc+ (ji2z-p DDE\ -pQ
D2(u-ml) = {\+c2[a\+(a2-a\)pc
\}I{M\AY) = D2(m—mI\Af) = (1+c2Q<? (i=1.2).

The variances of u—m cannot be evaluated explicitely.
If a and m are positively correlated we have the inequalities

) DZAu—m) s D2(n) + D2(m)
ie

3.3 D2(n- m)S (1+ [(72+ (o\ - a\)pc]+

+ (t*2-Ri)2[Pc(l -Pc)+P(\ ~P)I

In Lemma 3. 1 (Section 3. 2) a sufficient condition for being the correlation between
n and m positive is given. The condition includes the case cr, =<r2.
A weaker upper bound, holding in any case, is given by the inequality

D(m—mi) < D(u) + D(m).
On the other hand we have the following lower bound:
D(m—m) > |D(m) —D(m)].
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It follows that the variance of n—m tends to infinity with increasing c, in contrast
to the bias which is, as can be seen from (3. 2) a decreasing function of c.

Let us now consider the estimator of the type introduced in 2. 3.

It is evident that the estimator I'= E(m|X,, X2) he.

(3.4) t= x1+ x2-ard X)L evasiaj 9 2l
I UT +«i |

where (p(x)=®'(x), is a better estimator than u, since
(3. 5) E(/) = E(n)
and
(3.6) D2(u—m) = E(D2(m—m\xi, x2)) + D2(i —m)
which implies that D2(i —m)<D 2(ri —m).

Moreover it can be shown that for any value of x2, x2
(3.7) D2(u-m\xu x2) = D2(wxi,.y2) O102+ 1 min (erf, 12)

Since the direct evaluation of D2(i —m) seems to be tedious, the limit we may
obtain by using formulae (3. 3), (3. 6) and (3. 7) may be useful.

A lower limit can be obtained in the following way:

First a lower limit for D2(r) can be obtained:

Gfo2

D2(0
W02

Y (I +c2(aj + =) P\i(\+c2)(o\+al) *1
This formula can be deduced from the Cramer—Rao lower bound of the
variable t- a\x.>.<-fafx2 as estimator of (/fr2—rt) \Pc— 2 %-21
&+ L2 Gi G2]
A lower limit for D2(t—m) can be obtained using the inequality

D(i —m) >D (t) —D(w).

Another lower limit may be obtained from the inequality

(3.8) D(t—m)>D(?2) —
where
* .
h = x1+(x2-x Dp CL 17X
la\ +a\
and (
t2= cyol +ol (p c(x1~X2)
\'af+a]j
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Since t, is between X, and M2, D(/i - m) has an upper bound not depending
on c. On the other hand
2f1-in)2 c2(in -111)2
3.9) D2z °¥@\avt 1o e qorpcrem (c2+ 1) (af +4)
2n [j/2c2+ 1 ¢

which means that D2(/2) and, by virtue of (3.8), also D2(t —m) tends to infinity
with increasing c.

There are, in addition, two other reasons against large values for c. If ¢ is
large, the function r(x,,x2) has the following properties in the neighbourhood
of the line xx= x2:

1 The estimator varies very rapidly with xx—x2 and therefore rounding
errors have a large effect.

2. The value of t surpasses max (x,, x2) by a large multiple of max (cr2, 42).

In reliability estimation problems the appropriate choice of the value of
¢ should depend on the number of components; we have to assure that the standard
error and the bias of the final estimator for the reliability characteristic of the
equipment or system should be of approximately the same magnitude.

3. 2. The following Lemma gives a sufficient condition for being the correlation
between n and m non-negative, and thus (3. 3) in effect.

Lemma 3.1. If (/i, —/12)(<12—<Tt,) €0, cov (M —«r) SO.
Proof. Excluding trivial cases, suppose without loss of generality
(3. 10 n,—2=NnN>0, a2S<r,, <42>0.

e Let us introduce the notation

a\zx+o\z2
B 1 Ww=wu- ©+al
Both n® and m are independent of (y;iaiZZ (they are functions of
Zi~ 221 Y11 Y2) and therefore it suffices to prove that
(312) cov(md, w) —0

(3. 10) implies that

(3.13) E(0) = K
and that
P(m = nXE(n\m = /(,) =

a\+a\ /n|’ -°

(3.14) = Bxa\J J'i;[cp(B2(C-1i))-<p{B2(t; +n))]<p{BAri +H))cKdn +
00

B\ | J G(FRACH IO 2<KF(>0-<TAFBHORCT? > 0
§

(Here Bx, B2, Bb are positive constants depending on g\+ g\ and c).
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Since m takes on two values only, (3. 10), (3. 13) and (3. 14) prove (3. 12) and
hence the lemma.

On the other hand cov(w, m) can be negative, as it may be seen on the following
counter example.
Let be
li=Hi —2>0. a\=0, ai>0

we have (cf. 3. 13) E(tto)>0 and (cf. 3. 14) I_irpOE(uo\mzfi{)<O which shows that
if 1 is a sufficiently small positive number cov (U0, in) <0.

3. 3. In 3. 1 we gave biassed estimators for m, and the variance of those es
mators tended to infinity as the bias tended to 0. Now we prove that, in fact, there
is no unbiassed estimator, having finite variance, for m.

Theorem 3. 1. For the variable m defined by (3. 1) no unbiassed estimator,
having finite variance, exists.

Prooe. Suppose that such estimator exists, let us denote it by t= t(x, x2)
and suppose, accordingly, that

E(y) = /lj +(/<2— )p, D2Ag<°°.
Let us introduce the notations

N
k= 1 W2 o X T=tixlxg= | -
Jlag+a\ fa\ +al\
then

E(T)=p® (/)
and D2(ij) is finite.
E(ti) depends on f.ix and u2 through ft only therefore 51 is a sufficient statistic
for E(r,). If

E@@d) = 12(x) = 12

D2(T2)sD 2(r,)

therefore D2(t2) is finite, we denote it by D2(t2(x))=V(ft).
Let Z be a normally distributed random variable independent to x with

then

EZ) =

D2(z) = éz (c>0).
Let us introduce the notations:
X=x+Z, E@x2x)IX)=2z3X)=:3.

z3 does not depend explicitely on ft since x is a sufficient statistic for /t.
On the other hand let us introduce the variable (cf. 3. 4)

4= 724(X) =
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13 and T4 are both functions of the random variable X only and they have a
common expectation. It follows then from the completeness of X that therefore
they agree in their variance as well: D2(t4) = D2(t3)S V(h)-

" But (cf. 3.9)
D2(#)> A(u)c- B{u)
with A(y), B(n) not depending on c, A(f.i) >0, and therefore
(3.15) A(/i)c—B(/()-= V(i)

¢ may take on the value of any positive number, i.e. inequality (3. 15) holds for
any positive value of c. This is clearly a contradiction, V(ju) hence D(t) can not be
finite.

4. Poisson Distribution, n= 2

4. 1. Let us suppose x, and x2 have Poisson distributions with expectations
Hy and 12, respectively. Here we define, with a slight modification of (1. 1), m as
follows:

Hi if X< x2
-

m= A2 %= x2
Hi it X x2

By equating the coefficients in the expressions of the expectations we obtain
the following unbiassed estimator for m:

XI If *1 < *2

3*2 . P ~
(4.1) o _ , if < = X2

2X]j |f *1 = xp

S | PRI
(xi,x2=0, 1, ..).

For large /q and u2 this statistic has the disadvantage that it has high jumps
nearly to the line xt=x2.

This fact hints that in this case it is not advantageous to insist on unbiassedness.

In the mentioned case the normal approximation can be used but the same
method as in 3. 1 can be applied exactly for the Poisson case as well. The formulae
we give below are, however, more complicated than in the former case.

4. 2. Letytand zt be defined by the following formula (cf. (1. 3))
Yi=
ZMR3-'iXi-V;) (/1=1,2)

where vt is generated by a random experiment so as to have binomial distribution
with parameters xt and a; O<a-~,/I=1—a
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It is known that the unconditional distributions of ayt and Rzt, so defined,
are Poisson distributions with expectations ap; and Rph respectively, and they are
independent.

Now we define u=u(xl, x2,vl,v2) by the following formula (cf. 2. 1))

2 if y1<T2
zi+z2

2 if yi=w
2 if y1>w

Let be again
t=t(xu x2) = E(u|xI5x2)

we obtain, after some calculation, the following expression for t:

> 2 0 (V) [J] (a2-])ajB>#-J »t

(4.2) +22 (M) (7)) +x2-2i)CC2iR* +*-2i~1+
+ XI4+X2-I-j -

Putting in (4.2) @©=1, /2—0 we obtain (4. 1).
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FIXING SYSTEM FOR CONVEX BODIES

by
B. BOLLOBAS

Let T be an open convex body in En (n dimensional Euclidean space). Let
the points Pj (id I, where | is an index set) lie on the boundary of T. The system
of points Pi (idl) is called afixing system of T, if there is an a>0, such that by
translating T in any direction through a distance less than s, at least one of
the points Pi (idl) will get into T. This means that no matter how short a distance
we want to translate to solid body in any direction, at least one of the points Pt
will prevent this, if these points must not enter the interior of the body. A fixing
system is said to be primitive if for any proper subset J of 1, the points Pt (idJ)
do not fix T any more. Fejes Toth [2] suggested the problem of finding the maximal
number of points which can form a primitive fixing system of an n dimensional
convex body. More precisely, we are looking for the supremum p(n) of the powers
of all primitive fixing systems of all n dimensional convex bodies, i.e. we want deter-
mine p(n) =sup {|/|1: there is an open convex n dimensional body T and a primitive
fixing system Pt (idl)}.

Tomor [5] proved that p(2)=6, and that the only extremal configurations are
the convex hexagons whose opposite sides are parallel and which are fixed by the
vertices. Fejes Toth [2] pointed out that for the rhombic dodecahedron the vertices
form a primitive fixing system and consequently p(3) " 14. Danzer [1] and Hajos
(see [3]) showed simple n dimensional bodies having 2(2""—1) points as primitive
fixing systems. It seemed likely (see [1], [4] and [5]), that there is no fixing system
with more points.

The purpose of this paper is to prove the following theorem.

Theorem. p(n)=a if n*3, but every primitive fixing system contains only a
finite number of points.

Take a convex body in E" and a fixing system of the body. The directions of
the translations can be represented by the points of S"-1, the unit sphere of E".
(If P is a point of S™-1, P corresponds to the direction OP, where O is the centre
of S"™-1)

Every point of the fixing system excludes a certain set of translations, and the
corresponding subset of S"~1 is easily seen to be an open subset. A system of points
is a primitive fixing system if and only if these open subsets cover S"-1 but by
omitting any of them the remaining sets do not cover S™ 1. As S"-1 is compact,
a finite number of these open subsets cover Sn~x, and so according to the previous

1|/] denotes the power of the index set /. In most cases 1 has only finitely many elements, so
|/| is the number of elements, but this is not necessarily so.
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statement, these are all the subsets corresponding to the fixing points. Consequently
the primitive fixing system contains only a finite number of points.

Now it will be proved that for an arbitrary number n there is a convex body
in E””having a primitive fixing system of more than n points.

LetO<a<B< l, and let F{be a frustum of a right circular cone with an angle

at the apex equal to 2a. Erect a right circular cone with the angle 2%, C, onto the

smaller base of F,. By reflecting the bodies Fy and Cy in the plane of the larger

base of F,,the bodies F2and C2 are obtained. Denote by T the interior of the union
of the closed bodies Fy, Cy, F2, C2 (Fig. 1). Since
a<B, T is a convex body.

Let AIA2 ... Am (m”~5) be a regular/u-gon in-
scribed in the common base of Fy and F2, and denote
by By and B2 the vertices of the cones C, and C2. It
will be shown that for some choice of a and i3 the
points Ay, A2, ..., Am, By, B. form a primitive fixing
system of T.

The directions of the translations will be represen-
ted again by the points of S2. For the sake of simpli-
city, the great circle parallel to the plane AyA2 ... A,,
will be called the equator, the point N corresponding
to the direction B2By will be called the north pole and
the diametrically opposite point, S, the south pole.

Take the tangent planes to Fy and F2 at the
points At. These planes form four angles. Denote by
& that angle which contains T. (This angle equals
n—2a.) The point Ay excludes those directions v, for
which the endpoint of the vector —v, starting from
Ay, is in the interior of a;. Consequently Ay exclu-
des the interior points of a spherical digon, of angle
n—2a.

Denote this open digon by St, and put SO= Sm,
Smtl = S,. Si+y can be obtained from S; by rotati-
on around NS by 2n/T (i=I, 2, ..., m). It is easily
seen that the boundaries of Sit Si+1 and Sy-y, SiH
have two common points, respectively, situated sym-
metrically with respect to the equator. Denote by My
and Ny, respectively, the common points in the norther

hemisphere. Then obviously a< NMy< NNy<” and

the spherical distances NMy, NNy do not depend on i
(see Fig. 2).

It is immediately clear that the interior points
of the circle of centre N and radius 3 are excluded
by By, and the corresponding domain of B2 is the
open circle of centre S and radius R.

Choose an arbitrary R in the interval N My < /?<
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«NNj. For this § the domains and the circles of radius B with centres N and S
civer the sphere S2, i.e. the points A,, A2, ..., Am, O,, B2 fix T. Omitting Bx (resp.
B2) the remaining system does not fix T, for e.g. N (resp. 5) is not covered. Omit-
ting the point At (/=1,2, ..., m) the system does not fix T, since the point Nt is
contained only by St.
Consequently the above system of m+2 points is a primitive fixing system
for T. The number m can be chosen arbitrary large, so this proves p(3) = c.
Let K be an n—1 dimensional convex body, having a “primi-
tive fixing system” Px, P2, ..., P,. Place K in E" at the plane
XI —0 in such away that the origin is in the interior of K. Denote
by C the convex cylinder of height 2, having K as mid-cut, i.e. C
contains the points (x,, x2, ..., X,,), for which Ixjsl and (0, x2,
X3, xn is in K It is obvious that the points (1, 0, O, ..., 0),
(—10,0, ..., 0), PI, P2, ..., P, form a primitive fixing system of
C. Consequently p(n)Sp(n —2) and so p(n) =a if /i53.
Now we give a slightly different definition for the fixing sys-
tems.
Let V be an arbitrary convex body in E". The system of points
Pi (i€1) is called a weakly fixing system of V, if PtE£V (/£/), but
there is an e>0, suchthat by translating V in any direction trough
at most £, there will be a position of V in which V contains a
point Pio (/,,£/). A system of points is a primitive weakly fixing
system of V if it weakly fixes V but no proper subset of the points
fixes V any more. Let q(n) denote the supremum of the powers
of all primitive weakly fixing systems of all n dimensional convex
bodies.
For the first sight it is a little astonishing that

g{2)= 6 and qfriy=c, if 3

q(2) = 6 is the result of Tomor [5]. To prove </(3)=c we construct a convex
body and a primitive weakly fixing system of power c. Let Kxand K2 be two closed
symmetrical right circular cones of the same base and with apices A,, A2. Denote
by c the circumference of the base and let c,, c2 be circles parallel to the base on
the superficies of Kx and K2, respectively (see Fig. 3). S’,, S2 denote the boundary
points between c, and At, and between c2 and A2, respectively. Finally let V be
the union of Kxand K2, without the points of ¢, S, and S2. Kis a convex body,
and it is easily checked that the points of ¢, together with A, and A2, form a primitive
weakly fixing system of V, and the power of this system is c. As it is immediate,
that q(n)*q(n—1), this proves the assertion.

Similarly to the problems discussed above, one can ask the question, how
“efficiently” is it possible to fix a convex body in E.n This problem was solved by
G runbaum [4]. He proved that any convex body in E" can be fixed by 2n points.
The cube shows that fewer points are not always sufficient.
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SOME EXAMPLES IN MEASURE-THEORETIC REPRESENTA LION
OF RANDOM VARIABLES

by
P. R. SATYAMURTY and S. S. SENGUPTA

Introduction

It is well known in the theory of probability that a random variable is a measur-
able function on a sample space. The purpose of this paper is to illustrate a special
case of what seems to be an effective method of constructing the probability measures
of random variables starting from the sample space itself. The method is one of
synthesizing a random variable i.e., expressing a random variable as a finite linear
combination of a family of statistically independent elementary random variables
defined on an appropriate sample space. Elementary random variables with known
Lebesgue measures are chosen from which are then obtained the probability measure
of the random variable of interest. The advantage of such an approach follows
from the fact that the relationship between the probability measure of the random
variable and its structural properties can be seen clearly. The idea behind our
approach is due to Kac (1959) who has obtained the probability measures of bi-
nomial and normal random variables. By a generalization of k ac<'s method, we derive
the probability measures of multinomial and bivariate binomial random variables.
Approxiate passage to limit from the bivariate binomial measure then gives the
probability measure of the bivariate normal random variables. In all the cases,
the method of derivation is based on the definition of probability as the mathematical
expectation of the indicator function.

1. Probability Measure of a Multinomial Random Variable

Let B = {cu|OSfuSI} be a sample space on which is defined a sequence of
elementary random variables{e*(@>); k = 1, 2,...,A} as follows:

| 0 a0 Wa,)

0
1 (@<aS a)
2

Ei(m) =\ (a2 < to S a3

\m-1 (am, <wsS 1)
(L9 E(w) = E_1(rja>)) K= 23
Tx(0) = Ta.......... «,(e0) =

- (cf < W ™etj+l)(/=0,1,2,..., w—1,a0= 0;aw= 1)
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Lemma 1L The sequence ofe's thus defined is a sequence of mutually independent
random variables.

To prove the lemma, it is sufficient to show
(1. 2) Pr{e2(co)=/'16! (w) = i} = Pr {e2(c>) =./} (fJ=0, 1 2, m - 1)
The mutual independence of the e’s would follow from it by induction. We have,

Pr Ilot; <2F A ai+,B
1 «f-1-0]
Pr {Si(cu) = i}

= (gJ +i~gj) («+i-Off)

(«i+ i~ gi)

= Prs (t6) =7}

which proves the lemma.

Let us write XN(co) = k2— lsk(oe)- We are interested in the probability measure

(1.3) V= (x) = p{o\XNWw) = x}

A representation of the indicator function of the set whose measure we wish to
find is,
2k

(1.4) Ix = (27r)"1/ =
0

M (*vM =X)
|0 (Otherwise).
We have,

1 2n

My = EIX= (2n)-1J deod eii[xNra)-M~
0 0

After a change of the order of integration (justified by Fubini’s theorem) and integrat-

ing we get,
n in—
1.5 = - ~j iei
(1.5) Pn = (2n) 16] e~i& 2 Pjeid
N : 1
=z xn, X, Po°Pi" 'lﬂm
m-1
20 Xj=N
m-1
27 iXj = x

Studia Scientiarum Mathematicarum Hungarica 2 (1967)



MEASURE-THEORETIC REPRESENTATION OF RANDOM VARIABLES 357

where we have written /0=at,Pj=<j+l —a&, (y=0, 1 2, .. m—2) and t—
M

=1— Now we write XN@)= 2 /A'(j) (co) and interpret A'0)(co) as the number
0

of mifl in the 7th class and thus deduce the multinomial probability from (1. 5)

(1.6) VA= AWA'QU) = xj\ 2 Xj = a] =

N
0, X\, ..., wn_| LT emt’

As it is obvious, m =2 gives the binomial probability as a special case.

2. Bivariate Binomial Probability Measure

We shall now introduce the concept of dependence between two random vari-
ables by defining two sequences of elementary random variables which are independ-
ent within each sequence, but are dependent between sequences.

Let Q be the sample space as defined in section 1 Let

1 (O”™ihéa)
>) =
) O (a< ™)
2.1 1 (0Orw™B
@ ooy = L (OMW"8)

O (H<ft>S )
where 8 is a function of a determined uniquely by the following probability measures:
(2.2) u,, = p{w: {/(co)=s\<P(co)=r} (r,s=0,1).

The relationship between a and B is expressed conveniently by

(2.3) =

We now define two sequences of random variables as follows:
4 (co) = (p@)
SK(°>) = <Pk-i(TA(0)) k—2, 3, »» N
where,
©
a
—@
I-a

(R (Ch:)
Ta(co) =
a< ey
(2.4) «A (co) = d(co)

\Ik{(0) = \Uk- x(Tp(co)) K =23, ...,N
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where,
" O™ o”™B)
Tp(w)
o g oA
\-B
Lemma 2. Let [K@&)=(Puw), dpyco)) k —I1,2,...,N. The sequence of the
vector random variables {/~(eo); k=1, 2, vy are mutually independent.

P roof follows on similar lines as in Lemma 1. We have, for instance,

Pr¢r ZCO): (0, 0)IF 1(co) = (0, 0)}:(1 —a)pOO: Pr¢r2co) = (0, 0)}

N N
We now define the sums XNw)=£ byw) and YNm)=  ¢iw) and wish to
k=1 k=1

determine the probability measure

(2. 5) finGy, ¥Y) T Pieolatiyeo) = Xi v «(1)=y}.

With the following representation of the indicator function of the set
2n 2n

(2.6) WMy = (2k)~25 (f) ei XN* - xi+ilirN(a)-"d*dri =

N (Aiveo) = V; Yn(aj) =Y)
(O (Otherwise)

pN(x,v) = Elx(Jy=
1 2n 2k
= (2rt)-2f deol f eicpn(o)- x1+irlYn (- yIr  drj
0 00

We have,

Integrating, after a change of the order of integration (justified by similar arguments
as in section 1) because of the mutual independence of the sequence [[K@),
K=1 2, ..., N} one obtains,

At
(2.7) Pn(x,y) = (Zn)~2] J 6w (£, tfidCdg
0o
where,
GN(@G g) = [1-a)(p00+p0lel) +cce”(ul0+pueI)]”
whence,

min (X,

y -
2.8 Unix,y) - (*)a*(l-«)*-Qf (i)/*io-VnC_I)/wa* " “*nbi*

This is what we have called the bivariate binomial probability. There are several
problems in applied probability where the bivariate binomial model can be used
to describe the underlying process. We shall describe one such application which
has been pointed out to us by Professor A. Reényi. We consider a source
which emits independent signals with the associated values 1 and 0 which are
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assumed with probabilities a and 1—a respectively. These signals are then trans-
mitted through a channel one by one with the transition probabilities firs(r, 5= 0, 1)
i.e., ius is the conditional probability that the output has the value ngiven that the
input is r. If XNco) denotes the number of input signals which take the value 1
and YN@) the corresponding number of output signals which are equal the value 1,
then our result (2. 8) gives the joint distribution of XN@>), YN{w).

It is easily verified that the marginal distributions are binomial. We shall show
in the next section that the bivariate binomial probability tends to the bivariate
normal.

3. Bivariate Normal Probability

We first consider the two sequences of elementary random variables defined
in (2. 4) and define the following sequences of elementary random variables.

VW) ..CD *M-a
YNtx(I —a)
(3.1)
A ®k((0)~P
MM\ NB(-R)
so that,
(OS ws a)
ViN =
w=i ),
1-B
(0 S a>rg /})
3.2) = NG
- /I N(|?-f3) (B<ais 1)
Let us write,
Uno) = 2 W0

WO = k2: l\(o>)
We shall determine
HN=n{w: xi<UNw)"x2\yy<VNai)*y2}
and derive the required probability by an appropriate passage to limit
H= Ilim ftN

Let
1 (x,<BAO<r2; P*(m)<j2)

o) 0 (Otherwise).
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Then using Fourier’s formula [see e.g., Sneddon (1951)] we can write,

3. 3) axy) — 2ny~2f £ JIg(uV)eiiluxdin-jdudvd; d
Thus, hjv ;J_g\( A VW), x SK(Y) deo

3. 4) = 2n)~2f deafdifg(u,, )/H H +'[-H dudvdidn
0
Changing the order of integration and integrating with respect to first we have,

(3.5) = (2n)- 2f T F T eiu+ivHm (C, rj)du duce: o]

where
H(N(C, t]) = [(1 -0i)eWe'VN{n00é "ie® N+ y0le~"2M1} +

+ae-W'rt*{ujoe” e N+Lu e-~/fN Jlv

where we have written |j™ -] —Q and j/ f?] — ' After simplification,
we can write,

(3.6) HLWL,1) =

where 0 VI 00— ... 02.. + abuOi It follows that,
3.7) HE, M) = lim SPBE t) = e-cc2+T+2iw)

We now have,

(3.8) /i = jim fin= @n) 2f FFJ g(usv)eiivirv-i ~2+"1+2i iddudvdt] o,

In (3. 5) we have changed the order of integration. In (3. 8) we have taken the
limit under the integral sign. Since the limits of integration are —°° and °°, the
integrand is not absolutely integrable. However, by argument similar to that in
Kac [see p. 38—39], the integrand can be made absolutely integrable and hence
the operations we have carried out are valid. Thus, we obtain, finally

(3.9 <= Uguw: n-, < UN(co) < x2;yi < VNw) < y2}
x
u2 +v2 —2uvo

2n(1 —Q)* e JI g 1—Q2

1yl

du dv

which is the bivariate normal distribution with the correlation coefficient q.
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ON THE NUMBER OF EQUAL DISCS THAT CAN TOUCH
ANOTHER OF THE SAME KIND

by
L.. FEJES TOTH

Balls, translates of a body, higher neighbours. On a table we can put at most
six nickels around a nickel each touching the middle one. To start with, we mention
some problems and results which are closely related to this simple fact.

Coxeter [1] asked about the maximal number Nn of equal rigid ,,material”
balls in Euclidean n-space which can be brought into contact with a ball of the same
size. The case when «=3 has an interesting story which started with cosmogonic
problems discussed by Newton and David Gregory and ended with various
proofs of the fact that N3= 12. For «>3 the value of N,, is not known. But special
constructions show that A4é24, A5740, M6NT72, WIS 126 and 240. On the
other hand, a result of Bsrocz.ky [2] implies M4~26, and we have good reason
for conjecturing that J1""48, A6S 85, N 146 and iVBN244.

The following nice result is an immediate consequence of a theorem due to
Hadwiger and Debrunner [3] and G ranbaum [4] In «-Space a convex bOdy cannot
be touched by more than 3"—1 non-overlapping translates of the body. The number
3a—1 is attained only by the parallelotope.

A body b touching the body a is said to be a neighbour, or first neighbour, of a.
A body other than a touching b is said to be second neighbour of a, etc. In a set
of nickels, let T, denote the maximum of the total number of the first, second, ...
and un-th neighbours of one nickel. It may be conjectured that for ,,small” values
of «, say for «S10, we have 7;,= 3«(«+I). But this rule must soon break down,

since A_im) T,,/n2=2ti/A3. We intend to return to this and to some analogous problems
in another paper.

Convex discs. In the present paper we shall deal with another variant of the
“nickel problem”. In the Euclidean plane we consider an arbitrary convex disc.
We want to give an upper bound for the number of congruent (not necessarily
translated) replicas of the disc that can touch the original disc, in terms of some
simple data of the disc. We choose two data which can be measured by a slide-gauge:
the maximum and the minimum of the breadth of the disc in various directions,
i.e. the diameter and the width. Our main result is contained in the following

Theorem. A convex disc with diameter d and width tv cannot be touched by more
than

d tv
@ (4 +2n) N +2+ q

non-overlapping replicas of the disc.
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Fig. |
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For a regular triangle (1) equals 14. This
bound favorably compares with the number 12
of equal regular triangles which can be put
around a regular triangle of the same size (Fig.
1. Even more interesting is the case when the
quotient wjd is small. If w/d =sin n/19, the bo-
und (1) equals 64. This bound is exact. Fig. 2
shows a set of congruent isosceles degles with
the above value of the quotient in which
the central triangle has exactly 64 neighbours. To
construct this set, we observe that the quotient
of the leg-length and base-length of one triangle
is 1/2 sin n/38>19/n>6. Thus we can put 2-6
triangles with their bases on the two legs, 2-5
triangles between the above triangles touching

the legs with their apices, 19 triangles around the apex, 2-11 around the remaining
vertices and one triangle with its base on the base.

We will prove the above theorem in a slightly sharper form, showing that in
(1) w can be replaced by the breadth b of the disc in the direction perpendicular
to a diameter. Since bs wand for gs 1

(4+ 2n)<+ 2+ lq

is an increasing function of g, the new bound is, in fact, sharper than the original

bound (2).

Fig. 2
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We denote the area of a disc by its perimeter by p and the number of its
neighbours by n. Since the neighbours are contained in the parallel domain of the
disc at distance d, we have
) na’pd +nd2.

We claim that

p d+b+7d2+b2
\bd

To show this, we observe that the disc is inscribed into a rectangle with side-
lengths d and b in such a way that it has a pair of points on the sides of length b
equally distant from one of the sides of length d. The inequality (3) will be proved
by showing that under these conditions the quotient p/a attains its maximum for
a triangle with perpendicular sides of length d and b.

We suppose the shorter side of the rectangle to be in a vertical position. Further-
more, we may suppose, without loss of generality, that the disc is a polygon Tl.
We translate each horizontal chord of A to the right until it reaches the right side
of the rectangle (Fig. 3). The translated chords form a new polygon ‘. Obviously,

this operation preserves the convexity, as well as the area. On the other hand, the
perimeter will be increased by this operation. This can be easily seen by comparing
the perimeters of the trapezoids and triangles with horizontal sides, into which
M and M' can be decomposed.

We apply the same operation to I', translating its vertical chords downwards
until they hit the lower side of the rectangle. The new polygon " will have two
sides which coincide with the right and lower sides of the rectangle. Since " contains
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the right triangle A spanned by these two sides, we have, in accordance with (3),

p p" i 2 2 _ d+b+ ]/d2+b2

a a ~r"—r \bd

where p" is the perimeter of IM", r" its inradius and r the inradius of A.
Combining (2) and (3), we obtain

A VAR A
rd+b+¥dreb2, d2

b a’

whence, in view of a”\bd,

n< {g+\+q]/\ +q~2) +2nq,
where gq~d/b. Since

IN\+q~2 < 1+ 2 d~2,

we have
n< (4+2n)q+ 2+ 1q.

This completes the proof of our theorem.
The same method shows that in a set of congruent discs the total number of
the first, second, ... and A-th neighbours of a disc is less than

(@<+2nk2)q + 2k +k/q.

Discs of constant! breadth. For values of djw close to 1the bound (1) is rough.
To finish, we give a better estimate in the case when d/w =1, i.e. for discs of constant

Fig. 4
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breadth. Now we have

(4) p —nd
and

a—|"3
5) )

The well-known equality (4) is due to Barbier. The inequality (5) expresses
the fact, due to Lebesgue, that of the domains of prescribed constant breadth the
REULEAUX-triangle has the least area.

Combining (2), (4) and (5), we obtain the inequality

4n

n — I7 =8.915....
T— Y3

Thus a disc of constant breadth cannot have more than 8 congruent neighbours. Can
the number 8 be replaced by 7? It is very probable that the answer is: Yes. Fig. 4
exhibits a REULEAUX-triangle having 7 congruent neighbours.
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SOME NEW RESULTS IN THE THEORY OF STABILITY
(Proof of a conjecture of A. M. Aizerman)

by
T. FREY

§ 1. Introduction

Modern control-technique has given great importance to the investigation
of the LIAPUNOFF-stability of solutions of systems of differential equations. From
the point of view of practical applications a izerm an's researches seem to be partic-
ularly important. He was the first to deal with the stability of control circuits
containing also relays or switching elements with diods. The problem has decisive
importance from the point of view of the general theory of control circuits containing
also nonlinear elements since the characteristics of the nonlinear elements can be
well approximated by a polygonal path and the latter can be realized by elements
consisting of switching elements and elements of linear characteristics.

The control circuits of the simplest structure-—containing a single switching
element or an element of nonlinear characteristics resp. — are described by Aizerman
by the system

0 = EaijXj +f(xK

§/ = E aijxj- O-23 ...m

Aizerman supposed that f(Xk) can be limited by two linear functions, i.e. f(xK)
satisfies the inequality

2 alxk™f(xK) S a2xk.

Besides, the unicity of solution is provided by the Lipschitz-condition valid for
f(xK. Finally a i...n o~ supposed that the solution x = 0 of the system

n n
(3) *i = 2, aijXj+axk; Xf= 2 auxj
=1 =i
is asymptotically stable if t—°°when aé(A,, A2 and [a,, a2]cz(A,, A2), (see e.g. [1]).

Aizerman Suspected that — on the above assumption — the solution x =0
of system (1) is also stable asymptotically, but he could not prove this conjecture
but for n= 2.

Below we shall give general results in the stability-theory by means of which
we can make a conclusion regarding the stability of control systems containing
a great number of switching elements or nonlinear subsystems as well. We get the
proof of the theorem suspected by a izcrman in a form more general than the
original — by means of the theorems we shall prove later.
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§ 2. deals with the stability of the perturbed linear systems. On the basis of
the results obtained in this way we shall develop further a theorem of Cesari (see [2]),
and its generalization by Bihari as well.

§ 3. deals with linear systems having piecewise constant coefficient matrices
and perform several corollaries of the theorem we obtained.

Finally in 84 we shall prove Aizerman’s conjecture in an essentially generalized
form.

§ 2. Stability of Perturbed Linear Systems and Perturbed almost Linear Systems
respectively

There are many known results about asymptotic behaviours of the solutions
of the linear system

(4) x = [A(0 + B(/)]x
in cases when the solutions of the linear system
Q) Y= A(i) ey

are known and they may either be majorized as well as minorized by some exponential
t

function or tl%(’)ll trace A dx> —° is valid.

Below we shall prove a theorem in which, when comparing asymptotically
the solutions of systems (4) and (5), we shall only assume that A and B are integrable
on every finite interval.

Theorem 1. Let Y(t) and XL) befundamental matrices of (5) and (4) respectively.
Then the relations

6) IX-HOYW-EU | IB(Y)||¢texp { / ||B(T)Ly}
and to t to t
(7) [IY -4*)X(0-E|[ s*/||B(T)l|rfrexp{/ [[B(9)]la }

which characterize the asymptotic behaviours of fundamental matrices Y (t) and
X(t) resp. are valid provided X(t0)=Y (t0). Here ||,|| denotes an arbitrary matrix

norm which is invariant with respect to similarity transformations. If f |B(T)||/1<00

to
isfulfilled as well, thenfor every Y(i) we canfind afundamental matrix X°(f) such that

(8) [IX°()~1Y(7)—Ell = 2||E|I/ [IB(O)II*
t

and ®

9) [IY-2(0OX°(0-E|l S 2||E|l/ lIB®)|7t

are fulfilled for any sufficiently large t respectively.
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Proof. Let us consider the matrix equation
(10) X = (A+ B)X

which corresponds to (4). Then (10) may be solved applying the well-known method
of successive approximations (with the initial condition X(to)=Y (i0)) by means
of the iterative sequence

(1 X, 10 = y(o+/ ty(oy- 40BE)x,,(E)*

Let us consider the following transformation:
t
(12) TWU) = Y()+ 1 Y(OY-4{)BO,QU(E)</E
to

and (in the space of m-dimensional quadratic matrices integrable on every finite
interval) let us introduce the following pseudo-metric (see [5])

(13) i2(U, V) = 11Y-40 (U(/) - V().

Here ||,|| is an arbitrary matrix norm which is invariant with respect to the similarity
transformations and satisfies the relation ||CD|| S||C||||D||. Obviously we assume
gfL and oi= g2 means that almost everywhere Q\(t)S QQ(t).

Thus

t

TU),TV) = Y -4") y(/)Y-4£)B(E){U(E)-V(EM =

(15) H{Y-L(E)B(OY (M{Y-4E)[U(E)-V(E)]IM! s
to
t t
s/||Y-4E)B(S)Y (£)|le (UV)<IE = | ||B(E)lle(U,V)</E
to to
(ift S t0).
Consequently we may apply theorems 1., 2., 3. of [5] choosing P,,—0,

(16) Qe =/I'B(£)llem

and v=it0, nn=0.
In this case

= Té CUOLUD= [|Y-40 {y (0+ / y(0Y-*«)B(OY(O-Y(N}|| =
(17) ©

t t

= |1y-*(O)B()y @)<illg/ mmdi
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Moreover <, satisfies the equation

(18) ff. = t+/fl)|B (OHM )™
and thus by the Bertitman Lemma

t t t

(19) <,—V= <, = Texp{/|[B(O[|™} =5 (/[|B(d|rfi)exp{/|[B(8]I</{}

io to to

Thus by Theorem 2 of [5] T(U) has only one fixed point which satisfies the
initial value problem by (12):

X = (ATB)X, X(r0) = Y(f0)
and by theorem 3 of the same paper:
(20) QX Y) = e(U,,, U) = |[Y-U){X(t) =Y (t)}]| Sffe,—0.
(19) and (20) implies, that statement (7) of our theorem is really fulfilled.

Now if /||B(£)|| Gff<oo is also valid then — as we can see from (7) — for a

to
sufficiently large /Ql_EEQHY*lX_EU is arbitrarily small; so if for tx< t0 we do not

start from the fundamental matrix corresponding to X(/,)=Y (i) but from an
X(0](0 that — for this sufficiently large t0 — fulfils the equation X(0){fi>) = Y (t0),
then for this X(0)(0 t!i>r;;;1||Y_1X<Q—E|| is arbitrarily small. Consequently for a

suitable fundamental matrix X(0) we can guarantee also the relation ,Ii@||Y_1X<Q —

—F|| =0. The product of matrices X° and Y-1 — because of the convergence of
the improprius integral — satisfies the relation:

Y-1(OX(@©)0 = E—\T Y - 1(C)B(C)XW(C)AC =

(21
= E- | {Y-(OB("Y(E)H{Y-4E)X<°>(E£)K
and thus
(22) iiy- 4 o x <°>(/)-eii "tf T 0T - L)K °yo\Ne < im tf MBUT

for a sufficiently large t. For in this case I|m||Y 1X<Q —F|| =0, and for a sufficiently

large t [|Y-1X(0,] <2||E]|. By thiswe have proved statement (9) of our theorem, too.
Introducing the notations A+ B=C, A= C-B we get the two remaining
relations immediately.

Theorem 2. Under the assumptions of the former theorem, let us consider the
differential equation

(23) x= A(i)x + B (% (x)
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where <p(x) is afunction continuous in x and satisfiesfor ||x|| >0 a Lipschitz-condition
and <p(0) = 0. Further let y>(X) satisfy the condition

) w(t) LU g Iyl

where w(t) is a strictly monotone, continuous and concave function for which

Iim/ dc is infinite.
«-0/ W(E)

In this case for the fundamental matrix X(?) in (23) satisfying the condition
X(t0)=Y (t0) holds the relation

t t

(25) IY_Lt)X({) —E|| s @~ {n(f\Ne)\dg) + f |BO|</{}
where ¢ °

(ous

)

and Q~,(v) is the inverse of Q(u).

If f |BO)<H < then there exists a fundamental matrix X<0(/) for which
to

27) IIY_*(/) X,0)(/) —E|| —0 provided

Proof. The proof of this theorem is based upon the idea of the former theorem
but we apply theorems 1**, 2** 3** of [5] and Binari’s generalization of the Beriman
Lemma (see [6], [7]) respectively.

Applying the results just obtained we shall sharpen Cesari’s asymptotic theorem
and its generalization by Binari. Let us consider the differential equation

(28) z=(A+V()z+B( )90
where V(t)—O if /— further Var (V()])<c and (\w T <°° are ful-

Oo~)
filled.
Let us denote the eigen-values of matrix A by Ak and the corresponding eigen-
values of matrix A+ V(r) by xkt) (k=t 1, 2, ... n; the eigen-values are not necessarily
simple).

Theorem 3. Under the given conditions for every k we canfind a solution zk
of (28) satisfying the relation

t

(29) dim zi(/)c. / - s )

where As*= A%* i.e. s* is the eigen-vector of A belonging to Xk. If X is a multiple
eigen-value then denote sk2sk3>... the corresponding main-vectors of second, third ...
order.
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In this case for every i in question we can find a solution z/** so that

t

(30) lim - {zZ&exp (- f XPfadg)- s} = o
0]
is valid.

Proof. We may follow the ideas in the proof of the Cesari theorem in [4],
and of its generalization in [7]. The only essential difference is that we omit the
assumptions concerning the simplicity of eigen-values of A(cf. Theorem 1) depending
on t, that is why we have to show — in a way different from that in [4] — that the
matrix S(t) in the transformation of A+ V(t) has bounded variation.

It follows from the assumption V (i)-»Othat for a sufficiently large t we may
assign — in a one to one way — to each simple eigen-value of A a unique simple
eigen-value of A+ V(7) that for /~m°° converge to the corresponding eigen-value
of A. We shall assign, however, to a multiple eigen-value of A only one eigen-
vector and a suitable number of main-vectors even if the eigen-value in question
is a simple root of the minimal-polynomial of A, because in the minimal-polynomial
of A+ V(t) the multiplicity of the corresponding eigen-value depends on |, moreover,
the corresponding group of eigen-values can split and fuse resp. depending on t.
For this reason we correspond the submatrix of transformation TQ) to the /-multiple
eigen-value Xj of A so that the structure of the /-dimensional block A(J)) that corre-

00O0.. O

s 00 .

sponds to the matrix T, J)AT()) 1lbeoftheform independently

0 000 1 ¢
of the multiplicity of Xj in the minimal polynomial of A
We construct for a sufficiently large fixed tO the transform of A+V (t0) in
the same way trough AOQ)(0 — the /-dimensional hyperblock of the corresponding
SI A +V(N]SE) _I(/) — whose structure takes the form

j40 0 0 e
1 A2,(0 0

.0 0 0 Uf().

— may contain but different eigen-values. After all, by choosing a suitable SU)(t)
we may guarantee that in all points of continuity of V() both S(t)U and

were continuous and because of V(?)—0 both S(j)(t) —T () and Xy>t)-+XJ were
fulfilled. After the transformation introducing the variable x(?)=S_,(0z — our
equation takes the form

(31) i = A (t)x+7S-1+SBS-1?)(S(0x)

In the following, first of all, we must deal with the question of how to define
in a unique way S(t) in the points of discontinuity of V(t) and how to estimate

VIS and var isyl) by "9 Yand var qIVGOID, resp.
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These questions may be answered on the basis of perturbation Theorems in [8].
Namely V(t)-*-0 implies that we may find such a 10 that we can apply theorem 1
and its generalization in [8] concerning the multiple eigen-values i.e. for /, >1t0,
and t2>t0 the eigen-values, the eigen-vectors and the main-vectors of A+ V (/2
can be obtained both from Aand A f V(/,) by means of perturbation. So the elements
of S(/) — on the basis of the perturbation theorems just mentioned — may be
extended to the points of discontinuity of \(t) as well. Besides, by theorems we
mentioned the inequalities

32) Var (SO s Var (VI
and
(33) Var(|A/X/)) » 1- 2= Var(|[V(®)|])

are also fulfilled for every />I'0, where — for a sufficiently large t0 —

34 0< = (Q= A VN < 1
(@) 0= (10 = ~spyveny
and
0< < =4<0)= 1/, (supIVOH) < 1
I -to
are valid.

Since for a sufficiently large t0 ||S(/)|| S2||T|| and [|S-, (@IS2||T",|I are also
valid, the coefficient of x in the second term of the right side of (31) satisfies the
assumptions of Theorem 1

In a similar way the coefficient of (p in the third term of the right side of (31)
also satisfies the assumption of Theorem 2. Theorem 2 can be applied in spite of
having S(r)x instead of x in the argument of p—as it was verified by s ina i in [7].
Consequently we may apply Theorems 1and 2. Thus the relation (29) connected
with the simple eigen-values of A is immediately obtained. Concerning the relation
(30) we must consider that in the suitable solution of the equation

y = Ay
(we choose with regard to the application of Theorem 1) the linear combination
t
of the terms of the form exp . f Xa)(C)d¢\(r=I, 2, ... /) or the products of such
terms and powers of t not highéor than /—1 figure according to the validity of

t t
(33)

to to

implies that the quotient of terms of the form expjj Kw\ TaYbe restricted

to
between two positive bounds for every t>10, and so the expression multiplied by
I/ti_1 in every possible case tends to zero. By this we have proved the Theorem.
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Finally we should remark that relation (30), connected with the multiple eigen-
values, characterizes much less exactly the asymptotic behaviour of z** than (29)
does in case of zk.

By (30) the ,,order” behaviour of z* remains, however, doubtful only if we
are confronted with the case Re {AI)(?)}—0.

§ 3. Asymptotic Investigation of Differential Equations with Piecewise
Constant Recurrent Coefficients

Let us consider the linear differential equation
(35) x=A(/)x

and assume that A(/) is equal to matrices B and C on successive intervals (?;, 4+1)
(/=0, 1 2, ..) alternatively. It is well-known that in the case of (general) integrable
matrix A(t) the asymptotic stability of the solution x=o of (35) is not guaranteed
by the requirement that each eigen-value of A(t) for every t has a negative real
part. (A simple counterexample is the system xy = — x2=e2x1—2x2).

We shall, however, prove

Theorem 4. 1f each eigen-value of B and C has a negative real part (A(r) =B
for tE£(t2i, t2i+1) and A(t) = Cfor t£(t2+1, t2i+2) (=0, 1 2, ...)) then the solution
x =0 of (35) is asymptotically stable.

Proof. Let us assume that in the minimal polynomials of B and C every eigen-
value is simple. Let us denote the eigen-values of B by j (/—1, 2, ... n) and the
right side eigen-vectors belonging to them by by, the eigen-values and eigen-vectors
of Chyyjand G (/= 1 2, ... n). On the interval (t2i, i2+i) let us decompose Xx(t)
to components parallel with b; and on the interval (t2i+l, t21+2) to components
parallel with c(

x=2Zjbj for ~(hohi+i)
(36)
cinci

n
x =Z>1jCj for tE€(t2+1,t2H42)

The solution must be continuous on the boundary of intervals, i.e. for every K
the relation

(37)  x(rt—0) = x(tk+0); 2 £Kbj = 2 hitCj  (*=0,1,2,...)

must be valid. Since the system of vectors bj and cj is complete, the vectors £,ftk)
are linear combinations of gj(tk) and vice versa

(38) () = TA(fK)
r(=T- 1L
(by means of a non-singular transfoi mation-matrix T).
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As the vectors b, and ¢ are the eigen-vectors of B and G therefore on the cor-
responding intervals | and N satisfy the equations

(39) i =AB)C and fl = A

where AB)=<PI5 T AC) = <Yy )
Thus if x(/ot 0)= QU+, @00 7ie. if x(/0) is determined by the vector

lo=1('0)> then for '€('o +0, —0)

(40) C() = exp{(/-/QA(B)}CO
Besides (38) implies

(42) 4(/i +0) = T-*$(/, -0) = T-i exp{(7, - 70)/1(B)}"0
Consequently for /C(/, +0, t2—0)

(42) A = exp{(- 1L)N©O}exp{(/,- /0N (B} D
Generally also for t £(t2+0, t2+1—0)

@) C() = exp {{—20A(B)}T exp {(t2i—t2i- )A(C)}
T-«exp{(/2(_,- r2 2AB)}T ... T lexp {(/, - D)A(B)}0
similarly for t£ (t2i+ +0, t2+2—0)
(44) 400 = exp{(/- /,,+)A(C)}T-1... T- «exp {(/i - )AB)}D
Let us denote the square-root of the non-singular matrix T by T* and its inverse

by T~T
We introduce the notations

(45) E2AB) = T-*exp{(f2i+1- f )A(B}T*
and
(46) E2i(C) - T*exp{(r2l-/2I_DA(C)}T-*

Together with them (43) and (44) take the form

47) $(/) = exp{(7-r2)A(B)}T*E2i(C)E2i_2(B)E2i_2(C) ... EO(B)T-L,0
and
(48) 4(0 = exp{(7-r2+1)A(C)}T-+E2((B)E2i(C) ... EO(B)T-L0

Let us consider now a matrix-norm of the same property as in §2 and a vector-
norm compatible with it.

Then
(4%) IEZ(B)||=[lexp{(72i+1- / 2)AB)}|
an
(50) IE2(C)||=]lexp{(72f- r 2i_)A(C)I[}
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for the matrix-norm is invariant with respect to the similarity transformation. Thus

(51) 5 S [IT*([T-*|lexp {i-/a)A®B)>[| Hall 17 lIE2i(B)]||E2(C)|| =

= |IT-*[H T Holl fle<'- ‘«)ﬂ(B)Iloﬂ_llexp{(/28+1-F 2)AB)H llexp {(/2e- t2e+ )A(CH|
Similarly

(52) tnwit s || T~*||21~dr |lexp {(t—t2¢+) A(C)|| eﬂ—i Hop {(/2<F /2¢-1) A(C)]| -

* llexp {{tze- 1—28- 2)/1(B)||

and our statement easily follows from (51) and (52).

If the eigen-values of B and C are multiple roots of the minimal polynomial
then in our considerations we must use the corresponding main-vectors instead
of the eigen-vectors and in this case A(B) and A(C) are not diagonal but Jordan-
matrices.

However, if each eigen-value of B and C has a negative real-part then the
statement of our theorem follows from the products of the expressions in (49) and (50).

By this we have proved our theorem.

It is easy to see that our theorem and even the order of ideas in its proof can
be carried over to the more general case when A(?) is equal to B,,B2, ... Bt on a
certain successive sequence of intervals with nonnegativ length. In this case we must
change our proofin the following way : Coming over from B 2o B3the transformation-
matrix will be T2«T f1; coming over from B3to B4 it will be T3+T2 letc. and finally
coming over from Bkto Bt it will be (Tt denotes the transformation-matrix
we use when coming over from B! to B2)

Thus the theorem is valid:

Theorem 5. |If the matrix A(t) of the differential equation (35) is equal to
constant matrices B,, B, ... Bt, B,,B2, ... on intervals (tt,t2) (t2,t3 ... resp.
and each eigen-value of any B; has a negative real-part then the solution x=o
of (35) is asymptotically stable (it=t2' t2=13; ...).

Finally we mention that — as it follows from (51) and (52) — we can guarantee
the Ljapunoff-stability and in the case of a suitable combination even the asymptotic
stability of the solution x =0, when the real-part of some eigen-values is zero and
also in the case when — with suitable restrictions concerning the subintervals —
some eigen-values have positive real parts. E.g. if the equation (35) has a periodic
and Riemann-integrable coefficient matrix A(?) — approximating A(i) by a sequence
of piecewise constant matrices — we can immediately prove the

Theorem 0. Let the Riemann-integrable matrix A(?) of (35) have period T.
Denote kft) ist eigen-values depending on t. When the relation

ta+T

(53) f sup Re kAbfdb, < 0
Q9 J0

Stuciia Scientlcrum Mathematicarum Hungarlca 2 (1967)



SOME NEW RESULTS IN THE THEORY OF STABILITY 379

is valid then any characteristic exponent belonging to (35) has a negative real-parts
i.e. the solution x= 0 is asymptotically stable.

We also mention — that we can see from the proof of Theorem 4 — that
o+ T

/ %Jp Re is an upper bound of the real-parts of the corresponding charac-
§1 b
teristic exponents.

8 4. Proof of Aizerman’s Conjecture

Let us consider the equation
(54) X= [A+ B(x) + C(xX)]x f D(x)-<p(X)

where A is a constant matrix and B(x) is also constant while expressions formed
by components of x keep their sign and it changes discontinuously with the sign-
changings, so that the product B(x)-x satisfies a Lipschitz-condition. C(x) is a
matrix satisfying the condition

t

(55) 6||C(X(T))IIA s [*>

(v< 1 if£>0) from some fixed ts (e.g. from /s= 0), when X(r)CC, x(Hi1 S exp{—et},
£=»0. A similar condition refers to D(x), namely

(56) 6 iID(X )| re < -

when x(/)s C, Ek(/)|| Sexp {—Et}

At last we assume that the expression C(x)*x +D (x)-di(x) satisfies the condition
of the type
(57) [[C(x2)x2 + D(x2)yj(x2)-C (x1)x1 -

-D (xDB(xDla Aii(]|x2- x,|I),

where ¢ is a continuous concave monotone increasing function, for which t(0) =0,
and

(58) lim / 77fr =

Further let f(x) also satisfy a condition of the same type.

Besides we assume that C and D are bounded in x.

It is obvious that (54) — under the conditions (55)—(58) — includes the problems
(1)—(3) as a special case if we assume in addition that for arbitrary x(i)€C,

[IX(o | the eigen-values Av ( v = | o f the piecewise constant matrices
A and F(/) = A+ B(x(/)) satisfy for any t the following condition:

Re (AOA)} S -e0
(59) Re (AF)} é - £ 0<0.
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We can see that (54) — under the conditions (55)—(59) — is more general than
(1)—(3). Every control system containing switching elements and elements of non-
linear characteristics which can be well approximated by linear pieces, can be
described in the above way if the effects of the switching elements is ,,sufficiently
continuous” and every linearized piece is equivalent to an asymptotically stable
and ,,absolutely linear” system. Under these conditions holds the following

Theorem 7. Let the conditions (55)—(59) be satisfied. Then the solution x=0
of the equation (54) is asymptotically stable if C and D are bounded in x.

Proot. First of all we remark that we can prove — as a special case of a theorem
of section 3 of [5] — that the successive approximations used for the equation (54)
converge to the unique fixed point of the equation (54). But we are going to use
successive approximations of another type. Let the starting elements (with the initial
condition x(0)=xo0) be the solution of the following initial-value problem:

(60) i —Az 2(0) = x(0).

We construct the next approximation Xj from x0=z(/) (resp. xn+l from x,,) in
the following way:

(61) X,+1(0 = z(0+ g y (1—0{[B 0c.) + C (X, ()] %+, (1) + D (x,(1)y (x.(1)}dz

where Y(/) is the fundamental matrix for the equation (60) satisfying the initial
condition Y(0) = E, i.e. while knowing x,,(/), x,,+,(t) is the solution of the equation

(62) {A+ B(X,,) + C(X,,) xn+1 +D(X,,)y>(X,,)

under the corresponding initial condition.
To prove our assertion it will be first verified that on every finite interval the
sequence X,,(t) uniformly converges to a uniquely determined solution of (54). Then

we shall prove that |x,,(?)|| can be estimated by C-expj— e0t| from a

bound T sufficiently large and independent of /2, hence their limit satisfies the ine-
quality
I« (Ol —Uexp { -i e0t).

At last, considering this inequality we can prove that x(t) satisfies the inequality

HxCOIINC, exp {-eSO.

for arbitrary 0<ej<£0, which completely proves our theorem.

We start our proof verifying the second assertion in an inductive way. It is
obviously true for x0(t) = x(t). Let us assume that it is true also for every n"N.
On the basis of (61) we can estimate |[xMH(/)|| as follows: xN+1(t) is the solution
of an inhomogeneous linear differential equation, which consists of a corresponding
solution of the homogeneous equation and the particular solution of the inhomo-
geneous equation. The function Xy| t of the homogeneous part of the solution
which satisfies the initial condition, too, can be estimated — considering Theorems
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1, 2., 6., and the boundedness of C — in the following way:
(63) K4i(/)|]| sC expjcf”r Eolexp(-£00

where C is a constant depending on x0, the upper bound of C and the transformations
occurring in B. v(e) is a decreasing function of e. Let V0= v(£e0) and let T, be
the bound from which the inequality

exp (Ivo exp (- edt) s texp (- 1c0t)
is valid.

Then a fortiori Ux™MOIl s * Cexpl|- 2N+7, £r

fortS Tu
We consider the inhomogeneous part in the following form:

x#Vi(0 =5] Y (t- T)BXu(T)]yH(T))e/T,

where |[Y(i—g)|| =C 2exp {—i)(i —©)}, further |ID[x*(©)]|| =54t) has a bounded
integral on (0, °°) because of the hypotheses valid for xNt); finally '¢OXND)||
s [1xn (v)]] *log2lk~ vy if « is sufficiently large (e.g. T=T2), since in the opposite

case / ,-F W¢< °° were valid.
0o ®(0
Hence for a sufficiently large t (e.g. for t=T3

t
6 Y (t-T) D [xw(1)10>(x w(t)) i/t

(65)
N+1 Si () q N+2

zs -Cbhexp

S Che~Ht N+ 1 (141)2 { 23

Consequently by (64) and (65) for tS max {Tx, T3} holds the inequality

(66) [X-+1(CH - Chexp | «2N~+3 €° 1

which guarantees the possibility of the induction. Thus the second assertion has
been proved.

We may see immediately — considering our assertion already proved, the
boundedness of D, and the relation (61) — that the functions x,,(i) in the interval
[0, °°) are uniformly bounded and satisfy uniformly a Lipschitz-condition (a fortiori
they are equicontinuous).

On the basis of the Ascoli-lemma there exists a subsequence x,K?) of the
sequence X,,(t) which tends uniformly to the continuous limit-function x(IX(/).
So on account of (61) also the subsequence x,k+1(/) converges uniformly to a function
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x(2)(i) satisfying the relation

67) x@ = L+ J v (t—0) {BID)®] + CHO@Dx)(®) + DIXOOIYi(x() )HIT.

Consequently if we verify that nlim 1%, +1(t) —x,,(i)|| =0, then — considering (67) —

we get the proof of our first assertion.

Then we have
t

X,,+i(0-X,,(0 :6] Y (t~x){B [X, (O] X,+! () —B[x,_! (O], () +
+ C[x,(01X4i (1) - C[x,_1(5)]x,(t) + D [x, (0] 9(x..() - Dx,,_, (OIf(x,._, )}dx =
(68) = 6 tY(t— r (B [Xn(t)] <x,,+ 1 (x) - %,,(©>- B[X,,_, ()]<X,(X) - X,,_t(©>+
+ B[, (0], () - B [x,_!(X)]x,_!1(1) + C[x, (O] S0, +! (1) - x,(€)>-
- o [ _tMI<K,(1) - X, 1>+ <Cx, (0] x.,() - C[x,_, KX, , (>+
D [x, (6] Px.,(0] - D [x,_j ()], _, (¥)T}dx
Denoting |[x,+1(0-x,, (01l by d,,+1(r) and considering the hypotheses concerning
the boundedness and the moduli of continuity of ||B||, |[C|| and |D| (B, C, D

denote the upper bound of ||BJ|, ||C||, |ID|| resp.) so from (68) we have the inequality
t

An+iO) 38(/) exp{—e0(t—oHBAn+,(+ (M)+Lj (N+

+ CAN+1(x) + CA,,(x) + K\p(A,,(X))}dx
i.e. the inequality
t t

69) A +l(t)ew* g J (B+ Cle An+l(t)dt+ J {[B+ C + L,JANKX) + KA(An(x))}dx

Owing to the GRONWALL-lemma we have the inequality
t

(70) d,+1(0 S (d' {(B+ C+ b)AR{X)Kd(A,,(X)}-e" dx)exp{B+C-80})t

By the monotonity of ¢ and positivity of the coefficients figuring in (70) it
follows that 9n(t) S An(t) for every n if S,(/)*di(r) and the sequence {$,} satisfies
the equation ‘

(71) 3n+1(0 = exp(B+ C-EOQt- 8{(3 + C+ LM x) + Kil/(9n(x))}e"dx

But (71) is the construction of the solution of the equation
e-(B+c-e0),[c_(B+c - s0)C] = {[B+C+ LM + Kt }exp(so0
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by means of successive approximations considering it as an inhomogeneous linear
differential equation. If we introduce the new variable A= e_<B+c £0)', our equation
turns into the equation

(72) ij(t) = (B + C + b Dens+cA-r] + Kee'-th(ef@+c- 2, -r])

When we chose r/,(t)=e~<Bt+c-e0) -9,(1) the solution of (72) by successive approxi-
mations gives the sequence ti,,(t)=e~(B+c~Q) *,,(t). Since d,(0) =0, the function
5, and r\x can be chosen so that 9,(0) = 0 and 11,(0) = 0 resp. These initial conditions
are satisfied only by the unique solution qsO. So by our hypotheses the sequence
An(t) converges uniformly to this solution on every finite interval (see e.g. [4] and
[5]). Hence also A,,(t) converges uniformly to zero on every finite interval that
proves our first assertion. These two assertions together show that x(/) — the
solution of (54) — satisfies the relation (66) (Putting that in the matrices occurring
in (54), the solution of (54) satisfies the equation

(73) X={A+ B[x(0] + C[x(A)]}x + D[x(f)]y (x)
where

t @®
(74) (/)IIC[X(T)]IIA < /»; (/) IDIx(IIA < -

Then, by theorems 1, 2., and 6. the solution of (73) satisfies the estimation
|[x(f)|| Sexp ( ~e%t) if eS-=e.

So we have our theorem completely proved.
We may mention that this theorem can also be proved by means of the same
idea if B, C and D — satisfying suitable conditions — depend on t also.
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NEGATIVE RESULTS IN THE THEORY OF RATIONAL
APPROXIMATION

by
J. SZABADOS

In 1964 D. J. Newman [1] proved his famous theorem that the function [x|
can be approximated by rational functions of degree n uniformly in [—1, +1]
with an error 3e~"" at most. Since then a lot of classes of functions were constructed
for which the rational approximation is better than the polynomial one. However,
the classical class of functions Lip a (O<aS|l) has not this advantage. As D. J.
Newman [2] proved, there exists a function /(x)(;Lipa (O<a<l) for which the
order of rational approximation is not better than «““(log n)~3 (It is well-known
that the order of the polynomial approximation in this class is Of«-*).)

In this note we improve this negative result and give a generalization of the
problem for more general classes of functions.

Let w(h)"0 be an arbitrary module of continuity in the interval [—L +1]
and denote by C(co) that class of functions/(x) for which

sup MT. 1)

o</is2 w(h)

co

where w(f,h) denotes the module of continuity of /(x). (If u>(h)=If (0<a”l)
then evidently C(w) = Lipa.) Further let r,(x) be the best approximating rational
function to/(x) of degree n at most, and
Rn(f)= _ 10)\QX+ l|/(X)-r,,(X)| (n = O! 11 21 )
Theorem I. If
(1) iR oo(ﬁ)- =0
then there exists afunction f(x) € C@>)for which

lim sup R.(D > o

M-* 00

Proof. Consider the indices 0=w0<u, < ... for which the following two
conditions hold:

(2) 0=01,.)

Studia Scientiarum Mathematicarum Hungarica 2 (1967)



386 J. SZABADOS

and
©) 2+9™w In*a> @=01..)
(the latter is possible because of (1)). Let

Tn(x) = cos (narc cos X),
4) I(*) = (-1SiS + 1)

Here the right hand series converges uniformly in [—1 +1] because of (2). We
prove that /(x)eC(co). Let -1S~<x+/iS + 1and

a h 0« +1

Then, using (2), (3), (4), the Lagrange’s mean-value theorem, the Markov’s in-
equality and the relations

_qmaxy \Tn(x)\ = 1, /\er) S 2oy (ST,

we get
Jox+10-10)] —pg T ff;” 1o
"1 X+ Ir : h 'y
L [ .
e T -0 2 Zb wiom) -P8%i 17Vl +

ho
n.a " Yoy ) 1
'2i=ZJ+1W 9™j (3 o +2.2 .w grﬁﬂ

=+ i
. 9"Joo(9v ) | RYE (,',S +4oo(h) ~ 7oo(A),

i.e. /(X)€C(co).
Now consider the polynomial

IAY _.ﬂl)() =
of degree 9b1 Let
o K , o
(5) xy= Jcos g Ik (<5 9%
then —I~Xjé + 1, and
6) 75,19 1= cos (9m~rgn) = (-1y ink Feoksye §e9%
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Thus
0] [(*)-1>,.,-,<*> = = (-iyj>(J)

ie. f(x) —Pgnk-,(x) assumes the maximum of its absolute value in [—1, +1]
with alternative signs at the points Xj. The number of these points is ~-9lk+ 1
Now we can apply the following theorem of Cebysev: Let f(x) be a continuous
function in [—1, +1] and p,,(X) a polynomial of degree n at most. If f(x)—pn(x)
assumes the maximum of its absolute value in [—1 +1] with alternative signs
at 2n+2 consequitive points in [—1, +1] then p,,(X) is the best approximating
rational function of degree n at most to f(x) in [—1, +1]. Being

(8) 2-9"-42s2.9"-425s j-9'Y! (k=1,2,...)

we conclude that Pgk-Xx) =rgrk _i(x) is the best approximating rational function
tof(x) of degree 9'k 1 at most, and by (7)

) A--U4/)=]a.(9D>a(9.)" 4»(9)-,j Ne=1.2,...).

Hence Theorem 1 is proved.
Especially, for the class Lipa (0O<a<l) we have a stronger result:

Corollary. There exists a function/(x)€Lip a (0<a< 1) for which
Ii%fn*R,,(f) > 0.
Namely, we may apply Theorem 1 with nt= w(h)=h*.  Then
evidently

(10 i -, 1S

4a (1 —a) Za(l-a)’

Thus, if n is an arbitrary positive integer, and 9*' 1S/i<9"‘tl_| then by (9)
and (10) (putting w(h)=If)

Rnif) 7~OV+H '(S)  JQ gHk+i-ot  JQ QOfcHMY* gBk-)« —
1 1

2 g
10-32(1_%

Remarks. 1 It is well-known that for all f(X)EC ()
1?,(/) S £,(/) = O

holds, where £,,(/) denotes the best approximation off(x) by polynomials of degree
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n at most. Therefore Theorem 1 shows that the rational approximation in C(eu)
(i~Lip 1) is generally not better than the polynomial.

2. It can be seen from the proof of our theorem that the best approximating
polynomial and rational function of degree n is the same if

9k-1=nW9k-1 (k= 1.2 ..).

It is worthy of note that the interval (9'k  9"fe~1) can be as long as we want.

3 E. P. Dolzhenko [3] published the following theorem (without proof).
Let w(h) be an arbitrary module of continuity. Then there exist a continuous function
f(x) and constants cy, c2, c3 for which the relations a) cyw(Ji)éco(/, h) c2co(h),
b) £,.(/) =c3R,.{f), ¢ E2.9k(f)=R2.gk(f) hold. This theorem states that the best
approximating rational function of degree 2-9k can be a polynomial, but does not
give information about the exact order of /?,(/).

Now we turn to the class Lip 1which was excluded in Theorem 1by the condition
(1) . It is well-known that for all /(x)ELip 1

(1 * (I)S E,(f) = OFfi

Theorem 2. Lete,>0 (n=1, 2, ...) and assume that g, converges to 0 arbitrarily
slowly. Then there exists afunction f(x) £Lip 1for which the relation

(12) R,(N=0»-

does not hold.

Proof. Let us define the indices NYy<N2< ... such that

=12, ..).
Consider

/w = i=l% 7>, (—1l=X=+1.

Evidently the right hand side series converges uniformly in [—1, + 1]. Let -1 i*xS
Sr-f/i S + 1 then

X+h)

\f h)-f(x)\ L -

(x+ m)-f(x) R Y
A "1 n2h
13 iti >2 ~ bfi

e. I(xX)ELip 1 The polynomial
v
SE1L9" 942]
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is of degree 9"k~ at most. As above, it is easy to see — by (5), (6) and (8) — that

Pork-,(x) =rg,k-i(x) is the best approximating rational function of degree 9k~1
at most, and

. b K« 1.
«,-."(1) - Z 9 91
l. €
9%k~1R9%-“(f) . (kK —»)

eg,k-i
which proves (12).
Remark. D.J. Newman asked (cf [4], p. 189) whether for all /(.v)ELip 1 the

relation /?,(/)=0 |* j holds. Theorem 2 does not solve totally this problem but
gives a sharp lower estimation for sup /?,(/). The above mentioned Doizhenko’s

/6 Lip 1
theorem does not give information pabout this question (we do not know the
order of E2.gk(f) = R2.gk(f)).

Finally, we investigate the Zygmund’s class Z (f(x) f Z if \f(x +h) —=2f(x) +
+ f(x—h)\=0(h)) which is between all Lipa(O<a<l) and Lip 1 It is well-
known that (11) holds for all /(x)(Z, too.

Theorem 3. There exists afunction f(x)dZ for which
(13) Ii“mmiﬂnfn R, (f) >0
Proof. Let

fix)=1 1 tM ) (-1 &.rg +1).

Flere the right hand side series converges uniformly in [—1, +1]. We have for
- 1Si-fts.v +As + |

X+h

’ S2T,1-2\+T,
, A . A 2h2n2
:5 —}@%H \T"0O\ A hn max [75 (V)]
1 X —h . X+ h
2 -/-9-9- 2 -r2 -
Now let

9 s < 9-/+1
h
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then for \*"x —h"x + +1

X-h)\ = 2Td  T1g

oL )

d>9-1
4 | 2292 T3 2h2
i=o i=j+l foor 3 i=2j+19‘~ 3 Uo ot
3 1 41 9 3h 9
2. .. 511/
+ |)1+1Li=’fil¥ J-1—3'g f 28 = I6*
i.e. /(x)€Z. The polynomial
P9«-AX) = 2 T9,[2]

is of degree %~’. From (5), (6) and (8) — by the substitution nk=k, w=1— we
see that pk-\(x) =rk <(x) is the best approximating rational function of degree
9k™ 1 at most. Thus

(M) ng-l(f)—izz'l(“gli L1

8 9*-1'
Now let n be an arbitrary positive integer, and 9k~1~n <9*. Then by (14)

Rtif) —ROK(f) ~ )2\ («= 1.2,.),

i.e. (13) holds, qu.e.d.
| am deeply indebted to Mr. G. Freud for his valuable remarks in preparatior

of this paper.
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UBER DIE ANZAHL DER KNOTENPUNKTE
EINES LANGSTEN KREISES IN PLANAREN, KUBISCHEN,
DREIFACH KNOTENZUSAMMENHANGENDEN GRAPHEN

von
H. WALTHER

Es bezeichne G einen planaren, kubischen, dreifach knotenzusammenhéngenden
Graphen, V(G) sei die Anzahl seiner Knotenpunkte, K(G) sei die Anzahl der Knoten-
punkte eines langsten Kreises, M(G) sei die Anzahl der Knotenpunkte, die in allen
langsten Kreisen liegen, P(G) sei die Anzahl der Knotenpunkte, die in keinen langsten
Kreis liegen. \A\ ist die Anzahl der in der Menge A liegenden Elemente.

In der vorliegenden Arbeit werden wir einen Satz beweisen, der Auskunft
uber die Anzahl der Knotenpunkte gibt, die in keinem bzw. allen l&ngsten Kreisen
der Graphen einer nachstehend konstruierten Graphenfolge {En} liegen.

Hauptsatz. Es gibt eine Folge {E,} von planaren, kubischen, dreifach knoten-
zusammenhangenden Graphen, flr die gilt:

(@) K(EnN = M(E,,) («=1,2,...)
(b) im - 0

. P(EN _
©) lim V(EN) 1

Mit anderen Worten: Der relative Anteil der Knotenpunkte eines langsten Kreises
von E,, an der Gesamtknotenzahl strebt nach Null, wahrend der relative Anteil der
in keinem langsten Kreis von E,, liegenden Knotenpunkte an der Gesamtknotenanzahl
nach Eins strebt. Ferner Hegt ein Knotenpunkt genau dann in einem langsten Kreis,
wenn er in allen langsten Kreisen von E,, liegt.
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Zum Beweis des Satzes bendtigen wir zunéchst einige Hilfssétze.

Hirfssatz 1. Ist das Gebilde von Abb. | Teil eines Graphen G mit einem Hamilton-
kreis //, dann enthédlt H den Kantenansatz D. Den Beweis lieferte W. T. Tutte [1].
Aus diesem Hilfssatz folgt unmittelbar der

Gi
Abb. 2

Hitfssatz 2. Der Graph G, von Abb. 2 besitzt keinen Hamiltonkreis. Denn
waére der Hilfssatz falsch, so mite der Knotenpunkt x mit drei in dem Hamilton-
kreis liegenden Kanten inzidieren, was aber unmdglich ist.

Hirfssatz 3. Ist das Gebilde A, (Abb. 3 bzw. 4 bzw. 5) Teil eines Graphen G
mit einem langsten Kreis K und liegen Knotenpunkte von A, in K, dann liegen genau
54 der 55 Knotenpunkte von ¢, in K

Beweis. Da nicht alle Knotenpunkte von G in HI liegen, kann K nicht ganz
in A, verlaufen. Es liegen also genau zwei der drei Kantenansatze A, B, Cin K
Angenommen, alle 55 Knotenpunkte von //, liegen in K. Dann liegen nach Hilfs-
satz 1 alle drei Kantenansatze D (Abb. 1) in K. Das ist aber ein Widerspruch.
Es liegen also hochstens 54 der 55 Knotenpunkte von 4, in K. Wie die Abb. 3, 4, 5
zeigen, gibt es auch Kreise K die genau 54 Knotenpunkte von HI enthalten, sofern
sie Uberhaupt Knotenpunkte von A, enthalten.

Wie die Abb. 3, 4, 5 zeigen, ist es obendrein mdglich, den Teil von 9 in 4,
so zu wahlen, daR der Knotenpunkt z nicht in K liegt, welche zwei der drei Kantenan-
sétze A, B, C auch in K liegen.
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Hirfssatz 4. Das Gebilde H2 (Abb. 6) entstehe dadurch, daR jeder von z ver-
schiedene Knotenpunkt des Gebildes //, durch ein Dreieck ersetzt wird,
der Knotenpunkt z aber ungedndert bleibt. 1st H2 Teil eines Graphen G mit einem
langsten Kreis K und liegen Knotenpunkte von H2 in K (es liegen genau zwei der
drei Kantenansatze A', B', C' in K), dann liegen genau 162 der 163 Knotenpunkte
von H2 in K, der Knotenpunkt z aber liegt nicht in K.

Beweis. Derin H2liegende Teil von K sei der Weg W, der zwei der drei Kanten-
ansédtze von H2 miteinander verbindet.

(a) W enthélt nicht alle 163 Knotenpunkte. Angenommen, W enthielte alle
163 Knotenpunkte. Zieht man H2 auf H3 zusammen (das Einsetzen der Dreiecke
in Hj, daszu H2fuhrte, wird riickgéngig gemacht), so geht Win einen zwei Kantenan-
sdtze von Hn verbindenden Weg W' Uber, der alle Knotenpunkte von HI enthalt.
Das ist aber ein Widerspruch zu Hilfssatz 3.

(b) Es gibt einen Weg W, der 162 Knotenpunkte von H2 enthalt, jedoch nicht z.
Die Abb. 3, 4, 5 zeigen Wege W\, W2, W3, die jeweils zwei der drei Kantenan-
satze A, B, C von Hx verbinden, 54 Knotenpunkte enthalten, jedoch nicht den
Knotenpunkt z. Ist nun x ein Knotenpunkt, der in W liegt, so kann man auch
einen Weg Wtin H2finden, der die 3 Knotenpunkte des in X eingesetzten Dreiecks
enthélt. Aus den Wegen W[ kann man also Wege WI von H2 konstruieren, die
162 Knotenpunkte von H2 enthalten, jedoch nicht den Knotenpunkt z.

(c) Es gibt keinen langsten Weg W in H2, der zwei der drei Kantenansatze
verbindet und den Knotenpunkt z enthé@lt. Angenommen, (c) wére falsch. Da 162
Knotenpunkte in X liegen (wegen (bj) und unter ihnen der Knotenpunkt z, liegt
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ein von z verschiedener Knotenpunkt x nicht in W, der gem&R der Konstruktion
von H2 in einem Dreieck A liegt. Es liegen jedoch Knotenpunkte dieses A in W,
da W andernfalls weniger als 162 Knotenpunkte enthielte. Liegen aber Knoten-
punkte von A in W, dann liegen gemé&R den Uberlegungen zu (b) alle drei Knoten-
punkte von A in W, da Wein langster Weg ist. Das ist aber ein Widerspruch. Damit
ist der Hilfssatz vollstandig bewiesen.

Wir konstruieren nun die Graphenfolge {£,}. £j sei der Graph von Abb. 7.
Er entsteht aus dem TuTTEschen Graphen von Abb. 2, indem jeder Knotenpunkt
auller z durch ein Dreieck ersetzt wird, z aber ungeandert bleibt. £]j hat die Eigen-
schaft, daB jeder langste Kreis Kxvon Exalle Knotenpunkte von £, mit Ausnahme
von z enthélt (folgt aus Hilfssatz 2). E2 entstehe, indem jeder Knotenpunkt von
£, durch ein Gebilde H2 (Abb. 6) ersetzt wird ... E, entstehe, indem jeder Knoten-
punkt von £,, i durch ein Gebilde H2 (Abb. 6) ersetzt wird.
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D efinition. Ein Knotenpunkt Xj von Ej heit Nachkomme eines Knotenpunktes
xtvon Ef (i~]), wenn beim Zusammenziehen von Ej auf E; (das Einsetzen der Gebilde
El., das von Et zu Ej fihrte, wird riickgdngig gemacht) der Knotenpunkt x} in den
Knotenpunkt X Ubergeht. Entsprechend wollen wir x; Vorfahren von x} nennen.
Ein Knotenpunkt ist also auch sein eigener Nachkomme und Vorfahr.

Hitfssatz 5. Sei K,, ein langster Kreis von En. Dann geht K, heim Zusammen-
ziehen von E,,auf En_j in einen langsten Kreis K,,_, von E,, | Uber.

Beweis. Zun&chst ist klar, da das Gebilde Kn_x, in das Knbeim Zusammen-
ziehen von E, auf Ubergeht, ein Kreis ist. Angenommen, Kn_| ist kein langster
Kreis von £m,-1, es gelte also |[K'_i|< |K,,_1|. Da jeder Knotenpunkt von ,
beim Ubergang zu En durch ein Gebilde H2 ersetzt wurde, enthélt K, Knoten-
punkte aus |K'_i[ Gebilden H2. Wegen Hilfssatz 4 enthalt Kn aus jedem dieser
Gebilde H2 genau 162 Knotenpunkte, also gilt \K,\—\Kn-.x\162. Entsprechend
kann man aus dem langsten Kreis K,, xvon E,,-t einen Kreis Knvon Enkonstruieren,
der aus jedem der |W,,_1| Gebilde H2 genau 162 Knotenpunkte enthélt. Es gilt also

ljg-171 = 162AT,, 1]-162|K'_1] = 162(J/T,,_1+—K'_i[) >0.

Das ist aber ein Widerspruch, da Knein langster Kreis von Enist. Damit ist der
Hilfssatz 5 bewiesen.
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Hilfssatz 6. Ein Knotenpunkt x,, aus E,, der Nachkomme eines Knotenpunktes
z aus Ej (i=n) ist, liegt in keinem langsten Kreis von E,,.

Beweis. Angenommen, der Hilfssatz ware falsch, x,, liege in einem l&ngsten
Kreis K, von Enund x,, sei Nachkomme eines Knotenpunktes z von Ex Beim Zu-
sammenziehen von E, auf Ei geht KngemaR Hilfssatz 5 in einen Kt Uber, der den
Knotenpunkt z enthalt. Das ist aber ein Widerspruch zu Hilfssatz 4 bzw., im Falle
/=1 zu Hilfssatz 2. Damit ist der Hilfssatz 6 bewiesen.

Hilfssatz 7. Ein Knotenpunkt x,, aus E,, der keinen Vorfahren z aus Et
(/= 1,2, ..., n) besitzt, liegt injedem langsten Kreis von E,,.

Beweis. Angenommen, der Hilfssatz ware falsch, es gabe also einen Knoten-
punkt x, aus E,, der keinen Vorfahren . besitzt und einen langsten Kreis Knvon
En, dem x,, nicht angehort. Nach Hilfssatz 4 liegt kein Knotenpunkt desjenigen
Gebildes H2, in dem x,, liegt, in K, Beim Zusammenziehen von E,, auf En_x geht
K, in einen langsten Kreis K,,-x von En_y Uber, und das Gebilde H2, in dem xn
liegt, gehe in den Knotenpunkt x,,-x von En- { Gber. Dann liegt nicht in Kn_1.
Nach Hilfssatz 4 liegt kein Knotenpunkt des Gebildes H2, in dem xn-1 liegt, in
K._j, da a,_! kein Nachkomme eines z ist. Beim Zusammenziehen von E2
auf E{ geht K2 in einen langsten Kreis Aj von £, (ber, und das Gebilde H2, in
welchem x2 liegt, gehe in den Knotenpunkt x x tber. Dann liegt xx nicht in Kx
Da X kein z ist, liegen also in dem léngsten Kreis K{ von £j weder der Knoten-
punkt x noch der Knotenpunkt z. Das ist aber ein Widerspruch, da ein langster
Kreis von Ex genau 135 der 136 Knotenpunkte enthdlt. Damit ist der Hilfssatz
bewiesen.

Damit ist bereits (a) bewiesen, denn wir haben gesehen, daR die Menge der Knoten-
punkte x von E,, die keinen Vorfahren z besitzen, in allen langsten Kreisen liegen,
jedoch die Menge der Knotenpunkte x, die wenigstens einen Knotenpunkt z als Vor-
fahren haben, keinem langsten Kreis angehdren.

Zum Beweis von (b) und (c) berechnen wir nun die Knotenpunktanzahl
von En und die von K, )

Da jeder Knotenpunkt von E,, beim Ubergang zu En+l durch ein Gebilde
H2 mit 163 Knotenpunkten ersetzt wurde, gilt

K(E,+1) = 163-K(£,)= 163" .K (£i).

Entsprechend gilt: Liegt ein Knotenpunkt x,,in K,,, dann liegen von den 163 in x,,
eingesetzten Knotenpunkten des Gebildes H2 genau 162 in Kn+l, es gilt also

K(En+l) = 162+K(E,,) = 162". K{Ei).
Mit V(Ei) = 136, K(Ei)~ 135 erhdlt man
. K(En . 135-  162"-1
(o) lim \%Ej M 136 163°-0
Aus (a) und (b) folgt unmittelbar (c). Der dreifache Knotenzusammenhang

der Energibt sich aus der Konstruktion und der Tatsache, dal8 £j dreifach zusammen-
héngend ist.
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Damit ist der Hauptsatz vollstdndig bewiesen.

In einer folgenden Arbeit werden wir einen entsprechenden Satz fur die langsten
Wege eines planaren, kubischen, dreifach zusammenhéngenden Graphen bewesen.i

Eine Graphenfolge, die die Eigenschaft (b) des Hauptsatzes hat, wurde bereits
von B. Granbaum und T. S. Motzkin (Longest simple paths in polyhedral graphs,
J. London Math. Soc. 37(1962, 152—160) angegeben. Da dem-Autor diese Arbeit
erst nach der Drucklegung dieses Artikels zugénglich war, wird eine eingehende
Diskussion in einer folgenden Arbeit von R. Lang und H. warther erfolgen.
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A NEW PROOF OF THE THEOREM OF G. KATONA AND G. TUSNADY1

by
M.JACOBSEN

We consider an information source [SG Px] where SCis the space of all sequences
(EI5  ees) °f [etters from the n-letter alphabet X and where Px is a probability
measure on the cylinder cr-field on SC

The message o) is coded letter by letter into a sequence of letters
from the alphabet Y which consists of in letters. The code is defined by a mapping
c from X into the set of all finite sequences of elements from Y. Sy is the space of all
infinite sequences of elements from Y and PY is the probability induced by the code
on the cylinder tx-field on 9. (As proved in the paper [1], the mapping from SCto U
determined by c is measurable with respect to the two cylinder c-fields.)

The code is required to be uniquely decodable in the following sense: ifx', x" £X,
x V [, then neither of the finite sequences ex' nor cx" must be a segment
of the other. This condition is stronger than the one imposed in the paper [1], but
it turns out to be essential for the proof.

The following notation is introduced: f] denotes the function t](t) = —t log /;
c(xt, ..., xN is (cx,, ..., cxN) considered as a finite sequence of elements from Y;
H(3Cl\b is the entropy 2 ‘-I(pX[XI eee **] where Px[xn xN=Px{C,

., CN=xN} while H{SC) denotes the entropy hm— H(SCN provided this limit

exists; H(%/N) and H{%/) are the corresponding entropies on finally I(N) is the
random variable denoting the length of the sequence obtained by coding the first
N letters from the message.

It is assumed that the entropy H(SC) and the average code length L do exist

[the latter meaning that ~ "Mrob~"as A—"°j . The theorem may now be stated

as follows:
Under the above assumptions the entropy HpSJ) does exist and

H(& =  H(SO)

In the proof we shall use the following two inequalities: if a,, ..., ar are non-negative
real numbers and if A:ig then

r
(1) ié}h(ad = A(logr- logA)

1 See [1].
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1
if furthermore at=2 bi}, bLj*0, then
J=i

2 i2=I j2=I n(bij) S i2 . tl(ad
Of these (2) is obvious while (1) follows like this : igi Ha)—A 21 IF /] ~A log A3
= >=j V/a

~yl(log r—og ™) since 2r Ht.= 1
Another important result to be used in the sequel is that
@) Px[xi, x*] = Pyc(x];  xN]

for any choice of N and x~X . This is easily verified, but it should be noted that
here, for the first time, the strong condition of unique decodability is used.

We shall now proceed with the proof itself. So, let e> 0 be given. Because of
(3) we have
HIXN= 2 . r}PMcCn mm>=9)+ 2 *I(PxIXu—,xN])
NS e NI YoV
(Here, given x1; ..., xN, I(N) denotes the length of the sequence cfix,, ..., xN).
If we denote by S the first sum and by S' the second, we get using (1), that

S' 3 aN(N log n—log aN
for

aN = Px \I\—If\?—" L+|3% = PX[xu eee>04]

N

2
X . NE
[(SS(82:1Y

To get an upper bound for S we proceed as follows: for a fixed sequence
(xI5 ..., xN such that I(N>< (L+¢e)N we form all sequences of length [(Z+ 1M
from y QLN having the sequence c(x1; ..., xN) as a segment; thus each of the
terms PY[c{xl, ..., xN] is split up into a sum and we can apply the inequality (2).
Because of the unique decodability condition it follows that any two of the sequences
from thus formed corresponding to two different (xI5 ..., xN —
sequences will differ. Hence (2) gives an upper bound for S of the form
2 n(f_'g_/\yi, w>S 4] where the sum is taken over some of the sequences from

y [ _1\4. Combining the above results we therefore obtain the following in-
((ez?)ua“ty' H(SeN) 3 #<8TO+e*) + aN(N log 1- log aN).
In a similar fashion we shall get a lower bound for HEBCN. We have :
HSCNS T
where T— 2 2/ ylc(xl, xN]). Now, consider an arbitrary sequence

Xi, xn €X
1(n)>(L —e)N

(y1r ees, T[(t-€)iv]) from y[U--BW. With this sequence we associate all sequences
(xt, ..., Xy) from XN for which INé(L —)N and (v}, ..., is a segment
of c(x1; ...,Xj). Let An be the set of those sequences from y[<r-s)V] for wbich
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there exist at least one such sequence (xI, xN and let AN denote the complement
of An. Then because of (2)

(y_L_,y[(E -C)/V_I)G Anﬂ(Py[Yl,
as is seen by extending the sequences 0>i, «>T[(1-HM) *n all possible ways to
sequences of the form c(x,, xN.

If (y1, £Aan it means that either is it impossible to obtain this

sequence as the beginning of a coded message or there must exist a sequence

xN from XN with ;) < (L—e)N such that c(gr!.....xN is a segment

of (ylIt J[(x-8N]). Because of the unique decodability, such a sequence, if it

exists, is uniquely determined. If furthermore (Ti»ee»Tea,-«)«) varies over the

whole of Aa it is obvious that any sequence from XN with /(M <(L —e)N is obtained
by this correspondence. We can therefore conclude that

=T

2 cPy[yw =>T(LN] IN—L < —£

(.Yb

Denoting this probability by bNand using (1) we obtain
I. eee>Tut-)*]]) - bN([(£ - a)LLL logm- log b
Ot L NLATPY DY 1) - BN(I(E - @)Ly logm- log bN
Combining the various inequalities we get
(5) H(SCN) a H (m L-*M)-bN([(L-E)N] log tn—og bN
lo obtain the desired result from (4) and (5) is not difficult. First, let us note that

because of the definition of L ,\Iﬁ'moaNzl\p{B bN=0. Defining dNB)-
we have [(L+e)i/Ne)]" a» and from (4) it then follows that

S H(ard'«)- adllit)(dN(e) log n - log ad\©)
and therefore

(6) |Irr;I]>I1]’|JAf I\T H{/Wl\b S T i H(§C)

Similarly, putting eNe) = Llie] + 3, we have [, —E)eNe)]>N+2(L—e)—1
provided eS$ (since L 1) and hence
HWN AY | -ONE

—H(3?a\E) + be, M([(L - €)ejv(e)] logm - log belLl)
using (5). Therefore

) limsup 4, H(&N ~ - -—5tF ()

From (6) and (7) it finally follows for e—0 that H(Y/) is defined and equals *
Q.E.D.
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A NEW PROOF OF A F. TIMAN’S APPROXIMATION THEOREM

by
G. FREUD and P. VERTESI

1. Introduction

In his paper [3] the first of us introduced a new type of interpolation process,
which is the object of our present investigation.
Let

0) kn = COS 1 Tn (k= 1,2, ...,n)

be the roots of the Cebysev polynomial

(—t+1)/1—xIn T, 4x)
(2) n X - X kn

the fundamental polynomials of Lagrange interpolation based on the nodes xkn and

h \WX) = =
® k..(X) L SL(x) = vk(x)IL(x)
the fundamental polynomials of Hermite—Fejér interpolation.
Further, let
b n—1
@ P,k \V) = —2 T (U)Tr(v).

Now, the fundamental polynomials of the interpolation introduced by the first
of us in [3] are
(5) (P(x) = vin(x) 1t (x) + 2(x - xK)I%,(x)ep,,(XK,, X).
His result is as follows:

Let /(x) be an arbitrary continuous function in [—i, i] and let us extend
this function by the convention /(x)=/(+£) for x resp. f(x)=/(—) for
x< —\ to [, +1]. Finally let us construct the polynomial

(6) Jn(f; x) =/(0) + k2_1I'| n(x)[/(xx)-/(0)]
of degree 4n—3 at most. It was shown in [3], that we have with an absolute constant C
(7) \f(x) - In(f\ *)I S Cwi/; 4hJ, -2 8 X2
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Here
tu(i<s) = (ag, \(x +h)-f()\
e

denotes — as usual — the continuity modulus of f(x).

The proof of (7) is straightforward, so that it furnishes a new interpolatory
approach to Jackson’s approximation theorem. The method was later extended by
M. Saritay [4] to the case, when the nodes are the roots of Legendre polynomials
(resp. orthogonal polynomials which are very near to Legendre polynomials) and
by R. B. Saxena [5] to the case, when the nodes are the zeros of the Cebysev poly-
nomials of the second kind Un(x). A very essential improvement of R. B. Saxena
was that he — using the corresponding expression built on the zeros of U,,(X) — he
replaced (6) by the formula

W *)= 12-710+ ' 2A/(- D+
€)
+ 2 |/(vtn)— 1y -f(\)+ X2V (-D[%, «*

Using the zeros of Un(x) as nodes of interpolation, R. B. Saxena proved that
this polynomials approximate even on the whole interval of the interpolation

[—1, + 1] every continuous function with an error Cw |/; at most. The similar

problem with the roots of Tn(x) as nodes of interpolation was treated in [7] by the
second of us and he was able to prove — as an improvement to [3] — that

\f(x)-J*(f-x)\ s Cm for *€[-!,+1].
In the present paper we make the further improvement

9) I/(*W ,t(/;*)! & C + 1

As a consequence of (8) our polynomials J,,(f; x) are of degree An—2 at most
and they take the same values as f(x) at the points xkn (k=1 2, ..., n).

The first construction of a sequence of polynomials for which the error of
approximation is estimated by the right side of (9) is due to A. F. Timan [6]; it is
his merit to have found the precise form of the error term of polynomial approxi-
mation, valid even in the neighbourhood of + 1 It was shown later by V. K. D ziadik
[1] — in the way of proving the reverse theorem for the classes Lip a (a< 1) — that
this result of A. F. Timan is — up to the value of the constant C — best-possible.

By showing (9) we give a new proof of Timan’s theorem. It seems to be of
considerable advantage that for a fixed n our polynomials J*(x) depend on a finite
set of values of f(x) only. Expressions of this kind can be calculated much easier
than those which include integrals.
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2. Preliminary Estimations

For sake of brevity let us fix n and f(x) and let us denote xk, by xk, lkn(x) by
Ik(x) etc. and we denote w(f; <G by a<5). We put further x0= 1, ma+1 = —1, x =cos 9,
xk=cos 9%, so that

2k —1
=0, 9= 2n n (k= 1,2, In+l=n.

By ,,c” we denote in the sequal positive absolute constants, which need not be the
same.
We recall the formula

n—
<FK§§ = 1+2 Z , cos2r9
2 o r=1

(see (8) and (9) on page 229 of [3]) and conclude that

(10 E <Pk(x)~1r= 3 (-1sisl)
and
(n) sin9 2 4K(c°s9)—1 (0Os 9s n)

hold (See [7], formulas (2.1) and (2.2)). Further we recall the elementary inequalities

sin 9k 1

lcos 9—cos 9k sin D-9t

(12 Os 9wn k=12 ..,n)

(see (3. 5) in [7]).
From (3. 14) in [7] we get

1

9 . 1901
s

(13) \qn(xk, x)\ S gin >

Besides (13) we need a more precise estimation of \db,(xK, X)\:

Lemma L We haVe

1 1 N csin9 1
(,4) | -W b . 9-9, sin 9% |cos 9 —cos 9
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Proof. From (4) we obtain (see (3.14) in [7])

] mo  JE5 545
[ PEX) = —7 F  shn- 0755 cos
—{In—1) cos (2n—1)2%; 9 g 29 1 .
5 2 ok-9
45sin2

3 x
+ sin(Zw-I)ng 9005-%:{:--5----(211—1) c0s (2n—1)£iso.:* SRS

ASiN2*+® }*

Let us denote
1 . 9k-9 ng 9
_ sin (2n—1)—-— cos +
Ne (xk,X) = e SM(EA—D) 42 k=9

+ sin (2if—I) 9I(iLgcos gkér S s +9

l -
P ) nsin 5b (2n—1) cos (2n—1) T *

5+5 , 5b+5 1
+ (2n-1) cos (2/1- 1) -- - sin— ~5+5

Obviously
(15) dn(xk,x) = Y x K,x) + PR)(XK,X).

At first we estimate d¢d,1{xk, x). Taking into account that

1 1

_ 9k+5_ _m 5 (0Os 5s n,0s a it),
n sin

si
sin {In—1) %ér > cos Ok+9
we get
(16) WXC )" nsinsic . . 565
sin2 =
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A NEW PROOF OF A. F. TIMAN'S APPROXIMATION THEOREM 407
In order to estimate d},2)(xk, X) we get

cos(2/7—1) k2 = cosn(9k+9) cos A+ sin n(9k+ .9)sin N,

Using the notations

on (Xk, X) = . (2n- Dsin —9sin? 9- ——=-+
nsin 9, 4sin2)€k Yy
. . 2&+ 9
+ (2/7—1) sin [T+ $) sin 5 o964
4sim
— 9,-9 1
dr*(xkx) = - nsin 9 (27—1) cos n(9k—29) cos 5 ok-9 *
' 4 sin—=—
+ (2i7—1) cos n(9k+ 9) cos %k+9 o1
2 A. QI% 9
4'sin
We can write
oK 4xk,x) = *) + «*(F»,*).
Obviously ) ) ( )
17)

Wi<**'*) |s fisb:-

Now we turn to critical part of d,,(xKk, X), i//*(x*, x). The splitting of i//**(xfg x)
and its estimation belong to the essential steps of our proof.
We remind that

cos (n9%k+ /@) = cos (2k-1)jTn9 = x(—)k+1lsinn9
so from the formula of d*(xk, x) we obtain

csin 9 1
sin 9k |cos9 —cos 9t|

Considering (15), (16), (17) and (18), we can see that (14) is true.

(18) \Dr*(xK, x)\

1 In detail:

&+ $ 9%k —9
Ccos C0Ss —

2 2 9k+ 9 % —9 sin 9
. 9k4'9 . %k—9 c8 2--—cif 2 I, %+9 . 9%—9
sin sin sin -sin

2 2 2 2

sin 9

2 |cosS —cos Ad
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We quote further from the classical paper of L. Fejér [Z] the inequality

(19) VOIVI2  (1sxs . k=12,
At least we remind the well-known inequalities

(20) oA = 200<5) if 25l

(21) (D) si (A+ ax(<5) if A&O.

3. Estimation of J*(f; a) —/(a)

We consider the expression

(22) 21\(Pk(x)\ V(x)-f(xK\ = yl Mk(a) It(a) + 2 (x - x k) 1%a) dpr(xk, x)\ *
k= k=

Nf(x) - (x K\
Our first aim is to prove

(23)  Z\<pk()W\A Xx)-/(xK\wc YI;X (O sra 1.
fc=1

Let us now suppose
(24) 0s 9s -- and 9,5 9 < 9i+l
Using the inequality
(cos 9—/(cOS 9A  eu(leos 9—c0s ) @ 2sin DU siny + sin-J
we obtain

(25) \f(x) -f(XK\ Bcwlsin ~ mS---sin ¥ if 9ks 29

(26) \f(x) -/(**)1~ afl sin 99" in% it ok> 20

This dissection of which we introduce in the estimation of (22) is — besides the
estimation of ¢ — the second essential feature of our calculation.

In order to prove (23) we insert some lemmas.

Let us denote

(27) D) = IK(X) + 2(x - xK) 43(a) r(xk, a)
(28) F(X) = 4 Xy (k- It ),

so that

(29) PR = <PKK) + <PKAX).
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Lemma II. If 029/~ N ) 91s9< 9 (+] then

(30) \<PI)\F(x)~F(XK\ A cw N IR[9-9%|2 <29,k i+l

.9

sin )
(31) k*(W)1)/(.v)-I(.vi)] A QM N if k=i i+1

|

sin .

(32 \(PT()\WF(X)-F(XK\ = cm 2 1 1
) « "2 \&-sK2+
t4h» >}« A i oif —e't'e
Proof. We have obviously

(33) B—9%>C or |9—9%i>c if 1li ( </ i+l <Hn

If 9*729, kj+i, /+ 1 then using (2), (12), (13), (20), (25), and (33) we obtain
YAMI V() -/(v®)| = It (X) + 2 (x- XK A(x) da,(xk, x)\\F(x)-F(xK)I =s

sind 9* cos4 19 . " »,  SIN39*|cos3wal 1 1
Cln*(cos 9 - cos9*)4+ I0B9~ QXS94 n3|cos9-cos9*|1"'sind*  [3-9*|
sin o

g

sin4 9, sin2 9 1

‘O 19-9*1 .. 9l
Sin— 7sim 2 1- ¢ n4(cos 9 —cos 9)4" n3(cos 9 —cos 942 N |9—94

sin 9
s 199%|
m Sin 2 w
.9
s™ 2
P Q_0%*
ot sin3 2L Bosih? 27 A I
2 2
.9
SIn -
1 1 -
n3j9— 953 T n219— 9 2 ’
" Q
1 1 sSin 5

< ir 9-9%p -y o
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If k=i (or /+ 1) using (2), (12), (13), (20), (25) and L. Fejér’s inequality (19),
we get

P11yt = QR F2DODMOIPrEEIN0gsin ~ --~-sin

sin4,&cos4n9 + sin29;.cos3n9 1 nsh IS-S,|
n4(cos &—cos ,9)4 ~ sa3(cos Sil —0s 9:)2 sin \9—-3,
2
s 3 rsin 3 sin
A < 8]
. —c[|/? ?
0 « cli?e)+200Iw ’ n
Let us turn now to the case 9k>29, /or + 1
By the help of (14), (26) and the previously used formulas
. c 1
\WKOON 1/m - ~ F(XK)\ 1*(x) + 2\x - x2\|/3(x)| sin% n +1
sftn2 *
«Ols i' N —18im~ + ¢ [x—xK /3(x) &N 9 1 m(\cos 9 —cos 9K)
2 2 Sin$k |cos,9 —cos<9K
sin4 9. sin3 c 1 1 i1
n4(cos$ —cos.9K4* «3|cos3 —cos9K2 sini9k n sinp 99
| |3*_3|ls#1 gkoo | I,l|+ c sin39, sin 9
n3 (cos 9 —cos 9K)2 sin3k |cos 9 —cos 9k\
mj ~ [cos9 cos Rc/ISm51T @
4 « ]
1 K 1 3, 1 +C(Ofsinsi 1 1
»2 [3-3K3+ u2 D--3K3 Y h ) g {9-9ky -
.. 9 ,
mcm o . + CO) 1 %
n Jn2 ANigs-s*r

So the proof of Lemma Il is ended

2 Here we used
. 9
2 sin — cos - -
2 2

3 GO
n
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Lemma Ill. If 0295 — then
9

sin

(34) k2=1\A:kW||/(.V) f(xkK\ " co -+

Proof. Considering (30), (31) and (32) we can write

.9
2 Hre)|[I(*)-I(=c¢ 2 mEeolo b
2. W e)|I(*)-I6A=c 2wy

kiii+ 1

sm

9
sm

+%§%(D 2|39u2+WE1

71
N v—94

But if 1a k< / i+ 1< KsS n

35 19-93 e (|/-*| @ s 29 or 9> 29.Kk* / [+ 1),

so we get
sm S
B 447 n2 Sm?2
2 Kkwii/w ~f(xK\'s cio g b k)42+ e L F
|,|+l
K 9’ . 9"
; 2 n 02
+<m|18fg2)_" -Il_I:ooosm 27 %Y Sn +
I«2'/(>i+i |IF&I 7 k&ji+1
., 9
\m Sin 2 )
+ra| I—Q]) »Z>23 r/—fC| « " ca} N +cio 9]

fe>i+ 1
as we asserted.
After investigation of <p*(X) we turn to cpt*(x) (see (28)).

Lemma IV. In the whole interval Oé3é&n
(36) élKHM»MM—Hx@Scm
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Proof. Like previously, we can write

kZ:f r« | Y)-1(**)] =|(_1 ’I‘in|2(x-xk) \F(x)-f(xK\ -
. X-Xu o (x-XK)2
2N (X)\) yy o (x-x*]) = ¢ 2 #(x) K

A §yi o sin49kcos4«9  (cos 9 N
bti n4(cos 9—cos 9t)4 sin 9 ")
sin29, N singwicomme
i /2(c0s 9—c0s.92" (2] * 11&i n2(cos 9—cos 5)

1 1 1
? -
2] Kq);%:l-l (5-0%2 12t @ 2 [2(V) + 21(V)] - o

co)

as it was stated.
From the former Lemmas we conclude the following ones:
Lemma V.

11-x% 1

(37) \f(x)-Jt(f\x)\ S ¢ to'5 +Q 0=s>ka 1

Proof- By the aid of (29), (34) and (§)I6) we can write
(38) l%_\1<Pk(x)\\Rx)-~f(xk)\ sc @ -X +Q Oan
In [5] we obtained

1) -7 = C [/m(*)-I(N] - 2 <KX
(39)

+ 21U (x)-f(-V] 1- 2 <K * 2 [FO)~T(xK}pk(x) 1.

Now we shall estimate the remaining parts of the sum (39). Using (10), (11)
and (21) we get

1+x
[/(.v)-AT] U Pk(x) 112/1 w([x-1) 1—2 <PkX)

Lo ox sin 9

, FTXLlg g ® o7 i- 2 <AQ)
A sin 9 T (I+x_)(| -,y Mlsin9
n sin 9
sin 9
« 305"P 4or7sing 1—2 EX) © 3.:9 © 5':$ @
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Similarly we have
.[ sl 3
\—2-[axy-/(-1)] 1 2,viW S @0

Using these and (38), (39) we get

.9
sm2 (,\
\f(x)-Jt(x)\ S +@© !
(x)-J3t(x)\ S ¢ © Ol
But
. A 1 1—co0s 7
sinj - ] - 2

so the formula (37) is proved.

4. Proof of the Main Theorem

Theorem. We have oil the whole interval -1s x s 1

(40) Jw)- Bl = ¢ w md® )+ W@r2

Using the fact that the zeros of T,,(x) are located symmetrically to x = 0, we get
41) N1A-0; X = 7,[/()); -*].
From Lemma V we conclude

n[f(-ty,x]-f)\ sc 11V p 0 Sigl.

We use (41) and replace n by —x:

(42) LIV e o BT O | 1A XE O

Combining (37), (42) and (20) we see that (40) is satisfied, as it was stated.
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ON TWO PROBLEMS ON EXCHANGEABLE EVENTS

by
C. J. RIDLER-ROWE

The two problems considered here were given by Professor D. G. Kendal1
in his paper [2] “On finite and infinite sequences of exchangeable events”. The
author wishes to thank Professor D. G. Kenda11 and Professor G. E. H. Reuter
for their assistance.

The problems are now stated and the notation follows that of Kendanr1 [2].
For each v=1,2, ... let (Qv,s/v,pry be a probability space carrying a finite
number Mv of exchangeable events {T)Y:r= 1, 2, Mv}, where vSA/v. Let
Xv be the number of the first v events A[v), AR% ..., Al\W) which occur and let

ajy) = prw > MA™ ...

where rx,r2, ..., r3 are distinct. Then what conditions on the rate of growth of
the sequence {AN} imply that

@ limprv(Jfv=s) = I\ | s=0,1,..,
if
2 limwajy=nJ j=12 ..

(where the case J=2 is of especial interest)? Also if ANEv, does (1) follow if
va)y) and v2d2) converge sufficiently rapidly to /i and /i2 respectively as v->-°°?

Theorem. //'(2) is true for 7=2, then (1) follows if
(3) lim = 00,
Proof. Using equations (16) and (19) in Kendanr [2], the probability that

exactly s of the first vevents A[\v ..., AN occur, and exactly k —s of the remaining
events Afh, ..., A*l occur, is

where <av)=aN\)— 2, &k is the probability that exactly /c of the Mv events
occur, and

4
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416 C. J. RIDLER-ROWE

Hence on summing over K

(5) pry{Xv = s) —ka2j+s s=0,1,...,.
Equations (20) in Kendall [ give
At
(6) 2WM" = j—01 Aw,

(where (X)j =x(x —1) ... (x— + 1) for any real number x and non-negative integerj).
For each viet and a2 be the mean and variance respectively of the distribution
{m(V)}. Then from assumptions (2), with / = 2, and (3)

) ev=(l+e)Av, 2=i
where /,,= .. and, as v—», A— ev—0and —O. Let
(8) Zv={k: \k-By\w n T
Then from (7) using Cebysev’s inequality,
(9) 2 “N—1, as v—oo.
KEZV
From (4), is the probability that a random sample of size v, taken without

replacement from a set consisting of k objects of type | and Mv—« objects of type II,
contains exactly i objects of type I. Hence

(10) 0=gll]=1 forall k, s and v

Also (e.g. see Felter [1], Chapter VI, § 10, problem 36) it is known that
(11)

oKks' - -, , if M-fe-° and K ------="" as v- (G=01..).

Let s be fixed. Then from (5) and (10)

(12 prv(Av:s)—fusa— 2<'d*+ 2 W\
kizv fe{zv

where
d, = max gIV————'-d—E

But from (7), (8) and (11), <V 0as v—eo. The result then follows from (9) on letting
v tend to infinity in (12).

If (2) is assumed only for 7=1, then there is no condition on {Mv} which
implies (1). For if, for each vé/{, the distribution {ai(V)} assigns masses | —g/v
to k=0 and g/v to k =My, then vat)=g and, from (5), pr{Tv=0)1 as v—

It is now shown that the theorem does not remain true if the condition on
{Mv} is made weaker (including the case Mv=v), even if the conditions on {ajv)}
are made much stronger to include those of the second problem.
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ON TWO PROBLEMS ON EXCHANGEABLE EVENTS 417

Example. Let {AN: v=1,2, ..} be any sequence such that vSM<°° and
Ii{poionfMy Let J be any fixed positive integer. A sequence of exchangeable

events is now constructed such that Xvdoes not have a Poisson limit distribution
though
vlajy=sij, for vS/i and 0=j= Mv with j~J

From section 4 of Kendall [2] we know that, for each v, a set (adv), aiv), ...,

can be associated with aset of Mvexchangeable events if is a proper probability
distribution, where
(13) YRRV K=01,.., Mv.
(?)
Let k-=lim inf . Then k< °0. Let an infinite sequence S be chosen such

that V” »Has v with VES. If v and

for O sis Mv and j " J,

(14) o - M

O 1
where R’ is chosen later, then from (13), for

for J=1,

Let //' be chosen such that B' AR and all the limits in (16) are strictly positive. Then
let VO be chosen such that, if VvES and vévO0, then in (15) and (16) nPv)éO for
k=0,1 .., Av. Also since ady)= 1, it follows from equations (20) in Kendal1 [2]

that k2:64\b= 1 Hence if vES and vévO0 then {03V} as defined by (15) and (16)

is a proper probability distribution, and in this case we may let a set of exchangeable
events be associated with (14). However if vé/t and if v<vO or v$S, then clearly
we may let a set of exchangeable events be associated with

< = No ] —0, 1, ..., A,

whilst the events may be defined arbitrarily for v<”.
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Since M\\;ﬂ -X as v-*-0° with v£S, it follows from (4) that for /Si

17
(17) as with v€*

putting 11—yj =1 if p=A
Lemma. If (i) p() is a sequence of probability distributions on the integers

such that limp{]=Pj for eachj and » Pj=h and (ii)fjV) is a sequence of functions,

on the integers such that lim//\)=/.s for eachj and fjvis bounded for all v andj,
then
limz pW = ZPjfj-

From (5), (15), (17) and the lemma it follows that for s>J

iise> P

(18) prv(Zv = s) as v o with VES.

6, k

But since p'p it follows from (16) that cljv)-t- Ne as v—°0 with v£S. Hence

by a similar argument

u
prvZv= 1J) -> Q‘V, as v —oo Wwith VES.

Thus Xv has no Poisson limit distribution.
Remark. An argument similar to that giving (18) shows that

lim prv(Av = s) - 5=01..,

if IintMV— . Pi and limpry(Tv=s) = <K s- 01,

where F, is the number of the events which occur.
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A CONTRIBUTION TO THE PROBLEM OF RATIONAL
APPROXIMATION OF REAL FUNCTIONS

by
G. FREUD

I. Statement of the Problem

Letf(x) be a real continuous function defined on x€ [- 1, 1], and let
Rn(f) = inf max |/(x)-r,,(X
(f) N e ]JI( )-1.,(X)]

where r,,(X) runs through the rational functions, where both nominator and de-
nominator are polynomials of degree n at most.

P. Szlsz and P. Taran [4] mentioned the following problem: Let —1& £0<
< <...<£,,= lbea finite pointset, letf(x) belong to the class Lip a in any closed
part of the open intervals (EKk_15£*) and let /(x) satisfy a Lip ~-condition (/?<oc)
in the neighbourhood of the points Gk (k=0, 1, ... ni). P. Taran conjectured that
under conditions of this type Rr{J) =0{n~°l) is valid. In the present paper we are
proving a theorem of this kind.1

2. The Weak Localization Theorem

Our main tool is the following
Localization theorem. Let there exist m sequences of polynomials {a"(ac);
n=0,1 ..} (k~ 12, .. m so that the degree of n{) is at most n and we have

Fix)- <kl x ) | (XEK*_I, {3, k=\,2, ... in).

Under this hypotheses we have

This theorem was proved in G. Freud [1]. We call it the “weak localization
theorem”. The reason for this nomenclature is, that it was conjectured on the same
place by the author and proved later by J. Szabados [3], that in this statement
polynomial approximation can be replaced by rational approximation. This theorem
of J. Szabados implies the weak localization theorem, and for this reason we call

' In our conversation on 20. January, 1967, where he mentioned his conjecture, Prof. « « ranx
communicated to be in possession of a sketch of a proof, as a result of a collaboration with P. Sziisz,
but he has no intention to work it out. As an answer to a question of mine, he mentioned that they
did not realized the connection of the problem with the localization theorem.
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420 G. FREUD

it strong localization theorem. In this latter theorem an additional assumption
on the order of the derivatives of the approximating functions occurs, but fortu-
nately this causes no harm. We consider it as a very remarkable fact, that the weak
localization theorem applies to Turan’s problem.

3. The Function Class C¥(a>). Statement of the Theorem

Let rio=-Utij=i(Zj-i +£) (/=1, 2, ... m), sl =£m Let further w5
be a continuity modulus, i.e. a nondecreasing function defined for each <50 for
which we have w(26)s2a>(6). We say that the function f(x) belongs to the class
C*(co) if there exists a finite set {~;3c:[—1, +11 (and corresponding points r\)
and a K> 0 so that we have for xu *2Ffy/, 4] or xly x2€[£;, qj+J (j =0, 1, ... m).

(1) S Kui(IYWi - tj-vW i-tjll)
Theorem. Let & (6)"0,fEC*(w) then

A,01 Sc,(/)w['J.

Before turning to the proof, we discuss the connection of this result with Turan’s
problem. Let wx(0) =<8 (0<a”l) then each function of the class C*(w,,) belongs
to Lip a in each closed part of each open interval (4L j, ¢) and satisfies a Lip a/2-
condition in the neighbourhood of the points £:, so that it reduces to a TURAN-type
case with B =t/2 (resp. /?éa/2). The problem seems to remain still open for B/ix/2.
As an example we mention the function gx(x) = [x|]°t2£C*(cod). In this case our
theorem.asserts R,,(g3 =o(n~°1, while the exact order of polynomial approximation
is o(n~x/2). By the way, it was proved even Rn(gx)= o(e~cn/3) (see G. Freud—
J. Szabados [2]).

4. Proof of the Theorem

Let us consider our function in the interval ] and introduce the trans-
formation
2 X=>* -—2 ~ 0»0 O0Os 04 9)
so that
(3) = |/~-<~-iCos 0 and  Y\x-&\ = A*-<Jfc-isin 0.

From (1) and (3) we deduce, that the modulus of continuity of the even 2n-periodic
function
_ 'tb+tk-i , Zk-tk-1
Fk{0) =/ ) + 2
satisfies
a)(Fk; <B)=c2(/)co(<5).
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By Jackson’s theorem there exists for each integer n an even trigonometric
polynomial 1,,0) of order n at most for which

[F*(0)-t,(0) « c3(/)w 14 -

Reverting the transformation (2), we obtain from r,,(0) a rational polynomial V)
satisfying
(4) [/(.v) - k() A c4(/)ton j,

Now our theorem follows from (4) and the weak localization theorem, since co((5)S
—G(f)8 for/no.

5. Some Comments

First of all, let us observe that in the case m =1 (i.e. if the exceptional points
are only the end-points of [—1, + 1]) we have a polynomial n,,(x) of degree n at most
with

(V) - t(y) & cKo)l 4,

C not depending on /.

As a consequence of (1) the modulus of continuity off(X) is estimated in order
by 0><5) in every closed interval not containing the points and by a>((il/2)
near the points 2 but these properties do not give a complete description of
condition (1). We mention an important case, when a simpler formulation
of the condition (1) is possible.

Corollary. Lei w, (3)? 0 be a modulus of continuity, let

®) f(x 1) —(.y2) = o{o I(ly. —x23}

be satisfied uniformly in every dosed interval not containing the points £, (/= 0, 1, ... m)
and let

(6) 1Cy.)-1(.y2)= 0{w(.yl -Y21)}

uniformly in [—1, +1] finally let (di(<, /;):—(O ) he continuous in the triangle
0~ ~ rs1 and pj(0, 0) =0, then we have ’

(7) «,</):4III(’I,)}

The exact order of polynomial approximation for the class of functions satisfying

the conditions of the corollary for a fixed cu,(@) is O jeu, f-jj » T~c corollary

2 This can be deduced considering the elementary inequality
Vakal
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shows that for this class as a whole the order of rational approximation is better
than the order of polynomial approximation.

The condition on Q,(S,t]) is clearly satisfied if eg. ,(H= 455 which
is a ,,Szlisz—Turan-type” case.

In order to deduce the corollary from the theorem, we shell construct an @<
satisfying (1) with K= 1, so that a(<§=o{mi((5)}. Applying the theorem we will
then obtain the corollary.

Let us turn to the construction of (). We define it by

o) = max |/(x2) -/(x.,)|
where Xj and x2 runs through all values satisfying the following conditions a) and b):

a) X), x2are in the same interval [t]j, or [<A nJ+],

b) we have \i\x1-CJ\-y\x2-i;j\S6.

It follows that co(fi) is nondecreasing and co(2<5)"2co(c>). In what follows, let X,
and x2 be the values for which this maximum is attained. We can suppose without

loss of generality that xt, x2 €[£;, 4j+J.
We consider an arbitrary e>0 and take < so small that o|(fi, rj) =e for 0" (5s
We dessect [x,,x2] in [x”, xNIMKy, +A7] and  [X{2), x2]Q
£["j + Si,rij+], one of this possibly void.

We obtaln
1/(41))-/(4 )M m 1(x<t, -x<IH) =

ehm MW AR D) Pz

S fou (Jv'|N-xn 1)|-I/|’\ x11)||) S £03,(8).
Let us now consider |/(xE£2))—F(x(Q)\ where x{A x@)£[* +0,, ijJ+1], so that

- )_ y(2)|
ST )
I 100§ f iz, NIe
From (5) we conclude that for a sufficiently small A(e) we have for |[x2']—x,1)|S
sA(e)
1/(42)-/(4 )H «i(|x<2>- x<2)

and let us observe, that the condition imposed on |xj2) —x"2)| is satisfied provided that
[N -xi2)- KIM-xPIl &2)fr,J+1-tjA(B)
1/(42))-1(42)Ns EN(|xe) - x«)|) A
—eCcoi(2/M+1-NM|/|N-x N2 N-xP>|) =
=4rigi+1- ©I( 1 x £ Q\-Y\Cj-x@|) S «Second).

All in all we obtained that under the condition c5"d(e) we have

<" 9w, (8),

We have then

thus our statement follows.
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A NON-MARKOVIAN QUASI-POISSON PROCESS

by
P. A. P. MORAN

Consider the class of all time-shift invariant point processes on the real line

(—o00</< 00). Such a process is defined if we know the joint distribution of Nx, ..., Nn
the numbers of points occurring in any given set of disjoint intervals /,,
It is known that if Nt, ..., Nn are independently distributed as Poisson variates
with means proportional to the lengths /; (which we also write as /,) then the
process is a Poisson process. Professor A. Rhnyi [2] has raised the question whether
a Poisson process is characterised by the requirement that the number of points
occurring in every single interval is a Poisson variate with mean proportional to
the length of the interval. We answer this question in the negative by constructing
a stationary (i.e. time-shift invariant) point process which is not Markovian but
which satisfies this requirement.

Consider first an ordinary Poisson process such that the expected number
of points occurring in any interval of length / is equal to /. If ﬁ)_]tfif .
are the coordinates of the points it is well known that all the intervals, 11— I l
are independently distributed in negative exponential distribution with probability
densities equal to exp —x. We could therefore construct such a point process by
constructing a sequence of such random variables /,, (n—... —1,0, 1,2, ...) and
then positioning them in a suitable manner on the line (—QO</< ),

To carry out the latter procedure requires a little care. It is well known that
in a Poisson process such as the above the length of an interval known to cover
a specified point, does not have a negative exponential distribution but a distribution
with density equal to xexp —x. Such a distribution is the convolution of two
variables each independently having a negative exponential distribution.

One way of embedding the intervals in the time axis is therefore to define the
points of the process as occurring at tI=10+...1i for s o, and at /.-
—(/_, +1-2 + =+ It) for /'<0. The point 0 is omitted and is not regarded as a
point of the process.

Another way, which is similar to that which we shall use in the construction
of a non-Markovian process, is to suppose that all the /, have the negative exponential
distribution given above except for /,, which will have a distribution with density
xexp—x. Let W be an independent random variable uniformly distributed on
the interval o ~ W 1 Define t0 = —WIO0.t, =(1 - W)IO, and put

[, —f Jfor />1,

:tO— —|'| for /<0.

It is then clear that the resulting process is a stationary Poisson point process.
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To construct a non-Markovian process with the required property we first
construct a sequence of random variables/,, (where n=... —1,0, 1, ...) which are
not all independent but which are such that each has a negative exponential
distribution with density exp —, and such that the sum of any k of them has
a distribution which is the convolution of K negative exponential distributions and
therefore has the probability density

1) M(k)~1e~xxk~1.

To do this we first construct a joint distribution of two random non-negative
variables, X and Y, such that each has a distribution with density exp —x, their
sum has a distribution with density x exp —x, but are such that they are not
independent.

Write/(x, y) for the probability density of this joint distribution and put

fix, y) = exp ~{x+y) +/,(X, y).

Let e be a number such that
O<e<e~6.
Denote the square
Lnty <«+ 1]

by (m, n) and define/j(x, y) to be equal to e in the squares

0,2,1L3 (2 1) and (3,0),
equal to —e in
(0,3), (1,2), (2,0), and (3,1),
and zero elsewhere.
Then f(x, y)>0, and is a probability distribution density of the required type
because we can easily verify that

) 6]/ (x,y)0y=6ﬁi (x,y)dx=l1f\(x,A— x)dX=O

for all positive x,y, and A.
It follows that

Jfix, yjax=e< - [fix, yjdy=ex
o ke —aex

We now define the sequence of random intervals {/,.} (n=0, + 1, ...) as follows.
We suppose that (/,,,/m+1) (M=0, +2f' +4,...) are pairs of random variables
having joint distributions with density |X, efined above so that

y

Pr(/,, < x,Iml<y) = Jffiu, v)dudv
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for =0, +2, %4, and we impose the further condition that different pairs
are independently distributed. Then from the manner of construction it will be
seen that the sum of any Kk specified intervals chosen out of this sequence will have
a distribution with the probability density (1) even though some of these intervals
may not be independent in pairs.

We now have to construct a point process on the real line such that if the inter-
vals between successive points are denoted by J,, they will be distributed as the
sequence {/,.} defined above or as the sequence {/a+1}, depending on whether JO
happens to be the left hand or right hand member of a pair.

To do this we first consider the sequence of intervals {K,,} where Kn is the
interval made up of /, and /,,+1 (the symbol Knis defined for even values of n only).
The intervals Kn are distributed independently in distributions with the density
x exp —1 and can be regarded as the intervals between the points of a stationary
renewal process. To embed them on the line (—o0<?<00) we use the fact that
in such a stationary renewal process the length of the interval covering any pre-
scribed time point + will have a probability distribution with density “x2exp —x.
Moreover conditionally on the length of the interval having a given value /, the
distance of the point t from the left hand end of the interval will be uniformly
distributed over the interval (0, /) (See, for example, Cox and Mirter [1] p. 356).
We can use this to embed the sequence of intervals K, on the time axis as follows.

Consider the point 1=0. We suppose that this is covered by an interval KO
of length / having the probability distribution with density ~x2exp —x. As we
want to identify KO with the sum of intervals 10 and /, we proceed as follows. If X
and Y have the joint distribution whose density is/(a,y) defined above, write
g(x[z) for the probability density of the distribution of X when Z =X+ Y has the
value Z. Let U be a random variable uniformly distributed on the interval (0, 1).
Let / be a random variable with the distribution \xrexp —x, and X be a random
variable with the distribution g(x|/). Then we define KO to be the interval

(-111, @-£N))
and suppose it to be composed of the two intervals
10=(-Ul, -Ul+X),
11=(-ill+Z,(1-C/)/).

We then fill up the real line (—°°<i-=00) to the right and left by adding pairs of
intervals (/2,13), (/4,19), ... and (/_2,1_,), (/-4,/-3)> e«

It is clear from the theory of stationary renewal processes that the sequence
of intervals {Kn}, thus embedded on the time axis, is a stationary renewal process,
and the distribution of the /f-interval covering any specified point t will have a length
with the distribution "x2exp —x and will be positioned relatively to ?in the same
way that KO is positioned relative to i=0.

We now have to prove that the distribution of the number of end points of
[-intervals lying in any specified interval of length L is a Poisson distribution with
mean L. Since the process is stationary we can suppose this interval to be the interval
(0, L). We now determine the distribution of the k-th point toThe right of t=0.
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Consider first the distribution of the nearest point to the right of the point
r= 0 which we denote by 0. Write A and C for the end points t = —Ul, t={1—{/)/,
and B for the point t = —UI + X which divides AC into the two intervals 70 and 7j.
Then the nearest point of the process to the right of 0 will be B if B lies in the interval
OC, and will be C if B lies in the interval AO.

If a is any number greater than zero, let P x be the probability that B lies in
OC and OB is greater than a. Remembering that conditional on AC=1, AO is
uniformly distributed over the interval (0, /), and independently of the position
of 0, X =AB has the distribution g(x\I) we see that PI is equal to

(4) f dlj dx (JH *] 2 12e-"g(x\I).
Putting I=x+y, changing the variables of integration to x and y, and observing that

le~"g(\D)=f(x, y),

Pi is equal to
(5) 2 S dxf dy(x—a)f(x,y) = 2 I'\x —a)e~xdx = -
Now let P2 be the probability that B lies in AO and OC=>a. This is equal to
00 |—a / \ co /—a
(6) fdf dxl * VT 2e-Ig(x\D) = ].fell j dx(I—a—x)le~"g(x\l).

Changing again to the variables (x, y), this is the integral of /—a—x=y —a
over the range x>0, y>a and is therefore

() J x dy(y —a)f(x, y) =J (y- a)e-ydy = - e~\

Adding these cases together we see that the probability that the nearest right
hand point to 0 is distant more than a from 0 is exp —a.

The second point to the right of O is either C (if B lies in OC), or the dividing
point of K2if B lies in AO. Consider the second case first. If B lies in AO the distance
of 0 from the second point on the right is the sum of the intervals OC and 12, the
left-hand interval of the subdivision of K2. These intervals are independently distrib-
uted with densities exp —x, and their sum hasa distribution with density xexp —x
as required.

Let P3 be the probability that B lies in OC and a. This is equal to

00 l—a 00 /

yidIf dxxle~lg(x[)+y Jdl J dx(1~a)le~Ig(x\I).
a o a | —a

In the first of these integrals the range is over the region (x+y>~a, 0<x</—a)
which is equivalent to (x>0, j>a), and in the second the range is over the region
(x+y>oc, x+y —cc<x<x+y) which is equivalent to (x+yxx, j<a). The latter
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can be regarded as the difference of the regions (nr>0, y<a) and (0<x-f>><«).
Changing the variables of integration, the above sum is therefore equal to

Jax f dy xf(x, y) + _’E)J dxg dy(x +y - a)f(x,y) -

a a—Xx

j dxJ dy(x+y-a)f(x,y)

= *f axf dyxf(x,y)+ \ JdxJddy(y - d)f(x, y)

21(\)] dX;T dy(x+y-a)f(x,y)

= 2 Jxe~xdx+ 2 f(y-<*)e ydy--- J (z-a)ze~ 2&z
on using the results (3). The sum of these integrals is easily found to be

2e-0+«)

which is half the probability that a random variable with density (1) with k —2
exceeds a. Thus the second point to the right has a distance from 0 with the required
probability distribution.

Now consider the distribution of the distance of the fc-th point to the right
where k> 2. If B lies to the right of 0, C is the second point to the right and the
distance to the £-th point to the right is found by adding k —2 /-intervals whose
sum has the distribution (1) with k replaced by k —2. Furthermore the sum of these
k —2 intervals is distributed independently of OC. Thus the distribution of the
distance to the Asth point has the density (1). Similarly if B lies to the left of 0 we
add k—1 intervals and obtain the same result.

The probability that there are at least K points in the interval (O, L) is the prob-
ability that the distance to the k-th point to the right is less than L. Integrating
the integral of (1) by parts this is the required tail of the Poisson distribution.

We have therefore constructed a stationary point process which is not a Poisson
process but is such that the number of points occurring in any interval of length
L has a Poisson distribution with mean L
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ON THE SEQUENCE OF GENERALIZED PARTIAL SUMS OF
A SERIES

by
G. TUSNADY

Renyl in the papers [I] and [2] has investigated the following problem:
Let 2] ak be a series and denote by Anthe sum

k=0
@) An=al +alk+ ... +ak
provided that
2 n=2kK +2k*+ ... +2kr

is the representation of n in the binary number system. That is, we consider all
finite sums of the terms of the series 2 ak, and arrange them in lexicographic order.
The problem is the relation between the convergence properties of the series 2 ak
and those of the sequence {A,}. It is trivial that to a convergent series 2 ak
may correspond a divergent sequence {An}. Renyi in the paper [1] has proved that
the sequence {A,} has a (C, I)-limit if the series 2 ak is convergent in the ordinary
sense, that is if the series 2 ak is (C, 0)-summable. In this direction we can prove
in a similar way that the sequence {An} has a (C, e)-limit with positive e, if the series
Yak is (C, 0) summable. Some difficulties arise in proving the (C, a + s)-summa-
bility of the sequence [A,,], ifthe series Yakis (C, a) summable.

Another question is what can be said about the series 2 akifwe know the conver-
gence properties of the sequence {A,.}. In the paper [1] Rényi has proved that from the
(C, 2)-summability of the sequence {A,,} follows the (C, 0)-summability of the series
27k- In this paper 1 give an elementary proof for the (C, 0)-summability of the
series 21ak’ provided that the sequence {An} is Abel-Summable, under a weaker
Tauberian condition than in the paper [2].

Theorem. If the sequence {A,} is Ahel-summable and \&k\s M (k=1,2,...),
then the series 2 ak ,v convergent in the ordinary sense, i.e. it is (C, 0)-summable.

Proof. We may rearrange the absolutely convergent series 2A,,x" in the
following way:

rk
2 JInx" 2x2ak—2 ak2 xn— 2 2K

n=o0 kiiBn 1— k=0 e ox

where B, is the set {kl,k2, ...,kr}in (2). Thus from the Abel-summability of the
sequence {A,} follows that

—If-f@)/lgo akn 35 %
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exists. Letx0( (0, ). We need only that the above limit exists on the sequence
g0 N}Hv=i ie. the sequence {B,,} is convergent, where

XX
BN — ZL "~k +N 1 ,° 2k
k=-N c+ X0

Let x0=T1 then jO>1 and BN= Z ak-+H\f(y%kK) where f(y) =- l :
Yo k—N t+y
In the first part of our proof we prove that if the sequence {Bw} is convergent

then H@Oa,, =0.

Let a and B be arbitrary real numbers and f*(x) = af{x) + f(xz), then

Bn= Z #NfX(35) = a 2 akNi(yo)+B Z ak+Nf(yo )= &Bn-+BBfj-i

Thus the convergence of the series {#"} implies the convergence of the series {B)}
Especially, when a= —f=\, then |imB"=0. We shall step by step determine

the functions f(y) in order to increase the peak of the sequence {/KjoR}-~ e We
need only a term f(yQ0)>\, then (provided that the sequence {/i(>0") i s
positive and its sum is 1) follows that '!irpont = 0. Indeed the following lemma is true:

Lemma. Let bk"0 (A=0, +1, #2,...) Z bk=1 and b0O>\ then from

k= —00

HTii,y =0 where BN= Z ak+\bk follows that limak= 0, provided that \ak\<M.
Knee

k=_N

Proof of the lemma. ASSUME indireCtly that
lim\aki=a> 0
k-*o0

then to some >0 and some natural nO there is a natural N as large as we need
so that |%|>a —£ and |a,|<a+ £ if n>n0. Then

—N +no

BN\= z BS%/IA - anc0+ 2 ak+nbk+ ak+Nbk
k= -N k= -N K—N+no+ 1

Ko 1
—N +no

—N +no
= b0(a—e)—M Z bk-(a +e)(I-b0) = a@b0-\)-M Z **—£
k=-N k=-N

—N +no

where fr;Z—ka tends to 0 if nOis fixed and N tends to infinity so we get that
NI—_m IRjy] s a(2b0—1)—£ > 0

But limBft—0 so our indirect assumption was false and the lemma is true.

We return to the proof of our theorem. The function f*(y) is positive if <xf(y) +
+Rf(yd>®, that is

f(yd _a
f(y) B
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A
provided that /?--0. If the function (yal (y) increases with y |, then we may take
fty2)
«K= Im_o f(y) f=-\
According to this remark let
My)=f(y)-f(y2

N+Ny)=22%"N(y)-A(y2d (x=12, ...
We need only that with this transformation we get a function f 5(y) in the form
(y-1)V.5(y)
(M) (y2+ 1)...(y32+1)

where the coefficients of the function h5y) are positive which may be verified by
the actual carrying out of the transformation

MY) -

>h(y) = ¥
MAY) = ¢ fll)2 [2k- 1 (y2k* + 1) hk(y)-(y+ D2khk(y2].

According to /(1)=i and lim/(y)=0 we get that = £ /AYo =i, thus
Ss= fs(yl =i (2—1)(23—1)(25—1)(27—1) and with some numerical cal-
culatlzcl)n we may see that /54, 2)>2~, and applying our lemma to the series
bk——fi{ybK) w'th y0=4, 2 we get that limak=0.

Although in the paper [2] Reényi has proved by applying the ,high-indices”
theorem that if a,,—0, then from the Abel-summability of the sequence {A,,} follows
the convergence of the series ~"ak, for the sake of making our proof completely
elementary we complete also this part of the proof. This needs only to remark
that if we put ck=f(yl") then

2 °k ~ 2Cn = 24 -2 2§ AKCGk-N — 2 _ak
k=0 k=0 k—0 k=0

v 2 ak(i—2ck-n) +2 5 akck-n S nM(
k=n+1 \k=N+

+2 « W - 1%4S>/,
u=ow k= 1

h N j > LA ;H + i
where CNB 2 s 1S4 (3 5+ 1,
\lj\<£ ifj>n\ and N is so large that

y
2nM

1 2,,-N—
Hence 2. j ak—Zl\Ili_r;L CN, and the proof of the theorem is completed.
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ON THE SEQUENCE OF GENERALIZED PARTIAL SUMS
OF A SERIES

by
G, HALASZ

The aim of this paper is to prove the following conjecture of A. Rényi:1

Theorem. If

/(0= 2

&gt 1+e-x
existsfor t>0 and tends to a limit Aast +0 then k2 j ak 's convergent to 2A.
=0

There is a general theorem, the high indices theorem of Levinson that could
be applied as to the form of the summability method. Its basic conditions concern
a certain Fourier integral which in our case would be

and by its numerous zeros in Rey>0 it does not satisfy those conditions. Using,
however, the special form of the exponents 2k and the fact that in a small domain
this function really does not vanish, we succeed in proving our unrestricted Tauberian
theorem.

Proof. We have
_m - —
M = RoKfye 2  ff K- Ditle-B= Ze-m2«*(-hXk =

27,k
According to the number theoretic relation between ak and bm first only formally

y *ky (-1)+ _

o g0 2b4 Is = % H
We see that in case a0=1 which can be assumed, h,, is a multiplicative number
theoretical function taking on 1 at each odd number while

k-1

hx = ak- 2 ai

i=0

To prove that the yet formal identity (1) really holds we, nevertheless, use Levinson’s

i-2,|=2nf

1 For the backgraund of this problem sec the previous paper in this issue by G. v vsnaay .
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high indices theorem [1] to get a preliminary estimation of d(. It is simpler to deal
with bm:

m = 2 bme-t= 2 BK2 e-«l-"2¢= 2bIK ok
m=I 4=0 (=1

I—e

Here we assume only /(t) =o”yj as t—-+0:

te- 24 y b 2k.fe~M y bxk

(= 260y 1_e-aeh ko 2¢ T-e-200 & o2 VKD =00
with N(x) = i It has the form required in the cited theorem. To be able

to use it, we have to compute
\] N' (x) \sdx.

The integral is convergent for Res> —1 and represents a regular function there.
But first let Res> 1 where the following partial and termwise integrations are

legitimate:
\] N' (x)xsdx = —s j N(x)xs~ldX = —s\] dX

2x

00 00

= —sJxs2 e~2~Dxdx = —2 Je~<-2~I>xs~1dx

= @2- Dsprr+ D=-ns+ I)(l- F+1j<('+ ».
In effect, we achieved a shift of the original half plane into a zero free one. In fact,
neither r(s+1) J nor jE(s+1) vanish in Res™O and from well-known

estimations of these functions follow all the conditions of Levinson’s theorem.
It gives therefore

Y bx o .

cor 2014520 SRl ah B Th 2= <O
hence ak—o(2k). As a consequence, the left of the formal identity (1) converges
absolutely for Res>I1 and so does therefore its right. With that, we proved the

identity valid in the half plane Res> 1 Hence in the same domain we have, by
well-known transformation :

00 00

=] I

y bm [ 2 brersteldt = LW -d,
m=l m s r(s) O l\S)

(2) g&g(E Jm t*-1dt

aQvwliil- 2 r(s)o
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f(l) is bounded and tends exponentially to o when 7—+<*> so that the integral
represents a regular function even for Rei>0. On the other hand, C(s) is known

to have no zero in Re.¢>0, |[Ims\? T =4.,5....Therefore
log 2 k

n
in this domain and as it is periodical with period N[ it is regular for all Re s>0

a, .
Y % s regular
=02

and we can express the partial sums Sbf k_)'aKas an integral on any vertical segment
=0

of length i-éaz_in the right half plane. Instead of sn, let us regard first
logz /*1x2-s ,m X af
2ni J 4. 5. k=0 2s
it
log2 1: 2- 2nsts
2ni 12 _ (, 2)
m Qs) 1-2*Jr(i) 2"

where /+ and /_ are segments of the described type. This has the advantage that

dsdtder]>8 2

[AD T Eys)2"t)sdsdt

J

F+(s), while regular in |[Re =", |Im An , vanishes on the imaginary axis

because of the factor 1+ 2-s in case of + at —, r|I mand / in case of
2 "log2 2 log 2

at — 7- and /, 1 - and if we choose the endpoints of 1+and /_ with these
2 log 2 3 log 2

imaginary parts and with real part — then F%(s) vanishes near the endpoints of 1+.

There is obviously no loss of generality in supposing that the limit /(+0)
is 0, and it is enough to prove that then i, xii,_1=0(l). We may confine ourself
to the + case.

To e>0 there exists a 0<d<I| such that |/(7)|<E€ in (0, 8. For large
n we split the range of integration with respect to t into four parts

A:0 2-"1, B:2~n~lg(n2-" tl C:2-nv1”~ts § D8N +

B is the simplest case. The inner integral is trivially less than

and

In A where t-2"72~1, instead of integrating on /+, we start horizontally
from the lower endpoint and proceed till the line Res=3$ from where we integrate
upwards on this line till the height of the other endpoint of /+ and then go back

Studio Scientiarum Mathematicarum Hungarica 2 (1967)
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horizontally. On the horizontal lines, by the mentioned zero of F+(s)

1
2 ()]

fF +(s)Tsds = 2 e <TllogrilT & 2J a&~""9T"th=
1 (0]

&
logoF ol ae~aflT = 1ogar
On the line Res=J even better

c5

*
J £+(s)Tsds raT log2

This gives for A
2-n-1

[ 1] Te?T*uMd T & *uc”-
In C and D where T=t2ns2, the estimation of the inner integral runs the same

way, namely we deform the path of integration similarly to the previous case, the
line Res=£ replaced by Res = — On the horizontal segments

K it
JJF+(S) Tsds j 08{.f 0\ €lg1da+ J oTaimj
i

i ——1—Tnl
— 8|y gerlorTda+r o, Tn log2l +n21" h

while on the vertical one F:(s)Tsds log2T

In C this latter is the dominating term since
1Tn_ 2 _ 2l0g22 A 2log22 _ 2log22

log22" log2(72") log2I”
and

2~A7--J - Clzzz_‘quiplt(ﬁi(iznj dt = ciﬁej MEZt dt = c13£

1 1+

I MAf) . G4 n
log2(i2')  log2(&) a2 n2
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and |/(/)] érI5(5e ' hence
c17 (<
Il /W -b W s i"'-
and we see that the contributions of all the four ranges are small if we choose >0
small and then, depending on it, n large. Q.e.d.
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ON A NEW CLASS OF UNIMODAL INFINITELY DIVISIBLE
DISTRIBUTION FUNCTIONS AND RELATED TOPICS

by

P. MEDGYESSY

1

A distribution function F(x) is called unimodal with the mode at x =a (or, in
short, “(a) unimodal™) if and only if the graph of F(x) is convex in (—°°, a) and
concave in (a, °°). If F(x) is strictly convex in (—°°, a) and strictly concave in
(& °°) then F(x) is called strictly unimodal with the mode at x=a (or, in short,
“strictly (a) unimodal™). The point a may be a point of discontinuity.

We remark that if throughout this paper “convex”, “concave” and “unimodal”
are substituted simultaneously by “strictly convex”, “strictly concave”, “strictly
unimodal” then one gets true assertions again.

Certain linear operations executed on unimodal distribution functions conserve
unimodality; in some cases it is also essential that the occurring distribution functions
be symmetrical with respect to x =b, say (or, in short, “(ft) symmetrical”’).— An
important type of such linear operations is presented by

Theorem 1.1, Let F(X;y) (c<y<d) be a one-parameter family of (a) unimodal
distribution functions and A(y) be some distribution function. Then the mixture

d

(1.1) G(x)=f F(xy)dA(y)

(where ¢, d are appropriate constants) is an (a) unimodal distribution function. If
in addition F(x,y) is (a) symmetrical, then G(x) is also (a) symmetrical.

prooe. It suffices to prove the unimodality. For x*a, G(x) is a mixture of
convex functions and, consequently, is itself convex (as to this as well as other
properties of convex functions, see [1], p. 299). By a similar reasoning one obtains
that G(x) is concave for x>a. This completes the proof.

Passing over to characteristic functions we get

cororrary 1 1 Let tp(t;y) be the characteristic function belonging to the
(@) unimodal distribution function Hx~, y). Then

d

(1.2) m(t) = ftp (t;y) dA(y)

is the characteristic function of an (a) unimodal distribution function G(x). If, in
addition, F(x'y) is (a) symmetrical then G(x) is also (a) symmetrical.

An important particular case of (1.2) is the case <p(t;y) =[g>(t)ly provided
it is the characteristic function of an (a) unimodal distribution function. We know
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that for y =0, 1,2, ... this is again a characteristic function; moreover, if cp(t) is
the characteristic function of an infinitely divisible distribution function, then [cp{t)ly
is a characteristic function for every y>0. However, the question: when is [<pi)ly
the characteristic function of an (a) unimodal distribution function — is rather
complicated. Some answer to this question can be obtained if the distribution
function belonging to cp(t) is (0) unimodal and (0) symmetrical, too. Namely, a
theorem of A. Wintner (see e.g. [2], p. 841) states that the convolution of (0) symmet-
rical (0) unimodal distribution functions is also (0) symmetrical and (0) unimodal.
Hence it follows that if (p(t) is the characteristic function of a (0) symmetrical (0)
unimodal distribution function then [ept)]" (n=0, 1,2, ...) is a characteristic func-
tion of the same type. Taking the distribution function belonging to a probability
distribution {pr} (r=0, 1, 2, ...) for A(y) in Corollary 1 1 we then obtain

Corollary 1. 2. Let <P(t) be the characteristic function belonging to a (0) sym-
metrical (0) unimodal distributionfunction and {pr}(r=0, 1,2, ...) be some probability
distribution of generating function g(z). Then

; PrNe)Y = g[<t>(t)\

is the characteristic function belonging to a (0) symmetrical (0) unimodal distribution
function.

Remark 1 It is easy to see that if the distribution function belonging to

{pr} is infinitely divisible then the distribution function belonging to g[0(/)] is also
infinitely divisible.

Hence —taking into account that the geometric distribution is infinitely divisible

(see e.g. [4], p. 89) — one obtains e.g. that if g(t) is the characteristic function of

a (0) unimodal (0) symmetrical distribution function then the function f(t)= ~ *

(p=-1) investigated first by E. Lukacs (see e.g. [4], p. 216) is the characteristic
function of a (0) unimodal (0) symmetrical infinitely divisible distribution function.

Remark 2. Corollary 1.2. is based on the theorem of A. wintner referred to.
Then the problem arises: Are there (0) unimodal non-symmetrical distribution
functions the convolution powers of which remain (0) unimodal? Obviously the
assertion of Corollary 1 2 would be true also if <2x(i) were the characteristic function
belonging to such a (0) unimodal non-symmetrical distribution function.

As to a continuous mixture of type (1. 2) a theorem analogous to Corollary 1 2
will be given in Part 3.

2.

Up to the present the following infinitely divisible distribution functions have
been proved to be unimodal (cf. [5] and [6]):

1. all stable distribution functions (see [7]),

2. all symmetrical distribution functions from the class LE of distribution
functions (see [2], p. 847; as to the definition, see [8], p. 149).
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Let the characteristic function (p(ty of an infinitely divisible distribution function
F(x) have the P. Léwy canonical representation

itu )
cp(t) = exp L+ u2) dM (u) +

+0

where y and o2LLD are real constants, J¥(m) and N(u) are non-decrea(s)ing in the

intervals (—°°, 0) and (0, °°), respectively, J¥(—°)= A(°°)=0 and Ju2dM(u) +
E -e
+ Ju 2N(u)<°° for every finite e>0(cf. [8], p. 84). From a theorem of P. Braumann

0
[9 it follows that F(x) will be (y) symmetrical if and only if for every n=>0 such
that v is a continuity point of N(u) and —# is a continuity point of M(u) one has
M(u) ——N(—u).

Consequently the canonical representation of the characteristic function U/(t)
of a (y) symmetrical infinitely divisible distribution function will have the form

-0

o(/) = expliyt- ~ —+ J [c"u- 1--"'" 2] dM(u) -

+0
where %and a2So0 are real constants, M(u) is non-decreasing in (—¢, 0), M(—0°)=0

and J u2dM(u) mcoo for every finite £>0.
Now let ®{( denote the class of (y) symmetrical infinitely divisible distribution
functions S(x) enjoying the property that in the canonical representation

itu )

ip(t) = exp 1+i/2°

M (u)-~
2.1

dM (-u)

of their characteristic functions M(u) is convex in (— 0).
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Then we have the central

Theorem 2. 1. A (y) symmetrical infinitely divisible distribution function belong-
ing to JI is (y) unimodal.

Proot. Itisbased on some of the ideas of 1. A. i1bragimov and YU. Y. Linnixk,
utilized in proving the unimodality of the symmetrical stable distribution functions
(see [10], p. 88). Let us define the functions Mn(u) (n=1, 2, 3, ...) by

M(u)

M..(u) = . 1
M'A- |t—n|+M ___I:]< n<

where M'Hu) denotes the right-hand derivative of M(u) (it exists because M{u)
is convex). Evidently Mn(u) is convex in (—», 0) and the function

-0

azt2 f itu 1, (m, /tu
A A+u2) M M)- J’l Sy VALY

exp iyt- -2MJ-0)- j eiudMn(u)— f eitudMn(—u)

is of the type of (2. 1) i.e. it is the characteristic function of a symmetrical infinitely
divisible distribution function Sn(x). Let us put 2M,,(—0)=A,, and let us define
the distribution function H,{x) by

M,,(X)
A,
-M,,(x) +An

(V30
Ih(x)
x > Q).

Hn(x) is (0) unimodal and it is (0) symmetrical, too. Then we have

J e‘udM,,(U—3J eudMn(—u) = A, Jellen(u)

—co o

Denoting the characteristic function j eitudHn(u) by v,,(t) we have

2.2
(e ) r=0 >m

By Corollary 1.2 the sum on the right-hand side of (2.2) is the characteristic
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function of a (0) symmetrical (0) unimodal distribution function Gn(x). Thus Sn(x)

is the convolution of G,,(x) and dy; then, by the theorem of A. wintner

(see [2], p. 841), also S,,(X) is (y) unimodal and (y) symmetrical.

Now let n—°°; then M,,(u)—M(u) and (cf. [8], p. 88) drD) —//(r) i.e. S,,(X) —S(x)
at every of its points of continuity. Hence it follows (cf. [8], p. 160) that S(x) is also
(y) unimodal and (y) symmetrical. This completes the proof.

Remark 1 Evidently, all (y) symmetrical stable distribution functions belong
to Jt.

Remark 2. There are distribution functions belonging to s « which do not belong
to TE. For instance let us take M(u) =eu(»< 0). This function satisfies the conditions
of our theorem. However, it does not generate the characteristic function of an
infinitely  divisible distribution function belonging to the class TE because
n M'(u) =ueu (m< Q) is not nonincreasing (cf. the characterization of the class in
[8], p. 149).

Finally we establish the useful

Theorem 2. 2. Let ip(t) be the characteristic function belonging to a (y) sym-
metrical infinitely divisible distribution function belonging to st. Then [t/r()]c (c >0)
is the characteristic function of a (cy) symmetrical (cy) unimodal infinitely divisible
distribution function.

Proof. \jj(t) has the form (2. 1); [fi(t)]c has the same form with cy and cM(u)
instead of y and M(U), resp..cM(w) is also convex in (—-o, 0); hence [[IKOI belongs
to Jt. Then, by Theorem 2. 1, our assertion follows.

3.

Now it is easy to obtain a generalization of Corollary 2. 1 We have

Theorem 3. 1 Let ip(t) be the characteristic function of a (0) symmetrical
infinitely divisible distribution function belonging toJIl and let B(x) be a disribution
function which is identically 0 for x <+0. Then

to(t) = 6] [ii/®1xdB(x) = L[ogip(t)],
where L(s) denotes the Laplace—Stieltjes transform of B(x), is the characteristic

function of a (0) unimodal (0) symmetrical distribution function.

Proot. Let B,,(X) be a sequence of step functions converging to B(x) as n—
let  be the rth jump of B,,(X) taking place at x =ar (r=0, 1,2, ...). Let us introduce
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is the characteristic function of a (0) unimodal (0) symmetrical infinitely divisible
distribution function. By Corollary 1 1 w,,(t) is a characteristic function of the
same type as | i a well-known theorem of E. Hery,

co [ee]

lim w,,(t) = [OKCINimA,(1)] = f [i/EJxdB(x)

and it is again a (real) characteristic function. By a convergence theorem (see [8],
p. 160) w(t) is the characteristic function of a (0) unimodal distribution function.
Hence our assertion follows.

Remark. It is easily seen (cf. [3], p. 538) that if s (x) is infinitely divisible then
the distribution function belonging to w(t) is also infinitely divisible.
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OOHA TNMPEAOENbBHAA TEOPEMA
B 3AJAYE OBCNYXUBAHWNA NPN HEOTPAHWMYEHHO
BO3PACTABWEN MHTEHCUBHOCTW MOTOKA

J Tomko

1 Bsegenne. B TenedoHHOM fene u gpyrux 0651acTax MNPUMEHEHUS Teopum
ouepefeil BO3HMKaeT crepytollas 3afada: Ha OgHOMMHERHYH CUCTeMy MacCOBOTO
06CNYXMBaHMA NOCTYNaeT NPOCTENLLUMIA NOTOK TpeboBaHWiA. MakcMMmansHOe 4ucio
TpeboBaHW, MOTyLMX HaXOAWUTLCA B CUCTEME OrpaHWYeHo, T. €. UMEETCS TONbKO
KOHEYHOe YMC/0 MeCT AN OXugaHus. TpeboBaHWs, Mpullefline B CUCTEMY, KOrja
BCE MeCTa OXWAaHus 3aHATbl, TepstoTcsa. [pecraBnseT WHTEpeC HaiTu BeposT-
HOCTW COCTOSHWIA CUCTEMbI, PYHKUMM pacrpefefieHnsi BPeMEeHU OXWUAAHWs W Anu-
TeNbHOCTW 3aHATOro nepuoja npubopa. B cnyvae, Korga B CUCTEMe UMeeTCs
CKOMbKO YrOfHO MeCT AN OXWAAHWS, YMOMSAHYTble XapaKTepUCTUKUA CUCTEMbI
LUMPOKO um3y4yeHbl B paboTax [1], [2], [3] OpHako, KaK M3BECTHO, B 3TOM C/ydae
CUTYaUmMst MOXET OblTb MHTEPECHOI TO/IbKO MPU MHTEHCUBHOCTM BXOAALLErO MOTOKA
Aqgi (CpeaHee 3HayeHMe BpPeEMEHW 06CMYXMBaHUA Mbl ByaeM Mpeanonaratb PaBHOW
1). B npegnaraeMom cnydae npu 06bIX 3HAYEHUAX A WUCKOMble XapaKTepuCTUKM
cuCTeMbl 6YayT HEBLIPOXAEHHLIMU. B 4aCTHOCTM, BEPOSTHOCTU COCTOSHWUIA CUCTEMbI
[OCTaTOYHO 0BLUMPHO M3yYeHbl B paboTe [4]. B 60NbLUMHCTBE CyYaeB, 3aKOH pacnpe-
JeneHus AnnMTenbHOCTU paboyero neproda CUCTEMbI He YAAETCA HaATW B ABHOM BUE.
WHTYWUTUBHO SICHO, YTO NPW YBENMYEHWUWN 3HAYEHWs A 3TO pacnpefeneHue cocpeno-
TOUMTCS Ha Y/aneHHOI YacTh MONOXNTENbHO BELLIECTBEHHOW 0CW. BO3HMKaET BOMpoC,
MOXHO N1 Haj/iexalmm o6pa3oM HOpPMUPOBATb A/UTENbHOCTL 3aHATOCTU Npu-
6opa, 4UTOObI Nepexoas K npedeny A—°°, yHKUMs pacnpeaeneHns HOPMUPOBaHHOM
BEMMUMHBLI NPUHAIA NPOCTOM BUA. PasbiCKaHWe Takoro MpefesibHOro COOTHOLLEHMS
ABMAETCA LeNbl0 AaHHOI paboTsl.

Mepeunicnum 0603HAYEHWS U YCNOBMSA, KOTOPbIM OyaeM NpUAepXuUBaTbCA BO
BCeil paboTe. Uucno MecT Ans oxufaHus Bbloepem n. MOMEHTbI MOCTYM/eHWS

TpeboBaHWn 0603HAYMM Yepes  t2, ..., ..., & MPOMEXYTKN MeXAY NOCTYNeHNs-
mu ti+l —tj uepes T(. AnuTenbHOCTM 06CNYXMBaHWA, KOTopble 6yayT 0603Ha-
uaTbCs Yepes £2, Oyfem cuMTaTb COBMECTHO HE3aBUCUMbIMU U OAW-

HaKOBO pacrpefefieHHbIMA MO0 3aKOHY F(X) € KOHEYHbIM CpefHWMM  3HaYeHUEeM
M£;=1. Kaxgbli1 pabounii Nepuof CUCTEMbl BbI3blBaeTCS MOCTYM/IEHNEM HEKOTO-
poro TpeboBaHWs, 3acTaBLUEro CUCTeMy MyCTOWA. ECiu gaHHbI neprog 3aHATOCTY
BbI3BaH MOCTYMNJiEHVEM /,-T0 TpeboBaHWs, TO ANNTENbHOCTL 3TOr0 nepuoga byaem
0603HayaTb uepe3 L™ (M—YyKa3blBa€T Ha TO, YTO B CUCTEME MOXET HaXOAWUTbCA
Bcero sr1-1 TpeboBaHWiA). OneMeHTbl nocnegosatenbHocTn V), ... re/"\ ...
CYTb He3aBUCUMbIE U OAMHAKOBO pacrpefenieHHble CllyyYaiHble BeNUYUHBL. VX obLwmii
3aKOH pacnpefeneHnsi 0603HaumMm yepes C,(m)> a obLiee cpegHee 3HauyeHWe uepes
<, Oanee, 6yayT NpuHATbI credytolime 0603HaYeHMs Ans npeobpa3oBaHMil Slan-
naca-Ctuntoeca: lNpn Res> 0O
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y(s):(f) e~sudF(u)

®,0)=f e~s“dGn(ti)
0

2. OCHOBHOE peKyppeHTHoe CcooTHoweHue. B 3TOM NyHKTE, A3 HaX0XAeHWsA
CTPYKTYpPbl CMyYailHOW BenYMHbl L0 BOCMOMb3yeMCA PaccyXAeHusMU Tuna npu-
BedeHHoro B [1] (ctp. 61). Mpexae BCero 3aMeTUM, YTO pacnpefeneHve ANUTeNb-
HOCTU 3aHATOrO Mepvofa CUCTEMbl He 3aBUCUT OT nopsgka 06Cny>xumeaHus Tpe6o-
BaHWiA. [03TOMYy He HapyLuas O6LIHOCTW, MOXeM MpeanonaraTb, YT0 eciu Tpebo-
BaHWe MOCTYMNaeT Ha CUCTEMY, KOrfa OHa nycra, To nNpubop HeMeAeHHO HauumHaeT
ero 006CMy)vBaHMe, a B Ja/bHeilleM, 0CBOGOAMBLUMIACA MPUOOP MEPEXOANT Ha
06CcnyxuBaHne TOro TpeboBaHWs, KOTOPOE MOCTYNWIO Ha CUCTEMY MOCNELHUM
Cpeau NpuCYCTBYHOLLMX B Held. locne obcnyxuBaHUA MepBOro TpebosaHus C -
TeIbHOCTbIO G ecn 3a 3TO BpPeMsi NOCTYNWUIO V HOBbIX TpeboBaHuiA (v/An, crydaid-
Hasi BefMuMHa) cucTeMa BefeT cebd kak cuctema ¢ n—v+|1 MecToM OXuaaHus.
MycTb <H'-v+1> 0603Ha4YaeT ANUTENbHOCTL paboyero nepuoda TakKol CUCTEMBbI,
nmerowas yHkumo pacnpegeneHus G, v+1(xX). TOYHO Takke, B MOMEHT, Korja
y'-0e 13 nocTynmBLUMX 3a Bpemsi C Tpe6oBaHWUiA (JSV) BKHOYaeTcs B npouecc 06-
CNMY)XXVMBaHWS, HAYMHAETCS HOBLIA MEPUOA 3aHATOCTU S(M~\HE> CUCTEMBI C N—V+]j
MEeCTOM OXuiaHusa ¢ yHKUMel pacnpeaeneHns Gn- V().

ACHO, YTO cnyyaiiHble BeNMUMHbI S(~v+1\ ...5§(*) He3aBUCUMbIe U L) YA0BNET-
BOPAET ,,pEKYPPEHTHOMY” COOTHOLLEHUIO

() AN=C+ 2" w)
rae v sBNSeTCs UenouncneHHoi (0”°vSs«) Cny4yaiHO BEMMYMHONA.

3. Mpoussogswas GYHKUMS CPEeAHUX 3HAUYEHU LS. |_|yCTb U(Z) = i’ Mol

AOKXKEeM Npea/ioKeHue:

Teopema 1 Mpu Bcex"sHaueHnsax A>0 1 n=" maTemaTU4eckue OXuaaHus
LN KOHEYHbl 1 UX NPOM3BOAALLAA (YHKUMA MNpefcTaBfiseTca B Buie

Q) h>=
[Joka3zaTenbcTBO. [JonycTum, 4To ]Rle_}_l60qmﬁ nepvofd U() HaumHaeTcs B
MOMeHT /= 0. O603Haunm yepe3 0 CyMMan+1Ci' a uepes Et cobbITMe, cocTosiLee

B TOM, 4TO 3a Bpems 0 mocTynaeT No MeHbLUeA Mepe 04HO TpeboBaHue. YCnoBUMCH
B3ATb EO gocToBepHbIM COObITMEM. [yCTb Aanee, v* cnyyaiiHas BENYMHA, NPUHMMA-
towas 3HaveHme K (K" 1) Ha mHoxecTBe E1E2...Ek- 1IEK. Torga, 04eBMAHO

€)) r(N"SCi.
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Ecnn Tenepb B3ATb MaTeMaTMYeCKoe OXuaaHue 060Mx CTOPOH (3), TO MOXeMm
BOCMO/1b30BaTbCA TOXAECTBOM Banbaa u nonydvaem, 4to

[i,, N KMV
Tak Kak

fi

P =1()= 13 (1-e~kJdFn{O\ i 1 - / (1-e~X)dFn{o\
B "Q J

=r*-*‘(l-r),
roe F(x)=F*@\x), TO cnegyeT Mv* = 1/ ~ <=1 KOHEYHOCTb f,, MOKasaHa.

UTobbl OnpeaennTs MPOU3BOAALLYIO (YHKUMIO f(2Z), Haiigem CBS3b Mexay
Be/IMUMHAMKM U1, 4r,...4 N C MOMOLLID PeKYpPeHTHOro cooTHoweHus (1). beps
mMaTeMaTM4ecKoe OxugaHue 06omxX CTOPOH (1) HaxoAum, 4TO

M= 2 bAZlIv=Kk)P(v=Ic)+ ¥ (g, + ... +n,,-k+{)P(v=K),
OTKyJa BbITEKAET PEKYyppeHTHas CBA3b
(4) W,= 1+T118,,+ ... +rnoul,

roe rs 0603Ha4aeT CymMMY BepOsITHOCTel

m=preen = (M JdF)  USO)
0

0T S 40 00. YMHOXMB 06e CTOPOHbI (4) Ha Z', MpOCyMMUPYS MO NSi U M3MEHWB
NopsfoK CYyMMUPOBaHWA Ha MpaBolii CTOPOHE, MO/y4aeMm:

JOO= J ~+rjli(z)+ZI™N(z2)+ ... +2< “1|g(r)+...

=yzz+pMr!+r2z+ ... +riz'~1+ ..]

[MpoCTbIMN  BbIYNCNEHUAMW HaXOAWM, 4TO

2 rirt~1= Ji:z -m?))]

B CWy KOTOPOro MosyyaeTcs npefcTtasneHve (2), u atum Teopema | gokasaHa.
3aMeTMM 0fHO acMMMTOTMYECKOe CBOWCTBO pocTa f,, npu A—°°. Pa3foxus
tyHkuuo  i/f(A(l-z)) no crtenewsm z, /(11 —2)= Y, * SAOA)! noTom

YMHOXUMB 00e CTOPOHbI (2) Ha pa3noXeHHblin Bug N(2(1 —z)) —z, nocne cpaBHEHWS
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KO3(PULMEHTOB ABYX CTOPOH MOMyYaeM, 4TO

(5) WA+ un 17 -/ (LU s + /<l ~~ () + ... +

+ /G AP N P-14X)-Un-1= G

OueBngHO, 4TO ANA E<l nyto npn HA--°°

-asilrem= T e~ixdF—0  (i=n)
0
Moatomy, ecnn genutb (5) Ha A4, ,, TO Mbl HaxoAyM acMMMNTOTUYECKOE PaBEHCTBO
(6) — MM, npu FG—».
Mn-1

Jlerko BWAaeTb, 4TO
a14(9)~1, npn =

OTKyfa BbIBOAUM, 4TO MNpU N060OM (HUKCUPOBaHHOM
@) ju,~WuU)] ", npn 4HA-°°.

4. MpegensHas Teopema ana G,,(x) (Mpu A—°°). B Hayane HaxogumM COOTHO-
LeHe mexzay npeobpasosaHmamn Dy) («s 1). Beegem 0603HaueHNs

rt(u) ='e $h2 : 0=0)
y=t 71
.. XG,,_i+1(x), xé0
Cln(x) (2 (<o (1STSM

o 1 npu X=0
Cir,(f) = 0, npu x<0.

N3 peKyppeHTHOro cooTHOLeHUs (1) cTaHAapTHbIM MyTeM BbIBOAWUTCS WHTErpasib-
HO€ YypaBHeHUe

®  Ca=J 20{f e-XBV)(x—u)dF(u) + I, (NG<"S0x —u)dF(u).

BBeAs B paccMOTpeHMe Mpeo6pasoBaHus

jﬁh(s)...<P,,—i+i(s), ecm ns/s 1

AAE) = J e~stiG\){H) = ecim i=0.
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COOTHOLUEeHVe (8) ans npeobpasoBaHuii ®,(3) NpUMET BUA

-A)ide ..
@ <Pne=zom e @ sy

Kak BngHo, B cooTHoLleHKe (9) ana dr(d) BxoaaT Bce npeobpasoBaHms 01(s) ¢ HOMe-
pom 1€i'S«. ITO 06CTOATENLCTBO CUBHO YCMOXKHSAET HaxoxaeHue @,(d) B SBHOM
Buge. [daxe B C/yyae MoKasaTenlbHOro pacnpefeneHus F(x) = 1—e~X, KOTOpbIii
Hanbonee 4acCTO MOAAAETCHA ABHLIM BbIYWUCIEHUAM, TPYAHO 3TO cAenatb. O6patum
Ternepb BHUMaHWe Ha crefytollee 06CToATeNbCTBO. JonyCcTuM, 4TO BpeMs paboyero
nepuofa CUCTEMbl JOCTUIIO YXKe 3HauyeHue T, M MHTepecyemcs ero JabHeiLuei
LONMTENbHOCTBIO, KOTOPYHO 0603Ha4MM Yepe3 Y T). FCHO, YTO Ha BENUYHY ijM (T)
60MblUOe BAUAHWME UMEHT COObITUA, B OyadylleM NOCTynawouive B BXOAALLEM
notoke. Kpome TOro, yem 060/€ee BEPOATHO MOCTYM/IEHWe 3a KOPOTKWA CPOK
BPEMEHW COObITUA BXOAALLEro NOTOKa, TEM CW/bHEE CTaHOBUTCA €ro BAUSHUE W
[LOCTUrHYTOe Bpems T nepecTaeT UrpaTb posb B pacnpegeneHun senmunHbl Af) ().
JTOT (PaKT NOACKA3bIBAET HAM HWKe[OKa3aHHOe NpenokeHue.

Teopema 2. lNpu nobom sél
MwP \
L, |
JokasaTenbCcTBO. Ham fOCTaTOYHO NOKasaTb, YTO

1
1+ 7

[ns atoro npusogum cooTHolleHune (9) K Buay

limd,

(ayd

0,0) 104"V L) EDL L ok et 10 o, LY o+

= ip(s + A).

3aiimemcs Tenepb BbIPOKEHWEM, CTOSALLMM TYT B CKOOKax. Mbl MeeM psf paBeHCTB,

T2 PG, o0 ¢ AR
-0 ow Ns)(If o+ A)-0T »Q)

=i 0L, (4)0) 4 QLU T A4 2 (0fka¥a)- Gyl L) \N A IP(+A)-
= 1-(5)-P (sWs”is)- 1+ OT/H-0* (i + 9)-

-2

i=

IK:!4.v)- O/THY*))Lr i +4).
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Tenepb 3ameTum, 4to U3 (7) cnegyet ana noboro K<m,

M) &—6‘ npn A—oo,
I/ I/
Mo3ToMy A1 BCEX K<Ti

Me ™ = dx 1 npm 49 o

Oanee, w3 (6) n (7) nonyvaem, 4To

N IR |
lim = Hm lim = lim =0
N—'I‘ﬂ) A M—l '**(£+*) It

AHaNOrMYHbIM e 06pa3oM Haxoaum, 4To npegensl, npu /s 2,

Vi1

um Drdhm 1
ﬂ—»oo]'l l_+ﬂl M1 I,

lim +//n_;+1]

= - lim +A"-+ = i
I',-1

a gna i=1,~ =0. OTcioga, B 4aCcTHOCTW, MOJMIyYaeMm, 4To

1
m]_I s eevM - i-tf-Vv'ii- =0
bl. H)I

PaccmoTpeB COOTHOLLEHME

l- ”\ﬁ ® (1, hy

1

@)

(-A)? d1 . (——5——h/£)| o) npu  Am005 HEMEI/IEHHO HAXOAUM HyX-

W 3amevas, u4To :
Nl \gwn
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HOe Ham pPaBeHCTBO
1

lim &
7 l+ﬂl

Ha 3TOM [0Ka3aTe/NbCTBO TEOPEMbl 2 3aBEpLLEHO.

3amauyaHue. B cuny (7) HOPMUPYIOLLYIO KOHCTAHTY f,, B TEOPEME 2, BbIUMC-
NEHUEe KOTOPOV B GOMbLUVMHCTBE Cy4YaeB SBMSETCS TPYAOEMKMM, MOXHO 3aMEHUTb
Ha [//()]“n

5. TMpumepbl. Pasbepem fABa 4YacTHbIX clyyas pacnpegeneHuns F(x).
a) F(x) = \—e~x. MNpoussogawas ¢yHKumns /<(z) B 3TOM ciyyae NpUHUMaeT

BUL
_ z(I + Al —2))1
[o) = y 1- (1+ Az-fAZ2
1+ All-2)
KopHu 3HameHatens zx= 1, z2= YA v /Or) MOXeM MNpuBECTU K BULY
1
poo =y JrMl+Al—g] Az |1

A- lz[l+A(1 —2)] 2 zk+n 2 (tef
OTKypa Haxogum, 4to
4, — 1+ A+ R+ .. + AL

Ona A< 1, //,, npy N—da JO/MKEH CXOAUTCA K CPeAHEMY 3HaYeHUIo paboyero nepuoga
TON CUCTEMbI, B KOTOPOI MMEETCS CKOMbKO YroHO MECT And OXuaaHus. [einctem-
Te/IbHO, Mbl NOMyYaem

mi o A

UTO COr/NIAcyeTCs XOPOLIO W3BECTHbIM 3HAYEHWEM MATEMATUYECKOro OXWAaHus
YNoMAHYTOro paboyero nepuoga.

npu
0) Fb) = npu x<1.
Tenepb /((z) npepctaBnseTcs B BUAe
z zeAl 2
Mpn  \ze/-1) 1
. [~X(k+DzV
fi(z) = 2 _zkeXn 2) = 2 zk+lexddt 2
i(z) =zexn r)k:OZ e 2 k:OZ +1e +j:0 q

Cocuuntas KoeULMEHTLI NPKU zn NOc/efHen CYMMbl, Haxoaum qopmyny
\ — * p- 1
W tapte =€y
j=o0 B ]
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AcumnToTuka (7) 4N 3TOro ciydvas Mosy4vaeTcss HEMnoCPeACTBEHHO M3 3TOW ke
thopmynbl. M3yyaTb noeegeHune L,, pocTom N npu A< 1 Terepb HEMHOrO COXHee
yeM B npegplaywiem cnydae. Mpu A< 1psg u(r) cxoanutca B kpyre |z| < 1, n 4T06bI
HalTW acCMMNTOTUYECKOE NOBEAEHWe  POCTOM 1, MOXEM BOCMOJb30BATCA TeOpPeMOii
Tuna Tay6epa. [na 3TOro Haigem MmopsgoK pocTa (yHKUMM

npn z-»1—0.
Monyyaem

@—2) 1 npu z—1—-0.

OTctoga no Taybepooit Teopeme [5] (Teop. 4. 3. cTp. 192) BbITEKAET, 4TO

1
1-1°

a B Cuny MOHOTOHHOCTW A,,, 3TO PaBHOCW/IbHO MNpeae/sibHOMY COOTHOLLEHWUIO

lim12 1+

n-oo |

nIim i, = [ */ npn A<1
N COrnacoBaHHOCTb C M3BECTHbIMW pe3y/nbTaTaMu, O KOTOPOI LiMa peydb B Mnpedbl-
AyuleM npumepe, 418 3TOr0 CAyyas Takke WUMeeT MeCTO.
B 3ak/oveHVe MHe XOYeTcs Bblpa3uTb 6narofapHocTb MOMM Konneram M.
ApaTto u W. Mepreny, ¢ KOTOPbIMW S UMeN BO3MOXHOCTb 06CYyXAaTb Npo6embl,
BO3HMKAIOLLME MPU BbIMOMHEHWN [JaHHOA pPaboThbl.
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ZUR ZWEISTUFIGEN SATZSTRUKTUR-GRAMMATIK

von
R. PETER

Wie ich von L. Kaimar erfahren habe, wurde unter den Vorschldgen bezlglich
der Weiterentwicklung der algorithmischen Sprache Ai1gonr 60 auch eine solche
Sprache aufgeworfen, welche durch unendlich viele Satzstruktur-Produktionen
definiert wird, derart, da® diese Produktionen selber durch eine besondere Meta-
sprache generiert werden.

Eine solche Sprache kann durch ein geordnetes Quintupel

(z, n, P, vV, K)

endlicher Mengen angegeben werden, wobei Z die Menge der Zeichen, M die Menge
der Metazeichen, P die Menge der ,,Metaproduktionen”, V die Mengeder ,,\Vorpro-
duktionen” und K die Menge der ,,Kategorienamen” der Sprache ist. Zur Erklarung
dieser Begriffe benutze ich die Benennungen ,,Kette” oder ,,Liste” fir endliche Folgen
gewisser Elemente, je nachdem diese Elemente ohne weiteres nacheinandergesetzt, oder
durch Kommata getrennt werden; es werden aus den Elementen von Z Zeichen-
ketten, und aus diesen Zeichenkettenlisten, ferner aus den Elementen von ZU M
»Mischketten”, und aus diesen Mischkettenlisten gebildet. Dann hat (nach un-
wesentlichen Abadnderungen) jede Metaproduktion die Form

m: //,

wobei m ein Metazeichen und u eine Mischkette ist; die Anwendung einer solchen
Metaproduktion auf eine rechtsseitige Mischkette bedeutet das Ersetzen darin eines
Vorkommens von m durch u; endlich viele nach einander ausgefiihrte Anwendun-
gen von Metaproduktionen generieren ,,Entwicklungen” der Metazeichen. Ferner
hat jede Vorproduktion die Form

u: A,

wobei L eine Mischkette und J1 eine Mischkettenliste ist (dabei heiflt &< die ,linke
Seite”, /1 die ,rechte Seite” der Vorproduktion).
Das geordnete Tripel
(Z, M, P)

ergibt eine kontextunabhédngige Satzstruktur-Grammatik fiir die Metasprache,
wobei sédmtliche (der endlich vielen) Metazeichen als ausgezeichnet gelten. Durch
diese Grammatik werden im allgemeinen unendlich viele ,terminale” (d.h. keine
Metazeichen enthaltende) Entwicklungen fir je ein Metazeichen generiert; diese
nenne ich kurz die ,,Werte” der betreffenden Metazeichen.

Stuaia Scientiarum Mathematicarum Hungarlca 2 (1967)
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Nun erhdlt man aus den Vorproduktionen durch Einsetzen dieser Werte fur
die Metazeichen die (im allgemeinen unendlich vielen) Produktionen, welche die
betrachtete Sprache erzeugen. Genauer: Die linken Seiten der so entstehenden
Produktionen sind Zeichenketten — diese nenne ich ,,Kategorienamen” — und
die rechten Seiten sind Zeichenkettenlisten — jene Glieder dieser Listen, welche
in keiner der Produktionen als linke Seiten auftreten, nenne ich ,terminale
Begriffe”. Durch Anwendungen der Produktionen kommt man zu ,,Entwicklungen”
der Kategorienamen; sind in einer Entwicklung schon alle Glieder terminale Be-
griffe, so heilt diese eine ,terminale Entwicklung” des betreffenden Kategorie-
namens. Die Menge samtlicher terminaler Entwicklungen eines Kategorienamens
ergibt die durch diesen Namen bezeichnete ,,Kategorie”. Fiir eine Sprache sind
nur endlich viele Kategorien von Bedeutung; die Namen dieser bilden die Menge K.
Die ,,Sprache” selbst besteht aus ihren Kategorien.

Es erhebt sich die Frage, ob die Einfiihrung einer solchen zweistufigen Satz-
struktur-Grammatik eine prinzipielle Notwendigkeit ist. Da nur endlich viele
Kategorien in Betracht kommen, koénnte man denken, dafl sich vielleicht jede
derart generierte Sprache auch einstufig, durch endlich viele Produktionen generieren
laRt.

Dies kann ich aber durch ein einfaches Beispiel widerlegen, wobei die Menge
der terminalen Begriffe in der entsprechenden Wortemenge primitiv-rekursiv ist.
Sogar mit endlich vielen terminalen Begriffen ergibt sich ein &hnliches Gegenbeispiel,
falls auch in den Metaproduktionen nicht nur Mischketten, sondern auch Misch-
kettenlisten als rechte Seiten zugelassen werden.

Beschrankt man sich aber in der urspringlichen Definition auf solche zwei-
stufig generierte Sprachen, welche nur endlich viele terminale Begriffe enthalten
(moglicherweise wird die Weiterentwicklung vom A 1gol 60 zu einer solchen Sprache
flhren), so kann ich beweisen, daR diese sich tatséchlich auch einstufigs durch
endlich viele Produktionen generieren lassen.

Die Ausarbeitung der genannten Beweise (nebst den exakten Definitionen)
reiche ich zur selben Zeitschrift ein.

EOTVOS L. UNIVERSITAT, BUDAPEST

(Eingegangen: 14. Mérz, 1967)

Zusatz bei der Korrektur: Die genaue Ausarbeitung ist am 29. Marz, 1967.
eingegangen.
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