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NOTES ON A NONLINEAR INTEGRAL EQUATION

by
I. BIHARI

1. Introduction

Certain investigations concerning the stability and asymptotic behaviour of 
the solutions of the system
(1) X =  Ax +f(t, x), A =const, /( / ,  0) =0, i S 0 

lead to the integral equation
t

(2) x{t) = y(t) +  J  Y(t — s)f(s, x(sj)ds, y(t) =  Y(t)a, x(0) = y(0) =  a
о

equivalent to (1). Here
(3) Ÿ = AY, У(0) =  I.
Let every solution of

(4) у = Ay
be bounded for 0, i.e. the real parts of the characteristic roots A of A are non
positive and the roots of the minimal polynom of A are simple. Unifying every 
block of Y with ReA <0 in a hyperblock and those with ReA = 0 in a hyper
block Z2, Y can be decomposed as

(5)
Zi 0
0 Z2

where Yx -*-0 as while Y2 is bounded for every t (for /< 0 , too). Making
use of (5) equation (2) may be replaced by

( 6) x(t) = z(t) +  f  Y ,( t-s ) f(s , x(s)) els -  f  Y2(t — s)f(s, x(s)) ds

z(t) =  Y(t)c, c = a + b, b = j  Y2(-s)f(s ,x(s))ds.
о

This equation has been investigated and solved in [1], in connection with asymptotic 
problems. The present paper deals with the following generalization of (6)

t CO

(7) x(t) = z(t) + f  ki (t, s)fi (s, x{s)) ds+ f  k 2 (t, s )f2(s, x(s)) ds
0 /

1 Studia Scientiarum  M athem aticarum Hungarica 2 (1967)

. J.



2 I. BIHARI

the solutions of which will be studied in certain function space. Here k f t ,  s) and 
k 2{t,s) are real nX n  matrices, continuous on O^ j and 
respectively. j\{t, x), x(t), z(t) are vectors in Rn.

Equation (7) without the second integral has been investigated by Corduneanu
[2] who obtained considerable results which may be easily extended to (7) (at least 
if / j  = / 2 = / J) only his operator Ux(t) must be replaced here by

t 00
(8) Ux(t) = z(t) +  J A', (t, s)f(s, x(.v)) ds+  J  k 2(t, s)f(s, x(sj) ds
», >7 о t

which is a compact (completely continuous) map assuming suitable conditions 
(s. later).

2. As an extension of the results of A. Stokes [3] the statements of [1] can be 
reestablished and generalized under less restrictive conditions. However, this will be 
done on the loss of uniqueness of the solutions of (6) and (7). Also it fails now 
the possibility of a successive approximation-process.

The tool used here is the fixed point theorem of Schauder—Tychonov in the 
form as follows:

Let £  be a complete, locally convex, linear topological space. Suppose A is 
a closed, convex subset of E  and U\E-*E a continuous map of E into itself such 
that U(A) is relatively compact in E. Then U admits at least one fixed point in A.

Theorem 1. Let the following conditions be satisfied:
1° k f t ,  s) and к f t ,  s) are continuous and bounded / / iO S s ^ l< «  and 0 

respectively, i.e. \\kft, s)|| ë  Kt, i=  1, 2, 2 
- 2° f(t, x) continuous for tsO , x£R" and

||/( t,x ) ||sG (i,||x ||) , t ^ 0 ,x e R ”

where G(t,r) is piecewise continuous in iêO , rSO  and non-decreasing (for fixedt) 
with respect to r,

t oo
3° y + Kx f  G(s,g(s))ds + K2 f  G(s,g(s))ds ^  g (t)3

о t
for certain function g(t)=  0 continuous for i S  0 and arbitrary constant y >  0,

4° z(t) is bounded continuous for t^zO, (z(t) Ç C(/?+)), then equation (7) has 
at least one solution x(t) continuous for ( S  0 satisfying ||x(t)|| =g(t), t = 0 .

P roof. Let E — C fR +, R") be chosen, where Cc means the space of the functions 
defined and continuous on R +: tS 0 with their values in R". The topology of this 
space is the uniform convergence on every compact set of R+. Cc is a complete, 
locally convex, linear topological space.

1 In the sequel this will be assumed.
2 As norm of x = ( x t , . . .,  x„) and of A — (аш) it will be taken ||x|| =  ^  \x\ and ||Л|| =

=  2  lo.-fcl, respectively. 1
i,  к

3 Condition 3° implies the existence of the second integral.
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NOTES ON A NONLINEAR INTEGRAL EQUATION 3

The operator Ux(t) defined by (8) is a compact one (in the topology of Cc) 
on the subset A c C c defined by

(9) A — {x£Cc: ||x(f)|| =g(t), t SO}.
Clearly, A is closed convex and bounded (in the topology of Cc, i. e. in every compact 
set of R+).

The existence of Ux for x£A  is consequence of 3° and 2°. The continuity of 
Ux on A means that

xn, x  € A, xn — X implies Uxn — Ux 

for every finite interval a ^ t ^ b .  But (8) gives
t

U x -U x n = J  к 1 (t, s)[f(s, x (s ) ) - f(s ,  x„(i))] ds +
0

CO

+ J  k2( t ,s )[ f(s ,x (s ) ) - f ( s ,x n(sj)]ds
t

whence
t

(10) Il Ux- Ux J  ([/(.?, *($))- f ( s ,  x„(s))|| ds +
0

T  o o

+ K2 J  ||/(j , x(5-))-/(^ х„(5))||Л + 2А:2 j  G(s,g(s))ds, T ^ t .
t T

Choosing T  so large that the last term is less than e/2 (where e>0) and N > 0 so 
that the first two integrals together in (10) are less than e/2 for n> N  (on account 
of the uniform continuity of/(/, x) in every finite and closed domain), we have

II Ux — t/x j S  e, n >N.
Being A bounded and U continuous the set U(A) is (uniformly) bounded and by 
3° U (A )cA  if ||z(OII tSO. To prove the compactness of U(A) it remains to 
show the equicontinuity of the functions Ux(t).

Concerning the difference
t

U x(t)-U x(x) = z ( t ) - z (  t) +  f  [k1( t , s ) - k 1(r,s)]f(s,x(s))ds +
0

oo t

+ J [k2( t , s ) - k 2(z,s)]f(s,x(s))ds + j  [k^ t, s ) - k 2(x, s)]f(s, x(s)) ds
t  X

we have
t

(11) ||Cfr(0-tfx(T)|| S  ||z(i) —z(t)|| +  / IIMC í ) ~ M t > 5)||G(í , g(j)) ife+
0

+

Studia Scientiarum  M athem aticarum Hungarica 2 (1967)



4 I. BIHARI

Let a=»0 be a fixed number, 0 S t, xS a , G(s, g (s))^G a in 0 S s S a .  Then, on 
account of the uniform continuity of the functions continuous on a finite closed 
domain, to every g>0 there is a 0X >0 such that

b i t ) - z ( OU S  y , \\k1 (f, s) -  k x (t, î )|| 3= y ^ -

provided that \t —x\ Ш8Х, O ë J S a  and
t

f  \\k1( z , s ) - k 2(x, s)\\G (s,g (s))dsS(K 1+K2)Ga\t - r \  s  y
T

g

if \t —■ tI S  ô2 — —- —----  . Then the first, second and the fourth terms on5(Kx+K2)Ga
oo T °°

the right of (11) are less than e/5. In the third term we write /  = /  +  /  n » » ) '
t t T

The value of T may be chosen that

/  \\k2(t, s ) - k 2(x, s)\\G(s,g(s))ds S  (2K2) J  G(s,g(s))ds S  y .
T T  ^

To this T  a number <S3> 0  can be found that
T

f  \\k2(t, s ) - k 2(x, s)\\G(s, g(s))ds s  1  
r 3

be fulfilled provided \t — t | ^ 53, viz. k2(t, s) is uniformly continuous in OSi, x S f .  
Taking all these into account, the right member of (11) will be less than e if ||i — t|| 3= 
^ m in  (5X, b2, <53), which is equivalent to the stated equicontinuity. Therefore 
the closure of U(A) in Cc is compact.

Let us apply Theorem 1 to equation (6). Now

II î(OII = c 1e_", ( S 0, \\Y2{t)\\^c2, t gO, a> 0

Specify now G{t,r) as G =  h(t)<o(r) where co(r) =50 is piecewise continuous, non
decreasing and

(C) °°(n >  0), j" h (t) dt «= °°
о

then condition 3° reads as

( 12) y + Ci /  h(s)co(g(sj)ds + c2 f  h(s)co(g(s))ds S  g(t).
0 t

S tu d ia  Scientiarum M athem aticarum  Hungarica 2 (1967)



NOTES ON A NONLINEAR INTEGRAL EQUATION 5

It will be shown that (12) has a solution g(t)£C  for every y>0. Letting

Q(u)

u

- I
dr

œ(r) (u0>  0), Qi =  c,q, / = 1 , 2 ,  q =  / li(t) dt4
and defining the number a =-0 — if possible — by the equation

(D) a(, + ^ „ ) - a ( , + „ ) =  /  ^  = í 2 - í ,
У +  а

( C®1 — £62 J
that exists certainly for co(r) = r. Its value is a = yp, -------  the function

Qiee2 — Q2eQ' )

(13) g(t) = Q -i ^Q(y + a) + (c2- c i) f  /;(j)i/sj

satisfies (12) with the sign = ,  provided that cx?±c2. This assertion may be verified 
(like a similar one in [1]) in the following way. By (13)

ß(tf(0) =  ^(,y + a) + {c2- c i) j  h(s) ds
t

— (* (0) = -  - ( c 2- Cl)h(t) or g'(t) = - ( c 2- c l)h(t)œ(g(t)).

Therefore

/(/) =  y +  Cj J  h(s)œ(g(s))ds +  c2 f  h(s)co(g(s)) ds =

= y- Cl

t oo

—— I s'(s) ds-----—— f  g'(s) ds =  y + g ( 0  +
- C l . I  C i - C i J

Cig(0) - c 2g(°°)
c , - c ,

Here we have by (D)

g(0) =  ß - 1(ü(y+a)  +  (c2- c 1)g) =  У + ^ а

g(°°) = У + а

thus 7(/)=g(/) as stated. — For w(r) = r

g(t) =  yeei-----———-----exp
Qi e » - e 2e*' F

(c2 — c1) J  h(s)ds

Studia Scientiarum  M athem aticarum Hungarica 2 (1967)



6 I. BIHARI : NOTES ON A NONLINEAR INTEGRAL EQUATION

In the case cl —c2, g(t) = y+ a  (where a satisfies a = gco(y + a) if possible) and for

o)(r) = r,g(t) = У
1 - e

provided 0 < 1 , where д = gt = g2(s. [1]).
The assumptions Í2(°°) =  °°, fi(0) = — i.e. condition (C) are necessitated 

by the circumstance that without them the argumentum of Q~1 in (12) can leave 
the domain of Q~ The foregoing may be summarized as

T heorem T. I f  in equation (6)
1° z(t) £ C(R + , Rn) i.e. z(t) is continuous and bounded for td R +,
2° У f t )  and Y2{t) are like in the Introduction,
3° f( t ,x )  is continuous and \\f(t, x)|| ^A(Oco(||x||), t £R+, x t  Rn,
4° h(t) and co(r) satisfy conditions (C) and (D), 

then (6) has a solution (or several solutions) x£ A  where g(t) is given by (13). As 
a consequence x(t) — z(i)— 0, t —► oo (s. [1]).
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ON THE DETERMINANT OF (0,1) MATRICES

by
J. KOMLÓS

I. Introduction

a) In the present paper we consider nXn  matrices with elements 0,1 and our 
purpose is to investigate the number of all non-singular ones. We shall prove that 
the singular matrices form a negligible percent asymptotically. More precisely, 
we shall prove the following

Theorem
Let A„ denote the number of nX n  matrices with elements 0, 1 having determinant 

0, then

limЛ = + oo
A
2"2 = 0.

b) In other words let us choose at random a matrix from the set of nX n  (0, 1) 
matrices such that all matrices have the same probability (2- "2). If a„ means the 
probability of the event that the determinant of the chosen matrix equals 0, then 
lim an — 0. It is easy to see that the following fact is equivalent to our theorem:

П =  +  с о

If Ejj are independent random variables which take the values 0 and 1 with 
probabilities 4, \  and

/
el , l e l,2 ■ • £l,n

Pn =  P £2,1 e2,2 • • ^2,n =  0

4 En.l £n,2 • • ^n,n
then

lim p„ — 0.
П =  +  oo

We shall use all versions at the same time. In the section VI. we deal with a general
ization of this problem in the case of infinite matrices.

c) The proof goes as follows: We show that the probability of the event, that 
the rank of an n X n (0, 1) matrix is к + 2, where к denotes the rank of the (n — 1) X 
X(n — 1) matrix, consisting of its first n — 1 rows and columns, or is equal to n, 
tends to 1 if n —► oo.

Using this fact we prove that

lim inf-^4 =  0.n = + ~ 2"

Having proved this, we prove the convergence of the sequence A J2"2. 
Before the proof of the theorem we give some definitions and lemmas.

Studia Scientiarum  M athem aticarum  Hungarica 2 (1967)



8 J. KOMLÓS

II. Definitions and Lemmas

a) Let A„tk denote the number of n X« (0, 1) matrices whose rank is equal to k. 
Clearly

и — 1
An = 2  An,k = 2

Then we have to prove that

lim =  1.
.= + ~  2"

First we give a known lemma.

Lemma 1. Let at , a2, a„ be real numbers different from 0 and c an arbitrary

real number, then at most among the sums ^  е,й; (e; is equal to 0 or 1)

are equal to c.
n n

Proof. Let us consider instead of the numbers 2  8fa; the sums 2 • 2 V , -

— 2  = 2  where cpt = 2ef —1, then cpt is equal to 1 or — 1 if st is equal
i= 1 i= 1

n n

to 1 or 0, respectively. The sum 2  siai equals c if the sum 2  (Piai equals d =
i= 1 t=l

n

=  2c — 2  ai. Then we can reformulate the lemma so that the numbers ег are
i = 1

equal to 1 or —1. In this case we can suppose without violating the generality, 
that the numbers al , a2, are all positive.

Then it is enough to prove the following: if ai , a2, ■■■, an are positive numbers
n

among the numbers 2  eiaiand d is an arbitrary real number, then at most 

(8; equals 1 or — 1) are equal to d.
n

Let us correspond for every sum 2  eiai the set of those natural numbers i
i= 1

n n

for which 8; = 1 holds. If for two different sums 2 Eiai = 2 г\ аи then the
i= 1 i= 1

corresponding sets of the two sums cannot contain each other.
The Sperner-theorem implies that the number of sums equal to any constant/ \ n

is at most

Clearly we can formulate the lemma as follows: if at , a2, am are real 
numbers, among which n are different from 0 and c is an arbitrary real number

S tucia  Scientiarum  M athem aticarum Hungarica 2 (1967)



ON THE DETERMINANT OF (0 ,1) MATRICES 9

then among the numbers ^  (fi; equals 0 or 1) at most
i= l

are equal to c.
b)
D efinitions.
A system of к linearly independent row (resp. column) vectors of a matrix o f 

rank к is called a row (resp. column) basis of the matrix.
We shall use that any row (resp. column) vector is a uniquely determined 

linear combination of the vectors o f any fixed row (resp. column) basis.
1) The degree of a row (resp. column) vector with respect to a given row (resp. 

column) basis, is the number o f those elements of the row (resp. column) basis, which 
have coefficients different from 0 in the above mentioned linear combination.

2) The degree of a row (resp. column) vector is the largest one among the degrees 
of this row (resp. column) vector with respect to all possible row (resp. column) 
basises.

3) The row (resp. column) degree of a matrix is the largest one among the 
degrees o f its row (resp. column) vectors.

Lemma 2. I f  the row-degree of an m X n  (0 ,1 )  matrix is l and its rank is k, 
then we can add to the matrix a column vector (with components 0, 1 ) so that the
rank of the obtained m X(n + 1) matrix is к again, at most 2-2m „-  different ways.

Proof. For the sake of simplicity let us suppose that the first к row vectors 
form the basis, with respect to which the degree of the t-th row vector is equal to /.

Let us denote the г-th row vector by a;, the y-th column vector by b, and the 
additional (the (u+l)-th) column vector by b„ + 1, i. e.

a, ( d .l ? ^i,2 ) ••• ) ^i.n),

( K j } V
K j » Ь/i + 1 —

b2

fim у
The row vectors of the enlarged matrix are

a,- =  (a/д ; aif2 ; ...;a it„; bfi
So we have at =  c1a 1 + c 2a2 +  ... +склк where among the constants ct l are 

different from 0.
If the degree of the new (m X (n + 1)) matrix is also к  then (because the maximal 

numbers of linearly independent row and column vectors are equal to each other 
and clearly л\, я'2, ...,я'к are also linearly independent)

hence
a; =  с1а'1 + с2я2 +  ... +c*a* 

b, = cibl +c2b2 + ... + ckbk.
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10 J. KOMLÓS

But bi is equal to 0 or 1 and among the numbers ct l are different from 0,
2kso by Lemma 1 we can choose the vector (bt , b2, ..., bk) at most - — different ways
r ^

2ksuch that b, = 0 holds; similarly we can choose (bl ,b 2, bk) at most - different
\ L

2*2mways such that b, =  1 holds. That is, we have at most possibilities to choose 

the vector bn+1. Q. e.d.
Similarly, if the column-degree of a matrix is /, then we can construct to the

2 - 2"matrix a row vector at most — different ways such that the maximal numbers
ÍI

of linearly independent vectors of both matrices are equal to each other,
c)
Lemma 3. By к m-dimensional vectors (with elements 0, 1 ) we can construct 

at most 22k different vectors (with components 0, 1 ) with linear combinations.

Proof. Let us consider a k X m  matrix with row vectors a 1} a2 , a&. It
contains at most 2k different column vectors (because it has only 0 or 1 components). 
If the i'i-th, z2-th, ..., z'f-th column vectors are the different ones ( i S 2k), so any 
of the others is equal to one of these, then in the linear combinations of the row 
vectors the q-tb, /2-th, ..., z'(-th components can arbitrarily vary. Then among the 
linear combinations, whose components are 0 ,1 ,  at most 2‘^ 2 2к can be different.

Q. e. d.

Lemma 4. There exists a natural number m0 so that the number o f those m Xn  
(0, 1) matrices whose row-degree is at most log m but not equal to 1, is less than 
2n(m-i).2m4/5 if m > m 0.

Proof. Let us denote by Dt the number of those m Xn  (0, 1) matrices, whose 
row-degree is / and by D, г; the number of those (0, 1) matrices in which the z'-th 
row vector has degree /. Then

m

A  s  2 !  A ,i = m  • A ,m
i= 1

(because evidently A ,i — A , 2 =  — A,m)-
We shall prove that

A,™ (/S  2),

what proves our Lemma because the number of those matrices whose row-degree 
is at most log m but is not equal to 1 is
[log m] [log m]

Dt Ш ^  m -m 1- 22‘ <  2n(m_ • log m • m • znlogm • 22'°im <  • 2",4/5
1=2 1=2

if z?7>m0 for some suitable natural number m0.
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ON THE DETERMINANT OF ( 0 ,1 ) MATRICES 11

If we fill in the first m — 1 rows of the matrix arbitrarily (it can be done by 
2 n(m-i) different ways) we can construct the last row using a row-basis consisting 
of the first m — 1 rows by a linear combination (because 2) but actually we use 
only / rows of the row-basis, because the coefficients of the other rows are equal

to 0. We have <ml possibilities to choose the / vectors and by / vectors
we can construct at most 22' vectors as linear combinations according to Lemma3, 
that is

( / ^  2).
Q. e. d.

Similarly the number of m X n  (0, 1) matrices whose column-degree is at most 
log« but is not equal to 1, is less than 2"'(”_1)-2"4/5, if n> m 0.

If the row-(resp. column) degree of an m X n matrix is equal to 1, then we have 
two possibilities: either there are two rows(resp. columns) which are equivalent 
(the number of such matrices is less than m2 • 2<m_ ,)n(resp. n2 or the rank 
of the matrix is m (resp. rí) — these are the good cases for us.

d) Let us consider an n X n  (0, 1) matrix (n>«70).
A) If its rank is n, then any additional column vector is linearly dependent 

of the column vectors of the matrix.
B) 1. If its rank is /c<n and its row-degree is /=» log n then by Lemma 2 we 

2 - 2"  2 - 2"have at most -  - - - <  , possibilities to add a column vector so that the rank
/ /  /log и

of the obtained nX(n+  1) is also k.
B) 2. The number of those иХ(и + 1) (0, 1) matrices for which the row- 

degree of the nXn  matrix consisting of its first n columns is less than log n but not
2"4/5equal to 1 —  by Lemma 4 — is less than 2n(n+1>--

B) 3. If an nX (n  +  l) matrix has the property that the row-degree of the 
n X n  matrix consisting of its first n columns is equal to 1, then (because /с<и) 
in the latter matrix there exist two rows which are equivalent. So the number of

fi2
these matrices is less than 2n(n+1)’^ ir.

Let В denote the set of matrices of the types B)2. and B)3. The number of 
elements of В is less than

2"("+1) 2"(»+D. 1
2 "/2

if for some suitable natural number n0.
By a similar way we can prove that if we enlarge the obtained пХ(и +  1) matrix 

by a row vector and if the matrix is not an element of the set B, then the probability 
of the event, that the rank of the new matrix is larger than the rank of the first mat
rix is at least

/log«
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12 J. KOMI.ÓS

111 .

a) So we have proved the following

Lemma 5. Let us consider an arbitrary n X n  (0, 1) matrix which is not element 
o f the set B. Let us enlarge the matrix by a column vector (with components 0, 1 ) 
and let us add to the new matrix a row vector in all possible ways. So we obtain 22n+1 
(n +  1) X (n + 1) matrix.

I f  the rank of the first matrix is к <  n, then the rank of the new matrices are 
2к + 2 except for at most •22"+1 matrices, and if  the rank of the first matrix

flog n
2

is к  =n, then the rank o f the new matrices are n +  1 except for at most •2 2n+1
flog«

matrices.
b) Using Lemma 5 we obtain

Lemma 6. There exists a sequence nl ,n 2, ...,«*, ••• of natural numbers such that

Ank,„k >  2-41
flog>h

(k = 1,2,...),

where Am r denotes the number o f mXm  (0, 1) matrices whose ranks are equal to r. 
By other words

lim inf =  lim inf — " = lim sup
Л =  +  со Л  =  +  CO J J 1

=  0.

Proof. Let us put S„ = Ank-k and /(«) =  - f The inequality Sn о
k = o '  2 "

n
-  2  А„'к‘П = П'2"2 implies that /(«)<«. Let An k denote the number of those

k  = 0
n X n  matrices whose ranks are к and which are not elements of the set В and 
Bn,к — АП}к — Л„ к. We can obtain all (n + l)X(« +  l) matrices so that we enlarge 
the n X n  matrices by a column vector to the right and after it by a row vector 
upwards in all possible ways.

So we can obtain from the nX n  matrices of number A,hk and of rank к new 
(n X_l) +  (n+ l) matrices the number of which is A„ik 22n+1 and among them 
xn,k^n,k22n+1 have rank smaller than min (k + 2, n +  1). By Lemma 5.

2
xn,k <  /,------ {к = 0, 1, 2, n).

Hog «
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ON THE DETERMINANT OF (0.1 ) MATRICES 13

c) So we have

S„+i = 2 k - A K+uk^ 2 2"+1 2  АП'к( \ - х П'к)(1с+2) +
k = 0 k = 0

f t -  1

+  22n+1 2  АП'к- хП'к- к + 22п+1Я„'П( 1- х„'П)(п +  1) +  22п+1ЛП'„-хП'П-п
k = 0 

n — 1

k  = 0
=  22"+1 2 АЯ'к(к + 2) + АП'Л(п+ \)  - 2 2"*1 2- 2 А„,к-хП'к + АП'ПхП'П\ g

f l -  1

k = 0 

n -  1
s  22»+1 2  АЯ'к(к + 2) + АЯшП(п+ 1) - 2 2-+‘ 2 . 2  An,k + An,n

\ k  = 0 J  \  k - 0

=  22 " + ‘ \ Z Â „ , k{k +  2 ) - Â n \ - 2 ^ ^  (2 - 2  Ânik-Â„_n

/log «

=  22n+1 ^  • £ + 2 • 2(n+1)2 1 —
k = 0 /log n

k = 0

-22"+1-Л„

|/log /2 

2
/log«

2 • 22n+1 1— — =- 2 в п,к = 22n+1 2 ' Л а ^  + 2-2(»+1)2 1 -
yiogn

22"+1-A, „Il

/c = 0 /log «

/log«
— 2-2 2n+1 1

/log«
2  Bn.k

' 22n+1 Z 5 (Ij r *  + 22"+‘ .Z? I l -

22n+1 •S'„ + 2-2(n+1)2 1

« + 2

/log«

/log«

— 22n+1 • A„„ 1 —

22n+i ,2nl- ~ -  g  22'1+1-5л + 2.2<"+1>2 l l -  

tl) Dividing by 2(л+1)2 we get

/(«  + 1) =  /(«) + 2 Íl

/log«

/log«

— 22"+1-Л,„ 1 /log«

"" 1
/log« J 2"2 ( /log« 

If we suppose that there exists a number N0 such that

62"2 1 -
/log«
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14 J. KOMLÓS

holds for all n S N 0 then we have

/( « +  О S / H  + 2 1 -

that is

( 1)

for all n S N 0. But 2  ___
k - N o  flog к

we obtain

f(n +  1) S /0 0  + 

1

/log n 

1 +

/log n

f  log n

+ °o therefore using Relation (1) (и — N0) times

f(n +  1) S /W 0) + («-7V0) +  2  - , = ■ •
flogK

a 1
for all n S N 0. If TV is so large that ^  ___  >  Л'0 +1 holds, then we have

k = No flog к
/(TV+1)>TV+1 which is a contradiction. Q.e.d.

IV.

a) Lemma 7.
Let fix , y) be a function defined for all pairs x S y  o f natural numbers with the 

following properties:
There exists a natural number n and a real number 0 -< с < 1 such that

1° f(x, y) SO 
2° f(x, X )  =  1 
3° f i x ,y + \ ) S f i x ,  y)
4° fin, n — 1) <  c
5° fim  + 1, к) S  cfim, к) + (1 -  c)fim , к -  2) +  dm 

for all m Sn  and O s fc ë m , where {dm\ is a sequence of positive numbers.
We show that these properties imply that

(2) fim , m — 1) <  2c + 2  ds
s = n

or all m Sn.
b) By a double application of 5° we get

(3) fim  + 2Д ) = c2fim , k) +  2c(l -  c)f(m, к — 2) +  ( 1 -  o')2fim , к -  4) + dm + dm +1

m S n  t
O ^ k ^ m )

and this inequality implies (as fim , к — 4 )^ fim , к — 2)):
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ON THE DETERMINANT OF (0 ,1 ) MATRICES 15

(4) f(m  + 2 ,k ) ^ c 2f(m , k) + ( 1 - c2)f(m, k - 2 )  + dm+dm+1.
m ^ n  

0 =5 к gm
The relation

f (N + ] ,k )S c f(N , к) +  (1 - c)f(N, k - l )  + dN^  
Sf(N , k)[c + (1 —c)] + dN=f{N, k) + dN 

N s n  '
O rSk^N,

and Relation 1° (/(и, n — l)< c) show that
m - 1

(5) f(m , к) < c + ^  ds for all к ё  n — 1 (m ^  n).

Now we prove by induction that the following inequality holds:

(6)
m -

f(n -\-t,n  — 2 + / — i) = c +  ^ Ï + 5 
5

n + t -  1

Ci + s +2+  ^  4s
s=n

(t S  2 , i s  0).
/I +  Í -  1

If /> /  — 2, then we have to prove that f(n  + t, n — (/ — < + 2))sc  4- ^  i/s;
s = n

but this is an immediate consequence of (5). Let us suppose that
2.

c) In the case t — 2 (and so i = 0) the inequality is

f(n  + 2, n )^ c  + c2 +dn+dn+l.
By (4) we have

/(и + 2, и) S  с2/(л, и) + (1 -  с2)/(и, п -  2) + dn + dn+1 ^  
â c 2 + ( l  -  c2) c +  í/„ +  í/,1+1< c +  c2 + í/„ +  í/„+1 .

In the case / = 3 the inequality is (for i =  1 or i — 0)

/(« + 3, Íl)ác + c4rf„ + rf„+i + 4. + 2
/(и  +  3, n +  1)SC +  C2 + í/„ +  r/„+1 +í/„+2-

Using Relation (4):
/(и  + 3, ri)^c2f(n +  1, w) + (l - c 2)/(n +  1, « — 2) + i/„ + j +i/„ + 2^

S  c2[cf(n, n) + ( 1 -  c)f(n, n -  2) +  d„] +  (1 -  c2)(c + d„) + dn +x + dn + 2 S  
s=c3+ c 3(l _ c) +  c(i - c 2) + dn + dn+l +dn + 2<

<c + c3 +d„ + dn+l +dn+2
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16 J. KOMLÓS

or similarly:

f(n  + 3, n + l)SC 2/(f l+  1, n + 1)+(1 - c 2)f(n + 1, n -  l) + d„+1 + dn+2^  
^ c 2+ ( l - c 2)(c + dn) + d„+1+dn+2<

< c + c2 +dn + dn+x + dn + 2.
That is the inequality is proved in the cases t = 2 and t = 3.
d) Let us suppose that the inequality is proved for t= T  and let us prove

it for t = T+ 2. Denote 

if k > n  or

= w. Applying (3) we get, if i s  2 L I  = 0  per. def.

/(n  + T  + 2, n — 2 +  (7’ + 2) — /) =  f(n + T +2, n + T —i) ^  c2f(n  + T, n + T —1) +

+ 2с( 1 - с) /(и + Г ,и- 2  +  Г - / )  + ( 1 - с)2/ ( и +  Г ,и - 4  + Г - 0  + 4 +г +  ̂ + Г+1 —

C +  2  I
s = 0 V

H- 2c(l — с) I c + /*!

i yv—2

c + 2
s= 0

fi + s-2'l .. n+̂ +l Ï
I l C‘+ s +  2 j ds \ +

s  = n )

n + T -  1

+  2  ds
w — 1

2s= 0
i+s

s c‘Í + S + 2 +

i +  s + 2 
s

n + T -  1
c;+s+4+ 2  ds\+d„ + T + dr

S — li
n + T +  1

n + T + 1

+  ^  <4 +  2
i i+ s —2

o l
ni + s+ 2 + 2 2 1

i + s — 1 
s — 1

ni + s + 2 __

- 2 Z
w+ 1

2 1
s = 2

i + s — 2 
s —2

ni + s + 2 +

i + s  —2
s — 4

!- 2 Zs = 3 

c i + s + 2  —  S .

i 4 -s  — 1 
s — 3

ni + s + 2 +

Using the following identity

i + s —2 
s + 2 i+ s  — 1 

s — 1 - 2 i + s — 2 
s — 2 +

i+ s
s —2

i + s —l 
5 — 3 +

i +  s  — 2 
s — 4

i+ s
s

one can see, that
(this identity holds for s ^ l ,  i s l )

n + T  + 1  w

S = c + dx +  ^s—n s=0
i+s

s
çi + s + 2 _  2 i + w — 1 

w -  1
£l + W+ 3 _

- 2 Í / + " ) d « « + í , + " ; ) ^ * + í i + ’vT 1]c l\w — 2) [w — 2) { w — 3 )
i + w + 3
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ON THE DETERMINANT OF (0 ,1 ) MATRICES 17

and as

we get the relation
i+W7 + Г " - 1w — 21 I w — 3

/' +  >v 
tv — 2 1 ’

f(n  + (T + 2 ) ,n -2  + (T + 2 )- i)  Ш S  =s c +  2
s=0 f s

i + s

what we had to prove.
If i =  0 or /= 1 , then the estimate

W
f(n  + T ,n  + T — i) S  c + 2 i + s — 2 

s

П + Т +  1

+ s + 2 2  ds

n + T  -  1

+  2  ds

and also the identity was false. Instead of this estimate we write f(n  +  T, n +  T — i) S 1, 
and so we get for S the same formula as above.

e) Let us apply the proved inequality in the case i =  0.

Hence

f(n  + t, n + t — 2) s  c +
И-
2 cS+2 + 2 ds ( t  S  2).

f{n + t + 1, n + t) S  cf(n + t, и +  0 + (1 — c)f(n + t, n + t - 2 )  + dn+t S

c + (l — c)
И-

+ 2  cs+2 + 2  ds\ + dn+, <  c +  ( l - c )  c + 2 c ° + 2\ +

2 d, = c + c - c 2 + (l +  2  ds = 2c + 2  ds
s = n 1 C s = 0 s = n

for all / ё  2. 
But

f(n  + 2 ,n + l)  ^  cf{n + \ , n + \ ) + ( \ - c ) f ( n + \ ,n - \ )  + dnJrl S  

=  c + ( I -£■)(£■+  г/я) + г/я+1 < 2 c + 2  ds
S =  П

and

f(n +  1, n) ^  cf(n, n) + (l —c)f(n, n — 2) + dn ^  c + (l -c )c  + dn < 2 c + 2  ds,
s = n

hence we proved that for all

f(m, m -  1) <  2c + 2  ds
s = n

holds. Q. e.d.
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18 J. KOMLÓS

V.

Now we can already prove the theorem:
Let г be an arbitrary positive number. Let the integer N be so large that for 

the ,/V-th element of the sequence nk (defined in Lemma 6)

Let us put

13
llogu.v

<  £.

k)
к j

У 7 A m, iZj  9„,2 >
1 =  0  ^

6
/log nN

n = nN,

. _  1
< m 2m!2 '

It is easy to see that for the function f(m, k) 1°—2°—3° hold.
The fulfilment of 4° follows from the definition of the sequence {nk} (in lemma 6). 

Let us prove that 5° holds.
From the Am>k̂ .i matrices of rank к — 1 except for at most c-Amk- l -22m+1 

ones, and from the Anitk matrices of rank к except for at most оЛ,„д-22т+1 ones 
we get such matrices, which have at least к +1 as rank. So we have

X»+VfOn+l,k) ^  Z  Amj  • 22m +1 + c • 22m+1 (Am k- l +Tra>fe) +
í  =  0

k - 2

+  22m+ '-d m- 2'"2 si Z  Amwi • 22™+ * + c • 22m+1 + АтЛ) + dm • 2<"+ ‘>2

= f(m, k - 2) - 2(m + ')2 +  c-  2(т+1>2(/(ти, к ) - f (m, к -  2)) + dm • 2(m+ D2 =

=  2(m+ 1)2[c/(w, k) + ( 1 к ~ 2) + d,„].

Dividing by 2(m+1)2 we obtain

f(m  +  1, k) ^  cf(m, к) + (1 -  c)f(m, к -  2) + dm,
that is 5° holds.

By lemma 7 we get:

f(m , m -  1) < 2c + Z  (,s
s  = n

for all m ^n . But
V  J _ V  1 4 1

s £  2d2 -  2"/2
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ON THE DETERMINANT OF (0,1 ) MATRICES 19

that is
f(m , m — 1)

for all m ^ n N or in other terms

12 _ 1 ___

^log nN i\ognN
E

A m ,m  >2"|2(1 — e) for all m ^ n N , 

what proves our theorem.

VI.
a)
Professor Egyed asked whether the following generalization of this theorem 

is true:
Let us consider the matrices:

O l . I 0 1 , 2  • a l , k

a 2,  1 a 2 , 2  • • •  « 2  , k

a i,  I a i} г  • • ■ Oi . k

where the elements aUk equal to 0 or 1. The set of those matrices in which the rows 
or the columns are not “linearly independent”, has a measure 0.

First we have to agree in that what is the meaning of “linearly independent” 
in this case.

Let aik (/=  1 ,2 ,...; k = 1 ,2 ,...) be mutually independent random variables 
which take on the values 0, 1 with probabilities •£, Let us form by these random 
variables the above matrix.

We make use of two definitions of the linear dependence of the rows of a matrix.
The rows of a matrix are finitely linearly dependent, if there exists a natural 

number i, some natural numbers (finitely many) г\ < /2<  ... < is and real numbers
«и a2, .. as with the properties:

and
i'v / for V — 1,2, ..., 5

(7) Cti.k = ^ j  &v&iv,k for к = 1,2.
v =  1

The rows of a matrix are infinitely linearly dependent, if there exists a natural 
number i and real numbers ax, a2, ..., a ,-! , аг =  0, a i+1, ... such that

(8) a, к =  2  avav,k for k = 1 , 2 , . . . .
v =  I

Let A denote the event that the rows of a random matrix are finitely linearly 
dependent and В the event that they are infinitely linearly dependent.

Making use of these definitions we can formulate the question as follows: 
What are the probabilities P (A) and P(S) equal to?
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b) The answer is:
(9) PM )=0,

(10) P(B)= 1.

The proofs of these relations are simple. 
Proof of (9):

Let A t denote the event that

=  Cl: ... = aistt = 0 and a, f = 1.

Clearly At , A2, ..., A t, ... are mutually independent and 0< P (T ,) = P(T2) = ...=  

= Р(Л,) = ... . One can see from the relation (7) that А, П A = 0, so | (J /1,| Г\А = 0
со oo

and thus \ J A , =  f ] A , Z ) A .  This fact implies that
(=i (=i

P P(A).

But we have P f) A,
j =  1

As P(A ,)cl and

П  P(T ,) because the events At are independent.
r= i

P(AX) =  P(A2) = ...=  P (A ,)= ...,

we get IJP(At)= 0  whence P(T) = 0.
t= i

Proof of (10):
Let B, denote the event (t = l, 2, ...) that there exists a natural number i, 

(different from ii , i 2, ..., it- 2) such that

=  ... = a,it, t -  1 0 and ai t.t 1.

That is, a random matrix contains a triangular matrix, in which all diagonal 
elements are equal to 1, with probability 1. Clearly the matrix also contains an 
z'-th row vector which is different from the rows of the triangular matrix, with 
probability 1. We show that such a row of the matrix is an infinite linear combination 
of the z\-th, z2-th, ..., z'(-th, ... rows.

Put ah =aiA and define the numbers aik successively as

к -  1

îk î,k ^ j  A\Aiv,k •

Clearly P(S,) = 1, therefore P

I f  t is not one of the numbers ik then let a, =  0.
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Since
k,k ' 1 s

af„,* =  0 for

and av =  0 if v И г,,
we have

к— 1 к oo
a i,k =  a ik +  Xiva iv,k =  a iva ‘v,k =  2 a ivÖl'v.fcV = 1 V = 1 V = 1

that is (10) holds.
The condition (8) says that

N

lim 2  avav k = at k for fc =  l,2 , ....
w=+°°v=l

If we substitute this condition by the condition
N

lim 2 a va v к — a i к uniformly in k ,
N= +°° v= 1

then the probability in question is equal to 0.
c)
In the proof of (10) we actually proved that the rows (and clearly the columns 

too) of a random matrix contain an infinite basis with probability 1.
(A subset of a set of vectors is called) ‘‘basis infinitely”, if any element of the 

set can uniquely be represented by an infinite linear combination of the elements 
of the subset.

A subset of a set of vectors is called to be “ basis finitely” (it can contain in
finitely many vectors) if any element of the set can uniquely be represented by a 
linear combination of finitely many vectors of the elements of the subset).

I do not know whether there exists a set o f vectors (with countably many compo
nents) containing no “basises infinitely”.

(Finitely many vectors ever contain basis. It is easy to see that a set of countably 
many vectors also contain at least one “basis finitely” and we proved above that 
this basis is the whole set with probability 1.)
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ON A PROBLEM OF GRAPH THEORY

by
G. KATONA and E. SZEMERÉDI

1. Introduction

We say that a directed graph has the diameter 2 if any two vertices are connected 
by a directed path of length at most 2. Let V{G) denote the number of vertices 
of a graph G. Let E{G) denote the number of edges of G and D{G) the diameter of G. 

Put
F(n) =  min E(G).

K(G) = n 
D(G)  =  2

P. Erdős, A. Rényi and V. T. Sós [1] proposed the question of determining the 
value of F(n). The problem has the following interpretation. There are n airports. 
Any (ordered) pair A, В of these airports is connected by at most one (directed) 
flight from A to B. How many directed connections have to be established to assure 
the possibility to fly from every airport to any other by changing the plane at most 
once?

It was noticed also by P. Erdős, A. Rényi and V. T. Sós that we can reduce 
this problem to the following one. A (non-directed) graph is called to be a complete 
even graph if we can split its vertices into two disjoint subsets, so that two vertices 
are connected if and only if they are in different subsets. At least how large is the 
sum of the numbers of the vertices of even complete graphs covering every edge
of a complete graph having « vertices? We are going to prove in 2 of this paper

2
that this number is at least n log n. (Now and in what follows log n denotes log n). 
In 3 we deduce from this result of 2 estimates for F(n). In 4 we consider the sum 
of the numbers of the vertices of complete even graphs covering an arbitrary given 
graph.

2. On Covering of a Complete Graph 
by Complete Even Graphs

Let A and В be two finite disjoint sets. Let (A, B) denote the complete even 
graph in which x  and у are connected if and only if x£A  and yÇB, or if ,v£ В and 
y€A . We denote the number of elements of a set A by \A\. We say that the G graph 
is covered by the family of complete even graphs (At B,) I S i S m  if any edge of 
G is the edge of some of the complete even graphs (A,B,). The complete graph 
having n vertices is denoted by (и).
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2 4 O. KATONA AND E. SZEMERÉDI

Theorem 1. I f  (ri)  is covered by the family o f the complete even graphs (Л, /?,) 
l S / i f f l  then

m
(1) Z  Mil + l-ßil S  n log n.i= 1

Proof of Theorem 1. Let us denote the vertices of (n) by x t , x 2, ..., x„. We 
construct a matrix M  of m rows and n columns each element of which is equal 
to one of the numbers 0, 1,2.

We put M = (a;j) where

0 if X j € A t

1 if X j i B i

2 if X j  Í A  ;

We denote the number of zeros and ones being in the j -th column by hj. In case 
the family of complete even graphs (Т;5 ;) l s i â r a  cover (n) then there is to any 
of the pairs (xk, x t) an (A tB ^), so that one of them is an element of A t , and the other 
is an element of Bt. Concerning M  this means that to any two different columns there 
is a row, so that in this row in one of the two columns there stands 0 and in the other 1. 
By other words to each j  and к ( / ̂  k) there is at least one i such that either a-tj = 0 
and aik = 1 or atj =  1 and aik = 0. Thus the k -th column and /-th column are different 
if к ^ / ,  and they remain different even if we replace any 2 by either 0 or 1. There 
are in the fc-th column m —hk elements equal to 2, so we obtain from the k-th column 
2m~hk different columns, if we replace 2 whereever it occurs either by 0 or by 1. 
As, however, the number of columns having length m consisting of either 0 or 1 
is 2m, we get the inequality

n
(2) Z  2m~hk За 2m

k =  1
that is

(3)
" 1

y l s l
*= 1 2hk -  •

The inequality between the geometrical and the arithmetical means and (3) imply

wherefrom

(4)

У  I  J _  <  1
Á n l F k ~  n

n
log n.

k =  1

However the total number of zeros and ones in the matrix M  is equal to
n m

2  hk, and it is equal to ^  MU + 12?|| as well.
k = 1 i= 1
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Otherwise it is obvious that we can always find such a family (AtB,) l S i g m  
which coverns (и) and satisfies

m

2  |л,1 +  |я<1 =  «{log«}
i =  1

where {x} denotes the smallest integer which is greater than x or equal to x. Let us 
construct the family in the form of a matrix. Let the y'-th column consist of the sequence 
of digits of the number j  — 1 in the binary system. Since the number of digits of 
any IcSn — 1 in the binary system is S [log(я — 1)] +1 =  (logn) the number of 
the rows of the matrix will be {log я}. M  will entirely consist of 0-s and 1 -.r. 
Obviously the columns of M  are all different and M  has и {log я} elements. In this 
example was no 2 in the matrix. This corresponds to the case when the set is divided 
into two disjoint subsets by (AtB f  To cover (я) log я such pairs (Aßi) are necessary, 
as it was proved in [2]. As then \A-\ + \Bt\=n  the total number of vertices of the 
covering graphs is in this case и {log я} . This fact led to conjecturing the result 
of Theorem 1.

3. Lojwer and Upper Bounds for F(n)

Now let us consider a directed graph of diameter 2, having я vertices x 1x2...x„ 
and between any two different vertices there is at most one directed edge. Let us 
consider the vertex Xj. Let the set Aj consist of those vertices to which a directed 
edge leads from Xj, and let the set Bj consist of Xj and of those vertices wherefrom 
a directed edge leads into X j. Let xk and x, be any two different verices then, according 
to our assumption, either a directed edge or a directed path of length two leads 
from xk into x,. In the first case xk£Bk and х ,вА к while in the second case, if the 
directed path of length 2 from xk to x, goes through Xj, then xk£Bj and x,€Aj. 
That means that (я) is covered by the family of (Ah Bt) 1ёу '^я  complete even 
graphs. Theorem 1 implies

/I
2  Mil +  |5 f| is Я log Я. 
i= 1

Since the number of the edges starting from x,- is \Aj\ and the number of edges ending 
in Xj is Bj\ — I

£(G) =  i Ш + М - '  s  ! * S Î -  " .
j = l  2. Z Z

Thus we obtained the following theorem:
Theorem 2. Let G be a directed graph of diameter two between any two vertices 

of which there is at most one directed edge and the number of its edges is E(G), then

(5) E{G) ë  I  log I .

Thus for the function F(n) defined in § 1 we obtain the inequality

(6) Т ( я ) ё |  l o g | .

On the other hand, it follows from the remark at the end of § 1 that F(ri) Шп {log я}.
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26 G. KATONA AND E. SZEMERÉDI

4. The Covering of Arbitrary Graphs by Complete Even Graphs

Theorem 3. Let G be a nondirected graph having n vertices x t , x 2 ■ ■■ xn and let 
the degree of Xj befj and let G be covered by the family o f complete even graphs, (Af f )  
I ^  / S  m then

(7) 2  Mil+ Mi
i = 1

i l o g
;= l

n
n - f i  '

Proof of Theorem 3. The following lemma is necessary for the proof.

Lemma: Let Я  be a set of к  elements, let H x...Hn be subsets of Я  and suppose 
that from any fixed i the number of j -s for which Я ; П L f 0 is at least . Then

( 8)
■y \ Hj  

1-1 Si
■ k .

P roof of the lemma. It is easy to see that

(9) ÿ  m
Á  gi

2  2  - - =  2  2  }i= 1 x£Hi Si x £ H  {i: x£Hi} s i

To any fixed x, however, if xdHj  we have |{i:x£ / / ,}| =gj,  because I f  has 

common elements at least with |{/:х€Я;}| sets Я ;. Therefore 2  — = 1 and thus
(i.xiH,) gi

n IJT I
from (9) 2  —  ^  k.

i= 1 Si
Let us return to the proof of the theorem. Similarly as in the proof of Theo

rem 1 we construct a matrix M  of m rows and n columns, whose elements аи are 
defined as follows:

0 if Xj € A i

1 if Xj£Bt
2 if Xj<iAi Xj^Bi

where X!, x2 ... x„ are the vertices of the graph G. Let Hj be the set of those columns 
which we can get from they'-th column of M, so that we write instead of any 2 occurr
ing there independently either 0 or 1. Further, let us examine at most with how many 
Я ; has a fixed I f  a common element. If in a graph G between Xj and x ; there is an 
edge, then there is an (A,, If) such that x; £ /(, x (- € Bt or x; Ç B, x} € At. That is 
there may be found such /- th row to the j'-th and i-th column in which the y'-th element 
is 0 and the г'-th element is 1 or vice versa. However, if we write into the y'-th and 
г'-th columns in the place of 2 either 0 or 1, the columns remain different, that is 
Я ; П Hj =  0. Since the degree of Xj is f ,  at most n —f j  is the number of those Hi 
for which Hi П Hj A 0. We can get from the lemma

y  W i\  <  o’ 
Á n - f -
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If hi denotes the sum of the number of 0-s and 1-s in the /-th column we get

Z -----T  -  2"i t i  n - f i
that is

( 10) z. 1 =2 1.
S Í  2*'(«-/()

The inequality between the geometrical and arithmetical means and (10) imply

1

/ L hi n
2i=1 П  n —f

* i '  1
1

i t i  И 2h' ( n - f i )  II

wherefrom, after some calculations using the equality

m n

Z \A i \  + \Bi\ = Z K
i — 1

we get

( io Z  И/1 +  i^ii — Z  log - ,
1 =  1  i =  1 n — J i

what was to be proved.

Remarks

It is easy to see that Theorem 1 and Theorem 3 can be generalized in such a 
way that we use as covering graphs (instead of even graphs) graphs of the form 
(At , A2, ■■■As) which are defined as follows: The sets of vertices A l ,A 2, . . .A s 
are disjoint and two vertices are connected by an edge if and only if they do not 
belong to the same set At. In this case the result, according to Theorem 3 is:

m n s

Z  M‘i| +  |/4 '2| - . | 4 | & z  log —3 7  •
i — 1  i = l  72  J i

A good estimate can be obtained by Theorem 3 if / ; is large. The case is of special 
interest w h en /;= /( l In this case the right-hand side of (11) takes the form

n m tlof 22 log----- If, for instance, f —n — c then Z  \АЛ + IЯ,-1 S 22  log —. That is it
22 —/  i = 1 c

does not differ essentially from the case of a complete graph. Taking the other 

interesting case w hen/— c n  then the right-hand side of ( 1 1) is 22 log |—
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THE PRINCIPLE OF CONSERVATION OF ENTROPY 
IN A NOISELESS CHANNEL

by
G. KATONA and G. TUSNÁDY

Introduction

The main aim of this paper is to formulate precisely and to prove the follow
ing statement:

If we have an information source, more precisely, a sequence of random 
variables £1; £2, ...with entropy H(SC) and we code this sequence in a uniquely 
decodable manner, the obtained sequence has the entropy

( 1) H{W) = H(3C)
L

where L is the average length of the codes.
The intuitive meaning of (1) is clear: it expresses the principle of conservation 

of information, when the coding is uniquely decodable (and no noise is present). In 
spite of this according to our best knowledge (1) has not been proved in full gener
ality up to now.

If we have finite number of code signals y t , the maximum of #(<30
is log m, where log denotes the logarithm with respect to the base 2. It follows from 
( 1) that

н т  ^  L
log/w

This is a well known theorem of Shannon, and according to our best knowledge 
only this consequence of (1) was proved (e. g. [1]).

In the case when the coding is not necessarily uniquely decodable instead of
(1) we prove the inequality

#(<30 S # ( . f )
T ~ ’

which has also an intuitive meaning.

Precise Formulation

Let X =  {a !, ..., x„}be the set of possible signals (the alphabet) of the information 
source, and let X°° be the set of all infinite sequences formed from the letters x t , x „ .  
If 1 S i)  S /i, ..., 1 s 4 S u ,  we denote by [xtl, ..., x ik] the set of all sequences having 
x lt, x ik on the first к places. We call such subsets of X°° cylinder sets. Let 'Д v 
denote the cr-field generated by the cylinder sets. The measure space SC =  (X °°, MÍ Y, px)
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3 0 G. KATONA AND G. TUSNADY

is called an information source, if px is a probability measure on This space 
defines an other space on the sequences of length k: 3Ck = (X k, s2l|, p\), where Xk 
is the space of the sequences (xh , ..., x h). The average information contained in 
the first к  signals of the information source is

Н{Жк) = -  У p \(xh , ..., xik) logpkx (xit, ..., xik) =
1 = i l  

1 —ik — И

= -  2  Px[xu , • ••, x j  logpx [xu , ..., x j .
1 ^ i i = : n  

1 Ú i k ^ n

Finally, the definition of the entropy of 3C is

H(3C) = lira H{SCk)
к

(the average information content of one signal), if this limit exists.
Consider now the definition of the coding. Let Y = {yt , be the set of

possible code signals. Let c(x;) (1 S  iSri) be a finite, non empty sequence formed from 
elements of Y. We call this function coding. Thus we may associate to every (xit, ...,xik), 
resp. (xJt, X j 2 , ...) a sequence of y/s. Let us write successively the codes c(x,,), ..., 
..., c(xik), resp. c(XjJ, c(xj2), . . . .  Denote by c(xu , ..., x ik), resp. d(xJt, xj2, ...) the 
resulting sequence. Let Y°° be the set of all infinite j-sequences. Thus the function 
d(xJt, X j 2 , ...) transforms the set X°° into a subset Y* of Y°°. Let 9Ir be the n-field 
in Y* generated by the mapping d(xJt, xj2, ...)of i'ly and let us define the measure 
Py on ülj. by putting:

pY(Ä) =Px(d~ l(Aj) A e Sly

where d~l(A) denotes the inverse image of A. ‘W =  (T*, Sty,pY) is the space of coded 
sequences. As above [yit, ..., y tJ  denotes the cylinder set consisting of all sequences 
in Y°° of which the first к terms are yit, ..., y ik.

Lemma 1. \ y h , П F*£SIy.

Proof. We have to prove that the set of all sequences (xJt, xj2, ...) having the image 
in [yh , y tk] П Y* is in Slx . We say that (yh , ..., y ik) is a segment of (yh , yls) 
if feS î, and y h =yh , . . . , y ik=ylk. Obviously, the image of (хя , xj2, ...) is in 
[ y t l , . . . ,y , j n r *  if and only if (yu, . .. ,y ik) is a segment of c(xh , . . . ,x jk). Thus

(2) •••> T ;jn  T*)= U[xJ l5  ..., xJk],

where union runs over sequences j \ ,  ...,jk for which (yh , ..., y ik) is a segment of 
c(xJl, ..., xjk). However the right side of (2) is a union of cylinder sets in 2tx which 
proves the Lemma.

Denote by Yk the set of sequences (y,4, ..., y ik) for which the cylinder set 
[yu , y iJ  is in Y*. Let s2ty be the tr-field of all subsets of Yk. By Lemma 1 we can
define

РгСУп, ■■■,У1к)=Ру([Ун, L ijn  У*).
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The average information content of the first к signals of the coded sequence is

H(ß/k) = -  2  Р\(Уи, log /'rO i,.lSyhSm

where l2/k = (Yk, чДу, p\). Finally the definition of the entropy of %/ is

ЩУ) =  lim — ^

(the average information content of one signal of the coded sequence), if this limit 
exists.

If /; denotes the length of the sequence c (x j ( l ë /ё и )  then the length of
к

c(xh , ..., x ik) is 2  h j■ Let Lk be a random variable in the probability space SCk, 
J - 1 к

which takes on the value 2  hj if we have the sequence (xh , . . . ,x ik). We say
i= 1

that the average code length is L, if

for /с-*•«=, where => denotes convergence in probability.
A coding c(Xj) (1 ^ iS n )  is called uniquely decodable, if

Ф 1 , .................X Û  =  C( X J,> - ,  X J , )

holds only in the case k= s, x ti = xJt, x ik= xJk.
We would like to point out that in the above sequence of definitions only the 

definitions of entropies, average code length and uniquely decodable coding are 
important, and the other ones are technical.

Finally, one more definition is necessary to the proof. Denote by ZN the set of 
the sequences (xtl, satisfying the conditions

S S— 1

2  hj <  N
7 = 1  7 = 1

Let be the u-field of all subsets of Z N and put

P z ( x t l , •••> x u) = P x U'i,, • ■ •, *,.]•
It is easy to see, that

2  P z ( x u > - > x O  =  1
(*il»

thus N =  (ZN, 9lz, pz ) is a probability space, and

H { & N) =  -  2  P x ( x u> - ,  x i.) log P x ( x n> - ,  X,,).
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32 G. KATONA AND G. TUSNÁDY

Theorems and Proofs

To prove our main theorem we need a lemma. 

Lemma 2. I f  L exists,
H(Xk) 
L • к

provided that and

N  Г

Proof. Let H{3fN\Xk) be the conditional entropy 

H (X N\Xk) = -  2 Px(«, z)\ogpx (z\u),
и Ç. X k 
z € Z w

where px (u, z) denotes the probability of the subsets of elements in X°°, for which 
the first к elements are x h , . . . , x ik and the first s elements are xJlf ..., xJs, if 
U = (xii, Xik), Z  = (xj t , ..., XjJ. Further

Px (z \u) = P.x(u, -) 
Px(.n)

Obviously, Px(u, z)xO  (px(z\u) Z 0) if and only of if one of the и and z is a segment 
of the other.

It is well known that (e. g. [1])
(3) H{Xk) +  H{%n\3Ck) = H{%N) + H(3Ck\%N),
so it is sufficient to show, that

Hi%N\3Ck)=o{N)
and

H(Stk\&*) = o(N)

if к — N
X ' Namely, in this case

HiSCk) H(?XN) H fX k\'ÆN) H (X N\Xk) 
~~N N~~ ~  N  N ~

follows from (3). 
However

(4) H (X N\Xk) =  2  Px(«)H(Z*\u)
u£Xk

where H(2£N\u) denotes the entropy — 2  Pxiz \u) logPxiz |m). Let Lk(u) =  /(n) be the
z £ Z w

к
number 2  h, ]f M = (xil, ..., x ik). 

j= 1
If l{u)^N , Px(z\u) X 0  can hold only if z is a segment of и (as и cannot be a 

proper segment of z only if u = z), but because of definition of Z v there can be 
only one segment of и in Z N. Thus px(z\u) =  1 for a certain z, and

(5) H(3fN\u) — 0.
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In the case /(m)<  N, px(z\u)^0  if and only if и is a segment of z. On the other 
hand s — k s N  — l(u) since in the case s — k = N — l(u) for the length /(z) the in
equality l( z )^  l(u)+ s — к = N holds. Obviously, we have only nN~l(u) such sequences 
z, that is,
(6 ) H (^ N\u)S\og nN~l<-") =(iV—/(//)) log//
(as the maximum of the entropy of a distribution on a set of M  elements is log M). 

Applying (4), (5) and (6 ) we have

H (Z N\9Ck) = 2  Px(“)H(&N\u) S  2  Px(u)(N--l(u)) log n =u£Xk uexk
l(u) < N l(u)<N

(7)

2  А>х(м)(Лг-/(м))1о g /2 + 2  P x ( u ) { N - l ( u ) ) \ o g n
u i X k u i X *

N(1 -£)S/(u)</V  l (u ) < ( l - t ) /V

^  Ne log n+px(u£Xk, /(и) «= (1 — e)N)N\og n.
Thus we have the inequality 

H{2£N\9Ck)
N E \ o g H + P x ( u d X k, /(и) <  (1 — e ) N )  log«.

Since converges stochastically to L, /тЛи^А'*,

verges to zero if к  — It follows that on the right side of (7)

P x { u £ X k, H u )  <  (1 - e ) N ) = P x  [ u e X k, ^ - L

Hu) J  .
“ 7---- L \ >£ con-

N(1 e) ^ L \ ä

S p x \u e x k, ^ ~ - L  <  - L - | -

tends to zero for A — because of Æ . Thus, if N  is sufficiently large,

that is

consequently

px(u£Xk, l(u) <(1 — e)N) <e 

H(%N\SCk)
N

H(&N\Ук)lim 1 J  ■ '  = 0N-~ yv

2 e log n

к =

We prove in similar way that

lim N = 0 U  =
Obviously

H(Xk\2CN) = 2  Px(z)HWk\z),
z i / . N
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where Htf£k|z) =  0 in the case z = (xtl, x is), s ^ k .  Further, if s< k , we have 
only nk~s different ii s with px(u\z) ^ 0, that is, H(3,'k\z) ^ ( k  — s) log /;. Finally, 
as above

H(Xk\X") 35 2  РхШ кztZ"
k (  1 - e ) ^ à s < k

s)\ogn+  Z  px(z)(k
z i 7 . "  

s  < ( 1 -  e)k

s) log /7 Ä

S  ek log n + k log /7 px{z € Z'v, s < (1 — в)к).
Here on the right side

px (z F Z N, s < (1— e)k) = Px(u£ X l<-l ~E)k\  l(u) ^  A') =

Px u i X* Пи)
M - L N

( 1  —  e j k
— L Px u£ А'л Ии)

M cL

which converges to zero if M = [(l — s)&] -  о». Thus H(3Pk\3?N)-^o(N), 
which proves the Lemma.

indeed,

Theorem 1. I f  the entropy H(3C) and the average code length L exist, and the 
coding is uniquely decodable, then H(W) exists, and

Н(Щ H {£)

D it titan • . • г о Я(ж*) , , t H(ß) H (2»)Proof. If H(3C) exists, in Lemma 2 —-—-— tends to , and so —------L- к L N
does, too. Thus, it is sufficient to show that

H(dPN) H(<WN)lim — ——  = In n ---——
N->oo N  Л7-»оо Д7

We can write
( 8)

where
H(2/N) + H(&N\<&N) = H(dZN) + H(WN\2PN)

H(££N\<WN) = -  2  Px(.v, z) logpx(z\v),
ziZN
v i Y N

H(<3/N\&N) = -  2  Px(u, z)logpx(v\z),
z i  Z N  
v i Y N

Px(z\v) = Px(v> z) 
Py(v)

P x i p \ z )  =
PxiP, z) 
Px (z)

and px(v, z) is the probability of the set of sequences in X°°, for which the first í  
elements are x tl, x is and the first N elements of its code are yJt, ..., yjN, if 
z = (xit, . . . ,x is), v = ( y j*, . . . ,y jN).

Obviously px(v, z)p^0 only if v is a segment of c(z). Thus for given z there 
is only one v satisfying px{v, z ) ^  0, that is, px(v, z) =  1. Applying this result we obtain
(9) H (ß / N\2£N) =  2  P x (z ) H (WN\z ) = 0

z i Z N

because of H{(2/N\z) = Q). On the other hand
(10) H ( & N\<3fN) = 2  P r (v) H ( & N\v).

uiYN
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Let / be the maximum of the numbers / , , Because of definition of Z N, N s
^/(z)<iV + / holds. Thus for a fixed v, the sequences z satisfying p x { z \ v ) ^ 0  are 
such that the first N elements of c(z) are equal to v, and the other elements are 
arbitrary. The number of such c(z)’s is at most ml~ l . Since the coding is uniquely 
decodable i. e. to a given c(z) there exists only one z, the number of different z is 
also at most ml~l. From (10) we obtain

H ( 3 f N\<SfN) s  У  py(v)  log m'~ 1 =  log/n'- ',
iTI"'

which lends to zero divided by N, if The proof is finished by (8 ).
If the coding is not necessarily uniquely decodable, we can not prove the existence 

of Hßf). In this case let us put

H i ß 0  =  ïïm
k-*o©

H(<9k)
к

In this case from the above proof we get only H(ßfN)^=H(3?N) that is, the 
following theorem holds.

Theorem 2. I f  the entropy H(3C) and the average code length L exist, then

(ID H(<&) S

Further Questions

1. A natural question is the following: under which assumption does the 

limit lim exists in the not uniquely decodable case? Probably it is not difficultК
to answer this question if ST is an information source, which produces independent 
signals.

2. It is easy to see, that for independent 3£, and not uniquely decodable coding 
the strict inequality

H I ß / )
и  m

L
holds. In other words, in the independent case equality holds in (11) if and only 
if the coding is uniquely decodable. What is the necessary and sufficient condition, 
in general, of the equality in (1 1)?

We are greatly indebted to A. Rényi and I. Csiszár for several helpful comments 
and ideas.
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ON THE ARRANGEMENT OF HOUSES IN A HOUSING ESTATE

by
L. FEJES TÓTH

On a large area we want to build as many houses as possible under the condition 
that the houses have congruent rectangular bases which are not allowed to get 
closer to one another than a prescribed distance. Calling the parallel domain of 
a rectangle a site, we face the problem of finding a densest packing of congruent
sites.

It is known that the density of an arbitrary packing of congruent centro- 
symmetric convex discs cannot exceed the density of the densest lattice-packing 
of the discs'. This enables us to restrict ourselves to lattice-packings.

Without loss of the generality, we may sup
pose that the site s is a parallel domain at unit 
distance of a rectangle of sides a and b with a ^ b .
We will show that, depending on a, there are 
three types of densest lattice-packings which we 
define by certain properties of the centro-symmetric 
hexagon It of least area containing s. The corres
ponding packing arises by paving the plane by 
translated replicas of h and placing in each hexa
gon a translated replica of s.

We call the axis of symmetry of s parallel to 
the longer side of the rectangle the axis of s.
If a = b, we agree to call only one of the axes of 
symmetry the axis of s.

We consider a centro-symmetric hexagon cir
cumscribed about s in such a way that it has a 
pair of sides parallel to the axis of s and all of its 
side-midpoints lie on the boundary of s. Among the 
hexagons sharing all these properties we distinguish 
three types.

Type 1. The hexagon has bilateral symmetry about the axis of s (Fig. 1).
Type 2. The hexagon has no bilateral symmetry about the axis of s and no 

side perpendicular to the axis of s (Fig. 2).
Type 3. The hexagon has two sides perpendicular to the axis of s (Fig. 3).
Our result reads as follows.

1 See, e. g., L. Fejes Tóth, Regular Figures, Oxford 1964.
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Let s be the parallel domain at unit distance o f a rectangle whose shorter side 
has the length a. Then the centro-symmetric hexagon of least area containing s is 
o f type 1,2 or 3 according as a 'x \ —\ 12,4 — ^ 12 «= a < 2 — (2 or a ^ 2  — \ 2 , respec
tively.

As to the proof we must confess that it has a blemish: The comparison of 
the order of some functions with one variable had been carried out only by numerical 
computations (kindly performed by K. Könyves Tóth, using a computer giving 
8  figures). Since this process seemed to be sufficiently reliable, I did not find it worth 
while to enter into tedious exact investigations.

First we consider the case that the rectangle is a square q with side-length 
a = 2x. The fact that all side-midpoints of a minimal centro-symmetric hexagon 
lie on X is easily seen and we omit its proof. In order to survey all hexagons H  with 
this property, we classify them as follows.

Class 0. H  has no side parallel to a side of q.
Let A, B, C be consecutive vertices of q such that the unit circle with center В 

contains two side-midpoints S and Tof H (Fig.4). Let LM  and MN be the sides of H 
containing S and T, and let R and U be the adjacent side-midpoints. Since LS = SM = 
=  M T=TN , we have LB — MB — NB. Again, since in view of the central symmetry 
RL = NU, we have AL = CN. Thus the triangles ALB and CNB are congruent, 
in consequence of which H is symmetric about the diagonal of q passing through B.

Since 2ST = RU =2(l +У 2x) and S T < ÿ  2, this case exists if and only if 2.v< 
< 2  — ]/2. The half area of //equals

/o W  =  (1 +  1 / 2 х ) ( ^ Ъ - \ % х - 2 х 2 +  |/8лг).

Class 1. H has exactly one pair of sides parallel to a side of q. Here we have 
two subclasses.

Subclass 11. Я has an axis of symmetry.
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Because of the central symmetry, H has two axis of symmetry, one of which 
must be parallel to those sides of H which are parallel to a side of q. This case can 
be realised only if a <  1. The half area of H  is

/ n  (a ) =  (1 +  x ) ( Ÿ 3  +  2 x  — x 2 +  2a) .

Subclass 12. H has no axis of symmetry2.
Let AB be a side of q not parallel to any side of H (Fig. 5). We imagine AB 

to be in a horisontal position and suppose that A and В are the upper vertices of 
q. Let L, M, N be the three upper vertices of H  such that AL — A M < BM — BN.

Let the line AB intersect the vertical sides of H at T  and U. Letting < 7 / t L = a  
and <lUBN=ß, we have AL = 1/cos a and BN = \/cosß. Hence, expressing the 
distance of M  from the line TU both in terms of a and ß, we find that
(I) z(«) = z(ß),
where

z(<p) sin 3(p 
cos (p

On the other hand, projecting the broken line AM В perpendicularly to the line 
AB, we obtain

„ cos 3a cos 3ß2x = -------------------£ ,cos a cos ß
whence, on account of

cos 3(p 
cos (p = 1 —4sin2 (p,

( 2 ) A' = 2(sin2 a + sin2 /?)— !.

2 The possibility o f such a hexagon was first pointed out by G. Hajós.
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The assumption that AL<BN, along with the obvious conditions 
sin 3 а/cos a >-1 and ta n /?< l, implies

(3)
n
8 a < ß n

4

In the interval (n/8, n/4) the function z(cp) has a single maximum defined by

z ' cos2<p =  8 cos*(p —4 cos2(p —1 = 0 .

Denoting the root of this equation by y, we have

cos2 у - - 1 +  УЗ
4

In (71/8 , у) the function z(q>) increases and in (y, n/4) it decreases. Consequently, 
to any value of oc such that 7t/8<a<y the equation (1) associates a unique value 
of ß such that у <  ß <  n/4. Thus, in view of (2) , x  may be considered as a function 
of a. Numerical computations show that x  strictly decreases when a increases from 
7t/8 to y.

Tn the limiting case when а =ß = y, we have

.Y = 4 sin2 у — 1 = 3 — 4 cos2 у — 2 — Уз.

In the other limiting case, when а = тг/8 , we have ß = n/4 and 2x = 2 —ÿ2. Since 
these limiting cases do not belong to the subclass under consideration, we have

/- У22 — f3 < .Y < l — -  . The half area of H is equal to

/ ,  2(-v) =  8 (sin3a cos a + sin3/? cos ß) + 2 x(l + .y ) ,

where a and ß are given by (1), (2) and (3).
Class 2. H has two pairs of sides parallel to the sides of q.
Now the third pair of sides must be perpendicular to a diagonal of q. This 

case can be realised only if 2 x S 2 — У2. The half area of Я  equals

f 2(x) = 2.y2 + 4.y+ j/ 8 - I .

This completes the enumeration of the hexagons under consideration.
Now we must pick out of the functions / o , / u , / i 2 anc* / 2  the least one for 

various values of x. We denote the graphs of these functions by g0, g t t , g, 2 and g2 ■ 
For 0 < x ^ 2  — Уз we have to compare only f 0 and / u . We have / o(0) =

= / , , (0) = /3 , /0(0) = y  !  + j/8^4,46 and Л ,(0) =  ^ -  + 2^4,31. Thus g0 and
start from the same point, but g0 has here a greater slope than gu . The graph 

g0 remains in the whole interval (O, 2 —/ 3 ) above gl t . At x = 2 — Уз we still have 
fo  = 3,0426... > / n =  3,0394... .
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In the open interval 2 - У З , У 2 three functions compete, namely

and / 12. In the whole interval f l2 turns out to be the smallest. A tx = 2 —f3«; 0,26795 
we have f u = f \ 2, and at the beginning/,! is a strong rival o f /12. At 0,26806 
(a = 33°30\ [1̂ - 35°Г28,9") we have / 12«  3,0400064 and /,,%  3,0400065. From

Ÿ 2
here on the difference / 12 increases more rapidly. At x = l — — ^  0,29289
we have / , ,% 3,1761411 and / 12« 3 ,1715729.

Yet, at the end of the interval, / 12 has another rival. For, at a value of 
.V near 0,28 the graph g0 intersects g , , and at the end of the interval g0 meets g 12. 
Nevertheless, g0 remains above gl2. For instance, for x% 0,29082 (a = 23°, ßm  
»44°35/ 2,5") we have / 12 % 3,1608412 and /„ «  3,1608621.

Ÿ2For r s  1 — -  the competition is less acute. At first there are two competitors,

namely / , ,  and / 2. In view o f/ 12 1 У2
2 = /2 И -

У 2
=/ii , g2 starts

from a lower point than g , , and remains throughout below g , ,. At x = 1 the function 
/ , ,  gives up the game so that f 2 becomes unrivalled.

Recapitulating, the minimal centro-syinmetric hexagon circumscribed about
/- /- У2s belongs for ,v^2 — \Ъ to class 11, for 2 —V 3 < x < l— —- to class 12 and for

to class 2. Since these classes are identical with the above types 1. 2

and 3, respectively, our assertion is established for a square.
In order to settle the general case, we describe a transformation carrying a 

convex polygon p into a new one. Let a and b be two vertical supporting lines of 
p (Fig. 6). Let A and В be vertices of p lying on a and b, respectively. A and В de
compose the boundary of p into an “ upper” and a “lower” polygonal line A ...В 
and B...A. We consider p as being the intersection of the two convex pointsets
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Pi and p2 bounded by a, A...B, b and b, B...A, a, respectively. Translating p2 
upwards through a distance d, we obtain a new polygon p'. We call this process 
telescoping.

We suppose p' not to be empty. Let a' and b' be the vertical supporting lines 
of p', and let tv' be the distance of a' and b'. Then

t — 1' -Ь w'd-f t",
where t, t ’ and t" are the areas of p, p' and the part of p outside the strip bounded 
by a' and b'.

Now let j  be a site with a vertical axis arising from a rectangle with side-length 
a and b such that a<b. Let h be an arbitrary centro-symmetric hexagon of area 
t circumscribed about s. We telescope h in a vertical direction through the distance 
b — a, obtaining a hexagon К of area t' (Fig. 7). The hexagon h' contains a site 
s' arising from a square of side-length a having a vertical axis. Therefore the width 
w' of h' in a horizontal direction is at least 2 + a. Thus

/ S ( 4  w'(b — à) ^ t ' + (2 +  a)(b — a).
Replacing t' by the area t of the least centro-symmetric hexagon It containing s', 
we obtain

t^ t+ (2 + a ) (b —a).
But since h has a pair of vertical sides, the sum t + (2 + a)(b — a) equals the area 
of the hexagon arising from h by telescopic elongation in a vertical direction through 
the distance b —a (Fig. 8). Since this hexagon contains s, it is proved to be the minimal 
hexagon of all centro-symmetric hexagons containing s.

MATHEMATICAL INSTITUTE OF THE H U N G A RIA N  ACADEMY OF SCIENCES, 
BUDAPEST

( Received April 20, 1966.)
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ON THE SUMMABILITY OF THE FOURIER SERIES 
OF L2 INTEGRABEE FUNCTIONS, III.

by
E. MAKAI

§ 1

Let

f(x ) = a° + £  (tfv cos v v + sin vx)
^  v =  1

be a trigonometrical polynomial with complex coefficients, sk(x ; /') its A’th partial 
sum and

ll/ll = {-^y~ +  Z ( W v + bvhv)\

In a previous paper [2] I have verified that for n S 5 3

( 1 ) 2 -
2 71

n f ) - УI'я H/ii

(Ar = 0, 1, /г; r = 1, n) with equality if and only if

(2) к 1 = k 2 = ... —k„ = n and f(x)  +cos nx).

If (1) would hold for an infinity of rís then the Fourier series of any L2 integrable 
function would converge almost everywhere.

Let now be F(z) =  c0 +  c,z + ... +c„z", 11 |F|112 = с0̂ о + c,c, + ... + c„cn and Fk(z) = 
= c0 + clz+ ...+ c kzk, further <P(z) = y,z + y2z2 + ... + y az", | ! ! Ф ! 112 = у i У t +У2Г2 +  ••• 
...+ ynyn and 4>k(z) = ylz + y2z2 + ... + ykzk.

In § 1 it will be shown that
w henever for a particular n (1) and (2) are true, then for this n

(3) \ 2 ь л * 2я,г") ^ 2 / 7 1IIFill; /•= 1
and

I n
(3') \ 2  ФкЛе2п‘г1п)\ ^  п\\\Ф\\\

I r =  1

hold with equality if  and only if

(4) к , = k 2 = ... = kn =n and F(z) = c(\ + z"), <P(z) = yz", respectively.
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In particular (3) and (У) are true for n S  53 1, with equality if and only i f  (4) hold.
Indeed, using the notations Sr = 2nr/n and evit =  1 if v ^ k  and sv>k=0 if 

V > k, we have

2  pkM >d-) = ! z  z  ■■v.krc„e"

Z  c v  Z  ev,kreivl>r\ = Z  cvcv Z  Z  £v,kp£v,kqei'<ep-ÿq)
V = О V =  0 p ,  q  =  1V =  0  r  =  1

by Schwarz’s inequality. Since this last quantity is positive we may write

I 1 / 2n m in  ( k p , k q )

(5)
\ZFk,V0ri = l l / i l 2 2 COS V($ —

r =  1 1 P , q =  1 v =  0

=  I I H I l {  2
l p , q =  1

2  ^ m i n  ( к р .к< > ( 3 , - 3 , ) ] }
1/2

where D fx) = 1/2 +  cos л: +  cos 2x + ... +cos lx is Dirichlet’s kernel. 
Equality stands in (5) only if

/I
(6) C, = c’ Z  W * *

r  — 1
where c' is independent of v.

Now 1 have shown [1] that for a fixed sequence к ,, k2, ..., k„

Z s k ,& ,; f )  s 2
p, q= 1

Dinin(fcp.fcq) ^ q )

1/2

where equality is attained for a particular /. 
Hence

n  2

(7) max!F|!i=l 2 ’ Fkf e  ̂  ) max
l l / i l  =  i

2  SkM /.f) =

and whenever the modulus of the second term on the left hand side is less than 
3«2/2, we have

max ! /  F,
l|F|li=l r=l '

(e19-) : 2П2

This is true, as previously mentioned, if min (кг, k2, ..., £„)<// and n ^ 53 
(possibly for the other w’s, too). It rests to envisage the case к { = k2 = ... =k„=n.

1 If either (3) or (3') would hold for all rís or at least for an infinity of «’s then in view of  
our main formula (7) or o f the analogous equality

n 2 и I
max Z  skf F- f ) — max Z  Фкг(е‘0г)\

l l / l l  =  i r= 1 111*111 = 1

it would follow again that the Fourier series of every L 2 integrable function would converge 
alm ost everywhere.
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Then we have, again by (7) or directly from (5)

I
2  Fie*')
r — 1

2

2«2||ИН2

and equality stands here by (6) if and only if
n

Cy = c ' 2  e~iv2nrl"Г= 1
i. e., c0 = c„ = c, c1= c 2= ...= e „ _ 1= 0.

Thus we have proved the statement about the polynomials F(z). The correspond
ing statements (3') and (4) about 4>(z) are deduced in a similar way.

§2

Let n'„ be the class of the not identically vanishing n’th order real trigono
metrical polynomials

/I
( 1 ) /  =  f(x )  = 2  (av C0S VA: + s*n vx)

v =  1
with the norm

f " I 1/2
ll/ll = jZ(űv2+^)j •

Let further sk( x ; f )  be the Ar’th partial sum of (1) and m a natural number. 
In Part II of this paper [2] I verified up to m = 53 an equivalent of the following

C o n j e c t u r e . I f  m\n, then

( 2 )
I Л

— 2  max m l = o, l... n m ll/ll ( /€ < )

with equality i f  and only i f

(3) f(x) = c(cos mx +  cos 2mx + cos Ътх + ...  +  cos nx), c > 0.

Consider the special case m = n of this conjecture. It asserts that

(4)

with equality only if
(5) f{x )  = c cos mx, c >  0.

We are going to show that this last weaker form implies the whole conjecture. 
Stated more explicitly:

Theorem. I f  for some m (4) holds, then for any multiple n o f m (2) is true', 
further i f  for the same m the sign o f equality in (4) holds only for positive multiples 
o f  cos mx, then in (2) equality holds only i f  f (x)  is given by (3).
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In the following let us introduce the notations x r = 2nr/rit,

1 mrj,m) = max -  2! „ max sk(xr;f)/\\f\\
f t  i t , ,  m  r =  ;  k = o , i , . . . , n

and let us denote by / =  (âY cos v.v 4-0v sin v.v) an extremal function of this
v= 1

maximum problem, i. e.
1 m

r »m) = n: Z .  max x*(xr;/) /||/ ||.  
i n  r= 1 k = 0,

We shall need the following

Lemma. I f  m\n, then Г{,т) sYn/m  F *m).

Indeed, introducing the functions
lm

fi(x ) =  2  (ävcos vv + sm v*) =
v = ( i - l ) m + l  

m

= 2 («</- 1 )„. + „ cos [(/-  1 )Ш + /i]Л- + B{,_ !)m+), sin [(/-  l)m + /,]x)
/ 1 = 1

and

<M-v) = ^  (á„_, )m+„ cos /ix +  „ sin /ix)
,1=1

(/=  1,2,..., n\m) we may write
til in

max sk(xr; f)  = max ,vjxr; 2 f i I = max , sk(xr-,f,) = 2  max лу(хг; </>,)
( Z — I _ t 0 ̂ k̂ kni

since we have exp //,xr =exp ,[(/ — l)m +  //]xr for r= \,2 , m, hence on the 
places x r we have

Moreover

( 6)

■5(/-1)т + Д-Хг; fi) = ̂ (x r-, (p,) (г, /1 =  1,2,

Гпт> ll/ll = -  2  max **(*,;/) к
/77 r _  I O ^ k ^ n

! j  ш n l m

2 -  2 max i*(xr; </>,) =s 2 Г%"> \\<p,\\ =

n/ltl
= 2  П т) II/,Il S  r,( m )

/ f n/m 1 1 / 2  [

ii/ii

by using in turn the definition of Г,(„т) and Cauchy’s inequality.
From our lemma it follows that if for a particular m Г̂ т) = 1, and m|n, then 

Г<",) S /и /w. On the other hand by the definition of Г̂ т), supposing again w|n,

= — 2 , max sk (xr ; cos mx +  cos 2mx +  ... +  cos nx) /   _■m k =  o, i , . . . , ii
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and since for /= 1 ,2 , ... cos lmxr= 1, we may write by taking everywhere k = n

1 w
1 = 2 sn (xr ; cos mx + cos 2mx + ... +  cos nx) =

m

Hence if =  1, then

(7) П Г  =  1/ (n = m, 2m, 3m, ...).

It rests to show that if for some m (5) is the only extremal function of (4), then 
(3) is the unique extremal function of (2). Indeed, by our assumption it follows that

( 8) Г (W) -= — 2  max Sk(xrlm r = ! к = 0 , cos mx) = 1.

Hence by (7) and (8) there must stand equality everywhere in (6).
On the place of the last inequality in (6) there stands the sign of equality only if

ll<Plll =ll</>2ll = . . .  =  11<Рл/*11

and the next but last inequality degenerates into equality by our assumption if 
and only if

ip, — c, cos mx.

Combining the last two equalities we have

Cf=cEi (/=  1, 2 , n/m)

where e, =  ±  1, hence every extremal function of the problem is of the form

c(a, cos mx + e2 cos 2mx + ... +  cos nx).

Since the partial sums of these functions on the places either vanish or are equal 
to one of the quantities c(et +e2 + ... +£9), where 0 < gSn/m , we can conclude 
that in case of an extremal function we have necessarily

(9) Bi =e2 = ...= en/m= l, c> 0 .
Indeed, for r = l, 2, m

sk(xr; Si cos mx + ... +en/m cosnx) = el +e2 + ... + e[k/m]̂ n/m

with equality if and only if k= n , and (9) holds.
This proves the unicity of the extremal function under our assumption.
Finally we want to point out that in Part I of this paper [1] we formulated 

the conjecture that if n„ is the class of the «’th order trigonometrical polynomials

/ « ' + 2 «  v cos vx + bv sin vx)
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and m\n, then

(9) 2

1/2

with equality if and only if

( 10) f  = c(i + cos mx +  cos 2mx + ... + cos nx).

Now we can state that if for a particular in (4) and (5) hold, then for this m 
(9) and (10) are true, too.

This is an obvious consequence of our theorem and of Lemmas 1 and 2 of 
Part II of this paper.

[1] M A k a i , E. : On the summability of the Fourier series o f L2 integrable functions, I, Publ. Math.,
Debrecen 11 (1964) 101—118.

[2] M a k a i , E.: On the summability of the Fourier series o f L 2 integrable functions, II, Publ. Math..
Debrecen 12 (1965) 89— 106.
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ÜBER DIE VERZERRUNGSEIGENSCHAFTEN 
DER KONFORMEN ABBILDUNG 

DES EINHEITSKREISES AUF „^-KONVEXE” GEBIETE II.

von
K. SZILÁRD

In der ersten Mitteilung über den hier zu behandelnden Gegenstand (s. [1]) wurde 
folgender Satz bewiesen.

Es sei die Funktion w =f(z) im Inneren des Einheitskreises der Ebene der kom
plexen Veränderlichen z definiert, dort analytisch, /(0) = 0  und |/'(0)| =  1, ferner 
sei die Menge © der Bildpunkte w in der w-Ebene „Q0-konvexartig" in bezug auf 
einen solchen Randpunkt C von ©, der von dem Punkte w = 0  einen minimalen Abstand 
R besitzt (d. h. jeder Punkt w mit | w | <  Л sei ein Bildpunkt). Wir setzen auch voraus, 
daß die Halbgerade aus w = 0 durch C keinen Bildpunkt w  mit |h’| ^ R  enthält. 
Dann behaupten wir:

(1) { |У ( 4 е 0- 1 ) 2 +  32é?o-  (400-1)].

Die rechte Seite dieser Ungleichung, die wir durch R0(q0) bezeichnen wollen, 
ist eine monoton wachsende Funktion von #0. Es ist Ro(0)=% und lim R0(eo)~
Der Termin „ß0-konvexartig in bezug auf einen Randpunkt” wurde in der zitierten 
Arbeit [1] erklärt.

Wir wollen uns nun von der Voraussetzung „dass die Halbgerade aus w =  0 
durch C keinen Bildpunkt w mit |w |ëR  enthält” befreien, also beweisen, daß die 
Ungleichung (1) ohne diese zusätzliche Voraussetzung gilt. Der Beweis gelingt 
für den Fall, daß die Abbildung, welche die Funktion w =/(z) von der Kreisfläche 
|z| <  1 liefert, schlicht ist, was wir für die folgenden Ausführungen auch annehmen 
wollen. Somit lautet der Satz, den wir beweisen wollen, folgendermaßen.

Die für \z\ <  1 definierte analytische Funktion w= f(z) verwirkliche eine schlichte 
Abbildung des Einheitskreises auf ein Gebiet © der w-Ebene, es sei / ( 0) =  0 und 
I f'(0) I =  1, ferner sei das Gebiet © „Q0-konvexartig” in bezug auf einen seiner Rand
punkte C, der von dem Punkte vv —0 einen minimalen Abstand R besitzt. Dann gilt 
die Ungleichung (1).

Beweis. Wir betrachten das Gebiet ©*, welches wir durch Symmetrisierung 
nach Pólya aus dem Gebiet © in bezug auf eine Halbgerade, die durch den Punkt 
w = 0 geht, erhalten haben (s. [2] und [3]). Um diese Halbgerade zu fixieren, nehmen 
wir ohne die Allgemeinheit einzuschränken an, dass der Randpunkt C auf der nega
tiven Hälfte der reellen Achse der w-Ebene liegt und somit dort die Abszisse w = —R 
besitzt (s. Fig. 1). Da das Gebiet © in bezug auf diesen Randpunkt „£>0-konvex- 
artig” ist, so enthält der Kreis mit dem Mittelpunkt w =  —q0 — R und mit dem 
Radius ßo (der also den Punkt w =  — R auf seinem Rande erhält), in seinem Inneren
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keinen Punkt des Gebietes ©. Die Halbgerade, in bezug auf welche wir die Symme- 
trisierung nach Pólya vornehmen, soll aus dem Kreismittelpunkt w =  — q0 — R 
ausgehen und durch den Punkt w = 0 gehen (also insbesondere die ganze positive 
Hälfte der reellen Achse der w-Ebene enthalten).1 Das Gebiet ©*, welches wir durch

Pólya-Symmetrisierung in bezug auf 
diese Halbgerade erhalten haben, 
enthält, genau so wie ©, die ganze 
Kreisfläche und enthält kei
nen Punkt ív der abgeschlossenen 
Kreisfläche |iv +  R +  g0| S  во- Doch 
enthält es auch keinen Punkt der 
negativen Hälfte der reellen Achse 
mit einer Abszisse — R. Dies 
folgt daraus, dass wegen der Schlicht
heit der Abbildung durch die Funk
tion vv=/(z) das Gebiet © einfach 
zusammenhängend ist, folglich das 
Gebiet ©* auch (s. [3], Seite 71). 
Würde ©* einen Punkt der reellen 

Achse mit einer Abszisse vv <  —R — 2g0 enthalten, so würde es eine ganze Kreislinie 
mit dem Mittelpunkt w = —R — Q0 durch diesen Punkt und (wegen des einfachen 
Zusammenhanges von ©*), auch die ganze zugehörige Kreisscheibe enthalten, 
was, wie wir gesehen haben, nicht der Fall sein kann. In bezug auf die beiden 
Gebiete © und ©* und den Punkt vv =  0, der in beiden Gebieten enthalten ist, 
gilt folgender Satz von Pólya und Szegó' (s. [3], Seite 81).

„Nehmen wir an, daß a0 ein Punkt des Gebietes © in der w-Ebene ist und, 
daß das Gebiet ©* aus © durch Symmetrisierung in bezug auf eine Gerade, oder 
Halbgerade, welche durch a0 geht, entstanden ist. Es seien r0 und r$ die inneren 
Radii von ©, bzw. ©* in bezug auf a0. Dann ist

In unserem Falle ist a0 = 0  und auf Grund dieses Satzes können wir behaupten, 
daß wenn die Funktion w = f{z)= z + a2z2 + ...  eine schlichte konforme Abbildung 
des Einheitskreises der z-Ebene auf das Gebiet © verwirklicht (so daß also der 
innere Radius r0 von © in bezug auf w =  0 gleich 1 ist), so gilt für eine Funktion 
w* = f*(z), welche eine schlichte Abbildung des Einheitskreises der z-Ebene auf 
das Gebiet ©* mit/*(0) = 0 und f*'(0) = K ^ 0  liefert:

1*1 S?l.

Es bedeutet hier keine Einschränkung der Allgemeinheit, wenn wir die ersten 
Ableitungen, /'(0) und f*'(0) = K  reell und positiv annehmen, also statt der vorigen 
Ungleichung Í É 1 schreiben.

Die Funktion w*=f*(z) hat die Potenzreihenentwicklung

f*(z) = Kz + a tz2 + ...

1 Diese Symmetrisierung von © kann ausgeführt werden, wenn es nur im Randpunkte C  
„go-konvexartig” ist. Im übrigen kann © einen beliebig komplizierten Rand haben.
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und die Funktion

j^/*(z) =  z + ~ z 2+...

verwirklicht eine konforme Abbildung der Kreisscheibe |z| <  1 auf ein Gebiet der 
tv-Ebene, welches aus ©* durch eine Ähnlichkeitstransformation in bezug auf 
das Ähnlichkeitszentrum vr =  0 im Verhältnis K: 1 entstanden ist. Nach dieser

o RTransformation müssen wir q0 durch und R durch — ersetzen. Das entstandene

Gebiet ist ein solches, für welches die Ungleichung (1) bereits (s. [1]) bewiesen wurde, 
sodaß wir behaupten können, daß die
Ungleichung А

Rо (Qo) \
R
К S  R 0

gilt. Es ist nun nicht schwer zu zeigen, 
daß

K R 0 Ы =  r o ( Q o )

Qc
ist. Dies folgt daraus, daß K S 1 und, 
daß die Kurve, welche die Abhän
gigkeit der Größe R0(g0) von g0 ver
anschaulicht, wie man sich z. B. durch zweimaliges Differenzieren von R0(g0) 
nach g0 überzeugen kann, konkav ist, (s. Fig. 2), woraus schließlich folgt:

R — R0(eo)>
womit die Behauptung des Satzes bewiesen ist. Für den Grenzfall go—0 ergibt 
sich die Koebesche Konstante

LITERATURVERZEICHNIS

[1] S z i l á r d ,  К.: Über die Verzerrungseigenschaften der konformen Abbildung des Einheits
kreises auf „go-konvexe” Gebiete, I, Studia Sei. Math. Hung. 1 (1966) 133— 
136.
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ANWENDUNG DER THEORIE 
DER DIFFERENTIALUNGLEICHUNGEN 

AUF ZWEI NEUE RANDWERTAUFGABEN 
FÜR PARABOLISCHE DIFFERENTIALGLEICHUNGEN

von
H. BECKER

Bei Wärmeleitungsproblemen wird gewöhnlich eine der drei Randwertaufgaben 
behandelt: Außer der Anfangsverteilung der Temperatur in einem Körper ist auf 
dem Rande für jeden späteren Zeitpunkt entweder die Temperatur oder der Wärme
fluß oder eine Kombination beider vorgeschrieben. Man denkt sich etwa bei der 
ersten Randwertaufgabe (RWA) den Körper D in ein Wärmebad gebracht, das 
dem Rand dD die vorgeschriebene Temperatur verleiht und dessen Wärmekapazität 
im Vergleich zu der des Körpers so groß ist, daß der Wärmefluß durch i)D die 
Temperatur U(t) des Bades nicht beeinflußt. G. Freud [1] und G. A dler [2, 3] 
ließen diese Voraussetzung fallen. Damit ist — außer für die Zeit t = 0 — die Tempera
tur U(t) selbst unbekannt; statt dessen besteht eine Wärmebilanz, die U(t) mit 
den äußeren Wärmequellen und dem Wärmefluß durch r)D verbindet. Entsprechend 
läßt sich auch die dritte RWA modifizieren.

Die so entstehenden neuen Probleme nennen wir hier (im Anschluß an A dler) 
vierte bzw. fünfte RWA der Wärmeleitungsgleichung. Für diese Aufgaben hat 
A dler [3] Existenz- und Eindeutigkeitssätze angegeben.

In der vorliegenden Arbeit werden die Eindeutigkeitssätze unabhängig von 
der Existenztheorie mit Hilfe der Theorie der Differentialungleichungen hergeleitet. 
Die Stärke dieser vergleichsweise elementaren Methode besteht darin, daß ohne 
Vergrößerung des Aufwandes sofort Aussagen über große Klassen nichtlinearer 
Probleme und allgemeiner Bereiche gewonnen werden können. Den Ausgangspunkt 
bildet ein dem Problem angepaßtes Lemma von Nagumo-Westphal, wonach sich 
unter einfachen Voraussetzungen Ungleichungen auf dem Rande ins Innere fort
pflanzen. In der dann folgenden Verschärfung dieses Lemmas, bei der in Voraus
setzung und Behauptung die < -Zeichen durch S  ersetzt werden, steckt bereits 
ein Eindeutigkeitssatz. Außerdem läßt sich aus dem Lemma ein Abschätzungs
satz herleiten für Lösungen „benachbarter” Differentialgleichungen mit „benach
barten” Randbedingungen. Aus diesem Abschätzungssatz liest man unmittelbar 
einen Satz über die stetige Abhängigkeit einer Lösung von den Randwerten ab. 
Damit ist unser Vorgehen bei den in §1 formulierten RWAn skizziert. Die in § 2 wieder
gegebenen Hilfssätze spielen eine zentrale Rolle in der Theorie der Differentialunglei
chungen ; wir entnehmen sie der Monographie [4], an die wir uns auch sonst in den Be
zeichnungen und der Darstellung sehr eng anschließen. Der § 3 bringt ein zu den 
betrachteten Problemen gehöriges Lemma von Nagumo-Westphal und den daraus 
folgenden Eindeutigkeitssatz. An einem Gegenbeispiel wird gezeigt, daß eine wün
schenswerte Erweiterung dieses Lemmas nicht erwartet werden kann. Wie in [4] 
lassen sich aus den Hilfssätzen und dem Lemma eine Reihe von Ergebnissen her
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leiten, von denen wir in § 4 zwei einfache Abschätzungssätze wiedergeben, die die 
stetige Abhängigkeit von den Randbedingungen und der rechten Seite der Differential
gleichung enthalten. — Bemerkenswert ist, daß die lokalen Methoden der Diffe
rentialungleichungen auch hier zugkräftig sind, wo eine integrale Nebenbedingung 
besteht.

Ich möchte Herrn Prof. Dr. Wolfgang Walter, der diese Arbeit anregte und 
in Diskussionen förderte, meinen Dank aussprechen. Herrn Dipl.-Phys. M. Lenhard 
danke ich für Erörterungen im Zusammenhang mit dem Gegenbeispiel des § 3.

§ 1. Bezeichnungen. Problemstellung

Es sei J0 das Intervall 0 < / S f ,  J das Intervall O ^ t^ T .  Die Klasse aller 
(reellwertigen) Funktionen Ф(?), die auf J  stetig und auf J0 differenzierbar sind, 
nennen wir Z. Der m-dimensionale Euklidische Raum, d. h. die Menge aller m-tupel 
reeller Zahlen x =  (xt , .. .,  xm), versehen mit der Norm |x| =  x\ + ... + x;n, bezeichnen 
wir mit Em. In diesem Raum sei ein (offenes) beschränktes Gebiet D vorgelegt, 
dessen Berandung dD einen endlichen m — 1-dimensionalen Inhalt hat (es genügt 
vorauszusetzen, daß dD bezüglich eines m — 1-dimensionalen Maßes, etwa des 
Haußdorffschen Maßes, meßbar ist und ein endliches Maß besitzt). Ferner sei 
D = DiJdD  die abgeschlossene Hülle von D und G das topologische Produkt von 
J0 und D. Der Teil des Randes von G, der von den Mengen {0}XD  und J0xdD  
gebildet wird, heiße d'G.

Für eine auf G einmal nach t und zweimal nach xx, ..., xm differenzierbare 
Funktion q>(t,x) bedeutet cpt die Ableitung nach t, <px den Vektor der ersten Ab
leitungen nach Xi, ..., xm und <pxx die mXw-Matrix der zweiten Ableitungen. Die 
Funktion f(t, x, z, p, r) sei definiert für alle (t, x) £ G, (z, p)6M, r £_ M r , worin 
M  eine Teilmenge des Em+1 und M,. eine Menge symmetrischer m X m -Matrizen ist. 
Die Differentialgleichung

u,=f(t, x, u, ux, uxx)
heißt parabolisch, wenn

(1 ) f( t ,  x, z, p, r) S f( t, X ,  z, p, f)

gilt, falls die Argumente im Definitionsbereich von /liegen und r — r positiv semi- 
definit ist.

Es bezeichnet Z* die Klasse aller Funktionen (p(t, x) mit den folgenden Eigen
schaften : 1. (p ist auf G = JX D  stetig und in G einmal nach t und zweimal stetig 
nach x differenzierbar. 2. In jedem Punkt (t, x) £J0XdD  besitzt q> eine äußere 
Normalableitung cpn im Sinne von Walter [4, S. 222], d. h. für jedes x£dD  ist eine 
gegen x konvergente Folge x {k) Ç D ausgezeichnet, und der Grenzwert

(2) * .(« , X) =  -  lim

existiert. 3. Die Funktion <pn ist für jedes feste i € / 0 über dD integrierbar.
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Die im folgenden auftretenden Integrale erstrecken sich stets über dD.

(3) P(f> =  9, </>, 9x, <Pxx) (9 € Z*)
heißt Defekt von (p.

Die unten angegebenen Eindeutigkeitsaussagen beruhen auf einer verall
gemeinerten Lipschitzabschätzung mittels einer Funktion w(t, z). Die Funktion 
co{t, z) gehört zur Klasse E bzw. E, wenn sie für t£ J 0 und z ê 0 erklärt ist und die 
folgende Eigenschaft besitzt: Zu jedem e>0 gibt es ein <5 > 0  und ein g(t)£Z, so daß
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(4a) E: öS q^Se, q'> w(t, g), 0 in J0

(4b)
gilt.

Ё : ô S  g Se, g'>w(t, q) + ö, q'> ö in У,

Faßt man g(t)£Z  als in G definierte Funktion auf, so ist g£Z*.
Wir beschäftigen uns hier mit Problemen der folgenden Art:
Gesucht werden eine Lösung u(t,x)£Z* der parabolischen Differentialgleichung

(5a) u, = f(t, X ,  u, ux, uxx) ((/, X )  £ G)

und eine Funktion U(t)£Z, die den Randbedingungen für t = 0

(5b) и(0, x) = u0(x) (x £ D)

(5c) U{0) = Uo,
der Beziehung
(5d) f  u„(t,x)do+U'(t) = Q(t) (t£ J 0)
sowie der Randbedingung auf J0 X dD

(5e) R[u, U] = 0
genügen.

Der Randausdruck R = 0 hat die Gestalt

(5e,) u(t, x) — U(t)=0 (vierte RWA)
oder
(5e2) un(t, x) + d(t, x, u(t, x), U(t)) = 0 ( fünfte RWA).

Dabei sind u0 und Q gegebene stetige Funktionen auf D bzw. J und U0 eine gegebe
ne Konstante. Die Funktion d(t, x, z , , z2) sei für t£ J 0, x£dD, z1>2 £E' definiert, inz! 
monoton wachsend und in z2 stark monoton fallend. Dies ist z. B. der Fall, wenn 
bei (5e2) eine Randbedingung dritter Art

(6) un + a(u — U)=0 (a>0)
vorliegt.

Die Beziehung (5d) stellt die eingangs erwähnte Bilanz dar. Bedeutet и die 
Temperatur im Körper D, U die des Wärmebades B, so ist in geeigneten Einheiten
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und bei passender Normierung des Oberflächenmaßes /  u„do die nach D hinein
fließende Wärmemenge, U' die zur Erwärmung von В benötigte und Q die von außen 
zugeführte Wärmemenge, jeweils bezogen auf die Zeitenheit.

Ohne Änderungen in den Beweisen bleibt das folgende übrigens gültig, wenn 
man das Integral über dD ersetzt durch eine Schar monotoner Funktionale F(t; .), 
die erklärt sind für Funktionen auf dD. Lediglich die dritte Eigenschaft der Funktionen 
aus Z* muß geändert und dem Definitionsbereich dieser Funktionale angepaßt 
werden.

§ 2. Hilfssätze

Die beiden folgenden Hilfssätze sind für unser Vorgehen grundlegend. Der 
erste ist im wesentlichen der Satz 8. II in [4], der zweite ist ein auf die vorliegenden 
Verhältnisse zugeschnittener Spezialfall von Satz 24. I in [4]. Auf die Beweise darf 
deshalb hier verzichtet werden.

H ilfssatz 1: Es seien Ф(/), !P(t) zwei in J0 : 0 < t s  t differenzierbare, in 
0 stetige Funktionen mit der Eigenschaft:

(7) Ist Ф(10)= Ф (/0) für ein ?0€ /0, so gilt <ï>Xt0)<4''{t0).

Dann liegt genau einer der beiden Fälle vor:

(8a) Ф<Ф in I0,

(8b) Es gibt ein /* > 0  mit Ф ^Ф  in

H ilfssatz 2 : Es seien cp(t, x), t//(t, x) zwei Funktionen aus Z* mit der Eigen
schaft :

(9) Ist (p=\f/, (px = ij/x und i//xx — cpxx positiv semidefinit an einer Stelle in G, 
so gilt an dieser Stelle Dann liegt genau einer der beiden Fälle vor:

(10a) <p<ij) in G.

(10b) Es existiert ein (t,x)£d'G  so daß

(11) cp(t, x) < V) für 0 < iS i ,  x£D
und

(12) <p(t, x)SnKi, Ä).

Man beachte, daß für f> 0  der Punkt x auf dD liegt und daß die Ungleichung (11) 
noch bei t = t erfüllt ist; wegen der Stetigkeit von cp und ф in G gilt dann in (12) 
die Gleichheit:

(13) cp(J,x) = \!j(t,x).

Sluä ia  Scientiarum  M athem alicarum  Hungarica 2 (1967)



PARABOLISCHE DIFFERENTIALGLEICHUNGEN 57

§ 3. Ein Nagumo-Westphal-Lemma

Die Funktionen Ф, F seien aus Z, die Funktionen cp, ф aus Z*, und es gelte 

(14a) Рср<Рф in G — J0XD
(14b) (/9(0, x) <  ф(0, x) für x£D
(14c) Ф(0)<Ф(0)

(14d) f(p„do + Ф '(0</|А„^о+ У'ЧО für t£ J 0
(14e) R[<p, Ф]=0, Я[ф, Ф] =  0 auf J0XdD.
Dann ist

ц к ф  in G, Ф <  Ф in J0.
Der Beweis beruht auf einer gleichzeitigen Anwendung der beiden Hilfssätze. 

Wir weisen zunächst (9) nach. Ist (р — ф, (рх = фх und фхх — (рхх positiv semidefinit 
an einer Stelle in G, so gilt mit (1), (3) und (14a) dort

0< Рф -Р(р = ф,-(р, - f{ t ,  X ,  ф, фх, фхх) +f(t, х,ф ,ф х, (pxJ  S ф ,-(р ,.
Der Hilfssatz 2 ist also anwendbar. Nehmen wir an, es liege der Fall (10b) 

vor. Wegen (12) und (14b) ist 0. Nun soll der Hilfssatz 1 auf das Intervall 
70 :0 < iS ?  und die Funktionen Ф, Ф angewandt werden. Der Nachweis von (7) 
und die weiteren Schlüsse müssen für die vierte und fünfte RWA getrennt geführt 
werden. 1°. Hat (14e) die Form
(15) </)(/, х) = Ф(г), Ip(t, x)= 4'(t) (t£J0, xddD)
und ist Ф =Ф  in t0£I0, dann ist cp(t0, х) = ф(10, x) auf dD, also wegen (11) und
(2) <p„(t0, х )^ ф п(10, x) auf dD. Hieraus und aus ( 14d) folgt Ф\(0)<Ф'(10); damit 
ist (7) erfüllt. Da der Fall (8b) wegen (14c) nicht eintreten kann, gilt nach dem ersten 
Hilfssatz Ф<Ф auf 70, insbesondere an der Stelle t. 2°. Aus Ф(?)<Ф(?) und (15) 
folgt (p{J, x) <  ф(1, x) auf dD. Dies steht für x =  x im Widerspruch zu (13). Also 
liegt nicht (10b), sondern (10a) vor.

3°. Nun zeigen wir, daß auch für die fünfte RWA der Fall (10a) vorliegt. Die 
Randbedingung (14e) lautet jetzt

(16) cp„ + d(t, x, (p, Ф)=0, i/'„ + '9(/, x, ф, Ф) = 0 (t£J0,x£dD ).
Mit (14d) ergibt sich aus Ф=Ф in t0£I0 und aus der Annahme (10b)

Ф '( 'о )-¥ ''( 'о )< / d(t0, x, (p, Ф(t0j ) d o - f  d(t0, x, ф, Ф(t0))do S  0,

letzteres wegen der Monotonie von 9. Damit ist auch hier (7) erfüllt. Weil der Fall 
(8b) wegen (14c) nicht eintreten kann, gilt wieder Ф< Ф auf /0. 4°. Aus Ф(?) < Ф(г), 
(13), (16) und der starken Monotonie von 9 im letzten Argument ergibt sich

<Pn(1 ,х)-ф п(1,х) = 9(1, x, <p, Ф(?)) —9(1, x, cp, Ф(?))<0.
Aus (11), (13) folgt aber срп^ф„ in (t, x). Dieser Widerspruch zeigt, daß auch hier 
(10a) gilt.
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5°. Gehen wir die Punkte 1°. bzw. 3°. erneut durch, wobei wir t durch T, d. h. 
70 durch J0 ersetzen und an Stelle von (10b) die bereits bewiesenen Ungleichungen 
cp <i/i in G, in G benutzen, so ergibt sich Ф < ÎP in J0. Das Lemma ist voll
ständig bewiesen.

Die folgende Abwandlung des Lemmas läßt sich auch für die fünfte RWA 
leicht durchführen, wenn 9 die spezielle Form

(17) 9(t, x,u, U) = 9*(t, X, u — U)
besitzt; 9*(t, X, z) soll dabei bzgl. z stark monoton wachsend sein. Die Randbedingung
(6) ist z. B. von dieser Gestalt.

C orollar : Es seien V, W £ Z  und v,w£  Z*. Die Funktion f  genüge für ein 
o> £ E der einseitigen Abschätzung
(18) f(t, X, ír +  z, wx , wxx) - f i t ,  л-, w, wx , wxx) r§ cü(/, z) für z >0, 

falls die linke Seite definiert ist. Ferner gelte

(19a) 4: NA C)

(19b) t>(0, .\')ä )v(0, x )  in D

(19c) F(0) S W(0)

( 19d) Jv„do+ F ' ( 0 = /  wndo+ W'(t) in J0

(19e) R [ v , V ] = 0 , R [ w , W ] = 0  in JoXdD.

(Liegt die fünfte RWA vor, so möge (17) gelten.) Dann ist 
V vr in G, V ^ W  in J.

Beweis: Zu e> 0  wählen wir ein (5=>0 und ein p £ Z  derart, daß (4a) gilt, und 
setzen cp=v, Ф= V, ф = w +  q, 4* = W + q. Dann sind, wie wir sehen werden, die 
Voraussetzungen des Lemmas erfüllt. Die Ungleichungen (14b, c) sind evident. 
Da Qn =0 und ‘0 ist, gilt auch (14d). (14e) folgt ebenfalls sofort, im Falle der 
fünften RWA wegen (17). Der Nachweis von (14a) bedarf einer kleinen Rechnung:

Рф -  Pq> = ß' +  Wt -  V,  - f i t ,  X,  w + Q, wx , wxx) 4-f{t, X ,  v, vx, vxx) ^

= q' + Pw — Pv — a>(t, q) =- 0.

Also ist v<w + s und V c W + e  in G bzw. J0. Weil в beliebig war, folgt die Be
hauptung t>Siv in G und V W in J.

E indeutigkeitssatz: Genügt f  einer Abschätzung (18), dann hat die RWA
(5a—e), (17) höchstens eine Lösung (и, U).

Für zwei Lösungen (v, V), (w, W) liest man aus dem Corollar v ^ w  und w ^v, 
also v = w in G ab. Analog folgt V= W in J. Auf die Einschränkung (17) kann im 
Corollar und im Eindeutigkeitssatz verzichtet werden, wenn 9 einseitigen Abschätz
ungen in и und U und/ einer verschärften Abschätzung (vgl. [4, 25. VIII <5]) genügen. 
Mit geringen Änderungen verläuft dann der Beweis des Corollars wie der des Lemmas.
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Bemerkung: Dem Lemma scheint ein Mangel anzuhaften: ln (14e) und (19e) 
muß das Gleichheitszeichen gelten. Das engt für Rechnungen den Kreis der Ober
und Unterfunktionen stark ein und macht Einschränkungen im folgenden Ab
schätzungssatz nötig. Es wäre darum wünschenswert, z. B. (19e) bzgl. der vierten 
RWA durch „ v^V , w ^ W  auf J0 XdD ” (oder die umgekehrten Ungleichungen) 
zu ersetzen. Die folgende Betrachtung zeigt jedoch, daß dann Lemma und Corollar 
falsch werden. Es sei w(t, r) die Lösung der ersten RWA der Wärmeleitungs
gleichung u, = Au für die Kugel D : [x |= r< R  im E 3 mit w(0, r) =  0 und vr(í, R) = 
= h(t) = t{t0 — t) für i S 0; f0>0. Dazu konstruieren wir durch die Beziehung

( 2 0 )  J  w(t, x )  dx + W{t) = 0  ( i S  0 )

D

eine Funktion W dZ, die wegen wt = Aw und der Greenschen Formel der Gleichung

J wndo+ JV'(t) = 0 ( i > 0)
genügt. Da tt (i, r )> 0  in (0< i S i 0)xE) gilt, ist W(t) für 0 < i S i 0 negativ. Dann 
existiert rechts von i0 eine Stelle i, derart, daß vv(i, R) = h(t) S  W(t) für O ^ iS i ,  
und w(ils R) < 0 ist. Auf Grund der Stetigkeit von w in JXD  gilt w(i1; /•)<0 
für passende r<R.

Setzt man noch u = 0, KsO und wählt man im Corollar für J  das Intervall 
O ^ iS f j ,  so sind alle Voraussetzungen (19a—e) bzgl. der vierten RWA erfüllt 
mit Ausnahme der Abschwächung: u’(i, x )S  lE(i) auf J0XdD  von (e), und es 
gilt V >  w für i =  t l und gewisse Punkte aus D sowie W in J0.

Ähnlich zeigt man, daß auch eine entsprechende Abschwächung des Lemmas 
nicht gelten kann; man wähle etwa ср = Ф = — e(l +t) mit e> 0  und ф = w, 4* =  W 
mit den oben konstruierten Funktionen vv, W.

Die umgekehrte Abänderung von (19e) in ivS W ist auf Grund der Verhältnisse 
bei der ersten RWA (vgl. [4, 25. II]) sicher nicht möglich. Anhand des obigen Gegen
beispiels sieht man dies ein, wenn man h durch — h und folglich (w, W) durch 
( — w, —W) ersetzt: Für 0 < t^ to trifft dann die Behauptung des Corollars nicht 
mehr zu.

Auch für die fünfte RWA kann man auf demselben Prinzip beruhende Bei
spiele dafür finden, daß in der Randbedingung (19e) wn + a(w—W) = 0 (a>0) 
nicht das ^-Zeichen zulässig ist. Betrachtet man unter sonst gleichen Gegeben
heiten wie oben die dritte RWA w„ + a(w — h)=0 für die Kugel D, so gilt im Inter
vall 0 die Ungleichung wn + a(w—W )^0 , und durch Wahl von a läßt sich 
auch hier ir(t1,r )< 0  in der Nähe des Randes erreichen, da nach (20) IF(?,)<0 
gelten muß.

Daß in diesem Falle die Randbedingung nicht verletzt werden darf, ist nicht 
so überraschend wie im Falle der vierten RWA, weil schon bei gewissen Sätzen 
über die dritte RWA (vgl. [4, 31. X, XII]) die Randbedingung exakt erfüllt werden 
muß.

§ 4. Abschätzungssatz

Mit den von Walter [4] behandelten Methoden lassen sich auch in unserem 
Falle Abschätzungssätze beweisen, wobei man sich hier auf das Lemma aus § 3 
beruft. Ein Beispiel dafür ist der folgende

Studia Scientlarum Mathematicarum Hungarica 2 (1967)



6 0 H. BECKER

A bschätzungssatz: Es seien V, WÇfZ und v, w£Z*. Die Funktion f  genüge 
den Abschätzungen

fi t ,  x, w, wx, wxx) - f ( t ,  X ,  w - g ,  wx, wxx)Sœ (t, g)
(21 a) f{t, X ,  ív + g,wx, wxx) - f ( t ,  X ,  w, wx, uxx) S  oft, о),

wobei Funktionen д,д  6 Z  und Funktionen ö, Ô auf J  existieren mögen, die den Un
gleichungen
(21b) g 'x o f ,  p)+<5(/), g'> œ it, ё)+<5(0 in J0 
genügen. Ferner gelte
(22a) Pv = 0, -ô it)tS P w tS Ô it) in G
(22b) — e(0)<vv — p(0) für t = 0 ,x£D
(22c) -  ë(0) < Wi0) -  F(0) <  д (0)

(22d) — g '< fw ndo +  W ' — f  v„do — V  <  g' in J0
(22e) R[v, F] = 0, Л[и>, W]=0 auf J0XdD.

( Wenn die fünfte RW A vorliegt, soll (17) gelten.)
Dann ist

— QÍt)<w — v<QÍt) in G, — git) <  W — F<  git) in J0.
Zum Beweis setzen wir <p=w — д, t//=u, <P=W— g, W =V  und prüfen die 

Voraussetzungen des Nagumo—Westphal-Lemmas nach. Nur der Nachweis von 
(14a) sei erwähnt, die übrigen sind noch einfacher:

P<P -  PiJj = ív, -  q' - f i t ,  X ,  w g, wA., wxx) ̂  Pw - g '  + coit, g)tS
^ö it)  — g' + coit, £?)<0.

Also gilt (p < in G, Ф <  W in J0, und das ist die eine Hälfte der Behauptung; die 
andere ergibt sich entsprechend. Es sei darauf hingewiesen, daß die im Satz vor
kommenden Schranken g, g, ô, ô keineswegs positiv sein müssen. Nimmt man 
dies jedoch an, so kann man dem Satz die folgende einfachere Form geben.

Corollar: Es seien U, W Cz  Z und u, vv€Z*. Die Funktionen f g  = g und ô 
mögen (21a, b) erfüllen. Ferner gelte (17) und
(23a) Pu = 0, .Piv|S(5(r) in G
(23b) \w — u|<p(0) fü r  t = 0,x£D
(23c) 1^(0) — £/(0)| <  e(0)

(23d) /  w„do + W' — f  undo — U'\ < g' in J0
(23e) R[u,U] = 0 R[w,W ] = 0 auf X b

Dann ist \w — u\<git) in G ,\W — i / |< eit) in
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Die Bedingungen (21a, b) können ohne Kenntnis einer Lösung (и, U) des 
Problems (5a—e) geprüft werden, die (и, U) betreffenden Angaben in (23b—e) 
lassen sich der Problemstellung entnehmen. Der Abschätzungssatz gestattet also, 
falls nur die Existenz einer Lösung gesichert ist, die Güte einer Näherung (vv, W) 
zu beurteilen.

Unter Beachtung der Definition (4b) der Klasse Ё folgt aus dem Corollar der
Sa t z : Die Funktion f  genüge für ein <ü Ç Ё den Abschätzungen (21a). Die Lösung 

(u, U) der RWA (5a—e), (17) hängt (wenn sie existiert) stetig von der rechten Seite 
der Differentialgleichung und den Vorgaben u0, U0 und Q ab, falls die Randbedingung 
auf ,/0 Y.BD exakt erfüllt bleibt: Zu jedem £ > 0  existiert ein ö > 0 , so daß aus 
W Ç.Z, w£Z*, |/V |<<5 in G, |u'(0, x ) — m0(a') |< (5  in D, \W(0)—Uo\<ö,

| /  wndo +  W' — q \<.ö in J0
und 7?[u’, W] = 0  folgt:

\w — n |<£ in G, \W— C/|<£ in J0.
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ON APPROXIMATION BY POSITIVE LINEAR METHODS, I

by
G. FREUD

We refer to the following theorem of P. P. Korovkin [4]: Let C2n be the space 
of 27t-periodic continuous functions, {An} a sequence of linear transformations 
of C2n into C2n. We denote the ^„-transform of/(x) by A„{f(t)\ x}. Let us suppose 
that all A„ are positive in the following sence: Iff(x)  ^ 0  for all real x, then A„(f;x) ^ 0 
for all real x. Now, Korovkin’s theorem states that if for such a sequence {A,,} 
we have for a numerical sequence A„ — 0

(1) Л„(1;х) =  1, yl„(cos /; x) =  cos x  + 0(X2),
A (sin t; x) =  sin x + 0(X$) 

then we have for an arbitrary /£ С 2я

(2) \A„(f,x)-f(x)\^KMf\K)
where
(3) co(f; Ô) = max \f(x  + h )-f(x )\\h\Si
is the modulus of continuity of /.

As an immediate consequence of this relation we deduce as a necessary and 
sufficient condition for

(3) I N „ ( / ) - / l l  - o

that (1) should be satisfied with some sequence A„— 0. This means that a necessary 
and sufficient condition for (3) to hold for all /€ С 2я is, that it should hold for just 
the three functions / 0 = 1,/, (x) =cos x and / 2(x) = sinx. A phenomenon of this 
kind was first observed by H. Bohman [1]. As it was proved by P. P. K orovkin 
himself, by a proper choice of the An we can achieve, a., that An transforms C2lt 
into the subspace T„ of trigonometric polynomials of order n at most; b., that 
X„ = 0(n~2). We then conclude

f ( x ) -A „ ( f ; x) = 0(\)co(f; n~')
i. e. our sequence is jacksonian.

Though we obtain in this way a rather simple proof of Jackson’s theorem, 
our condition is no more of a genuine test condition type, as we were assuming 
in (1) a better order of approximation for f 0, f x and / 2, as it would follow from (2). 
The reason of this slight defect of a very beautiful result was pointed out in a former
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paper of the author [2]. To obtain a more precise result we must replace co(f ; (5) 
(see [3]), by the smoothness modulus
(4) co2( / ;  d) =  max | f(x  + A) + f(x  -  A) -  2f(x)\.
We then obtained — nevertheless only under additional conditions concerning 
the An — that from (1) follows

Ия(У; x ) - f ( x ) \S K 2œ2(f;  AJ.
In this way, if An sends C2n into Tn, then (1) to hold with А„ =  0(1/и) is necessary 
as well as sufficient for {An} being zygmundian. (And — as a consequence — sufficient 
for being jacksonian). The additional conditions concerning the An where that 
they should commute with the operators of translation Tn and the symmetry 
operator S, defined by

Th{f(t); x}= f(x+ h)  and S{f(t) ; x} = / ( - x).
Recently I found that this additional assumptions can be dropped entirely. Indeed, 
we are going to prove an even more general statement, where a)(f; S) is replaced 
by the higher order continuity modulus

(5) o)m ( /;  Ô) = max 2  (”,*) (~ 1 )v/(*  + vh)IMsi v=0  ̂V )

with arbitrary m >  1 (see “Theorem” to follow).

Lemma : Let В be a linear operator C2n C2n, B(m) the restriction of В to the 
space C ÿ  of 2n-periodic function having a continuous 2n periodic m-th derivative, 
then for an arbitrary f  £ C2n and an arbitrary integer v we have for all x

(6) ||S(/)llc2„ =  Max IB(f; x)\SJfm(||fi|| +  vm|| 5«||)ш,„(/; v“ 1)
where the norms o f the linear operators B, resp. B<m> are defined as

||S|| =  sup ||Я(/)||С , \\B^\\ = sup ||ßm(/)||C2„.
Il/llc2„si / €сй>

||/('")||C2ns i

This lemma was proved for the case ?n = 2 by the author [3], and it was conjectured 
by the author to hold even for arbitrary integer m. The proof of the general case 
was given by G. I. Sunouchy [5].

We arrived at the point to formulate and prove our main theorem. In all what 
follows we assume {An} to be a sequence of linear operators C2n->-C2n, which are 
positive in the sense explained. Let further wi=-l be an integer and (A„} a positive 
null-sequence.

Theorem : It is a necessary and sufficient condition that

(7) И„(/; x )- f{x ) \^ K o im{f; AJ 

should hold for some fixed К  and all f  € C2n, that

(8) An{f0-,x) = 1, A„{fi \ x) —/ v(x) =  О (A™ ) ; v = l,2

Studio. Scientiarum M alhem aticarum  Hungarica 2 (1967)



APPROXIMATION BY POSITIVE LINEAR METHODS 65

where
fo(x) = \, /i(x) =  cos X, f 2(x) = sinx.

As (8) means exactly that (7) is satisfied for the special cases f = f v, v =  0, 1, 2, 
we obtained a genuine test condition.

Proof of the theorem: we prove that for an arbitrary /и-times continuously 
differentiable 2n periodic function g(x) the relation

(9) М „(^)-^ 112.^^ 1А „-т М с 2Я

is satisfied. To this end we observe that for every fÇ_Cÿ! the second derivative 
o f  the function

g(x) =f(x)  - / ( f )  - f ' ( t ) sin (t -  X)
satisfies the inequality

I sin (í - o n i i / ' ii+ 11/1 =2(27r)m_in /(m)if ».

X — t
We obtain in this way, using (x — t)2 = n2 sin2 —- —

(10) 2 - m7tm+ 1 | | / (m)|| sin2 —y —— —

S  / ( * ) - / ( f ) - / ' ( / )  sin ( x - f )  ^  2mTtm+1| | / (m)|| sin2 •

N ow  we observe that —  as a consequence o f (8) —  we have

(11) /l„{sin ( x - t ) ;  x} = 0(X™) 
and

(12) A„ jsin2 ^ y - s  xj =  О (A™).

In applying the operator A„{g; x} to the inequality (10) 2 and using (11) and
(12) we obtain

f (x )  — An(f; x) = О {).:).

That means, that for B(f; x) — An( f ; x )—f(x)  we have

W \ S 2  and \\B^\\=0{X:).

П
1 For le t  / e C j i ? ,  к ̂ 2 ,  th e n  J f (k~ l ) ( i )  dt=fik~2> 7r) =  0, so  th a t f (k~ , ) ( í )  =  0

— П
X

fo r  s o m e  £  € [ -  n, л] an d  th e n  w e  h a v e  | / <k~ 1>(* )l =  \ J f ik)(t) a | ■< 2 я | | / <1с)| |,  a n d  fin a lly

l l / k ' 1|| s  2 л | ] / <к>||. T h is e s ta b lish es  th e  se c o n d  part o f  o u r  in eq u a lity .
2 T h is  is leg itim ate , b eca u se  A„ is p o s it iv e .
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We insert this inequalities in our lemma and take v = . It follows

ИЛ(/)-/Н =0(l)com(f; г-1)<0(1)ш,„(/; A„).
Q. e. d.
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ON A THEOREM OF L. ALPÁR CONCERNING 
FOURIER SERIES

OF POWERS OF CERTAIN FUNCTIONS

by
G. HALÁSZ

L. A lpár [1], investigating a problem on convergence of Fourier series, has 
proved the following theorem:

If /(x) is real valued and analytic on the real line, periodical with period 2л 
then the partial sums

Ш2
2  an,einxn = mi

of the Fourier series

<?-/(*> =  2  a n , e inx
tl = — oo

are bounded by a constant K = K (f  ) independent of v, m 1, tn2 and x.
His proof is very complicated, using saddle point method for suitably chosen 

paths. In this paper we give a simpler proof based on Van der Corput’s ideas. 
There will be no need to deform the path of integration and this, at the same time, 
enables us to relax the very strict condition of analyticity of/(x). However, for the 
sake of brevity we shall not consider uniformity in x but confine our attention to a 
fixed point. Accordingly, the conditions too, imposed on /(x) will be local as given 
by the following

T heorem. Let /(x) be measurable in [ — it, n], twice continuously differentiable 
in a neighbourhood of 0 satisfying

f "(± x) =  const xp +  О (xp+£) (x — + 0)

with a p >  — l,fi> 0 , the const ^ 0  (this const ^ 0  may be different in the two 
cases ± ) x- I f

o o

e'vA*) ~  a„veinx
/ » =  — o o

then for the partial sums at 0

independently of v, mv and m2.

Ш 2

2 j ttnv
n-m  I

< К

1 If />-=0 or p=0 and the two constants are not equal then /"(x) does not tend to finite limit 
as x -  0 and in that case we allow that /"(0) should not exist though / '(0) must exist in any case.
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A lpár conjectured that the statement holds if only f"(x) is continuous. This 
was disproved by Y. K atznelson, the example can be found in [1]. That function 
vanished in infinite order at x = 0, a possibility which is ruled out in our theorem 
by the basic condition on the asymptotic behaviour of

Corollary. I f  f(x )  satisfies the hypotheses o f the theorem and F(u) has an 
absolutely convergent Fourier series then that o f F[f(x)] converges ( if not absolutely) 
at x  = 0.

For the (simple) connection between theorem and corollary the reader is re
ferred to A lpár’s paper ([2], formuli (1.8), (2.3)). Here we only prove our theorem, 
but first a lemma of Van der Corput type.

Lemma. I f  (p(x) is continuously differentiable in [a, b] and [—b, —a] (0 ^ a S b )  
and is of constant sign and monotone separately in each of the two intervals, 
furthermore

( 1) 0 < 1
~M[

c p ( x ) =: M  i <  +  °° (x € (a, b)),

( 2)

(3)
then

<P(x)
X(p'(x)

^  M2 < + °° (r$ (a , 6)U(— b, — a)),

<p(x)Var - ту -- s  M 3 <  + 
C - Ь ,  - e ) U ( e , «  X ( p  (x)

b

f

giipix) __ g !> (-x )

X
dx

a

C (M i,M 2, M3)

and this bound depends only on M x, M 2, M3 and neither on other properties 
o f <p{x) nor on a, b.

We split the range of integration a ^ x ^ b  into two parts according as \q>(x) \S  1 
or |ç>(x)|ël. Since cp(x) is of constant sign and monotone these sets, say f  and / 2 
are intervals. On /, we write the integrand in the form

ßi<p(x) — 1 2 — e i<p(-x)
------------1---------------

X X

and integrate these separately. Here \cp(—x)\ ~  M x |ç>(x) S M t and as the constant 1 
in the definition of f  2 had no special significance it is enough to consider the first 
term:

/
e iip(.x)__ I

X
dx \ c p ' ( x ) \  d x  S

— 3F2 J  W (x)\ dx = M 2 ! J  cp'(x) dx J ä  M 2
h h

For the second term we would get M, M2.
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In the case of I2 we leave the numerator in the original form and integrate the 
two terms separately. Again we may confine ourselves to the first one since in

I2 \<p( — х)|ё-т^Н <р(х)|ё-г7 - a positive constant which is the only essential fact.JVl J JVl I
We have

/ piip(x) Г  pi<pW <P(x)
X(p'{x)

dx

or by partial integration if S(t) - h du

l/l = 2 maxxih
<P(x) (p(x)

x<p'(x) ■ max \S(\<p(x)\)\ + max \S(\cp(x)\)\ • Var - /(jf) .

But in I2 \<p(x)\ S i ,  consequently S(|(p(x)|) is bounded and so all quantities occurr
ing on the right hand side are bounded and the proof is finished.

Before passing to the proof of our theorem, let us make a remark which points 
out the background of that theorem. The partial sums of the Fourier series can be 
expressed by an integral similar to that of our lemma and we shall have to apply 
the lemma to cp(x) = \f{x) and similar functions. But v cancels out in each of the 
conditions, showing that the situation is in fact independent of v. Also, in Alpár’s 
proof to estimate the Fourier coefficients, not their sums it was essential in which 
order f" (x )  vanishes. Here, however, it is not. Let us put e. g. (p(x) = x4 then

<p(x) _  X4 _  1
xq)'(x) xqx4 ~1 ~  q

a constant which shows that the conditions of the lemma are fulfilled independently 
of q. Although our functions will not be so simple as x4 but they will turn out to 
imitate it, possibly with different q's in different intervals.

Now we turn to the proof. The partial sums of the Fourier series in question, 
beginning with the term a0>v are given by

1
2n

n

— It

1 _ e - i m x
—  dx1 —e~

where т Щ 0 is an integer.

In [—я, я] -— — £ = —-Í- + o ( \)  while the numerator cannot exceed 2 in
absolute value, making it possible to replace the denominator by x. Also we can 
disregard integration outside ( — т, t) if т is fixed and the integral to be estimated
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takes the form
T

/
1 _p  — im x

e iv / ( x )  _ — £ --------- d x

- S -

X

v/(x) _  giv/(-jc)
dx

v/(.x)_p i v f ( x )  — im x
dx =

i v f ( x )  — i m x  p i v f (  — x) + imx
- dx.

X

It is sufficient to deal with the second integral since it reduces to the first if m =  0. 
If we prove, which we shall indeed, the boundedness of the second integral for all 
real m not necessarily integer then we may even suppose /'(0 ) =  0 (substracting 
from f(x ) f'(0 )x  which can be included into mx) and independently of anything 
that /(0 )= 0  since it only means a multiplication by the factor e->v/(°). In this case 
we have, by integrating the formula satisfied by f"{x), together with itself

f "  (± x) = const x p + 0 (x p+e)
(4) f '(+ x )  = const xp+1 + 0 (x p+1+e) (.V—+0)

/ ( ± x )  = const xp+2 + 0 (x p+2+E).
Now fix t so the main terms should dominate in these asymptotic expressions. 
Here and in that follows we mean by the domination of a quantity over an other 
the exact meaning that the dominating one should be at least twice as much in mo
dulus as the other.

We apply the lemma with
ip (x) = Vf(x)  — mx 

<p'(x) = v f '(x )-m .
Its conditions would not be satisfied on the whole interval ( — т, t) and we have 
to exclude values where the two terms of (p(x) and <p'(x) are approximately equal. 
This happens when

|v| \x\p+2~  Imx\
V pdP + 1  ,

P +  1
2 ,  3

defand we can find two constants 0 < a < A such that for 0 <  л; <  тх =  min
_ 1 

m

■ m p+1
a V > T

and — Tj CX-í O the second, for t2“  min
V

p+ г
, т < x < z  and — т < х < —t,

2 ~  means that the quotient o f the two sides lies between two positive constants.
3 Assume m^O, v^O. v too may be any real number, not necessarily integer so that taking 

limits afterwards, we can get the result for these excluded cases.
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the first terms dominate in the expressions of <p(x) and <p'(x). On the range (xq, r 2), 
instead of using the lemma, we use the trivial estimation

T2 T2

— dx  = 2 log — ^  2 log — (a constant).
X г I a

Ti TiI / gl>(*)_glV(-x)
д: dx

s 2 f

On the remaining parts (0, x^), (t2,t), however, we can verify the requirements
of our lemma, and that is what we shall do in the sequel.

In (0, г,), (т2, t) and the symmetric intervals either the first or the second 
terms of cp(x) and cp'(x) dominate so that both cp(x) and cp'(x) are of constant sign 
and the qualitative properties required are satisfied.

As to (1), in (—t, , Tt) the second is the dominating term hence

1 i\mx\ „ <P(x) vf(x) — mx _  i\mx\
3 i\mx\ <P(~x) vf(—x) + mx -  \\mx\ = 3

while in ( —t, — t2)U(t2, t)

N p+2 _  llv/OOl 
Wp+2 ~ 2|v/(-*)|

<p(x)
<p(-x)

i\vf(x)\ _  l-ylp+2 
i\v f( -x ) \  ~  |x|p+2

Similarly in the case of (2), in (—t1; t,)

<p(x) vf(x) -  mx _  $\™x\
X(p'{x) x(vf'(x) -  m) ~ Wi|w|

T]
<p(x) f|v/W| |x|p+2

X(p\x) Wilv/'WI W*WP+1
To verify (3) it will be more tiresome. Since the situation is entirely the same 

in the symmetric intervals, let us confine ourselves to estimating the variation over 
(0, t,)U (t2, t). We have to compute the derivative and integrate it in absolute value.

<p(x) _  xq>'2 (x) -  cp (x) (p '(x)- X(p (д:) cp" (x)
dx xip'(x) x 2(p'2(x)

Let us introduce for the numerator the abbreviation V[cp(x)]. For example V(x4)= 0

since, as we observed already, in this case is constant, its derivative zero.
X(p (x)

In the numerator we substitute cp(x) = v/(x) — mx and carry out the derivations 
and multiplications. Those terms to which only mx contributes cancel out because 
they give V(mx)= 0. Next we collect terms originating solely from vf(x). In the 
numerator it is V[\f{x)] and the whole expression is

VW(x)\ _  у2 [ x f 2 (x)-Д х )Г (х )  -  xf(x)f"(x)} 
x 2(p'2(x) x 2(yf'(x) — m)2
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7 2 G. HALÁSZ : ON A THEOREM OF L. ALPÁR

Each term in the square bracket is 0 (x 2p+y). Nothing better is needed for the integ
ration over (0, Tj) namely in the denominator it is m that dominates and

П q2P + 2 _____
f  v2x 2p+3 V2 t?p+2 _ . ____ v2̂ _

J X2 tn2 X m2 2p + 2 ~  m2 2p + 2

In the case of the second interval, however, the estimation 0 (x 2p+3) would not 
be strong enough. But we can obtain a better one if we put the asymptotic formulas
(4) in the place of f(x), f '(x ) , f"(x). The main terms of exponent 2p +  3 cancel out, 
their contibution being V(xp+2)=0, while the О-terms have exponents greater 
than 2p + 3 by at least e so that the quantity V[(f(x)] in the square bracket is in 
fact 0 (x 2p+3+c) and the whole fraction in (т2, t), owing to the fact that here vf'(x) 
dominates over m

f v2x 2p+3 + c ) ^  f x 2p+3+t 'J
[ x 2v2f ' 2(x) J =  ° (  л-2л-2" + 2 J OÍX1- 1)

which can be integrated even from 0 to r.
Now only the mixed terms in (5) remain to be estimated:

vm [ -  2 x f  (x) +/(x) +  x f  (x) + x2f"  (x)] 
x2(y f'{x )-m )2

In the square bracket each term is 0(xp+2). This bound is applicable to (0, r j  where

/ I vm\xp+2 
x 2m2 dx = 0(1)

V
m ip+ l =  0 ( 1)

as well as to (т2, t) where (if т2 <  t)
t

/: \vm\xp+2
:2v2f ' 2(x) dx = 0 (  1) m

V

T

/ y P +  2 

T2

1
T?+1 =  0 ( 1)

and having verified (3) of our lemma, the proof of the theorem is completed.
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GENERALIZATION OF TWO THEOREMS OF G. FREUD 
CONCERNING THE RATIONAL APPROXIMATION

by
J. SZABADOS

1. In his paper [1] G. Freud has proved among others the following two 
theorems :

Theorem 1. Let f(x) be a continuous function in [0, 1] and let us assume that 
there exist polynomials /;W (x) of degree n for which

|/(x ) -/?<*>(x)|<e„ (*€/* = [&, €»+1], n = 0, 1,2, ...)

holds for k  = l, s where 0 = <J1-<^2 < ...-=: í s+i =  l and lim e„ = 0. Then thereП-+00
exist rational functions rN(x) o f degree N for which

(1.1) |/(*)-гЛдс)| =  0(1)[в2г » , + 5 Ш е " * ^ ;] )  (х€[0,1],ЛГ>85).

Denote by V(r)(a, b) ( r= l ,2 ,  ...) the class of the functions f{x) which are 
continuously differentiable r — 1-times, and / (r_1)(x) is an integralfunction of a 
function / [r](x) of bounded variation (in a finite interval [a, 6]).

Theorem 2. I f  f(x) £ F (r)(0, 1) then there exist rational functions rN(x) o f degree 
N  for which

\f{ x ) - r N(x)\ = V(fM)0 log2 N  jД Г г+ l  J (.v€ [0,1], N ^2r+  1)

where K (/[ri) is the total variation of / w (x).

In this paper we are going to prove two more general theorems instead of 
these ones. We shall use the same notations.

Theorem 1A. Let f(x) be a continuous function in [0, 1] and let us assume that 
there exist rational functions rl,k>(x) of degree n for which

|/( .Y )-r‘‘l(x)|<£„ (x€Ik, П= 0, 1, 2, ...)

for k = \ , . . . , s  where lim e„ =  0. Further let
П-+00

(1.2) a„(őn) =  max max |riM (x)|
l ^ k ^ s  x £ ( J k UJk+ |)П [0 ,1 ]
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7 4 J. SZABADOS

where
Л =  f ê * (k = 1, í  +1)

1(дп >  0 is such small that an(fin) is finite, further <5„< — min (£fe+i — Çk)), and
21stas

M  — sup max max [r^(x)|.
n 1 x£lk

Then there exist rational functions rN(x) o f degree N  for which 

(1. 3) I/(x) -  rN(x)\ ^  2en + е-У» (x € [0, 1], n ^ n0)
where n is the greatest integer satisfying the inequality

(1.4) 5Я +  7  b g Зй„(̂ п) +
3M 9л 2 / 3

4 *í
Theorem 2A. Lei /(x ) continuous in [0, 1] and

&+1) (A :=l,.... лг; 0 =  < £ 2< ... < £ s+1 =  1).
Then there exist rational functions rN(x) o f degree N  for which

]° 8 2 л 0  , -fi\ f { x ) - r N{x)\ = sr+íV(JW)0
N r +1

+ e
N

14s

fo r  sufficiently large N ’s, where F ( /w) is the maximum of the total variations 
o f f lr\x )  in the intervals (£*, £*+1) (k= \, . . . ,  s).

2. First we prove that Theorem 1A implies Theorem 1 (this is obvious in 
connection with Theorem 2 and 2A). For this purpose we have to estimate (1. 2) 
if r ^ \x ) are especially polynomials. Let

JW  =
f k

X- & +  Ík+]

and Тп(ХЩ the transformated Chebyshev-polynomial. Using the classical Markov’s 
and Bernstein’s inequalities, we get for ôn = l/n2

a,,(ô„) S  max
2/г max ■f M il S1 — —s  ̂Çk+ J — £,J. +  2Ôn x£[Çk — ôn, Çk+ 1 + <5„]

2n2Mmax1 =k=ks max
£ k + l  —  í * * € K k - J n , « k  +  i  +  «* . ]

2n2 M^  max „

W w)lj S

(|2T«| +  (UW2-  1)" s

S  max 2 n2M

' /  max

lSfcSs

2n2M

1 +
£k+l — 'ïl n̂ +

<?fc + 1
<5/! +

(£*+i - & ) 2
<5„2

laka, &+1- & 1 + 2
f e r -

c>„ S  max 2n2M
--------------------------p I Як+1 — Çk —

laka, 0 (n 2).
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Thus the condition (1.4) means that for sufficiently large n’s

(я S «,)5n + ^ ( 0 (logri)+^n)2 S 8 i i s ^

i. e. we may choose n = which shows that the right hands of (1. 1) and (1. 3)N  
8í

are of the same magnitude.
3. P roof of T heorem 1 A. We construct a new approximating rational function 

as follows. Let
rln \x )R[n](x)

where 
(3. 1)

(3. 2)
Clearly

(3.3)

1 +rf>ik\ x ) 2

2 M
9s V '3 

b.e'T"

m =  [ |{ i o g ( 3 « . ( 3 . ) + ~ ( ~ |  J + F»}

lim r],, =  0.

RÍk>(x) is a rational function of degree 2n and has the following properties:

(3.4)

£„ +

\ f ( x ) - R {k}(x)\ ^  \f(x )-r£ \x ) \ + \r{k)( x ) - R {k](x)\ s  

'r?(x)\3
1+ ц М ‘Ч*)2

Ч2 g  En + M 3t]l (x £ lk, к — l , ..., s),

(3. 5) \Rik)(x)\ S  (л: € [0,1]),

(3.6)
I, 2 (к), ч2|

( * е ( Л и л +1)П[0,1]; к = 1.......s).

Now we have to change the R ^(x)'s  so that they coincide with f(x )  at the 
endpoints of Ik. For this purpose let

(3.7) R[k\x )  =  R{k](x) +

+ + l ) - / ( ^ +l),.. £ 4 \ sW ft Л-----------------Ë----£-------------------- {X — Çk+l)+J(Sk+l) — Kn (C*+lLÇk~Çi+1
which is a rational function of degree 2« +1. Flence

(3. 8) я?*«*) = /« * ), â ï4«*+i)= /({ * + i){*Ь
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7 6 J. SZABADOS

and taking into account (3. 4), (3. 7), (3. 5) and (3. 3) we obtain

(3. 9) I №  -  R™(x) I S  [/(*) -  R £ \ x )  I +  \Rlï \ x )  -  Rik}(x)\ s

S  Еп + М гц1 + Еп + М гг]2„ =  2en + 2M 3rí (*€/*; k = \ , . . . , s ) ,

(3. 10) |4 ‘}(*)l S  — + (к„ + м Ч 2) 2 max J 'Y 4  +1
I S k S s  Çk + 1  —  Çk

—  (x € [0 ,l  ],ns=n2),
Чп

(3. 11) |Л?Г(*)| ^  «„& ) + ■ I t  t M Ь1 "I ч 3= «п(<5„min (&+1- & (<5„) + 2b„f?n

Now let

(3. 12) /„(л) =
Evidently

(х € (Л и Л +1)П[0,1], и s  n3).

Л ^ М  +  ̂ Ч * )  , 1 XИ/
+ ~Х 2  \х ~  £к X- к= 2

я ’п'(х) ■ R i r ll(x)
x -Ç k

{*—i)

f n(x) = R{k\x )  ( x e ik, k  = l,2 ,...,s ) ,
thus we get by (3. 8)

(3. 13) I f i x )  —f n(x)| =  2e„ +  2 M 3 (дс€ [0, 1]).

Further let Fm(x — £k) be the N ewman’s rational function o f degree Шт then 
(see [2])

(3 .1 4 ) \ \ x - i k\ - F m( x - ^ k) \ ^ 2 e - ^  (* € [£ * -1 , £*+ 1]).

Consider the rational function

,3. is) ,»w  =
z  L  k  = 2 X —  Çk

which is of degree not greater than (see (3. 2) and (1. 4))

2(2n +  \) + (s—\){m + An +  1) S  s(m + 5ri) ^

■ (5« + |  {log \ban{6n) + ~  { ÿ j 2/3j + )^}2j s  N.

From (3. 13), (3. 12), (3. 15) and (3. 14) we get

|/(*)-Ov(*)| ^  \f(x) f n(x)I +  \fn(x ) - r N(x)\

S  2e„ +  2М ЪГ]1 + Ъе- U  |J??}(jc) - ä? “ 1}(jc)|
2 kt 2 \x~Çk\

First of all let x $ J k (k = l, s). Then |jc — £,k \ x5„, thus from (3. 10)

2  \Rn](x) -  R* 1}(*)j Ä  2 J ~  1
I x-Çk àn*!n

(x$Jk; к = 1, s).
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Should it happen that x ^ J t then by (3. 10), (1. 2) and (3. 11)

*  =  2

|Л?, ( * ) - Д ? - 1,(*)| ^ î - 2 ^ ( x ) - R [h Q 4 - 4 <_1,t ö ) - 4 ' " 1}w
\ x - Z k \ “  h n 4 n x - Z i Ç i - x

„ 5 - 2  „
=2 2 -r----+  2

ЬпПп an(àn) + 2 Snt]„
3s „ , c .

T~T +  2ön(<5„).o„ri„

Hence we have for all x£[0, 1] by (3. 1) and (3. 2)

!/(*)- rN(x)| 2e„ +  2M3t)„4 + 2a'«O5*)] =

M ( 9s Y '3+ M 9J _ )2/3 I 3 a Á P
ö„e^m I éf™

-ftf3 '" = 2еп + е~У" ( й ё т а х ( и 1,й2,л 3) =  Ло)

“ 2"‘ + J2 U .el'

s 2 í , + [ ^ ( | ) Í B + 3„,<, 

which proves Theorem 1A.
4. Proof of T heorem 2A. First we prove a lemma concerning the N ewman’s 

rational function.
Lemma. Let

Gn(X) = F „ ( x )  P ( x ) - p ( - x )

where

Then

and

p {x)+ p (-x )

П — 1
P(x) =  У /  ( *  +  <S*)> Ç =  e 1".

\x\ ^  1 + -n\G.(x)\ S  5 

|<?Ц(х)| =  0(n5l2e6l/n) |[jc| ^  1 +  ^-j.

It is sufficient to prove the statements for O s x S l  +  1/л. We will make use 
of the inequalities

1 + r S e 1, l+ 2 x ^ e x (O ^ rS l) ,

/л 1
-Ç

2/л,

and the Markov’s inequality to estimate |//(x)| and \ p \ —x)|.
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Case 1: Then
п ( п  — 1 ) п  — 1

О р ( - х ) ш р ( х )  = Ç 2 П
к =  о

1 + = е Antn-l) JC l - i n 

in~l 1-í <  g 2

r/ii(i>- 1)p(x) a  e 2'"v' *'s |//(x)| ä  2n2e 2^n(n 1)+ъ̂ п; |/ / (—jc)| S  2«2e 2,/"<л 1) + 2>/

Thus
0 ^  Ga(x) S  1,

|G/ ^ I  g  2 +  b ' (-*)/>(*) 1 Ä 2 \р\ х)\ +  \р ' ( - х)\
[/>(*)+/>(--*■)]2

8n2e- ^ " ("~1)+ 
/ п ( л -  X)

P  О )

= 8п2е31".

Case 2: (к = О, 1, ..., и —1). Then

О < р(х) — л-"- *1-1 / 7
j=t+i

'j * № + 1 ) к

1 + г 2 n \ ' + i \ s
к ( к  +  1) k ( 2 n  — k — 1)

where
•< Xn~k~ ̂  2 gij(x) <   ̂ 2 f’4!'”

M + l  l _ f n - t - l  V l ^ t + 1  1 _

= ^ ---------3 <M(X)- 4^ ’
Analogously

*№+l) j. k(k +1) 1
p(x) s  xn^k~1 £, 2 e2" > x n~k~1Ç 2 e6,

Thus

k ( k +  1)

\p{— x)| ^  xn~k~1^ 2
k ( , 2 n - k - 1) 1 k ( 2 n - k - l )

e - u ( x )  g  £  2 2

l/(* )l

f c ( 2 n - f c - l )

2n2£ 2~ ,4/n 5 к ( 2 п - к - Ъ )

Ä 4/72 £ 2 e 4 ! ' " .

5 k ( 2 n  — k — 3 )

\p '(-x )\ ^  4n2t  2 .

k ( k +  1) _ 1 _

2y"-&- 1F 2 p 3 o
lG"WI = 1 +  —  J i u i  ■*. =  1 + — 2

v-/i — Л — 1  ̂ 2 (e6 — e 3) / e - l

|< ЗД | s  2 ----2 l4«2^ 2" ^-2)e4 /^   ̂ =  o  ^ к+1_2„п2еф j ^  0  („2еб/й).
v2n-2k - 2 £ k ( k + l )  [ e 6 _ e  3^
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Case 3 : \ ^  x ^  H — . Then n
n — 1

0 <  p(x) = X" J [
j =о

I n

£j) 1 2f» ly-
1+ — I 3  1_í s  e-e x 3  e2^"+1, p(x) 5? e2 ",

|/»(—jc)| 3  ее 2* 3  e 4 
Thus

fï+i \p'(x)\ 3  2n3e2̂ n+1, |/?'(—jc)| s  2n3e 4—7̂ n+ 1

|G„(*)I s  l + - г -
2 e - ^ +1

in - i a +1
=  i +

2e

e4 — e
5,

ig; w i s  2
2 •2n3 e4

- J n + 2

=  о  (»>/•'")

and the lemma is proved.
Now we turn to the proof of Theorem 2A. Let us apply Theorem 2 in the 

intervals /* =  [£*, C*+J (fc =  l, s) instead of [0, 1]. There exist rational functions

(4.1) r?> (x) = 2  (* -  C*V + (x -  Í J  +
i - о 7!

, I V  г ч r..('} /..\ _{/- 1}/.лП
9 “h  ̂ /  I GV(X Cl,k) L*Zvffc(^ 0  Яу,к Ĉ )J

of degree /7, for which

(4. 2) |/(x)-r< ‘1(*)| =  F ( /w) • О (*€/*, к = \, s).

Here the </W. (x)’s are suitable rational functions of degree v having the properties 
(cf. [1])
(4. 3)
(4.4)
furthermore

(4. 5) 
and

k «  Wl = ° (« r+5) P ( /w) (JC€[—2,2]),
ВД*)1 =  0(n3r+l6) K(/W) (дс€[—2,2]),

v = 104r 2[log2 /7], t =  I0-6 r_2;—^—log2 л

Ck ~Co,k ^Cl,* ^  "̂ Cl, к — C* + 1 •
Now we have by (4. 1), (4. 3), (4. 4), (4. 5) and the lemma

nr+5+ .  /2, (log5л>л600г*пг+5+/г3г+16) log2 и|rW'(x)| =  О

= 0(log3 n • n60ir+b)
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Thus we can apply Theorem 1A with (see (4. 2))

The condition (1.4) gives

^  (1 /Й 4 -^ 2 <  -
5

N

Correspondingly, there exists a rational function rN(x) of degree N  for which

R emark . It would have been possible to prove Theorem 2 A  without using 
Theorem 1A, but this way seems to be simpler.
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A NOTE ON THE SOLUTION OF INTEGRAL EQUATIONS 
OF CONVOLUTION TYPE OF THE THIRD KIND 

BY APPLICATION OF THE OPERATIONAL CALCULUS 
OF MIKUSINSKI

by
T. FÉNYES

Introduction

In paper [1] we have solved the integral equation
«

( 1 ) 0  + à ) f ( t )  + j  f ( z ) g{ t  -  t )  ck =  h(t)
о

by application of the operational calculus of Mikusinski. The functions occurring 
in (1) are defined and locally integrable over the interval (0, °°), a is an arbitrary 
real number.

The equation (1) has the following operational form

(2) D f - a f - f g  =  — h

in which D denotes the symbol of the so-called algebraic derivative. We have proved 
that (2) is solvable in the operator field, if the quantity

g(+  0) =  lim g(t)
t-+ + 0

exists and if the function
g (Q -g (+ Q )

t
is also locally integrable.

In this case every solution of the algebraic differential equation (2) is a finite- 
order derivative of a continuous function in the generalized operational sense and 
can be identified with a Schwartz distribution having a support bounded on the left. 

In (1) we have given an explicit general operational solution of (2)
We have also considered the problem of existence of the locally integrable 

solutions of the algebraic differential equation (2). We have proved that a homo
genous equation (Л=0) has non-trivial locally integrable solutions, if and only if

(3) aSO and g( + 0)<0.
We have also discussed the problem of existence of the locally integrable 

solutions in the inhomogenous case /г^О assuming a to be non-negative.
The above discussions are based on the theorem of the algebraic integrability 

of operators. This theorem has been proved by E. Gesztelyi [2] and states the 
following fact.

Let
X =  ske~asf
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8 2 T. FÉNYES

where /  denotes a locally integrable function defined on (0, «>), a a real number, 
к a non-negative integer, s the differential-operator, then ,v is algebraic integrable and

j  xds = sk + 2 e~asu(t),

(4) u(t) =

(t + a)k+l

Î

/ F( T)
(t + a)k dr, if a ^  0

I

-tk+l  J  , if a =  0, ß  >  0 arbitrary
Q t

Fit) = / / ( t) í/t,

The determination by applying (4) of the locally integrable solutions of the 
inhomogeneous integral equation (1) is' rather complicated and the formulae ex
pressing the results are very involved [see 1. 4. §.].

In this paper we shall apply a simple generalization of Gesztelyi’s theorem, 
the application of which will be very convenient for the determination of the locally 
integrable solutions of (1). The formulae will become much more simple.

This is the only purpose of this Note.

1. The Generalization of Gesztelyi’s Theorem

Theorem 1. Let
X  ~- ske~asf ,

where f  is a locally integrable function defined on the interval (0, °°), öS 0, к an 
arbitrary real number, then

J  xds = sk+2e~asu(t)
where

t

— (t + a)k+i
I

F(r) dr 
(t + a)k+2 ’ if a >  0

u(t) = î

t

— tk + Г F(x)dr
J

t
F(r) dr

rk+2 ’
e

if a = 0 and к <  — 1

if a = 0 and к S  — 1
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in which the number e> 0  is arbitrary, and
t

Fit) -  Jf(x)dx,
0

u(t) is continuous on (0, °°) except the case a = 0, к =  — 1, where, in general, it is 
only locally integrable.

The proof of this theorem is wholly analogous to that which has been published 
in the paper [2] of E. Gesztelyj and so we omit it. Nevertheless, we notice, that 
Theorem 1 refers only to the cases where aSO and loses its meaning if 0.

2. The Locally Integrable Solutions 
of the Inhomogeneous Integral Equation

We have shown [1] that, if g(-f-O) exists and if 
a particular solution of (2) can be written as

is locally integrable,

(2. 1) 

where

( 2. 2)

/  = [ - J  he-‘*s-*+<»(l +{G0})*] e"s*+0>(l +{G})

C o W ? i { l < i t l ( ± 5 ) ) ’7L.

The powers are to be understood in the operational sense. In the sequel we shall 
deal with the problem of the local integrability of (2. 1) by assuming a to be non
negative.

First let a=-0. Applying Theorem 1 we get for the algebraic integral occurring 
in (2. 1)
(2. 3) - f  he-ass- e(+o)^ + ds =

=  0 )+  2 Q  — as | ( ^  _j_ 0( + 0 )+  1

Substituting this in (2. 1) we get

t

|(t +ö)-9( + °)+ 1J

f =  (l+{G})52{(t + a)-»<+°)+1 J

I h I h  ̂  G 0 
(t + a)~9(+0)+2

Ih -f- Hi Gq

dx

(t + a)-e( + °)+2 dx).

It can be easily seen that the multiplication of the operator s2 and of the function 
occurring in the second bracket of the above formula corresponds to two times
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differentiation of this function. So we obtain the function:

h-\-h%Gо . lh + lh ^G 0
-£ (+ 0 )t ct

- f ( + 0 ) ( i  -я С + О Ж г + а ) -^ 0) - 1 J
c

Integration by parts gives (g( + 0)ÿi0, 1)

lh + lh G0

Ct + a)2

lh + lh ^G 0
+ a)2~»(+  0 )

dr.

f
lh + lh ̂  G0

( t  +  f l ) 2 - í ( + Ö )
dt =

( g ^ - ^ í  +  a )1- ^ 0» 1 — ̂ (+  0) J  (т +  a )1

ï

J ;
h + h ^ G 0

-9 (0 )
dx.

By carrying out every substitutions, we get the wanted locally integrable solution 
which can be written in the form

t

(2.4) /= (1 + { G }){
h~\~ h ̂  G о 

t H- ci -^ (+ 0 )(/ +  a ) -^ +°)-1/ h +  h ̂  G о 
(т +  а)1_9(+0)

dx\.

However, it can be easily seen that (2. 4) holds for every values of g(0). In [1] we 
have shown that in the case a > 0 the homogeneous integral equation (1) has no 
locally integrable solutions except the trivial solution. Referring to this we have 
the following

T heorem 2. Let g( +  0) exist and let the functions -  —— an^ 
locally integrable. Then the integral equation

t

(t + a)f(t) +  / f i fg U  -x )d x  = h (t), (a >  0) 
о

has only one locally integrable solution which can be written in the following form

f( t)  = U (t)+ U (t)*G (t)
where

t -f- Cl

c ( 0  =  | { M t < o } M

/<Uit) = h \ h * G° -g (+ 0)(t + a ) -o ^ v - ' h + h ^ G о
(T + a)_®(+0)+1 

о
dx
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Now we will discuss the local integrable solutions in the case a — 0. The local 

integrability of h(t), ^  does not guarantee the existence of locally integrable

solutions of the equation
t f ( t)+ f* g  = h.

As an example, let us consider the integral equation
t

tf{t)+ f / ( r ) d r  =  {1}
о

the operational solutions of which can be written in the form

f= C s +  1 (C is an arbitrary number).

Consequently there are no locally integrable solutions. We shall give later a simple 
sufficient condition concerning h(t) which admits the existence of at least one locally 
integrable solution. We make use of the following three statements which have 
been proved in paper [1].

1. Let the functions a(t), a{t)
t , b(t) be locally integrable on the interval

<0, «>), then the function
a(t)*b(t)

t

is also locally integrable on this interval.

2. Let ^ j— be locally integrable on (0, °°), then the function is absolutely

continuous and tends to zero as t tends to zero. Moreover, the function m
t2 IS

also locally integrable on <0, <»). Here / denotes the integral operator.
3. Let F(t) be a locally integrable function on (0, °°), k ^ 0  a real number, 

£2^0. The functions

0
/с<0

k>  0

are locally integrable on (0, °°). (Of course, the choice £2=0 is only permissible 
if the second integral remains convergent).

Let us rewrite again (2. 1) substituting a =  0

(2.5) / =  -[J'fo-*(+o)(i +{Go})i/.v]i®(+°)(l +{G}).
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By Theorem 1 we get

=

f  Aj- e(+°)( 1 +  {G0}) ds =

g — fif(+0)+2 -ĵ l — (K+0)

$ ~ g( + 0) + 2

'* + '* * ° °  a }, if s(+0)
0

lh + lh ^  G0
c2-9(+0) if ?(+0) S  1

and

(2 . 6)

t

/ =  (!+{С» 2 f - g(+0)+1/  (/T}’ if *<+0>
0

/ =  C + { g » 2 f - g(+0)+1 /  ^ ( t ö ? 0 * } . if g(+0) == 1.

The operator (2. 6) is not a function in general. Nevertheless, it is evident from the 
elements of the operational calculus that (2. 6) is a function, if and only if the function 
occurring in the second bracket of the corresponding formula in (2. 6) has a locally 
integrable second derivative and if this function itself with its first derivative tends 
to zero as t tends to zero. If these conditions are satisfied the multiplication of the 
operator s2 and this function is equivalent to two times differentiation of it.

We show that if is locally integrable then the operator (2. 6) is a function.

In the sequel we require the local integrability of ■
Then it may be chosen the value g = 0 in the second equation of (2. 6) provided 

that g( +  0)&0, because the integral remains convergent. This fact can be easily 
seen by application of the above statements 1 and 2. So we can write (2. 6) in the 
more convenient form

/  =  (1 +  (G))»2 f -«*”*1 /  * }dx\, if g (+ 0 )a 0 ,

(2.7)
t

/  =  0  + {G }y  f- g(+0)+ 1 <fe}. if 2 (+ 0 )< 0 .

When g( + 0 )^ 0  the function occurring in the bracket after s2 in the first 
formula in (2. 7) is absolutely continuous and tends to zero as t —0. Its derivative

( 2 . 8) lh + lh * G 0 +(1 _ g( + 0))?_9(+o)J i t Ih ̂  G0
2 - f f ( + 0 ) cIt

S tu d ia  Scientiarum  M athem aticarum  Hungarica 2 (1967)



INTEGRAL EQUATIONS OF CONVOLUTION TYPE 87

also tends to zero because of the required condition on the function This
can be seen by application of the statements 1 and 2 and of the Bernouilli—L’Hospital 
rule. Moreover (2. 8) is also absolutely continuous, its derivative is

h + h 4c G о ~g(+0) lh T Ih ^  G Q-£(+0)(l-£(+0))/-»(+°>- j j"  lh + lh •)((• G о
9(+0)+2 ih.

Wholly analogously to the case a >0, this expression can be reduced to the following 
form

(2 .9)
Л +  /j G0 - £ (+ I  h  +  h i f c G 0 

J  — 0,(+ 0)+ 1 dx.

This is a locally integrable function (see the statements 1 and 3). By (2. 9) and the 
first formula of (2. 7) we get the required particular solution as follows:

(2. 10) / _  (1+{G)){ * ± A .* ® î-g(+0)<-*♦•»- j
О

When g( + 0)<0 we start from the second formula of (2.7). Analogously 
to (2. 9) we get the function

(2. II) /̂ - G^ + yg(+0)(l-s(+ 0))r»< +0>-1-g(+0)/-»<+0>-/£+ h ̂  G0
9 ( + 0 ) + l

dr

where the constant у is determined by the constant e> 0. The required particular 
solution can be written as follows:

(2 .12) / =  (1 +  {C}) j * +  * * G« - y g ( + 0 ) ( l  - g (  +  0))

“ *<+<>

f  —9(0)“  1 —

Comparing (2. 10) with (2. 12) we see that these functions differ from each other 
in the function

(2. 13) CO + fG } )^ -^ 0) - 1} (C =  constant).

However, we have proved in paper [1] that (2. 13) is the general solution of the 
homogeneous integral equation

t f+ f* g  = o.
So we get the following
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Theorem 2. Let the value g ( +  0) exist and let the functions 

h(t)

g (0~ g(+  0)

and — - be locally integrable on <0, °°). When g( +  0 ) s 0  the integral equation

(2. 14) tf(t) +  J  f i f igU  -  t) dx =  /г(0

Aas exactly one locally integrable solution on (0, °°) which can be written as follows:

f( t )  = U (t)+ U (t)*G (t)
where

U(t) = M ± M * M ) _ g(+ 0)i- e(+o )-i f b ± l
* J  I 1

h + h ^ G 0
-9 (0 )

í/t

// ' g  ( 4 - 0) < 0 the integral equation (2. 14) Aas an infinite number o f locally integrable 
solutions that has the following form:

where

u ( t )  =  a - ^ + o ) - 1 +

f(t)= U (t) + U (t)*G (t) 

h(t) + h (t)^G 0(t) g(+ 0)t~ä(+°)~i
t

Í  h-\- h ^  G $
J  —e(. + 0)+ 1dx

(e >0, C arbitrary).

Any two solutions differ from each other in one solution of the homogeneous integral 
equation.

Remark. The local integrability of is only a sufficient condition and is 
not necessary. We can easily give examples of the discussed integral equation where

grable, althoi 

t f+ f* g  = h

the function is not locally integrable, although the integral equation

has a locally integrable solution.
As an example let us assume that

m  =

g(t) =

1
t log2 t 
0

if 0 s  t ä  ô < 1 

if t >  Ô

Here f(t), g(t) are locally integrable but a simple calculation shows that 
is not locally integrable on (0, °°).

h(t)
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FIXPUNKTSÄTZE FÜR ITERATIONEN 
MIT VERÄNDERLICHEN OPERATOREN

v o n

T. FREY

l.§ . Einleitende Bemerkungen

J. Sch r ö d er  hat vor einigen Jahren erkannt, daß man die Güte der benützten 
Näherungsverfahren bzw. numerischen Methoden viel tiefer charakterisieren kann, 
wenn die Abstände der betrachteten Funktionen nicht mit Hilfe von Zahlen, d. h. 
mit gewöhnlicher Metrik, sondern mit Hilfe von Elementen eines halbgeordneten 
linearen Raumes, d. h. mit einer sog. Pseudometrik angegeben sind (s. z. B. [1], [2]). 
Er hat nämlich einen Fixpunktsatz für Iterationsverfahren angegeben, mit Hilfe 
welcher man in vielen Fällen nicht nur Existenz, aber auch Konvergenz bzw. 
Konvergenzschnelle von Iterationsfolgen gegen die gesuchte Lösung beweisen 
kann (s. z. B. [3], [4]). Dieser Satz ist jedoch nur dann anwendbar, wenn man 
„konvexe” Operatoren betrachtet, die daneben beim Verlauf des Prozesses konstant 
bleiben. In den interessantesten praktischen Fällen sind jedoch die Operatoren 
oft „konkav” und bleiben daneben oft nicht konstant.

Wir geben nachstehend einige Verallgemeinerungen dieses ScHRÖDERschen 
Fixpunktsatzes in den benannten Richtungen an, und zeigen mit Hilfe einiger 
Beispiele die Anwendbarkeit dieser Sätze. Zuerst einige Bezeichnungen und De
finitionen:

Wir nennen die Menge SÜt einen halbgeordneten, linearen Raum über dem 
vollgeordneten Ring K, falls

a) SU halbgeordnet ist, d. h. eine Ordnungsrelation (bezeichnet d u rch s) 
zwischen gewissen Elementen von sJJi besteht, mit den Eigenschaften:

1°, AsA für alle /)£sJJi;
2°, s  ist transitiv, d. h. aus /S g ;  g ^ h  folgt ja  /S A ;
3°, aus / S g  und g S /  folgt ja /= g ;
b) Linearität und Halbordnung von SJi sind einander kompatibel, d. h.
4°, a u s /S 0 ;/€ 9 J l ;  сёО, c£K  folgt ja i / = 0  wobei 0  das Nullelement der 

Abelschen Gruppe 9W, 0 aber dasjenige des Ringes К bezeichnet;
5°, aus fjTsgj (j=  1, 2; /}, g; €äR) folgt ja / ,  + / 2 S g L + g 2;
c) Die Topologie von Sül ist kompatibel mit der Halbordnung und mit der 

Linearität von ÜJl, d. h. es gibt einen abstrakten Limesbegriflf über bzw. К (bezeich
net durch \ime„ = e) mit den Eigenschaften:

П-* 00
6°, eine jede konstante Folge ist konvergent, d. h. ist e„ = e (n = l,2 , ...), so 

ist lim e„ =  e (e„, e € 9Л bzw £ К).П->oo
7°, jede Teilfolge einer konvergenten Folge ist konvergent und strebt nach 

demselben Limeselement;
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8°, strebt die Folge/„£331 bzw. gn £ 931 nach /  bzw. g, so ist auch f n+gn kon
vergent, und strebt gegen f+ g',

9°, strebt die Folge /„£331 nach / ;  c„ £ К aber nach c, so ist auch lim cnf n — c f
f l  ► CO

gültig;
10°, strebt die Folge /,£331 nach /  und ist für alle n /„ = 0  gültig, so gilt auch 

f= ©  \ und endlich
11°, strebt die Folge /„ ^ 0 , /„ £331 (w =l, 2, ...) nach 0 , und gilt für jedes 

n 0  Sg„S/„, so steht auch lim gn = 0  fest.
П-*оо

Wir nennen nun die Menge R einen pseudometrischen Raum, wenn zu jedem 
Elementenpaar s, t von R ein Element g(s, t) eines linearen, halbgeordneten Raumes 
931 zugeordnet ist, mit den Eigenschaften:

12°, q(s, t) = 0 m dann und nur dann, wenn s = t ist;
13°, q(s, í) S q(s, ü) + g(t, u) steht für jedes и£Л fest.
Es ist nun leicht einzusehen, daß dieser Pseudoabstand д symmetrisch und 

ein Element der sog. positiven Halbgruppe von 931 ist, d. h. auch

Ф , t) =  g(t, s)
auch

Q(s, t)s=0m
gültig ist.

Die Topologie des Raumes R ist somit durch diejenige von 931 definiert: r„£R — 
— u£Ä ist nämlich gleichbedeutend mit lim q(v„,v) = 0 w. Es leuchtet ein, daßП-*оо
dieser Limesbegriff eindeutig definiert ist. Man kann somit auch die Begriffe Voll
ständigkeit, Kompaktheit, Stetigkeit usf. in R einführen.

Es sei nun R bzw. S' ein pseudometrischer Raum, mit Pseudoabständen д 
bzw. a des halbgeordneten, linearen Raumes 931 bzw. 91. Wir nennen nun den Operator 
T, definiert über rQ R, mit eindeutiger Bildmenge in S, einen beschränkten Operator 
in r, falls man einen stetigen, beschränkten, positiven Operator P, definiert über 931, 
mit einer Bildmenge in 91 so angeben kann, daß für jedes u, v£r

a(Tu, Tv) ^ P q(u, v)
feststeht.

Ist daneben auch P 0 W = 0 Я gültig, so ist T  auch stetig in r.
Man kann auch die Topologie des Raumes 91 auf die Menge der Operatoren 

(den Begriff der schwachen Konvergenz), definiert über r, mit Bildmenge in S, 
übertragen. Wir sagen nämlich, daß die Folge Tn solcher Operatoren 91-schwach 
nach T strebt, falls für jedes и£г

lim a(T„u, Tu) = 0 m
feststeht.

Es ist zweckmäßig, auch den Begriff der (9l-schwachen) gleichmäßigen Kon
vergenz von Operatorenfolgen einzuführen. Wir sagen nämlich, daß die Operatoren
folge T„ 91-schwach gleichmäßig nach T  über rQ R  strebt, falls man ein Element 
w0 (LR, ferner eine Folge stetiger, positiver Operatoren Pn, definiert über 931, mit 
Bildmengen in 91 so angeben kann, daß
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1°. die Folge Pn monoton in n ist, d. h. für jedes gÇtUi und jedes Indexpaar 
m ^ l  — bzw. тШ1 — eine Relation

PmQ —PlQ
gilt;

11°. die Folge Pn nach einem stetigen, positiven Operator P„=P strebt, d. h. 
für jedes ßGäH

lim (P„q- P „ q) =  0,л
П-*оо

feststeht;
IIP. die Relation

a(Tmu, T f U)  rá Pmo{u, w 0 ) - P , q ( u ,  w 0 )

für jedes u£r und für jedes Indexpaar l ^ m S ° °  — bzw. — gilt.
Man kann einsehen, dass jede gleichmäßig konvergente Operatorenfolge 

auch konvergent ist.
Den Begriff des Pseudoabstandes (den Begriff der starken Konvergenz) kann 

man im allgemeinen nicht direkt in den Raum der Operatoren übertragen, da im 
Raume 91 im allgemeinen keine „obere Grenze” für eine Menge von Elementen 
existiert. Wie wir aber gleich sehen werden, braucht man diesen Begriff nicht un
bedingt.

2. §. Die Fixpunktsätze für pseudometrische Räume

Wir betrachten nachstehend folgende Probleme: der Operator T=T„  bildet 
den Teilraum rQ R  des vollständigen, linearen, pseudometrischen Raumes R in 
R ab; es gibt ferner eine Folge von „numerischen Operatoren” Tn, die r in R ab- 
biiden, ferner (9Ji-schwach) gleichmäßig nach T  streben. Gibt man nun eine „appro
ximierende” Folge un+i = T„u„ an, so kann man folgende Fragen betrachten:

1°. Strebt die Folge un nach einem Fixpunkt i/Çr des Operators TJl
2°. Ist dieser Fixpunkt eindeutig definiert?
3°. Wie ist die Konvergenzschnelle dieser Folge?

Satz  la . Setzen wir voraus, daß die Operatorenfolge P„, mit Hilfe welcher 
wir — und mit H'o € R — die gleichmäßige Konvergenz von {Tn} gegen T = T„ dar
stellen, monoton nichtfallend nach P , strebt, ferner die folgenden weiteren Bedingungen 
erfüllt sind:

a) für jedes Paar von Elementen u,v£r, und für jedes Indexpaar m ^ l ^ ° °  
gilt die „Abschätzung'’'

q { T , u , Tmv)^Qß(u, v )  +  P , [ q ( u , v )  +  q ( v , w0)] -P mg(v, vr0 ) 

mit Q 0m = 0 m;
ß) die Paare der Folge P„, ferner der Operator Q sind monoton „nichtfallende" 

und „nichtkonkave" Funktionen ihrer Argumente, d. h.für jede 0 S e  = e*; 0  ^ a S a *  
und m ̂  ^  c° ist

P \ ( q + o ) ~  P m Q  S  P ,  ( в *  +  о * )  - Р т в * ' ,

Q(q + <?)- Qq S  Q(q* + o*) -  Qq* ;

Studia Scientiarum  M athem aticarum Hungarica 2 (1967)



9 4 T. FREY

y) т Ç SDl tói е/и geeignetes Element, mit dessen Hilfe man die Operalorenfolge S„ :
Sna = Qo + Pna +  x

bzw. die Folge Snon = an + i € TH definiert; ferner ist u0 £ r bzw. a0f  Ш das Anfangs
element der Folge T„un bzw. Sna„, zusammen mit x so gewählt, daß

Go =  Q(uо, и’0)
und a i = S 0a0^ a 0+ q ( u 0 , T0u0)
gilt.

S) Die Folge Snjs t  „gleichgradig" vollstetig, d. h. ist die Menge M{ma ; а в Г} ez SDÍ 
beschränkt, so ist M{S„^ma', я ÇГ} bei beliebiger Wahl der benützten Indexmenge 
n(y.) kompakt. Die Folge on sei beschränkt.

e) Endlich ist r eine vollständige Menge, welche daneben die ganze Folge 
un+i = T„un enthält.

Neben den oben angegebenen Bedingungen gibt es für die Gleichung и = Tu 
mindestens eine Lösung (d.h. der Operator T besitzt einen Fixpunkt) in r; die 
Folge un strebt nach einer solchen Lösung.

Bew eis . 1°. Wir zeigen zuerst, dass die Folge S„ bzw. an konvergent ist, nach
S.„ bzw. <t„„. €t)Ji strebt, und letztere genügt der Gleichung

( .

Nun S„o = Qo + Pno + x, und da hier Pn nach P„ strebt, so strebt auch Sn 
nach S„ mit S„a = Qo + P„o + x.

Die Folge <t„ ist monoton wachsend: а^ёсго folgt nämlich aus y), und gilt 
<7„+1 =on für n = 0, 1, 2, ..., N — 1, so ist nach ß) bzw. y)

f f N +  1 ~  a N  =  $ N a N ~  S n + W n - I  =  Q a N +  P N ° N  +T —

“  [ Q G N -  =  ( 6 ° j V  ~  Q ° N -  1  )  F  ( P . N G N ~  P n  -  1 a N -  l )  —  >

d. h.

( 1 )  a n + l —  ° i i

auch für n = N, also für alle n gültig.
Nach <5) ist daneben die Folge on beschränkt, und so nach ö) auch kompakt, 

da a„ =  5'„_1cr„_1 gültig ist. an hat also eine konvergente Teilfolge, und die Folge 
selbst strebt nach dem Grenzwert a„ dieser Teilfolge, da sie monoton ist.

Nach ß) bzw. y) ist auch die Folge S„ (mit dem Index) monoton wachsend; 
es gilt also für jedes кШт

$кат — &тат = Gm+ 1
folglich auch

Gm — Gm + 1 ;
also auch

(2)

da stetig ist.
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Jedoch ist nach ß) bzw. y) Sn auch eine monoton wachsende Funktion des 
Argumentes. Somit für jedes k ^ m

° m  +  1 —  Smam —  $так —  *S/ii
also
Í3) f f . s S .d . .

(2) und (3) zeigen nun die Gültigkeit unserer Behauptungen.
2°. Wir schätzen nun die Pseudoabstände der Elemente uk und um, bzw. uk 

und w’0, d. h.
Qk.m = в («* , «J  bzw. Qk = Q(uk , Wo).

Nach y) ist die Abschätzung <r0S ß 0 und a1— ct0 —<?i,o gültig. Wir zeigen 
nun durch vollständige Induktion, daß auch allgemein die Abschätzungen
(4) und für k> m  ak-<jm^Q k<m
gültig sind. Es sei vorausgesetzt, dass (4) für n = 0, 1,2, N bzw. für к = 1, 2, ..., N  
und für m =0, 1, ..., к — 1 schon gezeigt wurde. Ist nun k = N+  1 und 0 < m S N , so

Qn + 1 ,m =  Q (IIN+ I > Mm )  =  Q(TnI<Ni T, 1 11 m -  1 )  —

— Q Q n . ih-  1 +  P N [í?V, m — 1 +  ß ( Um -  1 > U'o ) ]  — P i n -  l ö ( Mm -  1 > ,1’о ) —

=  Q(<rN -  < b i . - l )  +  Pn[°N -  f f m -  1 +  O m - l ]  ~  Л и -  1 <Гт-  1 S  
s  £?<TN +  + T  -  { Ö ö - m -  1 +  P m -  1 CT„_  j  +  T }  =

— Sj4<rN — Sm_ J ffm_ ! =  <TN + ! — cr„,,

d. h. der zweite Teil von (4) ist für k= N +  1 und m = 1,2, ..., A gültig. Ferner

ö\+i ,o =  e (“w+i» mo) =  0 («n+ i . Wi) +  ö («j , w0) S
— i — "bffi — °o = °iv+ i

d. h. dieser zweite Teil ist auch für m = 0 gültig.
Endlich

0 n+ i — Q(un + l > H’o) — Q(un + i > w0) +  f?(w0 , w „) S  

— ®jv+1 — °o "F u'o = Cjv+ 1 >
d. h. auch der erste Teil von (4) ist für N + 1 — und so für alle n bzw. к und 
— к 1 gültig.

3°. (4) hat zur Folge, daß u„+l = Tniin eine in sich konvergente Folge ist; nach 
e) besitzt sie somit einen Grenzwert m„£/\ Wir zeigen nun, daß u„ = T„u„ gültig 
ist.

<?(m_ , r . i c ) s e ( i / , + 1, 7Lw„) +  e(Mn+1, Wo,) —
= Q(TnUn, T„u„) + Q(un+l,u„)^Qe(un, U„) +P„[q(u„, M„) +

+ Q (w„, И’о)] -  P„Q (u„, *V0) + e  (w„ +i , w_) =S
S Ö K - a n] +  P ~  -  f f ,  +  <r„] -  Pn<*n +  <*- -  <*„ + 1 ^

+ + {0<T„+ Р п(Тл + т} +  <Г0„-(Т,1+1 =
= >S„ <x„, -  S„ a„ + a„, ~  <t„ +, =  2 (<t„ — <rn + J )
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falls п -*■ °°. Also
q{u„, TL w„) ^  0 a(, 

und daraus folgt unsere Behauptung.
Es sei noch bemerkt, daß man in a) Q mit einer monoton wachsenden Folge 

Q„ ersetzen kann.

Satz 1b. Betrachten wir wieder das Problem des Satzes la ,  jedoch setzen 
wir jetzt voraus, daß die Folge P„ monoton fallend nach P,„ strebt, ferner die Paare 
Pn, Pm „konkav”, und Q = 0 sind. Genauer: 

ab) für k ^ m ^ ° o

Q(Tku, Tmv )^ P k[ß(u, V) + q(v, w0)] - P„q(v, w0);

ßb) für к^т Ш °°, G ^ q^ q* und 0 ^ g ^ g*

Pk(e* + а) -  P„,q* Ш Pk(Q + ff*) ~P,„Q\

yb) Sno = P„o +  T, mit entsprechendem т € 93t ; ferner

u 0 = ö ( w 0 , u’o) und <r0 =  ffi + q {u 0 , T0u0);

(5b) und eb) enthalten dieselben Voraussetzungen wie <5) und e) in Satz la), wir 
setzen jedoch auch noch an^ 0 m (n = 0, 1, 2, ...) voraus.

Unter diesen Bedingungen ist die Behauptung des Satzes la) wieder gültig.
B ew eis : Wir werden dem Gedankengang des Beweises des vorigen Satzes 

folgen und nur die Änderungen bemerken. In 1° kann man jetzt aus der Voraus
setzung g1^ go, und aus P„\P„ gleich zeigen, dass die Folge an monoton fallend 
ist:

a N ~  a N +  1 =  P n - l ° i v - l  ~  P N a N —  f a l l S a N -  1 — ° N  —

Daraus und aus i7 ,S 0  folgt nun wieder, dass on-+a  ̂ feststeht. Da nun weiter 
auch an, auch S„ bzw. Pn monoton fallend sind, so gilt einerseits für k> m

d . h.
“V g rn — S m G m  G m  -f- J

S,„ G m  S  G m  +  , .

resp. wegen der Stetigkeit von S„

anderseits aber 

d. h.

S o o G o o  ---  G „ ,

G  m  +  1 B m  G m  S m  G

G œ  = Z  S a o G œ ,

woraus wieder g„ = S ^g„ folgt.
2°. Hier beweisen wir jetzt mit Hilfe vollständiger Induktion, daß

(5) an = Qn und Gk -G m^Q mtk (k<m)
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gilt. Für /2=0 bzw. k = 0, m = \ sind die Ungleichungen (5) vorausgesetzt; sind 
sie schon für и = 0 , 1, N, bzw. m = l , 2 ,  ..., N  und 0 < i : S m - l  bewiesen, so 
gilt (für fc>0)

QN + l,k = Q(PhuN> — Pk-l[e(uNf uk- l) + ö(MN> H’o)] —

— P n  Q ( B n  > lt;o )  —  P k -  A a k -  I — ff,Y +  f f ,\]  ~  P n ° N  — <J k ~ <TN+  1 >

da ö/v — CT/v; für k —0 aber

ßiV+1,0 — 0Л2+1,1+01,0—(Т1—0'ЛГ+1+0’о — °’i =(To—0'iv+i!
endlich

Qn + 1 =  Q(u N+  1 ) *vo )  — ö ( vt’0> M0)  ~  ß ( M о j  UN+ ~~ [ ° 0  — °> / + l ]  = ( Т ЛГ + 1 >

und so ist (5) für n = N  + 1, bzw. m = N  + 1, O ^ k ^ N ,  d. h. für alle n, m, к bewiesen. 
Die Behauptungen in 3° haben Wort für Wort auch jetzt Gültigkeit.
Sa tz  lc. Betrachten wir wieder das Problem des Satzes 1—lb ), und zwar unter 

folgenden Bedingungen: 
ac) für k S m ^ ° °  sei

Q(Tku, Tmv) S  Qo(u, V) +  Pk[ü(u, V) + q(v, w0)] -  PmQ(v, w0)
ferner

ßc) die Paare Pk — Pm erfüllen diejenigen Bedingungen, wie in ßb),
ferner ist Q auch eine stetige und monoton wachsende Funktion des Argumentes, 
endlich ist

Q&w — P = ®аи-
ус) S„ ist durch Sn(T = Q(T + P„(T— P„+l0  definiert, ferner hat die Gleichung

ff = S„o = Qo + P«,o

unter der Bedingung о = q ( u ,  v ) ;  u ,  v  £ r, nur die „triviale” Lösung a = 0 m. Ferner ist

ff0^e(M0.Mi) und fft <ff0;

de) Außer den Bedingungen in 3) bzw. db) soll auch vorausgesetzt werden, daß 
die Operatorenfolge T„ gleichgradig Ш-vollstetig ist (d. h. sie bildet eine Ш-beschränkte 
Menge in eine Щ-kompakte ab)',

ec) Außer den Bedingungen in e) bzw. eb) soll auch vorausgesetzt werden, daß 
die Menge r Ш-beschränkt ist, d.h. für jedes u ,vdr die Abschätzung q(u, v) Qr 
feststeht.

Unter diesen Bedingungen besitzt die Folge un+l = Tnun einen Grenzwert in r, 
welcher ein Fixpunkt von T„ ist.

Beweis: 1°. Ebenso wie früher, ist mit vollständiger Induktion gleich einzu
sehen, daß die Folge <т„ monoton abnehmend und durch 0 m begrenzt ist, also 
einen Grenzwert ff„ besitzt, welcher der Gleichung =  S„ cr,„ genügt. Nach yc) 
ist also ff̂  =  0 m gültig.
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2°. Wir beweisen jetzt durch vollständige Induktion die Gültigkeit von

(6) <Jn^Q(un,u n+1).

(6) ist nämlich für n = 0 nach yc) gültig. Ist es schon für n =  N  bewiesen, so ist 

Q(un + l > un + 2 ) =  Q(Tnun > TN+luN+1) ^  Q q(un , un+ j) +

+  P l \ [ q ( u N j u N +  1)  +  ß{l<N+  1 > , l ’o )] — P n + l ß ( u N+  1 ! ,v'o )  —

— QaU +  Ps\aN +  0] — Рц + 1& = SN<JN = ffN + ! ,

da Q monoton wachsend und die Paare PN,P N + l konkav sind. Somit ist (4) für 
alle n gültig.

3°. Da die Folge T„ gleichgradig 'Di-vollstetig, ferner r ЗЛ-beschränkt, endlich 
u„ £ r für alle n ist, besitzt die Folge {«„} eine konvergente Teilfolge {u„k}, welche 
nach u„ £r strebt. Dann strebt aber (4) gemäß auch die Folge {u„k+nl} (m = 1, 2, ...) 
nach u„, d. h. die Folge {u„} selbst auch. Endlich

e(n_, T„uJ ) ^ q(u„, uj) + Q { T n _ i un_l , 71m„)S

Sg(un, u„) + QQ(un- 1,u„) + Pn- 1[e(un. l ,u„) +

+  в  ( и » , Wo)] - P „ Q  (W„ , W0)  ^  Q (Un, W_) +  Q q (un _ t , u f )  +

+ Pn-Áe(“n-l,U„)]SQ(un, uJ) + QQ(un- ! ,  M„)+Pm[e(w„-1 , M_)],

falls m S n  — l ist. Da nun Pm eine monoton abnehmende Funktion des Indexes 
und des Argumentes, ferner PXO = 0  gültig ist, so strebt die rechte Seite unserer 
Ungleichung nach Pm0 , falls n — °°, bzw. nach 0 , falls dann auch m — °° gilt. Folg
lich ist

g(u„, =  j,
womit alles bewiesen ist.

Satz ld. Betrachten wir das Problem bzw. die Bedingungen des Satzes lc), 
setzen jetzt jedoch auch w0 £ r voraus, lassen dagegen aber zu, daß die Paare Pk, P,„ 
nur asymptotisch „schwach konkav” sind, d. h. 

ßd) für k-< m ^°°, O S q^ q*', 0  Server*

Pk(0* + a ) -  Pm Q*^Pk(g + a * j-P mQ + ccK m R(q* -  q)

gilt, wo R ein positiver, monoton wachsender Operator ist, ferner yk m eine monoton 
faltende Zahlenfolge beider Indexe, für welche daneben yk J \ 0  für к °° auch 
feststeht ;

•yd) Sn soll durch S„o =  Qa + Pna — Pn+ j 0  +  an„+ x Ror definiert sein.
Die weiteren Voraussetzungen des Satzes lc) beibehaltend, sind auch die Be

hauptungen dieses Satzes gültig.
B e w e i s : 1°. Da an>„+1 monoton fallend ist, kann man die Monotonität von 

an ebenso wie in Satz lc) beweisen; daraus folgt wiederum die Relation <Too = 0 ä)i.
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2°. Auch die Ungleichung a„^ß(u„, un+i) ist durch vollständige Induktion 
leicht zu beweisen: nämlich

e(uN+i > mn + ï ) ~  e(TNuN, Ts+ xuN + j) = Qß(uN, un + i) +

+  ^jvte(«v> W/v+i) +  e(Mv+i> wo)]-^ iv+ ie(Mv+i. и’о) —
— QaN + PnWn + 0 ]  — PN+ {0  +0ÍN.N+ 1 R q (un+1 , tv0) ä

— QffN + Pn° n ~  Pn+ i® + aNiN + I Rßr — SNaN = aN +1,

falls gN'N + l ^ o N gültig war, und damit ist alles bewiesen.
3°. ist Wort für Wort aus Satz lc) benützbar.
Es sei hier bemerkt, daß man statt ak mR auch den Operator Rk,m benützen 

kann, falls Rkm monoton abnehmend mit seinen beiden Indexen ist, ferner Rk „ \0 ,  
für к —► C O  auch gültig ist.

Es sei noch bemerkt, daß in Satz lc) bzw. Id) die Unizitätsbedingung der 
Lösung der Gleichung a = S„a die strengste Voraussetzung ist. Mit Hilfe von 
sehr schweren Hilfsmitteln kann man diese Voraussetzung abschwächen; wir werden 
darauf in einer späteren Arbeit zurückkommen.

Satz 2. In Satz 1. ist Voraussetzung e) durch e2): r enthält die abgeschlossene 
Pseudokugel

K { v : q ( v ,  m, ) ^ c r „  — e r , }

ersetzbar.

Diese Kugel enthält dann das Limeselement m«. von {и,,}, und in К ist dieses der 
einzige Fixpunkt von Tm — T.

Es sei ferner n0 Ш1 und r„0 € Ü0Î erfülle die Unglechung x„0 S  <r„0, endlich die 
Folge

Tn+i = Snx„ (n=n0,n 0 + l; ...)

strebe auch nach er«,. Dann enthält die Pseudokugel K*{v; ß(v, u„0) S t„0 — a„0j 
höchstens einen Fixpunkt von T«.

Beweis: 1°. Es sei zuerst bemerkt, daß in Satz 1. Punkt 1° die Voraus
setzung e) gar nicht benützt wurde, <t„ und somit К existiert also auch im Falle 
e2) statt e). Es ist nun leicht zu sehen, daß un£K  für « S  1 gültig ist, da Т„КЯ=К 
feststeht. Es sei denn vÇ.K beliebig, und пШ 1; nun

ß(Tnv, w,) =  ß(Tnv, T0 u0) S Q[ß(u0 ,r)] +  P„[ß(u0 ,v) +

+ i?(w0 - и’о)] -  PqQÍFo , «’о) ̂  QMuo ,U\) + Q(u\ , v) +
+ е(м0. h’o) ] - 0 [ ö(mo,h’o)] + P«[ö(Wo, м,) + е(п, ,u) +

+  Í? (w0, И’о)] -  P0[e (m0 , И’о)] ^0(<т,-<7о +  ^ ~ - ^ 1 + ^ о ) -

-Q(<r0) + P~(°i -O 0 + O --O 1 + a0) -  P0(a0) =
— *S« er« — Sq<Tq = er« — о i ,

d. h. Tnv£K, w. z. b. w. Da nun TnK ^ K  gültig ist, so ist e) eine Folge von e2).
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2°. Es sei vorausgesetzt, dass w£K  auch ein Fixpunkt von TL ist. Da w£K, 
so ist q ( w ,  l i J S i r » - a1. Dann kann man aber mit vollständiger Induktion leicht 
zeigen, daß
(7) eO ,

für jedes n ê  1 gültig ist. Steht nämlich (7) für n = N  fest, so gilt

QO, miV +, ) =  e(T„w, TNuN) ^ Q \ q(w, Mjy)] + [ö(w, M,v) +

+ e(%, H’o)] -  T’jv [ e Ohv, w0)] == Q [ 0  (w, Mjv) +  Q (uN, w0)] -
- Q q(un, U'o) +  P.,{q(w, uN) + Qti\-PNQN^áQ[a=a- a N +

+  ffjv] — Qv\ +T^[cr0o — aN +  aN] ~ P NaN = SNaN= a „ - a N+l,

d. h. (7) ist auch für n = N +  1, d. h. für alle n ^ l  gültig. Daraus folgt aber gleich, 
daß un —w, d. h. w = u„ ist.

Die Behauptung über K* ist Wort für Wort ähnlich wie (7) zu beweisen.

Satz 2b. Die Voraussetzung eb) in Satz lb) ist durch e2b): r enthält die ab
geschlossene Pseudokugel

K{v\ q ( v ,  и1)Ш<т1-а ^ }
ersetzbar.

Diese Pseudokugel enthält dann auch u.„, und dieser ist der einzige Fixpunkt 
von T„ in K.

Ist ferner n0S l  und тП0̂ о„0, strebt daneben xn+1= Snzn (n =n0) auch nach <r„, 
so besitzt die Pseudokugel K*{v; q(v, unj  = ono — t„0} höchstens einen Fixpunkt 
von T„.

B ew e is : 1°. Die Existenz von bzw. К  ist jetzt wieder unabhängig von eb). 
Auch T„K^K  ist wieder leicht einzusehen: ist nämlich v Ç.K, so

q ( T v ,  U i )  =  q ( T v ,  T 0 u 0 ) ^ P 0 [ q ( u 0 , v )  +  q ( u 0 , w0) ] -

-  P q  O o , W o) ^ P 0 [ q ( u 0 , U i )  +  q  ( m j , v )  +  q ( u 0 , w 0)]  - Р „ д 0 ^

— Po [°o — ai +  +  cr„] — T„ (J„ = S0a0 — Sx o«, = o1 — o„,

da P„ monoton abnehmend mit seinem Index ist, und q(u0, w0) Scr0, um so mehr 
q(u0, w0) S(tm. Damit haben wir also schon bewiesen, daß e2b) die Voraussetzungen 
von eb) mitzieht.

2°. Es sei nun wieder w L V ein Fixpunkt von T„. Wir zeigen durch vollständige 
Induktion, daß
(8) q(w, un) = <r„ — a,x

feststeht. Für n = 1 ist ja (8) gültig, da w £ K. Ist (8) schon für n =  N  bewiesen, so gilt 

e(w, u n + 1 )  =  q ( T „ w ,  T n u n ) S P n [ q ( u n , w )  +  q ( u n , w q)]  —

-  T„[o(A>u'o) ]= T y[aN — + erj -  P,„(7„ =  SNaN — S_„o._„ = aN +1 — er,
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da q(un, w0) ^ a N nach (5), um so mehr also q(un, vr0) = o«,. Damit haben wir also
(8) für jedes n ë  1 bewiesen.

Im weiteren können wir den Gedankengang des Satzes 2 Wort für Wort folgen.

Satz 2c. Unter den Voraussetzungen des Satzes lc besitzt T„, keinen Fixpunkt 
außer im Gebiet K0{v : [ö (X , г )] +  Q[q (w„ , t’)3 — (u°° , »)} П r, falls 0 ^ 9 < 1
ist.

B e w e i s : E s sei vorausgesetzt, daß wÇ_Ke Ç\r ein Fixpunkt ist. Dann aber ist

(10) q(u„, uj = e(T~u„, T„w) S Q q(u„, uj +P„q(u„, w) S &Q(u„, w),

da w£KdC\r. Ist nun 0 S $ < 1 , so folgt q{û , w) — 0  aus (10), w. z. b. w.
Satz 2d. Unter den Voraussetzungen des Satzes ld besitzt T„ keinen Fixpunkt 

außer u„ im Gebiet

Ka{v: P„ o(um, v) + Qq(tc , v) S  9q(u„ , v)} П r, falls 0 S  $ <  1 ist.

Der B e w e i s  entspricht dem des vorigen Satzes.

Satz 3. Unter den Voraussetzungen des Satzes 1. kann man die Konvergenz
schnelle der Folge u„ nach durch

u „ )^o „ -o n
abschätzen.

B e w e i s : Für beliebiges N ^ n  gilt die Abschätzung

q(u„, u„ )^ q(u„, un) + q(un , u„)Sq(u„ ,un) + on - o„.

Strebt also so strebt q(u«,,un) nach 0 m, folglich ist

ö(W-, ^ ё 0 ,л + 5 „ - |Т „
w. z. b. w.

Satz 3b. Unter den Voraussetzungen des Satzes lb  ist die Abschätzung

q(u„ , l/„ )ëff,-d„
gültig.

Der B e w e i s  entschpricht dem des vorigen Satzes.

Satz 3c. Unter den Voraussetzungen des Satzes lc  sei S* durch

S*t = Qz +P„t

definiert; es sei ferner 'IR 3 r0 = Q (u0, u.f) so gewählt, daß auch
zI = S qZ0 ?эт0

gilt. Dann gilt die Abschätzung
Q(un,

und hier z„ — 0,m, falls
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Beweis: 1°. Da hier t0 S q(u0 , uj) und gültig ist, kann man durch
vollständige Induktion zeigen, daß t„ monoton abnehmend ist. Ist dann t , - t ,  + 1S 0  
für n = N — 1 noch gültig, so muß

'cN ~ XN+l= ^ N - l rN - l ~ ^ N TN= QTN- 1 +-í*iV-lTJV- 1 ~~ QXN ~  P NXN — ®

auch gelten, da Q monoton nichtabnehmend ist, bzw. nach den Voraussetzungen 
von ßc). Da nun weiter t„ ^  0  auch feststeht, so muss t„ nach streben, da mit 
der Folge Sn auch S* gleichgradig vollstetig ist; da ferner S* = S,„ auch gültig ist, 
soll nach yc) gleich 0 ;OT sein.

2°. Die Abschätzung

(11) е(и„,гО =  т„

ist auch leicht mit Hilfe vollständiger Induktion zu prüfen. (11) ist nämlich für 
n = 0 nach Voraussetzung erfüllt. Ist es schon für n = N bewiesen, so ist

q(un+ 1 , u~) = e(TNuN, T„uJ ) ^ Q q(un , iO  +

+ Pn[q(un , uf) + Q (w„ , U'o)] -  Q (u„_, W0) S

— Qxn +  Pn [tjv ~@]~P°°® — Sn TN ~ rN +1,

und damit ist alles bewiesen.

Satz 3d. Unter den Bedingungen des Satzes ld  soll S* durch 

S*t = Qt + P„x + a„,„+) Rq, (bzw. + Rn,n+l Qr) 

definiert sein; ferner soll 9Ji Эхо — q ( u 0  , ufi so gewählt werden, daß

xl~  » S ' o ^ o  —  xo
auch feststeht.

Dann strebt die Folge t„+1 = S*t„ nach 0 , und es gilt die Abschätzung

(12) e (n „ « -)S t,.

Beweis: 1°. Wort für Wort ähnlich, wie im früheren Satze, man kann leicht 
zeigen, daß r„ monoton abnehmend nach 0  strebt.

2°. (12) ist nach Voraussetzung für n =  0 erfüllt. Ist es schon für n = N  bewiesen, 
so ist

q(un+1, ufi =  q(Tn un , T„uJ) & Qq(un , uJ) + Pn[q{un , u„) + q(u„, h'0) ] -  

- P ~ e  («~ , Wo) =  Q x n +  p n Iхn +  0»(] - P ~ & m  +  aN,~ P  [g (m-  , w 0) -  ©да] S  

— Q x n +  P n xn F <xn ,n + l P ß r =  S h Tn =  xN+ j , 

und damit ist alles bewiesen.
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3. §. Anwendungen bei dem Picardschen 
bzw. Picard-Carathéodorischen Iterationsverfahren

Im weiteren wenden wir die Fixpunktsätze bei der Untersuchung einiger Iterations
verfahren an, welche wir bei der Lösung der Anfangswertaufgabe des Differential
gleichungssystems
(13) x =  f(t, x); x(/0) =  x0
benützen.

A°. Es sei zunächst vorausgesetzt, dass f(t, x) bei beliebiger x (< ) iC ( -  °°, °°) 
meßbar und an jedem endlichen Intervall integrierbar ist, ferner in x eine Lipschitz- 
Bedingung (mit Exponent 1) erfüllt, d. h.

(14) |f(t, x2) - f ( / ,  x ,)| = L(t) • !x2 — x ! I

gültig ist, wo L(t) eine meßbare und am jeden endlichen Intervall integrierbare 
Funktion ist.

Es sei ferner

(15)
(

/  |f(t, x0)|<ft
Í0

K(t);
t

f  L(z) dz
to

= m

Wir werden im weiteren die Picardsche Iterationsfolge

( 16) xn+1(/) = x0+ J f [ r , \„(z)]dz
to

untersuchen. Zu diesem Zweck sei 9Л der Raum C( —°°, <»), wo wir die Halb- 
ordnung durch

f ^ g ,  falls /(r)S g (O  ( -  °°<  r < oo)

definieren, den abstrakten Konvergenzbegrilf aber mit demjenigen „gleichmäßige 
Konvergenz über allen endlichen Intervallen” identifizieren.

In C( — °o, oo) führen wir folgenden Pseudoabstand ein:

(17) e ( u ( 0 ,  v ( 0 ) = e _ A ( 0 - | u ( 0 - ' ' r ( O I -
Da wir jetzt immer denselben Operator anwenden, gilt

folglich ist 

(18)

t

Tnu = 7'u = x0 + J f[t, u(t)] dz,
to

в  (Tu, Т у) — е-л(,) • J  {í [t. u ( t)] - f [ i,v ( t) ]} á

g  е-ДО
t

J Е(т)-ел(т)- ß(u, у) dz .
to
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Betrachten wir nur das Gebiet t ^ t 0, so gilt
t

(19) q(Tu, T v) =  J L(x) • e_[A(t)_AW]ß(u, v) dr,
to

t

folglich ist dann Pn =0, Qq = J  Дт)-е_1;'(!)-ад1е dx, d. h. ein linearer Operator,
to

und ist somit Satz 1—2—3 anwendbar.
Da nun ferner hier Q linear ist, kann man vv0= n 0, und somit a0= 0  wählen. 

Es gilt folglich a1=x, ferner
o2 = Qal + i ~ Q a i + a l =(E+Q)ai ,

usf., und allgemein
(20) (T„+i = Q<Jn + x = Qan + a v =(E  +  Q + ... + Qn)a

Die Konvergenz der Folge a„ ist also hier gleichbedeutend mit der Konvergenz

der Reihe £  Q" '■> letztere ist aber in unserem Falle die Resolvente der Integrál
ra О

gleichung
t

(21) e (0  -  f  L(Qe-M>-«*»e (Q d f  = iHO-
to

Letztere ist keine Gleichung des Typs Volterra, da ihr Kern,
10, falls t <  £

(22) Kl(?’ ö  =  falls t ^  Ç
nicht beschränkt ist; jedoch kann man die iterierten Kerne in geschlossener Form 
darstellen, und somit die Konvergenz der Reihe У, Qn zeigen, da

(23) = 1 und L(.0 = ~ [ № ~ m ]

für fast überall gültig ist und beide Derivierten integrierbar sind. (Es sei be
merkt, daß man in dem Falle, in dem die Konvergenz von er„ gegen er„ direkt zu 
zeigen ist, die Bedingung 5) nicht voraussetzen muß.) So nämlich

K2(t, О =  0, falls t < bzw. =  J L(s)e-W0-««>к
4

Щ ) • e-UW-A(4)] ds = Щ )  • [A(0 -Щ )]  • e-WW-itöl, falls t S  £, 

bzw. auch allgemein, wenn

(24) к  Ли О
0,

L (O e~im ~W)! Ш - Щ )\
(и- l) !

falls t <  £ 

falls
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für /1 =  1 ,2 ,..., N noch gültig ist, so

KN+1(t, i) =  0, falls / <

i
bzw = J L(s)e-w,>- *(s)]* L(i)e~ (N — 1)! di =

1
falls

auch feststeht, d. h. (23) ist für jedes n gültig.
Ist nun u0 = x0 als Anfangsglied gewählt, so ist

u, =  x 0 +  J f[i, X0]i/£ ,
о

und deshalb

(24) г  = (Ту = {/(u0,u ,) S  

ferner

(25)

/  | f « ,  x 0 ) |  ^

an = ( £ + ß  + ß 2 + . . .+ ö" - 1)<t1 =
f n — 2 f

=  ffi +  f u t )  • e -U(0-w)i . Д  ^ 0 _-A (O ]fc g | +  J u f t o t ä d t  =  ff.,

da ^
fc = 0

[A(/)-A(£)]*
k\

Intervall.
Somit ist

eIA(0-«i)l, und zwar gleichmäßig an jedem endlichen

^  -  ffn =  / Z,(i) • j l  - e-WO-*™ Д  ffl (0  di ==

tk K(t)e~M  j L ( i )  JeM»-«öl -  Д  j dt =

d. h., beachtend Satz 3. bzw. die Definition von q:

(26) |x(0 -  x„(0l S  m  {<>«'> -  Д  - M } ,

wo x(t) nach Satz 2 die einzige stetige sog. verallgemeinerte Lösung des Anfangs
wertproblems (13), x„(t) aber das и-te Glied der Iterationsfolge (16) bezeichnet. 
(26) gibt somit eine Abschätzung über die Konvergenzschnelle des Picardschen
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Iterationsverfahrens in bezug auf n und t, bzw. die betrachteten Voraussetzungen. 
Es sei noch bemerkt, daß im Falle, daß unsere Voraussetzungen nur in einem 
Bereich erfüllt sind, auch die Behauptungen für diesen Bereich gültig sind.

B°. Betrachten wir wieder das Problem in A°., setzen wir jedoch statt (14) 
nur voraus, daß

(27) |f(i, x2) - f ( t ,  Xl)| S  g(t, |x2 — Xl|)

gültig ist, und hier g eine monoton wachsende, stetige Funktion bei fixiertem t 
des zweiten Argumentes, ferner eine meßbare Funktion bei fixiertem |x2—xt | 
des ersten Argumentes ist, mit g(t, 0)=0, endlich, daß eine meßbare und auf 
jedem endlichen Intervall integrierbare Majorantenfunktion m(t) bzw. q>(v) exi
stiert, so daß
(28) 0^g(t,v)Sm (t)-(p(v); (-oo<?<oo)
und hier
(29) <p(v)SC(l+vn) 
mit entsprechendem n.

Um einen unserer Fixpunktsätze anzuwenden, wählen wir ebenso wie in A°, 
die Operatoren Tn = T (n = 0 ,1 ,2 , ...), ferner den Raum С, 51 bzw. 9Й, den 
Pseudoabstand aber in Analogiam mit (17) durch

(30)

oder durch
(31)

e*(u, v) / g(C, |u—v|)z/c

e(u, v) =  | u ( / ) - v ( 0 | .

In beiden Fällen bekommen wir dieselbe Formel, nämlich:

5 Ç
(32) o*(7u, 7v)

t

i s
to

t, WC

bzw.

(33) e(7u, 7v) ^

J  g(C, e*(u, v))i/c

t

J  g(C, e(u, \))dC

Wenn wir wieder den Fall t = t0 betrachten und д bzw. o* durch ô bezeichnen, 
so gilt

t

(34) §(Tu, Т у)  ^  f  g(Z, ê(u, v))d^.
Í0
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Im weiteren betrachten wir nur den nach A° noch interessanten Fall, wo 
g(t, V) eine konkave Funktion des zweiten Argumentes ist; dann können wir aber 
nur den Satz lc—2c—3c anwenden. So wird also r eine echte Teilmenge (SHÎ- 
Beschränktheit!) der Funktionen von C[t0, °°), die auch die Voraussetzung v(/0) = x 0 
erfüllen.

Nach Satz lc. werden wir also auch voraussetzen, dass die Integralungleichung
t

(35) e(t) s  f g ( Z ; № ) d t
to

für j5(to) =  0 nur die triviale stetige Lösung £(?) =  0 besitzt. Es sei ferner ф eine 
entsprechende, monoton wachsende, konkave Funktion mit ф(0) = 0, für welche 
die Integralgleichung

t

(36) 8*0) = f  'l'(ê*(Ç)))d£
to

auch eine stetige nichttriviale Lösung für £*(/o)= 0  besitzt (wie gut bekannt ist, 
z. В. ф(v) = if  mit 0 < a < l  unseren Voraussetzungen genügt). Bezeichne nun §f (t) 
das sog. „obere Integral” von (36) — wie es nämlich Carathéodori bewies, (36) 
besitzt ein solches stetiges oberes Integral für t ^ t 0, mit ß/(/o) = 0.

Es sei ferner k(t) = x0(?) =  u0(r) das Anfangselement der Picardschen Iteration, 
welches man so wählt, daß

(37) k(/)£C[/0, “ ); k(r0) = x 0; ß(k,Tk)rSQf

erfüllt seien (so entspricht z. В. к (t) = x 0 sicher diesen Voraussetzungen). r c C [ /0, °°) 
kann man also folgendermassen wählen: für jedes Elementenpaar u, \£ r  seien 
folgende Bedingungen erfüllt:

u(t0) =  v(i0) = x0; ê(u, к) S  ß/J i ( v , k ) S ^ ;  e(u

Satz 4. Unter den oben angegebenen Bedingungen sind alle Bedingungen des 
Satzes lc—2c—3c erfüllt, strebt also die Iterationsfolge

(38) x„+1 =  7x„ =  x0 + /  f(r, хя(т)) dz
to

nach dem einzigen Fixpunkt x„. von T in r. Die Konvergenzschnelle ist durch

(39) ê(x~> x„ ) S t„

t

angegeben, wo z0 = gf , und zn+l = f  g(f; xn(f))d^ definiert ist.
• *°C°. Für numerische Anwendungen scheint es am günstigsten, das Picardsche 

und das Carathéodorische Verfahren entsprechend zu mischen, d. h. xn+1(t) mit
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Hilfe einer Mischung des „Carathéodorischen” Term J  f( t , x„+1(t - 9 ) ) A ,  des
*0

t

„Picardschen” Term J f(x, x n(x))dx, bzw. vielleicht eines „Picardschen kompén-
*О 
t

satorischen” Term J f(x, x„(x + S))dx darstellen, wo man & so klein wählt, wie 
*0

es numerisch möglich ist. Es ist leicht zu verstehen, daß man dann eine gute Konver
genzschnelle erreichen kann, wenn man in den ersten Schritten (dann liegt noch 
x n(t) weit von x,„(t)) den „Carathéodorischen” Term, später aber immer stärker 
den „Picardschen” Term beschwert.

Unter den Voraussetzungen von A° bzw. B° werden wir erst die Formel

t  t

(40) x„ + !(0 = x 0 + sn J  f(t, x„+ x(t -  3)) dx + (1 -  e„) f  f(x, x„(x)) dx
to to

betrachten (im weiteren setzen wir voraus, daß x„+1( f ) s x 0 für t0 — & S tS t0 in
(40) genommen ist).

Der Operator Tn ist somit durch

« t
(41) и , =  r„u  =  x0 +  6„ J  f( i,w „ (T -S ))á  +  ( l -E „ )  J f(r, u(t) ) d x

to to

definiert, der Pseudoabstand sei aber durch

(42) e(u, v) =  max |u(t) —v(t)|ÍO = T=í

charakterisiert. Dann strebt T„ gleichmässig nach T, falls s „ \0 , und falls wir 
nur diejenige Teilmenge r*czC[t0,°°) betrachten, für welche u € r* ;u (t)= x 0 für 
t0— S ^ x ^ t 0 feststeht. Dann ist ja auch

(43) e(u (f-9 ), v ( t-9 ))S fi(u (0 ,v (0 )

gültig. Mit Hilfe dieser Ungleichung werden wir erst eine grobe Abschätzung für 
q(T„u, Tmy) angeben, und diese zur Verfeinerung selbst benützen. Zu diesem Zweck 
führen wir die folgenden Bezeichnungen ein:

t  t

Tnu = (0 n = x0 +e„ / f(r, <on(x — 9j) í/t +  (1 — £„) J  f(r, u(t)) dx
to to

(44)

Tmy = Vm =  x0 +  £,„ J f(r, vm(t $)) dx T (1 £m) J t(x,y(x))dx.
to to
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Hier werden die zweiten Glieder an der rechten Seite auch mit Hilfe einer Trans
formierten von u bzw. V angegeben; z. B.:

f(t, x0),

f(r, co„(r-9)) =  f(t, Wnu) =

falls /0 — T — *o + $
T - & x - 0

z, x0 + sn f  f(Ç,x0)dÇ + ( l - e n) /  f(£ ;u (0)dÇ

falls l0 +  9 s t s  i0 + 29, 
/<o+e t-e / {-#

T, x0 +  e„ \J f (<? ; x0) d£ +  J f ( i ; x 0 + fi „J f(C,x0)i/£ +
Wo

s-ö
to  +  0

+ 0 - 0  /  f(c,ü(0 )dc)rf{ + ( l-e » )  /  f ( ^ u ( 0 ) ^

falls /q T 29 т = tg + 39,
usw.

Somit ist

(45)

W„(0 =  x0+e„Jf(z, W„u)dz + (1 -e„) J f(r, u)r/r
10
J

v,„(0 =  Xo +  em f f ( z ,  Wm\ )  d z +  ( l — em) J f ( z , v ) d z ,
tO t О

folglich — vorausgesetzt, daß и Sw, d. h. 8„Se„, gültig ist —

(46) Q(Tnu, Tmv) =  max |та„(т)-у„,(т)| ätô -x̂ t
t t

=  ( 1 - 0  J  s(x, |u — v | ) dz + B„ J g (z , \ Wnu - W my\)dz +
to  to

t

+ (e,„-£„) J {|f(x, )Tmv)-f(T , x0)| + |f(r, v (r))-f(r, x0)|}í/t.
to

Hier ist das erste Glied an der rechten Seite direkt mit (?(u, v) ausdrückbar; die 
anderen aber nicht. Wir beschäftigen uns also mit diesen Gliedern. Es sei also 
w0= x 0. Dann ist

|f(r, v (r))-f(r, x0)| = g(z, |v(t) - w0(t)|) s  g(r, e(v, w0)),
d. h.

t  t

(47) J |f(r, v(r))-f(T, x0)| dz й  / g(z, <?(v, w0))dz
to to
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und ebenso
t  t

(48) f  jf (t, W m\ ) ~  f(r, x0)| dx ä  j  g (x, Q(Wmv, v/0))dx,
to to

da g  eine monoton wachsende Funktion ihres zweiten Argumentes ist. Nun ist 
nach der zweiten Relation von (45)

t t

(49) vm( 0 - x o =  sm j  [f(t, Wmy) — f(x, x 0) \ d x  — £m J [f(r, v (t))-f(r , x0)] dx +
to  to

t

+ j  f(r, \ ( x ) ) d x .
to

Führt man hier die Bezeichnung e(vm(t), w0(t)) =  Qm ein, so ist nach (43) auch 
Q (Wmv, w0)S g B gültig. Setzt man diese in (49) ein, so folgt

t  t  t

(50) Q,n ?§ sm f{g (x ;  Qm) + g(t, e(v, w0))} dx + f  |f(T, w0)| dx + f  g(x,  q ( v , w0)) dx.
to t o  i o

Führt man noch die Bezeichnung q0 = q(\, w0) ein und betrachtet man die Integral
gleichung entsprechend der Formel (50):

t  t  t

в,п = em J {g(T, ùm)+g(y, öo)} dx + f  g(X, Q0)dx + f  |f(T, w0)| dx,
to  i o  to

so kann man das maximale stetige Integral letzterer Gleichung Qm= h m(t, ß0(0) 
für die Majorisierung von qm benützen. Es ist gleich zu sehen, daß hm(t, Q0( t )) 
eine stetige, monoton wachsende und konvexe bzw. konkave Funktion ihres zweiten 
Argumentes ist, je nachdem g  konvex bzw. konkav im zweiten Argument ist; hm 
ist ferner monoton abnehmend mit dem Index m, falls em eine solche Folge ist. 
Es sei aber bemerkt, daß wegen des letzteren Gliedes im allgemeinen hm(t, 0)>0 
für t > t 0 ist- Nach (50) gilt also die Abschätzung

Q( Wmv, w0) — Qm — h„, (t, Q0)
und somit

(51) g(x, Q(Wmy, w0))+g(t, e0) = Zm(T, e(v, W0))=g(r, h jx , 6o))-+g(T, q0),

wo Xm eine monoton wachsende, konvexe bzw. konkave Funktion des zweiten 
Argumentes ist — ebenso, wie g —, ferner eine monoton fallende Funktion des 
Indexes, endlich eine meßbare Funktion des ersten Argumentes.

Benützen wir denselben Gedankengang auch für (51), so bekommen wir 
für e„,m = <?(co„, v j ,  bzw. für

e ( W nu, Wm\ )  =  a((On(t  — 9),
die Abschätzung

t t  t

(52) Qnm(t) S  ( l-£ „ ) J g(X, Q(u,y))dx + en f  g ( r ,  g„,m)dx  + (sm- s n) j y_m(x, Q0)dx.
to  t o  to
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Setzt man hier 1 statt 1— e„, ferner statt em — e„, und beachtet man, daß zu 
g und Xm eine solche Majorant t/im(r, t>) sich angeben läßt, daß фт auch eine 
stetige, monoton wachsende und konvexe bzw. konkave Funktion des zweiten 
Argumentes sei, und

g(r, e(u, v)) + xm(r, с0)^ ф т(г, q(u, v) + ß0) 

feststeht, so kann man qnm in (52) mit dem oberen Integral der Gleichung
t  t

(53) Gn.m = en / g(T, Ùn.J dl + ) фт(г, Q + во) dz,
tO 10

bezeichnet durch qn m = у„т (т, g(u, v) +  q(\, w„)), wo у eine ebensolche Funktion 
des zweiten Argumentes wie g ist, ferner monoton fallend mit den Indexen. Setzt 
man (51) und (53) in (46) ein, so folgt:

t t

(54) е(Г„и, r mv) Ä ( l-e „ )  J  g(z, <?(u, v))<* + e„ f  y„,m(z, q(u, v) + q(\, w0)) dz +
to to

t

+ (zm- e n) /  *т (т, ß(v, w0)) dz.
to

Es sei aber zugleicht bemerkt, daß man bei der Majorisation von (50) bzw. 
(52) auch 1 statt sm, bzw. statt 1 — e„, e„, und em schreiben kann, und dann bekommt 
man solche obere Integrale x bzw. y, die unabhängig von m bzw. von n und m sind. 
Es gilt also auch die Abschätzung

t t

(54*) e (7’.u ,7 ’1Bv ) S ( l - 0  /g ( r ,  e(u, v))i/r + en f  y(z, q(u, v) + e(v, w0))dz +
to to

t

+ (em- 0  J e(v, W0)) dz.
to

Satz 5. Ist die Funktion g(t, v) eine monoton nichtabnehmende und nicht
konkave stetige Funktion des zweiten Argumentes (und ist g(z,v(z)) auf jeden end
lichen Intervall integrierbar, falls v(r) £ C[f0, °°)), strebt ferner e„ monoton abnehmend 
nach 0 und genügt die Ungleichung e„ = \  (n= 1, 2, ...), so strebt die Folge (40) neben 
einer jeden stetigen Anfangsfunktion k(/) = x0(t); k(t0) =  x0 nach der einzigen verall
gemeinerten stetigen Lösung des Anfangswertproblems (13).

B e w e i s : Neben den angegebenen Bedingungen kann man (54*) auch so um
schreiben:

t

Q(T„U, Tm\) ä  (1 -£„) J {g(r, g(u, v) +  e(v, w0))+  y(z, e(u, v) + e(v, w0)) +
to

t

+ z ( t , e ( U ,  v) +  e(v, w0))} r /r - ( l - E , „ )  f  {g(T, e(v, w0) + y(T, ß(V, w0)) +
to

+ z(t,6 (v, w0))}í/t,
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wo man die Abschätzungen e „ S l— en und em—e„=( 1—£„) —(1—£m) benützte. 
Man kann also Satz 1—2—3 anwenden, und zwar mit Q= 0, P„ = ( 1 —e„)P; Pg =

t

= /{ # (* , e) +  y(t, q) + x(z , e )}* .
fo

Satz 5b. Ist die Funktion g(t, v) eine solche Funktion, wie in Satz 5, jedoch 
nichtkonvex, ferner e„ eine positive Zahlenfolge, für welche e„ + 1 = ie„ (n =0, 1, 2, ...) 
gültig ist, besitzt endlich die Integralgleichung

t

Q(t) = J g(t, Q(t))dr
to

nur die triviale stetige Lösung, so strebt die Iterationsfolge (40) nach der eindeutig 
definierten stetigen Lösung des Anfangswertproblems (13), falls nur das Anfangs
glied k(/) = x0(t) mit k (t0) =  x0 schnell genug in Absolutwert wächst.

Beweis: Unter den angegebenen Bedingungen kann man q (T„u, Tmy) nach 
(54) wie folgt abschätzen:

t

Q(Tn\x, Tmy) ^  j g ( z ,  q {u, V) ) d i  +
to

t

+  j  {ym,m(f ’ Q (u> v) +  q ( \ ,  w0)) +  x„,(t, q (u, v) +  ß(v, w0))} d z  -
to

t

J{yn.nif, e(y, w0) +  X„(t, q(y, W0))}dz,
to

da ЕпШет — еп, falls m > n  gültig ist. Man kann somit Satz ld—2d—3d anwenden, 
und zwar mit

t t

Qq =  J g(r, £>(?)) dz; Pn8 = en f  {y„,„(z, e(r)) + y jz , Q(z))}dz.
t o  t o

Die Bedingung <  cr0 kann man durch entsprechende Wahl von x0(/) bzw. 
immer sichern; die Bedingung P„© = 0  ist automatisch erfüllt, da Pn -►O. 

Es sei noch bemerkt, dass Satz 5 bzw. 5b auch dann gültig bleibt, wenn man 
in (40) eine allgemeinere Summe von Picardschen und Carathéodorischen Gliedern 
betrachtet. Für numerische Zwecke erwies sich als günstigste Iterationsfolge

1 < ' \ 
x„+1 (0  =  e„ J t ( z ,  x„+ j (t -  9)) d z  +  J f(r, x„(t +  9)) dz. +

[to  to ;
t

+ (1 -  2e„) J f(r, x„(t>) d z ,  mit e0 =  1 ; e„ = — ,
to

wo man 9 so klein wählt, wie es bei den angewandten numerischen Integrationsmetho
den bzw. Funktionswert-Auswertungen möglich ist.
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4. §. Anwendungen bei Randwertaufgaben

Betrachten wir beispielweise die nichtlineare Randwertaufgabe

(55) L[u\=f(x, u) in В

(56) Ä[«] =  <p(x) auf Г,

wo В einen Bereich des и-dimensionalen Raumes X  (mit x£X ), ferner Г den Rand 
dieses Bereiches bezeichnet, L[u] einen linearen Differentialausdruck, R[m] aber 
einen ebensolchen Randausdruck bedeutet. Es sei vorausgesetzt, dass zum (55)—(56) 
entsprechenden linearen Problem eine Greensche Funktion G(x, s) angegeben ist, 
mit Hilfe welcher man das Problem L[w]=r(x); R[m] —<p(x) in der Form

(57) u(x) = !l/(x)+ J  G(x, s)r(s)dwsв
lösen kann, falls r integrierbar ist, wo tj/ eine feste, nur von (p abhängende Funktion 
bedeutet. Falls nun G in B = B U r  gleichmäßig L-stetig ist, d. h. falls man zu 
jedem e> 0  ein 0(e) so angeben kann, daß

f  |G(x*, s) — G(x, s)| d(os <  e в
immer gültig ist, wenn nur x, x*ÇB und |x — x*|<<5 feststeht, ferner / i n  В nach 
и eine beschränkte Ableitung besitzt, so hat Schröder das Problem (55)—(56) gelöst 
(s.z. B. [5]). Wir betrachten nun den Fall, wo G wieder gleichmäßig L-stetig in 
В ist, ferner /  in и nur die Bedingung

(58) |/(x, u2) - / ( x ,  M,)|Sg(x, |и2 — mx|)

genügt, und g im zweiten Argument stetig, monoton wachsend und konkav (bzw. 
nicht konvex) ist, ferner für jede r(x )(C (S ) g(x, u(x)) in В integrierbar ist.

Es sei dann Tn = T durch

(59) Tv(x) = IKx) +  J  G(x, s)/(s, v(s)) dcos,
В

ferner der Pseudoabstand der in В stetigen Funktionen durch

(60) q(u, v) = \u(s) - v(s)\ 
definiert. Dann gilt
(61) q (Tu, T v) S  J  |G(x, s)|-g(s, q(u, v ) )dws .

В

Da g im zweiten Argumente konkav ist, so werden wir Satz lc—2c—3c anwenden, 
mit P„= 0. Daher setzen wir g(x, 0 )= 0  voraus. Somit sind die Voraussetzungen 
ас—ßc —öc und ec erfüllt. Ferner ist Sna =  5„a  durch

(62) Sa = f  |G(x, s)| -g(s, a(s))dœs
В

8 S tud la  Sclentlarum  M athem aticarum  Hungarica 2 (1967)



1 1 4 T. FREY: FIXPUNKTSÄTZE

definiert. Somit sind also unsere Sätze anwendbar, falls einerseits die Gleichung

für <x^0 nur die triviale Lösung cr=0 besitzt, ferner falls man ein u0 Ç C(B) so 
angeben kann, daß mit <j 0 ^ q ( u 0 ,  u { )  auch cr1Scr0 erfüllt ist.
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A REMARK CONCERNING THE RATIONAL 
APPROXIMATION TO |x|

by
G. FREUD

Let us denote in the sequel by nn(x) a polynomial of degree n at most, and 
let us agree, that the л„(х) need not be the same, even if they enter in the same formula, 
resp. the same equation.

We call an expression o f the form

rc„0)

a rational function o f degree n, and the set o f all such functions we denote by Rn. 
D. N ewman [2] constructed a sequence rn(x)£R„ with the property

(1) ||x| —r„(x)| ä  for x € [ —1 , + 1 ] ,  n = 5 , 6 , . . .

and he proved also that there does not exist any sequence for which

(2) M -r* (* ) | ^ \ e~ ^ ” * € [ -1 ,+ 1 ]
would hold.

This fine and surprising result of D. N ew m a n  was developed to a method of 
approximating certain classes of functions by rational functions. The first result 
of this kind is due to P. Szusz and P. T ú r á n  [4], we mention here two of the more 
recent results:

A) If f{x) is of bounded variation in [0,1] and belongs to the class L ip a (0 < a<  1), 
then there is a sequence g„(f; x)cR „  so that

f{x)~Q ni f \x )  = 0 ^ ^ [ ,

the dependence of the estimate on the Lipschitz-exponent a enters only in the value 
of the constant of the О-estimate (see G. F r e u d  [1]).

B) Let us denote by F(r)* the class of functions f ix )  with the following pro
perties :

a) f(x )  is continuous in [0, 1],
b) There is a subdivision 0 =  £о<<!;1-<:...<<!;5 =  1 of [0,1] so that f ix )  is 

( r— l)-times continuously differentiable in each [Çk, £ft+1], and/ (г_1)(л:) is absolutely 
continuous in [£*, £fc+1].
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c) The function f (r\x )  (defined almost everywhere) is equivalent to a function 
of bounded variation.

Now, let f  € V*, then there exists a sequence g„(f; x) € R„ with

У (*)-с»(/; *) =  о
(J. Szabados [3]).

Owing to this results, it seems to have some interest to extend N ewman’s 
result to weighted approximation on the infinite interval. We hope that this extension 
could be a starting point of investigations concerning weighted rational approxima
tion on an infinite interval of certain classes of functions.

Theorem, a) There is a sequence Qn(x) € Rn for which

1 3 -]T E ±
(3) у — 2 i W - e » W |  ^  2 e ' 2 ’ - ° ° < x < + c o

is valid:
ß) There does not exist any sequence q* € Rn, for which

(4) 1 + x1 • OO <  X  <  oo,

Proof. Part ß): (2) is a consequence o f  (4), and we know that (2) is impossible.
2xPart a): We substitute in (1) у-----j  for x, v for n and observe, that

for all real x. In this way we obtain

2x
1 + x 2 S i

(5) 2x: 2\x\
1 +  X2 v I 1 +  X

= 3e * , —с о *<°°.

Using the formula

2x 2x
l + x 2J 'v 1 ~bx 2) ( l+ ^ 2)v t=o

1

we have1

<?v(x) =
1 + x 2 2x

+ x2
1 + x : 

2

(1 + x2y - k =

!Í 2x )7tv|{ \+ x 2j
IÍ 2x )nv j[ l + x 2J

_  1 +X2 (1 + x 2)~vn2v(x) _  (1 + x 2)n2v(x) _  n2v + 2(x) 
' 2  (1 + x 2) - v7t2v(x) ~  2n2v(x) ~  n2f x )

1 See the notation we agreed to use at the beginning o f the paper.

€2?2v + 2>
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and from (5)

1 + y2 ^  2 e- f v - 1 • O O  <  X  <  O O  .

Finally, we obtain (3), if we put v =  — for even n and v =  И for odd n, Q. e. d.
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REMARKS ON THE POISSON PROCESS

by
A. RÉNYI

The inhomogeneous Poisson process on the real line is usually characterized 
as a stochastic additive set function Ç(E) defined for each bounded Borel subset 
E of the real line such that

a) the random variable Ç(E) has for each bounded Borel set E a Poisson 
distribution, i. e.

( 1) P ( { ( E )  =  n)  =
[/(£)]"

и! (и = 0,1, ...)

where 1(E)  is a nonatomic measure on the real line such that 1(E) is finite for 
each finite interval E, and

b) if El , E 2,...,E„ are mutually disjoint bounded Borel sets the random 
variables £(£j), £(E„) are independent.

If we put ,̂ =  ̂ ([0,/)) for /> 0 , = — £([/, 0)) for 0, this means that Ç,
is a process with independent increments such that Çt — £s has a Poisson distribution 
with mean value A(t) — A(s) where A(t) is the Я-measure of the interval [0, t) if 
r> 0  and — A(t) is the Я-measure of the interval [t, 0) if f<0. D. Sz á s z  (oral 
communication) asked the question whether there exists a point process for which 
a) holds but b) does not hold.

We shall show in this note that such a process does not exist, i. e. the usual 
supposition about independence in the above characterisation of the Poisson 
process is unnecessary; by other words supposition b) is a consequence of the sup
position a).

More exactly we prove the following
T heorem  1. Let J  denote the family of all subsets o f the real line which can be 

obtained as the union o f a finite number of disjoint finite intervals [a, b) closed to the 
right and open to the left. Let £(E) be an additive stochastic set function defined 
for each EdJ,  i. e. such that i f  E l and E2 are disjoint one has Ç(El + E2) =  £(£)) + 
+ c,(E2). Suppose that for each E £J  £(E) has a Poisson distribution with mean value 
).(E) where 1(E) is a nonatomic measure on the Borel subsets of the real line, which is 
finite for each E£J.  Then it follows that if £j , ..., E„ are disjoint sets (Ek £ J) the 
random variables ç(£j), Ç(En) are independent, i. e. £(E) is a Poisson process.

P roof of T heorem 1. Let A(E)  denote the event £(£) =  0. If E is the union 
of the disjoint sets Ej£J ( j — 1, 2, ..., n) then1 clearly A(E)  = A (E t)...A(En) because

Ç(E)= 2  Z(e j) and thus £ (£ )=  o iff Z(Ej) = 0 for y =  1,2......n.
j= 1

1 Here and in what follows the product of events denotes the joint occurrence of these events
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But by supposition
n n

(2) P (A(E)) =  P ( ç ( £ )  = 0) =  e~À(E> =  J J  е~»ЕЛ = J ]  P (A (Ej)).
7 = 1 7=1

Thus it follows that if the sets F 1; E„ are disjoint, the events A (F,), ..., A(E„) 
are independent.

Now let Ki(E) be the indicator of the event A(E).
Let EdJ  and F £ J  be two disjoint sets. For any s >0 we can clearly decompose 

E  into disjoint intervals F ; (1 ^ г^ л ) and F into disjoint intervals Fj (1 S j ^ m )  
such that

max X (Ei) < e and max X (F.) < e.
i 7

Now evidently £(E J? 1 A,Ej) implies max ^(F;) S 2  and ' i ( F ) ^  2  1A(J7)
Î= 1  * j —1

implies max Ç(Fj)^2. On the other hand for any BdJ

(3)
Thus

(4a)
and

(4b)

“  X(BŸ- e-W)
P( W )  S  2) = 2  --------- Я2(Д)-k = 2 Kl

p  ЩЕ) A 2  U №) s  2  l2(Ed <  sX(E)

7=1
« Л  *  2 1 V J  S  2  *2(Fj) <  82(F).

7=1

This implies, as the sums 2  lare,) mid J? lA(F , are independent that <j(F) and
■ = i  7 = i  J

Ç(F) are independent, too.
As a matter of fact it follows from (4a) and (4b) that for any n and m

(n, m =0, 1, 2, ...)

(5) \Щ(Е)=п,  £ ( F) =  «г) -  P (£ (F ) =  77) • P (£ ( F) =  772) | S  2e2 (F +  F).

As s >0 can be chosen arbitrarily small, our statement follows. The independence 
of the variables ç(F;) (7=1, 2, ... r) with disjoint Et and t"> 2 is proved in exactly 
the same way. Thus our theorem is proved.

Remark 1. Note that to prove the independence of £(F;) (/'=1,2, ... ,/)  for 
EiEj — 0  if i?±j we have not used the full supposition that for each E £ J  £(F) has 
a Poisson distribution, only that

(6a) P(£(F) = 0) =  е~я(Е)
and
(6b) P (£ (F )s2 ) = o(2(F)) if 2 ( F ) - 0
uniformly in E.
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Thus even these suppositions imply that the process b,(E) is a process of inde
pendent increments. It is easy to show however that this together with (6a) and 
(6b) implies that £(2?) has a Poisson distribution.

Thus the following theorem is true.
Theorem 2. Let J  denote the family o f all subsets o f the real line which can be 

obtained as the union o f a finite number o f disjoint finite intervals [a, b). Let £,{E) 
be an additive stochastic set function defined for E£J,  i. e. such that if E t £J  and 
E2€J are disjoint one has £(£’, + E2) = Ç(Et) + Ç(E2). Suppose that C(E) is for 
each E f J  a nonnegative integer valued random variable such that

(7a) Р(£(£)=0) = е -я<£>

and
(7b) Р(£(£)ё2)ёЛ(£)-<5(А(£))

where d (x) is an increasing positive function defined for x > 0  such that lim<5(x) =  0
and 1(E) a nonatomic measure on J. Then it follows that £(E) is a Poisson process, 
i. e. i fEi (i= 1, 2, r) are disjoint sets, Efi^J the random variables £(Ej) (i —1,2, ..., r) 
are independent, and (1) holds.

Proof of Theorem 2. Put for E £J

cpE (u) = H(e‘“i(E)) (— °° <  и <  +  °°)
then clearly

(8) \(pE(u)\ g e - « £) - ( l - r J(£)) >  0
Г

if !(£■)-= log2. Thus if E = ^  Eit where Et£I  and £ ;£ } = 0  if iV j, then
/=1

if A(£j) <  log2 we have (as it follows from the proof of Theorem 1 that the 
random variables £(£,) ( i = \ , 2 , ...,r) are independent)

r

(9) <Pe(u) — П  (PEl(u) ^  0
i =  1

and therefore
r

(10) log q>E(u) = 'Z  Iog <?£,(«)•
i — 1

As however

(11) cpEi(u) =  e “ + еш( [ _  e - л(Е,)) + 0 ( 2 (Ej)ô( / (E,)))
we get
(12) log (pEt(u) = k ( E № » - \ )  + 0{k(Eù{X(Ei) + ô{k(Efi)).

It follows that if À(Ej)<e for /= 1 ,2 , ..., r

(13) log <рЕ(и) = ЦЕ)(е>“- 1 )  + 0(е + 0(e))
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that is, as e>0 can be chosen arbitrarily small, 

(14) (Pe(u) — e'XE)(-e'u - ’>

which implies that ME) has a Poisson distribution with mean X( E). Thus Theorem 2 
follows from Theorem 1.

R emark 2. The proof can be carried over without any change to the discussion 
of a Poisson process in more than one dimension or even in an abstract space.. 
Thus we obtain the following

Theorem 3. Let X  be any space, J  a family o f subsets of X  and X(E) a non
negative finite valued set function defined on J  such that

1) i f  El dl, E2dJ  and E1E1 = 0 ,  then E1+E2dJ,
2) I f  E, €/, E2U , E ,E 2= 0  then X(E, + E2) = X(Ej) +X(E2),
3) There is a constant oc with 0 < a < l  such that for every E f  J  with /.(E) >0

ME)there exists a subset F o f E such that FÇ.J, E — F£J and a-
ME )

1 — a. Let us
suppose that a stochastic set function is defined on J i. e. to every E d J  there corres
ponds a random variable M E) such that i f  E t Ç_J, E2 Ç J  and E{ E2 = 0  we have 
£(Ei +  E2) = ç(T,) + MEf) an(! ME) has a Poisson distribution with mean value 1(E).

Then the random variables £, ( E j ( /=1,2,  are independent if the sets
Et Ç_ J  (i = l, ..., r) are disjoint, i.e. ME) is a Poisson process.

Note that condition 3) is not quite the same as that X is nonatomic, because 
we did not suppose that /  is a c-algebra of sets.

R emark 3. The question arises whether the condition that the process should 
be one with independent increments can be deduced from other suppositions for 
other processes of independent increments, too.

The most interesting case is that of the Wiener process. For this process one 
has the following (almost trivial) analogue of Theorem 1.

Theorem 4. Let £t ( — +°°) be a stochastic process such that f  ~  f
is normally distributed with mean 0 and variance (t — s) for s < t. Suppose fur
ther that if the intervals [5^, tfi ( /=  1,2, ..., r) are disjoint, any linear combination

r

2  bj (£,. — Mj) ° f  the increments Ç,. — M with real coefficients bj is normally distributed. 
j= 1
Then {£,} is the Wiener process, i. e. the random variables ÇtJ — ÇS] are independent 
i f  the intervals [s,-, tf) are disjoint.

Proof of Theorem 4. Clearly putting for Ik = [sk, tk) Mfi) =  — Mk (k =  1, 2)
if 7 X and I2 are adjacent intervals (st < t 1 = s 2 <  t2) <Wf +  / 2)  =  M D  +  MM)  and thus

M((£(A + A))2) =  t2 -  s, = t2 — i 2 +  A — A = M {M(h)) + M (М(Г2))

and thus M(^(/1)^(/2)) =  0, i. e. M f )  and f(A) are uncorrelated. Now let f  and 
I2 be arbitrary disjoint intervals

h = [ si>ti ) , h  = [s2, t 2)  where sl < t l <s2<t2
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and put /3  = [ t i , .ŝ )- Then, taking into account that M(^(/1)^(/3)) =  0 and 
M (i(/3)C(/2»  =  0, we get M (^ (/1 + / 2 + / 3)) =  t2 - 5 1 = M(i2(/1)) + H (^ (/2)) +
+ M (ia(/3) +  2M ({(/,) {(/*)).

Thus
И («Л ){(/2))=0.

(We have used here the following elementary geometrical fact: if a, b, c are 
vectors in the 3-dimensional Euclidean space for which c is orthogonal both to 
b and to a + b, then c is orthogonal to a, too.) Thus Ç(Iy) and £(/2) are uncorrelated 
if Iy, and I 2 are arbitrary disjoint intervals.

It follows that if Iy, I2, •■,Ir are disjoint intervals and I} has length |/,|, 
and b y ,  . . . ,  b r  are arbitrary real constants, then

Thus
.  .  (  in £  - - ï “ 2 £  b j  | / / |M (e ■'=* ) =  e 2 J = 1

and thus for any real numbers м1 ,м2 , . . . ,м г

н ( ; ^ , д а ] =  я м ( ^ ' )
j= 1

i. e. the Ç(Ij) ( j  = 1, 2, ..., r) are independent i.e. Ç, is the Wiener process.
Remark 4. Returning to the Poisson process, the question arises whether 

if in Theorem 1 instead of the condition that £ (£ ) has a Poisson distribution if 
E is any finite union of intervals, one supposes only that £(/) has a Poisson distri
bution if I is any interval, does this ensure that the process is a Poisson process? 
We can prove only that in this case Ç(Iy) and £(/2) are uncorrelated if I  у and / 2 
are disjoint intervals. The proof of this is essentially the same as the first step of the 
proof of Theorem 4.

MATHEMATICAL INSTITUTE OF THE HUNGARIAN ACADEMY OF SCIENCES, 
BUDAPEST

(Received June 14, 1966.)

Remark added on August 22, 1966.
I have been informed by Jay Goldman that the answer to the question in 

Remark 4 is: no. This has been shown by a counterexample by L. Sh epp; his 
example will be published in a forthcoming paper of J. G oldman.

Remark added on March 15, 1967.
P. A. P. M oran has obtained independently from L. Shepp the same results. 

His paper will be published in this journal.
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ON RANDOM DETERMINANTS I

b y

A. PRÉKOPA

1. Introduction

Consider the determinant with random entries

i n £l2 • • i

(1.1) 4 . =
£21 Í 2 2  • • Í

i . i Í„2 • • i

where we suppose that the random variables Çtk,i,Jc = 1 , ...,n  are independent 
and identically distributed. (The reader will observe that certain conditions can be 
weakened without violating the validity of our subsequent statements.) We shall 
assume later on the existenceof the moments of the £ifc’s of order as high as it will be 
necessary. We are now interested in finding the moments E(d ‘̂), k  —  1,2, ... . 
The odd order moments of An are clearly equal to 0 as An has a symmetrical distri
bution with respect to 0. In fact interchanging two rows in A„ we obtain — An 
and this latter has the same probability distribution as An. Suppose that E (<?/fc) =  0, 
E(Ç?k) =  1, i , k  = l , . . . ,n .  Then it is well known tha t1 (first remarked in [4])

(1.2) D2 (d„) =  l(A2n) =  n\.

The fourth moment of A„ was obtained by Nyquist, Rice and Riordan [6] and 
the formula is the following

(1.3)
where

Eid,:) i n f  2  f r - » 1 ) ( « - / + & ( „ , 4 _ } y
Z : — л 1 !

=  i , k =  1, ..., n .

In an earlier paper Túrán and Szekeres [1] (see also [2], [3]) investigated the sum 
of squares and the sum of the fourth powers of all determinants with entries —1 ,1 . 
Applying non-probabilistic arguments they obtained the formula (1. 2) for the 
arithmetic mean of all squares and a recursion formula for the arithmetic mean 
of the fourth powers. This recursion formula was not solved, however, but it is 
a special case of the recursion formula proved later in [6 ] for E (d£) which lead to 
(1. 3). We can therefore obtain from (1. 3) the explicit formula for the arithmetic

1 E(£) d e n o te s  th e  e x p e c ta t io n  an d  D(Ç) th e  d is p e r s io n  o f  th e  ra n d o m  variab le
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mean of all fourth powers of the determinants with entries —1 , 1  if we substitute 
m4 =  1 in (1. 3).

There is only one type of probability distributions as the distribution of the 
Çik’s for which all moments of An are known and this is the standard normal distri
bution. In this case we have

(1.4) E ( A 2n k )
(n + 2)! (« +  4)! 

2! 4!
(n + 2k-2)\  

(2k — 2)\ ‘
This result can be obtained in a well known way from the W ishart distribution 
(see e. g. [7]). Other proof is published in [6 ]. In a summary of a lecture F orsyth 
and T ukey [5] gave without proof a formula for the 2k-th moment of the content 
of n random unit vectors uniformly distributed on the surface of the unit sphere 
in the и-dimensional space. Formula (1. 4) can simply be obtained from this and 
vice versa. The proof was never published. We shall give a direct proof for that 
without using any deeper tools as this case seems to be of particular interest.

2. Reformulation of the Problem. Moments of Permanents.
New Proof of an Earlier Result

Together with the random determinant 

An= 2(ibi2,...,in)
we shall investigate the random permanent

p„ = 2
I n )

of the same random matrix. We assume that the random variables ÇtJ are symmetri
cally distributed with respect to 0. Let us introduce the notation m2k = E(£?j). The 
problem of finding the 2k-th moment of the random variable P„ can be reformulated 
in the following way. Consider all tables of 2k rows and n columns one row of 
which consists of a permutation of the elements 1, 2, ..., n. The number of all 
such tables is (n\)2k. A table is called regular if every number in every column 
has an even multiplicity. We assign a weight to each column and define the weight 
of a regular table as the product of the weights of the columns. The weight of 
a column is defined as

mj21mX...mJ2k, m2 =  1

where 2j\ + 4/ 2 +  ... + 2kjk = 2k and j \  is the number of different numbers with 
multiplicity 2, j 2 is the number of different numbers with multiplicity 4 in that 
column etc. If at least one column contains a number with an odd multiplicity 
then the weight of the table is 0 by definition. The sum of the weights of the tables 
is equal to E (P*k).

Let us now give a positive or a negative sign to each table according that the 
sum of inversions contained in the different rows is an even or an odd number. 
The sum of the signed weights is equal to E (Alk).

The above assertions follow immediately from the definition of the permanent 
and the determinant taking into account the independence of the random variables
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Çik, i ,k  = \, We observe that P„ has also a symmetrical distribution with
respect to 0. Now we prove the following

T heorem 1. F.(P„2) = E(d2), t(P%) = i(An), n = 1,2, ...,

E C O  =  Ed2‘), for n =  1 , 2 ; к  =  1 , 2 , ...» 

but i f  P (£ ij= 0 )?í 1 /Леи

E C O  *  E ( 0  /or Л s  3; л ^  3.

Proof. The validity of the first equality is trivial. When proving the second 
one we give at the same time a proof for the formula (1. 3). We shall make use of 
the above reformulation of the moment-problem and consider all 4 X л tables where 
each number in each column has an even multiplicity. Any multiplicity can be 
now just either 2 or 4. We may fix the permutation of the first row as 1 2 3 ... л 
and at the end multiply the result by л!

Consider together the first and the second rows:

1 2 3 ... n,

J1 J2 J3 ■■■Jn-
This is conceivable as one permutation. Let il , i2, ...,/„ denote the number of 
cycles of lengths 1,2, ...,л, respectively. The 4 X л table is regular if and only if 
in the third and fourth rows below each cycle with the same numbers in the same 
ordering is repeated what stands in the first and second rows but there are two 
possibilities. Below from the considered cycle the third row may contain the above 
standing part i. e. the first row while the fourth row contains the corresponding part 
of the second row or conversely.

These two possibilities can be used independently of each other below each 
cycle of the permutation defined by the first two rows. To illustrate the situation 
consider the first three numbers of the first and second rows, and suppose that 
they form the following cycle:

1 2 3
2 3 1.

Now in the first column we must have one more 1 and one more 2 to obtain a 
regular table. This can be done so that 1 stands in the third row and 2 in the fourths 
or conversely. This choice uniquely determines the other two elements in the third 
row and also in the fourth row. Therefore we have

1 2 3 1 2 3
either 2 3 1 or 2 3 1

1 2 3 2 3 1
2 3 1 1 2 3

Having this structure of the 4 x  л regular tables we show that every such table has 
a positive sign. Applying a permutation for the л columns so that elements in 
the cycles in the first two rows be connected and stand after each other, a regular
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table keeps the weight and the sign. In this new table from the point of view of the 
weight and sign it is immaterial whether the elements inside a cycle in the second row 
are repeated in the third or in the fourth row. In fact a cycle of an odd length has an 
even number of transpositions and a cycle of an even length has an odd number 
of transpositions therefore the internal number of transpositions remains the same. 
The external number of transpositions also remains the same thus the new table 
is not sensitive for such a change from the point of view of signed weight. But 
if the whole first row is placed in the third and the whole second row is placed in 
the fourth row then the table is clearly positive. This proves the second assertion 
of the theorem.

To prove that ï.{P„k) ^  E(d2lt) if m2^  0, n ^ 3 ,  k s 3 , it is enough to show 
that there are tables with negative weights. If n =  3 and k = 3 then the signed weight 
of the table

1 2 3
1 3 2

2 1 3
2 3 1

3 1 2

3 2 1

is — m f c 0. For arbitrary n S3 and 3 it sufficies to supply the above table 
by adding 4 5 6  ... n to each row in the same permutation and adding as many 
new rows as it is necessary containing the same permutations. The obtained table 
is surely negative. Finally it is easy to see that

E(P„2‘) -  i(A2nk) for n =  1,2; к = 1,2, ....

To derive formula (1.3) we remark that the columns of a regular table can 
be subdivided into three categories. The first category contains columns which 
have four times the same number. The second one contains columns which have 
the same numbers in the first and second rows also in the third and fourth rows 
but these numbers are different. The remaining columns belong to cycles of length 
at least 2 of the first two rows and these columns form the third category. In order 
to obtain the number of tables (which is the sum of weights in this case) all columns 
of which belong to the third category we mention that if d(n, к) is the number 
of permutations consisting of к cycles with lengths at least 2  then it is well known 
that (see e. g. [8 ])

n

d„(t) = 2  d(n, k ) tkк = 0
t{ t+ \).. .{ t + n - k - \ ) { - t ) k.

As each cycle can be repeated either in the third or in the fourth row, dn(2) 
gives the number of tables having columns belonging just into the third category.

If a table consists of columns of the second kind then the first two rows 
are identical and also the third and fourth rows. As there is no column containing 
four times the same number, the number of all 4 x  n tables is the sum of weights
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and it is d„( 1). Thus

E(K )  = //! 2  7Т П 7Т  4 .0 )  dh(2)mï =
i i+Í2 + i i  = n *1 1 l 2 ‘ l 3 l

(и!)2 (n — k + l)(n — k + 2)
2  k = о it! ( i n 4. -  3/.

We remark that the numbers d(n, k) are the associated Stirling numbers of the 
first kind.

3. The Case of the Standard Normal Distribution

We suppose that the <+/s in (1. 1) have standard normal distribution and 
give a proof for the formula (1. 4). For this purpose first we prove the following

L emma. Let £i> •••>£& be n-dimensional independent random vectors with 
independent components having standard normal distribution. The k-dimensional 
content of the parallelotope determined by these vectors is the product of two 
independent random variables one o f which has a y-distribution with n —k + 1 
degrees of freedom and the other is distributed as the к  — l-dimensional content of 
к — l independent random vectors having independent and standard normally distri
buted components.

Proof. Let Ajf  denote the content of the к random vectors. Then

A(nk) =  <xkA f - l)

where A f ~ l) is the к — 1 -dimensional content of the parallelotope determined by 
and ak is the distance of Çk from the subspace spanned by £t , ...,Çk_ l . 

In view of the spherical symmetry of the distribution of £;, txk and A^ ~ 11 are inde
pendent of each other. <xk is clearly a /-variable with n —k  +  1 -degrees of freedom 
as the subspace of the first к — 1 vectors can be fixed as the set of those points 
(xj, x2, x„) for which xk=xk + 1 =... —xn— 0. This completes the proof.

T heorem 2. I f  the f / s  have standard normal distribution then the random 
variable (1 . 1) can be written as the product of n independent y-variables:

d n =  X l X 2  ■■■ I n

where ak has n —k + l  degrees of freedom.
Proof. The theorem follows from a subsequent application of the idea of 

the proof in the preceding Lemma.
As the Æ-th moment of a / 2-variable with 7-degrees of freedom is equal to 

(i + 2 k -2 ) ( i  + 2 k - 4 ) ... (i + 2)i,
it follows that

n
E(d2*) =  П  (i+2k — 2)(i+2k—4)...(i+2)i -  nl

i= 1
(n + 2 )! 

2!
(77 + 4)! 

4!
(n + 2 k -2 ) \  

(2k-2)1
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which proves (1.4). We remark that the moments of the content of n random 
vectors uniformly distributed on the surface of the unit sphere in the и-dimensional 
space can be obtained from this because

i u _ t i n

X i Xn

t n l tnn

X i Xn
where

Xi =  Y t h  + ■ ■ ■ + & >  i = \ , . . . , n

and the n + 1  factors in the product as well as the rows of the determinant are 
independent.

4. Polynomials Associated with Random Determinants,
Generalization of the Formula (1.3)

Let us define the polynomials f„(ml ,m 2, ...,mk), k ,n = l ,2 ,  ... as the sum 
of signed weights of all к yin tables where in each row we write one permutation 
of the numbers 1 , 2 , ..., n, the weight of a table is the product of the weights of 
the columns and the weight of a column is ... rri£ where ij is the number
of different numbers with multiplicity j  in the column. The sign is the total sum 
of the transpositions in the к rows. The non-signed sum of weights will be denoted 
by gn(m1, m2, ..., mk). The variables ml ,m 2, . . . ,m k can be real or complex. 
Considering a random determinant (1. 1) where the random entries are independent, 
identically (but not necessarily symmetrically) distributed having finite moments 
up to order k, and these moments are ml ,m 2, ..., mk, then

(4. 1) f n ( m i , m2, ..., mk) =  E(dJ),
while
(4. 2) gn  (m j , m2, ..., mk) =  E( P * ) .

As An has a symmetrical distribution with respect to 0 m2, ..., mk) vanishes 
if m i ,m 2, ..., mk are moments of a probability distribution and к is odd. This 
implies that /„ (mk, m2, ..., mk) vanishes for all values of the variables my, m2, mk 
if к  is an odd number. The same holds for gn if the entries have symmetrical dist
ribution with respect to 0. The polynomials f „, gn will be called polynomials associa
ted with random determinants, random permanents, respectively. Both /„ and gn are 
clearly homogeneous polynomials of their variables. We mention also the following

T heorem  3. For fixed к  and my, m2, ..., mk_x, the polynomials gjnl are 
Appel polynomials of the variable mk. The same holds for /„/и! if к is an even 
number.

P roof. Note that polynomials y 1 (x), y 2(x), ... are called Appel polynomials 
if y'n(x) =nyn_i(x), n =  1, 2, ... . To prove this property of the above polynomials
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consider the k X n  tables. Each table contains a certain number of columns consisting 
of к times the same number. If the number of such columns is j  then they can be

selected in different ways. Thus g„ has the form

(4. 3) ..., mk) = n \ Z \ . \ m Jk d„ _■(/«!, ..., 
j  = 0 \ J J

f„ has a similar form but we have to remark that if к  is even then any particular 
choice of the j  columns consisting of к  times the same numbers the remaining 
columns form a k x  (n —j ) table of the same sign. Thus

(4- 4 ) /„(m ,, m2, .... mk) = n\ Z
j = о U

[cn- j { m i .......mk-i).

Our assertions follow immediately from (4. 3) and (4. 4).

If the random variables in (1. 1) have a symmetrical distribution then 
m x = m 3 = m5 =... =0. If moreover we take into account that m2 =  l then we have 
polynomials g„(m4, ..., m2k), f„(m4, ..., m2k). Now we generalize the formula
(1.3) and express it in

T heorem  4. I f  the random variables in (1. 1) have a symmetrical distribution 
and this has a finite moment o f order 2k moreover the moments o f order 2, 4, ...,2 k  —2 
are the same as those o f the standard normal distribution,

(4. 5) m2j = Ш

j  ! V  ’

while m2k is arbitrary, then

j  = 1,2, ..., k —\

(4. 6 ) E(d„2*) =  (и!)2 Z \
j = o  J '

(2k)\Y  
k\ 2k)

where M („2k) stands for the 2k-th moment o f An the entries o f which have the standard 
normal distribution, i.e M („2k) is given by (1.4).

P ro o f . From Theorem 3 we know that

(4. 7) d E(zJ») E(4«4)
dm2k n\ {n— 1)!

where we have the initial conditions

(4. 8 ) E(d2k) =  Л/'2‘> for "h к =
(2k) \ 
2kk\ '

The sequence of polynomials E(zlfk), E(A2k), ... is uniquely determined by (4. 7) 
and (4. 8 ). But (4. 6 ) satisfies these conditions hence our theorem is proved.
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GENERALIZATION OF LINNIK’S ASYMPTOTIC FORMULA 
FOR THE ADDITIVE PROBLEM OF DIVISORS 

TO GAUSSIAN NUMBERS

by
J. PERGEL

Let us denote by t*(z) the number of ways of writing the Gaussian number 
z in the form z = Çx Ç2...l;k, where £1; are Gaussian numbers. t2 (z) =  t(z)
is the number of Gaussian divisors of the Gaussian number z.

Let ß  be a star region, such that if its boundary is represented by the function 
|g|=:F(arge) where F(-) is a mod 2л periodic function. Let us suppose that F(-) 
is absolutely continuous. If a is any complex number let us denote by a£2 the set 
of complex numbers {az;z£ß}.

We want to get asymptotic formula for the expression

(1) ^ t (z +  / ) t*(z) (x  >  0 ,
zixll

Where / is a fixed Gaussian number, the z are the Gaussian numbers of xQ, and t(0) =  
= t*(0)=0.

If f ( x u ...,х л) is any function of Gaussian numbers, then let us denote by 
^ { f ( x i » •••> *„) =0, Xi, ..., x„£H} the number of solutions of the equation 

/ ( * ! , ..., x„) = 0 in Gaussian integers x l ,...,x„, such that {xlt x„}£H where 
H is any set of и-tuples of complex numbers. Then
(2 ) 2 t ( z  + l)4 (z) = N { ^ - 9 ^ - 9 ,  = / .^ . . .S ^ x ß } .

Zflfl
In this paper we use both of the forms of (1).

The analógon of this problem for natural numbers was solved by L in n ik  [1] 
and Br e d ik h in  [2] with the aid of Lin n ik ’s ‘"dispersion method”. Dealing with (1) 
we also use a version of this “dispersion method” for Gaussian numbers. We deduce 
the following asymptotic formula for (1)

(3) 2  Ф  + 0 = тттпгу] |ß| .r2 (log x)* +  O (x2 (log x)* - 1 (log log x))c
z  £  JCÍ2 1 )  •

where |ßj is the area of ß  and c is a suitable constant,
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Where q runs through the Gaussian numbers, N(q) is the norm of q, p denotes 
prime number, x(p) is the greatest natural number, such that px(p) l and

Sk(m) = 2  1
ß  I +  . . .  +  ß k -  m ,  ß j ^ O

is the number of partitions of m into nonnegative summands.

1. Using the dispersion method, we regard in spite of the equation

(6) Çrj—Q \.. .9k =  l, S i . . .9k ^xS2
the equation
(7) Z n - 9 1...9k = aJl, V - A  txQ

where the numbers cij are quasi primes, that is if p is a prime divisor of at, then 
we have
(8 ) \p \ ^exp (log log xY l2.
We suppose, moreover, that

(9) y xl_£0 -  N  -  xl_B° ( °  ^  e° -  Ш  '

Let alt aH be the set of all quasi prime numbers, with the properties (8 ) and (9).
The numbers

q0 = l, <h=a,l,... qH = aHl

we call coherent numbers.
We want to bring equations (6) and (7) to another form, more suitable for 

the dispersion method.
First we show that the terms in (1), for which t * ( z )  S(log x)K have estimation 

o(x(logx)~K/2) even if we substitute gj for /, where К is a suitable constant.
First we remark that if we denote by dk(n) the number of decompositions 

of the natural number n, into products of к  natural numbers, then we have the 
estimation
(А) 2 Ш  =  о (* ( log*)**.'))

n^x

where r(k, l) is a suitable function of к and / but independent of x  (see L in n ik  [1]). 
From this for rk(z) we get

(B)
Then

2  Ы?)У ш 2  2  ШУ ^  2  (4 (« ) ) I+1
| z | ^ x  n ^ x 2 N(z) = n пШx 2

= O (x2 (log X ) r ( k’ , +  1))  .

(10) 2  (Ук 00 T (z +  Cj j ) ) 2 = 2  (u  00) 4 = 0 (x2 (log x)r(k- 5)) .
z £ x &  |z |^ x s u p |ß |

From (10) we get
2 '  Tk(z)x(z + qj) = o(x2(logx)-K'2)

z£x&

where prime denotes that zk runs through Gaussian numbers for which zk(z) s  
&(iog x)K, and K=2r(k, 5).
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2. We write equations (6 ) and (7) in the form

(И) Çr]-z = qj zdxQ, j  = 0, 1, 2, H
where each z is considered Tk(z) times. As we have seen, we may neglect the solutions, 
for which

Tt (z)a(log.v)K.
It is easy to see that we may neglect the solutions for which |£| =  1»/|. (They have 
estimation Bx1 + e°, where ea can be made arbitrarily small.)

So if we suppose that |£|-=M, and then consider the double number of the 
solutions, we get an error o(x1+c°). Now we show that the number of solutions 
for which |(^, qj)\ >  |(^, /)| may be neglected.

Indeed, the number of such solutions may be estimated so:

( 12) B ( \ o g x Y 2  2  2  1 =
P\aJ | ^ | <  _ L j /~  z != 9 y (módii)

\P\ г I 2x
|Zl,<bT

=  Bx2 (log x)K+1 2  -щ-х = Bx2 exp ( -  /log .v).
p\aj  A (P )

Now we consider the solutions of (11) for which z has a prime divisor v with the 
property
(13) exp (log л: ) '1 S  |v| g r '

for arbitrary 0 < £!< 1 , 0 < / í < 1. More exact values of and p will be chosen 
1 ater.

If (13) is not fulfilled, we have the following possibilities
I. z has only prime divisors p with |p| <exp (log x)E‘.

II. z has only prime divisors p with \p\>x*.
III. z has only prime divisors for which I. or II. is fulfilled.
We show, that the number of solutions for which I., II. or III. is fulfilled, 

has an estimation Bx2(\ogx)Cb, where

0 <  Eb <  1.

If I. is fulfilled, then we have an estimation for the number of solutions 

(14) £(logx)K 2 '  t(z +  ̂ )  = £(logx)K { 2 '  1V/2 ( 2  T2 (m)V/2.
\ z \ < x - q j  VWSx )  (|m| <x  )

Here prime denotes, that for z I. is fulfilled.
We have

(15) 2 ' 1 = 2 '  2  1 ^ 2 'd ( r i ) .
\ z \ S x  n S x 1 x 2+ ß 2 = n n S x 2

The set (1, x 2} of natural numbers we divide into two subsets: the set for which 
d(n)^exp ^  /log .vj and for which d(n) >exp /log xj . We denote by 2 ' *
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the sum for the first, and by J?'** the sum for the second subset. We have

(16) 2ï'*d(ri) S  exp 

and, as by (A)

(17) 2 '* *n^x2

i y  /logx j 2 ' }  =  B*2 exp 

d{n) = Bx2 exp I — ^  /log X

We have for (14)

(18) Bx2 exp

If II. is fulfilled, we must use the version of Br u n — T itchm arsh’s theorem for 
Gaussian numbers. Let us consider the prime numbers, occurring in the set 
{AÇ + C, |i*|<G}, where A,C,£  are Gaussian numbers, (A,C)=1. If AÇ + C is 
prime, then N(AÇ +  C) is a prime of the form Ah +  1, or the quadrat of a prime of 
the form Ah + 3.

We get for the primes of the first form, using the sieve method of A. Selberg , 
the following estimation

„ G2(19) В ------------------- —  .
«,(iVM»lo8 w -}

For the primes of the second form we get the estimation

(20) BGl+°'------------------- 7Г-

if we take into mind that the congruence t 2=a  (mod m) in natural numbers has 
at most 2 V solutions, where v is the number of distinct prime divisors of m.

Now if II. is fulfilled, we get for the number of solutions of (7) the estimation

( 21) *  2 2 "  i =  *
z —qj ( m o d  £) 

\ z \ < 2 x
]̂ * т <у*<р(лЧ£>)

Bx2.

If III. is fulfilled, then we take z = zxz2, where

zi = П  P*, \P\ <  exp (log x)El, z2 =  pi...ps, \pj\ >  X".
p

Let us first suppose that
|zj| <exp (log x)2e'.
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Then we have the following estimation for the number of the equation (7)

в 2 2'
,< к^  “ ï i r Â 0

(22)
=  в  2  2 '  T*(zj) V  ! .

I í l < f *  b i  I < e x p  (log * )2c Z J = _ í L _ f _ £ í — V ( m o d _ L _ )
( * 1 ,4 )  l ( * l . { ) /  V ( z l i O )

I I 2 x

Using the version for Gaussian numbers of the B r u n — T i t c h m a r s h  theorem, we get 
for (2 2 )

Bx2 (log x)cc.

If \zL I >  exp (log x)2ci then we have for the number of solutions of the equation (7) 

В (log x)K Z  * (* 1  г2 +  qj) = Bx2 (log x)K+1 2 '  =
exp (log  д:)2 с<  |z i |  <  2 x  ™ \ ? 1)

= Bx2 exp I — — (log log x) 2 |.

It is easy to prove, that for such z, for which z is divisible by the quadrate of a 
prime of the form (13), the number of the solutions has the estimation

(23) Bx2 exp — — /log X

So we can suppose that every prime divisor of z of the form (13) is simple. So if 
v, and v2 are two such prime divisors of z, then we have also |vx| ?»£ |v2|.

If we choose the least of these primes, and denote this by v we can write the 
equation (7) in the form
(24) Çq — vD' = qj ; vD' € xfi

where v is a prime of the form (13) and if v2 is a prime divisor of D', for which 
Iv2 1 Sexp (log x)et, then |v2 |>[v|.

There is no other dependence between v and D'. Every solution of (24) must 
be multiplied by

4  (D') = b*  (O') 5Ü (log x)K.

3. So v and D' are dependent but we can get rid off this dependence in the 
following way: we divide the region {exp (log x)“ S  |z| S / )  into subregions of 
the form

{v'o — |z I — v0 ~b Vq, (pi ^arg  z<(/>2} = 0 (vo, <pt , q>2)

where vA = t.— K, >  1 0 0  and <p2 — (p. (logx)Kl
natural numbers.

2л
(log* ) * 2 ’ ЛГ2 >100, Ki? K2 are
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If V £0(vo, <pj, <p2) we substitute the dependence between v and D' by the 
suppositions

a) D' e-1*'Q
Vo

(25)
b) if v2 prime, v2|£>' and |v2|s e x p  (logx)5', then |v2|> v 0.

Then we can estimate the error in the following way : this error has an upper bound

(26) £(logx)K 2  2  2  1
Ií I<cVjc D ' v s q j i modi)
ISI '  D ' e n  g

Where the region Qg we get if we remove from the region x(v0 — vó)~1Q the region

•^(v0 +  v0)_1ß- For (26) we get В (log x)K~Ki n(0) 2  1 ^ 7 ^  where я(0)
vo hi« t;-/v<w

denotes the prime numbers in 9(v0, q>i , <p2)- This last estimation equals to
x2В (log x)K-Kl +1 n(0). For 7z(9) we can get by using Selberg’s method
vo

B 4>2 -<Pi VqVq
n log|v0vó| ■

Substituting this, and summarizing for v0, <pt , <p2, we get for (26)
_£i

Bx2 (log x) 2
if we choose K{ big enough.

If v0 = x" < v0 + vó, the number of solutions of (24) has an estimation
Ki

Bx2 (log x) 2 .

4. Now we see easily that the number of solutions of (24) for which

! O '1
has an estimation

v0 (log V0 ) K>
K3 >  100

Кз
Bx2 (log x) 3

The region
the form 
(27)

( o ' i  — e~u 
l vo

‘>1 Q: \D'\ S
v’o)K3}v0(log V,

{£)':£>!< \D'\ ^  Dt + D 2, ф1 < arg D' sS ф2}

we divide into subregions of

D, Dy
(log x)K4 .  «Аг —  «A i = [log x f K, >  100.

The subregions of the form (27) may not be complete, but the number of solutions 
of (24) with D' in such regions may be neglected.
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5. Let us denote a region of the form (27) by A(Diy i/q). We have got the 
following problem: to find the number of solutions of (24), where v60(vo, 9i)> 
D' ^A{Dl , \jj{) and D' satisfies the supposition (25) b).

The next step is to prove, that for different qJt and qj2 this number is almost the 
same. For this purpose let us examine the following expression:

2  I 2  r(qjt + vD ') -  Z  T(qh  + vD')y
D’£ J (D j  , I^i) Vv£0(vo, (pi) v£0(vo,«pi) )

Fundamental lemma.
(28) V(qj,, qj2) = BD2v'04(log x) з .

6. We prove this lemma in more steps. These steps are analogous to those 
of Linnik [1] and Bredikhin [2]. It is easy to see, that

V(iy,. 4h ) =  yi -  2 V2 +V3 + Bx2exp ( -  (log log x)2).

Here Vt is equal to the number of the solutions of the equation

(29) = qJl(v1- v 2)

where ——^  €d(£>j, i/ij), |C|-
the solutions of the equation 
(30) Vitti

Zv-q j.

and V2 is equal to the number of

where

V2 Í& =  7/2 ( V1 ~  v2)

2-2 Ç.A (D2, ij/i), |£| <  \rj\, \C\< |S| and V3 is equal to the number of
the solutions of the equation

(31) v1^ i /-v 2Ça =  qJlvi - q Jlv2

where —— — S.A(D2, t/i,) |^| <  \t]\, |C| <  |S|.
V2

7. In the following we examine the equation

(32) Vi^ri~v2C9 = qav1- q bv2 = M  
with the suppositions

a) ^ = ^ € ^ ( Z ) i , W ;  b) | i M , | ;  c) |Ç|<|9| 
v 2

qa and qb are coherent numbers.
Now let us first suppose that (£, Q =  l. Then we can write (32) in the form

(33) q = Mv[^'(mod v 2 Q  where =  1 (mod v20

with the suppositions (32) a), b). The supposition (32) c) we can write in the form

(33) c) Vi (fr?-ga) + gtV2 
V2C IC I .
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We can write (33) c) in the form

(34) b l -Ча , „ 
V1--- ~------btffc

As in [1] we can substitute this supposition by 

(35) ICI < / Ä i h f -

The error term we get by this substitution is 

(35') BD\ (log x)~Ks

where K5 is as large as we want, depending on К ,, K2, K3, Kx. 
From (32) b) we get

(36) ICI2 Ча
V2 lui v2

Using again the fact that */r,), we may substitute (36) by

(37)
with the error term
(370

|C| Í D x I v2|

BD\ (log*)-**.

From (32) a) we get for tj the range

(38)

For fixed Vj, v2, C and C we have for the number of solutions of (33) with the sup
positions (35), (37) and (38)

(39) M QPr.'M  , д P i  
N(Ç-Q + |ССГ

In the following we take vt and v2 fixed. For the set {£, C: we
get the number of solutions of (33)

(40) \A(Di,'l'i)\ Q + B D lx-t*

where Ut denotes the set of the suppositions (35), (37), (38)

N {Q )< D \x~ E3 and (£,£)= 1 and e4 = Jr£3 

Now let us suppose that
(41) N & ) ^ D 22x ~e\
Then
(42) |^ |> х 1_''“ 1/2-Е5>л:1/б-£5 jf e5 = 2 £3.
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So for fixed C we have the range for £
ч_E3

(43) / Щ .

Let us divide this region into subregions of the form

a< arg  Ç ^a  + a'

(44) ß  <  arg ((; — Л (£o , c c ) ) ^ ß  +  ß '

\A(Ç0, x) — t;0eix\ s £ 0

have tangents of the form
a, a + a', ß, ß + ß'

For fixed £0 and a let us substitute the range for >/ by the region

(45) -r exp(-<xi)(v2A(D1,il/i) + qa).
so

This region differs from that of (38) by a set of measure Вх2̂ 2~еб. For the error 
term of (32) we get
(46) BD\ Vq4 x-E7 e7 = e7(e6).

Now let us divide the region (45) into two subregions. The first is the union of the 
squares of the lattice A generated by the vectors v2C and i92C, and contained com
pletely by the region (45). Let us denote this union by ^ ({ q).

Let us denote the remaining part by F2(£o)- We divide У2(£0) too into sub- 
regions so that one subregion is the part of F2(£o) contained by a given square 
of the lattice A. Let us denote these subregions by Y2J(Ç0)- 0  =  1, 2 ... R ) (R — the 
number of the subregions.) These subregions or their complements to the square 
are convex. Obviously

(47)
R 5 ic iL '

Let us denote by | F2j(^0)| the area of Y2J(£0). For those T2/£ 0) for which

(48) \Y2 j^0)\ x2- ‘*
N  (v2 Q N{y2 Q Ço

the number of solutions of (32) has an estimation

(49) BD2v'04x~e9 eg =  E9(E8).
So we consider the case

(50)
Now we need the following

Yijito)I Ä *2- ‘8
TV(v20  -  JV(v20 ÉÖ1-
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Lemma: Let Г be a convex region in the plane, contained by the unity square 
{(0,0), (0,1), (1,0), (1, l ) } ,r> 0 natural number, у a real number, y < in f d,
where d is the distance o f  two parallel straights surrounding Г; l - у Ё  sup d(x, y),

x . y i  Г
where d(x, j )  is the distance of the points x, y. Then there exists a function ф (x, y), 
for which

1. ф{х,у)=\ i f  (x, у) £ Г and the distance of (x, y) from the complementary 
o f Г is S i  y.

2. ф (x, y) =  0 i f  (x, y )$T  and the distance o f (x, y) from Г is > i  y.
3. O^i) (x, y) S  1 i f  the distance of (x, y) from Г and from the complementary 

of Г is у.
4. ф(х, у) can be expanded into Fourier series

ф (х,у  =  |Г |+  2 2  a<nn exp (2ni(mx + ny)

such that

a )  \amn\

m, n
п 2 +  п 2 ф О

В
max (m, 1) max (n, 1) ’ 

c) \amn\ =  5  (max (тэт, 1)тах(и, 1))_1

b) \amn\ ^ B \ T \ ,

,2

max (тэт, 1)тах(и , l)y2

Proof: Let ф0(х, p) = 0, if (x, y) is an outer point of Г, ф0(х, у) = 1 if (a, y)
(X,is an inner point of Г, and ф0(х, у) = —  if (x, y) is a boundary point of Г, and a2 n

is the infimum of the measures of the angles, containing Г, and whose vertex 
is in (x, у). ф0(х, у) satisfies the conditions L, 2., 3. Then we know from the theory 
of the Fourier series that ф0(х, у) can be expanded into Fourier series

Фо(х,у) =\Г\ + 2 2  a<m°n exp (2ni{mx + nyj)
m, nm2 + n2# 0

у
for which the coefficients a,„„ satisfy a) and b). Now we choose 5 =  — and define 

the functions ф,,{х, y) (q = 1,2, ... r) recursively by

Ф

о о

п ( х , у ' )  = ^ т  J  J Ф ( х  +  %, y  + r\)d£,dr\.

Then Il/fx, y) for l < p ^ r  satisfies conditions 1., 2., 3. It can be expanded into 
Fourier series

Фв(х,у)=  |F |+  2 2  amn exp (2ni(mx + ny))
m, n

т 2 +  п 2 ф О

and it is evident that the coefficients a{2  satisfy the conditions a) and b). We have 
the recursive relations

a ( e )
mn = a(e-1)

m n
sin 27zmô sin 2nnö 

nmnô2
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If we take Q = r, condition c) will be satisfied, too. If we have two mod 1 periodic 
functions Fi(x, y), i =1,2  of integral x and y, and we want to estimate the number 
N{(Fi, F2)£r\(x ,  y)£,S}> where S is a set of Gaussian numbers, from above, 
then, denoting by Г2 the set of points, whose distance from Г is not greater than 
yt =$ у and we determine the function i/^Cx, y) belonging to Гх and уx and some 
r and then examine the sum

(51) 2  'l'i(FÀ x>ÿ)>F2(x,yj)
(x, y ) i S

which is on upper bound for N  {(/*",, F2) € F\{x, у) 6 S). We get a lower estimate, 
if we take the set of points Г2с Г , whose distance from the complementary of Г 
is not less than yl =%y.

If we want to determine the number of the solutions of (33) where ц £ Y2k(Ç0) ■ 
by this method, we must examine the sums of the form

(52) exP
i € « o )

Q A? + Q A f ') 
2 N(Q) J

where (£0) is the set of Gaussian numbers £ in (44) such that

(É, 0  =  1.
Let us denote the sum in (52) by G (A), and the sum 

(53)

by g(A, B). 
Then

(54)

4 (mod Q)
(i, 0=1

V  ,  ■ Q ^t + QAí + вВС + вВС2  = xp[2„------------ -m ó -

C<,A) = - J ^  2  2 S(B,A)exp Í 2 . i - Üf - Q B S )■
Ж  Q) В (m o d ö )  S €(ío] 2 N(Q)

We denote by [^0] the region (44) without the assumption

(■S, 0  =  1.
From (54) we get the estimation

(55) \G(A)\ S N(Q) max 
в, A

W , A ) \  2
В (mod Q)

2  exp
SEUol

- Q B S - Q B S  )
~  2N(Q) J

Taking; into account the conditions (44) we get

(56) 2
В (mod Q)

2  exPseiioi
-Q B S - Q B S ) \
~  2N(Q) J! В Ж .

Let us now examine g(B, A). If Q is a Gaussian prime number (that is N(Q) is a 
natural prime number of the form 4/'+ 1) then every residue class (mod Q) contains 
a rational element. So it follows immediately from W e y l ’s estimation that in this 
case (53) has an estimation

(57) B\Q\min(}/(N(A),N(Q)), ÿ(N(B), N(Q))).
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If Q is a rational prime of the form 4j + 3, then (53) can be written in the form

(58) 2  2  exp 27t,' ( W >  +
S  t ( m o d  Q) 2 Q

where t= l ,2 ,  Q — 1, and £ |0) (5= 1 ,2 , ... Q — 1) are such Gaussian numbers 
that every residue class of Gaussian numbers has a well determined representative 
of the form f£0)f.

If (A, Q) = l, then there exists a uniquely determined ^  with

(59) 0 (mod Q).

So in this case (58) has an estimation

(60) B\Q\3B min ( f(A, Q), \(B.Q)).

In the general case we can get the estimation in the same way as in [9]

(61) \g(A,B)\=Bc\Q\3,2 + e-
We get from (54), (56) and (60)

(62) \G(A)\ = BC\Q\3B+*.

So for fixed v1; v2,C> a and Y2£!>0, a) we get the number of solutions of (33) 
in the same way as in [1]

(63) (1 + Bx~c'°) Í 2 '  11 +  R;
N ( v2 Q  1«е«о) >

where

R ,= B \V2t:\l2+̂ \ ( M , o \ .

It can be shown in the same way as in [1] that the number of the solutions of (32) 
for which

|(M, Q |> x E'°
has an estimation

(64) BD\V£x 2 .
gio j

If  I(M, 0 |< x  10 and M — 2 4  > then £i> •••> Eio are little enough, we have

(65)

(66)

R,; = BX7I*

N(v2Q

So we get for (63) 

(67)

í 24€($o) 1

r 2  —  £8 2 3
2 £б ) _ 2 _______  P - 2  >  -v-24

N(y2 0 Co -
- 4 f i 6 - £ 8

Щё^-^+вХ~̂ ) Z  i .tv(v 2 g  ш«о)
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We get the number of the solutions for the whole range of q

(68) M (A ,A )1
CSAO

+ Bx~Cl A _
<?o ICI

min 1l’irk\}} Z ' -C o l d  JJ  $e«o)

As 2  ifi — T?02 and 2  auV\ — В  l°g *» we get for the error term
ío|C|<Ö2 Cold |Ç|<f2* 'AC)

in (68) if we summarize for £0, vt , v2 and C

(69) BD22v'04x -°4 
if £12 is little enough.

Taking this into account, we get for the number of the solutions of (32) from 
(40) and (66) for (£ ,0= 1

(70) 4[d(/)i,t/i1)i 2  2 | 2 j ÿ L + 2  2 1
V1,V260(VO,<?I) Ç l Í ACC) (4o)4 €«o) CoAC)

Ü2 l/з

where i/2> £/3, UA denote the conditions

BD\ (log*)“*»

(71)

U2: \ (M ,0 \  ICI <  / A N

A:ICI <  №  (C,0  =  l, ACC) -  A * - £j

A:ICI <  № ,  (C,0  =  l, ACC) S

The error term in (67) is composed from the error terms (35), (37), (40), (46), (49), 
(64), (69).

Now let us suppose that |á| =  |(£, 0 | >1. For fixed ô we get in the same way 
as in the case |<5| = 1 for the number of the solutions of (32)

'“xrxt- 2’ ZÍ2-JfK+2 <iog.v)-«..A < 5)  Vi, V2 € vo c 4 TV(CC) (4o) i e < 4o) Co TV(C) J A Ő )
(72) 4

JVW  V 1 . V 2 Í V 0  c 4 (4o)Us U6 t/7

In (72) we must summarize for v1; v2 for which

(73) M = qavl - q bv2= 0 (mod ô). 

Us , U6, U7 denote the conditions

A :
Í M Cl
M J) I C N / A K I

(74) A:|C| < / A N >  (C,C) =  Í, TV(CC) S  N(S)Dlx-°3 

A : ICI <  / А  A I , IC,Cl =  г, ACC) >  n (ő) d 22x -°>.

In the same way as in [1] we can make sure that the number of the solutions for 
which

|á| >(log x)K6
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has an estimation 

(75)
к в

B D W f{  log.v) 2.

So we can examine the case |<$| S(log х)Кб only.
If we substitute the conditions U5, U6, U7 by the conditions

и я M  _C 
<5 ’ 1> ICI Z)j v0

(76) U9:\Z\ <  \D lVo, (5 ,0  = <5, N (g)  <  N(S)D22x - ' '  

U10:151 - |/7,v„ , (5 ,0  = S, 7V(5o - N(ô)D22x -"> 
then in the same way as in [1] we get the error term

Dl
в т * ° г0 о в х )~к'-

(77)
So we get for (72)

'а ф " ф ' )', н ч . , ^ 2 \ 2(78)
7V(á)

1 1

+ B

U 8 l/9

7>|vó4

í (V(C0 +ë t w ô > W 0

N(S) (logA')“ *7

where тг(г/а, r/fc) is the number of the solutions of the congruence 
(79) qavj - ^ Dv2 = 0  (mod ô).
With primes v1; v2€0(vo, q>t). To determine n(qa, qb) we need the following

Lemma: Let ô be Gaussian number x  >0, !<5 j < (log x)K, К >0, l Gaussian
27Г

|/| <2c>, (Ö, /)=  1, 0 < a  <27Г, of = „AK » 7f =-0 fixed. Then the number of the
Gaussian primes P for which 
(80)

is equal to 

(81)

' (log x)h

P = l (mod (5) 
oc^argp^a +  of, \p\

li(x2) + Bx2 exp (— c f log x)2n 2cp(N{0))

where c is an absolute constant and ([>(■) is the Euler's function.
Proof: For Gaussian z let A,(z) =  ^ j-j  O =  0, 1> •••)> X(z) a character mod 

and 2j(z)x(z) = Пfiz). Let further

log \pI if z —p" where p is a Gaussian complex prime 
/1 (z) =  { 2 log |p I if z= p” where p  is a Gaussian rational prime 

0 in the remaining cases.
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Then we get from the results of H e c k e  [6], F o g e l s  [5] and K ö r n y e i  [7] that

(82) 2  Hj(z)A(z) = E0 X 2  — £ i б— h О  ( x 2  exp (— c0) /logx )
1*1 <* 1 Pi

where E0 =

Hó !
As we know ()</?, S i

(83) 

that

(84) Il/(x,j,S,l) 

Now let us define

1 if у = 0, X=Xo the principal character
0 in the other cases.

if j= 0 , X is a real character with exceptional real root 
in the other cases. 

f(e)
№

\J/(X,j,ô,l,)

. We get then, if we define

: 2  *j(z)A(;z)
\z\  < X

z  — l  (mod <5)

Bx2 exp (— c /log x) if j >  0
.2

- 2 ^  + Bx2ex p ( -c Ÿ lo g x )  if j  =  0.

(85) ф(х ,х ,  a', <5,/) = 2  2  2  A (z )•
|z ]< x  z  =  l  (mod Ő) a ^ a r g  z ^ a  + at'

Then using V ino gradov’s method (see [1] p. 42) with A =  exp ( — c/log x )  and 
r = [exp (cj/log *)] we get

л-2
( 86) ф(х,<х,ос', ô,l) = 2тг (p(N(ô))

From this follows the Lemma.
From this lemma it follows that

(87) п(Ча,Яь) =
1

2cp(N(ô)) [log x]2K

+ ÄV04 exp (—2cv0). 
Substituting this into (78) we get for this expression

DW<?

+ Bx2 exp(— c ^log.v).

(li((v0 + vó)2)-li(vg ))2 +

( 88)
L + B m ( l o ë x ^

where L  does not depend on the coherent numbers. From this fact, summarizing 
for 7V(<5)<(log х ) Кб we get the Fundamental Lemma.

It follows from the Fundamental Lemma that

(89)
IN { ^ - v D '  = qh \ v£0(vo, (pi), L>'6d(D,, (AJ}- 

- N { Ç r i - v D '  =  qh \ v€fl(v0, <р{), Z)'6d(Z>i, i/i,)}| =  

= BD\ vó2(log x)~K8.
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Summarizing for the regions 0(vo, ç>1) and

(90) ...Ö, -  ^ „ 9 ,  ... S*€a:Í2} —

- i v ^ - V . A  =  ••• 9*£*ß }l =  в e*2(i°gxy.
And so we get

A  = /A „ A € x ß }  =
(91)

H N { & - 9 l ...9k- q j = 0, d ^ . X d x Q J  = 0, 1, ..., H) + ßt .v2 (logxf .

Let us now examine the equation

(92) f r -S x  ... 9k - q j  = 0; ... 9kdxQ, j  = 0, ..., H.
We divide the region xQ into squares whose sides are parallel to real and imaginary 
axes and are of the length x 1_2e°. Then the incomplete squares give BHx2~2eo 
solutions of (92).

Let us denote these squares by Ia (a= 1,2, ...). Let us extend the lattice of 
these squares to the whole plane. The set of those a for which Iac x Q  we denote 
by T. Then let us denote

(93) L(a,b) = N {^ r ,-9 l ... 9k- qj = 0; £?€/„, V - A  A ,  7 =  0,
Let us denote by 7)(b), b d T  the set of natural numbers a for which ^ |/|x1_£0<  
<  \zk — z2\< /jc1_£° for every Zj £7Я, z2dlb. Then for fixed b dT  the number of 
such a for which а^Тх{Ь) but Ia has at least one element zk and Ib, an element z2 
such that \  /x1_£0< \zt -  z2|< /x 1_£c is
(94) Bx>°.
The number of solutions for such a, b is

(95) BxA- leo.
That is, we may suppose that b £T, adT^b). For such a, b L(a, b) has a more 
simple form
(94) L{a, b) = —i>! ... 9k - a j  = 0, £>?€/„, ... $k dh , ajd W)
where W is the set of the quasiprime numbers, that is, the numbers every prime 
divisor of which is ^ exp (log log x)3/2. We can write L(a, b) in the form

(95) L{a,b)=  2  g W iV { ^ -9 i...S Ä- / i i  =  0}
Я 6 лх 

IЯI < 2 x

where Лх is the set of the Gaussian numbers, every prime divisor of which 
<  exp (log log х)3В.

In the same way as in [1] we can prove that for the set of A for which 
exp (log log x)4S  |1| S2x  we have the estimation

(96) BcxA~2t0( logx)_c.
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So we can suppose that |A| <  x t = ехр (log log x)4. Now let us examine 

N{Çri-9t ...9k- l X t  = 0, {*€/., в, . . .9 ka b) 
for fixed A. If we put

N { ^ - 9 l ...9k- lX t = 0, i 4€ /., 3 , . ..«*€/*} =

=  ^ , y r  Z  S!T>(A,lX)SfrK-A,lX).
M ^lA jA im od IX)

then have 

(99)

If ô — (A, IX), A = A t ô, /А — Xt ô, then in the same way as in [1] we can get 

(100) Sf>(A,U) = Sj»(A, ,A,) -  + -

where
N(Xt)logx

eSi’ ) especia" y ’ s> N(X i)

So we can write (99) in the form

( 101)

N(lX)t\
„  S ? > ( 0 , 1 ) 5 ? > ( 0 , 1 )  у

+ в  Щ х )  Z

1 v  c p jN jX jy»
7V(A,) 2 1 i +tit Га

& t • • • ö k  €  I  b

loglog.v r^A,) log A, , TA(A,)T(A,)log|A 
log .v Л' ( A J ) f /V (A, ) (log ,v)2 I

Summarizing the error term in (101) we get

( 102) BS(2a>( 0, 1 )^ я)(0, 1) (log log x)K 
logx

Let us now denote * У — by C(/A). For L(a, b) we get from (95)
r»(/A) Ai 12я AV(Aj )

(103) L(a, b) = ( 2  д(А)С(/А)) 2  1 + ß52a)(0, 1) Sía40,1) W 0«*)*Аел* (niia logx
VIA| <асl )  0 ,  . . .<lk ü b

Now if we summarize for a, b

(104) 2  2  1= 2  1 + ßx4~7‘°.
* Í Í tW i { , s. 4 .  i /л1 - ' 0a i |{ ii-e , ...fliclaíl*1 -*o  

Ь ( . Т  f i l . . . « k i l l  о  , . . . Ок ( х П
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For fixed ... &k we have

(105) 2  1=£(1оё х + 5)±lx'-eOS\l;n-&l...&k\Slx1-cO
where E is the area of the ring {z: \  lxi + eo S  |z| S x 1' 10). We have

(106) 2 1 1 =  | o;.r2 1 ^ 2dogX)*-2.Si...ekexfi (/c— i;i
From (105) and (106) we get for (104)

(107) %  2  1 = ° ЕК ! г ёт Т  + BEx2 (log x)k~ 1.
a Z T , ( b )  { K —  I J !

( > e r  »,...&kiib
We get for the number of the solutions of (90)

(108) |Í2| £  Г 2 / ‘WC(M)
Aga*

\  X2 (log *)* ,j ( -̂1)!
BE [ 2  P (Я) C(/A)l X2 (log x f - 1 (log log xy*.

Aga*
(|Я| < x .

Let us now examine the sum 

(109) м(Л) v  <p( № iM >2  ц (к )с (щ =  2  2 2 2  N() ,
л е л х л е л х М у Щ х ф .  M{ ÀX)Я| < jci JЯ| < JCi

We have for this sum

2  2  j\r(n1 X-i I < x ,  h h = l  tV('X
Aiga*

-hl TJ f,_L_1 у  в(л2) _
i) p\h1  l  N(P)> (я„ яо= 1 ЛГ(Я2)

(ПО)
! Я j Яг I < -̂ 1А 2 €

-  2  2 - ^ 7т г М  I 1|Ai| < x i  h h  = l 7V(Mi) p \ h
Ai ga* pU ,

1
(/OJ

1 1 J y  /«OG)
' N{p)) Ul,t)= i ЛГ(Я2)

|AiAï |<xiA2ga*
From (110) we get for (109) in the same way as in [1]

(Ш ) 2 Ш г -  2  2JfM f L ^ ( i - ~ ] + i f l o 8 ^ s.\t\<XlN(t) lil2 = l \ X i \ < x l ^(Ml) p|li l] JVlrtjAiÇ/lx pfAi
We can extend the inner sum in (111) for every Gaussian A^O  with the error term 
A?(log x)~5.

We have

(112) 2  2 ^ Ш - - я Ь — „-J-
h h = i  я N ( I A )  p \ i j  V J N { p )
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Let us denote the sum in (112) by Ak. Then we get for (108) 

(113) \Q\E 2
|r|<JC| t£Ax

As we know (see [1] lemma 1. 5. 2)

/КУ)
N(t) a : X2 (log x)k

h ВЕЛ , т
X 2  (log x)k 1 (log log x)K.

| ( | <x ,l(Ax

/КО
N(l) N{l)H+ В H

(log y)2 '

From this the theorem follows if we write AkN(l) instead of AkBk(l). 
Using the formulas

(114)

and

we get

2 2  * Ш - П
h \ i  А А ( Л )  p |i ,  

PI A

1 ] у  tl W exk)
N(p) J X N(X)

( á , A ) =  1

у  /К^-М*’
T  N(í)(Í.A)=1

(115) A'kN(l)=AkBk(l)
and the theorem is proved.

1 wish to express my thanks to Prof. Linnik, Prof. Chudakov, Mr. Skubenko 
and Mr. Környei for their valuable advices.
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ON ANGLE-MODULATION PROCESSES

by
S. CSIBI

1. Posing the Problem

By angle-modulation we mean the following transformation of a real-valued 
random process, ц = {ц,, t £Г} into £ =  {£,, t£ Г}:

<Ü, = cos (Qt + n,+ Ф),
for all tdT, where T=(  — oo} oo ). Í2>0 is a constant, Ф is a real-valued random 
variable, and / 1 and Ф are independent.

We shall call  ̂ angle-modulation process.
Obviously £ is wide-sense stationary, provided v =  {exp //<,, t dT)  is stationary 

in the wide sense, and Ф is uniformly distributed in (0, 2л]. (E. g. v is wide-sense 
stationary if /t is stationary in the strict sense.) In what follows we shall assume 
that v as well as Ф meet these conditions.

More distinctly, we shall assume that v is stationary in the wide sense and 
continuous in the mean. Accordingly [4]:

o o

(1) V, = f  e‘x,zv(dX).

Here zv(A) is a random spectral measure defined for any Borel set, A on the 
real line, and (1) is defined as a limit in the mean.

We shall adopt the notations, 0, — J exp (/Ar)-ze(i/A) and ßs(i) =  M 0(0 Ol
—  oo

for any random process, 0  which is stationary in the wide sense and continuous 
in the mean. (Here ze(A) is a random spectral measure, and 0, is the complex 
conjugate of 0,.) The spectral distribution function, Fe is defined by Fe ( — °°) = 0, 
and Fe (A2) — Fe (Xx) = \A\ze(A')\2, where /4' = (A,, A2] for any A, <  A2. (M denotes the 
expectation.)

Observe that ze(A") = ze(A') if 0, is real-valued. (/t"= [ — A2, —A,) for any 
A, < A2.)

In communication theory it is a question of considerable interest to study the 
perturbation of angle-modulation processes. A prototype of this sort of problems 
is the perturbation of £ due to a superimposed real-valued process, rç = {//,, t€T};
i.e. the particular situation when, for any t, only

(2) C, =  Í. +  4,
is available for observation (or for further processing), instead of £(, and rç, /t and Ф 
are independent.
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Within the scope of this paper we shall confine ourselves specifically to the 
study of independent additive perturbations such as given by (2). However, about 
t] we shall only assume that it is stationary in the wide sense and continuous in the 
mean, its spectral distribution function, Fn being continuous at the origin.

Accordingly:

(3) >1,= f  ei>!zn(d).),

(4) F„(0+) = F„(0—).

Notice that we have introduced (4) just for simplicity. In actual communication 
situations we may usually assume 7^(0+) — 7^(0— ) =  0, and therefore restriction
(4) is of no relevance.

From (3) and (4) it follows that

(5) C, = cos I//,+ f  eiXtzn(dX)+ f  en,zn(dX) = |y,| cos (ф, + в,),

where iф, =  Qt + ц, +  Ф,

and

( 6)

Xt = 1+2 f  eW-^ZqidX),

1+2  J  e‘̂ ‘- ^ z n(dX)e, =  arc Xt =  Im log

Frequently our interest is not a statistical inference from f on £ but rather 
to describe e={e(, tÇ_T}, i. e. the deterioration of /л due to rj, given Fv and ß. 
More distinctly, our aim is to describe e in terms of either the correlation or the 
spectral distribution function ([1]—[3], [5], [6]).

It is, of course, a question of considerable interest in what detail has one to 
specify t] in order to be able to describe e in terms of second moments, given Fv 
and Í2. We shall be concerned with this question specifically under the asymptotic 
condition Mf ;,2 — 0.

Additive perturbations of angle-modulation processes have been frequently 
investigated under various particular assumptions [1]—[3], e.g. for a perturbation 
which is an (undistorted) angle-modulation process. However, more general situations 
are also of interest, e.g. when t] is a moving average of an angle-modulation process [5].

The subject of this paper is a study of additive independent perturbations 
of an arbitrary, wide-sense stationary, angle-modulation process, described in 
terms of Fv and Q, due to any tj which is stationary in the wide-sense, and for which
(3) and (4) hold.
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2. Relations between Second-Moment Properties

First let us describe the asymptotic relation between p and e by the following 

Lemma

( 7 )  È, =  2 I m  J  {dk)
о

is an asymptotic approximation to e, in the following sense:

(8) limp e' =  1, for |e,| >  0,
Mi,,2-» о È,

and
(9) e,=  0, for £, =0, 
for any t£T.

Proof (9) follows immediately from (6) and (7). Therefore we may confine 
ourselves to |s,| >0.

Let

y., =  2  J' ei(-x,~ *‘^z4(dX ).
о

Observe that

M | * , | 2  =  2  fdF„(H) =  M i , , 2 ,

0
and consider Cebysev’s inequality, i. e.:

(10) P (W 2> c ) = i - ^ 4

for any C >0.
From (6), (7) and the Taylor series of the logarithm we obtain:

( П ) =  Im J ^ ( - l ) 2n-^- =  £,\x ,\ 2  ( - 1)2
I" 2 sinna, 
n sin a,

for any t^T ,  and |« ,|S C < 1 . (Here a, = arc«,, and £ =  Im«,.) 
Observe that |sin wa,/sin a,| i » .  Then, from (11) we obtain

( 12)

for any K l â C d ,  and |e(|:>0.
Finally, from (10) and (12) it follows that

C
1 - C P ( k c )  s Mi,,2

C ’

for any /6Т, and 0 < C < 1 , that completes the proof.
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Remark 1. Since the transformation from rj into è is the limit of linear 
combinations of time-invariant linear transformations, including coefficients in
dependent of t\ but depending on v, s is wide-sense stationary, provided v and r/ are 
stationary in the wide-sense. Given Fv and Q, the spectral distribution function, F; 
is obviously determined by Fn.

This relation is described in more detail by the following

Theorem. I. Let t] and v be stationary in the wide sense, then s is also wide- 
sense stationary, viz.

( 13) B~c ( t )  = 2 Re Bv ( t )  /  - ** dF„ (Я).
0

II. Specifically, i f  Bv is real-valued, i.e. Bv(z) = B v ( t ) ,  for all r, then

F%W =  /  Fv{X — oj)dyn{(o),
for all Яб(— °°, “>). Here
(15)

(16) S ( ;-2)

УЧ(Х) = + A) -<r4( Q -  Я),
_ ^ ,( А 2) - ^ ( Я ,) .  for Я ^ Я .^ О ,  

1 ~  1 0 , for 0 > Я 2 а  яь
and a (-oo) = 0.

Proof (13) follows from (7), observing the independence of tj, ц and Ф, and 
the following well known properties o f an integral with respect to a random measure:

and

M /  (Pi(X)z4(dX) J  (p2(u))zn(dco) = /  9fF)cp2().)dF„(X), 
0

M f  <Pi(X)zn(dX) J  q>2(0 })z4(da)) 0,

for any (pt : I  Ы Х )\2dF4(X) < oo? and i = 1,2. 
0

Next let 5 V be real-valued, and define an by (16). Then for со = +(Q — Я) it 
follows that

(17) J  e±«*-x*dF4( k ) =  f  e^dßfco),
О - o o

where /?„(ш) = + a f Q f w ) .
From (13) and (17) we obtain

(18) B-(z) = BA t) f  er'4 y , ,().),
—  o o

where у is defined by (15).
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Observe that уч(Я2) - =  y ( - A t ) - y ( - , i 2 )^ 0 , for any A2 ^A 2.
(14) follows from (18), the relation between B0 and Fe and the convolution 

theorem.

R em ark  2. The relation between the second-moment properties of the deterio
ration at the output and the interferring process at the input, described previously, 
is of particular relevance when studying angle-modulation channels. Obviously, 
if the deterioration at the output may be completely described by Fn (given Fv and Q), 
one has merely to examine the spectral distribution function of the interference 
sources and the attenuation (or gain) functions along all linear and time invariant 
interference paths between such channels, respectively, the phase characteristics being 
irrelevant. This situation simplifies the analysis as well as the experimentation con
siderably.

As a matter of fact the present note was also motivated by a previous study 
in this field [5].

Notice that the described relation between the second-moment properties of 
the interferring processes at the input and the output holds specifically in the asymp
totic situation. However, the exact relation between e and /7 is nonlinear, and it is 
well known, that for nonlinear transformations the knowledge of the correlation 
(or spectral distribution) function at the input is, in general, insufficient for speci
fying the correlation function at the output.

R emark  3. Observe that B v( t) =  Z?v(t), for all r, if, for instance, в  is a stationary 
Gaussian process. It is well known that angle-modulation channels carrying multi
channel telephony may be successfully studied by considering such //. However, 
this is also the case when p is generated by scanning a picture (or some similar 
procedure) and one may suppose Bv to remain unaltered when reversing the 
sequence of the scanning. (Since, from B v(t) = Bv( — t) and the stationarity of v 
it follows that: Bv(r) = Bv(rj.)
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A REMARK TO A PAPER OF L. SCHMETTERER

by
A. KRÁMLI

In the present note we shall generalize a theorem of L. Schmetterer [1]. The 
new form of this theorem, — and naturally also its proof — doesn’t involve the 
notion of Gâteaux differential, the proof is somewhat simpler.

Let R be a set and S  a cr-algebra of its subsets. Let iß be a non-void family 
of probability measures P over S  and g a real function defined on iß. A real
S-measurable function h on R is an unbiased estimate of g if and only if JlulP =g(P) 
for every P£iß. к

Let us denote by Ha the set of all unbiased estimates of g.
Let us make correspond to every P£ iß a Banach space BP of measurable 

functions on R with the norm NP. Suppose that c£BP for every P€iß, where c 
is an arbitrary constant real valued function on R. We shall make use of the defini
tions given by Schmetterer.

An estimate h0 £ НдГ\ f) BP is uniformly AP-minimal if and only if
P ÍV

NP(h0- g ( P ) ) s N P(h-g(P ))  for every It £ Hq П f| b p and (To simplify
ptv

the writing further we shall denote f] BP by B.)
Pev

Further: An estimate h0^H gC\BPo is locally APj-minimal if and only if 
MPo(h0-g(Poj) = MPo( h - g (Л>)) for every heH gf)BPo.

Denote by V the set of all measurable functions r  on Ä such that f  vclP = 0
R

for every PG'ß (the unbiased estimates of the identically zero mapping). Obviously 
V is a linear manifold and every h£Hg assumes the form h = h0+v, where h0 is 
a fixed element of Hg and v 6 V.

Theorem of Schmetterer: When every BP is smooth (namely the norm NP
is a Gâteux differentiable function on BP) the estimate h0Ç_ ITg П В is uniformly 
NP-minimal if and only i f  the Gâteaux differential LP o f the norm NP vanishes at 
h0—g(P) for every vector v£ VT\B and every P €sß (LP{h0—g(P), v) = 0).

From the Hahn—Banach theorem there follows the existence of a linear 
functional !P on BP such that:
( * )  lp(h0~g(P)) = NP{h0~g(P)) and \lP(h -g (P ) ) \^ N P(h-g(P))
for every hdBP.

Now we give Schmetterer’s condition without applying the notion of the 
Gâteaux differential, and this condition will be valid in non-smooth Banach spaces, 
too.
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Theorem: An estimate hQ Hg Гi В is uniformly Np-minimal if and only if for 
every P^S.ß there exists a linear functional l,, o f  property ( ̂  ) and such that lP(v) = 0 
for all v e v n  B.

R em a r k : It is well known that every convex subset of a Banach space has 
a supporting hyperplane at every point of its boundary. A hyperplane may be always 
defined by an equation of the form l(x) = c, where l(x) is a linear functional and 
c is a real number. Moreover this functional is uniquely determined by the hyper
plane, apart from a multiplicative constant. The relations ( A) mean that the equation 
lP(x) =  NP(h0—g(P)) defines a supporting hyperplane of the set {x : x  € BP, NP(x) S  
^ N P{h0-g(P))}  at the point h0-g(P).

If the norm NP is Gâteaux differentiable, then there exists one and only one 
such supporting hyperplane, and it is defined by the equation LP{h0—g(P),x — 
~{h0 ~g(P))) = 0 and — as LP is linear — by LP{h0 —g(P), x) = LP{h0—g(P), h0 — 
-g (P ) )  = c.

So lp(x) and LP{h0 — g(P), x) may differ in a non-zero multiplicative constant 
only. Consequently, our theorem includes the Schm etterer’s one.

Proof:
a) Necessity: Let h0 be a uniformly 7VP-minimal unbiased estimate of g. Denote 

by VP the closure of the linear manifold V f \B  in the sense of the norm NP.
Let l ^  be the identically vanishing functional defined on VP. We can extend 

this functional to a functional l'P over the Banach space <VP, h0—g(P)) generated 
by VP and h0- g ( P ) so that I'P(h0- g ( P )) =  NP(h0-g (P j)  and \l'P(h)\säNP(h) 
if hd (V P, h0—g(P)). In fact, it follows from the well-known proof of the H ahn—  
B a n a c h  theorem (its idea is due to H e l l y ; see e. g. [2]) that l'P{h0 —g(P)) may have 
an arbitrary value between the two numbers

/?? =  sup { -A r(u + (/7o-£CP))-/p(F)} and M = inf {NP{v + (h0—g(P)) — lP(v)} .
v d  V p  v d  V p

Since h0 is a minimal estimate we have

-Np{v + (h0-g (P)))  S  Np(h0 —g(P)) ^  NP(v + {h0- g ( P )))

for every v£VP. Considering that l(v) = 0(v£ VP) we can write m ^ N P{h0 —g(P))sM ,  
and this fact proves the existence of the desired extension of the functional l’P. Then 
there exists an extension of l'P over the whole BP to a functional IP of property (^ ) , 
and such that lP(v)-— 0 for every v f V  П B.

Applying this extension procedure to every RÇip, we get the proof of the 
necessity of the condition.

b) The sufficiency is obvious, since, by the condition, for every P ip there 
exists a linear functional lP of property (A ), so that lP(y) = 0 (v Ç V f i B) and conse
quently :

NP(h0-g(P ))  = lP(h0-g (P j)  = lp{h0+ v-g{P))  S  NP{h0+ v-g (P ))  ■■=

=  N P ( h - g ( P ) )
for every h£HgC\B.

An analogous theorem is valid for locally NP minimal unbiased estimates.
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ON Л-PRODUCTS OF AUTOMATA, III

by
F. GÉCSEG

In [2], we dealt with the quasi-direct product and quasi-superposition of 
automata from the point of view of the metrical completeness. It was shown that 
there exists a finite system of finite automata which is metrically complete with 
respect to the quasi-superposition and that there exists no finite system of finite 
automata which is metrically complete with respect to the quasi-direct product.

In this part of the work we shall prove the existence of an infinite minimal 
system which is metrically complete with respect to the quasi-direct product. 
Furthermore, we shall study the question of when an automaton-map tp can be 
induced in length A: by a quasi-direct product of automata such that the number 
of states of these automata is smaller than the weight of tp.

For the notions and notations not defined in this paper, see [1] and [2].
Before studying the above mentioned questions, we shall introduce a notion. 

Let 3I =  (A |, /= 1 , 2, ...) be a system which is metrically complete with respect 
to the quasi-direct product. We say that 91 is minimal if for arbitrary Af69I, the 
set 9F =  9l\A; is not metrically complete with respect to quasi-direct product.

We shall prove the following
T heorem  1. There exists a system of finite automata which is metrically complete 

with respect to quasi-direct product and minimal.
P roof. Let к be an arbitrary natural number and X = (x lt ..., x„) («>1) 

an arbitrary finite set. Denote by A("- *> = A(n' k\X , A("- *>, a0, Sk) the following 
Medvedev automaton :
(1) Л<"’*> = (а0, а 1} a n + k )

(2) àk(ai> x j )  =
ai+1 > 
ak + j>
a о

if / <  к 
if i = k  
if i >  k.

We show that the set 9I„ of automata Â n-k) (k = 0, 1,2, ...) is metrically complete 
system with respect to quasi-direct product and minimal. First we shall prove that 
the set 9t„ is metrically complete with respect to the quasi-direct product. Since 
the system of all к-free (k = 1, 2, ...) M edvedev  automata with n (ë2 ) as number 
of inputs is metrically complete (see [1]) with respect to the quasi-direct product, 
so it is sufficient to show that each /с-free automaton S =  S(Ar, S, y0, <5S) is /c-iso- 
morphic to a quasi-direct product of automata from 9I„. If k  = 1, then S is ic-iso- 
morphic to A(n-0). Let us suppose that our assertion is already proved for к  — 1 ( Ш1) 
and let B =  B(X, B, b0, ô) be a quasi-direct product of automata from 9I„ which
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is к — 1-isomorphic to S. Let 3 denote this к — 1-isomorphism. We shall prove 
that the quasi-direct product B' = B'(X, B', b'0, S') of automata В and A("> k~l> 
for which

and
B' = B X A ^-k- 1}

S'((b, a), X) = (S(b, X), Sk_k(a, x)) (b 3 B, a € A(n- *-1))

hold is ^-isomorphic to S.
Let -+B'W) be the following map:

S'OoP) =  (5(soP), aoP) (I(P) < k ,peF (X )) ,
9'(s0px) =  (9(s0p), a0px) (l(p)=k — p £ F(X)).

It is obvious that 3' is а к — 1 -isomorphism on the set Ŝ k~1\  So we have still to 
prove that for arbitrary p£ F (X )  with /(p ) — к — 1 and for arbitrary x t, XjdX  
i x j  implies &'(s0pXi)XS'(sopXj). This is true, because a0p = ak_1, so

3'(s0pXi)=(9(s0p), ak- 1x i) =  ($(s0p), ak_ l+l)
and

:y(soPXj) =  (3(s0p), ak_1xJ) = ( 9 ( s 0p), ak_ i+J).

But iA j  and (2) imply ak- l + iXak- l+j, that is S'(s0pXi)X&'(s0pXj). So we 
proved that 9I„ is metrically complete with respect to quasi-direct product.

Now we show that the system 9I„ is minimal i.e. the set 41' = 9I„\A(">k> for 
arbitrary A(n' k> d 4ln is not metrically complete with respect to the quasi-direct product. 
To do this it is sufficient to prove that the map <p induced by arbitrary /-free (/ >  Лг) 
automaton A(,) = A(i){X, Aa>, a(0l), <5®) can be induced in length / by no quasi- 
direct product A =  A(Z, A, a0, S) of automata from 91', that is an arbitrary quasi- 
direct product A = A(Z, A, a0, S) is not /-free. Indeed, if l(p) = k  then for the state 
a0p (p£F(X)) of automaton A and for arbitrary inputs x iyX j£X  the equation 
а0р х ~ а 0р х I holds, i.e. the automaton A is not /-free if />/r. This ends the proof 
of the Theorem 1.

We note that a system which is metrically complete with respect to quasi-direct 
product need not have a minimal subsystem which is metrically complete with respect 
to the quasi-direct product. Indeed, let 41 be the set of all finite k-ifee automata 
Ak — Ak(X, Ak, ako, Sk) (к  = 1 ,2 , ...) with fixed set X  (Z >  1) of inputs. It can be seen 
easily that 41 is metrically complete with respect to quasi-direct product and 91 
has no minimal subsystem which is metrically complete with respect to quasi-direct 
product.

Let A —A(Z, A, a0, Y, <5, A) and B = B(Z, B, b0, Y, ô', X) be arbitrary automata. 
Then a map 3: A(k> -*■ B(k) is said to be k-homomorphism, if

and
a)
b)

3 (cto) =b0, 3(<5 (a, x)) =  <5'(3 (a), x) 
A (u, x) = A'(3 (a), x) j  ( x d X ,  a £ A * - » )

holds1.

1 The set A(n) will consist o f the states of automaton A, the heights o f which do not exceed 
n (see [1]).
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Let (p\ F{X) — F( Y) be an automaton-map and let S = S(A", S ,s0, Y ,ôs ,Às) 
be a Æ-free automaton, which induces (p in length k. A /с-congruent partition n of 
S is called natural partition if s=s'(n) (s, s' £ S iky) implies As(s, p) = /.s(s\ p) (p£ F(X)) 
whenever l ( p ) ^ k  — max (h(s), h(s')).

It is clear that if 5 is a ic-homomorphism from a &-free automaton S into an 
automaton A, then the following /г-congruent partition n is natural:

s=s'(n)*>$(s) = 3(s') (s,s'€SP>).

The number of classes of a A>congruent partition n will be denoted by |я|.
The number of states of a minimal automaton A which induces cp is called 

weight of (p and it is denoted by w((p).
We have the following

T heorem 2. An automaton-map q> can be induced in length к by a quasi-direct 
product o f Medvedev automata A t ( t= l ,  ..., r) such that A ; < w(<p) (1 S iS r )  i f  and 
only i f  there exists a к-free automaton S inducing cp in length k, which has k-congruent 
partitions я J , ж r and the natural partition n satisfying the following conditions:

(I) я,- >7t for each i (1 S  /S r),
(II) |7rt| < vv(ç>) for each / ( l^ / 'S r ) ,

(III) П я, =  я.
i = 1

Proof. To prove the necessity of our conditions suppose that there exists 
a quasi-direct product A = A(X, A, a0, Y, ô, X) of Medvedev automata Аг = 
=  A[(Xi, At, aio, <5,) (/=1, r) with A t<w(cp) (1 = /S r ) ,  such that A induces 
(p: F(X)-+ F(Y)  in length k.

Let S= S(X , S, s0, Y, <Ss , 2 S)  be arbitrary /о-free automaton inducing cp in length 
к and let 9 denote a map of S (k) onto Am for which

(3) ' 9(í 0) =  ű0
and
(4) 9(s0p)=a0p (p£F(X), l(p)tSk)

hold. It can be seen easily that 9 is /с-homomorphism. Let us consider the partition 
ж of for which

s =  s'(n) <=> 9 (5) = 9 (s') (s, s' £ S ik))

holds. Because 9 is /с-homomorphism so л is natural Æ-congruent partition.
For arbitrary i (1 ^ i S r )  let л ■ denote the partition of Â k) for which

a( = («j, ..., at, ar))=((a'i, . . . , a -  , ..., a'r) = )a'(n[) <=> а( = а-

holds. It is clear that |тг,-1 =  A ; for each / ( I s i s  r). Let 7r( (1 S  / S  r) be the following 
partition of S w :

s=s'(n,) o 9(í ) =  9 (F) (тт/) (s, s' g S<*>).

It is easy to show, that the /^-congruent partitions 71,71!,..., nr satisfy the conditions 
I—III.
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Conversely, suppose that the conditions I—III hold. We shall construct for 
each 7r; (lÄjÄ/-) an automaton A; = А,- (X, A t , aio, <5;) in the following way:

Л( =  (7г,(У)|.у€ £ №>>,

ai0 — ni(so)’
f ni(^s(s > x)) if there exists an s' ^ S (k~1) such that s=s'(nt) 

ôt(n i(s)> x) I arbitrary at in the contrary case.

It is clear that the number of states of an arbitrary automaton Аг ( lS i 'S r )  
is not greater than |л:г|( <  w((pj).

Let A = A(X, A, a0, Y, S, A) be a quasi-direct product of automata A; (i=  1, ..., r) 
for which
(5) 
and

(6) Ща1г

à((at, . .. ,ar),x) = (ô1(a1,x), ôr(ar, x))

ar), x) =
As(s, x) if there exists an s £ f) a< such that l(s) <  кi — 1
arbitrary y £ Y  in the opposite case.

We shall prove by induction on length of words p(£F(X), l (p )^ k )  that the 
automaton A induces cp in length k, i.e.

(7) (p(p) = k(a0,p)

whenever l (p )sk .  Let /(/;) =  1, i.e. p = x £ X ,  then A (a 0 , x) = As(s0, x) — tp(x). 
Suppose that (7) holds whenever l(p)^Sj — 1 (<&), we want to point out (7) if 
l(p) = j. p can be written as p'x (l(p') = j— 1). We have

and
A (a0, p'x) =  A (a 0 , p ') • A (a0p', x)

AsOo, p'x) = AsOo, p') • ks(s0p', x).

The first factors on the right sides are equal by the induction hypothesis. But
r

Sop£ П Ö;, where (al5 ..., ar) = (nl(s0p), ..., nr(s0,p)) = a0p, so by (6) A(a0p, x) =
i = 1

— As (s0p, x). This completes the proof of the Theorem 2.
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ON A POLYNOMIAL OF INTERPOLATION1

by
R. B. SAXENA

1. Very recently Professor Géza Freud [1] has considered an interpolation 
process with roots as the zeros of Cebysev polynomial of first kind T„(x) = 
=  cos n (arc cos x) which gives directly a proof of J ackson’s Theorem. Later
M . Sallay [2] has solved the same problem with abscissas as the zeros of the ortho
gonal polynomial with weight function which is positive on [ — 1,1] and satisfies 
a Lipschitz condition of order 1. In this paper we solve the same problem with 
another interpolation process, constructed on the roots of Cebysev polynomial of 
second kind

Un(x) = sin (n + 1)0 
sin 0 ’ COS в = X,

which is a modified form of the process considered by Professor Freud .

2. Let

be the zeros of
xkn = cos k n

й + Т ’

u  =  sinf r + 1>0 * 
nK ) sin в ’

к  =  1 ,2 ,  . . . ,  n 

= cos в , n = 1,2, ...

the Cebysev polynomial of second kind. For the fundamental polynomial 
of Lagrange interpolation we have the expression

(2. 1)

Further let 

(2. 2) 

and

(2. 3)

We then denote

4 ,W ( - l ) ‘+1( l - 4 n) UJx)
n + l x - x kn

(2 .4) kkn(x) dcf

. f  ̂dcf f 3X*„ (*-**„)
«*»(*)=!-------j--- -2-----

1 ~ X kn

U'r(t)Ur(u).n + 1 *= 1

l - х 2 Ï2
1 -  *ln

[vkn (x) Ikn (*) + 2 ( x - x kn) 4n (pc) ( 1 -  xl„) фп (xkn, x)]

1 This research has been supported by the National Research Council (N. R. C.) Grant
MCA-41 to the Department o f Mathematics, University of Alberta, Edmonton, (Canada).
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the fundamental polynomials of degree An +1 of our interpolation process. Let 
f ( x ) be an arbitrary function defined for - l ^ i S l ,  then we consider the following 
interpolation polynomial of degree 4n + 2:2

(2. 5)
An(f, X) =  - ^ / ( 1 )  + \ ^ / ( - 1) +

■ 2
k = l

Л**; ^ - т + ^ л - i ) ^kn(x).

We shall prove the following
Theorem. Let f{x) be a continuous function defined in [ — 1, 1]; then for the 

sequence of polynomials An( f  x) in (2. 5) we have

\An( f x ) - f ( x ) \  si 414cu

uniformly in [—1, 1] where co(f ô) is the modulus o f continuity of fix).
3. For the proof of our theorem we shall need a number of auxiliary Lemmas. 

In this section we shall estimate the quantity
n

1 - 2 ^ 4
*1=1 I

Lemma 3. 1. I f

(3.1) Фп- ^ , и )  = n + 1
then3

(3.2) 2 * k ( x )  =  [(1 x 2')Фп—í (x ,  Д]2*
fc = 1

1 +  2 4 ( 0  ̂ 00

Proof. We know the following Christoffel—D arboux formula for Un(x)

1 +  2  Ur(xk)Ur(x)
r =  1

and on making use of (2. 1) we have

Unix)
x —xt = (—1)*+12

(3.3)
i.e. owing to (3. 1)
(3.4)

4 W  =  ^T r (1- ^ 2) 1 + 2  Ur(xk)Ur(x)

1к(х) = (1-х$)Ф п- 1(хк, x).

2 The polynomials A „ (f  x) take the values f ( x k) at x = x k (k =  0, 1 ,2 ,..., л+ l )  where x 0 =  1,
x „ + i=  — 1.

3 For simplicity in writing we shall denote the suffixes kn by к and thus write xk for xk„, lk (x) 
for tk„(x) etc.
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Now the H ermite— Fejér polynomial of degree 2 л +  3 for any function cp(x) 
constructed on the points

xk = cos 
is given by

kn
л+1 ’ 

Hn(cp,x) = (p( 1)

+  <?(-!) 

n
+ 2  < p ( x k )

k = 0, 1,2, . . . ,и + 1 [x0 =  1, xn+i — — 1]

' а д )№ 2n2 + 2n + 3 
1 + ------ 5------ О “ *) l » + f j  +

—  X  

2

1 +  Х к ( х - х к )

, 2n2 + 2 л + 3
1 + ----- Z , ------- ( 1 + x ) Ш +

Y2x k
/*(*)

1 — X
l-**2

2'*2 / / . 4  ( l+ x )(x 2 —1) rr2.
+  * (1> 4(л + 1)2 U i ( X í  +

+  ф Ч —  1 )  ^  4 f f 1/ ) V l { x ) + ^  cp'(xk)  У Т Г 7 2 ]  (x ~ xk)lk(x).
From this we have for any arbitrary polynomial P2n+2(x) °f degree (2л+  2) 

the identity :

(3.5) -Р2п+2(х) =  P2n+2 ( 1)

+ Pln+ïi-  0

n

+  2  P 2 n  + 2 ( X k )

l + 2"2 + ?" +  3 ( l - x )

1 + M ± 2 n  + 3 (i + x)

[ ¥ [ № )  

Г №

+

1 —  X  
~2

{  | x k ( x - x k )

1 -x ? t / ; w +1 xk 4 (л + 1 )2

+  P 2 n  +  2 ( -  1 }  ( 1  4 (̂ 1T / 2 )-  U l  ( X )  +  Z  P ' 2 n + 2 ( x k )

Let us take
P 2 n + 2 (.x )  =  [ ( \ ~ x l ) * n - A x ,  O ] 2

so that
P 2n +  2 ( x k )  —  I 2 ( £ )

and

1 - x 2
l - - ^ 2

( x - x k)ll(x).

P 2 n + 2 ( x k )  = 2(l-xl) lk(Z№„(xk,S)- _4x*
1 Xi /2(<0.

Hence from (3. 5) we have

=  Í f ! ^ 2 
i.=iU-x*2 1 -

[ ( l - x 2) # . . ^ ^ « ] 2 =

3xk( x - x k) Ik (x)lk (0  + 2(x — x*)(l — xk)lk (x)фп(хк, £)

and putting (  =  x we have the lemma.
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Lemma 3. 2. For -  1 ^ x S l  we have

1 -  Z h ( x )
k= 1 ^  3,

Y i - x 2 1 -  Z  4 0 )
3̂
П

Proof. From Lemma 3. 1 we have

È h ( x )  =  [(1 — я:2)Ф„_ ! (л:)]2. 

2(1 - X 2 )

But from (3. 1)

(1 - х 2)Ф„-1(х,х) =

1
n + 1

n — 1
2 sin2 0 +  Z  2 sin2 (/-+1)0

n +1 

1

П— 1
1 +  Z  U2(x)

r =  1

n+  1

n — 1
2 sin2 0 +  ̂ ( 1  — cos (2r +  2) 0)

k=l

n+  1 n — Z  cos 2 r0
1

2/r +  2 1 + sin (2/7 + 1)0

Hence

(n +1) sin 0 

From this and Lemma 3. 1 we have

, V  , ,  % s in (n  +  l ) c o s / /0
1 -  Z  h (x )  =

k= 1
Now

sin 0

sin (и +  1)0 COS 720
(/2 + 1) sin 0

2 - SH l(/2 +  1 ) 0  COS 720

therefore

and

l - ^ A * ( x )

(/2 F 1) sin 0 (/2 F 1) sin 0

[sin (/2 + 1)0| S  (n +  l) sin 0 

|C0S /20) S  1,

3 [sin (/2 +  1) 0[
fc =  l

/ 1 - :

/2 + 1  S in  0
2  3

1 - Z * k ( x )
which proves the lemma.

4. In this article we shall estimate the sum

/2 + 1 n

# (* ) l* - x * |.
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Let us denote by Ek the expression

(4.1)
We write

then owing to (2. 1) 

(4. 2) Ek =

d e f  И  ~l - X 2}
#(*) \ x - x k\, l s H f l .

0: =

0 = arc cos X ( - l á x S  1) 

in
n+  1 (/ = 0,1,2,

(1 — X2)2 £/4(x)(l — xk)2 _  sin4 («+ 1)0 sin4
(n+  l)4|x — Xk\3 (n+  l)4 |cOS0 — COS0*|3’

We prove the following lemmas:
Lemma 4. 1. For l ^ k < i S n ,  we have in [xi+ 1 , x,]

Ek ^ 1 1

Proof. Since
n + 1 (i—k)3 ’

„ . „ . n „ . 0+ 0* 0 - 0* „ . e + o ksin 0k sin 0k + sin 0 =  2 sm —-— cos —„—  ^  2 sin

(4. 3) |cos0 —cos0*| = 2 sin

sin 0k __ 
I cos 0 — cos 0i. I

2 2 

0 + 0̂ . 0 — 9ksm —-—

1
0 — 0ьsin

therefore from (4. 2) we have 

(4.4) E

If

then

In the case

| s i n n / | ^  l ,

1 1
(« +1 )4 • 0 - 9 kSin-------

3  •

therefore,

^ i+ iS x S x ,

0 |S 0 s 0 |+1.

1 — 1,

0j — 0к — в ~ 0 к — к,

. 0  — 0* . • 0; —0* . i — k  i — ksm —r— s  sin —-— =  sm ——— n - - —— . 2 - 2 2{n+1) n + 1

From this and (4. 4) we have the lemma.
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Lemma 4 .2 . I f  O s i ^ n  — 2, i + 2 = k-^n, then in [x(+1, x ;]

1 1
Ek ^

Proof. Here

sin

( и + l )  (A : —  i —  l ) 3
0k-0i+i = Ок-в S  n,

0k — 0 . 0k — 0i+1 k  — i — 1
sin2 ~  2 

From this and (4. 4) follows the lemma.

Lemma 4.3. For 1 S i 'S n ,  we have in [xi+l, x ;]

8
E, 3=

n+ 1

n + 1

(4. 5) 
since

Proof. From (4. 2)

sin4 (и + 1)0 sin4 О; I sin3 (л + 1)0| sin3 0;E, =‘ (n+ l)4 |cos 0 — cos 0;|3 (n + l)4 |cos 0 — cos 0;

|sin(«+ 1)0] = |sin(«+ 1)0 — sin(/2+ 1)0,1 
(4. 6)

■ Л -/ , \ 0 — 0; , .. 0 + 0;2 sin (n + 1) —-— cos (n + 1) —^—

S  2 0 -0 ,sin(w+ 1)— M g 2 ( n + l )  sin. 0 - 0;

then from (4. 3) follows the inequality

(4 .7 )  I s m fr + n O lm » ,
|cos0 —C O S  0; I

Thus from this and (4. 5) follows the lemma.

Lemma 4. 5. I f  0 ̂  i ^ n  — 1, then on [xi+l, x j

8
^i+ 1 = n+  1

The proof follows analogous to Lemma 4. 3. Using the above lemmas we shall 
now prove the main lemma of this article.

Lemma 4. 5. For — 1 ^  x  ^  1 ire have

k = l

Proof. We break the sum
Л1т
ie si

n

2

l —X2Ï
Г2X k

lk (x ) \x -x k\ 3a 20
n + 1

l - x :Л2
lk (x ) \x -x k\ =  2  Ek
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as

2 E k = l2  Ek + Ei + Ei+1+ 2  Ek.
k= 1 k= 1 k = i+2

Now using Lemmas 4. 1, 4. 2, 4. 3 and Lemma 4. 4, we have

\  ; 1 \ !  1 16 1 \ ’
2  Ek <  77 /A3" “t" „ I 1 /•_ I 1 \(/2+1) fcti (г —  it)3 /2 + 1 (/2+ 1) k̂ i + 2 { k  —  i —  l)3

2 V  1 16 20
^  /2+1 jé i j 3 + /2+l ^  /2+1 •

5. In this article we shall estimate the sum

2 1 — X2V
inx)

( x - x k)2

Let us denote

(5.1) Et del 1 — X212
Щх)

0 - * * )  

(*-**)2

then owing to (2. 1) and (4. 3),

sin4 (/г+ 1)0 sin20fr

1 -  x 2k
1

(5.2) Et = (/2 + l ) 4(cos0 - c o s 0 t)2 (jj [ 1)4„in2 0 - 0 /

Without going into the details of the calculation, which will be obvious from 
the previous article, we have the following

L emma 5.1. For — l ^ x S l  

•sp П — x 2̂ 2Щх)
12( x - x k)2 ______

1-Х ,2 “ (1+/2)2

6. In this article we shall estimate the quantity

Á  [ i - >
We shall first prove 

L emma 6.1. We have 

У 1 ~ х 2 \ф„(хк,х)\ 
P roof. From (2. 3)

212
1(1 -хП'Пх)Фп(хк, x ) \ ( x - x k)2.

1
+  —

1
sin30*| sin2 Ok I sin \(0  — 0fc)| sin^(0 + ö*)

n — 1
Ф п ( х к , х )  = 2  U'r(xk) Ur(x) =

/2+ 1 r =

2 sin (/* +  1)0
/2+1 r =1 sin 0 { т ^ 5 ° '(д:*)- п 7 г С05(,'+1)4
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COS Vk í
Therefore

2 n~ 1
\!\ - x 2 ф„(хк,х )  =  ——j- 2 ” Sin ( r + 1)0

И+ 1 r=l

2  COS 6k I -ЧГ7 . n  .
7---- 14 • 2 ,  S in(r+ l)0S in(r+ l)0 t-(« +  l )sm30*Vtl v ' V i У t

sin3 0*

- ( r+1  ) C0S<f + 1)(,‘sin2

( n + l ) s m ^ ( 7 (r+  1)S“ <r+ 1)вс05('  + Ч 0* =

( г + 1 ) (в + а д -  

7й"Х 1 ̂ <íti2 й O' +1) [sin (г +1 ) (0 -  0*) + sin (г +1) (0 +  0ft>] :
(+  +  s i n  tf* r = 1

/û , û \ /л пч , 1 ísini(2«+ 1)(0 — 0* cos (9 + а д -c o s  ( С - 8 ,)+ - |

(» +  l)sm »l). [sin( » -» 0  + »!"(» + ад

л л — 1COS и к -̂ 7 _ ч
( ^ т щ г п - ^ Л  tcos^ + 1)(8—а д -cos

cos вк
(п +  1 ) S Í n 3 0* 

sin 1(2и + 1)(0 +  0*)
sin 1(0 + 0*)

1 Jcos 1(0 — 0*)sin 1 (2ii + 1)(0 — 0*) cos 1(0 + 0*)sinl(2« + 1)(0
s in H (0 -0 * )  +  ■ -- ---------- 'sin21(0 + 0*)

Now

( 6 . 1)

We have

1 í+i I 1 c{c° s i(2 n + 1)(0-0*) cos 1(2и+ 1)(0 +  0*)] 
} \  sin 1(0-0*) + sin 1(0 + 0*) J

|cos 0| S  1 

|sin Л70| sin 0 

jcos И0| ^  1 

|sin И0| ^  1.

\IT=T>|» .(х„*)| s  (n+1)1sin, 9t [2 + (2w+ 1)] +

+
1

(n +1) sin:l20*
2 + (2и+ 1) 1 1

• 0-0* [ s in  2 ± . 0 + 0* sm 2

which proves our '

_  3 2 1 1
~ sin30*  ̂ sin20* ■ 0 -0* • 0 + 0*sin---1 s m — - —2 2

S tud ia  Scientiarum M athem aticarum  Hungarica 2 (1967)



POLYNOMIAL OF INTERPOLATION 175

(6. 2)

then owing to (2. 1)

» •'vI V/4,

and using 

(6. 3)

££* =  ( |  _ * z ] \(l ~ X k) l k (x ) ' l ' n (xk

E * *  =  I ( - D t+1 sin4 0 , s i n 3( n + l ) 0  y y — ?  .
* I (n +  l)3 cos 0 — cos 0k Г Ш хк,х)

Lemma 6. 1 we have
E** <  1 . sin4 0k |sin v-  . .

(n + l)3 |cos0 —cos0,

i  L I 1 1 I
sin30k^ sin 20k [|sin^(0 — 0k)\ ^ s in i(0  +  0*)Jsm-'ü/i sin-0* i |s in i(u  — uk)\ 

From (6. 3) using the inequalities (6. 1) we have

sin 0k
0 —cos04| |sin

3 sin 0t 2Et* r s ---------. ----------- ¥-------1-----------------
( n + 1 ) 3 |co s0  —cos 0fc| ( и + l ) 3 |cos

2 sin в к sin e k<

+  ( n + l ) 3 |c o s 0  — COS 0*1 s in ^ ( 0  +  0k) ’

±(0 -0 * )l
+

и — ьиъик\ vk)

of the set of the inequalities (4. 3) we get 

l ? 1
+

On making use i

3 1 2 1г** ______. ____________ I____________________
* - ( л + 1 ) 3 |5т ± ( 0 - 0 * ) Г ( и + 1 ) 3 sin2i(0 -0* )

(6.4)
4 _  9 ___ 1____

-0*)| = («+ 1)3 sin2i(0 -0 * )  '

Lemma 4. 1 and Lemma 4.2 n

4
^  («+ l)3 |sin i  (0 — I

Following the same reasonings as in Lemm 
the following two lemmas.

Lemma 6 .2 . For we have in [xl+1, x j

9 19 1c  _______ e __________

* -  n + \  (i - k )2 ’
we have in [xi+1, xjLemma 6.3. For O s / ë n - 2 ,  i + 2 s k ^ n ,

E** ä  —_ _ _ _ _ L _ _
4 -  n + l (k—i— l)2

We shall now prove

Lemma 6.4. For 1 ^  / S  n, we have in [xi+1,x,]

Et* < n + l
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 ̂ ^  3 sin 0,-|sin (лг + 1)0| 2 sin 0; sin2(n + 1)0
‘ “  (и + l ) 3 |COS0 — COS0j| (и +  l)3 |cos 0 — COS 0;| |sin i ( 0  — 0;)| ^

2 8т20г8т(и + 1)0
^ ( и + l ) 3 |cos0 — cos 0;| sin ^(0 +  0,) *

From  (4. 7) and (4. 3) we have

Proof. From (6.3) on using the inequalities (6.1) we have

(6. 6)

Thus from (6. 5)

sin 0,
sin \  (0 + 0,) 2,

sin 0; 1
|cos0 —COS0;| |sin i(0-0 ,)| 

sin 0 £ I sin (n +  1) 0|
I COS 0 — CO S 0 f \

2(и+1).

Ef* s  , 6тт? + - ^  +  -
8 15

(л + 1 )2 и + 1  (и + 1 )2 и + 1 ’

Similarly we prove the following
Lemma 6 .5 . For O s / S n - l ,  we have in [xi+ L, x ;]

Z 7 * *  ^

ti+1 = n+  1

Using the Lemmas 6. 2, 6. 3, 6. 4 and Lemma 6. 5 we at once have the 

Lemma 6 .6 . For - l S x S l ,  we have

2 1 — X 2̂  2
|(1 -x fo l l (x )ÿ n(xk, x)|(x - xk)2 60

n + 1 '

7 .  In this article we estimate the quantity

2 \ h ( x ) \ \ x - x k\.
k =  1

Lemma 7. 1. For —l ^ x ^ l

176Z \ h ( x ) \ \ x - x k\
k = l  n

Proof. From (2. 2) and (2. 4) we have

^ | l t ( x ) | |x - x t | m 2  -!— S |  44 (* ) l* -* * l+ 3 ^ | f - ^ |  # (x ) -y —
1 Jt =  l  V1 — k = l \ l ~ x k )

(7. 1)

+2̂ (Sfc=i
|(1 -  xj2)/*3 (x) iA„(x*, x)| (x -  X,)2.
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Owing to the Lemma 4. 5, Lemma 5. 1, Lemma 6. 6 and (7. 1) we have 

V n  /  m i  . 2 0  L 36 , 120 176 176
Á  |1*(*)11* -* * 1 s  n T ï  + n + î + ïï+T = ^ + T  -  - Г -

8. In this article we shall estimate the sum
2̂ 2г* I

If we denote

then using (2. 1) we have
s k = Í

(8.1) sin4(n + 1)0 sin4 0*
(n+ 1 ) 4 (C 0 S  0  —  CO S 0 * ) 4  ‘ 

Lemma 8. 1. For l s ^ < i S n ,  we have in [xi+1, x f]

1
Sk S (i—k)4

Proof. From the inequalities (4. 3) and the expression for Sk in (8. 1) we get 
as in Lemma 4. 1

Sk =s---------- 1---------- =s — 1-----
(n+ l)4 Sin4- y - ^  v ’

Similarly we have

Lemma 8.2. For O s / ë n - 2 ,  i + 2 ^ k ^ n ,  we have in [x(+l, x j

1
Sk S ( k - i - i y

We further prove

Lemma 8 .3 . For l s i s / i ,  we have in [xi+1, x,]

5,^16.

_  sin4 (и + 1)0 sin40f 
‘ (n+ l)4(cos0 — cosO,)4’

Proof. From (8. 1)

S’: 16.
and on using (4. 6) we have 

Similarly we have

Lemma 8. 4. For O s i ^ n  — l, we have in [xi+1, x f]

S i+, g  16.

Making use of these lemmas we finally have the
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Lemma 8 .5 . For - l S x á l ,  we have
n (  1 - 4 л
n  1 -  X2 U v .

к = 1 U  x k
lk(x) = 40.

9. In this article we shall estimate the sum

2
Denoting

we have owing to (2. 1) 

(9.1)
We have

1 — x~
1 - x l

1 — X

(1-Л-*2)

2 \ 2

4 W ( 1 - * Ö ’

,* _  sin4(n+ l)0 sin2 0k 
^  (n + l)4|cos 0 — cos 0*|3

Lemma 9. 1. For I ^ k < i ^ n ,  we have in [хг+1, х ;]

о* ^
=  ( i - k f  ■

Proof. From (9. 1) on using (4. 3) we have

(9.2) s t
[sin(n+l)0| 1

C O S  0 — C O S  0*1 , ,  ö - ö skl (n+ l)4stn2 —^--k

Now

|sin (n +1)0\ =  |sin (n +  1)0 +  sin (n +  l)0 t | =  2
• / 0 + 0* , ,,0 -0 * ' sin (n+ 1)——-^cos(n + 1) —-—

 ̂/ 1 \ • 0 +  0* 5= 2(и + 1) sin

and

therefore 

(9. 3)

Icos0 — cos 0*1 =  2 sin

|sin (n+ 1)0|

2

0 +  0* ■ 0 —  0*  

Sm“ ‘2~

n+  1
I cos 0 —cos 0*

From (9. 2) and (9. 3) we have

sin
0 - 0*

(9.4) S t s
1

(n + l)3 . 0 - 0* s i n ^ t 3  *
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Owing to the conditions of the lemma we have, similar to Lemma 4. 1, the inequality

S* -  ( i - k ) 3

which proves Lemma 9. 1. Similarly we have

Lemma 9. 2. For 0 ^ / ё й - 2 ,  i + 2 ^ k S n  we have in [x ,+1 , x,]

1
S t (k — i — l)3

We now prove

Lemma 9 .3 . For 1 S i ^ n ,  we have in [x ,+ 1,x ,]

16

sin4(«+ 1)0 sin2 Ö;
Proof. From (9. 1)

S f  =
Using (4. 7) we have

(9. 5) S f  =§

Since

(/? + 1 )4 |cos 0 — cos 0,|3 

sin2(n+ l)0  4
cosO —cos0,| (и- f l)2 ' 

sin («+ 1)0| = |sin (n + 1)0 — sin (n +  1)0(| =

= 2

= 2

■ , 0-Ö ; , 14 0 + 0,sm(n+ 1)—-— cos (и +  1)—2— ё  2(n+ 1) I sin 0 -0 ,

|sin (n+ 1)0] =  I sin (w + 1)0 + sin (n + 1)0,1 = 

sin(;; + 1) 0 cos(»+ 1 ) s  2(n + 1)sin-~ y-~»

therefore

(9.6)

|cos0 —cos0,| =  2 sin

sin2(n +  1)0

0 + 0, . 0 - 0 ,sin---_---

4 (/i+ l)2.|cos 0 — cos 0,|
From (9. 5) and (9. 6) we have 

Similarly we have

Lemma 9 .4 . For O s /S n  -  1, we have in [xi+1,x,]

S fS  16.

s f+l^  16.

Making use of the above lemmas we have
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Lemma 9. 5. For — 1 1, we have
2Ï

i f —,= . U - - v , 2J 7‘ w № 36-
10. In this article we shall estimate the quantity

Ml-*
2 1

2t2

If we denote

s t *  =
1 —X

J - x k
then owing to (2. 1) we have

( 1 -  x l ) /I (x) фп(xk, x)(x -  xk)\.

2 I I Ik M O  -  Xl)\!/n(xk, x)(x -  Xk) I
Л 2

S t*  =
(—1)‘+1 sin4Qk sin3(n +  1)0
(n +  1 )3 (cos — cos 0k)2

Making use of Lemma 6. 1 we have

5** Ä _  1 sin40 js in 3(«+l)0 |
k ~  (n

( 10. 1)

1-Л-2 ф,,(хк,х)

(и+ l ) 3 (cos 0 — cos 0к)2 sin 30к+

2
+ ̂ 27 ;{|sÍr

1
sin20t l|sini(0 — 9k)\ sini(0 + 0j) 

From this on using the inequalities (6. 1) we have

1

S** c
k  =

sin 0t |sin(n+ 1)0| 
(и + l)3 [cos0 —COS0t | | C 0 S  0 —C O S  0t | +

+
sin20t 1 2 sin20t

(я + l ) 3 (cos 0 —cos 0*)2 |sin^(0 — 0t)| {n+ l)3 (cos0 — cos0A.)2

|sin(n+ 1) 0|

which owing to (4. 3), (9. 3)

3
S t*  S

|sini(0 +  0fc)|

(л+1)2 . 0 - 0 ,  (и+1)2Sin2 —=—=■ sin2 0 —  0.
-+

( 10. 2)

+
11

. 1X2 . 2 e - o k (n +  i ) 2 . ,  0 —Qk -{ji H- 1)2 sin2 — -■ '  sin2 r —

Following the same reasoning as in Lemmas 4. 1 and 4. 2 we have the following 
two lemmas.
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Lemma 10. 1. For 1 we have [xi+ , ,  х г]

St* s 11
(i—k)2 ■

Lemma 10 .2 . For 0 ^ i ' S / i - 2 ,  í + 2 s í : S / i ,  we have in [х!+1, х (]

We shall now prove
St* S

11
( J t - i - l ) 2 '

Lemma 10 .3 . For l S i S / i ,  we have in [,vi+ , ,  x j

S?*< 56.

Proof. From (10. 1) on using the inequalities (6. 1), (6. 6), (9. 6) we have

3 s in 6 i|s in (n + 1)0] sin2(« + l)0
1 — (n +  1)3 |cos0 —cos0;| |cos0 — cos 0;|

2 sin2 0, sin2 (n +  1)0 |s in (n+ l)0 | 2 sin2 0, sin2 (n + 1)0
+  (n +  l)3 (cos 0 — cos 0,)2 |sin i(0  — 0,)| ^  (n+ l)3 (cos 0 — cos 0,)2

]$т(л + 1)0| 
sin 1(0 + 0,)

24+ 16+16 =  56,

which proves the Lemma 10. 3. Similarly we have 

Lemma 10.4. For O S iS n  — \, we have in [xi+1, x f]

S t t i <56.

Using the Lemmas 10. 1, 10. 2, 10. 3 and Lemma 10. 4 we at once have 

Lemma 10. 5. For - l ^ x s l  we have

Ê Í !— ^ 2] \(l-Xk)lk(x)*l/„(xk, x ) ( x - x k)\ <  150.
fc =  1 V 1 — X k )

11. In this article we shall estimate the quantity

n
2\K(x)\-

k= 1

Lemma 11.1.  For — 1 ^  x ̂  1

2 \ K ( x ) \  <  226.
k= 1
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Proof. From (2. 2) and (2. 4) we have

2 I 4 M I  ^  2  к
k =  1 k =  1 V 1

— Xi.
AT

+ 2 2 K
* = 1  l, 1 ~ xl) 1(1 -  xl) 11 (a) i[/n (xk, x) (x -  xk)\•

Now making use of Lemma 8. 5, Lemma 9. 5 and Lemma 10. 5 we have

2 \Л к(х)\ < 40 + 36+ 150 =  226.
k =  1

12. Proof o f the theorem.
Let со(f, 5) denote the modulus of continuity of the function /(л) then

co(f, n§)S (n+\)co(f, <5), / o O
and

С0 (/, |x-X*|) ^  CO +  И A — xk j CO( / I )
l »J l П

Now

/ ( a )  -  A„ (/, x )  = f{x) -  2  / ( a )  4  ( a )  + 2  / ( a )  4  (a) -
k =  1 f c = l

^ / ( D  + ^ / C - D ] - 2  / f e ) - { - 4 ( a)

= № 1 -  2  4 (A ) +  2" [ / (A ) - / ( a,)] A, ( A ) - ]  ^ / ( - 1 )
fc=l l1

1 -  2  4 ( a) [(1+ A) {/(A) - / ( ! ) }  +  (! -A )

’ {/(a) —/ ( — 1)} 1 -  2 4 ( a) +  2 [ / ( a) - / ( a* )]4 (a)

1 “h X
[/(A )-/(l)] 1 -  2  4 ( a)

fc=l
: 1 2 V [/(a) —/ ( — 1)] 1 - 2 4 ( a) 4“

+  2  [/(A)-/(A*)] 4 (A ).
k = l
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Now from Lemma 3.2

1 +  X

2

11 +  X

[/(* )-/(!)]

[I + и I.V — 1

k =  1

|1 +x\
CO

l - Z X k ( x ) o) / , — 1 - 2 ш CŰ f , - \ +n

+ 11 |1 +  x| • |1 — x\ Xk(x) i w /, 1 - 2 Ш ” V ’-n +

n ]/ 1 — л2 l - 2 x k(x)\ CO f ,
1(3 + 3) a> \f,  -  =  6co —1 S X ^  1.1

Similarly we prove that

l - x
[ / ( * ) - / ( - ! ) ] i - 2 x k(x)

k= 1
6 (0 f ,

Further on account of the Lemma 7. 1 and Lemma 11.1 we have for — 1 1

I ) "I Y í i l k Iv^ v. i rs2  I /O )- f ( x k)\\Xk(x)\ ~ Ш / ,  2 0  + «|.v--.vAl)
L=1 V n ) k=l

s  <a\f0 ) 2 140)1+« 2  w i i*-** i*=i *=i

Thus
(226 +  176)cu / ,  — = 402со f

1

\ f{x )-A ,X f ,x ) \  <  414<м|/, — I, - 1  S  X 1.

and the proof of our theorem is completed.
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ОБ ОЦЕНКЕ ПОГРЕШНОСТИ ПРИ НАХОЖДЕНИИ СОБСТВЕННЫХ 
ФУНКЦИЙ МЕТОДОМ КОНЕЧНЫХ РАЗНОСТЕЙ

L. VEIDINGER

1. Рассмотрим в открытой двумерной области R с границей С задачу 
на собственные значения:

( 1)

где

Ал/ +  Аи = 0  в R, 
и = 0 на С,

Lu ~ dx
du д , du

а ( х ' у ) Щ + ày H * ’y ) d ï .
-А х ,  У) и,

а(х,у) ё  а >  0 , b(x,y) ä «  > 0 , f ( x , y ) =  0 , а =  const

Пусть А1 ё  A2 S ... — собственные значения задачи (1). Собственные функции 
и1, и2, ..., соответствующие собственным значениям А1, А2, можно выбрать 
ортонормированными в том смысле, что

S J j J d x d y  =  «„ = ß

В работе [1] была получена равномерная оценка погрешности собственных 
функций задачи (1), вычисляемых методом конечных разностей. Однако, при 
выводе оценки в работе [1] предполагается, что область R является объединени
ем ячеек сетки и

ик(х, J) € Cm (R)*, где R = R U С.

Эти два условия обычно одновременно не выполняются (см. [2] или [3]).
В работе [4] дается оценка погрешности собственных _функций в норме 

Ь2. При выводе оценки предполагается, что ик(х, у) ÇC<4>(R).
В настоящей работе получается равномерная оценка_ погрешности соб

ственных функций при предположении, что а(х, y )£ C (3\R), b(x, y )£C (3)(R) и 
ик(х, у) € C(4,(R). При выводе оценки погрешности мы используем некоторые 
идеи из работы [5].

2. Пусть бесконечная плоскость, в которой находится область R, разде
лена двумя семействами параллельных прямых, образующими квадратную 
сетку. Пусть этими прямыми будут x = m h  и y = nh (т, п — 0, ± 1 ,...). Точки

* Функция <р(х, у), определенная в ограниченной замкнутой области Т, принадлежит 
классу С ,т>(Т), если она имеет в области Т непрерывные частные производные ш -го  порядка.
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(mh, nh) называются узлами сетки. Через Rh обозначим множество узлов сетки, 
которые вместе с четырьмя отрезками прямых, соединяющими их с соседними 
узлами, принадлежат R, а через СА — множество остальных узлов, принад
лежащих R. Пусть Si, =  Rh{J С%■ Обозначим через Ch множество точек пересе
чения С с прямыми сетки.

Если PdSh, то ближайшие к Р точки множества Sh U Ch, лежащие на 
прямых сетки, проходящих через Р, называются соседними точками узла Р.

Введем следующие обозначения

V-AP) =
V(P)-V(JV)

hw VAP)
V(E)-V(P)  
0,5 (bE + hyy)

V-y(P)
V ( P ) - V(S)

hs Vy(P) =
V(N)~ V(P) 
0,5(hN + hs)

где V = V(P)—любая функция, определенная в точках Su U Ch; E  — (xp + hE, yp), 
S  — (xp, yP — hs), W = (xP — hw, yP), N  = (xp, yP + hN) — соседние точки узла 
P = (xp,yp). (Если P e R h, то hE = hs = hw = hN=h.)

Задача (1) аппроксимируется разностной задачей

LhU+XhU = 0 в Sh,
U =  0 на СА,

где Ц, — пятиточечный разностный оператор Микеладзе, определенный фор
мулой

LhU = (al Uy)i + (b1Uy)i, - fU .

Здесь ai(P)= a(W '), W '  =  (л:,—0,5hw,y P), Ь^Р)=  b(S'), S '=  (xP, y P-0,5hs).
Следуя [6], введем скалярное произведение сеточных функций. Пусть V 

и W  — произвольные функции, заданные на Sh. Обозначим

(V, W) = 2 V (P )W (P )H P,
pçSh

где
_  (hE + h w) (hN +  h s)

Пусть =Aa =  ...—собственные значения задачи (2). Собственные функции
U 1, U2, ..., соответствующие собственным значениям 1А, ..., можно выбрать
ортонормированными в том смысле, что

(Uk, U1) = ôkl.

Л емма 1. При к =  1,2, ... имеет местсАнеравенство 

(3) с1/с<Аа< с2^,

где с, и с2— положительные постоянные, зависящие только от области R и от 
коэффициентов оператора L.
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Лемма 2. При к =  1,2, ... имеет место неравенство
(4) m ax \Uk(P)\ <  с3(^ ) ‘̂  < сАк'1>,

I t

гбе с3 и с4— положительные постоянные, зависящие только от области R и от 
коэффициентов оператора L.

Мы не останавливаемся на доказательстве этих лемм, так как оно про
водится подобно [1], с некоторым изменением для нашего случая.

Пусть р — число узлов множества Sh. Из (3) и (4) следует, что

(5) Z  lUa t f 2 c> g / ' - ' ’ p £s'4
7 = 1  УЧ)

где с5—положительная постоянная, зависящая только от области R и от коэффи
циентов оператора L.

Введем разностную функцию Грина Gh(P, Q), полагая

L„,pGh(P, Q) H P ,  Q )

НР ’ p ts ^ Q e S b U c , , ,

Gh(P,Q) =  0, P£Ch,Q e S h\JCh,

где ô(P, <2) = 0  при P ^ Q ,  ô(P, P) = l. Индекс P в символе Lh P означает, что 
оператор должен быть применен относительно переменной Р.

Легко показать, что для функции Gh(P, Q) справедлива формула

С „(Л  Q )
у  L’J(P)U4Q)

7 = 1  Ah

3. Теорема. Предположим, что а(х, у )€С (31 (R), b(x, у)£С(3> (R) и 
uk(x, y)ÇC(4)(R). Тогда, если Àk— простое собственное значение задачи (1), то 
имеет место неравенство

|и*0Р)— Gk(P)\ <  c6h2\oë h~l, P £Sh,

где с6— положительная постоянная, зависящая только от к, от области R и 
от коэффициентов оператора L. Если Àk =  Я*+1 =  ...=  Лк+"~1 -п-кратное 
собственное значение задачи (1), то имеет место оценка

п -  1 I

uk( P ) - 2  ßt,+tUk+,(P) с7/г2 log /г l , P £Sh,
i = О]

где ßl, ...,ßh+n~l—действительные коэффициенты, с7—положительная постоян
ная, зависящая только от к, от области R и от коэффициентов оператора L.

Д оказательство . Рассмотрим сначала случай, когда № — простое собст
венное значение.

Пусть
(6) <Pkh = Lh uk — Luk + (Я£ — Xk) uk.
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Из предположений теоремы следует, что (см. [7])

(О (h2), P^R,
(7) Lhu 4 P ) - L  j0(4)i

В работе [4] доказана оценка

(8) Х \-1 к =  О {h2).

Подставляя (7) и (8) в (6), получим

(9) Фкн(Р) =
ÍО (h2), 
10  ( h ) ,

PíR„,
Р£С£,

Пусть ck = (Uk, ик) и IVк = uk — ckUk. Функция Wk удовлетворяет условию

( 10) (Uk, Wk) =  0.

Далее, Wk является решением задачи

L„Wk + ÀkhWk = Фк„ в Sh,
(11  ̂ Wk = 0 на Ch.

Из (10) и (11) следует, что (см. например, [8], стр. 43) 

(12) Wk = Z  ’ U; ?
J=  1 Á h ~  A h а* к)

где р—число узлов множества Sh.
Мы можем записать (12) в виде

(13)

где
w k ( P ) =  2  Rkh ( p ’ 0 ф* (б )я <2>

Q í S h

j =  1 Áh — ÁhJ
U *  к)

Ъ  UJ(P)Uj (Q) Uk (■P)Uk(Q) p UJ(P) uj (Q) П
Á  и  л '  lé .  W)2 А - лU*k)

—  —  G h ( P , Q )  4-

AS

Uk(P) Uk(Q)

H

AS
4r UJ(P ) U 4 Q )  AS

Á  (Ч)2 A _ 1
О'**) M

Пусть
■̂  (* * )= -  2 G h(P,Q)0UQ)HQ.

Q í S h
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Аналогично [9] можно показать, что

(14)
Пусть

S,{P) = 0{h‘).

* ( Ч -  Z
Q  € S, ,  л А

По лемме 2 собственные функции Uk равномерно по /; ограничены в Sh. Отсюда 
и из (9) следует, что
(15) S 2(P) = 0(h2).
Пусть

р UJ(P)UHQ) Ч
s 3(P) = 2 2

Q í S h j = i  
U *  к)

(ЧУ A
4

n ( Q ) n a.
- 1

Применяя неравенство Коши-Буняковского, получим 

(16) Uj (P)UJ(Q) А*

i = 1 
U *  к)

(ЧУ
_ А _  _  n  Í î /  ^  wj(p)]2 1 /  ^  [с/Ч(

ч
т 2
У

Подставляя (5) в (16), находим

2 1j= 1 O' ̂  *)
(ЧУ A i

Ч
= О (log А” 1)-

Отсюда и из (9) следует, что

(17) 53(P) =  0(//2 logA-1).

Подставляя (14), (15) и (17) в (13), получим

(18) (^‘(Р) =  0(h2 log h~').
Пусть Z k = ик— Uk. Тогда

(19) Z f  =  — +
c k c k

Из определения ck и Wk следует, что

(Wk, uk) =  (uk, uk) — ck{Uk,uk) = (uk,uk) — ck,
откуда
(20) ck =  (uk, uk) — ( И7*, г/).
Но, как легко проверить,
(21) (и*,и*) =  1 + 0(А2).

Подставляя (18) и (21) в (20), получим

(22) с2 = 1 + 0(h2 log Л-1).
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Выберем знаки функций ик и Uk так, чтобы ск> 0. Тогда из (18), (19) и (22) 
следует, что

r k / D \  .  W k ( P )  {  C l -  1 
Ск Ск(ск+ 1)Z*CP) ы*(Р) =  <9 (Л2 log/ Г 1).

Пусть теперь А* =  Я,:+ 1 = ...  =  Я,<+" ^« -кратн ое собственное значение. Рас
смотрим функцию

П— 1
к ,£ = ик- 2  ßh+i u k+i,

i = о
где

ßk+i =

Функция К* при 1 =  0, 1, — 1 удовлетворяет условию

(23) (К \ £/*+i) =  0.

Далее, легко видеть, что Vk является решением задачи

LhVk + t i V k = П  в Sh,
Vk = 0 на СЛ,

(24)

где

п  = Ф1+ Z ( t t - t t +i)ßk.+,u k+i-

Из (23) и (24) следует, что (см. [8], стр. 43)

К* = 2 (П , t/J)
J- 1 4 S -4 S  •

U^k,k+ í,...,k + n — 1)

Отсюда, рассуждая, как в случае простого собственного значения, получим

Vk(P) = 0(/i2 log / г 1).

Этим и заканчивается доказательство теоремы.
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О РАЗНОСТНОМ МЕТОДЕ PÓLYA

L. VEIDINGER

В работе [1] Pólya предлож ил разностный м етод  получения верхних 
границ для собственных значений оператора Л апласа. В настоящей работе 
метод P ólya обобщ ается на более общие эллиптические операторы и устанав
ливается порядок погреш ности собственных значений, вычисляемых раз
ностным методом  PÓLYA.

1. Рассмотрим сначала задачу

Аи + Ли =  0 в R,
^  и =  0 на С,

где R — открытая двумерная область, граница которой С состоит из конечного 
числа кусочно-аналитических простых замкнутых кривых. Обозначим через 
А ^А 2^ . . .  собственные значения задачи (1).

Пусть бесконечная плоскость, в которой находится область R, разделена 
двумя семействами параллельных прямых, образующими квадратную сетку. 
Пусть этими прямыми будут x — mh и y = nh (т, п — 0, ±1, ±2, ...). Точки 
(mh, nh) называются узлами сетки. Наименьший квадрат, ограниченный че
тырьмя прямыми сетки, мы называем ячейкой сетки. Пусть R* — объединение 
всех ячеек квадратной сетки, лежащих внутри области R, а С* — граница области 
R*. Пусть Rh состоит из всех внутренних узлов R* и пусть С,, состоит из всех 
узлов на С*.

В работе [1] задача (1) аппроксимируется разностной задачей

Аьи(Р)  + ц„
6 ЩР) + U(E) + U(SE) +  U(S) + U(W) + U (NW) + U (N)

( 2)
U (P) =  0,

12

PZC„,

= 0,

Pe Rb,

где E = (xP + h,yP), SE =  (xP + h, yP — h), S =  (xP, yP — 11), W = (xP — h,yP), 
N W  = (xP — h,yP + li), N  =  (xP,y P + lt) — соседние точки узла P= (xP, y P), a 
Ah пятиточечный разностный оператора Лапласа, определенный формулой

AhU(P) = h - 2[U(E) + U(S)+U(W) + U(N)-4U(P)].

Обозначим через собственные значения задачи (2), а через
А*^А2^ . . .  собственные значения задачи

AhV(P) + XhU(P) = 0, />€«„, U(P) = 0, Р0С„.
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В работе [2] доказано, что если h2X\ <4, то имеет место неравенство 

(3) Хк t i  =
1

t i
h2 )к4/,

Теорема 1. Пусть R состоит из конечного числа конгруэнтных квадратов 
со стороной /;0, ограниченных прямыми сетки. Если = , где р — положи
тельное целое число, то при к = \,2, ... имеем

(4) -ClhAh t i  = О,
где Су — положительная постоянная, зависящая только от к и от области R.

Д о к а з а т е л ь с т в о .  При предположениях Теоремы 1 имеет место 
оценка (см. [3])
(5) t i ^ l k + c2h4l>,
где с2 — положительная постоянная, зависящая только от к и от области R. 
Сопоставляя неравенства (3) и (5) получаем желаемую оценку (4).

Теорема 2. Пусть R—произвольная открытая двумерная область, граница 
которой С состоит из конечного числа кусочно-аналитических простых замк
нутых кривых. Тогда при к =  1,2, ... имеем
(6) - с гН <  t i - p \  ё  О,

где с3 — положительная постоянная, зависящая только от к и от области R.
Д о к а з а т е л ь с т в о  . При предположениях Теоремы 2 имеет место 

оценка (см. [3])
(7) Xk ^ X k + cAh,
где с4 —■ положительная постоянная, зависящая только от к и от области R. 
Сопоставляя неравенства (3) и (7), получаем желаемую оценку (6).

(В)

2. Рассмотрим теперь более общую задачу
Lu + Xu = 0 в R, 

и = 0 на С,
где L  — линейный самосопряженный дифференциальный оператор

duLu

д
+ ду

d r du d
= d^rx’y)j;\ 1 * 

+ b(x,

du d du
+ ày c^ y ) j };

д у \  +

- f ( x ,  у) и

эллиптического типа, т. е. такой, что для всех (л% y)(LR
aÇ2 + 2bÇt) +  сц2 ë  a(<l2 +Ц2) (a =  const > 0)

при любых действительных ц. Предположим, что f(x, у) =0.
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Введем обозначения

VX{P) =  A - ' I W - W l ,  VS(P) = h - '[V (P )-V (W )\,
Vy(P) = h- '[V{N)-V(P)], Vf {P) = h- '[V{P)-V(S)\,

где V— V(P) —  любая функция, определенная в узлах сетки. 
Задача (8) аппроксимируется разностной задачей

6U(P)+U(E)+U(SE)+U(S)+U{W)+U(NW) + U(N) п LhU(P) + fih-----------------------------------р;----------------------------------  =  О,

( 9 )
12

U{P) = О, Р€С„,
Р£Яи>

где
Ц Щ Р ) = {[A'(P) + D'(P)]Ux(P)}x+{[B'l (P) + E[(P)]Uy(P)},+

+ {[в2 (Р)+ Е'2 (Р)] иу(Р)}х+ {[В\ (Р)+ Е\ (Р)] и х(Р)}-у+
+ {[В'2(Р) + Е'2 (Р)] и х (Р)}у +{[C'(P) + G' (P)] Uу (Р)}, -
-  Н\ (Р) их{Р) +  [Н\ (Р) U(P)]X -  Н 2 (Р) и-х(Р) + [Н2(P)U(P)]X -
-  К[ (Р) иу(Р) + [К\ (Р) U(P)]-y -  К2 (Р)С/,(Р) + [К2 (Р) ЩР)]У -

-  F'(P)U{P).
Коэффициенты оператора L'h определяются соотношениями

А'(Р) = I r 2 fj adxdy, В[(Р) = h 2 JJ bdxdy,
в '- 7,1

B2(P) = I r 2 f f  bdxdy, C'(P) = h~2f j  cdxdy,
t I

D'(P) =  h~2 \ JJ f ( x  — X p ) 2d x  dy+ f f / ( x - x E)2dxdy\,
( 10) T *  T*

E'i(P) = h ~2 f f  f ( x - x P) ( y - y P)dxdy, E'2(P) = h~2 f f f ( x - x P) ( y - y P)dx dy,
T h  t I

G'(P) = l r 2 [ f f f ( y - y P)2dxdy+ f f f ( y - y N)2dxdy\, 
t !, r í ,

H\(P) = l r 2 f j  f ( x - x P)dxdy, H'2(P) =  h~2 f f f ( x —xP)dx dy,
Th t I

K\ (P) = h - 2 f f  Д у - y P)dxdy, K'2(P) = h - 2 f f f ( y  - yP)dxdy,
Th  Th

F’(P) = h -2 \ f f  f d x  dy + f f  f d x  dy\ .
T h Th
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Здесь Dh — четырехугольник, ограниченный прямыми х = хР, х + у  = хр + 
+ y P + h, X = Хр + h, х + у  = Хр+уР; T l  — треугольник, ограниченный пря
мыми X = Хр, у  = у Р, х +  у  = Xp +  yp +  h; Т% — треугольник, ограниченный 
прямыми X = Хр, у  = у Р, х + у  = Хр+ур — h; Еи — четырехугольник, огра
ниченный прямыми у  =  уР, х + у  = Xp + yp + h, у = yP + h, х +  у  = хР+ у Р; 
T l  — треугольник, ограниченный прямыми х =  xP + h, у =  уР, х +  у  — хР +  у Р; 
Th — треугольник, ограниченный прямыми х = хР, у  = y P + h, х + у  = хР+ у Р.

Мы обозначим через Х1ШХ2Ш... собственные значения задачи (8), а через 
Иь=Ии=--- собственные значения задачи (9).

Теорема 3. Пусть R — произвольная открытая двумерная область, граница 
которой С состоит из конечного числа кусочно-аналитических простых замк
нутых кривых. Предположим, что коэффициенты оператора L аналитичны 
в некоторой открытой области, содержащей R с границей. Тогда при к=  1,2, ... 
справедлива двусторонняя оценка

где с5 — положительная постоянная, зависящая только от к, от области R и 
от коэффициентов оператора L.

Д о к а з а т е л ь с т в о .  Собственные значения Хк являются стационар
ными значениями частного Рэлея (см., например, [4], стр. 186).

где v = v(x, у) — любая функция, удовлетворяющая следующим условиям:
1. V непрерывна на множестве R = RUC;
2. вектор-функция Vv = (vx, vy) кусочно-непрерывна в R, a j Vг;|2 интегри

руем по Лебегу на R.
3. г = 0 на G.
Пусть

где t и - ..,  tk ■— действительные параметры, V 1, ..., Ук — любые линейно-не
зависимые сеточные функции, обращающиеся в нуль в узлах Ch.

Разобьем каждую ячейку сетки диагональю, параллельной прямой х + у  = О, 
на два треугольника. Обозначим через v(x, у) функцию, которая в каждом 
треугольнике линейна, совпадает с V(P) в узлах Rh и обращается в нуль вне R*.

Если вершинами треугольника Т\ являются точки Р = (хР, уР), Е = (хР + 
+ h, ур), N  =  (хр ур + И), то для (х , у)  £ 7,1 функция v(x, у) определяется ра--f- Ai, Ур)) 2V — \ЛР УР ' п)) AJi>1 \Л) У J ^ 1 h Чг плцп/Г у) опрсдсллс г pu-
венством v(x,y) = h~l {V(P)h + [V(Е) — V(P)\ (x — xP) + [V(N) — V(P)] (y — >>,>)}-

( 11) — c5h - 2k — цЪ ' - 0,

R

к

V(P)= 2  U T ‘(P),

Нетрудно проверить, что
ГГ , ,  , h2Si V2 dxdy = SS {[V(P)]2 + [V{E)]2 + [F(1V)]2 + V(P) V(E) + 
ri 12

+ У (P) V(N) + V(E) V(N)}
( 12)
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JJ(avl + 2bvxv, +  cVy Ffv2)dxdy = [A(P) + D(P)\(V(E)- V(P)]2 +
K

2[B(P) + E(P)](V(E)-  V(P)][V(N)-  У (P)] + [C(P) + G(P)][V(N)~ V(P)]2 + 
(13)

+ 2hH(P) V(P)[V(E) -  V(P)] + 2hK(P) V(P)[V(N)-  V(P)\ + h2F(P)[V(P)]2,
где

A(P) — h 2 J J a d x d y ,  B(P) = li 2 f j b d x d y ,
Th ri,

C(P) = h~2 J J c dx dy, D(P) = h~2J J  f ( x  — xP)2dx dy,
Th t ' h

E(P) = h~2 JJ  f ( x - x P) ( y - y P)dxdy, G(P) = h- 2 J J f ( y - y P)2dx dy,
Tiî Th

H (P) =  l r 2 J J f ( x - x P)dxdy, K(P) =  h~2 J f f ( y —yP)dxdy,
Th Th

F (P) = h~2J J f d x d y .
Th

Суммирование выражений (12) по всем треугольникам сетки приводит 
к соотношению

f f v 2dxdy = J’h(V) = ^ r  Z  V(P)[bV(P)+V(E)A-V(SE)+V(S)A-V(NW)A-
r» 12 PíRh

(14) +  V(N)] =  h 2 Z  \[V{P)]2- ~ [ V { E ) - V ( P ) ] 2 ~ J r [V { S )-V (P )Y  -
PíRh  I  * 2  Í Z

-  —  [V{SE)-V{P)]2\.  

Суммируя (13) по сетке, мы найдем, что

JJ (av2 + 2bvxvy + cv2+fv2)dxdy =  Fh(V) =
*R*

= Z  {[A'(P) + D'(P)][V(E)- V(P)]2 + 2[B[(P) +  E[(P)][V(E)- V(P)\X
P € Äh

X [ У (N) -  У (P)] +2 [B'2(P)+ E'2 (/>)] [V(W)~ V(P)] [ F(S) -V (P)] +

(15) + [C '(f’) + G' (/>)] [ У (N) -  V(P)}2 + 2bH\ (P ) V(P) [ V(E) -  V(P)] 4-

+ 2hH'2(P) V(P)[V(P) -  У(IV)] + 2hK\ (P) V(P) [ (̂7V) -  V(P)] +

+ 2 hK2(P)V(P)[V(P)-V(S)] + h2 F' (P)IV(P)]2}.
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Здесь коэффициенты A'(P), B'(P) и т. д. определяются соотношениями (10). 
Легко показать, что собственные значения задачи (9) являются стационар

ными значениями частного Рэлея

(16) Qh(V) М У)
J'h{V) •

Пусть V  (i= 1, 2, к) — сеточная функция, для которой частное Рэлея
(16) принимает стационарное значение д*. Тогда, применяя неравенство Пуан
каре (см. [5] и [6], стр. 63), получим

(17)

Пусть X ... — собственные значения задачи

(18) LhU(P) + XhU(P) = 0, PÇP„, U(P) = 0, Р€С „, 
где

U  U(P) =  0,5{[а(Р) Ux(P)]x+[a(P) и-х(Р)]х + [Ь(Р) иу(Р)\-х + [Ь(Р) t/ÿ(P)],+  

+  [Ь(Р) их(Р)]-у+[Ь(Р) их(Р)]у + И Р )  и-у(Р)]у+ И Р ) иу(Р)]у) - д р ) и  (Р). 

При предположениях теоремы 3 имеет место оценка (см. [7])

(19) Xk- X kh = 0(h).

Собственные значения задачи (18) являются стационарными значениями 
частного Рэлея

где

и

в,XV) =
h  (V I
M V )  ■

M V ) =h2 2  [V(P)Y
P i  Rh

Ih(V) = 0,5h2 2  {a(P)[(Vx(P))2+(Vx(P))2] + 2b(P)[Vx(P)Vy(P) +
P i  Rh

+ vx(P)V-y(P)]+c(P)[(vy(P )y+ {vy(p))Y +

+ 2AP)[F(P)]2} =  2  W (P )[V (E )-V (P )Y  + b{P)[V{E)~ F(P)]X
P i  Rh

X [V(N) -  F(P)] +  b(P) [V( W )-V (P )U F(S) -  V(P)] + c' (P)[V(N) -  F(P)]2 +

+ /F/(P)(F(P)]2}.

Здесь a ' ( P )  =  0 , 5 [ a ( E ) + a ( P ) ] ,  c'(P) = 0,5[c(N) + c(P)].

С помощью теоремы Тэйлора легко показать, что

А'(Р) = a'(P) + 0(h), 2В\ (Р) =  b(P) + 0(h),
25', (Р) =  b(P) + 0(h), С '(Р ) =  с'(Р) + 0{И).
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Далее
2  {D'{P)[V{E)-V(P)Ÿ + 2E\(P)[V{E)-V(P)\[V{N)-V{P)) +

Р€ к,,

+ 2Е'2(P)[V( W)-  V(P)][V(S)-V(P)\ + G'(/>)[У (N)-  V{P)]2 +

(21) +2hH\{P)V(P)[V{E)-V{P)] + 2hH'2(P)V{P)[V(P)-V(W)] +

+ 2hK\ (P) V(P)[V{N) -  V(P)\ + 2hK'i(P) V(P)[V(P) -  F(5)] + A2 F'(P)[V(P)]2} =

= h2 2 ЯР)[У(Р)]2 + o{/MV)) + o{hJh(V)).
P a R h

Подставляя (20) и (21) в (15), находим, что

(22) I'h(V) = h  ( У У+ О (Mh (У)) + 0  (АЛ ( V)).
С другой стороны, из (14) следует, что

(23)
J’h(V) S  Л2 2  [V(P)]2- \ h 2 2  {[V{E)-V{P)]2 + [V(N)-V{P)]2) =

PC R h  4  P c  Ph

= Jh(V) + 0(h2Ih(V)).

Из (22) и (23) мы видим, что
(24) /t* S  А̂ +  0(А).

Сопоставляя неравенства (17), (19) и (24), получаем желаемую оценку (11).
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ÜBER EINE ERWEITERUNG DES ZYGMUNDSCHEN 
APPROXIMATIONSPROZESSES IN ZWEI DIMENSIONEN

von
M. SALLAY

1.

Es sei / ( jc) stetige, nach 2n periodische Funktion, weiter {71,,} eine Folge von 
linearen beschränkten Transformationen, die den Raum C2n in den Raum der trigo
nometrischen Polynome höchstens и-ter Ordnung abbilden. Die Folge {7’„} nennen 
wir ZYGMUNDsche Approximationsfolge, falls für f d C 2n

I ; a-} |S ccű2( / ;  и - ‘), (c =  Konst.)
besteht, wo

u>2(f;à)=  max \f(x  + К) + f(x -  h) -  2/'(x)|
1*13*

х Ц 0 , 2 п ]

der Stetigkeitsmodul zweiter Ordnung von f (x ) ist. In der Arbeit [2] hat G. F r e u d  
gezeigt, daß eine Folge {T„} dann und nur dann eine ZYGMUNDsche Approximations
folge darstellt, falls die folgenden Bedingungen erfüllt sind:

a) \Tn{f;  x} |S c , ma f(x)\,

für /€ C 2„
b) ITn{g; x } - g ( x ) \ ^ c 2n~2 max |g"(.v)|,

* x
für jedes zweimal stetig differenzierbare, nach 2n periodische g(x); wobei die 
Konstanten und c2 von x, n und von der Wahl von f (x )  undg(x) unabhängig sind.

G. F r e u d  hat die folgende Frage gestellt (vgl. [4] S. 182): „Wäre es möglich, 
diese Aussage auf mehrere Dimensionen zu erweitern? In der Bedingung b) müßte 
eine Summe über die Normen der zweiteren partiellen Ableitungen äuftreten; 
die Schwierigkeit aber dürfte in einer geeigneten Definition von a>2 liegen.”

In unserer Arbeit versuchen wir eine Definition von a>2 in zwei Dimensionen 
zu geben, mit deren Hilfe wir das Problem von G. F r e u d  lösen können.

2.

Es sei D ein beschränktes Gebiet der Ebene, es seien P(x,y) = P die Punkte 
von D und f (P )  in dem Gebiet D stetige Funktion. Wir betrachten einen beliebigen 
Punkt P von D und schreiben um den Punkt P einen Kreis R0 mit dem Radius в- 
Wir bezeichnen die Eckpunkte des Durchmessers von RQ in der Richtung a mit 

resp. P%e. 1 Wir definieren den Stetigkeitsmodul zweiter Ordnung von f (P )

1 Es wird R„a D nicht verlangt, es werden nur die Richtungen a beachtet für welche Pf,. P f*  ( D
besteht.
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in dem Gebiet D folgenderweise:

(1) « 2 ( /;  <5)dd sup \ f { P \e+ f(P ^ e)-2f(P)\.
D  0

P ,P  + ß,P-e<LDQ?àô
In dem Falle, wenn f (P )  die Funktion f{x , y) der rechtwinkeligen Koordinaten 

x  resp. y ist, ergibt sich

(2) й)2( /^ )  И SUP |/ ( x +  g cos a, y + g sin a)+ f(x  — g cos a, j  — g sin a) — 2/(x, j)|.
D  0 S X S 2 K

q̂EÖ 
( x , y ) Z D

B e m e r k u n g e n  :

Ô
1) Der Stetigkeitsmodul w2(f',ö) ist eine nicht abnehmende Funktion von 

resp. D, d. h. D
(o2(f',^i) w2(/;c52),
D  D

für <5X <(52 ;
®2(/;<5) s  co2 (/;<>)
Di D  2

für D [C ß 2.
2) Wir können (2) wie die Erweiterung des wohlbekannten Stetigkeitsmoduls 

zweiter Ordnung betrachten; es seien z.B./(x, y) =f(x)  und D das Interval [a, h], 
dann ist

( /;  <5) = sup \f(x + о) + f(x  2f(x, >’)i •Q-̂Ő 
x í [ a , b ]

3) Es sei a eine festgesetzte Richtung, Ex eine Gerade in der Richtung «. 
Betrachten wir die zu dem Gebiet D gehörenden Strecken von Ea. Aus den Bemer
kungen 1. und 2. folgt •

(3) (o2( f \ö ) sup = a>2(/;<5).
0 =  2л: E x  D

4) Es sei vorausgesetzt, daß die partiellen Ableitungen zweiter Ordnung von 
f (x ,  y) in D existieren und stetig sind. Gemäß der Definition der Ableitung in Rich
tung a ist

Í/(*+£? cos a, JE +  £? sin oc)+/(x — Q cos oc,y — g sin a) — 2f(x, y)\ =

-  ! л2 2 d2fcosz а „ + 2 cos а sin аЭх2
a 2/

rlv dp dy2 + o(s2),

und hieraus folgt, daß

co2( f ; ő ) ^ ő 2
D

1 Т П  C\ Y
d  fix ,  y)

I /  ТОЛ о  Y djXx.y)
I 1 1 1 d A

U . y e D i)x2 ~ I l l l c l A

x , y £ D <)x f)y +

mit f i^ ü c o sa , <52=(5sm a.
+ max

x , y £ D

d2f ( x ,y )  !]
dy2 |J
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5) Es ist aus (3) und aus dem eindimensionalen Falle leicht ersichtlich, 
für 9> 1

ш2( / ; 9 « 5 ) ^ ( 2  9)2w 2(/;<5)
D D

ist.

daß

6) Es sei D ein «-dimensionales Gebiet, und f(P )  eine Funktion in D; wir 
können die Definition (1) ohne Schwierigkeit in « Dimension erweitern. Wir müssen 
nur statt Rn eine «-dimensionale Kugel mit dem Radius g betrachten.

3.

Es sei D0 ein Parallelogramm — mit dem Mittelpunkt (x0, y0) = P0 und mit 
der Kantenlänge 2glt resp. 2g2, (q = ŸQi +Q2 ) — deren Seiten mit den Achsen 
X  resp. у  parallel sind. Es seien die Koordinaten der Eckpunkte Pt ( /= 1 ,2 , 3,4) 
wie folgt:

P \  '(x o +  ö i '  к о  +  ( ? г ) ;  P 2 ( * 0  +  i ? i ,  к о - Qi)'i А : ( x o - 0 1 .  k o  +  6 2 ) 1  

P * ' ( x 0 - Q i ,  y 0 ~ Q i ) \  t? = l/<?i +  ö i ;  (h =  Q cosa, g 2 — Q sin ot.
Lemma 1 .2 Es sei tp(x, y) eine in dem 

Gebiet De in beiden Veränderlichen stetige 
Funktion, die in den Eckpunkten von D„ ver
schwindet, d.h.:

(4) <p{P,)= 0, (i =  l,2 . 3,4).
Dann gilt

max \(p(x,y)\ s  2(o2(<p ; q).
Dg Do

Beweis. Es nehme die Funktion \tp(x, y)\ 
ihr Maximum in dem Punkt (<!;, t?) an.

Es sei ferner

ß(</>, e)= l<p(*+ei, У+в2)+

(5)+  (p(x-Qi, y - Q 2) + (p(x-Q i, y + g2) + 

+ <p(x + Q 1, y - Q 2)-4(p(x,y)\.

k

Wir setzen in (5) für ( х , у ) , д 2 , д 2  nacheinander die folgenden Werte ein: 
x = £ Qi = Z - ( x 0-Q i)  für £ S x 0
x  =  í  Qi =  (x0 + Q i ) - Ç  für i> .v 0
k =  4 Qi ~  4 (ko Qi) für 1 =ko
У  = Ч Qi =  ( y 0 +  Q i)-4  f ü r  i/>ko-

2 Dieser Hilfssatz ist die Verallgemeinerung auf zwei Dimensionen des Lemmas 5. 2 von 
H. B u r k i l l  in [ 1 ] .  Unser Beweis geht nach der idee des Burkillschen Beweises. Es ist auch ohne 
Schwierigkeit möglich, den Hilfssatz auf «-Dimensionen zu erweitern.
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Nach der Einsetzung erhalten wir z.B. in dem Fall ^ r 0, t] > p0

Q((p, q) =  \(p(2Ç -  (a'o -  Qi), y0 +  Qi) +  <p(x0 -  Qi . 2ц - ( y 0 +  e2)) +

+  <P(x0 - Q i  , Уо +  Q2 ) +  (p № - ( x0-  di), q  —  ( y o  +  Q2))-4<P(Z> f/ ) l -
Nach der Bedingung (4) ergibt sich

Й(<Р, в) = \ф(£, »l) +  [3<p(£, r i)-(p (24-(x 0 - Q 1), Уо + в2) -

- ( p ( 2 ^ - ( x 0 -Q i ) ,  2 г ] - ( у о +  д2) ) - (р (х о - в 1 , 2 ч - ( У о  +  02Ш =  \(р( ,̂ Ч)\,

woraus wegen Q((p, g)s2co2(<p, q) unsere Behauptung folgt. Inden anderen Fällen 
geht der Beweis ähnlicherweise.

L emma 2. Man kann zu jeder Funktion f (x ,  у) in De ein bilineares Polynom 
der Gestalt
(6) p(x, y )  = (aix + bi){a2y  + b2)
konstruieren, für welches

17) max \ f ( x , y ) —p(x,y)\ S  4w2(/; g), g = Y g 2 + Q2
D o  Do

gültig ist.

B ew e is : E s nehme die Funktionp(x, y) in den Eckpunkten des Parallelogramms 
Ds die gleichen Werte wie f ( x ,  y) an. Da die Funktion q>(x, y) = f(x , y) —p(x, y) 
in den Eckpunkten verschwindet, ergibt sich aus dem Lemma 1

(8) max \ f (x ,y )-p (x ,y ) \  ä  2co2( f - p ;  q) Ш 2(tu2(/; g) + a 2(p; g)).
Do

Bezeichnen wir mit f t den Wert von f(x, y) in den Eckpunkten Pt und schreiben 
wir p(x, y) in der Form

(9)
p(x,y) = ----- [fl + /4 - f 2 - / 3 ] (X -  x0) ( у -  у о) +

1 Q 2

+ 4 ^  [ f l - f l  - h  - / з ] (* -  *o) + J fj2 t/ з - f l  - U  - f l ]  ( J  -  Jo) +  4  È f  ■

Setzen wir (9) in das zweite Glied der rechten Seite von (8) ein. Aus der Definition 
(2) folgt

« 2  (p ; Q) 3Î i  max l/j + /4 - f 2 - f 31 ~

S  i{max\ f l + /4 -  2/(.v0,y0)l + max|/2 + / 3 -  2f (x 0,y0)|} co2(/; (?)
D o  D o  D q

und hieraus erhalten wir (7).
Lemma 3. Man kann zu jeder Funktion f (x ,  y) in De ein Polynom der Gestalt

(10) r(x, y) = (ayX2 + bi x + ci)(a2x 2 +b2y + c2)
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konstruieren, für welche die Ungleichungen

max \rx x ( x , y ) \  ^  - r ® 2(/;  Q)
Dn 0 1  Do

(И) max |r (x ,j)| S  ----- -<u2 (/;<?)
Do 0 1 0 2  Do

( 12)

bestehen.

max \ryy ( x , y ) \  S  -yCu2(/;£>)
Do Q 2 Do

max ^ r ( x , y ) — p { x , y ) \  ^  2i o 2 ( f ; o )
Dn Do

B ew eis. Bezeichnen wir mit f tJ ( i=  1, 4; j =  2, 3) die Werte von f ( P )  in den 
Mittelpunkten P tJ der Seiten von D 0 , ferner mit f 0 den Wert von f ( x 0 , j 0)= /( .P 0). 
Das Polynom r ( x ,  y )  sei folgenderweise beschaffen:

r ( P d  =  f ,  ( / = 1 , 2 , 3,4)

/' ( P i j )  =  4 ( f  + f j  +  2f j ) ;  (I =  1, 4 ; j  =  2, 3)

KPo) =  {  ( Z / i  + 4/o

Durch Ausrechnen erhalten wir:

1 ((/i + / 2  -  2/ 12) +  ( / 3  + Л  -  2/ 4 3 ) -

h/ 4 2  - /о ))  (* -  *o)2 ( У  -  У 0 ) 2 

( ( / 1  + / 2  -  2/, 2) -  ( / 2  + Л  -  2/ 4 2 )) ( X  -  x 0) 2 (j  -  y 0)

r ( x , y ) = <

8glß I
-  2 ( / 1 3 + / 4 2  - / 0 )) (* -  *о)2 (У -  У 0 ) 2 

1
+ 8öfe2

+  ^ 7 — 2 ( ( f i  + / з  -  2 /1 3 ) -  ( / 2  + Л  -  2 /4 2 ) )  ( *  -  * 0 )  (У  -  J o ) 20 ^ 1  Q 2

+  (C/i+ Л  -  2Л ) -  ( / 2  + / 3  -  2/o)) (* -  *0 ) (У  -  Jo)

+ i  ( /. 2 + / 4 3  -  2 /0 )  (.V -  -Vo) 2 + i  ( / 1  з + / 4 2  -  2 /0 ) O’ -  J o ) 2401 402

+  -̂ — ( / 1  + / 2  — / 3  — / 4  +  2 / 1 2  — 2/ 4 3 XX —x0) +»01

+ ( / .  + / 3  - / 2  - Л  + 2/, 3 -  2/ 4 2 ) O' -  Jo) + { ( /, + / 2  + / 3  + / 4  +  4/ 0 ),
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woraus nach den Relationen \x — л:01 = e i  ̂ \ у ~ Vol — вг und wegen der Bemerkung
(3) die Abschätzungen (11) folgen.

Man kann auch die Ungleichung (12) mit Rücksicht auf die Darstellung (9) 
von p(x, y) leicht beweisen.

4.

Es sei im weiteren das Gebiet De das Quadrat D — {— l í r á i ,  —
Es bezeichne 4>D die Klasse der in D stetigen Funktionen. Es sei {Anm} eine von den 
Parametern n, m (n und m sind ganze Zahlen) abhängige lineare Transformations
folge, welche den Raum D in sich selbst transformiert. Es sei die Norm des Operators

(13) \\Anm\\ = max \Anm{f; x,y}\.
x . y C D

11Л*.у)И—1
Setzen wir weiter voraus, daß
(14) I K J ^ j

besteht, wo x 1 eine von n und m unabhängige Konstante ist.
Wir nennen die Approximationsfolge {Anm} — dem eindimensionalen Fall 

entsprechend — Zygmundsche Approximationsfolge, falls für f ( x , y ) £ eë D die 
Relation

(15) \\f(x, y) -  A,lm {/; X, y) II S  Ko>2 [ / ;  j / - L  + JL-j

befriedigt ist, wo К eine von / ,  n, m und A„,„ unabhängige Konstante ist.
Es bezeichne die Klasse der zu dem Raume C€D gehörenden Funktionen, 

deren partielle Ableitungen zweiter Ordnung existieren und stetig sind. Wir setzen 
voraus, daß für

( 16) \ \ f - A nmf\\ —  + n

gültig ist, wo y.2 eine von f ,  n, m und Anm unabhängige Konstante ist.
Satz  1. Eine Folge {Anm} linearer Transformationen stellt dann und nur dann 

eine Zygmundsche Approximationsfolge dar, falls die beiden Bedingungen (14) und
(16) erfüllt sind.

Es sei nun f(x , y) in beiden Veränderlichen stetige und nach 2k periodische 
Funktion, und {Tnm} eine Folge linearer Transformationen, die den Raum C2n der 
stetigen Funktionen in den Raum der trigonometrischen Polynome höchstens n resp. 
/и-ter Ordnung transformiert. Wir setzen voraus, daß für {Anm} = {Tnm} die Bedin
gungen (14) und (16) erfüllt sind.

Satz  2. Die Bedingungen (14) und (16) sind hinreichend und notwendig dafür, daß 17

(17) \\ f{x ,y )-Tnm{f-x,y}\\ S  2(х2 + 2(у. 1 + \))к2ю2 | / ;  ] / р “ + ~ т ]  
erfüllt sei.
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Wir zeigen zuerst, daß die Klasse der Operatoren, die die Bedingungen (14) 
und (16) befriedigen, nicht leer ist.

Es sei f(x, y) eine in beiden Veränderlichen nach 2n periodische Funktion, 
deren partielle Ableitungen zweiter Ordnung in dem Gebiet D = { -J tS x S ir ,  
— л ^ у ^ п )  existieren und stetig sind.

Es sei

t„m{f\X,y)

mit

к

К  n

r  / ■ « » , )
sin у  (x -u )

4 . msin y  О --г)

J  J  / (  , ) sin |(x  — u) , s in i(F -^ )  .

4

du dv
— 1t — TL

n  n

i f
sin - ( x - u )

4
■ rn чsmy O'-»)

4

, — K — n sin̂ (x —m) l s m i ( y - v )
Aus (13) ist es offenbar, daß für die Norm des Operators тПП1

11тлш11 — 1
besteht, wir müssen noch zeigen, daß für f(x, y )kC 2 n die Bedingung (16) erfüllt ist. 

Wohlbekannterweise kann man zeigen, daß
\ f ( x ,y ) - z nm{f\x,y)\ =

-4  j  J  (f(x  + u,y + v)+f(x + u , y - v ) + f ( x - u , y  + v) +

.. 4 sin им smmv+ f ( x - u , y - v ) - 4 f ( x , y ) ) \ - rSin U Sin V
dudv

ist. Nach f(x, y) £ C2K besteht
\f(x  +  и, у + v) + f(x  - u , y  + V) +f(x + u , y -  v) + f(x  uf у v) 4f(x, >')l

(18)
£  2 Max

x , y £ D

<)2f(x,y)
Э х 2

- + 2 uv d2f(x ,y)  2 d2f(x ,  y) 
dx dy dy2

Aus den bekannten trigonometrischen Relationen (vgl. z.B. [6] Seite 87—89)

I sin t )
пц(2ц2+ 1) 

6
П

und nach (18) bekommen wir die Relation (16).
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B eweis des Satzes 1.
Es sei {Anm} eine Zygmundsche Approximationsfolge, dann konvergiert A„m { / ; x,y) 

in -ß für jede festgestellte Funktion f (x ,  у) gleichmäßig. Nach dem Banach— 
Steinhausschen Satz ist

M„mll=«l» (x =  konSt.).

Hieraus und aus der Bemerkung 4 folgt, daß die Bedingungen (14) und (16) 
notwendig sind, man muß noch zeigen, daß (14) und (16) hinreichend sind. 

Teilen wir das Quadrat D mit den Geraden

,Y =
2k —l (

Ar = 0, +  1, +  2,. • ) ±
n — 1

Эn 2

21-  1 / — 0, ~Ь 1, ~f~ 2„ .. /71-1
m 2

so ist das Quadrat in nm Parallelogramme zerlegt.
( 1 f. in

—  ’ ]

=0, ±1, ..., + n — 1 
1 / = 0, ±1, ..., /77-1

2 I ) und mit den Kantenlängen
2 к 21
— , — , und konstruieren für jedes Parallelogramm die Funktionen p(x, y) resp./7 m

, ч 1 1r(x, y), mit Ö! = -  , Ql = —, Q --
1 1

Auf diese Art haben wir Funktionen p„m(x, у) resp. rnm(x, y) definiert, die in 
D stetig sind und deren partielle Ableitungen zweiter Ordnung, die Punkte der
^  2 k— 1 21— 1 . . . , „Geraden x = ------- , у = --------ausgenommen, existieren. Wir zeigen, daß man

n m
zu jedem r„m(x, y) eine Funktion ynm(x,y) konstruieren kann, deren partielle Ableitun
gen zweiter Ordnung in D existieren und stetig sind, so daß

(19)

(20)

\ \ г „ „ ( х , у ) - у п т ( х , у ) \ \  =  e

d 2 d
д х * УпЛх’ у) — X)x 2 r„m ( X ,  У )

d 2 rV

d x d y y"m(X,y) д х д у Гпт{Х,уУ\

1 d 2 d 2
j ß  2 У пт ( X ,  У ) = ,) y Y  r „m (X ,  y ) +

befriedigt sind.
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Aus der Konstruktion von rnm(x, y) folgt, daß die Schnitte x = x0 resp. y = y 0, 
(x0,y0£D, x0 = konst, y0 = konst.) aus Parabelbögen zweiter Ordnung bestehen, 
die in den Punkten

X 2 k к  =  0 , ± 1, .
n  — 1

X -  n  ’ 2

21

y = m '
/  =  0 , ± 1, . . •> ±

' m -  1

2

dieselben Werte wie f(x, y) annehmen. Es ist leicht zu zeigen (vgl. z.B. [2]), daß man 
für eine Funktion rv(t), die in einem Intervall [a, b] abschnittweise aus Parabelbögen 
zweiter Ordnung besteht, eine stetige und zweimal stetig differenzierbare Funktion 
y„(t) konstruieren kann mit den Eigenschaften

(21) ||rr(/)-}v(OII=£i> IIVÚ(0II =11^(011+ £ i .  11)01 S |K '|| + £ i .

Betrachten wir die Darstellung (10) von r(x, y) und schreiben wir die Funk

tion r„,„(x, y) in der Form rnm(x, y) = r jx ) r km(y) ( 1 = 0 ,  ±  1, ..„ ±  ,

Ar=0±l ,  ..., ± [ m ^ * j , wo die Funktionen rnl(x) resp. rkm(y) in den Intervallen
[—l ^ x ^ l ]  resp. [— abschnittweise aus Parabelbögen bestehen.
Konstruieren wir zu rkm(y) resp. rnl(x) die entsprechenden Funktionen y„,(x) 
resp. ykm(y) und bilden wir die Funktion ynm(x, y) = ynl(x)ykm(y), deren partielle 
Ableitungen zweiter Ordnung existieren. Nach (21) ist es leicht zu beweisen, daß 
die Funktion y„m(x, y) die Bedingungen (19) und (20) befriedigt.

Es sei jetzt f(x, y dann ist

II f(x, y) -  Anm {/; X, y} H = II (f(x, y )-p„ m(x, y)) +

+ (Pnn,(x, y) -  rnm(x, y)) + (rnm(x, y) -  ynm(x, >0) +

+  (7nm(-v, у)-Лп„{Упт'< x,y}) + (Anm{ y x , y } - A nm{rnm; x,y}) +

+ (Km K™; y) -  Km {Pnm\ X, y)) +
+(4n,n {Pnm ; *> у } -  Km {/; >'})!! ■

Nach der Anwendung der Relationen (7), (12), (13), (16), (20) resp. (14) ist

Ilf ( x , y ) - A nm{f; x ,y ) Il S  ( 4 ( l +x , )  +  2x2+e)ü)2 | / ;  | / »

woraus für г —0 die Behauptung des Satzes folgt.
Es sei f ( x ,y ) €C2„; 0 s x ^ 2 n ,  0±=y^2n. Wir erweitern die Funktion f ( x ,y )  in 

dem Gebiet Dln: { — 2 n s x ^ 2 n ,  —2 n ^ y ^2 n }  so, daß f (x ,y )  eine gerade Funktion 
der Veränderlichen sei. Wir transformieren Dln in D, wo die Behauptung des Satzes 
1 gilt. So haben wir auch den Satz 2 bewiesen.
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5.

P. P. Korovkin hat in [5] den folgenden Satz gezeigt: eine folge linearer 
Transformationen (/!„{/; x}) befriedingt dann und nur dann die Relation

A„ { /; v} — /(.v)! '  Konst. co(/; ö) mit w(f;ö) = sup i  f(x + h) — f(x)
l i s S

wenn es die konstanten Funktionen identisch darstellt und die Funktion gx(/) = 
=  sin“ in .v gleichmäßig in der Größenordnung 0(n~2) approximiert.

Den Satz von P. P. K orovkin hat G. Freud für den Stetigkeitsmodul zweiter 
Ordnung erweitert [3].

Mit Hilfe des Satzes 1 geben wir eine Erweiterung in zwei Dimensionen der 
Sätze von P. P. K o r o v k in  [5] und G. F r e u d  [3].

Satz 3. Es sei f (x ,  y) Ç/ê, ix,y f  D), es sei ferner vorausgesetzt, daß für die Funk-

Honen f(x, y) G Tj} einen Punkt ( f  r\)GD gibt mit ^ / ( ç ,  r\) = ч) = 0.
Die Folge linearer Transformationen {/!„,„} stellt dann und nur dann eine Zygmund- 
sche Approximationsfolge dar, falls die Bedingungen

( 22)

Л„т {1} = 1

= ti+O (/ =  1,2)

J p i Ui Ui t j }  =  t f j  +  O

mit t i =x, t2=y, P\=n, p 2= nt erfüllt sind.

(/,./=  1,2)

Beweis. Nach dem Satz 1 ist es hinreichend zu zeigen, daß für f(x, y )€ ‘ë’è 
aus (21) die Relation (16) folgt. Schreiben wir die Taylorsche Reihe von f(x, y) 
in dem Punkt (x, ÿ) folgenderweise:

(23)
f i x ,  y) = fix ,  y) + I ix -  x) ~  + iy -  y) |/(x, y) +

1 d d
dy+  xy I (x x) +  O '  -  у) яТ I f ( x +  , 9 1 ix - х)’У + $2 iy -  j O )

mit 0 <S i «=l , 0<S2< l .
Wenden wir die lineare Transformation {Anm} für die beiden Seiten von (22) 

an. Wegen (21) ist

1 2 

+ o

A„„, { /;  >'} =  f ix ,  y )  + |(x - x ) ~  + i y - y )  -! j-

d
dy

fix ,y) +

ix -  X ) + iy -  у) ~  I f i x  + 9, (x -  x), у + d2 iy -y ) )  + 0 dx f i x j ' )  +

Ш /Г х’я  4 i° 1) d
n I  dx О ± u

m I dy- f i x  + d J (x -  x), у +  ,92 ( у -  у)).
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Hieraus ist für jedes (x, y)dD

И«ш{/(*,.и)}-/(*>Л1 S О I ' I ||-^/(.v,y)|| + 0
(24)

' -n2 I |i f)x nr
f)
i  Ax,y)\\ + vy II

+  o ( , а ) | ! £ / ( лг°у) У  о I /V, ./(.v,r) ; + 0  I '2-IL () j f (x ,ÿ )  [пт) о х о у  IJ ( n1 ) oy-
Da die Funktionen fx(x, y) und f y[x, y) in D nach .y und y differenzierbare 

Funktionen sind und in dem Punkt (£, p) verschwinden, gelten die Relationen
л: у

f x ( x , y )  =  J f xx[ t ,  n ) d t +  J f Xy ( x ,  u ) d u  
? 4

.V .V

fy(x,y) = J  (£, t)dt + J f xy(u, y)du.
ч (

II f x( x ,  y)\ S 2 ( | | / XJC(*, y)|| +  \\fXy(x ,  y)ll)

II / ,( * , v)|| s 2 ( | | / „ ( * ,  у ) И +!1Л ,(х, ^ ID 

Es ergibt sich
(25) 
resp.
(26)

Nach der Einsetzung von (26) und (25) in (24) folgt, daß die Bedingung (16) be
friedigt ist.

Es seien f(x , y)€Cln, D = { — п ^ х ^ л ,  — я ^ у ^ л }  und {T„,„} eine Folge 
linearer Transformationen, die den Raum C2„ in den Raum der trigonometrischen 
Polynome höchstens n resp. w-ter Ordnung transformiert. Aus (17) können wir die 
folgende Erweiterung des Satzes von G. F r e u d  [3] beweisen.

Satz 4. Die positive lineare Transformationsfolge {Tnm} stellt eine Zygmund- 
sche Approximationsfolge dann und nur dann dar, falls die Bedingungen

7™{l} = 1

(27)

erfüllt sind.

T „ m {sin (.Y-n)} =  о  

T„m {sin (jz — у)} = О

(sin2
l “ ° (\ 2 J

(sin2 L o i
1 2 J l

I . .Y-M . y - v \  1
I 2 2 J [nm )
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B e w e i s . E s ist hinreichend zu zeigen, daß für f(x, у ) с С 2л aus (27) die 
Relation (16) folgt. Wir betrachten die Funktion g(x, y) =  f (x ,  y) — f(u, v)~ 
-[/х (и . v) sin ( x - u ) + f y(u, V) sin {y-v)]. Da g(u, v) = gx(u, v) = gy(u, v) = 0 ist, 
können wir g(x,y) aus den partiellen Ableitungen zweiter Ordnung folgender
weise ausdrücken:

X X  X X  у  у

g(x, У) — f f  у)dt. dÇ + 2 f f  gxy(Ç, r])dÇ dt] + f f  gyy(x, f])df] drj
и и U V  V  V

Aus der Definition von g{x,y) ist es offenbar, daß die Abschätzungen

l* J  S  \\fxx\\ + ||/,||, \g„\ s  ||/„J + II/,II, \gx,\ s  ll/JI
gelten, woraus

-  { ( Н А , II +  I I / , II)  —  +  ( I | A J  +  H A I D  — + 11A J  -  u) +  (y ~ r ) ) 2 }  =

( 2 8 )  S  g(x,y) ^  ( Н А Л  +  И Л И ) ~ 2 U ) 2  +  (Il/ J  +  И Л И )  — 2 Г ) 2  +
+  Il A , I l  ( ( * -  и )  +  ( j - n ))2

folgt. Setzen wird die Relation t 2 =  n 2 sin2 f  in ( 2 8 )  ein, und wenden wir die lineare 
Transformation {Tnm} für ( 2 8 )  an. Wir bekommen

—k 2 { ( I I A J  + Il A I I )}  {sin2 -  2 " ;* }  + ( | | / „ n  + I I / , II) Tnm {sin2 +

AJ Am} sin -  ~  Tsin^y-'-; X, y \  Ä Tmn{ f ;x ,y } - f (u ,v )T nm{ l ; x , y } -

- [A Am (sin (x -  u) ; x) + fy Am {sin У ; У -  n}] s  n1

+  (Il A , 11 +  Il A I D  A m  isin2 —^— -,y\ + \\fxy\\Tnm

(IIAjcII +  HAH) Amisin

. x —и . y —vSin-- ---+ Sin — —

{sin2- 2-w-;* j+

;x ,y

Nach den Bedingungen (27) und den Ungleichungen (25) und (26) folgt die 
Abschätzung (16).

6 .

Die Funktion f(x,  y) gehört in dem Gebiet D zu der Zygmundschen Klasse, 
d.h. f(x,  y)dZ, falls für jedes (x, y)dD  und für beliebige Richtung a OSa^27r

sup I f (x  +  Q cos a, y + ß  sin a) +f ( x  — q cos a, у — д sin a) —
(29) (*,")£ D

— 2f(x,y)\ s  M q (q — Konst.)
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ist. Offenbar ist die Definition (29) mit der Relation

(30)
identisch.

u>2 ( /;  (3) = Md

B e m e r k u n g e n .

1) Aus (2) ist es klar, daß eine Funktion f(x, y ) dann und nur dann f(x, y)Ç.Z 
ist, falls in jeder Geraden Zŝ in der Richtung a in gewöhnlichem Sinne zu derZygmund- 
sche Klasse gehört.

2) Es ist leicht ersichtlich, daß für die Funktionen f{x, y) £ Lip a, f ( x ,y )d Z .
3) Es sei f(x, y )£C 2n und bezeichnen wir die beste Approximation von f (x ,  y) 

durch trigonometrische Polynomen mit der Ordnung n resp. m mit Enm(f) .  Aus 
dem Satz 1. können wir ohne Schwierigkeit beweisen, daß die Funktion f (x ,  y) 
dann und nur dann zu der Zygmundschen Klasse gehört, falls

ist. Dieser Satz ist eine Erweiterung in zwei Dimensionen des Satzes von A. Z y g m u n d

[1] Burkill, H.: Cesaro-Perron almost periodic functions, Proc. London Math. Soc. 2 (1952) 157-
[2] Freud, G.: Sui procedimenti lineari d’approssimazione. Alti Acead. Naz. Lincei. Rend. CL Sei.

Fis. Mat. Mal. 26 (1959) 641—643.
[3] Freud, G.: Über eine positive Zygmundsche Approximationsfolge, Magyar Tud. Akad. Mai.

Kutató Int. Közi. 6 (1961) 71—75.
[4] On Approximation Theory, JSNM vol. 5 Birkhäuser Verlag, Basel—Stuttgart, 1964, S. 183— 183.
[5] Коровки и, П. П.: Линейные операторы и теория приближений, Физматгиз, Москва, 1959.
[6] N atanszon, I. Р. : Konstruktiv függvénytan, Akadémiai Kiadó, Budapest, 1952, p. 87— 89.
[7] Z ygmund, A.: Smooth Functions, Duke Math. J. J2 (1945) 47 76.
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DER WISSENSCHAFTEN, BUDAPEST
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ON RATIONAL APPROXIMATION

by
G. FREUD and J. SZABADOS

1. In his paper [1] one of us proved some theorems concerning the rational 
approximation. Two of these theorems were generalized in [2]. In this paper we 
will give further generalizations of the theorems in question towards an other 
direction.

Let us denote by 0„ the class of piecewise constant functions defined in [0, 1] 
having less than n jumps (we need not care about the values of a 9„(x)f 0„ at the 
points of jump). Let us further denote by the best approximation of a bounded 
function /(.v) (OSarSl )  the quantity

E(f;n) = inf sup |/(.y) —,9„(.y)|
xç[0, i]

T heorem . Let r ë l  and assume that the (r—l)"' derivative of a function f(x)  
exists in [0, 1] and f (r~ u(.y) is a primitive function of an integrable function f lr\x).  
Then there exist rational functions rN(x) of degree N for which

\ f ( x ) - r N(x)\ = О
f ( / w; N

log2 jV9[r+ *1
-f-

1

further
N r ' ДГГ+1

\r’N(x)\ = 0 ( N 2Sr+29log3N) (0 =1 -Y Ä 1).

(0 g  * ä  1 )

P roof. We make use of the same method as in [1]. Consider

( 1 . 1 )
, , ,, , y f lk\ 0)

( p ( x )  = f ( x ) - 2 jfc = 0
/ Cr](+ 0)

k\ r\

then =  /М (* )_ /М ( + 0) and E ( f lrJ; n) =  E(<plri; ri). Let

( 1. 2) sN N
ïog2 /V9" +,\

Consider the function Ф^](х) £ 0 SN approximating <p[r}(.x) with an error smaller 
than 2 E((plrh, sN). Let 0 = -= t 1 (tN^ 2 s N) a sequence containing
all the jumps of Ф^(х) and the points k/sN (k = 0, I, . . . ,sN). In this way we have

(/ =  0, 1. ...» — 1)
- , 1 
£< + i £i — s N
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2 1 6 G. FREUD AND J. SZABADOS

and

l<PwW-fl>[,]( j ') |s 4 £ '( /w ; sN) for x,yÇ.J, = (Zi, Zt+ J  (i = 0, 1, ..., tN- 1).
Now we divide the / , ’s into two classes. Let

(1.3) ) 'n  = N r
and denote by J[ that intervals for which 

and by J" for which
«1+1 - z i=7N

1+ <7n -
For the J /’s we get polynomials p® (x) of degree

(1.4)

for which (see [1])

vK = 2 65 log2Ar9(l‘+1)

i<p(x)-pW(x)i =  o d )  =  0 ( 1) £(/Cr];%)N r (x€J't)
and

Further let
P Í ‘l ( Z i )  =  <?(«/)> P v i ^ i + 1) =  <M £i+i) .

{«+i + €«

and TVN the Cebysev-polynomial of degree v^; finally

=

a rational function of degree vN. We obtain in the same way as in [1]

(1.5)

( 1. 6)

(1.7)

№ & )  = v i a  r « ( f l+1) = c p i a ,),

<Р(*)-И£(*)| =  0(1) £ ( / [r]; ^ )
N r ixa'i) ,

kvi W! =  0(l)v%yN 3 (x€[0, I]).

For the J f ’s let ri‘l(x) be that linear function for which (1. 5) holds. Then we have 
(see [1])
(1.8) IípW -H 'I  (x)| =  0 ( 1 ) -у* ix£J")

(1-9) \r{Z(x)\ = 0(1) (*€[0,1]).
Now let

r^Jix) + r ^ !(x) 1(I. 10) (PnÍx) = - -, 2^ 1 = 2
rl‘l ( x ) -  a  Lljx) 

X-Z,

a- lb
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Evidently
<Pn(x) = fi'iW for X €J, 

and hence we obtain by (1.6) and (1. 8)

\(p(x)-q>N(x)\ = 0(1) max
( 1 . 1 1 )

, y N

=  0 ( 1)
£ ( / и ;%)

Nr +  yN

N r

( 0  S  x  si 1 ) .

Let R (x — £j) denote Newman’s rational function of degree vN approximating 
|лг — £,-|, then the rational function

r- 1' / '* ’(0) A , / и ( + 0) , ,  rV jw +CH -v)
£ o ~ i d ~  + ..~ r ~ * + 2

I n

,xvjv\

.(»*>/

( 1. 12)

+ y  24„(* -£ .)Z i=2
r{'i (x) -  r{!„ 11 (-X-)

x - e ,
is of degree (see (1.2) and (1.4))

64r +  2yn + (tN — 1 ) 2Vjv — r + 2tNvN ^ r + 4sN vN ^ r N ^  N

at most, provided that N^65r. Further, taking into account (1. I), (I. 12), (1. 
( 1. 10), (1.7), (1.9) and (1.3) we have

\ f ( x ) - r N(x)\ = Ф (jc) —W<x) + W ( x )  1 r ^ ( x ) - r {J - l)(x) I
^ ( = 2 Д — Ç,-

0(1)
E ( f lr';sN)

N r + yN
3e-fvN «» 

Z 1 = 2
'■»iW -fvíííl)

x - e , +

+

=  0 ( 1)

J i-0 ix )- '™  U(íi) I

£< /[r] ;í w)

^  0 ( 1)

N r +yN+yiï65v h » î =  0 ( 1) g ( / M;jw)
N r +  yN ( 0  s i  x  s i  1)

which proves the first part of the theorem. As regards the second statement of 
the theorem, we have from (1. 2)—(I. 4), (I. 7) and (1. 9)

|rt*i(jc)| =  0(y* ') =  0(/Vr+1) (x arbitrary)

r(v‘*,(x)| = 0{\'Ъуйъ) =  o(iV3(r+‘Mog4yv) (x arbitrary).

Apply the Lemma from [2] according to our notations:

* . , ( * - «  I 0 (1 )  If' * « , ( * - ft) V-
* -ft ’ II x - i ,  J 0 ( vn2 e 6^' N)
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2 1 8 G. FREUD AND J. SZABADOS

From these relations we obtain

кл(*)1 — О
N

log2 N (N/2 7 (г + 1 ) log5 N - N r+l + N 3<-r+l) \og2N)

= 0 (N 2Sr + 29\og3 N)
thus our theorem is proved. The last estimation for r'N(x) gives a possibility for 
using Theorem 1A from [2].

2. A corollary and an example. Let especially f ir\x) be of bounded variation 
with tolaI variation K (/[r]). Then there exist rational functions rN(x) o f degree N 
such that

log2 N\ m  - r N(x)\ = 0(1) V ( f ^ )  —L  (.V 6 [0, 1 ]).

This corollary is Satz 2 from [1]. We can obtain it from our Theorem by ob
serving that i f / w(x) is of bounded variation then

(2.1) £ ( /« ;« )  = o U J .

To prove (2. 1) let f ir\ x ) = g l(x)—gfx),  where g {(x) and g2(x) are both monotoni- 
cally increasing. Let w =  [^ j and

Cif1 = infj.v: g ,(x ) s  /( (p = 0, 1,

Consider the jump function

<?,,(*) =  g iL (1b g l(0 )+ g l(0) for Je€(Cif),Cir+1)) (/< = 0.1, . . . , m - l )  

with m jump. Clearly

\gi(* ) -  <pm(x)I ^  i0) (*€ [0, 1]).

Analogously, one can find a function i s u c h  that

g 2 ( l) -g 2 (0)\g2( x ) - i l / m(x)\ m (.vC[0,1]).

But in this case for the function Ф„(х) = q>m(x) — i/x„,(x)€0„ we have

1\Г{гЦх)~Ф„(х)\ = О I — I -  О
i.e. (2. 1) holds.

A n  e x a m p l e . There exist rational functions rN(x) of degree N such that

( 2 . 2) . I / t*\ sin \  \dt — rN(x)! = О \og3 N (x t [0, 1], 0 <= a <  1).
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ON RATIONAL APPROXIMATION 2 1 9

Namely, we may apply our Theorem with
X

. 1
/ / Sill —J0 t r = 1.

In this case an easy calculation shows that

(2.3)

To prove (2. 3) let .v,

£■(/' ; rí) — E I x* sin [ ; n I =  О log n 
n

- Ш then for even k 's f ' ( x k) = 0, for odd k 's f '( x k) = kn
is a local maximum. We obtain a function 9„(.v)£0„ approximating f '( x )  with 
an error e as follows. Let

!)„(.v) =  e if X = xko, where k 0 = 2 - + 2 .

As regards the intervals (x*+1, xk) ( k ^ k 0), we can approximate /'(.*) by a jump 
function which has at most

1
кпв + 1

jump points. Thus the total number of jump points is at most

к о

\ + Zk= 1
1

к ne
. „ 1 logÆo 1 log elf l  S  3 H---- f  — 5-2- s i 6 1ne ne e

log nCorrespondingly, if we put e= then we can see that (2. 3) holds.

Thus the Theorem gives (2. 2). Clearly f '(x )$  Lip ß if ß> a  so the magnitude 
of the polynomial approximation is not better than which is worse
than (2. 2). The Corollary or Satz 2 from [1] cannot be applied because f '( x )  is 
not of bounded variation.
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ÜBER STARKE APPROXIMATION 
DURCH DIFFERENZIERTE FOLGEN 

VON APPROXIMIERENDEN POLYNOMEN

von
G. FREUD

Es sei f ( x )  eine im endlichen Intervall [c, d ]  stetig differenzierbare Funktion, 
7tv„(x) (v = l,2 , и = 1,2, ...) eine zeilenfinite Matrix von Polynomen, welche

f ( x )  in [c, d ] im folgenden Sinne stark mit Exponenten p  approximieren :

(1) j ~  2  \KX) — 7rvn( )̂lpJ e„^0

für xÇ[c, î/], (n = 1,2, ...).

Es sei weiter vorausgesetzt, daß die Polynome nvn(x) ( v = l , 2 h ö c h s t e n s  
vom Grade 2n sind. Gefragt wird nach einer Abschätzung des Ausdruckes

(2) nvn; x )  =  j-i- 21 | / ' (* ) -< »  M l'j  •

Wir zeigen, daß — oberflächlich ausgedrückt — falls die Polynome nv„ selbst 
die Funktion f ( x )  im starken Sinne hinreichend gut approximieren, dann approxi
mieren auch die differenzierten Ausdrücke n'v„ im starken Sinne, mit dem gleichen 
Exponenten p  und mit einer passenden Genauigkeit die Funktion f ' ( x ) .  Als Anwen
dung seien Abschätzungen der starken de la Vallée Poussinschen Summen und der 
Starken (C, 1) Summen von Orthogonalpolynomreihen bewiesen.

Wir bezeichnen — wie üblich — mit

(3) E „ ( f ; c , d )  =  Min Max \ f { x )  -  7t„(.v)|
Ям *€[c, à]

falls n „ (x )  alle Polynome höchstens /г-ten Grades durchläuft.
d  — cSatz 1. A u s  (1) f o l g t  f ü r  j e d e s  0<<5< -

( 4 )  Ih(„l \ p \ f \  7TV„ ; +  £ „ _ , ( / '  ; c ,  c/)]

für x£[c +(5, d — ô]

w o  К  e in e  s o w o h l  v o n  n ,  w ie  v o n  d e r  W a h l  d e r  P o l y n o m - m a t r i x  |zrvn| u n d  d e r  F u n k t i o n  
f  u n a b h ä n g ig e  p o s i t i v e  G r ö ß e  is t . 1

1 Das gleiche sei über die später auftretenden Größen K t ,  К г ,  vorausgesetzt.
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2 2 2 G. FREUD

B e w e is: Im Falle p > \  sei p~l + q~l = \ und wir bezeichnen m it Rj,p) die 
Menge der «-gliedrigen reellen Folgen {ev} mit

!<?vT = :

Im Falle p=  1 sei die Menge der и-gliedrigen Folgen {gv} mit |övj= I
(v =  1, 2, n). Infolge der Flölderschen Ungleichung gilt für /?> 1

(5) 2v= 1
für {»vH K P)

und diese Formel behält ihre Gültigkeit für p=  1.
Nach einem wohlbekannten Satze der Analysis ist

( 6 )
)Vp n
4 = Max Z  d v « v
1 {ev}€ R,V’> v =  1

diese Formel bildet die Grundlage des Beweises. 
Aus (1) und (6) ergibt sich für jedes {gv}Ç/?,<1p)

(7) 2  dv[/( v)-7Tv„(.v)] =2 Л1v=l

Es sei г„(/; x) das — nach einem bekannten Satze von E. Borel vorhandene — 
Polynom höchstens я-ten Grades, für welches

(8) | / ( x) - t„(/; x )\S E n( f;  c, cl) für x €[c, d]

gültig ist. Wegen (5), (7) und (8) ist

Z  ß v M / ;  * ) - 7 A „ ( * ) ] ä  п ' 1- [е„ +  E„(f;c,d)\ für л€[с, d].

Unter dem Betragszeichen steht ein Polynom höchstens n-ten Grades; durch An
wendung der Bernsteinschen Ungleichung haben wir

(9) 2  0, [ t x ) -n 'vn(x)] g  Ri n1 + 7p[£„ + £„(/; c, d )]
I »= 1

für [c + <5, d — <5].

Laut eines früheren Ergebnisses des Verfassers (G. Freud [5]; vgl. auch J. Czipszer 
und G. Freud [4]) folgt aus (8)

(10) \ f '( x ) -T ,n( f- ,x ) \^ K 2[nE„(f;c,d) + En_ i(f';c ,d )\ für x €[c +  <5, </-<>].
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Aus (9) und (10) ergibt sich unter Beachtung der bekannten Ungleichung 2

E r,U i c i d )  =  K 3
En- A f '\ c ,  d)

daß
n

( 1 1 ) \ 2  t ? v [ / ' ( - v ) - < . „ ( * ) ]
1 v =  1

— KAn4* [ne„ + En( / '  ; c, d)]

für x€[c-f<5,í/ — <5]
gültig ist.

Da (11) für alle Folgen {pv} £ R(„p) gültig ist, ergibt sich unter Beachtung der 
Beziehung (6)

I 2 j  I/ ' ( * ) -  ^vnW l'j = KAn^[ne„  + £ „ ( / ';  c, d))

für x € [c  + (5, d — <5]

und das zeigt die Gültigkeit von (4) (vgl. (2)) w.z.b.w.
Durch wiederholte Anwendung des Satzes 1 ergibt sich

Satz 2.: Es sei f(x )  in [c, d] r-ma! stetig differenzierbar, dann folgt aus (1 ) für
d — cjedes 0 <  <5 <  —-— und n >  r

h:r)(p;f ;nVnix) = U  Z  l / (r)W - ^ n )W l pj /P^
( 12)

^  K ^ [n (n -  1).. .(n -r+  \)en + En- ,( fV ;c ,d )]

wo Klr> sowohl von n, wie auch von der Wahl der Polynommatrix 7rv„ und der Funktion 
f  unabhängig ist.

Einige wichtige Anwendungen dieser Sätze ergeben sich aus den Untersuchungen 
von G. A lexits und D. K r á lik  [2], [3], L. Leindler  [6] und endlich G. A lexits [1] 
bezüglich der starken (C, 1)-Summierung von Orthogonalpolynomreihen. Mit 
Hilfe der in den zitierten Arbeiten entwickelten Methode ergeben sich folgende 
Sätze:

Satz A: Es seien w(x) eine in einem endlichen Intervalle [a, b] definierte nicht
negative L-integrierbare Gewichtsfunktion, {pn{w\ x)} die Folge der normierten

2 Beweis: Es sei v/„-i(x) das Polynom höchstens n -  I -ten Grades mit \ f \x ) - y /„ -  , (x)| S  
3 E n- i ( f ;  c , d ) für x í [ c . d ] ,  ferner sei 'P„(x) eine primitive Funktion von t//„- > (x). Infolge 
l ( /— ^ E „-I( / ')  gilt für das Jacksonsche Approximationspolynom J,,(x) =  J„(f\  ; je)

£ „ . , ( / ' ;  c , d)
die U ngleichung|/(x)~ (Р„(х) —/„(.v)| s  10(i/—c)--------------------, es ist also E „(f ; c, d ) sn

c ,d)
S lO (if-r )  ------- w. 7. b. w.n
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Orthogonalpolynome bezüglich dieser Gewichtsfunktion. Es sei vorausgesetzt, 
daß vr(x) in einem echten Teilintervall [c, d]a(a, b) beschränkt ist und

(13) 2 1 2 pU w, x) = 0{n)
V =  О

gleichmäßig bezüglich x 6 [c, d] befriedigt ist. Es sei ferner / ( x )  eine in [a, b] stetige 
Funktion, und i v( v r ; / ; x )  sei die v-te Teilsumme der Orthogonalentwicklung von 

/ ( x )  gemäß {pv(w; x)}; dann gilt
» 2 n

(14) — 2  \ f ( x ) - s v(w;f;x)\ S  c1En(f;a,b)
n  v=n+1

mit einer positiven Zahl C ,, welche weder von n, noch von/ abhängt.3
Satz B: Wir machen die gleichen Voraussetzungen wie bei Satz A, es sei 

aber an Stelle von (13) sogar
(15) p f\v ;x )  = 0 (  1)
bezüglich x £ [c ,  d] gleichmäßig erfüllt; dann gilt sogar für jedes p 5 l

(16) (— 2  | / ( x ) - J v(w ;/;x ) |4  S  C(p)E„(f;a,b).
I П v = n +  1 J

Unter Anwendung des Satzes 2 ergeben sich folgende weitere Sätze:

Satz 3 : Es sei /(x ) in [a, b] r-mal stetig differenzierbar, r ë l .  Dann gilt unter 
den Voraussetzungen des Satzes A

(17) -  2  \ f M(x)-sï> (w if;x)\ * c 2E„-r(fM ;a,b)
«v=n+1

und unter den Voraussetzungen des Satzes B, für jedes p 1

(18) (— 2  | / <r)W -5 Í r)(w ;/;x)|pl =  c3(p)E„-2( f (r) ;a, b)
[ f t V = /l+ 1 J

für x£[c + <5, d — ô].

B ew eis: Wir setzen nv„(x) =  s„+v(w;f; x), und schließen aus Satz 2 und 
Satz A bzw. Satz 2 und Satz B, daß

I  I 2л 1 Ü p

2  \ f (r\ x ) - s ^ \ w , f - , x ) \ p\ =  c4(p)[n(n -  ..(n -  r +  l) E„(f; a, b) +
1 П v = n+ I J

+ En- r(f;c,d j]  

für x£[c + (5, d — <5]

3 Das gleiche sei für die mit C(p), ct u. s. w. bezeichneten Konstanten gültig.
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im Falle p=  1, bzw. im Falle p S  1 gültig ist. Die Behauptungen des Satzes folgen 
nun aus den Ungleichungen

und (fu rn é r)
En- r( f (r>; c, d ) s E n- r(f<r) ; a, b) 

n (n -  1) ... ( n - r + l ) E n(f; a, b )^ c sEn_r( f ir) ; a, b)

(vgl. Fußnote 2).
Zwecks Übergang zur Abschätzung von starken (C, 1)-Summen und ver

wandten Mittelbildungen bedienen wir uns folgenden (ziemlich trivialen) Hilfs- 
satzes, welcher auch unter anderen ähnlichen Verhältnissen von Nutzen sein kann:

H ilfssatz: E s  sei {Av} eine beliebige Folge positiver Zahlen, und {ev} eine 
abnehmende Folge positiver Zahlen, s eine beliebige reelle Zahl, r >  0 eine ganze 
Zahl; dann folgt aus

1 2"
(19) — 2  Av = e« (n = r ,r + 1, ...),^ V = П + 1
daß für jedes n >/*

( 20)

mit

befriedigt ist.

2 V5'
v = r+ 1

y,rssr + 2y2 V
v = r + 1

ys = Max (1,2s" 1)

Bew eis: (Durch elementares Rechnen) Für m g l  ergibt sich unter Beachtung 
von (19) und der Monotonie von {ev}

p2m+ 1 r2m+ 1
2  vs- 'A v S  ys(r2m)s~1 2 ’ Л  ^  уЛг2тУег2т ё

v = r2w+l r2m + 1

r2m r2m
— 2 y s (r 2 my ~ '  Z  Ëv ^ 2  y2s Z  vs- ‘ev.

v = r 2m- ‘+l v = r 2 " - 1+l

Wir addieren diese Ungleichungen für m = \,2 , miteinander und mit
der — sich aus (19) ergebenden — Ungleichung

2 r 2r
1 а <  л. .•*-12  Vs - ' A v —  y s r 5- ‘ Z  A v =

v=r+l v=r+l
und erhalten

(21) 2 vs~lAv => ysrssr-{~2y2 Z  vs~iev (N = 1,2, ...)4.
v = r+ 1 v = r+1

4 Für N =  1 setzen wir die letzte Summe laut Verabredung gleich Null.
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Es sei nun n> r,2 N 1^ n < 2 Nr; dann folgt aus (21)

2v = r+ 1
t - 1A. =£

r2N
2  '

= r+  1
'Av =g ysrse, + 2y;

r 2N ~ 1
2 2  vs-v =  r +  1

ev S  ys/-vgr4-

+ 2y2s 2  vS l£v
V = l - +  1

w.z.b.w.

Aus dem Hilfssatz, angewandt auf Av = f (-r\x )  — s ^ ( w ; f ; x )  und e1’ = 
= c3 (/?)£„_ r( f <r> ; a- b) erhalten wir

Satz 4. Aus (18) folgt

(22)
2  vs l \ f ^ { x ) - s f \ w ; f - , x ) \ v ^

V = r+ 1

S  Cb(p, s) {rs[E0(/W  ; a,b)\» +  ̂  %  ^ - ‘ [Sv-rC/™ ; «, 6)]"}

für x£[c + ö ,d —ö) (n =  r + 1, r + 2, ...).

Ist z.ß. f (r)(x) ш-mal stetig differenzierbar, f <r + m,(x)(■_ Lip oc ( 0 < a ^ l )  und 
(m +  a)p < s. dann folgt aus (22)

, 2  v'“1 | / <r) (x) -  AÍr)(vv ;/; *)|4 = 0  (n~ m “ß)[n v=r+i j

gleichmäßig bezüglich x£[c + c>, d — S\.
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ON THE GENERAL BRANCHING PROCESS 
WITH CONTINUOUS TIME-PARAMETER

by
D. SZÁSZ

§ 0. Introduction

There are various types of applications, in which the following model can be 
set up: in some space (for example on the real line or in the three-dimensional 
euclidian space) particles are distributed at random. The particles may have dilferent 
life-times, depending on the chance, and then they divide. The new particles are 
spread out in the space at random. This phenomenon may be repeated. This process 
of random distributions of particles in the space is the spreading process, or clus
tering process, or with the expression used in the theory of branching processes — 
the general branching process with continuous time-parameter ([1] ПГ. 17.). In fact 
our process is an age-dependent branching process, but the points are elements 
of some space, and we describe not only the entire number of points, but also their 
situation in the space. The necessity of such an investigation arises in the stochastic 
foundation of cosmology (J. N eyman [2]), in the theory of epidemics, in biology 
(for example in the description of propagation of plants), in physics (in the description 
of a nuclear reaction), etc.

This paper is the starting step of the systematic description of the general 
branching process with continuous time-parameter. For the case, when the life
times are not random variables, but they have unit length, the process was studied 
by A. Prékopa ([3]), and some of our theorems generalizes his results. J. A. M oyal 
([4]) investigated the multiplicative population process, which corresponds to our 
homogeneous spreading process, but his approach and results differ from ours.

§ 1 contains the concept of random point distribution in an abstract space, 
some définitions, and a theorem of A. Prékopa, which will be used later. In § 2 
we study the single spreading, because the results obtained for it are very useful 
for the investigation of the spreading process. In § 3 we consider the spreading 
process and in § 4 we give the expectations of the random variables characterizing 
the spreading process. An interesting type of the spreading process is the homogeneous 
spreading process. This is considered in § 5. § 6 contains an interesting property 
of the single spreading and an application of this property for the spreading process.

Some of the results contained in this paper is the content of the thesis of the 
author ([5]).

At last I should like to express my sincere thanks to A. Prékopa and A. Rényi 
for their valuable remarks.
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§ 1. Random Point Distributions in Abstract Spaces

Let T be an abstract space, and <xx such a n-algebra of subsets of T, which 
contains the countable subsets of T.

Let Q contain the non-negative, integer-valued (allowing the value -f °o too) 
functions o j ( t  ) defined on T  and having values different from 0 only on a countable 
subset of T. In what follows Q will be called the sample space of a random point 
distribution. Every со will be called a realization of the random point distribution. 
If a > ( t ) ^ l ,  we say that t  is a point of the realization со (?£co), and if m (i)s2 , then 
t  is a multiple point of the realization со. The realization со is determined by the 
set of its points with their multiplicities.

In case of A £ a T we define the function £(co, A) = Ç(A) as follows

<Ü(cо, A) = 2  <o{t)
t C A

(the value of £(a>, A) may also be +°°).
We form a n-algebra containing subsets of Q so that it should contain the sets

(L 1) {cu: co£Q, (со, A l) = k l , ..., £(co, A„) = k„)

where A t , ..., A„ are sets from aT and k y, . . . ,k n are non-negative integers. Let 
a0 be the system of sets of type (1. 1), and an the smallest n-algebra containing a0. 
This definition guarantees that in case of any A 1,...,A„  (Л;£<тт, i =  l, ..., л) 
(Ç(At), ..., Ç(Anj) is a random vector variable. We suppose further that on <rn a 
probability measure P is defined (P(i2) = 1).

If Q, er q and P are given in this manner corresponding to the space T, we say 
that in T a random point distribution is given. In this paper, we suppose that for 
each t£ T

P («({'})<“ ) = !•

Obviously Mi1(A) is a measure on oT. We call Mc(A) the expectation measure of 
the random point distribution

The probabilities of the sets of er0 determine the probability distributions 
of the random vector variables (^(TJ, ..., Ç(An)) (А^стт), and these distributions 
determine the measure P on erfi; thus P is uniquely determined by its values taken 
on elements of cr0.

Tf the sets Ал , ..., An in (1. 1) are not disjoint, then one can find disjoint sets 
R. , ..., Br in oT such that for every Ak {k=  1, ..., r)

Лк = 2. Bk, •(= 1

If we suppose that random variables corresponding to disjoint sets are independent, 
then the measure P is uniquely determined by the distributions of the random 
variables Ç(A) (AÇoT), namely these distributions determine the probabilities 
of the sets (1. 1).
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D efinition  1 . 1 .  We say that a random point distribution is of Poisson type, 
if random variables corresponding to disjoint sets of oT are independent, and there 
is a ff-finite measure p on oT so that if A daT and p(A)< then

P(t(A) = k) = ! ^ j £ - e - M  (* =  0 ,1 ,...)

The measure p mentioned in the above definition will be called the parameter- 
measure of the Poisson random point distribution. If /i(7')<oo, then the random 
point distribution will be called finite Poisson type.

D efin itio n  1. 2. We say that the random point distribution £ is atomless, if 
for every t d T

P (Ш Ф = o )= i.
A Poisson random point distribution is clearly atomless if and only if for its 

parameter-measure /i({/}) = 0 (tdT).
In what follows we shall state the product space theorem proved by A. P réko pa  

([6]), which will be a useful tool in characterizing Poisson spreading processes. 
We suppose that in the space T a random point distribution is given. This point 
distribution will be called the underlying point distribution. Let us suppose that 
every point of the underlying point distribution is the starting point of a random 
happening taking place in the abstract space Y. These happenings are symbolized 
by elements of the space Y. If w = (tl , t2, ...) is a realization of the under
lying random point distribution, then the whole phenomenon is described by the 
set of pairs of points ((?!, (t2, y 2), ■■■), where ykd Y (k =  1, 2, ...). So the sample
space of the whole phenomenon consists of point distributions defined in the 
space Z = T X  Y. We suppose that a а-algebra <rY of subsets of Y  is given and denote 
by trz the <T-algebra crr Xo> defined in Z.

As we said, the sample space Qt of the whole phenomenon contains the point 
distributions ((tt , Ji), (t2, y2), ...) for which (/j, t2, ...)£ fi, and y t , y 2 --- are 
arbitrary elements of У. Naturally the elements of can be identified with non
negative, integer-valued functions co{(z) defined on Z and having values different 
from 0 only on a countable subset of Z. In case of Dderz we define the function 
//(«!, D) = rj(D) as follows

4(coi,D) = 2 M |(z ) .•-ÍD
trfl| will be the smallest tr-algebra for which the functions i/(eu,, D) are measur

able for every D doz. It will not lead to misunderstanding if we denote the probability 
measure defined on an, also by P (P (ß ,) =  l). We remark that the ff-algebra aSi is 
isomorphic to a system of subsets of <rßl so we need not separate the underlying 
point distribution from the whole phenomenon. Thus we can denote the isomorphic 
tr-algebra also by on, and we can keep the notations ш, Ç(A) too.

Provisionally we suppose that
Р(£(Г)<оо) =  1

i.e. the realizations of the underlying distribution contain finite number of points 
with probability 1.
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Let us consider the following conditional probabilities

= ц ф п)= к п\оп))

(Dt = A iXC i, А (€ат, Ci£oy, i=  1,
where k x, ... ,k n are non-negative integers. Because of the isomorphism the condi
tional probability can be written in the following form

P(n(Dl ) = k l , ..., t](D„) = kn\tl , ..., tr)
where co = (t1, tr) £fí.

We assume that the underlying points generate the secondary happenings 
independently of each other, and we formulate this assumption as follows

a) If D ^ A iX C i,  where Т;£сгт , C;£oy, and /;£/<; (/=  1, и), A iAk = 0
(if i X k), then

( 1 . 2 ) P(rl(D1) = l,...,ri(D n) = l\ t i , . . . , t n) = e(C1, t 1)...E(Cn, t n)
where for every fixed t e(C, t) is a probability measure on the cr-algebra ay.

This measure s(C, t) is the probability distribution of the secondary happening, 
if its starting point is t. But in case of a fixed C £oy e(C, t) is also a measurable 
function of the variable t with respect to the cr-algebra aT. To prove this let us 
consider the subset (2(1) of the sample space Q, the elements of which consist of a 
single point t£T. From (1.2)

P(r,(D) = l\t) = E(C ,t)
where D = TXC, C £oy, t£T . From the definition of conditional probability 
it follows that a set (co}= {(?)}czi2(1) is measurable with respect to an if and only 
if the set {t}cz T is measurable with respect to an , so

(со: cu£ Í2(1), a^(r](D) = \ \(a)^b}Ç_on
and thus

{t: t£T, aSe(C , t ) ^ b } i o T

what means the measurability of e(C, t) with respect to aT *
If for the underlying distribution Р(£(Г) <  °°) <  1, then with positive probability 

it happens that со has infinite number of points, so in (1. 2) we have an infinite 
product. To exclude this we say that the phenomenon satisfies the condition a), 
if for every B ^aT, for which P(^(5) < °°) — 1, the condition a) is satisfied for the 
set В instead of the set T.

Theorem 1. 1. I f  in T  an atomless Poisson random point distribution £ is given 
with parameter measure // and for the whole phenomenon in T X Y  the condition 
a) holds, then the random point distribution t] o f the whole phenomenon is also of 
atomless Poisson type and if  D = A X C  (A <тт , C f  aY), then

(1.3) M r,(D)= f E(C ,t)p(dt).

* T h e  p r o o f  a b o v e  is  ta k e n  o v er  fro m  [6].
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I f  D ' is an arbitrary element o f az , then

M n ( D ')  =  v * ( D ')

where v* is the extension to ay o f the measure \At](D) defined for the rectangular 
sets D — A x C  (AÇoT, C €aY).

The proof of the theorem can be found in [6].

2. § Single Spreading

We suppose that in Г a random point distribution £ is given. In case of the 
spreading process the secondary happenings are again point distributions, so the 
space Y  consists of the point distributions in T, that is it is identical with Q defined 
in § 1. Similarly the n-algebra aY is identical with an . In case of A£<rT, y d  Y  let 
Ij/(y, А) = ф(А) be defined by

Ф(у, A) =  2  У (0-
tea

If c o = ( t 1, t2, ...) is a realization of the underlying random point distribution, 
then to every tt € ы we choose a random element y, of Y, i. e. every I,- generates 
a random point distribution in T.

By the superposition of these point distributions we obtain a new point distribu
tion £ in T, that is

C(cu,, A) = 2  Ф(У1> Л)
/= 1

where w1 = ( ( t , , y j ,  (t2, y 2), ...). This phenomenon will be called single spreading. 
We remark that here we supposed that the underlying points die, but if they do not, 
they can be taken into account in the y’s, and so our model contains this case too.

D efinition 2. 1. We say that a single spreading is independent, if it satisfies 
Condition a) of § 1.

To determine the expectation of ((Л), we use the equality

MC(zi)=M[M(ç(/i)N

where М(£(/1)|т) — М(£(Л)|<тя). Supposing that с о  — ( t 1 ;  t 2 > • • • ) ]

M(C(4)|o>) -  M 2  Ф(уи ^)ki> t2,i=i
= 2  M(|p(y,, A)\ty, t2,...). 

1= 1

If the spreading is independent, then 

(2. 1) М 0Кл,Л )1*1,*а, ...) = M(A,t,)

where for fixed t£ T  M(A, t) is a measure on aT, and for fixed A ZoT, M(A, t ) is 
a measurable function of t with respect to aT. This latter statement follows from
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the measurability of s (C, t) for a fixed C. Using the concept and the properties 
of the random integral defined in [1] (III. 4 and III. 9. 1) we have

M (£ № )  = /  M(A, t)w(dt)
T

and thus

(2 . 2) М£(Л) =  M  j / M(A, t)w(dt)j =  f  M(A, t)p(dt)

where p is the expectation measure of the underlying distribution. Thus we have

T heorem 2. 1. I f  in case of an independent single spreading p is the expectation 
measure of the underlying distribution, M(A, t) is the expectation of the number of 
points spread by the underlying point t to the set A (the exact definition o f M(A, t) 
is (2. \)), then the expectation of ((A) can be expressed in the form (2. 2).

This theorem was known on more special conditions and is proved for example 
in [1].

D efinition 2. 1. We say that a probability distribution is of compound Poisson 
type, if its characteristic function is

exp ! j? ck(eiuk— 1)
U= 1

where the ck’s are non-negative real numbers, and ^  ck is convergent.
* = 1

It is clear that the distribution of the random variable ( is of compound Poisson 
type if £ is the sum of a series

I t  +2»h +  3г/з +  ■■•

where i/i , j/2,... are independent random variables having Poisson distributions 
and the series converges with probability 1.

Let us consider an independent single spreading where the underlying random 
point distribution is of atomless Poisson type with expectation measure p and 
suppose that for the set A P  (Ç(A) < °°) = 1. Let CAk be that subset of Y, for the 
points of which

Ф(У> A)=k (k = 0 ,1 ,2 ,.. .)
and introduce the notation

Da,к= DX CA k .
From the definition of it follows that CA k£ o Y, and so DA kÇ<rz =  атX aY. 
Obviously

Using our suppositions
C(A) = Z  1<П(Олл ).

к — 1

P (лСОгдН00) =  1 •

In case of iX j,D AiDAk = 0 ,  so in consequence of Theorem 1. 1 the random
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variables tl(DA l), r j ( D A 2 ) ,  ... are independent with Poisson distributions, and 
the expectation of t](DA k) is

=  J  s(CAfk, Op(dt).
T

Let us denote the random variable ip(y, A) by ф,(А), if у is selected from Y 
to the point t. In this case

*(CA,k, t )  = P(MA) = k)
and so

(2. 3) Mn(DAJ  = f  Р(ф,(А) =  k)p(dt)
T

But we supposed that Р(£(Л)<°°)=1 and this means that £(A) has a compound 
Poisson distribution with the characteristic function

/(и, A) = M(e'“ç</,)) =  exp | )  Р ( ф , ( А )  = к)ц(dt) (eiuk — 1)|

and the series

2  I  Р ( Ф , ( А )  =  k)p(dt)
k= 1 у

converges. Thus

2  I IP{ФЛА) = k)(eiuk-\) \p (d t)  S  2 2  I Р0МЛ) = k)p{dt)
k=l j  k= I f

so we can invert the order of summation and integration. Accordingly

f(u, A) =  exp j J  P(ij/,(A) = k)(eiuk-  l ) / r = 

= exp j J  2 o Р{ФЛЛ) = k)(eiuk — \)p(dt)

= exp j J  Д  P(il/,(A) =  k)eiuk -  11 p(dt)

Denoting the characteristic function of ф,(А) by g(u, A, t) we have
Theorem 2. 2. I f  a single spreading is independent, the underlying distribution 

is o f atomless Poisson type, and P(((A) < °°) = I, then the distribution o f ((A) is 
o f compound Poisson type with the characteristic function

J\u, A) =  exp J (g (u ,A ,t) - \)p (d t).
T

T h e o r e m  2. 3. I f  the conditions of the preceding theorem hold, then

Б Ч ( Л )  =  J Mil/?(A)p(dt)
T

provided the integral on the right hand side is finite.
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P roof. It is well-known that the variance of a random variable with compound 
Poisson distribution is

2  k2ck
k = 0

Using (2. 3)

D2 C ( d )  = 2  к2 [р(ф ,(А) = k)n(dt) = f  2  к 2 Р(ф,(А) = k)n(dt) =
f c = l  j  j  k = l

= J М ,̂2(Л)/Г(Л)
T

Q. e. d.

§ 3. The Spreading Process

We shall denote in what follows the underlying distribution by £ and MÇ(A) 
by n(A). In case of the single spreading each underlying point had the same life
time, and after this time the points died and generated new random point distributions 
independently of each other in the sense of Condition a), and the result of the spread
ing was the superposition of these point distributions.

In case of the spreading process the life-times are also random variables and 
the process contains not only one step, but the generated points also have random 
life-times and after it they generate random point distributions again, and so on. 
As the spreading process consists of single spreadings, we can use here the results 
obtained for the single spreading. We shall use the notations of the preceding section. 
(As we have said, in the case of the spreading process У(analogously y, <j y) is 
£2(resp. со, an). In the preceding section we used the notation Y  to make clear 
the difference between the underlying distribution and the generated distributions, 
but from now on we use only the notation £2.)

First we shall give the sample space of the spreading process. A realization 
9 of the spreading process is given by the history of the process. The history contains 
the underlying point distribution <o = (tl , t 2, ...), the life-times of its points: s1,s 2,... 
(sit is the life-time of the point th), the point distributions generated by the underly
ing points: col = (?n , tY2, ...), ®2= (?2 i> *2 2 » • ••)»■•• («,-, is generated by tit), the 
life-times of these points: r u , si2, ...; s2i, s22, ... ; ... , the point distributions 
generated after these life-times: coll = (íl ü , t ll2 , •■■), col2 = (tl2 l, t122, ...),... ;
<°21=(?211. *212> •••), “ 22 =(*221 > *222» and SO 0П‘ The P ° 'nt *i, ... i„
has a life-time stl in and thereafter it generates the point distribution in = 
=  (*ii...i„i> *i,...i„2 » • ■ So the points 9 of the sample space 0  of the spreading process 
have the form

9 = (со; s l , со j ; s2, co2 ; . . .s j j j ,  (Оц ; sl2, col2; ...)
where со; <olt co2, ... ; a>u , co12, ... ; ... are elements of £2, s1, s2, ... ; j 1x , sl2, ... ; ... 
are non-negative real numbers, tt , t2, ...; *X1, t12, ...; ... are elements of T. 
(We remark that if coit in has only finite number of points, for example hiu in, 
where
( 3 - ] ) K ...in  =  2ter
then points tÍY'"inj for which у > /1^ fn, do not exist in ^.)
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Naturally the 9’s, which differ only in the order of the / ’s in certain a>’s, are 
considered as identical.

The point ti i im  is an ancestor of the point if « Sm , and ..., im=j,„-
In this case tJi Jn is a descendant of m. We say that the point tli im belongs 
to the generation m. We remark that in Ö the t 's are determined by the co’s. We make 
the following suppositions and we shall use them without mentioning:

1° The s’s are independent of each other and of the cu’s, with a common 
distribution function U(s) ( С/( + 0) = 0),

2° The point tti im determines the probability distribution of mil -im in crn , 
that is if C€trfi then

P(cü(l...im€C) =  e(C, J
where for fixed t£T, e(C, t) is a probability measure on crn , and for fixed C£ern, 
e(C, t) is a measurable function of t with respect to the сг-algebra <xr (See 1. 2).

If the probability measure of the underlying distribution the distribution 
function U(s), and the measures e(C, t) are given, then the probability measure 
of the spreading process is defined.

The spreading process is a process of random point distributions depending 
on the time parameter s ( 0 S s < “>). The point distribution £s consists of points 
t it im occurring in the realization 9, for which
(3. 2) •*!, +Si,i2+ ••• + 5<,12. . *= 5 ^  •••
So we can define £s($, A) =ÇS(A) for A £oT as the number of those ti,..jm, which 
occur in 3, and for which (3. 2) and

are satisfied. In other words, (S(A) is the number of those points, which are living 
in the time s and fall to the set A.

We suppose that for the function M(A, t) defined for the single spreading in 
§ 2 ((2. 1))
(3.3) Л/(Г, t) = Q
independently of t (€T), that is the expected number of generated points has a 
finite upper bound not depending on the generating point. This supposition will be 
kept in the whole paper. We can define M(A, t) in another manner too:

M (A,t) = 2 Â :e(CA'k,t)
k  =  0

where
CA,k =  {co: œ£Q, £  w(t) = к} .ЧА

Let us denote by as the number of those points which were born before the 
time s, i. e. the number of those iil im for which
(3- 4) Si, +^1,12+

T heorem 3. 1. I f  ц ( Т ) < ° and (3.2) holds, then
Proof. For each «/-tuple of positive integers let be 1, if for

the index i\ ... im there is a til4 _,m in 5, or with other words if
h —h, /'2 — Ajj, ..., ;

Studla Scientiarum M athem aticarum  Hungarica 2 (1967)



2 3 6 D. SZÁSZ

otherwise we put <pit...im = 0 (about the definition of bh..im see (3. 1)). Let 
be 1, if (3. 4) is fulfilled, and 0 otherwise. Obviously

2 2 2m=l ii= 1 im = 1
and because of the independence of the (p's from the y's

Mas -  2  2 -  Ï H f e , . . . , )M
Ш = 1 il = 1 im — 1

But H(x, where C/(m) is the m-th convolution power of U, and

2 - 2  M(<p, = 2 - 2  р (/г =  L - Aj. = h, ...,A — *'m) =
í 1 = 1 il'm= 1 il = 1 im= 1

=  2 2 2  2  P(A s  /i.A,., S  i2, ...,Ait.•Am —2 — b" “ 1’ "‘1-. =•/)*1=1 irИ- 1 = 1 /,*» = 1 J = 'm

=  2  • *i=i ". 5im - 1 = 2b
yj 

s
p IIV IIV N» ,-a = lm-l,hi,..Am--, = 7 ) =

= i - 2  M(AlV..JmJA  a  A,-, S  i2, * • • > A; j. . ,im _ 2 = 1 m

■ P (h iu hit i2, . .. ,h il_ im_2 ?

The distribution of Afl im_I depends only on so in case of m g 2  we can
use (3. 3)

M(Ail...im_1|A s/1, A;, =  i2 , .... hii'"im_2 = im-î)  = Q
consequently

2  ... 2 ; =s e  2  ... 2  M f p , . , . ä  Qm~l n(T)
i 1=1 im = 1 11 = 1 t'm -1 = 1

therefore

(3. 5) M*s =S 2  U<m)(s)Qm~ lp(T).
m = 1

From the following lemma it follows that the sum on the right hand side is con
vergent. The theorem is proved.

L e m m a . I f f  , ..., ... are independent, identically distributed random variables
with distribution function U(s), and £/( + 0) =  0, then in case o f fixed s

lim {P (^+  ... + £ m <  5)}'/- = 0.
m~* со

P r o o f . It is obvious that if Я>0, then

P « i +  ••■+£■,< s )  =  P(e-««i + -+ W ^  e - * ° ) .
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If we introduce the function 17(A) by
<7 (A) =  H ie-'1«'-)

then 0 <  17(A) <1, and by the Markov inequality
р ( е - л « ,  + . . .+ { „ )  >  <  e^[q(X)]m

so
lim P (^  + ... +Çm <  s)'l« =2 17(A).m~* °o

But

17(A) = J  e~XsdU(s) < U +e~Vk 

thus because of t/( + 0 ) = 0
lim 17 (A) = 0

A - » o o

and this proves the lemma.*
If we denote by the process of random point distributions consisting only 

of the descendants of the underlying point th then
(3.6) Ш )  =  2  Й"](Л)-

ti в (О

From the Theorem 3. 1 it follows that (}fi\A) exists, and this implies the existence 
of CS(A).

If the underlying random point distribution is of atomless Poisson type we 
have the following

Theorem 3. 2 Suppose that for an independent spreading process the underlying 
random point distribution is o f atomless Poisson type, and that for some A and s

Р ( £ 5( Л ) < о о ) = 1 .

Then the distribution of (s (A ) is o f compound Poisson type.
Proof. The random point distribution if*] depends only on the point th 

so the spreading process can be interpreted as an independent single spreading, 
therefore Theorem 2. 2 is applicable. Hence the theorem.

§ 4. Expectations

We shall keep the notations and suppositions 1°, 2° and (3. 3) of § 3.
Theorem 4. 1. I f  p(T )< °°, then М£5(Л) exists. Let the functions M s n(A, fi) 

be defined by the following recursion
, л MsA(A,p) = p(A)
(4. I)

s

Ms>n+1(A,p) = J  f  Ms_r_n(A,M,)dU(r)p(dt) + (l-U (s))p (A )
T 0

* This proof, which gives more than my original one, originates from A .  R ényi.
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where for each t € T M, is the measure defined by M,(A) = M(A, t) (A £ oT). Then 
the sequence Ms „(A, fi) tends to М£л(Л) for n —► C O .

P roof. We modify the spreading process supposing that the points of generation 
1, 2, — 1 spread in the manner described above, but the points of generation
n do not spread, i. e. they have an infinite life-time. So for any positive integer 
we get the modified process Çs n (0S i< » ) ,  where obviously £5„(3) consists of those 
til... 9 f°r which m<n, and (3. 2) is fulfilled, or for which m — n and

sh + sh h + - + shh...im- ^ s
holds.

We assert that Msn(A, fi) is the expectation of ÇS„(A). For « = 1 the assertion 
is obvious. Let us suppose that it is valid for some n. We apply the Theorem 2. 1 
for M£s>„+ i(d) therefore we need the expected number of points spread by an 
underlying point t to the set A, supposing that the (и + l) — st generation does not 
spread already. The point t has a life-time r. If 0 S  r <  s, then in the time r the point 
t generates a random point distribution in T  with the finite expectation measure M,. 
Then we have a modified spreading process starting at time r, the expectations 
of which are known from the inductive assumption. If r ^ s ,  then we have 1 or 0 
point in the set A according to t£A  resp. t$A . So

M,s,n+ l(A, l i )  = J \ f M s^ n(A,Ml)dU(r) + { l -U (s ) ) \n (d t )  +
A  X o

+

But

f  f  Ms- rn(A, M,)dU(r)n(dt) = J  J  Ms- rn(A, M,)dU(r) + ( 1 -  U(s))q(A)
T  о

Р(С,„(Л)-«Л)) =  1
because from Theorem 3. 1 it follows that with probability one there exists an 
index N, such that

С , . ,  ( А ) = Ш )
if n ^ N .  According to the definition of as

is,„00 = as

for each /iS l and AÇ_aT, but we know that Mas<  °°, so
МС5,„(Л)-МС5(Л)

Q. e. d.
If g(T) = °°, then we can determine M£((:|04) (about £('](T) see (3. 6)) by the 

help of the preceeding theorem replacing in it g by g(, where

so applying Theorem 2. 1

hc,m ) = JmKAMdt)
T

thus we have the

n M )  =
if
if

t ̂  A 
t$ A

s
J  lim / м . - ГшП(А, M,)dU(r)n(dt) + (l -  U(s))q(A)

T
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T heorem  4. 2
S

W ,(A ) = /  lim f  M,)dU(r)n(clt) + (1 -  U(s))n(A).
г n”*“ o

The next theorem asserts that under certain conditions the order of integration 
(with respect to t) and the limit can be inverted, although the finiteness of ц(Т) 
is not supposed.

T heorem  4. 3. If t/(s )< l, and MÇ/Л ) exists, then
S

(4.2) МСДЛ) =  lim f  J  Mâ „(,A,M ,)dU (r)^dt) + (l-U (s))ß (A ).
T  0

P ro o f . Let ocs(A) be defined as the number of those points which are elements 
of the set A and were born before the time s, i. e. the number of those for
which t,, : and

We assert that Mav(/f) < O O ,  Clearly

* Ш )  =  2  M(C.(^)k(i4) -  Ar)P(a,(^) = k) .
k = 0

The condition us{A) = k means that к points were born in A before the time 5. For 
each of them the probability to be alive in the time s is at least 1 — U(s), so

М ( 0 4 ) к ( Л ) = * ) ^ ( 1 - £ / ( 5))
therefore

М?,(Л) s j ( l - U(s))kP(ocs(A) = k) = (1 -  C/(i))Ha.s.(^)
k = 0

what means that Mocs(A)<°°, because t / ( i)< l .  The finiteness of Ма5(Л) makes 
possible to repeat the proof of Theorem 4. 1 for this case too.

C o ro llary . We have seen that to get the assertion of the Theorem 4. 3 we 
need only to prove the finiteness of Ma/,4). What is more, if we suppose that 
P Ы А )  <  oo)= 1, then obviously we have (4. 2). It is also obvious that if we suppose 
that there exists a positive s* such that U(s*) = 0, then (4. 2) will be also valid.

§ 5. The Homogeneous Spreading Process

In many practical cases the space Tis a euclidian space; in this case the spreading 
has special properties. The most interesting property is the homogeneity. We considei 
this problem on topological groups. Let T+ be a locally compact topological group 
(the index + marks that we assumed the group property; the other notations remain 
unchanged), and crr+ the a-algebra of its Borel sets.

D efinition  5. 1. We say that a single spreading is homogeneous, if for the set 
СЛ к and measure e(C, t) defined in § 2 we have

Е(Сл,к> 0  ~ Е( С л - , , к ’ 0)
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where AÇ(тт+, к = 0, 1, 2, ... , t£ T + and 0 is the unity of T+ (A — t = {t: т €T+, 
T +  t£A}). The spreading process is homogeneous, if the single spreadings occurring 
in it are homogeneous.

The homogeneity of spreading means that the distribution of number of points 
spread by the point t to the set A is identical with the distribution of number of 
points spread by the origin to the set (A — t).

D efinition 5. 2. We say that a single spreading is homogeneous in wide sense, 
if for the expectation M{A, t) defined in §2 we have

M(A, t) = M(A — t, 0)

where A£aT+, t£ T +. The spreading process is homogeneous in the wide sense, 
if the single spreadings occurring in the process are homogeneous in the wide sense.

If the process is homogeneous in the wide sense, then the supposition (3. 3) 
means that

M{T+, 0)<°°.

We shall denote the measure M{A, 0) by ß(A) (A £or+) and generally convolution 
of distribution functions by ^ , and convolution of measures on T+ by ★ . For 
both types of convolution the я-th power of convolution will be denoted by upper 
index in brackets. We remark that

U(0\s )  =
s S  0
j  >  0

ß(0\A )
fl 0 ÇA
|о 0 $Л

and by convention £/(-1)(ä) =  0.

Theorem 5. 1. Ifin  T + a spreading process is homogeneous in the wide sense, then

МС5(Л) 7  [ ( i - [ / ) * t / <n)]C?)/?(n>
.n=0 J (A).

Proof. Let us denote M s n(A, ß) by mn(A, s). We shall prove by induction that

(5. 1) mn(A, s) =  {[1 -  U](s)ß(A) + [( 1 -  Í /)*  U](s)ß^(A) + ...

... + [(1 -  U )*  U ^-2̂ ]{s)ß^-l\A )}+  Uto-i\s)ßf*\A).
For n =  1

m fA , s) = ß(A)
and using (4. 1)

s

mn+1(A ,s)=  J  f  m „(A -t,s-r)dU (r)ß(d t) + (l-U (s))ß (A ) =
T  + 0

=  [(mnU * U )  + ß-](A,s) + (l-U (s))ß (A ) =  t ( l -U )*U ](s)ßbK A) +  

+ [(1 - U ) *  Um ](s)ß(2>(A) + ... +  [(1 -  V ) *  t/(" - "](s)ßM(A) +

+  C/w(5)iS("+I)(^) + [l -  U](s)ß(A)
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and this proves 5. 1. So for fixed A and s

lim mn(A,s) = 2 ’ [ ( l - l / ) * ^ (',_1,] 0  )ß (n)(A)
и=l

because ß(n)(A)^ß"(T+), and again by the convergence of the right hand side 
of (3. 5)

(s)ß(n>(A)-+0.

Using the Theorem 4. 2 we get the assertion of the theorem.
Theorem 5. 2. I f  the spreading process is homogeneous in the wide sense, and 

for В£от
p{B)^K l{B)

where 2 is the Haar measure, and К is a finite positive constant, then for Â(A) <  a 
м и л )  is finite and

(5 .2) м а л )  =  2  [(1 -U )*U M ](s)[ß in)*B](A).
п =  О

Proof. If the underlying realization is co — (tl , t 2, ■■■), then let us denote by 
а£"](Л) the number o f those th...im's, for which it =i, th _ im^A, and

S i, + S i , i 2 +  ---  + J i . i2 . . . im -1  < 5 -
Obviously

а,(Л) =  2  а?''(Л).ti£(o
From Theorem 3. 1 it follows that M<x|,](7 \)<°o. On the basis of homogeneity

М «аЛ) -  Ма™(Л-/).
Using the Theorem 2. 1

Mcc,(A)= f  M<x[s01(A — t)/i(dt) Si

=§ К / М 4 0](Л-/)А (Л ) = ^2(Л)М ^0](7’+) <<*> 
т+

thus by the Corollary of Theorem 4. 3 МС5 „(Л)-►М(,(Л). The theorem is proved. 

Corollary. If the life-times have exponential distribution, that is

then

so

U'(s)
1 0  J S O  
(те-15 s >  0

0
[(1 - г / ) * С /(п)](5) = ( p s fe_

n\

s ^  0 

s > 0

м а л )  =  2
/1 =  0

(-[s)n
n\ e TS[ß(n) ■* fi\(A).

16 Studia Scientiarum M athem aticarum  Hungarica 2 (1967)



2 4 2 D. SZÁSZ

In what follows, we prove theorems concerning the characteristic functions 
of the random variables Çs(/1).

Theorem 5. 3. I f  for the homogeneous spreading process the underlying random 
point distribution is o f atomless finite Poisson type with parameter measure p, and 
the random point distribution generated by the origin is o f atomless finite Poisson 
type with parameter measure ß, then the characteristic function f(u, A, s) o f (/A )  
can be obtained in the following manner: let us introduce the notations

f Stl(u,A,fi) =
s

fs,n+i(u,A,p) =  e**M)(i-«/(*))<e'“-i)exp j  J  (fs_rn(u,A ,ß,)-l)dU (r)p(dt)
T + 0

where ß, is the measure for which ß,(A)= ß(A — t). In case o f л ->-00 the sequence 
f  „ (u, A, p) tends to f{u, A, s) and the convergence is uniform in every finite u-interval.

Proof. We prove by induction that f s „ (и, A, p) is the characteristic function 
of £S_„(T). For и =  1 this assertion is trivial. Supposing that the assertion is valid 
for some n let us determine the characteristic function of £s_„ + 1(A). We should 
like to apply Theorem 2. 2, so we must determine the function g(u, A, t) involved 
in it. Because of the homogeneity the knowledge of g(u, A, 0) is sufficient. The 
point 0 has a life time r. If r<s, then the origin generates a Poisson random point 
distribution with parameter measure ß. For the spreading process starting at time 
r we can apply our inductive assumption. If r S j ,  then the characteristic function 
of the number of points spread by the origin to the set A is

\eiu OeA
Л("" '0  =  Ь  о м

So
s

g lu, A, 0) =  f  f s- rJu , A, ß)dUlr) + (l — U (sj)h(u, A)
0

and in consequence of Theorem 2.2 the characteristic function of £s n+1(/i) is

exp ! /  f l f ^ r j u ,  A - 1, ß)dU0) + (I — U(s))h(u, A - t ) ) - l  p (dA  .
VT+ LO J J

But if tÇ_A 

while if t$A
( 1 -  U(s)) hlu, A - t ) -  1 = ( 1 -  U(s)) leiu -  1 ) -  U(s) 

(1 -  Uls)) hlu, A - t ) -  1 =  -  Uls)

so the characteristic function of n + 1 (A ) is
s

en - U ( s ) X e ‘u -  l ) / , (A)  e x p  J  f ( f s_rn(u, A - t , ß ) - l ) d U l r ) p l d t )  
T +  0

which equals to f Si„+i(ii, А, ц), and the assertion is proved.

Studia  Scientiarum M athem aticarum  Hungarica 2 (1967)



GENERAL BRANCHING PROCESS 2 4 3

In Theorem 4. 1 we proved that

Р(С5,П(Л ЬС 5(Л)) =  1.

This implies the convergence of the characteristic function f sn (u, A, /<) to the 
characteristic function of Ç/A) for n <».

The following theorem gives a sufficient condition for the convergence of 
f Sill(u ,A ,n ) to f(u ,A ,s), if p(T+) = <*>.

Theorem 5. 4. Let us make the same assumptions as in Theorem 5. 3 except 
that instead o f the finiteness o f p we suppose only that for В C oT

р( В) ^ КЦВ)

where К is a positive constant. Then the characteristic function f(u ,A ,s) o f ÇJA) 
has the form

S

f(u, A, s) = lim e ^ K i-^ X ^ -D ex p  f  J \ f s _ r n(u, A, ß ) - l)dU(r)p(dt).
r+ о

Proof. In the preceding theorem we proved that 

/ s,„(w, A, fi) = M(eiu 

From the proof of Theorem 5. 2 it follows that

P(limÇs>„(T) =  СДЛ)) -  1 
so

lim f  (и, A, fi) = f(u, A, s)
П - * о о

and the convergence is uniform in every finite м-interval. Q. e. d.

§ 6. The Converse of the Theorems of Doob and Rényi

A. R ényi resp. J. L. D oob proved the following assertions:
Let us consider on the real line a Poisson random point distribution which 

is stationary, that is its parameter measure has the form p(A) = CÀ(A), where 
A is the Lebesgue-measure. The positive number C is called the density of the random 
point distribution.

A realization of the given random point distribution is œ = (tl , t 2, ■■■)■ Each 
/„ (€<m) is kept with probability p and is cancelled with probability (1 — p). The 
cancelling of points is independent of w and of cancelling of other points of со. 
So we have a new random point distribution about which one can easily prove 
that it is also a stationary Poisson type with density pC. (Interesting theorems about 
this type of transformation of random point distributions are contained in [8] 
and [9].)

Let us consider again the realization со. Each point of со will be transformed 
at random to another point of the real line independently of w and of the trans
forming of other points of со. The probability that the image of the point t belongs
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to the Boréi set A is Q (A —t), where Q is an arbitrary probability measure on the 
Borel sets. J. L. D oob has proved that the random point distribution consisting 
of the images is also a stationary Poisson random point distribution with unchanged 
density C ([11]).

In both cases an independent homogeneous single spreading happens and the 
new random point distribution £ is again of Poisson type. A. R ényi has asked 
whether there are other types of single spreading in which the point distribution 
also remains of the Poisson type. The answer is: this can happen only in these 
two cases and in their combination, i. e. if the underlying points spread no more 
that one point. We shall treat this problem under more general conditions. We assume 
that the space T+ is a locally-compact, er-compact topological group, so the Haar- 
measure on T+ is cr-finite ([10]).

T heorem 6. 1. In case o f an independent homogeneous single spreading, the 
underlying distribution o f which is of atomless Poisson type, the random point distri
bution £ is of Poisson type i f  and only if with probability 1 the number o f points spread 
by an underlying point is less than 2, that is

P(M7V)<2) = 1.

Proof. Let us suppose that the random point distribution £ is of Poisson 
type. So if A(A) <  then there exists a constant c such that the characteristic func
tion of £(T) is

/(и, A ) = ec(e'u ~!) .
But using the Theorem 2. 2

f(u , A) = exp f  (g(u, A - t ) -  1 )p(dt)
74

therefore

(6. 1) log flu , A) =  2  (eiu,- l ) J P(<Ao04-0 =  l)n(dt) = c(eiu-  1).
(  =  i  T +

By the uniqueness of Fourier expansion

J Р(фо( Л - 0  = l)p(dt) =  0
T +

if A d(jT, Л(Л)< °o and / =  2, 3, ..., that is

(6.2) /р (ф о( А - 0  S  2)fi(dt) =  0
r+

if A(A)<°°.
We assert that if X(A)-<°°, then

(6.3) Р(ф0(А )ё2 ) = 0.

If on the contrary there were a set Â, such that À(Â) and

P0Ao(i)i-2) = «5>O
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then we should choose such neighbourhood V of the origin, for which 
/f(F)>0. For the set

Â + V  = {t + r : t Z Á , i € V }
we have

f p ÿ 0{ ( Â + V ) - t )  s  2: ) / i ( A )  s  / P ( ^ 0( U +  V) — t) S  2 )p(dt).
T  + V

If t€V , then (Â+ V) — tZDÂ, so

/  P ( M U +  y ) - l )  S  2)p(A) ё  J p ( M J )  ^  2)fi(dt) S  ty (F )  >  0
V V

and this contradicts (6. 2), so (6. 3) is valid.
Finally we prove that

(6.4) P (M 7V )^2) = 0.

Because of the c-finiteness of 2 there exists a sequence of sets A ,, ..., A ,, ... 
(Л ,сЛ /+1), such that Д(Л,)<°°, and ^  At = T+. Then

(=i

{'l'o(.T+) 5  2) =  2  {Фо(.^д — 2}/ = I
and so

Р0М Г+) S  2) ^  i  P ( M ^ )  s 2 )  =  0
/= 1

Thus (6. 4) is valid, and we proved the necessity of the condition.
To prove the sufficiency we remark that from (6. 4) it follows that

(6.5) Р(ф0 (А)=1) = Иф0(А).

Let A i, ..., An be disjoint sets from aT, and let us denote by g(ut , .... un; A x, ..., A„) 
the joint characteristic function of the random variables ij/^Ai), ..., \j/0(A„). From 
(6. 5) it follows that

g ( u u  ...,un;A u  ...,A „) = \ + 2
i = i

On the basis of facts used in the proof of necessity, the joint characteristic function 
of random variables Ç(Aj), ...,Ç(An) is

/  Í M « - ( - í ) ( í “ l -  1 £(e‘"i-l) f  MMAi-OM*)
/ ( « 1 , ■■■,u„;AJ, ...,A„) =  e*+,ml e,= 1 *+

that is the random point distribution £ is of Poisson type. Q. e. d.
Connecting with this result we can easily prove the following theorem.
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T heorem 6. 2. I f  for a homogeneous spreading process the underlying distri
bution is of atomless Poisson type, then from

(6-6) P (W r+) s i ) = i

it follows that С., is a Poisson random point distribution for every s.
P roof. The condition (6. 6) implies that every underlying point may have 

only 0 or 1 descendant in time s, that is

P(ÇM(7V)==1)=1

where was defined in (3. 6). Taking the whole process between the times 0 and 
i  as a single spreading, we can apply Theorem 6. 1, and the theorem is proved.

The parameter measure of f  can be got from Theorem 5. 2.

D efinition 6. 1. We say that the random variable of compound Poisson type 
with characteristic function

exp] 2  ck(eiuk— 1)
1л — i

is of order n, if ck = 0 for fcSn + l.
T heorem 6. 3. Under the conditions of Theorem 6. 1 the following two prop

erties are equivalent:
(i) If /.(A) < » , then the distribution of f  A) is of compound Poisson type 

of order n
(ii) P(iA0(T+) S n ) = l .

P roof. On the basis of (6. 1) the logarithm of the characteristic function of 
C(A) is

log f(u ,A ) = 2  1) J P(<Ao( A - t )  = l)p(dt)I — 1 j
and using (i)

log f(u, A) = 2  O(eiul -  1).
1 = 1

Hence for l^ n  +  1

J  P ( M A ~ t )  =  l ) p ( d t )  =  0
T +

and with the order of ideas followed in the proof of Theorem 6. 1

P('/'o(7’+) = « +  1)= 1-

If (ii) is valid, then (i) is also valid, because in case of /ё н  + 1
*

J  P(iAo( A - t )  = l)n(dt) ^  J  P(il/0(T+) = l)p(dt) = 0 .
T+ T +

Q. e. d.
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STATISTICS AND INFORMATION THEORY1

by
A. RÉNYI

§ 0. Introduction

In the present paper we deal with certain basic questions connected with the 
information-theoretic point of view on statistics. This paper is a continuation of 
the papers [1], [2], [3], [4], [5] of the author; most of the results of these previous 
papers are presented here in an improved (sharper or more general) form.

§ 1. On the Amount of Information in a Random Variable 
Concerning Another

In this section we collect the basic definitions and well known results needed 
in what follows.

Let S — (i2, j/ ,  P) be a probability space, i. e. Q an arbitrary nonempty set, 
.я/ a (т-algebra of subsets of Ù and P a probability measure on sd. In what follows 
0 will always denote a discrete valued random variable in S, i. e., a function 9 = ()(<o) 
defined for a>£Q, taking on only a finite number of different values 0l5 02, ..., 0r 
( r ^ 2) for which the set (event) Hk={a>: 0(œ) = 9k) belongs to л/ for k=  1, 2, ..., r. 
Here 0,, 92, ..., 0r may be numbers, or any distinguishable symbols: their values 
will be in what follows irrelevant. We shall usually interpret 0 as the parameter 
of a probability distribution and the event Hk as the hypothesis that the true value 
of the parameter 0 is equal to 9k ; we shall use the notation

( 1 . 1 )  pk =  P(#*) =  P(0 =  0*) (k  =  1, 2 ,  ..., r )

and call the distribution (pk,p 2, • p,) of 0 (contrasting it with the conditional 
(or posterior) distribution of 0 given certain observations, to be introduced later) 
the prior distribution of 0. The (unconditional) entropy of 0 is defined by Shannon’s 
formula 2

(1.2) H(0) =  2 i P k\og2 ~
k  = 1 Pk

where the numbers pk (k=  1, 2, ..., r) are those defined by (1. 1) H(0) will be inter
preted as the amount o f missing information on 9 when nothing else is known about 
0 except that its prior distribution is given.

1 This paper has been presented to the 1st European Meeting of Statisticians held in 
London, 5— 10 September 1966.

2 logj.v denotes the logarithm with base 2 of the positive number x; 0 log2
1
0 always means 0.
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Let now Ç = Ç{(o) = (l;1( m } , £„(ю)) be an «-dimensional vector valued 
random variable, i. e., an ^/-measurable function defined on Q and with values 
in the Euclidean space E„ of dimension n. We shall interpret t, as an observed sample. 
As £ and в are random variables on the same probability space, by observing £ 
we usually get some information on в (except when в and £ are independent). After 
having observed £ we may consider the conditional (or posterior) distribution

(1 .3 )  л ю  =  Р (я*Ю

of Hk given the value of Ç. The conditional probability of an event A d s /  given 
the observed value of £ is as usual defined as follows: Let s/ç denote the least 
cr-algebra of subsets of Q on which £ is measurable (i. e., the tr-algebra generated 
by £). By supposition s i  % is a subalgebra of s i . The conditional probability P(T|£) 
of an event A, given the value of £, is defined as an j/^-measurable function (random 
variable) such that for every B d s /t, one has

(1.4) J'P(A\Ç)dP=P(AB).
в

As well known, P(A [£) is by (1. 4) uniquely defined up to a set of measure 0 and 
{P(//j |£), ..., P(Hr\Ç)} is with probability one a probability distribution, i. e.,

P I 2  P{Hk\0 — lj  =  L Let us consider now the entropy of the conditional (a pos
teriori) distribution of 0 given f  i. e., the quantity

(1.5) H(0|O = 2 W O lo g 2- 4 w -k= 1 Pk\Ç)
We interpret H(0|£) as the amount o f information concerning в still missing 

after having observed the sample Clearly H (O f  ) itself is a random variable (which 
is not only ^/-measurable but also л/^-measurable) ; its expectation E(H(0|£)) is 
interpreted as the average amount of information still missing about 0 after having 
observed f  We shall call this quantity for the sake of brevity when there is no danger 
of misunderstanding simply „the amount of missing information” , and denote 
it by R ( f  0); i. e., we put3
( 1 . 6 )  R(0 , t )  =  E ( H ( 0 | O ) .

The amount o f information 1(0, £) in the observed sample £ with respect to 
the (unknown) parameter в is defined as the average decrease of the entropy of 
0 by observing £; that is, we put

(1.7) /(0,O  = H (6 ) - ä (0 ,ö .

Evidently the conditional (posterior) distribution {рк(£,), ...,pr(f)} of 0 is identical 
with its prior distribution {pt , ...,pr} if and only if £ and 9 are independent. In 
this case R(0, £) =  H(0), i. e., 7(0, £) = 0, that is the observation of the sample^ 
does not give us any information on 0. In every other case one has R(0, £)<H(0)

3 Here and in what follows E (t/) denotes the expectation of the random variable >/.
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and thus 1(0, £)>0. This can be shown by Jensen’s inequality as follows. As the 

function .X log, — is concave in (0, 1) and by Jensen’s inequality for any concave
X

function f(x )  and any random variable t] the values of which are lying in the domain 
of definition of f(x) one has
(1.8) E(/07))s /(E(»,))
it follows

(1.9) R(0,Ç) = 2  /л (£ )1 ° 8 2 Т Г 7 г Т ^ -
k = 1 11 Pk\S>)

because by (1. 4) 

( 1- 10)

-  é  ( f p k ( o dp)
1

( /
= H(0)

/  pk(i)dP = P  (Hk) = pk.
Í2

Evidently there is equality in (1. 9) if and only if the distribution {pfb,), . .. ,p r(f)} 
is (with probability 1) identical to the distribution { pk, ..., p r}, i. e., if £ and 0 are 
independent.

Let g(x) (x£En) be any /г-dimensional vector valued Borel measurable function 
defined on the и-dimensional space £„. We shall call the random variable g(f) 
a statistic. If after observing £ we consider the value of the statistic g(if) only, and 
disregard every information (on 0) contained in the observation of £ and not contained 
in g(Ç), we usually loose some amount of information, i. e.,

(1. И) l(g(0 , 0 )3 -/« , 0).
The inequality (1. 11) is clearly equivalent to

(1.12) R(Ç,0)sR(g(O,0).

To prove (1. 12) we need the following Lemma 1 which is an immediate consequence 
of the definition of conditional probability.

Lemma 1. Iff(x )  is any Borel measurable function and any event, we have

(1.13) Е (/(£ (0 )Р С % (Ш = Е (/(£ (0 )Р (Л Ю ).
Using Lemma 1, we obtain

(1.14) R(0,g(O )-R(0, О = E ( Д  P (Hk\0  log2 p g | ) .

Now we need the following simple

Lemma 2. I f  {qk, q2, ■■■, qr) and { Q i ,  Q 2, ■■■, Q r} are arbitrary probability 
distributions consisting of the same number r o f terms, we have

r

( 1 -  1 5 )  2 dkl°S2 — 0*=1 fdk
with equality standing in (1. 15) i f  and only i f  qk — Qk f or k  = \,2 , ..., r.
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Applying Lemma 2, we obtain from (1. 14) that (1. 12) holds and there is 
equality in (1. 12) if and only if with probability 1, one has
(1.16) Р(Я*Ю = Р ( /Ш О )  (* =  l,2 ,... ,r ) .
If (1. 16) holds (with probability 1) we call g(f)  a sufficient function o f £, for 0 (or a 
sufficient statistic). Thus a function of the observations is called sufficient for a 
parameter if and only if it contains all information in the observation which is 
relevant to the parameter, in the sense that there is equality in (1. 11).

Note that if (1. 16) holds and the random vector £ has the conditional density 
<pk(x) under condition Hk, and g Up) has the density Uk(g(xj), then

<Pk(x) = 'l'k(g(x))x(x)
where the function %{x) does not depend on /с; as clearly <pk(x), Uk(g(x)) and y(x) 
are all independent from the prior distribution {/;,, . . pr) of 0, it follows that our 
definition of sufficiency is equivalent with the usual definition of a sufficient statistic 
in case both definitions are applicable. An advantage of our definition is that it 
does not depend on the existence of densities; besides it has a clear information- 
theoretical meaning.

Before proceeding further we prove the following

Theorem 1. The conditional distribution /7 (£) = (/?, (ç), .... pfc)) o f в given £, 
considered as a statistic, is sufficient with respect to 0.

To prove our theorem it is clearly enough to show that
(1.17) p(H k\Ilf))= p kf )  (* = 1 ,2 ,..., л).

But (1. 17) is evidently true as pk(£) is j / n(i)-measurable (pk(ç) being the k -th 
component of the vector I l f ) ,  we get pkf )  by projecting the vector 11(f) to the
.Yfc-axis.)

The statement of Theorem 1 can be expressed by saying that the conditional 
distribution of 0 given c contains all information relevant on 0 which is present in the 
sample £.

§ 2. A Bayesian Version of the Fundamental Lemma of Neyman and Pearson

If we have to make a decision concerning the parameter 0, on the basis of the 
observed value of the sample £, i. e., after observing £ we have to select one of the 
possible values of 0, this decision can be described by a Borel measurable function 
D(£) of £, the set of values of which is the set (0t , 02, ..., 0,.} of possible values 
of 0. The error e of such a decision is simply the probability of the decision being 
false, that is
(2.1) e = P
We define the standard decision A(f) as follows : we decide always in favor of that hypo
thesis Hk (that value 0k of 0) which has the largest conditional probability given 
the value of £,; in case there is more than one value к such that pk(£) = max p . f ) ,1-^j^r J
we select in some way one among those values—say the least such value of k. If another 
rule is applied we call the corresponding decision a variant o f the standard decision.
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It is easy to see that it does not matter much which one of these values of к we 
choose (i. e., whether we use the standard decision or one of its variants) as the 
error of the decision is independent from this selection. As a matter of fact if e 
denotes the error of the standard decision, we obtain by the definition (1.4) of con
ditional probabilities
( 2 .  2 )  e  = P ( J « ) * 0 )  =  1 - P ( 4 ( ©  =  Ö ) = 1 -E(P(0 =  4 « ) | 0 ) .
Clearly if we change the definition of the standard decision for some value of £ 
from 4 ( 0  =  0», to 4 (0  = 0», where р»1(0= Л ,(0>  then e remains unchanged, 
because P(0 =  4(O |£)= /,4({)(O is by definition not affected by such a change.

Now let 0 ( 0  be any other decision, and e its error. Then we get, similarly 
to (2. 2)
(2.3) e = 1 — E (P (0 =  0(010)-
Thus we have
(2. 4) e - e  = E(P(0 =  4 « ) | i ) - P ( 0  =  ^(010)-
The random variable, the expectation of which gives the difference e — e, is clearly 
always non-negative, because for each value of £ we have for some value of к 
(namely к = 0 (0 )
(2. 5) P(0 -  4 ( O I O - P ( 0  = О Ш )  =  m a x ^ ( 0 - A ( 0  S  0.
Thus we have proved the following

Theorem 2. No decision can have a smaller error than the standard decision.

Clearly if the decision 0 (£) is such that P(0 =  O(O|‘ü)?£P(0 = 4(OI£) with 
positive probability, then e>e. However, if P(Q = D(f)\^) = \>(0 = with
probability 1, this means that the decision 0 ( 0  differs from the decision 4 ( 0  only 
in that in case a tie presents itself, i. e., if the value of к for which pk(0  is maximal 
is not unique, the decision 0 ( 0  prescribes another choice among those values 
к for which pk{0  is maximal as 4 (0 ; thus except for variants of the standard decision 
every other decision has a definitely larger error than the standard decision (or any 
of its variants).

Note that the difference between Theorem 2 and the usual form of the Neyman—- 
Pearson lemma consists in that we have supposed that the parameter 0 is a random 
variable, i. e. we have taken the Bayesian point of view. Thus we do not distinguish 
between errors of the first and second kind: only one sort of error is possible. A de
cision is namely either correct, or wrong, and the error of a decision is the probability 
of it being wrong. A formal difference of minor importance is that by using the 
general notion of a conditional probability we did not need any supposition concern
ing the existence of densities.

Note that it follows from Theorem 2 that the error of the standard decision 
is S  1/2 in the case r = 2, because if 4 means the decision which is the opposite 
of 4, 4 has the error 1 — e and thus by Theorem 2, еШ 1 — £.

As regards the standard decision 4 (£), we may compute the amount of infor
mation contained in the value of 4(£) with respect to 0, i. e., the quantity /(4(^), 0). 
Clearly one has /(4(£), 0)ё/(£ , 0) with strict inequality except when 4 (Ç) is a 
sufficient function of \  concerning 0; thus even when the best possible decision is 
adopted some information is lost. The explanation of this somewhat paradoxically
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sounding statement is that usually the information on 0 contained in the observed 
value of 1 is not enough to decide with certainty which is the value of the parameter, 
it only gives us a (conditional) probability distribution on the possible values. If, 
nevertheless, we insist on choosing one of the possible values and rejecting all the 
others, we naturally lose by this a certain amount of information.

§ 3. Estimating the Error of the Standard Decision 
by the Amount of Missing Information

We prove in this section the following 4

Theorem 3. Let г denote the error o f the standard decision and R = R(0, f) the 
amount of missing information, then the following inequality holds

(3.1) log2 S  R,
or expressed otherwise

(3.2) e ^ l - ^ .

Proof of Theorem 3. Let us denote for the sake of brevity the event A(Ç) =  0j 
by Aj (j = 1,2 , ...). Then we have clearly

(3. 3) R = E(H(0|O) -  Z  Р(Л,.)Е(Н(0|£)|Л;)-
j=i

(Here and in what follows E(//|B) denotes the conditional expectation of the random 
variable q with respect to the condition B, when В is an event such that P (B) >0.) 
Now by definition under condition Aj we have pk{f)^p j{ f)  for k = 1, 2, ..., r; 
in view of (1.5) we get that

(3.4) í s 2 p ( ^ e
7=1

Iog2
1

P j(0

Applying now Jensen’s inequality to the convex function log2 -  (O S xS l), it follows 
that x

(3. 5) R P i l l o g ,  - Щ Д Щ -

Now it follows from (1.4) that

J'P(0 =  0j\OdP
(3. 6) E(p j(0 \A j) = --------=  P(AM  -  e\A,).

4 in our previous paper [3] we have proved only the weaker estimate e ^ R . Clearly (3. 1)
E

implies not on lye^ /?  but a ls o ------^  R.
In 2
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Thus we obtain from (3. 5)

(3- 7) R - JÍ 1 P(/4J),og2 P ( A ( 0  =  0| A }y

We need now Jensen’s inequality, in the form that if f(x )  is a convex function, 
..., x r any values in the domain of definition off{x) and и>,, wr non-negative 

numbers with sum equal to one, then

(3. 8) 2  wj f ( x j) ^ / (  2

Applying (3. 8) it follows from (3. 7) that

(3. 9) R i= log2 —  -  = log2 0(А(^ _ аЛ = log2
2  P(Aj)P(A(Ç) = 0\Aj

7 = 1

and this proves (3. 1).
In our previous paper [4] we have shown for the special case r = 2 that the 

inequality 26SÄ holds; for this special case this is slightly better than (3. 1). We 
reproduce here the proof of this inequality as it requires only a few lines. Let the 
possible values of 0 be 0O and 0,, the corresponding hypotheses 0 = 0O and 0 =  0, 
shall be denoted by H0 and //, respectively. Put

(3. 10) h(x) =  X log2 ~-f- (1 -* )lo g 2 y ^ r

Then we have evidently h(x) = h(l — x) and h (x )^2 x  for 0 ^ x S l/2 .  Let us put

{Po(0 if i.e. if 21(0 = 0,
(3. 11) P 4 0  =

Pi(£) if Po( t)= i  i-e. if A( 0  =  0O.

Then we have clearly p*(£) =  i  further

(3.12) Ä =  E(A(p*(0))^2E(p*(0).

Denoting the event A(Ç) = 0o by B0 and the event d(£) =  0, by Bi we obtain

(3.13)

As by (1. 4) we have

« S  2Í f p 0(QdP+ JpA O d P ).
Vß, Bq '

(3.14) jpo iO dP  = P (H 0Bl) and f  Pl (£)dP = P(tf, BQ)
B \ B q

it follows that
(3.15) Ä S 2 (P (0 oß,) +  P (0 ,ß o)) =  2£, 
which was to be proved.
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Returning to the general case, we mention that one can also get an upper 
bound for the amount of missing information by means of the error of the stand
ard decision. In this direction the following theorem is known (see [6] p. 35.).

T heorem 4. One has
(3.16) Rmh(s) + £\og2( r - 1)

where h(x) is defined by (3. 10).
My thanks are due to G. K atona, who called my attention to the fact that the 

estimation (3.16), proved first by R. M. F ano [7], is slightly sharper than a similar 
estimate which I have found previously.

§ 4. Conclusion

It follows from Theorems 3 and 4 that if we have an infinite sequence of ob
servations Çi, £2, ... each £„ being a random variable on the probability
space S  (it is not a restriction to suppose that each ç„ is real valued), and £(n) denotes 
the sample (£1; £2, • ••> {„) further A„ the standard decision concerning the true 
value of 0 taken on the basis of observing the sample ç<n) and s„ the error of the 
decision An, and if finally R„ denotes the average amount of information on 9 still 
missing after having observed the sample £,<n>, then lim e„ =  0 if and only if

П -*оо

lim R„ = 0. This shows that to get in the limit all information on в which is needed,
И —> CO
is equivalent with having the possibility to make decisions on the true value of 
в  the probability of correctness of which is in the limit equal to 1. By other words 
the information-theoretical point of view is in accordance with the usual point 
of view of statistics.
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ON THE DENSEST PACKING OF CIRCLES 
NOT BLOCKING EACH OTHER

by
A. HEPPES

Introduction. It is a common requirement in the design of parking areas that 
each car should be able to leave its place without disturbing the position of the 
others. In the present paper we shall approach the problem of finding the most 
economic parking system by giving an upper estimate for the number (or density) 
of congruent circles which can be packed in a given domain without blocking each 
other’s way out of the domain1.

Definitions, results. Consider a set of disjoint circles lying in a finite domain D. 
We shall say that the circles do not block each other if to each circle there is a 
continuous motion which carries it out of the convex hull of D without entering 
the other circles or disturbing their position. The upper estimate we are going 
to give for the number of unit discs which can be placed in D can be considered 
as an estimate for the packing density. The result can then be extended to unbounded 
domains e. g. for the whole plane2. Our estimate cannot be improved for certain 
domains. In the case of the whole plane the estimate provides a density which is 
somewhat greater than that of the “best expected arrangement”, namely double 
rows of touching circles divided by narrow, slightly winding roads (Fig. 1). (For 
infinite domains the removal of a disc means that the distance through which it

. 71 Ÿ 5 - 1can be moved is not limited.) The density of this arrangement i s - p = - -----—  =

=  0.56050... , while our upper limit is 0.56518... .
Our method enables us to obtain the same density estimate under weaker 

requirements on the arrangement of the circles. We call a system of unit circles 
approachable if each circle can be approached and touched by a circular „vehicle” 
of the same size, coming from outside the convex hull of D. This condition is really 
weaker because it does not imply the possibility of moving each circle out of D. 
Moreover we shall deal with r-approachable packings, i. e. packings whose unit 
circles can be approached by a circular vehicle of radius r. Thus we can provide 
an estimate for the number of equal barrels which can be stored standing in a given 
cellar such that the brewmaster (of given circumradius) can go to each of them.

We shall prove the following

1 This problem has been raised by G. Fejes Tóth. He studied related questions in his paper 
“ Über die Blockierungszahl einer Kreispackung”, Elemente der Mathematik, 19 (1964) 49—53.

1 For the exact definition of the density of a set of circles with respect to unbounded domains 
see L. Fejes Tóth, Regular Figures, Pergamon Press, 1964, p. 161.
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T h eo rem : Let D be a simply connected bounded domain containing an r-approach-
2

able packing of n unit circles, The area Dr o f the outer paralleldomain
У

Dr o f radius r of the domain D satisfies the inequality

Dr S  nAr + 2n (1 +r)2 11
n

where Ar — |  ----^ 1  j a> 4- ]У 11 + j + 2r and w
T arc sin 1 + r -

A r is the area of the domain shown in Fig. 2. For the special case r=  1, when

co =  -̂  we have

D t Ш n я + 21/З + 4 я - 2  j/3.

Consequently, the density of the packing in the plane satisfies

TCôr ^  , and in particular 3 7Ü
2n + 6]/b

=  0.56518... .

In the following the angles and the arcs are considered to be directed angles 
and arcs, and are measured in positive sense.
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Lemmas. We define the angular area at 0 of a triangle AOB to be the quotient 
of its area and its angle at 0.

L emma 1: Let AOB be a triangle with the following properties
(a) it contains the sector AOB o f the unit circle C{ o f center O,
(b) neither A nor В lies in the interior of the circle C2 o f radius 2/l; 3, concentric 

with C i.
Then the angular area o f AOB with respect to its vertex О is S  УЗ/п. Equality holds 
only i f  the triangle is regular with side length 2//3.

We can suppose that the side AB meets C2 and has a chord A'B' in common 
with it, since otherwise the statement is trivially true. Obviously 
the angular area of the isosceles triangle A'OB' is greater than that 
of AOB with the only exception that the two triangles coincide.
If A'OB' is not regular then the angle AOM, where Mis the midpoint 
of the segment A'B, is smaller than n/6. We now compare A’OM 
with the triangle А'О V having an angle of n/6 at О and a right angle 
at V (Fig. 3). Clearly, the value of the angular area decreases if we 
replace A'OM  by the common part of A'OM  and A'OV  and then 
that by A'OV, which is the half of a regular triangle of sidelength 
2/^3. This proves Lemma l.3

Fig. 2
Lemma 2: Let C ,, C2 and C3 be three concentric circles o f radii 

1, 2//3 and 1 + r> 2 //3 , respectively, with common center O. Let Ал , A\, ..., Ak, A'k
, 2tZ(Jk^ 1) be points on C3 in cyclic order such that the angle A'kOA [ >  -— a>, where

a) denotes the central angle of a chord o f length 2 of C3.
I f  P is a convex polygon with the properties 
(a') P contains Ct ,
(b') P contains the arcs AtAi o f C3, /= 1 ......k, and
(c') all vertices o f P lie outside or on the boundary o f C2,

Fig. 3

3 Similar results have been used for density estimation in a paper of J. M o l n á r ,  Köreibe 
lyezések állandó görbületü felületeken, MTA 111. Oszt. K özi, 12 (1962) 223—263.
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then the area of the polygon satisfies 

r(l +r)2 УзP & OL+ У з  H - - - \ у -Уг2 +  2гn2 к
where a denotes the sum o f the angles AfiA'i, i=  1, k.

Let В! and Bk be the points of the circle C2 for which both angles I f  О A { and
A'kOBk equal ~ . Under this condition both lines B1A 1 and A'kBk are tangent
to Cx. Therefore, by the convexity of P, the points B] and Bk and also the triangles 
A xOBx and BkOAk belong to P (Fig. 4).

Now decompose P into sectors by the rays OAx, OA\ , OAk, OA'k , OBk,OBx. 
The area of the sector S t determined by О A i and О A ] clearly exceeds the area of 
the corresponding sector of the circle C3, /= 1 , k. Thus the sum S  of the areas 
of S j, S2, ..., Sk satisfies

S ^ ( l + r ) 2- ~ .

On the other hand the sum T of the areas of the triangles AiOBl and AkOBk is

T = У r2 + 2r----
У 3

The rays passing through the vertices of P, lying in the interior of one of the 
angles A[OA2, A20 A 3, Ak_1OAk or BkOBx, decompose the corresponding 
sectors into triangles containing the corresponding sectors of C, and having sidesr
emerging from O, not shorter than 2/Уз. By Lemma 1 the sum U of the areas of these 
triangles satisfies

u ■Уз----- оn
where a denotes the sum of the angles of the sectors in question. But а = 2л — a —

4 - t ) :
hence

U ~ КЗ

Consequently,

РШ S + T + U

2n — a — 2 71 W

~3 ~~2

(1+r)2 У 3
2 71 а + ^ З  H ---- \А-Уг2 + 2г .71

Proof of the T h eo rem . Let D be a bounded domain containing an /--approach
able packing of n unit circles. The circles of radius 1 +r concentric to the circles 
of the packing lie in the domain Dr, the outer paralleldomain of radius r of D. 
We shall refer to these circles as great circles of the unit circles of the packing. The 
defining property of the /--approachable packing implies that for each circle there 
exists a curve connecting a point of the corresponding great circle with infinity, 
without entering any of the great circles. For the sake of simplicity we shall suppose

S tu a ia  Sclentiarum M athem aticarum  Hungarica 2 (1967)



PACKING OF CIRCLES NOT BLOCKING EACH OTHER 261

that the great circles have general position i. e. that no two of them are tangent 
and no three of them have a common point of intersection. Since small changes 
of the positions of the circles do not influence the upper bound of the density this 
assumption imposes no restriction.

The union of the great circles consists of one 
or several “islands”, lying in Dr, such that every great 
circle adjoins the “ocean” along one or more “shore 
arcs” . It follows from our assumption that a shore 
arc never consists of a single point4. For proving the 
Theorem we shall consider only a single island contain
ing m circles and show that the area I(m) of this is
land satisfies the inequality

/(/») S  mAr + 2n ( l + r ) 2
2

The island is bounded by т'Шт circular arcs 
convex outward. Going around the boundary coun
terclockwise we turn continuously to the left while 
following an arc and turn to the right at points of intersection of consecutive arcs. Be
cause the corresponding unit discs do not overlap, their centers and the point of inter
section of the great circles form an isosceles triangle with a base S 2  and sides 
1 + r, 1 +r. Consequently, the boundary of the island turns to the right at points

of intersection with angles ^ 2  arcsin-;---- =co.1 + r
Let us denote the boundary arcs of the 

island in cyclic order as well as their central 
angles, by ах, a2, ..., am', and the angle of 
right turn succeeding oq by ßt, i=  1, ..., m'
(“m' + i = a i, ßm' + i —ßi) (Fig- 5)- A complete 
turn along the boundary shows that

( 1) 2  «г
i= 1 ■ 2  ßi = 2n-i= 1

Combining this with the inequality ßi = w, 
proved above, we have

( 2) 2  ai — m' ■w + 2л,
i= 1

or with other words, the average left turn of 
an arc is greater than a>. Fig. 5

4 If a component (island) o f the union of the great circles is not simply connected, then the 
boundaries o f the “ holes” , not being connected with the ocean, will not be considered as shore arcs 
o r parts o f the boundary of the island, and the holes will be considered as parts of the island.

Studia Scientiarum M athem atlcarum  Hungarica 2 (1967)



2 6 2 A. HEPPES

Consider now the D irichlet  cells5 of the circles as a decomposition o f the 
island. It is easy to see that the cells are convex and that the non-polygonal part 
of the boundary of a cell consists of the shore arcs of the corresponding great circle. 
We shall say that the cell is good if on the great circle there exists an arc of central
angle —— со which has no common point with the shore arcs.

Suppose first that all cells are good cells. Then Lemma 2 can be applied to 
estimate the areas of the cells. Thus the sum of the areas of the cells i. e. the area 
of the island satisfies

l{m) == ( l + r ) : + m ] / 3 \ \ + ^ \ + i r 2 + 2r

Hence, applying (2) we have

"(1+r)2 Уз]{m) ё  m (Ü+  У 3 1+ — \ +  Уг2 +  2гn - 2 71 (1 + r)2 У 3
2 n

proving the Theorem for this case.
Unfortunately, it may happen that some of the cells are not good. Let us denote 

by у an arc of such a cell, determined by the endpoint of one of the shore arcs, 
say as, and the beginning of the next shore arc on the same great circle. Finally, let
<5 be an arc of central angle — œ, containing y. Next we reduce the shore arcs
lying on the great circle in question. For each shore arc txj, let x} be the intersection 
of tXj and the complement of 5. Then

(3) Z < * j - 2 < * j  = Щ - 0 0 - y ,

where the summation extends over the shore arcs of the great circle.
We define

(4) ß s = ß s - [ ^ - a > ~ y  )•

By assumption and therefore, since the angle of the right turn after

as is ßs^ n  — y we have ß's ё л — у — — a> — yj > со.
We now perform the corresponding reductions in the angles related to the other 

“ bad” cells and then define oc'k =ak and ß{ = ßt for the cases when ak and ß[ has 
not been defined otherwise. The total reduction in shore arcs does not exceed the

5 T h e D i r i c h l e t  c e ll o f  a  c ir c le  co n sis ts  o f  th o s e  p o in ts  o f  th e  is la n d  w h ich  are nearer to  the  
c ir c le  in  q u estio n  th a n  t o  a n y  o th e r  c irc le  o f  th e  p a c k in g . A s  is  w e ll k n o w n  in  th e  ca se  o f  p a ck in g  
o f  u n it  circles, ea ch  c e ll is  th e  in te r se c t io n  o f  th e  is la n d  a n d  a  c o n v e x  p o ly g o n  w h ich  co n ta in s  th e  

c ir c le  an d  h as v ertices w h o s e  d is ta n c e s  fro m  th e  cen ter  o f  th e  c irc le  a re  S 2 / V 3 .
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total reduction of the angles ßh i. e. it holds
m ' in' m ' in'

O') 2 « i -  2  ßl s  2  2  ßi  =  2n
i=  1 i =  1 i=  1 i=  1

and, since ßi we have
m

(2') 2  a'i — • ш + 2n.
i = l

But the reduced angles admit the application of Lemma 2, which was made above, 
for all cells. This completes the proof of the Theorem.

MATHEMATICAL INSTITUTE OF THE HUN G A RIA N  ACADEMY OF SCIENCES, 
BUDAPEST

( Received December 2, 1966.)
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QUASI-CONVEXITY AND QUASI-MONOTONICITY IN 
NONLINEAR PROGRAMMING1

by
B. MARTOS

We inspect a series of theorems which have played an important role in the 
theory of nonlinear programming. In these theorems, the sufficient convexity or 
linearity requirements which have usually been set up for the involved functions 
turn out to be unnecessary and substitutable by weakened assumptions which are 
(in many case and in a defined sense) even necessary. The whole business is based 
upon the notion of quasi-convex (and related) functions. For objective functions 
of this kind, even continuity requirements are dispensable.

Significant characteristics of quasi-convex and/or quasi-monotonic functions 
have been investigated by D eFinetti [5], Fenchel [6], Berge [3] and D eák [4], 
without reference to nonlinear programming problems. In this latter context, quasi
convexity appears first in the following publications: A rrow and Enthoven [1], 
Arrow, HuRwiczand U zawa [2], and Kovács [9]. The first two are devoted primarily 
to generalizing the basic K u h n—Tucker theorems, a subject excluded from the 
present paper. The third one deals with the extension of Rosen’s gradient-projection 
method to quasi-concave maximization, and contains a less sharp version of our 
Theorem 3a.

This short prehistory of the present subject must be supplemented, unfortu
nately enough, by a list of papers which, beside correct or partially correct theorems, 
happen also to contain mistakes and inaccuracies. This list consists of the articles 
of D eFinetti [5], Hanson [7], Hoáng Tuy [8], and M artos [10]. Fenchel [6] cor
rected D eFinetti’s mistake and Martos [11] disproved H anson’s duality theorem. 
The relationship of the present results to those contained in Hoáng Tuy [8] and 
Martos [10] will be made clear in what follows.

Notations and Definitions

We apply capitals to denote sets, lower case letters for vectors (also called 
points) and Greek letters for scalars. All the occurring sets are subsets of the Euclidian 
и-space, En.

[x, y] denotes a closed straight segment connecting the points x and y; (x, y) 
is an open one.

1 The present paper contains the essential part of paragraphs 4.—6. of my paper [11], published 
in the Hungarian language. Slight modifications in Theorem 5. and Lemma 2. (as compared with 
the less accurate Theorems 7. 9 and 7. 10 in the referred paper) are worth mentioning. These im
provements (and a fair deal o f others) are due to the highly appreciated criticism of E r v i n  D e A k  

(Math. Inst. Hung. Acad. Sei.). Of course, he can not be held responsible for any remaining 
mistakes.

1 Studia Scientiarum  M athem aticarum Hungarica 2 (1962)
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x S y  Stands fo r  th e  sam e k in d  o f  inequality  in  each  co rresp o n d in g  com ponen t. 
A n  u p p e r index like x°, x 1, . . .  refers to  a  selected value o f  th e  v a riab le  vec to r x ;  
a  lo w er index d istingu ishes th e  com ponen ts  o f  a vector. F o r  the  re a d e r’s convenience, 
w e recall a few w ell-know n  definitions.

Convex set. T he se t X  is convex if  x 1, x 2 £X  im plies [x 1, x 2] c l
Polyhedral set. A  p o ly h ed ra l set X  is an  in tersection  o f  closed halfspaces 

o f  fin ite num ber. (X  is th e re b y  closed an d  convex.)
Polyhedron. A  b o u n d e d  po lyhed ra l se t (m ark ed  like XA).
Edge. Let S be a straight line in En containing two different points of the closed 

convex set X cE ". ST) A' is an edge of X  if X — (S'ПА') is convex. (Note that X  is 
not assumed to be polyhedral. A finite or infinite closed segment in E 1 is an edge 
of itself.)

Vertex. x ^ X  is a  v ertex  o f  the po lyhedra l set X  i f  X — {x} is convex.
Adjacent vertices. Two different vertices х г, х 2вХ  are adjacent if X — [xl, x 2] 

is convex. (Or, equivalently, if they lie on the same edge of X. A vertex is not adjacent 
to itself.)

In the following definitions, let X  be a convex subset of En and <p(x) a scalar
valued function2 defined for each x£X.

D efinition  1. Weak quasi-convexity.3 4 <p (x) is weakly quasi-convex in X  if 
for each x \ x 2ÇX, and x ° € ( x 1, x 2) holds:

(1) <Mx°) =  m ax  { ^ (x 1), <p(x2)}.

D efinition  2. Explicit quasi-convexity A <p (x) is explicitly quasi-convex  on  
X  i f  i t  is weakly quasi-convex , an d  the  s tr ic t inequality  ho lds in  (1) w henever 
9  (x1) ^ 9 ( x 2).

D e f in it io n s . Weak (explicit) quasi-concavity. ip(x) is w eakly  (explicitly) 
quasi-concave if  [ — <p(x)] is w eakly  (explicitly) quasi-convex.

D efinition  4. Weak (explicit) quasi-monotonicity.5 (p(x) is w eak ly  (explicitly) 
q u as i-m o n o to n ic  i f  i t  is b o th  w eakly (explicitly) quasi-convex a n d  quasi-concave.

D efinition  5. Skew quasi-monotonicity. (p(x) is skew q u as i-m o n o to n ic  in  the  
se t X  i f  it is w eakly quas i-concave  in  X  a n d  is explicitly  quasi-convex  betw een any  
p a i r  o f  po in ts w hich d o  n o t  lie o n  the  sam e edge o f  X.6

2 For a vector-valued function f(x) apply these definitions to each of its component.
3 Called „quasi-convex” by F enchel [6], Berge [3], A rrow-Enthoven [1] and others, „all

gemein maximumlos” (i. e., general-maximumless) by D eák [4].
4 Called „functionally convex” by H anson [7], „streng allgemein maximumlos” (i. e., strictly 

general-maximumless) by D eák [4]. K ovács [9] also used the narrower concept o f “strict quasi
convexity” requiring strict inequality to hold in (1) even for <p(xl)=<p(x2).

5 Called “(streng) allgemein-intern” [i. e. (strict) general-internal] by D eák [4]. Weak quasi- 
monotonicity occurs also in A rrow -H urwicz-U zawa [2] without a special name. Our term is 
justified by the monotonicity property o f the corresponding single variable function.

6 Considering the asymmetry of the last definition, a pair of notions (reflecting each other) 
should have been introduced. But in this paper, where we transform all programming problems to 
minimization, the other part o f the pair does not occur. This fact enables us to avoid a still longer 
expression or circumscription.
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The mutual connection between convexity, linearity, and the concepts introduced 
above can be seen by the following propositions which we give without proof:

A. Convexity implies explicit quasi-convexity. Linear functions (including 
constant functions) are explicitly quasi-monotonic, consequently.

B. <p(x°)<max {(p(xl), (p(x2)} for (р(х1)^ср(х2) implies explicit quasi
convexity if <p(x) is lower semi-continuous. (For such functions the weak quasi
convexity need not be stipulated in Def. 2.)

C. Weak quasi-convexity implies explicit quasi-convexity if <p(x) can be 
expanded in Taylor series.7

D. Skew quasi-monotonicity implies weak quasi-monotonicity if X  has no 
edges or if <p(x) is lower semi-continuous and X  does not consist merely of a single 
edge. If X  happens to be a single edge, skew quasi-monotonicity is equivalent to 
weak quasi-concavity.

Instead of the well-known continuity property of convex functions, the follow
ing weaker theorem is valid :

E. 8 A weakly quasi-convex function is continuous almost everywhere.

Admissible Sets

Let g(x) = [yx(x), y2(x), •••> Ут(х)] be a vector valued function of x, defined 
in the closed convex set X, and b a given m-vector. The set

(2) L = {x£X\g{x)mb) 
will be called admissible set.

Theorem 1. Convex admissible sets. The set L is convex for each b £ Em 
if and only if g (x) is weakly quasi-convex on X.

Theorem 2. Polyhedral admissible sets. Let g(x) be a lower semi-continuous, 
weakly quasi-monotonic function in the polyhedral set Я . Then the admissible set

(3) L = {x£ Î\g (x )^b }  

is a polyhedral set for each b £ E"‘.
For proving Theorems 1 and 2 we need the following.

Lemma 1. Let X  be convex. The set

M = {xeX \y(x )^ß }

is convex for each real ß if and only if y(x) is weakly quasi-convex in X.9 The same 
statement holds for the set

N =  {x£X\y(x)-=ß}.

7 Ad libitum differentiability is insufficient, in contrast with Martos [10].
8 D eák [4], Theorem 7, p. 120.
9 This serves also as the most usual definition of weak quasi convexity. In the economic litera

ture it appears often this loose way: “The level surfaces of <p(x) should be convex”. For a proof 
similar to ours, see Fenchel [6], Theorem 50, p. 118.
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P roof of L emma 1.
a) Sufficiency, x , x 2 Ç M, (resp. TV) implies лл , x 2 (-__X and x° €(x*, x 2) implies 

x° ÇX, by the convexity of X. By the weak quasi-convexity of y(x) and the definition 
of M  (resp. TV):

y(x°)Smax M * 1), y(x2) } ^ ß  (resp. </?).

This is: x°€M(resp. TV).
b) Necessity, x 1, x 2 £X, x° ^(x1, x 2) implies x° £X. If max {y(x]), y(x2)} =

=  +  °°, then y(x°)Smax y(x2)}. Consider now the set TV in case
max {yOv1), y(x2)}< +  °°, and put /? = max (yix1), y(x2)} + e, e>0. Thus x 1, x 2 £TV, 
for each e>0. By the convexity of TV, x°GTV, for each г >0. This is y(x°)< 
-=max (y(xx), y(x2)} +  e, for each e> 0  and y(x°)Smax ( y ^ 1), y(x2)}, conse
quently. By putting e =  0, the same exposition applies to the set M.

P roof of T heorem  1. Both the sufficiency and necessity part of Theorem 1 
result immediately from the M-part of Lemma 1 applying it component by component 
to g(x) and b, and considering that L is the intersection of the convex sets defined 
this way.

P roof of T heorem  2. L is closed by the lower semi-continuity of g(x). Both

MJ = {x£X\yj(x)Sßj}
and the set

NJ = {xeX\yj(x)> ßJ}

are convex for each ßj by Lemma 1 because y/x) is both weakly quasi-convex and 
quasi-concave. Moreover MJ is closed. Therefore the sets MJ and NJ are separated 
by a hyperplan whose intersection with Я belongs to ML Mj is thus a closed convex 
polyhedral set for each ßj and so is L=  f| MJ for each b.

j
We have not succeeded constructing a converse (necessity) theorem to Theorem 2 

as yet.

Local and Global Minima

Let us consider the non-linear programming problem10

(4) min {q>(x)\xdL}
where L is a convex set in En.

D efinition 6. Global minimum. x*€L is a global minimum point of (p(x) 
in L, if <p(x*)S<p(x) for each x£L . cp(x*) — — °° is allowed.

D efinition 7. Local minimum. x £ L  is a local minimum point of cp(x) in 
L, if an e>0 exists so that cp{x)^<p{x), whenever x£L  and jx — x |<e.

10 In the following part o f the paper the sets L. L , LA need not be identified with the „ad
missible sets” as defined in (2) or (3), though in the practice of the non-linear programming they 
usually are.
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Theorem 3. Theorem of G lobality.
a) 11 I f  L is convex and <p(x) is explicitly quasi-convex in L, then each local 

minimum point of cp(x) is a global minimum point in L.
b) 12 I f  L is convex, <p(x) is continuous in L and for all convex subsets К of L  

is valid, that each local minimum point o f <p(x) in К is a global minimum point in K, 
then <p(x) is explicitly quasi-convex in L.

Proof of Theorem 3.
a) If L contains a local minimum point x which fails to be a global minimum 

point, then there is a point x £L satisfying (p(x) <  <p(x). By the explicit quasi
convexity of <p(x) for each x°€(x, x) holds <p(x°)<<p(x). Approaching x by x° 
we can see that x cannot be a local minimum point.

b) If (p(x) is not explicitly quasi-convex it cannot be constant by proposition A. 
Therefore by the continuity of cp(x) and by proposition B : x 1, x 2Ç_L, x°£(x1, x 2) 
must exist satisfying:
(5) (p(xP)^q>(xl) x p ( x 2).

If x1 is a local minimum point in [x1, x°] so is it in [x1, x2] but it fails to be a global 
minimum point in the latter. If x1 is not a local minimum point in [x1, x°] then 
by the continuity of (p(x) a point x3 €(x*, x°) must exist satisfying:

(6) (p(xx) x p  (x3) >  cp (x2).

Consider the set of points {y\yd[x3, x°], (p(y) = (p(x3)}. By the continuity this 
set contains an element (x4, say) which is nearest to x°. Then

q>(x°)^(p(xl) x p ( x 3) = cp(x4) ><p(x2).

Accordingly x4 is a local minimum point in the segment [x4, x°], thus so is in the 
segment [x4, x2], but fails to be a global minimum point in the latter.

Local and Global Vertex-Minima

Let L be a polyhedral set with vertices x \  x2, ..., x r; i? =  {l, 2, ..., r} the set 
of indices (which may be empty) and Rk c. R a subset of R which consists of к and 
the indices of vertices which are adjacent to xk.

D efinition 8. Global vertex-minimum. The vertex x'1 is a global vertex-minimum 
point of <p(x) in the polyhedral set L, if ср(хк)Ш(р(х‘) for each i €R.

D efinition 9. Local vertex-minimum. The vertex xk is a local vertex-minimum 
point of (p(x) in the polyhedral set L, if (p(xk)~(p(x‘) for each i£Rk. 11 12

11 For L polyhedron and <p(x) continuous: M artos [10], Th. 2., p. 244. For L  closed <p(x) 
continuous, strictly quasi-convex: K ovács [9], Lemma 3, p. 215. In this case a local minimum point 
is also unique. The alleged existence of such a point is valid only if L  is also bounded, a condition 
omitted by K ovács. For L  polyhedron and <p{x) weakly quasi-convex (erroneously): H oáng T uy
[8]. Th. II, p. 214. (Owing to a—supposed— misprint in H oáng T uy’s definition M2 we cannot 
be quite sure what this theorem contains. My interpretation is —  I believe — well meaning.)

12 For L and К polyhedron: M a r t o s  [10]. Th. 2, p. 244.
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First we consider theorems concerning a function q>(x) defined in a polyhedron 
LA, and the problem

min {<p(x)\x(zLA}.

Theorem 4. Theorem of global vertex-minima.
a) 13 I f  (p(x) is a weakly quasi-concave function on the polyhedron LA, then each 

global vertex-minimum point o f cp(x) in LA is a global minimum point in LA.
b) 14 I f  L is a convex set and for each polyhedron LAc.L  is valid that each global 

vertex-minimum point o f <p(x) in LA is global minimum point in LA, then <p(x) is 
weakly quasi-concave in L.

Proof of Theorem 4.
a) Considering that each point of a polyhedron is a convex linear combination 

of the vertices and applying Definition 1. successively, for each x £ L A results <p (x) S  
Smin {(p(x‘)\iÇ.R}.

b) Let x 1, x 2£L, and LA — [ x l , x 2]. By our assumption <p(x°) — 
Smin {(pix1), (p(x2)} for each x° Çf x 1, x 2) which is just the definition of a weakly 
quasi-concave function in L.

From Theorem 4. results:
Corollary 4. I f  cp(x) is weakly quasi-concave in the polyhedron LA then it 

assumes its minimum on a vertex o f LA.
Theorem 5. Theorem of local vertex minima.
a) 15 I f  (p(x) is skew quasi-monotonic in the polyhedron LA, then each local vertex 

minimum point o f <p(x) in LA is a global minimum point in LA.
b) 16 I f  L is convex, <p(x) a continuous function in L and for all polyhedron LA c  L 

is valid, that each local vertex minimum point o f <p (x) in LA is a global minimum 
point in LA, then cp(x) is skew quasi-monotonic in L.

Proof of Theorem 5.
a) Assume that the vertex yf is a local vertex-minimum point in LA, i.e. :

(7) <p(xk) =min {<p{xv)\iÇ Rk}

and that xk fails to be global minimum point on LA, i.e. there exists an x2 € LA 
satisfying
(8) ^(x2)<<p(x*).

Let Li denote the convex polyhedron spanned by the vertices with index from Rk. 
If x 2Ç.LA, then by the weak quasi-concavity of cp(x): (p(x2)^ m in  {(p(x‘)\iÇ.Rk} 
in contrast with (7) and (8). If jc2 $ Lk, then xk and x2 cannot be points of the same 
edge of ZA Consider a point x° €Lk П (x \ x2). Then cp(x°) by applying
Corr. 4. to Li, considering that x° £ Li and cp(x) is weakly quasi-concave. Simulta- 13 14 15 16

13 H o á n g  T u y  [8] Th. I, p. 214. For <p(x) continuous: M a r t o s  [10], Th. 1, p. 244.
14 For L polyhedron and <p(x) continuous: M a r t o s  [10] Th. 1, p. 244.
15 Forp(x) continuous, weakly quasi-concave and explicitly quasi-convex included in M artos 

[10]. Corollary 2, p. 244. For <p(x) weakly quasi-monotonic (erroneously): H oáng T uy  [8], p. 214.
16 For L polyhedron, <p(x) weakly quasi-concave and explicitly quasi-convex included (erro

neously) in M a r t o s  [10], Corr. 2, p. 244.
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neously (p(x°) <  (p(x*) because x° Ç(xk, x 2) and <p(x) is explicitly quasi-convex in 
[xk, x 2]. This contradiction proves a).

b) The weak quasi-concavity of <p(x) comes simply from applying the “local 
vertex minimum is global” assumption to LA = [ x l , x 2], where x1, x2 are arbitrarily 
chosen from L. This property of cp(x) finds application in the remaining part of the 
proof. Suppose now that there is a segment [x1, x2]c L , satisfying: 

a) cp(xl) x p (x 2)
ß) x1 and x2 do not lie on the same edge of L
y) <p(x) is not explicitly quasi-convex along this segment.

We are going to prove the theorem by constructing a convex, planar quadrangle Q, 
in which a local vertex minimum point fails to be global minimum point.

For the sake of brevity, let us use the notation (р(=(р (x‘), and Q = Q [<x, ß, y, <5] 
for the quadrangle with vertices : xa, x fi, xy, xs, ~  referring to a local vertex minimum 
point which is not global.

Let E be the straight line through x1, x2 and S' a plane containing E and such 
that the open halfplanes T and V, which are separated by E, shall contain a point 
of L, each. The existence of such a plane results from ß). All of what follows takes 
place in this plane. From a) and y) comes the existence of a point x°£ (xx, x2) 
satisfying:
(9 ) (Po =  <Pl><P2-

But then for each x£[x’,x 2] holds
(10) <p(3c)S<p!
by the weak quasi-concavity of (p(x).

Case 1. If there is an x( =  x°, maybe) for which the strict inequality holds 
in (10), then by the continuity of <p(x) its neighbourhood contains a pair of points: 
x3, x4 with the following properties: x3 £ 7T1L, x4 € VC\L, min {(p3, ç>4} 
and the quadrangle g  = ß[l, 3, 2, 4] is convex.

Case 2. Consider the opposite case :
(11) (pl =(p(x) = (p0 for all x in (x1, x°).
Choose a point x i i x ^ x 0) arbitrarily, and a pair of points x3, x4 such that: 
[x3, x4] should be perpendicular to E in x, x3 € T П L, x4 € FITL, and
(12) <p3Scp4>(p2.
(The left side inequality can be supposed by the symmetry, the right side results 
from (p(x) = cp0x p 2 and the continuity of cp(x) if we chose x3, x4 close enough 
to x.) From (12) by the quasi-concavity of cp(x) along [x3, x4]:
(13) cp(x) = (p0^(pA..

Subcase 21. If (p0 = (p*, then Q = q W, 3, 2, 4].
Subcase 22. In case <p0 >  <p4 the following sub-subcases are mutually ex

cluding and collectively exhausting.
221. <Po5?3> î)4' Then Q = Q[Ï, 3,0,4].
222. <p0 x p 3 =  ф4. Approach x3 to x until reaching a point with a value greater 

than <p4, but still not greater than cp0. This is case 221.
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223. (p3>ç>0x p 4. By continuity we have a point x5€(x3, x2) with ср5=ср0. 
We should have Q = Q[l, 5, 0, 4], but it may or may not be convex. If it is not we 
can approach x4 to x, either prevailing cp0 > cp4, until Q becomes convex, or reach
ing a point with </>0 =  <p4, when Subcase 21 applies.

Thereby the proof is finished.
In Theorem 4 and 5 (p (x) is defined in a (bounded) polyhedron. The sufficiency 

part of these theorems however, may be extended to (not necessarily bounded) 
polyhedral sets depending on the following:

Lemma 2. If L is a closed convex polyhedral set, LA is the (non empty) poly
hedron spanned by the vertices of L, (p(x) is explicitly quasi-concave in L and 
assum es its minimum in L  then it assumes the same minimum in Ld.

Proof of Lemma 2. Employing the statement a) of Theorem 4. let us suppose 
that xk is one of those vertices of I f  satisfying

(14) ср{хк) = тт{(р{х)\х£Ьл).
Assume that there exists x° £ L so that

(15) <o(x°)«M**).

We are going to prove that x° cannot be a global minimum point in L. Obviously 
x° (f LA, consequently it cannot be a vertex.

Let us now choose a point x1 ZLA so that if x° lies in the interior of L then 
x 1 be any point of LA, but if x° is a boundary point, then x1 be such a point of 
L A that all those bounding hyperplanes of L which contain x° should contain x1, 
too. This choice enables us to find a third point x2 such that [x1, x2]c~L, x 1 dLA 
and x°€(x1, x2).

cp(xl)^(p(x2) is impossible, because by weak quasi-concavity in [x1, x2] and 
by (14) ^(x^ëç^x^ScpOx*) would result in contrast with (15). Thus <p(xv) ><p(x2). 
By the explicit quasi-concavity <p(x°)><p(x2), accordingly x° fails to be a global 
minimum point on L. Summed up: if the global minimum of <p(x) on LA fails to 
be the same in L, then (p{x) does not assume its minimum on L, what is just what 
the lemma alleges.

From Lemma 2 immediately results:

Corollary 4—5. The statement a) of Theorems 4 and 5 remains valid even 
i f  we replace the polyhedron LA with a polyhedral set L supposed that cp(x) is explicitly 
(rather than weakly) quasi-concave and that cp (x) assumes its minimum in L.11

The Set of Optimum Points

Let us consider the problem min {<p(x)|x£L}, where L is supposed to be convex. 
Let L* be the set of the optimum points of the problem and L = L — L* the comple
ment of L*. Whether L* or L  is allowed to be empty. 17

17 In case L has no vertices the referred statements become meaningless. This case is, however, 
excluded as a rule, L  being defined as in (3) and X  identified with the non-negative orthant of E".
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T heorem  6 .18 T he set of o ptim um  po in t s . I f  <p(x) is weakly quasi-convex 
(resp. quasi-concave) in the convex set L, then the set L* of the optimum points 
(resp. the complementary set L = L — L*) is convex, maybe empty.

* * *

A practical importance may also be attached to the above results. They enable 
us to extend and in some cases delimit the power of some well-known programming 
techniques. We published a fair deal of such results in [11].
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ANWENDUNG DER HYPERMATRIZEN 
FÜR DIE UNTERSUCHUNG EINES WIDERSTANDNETZES

von
Z, PERJÉS

1. Einführung. Für die Behandlung der räumlichen Systeme periodischer 
Struktur erwies sich die Anwendung der Hypermatrizen als ein vorteilhaftes Mittel. 
Zum Beispiel sind diese für die Untersuchung der Kristallgitter in der Festkörper
physik sehr geeignet [1]. In dieser Arbeit wird gezeigt, daß mit Hilfe von Hyper
matrizen auch der resultierende Widerstand periodischer Widerstandssysteme 
bestimmt werden kann.

Wir werden unseren Gedankengang am Beispiel eines unendlich ebenen guadrat- 
gitternetzes vorführen. Jedes Element des Netzes hat den Widerstand r (Abb. 1). 
Binden wir zur Untersuchung der Eigenschaften des Netzes eine Spannungsquelle 
an die Endpunkte eines Elements. Wir werden ausrechnen, wie großes Potential 
sich in irgendeinem Endpunkt des beliebigen Elements ausbilden wird. In Kenntnis 
dieser Potentiale wollen wir die Größe d°s Widerstandes bestimmen, den man zwischen 
den Endpunkten eines Netzelementes messen kann.

Zu diesem Zwecke nehmen wir zuerst ein aus endlich vielen Elementen be
stehendes Quadratgitternetz, und zwar ein solches, in dem die Elemente in 
я-zahligen Reihen und Spalten der gleichen Zahl 
angeordnet sind. Es vereinfacht die Verhandlung, 
wenn man das unendlich ebene Quadratgitternetz 
als den Grenzfall eines solchen Netzes betrachtet, 
das sich an einer Torusfläche befindet. Strebt der 
Parallel- und Meridiankreis des Torus dem Un
endlichen zu, und strebt inzwischen aucn n zum 
Unendlichen, dann erreichen wir im Grenzfall 
ein unendliches Flachgitter. Wir werden also so 
Vorgehen, daß wir, die erste Reihe des Flachgit
ters mit der я-ten koppelnd, zu einem Zylinder 
kommen, dann die erste Spalte mit der я-ten 
koppelnd einen Torus erreichen. Somit wird das 
System in ein zyklisches umgeändert weiden.

Dann werden wir mit Hilfe der Kirchhoffschen 
Gesetze die Gleichungen anschreiben, die einen Zusammenhang unter den Spannun
gen in den einzelnen Knotenpunkten des Netzes geben. Das so erhaltene Gleichungs
system wird mit Anwendung der Algebra von Hypermatrizen gelöst. Das Gleich
ungssystem wird ergänzt, um die Symmetrie des so erhaltenen Systems ausnüt
zend, die Potentiale bestimmen zu können. Zerlegen wir das System auf geeig
nete Weise, so bekommen wir für die Potentiale ein inhomogenes lineares Gleich-
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ungssystem. Die Inverse der Koeffizientenmatrix dieses Gleichungssystems wird 
aus der ursprünglichen Koeffizientenmatrix berechnet.

Es ist naheliegend, daß auch andere periodische Widerstandsstrukturen 
auf ähnliche Weise zu behandeln sind.

2. Zusammenfassung der benützten Sätze. Setzt man beliebige Matrizen 
(Blöcke) an Stelle der Elemente einer aus skalaren Elementen bestehenden Matrix, 
erhält man eine Hypermatrix. Es ist bekannt, daß das direkte Produkt der Matrizen 
A und B = die Hypermatrix

A - X B =  [Abjk]
ist. Die Spektralzerlegung der Hypermatrizen, die man als direktes Produkt von 
symmetrischen Matrizen erzeugen kann, wird auf Grund des Satzes von Egerväry [2] 
durchgeführt. Hier werden wir diesen Satz in der folgenden Abfassung (von ver
engter Gültigkeit) verwenden:

Satz A. Sind A und В symmetrische Matrizen, dann sind die Eigenwerte von 
A- XB die Produkte a p k der Eigenwerte von A und В und die Eigenvektoren von 
A - XB sind die direkten Produkte uj- X\'k der Eigenvektoren von A und B.

Satz B. E s  seien die Blöcke A und D der Hypermatrix

А В
C D

quadratische Matrizen beliebiger Ordnung. Wenn diese Hypermatrix nicht-singulär 
ist, und in aufgeteilter Form folgend aufgeschrieben wird

X Y
Z W

A В
C D

weiterhin der Block X umkehrbar ist, so existiert auch D 1 
ausgedrückt werden:

D 1 = W —ZX_1 Y.

und kann, wie folgt,

Dieser Satz war in einer etwas anderen Abfassung von Egerváry, R ózsa und 
S ieber erkannt (Siehe z. B. [3]).

Beweis. Nach der Definition der inversen Matrix gilt die Beziehung:

А в X Y
L ç D Z W

E O
O E

Wählen wir die Gleichungen aus, die sich auf die untenstehenden Blöcke der Ein
heitsmatrix beziehen:

CX + DZ =  O,
CY + DW =  E.

Aus der ersten Gleichung kann man C ausdrücken, wenn man mit X-1 von rechts 
multipliziert :

C =  - D Z X 1.
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Setzt man diesen Ausdruck in die untere Gleichung ein, ergibt sich:

D(—ZX_1 Y -f W) =  E,

woraus der zu beweisende Zusammenhang unmittelbar folgt.

3. Das Potential in den Netzpunkten. Wir bezeichnen das Potential der Netz
punkte, wie in der Abb. 2 gezeigt wird. Wir binden die zwei Pole einer Stromquelle 
von gegebener Spannung an die (0, 0) und (0, 1) Punkte. So sind U00 und U0l 
bekannt und zwar

Uoo —
Uoi — U-

Am Torus sind n-n Netzpunkte, also die 
Anzahl der unbekannten Spannungswerte ist 
n2 — 2, sie sind also durch gleich so viel, n2 —2 
Gleichungen zu bestimmen. Den Wert von 
Ujk ((./, k) ?í(0, 0) und (0, 1)) können wir aus 
den Spannungswerten in den Nachbarpunk
ten mit Hilfe der Kirchhoffschen Sätze er
mitteln (Abb. 3). Da die Summe der Ströme 
in Punkt (/, k) gleich Null ist:

2 /v =  0,V = 1
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hieraus folgt

U j , k ~ ~  U j - l , k  . Uj' k —  Uj+Uk Uj,k —  Uj'b..! Uj,k~ Uj,k+ 1 0.

Es ist daher

Uj,k =__ Uj - l ,k+ Uj+l ,k+ Uj,k-  1 +  Uj,i,k+ 1

oder
k — Uj- l .k~ Uj+l,k ~  Uj,k- 1 — Uj.k+l — 0-

Fügen wir die zu den Knotenpunkten (0, 0) und (0, 1) gehörenden Gleichungen:

4 U 0j0 U 0 A  U 1 0  U n - 1 0  — U o , n - i  — 0,

4 t f o , i  — £/0,o — ^0 ,2  — ^ 1 ,1  — £/n- i , i  =  ^  

dem Gleichungssystem hinzu. Wir erhalten das System

wo
AX' — b,

0
V

0

X'

и 0 ,0

U0.t

U o , n - l

U 1 , 0

Ui,„-1

u n- 1,0

X' besteht nicht aus lauter Unbekannten, weil die ersten zwei Elemente 0 bzw. £/ 
sind. Diese Schreibweise hat den Vorteil, daß man die Matrix A als das direkte 
Polynom der wohlbekannten zyklischen Matrix и-ter Ordnung
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aufschreiben kann:

A =  E -X K  +  K -X E ; К =  2 E - Í Í - Í 2 1.

Die Spektralzerlegung von i l  läßt sich nämlich in geschlossener Form anschreiben:

i l  = UAÜ*, U” 1 =  Ü*

A =  <4> =  (e ” >; k =  0,1, . . . ,n-l,

j  =  0,1, . . . , /1 -1 .
1 2ni l1 ——Jk

11 n
U =  [uJk] =

So ist

к =  u ^ e - a - a - ^ ü *,

und die Eigenwerte von К sind:

2 — e n —e " =  4 sin2 ^  к, к  =  0 ,1 ,..., и— 1.

Wenden wir jetzt den Satz A an, so können wir die Elemente von A aufschreiben:

П— 1 И— 1 / ^  \
Aa*), (I.m) =  (к> XE + E- XK)(M) (l m) = 2 2  U j r U ks  4sin2—+4sin2Í?I ülrüms.

r =  0  s  = 0  f  П 11 )

Zerlegen wir jetzt das Gleichungssystem folgenderweise:

1
y*

V в

0 0
и и

X = 0

wir erhalten :
0

+  V*x =
0

и и

В-х = -V  0 ; - V 0
и и

Aus diesen zwei Systemen brauchen wir nur das Zweite zur Bestimmung der Un-
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bekannten. Aus diesem folgt:

( 1) X =  B_1c; c =

(0,2)

( U )

U.

(« -1 ,D

Hier dürften wir den Satz В anwenden, wenn A eine Inverse hätte. Aber A ist eine 
singuläre Matrix, deswegen werden wir die gesuchte Inverse B-1 in zwei Teilen 
bestimmen. Durch das Weglassen der ersten Spalte und Zeile von A bekommen 
wir Aj. Zuerst bestimmen wir die Inverse von А,, indem wir die bekannte Spektral
zerlegung der Matrix A benützen. Mit Hilfe der Spektralzerlegung der Matrix А 
erhalten wir :

0
i 4

Ai u , ; A, u î
4

U*
Also:

U Л

A f1 = (Ü$)-1A r1U r 1.

U f 1 und (U I)-1 lassen sich mit Hilfe des Satzes В ausrechnen:

1U -1 = U *-- VjUÎ,

1 UiVÍ.и * -1 = U ■

Hier haben wir mit v* die erste Zeile, mit u, die erste Spalte von U bezeichnet und

u, =  v,.
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Aus der Inversen von At können wir die Inverse von В nunmehr ausrechnen:

0 0

0 B 1

У OL*
-1 0 M - ‘ |o a*

p - p

A f 1

U -  UjV* A f1 
«n

«21

„* «2.1V 2~~ ~--- Vj
«11

„* «21 _,5kV2------- vT
«11

T T  1 VlUT ,

Durch vT wird die erste, durch v£ die zweite Zeile in U bezeichnet. Beachten wir, 

daß ----u*=(l, 1....... l)=e* ist, dann bekommen wir das folgende Ergebnis
«i l

für die Inverse der Matrix В :

(2) B ‘ =  (U — evi) ( A f 1 -  A l ‘(J 2 Zl (yJ-vilAj ‘(v2-v,) Г 1e*).

Substituiert man die Matrizen U, At 1 usw. in (2), dann ergibt sich für das (j, j ') ; 
(к, &')-te Element der Inversen :

r _  , ,  \ 7 /  1 Í  ——- U ' + f ' ' )  , 1 .  I ----------- 1 s k  +  s k )  I

] ( • / ,/) ,(* > * ')  — „ 2  I e  " U  a (r,r'), (s ,s ')  I e  " 1 / i
I  — ~—-(sk + s'k') 1

WO

a,( r ,r ‘),  O .s ')
_  f y s . s ' ) , (r<r- ) __l^[e__n

К  (r, r ' )  c n Nn (r, r ’) • N„ ( s , s ' )

»r /  / \  Л I TTC . 'S ) Ti
N n ( r >r )  =  4 \  sinz -----h sinzn n

■ 2 y+Z„ _ 1  Sin4- ---------n
^ ( s , s ') ,  ( r , r ')  =  c n  =  2  ~  Г Гу,2 = 0 • 2 У̂  I «-* 2^^sin -—b sin — n n
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Das Zeichen 2 '  zeigt, daß das Glied mit dem Index (0, 0, 0, 0) aus der Summe 
wegzulassen ist.

Mit Hilfe der Matrix B- 1 und der Gleichung (2) schreiben wir die Potentiale auf :

X -
O'r+jV)

i] a (r,r'), (s ,s ')

2 ni 
n (s + s')

2 ni

+ e "
(s-s')

4. Bestimmung des resultierenden Widerstandes. Der im vorigen Punkt für 
U(j k) gewonnene Ausdruck wird verwendet, um den resultierenden Widerstand 
zwischen den beiden Endpunkten eines Elements auszurechnen. Binden wir die 
Stromquelle eben an dieses Element. Dann ist der resultierende Widerstand (Abb. 3):

R = U
7  '

/  ist der durch die Stromquelle fließende Strom. Der verzweigt sich im Punkt (0, 1) 
in vier Teile:

4

i =  2 h i

j  -  u_. !  _  U- Uu< . ,
h  -  r ’ 2 -  r ’ 3

U - V.0,2. , _  U Un - 1,1
*4 —

Der resultierende Widerstand ist also

R =
4 - +  ^0,2 + Un- 1,1

u
Wenden wir den Ausdruck für die Potentiale an:

u u , + u 0t2+ U n-u , _  I
U - /г -  U

2 ni ,
_ r ATI■2e n cos /* —3 n

4-ni , 2ni , гчs --------s ATI
" +2e " cos —  5—3n'  a (r ,r ') ,  (s,s')

Bilden wir jetzt den Grenzübergang и — «>, so erhalten wir:

wo

Л

Zn z n

j w / /

^ 1 , 1  +  ^ 0 , 2 + ^ n - 1,1 _  r  I r
ü  - h + h ,

(e2ix +2eix' cos x — 3)(e~2iJC' -f 2e~ix' cos x — 3)
. , X . , x’ 

sin2 2~ + sin 2
dx dx = 4,
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ferner
2 к 2 k 2 k 2 k

sin“

J _  1 1 í  í  í  fh  -  c (2n)*J J J J
Ü 0 0 0

Г i x+x' 1 Г Íy+y' 1[e " -  1\\[e  " - l j

'  + sin2 Y 1 [sin2 ^ -r is in g

16 (e2ix +  2eix' cos x — 3) •

(e~2iy' + 2e~‘y' cos y  — 3) dx dx dy dy’,

2n 2n • 2 X ̂ ~Уsin2

(2тг): I I : . , x . , y  
sin'2 - + sin „

dxdy

ist.
Der Integrand im Ausdruck von c ist nichtnegativ, so ist c>0. Das vierfache 

Integral zerfällt in das Produkt von zwei doppelten Integralen. Das erste von 
diesen kann man nach einer kleinen Umänderung mit dem Nenner vereinfachen. 
Der Ausdruck von 12 hat somit folgende Gestalt:

ZK ZK

~ w

1 - c o s (x + j 0  8~------------------ dxdy  = ----- ,2 — cos x  — cos y n

wie es leicht zu beweisen ist.
Also lautet der resultierende Widerstand des Systems:

_ r n
4 -Л -7 2 = 8 r;

Л«0,394г.

Herrn Dr. P. R ózsa  danke ich für die wertvolle Förderung dieser Arbeit.
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KARTESISCHES PRODUKT VON 
MENGENSYSTEMEN UND GRAPHEN

von
W. IMRICH

Mengensysteme sind eine Verallgemeinerung von Graphen, ln dieser Arbeit 
wird der Begriff des Kartesischen Produkts von Graphen auf Mengensysteme 
erweitert und gezeigt, daß die Primfaktorzerlegung zusammenhängender Mengen
systeme bezüglich des Kartesischen Produkts eindeutig ist, falls überhaupt eine 
Primfaktorzerlegung existiert. Eine einfache Folgerung davon ist, daß idempotente 
zusammenhängende Mengensysteme keine Primfaktorzerlegung haben. Weiters 
wird gezeigt, daß die Automorphismengruppe eines zusammenhängenden Mengen
systems mit Primfaktorzerlegung isomorph zur Automorphismengruppe der Summe 
der Faktoren ist.

S abidussi [1] erzielte ähnliche Ergebnisse. Er zeigte mit einer anderen Methode, 
daß die Primfaktorzerlegung von zusammenhängenden Graphen finiten Typs 
oder mit einem Punkt endlichen Grades eindeutig ist, und die Automorphismen
gruppe solcher Graphen isomorph zur Automorphismengruppe der Summe der 
Faktoren ist. Außerdem konstruierte er zusammenhängende idempotente Graphen 
und vermutete, daß sie keine Primfaktorzerlegung haben.

Es ist zweckmäßig mehrere graphentheoretische Begriffe auf Mengensysteme 
zu verallgemeinern :

D efinition 1. Unter einem Mengensystem X  verstehen wir ein geordnetes 
Paar (g, G), bestehend aus einer Menge g und einer aus Teilmengen von g zusammen
gesetzten Menge G. Wir lassen allerdings nur solche Teilmengen zu, die mindestens 
zwei Punkte aus g enthalten. Die Elemente von g heißen Punkte, wir bezeichnen 
sie mit kleinen lateinischen Buchstaben a, b, c, ... . Die Elemente von G nennen 
wir Kanten. Sie werden mit großen lateinischen Buchstaben bezeichnet. Die Kardinal
zahl der Menge der Kanten, denen ein Punkt angehört, ist der Grad dieses Punktes.

Besteht G nur aus Paaren (a, b), so liegt ein ungerichteter Graph ohne Mehr
fachkanten und Schlingen vor.

D efinition  2. Wir sagen die Kantenfolge {Ct , C2, ..., C„} verbindet die 
Punkte a und b, falls agCj und b £ C„ ist, sowie C; ПСг+| ^ 0  für / =  1,2, ..., n — 1. 
Liegen a und b in einer Kante, so sagen wir a und b seien durch eine Kante ver
bunden. Die Zahl der Kanten einer Kantenfolge nennen wir die Länge der Kanten
folge, das Minimum der Längen der Kantenfolgen, die zwei Punkte verbinden, 
den Abstand dieser Punkte. Ein Mengensystem ist zusammenhängend, falls je zwei 
Punkte durch eine endliche Kantenfolge verbunden sind.

D efinition  3. Es seien X=(g, G) und Y= (h, H) Mengensysteme. Unter einem 
Isomorphismus von X  auf Y verstehen wir eine eineindeutige Abbildung </> von g auf h,
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sodaß cpAdH ist für alle A dG und <p~1BdG  für alle В dH, symbolisch q>X=Y. 
Für isomorphe X  und Y  führen wir außerdem die Schreibweise X ^ Y  ein. Ein Auto
morphismus ist ein Isomorphismus von X  auf X  selbst.

Sind X=(g, G) und Y —(h, H) Mengensysteme mit gc.h und G d H , so sagen 
wir X  sei in Y enthalten, X d Y .  Unter dem Durchschnitt zweier Mengensysteme 
X  und Y verstehen wir das Mengensystem XC\ Y = (g Pl h, F), wobei F aus allen 
jenen Elementen von G und H besteht, die in gC\h enthalten sind. 1st {Aj|id l)  
eine Menge von Mengensystemen Xl—(gl, Gj) mit g,C\gx = 0  für iX x ,  so sagen 
wir das Mengensystem Af =  (Uáfi> U  Gt) sei die Summe JE Aj der Mengen
systeme X,. ,êi ,€/ ‘ei

Ist eine Menge von Mengen, so bezeichne g= J[gl das Kartesische
u i

Produkt der Mengen g,. Für A d g  bezeichne weiters p,A die Projektion von A 
auf die i-te Koordinate von g.

D efinition 4. Es sei {A",|t d /} eine Menge von Mengensystemen Xl =(gl, Gj). 
ETnter dem Kartesischen Produkt [J X, der Mengensysteme X, verstehen wir das

I а
Mengensystem (g, G), wobei g = ng, ist, und G aus allen Teilmengen A von g 
besteht, für die es ein к gibt, sodaß pxA dGH und p,A dg, für alle i x x .  Da wir nur 
ein Produkt betrachten, werden wir oft statt „Kartesisches Produkt” nur „Produkt” 
sagen.

Offensichtlich ist das Kartesische Produkt von Mengensystemen assoziativ 
und kommutativ, wenn man isomorphe Mengensysteme identifiziert. Außerdem 
gibt es eine Einheit, nämlich das triviale Mengensystem E = (g, 0), wobei g nur 
aus einem Punkt besteht. Das Produkt endlich vieler zusammenhängender Mengen
systeme ist zusammenhängend, jedoch ist das Produkt nicht zusammenhängend, 
wenn unendlich viele Faktoren auftreten, oder ein Faktor nicht zusammenhängend 
ist.

D efinition 5. Unter einer Ä^-Schicht von X= (g, G)= ПХ, verstehen wir 
ein in X  enthaltenes Mengensystem Y —(h, H), für das p j i—gx, pxH = GX ist und 
p,hdg, für alle i^y .. H  besteht also aus allen Elementen von G, die in h enthalten 
sind. Die A^-Schicht, die den Punkt a enthält bezeichnen wir mit X".

Lemma 1. Sind a, b d X ‘ und liegen a und b in einer Kante A aus ПХ,, so ist 
A in X f enthalten.

I.EMMA 2. Sind X" und Xth zwei verschiedene Schichten des Mengensystems 
ПХ,, so ist jeder Punkt aus X j mit genau einem Punkt aus Xtb durch eine Kante ver
bunden, oder kein Punkt aus X “ ist mit Punkten aus Xb durch eine Kante verbunden.

Lemma 3. Ist a d X j mit zwei verschiedenen Punkten aus X b durch je eine Kante 
verbunden, so ist X “ — X b.

Lemma 4. Es sei <p eine isomorphe Abbildung des zusammenhängenden Mengen
systems R X S = T  auf X  X Y =Z, bei der jede R-Schicht von T auf eine X-Schicht 
von Z abgebildet wird. Dann gibt es einen Isomorphismus q von R auf X  und a von 
S  auf Y mit <p(r, s) =  (or. as).

Beweis. Lemma 1 und 2 folgen direkt aus der Definition des Kartesischen 
Produkts. Lemma 3 ist eine unmittelbare Folgerung aus Lemma 2. Um Lemma 4
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zu beweisen, zeigen wir zuerst, daß aus ip(r, s)=(x, y) und ip(r, t) = (x', z) folgt 
л' — л'. Da wir s x t  voraussetzen, liegen (r, s) und (r, t) in verschiedenen /(-Schichten 
aus T. Nach Voraussetzung wird jede /(-Schicht auf eine У-Schicht abgebildet, 
also ist yX-z. Weiters ist л zusammenhängend, also gibt es eine Kantenfolge in 
einer /(-Schicht, die (r, 5 ) mit (r, t) verbindet. Diese Kantenfolge wird durch <p auf 
eine Kantenfolge in Z abgebildet, die (x, y) mit (x', z) verbindet. Ist die Länge 
der Kantenfolge eins, so liegen (x, j)  und (x' z) in einer Kante. Da y X z  ist, muß 
laut Definition des Kartesischen Produkts x — x ' sein. Durch Induktion ergibt 
sich die Richtigkeit der Behauptung x — x' auch für beliebig lange Kantenfolgen. 
Es gibt also eine von s unabhängige Abbildung g, mit <p(r, s) — (gr, y(r, s)). Das 
heißt, daß jede /(-Schicht von T auf eine У-Schicht von Z abgebildet wird. Es gibt 
daher eine von r unabhängige Abbildung a mit (p(r, s) = (x, as), also (p(r, s)= 
= (gr, cr.v). Man sieht leicht, daß q  ein Isomorphismus von R auf A und a ein Iso
morphismus von S auf У ist.

Dehnition 6. Ein Mengensystem X ist prim, wenn aus I s f X Z  folgt 
oder Z ’sèE, wobei E das triviale Mengensystems ist. Zwei Mengensysteme X, Y 
sind relativ prim, wenn aus X= U X Z  und У= V X Z  folgt Z = £ .

Ist X = (g, G) ein zusammenhängendes Mengensystem mit einem Punkt end
lichen Grades, so hat X eine Primfaktorzerlegung. Denn sind X — (g ,G ) und 
y=(/i, H) zwei Mengensysteme und ist (a, b) ein Punkt aus X X  Y, wobei a den 
Grad a in X hat und b den Grad ß in У, so hat (a, b) den Grad a-h/1 in X X  Y. 
Ebenso hat jedes zusammenhängende Mengensystem, für das die Distanz von 
je zwei beliebigen Punkten unter einer Schranke m liegt eine Primfaktorzerlegung.

Satz 1. Es sei Z —U X.V—X X Y  ein zusammenhängendes Mengensystem. 
Dann ist jede U-Schicht con Z  das Produkt PXQ  zweier Mengensysteme P c X 
und O c  У.

Bew eis. Es sei X = ( g , G )  mit G = { A , \ i Ç l } ,  Y = ( / / ,  Я )  mit H — {B „ \x  £ К )  
und Ua — (w, W) eine (/-Schicht von Z. Für die Punkte d mit pxd£A t bezeichne 
ferner .4f die Kante aus Z mit рхАл1=А1 und d € ,4f. Analog für Вf. Wir führen 
den Beweis in mehreren Schritten.
(A) Sind <4? und By zwei Kanten aus Ua, so zeigen wir zuerst, daß alle Punkte
z mit pxzÇ.A, und pYzd ß x in Ua liegen. Denn sei etw'a pxz£A l und pYz£ B x. Dann 
ist e — (pxz, pYd) (pxd, pYz) Ç By und z und e liegen in der Kante Bl, sowie
z und / i n  der Kante A\. Liegt z also nicht schon in Zf oder Bdx, so ist z mit zwei 
verschiedenen Punkten von U“ durch je eine Kante verbunden und liegt daher 
nach Lemma 3 in Ua.

Da Ua — (w, IV) alle Kanten von Z enthält, die Teilmengen von w sind, liegen 
also auch alle Kanten A\ und Bzx mit pxz^A , und pYz4B x in Ua. Das bedeutet, daß 
das Kartesische Produkt der Mengensysteme Al und Bx in U“ liegt.
(B) Liegt die die Punkte b und c verbindende Kantenfolge {ßf, .4f} in U“, so 
liegt auch {/4f, Bcx) in Ua und verbindet b und c, wie gerade gezeigt wurde. Liegen 
also b, c£U a nicht in derselben У-Schicht, so kann man annehmen, daß von zwei 
Kanten aus U“, die b und c verbinden, die erste in einer Z-Schicht und die zweite 
in einer У-Schicht von Z liegt.
(C) Ist {Cj, C2, ..., C„} eine Kantenfolge F in Ua mit С^ПС; + 1 X 0  für 1 S /< n , 
so zeigen wir durch Induktion, daß alle z mit pxz(LpxCi für e>n Q aus ^ u n d  pYz£
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ÇpYCk für ein Ck aus F in Ua liegen. Der Fall n = 2 wurde soeben behandelt. Die 
Behauptung sei also für 2 S k < n  richtig. Liegen Cx und C„ in X-Schichten, so 
liegt p Yz in pYCk für ein к mit 1 < /,< « . Je nachdem ob pxzÇpxCt mit 1 
oder i — n ist, wenden wir die Induktionsvoraussetzung auf {Cx, ..., C„_x} oder 
auf {C2, ..., C,] an. Ebenso geht man vor, wenn C, und C2 beide in F-Schichten 
von Z  liegen.

Es bleibt also der Fall zu betrachten, wo von den Kanten Cx und C„ eine in 
einer X-Schicht und eine in einer F-Schicht von Z  liegt. Falls nicht schon Cx in 
einer X-Schicht liegt, so kann man dies durch Umkehrung der Numerierung der 
С,- erreichen. Es sei also pxCi =Al und pYCn = By. Ist pxz<ípxCi und pYz£pYCk 
mit 1 S i, k o r  oder 1 < i,k S n ,  so wenden wir die Induktionsvoraussetzung auf 
{Cj, ..., C„_x} oder {C2, ..., C„} an. Es sei nanpxz£A , undpyzÇP*. Da С; Г:Сг + 1^  
=  0  ist für 1 gibt es einen Punkt cÇCx ПС2 und einen Punkt î/ÇC„_x ПС„.
Laut Voraussetzung liegt dann der Punkt e = (pxc, p Yd) in U“. Ebenso sind alle 
Punkte (pxc, s) mit s £ Bx und (r, pYd) mit r£A l in Ua. Laut Definition der Schicht 
liegen dann die Kanten A\ und Bex in U“. Also liegen alle Punkte z mit pxz £pxA‘ = 
= At -  pxCl und pYz (zPyBx = Bx =pYC„ in Ua.
(D) Sind h und c zwei beliebige Punkte aus Ua, die in verschiedenen X- und Y- 
Schichten liegen, so gibt es eine Kantenfolge {Cx, C2, ..., C„} in U“, die b mit c 
verbindet, und zwar derart, daß für ein bestimmtes / die Kanten Cx, ..., C, in 
einer X-Schicht von Z  liegen und Сг + Х, ..., C„ in einer У-Schicht von Z.

Da U“ zusammenhängend ist, gibt es sicher Kantenfolgen in U“, die b und c 
verbinden, es bleibt zu zeigen, daß eine mit den gewünschten Eigenschaften dar
unter ist. Für и = 2 wurde dies in (B) gezeigt. Die Aussage sei also richtig für 2=5к <n. 
Ist Cx in einer X-Schicht enthalten, so wenden wir die Induktionsvoraussetzung 
auf {C2, ..., C„} an und alles ist bewiesen. Es liege also Cx in einer F-Schicht. Da b 
und c in verschiedenen X- und F-Schichten liegen, gibt es sicher Ch die in einer 
X-Schicht liegen. Es sei Cm die erste Kante dieser Art. Man kann m - ' n voraus
setzen, andernfalls wende man die Induktionsvoraussetzung auf {C„_x, C„} an. 
Durch Anwendung der InduktionsVoraussetzung auf {Cx, ..., Cm) erhalten wir 
dann eine Kantenfolge {Z>x, ..., Dm, Cm + 1, ..., C„}, die b und c verbindet, wobei 
D x in einer X-Schicht liegt. Dieser Fall wurde aber gerade betrachtet.
(E) Wir zeigen nun, daß Ua=(w, W) das Produkt zweier Mengensysteme ist. 
Es sei px W die Menge aller Kanten A aus X, für die es ein d gibt mit Ad £ W. Analog 
definieren wir pYW. Setzt man P = (pxw, px W) und Q =(pYw, pYW), so folgt aus 
(C) und (D) sofort V“ — PXQ .

Satz 2. Ist q> ein Isomorphismus des zusammenhängenden Mengensystems 
P X Q  = R auf X X Y = Z , wobei P prim ist, so liegen die cp-Bilder der P-Schichten 
von R entweder alle in X-Schichten von Z, oder alle in Y-Schichten.

Beweis. Es genügt zu zeigen, daß für P X Q = X X Y —Z  jede P-Schicht 
in einer X-Schicht, oder jede P-Schicht in einer F-Schicht von Z liegt. 
Wegen Satz 1 ist jede P-Schicht ganz in einer X-Schicht oder ganz in einer 
F-Schicht enthalten. Wir führen den Beweis nun indirekt. Angenommen es sei 
Pad X a und Pbcz Yb. Sinda undè nicht schon in einer Kante enthalten, so gibt es 
eine Kantenfolge, die a und b verbindet. Jeder Punkt dieser Kantenfolge liegt in 
einer P-Schicht. Da die Kantenfolge nur endlich viele Kanten hat, gibt es eine 
Kante, in der zwei Punkte liegen, von denen einer einer P-Schicht angehön, die
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in einer A'-Schicht enthalten ist, und der andere einer P-Schicht, die in einer 
У-Schicht enthalten ist. Es sei also Pac X“, Pba  Ffrund o.B.d.A. a, b^A^czX“ und 
c — (pPc, pQb) ein Punkt aus Pb, der mithin einer Kante liegt. Offenbar ist c £ F 6, 
c^ X “. Weiters liegt der Punkt (pPc, pQd)Ab  in Pa und ist mit c durch eine Kante 
verbunden. Dann ist also c$ X a mit zwei Punkten aus X “ durch je eine Kante ver
bunden, im Widerspruch zu Lemma 2.

F o l g e r u n g . Liegt unter den Voraussetzungen von Satz 2 das Bild einer 
P-Schiclit von PXQ  in X“, so ist X “ — (p(PXQ') für ein Mengensystem Q'czQ.

Bew eis . Nach Satz 2 liegen dann alle Bilder von P-Schichten von PX.Q  in 
X-Schichten von X X Y . Ist P = (g, G) und Q={h, H >, so bezeichnen wir die Menge 
aller <7 £/?, für die ip{(p, q)\p £g}c.X “ ist mit h' und das Mengensystem (h', H'), 
wobei # '  =  {A\A 6 //, Ac.h'} ist, mit Q'. Dann ist offensichtlich (p(PXQ') = X a.

Satz 3. Ist <p(PXR) = P\ XP2 X...XP„, wobei P und Pi r ..., Pn zusammen
hängende prime Mengensysteme sind, so gibt es ein Pk, sodaß jede P-Schicht von 
P X R  auf eine Pk-Schicht von Pl X ... XPn abgebildet wird.

Bew eis durch Induktion. Für n = 1 ist der Satz sicher richtig. Es sei nun 
P2X ...X P n = S, also (p{PXR) = P \X S . Nach Satz 2 sind zwei Fälle möglich:
1. Jede P-Schicht von P X R  wird auf eine P-Schicht von PxX S  abgebildet, dann 
ist nichts mehr zu zeigen. 2. Alle Bilder von P-Schichten liegen in S-Schichten. 
Jede Schicht Sa von P, X S ist isomorph zu P2 X... XP„, und nach der Folgerung 
zu Satz 2 gibt es ein Mengensystem R’ = {h ',H ')a R  mit (p{PXR’) = Sa. Laut 
Induktionsvoraussetzung gibt es also ein P,, sodaß jede P-Schicht von P X R ' auf 
eine P,-Schicht von Sa abgebildet wird. Für ein festes r£h' und beliebiges p € P  
gilt also

<p(p, r) = {pl ,p 2, ...,Pi- ,, np, pi+l, ...,p„).

Ist P(î*s) eine andere P-Schicht von PXR,  so gilt analog

cp(q, s) = (ql ,q 2, ...,qk- ,,  Qq. qk + i, ...,q„).

Wir brauchen nur noch zu zeigen, daß k = i  ist und np — qp. Für p { = 7 , ist dies laut 
Induktionsvoraussetzung der Fall. Liegen r und s in einer Kante von R, so liegen 
(p(p, r) und (p{p, s) ebenfalls in einer Kante. Nach der Definition des Kartesischen 
Produktes muß dann auch für p^-Aq^ k = i sein und np — Q p . Da R zusammen
hängend ist, und jede zwei Punkte verbindende Kantenfolge nur endlich viele 
Kanten hat, ergibt sich die Richtigkeit der Behauptung.

Satz 4. Ist X ein zusammenhängendes Mengensystem und hat X eine Primfaktor
zerlegung, so ist sie eindeutig bis auf die Reihenfolge und Isomorphie der Faktoren.

Bew eis . Da X  zusammenhängend ist, kann X  nur als Produkt von höchstens 
endlich vielen Faktoren dargestellt werden. Wir führen den Beweis durch Induktion 
nach der Minimalzahl der Faktoren aller möglichen Primfaktorzerlegungen von X. 
Für n=  1 ist der Satz sicher richtig, er gelte also für k-^n. Es sei P t X ...X P„ eine 
minimale Primfaktorzerlegung von X  und 0 , X ... X Qm, m z:-n eine beliebige andere. 
Setzen wir Q2X ...X Q m=R, so ist Ql X R  = Pi X ...XP„. Nach Satz 3 gibt es 
daher ein P;, sodaß jede {^-Schicht von X eine Pr Schicht von X ist. Klarer weise
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ist Pi=Qi- Nach lemma 4 ist weiters Ä s ? 1X .- .X P ,-iX /’i + iX .. .X P B. Da 
nach Induktionsvoraussetzung die Qk, 2т=к?±т mit den Pt, 1 -Jál^n, I i bis 
auf Reihenfolge und Isomorphie übereinstimmen, ist der Satz bewiesen.

F o lg eru ng . Ist X  ein zusammenhängendes idempotentes Mengensystem, d.h. 
ist XX,X=. X, so hat X  keine Primfaktorzerlegung.

Bew eis. Hätte X  eine Primfaktorzerlegung, so wäre sie nicht eindeutig.

S atz  5. Ist P , X . .  X P„ eine Primfaktorzerlegung des zusammenhängenden 
Mengensystems X, und sind die Punktmengen der Pt paarweise disjunkt, so ist die 
Automorphismengruppe von X isomorph zur Automorphismengruppe der Summe 
der Pj.

Bew eis. Aus dem Beweis von Satz 4 geht hervor, daß es zu jedem Auto
morphismus q> von X und jedem Pt ein Pk gibt, sowie einen Isomorphismus n von 
Pi auf Pk mit

<P(Pi, •••> x t, ...,pn)=(q1, ..., qk- i ,  3 i . Y f ,  qk, i ,  ..., qn).

Man sieht, daß jeder Automorphismus von X  einen Automorphismus von У, P, 
liefert. Auch die Umkehrung zeigt man leicht.
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AN INFORMATION THEORETICAL IDENTITY AND A PROBLEM
INVOLVING CAPACITY

by
F. TOPS0E

Let X — {x;: i=  1, 2, n} and Y — [yr. j = 1, 2, m) be finite sets. A proba
bility distribution over X  will be denoted by the letter p and one over Y by the letter q.

Suppose that the distribution of Y is changed from q* to q. Then we define 
the amount of information one gains by knowing that the distribution has changed 
from q* to q by
( 1 )  1  ( q *  : q )  =  2 14 j log (qj/q*).

j

In order that this quantity be finite we must assume that qj vanishes whenever 
q* vanishes (no new events have been born). The quantity just defined has been 
studied by many authors; in the book [1] the notation / ( -1|-) is used, /(q* : q) 
is non-negative, and it is zero iff q+=q.

Now suppose that a joint probability distribution on the product space X X Y  
is given. Let p and q denote the marginal distributions on X and Y respectively, 
and denote by q,- the conditional distribution on Y given x-t. Clearly, X and Y can 
also be regarded as random variables. The amount of information X contains about 
Y can be defined by the equation

( 2 )  i ( x , y )  =  Z p A q : q f ) .
i

This quantity is symmetrical, so that /(X, F) =  /(T, Y).
1J q* is any probability distribution over Y such that /(q* : q) is finite then 

the identity
(3) i (x ,  y) =  2 A / ( q * : q . W ( q ' : q ) -
holds.

This identity is a simple consequence of the additive property of the logarithmic 
function.

We now want to apply our identity to the problem of finding the capacity 
for a memoryless channel. Let (X, P, Y) be the channel. X  and Y are finite sets
as before and P  = (j>ij)i= i .... i.............a stochastic matrix. The fth row in P is
denoted q, i.e. qi=(pn> •••,/>,,„)• We assume that no column in P is identically 
zero. Clearly, any distribution p on X  induces a distribution on X X  У; if we call 
the corresponding marginal distribution on Y for q then q =  2 íPí4í■ A distribution 
on Y is called admissible if it is a convex combination of the q,’s. An optimal source 
is a distribution on X that maximizes I{X, У); the maximal value of I(X, Y) is 
the capacity of the channel.
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T heorem . Let p+ be any distribution on X with all p* positive and denote by q* the 
corresponding distribution on Y i.e. q* = 2iP*4i ■ Then a necessary and sufficient 
condition that p* is an optima! source is that the value o f 7(q* : q;) is independent 
o f i ;  i = l ,  2, n.

I f  the condition is fulfilled then the common value of /(q* : q() is the capacity 
o f the channel.

The necessity is well known and can for instance be proved by introducing 
Lagrange-multipliers. The sufficiency, as well as the last part of the theorem, is an 
easy concequence of the identity (3) and the non-negativity of /(q* : q).

It is easy to prove that a necessary and sufficient condition for the existence 
of a distribution q* with all q* positive and such that /(q* : q;) is independent 
of /', is that the matrix equation Px = h has a solution; here /;г is the entropy of q .  (h4 = —  TjjPij log Pi/). A complicated problem arises, however, since we cannot 
be sure that such a q* is admissible (compare the example in [2]). Unfortunately, 
we have not been able to describe in information theoretical terms when this un
pleasant situation arises.
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ON THE ZEROS OF THE SOLUTIONS OF THE DIFFERENTIAL 
EQUATION y "  +  q ( x ) y  =  0, WHERE [ç(x)]v IS CONCAVE

by
Á. ELBERT

A. S. G albraith  proved the following theorem [1]: 
In the differential equation

(l )  y " + q ( x ) y = 0
suppose q(x) to be nonnegative, monotonie and concave (no point of an arc lies 
below its chord) in some closed interval [я, й]. If

b

(b — a) Jq{x)clx s  —n2n2.

where n is an integer, then every solution of (1) has at least n zeros in [a, b\. The 
number 9/8 cannot be replaced by a smaller one.

In this paper we shall generalize this theorem in two directions and at the 
same time give another proof of the theorem of G a l br a ith . At first we make a

D e h n it io n . The function q(x) belongs to Cv[a, b] (0«=; v< °°) if q(x) is a nonne
gative continuous function in the closed interval [a, b\ and [í7(.y)]v is concave (in 
sense mentioned above).

It is obvious that the set Cv[a, h\ is a little more general as the set of those 
functions which are taken into account in the theorem of G a l br a ith .

Now we can formulate our
T heorem . I f  q(x)£Cv[a, b] and

(2) (b -  a) f q  (a) dx S  n2 n2,

where n is an integer, then every solution of (1) has at least n zeros in [a,b\. The 
coefficient o f n2n2 on the right side o f (2) cannot be replaced by any smaller one.

Throughout this paper we shall use the notation 
We set out from a result of E. M ak ai [2]. His result implies the following

A(x) (2v+1)2 
* 4 v ( v + 1 )

L emma I. If p(x) is a nonnegative continuous function in the closed interval 
[а, й] with continuous first and second derivatives and the inequalities

and

j p ' 2(x)-p(x)p"(x) s  0
b

f  \'p(x) dx ^  Tin
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hold, where n is an integer, then every solution of the differential equation

y”+p(x)y = 0
has at least n zeros in [a, b].

We need yet two other Lemmas too.

Lemma 11. If y(u) is a non-negative continuous function in the interval [0, t] 
which satisfies the equalities

T

J y{u)du -  a
о

and

0
ß (0 <  V <  °°)

then the inequality
X  . 1 . 1

/ 1 +— 1 +— 1 1
у (и) —--------—-----du <  2ßx 2v — атv

x~ u
о

holds.
Proof: Taking into account the meaning of the quantities a and ß we obtain

о

tv +u Л - u t )
T — и du <

Л. 1 
атv -f 2т 2v

l 1
—  7V 2v

= атv + 2t 2v у (и)
1+-1- 1+-^- 

r  2 v  — 2 v

X — U

■ du

du — 2ßx 2v — атv .

L emma III. If «/(x) € Cv[a, b] and

then

J iq{x) dx =  J,
a

b

I  = (b — a)J q(x)dx ^  ^4(v)T2.

Proof. We denote the maximum of the function [g(x)]v in the interval [a, b] 
by t, and the length of that subinterval in [a, b\, where the inequality [i|(x )]'S / 
holds fO^t^T), by <?(?). The function g(t) is decreasing and concave in [0, r] and, 
of course, g(0) =b — a.
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By this definition of g(t) it is clear that

and

( 3)

U T -  ■ T

J  = /  \ q O) dx = f  g(s2v)ds = —  J g ( t ) t 2v dt

(4) I =  (b — a)J q(x)dx =  (b — a)J g(s')ds =  ——— J g(t)tv dt.

We extend the domain of the definition of g(t) from [0, t ] to ( — r] by making 
the convention g(t) = g(0)—b — a for /SO. Let the function g£(t) be defined by

t s

eÀ 0 =  -p- f [  J e(<0d<rj ds ( e 0)
t —E S —E

and le, Jc by putting gc(t) instead of g(t) in (3) and (4). The function o£(/) is also 
concave gr(0) = g(0) = b — a, its first and second derivatives exist and are continuous. 

Let us write
1 for 0 = t = и

r(t, u) - T — t -
l o r  U S  t S .  T.

T — U

A simple calculation shows that
T

Qt(0 = e« W -e '(0  ) ( T - t ) - J  g"(u)(x — u)r(t, u)du for 0 g ( s T

and

hence

(5)

and

( 6 )

1+3- 1+±/ 1 -, 1 1  J T —
,  4 — 1 , V2 T v — и  v

r(t,u )tv dt = ——-------------------,
V +  1 T —  U

4 / - Î - - 1
1 2  у  ̂+ I

g , ( t ) t 2v d t  =  е,(т)т2» -  2 7 ^ j 6 «(0 )t + 2v -

2v /' „
:v+l J  Qc ( u ) ( t - u ) -

T —  U
du

Ic-(b -a )-

T

4 / —-1 -L v L+1
gc(t)t'’ d t= g c( t ) t v у  e£(0)rv

v+ 1

T

/
1 + —  l +  —

ÍL («)(r -  m) — -----U------du.
T  —  U
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Let now be

and

y ( u )  =  -  q " ( u )  (t — m),

T

a =  f  y ( u ) d u  = е£( 0 ) - е £(т) + е'(0)т

ß = 2tL+1 Л  -  -^ гг^  вв CO t 2v + QÉ (O)t 1 + 2v,2v £ 2v 
then by Lemma II and (5) we get from (6)

L у i+J- у Í -i-
i c( b - a ) ~ 1 i i  e t ( r ) T v e £( 0 ) t  v + — -j | 2t 2v

2v+ l
2v Л  —

^ - ^ £(0 * 2v + е '(0 )т1 + 21' ■t v [е«(0)-е,(т) + е::(0)t]J -

2v + 1 v
• = ^ г т 2' ^ ------- re £(0)Tv=  „ , nv+1 v + l ^ £W 4v(v +1)

-  c + ^ - o - . .

V + 1
(b -a ) 2v+ 1

2v -  t 2v S  A(v)J2(b — a)~

l. e. 

(7) It — A(v)Jg.

If e tends to 0, then ge(t) tends uniformly to g(t), therefore from (7) we obtain

I ^ A (v )J 2,
as it was stated.

P roof of the T heorem . Applying Lemma III we get from (2) that

(B) J  iq(x) dx nn.

Let cje A(x) be defined for e, A >0 by
jc + £ £ + e

<JCja(x) = A + i f  /  qV̂ dt]) d^ (a ^  X s  b — 2e).
X (

The function qe A{x)^C y[a, b — 2c] and there exist its first and second derivatives, 
too, hence

[ î ^ W f  =  Щ\7а (О [(v-  О) +  qe,A(x)q't,A(*)] 0 ,
therefore

(9) j  <lt%( 0  -  Яг, л COq't.A(x) =  | ^  +  vj ÏM CO + [( 1 -  v)qt%(x) -q ,_A (x)q"A (*)] ^  0.
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Let y = y(.v) be any solution of (1). We will prove that the inequality (8) implies 
the existence of at least n zeros of _p(x) in [a, b], Let ytA(x) be the solution of the 
differential equation

У "  + qe,A(x)y = 0

with the initial conditions A(a) =y(a) and y'etA(a) =y'(a). If e is small enough, 
then by Lemma I, (8) and (9) the function has at least n zeros in [a, b — 2ß] since

But

hence

b — 2 e  b j  b
Jim f  Íqc,A (x) dx = J [A+qv (x )]2v dx > f  \q(x) dx S  nn.

a a

= q(x),£ —» Ü 0

= У(х),£ —F 0
J-» o

and ,v(x) has at least n zeros in the interval [a, b\, too.
Finally we shall show that the quantity A (v) cannot be replaced by a smaller

j_
one. Let q(x) be л у $CV[0, °°) and consider the differential equation

y" + x v у — 0.

Let y(x) be the solution of this equation with the initial conditions j>(0) =  0, y '(0 )^0 , 
and denote the nth zero of y(x) by x„, where .vo =  0. Then from the result of the 
paper [3] and of Lemma 1 we obtain

hence

therefore

nn ■ n ?  2v i + y -
2 ~ j x d x = 2 ï + ï x-

nn,

A(v)
Xn J

и- y ]  П2 <  x „ f x vdx = — v ^ A (v )n 2n2.v + 1

1 f -
lim v 0 xn / x v dx = A{y),n-oo nznL g

i.e. the coefficient of n2n2 in (2) cannot be smaller than A(v).
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INFORMATION-TYPE MEASURES OF DIFFERENCE 
OF PROBABILITY DISTRIBUTIONS AND INDIRECT 

OBSERVATIONS

by
I. CSISZÁR

This paper deals with the implications of sufficiency and e-sufficiency of obser
vation channels defined in tenns of certain information-type measures of difference 
of probability distributions, called /divergences. The results published here 
are taken from the author’s thesis1 [1]; except for Theorem 3. 1, which 
— although a direct consequence of the ideas developed in [1] — explicitely 
does not occur there. The results published earlier in [2] and [3] are considerably 
improved (the concept of /-divergence has been introduced in [2]). The first two 
sections are of introductory character; the main results are contained in § 3 while 
§ 4 contains corollaries and comments.

§ 1. The Concept of /-divergence

Let /(«) denote an arbitrary convex function defined in the interval (0, +<*>). 
In order to avoid meaningless expressions in the sequel, let us agree in the follow
ing notational conventions:

Д0) = lim Пи)
и-* + О

( l . l ) = о

lim efC-. + 0 a lim /(«) (0 <  а <  +°°).

If (V, 20, 2) is a measure space, i.e. X an arbitrary set, 30 a <r-algebra of subsets 
of X and 2 a measure on (X, 20) (all measures will be assumed either finite or 
ff-finite), the symbol [2] will stand, as usual, for “almost everywhere with respect to 2.”

Lfm m a 1.1. Let a (x )  and ß(x) be two nonnegative measurable functions on
a measure space (X, if, 2); then I ß (x ) f(яу~ | 2(</л) is well-defined for all EÇ.20

t  yß{x)J

1 Other results of [1] — concerning topological properties of /-divergences — will be published 
in another paper.
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on which both a(x) and ß(x) are integrable, and for such an E

fct(x)A(dx)
(1.2) / ß(x)f “H J  A(dx) S  j  ß(x)X(dx) • /

j'ß(x)Hdx)

I f  J  ßix)X(dx) >0  and f(u) is strictly convex at u0= Jtx(x)X(dx)j J ß (x)X(dx),
E  E E

there is strict inequality in ( 1. 2), except for the case
(1.3) cc(a) =  ufi(x) [/.] on the set E.

Prooi . One may assume J ß(x)A(dx) > 0 and Joc(x)A(dx) >0, since other-
E  E

wise, according to the conventions (1. 1), the statement is trivially true. Let h denote 
the arithmetic mean of the left and right derivatives of f(ii) at the point w0 =
=  f  a(x)X(dx) I I  ß(x)A(dx) (0<ы0<+°т;). Then b is finite and the convexity

E  E

of f(u) implies
(1.4) /(;/) i/(u 0) + b(u -  u0)

а (л )whence, substitutine и = ß(x)

(0 = It + “ ),

we obtain for ,ß(.v)>0

(1.5) ß (x )f - ß (x)f(uo) + b (a (x) - u 0ß (Л-)).

According to (1. 1), relation (1. 5) clearly holds even for ß(x)~ 0 , as the con

vexity of f(u) implies lim - - -  . The right hand side of П. 5) is integrable onu->~ и
E  by assumption and thus the integral over E of the left hand side is also well- 
defined; since J (x(x)A(dx) —u0 J ß(x)A(dx) = 0 by the definition of u0, (1. 5) gives

E  E

rise to (1.2). If /(и) is strictly convex at u = u0, the inequality in (1.4) and (1. 5) 
is strict, except for ii = it0 and a(x) = u0ß(x), respectively. Thus also the condition 
(1. 3) of the equality in (1. 2) is proved.

Let now Pi and p2 be two probability distributions (i.e. measures with р^(Х) = 
= p2{X)-= 1) on a measurable space (X, i f  ). Let X denote an arbitrary dominating 
measure of /q and p2, i.e. a finite or cr-finite measure on (X, 91) such that both 
Pi and p2 are absolutely continuous with respect to X (one may choose e.g. /. +
+ p2). Denote the density (Radon—Nikodym-derivative) of /q with respect to 
A by pt(x) :

<L6) "<*>=

Integrals without specifying the domain of integration will always mean integrals 
over the whole space in question.
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D efinition 1.1. The quantity

(1. 7) S/(ß i, Pi) = /  ) 4dx)

is called the /-divergence of the distributions /(, and /.i2 .

By Lemma 1. 1, the integral (1. 7) is always well-defined and J f { p 1; p 2 ) ^ f ( l )  
with equality only for P i= p2, provided that/(n) is strictly convex at u0= l.  It is 
also clear that the value of S f ( p i ,  /t2) does not depend on the choice of X.

T he co n c ep t o f  /-d ivergence has been  in tro d u ced  in  [2] as a  g en e ra lisa tio n  o f  
K u llb a c k ’s “ in fo rm ation  fo r d isc rim in a tio n ”  o r /-d ivergence2 [4], [5] a n d  o f  
R ényi’s “ in fo rm a tio n  gain” (/-d ivergence) o f  o rd er a [9]; in  fact, the  /-d ive rgence  
(o f  o rd e r  1) equals

(1-8) I(n i||/i2) = fp i ( x )  log X(dx) =  SuicuQii, Hi)

while the /-divergence of order a

(1.9) /«(/till Pi) = J  Pi ix)Pi ~ * (x) X (dx)

is a  stric tly  m o n o to n e  function  o f  a n  /-d iv e rg en ce :

(1.10) IAPi WPi ) = —^yl°g|^/-«(^i>/'2)l; /«(«) =  «*sgn( a - 1).

Let us also mention, that the choice /(м) =  (и — l)2 yields again a familiar measure 
of difference of distributions, that may be called ^-divergence (having in mind 
the occurrence of its discrete special case in the /-statistic) ;

r{p A x) —Pi(x))2
(1. 11) X2 ( P i > P i )  =  J -------- ------------- — X ( d x )  =  S iu- i ) 2 ( ß u t i2)

and th a t the variation distance \ p i — p 2 \ — f  \pAx) —Pi(x)\X{dx) is equal to 

Pi)-
As the minimum of ^ /{P i, p2) equals/(1), (attained only for =p2, provided 

that/(n ) is strictly convex at n0 =  l) it may seem convenient to require / (  1 ) = 0 
if we want to consider the /-divergence as a measure of difference of probability 
distributions; since, however, an additive constant is irrelevant in all the following 
considerations, 1 prefer to make no such restriction on/(w).

The /-divergence is in general asymmetric in and p2. Nevertheless, the con
vexity of /(и) implies that of

(1.12) /*(«) =  «/(-J-)
and with this function we have

(1. 13) S f (fl2, Pi)-

2 Often called also generalised entropy, as in [6], [7] and [8].
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Hence follows, in particular, that the symmetrised /-divergence ц2) +
+  -ff(ß 2 , Hi) is again an /-divergence, with respect to the convex function f(u) !-/*(«). 
E.g. for the so called /-divergence (symmetrised /-divergence) of order 1 we have

(1. 14) J(h i , H2)=I(ßi\\H2) + I(H2\\Hi) = S (u~1)logu(nl , ц2)-

The concept of /-divergence can be used also to define a class of measures 
of dependence of random variables. Let namely £ and »/ be two random variables 
(in the most general sense) i.e. measurable mappings of a probability space (ß, P) 
into measurable spaces (X, Ж) and (T, <W), respectively, and consider the proba
bility distributions Hçri and t/X/t,, on the product space (XX Y, ■'X X ^ ) ,  where 
Hçn, Ht and Hn stand for the joint distribution of £ and 1/ and the marginal distri
butions, respectively. Then, intuitively, one can say that £ and 17 are the less dependent, 
the closer are the distributions and щ X.u4, thus / ^ ( / i ц^ХИц) can be considered 
as a measure of dependence of £ and ц.

A  set of properties required of a measure of dependence (for real-valued random 
variables) has been proposed in [10]. The above quantity obviously possesses the 
properties A), B) and F) listed there (with Borel-measurable functions replaced 
by measurable mappings) and it is easy to transform it in such a way as to possess

r( \
also the properties C), D) 3 and, if lim '-----=+<*>, also E). For f(u) = и log и

u - * ° °  U

we obtain the mutual information of £ and i/:

(1-15) /(£ , 4) =  l(nin\\н4Хн„) =  Л logu(H(r  PiX/r,)

while f(u) = {u — 1) yields the mean square contingency:

(1.16) ç>2(£, /7) = J (u _, )2 (ß(n, Щ X //,,).

Remark. In [10] the mean square contingency is defined only for jU„; in
order that (1 . 16) be generally valid, one has to extend the definition by the obvious 
setting <p2(£, if) =  +  ~  for Hin^HiX-Hn-

Of course, the /-divergences have unpleasent properties, too. The /-divergence is, 
in general, not even a quasimetric, i.e. it does not satisfy the triangle inequality: 
moreover, the “neighbourhoods” Uf (n,e) =  {/1' = l)-=e} need not
define a topology in the space of distributions. As to the purposes of this paper, 
we need not worry about these embarrassing facts, present already in the case of 
the /-divergence ; they will be considered in another paper.

§ 2. Indirect Observations

A measurable space (X, 3C) can be interpreted as an experiment, the outcome 
X being governed by some probability distribution )i on (X, 9E). In mathematical 
statistics the distribution ц is usually assumed to belong to some family {no)eze 
of distributions, where 9 is an unknown parameter.

3 Provided that /(и ) is strictly convex at u0 =  1.
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D efinition  2. 1. By an indirect observation we shall mean a measurable space 
(У, <W) related to (X, SC) in one of the following ways, including also a correspondence 
of probability distributions ц on (X, SC) to distributions Ji on (Y,SÜ)-.

(i) Y=X, & cSC,Ji = restriction of /i to
(ii) there is given a measurable mappingy  = Tx of (X, SC) into ( Y, Sd)ffi= ц Т ~ 1 ;

(iii) for each x £ X  there is given a probability measure v(-|x) on (Y,Sd) such 
that v(ß|-) is ^-measurable for each fixed В CßJ; Д is defined by

(2. 1) Ji(B) = f  v(B\x)ii(dx).

In mathematical statistics indirect observations of types (i) and (ii) are the 
most familiar (grouping of data, using a statistic); they are well known to be essen
tially identical (in case (i) the identity mapping can be introduced as a statistic, 
while in case (ii) (Y, Sd) can be replaced by the isomorphic measure algebra (X, T~ lSd). 
In practice, however, most of the indirect observations are subject to random 
effects (e.g. measurement errors), in which case (iii) is the appropriate model. In 
terms of information theory, one can speak of an observation channel (X, v, У), 
the outcome у of the indirect observation being interpreted as the output of the 
channel (cf. [7]).

Clearly, indirect observations of type (ii) — and thus, essentially, of type (i) 
too — are special cases of the more general model (iii); one has only to set v(B\x) =  1 
for TxÇ_B and 0 otherwise. On the other hand, (iii) can be reduced to (i) if the space 
(X, SC) is replaced by the product space (XX Y, SCXdC). Indeed, to each distribution 
(and, in general, to each гг-finite measure) ц on (X, SC) there corresponds a measure 
ц* on (XXY,  SCXSd) defined by

(2.2) Ц*(АХВ)= J  v(B\x)n(dx) (AÇSC, ВЧ<У)
A

and the routine extension to the whole SCXSd; the restriction of /(* to the tx-algebra

(2.3) &' = {XXB: B£<&}

is essentially identical with Ji as defined by (2. 1) (in the sense of the isomorphism 
of the corresponding measure algebras).

The indirect observation will be called sufficient with respect to a family {/i0}9ge 
of distributions on (X, SC) if the conditional distribution given the outcome of the 
indirect observation does not depend on 0; restated more formally:

D efinition  2. 2. An indirect observation of type (i), (ii) or (iii) is sufficient 
with respect to a family {/(e}eee of distributions on (X, SC) if for each AÇ.SC there 
exists a ^-measurable function nA(y) on Y such that for every В£%/ and 0€©

(2-4) /  nA(y)Jt0(dy) = P e(x£A,y£B) ,

where Pe(x tA , y£B)  stands for ц0(А Г\В), ц„(А П T~l B) or цЦ(А XB),  respectively.
This definition can be considered as a special case of the more general concept 

of sufficiency of an experiment (Y,®)  with respect to another experiment (X, SC), 
introduced by Bla c k w el l  [11]; in cases (i) and (ii) it reduces to the familiar concept

Studia Sclentlarum  M athem aticarum Hungarica 2 (1967)



304 . C S IS Z Á R

of sufficient a-algebras and statistics, respectively. In case (iii) we shall speak of 
sufficient channels.

In the sequel we shall concentrate mainly on the case 0  = {1, 2}, i.e. in terms 
of mathematical statistics, the problem of discrimination between two simple 
hypotheses.

Let /r, and p2 be two probability distributions on (X, X). Let X 0 be a sub- 
cr-algebra of X  and /7,- the restriction of ut to X 0 (/=1, 2); let Cf.X0 denote a set 
with Ji2(C) = 0 such that /r,<sc/I2 on X — C (if Pi<zp2, we choose C = 0). We intro
duce an auxiliary distribution pl2 defined by

(2.5) /г12(Л) =  /  р2(А\Х0)р1(Ах) + р 1(АПС) (ЛеХ),
x-c

where p2(A\X0) denotes the conditional /^-probability of A with respect to the 
сг-algebra X 0. It is clear from the properties of conditional probabilities, that p12 
is uniquely defined and it is in fact a probability distribution on (X, X). For A £X 0 
(2. 5) implies p12(A) = p fA) ;  thus pl2 is an extension of Jil to X,  in general different 
from /r, .

Lemma 2. 1. X 0 с X  is a sufficient а-algebra with respect to the pair (pl , g 2) 
i f  and only if /i12 = p x.

P roof. The statement follows directly from definition 2. 2 and (2. 5).
Let Pi(x) and p,(x) denote the density of //, and /7, (/ =  1, 2) with respect to 

some dominating measure Я and its restriction Я to X 0, respectively. (lis  also assumed 
to be cr-finite).

Lemma 2. 2. p l2 is also dominated by X and its density function equals

( 2. 6) P 1 2 O)
J ^ - P z O )  if Pi(x) >  0 

Pi(x) if p2{x) = 0.

Proof. The absolute continuity of /t,2 with respect to X is obvious. To prove 
(2. 6) we may and do assume that Я is a probability measure. We set C = {.r : p2(x) = 0} 
and denote the indicator function of a set A c z X  by yA(x). Utilizing the well-known 
properties of conditional expectations, in particular that for any â"0-measurable 
function h E;(gh\X0) = hE;(g'X0), we obtain for arbitrary A dX

/  p i2(x)X(dx) = Е ^ ~ р 2Хл-с\ + Ы Р 1 Хлпс) = Ея( ~ Xx- c^AXaPi I^o) | +P 2

(2. 7) + /I, (А П С) = Ея I Ji- Xx. cp2 (Л\Х0)р21 + /г, (А П C) =

=  / M2(4\X0)p1X(dx) + p l (A ПС) = p ,2(A).
X - C

This means that (2. 6) is indeed the density function of /.il2.
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L emma 2.3. The о-algebra 3T0 с  Ж is sufficient with respect to the pair (p{, p2) if 
and only i f  p fx)\p2{x) equals almost everywhere an Ж ̂ -measurable function, both with
respect to /(, and p2 (here we understand ~  =  + °o (a >0) but — remains undefined) ;

moreover in this case P\ (x)  = Pi M  
P i (x ) Pz(x )

0

[fil + HI

PROOF.4 If is sufficient, from Lemmas 2. 1 and 2. 2 follows Pt (x)  P i W
РгО*) P2 M

[fii+fi2 ]> the exceptional set being {x: p l(x)=p2(x) — 0) and, possibly, some 
A-nuIl-set. On the other hand, if P\(x)/p2(x) is [/Fi -1-ju2] equial to an ^-measurable

function, the/Fj-null-setD — = +«=} differs at most by a (/t, +  |t2)-null-
P2\X)

set from a set in áT0. Hence follows that D is contained in C =
=  {x:p2(x) = 0}Çif0 tip to a (fii+fi2)-null-set, and thus on X —C we have

Pi<zp2, = ^ '\X\ [/<?]• (Of course, p { need not be a probability measure onp2(dx) p2(x)
X — C). Since, by assumption, р 1(х)/р2(х) is [^1 +,u2] equal to an $"0-measurable
function and on X - C  Ъ  the relationlh(dx) p2(x)

( 2. 8) F Í v(-d x '> 
Cf‘ {p(dx) # 0  =

v(dx)
p(dx)

valid by the definition of conditional expectations for any v-=sc/t (v need not be 
a probability measure), implies

(2 .9 ) PA*)
Pi (x )

Pi(x)
Pz(x)

[p2] on X — C.

From (2. 8) and Pi<^p2 on X — C the sufficiency of 3C0 follows by Lemmas 2. 1 
and 2. 2.

Let us now be given an observation channel (X, v, Y) and let p{ and p2 be 
two probability distributions on (X, ЗГ). Consider the product space (XX  F , f  X f)  
and the distributions p* and p2 on it, defined according to (2. 2). Let Я be a dom
inating measure of p2 and p2\ then the corresponding A* on the product space 
is also (7-finite.

L emma 2. 4. The density o f pf with respect to A* equals the density o f pt with 
respect to A:
(2.10) PK x ,y )= Pi(x) [A*] (/=1,2).

4 Lemma 2. 3 is a variant of the well known factorisation criterion of sufficiency; the proof 
— though presumably new, at least in form — is given mainly for the sake of completeness (in lack 
of a direct reference for the required form of the statement).
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P r oof . It suffices to prove Jpfx)X*(dx, dy) — p*(E) only for E = A X B
E

(zt £.f, В 4®)). But this follows directly from the definition of A* and p* (cf. (2. 2)): 

J  Pi(x)X*(dx,dy) =  f  Pi(x) v(B\x)X(dx) = J  v(B\x)pfdx) = pf (A X B).
A x  В A  A

L emma 2. 5. The channel (X, v, Y) is sufficient with respect to the pair (p,, p2) 
i f  and only if the o-algebra <%)' — {X X B ' BÇ/W} is sufficient with respect to the pair 
(Bu PÎ). '

P roof. The „if” part is trivial ; to prove the „only if” part, we have to show 
(cf. Definition 2. 2) that for every E^STXW there exists a ^'-measurable function 
лЕ(х, у) i.e. a ^-measurable лЕ(у) such that

(2. 11) j  Tt*E(y)pf(dx, dy) = pt(EC\ (XX В)) (i - 1 ,2 )
X x B

for each B^ffJ.
If E = Ei X E 2, the function nE(y) =  r.Ei(y)/E2(y) obviously possesses this 

property, where nEt(y) denotes a function, existing by assumption, such that

S  nEl(y)Bi{dy) = BKEiXB)  (/=1,2) for all B ^ J .  
и

This already proves the lemma, as the class of sets E a X x Y  for which n|(y) satisfy
ing (2. 11) exists is obviously a c-algebra.

We define the auxiliary distribution p*2 on (AfX Y, ЗСХ'У) by a transliteration 
of (2. 5) to the present case. Then, as it is easy to see, p*2 is defined by

(2 .1 2 )  p*l2(AX B ) =  f  p2(A\y)fi1(dy) + p*l (AX(BnC))
B -C

(where pt (i = 1, 2) is defined by (2. 1) and C (fU stands for a set such that p2(C) — 0 
and on Y —C Pi<zp2) and the usual extension to the whole SPXW■ Here p2(A\y) 
is an abbreviation for the conditional probability p2(A X Y \УГ). The density of 
p*2 (with respect to X* connected with A according to (2. 2)) is given, according 
to lemmas 2. 2 and 2. 4 by

(2. 13) P \i(x ,y) ш рЛх)  if pl(y) " 0
Pi(x) if p2(y) = 0,

where pfy) denotes the density of pt with respect to A, defined5 according to (2. 1). 
The following characterisation of sufficient channels is also of some independent 
interest.

L emma 2. 6. The channel (X, v, Y) is sufficient with respect to the pair (p2, p2) 
i f  and only if the output space Y can be represented in the form
(2 .1 4 )  Y =  U Bs (BSi0 B S2 = 0  for s, X s2)

0  SsS+<»

5 We consider only such cr-finite A’s for which A, too, is <r-finite.-
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where for every O S aS ftS  + oo |J BS4^J and implies v(Bs\x) = 1
a S s S h  P l ( x )

[p I -f p2] IQ = +°° if . Here one may choose

(2.15) Bs = Jy : = , j  (s > 0), B0 = {y . p f y )  =  0}.

Proof. We set

(2. 16)

and

A" =  {x : ~ l-p2(x) ^  p f x )  < ^гР2(х)} 2

\ к -  1 _ _ к I U  = 1» 2,
Bi =  p  • P2(у) -  M y )  <  v M > ’)|

(2. 17)
Ao =  {*: Pi (A > p2(v) — 0}

ß» =  {y; Pi(y)>p2(y)=Q}-

If the channel is sufficient with respect to (p ,, p2), we have, according to (2. 2) 
and (2. 4), for each к and n

(2. 18) A 2„ ' pî(A i X  ßf) S  pî (^î X ß?) S  ^  p2 (Л? X ßf)

(2- 19) ^ - l i ï ( A î X B ï )  Ш pï(AïXBï)  S  2- p$(^X ßD ;

both in (2. 18) and (2. 19) the second inequality is strict except for pf(Ak XB") — 0 
(/=1,2). (2. 18) and (2. 19) imply р*(Ак X B") = 0 (/= 1 ,2) for к A l, and by a 
similar reasoning, we also have iif(A„XB") = pf(A"kXB„) = 0 (/=1,2). This 
means, by (2. 2), that xf_A£ implies v(B"k\x)= \ [p, +  p2] for all n and k, including 
also к =  + 0 0  if we write A'L =A„, ß i  = ß M for all n. Hence follows, if we set in 
accordance with (2. 15)

( 2. 20) Bs = n  B[2 ns]+1 (0 + ~), ß0 = у -  U ß„
s > 0

P\ (-v)that for ' =  s one has v(ßs|x )= l [p i+ p2], proving the “only if” part of
Pi\x)

the statement. On the other hand, if У can be represented in the form (2. 14), let 
s(y) denote the value s for which у € ßs • Then s(y) is i^-measurable and

s W = Ppm  и + " а
( 2. 21)

thus, utilising Lemmas 2. 3, 2. 4 and 2. 5, the channel (X, v, У) is sufficient.
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§ 3. (/, e)-sufficiency of Indirect Observations and its Implications

It is intuitively clear, that in indirect observations the discernability of two 
probability distributions cannot increase. This means, that if the /-divergence is 
an appropriate measure of difference of probability distributions, the inequality

(3. 1) Дг) /<2)

has to be valid for any pair of distributions on (X , 3£). It has been shown in [2] 
that this inequality holds, indeed, and for strictly convex /  and finite , Ji2)
the condition of equality in (3. 1) is just the sufficiency6 of the indirect observation 
with respect to the pair (jit , /i2)- (The proof will be reproduced in the sequel.) 
This theorem is a generalisation of the theorem of K u llb a c k  and L eibler  [4] stating 
that for indirect observations of type (i) or (ii) (Definition 2. 1) the /-divergence 
does not increase, i.e.
( 3 .2 )  /(Д1 НД2 ) =  I(Mi\\H2 )

with equality only for sufficient cr-algebras or statistics, respectively (provided that 
the /-divergences in question are finite). The difference of the two sides in (3. 2) 
can be interpreted as the loss of information in the indirect observation and it 
provides a measure of degree of non-sufficiency of the indirect observation, c.f.
[12], [13].

Indirect observations of type (iii) do not seem to have been considered in this 
context; of course, as it has been pointed out in § 2, this is rather a question of 
interpretation, though to recognize the fact that the theory covers also indirect 
observations of type (iii) seems to be essential at least from the point of view of appli
cations. From the pure mathematical point of view, the generalisation from 
/-divergences to arbitrary /-divergences is more important; it turns out that the con
vexity of /  alone leads to interesting results. It should be noted however, that the 
restriction to f{u) = и log и (i.e. /-divergences) does have certain advantages, e.g. 
that the “loss of information” can be expressed again as an /-divergence, namely7, 
with the notation (2. 5),
(3.3) H ß i W ^ - K ß i W z )  = /(Mill/fiz); 

obviously no similar equation can be hoped for in the general case.
D efinition  3. 1. An indirect observation (of any of the types (i), (ii), and (iii)) 

will be called (f, e)-sufficient with respect to the pair of distributions (/ti,/i2) if 
S f (ßi,  ДгН + °° and
( 3 . 4 )  S f ( l * u l * 2) - S f ( ß u  Дг) =  е (e — 0).

R emark . The term „е-sufficiency” has been introduced by A. P é r e z , in con
nection with decision problems (cf. e.g. [13]). Here we use the term in a somewhat 
different context, but the idea is the same.

6 In [2] the concept o f sufficient channels did not occur but the condition of equality given 
there is just that of the sufficiency.

7 Equation (3. 3) is an immediate consequence of (1. 8) and Lemma 2. 2.
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According to the result of [2], referred to above, for strictly convex f  ( f  in
sufficiency is equivalent to the usual sufficiency. Our aim is to deduce estimates for 
the deviation of p, and the auxiliary measure /г,2 (or of p* and p*2) in case o f  
e-sufficiency.

First we consider indirect observations of type (i).

T heorem  3. I.8 Let E be a compact subset o f the interval (0, +°°) such that 
f{u) is strictly convex at each point o f E. Then there exists a positive function <p(v) 
(0 < +oo) depending only on f  and E, with <p(0) = lim <p(v) = 0  such that

v - +  +  0

(3. 5) \px-  p2)~  Ji2) \

provided that the right hand side is meaningful, where

<3-6) Н*:Ш е 4
Proof. We start from the inequality ( 1 .4 )  valid for all O ^ u  <  +  <» and 

0 < mo<  +  °= (with b depending on u0). The condition that /(и) is strictly convex 
at the point w0 means that for \u — u0\^ e  there holds even a stronger inequality, 
namely
(3. 7) f ( u ) ^ f ( u 0) + b ( u -u 0) + e ,\u - u0\,

where £j is a sufficiently small positive number (depending on u0 and e) .  If f(u )  
is strictly convex at each point of the compact set E, it is easily seen that £t = i/ i( e)  =-0 
can be chosen uniformly for и0 £Е  and (3. 7) gives rise to

(3. 8) f(u)  ä / ( m 0 )  + b(u0)(u-  u0) +  ф(с)\и —  W q | (  I - X uoJ ' 0 ) ' / . e (  « о )  (u0>0);

here Xuo.c an<̂  Xe stand for the indicator function of the interval (w0 —e, w0 T e)

and of E, respectively. Substituting u = ^ x, ,  , u0 — and multiplying formally
p2(x) P2(x)

by p2(x) we obtain an inequality valid everywhere on the set X0 ■ 
integrating with respect to Я over X0, we obtain

{ .v :p ,(x )p 2( .\ - )> 0 } ;

(3.9)

P i ( x ) j
Pi (*) j X(dx) s

S  / Р2М / ( Щ  Я (dx) + ^(e)| J \ P i ( x ) - p 12(x)\X(dx)-e

In fact, Lemma 2. 2 implies that on X0

[ P \ { x )

( P 2 W

P i ( x ) )
Plix)) Pi(x) P i ( x ) - p i2(x)W;

|pi —P12K/I) stands for the total variation of tu —/02 on the set A, i. e.

IP1 - / 1 1 2 K/I) = J \ p , ( x ) - p , i ( x M ( d x ) .
A
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now the vanishing of the integral of the second term follows from the ^ 0-meas-

urability of b L 1  ̂ j  and the fact that on 3C0 the measures //, and p 12 coincide,

while tiie estimate in brackets of the integral of the third term follows directly from 
the definition of the set A  and of Xu0,e-

We also have for X t = {x: p ,(x) =  0 }, where also p l(x) = 0 [A],

Í Pi (-*•)) 
Р2( х ) )

(3. 10) Jp2(x)f fj1-̂ ) A(dx) = j  P2 W / f | ~ |  Ш х) = p2(Xf) -/(0);

f p  1 (x) a (dx)
X 2

further, by Lemma 1. 1 and the convention (1. 1)

x2
j Pi (x ) f  y  '-(dx) s? J p2 (x)A(dx) • /

(3. 11)

P i(X 2) lim

x 2

f(u)

J  p fix ) l  (dx)
X 2

X

Pi(x) j
P 2OO J

where X2 = {x: p f ix )> p 2(x) = 0} = X — X o — X l . From (3.9), (3.10) and (3.11) 
follows
(3. 12) ф(е)(\р, - p ]2\(A)-E) ^  S f ip i ,  p2) - ^ f (Jii, p2)
and ‘ ence, choosing to given +  °° such an e =  e(u)=»0 that for n->-0 e(u) +

H— ‘—  = (p(v)-~ 0, we obtain (3. 5). The proof is complete.
e ( v )

Thus, under the conditions of Theorem 3. 1, (f  e)-sufficiency (definition 3. 1) 
implies |/b — /<i2 M ) =  <p(c). The result that ( f  0)-sufficiency is equivalent (for 
strictly convex / )  to the usual sufficinency is a direct corollary of Theorem 3. 1.

In fact, ( / ,  0)-sufficiency implies \pl — p l2\(A„)=0 for An = lx: — =  — И1  >
l n Pi\X) J

n = l ,  2, ...; for A0 = {x: p 1(x)p2(x) = 0} we also have \p2 — n i2\(A) = 0 as it follows

at once from Lemma 2. 2. But X =  \J At, thus \pt —p l2\ = 0  and 2£0 is sufficient
i= 0

by Lemma 2. 1. The converse is obvious (Lemma 2. 3).

Remark. If Ç E \p] +p2]̂  (3-5) can be rewritten as |/q — pi2\ =Pi(x)_
p2)~  'f f iß i t  ^2)); under appropriate restrictions of /(и), we shall 

obtain an estimate of this type also for the general case (see Theorem 3. 3).

Theorem 3. 2. Let E  be a Borel subset o f the interval [0, + °°) such that in 
the neighbourhood o f radius r0 of each point o f  E the function f(u ) is twice differentiable 
and f"(u) S  <2 >  0. Then

(3-13) \Pi~Pn\ (A)^  j /  ̂  ^ f ( P i , P 2) -^ f (P u  Pi)

provided that J‘f (pl , p 2) —fif (Jil , /72)=io>'o> where A is defined in the same way 
as in (3. 6).
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P roof. From the assumption follows that in (3. 7) one may choose £, —ф(е) = 

= 2 E for e S r 0. Then, setting c =  j/  ̂ , ô = J f {p,, /<2) — , p2), from (3. 12)

we obtain the desired estimate.
Let us remark that there are more general inequalities underlying to Theoiems

3. 1 and 3. 2. We formulate the one corresponding to Theorem 3. 2 as

Lemma 3. 1. Let (ß, .¥. P) be a probability space, a sub- a-algebra o f  and 
£, a random variable on (Q, i f , P) with finite expectation. Let f(u) be a convex functcion 
defined in a real interval I 4 that contains the range o f  £ and let R be a Bore/ subset 
of /  such that in the r^neighbourhood o f each point o f В f(u) is twice differentiable 
and /" (м )йй >0. Then

(3. 14) f  \ H - m ^ o ) \ p(c/со) ^  1/ I  VrE( д о - Д Е (£№)))
Е«|^о)€В ' a

provided that E/(£) -E /(£ (0 -^ o)) = i  аг%.
The proof is the same as that of Theorems 3. 1 and 3. 2 except that in (3. 8) 

we have to substitute м = £, »о — and to show that the integral of the se
cond term vanishes we have to use the well-known properties of conditional ex
pectations.

Lemma 3. 1 can be considered as the generalisation of the lemma of [3] on the 
“stability of Jensen’s inequality” for conditional expectations, announced there.

It should be noted, however, that a direct application of Lemma 3. 1 to obtain 
Theorem 3. 2 is possible only in the case when one may set ( ß ,  & , P) =

= (M, 3C, p2)i m ^ o ) = P' {, X\ (cf- (2.8)).
P2\x) Pi t v

The following variant of Lemma 3. I will be also useful.

Lemma 3.2. Under the conditions o f Lemma 3. 1, i f  f"(u) ^min ja,  ̂ j with 

some positive constants a and b, then

(3.15) E | i - E ( T O |  s  ] / |  +  Ÿ E ( № - / ( E(£ № ))

provided that the right hand side is meaningful.

P roof. W e split ß  into the d isjo in t subsets

Q n =  | ад:(Л- 1 ) - А . ^ Е( |Т О < и А }  ( w =  L 2 , . . . )

and apply Lemma 3. 1 to the conditional probabilities with respect to the events Qn. 
In this way we get for P(ß„)>0

(3.16) E(|£ -  E ( ^ 0)l|ß„) s  у ~  УЕ (Д О -/(Е ( í |^ь))|ßB) ; 9

9 Unlike to the rest of the paper, in Lemmas 3. 1 and 3. 2 we do not assume that /= (0 ,- f  «>).
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here we used the fact, that on the set Q„ the conditional expectation with respect 
to under the conditional probability measure with respect to £2„ is the same

as under the original P, further that in the neighbourhood of radius rn = n —  of 

each point of the interval Í— n ~  , j we have f"(u) =   ̂ and also that

(3. 17)
e(|{-e({|̂ o)iio.) = p^y f\z-m*o)\pm^

s P ( b - 2/ E ( |{ |№ P < * , s , 4

in any case, thus (3. 16) holds also for

Е ( / Ю - / ( Е « | * Ь ) ) | 0 . )  >  =  f a -
From (3. 16) follows by the Cauchy inequality ( 2 '  denotes summation for the

n
indices и with P(i2„)>0)

E\t-E(Ç\&o)\ = 2 '  P (ß „ )E ( |£ -E (^ 0)||ß„) ^
n

] /  4  2 '  P(o.) У п Е ( т - т т ш )  sr U „

(3.18) =  / ”  ] /  2 ' n P W  ]/ Z 'P (O -) Е(ЛО -ЛЕ«|^0))|О.) —

“  /  H - f E« * ) >  ^ Е (Л О -/(Е «№ ))) -

-  / 4  +  ̂  E|Ç| r W - Т Ш ) ) '

Thus Lemma 3. 2 is proved.

Remark. If f " ( u ) ^ a > 0 (0 < и <  +  <=°), the distance of £ and E(<!;| J%) 
can be easily estimated even in the sense of £2-norm; in fact, in this case

Щ - Ш ^ о ) ) 2^ 2а Н № - № № о ) ) \  see [2]. The condition / » S o > 0
(0 < « <  +«>) is, however, very restrictive10; the importance of Lemma 3. 2 is that 
it provides an estimate of the Lr distance of ç and E(£|^o) under a relatively weak 
restriction on /(и).

10 Though it holds e. g. for /(и) =  (и — l ) 2 ; this means that for the / 2-divergence (1. 11) a bet
ter estimate holds than the one given in theorem 3. 3.
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The following estimate is an immediate consequence of Lemma 3. 2: 

Theorem 3. 3 .1J there exist positive constants a and b such that f"(u) 5? min — 

for all и > 0  then (/, e)-sufficiency o f S f 0 with respect to the pair (/<,, p2) implies

(3.19) \P \~ P m \ =  4
a-{-2b r—

1/  P

lab П

P roof. W e m ay assu m e / i j C / i 2 , since o th erw ise , by the a ssu m p tio n  on  
f(u), p2) cannot be fin ite.

In the case Pi<zp2, however, Lemma 3. 2 applies with (ß, J7, Р) =  (Л', 9C, p2), 

^ 0 = ^ 0 , Ê  =  1> ) =  £ ^ ,  p2(dx)=p2(x)k{dx) and (3.16)
yields (3. 19).

Of course, our results remain valid also for indirect observations of type (ii) or 
(iii), since these, too, can be reduced to type (i). The transliteration of theorems
3. 1, 3. 2 and 3. 3 to the case of indirect observations of type (iii), i.e. to noisy channels 
of observation is summarized in

Theorem 3. 4. I f  the observation channel (X, v, Y) is (/, e)-sufficient with 
respect to the pair o f distributions (/!,, p2), the following estimates hold (with the 
notations introduced in § 2 ) :

a) I ff(u )  is strictly convex on a compact set Ea(0,  +  » )  and В = ly  : | £ E
then
(3. 20) |М 1 - /« 1 2 Р 'Х Я )= = ,/>(С)

for an appropriate function <p (depending only on f  and E) such that <y> (0) =  lim cp(r) — 0.
F.~* +  0

b) I f  in the r^-neighbourhood o f  each point o f a Bore! set E(z [0, +  °°) f(u ) is 

twice differentiable andf"(u)Sa=>-0 then for еП  ̂ aro (3. 20) holds with <p(r.) =  | /^  f  г.

c) I f  there exist positive constants a and b such that f"(u ) =  m in — j for 

a l l  и >0, then

(3.21) \P Ï-PÎ2\

R em ark . Theorem 3. 4 is a sharpening of theorems 2 and 2' of [2]. It is worth 
while to recall that — according to (2. 13) — on the set X X B  (and in the case c)

almost everywhere on X x Y )  the density of p*2 equals p*2 = j p2(x). Moreover, 

in the latter case one may choose /.= p2, i.e. p2(x)= p2(y )= \, p fy )  — •
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§ 4. Corollaries and Comments

In this section some corollaries of the results of § 3 are presented.
We obtain nontrivial inequalities already when choosing for 3C0 the trivial

cr-algebra {0, X). In this case p i2= p2 an<3 _19*? =  1, thus ./ДД ,, Д2) =  1 and
P 2 \x )

one may choose E ={1}. Theorems 3. 1 and 3 .2  imply (cf. also the remark to 
Theorem 3. 1)
(4. 1) К  ~P2\ = <p{Sf(Pi> /hr)- / 0 ) )
where, if J\u) is twice differentiable in the ^-neighbourhood of м0 =  1, and there

/" (w) = ö> 0, one may take cp{v) =  j / " - ~ f o r  u==^üTo- Of course, this inequality

can be proved also directly, as it has been done in [3] (in [3], for the sake of simplicity, 
only the case Pi<^p2 was treated).

In particular, for f(u )  =  и log и we obtain

(4.2) \P i~ p 2\ =

An estimate of form 
(4. 3)

8

I -  r, ÛiPiWih) liPiWPz)
rl

l/i, - / i 2| ^  c  V/(/i,||/i2)

was obtained first by P in sk r r  [8]; as we have shown, such estimates hold for a 
wide class of /-divergences and can be proved without any reference to the concrete 
form of the function /(и). Now we show, that for the case of /-divergences the best 
constant is С=У2 (this result has been announced without proof in [3] n ).

T heorem 4. 1. We have for any two probability distributions /t , and p2 011 (2f, , f )

(4.4) \P i~P 2\ S  ]/21{ру\\р2) .
P roof. The choice A — {.v:/I|(a')s ^2(.x:)}, 3 'o — {0, A, X  — A, X) in which 

case \Jil — p21 = |/fi — p2 I =  2 |/t] (/4) —g2(/4)| and, according to (3. 1),

HßiWPi) ^  I(p A\P2) = Pi (A) log
P i  (A )
Р2 (Л)

- p , ( X - A )  log
M X - A )  

P2(X —A) ’

reduces the problem of finding the smallest C satisfying (4. 3) to that of finding 
the minimal C such that for all Osm S dS I

(4. 5) 2 |u — v

We set for 0 i 

(4. 6)

C lo g ^  +  (l u) log
1

Фс(и,я) = и log ~  T (1 u) log ~  "
V  1 — V

11 Inequality (4.4) appears, even in a somewhat sharper form, also in S. K u l l b a c k :  A lower 
bound for discrimination information in terms o f variation, IEEE Transactions on Information 
Theory 13 (1967) 126— 127. (Added in proof.)
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Then 

(4. 7) Ц с
dv (m -  v) Í— !—

( - r ( l - t ’)

thus C s / 2 implies Л'Ac
0P

s?0 for hence

и) ш ф с(и, н) =  0 for 0 < u = v <  1,

and, on the other hand, C < /2  implies -=0 and hence фс ^ , rj <lA c ^  = 0

for H =  - S » S - r + £  (with £ > 0  small enough).

As by (4. 6), фс(и, и) SO is equivalent to (4. 5), Theorem 4. 1 is proved. Let us 
remark that we have also proved the impossibility of improving the constant Cmin =  \2  
by restriction to small values of I(pi\\p2)-

The best constant can be determined, at least principially, in the same way 
as also for arbitrary f(u) for which an estimate of type |/t, — p2\S  , ц2) —/(1 )
holds. Unfortunately, in the general case the extremum problem cannot be solved 
explicitely.

Theorem 4. 1 gives rise to the following corollary:

T heorem 4. 2. For indirect observations o f type (i) or12 (ii)

( 4 . 8 )  | / t  1 / b  21 —  ^ 2 ( / ( / r ,  | | / r 2 )  —  /  (Ä *i И Д 2 ) )  
and for indirect observations o f  type (iii)

(4.9) к  -  /4 2155 |/2(/(,(1||/12) - / ( ) 4  P 4 )  •

Proof. (4. 8) is an immediate consequence of (4. 4) and (3. 3); since indirect 
observations of type (iii) can be reduced to those of type (i), (4. 9) holds by the 
same argument.

R e m a r k . A weaker estimate of this type (based on P i n s k e r ’s  result, referred 
to above) has been obtained by P é r e z  [13]. Our sharpening consists of obtaining 
the best constant Cmill=  f l .  Let us emphasise, however, that while in [13] the specia 
properties of the function f(u ) — u \ogu  (as e.g. relation (3.3)) were essentially 
used, here we used them only to determine the best constant. The estimate itself 
(with a worse constant) follows already from the convexity of /(«) alone (under 
a rather weak condition on f"{u)), as it has been shown in Theorems 3. 3 and 3. 4.

We have seen that for strictly convex /(и) the equality

(4. 10) • * f ( F u i h )  =  J f & u F i )  < + ”

is equivalent to the sufficiency of the indirect observation with respect to the pair 
(/i,, p2). Utilising Lemma 2. 6, we hence obtain the corollary that for an observation 12

12 For indirect observations of type (ii) //12 is defined by„(2. 5) with Ж  a ~ T - ' t y .
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channel (X , v, 7) the relation (4. 10) implies the existence of a lossless code (i.e. a 
code with zero probability of error) for the channel of length equal to the power

of a setiM:« for some x £ X  — 7 0j where Pi(X0)= fi2(X0) = 1. In particular,

if there exists no lossless code for the channel (X, v, 7) of length greater than one, 
the equality (4. 10) implies ц1—ц2. Such channels are e.g. those where the ratios

V(BXi) are uniformly bounded, i.e. 
v(Ä|x2)

(4. 11) 0 <  C x ^ v ( - g k i )
V(S|-V2)

i C , =
1

c7
+< (B£&, X „ x 2 € T ) .

For channels satisfying (4. 11) we also have 

Theorem 3. 4, (/, e)-sufficiency implies \ц \ — 

interval (C, — r0, C2 + r0) and e — \ ar®'

C, g  JL' (yl  g  c 2 and therefore, by
p2(y)

r*2! =  1 /^ /e  if f " (u ) ^ a > 0  in the

Finally I should like to point on the applications of the above results when 
adopting the Bayesian approach (cf. [13], [14]).

Let {t(e}ô€6> be an arbitrary family of distributions on (X, SC) and assume that 
the parameter Ü has some a priori distribution which is a probability measure n 
on a a-algebra 2Г of subsets of 0 , such that цв(А) is ^-measurable for all fixed 
A edC. Then (0 , Ц, X) can be interpreted as an observation channel for 0 (cf. defi
nition 2. 1) and one can speak of the joint distribution n* on (0  XT, 9~ XdC) defined 
by

(4. 12) n*(C X A ) = J n„(A)n(dO)
c

{ С Ы ,  A d i Г)

and its marginal distribution on (X, 3C)

(4.13) n(A) = f  fio(A)K(c/0) (А е П
в

Now if (7, v, 7) is an observation channel for x, we can consider the composite 
channel (0 , Ji, 7) having the transition probability function

(4.14) Ji0(B) = f  v(B\x)n0(dx) (Be?/),

the corresponding joint distribution n* on ( 0 X 7 , . f  X f )

(4. 15) n*(CX B) = f  Ji0(B)n(dO) = J f  v(B\x)ne(dx)n(dO) (Bf<W, C e P )
C C X

and the marginal distribution n on (Y,°2/)

(4.16) n(B) = J j i 0(B)n(dO) = f  y(B\x)h(dx) ( B e n
О X
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Of course, all the distributions n, n, n, л*, n* are marginals of the joint distribution 
л** on ( 0 X X X Y ,  У Х ЗС Х У )  defined by

(4. 17) П**(СХАХВ) = f f  v(B\x)p0(dx)n(dO) (AÇ.3C, В^ЧУ, С$_2Г).
С А

Since лХл) is a measure of dependence of x and 0 (see Section 1), it can
be considered also as a measure of how informative is the observation of x with 
respect to 0. From (3. 1) follows, applied to the observation channel (0ХХ,\>, 0 X  Y ) 
where 0 stands for
(4.18) 0(£>|0, x) =  v(£>e!x) (DtSTXVC-, Z>e =  {x:(0,x)€Z>}) 
that
(4.19)
The difference J f  (л*, n X n ) —J f  (л*, л X л) is a measure of the “loss of information” 
by the indirect observation (X, v, Y).

If the “loss of information” j f (n*, л Х я ) - / / ? ,  лХл) is not greater than e, 
one may call the channel (X, v, Y) ( f  e)-sufficient with respect to the family {pe}0(e 
with the a priori distribution л. Observe that this ( f  e)-sufficiency is not directly 
related to definition 3. 1, not even in the case 0  =  {1,2}; in terms of definition
3. 1 it would be more adequate — but less intuitive — to speak of (f  ^-sufficiency 
of the channel ( 0 X X ,v ,0 X Y )  as defined by (4. 18) with respect to the pair 
(л*,лХ л).

If the channel {X, v, Y) is (/, 0)-sufficient with respect to {/re}eee 'n the sense 
described above, i.e. if in (4. 19) the equality holds and ^ f (n*, л X л) <  -F we 
may assert (by the result of [2], quoted and proved in connection with Theorem 3. 1) 
that the channel defined by (4. 18) is sufficient with respect to the pair (л*, лХл), 
provided that /(и) is strictly convex. Hence, it is easy to deduce, utilising Lemma 2. 6, 
that the channel (X, v, Y) must be sufficient with respect to the family {//e}e€e, 
if we neglect a subset of 0  of л measure zero.

Furthermore, applying Theorem 3. 4 to the channel defined by (4. 18)— with 
л*, л X i, я*г and лХл* playing the role of p l , ц2, p* and ц% respectively — we 
obtain (cf. also the remark to Theorem 3. 4)

T heorem  4.3. In the case /"(w)Smin (a> ” ) (/> ^-sufficiency o f (X, v, Y)

with respect to {/(e}eee (with a priori distribution n) implies

(4.2°) f  \(p(x ,0 )-p (y ,0 )\(nX n*)(d0 ,dx,dy) S  >

where p(x, 0) and p(y, 0) stand for the densities 
respectively.

n*(dO, clx) 
(лХя) (dO,dx)

n*(dO, dy)
0 (nXn)(dO, dy)

In the case J(u) = и log it the constant IAa + 2b
V ~2db~

can be replaced by the smaller

constant У 2, utilising Theorem 4.2. In the latter case in the term “loss of information” 
the parentheses can be deleted, as then one really has to do with a difference of 
information quantities, namely the difference of the information in x and in у  with 
respect to 0 (cf. (1. 15)).
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ON FINITE AND INFINITE SEQUENCES OF EXCHANGEABLE
EVENTS

by
D. G. KENDALL

Summary. Finite and infinite sequences of exchangeable events are reviewed 
from a unified point of view, and versions of a Poisson limit theorem are proved 
for both the finite and the infinite case. The paper concludes with two open problems.

1. On a probability space (Q, $4, pr) the members of a (perhaps terminating) 
sequence A t ,A 2, ... of elements of s /  are called exchangeable events' when the 
probabilities
(1) —pr (Ari ПАГ2 П ... ПАГк)
(for r ,, r2, ..., rk all different) depend on к alone, for all relevant values of the r's. 
(It is useful to set a0 =  l.) Finite and infinite sequences of exchangeable events 
were introduced by de F inetti in his celebrated memoir [1]. For the infinite situation 
he proved a strong law of large numbers; if N(n) is the number of the events 
A l , A 2 , . . . , A „  which happen, then

( 2) £ =  limП-юо
N(n)

n

exists almost surely, and if n (a probability measure on /  =  [0, 1]) is the distribution 
of then he further showed that

(3) ctk = J ^n(dx) (k = 0, 1,2,...).
I

Conversely, any set of a’s expressible in the form (3) can obviously be associated 
with an infinite sequence of exchangeable events defined on a 7r-mixture of direct- 
product spaces.

D e F inetti also obtained the appropriate analogue to (3) for finite systems 
of exchangeable events. Far-reaching extensions of (3) were later found by H ew itt 
and Savage [2]. It is natural now to see in (3) a typical example of C hoquet’s 
theorem [4]. But C hoquet’s work was not published until 1956, a year later than 
the appearance of [2]; H ewitt and Savage, however, made essential use of extreme- 
point methods in their work, and especially of the К r e i n — M i l ’ m a n  theorem.

Recently Rényi and Révész [6] have proved a deeper result underlying (3): 
there exists a random variable A such that

(4) pr (An ПАГ2П ... ПЛ,к|А)=А* a. s.

1 We prefer this to the older expression “equivalent events” because of the ambiguity o f the 
latter in some contexts.
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Their conditioning random variable X is defined by them up to sets of measure 
zero as the Radon—Nikodym derivative associated with a certain stable sequence. 
We shall here give a simple martingale proof of the R ényi—Révész theorem, and 
then follow up some further topics suggested by it.

2. The following proof of the strong law of large numbers for an infinite sequence 
of exchangeable events is well known (Loève [3], p. 400). Let Ir be the indicator 
of Ar and let 3ß(n) denote the e-algebra

<%(n)=s*{N(n), N(n + 1), ...)

= s / ( N ( n ) ,  In + i ,  /„+2, ...).

— (/г)- =  — E ^ (N (n ))  =  -  E "b )(i)
17 17 17 j  = I

(6 ) =  E ^ ( I t ),

(5)
Then

by exchangeability. But by martingale theory this last conditional expectation 
converges almost surely, as n-+ to a finite random variable. If we set £ =  lim sup 
N(ti)/n, then we shall have 0â£(a>)Sl for all co£Q, £, will be measurable with 
respect to the tail e-algebra
( 7) % =  П ^  /,„ + i ,  . . . ) ,

l i l é i

and we shall have

( 8) £=  lim N(n) a. s.

3. Now if и ё г 2> г 1ё 1 , we shall have

pr (Ап П ArJÆ(n)) =  pr (А 1ПА„1&(п)) 

N ( n - l ) '= E 'A{n) /,
n — 1

—  £■•«(«) ' Щ п ) - 1  )
.. I

_ N(n) -  1 N(n)_ 
n — 1 n

on using (6) twice and noting that N {n— l)=iV(«) — 1 unless /„ =  0. An obvious 
inductive extension of this argument gives

(9) pr (Ari П Ari П ... П АГк\Щп)) =  J J  ^ = 1 ,
j = о  n — j

whenever 1 S r ,< r 2< . . .  the case к =  1 of this identity having been proved
already in the form (6).
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( 10)
where
( 1 1 )

If we now let n — we find that

pr (АГ1Г)АГ2П ...Г )А Гк\Я) =

äS =  П М(п).

То relate (10) and (11) to the Rényi— Révész result (4), note that from (4) we must 
have

Е-я/ш N(n)
n -- 2  E  У j)n J= I

— pr(^j|A) =  Я a. s.,
and so on letting n — it follows that

(12) £■>*«(£) =  Я.
Similarly

' N(n)
n ) n* —  “ i

£ ^ U ) 2  Z e ^ K I J j)

=  ~  Pr( 4  W + Pr (^i ПЛ2|Я),
and so
(13) E ^ » (Z 2) = 12.

From (12) and (13) we find that

E*W ((Ç-X)2) = Я2 — 2Я2 4-Я2 = 0 ,
and so
(14) £ =  Я a.s.

From our present point of view (10) is slightly preferable to (4); f  has better measur
ability properties than Я and on the other hand the conditional smoothing involved 
in (10) is the less drastic. The d e  F inetti representation (3) of course follows 
immediately from (10), just as it did from (4).

4. The analogous results for a finite set of exchangeable events are easily obtained 
by consideration of the difference tableau

« 0

( b o

a. 02a0 ...
Sot-i

a 2

2

< 4 . - 2

« s 1 <52a„_2
< 4 - i

a„
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Here ö — 1 -  E, where Ectj = 0Lj+ i. Clearly

(16) с>% =  рг (Amin . . .  ПАп„ПА*ш+1 П . . . r '.A*t+r)
when all the m's are different, and A* — Q\A. Thus

(17) 0% _rsO  (r = 0, 1, ...,n )
and (because a0 — 1)

(18) 2  (") =  I-

Conversely, (17) and (18) ensure that (<x0,X i, ..., a„) can be associated as at
(1) with a set of n exchangeable events. We have only to take a probability space 
Q of 2" points labelled e,e2...£„ (all e’s being 0 or 1) and let Aj be the set of points 
for which Bj =  1. We then obtain the desired construction by giving eiE2...sn a mass 
<5ra„_P, where r is the number of e’s which are equal to zero.

From the usual formulae of the calculus of differences,

let us write 

(19) ( j  = 0, 1, ..., n),

so that w is a probability distribution in virtue of (17) and (18). Then

( 20)
■y s (s — l) ...(s  — m +  1) 

s=mn ( n - \ )  . . . ( n - m + \ )  Ws
(m  =  0 , 1,

and this is the correct analogue of (3) in the finite case. A formula equivalent to
(20) can be obtained from (1) of [1] on on setting k= m .

Now if exactly N  of the n events occur, we shall have

(21)

and thus

so that

( 22)

this formula (22) corresponds to the Rényi— Révész theorem (4) in the finite situation. 
We may say that every system of n exchangeable events is equivalent to a random sam
pling scheme “without replacement”, the number o f items N  in the sampling having 
an arbitrary distribution <x>.

5. Rényi [5] (cf. also [2]) has remarked that for an infinite sequence o f exchange
able events the simple condition 
(23) x2=aî

pr (N = j )  = ô"-jccj = wj,

pr (An П А Г2П ...П А Гк1Ю

P1' (Ari П А Г2П ... П ArJN ) =

n — k 
N - kN — k) c%

N {N -  l ) . . . ( N - k +  1) . 
n ( — 1)... (и — k +  1)
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is necessary and sufficient for independence, because it implies that £ (or À) is a.s. 
constant and so that afc= a f for all k. In general a2S a , for an infinite sequence.

But when we are concerned with a finite set of equivalent events this result 
ceases to apply. For example, let Í2 consist of (in — l)2 équiprobable points arranged 
as an m X (m  — 2) array plus one “extra” point, and let Aj consist of they'th row of 
the array plus the extra point, for y '= l,2 , ..., m. These events are obviously ex
changeable, and

Here a2 =  ai> but the events are not independent for w  =  3 because a3 ^ a ,.
There does exist a correct parallel to Rényi’ sresult, however. The Schwarz 

inequality applied to (20) shows that

is the necessary and sufficient condition for the n equivalent events to be those 
associated with a random sampling scheme “without replacement” where the sample 
size is fixed (and is equal to /га,). In all cases a, S a 2, but a, — a2 can have either 
sign or may vanish. If а ,> а 2 then we cannot associate (a0, a ,, a2) with a subset 
of a system containing more than

exchangeable events.
De F inetti in [1] formulated a conjecture which it is convenient to settle here. 

Let #„ denote the class of sequences (a0, a ,, ...) such that the n-ad (a0, a ,, ..., a„) 
can be associated with a set of n exchangeable events, and let be defined similarly. 
Then it is clear that

/г(а2 — а2) ё а ,  — а2,

with equality if and only if cos= l  for some 5 =  0, 1, ..., n. Thus

(24) /г(а, — а2)= а , —а2

for all n and de Finetti conjectured that

(25) ,/~ = П /«•

We shall now prove that this conjecture is correct. 
Suppose that (а0,а , ,  ...)£ ,/„  for all n. Then

where n„ is an atomic probability measure defined by
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a n d  w here / 0 „ (х )=  1, and

Now for O S x S l,

a n d  so

If we now choose a subsequence of n = 1, 2, ... for which the corresponding sub
sequence of the sequence (7r1, 7r2, ns> •••) of probability measures on /  converges 
completely to a probability measure n on I, then from (26) we obtain

and so (in virtue of the remark following (3)) (a0, cq, as required.

6 . The following Poisson limit theorem appears to be new. Professor R ényi 
tells me that a related but different result has been found independently by A . Be n c z ú r . 
B e n c z ú r  postulated the existence of all the limits lim vJa,v) = p, (у =  1,2, ...),
and obtained a mixture of Poissons as the resulting limit-law. Viewed against the 
background provided by Ben c zu r ’s theorem, the essential content of our Theorem I 
is not so much that the limit-law will be Poisson when p2 =  /if, as that in that case 
the existence of the limits ps for j > 2 need not be assumed.

T heorem I. Let (Qv, séx, prv) (for each v = l ,  2, ...) be a probability space 
carrying an infinite sequence (A frv>) o f exchangeable events with de Finetti constants 
(ajv)), and let Xv be the number o f the events

which occur. Suppose that
(27)
as V — then

va)v) — p and v2a(2 ) — p2,

lim prv(A\, =  y) =  e " /( (s = 0, 1, ...).
5!

P roof. From  (21) a n d  (3) we see that

where 7rv is a probability measure on /, and so

(28)
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for |z | s l ,  where y  = vx and 77v is the measure on the v-axis corresponding to nv 
on the .v-axis. Now ([8], p. 242) we know that

then the resulting error in the integral will be at most (4e~2)/v, provided that z  is 
real and that O S z S l .

Next we observe that if y  has the distribution IJV then

and so from (27), using a Cebysevian argument, we find that for 0=sz g ]  we must 
have

But now it follows that Ev(zXv) must have this same limit as v — if O S z g l ,  and 
the continuity theorem for probability-generating functions then gives the desired 
result.

It is worth noticing that (27), though sufficient, is not a necessary condition.

and (27) does not hold; nevertheless

In connexion with a problem in epidemic theory2 the need has arisen for an analogue 
to Theorem I which will be valid when on (Qv, prv) we have v exchangeable 
events and perhaps no more. In these circumstance the condition (27) is too weak', 
for example, let (f>v, s /v, prv) and A[v), A (2V>, ..., A (vv> be constructed as in the second

2 See a forthcoming paper by Miss V. R. C ane (./. Roy. Statist. Soc. B, 28 (1966) 487—490).

if v, and so if we replace the integrand in (28) by

exp { - ( 1  - z )y } .

Evy  =  va(tv) and varv(y) =  v2 {a4v) — a<1v)2},

To see this, let 7tv assign masses 1---- to x = — and — to y  =  1. Thenv v v

--------2 I-----V V2 V
and

so that
va5v) / i+1  and v2o4v) -►
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paragraph of § 5, with m =  v. Then we shall have

an d

(v) _  ______
1 _  V -  1

1

(v) _  2 —

so that (27) is satisfied with p = \,  and yet

Prv(*v = 1) = l - - ( v ' , )2 -  1,

and the limit-law is not Poissonian. A correct analogue to Theorem I in this situation is

T heorem  II. Let (fiv, prv) for each v = l , 2 ,  ... carry v exchangeable 
events A\v\  A ^ ,  ..., A ^  with de Finetti constants ..., f f ,  and let Xv he
the number o f these events which happen. Suppose that, for eachy = l .

(29 )  vJa j v) — pJ as v -* (0 s j s v < » o ) .

Then

lim prv(JVv = s) = e~>‘ -l (s =  0, 1, ...).
v-»°° 5 !

P roof . F ro m  (20) we know  tha t

v ( v — 1 ) . . .  ( v —y + l ) a j v) =  2  s ( s — 1 ) . . . ( s —j +  l)m.,(v),
.1=0

and in view of (29) the left-hand side of this identity converges (when v — °°) to the 
limit

MJ = j % s ( s - l ) . . . ( s - j +  \)e~» /( .
s =  0 S I

Now the yth moment of a distribution is a linear combination of the factorial mo
ments of orders not exceeding j, and so it follows that

У] sJco[v) У] sJ e ß
s = 0 s!

for each j'ëO. The conclusion of Theorem IT now follows from the moments con
vergence theorem ([3], p. 185) and the fact that the Poisson distribution is uniquely 
determined by its moments.

Theorem II is a straightforward generalisation of a result of v o n  M ises 
concerning the limiting values of certain occupancy probabilities [7]. 7

7. Theorems I and II, and the counter-example used to show that there is no naive 
generalisation of Theorem I, together suggest that attention might now profitably 
be directed to the following open problems.
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For each v =  l, 2, ... let (Qv, s#v, prv) be a probability space carrying a finite 
number M v of exchangeable events : r = 1, 2, ..., Mv}, where and
M v t°oas v->°o. Let Xv be the number of the first v events A[v>, A ^ \  A (vv) which 
happen. What conditions on the rate-of-growth of the sequence M y, M2, ... make 
it possible to assert the desired conclusion,

(30) lim prv(3fv =  s) -  e~" (s = 0, 1, ...),

when (29) of Theorem II is replaced by

vJajv) — nJ (v -► °°)

for y =  l, 2, ...,./? (The case J = 2 is of especial interest.)
On can also ask, when Mv =  v and ./ =  2, whether (30) follows if vajv) and 

v20!2v) are required to converge to their limits /r and /.i2 sufficiently rapidly, as v — oo.
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ON TOPOLOGICAL PROPERTIES OF /-DIVERGENCES

by
I. CSISZÁR

The concept of /-divergence of probability distributions has been introduced 
in [1] as a generalisation of K u l lb a c k ’s /-divergence („information for discrimi
nation”, [2]) and of R hnyi’s /-divergence („information gain”) of order a [3]. 
The interpretation of the /-divergence as a measure of how different two proba
bility distributions are, suggests the question, what kind of a topological structure 
it gives rise to in the space of probability distributions. This problem, for the case 
of the /-divergence (of any positive order a> 0), has been considered in [4] and [5]; 
in this paper we extend this investigation to arbitrary /-divergences. The paper 
contains so far unpublished results of my thesis [6], with one sharpening (Theorem 4). 
Other results of the same thesis — concerning the decrease of/-divergence in in
direct observations — are published in [8].

Let ,Дм) be an arbitrary convex function defined on the real half-axis (0, +°°). 
The /divergence of any two probability measures p l and /r-> on a measurable space 
(X. if)  is defined (cf. [1], [7], [8]) as

( 1 ) = f  P i m ( Pp '2 ^ (<!■*)

where к is an arbitrary (гт-finite) dominating measure of /q and /q and pt(x) 
stands for the density (Radon—Nikodym-derivative)

(2) Pt(x) =
In (1) we understand

Hi(dx)
k{dx) U =  U 2 ) .

/(0) =  lim /(«)
u-+ + 0

(3)

° - / l 0 | =  Ä ^

(o')0 •/ =  0

["1 =  a lim
H—► + oo

f(u)
u

(a >  0).

Then1 the integral (1) is always well-defined, its value does not depend on 
the choice of the dominating measure к and we have ^ ( /q ,  p2) ~ f (  1) with equality 
if and only if /q=/q> provided that /(и) is strictly convex at m0 =  1.

1 All these simple properties have been exhibited in [11; the last one is also an immediate 
corollary of theorem 1 below.
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The /-divergence (/q , p2) or, more precisely, the difference p2) —f{  1)
can be interpreted as a measure of how different is /q from /i2. This suggest the 
following

D efinition 1. Let J  be a set of probability distributions ( =  probability 
measures) on a measurable space (X, 9C~). The /-neighbourhood of radius e of a 
distribution /т0 Ç M  is the set of distributions

(4) Uf (no, e) = {p: J f (p, /r0) - / ( l ) < e ,  p í J Í )  (e>  0)

R emarks. 1. The choice

f(u )= u  log m= /](m) or f(u ) = ux sgn (a — 1) =  f a(u) ( a ^ O . a ^ l )  

leads to the /-divergence ///< i||ju2) ° f  order or

(5) I(n  i \\n 2) = / 0 q  Н/кг) = f  PiOO  log  X(dx) =

(6) IAPi WPi ) = ~ ~ у logJ p \ ( x ) p \ - a(x)dx = - ^ - - \ o g \ J u {P\,P 2 )V

Thus the “information-neighbourhoods”

(7) Va(p0, e) =  {/< : 4(i“lbo)<e.
introduced in [4], are special /-neighbourhoods.

2. Our definition of /-neighbourhoods is by no means the only one possible. 
E. g. one could substitute in (4) the term

S f (p ,p o) by J f  (no, p) or p0) + J f  (p0, p)

(for f(u) = u \ogu  the latter quantity is the so called /-divergence: J(/q, p2)~  
=  /(/q||/i2) +  /(/i2||/q)). This substitution, however, leads again to /-neighbourhoods 
in the sense of definition 1 itself, only the original /(и) has to be replaced by another 
convex function /*(и) or /(и), respectively:

( 8) fH u ) = u f

(9) f(u)

In fact, we have — according to (1) — for any two distributions /q and p2

(1 0 )  P i)  — *^/*(/q> P i)

(1 1 ) ^ f ( P i , P 2 )  +  ̂ f ( p 2, P i )  =

Definition 1 makes the set of distributions J 1 to a so called F réchet (F)-space 
(see [9]). In such spaces many topological concepts can be defined (open and closed 
sets, convergence, etc.), though they need not be topological spaces in the usual 
sense. In particular, we may say, that a sequence {p„} or, more generally, a net 
{/q} (d ranging over some directed set D) of distributions from J t  /-converges 
to p0 d J f  iff for any £ > 0  there exists an n0 (or d0 £D)  such that л =и0 implies
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ju„€ Uf(no, e) (or d> d0 implies pd£Uf (p0, e), respectively.) For f { u ) - f f fu )  (cf. 
remark 1 to definition 1) this /-convergence reduces to the „total” information- 
convergence of order a, considered in [4].

It follows directly from [7] (see also [8]) that the topological structure defined 
by the /-neighbourhoods — with / ( m) strictly convex at u0 = 1 — is finer than the 
metric topology defined by the variation distance

(12) £?(/<],/< 2) =  \P i-/< 2! =  f \ P \ ( x ) - p 2(x)\k(dx)

(Eventually, g(pi, p2) also belongs to the class of /-divergences: g(p i , / t 2) =  
=  S \u - i \ (P i>  Pi)) -

For the reader’s convenience, I reproduce here the simple proof.

T heorem  1. I f f  iff) is strictly convex at u0 =  1, for small values o f p 2) —/ (  1 ) 
also g(pl , и2) is smalt, if, in particular, f(u ) is twice differentiable at u0 =  1 and 
/" ( l )> a > 0 , then J s (/1,, p2) —/ ( 1) <  e implies in case e small enough

(13) Q(Pi,Hi) <

P roof. We have by the convexity o f f ( u )

(14) f ( u ) ^ f ( \ )  + b ( u - l )

where b = f'(  1) if/ ' (  1) exists, and b equals e.g. the arithmetic mean of the left and 
right derivatives of /(«) at w0= l  i f /'(1) does not exist. If /(и) is strictly convex 
at г/0=1,  for \u— l | S e o> 0  even the stronger inequality

(15) / ( ы ) ё / ( 1  ) + / > ( / / -  1) + £ , | m -  1| 
holds, where

(16) £, =  1 min { /( 1 +  e0) + be0 —/ (  1 ),/ (  1 — e0) — bt0 —/ (  1 )} >  0.
£o

(14) and (15) can be rewritten as

(17) / ( m) s /(1) +  6(m — 1) +  е , | и -  11(1 - x„0(m)) (m=0)

where xt0(u) =1 for |м — 11 < e0 and 0 for |н— 11 ^ e 0. If we substitute in (17) и = ^ 1 ^
Pi W

and multiply formally by p2(x), the obtained inequality remains valid even for 
/>2(л) = 0, in sense of the conventions (3). Integrating with respect to ), we get, 
according to (1) and (12),

(18) - ffiP u P i)  ^ / ( l )  +  e,e(/ í , , /22) - £i J  \P i(x ) -p 2(x)\X(dx)

I p2U) I
whence

('9) q(Pi’Pi ) 5  ~ -{^M i,P i)~ R V > ) + 4 -

As e0 can be chosen arbitrarily, (19) proves the first statement of the theorem;
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using that (16) implies £j ë  — e0, if f " ( \ )> a(13) follows by the choice £0: 
and £0 is small enough.

Though of little importance, let us remark, that the constant J/  -- in (13) is

smaller than the corresponding constant obtained in [7]. For the case f(u ) = u log u, 
the best possible constant has been determined in [8], where the estimate

(20) Q(ßi,Pz) S  /2/(/*i||/i2)
was proved.

Theorem 1 means, in particular, that the „/-convergence” of distributions 
necessarily implies uniform convergence, i.e. convergence in the metric g(jil , ,u2) — 
= \p1 — Pz\- I11 the opposite direction only the following holds:

T heorem 2. I f  both / ( 0 )  and f*(0 ) =  lim  — are finite, then

(21) ^ f(P u P i)  S / ( l )  +  C
where C >0 is a constant, depending only on fi

Proof. By the conditions of the theorem, in the interval [0, 1] both f(u )  and 

/*(w) —u f  j are bounded, thus there exist constants Kt and K2 such that

(2 2 )  | / ( w ) - / ( D |  <

W e set (0 < £ <  1)
E l  =

(23) E l =

К  и - » Л  1) <  к 2

{ х  : ( 1 -  £)/>i (.г) ё  р 2 (х), р , (.y) 

{.V : ( 1 -  е)р2 (а) ё  р х (л-)}

(0 s i / s  1) .  

0}

Then for л' £ Ес 

(24)

Ее = X - ( E l i j E l )  = { а :  1 - е Р i(x) < 1
Pi (а) 1 - е ) '

/

with

\ Р \ ( х )
1 Р Л х)

Я 1) — К ‘ Е

С— max ) 1/(1) - / ( 1 - е ) | , /

I — е -  1

1
1 —£ - / ( 1 )

where, by the convexity o f /(и), KF is a monotone increasing function of e. Further
more, by (22) and (23).

(25)

PAX) p f x ) l ( d x )  ^  K2p t (El) 
Pi  v-v

p2(x)).(dx) К , ft2( E f
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and by (23) and (12)

(26) É?0*i,/*2) S  f  \P i(x ) -p 2(x)\k(dx) S  e/ii(£,') 0 = 1 , 2 )

Finally, the inequalities (24), (25) and (26) give rise to

(27)
Л 0 ‘1./<2) - / ( 1) ^  /  f [ Pp ' ^ P 2 ( x ) - A \ ) p 2{x)  ̂X{dx) =

=  / + / + / -  ^ ^ ( ^ 2)
£Í EÍ

whence, e.g. by the choice 1 / 2
e =  2 ^ 0 <i, ^2) (implying and thus Ai,

we obtain (21).
According to theorems 1 and 2, if /(и) satisfies the conditions of theorem 2 

and it is strictly convex at w0 =  1, one may assert that the /-neighbourhoods generate 
a topology, namely the metric topology associated with £>(/i,, p2). For the functions 
/(и ) (remark 1 to definition 1) these conditions hold for 0 < a < l ;  thus for such 
an a, the „information-neighbourhoods” (7) generate the topology of the uniform 
convergence of distributions, as it has been shown already in [4].

Now we are going to show that if /(0 ) or /*(0) =  lim is infinite,

the /-neighbourhoods (4) do not generate a topology for Л ,  except for 
very special sets of distributions Л .  To get a counterexample, one may choose 
even X =  {x[, x 2, ■••} i.e. a denumerable set, consisting of all subsets of X. Then 
any probability distribution p, on (X , 3C) is uniquely determined by the sequence 
P =  {p i,p 2, ••■},£* =  /<({**})• We choose for J l  the set of all distributions on 
(X, i t)  for which each pk is positive. Observe, that this is a rather well-behaved 
set of distributions, e.g. all the distributions in Л  are absolutely continuous with 
respect to each other.

Theorem 3. I f  either o f  /(0 )  and lim ^  U- is infinite, the (V)-space defined
M-F +  OO If

by the f-neighbourhoods is no topological space in general; this is the case already 
i f  X is countable and Л  is the set o f distributions described above.

R em ark . The corresponding theorem for /-divergences of order a = - 0  has 
been proved in [4]; the idea of the proof is similar also in the general case, but the 
lack of knowledge of the concrete form of f(u )  causes some difficulties.

in order that a F réchet (K)-space £  be a topological space (in the sense that 
the given neighbourhood systems of the points of £  are bases for the neighbourhood 
systems of the points of E  in some topology on E ) the following property is clearly 
necessary2:

2 This property is well known to be sufficient, too, provided that each point of E  possesses at 
least one neighborhood and is contained in all o f its neighbourhoods.
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(В) For all points e € £, each neighbourhood U o f e contains another neigh
bourhood U' o f e such that each point e' £ U' possesses a neighbourhood which is a 
subset o f U.

We shall show that under the conditions of theorem 3 the neighbourhoods
(4) do not possess property (B). We shall need two lemmas on infinite series; the 
first one is trivial and we formulate it only for the sake of later reference while 
the second one seems to be of some independent interest, too.

Lemma 1. I f  2  ak is a convergent scries with positive terms then for any two
k= 1

sequences of positive numbers e/( -» 0 and yk ^ there exists a sequence ßk —► -}- CO 

such that 2  >-kakßk r~ +  » , 2  akßk =  + “  ond each ßk is equal to some yt.
k = 1 k = l

We omit the simple proof.

Lemma 2. Let У ak be an arbitrary convergent series with positive terms ak >  0
k =  1

(k =1,2,  ...) and Ij/(u) an arbitrary positive valued function defined for и > 0  and tending 
to infinity as и -► +  « . Then there exists a sequence bk — + °° such that

(28) 2  akbk <  + °° ;  2  акЬкф{Ьк) = +  «>.
fc=1 k=l

P roof. Let i//, (u) be a monotone and continuous function such that Osoj/fu )
= ф(и) (0< м < + ° ° )  and lim ф^и) =+«> .  Let {пЛ be a sequence of positive

» -> 4 -0 0

integers growing so rapidly that the positive numbers c, defined by

(29) 2  ak = к = щ cl
satisfy

o° 1
У

iti Фк (c,)
(30)

Then, setting bk — 2 ci (of course,

1

Cl <M C|)

nt^k

+  <

bk — +  °°) the conditions (28) will

be satisfied. In fact, using (29) and (30), we obtain

2  a kbk =k = 1 2  ci 2  a k1=1 k = ni « i l  ( О
<  -f- °o

and, since by фу(и)^=ф(и) and the monotonicity of i/q(i/)

Ьк ф ( Ь к)  S  b k i p i ( b k)  s  2  c ^ f c , ) ,

also

2 сгкЬкф(Ьк) S  2 erließ 2 ctk= 2 1 =  + ° ° -
k =  1 1 = 1 k = m  /=1
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P roof of Theorem 3. The distributions we are dealing with are of form 
P={Pi>P2 , •••}> 0  =  {?i. ?2 > •••} i = l , 2 , . . . ) .  The /-divergence of
two such (discrete) distributions equals, according to (1),

(31) S f ( P , Q ) =  j ^ / H .
i=i \4 i)

We have to prove that if lim /(w) + lim — = + °°, the property (B) does not
U —* + 0 M -F  +  OO К

hold for J f  and the /-neighbourhoods defined by (4). We shall prove even a bit 
more, namely that for each P = {pt , p 2, .•.}€*-# and e > 0 there exists Q£ Uf (P, e) 
such that for any e' > 0  there exists R £ U f (Q, e') for which J f (R, P) = + ° °

(i.e. R$ Uf (P, c), for any c s  +  <»). If 2  4k and 2 К are two convergent series
k= 1 k=1

with positive terms such that

(32) Z p k f ■c -{- °°

(33)

we may set

(34)

and

+ 00, -f- CO,

4 k = ■
CPk if к <  N

C =
1 -  2  4 kk = N 

N -  1

4k if к N 2  Pk k= 1

(35) rk
c'4k if к <  N' 1 — 2  rk

,  k = N ‘
C ~  N ' - l

?k if к ^  N' 2  4k
k= 1

Then, if N  is large enough, we have by (31) and (32)

(36) J f (Q, P) = / f - M  2 a +  È p j M  < / ( ! )  +  «( c ; t=1 k=N \p k)

and, similarly, if N ’> N  is large enough,

(37) J f(R, Q) <Д1) + в'

while, as the series 2  Pkf | diverges, 
k =  1 V/V

(38) J f (R, P) = +  о».

(36), (37) and (38) mean just what we wanted to prove, thus our only task left is
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to show that if either ДО) =  lim Дм) or lim 2 2 .  is infinite, there do exist
ПЧ- + 0 П—» + oo U

convergent series 2  qk and 2  4  with the properties (32), (33). We distinguish
4  = 1  4 = 1

two (not mutually exclusive) cases:
Case a): / ( 0 )=  Иш^Дм) =  + » . Let us choose a sequence + °° such that 

2  akPk< +°° and set % =Agi(*/t), where gj(a) stands for the smallest value м fork= 1
which f(u) = cc or an arbitrary fixed positive number if /(м )> а  for all 0 < и <

О 00
Then — = g 1(at) — 0, thus 2  4k< +°° and (32) is valid. Let further ßk->-\-an 

Pk k= 1
° °  GO ~

a sequence such that 2  ßk4k< +°°, 2  ßkPk =  + °°; since 0 such sequences 
4 = 1  4 = 1  Pk

00 О
exist by lemma 1. Then, setting rk=qkg i (ßk), 2  ?k< + °°  and (33) holds, as — —0

4 = 1  Pk
implies, for к large enough, / I  — | > / l ~ |  =  ßk.

Дм) ''Pk ' 4k'
Case b): lim ' =  -f- 00. In this case a more subtle reasoning is needed.м-> + 00 и

Let us apply lemma 2 to the series 2  Pk and the function ijy(u) —g2 1 “ 1
4 = 1  \ g 2 \ u ) )

where g2(<x) stands for the largest value и for which f(u ) = a or an arbitrary fixed 
positive number if /(м )> а  for all 0 < m< + ° ° .  The validity of the condition

lim I/Дм) = + oo of lemma 2 follows from the assumption lim -  — =  +°°.
«-^ +  00 It —> + 00 И
Thus there exists a sequence bk — + »  satisfying (28) (with ak=pk). We set

(39) 4k = Pkg2 (bk)\ fk = qkg2 4кФ(Ьк).

Then (Ik + «>(&-»• +  °°) and f
УРк>

t>k
gi(bk)\

— bk if к  is large enough; thus the first half
Pk " 'Pk’

of (28) gives just (32). Furthermore, from the second half of (39) follows / |4 r )  =
'  q  к '4k >

(for к large enough) and thus the first half of (28) yields also the 

first half of (33). Finally, as f(u) is convex and lim 2 U) _  +  °°, for m0 large enough
!l-> +  oo U

bk
g2Íbk)

P_k_ 
: (k

necessarily f(u) /(«0 ) M ( m > m 0 ) ;  substituting here u0= —  and u = —  , we obtain

using (39) — for к large enough
Pk 4k

, f
( - 4k

4 L Pk
Pk) 4k

Pk

- f
4  k >\
Pk) 4k

=  Ькф{Ьк).
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Thus the second half of (28) gives rise to the second half of (33). The proof of 
theorem 3 is complete.

It follows directly from theorem 3 that in the case /(0) + lim 1 ^ - =  +  мЦ-. + 00 и
there exists no strictly monotone function h(u) continuous and vanishing at и0= /(1 )  
for which h (J f (nj, ц2)) would satisfy the triangle inequality. This negative result 
can be extended to functions of more general type, too, in the same way as it has 
been done for /-divergences of order a S l  in [5]. To this end we need the following 
sharpening of Theorem 3:

Theorem 4. I f  either o f f  0) and lim —U is infinite, then for each P £ ..// andU—> + oo Ц
£ > 0  there exists Q €J i  such that ^ f (Q, P) + . / / P, (?)<£ and that for any s' > 0  
there exists R 6 J t  with ,f f (R, Q) + ̂ fiQ , /?)<£' and J fiR , P ) =  J fiP , R) =  +°°. 
Here M  stands for the set o f all discrete distributions P = {pt , p2, ...} such that 

0 ( /=1,  2, ...).

Proof. We proceed as in the proof of theorem 3, with some modifications. 
The construction there should be applied to the convex function f(u )= f(u )  + /*(«) =

=  / ( M) +  w /(~ ] (cf. remark 2 to definition 1; observe, that the condition of the
\

theorem implies both /(0 ) =  + °°and lim ' - = +<*>), and, instead of P, to the+<*> и
auxiliary distributions Pi  = {p \,p 2, •••} ( /=1,2)  defined by

(40) Pk = clP2k-l> Pk=C2p2k (k = 1, 2, ...)

where c, and c2 are appropriate norming constants.
8 s'Let £ > 0  be given and set £; =  , further, for arbitrary set £• =  - — .

Z.Ci lC i

Then, as in the proof of theorem 3, we can construct Q ^ U j^P ,,  ̂ j  ( /=1 ,2 )

such that for any e ' > 0  there exist Rt € Uj. £̂2,, ^  j  with ^ - (R ^  p.) — +oо

( /=1,  2). We show, that this can be done in such a way that ,, P i) =  + °°  
and J f( P 2, R2)= 'ff* (R 2r Pi) — +°°- In fact, let us first assume /(0) =  +  °°,
/* (0 )=  lim ' ^- - <+oo ,  Then we have

(41) / ( m)^ /* (m) for и small enough,

(42) f* (u )^ f(u )  for и large enough,

and therefore, using for /= 1  the construction given for case a) and for / =  2 the 
one for case b) we see at once that J j{ R x, Pt) =  ^  (/?,-, P^)+ Jf .(Rh Pt) =  +  °° 
( /=1 ,2)  implies J’J-(Rl , P i)  = J:f t(R 2, P2) — + °°. The same argument applies

also when /(0) is finite and /* (0 )=  lim — +  00 with the only difference thatU~> +00 U
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for / =  1 the construction of case b) and for i = 2 the one of case a) should be used. 

At last, if both /(0) and f* (u ) = lim are infinite, it is still possible that (41)
П -> +  oo И

-— and then, necessarily, also (42) — holds true or that the reversed inequalities 
are valid, in which cases the above argument applies. On the other hand, if there 
exist sequences of positive numbers ö{ —0 and <5̂ — Ó such that

(43) =f(àk) (*=1,2, . . . ) ,

then, according to lemma 1, the construction for case a) in the proof of theorem 3 
can be applied both for i=  1 and i= 2  in such a way that each ßlk be equal to some 
of the numbers /(<5j) ( /=  1, 2). Then (43) implies (41) for u= gl(ßl) and the reversed 
inequality for u = g t(ßk), and hence, by the proof of theorem 3, we get again

S f (R i, Pi) = S f .(R 2, P2) = + « •

The proof of theorem 4 is now easily completed; all we have to do is to build 
from Q; = {q\, q‘2, ...}, R t =  {r[, r‘2, ...} ( / =1 , 2 )  the distributions Q = {qt , q2, ...} 
and R =  {r1( r2, ...} in the analogy of (40):

IIrsII1<4 (k = 1,2, .••)c 1 c2

1 , 1 2
r 2 k - l  — r k , r 2k  — r k

C 1 c 2
(k = 1,2, .

r( \
C orollary . I f  either o f f ( 0) and /* (0 )=  lim is infinite, there does notu -> +  oo Ц

exist such a nonnegative function h(u,v) defined for  /(1) =  m=  -f°°, / (  I ) =  v +«>
which is continuous at (/(1), / (  1)) and vanishes there hut does not vanish « /(  +  «=, + °o), 
that the function dh f (fj.i , /q) =  /* (/f( /q , ц2), J f {p,2, tq)) defined on J i  would 
satisfy the triangle inequality.

R emarks. For the case of /-divergences of order a(a-2 l) the statement of 
theorem 4 and its corollary has been proved in [5]. The knowledge of the explicite 
form of f{u), however, considerably facilitated the proof. In the cases when both

/(0 )  and /*(0)=  lim ' — are finite, one may look for functions of JA(/.q, /i2)
U-» +  co U

— or of Iu2) and J f in2, ufi — which are non-trivial quasi-metrics (asym
metric „metrics”) or even metrics in J I  and which, preferably, generate the same 
topology in J i  as the /-neighbourhoods. For such investigations, for the case of 
/-divergences (of order 0 < a < l )  see [10].

Finally let us remark, that it is easy to exhibit on J i  such a metric which makes 
it a complete metric space with a finer topological structure than the one of the 
/•neighbourhoods, for any convex /(и). Such a metric is e.g.

(44) q'(hj , / i2) =  min {C, log (max {«/(/q, yu2), </(/ь, /q)})}
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where C > 0  is an arbitrary constant and

й(НиН2) =
vrai sup /< 1 (dx) 

Hi(dx)
+ 00

if Hi < Hi 

if Hi ^  Hi-

The convergence и„~*И >s equivalent to the uniform convergence of
/'Л(Л )+  /<(/*)

(A £.f)  to zero, and this obviously implies the /-convergence for any convex /(»)• 
Of course, this implication can not be reversed, in general.

REFERENCES t

[1] C s i s z á r ,  I.: Eine informationstheoretische Ungleichung und ihre Anwendung auf den Beweis
der Ergodizität von Markoffschen Ketten, Magvar Tud. Akad. Mat. Kutató Int. Közi. 
8 (1964) 85— 108.

[2] Kullback, S.: Information Theory and Statistics. Wiley, New York, 1959.
13] R é n y i ,  A.: On measures of entropy and information. Proceedings o f  the Fourth Berkeley Sym 

posium on Mathematical Statistics and Probability, Vol. 1, Berkeley, 1961; 541— 561.
[4] C s i s z á r ,  I. : Informationstheoretische Konvergenzbegriffe im Raum der Wahrscheinlichkeits

verteilungen. Magyar Tud. Akad. Mat. Kutató Int. Közi. 7 (1962) 137—158.
[5] C s i s z á r ,  I.: Über topologische und metrische Eigenschaften der relativen Information der

Ordnung a. Transactions o f  the Third Prague Conference on Information Theory, 
Statistical Decision Functions, Random Processes, Prague 1964, 63—73.

[6] C s i s z á r  I.: Eloszlások eltérésének informúció-tipusu mértékszámai (Information type measures
of difference of distributions, in Hungarian). Thesis submitted to the Scientific Quali
fying Committee of the Hungarian Academy of Sciences in January, 1966.

[7] C s i s z á r ,  I. A note on Jensen’s inequality, Studia Sei. Math. Hungar. 1 (1966) 227—230.
[8] C s i s z á r ,  I.: On information-type measures of difference of probability distributions, Studia

Sei. Math. Hung.
[9] Sierpinski, W.: General Topology, Univ. of Toronto Press, Toronto, 1966.

[10] C s i s z á r ,  1. und F i s c h e r ,  J.: Informationsentfernungen im Raum der Wahrscheinlichkeits
verteilungen. Magyar Tud. Akad. Mat. Kutató hit. K özi 7 (1962) 159— 180.

MATHEMATICAL INSTITUTE OF THE HUNGARIAN ACADEMY OF SCIENCES, 
BUDAPEST

( Received November 16, 1966.)

Studia Scientiarum M athem atlcarum  Hungarica 2 (VJ67)





Studio Scieiitianim Mathematicarum Htmgarica 2 (1967) 341—350.

ESTIMATION AFTER SELECTION1

by
K. SARKADI

1. Introduction

Let ц1, . . . , цп be parameters characterising the populations A lt A„ re
spectively. These parameters are unknown but we know their unbiassed estimators:

Е(л';)=/<; ( i = l , . . . , n ) .

are supposed to be independent.
According to some predetermined decision rule, one of the populations 

Л ,, ..., A„ will be selected. This decision is based on the actual values of the statistics

This paper deals with the problem of estimating the parameter of the chosen 
population.

Such selection procedures often occur in practice. Usually they are performed 
without any theoretical statistical tools; for the theory of selection, see, e. g. [4], [2], 
where additional references are given.

In most cases the characterisation of the selected population remains interesting 
after the selection. The fact that, apart from a preliminary report [6] and an un
published paper [7] of R ubinstein, the above problem seems to have nowhere been 
mentioned in the literature, indicates that usually the effect of the preliminary 
selection is ignored in the estimation. Evidently this causes bias.

R u b in st ein ’s m en tion ed  paper treats the estim ation  p rob lem  after se lec tio n  
accord in g  to  a special sequentia l m od el.

Some related problems, however, are dealt with by several writers. The problem 
of estimation after preliminary tests of significance have been first treated by 
Bancroft [1]. In 1963 the results of several authors on this field were reviewed 
and summarized by K itagawa [3]. In the binomial acceptance sampling model, 
K olmogorov [4] considered the problem of the estimation of the average fraction 
defective in the accepted lots.

In the latter-mentioned problems the parameters to be estimated are unknown 
constants as far as in our model they are random variables.

As it is pointed out, regarding his model, by R ubinstein , the post-selection 
estimation problem has particular importance at the design of equipments or 
systems having a large number of components. If both the number of components 
and the assortments are large the accumulated bias may cause quite a misleading 
result if the hazard rate or other characteristic quantity of the whole equipment 
or system is estimated.

1 This paper has been presented to the 1“' European Meeting of Statisticians held in London, 
5— 10 September 1966.
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Sometimes more data are available in the time of estimation than were in 
the time of selection. Accordingly, we consider the following to models simultan- 
éously :

Model A
With the above notations, let the selection rule be characterised by the 

partition of the л-dimensional Euclidian space E„ into the subsets
A * , . . . ,  A* (A* + . . .  +A% = E„, A?Aj = 0 if i?± j, i , j=  1, ..., n) in such a way that 
if for the vector x = { x x, x„} x £ A f  the population At will be selected. With 
these notations the task is the estimation of the random variable

(1.1) if x E A f  ( i=  1, ..., л).
Model В
We denote by y x, ...,y„ the statistics available in the time of selection 

and z l , . . . , z n the additional statistics which are available in the time of 
the estimation, j , ,  . . . , y n, z , , ...,z„ are supposed to be independent variables with

E(a ) = E(zí) = /j,. (/'=1, ...,л).

We use the notation /л, for the random variable

(1-2) »'!=/<; if y = {yt , 0 = 1 .......n)

where A\ +... + Ауп = Еп\ AJAï — Q for iA j .  i , j = \ , . . . , n .  This partition of E„ is 
predetermined.

The variances D20>,-) and D2(z() are supposed to exist.
In this case, for convenience, we use the notation xf for the pooled statistics

(1.3) DHzdyi + OHydz, 
D2(Ti) + D2(z;) (/ =  1, л)

On the other hand, the symbols y,, zt ( i= \ ,  ..., л), /л, are used as auxiliary 
variables in Model A. Where they are used, they are supposed to fulfil the 
mentioned relations, i.e. y x, yn, zl5 ..., z„ are independent and m x is defined 
by (1. 2), in addition D2 (.y;), D2(y;) exist and (1.3) holds.

Section 2. enumerates some possible solutions of the problem of estimating 
/л and mx in the general case. The cases of normal and Poisson distributions, л = 2, 
are dealt with in details in Sections 3. and 4., respectively.

2. The General Case

2.1. The simplest unbiassed estimator of лг, is the statistic

(2. 1) u = zt if y € A y;.

Evidently и is unbiassed in the sense that E(w) = E(n7j), moreover in this case 
и is conditionally unbiassed given A\. The accuracy of the estimator may be charac
terised by the conditional variances

D2(w —m, d!’) =  D2(z;) (/= 1 , .... л)
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where Af stands for the event y £ A f ,  or the unconditional variance
n

D2(m — =  2 ’ P(Af)D2(Zi)

2 . 2 . In general, и will be biassed for m. However, if the correlations between 
Xj and y t are high, and the partitions A\,  ..., A% and A\,  ..., Ay nearly agree, the 
probabilities P(x £ A f , у í  Ayj) for iV  /will be small, therefore, in general, |E(m —m)| =  =  | E ( n ? , )  —  Е ( ш ) |  will be small. We shall see in the particular cases that this bias 
can be brought below an arbitrary level and this can be expected to hold under 
rather mild conditions, in the general case of Model A.

(1. 3) shows that high correlation between xt and y t implies large value of 
D2(z,). This means, since

that decrease of bias will mean loss in efficiency.
In reliability applications, once we shall know the exact relationship between 

bias and variances the optimal estimator can be chosen from amongst the possible 
ones, taking the size and the structure of the whole system into account. Usually 
the limitation of the bias of the component estimator is the more important the 
larger the system is.

The exact evaluation of D2(u — m) or of the conditional variances is difficult, 
even in the simplest particular cases.

If the selection is based on the values of x i t  ...,x„, and m  is estimated by и  
this method uses full information in the selection but partial information in the 
estimation procedure. It can be performed relatively easily, almost independently 
of the forms of the initial distributions. In general, the bias can be made as small 
as desired.

2. 3. The estimation procedure, given in 2. 2. can be ameliorated by replacing 
и by its conditional expected value given x , , ..., x „ :

In two concrete cases we shall give explicit formulae for t (see Eqs. (3. 4) and

This modification does not change the bias but decreases the variance D2(n — m). 
The evaluation of the variances seems to be difficult.

The estimators и and t will be investigated in the mentioned cases in Sections 
3 and 4.

2. 4. Also, the problem of the existence of an unbiassed estimator for m is 
investigated, in the concrete cases. In the normal case, no unbiassed estimator 
having finite variance exists (Section 3. 3), in the Poisson case such an estimator 
is given, and turns out to be the limiting case of the estimator t.

2 . 5. Another possible way is the ‘‘sometimes pooling” method. If, e.g. и =  2 and

/I
E (u -m )2 s  D2( u - m {) = 2  P(^?)D2(z,)

i= 1

/ =  Е(и|х,, ..., xn).

(4. 2)).

/I, if x t ^ x 2
ц2 if Xi  <  X,
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then — with a slight modification of (2. 2) of [3] — the following estimator can be 
constructed :

x2 — x, =» К  

|X2 —X, I = К  

x1 — x2 > К
where К  denotes the significance point of some predetermined level of the distribution
of \x2- x t \.

The computation of this estimator is relatively simple. It is clear that its bias 
can not be decreased in arbitrary degree, if ц , ^  ц2. We do not deal with this type 
of estimator in this paper.

Xi if
D2(-y2).v , + D2(x ,)x2 

D2(.v,)-l D2(.y2)
x2 if

2. 6. A further possible way is the Bayes solution. This way avoids the para
doxical phenomenon that the estimations of m and /r; are not equivalent problems; 
using Bayes’ method they are. The assumption that the /t; are random variables is a 
reasonable one since they are affected, in the course of the production process, by 
random sources; however, their a priori distributions are not known in general.

If n is large and the assumption of a common a priori distribution of a given 
type for the variables /q seems to be justified, the method is particularly appropriate. 
In this case the parameters of the a priori distribution may be estimated from 
*1> -Y„.

3. Normal Distribution, n = 2

3.1. Let us consider the case of the normal distribution with two variables, 
i.e. let us suppose x t and x 2 to be independent normally distributed variables with 
unknown expectations Е(х1) = ц 1 and E(x2) =  /i 2 and with known variances D2(x,) =  
=  a I and D2(x2) =  o-2. Let the variable m  be defined here as follows :

(3.1)
Pi if X, 3= x 2

Pi if x 2 >  x2

In the practical application this definition corresponds to the selection of the 
better population if less values of /q mean better quality.

Since

p  =  P(m =  /t2) =  P(x2- x ,  <  0) =  Ф [ ^  lh )  

where Ф{х) denotes the standardised normal distribution function,

E (m) =  Hi +(p2~lii)P
and

D 2{m) = Ui2 -H x)2p ( \ - p ) .
The variables y t and z; (cf. (1. 3)) may be defined, in the case of Model A, by 

the following formulae:
y ,= x t +v,lc

z ^ X i - c V i  ( /= 1 ,2 )
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where c is a positive number, v, , v2 are independent normally distributed random 
variables, with parameters 0, erf, and 0, of, respectively; they are independent 
of and x 2 ■ They may be generated by a table of random numbers or may be 
defined as functions of the original sample elements. The suitable choice of the 
constant c will be discussed later.

With this definition, y x, y 2, z x, z2 are independent and (1.3) is fulfilled; 
D2(y,) = (l + c2)(jffc\  D2(z;) =  (1 + c 2)o? ( /=  1, 2).

Evidently this bias is positive, except in the trivial case /it = /i2 when the estimator 
is unbiassed. The bias tends to 0 if c or — p2\ tends to infinity.

The variances of и and u — mx are

In Lemma 3. 1 (Section 3. 2) a sufficient condition for being the correlation between 
и and m positive is given. The condition includes the case сг, =<r2.

A weaker upper bound, holding in any case, is given by the inequality

In accordance with Section 2, let us define m x and и by the formulae

Since
E(w) = E(wi,) =  flt +(l*2-Vl)Pc

where

и is unbiassed for m, and biassed for m, the bias being
(3.2) E(u ni) = (p2 ~Hx){pc~p).

D2(u) =  (1 + c 2)[G \+ {p l-o \)p c] + (ji2- p l)2p £ \  - p c) 

D 2( u - m l) = { \+ c 2)[a\+(a22 - a \ ) p c\

\}2{и\Аух) =  D2(m — ml \Af) = ( 1 + c2)<t? (i =  1,2).

The variances of u — m cannot be evaluated explicitely.
If a and m are positively correlated we have the inequalities

D 2{u — m) s  D2(n) + D 2(m)
i.e.
(3. 3) D2(n -  m) S  (1 +  c2)[(72 +  (o\ -  a\)pc] +

+ ( t* 2 -ß i )2[Pc(l - P c ) + P ( \  ~ P ) l

D (m — mi) <  D (u) + D (m).

On the other hand we have the following lower bound: 

D(m — m) >  |D(m) — D(m)|.
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It follows that the variance of и — m tends to infinity with increasing c, in contrast 
to the bias which is, as can be seen from (3. 2) a decreasing function of c.

Let us now consider the estimator of the type introduced in 2. 3.
It is evident that the estimator Г =  Е(м|х,, x 2) he.

(3.4) t =  х 1 +  (х2-дг1)Ф (  c ( x t - x 2) )

l U î  + «i I
+ c ÿ a 2 + aj <p .V2)|

where (р(х)=Ф'(х), is a better estimator than u, since

(3. 5)
and
(3.6)

E(/) =  E(n)

D2(u — m) =  E(D2(m — m\xi, x2)) + D2(i — m)

which implies that D2(i — m )<D2(ri — m).
Moreover it can be shown that for any value of x 2, x 2

(3.7) D2( u - m \ x u x 2) =  D2(w|xi,.y2) Ö-1Ö-2+ 1 min (erf, <r2)

Since the direct evaluation of D2(i — m) seems to be tedious, the limit we may 
obtain by using formulae (3. 3), (3. 6) and (3. 7) may be useful.

A lower limit can be obtained in the following way:
First a lower limit for D2(r) can be obtained:

D 2(0

+ {a\ + a22)

2 2 O-f 0-2
■0"2

Pc +
C(P2~ P  l)

)/(l +c2)(aj +  <x|) P \ i ( \ + c 2)(o \+ a l)
r í

* 1

This formula can be deduced from the Cramer—Rao lower bound of the

variable t- a \x x -f a fx 2
&Ï +  <?2

as estimator of (/r2 — /rt) \pc— -2 ~x - 2 I V G i  G 2 J
A lower limit for D2(t — m) can be obtained using the inequality

D(i — m) >D (t) — D(w).

Another lower limit may be obtained from the inequality

(3.8) D(t — m)>D(?2) —
where

h = х1+ ( х 2- х 1)ф

and
( .

t2 = c ÿ o l  + ol (p

c ( * i - x 2) 
Í a \  + a\

c(x 1 ~ X2) 
\ 'a f+ a j
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Since t, is between X, and .v2, D(/i - m) has an upper bound not depending 
on c. On the other hand

(3.9) D2(/2) c 2 ( a \ + a \ ) '  I 1 e  

2n [ j/2c2 + 1 ‘

2c2(/i I -in)2
(2c2 + l)(CTf + ff|)

c 2(lI I  -111)2

(c2+ 1 ) (<rf + <t| )

which means that D2(/2) and, by virtue of (3.8), also D2(t — m) tends to infinity 
with increasing c.

There are, in addition, two other reasons against large values for c. If c is 
large, the function г (х ,,х 2) has the following properties in the neighbourhood 
of the line x x =  x2:

1. The estimator varies very rapidly with x x— x 2 and therefore rounding 
errors have a large effect.

2. The value of t surpasses max (x ,, x2) by a large multiple of max (cr2, <r2).
In reliability estimation problems the appropriate choice of the value of

c should depend on the number of components; we have to assure that the standard 
error and the bias of the final estimator for the reliability characteristic of the 
equipment or system should be of approximately the same magnitude.

3. 2. The following Lemma gives a sufficient condition for being the correlation 
between и and m non-negative, and thus (3. 3) in effect.

Lemma 3 .1 . I f  (/i, —/12)(<т2 — <т,) ё О , cov (м — «г) S O .

Proof. E xclud ing trivial cases, su p p ose w ith ou t lo ss  o f  generality 

(3. 10) /I, — //2 =  /I >0, cr2 S<r,, <r2 >0 .

• Let us introduce the notation

(3. 11) U0 = и -
a \ z x + o \z 2 

<t2 + a\
(Ĵ "Z ~1~ (7̂"Z

Both m0 and m are independent of i“2
a]+a-2

z i ~ z 2 i У1 1 У2 ) and therefore it suffices to prove that 
(3.12) c o v ( m0 , w ) —0
(3. 10) implies that

(they are functions of

(3.13) E(m0) =  /<
and that

P(m = n x)E(un\m = /(,) =

a \+ a \  /Л | ’ °

(3.14) =  Bxa\ J  J'i;[cp(B2(C-Ii))-<p{B2(t; + n))]<p{BAri + H))cKdn +
0 0

B\ j  J  Сф(Я2(С + /0)[̂ 2<КЯз('?-/0)-<71</>(Я3('7+10)]<(С</'? >  о
0 tj

(Here B x, В2, Въ are positive constants depending on g\ + g\ and c).
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Since m takes on two values only, (3. 10), (3. 13) and (3. 14) prove (3. 12) and 
hence the lemma.

On the other hand соv(w, m) can be negative, as it may be seen on the following 
counter example.

Let be
li=Hi — ц2 >0. a\=0,  cr i> 0

we have (cf. 3. 13) E(tto)> 0  and (cf. 3. 14) lim E(uo\m=fi{)< 0  which shows that
u  =  +  0

if /1 is a sufficiently small positive number cov (u0, in) <0.

3. 3. In 3. 1 we gave biassed estimators for m, and the variance of those esti
mators tended to infinity as the bias tended to 0. Now we prove that, in fact, there 
is no unbiassed estimator, having finite variance, for m.

T heorem 3. 1. For the variable m defined by (3. 1) no unbiassed estimator, 
having finite variance, exists.

Prooe. S u p p o se  th at such estim a to r  ex ists, let us d enote it by  t = t (x , x 2) 
and  suppose, acco rd in g ly , that

E(t) = //j +(/<2 — )p, D2(t)<°°.

Let us introduce the notations

/< =
/( 1 И 2 

]la2x+ a \
X-, -  X, Tj =  t l (xl , x 2) = T -^ 1_

í a \  + a\
then

Е(т1)=рФ (//)
and D2(ij) is finite.

E(ti) depends on f.ix and ц 2 through ft only therefore л; is a sufficient statistic 
for E(r,). If

Е(т1|л') =  т2(х) = т2
then

D2(T2) s D 2(r,)

therefore D2(t2) is finite, we denote it by D2(t2(x))=V(ft).
Let Z be a normally distributed random variable independent to x with

E (Z) =

D2(Z) =  \  (c >  0).Cz
Let us introduce the notations:

X = x  + Z, E(t2(x)IX) = z3(X) = z 3 .

z3 does not depend explicitely on ft since x is a sufficient statistic for /t. 
On the other hand let us introduce the variable (cf. 3. 4)

t4 =  z4(X) =
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т3 and т4 are both functions of the random variable X  only and they have a 
common expectation. It follows then from the completeness of X  that therefore 
they agree in their variance as well: D2(t4) =  D2(t3) S  V(h)- 

' But (cf. 3. 9)
D2(t4)>  А(ц)с-  В{ц)

with А(ц), B(n) not depending on c, A(f.i) >0, and therefore

(3.15) A(/i)c— ß(/()-= V(/i)

c may take on the value of any positive number, i.e. inequality (3. 15) holds for 
any positive value of c. This is clearly a contradiction, V(ju) hence D(t) can not be 
finite.

4. Poisson Distribution, n =  2

4. 1 .  Let us suppose x, and x2 have Poisson distributions with expectations 
Ну and ц2, respectively. Here we define, with a slight modification of (1. 1), m as 
follows:

m =

Hi
Hi + Hi 

2
Hi

if Xi <  x2

if Xi =  x2 

if Xi >  x2

By equating the coefficients in the expressions of the expectations we obtain 
the following unbiassed estimator for m :

(4.1) to —

Xl if * 1 <  * 2

3 * 2  ,  

2
if * 1 =  X2

2 x j if * 1 =  * 2

' o ( * 2 > * l ) if * 2 >  Xl

( x i , x 2 = 0, 1, ...).

For large /q and ц2 this statistic has the disadvantage that it has high jumps 
nearly to the line x t = x 2.

This fact hints that in this case it is not advantageous to insist on unbiassedness.
In the mentioned case the normal approximation can be used but the same 

method as in 3. 1 can be applied exactly for the Poisson case as well. The formulae 
we give below are, however, more complicated than in the former case.

4. 2. Let yt and zt be defined by the following formula (cf. (1. 3))

У1 =
z ^ ß - ' i X i - V ; )  ( /= 1 ,2 )

where vt is generated by a random experiment so as to have binomial distribution 
with parameters xt and a; 0 < a -^ l,/I  =  l — a.
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It is known that the unconditional distributions of ay t and ßzt, so defined, 
are Poisson distributions with expectations ap; and ßph respectively, and they are 
independent.

Now we define u = u(xl , x 2, v l , v 2) by the following formula (cf. 2. 1))

Let be again

Zl if У1 <T2
Z i + Z 2

2 if У1 =  У 2

?2 if У1 > У 2

t = t(xu  x 2) =  E(u|xl5 x 2)
we obtain, after some calculation, the following expression for t :

(4. 2)

> =  2  Д  ( V ) [J] (a-2 -j)a‘+jß*>+**~‘-J- » +

+  2 2  (^ )  ( 7 )  ^  + x 2-2i)cc2iß*'+**-2i~ 1 +

+ 'XI+X2-Í-j -

Putting in (4.2) oc =  l, /? — 0 we obtain (4. 1).
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FIXING SYSTEM FOR CONVEX BODIES

by
B. BOLLOBÁS

Let T  be an open convex body in E n (n dimensional Euclidean space). Let 
the points Pj (id I, where I  is an index set) lie on the boundary of T. The system 
of points Pi (idl)  is called a fixing system o f T, if there is an я >0, such that by 
translating T in any direction through a distance less than s, at least one of 
the points Pi (idl) will get into T. This means that no matter how short a distance 
we want to translate to solid body in any direction, at least one of the points Pt 
will prevent this, if these points must not enter the interior of the body. A fixing 
system is said to be primitive if for any proper subset J  of 1, the points Pt (idJ)  
do not fix T  any more. F ejes Tóth [2] suggested the problem of finding the maximal 
number of points which can form a primitive fixing system of an n dimensional 
convex body. More precisely, we are looking for the supremum p(n) of the powers 
of all primitive fixing systems of all n dimensional convex bodies, i.e. we want deter
mine p(n) = sup {|/|1 : there is an open convex n dimensional body T  and a primitive 
fixing system Pt (idl)}.

Tomor [5] proved that p(2) = 6, and that the only extremal configurations are 
the convex hexagons whose opposite sides are parallel and which are fixed by the 
vertices. F ejes Tóth [2] pointed out that for the rhombic dodecahedron the vertices 
form a primitive fixing system and consequently p(3) ^  14. D anzer [1] and H ajós 
(see [3]) showed simple n dimensional bodies having 2(2" —1) points as primitive 
fixing systems. It seemed likely (see [1], [4] and [5]), that there is no fixing system 
with more points.

The purpose of this paper is to prove the following theorem.

T heorem. p(n) = a i f  n ^ 3 ,  but every primitive fixing system contains only a 
finite number of points.

Take a convex body in E" and a fixing system of the body. The directions of 
the translations can be represented by the points of S"-1, the unit sphere of E". 
(If P is a point of S’"-1 , P corresponds to the direction OP, where О is the centre 
of S'"-1.)

Every point of the fixing system excludes a certain set of translations, and the 
corresponding subset of S"~l is easily seen to be an open subset. A system of points 
is a primitive fixing system if and only if these open subsets cover S"-1 but by 
omitting any of them the remaining sets do not cover S"_1. As S"-1 is compact, 
a finite number of these open subsets cover Sn~x, and so according to the previous

1 |/ |  denotes the power of the index set /. In most cases 1  has only finitely many elements, so 
|/ | is the number of elements, but this is not necessarily so.
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statement, these are all the subsets corresponding to the fixing points. Consequently 
the primitive fixing system contains only a finite number of points.

Now it will be proved that for an arbitrary number n there is a convex body 
in E ” having a primitive fixing system of more than n points.

71
Let 0 <  a <  ß <  — , and let F{ be a frustum of a right circular cone with an angle

at the apex equal to 2a. Erect a right circular cone with the angle 2ß, C, onto the 
smaller base of F ,. By reflecting the bodies Fy and Cу in the plane of the larger 
base of F,,the bodies F2 and C2 are obtained. Denote by T  the interior of the union

of the closed bodies Fy, Cy, F2, C2 (Fig. 1). Since 
a<ß, T  is a convex body.

Let A lA2 ... Am (m ^5 )  be a regular/и-gon in
scribed in the common base of Fy and F2, and denote 
by By and B2 the vertices of the cones C, and C2. It 
will be shown that for some choice of a and ß the 
points Ay, A2, ..., Am, By, В2 form a primitive fixing 
system of T.

The directions of the translations will be represen
ted again by the points of S'2. For the sake of simpli
city, the great circle parallel to the plane AyA2 ... A,„ 
will be called the equator, the point N  corresponding 
to the direction B2By will be called the north pole and 
the diametrically opposite point, S, the south pole.

Take the tangent planes to F у and F2 at the 
points At. These planes form four angles. Denote by 
ót; that angle which contains T. (This angle equals 
л — 2a.) The point Ay excludes those directions v, for 
which the endpoint of the vector —v, starting from 
Ay, is in the interior of a;. Consequently Ay exclu
des the interior points of a spherical digon, of angle 
n — 2a.

Denote this open digon by St, and put S0 = Sm, 
Sm+1 =  S , . Si+y can be obtained from S; by rotati
on around N S  by 2л/т ( i= l ,  2, ..., m). It is easily 
seen that the boundaries of Sit Si + 1 and Sy-y, Si + l 
have two common points, respectively, situated sym
metrically with respect to the equator. Denote by My 
and Ny, respectively, the common points in the norther

hemisphere. Then obviously a <  NMy <  NNy < ^ and

the spherical distances NMy, NNy do not depend on i 
(see Fig. 2).

It is immediately clear that the interior points 
of the circle of centre N  and radius ß are excluded 
by By, and the corresponding domain of B2 is the 
open circle of centre S' and radius ß.

Choose an arbitrary ß in the interval N  My <  /? <
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«= NNj . For this ß the domains and the circles of radius ß with centres N and S 
civer the sphere S2, i.e. the points A ,, A 2, ..., Am, Ő,, B2 fix T. Omitting B x (resp. 
B2) the remaining system does not fix T, for e.g. N (resp. 5) is not covered. Omit
ting the point At ( /= 1 ,2 , ..., m) the system does not fix T, since the point Nt is 
contained only by St.

Consequently the above system of m + 2 points is a primitive fixing system 
for T. The number m can be chosen arbitrary large, so this proves p(3) = c.

Let К  be an n — 1 dimensional convex body, having a “primi
tive fixing system” Px, P2, ..., P,. Place К in E" at the plane 
XI —0 in such a way that the origin is in the interior of K. Denote 
by C the convex cylinder of height 2, having К  as mid-cut, i.e. C 
contains the points (x ,, x 2 , ..., x„), for which I x j s l  and (0, x 2, 
x3, x n) is in K. It is obvious that the points (1, 0, 0, ..., 0),
( — 1, 0, 0, ..., 0), PI, P2, ..., P, form a primitive fixing system of 
C. Consequently p(n)Sp(n  — 1) and so p(n) = a if / i 5 3.

Now we give a slightly different definition for the fixing sys
tems.

Let V be an arbitrary convex body in E". The system of points 
Pi (i € I )  is called a weakly fixing system of V, if Pt £ V ( /£ /), but 
there is an e>0, suchthat by translating V in any direction trough 
at most £, there will be a position of V in which V contains a 
point Pio (/„ £/). A system of points is a primitive weakly fixing 
system of V if it weakly fixes V but no proper subset of the points 
fixes V any more. Let q(n) denote the supremum of the powers 
of all primitive weakly fixing systems of all n dimensional convex 
bodies.

For the first sight it is a little astonishing that 

q { 2) =  6 and q{ri) =  c, if 3.

q(2) =  6 is the result of T omor [5]. To prove <7(3) =  c we construct a convex 
body and a primitive weakly fixing system of power c. Let K x and K2 be two closed 
symmetrical right circular cones of the same base and with apices A,, A2. Denote 
by c the circumference of the base and let c, , c2 be circles parallel to the base on 
the superficies of Kx and K2, respectively (see Fig. 3). S’, , S2 denote the boundary 
points between c, and A t , and between c2 and A2, respectively. Finally let V be 
the union of Kx and K2, without the points of c, S, and S2. К is a convex body, 
and it is easily checked that the points of c, together with A, and A2, form a primitive 
weakly fixing system of V, and the power of this system is c. As it is immediate, 
that q (n )^ q (n — 1), this proves the assertion.

Similarly to the problems discussed above, one can ask the question, how 
“efficiently” is it possible to fix a convex body in E.n This problem was solved by 
G rünbaum  [4]. He proved that any convex body in E" can be fixed by 2n points. 
The cube shows that fewer points are not always sufficient.
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SOME EXAMPLES IN MEASURE-THEORETIC REPRESENTA LION 
OF RANDOM VARIABLES

by
P. R. SATYAMURTY and S. S. SENGUPTA

Introduction

It is well known in the theory of probability that a random variable is a measur
able function on a sample space. The purpose of this paper is to illustrate a special 
case of what seems to be an effective method of constructing the probability measures 
of random variables starting from the sample space itself. The method is one of 
synthesizing a random variable i.e., expressing a random variable as a finite linear 
combination of a family of statistically independent elementary random variables 
defined on an appropriate sample space. Elementary random variables with known 
Lebesgue measures are chosen from which are then obtained the probability measure 
of the random variable of interest. The advantage of such an approach follows 
from the fact that the relationship between the probability measure of the random 
variable and its structural properties can be seen clearly. The idea behind our 
approach is due to K ac (1959) who has obtained the probability measures of bi
nomial and normal random variables. By a generalization of K a c ’s method, we derive 
the probability measures of multinomial and bivariate binomial random variables. 
Approxiate passage to limit from the bivariate binomial measure then gives the 
probability measure of the bivariate normal random variables. In all the cases, 
the method of derivation is based on the definition of probability as the mathematical 
expectation of the indicator function.

1. Probability Measure of a Multinomial Random Variable

Let ß  =  {cu|OSfüSl} be a sample space on which is defined a sequence of 
elementary random variables {e*(a>); k = 1, 2, ..., A} as follows:

I 0 (0 ä  о) Ш a,)
1 (ô  <  a> S  a2)

E i ( m )  = \  2  ( a 2 <  to  S  a 3)

( 1. 1)

\ m -  1 (am_, < w S  I)

Ek(w) =  Ek_ 1(rja> )) к =  2,3

Tx(o) =  Ta ...........«„(eo) =

CO —Ct;
( c c j  <  Ш  ^  c t j + l )  (/ = 0 ,1 ,2 ,.. . ,  w — 1; a0 = 0 ;aw =  1)
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Lemma 1. The sequence o f  e's thus defined is a sequence o f  m utually independent 
random  variables.

To prove the lemma, it is sufficient to show 

(1. 2) Pr{e2(co) =/'16! (w) =  i} =  Pr {e2(o>) =./} (f'J = 0, 1, 2, m -  1)

The mutual independence of the e’s would follow from it by induction. We have,

Pr {e2 (со) = j \e 1(co) =  /}

which proves the lemma.

Pr{e2(cu) = j ;  s,(co) = i} = 
Pr{Ei(cu) =  /}

_ Í со —a,-
Pr lot; < --------=— ^  ai+, [

1 « я - i - g j  J  =
Pr {Si(cu) =  i}

= (gJ + i~ gj) («;+ i-Otf) =
( « i + i  ~ g i )

=  Pr { s 2 (tö) =7}

Let us write XN(co) = 2  sk(œ)- We are interested in the probability measure
k= 1

(1.3) /ÍJV =  (x) = p {со \XN (w) =  x}

A representation of the indicator function of the set whose measure we wish to 
find is,

2 k

(1 .4 )  Ix =  (27г ) " 1 /  =
0

П ( * v M  =  x)
|0 (Otherwise).

We have,
1 2  71

/7дг =  EIX = (2 л)-1 J  dco J eii[xN(ra)-M^
о о

After a change of the order of integration (justified by Fubini’s theorem) and integrat
ing we get,

2 n /» in — 1

(1.5) Pn = (2л)-1 J e~i4x 
0

2  Pjei(J 0

=  z
N

xn, X, Po°Pi' nXm ~ 1• Pm- 1

m- 1
2  Xj = N
0

m -  1

2 ’ jXj = x  0
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where we have written /?0 =  at, Pj = <xj + l — at., (y=0, 1, 2, ... m — 2) and t —
/Н — l

=  1 — Now we write XN(a>) =  2  /A'(j) (со) and interpret A'0)(co) as the number
о

of ми/Лу in the 7 th class and thus deduce the multinomial probability from (1. 5)

( 1. 6 ) Vn =  Я |w|A'(J)(tu) =  X j \  2 ’ X j  =  a |  =

N
*0, X\, ...,  -Vm _  I

n *o „ * 1Яо /;1 -  1
P m -  I

As it is obvious, m = 2 gives the binomial probability as a special case.

2. Bivariate Binomial Probability Measure

We shall now introduce the concept of dependence between two random vari
ables by defining two sequences of elementary random variables which are independ
ent within each sequence, but are dependent between sequences.

Let Q be the sample space as defined in section 1. Let

1 (О ^ й ёа )
Ф(а>) =

О (а <  со ^  1 )

(2. 1) 1 ( O ^ w ^ ß )
ф(ю) =

О (/)<ft>S I)

where ß is a function of a determined uniquely by the following probability measures: 

(2.2) ц„ = р{ш: {l/(co)=s\<P(co) = r} (r ,s  = 0,1).

The relationship between a and ß is expressed conveniently by

(2.3) =

We now define two sequences of random variables as follows:

4>i(co) = (p(a>)

where,

(2.4)

<J>k(°>) = <Pk-i(TÁ(0)) k  — 2, 3, •••» N

Ta(co) =

(O
а
со —ос 
l - а

«Al (со) =  ф(со)

\l/k{(o) =  \1/к- х(Тр(со))

(0 ^  (о ^  а)

(а < а> Ш 1)

к  = 2,3, . . . ,N
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where,

Тр(ш) ß
со — ß
\ - ß

(0 ^  co ^ ß )  

(ß <  CO Ä 1)

Lemma 2. Let Гк(а>) = (Фк(ш), фк(со)) k —l ,2 , . . . ,N .  The sequence o f  the 
vector random variables { / ^ ( e o ) ;  k  = 1, 2 ,  /V }  a r e  mutually independent.

P roof follows on similar lines as in Lemma 1. We have, for instance,

Pr { Г 2(co) =  (0, 0 ) | Г 1 ( с о )  =  ( 0 ,  0)}=(1 —a)p00 =  Pr { Г 2 ( с о )  =  (0, 0)}.
N N

We now define the sums XN(w) =  £  (Ьк(ш) and YN(m) =  фк(ш) and wish to
k = 1 k = l

determine the probability measure

( 2 .  5 )  / í n ( . y ,  y) =  p { с о ]A ’j y ( c o )  =  X ;  У * ( т ) = у } .

With the following representation of the indicator function of the set
2n 2n

(2 .6 ) 1хПу =  (2 k ) ~ 2 f  f  e i^ XN^ - xi+i’lirN(a)- ^ d ^ d r i  =
0 0

_  П  (A'jv(co) =  .v; Yn(oj) = y)
(O (Otherwise)

We have,
pN(x,v) = Elх(Лу =

1 2 n 2 k

=  (2rt)-2f  dco I f  e iÇ[XN ((o)  -  x ]  +  irj[Yn (co)  -  y]  ̂  d r j  

0  0  0

Integrating, after a change of the order of integration (justified by similar arguments 
as in section 1) because of the mutual independence of the sequence [Гк(а>)', 
к = 1, 2, ..., N} one obtains,

2lt 2n
(2.7) P n ( x , y )  =  ( 2 n ) ~ 2 j  J  G W ( £ ,  t f i d Ç d q

о о
where, 

whence, 

( 2 . 8)

G,N)(Ç, q) = [(1 -a ) (p 00 + р01е1") +ссе^(ц10 + р ц е 1”)]"

min (х, у)

Unix,У) =  (* )a*(l-«)*-Q f (i)/*ïo-VnÇ_Î)/ia. . / y - х - у  + к , , У - кPoo Moi

This is what we have called the bivariate binomial probability. There are several 
problems in applied probability where the bivariate binomial model can be used 
to describe the underlying process. We shall describe one such application which 
has been pointed out to us by Professor A. R ényi. We consider a source 
which emits independent signals with the associated values 1 and 0 which are
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assumed with probabilities a and 1 — a respectively. These signals are then trans
mitted through a channel one by one with the transition probabilities firs (r, 5 =  0, 1) 
i.e., iurs is the conditional probability that the output has the value л given that the 
input is r. If XN(co) denotes the number of input signals which take the value 1 
and YN(a>) the corresponding number of output signals which are equal the value 1, 
then our result (2. 8) gives the joint distribution of XN(a>), YN{w).

It is easily verified that the marginal distributions are binomial. We shall show 
in the next section that the bivariate binomial probability tends to the bivariate 
normal.

3. Bivariate Normal Probability

We first consider the two sequences of elementary random variables defined 
in (2. 4) and define the following sequences of elementary random variables.

(3.1) 

so that,

(3.2)

Let us write,

v*(w)

ôk(m)

Ф *М - a 
Ÿ Ntx(l — a)

Фк((о)~Р

V iN  =

=

\'Nß(\-ß)

(OS со s  a)

w = i  ,)

( 0  S  a> rg  /})

(ß < a i  s  1)

1 - ß
Nß

We shall determine

- /  ?I N ( l - ß )

Un(<o) = 2  vk(o->)

VN(o>) = 2  \(o>)k= 1
HN = n{w: x i <UN{ w ) ^ x 2 \ y y< V N{a i)^y2} 

and derive the required probability by an appropriate passage to limit

H =  lim ftN
Let

g ( x ,  y )  =
1 ( х , < В Д < г 2; P*(m)<j2)

0 (Otherwise).
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Then using Fourier’s formula [see e.g., Sn e d d o n  (1951)] we can write, 

(3. 3) g(x, y) — (2л)~2 f f  J'J g(u,v)eiilu~x]+iniv~y]du dv dt; dt]

Г ( N N= J g\ 2  v*(w), 2 sk((»)Thus, hjv — dco

(3. 4) =  (2n)~2 f  d e a f J J f  g(u, „ ) / H H +i’ [ - H  dudvdidn
о

Changing the order of integration and integrating with respect to first we have,

(3.5)

where

=  (2л)~ 2 f f f f  ei(u+i"v H m (Ç, rj)du du de: dr]

H(N)(Ç, t]) =  [(1 -o í )eWe'VN {n00é ”ie^ N +  ц01е ~ ^ 21УГ1} +

+  ae-W'rt1* {ц j о e‘̂ ê N +Цц  e -^ /fN  J]v

written |/j^' -j — 0, and j/ ß̂ ] = ' After simplification,where we have 

we can write,

(3.6) НЩ Ц,1) =

where 0 =  w  [ b o o ( l  _ °0 — 0 i a / h o ~ ( l  ~ a ) 02Í < o i + abu0i It follows that, 
V1 "2

(3. 7) //(£ , //) =  lim Я |Л,>(£, ti) = e-««2+"í+2íw)
ÍV-» со

We now have,

(3.8) /í =  jim /ín =  (2л) 2 f f f  J g(u> v)eiiu+i"v~i ^ 2+'’1 + 2i’ia]dudvdt] d£,

In (3. 5) we have changed the order of integration. In (3. 8) we have taken the 
limit under the integral sign. Since the limits of integration are — °° and °°, the 
integrand is not absolutely integrable. However, by argument similar to that in 
K ac  [see p. 38—39], the integrand can be made absolutely integrable and hence 
the operations we have carried out are valid. Thus, we obtain, finally

(3. 9) /< =  Ц { ш : л-, <  UN(co) <  x 2; y i <  VN(w) <  y 2}

1
2л(1 — Q2)*

X2 У 2
1 i e~* U 2 + V2 — 2 UVQ

J J e
*1 у 1 1 — Q2

du dv

which is the bivariate normal distribution with the correlation coefficient q.
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ON THE NUMBER OF EQUAL DISCS THAT CAN TOUCH 
ANOTHER OF THE SAME KIND

by
L.. FEJES TÓTH

Balls, translates of a body, higher neighbours. On a table we can put at most 
six nickels around a nickel each touching the middle one. To start with, we mention 
some problems and results which are closely related to this simple fact.

C o xeter  [1] asked about the maximal number Nn of equal rigid „material” 
balls in Euclidean и-space which can be brought into contact with a ball of the same 
size. The case when « =  3 has an interesting story which started with cosmogonic 
problems discussed by N ew t o n  and D a v id  G regory and ended with various 
proofs of the fact that N3 = 12. For « > 3  the value of N„ is not known. But special 
constructions show that 7V4 ë24 , А5^40, jV6 ^72, vV7 5  126 and 240. On the 
other hand, a result of Böröcz.ky [2] implies jV4^26, and we have good reason 
for conjecturing that Л ^^ 4 8 , A6S  85, ^  146 and iV8^244.

The following nice result is an immediate consequence of a theorem due to 
H a d w ig e r  and D ebru nn er  [3] and G r ü n b a u m  [4]: In «-space a convex body cannot 
be touched by more than 3"— 1 non-overlapping translates of the body. The number 
3я—1 is attained only by the parallelotope.

A body b touching the body a is said to be a neighbour, or first neighbour, of a. 
A body other than a touching b is said to be second neighbour of a, etc. In a set 
of nickels, let T„ denote the maximum of the total number of the first, second, ... 
and и-th neighbours of one nickel. It may be conjectured that for „small” values 
of «, say for «S10, we have 7’„ =  3«(«+ l). But this rule must soon break down, 
since lim T„/n2 = 2ti/\3. We intend to return to this and to some analogous problems

П-*оо
in another paper.

Convex discs. In the present paper we shall deal with another variant of the 
“nickel problem”. In the Euclidean plane we consider an arbitrary convex disc. 
We want to give an upper bound for the number of congruent (not necessarily 
translated) replicas of the disc that can touch the original disc, in terms of some 
simple data of the disc. We choose two data which can be measured by a slide-gauge: 
the maximum and the minimum of the breadth of the disc in various directions, 
i.e. the diameter and the width. Our main result is contained in the following

T heorem . A convex disc with diameter d and width tv cannot be touched by more
than

(1)
_ , d _ tv (4 + 2л) + 2  +

ív d

non-overlapping replicas o f  the disc.
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For a regular triangle (1) equals 14. This 
bound favorably compares with the number 12 
of equal regular triangles which can be put 
around a regular triangle of the same size (Fig. 
1). Even more interesting is the case when the 
quotient w jd  is small. If w /d  = sin л/19, the bo
und (1) equals 64. This bound is exact. Fig. 2 
shows a set of congruent isosceles triangles with 
the above value of the quotient w/d in which 
the central triangle has exactly 64 neighbours. To 
construct this set, we observe that the quotient 
of the leg-length and base-length of one triangle 
is 1/2 sin л/38>19/л>6. Thus we can put 2-6 
triangles with their bases on the two legs, 2-5 
triangles between the above triangles touching 

the legs with their apices, 19 triangles around the apex, 2-11 around the remaining 
vertices and one triangle with its base on the base.

We will prove the above theorem in a slightly sharper form, showing that in 
(1) w can be replaced by the breadth b of the disc in the direction perpendicular 
to a diameter. Since b s  и» and for q s  1

(4+  2 л) <7 +  2 +  1 lq

is an increasing function of q, the new bound is, in fact, sharper than the original 
bound (1).

L. FEJES TÓTH3 6 4

Fig. I

Fig. 2
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We denote the area of a disc by its perimeter by p and the number of its 
neighbours by n. Since the neighbours are contained in the parallel domain of the 
disc at distance d, we have
(2) n a ^ p d  + nd2.

We claim that
p d + b + ^ d 2+ b2 

\bd

To show this, we observe that the disc is inscribed into a rectangle with side- 
lengths d and b in such a way that it has a pair of points on the sides of length b 
equally distant from one of the sides of length d. The inequality (3) will be proved 
by showing that under these conditions the quotient p/а attains its maximum for 
a triangle with perpendicular sides of length d and b.

We suppose the shorter side of the rectangle to be in a vertical position. Further
more, we may suppose, without loss of generality, that the disc is a polygon П. 
We translate each horizontal chord of Я to the right until it reaches the right side 
of the rectangle (Fig. 3). The translated chords form a new polygon П'. Obviously,

this operation preserves the convexity, as well as the area. On the other hand, the 
perimeter will be increased by this operation. This can be easily seen by comparing 
the perimeters of the trapezoids and triangles with horizontal sides, into which 
П and П' can be decomposed.

We apply the same operation to П', translating its vertical chords downwards 
until they hit the lower side of the rectangle. The new polygon П" will have two 
sides which coincide with the right and lower sides of the rectangle. Since П" contains
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the right triangle A spanned by these two sides, we have, in accordance with (3),

p  p "  :: 2  _ 2  _  d + b +  ]/d2 + b2 
a a ~  r" — r \bd

where p" is the perimeter of П", r" its inradius and r the inradius of A.
Combining (2) and (3), we obtain

^ d + b + Ÿ d ^ + b 2 d 2
n - 2 ---------- j----------- 1-n  -,b a

whence, in view of a ^ \ b d ,

n <  l { q + \+ q ] / \  + q~ 2) + 2nq,
where q^d/b .  Since

] /\+ q~2 <  1 +  2  d~2,
we have

n <  (4 + 2n)q +  2 + 1 !q.

This completes the proof of our theorem.
The same method shows that in a set of congruent discs the total number of 

the first, second, ... and А-th neighbours of a disc is less than

(4I< +2nk2)q + 2k +k/q.

Discs of constant! breadth. For values of djw close to 1 the bound (1) is rough. 
To finish, we give a better estimate in the case when d/w = 1, i.e. for discs of constant

Fig. 4
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b rea d th . N ow  we have
(4) p  — n d

a n d

(5)
я  — |^3

2

T he w ell-know n equality  (4) is due to  Barbier . T he inequality  (5) expresses 
the  fact, due to  Lebesgue, th a t o f  the  dom ains o f  p rescribed  co n s tan t b rea d th  th e  
REULEAUX-triangle has the least area .

C om bin ing  (2), (4) an d  (5), we o b ta in  the inequality

4 n
n — l7 = 8 .9 1 5 . . . .

7Г — У З

T h u s a  d is c  o f  c o n s ta n t b re a d th  c a n n o t h a ve  m o re  than  8 co n g ru e n t n e ig h b o u rs. C an  
th e  num ber 8 be rep laced by 7? It is very p robab le  th a t th e  answ er is: Yes. Fig. 4 
exh ib its a  REULEAUX-triangle hav ing  7 congruen t neighbours.
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SOME NEW RESULTS IN THE THEORY OF STABILITY
(Proof of a conjecture of A. M. Aizerman) 

by
T. FREY

§ 1. Introduction

M odern  co n tro l-tech n iq u e  has given great im p o rta n c e  to  the investiga tion  
o f  the LiAPUNOFF-stability o f  so lu tions o f  systems o f  differential equations. F ro m  
the  po in t o f  view o f  p rac tica l app lica tions A i z e r m a n ’ s  researches seem to be p a r t ic 
u larly  im portan t. H e w as the  first to  deal w ith th e  s tab ility  o f  contro l c ircu its  
con ta in ing  also relays o r  sw itch ing  elem ents with d io d s. T he problem  has decisive 
im portance  from  the p o in t o f  view o f  the general th eo ry  o f  co n tro l circuits co n ta in in g  
also  non linear elem en ts since the  characteristics o f  th e  no n lin ear elem ents ca n  be 
well app rox im ated  by  a po lygonal path  and the la tte r  can  be realized by e lem en ts  
consisting  o f  sw itching elem ents an d  elem ents o f  lin ea r characteristics.

The control circuits of the simplest structure-—-containing a single switching 
element or an element of nonlinear characteristics resp. — are described by A izerman  
by the system

(!) = È a i j X j  + f(xk)

‘j /  =  È  a i j x j -  O' =  2 ,  3 ,  . . . ,  n )

A i z e r m a n  supposed  th a t f ( x k) can  be lim ited by tw o  lin ear functions, i.e. f ( x k) 
satisfies the inequality
(2) a lxk^ f ( x k) S a 2xk.

Besides, the unicity of solution is provided by the Lipschitz-condition valid for 
f ( x k). Finally A i z e r m a n  supposed that the solution x  =  o of the system

/I n
( 3 )  * i  =  2 ,  a i j X j + a x k ; Xf  =  2  a u x j

j =  1 , / = i

is asym pto tically  stab le  if  t  — °° w hen a è ( A , , A2) an d  [ a , , a2]cz(A,, A2), (see e.g. [1]).
A i z e r m a n  suspected  th a t  — on  the above a ssu m p tio n  — the so lu tion  x  =  o 

o f  system  (1) is also  stab le  asym pto tically , but he co u ld  n o t prove this co n jec tu re  
b u t fo r и =  2.

Below we shall give general results in the stability-theory by means of which 
we can make a conclusion regarding the stability of control systems containing 
a great number of switching elements or nonlinear subsystems as well. We get the 
proof of the theorem suspected by A i z e r m a n  — in a form more general than the 
original — by means of the theorems we shall prove later.
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§ 2. deals w ith th e  stab ility  o f the p e r tu rb e d  linear system s. O n  th e  basis o f  
th e  resu lts ob ta ined  in  th is  way we shall d ev e lo p  fu rth e r  a  theorem  o f  C esari (see [2]), 
a n d  its generalization  by Bihari as well.

§ 3. deals w ith  lin e a r  systems having  piecew ise constan t coefficient m atrices 
a n d  perfo rm  several co ro lla ries  o f  the th e o re m  we obtained.

F inally  in § 4 we sh a ll prove A izerm an’s con jec tu re  in an  essen tially  generalized 
fo rm .

§ 2. Stability of Perturbed Linear Systems and Perturbed almost Linear Systems
respectively

There are many known results about asymptotic behaviours of the solutions 
of the linear system
(4) X =  [A(0 + B(/)]x 

in cases when the solutions of the linear system

(5) У =  A(i) • у
are known and they may either be majorized as well as minorized by some exponential

t

function or lim / trace A dx >  — °° is valid.t-*oo *J 0
Below we shall prove a theorem in which, when comparing asymptotically 

the solutions of systems (4) and (5), we shall only assume that A and В are integrable 
on every finite interval.

T heorem 1. Let Y (t) and XL) be fundamental matrices of  (5) and (4) respectively. 
Then the relations

( 6 )

and

(7)

IIX-HOYW-EU s  J  ||B(t)||c/t exp { /  ||В(т)Цл}
to  to

t  t

||Y -4 * )X (0 -E || s* /||B (T )||rfrexp {/ ||B(t)||a }

which characterize the asymptotic behaviours o f  fundamental matrices Y(t) and 
X (t) resp. are valid provided X(t0) = Y ( t0). Here ||,|| denotes an arbitrary matrix

norm which is invariant with respect to similarity transformations. I f  f  ||В(т)||Л<оо
to

is fulfilled as well, then for every Y(i) we can find a fundamental matrix X°(f) such that

( 8)

and

(9)

||X°(/)~1 Y(7) — E|| =s 2||E||/  ||B(t)||*
t

oo
||Y -1(0X °(0 -E || S  2||E||/  IIB(t)||z/t

are fulfilled for any sufficiently large t respectively.
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P ro o f. Let us con sid er  the m atrix  eq u ation

(10) X =  (A +  B)X

which corresponds to (4). Then (10) may be solved applying the well-known method 
of successive approximations (with the initial condition X(t0)= Y (i0)) by means 
of the iterative sequence

t

(11) x„+1(0 = y(o + / y(oy- 4 0 B(£)x„(£)^
to

Let us consider the following transformation:
t

(12) T(U) =  Y (/)+  /  Y(OY-4{)BO,c)U(£)</£
to

and (in the space of и-dimensional quadratic matrices integrable on every finite 
interval) let us introduce the following pseudo-metric (see [5])

(13) i?(U, V) =  IIY-4 0  (U(/) -  V(/)}||.

Here ||,|| is an arbitrary matrix norm which is invariant with respect to the similarity 
transformations and satisfies the relation ||CD|| S||C||||D||. Obviously we assume 
q £L  and 0 i=  q2 means that almost everywhere Q\(t)S Q2(t).

Thus
t

<?(T(U),T(V)) =  Y - 4 ' ) / y ( / )Y -4 £ )B (£ ){U (£ )-V (£ M  =

(15) / { Y -1(£)B (0Y (^{Y -4£)[U (£)-V (£)]}^! s
to

t t

s / | |Y -4 £ )B (S )Y (£ ) | |e (U,V)</£ =  /  ||B(£)lle(U,V)</£
to to

(if t S  t0).
Consequently we may apply theorems 1., 2., 3. of [5] choosing P„ — 0,

(16)

and V = it’0, rr0 = 0. 
In this case

Qe = /l!B (£ )llem

( 17)

=  T ë  C(U0, U 1) =  | |Y -4 0  {y ( 0 +  / y ( 0 Y - ‘«)B (O Y (O -Y (/)} | |  =
to

t t

= | | / y - ‘ (í )B(í ) y (í )</í || g  /  m m d í
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Moreover <т„ satisfies the equation
t

(18) ff. =  t + / | |B ( O H M i) ^
fO

an d  thus by the B e l lm a n  Lemma
t t  t

(19) <7„ —<T0 =  <r„ =  т е х р { / ||В (0 ||^ }  =5 ( / ||B (ö||rfi)exp{/||B (ö||< /{}
ÍO to  to

Thus by Theorem 2 of [5] T(U) has only one fixed point which satisfies the 
initial value problem by (12):

X =  (A T B)X, X(r0) = Y(f0) 

and by theorem 3 of the same paper:

(20) Q(X, Y) =  e(U„, U) = ||Y -1(t){X(t) —Y(t)}|| Sff«,—<r0.
(19) and (20) implies, that statement (7) of our theorem is really fulfilled.

t

Now if /||B (£)|| ûf£<oo is also valid then — as we can see from (7) — for a
to

sufficiently large /0lim||Y~1X — E|j is arbitrarily small; so if for tx < t0 we do not
t -ECO

start from the fundamental matrix corresponding to X(/,) =  Y (i1) but from an 
X(0|(0  that — for this sufficiently large t0 — fulfils the equation X(0)(fi>) = Y(t0), 
then for this X(0)(0  lim||Y_1X<0) — E|| is arbitrarily small. Consequently for a

t->°°
suitable fundamental matrix X(0) we can guarantee also the relation lim||Y_1X<0) —

i  —> CO

— E|| =0. The product of matrices X° and Y -1 — because of the convergence of 
the improprius integral — satisfies the relation:

CO

Y -!(O X (0)(0 = E — J  Y - l (Ç)B(Ç)XW(Ç)dÇ =
t

=  E - /  {Y -‘(0B(^Y(£)}{Y-4£)X<°>(£)K

(22) iiy- 4 o x <°>(/)-eii ^  f  т о т - 1а ж ° ч о \ №  <  i m f  и в и т
t t

for a sufficiently large t. For in this case lim||Y-1X<0, — E|| =0 , and for a sufficiently
t ~ *  oo

large t ||Y-1X(0,|| <2||E||. By this we have proved statement (9) of our theorem, too.
Introducing the notations A + B =  C, A =  C - B  we get the two remaining 

relations immediately.

T heorem 2. Under the assumptions o f  the former theorem, let us consider the 
differential equation
(23) x = A(i)x + B (% (x)

(21)

and thus
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where <p(x) is a function continuous in x and satisfies for ||x|| >0  a Lipschitz-condition 
and <p(o) = 0. Further let y>(x) satisfy the condition

(24) w(t) Ш max ||y(x)||11*11 —*

where w(t) is a strictly monotone, continuous and concave function for which 

lim / dc is infinite.
«-о / w(£)

In this case for the fundamental matrix X(?) in (23) satisfying the condition 
X(t0) = Y (t0) holds the relation

t t

(25) ||Y_ 1 (t)X(t) — E|| s  Q ~ ' { n ( f  \ № ) \ \ d ç )  +  f  ||B(0||</{}
to to

where

d±
a>({)

and Q~,(v) is the inverse o f Q(u).

I f

(27)

f  ||B(i)||</{ <  then there exists a fundamental matrix X<0)(/) for which
to

||Y_ *(/) X,0)(/) — E|| —0 provided

P roof. The proof of this theorem is based upon the idea of the former theorem 
but we apply theorems 1**, 2**, 3** of [5] and Bih a ri’s generalization of the Bellman  
Lemma (see [6], [7]) respectively.

Applying the results just obtained we shall sharpen C esari’s asymptotic theorem 
and its generalization by B ih a r i. Let us consider the differential equation

(28) z =(A + V(/))z + B(/ )<p(z)

where V(t) —О if / — further Var (||V(/)||) <  C O  and ( \ ш т  <°° are ful-
O o ~ )  ,o

filled.
Let us denote the eigen-values of matrix A by Àk and the corresponding eigen

values of matrix A + V(r) by Xk( t )  (k=t 1, 2, ... n;  the eigen-values are not necessarily 
simple).

Theorem 3. Under the given conditions for every к we can find a solution zk 
of (28) satisfying the relation

(29)
t

-  /
lim zfc(/)c 'o  =  s*t-*oo

)

where As* =  A*s* i.e. s* is the eigen-vector of A belonging to Xk. I f  Xk is a multiple 
eigen-value then denote s(k2>sk3> ... the corresponding main-vectors o f second, third ... 
order.
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In this case for every i in question we can find a solution z/'* so that
t

(30) lim -  {z£> exp ( -  f  XPfâdç) -  s^} = о
ÍO

is valid.
P roof. We may follow the ideas in the proof of the Cesari theorem in [4], 

and of its generalization in [7]. The only essential difference is that we omit the 
assumptions concerning the simplicity of eigen-values of A(cf. Theorem 1) depending 
on t, that is why we have to show — in a way different from that in [4] — that the 
matrix S(t) in the transformation of A + V(t) has bounded variation.

It follows from the assumption V (i)-»Othat for a sufficiently large t we may 
assign — in a one to one way — to each simple eigen-value of A a unique simple 
eigen-value of A +  V(7) that for /-*■°° converge to the corresponding eigen-value 
of A. We shall assign, however, to a multiple eigen-value of A only one eigen
vector and a suitable number of main-vectors even if the eigen-value in question 
is a simple root of the minimal-polynomial of A, because in the minimal-polynomial 
of A + V(t) the multiplicity of the corresponding eigen-value depends on l, moreover, 
the corresponding group of eigen-values can split and fuse resp. depending on t. 
For this reason we correspond the submatrix of transformation T0) to the /-multiple 
eigen-value Xj of A so that the structure of the /-dimensional block A(J) that corre-

0 0 0 ... 0

sponds to the matrix T,J)AT(J) 1 beoftheform 1 \s 0 0 ... 0

.0 0 0 0 1 к

independently

of the multiplicity of Xj in the minimal polynomial of A.
We construct for a sufficiently large fixed t0 the transform of A +V (t0) in 

the same way trough AO)(0 — the /-dimensional hyperblock of the corresponding 
S <J,(?)[A + V(/)]S(-')_ I(/) — whose structure takes the form

'/lj '4 0  0 0 •••
1 Aj2,(0  0 ...

. 0  0 0 U f( /) .
— may contain but different eigen-values. After all, by choosing a suitable SU)(t) 
we may guarantee that in all points of continuity of V(t) both S(t)U) and 
were continuous and because of V(?) — 0  both S(j)(t) —T(,) and Xÿ>(t)-+XJ were 
fulfilled. After the transformation introducing the variable x(?) = S _ ,(0z — our 
equation takes the form

(31) i  = A ( t ) x + ^ S - 1+ S B S -1?)(S(0x)

In the following, first of all, we must deal with the question of how to define 
in a unique way S(t) in the points of discontinuity of V(t) and how to estimate
II r/S II II d \  II

—  ! and Var (||S(/)||) by ^ 1 and Var (]|V(t)||), resp.
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These questions may be answered on the basis of perturbation Theorems in [8]. 
Namely V(t)-*-0 implies that we may find such a l0 that we can apply theorem 1 
and its generalization in [8] concerning the multiple eigen-values i.e. for /, > t0, 
and t2> t0 the eigen-values, the eigen-vectors and the main-vectors of A + V(/2) 
can be obtained both from A and A f  V(/,) by means of perturbation. So the elements 
of S (/) — on the basis of the perturbation theorems just mentioned — may be 
extended to the points of discontinuity of \ ( t )  as well. Besides, by theorems we 
mentioned the inequalities

(32) Var (||S(/)||) s  Var (||V(/)||) 
and

(33) Var(|A/J>(/)|) ^  1- 1— Var(||V(t)||)

are also fulfilled for every />Г0, where — for a sufficiently large t0 —

(34) 0 < q = q(t0) = ^(sup||V(/)||) < 1
Í̂ ÍO

and
0 < <7i = 4<J0) =  r/, (sup IIV(ОН) <  I

I - to
are valid.

Since for a sufficiently large t0 ||S(/)|| S2||T|| and ||S- , (OII S2||T", |I are also 
valid, the coefficient of x in the second term of the right side of (31) satisfies the 
assumptions of Theorem 1.

In a similar way the coefficient of (p in the third term of the right side of (31) 
also satisfies the assumption of Theorem 2. Theorem 2 can be applied in spite of 
having S(r)x instead of x in the argument of <p — as it was verified by B i h a r i  in [7]. 
Consequently we may apply Theorems 1 and 2. Thus the relation (29) connected 
with the simple eigen-values of A is immediately obtained. Concerning the relation 
(30) we must consider that in the suitable solution of the equation

ÿ = A(t)y

(we choose with regard to the application of Theorem 1) the linear combination
t

of the terms of the form exp J  f  Xjcr)(Ç)dç\(r=l, 2, ... /) or the products of such
to

terms and powers of t not higher than / — 1 figure according to the validity of

(33)
t t

to to

implies that the quotient of terms of the form e x p j j  K v)̂ \  т а У be restricted
to

between two positive bounds for every t> t0, and so the expression multiplied by 
l/ti_1 in every possible case tends to zero. By this we have proved the Theorem.
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Finally we should remark that relation (30), connected with the multiple eigen
values, characterizes much less exactly the asymptotic behaviour of ẑ '* than (29) 
does in case of zk.

By (30) the „order” behaviour of z^  remains, however, doubtful only if we 
are confronted with the case Re {A|l)(?)} —0.

§ 3. Asymptotic Investigation of Differential Equations with Piecewise 
Constant Recurrent Coefficients

Let us consider the linear differential equation
(35) x=A (/)x
and assume that A(/) is equal to matrices В and C on successive intervals (?;, ?i + 1) 
(/ =  0, 1, 2, ...) alternatively. It is well-known that in the case of (general) integrable 
matrix A(t) the asymptotic stability of the solution x = o  of (35) is not guaranteed 
by the requirement that each eigen-value of A(t) for every t has a negative real 
part. (A simple counterexample is the system x y =  — x2 =e2,x 1 — 2x2).

We shall, however, prove
Theorem 4. I f  each  eigen-value o f  В and C  has a negative real part (A(r) = B 

f o r  t£ (t2i, t2i+ 1 ) and A(t) = C for t£ (t2i +1 , t2i + 2) (/' = 0, 1, 2, ...)) then the solution 
X = о  o f  (35) is asymptotically stable.

P roof. Let us assume that in the minimal polynomials of В and C every eigen
value is simple. Let us denote the eigen-values of В by ßj ( / — 1, 2, ... n) and the 
right side eigen-vectors belonging to them by by, the eigen-values and eigen-vectors 
of C by yj and Cj ( /=  1, 2, ... n). On the interval (t2i, i2;+i) let us decompose x(t) 
to components parallel with b; and on the interval (t2i+l, t2i + 2) to components 
parallel with c(

x = Z Z j b j  for ^ (h o h i+ i)
(36)
cinci и

x = Z> ljC j for t€ ( t2l+1, t 2l+2)
7 = 1

The solution must be continuous on the boundary of intervals, i.e. for every к 
the relation

(37) x(rt —0) = x(tk + 0); 2  £j(>k)bj = 2  hj(tk)Cj (* =  0 ,1 ,2 ,...)
; = i  7 = 1

must be valid. Since the system of vectors bj and cj is complete, the vectors £,ftk) 
are linear combinations of qj(tk) and vice versa

(38) g(/*) =  T4(fk)

г,(Гк) = Т - 1Ш

(by means of a non-singular transfoi mation-matrix T).
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As the vectors b, and cj  are the eigen-vectors of В and G therefore on the cor
responding intervals |  and r\ satisfy the equations

(39) Í  = A(B)Ç and f| = A(C)ti

where A(B)=</?l5 ßn); A(C) =  <y,...... y„).
Thus if x(/0 +  0) =  <i;1 0 b ,  + , <^„0 b „  i.e. if x(/0) is determined by the vector

lo=l('o)> then for '€('o + 0, — 0)

(40) Ç(/) =  e x p { (/- /0)A(B)}Ç0 
Besides (38) implies

(41) 4(/i +0) = T - *$(/, - 0 )  = T -i exp {(7, -  7о)Л(В)}^0 

Consequently for / Ç(/, +0, t2 — 0)

(42) x\ (1) = exp {(/ - 1, ) Л (C)} exp {(/, -  /0) Л (B)} Ç0 

Generally also for t £ (t2i + 0, t2i + 1 — 0)

Ç(/) = exp {(/ —72f)A(B)}T exp {(t2i—t2i-  ,)A(C)} •
(43)

• T-« exp {(/2(_ , -  r2J_2) A(B)}T ... T 1 exp {(/, - 10) A(B)}^0 

similarly for t£ ( t2i + l + 0, t2i + 2— 0)

(44) 4 (0  =  exp {(/ -  /„  +, ) A (C)} T - 1 ... T - « exp {(/i -  /«,) A (B)} Ço

Let us denote the square-root of the non-singular matrix T by T* and its inverse
by T~T

We introduce the notations

(45) E2I(B) =  T-*exp{(f2i+1- f 2l)A(B}T* 
and
(46) E2i(C) -  T*exp{(r2l- / 2I_1)A(C)}T-*

Together with them (43) and (44) take the form

(47) $(/) = exp{(7-r2i)A(B)}T*E2i(C)E2i_2(B)E2i_2(C) ... Е0(В )Т-Ц 0 
and
(48) 4(0  =  exp{(7-r2,+ 1)A(C)}T-±E2((B)E2i(C) ... Е0(В)Т-Ц 0

Let us consider now a matrix-norm of the same property as in § 2 and a vector- 
norm compatible with it.

Then
(49) ||E2(.(B)||=||exp{(72i+1- / 2i)A(B)}|| 
and
(50) ||E2i(C)||=||exp{(72f- r 2i_l)A(C)||}
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for the matrix-norm is invariant with respect to the similarity transformation. Thus 

115(011 S  ||T*||T-*||exp { i - /af)A(B)>|| Ĥ oll 17 l|E2i(B)||||E2e(C)|| =
(51)
=  ||T-*|| ||T*|| Hioll ||е<‘- ‘«)Л(В)||Я11ехр{(/2в+1- Г 2,)А(В)}|| ||exp {(/2e- t2e+ ,)A(C}||

Q= 1

Similarly

IlnWII S  ||T~*||2 l l^dl  ||exp {(t — t2x+ j ) A(C)|| Я  Hexp {(/2<f- / 2e - 1 ) A(C)|| -
(52) e=i

• ||exp {{t2 e - 1 — *2в- 2)Л(В)||

and our statement easily follows from (51) and (52).
If the eigen-values of В and C are multiple roots of the minimal polynomial 

then in our considerations we must use the corresponding main-vectors instead 
of the eigen-vectors and in this case A(B) and A(C) are not diagonal but Jordan- 
matrices.

However, if each eigen-value of В and C has a negative real-part then the 
statement of our theorem follows from the products of the expressions in (49) and (50). 

By this we have proved our theorem.
It is easy to see that our theorem and even the order of ideas in its proof can 

be carried over to the more general case when A (?) is equal to B ,,B 2, ... Bt on a 
certain successive sequence of intervals with nonnegativ length. In this case we must 
change our proof in the following way : Coming over from В 2to B3 the transformation- 
matrix will be T2 • T f 1 ; coming over from B3 to B4 it will be T3 • T2 1 etc. and finally 
coming over from Bk to Bt it will be (Tt denotes the transformation-matrix
we use when coming over from B! to B2)

Thus the theorem is valid:
T h e o r e m  5. I f  the matrix A(t) o f the differential equation (35) is equal to 

constant matrices В,, B, ... Bt , B,, B2, ... on intervals (tt , t2) (t2, t3) ... resp. 
and each eigen-value o f any B; has a negative real-part then the solution x = o 
of (35) is asymptotically stable (it = t2', t2 = t3; ...).

Finally we mention that — as it follows from (51) and (52) — we can guarantee 
the Ljapunoff-stability and in the case of a suitable combination even the asymptotic 
stability of the solution x = o, when the real-part of some eigen-values is zero and 
also in the case when — with suitable restrictions concerning the subintervals — 
some eigen-values have positive real parts. E.g. if the equation (35) has a periodic 
and Riemann-integrable coefficient matrix A (?) — approximating A(i) by a sequence 
of piecewise constant matrices — we can immediately prove the

T h e o r e m  6. Let the Riemann-integrable matrix A (?) of (35) have period T. 
Denote k ft)  ist eigen-values depending on t. When the relation

t a + T

(53) f  sup Re kAbfdb, < 0
<0 Л0
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is valid then any characteristic exponent belonging to (35) has a negative real-parts 
i.e. the solution x = o is asymptotically stable.

We also mention — that we can see from the proof of Theorem 4 — that
( 0 +  T

/ sup Re is an upper bound of the real-parts of the corresponding charac-
<„ Л«>
teristic exponents.

§ 4. Proof of Aizerman’s Conjecture

Let us consider the equation

(54) X = [A+ B(x) + C(x)]x f  D (x)-<p(x)
where A is a constant matrix and B(x) is also constant while expressions formed 
by components of x keep their sign and it changes discontinuously with the sign- 
changings, so that the product B(x)-x satisfies a Lipschitz-condition. C(x) is a 
matrix satisfying the condition

t

(55) /||С (х(т ))||А  s /*>
0

(v < 1, if £ >0) from some fixed ts (e.g. from /s = 0), when x(r)ÇC, | | x ( / ) | |  S exp{— et}, 
£=»0. A similar condition refers to D(x), namely

(56) /  il D (x ( t )) || г/t < -
0

when x ( /) 6 C, H x(/)|| Sexp {— Et}.
At last we assume that the expression C(x)*x +D (x)-çü(x) satisfies the condition 

of the type
(57) ||C(x2 )x2 + D(x2 )yj(x2 ) - C ( x l)x1 -

- D ( x 1)ç5(x 1) | |â Â'i/i( ||x2 - x , ||) ,

where ф is a continuous concave monotone increasing function, for which ф(0) = 0, 
and

(58) lim /  7 7 fr =  °°
—° J  Ш )

E

Further let f(x)  also satisfy a condition of the same type.
Besides we assume that C and D are bounded in x.
It is obvious that (54) — under the conditions (55)—(58) — includes the problems 

(1)—(3) as a special case if we assume in addition that for arbitrary x(i)€C , 
||x(0 || the eigen-values Av ( v = l o f  the piecewise constant matrices 
A and F(/) = A + B(x(/)) satisfy for any t the following condition:

Re (ЯДА)} S - e 0
(59) Re (AV(F)} ё - £ 0<0.
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We can see that (54) — under the conditions (55)—(59) — is more general than 
(1)—(3). Every control system containing switching elements and elements of non
linear characteristics which can be well approximated by linear pieces, can be 
described in the above way if the effects of the switching elements is „sufficiently 
continuous” and every linearized piece is equivalent to an asymptotically stable 
and „absolutely linear” system. Under these conditions holds the following

T heorem 7. Let the conditions (55)—(59) be satisfied. Then the solution x = 0 
o f the equation (54) is asymptotically stable if  C and D are bounded in x.

P roof. First of all we remark that we can prove — as a special case of a theorem 
of section 3 of [5] — that the successive approximations used for the equation (54) 
converge to the unique fixed point of the equation (54). But we are going to use 
successive approximations of another type. Let the starting elements (with the initial 
condition x(0)=xo) be the solution of the following initial-value problem:

(60) i  — Az z(0) = x(0).

We construct the next approximation Xj from x0=z(/) (resp. xn+1 from x„) in 
the following way:

t

(61) x„+1(0 = z (0 +  J y (/ — t) { [ B (x„(t)) +  C ( x „ (t))] • x„ +, (t) + D (х„(т))у (x„(t))}dz 
0

where Y(/) is the fundamental matrix for the equation (60) satisfying the initial 
condition Y(0) = E, i.e. while knowing x„(/), x„+,(t) is the solution of the equation

(62) {A + B(x„) + C(x„)}xn+1 +D(x„)ÿ>(x„)

under the corresponding initial condition.
To prove our assertion it will be first verified that on every finite interval the 

sequence x„(t) uniformly converges to a uniquely determined solution of (54). Then

we shall prove that ||x„(?)|| can be estimated by C-expj — e0t|  from a

bound T sufficiently large and independent of /?, hence their limit satisfies the ine
quality

Il x  (Oll — U exp { - i  e0t).

At last, considering this inequality we can prove that x(t) satisfies the inequality

HxCOII^C, exp {-eSO.

for arbitrary 0 < e j< £ 0, which completely proves our theorem.
We start our proof verifying the second assertion in an inductive way. It is 

obviously true for x0(t) = x(t). Let us assume that it is true also for every n ^N . 
On the basis of (61) we can estimate ||xJV+1(/)|| as follows: xN + 1(t) is the solution 
of an inhomogeneous linear differential equation, which consists of a corresponding 
solution of the homogeneous equation and the particular solution of the inhomo
geneous equation. The function x|y |  t of the homogeneous part of the solution 
which satisfies the initial condition, too, can be estimated — considering Theorems
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1., 2., 6., and the boundedness of C — in the following way:

(63) K 4 i( /) || =s C e x p j c f ^  £o| |e x p ( - £ o0

where C is a constant depending on x0, the upper bound of C and the transformations 
occurring in B. v(e) is a decreasing function of e. Let v0 =  v(£e0) and let T, be 
the bound from which the inequality

exp (Ivo) exp ( -  e0t) s  -t exp ( - 1 c0t)
is valid.

Then a fortiori Ux^tOII s  * C e x p |-  2N+7, £° r 
for t S  T u

We consider the inhomogeneous part in the following form:
t

x#V i(0  = J Y (t-  т)В[х,ч(т)]у(хн(т:))с/т,
0

where ||Y(i — t)|| = C 2 exp { — fi0(i — t)}, further ||D[x^(t)]|| =  5'1(t) has a bounded 
integral on (0, °°) because of the hypotheses valid for xN(t); finally 'ç9(xN(t))|| ^  
S | | x n (t ) || • log2IIx ^ ( t) || if t is sufficiently large (e.g. т = T2), since in the opposite

case / , -l- î/ç < °° were valid. 
о Ф(0
Hence for a sufficiently large t (e.g. for t = T3)

(65)

t
f  Y ( t-т) D [x w ( t ) ]0> ( x w ( t ) ) í / t  
0

S  CAe~Eot N + 1 
27V + 1

Si (t) 
( 1 + t ) 2

dz s  - C5 exp
{

N + 2 
27V+ 3

Consequently by (64) and (65) for t S  max {Tx, T3} holds the inequality

(66) ||х* + 1 (OH -  Cb exp I • 2N~+3 e° 1

which guarantees the possibility of the induction. Thus the second assertion has 
been proved.

We may see immediately — considering our assertion already proved, the 
boundedness of D, and the relation (61) — that the functions x„(i) in the interval 
[0, °°) are uniformly bounded and satisfy uniformly a Lipschitz-condition (a fortiori 
they are equicontinuous).

On the basis of the Ascoli-lemma there exists a subsequence x„k(?) of the 
sequence x„(t) which tends uniformly to the continuous limit-function x(1>(/). 
So on account of (61) also the subsequence x„k+1(/) converges uniformly to a function
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x (2)(i) satisfying the relation
t

(67) x(2) =  z  + J Y ( t  — x) {(B[x(1)(t)] +  C[x(1)(t)])x(2)(t) + D[x(1)(t)]yi(x(l)(T))}i/T.
о

Consequently if we verify that lim ||x„ + 1(t) — x„(i)|| = 0 , then — considering (67) —
Л-юо

we get the proof of our first assertion.
Then we have

t

X „+i(0-X „(0 =  J  Y  ( t ~ x ) { B  [x„ (t)] X„ + ! (t) — В [x„ _ ! (t)] x„ (t) +
0

+  С [x„(t)]X„+ j (t) -  C [x„_ ! (t)] x„(t) + D [x„ (t)] <p(x„(r)) -  D[x„_ , (t)]f(x„_ , (x))} dx =
t

(68) = /  Y(t -  г) (B [xn (t)] <x„ + 1 ( x ) ~  x„ (t)> -  В [x„_, (x)]<x„(x) -  x„_ t (t)> +
0

+ <B [x„ (t)] x„ (t) -  в  [x„ _ ! (x)] x„ _ ! (t)) +  C [x„ (t)] <x„ + ! (t) -  x„ (t)> -

-  c  [x„ _ ! (T)] <X„ (t) -  X„ ! (t)> +  <C [x„ (t)] x„ (t) -  C [x„ _ , (X)] X„ - , (t)> +

D [x„ (t)] <p [x„ ( t)] -  D [x„ _ j (x)] q> [x„ _ , (x)]} dx

Denoting ||x„+1(0 -x „ (0 ll  by d„ + 1(r) and considering the hypotheses concerning 
the boundedness and the moduli of continuity of ||B||, ||C|| and ||D|| (B, C, D 
denote the upper bound of ||B||, ||C||, ||D|| resp.) so from (68) we have the inequality

t
An+iO) 3S / exp{— e0(t — t)}{BAn +, (t) + (t) + Lj (r) +

0
+ CAn+1(x) + CA„(x) + K\p(A„(x))}dx

i.e. the inequality
t t

(69) A„+l(t)e«•* g  J  (B +  C)e‘°‘An+l(t)dt+ J  {[В +  С  +  L,]An(x) +  K^(An(x))}dx
о  0

Owing to the GRONWALL-lemma we have the inequality
t

(70) d„+1(0 S  ( j  { (В +  С  +  Ь1)Ап{х)Кф(А„(х)}-е^ dx)exp{B + C -80})t
0

By the monotonity of ф and positivity of the coefficients figuring in (70) it 
follows that 9n(t )  S  An(t) for every n if S ,( /)^ d i( r )  and the sequence {$„} satisfies 
the equation

t
(71) 3n+1(0 =  exp ( B  +  C -E 0)t- J { ( B  +  C +  L M x )  +  Kil/(9n(x))}e^dx

0
But (71) is the construction of the solution of the equation

e - ( B+c- eo),[ç _ ( B  +  c  -  s0)Ç] =  { [ B + C  +  L M  +  К ф Ю  }exp(so0
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by means of successive approximations considering it as an inhomogeneous linear 
differential equation. If we introduce the new variable r\ =  e_<B+c_£o)', our equation 
turns into the equation

(72) i j ( t ) = (В  +  С  +  Ь 1)е^в+с^-г] +  К е е° ' - ф ( е (‘в + с - ^ , -г])

When we chose r/,(t)=e~<B+c~eo)' -9,(1) the solution of (72) by successive approxi
mations gives the sequence ti„(t)=e~(B+c~Co)' ^„(t). Since d,(0) = 0, the function 
5, and r\x can be chosen so that 9,(0) = 0 and 11,(0) = 0 resp. These initial conditions 
are satisfied only by the unique solution qsO . So by our hypotheses the sequence 
An(t) converges uniformly to this solution on every finite interval (see e.g. [4] and
[5]). Hence also A„(t) converges uniformly to zero on every finite interval that 
proves our first assertion. These two assertions together show that x(/) — the 
solution of (54) — satisfies the relation (66) (Putting that in the matrices occurring 
in (54), the solution of (54) satisfies the equation

(73)
where

X = {A +  B[x(0] + C[x(f)]}x + D [x(f )]y (x)

t oo
(74) /||С [х(т)]||А  < /»; /  ||D[x(t)]||A <  -

о о
Then, by theorems 1., 2., and 6. the solution of (73) satisfies the estimation

||x(f)|| Sexp ( ~e%t) if eS-=e.

So we have our theorem completely proved.
We may mention that this theorem can also be proved by means of the same 

idea if В, C and D — satisfying suitable conditions — depend on t also.
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NEGATIVE RESULTS IN THE THEORY OF RATIONAL 
APPROXIMATION

by
J. SZABADOS

In 1964 D. J. N ewman [1] proved his famous theorem that the function [x| 
can be approximated by rational functions of degree n uniformly in [—1, +1] 
with an error 3e~^" at most. Since then a lot of classes of functions were constructed 
for which the rational approximation is better than the polynomial one. However, 
the classical class of functions Lip a (0 < a S l)  has not this advantage. As D. J. 
N ewman [2] proved, there exists a function /(x)(;L ipa ( 0 < a < l )  for which the 
order of rational approximation is not better than «““'(log n)~3 (It is well-known 
that the order of the polynomial approximation in this class is Of«- *).)

In this note we improve this negative result and give a generalization of the 
problem for more general classes of functions.

Let w (h)^0  be an arbitrary module of continuity in the interval [—1, +1] 
and denote by C(co) that class of functions /(x) for which

sup
0</iS2

M f, It)
w ( h )

C O

where w (f,h) denotes the module of continuity of /(x). (If и>(h)=lf ( 0 < a ^ l )  
then evidently C(w) = Lipa.) Further let r„(x) be the best approximating rational 
function to/(x) of degree n at most, and

Rn( f ) =  max |/ (x ) -r „ (x ) |- 1 -^x^+ 1 (n = 0, 1, 2, ...).

T h eorem  I. I f

( 1 ) lim -,T.- л= + о 0 0(h) = 0

then there exists a function f(x )  € C(a>) for which

lim sup
П-* o o

R„(f) > o.

Proof. Consider the indices 0 = и0 < и ,  
conditions hold:

( 2 )

< ... for which the following two

0 = 0, 1,...)
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and

(3) 2 • 9"‘ш 9n‘*'a>

(the latter is possible because of (1)). Let

(1 = 0, 1, ...)

Tn (x) =  cos (n arc cos x),

(4) /(* ) = ( -  1 S i S  +  1).

Here the right hand series converges uniformly in [—1, +1] because of (2). We 
prove that /(x)èC(co). Let - 1 S ^ < x + /í S  +  1 and

ä  . g«j +1 
h

Then, using (2), (3), (4), the Lagrange’s mean-value theorem, the Markov’s in
equality and the relations

max \Tn(x)\ = 1, /Wi r )  S  2co(/) (t S  T),— 1 + 1  1
we get

|/(x  + /0~ /(x )| — jAj со
i = 0

IГ,-, - r 9-,

b  со 
i = j+1

' 1 ' T  n x + /г _ r „ i9tii 1 9 ”,
. 2 , 79

■2 Z  w
i = J+ 1

f 3
9 "J со

h jn . Л , У 9"'и
9"'J (3 ,éo

( 9V ) Í 2 ^ + 4 “ ( , ' , S

х + Л 
“ 2

h y
2 ~b W ( 9m ) -ï'sxk i

1 ) 19nJ + l

max |7V,(x)| +

+ 2 2  wi=j+ i

+ 4co(h) ~  7со (A),

i.e. /(x)€C(co).
Now consider the polynomial

/ V

of degree 9ЛЬ- 1. Let

(5)

then — l^ X jë  + 1, and 

л:

_Дх) =

T JK X :  =  2 cos --•/ 9”k . 9”k <  / <  - . 9”k
3 ~ J ~ 3

(6) 7>, IY  I =  cos (9m~nkjn) = (-1  y
1 2i ^  k, 3 • 9"k S  y ë  3 • 9"k
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Thus

(7) /(* ,) - /> ,.,-,<*,> =  =  ( - i y j > ( J  )

i.e. f ( x ) — Pgnk-,(x) assumes the maximum of its absolute value in [—1, +1] 
with alternative signs at the points Xj. The number of these points is ^-9Ик +  1. 
Now we can apply the following theorem of Cebysev: Let f(x) be a continuous 
function in [—1, +1] and p„(x) a polynomial of degree n at most. If f ( x ) —pn(x) 
assumes the maximum of its absolute value in [—1, +1] with alternative signs 
at 2n + 2 consequitive points in [—1, +1] then p„(x) is the best approximating 
rational function of degree n at most to f(x) in [—1, +1]. Being

(8) 2-9"‘ - 4 2 s 2 . 9 " ‘ - 4 2 s  j - 9 ' Ч !  (k = 1 , 2 , . . . )

we conclude that Pgnk-Xx) = rgnk_i(x) is the best approximating rational function 
to f(x)  of degree 9"k_1 at most, and by (7)

(9) Я ,-.-Ч /) = | а . ( 9'.1) > а ( 9'. , ) ^  4 » ( 9J - , j  № = 1.2,...).

Hence Theorem 1 is proved.
Especially, for the class Lip a ( 0 < a < l )  we have a stronger result: 
Corollary. There exists a function/(x)€Lip a ( 0 < a <  1) for which

lim infn*R„(f) > 0.П-+00

Namely,
evidently

we may apply Theorem 1 with nt = w(h)=h*. Then

( 10)
4a (1 — a) 'i+1 -П, IS _

4a (1 - a )  ’

Thus, if n is an arbitrary positive integer, and 9"‘ ' 1S /i<9"‘ tl_l then by (9) 
and (10) (putting w(h)=lf)

Rni.f ) ^9’V + i '( S ’) jQ q(Hk+ i-l)ot JQ ÇO’fc+i-Mk)* q(Bk-l)« —

1
5a

1 0 -3 2(1_*)

1
If '

Remarks. 1. It is well-known that for all f(x)£C(œ)

/?„(/) S £•„(/) = О

holds, where £„(/) denotes the best approximation of f(x )  by polynomials of degree
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n at most. Therefore Theorem 1 shows that the rational approximation in C(eu) 
(í^Lip 1) is generally not better than the polynomial.

2. It can be seen from the proof of our theorem that the best approximating 
polynomial and rational function of degree n is the same if

9"k~1 = n Ш 9"k~1 (к  =  1,2, ...).

It is worthy of note that the interval (9"k 9"fc~1) can be as long as we want.
3. E. P. Dolzhenko [3] published the following theorem (without proof). 

Let w(h) be an arbitrary module of continuity. Then there exist a continuous function 
f(x )  and constants cy, c2, c3 for which the relations а) cyw(Ji) ёсо(/, h) c2co(h), 
b) £„(/) = c3R„{f), c) E2.9k(f) = R2. gk(f) hold. This theorem states that the best 
approximating rational function of degree 2-9k can be a polynomial, but does not 
give information about the exact order of /?„(/).

Now we turn to the class Lip 1 which was excluded in Theorem 1 by the condition
(I) . It is well-known that for all /(x)£Lip 1

(II) *,.(/) S  E„(f) = O f i  .

Theorem 2. Let e„ > 0  (n = 1, 2, ...) and assume that e„ converges to 0 arbitrarily 
slowly. Then there exists a function f(x) £ Lip 1 for which the relation

( 12 )  R„(f)= O P -

does not hold.
P roof. Let us define the indices ny <n2 <  ... such that

Consider
(» =  1,2, ...).

/ w  =  i %1=1 7>, (— 1 = X = + 1).

Evidently the right hand side series converges uniformly in [— 1, + 1]. Let 
S r - f / i  S  + 1 then

\f(x  +  h ) - f(x ) \ L X + h )
9"4 2 J ~ r9-.

A ”  1 n2 
1- 3 i t i  >2 ~ b f í

.e. /(x)£Lip 1. The polynomial

=  2i= 1
V«9-| . j

9"' 9 4 2 j

h

- 1  i^xS
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is of degree 9"k~‘ at most. As above, it is easy to see — by (5), (6) and (8) — that 
P9 nk-,(x) = rg„k-i(x) is the best approximating rational function of degree 9"k~1 
at most, and

Ь l K9", “ '« , - . " ( / )  - Z
1 .
9  9 »k - 1

i. e.
9"k~1 • R9"k- ‘( f)  

eg„k-i
oo (k — » )

which proves (12).
R em ark . D. J. N ew m an  asked (cf [4], p. 189) whether for all /(.v)£Lip 1 the 

relation /?„(./)= o  I *  j  holds. Theorem 2 does not solve totally this problem but
gives a sharp lower estimation for sup /?„(/). The above mentioned D o lz h e n k o ’s

/ 6  Lip 1
theorem does not give information about this question (we do not know the 
order of E2.qk(f) = R2.gk(f)).

Finally, we investigate the Zygmund’s class Z (f(x) f  Z  if \f(x + h) — 2f(x) + 
+ f(x — h)\ =0(h)) which is between all L i p a ( 0 < a < l )  and Lip 1. It is well- 
known that (11) holds for all /(x )(Z , too.

T heorem 3. There exists a function f(x )d Z  for which

(13) lim inf n ■ R„(f) > 0.
/I ► o o

P roof. Let

f ix )  =  I  I  t M )  ( - 1  ë . r g  + 1).

Flere the right hand side series converges uniformly in [—1, +1]. We have for
-  1 S i - f t s . v  + A s + I

x  + h 
2 -2 T ,l-2 \+ T ,

Now let

>l max \T”(x)\ ^  h n max |7’;(.v)| ^ 2 h2n2
2 -}=xs+i

1 x — h

) / 3  - i s x s  +  i

„ . x +  h
2 - / - 9 - 9 -  2 - r 2 -

9J s  <  9-/+1 
h
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then for \ ^ x  — h ^ x  + +1

i = о i = j + l

3
+  l)j +1

i.e. /(x)€Z . The polynomial

X -h ) \ = ái> 9 - 1T9‘ (
' x  +

" b
2 T9i

j■̂ 7 l 2/;292i
CO

3 2 h2
-  2

1 = 0 9T 3 - +
i

2=j+ 1 9‘ ~ 3

- У 1
__________ c

4Л 9 3 h 9
L ^i = j+ 1 ¥ - j - 1 — 3 ' 8 f  2 ‘ 8

T" T gi

1Ûo 9J

51 /
= Í6 *

x — h 
2

LI

P9«-ÁX) = 2  T9, [ 2 ]

is of degree 9k~’. From (5), (6) and (8) — by the substitution nk = k, щ = 1 — we 
see that p9k-\(x) = r9k <(x) is the best approximating rational function of degree 
9k" 1 at most. Thus

( M ) ■V 1 1 1Rgk-l(f) — 2  Qi
i = к ? 8 9 * -1 '

Now let n be an arbitrary positive integer, and 9k~1 ~ n  <9*. Then by (14)

Rttif) — R9k( f )  ~  )2 - \  (« =  1.2,...),
i.e. (13) holds, qu.e.d.

I am deeply indebted to Mr. G. Freud for his valuable remarks in preparation 
o f  this paper.
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ÜBER DIE ANZAHL DER KNOTENPUNKTE 
EINES LÄNGSTEN KREISES IN PLANAREN, KUBISCHEN, 
DREIFACH KNOTENZUSAMMENHÄNGENDEN GRAPHEN

von
H. WALTHER

Es bezeichne G einen planaren, kubischen, dreifach knotenzusammenhängenden 
Graphen, V(G) sei die Anzahl seiner Knotenpunkte, K(G) sei die Anzahl der Knoten
punkte eines längsten Kreises, M(G) sei die Anzahl der Knotenpunkte, die in allen 
längsten Kreisen liegen, P(G) sei die Anzahl der Knotenpunkte, die in keinen längsten 
Kreis liegen. \A\ ist die Anzahl der in der Menge A liegenden Elemente.

In der vorliegenden Arbeit werden wir einen Satz beweisen, der Auskunft 
über die Anzahl der Knotenpunkte gibt, die in keinem bzw. allen längsten Kreisen 
der Graphen einer nachstehend konstruierten Graphenfolge {En} liegen.

H auptsatz. Es gibt eine Folge {E„} von planaren, kubischen, dreifach knoten
zusammenhängenden Graphen, für die gilt:

(a) K(En) = M(E„) ( «=1 , 2 , . . . )

(b) lim = о

(C) lim P(En)
V(En)

= 1

Mit anderen Worten: Der relative Anteil der Knotenpunkte eines längsten Kreises 
von E„ an der Gesamtknotenzahl strebt nach Null, während der relative Anteil der 
in keinem längsten Kreis von E„ liegenden Knotenpunkte an der Gesamtknotenanzahl 
nach Eins strebt. Ferner Hegt ein Knotenpunkt genau dann in einem längsten Kreis, 
wenn er in allen längsten Kreisen von E„ liegt.
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Zum Beweis des Satzes benötigen wir zunächst einige Hilfssätze.

H ilfssatz 1. Ist das Gebilde von Abb. I Teil eines Graphen G mit einem Hamilton
kreis //, dann enthält H den Kantenansatz D. Den Beweis lieferte W. T. T utte [1]. 
Aus diesem Hilfssatz folgt unmittelbar der

Gi
Abb. 2

H ilfssatz 2. Der Graph G, von Abb. 2 besitzt keinen Hamiltonkreis. Denn 
wäre der Hilfssatz falsch, so müßte der Knotenpunkt x  mit drei in dem Hamilton
kreis liegenden Kanten inzidieren, was aber unmöglich ist.

H ilfssatz 3. Ist das Gebilde Я, (Abb. 3 bzw. 4 bzw. 5) Teil eines Graphen G 
mit einem längsten Kreis К  und liegen Knotenpunkte von Я, in K, dann liegen genau 
54 der 55 Knotenpunkte von Я, in K.

B eweis. Da nicht alle Knotenpunkte von G in Hl liegen, kann К  nicht ganz 
in Я, verlaufen. Es liegen also genau zwei der drei Kantenansätze А, В, C in K. 
Angenommen, alle 55 Knotenpunkte von //, liegen in K. Dann liegen nach Hilfs
satz 1 alle drei Kantenansätze D (Abb. 1) in K. Das ist aber ein Widerspruch. 
Es liegen also höchstens 54 der 55 Knotenpunkte von Я, in K. Wie die Abb. 3, 4, 5 
zeigen, gibt es auch Kreise К  die genau 54 Knotenpunkte von Hl enthalten, sofern 
sie überhaupt Knotenpunkte von Я, enthalten.

Wie die Abb. 3, 4, 5 zeigen, ist es obendrein möglich, den Teil von Я in Я , 
so zu wählen, daß der Knotenpunkt z nicht in К  liegt, welche zwei der drei Kantenan
sätze А, В, C auch in К  liegen.
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H ilfssatz 4. Das Gebilde H2 (Abb. 6) entstehe dadurch, daß jeder von z ver
schiedene Knotenpunkt des Gebildes //, durch ein Dreieck ersetzt wird, 
der Knotenpunkt z aber ungeändert bleibt. 1st H2 Teil eines Graphen G mit einem 
längsten Kreis К und liegen Knotenpunkte von H2 in К (es liegen genau zwei der 
drei Kantenansätze А', В', C' in K), dann liegen genau 162 der 163 Knotenpunkte 
von H2 in K, der Knotenpunkt z aber liegt nicht in K.

B ew eis. Der in H2 liegende Teil von К sei der Weg W, der zwei der drei Kanten
ansätze von H2 miteinander verbindet.

(a) W enthält nicht alle 163 Knotenpunkte. Angenommen, W enthielte alle 
163 Knotenpunkte. Zieht man H2 auf H3 zusammen (das Einsetzen der Dreiecke 
in H j , das zu H2 führte, wird rückgängig gemacht), so geht W in einen zwei Kantenan
sätze von Нл verbindenden Weg W' über, der alle Knotenpunkte von Hl enthält. 
Das ist aber ein Widerspruch zu Hilfssatz 3.

(b) Es gibt einen Weg W, der 162 Knotenpunkte von H2 enthält, jedoch nicht z. 
Die Abb. 3, 4, 5 zeigen Wege W\, W2, W'3, die jeweils zwei der drei Kantenan
sätze А, В, C von H x verbinden, 54 Knotenpunkte enthalten, jedoch nicht den 
Knotenpunkt z. Ist nun x ein Knotenpunkt, der in W- liegt, so kann man auch 
einen Weg Wt in H2 finden, der die 3 Knotenpunkte des in x eingesetzten Dreiecks 
enthält. Aus den Wegen W[ kann man also Wege Wl von H2 konstruieren, die 
162 Knotenpunkte von H2 enthalten, jedoch nicht den Knotenpunkt z.

(c) Es gibt keinen längsten Weg W in H2, der zwei der drei Kantenansätze 
verbindet und den Knotenpunkt z enthält. Angenommen, (c) wäre falsch. Da 162 
Knotenpunkte in Ж liegen (wegen (bj) und unter ihnen der Knotenpunkt z, liegt
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ein von z verschiedener Knotenpunkt x nicht in W, der gemäß der Konstruktion 
von H2 in einem Dreieck A liegt. Es liegen jedoch Knotenpunkte dieses A in W, 
da W andernfalls weniger als 162 Knotenpunkte enthielte. Liegen aber Knoten
punkte von A in W, dann liegen gemäß den Überlegungen zu (b) alle drei Knoten
punkte von A in W, da W ein längster Weg ist. Das ist aber ein Widerspruch. Damit 
ist der Hilfssatz vollständig bewiesen.

Wir konstruieren nun die Graphenfolge {£„}. £j sei der Graph von Abb. 7. 
Er entsteht aus dem TuTTEschen Graphen von Abb. 2, indem jeder Knotenpunkt 
außer z durch ein Dreieck ersetzt wird, z aber ungeändert bleibt. £j hat die Eigen
schaft, daß jeder längste Kreis Kx von Ex alle Knotenpunkte von £, mit Ausnahme 
von z enthält (folgt aus Hilfssatz 2). E2 entstehe, indem jeder Knotenpunkt von 
£, durch ein Gebilde H2 (Abb. 6) ersetzt wird ... E„ entstehe, indem jeder Knoten
punkt von £„_i durch ein Gebilde H2 (Abb. 6) ersetzt wird.
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D efinition. Ein Knotenpunkt Xj von Ej heißt Nachkomme eines Knotenpunktes 
x t von Ef (i~j), wenn beim Zusammenziehen von Ej auf E; (das Einsetzen der Gebilde 
EI2 , das von Et zu Ej führte, wird rückgängig gemacht) der Knotenpunkt x} in den 
Knotenpunkt X; übergeht. Entsprechend wollen wir x; Vorfahren von x} nennen. 
Ein Knotenpunkt ist also auch sein eigener Nachkomme und Vorfahr.

H ilfssatz 5. Sei K„ ein längster Kreis von En. Dann geht K„ heim Zusammen
ziehen von E„ auf En _ j in einen längsten Kreis K„ _, von E„_l über.

B eweis. Zunächst ist klar, daß das Gebilde K'n_x, in das Kn beim Zusammen
ziehen von E„ auf übergeht, ein Kreis ist. Angenommen, K'n_ l ist kein längster 
Kreis von £■„-!, es gelte also |K'_i| <  |K„_1|. Da jeder Knotenpunkt von , 
beim Übergang zu En durch ein Gebilde H2 ersetzt wurde, enthält K„ Knoten
punkte aus |K'_i[ Gebilden H2. Wegen Hilfssatz 4 enthält Kn aus jedem dieser 
Gebilde H2 genau 162 Knotenpunkte, also gilt \К„\ — \К'п-.х\Л62. Entsprechend 
kann man aus dem längsten Kreis K„_x von E„- t einen Kreis K'n von En konstruieren, 
der aus jedem der |W„_1| Gebilde H2 genau 162 Knotenpunkte enthält. Es gilt also

I j q - I ^ l  =  162|ÄT„_1|-162 |K '_1| =  162(|Л'„_11 — |K '_i|) >0.

Das ist aber ein Widerspruch, da Kn ein längster Kreis von En ist. Damit ist der 
Hilfssatz 5 bewiesen.
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H ilfssatz 6. Ein Knotenpunkt x„ aus E„, der Nachkomme eines Knotenpunktes 
z aus Ej (i = n) ist, liegt in keinem längsten Kreis von E„.

Beweis. Angenommen, der Hilfssatz wäre falsch, x„ liege in einem längsten 
Kreis K„ von En und x„ sei Nachkomme eines Knotenpunktes z von Ex. Beim Zu
sammenziehen von E„ auf Ei geht Kn gemäß Hilfssatz 5 in einen Kt über, der den 
Knotenpunkt z enthält. Das ist aber ein Widerspruch zu Hilfssatz 4 bzw., im Falle 
/= 1  zu Hilfssatz 2. Damit ist der Hilfssatz 6 bewiesen.

Hilfssatz 7. Ein Knotenpunkt x„ aus E„, der keinen Vorfahren z aus Et 
(/ =  1, 2, ..., n) besitzt, liegt in jedem längsten Kreis von E„.

Beweis. Angenommen, der Hilfssatz wäre falsch, es gäbe also einen Knoten
punkt x„ aus E„, der keinen Vorfahren z  besitzt und einen längsten Kreis Kn von 
En, dem x„ nicht angehört. Nach Hilfssatz 4 liegt kein Knotenpunkt desjenigen 
Gebildes H2, in dem x„ liegt, in K„. Beim Zusammenziehen von E„ auf En_x geht 
K„ in einen längsten Kreis K„-x von En_y über, und das Gebilde H2, in dem xn 
liegt, gehe in den Knotenpunkt x„-x von En- { über. Dann liegt nicht in Kn_ l . 
Nach Hilfssatz 4 liegt kein Knotenpunkt des Gebildes H2, in dem xn-1 liegt, in 
K„_j, da a„_! kein Nachkomme eines z ist. Beim Zusammenziehen von E2 
auf E{ geht K2 in einen längsten Kreis Äj von £ , über, und das Gebilde H2, in 
welchem x 2 liegt, gehe in den Knotenpunkt x x über. Dann liegt x x nicht in Kx. 
Da X, kein z ist, liegen also in dem längsten Kreis K{ von £j weder der Knoten
punkt x  noch der Knotenpunkt z. Das ist aber ein Widerspruch, da ein längster 
Kreis von Ex genau 135 der 136 Knotenpunkte enthält. Damit ist der Hilfssatz 
bewiesen.

Damit ist bereits (a) bewiesen, denn wir haben gesehen, daß die Menge der Knoten
punkte x von E„, die keinen Vorfahren z besitzen, in allen längsten Kreisen liegen, 
jedoch die Menge der Knotenpunkte x, die wenigstens einen Knotenpunkt z als Vor
fahren haben, keinem längsten Kreis angehören.

Zum Beweis von (b) und (c) berechnen wir nun die Knotenpunktanzahl 
von En und die von K„.

Da jeder Knotenpunkt von E„ beim Übergang zu En+l durch ein Gebilde 
H2 mit 163 Knotenpunkten ersetzt wurde, gilt

K ( £ „  +  1)  =  1 6 3 - K ( £ „ )  =  1 6 3 " . K ( £ i ) .

Entsprechend gilt: Liegt ein Knotenpunkt x„ in K„, dann liegen von den 163 in x„ 
eingesetzten Knotenpunkten des Gebildes H2 genau 162 in Kn+l, es gilt also

K(En+l) = 162 • K(E„) =  162". K{Ei).

Mit V(Ei) = 136, K(Ei)~  135 erhält man

( b ) lim K(En)
V(E„) lim

Л —> oo

135- 162"-1
136- 163"-1- 0.

Aus (a) und (b) folgt unmittelbar (c). Der dreifache Knotenzusammenhang 
der En ergibt sich aus der Konstruktion und der Tatsache, daß £j dreifach zusammen
hängend ist.
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Damit ist der Hauptsatz vollständig bewiesen.
ln einer folgenden Arbeit werden wir einen entsprechenden Satz für die längsten 

Wege eines planaren, kubischen, dreifach zusammenhängenden Graphen bewesen.i 
Eine Graphenfolge, die die Eigenschaft (b) des Hauptsatzes hat, wurde bereits 

von B. G r ü n b a u m  und T. S. M o tzk in  (Longest simple paths in polyhedral graphs, 
J. London Math. Soc. 37(1962, 152—160) angegeben. Da dem-Autor diese Arbeit 
erst nach der Drucklegung dieses Artikels zugänglich war, wird eine eingehende 
Diskussion in einer folgenden Arbeit von R. L a n g  und H. W a l t h e r  erfolgen.
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A NEW PROOF OF THE THEOREM OF G. KATONA AND G. TUSNÄDY1

by
M.JACOBSEN

We consider an information source [SC, Px] where SC is the space of all sequences 
(£l5 •••) °f letters from the л-letter alphabet X  and where Px is a probability
measure on the cylinder cr-field on SC.

The message •••) is coded letter by letter into a sequence of letters
from the alphabet Y  which consists of in letters. The code is defined by a mapping 
c from X  into the set of all finite sequences of elements from Y. Sy is the space of all 
infinite sequences of elements from Y and PY is the probability induced by the code 
on the cylinder tx-field on 9У. (As proved in the paper [1], the mapping from SC to SÜ 
determined by c is measurable with respect to the two cylinder c-fields.)

The code is required to be uniquely decodable in the following sense: if x', x" £ X, 
x V / ,  then neither of the finite sequences ex' nor cx" must be a segment 
of the other. This condition is stronger than the one imposed in the paper [1], but 
it turns out to be essential for the proof.

The following notation is introduced: t] denotes the function t](t) = —t log /; 
c(xt , ..., xN) is (cx,, ..., cxN) considered as a finite sequence of elements from Y; 
H(3CN) is the entropy 2  ч(р х[хi, •••. **] where Px[xit xN] = Px{Ç, ...,

x i , ... x n € X  J
..., ÇN = xN} while H{SC) denotes the entropy hm — H(SCN) provided this limit

exists; H(%/N) and H{%/) are the corresponding entropies on finally l(N) is the 
random variable denoting the length of the sequence obtained by coding the first 
N  letters from the message.

It is assumed that the entropy H(SC) and the average code length L do exist 

|the latter meaning that ^  ^П\гоъ~ ^as A —°°j . The theorem may now be stated 
as follows:

Under the above assumptions the entropy HpSJ) does exist and

H(!&) =  H(SC)

In the proof we shall use the following two inequalities: if a ,, ..., ar are non-negative
r

real numbers and if A = 2  theni — 1
( 1 )

1 See [1].

Г
2  h (ad = A (log r -  log A)i= 1
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гt
if furthermore at = 2  bi}, bLĵ 0, then 

j'= i

(2) 2  2  n(bij) S  2  tl(adi = l j = l i= 1

Of these (2) is obvious while (1) follows like this : 2  *l(ai) — A 2 1  It  ] ~ A  log A 3
i = i > = i  V / 4 /

Г ü•
^y l(log  r — log 4̂) since 2  ~t  = 1-

Another important result to be used in the sequel is that
(3) Px [xi, x*] =  P y[c(x1; xN)]
for any choice of N  and x ^ X .  This is easily verified, but it should be noted that 
here, for the first time, the strong condition of unique decodability is used.

We shall now proceed with the proof itself. So, let e> 0 be given. Because of
(3) we have

H(XN) = 2  г}(РЛс(*и ■•■>•%)]) +  2  *l(PxlXu—,x N])
x i ,  . . . , x n £ X  x i , . . . , x n € X
i(N><(L+e)iV l<N )^ ( L  + e)JV

(Here, given x1; ..., xN, l(N) denotes the length of the sequence cfix,, ..., xN)). 
If we denote by S the first sum and by S' the second, we get using (1), that

for
S' 3  aN (N log n — log aN)

\ l(N) 1 ^aN = Px \ - r z - ^  L + ц  = 2  Px[x u •••>•%]
l  A  J X U . . . , X N £ Xi(K>S(I. + £)JV

To get an upper bound for S we proceed as follows: for a fixed sequence 
(xl5 ..., xN) such that l(N> <  (L + e)N we form all sequences of length [(Z, + e)1V] 
from y C(L+£)'N'] having the sequence c(x1; ..., x N) as a segment; thus each of the 
terms PY[c{xl , ..., xiV)] is split up into a sum and we can apply the inequality (2). 
Because of the unique decodability condition it follows that any two of the sequences 
from thus formed corresponding to two different (xl5 ..., x;V) —
sequences will differ. Hence (2) gives an upper bound for S  of the form 
2 rl(Py\yi, •••> >’[(x+£)-v]] where the sum is taken over some of the sequences from 
у  [(j.+£j V]. Combining the above results we therefore obtain the following in
equality :
(4) H(SeN) 3  #(<8ГГО.+«>*Ч) +  aN(N  log и -  log aN).

In a similar fashion we shall get a lower bound for H(3CN). We have :

H(SCN) S  T

where T — 2  f?(/',y[c(x1, xiV)]). Now, consider an arbitrary sequence
x i ,  x n  € X  
1(n ) > ( L  — e)N

(у1г •••, T[(t-e)iv]) from y[U--£)W]. With this sequence we associate all sequences 
(xt , ..., Xjy) from X N for which l(N) ë (L  — e)N and (y}, ..., is a segment
of c(x1; ...,Xjv). Let An be the set of those sequences from y[<r-s)V] for wbich
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there exist at least one such sequence (x l , xN) and let ACN denote the complement
of An. Then because of (2)

2  П(Ру[У1, = T(У1,---,У [(L-c)/V])6 An

as is seen by extending the sequences 0>i, •••> T[(l- £)ív]) *п all possible ways to 
sequences of the form c(x,, xN).

If (y1!, £Acn it means that either is it impossible to obtain this
sequence as the beginning of a coded message or there must exist a sequence

xN) from X N with / ( N )  < (L — e)N such that с(дг!......xN) is a segment
of ( y l t  J[(x,-8)N]). Because of the unique decodability, such a sequence, if it 
exists, is uniquely determined. If furthermore (Ti » •••» Tea,-«)«) varies over the 
whole of Acn it is obvious that any sequence from XN with /(iV) <(L — e)N is obtained 
by this correspondence. We can therefore conclude that

2  сРу[Уи •••>T[(L-e)N]]
(.Уь A n

l,N> — L < — £

Denoting this probability by bN and using (1) we obtain

2  c4 ОРу [У l . • • • > Tut-,)*]]) -  bN ([(£ -  а) Щ log m -  log bN)(.У1* ••••yUL-c)N])(LAN
Combining the various inequalities we get
(5) H(SCN) a  H (m L-*M )-bN([(L-E)N] log tn — log bN)
lo  obtain the desired result from (4) and (5) is not difficult. First, let us note that 
because of the definition of L lim aN= lim bN = 0. Defining dN{в)-N-* °o N-*oo
we have [(L + e)i/N(e)]^ д» and from (4) it then follows that

S  H (ârd"« )- adlllt)(dN(e) log n -  log adN(c))
and therefore 

(6) lim inf * H{WN) S  -, 1 H(3C)
n->™ N  v ’ L + e  v ’

N
.L — e

provided eS $  (since L ^ l )  and hence

Similarly, putting eN(e) = j + 3, we have [(£, — E)eN(e)]>N + 2(L — e)— 1

H(<WN) Ä У / -£)№(£)]j

— H(3?eN(E)) + be„M([(L -  e)ejv(e)] log m -  log ЬеШ)
using (5). Therefore

(7) lim sup 4 , H(&N) ^  - ----- tf  (.f )N-*oo N L — 6
From (6) and (7) it finally follows for e —0 that Н(У/) is defined and equals ^

Q.E.D.
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A NEW PROOF OF A. F. TIMAN’S APPROXIMATION THEOREM

by
G. FREUD and P. VÉRTESI

1. Introduction

In his paper [3] the first of us introduced a new type of interpolation process, 
which is the object of our present investigation.

Let

0 ) Kk , n

2k— 1
=  CO S -  n  In (k =  1,2,  . . . ,n)

be the roots of the Cebysev polynomial

(2)
(— l)t+1)/1 —xln T„{x) 

n X - X kn

the fundamental polynomials of Lagrange interpolation based on the nodes xkn and

(3) hk„(x) =
1 ~  xkn

>L(x) =  vkn(x)lL(x)

the fundamental polynomials of Hermite—Fejér interpolation. 
Further, let

Ъ  n — 1

(4) Ф„(к, V) =  — 2  T'(u)Tr(v). n r =  1

Now, the fundamental polynomials of the interpolation introduced by the first 
of us in [3] are
(5) (Pkn(x) = vkn(x)I t (x) +  2(x -  xk„)l%„(x)ф„(xk„, x).

His result is as follows:
Let /(x) be an arbitrary continuous function in [ —i, i] and let us extend 

this function by the convention /(x) = /(+£) for x resp. f(x) = / ( —i) for 
x <  — \  to [—1, +1]. Finally let us construct the polynomial

(6) Jn(f; x) = /(0) + 2  Пп(х)[/(хкп) -/(0 )]
k= 1

of degree 4n — 3 at most. It was shown in [3], that we have with an absolute constant C

(7) \f(x) -  Jn(f\  *)l S  Cw Í /;  4*n J, -  2  s  x ш 2
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Here
tu(/;<5) =  max \f(x  + h )-f(x )\\h\-sà

l*|S±

denotes — as usual — the continuity modulus of f(x).
The proof of (7) is straightforward, so that it furnishes a new interpolatory 

approach to Jackson’s approximation theorem. The method was later extended by 
M. Sallay [4] to the case, when the nodes are the roots of Legendre polynomials 
(resp. orthogonal polynomials which are very near to Legendre polynomials) and 
by R. B. Saxena [5] to the case, when the nodes are the zeros of the Cebysev poly
nomials of the second kind Un(x). A very essential improvement of R. B. Saxena 
was that he — using the corresponding expression built on the zeros of U„(x) — he 
replaced (6) by the formula

(8)
W ; * ) =  1 2 - Л 0 +  ' 2 A/ ( - 1) +

+  2  | / ( 'vtn)— 1 y - f ( \ ) + X 2 V ( - !)[% „« •

Using the zeros of Un(x) as nodes of interpolation, R. B. Saxena proved that 
this polynomials approximate even on the whole interval of the interpolation

[— 1, + 1] every continuous function with an error Cw |/ ;  at most. The similar
problem with the roots of Tn(x) as nodes of interpolation was treated in [7] by the 
second of us and he was able to prove — as an improvement to [3] — that

\ f ( x ) - J*( f - x ) \  s  Cm for * € [ - ! , + 1 ] .

In the present paper we make the further improvement

(9) l / ( * W ,t  (/;*)! â  C + Ш

As a consequence of (8) our polynomials J„(f; x) are of degree An — 2 at most 
and they take the same values as f(x) at the points xkn (k = 1, 2, ..., и).

The first construction of a sequence of polynomials for which the error of 
approximation is estimated by the right side of (9) is due to A. F. T im a n  [6]; it is 
his merit to have found the precise form of the error term of polynomial approxi
mation, valid even in the neighbourhood of ±  1. It was shown later by V. K. D ziadik  
[1] — in the way of proving the reverse theorem for the classes Lip a (a<  1) — that 
this result of A. F. T im a n  is — up to the value of the constant C — best-possible.

By showing (9) we give a new proof of Timan’s theorem. It seems to be of 
considerable advantage that for a fixed n our polynomials J*(x) depend on a finite 
set of values of f (x)  only. Expressions of this kind can be calculated much easier 
than those which include integrals.
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2. Preliminary Estimations

For sake of brevity let us fix n and f(x) and let us denote xk„ by xk, lkn(x) by 
lk(x) etc. and we denote w(f;  <5) by co(<5). We put further x 0 =  1, лгя + 1 = — 1, x = cos 9, 
xk = cos 9*, so that

2k — 1
=  0, 9* =  2n n ( k =  1,2, 9n+l=n.

By ,,c” we denote in the sequal positive absolute constants, which need not be the 
same.

We recall the formula
n — 1

1 +2 Z  cos2 r9r =  12  <Pk(x) = , „
к =  I I «

(see (8) and (9) on page 229 of [3]) and conclude that

Ê  < P k ( x ) ~  1  ̂ =  3  ( - l S ï S l )( 10)

and

( П ) sin 9 2  <Pk (c°s 9) — 1 (0 s  9 s  n)

hold (See [7], formulas (2.1) and (2.2)). Further we recall the elementary inequalities 

sin 9k 1
( 12) I cos 9 — cos 9k sin 19 - 9 t

(0 s  9 ш л, к = 1, 2, ..., n)

(see (3. 5) in [7]).
From (3. 14) in [7] we get

(13) \фп(хк, x)\ S  ■ 1
sin ,9* . 19 — 9*1sm 2

Besides (13) we need a more precise estimation of \ф„(хк, x)\: 

L e m m a  I. We have

( ,4)  I - ш ь
1 1

sim 9 -9 , + 1
c sin 9 1
sin 9* |cos 9 — cos 9*|
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P roof. F rom  (4) w e o b ta in  (see (3.14) in  [7])

Ij/„{Xk,X) = ---7 7Г-rnV k nsmSb
■ ~  1Ч5 * -5  5 * -5sin (2л -  1 ) 2 cos ~ ~ —

— {In — 1) cos (2n— 1)—--  sin9k- 9  . 9k- 9  
,  sin \2 2

1

4 sin2 9k- 9 +

+
9k +  9 9k +  5 5* + 5 . 5* + 5

s in ( 2 w - l ) — - c o s - - - --------(2л — 1) cos (2л — 1)— — o.,* ^

in2 * ± ® } ‘4 sin2

Let us denote

№ ( x k, x) =
1

n sin 9t
9k- 9  9k- 9sin (2л—1)—-— cos 2

9k + 9 9k + 9

4 sin2 9k—9 +

+ sin (2íf— I) 2 cos -2 - s + 9

Фп2>(Хк, x)
1

л sin 5ь

4 sin2

(2л — 1 ) cos (2n — 1 ) ——— sin ^ --------*
4 sin2

5* + 5 . 5b+ 5 1

9k- 9

+  (2 л - I )  c o s  (2 /1 - 1) - -  -  s i n —  ~ 5 + 5
4 sin2 ——-г—

Obviously
(15) Фп(хк,х) = \1/(п1\ х к,х)  + ф(п2)(хк,х).

At first we estimate ф!,1){хк, x). Taking into account that

1 _  1
9k + 5 19k 5| (0 s  5 s  л, 0 s  á  it),

sin sin

9k + 5 9k + 9sin {In — 1) —*2 cos 1,

w e get 

(16) W X)(**,*)I ^ n sin 5lic . , 5fc — 5 sin2 -----
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In order to estimate ф},2)(хк, x) we get

cos(2/7—1) k 2  = cos n(9k ±9)  cos ^ + sin n(9k ± .9)sin ^ .

Using the notations

Фп ( X k , X )  = n sin 9, (2и- 1 ) sin — .9) sinI 2 '9 - ---- - +
Z . .  2 x̂k У4 sin

+ (2/7— 1) sin /7(#fc + $) sin2 &k + >9
2 . 2 9* + 94sim

Фп*(хк,х) = - n sin 9, (2/7 — 1) cos n(9k — 9) cos 9 , - 9 1
2 . . 9k- 94 sin —=2—

+

+ (2/7 — 1) cos n(9k +  9) cos 9k + 9 1
2 À . 9k- 9 4 sin *2

we can write 

Obviously

(17)

•K‘4xk,x) = *) +  «*(*»,*).

w:<**'*) | s ï ï s b : -
Now we turn to critical part of ф„(хк, x), i//**(x*, x). The splitting of i//**(xfc, x) 

and its estimation belong to the essential steps of our proof.
We remind that

( 2 k - l ) j T n 9cos (n9k + /79) = cos 

so from the formula of ф^*(хк, x) we obtain

(18) \Фп*(хк,х)\ c sin 9

= ± (—l)k + 1 sin n9

1
sin 9k |cos9 — cos 9t | 

Considering (15), (16), (17) and (18), we can see that (14) is true.

1 In detail:

«9 к +  $ 9k — 9
cos cos —

2 2

9k 4" 9 9k — 9 
sin sin

2 2

9k+  9 9k — 9 
= c*8 2-----ct8 2

sin 9

sin 9
I , 9k +  9 . 9k — 9
sin - s in

2 2

2 |cosS  — cos Ac|
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We quote further from the classical paper of L. Fejér [2] the inequality

(19) \lk(x)\̂ f2 (-1  S X S  1; k= 1 ,2 ,. .. ,и)

At least we remind the well-known inequalities

(20) cú(A(5) =. 22co(<5) if 2 s l

(21) ft>(/l<5) sí (A+ l)a>(<5) if АёО.

3. Estimation of J*(f;  a )  — / ( a )

We consider the expression

(22) 2  \(Pk(x)\ \ f ( x ) - f ( x k)\ =  У Ivk(a) I t (a) +  2 ( x - x k) 1%(а) фп( xk, x)\ •
k =1 k =  1

Our first aim is to prove 

(23) Z\<pk(x)\\ Д х ) - / ( х к) \ш с
fc= l

1 \f(x) - f ( x k)\

œ Ÿ l - x  
n

( O s r á  1).

Let us now suppose

(24)

Using the inequality

|/(cos 9) — /(cos 9A)| cu( | c o s  9 — cos 9*|) œ

we obtain

(25)

0 s  9 s  - - and 9, s  9 <  9i+1

„ . |9 -9* | 2 sin 1 2 kl . 9  . 9kSin y  + Sin -y

\ f(x) - f ( x k)\ =§ c w ls i n  ^  ■ -S- - - s i n  У

(26) \f(x) - /(* * )I ^  Cffl

2

. |9 -9 * | . 9,sin - -sin 2

if 9k s  29 

if 9k >  29

This dissection of which we introduce in the estimation of (22) is — besides the 
estimation of ф** — the second essential feature of our calculation.

In order to prove (23) we insert some lemmas.
Let us denote

(27) <pt(-*) = Ik(x) + 2( x - xk)43( а ) фп(xk, a )

(28)
so that 
(29)

<Pk* (x) = j  Xk 2  (xk -- X )  It ( a ) ,  
1 — xk

<Pk(x) = <Pk(x) +  <Pk*(x).
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(30)

(31)

(32)

(33)

g

• (О

Lemma II. If 0 ^ 9 ^ ^ ,  9l s 9 < 9 (+1 then

\<PÎ(x)\\ f (x )~f(xk)\ ^  cw 

k*(v)!|/(.v)-/(.vt)| Ä CM 

\(PÎ(x)\\f(x)- f ( x k)\ =  CM

n ,

9 'sin 2
n ■

sin 9 ' 
2

«

П2 |9 -9* |2 

if к = i, i +  1 

1 1
"2 \& -sk\2 +

<  29, к i, i + 1

+ 4 » > } « Â ï  if = • ' + ' •
P roof . We have obviously

19 — 9кI > C or |9 — 9*|/i > c if 1 i  (  < /, i+ l  < H n  

If 9*^29, kj±i, / + 1 then using (2), (12), (13), (20), (25), and (33) we obtain 

14>t Ml I /(.v) -/(.v*)| =  I It (x) + 2 ( x -  xk) /*3 (x) ф„ (xk, x) \ \ f ( x ) - f (xk) I =s
sin4 9* cos4 я9 . .  „ „ , sin3 9*|cos3w9l 1 1

CI n*(cos 9 -  cos 9*)4 +  lCOS 9 ~  C0S 9*l n3|cos9-cos9*|1 ' sin 9* |3 -9* |
sin о

. 19 -9*1 . 9 
sin -— ^sin 2  1 -  c

sin4 9,.
L +  '

sin2 9* 1
n4(cos 9 — cos 9*)4 л3(cos 9 — cos 9*)2 ^  |9 — 9*|

9sin
• 1-9-9*|■ n sin 2  w

, . , 19 — 9*| 2 . j 9 -9*nr sin3 -— — n2 sin2 — ^2 2

. 9
S'" 2 

//

,9
1 1

sin -

n3|9 — 9*|3 T n219 — 9 12
1

'

CO

Q

и

1 1 sin * 2
“  f  ír 9 -9 * I2 " J к /7
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If k = i (or / + 1) using (2), (12), (13), (20), (25) and L. Fejér’s inequality (19), 
we get

|Р*(*)|1Д*)-/(* /)!  =  c\lf(x) + 2(x-Xi)lf(x)ij/n(xt,x)\œ [sin ^  - -^ -s in  ^

sin4 ,9,- cos4 n9 „ sin2 9: cos3 n9 1
'  +2  1n4(cos & —cos ,9,)4 я3(cos 9 — cos 9:)2 . \9 — 3,

sin ' 2

• 0)

Let us turn now to the case 9k>29, / о г  +  1.
By the help of (14), (26) and the previously used formulas

• IS-S,| n sin -

■ 3 Г . 3 '
sin sin sinA

— с[|/?(х)|+/?(х)]ш
A < S'fl'l

« , . » ,
L Ш n

\Vk(x)\ l / M  ~ f ( xk)\ /*( x) + 2\x - x2\ |/3(x)|

-  ' V  Sin^ 
2 2

■ CO I s i n —1 sin +  c |x — Xk\ /3(x) S

c
sin 9k 

1

1
n ■ 2sin2 *

+ 1

sin ,9
sin$k |cos,9 —cos<9k|

Ä C sin4 ,9,.
I +

sin3 с 1
n4(cos$ —cos.9k)4 «3|cos3 —cos9k|2 sini9k

m(\cos 9 — cos 9k\) 

1

г ■ |3*-3 | ■ 9k i l l  c • n2 sm ——1 sin ~  со I ^ I +
sin3 9,.

n . , 9k — 9 sin2 .

sin ,9

+ 1

n3 (cos 9 — cos 9k)2 sin3k |cos 9 — cos 9k\

■ sj ^  [cos 9 cos ,9*I сЛ Sm 5 Ï
4  « J

CO)

1 ,9k 1 3,
»2 | з - з к|3 + и2 19--3 k|3

*■ cm

. 9 sin 2 1
n J n2

1 ,9t + C(o\f sin s i  1 1
.2

+  CO)

{ n ) n2 { 9 - 9 ky  -

2

1 9k
^ i s - s * r

So the proof of Lemma II is ended 

2 Here we used
,9 ,9

2 sin — cos - - 
2 2
n 3 СЮ
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Lemma I I I .  I f  0 ^ 9 5  — then

sin
9

(34) 2  VPk W ||/( .v )  f ( x k)\ "  со -  +  ce»
k= 1

Proof. Considering (30), (31) and (32) we can write

2  1ф*с* ) ||/ (* ) - /( х*)1 = c 2  w
k =  1 9 k ^ 2 &

k ï  i , i +  1

. 9 
Sm 2 

il
1 1

+  СШ

sm

CO
sm

9

+ c 2
»k >21k> i+ ]

But if 1 ä  k  <  /, i+  1 <  к s  n

I I [ 1 ï 1 9*
" 2 |S - 9 t|2 +  W 1 n2 ) n 19 — 9*|

(35) I9 -9 J  ° ( | / - * |

so we get

2  !<Pk w i i / w  ~ f ( xk)\ s  сю

+  CCO

(9* s  29 or 9* >  29. к *  /, /+  1),

sm •ЧГ7 1 n2
Z  -  2 / •  ;  42 + CC0»*S28 П О — k)

k*i,i+ 1

. 9
Sm 2 

n

Í 1

к

У  ”  - 1 =  CCO

9 ’ 
sm 2 ^7 1

. 9 '
s’0 2

l « 2 . 8fc> 2» |i — &| П 
/c>i + 1 n

. » .
Z / ~7~. / \2 

k&i,i+ 1
n

+

+

. 9 
sin 2

n +  CÍ0
\  ■ /г I

+ r a |  ,1  Z  r  , -  ca}H2) »*>23 |/-fc | «
f c>i  +  1

as we asserted.
After investigation of <p*(x) we turn to cpt*(x) (see (28)). 

Lemma IV. In the whole interval О ёЭ ёл

(36) 2  \<Pt4*)\ I A x)  - f ( x k)\ S  ccok= 1

2 I ’

10* S tud ia  S c len tia rum  M a th em a tica ru m  Hungarica 2 (1967)



4 1 2 G. FREUD AND P . VÉRTESI

P roof. Like previously, we can write

2 > r « l  !/(*)-/(**)! =k=1 k=1

' • 2 П ( х ) \I xk

^ 2 ( x - x k) \ f ( x ) - f ( x k)\ -
I —  Л I

X - X u
0) (|x-x* |) =  c 2  #(x)

( x - X k)2
k= 1 -Xk

^  ÿi  sin4 9k cos4 «9 (cos 9

2

bti  n4(cos 9 — cos 9t)4 
sin2 9,.

» ■ < » ( ( )*  sin .9* (иL)
i+ i

;W
sin2 #1. COS2 /7.9

+ Í -Züti /22(cos .9 —cos,9*)2 ( t72J k^i n2(cos 9 —cos 5*)
Ш

k#i,i+ 1 
1

CO) 2 1 1
»2J *= i (Я-9*)2 /I2 + c® 2 [/,? ( v) + /,?+ 1 ( v)] -  COJ

к Ф i, i+l
as it was stated.

From the former Lemmas we conclude the following ones:

Lemma V.

(37) \ f ( x ) - J t ( f \ x ) \  s  c to ' 1 l - x
s n +  OJ

1

Proof.- By the aid o f  (29), (34) and (36) we can write

У l - x(38) 2 \ < P k ( x ) \ \ R x ) ~ f ( x k)\ s c
k= 1

00 + 0J

0 =s ж ä  1.

0 ä  л-

In [5] we obtained

| / ( x ) - 7 n*(x)| = 1+JC
[/■(*)-/(!)]

(39)
-  2  <pk(x)

+ 2 Л' U ( x ) - f ( - \ ) ] 1 -  2  <Pk(x) +  2  [f(x)~f(xk)}<pk(x) I.
к — l k = 1

Now we shall estimate the remaining parts of the sum (39). Using (10), (11) 
and (21) we get

1+x
[/(.v)-Я П ] Ù  (P k ( x )

1 +  X  

2 l+ 7 ? |x -1 |- .sin .9 œ

1 +Л w ( |x -  1|) I — 2  <Pk(x)

i -  2  <Pk(x)

2

sin i9
/7

^  со sin »9 
n

sin i9

+F« ( I + x)(l - .y )  ^  I sin 9
sin 9

“  3(0 L +C/7 sin 9 I — 2  (Pk(x) со sin 9
/7

CO)
sin $

/7
CCO

. .9 
sin

n
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Similarly we have

It
. .9 sill

\—2- [ Д х У -/(-!)] 1 -  2  viWk= 1 S cco 2
n

Using these and (38), (39) we get

\ f (x )-Jt (x)\  S  c

. .9sin „ ( , \2 1 1
CO + C0
. n l  «2 J J

But
. Я 1 1 — cos ,7 sin j  -  j  -  2

so the formula (37) is proved.

4. Proof of the Main Theorem

T heorem . We have oil the whole interval - l S x S l

(40) |/(.v) -  J*„ (.y)| = c' w M 4n * ) + ш ( (4/7,2

Using the fact that the zeros of T„(x) are located symmetrically to x = 0, we get

(41) Л1А-0; x] = 7,;[/(/); -*].
From Lemma V we conclude

\J*n[ f( - ty ,x] - f( x ) \  SC  

We use (41) and replace л: by — x: 

(42) !./;,[/(0;.v]-/(.v)| : с со

1/ 1 -  -V
//

1 I +  -V
n -ft0(i

O S ï g l .

— 1 ^  X £  0

Combining (37), (42) and (20) we see that (40) is satisfied, as it was stated.
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ON TWO PROBLEMS ON EXCHANGEABLE EVENTS

by
C. J. RIDLER-ROWE

The two problems considered here were given by Professor D. G. K e n d a l l  
in his paper [2] “On finite and infinite sequences of exchangeable events” . The 
author wishes to thank Professor D. G. K enda ll  and Professor G. E. H. R euter  
for their assistance.

The problems are now stated and the notation follows that of K e n d a l l  [2]. 
For each v = l ,2 ,  ... let (Qv, s /v, prv) be a probability space carrying a finite 
number Mv of exchangeable events {T)v) : r=  1, 2, Mv}, where vSA /v. Let 
Xv be the number of the first v events A[v), A (2V>, ..., Alv) which occur and let

ajv) = prv« >  П А™ П ...

where rx, r 2, ..., r3 are distinct. Then what conditions on the rate of growth of 
the sequence {A/v} imply that

(1) Iimprv(Jfv =  s) = ,l \  , s = 0 ,1 ,..., 
if
(2) lim vJajv) =  nJ, j  =  1, 2, ..., J,

V —» o o

(where the case J = 2 is of especial interest)? Also if A/V=v, does (1) follow if 
va)v) and v2ol2 ) converge sufficiently rapidly to /i and /i2 respectively as v->-°°?

Theorem. // '(2) is true for 7=2, then (1) follows i f

( 3 ) lim =  oo,

Proof. Using equations (16) and (19) in K e n d a l l  [2], the probability that 
exactly s of the first v events A[v>, ..., AJv) occur, and exactly k — s of the remaining 
events A f h ,  ..., A^l  occur, is

— /7) ̂ 'O n Í v) ~  W k Sks  >

where <ia*v) =  a^v) — 2,
occur, and

( 4)

ä>kv> is the probability that exactly /с of the Mv events
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4 1 6 C. J. RIDLER-ROWE

Hence on summing over к
M v - V + S

(5) prv{Xv = s) — 2  s = 0 ,1 ,... ,.
k = s

Equations (20) in K endall [2] give
A#v

(6) 2  W M "  = j  — 0, 1, A/v,
k = 0

(where (x)j = x(x — 1) ... (x —j  + 1) for any real number x and non-negative integer j). 
For each v let and a2v be the mean and variance respectively of the distribution 
{m(v)}. Then from assumptions (2), with /  = 2, and (3)

(7) ev = (l+e,)Av, (t2= i

where /„ = .. and, as v — » , Av — ev — 0 and — 0. Let

(8) Z v = {k: \ к - ву\ ш п т
Then from (7) using C ebysev’s inequality,
(9) 2  “>ív) — 1, as v — oo.

к £ Z v

From (4), is the probability that a random sample of size v, taken without 
replacement from a set consisting of к objects of type I and Mv — к objects of type II, 
contains exactly í  objects of type I. Hence

(10) 0 =gll] = 1, for all k, s and v.

Also (e.g. see Feller [1], Chapter VI, § 10, problem 36) it is known that
( 1 1 )

( V )  - e  M v  .  M v l ,gks' -  - , , if ----- - °° and к ------- as v -  (j = 0, 1,...).

Let s be fixed. Then from (5) and (10)

( 12)

where

use_"prv(Av = s ) - f  v! 2 < ' d * +  2 W \
k i  Z v  f c { Z v

ide- ''d, = max glV------—
k i Z v  J !

But from (7), (8) and (11), <7V 0 as v — oo. The result then follows from (9) on letting
v tend to infinity in (12).

If (2) is assumed only for 7=1, then there is no condition on {Mv} which 
implies (1). For if, for each vë/{, the distribution {ai(v)} assigns masses l —g/v 
to k = 0  and g/v to k = M v, then va<1',) =g and, from (5), prv(Tv = 0 ) 1  as v — «>.

It is now shown that the theorem does not remain true if the condition on 
{Mv} is made weaker (including the case Mv=v), even if the conditions on {ajv)} 
are made much stronger to include those of the second problem.
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Example. Let {A/v: v = l,2 , ...} be any sequence such that v S M < °°  and 
Mliminf—-  Let J be any fixed positive integer. A sequence of exchangeableV-.00 у

events is now constructed such that Xv does not have a Poisson limit distribution 
though

vJajv) = / i j ,  for v S /i  and 0 = j =  M v with j  ̂  J.

From section 4 of Kendall [2] we know that, for each v, a set (aóv), a iv), ..., 
can be associated with a set o f  Mv exchangeable events if is a proper probability 
distribution, where

(13)
( ? )

ÖM “~ Л/y(v) к =  0, 1,..., Mv.

Let k-= lim inf .
V - » o o  у

Then к < °o. Let an infinite sequence S be chosen such

that LI

V
-» Я as v -*■ »  with v £ S. If v and

for O s i s Mv and j  ^  J,
(14) Ofjv) _  .

/  » 1* \  J

O '
for J = J,

where ß’ is chosen later, then from (13), for

Let //' be chosen such that ß' ^ ß  and all the limits in (16) are strictly positive. Then 
let v0 be chosen such that, if v£S and v ë v 0, then in (15) and (16) rù*v)ëO for 
k = 0, 1, ..., A/v. Also since adv) =  1, it follows from equations (20) in Kendall [2]

M,
that 2 « 4 v) =  1. Hence if v £ S  and v êv 0 then {03 ’̂} as defined by (15) and (16)

k = 0
is a proper probability distribution, and in this case we may let a set of exchangeable 
events be associated with (14). However if v ë /t and if v< v0 or v$S,  then clearly 
we may let a set of exchangeable events be associated with

<  =  №  j  — 0, 1, ..., A/v,

whilst the events may be defined arbitrarily for v<^.
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MvpSince —-— -X as v-*-o° with v£S,  it follows from (4) that for / S i
V

(17)
as with v € *

putting I 1 — y j  = 1 if p = À

L emma. If (i) p (y) is a sequence of probability distributions on the integers 
such that lim р{?] =Pj for each j  and ^  P j=h  and (ii) f j v) is a sequence of functions,
on the integers such that lim //v) =/.• for each j  and f j v> is bounded for all v and j,

V —> o o

then
lim Z pW  = Z P j f j -

From (5), (15), (17) and the lemma it follows that for s > J

(18)
ilS (> P

prv(Zv =  s) -  , as v -*• oo with v£S.

№ 6 kBut since p ' ^ p  it follows from (16) that cùjv)-t- ‘  ̂ as v — °o with v£S. Hence 

by a similar argument
U J Q ~~ V

prv(Zv =  J) -> , as v — oo with v£S.

Thus Xv has no Poisson limit distribution.
R emark. An argument similar to that giving (18) shows that

lim prv(Av = s) s! -, 5 = 0, 1, ...,

M 1 kse~kif lint —- - — and lim prv(Tv = s) =  - .— , s = 0,1, ...,
V —»oo V P v - > ~  5 !

where F„ is the number of the events which occur.
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A CONTRIBUTION TO THE PROBLEM OF RATIONAL 
APPROXIMATION OF REAL FUNCTIONS

by
G. FREUD

I. Statement of the Problem

Let f ( x ) be a real continuous function defined on x€ [ -  1, 1], and let

Rn( f )  = inf max |/(x)-r„(x)|
r„ *£[-!,+ 1]

where r„(x) runs through the rational functions, where both nominator and de
nominator are polynomials of degree n at most.

P. Szüsz and P. T ú r á n  [4] mentioned the following problem : Let — 1 ë  £0 < 
< < ...  <£„,= 1 be a finite pointset, let f(x)  belong to the class Lip a in any closed
part of the open intervals (£к_15 £*) and let /(x) satisfy a Lip ^-condition (/?<oc) 
in the neighbourhood of the points Çk (к = 0, 1, ... ni). P. T ú r á n  conjectured that 
under conditions of this type Rn{J) = 0{n~°l) is valid. In the present paper we are 
proving a theorem of this kind.1

Our main tool is the following
Localization  theorem . Let there exist m sequences of polynomials {я^(дс); 

и =  0, 1, ...} (k~  1,2, ... m) so that the degree of n{„k) is at most n and we have

This theorem was proved in G. F r e u d  [1]. We call it the “weak localization 
theorem”. The reason for this nomenclature is, that it was conjectured on the same 
place by the author and proved later by J. Sza ba do s  [3], that in this statement 
polynomial approximation can be replaced by rational approximation. This theorem 
o f  J. S za ba d o s  implies the weak localization theorem, and for this reason we call

' In our conversation on 20. January, 1967, where he mentioned his conjecture, Prof. T ú r á n  

communicated to be in possession of a sketch of a proof, as a result o f a collaboration with P. Szüsz, 
but he has no intention to work it out. As an answer to a question of mine, he mentioned that they 
did not realized the connection of the problem with the localization theorem.

2. The Weak Localization Theorem

I f ix)  -  < k \ x ) \ (x € K*_ I , {J, k = \ ,2,  ... in).

Under this hypotheses we have
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it strong localization theorem. In this latter theorem an additional assumption 
on the order of the derivatives of the approximating functions occurs, but fortu
nately this causes no harm. We consider it as a very remarkable fact, that the weak 
localization theorem applies to Turan’s problem.

3. The Function Class C*(a>). Statement of the Theorem

Let rio = - U t i j = i ( Z j - i  + £j) (./=1, 2, ... m), t]m+1 = £m. Let further w(<5) 
be a continuity modulus, i.e. a nondecreasing function defined for each <5^0 for 
which we have w(2ô)s2a>(ô). We say that the function f(x)  belongs to the class 
C*(co) if there exists a finite set {^ ; } c : [ — 1, + 1 ]  (and corresponding points r\) 
and a K>  0 so that we have for x u  *2 Ffy/, Çj] or x ly x 2 €[£;, qj+ J  (j = 0, 1, ... m).

(1) S Кш(lYWi - t j - v W i - t j l l )

T heorem. Let œ (ô)^0,f£C *(w ) then

Я„(Л S c , ( / ) w [ ' J .

Before turning to the proof, we discuss the connection of this result with Turán’s 
problem. Let wx(ô) = <5* ( 0 < a ^ l )  then each function of the class C*(w„) belongs 
to Lip a in each closed part of each open interval (<jL_ j , Çj) and satisfies a Lip a/2- 
condition in the neighbourhood of the points £,:, so that it reduces to a TuRÁN-type 
case with ß = tx/2 (resp. /?ёа/2). The problem seems to remain still open for ß^ix/2. 
As an example we mention the function gx(x) = |x|°t/2 £ С*(соа). In this case our 
theorem.asserts R„(ga)  = 0 ( n ~ ° t),  while the exact order of polynomial approximation 
is 0 ( n ~ x/2). By the way, it was proved even Rn(gx) =  0 ( e ~ cn'/3)  (see G. F r e ud—  
J. S za ba d o s  [2]).

4. Proof of the Theorem

Let us consider our function in the interval Çk] and introduce the trans
formation

(2) X = >* - —2 ~ COS 0 (0 s  0 á  я)
so that

(3) =  |/^ -< ^ -iC o s  0 and Ÿ \x -& \  = ^*-<Jfc-isin 0 .

From (1) and (3) we deduce, that the modulus of continuity of the even 2n-periodic 
function

satisfies
Fk{0) = / ' tb + tk -i  

2 + Zk-tk-1
2

a)(Fk; <5)=Sc2(/)co(<5).
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By Ja c k so n ’s theorem there exists for each integer n an even trigonometric 
polynomial т„(0) of order n at most for which

|F*(0)-t„(O)| «  c3(/)w  1 4 -

Re vert ing the transformation (2), we obtain from r„(0) a rational polynomial v) 
satisfying

(4) |/(.v) -  тг‘к,(лг)| Ä c4( / ) to П  j ,

Now our theorem follows from (4) and the weak localization theorem, since co((5)S 
— Cs(f)8  f o r / ^ 0 .

5. Some Comments

First o f  all, let us observe that in the case m = 1 (i.e. if  the exceptional points 
are only the end-points o f  [— 1, +  1]) we have a polynomial n„(x) o f degree n at most 
with

|/(.V) -  tt„(.y)| ä  cKo) Í 4 ,

c not depending on / .
As a consequence o f (1) the modulus o f continuity o f  f(x)  is estimated in order 

by o>(<5) in every closed interval not containing the points and by a>((il/2) 
near the points 2 but these properties do not give a complete description o f  
condition (1). We mention an important case, when a simpler formulation 
of the condition (1) is possible.

Corollary. Lei w, (3) ?  0 be a modulus o f continuity, let

(5) f ( x  1 ) —/( .y2) =  о {о  I ( |,y  ,  — x 21 )}

be satisfied uniformly in every dosed interval not containing the points £, (/ =  0, 1, ... m) 
and let
(6) / ( .y, ) - / ( . y2) =  0 { w(|.y1 -Y21)}

uniformly in [ — 1, + 1 ] finally let (?i(<>, /;) = —  he continuous in the triangle(0,(0)
0 ̂  ^  rs 1 and pj(0, 0) =  0, then we have

(7) « , < / ) = 4 " ' ( , ' , ) }
The exact order o f polynomial approximation for the class o f functions satisfying 

the conditions o f the corollary for a fixed cu,(á) is O jeu, f - j j  • T^c corollary

2 This can be deduced considering the elementary inequality

\fa -KÂl é=
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shows that for this class as a whole the order of rational approximation is better 
than the order of polynomial approximation.

The condition on Q,(S,t]) is clearly satisfied if e.g. со ,(<5) =  ,4 <5*, which 
is a „Szüsz—Turán-type” case.

In order to deduce the corollary from the theorem, we shell construct an co(<5) 
satisfying (1) with K=  1, so that cu(<5) =  o{m1((5)}. Applying the theorem we will 
then obtain the corollary.

Let us turn to the construction of co(c>). We define it by
co(c>) = max |/(x2) - / (x ,) |

where Xj and x2 runs through all values satisfying the following conditions a) and b):
a) X), x2 are in the same interval [t]j, or [<A, rjJ+1],
b) we have \ i\x1- Ç J\ - ÿ \ x 2-i; j \Sô.

It follows that co(fi) is nondecreasing and co(2<5)̂ 2co(c>). In what follows, let x, 
and x 2 be the values for which this maximum is attained. We can suppose without 
loss of generality that x t , x2 €[£;, 4 j+J.

We consider an arbitrary e> 0  and take <5j so small that 0 |(fi, rj) = e for 0 ^ (5 s  
We dessect [x ,,x 2] in [x ^ , x ^ ’l^K y, + ̂ i] and [x{2), x22,]Q 

£ [ ^ j  + Si,rij+i], one of this possibly void.
We obtain

l / ( 4 1)) - / ( 4 1)) M m 1 (|x<1, -x < 1>|) =

- со, -  / 1 ^ 7 - x F i l )  =
=  e Á m ^ \ - V W ^ F \ l 2ôi) ® i  ( I  f ^ i ZWr\ —  x j 1 > | | )  s

S  £cu1 ( |v '|^ -x ^ 1)| - l / | ^ - x j 1)||) S  £03,(8).
Let us now consider |/(x£2)) —f ( x (2))\ where x{2\  x (22) £[^ + 0,, ijJ+1], so that

. ___________________ _ |y(2)_ y(2)|
l ^ - * S 2 , l - f l ? T - * i 2 ) ll s  I I— i i -

4j+1 Çj
From (5) we conclude that for a sufficiently small A(e) we have for |x2'] —x,1)| S

s A (e )
I / ( 4 2)) - / ( 4 2)) H  «û>i( |x<2> -  x<2> I)

and let us observe, that the condition imposed on |xj2) — x^2)| is satisfied provided that

| ^ , - x i 2)| -  K l^ -x P lI  &2)fr,J+1-t jA(B)
We have then

l / ( 4 2)) - / ( 4 2))l s  £(У1 (|х<2) - х«)|) ^
— e c o i(2 /^ +1- ^ | / | ^ - x ^ 2)|- ) / |^ -x P > [ |)  ==

= 4г Í t]j+! - ©J ( I x £ 2)\ - Ÿ \ Ç j - x(,2) ||) S  «Second).
All in all we obtained that under the condition c5^d(e) we have

co(<5) ̂  9ш,(8),
thus our statement follows.
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A NON-MARKOVIAN QUASI-POISSON PROCESS

by
P. A. P. MORAN

Consider the class of all time-shift invariant point processes on the real line 
( — oo</<  oo). Such a process is defined if we know the joint distribution of N x, ..., Nn 
the numbers of points occurring in any given set of disjoint intervals / , ,
It is known that if N t , ..., Nn are independently distributed as Poisson variates 
with means proportional to the lengths / ; (which we also write as /,) then the 
process is a Poisson process. Professor A. Rhnyi [2] has raised the question whether 
a Poisson process is characterised by the requirement that the number of points 
occurring in every single interval is a Poisson variate with mean proportional to 
the length of the interval. We answer this question in the negative by constructing 
a stationary (i.e. time-shift invariant) point process which is not Markovian but 
which satisfies this requirement.

Consider first an ordinary Poisson process such that the expected number 
of points occurring in any interval of length / is equal to /. If 10, tt, t2, ...
are the coordinates of the points it is well known that all the intervals, Ii = ti — ti_1, 
are independently distributed in negative exponential distribution with probability 
densities equal to exp — x. We could therefore construct such a point process by 
constructing a sequence of such random variables /„ (n —... —1,0, 1,2, ...) and 
then positioning them in a suitable manner on the line (— QO</< oo),

To carry out the latter procedure requires a little care. It is well known that 
in a Poisson process such as the above the length of an interval known to cover 
a specified point, does not have a negative exponential distribution but a distribution 
with density equal to xexp — x. Such a distribution is the convolution of two 
variables each independently having a negative exponential distribution.

One way of embedding the intervals in the time axis is therefore to define the 
points of the process as occurring at tl =  I0+ . . . I i for i' S 0 ,  and at / , =  

— ( /_ , +1-2 +  ••• +  It) for /'<0. The point 0 is omitted and is not regarded as a 
point of the process.

Another way, which is similar to that which we shall use in the construction 
of a non-Markovian process, is to suppose that all the /, have the negative exponential 
distribution given above except for /„ which will have a distribution with density 
x e x p —x. Let W be an independent random variable uniformly distributed on 
the interval 0 ^  W 1. Define t0 = — WI0. t, =(1 -  W)I0, and put

/; — f, for /> 1 ,

= t0 — —I-i for /< 0 .

It is then clear that the resulting process is a stationary Poisson point process.
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To construct a non-Markovian process with the required property we first 
construct a sequence of random variables/„ (where n=...  —1,0, 1, ...) which are 
not all independent but which are such that each has a negative exponential 
distribution with density exp — x,  and such that the sum of any к of them has 
a distribution which is the convolution of к  negative exponential distributions and 
therefore has the probability density

(1) Г(к)~1 e~xx k~1.

To do this we first construct a joint distribution of two random non-negative 
variables, X  and Y, such that each has a distribution with density exp — x, their 
sum has a distribution with density x exp —x, but are such that they are not 
independent.

Write/(x, y) for the probability density of this joint distribution and put
f i x ,  y) = exp ~ { x + y )  + /,(x , y).

Let e be a number such that
0 < e < e ~ 6.

Denote the square
1, n ^ y  < « +  1)

by (m, ri) and define /j(x , y) to be equal to e in the squares

equal to — e in
(0, 2), (1, 3) (2, 1) and (3,0), 

(0,3), (1,2), (2,0), and (3,1),
and zero elsewhere.

Then f(x, y)>0, and is a probability distribution density of the required type 
because we can easily verify that

CO CO A

(2) J / ,  (x, y) dy = Jfi  (x, y) dx = j 'f \ (x, A -  x) dx = 0 
0 0 0

for all positive x, y, and A.
It follows that

jfix , y) dx = e- y, jfix , y)dy = e~x,
0 0

and
a

(3) J f(x, a — x)dx — ae~x.
0

We now define the sequence of random intervals {/„} (n = 0, ±  1, ...) as follows. 
We suppose that ( /„ ,/п + 1) (и = 0, +2, + 4 , . . .)  are pairs of random variables 
having joint distributions with density fix, y) defined above so that

-x У

Pr(/„ < x, /л+1 <y)  =  J f f i u ,  v)du dv

S titd ia  Scientiarum M athçm fiücaruvi Hungarica 2 (1967)



A NON-MARKOVIAN QUASI-POISSON PROCESS 42 7

for и = 0, ±2, ±4, and we impose the further condition that different pairs 
are independently distributed. Then from the manner of construction it will be 
seen that the sum of any к specified intervals chosen out of this sequence will have 
a distribution with the probability density (1) even though some of these intervals 
may not be independent in pairs.

We now have to construct a point process on the real line such that if the inter
vals between successive points are denoted by J„ they will be distributed as the 
sequence {/„} defined above or as the sequence {/я+1}, depending on whether J0 
happens to be the left hand or right hand member of a pair.

To do this we first consider the sequence of intervals {K„} where Kn is the 
interval made up of /„ and /„ + 1 (the symbol Kn is defined for even values of n only). 
The intervals Kn are distributed independently in distributions with the density 
x exp — л; and can be regarded as the intervals between the points of a stationary 
renewal process. To embed them on the line (— оо<?<оо) we use the fact that 
in such a stationary renewal process the length of the interval covering any pre
scribed time point t will have a probability distribution with density ^x2 exp — x.  
Moreover conditionally on the length of the interval having a given value /, the 
distance of the point t from the left hand end of the interval will be uniformly 
distributed over the interval (0, /) (See, for example, Cox and M iller [1] p. 356). 
We can use this to embed the sequence of intervals K„ on the time axis as follows.

Consider the point 1=0. We suppose that this is covered by an interval K0 
of length / having the probability distribution with density ^x2 exp —x. As we 
want to identify K0 with the sum of intervals I0 and /, we proceed as follows. If X  
and Y have the joint distribution whose density is / ( a , y) defined above, write 
g(x[z) for the probability density of the distribution of X  when Z  = X+  Y has the 
value Z. Let U be a random variable uniformly distributed on the interval (0, 1). 
Let / be a random variable with the distribution \ х г exp — x, and X  be a random 
variable with the distribution g(x|/). Then we define K0 to be the interval

( - Í / / ,  (1 -£ /)/)

and suppose it to be composed of the two intervals

I0= ( - U l ,  - U l  + X),

/ 1= ( - i / /  + Z ,(l-C /)/).

We then fill up the real line ( —°°<i-=oo) to the right and left by adding pairs of 
intervals (/2, /3), (/4, / 5), ... and (/_2, /_,), ( / - 4, /-з)> ••• •

It is clear from the theory of stationary renewal processes that the sequence 
of intervals {Kn}, thus embedded on the time axis, is a stationary renewal process, 
and the distribution of the /f-interval covering any specified point t will have a length 
with the distribution ^x2 exp — x and will be positioned relatively to ? in the same 
way that K0 is positioned relative to i =  0.

We now have to prove that the distribution of the number of end points of 
/-intervals lying in any specified interval of length L is a Poisson distribution with 
mean L. Since the process is stationary we can suppose this interval to be the interval 
(0, L). We now determine the distribution of the k -th point toThe right of t = 0.
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Consider first the distribution of the nearest point to the right of the point 
r =  0 which we denote by 0. Write A and C for the end points t = —Ul, t = { 1 — {/)/, 
and В for the point t = — Ul + X which divides AC  into the two intervals 70 and 7j. 
Then the nearest point of the process to the right of 0 will be В if В lies in the interval 
OC, and will be C if В lies in the interval AO.

If a is any number greater than zero, let P x be the probability that В lies in 
OC and OB is greater than a. Remembering that conditional on AC = I, AO is 
uniformly distributed over the interval (0, /), and independently of the position 
of 0, X = AB has the distribution g(x\l) we see that Pl is equal to

(4) f  dlj dx ( Л~i * ] 2 l2e-'g(x\l).
a  a '  '

Putting l = x+y,  changing the variables of integration to x and y, and observing that

le~'g(x\l)=f(x, y),
Pi  is equal to

(5) 2  S dx f  dy(x — a)f(x,y) = 2  I \ x  — a)e~xdx = -
a 0  a

Now let P2 be the probability that В lies in AO and OC>a. This is equal to
oo l —a /  \  со  /  — a

(6) f  dl f  dx I “ \ \ l 2e- lg(x\[) = ] . fe l l  j  dx(l — a — x)le~' g(x\l).
a 0  Z s t O

Changing again to the variables (x, y), this is the integral of / — a — x = y  — a 
over the range x> 0 , _y>a and is therefore

(7) J  dx J  dy(y — a)f(x, y) = J  (y -  a)e-y dy = - e~\

Adding these cases together we see that the probability that the nearest right 
hand point to 0 is distant more than a from 0 is exp —a.

The second point to the right of 0 is either C (if В lies in OC), or the dividing 
point of K2 if В lies in AO. Consider the second case first. If В lies in AO the distance 
of 0 from the second point on the right is the sum of the intervals OC and I2, the 
left-hand interval of the subdivision of K2. These intervals are independently distrib
uted with densities exp —x, and their sum hasa distribution with density xexp — x 
as required.

Let P3 be the probability that В lies in OC and a. This is equal to
oo l — a oo /

У f d l f  dxxle~lg(x |/) + y  J dl J dx(l~a)le~lg(x\l).
а  О а  l —a

In the first of these integrals the range is over the region (x+y>~a, 0 < x < /  — a) 
which is equivalent to (x> 0 , j> a ) ,  and in the second the range is over the region 
(x+y>oc, x+ y  — cc<x<x+y)  which is equivalent to ( x + y x x ,  j< a ) .  The latter
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can be regarded as the difference of the regions (лг>0, y< a) and (0 < x -f >><«). 
Changing the variables of integration, the above sum is therefore equal to

J dx f dy xf(x, y) + - J dx f  dy(x + y -  a)f(x, y) -
’ 0 0 

a a — x

j  dx J dy(x+ y-a ) f (x ,y )

= * f  dx f  dy xf(x, y) + \  J dx J dy( y -  ct )f(x, y)

1
2

a a — xJ dxJ dy(x+ y-a ) f ( x ,  y) 
0 0

=  2 J x e ~ xdx+  2 f (y-<*)e yd y - - -  J (z-a)ze~ Zdz

on using the results (3). The sum of these integrals is easily found to be

2 e - 0 + « )

which is half the probability that a random variable with density (1) with k — 2 
exceeds a. Thus the second point to the right has a distance from 0 with the required 
probability distribution.

Now consider the distribution of the distance of the fc-th point to the right 
where k > 2. If В lies to the right of 0, C is the second point to the right and the 
distance to the £-th point to the right is found by adding k — 2 /-intervals whose 
sum has the distribution (1) with к replaced by k — 2. Furthermore the sum of these 
k — 2 intervals is distributed independently of OC. Thus the distribution of the 
distance to the A>th point has the density (1). Similarly if В lies to the left of 0 we 
add к — 1 intervals and obtain the same result.

The probability that there are at least к points in the interval (O, L) is the prob
ability that the distance to the k-th point to the right is less than L. Integrating 
the integral of (1) by parts this is the required tail of the Poisson distribution.

We have therefore constructed a stationary point process which is not a Poisson 
process but is such that the number of points occurring in any interval of length 
L has a Poisson distribution with mean L.
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ON THE SEQUENCE OF GENERALIZED PARTIAL SUMS OF
A SERIES

by
G. TUSNÁDY

Rényi in the papers [Í] and [2] has investigated the following problem:
o o

Let 2j ak be a series and denote by An the sum
k  = 0

(1) An =akl +ak2 + ... +akr 
provided that
(2) n = 2k' +2k* + ... +2kr

is the representation of n in the binary number system. That is, we consider all 
finite sums of the terms of the series 2  ak, and arrange them in lexicographic order. 
The problem is the relation between the convergence properties of the series 2 ak 
and those of the sequence {A„}. It is trivial that to a convergent series 2 ak 
may correspond a divergent sequence {An}. Rényi in the paper [1] has proved that 
the sequence {A„} has a (C, l)-limit if the series 2 ak is convergent in the ordinary 
sense, that is if the series 2 ak is (C, 0)-summable. In this direction we can prove 
in a similar way that the sequence {An} has a (C, e)-limit with positive e, if the series 
Уак is (C, 0) summable. Some difficulties arise in proving the (C, a + s)-summa- 
bility of the sequence [A„], if the series Уак is (C, a) summable.

Another question is what can be said about the series 2 ak if we know the conver
gence properties of the sequence {A„}. In the paper [1] Rényi has proved that from the 
(C, 2)-summability of the sequence {A„} follows the (C, 0)-summability of the series 
2 ^ k- In this paper 1 give an elementary proof for the (C, 0)-summability of the 
series 21 ak’ provided that the sequence {An} is Abel-Summable, under a weaker 
Tauberian condition than in the paper [2].

Theorem. I f  the sequence {A„} is Ahel-summable and \ak \ s  M (k = 1 ,2 ,...), 
then the series 2 ak ,v convergent in the ordinary sense, i.e. it is (C, 0)-summable.

Proof. We may rearrange the absolutely convergent series 2A„x" in the 
following way:

2  Лпх" = 2  x" 2  ak, = 2  ak 2  xn =
/1 =  0  k i i B n k = 0  k £ B n

2 *
r2k

1  —  X  k = 0  1 + x
2k

where B„ is the set {kl , k 2, ..., k r} in (2). Thus from the Abel-summability of the 
sequence {A„} follows that

lim 2  ak T T — i i r  -l-O/kto l + x 2k

Stuäia Scientiarum M athematlcarum Hunr/arica 2 (1967)
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exists. Letx0(: (0, 1). We need only that the above limit exists on the sequence 
{ * 0  N}iv=i i e. the sequence {В„} is convergent, where

°° XQk
ß N —  Z L  ^ k  + N  1 , '°  2 k  

k = - N  • +  X 0

1 “ 1
Let x 0 = T then j 0> l  and BN= Z  ak + Nf(y%k) where f(y)  = -. , .

У о к — —N t + У
In the first part of our proof we prove that if the sequence {ßw} is convergent 

then ]ima„ = 0.П —* °o
Let a and ß be arbitrary real numbers and f*(x) =  af{x) + ßf ( x z), then

Bn =  Z  a k + N.f * (У5 ) = a 2̂  ak+Nf(yo ) + ß Z  ak+Nf(yо ) = &Bn + ßBfj-i
k = - N  k = - N  k  = —N

Thus the convergence of the series {ß^} implies the convergence of the series {B)(}. 
Especially, when a =  — ß = \ ,  then l imß^ =  0. We shall step by step determine

N-*oo

the functions f ( y )  in order to increase the peak of the sequence {/Kjok)}-~ • We 
need only a term f ( y 0) > \ ,  then (provided that the sequence {/i(>'o“) i s  
positive and its sum is l) follows that limnt =  0. Indeed the following lemma is true:

к °°

Lemma. Let bk^ 0 (A =0, ±1, ± 2 ,.. .)  Z  bk = 1 and b0> \  then from
k  = — 00

Нтй,у = 0 where BN= Z  ak + Nbk follows that limak = 0, provided that \ak\<M.
k = _ N  k ^ ° °

P roof of the lem ma. Assume indirectly that

lim \ak\ =  a >  0
k-*oo

then to some e> 0  and some natural n0 there is a natural N as large as we need 
so that |% |> a  —£ and |a„|<a +  £ if n>n0. Then

B N\ = Z  в* + лА —
— N  + no

a N ^ 0 +  2  a k + N Ьк + a k + N b k
k =  - N k =  - N к — — N + no + 1

кф 1
— N + no — N + no

= b0(a — e) — M  Z  bk- ( a  + e ) ( l - b 0) =  a(2b0- \ ) - M  Z  ** —£
k = - N  k = - N

— N  + no

where Z  bk tends to 0 if n0 is fixed and N tends to infinity so we get that
fc= —N

Hm |ßjy| s  a(2b0 — 1) — £ > 0
N  -»00

But lim В ft — 0 so our indirect assumption was false and the lemma is true.
N-*  0 0

We return to the proof of our theorem. The function f*(y) is positive if <xf(y) + 
+ ß f (y2)>®, that is

f ( y 2) _  a
f (y)  ß
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provided that /?--0. If the function f(y2)lf(y) increases with y^l,  then we may take
f t  y2)

« =  lim ß = - \У-.1+0 f ( y )
According to this remark let

M y ) = f ( y ) - f ( y 2)

Л +Л у ) = 2 2к- ' Л ( у ) - А ( у 2) (к = 1,2,  ...).

We need only that with this transformation we get a function f 5(y) in the form

( y - l ) V , 5(y)
МУ)  - (^ + ,)(у 2 + 1)...(у32+1)

where the coefficients of the function h5(y) are positive which may be verified by 
the actual carrying out of the transformation

> h ( y )  =  У
1

М Л У )  = (y f  1)2 [22k- l (y2k" + l ) h k( y ) - ( y +  1 )2khk(y2)].

According to / ( l ) = i  and lim/(y) = 0 we get that =  £  /АУок) = i ,  thus 
ss = fs(ylk) = i  (2 — 1)(23 — 1)(25 — 1)(27 — 1), and with some numerical cal-

к  =  — ° o  ^

culation we may see that / 5(4, 2 ) > ~ ,  and applying our lemma to the series 
1 2

bk — —fi{ybk) w'th y0=4, 2 we get that limak=0.
A5
Although in the paper [2] Rényi has proved by applying the „high-indices” 

theorem that if a„— 0, then from the Abel-summability of the sequence {A„} follows 
the convergence of the series ~^ak, for the sake of making our proof completely 
elementary we complete also this part of the proof. This needs only to remark 
that if we put ck=f(yl") then

2  ° k  ~  2 C n =  2 4 - 2 2 j  ^  к Ck - N  — 2 a k
k  = 0 1 k  = 0 k  — O k = 0

N

+  2  a k ( i — 2  c k ~ n )  + 2 2 a k c k - N S  n M (
k  = n +  1 \ k = N +

+  2 « Ш ‘ 1 +  24 S  >/,
U = o V ^ k =  1 1

=  2 j a k Ck - N >  
к = 0 tS4"ll(

G1
-

 |<N k } +  i/ k=  1
where CN ■

\üj\ <£ if j> n \  and N is so large that

1 2c„ - /V — Ч

2  n M

Hence 2j ak — 2 lim CN, and the proof of the theorem is completed.
*=i N=°°

Stuüia Scientiarum M athem atlcarum Hungarlca 2 (1967)



4 3 4 G. TUSNÁDY : ON THE SEQUENCE OF GENERALIZED PARTIAL SUMS OF A SERIES

REFERENCES

[1] R é n y i ,  A.: Mathematical notes, II, Publ. Math. Debrecen. 5 (1957) 129— 141.
(2] R é n y i ,  A.: Summation methods and probability theory, Magyar Tud. Akad. Mat. Kutató Int.

Közi. 4 (1959) 389— 399.

MATHEMATICAL INSTITUTE OF THE HUNGARIAN ACADEMY OF SCIENCES, 
BUDAPEST

( Received February 3, 1967.)

Stu-uia Scientiarum M athem aticarum  Hungarica 2 (1967)



Studia Scient iarum Mathematicarum Hungarica 2 (1967) 435—439  .

ON THE SEQUENCE OF GENERALIZED PARTIAL SUMS
OF A SERIES

by
G, HALÁSZ

The aim of this paper is to prove the following conjecture of A. Rényi:1
T heorem . I f

/ ( 0 =  2 4k = 0 l + e - 2k‘
exists for t > 0  and tends to a limit A as t +0 then 2j ak 's convergent to 2 A.

k = о
There is a general theorem, the high indices theorem of Levinson that could 

be applied as to the form of the summability method. Its basic conditions concern 
a certain Fourier integral which in our case would be

and by its numerous zeros in Rey>0 it does not satisfy those conditions. Using, 
however, the special form of the exponents 2k and the fact that in a small domain 
this function really does not vanish, we succeed in proving our unrestricted Tauberian 
theorem.

Proof. We have
- 2kt

m =  2  «к-A  2 a k Z ( -  l)i+1e - '2b' =  Z e - m< 2 « * ( - l ) 2k =k=o i+ e  2k‘ л=о i=i
d e l  V  ;=  Z,  К

1 = 1  2 k \n

According to the number theoretic relation between ak and bm, first only formally

( I )
у  °k у  ( -1 ) '+1

é o  2Ь 4  Is = 2%  2k! i - 2, I = 2 nf
We see that in case a0 = 1 which can be assumed, h,„ is a multiplicative number 
theoretical function taking on 1 at each odd number while

k- I

h2k = ak -  2  ai 
j =о

To prove that the yet formal identity (1) really holds we, nevertheless, use L e v in so n ’s

1 For the backgraund of this problem sec the previous paper in this issue by G. T u s n a d y .
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high indices theorem [1] to get a preliminary estimation of ak. It is simpler to deal 
with bm:

° °  CO OO CO 0 — 2  k t

m =  2  bme-'"‘ = 2  b2k 2  e - « l~ " 2kt = 2 b lk . ” - 2 k + lt
m=l 4 = 0 (=1 4 = 0 l — e

Here we assume only /( t )  = o^yj as t —■ +  0 :

f (t )t  = 2  b
te - 24 y b2u 2k . f e ~ 2kl y  b2k

Го 2 1 —e~2k*h kto  2* l - e - 2̂ '  &  2k N(2kt) = o(l)

with N(x) = xe 
— e~ It has the form required in the cited theorem. To be able

to use it, we have to compute

J  N' (x) -Vs dx.

The integral is convergent for Re s >  — 1 and represents a regular function there. 
But first let Re s >  1 where the following partial and termwise integrations are 
legitimate:

J  N' (x)xsdx = —s j  N(x)xs~1 dx = — s J 2x dx
OO OO

= — s J x s 2  e~,2l~l)xdx = — s 2  Je~<-2l~l>xxs~1 dx

= (2/- 1)sp r ^ +  D =  - n s + l ) ( l - F + 1  j < ( '  + ».

In effect, we achieved a shift of the original half plane into a zero free one. In fact, 
neither r(s + 1) , j nor j£(s+ l) vanish in Res^O and from well-known

estimations of these functions follow all the conditions of L e v in so n ’s theorem.
It gives therefore

n IУ  Ь2к 
4 = 0 2*

2 ‘
k  =  0  z

i « . - 2 4  = 2 « , | ^ -  2  j A  = j ,  2 “j = «(')l j = о j = 0 Kz 4 = m  4 ) Z j = 0
hence ak — o(2k). As a consequence, the left of the formal identity (1) converges 
absolutely for R e s > l  and so does therefore its right. With that, we proved the 
identity valid in the half plane Re s >  1. Hence in the same domain we have, by 
well-known transformation :

у  bm
m=l m s r(s)

OO __ OOOO I

/  2  bme-'">t*-l dt = [ f W - ' d i ,
0 "t = 1 1 \s) 0

( 2) У  °k2—1 jks k = 0 z C(.v) I 1 -  2J  r(s) о
J m t * - 1dt
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f ( l )  is bounded and tends exponentially to 0  when 7 —+<*> so that the integral 
represents a regular function even for Rei>0. On the other hand, Ç(s) is known

7Г 00 ato have no zero in Re .ç>0, |Im s \ ^ = 4 ,5 ....Therefore, У * is regular
log 2 k = о 2

2n
in this domain and as it is periodical with period  ̂ / it is regular for all Re s > 0

and we can express the partial sums sn of Уак as an integral on any vertical segment
k = о

of length ;----— in the right half plane. Instead of sn, let us regard firstlog 2

log 2 

2  ni m
1± 2 -

1 — 2“s ( 2 )C(s) 1-2*Jr(i)

log 2  /‘ 1 ± 2 -s „ “ ak . 2"'' ^  K 
1 - 2 -  k = 0 2ks2 ni J

i±

2 nsts dsdtder]°ë 2 1°g 2 Г A D  f
2"‘ J  ' J F± (s)(2"t)sc/s dt

where /+ and /_  are segments of the described type. This has the advantage that 

F±(s), while regular in |Re |̂ = ^ , |Im ^n , vanishes on the imaginary axis

because of the factor 1 ± 2 -s in case of + at — /„  ,n _■ and /' ,  in case of
2  log 2  2  log 2

at — , 71-- and /„ ,П -  and if we choose the endpoints of 1+ and /_ with these 
2  log 2  2 log 2

imaginary parts and with real part — then F±(s) vanishes near the endpoints of 1 ±.

There is obviously no loss of generality in supposing that the limit / (+ 0 )  
is 0, and it is enough to prove that then í„ ± íí„ _ 1 = o (l). We may confine ourself 
to the +  case.

To e > 0  there exists a 0 < d < l  such that |/(7)|<£  in (0, 8). For large 
n we split the range of integration with respect to t into four parts

A: 0 2- "-1, B:2~n~ l g ( ^ 2 - " +1 C:2~ n+1 ^  t s  <5, D:8 ^  +

В is the simplest case. The inner integral is trivially less than

and

In A where t - 2 "^ 2 ~ l, instead of integrating on /+, we start horizontally 
from the lower endpoint and proceed till the line Re s = $ from where we integrate 
upwards on this line till the height of the other endpoint of / + and then go back
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horizontally. On the horizontal lines, by the mentioned zero of F+(s)
1
2 oo

f F +(s)Tsds = c2J <Te_<7|logrli/(T ä  c2 J ae~’’̂ °iT̂ da =
1 о

I C\ T I ae~af/(T = log 2TJ
Съ
j2:

On the line Re s =  J even better

J f + (s)Tsds r4T*

log2 T

c5
log2 Г

This gives for A
2 - n - l

/  ? /  ! * ' “ /  т ъ ? т * шЧ т & * шс''-
In C and D where T = t 2 ns 2 ,  the estimation of the inner integral runs the same 
way, namely we deform the path of integration similarly to the previous case, the 
line R es = £ replaced by Res = — On the horizontal segments

KJ it

j J F+ (s) Ts ds j s  c8{ f  \o\ e"log 1 da +  J oTa i/rrj ^
- i

while on the vertical one

— ° 8 | y  ae~°

°

lo* T da +  -, T n n2
----- 1----- T n I

log2 Г + n2 1 h

F+(s)Tsds log2 Г

In C this latter is the dominating term since

1 T n _  2_ _  2 log2 2 Ä 2 log2 2 _  2 log2 2

and
log2 2" log2(?2") log2 Г

/ — - /  ... “  c , 2e /  —t—l  , . . .  dt = c i2e /  —;— dt = c13£.t J 12 J t • log2 (i2") 12 J tlog2t
2~n+1 i + 2-n+l

In Ű
J__  _ 1̂4 (ft) . Ci4(<*) J n

log2(í2") log2(<52n) я2 n2
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and |/(/) | ë r I5((5)e ' hence

l / W - b W s i ' -
c 17 (<5)

and we see that the contributions of all the four ranges are small if we choose e> 0  
small and then, depending on it, n large. Q.e.d.
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ON A NEW CLASS OF UNIMODAL INFINITELY DIVISIBLE 
DISTRIBUTION FUNCTIONS AND RELATED TOPICS

by
P .  M E D G Y E S S Y

1.

A distribution function F(x) is called unimodal with the mode at x = a (or, in 
short, “(a) unimodal") if and only if the graph of F(x) is convex in ( — °°, a) and 
concave in (a, °°). If F(x) is strictly convex in ( — °°, a) and strictly concave in 
(a, °°) then F(x) is called strictly unimodal with the mode at x=a  (or, in short, 
“strictly (a) unimodal"). The point a may be a point of discontinuity.

We remark that if throughout this paper “convex”, “concave” and “unimodal” 
are substituted simultaneously by “strictly convex”, “strictly concave”, “strictly 
unimodal” then one gets true assertions again.

Certain linear operations executed on unimodal distribution functions conserve 
unimodality; in some cases it is also essential that the occurring distribution functions 
be symmetrical with respect to x = b, say (or, in short, “(ft) symmetrical”).— An 
important type of such linear operations is presented by

T h e o r e m  1.1. Let F(x; y) (c -< y < d ) be a one-parameter family o f (a) unimodal 
distribution functions and А (у) be some distribution function. Then the mixture

d

(1.1) G (x)=  f  F(x;y)dA(y)
c

(where c, d are appropriate constants) is an (a) unimodal distribution function. I f  
in addition F(x,y) is (a) symmetrical, then G(x) is also (a) symmetrical.

P r o o f . It suffices to prove the unimodality. For x ^ a ,  G(x) is a mixture of 
convex functions and, consequently, is itself convex (as to this as well as other 
properties of convex functions, see [1], p. 299). By a similar reasoning one obtains 
that G(x) is concave for x> a. This completes the proof.

Passing over to characteristic functions we get

C o r o l l a r y  1. 1. Let tp(t;y) be the characteristic function belonging to the 
(a) unimodal distribution function F(x~, y). Then

d

(1.2) m(t) = f tp  (t ; y) dA (y)
c

is the characteristic function o f an (a) unimodal distribution function G(x). If, in 
addition, F(x ', y) is (a) symmetrical then G(x) is also (a) symmetrical.

An important particular case of (1.2) is the case <p(t; y) = [g>(t)]y provided 
it is the characteristic function of an (a) unimodal distribution function. We know
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that for y = 0, 1,2, ... this is again a characteristic function; moreover, if cp(t) is 
the characteristic function of an infinitely divisible distribution function, then [cp{t)]y 
is a characteristic function for every y>0. However, the question: when is [<p(t)]y 
the characteristic function of an (a) unimodal distribution function — is rather 
complicated. Some answer to this question can be obtained if the distribution 
function belonging to cp(t) is (0) unimodal and (0) symmetrical, too. Namely, a 
theorem of A. Wintner (see e.g. [2], p. 841) states that the convolution of (0) symmet
rical (0) unimodal distribution functions is also (0) symmetrical and (0) unimodal. 
Hence it follows that if (p(t) is the characteristic function of a (0) symmetrical (0) 
unimodal distribution function then [cp(t)]" (n = 0, 1,2, ...) is a characteristic func
tion of the same type. Taking the distribution function belonging to a probability 
distribution {pr} (r = 0, 1, 2, ...) for A(y) in Corollary 1. 1. we then obtain

Corollary 1. 2. Let <P(t) be the characteristic function belonging to a (0) sym
metrical (0) unimodal distribution function and {pr} (r = 0, 1,2, ...) be some probability 
distribution of generating function g(z). Then

Z  Pr№ )Y = g[<t>(t)\
r  =  0

is the characteristic function belonging to a (0) symmetrical (0) unimodal distribution 
function.

R emark 1. It is easy to see that if the distribution function belonging to 
{pr} is infinitely divisible then the distribution function belonging to g[0(/)] is also 
infinitely divisible.

Hence — taking into account that the geometric distribution is infinitely divisible 
(see e.g. [4], p. 89) — one obtains e.g. that if g(t) is the characteristic function of

a (0) unimodal (0) symmetrical distribution function then the function f( t)=  ~ ^

(p= -1) investigated first by E. L uk ác s (see e.g. [4], p. 216) is the characteristic 
function of a (0) unimodal (0) symmetrical infinitely divisible distribution function.

R emark  2. Corollary 1.2. is based on the theorem of A. W in t n e r  referred to. 
Then the problem arises: Are there (0) unimodal поп-symmetrical distribution 
functions the convolution powers of which remain (0) unimodal? Obviously the 
assertion of Corollary 1. 2 would be true also if <2>(i) were the characteristic function 
belonging to such a (0) unimodal non-symmetrical distribution function.

As to a continuous mixture of type (1. 2) a theorem analogous to Corollary 1. 2 
will be given in Part 3.

2.

Up to the present the following infinitely divisible distribution functions have 
been proved to be unimodal (cf. [5] and [6]) :

1. all stable distribution functions (see [7]),
2. all symmetrical distribution functions from the class L£ of distribution 

functions (see [2], p. 847; as to the definition, see [8], p. 149).
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Let the characteristic function (p(t)  of an infinitely divisible distribution function 
F (x )  have the P. Lévy canonical representation

cp(t)  = exp i tu  ) 

l + u 2)
d M ( u )  +

+ o

where у and о2Щ0 are real constants, Л/(м) and N(u) are non-decreasing in the
о

intervals ( — °°, 0) and (0, °° ), respectively, Л/( —°°) =  Ar(°°) = 0 and J u2dM(u) +
-eE

+ J u 2dN(u)<°° for every finite e>0(cf. [8], p. 84). From a theorem of P. B r a u m a n n

о
[9] it follows that F(x) will be (y) symmetrical if and only if for every n=>0 such 
that и is a continuity point of N(u) and — и is a continuity point of M(u) one has 
M(u) — —N( — u).

Consequently the canonical representation of the characteristic function iJ/(t) 
of a (y) symmetrical infinitely divisible distribution function will have the form

-o

Ф ( / )  = exp I i y t  -  ~  — +  J  | c " u -  1 -  -  ' ^ 2 |  d M ( u )  -  

+ 0
where у and a2 SO are real constants, M(u) is non-decreasing in (— «>, 0), M(— o°) =  0

о
and J u2dM(u) ■coo for every finite £>0.

— e

Now let ■ {( denote the class o f (y) symmetrical infinitely divisible distribution 
functions S(x) enjoying the property that in the canonical representation

(2. 1)

ip ( t )  = exp i tu  )
l+ i /2J

d M ( u ) ~

d M ( - u )

o f  th e ir  c h a r a c t e r is t i c  f u n c t io n s  M ( u )  is co n vex  in (  — 0 ) .
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Then we have the central
T heorem  2. 1. A (y) symmetrical infinitely divisible distribution function belong

ing to J Í  is (y) unimodal.
P r o o f . It is based on some of the ideas of I .  A. I b r a g i m o v  and Yu. Y. L i n n i k , 

utilized in proving the unimodality of the symmetrical stable distribution functions 
(see [10], p. 88). Let us define the functions Mn(u) (n = 1, 2, 3, ...) by

M„(u) =
M(u)

M 'A  i t — I + M  n
1---- <  и <n

where M'+(u) denotes the right-hand derivative of M(u) (it exists because M{u) 
is convex). Evidently Mn(u) is convex in (— » , 0) and the function

=
-o

a2t2 f itu 1 , 1 ( ■ /tuexp Г “  2 + J Г " - 1 -  -\+u2) c M M )-  J/ e"“ -  1 -  , —2 
l l+M2 J

d M (-u )
+ 0

exp iyt - -2M J -0 ) -

-  U oo

j  ei,udMn(u)— f eitu dMn (— u)

is of the type of (2. 1) i.e. it is the characteristic function of a symmetrical infinitely 
divisible distribution function Sn(x). Let us put 2M„(— 0) = A„ and let us define 
the distribution function H„{x) by

lh (x )

M„(x)
A„

-M„(x) + An

(.V 3= 0)

( X  > 0).

Hn(x) is (0) unimodal and it is (0) symmetrical, too. Then we have
— 0  OO oo

J e‘,udM„(u) — J eUudMn(—u) = A„ J ei,udHn(u).
—  CO -[* 0  — oo

oo

Denoting the characteristic function j  eitudHn(u) by y„(t) we have

( 2 . 2)
r=0 > ■

By Corollary 1.2 the sum on the right-hand side of (2.2) is the characteristic
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function of a (0) symmetrical (0) uni modal distribution function Gn(x). Thus Sn(x)

(see [2], p. 841), also S„(x) is (y) unimodal and (y) symmetrical.
Now let n — °°; then M„(u) — M(u) and (cf. [8], p. 88) фп0) — t//(r) i.e. S„(x) — S(x) 

at every of its points of continuity. Hence it follows (cf. [8], p. 160) that S(x) is also 
(y) unimodal and (y) symmetrical. This completes the proof.

Remark 1. Evidently, all (y) symmetrical stable distribution functions belong 
to J t.

Remark 2. There are distribution functions belonging to J t  which do not belong 
to T£. For instance let us take M(u) = eu (»< 0). This function satisfies the conditions 
of our theorem. However, it does not generate the characteristic function of an 
infinitely divisible distribution function belonging to the class T£ because 
и M'(u) = ueu (m< 0) is not nonincreasing (cf. the characterization of the class in
[8], p. 149).

Finally we establish the useful
Theorem 2. 2. Let ip(t) be the characteristic function belonging to a (y) sym

metrical infinitely divisible distribution function belonging to J t .  Then [t/r(/)]c (c >0) 
is the characteristic function of a (cy) symmetrical (cy) unimodal infinitely divisible 
distribution function.

P r oof . \jj(t) has the  fo rm  (2. 1); [fi(t)]c has the sam e fo rm  w ith cy a n d  cM(u) 
in stead  o f  у and  M(u), resp..cM (w) is a lso  convex in ( — °o, 0); hence [iК 0Г belongs 
to  J t .  T hen, by T h eo rem  2. 1, o u r asse rtio n  follows.

Now it is easy to obtain a generalization of Corollary 2. 1. We have
T heorem 3. 1. Let ip(t) be the characteristic function of a (0) symmetrical 

infinitely divisible distribution function belonging toJl and let B(x) be a disribution 
function which is identically 0 for x  -± 0. Then

where L(s) denotes the Laplace—Stieltjes transform of B(x), is the characteristic 
function of a (0) unimodal (0) symmetrical distribution function.

P r o o f . Let B„(x) be a sequence of step functions converging to B(x) as n — 
let be the rth jump of B„(x) taking place at x = ar (r=0, 1,2, ...). Let us introduce

is the convolution of G„(x) and dy ; then, by the theorem of A. W i n t n e r

3.

to(t) = J  [ij/(t)]xdB(x) = L[—\ogip(t)],
0
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is the characteristic function of a (0) unimodal (0) symmetrical infinitely divisible 
distribution function. By Corollary 1. 1 w„(t) is a characteristic function of the 
same type as [ i a well-known theorem of E. H elly,

CO OO

l i m  w„(t) = f  [ф(1)]х cl[\im Я „ ( л ) ]  =  f  [i//(t)]x dB(x)

and it is again a (real) characteristic function. By a convergence theorem (see [8], 
p. 160) w(t) is the characteristic function of a (0) unimodal distribution function. 
Hence our assertion follows.

R e m a r k . It is easily seen (cf. [3], p. 538) that if B ( x )  is infinitely divisible then 
the distribution function belonging to w(t) is also infinitely divisible.
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О Д Н А  П Р Е Д Е Л Ь Н А Я  Т Е О Р Е М А  

В  З А Д А Ч Е  О Б С Л У Ж И В А Н И Я  П Р И  Н Е О Г Р А Н И Ч Е Н Н О  

В О З Р А С Т А В Ш Е Й  И Н Т Е Н С И В Н О С Т И  П О Т О К А

J. T O M K Ó

1. В в е д е н и е .  В телефонном деле и других областях применения теории 
очередей возникает следующая задача: На однолинейную систему массового 
обслуживания поступает простейший поток требований. Максимальное число 
требований, могущих находиться в системе ограничено, т. е. имеется только 
конечное число мест для ожидания. Требования, пришедшие в систему, когда 
все места ожидания заняты, теряются. Пресгавляет интерес найти вероят
ности состояний системы, функции распределения времени ожидания и дли
тельности занятого периода прибора. В случае, когда в системе имеется 
сколько угодно мест для ожидания, упомянутые характеристики системы 
широко изучены в работах [1], [2], [3]. Однако, как известно, в этом случае 
ситуация может быть интересной только при интенсивности входящего потока 
A gi (среднее значение времени обслуживания мы будем предполагать равной 
1). В предлагаемом случае при любых значениях А, искомые характеристики 
системы будут невырожденными. В частности, вероятности состояний системы 
достаточно обширно изучены в работе [4]. В большинстве случаев, закон распре
деления длительности рабочего периода системы не удается найти в явном виде. 
Интуитивно ясно, что при увеличении значения А, это распределение сосредо
точится на удаленной части положительной вещественной оси. Возникает вопрос, 
можно ли надлежащим образом нормировать длительность занятости при
бора, чтобы переходя к пределу А — °°, функция распределения нормированной 
величины приняла простой вид. Разыскание такого предельного соотношения 
является целью данной работы.

Перечислим обозначения и условия, которым будем придерживаться во 
всей работе. Число мест для ожидания выберем п. Моменты поступления 
требований обозначим через t2, ..., ..., а промежутки между поступления
ми ti+l — tj через т(. Длительности обслуживания, которые будут обозна
чаться через £2, будем считать совместно независимыми и оди
наково распределенными по закону F(x) с конечным средним значением 
М£;=1. Каждый рабочий период системы вызывается поступлением некото
рого требования, заставшего систему пустой. Если данный период занятости 
вызван поступлением /,-го требования, то длительность этого периода будем 
обозначать через ц/"* (п—указывает на то, что в системе может находиться
всего л-1-1 требований). Элементы последовательности >?/"), .......rç/"\ ...
суть независимые и одинаково распределенные случайные величины. Их общий 
закон распределения обозначим через С„(л)> а общее среднее значение через 
/<„. Далее, будут приняты следующие обозначения для преобразований Лап- 
ласа-Стилтьеса: При Re s>  О
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Iÿ(s) =  f  e~sudF(u)
0

Ф,,0 ) =  f  e~s“dGn(ti)
о

2 .  О с н о в н о е  р е к у р р е н т н о е  с о о т н о ш е н и е .  В этом пункте, для нахождения 
структуры случайной величины ц*'0 воспользуемся рассуждениями типа при
веденного в [1] (стр. 61). Прежде всего заметим, что распределение длитель
ности занятого периода системы не зависит от порядка обслуживания требо
ваний. Поэтому не нарушая общности, можем предполагать, что если требо
вание поступает на систему, когда она пуста, то прибор немедленно начинает 
его обслуживание, а в дальнейшем, освободившийся прибор переходит на 
обслуживание того требования, которое поступило на систему последним 
среди присуствующих в ней. После обслуживания первого требования с дли
тельностью С, если за это время поступило v новых требований (v^n , случай
ная величина) система ведет себя как система с n —v+ l местом ожидания. 
Пусть <5("-v+1> обозначает длительность рабочего периода такой системы, 
имеющая функцию распределения G„_v+1(x). Точно также, в момент, когда 
у'-ое из поступивших за время С требований (J sv )  включается в процесс об
служивания, начинается новый период занятости S(n~v+J> системы с n — v+j 
местом ожидания с функцией распределения Gn- V+J(x).

Ясно, что случайные величины S(n~v+1\  ...5 §(*) независимые и ц(п) удовлет
воряет „рекуррентному” соотношению

(1) q<n)=Ç+  2 ’ <5("-v+j')
j= 1

где v является целочисленной (0^ v s « )  случайной величиной.

3 .  П р о и з в о д я щ а я  ф у н к ц и я  с р е д н и х  з н а ч е н и й  ц я . Пусть u(z) =  У Мы
1

докажем предложение:
Теорем а 1. При всех"значениях А>0 и п=^\ математические ожидания 

цп конечны и их производящая функция представляется в виде

<2) ф >  = т-о ) - »

Доказательство. Допустим, что рабочий период ц(п) начинается в
1п + п

момент / =  0. Обозначим через Ci сумму Ci, а через Et событие, состоящее
1п+ 1

в том, что за время Ci поступает по меньшей мере одно требование. Условимся 
взять Е0 достоверным событием. Пусть далее, v* случайная величина, принима
ющая значение к (к ^  1) на множестве Е1Е2...Ек- 1Ек. Тогда, очевидно

(3) r,(n)^ S C i .
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Если теперь взять математическое ожидание обоих сторон (3), то можем 
воспользоваться тождеством Вальда и получаем, что

/í„ ^ kMv*
Так как

о о  f i  I  ° °

P(v* = / ( ) = Í J  (1 - e ~ kx)dFn{x)\ i l - / (1 - e ~ Xx)dFn{x)\
'•ü ' ' Q  J

= r*-‘ ( l - r ) ,

где Fn(x) = F*(n\x ), то следует Mv* = 1  ̂ ~  <=«> и конечность д„ показана.
Чтобы определить производящую функцию д (z), найдем связь между 

величинами ц1, ц г , . . . ц п с помощью рекуррентного соотношения (1). Беря 
математическое ожидание обоих сторон (1) находим, что

Ип =  2  bA(Zilv = k)P(v = lc)+ У (д„ +  ... +n„-k+{)P(v = k),
к = О  к = 1

откуда вытекает рекуррентная связь

(4) ц„ = 1 + т 1 д„ +  ... +гпц 1,

где rs обозначает сумму вероятностей

/7/ = P(V =./) =  J  ()̂ J dF(x) U S 0)
о

от s до оо. Умножив обе стороны (4) на z", просуммируя по п s i  и изменив 
порядок суммирования на правой стороне, получаем:

ДОО =  J /  ~ +  rj|í(z) +  Z /^ (z )+  ... + 2<- ‘ г|д (г )+ ...

=  y z z  + д (г)[г ! + r 2z +  ... + r iz '~ 1 +  ...]

Простыми вычислениями находим, что

2 ri^ ~ 1 =  J i : z -■?))]

в силу которого получается представление (2), и этим Теорема I доказана. 
Заметим одно асимптотическое свойство роста д„ при Я—°°. Разложив

функцию i/f(A(l-z)) по степеням z, lt//(/l(l — z)) =  У, * <A<0(A)l потом

умножив обе стороны (2) на разложенный вид ^(2(1 — z)) —z, после сравнения
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коэффициентов двух сторон получаем, что

(5) ц„|/̂ (Я) + цп_1  ̂ |  , - |/ '(1,(Л)+ ••• + /<*-/ ~ ~  ф(,)(Я) + ... +

+  /G /̂г ” j^J Ф'п~1ЧХ)-Ип-1= О- 

Очевидно, что для — <1 и что при Я--°°
Ип

-  .^ * i//'° (Я) = f  e~ixclF{x) — 0 (i = n)-
о

Поэтому, если делить (5) на д„_ ,, то мы находим асимптотическое равенство

( 6)

Легко видеть, что

— ^(Я )^!, при Я — ».
И п -  1

д 1|Д(Я)~1, при Я -*■ °°.

откуда выводим, что при любом фиксированном

(7) ju„~W'U)] ", при Я-°°.

4. Предельная теорема для G„(x) (при Я — °°). В начале находим соотно
шение между преобразованиями Ф„(.у) ( « s  1). Введем обозначения

С|л) (х)
- { ?

rt(u) = 'е Яи 2  . 0 = 0)
у=t 71

... эК G„_i+1(x), хёО  
х< 0 ( 1 S  г S  /г)

Cír, (jf) =
1, при X == 0
0, при х< 0 .

Из рекуррентного соотношения (I) стандартным путем выводится интеграль
ное уравнение

(8) Ся(х) = J  2 о {/f  e~XuG\") (х— u)dF(u) + J  r„(M)G<">0X — u)dF(u).

Введя в рассмотрение преобразования 

Ф\п] (s) = J  e~s“dG\n) {и) = j ^<Pn(s)...<P„-i+i(s), если n s / s  1 
если i = 0.
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соотношение (8) для преобразований Ф„(з) примет вид

(9) <Pn(s)=Z*!n>(s)
( - Я ) 1 cl‘ 

/! ds' I/ ' ( ä +  Я)-
i = n+ 1 Л ЗР*(,+А)-

Как видно, в соотношение (9) для Фп(я) входят все преобразования 0 t(s) с номе
ром 1 ë i 'S « . Это обстоятельство сильно усложняет нахождение Ф„(я) в явном 
виде. Даже в случае показательного распределения F(x) =  1— е~х, который 
наиболее часто поддается явным вычислениям, трудно это сделать. Обратим 
теперь внимание на следующее обстоятельство. Допустим, что время рабочего 
периода системы достигло уже значение Т, и интересуемся его дальнейшей 
длительностью, которую обозначим через Ч(п\ Т ) .  Ясно, что на величну ijM (T)  
большое влияние имеют события, в будущем поступающие в входящем 
потоке. Кроме того, чем более вероятно поступление за короткий срок 
времени события входящего потока, тем сильнее становится его влияние и 
достигнутое время Т  перестает играть роль в распределении величины г\(п) (Г). 
Этот факт подсказывает нам нижедоказанное предложение.

Теорема 2. При любом я ё 1

ПшР \
I  / < „  I

Д оказательство. Нам достаточно показать, что

lim Ф„ 1
1 + J ’

Для этого приводим соотношение (9) к виду

ф „ 0 )  i - 2 4 " ' V 4 . v )
i -  1

( - Я ) 1 d ‘ 
il ds' •АО + Я)-Ф<"_тЧО 2

i —  n  +  1 l •

( ЯУ d'
il ds' iA 0  +  A)

= ip(s + À.).

Займемся теперь выражением, стоящим тут в скобках. Мы имеем ряд равенств,

1 - 2 Ф/-111 (а) * + 2 (~ г  -пФ(я + Л) =il ds1 /=я+1 V. ds1t= i

=  1 - 2  Ф \ял 1 \ s ) (  / f  Ф ( s - +  Я ) ■ - Ф Г - - 1 »(з)

=  i -  Ф ‘-_-1, , ( 4 ) ^ ) + Ф!;^1Ч *т *+ Я) +  2 (ф Д-д 'Ч а) -  ф / ц 1Ч , ) ) ^  - Ä !P ( í+ Я ) -í= i V. as
=  1 -Ф(5)-Ф ( s W s ^ is )  -  1 ] +  Ф 'Г /Ч -О  *  ( í  +  Я) -

-  2  K : ! 4 . v ) -  Ф /Г Н Ч * ) ) Ц г  í  + Я ).i=l
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Теперь заметим, что из (7) следует для любого к< п ,

поэтому для всех к< п

Mrç(i:) Цк А ,= —- — 0 при Я — оо,
Ип Ип

Me "" = Фк 

Далее, из (6) и (7) получаем, что

1 при Я оо.

1
lim

Л —) i - Л - )
=  Hm lim

Я•A f—+ я)
Ип

' * * ( £ + * )
= lim —  = 0

л-,°° Ип~ 1

Аналогичным же образом находим, что пределы, при / s 2,

1=  um
Я —» оо Л —+ я)

Ч'„ 1

rf) ( и — 1 ) м ,1
Г " 1 .Ип,

lim + //п_;+1]

=  -  lim + А"-'+ ' = _ i ;
/'„-î

а для i= l ,  ^  =  0. Отсюда, в частности, получаем, что

lim 1

Л —+я)
Ы . I

И п
• e v M  -  i - t f - V ' i í - = 0.

Рассмотрев соотношение

4 В

1

1 -  Л —) ф ( — )\ц„) \цп)

и замечая, что

*(я+л)
(-А)? d '1 . ( s , Л А, • ----h А --"О при А -■» оо5 немедленно находим нуж-

/! í/s' \д и )

Studio, Scientiarum M athem aticarum  Hungarica 2 (1967)



ОДНА П РЕДЕЛЬНАЯ ТЕОРЕМ А 4 5 3

ное нам равенство

lim Ф„ 1
1 + я '

На этом доказательство теоремы 2 завершено.
Замачание. В силу (7) нормирующую константу д„ в теореме 2, вычис

ление которой в большинстве случаев является трудоемким, можно заменить 
на [|//(Я)]“л.

5. Примеры. Разберем два частных случая распределения F(x).
a) F(x) = \ —е~х. Производящая функция /<(z) в этом случае принимает

вид

/Ф ) = у

1 +  А(1 - z )

z(l +  А(1 — z)) 1
1 - ( 1 +  A)z -f Az2 ’

Корни знаменателя zх =  1, z2= 1 /А, и /Дг) можем привести к виду

1
дОО = y J г[1 + А(1 — z)] Я 1' - 1 J

А - 1 z [ 1 +А(1 —z)]

-  1 Az

2  zk + л 2  ( te f

Откуда находим, что
д„ — 1 + А + А2 + ... +  А".

Для А < 1, //„ при п — «г должен сходится к среднему значению рабочего периода 
той системы, в которой имеется сколько угодно мест для ожидания. Действи
тельно, мы получаем

lim /(„ 1 — А
что согласуется хорошо известным значением математического ожидания 
упомянутого рабочего периода.

б) F{x) =
при
при х< 1 .

Теперь /((z) представляется в виде
z zeA(1 z)

При \zeЛ(1 - г )  I

fi(z) = zexn г) 2  zkeXkn z) = 2  zk+ 1 ex<k+ 2
k = 0 k = 0 j = о

[~X(k+l)zV
ß

Сосчитая коеффициенты при zn последней суммы, находим формулу

W = t à b f Æ  = е*. 2  (-1У
j =о ß

и -  1

2j = О
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Асимптотика (7) для этого случая получается непосредственно из этой же 
формулы. Изучать поведение ц„ ростом п при А <  1 теперь немного сложнее 
чем в предыдущем случае. При А< 1 ряд ц(г) сходится в круге |z| < 1, и чтобы 
найти асимптотическое поведение ростом п, можем воспользоватся теоремой 
типа Таубера. Для этого найдем порядок роста функции

Получаем

при z - » l—0.

(1 — z) 1 при z — 1 — 0.

Отсюда по Тауберовой теореме [5] (теор. 4. 3. стр. 192) вытекает, что

lim -1 Z  /'*
п - о о  I] J

1
1 - 1 ’

а в силу монотонности д„, это равносильно предельному соотнощению

lim /<„ = * при А< 1
П - > о о  [ ----- /

и согласованность с известными результатами, о которой шла речь в преды
дущем примере, для этого случая также имеет место.

В заключение мне хочется выразить благодарность моим коллегам М. 
А рато  и Й. Пергелу, с которыми я имел возможность обсуждать проблемы, 
возникающие при выполнении данной работы.
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ZUR ZWEISTUFIGEN SATZSTRUKTUR-GRAMMATIK

von
R. PÉTER

Wie ich von L. K alm ár  erfahren habe, wurde unter den Vorschlägen bezüglich 
der Weiterentwicklung der algorithmischen Sprache A lg o l  60 auch eine solche 
Sprache aufgeworfen, welche durch unendlich viele Satzstruktur-Produktionen 
definiert wird, derart, daß diese Produktionen selber durch eine besondere Meta
sprache generiert werden.

Eine solche Sprache kann durch ein geordnetes Quintupel

(Z, Л/, P, V, K)

endlicher Mengen angegeben werden, wobei Z die Menge der Zeichen, M die Menge 
der Metazeichen, P die Menge der „Metaproduktionen”, V die Mengeder „Vorpro
duktionen” und К die Menge der „Kategorienamen” der Sprache ist. Zur Erklärung 
dieser Begriffe benutze ich die Benennungen „Kette” oder „Liste” für endliche Folgen 
gewisser Elemente, je nachdem diese Elemente ohne weiteres nacheinandergesetzt, oder 
durch Kommata getrennt werden; es werden aus den Elementen von Z Zeichen
ketten, und aus diesen Zeichenkettenlisten, ferner aus den Elementen von Z U M  
„Mischketten”, und aus diesen Mischkettenlisten gebildet. Dann hat (nach un
wesentlichen Abänderungen) jede Metaproduktion die Form

m: //,

wobei m  ein Metazeichen und ц eine Mischkette ist; die Anwendung einer solchen 
Metaproduktion auf eine rechtsseitige Mischkette bedeutet das Ersetzen darin eines 
Vorkommens von m durch ц; endlich viele nach einander ausgeführte Anwendun
gen von Metaproduktionen generieren „Entwicklungen” der Metazeichen. Ferner 
hat jede Vorproduktion die Form

ц :  А ,

wobei Ц eine Mischkette und Л eine Mischkettenliste ist (dabei heißt /< die „linke 
Seite”, Л die „rechte Seite” der Vorproduktion).

Das geordnete Tripel
(Z, M, P)

ergibt eine kontextunabhängige Satzstruktur-Grammatik für die Metasprache, 
wobei sämtliche (der endlich vielen) Metazeichen als ausgezeichnet gelten. Durch 
diese Grammatik werden im allgemeinen unendlich viele „terminale” (d.h. keine 
Metazeichen enthaltende) Entwicklungen für je ein Metazeichen generiert; diese 
nenne ich kurz die „Werte” der betreffenden Metazeichen.
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Nun erhält man aus den Vorproduktionen durch Einsetzen dieser Werte für 
die Metazeichen die (im allgemeinen unendlich vielen) Produktionen, welche die 
betrachtete Sprache erzeugen. Genauer: Die linken Seiten der so entstehenden 
Produktionen sind Zeichenketten — diese nenne ich „Kategorienamen” — und 
die rechten Seiten sind Zeichenkettenlisten — jene Glieder dieser Listen, welche 
in keiner der Produktionen als linke Seiten auftreten, nenne ich „terminale 
Begriffe”. Durch Anwendungen der Produktionen kommt man zu „Entwicklungen” 
der Kategorienamen; sind in einer Entwicklung schon alle Glieder terminale Be
griffe, so heißt diese eine „terminale Entwicklung” des betreffenden Kategorie
namens. Die Menge sämtlicher terminaler Entwicklungen eines Kategorienamens 
ergibt die durch diesen Namen bezeichnete „Kategorie”. Für eine Sprache sind 
nur endlich viele Kategorien von Bedeutung; die Namen dieser bilden die Menge K. 
Die „Sprache” selbst besteht aus ihren Kategorien.

Es erhebt sich die Frage, ob die Einführung einer solchen zweistufigen Satz
struktur-Grammatik eine prinzipielle Notwendigkeit ist. Da nur endlich viele 
Kategorien in Betracht kommen, könnte man denken, daß sich vielleicht jede 
derart generierte Sprache auch einstufig, durch endlich viele Produktionen generieren

Dies kann ich aber durch ein einfaches Beispiel widerlegen, wobei die Menge 
der terminalen Begriffe in der entsprechenden Wortemenge primitiv-rekursiv ist. 
Sogar mit endlich vielen terminalen Begriffen ergibt sich ein ähnliches Gegenbeispiel, 
falls auch in den Metaproduktionen nicht nur Mischketten, sondern auch Misch
kettenlisten als rechte Seiten zugelassen werden.

Beschränkt man sich aber in der ursprünglichen Definition auf solche zwei
stufig generierte Sprachen, welche nur endlich viele terminale Begriffe enthalten 
(möglicherweise wird die Weiterentwicklung vom A lgol 60 zu einer solchen Sprache 
führen), so kann ich beweisen, daß diese sich tatsächlich auch einstufigs durch 
endlich viele Produktionen generieren lassen.

Die Ausarbeitung der genannten Beweise (nebst den exakten Definitionen) 
reiche ich zur selben Zeitschrift ein.

EÖTVÖS L. UNIVERSITÄT, BUDAPEST

Zusatz bei der Korrektur: Die genaue Ausarbeitung ist am 29. März, 1967. 
eingegangen.
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