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IN MEMORY OF NIKOLA TESLA*

Nikola Tesla was born in the Yugoslav Smiljan 120 years ago. He
acquired world fame in the field of technical sciences with the discoveries in
the fields of both industrial electricity and telecommunication. One of his
greatest inventions is the discovery of the rotating magnetic field principle,
which permitted the utilization of electrical energy for power transmission,
in addition to lighting uses.

In telecommunication his wireless telegraphs excited by electrical
discharges and coupled into a high-frequency oscillating circuit permitted to
construct, already at the end of the last century, a 200 KW transmitter and
to transmit over a distance of 1000 km. At the same period he succeeded in
realizing a 25 km wireless transmission for lighting and, according to some
sources, also for driving electric motors.

At this time he realized his iron-free high-frequency, high-woltage, oil
transformer which already at the end of the last century was able to produce
a 12 million V voltage.

For the oil insulation he was the first to introduce the vacuum treatment
of the winding. A long list of inventions prove his magnificent creative power;
he is the first to use the antenna dimensioned for a quarter of a wavelength,
amongst his inventions there are numerous high-frequency patents, his
remotely-controlled electrically driven ship and various other control systems.

Already in the secondary school he strove at mastering foreign languages
as perfectly as possible and this permitted him, in later periods of his life, to
become acquaintanced with the results of natural and technical sciences,
and to get into the international front line of the great technical upswing
which started at the end ofthe last century. In Graz he finished the Technical
University; there he concentrated mainly on mathematics, physics and their
experimental carried out in the laboratory of his professor of experimental
physics, while making experiments with a d.c. machine which had arrived

* Lecture delivered at the 1976, October 5 session of the Department of Technical
Sciences of the Hungarian Academy of Sciences.
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4 NICOLA TESLA

from Paris, he first had the idea that instead of the d.c. commutator machine
some other solution could to be found, e.g. with the aid of the rotating magne-
tic field. His professor considered this solution as completely impossible, as
if somebody would wish to change the gravitational force of the earth or to
invent the perpetuum mobile. He finished his studies at the humanistic branch
of Prague University. He was able to develop a generalized picture of the
different phenomena of life, which still better permits the realization of crea-
tions useful for humanity.

After finishing the university he starts his professional work in Budapest,
where he becomes a draughtsman at the Hungarian Government Central
Telegraph Office. His superiors immediately notice his special abilities and
allow him take part in the work of the Telephone Exchange then under con-
struction. His first inventions are from this time. By mechanical sound ampli-
fication of the Telephonograph (loudspeaker and microphone in series) ho
increases the transmission distance arousing the great interest of the Puskas
brothers. But the idea of the rotating field which was born during his stay
in Graz, did not let him rest. The search for the solution nearly led to a com-
plete nervous breakdown, the liberation from which, as he writes in his memo-
ries, was brought about by Goethe’s poem “Faust”. One afternoon in February
of 1882 he was walking with a friend of his in the Budapest City Park. At
sunset the following lines of the poem came to his mind:

“The glow retreats, done is the day of toil,

It yonder hastes, new fields of life exploring;

Ah, that no wing can lift me from the soil,

Upon its track to follow, follow soaring !”

After reciting this thought urging progress he suddenly found the solu-
tion, and with a stick in his hand he traced it in the sand, explaining it to
his friend, so that he understood it at once. After one year with the aid of
the Puskas brothers he gets to France and in 1883 in Strasbourg constructs
the first rotating-current motor.

According to some sources he also worked with Karoly Zypernowsky
and it is possible that the realization of the multi-phase power transmission
principle — which later, beginning from 1893, Kalméan Kandé represented
in the Ganz Factory — in our country, was furthered by this encounter.

Posterity will always gratefully remember Nikola Tesla, thanks to
his great and outstanding theoretical and technical creations.

Acta Technica Academiae Scientiarum Hungaricae 85, 1977
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B. ZORKOCZY

1898-1975

Béla Zorkéczy, Doctor of Technical Sciences between 1950 and 1969
was an active Professor of the Chair of Mechanical Technology of the Miskolc
Technical University of Heavy Industry and during the years 1950—1968
he was its head. His death is a great loss to the University and in a larger
sense to the whole of Hungarian Mechanical Engineering. The reputation of
his scientific work have extended beyond the borders of Hungary.

Béla Zorkoczy was born on 27th March 1898 in the town of Moson-
magyarovar. He finished his schooling at the same place in 1916 and was
immediately drafted into the Army. He was obliged to participate in World
War I, at the end of which he became a prisoner of war in Italy. In 1919 he
returned and enrolled at the present Budapest Technical University. In 1924
he obtained the Engineer’s diploma in Mechanical Engineering. From 1924
to 1934 he was an assistant of the Chair of Mechenical Technology of the
same University and later became chief assistant.

In the years 1934—1944 he was the plant manager, technical director
and finally the general manager of the Hubert and Sigmund Steel and Metal
Works in Budapest. After the liberation of Budapest, in the early spring
of 1945 he organized the production of light metal pistons for supplying the
Red Army and parallel to this commission he operated as deputy professor
at the Chair of Mechanical Technology of the Budapest Technical University.

From the summer 1945 until 1950 he accepted the post of the technical
manager of the Hungarian Matchworks Co.Ltd.

In January, 1950 he was invited to organize the Chair of Mechanical
Technology of the new Miskolc Technical University for Heavy Industries and
to lecture on the subjects ofthe chair (Metallography, Technology of structural
materials, Heat treatment, Welding). In September, 1950 he was promoted
to Ordinary professor, a post which he filled until his retirement in 1969.

Meanwhile, on April 1, 1950 he was appointed as director of the Welding
Department of the Iron Industries’ Research Institute in Budapest. Until
1962 he carried on both posts, later he devoted his time to his professorial
duties only.

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



6 B. ZORKOCZY

The Miskolc Heavy Industries Technical University organized from
1960 on the Academic Working Group for Heavy Machinery, which carried
out the complex tasks of several Chairs — under the direction of B. Zorkéczy
and with the support of the Hungarian Academy of Sciences — until 1970.

At the Miskolc Heavy Industries Technical University, in 1961 he organ-
ized the branch of specialized welding engineers, where graduated mechanical
engineers could continue their studies during 4 half-years and could obtain
a second diploma.

In addition to these tasks he also undertook numerous scientific assign-
ments. For many years he was the chairman of the Welding Branch of the
Scientific Association for Mechanical Engineering, for about five years he
was chairman of the Mechanical-Siderurgical Commission of the National
Postgraduate Degree Granting Board and from 1951 was a member of the
Commission on Mechanical Engineering ofthe Hungarian Academy of Sciences.

From 1963 he was the Chairman of the National Commission of the Inter-
national Institute of Welding, and a member of the Board of this international
organization.

Amongst his many scientific lectures held at home and abroad, let us
mention the lecture on “The Stress Corrosion of Welded Steelplate Stacks
of Open Hearth Furnaces” which he achieved in 1965 in Paris.

As an academic tutor and research worker he dealt in the first place
with welding and in this field he achieved success which was recognized also
internationally. Within a short time he created a Hungarian School in this
field. Outstanding specialists of heat treatment and welding grew up under
his hand, to whom he implanted the love of creative scientific work.

His literary work started in 1930 and lasted almost to the time of his
death. Already his first paper concerned the technology of welding and its
modern application. This was followed by nearly 80 papers, books or contri-
bution to books, university or postgraduate scripts.

His scientific results were recognized in 1952 by the degree of Candidate
of Technical Sciences. The Miskolc Technical University in 1960 granted him
the title of Technical Doctor and later, at the Silver Jubilee (25 years) of the
University, he was presented with the Honorary Doctorate.

The outstanding results of his teaching, educational and research work
were recognized by several govermental, ministerial and scientific honours, the
highest of which he obtained in 1956 for his scientific results: the KossuTH-prize.

At the end of October, 1975 he became ill and on November 18, 1975 he
died unexpectedly.

In the spring of 1976 the National Postgraduate Degree Granting Board
declared him posthumously, on the base of his theses submitted the year
before “Doctor of Technical Sciences”.

Z. Terplan

Acta Technica Academiae Scientiarum Hungaricae 85, 1977
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L. SZELL

1903-1976

Das Ableben des Professors Laszl6 Szeéll bedeutet sowohl fur die Berufs-
ausbildung der ungarischen Architekten, als auch fir die Pflege der ungari-
schen Architekturwissenschaften einen tUberaus groBen Verlust. Seine nahezu
ein halbes Jahrhundert wéhrende, hingebungsvolle, schépferische, pddagogi-
sche und wissenschaftliche Tdtigkeit im Dienste der Vertiefung der Baukunst,
der Fortentwicklung der Bautechnik, die eingehende Pflege der Fachliteratur,
die stete Forschung und Suche nach Neuem und Modernem kennzeichnen
sein arbeitsreiches Leben. Er war bei seinen Kollegen beliebt und erwarb
die Wertschdtzung seiner Mitarbeiter und die Achtung seiner Schuler.

L. Szér1 wurde am 9. Mai 1903 in Maké6 geboren. Seine Mittelschulstudien
absolvierte er an den staatlichen Obergymnasien in Torda und Mak6 und
erwarb 1928 das Architektendiplom an der Fakultdt fdur Architektur der
Technischen Universitdt zu Budapest.

Im Jahre 1945 erlangte er “summa cum laude” den Titel eines Doktor-
ingenieurs und wurde 1947 auf dem Fachgebiet “Bautechnologie” zum Privat-
dozenten an der Technischen Universitdt zu Budapest promoviert.

Auf Grund seines Werkes “Hochbaukunde I.—I1.” hat ihm 1962 das
W issenschaftliche Qualifizierungskomitee der Ungarischen Akademie der
Wissenschaften den wissenschaftlichen Grad C. Sei. zuerkannt und fur seine
Abhandlung “Grundsédtze der Flachengestaltung Zeitgemé&Rer Gebdude” am
31. Oktober 1973 zum Doktor der technischen Wissenschaften qualifiziert.

Von 1929 betdtigte sich L. Szé11 am Lehrstuhl fur Baukonstruktionen
der Budapester Technischen Universitdt erst als Assistent, dann von 1940
bis 1948 als Dozent und seit 1951 als Universitatsprofessor.

In den Jahren 1951 —1959 war er erst Leiter des Lehrstuhls fir Hochbau-
kunde, spéter des Lehrstuhles fir Bautechnologie. Im Schuljahr 1957—58
bekleidete er das Amt das stellvertretenden Dekans, in 1959 —60 des Dekans
der Fakultdt fur Architektur. Seit 1960 betdtigte er sich am Lehrstuhl fur
Bauausfihrung.

In den Jahren 1930—1957 befalRte er sich mit praktischen Planungs-
arbeiten, beteiligte sich an zahlreichen Wettbewerben und gewann zahlreiche
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8 L. SZELL

I. Preise. Auf Grund seiner Pldne wurden mehrere Wohnhéduser und &ffent-
liche Gebdude gebaut. Seine architektonisch-kunstlerische Auffassung bezeugt
sein in der Zeit von 1930 bis 1950 angefertigtes, in 10 B&nden mehrere tausend
Seiten umfassendes Skizzenbuch. In diesem entwickelte er seine Ideen und
veroffentlichte Studien Uber die Eindricke, die er wahrend seiner Studien-
reisen im In- und Ausland gewann und entnahm Verdffentlichungen der Fach-
literatur, soweit diese mit seinen Ideen, seinen Wettbewerbspldnen und den
fur seine Auftraggeber angefertigten Entwirfen zusammenhingen.

Seine wissenschaftliche Té&tigkeit Ubte er — aufler in Form seiner zahl-
reichen Publikationen — auch im Auftrag verschiedener Behdrden aus. So
bekleidete Prof. Szérr im Jahre 1973 den Posten eines Vizeprdsidenten der
— damals neu geschaffenen — juridisch-technischen Fachkomission und wurde
zugleich zum Feiter des UnterausschuBes fir Architektur dieser Institution
ernannt.

Das Ministerium fiir Bauwesen hat 1973 Professor Szénl “in Anerkennung
seiner auf dem Gebiet der architektonischen Planung, der technischen Fiteratur
und des Unterrichtswesens wé&hrend mehrerer Jahrzehnte geleiteten hervor-
ragenden Tatigkeit” den Miklés Ybl-Preis I. Klasse verliehen.

Die wissenschaftliche Arbeit des Professors Széll kennzeichnen in erster
Reihe seine Fach- und Fehrbicher. Diese Werke — besonders jene, die sich
mit der Bauausfiihrung befassen — genligen vollauf ihrer zweifachen Ziel-
setzung, indem sie einerseits die Grundlagen dieser in Ungarn spét entfalteten
und noch spéter zur Selbststdndigkeit gelangten Wissenschaft kldren und ihre
wichtigsten Bereiche eingehend bearbeiten, andererseits sowohl dem Hoch-
schulunterricht, als auch der Baupraxis vorzigliche Dienste leisten.

Die in seinen Biuchern zum Ausdruck gebrachte Betrachtungsweise ist
richtig, da die Wahl der Bautechnik und -technologie stets der Vorstellung
und Intention des Architekten entsprechend getroffen wurde und das Problem
vom Gesichtspunkt des Architekten betrachtet wird, der bestrebt ist die man-
nigfaltigen Faktoren zu einer harmonischen Einheit zusammenzufassen. Inhalt-
lich sind die Werke sorgfédltig und nitzlich gestaltet, da sie in gut verstdnd-
licher Weise, anhand von zahlreichen und schénen Bildern einen guten Uber-
blick der wichtigsten Konstruktionen, Einrichtungen und Technologien
bieten.

L. Gabor
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L. SzéllI’s fachliterarische Tatigkeit

Epiletek kdltségvetése ésegyéb anyagi vonatkozéasai (Kostenvoranschlag und sonstige materielle
Belange von Geb&uden; 87 Seiten, 18 Bildtafeln; Lehrstuhl fur Baukonstruktionen,
1944).

Szerkezet és forma viszonya az épitészetben (Beziehung zwischen Konstruktion und Form in
der Architektur; Doktorarbeit, Manuskript; 109 Seiten, 13 Bildtafeln, 1946).

Korszerl nyilaszar6 szerkezetek (ZeitgemédRe Fenster und Tiren; 56 Seiten, 54 Bilder; Fort-
bildungsinstitut fir Ingenieure, 1949).

Kémvesszerkezet (Mauerkonstruktionen; 240 Seiten, 686 Bilder; Tankdnyvkiad6, 1951).

Lakohézak épitésének nagyipari modszerei a Szovjetuniéban (GroBindustrielle Methoden des
Wohnhausbaues in der Sowjetunion; 76 Seiten, 22 Bildseiten; Institut fur Bauwissen-
schaften, 1960).

Hészigeteld lvegek (Wéarmeddmmende Glassorten; 45 Seiten, 26 Bilder, Institut fir Bau-
wissenschaften, 1962).

Nyilaszar6 szerkezetek vasalatainak és szerelvényeinek fejlesztése (Entwicklung der Beschlage
und Armaturen von Fenstern und Tiren; 40 Seiten, 65 Bilder; Institut fir Bauwissen-
schaften, 1962).

Uvegtermékek gyartdsanak és alkalmazasanak fejlesztése az épitGiparban (Entwicklung der
Herstellung und Anwendung von Glasprodukten in der Bauindustrie; 10 Seiten, 22
Bilder; Magyar E pitoipar, Jg. 1962. Seiten 545—554),

Magasépitéstan 1. (Hochbaukunde I. (umgearbeitete zweite Auflage), 58 Bogen bzw. 464
Seiten, 920 Bilderfolgen, 53 Tafeln; Tankdnyvkiad6, Budapest, 1963).

Széix—Bruzsa: Epiiletszerkezetek (Baukonstruktionen; Mérnéki Kézikonyv Band 1V., Seiten
17— 254, 237 Seiten, 384 Bilder; M(szaki Kdnyvkiad6, Budapest, 1965).

Beziehungen zwischen Baukonstruktionen, Form und Technologie. Bedeutung der Bautechno-
logie und des technologischen Unterrichts (4 Seiten, 1 Bild; Teubner Verlag, Leipzig,
1966).

Uj szakipari szerkezetek és technolégiak (Neue fachgewerbliche Konstruktionen und Techno-
logien; 196 Seiten, 178 Bilder; Tankdnyvkiadé, Budapest, 1966).

Magasépitéstan 1l1. (Hochbaukunde Il. (umgearbeitete zweite Auflage), 50,5 Bogen, bzw.
402 Seiten, 746 Bilder, 36 Tafeln; Tankdnyvkiadd, Budapest, 1967).;

Nyersbeton feliletképzés (Rochbetonflachengestaltung, 10 Seiten, 29 Bilder; Magyar Epit6-
ipar, Jg. 1967. Seiten 740—749).

Technologija Gradenja I.—11. (Bautechnologie, 506 Seiten, 480 Bilder; Izdanje, Beograd, 1968).

A hészigetel6 Uveg alkalmazéasdval kapcsolatosan felmertl6 kérdések, kiilonos tekintettel az
veg meghibdsodéasara (Probleme der Anwendung wéarmeddmmenden Glases unter
besonderer Bericksichtigung von Glasschéden; 58 Seiten, 34 Bilder, 3 Tafeln; Buda-
pester Technische Universitdt, Lehrstuhl fir Bauausfihrung, 1969).

A hészigetel6 Uveg alkalmazésa, az (iveg meghibdsodéasa (Anwendung des warmeddmmenden
Glases, Glasschaden; 24 Seiten, 33 Bilder, 3 Tafeln; Szakipari Technika, Jg. 1970.
Heft. 1,—2.).

Epitéstechnolégia (Bautechnologie; 44 Bogen bzw. 350 Seiten, 496 Bilder, 18 Tafeln; Tankényv-
kiad6, Budapest. 1970).

Felulet, ill. homlokzatképzések vizsgélata (Untersuchung von Flachen- bzw. Fassadengestal-
tungen; 324 Seiten, 277 Bilder, 16 Tafeln; Budapester Technische Universitdt, Lehr-
stuhl fiur Bauausfuhrung, 1971).

A BME Epitészmérnoki Kar munkassaga az 1963—70 években (Tatigkeit der Fakultat fiir
Bauingenieure der Budapester Technischen Universitdt in den Jahren 1963—70;
Fakultadt fur Bauingenieure der Technischen Universitdt zu Budapest, 1971).

Epiilethomlokzatok burkolatanak tisztitdsa (Reinigung der Fassadenverkleidungen; 23 Seiten,
40 Bilder, 1 Tafel; Szakipari Technika, Jg. 1972. Seiten 40—71).

Homlokzatképzések (Fassadengestaltungen; 27 Bogen bzw. 207 Seiten, 281 Bilder, 8 Tabellen,
12 Tafeln; Miszaki Konyvkiad6, Budapest 1973).

Laszl6 Gabor
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THE SPEED EFFECT IN PAVEMENT DEFLECTION

I. ALPAN* and R. BAKER**

[Manuscript received August 4, 1976]

The influence of vehicle speed on pavement deflection is a problem of obvious
importance related to the evaluation of pavement performance. The fact that the deflec-
tions diminish with increasing speed implies a dissipative component in the system.
A simple visco-elastic model is analysed which furnishes results in good agreement
with empirical evidence and may be used in assessing the distortion pattern of pave-
ments under idealized service conditions. Furthermore, relatively simple experimental
procedures may be used to determine the required material parameters.

1. Introduction

The bituminous surface layer of a flexible pavement as well as the under-
lying base and subgrade materials are known to exhibit dissipative properties,
that is to say energy is lost when cyclic loading is being applied to these materi-
als. Under sinusoidal stress application the strain is found to lag behind the
stress, the time delay depending, in most cases, on the frequency which may
be regarded as a measure of the time-rate of loading.

Consequently, the deflection of road structures of the type referred to
above may be expected to be time-dependent, an assumption which has
been amply verified by observation as discussed, e.g., by Baum [1958], by
Heukelom [1961] or by Perloff and Moavenzadeh [1968].

The implications are of obvious importance: since traffic loads are essen-
tially dynamic, the evaluation of performance and life expectancy of flexible
pavements must include the consideration of the influence of vehicle speed.

A successful analysis of the problem requires an appropriate model of
the road structure and here the theory of visco-elastic materials appears to
have offered the most promising approach. Indeed, Harr [1962], Pister and
Westmann [1963], Westmann [1967], Perloff and Moavenzadeh [1968] and
Ferrari [1972], to mention but a few, use viscoelastic models in their analysis
of our problem.

*1. Alpan, Professor of Civil Engineering, lIsrael Institute of Technology; Haifa.
** R. Baker, Lecturer, Faculty of Civil Engineering, Israel Institute of Technology.
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12 ALPAN, I.-BAKEB, R.

The present paper is no exception in this respect. Its contribution lies
mainly in the choice of a model which, while amenable to a simple analysis,
appears to provide satisfactory agreement of prediction with performance.

2. The model

We consider a point load (the wheel), moving with constant speed over
the surface of an infinite elastic plate, supported by springs (a so-called Winkler
foundation). The resulting deflection is assumed, as a first approximation,
to be in accordance with the classic Hertz theory of floating elastic plates.
The radial distance, corresponding to zero deflection, is designated as the
radius of influence, RO.

|
Fig. 1

The deflection curve, constructed from a tabulation given by Hetenyi
[1946], is shown in Fig. 1. Consider the point load, PO, in the two positions
indicated in the figure: according to Betti’s Reciprocal Theorem the deflection
at the centre (point “1”) for PO at position “2” equals the deflection at “2”
for P 0O at position “1”. Thus the deflection curve should represent the shape
of the time function of the deflection at the centre for a point load, moving
with constant speed along a straight line passing through the centre.

This time-space correspondence would be strictly valid for an elastic
(i.e. non-dissipative) system. However, due to the time-dependence mentioned
before, the shape of the time function may be taken to deviate from symmetry
as, indeed, indicated by the work of Ferrari [1972]. Thus the rigorous use
of the functional relations of the Hertz theory (zero order Hankel functions)
does not appear warranted and, instead, a much simpler time function was
chosen.
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Finally, the road structure (pavement and support) was idealized as a
lumped parameter Kelvin model, subjected to a time-dependent force. In
contradistinction from the model used by Harr [1962], no inertial component
was introduced, a decision supported by the work of Ferrari [1972] and,
indirectly, by the investigations of Baum and Hurtgen [1969].

3. The analysis of a single moving load

The system is shown schematically in Fig. 2. The point load, PO, moves
with the constant speed v.

We shall consider the deflection at point 0 on the surface, rigidly connect-
ed to a Kelvin model. During the time interval

At = 2rQv 1)

the load is supposed to produce a deflection at 0 corresponding to that produced
by an equivalent time-dependent load, -P(t), applied at that point and given by

P(t) = POsin 71— (2)
At

as shown in Fig. 2. The influence radius, r0, will be discussed further on.
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The rheological equations, governing the deflection A at point 0, read

KA + CA= Pnsinn— , (0 t 2zt 3)
At
KN+ ¢l =0 (It < 1) (4)

where K is the spring constant and £ the viscous resistance of the model.
W ith the definitions

n _ Po (static deflection) 5
As )
(retardation time) 6
To=T "~ ©)
t0
tan o= n—— (loss tangent) (?)
/1t

the solution of Eqs 3 and 4 may be written as follows:

for 0 <[ t <[ At:

A . . .
----- = cosw sin § --E------W -(-sin(pee il (8)
Is At
and for At <Ct:
—= sin (p-ecosf/[l -|- e~AT] * g-d-"Olio (9)
As

The time function of the deflection ratio, as expressed by Eqs 8 and 9,
is shown in Fig. 3 for a particular value of the loss tangent. We note the gradual
recovery of the deflection with time, also remarked on by Harr [1962] as
being typical for flexible pavements (and leading to the use of critical damping
in his analysis).

The maximum deflection, Am, occurs approximately at the time

(10
and may be expressed as follows:
+
AT _ 1 1 -f- sin @ *exp n/2 ¥ (n)
As Y1 T-tan2( tan
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16 ALPAN, I.-BAKER, R.

Combining Eqs 1, 6 and 7, we may write

tan @= 7i—f .Ey;-o: XV. (12)

Thus the maximum deflection (Eq. 11) is seen to depend on the pavement
parameter X and the velocity of the moving load, as shown in Fig. 4.

4. The parameter x

By definition
j TtTQ

(13)
2kr0 2r0

Hence, in order to evaluate the parameter, we require, on the one hand, the
constants of our model and, on the other, the geometrical quantity r0.

The influence radius, RO, according to Hertz as shown in Fig. 1, depends
on the pavement stiffness D and the “spring” reaction per unit surface
Let E and v denote Young’s modulus and Poisson’s ratio of the pavement and
h its thickness; the pavement stiffness is, then,

D = Eh3 (14)
121 - w)

Defining a “characteristic length” by

(15)

the radius of influence referred to above is given by
RO= 3,92A . (16)

However, in view of the simplified load function used in our analysis, an appro-
priate modification of the theoretical deflection curve (based on a sine curve
of equal area) furnishes the equivalent influence radius to he used in Eq. 13 as

ro= 2,284 17)
whence, approximately,

*= 0,77 . (18)
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Although having the same dimensions, the spring reaction ks should not be
confused with the so-called “subgrade modulus” used in foundation engineer-
ing since the latter presupposes a semi-infinite continuum as support.

Using the theory of an infinite plate on an elastic half-space, as presented
by Timoshenko and Woinowsky-K rieger [1959], it is possible to establish
an approximate relation between ks and the elastic modulus of the supporting
half-space.

Denoting by EOand vOthe elastic constants of the continuum and defin-
ing a “subgrade coefficient” as

k0O—
2(1 - ) (19)

and a characteristic length for this model as

3

(20
it appears that, for equal maximum deflections under a point load,
A= 1,241 Pe . (21)
Thus, taking a typical average value for v0,
*_ ok « o (22)

5. An illustration

Fig. 5 shows AASHO Road Test data, as presented by Harr [1962],
which may conveniently be used to check Eq. 11. Two experimental points
were chosen for each axle load and used with Fig. 4 to obtain the loss tangent,
and thus X, as summarised in Table 1.

W ith the parameter x given, the maximum deflections for intermediate
vehicle speeds could be determined as shown by the dotted curves in Fig. 5:
the agreement of the interpolation with the experimental points is quite
satisfactory.

From Hertz’ theory the following relation can be easily derived:

K= 8\ (23)
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°o0 o 20 30 40 50
Vehicle Speed: v (MPH)
Fig. 5
Table 1
Axle load v Am e« 10% X
(KIP) (MPH) (in) tan 9 (hrs/mile)
12 1,85 1,55 2,5 0,06
42,3 0,74
30 1,69 3,19 21 0,05
42,0 1,71

(The deflections at low speeds were taken to approximate to a sufficient degree the static
values, 4).

which, by Eq. 22 and the relevant definitions, enables the pavement parameter
to be expressed as
n= 0,124 C__ (24)
3\WEo

The deformation characteristics of granular soils, loaded by large plates, are
known to be pressure-dependent due, in particular, to confinement effects.
Thus Eq. 24 may explain the difference in x for the two axle loads (cf. Table 1).

In order to form some idea concerning the magnitude of the retardation

time, we note that Wiseman [1973] reports, for several typical pavements,
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values of Aranging between 30 and 90 cm. Thus, using Eq. 18, we find r0
to vary approximately between 50 and 160 ms. The evaluation of data, present-
ed by Berger [1973], furnishes a retardation time range of 100 to 300 ms at
a pavement temperature of 30 °C. Retardation times of a similar order of
magnitude may be recovered from the work of Ferrari [1972]. However, it
should be mentioned that much smaller values have been quoted by Heuke-
lom [1961] as typical.

6. Field testing

In order to be able to construct deflection-speed functions such as shown
in Fig. 5 we require the following quantities of a given pavement structure:
a. the static spring constant K; b. the characteristic length A; and c. the retar-
dation time rO0.

Having evaluated the pavement parameter K (eq. 18), we are in a posi-
tion to determine, using Fig. 4, the function

Am= rf(v). (25)
ri

A most convenient field testing device appears to be the Road Rater, discussed
i.a. by Wiseman [1973] and Berger [1973], capable of applying to a pave-
ment a periodic force, superimposed on a constant static reference load.

The static load application evidently furnishes the required quantities
K and A whereas the periodic loading enables the retardation time to be evaluat-
ed. Concerning the static loading, it may be mentioned that the deflection A
practically reaches the ultimate value Asaftert = 5r0, that is within a matter
of seconds.

Now, let the periodic forcing function applied by the road rater be of
the form

P(t) — PO0sin cot (26)

with o the circular frequency.
The steady-state solution of the rheological equation of our model
(Eq. 3), with the above forcing function, reads

A(t) sin (cot — <P

(27)
As n -f-tan2<
the loss tangent, for this case, given as
tan 9= cor0. (28)
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Defining the pavement stiffness under dynamic load application as

(29)

A = Jds(l + tan2y) b2 (cf. eq. 27),

we evidently have

A=~ =VI + o2rl , (30)
A K

and are thus able to recover the retardation time from an experimental plot
such as shown in Fig. 6.

Fig. 6

Wiseman [1973] presents data showing the stiffness ratio, S/k, to vary
between 1 and 5 approximately, corresponding, for an assumed frequency
of 10 Hz, to a retardation time range of 0 to 80 ms.

It isimportant to note that the characteristic length Amust be determin-
ed from static loading tests, for it has been observed to change with the fre-
quency ofthe dynamic load applications. As the data, presented by Baum and
Hartgen [1969], show, the problem is rather complicated but it appears
that, at relatively low frequencies A increases with the frequency. It seems
probable that the deviations recorded for higher frequencies are due to the
increased influence of inertial effects.

Let us denote by Ep and Esthe elastic moduli of the pavement and the
supporting soil. Combining Eqs 14, 15 and 22 we can write (with Es= EO0):

(31)
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Assuming both the pavement material and the soil to be adequately
represented by Kelvin models with retardation times Tpand rs, we may express
the respective dynamic moduli as follows (the subscript 0 indicating the static
values):

Ep = Hpo(l + cohiyi*, (32)
Es= EsO(l + 0)4)12« (33)
Fig. 7

Substituting Eqs 32 and 33 in Eq. 31, we obtain the characteristic length
ratio as
o P

o 1+ w2

(34)

with AO= A(n = 0).

If, as indeed indicated by tests, typical pavement materials (asphalt
concrete for example) have larger retardation times than the supporting soil,
Eq. 34 shows Ato increase with frequency as shown in Fig. 7. It will be noted
that the retardation times, chosen for our illustration, are considerably lower
than those discussed previously. However, it should be remembered that our
original model was intended to represent the composite road structure as a
whole, whereas, with Fig. 7, we chose retardation times typical for specific
materials.
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7. Sequence of moving point loads

In this section, we shall be concerned to establish the time history of
the deflection at a point of our idealized pavement structure due to the passage
of an infinite row of equally spaced point loads. Furthermore, the distortion
pattern of the pavement will be investigated.

As an obvious extension of our introductory discussion, we shall assume
the time function of the equivalent applied load at the point in question as
a series of half-waves, as shown in Fig. 2, separated by the time interval
T — At. We present the time function in Fig. 8: since the chain of point loads
is taken to proceed indefinitely, the position of the origin is immaterial and.
hence, an even function was chosen for convenience.

P(t)

Fig. 8

The governing differential equation may be expressed as follows (cf.
Eq. 3):

A + (35)

The function f{t) is an even, periodic function, containing At and T as
parameters and requires its expansion in an appropriate Fourier series in order
to enable the solution of Eq. 35.

With p — AtjT, we can write with sufficient approximation

N npt
m = 2P 1+ cos 2n P (36)
4 n=1 At
subject to
N ~ Tip 37)
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and where

(38)

Fig. 9

The steady-state solution of Eq. 35 will be given in terms of the following
dimensionless variables and parameters:
At

and p (39)
T

and reads
A N
I 2p (cos ] -T M sin nr\) (40)
As n =1 1+ inxy
(/1Sas given by Eq. 5).
The variation with time of the amplitude ratio | is shown in Fig. 9 for
a particular value of the dissipation parameter /. The deflection extremes are
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seen to be influenced by the parameter p which, in turn, depends on vehicle
speed and traffic density (cf. Eqs 1 and 39).
The fluctuating part of the deflection, i.e.

£ = £max £min 4T)

is shown in Fig. 10 as a function ofp with i as parameter and with maximum
values in the range 0,6 < p < 0,8.

There can be little doubt that the durability of a pavement is related
to the phenomenon of fatigue due to its continuing flexing under traffic loads
as discussed, i.e., by Taylor and Pell [1969]. Thus it appears reasonable to
examine the changes in curvature likely to occur in a pavement under moving
loads.

We consider the disturbance pattern A in analogy with a one-dimensional
wave, travelling in the a-direction with the propagation velocity v. Thus, we
may exchange in our non-dimensional time variable ] (Eq. 39) the time t
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with x/v and define a non-dimensional space variable as

= 2n~" 42
o (42)
which replaces rjin Eq. 40 to transform it into the space representation |[(*)

of the sequence of pavement distortions, similarly represented by Fig. 9, of
course in terms of the new space variable.

0 02 0A 06 08 w
p

Fig. 11

Denoting by Qthe relevant radius of curvature, we approximate the
curvature by
1 dA 2n 2 g4

LA R = A (43)
e dx2 s [vT dx2

in view of Eq. 42, or, in view of Eqs 1 and 39, by

1 dH

(44)
B dx2

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



26 ALPAN, I,—BAKER, R.

Differentiating twice the transformed Eq. 40 and introducing the result
in Eq. 44, we conveniently define a function ip as

7171

ip= PS2 , , ,V, (cosnro+ nisinw 0 (45)
2ngAs n-11+ {"xf
whence the curvature (see Eq. 17)
1 21A.
Ve 1.21-fv (46)

Since, here again, we are interested in the maximum variation of the
curvature, the difference

Aip = ipmax  i"min (47)

was computed as a function of p with %as parameter, as shown in Fig. 11.

8. Conclusions

The main objective of the analysis of the speed effect of a single moving
load was to establish the suitability of our simple visco-elastic model. The
satisfactory agreement with experimental data, as illustrated by Fig. 5,
tends to justify the use of the model in the analysis of pavement performance
under conditions more representative of traffic loads, such as the sequence
of moving, equally spaced, point loads.

More specifically, if we consider the phenomenon of fatigue, the results
of our analysis, summarized in Fig. 11, should furnish a more rational basis
for evaluating the life expectancy of pavements in terms of significant and
measurable parameters.

Consider, for example, the empirical relation given by Joseph and
Harr [1972] which expresses the number of load applications to failure Nj
as a function of the elastic deflection As early in the life of road and airfield
pavements:

Nf at 1,8(10°) < Aj*- (48)

(A, in mm).
The data on which the above equation was based show very considerable
scatter, only to be expected in view of the inclusive character of the formula.
The results of our analysis, presented in Fig. 11, suggest that a more

explicit grouping of experimental data is likely to lead to improved correla-
tions.

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



PAVEMENT DEFLECTIONS 27

Consider Eq. 46: if more severe distortion, as measured by curvature,
shortens the life of a pavement, then the dependence of the curvature on A$
appears to validate empirical relationships of the type of Eq. 48. However, as
mentioned above, we should expect better correlations from an evaluation
of data which would include the influence of the parameters / and AW.

It is, perhaps, not out of place to speculate on the form a more rational
fatigue criterion might take. According to Hertz’ theory (see Fig. 1):

A = JjL
)? 8D

Thus, based on Eqs 46 and 48, we may write tentatively

Nf= m u(Arp)-? (50)

where a, B and m are positive constants. The number of load applications
to failure is thus seen to be reduced by

higher loads (not surprising);

higher traffic density (again not surprising);

lower vehicle speeds (confirmed by experience);

lower road structure stiffness and

shorter retardation time of the road structure.

® 20 T
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Auswirkung der Fahrgeschwindigkeit auf die Verformung der StraBendecke — Die Aus-
wirkung der Fahrgeschwindigkeit auf die Verformung des StraBendecke ist von offenbarer
W ichtigkeit in der Auswertung des Verhaltens der Stralendecke unter den Verkehrsbelastun-
gen. Die Tatsache, daB die Durchbiegungen sich mit der zunehmenden Geschwindigkeit ver-
mindern, verweist auf das Vorhandensein einer Streuungskomponente im System. Es wird
ein einfaches viscoelastisches Modell analysiert, das Ergebnisse in guter Ubereinstimmung
mit den Erfahrungsangaben liefert und in der Abschatzung des Verformungszustands von
unter idealisierten Betriebsverhaltnissen befindlichen StraBendecken angewandt werden kann.
AuBerdem konnen auch verhaltnismaRig einfache Versuchsverfahren zur Ermittlung der
erforderlichen Materialeigenschaften verwendet werden.

Bo3geiicTBME CKOPOCTM TPaHCMOPTHOIO CPEeACTBA Ha MNPOrU6 JOPOXHOr0 MOKPbLITUS.
Bo3aelicTBME CKOPOCTU TPAHCMOPTHOO CPeACcTBa Ha AeopMaLuio JOPOXKHOMO MOKPbITUA ABNS-
eTCsl TaKUM BOMPOCOM, KOTOPbI, eCTECTBEHHO, WrpaeT BaXKHYK POMb NpPW OMpefeNeHUNn no-
BefleHUs1 JOPOXHOr0 NOKPbITUS. TOT (hakT, 4To MacliTabbl Npo6rbéa najatoT ¢ POCTOM CKOPOCTH,
noKasblBaeT NPUCYTCTBUE B CUCTEMe HEKOTOpOI crnaratoulei pasépoca. Pe3ynbTaTbl, MoNyueH-
Hble Ha OCHOBe feTafibHOro ucc/efoBaHWs MPOCTONM BSA3KO-yMNpyroii Mofenu, Xopolio coBna-
[aloT ¢ NPaKTUYECKUMMU JaHHbIMW. Kpome TOro, MoryT 6biTb MCMO/b30BaHbl NpY onpeaeneHun
fedopmaLMn JOPOXHbIX MOKPbLITU NPU UAeanbHbIX YCOBUSAX HArpy3ku. Hapsagy ¢ Tem Heo6xo-
AVMble MaTepuasibHble NapameTpbl MOXHO OMpPeAennTb C MOMOLLbIO MPOCTbIX 3KCMepUMEHTab-
HbIX METO/OB.
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MATHEMATICAL STATISTICAL ANALYSIS
OF THE EXPLOITABILITY FUNCTIONS
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The exploitability functions can be derived from the distribution function of
one of the components of the mineral occurrence (e.g. its metal content). With the aid
of the distribution function the mean component of the two truncated functions and
its variance can be determined for any mass proportion. One truncated function refers
to the exploited part, the other one to the part left back. Exploitability functions are
called the distribution function and the continuous variations, as functions of the
constituent of the mean component of the two truncated functions and their variances
as well as the losses of the valuable constituent.

1. Introduction

The estimation of exploitability or minability of a block of mineral
resources within a mineral occurrence is a problem which often appears in
mining practice. Decision-making is affected by both the engineering and
economical factors from which the content and distribution of the useful
component to be exploited are of the greatest significance wherefrom the
economy of minability of the mineral occurrence or blocks greatly depends
[3,4, 8,9,10].

In this paper, from the distribution functions concerning the quality
characteristics of the mineral resources (metal content, ash content, etc.)
the method for the determination of the average quality characteristics and
variances ofthe mass proportions to be exploited and that left back is presented
in case w'here the limiting value of exploitability changes uninterruptedly.
Such functions might be called exploitability functions since by knowing the
proportion of mineral resources to be exploited and their average quality
characteristics, the expenses of mining and productive development as well
as the profits from the marketing may continuously be compared with each
other, and the quality limit of the exploitability may definitely be determined
[5, 6, 8, 9, 10].

* Prof. Dr. Sz. Pethé, H-3529 Miskolc, Csabai kapu 36, Hungary.
** Dr. J. Patvaros, H-3529 Miskolc, Csabai kapu 36, Hungary.

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



30 PETH6, SZ—PATVAROS, J.

It is convenient to continuously determine the distribution of the useful
components and the most significant parameters of the proportions to be ex-
ploited and that left back not only referring to the whole mineral resources
but to each strip whereby the establishment of the operational production
plan may be facilitated. Recognizing the distribution and parameters of the
various components of each strip a detailed production program may be estab-
lished; and the location of the work sites may be forecast with the view of
assuring the most efficient performance of the plans of the mining plant,
prescribed with respect to the quality and quantity ofthe production [3,5, 6,7].

2. Analysis of the distribution functions
2.1. General investigation

The general solution of the given problem is represented in Figs 1 and 2.

In Fig. 1 the random variable xmm< X *max. (Content of component,
for example, metal content, t/m2 specific component), the frequency of f(x)
and the distribution function F(x) is depicted [1], [2]: the mean value is M{x)
the variance D2X).

If the limiting value xmn < xa<[ xmax continuously changes, so the mean
values of the two subsets M(xj) and M(xn) are the abscissae of the centres
of gravity S, and Sn, respectively, of the surface parts

Azrin/(x) mdx = F(xa) and }Xéﬁ‘lw edx = 1 — F(xd) . (1)
M (*i) = e I f(x) -x-dx (2)
F{xa) Jxmin
L Xmax
W*n) = - — - f(x) -x-dx. 3)

1 — F (xa) J*a

The ordinates of the centres of gravity are

1
- 4
Y= 2 « F{xa) @
and
. 1 5
T ain - R ©

In Fig. 2 which serves to determine the corresponding variances, the
density functions of the subsets are transformed in a such way that the parts
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Fig. 1. Characteristic parameters of the distribution and density functions of a subset
of surface areas should be equal to 1:
I’ ) dax= 1
£ Frra)
and
P ) dx = 1. (5a)
jXx, 1 -
Thus, the variances of the subsets D2(xl) and D2(xn) are
- A*) ; — «
wx,)=r [Xx - M(i,)]2dX = -—---memmme Fe e
X.  F(xd F(xa Jxnmo
of(x) mx2e+dx — M 2Ax{) (6)
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and
pTax f(X) q
* — e [* - =
W=n) - Jxa 1 _JKI‘;'Exa) [ M(xu)Y mdx
1 rXar
—— fix) mX2 mdx - M2xu) . (7
1- F(xa Jxa

Fig. 2. Transformed density functions of subsets

2.2. Case of the functions of normal distribution

In the case of a normal distribution of zero mean value and a scatter,
the mean values and variances of the subsets [4] (if rp(x) and ®(x) are the den-

sity and distribution functions, respectively, of the normal distribution of zero
mean value and unit scatter) will be [2, 4]:

\In 55 e~XA22 (8)
and by making use of (2) of (3)
L g-X»/2<x2
. n a-
M (*i) = ®a 9
o \xa o Xa
) a
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e-x2/2cr,
Y2n F e
M bl ) Hxa) (10)
1- o *a 1- o X2
& 8

The ordinates of the two centres of gravity are

o xa mll
4oY n
Yl = (m)
()
! 1 - xa’ynr 1
4erj/ n 6]
n= ! (12
1
(1)
by using (6) and (7), are
1 .
DZXI) = a2 doexaexval oy
¥Y2jt Xa (13)
®
a
o mxa
n) = a2+ -1 M 2(*,)
y2n ! o 1IN (14)

By the replacement <7=1 the associated parameters of the normal distrib-
ution of zero mean value and unit scatter may be defined. From (9) and (10)

the variances are:
M bl = (Da) (15)
Dd(*a)
Mbl) = ®a) (16)
1 -®(*a)
And the variances from Eqs (13) and (14):
po-xi) = 1- (xa) 2{xa) 17
® bl) ® \xa)
paxily = 1+ xa? a) 2Ax3) (18)
d(xa) [L- obl))2
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In Fig. 3, besides the diagrams of the density and distribution functions
of zero mean value and scatter 1 also show the changes of the mean values
jVf(x,) and M (xu), i.e., those ofthe relationships (15) and (16) have been plotted.

Fig. 3. Distribution and density function of the standard normal probability; change of the
values M(x{) and M (*|i)

By drawing a horizontal line through the point of intersection of the vertical
line drawn at the limit value xa and the distribution function, the associated
values of M(xj) and M(xn) may be defined; in the diagram of the density
function the loci of the centres of gravity of the corresponding surface area
parts are marked.

The function

Yx = . p(*o.-_P )_ (19)
4 < Yok md{xa)

obtained byreplacing a = 1linto Eq. (11) [4], and defining the loci ofthe centres
of gravity on the diagram of the density function, has an extreme value where
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its first derivative is equal to zero. The value of xawhich may be calculated
from the conditions y[ = 0, is

Xa 2+ 2ein- ®2) (20)
da)'n)’

The value of xa (xa- 0,7003) furnishing the maximum value of vy,
should satisfy the transcendent equation (20);

yx= 0,156161 .

Also the difference Ax of M(xn) and M (xj) is the function of xa:

Ax — ®a) (21)
®a) -[! —da))

In Eq. (21) both the numerator and denominator have maximum values at
xa= &, however, since the change of <p(xa) is not so rapid as that of

da) m[l- D0,

therefore, Eq. (21) has a minimum value at xa= 0.
4
Ao Amin j’— (22)
7

and a maximum value at Xa,

N*wax 00) -
The variances are
at xa= 0

£S2*) = U xn) = 1 . (23a)

and at xa—»00

D2x,)->1 and D2(xu)-> 0. (23b)

In Fig. 4, for the normal distribution of zero mean value and scatter 1,
the mean values of M (x1) and M(arn) as well as the variances -D2(#j) and D2(xII)
are plotted depending on the limiting value of xa, while in Table 1the numerical
values of the parameters mentioned above are listed for the various values
of xa.
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X,

0,00
0,01
0,02
0,03
0,04
0,05
0,06
0,07
0,08
0,09

0,10
0,11
0,12
0,13
0,14
0,15
0,16
0,17
0,18
0,19

0,20
0,21
0,22
0,23
0,24
0,25
0,26
0,27
0,28
0,29

0,30
0,31
0,32
0,33

Parameters of the standard normal distribution

JVA(i)

0,797885
0,791530
0,785196
0,778885
0,772596
0,766328
0,760084
0,753862
0,747663
0,741486

0,735332
0,729012
0,723093
0,717008
0,710947

0,704908
0,698895
0,692903
0,686936
0,680993

0,675073
0,669178
0,663307
0,657460
0,651637
0,645840
0,640066
0,634317
0,628594
0,622895

0,617221
0,611572
0,605949
0,600351

PETHO, SZ—PATVAROS, J.

M(*w)

0,797885
0,804261
0,810660
0,817080
0,823522
0,829986
0,836470
0,842975
0,849501
0,856049

0,862618
0,869206
0,875815
0,882446
0,889095
0,895766
0,902455
0,909166
0,915897
0,922645

0,929416
0,936205
0,943012
0,949841
0,956688
0,963553
0,970439
0,977343
0,984265
0,991207

0,998165
1,005145
0,012141
0,109155

Table 1

L n)

0,141047
0,141510
0,141965
0,142412
0,142852
0,143285
0,143709
0,144127
0,144537
0,144939

0,145333
0,145720
0,146100
0,146471
0,146836
0,147192
0,147541
0,147883
0,148216
0,148543

0,148861
0,149172
0,149477
0,149772
0,150062
0,150343
0,150617
0,150883
0,151142
0,151395

0,151639
0,151876
0,152107
0,153330
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Lyn)

0,141047
0,140578
0,140100
0,139616
0,139124
0,138624
0,138118
0,137604
0,137083
0,136555

0,136020
0,135477
0,134928
0,134372
0,133809
0,133239
0,132662
0,132079
0,131489
0,130892

0,130290
0,129680
0,129064
0,128442
0,127814
0,127179
0,126539
0,125893
0,125240
0,124582

0,123919
0,123250
0,122575
0,121895

D*(*i)

0,363380
0,365565
0,367763
0,369971
0,372191
0,374425
0,376667
0,378922
0,381187
0,383464

0,385754
0,388053
0,390365
0,392689
0,395022
0,397368
0,399723
0,402092
0,404471
0,406860

0,409262
0,411673
0,414096
0,416531
0,418976
0,421431
0,423898
0,426376
0,428864
0,431363

0,433872
0,436393
0,438923
0,441463

D4*n)

0,363380
0,361207
0,359044
0,356893
0,353753
0,352623
0,350507
0,348401
0,346308
0,344225

0,342152
0,340094
0,338046
0,336007
0,333983
0,331968
0,329968
0,327975
0,325994
0,324028

0,322068
0,320124
0,318190
0,316266
0,314353
0,312454
0,310563
0,308683
0,306817
0,304959

0,303116
0,301278
0,299456
0,297645



xa

0,34
0,35
0,36
0,37
0,38
0,39

0,40
0,41
0,42
0,43
0,44
0,45
0,46
0,47
0,48
0,49

0,50
0,51
0,52
0,53
0,54
0,55
0,56
0,57
0,58
0,59

0,60
0,61
0,62
0,63
0,64
0,65
0,66
0,67
0,68
0,69

M(i)

0,594778
0,589231
0,583710
0,578214
0,572744
0,567300

0,561882
0,556491
0,551126
0,545787
0,540475
0,535188
0,529929
0,524697
0,519491
0,514312

0,509161
0,505036
0,498938
0,493868
0,488826
0,483810
0,478822
0,473862
0,468929
0,464024

0,459147
0,454298
0,449477
0,444684
0,439919
0,435182
0,430474
0,425794
0,421142
0,416519

EXPLOITABILITY FUNCTIONS

L xn)

1,026188
0,033239
1,040305
1,047393
1,054495
0,061618

1,068757
1,075912
1,083085
1,090275
1,097482
1,104708
1,111949
1,119204
1,126479
1,133771

1,141076
1,148400
1,155740
0,163096
1,170466
1,177854
1,185257
1,192676
1,200112
1,207562

1,215026
1,222506
1,230001
1,237513
1,245039
0,252579
1,260133
1,267702
1,275288
1,282887

Table 1 (cont.)

L n)

0,152546
0,152754
0,152957
0,153151
0,153340
0,153521

0,153695
0,153863
0,154024
0,154178
0,154326
0,154467
0,154603
0,154731
0,154853
0,154969

0,155079
0,155183
0,155280
0,155372
0,155457
0,155537
0,155612
0,155680
0,155743
0,155800

0,155853
0,155899
0,155941
0,155977
0,156008
0,156035
0,156056
0,156072
0,156084
0,156091

)

0,121209
0,120519
0,119822
0,119122
0,118416
0,117705

0,116990
0,116269
0,115546
0,114817
0,114084
0,113347
0,112605
0,111860
0,111111
0,110359

0,109602
0,108842
0,108080
0,107312
0,106544
0,105771
0,104996
0,104218
0,103437
0,102655

0,101869
0,101081
0,100291
0,099499
0,098706
0,097909
0,097113
0,096314
0,095514
0,094713

D’(xi)

0,444015
0,446577
0,449147
0,451730
0,454321
0,456923

0,459535
0,462156
0,464787
0,467428
0,470078
0,472739
0,475408
0,478085
0,480773
0,483470

0,486175
0,488889
0,491612
0,494344
0,497084
0,499832
0,502589
0,505354
0,508127
0,510908

0,513696
0,516491
0,519295
0,522106
0,524923
0,527748
0,530579
0,533417
0,536262
0,539113

Ds(*n)

0,295842
0,294051
0,292275
0,290503
0,288748
0,286998

0,285261
0,283537
0,281823
0,280118
0,278426
0,276739
0,275067
0,273408
0,271755
0,270112

0,268483
0,266861
0,265250
0,263649
0,262062
0,260480
0,258910
0,257349
0,255796
0,254255

0,252725
0,251208
0,249698
0,248194
0,246703
0,245223
0,243753
0,242291
0,240836
0,239394
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*a

0,70
0,71
0,72
0,73
0,74
0,75
0,76
0,77
0,78
0,79

0,80
0,81
0,82
0,83
0,84
0,85
0,86
0,87
0,88
0,89

0,90
0,91
0,92
0,93
0,94
0,95
0,96
0,97
0,98
0,99

1,00
1,01
1,02
1,03
1,04

L)

0,411925
0,407359
0,402821
0,398313
0,393833
0,389382
0,384960
0,380567
0,376202
0,371868

0,367561
0,363284
0,359037
0,354818
0,350629
0,346469
0,342338
0,338237
0,334165
0,330122

0,326109
0,322125
0,318171
0,314246
0,310351
0,306485
0,302649
0,298842
0,295065
0,291318

0,287600
0,283912
0,280253
0,276624
0,273024

PETHO, SZ—PATVAROS, J.

Ai(*n)

1,290497
1,298127
1,305771
1,313425
1,321094
1,328780
1,336477
1,344187
1,351915
1,359650

1,367405
1,375168
1,382947
1,390741
1,398544
1,406358
1,414188
1,422037
1,429890
1,437751

1,445644
1,543539
1,461447
1,469359
1,477293
1,485239
1,493190
1,501163
1,509141
1,517133

1,525138
1,533147
1,541179
1,549215
1,557264

Table 1 (cont.)

L)

0,146094
0,156091
0,156085
0,156074
0,156059
0,156040
0,156016
0,155989
0,155958
0,155923

0,155884
0,155841
0,155796
0,155746
0,155694
0,155638
0,155578
0,155516
0,155540
0,155382

0,155311
0,155237
0,155160
0,155081
0,154999
0,154915
0,154828
0,154739
0,154495
0,154555

0,154450
0,154362
0,154263
0,154162
0,154060
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Lyn)

0,093909
0,093108
0,092303
0,091498
0,090693
0,089885
0,089080
0,088273
0,087467
0,086659

0,085852
0,085046
0,084238
0,083434
0,082629
0,081825
0,081021
0,080217
0,079417
0,078616

0,077818
0,077020
0,076223
0,075430
0,074635
0,073846
0,073056
0,072269
0,072227
0,070701

0,069923
0,069145
0,068370
0,067598
0,066827

0,541970
0,544834
0,547704
0,550579
0,553459
0,556345
0,559236
0,562132
0,565034
0,567939

0,570850
0,573764
0,576683
0,579605
0,582531
0,585461
0,588394
0,591330
0,594269
0,597211

0,600155
0,603102
0,606050
0,609000
0,611952
0,614906
0,617860
0,620816
0,623772
0,626729

0,629686
0,632643
0,635601
0,638557
0,641513

B4*n)

0,238964
0,236536
0,235117
0,233715
0,232320
0,230929
0,229551
0,228186
0,226820
0,225476

0,224128
0,222799
0,221475
0,220155
0,218851
0,217562
0,216273
0,214983
0,213719
0,212451

0,211193
0,209944
0,208703
0,207487
0,206262
0,205042
0,203846
0,202635
0,201451
0,200270

0,199093
0,197939
0,196770
0,195625
0,194484



1,05
1,06
1,07
1,08
1,09

1,10
1,11
1,12
1,13
1,14
1,15
1,16
1,17
1,18
1,19

1,20
1,21
1,22
1,23
1,24
1,25
1,26
1,27
1,28
1,29

1,30
1,31
1,32
1,33
1,34
1,35
1,36
1,37
1,38
1,39

M(xi)

0,269454
0,265913
0,262402
0,258921
0,255469

0,252046
0,248653
0,245290
0,241955
0,238651
0,235375
0,232129
0,228912
0,225724
0,222566

0,219437
0,216336
0,213265
0,210223
0,207210
0,204226
0,201270
0,198343
0,195445
0,192576

0,189735
0,186923
0,184139
0,181383
0,178656
0,175957
0,173286
0,170643
0,168028
0,165441

EXPLOITABILITY FUNCTIONS

M(xn)

1,565326
1,573400
1,581477
1,589576
1,597676

1,605798
1,613919
1,622062
1,630214
1,638374
1,646542
1,654729
1,662922
1,671119
1,679332

1,687547
1,695792
1,704034
1,712274
1,720539
1,728813
1,737094
1,745397
1,753687
1,762012

1,770337
1,778657
1,786990
1,795352
1,803702
1,812077
1,820454
1,828852
1,837245
1,845653

Table 1 (cont.)

LLLYi)

0,153955
0,153850
0,153742
0,153633
0,153523

0,153411
0,152299
0,153185
0,153070
0,152915
0,152837
0,152719
0,152601
0,152481
0,152361

0,152241
0,152119
0,151997
0,151875
0,151752
0,151629
0,151506
0,151383
0,151259
0,151135

0,151011
0,150887
0,150763
0,150639
0,150516
0,150392
0,150269
0,150145
0,150023
0,149900

)

0,066063
0,065297
0,064538
0,063780
0,063025

0,062276
0,061529
0,060784
0,060043
0,059572
0,058574
0,057844
0,057120
0,056398
0,055682

0,054968
0,054259
0,053556
0,052854
0,052159
0,051468
0,050781
0,050099
0,049419
0,048749

0,048080
0,047417
0,046759
0,046104
0,045457
0,044812
0,044174
0,043541
0,042912
0,042289

D4*l)

0,644468
0,647422
0,60374

0,653326
0,656274

0,659222
0,662166
0,665109
0,668048
0,670984
0,673917
0,676847
0,679772
0,682694
0,685611

0,688524
0,691432
0,694335
0,697232
0,700124
0,703010
0,705890
0,708764
0,711631
0,714492

0,717345
0,720191
0,723029
0,725860
0,728683
0,731497
0,734303
0,737100
0,739888
0,742667

L xn)

0,193348
0,192216
0,191112
0,189990
0,188899

0,187791
0,186716
0,185625
0,184545
0,183477
0,182423
0,181357
0,180310
0,179282
0,178249

0,177241
0,176199
0,175199
0,174255
0,173244
0,772222
0,171243
0,170243
0,169302
0,168309

0,167346
0,166419
0,165493
0,164529
0,163619
0,162680
0,161764
0,160728
0,159928
0,159023
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40

1,40
1,41
1,42
1,43
1,44
1,45
1,46
1,47
1,48
1,49

1,50
1,51
1,52
1,53
1,54
1,55
1,56
1,57
1,58
1,59

1,60
1,61
1,62
1,63
1,64
1,65
1,66
1,67
1,68
1,69

1,70
1,71
1,72
1,73
1,74
1,75

MISi)

0,162881
0,160349
0,157845
0,155368
0,152919
0,150496
0,148101
0,145733
0,143392
0,141078

0,138790
0,136529
0,134294
0,132085
0,129903
0,127747
0,125616
0,123512
0,121433
0,119380

0,117352
0,115349
0,113371
0,111419
0,109491
0,107587
0,105709
0,103854
0,102024
0,100218

0,098436
0,096677
0,094943
0,093231
0,091543
0,089878

PETHO, SZ.-PATVAROS, J.

M(iii)

1,854049
1,862476
1,870908
1,879340
1,887794
0,896266
1,904727
1,913198
1,921674
1,930180

1,938683
1,947177
1,955718
1,964239
0,972767
1,981295
1,989850
1,998394
2,006990
2,015562

2,024140
2,032715
2,041320
2,049908
2,058513
2,067169
2,075786
2,084397
2,093037
2,101700

2,110380
2,119018
2,127703
2,136377
2,145030
2,153756

Table 1 (cont.)

M(n)

0,149778
0,149656
0,149535
0,149414
0,149293
0,149174
0,149054
0,148936
0,148817
0,148700

0,148583
0,148467
0,148352
0,148238
0,148124
0,148011
0,147899
0,147788
0,147678
0,147568

0,147460
0,147352
0,147246
0,147140
0,147036
0,146932
0,146830
0,146728
0,146628
0,146528

0,146430
0,146333
0,146236
0,146141
0,146047
0,145954
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M(in)

0,041669
0,041058
0,040450
0,039848
0,039251
0,038658
0,038073
0,037492
0,036917
0,036346

0,035782
0,035223
0,034669
0,034121
0,033579
0,033041
0,032511
0,031982
0,793390
0,030948

0,030441
0,029937
0,029438
0,028946
0,028356
0,027978
0,027502
0,027029
0,026566
0,026104

0,025654
0,025203
0,024761
0,024325
0,023892
0,023467

0,745436
0,748195
0,750945
0,753684
0,756413
0,749131
0,761838
0,764534
0,767219
0,769892

0,772553
0,775202
0,777839
0,780463
0,783075
0,785673
0,788259
0,790831
0,793390
0,795935

0,798466
0,800983
0,803486
0,805974
0,808447
0,801906
0,813349
0,815777
0,818190
0,820588

0,822969
0,825335
0,827685
0,830018
0,832335
0,834636

D*(xn)

0,158170
0,157273
0,156392
0,155537
0,154657
0,153760
0,152916
0,152075
0,151246
0,150373

0,149533
0,148738
0,147859
0,147050
0,146252
0,145478
0,144663
0,143900
0,143035
0,142252

0,141482
0,140741
0,139952
0,139226
0,138485
0,137641
0,136917
0,136233
0,135498
0,134729

0,133943
0,133282
0,132528
0,131824
0,131199
0,130408



xa

1,76
1,77
1,78
1,79

1,80
1,81
1,82
1,83
1,84
1,85
1,86
1,87
1,88
1,89

1,90
191
1,92
1,93
1,94
1,95
1,96
1,97
1,98
1,99

2,00
2,02
2,04
2,06
2,08

2,10
2,12
2,14
2,16
2,18

0,088236
0,086616
0,085019
0,083445

0,081893
0,080362
0,078854
0,077368
0,075903
0,074459
0,073037
0,071636
0,070255
0,068896

0,067556
0,066237
0,064938
0,063659
0,062399
0,061160
0,059939
0,058738
0,057556
0,056393

0,055248
0,053014
0,050851
0,048760
0,046738

0,044784
0,042895
0,041072
0,039312
0,037613

EXPLOITABILITY FUNCTIONS

M(in)

2,162442
2,171129
2,179765
2,188584

2,197333
2,206040
2,214755
2,223532
2,232296
2,241032
2,249798
2,258581
2,267371
2,276153

2,284912
2,293714
2,302547
2,311399
2,320167
2,329010
2,337825
2,346689
2,355490
2,364409

2,373229
2,390908
2,408710
2,426498
2,444229

2,462136
2,479922
2,497840
2,515719
2,533523

Table 1 (cont.)

M(Ji)

0,145862
0,145745
0,145682
0,145593

0,145506
0,145420
0,145335
0,145251
0,145168
0,145086
0,145005
0,144926
0,144847
0,144770

0,144964
0,144619
0,144545
0,144472
0,144401
0,144330
0,144260
0,144193
0,144125
0,144058

0,143993
0,143866
0,143743
0,143624
0,143510

0,143399
0,143292
0,143189
0,143090
0,142995

LLLyn)

0,023043
0,023277
0,022220
0,021813

0,021416
0,021020
0,020632
0,020248
0,019868
0,019495
0,019126
0,018766
0,018407
0,018056

0,017708
0,017364
0,017027
0,016695
0,016367
0,016044
0,015726
0,015412
0,015102
0,014801

0,014499
0,013917
0,013351
0,012804
0,012275

0,011762
0,011269
0,010791
0,010328
0,009881

D4*I)

0,836920
0,839187
0,841438
0,843671

0,845887
0,848086
0,850267
0,852431
0,854578
0,856706
0,858817
0,860910
0,862985
0,865042

0,867080
0,869101
0,871103
0,870386
0,875051
0,876998
0,878926
0,880836
0,882726
0,884599

0,886452
0,890102
0,893677
0,897177
0,900600

0,903949
0,907222
0,910419
0,913541
0,916589

0,129743
0,129098
0,128348
0,127667

0,126928
0,126320
0,125715
0,124969
0,124280
0,123684
0,123034
0,122357
0,121686
0,121057

0,120510
0,119870
0,119168
0,118435
0,117950
0,117282
0,116712
0,116029
0,115538
0,114745

0,114241
0,113193
0,111883
0,110695
0,109740

0,108372
0,107423
0,106174
0,105110
0,104341
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Xa

2,20
2,22
2,24
2,26
2,28

2,30
2,32
2,34
2,36
2,38

2,40
2,42
2,44
2,46
2,48

2,50
2,52
2,54
2,56
2,58

2,60
2,62
2,64
2,66
2,68

2,70
2,72
2,74
2,76
2,78

2,80
2,82

M(*i)

0,035975
0,034395
0,032873
0,031406
0,029994

0,028634
0,027326
0,026068
0,024858
0,023696

0,022580
0,021508
0,020479
0,019492
0,018545

0,017638
0,016768
0,015936
0,015139
0,014376

0,013647
0,012949
0,012282
0,011646
0,011038

0,010457
0,009903
0,009375
0,008872
0,008392

0,007936
0,007501

PETHO, SZ.-PATVAROS, J.

M(*n)

2,551578
2,569518
2,587506
2,605317
2,623371

2,641462
2,659597
2,677512
2,695772
2,713838

2,731707
2,750092
2,768022
2,786278
2,804584

2,822593
2,840849
0,259026
2,878267
2,895771

2,914175
2,932695
2,950911
2,969065
2,987486

3,005750
3,024251
3,042526
3,061057
3,079356

3,098024
2,116565

Table 1 (cont.)

L)

0,142903
0,142814
0,142730
0,142648
0,142570

0,142495
0,142423
0,142354
0,142288
0,142225

0,142164
0,142106
0,142051
0,141998
0,141948

0,141900
0,141854
0,141810
0,141769
0,141729

0,141691
0,141655
0,141621
0,141589
0,141558

0,141529
0,141501
0,141475
0,141450
0,141426

0,141403
0,141382
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LLLYu)

0,009446
0,009037
0,008633
0,008245
0,007877

0,007518
0,007174
0,006835
0,06525

0,006222

0,005920
0,005641
0,005365
0,005115
0,004863

0,004624
0,004383
0,004166
0,003956
0,003759

0,003577
0,003398
0,003219
0,003049
0,002873

0,002739
0,002593
0,002434
0,002311
0,002172

0,002045
0,001950

D\xl)

0,919561
0,922460
0,925285
0,928036
0,930715

0,922322
0,935857
0,938322
0,940716
0,943042

0,945299
0,947489
0,949612
0,951671
0,953664

0,955594
0,957462
0,959269
0,961015
0,962703

0,964333
0,965906
0,967424
0,968887
0,970297

0,971665
0,972964
0,974334
0,975434
0,976598

0,977717
0,978791

D¢n)

0,102920
0,101907
0,100825
0,100339
0,099211

0,098041
0,096809
0,096306
0,094835
0,094016

0,093875
0,092216
0,092027
0,090896
0,089678

0,089452
0,088157
0,087898
0,087138
0,085599

0,084439
0,082962
0,082529
0,082367
0,081389

0,090992
0,079870
0,079558
0,078448
0,078177

0,076714
0,075736
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Fig. 4. Change of the mean values M(x\) and M (xu) as well as that of the variances D2(x[)
and D2(xu) in dependence on xa

2.3. Case of functions of lognormal distribution

W ith the aid of the density function of lognormal distribution

(In x — m)2
1(*) = * exXp (24)
A2t « X e a 2a2

the abscissae and ordinates of the centres of gravity of the subsets may be
calculated as follows [1], [2]:

pm+a22 . rTx T2 g7
J—
M(*O = - a (25)
dt
wherein
In xa—m — al
" (26)

a-Y?2
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and

In Xa— m
iv. = 27
a-\2 @7)

Performing the operations one obtains for the mean value of the subset,
containing lower values than xa, the following relationship [1, 2, 4]:

In X,, — m — 02

0}
M(Xf) = em+12 -, a (28)
In xn —
(O]
The mean value of the subset comprising values higher than xa:
pHG22 . g CdT
r
M (xn) = D (29)
J e~ o dt
Performing the designated operations the following relationship is given:
| —m — a2
1. nxa—m a
(xu) = 8 1 In xn—m (30)

W herefrom, the difference of the abscissae of the centres of gravity of the
subsets is

| — In xa— m — a2
@ n xa m H
AX« -em+-N2em S a
In —ml In xa— m
(o} — 1- o
a 1 *
_ewra® . ho(*) —dor — f) (31)
0,25 - [®0(*)]2
wherein:
In —m (32)
and
Po*)=® (*)--, (33)
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EXPLOITABILITY FUNCTIONS 45

further
L orew . dt (34)
1[2iz  Jo
and
— txa°* Y2 . (35)

Replacements of certain terms yield the difference of the abscissae of the
centres of gravity [4]:

®p(3) — prfr —q) .
AXs  M(S) m 0.25 - [OND]2 M (f) *h(z) . (36)

By finding the extreme value of the function h(z) entering in Eq. (36) the
value z = zOminimalizing Axsmay be determined by the solution to the trans-
cendent equation

1 11 0,25 d°(*0) " [P° ~ 20°(rc~ 1
S N

Recognizing z0, the minimum value of the function h(z) will be, by making
use of of Eqs (36) and (37):

ho(ro) — o(20 - g) (38)
0,25 - [20(z0)]z

M z)min

Denoting by x0the value of xaassociated with the minimum, results in

2,0 = gm+Za-a _ gm . ez,-a® (39)

The quotients pt and p 2 of this x0 and the mean value, i.e., the mode xm
xm= &™) are

(40)
and
p2= = ("o «° (41)
xm
respectively.

In Table 2 those numerical values are given which have been calculated
forthe values0=1; 0,9; .. .; 0,2, namely, the values ofz0Oaccording toEq. (37),
/i(zmin) according to Eq. (38), the value of ezainvolved in Eq. (39) and lastly
those of the quotients pxand p2with the aid of the relationships (40) and (41).
From the values of Table 2 it may be seen that zO<[ 0, consequently e2° 1,
px<C landp2<l 1? with the decreasing value ofa, pxandp2are approaching 1,
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more and more, i.e., X0 associated with h(z)min with the decreasing value of a
approximates more and more the mode locus of the lognormal distribution,
where the density function of the distribution has a maximum and also h(z)m\n
decreases.

Similar conclusions may be drawn from the data of Tables 3 and 4,
wherein, to the given a and m parameters of the lognormal distribution (or = 1;
0,9; .. 02; m= 2;16; ...;0,2) the loci of minima x0 (Table 3) and the
values Axsmin (Table 4) are given [4].

The ordinate of the centre of gravity of the subset before xa may be
calculated with the aid of the formula

4
N/ [ R —— (42)
e~r mdt

wherein

al— 2m + In x\
Vxa 2 ea (43)

Performing the designated operations and certain convenient replacements
one obtains the value of the ordinate of the centre of gravity

a2 —2m -f- In X%

exp a my?2

Yl = —

. In Xxa— m
dore} n ®

o
(44)

The ordinate of the centre of gravity of the area behind xamay be determined
with the aid of the formula

* exp .r dv
4y n ma
Jii = 1 T+o

yﬂ J VXa

Carrying out the operations marked in the formula, the ordinate yn may be
obtained

(45)
-r mdt

fa2 — 2m -f- In Xa
ff e Y2
In —m\
& 1

1-0
1

K 46
A Aly O® 4 “6)

~——

1- o
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~(Z)min
eza
Pt

Pi

16
1,2

0,9
0,8
0,7
0,6
0,5
0,4
0,3
0,2

Table 2

Change of z0a h(z)min, ez»a, p, and p 2 in dependence on pt and I,

0,9 038 0.7 0.6 05 0.4
-1,966 —1,748 -1,534 -1,330 -1,130 -0,934 -0,741
0,962527 0,937071 0,898503 0,846908 0,776847 0,687778 0,579426
0,140016 0,207381 0,293112 0,394159 0,507327 0,626880 0,743490
0,0849 0,1383 0,2128 0,3985 0,4238 0,5532 0,6863
0,3806 0,4662 0,5559 0,6434 0,7272 0,8049 0,8725
Table 3
Minimum loci J10 of the differences xsmjn at given a and m
1 0,9 0,38 0,7 0,6 0,5 0,4

1,0345846 1,532346155
0,633502 1,0271618
0,464869 0,688528
0,380602 0,563719
0,344383 0,510074
0,311611 0,461534
0,281957 0,417613
0,255125 0,377872
2,230847 0,341913
0,208879 0,309375
0,189002 0,279934
0,171016 0,253295

2,16582206  2,91246554  3,748665838
1,4517932 1,952283 2,512805
0,9731675 1,308656 1,6843857
0,796761 1,071436 1,379057
0,720940 0,969476 1,247822
0,652333 0,877218 1,129076
0,590255 0,793739 1,021631

0,534085 0,718205 0,924410
0,483260 0,649859 0,836440
0,437272 0,588017 0,756843
0,395660 0,532059 0,684819
0,358008 0,481427 0,619650

4,63205251
3,104956
2,081317
1,704037
1,541876
1,395147
1,262381
1,142250
1,033551
0,935195
0,846200
0,765673

5,4936899028
3,682528
3,468476
2,021015
1,828690
1,654667
1,497205
1,354727
1,225808
1,109157
1,003606
0,908101

0,3

-0,553
0,453031
0,847131
0,8099
0,9269

0,3

6,259498061
4,195865
2,812576
2,302741
2,083606
1,885325
1,705912
1,543573
1,396683
1,263771
1,143507
1,034688

0,2

-0,366
0,311344
0,929415
0,9110
0,9673

0,2

6,867899043
4,603420
3,085769
2,526412
2,285992
2,068451
1,871612
1,693504
1,532346
1,386524
1,254579
1,135190
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Interval

cr

11,72598
7,860156
5,268828
4,313747
3,903240
3,531197
3,195702
2,819591
2,616420
2,367435
2,142143
1,938292

«i
gi (Zn content)

%
2 3

o
N
e
<9
N
o ~NTTw =

0,0552 u

0,0241 15
0,0172 17
0,0138 19

0,9

10,381280
6,958777
4,664614
3,819060
3,455628
3,126782
2,829229
2,559992
2,316377
2,095944
1,896489
1,716014

Metal-content distribution data for an ore sample of Gydngydsoroszi

<4 ogi
4

0,0517
0,6732
1,2410
1,4000
1,2096
0,6072
0,4030
0,3615
0,2924
0,2622

Table 4

Values of xsmin in case of given a and m values

08

9,153049
6,135469
4,112734
3,367219
3,046785
2,765845
2,494497
2,257114
2,042321
1,847969
1,672111
1,512989

7<4 wmyi |
5

0,0517
0,7249
1,9659
3,3659
4,5755
5,1827
5,5857
5,9472
6,2396
6,5018

0,7

7,995166
5,359317
3,592463
2,941257
2,661360
2,408098
2,178937
1,971584
1,783963
1,614196
1,640585
1,321592

Table 5

0,6

6,872226
4,606589
3,087893
2,528151
2,287565
2,069875
1,872900
1,694670
1,533401
1,387479
1,255443
1,135971

egit

ZatgiZgi
£gi ( bi= z~dgigig
6 7
0,0517 1,0000
0,2761 2,6255
0,5243 3,7496
0,7234 4,6471
0,8587 5,3284
0,9139 5,6710
0,9449 59114
0,9690 6,1375
0,9862 6,3269
1,0000 6,5018

05

5,758692
3,860165
2,587550
2,118505
1,916902
1,734485
1,569427
1,420076
1,284938
1,162660
1,052018
0,951905

Zgi t

0,4

4,637998
3,108952
2,083989
1,706224
1,543855
1,396938
1,264002
1,154716
1,034877
0,936396
0,874286
0,877756

9,5352
11,3743
13,6327
15,3206
16,6261
17,8903
19,0000

0,3

3,501468
2,347103
1,573313
1,288118
1,165538
1,054622
0,954261
0,863451
0,781283
0,706934
0,639661
0,578789

0,0129 0,0499
0,0480 0,0461
0,0547 0,0431
0,0534 0,0332
0,0503 0,0220
0,0481 0,0090
0,0467 0,0058
0,0475 0,0048
0,0459 0,0039
0,0443 0,0034

0,2

2,347013
1,573249
1,054582
0,863418
0,781253
0,706907
0,639636
0,578766
0,523689
0,473854
0,428761
0,387959

13

0,0079
0,1115
0,3024
0,5177
0,7037
0,7971
0,8591
0,9147
0,9597
1,0000
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EXPLOITABILITY FUNCTIONS 49

By making use of Formulae (28), (30), (44), (46) the abscissae and
ordinates of the centres of gravity of the subsets may be determined for
arbitrary values of xa, a and m with the aid of the values of the standard
normal distribution function listed in the table.

3. Practical application

Table 5 shows the distribution of the zinc content in one of the ore bodies
of the ore mine in Gydngydsoroszi. By using the actual data the values of the
basic diagram (a) have been defined, i.e., the distribution of the average

Loss

Metal content [%]

Fig. 5. Gravity centre distribution of a subset based on empirical data
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metal content to be found in the whole ore assembly, as well as the mineral
resources to be exploited (c) and left back (b) [3].

W ith the aid of the empirical density function to the values xa given
in column 3 of Table 5,the mean values M{x{) presented in column 7 and those
M (xu) listed in column 10, as well as the ordinates of the centres of gravity
y fto be found in column 11 and those ofyn in column 12 have been calculated.

W ith the relevant data of the table the exploitability functions presented
in Fig. 5 are plotted, namely [3], [6]:

— the distribution of the metal content of the whole ore body (a);

— the distribution of the average metal content of the parts to be

exploited and left back (c and b);

— the distribution of the metal loss (v)

Table 6

Values of the abscissae and ordinates of the centres of gravity in case of theoretical
lognormal distribution

*a M (i1) Ai(in) Y1 yn e (-A -)
1 2 3 4 5 6
2 1,664446 6,6225835 0,058953 0,376395 0,0250
4 2,616389 7,275157 0,646357 0,313146 0,1660
6 4,031643 9,446277 0,475582 0,240766 0,5438
8 4,798822 11,404632 0,448386 0,138351 0,7422
10 5,347288 13,460507 0,416960 0,076126 0,8577
12 5,734022 15,602649 0,396067 0,041203 0,9222
14 5,989217 17,745740 0,384216 0,022817 0,9564
16 6,159038 19,869500 0,377529 0,014738 0,9750
18 6,271526 22,043774 0,373768 0,009448 0,9854
20 6,335523 30,787934 0,370945 0,005418 0,9932

The calculations were made with the following parameters:
V() = 6,5018

D2f) = [0,0517(1-6,5018)2+ 0,3244(3-6,5018)2+ ...+ 0,0138(19-6,5018)2-d 212] =
= 13,700862,

wherein d212 is the Sheppard’s correction. According to column 1 of Table 5 the value of A is
equal to 2, which is the proportion of the metal content.
The variance is

c2= In[(D(E)2M (i))+ 1] = 0,280773,
and the scatter
a = 0,529842
and the parameter m
m= InM(() - a22 = 1,874151 .
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in the function of the mass proportion of the part of the occurrence left back.
In the upper part of the figure the distribution functions and in the lowerthe
density functions are to be seen; on the horizontal axis the metal contents,
i.e., the metal losses are plotted, on the vertical axis the associated distribution
and density values are marked. The utilization of the table is shown by straight
lines marked with arrows. According to the example demonstrated the limit-
ing value of the metal content xa (4,8 per cent) is fixed.

In Table 6 the abscissae and ordinates of the gravity centres of the
subsets are given for the case where the empirical function is approximated
by the lognormal distribution. The approximation is justified by the calcula-
tions [1], [4].

The parameters a and m being known the values M(xl), M(xn), y, and
yn to the limit metal content xa may be found by making use of the listed
values of the standard normal distribution function in the Table 6 already
mentioned.

In Fig. 5 the curve connecting the gravity centres of the subsets is pre-
sented, calculated by the empirical and lognormal density functions. In case
of both gravity centre distribution functions two local maxima may be pointed
out in the proximity of the mean value, however, contrary to the normal distri-
bution functions, they do not appear symmetrically.
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Uber die mathematisch-statistische Untersuchung der Abbauwiirdigkeitsfunktionen. —
Die AbbauWirdigkeitsfunktionen kénnen aus der Wahrscheinlichkeitsverteilungsfunktionen
einer Komponente (z. B. des Metallgehalts) des Mineralvorkommens abgeleitet werden. Mit
Hilfe der Verteilungsfunktion kann bei jedem Massenverhéltnis die durchschnittliche Kompo-
nente der beiden Teilfunktionen und deren Varianz bestimmt werden. Eine Teilfunktion bezieht
sich auf den gewonnenen, die andere auf den restlichen Teil. Unter Abbauwirdigkeitsfunktio-
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nen, ferner die in Abhéngigkeit von der restlichen Komponente kontinuierliche Anderung der
durchschnittlichen Komponente der beiden Teilfunktionen und ihrer Streuung, sowie der
Verluste der wertvollen Komponente.

06 uccnefoBaHMSl C NMOMOLLBI METOAOB MaTEMAaTUYECKOM CTAaTUCTUKUN (PYHKLUIA BeposAT-
HOCTW Pa3paboTKN. ®YHKLMM BepOATHOCTM Pa3paboTKM MOXHO BbIBECTW Ha OCHOBe (DYHKLUW
pacnpefeneHns KOMMOHeHTa (Hamp. MEeTa//IMUYecKOro COAepXKaHus) HethTAHOro MeCTOPOXKAEHUS.
C nomoLLblo yHKLMM pacnpejeneHns npu ni060M 3Ha4eHUM YacTHO MacCbl MOXHHO onpeaenuT
CPEefHIO COCTaBAAOLWYI0 ABYX YacTHbIX PYHKUMIA, a Takxe ee KBagpaT pacceBa OfuH 3B
YaCTHbIX PYHKLMIA 0THOCUTCS K A06GbITOM YacTu, a ApYroi K ocTaBLueiics yacTu. Mog pyHKLUS-
MU BEpOSITHOCTW paspaboTKu crefyeT MOHUMATb (QYHKUWIO pacnpefeneHuns, fanee Hernpepbls-
HOe M3MeHeHMWe cpefjHeli cocTaBsoW el 1 KBagpaTa pacceBa fByX YacTHbIX BYHKLUIA, a Takxe
noTepb LiEHHbIX KOMMOHEHTOB B (DYHKLIMM KOMMOHEHTA.
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COMBINED STRENGTH PATTERN OF THIN-WALLED
BOX GIRDERS IN TORSION

B. GOSCHY*
CAND. OF TECHN. SCI

(Manuscript received December 18, 1974)

In this paper the theory of torsion of thin-walled box girders is extended to the
general case of combined torsion by taking also into account the effects of the shear
deformations. The purpose of the paper is to formulate mathematically the mechanical
phenomenon of combined torsion for the engineering practice as well as to demonstrate
the application of the formulae presented in the framework of a numerical example.
In addition, besides the more familiar procedures Wannsteben, Urban, etc. also the
significance of the secondary shear deformation is emphasized in the paper.

1. Introduction

In this paper the combined torsional strength pattern of thin walled
closed sections are presented as following

— box section in combined warping and torsion,

— box section in combined warping and distorsion,

— box section in combined torsion and distorsion.

For all three cases the effect of shear will be also investigated. The purpose
is to give the mathematical formulation of the phenomena of combined torsion
for the engineering practice.

The calculation is carried out by using the well known force method.

2. Symbols

The following symbols are used in this paper:

Ty distributed torsional moment (torque)

PX’ Py uniformly distributed load

1(z) shear flow

axXi YW shear forces

mt, mb moments at corner points (t = top; b = bottom)

{(), ri(@, C» displacements in the directions x, y, z, respectively
<p() angle of torsion

V|*) angle of distortion

Xy, z system of coordinates

*Dr. B. Goschy, H-1056 — Budapest, Bastya u. 10, Hungary.
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moment of inertia in pure torsion of a box shaped cross section

moment of inertia in torsion of a wall unit I of the box section

warping (sectorial) moment of inertia

warping (sectorial) moment of inertia from shear

principal moments of inertia in bending of walls of the box section

moments of inertia in bending of webs, top and bottom flanges, respectively

equivalent shear cross-sectional area of wall units of the closed profile
a height and width of middle surface of the cross section

wall thickness

Young’s modulus of elasticity

shear modulus

Poisson’s ratio.

Om=< =

f—

3. Assumptions

3.1 The material of the thin-walled box girder under investigation is
elastic, homogeneous, isotropic, to which the principles of the theory of
elasticity hold true.

3.2 The cross section is constant along the full length of the girder.

3.3 The supports cannot be twisted and the cross section above the sup-
ports is absolutely rigid.

3.4 The box girder is subjected to uniformly distributed antisymmetrical
loads, which generate a uniformly distributed torque.

mT = pya + pxh (1)
and a uniformly distributed distortional moment
mG= pya —pxh . (2)

3.5 The model investigated is considered to be continuous, thus, the
solution may be given in a closed form.

3.6 The profde investigated is simply a symmetric, box shaped rectangu-
lar cross section with rigid corners the thickness of the two webs is equal vg,
those of the flanges are different (vt, vb).

4. Combined torsion and warping of an undeformable box girder

It is assumed that with a sufficient number of stiff diaphragms the
cross section keeps its shape i.e., its undeformability during twisting process.
The statically determined basic profile is produced by the fictive cut
at corner points (Fig. 1). Redundant quantities are: shear flow t acting on the
middle surfaces of the wall cross section as well as the shear forces gx and qy.
Continuity conditions at the cut provide the above redundant forces.
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The continuity conditions at cuttings WI and W2 (Fig. 1) may be
expressed in the concise forms

of, in a more detailed form

wherein yTis the ordinate of the centre of torsion.
Subtraction of the two equations yields the relation

»N = («?-«)-£- (7

wherein, besides bending deformation, (JVf) also the deformation caused by
the shear force (Q) and the shear flow (T) are taken into account in the vertical
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and horizontal displacements of the web and flanges respectively such as
®)
9)
(10

(where the subscripts | means “left-hand side” tand b, “top” and “bottom”).
In the expressions ofthe displacements, flexural stiffness will be expressed

as follows:

EJQ i vh3 T val3

EJ T o
i - ne 5 Jox 12 » Jaoy 12

while the shear stiffness is given by the formulae
GF = GKF0; FOXx= vh; Foy= va,

wherein, in case of a rectangular cross section K = 5/6.
It is to be noted that the calculation of the centre of torsion may he
carried out by adding Eqs (5) and (6):

H'@T-h) = (F;+ (n)
The geometric condition is expressed by the equalities

Vem WQ <l g ° wa @ J)? M  %Q— <pAh Y1)
(12

Since, due to the undeformability
Pv= Pf= (13)
Eq. (7) may be brought to the form

, ah t'h _ ., ha ( ta t'a

(7a)
? 2 Gvwv ~ DT + 2Gvt + ~2Gvb

by making use of the equalities (12).
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By reducing the above equation

N N
(fah=-. n°an a (14)
w2y, 2vb

is obtained which by further multiplication with 2 gives

oFc<t = t(y & (15)

This is the well known equation of deformation due to torsion (St. Venant’s
torsion), wherein
F = ah.

The pure torsional part of the torque may be evaluated from equation
IT1 = 2Ft'. (16)
Consequently, Eq. (16) may be written in the form

= mTl a7
where

4F2
GJ

to

dT

is the torsional stiffness due to the pure torsion of the closed cross section.
Knowing the relationship between the geometrical conditions and de-
formations, one can write

11w = Py = (<7yiE+J xiwb) i = +<fM
P/l 4 )
~ +
vig= + Y égtx ® L v
iv. pPx — 20x —t'a
Wi = ot X Eyt - <Pwl—YTn’
MV Px - 2qi (18)
GFyt
— 20x — t'a
mOI—— Px Edyb = = <Pm(K - ey
Px - 2£
Q=+ GFyp —YTi) =
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From Eqs (18) by multiplication with a and h, one can obtain the ex-
pressions

2
pya — (gt + qy)a — aht' = <t?nEinl.
it

—p'ya + (ot + ayb)a = 9xMG —mFxi .
pxh — 2gqxh — ah t' — | ENe YYD (19)
Jyt &’ Jyb
—Pxh + 2 = qhvGh2 FYLRYD
Fv, 4- Fyp

The warping stiffness may be written briefly as follows:

EJWK= E ~ Jxl, EJw = Eh2--Jyryt— |

A Jyt F b
GFW= G— Fxl, GFw= Ga2-W * - . (19a)
2 y Fy, + E

Summarizing flexural deformation equations (19) yields

Pya + Pxh — (gt + Syp)a — 2gxh — 2aht’ = <nEJw (20)
—p'yd — pxh 4- (qyt + qgyb) a + 2qxh = (fQ/GFw (21)
wherein

w1 uii fw = kU Fay o

The full torsion of the box section may be determined from the common effect
of bending and shear [1], on the basis of equation

P= fn + R (22)

The values of ¥M and §y may be expressed from Eqs (20) and (21).
Forming the sum of the above Eqs we may obtain

Pya + Pxh — (qyt + qyb)a ~ 2Ixh — 2aht’ —

- (p”a + pxh)I™ -+ [(;t+ gba+ 29g'h] &£ 1 = EJwgp™. (23)
G G

Eq. (23) also satisfies the condition of equilibrium, i.e.,

mT = mTl-j- mT2 4~ mTi
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wherein
mTi — (lyt + We) a + 2gxi= —GITt+ JTh+ 2JTV) ' = — GLAJITi(f"
tji — GJTop — 2aht - (23a)
2— — = b EJwglv .

The equation of the combined torsion is expressed by a fourth order
inhomogeneous differential equation with constant coefficients:

2Jn EJu (24)
EJa 1+ -V - q@v- g[Jto+ 2Jny e, ™I

Neglecting the shear deformation due to warping (Fw—>00), the equa-
tion of torsion becomes

EJwp™— G(Jro EJTi)<p" = (25)
In case of thin-walled profiles one might assume that  Jn = G when
i
EJwglV - GJTOg' = mT. (26)

The solution to the differential equation (24) may be carried out in the following

steps:
"ir

YNV —<g = f . 26a
GJj (262)
where
EJWfl+ ~ Ti?
K2 EJu Fw (26b)
GJT G(Jto+ EJTY)
wherefrom
a' = C, cosh--—--- h C,sinh----- - 27)
Y K K GJT
and finally the full solution will he
9>2) = Ct cosA— C2sinh ———--- — — + C-zHC,. (28)

K K GJT 2

The constants of integration may be determined from the following
boundary conditions (L denotes the length of the bar):
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— in case of a cantilever beam

with shear without shear (Fw = o00)
<F|’°) = O > <p(0) = O !
V() - = 3 <p\o) = 0,
G(FW+ JT) G(FW+ JT)
17

<P"(L) P ULy = 0,
G(FW+ JT) °
M T(L

- <P(L) L@ ky"(L) = ¢>'(L) ; (28a)

GjT

— in case of a simply supported beam

with shear ivithout shear (Fw= o00)
PO = >E) = 0* 2() = 9iL) = 0>
mT
=y - "{o) = y'(L) = 0. 28b
<P>) = y'(L) G(EW+ JT) - m{o) = y'(L) (28b)

5. Distorsional deformation of a thin-walled
closed profile in warping torsion

In this chapter the effect of torsion will be disregarded and the strength
due to cross sectional distorsion will be investigated (Fig. 2).

Lack of the stiffening diaphragms causes the distortion of the cross
section which may be described with the angle of distorsion y(z).

The equations of displacement, may be written in the form of

W=V g = DY YT B AT
A FJxt GFx

ft ft

o $'tK/I o ’?TQ 1 Px AXT Px UxT (29)

EJyt GFyt

P Sx Pft ﬂg

A b g T P AT AT
EJyb GFyb

where the shear forces might be determined in possession of the restraining
moments at corners mt and mb according to the formulae

2{mt + mb) L 2(mt + mh)

U a UxT h

(30)
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Hence

YyT UxT o

The relationship between the restraining moments is expressed with the aid
of the theory of frameworks by the equality

(81)

The value of the angle of deformation may be determined by making use of
the elementary framework model (Figs 2/c and 2/d) from the formula

L -f (32)

6E J P

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



62 GOSCHY, B.

From Eqgs (31) and (32)

1+ 10 .+\
a A h 3h Jt
y= — 2. 45 (33)
6EJt bEJv |+ A -+
3h Jb )
wherefrom the moments at corners are
mt= —EKty, mb= — EKly

wherein Kt and Kb are stiffness coefficients.
By establishing the geometric conditions

Jav o Py {yn M
M EJx
Py Wr yhv
0p =
V=t TR
v
E»n/—— I+ Px Skt M (~Ym)
E Jyt
Px kT
= GFyt =+ " (-1 a),
LIV
Wa— . P, gy —Ym) »
EJyb
i I
. Px F‘(T
$6 — r GFyo +f(h-yQ (34)
after reduction the following relations are obtained
LAV 2 LV
Pyd 0 — e e Ty = B’y "
y Cy! ’ ) Y Ly )

bya—dhd- BB opme W

AV T T
(pxh — gxii) = M Jytdyb EJ. YMm
jyt + Jyb 2
iv
pgxh - gxh= - ~ GV -nm = - GFw" (35)
2 Fyt + Fyb 2
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Separately summarizing the effects of bending and shear, results in the follow-
ing equations

—VvIvV
Pya — Pxh — (4ya + 1x) = -~ Elu>, (36)
— (p'ya — Pph) + gya+ gq*h- — U GFW. (7

By superposition of angles of deformation due to bending and shear [2]

Y= ¥YM+ Tq (38)
one arrives to the relation
(Pya - Pxh) - (Pya - Pxh) - (qya + gxh) + (qya + qxh) =
- ceawY (39)
Z
Replacing the equalities
gya = 2(mt+ mb = -2 E(Kt + K b) y = -4 E(Kt + Kb ", (40)
gsh = 2(mt+ mb = -2 E(Kt + K'b) y = -4 E(Kt + K,,)(41)

into Eq. (39) results in the fourth orderdifferential equationof constant
coefficients of the following form [2]:

EJW1 - BE(Kt+ Kb + 8E{Kt+ Kb =
Z b-rw z z

= ~(pya- Pxh) + (pya- Pxh)-~-. (42)
Gtw

Neglecting the effect of shear (GFW= o00), equation (42) may be written
more simply

EJw~ + B8E(Kt+ KbzZ-= — (pya —pxh) . (42a)
z z

The shape of the differential equation (42a) is the same as that of a beam
on elastic support. This recognition may be used in solving Eqs (42) and (42a).
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From Eq. (42a) it might be seen that the moment of distortion, just
like torsional moment, may be divided into two parts, as follows

mai + mG2= mG (43)
wherein
%i0i = —8E(Kf + Kb) y/2 is the distributed moment of the pure distortion;
md = —EJWy1v/2 is the distributed moment of warping distortion.

In case of distortion, the strength associated with a bimoment similar
to the theory of plates, is expressed by the relationship

(44)

further on called distortional bimoment [4].
The complete solution to the differential equation of the warping de-
formation (42) may expressed in the form

= C4cosh az sin Rz -j- C2cosh az cos Bz -j- C3sinh az sin Rz -j-

where
Cv C2, C3 C4are constants of integration,

Yo_ = mG (42c)
2 8E(Kt+ K,,)

Yp(z) is the particular solution.
When the shear effect is neglected, one can make use of the simplifica-
tion a= B in Eq. (42).

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



THIN-WALLED BOX GIRDERS 65

The constants of integration are determined from the boundary condi-
lions. Due to the application of stiffening diaphragms at the ends of the box
girder the following conditions might be written:

y(0) = y(L) = 0. (42d)
2m,
Y » = Y"(L) =
GK,

6. Warping and distorsional twist of the thin-walled box girder

The equation of the closed profiles being in the state of combined torsion
and distortion (Fig. 3) can be deduced with the help of the results described
in Chapters 4 and 5.

The investigation will be carried out disregarding the own torsional
stiffnesses of the bordering walls (27 I Ti — 0).

By writing the condition of continuity similar to Eq. (7a), the relation

b 2t (432)
2 = — <Pv(— h) + +
Gw o : Gvt Gvh
i obtained, hence the equation of the pure torsion

I f
G It Yaht = T (442)

Fig. 3
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In the following, we are setting up the relations between the vertical
displacements and torsional rotations from bending and shear such as

py —t'h —aqym _

Iv + VMf 45a
O EJy “oe
and
V|B/ _ HI_ ...... EY—---_._:;L_,_-_I_-___ = ! VIQVf
GPpi

respectively.
To the horizontal displacements the following equations may be estab-
lished

f-iv Px ta-\gm __ ,iv

StM— = — <Pm v (— YTi) »
EJyt
tol

A Px L4{<T .

RS : = -<Pql{- YT1).
GFyt

HKi= - pPx U1+ = _ v - YT
X Ebe X+ PMv(h )

. P)I(-Iul 9//

- ! T _qQith- YTT) . (45b)
GFyb

Developing the equalities (45) and replacing the values of the warping
stiffnesses, the following expressions are obtained:

pya — t'ah — 2(mt -f mb = EJwwip)tff ,

pxh — t'ah + 2{mt + mb) = EJwcp)Vv, (46)
—[p"a —2(m" + mb] = GFwdf ,
—[Pxh + 2(mj + nib)] GFwy<p$ .

Adding the above four equations two-by-two, then subtracting two-by-two,
we may find:

Pya + pxh — 2aht' = EJwipM + EJwyqgl v,

—(p'ya + pxh) = GFw(pQf + GFwyI , (47)
pya —pxh — 4(m; + mb = EJwpM ~ EJurfpMv ,

—{p'ya — pxh) + 4(m" + mb = GFw(f$ — GFwy(p$ .

According to the equilibrium condition the left-hand sides of the first
and third equation of the system of equations (47) may be written as follows:

mT — mTl= mT2; ma—mG = mG2. (48)
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Accordingly, the right-hand side of the equations represents the distributed
warping moment in case of torsion and distortion, i.e.,

mj2 E Jwx(pMj  -“JwyrpMv 1 (49)
mG2 = EJW(<FNf F ,J\vyg ajv .

By introducing the matrix notation equations (49) may be brought to
the form

E(QWYM = m2. (50)
Hence
ovV=¢c:(JJ I, (50a)
where
_ ivy -1V 4>Mf - m T2
Jw) = .7 _ . T2 — (50b)
) IW. LA . mG2 -

It may be written in a similar way

—TT2 = GEwx(fof + GFW(fai: , (51)

~ mG2 — GFwx(fQf — GFAyCfqi ,
or

AV= -1 (V 4. (51a)

By summing up the torsions due to bending and shear the complete torsion
may he obtained, i.e.,

2IV= WIr+ vhV = Ah (X)-1m2- )Er{FW)-i Mm%, (52)

and the equation of warping torsion of the deformable closed profile is given
by the matrix differential equation

E(JW<Hv = m2- X (Fw)-i (JNhyml (53)
wherein
— Tt T
mo mT2 = p I _ ,
. mG2 . . ™g . . mGIl .
" WIT2 0 _
y ho = Mm—m (53a)
Lmaz L mGd L j
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and

mTl= -GJTO(Pf~ -- = 2aht, (44)
mGl= 4E(Kt+ K,) (@ —) = 4(m, + m,) . (44a)

Eqg. (53) may be rewritten in the following form
EQWv - ) ()% 4E(K + K.) ~(E/ (FI-iQ) (™) & 4
+ 4E(Kt+ Kb (Y) <p=m -7 ('FwW-i (Jw m", (54)

where the matrices (1) and (Y) are as follows:

11
Ne 0 01J°
‘0 o
(Y) (54a)
1 -1

The general solution to the inhomogeneous differential equation (54) is [3]:

2
(z) = y>Vi(Af cosh «-zsin Btz + J3, cosh a,z cos B,z f-
i=i

-(- Cfsinh ajZsin BjZ + D, sinh a,z cos R§,z). (55)
The full solution, knowing the particular one, — ¢jp(z), — is
Nz) = Thi?) + yp(*0 ¢ (56)

The constants of integration may be determined by making use ofthe boundary
conditions as is presented in Chapters 4 and 5.

In the case of a simply supported beam lying on forklike supports, the
boundary conditions may be expressed by the equalities

¢i(0) = y(L) = 0; P{) —y{E) —0. (56a)

The magnitude of the distorsional angle may be determined with the equality

<PH¥) — <Fviz) = r(z) n (57)
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For practical cases the accuracy of the calculation will be satisfactory
if one applies the following approximations:

A==9~Y : &=+~ (58)

In this case, the torsion and angular rotation will be described by the relations

_>{_T2__ﬂ: 9 and ff— _ys> (58a)

further, considering Eqs (44) and (44a) the following equality may be written:

n ——GJ‘tO‘P»

Ict= -8 E(Kt+ Kb-E. (58b)
The matrix differential equation may be written in its developed form

EQW @) uiv  (T) + ~((FV\)"(JV\)(K) 0"+ Ki = m - E\Fw)~|(3w)m"
VA

(59)
wherein
GJTo 0 "0 0
@W=M+M=r1+11 (f)= . K=
[1 -1 1 0 0 . 0 BE(Kt+ Kb
P
IL (59a)
T2
Neglecting the effect of shear, the simplified equation yields
(Fw)-'-> o0 ,
EQW ) Ov- (f) i + {K)i = T\ (60)
or, in detailed form
v
EJwV —GJT0f'— E(IwXx—Jwy)——= TT,
w1V
EJU 8E(Kf+ Ka-¥ - E(JW- Jw)<lV= -1 (61)
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The first equation describes the torsion without distorsion if y = 0;
the second one expresses the distorsion in transversal bending without torsion
if o= 0.
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Beanspruchungszustand Ton Tragern mit dinnwandigem geschlossenem Querschnitt in
Torsion. — Die Torsionstheorie von Tragern mit dinnwandigem geschlossenem Querschnitt
wird auf allgemeine Falle der Wdlbkrafttorsion der deformierbaren Querschnitten, sowie
auf den EinfluR der Schubverformungen erstreckt. Das Anliegen der Abhandlung ist die mathe-
matische Erfassung der mechanischen Erscheinung der zusammengesetzten Torsion fir die
Ingenieurpraxis, weiters die Anwendung der mitgeteilten Formeln im Rahmen eines numeri-
schen Beispiels. Ausser den bekannten Verfahren (Wannsteben, Urban, usw.) weist der
Verfasser auch auf die Bedeutung der sekundaren Schubverformungen hin.

CocTosiHME Harpy3Kn TOHKOCTEHHbIX 6anoK 3aKpbiTOro npoguns-B aaHHoli pa6oTe Teo-
pys TOHKOCTEHHbIX 6afloK 3aKpbITOro Npotuns pacnpocTpaHseTcs ANs crneymanbHbIX Cly4Yaes
UNCTOro, KOPOGNSIOLLErOCS — W UCKaXKAlOLWLero KpyyeHus npu ydeTe BO3feiCTBUS dedopma-
unii cpesa. Pa6oToil cTaBMTCS Lefb MaTeMaTUUecKol (hopMy/SMPOBKU MeXaHUYecKUX siBNEHU
KOMGUHMPOBAHHOIO KPYYeHUs ANl UHXEHePHOW NPakTUKW, Aanee eMOHCTPaLMs COO6LLeHHbIX
thopMyn B paMKax UMC/I0BbIX NPUMepoB. B pa6oTe cBepx Haubonee U3BECTHLIX METOAMK (BaH-
cne6eH, YpbaH 1 T. [.) yKa3biBaeTCsA TakXe Ha 3Ha4YeHUe BTOPUUHLIX fethopMalmii cpesa.
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EXAMINATION OF THE BUILD UP CHARACTERISTICS
OF HIGH-PRESSURE WALL-STABILIZED DISCHARGES

I. BOLLA* —I. CSANYI**

(Manuscript received March 25, 1975)

The physical and chemical phenomena during the build-up period of high-
pressure gas discharge systems with Hg : Til : Dyl3 additives were investigated by
simultaneously measuring the terminal voltage and the spectral characteristics of the
discharge. The influence of each additive on the electrical characteristics during the
evaporation processes, which are parallel to the build-up of the dicharge tube wall
temperature, was determined. The results were evaluated from the point of view of
the energy dissipation phenomena — ionization/recombination, photoemission/absorp-
tion, dissociation — in the discharge.

1. Introduction

It is well known that in the high-pressure wall-stabilized discharge light
sources the working medium is formed by mercury and by various metals
(Na, TI, In, Dy, Sc, Th etc.) introduced in the form of metal haloids (generally
iodide). The partial pressures and concentrations are basically determined by
the temperature distribution of the discharge tube. Under normal operating
conditions — depending on the geometry of the discharge tube and the electri-
cal input power — the temperature of the tube wall varies between 400 and
750 °C and thus the total pressure of the metal vapours introduced into the
system may change from 1to 5 atm, depending on quantity of the additions.

It is known furthermore that in the mentioned pressure range and at
the temperature of 2...5xK 3 K the main characteristics of the plasma:
the electron temperature Te, the electron concentration ne, the ion concentra-
tion Hj etc. can be determined on the base ofthe model assuming Local Thermo-
dynamical Equilibrium (LTE). This theme has at present a vast literature,
and embraces the widely varied fields of application of the collision-dominated
plasmas [1, 2, 3].

But a completely new approach is required by the description and inter-
pretation of the phenomena occuring in the build up period which follows
the breakdown in the wall-stabilized discharges. In this transient range the

*1. Bolla, Korvin O. u. 47, H-1036 Budapest, Hungary.
** |. Csanyi Felszabadulds u. 60, H-2120 Dunakeszi, Hungary.
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concentration of the metal iodides and Hg evaporated in the argon ignition
gas of about 107-30 Torr pressure increases continuously, due to the increasing
wall temperature, which is a direct reason for the power dissipation by the
argon discharge.

In this transient state of the discharge system, not the knowledge of
the concentration and temperature distribution functions are important, which
determine the spectral characteristics — in the absence of equilibrium state
such functions cannot be defined — but the energy dissipation phenomena,
which in the first line influence the electric characteristics of the discharge.

That is, if during the stabilization period of the discharge the ionization,
excitation, dissociation, and heat conduction losses exceed a critical value,
the terminal voltage of the discharge suddenly jumps up and the discharge
drops out.

Therefore in the build up characteristics of the terminal voltage of the
wall-stabilized discharges an important role can be assigned to the definitions
of the various intervals — the elucidation of basic interaction during the
characteristic periods.

2. Basic phenomena during the build up period of the
wall-stabilized metal vapour discharges

As it is known, in the high-pressure wall-stabilized metal vapour dis-
charges, besides the quantity of additions introduced into the quartz tube, the
wall temperature determines the density of the plasma. After the breakdown
phenomena (ca. 10_1 sec), by the action of the heat dissipated by the arc
discharge in the ignition gas, this temperature rises from ambient to 400 —
750 °C. Because of the increase of the metal vapour concentration in the ca. 10
Torr argon and the metal vapour, mixture gradually diminishes the mean
free path of the energizing electrons Xe and thus the mean energy e assumed
cy the electrons for a given field strength E, needed for maintaining an ade-
quate degree of ionization in the positive column, must be increased.

Inasmuch as the field strengths in the cathode and anode spaces are
determined by other methods [4], the evaporation and energy dissipation
phenomena during the build up period can directly be followed through the
terminal voltage of the discharge.

The most simple form of the build up characteristics U(t) of the wall-
stabilized discharges is provided by the so-called single component systems,
such as mercury vapour discharges, where the increase of the field intensity
of the positive column and therefore of the terminal voltage of the system is
determined by the concentration of the evaporating mercury vapour [2, 4].
The typical form of the characteristic U(t) is shown in Fig. 1.
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Taking into account that the terminal voltage and thus the field strength
of the positive column is a function of the concentration of the Hg atoms
in the first line, the characteristic presented in Fig. 1. is relatively simple
to interpret:

— in the interval AB due to the Townsend avalanche phenomena,
first a glow and then an arc discharge develops; the conductivity
of the positive column (~10 Torr Ar-- ~10-3 Torr Hg) is very
high, the terminal voltage is approximately the sum of anode and
cathode drops;

Fig. 1. Typical build up characteristic of Hg vapour discharge

— in the interval BC raises the wall temperature continuously due to
the dissipated heat quantity Q, by the Ar-discharge increases the
concentration of Hg, decreases the mean free paths Xe and increases
the field strength E;

— in point C the total quantity of Hg evaporates, the system gets
in the state of an unsaturated vapour and a further increase of wall
temperature and plasma temperature results only in a pressure rise of

PH, ~ kT

— in point D the system reaches its normal state — it reaches local
thermodynamical equilibrium (LTE) [2], and the mean value of the
field strength by time and radius E can be calculated by the following
relation deduced on the base of the LTE-assumptions [5]:

pi/2 m (VjlaVv)+ 1/4

EzZ= .
P(P - PWV, m4V d32
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where
P — K:1lis the input electrical power — the product of the axial component of field
strength and discharge current,
Pv = thermal conduction loss,
VI = the ionization potential of the Hg atoms,
V = the mean excitation potential of the Hg atoms,
d = the length of the positive column,
C = a constant depending on the conditions of discharge.

Far more complicated is the interpretation of the bild up characteristics
with the so-called multicomponents systems, where in addition to the evapora-
tion phenomena of individual components (which in themselves cause very
complicated changes of conductivity because of arc contraction and broadening
phenomena) an important role is played by the various dissociation phenomena
and by the elctron capture phenomena of the electronegative gases (e.g.
iodine).

Subsequently the build up characteristics U(t) of such multicomponent
systems and the characteristic points occurring with the various additions are
dealt with, thus permitting a better understanding of transient phenomena
which cannot he described within the frame of the LTE model and so far
not treated in literature.

3. Examination of the voltage build up characteristics
of the multicomponent discharge systems

3.1. Measuring method

The characteristics U(t) of the above mentioned multicomponent wall-
stabilized discharges have been examined in the first line with including
systems T1l-, Dyl3- and Hg-additions which are important in the field of
light generation.

For the investigation 23 mm dia. quartz discharge tubes with Th-activat-
ed tungsten electrodes, 50 mm electrode distance, 20 Torr argon starting gas and
suitable additions were used. For reducing heat losses they were enveloped
in vacuum bulbs. These outer bulbs were each provided with a quartz window
for absorption-free measuring of the UY radiation of the discharge.

For the current limitation of the discharge an L = 100 mH coil
served and in the circuit a 0,5 O resistor was inserted in series for measuring
the current in the dischaige tube. The variation within one half period of
the voltage-current characteristic Us(t) was measured with an oscilloscope
(Fig. 2b), the changes of the U(t) characteristic in the section BD were recorded
by an instrument equally suitable for measuring of the peak and effective
voltages. The circuit diagram of the discharge tube operated with an al-
ternating voltage is shown in Fig. 2a.
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In order to elucidate the mutual influences in the discharge, as a first
step, simultaneously with the voltage characteristic U(t) the relative inten-
sities of the spectrum lines emitted by the atoms of the additive metals were
recorded with an UM-2 type monochromator. According to earlier meas-

0

P, =100 kft

Fig. 2a. Electrical scheme of the discharge tube

Fig. 2b. The voltage-current characteristic U (t)—J(t) of the a.c. wall-stabilized discharge

urements in the initial period of the pressure build-up of the additives the
plasma behaved optically, from the point of view of the emitted spectrum lines,
asaplasma thin layer. Hence, as a first approximation it can be assumed that
the increase of intensity is proportionate to the increase of concentration.

It is to be remarked that the fully exact discussion would require the
function Tj(t, z, @ when analyzing the build up characteristics, i.e. the knowl-
edge of the wall temperature distribution, but under operational conditions
there is no possibility for determining it.
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The measurements have shown that the build up characteristic U(t)
shows typical breaking points at those times (mwhen the increase of intensity
of the spectrum lines emitted by the various metals has started or has passed
into saturation.

Since the monochromator measurements have not explained some
typical intervals of the characteristic, in the second part of the examinations
on the typical points of the characteristis U(t) the complete spectrum of the
discharge was recorded with a PGS-2 spectrographs in the range 2300 ...
...6500 A, in order to clarify the effects which are presumably due to molecular
phenomena. The voltage-current characteristic 174(t) —Is(t) was recorded with
a two-beam oscilloscope (Fig. 2b). The arrangement of the spectral measure-
ment is shown in Fig. 3.

GKL, DL 2 M F E R

03}

Fig. 3. Arrangement of the spectrographic measurements: G Gas discharge tube with outer
bulb; M Monochromator; K Quartz window; F Photoelectronmultiplier; L, Lens f,= 150 mm;
E Amplifier; D Diaphragm; R Recorder; L, Lens f2= 75 mm

3.2. Measurements in multi-component discharge systems

During the first step the investigations were carried out in a discharge
system consisting of Hg, Dyl3, Til, Ar, and the U(t) voltage characteristic
was measured, as well as the intensities of the discrete spectral lines emitted
by the atoms of various metal additives evaporating into the discharge (Hg,
Dy, TI). The relative intensities J((t) of the spectral lines belonging to the
transitions Hg 7351-6 3P 1 73Sj- 63P 2 73S1-6 3P0, Tl 72S1/2-6 2P 3/2, 92P 1/2-
72512 were determined as a function of time. For Dy only the absolute values
of the energy levels belonging to the given line are indicated, because the
electron configuration of the rare earth metals is only partly known. So
in the given case the data for energies above 15000 cm 'l are lacking [6];
the intensities of the spectral lines belonging to the energy transitions 23 736
cm-1—0, 27 837-—4134 cm-1 and 30 778 —7050 cm-1 were measured. As an
example the intensity changes, as functions of time, of the 436 nm mercury
line (Fig. 4), the 535 nm line belonging to the transition TI 72522—62P 32
(Fig. 5), and ofthe double line of Dy 421,12 —421,32 nm (Fig. 6) (lower envelop-
ing curves) are shown. The upper envelopes of the three figures show the
build up characteristic U(t). It is to be remarked here that in the Dy spectrum
the lines are so close to each other that the monochromator used was unable
to separate the above mentioned line pairs.
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The characteristics presented show that on the 17(f) voltage graph until
the equilibrium (LTE) five typical ranges can be distinguished (Fig. 4).

I. As the partial pressure of the iodides of the additions is negligible
at room temperature, the discharge takes place in a Penning mixture of ca. 20
Torr argon and 10“3 Torr mercury, and the 20 Y terminal voltage measured
after the build-up of the arc is the sum of the anode and the cathode drops.
This can also be seen on Fig. 7, where the U(tj) terminal voltage is shown
for 20 °C wall temperature and for various electrode distances.

Fig. 4. Build up characteristic of the effec- Fig. 5. Build up characteristic of the effec-

tive voltage U(t) and of the Hg 4358,3 Awave-  tive voltage U (t) and of the T15350,46 A wave-

length lines, as functions of time: 1— voltage length line, as functions of time: 1 — voltage
characteristic; 2 — line intensity characteristic; 2 — line intensity

Il. In the second interval begins the evaporation of the Hg into the
discharge arc — this is proved by the rapid intensity increase of the Hg lines.
In the sensibility range of our measurement equipment neither the TI, nor the
Dy lines appear with measurable intensity, therefore the voltage rise is caused
by the increase of the nHg mercury vapour concentration. The input energy
is used to cover the heat conduction losses and, above that, for covering the
excitation and ionization of the Hg atoms.

I1l. As a consequence of the gradual increase of the wall temperature
(at ~300 °C) begins the evaporation of the Til into the system, but at the
same time the Hg concentration further increases. For a time the voltage
rise is moderated, the rise of the intensity curve of the Hg lines is reduced.
This is the consequence of the cross sections being changed by the influence
of the low mean excitation and ionization potential (6,3 eV) of TI.

IY. In the initial period of this range parallel with the increasing wall
temperature, as a consequence of evaporating phenomen the nHg final con-
centration is attained, rali gets into the saturation range and at the same
time starts the rise of the nDy concentration (approx, from 450—500 °C).
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Y. The further increase of the voltage can be ascribed to the complete
vapourization of Dyl3 and to the radiation losses appearing therein. It lasts
until the equilibrium state is reached.

The rise of the spectral lines emitted by the atoms of the various additives
well explains qualitatively every distinctive point of the voltage characteristic
17(t), except the point F marked on Figs 4, 5, 6. It is quite likely that this
point is due to the participation in the cycle of the iodine compounds of the
Zr, introduced into the tube as a getter material. Similarly the monochromator
investigations did not explain the action of the electronegative gases, such
as iodine, on the build up characteristics.

Fig. 6. Build up characteristic of the effective  Fig. 7. Dependence of the terminal voltage of
voltage U(t) and of the Dy 4211,2—4213,2 the discharge on electrode distance at 20 °C
wavelength line group, as functions of time: wall temperature

1 — voltage characteristic; 2 — line intensity

For a further investigation of the mentioned problems spectral photo-
graphs of 5 sec exposure time were taken with a PGS-2 spectrograph suitable
for separating the Zr lines in the surroundings of point F. On the inlet slit
of the spectrograph the central part of the positive discharge column was
projected with the slit normal to the axis of the discharge. As an example, a
part of the spectrum situated in the 4226- «-4242 A range is shown in Fig. 8,
together with the Fe spectrum used for calibration.

The spectrograms show that in the vicinity of point E (Fig. 4) no lines
of any metallic component appear beside the atomic lines of the Hg. But in
the surroundings of point F already the atomic lines of Zr dominate and also
an intensive continuous radiation appears which is due to the electronaffinity
effects of the iodine atoms.

At a relatively low wall temperature (100—150 °C) intensively starts
the evaporation of the Zrl4into the arc where it dissociates into metallic Zr
and atomic iodine, i.e.

Zrld=> Zr + 41 . 2)
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The electronegative iodine atoms emit a continuous radiation during the
electron capture and the transition into the basic energy state corresponding
to the new electron configuration [7], the wavelength of which depends on

Fig. 8. Recorded spectrum in the range 4243 A—4226 A: 1 — Spectrum of the discharge in
the surroundings of the characteristic point E; 2 — Zr lines recorded in the surroundings of
point F; 3 — Spectrum of the Fe calibration arc

Fig. 9. The electron affinity continuum of the J(2P3/2)atom s.------------mmm-—- 4046,5 A line of Hg
the kinetic energy ofthe captured electron. Its wavelength threshold is given by

e(v= 0)+ 1(4*3,) = 1-?2S0) + 3)
Ak

where
hc/Ak = the electron affinity energy of the

1(4*8,2) atom = 3,06 eV .
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The wavelength determined by (3) is therefore Xk = 4048 A. From this
threshold value the continuous spectrum stretches towards the shorter wave-
lengths, depending on the value of the electron energy. In the investigated
discharge system of the spectra, recorded in the point F of the characteristic
U (i), (Fig. 9) the affinity continuum can be quite well identified. Thus, the
jump ofthe characteristic in F is due to the Zrl4dissociation phenomena and
can be attributed to the effects of the electron capture on the free iodine.

It is to be remarked that in a.c. wall-stabilized discharges the role of
the electronegative gases in the build up period as well as in the equilibrium
state is of basic importance. In the build up period it is the iodine in the first
line that determines the re-ignition characteristics of the discharge, while
in the (quilibrium state it is of basic importance for particle transport. In the
futi re the intention is to study the influence of the iodine on the re-ignition
pork characteristic U(t) and through this onthe frequent arc instability prob-
lims folk wing the break down.
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Untersuchung der Anlaufcharakteristik von wandstabilisierten Hochdruekentladungen. —
Die physikalischen und chemischen Vorgédnge wéhrend der Anlaufperiode von Hoehdruck-
gasentladungsystemen mit Hg: T1l : Dyl., Zusdtzen wurden durch gleichzeitige Messung der
Klemmenspannung der Entladung und ihrer spektralen Charakteristiken untersucht. Der
EinfluR der einzelnen Zusétze auf die elektrischen Charakteristiken im Verlauf der zum Anlauf
der Wandtemperatur der Versuchsrohre parallelen Einddmpfungsvorgédngc wurde bestimmt.
Die Ergebnisse wurden vom Standpunkt der Energiedissipationsvorgénge in der Entladung —
lonisation, Rekombination, Fotonemission/Absorption, Dissipation — ausgewertet.

WccnepoBaHne xapakKTepMCTUKM HapacTaHUsa paspsAfoB BbICOKMX Ao0BneHusax. Wc-
cnefoBaHbl (M3MYECKME W XMMUYeCKMe NpoLecchbl, NMPOMCXOAsSiLLMEe Ha 3Tanax HapacTaHus,
rasopaspsfHbiX CUCTEM MpPU BbICOKMX AaBneHuax ¢ gobaskamm Hg :TI1l :Dyl3 npn ogHoBpe-
MEHHOM M3MepPeHUN HaNpsXXeHNA Ha 3aXXMMe paspsafa v cneKTpanbHbIX XapaKTepucTuK paspsja.
OnpeaeneHo BO3AelicTBME A06aBOK Ha 3NeKTPUUECKMe XapaKTepUCTUKU BO BPeMS MpOLLecCcoB
BbINapKu, napanfenbHbiX HapacTaHWo TemnepaTypbl CTEHKW paspsigHoli Tpyoku. Mony4veHHble
pe3ynbTaTbl OLEHeHbl C TOYKM 3pEHMS MPOLECCOB pacceBa 3Hepruuv, BO3HMKaloLed npu paspsge,
a WUMEeHHO MNpOLEeCccCOB MOHM3auuu (peKomMOuHauuu, (HOTOHHOW 3Muccum), abcopbuum, paccesa.
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DETERMINATION OF THE PIRN SHAPE

B. GREGA*
CAND. OF TECH. SCI.

(Manuscript received October 11, 1976)

On the basis of mathematical considerations the author gives a solution for the
determination of the pirn shape by the use of which weft breakages due to variations
in yarn force can be considerably reduced. It is shown that the meridian section of the
initial surface of such a pirn has always the form of a hyperbola.

Weaving efficiency is considerably influenced by machine stops, i.e. by
the number of breakages occurring in the weft yarn. Yarn breakages, in addi-
tion to reducing production, also impair the quality of the fabric produced.
In modern large scale production when using similar material, yarn counts,
furthermore temperature and relative humidity, the number of weft yarn
breakages exponentially increases with higher machine speeds. Thus, it appears
advisable to so choose the shape of pirns as to reduce the number of weft break-
ages, i.e. machine speed is to be increased only up to that measure at which
the number of yarn breakages can be kept within reasonable limits.

In the following a method for determining the pirn shape is described,
by which a considerable decrease in weft yarn breakages can be achieved.

In yarns, winding-off from the pirn with a constant velocity v a tension
ing force arises. Let p be the yarn force depending on the momentary place
of the winding-off process. On the one hand, the force p is due to the unbend-
ing of the yarn, winding-off from the pirn, on the other hand, it arises in balloon
formation as a counterbalance of the centrifugal force, furthermore, in over-
coming the yarn weight, and in eliminating the friction and medium resistance
during winding-off.

Thus, the force p depends partly on the curvature of the yarn, partly
on the distance of the momentary winding-off point, measured from the guide
eye, i.e.

P = p@>m - x) = p(g, £),

where
£=m—X

*B. Ghega, Németvolgyi ut 22, H-1126 Budapest, Hungary
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and is the abscissa of the momentary running point,

X

g — the curvature of the yarn at the running point, and

m — the distance measured from the base of the pirn covered by yarn, to the place
of the guide eye (Fig. 1.)

In order to be able to establish the variation in the tensioning force

during processing, let us expand in Taylor series the function with the two

independent variables p(g, m—x) = p(g,|) for a place in the surrounding of
(gl m_X) = (gl I)

The index 0 expresses the initial point of the expansion in series, is the
point (g, m—Xx) = (g, I). For small variations of the curvature g and for that
of the distance X, the second and higher order terms of the series can be ignored
and, thus,

d d
p{g.m -x)= p(g, ) Po+ Pgg+ Poax
9 3
i.e. briefly
d
P = Po+ dp dg + p dl ,
dg 0 di
d
P=Po + I dg+ P
l9g 0 dx
Since X = m—| and dxjdl; = —1, i.e. d€ = —dx, therefore, the variation of
the tensioning force
P—Po=dp P g+ ' (Lp{-d0) M ax.
dg jo *9* jo dx 1o

Introducing for the the partial differential quotients (9p/9g)0 and {dp/dx)0the
following notations

dp
990
and
[9P_

|31j0
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the variation of the tensioning force is given by the expression
dp = xdg f- Mx .

Let K be the factor of the change in the curvature, and
A the factor of the change in the distance.
The method for determining the factors x and fis as follows.

Experimental determination of the factor x = dp/dg

Let the yarn be wound-on to a cylinder with radius r, covered by yarn
and consider the section s of the unbending yarn. Let P be the smallest force
just to straighten the considered yarn section. Even if the yarn is straighten-
ed by some other force and owing to some other reason, the same yarn force
will arise in the yarn. Now, be the yarn wound-on to a cylinder with different
radius r' covered by yarn, and be the force P' just high enough to straighten
the chosen yarn section s

For calculating the differential quotient x = dp/dg let us determine
the tensioning forces jg and phifalling on the unit length. Since

and

therefore, the change in the tensioning force for the unit length is

AP = Pi —Pij

For the determination ofthe differential quotient, also the change in the curva-
ture has to he established. The curvature of the circle with radius r

Qz—r

while that of the circle with radius r'

The change in the curvature

. 11
Ag=g —g=— -~

6* Acta Technica Academiae Scientiarum Hungaricae 85, 1977
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Be its approximation value considered as sufficient, then use can be made
of the differential quotient Ap/Ag.
Thus, in that case

9P _ 4P = Pi- Pi

dg Ag 2 L

We shall show that in the instant Ag —m0 the exact value of x is given by the
limit value of the differential quotient. In that case

39 &@O0Ag o1l 1 dr dr
r' T r2

Namely, in the nominator

. 1
lim lU limr- (r+ Zlr) = lim " .
Ag-.0 r+ Ar rj ar-.o (r-)-Ar) ar-or(r -f- zIr)

Since dr as compared to ris rather small, it can be neglected and thus

lim
ag—o

Thus, for determining x experimentally, the following equation is obtained:

For calculating the value of x the original radius r, the change in the yarn
force falling on the unit length dp and the changes in the radii have to be meas-
ured and from these measurable quantities the value of x can be determined.

Experimental determination of the factor X = dp/dx

The differential change in the yarn force corresponding to the differential
movement dx of the yarn along its axis x is also to be determined (Fig. 2). For
this purpose the yarn should be carried over a pulley and its end fixed to a
dynamometer. The dynamometer has to be operated with the maximum speed
v the highest speed the machine is able to attain. (The reason for applying
maximum winding-off speed is to obtain such a corresponding value X, at
which the weft yarn cannot break.) The maximum yarn force corresponding
to the movement of maximum velocity v of the dynamometer is registered
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by the pointer of the dynamometer. This measurement is repeated for different
values of x with winding yarn lengths of about 2-y3 m at two places of the
rotation surface and then winding these yarns off at a maximum velocity v.
The quotient of the differential change in tension measured at the two neigh-
bouring places p2and p's and the corresponding change in distance dx gives
A= pp/ox (Fig. 3). However, it is essential also to know the value of {1 for

Fig. 4

different values of X, i.e. for the base and top of the pirn. By representing the
values of A corresponding to the different distances (x, f) in a rectangular
coordinate system, the function curve X(x) is obtained. In this way # can be
defined graphically as the variable function of x having the form

AX) = S0+ Ix + S22+ $3x3+

The unknown coefficients #0, Ax, 42 ... can be calculated by means of the
corresponding and measured values of the abscissa and those of the ordinate
(Fig. 4).

Let us now return to the consideration of the original equation in further
detail. In succeeding to eliminate the variations in pulling caused by the yarn
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force along the whole initial surface of the pirn, then no weft yarn breakages
can occur. To be able to eliminate the pulling variations responsible for weft
breakages along the initial surface of the pirn, the most favourable pirn shape
has to be determined. To this effect we shall calculate the equation of the curve
cut out from the end of the pirn by the plane passing through the axis of the
pirn. The equation of the curve determines the optimum shape of the pirn.
The shape of the pirn will be correct if the yarn force p remains constant
at any place and for the whole period of the winding-off process, i.e. if the
change in the yarn force is zero everywhere, thus dp = 0. Is there no change
in the yarn force, then the cause of yarn breakages is eliminated and a pirn
of the described shape ensures trouble-free winding-off of the yarn.
However, when dp = 0, then the equation takes the form

xdg + A(m)dx = 0.

Since at the point of winding-off the curvature

therefore

thus

9 £ A0 dx= 0.
Y2

This is a homogeneous, linear differential equation to be solved by the separa-
tion of the variables. Separating the variables

7 = A(X) dx
Y2
and integrating on both sides

KJ|—y = J Alg;) dx ,
thus
—M—:J LUx) dx + C.

Yy

The general solution of the differential equation takes the form

K
J A(x)dx -(- C
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The integration constant C is to be determined from the initial condition.
According to the initial condition at x = 0y = R, thus the equations

CPamdcsc

and

C

- — I A(X) dx
R

The required particular solution of the differential equation is thus as follows:

Hence, the solution of the differential equations leads to an equation of a
(higher order) hyperbola. This means that the elimination of weft breakages
requires the use of a pirn ofthe form of a (higher order) hyperboloide of revolu-

tion of one sheet.
Approaching the function A(X) on the basis of the diagram by a higher

order parabola
AX) = AD-)- 2 -f- AX2-)- AX3-f-eem

and closing the expansion in series after the linear term, we obtain
AX) % A0+ hx m

Using this latter expression of the function A(x) in the solution of the differen-
tial equation, we arrive at the solution

Y y

— - (A0+ AX) dx S\ YQ—
R Jo R 2

Retaining but the linear term, in the nominator the solution takes the form
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Accordingly, for achieving the correct shape of the pirn it is sufficient to deter-
mine the value of A measured at the point x0, i.e. at the initial point of the
revolution surface. By retaining also the second order term of the nominator,
a (higher order) hyperboloide of revolution of one sheet is obtained, the shape
of which hardly differs from the surface containing only a linear term in the
nominator.

In practice it is expedient to develop the initial surface of the pirn in
the form of a hyperboloide of revolution, from which the yarn coils do not
slip-off. In accordance with this requirement, let us take the measurements
of the base and cover circles of the old initial cone, furthermore the previous
height of the initial surface. In this way, the new initial surface of the pirn
can be established without experimentally determining the values of x and A

Let R be the base radius of the frustrated cone, r the radius of its cover
circle and m its length. Since A(m, r) is a point of the meridian of the revolu-
tion surface, its coordinates satisfy the equation of the curve, hence

. x
R -X

Dividing by x the numerator and the nominator of the fraction, we obtain

From the latter equation

or,

and

Substituting the value of AOx into the equation of the meridian hyperbola,
we have

X 1 1
— — .0 J__ 1W -1WwW ,
R R X R m
1 1
(1/r)-(2/40) 1 R - r
m R mereR R
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By multiplying by m er «R the numerator anti nominator of the fraction
on the right side is

meresR

iy -y T

From the equation obtained, the meridian hyperbola of the initial surface
can be constructed (Fig. 5).

The simplest way of constructing the meridian hyperbola is to trans-
form the equation to an isosceles hyperbola taking the form

C

Y1 — e

The initial point of the coordinate system, 0(ul5iq) be in the centre of the
hyperbola. Are x and y the coordinates of a running point of the curve with
respect to the axes of the old system, furthermore xx and yg the coordinates
of the same point with respectto the new axes, then between the old and new
coordinates the following relations exist

X = xt
Y=YX+ Vie

By substituting these values of x and y into the equation of the hyperbola,
the curve is transformed to the new coordinate system, Thus, the transformed
equation can be written as

mereR mereR

yl+Vi:(R_r)(xi-(-Hi)+mr: R—nXi-+(R—r1 -fmr
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As the values ux and tq can temporarily be arbitrary ones, the value of Uj
is to be chosen so as to obtain

(R—r) - mr—o0.
However, this is only then the case, if
mer mer

R-r~ r- R
As for the equation

) mereR C
It (R —rx1 aq
where
m mr
c = —Uje*R.
R-r

In order to obtain the equation in the form y1= cjx the similarly arbitrary
value of tq is to be chosen, so as to get iq = 0, and then we arrive indeed at
an isosceles meridian hyperbola

C
YI = —

The equations of the straight lines
mer

and
tg=0

are at the same time the end tangents of the transformed hyperbola

For constructing the curve yq = cjxx also the half length of the real
axis has to be determined. The end point c of the real axis lies on the hyperbola,
hence for the new coordinate axes the equation

is valid. On the other hand, denoting by at the half length of the real axis,

a? = 2xl = 2c,
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whence

After having calculated the coordinates of the center of the hyperbola
and by that the equation of the end tangents, furthermore the half length

of the real axis, the meridian curve can be constructed. By that also the form
of the pirn end as a hyperboloide of revolution is completely determined.
In the following example the determination ofthe pirn shape is described.

Be
r=6 mm, R= 13 mm, m = 30 mm.

Since
mr-R

" (R —r)x -f~-m-r
hence the equation of the curve

30 m6 « 13 2340
Y~ Ix+ 30m6 — Ix + 180 =
The equation of the end tangents
. m er
u 7o H
and
vi= 0
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Thus,

The half of the real axis

GREGA, B.
180
“| = -7 w 25,70,
vi= 0
@z 2 R—r R
1/,, 180 1/ 4680 nr
at— f2 7 N— |l 7 ** 25,85

The manner of constructing the pirn end is represented in Fig. 6.

1. Stein, W.—Hobe, |I.:

2. Stepanow, G. V.. Text.

REFERENCES

Textil Praxis (1969) 2
Prom.

(1973) 2

3. Grega, B.: Periodica Polytechnica, 1 (1973) No. 2.

Bestimmung der Form von Webspulen. — Aufgrund von mathematischen Uberlegun-
gen gibt der Verfasser eine Losung fiir eine Form der SchuBspulen bekannt, welche die durch
Fadenkraftschwankungen verursachten Kettenrisse weitgehend verringert. Er zeigt, daB der
Meridianschnitt der Anfangsoberflache einer solchen SchuBspule immer eine Hyperbel ist.

OnpegeneHue OpMbl TKALKOrO nMoyaTka. ABTOP Ha OCHOBe MaTemaTuMyeckoro coo6pa-
XEeHUA faeT pelleHue onpedenieHUs Takoli (hopMbl TKaLKOro noyaTka, KoTopasi B 60/bLUOIA Mepe
YyMeHbLUAET pPaspbIB yTKa, KOTOPbI/ MPOMCX0AUT OT KoNebaHusa ycunus HUTKU. B pa6oTe nokasaHo,
YTO B CNyyae TakOro nouyeTka yTKa paspe3 Mo MepuauMaHe HauyasbHOW MOBEPXHOCTM Bcerga

ABNAETCA TUNep6ooii.
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ANALYSIS OF AXISYMMETRICALLY DEFORMED
SHELLS BY THE FINITE ELEMENT
DISPLACEMENT METHOD

B. HERPAI* and |. PACZELT**
CAND. OF TECHN. SCI

[Manuscript received March 8, 1976]

The elements adopted follow the actual geometry of the shell. The minimum
degree of freedom of the elements is 12. In concluding the calculation an opportunity
offers for supervising at each element the degree of non-satisfaction of the equilibrium
equations “a priori” non-satisfied. If the degree of non-satisfaction at each element
is below a predetermined value, so the calculation can be considered to be accomplished.
If not, by maintaining the subdivision and increasing the degree of freedom of the ele-
ments in question, with repeated calculations more exact results may be obtained.
The efficiency of the procedure is well demonstrated by a number of numeric examples.

1. Introduction

The axisymmetrical shells are elements of structures having diversified
functions, widely spread in the practice of mechanical engineering and archi-
tecture. In order to be able to precisely estimate the durability and reliability
of the structures it is necessary to clearly understand the behaviour (displace-
ment and state of stress) of the parts of constructions under the effect of load.

The strength analysis of axisymmetrical shells of a complicated con-
struction, geometry and load conditions, represents a rather serious problem
for the structural engineer. Even in applying the engineering shell theory,
to be built up on Kirchhoff—Love’s hypothesis used in the calculation of thin
shells, notwithstanding the publication of a great number of works [1 to 7]
which transformed the basic differential equation of the shell in different
ways, producing exact solution-, one frequently meets in the engineering
practice such geometrical, support and load conditions to the treatment of
which the aforementioned “classic” methods are unsuitable.

Consequently different approximate methods applying also digital
computers, have been developed [8 to 11]. Recently those procedures have
been continuously increasing which approximate the fields to be found over
a finite number of regions (finite element) with the aid of arbitrarily selected

*Dr. B. Herpai Melinda u. 18, H-3530 Miskolc, Hungary
** Dr. |. Paczelt Gyé6ri Kapu 37, H-3531, Miskolc, Hungary
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approximate functions. A part of the coefficients of the approximating series
(in general, power series) are expressed by the finite number of points (nodal
point, nodal circle) values, derivatives of the unknown functions. By fitting
the fields above each element together (subregion), all the fields interpreted
above, the whole region analysed may be produced.

The function values of unknown nodal points, their derivatives and the
remaining part of the coefficients in approximating series, in a function
associated with an error principle, (for example, method of the weighted
residues, least error squares minimum principle, Bubnov—Galjorkin’s method),
with different principles of variation (for example, Lagrange, Castigliano,
Reissner, etc.), by making use of its steady state, are obtained by solving an
algebraic set of equations.

In case of axisymmetrical shells, by applying the engineering shell
theory, the first finite element method built up on Lagrange’s variation prin-
ciple approximated the geometry of the shell by elements having the form
of a truncated cone (single curved elements) [12]. This procedure has been found
by numerous followers [13 to 15]. Later on also doubly curved elements were
applied [16 to 19]. From among these latter, with respect to efficiency, the
[18] and [19] were outstanding, where the displacement and the rotation of
the normal to the shell middle surface were approximated by high degree
polynémes (the geometric equations were not established on the basis of
Kirchhoff—Love’s hypothesis).

As is known, in case of Lagrange’s variation principle, the potential
energy of the elastic system will be minimized by assuming a kinematically
admissible displacement field. In order to have the potential energy furnished
for the whole structure by the sum of the potential energies calculated separa-
tely for each element, it is necessary and sufficient that, in case of Kirchhoff—
Love’s hypothesis, on the transition from one element to another, the displace-
ment of the middle surface and the rotation ofthe normal be the same. To fulfil
this condition it causes no trouble in case of axisymmetrical deformation.
However, at the same time, in case of a compatible displacement model built
up on Lagrange’s variation principle, the force and moment components
of the stress resultantsl caused by the kinematically admissible displacement
field, do not generally satisfy either the equilibrium equations, nor the dynamic
boundary and joint conditions. If they are not satisfied, the errors caused
by the approximation of the displacement field, appear with an increased
magnitude.

W ith the method discussed in this paper, by assuming an axisymmetrical
deformation, applying a kinematically admissible displacement field, treating

1 Besides the denominations “stress resultants” in the literature on the subject also
the names “normal middle surface forces, shear force and bending moment” or “the forces
and moments per unit middle surface length” are used.
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it as a supplementary condition, dynamic boundary conditions as well as
the continuity of stress resultants can be fulfilled, discontinuities of a given
magnitude and their prescribing as dynamic joint conditions. In this way,
the potential energy of the shell structure is minimized by the fulfilment of
the supplementary conditions. Hereby, in carrying out the calculations, an
opportunity is offered for supervising the degree of non-satisfaction of the
“a priori” non-satisfied equilibrium equations and thereby for the estimation
and also for the improvement of the accuracy of the calculation. The closer
the exact solution, the lower the degrees of the non-satisfaction will be. Be these
degrees lower than a predetermined value, thus the calculation may be con-
sidered to be completed. Be they higher, so by maintaining the subdivision
and augmenting the degree of the freedom of the elements, i.e., by increasing
the number of degrees of the approximation series, and making use of some
results obtained in the earlier calculation, by a repeated calculation, more
exact results may be obtained. This successive approximation should be
continued until the degree of non-satisfaction of the equilibrium equations
becomes lower than the value given preliminarily. The technique of increasing
the number of degrees was first applied to the solution of plate problems
discussed in [20].

2. Basic relationships

In case of an axisymmetrical deformation the displacement of the points
on the middle surface of the shell is definitely determined by the displacements
n and w, the tangential and normal directions respectively (Fig. 1). The specific
strains and curvature changes related to the middle surface of the shell, may
be calculated from the relationships

d 7 0 wsinB
{du iw e _ hcos sin 9 (la, b)
\d6 r
‘i = 1 d# <2 = cos 0 v, (e, d)
A, dQ” r

Fig. 1. Interpretation of the displacement vector in the system of coordinates defined by the
base vectors (elt €2 e3) or (e,, €2, er): u = uet + ice3; u — Arer -f- Aaea: i) — rotation of the normal
of the middle surface
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and the rotation of the normal from the relationship

div |
dd (le)
where ft is the angle formed by the normal of the middle surface of the shell
and with the axis of revolution,
r is the radius measured on the parallel plane, and
fix is the radius of the curvature of the meridional curve (Fig. 2).

Fig. 2. Interpretation of the radii jRj, R2 of Fig. 3. Positive directions of the force com-

the principal curvature at points P1and P, ponents of the stress resultants and moment

the & and of the elementary length of arc components of the stress resultants
ds= Rt md@

The force components of the stress resultants [N/cm] and moment
components of the stress resultants [cmN/cm] (Fig. 3) may, in case of homo-
geneous, isotropic, linearly elastic material, be calculated as follows

T, — B(e14- /ne2), T2— -B(e2+ uex, (2a, b)
Ml = D(xy-f ux2, M2= D(x2+ rxj) , (2c, d)
and
= — [— (rtMY—M ycose] , 2e
rRI [dd ( ) y 1 (2e)
where :
Eh/(L - fi%),

Eh312(1 - ju2).

Young’s elasticity modulus,
thickness of shell,

Poisson’s ratio.

UVUSMOw
o noqn
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As is known, in case of an axisymmetrical deformation three equilibrium
equations may be established. Expressing the first two of these (the equilibrium
equations involving the stress resultants H and V, Fig. 4 [6]) interpreted in
the global system of coordinates efl, e2 er and integrating them, the following
equations are obtained

rv —rOve + I pards = 0, (3a)
J SO0

rH - rOH° - FS)(TZ- per)ds = 0, (3b)
J

Fig. 4. Representation of the stress resultants and load in the global and local systems of
coordinates defined by (ea, ?2, er) and (e,, é,, €3), respectively

wherein :
s is arc coordinate measured along the meridional curve of shell;
quantities with zero subscripts and superscripts designate values assumed at fixed s = sO
while those without subscripts (superscripts) denote values assumed at arbitrary loci of s;
paand peare axial and radial coordinates, respectively, of intensity [N/cm2] of external
load of shell reduced to the middle surface of shell.

The third equilibrium equation is furnished by expression (2e).

3. Assumption of the generalized displacement vector of the nodal circle.
Building up of the approximation matrix

As was mentioned in the beginning, the purpose is to assure, beside
maintaining the continuity of the displacement field and rotation field, the
discontinuity of predetermined value or continuity of the stress resultants.
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In the following it will be pointed out that these requirements can only be
fulfilled with the aid of elements of at least twelve or higher degrees of freedom,
except the case where the element contains the point r = 0 (this question
is treated in [27]).

At the joints of the elements, at the nodal circles of the shell divided by
a series of planes of finite number, normal to the axis of revolution, into
elements (subregions), their jointment (the displacement fields n and w assumed
locally and tie rotation of the normal ensuing on Kirchhoff—Love’s hypo-
thesis) should be carried out on the basis of the joint conditions applied in
the shell theory; i.e., the kinematic and dynamic joint conditions should be
taken into account.

Let us introduce the rules of notation according to which a quantity
belonging to an element is designated by the superscript (symbol of the ele-
ment) is designated by the superscript (symbol of the element) while those
belonging to a nodal circle is designated by the subscript (symbol of the nodal
circle).

In case ofthe elements denoted by the superscripts e and e §4—1 adjoining
the nodal circle denoted by the subscript i, the kinematic joint conditions2
relating to the ith nodal circle, expressed by the displacements Ar, Aa and the
rotation of the normal # represented in Fig. 1 may be written in the form

Afi= Agy= Ari, (4a)
<m= Aftl= 42, (4b)
W= #f+1= LY (4c)

wherein:
dr/, Ali and_t)\ are the (unknown) displacements and rotation of the points on the

nodal circle I

The kinematic prescriptions and boundary conditions are derived on
the basis of the kinematic joint conditions. Be, in the expressions (4a, b, c),
one of the values Ar Aaf, a given quantity, so with respect to the given
quantity (quantities) they are called kinematic boundary conditions or kinematic
prescriptions depending on whether one or more elements are adjoining the
ith nodal circle.

Using the symbols of Fig. 5, the dynamic joint conditions representing
the equilibrium of the ith nodal circle may be written as follows:

W - tf2+i= A0;, (5a)
Vé— Vf+l= Voi, (5b)
Mb - Miy = (5¢)

2 For the sake of an easier understanding in writing down the kinematic and later the

dynamic joint equations we must be content with the case where only two elements meet at
the nodal circle (i.e., the shell has no branch). In case of branching structures the respective
formal extension of the equations is needed.
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wherein:
Vf, H* and (oc = e, e-j-1) are components of internal force components of the
stress resultants (F,- being the parallel, 11/ the normal component to the axis of revolu-
tion) and internal meridional bending moment respectively;
HOi, Vnj and Mj 0l are symbols of values affecting nodal circle i caused by a given
external load (known) or support (unknown).

loi

\al

Fig. 5. Dynamic joint conditions on the ith nodal circle M fj — ATI"1 = 1/, 0l-; Jf/ — 11] =

= HOi; V\— Vf+l= VO0j; a) External load: Ilaj, FOF M 101 applied at the joint of nodal

circle i of the elements e and e + 1. h) Stress resultants induced on the common nodal circle

i of the elements e and e -f- 1 in the global and local system of coordinates and internal and
external loads acting on the nodal circle i

In case where only a single element is associated with the nodal circle i,
from among the conditions (5a, b, c) those, at whose right-hand side known
values are involved, these are called dynamic boundary conditions. As a matter
of course, in this case, at the left hand side of the conditions (5a, b, ¢) only
the quantities which are associated with the elements e or e + 1 enter.

It is obvious that the conditions (4a), (5a); (4b), (5b); (4c), (5¢) by pairs
cannot be applied, at the same time, at any of the nodal circles as kinematic
boundary conditions, prescriptions or dynamic boundary or joint conditions.

In establishing the joint equations associated with the common nodal
circles of the adjoining elements concerning the displacement field, rotation
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field and the derivatives of the displacement field, the satisfaction or non-satis-
faction of the following condition A should be taken as a starting basis.

Condition A: on the common nodal circles of the adjoining elements,
the thickness, curvature and material characteristics of the shell are identic;
with the nodal circle neither kinematic prescriptions, nor external concentrated
(distributed along the circle) load is associated; at the nodal circle only two
elements meet.

Be the condition A fulfilled, so by considering the relationships (la to
le), (2a to 2e) it can be seen that beside assuring the continuities of the displace-
ments and rotation, the necessary and sufficient condition for realizing the
continuities of the stress resultants, is that on the nodal circle the radial and
axial displacements (Ar) and (Aa) respectively, the rotation of the normal
(ft), the first derivative of the tangential displacement (u) with respect to the
arc coordinate s (us), the first (fts) and asecond (ft s) derivatives of the rota-
tion ft with respect to the arc coordinate s should be identic.3The vector prod-
uced from these quantities will be called generalized displacement vector of
the nodal circle.

The generalized displacement vector associated with the nodal circle
i of the element e is deS|gnated as follows:4

Hil'y

where
) [ArAaft]l 77 ks skslf (72, b)
13 (13)

If the elements denoted with e and e -f- 1 meet at the ith nodal circle
then, for the validity of condition A is true that

= (D> o= g+, .

thus, - +
q- 1, (8¢)

i.e., at the joint (attachment) of both elements in question, the generalized
displacement vectors belonging to the common nodal circle i, are the same.
From Fig. 1 may be seen that by introducing the transformation matrix

cos B sin B 0 "e

Té= —sing cos6 O
33
@3) 0 0 19,
between the vector .
- uwQyi
)

3Here and in the following the notations
d(.)/ds = 1 d(.)/d& = (,)s, dZ.)/ds2 = (.)s are used.
4T is the symbol of transposition.
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defined in the local system of coordinates (e3 e2 e3) and qf, defined in the
global system of coordinates (ea, €2, er) the relationship

gf = Tfqf
is valid. Therefore, 1 1
f: TfF O m - T<
to o s (I Teodh ®)

wherein E is a unit matrix of type 3x3.

If any of the conditions A does not exist, then only the part realizing
the continuity of the displacement field and rotation field of the generalized
displacement vector associated with the common nodal circle i of the successive
elements e, e -j- 1 may be fitted together according to (4a, b, c), i.e.,

. ’

while by virtue of the relationships (5a, b, c), (2a, c, e), (7a, b) between the
vectors gf and qf+1 also in this case, an unambiguous connection exists.
By considering the definition (6) of the generalized displacements as well
as the relationships (2a to 2e) and (la to Id) it may be observed that the
stress resultants belonging to any nodal circle may be expressed as the functions
of the generalized displacements associated with the very same nodal circle.
Therefore, the dynamic joint equations (5a, b, c) relating to the common nodal
circle ofthe elements eand e -f- 1 may be written in the following concise form:

I
A q hO
! Vo (n)
- +1 -

- Afjo"
in which the coefficient matrix A, may, according to the partition of the
generalized displacement vector (7a, b), be partitioned as follows

A- = [AfAFAF+1AT+]] .

In case of a dynamic boundary condition at the left-hand side of relation-
ship (11) only the quantities belonging either, only to the element e or only
to the element e - 1, are included.

At all the nodal circles where kinematic prescriptions, boundary con-
ditions are not given, the number of equations (11) is three, otherwise it is
three, minus the number of the kinematic constraints. The rows corresponding
to the non-prescribable dynamical joint or boundary conditions, in the matrix
A, and vector d, for reasons of calculation technique, it is recommended to
be filled in with zeros.
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Since an element has two nodal circles, and at each ofthese the generalized
displacement vector has six elements, thus, the generalized displacement
vector of element e bounded by the ith and yth nodal circles, takes the
following form:

t T= [qfT4?T]= [# Tqi-Tqfqf] , (12)

(1,12)

Therefore, the generalized displacement vector is of the type 12x1.

The displacement field (u, w) is to he sought for each element as a linear
combination of approximate functions made up of unknown constants. The
number of unknown constants represents the degree offreedom of the element.

Fig. 6. The load applied at the edges of the element e and interpretation of the arc coordinate se

Since the purpose is to assure the continuity of the displacement field and
rotation field, further, the continuity or the predetermined discontinuity of
the stress resultants and the satisfaction of the dynamic boundary conditions,
where to the assumption of twelve generalized displacements defined by (6)
is necessary, therefore, a definite relationship between the constants and
generalized displacements can only be established by making use of elements
of twelve or higher degrees of freedom.

An empirical fact is that in case of approximation with polynémes of
high degrees the displacement and state of stress ofthe shell may be determined
at a significantly lower number of unknown quantities involved in the final
set of equations, contrarily to the approximation with polynémes of lower
number of degrees, however, in case of an algebraic set of equations obtained
necessarily by assuming for more elements. Accordingly, the use of elements
of higher than twelve degrees of freedom, is justified.

In accordance with that said above the displacement vector ue(se) within
the element formed of the displacement vector n = uel-f- we3 interpreted in
the local system of coordinates is approximated in the following form:

ue(sc) ue J De(se) ae A Pe(Be) ae, (13)

@1 w(s)
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wherein, in case of a single curved shell element (Rx= o00; cylinder, cone,
plate, disc)

(14)

(15)

and in case of a doubly curved shell element

where
Jh
means to the function M applied number of degrees,
Jw
ae, 8€ are the vectors of the constants
(12,1) (P',1)

wherefrom it follows that the degree of freedom of the element is

single

le= 12+p=9+ 10 + |-|-| *ifthe shell is curved

doubly

where P€ 0, the number of plus constants.

From the basic function matrices (14) and (16) it can be seen that the
terms originating from the motion as a rigid body (from the displacement
parallel to the direction of the axis of revolution) has been taken into con-
sideration both in case of single curved and doubly curved shell elements
(of, of) and (of sin O, — of cos 0) respectively. With the aid of the relationships
(la to Id) it may be proved that the values of the deformations associated
with these displacements are equal to zero. The application of the polyndmes
is partly justified by the fact that every continuous function can be ap-
proximated by polynémes [21], partly by the easy numerical treatment.

The efficiency of the finite element method is basically determined by
assuming the displacement field. Numerous works treat the problem of the
convergence of the method; by the refinement of the division in the sense of
energy by what conditions the assumed displacement field tends towards
the actual value.
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Here can be only referred to [22] where the critical analysis of several
earlier works is to be found. By summarizing the results reported in [22]
the assumed displacement field should satisfy the following conditions: within
the element and at its boundary, i.e., at the transition to the neighbouring
element it should be continuous; the displacement field should be the linear
function of the generalized displacement vector of the element, it is desirable
but not necessary, that the displacement field should contain the displacement
caused by the motion as a rigid body. Are the interpolation functions used
for the approximation in the sense of the energy complete, so the procedure
converges to the actual solution. According to [23] the presence of the terms
ofthe rigid hody-like displacement significantly augments the numeric effective-
ness of the method. Owing to this, it is convenient to take these terms in
connection with the matrix ®' into account.

The continuity of the displacement field and the normal rotation is
assured by the generalized displacement vector of the nodal circle defined
by (6) through the kinematic joint equations (8a) or (10).

In order to be able to realize the connection, the vector u<se) should
be expressed through the vectors q'7and ae. Expressing the generalized displace-
ment vector gf of the element e by its constant vectors ac, 9e by making use
of (11), (12) yields:

= Ge ae -f- & e (18)
(12,12) (12,1) (12,jf) (if, 1)
where

Ge *= quadratic matrix containing coordinates of a generalized displacement vector

related to vector ae and involving geometric parameters, while

Ge = matrix containing coordinates of generalized displacement the displacement
vector related to vector af.

Since in case in question ensuing from (14), (16) and (18), det Gec” 0,
with the aid of (18) one obtains

(19)

where
Ve« = \A GT 1 —(GQ-1G61”
Og e 0 E

and E is a unit matrix of the type peXpe. To express the displacement vector
(13) by taking (19) into consideration the following equation may be written

ue(sc) = [P(B) !P(«)]c Ve (20)
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4. Strain, state of stress and potential energy of the element

The vector
€T = [6] e2Xj x21e (21)
@i,h
associated with the element denoted by e combined of the specific elongations
and changes of curvature introduced by (la to Id) is called the generalized
strain vector of the element which, by using the displacement vector (20) and
introducing the matrix operator

1
ds Ri
cos B sin 0
r r
d (*) d\.)
ds g as°-
s B cos B d(.)
rR1 r ds _
may be written in the form
Ee= ue= [W(s) \W(s)Jeve 2 (22)
a
wherein
We = ade, = 9®C.

From the stress resultants the generalized displacement vector of the
element is formed in the following way

<FT= [7\ T2 Mx MZ2e

(1,0

which expressed through the matrix of the material law De and interpretable
on the basis of (22) and (22a to 22d) yields:

oe(s) = De(s) Ee(s) = De(s) [W(s) TW(s)]eVe (23a)

Are there also present initial deformations (for example, caused by thermal
load) so by collecting them into the vector Eg, the generalized stress vector
may be found with the aid of the relationship5

ae= De(Ee — Eg). (23b)

5For the simplification of the discussion the investigation of the initial deformation
will be omitted.
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The potential energy ofthe element may be calculated from the deforma-
tion energy and from the potential ofthe external load according to the formula

Me= aeTeedA — J'ueTpedA — qeTfe (24)

(A) (A)

wherein peT = [pg p 3]e is the vector of the external load distributed on the
middle surface Aeof the element interpreted in the local system of coordinates

(Fig. 4),
{eT = 1[fp ;fjT]

(1,12) (1,6)

is the vector of the resultant of the external load distributed on a circular
line, acting on the nodal circles i and j of the shell element (as a matter of
course, the potential of the load distributed along the nodal circle should
always be considered only for one element),

fnT = 2nrn[fInf3rf2n 0 0 0], (e= i,j) m

Replacing the quantities (23a), (22), (20) into (24) gives

Me= Tle{ge, ae) = ~ [qTjaTleQc -4 [qTaTlehe, (25)
a
where
_ rwr i A xv(a
Qe=Ve T De[W WJedA\e= 44 (26)
{ieig JAQ . W T . N lvaa

is the stiffness matrix extention of the element, while its partitioned parts are

= [Ge]-i.r f WeTDeWedA [Ge]_1, (27)

(12,12) J(Ae)

Wa= (k&@)T= —krce+ [CGTIX p WAA, (28)
12n J (A»)

K4 = GeTK&Ge- Gi'T[Ge]-1r T W"T WaelA -
9 NS

- f WETDeWedA[G5]“1Ge+ I WeT DeW'dA ,
Yoo [G5] ) (29)

further the vector from the load

r or

IF = Ve7 o7

(e, O I(A«)

oA + F (30)
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where
fe.T = [p.T ;0] (31)

(i, n

L = [Ge]-l-Tl- deTpedA + fe
(12.1) J(AY)

ba= & T(K . fe + |- ®pr PedA . (32)
oM) J(A-)

From formulae (27 to 32) it can readily be seen that in case of an element
of a degree of freedom higher than twelve, the stiffness matrix Kpm associated
with the element of twelve degrees of freedom and the generalized force vector
b? also appears with the element of increased degree of freedom, further, they
will be also used in calculating the quantities K"0, Keaa and b*. That is, the
repeated calculation of the numerous terms associated with the element of
twelve degrees of freedom which may only be produced by numeric integra-
tion, and as such, requiring long computer time, may be eliminated by the
convenient organization of the computer program.

5. Establishment of the set of algebraic equations to be solved

Let us rearrange the generalized displacement vectors defined by Eq. (6)
associated with all the elements of the shell divided into n elements and the
vectors of the surplus constants ae(e = 1,2,...n) into a vector each, as

follows: J _
q*: [qLr qu q‘F g’ T (33)

where m denotes the number of the nodal circles and
= [ALT az2T tan'r | (34)

Writing down the kinematic prescriptions given in the formulae (4a, b, c),
the joint and boundary conditions, to the nodal circles number m, and sum-
marizing them into a matrix equation yields

A, q = k . (35)
(31,12n) (3m, 1)

Eq. (35) corresponds for each nodal circle to three equations, in such
a way that they express the equality of the generalized displacement vectors
q) of t -j- 1 elements designated with r = e, B+ 1,.. e+ t adjoining each
nodal circle i or, in case of a given kinematic prescription, in the boundary
condition they express their prescribed value. If dynamic boundary conditions
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are pertaining to the edges, the number of the kinematic boundary conditions
is three minus the number of the dynamic conditions; then, in these rows of
the matrix Ak zeros are entered. The elements of the vector k associated with
those nodal circles to which no boundary condition, no prescription is given,
are equal to zero; all other element of the vector involve the displacement and
rotation values defined by the boundary conditions and kinematic prescription.
The matrix Afc as results from its interpretation, is built up of the numbers
0, 1, —1, in case of shells without branching, it is of quasi-diagonal structure.

Let us sum up the dynamic boundary and joint conditions type (11) and
the dynamic joint conditions of type (8b) established for all the nodal circles
(of number m) into one single matrix equation

* = d . (36)
(3m,I2n) (12n,I) (3m, 1)

Eqs (35) and (36) may also be Writtep in the concise form:

= | (37)
where
A* = [AXATT, i = [kTdr]r.
(6m,12n) (6m,1)

By making use of the formulae (25), (9), (33) and (34), the potential
energy of the loose system may be produced as the quadratic functions of the
vectors g and &

M= 1(g, &= " nMNeqe e . (38)
e=1

Considering the aforesaid the following mathematical problem may be
established: let us try to find the minimum of the potential energy of the
loose system by satisfying the supplementary conditions (37), i.e., the pro-

gramming problem is
min {#(q, &) | A*q* = i} .

The Lagrange-function belonging to the given problem is

L*= a) + XE(A*q* — i), (40)

where X* is the vector of the Lagrange-multiplicators.
The necessary and sufficient condition of the minimum is

9L » n qL* M ” 9L,
=0 —-= —=0", —- = 0, (4la,b,C)

9q* 94 94 X,

which, with respect to the elements of the unknown vectors q,,, &, X* constitute
a linear set of algebraic equations.
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By making use of its properties given under (41bl, & may be expressed

through qwhich results in reducing the number of unknown quantities involved
in the final set of algebraic equations.

When calculating actual problems the great advantage is that from the
independence of the supplementary constants of each element (24) ensues

3

e=1,2,.. n
dae ( )

i.e., by taking into account the relationships (25), (26) and (30) to (32) the
vector ke may be expressed for each element. As a result, partly

dac= [KL]-1(K - KLqe (42)

is obtained, partly, by replacing keinto (25), the potential energy of the element
e may be expressed through qe as follows:

Me= — g7 — qeTToe (43)
where
Ke = qu KLlKAO] K.aq (44)
(12, 12)

is the reduced stiffness matrix of the element and

be= K - KL KA~J-1K (45)

is the reduced generalized force vector of the element.

Hereafter, using Eq. (43) also the potential energy expressed by (38)
may be rewritten and in lieu of the problem formulated by (39)

min {A(Y,) IA*g* = i} (46)
may be written.

Let us now, by taking into consideration the kinematic joint equations
(35) as well as the dynamic joint equations type (8b), following from the
validity of condition A, rearranging the generalized displacement vectors
differing from each other, associated with all the nodal circles into a single

vector.6 |r - MTq’l\’ r'ql:q 1T 4mT 4mT] 47)

61f there are K elements altogether and the number of nodal circles at them is N,
to which the dynamic joint and boundary conditions (11) are calid, then, in case of structures
without branching, the number of the vector q is: 3(2K N)

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



110 HERPAI, B. PACZELT, I.

Here n and m are the serial numbers of the last element and nodal circle,
respectively.

Let us denote the dynamic boundary and joint conditions type (11)
which were not as yet taken into account, as follows:

Ag =r. (48)

Using the notation adopted in lieu of (46) the following problem may
be established: let us try to find the minimum ofthe potential energy 77 = 77(q)
of the shell structure by satisfying the supplementary condition equations
(48), i.e.,

min |/7 = 77(q) = — q7Kq —qrb |Aq = rJ. (49)

The problem formulated by (49) is equivalentto the condition of station-
ariness relating to the functional

L= zquq—qer, *r(Aq —r) (50)

thus

OL= dg7_— 4+ dXr— =0 (51)
8q 0X

where dgq, dX mean the possible variations of the vectors g, X. Namely, vector
g in (47) has also to satisfy the kinematic boundary conditions and prescrip-
tions, therefore, some elements of the g vector are of prescribed magnitude,
i.e., the variation of the elements of given values (fixed variables) of g dis-
appear. The same is the case with vector X where, due to the kinematic con-
straints in the dynamic boundary and joint equations which are not prescrib-
able, the elements of vector X are of prescribed (for example zero) values.

Let Ej be a diagonal matrix whose dimension is the same as that of
matrix K and in its principal diagonal, besides the units stand zeros at all
the places where the elements of the vector q have prescribed values, further,
be Ej a diagonal matrix of such ajx j type as is multipliable by the vector
X entering in (50) and in its principal diagonal besides the unit at all the
places zeros are entering, where neither dynamic boundary nor joint conditions
may be prescribed. Then, according to the aforesaid it is true that

dq = Ejdg; dX= E{dX (52a, b)

where dq, dX designate the change of all elements of the vectors q and X
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Owing to the independence and the arbitrary value of the variations
6q, OXinvolved in (51), by considering the relationship (52a, b) one can write

or

Ef— = E?(Kg- b+ ATX)= 0 (53a)
0q
or

E\— = E*Aq- r)= 0. (53b)
cX

Fig. 7. Example for the establishment of the set of equations (f>6)

The coefficient matrix of the linear set of equations obtained is not
symmetrical but may be made to be such. Let us interpréte the diagonal
matrices Ef, E® by the following relationships

Eg= BE4- L ; Ej = En— Ejf (54a, b)
where E9, Enare unit matrices. By making use of the identities

qg= (E?+ Eg)gq, X= (EJ+ EDX (55a, b)

and adding the known vectors Efqg and EjX = 0 to each side of the equations
(53a) and (53b), respectively, the following set of symmetrical coefficient
matrix equations are obtained

'E| + E?KEf EfArE;' 4 rw - EiKE'j)g+ E/b 1
EjAEf El X g cn NBQ i
-

The coefficient matrix of the set of equations (56) is symmetrical, of
non quasi-diagonal structure, however, by placing the equations ofthe dynamic
boundary and joint conditions (i.e., by the convenient partitioning of the
matrix A or by the appropriate rearrangement of the unknown quantities)
the coefficient matrix may be transformed into a band matrix.

In order to demonstrate this, the establishment of the set of equations
is presented on a structure consisting of three elements, in Fig. 7. The procedure
is the same, even in more intricate cases.
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After making allowance for (6), (43) to (45), the stiffness matrix, the
generalized force vector of the element e may be partitioned. With the nodal
circle 3 no constraint equation is associated because the condition A is valid.
If one the nodal circle denoted with 3, kinematic prescription or a load of a
given value should be applied, when qjj gjj, the establishment of a constraint
equation would be necessary. For the nodal circles 1 and 4 dynamic and
kinematic boundary conditions might be written (for the nodal cicles 1: Mx= 0,

= 0, N1= —F\; for the nodal circles 4: Mx= 0, = 0, Aa= 0) while
for the circle 2 only the fitting of the vectors g* = g6 may be prescribed.
Consequently, the appearance of the set of equations is the same as that of
(57) where after carrying out the operations with the matrices E], EE (a = q, A
the remaining blocks of matrices (differing from zero) are designated by
shading.

The solution to the set of equations obtained is carried out by a special
algorithm based on the Gaussian elimination method with the aid of which
both the utilization of the memory unit and the number of the operations
to be carried out is optimized [27].

6. Supervising and upgrading the accuracy of the calculation

In the procedure described above the displacement field assumed satisfies
both the dynamic boundary conditions, prescriptions and even at the tran-
sition between the elements, the prescribed discontinuity or continuity of
the internal forces and moments. If the calculated fields satisfy the equi-
librium equations at any value of the arc coordinates s, the exact solution
to the problem is obtained.

The degree of non-satisfaction of equations (3a, b) offers an opportunity
to estimate the accuracy of the solution.

In case of a given subdivision of the shell the calculation should be
begun by making use of the elements of twelve degrees of freedom then, with
the aid of the displacement field resulted, the equilibrium equations (3a, b)
should be supervised. For the elements, at which the degree of non-satisfaction
is higher than the number s preliminarily given, the degree of freedom of
the element should be increased and with unchanged subdivision, by using
certain results of the preceeding calculation [see (25) to (31)] the calculation
should be repeated. One should proceed in this way until the degree of non-
satisfaction of all the elements is below a predetermined value.
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7. Calculation results

For the application of the procedure described in the foregoing a Fortran
source language program has to be established. In connection with the
assembly and operation of the program is to be noted that it automatically;
carries out the subdivision of the shell structure into elements to the solution
of the set of linear equations an algorithm based on the Gaussian elimination
method is applied, the integrations required are carried out by the Gaussian
quadrature method. For the purpose of the calculations the computer of the
Hungarian Academy of Sciences, type CDC 3300 was used.

M10=50 [Ncm/cm]

r =10 [cm
1 h=01 %cm]]
L=10 [cm]
E=2,06-107 [N/cm2]
p =03
ax 25em ML
2, 4 member

Fig. 8. Subdivision into elements of the circular cylindrical shell loaded at its edge

In the following some of the calculations carried out are presented to
demonstrate the numeric efficiency of the procedure worked out by the
authors. The results obtained in solving the problems were always compared
with those found by the calculations carried out according to other calculation
methods, and their close agreement has been experienced. The procedure
proved to be convergent both for the refinement of the subdivision and for
increasing the degree of freedom of the elements. In comparing it to the
finite element method to be found in the literature on the subject, the rate
of convergence of the procedure discussed is far more favourable (in working
with lower number of elements and in reaching higher accuracy). In calculat-
ing the different problems it has been experienced that if the maximum of the
degree of non-satisfaction of the mechanical equilibrium equations (3a, b)
was below one [N], so the stress values calculated agreed by two cyphers with
the results obtained with the aid of the analytic method.

7.1. The investigations were begun on the circular cylindrical shell
depicted in Fig. 8. In the figure, besides the geometric dimensions and material
constants also the subdivision and maximum number (m) of the elements are
represented. The degree of freedom of the elements were twelve.

The results have been printed in to four digits; both the displacements
and rotations as well as stress resultants agreed in their values to four places
of the digits with the exact solution. The degree of non-satisfaction of the
equilibrium equations (3a) and (3b) was for all the elements 10~4 order of

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



AXISYMMETRICALLY DEFORMED SHELL

magnitude. The problem was also calculated with the aid of the procedure
reported in [12]. The elements used here are single curved elements; n and
w are linear and cubic functions, respectively, of the arc coordinates s, i.e.,
the element is of six degrees of freedom which does still not assure the conti-
nuity of the stress resultants. It is worthwhile mentioning that with the choice
of eighty elements only (approximately) could the same result be attained as
was furnished by the procedure described in points 2 to 4 with the assumption
of eleven elements, moreover, even the use of three elements of 20 degrees of

freedom, each yielded the exact solution.

In this connection, the results concerning the loaded edge of the cylinder

are listed and compared in Table 1.

Table 1
Number of Number of
elements unknown
quantities
Points 2 to 4 (exact) n 78
(12 df*)
3 30
(20 df)
According to ref. [12] 80 243

*df = degree of freedom

7.2. The cylindrical shell represented in Fig. 9 is submitted to a load
linearly changing along the longitudinal axis. For the same number (4) of
elements the results obtained by changing the number of degrees of the
approximate polyndmes are listed in Table 2. The lengths of the elements

chosen surpass the length 10 dying out.

Table 2
No. of degrees
Ni Mi
[N/ecm] [Necm/cm]
J« fw
3 7 -81,3 -29,12
3 10 -76,22 -28,73
3 13 -76,11 -28,73
7 13 -75,78 -28,69
9 13 -75,78 -28,69
Exact solution -75,78 -28,69

T
[N/cm]

10-22

10-24

T2
[N/cm]

4131

413,1

419,1

Mi
[Ncm/cm]
—50,00
-50,00

-50,20

Degree of nonsatisfaction of

0,072

(3b)
[N]

16,6
2,1

0,01

0,0098

0,0097

g* Ada Technica Academiae Scientiarum Hungaricae 85, 1977



116 HERPAI, B.- PACZELT, I.

From the results it is to be seen that the index-number of non-satisfaction
of the equilibrium equations decreases with the increase of the number of
degrees of the polyndmes. The table contains the index-numbers appearing
at the element near the clamped edge, namely, the maximum values were
always obtained at this element. The case 4 already furnishes a result which,
from the viewpoint of the stress resultants equals that of the exact solution.
It is to be remaked that the augmentation of the number of degrees of the
polynome approximating the displacement of axial (u) direction (see cases
3 and 4) influences the accuracy of the calculation more strongly than (in cases
2 and 3) the augmentation of the number of degrees of the polynome ap-
proximating w.

r=5[cm]
h=02[cm]

L=15 [cm]
10=2,44[cm]

P0=100 [N/cm2]
E=2,06-107 [N/cm2]
p=0,3

m=4

Fig. 9. Function of the circular cylindrical shell under linearly changing distributed load

7.3. From among the finite element solutions concerning the
symmetrical shellsto be found in the literature on the subject, from the view-
point of numeric effectiveness the procedures treated in [18, 19] are the most
outstanding, however, neither these procedures assure the continuity between
the elements with the predetermined discontinuity of the stress resultants
and the satisfaction of the dynamic boundary conditions. The calculation
results reported in these papers persuasively show the advantages of the
application of the elements of a high degree of freedom. For the cylindrical
problem depicted in Fig. 10a, also numeric results are to be found. By uniform
subdivision and applying six elements it was investigated how the augmen-
tation of the degree of freedom affects the exactitude of the results. In Fig.
10b the change of the meridional bending moment All published in [18]
depending on the arc coordinate is shown. The different curves denoted by
d — 8, 10, 14 represent the values obtained by the application of elements
of d-degree of freedom (the curve drawn with full line renders the exact
solution). For comparison, the problem was calculated by making use of six
elements of fourteen degrees of freedom. In Fig. 10b the « signs designate the
results of the procedure discussed in the present paper, wherefrom it might
be stated that even the effectiveness of the method reported in [18] falls
behind that of the procedure worked out by the authors.
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O

r=127 [cm]
L=1524 [cm]
h=0,0254 [cm]
E=7,03-105[N/cm2]

N

~  Ho=0,18 [N/cm]

M. 102 [N]
30

25
20
15
10

05

0423 0846 127 17 21 254 s[cm]

Fig. 10. a) circular cylindrical shell loaded at its edge; b) change of the meridional bending

moment M| — ihfl(s). On the basis of the method discussed in points 2 to 4 by applying ele-

ments of 14 degrees of freedom denoted by ¢, the curves denoted by <represent according

to the ref. [18] the results obtained by using the elements having d =J8, 10, 14 degrees of
freedom

tv=013[cm] *
E=2,06.107 [N/cm2]
A=03

a =20 [cm]

b =10 [cm]

Fig. 11. Torus-formed shell subjected to a force parallel to the axis of revolution

7.4. To the strength analysis of a shell having a torus-like form depicted
in Fig. 11 doubly curved elements have been applied. The calculation results
were compared with those of the approximate analytic solution to be found
in [6].
Using in solving the problem of uniform subdivision, the number of
the elements obtained was 18 and their degree of freedom twelve. In Fig. 12
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Fig. 12. Variation of the meridional bending moment Mjdepending on B induced in the torus-
shell depicted in Fig. 11

Fig. 13. Torus-formed shell loaded at its edge subdivided into elements (0 <[ Q <j 7/2)

the change ofthe meridional bending moment M xversus 6 is shown. By apply-
ing the approximate relationships reported in [6], p. 395, the maximum value
of occurs at 0 = —13,9°, being 7,49 Ncm/cm, while the vertical displace-
ment of the edge at B — —90° is Aa= 0,2924 cm in comparison with the
value Aa= 0,2927 cm calculated with the method described above. In Fig. 12
a close agreement with the moments calculated at 0 = 13,9° is to be seen.
The index-number of the non-satisfaction of the equilibrium equations did
not attain one [N].
7.5. The geometric proportions of the torus shell shown in Fig. 13 are

such as, according to the knowledge of the authors, no solution of closed
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(asymptotic) form exists [6]. In solving the problem by using a uniform
subdivision, eleven elements were applied. For the degree of freedom of the
elements fifteen was selected, thus, it was in (17)fu= 5,fw— 7, the maximum
degree of the nori-satisfaction of the equilibrium equations occurred at element
No. 4, and its values were 0,0066N and 0,018N.

Using the compatible displacement model elements worked out by the
authors, the calculation results obtained at the angles 0 = 0, jr/2, are to be
found in the first line of Table 3, while in the second line the values calculated
according to [28]7 are entered. The deviation of the stress values obtained on

Table 3
Q) [N/cm?2) <2 [N/cm2]
% —12 z=0 .= h2 A= —h2 »=0 *= hf2
According to points
2to 4 -65,82 -2,263 61,2 -0,9125 18,15 37,21
According to ref. [28] -65,299 -2,264 59,825 -0,9162 17,502 35,99

Gi[Ne2]

Fig. 14. Change of the stresses induced in the shell depicted in Fig. 13 at the middle surface
of the shell as well as at the bounding surfaces of the shell wall z—h/2 and z = —h/2:
« according to the ref [28]; continuous curves according to points 2 to 4

7The program assembled for the procedure based on the method of the influence coef-
ficients established at the Technical University of Dresden have been run on the request of
the authors.

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



120 HERPAT, B.- PACZELT, I.

Fig. 15. An example to the thermocompensator: a) geometry; b) change of the functions
OiiMj, a= hj2) and <2(T2) depending on the arc coordinate s

Table 4

B 105 [N/em 2] 1 obl[k/)cmz] Ref.
Torus 1 - 6,058 -2,992 [10]
nl2 -6,031 -3,017 [26]

-5,848 - 2,949
-5,142 0,074 [10]
0 -4,848 0,075 [26]

-4,832 0,073
4,920 0,074 [10]
0 4,744 0,072 [26]

4,606 0,079
Torus 2 5,973 2,780 [10]
ni2 5,743 2,526 [26]

5,677 2,544
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the internal (z = —h/2), middle (z= 0) and external (r = h/2) surface of
the shell with both methods of calculation may be neglected.

In Fig. 14 the change of the stresses found on the external and internal
surface of the shell according the angle B is represented. The full line shows the
results obtained according to the method worked out by the authors, the plus
signs represent those found by the application of the method dealt with in [28].

7.6. One of the problems concerning the shell structures of an intricate
construction, consisted in trying to clarify the state of stress of the thermo-
compensator depicted in Fig. 15b. The number of the adopted elements and
the number of their degree of freedom, as well as the distribution of the
stresses are shown in Fig. 15a. The fully drawn line shows the (approximate)
results reported in [10], the < signs designate those obtained with the applica-
tion of the authors’ method.

Table 4 contains the stresses caused by the moment M1 and force T2
applied on the torus surface defined by the positive direction e3 at the angles
0 =0 and ji/2 of the tori No. 1 and No. 2.

In column R the references to the literature on the subject may be found.
In the rows where no reference is entered, the results obtained by the authors
are given.

The maximum of the index-number of the non-satisfaction of the equi-
librium equations did not attain the value one [N],
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Berechnung Flachentragwerke rotationssymmetrischer Verformung mit Hilfe der
Methode der endlichen Elemente. — Ausser der Kontinuitdt des Verschiebungsfeldes und
Normalenverdrehungsfeldes sichert die von den Autoren ausgearbeitete Methode auch die
Kontinuitdt oder die vorgeschriebene Diskontinuitdt der Fldchenspannungen und Flachen-
spannungspaare, sowie die Befriedigung der dynamischen Randbedingungen. Die angenomme-
nen Elemente folgen der warhaften Geometrie der Schale. Der niedrigste Freiheitsgrad der
Elemente ist 12. Am Ende der Berechnung ergibt sich eine Mdglichkeit bei jedem Element
zur Uberprifung des Grades der Nichtbefriedigung der “a priori” nicht befriedigten Gleich-
gewichtsbedingungen. Bleibt der Grad der Befriedigung bei jedem Element unter einem
vorangegebenen Wert, so kann die Berechnung als beendigt betrachtet werden. Gegenfalls,
kann man bei Beibehaltung der Aufteilung durch Erhéhung des Freiheitsgrades der zur Frage
stehenden Elemente, mit wiederholter Rechnung genauere Ergebnisse erhalten. Die Wirksam -
keit des Verfahrens ist durch numerische Beispiele demonstriert.

PaccBeT 060/710HEK BpalieHUs MpU OCEMMMETPUMHON fedopMalum C MOMOLLbI MeToaa
KOHEYHbIX 3MeMeHTOB. Pa3paboTaHHbI MeToj 06ecneBMBaeT HEMpepbIBHOCTL MO/ Nepeme-
LEeHWNIA CpefuHHOIM NOBEPXHOCTU 060/10BEK BpALLEHUs U NOAS yrna NoBopoTa HOpMaiu K Mo-
BEPXHOCTH, fJasiee HeNpPepbIBHOCTb BHYTPEHHUX YCUNWUIA M MOMEHTOB MW WX 3afjaHHbIA CKaBOK,
a TakXe 3a60TUTCS 06 YAOB/METBOPEHUU AMHAMWUYECKUM TPAaHUUHbLIM YC/0BUSIM.

Bbl6paHHble 3/1eMeHTbl Y opMa MepUAMAaNbHOTo ceveHMs CoBMafarT. MuHUManbHas
CTeneHb CBOGOAbI 3/1eMEHTOB paBHa 12.

B KOHLIe paccBeTa MMeeTCsl BO3MOXHOCTb MO 3/7IeMeHTaM OMNpefe/uTb Mepy HeyA0BMeTBO-
PEHHOCTMN ypaBHEHWII PaBHOBECUSA, KOTOPbIE «a Priori» He 6bLIM y4YTeHbl B MPOLLECCE pacyéTa.

MocKo/IbKY NPY KaXA0M 3/eMeHTe Mepa HeyoB/eTBOPEHHOCTU MeHbLUe 3ahMKCMPOBaH-
HOI 3apaHee BefIMUMHbI, TO PACYT CUMTAETCA 3aKOHUEHHbIM. ECAu HeT, To Npu HeM3MeHHOM
pas6bueHnn 060M104KM Ha 3/1eMEeHTbI, YBe/MYMBAEM CTerneHb CBOGOAbI NPo61eMaTUUecKux ane-
MEHTOB U NoBTOpsieM pacuyeT (bl). TakuM 06pasoM MOXHO YTOUHWUTb Pe3y/ibTaTbl.

MHOXEeCTBO NpPUBEAEHHbIX NPUMEPOB XOPOLLIO MOKa3blBaOT 3h(heKTUBHOCTb METOAA.
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HAXOXXAEHVE OMTUMAJIbHOIO YWCJIA, MECTA U
OKPECTHOCTW/ TPAHC®OPMATOPOB B
HN3KOBO/IbTHOW SNEKTPUYECKOW CETU C MOMOLLBHO
MPOB/IEMbI MOKPLITUA MHOYXECTBA

M. TPOC*

PeKOHCTPYKLMA HU3KOBOMbTHbLIX 3/IEKTPUYECKUX CeTeil, a TakXXe MocTpoeHue
HOBbIX CeTel, CHabXalLWnx 3NeKTPo3HePrneid HoBble KBapTa/bl, B HacTosllee BPeMs
ABNAETCA O0YeHb 4acTol 3afjadveli. Yxe W paHee Oblnn cAenaHbl MNOMbITKA Y4acTUYHON
MexaHmsaLuMy 601bLIOro Yucnia YMcnoBbixX paccyetoB [1]. Ha nepBoi cTagmm mexaHu3a-
LN MOXHO 6blN10 ONpeAennTb TO/IbLKO MOMepeyHOoe CevyeHne MPOBOALOB W Lieneil TpaHc-
thopmaTtopa, chopMMPOBAHHbIX Ha OCHOBE CY6bEKTMBHOIO PELUEHUs. YBenyeHue yucna
Takux 3afay MocTaBui0 Ha MOBECTKY AHA Heob6X04MMOCTb aBTOMaTu3auun MpoeKTu-
poBaHuA. [nsa 3Toro Heo6Xo[MMO, B MepPBYH0 o4yepefb, OMPefesMTb PacrosioXeHue
TpaHcopMaTopoB B CeTU W anropMTM MOCTPOEHUA Lenu TpaHchopmartopa. Kak Bcs-
KNA TEXHONOTMYEeCKWUA npoLecc, 3aX0AsLWwnii 3a TpaguuMOHHbIE paMKK, pelleHune AaH-
HOM 3afjaunm TpebyeT HOBOW MaTemaTU4ecKoW Mmogenwn. B HacTosweli paboTe meTogbl
NpUKNafHo MaTemMaTUMKW NPUMeHeHbl TakMm 06pa3oM, 4TO6bl OHWM NOAXOAMAW MpK
pelleHnM NoAo6HbIX TexHMYecknx npobnem. Pa3paboTaHHble Ha OCHOBe AaHHOW MO-
[Lenu nporpammMbl UCMNOMb3YIOTCA B UHCTUTYTe «CAMITEl».

ViHxxeHepHas (opmynvpoBKa 3agaqu

MycTb faHa TpextasHash ANEKTPUYECKas CeTb C & TEXHUYECKUMM [aHHBIMMY,
MOTPEOUTENAIMU, @ TaKXe TEXHUYECKUMI U 3KOHOMMYECKMMM napameTpamu
TpaHc(opMaTopoB.

HyXHO HaiiT onTUManbHOE YKUCNO M MECTO TPaHC(OPMAaTOpoB B CETH,
MpUYeM TaKoe MeCTOPAacMoNOXeHMe, KOTOPOE 06ECMEUMBAET MUHIUMATbHbIE NOTEPK
MOLLHOCTM B CETW, a TaKXe AN KaXA0ro TpaHc(opmaTopa HenepecekatoLymecs
3NEKTPUYECKME LIeNK, B KOTOPbIX HampshXeHue 60/ble HEKOTOPOW Hanepeq 3a-
[laHHOI BENNYMHBI.

B Xofe pacCyXAeHWid He YUMTHIBAETCH BNUSHWE HWU3KOBONBTHOM CETW Ha
BbICOKOBO/IbTHYHO (BbIBOZ MPK MOCTOSHHOM MOTEHLMANE) W 4onycKaetcs

cosgp= 0,

a TaKxe MpeAnonaraeTcs MoCTOSHHOE COMPOTMBMEHME W BENMYMHA TOKA Ha
BbIBOE:

[[Amnep] = ’ LLLBarT]/220[BonbT].

*M. GbOsz Csalit u. 9, H-1025 Budapest, Hungary.
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MpeanonoXeHne 0 NOCTOAHHOM BENMUIMHE CONPOTUBMEHNS HEOOXOAUMO TONBKO A0
MNOCTPOEHISI HEMEPECEKAIOLLMXCA [epeBbEB, TaK KaK HEW3BECTHO MECTOPAcmono-
XKEHWUS TPaHC(HOPMATOPOB B CETW W CTPYKTYpa AEPEBbEB 11 MOITOMY MO TEXHM-
YECKUM MPUUMHAM HENb3S YUUTbIBATL [EIACTBUTENbHOE COMPOTMBMEHME B CETU
TONbKO NOCME OKOHYATeNbHOrO MOCTPOEHNS [ePEBbEB.

MaTtemaTtunyeckasi (hopMy/nMpoBKa 3ajauu

2.7 Oblee onucaHne

M3 ueTbipex NpoBOAOB TPexasHoi 3NEKTPUUECKON CETM paccMaTpUBaeTCs
TONbKO OfMH, TakuM 06Pa3oM, 3NEKTPUYECKas CeTb MOXET ObITb NPeacTaB/eHa B
Buge cBA3HOTO rpaca C. M3 umMcTO TEXHWUYECKWUX COOBPaXeHWit B JanbHeMLuiem
npeanonaraem, 4to NoKanbHas CTeneHb NPOM3BOMbHOM BeplUMHBI Tpaga C He
MPEBbILLAET YETHIPEX:

e(x)<4 XCS,

rhe S — MHOXeCTBO BeplunH rpaca C. MecTa pacrnonoXeHus TpaHcopmaTopoB
MPeACTaBNAT C060 MCTOYHMKYW, obnajatolime OnpedeneHHoN UHTEHCUBHON
BE/IMUYMHOIA (HenpsKeHeM), a NOTPeOUTENM ABNAKOTCA NOrNOTUTENAMM TeKYLLeil
B CET IKCTEHCMBHOM BeNMUMHbI (3apsiaa) [3]. Mo OKPecTHOCTLIO TpaHc(opMaTopa
rnogpasymeBaeM Takoe [AepeBO, KOPHEM KOTOPOr0 SBASIETCA BbILLEYNOMAHYTbIiA
MCTOYHMK. Mpy TakoM MoAX0Ze 3aKoHbl Kupxroga MoryT 6biTb CHopMynMpoBaHbi
CNeayoLLmMM  06pasom:

|. B nto6oid Touke cymma 3KCTEHCUBHBIX KOMMYECTB paBHa Hy/to (1 [3apag/
Bpems));

[1. VHTerpan MHTEHCMBHBIX KOMMYECTB (HAMpsHKEHUIA Au) MO 3aMKHYTOM
KPWUBOW paBeH HyJIH.

MyCTb YMCNO NPOEKTUPYEMBIX WK YXe AEMCTBYHLMX TPaHCHOpPMATOPOB
PaBHO T, @ MECTa MX PacronoxeHns BeplwnHbl k{rpapa C (r= 1 2, .. ., 7).
Ha rpage C nocTpoum makcumanbHoe [epeB0 Ck., KOPHEM KOTOPOro SIBASETCA
BepwuHa - (/ = 1, 2, ..., ). Mog MaKcumanbHbIM [epeBoM MoApa3yMeBaem
TaKoe [epeBo, KOTOPOE MOMYYAETCA WCKMIOYeHWEM MPOCTbIX LMKoB rpada C.
OfHO3HAYHOE MOCTPOEHMe TaKOro fepeBa BOIMOXHO Ha OCHOBE CrefyIoLLiei Teo-
PEMbI:

Teopema 7. [ycTb k( 6yaeT HeKOTOpas (MKCMpOBaHHas BeplunHa rpada C.
Torga CylecTByeT Takoe MaKCMasbHOe [epeBO Cki C KOPHEM kh Mpu KOTOPOM
Mpou3BoabHas BepluMHa rpada C coOTBETCTBYET TOMY pebpy MpocToii Lienw, Bbl-
XOAsLLEA M3 kh Ha KOTOPOM MaKCManbHa COOTBETCTBYHLAS 3KCTEHCMBHAS
Be/NUMHA.
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NokasaTenscTeo. Tak Kak C CBA3HbIA rpad, T0 Mtoble B BEPLLMHBI rpada
MOTYT ObITb COBAMHEHBI MPOCTO LIEMbIO, MOSTOMY A/IMHBI X SBNAKTCS NONOXN-
TeNbHBIMIA LEMbIMA - YicnaMu. TakuM 00pasoM, BCEFAa CYLIECTBYET HalikpaTyaii-
LLas LieNb, MEX[Y BEPLUMHAMK X WY, e ANMHY He3blBaeM PacCTOSHUEM MeXAy
BEPLUMHAMM X My 11 0603HAYaeM uepes d(x, y). [N NPOW3BOMLHOTO YnCNa n
CYLLIECTBYET TaK0e MHOXECTBO BEPLUMH A, /1St NEMEHTOB KOTOPOrO CrpaBenBo

d(kj, x) = n xE£An.

Takum 06pa3oM, ¢ NOMOLLbH0 HENEPECEKAOLLMXCS MOAMHOXECTB An MHOXECTBO
MOXHO 3anncatb B BUAE:

S = ki\JAL\JAAJ..

BepLUMHbI, OTHOCALLMECA K MOAMHOXECTBY An, MOrYT ObITb COEAMHEHbBI TONBKO C
BEPLUMHAMM, OTHOCALLYMMUCH K MOAMHOXKECTBAM An~v An, An+l B NpoTUBHOM
CNyyae, eCcnn CyLlecTBYeT pebpo, CBA3LIBAIOLLEE 3M1EMEHTbI MHOXECTB An U A m
(I'> 2), T0 B MOAMHOXECTBE An+1 CYL|eCTBOBa/ Obl 3MEMEHT T, ANA KOTOPOro

d{kh2) <;m+ 1 zCAn+l.

MakcumabHOe epeBo Ck. Moy4mM TakiuM 06pasoM, YTo 13 pebep, CBA3bIBALOLLMX
BEPLUMHY z£AN C 3NIEMEHTaMM NOAMHOXECTBA An-V BblOepeM pebpo ¢ HanboNbLLei
9KCTEHCMBHOM BE/IMYNHOW, OCTa/IbHble WCKMOUMM M3 rpada. JIerko BMAeTb, YTO
MO/yYeHHbI NOArpaf Ck. CBA3HLIA 1 He UMEET MPOCTbIX LMKIOB, & Takxe fo-
6aBneHeM toboro pebpa MNoAyYMM MPOCTOMA LMK, 3HAUNUT, Ci{ MaKCUMasbHOe
[lepeBo, MOKPbIBaloLLge BCe BeplMHbl rpada C, 1 Kaxaas BepLUMHa COOTBETCT-
BYET TOMY pebpy MPOCTON Lienu, BbIXOAALLEN U3 KOPHS JepeBa kb KOTOPOMY CO-
OTBETCTBYET HaNb0/MbLLAs IKCTEHCUBHAS BESNYMHA.

Tenepb PaccMOTPUM BO3MOXHBIA METOZ MOCTPOEHNA MaKCUMa/bHOIO fepeBa
Ck.. 115 BEPLUMH CBA3HOIO rpaga C 3anuilem 3akoH Kupxroga

Y ixy + Jx= 05 (1)

re x — C*)I/IKCI/IpOBaHHaFI BEPLLMHaA, ay np06eraeT BCE COCEHME C X BEPLLMHBI,
ixy — WHTEHCMBHbIE BENMYMHbI, OTHOCALLMECA K pe6pa|v| C BepLLIVIHOI7| X
1X — Be/IMYNHaA TOKa, I'IOTpe6l'IFIEMaF| B BEPLLMHE X.

Mcnonb3ys cBsisb MeX /Y TPaaNeHTOM UHTEHCUBHBIX KOMMYECTB U 3KCTEHCUBHBIMMA
KOMNYECTBaMM, Ha OCHOBE YPaBHEHMS (1) MOXHO 3anucaTb CAedytoLLyK CUCTEMY
NMHEAHBIX YPABHEHMIA:
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X Uy| +
1 * 1 1
n = emE R R U x 1 X
ivxyi 1= 1 Ixxyt N oxyr
UYT

rie T — uncno pebep B BEPLUMHE X,
Axy— COMpOTUB/EHNE Ha pebpe (X, y.),
Uyi — MHTEHCMBHOE KOMMYECTBO B BEPLUMHE yt.

PelinB CcUCTEMY JIMHEIAHBIX YPaBHEHMIA, KOTOPbIE aBTOMATUYECKM 0becrneynBaoT
BbINO/IHeHVe 11-T0 3aKoHa Kupxrota, nonyynM 3HayeHust Uyv C MOMOLLbIO KOTO-
PbIX BbIYUACAM 3HAYEHUS IKCTEHCUBHBIX KOMMYECTB, COOTBETCTBYHOLLMX OTAE/b-
HbIM pebpam.

Haiigem Te BeplunHbl rpaha C, KOTOpble COOTBETCTBYHOT HECKOMIbKMM pebpam
3 HUX B KQX0M BepLUMHE Bblbepem TO pebpo, KOTOPOMY COOTBETCTBYET Hanbosb-
LLIee MHTEHCMBHOE KOMIMYECTBO, & 0CTa/lbHbIe pebpa McKNoumMM 13 rpada. CornacHo
TeOpeMbl 1 MO/yYeHHbIiA Noarpad Cki OyAeT MakcuMasbHbIM [ePeBOM.

cknioyeHre pebep MOXET ObiTb BbIMOMHEHO TaKXe C MOMOLLBIO 3ajaun
Kanu [8]. ins aToro Kaxgomy pebpy CTaBuTCS B COOTBETCTBME HEKOTOpas Mepa.
B Halem cnyyae 3T0 MOXeET ObITb MHTEHCUBHOE KOINYECTBO.

2.2 Mogenb nepBu4HON ONTUMMU3AL MM

B Hallen 3agaye TpebyeTcs MAHMMM3MPOBATL 3aTPaThbl Ha KanuTanoB/oXe-
HUSA NPU MUHAMANBHBIX MOTEPSAX 3NEKTPOIHEPTUN, T. €. 3ajaye ABNSETCA MHOTO-
LieneBoit. MMeHUM K Hell NpaBuUno npedepeHLymn: CHavana onTMM3NpYeM 3aTpa-
Tbl — MEPBUYHAA ONTUMU3ALMS, & MOTOM OMTUMU3MPYEM NOTEPN ANEKTPOIHEPT UM
— BTOpUYHAA ONTUMM3ALMS.

O603Ha4MM MHOXECTBO BEPLUMH, B KOTOPbIX NPOEKTUPYETCSH UM [eiiCTBYeT
TpaHcqopmaTop, Yepes K (K € S). [Ns BCeX WUCTOYHWUKOB MOXHO MOCTPOUTb
TaKue [epeBbs Ck( C MOMOLLBIO MPOLEAYPbI, PACCMOTPEHHOIM HUMXE, YTO WHTEH-
CMBHbIE KO/MYECTBA B /1H06OW BEPLLMHE 3TOro fepeBa OymyT 60/bLUe HEKOTOPON
Hanepes 3a4aHHoi BeNMUmMHbI. MoKpbITUIO g rpada C epeBbAMM  [O/DKHO CO-
0TBETCTBOBATb TaKoe MOAMHOXECTBO Ky, A/151 KOTOPOr0 BbIMOMHAETCA CeLyHoLLee:

c n Cc»,

" kiiK,
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PaccmoTpum BekTop 6= (oki, . . ., 0kJ,
e ok = O ecnm kAK
[, ecnm k~Kg

TpebyeTcs HaliT\ Takue MOKPbITMS rpada C AepeBbAMM Cki, ANS1 KOTOPbIX
BbIMONHSETCS:

T .
Y akiaTk  min B
i=

€= kgt &)
Ukix !> a  x £sKki, (4)

rae Tk — KanuTa/ibHble 3aTPaThbl kr or0 UCTOUHMKA,
UkiX— WHTEHCMBHOE KOJINYECTBO B BEPLUMHE X [iepeBa Ck{,
Ski — MHO0XECTBO BepLUVMH AepeBa Ck.,
N — 3aflaHHada MOCTOAHHAA BEMNYMHaA (MI/IHI/IMaIIbHOG HaI'IpFI)KGHVIE).

2.3 MMpouepypa nocTpoeHus faepesbe Cki

PaccMOTpUM MOCTPOEHME EPEBbEB Ck(, YAOBNETBOPSIOLLNX YCNOBMIO (4),13
MaKCUMaNbHbIX epeBbeB Cki (Cks 3 Ck.). BbIYMCAMM WHTEHCMBHbIE KOMMYE;TBA
Uk(X B BEPLLIMHAX AepeBa Cki. DYHKLMA SBASETCA CTPOro YObIBaOLLLEN MYHKLVEN B
HanpaBneHU 0T KOPHA [epeBa K KOHLIEBOM TOuKe. /13 MHOXECTBA KOHLEBbIX TO-
YeK fiepeBa Ck HaiifleM Ty, B KOTOPOI UKXMUHUMabHA W He Y0BNETBOPSET YC-
NOBUIO (4). 3Ty BepLUMHY BMECTE C COOTBETCTBYHOLLMM PEOPOM UCKNHOUMM 113
nepesa. CHOBA BbIYMCAMM MHTEHCUBHbIE KOMMYECTBA UKX 1 MOBTOPUM Hallm pac-
CYXX[EHNA [0 TeX Nop, NoKa He OyAeT ya0BMETBOPEHO YcnoBue (4). Takum 06pasom,
MOXeM C(HOPMYNMPOBATL CrIEAYIOLLYI0 NleMMYy:

Nemma. [lepeBo Ci MOKPbIBAeT BCe Te BeplUMHbI rpada C, B KOTOPbIX Bbl-
MONHSETCA YCnoBKe (4), N Kaxaas BepLUMHA [epeBa Cki NPUHAANEXMT TOi Npo-
CTOA Lenn rpada C, cocTosiLei M3 pedep C HamboMbLUMMI 3KCTEHCUBHBLIMU KONN-
YecTBaMM.

BepLunHbl, yrycKaemble Npu MOCTPOEHUM [epeBa Ci M3 AepeBa Ck(, AO/KHbI
NpuHaanexaTb XoTs Obl OAHOMY AepPeBY CK (x£Ski). B MpOTMBHOM Cyyae, Kak
3T0 OY/eT MoKasaHO B CNEAYIOLLEM MyHKTE, He YAOBNETBOPATCA HEOOX0AUMOE U
[I0CTATO4HOE YCMOBME CYLLECTBOBAHWS peLleHus 3agauu. M03Tomy BBOAATCS [0-
MONHUTENbHbIE UCTOYHMKI [0 TEX Mop, NoKa Kaxaas BeplunHa rpaga C He 6yaeT
NpUHaaneXaTb XoTs Obl OAHOMY AEPEBY CK{.
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2.4 MeToj pelleHuns 3agayu

MocTpoum Takyl MaTpULly WHUMAEHUWIA A, B KOTOPOIA KaXaomy CTONGLY
0JHO3HAUHO GYfeT COOTBETCTBOBATL HEKOTOPOE [1EPEBO Ck., @ KaXMOi CTPOKE
MaTpULbl — BEPLUMHA:

0, eCM XjpSki i= 1,2, ... m ()
A= = 1 ecm xjESK j=12, .. R 3
rie m — KO/MNYECTBO BO3MOXHbIX UCTOPUHIKOB,

n — KO/MMYecTBO BepLUmH rpaga C.

Takum 06pasom, 3aaya (2)—(4) MOXeT ObITb CBEEHa K C/eflyH0LLeN 3aaue 0
MOKPLITUM MHOXECTBA:

Y kielki- ®mm (6)
=1

Ziajr6<<i>1j:!’2’ oM @)

[ns pewwenus 3agaun (6)—(7) 13BeCTHbI a(eKTUBHBIE anropuTMbl (4)—(7),
TaK Kak MaTpuLa MHUMAEHLMIA A ABISIETCA JOBO/IbHO PeAKOM. C MOMOLLbHO /1t060ro
W3 3TUX aNrOPUTMOB HalfeM MHOXECTBO PeLLEHW JaHHOW 3aaun:

ECAM umMC/o BO3MOXHBIX WUCTOUYHMKOB M BbIGPAHO TakuM 06pa3oM, YTO Kaxaas
BeplUMHa rpata C NPUHAANEXNT X0Ts bl 0AHOMY fIEPEBY Ck., TO
m
y=12 ...n),

1=1

YTO ABNSETCS HEOOXO4MMBIM W JOCTATOMHBIM YCNIOBMEM CYLLECTBOBAHMS PELLIEHMS
3agaun (6)—(7). Takium 06pa3oM, eciu 3TO YCNOBME BbIMOMHSETCS, TO MHOXECTBO
Q He BydeT nycTbiM.

[lepeBbsl, BXOZALLME B NOKPbITME g, BYeM 0603HauaTb Yepe3 Cw.. OTMETUM,
YTO [epeBbsi, BXOAALLME B MOKPbITVE g, MOTYT nepecekatb Apyr apyra. OpHo-
3HAYHOE MOCTPOEHME HEMepeceKatoLNXCs AEPeBbEB D% OY/eT MPUBEAEHO HUKE.

2.5 BTopuuHas onTumusauus

MycTb faHbl MHOXECTBO PeLUeHWUA U OJHO3HAYHO OMpefeneHHble Herepe-
CeKaloLLMecs [epeBbs Dii ¢ C (kK s). KaXZoMy [epeBy Cw. M0CTaBiM B COOT-
BETCTBME HEKOTOPYO Mepy Féi (B C/lyyae aNeKTPUYECKON CETU — MOTepH aNeKTPo-
3Heprum).
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Haiigem Takoe MOKpbITUE g, KOTOPOMY COOTBETCTBYET MUHUMANbHAA CyMMa
Mep 1 Y0BNETBOPSHOTCA CEYOLLVE YCNOBUS:

) min (8)
1=1

DI<CIl 64Q k,iKgq )

B cnyyae aneKTPUYECKON CETI Mepa F k. GyeT UMeTb CeaytoLLuii Bug;

=1

i-i R.

re  — umcno pebep Aepesa Dét,

Ri — COMPOTMBAEHWE pebpa I AepeBa Dj..

Ukil — MageHue HanpsbkeHue Ha pebpe / fepeBa D&.. ECnmM BbINONHSETCA
ycnosue (9), T 3aBeOMO BbINOMHSETCH U (4).

2.5 TlocTpoeHne pepesbeB Dit

PaccmoTpum mokpbITe q (OQ). ZlonycTim, YTo BEpLUMHA X MPUHAANEXIAT
O[HOBPEMEHHO HECKONbKMM [EpeBbAM t &i, T. €.

lJQ ; (. (10)
Utobbl MONY4UTb HerepeceKatoLMecs [epeBbs HeobX04UMo, YTobbl BepliMHA X
NpUHagexana eanHCTBEHHOMY MHOXECTBY, KOTOpoe Oyjem 0603HauaTb uepes
Zki. Tenepb paccMOTUM MpaBio, COTNACHO KOTOPOMY Takue BEpLUWHbI X OfHO-
3HaYHO OYAYT NPUHAANEXATb TOMY WK MHOMY MHOXECTBY Zk, :

" XxEZK, €CM max Ukx = UKX (/= 1,2, ..., T)
x(iZl, €CNN Ukix = UKX 1 OHW MaKCMMasibHbI, (11)
a TaKxe [c, < kj

Mpasuno (11) cchopmynMpoBaHO TakiM 06pa3oM, UToBbl MNPy ero MCMoNb3oBaHNK
MOTEPN ANEKTPOIHEPTUM B CETI b MAHUMATbHBI. MpuMeHsis npasuno (11) gns
06LLX BEPLLNH [EPEBbEB Cx., MOMYUNM TAKNE MHOXECTBA Zki, NS KOTOPbIX Bbi-
NOMHSETCS CNeAyHoLLee:

Z14asl (12)
zINzk= 0 inj (13)
U zgi = kitUKqSI (14)
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[ins npumeHeHnst npaBuna (11) 4OCTATOYHO 3HATb MHOXECTBO Sk M COOTBETCTBY-
HOLLIMe BEPLUMHAM W 1epeBbAIM BEMAYNHBI Ukx, U HECYLLIECTBEHHO 3HATb TOMOMOTM0
[IEPEBLEB Chi. PACCMOTPUM CrIEyIOLLyl0 TEOpEMY.

Teopema 2. [1NS1 KQXK/0TO MOKPLITUS g rpaa C epeBbSMU C\. CYLLECTBYET
TaKoe MOKPbITUE W3 HEMEPECEKAIOLNXCH AEPaBbeB Dgi MOCNE MPUMEHeHNs npa-
Buna (11), 41s KOTOPbIX CMIPaBEANBO CNEfyHoLLge:

K AClI kAKpg (15)
DtND%=0 vi+ j (16)
kitlFJ<g Chi= kiC;LIJ<q Dl (17)

JokasaTenscTeo. CHayasa MOKaxeM, YTO MOArpad) D HA MHOXECTBE ZH,
MoMy4YeHHOM noc/e NpUMeHeHns npasunia (11), ABNAETCA CBA3HBIM, B TAKOM CNy-
Yae DY 0053aTe/IbHO OY/ET [ePeBOM, TaK KaK % AB/AETCA TaKXe AepesoM. Ha
MPON3BO/IbHOM [iepeBe Chl BblOEPEM Te KOHLEBble TOUKM X, Tfe Ha MapLupyTe
L =L (kh...,y, X) ecTb 06LLMe BEpLUMHbI C epeBbsMM Cki. PacCMOTPUM MapLu-
PYT L, 0TNPaBNAACh U3 TOUKM X B HANPaBIEHUM KOPHA fepeBa [c- MMoKaxeM, YTo
eciu X £z, TO ANS COCeAHe BepPLUMHBI TaKxe y iz 4. [onycTUM MPOTUBHOE,
yto x£ z¢l, ay £ zgi. Torga cornacHo npasuny (11)

Ukx  UkiX k(C/] (18)
Uk,y*>Ukiy «k[£12, (19)

rge IX — MHOXECTBO [epeBbeB, K KOTOPbIM MPUHALNEXUT BEPLLUMHA X,
12 — MHOXeCTBO [epeBbeB Ck., K KOTOPbIM MPUHALNEXUT BEPLUNHA y.

BO3MOXHbI Cnefylowne Tpu cnyuas:

1 KoHuesoe pebpo (X, y) fepeBa Cl MPUHALANEXNUT TaKXe [epeBy C%
B nanbHellwem noj HanpasneHuem 6yfem nogpasymeBaTb Hanpas/eHue 0T KOH-
LIeBOW TOYKW B CTOPOHY KOPHA fepeBa. B JaHHOM C/yyae Hanpas/ieHue Ha pebpe
(X, y) W COBNagaeT WN HeT, HO B 060MX cnyyasx pebpo (X, y) AOMKHO ObITb
KOHL|eBbIM pebpoM fiepeBa Ckl. B NpoTMBHOM Cnyyae 4N depeBa CH He BbIMONHS-
eTCA YTBEPX[EHME JIEMMbI, TaK KaK CYLLeCTBYeT Mo KpanHeidl Mepe OfHa Takas
BEPLLNHA z, YTO

Uka:> UkiZ vy uzi Ski-

MocneaHee HepPaBeHCTBO MoMyyeHo 13 (18) ¢ yueToM, TOro, YT UK W UK CTPOro
yBbiBatOLLME (YHKLMN Ha TOM XKe camoM pedpe (X, y).

11 Ecnv HanpasrieHue Ha pebpe (X, y) CoBMafatoT (puc. 1) n BbINOMHSETCS
ycnosue (18), To 3anuiLem 3akoH Kupxroda Anst BepLUMHbI X Ast 060UX JepeBbEB:

UKk = Ukiy  Kxy'1X (20)
Ukix — U kly R xy I x (21)
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MpuMeHsist HepaBeHCTBO (19), MoayYNM, YTo

1 ktx ~ Ukix 1

a 370 npoTueopeumT ycnosuio (18).

Puc. 7 Puc. 2

1.2 Ecnu HanpaBneHus Ha pebpe (X, y) He coBnagatoT (pKc. 2) 1 BbINOMHAKT-
ca (18)—(19), o

1
Ukix™ Uky U Uk,yﬂ| U k# .

TaK KaK Ukl M UK — y6blBatoLLe B MPOTMBONONOXHOM HANPaBNeHNM (MYHKLMM.
B pe3ynbTaTe 3TOT0 MoMyYaem

UrX UKy  UMKy*> Ufaxi

YTO ONATb-TaKW MPOTUBOPEUMT HepaBeHCTBY (18).
2. BeplunHbl x W'y NPUHAANEXaT [epeBy C{t, HO Pedpo (X, y) YXe HeT.
B 3TOM Cnyyae KOHLieBas TOUKA JepeBa Cw OYAET TaKXe KOHLEBOWA M ANs Cht.
B NpOTVBHOM CNyYae ANS epeBa CulHe BbINOMHAIOTCS YTBEPXKAEHNS NEMMbI, TaK
Kak CyLLeCTBYET TaKasi BepLUNHA I, uTo

UKIZA U KIZA<x. n z$S8gl.

MocnegHee HepaBEeHCTBO MOMYYEHO C YYETOM TOrO, YTO BbINOMHsAETCA ycnosue (18)
W UK 1 UK ABNSIOTCA CTOPOTO YObIBAIOLMMI (YHKLMAMM, Takium 06pa3om, Bep-
LIMHA x ABNSAETCA KOHLEBOW TOYKOW fepeBa C|(. 34ecb Takke BOMOXHbI [Ba
cnyyas.

21 [lonyctim, uto d(kt, x) = n M d(kt,y) = n—1(puc. 3) 3anuiLem 3aKoH
Kupxroga B BepLUKHE X 060MX [epeBbeB Cht 1 Cwl:

Ukx — Ukiy R 'Ix » (22)
UkIX= UKZ—R- Ix. (23)
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[MoKaxem, 4to

kJ etz ~ Uldy

CornacHo nemme
kdkiz Jjjl c kty i

a cornacHo ycnosuio (19)

kd k(y » U 1luy

TO €CTb
kiktz  kJkty m

Takum 06pasom, 13 ypaBHeHuiA (22)—(23) nonyunm, yto
UKX™ Ukix &

a 370 MPOTUBOPEYNT HepaseHCTBY (18).
2.2 [lonyctim, 4To d(kt, x) = n—1 1 d(kt, y) = n (puc. 4).
CornacHo (19)
nky”™ Uky
W M0 MOCTPOEHUIO [epeBa Ch 1 CH

Kky ‘J>kJkix n Kikx  kiky m

Takum 06pa30M, onATb NoayyeHo MPOTUBOPEYNE:

U kX N U kly Ukly U fax

3. BeplumHa x He NPUHAANEXUT [ePeBY cw, TOMbKO BEPLUMHAY, T. €. X $ S,
y £Sk&l. CornacHo ycnosuto (19)

kJ kty kJkiy 1

d COrnacHo nemme
kIkiy Jii kdkix > a ,
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T. €. UKXJ0/KHO ObITb 60/bLLE, YeM Ukix M a, TaK KaK UK M UK SIBASAKOTCS CTPOMO
yObIBAIOLMMI (DYHKLMAMK Ha pebpe (X, y). Takum obpasom, Ans [epeBa CH He
BbIMOMHAETCA YTBEPXKAEHME NIEMMbI, TAK KaK CYLLECTBYET Takas BepLUMHa X, YTo

Ukix a5

HO B TO Xe BPeMSA X He MPWUHALMEXUT [epeBy Chl. ITUM CambIM Mbl JOKa3a/N,
ytoy £ i, ecnm x £z Ecnv X £Sky HO X (fZE, TO 3Ty BEPLUKHY C COOTBETCTBYIO-
LM pebpom (X, y) OnycKaem 13 epeBa Chl. EC/ BeplumHa y B pesy/ibTarte aToro
CTana KOHLLEBOW TOYKOMA, TO MOBTOPUM BbILLENPUBEAEHHbIE PACcCYXaeHUs. V13 Bcero
CKa3aHHOr0 BbllLe BMAHO, YTO MOArpad D&l OyfeT CBA3HbIM.

[MOBTOPMB BCE BbILLIENPUBEAEHHbIE PACCYXAEHNSA A8 KXA0T0 MOKPbITYA g,
Moay4YMM HemnepeceKaroLimecs fepeBbs Dki£ Cj.. JIerko BUAETb, YTO YCNOBUSA
(16)—(17) ABnatoTCcA crefcTBMeM yenoBuid (14)—(13). 3TUM cambiM JOKasaTeb-
CTBO TEOpeMbl 3aBepLUEHO.

Mocne NOCTPOEHNS epeBbeB D&i MOMEPEYHOE CeYeHe NPOBOAOB Bblbupa-
eTCA TakuM 00pa3oM, YT0Bbl OHO He yObIBaNO B /IOO6OM HanpaB/ieHU OT KOpHS
[lepeBa M Y0BNETBOPANOCh YcnoBue (4).

Takum 06pa3oM, MOMy4nUM KOHEYHOE MHOXECTBO MOKPBLITWIA Henepecekaro-
LNXCA [epeBbeB Di(6q€Q). V3 3TOr0 KOHEYHOr0 MHOXECTBA Q BblbepeM TO Mo-
KPbITWE, KOTOPOMY COOTBETCTBYIOT MUHUMA/IbHbIE MOTEPU 37IEKTPOSHEPTUN.

3. BbiBOabI

B aHHOIA cTaTbe B 06LeM Bige ChopMyMpoBaHa npobaema onTUManbHOTo
MPOEKTUPOBAHNSA CETell YacTo BCTPeYaroL|ancs B NPaKTIUKe, KOTOpble MOTYT ObITb
MpejCcTaB/eHbI B BUAE CBA3HOTO rpaja. VLiem Takoe onTuManbHoe pasbueHie rpacga
Ha HenepeceKatoLLmecs fepeBbs, NP KOTOPOM CyMMa KanuTasbHbIX BOXEHUIA 1
rnoTepy 3M1EKTPOIHEPTMM JOCTUTAIOT MUHUMYMA. B CTaTbe paccMaTpuBaeTCs Takxe
BOMPOC MOCTPOBHUA [1ePEBbEB U3 CBA3HOMO rpaga, yA0BETBOPAIOLLMX HEKOTOPbIM
yCnoBuaM. B CBA3M C 3TUM [0KasaHo ABe Teopembl. C MOMOLLbI0 MAaTPULb! MHLK-
[EHUNA pellieHne 3aa4 MOXKET ObITb CBEEHO K PELLEHWIO 3aZa4n O MOKPbITUK
MHOXECTBa. Ha KOHEYHOM MHOXECTB PeLLIeHWiA 3TOM 3a4a4m Bblbepem TO, KOTOPOMY
COOTBETCTBYIOT MUHUMA/bHBIE MOTEPU SHEPTUN.

Cor/iacHo nepeoro OnbITa MOXHO C3KOHOMUTL Mpubn3uTeNnbHo 10% uncna
TPaHC(HOpPMaTOPOB M0 CPABHEHMIO C TPAAULMOHHBIMI METOZaMI MPOEKTUPOBAHNSA
ANEKTPUYECKMX ceTel. Mporpamma Ha s3bike POPTPAH pns 3BM «CUMEHC
4004/151» paspabotaHa B «CAMIEl»-e N0 3aKa3y NPOEKTHOTO WHCTUTYTa
«3B/TEPB».
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Finding of Optimal Number, Place and District Ovetransformesin Low-Voltage Electric
Networks by a “0—1" Linear Programming. In this paper the even more frequent problem
of optimum networking is formulated in a general form. The essential of the problems is to
search for the optimum location and number of those sources which satisfy the limiting condi-
tions in every network point and secure minimum network losses. To source is ordered a
tree, for which two therorems are proved. By introducing an incidence matrix the problem can
be reduced to a zero-one linear programming problem, for the solution of which several efficient
methods are known from literature. From the finite set of solutions, one is selected which pro-
vides minimum network losses. According to the first experiences with practical problems about
10% of the transformes could be saved, which gives the same savings for the investment costs
as compared with earlier plans. The computer program has been elaborated on a commission
from EVITERV for a SIEMENS 4004/151 comuter, using FORTRAN language.

Bestimmung der optimalen Anzahl, Versorgungsbereiche und der Placierung von Trans-
formatoren in Niederspannungsnetzen mittels einer »0—l« Programmierung. In der vorlie-
genden Arbeit wird ein haufiges Problem, das der optimalen Projektierung von Netzen, in
allgemeiner Form abgefallt. Das Wesentliche des Problems ist, daB die optimale Anzahl und
Placierung jener Quellen gesucht wird, welche die beschrdnkenden Bedingungen in jedem
Netzpunkt erfillen und dabei minimale Netzverluste ergeben. Jeder Qielle wird ein Baum
zugeordnet, fir dessen Aufbau zwei Séatze bewiesen werden. Durch Einfithrung einer Inzidenz-
M atrix kann das Problem auf eine lineare 0—1 Programmierungsaufgabe zuriickgefiihrt wer-
den, fur deren LOsung aus der Literatur mehrere wirksame Methoden bekannt sind. Aus der
endlichen Menge der Lésungen wird diejenige ausgewdahlt, welche einen minimalen Netzverlust
ergibt. Nach den bisherigen ersten Erfahrungen kann bei den in der Praxis vorkommenden
Aufgaben ca. 10% der Transformatoren erspart werden, was verglichen mit den friheren PIl&-
nen eine Verringerung der Investkosten im gleichen Verhdltnis ergibt. Das Rechenprogramm
wurde im Auftrag von EVITERV fiir einen SIEMENS 4004/141 Rechner in FORTRAN aus-
gearbeitet.
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VELAROIDAL SHELLS
FOR COVERING UNIVERSAL INDUSTRIAL HALLS

M. MIHAILESCU* and Miss I. HORVATH*

[Manuscript received November 22, 1975]

In order to cover large column-free square areas a new type of shell structure
is proposed. Considering its shape and its way of generation, the surface belongs to the
family of velaroidal ones. Choosing the generatrix as an ellipse, advantageous geometri-
cal and mechanical properties are obtained. Membrane stress analysis and a numerical
example are presented.

1. Introduction

It is well known that large span industrial halls of 18 X 18 to 40 X40 m
draw great attention. They provide large functional possibilities, housing vari-
ous technological processes of a character continually changing and developing.

The thin shell structure is a rational solution to cover quadratic areas
owing to its spatial manner of work and being able to satisfy a great number
of functional requirements concerning natural lighting, ventilation, a smooth
ceiling, as well as the hanging of a series of overhead light — duty transporting
equipments.

In this paper a structure, made of thin shells, proposed for the use of
universal industrial halls, which best meets the multiple functional needs as
well as those of mechanical behaviour and execution technology, is presented«

2. Velaroidal shells. Some important geometrical properties

In establishing the shape of the middle surface of the shell we first took
into account the functional requirements of cover in a square area, and then
(using a bisymmetrical surface) to avoid discontinuities which might disturb
the membrane stress state in the shell.

From the surfaces satisfying the two requirements, the velaroidal one
was chosen, due to its characteristic of having straight edges to simplify the
requirement of contour elements.

* Polytechnical Institute of Cluj-Napoca, Romania.
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The velaroidal surface (Fig. 1) is generated by a variabile curve (1) which
is translated on another curve (2) degenerating into straight lines on the
boundaries. The generating profile can be any plane curve, consequently
resulting in surfaces of different geometrical peculiarities.

For parabolic profiled velaroids Ballesteros [1], Brebbia’s and
Ferrante’s [2] and L. Kollar’s [3] papers are known.

The velaroidal shells with parabolic directrix have also been studied
by the authors in designing an exhibition hall in the city of Cluj-Napoca

(Fig. 2) [4].
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In proceeding with the study of universal industrial hall coverings we
have chosen a new form of velaroidal surface, that generated by an ellipse,
the one we shall call elliptical velaroid. The reason for this choice is to reduce
the region of hyperbolic points as much as possible on the surface (in the
corner zones), that might disturb the stress state of the shell.

We have also taken into consideration the more advantageous mechanical
behaviour of the superelevated profiles with respect to the circle and parabola
shape, thus extending Dischinger’s [5] and Jakobsen’s [6] consideration
from cylindrical shells to velaroidal ones.

Fig. 3

The comparative study, made for velaroidal surfaces with parabolic,
circular and elliptical directrix having the same height/span ratio, on the
trajectories of parabolic type of points which separate the elliptical surface
zones from those of hyperbolic ones shows that the smallest hyperbolic zones
are obtained in the case of elliptical velaroid. It is possible in extreme situations,
that these zones be completely eliminated, namely, for a semi-elliptical direc-
trix with a slope of 90° at each boundary point (Fig. 3). In this latter case
the corner point is not an inflexional point but rather a singular one, the
diagonal-directed cross-section of the surface being a second degree parabola.

It is to he noticed that while in the case when the directrix curve is a
parabola or a circle, the velaroidal surface is geometrically determined by a
single adimensional parameter (for example the height/span ratio), for defining
the shape of an elliptical velaroid there are two free parameters which may be:
the height/span ratio, that is 1= (/—c)/2a, and the slope of the directrix
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on the boundary which can be replaced by the ratio k = c¢/f (Fig. 4), as follows
from the surface equation:

Pr<? rie xfy + P *1%2
or denoting K = c/f:
x3= (a4 — a2(l — f2) (xf xf) + (1 — k2 *f*| « (2)
ar
Fig. 4

The elliptical velaroid generated by semiellipses, described by equation
X3 3—Vas— a2(x\ + x\) + x\ *1 ) ®)
a2

thus appears as a particular case (c = K = 0) of a more general class of sur-
faces described by equation (1) and (2), further these latter ones are especially
insisted upon.

From the point of view of stress state and boundary conditions two
geometrical characteristics are of interest:
— the surface tangent variation along the boundary gx= 4 a (Fig. 4):

P-c2 = 1+ K
K

tan ¢ = 9i*3

(4)
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- the curvature radius variation, with the greatest values in the central
zones of the surface, which are of interest from the point of view of thin
shell stability; for xr = x2= 0 the curvature radius has the value:

a a

5
f-c 1+ k ©)

From relation (5) as well as from Fig. 4 it can be observed that the greatest
curvature radii are obtained for small values of Kk (at the limit Kk = 0) in the
central zone, a disadvantageous situation for thin shell’s stability.

3. Edge conditions. Solution for the state of stresses

The state of stresses was determined with the aid of the membrane
theory, considering the problem as a Dirichelet problem. The stress function
was specified along the edges, in concordance with the type and constructive
achievement of the supports.

Fig. 5

For structure (Fig. 5) supported at the corner points, with their edge
beams working as ties, strengthened towards the corners, zones where some
horizontal stiffenings are also provided, the following boundary conditions
are established: half-complete edges capable of taking over only tangential
stresses; complete edges capable of taking over both tangential and normal
stresses at the corner zones (Fig. 6).

In order to have the variation of normal stress rell, respectively re2 as
close to reality as possible, two valiants were selected on the complete edge
zone:

a) the normal stress is constant, rell = K (Fig. 6a), or b) linearly variable,
n1= m (x2—ax) (Fig. 6b).
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In these two cases, from the overall equilibrium condition, the boundary
stress values are deduced for symmetrical loadings as follows:

4J nlltan axcos aXdx2+ 4 | n2tan a2cos aldx1l= 4V,
J ai

or

8(|n1_1tan <A cos adlx2= 4V (6)

Fig. 6

where axand a2are the angles of the surface slope along the edges xr= + a,
respectively, 2= + a, F is the vertical projection of the oblique reactive
force, n11= N1lcosoalcosa2= cos NI (cos = 1alongthe edgesxr= +a);
tan aris achieved by the relation (4), or denoting

b= and

it can be expressed by the formula
tan og = — (—b + dxl) . )
c

In order to describe the state of stresses of the shell a stress function
of Airy type “_F’ is introduced from which the stress resultants are obtained
by the formulae:

rell= 322F; nl2= —912F ; n2= 9nF . (8)
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This stress function has to satisfy the governing differential equation

rd22F — 2sd12F + tOuF = | 9)

where r, s and t are the curvature coefficients of the middle surface, | is the
loading.

The boundary conditions converted into the stress function are: along
the half-complete edges F = 0, and facing the complete edge zones, F should
he determined by integrating the expression of 022F, after replacing n1,
obtained from relation (6) in equation (8). Thus, for the two assumed cases
(Fig. 6a and b) the variation of the stress function along the edge xx= a,
follows from the relations:

F = (*2— axt | (10

respectively,

F —°0)3e (11)

It is to he noticed that the variation of F given by relation (11) is more
suitable for assuring the continuity of the solution at the connection point
between the half-complete and complete edge zones.

4. Numerical example

As an application, the state of stresses for an elliptical velaroid with a
ground area of 24x24 m, for a height/span ratio equal to 1/6 and cjf= 1,5/5,5
was determined.

The integration of the differential equation (9) was carried out by the finite difference
method taking as a quarter of the base surface a lattice of 64 points. The calculations were
carried out with a FORTRAN programme on a FELIX C 256 computer, for a loading of 25
daN/m2 deadweight, and “a” type boundary conditions. For the stress function and stress
resultants the diagramme as shown in Figs 7, 8 and 9 have resulted. Finally, the values as
well as the trajectories of the principal stress resultants have been determined.

5. Conclusions

Analysing the state of stresses, the following conclusions can be drawn:
— The prevailing stresses are of compression type in inverse relation to sur-
face curvature (Figs 8 and 9).
— The principal compressive stresses are directed towards the corners.
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— Small tensile stresses occur in the vicinity of the half-complete edges.
— Tensile stresses also occur in a small zone in the vicinity of the corner
points. They are perpendicular to the diagonal and require a proper rein-

forcement.
— The stress resultant n12 acting along the edge lines as well as the horizontal

components of the reactive forces can be easily taken over by prestressing
the rectilinear edge beams.
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Compression
Tension

Fig. 9

6. The stability of the velaroidal shells

Problems concerning the stability of the elliptical velaroid are still to
be studied. In paper [2] the stability of a velaroid with parabolic directrix
is approximated with that of a similar elliptical paraboloid. It seems that
reality is closer to the approximation offered by a funicular-type shell,
resembling the shape of the velaroidal one better, theoretically and experi-
mentally dealt with in papers [7], respectively [8]. The relation for the critical
loading proposed in the last paper (used also in [9]) is:

Per = c mE m (12
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where
_a
c= 0,40 ee 122

in which “8” is the thickness, “a” the halfspan, and “/]” the total height
of the shell.

Considering relation (5), that means gad a2fv from formula (12), the
critical loading can be expressed by

porw ¢ mE IIJL 2, (13)
e

an equation known from the linear theory of local stability. Lacking a proper
calculating relation for elliptical velaroidal shells supported at corner points,
the use of formula (13) can be recommended, taking as curvature radius the
greatest one, that is, the curvature of the center of the elliptical velaroid.
For checking the calculated state of stresses and the general behaviour
of the structure under load, as well as the behaviour of joints in the case of
precasting the shell a 1 : 8 scaled, reinforced mortar model was tested.
Aspects concerning experimental results will be presented later on.
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Velaroidschalen zur Abdeckung universaler Industriehallen. — Zur Abdeckung grosser
quadratischer Rdume wird eine neuartige Schalenkonstruktion vorgeschlagen. Nach der
Form und Herstellungsweise gehort diese Fldche zur Familie der Yelaroidflaichen. W ahlt
man eine Ellipse als Leitkurve, so erh&lt man vorteilhafte geometrische und mechanische
Eigenschaften. Es werden die Methode der Membranspannungszustandsanalyse der behandelten
Schale und eine numerisches Beispiel dargestellt.

BensapoungHblie 060/04eUYHble KOHCTPYKLUN 415 NOKPLITUS YHUBEPCANbHBIX NPOMbILLIEH-
HbIX KopnycoB. BenspougHble 060/104KN SIBNSIOTCSA HOBO (POPMOIA 0601UeK, PeKOMEeHAYeMbIX
AN151 NOKPbLITUS GOMbLUIKMX NIOLLAAEA YeTbIPexyrosbHoi (opMbl, He UMEIOLLUX ONOP HA KOMIOHHAX.
BcneacTBre umetolleiicss (opMbl U cnoco6a reoMeTpMUecKoro MocTpoeHUs NoBepXHOCTb 060-
NI04Ka MOXeT BbITb 0THEeCEHA K Fpymnne BeNsipouiHbIX NoBepxXHocTeld. Ecv B KauecTBe OCHOBHOIA
KPWBOIA BbIGPaTb 3N1MUMC, TOrAa Moy4aTcs BbIFoAHblE TEOMETPUYECKME Y MEXAHUYECKME YCN0-
BUSl, 3[eCb WAET pedb 06 aHanM3e MeMOpaHHbIX HanpshKeHW 060/1YEUHON KOHCTPYKLUU npu
OAHOBPEMEHHOW WAMOCTPALMU YMCNOBOr0 MpUMepa.
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VARIATION METHOD GIVING THE SOLUTION TO THE
TORSION PROBLEM OF PRISMATIC BARS OF
COMPOSITE MATERIAL

I. ECSEDI*

[Manuscript received 18 March, 1976]

The author deals with the problem of free torsion of prismatic bars having a
solid cross section, built up of composite materials. In Chapter 2 of the paper, methods
of the variation calculus are presented which may be used for the solution to quasi-
static boundary-value problems of linearly elastic continua of composite materials.
This chapter sums up and generalizes the conditions of stationariness and minimum
principles of the theory of elasticity connected with the potential energy and comple-
mentary work. The third chapter reports on the basis of the literature on the subject, on
what should be known in connection with the elastic free torsion of bars with an in-
homogeneous cross section, the so-called prismatic bars made up of composite materials.
Chapters 4 to 7 report on some new achievements concerning the free torsion of com-
posite prismatic bars which may be obtained by the application ofthe theorems described
in different chapters of the paper. It is emphasized that according to a given formula
the torsional stiffness may be estimated from below and according to another from
above. Chapter 6 treats the torsional problem of prismatic bars reinforced with a thin
layer. Chapter 7 comprises three examples.

1. Introduction

1.1 Preliminaries

In this paper the free torsion problem of prismatic bars having a solid
cross section, produced from composite material, is dealt with. The shear modu-
lus of elasticity of the analysed material of the bar has discontinuity in the
plane of the cross section. This discontinuity follows from the fact that the
prismatic bar isbuilt up from several different homogeneous isotropic materials.
The elastic free torsion of prismatic bars has been treated of by several authors.
Their method was based on the direct integration of the equations related to
the problem of continuum mechanics. Thus, for example, Muskhe-
lishvili [2] resolved the torsion problem of the inhomogeneity embedded
into homogeneous field by applying the theory of integral equations. Euy
and Zienkiewicz [6] endeavoured to find a solution according to the
grid method frequently applied in the field of mathematical physics to the

*Dr. |. Ecsedi, Vaszonfehérit6 u. 24, H-3531 Miskolc, Hungary.
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boundary-value problem defining the stress function.
for example,

Arutjujan

and

ECSEDI, I.

Abramjan

Other authors, such as

Lehnickij [8] and

Seide [5] gave an analytic solution by separating the Fourier variables.
The present paper describes the solution to the above problem by the method

of variation.

The following symbols of major significance as used in this paper:

space regions

1.2 Notations

AN, 2’dj2)An,Ap bi-dimensional surfaces
subscript designating elastic body of material constants G-, Vj (/ =1, 2)
shear elastic modulus

He H2 B
€}
Mn
5]
4
u
u; = u,(P
At = A,—( ()P)
Ft=F; (P)
(i=1,2)
P€B, (i=1,2);
PgA
P€g
\Y)
tr Aj
tr Fr
|
defu-= — (Vu,-
Vu,-, u-V
q, K-
a
e
P
T
R == (= co., o00)
nL’ nC
0
X, Yy, z
i, j, K

= Xi

U va W(
g<2) g() (
ad) ad) %
T@V 'I’d),
u09 V0 w0 1
aq, 2 oBJ

d(= ®/(P) = ®/(x,y) stress function
function characterizing warping of cross section

(i = cq(x.y)
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Poisson’s ratio

given surface load
given volume load

given displacement vector

displacement vector
deformation tensor

stress tensor

; P is point of region B

P is point of surface A
P is point of curve g
denotes scalar multiplication

denotes double scalar multiplication
Hamilton’s differential operator
first scalar invariant of tensor A,
first scalar invariant of tensor F-

second order unit tensor

u,-Vv)

diadic product of vectors V and uz

fourth order symmetric tensors of elastic material constants

designation of state
state of equilibrium

designation of kinematically permissible quantity (variable)
designation of statically permissible quantity (variable)
designation of example

symbol of theorem,
density of energy

statement

“by definition be equal to”

set of real numbers

functionals

operation symbol of forming variation

coordinates of the Cartesius orthogonal system of coordinates

unit vectors of system of coordinates xyz

scalar coordinates of displacement vector iq in system of coordinates

scalar coordinates of deformation tensor in system

of coordinates

scalar coordinates of stress tensor Ftin system of coordinates xyz

scalar coordinates of stress tensor F-

constants related to the stiff-body motion

relative rotation

in system of coordinates xzy

Xyz

Xyz
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Tv Tr, TIt regions in plane xy
gl> g2 gl2 curves in p_Iane Xy
tangent unit vector
normal unit vector
shear stress
twisting moment
h twisting stiffness
Ic,L" Ic,C approximate values of twisting stiffness
polar second order moments
length of prismatic bar

dlds derivate calculated in t direction
3ldn derivate calculated in n direction
O = 0oXKi dyj Hamilton’s bi-dimensional differential operator

A = 0O «0O = 020x2+ 020y2 Laplace’s operator

2.1 Setting up the problem

The body depicted in Fig. 2.1 is composed of two different homogeneous
isotropic, linearly elastic materials. The materials in volume Bx and B 2 are
characterized by Lame’s material constants G15 vl and G2 V2 respectively.

Fig. 2.1. Composite-material body

Fig. 2.2a. Body of inhomogeneity a Fig. 2.2b. Body of inhomogeneity b

The even (at least even in some sections) surface A 12 separating the different
materials may be situated so (see Fig. 2.2a) that Bland B 2should simply be
coherent but may be positioned also in the way that Bx be simply and B2
doubly coherent (see Fig. 2.2b). In the first case the inhomogeneity will be
called type a and in the second type b.

The following simplification will be applied:

1. Displacements and deformations are small;

2. The problem is quasi-static;
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3. Thermal effects are negligible;

4. The intensity q of the system of volume forces acting in the volume
B — B1+ B2ofthe body is a given value;

5. The displacement vector u on the surface section Au of the surface A
bordering the region B = BY-1- B2is given;

6. The intensity p of the surface load on the surface section Ap of the
surface A bordering the region B — B x -f- B 2is familiar;

7. Auand Ap are, with respect to the whole body complementary, i.e.,
w— Jin+ Ap;

8. Stability problems are disregarded;

9. The external field of force (that of volume and surface loads) is con-
servative, the law of conservation of mechanical energy is valid;

10. The continuum problem has a solution.

To the solution to the continuum problem the basic system of elasticity
equations established for the regions Br and B 2have yielded boundary con-
ditions at the sections Ap and Au, however, for the section A 12 one tries to
find a solution satisfying certain fitting conditions.

Let us introduce the following designations

ui = n,(P) = displacement vector,
A- = 4P) = deformation tensor,
F/ - F,(P) = stress tensor,

at point P of the region P((i = 1, 2). The parts of surface sections Apand Au

being on the boundary of P, let then be denoted by Api and Aui (i — 1, 2).

The continuum problem leads to the following boundary-value problem:
The fields of displacement vector, deformation tensor and stress tensor

U = U,P), A,= A(P) and F,=F,.(P) (i=1,2)

should be determined to satisfy the equilibrium equation of mechanics

FeeV+ gq=0, PCB, (2.1)
i=1,2
the geometric equation
A, = defuf, P ( Bj (2.2)
(i= 1,2
the material equation
F.= C, ..A,, P 6Bi (2.3)
(i=1,2)
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further, at the surface section Apthe static boundary condition

F, n—p= 0, P £Api (2.4)
(=102

and at the surface section Authe geometric boundary condition

M, —m= 0, PEAU (2.5)
(i=1,2)
on the surface A 12 the fitting condition
Ui(P) — U2(P) = 0o, P E£A 12 (2.6)
associated with the continuity of the displacement vector, further the fitting
condition

PI(P) - p2(P) = O, PeNI (2.7)

associated with the continuity of the internal set of forces, wherein

Pi{P) = Um FAQ) mil» (2-8)
B,3 —p€AL
(i= 1,2).

In Eq. (2.3) G- (i = 1,2) denotes the fourth order symmetric tensor of the
elastic material constants (see, for example, [14], [15], [20]) and accordingly,

c...A-—2G A- - (trA )1 (2.9)
1- 2V

(i= 12 .

Furthermore, in Eq. (2.4) n denotes the normal unit vector pointing
outwards from the material at point P of the surface Ap;in Eq. (2.8) n denotes
the normal unit vector pointing to the point P of the surface 412 from the
material of the body “1” to the material of the body “2”.

In Eq. (2.8) Qi may tend to the point P of the surface A12 at any plots
assumed in the region Bt (i = 1, 2).
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2.2 Variation principles and minimum theorems

For the discussion of the stationary principles and minimum theorems
it is convenient to introduce the following concepts.

D.l. The ordered triad defined by the vectorfield of the displacements,
the tensorfield of deformation and tensorfield of stress is called state. The state
is denoted by greek small letter, as for example:

a= (u,(P), A,(P), F(P) i= 1,2) (2.10)

D.2. The state defined by the triad u- A- F€(E = 1, 2) satisfying the
basic Eqs (2.1), (2.2), (2.3), the boundary conditions (24), (25) concerning the
surface sections Au and Ap, as well as the fitting condition prescribed on the
surface A12 by the Eqs (2.6), (2.7), is called equilibrium state.

The symbol of the equilibrium state is: e.

D.3. Statically possible (permissible) stress tensor field F-(i = 1, 2) satis-
fies the equilibrium field (Eq. (2.1), the static boundary condition (2.4) and
the fitting condition prescribed on the surface A 12 by the Eq. (2.7).

D.4. Kinematically possible (permissible) displacement vector field Gt
(i — 1, 2) satisfies the geometric boundary condition (2.5) and the fitting
condition prescribed on the surface A12 by the Eq. (2.6), in addition, one
can be derived from it in the region B: with the aid of the geometric field
equation

A, = def(,, (2-11)

(i= 102

the deformation tensor field A- (i = 1, 2).
D.5. Statically possible (permissible) state

a= U, A-F;:; i= 1,2 (2.12)
wherein
I. F, (i= 1,2) statically possible,
1. A, = K,..F,, (i= 1,2 (2.13)
1. U, (i = 1, 2) in the region P- (i = 1,2)
is derivable, at least twice, otherwise it is an arbitrary vector.
Eq. (2.13) established with the aid ofthe fourth order symmetrical tensor
K; (i = 1,2) including the material constants (G-, vt, i = 1,2) of the elastic
body involved in the definition D.5. in a detailed form appears as follows:

AL Moowr (2.14)
1+%,

(i=1,2).

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



TORSION PROBLEM OF BAR 153

It should be noted that we do not prescribe on the surface A12in connection
with U, (i = 1, 2) that

WAP) - G2AP) — 0> P 6AnN (2.15)

should be fulfilled !
D.6. Kinematically possible (permissible) state

a= (0,A-F- i= 12, (2.16)
wherein
I. 0, (i= 1,2) kinematically is possible, its consequence is that
A, = defd,, (i= 1,2), (2.17)
Il. F.= C-. A, (i= 1,2). (2.18)

The following statement is evident:
T.l. The equilibrium state

e= (u, A- F- 1= 1,2) (2.19)

is both statically and kinematically a possible (permissible) state.
D.7. Kinematically possible deformation energy density

(2.20)

D.8. Statically possible stress (complementary, conjugated) energy density

Sl e v Eeenl F,. K, . F,, (2.21)
(i= 1,2).

D.9. Kinematically possible potential energy at the function nL inter-
preted by the following prescription
I. Its interpretation region isthe set of kinematically permissible states,

nL:4a =R = (- °) * (2.22)

8jdB — |- q -0,dB —J p - 0,dA (2.23)
Apt

Il. nL= |
i=1UBi J Bi
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D.10. The statically possible complementary work in connection with
the function nc interpreted by the following prescription:
I. Its interpretation region is the set of statically permitted states

lic :de =R = (— 00, 00) (2.24)
1. nc= :2 [l- gidB - f (F/ mn) «ii M (2.25)
i=1 b ( 3 A

Stationariness statements
T.2. In equilibrium state jrL is stationary, i.e.,

bnL= 0. (2.26)
T.3. In equilibrium state nc is stationary, i.e.,
gne = 0. (2.27)

Only the verification of T.2. will be outlined for a body having an inhomo-
geneity type a.

In the course of evolution of the first variation of nL it is assumed that

1. The functions appearing are through their region of interpretation
derivable to the order required.

2. The following two identities derivable by the simultaneous application
of the product integration and the Gaussian theorem concerning the integral
transformation are valid:

Bus = _JBF - - avas «

- (Fi +n) mOwclA -)-  (F! mn) « OGjdA , (2.28)
fB 0 B = -fBa(F2+V) « 60AB +
- Jpp(F2 1) *biydA — 1 (F2+n) « bIXIA . (2.29)

3. The sequence ofthe derivation and forming variation may be changed.
4. The sequence ofthe integration and forming variation may be changed.
Taking into account that said above we obtain:

bnL = | ( -] v o -biios +

| (F-en —p) bU.dA
Ja,,

+ (Pi *a0j. — p2+ 0602 dA (2.30)
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By making use of the fact that in the region B, and on the surface
section Apj 060j (i = 1,2) is arbitrary, and on the surface section A 12 the
buj = 6u2= 6ul2 is arbitrary, from the assumption of stationariness the
mechanical equilibrium equation

Fl'V+ qg= 0, PEB, (2.31)
(i=1,2)

the static boundary condition

F,en—p= 20, PEAp (2.32)

and the equation of fitting

PI-P2 = °> P 64 (2.33)

may be derived. Their validity for the kinematically permissible state assures
the existance of the equilibrium state.

D.Il. The kinematically permissible variation of the equilibrium state is
06 = (60, OA, OF.; i= 1,2 (2.34)
wherein:
I. O, is continuous, derivable at least twice in the region B, (i = 1,2
1. O6A = deféd, P £B, (2.35))
1. &0, =0, PiAu (2.36)
IV. OF, = C,. .6A,-, PE£B, (2.37)

D.12. Statically permissible variation of the equilibrium state is

06 = (Ou,, 6A,, oF-; i=1,2) (2.38)
wherein:

I. OF, eV =10, PE£B, (2.39)

II. 6F, »n= 0, P £Ap/ (2.40)

[11. 6px— dp2= 0, P E£AI (2.41)

Onj = lim aFj(Qj) *n , (2.42)

(i= 1,2,
Iv. 6Aj= K,..6Fj, P £B, (2.43)

Y. &80- (i = 1, 2) is at least twice derivable in the region B- (i = 1, 2),
otherwise it is an arbitrary vector.
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The 6u;involved in the definition D.ll. does not need to fulfil the con-
dition on the surface A 12
Ow(P) - pnW2P) = O, PCAL . (2.44)
The result of the definitions D.Il. and D.12. is that
6= :e-f 066= :(u--f-ad0,,, A- <5A -,
F-+ OF.; £= 1,2) (2.45)
is kinematically permissible state and
d=:E£-(- 06 = :(u 00, A- 0A-
F-+ SF,; £=1,2) (2.46)
is a statically permissible state.
Minimum principles
T.4. In the equilibrium state nL is minimum,
7tL(E) < nL(b) . (2.47)
T.5. In the equilibrium state nc is minimum,
(2.48)

Tre(e) < }'IC(§) .

Let us investigate the

Only the verification of T.4. vili be outlined.
variation 0s of the equi-

change of in case of the kinematically permissible
librium state ! Carrying out the detailed evolution,

AnL= TiLE - @ —nre) = 22T 6A- c- sA)dB . (2.49)
2 i=id b(

yields

Considering that G- (i = 1, 2) is a fourth order positive definite sym-
metrical tensor* (see [15], [20]) on the basis of Eq. (2.49) may be written:
Astl> 0, (2.50)

i.e.,
(2.51)

nef{e + aé) = nb(0) » 3lL[e),

from which follows
min nL(6) = TiL(fi) . (2.52)

*Cl (i = 1,2) is in the following sense a positive definit (see, for ex., [20]):
I. The symmetric second order tensor of every X~ 0is X..C/..X > 0.

Il. X..C-..X = 0 only in case, when X = 0.
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W ith the aid of the following proposition the relationship between
nL(s) and 7ic(e) = min nc(g) may be established.

T.6. With an arbitrary statically possible (permissible stress tensor
field F¢ (i = 1, 2) and kinematically possible (permissible) deplacement field
M- (i = 1, 2) the following equality is valid:

ngB{ /0.% 21 ajdB 4-

+ p +0jdA - (F, *n) mijdA (2.53)
.4 Api \) Aul
Ai = defqj, (2.54)
(i= 2,1).

The verification of the statement may be carried out similarly to the
analogous statement [17], [9] concerning the continua of a homogeneous
linearly elastic material having undergone a small deformation.

T.7. In equilibrium state

nlk(e) + nc(e) = 0. (2.55)

To verify T.7. let us apply the statement T.6. to the equilibrium state

e= (u, A- Ffi i=12 (2.56)
which yields
2 (I (P,..A))AB= 2fq-MB +
1=1 \>Bi 1=11J
+ j P utdA + |- (F-en) «utdA . (2.57)
J Api JAU ;

From Eq. (2.57) by elementary transformation the equation

2 | (Ff [ evan -

=1 2 JB{ J Apt
+2 — |- F,..A,dB - |- (F, *n) +UidA = 0 (2.58)
( 12 A ui

is obtained wherefrom, by taking into account the interpretation of nL and
tic, the statement of T.7. resulted. The consequence of T.7. is T.8.

T.8. To kinematically permissible arbitrary state & and statically per-
missible state R the following inequality is true:

*t(4) + *c(4) A Om (2-59)
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For the verification let us start with the equalities:

nL(x) ;> nL(e) , (2.60)
fe(d) N Te(f) (2.61)

which may be established on the basis of the statements T.4. and T.5. To the
inequality obtained by additioning Eqs (2.60) and (2.61) the use of T.7. results
in the inequality (2.59).

Equivalence of the state of equilibrium T.9. Only a single state of equi-
librium can exist.

In order to verify this statement, consider the identity

2 [ (F,.. defy)dB = J-ff p ev(L4 +
i=1J Bi 1= 1 \jApi

+ T (F-+n) *\dA - T _q *yclb\ (2.62)
J A B )

which may be deduced by the simultaneous application of the rules of the
product integration and the Gaussian integral transformation to statically
possible (permissible) arbitrary stress field F- (i = 1,2) and in the region
Bl (i = 1,2) derivable at least twice, in the region deductable to continuous
ti-vector field. Let us assume the two equilibrium states to be, exand e2:

(«?>, FW; i= 1, 2), (2.63)
- Z A B 0= 1,2) . (2.64)

Let us apply the identity (2.62) to the statically possible (permissible)
stress fields F** (i = 1,2) and P2 (i = 1,2) and, for the moment, to the
arbitrary vector v. By forming the difference of the two equations the follow-
ing is obtained:

jg i (Fd>- F)2)..defVvdB = [ (Pl>mn- F2en) mvdA. (2.65)
=1 Bi i=1%) Aui

Be
V= Wwl>- uf, PcB,, (2.66)

(i=1,2).
The consequence of Eq. (2.66) is

v(P) = 0 if P £EAU= AU+ Au, . (2.67)
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Use of the material laws (2.67) and (2.13) and the consideration of Eq.
(2.65) allows us to write down:

AF,.. K, .. AFtdB = 0 (2.68)

wherein :
AFt= F« - F<t>, (2.69)

(i=102).

Due to the positive definiteness of K; (i = 1, 2), the Eq. (2.69) may only
be valid with the symmetrical tensors AF, (i = 1,2)if F(= 0 (i= 1, 2), i.e.,

Pp = F)2), (2.70)
(i=1,2).

From this last equality, by applying Hooke’s law (Eq. 2.3), the follow-
ing equality is obtained
Ap = AfK (2.71)

The consequence of (2.71) (see,for example, [9], [12], [13]), disregard-
ing the rigid body displacement of the displacement fields uP and uf\ that is:

u?>= uf2> + a+ bxr, (2.72)
(i=1,2).

From Eqs (2.70), (2.71) and (2.72) it is to be seen (the rigid body motion
disregarded which is characterized by a, b) that, indeed, only a single state of
equilibrium may exist.

The described stationariness theorems and variation principles allow the
approximate solution of the boundary value problems associated with the
continuum of composite material without the direct integration of the basic
system of equations (2.1), (2.2), (2.3). For seaking the approximate solution
the method Ritz [19], the Kantorovich method [19] and the method of
successive approximation developed by Kerr [18] might be applied.

3. Free torsion of prismatic bars with inhomogeneous cross section

In connection with the prismatic bar with an inhomogeneous cross
section depicted in Fig. 3.1 it should be assumed that

1. the mantle of the bar is unloaded,

2. the end faces are subjected to a torsional moment of a given Mcvalue.
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Fig. 3.1. Prismatic bar of composite material Fig. 3.2. Cross section of torsioned
with a solid cross section prismatic bar

Some symbols and denominations (Fig. 3.2)

T — region defined by cross section

g — curve bordering region T

g2 — curve separating different materials in plane of cross section being smooth (or at
least in some sections)

7, —part of region T belonging to material denoted by “1”

T2 —part of region T belonging to material denoted by “2”

gt —part of border of region T along g

g2 —part of border of region T along g

n —unit vector of normal, directed outwards from material g(gt,g2

n —normal unit vector on curve g12 pointing from material “1” to material “2”

S — arc length measured along curve g(g15g2). Along curve g in the direction of increasing

s, the cross section lies to the left-hand side;
direction of s along curve g,2is understood by going along curve g12 in the sense
of increasing s and material “1” lies at the lefthand side

J3re derivative calculated in direction of n
3/9s — derivative calculated along curve g(g,,92 or gl2
a. — type of inhomogeneity where T, and T2are simply coherent (see Fig. 3.3a)
b. — type of inhomogeneity where 7’, is simply and T2doubly coherent (Fig. 3.36)
Fig. 3.3a. Cross section of bar of Fig. 3.3b. Cross section of bar of
inhomogeneity a inhomogeneity 6

It is known that in case of pure torsion the displacement vector of the

prismatic bar is
u- = uWi + W ic{k , (3-1)
wherein:
n() = bi()®:,y) = —Byz + o2 —w3y + no, (3-2)
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j.0 _ uMXy) = Bxz + coZ — oqz -f- vO0, (3.3)
WO - w(\x,y) = Btpt(x,y) + WEV — coX -+~ w0, (3.4)
i=1,2).

In the above set of equations n0, v0, w0, cov co2 co3 denote the constants
associated with the rigid body displacement of the bar and «&is the relative
torsion per unit length. By applying the geometric equation and the general
Hooke’s law, from the equations (3.2), (3.3), (3.4) we obtain:

M_.M ., —=p) —y0 —0 (3.5)
Ox} = Oy 0z° = rxy = o (36)
(i=1,2).

Eq. (2.1) of the mechanical equilibrium is indentically satisfied if the
shear forces rm* r~, differing from zero, are produced in the following form

TO = aqy 9 (3.7)
dy
53 = sy g (3.8)
dx

Here ®, = @ ,(P) = &,(*,y) (i = 1,2) is the stress function of the composite
cross section. With detailed evolution of the static boundary condition relat-
ing to the mantle of the bar

F,en=10, (E= 1,2 (3.9)

o ,= 0, E= 1,2) (3n10)

valid at the border of the cross section, may be deduced to the stress function.
From the compatibility equation

Qyxr Jy« (3.11)
dy dx
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which may be derived from the Eqs (3.2), (3.3), (3.4) with the replacements

0_ -(0 a —
0= - (3—12a)
’ G, dy

y()y = il ot(o 1 (3.12b)
Tyz G yr ox
(i= 1,2
one obtains for the ®- = ®((x, y) function Poisson’s partial differential equation
= —2, PE£Ti (i—1,2). (3.13)

From the equation
W-719. Ffe

corresponding to the fitting equation (2.7) relating to the curve g12 for the
function (see [1], [6], [8]) we obtain the prescription

GIn = G2~ , Pg¢gl2 (3.14)
0S 0S

This might be fulfilled if (see [1], [6])

CxPr= Cab2 (3.15)

The continuity of the displacement vector field is assured at the points
of the curve g12 (see [1], [6]) by satisfying the equation

0®r 0d2

> Pigle (3.16)
07t 071

The value of the torsional moment Mc attacking the cross section (see [1])
may be calculated from the equation

o Mr (3.17)
wherein
lc= 272G i{ & T (3.18)
=i JT{

is the torsional stiffness of the cross section.
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The verification made in the foregoing might be summarized as follows:
The free elastic torsion problem of a prismatic bar of a composite cross section
leads to the following boundary conditions [1]:

no/ — —2, P , (3.19)
.= o, peg,, (3.20)
E= 1,2,
GO 1= c2p2, pegi2, (3.21)
00, don
— L= —--, Pign- (3.22)

The free elastic torsion problem of a prismatic bar of a composite cross section
may also be treated as a boundary value problem associated with the function
@ = (fi(P) = <pj(x,y) (i = 1,2). Starting out from the equations (3.2), (3.3),
(3.4), by making use of the geometric equation and the general Hooke’s law
the following equations are obtained

*0

G,j) (I ~y\: (3,23)
G ft

T(O = + *j (3.24)

(i=102).

Replacement of the above results into the non-identically satified
equation of the mechanical equilibrium

9t& + 9r$ = 0
dx dy

(i= 1,2

(3.25)

yields that ¢+ = ip,(P) is harmonic in the region T,(£ = 1, 2). The consequence
of the boundary condition

T®= 0, Ptgg (3.26)
(£=1,2)

relating to the bordering curve of the cross section that

9(pi 3 I1X2+ y2

=0 picay. 3.27
an s 1 2 pieén (3.27)
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The displacement field is continuous on the curve g12 if
91 = 92’ P£gl2- (3.28)
The consequence of the fitting condition

- TR, &fs2 (3.29)

prescribed for the curve g 12 (see [1], [2]) that

8 3 x2 yz' o R 3 ix2+2)I

(3.30)
3n 3s 2 3n 3s 2 |_
Starting from the equation
Cmoe= 2 { (3.31)
1=13Ti

by making use of the equations (3.23) and (3.24) and Stoke’s theorem the
equation

Mc= b [GJ, - G2A2- GiJT| (N9x)2dT - GZ\]D(I‘IQZ? aT-\  (3.32)

may be deduced to the torsional moment equally valid for the inhomogeneities
both a. and bh.
Herein:

h = JY,(*2+J2)dT, (3.33)
(i=12).

From Eq. (3.32) results that the torsional stiffness of the cross section may be
expressed by the function grin the following form:

lc= GJj + GA2- GxJt (\J9iY dT - G2[Ti (M92)2dT .  (3.34)

By additioning the prescriptions related to the function «-= qo.(x,y) =
= @i(P) one can state that the elastic free torsional problem of a prismatic
bar of composite material leads, in connection with the function (gt= (Q(xy) =
= 99,(P) (i = 1, 2) to the following boundary value problem:

Arpi= o, P"THL, (3.35)
39i 3 T‘f y2) (3.36)
3n 3s 2 )

(i=1,2),
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@ — F2) P €dA125 (3'37)
\ %2 f-y2 Ix2 2 .
0Pl 3 'x2-f-y g, APz 3 XeTYE o besin. (3.38)
3 ds 2 _3n 3

4. Application of the principle of complementary work minimum
for the approximate determination of torsional stiffness

In the cross sections defined by the coordinates 2=0 and z = | the
displacement vector is assumed to be known:

U = m@p*y,z)i + vW\x,y, 2)j + wV\X,y, 2) K, (4.1)
nh{x,y; 0) =v(\x,y, 0) = 0, (4-2)
wMXx, y, 0) = 'ihpi(x,y) , (4.3)
7A\x,y,1) = —My, (4.4)
vA(X,y, I) = Mx, (4-5)
wilx, y, 1) = e<pi(x,y) , (4.6)
(i=1,2).

In this problem the cross sections defined by the coordinates 2 = 0 and
2 = | mean the surface section Auand the unloaded mantle of the bar repre-
sents the surface section Ap. The statically possible (permissible) state will
be built up with the aid of the stress function ®- = 0f(P). Thus we have:

= G4 ﬂcbl' @.7
3y
4o= —OW (48)
dx

wherein the function
01 = o,{x,y) = ®AP) (i= 1,2)

has only to satisfy, besides the necessary conditions of derivability, the homo-
geneous boundary condition

=0, PEg (4.9;
and the fitting condition

Gfli —cap2, pggne (4.10)
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Substituting Eqs (4.7), (4.8) and (4.2), (4.3), ..., (4.6) into Eq. (2.25)
and integrating with respect to z for the statically possible complementary
work yields

nc= nqoi) = £ 22 Gi{_ [C<>)2+

+ 2R «(M®)]1dT, (R =xi+yj). (4.11)
This equation may also be written in the form

#2Z 2 r

b=— 2 4

> 2 m[(ncp<)2- W dT e (4-12)

The verification of this transformation will only be carried out to the inhomo-
geneity type a.
Let us consider the following two equations

Jr D ' (IW>)dT = [' n «RO 1ds + J n e PP« (4.13)

O «(R02dT =" n +R02s — J n +ROAs (4.14)

which may be written by making use of the identity

O (ROt = 20, + R «(0%>)), (4.15)
*= 1,2
4 ( )
and Stokes’s theorem.

Using further that
0t=0, PCgt (4.16)

and applying the equations (4.13), (4.14), (4.15) yields

JfTiR-DOXdTZ Fan-ROst, (4.17)

)Qi

Jr.ReD0AT = —f 0 ROZs. (4.18)

Substitution of these last results into Eq. (4.11) already results in the
shape (4.12) of jrc, if one considers that

— C2p2, P Egwe (4.19)
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Since in the state of equilibrium the first variation of nc is equal to zero, it
is only enough to investigate the following functional pc proportional to nc:

Pc = Pc(®)) o [(W)2- 4d,]dT . (4.20)
1

By the use of
c, r AT (4.21)
| .

pc may be written also in the form

= 1 N2 - i .- (4.22)
Pe=V 2 GJIH [(n¢)2- 20i\dT - ~
and in the state of equilibrium:

2\ YO d,)2- 20,]dT = 0. (4.23)

i=iJti

The truth of the above statement, by carrying out the verification also in this
case, only in respect to the inhomogeneity type a., may be recognized as

follows. From the identity
O e[® /M = <M®, + (DZ>)2= (O®)2- 20, (i= 1,2) (4.24)

by using Stokes’s theorem we obtain

JTi(@4Re2dT = 2Jr<Vr+Jgne(XK) 0,ds +

+ J[ga2¢1m¢1) mnds, (4.25)

and
JR(N@)2dT = 2JTo AT + Jisn « (O P20 As -

- - N
fJgiidJZ(adJZ) nn. (4.26)

From the equations obtained by the addition of Eqs (4.25) and (4.26)
one can deduce the inequality to be verified if one applies the boundary
condition (4.9) and fitting condition (4.10). Thus, it can be written that in
the state of equilibrium

(4.27)
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From the theorem of minimum it follows that the value pCK of pc is
higher than that of minpc = —Jc/2 associated with the state of equilibrium,
ie.:

minpc= — pck= (4.28)
4

In turn, from the inequality (4.28) the following conclusion may be
deduced:

By applying the approximate procedure based on the principle of
complementary work, for the torsional stiffness we obtain a lower value
than that of the actual torsional stiffness,

-2pck= lcc< Ice (4.29)

5. Application of the principle of the minimum potential energy
for the approximate determination of the torsional stiffness

The surface section where the load has a given value, is represented by
the mantle of the bar. Accordingly in the present case we have

(5.1)

The kinematically possible state will be built up from the displacement
vector defined by Eqgs (3.2), (3.3), (3.4), where the function gt= (p,{x,y) =
= cpi(P) is considered to be unknown. Further, the values of the constants
u0, v0, w0, cax, co2, co3 characterizing the rigid body motion are selected to be
equal to zero. The scalar coordinates, (wich are different from zero) of the
stress tensor associated with the kinematically possible state are as follows

3H

i = T 5.2

id= Gfi dx y (5.2)

igz= o, (5.3)
9y

wherein the function qt = cpj(P) (i = 1, 2), besides the necessary conditions of
derivability, satisfies also the fitting conditions

A= |1 PEg2 (5.4)

valid along curve gl12
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After substituting (5.2), (5.3) into Eq. (5.1) and carrying out the integra-
tion with respect to z, the following result is obtained to nL\

nL= nl(<p) = ~ Ti4 Vv c, |-([0p,]2—2Uq>i B(R Xk))dT +
* 1= JTi
+1£-LLI, 1& + 126)). (5.5)

Since our task is the investigation of the equation bnL = 0 characterizing the
state of equilibrium, instead of the investigation of nL, it would be enough to
investigate the following functional only:

P1= PI(R) = :—i 1\?_ Gi (OV,)2- 2»,(Rxk)dT) + I,Gi (5.6)

which is proportional to nL.

By using Stoke’s theorem and the rule of integration of a product may
be justified in that the value ofp L is in the state of equilibrium (ifthe function
ni= a,(P) is a solution to the boundary-value problem defined by (3.35),
(3.36), (3.37), (3.38)), the half of the torsional stiffness of the cross section,
and accordingly, on the basis ofthe propriety of the potential energy minimum
can be written*

mm p, =

- 6.7
F 2

And to p LK defined by kinematically possible states approximating the state
of equilibrium: the inequality

minp L = Pik = N (5-8)

follows. From this it is to be seen that for the actual torsional stiffness, by
applying the approximate method based on pL, a higher value is obtained
than the actual, i.e.,

ICA lc,L = %PIk (5-9)

*The validity of Eq. (5.7) may readily be recognized by considering Eq. (2.55), because
nc(f) + nc(e) =  (minPc + min Pi) —0, wherefrom follows that min pL = —min pc = IcR-
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6. Torsion of a prismatic bar with a solid cross section
reinforced with a thin layer

Let us consider the torsional problem of a prismatic bar having a solid
cross section reinforced with a thin layer (Fig. 6.1). To investigate the cross
section having inhomogeneity type b. a system of curvilinear coordinates
should be introduced (s, f) in the plane x,y (Fig. 6.2):

R = xi+ yj= p(s)+ £n(s), (6.1)
wherein:
p = p(s) — equation of curve g12
S — arc coordinate measured along curve g12,
n — unit normal vector on curve g12 pointing outwards from the material
of body “17,
C — coordinate measured in direction n.
Fig. 6.1. Cross section reinforced Fig. 6.2. System of curvilinear
with a thin layer coordinates (s, Q)

The surface element

dT = dxdy (6.2)

may be defined in the system of curvilinear coordinates (s, ¢) by using the
equation

dT = (1 + yC)dsdC (6.3)

wherein f is the curvature of curve gl2 at point P.

In the following, will he investigated that from the stationariness con-
dition of pc bpc — 0, what problem of boundary value might be deduced.
The function &, = ®AP) (i = 1, 2) has to satisfy the boundary and fitting
conditions

®2= 0, Pig2 (6.4)
and

Gf“—CZCDr; Pdg|2 (6-5)
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respectively. By satisfying the function ®2= ®2(P) interpreted in region T2
the prescriptions (7.4) and (7.5) are assumed to take the form

2= da» o0 =~ 1— % oup (6.6)

wherein @r= ®”B) is the value of the function ®1= ®XP) at the point
P defined by the arc coordinate s of curve g12 The investigation wall be limited
to a cross section where

C & Dh2, (6.7)
(C and D being the given functions of s),
yh ~ 0. (6-8)

By using (6.7) and (6.8)

W L b 1- 411w

?
WL -— Cr ® Hoxqg h ds (6.9)
QR Y G2 h
is obtained if one applies the approximation
Cl ol
' (6.10)
(O0d 22 g2 V

Finally, calculating with the approximation obtained by neglecting the term
2APYS) the following may be written

(é'l Ir_ qi (6.11)

Application of the above approximation yields the final formula to pc:
om [ IOOI-AONETHAT wos e
z Ur, G2Jgn h

The equation bpc — 0 evolved in detail means the following equation:

bpc = Gj [(C<z5i) + (D A1) ~ A 1]dT + Cif &
U

r, Gojan

b®"s  « (6.13)
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By making use of the identities

O e (ftPidtfy = (aid O «O#! + {A®r) bdr) , (6.14)
[ o -iQoi)dT=\ n mNoxtalds, (6.15)
iTl Jgl2
dpc may be written in the form:
bpc= -G xl- (APX+ 2) 6011 + ( lgi + -~-0i| doxds . (6.16)
Jr, Jdl, 3n hG2

Since in the region Txand on the curve g1200xis arbitrary, the equation 6pc = 0
may only be true if (see for example [16]) the function ®x= ®XP) is the
solution for the following boundary-value problem

APl+ 2= 0, PeTx, (6.17)

AL+ LT 0l= 0’ Pegl2’ @B

Arutjujan and Abramjan derived the boundary condition (6.18) with
the aid of another method [1].

7. Examples
7.1. Example 1

Let us consider the solid square cross section depicted in Fig. 7.1. In the
regions Tx and T2 materials have a shear elasticity moduli Gx and G2 re-
spectively. Be x = G2Gj. The functions defining the statically possible state
are assumed to be as follows:

dl= DAXY) = —<xCx — 1) (y2— 12

0 <,x <5i5 —I<y<l;
®2= d2A*,y) = C(*+ 1) (y2- 12 (a)
0; —<Ly<,I;
L = 2l

These functions satisfy the boundary and fitting conditions (4.9) and (4.10),
respectively, at any value of C, and the stresses calculated from them accord-
ing to (4.7) and (4.8) also satisfy the equilibrium equation

dr™ + diyz = 0 (b)
dx 9y
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The constant C may be determined from the necessary condition of the mini-
mum of

Pc=YS$T [(MpL12- 40i]dT +y /¢ K M 2- 4¢p2]dT. (c)

Replacement of the assumed functions ®1= ®ix,y) (i = 1,2) into the
expression of pc, then after integration and some reduction, yields

— Cad6H— —CxL5 + G2[-Y -Cla4— —CL5 .
PeK 720 24 (720 24 (d)

Fig. 7.1. Solid square cross section of composite material

From the condition of stationariness

ac
the equation
APCK _
9C
follows. This is true if
c = 30 1
11 a+ 1L &)

W ith the above constant C, one obtains for a possible lower limit of the
torsional stiffness of the composite cross section, the following result:

— —2pCK— GU
le.c 22 a+ 1 ®

In case ofa = 2 from the above formula

lcc= 0,1565GL4.
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Ely and Zienkiewicz [6] found for a = 2 and for the above cross section

that
lc= 0,1941L4G .

7.2. Example 2

In connection with the cross section shown in Fig. 7.1 a possible upper
limit of the torsional stiffness should be determined with the aid of Eq. (5.9).
The function 9 = <Afiy) (i = 1»2) defining the kinematically possible state
is assumed to take the form

H= <Hx*y) = cxy, PET], (i=1,2). (9)

The above function satisfies the fitting condition (5.4) at any value of
the constant C. The value ofthe constant C may be assumed from the necessary
condition of the minimum of

Pl=j 2 (G-£ [(W 2- 2(W +(RXK)]dT + . (h)

W ith the assumed functions (pt = <H(x,y) (i = 1, 2) for pLK the follotv-
ing result is found

P« = (2+ 1)+ G V , ()

From the condition of stationariness

bPLK = — bc =0
dc

follows the equation

apek _ Q
3c

This is true if

W ith this value of the constant ¢

fca = 2PIk:"-1i-!gL4 G)
Z

w'ill be a possible upper limit of the torsional stiffness of the “composite”
square cross section. This gives for a = 2 the result

ICL = 0,25GL1.
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7.3. Example 3

In the next problem the stress function of the solid circular cross section
reinforced with a thin layer is treated (Fig. 7.2). The stress function of the
cross section should be determined according to the Ritz method. Be

dy=dy(r) = A0+ Ayr2,

(AO, Ay being arbitrary constants).

Fig. 7.2. Circular cross section reinforced with a thin layer

For the above function we have

(CZ>|)2: 4A\r\ J Dy3T - quAO& + AYyj

J’SJZOfds = 2na{A0+ Aya?2 .]El'l (Ody)2dT = 2nAfad. (K)
From this for pc (see Eq. 6.12)
Gx
Pc = Gyl Axad— 2A 0a2 — Aya4d (Ao+ Aya2?2a 1)
hG,

is obtained. The solution to the system of equations

°»L=0, -EE<L=0
dAn dAy

following from the condition of stationariness

dPc = - 0A0+ OAy = 0 (n)
4AO0 ° 9AYy
IS
Ap— 22 CS2Mig AR = lo, (0)
2 2
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Accordingly, the stress function will be

Pl= ¢](r):%Ka+ 21 P)

It may be pointed out that in this case the equations

Noex= -2 PE£TT,

91 + TZb®1= 0. Pigw W

are valid. Thus, dx= ®&x(r) presents the exact solution to the present problem.

11.
12.
13.
14.
15.
16

17.

19.

20.
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Variationsmethode zur Ldsung des Verdrehungsproblems eines aus verschiedenen Stoffen
Zusammengesetzten prismatischen Stabes. — Behandelt wird das Verdrehungsproblem von
aus verschiedenen Stoffen zusammengesetzten prismatischen Stdben mit vollem Querschnitt.
Im Abschnitt 2 der Abhandlung sind Variationsrechnungsmethoden beschrieben, die zur Lésung
quasistatischer Randwertaufgaben von aus verschiedenen Stoffen zusammengesetzten linea-
risch elastischen Kontinua geeignet sind. In diesem Abschnitt werden die mit der Potential-
energie und Ergdnzungsarbeit zusammenh&ngenden Stationdritdtsbedingungen und Minimum-
prinzipien der Elastizitatslehre zusammengefasst und verallgemeinert. Im Abschnitt 3 werden
aufgrund der einschlagigen Literatur die mit der freien Verdrehung der Stabe mit inhomogenem
Querschnitt — der sog. aus zusammengesetzten Stoffen hergestellten prismatischen Stadbe —
zusammenhdngenden Kenntnisse erdrtert. In den Abschnitten 4 bis 7 werden einige neue
Resultate im Zusammenhang mit der freien Verdrehung der zusammengesetzten Stédbe vorge-
fuhrt, die mit Hilfe der in der Abhandlung hergeleiteten Satze erhalten werden kénnen. Es
wird betont, dal die Drehsteifigkeit sowohl von unten, als von oben mit Hilfe der an-
gegebenen Abhéngigkeitenabgeschéatzt werden kann. Abschnitt 6 behandelt die Verdrehung-
saufgabe des durch eine dinne Schicht verstarkten Stabes. Abschnitt 7 enth&lt drei Beispiele.

BapuaLuoHHbIA MeTo4 peslleHn 3ajayn  Kpy4YeHUss NpUM3MaTUUeckoro CTepXHSA wu3
KOM6UHMPOBAHHOr0 MaTepuasna. PaboTa nocssiieHa Bonpocy cB0604HOr0 KpyyeHUs npusmatu-
YeCKUX CTePXHEN CNNOLHOM0 CeYeHNs, N3rOTOB/IEHHbIX N3 KOMBMHMPOBaHHbLIX MaTepuanos. Bo
BTOPOI rnaBe ONUCbIBAOTCA BapuaLNoHHbIe MeTOAbI, NProAHble ANS PeLeHns KBasucTaTnyeckKux
3afiay KpaeBbIX 3HAYeHWU/ NUHENHO YyNpyrux ynpyrux KOHTUHYYMOB W3 KOMOMHUPOBaHHbIX
maTepuanoB. B ykaszaHHO! Bbille rnaBe MoAbITOXMBaETCA M 0606LLaeTCA CTaLMOHApPHble yCno-
BUS U MUHUMaNbHblE NMPUHLMNbLI TEOPUW YMNPYrOCTW, CBSA3aHHbIE C NOTEHLMaNbHOW 3Hepruein n
[ONONHNUTENBHON paboToil. B 3-eil rnaBe Ha OCHOBe NUTepaTypHbIX fAaHHbIX [1, 6, 8] n3naratwTcs
CBefleHNs Mo ynpyromy ccBO60JHOMY KPYy4YeHWI0 MpuU3MaTUHeCKUX CTepXXHel 13 KoM6uHupoBa
HbIX MaTepuanos, 061a4al0LW X HEFOMOrFeHHOCTbIO MO CBOEMY cedeHuto. B 4, 5, 6 u 7 rnaBax
n3naratTCsa HeKOTOpble HOBble pesy/ibTaTbl M0 CBO6OJHOMY KPYUYEHUIO MPU3MaTUYECKUX CTEPXK-
Hell U3 KOMOMHWPOBAHHbLIX MaTepuasnoB, KOTOPble MOAHO MOMAYYMTb C MOMOLLbI0 no3vuuidi T.
2 (2,26); T.3(227) nT. 4 (2,47); T. 5 (2,48) rnaBbl 2. CnefyeT 0c060 NOAYEPKHYTb, YTO XKECT-
KOCTb KPYYeHUS MOXHO OLEeHUTb CHU3Y Ha ocHoBe (4,29), a Ha ocHoBe (5,9) — cBepxy. MnaBa 6
nocesLleHa 3afaye KpyYeHUs Npu3mMaTu4ecKoro CTePXKHSA, YKPenIeHHoro TOHKUM cnoem. B rna-
Be 7 u3naraetcs Tpu npumepa.
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LATERAL BUCKLING OF PLANE TRUSSES WITH
PARALLEL CHORDS AND HINGED JOINTS

T. TARNAI*

[Manuscript received July 23, 1976]

An approximate investigation of the lateral buckling of plane trusses with parallel
chords isdealt with on the basis ofthe continuum method. The truss is modelled by I-beam
with non-torsioning flanges, the web of which is connected to the flanges with the
aid of hinges. The differential equations of such a beam are deducted for the lateral-
buckled state. The relationships between the equations obtained and the lateral-buckling
equations of thin-walled beams having non-deformable cross section are presented.

Notation

The following symbols are used in this paper:

Q8

4v ur

P, Pn
Pm, Pm

horizontal and vertical coordinates, respectively, related to axis point on
a bottom flange cross section,

coordinate along longitudinal axis, 4

distance between axes of top and bottom flanges,

distance to point of application of axial load from bottom flange axis,
distance to point of application of concentrated axial force N from bottom
flange axis in cross section,

distance to centroid of cross section from bottom flange axis,

distance to point of application of transverse load from bottom flange axis,
distance to shear center of cross section from bottom flange axis,

radius of cross section,

displacements of arbitrary points of axes of top and bottom flanges, respec-
tively, in X direction,

displacement of shear center in x direction,

angle of rotation of cross section,

area of cross section,

cross-sectional areas of top and bottom flange respectively,

moment of inertia of beam cross section about y-axis,

moments of inertia of cross sections of top and bottom flanges, respectively,
about y-axis,

torsional constant of cross section of beam,

warping constant of cross section of beam,

modulus of elasticity,

centroid of cross section,

shear center of cross section,

concentrated and distributed tranverse loads respectively,

parts of distributed transverse load divided to top and bottom flanges
respectively,

concentrated and distributed axial loads respectively,

parts of axial load divided to top and bottom flanges respectively,

*Dr. T. Tahnai, Kolostor u. 17, H-1037 Budapest, Hungary.

12*
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*1' r» P %> r2, pwforces induced by transverse loads on top and bottom flanges respectively,
resultant of axial forces being to the left of cross section (its value is the
same as that of normal force acting on cross section),
normal forces in top and bottom flanges respectively,

Vi, n 2 normal forces intop and bottom flanges, respectively, from a transverse load,
normal forces in top and bottom flanges, respectively, from an axial load,

TX, Ty shearing forces in x and y directions, respectively, generated in cross section,

M x bending moment in x direction acting on cross section,

M x part of bending moment Mx from transverse load,

M xNI, M xNi moments of axial forces being to the left of cross section around top and
bottom flange axis points, respectively, of the same cross section,

My bending moment in y direction acting on cross section,

Tx1» MYS TXT, jViy2shearing forces and bending moments in top and bottom flanges respec-
tively,

(¢)’ = dldz symbol of derivation,

(1 in subscript) quantity relating to top flange,
(2 in subscript) quantity relating to bottom flange.

For other symbols see also Figs 3 and 4.

1. Introduction

The problem of lateral buckling of plane trusses -with parallel chords is,
in general, rather intricate. For approximate investigations, the problem may
significantly be simplified by replacing the truss with continuum. For the case,
where the warping rigidity of the truss was neglectable, in comparison to the
torsional rigidity, the substituting continuum was determined by Csonka [4].
The contrary case, where the torsional rigidity was low compared to the
warping rigidity, was dealt with by Winter [9]. The truss was modelled by
Winter as an l-beam having a non-deformable cross section which had no
torsional rigidity. However, in case of an I-beam with a non-deformable
cross section (Fig. la), contrary to the original truss, boundary conditions
for the top and bottom flanges cannot be given independently of each
other. This might be done only in the case where the I-beam could be considered
as having a deformable web (Fig. Ib). However, the lateral buckling of such
beams, according to the knowledge of the author, is solved only for the
case of a symmetrical and constant cross section.

The torsional rigidity of steel trusses can also be neglected due to the
fact, that if the bars of the latticework are relatively stiff, the lattice bars
are connected by very flexible gussets to the chords. These gussets behave
like hinges. The cross section of such a truss will change its shape already
in the state of lateral buckling. For this type oftruss, the replacing continuum
might be constituted by an I-beam with non-torsioning flanges where the
web is connected by hinges to the flanges (Fig. Ic). With this model the same
boundary conditions may be assured as those of the original truss. For the
analysis of trusses modelled in such a way Dulacska and the author of the
the present paper [5] developed on the basis of the method of successive
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approximation worked out by Kovacs and Faber [7] for some actual prob-
lems an approximate analytic method.

This method is generalized in this paper. With the aid of the continuum
method a set of differential equations is deduced for the investigation of the
lateral buckling of the truss which is valid even in cases where

— the cross sections of the chords of the truss vary independently of

each other,

— the magnitude and point of application of the axial and transverse

loads applied to the truss freely vary along its length in its plane,

— the boundary conditions for the top and bottom chords may be

prescribed independently of each other.

Fig. 1. Different cases of lateral buckling of I-beams: a) non-deformable cross section, b) cross
section with deforming web, c) hinged cross section with non-torsioning flanges. (I — A cross
section of the unloaded beam. Il — The same cross section of the laterally buckled beam)

The set of equations obtained has a very simple form. This can be
assigned to the fact that in lieu of the variables customarily used in the liter-
ature on the subject (displacement of the shear center and rotation of the
cross section) the displacements of the axis points on the flanges are taken
into account as variables.

2. Assumptions and constraints

For the investigations the following assumptions and constraints are
adopted:

1. The material of the truss is ideally elastic, it follows Hooke’s law.

2. Both the top and bottom chords are continuous bars of rectilinear
axis through the whole length of the truss for which the Bernoulli—Navier
hypothesis is true.

3. The truss is a plane girder, i.e., the axes of the chord and lattice
bars lie in the very same plane. This plane is, at the same time the symmetry
plane of the truss.

4. The axes of the chords of the truss are parallel to each other.
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5. The lattice bars are connected to the chords by ball-and-socket joints
and the axes of the lattice bars and chord members intersect at one point
at all the joints.

6. The latticework of the truss is statically determined. The net of
the primary latticework is, in the general case, identical with that which is to
be seen in Fig. 2. If in the latticework there are also ties and a secondary
grid then their influence on the lateral buckling of the truss may be neglected.

7. The latticework of the truss is so dense that it can be considered
as being continuous. At the transition of the discrete latticework into the
continuous one (i.e., in the course of (AB)-> 0, where (AB) designates the
length of the segment AB), the properties CC' J_AB, BB' _L CD and (AC"I
(CB) = (DB")I(B'C) = constant are maintained (Fig. 2).

A C B

Fig. 2. Network of the truss

8. However, the continuous web developed in this way has neither
torsional rigidity, nor longitudinal strain and flexural rigidities. The trans-
verse strains of the web can be neglected.

9. The form of the truss is geometrically perfect and the deformations
preceding the occurrence of the lateral buckling as well as the deformations
taking place in the plane of the truss are negligible.

10. In the course of lateral buckling the chords are not twisted.

11. The magnitude of the displacements taking place during lateral
buckling is such that at the rotations of the cross section the effect of the
application of the approximation

ip sinip” tan ip; costp”™ 1 (1)

remains below the permissible error limit.

12. The loads g and pn applied in the transverse and axial directions,
respectively, to the truss, act before the lateral buckling takes place, in the
plane of the truss, and after lateral buckling has occurred, they retain their
original directions, and their points of application remain unchanged.
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3. Deduction of the set of differential equations of lateral buckling

Let us first define the signs of the quantities entering the discussion.

The applied orthogonal, left-spin system of coordinates x, y, z is fitted
to the truss in such a way, that previous to lateral buckling the 2-axis lies
in the axis of the bottom chord of the truss and the y-axis is directed down-
wards in the symmetry plane of the truss (Fig. 3).

Fig. 3. a) Loads applied to the truss, b) Forces and bending moments in the truss, c) Forces
and bending moments in the chords of the truss

Let the truss be submitted to the loads q and pn of transverse (y) and
axial (2) directions respectively. The forces and moments induced in one
of the cross sections of the truss are, as is customary, interpreted by the
reduction of the forces being to the left of the cross section to the centroid
S of the cross section. To the bending moment, vectors are coordinated in
such a way that by looking in front of the arrow of the vector the rotation
of the moment should show in the clockwise direction (Fig. 3b). The forces
and moments are interpreted in each of the chord cross sections in the very
same way (Fig. 3c).
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All of the externally applied forces (the loads g and pn acting in the
transverse and axial directions respectively) and all of the internal forces,
moments (the normal forces N; N x, N 2 shearing forces Tx, Ty; Txl, Tx2, Tyl,
Ty2 and bending moments Mx, My; Myl, My2) are considered to be positive
if their sense of acting coincides with the positive sense of the respective
axes of coordinates. In Fig. 3, all loads, forces and moments are depicted with
a positive direction.

The displacements wx, w2 and u are positive if they take place in the
positive direction of the x-axis. The rotation <pis positive if looking in front
of the positive direction of the r-axis it is of clockwise direction.

Fig. 4. Data of the beam cross section. 1) The cross section prior to lateral buckling. 11) The
cross section after lateral buckling, (¢ Top flange, @ Bottom flange)

The distances h, e, eN, es, s, yM are positive if they can be measured
in the negative direction of the y-axis starting from the axis of the bottom
chord (Figs 3a and 4).

The bending moment M x of the cross section is composed corresponding
to the transverse and axial forces having two parts: Mx= Mx+ (¢5 ~ eN)N-
Similarly, the normal forces acting on the chords are: Nx= NXx-j- Nx, N2=
= iV2+ N2

W ith respect to the above sign rules the following relationships will
be true:

i= ~Ty, 2)

Ty=M"x, 3)
and from (2), (3)

a=-M". @)

Further, on the basis of the assumption of Chapter 2:
Myi = EJpv'l ; My2 — EJ2w2, (5a, b)
TX= -{EJxw\Y ; ™= —(EJW2'. (6a, b)
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In deducting the equations of the lateral buckling one sets out from
the fundamental idea applied in ref. [5].

Let us consider the bottom view of a segment of the truss laterally
buckled, i.e., its projection to the plane xz (Fig. 5a), and also two neighbouring
lattice bars. Their point of intersection is on the axis of one of the chords.
These two lattice bars, under the effect of transverse loads applied to the
truss, transmit a concentrated force F to the chord, acting at the point of
intersection and in the plane of the bars, if the externally applied load also
lies in the plane of the lattice bars. In this case, the line of action of force F
will be parallel to the straight line connecting the end points of the two lattice
bars lying on the axis of the other chord. This statement follows from the

a b

Fig. 5. Bottom view of the laterally buckled truss, a) wide-meshed lattice, b) dense lattice.
(¢ Top chord, © Bottom chord)

assumptions 4, 9 and 11 in Chapter 2, and from the equilibrium of the forces
acting on the point of intersection of the neighbouring lattice bars. Namely,
owing to the neglection of deformations in the vertical plane and small displace-
ments, the axes of the chords ofthe laterally buckled truss may be considered,
as lying in two planes parallel to each other. Due to the equilibrium of the
forces acting on the intersection point of the neighbouring lattice bars the
force F must lie on the one hand in the plane of the chord axis including
the point of intersection of the lattice bars, on the other hand in the plane of
the lattice bars; i.e., on the line of intersection of the two planes.

However, this straight line is parallel to that connecting the end points
of the two lattice bars lying on the axis of the other chord being the planes
of chords parallel to each other and by intersecting both of these planes with
athird plane (with the plane ofthe lattice bars), parallel straight lines are obtain-
ed. The projections of these parallel straight lines to any arbitrary plane, as
also to the plane xz, are parallel as well. The signs of the forces F depend on
whether they are looked at on the top or bottom chord. If the latticework is
densified according to the assumption 7 of Chapter 2 (and assuming that
the latticework is infinitely dense), than the latticework transmits distributed
forces / to the flanges. The action line of the forces will, in a fixed point
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of the flanges defined by common z-abscisse, always be parallel to the tangent
of the curved axis of the other flange. On the top flange with that of the
bottom flange and on the bottom flange with that of the top flange (Fig. 5b).
These/-forces may be decomposed into two components, one (i) of which
is parallel to the z-axis and the other (r) to the #-axis (Fig. s).
Since the angle in question is small,

t=/cosEN/, )

r=tmane”" tee. (8)

The forces t and r are positive if their senses of action are the same as
those of the axes z and X, respectively.

Fig. 6. Decomposition of force/applied to the flange of the laterally buckled beam

The forces f and t are normal force increments attacking the flanges
of the beam. Since the normal forces acting in the flanges caused by the
transverse loads are

the forces t will be as follows:

©)

t, _ (10)

The forces r may be calculated from the relationship (8). The tan e
is the slope of the tangent of the axis of the other flange, i.e., the derivative
of the axis function. Accordingly, the values of the r-forces with the right
signs are as follows:

M
wat = w2 (n)

= W[t2= — re, (12)
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Let us now decompose the transverse load attacking the laterally
buckled beam to the components acting on the top and bottom flanges (Fig. 4).
Then

4i = 4 (13)

: (14)

The transverse forces gx and (2 attacking the top and bottom flanges,
respectively, may be decomposed into a force component lying in the web

Fig. 7. Decomposition of the transverse loads on the laterally buckled beam

line of the cross section of the beam and to another component/) bending the
flange and acting in the x direction (Fig. 7). These /)-forces are, in case of a
distributed ¢-load, as a matter of course, distributed, while in case of a con-
centrated @-load they will be concentrated. The p-forces are considered to be
positive if they are directed to the positive direction of the sa-axis.

The forces p will be tan ptimes the load g. The angle @ being small,
considering the relationships (1) for the p forces, the following values are
obtained on the top and the bottom flanges, respectively:

Vi WO
Pi = si h

W) — w2
P2 — 22

(15)

(16)

Also the axial loads applied to the beam should be decomposed into
two components, one loading the top and the other the bottom flange

Pnl ho" Pn (17
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Pn2 = - R © ' Pn- (18)

In the cross section z = z0of the beam the following forces and moments
act in the top flange: the normal force /in(r0) = N*z" -f- N*Zg = N*Zqg —
— Mx{z0)/h, the shearing force T M and the bending moment Myl(zO0).

In the bottom flange: the normal force jV2(z0) = N 2(z0) + N 2(z0) =
= N 2(z0) Mx(z0)/h, the shearing force Tx2(z0) and the bending moment
My2(z0). After decomposition into components, the top flange is submitted

Fig. 8. Forces acting on the flanges of the laterally buckled beam (® Top flange @ Bottom
flange)

to forces pv ris and pnl, the bottom flange to the forces p2 r2 t2 and pn2.
The flanges of the laterally buckled beam are, on the effect of the above
forces, in equilibrium.

Let us now determine in the top and bottom flanges the bending moments
ofy direction in a point of arbitrary abscisse z of the beam. For that purpose
the moment equations of the forces attacking the flanges should be written
down at point A for the top flange and at point B for the bottom flange
(Fig. 8).

Accordingly, the bending moment in point A is:

Myl— Myl 2.4 - """ (i — wizo) +
+ TxI(z0) (zo —2) + \] (pnl + L) (wl— [j) dc +

+ (ri + Pi) (s —2z)dC (19)
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and in point B:

0
Myz — MY2(20) - | IVa(a0) Mxn(z) (W — Me(Zo)) +

(Z)@0—2 +j (Pr2+ h) (W2— 12 d£f +
+f°(r2+ p2(t;-z)dC. (20)

Let us substitute into Eq. (19) the expressions (5a), (9), (11), (13), (15) and (17),
and into Eq. (20) the expressions (5b), (10), (12), (14), (16) and (18), then,
differentiate the so obtained equations twice with respect to the variable z.
Consideration of

(21)
n
N2z0 = h - ﬁM N(z0), (22)
Oo= » = (23)
eN(zo)) N(zo) + \ Z(h - e)PndZ= MxNI, (24)
iN(z0) * N(z0) + ["°epndf = —Mx\2 (25)
yields the following equations:
(Ed™wl)" + ~n{M N2 + Mx) w'[---- A~(eN‘ — M) w[ —
S i S
_q_hlui_h_m>2+ G— = o, (26)
(EJ2w2)" - ~n (MxNI + Mx) w" - ~h[ (h- N+ MTw2+

+th—S »2 + -1-IVIXW1- q—h_—S ug = 0. ér2t7)4

h- h h1i

The set of Eqs (26), (27) is the lateral buckling set of equations of the
substituting continuum of plane trusses of hinged joints and parallel chords.
This set of equations describes the equilibrium of flanges of the laterally
buckled beam.
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4. The boundary conditions

Equations (26), (27) are fourth order ordinary differential equations
wherein, similarly to the bent bars of the straight axis, the perpendicular
to the axis displacement of the cross sections is unknown. Accordingly both
at the top and bottom flange boundary conditions also occurring in case
of bent bars may be established, for each there are four in number.

The boundary conditions of the trusses are for the most frequent sup-
porting modes as follows:

4.1 Fork-like supported truss end

In this type of supports both the top and bottom flange is supported
on hinges. The flange cross sections above the supports can rotate round the
y-axis but cannot be displaced and in the support cross section no bending
moment in the y direction can take place.

The boundary conditions on the basis of (5a, b) are:

wl= o, w2= o,

Myl = 0, i.e., wl — 0, Myg= 0,

4.2. Fixed truss end

In this case both the top and bottom flange is rigidly supported, neither
the displacements nor rotation of either flanges can occur. The boundary
conditions are

wl= o, w2= 0,

w[ = o, U2-- 0.
4.3. Free truss end

In case of the free truss end both the top and bottom flanges may freely
be displaced and rotated. In the end cross section neither bending momenl
in the y direction nor shearing force in the x direction can occur. The boundary
conditions according to the formulae (5a, b), (6a, b) are

or, these latter two in case of constant cross sections:
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Besides those mentioned above elastic support and elastic fixation may
also occur.

The boundary conditions discussed so far were the same for both the
top and bottom flange. However, also such boundary conditions can be
established, as differing from each other on the two flanges. Thus, for example,
it may be prescribed that the end of the top flange of the beam should be
fixed and the bottom flange simply supported. For this kind of support the
following boundary conditions are coordinated:

uq = o, w2= o,

w[ 0, wW2= o.

The fact that boundary conditions can independently be prescribed,
separately for the top and bottom flanges, this is made possible by the intro-
duction of the variables wland w2

5. Relationship between the substituting continua of the
non-deformalile cross section and hinged cross section of the truss

In the following it will be analysed what relationship there is between
the substituting continuum of the non-deformable cross section and that of
hinged cross section with non-torsioning flange. W hat connection is between
the familiar lateral buckling equations of the thin-walled I-beams with non-
deformable cross section without torsional rigidity and the equations (26) and
(27) deduced above, will be investigated.

5.1. Equations ofthe beam with proportionately changing cross section

In the literature on the subject the lateral buckling of beams of I-cross
section is discussed depending on the rotation p of the cross section and the
displacement u of the shear center in direction X. In order to compare the
lateral buckling equations of the two types of substituting continua, also
the equations (26) and (27) should be rewritten with the variables @ and u
in lieu of tig and w2

The distance y M defining the position of the shear center of the cross
section (Fig. 4) is given by the relationship

YM=-y - A. 28
wherein

Jy=J1+ J2. (29)
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W ith the consideration of Fig. 4 and the relationship (1) relating to small
angles, it can be written:

i»@=un+ (h—yM<p, - (30)
w2= u —y M(p- (31)

Substitution of the expressions (30) and (31) into the differential equa-
tions (26) and (27) would result in a rather intricate set of equations rather
difficult to survey. But, it is much simpler to treat beams with only the
moment of inertia of the cross section of whose both top and bottom flange
changes in exactly the same proportion. Such beams will be called beams with
proportionately changing cross section. Thus, at this beam the quotient of
the moments of inertia of the flange cross sections

Ji
n

K =

is constant. However, in this case also the position of the shear center remains
constant throughout the length of the beam i.e.,

y  const. (32)

The warping constant of the | cross section is given by the known
relationship

], = JJ2 u (33)
Ji + J2

Let us introduce the notion of the radius of cross section denoted by rx. This
is defined as a longitudinal quantity measuring the asymmetry of the cross
section:

Jl J2 L (34)
Ji + N1

In the following, the modulus of elasticity E is assumed to be constant.
Hereafter, let us replace the expressions (30) and (31) into the set of differential
equations (26), (27) and let us consider the property (32). In addition of the
so obtained two equations and making use of the relationships (4) and (29)
as well as that

N = N(z0 + ,
the following equation is yielded
EQJyu™)" - (Nu’)'" + yM{Ncp')' - eJVy +
+ MxN2@"' + (MxcpY = 0. (35)
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If one multiplies the first of the two equations with (h —yM) and the
second one with (—y M) and adds them, and considering the expressions
(28), (29), (33) and (34), so the following equation is obtained:

E(JUPY —y\n(LWL'Y + rxeN'cp' — rxMxN2' — rx{Mx<p")' +
+ (YM —s)W + ym{Nu')’ —eN'u' -f- MxN2u" -f- Mxu" = 0. (36)

The set of equations (35), (36) of the lateral buckling of the I-beams with
non-torsioning flanges proportionately changing hinged cross section this is
already suitable for a direct comparison with the lateral buckling equations
of the I-beams with a non-deformable cross section.

To equations (35), (36) a more simplified form might be given by making
further assumptions.

If eN = e= constant, so the equations appear in the following form

E(JyuY - {N[u'+ (e- yMecp]} + (MxcpY = o, (37)

EQJ,,<P"" - {[(¥YM —erx) N + rxMx]<p'¥Y —
— (@ —YM) (Nu)' + MX« + q(yM—s)(p=0 . (38)

And even the cross section is assumed to be constant, so we obtain
EJyu" - {N[u' + (e- yMpcp]} + (Mxcpy = 0, (39)

EJy - {[{fM- erx) N + rxMx]cp'} -
- (e —Ywm) {Nu)' + Mxu" + q(yM—s)<p= 0. (40)

5.2. Boundary conditions in case of a proportionately changing cross section
and the variables n and @

If one considers the set of equations (35), (36) or its shapes written
for simpler cases in lieu of (26), (27), so the boundary conditions should be
formulated with the use of the vaiiables n and @in lieu of wland w2 All the
boundary conditions which were prescribed in Chapter 4 at the top and
bottom flanges to the same derivatives of the variables nq and w2, can nony
be specified also for the variables n and @ these variables being easily expres-
sible from the equations (30) and (31). Thus, for example, in case of a fork-like
support of the beam end from the conditions

ng= 0, wi= 0, w2= 0, m2=0
the conditions
(p:
u" = o, ®'=o0
follow.
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However, if for the top and bottom flanges derived conditions which
differ from each other are prescribed, the conditions formulated with the
variables Wj and w2will not have equivalents to be expressed with the variables
n and g» This may easily be recognized after expressing n and @from (30), (31).
Thus, for example, in case of a constant cross section the conditions wl= 0,
w[ = o, w2= o0, w2' = o of the beam end which is fixed on top and free
at the bottom, this cannot be prescribed by using the variables n and q

It is to be noted that also to the variables u and psuch boundary condi-
tions may be prescribed which cannot be expressed with the variables u\ and
w2, however, such conditions are of no interest in case of trusses.

5.3. Relationship between the equations of lateral buckling of the thin-walled I1-beam
with a non-deformable cross section but without torsional rigidity and those of
thin-walled I-beam with non-torsioning flanges and hinged cross section

The investigations in this field are carried out in connection with I-beams,
considering that in most cases in the literature on the subject only for such
beams which have constant cross sections, are equations of lateral buckling
to be found.

The ordinary set of differential equations (39), (40) will be compared
to the equations of three authors who carried out their deductions in more
or less different ways (Vlasov [8], Burgermeister et al. [2], Bleich [1]).

1. V1asov’s equations

Be e= es = constant. If Jc— 0 having no effect on Xx direction
occurs, so from Vilasov’s set of equations ([s] page 302, (1.28) ) the first
equation is identical with the equilibrium equation (39) of the present study.
The third equation, with the symbols of the present paper is:

EJ»?™ - 1 [yBm— esrx+ — N+ | Mx
1 ([y e F ’ E*2 E2) MJ

(8 —vm)(Nu) + MXU + g{yM— s)p= 0.

Compared to Eq. (40), deduced by the author of the present paper,
deviations may be found only in the coefficients of {Ngp')' and (M x<p")".

2. Burgermeister” equations

Be e= es = constant and N = — P a constant compressive force,
further, Jc= 0. In this case Burgermeister”™ equation [2] (787a) agrees
with Eq. (39) deduced by the author of the present paper while Burger-
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meister’s Eq. (790a), after some rearrangement with the symbols of the
present study reads as follows:

i r J
EJjf"" + P Ym - esrx-f -f '+ (es —Ym) u"
LI F

|
I + ix (MYY + Mxu"+ q(yM—s) p= 0.
h F2 fJ

This equation similarly to that of V1asov differs from Eq. (40) deduced
here only with its coefficients of Pep”and (Mxip')'. It is to be noted that Koll-
brunner and Meister [6] established equations which are similarto Burger-
meister’s equation (see [6], equations (IV. 405), (IV. 406) ) which in case of
P = 0 are identical with the equations (22) of Chwalla [3]. But Chwalla
also takes the effect of the lateral continuous elastic support into account.

3. Bleich’s equations

Let e be an arbitrary constant, N = —P a constant compressive force
and Jc=0. Forthese constants Bleich’s [1] Eq. (308a) is the same as Eq. (39)
of the present paper but Bleich’s equation (308b) with the symbols of the
present paper reads as follows

i 2o A
Ejy + P esth~es)+ . —(e- es 1 A+ . M+
( ) i ( ) >

b e —ymu + Mxu"+ gyM—s<p= 0.

It can be observed that this equation significantly differs from Eq. (40)
of this paper, and in case of e = es even from Vlasov’s and Birger-
meister’s similar equations. A significant difference is in the coefficients of
Pep", further, the term is missing which contains (Mxcp")'.

Since Vlasov and Chwalla (and following this latter, also Burger-
meister) obtained the very same result independent of each other, therefore,
their equations can be considered to be the equations of lateral buckling of
the thin-walled beams and at the same time of the I-beams.

Accordingly comparing Vlasov’s third equation mentioned above
with Eq. (40) deduced in the present paper, it can be stated that between a
thin-walled I-beam (Fig. la) having no torsional rigidity but non-deformable
cross section, and an I-beam with non-torsioning flanges and hinged cross
section (Fig. Ic) a significant difference exists if the cross sections of the
flanges strongly differ from each other, i.e., if the beam is also submitted to
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an axial force. If no axial force is applied to the beam, and its flanges are
the same (i.e., the cross section has two symmetry axes) so, from the view-
point of lateral buckling, there is no difference between an I-beam having
no torsional rigidity with non-deformable cross section and that with non-
torsioning flanges and hinged cross section.

It should be noted that the difference between the two models is caused
by the fact that the normal stresses dz, arising in the thin flanges, give
distributed torsional couple resultants if the flanges twist. In case of a
compressive force N this always diminishes the critical load, in case of a
bending moment M X, however, this can increase or decrease the critical load,
depending on whether the couple resultants of the tension or compression
stresses prevail.
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Kippen von ebenen Fachwerktrdgern mit Gclenkquerschnitt und Parallelflanschen
— Behandelt wird eine Ndherungsanalyse von parallelgeflanschten ebenen Fachwerktragern
aufgrund der Kontinuummethode. Der Fachwerktrager wird als ein Trager modelliert, dessen
Flanschen drillungsfest und steggelenkig den Flanschen angeschlossen ist. Die Gleichgewichts-
Differentialgleichungen werden fir diesen Fachwerktrdger in ausgekipptem Zustand abgeleitet.
Es wird der Zusammenhang zwischen den erhaltenen Gleichungen und den Kippungsgleichun-
gen von dinnwandigen Trédgern mit formbestdndigem Querschnitt behandelt.

YCTOMYMBOCTb M/IOCKOA (hopMbl M3rvba MIOCKOCTHBLIX (epM ¢ Napasiie/lbHbIMK M0s-
camMy U LLIaPHUPHBLIMKU Y3/10BbIMU TOYKaMW. Pa6oTa 3aHUMaeTCsl YCTOMUMBOCTbLIO NAOCKON (hopMbl
n3rn6a NAoCcKOCTHbIX (hepM C MapaifiefisHbIMU NOSiCaMW U LIAPHUPHBLIMU Y3/10BbIMU TOUKaMMU.
®depma MOfENMpyeTcs B KapecTBe TakKoi [BYTaBpOBOW Gaskv ¢ He paboTalolMM Ha KpyueHue
nosicomM, B clydae KOTOpoOil XpebeT CoeAuMHseTCs C MosicamMmy LWapHUpHO. BbiBeseHo audice-
peHuManbLHoe ypaBHeHWe PaBHOBECUSA TaKol 6asikM B COCTOSIHMM MNoC/e KpydeHus. MokasaHa
CBSI3b MeXJY YpaBHEHUAMU YCTOMUMBOCTM MIOCKONA (hopMbl U3rnba TOHKOCTEHHBLIX CO(OPMHBIX
6afioK 1 NOMYyYEHHbIMU YPaBHEHUSAMU.
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DETERMINATION OF THE EQUATION OF THE CURVE
OF THE PLANE BALLOON IN RING SPINNING

B. GREGA™*
CAND. OF TECH. SCI.

[Manuscript received June 12, 1976]

The author determines the equation of the balloon curve for ring spinning by
neglecting the Coriolis force and air resistance. The solution of the system of differential
equations of the equilibrium of forces acting on the yarn element shows that for that
case the equation of the balloon plane curve cannot be set up in a closed form. The
equation of the balloon plane curve is given by the Legendre-type elliptical integral
of the first kind.

The exact analysis of the phenomena occurring in the balloon requires
the consideration of all the acting forces. However, experiments have proved
that in practical spinning the weight of the yarn element, the Coriolis force,
furthermore the centrifugal force arising due to the comparatively slow motion
of the yarn along the yarn curve, can be neglected. Though air resistance
— because of the high rotational velocity — can be fairly high, it hardly
exerts any influence on balloon tension and only effects the shape of the
balloon.

We shall set up the equation of the balloon curve by neglecting the
technically admissable forces.

Geometrically, the neglection of air resistance and the Coriolis force
means that the yarn curve is considered as a plane curve. In that case the
plane of force

of the resultant of the tensioning forces S(x) and S'(x) coincides with the
plane of the curve (Fig. 1).

Denoting by a the angle formed by the tangent pertaining to the point
P(x,y) of the curve and the positive half of the axis x, the direction tangent

*B. Grega, Németvdlgyi 0t 22, 1126 Budapest, Hungary
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being y' = tan a, the direction cosine of the tensioning force S(x) takes the
form
1
cos a
Yr17z2"’
sina = y o
n+y'2

The arc element ds of the yarn curve is in equilibrium, if the resultant of all
the forces acting on it is always zero, i.e. 27X,-= 0 és 27 Yt= 0, or in detail
a.ds.x.of — S(x). cosa -f- S'(x). cosa' = 0,

—a.ds.g — S(x) sina -f-S {x)sina' = 0.

The latter system of equations is the system of differential equations of the
balloon plane curve loaded by its weight.
The quantities contained in the system of equations are as follows:

ds — length of the arc element considered, co — angular velocity of the running
point ofthe balloon rotating around the spindle axis, g — gravitational acceler-
ation, a — linear density of the yarn, S(x) and S'(x) — tangential tensioning

forces arising at the two end points of the yarn element. This ordinary system
of equations also follows from the system of equations of the space curve
of the yarn previously given, with the technically acceptable neglections.
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For the solution of the system of differential equations we shall extend
the functions S'(x) cos a' and S’(x) sin a' in series; and as ds is very small,
we shall close the series after the terms of first order. Thus,

S'(*) cos X' = S(x). cos x -f- d{S(x) cosa} dx

dx
S'(x) sin x = S(x).sina + d{S0) sinx} "+
dx
Hence, the equations of the equilibrium:
0.ds.x.c02 — S(x) cos X -(- S(x) cos X A--—--~" Aé\x dx = 0,
—ocr.ds.g — S(x) sin X -j- S(x) sin a + (} S—a_[AX _ q
X

cf.ds.x.ca2 \—d— {S(x) cos x} dx = 0,
X

—cr.ds.g - {S(x) sin x} dx = o .
dx

Taking into consideration the length of the yarn element, integrating after
rearrangement

S(a). cosx = —a.c?2 "1 y’'Ax - cj ,
S(a). sin x = a.g (J*fl + y"*dx +

Multiplying the first equation by —sin a, and the second one by -(-cos x and
summing up

0 = 0.0%2 sin X 1+ y'2x f-cj-)-ag.cosxi ~1 + y'Adx -(- Gj ,
whence
8 = b tanx + y'dx+ c + 1 fl + y'2dx+ G
g Jo
with
tan x =y

m-y' U*Xx Y1 -|-y'dx + ¢j+J yi f-y'2dx f-cr= o
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Differentiating both sides of the equation with respect to X and arranging,

* 4+ ~ )1 | ‘2
y @, y

Yy

1+ y'2x-j-c= —

Again differentiating with respect to the variable X

. y'X + = m+y:*2
Xf|+y (?x CDly

This latter is a common third order non-linear differential equation, the
differential equation of the yarn curve loaded by its weight. The solution of
the equation can be determined in the form of an infinite series. Instead of
this, however, it is to be considered that the weight of the yarn is very small
as compared to the centrifugal force, thus, it can be ignored, and hence from
the second equation of the system of differential equations (1)

-(-1-;{5()() sina} = o,

S(x) sina = c2.
From the first integration

S(x). cosa - —a.oe2j TY1 £y Ax -)- Cj .

Dividing the equations by each other

cosa \{)x yi fy'2x + ¢

= cota= — = — 0
sin a Y C(&

Rearranging and differentiating with respect to X on both sides

d
D 1 yyi4
dx o.(0z y
I- *yio+oy'2
0.(02 y"2
whence
0.(0*

X2V o+ oy t2
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The equation of the balloon curve obtained is a second order, deficient and

non-linear one. We can arrive at its solution by the transformation y' — p.
With that

dp  o.m2 . — -

~d&-— Y P2U +P~ m

This equation can be integrated after separating the variables

J( = 4dp 8y dx .

P2 + p2

The left side after substitung p = sinh u

J cosh udu oat2 I dx
sinh2 u\[Y -|- sinh2 un —2 ol
J sinh2u 2c.
0(0-
—coth u = ---(---x2 B
2¢2
By transforming the left side
Cf)Sh n Y1 —)_—smhz n oco2 2+ B
sinh n sinh 2@

yi + y2 oo

x2+ B
v 2c.
oT
1= 00 X2+ B
Y 2M
Be
oo _ A
2c.
then

= {Ax2+ B)2- 1
Yy
1N
y {Ax2+ B)2- 1
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whence by integration

dx
Y SyM,@+ B)2 _ 1 K.

At the point A(0, h) of the balloon curve

dx
4 )'(Ax2+ B)2- 1

From the difference of the two integrals

dx

+ 0
Y -jo ym*2+ B f- 1

Since the polynom under the root is the biquadratic expression of x, the
integral is elliptic. Thus, the expression of the balloon plane curve is given
by this last formula, in which the elliptical integral has to be transformed in-
to a canonical form. The determination of the modulus of the elliptical integral
requires the determination of the values of the integral constants c2 and B,

Denoting by SOthe tensioning force pertaining to the point A(0, h) ofthe
balloon curve and by VOthe component with directiony of S, then at the point
A(0, h), i.e. if x= 0 andy — h, y'0O= tan a0, where ao is the angle formed
by the tensioning force S0 and the positive half of the axis x (Fig. 2).

W ith the initial conditions, the equation

n+ y"2 =
M c2 2
takes the form

Y1 -\-tanzao _ B
tan ao S
whence
sin am
Being, however, ao = 90° + Y0, *

sin ao = sin (90° + y0) = cos yO0,

COS Yo VO

W ith equal initial conditions, also the value of the integration constant c2
can be determined from the equation S(x) ¢sin a = c2 Namely, for the point
A (0, h)

SOsin ooy — €2,
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or, by substituting a0 = 90° -f- yo

c2 = Sg Sin (90° + YO = SgcCos Yo= Sg—+= Vg

Substituting the values of the constants B and c2 into the elliptical integral

dx
am*
2Vn

Reducing the biquadratic polinom under the root to its product

dx

y h
am* Sn am*
2+ 1 o*¥2- |+ - f
2Vn
By eliminating the constants
dx
y = h,
1 Sg / am2
- *2+ |1 am *- 1
K oypi- A ovn i+ A

0
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204
d x
Y= . + h
si- aar X2+ 1 auf x2—1
K 2(So- VO 2(So+ V0
Eliminating the constant from that
f d
y=1 Vo g g + hm
Si - &2 .
v Vi |-:1(>H noAl <R J
Jo ok o 2(So + V0

For obtaining the canonical form of the elliptical integral let us use the trans-

formation
2(So — VO sin w
Ofty2 '
thus
dx '2(So_- -—VQcos cedee |
aar
aco*
X,

cp = arc sin o
2(So - VO

\

Y st -v1~
2050 VO o5 qae
aco?
X _ ~bhe
Croj - .
(1 —sin29) 1 - - 2(So VO *sin2e
2(So + VO aco2

Eliminating the constants under the integral and by simplification

¢ = arc sin
2(So - V0

y - 2Vs e + A
- aco2(S0+ VO .
SIN2 cp
Jo s0+v O
and finally, applying the notation
k2= S9-V d
S0+ VO
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we obtain the canonical form of the elliptical integral

= arc sin awr
®= 2(So — V0
f 2 VI dip
Y XSO+ V) Jo n k2 «sin 29

This integral is a Legendre-type elliptical integral of the first kind.
Using the notation

Aip = Aamu = 1/1 — k2sinz2i 1o Sa-Ua Gooare sin
S0+ V0 2(50- V 0)
. am?2
® = arc sin
2(So + VO
2VI dip

—h=r
y ao(S0+ VO Jo Aip

we get obtain

y —h= 2 Vi F{k.cp)
aco(S0+ V0
ls —V .
/ /20 SE\ 0o 0. presin T 92
r J&(S0+ VO so+ VO 2(So- FOJ

The equation obtained if the Legendre-type form of the equation of the
balloon plane curve. Thus, on the basis of the Table F of elliptical integrals,
the balloon curve can be constructed.
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Bestimmung der Gleichung der ebenen Ballonkurve beim Ringspinnen unter Berick-
sichtigung des Fadengewichts. — Der Verfasser stellt ein System von Differentialgleichungen
der ebenen Ballonkurve auf, unter Berlicksichtigung der entgegengesetzten Zugkrafte an den
beiden Enden des Fadenelements, der Zentrifugalkraft und des Fadenelementgewichts. Da
es keine Méglichkeit fur eine Lésung in geschlossener Form gibt, wird die Gleichung der
Ballonkurve durch Reihenentwicklung berechnet.

OnpegeneHrie ypaBHEHUST M/I0CKOM KPUBOW GasiioHa Mpy KOJbLENPSiAeHUA. ABTOp onpe-
LenseT ypaBHeHVe 6anfoHHON KPMBOI KOMbLENpsiieHUs 418 cyyas, Korja He NpUHMMatoTcs Bo
BHUMaHue ycunue Coziolis-a u conpoTuBneHne Bo3gyxa. [pu pelieHUn cucTembl AuddepeH-
LManbHbIX YypaBHeHU paBHOBECUS ycUNuii, AeCTBYIOLLMX HA 3/1EMEHT HUTWU, BbISICHAETCS, UTO
ypaBHeHMe NMOCKOCTHOM KPWBOW 6annoHa TakXe B AaHHOM C/y4ya Heflb3a Mosy4YuTb B 3aKpbl-
TO (hopMe. YpaBHeHMe MJIOCKON KpUBOW 6annoHa MOXHO faTb C MOMOLLbI 3MNTUYECKOrO
MHTerpana nepeoro poga.
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ESTIMATE OF THE TORSIONAL STIFFNESS OF

PRISMATIC BARS OF HETEROGENEOUS MATERIAL

I. ECSEDI*

[Manuscript received September 9, 1976]

The free torsional problem of prismatic bars of heterogeneous, isotropic, linearly
elastic material is treated. On the basis of the literature on the subject, the knowledge
of the torsion of prismatic bars made of heterogeneous materials is summed up with
some completion, such as for example, a formula for the determination of torsional
stiffness. Certain statements of Diaz and Weinstein are extended. According
to the inequalities deduced by the author for the determination of the torsional stiffness
of prismatic bars of heterogeneous, however isotropic material, upper and lower limiting
values may be defined. By choosing suitable auxiliary functions the limits defined
from the inequalities deduced for this purpose by the author, may arbitrarily be narrow-
ed. A numerical example is also presented.

Symbols of major importance which are used in this paper

G = G(x,y) shear modulus of elasticity
v =v(x,y) Poisson’s ratio
X,y,2 Cartesian orthogonal coordinates
(e} origin of system of coordinates xy lying in the plane of the cross section
i,j,k unit vectors of the system of coordinates xyz
r= xi+yj + zb position vector
R = xi + yj position vector in the plane of the cross section
T region coherent (p + I)-times in plane xy, cross section of the twisted
prismatic bar

g = gO+ gl + VR weeeeevesees + gp border of region T ) ) ) )
g (i=0,1,2,... ..p) closed smooth curves at each section without conjugate point
T surface area closed by curve g-
» relative torsion

= (*,(}/) warping function of cross section
V#-— d/dxi+d/dyj Hamilton’s differential operator
5 symbol of scalar multiplication
66 x " symbol of vectorial multiplication
rx, By, ez specific elongations
YXy > Yxr specific rotations

normal stresses

> Txz Txz shear stresses

z= Txz' + ryzj . o .

L= nxi + ny] normal unit vector of limit curve g directed outwards from

<Fig- 21> . - . _ .
tan%entlal unit vector of limit curve; going round the limit curve in direc-
tion t, the region defined by cross section lies at the left-hand side (Fig. 2.1)
arc coordinate interpreted on limit curve g

*Dr. |. Ecsedi, V&szonfehérit6 u. 24. 1V/1, H-3531 Miskolc, Hungary.
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6/9n derivative calculated in direction n

d/ds derivative calculated in direction t
= Fxi  Fyj shear force

M torsional moment

h torsional stiffness

Other values and variables are interpreted in the text.

1. Introduction

In this paper the upper and lower limiting values (3,6), (3,14), (3,34),
(3,42) are deduced for the prismatic bar of heterogeneous, isotropic and
linearly elastic material. For this purpose first of all the generalization of
Diaz’ and Weinstein’ results may he used [2], [3].

Fig. 1.1. The twisted prismatic bar

The material constants G and v are constant along the length of the
axis of the bar, however, their values change in the plane of the cross section
vertical to the axis of the bar. Thus, if the axis z of the system of coordinates
Xyz is the axis of the prismatic bar, the planes of the cross sections of the
bar will be parallel to the plane xy and accordingly, the heterogeneity is charac-
terized by the given functions

G=G(xXY), v=v(xy) . (1.1)

In connection with the prismatic bar depicted in Fig. 1.1 it is assumed that
1. the mantle of the bar is unloaded,
2. the end faces are subjected to a torsional moment M,
3. rotation of the cross section defined by the coordinate z = 0 is
equal to zero,
4. the displacements and deformations are small.
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2. Basic principles of the theory of elasticity

It is known [1] that in the case of pure torsion the displacement vector
of the point P of the prismatic bar may be represented by the formula

t=u(xy, i+ vixy, 2)j + wxy,z)«, (2.1)

where
= ulxy, z) — —ftyz,

V= v(x,y, 2) = 'dxz, (2-2)
w=w(xy, 2) = fi(p(xy) .

In the above formulae 9= <p(x y) is the warping function of the cross
section, # is the angle of relative torsion. Considering the geometric equation
and Hooke’s general law, it can be understud that the consequence of Eqs (2.1)
and (2.2), is the validity of the equations

«Z= o , Yxy (2.3)

€= o, ° (2.4)

1
o

in an arbitrary point P of the prismatic bar. For the scalar coordinates of the
stress tensor, differing from zero, by making use of the geometric equation
and Hooke’s general law the following equations may be deduced

xz= G & [*-y)\, (2.5)
dx
xyz= G& . (2.6)
19y )
We have
T2 = “ ryzi m (2.7)

By replacement of (2.5) and (2.6) into (2.7) one obtains

t2= GMNVip — R x k), (2.8)
(R = xi+ jj) -
Replacement into the non-identically satisfied equation of the mechanical
equilibrium

ot~ A1Tr=y . Xr=o0 (2.9)
dx dy
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the terms (2.5), (2.6) and (2.8) yields the partial differential equations

dx <2/10)
and

V «[G(V<p-Rxk)] =0 (2.11)

The consequence of the unloadedness of the mantle of the bar is that rnz =
= Tren= o,i.e.,
dop 9 (x2+y2\] _ .

Gi
" on 9s (2 )

(2.12)

Thus, at the boundary, the function @= @(x,y) should satisfy the boundary
condition

d(p d x2+y2

9n 9s

(2.13)

This latter equation, by using a vector symbol, may also be written in the form
neMp- Rxk) = 0. (2.14)

In the following it will he verified that the system of the forces of shear
stresses distributed through the plane of the cross section and derived by the
equations (2.5) and (2.6) from the function satisfying the equilibrium equation
(2.10) and boundary condition (2.13) is equivalentto a couple of forces. For the
verification the following identities will be used

S LeclA _d 4 _ xG =cl— _ vyl (2.15)

dx [la~ ) 9y [ay 1 1dx

9
G ] _ StJl = (A + % 2.16
dXIEl {dx y) ¥ 9yf: CIgy ‘ jJ ‘ I(ay ) (219)

wherein 9— <p(x,y) satisfies the differential equation (2.10). The projection
of the a-direction of the resultant of shear stresses distributed through the
plane of the cross section is

. d

FX=[ radl= fsef o I _ y dT. (2.17)
Jt Jr  dx

Transfoimation of Eq. (2.17) with the aid of Eq. (2.15) yields:

9

Fv= Hldx_ xG ;'bf y +§y xG (fH M (2.18)
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By transforming this surface integral and making use of the Gaussian integral
transformation theorem

(2.19)
(2.20)
Fig. 2.1. Calculation of the torsional moment attacking the cross section
Since for the boundary curveg — g0 gj -|-g2-f-.ceeee + gp(2.13) is valid,

from Eq. (2.20) it already follows that Fx = 0. By making use of Eq. (2.16) it
can similarly be verified that

- f xyzd T = fi ( '(9y>+ * dT= o (2.21)
Jt Jt 9y

The torsional moment applied to the cross section may be determined from the
following equation (Fig. 2.1)

M = K-Jr RxrdT = K-Jr R x [GO(V<p -
- ka)]dT: A G[Bz—(ka)'V@]dT, (2.22)
(R2= X2+ y2.

W ith the aid of the following identities the expression of the torsional moment
can be transformed:

Jr V « [G(R x k)<p]dT = jgG(R x k) e ncpds (2.23)
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and at the boundary curve g:

N+ G(RXK) P GR +tp= Gp_ xz A-yz Gp = GPVP . (224)
S n

By applying the Gaussian integral transformation theorem we obtain

[ k= re(cpvq ands = |-v-(GV<ng: |-G{ch)2dT+
Jg  9n Jg Jr Jr

+1 Ve (GVy)dT. (2.25)

The left-hand side of Eq. (2.23) is, in a detailed form
[T V. [G(RXK) dT = JtyV « [G(RXK)] dT + Jr G(Rx k) »VtpdT. (2.26)

Use of the form
V ¢ [G(Rxfc)] = V m(Gvp) * (2.27)

of the equilibrium equation and combination of Eqs (2.23), (2.25) and (2.26)
gives
Jr G(RXk) ¢ VepdT = Jt G\V<p)2dT . (2.28)

Replacement of (2.28) into Eq. (2.22) results in

M = b \TG(Rz - (Vep)2dT . (2.29)

Thus, on the basis of Eq.

M

2.30
if (2:39)

the torsional stiffness to be coordinated to the cross section may be given
in the following forms

lc= G[R2- (R Xk) *\V?]dT, (2.31)

lc= jTG[R2- (VA)2dT . (2.32)
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3. Some inequalities in connection with the torsional stiffness

Let V; = Vj(x,y) (i = 1,2) be in the region T and at the boundary of
the region T a continuous, and in T (except for the points of the finite smooth
curves running in region T) a continuously derivable function of two variables.
Be further

D(®i,v) = jTGVth «VvAT, (3.1)
D(vi) = D(vn *b) = \]T G(Vi>iy2dT . (3.2)
Since G > 0, from the above interpretation it follows that

> 0, (3.3)
(D(vn «r))2 ~ Divi) D(vi) m (3.4)

The second of the above inequalities is the Schwarz inequality. Starting from
Eq. (2.32) it may be written
lce=1J — D<) (3.5)

wherein

J=jrG(x*+f)dT. (3.6)

By making use of the inequality D(cp) 0 one obtains from Eq. (3.5)
the generalization of the result found by Diaz and Weinstein [2]

lc<Je (3.7)

A more precise estimate may be made by applying Schwartz’s inequality (3.4).
Be
vli= (p, v2=V (3.8)

(is not constant within the range T). With the functions (3.8) of @ and v2it
may be written:

D(<p, v) = Jr GVcp mYvdT = Jr V « (GVepv) dT - Jy ®V m(GVe>)] dT . (3.9)
By using the Gaussian integral transformation theorem and the equation
V e [G(R XK) = V « [G(V<p)] (3.10)

which lollomy8 from the equilibrium equation, Eq. (3.9) may be written in the
form

D(cp, v) = G(R Xk) mVvdT . (3.11)
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W ith the comparison of the inequality (3.4) and Eq. (3.11) we have

G(R Xk) * VWT

DW) > J (3.12)
T G{Vv)2dT
Equality in (3.12) occurs in the case, and only in the case where
V= ap-\-b, (3.13)

wherein a, b (a 0) are arbitrary real constants. The inequality (3.12) may be
considered to be the generalization of [2]. By combining (3.12) and (3.5) for
the upper limit of the torsional stiffness

[ G(Rxk) +Vv.dT)2
--------------------- L (3.14)
)T G(Vv)*dT
may be given.
A possible lower limit may be deduced for the torsional stiffness if one
estimates D(cp) from above. To establish this estimate one should start out
from Schwarz’s inequality

(Jrcu-vdTj < (ITous t) (Jteyu), (3.15)
where
u= uxi+ uy, V= wi+ Vyj (3.16)

are functions of two variables interpreted in the region and at the border
of the region wherein the integrals entering in the inequality (3.15) exist
and are finite. Be

us= up PAT + g, (3.17)
V m[G(v-Rxk)] = 0 PE£7\ (3.18)
n'v= iy pig- A (3-19)

W ith the vector functions u and v of properties (3.17), (3.18), (3.19) it may be
written

Jt GVep mydT = Jr V «(Gepv) dT - Jt?V « [Gy) dT =
=j ne(G<p)ds- JrcpV m[G(R Xk)] dT =  G(cpVcp) mnds -
- Jt VG m[(Rx k)] dT = Jr [G(yV,)] * VdT -
- Jr V. (GV<p) dT = Jr G(v# dT . (3.20)
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In the deduction the Gaussian integral transformation theorem and Eqs (2.11),
(2.14) being related to the function pwere applied. Use of Eq. (3.20) and inequal-
ity (3.15) — leaving the case D(rp) = 0 out of consideration — yields the
estimate

D) < JTGvAT . (3.21)
Equality only occurs in (3.21) if
V= Vp. (3.22)

Let us choice for the vector v = v (4,y) = vxi -f- vyj the following
V= \(X,y) = — VM + R XK. (3.23)
G

The vector v = \ {X,y), in case of a scalar function A = A (x,y) arbitrarily
derivable, satisfies the Eq. (3.18). Replacement ofthe above function v = v(*,y)
into Eq. (3.19) results in the condition

39 1 dA 3 ix23y2

(3.24)
3 n G ds ds [ 2
at the boundary curve.
Considering
3(p 2 IXe+ y2 .
Pig (3.25)
3n 9s 1 2
one may write
Pig (3.26)
i.e., A = A(X,y) is constant at the boundary curve, thus
A = B-= const. Pigi, (3.27)

(i= 0,1,2,.. .p).

Therefore, from the inequality (3.21), with the aid of the function v of (3.23)
the upper limit

D(<p) <, |- dT + |-GR4T + 2 |-R * SJAAT (3.28)
Jr G Jt Jt
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may be deduced for D(<p). The inequality (3.28) may be reduced again, because

I R +VAAT = I V «(RA)dT — f A(V-R)dT =
Jt Jt Jt

=J (n *R)Ads - 2j AdT = 2BOTO-

-2 2 BJ h- 2T AdT. (3.29)
k=1 Jt

We have

I n «eRyfds = BOj n *«Rds + jg Bkl R ends (3.30)

Jg Ja [Fﬁ. Ji

4
Fig. 3.1. Geometrical meaning of j R *n ds and 'R <n ds
g 0*

because the integrals extended to the curves g0 and gk (k= 1,2, ceevrene. p)

(Fig. 3.1) are values proportional to the surface areas bordered by the curves
g0 and gk. Considering the concept of the integration the following might be
written:

AISO R ends = KJ|SO (R Xt)ds= 2Tn, (3.31)

1 . = = —
JSkR nds KJ& (R Xt) ds 2Tk, (3.32)

(k=1,2,...p).
Finally, by replacing Eq. (3.29) into inequality (3.28) we arrive at the result

w4
D<) <. 1 AW T 4 GRAT + 4BOTO-4\ AdT —4  BKTK. (3.33)

r G Jt Jt a=i

Considering the inequality (3.33), from Eq. (3.5) the lower limit follows

dT - 4BOTO+ 4 I AdT + 4J BkTk  (3.34)
G JT k=1
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for the torsional stiffness. Be

PA)= - f "r~ dT - 4BOTO+ 4 f AdT+ 4] BKTk. (3.35)
JT It Jt k=1

In the following the refinement of the estimate

Ic > p(A) (3.36)

will be discussed. In case of a fixed functionA = A (x,y) » 0 we establich
the quantity

q(x) = p(acA) (3.37)
by using an arbitrary constant. It is obvious that
Ic > ?2(«) = p(<xA). (3.38)

From (3.38) the best estimate for Ic —in case of the fixed function A = A(X,Y)
— will be furnished by the maximum value of ¢(a). From the equation

?2(*) = P(<xA) = —a2l ~ —dT + a 4BOr0+ 4f AdT + 4 2 B kTk
Jt Jt k=1

(3.39)
it is to be seen that q(a) is a second order integer rational function of the vari-

able a, and since the coefficient of a2is negative, and q(a) = 0, if a = 0, the
function g(a) has at

JAdT -f-jy BkTk — BOTO

VA)2 (3.40)
X &
B
a maximum, and the value of this maximum is
g(a*) = max g(cc) = max p(xA) =
4 f + J BKTk- BOTOf
ur (3.41)

X Ym2
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It is to be noted that the lower limit for the torsional stiffness

dT 37 BKTk— BOTO
f T
>

><(VA)2 -

is, in the literature on the subject, established in connection with the prismatic
bar of homogeneous material by the introduction and use of Prandtl’s stress
function [3].

L (3.42)

4. An example for the estimation of the torsional stiffness

Let us consider the solid square cross section depicted in Fig. 4.1. The
modulus of elasticity for the material of the bar is

G= (

y if Ao (4.1)
I —y

+ |
+1 if y<;o

W ith the help of the formula Ic<[ |, for the torsional stiffness the upper
limit
lc< 4,3333 (4.2)
may be given. From the inequality (3.14) the use of the function
v = Xy (43)
permits the deduction of the upper limit
lc< 4,3016. (4.4)

And if we calculate with the function in (3.14)

V= x% — y3x, (45)
so the upper limit
lc< 3,806 (4.6)

is obtained. From the inequality (3.42) by selecting BO= 0, and by calculating
with the function A = A (x,y) depicted in Fig. 4.2 by a pyramid of K height,
the lower limit

Ic > 2,563 (4.7)
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Fig. 4.1. Solid square cross section

Fig. 4.2. The “pyramid of height K” function

can be established. And, if one uses the assumption

A= AKXYy) = (x2- D(2- 1) (4.8)
so, from the inequality (3.42) the lower limit
lc> 3,1604 (4.9)

can be deduced. The exact value of Icis not known, however, the arithmetic
mean I* of (4.9) and (4.6),

I* = 3,483 (4.10)

may diverge at most by 10 per cent from the exact value of lc
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Abschatzung der Verdrehungssteifheit der aus heterogenem Material hergestellten pris-
matischen Stdbe. — Das Problem der freien Verdrehung der aus heterogenem, isotropem,
linear-elastischem Material hergestellten prismatischen Stdbe wird behandelt. Aufgrund der
einschldagigen Literatur werden die mit der Verdrehung von prismatischen, aus heterogenem
Material gefertigten Stidben zusammenhdngende Kenntnisse zusammengefat, jedoch mit
gewissen Ergdnzungen, wie z. B. eine Formel zur Ermittelung der Verdrehungssteifigkeit.
Die Gultigkeit einiger Ergebnisse von J. B. Diaz und A. Weinstein wird auf neuen Bereich
erstreckt. Aufgrund der Ungleichungen, die von dem Autor zur Ermittelung der Verdrehungs-
steifheit der aus heterogenem, jedoch isotropem Material hergestellten Stdbe abgeleitet wurden,
kénnen obere und untere Grenzen definiert werden. Durch die Auswahl von geeigneten Hilfs-
funktionen kénnen die vom Autor fir diesen Zweck aus den Ungleichungen ermittelten Gren-
zen nach Belieben eingeengt werden. SchlieRlich wird ein numerisches Beispiel vorgefihrt.

O6 OUEHKe >KECTKOCTM KpyYeHU MpPU3MaTUYECKMX CTEPXKHEN W3 TFeTeporeHHbIX
MaTepuasioB. [laHHaa paboTa nocesleiiasafade cBOGOJHOI0 KpPyyYeHUsI reTeporeHHbIX npusma-
TUYECKNX CTEPXKHEel M3 M30TPOMHbIX W IMHEApHO YNpyrux martepuanoB. Bo BTopoli rnaBse
paboTbl Ha OCHOBE NUTepPaTYPHbIX faHHbIX [1] faeTcsa 0606l eHMe CBeAEHWI MO KPYYeHUIO Npu-
3MaTUYEeCKNX CTePXXEHW N3 reTeporeHHbIX matepuanos. W [laHHas rnaBa COAepXWUT onpefeneH-
HOe [JOMOSIHEeHWe MO OTHOLIEeHWID K NMTepaTypHbIM CBefeHUAM, Hanpumep, dopmyny (2,31)
XECTKOCTM Kpy4eHuAa. B TpeTell rnase faeTcs pacnpocTpaHeHMe HEeKOTOPbIX Pesy/bTaToB
M. Bb. Ounaza n A. BeitHwTeiiHa [2], [3]. Ha ocHoBe rnaBbl 3 faHHOW paboTbl B OTHOLLEHMU
XKECTKOCTU KPY4YeHUS NPU3MaTUYECKOro reTeporeHHoro CTePXKHA M3 M30TPOMHOro MaTeprana Ha
0CHOBe HepaBeHCTB (3,6), (3,14) M0OXHO 06pa3oBaTb BEPXHME FpaHuLbl, @ HA OCHOBE HEPaBEHCTB
(3.34) n (3,42) — HwmxHKe. Mpy noaxopsiiem Bbl60pe COOTBETCTBYIOLMX BCMNOMOraTe/lbHbIX
yHKUMA — A = A(X,y), 8§ = §(X,y) — rpaHuubl, 06pasoBaHHble Ha OCHOBE HepaBeHCTB (3,7) n
(3.34) , (3,42), MOXHO cy3UTb B N06bIX MacLuTabax.
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Acta Techn. Hung. 85 (1978), pp. 11—28
Alpan, |.—Baker, R.: The Speed Effect in Pavement Deflection

The influence of vehicle speed on pavement deflection is a problem of
obvious importance related to the evaluation of pavement performance.
The fact that the deflections diminish with increasing speed implies a
dissipative component in the system. A simple visco-elastic model is
analysed which furnishes results in good agreement with empirical evidence
and may be used in assessing the distortion pattern of pavements under
idealized service conditions. Furthermore, relatively simple experimental
procedures may be used to determine the required material parameters.

Acta Techn. Hung. 85 (1978) pp. 29—52

PethS, Sz.—Patvaros, J.: Mathematical Statistical Analysis of the
Exploitability Functions

The exploitability functions can be derived from the distribution function
of one of the components of the mineral occurrence (e.g. its metal content).
W ith the aid of the distribution function the mean component of the two
truncated functions and its variance can be determined for any mass
proportion. One truncated function refers to the exploited part, the other
one to the part left back. Exploitability functions are called the distribu-
tion function and the continuous variations, as functions of the consti-
tuent of the mean component of the two truncated functions and their
variances as well as the losses of the valuable constituent.

Acta Techn. Hung. 85 (1978) pp. 53—70

Goschy, B.: Combined Strength Pattern of Thin-Walled Box-Griders in
Torsion

In this paper the theory of torsion of thin-walled box girders is extended
to the general case of combined torsion by taking also into account the
effects of the shear deformations. The purpose of the paper is to formulate
mathematically the mechanical phenomenon of combined torsion for the
engineering practice as well as to demonstrate the application of the
formulae presented in the framework of a numerical example. In addition,
besides the more familiar procedures Wannsleben, Urban, etc. also the
significance of the secondary shear deformation is emphasized in the paper.






Acta Techn. Hung. 85 (1978) pp. 71—80

Bolla, |I.—Csanyi, |.: Examination of the*jkuild up Characteristics of
Highpressure Wall-Stabilized Discharges

The physical and chemical phenomena during the build-up period of high-
pressure gas discharge systems with Hg :Til : Dyl3 additives were in-
vestigated by simultaneously measuring the terminal voltage and the
spectral characteristics of the discharge. The influence of each additive
on the electrical characteristics during the evaporation processes, which
are parallel to the build-up of the discharge tube wall temperature, was
determined. The results were evaluated from the point of view of the
energy dissipation phenomena — ionization/recombination, photoemis-
sion/absorption, dissociation — in the discharge.

Acta Techn. Hung. 85 (1978) pp. 81—92
Gbega, B.: Determination of the Pirn Shape

On the basis of mathematical considerations the author gives a solution
for the determination of the pirn shape by the use of which weft breakages
due to variations in yarn force can be considerably reduced. It is shown
that the meridian section of the initial surface of such a pirn has always
the form of a hyperbola.

<

Acta Techn. Hung. 85 (1978) pp. 93 —122

Herpai, B.—Paczelt, |.: Analysis of Axisymmetrically Deformed Shells
by the Finite Element Displacement Method

The elements adopted follow the actual geometry of the shell. The mini-
mum degree of freedom of the elements is 12. In concluding the calcula-
tion an opportunity offers for supervising at each element the degree of
non-satisfaction of the equilibrium equations “a priori” non-satisfied.
If the degree of non-satisfaction at each element is below a predetermined
value, so the calculation can be considered to be accomplished. If not,
by maintaining the subdivision and increasing the degree of freedom of
the elements in question, with repeated calculations more exact results
may be obtained. The efficiency of the procedure is well demonstrated by
a number of numeric examples.
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Acta Techn. Hung. 85 (1978) pp. 123—134
Groész, M.: Automated Designing with Integer Programming

In this paper the author presents a possible model for the general solution
of automated designing. The design problems is defined as follows: a
design of a structure with given geometry and composed from a given
stock of elements is looked for, where for the elements the equilibrium
compatibility and limiting conditions are fullfilled and where the structure
is optimum from some point of view (weight, cost, or their ratio). For the
problem thus defined the mathematical model for linear limiting conditions
is established and then it is extended to the case of non-linearity. In both
cases the problems are reduced to that of a “0—1" integer programming
task to which the enumeratio method can be applied. For this method
the inversion of a large matrix would be necessary. A solution method is
shown for avoiding this.

Acta Techn. Hung. 85 (1978) pp. 135—145

Mihailescu, M.—Miss. Horvath, I|.: Velaroidal Shells for Covering
Universal Industrial Halls

In order to cover large column-free square areas a new type of shell
structure is proposed. Considering its shape and its way of generation,
the surface belongs to the family of velaroidal ones. Choosing the generatrix
as an ellipse, advantageous geometrical and mechanical properties are
obtained. Membrane stress analysis and a numerical example are presented.

Acta Techn. Hung. 85 (1978) pp. 147 —177

Ecsedi, |.: Variation Method Giving the Solution to the Torsion Problem
of Prismatic Bars of Composite Material

The author deals with the problem of free torsion of prismatic bars having
a solid cross section, built up of composite materials. In Chapter 2 of the
paper, methods of the variation calculus are presented which may be
used for the solution to quasistatic boundary-value problems of linearly
elastic continua of composite materials. This chapter sums up and genera-
lizes the conditions of stationariness and minimum principles of the theory
of elasticity connected with the potential energy and complementary work.
The third chapter reports on the basis of the literature on the subject, on
what should be known in connection with the elastic free torsion of bars
with an inhomogeneous cross section, the so-called prismatic bars made
up of composite materials. Chapters 4 to 7 report on some new achieve-
ments concerning the free torsion of composite prismatic bars which
may be obtained by the application of the theorems described in different
chapters of the paper. It is emphasized that according to a given formula
the torsional stiffness may be estimated from below and according to
another from above. Chapter 6 treats the torsional problem of prismatic
bars reinforced with a thin layer. Chapter 7 comprises three examples.






Acta Techn. Hung. 85 (1978) pp. 179—196

Tarnai, T.: Lateral Buckling of Plane Trusses with Parallel Chords and
Hinged Joints

An approximate investigation of the lateral buckling of plane trusses with
parallel chords is dealt with on the basis of the continuum method. The
truss is modelled by I-beam with non-torsioning flanges, the web of which
is connected to the flanges with the aid of hinges. The differential equations
of such a beam are deducted for the lateral-buckled state. The relationships
between the equations obtained and the lateral-buckling equations of
thin-walled beams having non-deformable cross section are presented.

Acta Techn. Hung. 85 (1978) pp. 197—205

Grega, B.: Determination ofthe Equation of the Curve of the Plane Balloon
in Ring Spinning

The author determines the equation of the balloon curve for ring spinning
by neglecting the Coriolis force and air resistance. The solution of the
system of differential equations of the equilibrium of forces acting on
the yarn element shows that for that case the equation of the balloon
plane curve cannot be set up in a closed form. The equation of the balloon
plane curve is given by the Legendre-type elliptical integral of the first
kind.

Acta Techn. Hung. 85 (1978) pp. 207—220

E csedi, |.: Estimate of the Torsional Stiffness of Prismatic Bars of Hetero-
geneous Material

The free torsional problem of prismatic bars of heterogeneous, isotropic,
linearly elastic material is treated. On the basis of the literature on the
subject, the knowledge of the torsion of prismatic bars made of hetero-
geneous materials is summed up with some completion, such as for example,
a formula for the determination of torsional stiffness. Certain statements
ofJ. B. Diaz and A. Weinstein are extended. According to the inequalities
deduced by the author for the determination of the torsional stiffness
of prosmatic bars of heterogeneous, however isotropic material, upper
and lower limiting values may be defined. By choosing suitable auxiliary
functions the limits defined from the inequalities deduced for this purpose
by the author, may arbitrarily be narrowed. A numerical example is also
presented.
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S. VITALIS

1900-1976

Die wissenschaftliche und technische Welt Ungarns nahm traurigen
Herzens Abschied vom Universitatsprofessor im Ruhestand und Présidenten
der Ungarischen Hydrologischen Gesellschaft Dr. Sandor Vitalis, der am
11. April 1900 in Selmecbanya geboren und am 21. Juni 1976 in Budapest
verschieden ist. Wahrend eines halben Jahrhunderts diente er uneigennitzig
seinem geliebten Vaterland mit seiner Téatigkeit auf dem Gebiet der geolo-
gischen Wissenschaft und mit deren Fortentwicklung, sowie mit der Forde-
rung des gesellschaftlichen Fortschritts.

Der zu Arbeit und Schépfung bestimmte Mensch lief schon in friher
Jugend seine individuellen Werte erkennen. Sandor Vitalis beteiligte sich
bereits als 17 jahriger Schiller an der Arbeit der Hydrologischen Sektion
der Ungarischen Geologischen Gesellschaft. Bald wurde er aktives Mitglied
dieser Sektion und des Ungarischen Landesvereins fiir Bergbau und Hutten-
wesen.

Seine Reifepriufung legte er in der traditionsreichen Stadt, Selmecbanya
ab und brachte von dort sein Wissen, und seine Arbeitsfreudigkeit, Ehren-
haftigkeit und seinen kristallklaren menschlichen Charakter mit nach Buda-
pest, wo er an der philosophischen Fakultdt der Budapester Edtvds Lorand
Universitdt 1922 das SchluBzeugnis erhielt und 1923 zum Doktor der geolo-
gischen Wissenschaft promoviert wurde. Hier nimmt seine stets steigende
wissenschaftliche Laufbahn ihren Anfang. In ununterbrochener Reihenfolge
erscheinen seine nahezu hundert im Druck und mehrere hundert in Manu-
skripten verdffentlichten wertvollen, selbstdndigen Abhandlungen.

Im Jahre 1942 erlangt er mit seinem Werk »Die Hydrologie Ungarns«
den Titel eines Privatdozenten an der Universitdt von Szeged. Als hervor-
ragender Lehrer und P&dagog fordert er in hohem Male die Ausbildung der
kiunftigen Generation von Fachleuten und Wissenschaftlern. Selbstlos und
bescheiden Ubergibt er sein Wissen den jingeren Kollegen und seinen Hdrern,
in deren Kreis er ungemein beliebt ist.

Seine Arbeitsfreudigkeit und Selbstlosigkeit tritt im Rahmen seiner
gesellschaftlichen Té&tigkeit, an der er sich wéhrend seines ganzen Lebens be-

1 Acta Technica Academiae Scientiarum Hungaricae 85, 1977



222 VITALIS, S.

teiligt, noch markanter in Erscheinung. 1939 wird er AusschuBmitglied und
1944 AusschuBvorstand der Hydrologischen Sektion. Nach der Befreiung
Ungarns im Jahre 1945 reorganisiert er mit einigen Mitgliedern der Sektion
diese aus eigenen Mitteln und schreitet an die Fortsetzung ihrer Arbeit. Im
Jahre 1949 wird er der erste Vorstand der Hydrologischen Gesellschaft, die
dem Verband Ungarischer Wissenschaftlicher Vereine METESZ angehort.
Diesen Posten bekleidet er vorerst bis 1950, dann von 1960 bis zu seinem
Ableben, also wahrend 17 Jahre.

Er war ein, auch seitens der Ungarischen Akademie der Wissenschaften
anerkannter Wissenschaftler und wurde in Anerkennung seiner auf dem Gebiet
des Mineralienabbaues geleisteten Arbeit bleibenden Wertes und groBer volks-
wirtschaftlicher Bedeutung zum Doktor der geologischen und mineralogischen
W issenschaften promoviert. Einen fast unschédtzbaren volkswirtschaftlichen
W ert bedeuten fur Ungarn die von ihm vorgenommenen Erforschungen von
mineralischen Rohstoffen und seine hydrologischen Forschungen. Er war
einer jener wenigen Professoren und Wissenschaftler, deren theoretisches
Wissen, auf persdnlich durchgefuhrter und geleiteter, Jahrzehnte wéhren-
der Arbeit und Erfahrung beruhte. Seiner paddagogischen Arbeit ist der Ausbau
international anerkannter Schulen ungarischer Geologen zu verdanken. Bis
1970 als er in den Ruhestand trat leitete er den Lehrstuhl fir angewandte
Geologie der Budapester Edtvdés Loérand Universitdat. Wohlverdient wurde
ihm 1951 der Kossuthpreis und die Dr. Ferenc Schafarzik-Erinnerungs-
medaille, in den Jahren 1967 und 1971 der goldene Orden der Arbeit, 1969
der Titel des Bestarbeiters im Unterrichtswesen und 1970 der, der W asser-
wirtschaft verliehen.

Sein ausgedehntes Blickfeld, seine griundlichen theoretischen Kenntnisse
und sein eingehendes praktisches Wissen benitzte er um die der Hydrologi-
schen Gesellschaft angehdrenden Fachleute zur Teilnahme an der Ldésung
groBer, komplexer, volkswirtschaftlicher Probleme zu veranlassen.

Die Triebkraft solcher gesellschaftlicher Arbeit setzt sich aus Vaterlands-
liebe, Humanismus und aus dem Hang am Fachgebiet zusammen. Seine edle
Selbstlosigkeit hat Sandor Vitalis gerade dadurch unter Beweis gestellt, daB
er neben seiner berufsmédfRigen Tatigkeit seine Freizeit stets gesellschaftlicher
Arbeit opferte.

Er hielt eine Reihe interessanter und wertvoller Vortrdge und spielte
eine leitende Rolle in der komplexen Entwicklung des Balaton Sees und der
Bewaé&sserung bzw. in der frihzeitigen Erkenntnis der diesen Themen inne-
wohnenden méchtigen volkswirtschaftlichen Werte. Sein weites Blickfeld be-
zeugen seine wissenschaftlichen und organisatorischen Arbeiten, die er hin-
sichtlich der Verwertung des Grubenwassers, der W asserwirtschaft von Berg-
baurevieren, des AufschluRes von Tiefenwassern und Interesse der Verwer-
tung der geothermischen Energie leistete. Besondere Aufmerksamkeit wid-

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



VITALIS S. 223

mete er den steten Erhdhung des Niveaus der Fachzeitschrift »Hydrologische
Mitteilungen« der Hydrologischen Gesellschaft und dem Ausbau ihrer inter-
nationalen wissenschaftlichen Verbindungen.

Es bereitete Freude und bot ein Erlebnis sich mit Sandor Vitalis zu
unterhalten. Freude, weil seine Individualitdt reinste Menschenliebe, Warm-
herzigkeit und Gite ausstrahlte und ein Erlebnis, weil seine Sprache einfach
und weise war, sich stets auf das Wesentliche und allein auf die Wahrheit
beschrankte und von Bescheidenheit erfullt war.

Sandor Vitalis wurde von der Ungarischen Hydrologischen Gesellschaft,
der Budapester Eotvos Lorand Universitdt und vom Staatlichen Geologischen
Institut am 5. Juli 1976 am 5. Juli 1976 am Budapester Friedhof Farkasrét
zu Grabe geleitet. An der Bahre hielten seitens der Ungarischen Hydrologi-
schen Gesellschaft deren Generalsekretar Arpad Berczik, seitens des Unga-
rischen Staatlichen Geologischen Instituts J6zsef Konda, im Namen der ehe-
maligen Mitschiiler Jend Molnar und am Grabe seitens der Edtvés Lérand
Universitdt und des Ungarischen Geologischen Verbandes der Dozent Viktor
Dank, Vorsitzender des Ungarischen Geologischen Verbandes Abschiedsreden.

Miklés Kozak

1* Acta Technica Academiae Scientiarum Hungaricae 85, 1977
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H. LAMPL

1883-1976

Hugo Lampl ist am 10. April 1883 in Budapest geboren und im Alter
von 93 Jahren am 14. Juni 1976 verschieden.

Er war eine auflerordentliche Persénlichkeit, die ihre auBergewdhn-
lichen F&higkeiten wdhrend sieben Jahrzehnte selbstlos in den Dienst seines
Vaterlandes stellte. Es ist eine besondere Gabe des Schicksals jemandem
wahrend sieben Jahrzehnte eine so hervorragende und erfolgreiche Téatigkeit
zu ermdglichen, wie sie Hugo Lampl beschieden war.

Am Anfang seiner Laufbahn unterstand die Leitung des Wasserbaus
in Ungarn Jend Kvassay, dem hervorragende Mitarbeiter, wie Odén Bog-
danfy, Samuel Hajoés, Zsigmond Fekete, Jozsef Benedek, und Ede Viczian
zur Seite standen. Kvassay und Bogdanfy begannen zu dieser Zeit einen
neuen Abschnitt des ungarischen Wasserbaues, das Programm der W asser-
verwertung — vornehmlich der FluRregulierung — vorzubereiten, wéhrend
sich Kolozsvary und Bogdanfy den Problemen der Bewé&sserung, Viczian
in bahnbrechender Weise der Ermittlung der Wasservorridte Ungarns wid-
meten und Benedek sich mit der Entwicklung von Wasserbauten befalte.

Hugo Lampl begann seine Laufbahn fast gleichzeitig mit seinem Zeit-
genossen — dem grofen Organisator und seinem besten Freund — Elemér
Sajo, der bereits vor vierzig Jahren verstorben ist. Vor fast anderthalb Jahr-
zehnten verschied auch der andere Freund und Mitarbeiter Arpéd Trimmer,
der in Gemeinschaft mit Hugo Lampl, und Endre Németh, die Arbeit von
Elemér Sajo fortsetzte und sein Vermachtnis weiterentwickelte. Der um acht
Jahre jungere Endre Németh, ein hervorragender Betreuer des Vermdécht-
nisses von Sajo, verschied zwei Wochen vor Lampls Tod.

Die Namen dieser GroBen und die Aufgaben, die sie zu bewéltigen hatten,
wurden nicht nur zwecks Veranschaulichung des historischen Hintergrundes
angefihrt, sondern weil sie Lampls technische Laufbahn, ja sogar die Ent-
faltung seiner Persdnlichkeit und seines menschlichen Charakters maBRgeblich
beeinfluRten. Die ihn kannten, wissen, welch grofle Rolle die klare Erkenntnis
der Aufgaben, das Pflichtgefihl, die unermudliche Aktivitdt und nicht weniger
die schwungvolle schopferische Atmosphdre spielten, die nur auBergewdhn-
liche Fihrer und Mitarbeiter einem erfolgreichen Leben bieten kénnen.

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



226 LAMPL, H.

Die sieben Jahrzehnte der Geschichte des ungarischen Wasserbaus sind
reich an Fortschritten auf diesem Gebiet. Sie umfassen die Beendigung der
W asserschutzanlagen und der FluRregulierungen, die Vorbereitung der in der
W asserwirtschaft notwendigen groferen Bauten und schlieflich die Aus-
fihrung von GroRRbauwerken, die den verschiedenen Zwecken der modernen
W asserwirtschaft dienen. Diese Zeitspanne war eine historisch entscheidende
Epoche hinsichtlich der Fortentwicklung der FluBregulierung, sowie der
Vorbereitung und Durchfihrung der planméRfigen Wasserwirtschaft. Es gibt
kaum ein Arbeitsgebiet in dieser ereignisreichen Epoche, auf dem sich Hugo
Lampl nicht betdtigt hdtte und wo sein Name nicht mit einer bahnbrechenden,
in die Zukunft weisenden Schdpfung oder mit einer, das ganze Land betreffen-
den organisatorischen Arbeit verbunden waére.

Seine praktische Tétigkeit begann Hugo Lampir bei der Wasserschutz-
gesellschaft der Insel Csepel und setzte sie bis 1968 als Sachverstdndiger im
wissenschaftlichen Forschungsinstitut fir Wasserwesen VITUKI, sowie bei
der Landesbehorde fir Wasserbau OVH fort, wobei er sich vornehmlich mit
den Problemen der Instandhaltung von W asserbauten befal3te.

Es ware schwer, die sich auf alle Gebiete der W asserwirtschaft erstrecken-
de Tatigkeit Lampis detailliert zu behandeln, da dies mit der Geschichte
eines halben Jahrhunderts der ungarischen W asserwirtschaft und des W asser-
baues gleichbedeutend wére.

Hugo Lampr machte sein Abiturium 1901 in Budapest und erlangte
1905 sein Ingenieurdiplom an der Budapester Technischen Universitat.

In seiner Tatigkeit standen Wissenschaft und Praxis in enger Wechsel-
wirkung zueinander. Einige Werke seiner wissenschaftlichen Tatigkeit sind
die 1908 erstmalig in Ungarn auf dem Gebiet des Wasserbaues durchgefiuhrten

auch im Mosaikbild des VITUKI dargestellten — Modellversuche, sowie
die den Beton behandelnde Monographie, fir die ihm der Grofpreis des Unga-
rischen Architekten- und Ingenieurvereins im Jahre 1914 zugesprochen wurde.
Beide Werke schuf er gemeinsam mit Elemér Sajs. Sein Buch »Entwasserung
von Baugruben durch Grundwasserabsenkung« erschien im Jahre 1954, wird
aber heute noch vielfach gebraucht. Die den Zusammenhang zwischen der
Kornzusammensetzung und Wasserdurchldssigkeit der Bdden behandelnde
Arbeit war bahnbrechend. Im Rahmen seiner wissenschaftlichen Tatigkeit
gelang es ihm in mustergiltiger Weise die ungeduldige Neugier des Forschers,
der die Geheimnisse des Materials zu enthiillen bestrebt ist, mit der seitens
der Praxis erforderten Niuchternheit, MalRhaltung und Verstdndlichkeit zu
vereinen.

Die handgreiflichen Ergebnisse seiner Tatigkeit sind allbekannt, wenn
es auch nicht jeder weiB, dal diese Werke mit seinem Namen verknlpft sind.
Zwischen 1905 und 1955 (die beiden Jahreszahlen bedeuten die offiziellen
Grenzen seines Wirkens) entstand in Ungarn kaum ein Bauwerk im W asserbau
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mit dessen Konzeption, Planung oder Leitung der Name Hugo Lampis nicht
organisch verbunden gewesen wdére. Die Kvassay-Schleuse, die 1956 leider
beschéadigte Staustufe von Tass, die Hafen von Balatonboglar, Alséérs und
Balatonflired, der Freihafen von Csepel, die Staustufe von Békésszentandras
der fertiggestellte Abschnitt des Donau—Thei-Kanal, die Bewdsserungs-
anlagen von Tiszalok, Tiszafired und Ho6dmez6vasarhely zeugen beredter
und wirkungsvoller fur seine Tatigkeit und bewahren nachdricklicher die
Erinnerung an sein Wirken, als ein Denkmal jedweder Art.

Neben seiner fachméannischen Arbeit beteiligte er sich auch am &ffent-
lichen Leben. Seit 1954 war er Mitglied des wissenschaftlichen Ausschusses
fir Wasserwirtschaft der Ungarischen Akademie der Wissenschaften. Im Jahre
1943 wurde er in die Rigorosenkommission der Budapester Technischen Uni-
versitat berufen, 1952 wurde ihm der wissenschaftliche Grad eines C. sei. zu-
erkannt und 1955 erfolgte seine Promotion zum Doktor der technischen Wis-
senschaften. 1954 wurde Hugo Lamp1 die Verdienstmedaille fir sozialistische
Arbeit und 1965 der goldene Orden der Arbeit verliehen

Hugo Lamp1r war grindendes Mitglied der Ungarischen Hydrologischen
Gesellschaft, wurde 1954 zum Ehrenmitglied der Gesellschaft gewdhlt und 1973
mit dem Zeichen hdchster Anerkennung seitens der Gesellschaft, mit dem
Vasarhelyi Pal-Preis ausgezeichnet. Er empfand diese Auszeichnungen als
Ansporn zu einer noch hingebungsvollere Té&tigkeit fur diese Gesellschaft.

Sein geistiges Vermdchtnis bildet einen unvergdnglichen Schatz, dessen
wir im Moment des schmédrzlichen Abschieds eingedenk sein mussen. Die
gesamte Korperschaft der ungarischen Wasserbau-Ingenieure bewahrt mit
grofRter Achtung, Dankbarkeit und Ehrfurcht das Andenken an Hugo Lamp1.

J. Bogardi

Bucher und bedeutendere Abhandlungen von Hugo Lampl

1. Gréf Széchenyi Istvan emlékhajout a Tiszdn (Graf Istvan Széchenyi Gedenkschiffahrt
auf der TheiR). 1933, 56 Seiten

2. Wasserwirtschaftliche Fragen in Ungarn mit besonderer Berlicksichtigung der W asser-
straBen. 1935, 9 Seiten

3. Az Ontdzésiugy korményzati, kdzigazgatdsi és miiszaki kérdései (Die regierungsseitigen,
administrativen und technischen Fragen der Bewasserung). 1943, 21 Seiten

4. Az Ontozéses termelés szerepe az orszag Ujjaépitésének munkéjaban (Die Rolle der Pro-
duktion durch Bewdsserung im Wiederaufbau des Landes). 1945, 11 Seiten

5. A Duna—Tisza csatorna (Der Donau—Theif-Kanal). 1947, 318 Seiten

6. Viziépitkezések organizaciés feladatai (Organisatorische Aufgaben bei Wasserbauten).
1953, 69 Seiten

7. Munkagodrok viztelenitése talajvizszintsillyesztéssel (Entwé&sserung von Baugruben
durch Grundwasserabsenkung). 1954, 152 Seiten

8. A cementhabarcs besajtolasi eljardas (Verfahren zur Einpressung von Zementmdrtel).
1947, 28 Seiten

9. Modell (Tetszésszerinti keverésli betonok szilardsdga ...) Hasznélati utasitds (Modell ,
Festigkeit von Betonen beliebiger Zusammensetzung ... Gebrauchsanweisung). 1914,
25 Seiten
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ld6szerl vizépitési kdzmunkdk a munkanélkiliség leklizdésének szolgéalatdban (Zeitge-
maBRe offentliche Wasserbauarbeiten zwecks Vermeidung der Arbeitslosigkeit). 1938,
19 Seiten

Az alfoldi altalajok osztdlyozadsa és gyakorlati meghatdrozdsa a mérnék szempontjabdl
(Die Klassifizierung und praktische Bestimmung des Untergrundes der Tiefebene vom
Standpunkt des Ingenieurs). 1933, 47 Seiten

Balatoni kikot6k (Hafen am Balaton). 1938, 52 Seiten

. A Tiszavolgy szerepe a mez6gazdasdgunk Ujjaép'tésében (Die Rolle des Theifltales im

W iederaufbau unserer Landwirtschaft). 1946, 18 Seiten
A beton (Der Beton). 1914, 553 Seiten

. Uj eljaras (Neues Verfahren). 1914, 38 Seiten
. A csepelszigeti cementkisérleti és anyagvizsgalé &4llomés (Die Zementversuchs- und Mate-

rialprifungsanstalt auf der Insel Csepel). 1912, 18 Seiten
Vasszadfalak (Stahlspundwdande). 1917, 143 Seiten

. Vasszadpallok és vasszddlemezek (Stahlspundbohlen und Stahlspundplatten). 1948, 60

Seiten

Agyagszadfalak készitése Oblitéses eljarassal lestllyesztett acélhivelyek segitségével (Her-
stellung von Tonspundwénden im Spuhlverfahren mit versenkten Stahlhilsen). Mély-
épitéstudomanyi Szemle, (1954), 570—678

Vizépitési munkdaink fejlédése (Entwicklung unserer Wasserbauarbeiten). Vizigyi Kdézle-
mények, (1954), 373—404

A talaj szemosszetétele és fizikai tulajdonsagai kozotti osszefliggések (Zusammenhang
zwischen der Kornzusammensetzung und den physikalischen Eigenschaften des Bodens).
Vizugyi Koézlemények, (1955), 360—366

Vizz4aré fuggdény el6allitasa furasi eljardssal (Herstellung eines wasserdichten Vorhanges
im Bohrverfahren). Vizigyi Koézlemények, (1957), 336—346

A mai eszkdzokkel végzett talajkutatéd farasok meghizhatésdga a vizépités szempontjabol
(Die Zuverlassigkeit der mit den heutigen Mitteln vorgenommenen Bodenuntersuchun-
gen durch Bohrungen vom Gesichtspunkt des Wasserbaues). Hidroldgiai Kézlény (1958),
92—93

Buzgar-képz6dés és talajtorés (Entstehung von Sandaufbrichen und Grundbruch). Viz-
tgyi Kozlemények, (1959), 25—49

Javaslat a cementbesajtolas technolégidjdnak fejlesztését célz6 rendszeres kutaté kisérle-
tek elvégzésére (Vorschlag zur systematischen Durchfithrung von Forschungsversuchen
zwecks Fortentwicklung der Technologie der Zementeinpressung). Vizgazdalkodasi
Mszaki Szemle, (1960), 25—30

Arvizvédelmi toltéseken épiilt mitargyak munkagodre visszatdltésének kérdése (Probleme
der Riuckfullung der Baugrube von auf, dem Hochwasserschutz dienenden Deichen aus-
gefihrten Bauten). Vizgazdalkodas, (1963), 23—24

A tiszafuredi szivattyGtelepnél besajtolt cementfliggdny hatékonysédgéanak vizsgélata
(Untersuchung des bei der Pumpstation in Tiszaflired eingepreften Zementvorhanges).
Vizigyi Koézlemények, (1965), 226—236

A siéfoki hajozsilip helyreéllitdsa (Rekonstruktion der Schiffahrtsschleuse bei Siéfok).
Vizigyi Kozlemények, (1965), 237—241.

Forrdsok keletkezésének és buzgéarok képz6désének tdrvényszerliségei (GesetzmaRigkeiten
des Entstehens von Quellen und Sandaufbriichen). Vizgazdalkodas, (1967), 65— 68
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L. GILLEMOT

1917—1977

The death of Dr. L. Gittemot, member of the Hungarian Academy of
Sciences is indeed a very great loss for the Hungarian Academy of Sciences
and its Section of Technical Sciences. With his death, the Hungarian and inter-
national science of engineering has lost an inexhaustible scholar extremly
rich in ideas, whose during more than 40 years of activity was governed funda-
mentally by the objectives of our contry, taking the road for building up social-
ism, in need of great engineering achievements. His achievements, comprising
the milestones of his career, have been highly appreciated everywhere, always
reminding his contemporaries as well as the next generations the unforgottable
merits of this outstanding scientist.

Dr. L. Gittemot was born in Budapest, in 1912. In 1930, after an eminent
high-school graduation, he was adm itted to the Faculty of Mechanical Engineer-
ing of the “J6zsef Nador” Technical University, predecessor of the present
Technical University of Budapest. To satisfy his wide range of interest, parallel
to his Technical University studies he attended the lectures of the philosophy
faculty as well, taking mathematics, physics, and philosophy, each as major,
during four semesters. He obtained a degree as a mechanical engineer in 1935.

In the same year he was appointed as a demonstrator to the Mechanical
Technology Institute of the Technical University. In practice, this was both
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his very first and, thereafter, permanent working place until his death, and
this was where he worked in every and each stage ofthe university educational
line, up tell to the position of Department Head university professor and
Institute Director.

In 1947 he was appointed to the post of University Professor, when he
had already been for more than 6 months, Department Head of the Heavy
Industry Centre, an institution established to control our nationalized heavy
industry, in charge of the technological resarch activities. He carried on this
dual work up to the end of his life, never interrupting his university job but
frequently changing his secondary activity according to the objectives set by
the competent state authorities. Thus, in 1948, the State Council of Economics
entrusted him with the organization and management of the Hungarian Alu-
minium and Light Metal Research Institute, whose director he remained until
1959. Only one year thereafter he was commisioned to organize and lead the
Research Institute ofthe Iron Industry, which he had in the meantime directed
parallelly until 1952. From 1970 on he was Executive Vice-President of the
Technical Research Co-ordination Council of the State Office of Technical
Development.

Similarly in the meantime, he was Rector of the Budapest Technical
University from 1954 to 1957, then scientific Deputy Rector between 1965
and 1967.

Besides these comprehensive governmental duties he hade an outstanding
creative role in our technical-scientific life. His very first steps in the field of
sciences have already been successful. Thus, in 1940 he was awarded with the
Carnegie Prize for his paper “Fatigue of Wire Ropes”, Six years after obtaining
his degree, his paper “X-ray examination of welds” was appreciated by the
Technical University with the Doctor’s degree. In 1945 he was commissioned,
together with some others, to construct the Kossuth bridge whereby the two
parts of the Capital, left without permanent brides after the Second World
W ar, could be connected again. In this project he introduced welding, an enti-
rely new technique in the construction of such large-size bridges and never
used forthis purpose in Hungary before, to connect the iron structural elements,
whereby completion could be reduced by several months. His efforts in this
project was awarded by the government with the Kossuth Prize in 1949.
Furthermore, he combined this practical work with scientific research, and,
on the basis of his achievements in testing welded bridges, he was appointed
to the Technical University as “Private Professor” (honorary lecturer).

He was an enthusiastic and successful advocate of welding all through
his whole life, in the fields of both theory and practice. His practical results
are verified by a number of relevant patents, while his theoretical success
was best evidenced by the fact that, with respect to his research results, the
International Institute of Welding had not only elected him into its Governing
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Council, but also appointed him to the position of Vice-President for the
1971—1974 period.

His technical-scientific activity will always be remembered when we
realize that the Research Institutes for the Metal and Iron Industries, respecti-
vely, whose organization and provisional direction also belonged to his duties,
have not only became the bases of Hungarian non-ferrous metal and ferrous
metallurgical research, but also the scientific workshops having international
reputation.

In addition to these two institutes, the main area of his scientific activi-
ties was always the Mechanical Technology and Material Structure Institute
of the Budapest Technical University. There he had actually created a school
in which many young professionals could take their very first steps towards
their scientific career. His success in this field is attested by the fact that many
of his former associates have already won several scientific degrees and some
ofthem, as university professors, now follow the road along which he has started
them. Moreover, the young proffesionals always considered it as a privilege
if them were given an opportunity to work on the staff of Prof. Gil-
LEMOT.

With a great number of associates he has created everlasting results
in the fields of welding, metallurgy, plastic formation, heat treatment, and
material testing. The present review of his activities simply cannot cover every-
thing. However, his achievements are clearly reflected by his 156 papers, 24
books and chapters in comprehensive volumes, and 22 patents. In these
publications he has reported, among others, on the twin-electrode welding
technique he himself designed, on easily weldable high-strength steels, and on
the test methods adaptable for such weldable steels.

He was the one to initiate and elaborate the production technology of
metal titanium, for which he was awarded for the second time with the Kossuth
Prize in 1957.

He insisted on the design and construction of then actually designed
an equipment suitable for high-speed formation whereby, in addition to studies
on the extremely high-speed plastic formation technique, he achieved together
with some of his associates, new results partly on the time and energy require-
ment of such a formation process, and partly on the effect of high-speed forma-
tion leading to significant changes in the material properties. In this topic he
delivered lectures which were followed with great interest at a number of
international congresses.

In the field of material testing he elaborated new measurement methods,
and conducted remarkable experiments on the causes of metal fracture. His
research efforts in fracture mechanics proved to be particularly successful, and
attracted much interest as well as fully justified appreciation from among
the professionals both home and abroad.
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The above instances do not only characterize his theoretical activities,
but that he always combined the scientific problems with investigations on the
possibilities of routine applications as well. He only talked about national
economy interests, but took there into consideration whatever he did, and
demanded the same from his associates. This is why his activities have always
been highly appreciated not only by scientific circles but also by practical
professionals, as attested by innumerable acknowledgements. He was the
most proud of the fact that, on the basis of his scientific achievements, the
Hungarian Academy of Sciences elected him to a corresponding member at
the age of only 37, then as regular member in 1965.

His wide field of interest is clearly evidenced by the interesting fact that
he delivered an inauguration lecture on globular cast irons after his election
to corresponding member, and the one following his election to regular member-
ship on the correlation between the properties of metals on one hand, and a
new material testing parameter he himself had introduced, the contraction
energy, on the other.

Appreciation of his activities is clearly shown by his membership and
position as an official in a number of international scientific organizations.
The Yugoslavian Academy of Sciences and Art had elected him to be correspond-
ing member, the French Scientific Academy honored him with the highest
degree of the “Ordre du Mérite pour la Recherche et I'lnvention”. He was
member ofthe International Congress on Fracture and of the “ College Interna-
tional pour I’Etude Scientifique des Techniques de Production Mechanique”,
and was engaged in the editorial committee of two international periodicals,
the International Journal of Mechanical Sciences, and the Journal of Mechanical
Working Technology.

As a university professor, he taught thousands of mechanical engineering
students the fundamental principles and love of technology. His lectures had
always been colorful, so the students simply had to pay attention and enjoyed
the magic of his personality, too.

As Rector, then Deputy Rector of the Budapest Technical University
he could successfully centrol and direct all the research projects under progress.

His science organization efforts, too, have always been exemplary in
character. As chairman of the Mechanical Engineering and Metallurgical
Scientific Working Group of the Section of Technical Sciences of the Academy
he led and controlled research for many years in the various relevant disciplines.
In addition, he was also chairman ofthe Committee for Theoretical Technology
in the Hungarian Academy of Sciences.

One of the most important roles of his scientific organization work
was what he performed as the Executive Vice-President of the Technical
Research Co-ordination Council of the State Office for Technical Development.
In this function he elaborated a number of scientific policy principles, both
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alone and together with his associates in the SOTD. Another immortal merit
of his was the lion’s share he had in creating increasingly strong connections
between the two top-reputation bodies of the country, responsible for
engineering sciences, the Section of Technical Sciences at the Academy, and
the State Office of Technical Development.

He was one of the founders and, in various official positions, similarly
one of the most active leaders of the Scientific Society of Mechanical Engineers,
where he was first awarded with “Pattantyds A. Géza” commemorative medal,
then later with the one named after “Banki Donéat”.

He served scientific and technical development in many other functions
as well, such as in the College of the Minister of Culture, and in the Technical
Council of the Ministry of Metallurgy and Machine Industry, as well as that
of the Ministry of Heavy Industry.

Beside his innumerable technical-scientific membership duties and
official positions, he had enough vigour to participate in the social and political
public life as well. Thus, he was Presidium Member in the Budapest Committee
of the Patriotic People‘s Front and of the National Peace Council, and acted
as Technical Assessor for the Supreme Court.

The life and career of Prof. L. Gittemot, member of the Hungarian Acad-
emy of Sciences, has inseparably been intertwined with the road the Hungarian
engineering science has followed. His scientific and technical activities should
present an example to all those who are engaged in similar fields.

J. Prohaszka

The literary work of L. Gillemot

I. Papers

[

. The X-ray Examination of Welding. Technika (1938), No. 7, pp. 1—4. (In Hungarian)

2. The Fatigue of Steel Cable Lines. Banyaszati és Kohaszati Lapok (1940), Nos 21, 22, 23.
(In Hungarian)

3. The X-Ray Examination of Welding. Doctorate Thesis. Edition of Magyar Anyag-
vizsgalok Egyesulete. Budapest 1941. (In Hungarian)

4. The Non-destructive Testing of Welding. Rimagil Kozlemények (1941). (In Hungarian)

5. Determination of Measures by X-Rays in the Technical Testing of Materials. Anyag-
vizsgalok Kozlonye (1938). (In Hungarian)

6. The Accuracy of the Strength Examination of Fibrous Materials. Magyar Textiltechnol6-

gusok Lapja (1937), No. 9. (In Hungarian)

. The Examination of Bearings. Technika (1942), No. 6 (In Hungarian)

. The Replacement of Cast Bearing Bronzes with Aluminium Alloys. Technika (1942),
No. 6. (In Hungarian)

9. The Strenth Characteristics of Aluminium Alloys Replacing Cast Tin Bronzes. (Co-author:

F. Nagy). Technika (1942), No. 7. (In Hungarian)

10. A High-Precision Tensile Strength Testing Machine for the Examination of Paper and
Fabrics. Technika (1943), No. 2. (In Hungarian)

11. A New Type Fatigue Machine. Technika (1943), No. 2. (In Hungarian)

12. Tests for Unifying the Strength Examination of Light Metal Castings. (Co-author:

F. Nagy). Technika (1943), No. 5. (In Hungarian)

o ~
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13.
14.
15.

16.

34.
35.
36.
37.
38.
39.
40.
41.
43. The Titanium. Magyar Technika (1954), 362—371. (In Hungarian)

44,

45,
. Design and Operation of Reactors for Titanium Production. Acta Techn. Hung. 10 (1955),

47.
48.

49,
. Some Experiences in the Soviet Higher Education. Felsoktatasi Szemle (1955), 412—413.

51.

GILLEMOT, L.

A New Type Tensile Strength Testing Machine for Fabrics. Magyar Textiltechnolégusok
Lapja (1943), No. 3. (In Hungarian)

The Problems of Scientific Research in Hungary. Béanydaszati és Kohdaszati Lapok (1949),
No. 3. (In Hungarian)

New Ways in the Use of Aluminium. Bany&szati és Kohaszati Lapok. Aluminium (1949),
p. 265—270. (In Hungarian)

The New Trends of Production Technology. Separatum. (Ministry of Heavy Industries,
Budapest). (In Hungarian)

Experiments for a Better Utilization of the Hungarian Bauxites. Bany&szati és Kohaszati
Lapok (1950, No. 2—3. (In Hungarian)

Use of Ultrasonics for Technical Purposes. Természet és Technika (1950). (In Hungarian)

Methods of Speeded-up Metal Machining. Szovjet Kultdra (1950), Il1l. (In Hungarian)

. Speeded-up Machining of Metals. Természet és Technika (1950). (In Hungarian)
. The Problems of Higher Technical Education. Népszava (1950), V I1l. 13. (In Hungarian)

Science and Practice. Elet és Tudomany (1950), IX. (In Hungarian)

: Science and Innovation. Ujiték Lapja (1950),-X. 9. (In Hungarian)

Patentierung von Stahldraht mittels Hochfrequenzerhitzung. Acta Techn. Hung. 1 (1950),
50—77. Co-author: I. Koncz.

. New Ways for the Processing of Hungarian Bauxite. Kohaszati Lapok (1951), No. 2.

(In Hungarian)
Powder Metallurgy and Precision Casting. Academic Lecture, 1951. Separatum. (In
Hungarian)

. The Crystallization of Spherical Graphite. Kohaszati Lapok (1951), No. 3. (In Hungarian)
. MeReinrichtung zur Untersuchung wahrer Spannungen. Acta Techn. Hung. 1 (1951),

191—197

. New Methods in the Welding Industry. Elet és Tudomany (1951), X. (In Hungarian)
. Technical X-Ray Examination. Elet és Tudomé&ny (1951), X. (In Hungarian)

Isledovaniye sferoidalnovo (globulyarnovo) grafita. Acta Techn. Hung. 3 (1951), 79—96

. Theory of the Crystallization of Spherical Graphite. MTA VI. Oszt. Kézi. 3 (1952),

35—75. (In Hungarian)

Methods for the Production of Titanium in Hungary. MTA VI. Oszt. Kéziem. 3 (1952)
229—248. (In Hungarian)

The Theory of the Crystallization of Spherical Graphite. Kohaszati Lapok, Ontdde (1952),
No. 2. (In Hungarian)

The Problems of the Education of Technical Aspirants. Felsdoktatadsi Szemle (1953),
I1l. (In Hungarian)

Structural Steels Alloyed with Titanium. MTA VI. Oszt. Kézi. 10 (1953), 231—269.
(In Hungarian)

A New Method for the Speeding-up of Manual Arc Welding. GEP (1953), No. 4.
(In Hungarian)

Calculation of the Characteristics of Two-rod Rapid Welding. GEP (1953), No. 6. (In
Hungarian)

A New Method for the Speeding-up of Manual Arc Welding. Acta Techn. Hung. 7 (1953),
277—292. (In Russian)

Steels Produced with Hungarian Alloy Components. Magyar Technika (1953), 481—483.
(In Hungarian)

University Examination Regulation. Fels6oktatasi Szemle (1954), No. 1. (In Hungarian)

The Production of Metallic Titanium from Bauxite. MTA VI. Oszt. Kézi. 14 (1954),
303—341. (In Hungarian)

Some More Important Social Problems of the Academie Youth. Felséoktatasi Szemle
(1954) , No. 11. (In Hungarian)

The Titanium. Természet és Technika (1954), No. 12 (In Hungarian)

221-245.
The Actual Problems of the Education of Engineers. GEP (1955), July (In Hungarian)
Non-destructive Material Testing in the Iron and Metal Industries. MTA VI. Oszt. Kozi.
16 (1955), 173—184. (In Hungarian)
The Education of Mechanical Engineers. Miiszaki Elet (1955), No. 16. (In Hungarian)

(In Hungarian) ]
Opening Speech for the Academic Year at Budapest Technical University. M(iszaki Elet
(1955) , Nov. 5. (In Hungarian)

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

7.

78.

79.

GILLEMOT, L. 235

. The Processing of Metallic Titanium. Kohé&szati Lapok. (1955), 548—553. (In Hungarian)
. Die Verarbeitung von metallischem Titan. Acta Techn. Hung. 15 (1956, 155—167

The Titanium. Néphadsereg (1956), I1l1. No. 3. (In Hungarian)

. Stand und Entwicklungsrichtlinien der Titanmetallurgie. Neue Hitte 2 (1957), 84—091
. The Present Situation of the Titanium Industry and the Trends of its Development.

Magyar Kémikusok Lapja 12 (1957), February. 45—52. (In Hungarian)

. Nitrierbare Titanstahle. Periodica Polytechnica, Engineering, 2 (1958), No. 1. Co-author:

Mrs. T. TOMORY

The Contraction Work as a Material Characteristic. MTA VI. Oszt. Kozi. (1958), 22,
344—366. Co-author: G. Sinay G. (In Hungarian)

Die Brucharbeit als WerkstoffkenngroRe. Acta Techn. Hung. 22 (1958) 149—173. Co-
author: G. Sinay

Uber die Rolle der Werkstoffpriifung bei der zeitgemaBen Maschinenbemessung. Periodica
Polytechnica, Maschinen- und Bauwesen, 2 (1958), 251—273

Nitrateable Titanium Steels. GEP 10, 177—184. Co-author: Mrs. T. Toémory. (In
Hungarian)

The Contraction Work as a Material Characteristic. GEP 10 (1958), 237—246. Co-author:
G. Sinay. (In Hungarian)

Erfahrungen mit der neuen Art von Diplomarbeiten. Periodica Polytechnica, Maschinen-
und Bauwesen, 3 (1959), 117—122

EinfluR der Oberflaichenbehandlung auf Ermidung und Sprddbruch. Freiberger For-
schungshefte, B 50, 1960 Mai, p. 123—135. Co-author: Mrs. T. Témory.

The Influence of the Multiaxial State of Stress on the Contraction Work, GTE Kongresz-
szusi Kiadvéanysorozat (1960), 203—214 (In Hungarian)

The Role of Material Testing in the Modern Dimensioning of Machines. GTE Kongresszusi
Kiadvanysorozat (1960), 178—202. (In Hungarian)

Experiments for the Further Development of Welding Rods for the CO02-protected
Welding. Lecture delivered at the Conference on Welding Technology. Budapest 1960,
X1l. 1—3. (In Hungarian)

Critical Examination of the Quality of Welding Rods Based on the Contraction Work.
Lecture delivered at the Conference on Welding Technology. Budapest 1960, X 11. 1—3.
(In Hungarian)

Increased Use of Welded Structures in Mechanical Engineering. Complete Proceedings of
the Conference on Modern Préfabrication Technologies in Mechanical Engineering.
Budapest 1960, Jan. 18—20 (Editor: M. Dénes). Budapest 1960, Orszagos Terv-
hivatal, Koh6- és Gépipari Minisztérium, Gépipari Tud. Egyesilet, Terv nyomda,
p. 243. (In Hungarian)

EinfluR der SchweiRfehler auf die Sprédbruchneigung der Schweiln&hte. Lecture deliver-
ed at the Warsaw Conference on Welding Technology, 1961, May

Zur rechnerischen Ermittlung der Brucharbeit. Materialprifung 3 (1961), Disseldorf,
pp. 330—336

Die Spannungsverteilung in Drahtseilbahn-Tragseilen in der N&he der Verbindungs-
muffe. ATTI Abhandlungen, Papers, 2ter. p. 9—18 (in German, with a Summary in
Italian). International Colloque on the Fatigue Strength of Wire Ropes (Torino)

The Present Situation of Protective Gas Weldings. Lecture delivered at the National
Welding Conference of the GTE at Gy6r, 1961. Nov. 13. (In Hungarian)

Recent Research Results in the Field of Material Fatigue. Lecture delivered at the
Session of the ’Material Fatigue” Working Committee of the Gépipari Tudoméanyos
Egyesilet, 1961. Dec. 13, (In Hungarian)

Grundlagen von Stdhlen, in denen die Sprodbruchneigung durch Kaltverformung nur
wenig beeinfluRt wird. Lecture delivered at the Conference on Modern Dimensioning.
Acta Techn. Hung. 35—36 (1961), 185—195. Co-author: M. Rénay

Schlag-ZerreiBversuch an gekerbten Proben. Lecture delivered at the Conference on
Modern Dimensioning. Acta Techn. Hung. 35—36 (1961), 197—209. Co-author: S.
Nadasan

Der EinfluBR mehrachsiger und ungleichm&Rig verteilter Spannungszustdnde auf die
W erkstoffeigenschaften. Lecture delivered at the Conference on Modem Dimensioning.
Acta Techn. Hung. 35-36 (1961), 165—184

The Examination of Weldability. Lecture delivered at the 2nd Congress on Testing M ate-
rials, Budapest, 1961, July. GEP (1961), 403—412. (In Hungarian)

Experiments on the Further Development of the Wires for C02proteeted Welding.
Lecture delivered at the Congress on Welding Technology in Temesvéar, 1962. Oct.
12—14. (In Hungarian)
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Beitrdge zur Frage der Spréodbruchneigung von Schweilverbindungen. Lecture delivered
at the »Sprdodbruch« Conference in Prague. Periodica Polytechnica, Maschinen- und
Bauwesen, 6 (1962), 97— 113.

A New Type of Steel Suitable for Cold Working. Gépgyartastechnolégia, 3 (1963), 201—204
and 219. Lecture delivered at the Conference on Cold Pressing, Budapest, 1962. Nov.
15—17. (In Hungarian)

Die Beurteilung der SchweiBarbeit an Hand der Brucharbeit. Conference at the III.
International Colloque »SchweiRbarkeit der Stadhle«, Weimar, 1963. Febr. 28—March 1.
Schweilltechnik, 13 (1963), 305—311

Die Beurteilung der Werkstoffe auf Grund der Brucharbeit. Lecture delivered at the
X111. Berg- und Huttenmé&nnischer Tage in Freiberg, 1961. May 27. Freiberger For-
schungshefte B 76, 1963 Sept. pp. 5—18

Some New Development Trends in Material Testing. Conference delivered at th II.
Assembly on Material Testing, Székesfehérvar, 1963. Sept. 5—7. (In Hungarian)

The Investigation of Material in Multiaxial Stress State. Conference delivered at Elec-
tion Session of the Department of Material Testing of the Gépipari Tudomanyos Egye-
siilet. Budapest, 1963. Dec. 2. (In Hungarian)

Eine neue Methode zur Bestimmung der Sprdédbruchgefahr. Periodica Polytechnica,
Maschinen- und Bauwesen 8 (1964) 1—14

Determination of Some Characteristic Points of the Wohler Diagram. Lectures of the
I11. Congress on Material Testing, Section I, Mechanical Technology. Published by
GTE, Budapest 1964, 5—24. (In Hungarian)

The Determination of the Velocity Constant of Metals and Alloys Based on Tensile Tests.
Lectures at the Ill. Congress on Material Testing, Classl: Mechanical Technology.
GEP 17 (1965), 81—85. Co-author: E. Mihalyi. (In Hungarian)

Some Remarks on the Development of Socialist Man. Tarsadalmi Szemle 19 (1964),
72—76. (In Hungarian)

EinfluB der Dehngeschwindigkeit auf die wahre Spannungskurve. Freiberger Forschungs-
hefte B 109, 1965 Juli, 79—94. Co-author: E. Czoboly

Simplified Method to Plot Haigh and/or Smith Graphs. Acta Techn. Hung. 50 (1965),
81—92

Low-Cycle Fatigue by Constant Amplitude True Mean Stress. International Conference
on Fracture (1965) Sendai, Japan No. 3. D. |. 47—80

New Trends in Natural and Technical Sciences. Magyar Tudomany 10 (1965), 409—412
(In Hungarian)

Determination of Fatigue Limit Scatter by the Increasing Amplitude Method. Proceedings
of the Second Conference on Dimensioning and Strength Calculations. Budapest 5—10.
Oct. 1975. Akadémiai Kiad6, Budapest 1965, p. 287-301. Co-author: E. Czoboly

Brittle Fracture of Welded Materials. Commonwealth Welding Conference, 1965. Session
VIIl-X1. C. 7.1-6. (London)

Science, University, Industry — on Academic Research Work. Communicated by
E. Szluka. Népszabadsag 23 (1965), No. 168, p. 7. (In Hungarian)
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PLANNING OF OPTIMAL INVESTMENT CAPACITIES
FOR INTERCONNECTED POWER SYSTEMS USING
PROBABILISTIC CONSTRAINED PROGRAMMING

K. SZENDY™*
CORK. MEMBER OF THE HUNG. AC. OF SCI.

[Manuscript received 15 Dec. 1976]

By means of probabilistic constrained programming the paper gives a useful
tool for determining the optimal enlargement of generating and transfer capacities in an
interconnected system. In the described method the instantaneous transfer powers are
eliminated. The admissibility and reliability of the power supply are investigated by gener-
ation and interconnection constraints. The available generating and transfer capacities,
as well as the peak load deviations are considered as random variables. In addition to
technical constraints the optimization process contains the prescribed reliability level
as a lower limit. Furthermore, the cost of load shedding can also be taken into consider-
ation. The method is illustrated by a simple example.

Introduction

The complexity of the interconnection of several power systems led the
planning engineers to the simulation methods for finding the most appropriate
structure for the investments and for a future system operation. The selection
of optimal solution has also been found to be a tiresome work in spite of
appropriate engineering judgement. The available generating capacities, the
load demands as well as the transfer capacities of the interconnection are
random variables. At the first glance a probabilistic constrained programming
model can be chosen as a direct method to recommend the optimal investment
of new generating and transfer capacities for an increased load demand satis-
fying at a given reliability level of the power supply under a simplified con-
dition [1, 2]. To overcome the obstacles caused by the transfer powers, a special
probabilistic model is presented in the following. In this model only a future
peak period of one year is investigated as significant for the power supply,
assuming that the hydro-energy takes a less important role in the system.
The model has a static character, the electromechanic transients are not con-
sidered.

The task is the determination of the optimal extension state for a future
peak demand condition, starting out from an original interconnected system
state. This is rather complicated if beside the random nature of some param-
eters, the Kirchhoff’s 2nd law (voltage law) is taken into consideration.

* Prof. Dr. K. Szendy Abranyi E. 1, H-1026 Budapest, Hungary
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Therefore, in some papers the emergency help, by means of tie line intercon-
nections, is considered by an assumed dispatching logic [3]. In formulae
of the present optimization process, these instantaneous power transfers are
eliminated, thus making the solution of the problem easier.

The interconnected systems consists of subsystems. Our probabilistic
model was developed from a deterministic one. The formulation changes as
soon as certain parameters become random values. The random character of
the probabilistic model is expressed by individual outcomes. An outcome is
declared successful if the power supply is not restricted, and if this condition
is not met, the outcome is unsuccessful. The reliability index p of the power
supply is the probability of successful outcomes; the reliability level ps is
the lower boundary of the reliability indices. In practice this lower boundary
has to be near unity.

The objective function to be optimized is the investment cost of the
generating and interconnection extension. The network power loss in an opti-
mization process is not considered with the aspect of the short duration of the
deviation from the scheduled power values. The deterministic constraints of
an individual outcome are the loading limits of available generation and tie
lines. The probability constraints are expressed by the probability of satisfying
the successful outcomes.

The random variables can be characterized by their distribution and den-
sity functions. The sum of density of two random variables p, a can be derived
by an auxiliary variable oo, e.g.

l=p4 6—p (p = const)
©0=o0

(0.1

Denoting the joint density function of p, and Oby f* the new density

function is [4]:
00

ft = j — <0— p, co)dco . (3

If the p and 6random variables are independent of each other, the density
of their sum equals the convolution of their respective densities.

The random variables are estimated from the past history of the system
and its new possibilities. Therefore, the random variables are investigated
as known values. The mathematical symbols utilized in this paper are sum-
marized in Appendix A., the formulae and terms in Appendix B.

The outcome can be considered successful if the following two conditions
are satisfied without load shedding:

1. the power balances of each subsystems,

2. the transfer constraints of the interconnections.
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1. Power balance of a subsystem

The power balance in a subsystem is considered satisfactory if the avail-
able generation capacity is higher than the generation demand consisting of
the total demand d and the overall power transfer to other subsystems which
will be considered as positive bus power i.

The available generation capacity is the difference of the installed gen-
eration capacity is the difference of the installed generation capacity h and
the capacity deficiency g as a random variable due to forced outage, main-

tenance, etc. The reserve generation capacity r can be defined as the difference
of installed capacity h and the scheduled generation power g. The load demand
is composed by the scheduled demand d and the random demand deviation §
the positive value of the latter corresponds with the increased demand. The
scheduled demand is determined by taking the mean of demand deviation
equal to zero. The outgoing bus power i to the other subsystems (export is
positive) contains the scheduled T and the emergency bus power.

In Fig. 1the random character of the capacity deficiency g and the load
demand deviation 0 is shown, furthermore an Alsuccessful and Arunsuccessful
outcome. In case of insufficient available generating capacity (unsuccessful
outcome), the power balance can be restored by load shedding s preventing
further, and eventually greater cascading disturbances.

Thus for maintaining the power balance, the following condition has
always to be satisfied:

h—gr>d a i—s (1-1)
where
h=g+r=d+ i+r.
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Introducing the resultant capacity vector as shown in Fig. 1

<
Il
.

r— fi (1.2)
where Ji is the mean value of the capacity deficiency, furthermore the sub-
system random variable

l=p+ b—H

Obviously the mean of load demand deviation is zero (d = 0), and considering
the above-mentioned relations, the balance condition can be written as follows:

| + i5" X+ s,

(1.3)
s> 0.
If (1.3) can be satisfied;
by s = 0 the outcome is successful (Axin Fig. 1); 1.4
s> 0 the outcome is unsuccessful (Ax in Fig. 1) (1.4)
The reliability index of i — th subsystem is defined as
Pi = P {si= 0}, or (1.5)
Pi= 1—Pi= P{si > 0}.
The reliability index of a system containing n subsystems is:
p=P{,=0; i=1 .. n} a6
Obviously
p < Min (P, (.7
i=1,...,n.

The reliability level prescribes the exceptable reliability condition.
Denoting the reliability level for subsystem i as pLi, as well as for the whole
system ps, it can be written that:

Pi>PLi» (i=1, B) (1.8)
P>Psnm (1-9)

The system unreliability index can be defined as the complement of
the reliability index and noted by p. This value shows the probability of un-
successful outcomes, when the power supply is disturbed. Obviously

p=1Il-p. (1.10)

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



PLANNING OF OPTIMAL CAPACITIES 245
2. Technical constraints of interconnections

This model investigation assumes, that the generations, the load demands
and the bus powers are concentrated in one point for each subsystem. The trans-
fer power can be expressed by the bus powers. Figure 2 shows an interconnected
system consisting of three subsystems. The system interconnections are in-
dicated by thick lines. In the simplified model each subsystem is mapped into
a node point. These node points are interconnected by branches shown in
the left side of Fig. 3. The transfer powers of each branch are limited by trans-

fer capacities in both directions, which can be different from each other. The
right side of Fig. 3 presents the same interconnections, but by directed edges
corresponding to the power flow direction.

The transfer capacity (y+, y—) in each direction and the transfer power
distribution matrix K is changed by the variation of network configuration,
due to outages or the line capacity is modified by the weather conditions, etc.
An uncertainty was also resulted by the concentration of the subnetworks
into equivalent node points, and by equivalent network branches. These un-
certainties can be added to the above-mentioned random character of transfer
capacities, but the coefficients of the transfer distribution matrix are kept
unchanged for the sake of simplicity. Thus equivalent transfer capacity is the
difference of the nominal installed transfer capacity (y+,y~) and the random
deviation (r]+, rj~), respectively, shown in Fig. 4.

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



246 SZENDY, K

For further simplification the equivalent network is represented by dc
state, i.e. the vector and matrix components are real numbers, and the active
powers are proportional with the currents. If it is necessary, the variation of
the transfer power distribution can be considered in the iterative process of
probabilistic optimization.

The technical constraints can be expressed by the following relation

Ki< y—*4 (2.1)
where
\Y
4,

containing the transfer capacities and their deviations in positive and negative
directions.

Furthermore, iT = [il...,in_x] is the independent bus power vector,
from which the reference bus power is

(2-2)

3. The admissible range of interconnected system states

The interconnected system consisting of n equivalent nodes subsystems
and g equivalent branches can be optimized with respect to unknown variable
vectors (X,y) for given distributions of random variables (G, Y)). The explicit
form of i bus power vector is not desirable in this process. The elimination
of i vector in the above-mentioned inequality relation can be performed by
equality relations and introducing the auxiliary variables a > 0, and B > 0
as generating, and transfer surplus power vectors.

The outcome is admissible if the subsystem balances and the technical
constraints are satisfied, eventually by means of load shedding.

The subsystem balances can be written from (1.3) and (2.2) in the following
vectorial form completed by a generating surplus vector:

C+ I'i+ a=x+5s (3.2)
where

The technical constraints given in (2.1) can be completed by R transfer
surplus vectors as
Y+ Ki+ B=vy. (3.2)
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For a particular choise of tree, the branches on the tree are called “tree
branches”, whereas these that are not on the tree are called “chords”. The i
bus power vector can he expressed from the equation (3.2) by its partition
into a tree branch block with positive direction and chord block consisting
of all chords and the negative-directed part of tree branches.

In accordance

4, + Kji+ p,= T, (3.3)

®c+ Kci-f-Bc= YyC

=V P=Rsyt=yi.

where

rPri yrr
= %+ » Pc— R+ » = X
-*)r- Lprld -Yec.

Obviously K; regular matrix has an K( 1 inverse, thus from (3.1) and
(3.3) can be written

a " nK X |
Y = + Tb = Krdu/ - Yp- (3-4
Pc K Yel LKC A (3-4)

Let us consider the convex polyhedral cone of y vector in 2q 1= 2n
-)- 2c — 1 dimensional space:

1 a alo
= = N = AN (3.5)
(-1— [J -Kn : P/~o
According to Weyl’s theorem [1] there exist vectors d(....,d( for which
r= {y:[ad, djly 0; i=1,...v} (3.6)
and
assuming that no pair of d(, . . ., d( is linearly dependent.

From (3.4) and (3.6)
I’ . .
[*M ] Kil< °n-i and dNi > 0,C, A{> Oj..
K

Introducing dr,- !> 0,,_! the inequality can be substituted by the following
equality

[Ah, AJJ[Y - Kri+ dlt= Of ! (3.7)
v C

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



248 SZENDY, K

Then the outcome is admissible if and only if y CI'. Thus, the condition of
admissibility is from (3.4), (3.6) and (3.7)

[aWt,adi] ° d£, " 4/\/' y0< 0 (3.8)

K,
or K,

The vectors d*-, dJ, d*, can be determined from (3.7). For sake of placing the
positive tree edge before other branch edges, an interconnection matrix is:

JT= [(KrD)rI'Tiln-! ;(Krr «KJ] (3.9)

and can be used for further investigation.
The external directions d of the 2n -f- 2c — 1 dimensional polyhedral
cone of ' are given by the basic solution of JT;
>-l
J & =
d.v,- (3.10)

= dT; >0n+2q‘

A

Obviously, the upper limit of non-zero components of d, vectors are the
n number of nodes (subsystems). Let d, column vectors of D matrix be decom-
posed into three blocks. The first block corresponds to the equivalent
nodes, the second block to the branch edges with random deviations and
the third block to the branch edges without deviations. The condition of the
admissible outcomes of an interconnected system can be expressed from
(3.8), as
DF(C —s) + Djr\ < u (3.11)
where
u= 1z .

(3.12)

The columns of J7 determine the sequence in D in order of 1* and t]c.
The first block of J has n columns, if all branches with both directions are
investigated the other two blocks have altogether twice the branch number g.
Obviously the v number of the possible extremal solutions is generally less
has than the total combination of branches into the blocks of the same number
as the nodes, on account of the following:

— the optimization is not necessarily extended over all equivalent
branches, and often the power flows are not considered in both directions,
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— many combinations of basic column of J7 matrix have no admissible
solution (d, 0 is not valid),

— omitted are those solutions which have no basic column of at least
one equivalent node.

Therefore, if more than 6 or 8 subsystems exist, the decomposition
procedure can be utilized or the investigation is extended to those subsystems
which effectively influence the subject.

Obviously the first solution is always

di = [tf,OL]
Therefore, condition
IT(C-*-s)<0 (3.13)

in each case is satisfied, but this does not contain the technical constraints
of the interconnections.

4. Reliability level

The reliability index of the interconnected system can be determined more
easily than a one subsystem index. The probability of the successful outcomes
of the interconnected system without load shedding (s = O) from (3.11)

P=P{C"™n} = F((u) (4.1)
where the transformed random vector:
C= DfC + DV), (4.2)

and Fj is the distribution function of C transformed random variable vector.
Then the probabilistic constraint expressed by the system, reliability

level is:
> Pse (4-3)

The subsystem reliability index can be determined in a more difficult way.
The necessary condition of a successful outcome for i-th subsystem is the satis-
faction of relation (3.11) (s, = 0), and that of a further general system con-
dition. E.g. this latter condition can be determined by minimizing the total
load shedding if the outcome is unsuccessful from the system’s viewpoint.
In that case the following y, convex polyeder has to be determined from (3.11)

:Df(5/ —s)+ WM< u st= 0"
Max 1j (— s) §=® (4.4)
jo1
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Then the probabilistic constraint expressed by the i-th subsystem reliability
level is:

Pi= p{& *) €Xi}<Pum (4.5)

The range can be determined by relation (4.4) if only a few subsystems are
interconnected, otherwise detailed simulation of individual outcomes can be
used.

5. Optimization model

The objective function to be minimized is the investment cost of a new
generating equipment and transmission extension ofthe interconnected system .
For the sake of simplicity it can be assumed that the investment costs are linear
functions of the x resultant generating capacity vector and the y transfer
capacity vector.

The cost of load shedding can be considered if the optimization is ana-
lysed as a two-stage problem, where in the second stage the objective function
to be minimized is:

Z= bTs (5.1)

where br is the unit cost vector of load shedding. The constraints are the re-
lation (3.11), (3.12), (4.3), and
z > z(0) (5.2)

which shows that the z extension vector starts out from an initial position
of z(0) vector.
The first-stage problem can be formulated in the following manner.
The objective function is:

lo = arz + E{1} (5.3)

where a is the specific generation and transmission cost vector, E{1} is the
expectation of Z The objective function to be minimized is subjected to the
(5.2) initial condition and to the ps prescribed reliability level given in (4.3).

As a first approximation we shall neglect E{1} and this seems to be ad-
missible because we usually choose ps very high in practice. The random
variables can be considered as interdependent with logarithmic concave
measure properties. Therefore, the gradient of system reliability index gives
a quasi-concave probability constraint, and thus the first-stage problem can
be solved by stochastic programming discussed in Section 8 of reference [1].

The procedure starts with an arbitrary feasible vector z(l). Ifz(l),.. ., z(k)
are already determined, then we solve the linear program with an arbitrary
fixed positive number 0 from (4.1), (4.2), (4.3), (5.2) and (5.3) in the following
manner:
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Minimize v subject to
ar[z — z(fc)] < v

*i[u(*)] + pu{Fc[u(E)]3DT[» - z(k)] + ev” Ps. (5.4)
z> z(0)

Let us denote the optimal solution of (5.4) z*(/e) and minimize a;z on the
feasible part of ray z(fc) -)- Az*(/c), A]> 0, and finally define the minimizing
point as z(k -)- !)» The convergence proofis shown in reference [2]. Let us sub-
stitute the minimizing solution of z° in the second-stage program and evaluate
the expection of | load shedding cost E{1}, which can influence the expression
(5.3) of the first-stage program published in [1]. It can be noticed that in
several cases the first-stage optimization is sufficient alone.

6. Evaluation of J interconnection matrix

Denote in the equivalent network shown in Fig. 3.:

— the partition of the node-branch incidence matrix into tree branches
and chords on the basis of positive flow directions as: At, Ac;

similarly the partition of the mesh-branch incidence matrix as:

B(, Ic;

— the diagonal branch admittance and impedance matrices as: Yf{,
Yc and zt, Zc, respectively;

— the node admittance and impedance matrices as Y and Z, respectively.

The reference point ofthe equivalent network is selected in such a manner
that to this no chord (with positive direction) is connected. E.g. in Fig. 3.
the tree branches are 1 3 and 2—3, the chord is 1—2. So generally

I£_iAc=0t. (6.1)
Obviously
B,= -AQATT- (6.2)

The transfer matrix block of tree defined in paragraph 3. by (3.3) is

K/ = YtA[Z Kfl= Y(ArT Z,
the remaining transfer matrix block
-Y/AfI

K, = Z.

YQAL
Furthermore,

Y = AtYtA] + ACQAJ.
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From (3.9)
rK(1 1 ="A, AX I nodes
J = In-1 2): = At
Kek 'l 3) Iri_r| tree block 1tree branches
-ln-1
chord block L chords
—L
where
L= vyeBtzt.
Fig. 5
Example

(6.3)

(6.4)

The equivalent network of two interconnected systems shown in Fig. 5.
At first the transfer capacity deviation is not considered. Obviously At= 1,

Bt= 0,L = 0.

furthermore

From (3.11)
(si  *I)
I —si

*1 X2 y+ Yy
1 —1 1 -1

X1 X2y + y~~

1 1 o O

0 151 o

Di

»2 2)N x1 T xz2
1+ y-

12— 82N *2 4+ ]+

These constraints can be seen in Fig. 6. The shaded areas show the different

states of load shedding in case of minimum system

Now

Obviously
AoUA2
AoUAax

Xi =
X2 =

Acta Technica Academiae Scientiaruw Hun

Max (—sx— s2) .

U [possible partly (A2 UA3)]
U [possible partly (A[ UA3)]
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The load shedding in A[, A2and A 3areas can be shared between 1 and 2
subsystem, so that the probability index of both system does not differ sig-

nificantly from each other.

If the transfer deviation is not neglected from (3.11) then

il —S1+ h —S2 < *l+ *2»
ii —si + F<*1 +T<
i2- L+ V+< X2+ Y+nm

7. Unreliability index p and expected load shedding
S=E {tfs} in two interconnected systems

Assuming the |2 random variables with normal distribution to be

independent and let rj be neglected. Let us determine the unreliability index
corresponding to the shaded area shown in Fig. 7.
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Introducing the transformation

11 -
v b - b
01

The unreliability index corresponding to vertically lined area of V'
point is
A
Pi- I f () ac d (7.1)
<% (non 019,

where 9 ® the density and distribution function of standardized normal

distribution, and
af = a\+ of? v'= «i + r4, and from Fig. 8.
= K2 — Y- .
W ithout transfer restriction v2= o0, the unreliability index
* + *
po 1—® 77 (72)

The unreliability index corresponding to horizontally lined area of [i/] point is

(7.3)

Similarly for \w"\ point in Fig. 8 v' =ty v2, VW{= x2—y + v2= x2-f-y +.
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So
> (7.4)
*m/« o1ep (@nor ar,
and
bt fi | 4 JEJ (7.5)
0 j o2l

The resultant unreliability index is from (7.1) to (7.5)

P= Po—Pi+ Pi —Pr+ Pie (7.6)

The expected load shedding corresponding to the vertically lined are a shown
in Fig. 7. and 8. as

1C

Si= T — - — ® n a (7.7
o (or or oJ OOn Olor
W ithout transfer restriction the expected load shedding is
1% *
s6= orgq ‘Lt X2 1+ 72 e ) f | (7.8)

The unreliability index corresponding to horizontally lined area in Fig. 8.
can be expressed as

S2— oy 1- o ® — 5 (7.9)
Ox)
Si = v W 1w (7.10)
C-tT-i or ar afg.2 aai
s; - 02\cp 1—9 V2N x| (7.11)
° 02).3 Ui

The resultant expected load shedding from (7.7) to (7.11)
S=S0- S[+ s - S+ s1. (7.12)
Example:
Generating and transfer powers and capacities in p.u. are

gT= [20 20], dT = [18.4 21.6], I= —1.6,
rT= [3.2 3.2], = [1.6 1.6],
<= 1, 02— 1 so xT= [0 3.2].

The unreliability indices and the expected load sheddings are shown in Table 1.
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Table 1
p *103 S «10»
=y~ 1&2 1 1&2 1
*1 y+=y K W r r
system system
0,2 2,2 2,2 1 10,3 11,7 22,0 5,31 4,14 9,45
2,4 2,4 0,8 10,9 6,5 17,4 557 2,14 7,71
2,6 2,6 0,6 11,4 2,5 13,9 5,65 1,00 6,65
2,8 2,8 0,4 11,6 1,7 13,3 573 0,41 6,14
3 3 0,2 11,8 0,8 12,6 5,76 0,16 5,96
@ 11,9 11,9 5,81
0,2 2,2 2,4 1 7,3 6,9 14,2 3,58 2,29 5,87
8,2 8,2 3,81

(*. =32

Obviously, the extension of interconnection is the optimum for obtaining
the reliability level of 0,985. However, for the boundary S = 6 ¢10~3 of ex-
pected load shedding the generation extension of the 1st subsystem shows
a more favourable solution.

Conclusion

The presented probabilistic constrained programming, the discussed
admissibility requirements, the reliability and load shedding evaluations can
give useful tools for the decisions of new generating and transfer capacity
investments and for some operational standpoints in a power pool.

The technical feasibility of the derived global optimum has to be checked
by means of a detailed investigation, e.g. short circuit, stability conditions.
The integer optimum solution is approached by the presented programming.
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Appendix A

Mathematical symbols for an interconnected system containing n subsystems, which are
the nodes (buses) of an equivalent network with g branches (partitioned into t tree branches
and c chords) are the following:

h, r, and X

g, and d
i

g, d, i
0=d-d

Incl

B= [B, Iq

installed, reserve and resultant capacity vectors, respectively, (n dimensional,
in MW); unknown variables to be determined,

generation, and demand power vectors resp. (n dimensional, in MWs),
real net power injection of each bus of the equivalent network denoted as bus
power (n-dimensional, in MW),

scheduled value vectors of g, d, f,

demand deviation vector with estimated probability distribution having a
zero mean value (0=0, n dimensional, in MW),

capacity deficiency vector with estimated (joint) probability distribution (n
dimensional, in MW),

subsystem’s random vector, defined by (0.1) and (0.2) (N dimensional, in MW),
mean value vectors of jg £ resp.,

load shedding vector (n dimensional, in MW),

generating surplus power vector (re dimensional, in MW),

transfer capacity vector (partitioned to y+ positive direction vector, and y~
negative direction vector, both q dimensional; y is 2q dimensional; all vectors
in MW); unknown variables to be determined,

transfer capacity vector partitioned to a tree branch block with positive direc-
tion (re— 1 dimensional in MW, and chord block containing all chords and
the negative-directed part of tree branches (re— 1  2c dimensional; in MW),

transfer surplus power vector (partitioned to tree and chord blocks; 2q, re— 1,
re— 1 + 2c dimensional, resp.; in MW),

transfer capacity deviation vector (partitioned to positive and negative direc-
tion, or to tree and chord blocks 2q;q,q; re— 1, e— 1 -j- 2c dimensional, resp;
in MW); random vector having a zero mean value (@q= re— 1 -j- ¢),

node-branch incidence matrix (partitioned to tree and chord blocks; 2q X (n— 1),
(e— I)x(n— 1), (re— 1-)- 2c)x(re— 1) dimensional, resp.),

mesh-branch incidence matrix (partitioned to tree and chord blocks; 2¢cX2g;
2cX (re— 1), 2cx2c dimensional, resp.),

Y(, Ycand Z,, Zcdiagonal branch admittance, and impedance matrices (for tree blocks

Y, and Z

“ f

(re — )X (re — 1) dimensional, for chord blocks (re— 1 -J- 2¢)X(n — 1 + 2c)
dimensional),

node admittance, and impedance matrices resp. (both (re— I)x(re— 1) dimen-
sional),

transfer power distribution matrix relating branch flows to net bus injection
partitioned to tree and chord blocks (26x(re—1), (re—I)x (re— 1), (re— 1 +
-J- 2c¢)x(n— 1) dimensional, their variation by system interconnection is
neglected,

T auxiliary vector 2q -f- 1 dimensional composed by (3.4),
r region of y, —
re -j- 29 dimensional vector partitioned to node, tree, and chord blocks (re,
d,= re— 1, and re— 1 + 2c dimensional) as a basic solution of (3.8),
J (re -|- 2q) X (re — 1) dimensional interconnection matrix. Its transposed J 1 ma-
trix is given by (3.9),
>= [dlt, L dE ..., <W (re + 29) XV dimensional transformation matrix.

Its transposed DT matrix is partitioned to node Dj block and branch block.
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Latter contains branches random capacity deviation. Index ris the number of
basic solutions of d- on the basis of 3.8),

z composed system capacity vector consisting of a generation and transfer capac-
ity vector as unknown variables to the optimized (re--2q dimensional),

u transformed system vector (r dimensional),

f transformed random vector (r dimensional),

FU Ffr F¢, Fy, F” joint distribution functions of 8, f, rj, Crandom vectors resp.,

fy.i ft' /f> fi) fi j°'nt density functions of p, 8, §, f, random vectors, resp.,

a specific generation and transmission cost vector (re -f- 2q dimensional, in
monetary units / MW),

b unit cost vector of load shedding (re dimensional, in monetary units/M W),

| load shedding cost (in monetary units),

fo objective function to be minimized (in monetary units),

® and @ Gaussian distribution and density functions,

°| standard deviation of i component (in MW),

p reliability index of the interconnected system,

P=1—FpP unreliability index of the interconnected system,

Pi reliability index of i-th subsystem,

PS reliability level of the interconnected system,

PU reliability level of the i-th subsystem,

el re— 1 dimensional vector, each component is 1,

Ire-i re— 1 dimensional unit matrix (diagonal matrix with components of value 1),
nX(n-— 1) dimensional matrix,

r-1'd

quz [82! F g 3] Fovun %u -f]] ivseyt](?r)grg?igggla(rian(\)/vr?t]hortes?)ercetigmt%neSIrzndailmr:rw
sional vector u,

z(0), u(o) the vector variables of z, u resp. in the original state (before expansion) of the
interconnected system,

z(fe), u(k) the vector variables of z, u resp. in fc-th state of the optimization process.

Appendix B

Mathematical formulae and terms utilized in this paper are the following:

ar, and A7 the transposed a vector, and A matrix, resp; i.e.
the i row and j column component of A7 corresponds to j row and i column
component of A,

A (re' + re") X m hypermatrix composed by A; n'xwu matrix and Ac n"Xm
matrix (the transposed hypermatrix can be similarly formed)

X = (x: X= Ay;y > 0) aregion determined in re dimensional vector space by the
relation of x = Ay
y > 0O, where im}

X, y and A are reXl, mXI, and reXm dimensional, resp.

a CA a is an element of region A
AU B = ¢ union of regions A and B
aGCA, bEB

cac if c= aor6
ANB=nD intersection of regions A and B
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aCA, bCB
d £D ifd= a and 6

P(LL) the probability of an event 91 consisting of outcomes specified by f ramdom
variable. E.g. 9= {f:f " x} than P(9t) = P(f < x)

f— E(E)= f f/(f) df mean value of f random variable,

. variance or dispersion a2, where its positive square
t2= -E{(f- f>}= f (f- f>/(O<*f 40t a is called standard deviation,

— the distribution function of C continuous random variable can be expres-
W — sed by the integral of/(C) density function,
density function of f normally distributed random variable with
(r/2jr a standard deviation,
<f(i) density function of f normally distributed standardized random variable
(<7= 1)

(p(\?): %—/|\ erf—--é-— where erf=/—2Ln=JE) e y”"dy

EW)}= _J. g (Fivnn fm)dfi « «+ dfm

expectation of g(¢) scalar-vector function, ( is m-dimensional random vector with /(flt.. .,
fm) =/((}) joint distribution function,

cy = E{(fi — f,)(fy — ¢éj)} covariance of f éjrandom components of f.

Planung der optimalen Investitionen von elektrischen Verbundnetzen unter Verwendung
der durch Wahrscheinlichkeitsvariable begrenzten Programmierung. — Mit Hilfe der durch
W ahrscheinlichkeitsveranderliche begrenzten Programmierung wurde ein verwendbares Ver-
fahren fiir die Bestimmung der optimalen VergréBerung der Kraftwerks- und Ubertragungs-
kapazitdt in einem Verbundsystem ausgearbeitet. Die Methode eliminiert die fallweise auftre-
tenden Ubertragungsleistungen. Die Zuldssigkeit und die Zuverldssigkeit der Leistungsabwei-
chungen werden durch die Erzeugungs- und die Ubertragungsbegrenzungen bestimmt. Die
verfigbaren Produktions- und Ubertragungskapazitaten sowie die Abweichungen der Spitzen-
lasten treten als Wahrscheinlichkeitsvariable auf. Im Optimierungsprozel ergédnzt das vorge-
schriebene Zuverlassigkeitsniveau als untere Grenze die technischen Schranken. Im weiteren
Verlauf kdnnen auch die Kosten der Lastbeschrdnkung in Betracht gezogen werden. Ein ein-
faches Beispiel demonstriert die Methode.

MpoeKTMpoBaHMe OMTUMa/IbHbIX MOLLHOCTEA KanuTaslbHOro CTPOUTENLCTBA ANS 06beaun-
HEHHbIX 3/1EKTPO3HEPTETUYECKMX CETEl, NCMOMb3ys MpY 3TOM MPOrpaMMMpPOBaHIe, OrpaHnNyeH-
HOe MepeMeHHbIMM BEPOATHOCTU. B cTaTbe C MOMOLLbIO NPOrpaMMUPOBAHUS, OrpaHUUYeHHOro
nepeMeHHbIMU BEPOSITHOCTYM, M3MaraeTcs NPUMEHWMOe Ha MPaKTUKe CPeACTBO, MPUroAHoe ANsi
onpefeneHns oNTUManbLHOrO YBeNMYEHWUs MOLLHOCTe 31eKTpocTaHUMA 1 nepefaun. Manarae-
MblA METOA NUKBUAMPYET MEpPUOAMYECKU BO3HMKAIOLLME MrHOBEHHblE MOLLHOCTV MNepefayu.
[onycTUMOCTb U HafeXHOCTb OTK/IOHEHW MOLLHOCTW OMNpejensitoT OrpaHuueHuss nepefayu.
ViMetoLLmecsi B pacropsidkeHMM MOLLHOCTM Mo BbIPaGoTKe 1 Nepefaye, a TaKXe MMKOBbIe HAarpy3Ku
(MrypupyloT B KauyecTBe MNepeMeHHbIX BEpOATHOCTW. [lpeanucaHHblii YpOBeHb HaAeXHOCTM
[OMOJHSET TEXHUYECKME OFPaHUYeHNs B NPOLLECCe ONTUMMU3ALNM, & UMEHHO B KAUecTBe HUKHe
rpaHulbl. B fanbHeiilleM MOXHO Y4YMTblBaTb TaKXe Pacxofbl MO OrpPaHUUEHUI0 HarpysKu.
MeTog 1eMOHCTPMPYETCS Ha MPOCTOM MprMepe.
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PRELIMINARY STUDY OF THE INTERACTIONS OF LOW
ENERGY OXYGEN IONS WITH SOLID CARRON AND
PLATINUM TARGETS

J. LUKACS*,
CORR. MEMBER OF THE HUNG. AC. SCI.
and

P. GADANY [**
[Manuscript received 10 November, 1976]

The aim of this study was to show the possibility of measuring the energy distri-
bution of charged particles produced by the interaction of low energy oxygen ions with
carbon. The oxygen ions were produced by a Kistemaker-ionsource working with a hot
cathode Penning-discharge. In a first step the beam was not mass-analyzed and the meas-
urements were made only in the pressure range of 10~6—10~6torr. Authors succeeded
in producing an oxygen ion beam having, first about 45 eV and now about 15 eV kinetic
energy, with 20—30 nA intensity. They made preliminary measurements with an 45 eV
oxygen ion beam. The targets were outgassed on the temperatime of about 1000 °C for
several hours in high vacuum. Short discussion of the results of the calculated energy
distributions of the backscattered charged particles from carbon and platinum targets,
and of the possible reaction mechanisms will be given.

The aim ofthis study is to investigate the additional translational energy
of CO+ ions derived by the C -f- 0 + combustion process. In the frame of this
work we measured the energy distribution of ionized products of the gas
phase—solid state reaction of ionized oxygen with solid carbon, in comparison
with the energy distribution of the incident oxygen ion beam.

For this purpose we developed an apparatus. This apparatus consists
of a Kistemaker-ion source, [1] working with a hot-cathode Penning-discharge
an electrostatic lens for the focussing and forming of the ion beam, a heatable
target, a sphere-shaped detecting electrode enveloping the target for the de-
tection of the charged particles leaving the target, a Faraday cage shielding
the detector sphere from spurious ions, the target heater and the pumping
and measuring sections. We had decided to build a Kistemaker-source, and
for building the source it seemed to be simpler than to build a duoplasmatron,
having little experience in ion sources. On the other hand the Kistemaker-ion
source gives a relatively large intensity beam, with little ion energy and little
ion energy spread.

We built the Kistemaker-ion source as large as possible, to get enough
ion intensity with little extraction voltages.

Therefore the hot-cathode: a 1 mm diameter tungsten wire, wound in
a plane-spiral was heated with 50 A DC current. The anode voltage was about
40—50 Y. The extraction voltage was 100 Y. The reflector plate was on cathode

** P 1GadaivyiCS] Cservenka M u. 86. H-1158 Budapest. Hungary
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potential. The potential of the bottom-plate electrode will be discussed in
detail later.

The ion source was pumped by a 100 1/sec capacity oil diffusion pump
with a water-cooled baffle. The cylindrical anode was made of copper and was
water-cooled. The housing of the ion-source and all the other metal components
were made of stainless steel. The isolation was made of teflon and of glass re-
inforced epoxide. The bottom-plate electrode, the housing of the ion source,
and especially the cathode current feed throughs were water-cooled. All water
cooling circuits were isolated from each other.

water cooling  magnet coil tungsten cathode extraction
/ | electrode

Fig. 1. Complete scheme of ion source

In Fig. 1. the structure and the details of the ion source are shown. Our
aim was to produce a large intensity, low energy oxygen-ion beam.

During the experimental work, we obtained the following results. We
could not decrease the anode voltage below 40 ¥, because the discharge current
became diminishingly low. To decrease the extraction voltage below 100 ¥
was impossible too, on similar grounds. Because of this we could extract from
the ion source positive oxygen ions with about 150 eV energy.

As is known, the electrons, emitted by the hot cathode, fly towards the
cylindrical anode and will start to go on spiral paths around an axis which
lies parallel with the axis of the cylindrical anode, due to the axial magnetic
field. Because of this a potential well is formed for the positive ions, which are
generated in the gas by the impact ionization of the electrons, in the axis of
the device.

It is possible to focus the ions in a beam which goes into the extraction
electrode, by selecting suitable potentials for the anode, the bottom-plate
electrode and the extraction electrode.

When the anode voltage is 40 V, the extraction voltage is —100 V, the
voltage of the bottom-plate electrode was selected experimentally so, that the
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extracted ion beam intensity should be the highest. The optimum bottom-
plate voltage was found to be about +5 10 ¥ with respect to the cathode.
(All voltages are given with respect to the cathode.) In this case rather high
electron current flows to the bottom-plate electrode.

The total electrical circuit diagram of the ion source is shown in Fig. 2.[2]

W ith the electrostatic lens, which was behind the extraction electrode,
we could focus the ion beam to the target, possibly so, that the incident beam
did not arrive to the detector sphere. This was achieved by a metal-box sur-

200V; LA
Fig. 2. Circuit diagram of ion source

rounding the detector sphere (Faraday cage), and which was electrically con-
nected to the target. The maximum ion beam intensity achieved by us on a 20
mm diameter target was about 50 —100 nA with 45 eV kinetic energy.

The geometrical arrangement of the bottom-plate electrode of the ion
source, the electrodes of the electrostatic focussing lens, the target, the detec-
tor-sphere and the Faraday box of the detector, are all shown in Fig. 3.

The main vacuum chamber, which contains the detector and target etc.,
was pumped by an oil-diffusion pump of 1200 1/sec capacity and with a water-
cooled baffle.

The total measuring circuit diagram, and the heater-circuit diagram
for outgassing of the target are shown in Fig. 4.

We could produce 45 eV kinetic energy positive oxygen ions by connecting
on to the target a retarding potential of 100 V.
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We have tried to apply the 11l-element retardation lens of Gustafsson
and Lindholm too [3] but we experienced a significant decrease of the total
ion beam current, as the kinetic energy of the ions decreased below the anode
voltage of the ion source. Notwithstanding we have succeeded in producing
a positive oxygen ion beam of 15 eV kinetic energy and 20—30 nA intensity.

Faraday - cage

i bottom plate
extraction _electrode
electrode [

Fig. 3. Geometrical arrangement;j .

Fig. 4. Circuit diagram of the measuring apparatus

But we did not succeed in getting useful results with this low energy ion
beam, because in this case, the ratio of the positively charged particles to
the negatively charged ones was less than 1, in the detected current scattered
from the target, and without mass-separation we could not apply our calcu-
lation method for the determination of the energy distribution of scattered
positive ions.

Therefore, in the present state of activities we had to use the 45 eV energy
ion beam.
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Since the target has to be outgassed, which was done by heating the
target, therefore, the target was made hollow, and in the hole was placed the
heater, a coil wound of 1 mm diameter tungsten wire, and which was heated
with an AC current of 100 A.

Due to the electron emission of the tungsten, and the alternating mag-
netic stray field of the very high heater currents, the measurements of the

Fig. 5. Incident ion energy distribution

very low ion currents, were disturbed, so we acted in the following way:
before the measurement of ion-scattering, the target was heated at 1000°C
temperature for 3 hours. After this hcat-cycle, we switched off the heater
current and after cooling down, when the target reached 5 600°C temperature,
and the electron emission of the heater was totally nil, we started to measure
the scattered ion currents.

All high temperature measurements were made between 600 and 300°C.

The measured results are shown in the following Figures. Figures 5 —9.
were evaluated according to dr. J. Anta1’s theory [4].

Figure 5 shows the energy distribution of the incident ion beam averaged
over warm and cold platinum and solid carbon targets.

The averaging process was the following:
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We measured | Ttarget current and I D detector current, as the functions
of UT target voltage, in the cases of room temperature carbon target, warm
carbon target, room temperature platinum target and warm platinum target,
respectively, when UD detector voltage was zero.

These groups of measurements, which were determined under similar
conditions, were averaged. So we got I Tand IDvalues in the four main cases.
Then we added the two values in each group. So we obtained those values,
which are written in brackets:

It '+24 = (lt)

Fig. 6. Measured energy distribution of scattered positive ions

Now, in all four main cases, we averaged those | Tvalues, which corre-
spond to the same UT value.

So we averaged this values, over the four main cases, when UT was
constant. Thus we got another average value, which was denoted by <1TY.

Hence it was clear, that this <JT> value was a function of UT. Figure 5
shows the derivative of this quantity divided by ]J[UT and multiplied by 104.
So we brought to the same form, the incident ion energy distribution, as was
the backscattered ion energy distributions.

By comparison we show Fig. 6 and Fig. 7, which were measured in
cold condition, on platinum and solid carbon targets, respectively. Before
each measurements, naturally the targets were outgassed at 1000°C for 3 hours.

As is known, the derivative of the ion current by the retardation voltage
of the collecting electrode, multiplied by ( e), (the elementary charge) gives
information about the energy distribution of the incident ions. (If, and only if
the ion current contains only positive, or only negative charge carriers.)
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In case of a good ion source, the aE energy-spread of the ions is small,
relative to the maximal value Emax.

Unfortunately, this was the main problem of the experiment, because
we could diminish Emax arbitrarily with a retardation lens, but the aE energy-
spread could not be lessened, so the relative energy-spread *E/£max
increased, and at 10 eV incident ion energy, the aE energy-spread was greater
than Emax.

Fig. 7. Measured energy distribution of scattered positive ions

Therefore, all the above measurements were made without retardation
lens, with UT = -f-100 V retardation voltage.

The interpretation ofthe measured energy peaks is quite difficult. Finally
in Fig. 8. and Fig. 9. in high temperature condition, we presented the energy
distribution of the scattered positive ions from platinum and solid carbon
targets, respectively.

These scattered ion energy distributions show that the energy distribution
of ion backscattering from the platinum target can be explained only by the
assumption, that the ion source emits 0 + oxygen atomic ions.

We assumed that on platinum, no chemical reaction takes place. On the
other hand, we got a well determined backscattered ion energy peak of 32 eV
from the platinum.

As is known from the literature the backscattered ion energy distribution
of 100 -200 eV energy incident ions may be well explained by the simple
binary collision theory of free atoms.

On this ground the measured energy peak can be explained with the
assumption, that the target particle is a free platinum atom, with atomic
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mass number 196, and the bombarding particle is a particle with atomic
mass number 16, i.e. an oxygen atomic ion. (cf. formulae in Figs 6—9.)
Because the working conditions of the ion source were the same in cases of

Fig. 8. Measured energy distribution of scattered positive ions

Fig. 9. Measured energy distribution of scattered positive ions

bombarding platinum and solid carbon targets, we had to assume that in both
cases, the incident ions were O+ oxygen atomic ions.

In this case, the results of the scattered ion energy distribution from
the solid carbon target can be explained only with a target particle of an
atomic mass of 32, that is, the mass of an oxygen molecule. This means that
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either we were unable to outgas the solid carbon, that is graphite target, or
we had to assume, that a chemical reaction takes place, that is:

C+ 0+ = CO+

and the ionized reaction product, the CO0+, (or the product of some other
reactions) leaves the solid carbon target, with 5 eV kinetic energy.
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Anféngliche Untersuchung der Wechselwirkung von Oxygenionen niedriger Energie
mit festen Karbon- und Platintargeten. Zweck der Untersuchung war, die Mdglichkeit fur die
Messung der Energieverteilung der bei der Wechselwirkung von Sauerstoffionen und fester
Kohle entstehenden geladenen Teilchen nachzuweisen. Die Sauerstoffionen wurden durch eine
mit Penning-Entladung arbeitende Kistemaker-lonenquelle erzeugt. Als erster Schritt wurde
das Strahlbindel nicht massenanalysiert und die Messungen wurden nur im Druckbereich
10-5...10-6 Torr durchgefiihrt. Es gelang zuerst einen lonenstrahl mit 45 eV Energie, spéter
einen solchen mit 15 eV kinetischer Energie und 20 ... 30 nA Intensitdt zu erzeugen. Die an-
fanglichen Untersuchungen wurden mit dem 45 eV Sauerstoffionenbindel durchgefiithrt. Die
Targetes wurden mehrere Stunden lang im Hochvakuum entgast. Die Verfasser werden dem -
néchst aufgrund der Auswertung der Versuchsergebnisse Uber die berechnete Energievertei-
lung der von der Kohle und dem Platin zurickgestreuten geladenen Teilchen und die még-
lichen Reaktionsmechanismen berichten.

HauanbHble vccnefoBaHNs B3aMMOAENCTBUST KUCTIOPOAHBIX MOHOB HM3KOM 3HEPTUN ¢ Ha
rpaMToBbLIMU U NIATUHOBBLIMA MULLEHBAMMW. [ aHHbIMU UCCMefoBaHMAMK Gbifa NOCTaBAeHA
uenb — NoKasaTb BO3MOXHOCTb M3MepeHWs pacnpefeneHns 3aHeprum yactuy, obpasyrowmuxcs
npv B3aMMopeicTBMM Kucnopoga W rpadut. KucnopofHble WOHbI BbipabaTbiBanWCb WOH-
HbIM UCTOYHMKOM Tuna Kuctemakep, pabotaowum MEeHHUHIOBLIM paspsafoM C HaKa/lbHbIM KaTo-
oM. B KayecTBe nepBOro wara ny4yok He 6bi1 MOABEPrHYT MAcCOBOMY aHaln3y W TONbKO Mpwu
faBneHuax B npegenax 10 5—10 6 Topp OblNM BbINONHEHbI COOTBETCTBYIOLLME WU3MepeHUS.
Ypanocb NOAy4YMTb CMepBa MOHHbIA MNYy4YOK KMCAOpPOAa C KMHETU4YeCKol aHepruei B 45 3B,
a nosgHee ¢ KMHeTMYecKol aHeprueld B 15 3B ¢ uHTeHcnBHOCTh0 20—30 A. HauvanbHble uccne-
[0BaHNA MPOBOAWAUCL MPW WCNONb30BaHUM MOHHOFO My4yKa Kucnopoga C aHeprueii 45 3B.
Mcnonb3oBaHHble NpU UCCNe[0BaHNAX MULIEHN MOABEPrannucb npoueccy ob6esraxuBaHua npu
Temnepartype 1000° C B TeyeHMe HECKOIbKMX YacoB. Ha OCHOBE OLEHKM MOMYYEHHbIX NPpU U3Me-
PeHUAX AaHHbIX NPUBEAEHbl 3aKMOYEeHUS OTHOCUTENbHO PAaCYeTHbIX pacnpefeneHuii aHepruu
3apSXKEHHbIX Y4acTuLl, OTPAXEHHbIX C rpauTa NNATUHbLI, N BOSMOXHbIX MexXaHU3MaxX peakuuu.
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BODENMECHANISCHE UNTERSUCHUNGEN FUR EINE
WIRTSCHAFTLICHE TECHNOLOGIE ZUM SCHUTTEN
UND VERDICHTEN VON DAMMEN

M. KINZE*

[Eingegangen am 14. Mérz 1977]

Staudamme missen fir alle Bau- und Betriebszustdnde eine ausreichende Stand-
sicherheit aufweisen. AuRerdem dirfen die unter Eigengewichtund Wasserdruck auf-
tretenden Verformungen die Funktion des Dammes, insbesondere von Dichtung, Dich-
tungsanschlissen und Schutzschichten nicht in Frage stellen. Der Aufsatz befasst sich
mit diesen Problemen auf Grund von Labor- und Feldversuchen.

1. Veranlassung und Zielstellung

Es ist erforderlich, den Spannungs- und Verformungszustand eines
Dammes in allen Bau- und Betriebsphasen hinreichend genau zu kennen, um
zwei entscheidende Fragen beantworten zu kdnnen:

1. Welche Verformungen kénnen im Hinblick auf die vorgesehene Dich-
tung und die Bauaufgaben zugelassen werden?
2. Welche Giuteforderungen ergeben sich daraus fiir die Schittung?

Die Beantwortung dieser Fragen soll ermdglichen, Ddmme mit dem
im Steinbruch oder an anderen Gewinnungssteben anfallenden Material bei
einem maglichst wirtschaftlichen Schuttbetrieb und geringem Verdichtungs-
aufwand zu bauen. Der bei zahlreichen Stauddmmen praktizierte Grundsatz,
eine maximale Verdichtung der Schiittlagen in allen Dammbereichen anzu-
streben, widerspricht einer optimalen Bauweise und berlicksichtigt nicht die
Erkenntnisse uUber GroRe und zeitlichen Ablauf der Dammverformungen.

In der DDR sind in den letzten Jahren zahlreiche Ddmme mit einer
bitumindsen Aufenhautdichtung errichtet worden. Fir diese Dichtungsart
wird die Dichtungshaut praktisch nach Fertigstellung des gesamten Damm-
korpers aufgebracht, so daB hinsichtlich der Verformungen und der damit
verbundenen Beanspruchung der Dichtung lediglich die wé&hrend des Auf-
bringens der Dichtung auftretenden sowie die sich wé&hrend der Schonzeit
und beim Anstau ergebenden Anteile interessieren.

*Dr. Ing. habil. Michael Kinze, Institut fur Wasserwirtschaft, Otto Wagner-Str. 3,
806 Dresden, DDR
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Der aus Eigengewicht resultierende Hauptanteil der Dammverformung
ist — wie zahlreiche Messungen bei Dd&mmen aus nichtbindigem Schiittstoff
nachgewiesen haben — bereits wdhrend der Bauzeit des Dammes abgeklungen.
Ausgehend von diesen grundsatzlichen Uberlegungen wurden fiir den derzeit
héchsten Steinschitt-Damm der DDR, die Talsperre Schénbrunn, in der
Vorbereitungsphase Untersuchungen und Berechnungen mit dem Ziel durch-
gefuhrt, eine dem Spannungs- und Verformungszustand des Dammes ange-
messene Schitt- und Verdichtungsart zu ermitteln, die von der derzeitigen
»maximalen« Verdichtung in allen Dammbereichen abweicht.

2. Labor- und Feldversuche

Zur Kennwertbestimmung des Schittmaterials, einem Tonschiefer der
Katzhitter Schichten, wurden neben den Ublichen Spreng- und Klassierungs-
versuchen zusétzliche GroBversuche durchgefihrt (Durchfihrung der Versuche
durch den VEB Geologische Forschung und Erkundung Halle, BT Jena).
Dabei handelte es sich zundchst um Kompressionsversuche mit verhinderter
Seitendehnung (D = 120 cm, h = 30 cm), bei denen die Abhangigkeit des

Uberlagerung p tkg/cm2]

Bild 1. Druck-Setzungs-Kurven von grobkdrnigen Schittungen
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Spannungs-Stauchungsverhaltens des Schittmaterials von Einbaudichte und
W assergehalt sowie die Verdnderung der Trockenrohdichte unter der Ver-
dichtungsspannung bestimmt wurde.

Die Bilder 1 und 2 zeigen typische Versuchsergebnisse. Auf Bild 1 ist
auBerdem der Zusammenhang zwischen Setzungen und dem Uberlagerungs-
druck angegeben, wie er sich aus der Auswertung von Setzungsbeobachtungen
ergibt. Aus diesen Darstellungen &4t sich der fur die Berechnung erforderliche

Bild 2. Verédnderung der Trockenrohdichte infolge der Vertikalspannung

Kompressionsheiwert Me bestimmen. Aus Bild 1 kann ein Zusammenhang
zwischen Kompressibilitdt, Dichte, Einbautechnologie und Art des Schutt-
materials konstruiert werden, wie er auf Bild 3 dargestellt ist. Die praktische
Anwendung demonstriert Bild 4 an einem Beispiel.

Aus diesem Diagramm l4R8t sich bei Kenntnis der Einbaudichte bzw.
des fur die statischen Verhéltnisse erforderlichen Meund hei bekanntem Uber-
lagerungsdruck die mdogliche maximale Schitthohe bestimmen, mit der der
Einbau zu erfolgen hat. Umgekehrt 4Rt sich fir bestimmte zuldssige Dehnun-
gen z. B. der Oberflachendichtung die erforderliche Dichte bzw. Schutthéhe
ermitteln.

Zur Festlegung der praktischen MaRnahmen fiur die Anwendung dieser
Erkenntnisse macht sich die Durchfuhrung von Messungen auf der Baustelle
erforderlich. Dabei ist mittels der vorgesehenen Einbaugerdte deren Verdich-
tungswirkung sowie eine evtl. Entmischung bei den vorgesehenen Schitthéhen
zu Uberpriufen. Bei den in Schonbrunn durchgefiihrten Versuchen sollte vor
allem die Dichteverteilung bei Schitthéhen, die fur die kleine Walze (WVW
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550) an und fir sich zu hoch sind, gepruft werden. Bild 5 zeigt das Ergebnis.
Die Dichtebestimmung erfolgte mit Oberflichennivellement und hydro-
statischer Héhenmessung in verschiedenen Tiefen.

Bild 3. Zusammenhang zwischen Kompressibilitit, Dichte Ct und Schitthéhe h bzw. Uber-
lagerungsdruck p

Bild 4. Beispiel: Uberlagerungsdruck p = 5,4 kp/cm2, h = 2,25 m; gt= 1,85 t/m3

Die erreichte mittlere Dichte ist auf Bild 6 dargestellt. Eine detaillierte
Interpretation der Yersuchsergebnisse soll an dieser Stelle nicht erfolgen.
Aus dem Dichteverlauf von Bild 5 bzw. 6 kann in Verbindung mit Bild 1
eine Aussage Uber die unterschiedliche Kompressibilitdt der Schiittung in
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Bild 5. Dichteverteilung Uber die Tiefe
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Abhéngigkeit der Einbaumethode getroffen werden. Damit ist die wichtigste
Voraussetzung fir die analytische Untersuchung des Problems gegeben.
Erwahnt werden soll auch, daB der Schénbrunner Tonschiefer bei Durch-
feuchtung und Belastung zusétzliche Setzungen, sogenannte Sackungen er-
leidet (Bild 7). Wie in speziellen Kompressionsversuchen ermittelt wurde,
betragen diese Sackungen zwischen 22% und 36% der Setzungen, die vor

Bild 7. Zeit-Setzungs-Verlauf im trockenen, nassen bzw. gefluteten Zustand

der Wasserzugabe bei der Erstbelastung aufgetreten waren. Die Vorwegnahme
der Sackungen vor dem Lastfall »Betriebsstau« bzw. vor dem Aufbringen
bitumindser Oberflachendichtungen durch Né&ssen des Schittmaterials und
sorgféltige Verdichtung der oberflaichennahen Bereiche ist eine wichtige bau-
technologische MalRnahme, um spétere Setzungsschdden zu vermeiden. Das
gilt Ubrigens auch fur andere grobkdrnige Schittstoffe, wie sie fir Steinschutt-
ddémme in Frage kommen.

3. Rechnerische Untersuchung

Mit Hilfe eines FEM-Rechenprogrammes |4t sich das Verformungs-
verhalten fir die unterschiedlichsten Kombinationen der Dichteverteilung im
gesamten Dammaquerschnitt untersuchen. Bild 8 zeigt ein Beispiel, bei dem
die Eigenverdichtung unter dem aufgehenden Schuttkérper optimal ausge-
nutzt werden soll. In den Bereichen hoher Vertikalspannungen werden niedrige
Dichten geschittet und umgekehrt. Aus Vergleichsrechnungen mehrerer
solcher Falle lassen sich Diagramme wie Bild 9 konstruieren.

Solche analytischen Vergleichsuntersuchungen lassen sich fir jeden
beliebigen Dammbereich ausfihren und kdnnen sich auf den Vergleich der
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Bild 8. Einbaudichten im Dammkd&rper
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Verschiebungen, der Verzerrungen, Spannungen oder auch der Sicherheit
gegen Bruch erstrecken. In Abhdngigkeit der entsprechenden zuldssigen
W erte kann man die erforderlichen Einbaudichten ermitteln. An dieser Stelle
sei darauf hingewiesen, dall bezuglich der Scherfestigkeit des Schoénbrunner
Schiefers keine wesentliche Verdnderung in Abhéngigkeit der Dichte im Labor
festgestellt wurde.

Bild 10. Faktoren fiir die Anderung der zeitlichen Deformationen bei Abnahme der Einbau-
dichte

Sofern der zeitliche Verlauf der Deformationen von Interesse ist, kann
man diesen durch Ansatz Theologischer Gleichungen (vergl. Kezdi: Handbuch
der Bodenmechanik 1) ermitteln. Fur den Tonschiefer der Talsperre Schdén-
brunn wurden spezielle Kompressionsversuche auf diese Weise ausgewertet.
Bild 10 zeigt die Verdnderung der Theologischen Beiwerte mit der Dichte.
Eine Verringerung der Dichte von 2,1 auf 1,85 t/m3wirde z. B. eine Verdop-
pelung der zeitabh&ngigen Setzungen zur Folge haben.

4. SchluBRfolgerungen

Mit den genannten Ergebnissen ist man in der Lage, die Schittung
nach den unter 1. genannten Grundsdtzen bei Gewé&hrleistung der Funktions-
und Standsicherheit durchzufihren. Die 6konomische Bedeutung einer solchen
Verfahrensweise liegt auf der Hand, wenn man die Einsparung an Verdich-
tungsenergie, die Verringerung der bendtigten Schiittmassen und die mdégliche
Bauzeitverkiirzung betrachtet.
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Fur die erfolgreiche Einfihrung dieser Erkenntnisse in die Praxis ist
es erforderlich, die Versuchseinrichtungen so zu verbessern, da Verformungs-
kennwerte an Steinschittmaterial ermittelt werden kdnnen, die in ihrer
Aussagekraft den umfangreichen Mdglichkeiten elektronischer Berechnungen
des Verformungsverhaltens von Stauddmmen entsprechen. Weiterhin sind
Festlegungen uber die Zuldssigkeit der Beanspruchungen von bitumindsen
Oberflachendichtungen zu treffen.

SchlieBlich ist durch ausreichende MaReinrichtungen im Dammbauwerk
zu sichern, daB wé&hrend des Baues und in der Probestauphase die Gultigkeit
der Deformationsprognosen Uberprift werden kann.

Soil Mechanic Investigation on an Economical Technique for Filling and Compaction of
Rockfill Dams. Earth and rockfill dams must have a sufficient stability in all phases of
construction and operation. Additional deformations due to dead load and water pressure
must not impair the function of bituminous facing and watertight joints at the foot wall. The
paper deals with these problems on the basis of laboratory and field tests.

"pyHTOMEXaHWMYECKWE UCC/IEA0BaHUS MO 3KOHOMUYHOI TEXHOOTN COOPY)KEHUS 3arpa-
OUTENbHbIX Aamb6. 3arpafuTensHble 4ambbl NMPU NpoLecce CTPOUTENLCTBA M BO BPEMS UX IKC-
nnyatauuu LOMKHbI UMETb COOTBETCTBYHOLW M 3anac MpoYHOCTM. KpOMe CcKa3aHHbIX Bbille
CYLLECTBEHHbLIM SIBASETCA TO, 4TOGbl Ae(opMauuy HacbiMW, BO3HWKAKOLIME NOf BO3AeACTBMEM
COGCTBEHHOTO Beca M JaB/jeHWUs MacChbl BOAbl, HE BAMANU Gbl BPeAHO Ha aKCMAyaTauuto, naoT-
HOCTb, BOZ03aNMpaloLLyto CMOCOGHOCTb HACbiNKM W He BO3AeicTBOBaNU 6bl BpeAHO Ha COXpPaH-
HOCTb 3aWMUTHbLIX C/I0EB 3arpaguTenbHoil gambbl. [aHHas pa6oTa MocBslLeHA WCCNeA0BaHWIo
nepeyncIeHHbIX Bbllle BOMPOCOB Ha OCHOBE faHHbIX MUCCNef0BaHuUii B 1a6OpaTOPHbIX YCNOBUSAX
¥ Nno MecTy.
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LARGE SIGNAL PROPERTIES OF INJECTION LOCKED
DIODE OSCILLATORS

T. BERCELI*
DR. OF TECHN. SCI.

[Manuscript received 7 June, 1976]

A large signal model is used to investigate the properties of injection locked diode
oscillators. Relations between the input and output signals are derived and used, to
determine the locking hand. It is shown that the locking band is shifted to lower
frequencies as the diode susceptance non-linearity is increased. Transmission character-
istics such as output power and phase, further group delay time, AM-to-PM conversion
and AM compression are determined. Frequency dependence of the parameters is inves-
tigated at different values of input power, load and diode susceptance non-linearity.
This latter parameter has the effect of causing unsymmetry, resulting in the lowest
distortion at a frequency which is higher than the band centre.

1. Introduction

Injection locked diode oscillators are now widely used, and application
fields are steadily widening as an increasing number of microwave diode types
are becoming available. Gunn and IMPATT diodes are primarily used as
active elements.

The frequency of diode oscillators in the vicinity of the free running
oscillation frequency may be controlled by the injection of a locking signal.
For the case of a modulated locking signal, transmission characteristics will be
important because they will be responsible for the distortion introduced.

The analysis of injection locked oscillators has been presented by several
authors. The small signal locking band was determined by Adler [1]. Noise
problems were treated by Kurokawa [2], further by Hines, Collinét and
Ondria [3]. Amplification properties were investigated by Hines [4], relations
for stability criteria have been derived by Hansson and Lundstrém [5],
further by Kurokawa [6]. There are also several papers dealing with experi-
mental results.

In most of the papers dealing with injection locked oscillators, a small
signal approximation is used to investigate circuit behaviour, and for large
signal operation, only qualitative treatments are presented. However, the
small signal approximation may not be applied in the usual case when the input
power of injection locked oscillators is appr. 10 dB below the output power.

*T. Berceli, Research Institute for Telecommunication, Gabor Aron-u. 65, H-1026,
Budapest, Hungary

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



282 BERCELI,T.

In this paper, a large signal model is used to investigate the properties
of injection locked diode oscillators, and quantitative transmission charac-
teristics are presented. These show a significant departure compared to the
small signal case. Both the conductance and the susceptance of diodes are level
dependent which are characterized by the describing function, assuming a
quasi-stationary state. This is used for deriving relations between input and
output signals for a single frequency operation. These relations are numerically
evaluated by a computer, and transmission characteristics, such as output
power and phase, further group delay, AM-to-PM conversion and AM com-
pression are presented in diagrams.

Frequency dependence of the parameters are investigated at different
values of input power, load and non-linearity of diode susceptance. The charac-
teristics are symmetrical with respect to the resonant frequency in the case
of linear diode susceptance. However, non linearity of diode susceptance
results in unsymmetrical characteristics, and the hand centre is shifted from
the resonant frequency to a lower value. Unsymmetry has the effect of dis-
placing the point of lowest distortion from the band centre to ahigher frequency.

Calculation of the locking band shows that the locking hand increases
with loading and input power. The locking band is also slightly influenced
by the non-linearity of susceptance. A larger locking band will introduce less
distortion.

2. Large signal circuit model

The analysis of injection locked diode oscillators is based on the model
of Fig. 1. The diode is represented by a non-linear conductance Gd and non-
linear capacitance Cd. The circuit comprising the diode is substituted by a
parallel resonant circuit Lp—Cp. Internal conductance of the generator driving
the input and the load terminating the output is G. Input and output are
separated by a circulator which is considered to be ideal. Wave admittance

Fig. 1. Equivalent circuit
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of the circulator in all parts is also G. The oscillator is analyzed in the steady-
state condition by using the method of the describing functions [7, 8].
The diode is considered to be voltage driven and it is assumed that only
a single frequency voltage component is present across the diode terminals.
In this case, the following expression is selected for describing the non-linear
diode admittance:
Yd= -G 0ol - at/2 + jcoCdo(1 + RU*). (1)

Here the following notations are used:

(e0] angular frequency,
U r.m.s. value of voltage across diode terminals,
GO small signal negative conductance,

Qo small signal diode capacitance,
a, B coefficients representing the diode non-linearity which are determined by measurement.

The sign ofa is always positive, the sign of 8, is in most cases positive too,
but can also be negative as the diode capacity usually increases with voltage

and rarely decreases [9, 10].
Let us introduce normalized quantities. The diode admittance will

then be

-1 + — U2y —

> Jr o0 {Qdo + wnlD) 2
where
Yd

®© = Y*~ ¢ > (3)

1
Uum- , (4)

~1[2x

1
(9

Yiplcp+ cd)

Boo - mg';o, ()
bn= QdoRufh m N

The voltage has been normalized to the voltage Um pertaining to maxi-
mum free running oscillator power (Appendix A—1), and the admittance
has been normalized to GO. Further notations are:

0)0 small signal angular frequency of the oscillator,
Qdo  diode small signal Q-factor,
bn susceptance non-linearity factor.
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The latter may be readily determined by the measurement in the ampli-
fier mode (Appendix A—4).

According to the equivalent circuit of Fig. 1, the relation between input
and output signals of the injection locked oscillator is given by the reflection
coefficient at terminals m 4 in the direction of the diode. This method of
approach seems to be simple but actually turns out to be difficult, because
the diode admittance is dependent on the diode voltage, and this is the resultant
ofthe input and output signal voltages. We thus arrive at a non-linear complex
equation of high degree, the solution of which is a lengthy procedure, generally
yielding several roots. The selection of the root having a physical meaning
presents an extra problem.

In order to arrive at relations which may be evaluated better, the con-
cept of operating input admittance will be introduced in the analysis of the
injection locked oscillator (Appendix A 2). The operating input admittance
may be applied for the steady state condition or in the case of slow changes.
Looking in the direction of the circulator from terminals X—X, the operating
input admittance is given by the following expression:

U— u\ —j2u0Usin O
y2= _ (8)
ug -+- uf -)- 2ugllj cos 0

Here w and uO are the normalized voltages of the input and output
signals, respectively, © is the phase difference between these voltages, and ¢
is the normalized value of the load conductance.

This means that at the operating frequency, an admittance differing
both in magnitude and phase from the conductance g will be present looking
in the direction of the circulator. However, this is only valid at the operating
frequency. At all other frequencies, u, = 0, as no input signal is present, so
the admittance value towards the circulator is g.

Looking in the direction of the diode, the operating input admittance
is identical with the large signal admittance yr which will be, taking the diode
admittance formula (2) into account, the following:

ji = —1 j(2Qoa+ M 2 ©
where
O _ «o(Cdo A Cp) (10)
. GO — co0
o (11)
co0
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Here QO denotes the small signal C-factor of the oscillator and 06 is the
relative frequency deviation.

3. Relation between input and output signals

The operating input admittance in one direction should he the negative
of the admittance in the other direction:

Y2= —Jis (12)

Substituting Eqgs (8) and (9) we have a complex equation which may be split
into the real and the imaginary part:

of oy

(13)

2uldsin 0 000+ 6,u2 (14)

The diode voltage 1 is the resultant of the input signal voltage and the output

signal voltage:
u2= u§-- uf  2uO0Ycos 0 . (15)

The voltages are vector-additive as shown by Fig. 2.

u0
Fig. 2. The resultant of voltages

The relation between input and output signals is given by the set of
non-linear equations (13) and (14). There are two unknowns, uOand 0, which
may be determined from the two equations. However, suitable rearrangements
are needed, introducing powers instead of voltages, by using the following

relations:
pO= 2gn2, (16)

Pi = 2guf 17)

Let us introduce the power generated by the diode which is the difference
between the output and input power:

Pd= PO Pi- (18)
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The following cubic equation is derived for determining the diode power pd
(see Appendix A—3):

— A'fi + 29(2gB2- gAC - AB)pi + 4g[A{gC - Pi) - 2gB(gC — 2pi) +
4

+ gLIPd + 16g92(p? — gCpi) = 0, (19)
where

A= 1+ U1,
ab

B=1+ (Qla+ K) - a, (20)
g

C=1 + (QO0b + bnf -
g2

Equation (19) gives three valuesforpdbut only one real solution may have aphy-
sical meaning. Atthe upper limit ofthe frequency range, always a single real root
only is present if bn 0. Should more than one real root be present at some
frequency, the correct solution can be selected by demanding that no abrupt
power change or phase change may occur when decreasing the frequency in
small steps, starting from the upper limit of the frequency range.

The following two expressions are derived for the phase (see Appendix
A —3):

tan B = 2 Pd(Qo5+ U (4gc — Apd) - 2gb,,pd(29C —2p,  Bpa) 9

. 21
8 Pd(42C- Apd - 2{Pd+ 2p)(29C — 2Pi — BPd) e

1 1 .
vc « Api Pd Pd-2p (22)
2V(Pd + Pi)pt 2 29C - 2Pi — Bpd

cos 0
Equations (21) and (22) are both needed for the phase computation, as the phase
may be between 1 and n.1f cos 0 > 0, than —jr/2< O Tr/2 so the phase
may be computed from Eq. (21) by using the arctan operation. If cos0 <[ 0
and tan 0 > 0, then n should be subtracted from the value computed from
Eqg. (21) in order to get the correct value of 0. And if cos 0 <[ 0 and tan 0 < 0,
then n should be added to the value computed from Eq. (21) in order to get
the correct value of 0.

4. Locking band

The locking band is defined as the frequency band inwhich the frequencies
of the oscillator input and output signals are identical. This means that within
the locking band, the oscillator output signal frequency may not differ from
the input frequency, so the condition for oscillation may not be fulfilled at
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other frequencies. These considerations allow the determination of the locking
band limits.

According to the equivalent circuit of Fig. 1 and to Eq. (8), the diode
sees a load of normalized value g at all frequencies differing from the input
signal frequency. Thus, oscillation at other frequencies may not take place
if the negative value of the diode conductance gd is less than g. Within the
locking hand, at the input signal frequency, the diode conductance is deter-
mined by the voltage across the diode terminals. Thus, according to the previ-
ous considerations, the locking band limits are characterized by the relation

-gds = g- (23)

Subscript s refers to the band limit, and g is determined by the input
signal.

Substituting Eqs (15), (16) and (17) into Eq. (2), the diode conductance
will be the following:

-gd = 1_-[71- (Po + Pi+ 2 \IPOPicos 0) e (24)
g

Substituting (24) into (23) we have a relation for the phase at the band
limits:

0s= _Vo——[4g(l -g) -PoOS- Pi] (25)

For calculating the phase band-limit value, the output power band-limit
value p®s should be known. This may generally be calculated from Eq. (19)
by using Eq. (18). However, this equation may have three real roots in some
cases. Let us first investigate the case with a single real solution for the output
power.

At the upper end of the locking band, if bn> 0, we always have a single
real solution for the output power, and this may be simply determined: sub-
stituting (23) into (13) and taking into account that the right-hand side of
(13) is now equal to  gds, we arrive at the following relation:

Uj= Uil — uf. (26)

Subscript 1 refers to the upper end of the locking band. Substituting
now Eqgs (26), (16) and (17) into (13), we get the output power at the upper
end of the band:

Pox = 4g(l —g) + Pim 27)
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Substituting (27) into (25) we have the phase at the upper end:

cos 0 X . (28)
4g(! - g) + Pi

As cos 0 Xis negative, the phase 0Xis between j2 and n.

The frequency of the locking band upper end may be determined from
(14). Substituting into this equation (26), (27) and (28) and taking into account
(16) and (17), we have the following result:

QPH—

, g)K (29)
The power, phase and frequency pertaining to the lower limit of the

locking band may only be determined by numerical analysis for the general

case. Exceptions are those cases when we have a single real value for the power,

when

P®= Poi»

02- oX

Subscript 2 refers to the lower band limit. In this case, the frequency at the
lower band limit, similarly as the previous one is given by

<AA= a- g)K (31)

However, a separate investigation is necessary to make sure that actually
a single solution is only available. If bn = 0, there is always a single solution
at the lower band limit only.

The width of the locking band, using (29) and (31), is given by

Br —fi —» A rgpi (32)
<0 1 -9 "

R of ° fFL (33)

B1- ~Q PO

or

Here Qmeans the loaded 0-factor:

ceo(Cdo + Bp) (34)
G
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Further, the free-running oscillator power, as computed in Appendix A—1,
is given by

P=%(1 —g)m (35)

According to Eq. (33), the locking band width is proportional to the square
root of the ratio of the input power to the free running oscillator power.

0 02 Oi 06 08 10
bn

Fig. 3. Locking band as a function of susceptance non-linearity

Fig. 4. Locking band as a function Fig. 5. Locking band as a function
of loading of input power

If we have several solutions for the output power at the lower band lim it,
the relations (31), (32) and (33) will not give correct results, though they are
useful as approximations. The locking hand width may he determined more
precisely by using numerical analysis as shown by some diagrams.

The effect of susceptance non-linearity is shown by Fig. 3 for the case
when the input power is lower by 10 dB than the maximum output power
of the free running oscillator. In the Figure, the quantity BLQQGa>0is plotted
as a function of bn; this quantity is proportional to the relative width of the
locking band. If bnis small, the locking bandwidth is constant, i.e. bn has no
effect. However, at higher bnvalues, the locking bandwidth is substantionally
increased.
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The effect of load is shown in Fig. 4 for the case of pt= 10 dB. In-
creasing of the loading, i.e. the value g, will substantially increase the locking
bandwidth. Values of bn = 0,5 and bn — 0 pertain to the solid and dotted
curve, respectively. At higher loads we have two identical curves.

Dependence of the locking bandwidth on the input power is shown
in Fig. 5 for two bnvalues with g = 0,7. The locking bandw idth increases with
increasing input power. At higher powers we have two identical curves.

5. Transfer properties

The transfer properties of the injection locked oscillator have been
numerically determined too by using the relations between the input and out-
put signal, and are shown in diagrams. In the diagrams, the independent

-0.6 -0.4 -0.2 0 0.2 cu
Q06
Fig. 6. Output power frequency response for different values of susceptance non-linearity

variable is generally the product of the relative detuning and the quality
factor QO. The value 0 = 0 corresponds to the small signal resonant frequency
of the circuit. bn, g and p, are used as parameters from which two are fixed
and the third is variable. The following fixed values are used: bn= 0,5, g =
= 0,7, pi =10 dB. Curves are plotted along the whole locking band, thus
the ends of the curves denote the ends of the locking band.

Output power frequency characteristics are presented in Fig. 6 for
different susceptance non-linearity factors. The characteristic is symmetrical
forbn= 0,unsymmetry will be more pronounced with higher bn,and the locking
band is shifted in the direction of lower frequencies.

The output power frequency characteristic is dependent on the input
power, too, as shown in Fig. 7. Increasing the input power will introduce
higher output power fluctuation, and simultaneously the bandwidth is con-
siderably increased.

Let us now investigate the dependence of output power band centre
value on the various parameters. The output power band centre value is in-
dependent of the susceptance non-linearity factor.
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The dependence of output power band centre value on the input power
for different g values is given in Fig. 8. For g values between 0,5 and 1, the out-
put power hand centre value has a maximum value at some-input power value.

Qoi

Fig. 7. Output power frequency response for different values of input power

-20 -15 -10 -5

0
p,B

Fig. 8. Band centre output power as a function of input power for different loadings

The position and value of the maximum is dependent on g. Higher maximum
values are attained with higher g values but also require higher input power.
Output power may be higher than unity which means that the injection locked
oscillator output power may be higher than the free running oscillator output
power.

At g = 0,5, the free running oscillator has a maximum output power.
For an injection locked oscillator, the adjustment corresponding to g = 0,5
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always results in a lower output power than the free running oscillator power.
For injection locked operation, g should be chosen to give a near maximum
output power at the given input power, thus g should be between 0,5 and 1.
If g < 0,5 then pshows a monotonous decrease with increasing input power,
so this adjustment is practically useless. Therefore no investigations will be
conducted for values g <0,5.

120
0°

80

40

-40

-80

-120
-0.6 -0.4 -0.2 0 0.2 04

Qoé
Fig. 9. The phase characteristic for different input powers

The phase-frequency dependence for different input powers is shown
in Fig. 9. For increasing input power, the slope of the phase characteristic
decreases and the zero-phase point is shifted to lower frequencies.

The phase characteristic is dependent on the susceptance non-linearity,
too, as is shown in Fig. 10. For bn = 0, the curve is symmetrical with respect
to the zero-phase point. Increasing susceptance non-linearity will introduce
higher unsymmetry, and the zero-phase point is shifted to lower frequencies.
For instance, for bn = 0,8, the zero-phase point is shifted to the end of the
locking band. Thus the zero-phase point is not at locking band centre for
bn 0. Increasing susceptance non-linearity will shift the locking hand to
lower frequencies.

The effect of load on the phase characteristic is given in Fig. 11. In-
creasing the load, i.e. g, will lower the slope of the characteristic and the locking
band is shifted to higher frequencies.
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-0.6 -0.4 -0.2 0 0.2 0.4
Qoéa

10. The phase characteristic for different susceptance non-linearities

-0.6 -CU -0.2 0 0.2 0.4

Qoa
Fig. 11. The phase characteristic for different loadings
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6. Curves of derivated characteristics

In the transmission of frequency or phase modulated signals, distortion
is primarily determined by the derivated characteristics which are defined
in Appendix A 5. Derivated characteristics are determined by numerical
differentiation, and their dependence on the parameters is plotted in diagrams.

-Q6 -0.4 0.2 0 02
Qo4

Fig. 12. The group delay time characteristic for different input powers

The quantity XGQj(Cd -)- Cp) which is proportional to group delay time
is shown in Fig. 12 as a function of Q06 for different input powers. Higher input
power introduces less group delay time and less group delay time fluctuation
in a given band.

Figure 13 shows the dependence of the group delay time characteristic
on the susceptance non-linearity. If the susceptance is linear, i.e. bn= 0, then
the characteristic is symmetrical with respect to the small signal resonant
frequency, and the fluctuation in the centre range of the locking band is very
small. Susceptance non-linearity has the effect of shifting the characteristic
to lower frequencies, make it unsymmetrical, and considerably increase its
slope, introducing higher group delay fluctuation in a given band. However,
the latter quantity is rather small.

The group delay characteristic is only slightly dependent on the load
as shown by Fig. 14. On the other hand, group delay time is considerably
effected by the total capacity, (Cd + Cp) and the small signal negative con-
ductance of the diode GO.
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-0.6 -0.4 -0.2 0 0.2 04
Qoé

Fig. 13. The group delay time characteristic for different susceptance non-linearities

&P

h-

0.6 0.4 0.2 0 02 04
Q4

Fig. 14. The group delay time characteristic for different loadings
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AM-to-PM conversion as a function of Q06 for different values of input
power is shown in Fig. 15. Increasing input power will have little effect on
conversion in the middle range of the band, but conversion is substantially
decreased in other parts of the band, especially in the low-frequency part.

Qoa
Fig. 15. AM-to-PM conversion frequency response for different input powers

Fig. 16. AM-to-PM conversion frequency response for different susceptance non-linearities
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AM-to-PM conversion is dependent on susceptance non-linearity as Veil
as is shown in Fig. 16. If the susceptance is linear, i.e. bn = 0, then the charac-
teristic is symmetrical with respect to the small signal resonant frequency.
Susceptance non-linearity results in a shift to lower frequencies and higher
conversions and in the appearance of unsymmetry.

-0.6 -0.4 -0.2 0 0.2 0.4
Qoa

Fig. 17. AM-to-PM conversion frequency response for different loadings

-0.6 0.4 0.2 0 0.2 04
Qna

Fig. 18. AM compression frequency response for different susceptance non-linearities

Dependence of AM-to-PM conversion on load is shown in Fig. 17. The
curve g = 0,9 has a maximum at Q06 = —0,4 (the maximum does not appear
within the range shown in the Figure). With increasing load, the locking
bandwidth is increased, and the AM-to-PM conversion around the band centre
is decreased.

It may he concluded from Figs 15, 16 and 17 that in the case of bn 0,
zero conversion occurs not in the locking band centre but at higher frequencies,
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and the zero-conversion point is shifted to higher frequencies with increasing
Pi and g, and with decreasing bn.

The dependence of AM compression on susceptance non-linearity is
shown in Fig. 18. Compression has poles at one or two frequencies. If bn is
small, the curve has two poles but only a single pole occurs with high bn.
At the pole the AM compression is infinite, i.e. output power does not depend
on input power.

7. Dual circuit

In the previous part, the injection locked oscillator has been investigated
by assuming a voltage controlled active element. However, a current con-
trolled rather than a voltage controlled active element may also be assumed,
introducing an equivalent circuit and element values which are duals of those
given in Fig. 1.

The relations derived for the voltage controlled case may be rewritten
according to the dual concept, thus describing the current controlled case
which does not require separate treatment. All results valid for the voltage
controlled case may be directly applied for the current controlled circuit after
formal rewriting. Some parameters such as power, frequency and phase are
duals of themselves and thus require no rewriting. In the final expressions,
only the following two quantities should generally be rewritten:

g—r’

bn — X,

Here r denotes the normalized load resistance, and Xnh denotes the non-
linearity factor of the diode reactance.

8. Conclusions

Properties of injection locked diode oscillators have been investigated
according to the large signal model. Relations have been derived between the
input and the output signal, and these have been used to determine the locking
band. The locking band becomes substantially wider with increasing load and
increasing input power, and is shifted to lower frequencies with increasing
susceptance non-linearity.

Transfer properties such as output power, phase, group delay time,
AM-to-PM conversion and AM compression have been determined. The fre-
quency dependence of some parameters at different values of input power,
load and diode susceptance non-linearity has been investigated. The charac-
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teristics are symmetrical with respect to the resonant frequency if the diode
susceptance is linear, but susceptance non-linearity introduces unsymmetry.
Due to this unsymmetry, the lowest distortion is attained at higher than
the hand centre frequency.

Appendix
A 1. Free-running oscillator

The free-running oscillator is treated according to Fig. 1. Diode ad-
mittance is given by Eq. (1). In the stable state, the admittance as seen in
one of the directions at terminals X X, has to be the negative value of the ad-
mittance as seen in the other direction. As admittances are complex quantities,
this relation should separately hold for the real and for the imaginary parts
as given by the following equations:

GOl —xU2 = G, (A-)

- coCdo(l + RIP) = coCp- -L -. (A-2)
elLp

From these equations, two quantities, the amplitude and the frequency of
the oscillation may be determined.
The power in the load is given by

P= GU2= GO(1- aU2U2 (A-3)

Let us take the derivative of power with respect to U2and equate it to zero.
From this relation we have

a = (A-4)

where Umdenotes the voltage at maximum power. Voltages will be normalized
with respect to this quantity.

Let us normalize the admittances with respect to GO. Substituting
(A-4) into (1), the diode admittance will be according to Eq. (2).

Power is normalized with respect to the maximum value:

(A-5)
Substituting (A-4) into (A-3) we get the maximum power:

Pm= --G 0UR . (A-6)
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Substituting (A-3) and (A-6) into (A-5), we have the normalized power:
GuU2
2guK (A-7)
y W

Here g denotes the normalized value of the load conductance:

¢ (A-8)
According to (A-1) and (A-4), this may be written as follows:
(A-9)
Expressing u2 and substituting it into (A—¥), we have
P=4g(l - g)- (A-10)

The power is maximum (p = 1) if g = 1/2.
Oscillation frequency is determined from Eq. (A-2). At low voltages,
the oscillation frequency is given by
1
ALp(Cp+ Cdo)

(A-11)

This is identical with the small signal resonant frequency of the oscillator.

A —2. Operating input admittance

The operating input admittance may be defined in the case of operating
circuits, for terminals at which both current and voltage is present at a given
frequency. After specifying the positive directions of current and voltage,
the operating input admittance for this side will be the ratio of these quantities:

YOP= A - (A-12)

Here K denotes the operating (actual) current flowing through the terminal
at the given frequency, and UOQp is the operating (actual) voltage across the
terminal at the same frequency.
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The positive direction of the Operating input admittance points to that
side of the terminal pair at which the positive directions of the current and
voltage are identical. In the direction of the other side, the operating input
admittance will be Y Op as the positive direction of the current is pointing
in the opposite direction at this side, and the positive direction of the voltage
is unchanged.

The operating input admittance may also he called operating admittance
or input admittance. The operating output admittance may also be defined,
being the negative value of the operating input admittance. Further, the oper-
ating input impedance may also be determined instead of the operating input
admittance.

The concept of operating input admittance may be applied for steady
state conditions or for the case of slow changes. It is dependent on the operating
conditions of the circuit, and may only be defined by taking into account
the complete circuit, including the driving and terminating conditions.

According to the previous considerations, the sum of the operating
admittances taken in the two directions at a terminal pair is zero. This state-
ment is valid at all frequencies at which current and voltage are simultane-
ously present.

Two reflection coefficients may also be determined for a terminal pair
by regarding the propagating wave as entering into the terminal from the
given side and the reflected wave as coming from the terminal in the opposite
direction. The product of the reflection coefficients in the two directions is
unity.

Let us apply these considerations for the circuit of Fig. 1. Let us deter-
mine the reflection coefficient at terminal x —x looking in the direction of the
circulator. Let uObe the voltage of the propagating wave and u, the voltage
of the reflected wave, thus the reflection coefficient is given by

r (A-13)

From the known reflection coefficient, the operating input admittance
y2in the direction of the circulator may be determined:

rr
72 = (A-14)

1+ rc

Substituting into this equation (A-13) and making suitable rearrangements,

we have

w —uf —j2ulyjsin 0 (A-15)

uo+ wi + 2n0u, cos 0
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A —3. Relation between input and output signals

The relation between input and output signals is implicitely contained
in the set of non-linear equations (13) and (14). However, suitable rearrange-
ments are necessary to separate the unknown variables.

Let us multiply (13) by u2 and expressing u4 from the equation thus
formed, let us substitute it into (14) which is also multiplied by u2 The following
relation is then attained:

2u0n, sin 0 = — (QO06 -f- bn)u2— 2bn(u2 — uj). (A-16)
g
Further, from (15) we obtain

2u0Ujcos 0 = u2— (U2 — 0j) — 2u2 (A-17)

Squaring Egs (A-16) and (A-17) and summing these equations, further ex-
pressing ud4from (13) and substituting it into this sum, we have the following

relation for u2:

1 29gC - A(u@- qj
u? 9¢ - AR ey, (A-18)
2 C- B{ul- 0j)- 2uj

Here the notations as given in (20) are applied.

The diode voltage n as given by Eq. (A-18) does not depend on O.
Substituting thus (A-18) into (13), u2is eliminated, leaving a single unknown,
(u6 — uj) in the equation. Rearranging this equation, and introducing powers
instead of voltages by utilizing (16), (17) and (18), we arrive at the cubic
equation (19).

The tangent of the phase is given by the quotient of (A-16) and (A-17)

— (Qob + K) w2 — — uj)

tan 0 -— . (A-19)
u2 — (U2 — uj) — 2u2

Substituting into this equation the formulas (A-18), (16), (17) and (18),
we arrive at Eq. (21).

Further, substituting into (A-17) formulas (A-18), (16), (17) and
(18) we have Eq. (22) which is the cosine of the phase.

A —4. Measurement of the susceptance non-linearity factor

The susceptance non-linearity factor can be measured in the amplifying
operating mode in the following way. First, the band centre frequency /0,
the band centre power gain Gp0 and the half power bandwidth Bsare measured
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with the given diode at a low level. Following this, the band centre frequency
fcand the band centre power gain Gpc are measured at a higher level. From
these measured values, the susceptance non-linearity factor is calculated accor-
ding to the following equation:

(A-20)
Vl -Pac- ]. |/0 \]
where

Bsy% -U s- 1)2°

Pdc = A [892 - 4g(g - 1(Yg;c+ 1)], (A-22)
U Gpc + 1)“
— ][Gp0+ 1 (A-23)
V<N-1l =

The relations between input and output signal are valid not only for
injection locked oscillators but also for reflection type amplifiers, the only
difference being that for oscillators, g 1, and for amplifiers, g > 1. Applying
the relations for low level and band centre, the previous formulae for the sus-
ceptance non-linearity factor may be derived. As bnis a quantity which is cha-
racteristic for the diode only, the value measured in the amplifying mode will
be valid for oscillator mode, as well.

A —5. Derivated characteristics

The group delay time is the derivative of the phase shift with respect
to angular frequency:

(A-24)

AM-to-PM conversion is defined as the phase change in degrees intro-
duced by a1 dB input power change. This is computed by taking the derivative
of the phase with respect to the input power and multiplying this by the
1 dB change of the input power. In the following, a 1 dB increase, i.e. 26%
change of the input power will be taken, thus the formula for AM-to-PM con-
version is the following:

cv = 0,26 Pi [ddB] . (A-25)
A dpi
The derivative value reflects the circuit behaviour in the vicinity ofthe working
point, as at an input power increased by 1 dB, the function <9(p,) may deviate
somewhat from the tangent.

6% Acta Technica Academiae Scientiarum Hungaricae 85 1977



304 BERCELI, T.

AM compression is defined as the ratio of input signal relative amplitude
change to output signal relative amplitude change. Assuming a differential
change, the formula for AM compression is the following:

duilnj u0 du,

(A-26)
duOu0 n: dun
Computing the du,/du0 derivative by using the chain rule, we have
duj duj dpi dpO u0 dp.
J ] ap p p (A-27)

dur, dpj dpQ duo nl dpQ

Substituting (A-27) into (A-26) and taking into account Eqgs (16) and
(17), the AM compression will be expressed as follows:

Po dp.
Pi dp0

cp (A-28)

The AM compression may have a negative sign, meaning that the phase of
the amplitude modulation is shifted by T
AM compression may also be expressed in dB:

Lep = 201Ig Icp I, [dB]. (A-29)

The sign ofthe compression is then lost. The amplitude modulation is decreased
when lIcp 1> 1, and increased when [cp\ 1.
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Eigenschaften von durch Signalinjektion gesteuerten Dioden hei groBen Signalen.
Die Eigenschaften der mittels Signalinjektion gesteuerten Diodenoszilllatoren werden aufgrund
eines Modells mit groRem Signaluntersucht. Fir den Zusammenhang des Ein- und des Ausgangs-
signals werden Zusammenhdange abgeleitet und hieraus wird der Steuerbereich bestimmt, der
sich bei VergroRerung der Nichtlinearitdt der Suszeptanz in Richtung von niedrigeren Frequen-
zen verschiebt. Die Ubertragungscharakteristiken werden bestimmt, und zwar die Ausgangs-
leistung und -phase, die Gruppenlaufzeit, die AM-PM-Konversion und die AM-Kompression.
Die Frequenzabhdngigkeit der einzelnen Charakteristiken wird bei verschiedenen Werten der
Eingangsleistung, der Belastung und der Nichtlinearitdt der Diodensuszeptanz untersucht.
Als Folge der Nichtlinearitdt der Diodensuszeptanz zeigt sich Asymmetrie. Wegen derselben
erhdlt man die kleinste Verzerrung nicht in der Bandmitte, sondern bei héheren Frequenzen.

CaoiicTBa Npy 60MbLUNX CUMHaUIAX AMOAHBLIX OCLMISITOPOB, YNpaB/sieMblX BBEAEHUEM
CuUrHana. CeoiicTBa AMOAHbLIX OCLMNNATOPOB, YNpaBAseMblX BBeJeHWEM CUTHana, uccnefoBaHbl
Ha OCHOBE MOfenu ¢ 60/MbWNM CUTHANOM. BblBefleHbl 3aBUCUMOCTI OTHOCUTENLHO CBA3U MeXAy
CMrHanamuy Ha BXOfe W BbiXofe. Ha OCHOBe 3TOW 3aBMCMMOCTW OnpeAeneHa Nonoca ynpaBneHus.
3Ta nonoca nNpu NOBbILWEHUN HENWHENHOCTW CycLenTaHUUM CABWUTaeTCA B CTOPOHbI MEHbLINX
yactoT. OnpefieneHbl XapakKTEPUCTUKN NEPEHOCa, a UMEHHO BbIXOAHYIO MOLHOCTL U a3y, fanee
BpeMsa rpynnosoro npo6era, koHBepcuto AM —PM un komnpeccuto AM. WMccneposaHa 3aBucu-
MOCTb OT YacTOTbl OTAENbHbIX XapaKTEPUCTUK MPU PasNNYHbIX 3HAYEHUAX MOLLHOCTU, HarpysKu
W HenuHeWHOCTW cycuenTaHUuM auofa. B pesynbTaTe HenMHelHOCTWM cycuenTaHUuu fuofga
MMeeT MecTo acUMMETpuUs. HaumeHbluee UCKaXXeHWe M3-3a acUMMeTpuu MnofyyaeTcs He Mo
cepefjMHe MOMOCbl, a NpPW 4acToTe, MpeBblllaloLW el YacTOTy cepefiMHbl MOMOCHI.
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EXTERNAL SCREW THREADS BY DIFFERENT
METHODS

ABDEL-MONEIM M. HAMOUDA*

[Manuscript received September 22, 1976]

The main objective of this paper is to compare experimentally among three
methods applied for measuring the effective diameter of external screw threads namely,
the optical, the optical with knife edge and the three wire methodregarding —a)the degree
of accuracy and b) the degree of precision of the result computed from the measurements
taken by each method on a screw thread plug gauge. The three methods are different
and each has its own cause system of errors, both the controllable and uncontrollable
errors inherent in the measuring system of each method.

Symbols

Effective or flank diameter, on which the thickness of the thread is equal to half
the pitch [mm]

Measurements over the wire [mm]

Linear pitch [mm]

Profile angle

Mean helix angle given by the formula tan 8 = Pj(nF)

Wire diameter [mm]

Correction term compensating for the obliquity of the wire in the thread, and equal
to 1/2 d tan 2? cos a/2 cot a/2

Total precision of measurements pm

= Precision of measuring machine pm

— Precision of the operator pm

= Precision of the operator due to the setting process pm

= Precision of the operator due to the reading process pm

1. Introduction

The screw threads are widely used for the purpose of locating, trans-

mitting motion, force or torque and providing an easy method for the assembly
and disassembly of machine parts.

To obtain a high quality performance, specially in fine precise motion,

the screw thread dimensions should be accurate.

There is a wide range for the degree of accuracy of the measurements

of screw threads that interest the metrologist, varying from the wide tolerance
limits applicable to commercial nuts and bolts to the very close limits set
for reference screw gauges.

* Dr. Abdel-Moneim, M. Hamouda, Assistant Professor Production Engineering Dept.

Faculty of Engineering, Alexandria University, Egypt
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The statistical characteristics of a measurement process can be assessed
and used only when it can be verified that this particular process is generated
by the specified method with the assigned system of causes and is capable of a
state of statistical control, two statistical characteristics of a measurement
process here are of importance, precision and accuracy.

The words precise and accurate as well as precision and accuracy have
acquired a relative or comparative sense when applied to the statistical
properties of a measurement process. “Precision” of a measurement process
refers to the natural agreement between the individual measurements from
the process, while “Accuracy” refer to the degree ofagreement of measurements
with an accepted reference level of the property in the material measured.

2. Experimental work
Specimen:

A standard screw thread plug gauge made of hardened steel having
the following dimensions according to (SI) standard was used: —

outer diameter = 20 [mm],
pitch = 2,5 [mm]
nominal effective diameter = 18,37 [mm]

Apparatus and measuring techniques

1. The Optical Method

The universal measuring microscope (Fig. 1) was used. The screw thread
is clamped between centres and the goniometer ocular eye-piece head is fo-
cused. and then one of the lines in the dial templet is to be set coincident with

Fig. 1. An Universal Measuring Microscope
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the thread flanks, as shown in Fig. 2. Then the difference of the traverse direc-
tion readings (I and 11) determines the value of the effective diameter.

2. The Optical Method Using Knife Edge Technique

The universal measuring microscope previously described was also used.
Knife edges make it possible to produce images of sectional planes without
damaging the specimen (Fig. 3). The lines of intersection are represented by

Fig. 2. Measuring effective Diameter by Optical Method

Fig. 3a. Measuring effective Fig. 3b. Knife edge setting
diameter by knife edge

a hair line, at a distance of 0,3 or 0,9 mm from the edge of the knife-edge.
This line is engraved on the top surface of each knife edge and it must be
brought to coincide with the corresponding line of the goniometer ocular,
previously described.

The knife edges are fixed in their holders and each of them is brought
into contact with each flank of the screw thread.

The readings are taken when the hair line on the knife edge coincides
with one of the outer dotted lines on the goniometer ocular as shown in Fig. 3.

3. The Three Wire Method

The effective diameter of plug screw thread was measured by the well-
known three wire method using the Abbe Horizontal Metroscope (Fig. 4).

The experimental work was carried out at constant measuring load of
125 gms. The best wire diameter was determined from tables at x = 60°
and pitch = 2,5 mm to be 1,35 mm
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The effective diameter can be calculated from the following formula (see

Fig. 5 and Appendix)

F=M+ (P/2tan (a/2) - d 1 +
.al2

Fig. 4. Abbe Horizontal Metroscope

Fig. 5. Measuring Effective diameter using three wire

Operators

Four operators (A, B, C and D) carried out the experimental work after
being given sufficient training on the measuring equipment used.

Each of them measured the effective diameter of the standard screw
thread plug gauge of the known standard value 100 times in a well kept thermal
environment of 20 i 1°C following the procedure set for each of the three

methods investigated.
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Error computation

The frequency distribution curve for each group of 100 readings was
plotted.

The deviation of the mean value of the 100 readings from the standard
value of the plug gauge was considered as a measure of the degree of accuracy,
while the standard deviation of the 100 readings was considered as a measure
of the degree of precision.

3. Results

A) Optical method

The frequency distribution curves Figs 6, 7, 8 and 9 were plotted for
operators A, B, C and D.

It can be seen from the Figures that they conform the normal distribution
characteristics, A normality test was carried out to find out whether the
confidence level for all plotted histograms lies between 80 and 90%.

This means that the standard deviation (a) can be taken to represent
the index of the overall precision of the measuring operation (both the equip-

Fig. 6. Frequency Curve of Person (A)

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



312 HAMOUDA, A.M.M.

ment and the operators) and the difference between the mean value and the

standard value can be taken to represent the index of the accuracy of the
operation.

Fig. 7. Frequency curve of person (B)

The following resrdts were obtained:

Index of overall

9 Index of accuracy
Operator precision

iim] >m]
A 2,4 —25
B 2,5 —27
C 2,4 —22
D 2,7 - 8°
Average 2,5 —28
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of accuracy

Fig. 8. Frequency curve of person (C)

Fig. 9. Frequency curve of person (D)
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Fig. 10. Frequency curve of person (D)

B) Knife edge method

Figure (10) shows one of the obtained results for operator D while the
results for the four operators were obtained as follows:

Index of preci- Index of accuracy
Operator sion [/4m
[ilm]
A 2,3 -10
B 2,2 — 8
Cc 2,4 —11
D 2,3 — 9
Average 2,3 - 95

C) Three wire method

Figure (11) shows one of theobtained results for operator A while the
results for the four operators were obtained as follows:
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Index of precision Index of accurac
Operator [tin?] him] y
A 0,6 22
B 0,7 24
c 10 2
D 0,9 20
Average 0,8 22

Fig. 11. Frequency curve of person (A)

4. Discussion

From the results obtained for the three different methods we can see
that the degree of accuracy varies from one operator to the other for each
of the three methods especially in the optical one. This can be explained as
due to the relatively large values of error incorporated in the setting of the
hair lines in the occular tangent to the profile of the flank of the screw thread
while in the knife edge method the error of coinciding the lines on the knife
edge with the line in the goniometer occular is much less.
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The degree of accuracy obtained by the four operators in each of the
three methods cannot be considered consistent, e.g. the most accurate oper-
ator was Cin the optical method while operator B in the knife edge method
and D in the three wire method. This means that every operator has his own
degree of skillness, excellence and judgement incorporated with the specific
method of measurement.

Regarding the index of the total precision for each method they can be
graded according to the following order:

1. Three wire method

2. Knife edge method

3. Optical method

This is significant since in the three wire method the value of the total
precision depends only on the inherent precision of the horizontal metroscope
and the estimation error of the operator while reading on the spiral vernier
scale, while in the case of the knife edge method the total precision is a result
of the inherent precision of the universal tool-makers’ microscope, reading
off the scale and the process of the setting of the two hair lines to be concident
with the engraved lines on the knife edge which can be more precisely done
than in the case of the optical method.

Operator precision as a cause system of measuring errors

The total precision (<T) of measurements is a resultant of both the
inherent precision of the measuring machine (am) and the precision of the
operator (cr0), the latest precision can be divided into two types,

a) Setting precision for each operator, which depends on the individual
skill applied to the setting process for the hair lines in both optical and knife
edge methods not occuring in the case of three wire method (contact type).

b) Reading precision for each operator, which depends on the degree
of skill in the estimation of the fraction of the last digit.

Evaluation of the overall total precision

The overall total precision can be expressed as follows:

Y= Veat Onm
The above equation illustrates the so-called “Component variance Model”
in which a0 and am are the standard deviations associated with operator and
inherent precision of the measuring machine, respectively.
Also we can express the standard deviation of the operator a0 by the
following equation:

ao= y<70st+ ar
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where
aos — standard deviation due to the setting process
o0r — standard deviation due to the reading process

and the following epuations can be applied for the three methods:
ffo(°ptical) = d00p — Va% + <&r >
aO(knife edge) = ack= V03 + a'i,

<O(three wire) = corw= f d\r

From the previous results the equations of the total coverage overall
precision for each method produced from four persons are:

Hhg -» o= 6,25, @
<mk -b %0lc = 5,29, (2)
Ufrw + Oorw = 0,64, 3)

since am op = omk (the same measuring machine) and assuming that

omk =  &mrw ~

in case of three wire-method which is a very acceptable assumption, then

O+ Oer+ °cs = s,25, )
Im+ aat °ls= 529, ©)

Om + 00r

Since the spiral vernier scales are the same for each method, so
the standard deviation resulting from the reading process and the machine,
can be considered identical for all methods and persons.

Then from Eqs 4, 5 and 6

0,64 . (6)

= 5,61, a% = 4,65,

a% = 2,37 pm acs = 2,16 pm.

i.e. the standard deviation produced from the setting process for the op-
tical method (uos) is larger than that produced from the knife edge method
(d'os)-

To find out each value of am and aor we have to make the following
assumption.
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For any machine its precision (i.e.) the ability ofthe machine to repeat and
regain its position should not exceed normally 0,1 ofthe least devision ofits scale.
Then we can say 6erm= 0,1 pm and if we can consider that the precision
of the machines under investigation have deteriorated by 100% since their
purchase 15 years ago, then
6am= 0,2

am -- 0,03 pm
substituting in Eq. (7)
al = 0,631

then aor= 0,8 pm. it is clear that the value of aln is negligible compared
with adl.

5. Conclusion

We can conclude the following:

1. The precision of any measurement is mainly governed and highly
affected by the operator.

2. The precision of any measurement should be analyzed to determine
the value of the precision of the operator at each step (e.g.)

a) The setting precision which depends whether it is a contact method or
contactless, it greatly affects the total measuring precision especially in
the contactless type, in case ofoptical method (acs,) was 2,37 pm, in case of knife
edge method (acs)was 2,16 pm. The setting precision can be neglected in case of a
contact type of three wire method under constant measuring load (125 gms).

b) The reading precision, which depends on the designed scale, has
small effect on the total measuring precision than the setting precision.
On the spiral vernier scale it was 0,7 pm.

3. The degree of accuracy in the contact type is lower than in the con-
tactless type because the deformation effects are the same of working conditions!

4. The inherent precision of the measuring machine can be neglected
compared with both setting and reading precision of the operator.

5. Comparing the values of the index of accuracy obtained for each
method they can be graded according to the following order:

Knife edge method,
Three wire method,
Optical method.

Regarding the index of precision the following order was obtained

Three wire method,
Knife edge method,
Optical method.
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Appendix
Theoreticalformulae for the measurement of effective diameter using three wire method

Theoretical formulae of the measurement of effective diameter using the 3-wire method
The general formula is:

F=M C.

d—
2.tana/2 sin a/2

It remains valid for whatever wire diameter and profile angle, even when bissectrix of this angle
is not accurately pendicular to the thread axis. In this case the effective diameter refers to
equal thickness of thread and notch, whereas the apparent diameter is larger.

The single condition for the validity of the above formula is that the wires take contact
on the flanks and that same are straight Fig. (5) For curved flanks the effective diameter has
no sense.

The correction C compensates for the obliquity of the wires in the thread according to
the mean helix angle B.

The term C is given by the formula
1
C= dtanZB-cosEcotalz.

For standard threads, C is equal to about 0,002 mm and it is, therefore, necessary to be
taken into account. For fine pitches, C can mostly be neglected

Best wire diameter

The general formula given is valid for any pitch and diameter of wires, on condition to>
introduce the actual profile angle and so for as the contact takes place on the flanks. As the
actual profile angle a is never accurately equal to the nominal angle, it will be of advantage to
use wires of “best diameter” with which the contactis obtained exactly on the effective diam-
eter the error of angle a taken will have no noticeable influence on the measurement of the
effective diameter F.

As the great variety of pitches and the manufacturing tolerances of the wires do not
allow the performance of the measurement with the absolute best diameter dnom, the influence
of the angle a and the diameter d on F was to be negligible when the contact between wire and
thread flank is obtained within the medium eighth of the flank length (Fig. 12), i.e. when

"max = “nom ff H g~j= 1424 dnom,
Amin == “nom == 0,876 dnom,
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where dnom is the wire diameter which contacts exactly on the effective diameter F according
to the formula:

nom 2 cos al2

when using wire of the best diameter dnom or at least between dmax and dmjn the error of a as
was practically realized, will have no noticeable influence on F. The errors in P can also be
neglected.
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Eine vergleichende experimentelle Studie Uber Genauigkeit und Pré&zision von AuBen-
gewindemessungen mit verschiedenen Methoden. Hauptzweck der Arbeit ist drei Verfahren
fir die Messung des Flankendurchmessers von AufRengewinden zu vergleichen, und zwar das
optische Verfahren, das optische Verfahren mit einer Messerschneide und die Dreidrahtmethode.
Untersucht wurden a) die Genauigkeit und b) die Prdzision der Resultate mit jeder Methode,
berechnet aus den Messungen an einem Gewindelehrdorn. Die drei Verfahren sind verschieden
und jedes hat sein eigenes System von Fehlerursachen, sowohl was die beherrschbaren als auch
die nicht beherrschbaren Fehler betrifft.

CpaBHUTENIbHOE IKCMEPUMEHTASIbHOE MUCCe0BaHE TOYHOCTU U MPELM3HOCTA U3MepPeHUst
BHELLUHMX Hape30K, BbINOTHEHHOMO MNPV MOMOLLUY Pas/INYHbIX METOAO0B. OCHOBHOW LeNblo faH-
Holi paboThbl ABNAETCA IKCMEPUMEHTaNbHOe CpaBHEHMe TpexX pa3IMyHbIX MeTOJO0B WM3MepeHus
CpefHero fuameTpa BHelWlHel Hape3ku, a MUMEHHO OMTUYECKOro MeToAa, fanee OYeHb Pes3Koro
ONTUYECKOTO MeTofa U MeTofa C MOMOLWbI TPeX M3MepUTeNbHbIX MPOBOMOK B OTHOLIEHUN
a) CTerneHW TOYHOCTW U 6) CTEMeHU MPeLu3MOHHOCTU. Pe3ynbTaThbl BbIYUCIEHbI HA OCHOBE [aH-
HbIX M3MEpEeHWi, BbIMOMHEHHbIX C MOMOLbI0 BCEX TPEX MeTofoB Ha Kanubpe «npoGke» Ans
u3MepeHuUs BHYTpeHHell Hape3ku. Bce Tpu MeToda SIBAAIOTCA PasNUUHbIMKU U KaxzAas U3 aTuX
MEeTOZ0B UMeeT COGCTBEHHYIO WHIepeHTHYI0 CUCTeMY MOTrpelHOoCTell, KaK B OTHOLIEHWU LOMUHN-
pyembiX, TaK U B OTHOWEHUN HELOMUHUPYEMbIX MOTPEeLIHOCTel.
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THE EXCITATION MECHANISM OF THE 6LU2 LEVEL OF
Hg ATOMS IN THE POSITIVE COLUMN
OF A LOW-PRESSURE MERCURY-ARGON-DISCHARGE

K. G. ANTAL,* E. GATI**

[Manuscript received 25 March 1975]

In the paper the radial structure of the positive column of a discharge in 6 « 10"7
TorrHg vapour and 2,5 Torr Ar working gas is investigated experimentally and theoret-
ically. The assumed plasma model is checked by probe measurements, and by a spec-
troscopic method, the radial distribution of the intensity of the 579,1 nm wavelength line
is determined. As an evaluation of the obtained profile the ratio of the direct and the
indirect processes is determined using a simple population model. The dependence of
this ratio from the microparameters of the discharge and the integrated transition
probabilities has been calculated.

1. Introduction

In the radiation mechanism of low-pressure vapour discharges with an
Ar working gas a fundamental role is played by the 63P1and 61P1resonance
levels. As is known from the point of view of light generation the transition
63P X—61S0 (253,6 nm) can be considered of prime importance, as it provides
90% of the ultraviolet flux easily converted into visible. For this reason the
population of the metastable levels 63P Xand of 63P 0 and 63P 2 forming with it
atriplet, have been theoretically and experimentally investigated by numerous
authors [1, 2]. Assuming that the 63P 0 x 2 system can be considered as being
relatively independent of the higher levels, already knowing the eaerlier
measured excitation functions [3, 4] a theoretical model could be elaborated
which agrees well with the experiments.

Less attention is paid by authors to the transition 61P 1—6b80 (184,9
nm) which, although of secondary importance for light generation, plays an
important role in the reduction during the life of the efficiency of some dis-
charge light sources (e.g. the photolysis of halophosphate luminescent powders).

It is well shown on the energia diagram of the Hg atom (Fig. 1) that
besides the direct excitation which can be considered as a first approximation
with the population of the 61P 1 level, in the finer approximation, nearer to
the experimental results, the transitions from the levels 71S0Oand 61P 2must be
considered too. These levels are much higher than the 63P 0 x 2system and so

* K. G. Antal, Ritka u. 3 H-1204 Budapest, Hungary
** E. Gati, Bajcsy Zs. kdz 3, H-1065 Budapest, Hungary
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it can be assumed that during their excitation the two-stage phenomena
provides a non-negligible contribution. The more complicated equations
describing the one- and two-stage processes are naturally no longer linear.
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Fig. 1. The energy level system of the Hg atom [5]

The population of the higher excited levels as a function of the electron con-
centration can be described in the well-known generalized form

ns= Ane+ Bng (1)
where
ns — the population of the excited level,
ne — the electron concentration,
A, B — factors containing the integrated excitation probabilities.
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The value of the parameters A and B naturally depends on the concrete
discharge conditions.

In the present paper the radial structure of the intensity of the 579,1 nm
line belonging to the transition 61D2 6’Pp and through this the population
and the excitation mechanism of the 61D2level, will he investigated. (We will
not investigate the transition 71S0 61P1which can be dealt with in a similar
way as the transition 61D2—61P 1). The measurements were made on the posi-
tive column of a 36 mm inner dia., 1200 mm long glass discharge tube with
oxide cathodes of equal construction. The principal characteristics of the
examined discharge are the following: 2,5 Torr argon; saturated Hg vapour
pressure corresponding to 40 °C wall temperature (6 «10“3 Torr); in a d.c.
operation the discharge current was 430 mA, the burning voltage 104 V.

2. Experimental results

The experimental tube was operated with the system shown in Fig. 2
where the switch Kx permitted to change from the a.c. operation facilitating
the ignition to the d. c. operation used for the measurements. In d.c. operation
the switch K2serves for changing polarity. The discharge current was measured
on the poles 7—8, the burning voltage on the poles 5—6.

For determining two characteristic microparameters of the discharge
— its electron temperature and its electron concentration — the probe circuit
shown in Fig. 3 was employed. The radially moveable probe was placed in
the centre of the tube, the Alstabilized d.c. supply unit with the 10 kOhm

Fig. 2. Supply unit, fojté6 = V, 2 A); 3—4 a.c. stabilized supply unit (0 ... 250V, 2 A, 50 Hz);
5—6 voltmeter, 7—8 ammeter, 9—10, 11—12 to electrodes
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rheostat belonging to it were used for adjusting the probe voltage, galvano-
meter G measured the working current. Measurement of the probe voltage was
made more accurate by compensating the plasma potential referred to the

220V ~

Fig. 3. d. c. probe circuit; discharge tube

*X

Fig. 4. Optical arrangement for measuring the intensity distribution along the X axis;'discharge
tube; to monochromator

cathode (approx. 50 Y) with the stabilized supply unit A2 and the deviation
from this was measured with the instrument V2 The cylindrical probe used
was made of molybdenum, its dia. was 0,50 mm, its length 2,20 mm — the
geometry and the measuring arrangement are the same as described in ref. [7].

W ith the optical arrangement shown in Fig. 4 the distribution along the
X axis of the 579,1 nm Hg line was measured with the aid of an UM-2 type
monochromator. The X — Y coordinate system was fixed in a plane normal
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to the axis of the discharge tube. The height of the slits Rx and R2was 10,0
mm, their width 0,20 mm. Mirror T served for checking any self-absorption.
Measuring the intensity with and without the mirror, the radial distribution
of the self-absorption was determined and thus it was ascertained that for
the 579,1 nm line the plasma can be considered as a thin one.

3. The radial distribution of the electron concentration and
the electron temperature

When modelling the positive column, for a start the following assump-
tions were made, which are generally accepted and experimentally confirmed
for similar discharges [8, 9]:

the argon working gas does not take part directly in the excitation
and ionization phenomena, due to its action in the first approximation the
mean free paths are negligible as compared with the characteristic dimensions
of the tube;

— the ionization ofthe Hg atoms and the excitation ofthe non-resonant
levels is by electron collision, in one or two stages;

— recombination takes place only on the wall of the tube, where the
charge carriers get by through ambipolar diffusion;

— in the column the density of the atoms in basic state and the electron
temperature do not change radially;

— the longitudinal and radial drift velocities are small compared with
the random velocity, the velocity of the electrons follows the Maxwellian
distribution.

Considering these assumptions the electron concentration profile deter-
mined by the radial diffusion is given by the solution of the following equation:

Angr) = —CAa)n(r) )
where
a= 1 — if the ionization is direct
a= 2 — if the ionization takes place in two stages,
C(a) — a constant containing the ionization frequency and the ambipolar diffusion factor,
r — distance from the axis of the discharge tube, 0 < r < R.

The solution of Eq. (2) is, with the following normalized boundary con-
ditions

ne(r) g ne{r)
n0 r=o Ir=R
where
no — the electron concentration measured on the axis,
R «— the radius of the discharge tube (in the following is taken as equal to unity),

given by the following plasma balance conditions:
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C(*: 1): 2':0§> Cloc = 2) = 2;32

The solutions of Eq. (2) [10, 11], the radial profile of the electron con-
centration for x = 1 and x = 2 are shown in Fig. 5 (broken lines).

As is known, from the ascending section of the probe current vs. probe
voltage characteristic the electron temperature is

T « d(Usz-V p) (3)

e K din le

Fig. 5. The relative electron concentration as function of the tube radius, 0 — measured values;
a = 1 calculated distribution function for one-stage ionization; a = 2 calculated distribution
function for two-stage ionization

where

Te — the electron temperature,

e — the electron charge,

K — the Boltzmann constant,

Usz — the probe voltage,

Up — the plasma potential measured on the emplacement of the probe,
le — the electron component of the probe current;

while from the current belonging to the saturation point, the mean random
velocity of the electrons and the probe voltage, the electron concentration is

le(Usz= Up)

no= 4 (4)
where
vp= '--h-;ﬁfa)z — the mean random velocity of the electron,
m — the mass of the electron,
S — the surface of the probe.
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On the base of the above relations and with the measuring method
and arrangement used here [7] the radial distributions of the electron tem -
perature and of the electron concentration can also be determined. The meas-
ured electron temperature is shown in Fig. 6, and the electron concentration
is characterized by the measured points shown besides the theoretical curves
of Fig. 5 (the absolute concentration n0= 2,71 1011 cm-3 measured in the
axis of the plasma at r = 0). Within the errors generally permitted with probe
measurements the assumptions are considered as being proved that

*103 [K]
6 1)
N
15
“
0 0,2 0.4 oR o 10

Fig. 6. Radial distribution of the electron temperature

— the electron temperature is constant on a considerable part of the
tube radius,
in the examined plasma the overwhelming majority of the ionization
processes takes place in two stages.

These partial results are the base of the further considerations and it is ac-
cepted that the radial distribution of the electron density is provided by the
solution of Eq. (2) for x = 2 [10, 11].

4. The radial intensity distribution of the 579,12 nm Hg line

W ith the arrangement shown in Fig. 4 the intensity distribution 1(x)
along the X axis of the 579,1 nm line belonging to the transition 61D2—61P 1
was measured in relative units. The result is shown in Fig. 7. The normalized
measuring points shown in the figure are connected by the continuous function

LI,X) 4 2ft+ |
=2 - xp 2 (5)
10, k=1 2
(cx= 0,2614, c2= 0,8017, c3 1,0549, c4= 0,9918).
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In a cylindrico-symmetrical case there is a mutually univocal relation
between the emissivity of the plasma (light energy radiated per unit time
by the volume element dV situated at distance r from the tube axis) and the
intensity distribution measured along the X axis:

u'(*

e(r) — *) ax, (6)
1fx2- r2

Fig. 7. Distrib Gtion of the intensity along the X axis, o measured points;-------- fitting curve

The shape of the approximated function defined by (5) agrees with the empir-
ical fact that the intensity distribution along the line has, at the points x = 0
and x = 1 a zero tangent, on the other hand the inversion prescribed by EqQs
(6) is analytically feasible. Thus, the radial distribution of the emissivity can

-e( ") K=1 I

For this distribution it is characteristic that similar to the distribution of
the electron concentration derived from the diffusion model — in pointr = 1
its derivative is zero and in point r = 1 it has a finite derivative.

Figure 8 shows the normalized radial distribution e(r)/s(0) (d1= 0,1933,
d2= 0,7411, d3— —1,376, dA= 1,2033) calculated by the above inversion
from the intensity distribution shown in Fig. 7. In the same figure are also
shown curves characterizing the real structure of the electron concentration
and its square.

Starting out from the proportionality between the emissivity and the
population of the upper energy level belonging to the given line, in a way
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similar to relation (1) assuming direct and two-stage excitation processes —
the normalized emissivity can be characterized by the dimensionless expression

e(r) "«(r) _ a nefn) b n&(r)
e(0) ns(0) ne(0) n%0)

where a and b — dimensionless proportionality factors, for the general case their values
being determined by the local plasma parameters.

Fig. 8. Radial distribution of emissivity.......... relative electron concentration distribution;
---------- relative emissivity distribution; —.—. the quadrate of relative electron concentration
distribution

From Fig. 8 it is possible to determine, by using these relations considering
that from the definition of the relative distributions a + b — 1 the radial
dependence of the ratio b/a:

M r) E(r)

1.(r) = neQ) e(0)

a ey nln ®
e(0) ng(0)

In the sense of the above definition the ratio b/a can be determined for the
surroundings of points r = 0 and r = 1 only as limit values. In Fig. 8 taking
into consideration the error limits of the basic curves the radial dependence
of the ratio b/a is given for 0,1 <; r 0,8.

Subsequently the obtained experimental results will be interpreted
within the frame of a simple model.
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Fig. 9. Radial dependence of the quotient b/a characterizing the excitation mechanism

5. Discussion

In order to interpret the spectroscopically obtained intensity distribution
along r and to derive from this the radial distribution of the population of
the 61D2 level, the assumptions made in para. 3 are completed as follows:

it is assumed that in the two-stage excitation of the 612)2 level the
intermediate step is the triplet 63P 0 r 2 (Fig. 10);

the 63P system is reduced to one single level (m) which can be ex-
cited from its basic state in one step by electron collision and which is de-
populated passing through the 61P 1 resonance level by the emission of the
253,7 nm ultraviolet line;

the 61D2 level (s) can be excited from the (g) basic state directly or
passing through the (m) level in two stages by electron collision and this level
is emptied during spontaneous radiation of the 579,1 nm line.
In case of equilibrium it holds for (s) as well as for (m) that the number of
states originating during unit time is equal to the number of disappearing
states. With symbolic notations

(g, m) - light radiation

(g, s) + (m>s) = light radiation.
In detail
, ™
anfelly T (10)
‘%snr'e'ln'lm . ne (“)
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where

kgm, kgs, kms — the integral probabilities of the respective levels,
ng, nm, ns — the populations of the respective levels,

rm, ts — the mean life of the (m) and (s) levels, respectively.

The probabilities of the transitions ktj can he expressed by the cross-sections
of the respective phenomena:

ktj = vefg, (12)

Fig. 10. Simplified model of the energy level system of the Hg atom

where
€l = I(kTe) — (Ej is the energy of level i)
&ij( O — the active action radius referring to the i—j transition as a function of the

energy of the colliding electron.

Expressing nm from Eq. (10) and placing it into (11),

*kgsng ' ne b kmskgmTmns n, (13)

is obtained. Comparing Eq. (13) with formula (1), the parameters A and B
defined there can be explained within the limits of the model and their quotient
is given by the following relation containing the microparameters ofthe plasma:

Tme (14)
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The quotient b/a which can directly be determined from the measure-
ments can also be expressed as a combination of the microparameters of
the plasma by Eqs (1), (8) and (13):

B
= ~7 nt(0) = - m rmne(0). (15)
A K
o
The radial distribution of the population of the radiating level, consider-
ing that it is proportional to the emissivity, can be written in the form

o| =

ne{fry , TBr) b
(r

nM »,(0345- = »(0) 3(0)_ _"HO) » (16)
(0 1+
_a(r)

For calculating the absolute value ofthe population one can calculate from (13)
res(0) — f(kgnv> kgs* kms, Tm, rs, Tig, ree(0)) an)

while by measuring the ratio b/a the following simpler relation is obtained:

ns(0) - 1+ - (0) k rsnne0). (18)
a

6. Summary

In the paper an experimental method for investigating the light generat-
ing mechanism in the positive column of the low-pressure Hg-Ar-Discharge
has been described. The radial distribution of the emissivity ofthe 579,1 nm Hg
line belonging to the transition 64), 61P 1has been examined experimentally.
W ith the aid of a simplified model the experimentally obtained parameter
b/a has been explained.

The results can be summed up in the following:

in the sense of Eq. (8) the ratio b/a gives the proportion of the stepped
and of the direct processes in the excitation mechanism of the level — in our
case, not considering the radial dependence of b/a, calculating with 0,866
average value, 53,6% of the excitation is direct, 46,4% is in two-stages;

in the sense of Eq. (15" b/ais a function of five parameters depending
on the discharge; by measuring b/a, and knowing four parameters, the fifth
can be determined e.g. the integrated probabilities kms of the transition
from the intermediate level m to the radiating level r, which it is difficult to
evaluate by other methods;

- on the base of expression (13) the absolute value of ns(0) can be
calculated knowing the seven parameters listed in (17), but by measuring the
quotient b/a on the base of (18) it can directly be determined without knowl-
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edge of the parameters characterizing the parameters of the intermediate
level;

Eq. (16) characterizes the radial distribution of the population of
the excited level r. The normalized form of the relation stems directly from
measurement and defines the radial dependence of the parameter b/a (Fig. 9).
In the initial model it has been assumed that the electron temperature is ra-
dially constant and as a consequence of the model the local value of 6/a depends
on the local electron temperature by way ofthe integrated transition probabil-
ities. By comparing this dependence with the radial structure of the electron
temperature gained from probe measurements a possibility opens from further
refining the model.
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Der Erregungsmechanismus des 6'D2 Niveaus der Hg-Atome in der positiven Saule
einer Niederdruck-Hg-Ar-Entladung. In der Arbeit wird die radiale Struktur der positiven
Sdule einer Entladung in 6 ¢ 10_3 Torr Hg-Dampf und 2,5 Torr Ar Arbeitsgas experimentell
und theoretisch untersucht. Mittels Sondenmessungen wird das angenommene Plasmamodell
kontrolliert und dann wird die radiale Verteilung der Intensitat der zum 61D2— 61P, Uber-
gang gehorenden 579,1 nm Linie bestimmt. Als Auswertung des erhaltenen Profils wird unter
Verwendung eines einfachen Populationsmodells das Verhdltnis der direkten und der mehr-
stufigen Vorgdnge bestimmt. Die Abhdngigkeit dieses Verhaltnisses von den Mikroparametern
der Entladung sowie von den integrierten Ubergangswahrscheinlichkeiten wird angegeben.

MexaHn3M B030Y>aeHNs ypoBHA 61D2 aToma Hg Ha NON0XKMUTENIbHOM CTON6UKE PTYTHO-
aproHoOBOro paspsfa HU3KOro fJaBfieHus. B faHHOl paboTe aKCneprMeHTanbHO U TEOPeTUYECKHU
nccnegyroTca pafnanbHas CTPYKTypa NnofoXnTenbHOro ctonbuka paspsaja, co3fiaHHoro B pa6o-
yem rase (aproHe) gasneHuem 2,5 Topp M B napax pTyTu fasBneHuem 6 ¢ 10~3Topp. V3mepe-
HMEeM C MOMOLLbIO 30HAA MPOKOHTPONMPOBAHHAA Mpefrnonaraemas njasMosas MofeNb, nocne
4yero C MOMOLLLID CMNEKTPOCKOMUYECKOro MeToja Onpefensetcs pafuanbHoe pacnpefeneHue
WHTEHCUBHOCTN NUHWW AAWHBI BOMHbI 579,1 HM, COOTBETCTBYIOLW W Mepexony 6‘D2—61P 1 ato-
MOB PpTyTW. B KayecTBe OLEHKM MOAYYEHHOTro nNpoduns nyTeM MCNONb30BaHUS MPOCTOW
nonynALMOHHOW MOJeNn onpeAenseTcs OTHOWEHME MeXAY MPAMbIMU U CTyneH4YaTbiMy NpoLec-
camu, fianee faeTca 3aBUCUMOCTb 3TOFO OTHOLIEHMA OT MUKpOMapamMeTpoB paspafa, a Takxe oT
WHTErpMpoBaHHbIX MNepPexofHbIX BEPOATHOCTEN.
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DETERMINATION OF THE EQUATION OF THE BALLOON
PLANE CURVE IN RING SPINNING TAKING
THE WEIGHT OF THE YARN INTO CONSIDERATION

B. GREGA*
CAND. OF TECHN. SCI

[Manuscript received 18 July, 1976

The author set up the system of differential equations of the plane balloon by
taking into consideration the tensioning forces of opposite directions acting at the two
end points of the yarn element. As there is no possibility for a solution in a closed form,
expansion in series is suggested for defining the equation of the plane balloon.

In a previous paper when analyzing the phenomena occurring in the
balloon, the yarn forces of opposite directions acting at the two end points
of the yarn element, furthermore the centrifugal force have been considered.
Now, in addition, also taking into account the weight of the yarn element,
for the system of differential equations of the equilibrium of the arc element
of the yarn we have

HXj — a mds *x suP— S(x) *cosa -f- S'(X) ecosa' = 0,
EYi = —a +ds mg — S(x) sin ¢ -j- S'(x) sina' = 0

where a is the linear density of the yarn, S(x) and S'(x) — tangential ten-
sioning forces arising at the two end points of the yarn element, co — angular
velocity of the running point of the balloon rotating around the spindle axis,
a and a,’ angles, formed by the tangential yarn forces and the coordinate
axis x.

By the transformation of the system of differential equations we have
already shown that the differential equation of the balloon plane curve taking
the yarn weight into consideration

\*y o© Yi+y'
® + J'2= - dx y
If
= a
then
X\ 1 fy'2 a i(xyl+ a)yYl+ j'2

dx \ y
*B. Ghega, Németvdlgyi Ut 22, H-1126 Budapest, Hungary
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Introducing the transformation

. dp
i.e. =
P P dx
the differential equation takes the form
p'4 /1l + p2= - \p\xp’+ p)I[l + p2+ p\xp+ a) P P -
[ 11 + P2

—p"{xp + a)Y1+ p2J.
Since there is no possibility for

YT+J2= 0,

because from the point of view of spinning it does not lead to a real solution,
hence dividing by that

p'4 = - Jp\xp' + p) + p\xp + a) I - pxp + a)J,
-p'4 = ' 2+ ~ ~ f P m- XPP" - aP"™
p pp + Xp <+ ]_+p- + « 1+ p-.
—p'X = pp' -)-xp'2+ xp'2 — X——-—-- a— - xpp" — ap".
l+p2 l+p2

After reducing and arranging

' *p'D * % _ _ "o no_ ’
PP' + 3*P'2 i+p2+«1appg XPP" - aP" = 0

PP'+ 3*p'2- XP + a - (xp+ a)p" = 0.

1+p2 l+p2
Thus, we have obtained for p an ordinary second order non-linear differential
equation with a non-constant coefficient. Solving the equation for p"

p" = f(x,p.p") .

i.e. the differential equation is non-deficient.
Wi ith the initial conditions x = x0;y = y0p = y' = ynandp' = y" =

= y8 we may arrive at the solution as follows: (Fig. 1.).
If

Xg= 0,y0= h,y6 = tan a0= tan (90° + y0) = —cot y0=
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Observations have shown that due to the centrifugal force the angle of in-
clination formed at the apex of the balloon is of the order yO = 26,5°, hence

tan 26,5°
yl = -0,001,
with the aid of these, the value ofy"™ = p" can be determined from the latter

differential equation
Po =f(*0,Po’Po) m

Now, we shall define the third differential quotient of p with respect to X
and since on the right side of

i) = po = (JT)o+ (/; *pYo+ (# +p"o

all the terms are known,

yo'v*= jPo can be determined. At the initial place the values of the
higher order differential quotients ybV\ JoVI) . .. can he calculated in a similar
way. Knowing the values of the differential quotients of the function at the
initial place, the equation of the balloon curve is obtained by expansion into
Taylor series in the form

_ , Jo . Jo Ju
J.Y—>J.’g+—*+ Ttxr+ 3!513-f...
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For verifying the principle of our statement we have determined the equation
of the balloon for the neighbourhood of the apex on a ring spinning machine.
W ith the previous initial conditions, with the balloon height of 120 mm, and
with yO= 26,5°, i.e. with the angles ocd = 116,5°, measured at the moment
of observation, furthermore by taking into consideration the value of a =
= 0,912 « 103,

0,002 0,000002
Po = 103+ 2,19.
0,912 5

Thus, in the neighbourhood of the apex the equation of the balloon curve is

0,001 2,19
y ' Xo 4’ L2
21 31

or approximately
y ~ —0,0005x2 — 2x + 12.

In order to know to what extent the approximate balloon equation can
be made use of, the order of the error committed has to be determined. Since
the yarn force is measured in the range of 0,1 2,25, and within that interval
the maximum value of the third derivative

M = pi'=01 = —0,01005, the maximum error committed is
M I ~0,01005 [
bn = * = «2,153= 0,0166,
31 31

i.e. negligibly small, and thus, the equation can be applied for the determi-
nation of the yarn force.
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Bestimmung der Gleichung der ebenen Ballonkurve beim Ringspinnen. Der Verfasser
berechnet die Gleichung der Ballonkurve beim Ringspinnen fir den Fall, daR die Corioliskraft
und der Luftwiederstand auller acht gelassen werden. Bei der Lésung des Differentialgleichungs-
systems fir das Gleichgewicht der auf das Fadenelement wirkenden Krafte wird ersichtlich,
daB die ebene Ballonkurve auch in diesem Fall nicht in geschlossener Form dargestellt werden
kann. Die Gleichung der ebenen Ballonkurve kann durch ein Legendresches elliptisches Inte-
gral erster Art dargestellt werden.

OnpefeneHvie ypaBHEHUSI TMNJIOCKO KPWBO/ 6GansoHa ¢ y4eTOM Beca MpPsbku. ABTOp
BbIBOAWT cUCTEMY AudepeHynanbHbIX ypaBHeHW ANA NA0CKOro 6annoHa Npu yyete pacTaru-
BalOWMUX YCUAUA NPOTUBOMOMOXHOIO HanpaB/ieHUs, AelCTBYHOWMX B ABYX KOHEUHbIX TOYKa
npsXXu, Npu yyeTe LEeHTPOGEXHbIX CU U Beca aNeMeHTa NpsKu. PelleHne aToii cucTeMbl Aud-
(hepeHLManbHbIX YpaBHEHU HEeBO3MOXHO B 3aKpbITO dopMe, MO3ITOMY NyTeM Pa3noXeHus
B pAfj AaeTcs pelleHue C Lenblo onpefeneHns ypaBHEHMs NNOCKOro 6annoHa.
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THE ERROR FUNCTIONS AND THE MOST FAVOURABLE
MEASURING CONDITIONS FOR MASS YIELD AND
COMPONENT YIELD

SZ. PETHO*
DOCTOR OF TECHN. SCI.

[Manuscript received 11 March, 1976]

The main parameters for evaluating the separation operations are the mass yield,
the component yield and the efficiency. Their error functions can be calculated by using
the law of error propagation. By fixing the errors of the parameters the accuracy of
product analysis can also be deduced.

1. Introduction

The main parameters for the evaluation of mineral separation operations,
the mass yield m, the component yield kK and the efficiency rj are calculated
with the following relations [4]:

a—c _ Fa(x) —Fc(x)
b- ¢ Fb(x) - FoXx) ’

b a—c_ Fb{x) Fa{x) — Fcx)
ab—c Fa(x) F,.(x) — Fc(x)

k—m = (@a—c)b—a) = [Fax) - Ec™I[-U.(*) - FaXx)]
1—mo (b — c)a(1 — a/AQ) (Fbh(x) — Fox)]Fa(x)[1 — EO(s:)]

In these equations a is the average quality of the raw material, b and c are
those of the separation product (e.g. metal content); Fa(x), Fb(x) and Fc(X)
are the distribution values of the same products — (e.g. the mass proportion
of a part of specific weight below a given limit). Therefore a, b, ¢, Fa(x), FhXx)
and Fc(x) are all component contents. Let there be b> a)>c, then b —c)>
)>a cand b—c> b a butb a”a—c and the same inequalities
hold for the corresponding distribution values.

In the following on the base of the law of error propagation the deter-
mination of the variances f/m, (if, and /r* of the mass yield, the component yield
and the efficiency and the optimization of the measuring conditions are dealt

with ([1], [2]).

*Dr. Sz. Peths, Miskolc Egyetemvaros, Asvanyel6készité Tanszék H-3515, Hungary
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2. The error functions of the parameters

The partial derivatives of the mass yield are

dm 1 @)
da b—c
dm a—¢ m

5
b T oe. T T sl o ®)
dm a—b 1—m

6
dc (b —¢)2 b—c ©

The variance of the mass yield, if /4 /uy and $ are the standard devi-
ations for the determination of mean quality, is ([2])

2 f8m 2W'|‘ +| (dm\2 2, fOml2 &=
| 9a 86 ; de 1

= — -1 : [(&—c)A4 + (a —cfte + (a - b)2Ai2\.
Gt gl — O+ (@ —cre 4 (a- b

Amongst these difference b — c is the largest, therefore, the reduction of the
numerator and with it of the variance of the mass yield is best obtained by a
more accurate determination (jit) of the average raw material quality (a)
ela—c|"|la —b|, accordingly accuracy of average quality (jit and jit)
must be strived for. The denominator of the error function is independent of
the accuracy of the analyses, the standard deviation of the mass yield is in-
versely proportional to the square of the foregoing maximum difference.

If jla= jlb= jic— ji, i.e. the accuracies of the analyses are equal a fact
which also occurs in practice - then
= ~ I+ ™4+ (I - ii2.
/4, %br_ c)\é [! W+ (! m)2]ji2 (8)

According to those relation the standard deviation of the mass yield is propor-
tional to the analyzing errors assumed as being equal and inversely proportional
to the maximum difference b c¢. The magnitude of the standard deviation
is still influenced by the mass yield: for m = 0 orm = 1the expression within
the square brackets has a maximum, its value is 2, for m = 1/2 there is a mi-
nimum: 3/2. Its mean value is ([3])

f [+ m2+ (1 - m)2ldm = — . 9)
Jo 3
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The function 1 -~ m2+ (1 -(- mf is shown on Fig. 1. The horizontal line for
the mean variance, 5/3, is also shown it intersects the function at 1/2 -)-

4- 1/2\j1/3 and 1/2 — 1/2JA1/3 mass yields. The mean variance of the mass
yield is

- 10
tfn 36 - of (10)

The standard deviation of the mass yield is

Hm = T B+ m+ 1—m2V . (11)

The maximum of that part of the function which is connected to the mass
yield is Y 2, its minimum is ¥3/2. Its mean value is ([3])

Jlo- [1 ¥ a—”ﬂm - ]i2|-(m2—m t |)/5dm i

Jo
3 (12)
S oar a2 - 102897
2jR Y3 3
The mean standard deviation is

1,2897

____________ e (13)

b—c

Comparing (10) and (13) shows that /im> (ime«(|j5/3 = 1,2910 > 3
(Ar sh 1/y3 4- 2/3)/2]y2 = 1,2897).
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The variance /x| of the component yield is

IA= &Ll - [(beNb - CVa2+ (acy-(a - « + (baf{b - aftf] » (14)
a4(i> — c)4

The standard deviation is inversely proportional to the square of a(b — c)

appearing in the nominator of the component yield [a(b - ¢) > c(b a)].

For the products in the square brackets according to the initial conditions

only the inequality bc(b c) > ac(a — c¢) can he stated, correspondingly the

determination of raw material quality must be carried out with a greater
accuracy than that of the concentrate.
The variance of the efficiency is

1 46c 1 — 2a
47? - Hi +
(b—c)a2 1—
. . (15)
+ B T st + (o DF " ig-
(b—c)2a & — a= 6 B a
° AO

3. Determination of the optimum measuring conditions

The optimum measuring conditions can be obtained by equalizing the
expressions in the square brackets of Eqs (7) and (14).
If the sum in the expression for the variance of the mass yield is fixed,

(b — o)fjiQ+ (a —co)fib+ (a — b)fic= xx+ x2+ x3= K,

then the sum of squares x\ -- a2 -f- 32 is minimum if xx= x2— x3— x:

x= o olbinz @« dfm ~ dem-»
PRSP L S TN 16
(S T (16)

From this equation by fixing fim the following analyzing errors can be cal-
culated:

dam | 17)

ifim = im (18)
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6—c Ham (19)
em — % m — zh
" Y3l —m) 1—m

The last three Eqs give the determination error of the product quality as being
inversely proportional to the mass yield of the products. Hence, the analysing
error of the product with a small mass yield can be relatively large as com-
pared to the error of the raw material or to that ofthe other separation product.

The products of the variances of the component yields, which in the
interest of optimization are made equal, are denoted by z:

z= (bc)(b —c)yak = (ac)(a — c)uybk = (ba)(b — a)yck.
W ith this,
yr3z

= (20
"axp- cf

H —

W ith a preliminary fixing of fjkthe accuracy ofthe determination of the quality
of individual products is

ar(b — ¢)
Hk= = (21)
136c WK’
Hc—i 079 (22)
“ y3ack
c(b —c) (23)
v36(1 - k)

In these error functions a2bc W1, b/c > 1. The accuracy of the determination
is proportional to the corresponding component yields. In case of a very good
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preparation efficiency (k — 1, ¢ —0), the quality of the concentrate can be
determined inaccurately, that of the other separation product should be de-
termined with great accuracy (1 — Kk = 1 — m)c/a; (l—m)/a> 1;c/(1 —k) —nm
—»0; uc—»0). In such a case the accuracy of raw material quality measure-
ment should be between that of the two separation products (fj,ak : [ibk =
= a2:62.

If the errors of the component yield and of the mass yield are assumed
as being inequal the ratios of the corresponding analyzing errors are

2
Hak a (24)
tham be
P a s (25)
Wbt c
N
—+ < 1. (26)
fom b

Let there he a= 0,04, b= 0,74, c = 0,002, then m = 0,0515, K = 0,9526.
If [ik= 0,001, [isk = 0,00046, pbk = 0,1655, yx = 0,00002. If yuT= 0,001,
fiam — 0,00043, /rbT = 0,0083, fiom= 0,00045. If the analysis were carried out
with fia= 0,00043, fib= 0,0083 and uc= 0,00002 errors, then uk and fim
would both be reduced by 0,001.

In the numerator of each function for product quality there appears
the difference b Cc. Subsequently for a given operation that value of the
parameter (grain size, specific weight, etc.) is determined for which the dif-
ference of distributions Fb(x) - Ft{x) has a maximum. If the analysis is made
for the parameter belonging to this maximum the accuracy of determination
of the mass yield will be the largest possible.

In the upper part of Fig. 3 the distribution functions Fa(x), Fb(x) and
Fc(x) are shown, in the lower part the density functions fa(x), fb(x) and fc(x).
The abscissae show that the physical quality of the products to be separated,
(-tmin X mrax) for the difference of which the separation is carried out.

The three density functions have a common point of intersection, its
abscissa xrlii is the relative median of the separation [5]. It is easy to see that
the sum of the area parts determined by the density functions of the two
separation products

Jf3(>§"_nfe(x)dx + J\X)(‘fb(x)dx = Fdx) + [1- FbX)] 27)

has a minimum for the relative median. These area parts are on the distribution
function the ordinates marked:

JFA CIfe{x)dx + J\)QJI‘f‘fb(x)dx = Fo(xrid + [1- Fb(xrilt)] - min . (28)
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From this equation it follows that at the relative median the Fbx) — Fc(x)
distribution differences have a maximum:

Fb(xrii.) - Fec(xnl,) — max . (29

Because ofthe common point of intersection the direction tangents ofthe three
distribution functions are equal at the relative median.

4. Conclusions

In the paper the error functions of the three basic measures for the evalu-
ation of the separation operations: the mass yield, the component yield and
the efficiency have been deduced and the measuring conditions have been
optimized.

The standard deviation of the mass yield is inversely proportional to
the difference of the component contents of the separation products. This
deviation depends only little on the size of the mass yield, if the qualities
of the products have been determined with equal accuracies. In that case
the error of the mass yield is the quotient of #\,b x the analyzing error and the
difference of the aforesaid component contents. If the error of the mass yield
is fixed according to the most favourable conditions of error propagation,
the error of determination of the component contents of the products is in-
versely proportional to their mass yield, while being directly proportional
to the difference of the component contents of the two separation products.
For a concrete separation operation the difference of the distributions of the
two separation products has a maximum at the relative median. The optimum
measuring conditions are satisfied if for the determination of the mass yield
the necessary analyses are made at this parameter.

The error of the component yield depends — besides on the analyzing
errors — mainly on the product of the differences of component contents
of the raw material and the two separation products; itisinversely proportional
to the square ofthe latter product. If the error of component yield is adequately
fixed, the errors ofthe component are inversely proportional to their component
yields. If the component yield of one product is large, the analyzing error of
this product may be large, but the component content of the other product
must be analyzed with great accuracy.
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Fehlerfunktionen und optimale MeRbedingungen fiir Massenausbringen und Bestandteil-
ausbringen. Die hauptsdchlichsten Parameter fir die Auswertung der Trennvorgédnge sind die
Massenausbringen, die Bestandteilausbringen und der Wirkungsgrad. Ihre Fehlerfunktionen
kénnen aufgrund des Fehlerfortpflanzungsgesetzes bestimmt werden. Bei Festlegung der Para-
meterfehler kann auch die Genauigkeit der Produktanalyse abgeleitet werden.

DYHKLUMN MOTrPeLLIHOCTM U Hambosee BbIFOAHbIE YCNOBUSI M3MEPEHWNSI MAacCoBOro BbIX0Aa
1 BbIX0fa KOMMOHEHTOB. OCHOBHbIMU MapaMeTpaMiy OLEHKM NPOLEeccoB pasfeneHns sBnsoTcs
MacCOBbIii BbIXOf, BbIX0Of KOMMOHEHTOB M KO3 (UL MNEHT NONe3HOro AeiicTBuA. ®YHKLMU NorpeLu -
HOCTW 3TWUX (haKTOPOB MOXHO OMNpefenuTb NpWU MCMONb30BaHWM 3aKOHOMEPHOCTW pacnpocTpa-
HEHWs TMorpewHocTU. ®UKCMPOBAHMEM MOrPELIHOCTEN MapaMeTpPoB MOXHO BbIBECTU TaKxXe
TOYHOCTb aHanM3a NPOAYKTOB.
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MEMBRANKRAFTE UND MEMBRANFORMANDERUNGEN
YON FLACHEN ELLIPTISCHEN PARABOLOIDSCHALEN
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und
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[Eingegangen am 25. Mai 1976]

Behandelt wird die analytische Ermittlung des Membranspannungszustandes
und der Membranforméanderungen der durch ein gleichmaRig verteiltes horizontales
Randkraftsystem belasteten flachen elliptischen Paraboloidschale. Die durch symmet-
risch bzw. antimetrisch angeordnete, auf den einander gegeniberliegenden Ré&ndern
wirkende Kraftsysteme hervorgerufenen Effekte beschreibenden Funktionen wurden
auch zur Erleichterung der Handrechnung in graphischer Form ausgearbeitet. Es wurde
hingewiesen, daf durch Anwendung dieses statischen Grundproblems, im Rahmen der
Membrantheorie auch die Schnittkrafte und Forméanderungen solcher elliptischen Para-
boloidschalen anndherungsweise untersucht werden koénnen, die durch Randtrager

gestutzt sind, welche in der horizontalen Richtung nicht vernachlassighare Biege —,
bzw. Drillsteifigkeit besitzen.

1. Bezeichnungen

Pfeilhdhen der in den x bzw. y Richtungen liegenden Bogen;
Schalenwandstarke;

Ix = 2a,ly= 26 Spannweiten der Bogen in den x, bzw. y Richtungen;

Belastung in der Richtung der Achse z, bezogen auf der Flacheneinheit der
Grundriflprojektion;

L}
nxy ——F, My= F spezifische Werte der auf die Seitenldngenprojektionen bezoge-
nen (reduzierten) Schnittkrafte;

Verschiebungen in den Richtungen der x- bzw. y-Achse gerichteten Tangenten;
Verschiebungen in den Richtungen x und y;

Verschiebung der Flachenpunkte in der Richtung der Flachennormale;
Verschiebung in der Richtung der z-Achse;

Orthogonalkoordinaten;

Ordinaten der Schalenmittelflache;

Elastizitatsmodul;

Spannungsfunktion der Membrankréafte;

G= E/21 -V) Gleitmodul;

spezifischer Wert der in der GrundriBprojektion gleichmé&Rig verteilten hori-
zontalen Randbelastung;
Intensitaten der symmetrischen, bzw. antimetrischen Randbelastung;
horizontales Biegetrdgheitsmoment des Randbogenquerschnitts;
Drilltragheitsmoment des Randbogenquerschnitts;
s( )" —2z()” -)-z"()" der Puchersche Differentialoperator;
Absolutverdrehung des Mittelquerschnitts der Randbogen;
Querdehnungszahl (in den Berechnungen: v = 0,2);
( Symbol der Ableitung nach x;
(# Symbol der Ableitung nach vy;
- 2()"-f- (): biharmonischer Differentialoperator.

* Dr. E. Dulacska Rath Gy. u. 64. H-1122. Budapest Ungarn.

** Dr. L. Janké Lajos u. 142. H-1036. Budapest Ungarn.
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2. Einleitung

Zur Ermittlung der Membrankrdfte und Membranforméanderungen der
flachen elliptischen Paraboloidschale, die durch gleichmdRig verteilte Fldchen-
belastung, bzw. durch das Eigengewicht hervorgerufen werden, stehen wohl-
bekannte Berechnungsverfahren zur Verfigung [1], [2], [3], [4]. Diese Metho-
den setzen voraus, dalR die Randtrdger der Schale in ihrer eigenen Ebene gegen
Biegung unendlich steif, wdhrend senkrecht auf diese Ebene vollkommen
weich (sog. “halbsteife” Trdger) sind.

Bild 1. Geometrische Angaben der elliptischen Paraboloidschale

Es fragt sich, ob es mdglich wadre, eine flache elliptische Paraboloid-
schale, die an einem ihrer R&nder durch gleichm&Rig verteilte horizontale
Kré&fte belastet ist, bloB durch Membrankrdfte in Gleichgewicht zu halten.

Im folgenden wird es biewiesen, dall dies mdglich ist; es werden die auf
den Membranspannungszustand und auf die Membranforméanderungen bezig-
liche analytische Ldsung und deren in Diagrammen verarbeitete Werte an-
gegeben. Nur die auf die Ebene xz symmetrische Losung (Bild 1) wird ge-
sucht.

Die vorgefiihrte Methode hat mehrere praktische Anwendungsmdglich-
keiten. Zur Untersuchung der rdumlichen Stabilitdt der Randbogen auch
noch im Falle, wo der Gewdlbedruck aus dem Gesichtspunkt der Schale
betrachtet vernachldssigt werden kann ist die Kenntnis der horizontalen
Verbindungskrafte zwischen Schale und Randtrdgern unbedingt erforderlich.

Im allgemeinen entsprechen die in der Praxis angewandten Randbogen
nicht der Definition des sog. “halbsteifen Randtrdgers”, da sie endlich groRe
Drill —und horizontale Biegesteifigkeit haben. Infolge dieser Steifigkeiten
kénnen die Randtrdger den nach der Membrantheorie entstehenden Rand-
verschiebungen nicht ohne Widerstand folgen. Demzufolge entwickelt sich
zwischen der Schale und dem Randtrdger ein Verbindungskraftsystem, d.h.,
die Schale wird von dem Seitendruck nicht vollkommen frei.

Die obenerwé&hnte Stabilitdtsuntersuchung, bzw. die Berlcksichtigung
der Auswirkung der endlichen horizontalen Steifigkeit der Randtrdger kann
mit Hilfe der hier vorgelegten Methode ndherungsweise durchgefiihrt werden.
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3. Gleichgewichts- und Forméanderungsdifferentialgleichungen
der flachen Membranschalen

Im folgenden werden die Untersuchungen aufgrund der Theorie der
flachen Membranschalen durchgefihrt [1], [2], [3]. Um der Behandlung eine
klare Ubersichtlichkeit zu geben, werden unten die das Gleichgewicht und die
Vertradglichkeit der Forménderungen der flachen Membranschalen beschrei-
benden partiellen Differentialgleichungen zusammengefaRt.

Die Puchersche Differentialgleichung

LPF) = -p (3.1)

des Gleichgewichts der Membranschalen [1], [3] ist auch flr beliebig steile
Schalen giltig, jedoch kann die wie folgt geschriebene Form der Vertréglich-
keitsgleichung

Lp(w) = —~I'rl'] dAF (3.2)

h

[1], [2], [3], [4] nur im Fall von flachen Membranschalen gebraucht werden.
Wie bekannt, bedeutet die Annahme der Flachheit in Zusammenhang
mit den Membranschalen, dal die geodetischen Krimmungen der Flache
infolge ihrer Kleinheit vernachldssigt und die Metrik der Fldche mit der
euklidischen (ebenen) Metrik identisch angenommen werden kdnnen.
Die Flachheit kann auch mit Hilfe der Richtungstangenten der Flache
wie folgt
1+ zz19.1,
1+ 12«1, (3.3a—¢)
1+ 2a*x1
definiert werden.
Infolge der Flachheit der Schale kénnen die mit den Richtungen der im
Bild 2 eingezeichneten Orthogonalkoordinaten parallelen Verschiebungen it,
V, w mit den in den Richtungen der X,y und z Achsen des Cartesischen Koordi-
natensystems fallenden Verschiebungen u*, v* und w* identisch angenommen
werden [1]:
u u*, v~ v w o ivE, (3.4)

Die Verschiebungen n und v kénnen nach der (die entsprechenden Rand-
bedingungen befriedigenden) Lodsung der partiellen Differentialgleichungen
(3.1), (3.2) durch Auswertung der Ausdricke

u zivdx -j- Ne — vF)dx + Uj(y), (3.5)
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v o= vF)dy -f- v*x) (3.6)

erhalten werden [1]. Die Integrationsfunktionen Uj(y) und v”x) sind aus den
Randbedingungen zu ermitteln.

Die Mittelflache der elliptischen Paraboloidschale ist durch die Gleichung

=N-x2+N-y2 (3.7)

I 19
beschrieben (Bild 1).

Bild 2. Vorzeichenregel der Innenkrafte und der Verschiebungen

4. Herstellung einer beliebigen Randbelastung

Im Bild 3 ist es demonstriert, daB bei Kenntnis der Effekte, die durch
die symmetrische Randbelastung Hbund durch die antimetrische Randbela-
stung Haentstehen, auch die durch eine beliebige Randbelastung H verursach-
ten Membrankréfte und Membranformdnderungen ermittelt werden kdnnen.

Im folgenden werden die Ldésungen fir H* und Ha gezeigt.

H=t H=-y H=1
3
0 1
| 1
L b =2a L
Bild 3. Zerlegung der Randbelastung H — 1 an der Stelle x = —a in symmetrische (lls= 1/2)

und in antimetrische (Ha= # 1/2) Komponente
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5. Untersuchung der symmetrischen Randbelastung Hs

Die Rénder x = sind durch das gleichméRig verteilte horizontale
Kraftsystem Hs angegriffen. In diesem Fall sind die Randbedingungen der
Schale, deren Randbogen dem Seitendruck nicht widerstehen kann, — wenn
man den Druck mit Minusvorzeichen bezeichnet — wie folgt:

F — - (5.1a—b)
|X4'_|2X L)

(5.1c—d)

Man setzt voraus, dafl die Randbogen in ihrer eigenen Ebene unendlich steif
sind. Infolgedessen gilt:

w = 0, (5.2a—Db)

w =0 (5.2c—d)

Da wunser Lésungsverfahren aufgrund der Membrantheorie fuBt, d.h.,
die Biegesteifigkeit der Schale auRer acht gelassen ist, wird der Wert der Ver-
drehung der Radndern entlang nicht festgelegt, denn die vollkommen elastische
Membran kann jeder am Rand gultigen Verdrehung ohne Widerstand folgen.

Im Verlauf der Ableitung soll man erstens die gleichméRig verteilte
Last H6in eine Fourierische Reihe entwickeln

4 1 mn mit
W »=-H> \ Bii. AT — (5.3)
7t =135,. M 2 ly

sodann die Gleichgewichtsgleichung (3.1) auf die Form

F+ -A-£1F= 0 (5.4)

L1 fx

bringen. Danach stellt man die die Gleichung (5.4) und die Randbedingungen
(5.1) befriedigende Spannungsfunktion F her. Man soll die Lésung mit Hilfe
der Fourierischen Methode suchen [5].

Setzt man den Produktenansatz

F(x,y) = X(x) mY{y) (5.5)
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in die Gleichung (5.4), so erh&lt man den Ausdruck

(5.5a)
Y + Bofx X
der in die zwei gewodhnlichen Differentialgleichungen
X - U x = 0 (5.6a)
Hfy
und
Y + k&Y = 0 (5.6b)
zerfallt (die zZiffer k &Rt sich aus den Randbedingungen ermitteln).
Die allgemeine Ldsung der Gleichung (5.6a) stellt die Funktion
X = Clmcoshfc-bl — x + C2msinhk— A (5.7a)
& gy f
und die der Gleichung (5.6b) den Ausdruck
Y = C3mcos ky + Cdmsin ky (5.7b)

dar.
Die Randbedingungen (5.1a—b) sollten durch die Funktion X befriedigt
werden. Das ergibt:

cam= 0. (5.8)

Nimmt man in Betracht, da unsere Ldésung auf den zur Ebene xz
symmetrischen Fall bezogen ist, so erh&lt man aus den Randbedingungen
(5.1c—d):

Qm — 0+ (5.9)

Die Funktion F wird demzufolge die Form annehmen:

Cmcosh K ~ A . Xcos ky . (510)

N = Me1,35.. A g

Setzt man die Ausdricke (5.3) und (5.10) in die Randbedingungen
(5.1a—b) ein, so ergibt sich die Beziehung:

Cmk2cosh K-2A -ficos ky = 4 Tr”--%-si'n ------ c0S -—---—- y . (5.10a)

fy n m 2 ly
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woraus
K = (5.11)

und

Cm= IF (5.12)

folgt. Letzten Endes erhdlt man fir die Spannungsfunktion F den folgenden
Ausdruck:

, . Tn
sin —

43 { *COSHy. (5.-[%9)
Jy fy

Die Membranschnittkrafte ergeben sich als die Ableitungen der Funktion F
wie folgt:

. Tn
sin — -
1 2 T
Ny ATP ) T ' X * 08— -y, (5.14)
mn
. cosh— /T v
2 fy
fX_3_ (5.15)
fy ti
T
..omn  fy . Tin
:sinh - X-SIn--—Y
fy m=135. m oo me . f

fy (5.16)
Diese Ausdriucke wurden in den 25 charakteristischen Punkten ersten Viertels
des Koordinatensystems mit Hilfe einer elektronischen Rechenanlage ausge-
wertet; die Ergebnisse sind in den Bildern 4 und 5 in Abhéangigkeit von fxIfy
dargestellt.

Zur Ermittlung der Membranverschiebungen bendtigt man auch den
Wert des Operators AAF:

P
THT
AAF ANen(N1_T mn _"=.cosh 77I7t "fo *COS--—-- y.
uoafy % 135..  oop (AU tfx_ foofy fy
fy (5.17)
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Bild 4a. Die Membrankrafte nx und ny aus der symmetrischen Randbelastung Ils— 1

2x =2 H% T
Tiy=-n® A -Li- Hs
y X fy 1%

fy fy
Bild 4b. Membrankrafte nx und ny aus der symmetrischen Randbelastung lls= 1
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Bild 5a. Membranschubkraft n¥ aus der symmetrischen Randbelastung Hs= 1

Bild 5b. Membranschubkraft nxy aus der symmetrischen Randbelastung Hs= 1
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Die Vertraglichkeitsgleichung (3.2) nimmt die folgende ausfiihrlichere
Form an:

Nty n
ly fx 8f*Eh
Zur auch die Randbedingungen (5.2) befriedigenden Ldsung der Differential-
gleichung (5.18) (Dirichletsche Aufgabe) wurde die Funktion

w o+ AAF. (5.18)

W = Y coS “rpn y X Sln,h """ A
m=1,35.. | f
y . y (5.19)
Y otann I Xoosn ™ &
fy fy
hergestellt, worin
mn
Il .
wm= — " AaAa_ 12 X H L= (5.20)
4Eh fy 4 fy fx cosh” K

fy
Die Werte der Verschiebungen kénnen durch Einsetzung der Ausdriicke
(5.13) bzw. (5.19) von F bzw. w in (3.5) bzw. (3.6) erhalten werden:

mn
1,
_Hs X Y M3 sinn 22 1£1X-
nEh cosh M I'm X gy \fy 2
fy
2
etanh MM r fx 4 r fy fl _L vix 2 Ify (fx ly 1
R LU S S (AT nm ., fx v 1z
(5.21)
KJL - liUcosh 0
mix \fy I 17 ¢
mn
IF " 1 — sin-rp-p-y Icosh-m-rl rk
NEh  m=135.. ~ om0y ly  fy
fy
Al & u I X
x Wty nu_ ) 2 gy M fy 4
’ (5.22)
mn
o fly I [fy1 _ 1 'y «sinh
flly f&x 01 17 ¢

Infolge der Symmetrie werden die Funktionen u”y) und vX{x) gleich Null«
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Die aus praktischen Gesichtspunkten wichtigen Verschiebungswerte
w = (0,0, m = (a 0),v= (0,b) konnen aus den Bildern 6 und 7 in Abhangig-
keit vonfjfy und Ijly abgelesen (r = 0,2) bzw. kdnnen ihre charakteristischen
W erte aus der Tafel 1 herausgenommen werden.

Untersuchen wir nun die Félle fx= f= f und Ix= Iv= 1, d.h., die
Membrankréfte und Membranverschiebungen des Rotationsparaboloids:

. TN
sin-—-—-
44s 1 2 ™ ™
n, g e cosh-—-x cosl——--—y , (5.23)
! coshI—--
ny = —nx, (5.24)
. T
sin--——-
4Hs 1 2 . TN N |
DXy = oo > sinh X sin y . (5.25)
n m=i3,5 m CoshT_n_ 1 l
2
w= 0, (5.26)
. TN
| Y
4-Hs ™ ™ r
= B T ) T Amh _arcos -y, (5.27)
néEn m=i3s m cokp L L |
2

Bild 6a. Verschiebungen, n = u(a,0) und v = r(0, b) infolge der symmetrischen Randbelastung
H — 1; (WRand =0)

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



360 DULACSKA, E.-JANKO, L.

Bild 6b. Verschiebungen u = u(a, 0) und v = t>(0, 6) infolge der symmetrischen Randbelastung
H = . |—

1; (Rand=
_yyo B>
Ehfx
Bild 7a. Durchbiegung w = to(0, 0) infolge Bild 7b. Durchbiegung ic=t*(0, 0) infolge
der symmetrischen Randbelastung der symmetrischen Randbelastung
Hs= I;(w Rand= 0) HS= 1; (MRand="°
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Tafel la

H8 symmetrisch

fx Ix » Eh o E h W= Wiﬁg
fy 1, usul* T V~VH ly H*
0,2 0,2 —7,8913 1,9999 0,2658
0,4 —0,6224 0,4888 0,0010
0,6 —0,6148 0,2816 0,0033
0,8 -0,7110 0,2949 0,0079
1,0 —0,7728 0,3952 0,0106
0,4 0,2 —29,6873 3,6071 2,5979
0,4 -1,4381 0,8218 0,0722
0,6 -0,5336 0,3536 0,0004
0,8 -0,5365 0,2458 0,0045
1,0 -0,5939 0,2574 0,0115
0,6 0,2 —58,7543 4,9221 7,7634
0,4 —2,6975 1,1176 0,2995
0,6 —0,6565 0,4478 0,0176
0,8 —0,4704 0,2543 0,0002
1,0 -0,4392 0,2097 0,0063
0,8 0,2 —92,0706 5,9780 15,4363
0,4 —4,7277 1,3657 0,6842
0,6 —0,8990 0,5382 0,0639
0,8 -0,4704 0,2800 0,0027
1,0 —0,4320 0,1949 0,0017
1,0 0,2 —128,4235 6,8168 25,0777
0,4 —6,8084 1,5688 1,2000
0,6 -1,2191 0,6180 0,1376
0,8 -0,5128 0,3101 0,0138
1,0 -0,4054 0,1948 0,0000
sin -M-T-t
— a +v) 2 ! 2 cosh Tnxsinmn y . (5.28)
n2Eh m=135._. M rtm | |
o cosh-—-

Nach der Gleichung (5.26) ist der Wert von w iberall gleich Null. Dies
erklért sich aus der Tatsache, dal in jedem Punkt der in beiden Richtungen
Xundy identisch gekrimmten Schale rufen die mit umgekehrten Vorzeichen
jedoch mit gleichem Absolutwert ([nx| = |rey| = n) auftretenden Schnittkréfte
entgegengesetze Durchbiegungen hervor, die einander gegenseitig aufheben.
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fx
Sy

5,0000

4,0000

3,0000

2,0000

1,0000

Wenn am Rande X =

Ix

Y
5,0000
4,0000
3,0000
2,0000
1,0000

5,0000
4,0000
3,0000
2,0000
1,0000

5,0000
4,0000
3,0000
2,0000
1,0000

5,0000
4,0000
3,0000
2,0000
1,0000

5,0000
4,0000
3,0000
2,0000
1,0000

DULACSKA, E .- JANKO, L.

Tafel Ib
H8 symmetrisch

E k
u“ulp

—0,2262
—0,2158
— 0,2008
—0,2125
— 1,6758

—0,2578
—0,2475
— 0,2307
—0,2219
—1,1865

—0,3040
—0,2941
—0,2762
—0,2512
—0,7866

—0,3808
—0,3715
—0,3536
—0,3172
— 0,5009

— 0,5428
—0,5349
-0,5187
—0,4782
—0,4054

-f-a eine Zuglast Hn und am Rande X =
eine Drucklast derselben Grosse wie die erste wirkt, so konnen wir die stati-
schen und Randbedingungen der durch in ihrer eigenen Ebene unendlich steif
angenommenen, jedoch in der Seitenrichtung weichen Randtrdger unterstitz-

ten Schale folgenderweise beschreiben:

Ix L .«
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=+Ha,

e W

H* 1«

0,0106
0,0079
0,0033
0,0010
0,2658

0,0151
0,0121
0,0066
0,0000
0,1930

0,0217
0,0185
0,0125
0,0018
0,1121

0,0310
0,0280
0,0221
0,0091
0,0366

0,0401
0,0383
0,0344
0,0245
0,0000

Untersuchung der antinietrischen Belastung Hu
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F, = nx = — Ha,
\ X /,
X 2 X .
F = nyI = 0,
vo4 y=zi
w = 0,
Ix=£T
iv =0

Die Belastung Hakann natirlich in die Fouriersche Reihe

4 1 .
AN) = - Ne — SIN---=--- CO0S-----—-- y

meL3h. M 2 ly

entwickelt werden, die die gleiche Form, wie (5.4) hat.

363

(6.1b)

(6.1c—d)

(6.2a—b)

(6.2c—d)

(6.3)

In diesem Fall erhalten wir die im Bezug auf die Ebene xz symmetrische,

mn

mn

auch mit Hilfe des Fourierschen Verfahren hergeleitete und die Randbedin-

gungen (6.1) befriedigende Loésung der Gleichgewichtsdifferentialgleichung

deren im Punkte 2 erwdhnte partielle Differentialableitungen die gesuchten
Membrankrdafte ergeben:
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Die fir die 25 charakteristischen Punkte der ersten Viertels des Koordinaten-

systems ausgerechneten Werte dieser Funktionen sind in den Bildern 8 und 9
graphisch dargestellt.

Bild Sa. Membrankréfte nx und ny aus der antimetrischen Randbelastung Ha= 1

Bild 8b. Die Membrankréfte nx und ny aus der antimetrischen Randbelastung Ha= 1
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Bild 9a. Die Membranschubkraft nxy aus der antimetrischen Randbelastung Ha= 1

Bild 9b. Die Membranschubkraft nxy aus der antimetrischen Randbelastung H = 1
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Wendet man nun den biharmonischen Operator fiur F an, erhdlt man die
Form

2 A . fr
aAF = A7 X ﬁ.ﬂﬁ 2—= sinh?? Ty cosiity |

12 gy m=ss. " )}/ < fy ly
2 (6.8)

Zur Losung der Vertrdglichkeits-Differentialgleichung (5.18), die auch die
Randbedingungen (6.2) befriedigt, erh&lt man den Ausdruck

W= \NTCOS"'mny ;ccosh-mn l/A*__kCO'[h-" £ einh— S /My
m-1,35... ly T fy 2 2 1fy h fy
(6.9)
Hier bedeutet:
mn
Ha fx B ]2 Ifx K (6.10)
& fy 4 1YfX ginn -

] fy
Setzt man (6.4) und (6.9) in (3.5) bzw. in (3.6) ein, so erhdlt man fur u
bzw. fur v die folgenden Zusammenhénge:
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Die Funktionen u”y) und vx(x) sind infolge der Symmetrie bzw. Antimetrie
gleich Null.

Fir die Praxis bendtigen wir vor allem die Verschiebungswerte w =
= w(sj2,0), u(a, 0), v(a, b).

Diese Werte sind in den Bildern 10 und 11 in der Abhédngigkeit von
fxlfyund IXIly dargestelit (v = 0,2).

Die charakteristischen Werte derselben sind auch in der Tafel 2 wieder-
gegeben.

Im Fall eines Rotationsparaboloids (FX=fy—f, Ix= ~ —0 werden
die hergeleiteten Abhédngigkeiten folgenderweise vereinfacht:

. mn
sin--—-—-
44° 1 2 .- mn mn
------------------- smn-—-Xcos-—-—-Y , (6.13)
»ome135 Mo mn I I
ny — /4% (6.14)
.mn
sin--—-
m a 1 2 ,. mn . mn
nxy 2 cosh-——- Xsm——y, (6.15)
n m sinhmn | |
2
u:uo HelIx
Eh
v=ye TV
Eh

Bild 10a. Verschiebungen un = u(a, 0), und v = v(a, b) infolge der antimetrischen Randbe-
lastung Ha= 1; (tcRand = 0)
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Bild 10b. verschiebungen W = u(a, 0) und V= V(& b) infolge der antimetrischen Randbelas-
tung Ha= 1; (wRand= 1)

Bild 11a. Durchbiegung W= wW(a/2, 0) aus  Bild 11b. Durchbiegung W= w(a/2, 0)
der antimetrischen Randbelastung aus der antimetrischen Randbelastung
Ha= 1; («Rand = °) Ha= 1, («!Rand= 0)
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fy

0,2

0,4

0,6

0,8

1,0
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Ix
ly

0,2
0,4
0,6
0,8
1,0

0,2
0,4
0,6
0,8
1,0

0,2
0,4
0,6
0,8
1,0

0,2
0,4
0,6
0,8
1,0

0,2
0,4
0,6
0,8
1,0

Tafel 2a

Ha antimetrisch

'~ uHa IQ V= VhE«E,
— 17,1794 _ 2,5690
1,6929 — 0,7164
1,3272 - 0,3733
0,9142 -0,2532
0,6730 - 0,1976
— 48,5493 _ 5,0392
—0,2287 -1,3339
0,9584 -0,6477
0,8009 _ 0,4076
0,6275 —0,2964
— 80,7745 _ 7,5094
- 2,1911 -1,9515
0,5850 -0,9222
0,6871 - 0,5620
0,5818 -0,3952
— 114,3603 -9,9796
— 4,2270 -2,5690
0,2006 —1,1967
0,5714 —0,7164
0,5361 —0,4940
—149,6567 — 12,4498
—6,3604 —3,1866
—0,1999 —1,4711
0,4519 —0,8707
0,4896 —0,5928
iv=0
. mit
sin ——-
--------------- cosh
3,5... m Sinh—rﬂ—r]
2
sin--—-—-
'--1 ------ — S|2nh ............
Stes o m inh ma

— 0,0080
— 0,0000
— 0,0001
— 0,0002
— 0,0003

-0,2229
— 0,0062
— 0,0000
— 0,0004
— 0,0010

— 1,0944
— 0,0422
— 0,0025
— 0,0000
— 0,0009

— 2,9987
- 0,1329
—0,0124
—0,0005
—0,0003

—6,1764
-0,2956
—0,0339
—0,0034
—0,0000

369

(6.16)

(6.17)

(6.18)
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Tafel 2b

Ha antimetrisch

5,0000 5,0000 0,1191 —0,1976 —0,0137
4,0000 0,1370 —0,2532 —0,0101
3,0000 0,1682 —0,3733 —0,0042
2,0000 0,2028 —0,7164 —0,0013
1,0000 —1,0167 -2,5690 —0,3421
4,0000 5,0000 0,1250 -0,1779 —0,0154
4,0000 0,1420 —0,2223 —0,0122
3,0000 0,1735 —0,3184 —0,0067
2,0000 0,2238 —0,5928 0,0000
1,0000 —0,5249 —2,0750 —0,1959
3,0000 5,0000 0,1335 —0,1581 —0,0264
4,0000 0,1495 —0,1914 —0,0139
3,0000 0,1803 —0,2635 —0,0094
f '®m 2,0000 0,2418 -0,4693 —0,0013
1,0000 —0,1089 -1,5809 —0,0845
2,0000 5,0000 0,1467 -0,1383 —0,0155
4,0000 0,1613 —0,1606 —0,0140
3,0000 0,1906 —0,2086 —0,0111
2,0000 0,2589 -0,3458 —0,0046
1,0000 0,2272 —1,0869 —0,0183
1,0000 5,0000 0,1679 —0,1186 —0,0099
4,0000 0,1810 —0,1297 —0,0094
3,0000 0,2084 -0,1537 —0,0085
2,0000 0,2799 -0,2223 —0,0060
1,0000 0,4896 —0,5928 0,0000

7. Anwendung zur ndherungsweise Bericksichtigung der Auswirkung
der Verdrehungs- und seitlichen Biegesteifigkeit der Randtréger

7.1. Theoretische Grundlagen

Waren die Drillsteifigkeiten (Gltx, Glty) und die seitlichen Biegesteifig-
keiten (EIX Ely) gleich Null, so kénnten die Randtrager ohne Widerstand
den durch die Flachenbelastung/) hervorgerufenen horizontalen Verschiebun-
gen folgen, und damit wirde der Spannungszustand der elliptischen Para-
boloidschale im Rahmen der Membrantheorie (d.h., mit Vernachldssigung der
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Biegesteifigkeit der Schale) gelést. Die in der einschldgigen Sachliteratur
behandelten Verfahren [1] setzen auller der Annahme der unendlichen Steifig-
keit der Randtrédger in ihren eigenen Ebenen (wRand = 0) auch die Vernach-
ldssigung der obenerwdhnten Randtrdgersteifigkeiten voraus.

In der Wirklichkeit kénnen jedoch die Randtrdger — infolge ihrer endlich
groBen Drillsteifigkeit GIt und Biegesteifigkeit in der horizontalen Ebene
E | — den horizontalen Schalenverschiebungen nicht ohne Behinderung folgen.

Bild 12. Gleiche horizontale Verschiebung der Schale und des Randtrégers (ir*an(j = 0)

Setzt man voraus, dall die Randtrdger gegen die in ihren Ebenen auf-
tretende Biegung steif sind (was im allgemeinen zutrifft), so kann die Vertrag-
lichkeit zwischen der Membranschale und den Randtrédgern durch ein horizon-
tales AnschlufRkraftsystem gewdhrleistet werden.

Da die Randverformungen der mit gleichmdRig verteilten Fldchenbela-
stung belegten Schale und auch dieselben der durch ein gleichmé&Rig verteiltes
horizontales Randkraftsystem belasteten Schale durch Fouriersche Reihen
von identischer Struktur beschrieben werden kénnen, kann man mit guter
Né&herung annehmen, dall das Verbindungskraftsystem durch den gleichméRig
verteilten Durchschnittswert entsprechend charakterisiert werden kann.
Demzufolge kann man durch Anwendung der im vorhergehenden abgelei-
teten Resultate ein N&herungsverfahren zur Ermittlung der an den Schalen-
réndern auftretenden Seitendriicke ausarbeiten.

Das Zustandekommen der erwdhnten Vertrdglichkeit ist im Bild 12
dargestellt.
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Die Vertraglichkeitsgleichungen werden auf die Mittelpunkte (o, 6, c, d)
der Schalenrandtrdger bezogen aufgeschrieben, infolge dessen wird die Ver-
trdglichkeit mit vollkommener Genauigkeit nur an diesen Punkten erfillt.

Bezeichnet man mit us(vs) die horizontale Verschiebung des Querschnitts-
schwerpunktes des durch das Kraftsystem H — 1 belasteten parabolischen
Bogentragers; mit uO (r#) die infolge der Verdrehung des Randtragers auf-
tretende Verschiebung des AnschluBpunktes P; und mit uH (vH) die durch
die Horizontalkrafte H = 1 hervorgerufenen Schalenverschiebungen, so kann
man das inhomogene lineare Gleichungssystem wie folgt aufschreiben:

Ha(um-f- W& = Up ufj mHa-)- uff «Hb  ufj mHc -~ Uaj « Hd,
H h{vkb + Vf)
Houe + W) = up ufj «Hc Uy «Hd -f- ufj eHa-f- ufj mHb,
Hovf + 4)=4 + < «Hi+ 4?7 wHa+ VijH+ WHr,

v+ t$ «Hb+ *Hc+ < <Hd+ < -+Ha,

wo der erste bzw. zweite von den oberen Indexen die Stelle der Verschiebung
bzw. der die Verschiebung hervorrufenden Kraft bezeichnet.

Das Gleichungssystem bezieht sich der Einfachheit halber auf den Fall,
wo die stitzenden Randbogen in der horizontalen Ebene entweder gelenkig
gestltzt oder steif eingespannt sind (wb= uab= ...= 0 usw.).

Die Kréafte H sind positiv im Falle, wo sie auf die Schale Druck ausiben,
wéhrend die Einheits- und Lastkoeffizienten im Sinne vom Rande der Schale
nach auBen wirkend als positiv betrachtet werden. Die Einheitsheiwerte kénnen
mit Hilfe der bekannten Methoden der Statik ohne weiteres ermittelt werden
(siehe Punkt 7.2).

Zur Berechnung der durch die Fldachenlast P hervorgerufenen Belas-
tungsbeiwerte wurden die an den Seiten 264 bis 266 des im Literaturverzeichnis
unter [1] befindlichen Werks vorgefiihrten Fourierschen Reihen mit Hilfe
von einer elektronischen Rechenanlage ausgewertet und das Ergebnis in den
Bildern 13a bis c graphisch dargestellt. Diese Ergebnisse sind auch in der Tafel 3
wiedergegeben.

Diese Berechnung kann im wesentlichen dem folgenden Zwecke dienen.
Fir gewisse Flachentragwerke konstruiert man verhéltnismdaRig starke Rand-
trager, bei den die GroBe des Gewdlbedrucks schon einen wesentlichen Wert

erreichen kann. Das behandelte Berechnungsverfahren kann — wenn man
ndmlich die an den vier R&ndern seitendruckfrei unterstiitzte Schale als Grund-
system annimmt [1] auch zur Nd&herungsuntersuchung von elliptischen

Paraboloidschalen angewendet werden, die an beliebigen Ré&ndern mit auf
Verdrehung und auf horizontale Biegung steifen Randtrdgern verbunden sind.
Die Methode kann auch fir den Fall herangezogen werden, wo infolge des
Zusammenbaus mit anderen Schalen (Tonnenschale, elliptische Paraboloid-
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Bild 13a. Die Membranverschiebungen Bild 13b. Die Membranverschiebungen
n= u(a0) und V= t>0, 6) entlang des v = u(0, b) entlang des Randes der elliptis-
Randes der elliptischen Paraboloidschale chen Paraboloidschale ohne Seitendruck,
ohne Seitendruck, hervorgerufen durch die hervorgerufen durch die konstante Belas-
konstante Last p\ (teRan(i= 0) tung p = const. (niRand = 0)

Bild 13c. Membrandurchbiegung w = »>0, 0) der seitendruckfreien elliptischen Paraboloid-
schale, hervorgerufen durch die konstante Belastung p (Rand = 0)

schale) die elliptische Paraboloidschale auch praktisch verschiebungslose

Randtrédger hat.
Es soll noch erwahnt werden, dal man an den Seiten 272 bis 282 des

Werks [1] fur derartige Rotationsparaboloidschalen gilltige Lésungen finden
kann, deren beliebige Randtrdger gegen Eiegung und Verdrehung unendlich

steif sind.
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Tafel 3

aus konstanter Belastung P

VI + S T g 1
0,2 0,2 1,442842 —0,123526 0,336646
0,4 0,106183 0,048646 0,024374
0,6 0,023619 0,060511 0,005616
0,8 0,006898 0,065550 0,001936
1,0 0,001298 0,071142 0,000738
0,4 0,2 4,608036 —0,498996 0,941938
0,4 0,337049 0,012177 0,073502
0,6 0,077621 0,051388 0,019128
0,8 0,026069 0,059612 0,007953
1,0 0,009094 0,064014 0,004160
0,6 0,2 8,554988 —0,911730 1,465292
0,4 0,622653 —0,034327 0,119870
0,6 0,145563 0,038650 0,033219
0,8 0,051816 0,053550 0,014887
1,0 0,021277 0,059318 0,008508
0,8 0,2 12,931970 —1,303521 1,802736
0,4 0,935116 —0,081634 0,154225
0,6 0,219455 0,024547 0,044913
0,8 0,080155 0,046744 0,021120
1,0 0,035205 0,054560 0,012647
1,0 0,2 17,602950 — 1,654735 1,939704
0,4 1,263915 —0,125803 0,174762
0,6 0,296279 0,010648 0,053461
0,8 0,109523 0,039801 0,026178
1,0 0,049767 0,049767 0,016215

Es existiert jedoch im Bezug auf elliptische Paraboloidschalen von all-
gemeiner Geometrie X ® ly, fx fy) keine exakte Losung weder im Falle
der Randtrdger von endlicher Steifigkeit, noch im Falle von unendlich steifen
Randtrdgern. Demnach scheint uns das wichtigste Anwendungsgebiet der
behandelten statischen Grundaufgabe die N&herungsanalyse dieser letzteren
Probleme zu sein.

SchlieRlich muss darauf hingewiesen werden, dafl zur Analyse der rdum -
lichen Stabilitdt der Randtrdger seihst im Falle, wo aus dem Gesichtspunkt
der Schale der Gewdlbedruck vernachldssigt werden kann die Kenntnis
der horizontalen AnschluRkréfte zwischen der Schale und Randtrdgern un-
erlaBlich ist.

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



MEMBRANKRAFTE UND MEMBRANFORMANDERUNGEN 375

7.2 Numerische Beispiele

Untersuchen wir die durch die geometrischen Parameter

IX—Ily—1—20m,
fx=fy=f= 25m,
h= 008 m

definierte und mit p = 0,3 Mp/m2 belastete elliptische Paraboloidschale fur
zwei unterschiedliche Unterstiitzungsfalle.

7.21 Erster Fall. Alle vier Randtrager der im Bild 12 dargestellten Schale seien gegen
Biegung und Verdrehung unendlich steif (infolge der Verbindung durch Zusammenbau mit den
benachbarten Schalen). Von der Fldchenbelastung p (siehe Bild 13, bzw. Tafel 3) tritt die nach
AuBen gerichtete Verschiebung

203 P p 1
Up= up = wp= Up= vp= 00498 25 008 -g = 1992Y = 598Y [m]

an den Punkten a, 6, cund d auf. Die an einem Rand durch die Randbelastung H — Ils+ Ha—
= (1/2) + (1/2) = 1, am anderen Rand durch die Randbelastung H = IIs-j- ]J[a=
= (1/2) — (1/2) = 0 hervorgerufenen Schalenverschiebungen (s. Bilder 6a und 10 bzw. Tafeln
1 und 2) sind wie folgt:

»ff= «ff=y Y/, <-°4054 - °’°4896)= -112 -g- [m],
»ff= »ff=.®8 = «ff= Y m0,1948 £/208 =+ 24’35-X [m]’

“ff= 1=y y*Y(Y(~04054 + °4896>= +10RY [rim
Die Vertraglichkeitsgleichung ist:

- 112 + 2 « 24,35 + 10,53) + 598 = 0

H=w agr=31N ]-
Nach der exakten Losung ([1] S. 287) ergibt sich ein Gewdlbedruck

03 202

= 3[Mp/m],
U~ 2 8+25 [Mp/m]

d. h., der Fehler unseres Naherungsverfahrens betrdgt 3 Prozent.
7.22 Zweiter Fall. Die Schale sei an den Randern a und c durch unendlich steife Rand-

trager und an den Randern b und d durch seitlich weiche Randtrager unterstiitzt. Die Biege-
steifigkeit der Bogen mit der Geometrie bO= 0,25 m, h0— 0,50 m betragt

0 253
El = 05 E = 6,51 +10“4E[Mpm?],
und die Verdrehungssteifigkeit
= . . 0, = . -
Glt= 0,23 «0,5 0,25/02(1 E 0.2) 7,49 «10-4E[Afpm2] .
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Der AnschluBpunkt der Mittelquerschnitte der Randbogen an der Schale wird infolge der
Biegung und Verdrehung aus der gleichméRig verteilten Belastung H = 1 um das MaR

u, + U>= (640000 + 4170) ~hj m = 644170 i m
verschoben.
s+ Vit= 0
Infolge der doppelten Symmetrie sind
Ha= Hc,
und
Hb=H d.

Das Vertraglichkeits-Gleichungssystem lautet:
Ha644170 = 598 + Ha(—112 + 10,53) + Hb 24,35 « 2,
0= 598 + Hb(—112 + 10,53) + Ha+* 24,35 « 2,
Ha 644271 — Hb48,70 = 598 ,

—Ha48,70 + Hb101,47 = 598 .
Die Ldsung ist:
Ha= 0,0014 [Mp/m] .

Hb= 5893 [Mp/m] .

Demnach wird beinahe die ganze Last in der Richtung der steifen Rander durch Gewdlbewir
kung getragen.
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Membrane Forces and Membrane Deflections of Flat Elliptic Paraboloid Shells Subjected
to Uniformly Distributed Horizontal Load at the Edges. An analytic method of solution of
the membrane stress pattern and membrane deflections of flat elliptic paraboloid shells subject-
ed to uniformly distributed horizontal edge load is presented. The functions describing the
effects of the symmetrical and antisymmetrical system of forces acting on the edges have been
worked out also in graphic form in order to make easier the calculation by hand. It has been
pointed out that by making use of this basic static problem, in the framework of the membrane
theory also the internal forces and deflections of the elliptic paraboloid shells supported by edge
beams, having non negligible flexural and torsional stiffnesses in the horizontal plane can lie
analyzed in an approximate way.

MeMm6paHHble yCUUA U MeM6paHHble feopMaLiM NNOCKUX 3NIUNTUYECKUX Napabonouns-
HbiX 060/04eK C paBHOMEpPHO pacnpefensiolieiics ropu3oHTaNbHOW KpaeBoii HarpysKoii.
B pa6oTe faeTca aHaNMTUYECKOe peLleHne paboTbl MeEMGPaHHbLIX YCUNUi U MeMBPaHHbIX fedop-
MaLuii NA0CKMUX 3NNUMATUYECKUX NapabofoMXHbIX 060/10UeK, HArpy>KeHHbIX PaBHOMEPHO pac-

npejensitoleiics ropuaoHTaNbHOW CUCTEMON KpaeBbIX YCUMWA. DYHKUWM, — OMNUCbIBaOLME
BO34EACTBNS, BbI3BaHHbIE CUCTEMOW CUMMETPUYECKUX W, COOTBETCTBEHHO, AHTUMETPUUECKUX
ycunuii, paboTalowmx Ha NPOTMBOMOMOXKHBLIX Kpasx, — 06paboTaHbl TakXe B rpaguueckoii

thopme, obnervatoleli BbIUMUCIEHNUA PyYHbIM CNOCOGOM. B paboTe MoKasaHo, UTO MyTeM WCMOJib-
30BaHUs JaHHOW OCHOBHOI CTaTUYecKoi 3afaun B pamKax MemM6paHHOW Teopuu B NPUBAMKEH-
HOW (hopMe MOXHO MCCNefoBaTb TakKXe BHYTPEHHWE YCUaus u gedopmauuv 3nAMnTUYHeCcKUX
napa6onongHbix 060/04eK, 06/1afalOLLMX KPaeBbIMK GafikaMu, UMELWVMU B FOPU3OHTaIbHOM
HanpasfeHUM HenpeHeGpeXuMble XEeCTKOCTU Ha M3rMG U, COOTBETCTBEHHO, KpyueHue.
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SOME PROBLEMS OF MAINS VOLTAGE REGULATION
IN L T. NETWORKS

L. GADOR*
CAND. OF TECHN. SCI.

[Manuscript received 27. August, 1976]

In relatively sparsely populated settlements large voltage drops may arise in the
long radial lines of the secondary network. This fact justifies voltage regulation. If an
extended system is regulated in one point, a multi-step or a continuous regulator has
no advantages, a two-step regulator is completely satisfactory. If the feeding point
voltage varies too, a two-parameter regulation must be applied with simultaneous sens-
ing of the current and the voltage. A relatively large feeding point voltage variation can
be eliminated only with a regulator placed in the feeding point and here multi-step or
-m»ntinuous regulation is justified.

1. Introduction

In electric energy distribution systems covering a large area the emplace-
ments of production and consumption are distant from each other, therefore,
the varying production and consumption arise in a complicated current
distribution. As a consequence of the voltage drops in the system, the voltage
changes from place to place.

In order to keep the voltage at the place of consumption within pre-
scribed limits, voltage regulation must be applied. According to the structure
of the network the voltage regulation has several levels: the generator voltage
itself must be regulated, in like manner the voltage must be regulated in the
more important junctions of the high and the medium voltage network,
and regulation must be used mostly in the L.T. secondary network.

In Hungary we have dealt for several years with the regulation of the
L.T. consumers’ network. This regulation is especially justified in those con-
sumer districts where the specific consumption per unit area is small. So
this is not valid for the densily populated town centres, but for the thinly
built-up town borders and villages, where from one feeding point long lines
branch out and on these considerable voltage drops can arise. Let us remark
that in the improvement of voltage conditions of secondary networks in
Hungary pioneer work of international standing has been done.

The regulator is connected to the network at a single point, there it
senses and there it controls the system. Even theoretically it is impossible
in an extended system to attain perfect constancy of values with one regulator,
where the regulated parameter is also a function of the point.

*L. Gador, Attila u. 111. 1012 Budapest Hungary.
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If the aim is to keep the voltage as constant as possible in one single
place, for one single consumer, then the continuous or finely stepped regulator
is the perfect solution. The same can he said for such a consumer system where
within the system there arise no considerable voltage differences, while the
system changes its voltage as a whole in consequence of the feeding point
voltage fluctuation.

But the task of regulating a secondary network differs from this, its
aim is to improve the voltage conditions of lines with a high voltage drop, to
moderate the voltage drops arising on unregulated lines, i.e. to keep them
within the tolerance limits.

For the solution of this special problem the two-step regulator has been
proposed as being the most suitable and also the most economic. Subsequently
the author will examine which are the reasonable limits for the use of this
extraordinarily simple and efficient means, as opposed to the continuous and
multi-step regidators.

In order to simplify the examination several simplifying assumptions
are introduced, so that the conditions are easier to review without reducing
the value of the comparative statements.

The first simplification is to take the voltage drop as if were proportional
to the length co-ordinate of the examined line. Furthermore, secondary effects
due to the regulation will be neglected, e.g. that of the load varying in con-
sequence ofthe regulation. It will be left out of consideration that the regulator
is a transformer with a definite turns ratio, therefore, the absolute value of
the voltage is not independent of the value of the input voltage. Neither will
it be considered as a necessary dead zone needed for regulation. As a first
step the feeding point voltage will also be taken as being constant.

2. Continuous regulation

The continuous regulator is placed at the k-th of the line length, taken
as unit. Neglecting secondary effects as has been mentioned, the operation
of the regulator does not change conditions on the line section between the
feed point and the regulator.

Due to the working of the voltage regulation, peaks arise at three points:
at the regulator input, at the regulator output and at the line end (Fig. 1).
The voltage deviation will be minimum when the whole voltage drop of the
unregulated line is divided into three parts. This determines the location
of the regulator: Kk = 1/3.

If bis the voltage drop at the end of the unregulated line at full /load,
the maximum voltage deviation of the regulated line will he

P f @
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The type rating of the regulator is given by the maximum voltage rise
occurring:

c= (2

Fig. 1. Line voltages with continuous regulation

3. Two-step regulator

Conditions of the two-step regulator are shown on Fig. 2. Again 6 will be
the maximum voltage deviation at the end of the unregulated line, which is
reduced to / by the operation of the regulator. The regulator placed at kK will
either not affect, or it will rise the voltage by c.

The regulator will not come into action to that load at which the un-
regulated voltage at the end of the line reaches/. Then the regulator operates
and rises the voltage from the level existing at the location K by cin such a way
that its value deviates by f from the rated voltage.

W ith the load further increasing the voltage at each point drops and at
full load the voltage drop f is reached simultaneously at the input and at the
line end.

voltage

Fig. 2. Line voltages with two-step regulation
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Fig. 2 provides the following relations:

f= kb, (3)
c— (1 + &)> (4)
/+ €= b. (5)

These three equations give the following equation for K, which is inde-
pendent of the voltage drop:

k2+ 2k — 1= 0, (6)
wherefrom
K= 041. ©)

Fig. 3. Maximum voltage deviation in the line as a function of load

For the location of the two-step regulator, thus an unequivocal optimum
is obtained, independently of the value of the voltage drop. The maximum
voltage deviation will be

/=0,416, (8)

the type rating of the regulator will he determined by
c=0,596. 9)

Hence on a given line, with a two-step regulator it is impossible to obtain
a voltage deviation smaller than 41% of the maximum drop and for this a
0,59 b voltage step is required. If a voltage step is chosen to be larger, the situ-
ation only deteriorates.

Fig. 3 shows the maximum voltage deviation as a function of the load.
The regulator operates at 0,41 load, until that moment the characteristic
of the voltage deviation is equal to that of the unregulated line. At the moment
of switching over the operation of the regulator does not reduce the actual
voltage deviation, however, it does not appear at the line end but at the regu-
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lator output. Then with increasing load the voltage deviation is somewhat
reduced, until the increasing voltage deviation at the regulator input is be-
ginning to dominate, finally at full load, the deviation becomes 0,41 b again.

For the sake of comparison Fig. 3 also shows the maximum voltage
deviation arising under the action of the continuous regulator. Proportionally
to the load this increases to the maximum value of/ = 6/3. As the diagram
shows a considerable difference appears at small loads, before the two-step
regulator operates at all. In the range of larger voltage deviations which in fact
provides the real reason for the voltage regulation, the differences are not
considerable.

Let us complete the comparison by remarking that 0,33 b voltage range
with the continuous regulator instead of 0,41 b is obtained at the price of its
type rating being 0,67 b as opposed to 0,59 b for the two-step regulator. Not
to speak of the much more complicated and more expensive construction
by which the continuous regulator differs from the extraordinarily simple
and reliable two-step regulator.

4. Feed point voltage varying in proportion to the load

To get a better approach to the real operating conditions, in the sub-
sequent treatment one of the simplifying conditions, the constance of the volt-
age of the feeding point is disregarded.

The feeding point voltage can change for two reasons and in two ways.
Because of the voltage drop in the transformer the feeding point voltage can
change proportionally to the load even if the primary transformer voltage is
constant. But presumably, this will not be constant either, the voltage of the
higher order network also varies within certain limits and this voltage vari-
ation is practically independent of the load in the secondary consumer line.

The voltage conditions of the line for a feeding point voltage changing
only proportionally to the load are shown by Fig. 4. The feeding point voltage
drop for a full load is a, that of the line is b, the whole drop is a + b.

Fig. 4. Line voltage distribution with feeding point voltage varying proportional to the load
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The situation is the same as if the line were fed at a fictitious feeding
point 0 behind the feed point by d of a fixed voltage. For aline of unitlength,

d= (10)

6
therefore, the problem is reduced to the problem already solved, the earlier
formulae should be applied only.

For a feeding point voltage dependent on the load the continuous regu-
lator must be placed in such a way that the distance between the fictitious
feed point 0 and the line end should be divided by three and that the maximum
voltage deviation arising as a consequence of regulation should be one third
of the total voltage drop a -f-b. With atwo-step regulator the situation is
similar, the division into 0,41 obtained for the location of the regulator must
be calculated for the line length increased by d, i.e. from the fictitious feeding
point. In the formulae for the maximum voltage deviation and for the voltage
rise a -f- b takes the place of b.

Ifeg.a= 3%, b= 9%, so for a

continuous two-step
regulator regulator
K 0,11 0,21
1% 4 4.9
C % 8 7,1

As opposed to the case of a fixed feeding point voltage a qualitative
difference is that K is not constant, the optimum location of the regulator
depends on the ratio of feeding point voltage drop to line voltage drop. The
greater the feeding point voltage variation compared to that of the line is,
the farther isthe fictitious feeding point and the better the regulator approaches
the real feed point. Finally, if for a continuous regulation a = 0,5 b or for a
two-step regulation a = 0,7 b, the regulator gets into the feeding point.
Assuming therefore, a feeding point voltage variation as compared to that of
the line as large as stated above or even more, the feeding point voltage itself
must be regulated. W hat is the continuous regulator able to do at the feeding
point and what can the two-step one do?

In the most favourable case the continuous regulator can bring about
a situation according to Fig. 5. And that is also the maximum of what can be
done with a single regulator. In this situation the maximum voltage deviation
is f = 6/2. The regulator is able to compensate the feeding point voltage
completely, while it reduces the line voltage deviation to one half. The voltage
rise characterizing the type rating of the regulator is ¢ = a -f- 6/2.
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For the operation of the two-step regulator mounted in the feeding point
the voltage conditions are somewhat more complicated, they can he described
on the base of Fig. 6. If/ is the maximum voltage deviation occurring on the
line, the regulator must switch over at that load condition, for which the voltage
drop at the line end attains/. After switching-over, the voltage at the regulator

Fig. 5. Influence of continuous feeding point regulation in case of feeding point voltage varying
proportional to the load

Fig. 6. Influence of two-step feeding point regulation in case of feeding point voltage varying
proportional to the load

output i.e. at the beginning of the line must not deviate from the rated value
by more than /. From this

f- +/ —cl
i.e.
1-\-2d
J 1+ d (1

where d = ajb. The other critical condition is a full load, when at the line end
appears the maximum voltage deviation/, which is the value of the full voltage

drop reduced by c:
a+ b-c=f. (12)
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Introducing ¢ from (11),

(€t *»)% (13)
J 2+ 3d 3a+ 26

and re-introducing this into (11),

c_ @+ d)d+ 2d)~_ (a+ b)za+ b) "

(14)
2 + 3d ~ 3a+ 2b

59

45

Fig. 7. Maximum voltage deviation in the line, as a function of the load, for feeding point volt-
age varying proportional to the load, a) regulator in the line, b) with feeding point regulation

Let there be e.g. a= 7%, b= 9%. Then k = 0, furthermore for a

continuous two-step

regulator regulator
1% 4,5 5,9
c % 11,5 8,5

The voltage deviation as a function of the load is shown in Fig. 7; a)
shows the first example for a line regulator, b) the second one for a feeding
point regulator, comparing continuous and two-step regulation. The continuous
regulation is favourable for small loads, but then the voltage deviation is
within tolerance limits anyhow. In the proximity of the rated load there is
nearly no difference; in no case is it so large that it could counterbalance the
smaller type rating of the two-step regulator and its incomparably simpler
design.

5. Variation of the feeding point voltage independent of the load

Let us denote the maximum value of the independent symmetrical
feeding point voltage deviation by a the variation is therefore +a —, the
maximum line voltage drop by b. Fig. 8 shows that the voltage, considering
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the whole length of the line and every value of the independent variables,
can assume any place within the area surrounded by thick lines.

Under extreme operating conditions, the most favourable, i.e. smallest
voltage deviation obtainable by continuous regulation is one third ofthe maxi-

idig. 8. Possible voltage range with feeding point voltage varying independently of the load

Fig. 9. Influence of continuous line regulation with feeding point voltage varying independently
of the load

mum deviation a -|- b of the unregulated line. Its value isf = a -f- kb, as it is
obvious from Fig. 9. From this the location of the regulator along the line is

(15)
31 b1
the maximum voltage deviation is
r a+ b (16)
J ~ 3
and the voltage rise is
c 20+6. 17
3

If a= 0, then in accordance with the foregoing K =

1/3. As a increases
in relation to b, the regulator approaches the feeding point more and more,
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for b — 2a there is kK = 0, the regulator gets into that point and then the maxi-
mum voltage deviation is /=6/2.

The results agree with those of the preceding para., from the point of
view of the continuous regulator it is irrelevant whether the feeding point
voltage variation is proportional to the load or independent of it.

Let us return to the case when the regulator is placed in the line at some
distance kK from the feeding point (Fig. 10). The feeding point voltage assumes
some value ax independent of the load. Let the ratio of the load be related to
the full load i, while the voltage drop at the line will be ib. The regulator

Fig. 10. For different voltage —load pairs the voltage drop line passes through the same point A

fulfils its task, i.e. the voltage variations are the most favourable if the regu-
lator rises the voltage above the zero line by half of the voltage drop (1 — k)ib
arising behind it. But as the figure also shows, the straight line characterizing
the voltage drop passes through the same point A for different simultaneous
feeding point voltage—Iload pairs. Therefore, the regulator is not able to operate
satisfactorily by sensing the voltage u in point A only. The regulating order
for the voltage rise ¢ must also contain information about the load:

6= Ml — Kb, (18)

the condition for its execution is the simultaneous sensing of both parameters,
n and i.

The regulator located at the feeding point works in the same way, but
logically ax replaces n and instead of 1/2(1 — k)ib we have 1/2 ib, kK being zero.
Hence, the required voltage variation is

X = ax + . (19)
£

ax may deviate from the zero line in any sense, so the operation may also be
regulating downwards.
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Let us point out one more thing. In the preceding para, that situation
was dealt with where the feeding point changes its voltage according to the
load. Although changing feeding point voltage was dealt with here too, the
problem could be solved on the base of sensing one single parameter, the volt-
age. The voltage varying in dependence on the load already contains the
information related to the load, but if the two change independently of each
other, sensing both variables cannot be avoided.

Fig. 11. Influence of the two-step regulator placed in the line in case of relatively small feeding
point voltage variation

The next task is the examination of the influence of the two-step regu-
lator in case of a feeding point voltage varying independently of the load.

If the independent variation a of the feeding point voltage is small,
conditions develop according to Fig. 11. In the most unfavourable case at
the regulator input a voltage corresponding to point C appears which will be
at the same time the maximum voltage deviation:

f—a kb. (20)

But the voltage deviation at the line end must not be larger than this. If the
same voltage deviation is permitted, then

a+b=f+c. (21)

The regulator must start to operate already at point A, but even at D it must
not rise the voltage above B. This latter condition provides

(1-k)(a+f) + c= 2f. (22)
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The foregoing three Eqs result in the ratio K defining the location of the regu-
lator, the maximum voltage deviation f and the voltage rise c:

/\(!+_22+1-|}1+—2 (23)
f = b, (24)
c= (I — Kkb. (25)

Fig. 12. Influence of the two-step regulator placed in the line in case of relatively large inde-
pendent feeding point variation

If a — 0, these relations naturally will give the earlier values for the fixed
feeding point voltage: k = 0,/ = 0,41 b, c= 0,59 h.

A somewhat larger independent variation will result in the situation
of Fig. 12. It differs from the preceding that the straight line passing through
D remains in the feeding point below the maximum feeding point voltage.
Eqs (20) and (21) remain valid without change, but (22) is replaced by

(1 —Kkb+ c= 2f, (26)
wherefrom
I -+
k = (27)
and
Jb_ fE (28)
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The boundary of the two ranges is a/b = 1/3, the regulation parameters be-
longing to that ratio are from (23)... (25) and from (27), (28) identically Kk = 1/3
and /= c¢= 2/3b. Finally if alb> 1, there is kK = 0, the regulator gets into
the feeding point.

Returning to Fig. 12, the regulator must also operate at the intermediate
point E if the voltage and the load are simultaneously such that the line end
voltage deviation reaches/. If uis the coordinate of point E and i the relative
load, the above condition can be formulated as follows:

m+ (1 —Kk)ib = /. (29)

Fig. 13. Working characteristic of regulator with two parameters

Therefore, the regulator must sense the voltage as well as the current. As an
example, Fig. 13 shows such a working characteristic.

If the regulator gets into the feeding point, the situation is qualitatively
changed. The input voltage of the regulator does not appear on the line,
therefore, from the point of view of voltage deviation there remain two critical
places, the feeding point and the line end. The voltage drop appearing along
the line cannot be influenced from the feeding point, but the feeding point
end of the voltage-drop straight line can be shifted to and fro in order to place
it symmetrically onto the zero line. The voltage fluctuation 2a of the feeding
point is halved by the two-step regulator. This only regulates in one direction,
practically always upwards, therefore, the desirable symmetrical placement
of the voltage deviations is attained by an appropriate shifting of the zero line.
Generally this is possible by switching over the tap of the feeding transformer.

In case of symmetry the voltage deviation obtainable with the aid of the
two-step regulator is half of the whole variation, /= (a 6)/2. Here a finer
regulation is justified, with three steps/ = a/3 -)- 6/2, in general with n steps
/ = aln 6/2, with continuous regulation, as has been shown earlier,/ = 6/2.
Fig. 14 gives a general diagram of Kk and/ as a function of a/6 for dependent
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and independent variation of the feeding point voltage, and for two-step
and continuous regulation, respectively. As has been stated the continuous
regulation has the same line of the curve for dependent and independent
feeding point voltage variation.

Finally let us deal with the case when the Wo kinds of the feeding point
voltage variations combine. If eqis the voltage variation proportional to the
load and a2the independent one, so let there be (g + a2= a. The total voltage
variation a can be composed in the most different ways.

Fig. 14. General view of the emplacement k of the regulator and the maximum voltage devia-
tion/ according to the kind of regulation and as a function of the load

It is pointed out again that from the point ofview of continuous regula-
tion the origin of the feeding point variation is indifferent, determinant is
the total variation. With two-step regulation the situation is more intricate,
therefore, for information only the results are published here.

1. If

K is the root of the Eq.:

2eq -j- 92 2iNR

k2+ 2k 1+
b2

L = k+ U+ fl2,
b b
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2. If
> 1,
b
K= 0,
JL= S
- | [ °2.
b b °
3. If
ax-j- a2
] 1
b
k= 0,
/ c
— = — = al4- a9.
b b

Summing-up, for the regulation of the secondary network the following
principles can be laid down. If the voltage variation of the secondary network
exceeds tolerance limits and the feeding point voltage is constant, or does not
deviate from the rated value more than by half the line voltage variation, a
two-step regulator must be inserted into the line. If the feeding point voltage
variation is larger than that, a feeding point regulator must be used. Finally,
if the feeding point voltage variation approximates the line voltage drop or
even surpasses it, it is justified to apply a multi-step feeding point voltage
regulator. If the feeding point voltage variation independent of the load is even
only 1—2%, for the correct operation of the regulator the current must be
sensed, too.

When really dimensioning the regulator, of course, one must leave the
domain of the simplifying assumptions and account for the real voltage dis-
tribution of the line, the branches, the dead zone etc. But the simplified dis-
cussion greatly clarifies the essential relations. The laws of free fall could not be
taught either in school if the air friction, the aerodynamical effects, the Coriolis
force and the gravitational anomalies were to be considered.
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W irtschaftliche Spannungsregelung von Niederspannungsnetzen, In verh&ltnismaRig
locker besiedelten Gebieten kdnnen an den langen Radialleitungen der Niederspannungsnetze
groRe Spannungsabfdlle auftreten; dies begrindet die Verwendung von Spannungsreglern.
Wenn das rdumlich ausgedehnte System in einem Punkt geregelt wird, bringt die vielstufige
oder die kontinuierliche Regelung keine Vorteile, ein Zweipunktregler geniigt vollkommen.
Wenn auch die Speisepunktspannung schwankt, mufl eine zweiparametrige Regelung ange-
wendet werden: gleichzeitige Erfassung der Spannung und des Stromes. VerhdltnismaRig
groBe Schwankungen der Speisepunktspannung kénnen nur mit einem im Speisepunkt aufge-
stellten Regler eliminiert werden; hier ist die Verwendung eines mehrstufigen oder eines konti-
nuierlichen Spannungsreglers begrindet.

SKOHOMWUYHOE perynmpoBaHWe Hanps)XeHUs HU3KOBOMbTHLIX CeTeii. B paiioHax ¢ 0THO-
CUTENIbHO HEeMOTHON HAaceNeHHOCTHI MOTYT BO3HMKATb 3HAUWTE/bHblE MAfieHUs HANPSKeHUs
Ha A/IMHHBIX paguanbHbIX NMHUS BTOPUYHOL ceTW. 3TO 06CTOATENbCTBO 060CHOBLIBAET NprMe-
HeHUWe perynsiTopoB Hanpsi)XeHWs. ECU NPOM3BOANTL PerynnpoBaHme B O4HON TOUKe CUCTEMbI,
pacnpocTpaHsiiolleiics B MPOCTPAHCTBE, TOrja He BbIFOAHLIM MPOU3BOAUTL pPerynvpoBaHue
B HECKO/bKO CTyMneHeli WM >Xe MNaBHOe PerynupoBaHue; AaHHYK Uenb 6yAeT MOHOCTbIO
YAOBNETBOPATL PEryasiTop ¢ AByMs Mo3vUuMAMU. Ecnu HanpskeHWe B TOUKe 0T60pa aHepruu
TakXe Kone6netcsi, Torga Heo6XoAWMO MPMMEHSATb [ABYXMapaMeTpOBOe PerynvpoBaHue npu
OfHOBPEMEHHOM BOCMPUATUN HANPsXKeHUs U ToKa. OTHOCMTeNbHO 60/bLIOe Kone6aHue Hanps-
XXEHUs1 B TOYKe 0T6Opa MOLLHOCTU MOXHO YCTPaHWTb TO/IbKO C MOMOLLbIO perynatopa, ycTa-
HOBMIEHHOT0 B TOYKe 0T6OpPa MOLYHOCTU. 3[4eCb 060CHOBAHO MPUMEHEHWe MHOroCTYMeH4YaToro
UKW NNABHOTO PeryastTopa HanpskKeHUs.
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A REMARK ON THE UPPER LIMIT OF THE TORSIONAL
STIFFNESS OF PRISMATIC EARS

I. ECSEDI*
[Manuscript received 10 September, 1976]
The present paper deals with the torsional stiffness of the simply consistent region

of rectifiable border curve and with the generalization of an inequality concerning the
basic frequency of an oscillating membrane extended to the same bordering curve.

Symbols

The following symbols are used in this paper:

D simply consistent range in the plane x,y with rectifiable border curve,
9D border of D,

X,y coordinates,

S torsional stiffness,

[0} PrandtTs stress function,

A area of region D,

dA = dx dy,

f(u + jv), g(x jy) functions of complex variables (/— 1= j),
.. v coordinates,

B image of region D in plane u, v,

8B border of region B,

C area of region B,

dC = du dyv,

A frequency,

i eigenfunction,

Ci coefficient,

A basic frequency of region B,

Other quantities are interpreted in the text.

The free torsion of prismatic bars of homogeneous material with a solid,
constant cross section, as is known, leads to the following boundary value
problem: The function of two variables ® = ®(x, y), continuous in the region D
and on its border 3D, is to be determined which satisfies in the region D
the partial differential equation.

20 020

dx2 N dy2 (1)

and meets at the border 3D of the region D the homogeneous boundary con-
dition (Fig. 1)
0=0. 2

*Dr. |. Ecsedi, Vaszonfehérit6 u. 24, 3531-Miskolc, Hungary
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By knowing the function ® = ®(x,y), from the equation
S=2J 24 3

the torsional stiffness S of the cross section may be calculated. Let the mutual
unequivocal conform projection of the Region D of the plane x,y upon the
region B of the plane u, v be considered (Fig. 2).

The conform projection is defined by the functions

x = X(U,v)y I n= u(x,y

4)
y = y(u, v)\ (nh= v(xy)

Fig. 1. Region D

The conform projection determined by (4) might also be given by the analytic,
single-valued complex function

X+ jy = /(“ + I+ jv = g(x + jy)I. (5)

Let us transform the boundary value problem defined by (1) and (2) from the
system of coordinates X,y into the system of coordinates u, v. The transfor-
mation results in the partial differential equation

—2+ ~ = -2UWwn,v 6
dx2 dy2 t ) ©)

and at the border B of the region B in the homogeneous boundary condition

B= 0 (7)
where

y) = xpu, v) = ®[x(u, v), y(u, V)], ®)
further B + 9B is the image in the plane X,y of D -f- 9D in the plane u, v, and
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dx 2 (dx 2
H2= HZU, V) = + L ) e 4
du S &du aw [I %V 1/'( » |2 9

The torsional stiffness S of the region D of the plane X, y may he deter-
mined with the aid of the function y>= ip(u, v) from the equation

S = 2jBy)H4C (10)
wherein
dC = dudv. (11)

The solution of the natural oscillation problem of the elastic membrane of
homogeneous material and in uniform thickness, extended to the region B

v!

Fig. 2. Region B

of the plane u, v and fixed at the border dB, may be realized by the determi-
nation of the whole system of the eigenfunctions.

?» Heme
and the corresponding frequencies
qar, A2, A3 .. ..

It is known that the functions mi and the values A might be obtained by the
non-trivial solution of the following eigenvalue problem

°2<pi + 3Y,-

+ AY-—0, (12
du2 dv2 A

at the border 9B
€= 0. (13)

We know further that the eigenfunctions are orthogonal, [3], and in
the present paper it can be assumed that they are also normated, i.e.,4

(14)
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The frequencies constitute a non-decreasing sequence with positive terms, i.e.,
o< <; A2<; A3<; ... . (15)

The frequency is called the basic frequency of the region B and is designated
by N, i.e.,

X1=1. (16)
One tries to produce the solution for the boundary value problem defined
by (6), (7) in the form

4 = 12 1%4 A (17)

This function satisfies the boundary condition (7) at any values of the coeffi-
cients ¢- (r= 1,2,.. .). However, it satisfies the partial differential equation
then and only then (as it may be proved by direct substitution), if

2cm =210 . (18)
i=i

Multiplication of (18) with ¢4, and integration as well as the application of
the assumption (14) yields

C, = 2jg'pH4cC. (19)

Replacing (17) into (10), and reversing the order ofthe integration and addition,
taking (19) into account, the equation

S (20)

may be deduced. By making use of the inequality (15) as well as Bessel’s
inequality

2 'Cf <,4 T HYC (21)
11 Jb

[3], from (20) we obtain for the torsional stiffness

4 [ HYC

(22)
n2

Introducing the variable
(23)
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Introduction

Changes in both the numerical values and proportions of building param -
eters made with up-to-date construction methods and structures controlling
the energy transfer fundamentally altered the respective role of doors and
windows, responsible for most of the energy transfer of the buildings.

Energy exchange may have different forms both in winter and in summer
such as heat transfer by transmission, thermal exchange by radiation, and
air infiltration. Transmission and radiation heat transfer depend on the prop-
erties of the structure of doors and windows, hut infiltration depends on fea-
tures of the entire building as a coherent, homogeneous aerodynamic structure,
hence it is more difficult to compute. The following will be a short description
of the method of computing the infiltration rate of air, and the conclusions
drawn therefrom.

Infiltration air circulation is due to the combined effect of three factors
such as:

— pressure difference due to wind (between windward and leeward sides),
— stack effect,
— auxiliary mechanical ventilation.

The wind effect, stochastic in character, is of different rate for rooms with
similar topological relation, because of orientation.

Also the stack effect varies stochastically. Probable durations of various
outdoor temperature intervals are known.

Stack effect and wind are in a weak correlation. Auxiliary mechanical
ventilation has a theoretically regular effect.

Accordingly,

— infiltration air circulation depends on several parameters;

— in the heating season, infiltration air circulation undergoes complex
variation due to practically independent factors;

— infiltration air circulation changes differently in different rooms, and on
different storeys.
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A smaller part of transmission heat loss of rooms with poor insulation or with
great cooling surfaces results from infiltration heat transfer, thus — in spite
of an important heat flow by absolute value — infiltration heat transfer
variation involves minor design and control problems. In case of well insulated
buildings, however, infiltration heat transfer is high compared to the trans-
mission heat loss, stressing design, control problems related to its variation.
Under no-wind conditions, the infiltration heat transfer of several rooms in
the test buildings was as high as 80 to 100% of the transmission heat loss ! In
general, heat transfer in living rooms is about 50% of the transmission heat

Legend tofigures

Hi infiltration heat loss

Htr transmission heat loss

n storey number

i0 outdoor temperature

t0 outdoor mean temperature
w wind velocity

wd design wind velocity

loss. About this value, there is of course an important scatter according to
both building types and storey numbers. In low-rise houses, flats on each
storey receive outer air, a phenomenon also connected with the exhaust ven-
tilation in kitchens, toilets and bathrooms. For greater storey numbers, stack
effect overrules exhaust ventilation to a degree that flats on upper storeys
receive air from the staircase, as seen from diagrams made at an outdoor
temperature t0 = —15° C and calm (Figs 1, 2). In four-storey houses there
is only flow in; flats in ten-storey buildings are likely to receive staircase air
from the eighth or ninth storey upwards, while in sixteen-storey buildings,
“regular” development of the neutral plane is seen.

Beside exhaust ventilation, development of a neutral plane is also much
affected by the quality of doors and windows. Better doors and windows raise
or cancel at all the neutral zone: gravity-induced air circulation is less, at a
fixed exhaust air volume.
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The flow pattern much depends also on the number of flats on each
storey. Namely, every flat contains kitchen, bath, toilet, hence, with many
single-room or one-and-a-half-room flats on a storey, there is a big exhaust
air volume, offsetting the stack effect.

The less the building depth and the more articulated the ground plan
outlines, the more the wind influences the infiltration heat transfer. Comparing
the model buildings it can be stated that the wind effect was reacted on the
most sensitively by the building with a little depth and vice versa. Other

H, /Htr
Fig. 2

conditions being equal, the infiltration heat transfer of the former changed
three times as much upon wind effect as that of the latter. Ground plans where
staircases join long corridors each storey with windows in different facades
are unfavourable. Also articulated ground plans worsen sensitivity to wind
of infiltration heat transfer of some unfavourably oriented rooms as shown
by several examples. Of course, sensitivity to wind depends on the storey
number, on the wind velocity and on the shielding of lower storeys.

Better doors and windows much reduce sensitivity to wind. This is of
importance not only by reducing heat demand in windy wheater but also
because ofthe poor correlation between wind and outdoor temperature, contrib-
uting to ease regulation difficulties and to reduce overheating due to regula-
tion deficiencies.

Serious regulation difficulties are due to the variation of infiltration heat
transfer as a function of outdoor temperature. Both stack effect and variation
of temperature difference can be considered as linear but the law of resistance
is of a character to cause the air mass flow to vary exponentially. Computations
show the infiltration heat transfer to decrease as an average with increasing
outdoor temperature, and the diagram to be of steeper ascent, the neutral
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Thus, a frequency-based design reduces the magnitude and duration of indoor
temperature differences between storeys. Economically operating heating
systems can only be designed by starting from the frequency of outside condi-
tions: replacing “performance-centric” by “operation-centric” approach. Heat-
ing and ventilating system of a dwelling house is no bridge to be designed against
collapse at high safety for extreme cases but a machinery expected to operate
at its optimum under usual conditions, permitted to behave poorer under
extreme conditions of infrequent occurrence.

Fig. 4. Leeward side

Infiltration heat transfer of ground floor and lower-storey rooms has its
maximum at the lowest outdoor temperature. The expected minimum of out-
door temperature (“design temperature”) occurs for a very short time conclud-
ing cooling periods, caused by weathering processes accompanied normally by
wind. Wind velocities are high at the beginning of cooling periods to gradually de-
crease. By the end of cooling periods — at outdoor temperature minima — wind
velocities are as low as 2 m/s or even below. Thus, infiltration air circulation is
due primarily to stack effect and accessory ventilation. Even for single-storey
buildings, however, windward and leeward sides have to be distinguished.
Namely on the windward side, maximum infiltration heat transfer pertains
of course to the design wind velocity for the expected temperature minimum,
but on the leeward side mostly to the calm.

In occurrence of the expected temperature minimum and calm, the
so-called neutral plane may develop as a function of storey number, number
of flats on a storey, and of ground plane features of the building. In this con-
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dition, the storeys in and near the neutral plane have a low infiltration heat
transfer. Even, if no neutral plane develops, infiltration heat transfer may be
distributed among storeys so as to be low in the top. Variability of the infiltra-
tion heat transfer according to storeys is seen by the slope of lines in the dia-
gram.

W ith varying outdoor temperature also the curve slope varies to a
degree depending on the effect of accessory ventilation, shifting the neutral
plane upwards. (Even, if no neutral plane develops within the building height,

the phenomenon can be imagined by starting from a point in the curve of zero
air mass flow.) ldentity between outdoor and indoor temperature results in
a vertical straight-line diagram.

According to the precedings, infiltration air mass flows vary so that
rooms in or near the neutral plane for, e.g. t0= —15° C get below it for higher
outdoor temperatures. Thereby changed pressure conditions intensify and
maybe deflect infiltration air circulations. (For example, at a lower outdoor
temperature, air gets from the staircase into the room, windows exhibit
exfiltration, higher outdoor temperatures generate infiltration through win-
dows and cause air to leave through the ventilation system.) In a given case,

air circulation may grow faster than thermal difference (ir— ta) decreases,
hence infiltration heat transfer will grow for increasing outdoor temperatures.
Of course, this is not true for the entire range of i; — ta during the heating

season but only for a given interval.
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Fig. 10. Windward side

Fig. 11. Windward side

— the less flats there are on a storey,
— the poorer the doors and windows.
For a room much below the neutral plane (i.e. in the lower storeys, if a
neutral plane develops within the building height at to-mini else in any storey)
— infiltration heat transfer has its maximum at tamjn and this at wind on
the windward side, and mostly at calm on the leeward side.
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Fig. 12. Leeward side

Fig. 13. Room not connected to entrance hall. Windward side

For a room in or over the neutral plane at (,.min
infiltration heat transfer has its maximum

0j on the windward side at or at an outdoor temperature near the
average;

b) on the leeward side near the average outdoor temperature.

Gl
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B) fs 4+~dp hp
fs< h '
s P (V1117
hj > hp

fs + dp > hj
or
fs <1 dp > hp

f h
P (V1™
fs < hj
fs + dp> hj
B.1) fs-14%dp < hp
If hL > fs+ dp hp thoen (VI11/1)
kp-fs + dp-hij B
B.2) fs-1+ dpr>hp
K, » d, _ (VI11/2)
If = e s , then J<pm
kp fs+ dp-h | |
C) fs 4 dp > hp
fs > hp (1X)
fs > hj
c.n fs-14- dp < hp
'f kL > fs+ dP hp ' tnen (1X/1)
hp dp
c.2) fs-14- dp> hp
Kj »~ d, (1X/2)
If —> = then I<p.
kp~ dp

If in cases (VII), (VIII) or (IX) the criteriay —</> of points A),B) and C) are
satisfied, that is to say: if their joint penalty is lower in case of ay, p order,
then job p is scheduled as the job immediately following joby,i.e. with the next
sequence number, in the table. (It is advisable to keep this order of the jobs
even if the condition on Kkjlkp is satisfied with equality, i.e. when the total
penalty of the two jobs is independent of their order in the sequence.)

After this Rule 5 is applied again.

| f on the other hand — the criterion for the ordery, p is not satisfied,
then job p is scheduled preceding job y, and gets the sequence number s in
the table, while job j gets sequence number s + 1.
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For the job with index s — 1 and job p, Rule 7 is applied again and we
return to Rule 5 only in the case when job p does not precede any other job.

D) fs+ dp”™> hp
fs.< hp (X"
hj > hp
fs + dp< hj
or
fs“bdp hp
fs > h!) RO
fs < hj
fs + dp<, hj
In this case the correct order is p,j, since now
Sj=hj fs™. dp,
where

fs =fs-1+ dj,
and this corresponds to case (IV), only the float, gj has not been registered.
Job p comes into the place of job j

fs —fs-1 + dp

and job j gets sequence number s (1

fs+1—fs — dj .

Then Rule 7 is applied again for job p.

It can be seen that in order to sequence a work optimally, the application
of Rule 7 must be repeated every time, when a job gets new sequence number,
and even then can only be performed with penalty.

If at the beginning of the sequencing (f0= 0) case (Il) held for job p,
then job p gets into the first place of the sequence,

Si= P and /j = dp.

Rule 8: if all deadlines after the sequence number s can be satisfied,
that is

h,>fs+ 2 <
e=s+1
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(for every further i, where e = s-)~Ls + 2,...,i denotes the order according
to the deadlines), then the further order of the jobs is given by the deadlines.

The tree of situations showing how to decide the criterion of
sequence in case (II)

Fig. 1

The following, heuristic principles of optimization are easy to explain
and can be realized if we follow the above described rules:

1. a job with lower penalty per time unit can only precede a job with
higher penalty per time unit withoutfurther investigation, if it does not endanger
the possibility of fulfilment of the latter by its deadline,

2. if neither of two neighbouring jobs can be fulfilled by its deadline,
then the decreasing order of their penalty per time unit is the correct order.

2.3. Heuristic solution of the numerical example

Let us return to our numerical example given in Table 4, which requires
the sequencing of 6 jobs. The order according to the deadlines: 1, 2, 3, 4, 5, 6.
The order according to the penalties: 5, 1, 2, 3, 4, 6.

Let us approximate the optimal solution with our sequencing rules.

Step 1: the condition of Rule 2 is not satisfied, because here each deadline
is shorter than the total time-span.

Step 2:the condition of Rule 3 is not satisfied for every i either (it is not
satisfied already for the job with the shortest deadline, job 1), therefore the
schedule — for the whole problem is not given by the deadlines. Let us
prepare the table of sequence and apply Rule 5.
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Step 3: /o= 0; p —5; h56= 13, ds = 2
d5<hs5 (1)
gs= 13- 2= 11

Apply Rule s.

Step 4: /o= 0;r=1; Ju= 2,dl— 5
K < h5 and gs> d4 (1v) 1<5
We introduce job 1 into the table with sequence number s = 1 and f, = 5,
gs= W 5= 6.
Rule 6 is applied further.
Step 5: /i —5,j — 1; p=5; r=2; h2= 4, d2= 4
h2 < and gs> d2— (IV) 2 <5
Job 2 is scheduled with sequence number s = 2 (f2= 9) and = 6—4= 2
Then Rule 7 is applied for job 2.
Step 6: /i = 5,j=1,p=2 h2= 4, d2= 4
o+ M2N N 9% 11 M» o "Hd2= h, —=(1X/2)
Zqg=5, k2= 4, fejlcg - da/d2
therefore the order of jobs 1 and 2 does not matter, but — according to our
agreement we schedule them in the orderj, p thatis 1, 2.
Since there is still float (gl = 2), Rule ¢ is applied further.
Step 7: /12—9,j = 2,p=5r= 3 A3= g, d3= 3
Jla< hs and gs < d3-* (V) 5-<3

So job 3 is scheduled with sequence number s = 3 (/3= 11), and then Rule 7.
is applied for job 3.

Step 8: /3 = 11,j = 5, p = 3, h3= 8. d3= 3
/3 4" "3 N [3 N N33 'y oas
3+ 2+ *3> JB- (VIII2)
k5=17, = 2, k-Jk3> d-Jf3+ d3— h0 5< 3.

Hence job 3 is scheduled with sequence number s = 4 (/4= 14), and then
Rule 5 is applied.

Step 9: 14 = 14,j = 3, p= 4, 1,= 12, da= 5.
fi-i-di”r>hi~t- (1)
Apply Rule 7.
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Step 10:/4+ d4> A, /4> A4 /4> A3
/3 + d4> Ad-+ (1X/2)
k3= 2, fta= 1
fc3ifcd > d3[di hence 3 < 4.
Job is scheduled with sequence number s = 5 (/5= 19) and Rule 5is applied
again.
Step 11:/6= 19,7 = 4, p = 6, A= 17, de= 7.
5+ > "6 (H)
Apply Rule 7.
Step 12:f. + de> Ae /5> A6, /5> A4
N+ A6> A"~ (I1X/2)
Ad= 1, A6= 1, kjk6> d4de hence 4 < 6.

Job 6 is scheduled with sequence numbers = 6 (f6 = 26) and Rule 5 is applied
again.
Step 13: no more jobs.

The optimal sequence according to our heuristic rules:
1, 2,5, 3,4, 6
and the penalty belonging to this schedule: Q = 63.

Figure 2 shows the schedule determined with the help of our heuristic rules.
The delay of the jobs can also be seen.

This example has served our purpose to show that it is not always and
not unconditionally most practical to solve a problem of operations research
with the exact methods of mathematical programming. At the same time it

Table 5

Table of sequence

Sequence Number of
number job ft hi Penalty
w C

| 1 5 2 15
2 2 9 4 20
3 5 11 13 —
4 3 14 8 12
5 4 19 12 7
6 6 26 17 9

63
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must not be forgotten that we have not proved the sufficiency of our heu-
ristic rules and therefore we cannot exclude the possibility that they can
be improved. (As it happens, the rules presented here developed out of an
earlier version [4].)

In the present case counter-examples can be given of either Rule 4 or
Rule 4* is applied to determine the priority. In certain examples the two
priorities of consideration result in different sequences. Therefore, it is practical
to perform the planning of the sequence with both priorities separately and
to accept the better solution. In the examples studied so far one of these two

Diagram of schedule

solutions was always the optimal one, but we cannot claim yet that no counter-
example exists. It is not impossible however, that — analyzing the inner
connections ofthe problem further and improving the procedure — the necessity
and sufficiency of heuristic rules developed after thorough analysis and
investigations can be proved logically. But then the heuristic algorithm
becomes exact algorithm.

Until then no more can be said about the solution achieved that it is
a good approximation of the optimum. How good the approximation is,
depends on our rules.

In any case it is advisable to evaluate the results we get - after per-
forming a greater number of problems — with a method capable to determine
the neighbourhood of the exact optimum, i.e. its lowest upper and highest
lower bounds which can possibly be estimated, e.g. with a branch and bound
method which can be terminated reaching the specified interval-length, or,
in case of smaller problems, can determine the exact optimum.
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Erkennung und Verwendung von heuristischen Regeln in der Problemldsung der Opera-
tionsforschung. In der vorliegenden Arbeit weist der Verfasser — auch unter Berufung auf
seine friheren heuristischen Algorithmen — darauf, daR die Schulbeispiele der Operationsfor-
schung bei gewissen Aufgabentypen oft viel mehr innere Schranken enthalten, als welche das
allgemeiner gultige Modell der Aufgabentype ausdrickt. Dabei ist mit den Modellen die Be-
stimmung der optimalen LOosung im Verhé&ltnis zur Bedeutung der Aufgabe gegebenenfalls zu
kostspielig, ja mit wachsender Zahl der Varianten und der Bedingungen wird sie verhaltnis-
maRig schnell praktisch unausfihrbar. Hingegen kdnnen bei eingehenderer Problemanalyse
regelmaRig heuristische Regel erkannt werden, mit deren Hilfe die optimalen Lésungen solcher
Aufgaben gut angenédhert werden kénnen. Diese Annahme beweist der Verfasser mit fir zwei
verschiedene Aufgabentypen (Produktionsprogrammierung fir mehrere Perioden und Planung
der Reihenfolge fir den Durchgang durch einen EngpaB) ausgearbeiteten heuristischen Algo-
rithmen. Inzwischen ermdglicht er einen Einblick in das heuristische Gedankenlaboratorium.

OnosHaHVe M NPUMEHEHME XEYPUCTUYECKNX MPaBWI NMPY peLLeHMn Npob/iieM B 06/1acTu
OrepauVoHHbIX MCCEA0BaHWA. ABTOpP B AaHHOM CTaTbe (CCbINasich TakXe Ha MpexHue CBOW
XeypUCTUUECKME aNrOPUTMbI) XenaeT yKasaTb Ha TO, YTO MPUMepPbl METOAUKU OMepaluoHHbIX
UCCNEAOBaHUIA 4acTo B Cilyyae OMNpedeNieHHbIX TWUMOB 3aday COAepPKaT 3HAUUTeNbHO 60/ibLuee
UMCN0 BHYTPEHHWUX OrpaHUYeHWi, 4YeM 3TO BbIPAXKEHO Modenblo 6osiee 06LiEro xapakTepa
JaHHOro Tuna 3agaun. B To Xe Bpemsi B ciydae 9TUX MOAeseil onpefeneHue OnTUMasIbHOMO
pelleHnst Mo CPABHEHMIO CO 3HAYEHMEM 3afauyu MOXET 6biTb BO3MOXHO C/VLIKOM [AOPOTrUM,
60/iee TOro C POCTOM YUC/IA MePEMEHHbIX U YC/I0BMIA OTHOCUTENIbHO BbICTPO CTAHOBUTCS TaKXe
NPaKTUYECKN HEBO3MOXHbIM. A eciy fiydlle 03HAKOMUTbCSA C HEKOTOPbIM [AaHHbIM TUMOM
3afaun, To C NMoMoLLbio 60/1ee rNy60KOro aHanusa npobieMbl Takue BUAbI 3a4ad Npu NpuUMeHe-
HWM ONTUMANILHOTO PeLIeHUst AalT YAO0BJETBOPMTENIbHOE MPUGBVXKEHHOE pelueHue. [aHHoe
npeanonoxeHve NoATBEPXAAETCS aBTOPOM PaspaboTaHHbLIMU UM AN Pa3UYHBLIX TUMOB 3ajad
(nporpamMmmupoBaHMe MPOW3BOACTBA HA Psf MEPUOOB M MPOEKTUPOBaHWE MOPsiKa CrefoBaHus
Uepes Y3Koe CEYEHWE) XeypuUCTUUECKUMU anropuTMamu.
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ABTOMATUBAUNA TTIPOEKTUPOBAHNA C INOMOLLUBHO
OVNCKPETHOIo rnrPOrPAMMMNPOBAHUNA

M. TPOC*

B cTaTbe B 06Leii hopme onmcaHa ofHa M3 BO3MOXHbIX MOfefeli aBToMaTusaunm
CTaTUYeCKOro MpoeKTUpoBaHMA. 3afada MNPOEeKTUPOBaHUA ChopMy/MpoBaHa Crefyto-
lWmMM obpasom: TpebyeTcs HaliTW Takol NPOeKT KOHCTPYKUWW C 3aAaHHOWN reomeTpueit
1 33flaHHbIM HAab0pPOM 3/71EMEHTOB, /1 3/1IEMEHTOB KOTOPOro Y/A0B/IETBOPAIOTCA YCN0BUA
paBHOBECUS, COBMECTMMOCTM W OrpaHUyeHUs, a TakXe TO, YTO C KaKoi-nnbo TouKu
3peHns (Bec, CTOUMOCTb WM UX COTHOLUEHME) KOHCTPYKLUMA 6yaeT onTumanbHoi. Ans
chopMynMpoBaHHOW 3afa4vv 3anncbiBaeTcs MaTemaTnyeckas Mofenb B cyyae NNHeRHbIX
OrpaHUYeHn, a No3XKe OHa PacnpoCTPaHSAETCA U Ha Cy4vail HeNMHeNHbIX OrpaHuYeHNiA.
B o6oux cnyyanx 3agaya CBOAUTCA K peLueHuio UCKpeTHoN 3agaun «0—1» nporpammu-
poBaHUsA, AN pelleHnsa KoTopol apdheKTUBHO MOTYT ObITb NPVMeHEHbI MeToAbl Nepebopa.
[Ona npumeHeHus MeToda nepebopa Heo6X0AMMO 6bI/I0 Obl HA KaXAOM Lwwary obpaliaTb
mMaTpuuy 6onblioro pasmepa. UTtobbl nsbexxartb 370 TpeboBaHMe [j0Ka3bIBAETCA TeopemMa
N NPUBOAUTCA METOJ peLleHUs 3afavyn. Ha OCHOBe [JaHHOro metofa MpoBefeHbl ycnew-
Hble UcnbITaHMA nporpammMmbl Ha 3BM «CUMEHC 4004/151» uHctutyta CAMIENN.

1. BBefeHue

B crtatbe 06Cy>xAaeTca BONPOC aBTOMATM3aLMW CTAaTMYECKOro MPOEKTUpO-
BaHWA U3 COOPHbIX 31EMEHTOB. [PMBOAMMBIA METO4 MOcne BBELEHUS COOTBET-
CTBYIOLMX WM3MEHEHWUI MOXET ObiTb MPUMEHEH AN18 aBToMaTusauum Apyrux npo-
LIECCOB TEXHWNYECKOrO MPOEKTUPOBaHMS.

Mop aBTOMAaTM3aLMel CTaTUUYECKOrO MPOEKTUPOBaHWSA MOApa3yMeBaeM Mpo-
eKTMpPOBaHWe CTaTUYeCKM HeornpeaenMMbIX KOHCTPYKUWIA € 3ajaHHOW reoMeTpurei,
KOTOpble CTPOATCA WHAYCTPUANM3MPOBaHHBIMM METOAamMu MPOM3BOACTBA M afe-
MEHTbI KOTOPbIX YAOB/ETBOPAKOT CTATUYECKMM W 3KOHOMWYECKUM TPeb6oBaHUAM
N BCA KOHCTPYKLMS C KaKOW-MM60 TOUKWM 3PEHUS ABNAETCS ONTMMasbHOMA.

Mpy NOCTPOEHWMUN MOLENN KPOME YC/TOBUIA PaBHOBECUSA 1 COBMECTUMOCTU He
paccMaTpuBaeM KOHKPETHYIO 3anucb ApYrux OrpaHUyeHuin (orpaHuYeHus Ha
MepeMeLLeHne, Ha NMPOYHOCTL), MX CYUTAEM 3afaHHbiMKU. OfHaKO, paccMaTpuBaem
OTAENbHO C/lyyald, KOrfa 3TW OrpaHWYeHNs NIMHEAHbI U KOrga OHU MOTyT ObiTh
3afjaHbl B BUAe HeNMHeHON BEKTOPHOWN (yHKLMU.

* 1025. Budapest, Il. Csalitu. 9. Il. em. 3.
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2. VHxXeHepHas hopMnIMpoBKa 3agayum

CornacHo Teopmmn Nepeoro Nopsaka sanuilem B MaTpUYHOM hopme ypaBHeHUs
paBHOBECWS M COBMECTUMOCTW. Kak M3BECTHO u3 Teopun, Matpuua G 3aBuCUT
TONbKO OT FeOMETPUM KOHCTPYKLUMM K B C/yyae CTaTUyecku OnpesevMbIX
N HeornpeaenMMbIX CUCTEM PaHr 3TOW MaTpULLbl PaBeH YKUCY ee CTON6LOB.

Matpuua F cogep>xXuT mMaTpuubl YNpyrocT OTAENbHbIX 31EMEHTOB CUCTEMbI.
XX W, COOTBETCTBEHHO, X2 — HEW3BECTHbIE MEPEMELLEHUss U BHYTPEHHUE CUNbI,
pl— Harpysku B Y3/10BbIX TOYKaX CUCTEMbI, a P2 — KMHEMATUYECKME HArpy3Ku.
B cucteme ypaBHeHUIA (1) KaXXAOMY 3/1EMEHTY KOHCTPYKLIMM COOTBETCTBYET HEKO-
TOpbIA runepeekTop b,. Ecnv gna npoctoTbl MPeAnofiokuMM, UYTO MOXET 6biTb

0 1 X
G 41 (1)
bil
Puc. 7

3aMeHEeH TOJ/IbKO i-1 3neMeHT, TO 3TO paBHOCW/IbHO 3aMeHe runepsekTopa b, Ha
b; B maTpuue cuctembl ypaBHeHul (1). MunepsekTopbl b, 1 b' oTAnyatoTea apyr
OT Apyra TO/bKO MaTpuuamu ynpyroctu F,. Takum 06pa3oM, MpOeKTMpOBaHMWe
KOHCTPYKLMW 33laHHOI reOMETPUN PaBHOCW/IbHO BBOAY B 6a3nC CUCTEMbI ypaBHe-
HWiA (1) Tex TUNepBeKTOPOB, A1 KOTOPbIX YAOBMETBOPAKOTCA OrpaHUYeHus
3a/lau” 1 KOTOpble ONTUMAaNbHbI C KaKOW-NM60 TOYKM 3peHus [3].

Tenepb pacCMOTPUM Te JONOSHUTENbHbIE OFPaHNYEHNS, KOTOPbIE BOSMOXHbI
Npu NPOEKTUPOBAHUM KOHCTPYKLMIA M3 COOPHbLIX TUMOBLIX 3/IEMEHTOB. 37echb
NCNOMb3yeM TaKue OrpaHWYeHusl, KOTOPble HE OMWCbIBAOT MEpexo] W3 OfHOro
COCTOSIHMS B [pyroe, No3TOMy MOFyT ObITb PAacCMOTPEHbl KaK MpPOW3BOSbHbIE
N He3aBUCKMbIE OT WM3MEHEHWSI COCTOSIHWUS OrpaHWYyeHus, He WMeloLme dusnyec-
Koro cwmbicna. CopepXaHue OFpaHUYeHWA OMpeaensieTcss KOHCTPYKLMOHHBIMM
N TEXHUYECKAMU TpeBGOoBaHMAMM.

B npaBoli 4yacTW OrpaHUYeHWn CofepXKaTcs BeNMUYMHbLI, Ha OCHOBaHUWN KOTO-
pbIX pelLaeTcs BOMPOC, KakKue rMnepBeKTOpbl HEOOXOAMMO 3aMeHUTL B Gasuce.

B03MOXHbI fjBa Cnyvas OrpaHU4eHuii:

1. OrpaHMYeHMs MOXHO 3anucatb B BUAE CUCTEMbI! SIMHENHbLIX HEPaBEHCTB;

2. OrpaHnyeHMs MOXHO 3aMnmncaThb B BUAE CUCTEMbI HE/IMHEHbIX HEPABEHCTB.

B panbHelwem 06a cnyyas paccmaTpuBatoTCsi 0TAenbHO. Cpean orpaHuyde-
HWIA MOryT 6biTb Takue YC0BWUSA, KOTOpble MNPesnuchbiBatoT COBMajeHWe TUMOoB
MPVMEHSIEMbIX 3/IEMEHTOB B OMNPeAeseHHbIX MeCTax KOHCTPYKLMW.
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3. MartemaTuyeckas Moge/b 3agaun 41 cyyas IMHERHbIX OrpaHNYeHui

MycTb AaHa CUCTEMA /IMHENHbIX PaBEHCTBA M HEPaBEHCTB:

Ab) ex+ p= 0, (2)
Bmx< S(b), @)

roe A(b) — HecuHrynsipHas matpvua, 3aBucsAlas 0T akTyanbHOro 6asumca b
N “MetoLLas qopmy, onucaHHyo B (1),

S(b) — 3agaHHas BEKTOPHas (hYHKLMSA, 3aBUCSLLLANA TaKXe OT aKTya/bHOro
6asnca CUCTEMbI,
B  — matpuua 3afjaHHbIX OrpaHUYeHui,

b= (b{\... B? — akTyanbHblii 6a3uc matupupsl A.
MNepBeKTOpPbI 3/1EMEHTOB, BBOAMMbIX B 6a3MC MaTpuubl A Ha MeCTO i-0ro runep-
BEKTOpa 06pa3ytoT MHOXECTBO Ep.

gm= {bj} i£j,j= 1,2,..., (), 13 1= n

rie J  —MHOXeCTBO MECT 4/l 3MEMEHTOB B KOHCTPYKLUK,

j*(i) — uncno TMNOB 31EMEHTOB, NPUMEHSIEMbIX Ha i-OM MECTe KOHCTPYKLMH.

Ecnn B matpuue A npousowna 3ameHa 6asuca b/ b/, TO COOTBETCTBYIO-
MM 06pa3oM M3MEHSTCA KOMMOHEHTbI BEKTOpa S, T. €. S ABAAeTCS (PyHKUMen
6asuca b.

Cuctema (2)—(3) ogHOBpeMEHHO A0/MKHa ObITb YAOBNETBOPEHA A5 CNyYas
HECKONbKUX BEKTOPOB P B MpaBOii 4acTU ypaBHeHUs (2), MO3TOMy, 3anucaB MX
B CTON6ULI MaTpuLbl P, cucteMy (2)—(3) MOXHO nepenucatb B CleAytollem BUje:

ABX + P= O )
BX < S(b), ®)

rge matpuubl X, P 1 S UMEOT 0AMHAKOBOE 4MCN0 CTONGLIOB.

B cnyuyae 3ameHbl 6asuca B MaTpuLe S COOTBETCTBYHOLLMM 0Opa3oM WM3MEH-
AKOTCA Le/ble CTPOKM, TaK KakK HePaBeHCTBO JO/MKHO ObITb OfHOBPEMEHHO YAOBNET-
BOPEHO ANA OJHOI W TOI e MpaBoil YacTu, 1 MaTpuua S COCTOMT U3 OAMHAKOBbIX
CTON6LOB.

Tenepb NOKaXKeMm, Kak cuctema orpaHuyeHumin (4)—5) MoxeT ObITb 3ame-
HeHa TaKOW CUCTEMOI HepaBeHCTB, M3 KOTOPOW MCKKOUYeHa MaTpuua X, Tak Kak
B JafbHeilleM Hac OydeT MHTepecoBaTb He KOHKPETHas BefMYMHa Cui W nepe-
MELLEHWA, a TO, UTO YAOB/ETBOPEHbI /I OFPaHWYEHUs 3ajaynm unuM HeT. Beegem
matpuuy Y, AN KOTOPOI

BX+ Y= S. (6)
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Tak KaKk A — HeCUHrynspHasi MaTpuua, TO CUCTeMa ypaBHEHWIA (4) Bcerga MmeeT
€[VHCTBEHHO peLleHne

X= - A~rP.
MoacTaBnsAs 310 paBeHCTBO B (6),Bblpasvm MaTpuuy Y:

-BA-IP + Y= S
Y= BA 1P+ S.

Teopema 7. Ecnn A HecuHrynspHas matpuua, To cuctema (4)—(5) umMeet Torga
M TONbKO TOrAa pelleHue, ecnm Y > Q.

HeobxogumocTb. [onyctum, uto cuctema (4)—(5) MMeeT peLleHue, T. €.

= - A-‘Pn BX< S.
MoacTaBUM BbipaeHue Ansi X B HEPaBEHCTBO, MOMyYUM:
S+BA~1P>0, T.e. Y>O0.

JocTaTouHocTb. fdonyctum, yto Y > O, T. e
- BA-IP < S.
Tak Kak A HecuHrynapHaa martpuua, To
X = —A_1P, nosatomy BX< S.

3TiM cambIM Mbl foKa3ann Teopemy 1

Ha ocHoBe Teopembl cuctema (4)—(5) MOXET ObITb 3aMeHeHa CreaytoLmmM
YCNOBUEM:
BA-1(b)P + S(b) > 0.

PaccMOTpUM CleflyHoLLMiA BEKTOP:

a= (0], 6l ... 60*W, 6l,... 679, .. &<,
rae

y il, ecnu runepeekTop b/ oTHOCWUTCS K 6asncy b,
J O B nNpoTMBHOM cy4ae.

Mocne 3TOro Hally 3agavyy MOXHO 3anucaTb B BUAE CreaytoLleli Mogenu:

A cAmhi min

«-1J=i

@)
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KOBE .
J*()éjzl =12, ..,n (8)
=1
. 06i)=0 S=1,2,.. s* ivi2CHs 9
B 9)
BIAO)]~1P + S() > 0 (10)
e ej — BEC, CTOMMOCTb (UM UX COOTHOLLIEHME) i-0r0 aneMeHTa /-0ro Tuna,
N — YWUCNO runepcTondLos matpuupl F

j*(i)— 4nCN0 3N1EMEHTOB MHOXeCTBA E-, T. €. uMCiO TUMOB i-0r0 3/1EMEHTa,

Hs — MHOXECTBO WH/EKCOB TeX MECT KOHCTPYKLWW, B KOTOPbIX JO/MKHbI

ObITb BbIOPAHbI 3/1IEMEHTBI O4MHAKOBOTO THMa,

§¥ — YMCNIO MHOXECTB His.

Ycnosue (8) 03Ha4aeT, YTO Ha i-0BOM MECTe KOHCTPYKLMM BCErga MOXeTt
6bITb BbIOpaH TOMLKO OAMH 3NMeMEHT MHOXeCTBa E,. Ycnosue (9) 03HauaeT, uto
Ha Te MecTa KOHCTPYKUMW, VHZEKCbl KOTOPbIX MPUHAANEXAT MOXECTBY His,
[0/DKHbI ObITb BbIOPaHbI 3/1EMEHTbI 0ANHAKOBOTO THMa.

Kaxz0e MHOXeCTBO E- nonosHuUM ABYyMS (MMKTUBHBIMK 3IEMEHTaMM: O4eHb
«CUMbHBIMY 1 04eHb «CMabbIM» TUMOM 3n1eMeHTa. TepBbIi TN HEO6X0AUM NS TOrO,
yToObl BCErga CyLiecTBOBaNO XOTA Obl OQHO BO3MOXHOE pelueHve. Ecnn e
BTOPOM TUN NOMajaeT B PeLLIEHNe, TO 3TO 03HAYAET, YTO Ha i-OM MeCTe KOHCTPYKLMK
3NEMEHT He HYXXEeH. ECA1 0ueHb «CUbHbIA» TN aNeMeHTa NonajaeT B ONTUMA/b-
HOE peLLIeHMe, TO 3TO 03HAY@eT, YT0 MHOXECTBO E- He06X0A4MMO MOMOMHUTL ApY-
TVMU TUMaMU 3/1EMEHTOB. BenMunHbI ¢/, COOTBETCTBYHOLLME (DUKTUBHBIM 3/1IEMEHTaM,
BbIOMPAIOT 0YeHb «BO/bLUMMMY 1 COOTBETCTBEHHO, OYeHb «MaTbiMi» (HanpuMep,
B CTO pa3 00/bLLe Camoro JOpOroro anemeHTa).

Takum 06pasom, 3afady, ONMCaHHYK B MYyHKTE 2, YAan0Ch CBECTU K peLLe-
HUK 3aayi AUCKPETHOro «O—1» nporpaMMUpOBaHns, ANS PeLUeHNs KOTOPOW
CYLLLECTBYHOT M3BECTHbIE MO 1UTEpaType [4, 5] MeToabl. B gaHHOM cyyae Hanbonee
3heKTUBHBIMA METOZaMM PeLLeHNs 3a4ayu CHMTaeM MeTogbl nepebopa, Tak Kak
M0 MOCTPOEHMIO OHU He 3aBWUCAT OT TOFO, YTO OrpaHUyeHUst ABMAKOTCA INHEN-
HbIMA WA HENMHEAHBIMY, M 32 KOHEYHOE YWCNO LUaroB AalT ONTUMaIbHOE peLLe-
Hue. B pesynbTate npuMeHeHUs MeToda nepebopa Ha Kaxaom Luary Heobxogumo
MpoBEPATb YAOBNETBOPEHME OTPaHNYEHNI ANA KXo KOMOMHaLMKM BEKTOpa <&
[lNf 3TOr0 NOCTOSAHHO HYXHO OblI0 6bl 06paLiaTh MaTpuLy 60/BLIOMO pasMepa.
B cnegytoLlem NyHKTe pacCMOTPUAM Takoi METO/ BbIUMCNIEHNS 3NIEMEHTOB MaTpULb
Y, B C/ly4ae KOTOPOr0 HET HEOBXOAMMOCTW BbIMOMHATL 3Ty OMepaumo u Ans
pacyeTa l0CTATOYHO 3HaTb MATPULI XKECTKOCTM W YNPYrocTu pasnnyHbIX TUMOB
371EMEHTOB.
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4. MeToj peLueHns 3afadn

41 Bbluncnenne maTpubl Y npu 3ameHe 6asnca B cyyae MHENRHbLIX OrpaHnyeHnii

C nomowpto pasbmBki Ha YeTbipe 610Ka 3anuiieM MaTpuly, 00paTHyt
matpuue A [L]:
Az (GFF-IG)-1 (G*F-1G)-1G*F-1
"~ F-1G(G*F-1G)-1  F-i - F-1G(G*F-1G)-1G*F-\"

PaccMoTpuUM MaTpuLly
M= (G’F-"G)-1,

MPUHUMAIOLLLYI0 Yy4acTMe BO BCEX YeTbipex 0M0Kax. B crayyae Mpom3BOMbHOIA
3amMeHbl 6asuca MaTpuua F M3MeHsieTcs, MoaToMy AnSt BbIYWCNEHWS MaTpULbl
M HeobxoduMo o0bpallatb MaTpuly 6onbLMX pa3mepoB. s yCTpaHeHWs 3Toro
3aTPY/JHEHUS PACCMOTPUM CMEfyHOLLYI0 TEOPEMY:

Teopema 2. ECM paHr MaTpuLbl G paBeH uMcny CTONBLOB U F — HECMHTynspHas
MaTpuua, TO
(G*F-36)-1= G+F(G+) *,

G+= (G*G) 1G* .

rae

JlokasaTencTso. 1aK KaK F— HECUHTYNApPHAA matpuua, To
eiG'F-) = e(G*) = e(G) = m.»

Ha 0CHOBE 3TOr0 MOXHO MPUMEHUTD CredyHoLLyto [2] Teopemy: ecn mMaTpula
A vmeet pasmepbl nx T, amatpuua Brxx nelA) = p(B) = T, 10

(A *B)t= Bt A+,
Moatomy, ecnn npumem A= G*F~3n B= G, 10
(G*F 1G)~1= G+(G*F~]+ .

Terepb NpUMeHUM cregytowlylo Teopemy [2]: (A « B)+ = B+ « A+ TOrga
W TOMbKO TOrfa, eciu
A+ABB*A* = BB*A* (12)

BB+A*AB = A*AB . (13)

*3HakoM + 0603HayaeM 0606LLEHHYIO 06paTHY MaTpuly.
** 3HakoMm Qo0603HayvaeM paHr mMaTpuLbl.
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B Hawewm cnyyae A= G* nB= F 1
MpoBepum ynoB/eTBOpPeHue yciosus (12):

(G*)+G*F-1(F-1)*G = F_1(F-1)*G . (14)

Tak Kak paHr matpuupl G paBeH umcny ee cTon6LoB, TO COrMacHo [2]:

G+= (G*G)-1G* u (G+)* = [(G*G) 1G*]* =

= G[(G*G)“1]* = GKG’G)*]-1= G(G*G)-!
MoacTasum (15) B (14), nomyymm:

G(G*G)-1 * G*F-1F ")*G = FM(F-D*G .

YMHOXWM YpaBHeHWe Cnesa Ha Matpudy G*:

G'GNG)-1+G*F~LF~D*G = G*F-IF-1)*G,
NONYYNUM TOX[ECTBO:

G*f~1F-0*G = G*F_1(F~2*G .

9TUM CambIM [0Ka3aHO YaoBneTBOpeHue ycnosua (12). Ycnosue (13)
YOBNETBOPAETCSA TPUBMA/LHO, TaK Kak

(F-)(F-D+ = E.
Takim 06pasom, ypasHeHue (11) MOXHO nepenucathb Tak:
M= G+F(G*)+ .

YuutbiBag TOT (akT, yto (G*)+ = (G+)*, Teopema AOKa3aHa.

Ha 0CcHOBE TEOPeMbl 2 BbIYNC/IEHME 00PaTHOM MaTpuLbl A BO3MOXHO C MOMOLLBHO
EANHCTBEHHOr0 00paLLieHNs CUMMETPUYECKO MaTpulbl G*G, Tak Kak G+ —
MOCTOSAHHAsA MaTPMLLA Ha NPOTSKEHUM BCEX BbIUMUCTIEHWIA, @ MaTpuLa F1 Bbluncns-
eTca no (hopmynam.
A 1= GHFGH” G+FGG+F 1

FAGG +F(GH)*  F-1- FNGG+FGG+F"1 "’
TaK Kak

(G+)* +G* = [(G* WG)-1+G*]* «G* = G(G* mG)"1l+G* = GG+ .

[lanbHeiilleil Hallei LENbl0 SIBNSIETCA MOMYuYeHWe TakKoro anropuTMa,
C MOMOLLBK) KOTOPOFO 3M1EMEHTbI MATPULbl Y MOXHO BbIYUCASTL 663 MMALLIHErO
YMHOXEHUS MaTpuL, 60MbLUNX Pa3MepoB, Kak MOXHO 00/1ee SKOHOMHO.
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Pa306bemM MaTpuLbl P 1 B Ha 610KN COOTBETCTBEHHO 610KaM MaTpuLbl A:
B= [BIY],

rfe matpuua Bl pasmepaTXx/n, R—TXx«, P1— Txk, P2— nxk. Martpuua
P2NpeACTaBNSET COOOM KMHEMATUYECKME HArpy3KK. B fanbHerLem 4ns npocToTl
WN3N0XEHUS MPegnonoxum, yto P2= 0. Matpuua Y B 6104HOM BiZe MOXET ObiTb
3anucaHa Tak:

Y= - BIG+F(G+)*P1+ B2F-1GG+F(G+)*P1+ S.

BBegeM creayroLiye 0603HaUeHWS:
BIG+ = C1, (G+)*PX= C2 U GG+= C3.

F — runepauaroHasbHas Matpuua, noatomy obpaTHas el Takxe OyAeT runep-
[MaroHanbHoW. PasobbeM MaTpuLbl C1, C2, C3 B2 S Ha 6/710KM COOTBETCTBEHHO
6nokam MaTpuLbl F. B Takom cydae Npow3BO/bHBIA 3MEMEHT MaTpuLlbl Y MOXET
ObITb 3anmMcaH Tak:

mF, CL .
)ﬂ: KJ]I] QIW +g T

mlj

Tak Kak Rj= Fy1= 0, ecnm i¥*j, T0

vt=-2 QM +2 2 +5(. (16)

ifj ifj jij

LIS peLeHns NocTaBneHHOM 3afa4un Kaxzabli pa3 Heobxoaumo 6bio Bbl BUUMCH-
ATb NPaBYI0 YacTb ypasHeHNA (16). C Le/blo YMeHbLUEHNS BbIYMUCIEHNIA PaceMOT-
PUM, KaK U3MEHSIETCA MPOK3BO/bHBIA 3M1EMEHT MaTpuLbl Y npu 3ameHe basuca.
JlonycTiM, 4TO XOTUM MPOM3BECTM 3aMeHy 6asnca B HECKONMbKWX MecTax,
UX WHOEKCHI 00pasytoT MHOXECTBO J*. TycTb
J’= J\J*,

TO €CTb J' MHOXECTBO WH/EKCOB TeX FUNEPBEKTOPOB, B KOTOPbIX HE MPOUCXOANT
3ameHbl Oasica. MoacTasum (16) B TPUBMAbHOE YPaBHEHME

Yet = (yei — yet)+ Yet >

nonyYnm
yet= - >Q,F,- F)Q,+2 2
KJ KJ 1O

— BAIChg t) + S —Sd + yee
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Mpeobpasyem MepByto CymMMy:
2Q F« - F«Cb:2 <U(Fe- F,)Q,+
itr (18)
+ ith, cu(fe- Fgc«= 2 CMF«- Fc &

Tenepb npeobpasyem BTOpYi0 cymmy ypasHeHus (17):

22=22+22=22+ 22+

ifj m itntj aj'jij aj*jij itj-jtr ity Jtr

Mocne 3TUX Npeobpa3oBaHuii (17) MOXHO 3anucaTb B BILE:

ya¢ = - 2 CMFo- F)Cb+ 2 2 - S /n-

FACtj)q, +2 2 >WC2,(FD- Hjqt+ sa- sit+ O

itj’jtr
TaK KaK 1o OnpeencHinio MHOXECTBa J °
2 2BWqlFyy - FA¢2N)q (= 0.
itJ'jtj’

Takum 06pa3oM, No ypaBHeHWt0 (19) BUAHO, YTO MPOM3BONbHBIA ANEMEHT
MATPULbl Y MOXHO BbIYACIUTL 663 06paLleHIst MaTPUL, 00MbLUMX Pa3MEpOB.

4.2 Cnyyail HeNUHEHbLIX OrpaHuYeHuii

Tenepb paccMOTPUM TOT Cy4al, KOrja OrpaHNYeHns 3afadun 3afatoTcs
B BUAE HESMHEAHON BEKTOPHON (DYHKLMM U CACTEMbI NINHEAHBIX YPABHEHWIA:

AX + P= Ol
D(X) < s© '
He noBTOpAs paccyXaeHnA npeablAyLLero NyHKTa, 34ech NpPUBELEM TONMbKO

OCHOBHbIE PesyNbTaThbl anropuTma.
C y4eTom Teopembl 2 1 ycnosusa P2 = 0 MOXHO 3anucathb:

X1 G+F(G+)*P1
X2 - F 1GG+F(GH)*PL"
Ecrm  matpuubl G+, GG+, (G™P1 pa3obbeM Ha 6710KM COOTBETCTBEHHO

6nokam MatpuLbl F, TO NPOKU3BO/bHBIA 610K MATPULBI X MOXHO 3anucaTb Crefy-
LM 06pa3oM:

X= - A-1(4)P,
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X), = 2 GS5RKClc (i
i

Xi,=- 2 KIGsXek
=1

L,2,.. mt=12.. K

, FAQ,FA =12 0,
itJ
rae

Cl= (G4)* *+PL O = GG+

Mexods 13 aTUX oMY/, MOXHO NONYYUTh (OPMY/bI AN PacyeTa npous-
BOMIbHOr0 0710Ka MaTpULbl X MOCNE 3aMeHbl 6asica:

xj,= 2 Gei(Fi- f,)Q,+ Xi,

nj
Xi,= - 2 ~sécuh - PNQ + Xi, siJ*
nr
Xi,= - 2 (FssQ/Fh- F5IQ,F,)Cfe + Xi, sCJ*
nr

311 (hopmynbl NepepacyeTa npoLLe (hopmys, U3BECTHBLIX aBTOPY Mo UTepa-
Type [6—8], a TaKXe Nerko nporpamMmupyembl.

Takum 006pasoM, B CNy4ae HeJMHEMHbIX OrpaHWUyeHnin B MOLeNb 3aayu
[7]—[10] BmecTo ycnosui [10] HY)XHO BBECTU ClefytoLLee'yCoBue:

§9- D(X)> 0.
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Automatisiertes Projektieren mittels integer Programmierung. — In der vorhegenden
Arbeit wird ein mégliches Modell fir die Automatisierung des statischen Projektierens in allge-
meiner Form definiert. Die Projektierungsaufgabe wird so interpretiert, da ein, aus dem
gegebenen Vorrat an Elementen herstellbares Projekt mit gegebener Geometrie gesucht wird,
bei welchem fir die Elemente die Gleichgewichts-, Kompabilitdts- und einschrdnkeneden
Bedingungen erfillt sind und wo ferner unter irgendeinem Gesichtspunkt (Gewicht, Kosten
oder deren Verhéltnis) die Konstruktion optimal ist. Fir das so definierte Problem wird das
mathematische Modell fiir lineare einschrankende Bedingungen aufgeschrieben und dann auch
auf nichtlineare Félle ausgedehnt. In beiden F&llen werden die Probleme auf eine “0—1"
ganzzahlige Programmierungsaufgabe zurtickgefuhrt, fir deren Losung die Abzédhimethode
wirksam angewendet werden kann. Bei der Verwendung der Abzahimethode waéare hei jedem
Schritt die Inversion einer groBen Matrix notwendig. Es sind auch Ldsungsverfahren vorge-
fuhrt, wo dies vermieden wird.

Automated Designing with Integer Programming. — In this paper the author presents
a possible model for the general solution of automated designing. The design problem is defined
as follows: a design of a structure with given geometry and composed from a given stock of
elements is looked for, where for the elements the equilibrium, compatibility and limiting
conditions are fulfilled and where the structure is optimum from some point of view (weight,
cost, or their ratio). For the problem thus defined the mathematical model for linear limiting
conditions is established and then it is extended to the case of non-linearity. In both cases the
problems are reduced to that of a “0—1" integer programming task to which the enumerative
method can be applied. For this method the inversion of a large matrix would be necessary.
A solution method is shown for avoiding this.
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ELECTROMAGNETIC WAVE PROPAGATION IN
INHOMOGENEOUS MEDIA: STRONG AND WEAK
INHOMOGENEITIES

CS. FERENCZ*

The paper deals with a classification of the inhomogeneities in a way which
seems to be more objective than the earlier methods. It gives a simple form for Maxwell’s
equations which means general usability in examination of propagation, and also gives
variations for the dispersion equations, investigating several questions of the commonly
used method of 6-dimensional designation.

Investigating of propagation of electromagnetic waves in inhomogeneous
media does not only meet the needs, but — apart from the favourable results —
it has led to many problems, which are still open, so it is necessary to go on
analyzing those questions which might possibly have general consequences.
In a similar manner to earlier papers [1, 2, 3, 4] the monochromatic signal will
be considered only, that is the solution will take the form of exp (jeet - o).

The existence of that solution will not be dealt with, as it can only be
decided by examining the medium parameters and the boundary conditions
[3] in a concrete case. But, according to the Floquet-theorem [5] it is clear,
that the existence of the solution in the form

F(x + pt) = F(x)edoi, i=1,2,3
is fulfilled on the condition that the
“ = Nov> $3)

dispersion equation exists, the investigations based on the dispersion equation
will be emphasized. According to the heading of that paper — and paying
attention to the dispersion equations the classification of strong and weak
inhomogeneities will be examined here, from the point of view of solving the
equations. Before that, it is necessary to analyze the dispersion equations.

The relation between media and electromagnetic wave will be taken
as linear, that is, permeability, permittivity, etc. do not depend on the in-
tensity, phase, etc. of the electromagnetic field, except for the frequency of
the signal.

*Dr. Cs. Fehencz Puskin u. 24. H-1088 Budapest, Hungary.
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1. The investigation of the former classification

Previously [1, 3, 4, 6] a generally accepted method was followed in classi-
fying the inhomogeneities as strong and weak, which was based on the formal
examination of those derivatives which can be found in the Maxwell-equations.
This means the following:

Let the solution be sought in the form

F = F®*mo-*) @)

where F is the unknown electrical or magnetic field, respectively, or may be
something else, F0is the amplitude vector (defined generally), coOthe frequency
of the monochromatic signal, tis time, and @the phase function. Let the com-
ponents of tensors of medium parameters (permeability, permittivity, etc.) be
designated for a,/f. The Maxwell’s equations are:

Vxfl = J + £od3D

t
dB
VXE IV
dt (2)
VB = o,
VD = dls0

where E is the electrical intensity field, H is the magnetic intensity field, D
is the electric displacement field, B is the magnetic induction field, e0 and u0
are the permittivity and permeability of vacuum, respectively, J is the density
of electrical current, g is the density of electric charge. By differentiating
these equations the following terms will be obtained [3]

+ aikp k 3
aik dXj Fok dx, 3Xj 1 @)

where X, means the independent variables.
It is known that in the case of homogeneous media

and therefore (3) leads to the well-known form of

(—RfljkF,) , j2= —1.
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In the following, let the variation of the medium parameters be small
if the distance is commensurable with wavelength A that is

Adik = 4 ~ - Ac* ]

where 1) is elementary small. In multiplying (3) by Aand estimating the values
of each term:

AeTerm (3) w v L 3CIDA aikF k =
. aik F o 3X3
3. (4)
—j O aikFk A ———j(KkflikF)))..
3X

In this way those media are considered as weakly inhomogeneous ones,
where all the terms are negligible as compared to j ¢ d<p/dxi, and those, where
this comparison cannot be executed, are considered as strongly inhomogeneous
ones.

It seems to be arbitrary when examining (4) in more details, that however
small the neglected terms are, they are not multiplied by j, and it is not
necessary when in estimating their importance and magnitude they should be
compared to a term multiplied by j. (Their meaning differs even physically,
as they describe the variation of amplitude and phase, respectively).

Statement

As the terms, not being multiplied by j in (4) disappear only in a homo-
geneous case and they obviously appear in any inhomogeneous case and are
commensurable with (dtp/dXj — k,). The mentioned — generally accepted —
way only serves for defining quasi-homogeneous media.

Thus to classify inhomogeneities is a problem still to be solved.

2. Form of Maxwell’s equations

In order to solve the mentioned problem the Maxwell’s equations are
to be solved for propagating electromagnetic signal. Let the process be begun
by analyzing the forms of Eqs (2). Let us take the role of terms J and p/e0
into consideration. The generally used method in the wave theory [1, 3, 6, 7, 8]
can be seen e.g. in the case of describing propagation in plasma.
a) First of all it is to be noted, that for the above two terms the con-
tinuity equation is valid
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rotid = g, endR
2t

divrotH = 0 — div .7 + e0div
at,

Furthermore

div D = -i-

Therefore, if

8/0t(div 7)), (5)

the equation of continuity is valid in the usual form. (Therefore, it seems to be
important to investigate the validity of the different forms of the equation
of continuity for inhomogeneous media, or for “quickly” or “specially” varying
media in time.)

In this case, assuming that (5) is valid:

V] + — = 0. (6)
0t
b) It is known that in plasma in the presence of a static magnetic field
[7, 8, etc.]
j = aE

where a is the tensor of conductivity.

Therefore as no other effects exist if it is linear — in the plasma
bE
rot H = oE -)- e0
at

and from that

rot H — En — f oEat + E) = e0—

at enJ

If the variation is assumed for the form exp(jcoQ), then

rot H = JEOQD + 1 E = jeleOeE.
JEQCD

It is simultaneously a definition for permittivity as well.
c) It is known that the deduction of the medium parameters follows a

similar method in other cases, too. Thus, in investigations of wave propagation

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



ELECTROMAGNETIC WAWE PROPAGATIONS 437

a generalized definition may be accepted for the displacement vector — if
it is sensible mathematically

Jdt + D

- - (?)

eOfJ

or in another form:
503® = fJ + £0dD 8
91 ct ()
From this it follows, that
div0 = — div J Jdt f'div D = — J" (divJ)di -f- div D

If (6) is valid, taking into consideration the last equation of Eqs (2) —

div 0

dg_
! dt+ — = 0
oy dt ®

Now, if 0 is always defined by (7) or (8) (as it is commonly used), then:

Statement

In investigations of wave propagation it is sufficient to use the form

VXH = eO-dD
dt
ald
VXE£E= —Po
dt (10)
VB = o
= 0

of Maxwell’s equations without any restrictions of general validity, where
D is defined in the same way as 0 in (8). In this way all effects of the media
will be assembled in D and H (included the active generative effects as well).
This statement in this form is valid, till Eq. (6) is valid. NB: The validity of
Eq. (6) depends not only on the investigated phenomenon but on the functions
(that is, distributions) which describe the medium parameters of the applied
model, as well.

Form (10) may be inexpedient for examining certain problems of
excitation or radiation.
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In the following the form (10) of Maxwell’s equations will be used.

d) Before analyzing the dispersion equation based on Eq (10), several
comments must be made to restrict the validity of the following statements.
The way of generalizing the results has already been shown [3, 4, 9] but the
execution of this generalization is a further step. This will not be dealt with
in this paper.

d) 1. Let the signal be assumed now as strictly monochromatic. There-
fore, and because of 2.a, the propagation in media varying in time will not be
investigated, for then an examination of signals of general S(cu) spectra
would not be negligible.

d) 2. In the followings general bianisotropic — media will be exam-
ined, butthen moving media will not be investigated, because of the following
reasons:

Formally applying Maxwell’s equations to a moving media, they appear
in a bianisotropic form. [5, 10, 11, 12, 13, 14]. Therefore, a general bianisotropic
refraction index will usually be used. But in this form the Doppler-effects
completely disappear. If it seems advisable for some reason, the Doppler-effect
will be taken into account by supplementary relations [15, 16]. These treat-
ments are arbitrary and contradict the contemplation of the theory of rela-
tivity [3, 4].

Further, the usual ways of investigation also carry other difficulties.
One of them originates in formal reasons. The bianisotropic relation among
E, D, B and H have a rather complicated form when written in 3-dimensions,
and do not even formally exist in 4-dimensions.

So in general the bianisotropic relation is given for 6-dimensional vectors
[5, 10, 11, 12, 13, 14] fabricated from a 3-dimensional electric and a 3-di-
mensional magnetic component, and it then takes a simple form of a 6-di-
mensional tensor. This formal treatment, however, substantially contradicts
the 4-dimensional electromagnetic tensor [17], and therefore, it seems in-
expedient to use it.

Another difficulty is, that the more precise investigation of electro-
magnetic wave propagation in a moving media produced fundamental contra-
dictions e.g. transformation of phase-velocity of electromagnetic plane waves,
etc. [17, 18, 19, 20], and these contradictions have not been definitively solved
yet. Neither is a better way given for solving the problem on investigating
the medium parameters (permeability, permittivity, etc.) under relativistic
circumstances [17, 21].

The reason of these difficulties can well be seen on the introduction of
D and H. To apply the method of separating the forms of propagating energy,
which is ligitimate in case of “stationary” observers, for “moving” observers
by even defining the mode of separation, is not justified [3, 22]. Only that
treatment can be accepted, which is based on the transformation of total
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energy. The question of the energy propagation will be dealt with in a later
paper.

Keeping in mind the physical conception, a work was successfully done
earlier for giving a ray-tracing method suitable for practical investigation
concerning moving media (relativistic ray-tracing) [3, 24], which produced
in a number of cases the consistent and uniform explanation [23, 24, 25, 26]
of “extraordinary” frequency changes [27, 28, 29, 30, 31, 32] and the conclu-
sions were later justified [40], e.g. by Pioneer-6 experiment [33, 34]. So in
the recent paper moving media may be excluded from the investigation and
the results can be generalized later, keeping in mind, what was mentioned
above.

3. Forms of dispersion-equation

a) Previously [3, 4, 35] the dispersion equation for stationary, invarying
in time and according to the new definition quasi-homogeneous media
was deduced in the following form:

F = 1.
Let be
K = grad o,
and _ _ _
D—eE, B = fiH.
Then, taking the quasi-homogeneity into consideration, Eq (10) can be

rewritten
KxH = — ®0elE ,

K XE = colfiOfiH ,
fioKfiH = 0,
EOKeE = 0.

From here solving the equations in a similar manner for E or H, [4], i

N =Kx((KX...), e=1+ e,
P = Kxe..., n=1 m ,
M= Kxm..., kO — coQY £Qu0 ,

then the solutions non-trivially exist if one of the two equivalent dispersion
equations will be fulfilled. These are:

2 ke + M Ty ko
K A.
or T (11)
2R kOE o+ p o | kOe
kO kO
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Here however two questions remain unanswered in connection with
Eqgs (11) and their deductions. The one is, that though the equivalence of the
two equations follows from the deduction, it is not directly conceivable.
The other is, that for the sake of the existence of Eqs (11) in the given
form restrictions have to be accepted, which cannot be fulfilled, generally.

It is namely a determinant of hypermatrices, and if A- 1 exists and
(by the second step) the matrices are interchangeable [36], then

jAB 1 0 A B

0, (12)
ICD CA 11 0 (D ca- b'
that is
AB
:AD CBI= 0 (13)
CD

That Eqgs (12) and (13) should equal zero, this is necessary only in the
dispersion equation. From Eqs (12) and (13) it can be seen, that both forms
of Eq. (11) and other forms can be deduced as well, if restrictions are made
for the matrices. However, these restrictions cannot generally be made.

b) Itisimportant and can be seen from a), that though a 6-dimensional
formalism will be applied, still when it comes to further calculation, one has
to return to the 3-dimensional form and must even then be cautious.

¢) In the following the problem of the dispersion equation of, in time
invarying and not moving, quasi-homogeneous media will be dealt with,
generally, without any restrictions concerning the tensors. At the same time
the equivalency of the different forms will be verified.

For the sake of generality bianisotropic media will be investigated, where

D = eE f xH ,
14
B = vE + fiH , (14)
or choosing those (E, B) pairs, which belong together
D PL E (15)
H MQ B
where
e=P- LQ m , x=LQ-1,
(16)
v= -Q 4M, n=Q 1.
Maxwell’s equations then become
KxH = — cole0(eE -|- xH) ,
KxE = wifiQvE + /uH) , an

K(eE + xH) = 0,
K(VE + jH) = 0
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where the third and forth equations hold automatically, so they may be neg-
lected.

Let the
0 -K 3 K21
K3 0 - K, 1 =KK (18)
- K2 K, 0

nominations now be introduced, then

(K + mOex)H + co0eCeE = 0,

i (19)
(K — codtiOv)E — colyuH = 0.

In solving it for E or H, the solutions will be non-trivial, if

I (K + cooEorfti-'iK — w0[iov) + k&\ = 0,
or (20)
I (K — (aQ[iov)e~ \K + co0sx) + kfrj, \= 0.

Meanwhile the tensors can be completely general.

e—\ fi~1and the inverse of the other tensors exist without any restric-
tions, as for

e= 1+ e, jt=1--m

which follows from the deduction of the medium parameters as well. (In some
cases there are exceptions as well: e.g. ideal resonance-cases assumed to be
lossless. When in such cases one insists on neglecting the not negligible losses,
it must be controlled, which equations-form exists from the possible forms
of Eqs (20).)

1. Statement

From the existence of the inverse-tensors trivially follows the equivalence
of Eqs (20).

2. Statement

As for jK 1= 0, K_1 does not exist. Now neglecting the bianisotropic
terms, the individual rearrangements in the equations cannot be executed
between the equivalent forms of Eqs (20). If a case is more simple than bi-
anisotropic, the equivalence cannot be seen directly.

Note: It can be simply seen, that the tensors of the (19) hypermatrix,
in general, are not interchangeable. Therefore, the 6-dimensional formalism
proposed, directly for these cases, [5, etc.] not only contradict the 4-dimen-
sional picture, but it involves difficulties in the calculation as well! (This
however does not mean, that the results are automatically wrong in the 6-
dimensional treatment, so it is worth further investigation.)
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4. Strong inhomogeneities

a) In that case, when the inhomogeneities cannot be treated as quasi-
homogeneous ones, all the terms in Eq (3) must be taken into account. Now
the method of inhomogeneous basic modes can be applied for deciding the
propagating electromagnetic wave pattern. [3, 4, 38, 39]. The relations will
not be repeated here because of their great length, they are known, anyway.
It is characteristic though, that no higher derivatives occur in them: this
fact makes a difference among this and the further methods of investigation,
and at the same time produces a restriction for its applicability.

b) In that case, when the inhomogeneities are rather strong, accepting
several restrictions, a different way from 4.a can also be found for obtaining
the result [3, 9]. If the higher derivatives will not be neglected, for simple
anisotropic cases (when either e or /n characterizes alone the medium) the form
of dispersion equation is the following:

1IN + fcge —y(Grad K + VK ml) | = 0, (21.a)
or
11 + kin - y(Grad K + \K 1) j= 0. (21.b)

It is important, however, that now not only K = grad §> but the derivatives
of it should also occur.

c) Further, in case of step-functions (ray-tracing method) a general
method for giving the propagating signal was found [3, 4, 38, 39]. In this case
— the multiple refraction-reflection law at the step (a very strong inhomo-
geneity) the higher derivatives also appear.

The first investigations concerning the analysis of Maxwell’s equations
in the presence of distributions, though not striving for the description of
wave propagation, showed a similar feature [37].

d) If interpreting the medium parameters (e, X, v and /n) and the “rot”
operation (y X...= Kv...)as operators, then developing Maxwell’s equations
e.g. for E, it results in the following form:

e 1(Kv —jus0edx)n~\K 4 + jmQjov)E = LIE . (22)

(The equations for H has a similar form).

At present Eq. (22) will not be further analyzed, only settled, after
applying Kv repeatedly, that in case of strong inhomogeneities not only the
first, but the higher derivatives also generally appear.

In case of not so strong inhomogeneities, already the derivatives of the
second order disappear or are negligible.
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5. Consequences

a) Both the phase (the derivative of which is the propagation vector)
and the amplitude vector of propagating signal will be influenced by the me-
dium if the latter is really inhomogeneous.

If the variation of the amplitude may be neglected, the phenomenon
may be called expediently quasi-homogeneous.

In the course of the discussions, the inhomogeneous (weakly inhomo-
geneous) and strongly inhomogeneous media differ in producing derivatives
of second order (of the phase, e.g.) negligibly or not, when solving the equations
of Maxwell.

b) The equivalence of dispersion equations originating from Maxwell’s
equations for E or H was directly verified in this paper.

c) According to the present investigations, the 6-dimensional formalism,
often used in preference to the bianisotropic media, not only does not make
a real simplification in calculations, but also does not fit into the accepted
theories in physics. Therefore, either it seems expedient not to use it or one
must be rather cautious when using it. (If showing the physical conception
— though it is not probable — of the 6-dimensional formalism would have
rather heavy consequences).
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Die Ausbreitung elektromagnetischer Wellen in inhomogenen Medien. I. Starke und
schwache Inhomogenitat. Die Arbeit beschaftigt sich mit einer Klassifizierung der Inhomoge-
nitdten, welche objektiver erscheint als die bisherige. Eine allgemein anwendbare, einfache
Form der Maxwellschen Gleichungen wird angegeben, welche hei der Untersuchung von Aus-
breitungsfragen allgemein verwendet werden kann. AulRerdem werden Varianten der Disper-
sionsgleichungen abgeleitet. Einige Fragen der ublichen sechsdimensionalen Untersuchungs-
methode werden untersucht.

PacnpocTpaHeHWe 31eKTPOMarHUTHbIX BOJIH B HEFroMoreHHol cpege, 1. CunbHast u cnabas
HeromMoreHHoCTb. CTaTbsl 3aHMMAeTCs BOMPOCOM OTHECEHUSI HEFOMOreHHOCTE K 04HOMY Knaccy,
KOTopasi KaxeTcs 6osee 06beKTUBHOM, YeM NPUMEHSIBLUMEC paHee NPUHUMNLI. [aTcs npocTas
no Bugy opma ypaBHeHuii MakcBenna, KOTopyl MOXHO NPUMeHATb Npu UcceoBaHUM BOMNpPoO-
COB pacnpocTpaHeHusi B 06LLeM BuAe, a TaKXe M3MeHeHeHUsi ypaBHeHUW gucnepcuii. iccnegy-
I0TCA HeKOTopble BOMPOChI LLIECTUMEPHOro crioco6a 0603HaueHus.
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DETERMINATION OF THE YARN FORCE ARISING
IN THE BALLOON IN RING SPINNING

B. GREGA*
CAND. OF TECHN. SCI.

[Manuscript received 8. juni 1976.]

The author gives a formula for the determination of the yarn force valid for any
point of the ring spinning balloon. In deriving the formula of the yarn force, from the
forces acting on the yarn element, the centrifugal force, the air resistance and the two
pulling forces at opposite directions acting on the yarn element moving in the balloon,
have been taken into account. The importance of the formula lies in the fact that no
means for measuring yarn force at balloon points were available so far.

The number of spindle revolutions and the frequency of yarn breakages
— the latter being closely related to the former - are among the most decisive
factors in ring spinning, as their influence is considerable on mill productivity.
The increasing quality requirements of weaving demand yarns less uneven,
i.e. reduced yarn breaking frequency, which is closely connected with higher
efficiency and economy, respectively. However, the index of yarn breakages
per 1000 spindle hours does not correctly express the relations of technological
conditions, yarn properties and yarns breakages. In ring spinning, technolog-
ical operation is mostly measured by the number of yarn breakages, and their
frequency in respect to time, machine and production unit, naturally also
taking into consideration the raw material generally processed. In view of
rentability, but above all the quantity and quality of the yarn produced, yarn
breakage frequency has to be kept as low as possible.

The frequency of yarn breakages are mostly influenced by the following
factors: a) the unevenness of the yarn, b) the weakness of the fibre strand
between top and bottom delivery rollers, ¢) too low or too high twist, d)
variations in yarn force during twisting and winding-on of the yarn, respec-
tively.

We shall determine the yarn force at an arbitrary point of the balloon
taking into account the centrifugal force, from the forces acting on the yarn
element the air resistance, and the pulling forces of opposite directions acting
on the balloon and on the yarn element passing towards the bobbin. The weight
of the yarn element and the Coriolis force being too small (of about 1,3 ¢« 10~3—
1,7 « 10~3) will be neglected.

*B. Grega Németvdlgyi Ut 22, H-1126 Budapest, Hungary
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Let us choose the axisy of our coordinate system to be the axis of the
spindle, and the axes x and z be in the plane of the ring. Taking into consider-
ation the air resistance but because of it being too small, neglecting the weight
of the yarn element, the centrifugal force originating from the fairly slow
motion towards the yarn, and hence also the Coriolis force, we obtain for the
system of differential equations of the balloon curve (Fig. 1.)

ereds Mx2-\-

a ds \/x2+

where
Y, 2

Yy

ds

co

S and S'

»
<
il

B\ Y

Since

S'cosa'

>

72-002- . S'cosa'— S cosa -j- c{\x2~ z2-a>nds =0,
X2+ 2 ;*2+ 22
S'cos kg — ScosR= 0,
72-co2m m + S'cos %'— S cos {/—C(VXer z2- co)nds —------- =
fn2+ z2 K \x2+ 22

the coordinates of the place considered,

the linear density of the yarn,

the length of the yarn element,

the angular velocity of the rotation round the spindle axis,

tangential tensioning forces of different values acting on the two end points of
the yarn element

angles formed by the force S (and at the same time by the tangent) and the
coordinate axes X,y, z

angles formed by force S'= S dS and the coordinate axes x,Yy, z

factor of proportionality of the air resistance.

= (S+ dS)cos (a+ dor) = (S + dS)(cos a cos da — sin a sin da)

(S -f- dS)(cos a — daesin a) =

S cosa — Sdasina + dS cosa —dSda sin a

«! S cosa — Sda sina -~ dS cos a .
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Similarly,
S'cos B = S cos B — SdB sin B -f- dS cos R,
S'cosy'= Scosy— Sdysiny-)-dScosy.

Considering the above and after simplification, the system of differential
equation takes the form

a-co2x-ds  dS cosa —S-da-sina = — c(\fx2-\-z2-m)nds ,
yx2-f- 22

dS cos B — S-dB-sin /3=0,

aew2meds + dS cos y — S-dy siny = c(¥Yx2-f- z2-m)nds .
\x2+ a2

From the integration of the second differential equation:

s ds P _ sinB
dg,

fﬁZSC S !B=p, cos IR
S cos RO
) cos B
V”

Scos R = S0cos RO= g5p-~ =
SO

hence, the component of the yarn tension pointing to the spindle axis is

constant.
Furthermore since

dS mos o — S-dtx. esin a = g (Secos a)dx,
X

dS ecos y — S-dy esin y = d (Secosy)dx,
X
the first and third differential equations:

e-ds-ofi-x d(S cos X)dx = — c(¥n;2 -)- zZe)nds
X

a-ds-e2z F------ (S cos y)dx = c(¥x2 zZat)nds— ~ — .
dxy n ' Ix2 + 72

From these

a mx2—--F x d

ScosX) = —a- OZ2—--—--7* S cos ,
dx ( ) dx dx( Y

X

— a2 (x2-)-22 = x (Scosa) + z (S cos y) .
dx dx dx
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Since

cos a =
YI+y* + 7'2°

cosy yi+y2+ 22

d y'y"t + z'z"

dx (C0Sa) (VI + y2+ z2'23"

d , 4  z'(l + y'2+ z2'2) —z'(y'y" + z'z")
*  <COSI) = —mmmmmmmmeem (V X+ y "Ny e

R =y i+ [2+7
dx

The differential equation to be solved for the yarn tension:

(#cosa-fzcosy)+ S “X“-"-(cosa)+ S-z-—-- (cos y) = — aco2q(x2+ z°
dx dx dx
or in detail:
ds X -f- zz'
+
dx Y1+ y'2+ z2
R A A £ B A (R R R £ (R L O
(fl +y'2+ z2'2)3
= — g-a)272-f- z2]/1 + y'2+ 22
Divided by
. X + zz'
(7, cos @~z cos y) =
fl+y'2+2'2"
ds (X + zz)(y'y" + z'2") —zz"(1 4-y'24-z')
dx "+ ozz)( 4-y'2+ z2')
14-y'24 22
a- a2-(x24- z2) y ?
a+ 2z
If

(*+ gz)(y'y" 4-z'z") - zz"(l + y'2+ 79 A(x),
(2 + zz)(1 + y'24-7'2
La-y2 1 z2

— ame\Xx24- z2) - —e- = F(x),
X 4~ z7'
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where except for the apex of the balloon the nominator always differs from

zero, thus

ds = A(x) mS = F(x) .
dx

The general solution of the reduced equation of

s A(x) mS =0
dx
is
A(x)dx
s=cC.ef*

Solving the complete equation and integrating for the section from the yarn
guide up to the point P(xyz) of the balloon curve

A(x)dx A(x)dx
S = dx -f- K

In the apex of the balloon the measured peak tension is S = S0, since at the
point P(xyz) of the space curve of the balloon the yarn tension amounts to

— ., A(Xx)dx . A(x)dx
0+ I F(x)e Do dxje

The convergent integrals contained in the formula are calculated from x0=
= 0 -f- eup to the abscissa of the point of the balloon space curve concerned.
In the case of a plane balloon there are neither coordinate axis (r) nor

coordinate planes (x, z) and (y, z) and since z= z' = z" = 0,
L Ll ) A-(l +yla
A(X) = y'y 1 ax
1+j'2 2 Q+y'2
F(x) = — (Torx(l -J-y'2 .
W ith these
|-A(x)dx =
— (1+Y'2
= S dx = —In 1+ y'2d- — In@+ y;2,= Inl/ri,+ |/
2% 1FYy2 !N vy In @ ygd= ndiniys, L8
O f 1y edix ARdX 1 1+ j62

1+y@ - ity 2
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furthermore

- A(x)dx A
rF(x)-eJrS dx = —am&@ X1+ y'D 1J“Jozdx:

Xg I % 1+

= —cr-002|-)/1+ JO2ex Y1+ y'2dx.
Jx.

W ith these, the yarn tension in the plane (Fig. 2.)

S= SO—ama@y1l+ yo2i x][ 1 + y'2dx Loy
350 1 +Y'02
or

N0

B T AR

Scosa = SO0cosal0— aew? |- acy1 -y '2dx

JX,
Since at the yarn guide
cos a0 ! = —sin R0= Ho
yiTjT 2 SO
hence
S cosa = —HO—c,'r-c%2X|0 x] 1+ y'2dx . 1)

This latter formula can directly he put into the formula of the plane balloon,
also taking the equation

—-(S esina) = 0
dx
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into consideration obtained from the integration of the equilibrium equation

of the plane balloon
S esinx = V0. 2)

Namely, the quotient of the equations (1) and (2)

1 a mo2 fx . r——- 0
cos X x]l+y‘*dx--|?-
sm a y ‘0 Jx, '0
whence by differentiating with respect to * the differential equation

y" a moo*
Yy

mx-\l

is obtained, which is the differential equation of the plane balloon.
W ith the first integration and the initial conditions

y+ y’2 a tof

2K K
and multiplying this by the equation
S esinx — S Y = Vn
yi +y?2

the formula of the yarn tension of the plane balloon is obtained.

By taking the air resistance into account let us now calculate the ten-
sioning force of the yarn at the point P2(4,2; 7,6; —2) of the balloon with a
maximum radius. The equations of the projections can be defined on the basis
of photos with the aid of the points lying on the projection curves.

In the a case of a cotton weft yarn Nm = 60, and at a spindle revolution of n = 10,500
rev/min, the photos for the three points of the projection curve gave:
Pj(2,25; 0; 0,4), P24,2; 7,6; —2) and P 30; 20; 0).
W ith the aid of these the equations of the projections falling onto the coordinate planes (xy)
and (yz):
= 2,25 + 0,4835y — 0,0298 y2,

z= 04— 05y + 0,024y2
Thus, we have to determine the forms of the functions A(x) and F(x). To this, we shall deter-

mine the derivated functions of the equations of the projection curves. In the first place we
shall establish the equations of the bottom and top branches of the projections, respectively.
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From the first equation:
0,0298 y2— 0,4835y + x— 2,25 = 0
and
y®2= 8,12 + 578 /4,22 — a:.

In the projection plane (xy) the equation of the top branch

y'= 8,12 + 578 /4,22 — *,

while that of the bottom branch

y2= 8,12 — 578 /4,22 — x.

Substituting the value of yli2 into the second equation
z®»= 04— 0,5 (8,12 + 5,78 /4,22 — x) + 0,024(8,12 + 5,78 /4,22 — xf
Accordingly, z as a function of x on the top branch:
zj= 1,325- 0,805 x— 0,63/4,22 - x,

while on the botton branch:

z2= 1,325 — 0,805 x + 0,63 /4,22 — X.

Thus, the derivatives of the top branch:

Yi= 812 + 578 /4,22 — x,
2,89
14,22 — x’
1,445
v 1(4,22—%)3°
Zi= 1,325 — 0,805 x— 0,63 /4,22 — X,
2= —og0s + %10
14,22 — x°
0,157

' /(4,22 —x)3 '

W ith the aid ofy(x) and z(x), i.e. together with their derivatives the functions A(x) and F ()

can be calculated.

aoa_ bkF ozz(yyn + o2z — 221+ Y2+ 5')
(*+ *0(1 + y'2+ *2

4,2295 — 0,1265 /4,22 — x

— (422 — %)1542 — 1,65 Xx— 0,413 /4,22 - X ~

0,24 — 0,1265 x— 0,099 /4,22 - X
(4,22 — %)(1,65 x— 1,263) /4,22 - x+ 2,547 - 0,76 %

Thus
{* A(x)dx = —4,7678 .
0

X

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



DETERMINATION OF YARS FORCE 453

Now we shall set up the function F(*) for the top branch of the balloon:

lj-v'y 22
Yy V =
X

F(x) = —o0eco2Ax2+ z2) N

= — 0,19104208(1,645*2— 2,525* + 3,4 —

- 0,65 1,65(4,22 - *) + 845- 0413 M * ~ x
(1,65% — 1,263)(4,22 — *) + 0,5077(4,22 — *)3 + (0,417 — 0,253%)/4,22 —*

hence
j* F(*)d* = 13,38268 .

Under processing, the tension in the cotton weft yarn Nm = 60 at n = 10500 rev/min spindle
revolutions and at So = 13,3 g peak tension is, at the point P2(4,2; 7,6; —2), of the balloon
with the highest radius

S = (13,3 + 13,38268 «e*.™y) e g~* ™2 = + 13,38268 = 0,114 + 13,38268 =

= 13,49668 13,5 grs.

The yarn tension is affected by the yarn count. Under equal spinning
conditions the tension arising in finer yarn counts is lower than that in courses
counted ones.

The highest influence exerted on yarn tension is that of the number of
spindle revolutions. The tensioning force increases rapidly with the square
of the number of spindle revolutions. Hence, increased number of spindle
revolutions leads to a higher tension and thus to more yarn breakages, unless
higher quality and/or of improved composition materials can be processed.
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Bestimmung der Fadenkraft im Ballon beim Ringspinnen. Der Verfasser gibt eine
Formel fir die Bestimmung der Fadenkraft in jedem Punkt des Ringspinnballons bekannt.
Bei der Ableitung der Fadenkraft wurden von den auf das Fadenelement wirkenden Kréaften
die Zentrifugalkraft, der Luftwiderstand und die zwei entgegengesetzt gerichteten Zugkrafte
am im Ballon sich bewegenden Fadenelementin Betracht gezogen. Die Bedeutung der vom Ver-
fasser angegebenen Formel liegt darin, daB nach unseren Kenntnissen die Fadenkraft nieht
gemessen werden kann.

OnpegeneHne YCUNUA NPsKKU, BO3HMKAOLLEro B 6a/110He NpU KOMbLENPSAAeHUA. ABTop
faeT (opMmyny, NPUTOAHYI0 ANS BbIYUC/EHUS YCUIUA NPSXXKU B NPOU3BOMIbHOM Touke 6GasnnoHa
KonbuenpsageHus. Mpu BbiBode (GOPMYNbl YCUIUA NPSXUW U3 YACNA YCUIMUIA, BO3LeHCTBYOLLIUX
Ha 3/1eMeHT MPSXW, aBTOP YYUTbIBAET LeHTPO6EXHYI CUMy, COMPOTMBMEHMEe BO3fyXa W ABa
pacTArnBaloLWMX YyCUMINA MNPOTMBOMOOXHOIO HanpaBfieHWsl, AeACTBYIOWMX Ha ABWXYLLUICS
aneMeHT npsxu. MpuBedeHHass aBTOPOM (opMmy/a ABSETCS 3HAYMTENbLHON BCNEACTBUE TOrO,
YTo B TOuKax 6affioHa Ha OCHOBE CYLLECTBOBABLUMX [0 CUMX MOP CBeAeHUAM Hefb3si U3MepUTb
ycunive npsxu.
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THE FUNCTIONS OF FLOTATION PLANT DESIGN
AND PROCESS CONTROL

SZ. PETHO™
DOCTOR OFTECHN. SCI.

[Manuscript received September 10, 1976]

By using the experimental results of one single cell of operational dimensions the
separation functions of flotation systems, thus their mass yield, their component yields
and their composition can be determined. The functions are suitable for the designing,
the optimization and the process control of flotation systems. The practical application
is demonstrated on the calculation of the separation parameters of sulfide copper ore
flotation systems.

1. Introduction

W ith a cell of volume v, discontinuous feed, and based on a test of du-
ration T, the separation functions of a flotation plant with continuous feeding
consisting of cells of volume v a T flotation time can be deduced, if during
the experiment several products are produced and if their mineral composition
is determined at the time of feeding.

2. Evaluation of experimental results
The results ofthe experiments carried out with one single cell are summed

up in Fig. 1. In the experiments a number of p products has been made. The
gangue remaining in the cell is the product p. The mass yield of the product

lisMt(l=1,2,..., p), the flotation time is t,. The further parts of the table
show the mineral composition. The product contains a n mineral: the mass
proportion of the mineral i in the product | is (i=1,,2,...,n). The mass

proportion of the mineral i in the feed is m,. The relations between the direct
measurements recorded in the Table are

M = 1, 1)
=1

)

—
N
fis

@

* Dr. Sz. Petiig, Asvanyel6készitési Tanszék H-3515 Miskolc-Egyetemvaros, Hungary
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The component yield of mineral i in the product | is

(6)

The relation between the component yields is

Jvfc(o=Il; 1= 12 .. TI.
1=1

(?)

W ith aid of the values k\l) the constituent yield function of each mineral
can be plotted. The functions follow some kinetic equation. — The results
of the flotation can always be described by the kinetic equation of the first
order [2], [3], [8], [9], [10]. It is useful in such cases to represent the yields
on logarithmic ordinates. With such a representation the yield function of
any one mineral is not always a straight, as the mineral content of the raw
material m, consists of parts with different flotation tendencies. By a con-
struction due to Kersart [2], [3] the parts with equal flotation tendency
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can be separated. The mineral of mass fraction m- can be separated into r
parts, for the yield of the jth part of the ith mineral the well-known relation

stands
ku= 1 —e-V ; i=1,2,.. n; j=1,2,.. r, (8)

Ay is the flotation tendency. Its reciprocal (1/Ay) is the mean flotation time
of the mineral grains with equal flotation tendency, if the experiment is con-
tinued until the separation of the last mineral grain [1]. The composition of
the raw material charged to the flotation cell can be given by minerals, within
that according to the flotation characteristics [6].

2, =t S

3. Separation functions of flotation plants

The separation functions of flotation plants can be separated with the
aid of Fig. 1 [6]. In the figure N cells of volume v m3 each are connected in

series [7]. The feed is V m3h of pulp.
The flotation time T1of the first cell is

7\ [min] = 60~ . (10)

In the froth product of this cell the yield p,a ofjth fraction of the ith mineral is
Piji = 1- exp (- AyTj) . (11)

In the inert product the yield g,n of the same product is
liji = 1 —Piji = exp (— AyT,) . (12)

The mass yields mhl and mml of the froth and gange products for the first cell,
are

mhi = jg  nty(i - gin), (13)
i=iy=i
nr

= 2 2 mijiijl m (14)
1=17=1

The second cell is fed with less pulp, therefore, the flotation time will be longer.
If the density ofthe pulp remains unchanged (from now on this will he assumed)
the flotation time in the second cell is

LR P — - (15)
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If the pulp density changes, the flotation time T2will differ from the foregoing
value, but will be proportional to it.
The mass yield of the two products of the second cell is

N I:2|y:2| - ). (16)
and

mmi— vy mijgijlgij2 + 17)
<1j—1

The flotation time Tv of the Mh cell and the two yields (14,., mm,) are

Tv= 60 (18)
N20 0 mi)9ijl9ij2 ¢« « Gijv—
<=ij—
and
mhv =2 2 mij9iji%ij2 ¢« edijv—11 - dijv) , (19)
/=17=1
= mij9ijl9ij2 mmmOijv m (L,

The values q,jv are the cell yields. From them the Tromp curve of any flotation
cell can be constructed [4], [5].

The mass yield of the froth product of the flotation plant is, in the sense
of the summation, shown on Fig. 1:

n r N
M. =2 2 mj3- Y/ 9N (21)

v—1

The mass yield of the gangue is
n r N

- 22
mm= 2 1%:1 mL\l/I=|| *Nom (£4)

1=

The mineral contents 6, and c, of the concentrate and the gangue are

b=, 2o Ligx

Jor N

o= —2_ mull 7. (24)
mmj=1  v=1

and
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The mineral yields kj and Kt are the following:

1 r N
k,=— 2;mui1—// gV (25)
4 3- V=l
and
Jor N
K,= — 2 Tu// ud (26)
=1 y=1

For the deduced separation functions there is

™+ mm= 1, (27)
=1 A ¢=1 (28)
1=1 i=1
| S —1; i—12,..n (29)

The flotation time of the row of cells and the mean flotation time T of a simple
cell are

T=1J2Tv and T = TIN. (30)
\EL

If the useful mineral content of the flotated raw material and with this the
mass yield of the concentrate are small, the flotation times T, and the cell

yields qijr (v = 1,2, ..., N) are practically equal. In this case the mass yield
mh of the concentrate will he, considering the equal cell yields = g,j2=
_ .~ <IN — 4ij
nr
mh:_2 2 mu (31)
i-17=1

Correspondingly the other separation function can also be calculated.

4. Practical application

Table 2 shows the results of a flotation experiment with chalcopyritic-
pyritic ore [11], [12].

The product was analyzed for Cu and Fe (columns 4 and 5), and from the results the
ehalcopyrite, the pyrite and the gangue contents were determined. ml= 0,0166, 14, = 0,0897
and m3= 0,8937. From the mineral contents (columns 6, 7, 8) the yields (columns 9, 10, 11)
can he calculated. In Fig. 2 the yield function of the ehalcopyrite has been plotted. With the
graphical method shown in the figure the ehalcopyrite can be separated into three parts accord-
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Product
1.
1. Product
2. Product
1. Product
p. Product
Feed
Product
1
Kx+ K2
K3+ K,
Ka+ kB
Gangue
Material

Mass Proportion

1.

mn = 0,00966
ml12= 0,00385
m13= 0,00309
ml-= 0,01660

PE

Mass part

Mass yield

0,1038
0,1518
0,1870
1,0000

Chalcopyrite
Flotation Tendency

2.

An = 0,5640
Ai2= 0,1077
A= 0,0128

THO, szZ.

Table 1

Evaluation of Experimental Results

Flotation time

«1

*2

Flotation Time min.

3.
10
20
20

50
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Mineral composition

1. Mineral
4. 5
TIW" M1’
k[2
mi*l k{1>
fcrp>
mi I
Table 2
Evaluation of flotation
Metal Content
Cu Fe
4. 5.
0,0420 0,1212
0,0130 0,1846
0,0058 0,1029
0,00070 0,0268
0,00574 0,0468
Table 3
Mass Yields my, Flotation Tendencies
Pyrite
CeU Yield Mass Proportion
3. 4.
qui= 05222 mad = 0,0296
9id= 0,8833 mZ22= 0,0601
9i3i= 0,9854
m2 = 10,0897
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Obtained with Ore Flotation Cell

(1$(*)) and yield (fc$(>)

2. Mineral i. Mineral n. Mineral

6. 7 8 9. 10 11

m gz) < k p mf Ka
™ k p m>pP k p m (0 kp
mr?) kp) m® kp>
m 2 1 mi | mn 1

experiments
Mineral Content Mineral Yields
Chalcopyrite Pyrite Gangue Chalcopyrite Pyrite Gangue

6. 7. 8. 9. 10. 11.
0,1212 0,1810 0,6978 0,758 0,210 0,081
0,0376 0,3714 0,5910 0,867 0,408 0,113
0,0167 0,2096 0,7737 0,902 0,491 0,143
0,00202 0,0562 0,9418 1,000 1,000 1,000
0,0166 0,0897 0,8937

qgiji and Cell Yields qjl

Gangue
Flotation Tendency Cell Yield Mass Proportion Flotation Tendency Cell Yield
5. 6. 7. 8. 9.
n2l= 0,08140 23i = 0,9105 m3l= 0,0554 Adl= 0,30400 9311 = 0,7045
N2- 0,00585 .. =0,9933 m3- 0,8383 A2- 0,00188 9321= 0,9978

m3 = 0,8937
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ing to its flotability (0,5819 « 0,0166 = 0,00 966, ...,). The figures for the two other yields are
not published here. The resulting mass proportions my and flotation tendencies Ay are listed
in Table 3.
The cell volume Vis 16 m3 the pulp volume feed is V= (5/6)103m3A; T1= 1,152 min.
W ith the flotation tendency Ay and the flotation time T the cell yields qyj which can be cal-
culated; they are also shown in Table 3. Let us choose a JV= 48 cells.
Table 4 shows the mass yield of the concentrate, the mineralic composition of the three
products (feed, concentrate and gangue) and their mass yields.
The calculation based on the corresponding relations have been carried out on a com-
puter. The separation functions of the flotation systems can be calculated for any cell circuit.
m(, - (15819
CuFeS?2 ; mi2 « %2319
mj3 - 01861
0,9999

T [mini
Fig. 2

Table 4
Separation Parameters of Flotation Plant (N = 48, T = 64,846 min)

Separation parameters Feed Concentration Gangue

1 2 3. 4,
Mass yield | - 0,2153 0,7847
Chalcopyrite 0,0166 0,0708 0,0017
Mineral Compo- Pyrite 0,0897 0,2249 0,0526
sition Gangue 0,8937 0,7043 0,9457
Total 1,0000 1,0000 1,0000
Chalcopyrite 1— 0,9186 0,0814
Mineral Yields Pyrite 1— 0,5398 0,4602
Gangue 1— 0,1696 0,8304
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5. Some conclusions

W ith the separation functions flotation systems can be designed, using
the experiments made with one single cell of operational size. Designing is
aimed at determining the connection of the cells, the masses of final and inter-
mediate products, their qualities and their yields. With the functions optimiza-
tion is also possible if the purpose is the production of products with fixed
quality and yields, or if the purpose is the fulfillment of a contract between
the mine and the siderurgical plant with maximum economical profit and
minimum investment costs (e.g. minimum number of cells).

In case of such aims the functions are also suitable for realizing process
control with computers.
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Die Funktionen der Planung und ProzeBRsteuerung von Flotationsanlagen. Unter Ver-
wendung der Versuchsergebnisse einer einzigen Zelle von BetriebsausmaRen kénnen die Sepa-
rationsfunktionen von Flotationsanlagen, d. h. die Massenausbringung der Endprodukte, ihre
Bestandteilausbringungen und ihre Zusammensetzungen, abgeleitet werden. Die Funktionen
eignen sich fir den Entwurf, die Optimierung und die ProzeRsteuerung von Flotationsanlagen.
Die praktische Anwendung wird fir die Berechnung der Separationsparameter eine Flotations-
anlage fur sulfidisches Kupfererz gezeigt.

DYHKUMN NPOEKTUPOBaHMS M YNpaB/eHUsl npoleccaMn paboTbl (POTaUMOHHBIX arpe-
ratoB. MyTeM MCNOMb30BaHUs IKCMEPUMEHTANbHBIX Pe3yNbTaToB 0AHOW eAWHCTBEHHOW ceKuuu
NPOM3BOACTBEHHbIX MAaclUTab0oB MOXHO BbIBECTU (PYHKLUMM pasfeneHus (GnoTaumoHHbIX arpe-
raTos, T. €. ONPeeUTb MacCcOBble BbIX0fbl KOHEYHbIX MPOAYKTOB, BbIX0A4bl KOMMOHEHTOB 1 COCTAaB
KOHEYHbIX NPOAYKTOB. BbiBefeHHble PYHKLUU NPUrOAHLI ANS MPOEKTUPOBAHUS, ONTUMU3ALUN
M ynpaBneHus npoueccamy pa6oTbl (HIOTALMOHHbLIX arperaToB. [pakTWueckoe MNpPUMeHeHUe
[LEMOHCTPUPYETCS B CTaTbe BbIYMC/EHMEM NapameTpoB pasfeneHns (oTaLMOHHOIO arperara,
NPUrogHOro AN (aoTauun cynbhuaHoii MeaHoW pyabl.
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AN ESTIMATION OF THE TORSIONAL STIFFNESS OF
A PRISMATIC RAR OF HETEROGENEOUS MATERIAL
AND SOLID CROSS SECTION

I. ECSEDI*

[Manuscript received Nov. 4. 1976]

The present paper treats the generalization of one of the results of J. Barta,
who deduced the lower and upper bounds for the estimation of the torsional stiffness of
prismatic bars made of homogeneous material and having solid cross section. In the
paper the extensions of these bounds to prismatic bars of heterogeneous material is
dealt with.

The following symbols are used in this paper:

X,y orthogonal coordinates,
9_' unit vectors of system of coordinates XY,
simply connected domain in plane XY, cross section of torsioned prismatic bar,
% boundary of T, smooth (at least by sections smooth) rectifiable closed curve,
torsional stiffness of cross section,
\%
n

a - .
- m~ I H——] Hamilton’s differential operator,
= XX dy ] P

.V Laplace operator,
designs scalar product of two vectors,
smooth closed curve,
region surrounded by curve Y,

I
<

0

g—s derivative calculated along the tangent of boundary curve,
derivative calculated along the normal unit vector N of the boundary curve,

S arc coordinate interpreted on the boundary curve,
u= U(X,y) two-variable function,
u0 value of U on the boundary curve g,
H=—y = auxiliary function,
Tji= 12 n) domain in plane Xy,
Si = gio + Sgij boundary of T,
g0 part of boundary T- falling on boundary g of region T = 7\ + T, .
ay curve separating regions T- and TJ, .
G, shear modulus of elasticity of material within region Tj.

It is well known that the torsional problem of a prismatic bar of hetero-
geneous material having a solid cross section G = G(x,y) shown in Fig. 1,
represents the following boundary value problem [1]:

To be determined in the closed domain T -f- g continuous function which:
satisfies in region T the partial differential equation

P E£T, (1>

*Dr. I. Ecsedi, Vaszonfehérité u. 24, IV/1., H-3531, Miskolc, Hungary
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and on the boundary of region T, on the curve g the homogeneous boundary
condition

F=0, PEg. )

By knowing the solution of the boundary value problem established by Eqs

(1) and (2), the torsional stiffness R of the cross section may be calculated
with the aid of the formula

R=2j FdT . 3)
r

Fig. 1. Solid cross section

Fig. 2. Drawing to verification of F > 0, PeT

First it will be pointed out that the consequence of Eqs (1) and (2) is the valid-
ity of the inequality

J_— <0, P(g O]
G 3n
at the points of the boundary curve g. The verification will be carried out
in two steps. First, it will be proved that F is not negative in T, i.e.

F>o0, PiT. ()
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Let us assume that in T there is a point S where F is negative. In this
case, due to the continuity of F the point Q has, in all events, a neighbourhood
defined by a closed curve y (Fig. 2) where F is negative, i.e.,

F<oO, PED + v. (6)

Herein, D denotes the region in plane xy bordered by the curve y. After the
Gaussian integral transformation and simultaneous application of the rules
of product derivation the following identity might be deduced:

jO (VE)Z dT = Zj(_) FdT  { — — Fds . (7

y G an

The left-hand side of Eq. (7) always being positive, equality may only exist
(due to the assumption F < 0, P£D -)-y. being true), if the condition

“ . * 2
 bb <0, €7 8

is fulfilled at the points of curve y. In turn, from (8) it follows that F = F(x,y)
does not increase in the direction n (see Fig. 2), thus, the region D where
F < 0, may be extended to the region T, but F — 0 P Cg and thus on the
basis of (8) may be written

j;_""G-dTZZJ;FdT. 9)

By this equation, being the left-hand side positive and the right-hand side
negative, we arrived to a contradiction. Therefore, our basic condition was
faulty, thus

F >0, PET. (10)

The second part of the verification presents itself immediately from Eqs (2)
and (10). Since F is not negative in T and at the boundary T is equal to zero,
in the direction of n (n being the normal of the curve g), proceeding toward

the curve g, F = F(x,y) surely does not increase, accordingly (G > 0) at the
points of the curve g it is true that

1 9F

< 0, Pi
G pan J ()

Be the function u = u(x,y) continuous in the region T g and twice
continuously derivable in T. Let us express the value of u = u(x,y) on the
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boundary curve g by the function u0= uQ(x,y). The maximum of uO is desig-
nated by Uomax and its minimum by uomin. Let the following identity be con-
sidered

1

- 2Fy I—V|7| -2 .y -~Gvf]J(u U omax)
g

(12

jl(u Momax) V.7G7VF - Fy .F_évém_ mmax)ﬂ

For transforming Eq. (12), the Eq. (15) derivable from Eqs (13) and (14) may
be used:

Fy —lyi> at= TYVYF gy dv 1 (13)
1 G Jr G
f VyF 0
ty s —AF dT = y vy d +Jf OF 14, (14)
1 G Jr G ev dn
1
1 dT-Jd Fy « Zyv dT =
1/V- (lvi G
(15)
VI L
G dn , G dn

From Eq. (12) by integration extended to T, and by application of the identity
(15) to the function

V= u omax (16)
may arrived to Eq. (17)
r
V.H FdT= 4 J udT — uomaxT
ir
17
1 OF (7
uomax) ds .
G an

For writing down Eq. (17) the fact has been utilized that F = F(x,y) is the
solution of the boundary value problem designated by Eqgs (1) and (2). Be

H = H(x,y) (18)

and let us denote by FTmax the highest value of H in region T. By application
of the inequalities
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FdT<Hmax I 2FdT, (19)
M Y It
0 dF> 0 i (20)
(u U omax) i an , Pig

and by taking into account Eq. (17), the inequality describing the torsional
stiffness may readily be written down as:

A4 (I (udT- MOTeT )e (21)

By a similar consideration, with the aid of the function

V=u — uomm (22)
the inequality

HmnR < 4(frudT~ uomnT) (23)

may be established as characterizing the torsional stiffness, wherein Hmj,, is
the lowest value of the function H = H(x,y) in the region T. The inequalities
(21) and (23) are the generalization of the result deduced by J. Barta to the
prismatic bar made of homogeneous material and having a solid cross section.
By way of verification the method described in [3] by J. Barta has essentially
been followed.

Now, it will be pointed out that the pair of inequalities (21), (23) might
also be used for the estimation of the torsional stiffness of a prismatic bar
composed of combined materials.

In the case of a prismatic bar made of combined materials, in the sub-
region T, of the cross section the material has a shear modulus of elasticity G<
From G, one assumes that in T, it is constant. In case of this constraint,
the solution of the torsion problem involves the following boundary value
problem [2]:

The following function F, = F,(x,y) is to be determined which is con-
tinuous in the region Tt gt and which satisfies in T, the partial differential
equation

z1F,= -2G, Per, (24)

in region T,, giQ border falling on the boundary curve g the homogeneous
boundary condition

F,=0, Pigio0, (25)
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and at the points of the smooth (at least by sections smooth) curve gij sepa-
rating the regions T, and Tj, the fitting condition

Ft= Fj, pidgij (26)
and
1 dF__ J_ 9Fj .
- 27
Gf dn Gj dn Plgj 27)

Fig. 3. Prismatic bar of composite material

(see Fig. 3). Recognizing the solution of the boundary value problem F, (i =
= 1,2, n) defined by (24), (25), (26), (27), the torsional stiffness of
the cross section may he determined from the formula

R=2Jp | F,dT. (28)
i=\JTi

From the structure of the boundary value problem defined by (24), (25), (26),
(27) it follows that the estimation which may be given by (21) and (23) remains
valid if one interprétes the function in the region T, as
1. w= w{x,y), P(T-+ g
are continuous in F, -f-gi and
2. ut = u t(x,y)

is, at least, twice continuously derivable in T,

3. v Pigij, (29)

1 9u, duj

iGNl 30
G/ 9n Gi dn Plgj. (30)
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In the case, Hmax denotes the highest value of the expression /- =
= —Autlui(i= 1,2, e n) in the region T = Tx-f T2-f .ccvevrne. + T,,
and Ifmjn designates the minimum value of the expression N1, = —Zlu,-/u,,
in the region T = 7\ + T2-)-.eenne Tn. Further uomin designates the lowest
value of u,(i= 1,2,...,n) and uOmax designates the highest value of it
(i=1,2,... re) along the boundary curve

&= glo + #20+ . + S0

Fig. 4. solid circular cross section of composite material

In the following the estimation of the torsional stiffness of a prismatic
bar of heterogeneous material and a solid cross section will be demonstrated.
The estimation of the torsional stiffness of the solid cross section depicted
in Fig. 4 will be discussed. In the region T1of the cross section a material of
a shear modulus of elasticity Gxand in the region T2that of G2is to be found. Be

The function
_lul= witxy), PfT
lu2= wur(’y)” paT

(1)

satisfies the fitting conditions (26) and (27) prescribed along the curve g12
thus, with its aid bounds might be formed for the torsional stiffness of the
cross section. To the above function, according to (18), the following H =
= H(x,y) is associated:

4. PETx,
H=H(x,y) . PdT)Z( (32)

further

Momin Momax = 1. (33)
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W ith these values, and by making use of (21) and (23) the lower and upper
bounds (limits) are obtained

R < n = 3,14159 , (34)
R > 0,5n = 1,57079 (35)
respectively, for the torsional stiffness R. Let us consider the function

«l = Ml(X,y) y P £ ’

m=1—Xx2--y2
(x23-y2) u2= m2(x,y) , PE£T2,

(36)

as satisfying the fitting conditions (26) and (27). The H = H(x,y) associated
to the above function will be

3, PiT,,
H = H(x,y) (37)
1,5, PtT2,
and, in the case discussed
AOmin — uomax = 0 . (38)

On the basis of the above results in (36), (37), (38), from the inequalities (21),

(23) the estimations
R < 1,33334 = 4,18889 , (39)

R > 0,6666n = 2,09439 (40)

may be deduced for the torsional stiffness.
Lastly, taking the functions

M= ux{x,y) = 1 — X2+ y2- ~ (Y- x¥ - y3, PE€TIL, (41)

o

u2= u(x,y) = 1- (x2+ yZ)—-~4 (y—x% - y3, PeT2 (42)

as starting points the lower and upper bound for R can be established.

The ut(i = 1,2) functions under (41) and (42) satisfy the fitting conditions
prescribed to the curve g12 These functions are associated with the following
H = H(x,y) function

p Mt
H=H(x,y) =\l J° (43)
2. ye PdT2.
Thus, we have
Arnax ~ 3,  tfmin= 2 (44)
and

Aomin = “omax = A * (45)
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By evolving in detail the inequalities (21) and (23) to the upper and lower
bounds are arrived at
R < 3,698, (46)

R > 2,4666 (47)

respectively, to the torsional stiffness. Taking (47) and (34) into account,
yields
2,4666 < R < 3,1416 . (48)

The arithmetical mean of the lower and upper limit entering in the inequalities
(48) will he
R* = 2,804 (49)

which may differ from the exact value of the torsional stiffness of the cross
section no more than 0,5(3,1416 — 2,466) = 0,338.
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Acta Techn. 85 (1977) pp. 241-259

ssenay, K.: Planning of Optimal Investment cities for Interconnected
Power Systems Using Probabilistic Constrained Programming

By means of probabilistic constrained programming the paper gives a useful
tool for determining the optimal enlargement of generating and transfer
capacities in an interconnected system. In the described method the in-
stantaneous transfer powers are eliminated. The admissibility and reliab-
ility of the power supply are investigated by generation and interconnection
constraints. The available generating and transfer capacities, as well
as the peak load deviations are considered as random variables. In addi-
tion to technical constraints the optimization process contains the pre-
scribed reliability level as a lower limit Furthermore, the cost of load shedd-
sing can also be taken into consideration. The method is illustrated by
a simple example.

Acta Techn. Hung. 85 (1977), pp. 261—269

Lukacs, J, aANYI, Preliminary Study of the Interactions of Low
Energy OX|gen fons W|th Solld Carbon and Platinum Targets

The aim of this study was to show the possibility of measuring the energy
distribution of charged particles produced by the interaction of low
energy oxygen ions with carbon. The oxygen ions were produced by a
Kistemaker-ionsource working with a hot cathode Penning-discharge.
In a first step the beam was not mass-analyzed and the measurements
were made only in the pressure range oflO -6—10-e torr. Authors succeeded
in producing an oxygen ion beam having, first about 45 eV and now about
15 eV kineti energy, with 20—30 nA intensity. They made preliminary
measurements with an 45 eV oxygen ion beam. The targets were outgassed
on the temperature of about 1000 °C for several hours in high vacuum.
Short discussion of the results of the calculated energy distributions of
the backscattered charged particles from carbon and platinum targets,
and of the possible reaction mechanisms will be given.

Acta Techn. Hung. 85 (1977), pp. 271 —279

Kunze Investigation of Soil Mechanics on an Economical Design of
Technology for the Construction and Compaction of Dams.

Earth dams should, in all phases of construction and in all of its working
conditions have a satisfactory stability safety. Besides, the deformations
resulting from the effects of the dead weight and water pressure should
not challange the correct function of the dams, in particular, their water-
tightness, watertight joints and protective layers. The paper deals with
these problems on the basis of laboratory and field tests.






Acta Techn. Hung. 85 (1977), pp. 281—305
Bercers, T.: Large Signal Properties of Injection Locked Diode Oscillators

A large signal model is used to investigate the properties of injection
locked diode oscillators. Relations between the input and output signals
are derived and used, to determined the locking band. It is shown that
the locking band is shifted to lower frequencies as the diode susceptance
non-linearity is increased. Transmission characteristics such as output
power and phase, further group delay time, AM-to-PM conversion and
AM compression are determined. Frequency dependence of the param-
eters is investigated of different values of input power, load and diode
susceptance non-linearity. This latter parameter has the effect of causing
unsymmetry, resulting in the lowest distortion at a frequency which is
higher than the band centre.

Acta Techn. Hung. 85 (1977), pp. 307 —320

Abderl—Moneim —Hamouaa: A Comparative Experimental Study of the
Accuracy and Precision of Measurements of External Screw Threads by
Different Methods

The main objective of this paper is to compare experimentally among
three methods applied for measuring the effective diameter of external
screw threads namely, the optical, optical with knife edge and the three
wire method regarding — a) the degree of accuracy and b) the degree
of the result computed from the measurements taken by each method
on a screw threads plug gauge. The three methods are different and each
has its own caused system of erros, both the controllable and uncontroll-
able errors inherent in the measuring system of each method.

Acta Techn. Hung. 85 (1977), pp. 321—334

Antar, .—eati, E.: The Excitation Mechanism of the b,Di Level
(I)Df Hg Atoms in the Positive Column of a Low-Pressure Mercury-Argon-
ischarge

In the paper the radial structure of the positive column of a discharge
in 6 1 0 Torr Hg vapour and 2,5 Torr Ar working gas in investigated
experimentally and theoretically. The assumed plasma model is checked
by probe measurements, and by a spectroscopic method, the radial distri-
bution of the intensity of the 579,1 nm wavelength line is determined.
As an evaluation of the obtained profile the ratio of the direct and the
indirect processes is determined using a simple population model. The
dependence of this ratio from the microparameters of the discharge and
the integrated transition probabilities has been calculated.
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crega, B.: Determination of the Equation of the Balloon Plane Curve in
Ring Spinning Taking the Weight of the Yarn Into Consideration

The author set up the system of differential equations of the plane balloon
by taking into einsideration the tensioning forces of opposite directions
acting at the two end points of the yarn element. As there is no possibility
for a solution in a closed form, expansion in series is suggested for defin-
ing the equation of the plane balloon.

Acta Techn. Hung. 85 (1977), pp. 339—347

Petno sz The Error Functions and the Most Favourable Measuring
Conditions for Mass Yield and Component Yield.

The main parameters for evaluating the separation operations are the
mass yield, the component yield and the efficiency. Their functions can
be calculated by using the law of error propagation. By fixing the errors
of the parameters the accuracy of product analysis can also be deduced.

Acta Techn. Hung. 85 (1977), pp. 349—376

wiacska, E,—Janko, L.: Membrane Forces and Membrane Deflections
of Flat EII|pt|c ParaboI0|d Shells Subjected to Uniformly Distributed Hor-
izontal Load at the Edges.

An analytic method of solution of the membrane stress pattern and mem-
brane deflections of flat elliptic paraboloid shells subjected to uniformly
distributed horizontal edge load is presented. The functions describing
the worked out also in graphic form in order to make easier the calcula-
tion by hand. It has been theory also the internal forces and deflections
of the elliptic paraboloid shells supported by edge beams having non negli-
gible flexural and torsional stiffnesses in the horizontal plane can be ana-
lyzed in an approximate way.






Acta Techn. Hung. 85 (1977), pp. 377—392
Gador, L.: Some Problems of Mains Voltage Regulation in L. T.

In relatively sparsely populated settlements large voltage drops may
arise in the long radial lines of the secondary network. This fact justifies
voltage regulation. If an extended system is regulated in one point, a
multi-step or a continuous regulator has no advantages, a two-step
regulator is completely satisfactory. If the feeding point voltage varies
too, a two-parameter regulation must be applied with simultaneous sens-
ing of the current and the voltage. A relatively large feeding point voltage
variation can he eliminated only with a regulator placed in the feeding
point and here multi-step or continuous regulation is justified.

Acta Techn. Hung. 85 (1977), pp. 393 —398

Ecseai, .. A Remark on the Upper Limit of the Torsional Stiffness of
Prismatic Bars

The present paper deals with the torsional stiffness of the simply consist-
ent region of rectifiable border curve and with the generalization of an
inequality concerning the basic frequency of an oscillating membrane
extended to the same bordering curve.

Acta Techn. Hung. 85 (1977), pp. 399 —419

JANDY, G.: Recognizin% and Utilizing Heuristic Rules in the Problemsolving
of Operations Researc

In the present paper the author wants to show — referring also to his
earlier heuristic algorithms — that the school-examples of operational
research teaching often imply much more inner bounds than is expressed
by the more general model of the type of problem. Also the finding of the
optimum solution in these models may be too expensive considering the
importance of the task and even with increasing number of variables
and conditions relatively soon the models get practically unolvables.
But with recognizing better the type of problem, a deeper analysis usually
shows such heuristic rules by which the optimum solutions of such prob-
lems can be approximated very well. The author proves this assumption
by heuristic algorithmus elaborated for two different types of problems
(production programming of several periods and planning of the sequence of
passing through a bottleneck). In-between it is possible to gain insight into
the mental laboratory of heuristics.
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Gresz, M.: Automated Designing with Integer Programming

In this paper the authors presents a possible model for the general solution
of automated designing. The design problem is defined as follows: a design
of a structure with given geometry and composed from a given stock of
elements is locked for, where for the elements the equilibrium, compat-
ibility and limiting conditions are fulfilled and where the structure is
optimum from some point of view (weight, cost, or their ratio). For the
problem thus defined the mathematical model for linear limiting condi-
tions is established and then it is extended to the case of non-linearity.
In both cases the problems are reduced to that of a “0—1" integer pro-
gramming task to which the enumerative method can be applied. For this
method the inversion of a large matrix would be necessary. A solution
method is shown for avoiding this.

Acta Techn. Hung. 85 (1977), pp. 433 —444

Ferencz, Cs.. Electromagnetic Wave Propagation in Inhomogeneous
Media: Strong and VVerIa]l?glnhomogeneltles pag mod

The paper deals with a classification of the inhomogeneities in a way
which seems to be more objective than the earlier methods. It gives a
simple form for Maxwell’s equations which means general usability in
examination of propagation, and also gives variations for the dispersion
equations, investigating several questions of the commonly used method
of 6-dimensional designation.

Acta Techn. Hung. 85 (1977), pp. 444 —453

crega, B.: Determination of the Yarn Force Arising in the Balloon in
Ring Splnnmg

The author gives a formula for the determination of the yarn force valid
for any point of the ring spinning balloon. In deriving the formula of the
yarn force, from the forces acting on the yarn element, the centrifugal
force, the air resistance and the two pulling forces at opposite directions
acting on the yarn elements moving in the balloon, have been taken into
account. The importance of the formula lies in the fact that no means
for measuring yarn force at balloon points were available so far.
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Acta Techn. Hung. 85 (1977), pp. 455—463
petns, s-.. The Functions of Flotation Plant Design and Process Control

By using the experimental results of one single cell of operational dimens-
ions the separation functions of flotation systems, thus their mass yield,
their component yields and their composition can be determined. The
functions are suitable for the designing, the optimization and the process
control of flotation systems. The practical application is demonstrated
on the calculation of the separation parameters of sulfide copper ore
flotation systems.

Acta Techn. Hung. 85 (1977), pp. 465—473

Ecsear, I.: An Estimation of the Torsional Stiffness of a Prismatic Bar of
Heterogeneous Material and Solid Cross Section

The present paper treats the generalization of one of the results of
J. Baxra, who deduced the lower and upper bounds for the estimation of
the torsional stiffness of prismatic bars made of homogeneous material
and having solid cross section. In the paper the extensions of these bounds
to prismatic bars of heterogeneous material is dealt with.
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