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Acta Technica Academiae Scientiarum Hungaricae, Tomus 85 (1 —2 ),p p . 3 — 4 (  1977)

IN MEMORY OF NIKOLA TESLA*

N iko la  T esla  w as born  in  th e  Y ugoslav  Sm iljan  120 y ea rs  ago. H e 
acq u ired  w orld  fam e in  th e  field  of te ch n ica l sciences w ith  th e  d iscoveries in  
th e  fie ld s o f b o th  in d u stria l e lec tric ity  an d  te lecom m unica tion . O ne o f his 
g re a te s t in v en tio n s  is th e  d iscovery  of th e  ro ta tin g  m agnetic  fie ld  p rinc ip le , 
w hich  p e rm itte d  th e  u tiliz a tio n  of e lec trical energy for pow er tran sm iss io n , 
in  ad d itio n  to  ligh tin g  uses.

I n  te leco m m u n ica tio n  his w ireless te leg raphs excited  b y  e lec trical 
d ischarges an d  coupled in to  a h ig h -freq u en cy  oscilla ting  c ircu it p e rm itte d  to  
c o n s tru c t, a lread y  a t  th e  end  of th e  la s t  c en tu ry , a 200 kW  tra n s m it te r  an d  
to  tr a n s m it  over a d istance of 1000 k m . A t th e  sam e period  he succeeded  in  
rea liz ing  a 25 km  wireless transm issio n  fo r ligh tin g  an d , accord ing  to  som e 
sources, also fo r d riv ing  electric m o to rs .

A t th is  tim e  he realized his iron -free  h igh -frequency , h igh-w oltage, oil 
tra n s fo rm e r  w hich  a lread y  a t th e  end  o f th e  la s t c e n tu ry  was ab le to  p ro d u ce  
a 12 m illion  V  v o ltag e .

F o r th e  oil in su la tio n  he was th e  f ir s t  to  in tro d u ce  th e  v acu u m  tre a tm e n t 
of th e  w ind ing . A long  lis t of in v en tio n s p ro v e  his m ag n ificen t c rea tiv e  pow er; 
he is th e  f i r s t  to  use th e  an ten n a  d im ensioned  for a q u a r te r  o f a w av e len g th , 
am o n g st h is inv en tio n s th e re  are n u m ero u s h igh-frequency  p a te n ts ,  h is 
rem o te ly -co n tro lled  electrically  d riven  sh ip  an d  various o th e r c o n tro l sy stem s.

A lread y  in  th e  secondary  school he s tro v e  a t  m aste rin g  fo re ign  lan g u ag es 
as p e rfec tly  as possible and  th is  p e rm itte d  h im , in  la te r  periods o f his life, to  
becom e a c q u a in ta n ce d  w ith  th e  re su lts  of n a tu ra l an d  tech n ica l sciences, 
an d  to  ge t in to  th e  in te rn a tio n a l f ro n t line  of th e  g rea t tech n ica l upsw ing  
w hich  s ta r te d  a t  th e  end  of th e  la s t c e n tu ry . In  G raz he fin ish ed  th e  T echn ical 
U n iv e rs ity ; th e re  he co n cen tra ted  m a in ly  on m ath em atics , physics a n d  th e ir  
ex p e rim en ta l ca rried  o u t in  th e  la b o ra to ry  of his professor of ex p e rim en ta l 
physics, w hile m ak ing  experim en ts w ith  a d .c. m ach ine  w hich h a d  a rr iv ed

* L e c tu re  de livered  a t  th e  1976, O cto b er 5 session of th e  D e p a rtm en t o f T echn ica l 
Sciences o f  th e  H u n g a rian  A cadem y of Sciences.

1* Acta Technica Academiae Scientiarum Hungaricae 85, 1977



4 NICOLA TESLA

from  P a ris , he f irs t  h a d  th e  idea th a t  in s te a d  of th e  d.c. c o m m u ta to r  m ach ine 
som e o th e r so lu tion  cou ld  to  be found , e.g. w ith  th e  aid  of th e  ro ta tin g  m ag n e­
tic  fie ld . H is pro fessor considered th is  so lu tio n  as com plete ly  im possib le, as 
i f  som ebody  w ould  w ish  to  change th e  g ra v ita tio n a l force of th e  e a r th  o r to  
in v e n t th e  p e rp e tu u m  m obile. H e fin ished  his s tu d ies  a t  th e  h u m an istic  b ran ch  
o f P ra g u e  U n iv e rs ity . H e  was able to  develop  a generalized  p ic tu re  of th e  
d iffe ren t p henom ena o f life, w hich s till b e t te r  p e rm its  th e  rea liza tio n  of c rea ­
tio n s  useful for h u m a n ity .

A fte r fin ish ing  th e  u n iv e rs ity  he s ta r ts  his professional w ork in  B u d ap est, 
w here  he becom es a d rau g h tsm an  a t  th e  H u n g a ria n  G overnm ent C en tra l 
T e leg rap h  Office. H is superio rs im m ed ia te ly  n o tice  his special ab ilities and  
allow  him  tak e  p a r t  in  th e  w ork of th e  T e lephone E xchange th e n  u n d er con­
s tru c tio n . H is f irs t  in v en tio n s  are from  th is  tim e . B y  m echanical sound am p li­
f ic a tio n  of th e  T e lep h o n o g rap h  (loudspeaker an d  m icrophone in series) ho 
increases th e  tra n sm iss io n  d istance arousing  th e  g rea t in te re s t o f th e  P uskás 
b ro th e rs . B u t th e  id ea  o f th e  ro ta tin g  fie ld  w hich  w as bo rn  d u ring  his s ta y  
in  G raz, did n o t le t  h im  re s t. The search  fo r th e  so lu tion  n ea rly  led to  a com ­
p le te  nervous b reak d o w n , th e  lib era tio n  fro m  w hich , as he w rites in  his m em o­
ries, w as b ro u g h t a b o u t b y  G oethe’s poem  “ F a u s t” . One afte rnoon  in  F e b ru a ry  
o f 1882 he was w a lk in g  w ith  a friend  of his in  th e  B u d ap est C ity  P a rk . A t 
su n se t th e  follow ing lines of th e  poem  cam e to  his m ind:

“ T he glow re tre a ts ,  done is th e  d ay  o f to il,
I t  yonder h a s te s , new  fields of life exp lo ring ;
A h, th a t  no w ing  can  lift me from  th e  soil,
U pon its  t r a c k  to  follow, follow soaring  !”
A fte r rec iting  th is  th o u g h t u rg ing  progress he sudden ly  found  th e  so lu ­

tio n , an d  w ith  a s tic k  in  his hand  he tra c e d  i t  in  th e  sand , expla in ing  i t  to  
h is  friend , so th a t  he  un d ersto o d  i t  a t  once. A fte r one y e a r w ith  th e  a id  of 
th e  P uskás b ro th e rs  he  gets to  F ran ce  an d  in  1883 in  S trasb o u rg  co n stru c ts  
th e  f ir s t  ro ta tin g -c u rre n t m otor.

A ccording to  som e sources he also w o rk ed  w ith  K áro ly  Zy pe r n o w sk y  
a n d  i t  is possible t h a t  th e  rea liza tion  of th e  m u lti-p h ase  pow er transm issio n  
p rin c ip le  — w hich  la te r , beginning from  1893, K á lm án  K andó  rep resen ted  
in  th e  Ganz F a c to ry  — in  our co u n try , w as fu r th e re d  by  th is  encoun ter.

P o s te rity  w ill alw ays g ra tefu lly  rem em b er N ikola T e sl a , th a n k s  to  
h is g rea t and  o u ts ta n d in g  theo re tica l an d  tech n ica l creations.
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B. ZORKÓCZY

1 8 9 8 -1 9 7 5

B éla  Zorkóczy , D octo r of T ech n ica l Sciences betw een  1950 a n d  1969 
w as an  ac tive  P ro fessor of th e  C hair o f  M echan ical Technology o f th e  M iskolc 
T echn ical U n iv e rsity  of H eav y  I n d u s try  a n d  during  th e  y ea rs  1950 — 1968 
he w as i ts  head . H is d e a th  is a g rea t loss to  th e  U niversity  an d  in  a la rger 
sense to  th e  w hole of H u n g arian  M echan ica l E ngineering . T h e  re p u ta tio n  of 
his sc ien tific  w ork  h av e  ex tended  b e y o n d  th e  borders of H u n g a ry .

B éla  Zorkóczy  w as bo rn  on 27th M arch  1898 in  th e  to w n  o f M oson­
m ag y a ró v á r. H e fin ish ed  his schooling a t  th e  sam e place in  1916 a n d  w as 
im m ed ia te ly  d ra fted  in to  th e  A rm y. H e  w as obliged to  p a r tic ip a te  in  W orld  
W a r I ,  a t  th e  end o f w hich  he becam e a p riso n er of w ar in  I ta ly .  I n  1919 he 
re tu rn e d  an d  enro lled  a t  th e  p resen t B u d a p e s t T echnical U n iv e rs ity . I n  1924 
he o b ta in e d  th e  E n g in ee r’s dip lom a in  M echanical E ngineering . F ro m  1924 
to  1934 he w as an  a ss is tan t o f th e  C h a ir o f M echenical T echno logy  of th e  
sam e U n iv e rs ity  an d  la te r  becam e c h ie f  a s s is ta n t.

In  th e  years  1934 —1944 he w as th e  p la n t m anager, te ch n ica l d irec to r 
an d  f in a lly  th e  general m anager of th e  H u b e r t  an d  Sigm und S teel an d  M etal 
W ork s in  B u d ap est. A fte r th e  lib e ra tio n  o f  B u d ap est, in  th e  e a rly  sp ring  
of 1945 he o rganized  th e  p ro d u c tio n  o f  lig h t m e ta l p istons fo r su p p ly in g  th e  
R ed  A rm y  an d  para lle l to  th is  com m ission  he opera ted  as d e p u ty  pro fessor 
a t  th e  C hair of M echanical T echnology  o f th e  B u d ap est T echn ical U n iv e rs ity .

F ro m  th e  su m m er 1945 u n til  1950 he  accep ted  th e  post o f th e  tech n ica l 
m an ag e r o f th e  H u n g a rian  M atchw orks C o .L td .

In  J a n u a ry , 1950 he was in v ite d  to  organize th e  C hair of M echanical 
T echno logy  of th e  new  M iskolc T echn ical U n iv e rs ity  for H eav y  In d u s tr ie s  an d  
to  le c tu re  on th e  sub jec ts  of th e  ch a ir (M eta llo g rap h y , Technology o f s tru c tu ra l 
m a te ria ls , H e a t t re a tm e n t, W elding). I n  S ep tem b er, 1950 he w as p ro m o ted  
to  O rd in a ry  professor, a post w hich he  filled  u n til  his re tire m e n t in  1969.

M eanw hile, on A pril 1, 1950 he w as a p p o in te d  as d irec to r o f th e  W eld ing  
D e p a r tm e n t of th e  Iro n  In d u str ie s’ R esea rch  In s ti tu te  in  B u d a p e s t. U n til 
1962 he  ca rried  on b o th  posts, la te r  h e  d e v o te d  his tim e  to  h is  p ro fesso ria l 
d u tie s  only .
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T h e M iskolc H e a v y  In d u strie s  T echn ica l U n iv e rs ity  organized from  
1960 on th e  A cadem ic W ork ing  G roup fo r H e a v y  M achinery , w hich ca rried  
o u t th e  com plex ta s k s  o f  several Chairs — u n d e r  th e  d irec tion  of B. Zorkóczy  
an d  w ith  th e  s u p p o r t o f  th e  H u n g a rian  A cad em y  o f Sciences — u n til 1970.

A t th e  M iskolc H e a v y  In d u strie s  T echn ica l U n iv e rs ity , in  1961 he o rg a n ­
ized  th e  b ran ch  o f specia lized  w elding engineers, w here g rad u a ted  m echan ical 
engineers could c o n tin u e  th e ir  s tud ies d u rin g  4 h a lf-y ears  and  could o b ta in  
a second d ip lom a.

In  add itio n  to  th e se  ta sk s  he also u n d e rto o k  num erous scientific  a ss ig n ­
m en ts . F o r m an y  y e a rs  he was th e  ch a irm an  o f th e  W elding B ranch  o f  th e  
Scien tific  A ssociation  fo r  M echanical E ng ineering , fo r ab o u t five y e a rs  he  
w as ch a irm an  of th e  M echanical-S iderurg ical C om m ission of th e  N a tio n a l 
P o s tg ra d u a te  D egree  G ra n tin g  B oard  an d  from  1951 w as a m em ber o f  th e  
C om m ission on M echan ica l E ng ineering  of th e  H u n g a ria n  A cadem y of Sciences.

F ro m  1963 he w as th e  C hairm an of th e  N a tio n a l Com m ission of th e  I n te r ­
n a tio n a l In s t i tu te  o f  W eld ing , and  a m em ber o f th e  B o ard  of th is  in te rn a tio n a l 
o rg an iza tion .

A m ongst his m a n y  scientific  lec tu res  he ld  a t  hom e and  ab road , le t  us 
m en tio n  th e  le c tu re  on  “ T he S tress C orrosion of W elded  S tee lp la te  S tack s  
of O pen  H e a rth  F u rn a c e s ”  w hich he ach ieved  in  1965 in  Paris.

As an  academ ic  tu to r  and  research  w o rk er he  d ea lt in  th e  f irs t  p lace  
w ith  w elding an d  in  th is  fie ld  he ach ieved  success w hich  was recognized also 
in te rn a tio n a lly . W ith in  a sh o rt tim e  he c re a te d  a H u n g a rian  School in  th is  
fie ld . O u ts tan d in g  specia lists  of h e a t t r e a tm e n t an d  w elding grew up  u n d e r  
his h a n d , to  w hom  he im p lan ted  th e  love o f c rea tiv e  scien tific  w ork.

H is lite ra ry  w o rk  s ta r te d  in  1930 an d  la s te d  a lm o st to  th e  tim e  o f his 
d e a th . A lready  his f i r s t  p ap e r concerned  th e  tech n o lo g y  of w elding a n d  its  
m o d ern  ap p lica tio n . T h is  was followed b y  n e a rly  80 papers, books or c o n tr i­
b u tio n  to  books, u n iv e rs ity  or p o s tg ra d u a te  sc rip ts .

H is scien tific  re su lts  were recogn ized  in  1952 b y  th e  degree of C an d id a te  
o f T echn ical Sciences. T h e  M iskolc T echn ical U n iv e rs ity  in  1960 g ra n te d  h im  
th e  t i t le  of T echn ica l D o c to r and  la te r , a t  th e  S ilver Ju b ilee  (25 years) o f  th e  
U n iv e rs ity , he w as p re sen ted  w ith  th e  H o n o ra ry  D o c to ra te .

T he o u ts ta n d in g  resu lts  o f his te ach in g , e d u ca tio n a l and  resea rch  w ork  
w ere recognized b y  sev era l goverm enta l, m in is te ria l an d  scientific hon o u rs , th e  
h ig h est of w hich he o b ta in e d  in  1956 for h is  sc ien tific  re su lts : th e  K ossuT H -prize.

A t th e  end  o f  O cto b er, 1975 he becam e ill a n d  on N ovem ber 18, 1975 he 
d ied  u n ex p ec ted ly .

In  th e  sp ring  o f  1976 th e  N a tio n a l P o s tg ra d u a te  Degree G ran tin g  B o ard  
dec la red  him  p o sth u m o u sly , on th e  base of his theses su b m itted  th e  y e a r 
befo re  “ D octo r o f T ech n ica l Sciences” .

Z . T erp lán
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L. SZÉLL
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D as A bleben  des P rofessors László Széll  b e d e u te t sow ohl fü r die B eru fs­
ausb ild u n g  der ungarischen  A rc h ite k te n , als auch  fü r  die P flege  der u n g a ri­
schen  A rch itek tu rw issen sch aften  einen  ü b erau s großen V erlu st. Seine n ah ezu  
ein  halbes J a h rh u n d e r t  w äh ren d e , h ingebungsvo lle , schöpferische, p äd ag o g i­
sche u n d  w issenschaftliche T ä tig k e it  im  D ienste  der V ertie fung  der B a u k u n s t, 
d e r  F o rten tw ick lu n g  der B a u te c h n ik , die eingehende P flege  d er F a c h lite ra tu r , 
die s te te  F o rsch u n g  und  Suche n ach  N euem  u n d  M odernem  kennzeichnen  
sein  arbeitsre iches Leben. E r  w a r  bei seinen K ollegen be lieb t u n d  e rw arb  
die W e rtsch ä tzu n g  seiner M ita rb e ite r  u n d  die A ch tu n g  seiner Schüler.

L. Széll  w u rd e  am 9. M ai 1903 in  M akó geboren. Seine M itte lsch u ls tu d ien  
abso lv ie rte  er a n  den s ta a tlic h e n  O bergym nasien  in  T o rd a  u n d  M akó u n d  
e rw arb  1928 das A rch itek ten d ip lo m  an  der F a k u ltä t  fü r  A rc h ite k tu r  d e r 
T echn ischen  U n iv e rs itä t zu B u d a p e s t.

Im  J a h re  1945 erlang te  e r “ sum m a cum  lau d e”  den  T ite l eines D o k to r­
ingen ieurs u n d  w u rd e  1947 a u f  d em  F ach g eb ie t “ B au techno log ie”  zum  P r iv a t ­
d o zen ten  an d e r T echnischen  U n iv e rs itä t zu  B u d a p e s t p ro m ov iert.

A u f G rund  seines W erkes “ H o ch b au k u n d e  I . — I I . ”  h a t  ihm  1962 das 
W issenschaftliche Q ualifiz ierungskom itee d er U ngarischen  A kadem ie d er 
W issenschaften  den  w issenschaftlichen  G rad  C. Sei. z u e rk a n n t u n d  fü r  seine 
A b h an d lu n g  “ G ru n d sä tze  d er F lä c h e n g e s ta ltu n g  Z eitg em äß er G ebäude”  am  
31. O ktober 1973 zum  D o k to r d e r tech n isch en  W issenschaften  q u a lifiz ie rt.

V on 1929 b e tä tig te  sich  L . Széll  am  L eh rs tu h l fü r  B a u k o n s tru k tio n e n  
d e r B u d ap este r T echnischen  U n iv e rs itä t  e rs t als A ssis ten t, d an n  von  1940 
b is 1948 als D o zen t und  seit 1951 als U n iv ersitä tsp ro fesso r.

In  den J a h re n  1951 —1959 w a r  er e rs t L e ite r des L eh rs tu h ls  fü r  H o c h b a u ­
k u n d e , sp ä te r des L eh rstuh les fü r  B au techno log ie . Im  S ch u ljah r 1957—58 
bek le id e te  er das A m t das s te llv e r tre te n d e n  D ekans, in  1959 — 60 des D ek an s 
d e r F a k u ltä t  fü r  A rch itek tu r. S e it 1960 b e tä tig te  e r sich  am  L eh rs tu h l fü r  
B au au sfü h ru n g .

In  den J a h re n  1930—1957 b e fa ß te  er sich m it p rak tisch en  P la n u n g s­
a rb e iten , be te ilig te  sich an zah lre ich en  W ettb ew erb en  u n d  gew ann zahlre iche
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I . P re ise . A uf G ru n d  se iner P läne  w u rd e n  m ehrere  W o h n h äu se r u n d  ö ffen t­
liche  G ebäude g eb au t. Seine a rch itek to n isch -k ü n stle risch e  A uffassung  bezeug t 
sein  in  der Zeit von  1930 b is 1950 an g efe rtig tes , in  10 B än d en  m ehrere  ta u se n d  
S e iten  um fassendes Sk izzenbuch . In  d iesem  en tw ickelte  er seine Ideen  u n d  
v e rö ffen tlich te  S tu d ie n  ü b e r  die E in d rü c k e , die er w äh ren d  seiner S tu d ien ­
re isen  im  In - u n d  A u s lan d  gew ann u n d  e n tn a h m  V eröffen tlichungen  der F a c h ­
l i te ra tu r ,  sow eit diese m it seinen Id een , seinen W ettb ew erb sp län en  u n d  den 
fü r  seine A u ftrag g eb er an gefertig ten  E n tw ü rfe n  zusam m enhingen .

Seine w issenschaftliche  T ä tig k e it ü b te  er — außer in  F o rm  seiner zah l­
re ich en  P u b lik a tio n en  — auch im  A u ftra g  versch iedener B ehörden  aus. So 
b ek le id e te  Prof. Sz é l l  im  J a h re  1973 den  P o sten  eines V izep räsid en ten  der 
— d am als  neu  geschaffenen  — ju rid isch -tech n isch en  F achkom ission  u n d  w urde  
zug le ich  zum  F e ite r  des U n terau ssch u ß es fü r  A rc h ite k tu r  d ieser In s ti tu tio n  
e rn a n n t.

D as M in isterium  fü r  B auw esen h a t  1973 P rofessor Széll  “ in  A nerkennung  
se in er a u f  dem  G ebie t d e r a rch itek to n isch en  P lan u n g , der tech n isch en  F ite ra tu r  
u n d  des U n te rrich tsw esen s w ährend  m eh re re r  Ja h rz e h n te  gele ite ten  h e rv o r­
ra g e n d e n  T ä tig k e it”  d en  Miklós Y b l-P re is  I .  K lasse verliehen .

D ie w issenschaftliche  A rbeit des P ro fesso rs Széll  k ennze ichnen  in  e rs te r 
R e ihe  seine F ach- u n d  F eh rb ü ch er. D iese W erke  — besonders jen e , die sich 
m it d e r B au au sfü h ru n g  befassen — genügen  v o llau f ih re r  zw eifachen Z iel­
se tzu n g , indem  sie e in e rse its  die G ru n d lag en  dieser in  U n g a rn  sp ä t e n tfa lte te n  
u n d  n o ch  sp ä te r zu r S e lb s ts tän d ig k e it g e lan g ten  W issenschaft k lä ren  u n d  ih re  
w ich tig s ten  B ereiche eingehend  b e a rb e ite n , andererse its  sow ohl dem  H o ch ­
sc h u lu n te rr ic h t, als au c h  der B au p rax is  vorzügliche D ienste  le isten .

D ie in  seinen B ü c h e rn  zum  A u sd ru ck  g eb rach te  B etrach tu n g sw eise  is t 
r ic h tig , da die W ah l d e r B au tech n ik  u n d  -technologie s te ts  d er V orste llung  
u n d  In te n tio n  des A rc h ite k te n  en tsp rech en d  getroffen  w u rd e  u n d  das P rob lem  
v o m  G esich tsp u n k t des A rch itek ten  b e tra c h te t  w ird, d er b e s tre b t is t die m a n ­
n ig fa ltig en  F a k to re n  zu  e iner harm on ischen  E in h e it zusam m enzufassen . I n h a l t ­
lich  s in d  die W erke so rg fä ltig  u n d  n ü tz lic h  g es ta lte t, da  sie in  g u t v e rs tä n d ­
lich e r W eise, a n h a n d  v o n  zahlreichen u n d  schönen B ildern  einen  g u ten  Ü b e r­
b lick  d er w ich tig sten  K o n s tru k tio n e n , E in rich tu n g en  u n d  Technologien  
b ie ten .

L. Gábor
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L. Széll’s fa ch lite ra risc h e  T ätig k eit

É p ü le tek  k ö ltségvetése  és egyéb  anyagi v o n a tk o zása i (K o sten v o ran sch lag  u n d  sonstige m ate rie lle  
B elange v o n  G eb äu d en ; 87 Seiten, 18 B ild ta fe ln ; L eh rs tu h l fü r B a u k o n s tru k tio n e n , 
1944).

Szerkezet és fo rm a v iszo n y a  az ép ítészetben  (B eziehung  zw ischen K o n s tru k tio n  u n d  F o rm  in 
d e r A rc h ite k tu r ; D o k to ra rb e it, M a n u sk rip t; 109 Seiten , 13 B ild tafeln , 1946).

K o rsze rű  ny ílászáró  sze rk eze tek  (Zeitgem äße F e n s te r  u n d  T ü ren ; 56 Seiten, 54 B ilder; F o r t ­
b i ld u n g s in s ti tu t  fü r  Ingenieure, 1949).

K ő m ű v esszerkezet (M au erk o n stru k tio n en ; 240 Seiten , 686 B ilder; T an k ö n y v k iad ó , 1951).
L ak ó h ázak  ép ítésének  n a g y ip a ri módszerei a  S z o v je tu n ió b an  (G roßindustrielle  M eth o d en  des 

W o h n h au sb au es in  d e r Sow jetunion; 76 S eiten , 22 B ildseiten ; In s t i tu t  fü r  B au w issen ­
sch aften , 1960).

H őszigetelő  üvegek  (W ärm ed äm m en d e  G lasso rten ; 45 Seiten , 26 B ilder, I n s t i tu t  fü r  B a u ­
w issenschaften , 1962).

N y ílászáró  szerkezetek  v a sa la ta in a k  és szere lvényeinek  fe jlesztése  (E n tw ick lung  der B esch läge 
u n d  A rm a tu re n  v o n  F en ste rn  und  T ü ren ; 40 Seiten , 65 B ilder; In s t i tu t  fü r  B au w issen ­
sch aften , 1962).

Ü v eg term ék ek  g y á r tá sá n a k  és a lk a lm azásán ak  fe jlesztése  az ép ítő ip arb an  (E n tw ick lu n g  der 
H e rste llu n g  u n d  A nw endung  von G la sp ro d u k ten  in  der B au in d u strie ; 10 S e iten , 22 
B ilder; M agyar É p ito ip a r ,  Jg . 1962. S e ite n  545— 554).

M ag asép ítés tan  I. (H o c h b au k u n d e  I. (u m g ea rb e ite te  zw eite  A uflage), 58 B ogen bzw . 464 
Seiten , 920 B ilderfo lgen , 53 Tafeln; T a n k ö n y v k iad ó , B u d ap es t, 1963).
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THE SPEED EFFECT IN PAVEMENT DEFLECTION

I. A L PA N * a n d  R . B A K E R **

[M anuscrip t rece iv ed  A u g u st 4, 1976]

T h e  in fluence  of vehicle speed on  p a v em en t deflection  is a  p rob lem  of obvious 
im p o rtan ce  re la te d  to  th e  ev a lu a tio n  o f p a v e m e n t perform ance. T he fa c t th a t  th e  d eflec­
tio n s d im in ish  w ith  increasing  speed  im plies a  d issipa tive  co m p o n en t in  th e  system . 
A sim ple v isco-elastic  m odel is a n a ly sed  w hich  furn ishes re su lts  in  good ag reem en t 
w ith  em pirical evidence and  m ay  be u sed  in  assessing th e  d is to rtio n  p a tte rn  o f p a v e ­
m en ts  u n d e r idea lized  service cond itions. F u rth e rm o re , re la tiv e ly  sim ple ex p erim en ta l 
p rocedures m a y  be used  to  d e te rm in e  th e  req u ired  m ate ria l p a ram ete rs .

1. Introduction

T he b itu m in o u s  surface lay e r of a flex ib le  p av em en t as w ell as th e  u n d e r­
ly ing  base an d  su b g rad e  m ateria ls  are  k n o w n  to  ex h ib it d iss ip a tiv e  p ro p erties , 
th a t  is to  say  energy  is lo s t w hen cyclic lo ad in g  is being ap p lied  to  these  m a te r i­
als. U n d er sinuso idal s tress ap p lica tio n  th e  s tra in  is fo u n d  to  lag  beh ind  th e  
stress, th e  tim e  d elay  depending , in  m o st cases, on th e  freq u en cy  w hich m ay  
be reg a rd ed  as a m easure  of th e  t im e -ra te  o f loading.

C onsequen tly , th e  deflection  o f ro a d  s tru c tu re s  of th e  ty p e  referred  to  
above m a y  be ex p ec ted  to  be tim e -d e p e n d e n t, an  assu m p tio n  w hich has 
been am p ly  ve rified  b y  observa tion  as d iscussed, e.g ., b y  B aum  [1958], b y  
H e u k elo m  [1961] or b y  P e r l o ff  an d  M oa v en za d eh  [1968].

T he im p lica tio n s are of obvious im p o rta n c e : since tra f f ic  loads are essen­
tia lly  d y nam ic , th e  ev a lu a tio n  of p e rfo rm an ce  an d  life ex p ec tan cy  of flex ib le  
p av em en ts  m u st include th e  con sid era tio n  of th e  in fluence  o f vehicle speed.

A successful analysis of th e  p ro b lem  requ ires an  a p p ro p ria te  m odel of 
th e  ro ad  s tru c tu re  an d  here  th e  th e o ry  o f v isco-elastic  m a te ria ls  appears to  
h av e  offered  th e  m ost p rom ising ap p ro ach . In d eed , H a r r  [1962], P is t e r  an d  
W estm a n n  [1963], W estm ann  [1967], P e r l o f f  an d  Mo a v en za d eh  [1968] an d  
F e r r a r i [1972], to  m en tion  b u t  a few , use v iscoelastic  m odels in  th e ir  analysis 
of ou r prob lem .

* I. Al p a n , P ro fesso r o f Civil E n g ineering , Is rae l In s t i tu te  o f Technology; H aifa.
** R . B a k e r , L ec tu re r, F a c u lty  o f Civil E ng ineering , Is rae l In s t i tu te  o f T echnology.
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12 ALPAN, I .-B A K E B , R.

T h e p resen t p a p e r  is no ex cep tio n  in  th is  respect. I ts  c o n tr ib u tio n  lies 
m a in ly  in  th e  choice o f a m odel w hich , w hile am enable  to  a sim ple analysis, 
a p p e a rs  to  p rov ide  sa tis fac to ry  ag reem en t o f p red ic tion  w ith  perfo rm ance.

2. The m odel

W e consider a  p o in t load  ( th e  w heel), m oving w ith  c o n s ta n t speed over 
th e  su rface of an  in f in ite  elastic  p la te , su p p o rte d  b y  springs (a so-called W ink ler 
fo u n d a tio n ). T he re su ltin g  deflec tion  is assum ed, as a f i r s t  ap p ro x im atio n , 
to  b e  in  accordance w ith  th e  classic H e rtz  th eo ry  of f lo a tin g  elastic  p la te s . 
T h e  ra d ia l d istance , correspond ing  to  zero  deflection , is d esigna ted  as th e  
ra d iu s  of in fluence, R 0.

I
F ig. 1

T he d eflec tion  cu rve , co n s tru c te d  from  a ta b u la tio n  given b y  H e t e n y i 
[1946], is show n in  F ig . 1. C onsider th e  p o in t load , P 0, in  th e  tw o positions 
in d ic a te d  in  th e  f ig u re : according to  B e t t i ’s R eciprocal T heorem  th e  deflec tion  
a t  th e  cen tre  (p o in t “ 1” ) for P 0 a t  p o sitio n  “ 2” equals th e  deflec tion  a t  “ 2”  
fo r  P 0 a t position  “ 1” . T hus th e  d e flec tio n  curve shou ld  rep re sen t th e  shape  
o f  th e  tim e  fu n c tio n  of th e  deflec tion  a t  th e  cen tre  fo r a p o in t load , m oving  
w ith  co n stan t speed  along a s tra ig h t line  passing th ro u g h  th e  cen tre .

This tim e-sp ace  correspondence w ould  be s tr ic tly  v a lid  for an  elastic  
(i.e. non -d issipative) system . H ow ever, d u e  to  th e  tim e-dependence  m en tio n ed  
befo re , th e  shape o f th e  tim e  fu n c tio n  m a y  be ta k e n  to  d ev ia te  from  sy m m e try  
as, indeed , in d ic a te d  b y  th e  w ork  o f F e r r a r i [1972]. T hus th e  rigorous use 
o f  th e  fu n c tiona l re la tio n s of th e  H e rtz  th e o ry  (zero o rd er H an k el functions) 
does n o t ap p ea r w a rra n te d  and , in s te a d , a m uch sim pler tim e  fu n c tio n  w as 
chosen .
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F in a lly , th e  ro ad  s tru c tu re  (p a v e m e n t an d  su p p o rt)  was idealized  as a 
lum ped  p a ra m e te r  K elv in  model, su b je c te d  to  a tim e-d ep en d en t force. In  
c o n trad is tin c tio n  from  th e  m odel used  b y  H a rr  [1962], no in e rtia l co m p o n en t 
w as in tro d u ced , a decision su p p o rted  b y  th e  w ork  of F e r r a r i [1972] an d , 
in d irec tly , b y  th e  investig a tio n s of B a u m  an d  H ü r tg en  [1969].

3. The analysis o f a single m oving load

T h e system  is show n schem atica lly  in  F ig . 2. T he p o in t load , P 0, m oves 
w ith  th e  c o n s ta n t speed  v.

W e sha ll consider th e  deflection a t  p o in t  0 on th e  surface, rig id ly  co n n ec t­
ed to  a K elv in  m odel. D urin g  the  tim e  in te rv a l

At =  2 r0/v (1)

th e  load  is supposed  to  p roduce  a deflec tion  a t  0 co rrespond ing  to  th a t  p ro d u ced  
by  an eq u iv a len t tim e-d ep en d en t load, -P(t), app lied  a t  th a t  p o in t and  given b y

P(t) =  P 0 s in  71 —— (2)
At

as show n in  F ig . 2. T he influence  rad ius, r 0, w ill be d iscussed fu r th e r  on.
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14 ALPAN, I .—BAKER, R.

T h e rheological eq u a tio n s, govern ing  th e  deflection  A a t  p o in t 0, re a d

kA  +  ÇÀ[ =  P n s in  л  — , (0 t Zlt) (3)
At

кЛ +  с J  =  0 (/It <  t) (4)

w h e re  к is th e  sp rin g  c o n s ta n t and  £ th e  v iscous resistance  o f th e  m odel. 
W ith  th e  d e fin itio n s

л _  P o
As

(s ta tic  deflection) (5)

To =  T ’
( re ta rd a tio n  tim e) (6)

t0ta n  го =  л —— 
/It

(loss ta n g e n t) (?)

th e  so lu tion  o f E q s  3 an d  4 m ay  be  w r itte n  as follows:

fo r  0 <[ t <[ At:

A
----- =  cos w
Л s

a n d  fo r At <C t:

— =  sin  (p • cos f/ [ l -|- e~At'T“] • g-d-^O/io
As

sin tя ---------w -(- sin (p • e i/r°
At

( 8 )

(9)

The tim e  fu n c tio n  of th e  deflec tio n  ra tio , as expressed  b y  E q s 8 a n d  9, 
is show n in Fig. 3 fo r a p a rticu la r  v a lu e  o f th e  loss ta n g e n t. W e n o te  th e  g ra d u a l 
reco v e ry  of th e  deflec tio n  w ith  tim e , also rem ark ed  on b y  H a r r  [1962] a s  

b e in g  ty p ica l fo r flex ib le  p av em en ts  (an d  lead ing  to  th e  use of c ritica l d a m p in g  
in  h is  analysis).

The m ax im u m  deflection , A m, occurs a p p ro x im a te ly  a t  th e  tim e

a n d  m ay  be ex p ressed  as follows:

Дт _  1
A s У 1 T- ta n 2(p

1 -f- sin cp • exp n/2 +  <p
ta n  <p

( 10)

( И )
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Fig. 4
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C om bining  E qs 1, 6 an d  7, we m a y  w rite

C Vta n  cp =  7i —  • ----- =  x v .
к  2 r 0

(12)

T h u s  th e  m ax im um  deflection  (E q . 11) is seen to  depend  on th e  p av em en t 
p a ra m e te r  x an d  th e  velocity  of th e  m ov ing  load , as show n in Fig. 4.

4. The parameter x

B y  defin ition
j TtT Q

2 kr0 2r0
(13)

H en ce , in  o rder to  ev a lu a te  th e  p a ra m e te r , we req u ire , on th e  one h an d , th e  
c o n s ta n ts  o f ou r m odel and , on th e  o th e r , th e  geom etrical q u a n t i ty  r 0.

T he in fluence  rad ius, R 0, acco rd in g  to  H e rtz  as show n in F ig . 1, depends 
on th e  p a v e m e n t stiffness D an d  th e  “ sp rin g ”  reac tio n  p e r u n it  surface 
L e t E  an d  v d en o te  Y oung’s m odulus a n d  P oisson’s ra tio  of th e  p a v e m e n t an d  
h i t s  th ick n ess; th e  p av em en t stiffness is, th e n ,

D =
E h 3

12(1 -  v2) '
(14)

D efin in g  a “ ch a rac te ris tic  len g th ”  b y

4

(15)

th e  rad iu s  of in flu en ce  referred  to  ab o v e  is given by

R 0 =  3,92A . (16)

H ow ever, in  v iew  o f th e  sim plified  lo ad  fu n c tio n  used in  o u r analysis, an  a p p ro ­
p r ia te  m od ifica tion  of th e  th e o re tic a l deflec tion  curve (based  on a sine cu rve  
o f  eq u a l area) fu rn ish es  th e  e q u iv a le n t in fluence  rad iu s  to  he  used  in  E q . 13 as

r 0 =  2,28Я

w hence, ap p ro x im a te ly ,

* =  0,7 ^  .

(17)

(18)
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A ltho u g h  hav ing  th e  sam e d im ensions, th e  sp ring  reac tio n  ks should n o t be 
confused w ith  th e  so-called  “ su b g rad e  m odulus”  used in  fo u n d a tio n  eng ineer­
in g  since th e  la t te r  p resupposes a sem i-in fin ite  c o n tin u u m  as support.

U sing th e  th e o ry  o f an  in fin ite  p la te  on an  elastic  h a lf-space , as p resen ted  
b y  T im osh en k o  an d  W o in o w sk y - K r ie g e r  [1959], i t  is possib le  to  estab lish  
an  ap p ro x im ate  re la tio n  betw een  ks an d  th e  elastic  m odulus o f th e  sup p o rtin g  
half-space.

D enoting  b y  E 0 a n d  v0 th e  e lastic  co n stan ts  of th e  co n tin u u m  and d e fin ­
ing  a “ subgrade co effic ien t”  as

k 0 —
2(1 -  vl)

and  a ch a rac te ris tic  le n g th  for th is  m odel as

3

i t  ap p ears  th a t ,  fo r e q u a l m ax im um  deflec tions u n d er a p o in t load ,

(19)

(20)

A =  1,241 Ae  . (21)

T hus, tak in g  a ty p ic a l average  v a lu e  fo r v0,

*- “ « •  (22)

5. An illustration

F ig . 5 shows A A SH O  R o ad  T e s t d a ta , as p resen ted  b y  H arr  [1962], 
w hich  m ay  co n v en ien tly  be  used to  check E q . 11. Tw o ex p e rim en ta l po in ts  
w ere chosen for each  ax le  load  an d  u sed  w ith  F ig . 4 to  o b ta in  th e  loss ta n g e n t, 
an d  th u s  X, as su m m arised  in  T ab le  1.

W ith  the  p a ra m e te r  x given, th e  m ax im um  deflec tions fo r in te rm ed ia te  
veh icle  speeds could be  de te rm in ed  as show n b y  th e  d o tte d  cu rves in  Fig. 5: 
th e  ag reem ent of th e  in te rp o la tio n  w ith  th e  ex p erim en ta l p o in ts  is qu ite  
sa tis fac to ry .

F ro m  H ertz ’ th e o ry  th e  follow ing re la tio n  can be easily  derived :

к =  8 \ Щ  (23)
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° о Ю 20 30 40 50
Vehicle S peed : v (M PH)

F ig . 5

T a b le  1

Axle load 
(KIP)

V
(MPH)

Am • 10* 
(in) tan <p X

(hrs/mile)

12 1,85 1,55 2,5 0,06

42,3 0,74

30 1,69 3,19 2,1 0,05

42,0 1,71

(T he  deflections a t  low  speeds w ere ta k e n  to  ap p ro x im ate  to  a su ffic ien t degree th e  s ta tic  
v a lu es, 4 ) .

w hich , b y  E q. 22 a n d  th e  re le v a n t d e fin itions, enables th e  p a v e m e n t p a ra m e te r  
to  be  expressed as

и =  0,124 C

3\W Ë o  '
(24)

T h e  deform ation  ch a ra c te ris tic s  o f g ran u la r soils, lo ad ed  b y  large p la te s , are 
k n o w n  to  be p re ssu re -d ep en d en t due , in  p a rticu la r , to  con finem en t effects. 
T h u s  E q. 24 m ay  ex p la in  th e  d ifference in  x  for th e  tw o  ax le  loads (cf. T ab le  1).

I n  o r d e r  t o  f o r m  s o m e  i d e a  c o n c e r n i n g  t h e  m a g n i t u d e  o f  t h e  r e t a r d a t i o n  

t i m e ,  w e  n o t e  t h a t  W i s e m a n  [1973] r e p o r t s ,  f o r  s e v e r a l  t y p i c a l  p a v e m e n t s ,
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values of A ran g in g  be tw een  30 an d  90 cm . T hus, using  E q . 18, we f in d  r 0 
to  v a ry  ap p ro x im a te ly  betw een  50 an d  160 m s. T he e v a lu a tio n  of d a ta , p re se n t­
ed b y  B erger [1973], fu rn ishes a r e ta rd a tio n  tim e  ran g e  of 100 to  300 m s a t  
a p av em en t te m p e ra tu re  of 30 °C. R e ta rd a tio n  tim es  o f a sim ilar o rder of 
m ag n itu d e  m ay  be reco v ered  from  th e  w ork  o f F errari [1972]. H ow ever, i t  
should  be m en tio n ed  th a t  m uch sm aller values h av e  b een  q u o ted  b y  H e u k e - 
lom [1961] as ty p ic a l.

6. Field testing

In  o rder to  be ab le to  c o n s tru c t deflec tion-speed  fu n c tio n s such as show n 
in  F ig . 5 we req u ire  th e  follow ing q u a n titie s  o f a g iven p a v e m e n t s tru c tu re :
a. th e  s ta tic  sp ring  c o n s ta n t к ; b . th e  ch a rac te ris tic  le n g th  A; an d  c. th e  r e ta r ­
d a tio n  tim e  r 0.

H av in g  e v a lu a te d  th e  p av em en t p a ra m e te r  к (eq. 18), we are  in  a posi­
tio n  to  determ ine , u sing  F ig . 4, th e  fu n c tio n

A m = ^ f ( v ) .  (25)
rí

A m ost conv en ien t f ie ld  te s tin g  device ap p ears  to  be th e  R o ad  R a te r , discussed
i.a . b y  W isem an  [1973] an d  B erger [1973], capab le  o f ap p ly in g  to  a p a v e ­
m en t a period ic  force, superim posed  on a c o n s ta n t s ta tic  reference load.

T he s ta tic  lo ad  ap p lica tio n  ev id en tly  fu rn ishes th e  req u ired  q u an titie s  
к an d  A, w hereas th e  period ic  load ing  enables th e  re ta rd a tio n  tim e  to  be e v a lu a t­
ed. C oncerning th e  s ta tic  load ing , i t  m ay  be m en tio n ed  th a t  th e  deflection  A 
p rac tica lly  reaches th e  u lt im a te  v alue  A s a f te r  t =  5 r 0, t h a t  is w ith in  a m a tte r  
of seconds.

N ow , le t th e  period ic  forcing  fu n c tio n  app lied  b y  th e  ro ad  ra te r  be of 
th e  form

P(t) — P 0 sin cot (26)

w ith  со th e  c ircu la r frequency .
T he s te a d y -s ta te  so lu tion  of th e  rheological eq u a tio n  of our m odel 

(E q . 3), w ith  th e  above  forcing  fu n c tio n , read s

A(t) sin (cot — <p)
A s П  -f- t a n 2 <p

th e  loss ta n g e n t, fo r th is  case, given as

ta n  <p =  cor0 .

(27)

(28)
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D efin in g  th e  p a v e m e n t stiffness u n d e r d y n am ic  load  a p p lica tio n  as

(29)

A =  ,ds( l  +  ta n 2 y ) b2 (cf. eq. 27),

we ev id en tly  have

^ -  =  ~  =  V l  +  co2rl  , 
A к

(30)

a n d  a re  th u s  able to  reco v er th e  r e ta rd a tio n  tim e  from  an  ex p e rim en ta l p lo t 
su ch  as shown in  F ig . 6.

W isem an  [1973] p resen ts  d a ta  show ing th e  stiffness ra tio , S /к, to  v a ry  
b e tw een  1 and  5 ap p ro x im a te ly , correspond ing , for an  assum ed  frequency  
o f 10 H z, to  a re ta rd a tio n  tim e  range  of 0 to  80 ms.

I t  is im p o r ta n t to  no te  th a t  th e  ch a rac te ris tic  len g th  A m u st be d e te rm in ­
ed  from  sta tic  lo a d in g  te s ts , for i t  h as  been  observed  to  change w ith  th e  fre ­
q u e n c y  of th e  d y n a m ic  load  ap p lica tio n s. As th e  d a ta , p re sen ted  b y  B aum  and  
H ü r tg en  [1969], show , th e  p rob lem  is ra th e r  com plica ted  b u t  it  ap p ears  
t h a t ,  a t  re la tiv e ly  low  frequencies A increases w ith  th e  freq u en cy . I t  seem s 
p ro b ab le  th a t  th e  d ev ia tio n s reco rded  fo r h igher frequencies are  due to  th e  
increased  in fluence  o f  in e rtia l effects.

L et us d en o te  b y  E p and  E s th e  e lastic  m oduli o f th e  p a v e m e n t an d  th e  
su p p o rtin g  soil. C om bin ing  E qs 14, 15 and  22 we can w rite  (w ith  E s =  E 0):

У

Fig. 6

(31)
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A ssum ing b o th  th e  p av em en t m a te ria l and  th e  soil to  be a d e q u a te ly  
rep resen ted  by  K elv in  m odels w ith  re ta rd a tio n  tim es тр an d  r s, we m ay  express 
th e  respective  dynam ic  m oduli as fo llow s (the su b sc rip t 0 in d ica tin g  th e  s ta tic  
values) :

Ep =  Hpo(l +  cohiyi*, (32)

Es =  E s0( l  +  o ) 4 ) 1/2 • (33)

Fig. 7

S u b s titu tin g  E qs 32 a n d  33 in  E q . 31, we o b ta in  th e  c h a rac te ris tic  len g th  
ra tio  as

Яо
w ith  A0 =  А (и  =  0).

If, as indeed in d ic a te d  b y  te s ts , ty p ic a l p av em en t m a te ria ls  (a sp h a lt 
concre te  for exam ple) h a v e  larger r e ta rd a tio n  tim es th a n  th e  su p p o rtin g  soil, 
E q . 34 shows A to  in crease  w ith  freq u en cy  as show n in  F ig . 7. I t  w ill be n o ted  
th a t  th e  re ta rd a tio n  tim es , chosen fo r o u r illu s tra tio n , a re  con sid erab ly  low er 
th a n  th o se  discussed p rev iously . H o w ev er, i t  should  be rem em b ered  th a t  our 
o rig inal m odel was in te n d e d  to  re p re se n t th e  com posite  ro ad  s tru c tu re  as a 
w hole, w hereas, w ith  F ig . 7, we chose re ta rd a tio n  tim es  ty p ic a l fo r specific 
m a te ria ls .

со* TP,
. 1 +  w2T?

1/b
(34)
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7. Sequence o f m oving point loads

In  th is  sec tion , w e shall be concerned  to  e s tab lish  th e  tim e  h is to ry  of 
th e  deflec tion  a t  a p o in t o f ou r idealized  p av em en t s tru c tu re  due to  th e  passage 
o f a n  in fin ite  row  o f eq u a lly  spaced  p o in t loads. F u rth e rm o re , th e  d is to rtio n  
p a t te r n  of th e  p a v e m e n t w ill be in v es tig a ted .

As an obvious ex ten sio n  of our in tro d u c to ry  d iscussion, we shall assum e 
th e  tim e  function  o f th e  eq u iv a len t app lied  lo ad  a t  th e  p o in t in  question  as 
a series of half-w aves, as show n in  F ig . 2, se p a ra te d  b y  th e  tim e  in te rv a l 
T  — At. W e p resen t th e  tim e  fu n c tio n  in  F ig . 8: since th e  chain  of p o in t loads 
is ta k e n  to  proceed  in d e fin ite ly , th e  position  o f th e  orig in  is im m ate ria l and . 
h ence , an  even fu n c tio n  w as chosen fo r convenience.

P( t )

Fig. 8

E q .
T he govern ing  d iffe ren tia l eq u a tio n  m ay  be exp ressed  as follows (cf. 

3):

A + (35)

The fu n c tio n  f{ t)  is an  even, period ic  fu n c tio n , co n ta in in g  At an d  T  as 
p a ra m e te rs  and  req u ires  its  expansion  in  an  a p p ro p ria te  F o u rie r  series in  o rd er 
to  enab le  th e  so lu tio n  o f E q . 35.

W ith  p  — A tjT , we can w rite  w ith  su ffic ien t ap p ro x im atio n

su b je c t to

m  =
2 P
7t

N

1 +
n = 1

cos 2n
npt
At

N  ^  Tip

(36)

(37)
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a n d  w here

Fig. 9

(38)

T he s te a d y -s ta te  so lu tion  o f E q . 35 w ill be given in  te rm s  of th e  follow ing 
dim ensionless v a riab le s  and  p a ra m e te rs :

a n d  read s

and  p
At
T

m  =
A

A s
2p
Л

N

í! = l 1 +  inxY
(cos ПГ] -T П1  sin  nr\)

(39)

(40)

(/1S as g iven by  E q . 5).
T he v a ria tio n  w ith  tim e  o f th e  am p litu d e  ra tio  |  is show n in  Fig. 9 for 

a p a r tic u la r  value o f th e  d issipation  p a ra m e te r  / .  T he d e flec tio n  ex trem es are
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seen  to  be in fluenced  b y  th e  p a ra m e te r  p  w hich, in  tu rn ,  depends on vehicle 
sp eed  and  tra ffic  d e n s ity  (cf. E q s 1 an d  39).

The f lu c tu a tin g  p a r t  o f th e  deflection , i.e.

£  =  £m ax £m in (4 T )

is show n in Fig. 10 as a fu n c tio n  of p  w ith  i  as p a ra m e te r  a n d  w ith  m ax im um  
v a lu e s  in  th e  ran g e  0,6 < p <  0,8.

There can be l i t t le  d o u b t th a t  th e  d u ra b ility  o f a p a v e m e n t is re la te d  
to  th e  phenom enon o f fa tig u e  due to  its  co n tinu ing  flex in g  u n d e r tra ffic  loads 
as discussed, i.e ., b y  Taylor an d  P ell [1969]. T hus i t  ap p ea rs  reasonable  to  
ex am in e  the  changes in  c u rv a tu re  like ly  to  occur in  a p a v e m e n t under m oving 
loads.

We consider th e  d is tu rb an ce  p a t te rn  A in  analogy  w ith  a one-dim ensional 
w av e , travelling  in  th e  я -d irec tion  w ith  th e  p ro p ag a tio n  v e lo c ity  v. T hus, we 
m a y  exchange in  o u r non-d im ensional tim e  va riab le  r] (E q . 39) th e  tim e  t
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w ith  x/v an d  define a non -d im ensional space va riab le  as

*?o =  2 n ~ ^  (42)v l

w hich  rep laces rj in  E q . 40 to  tra n s fo rm  i t  in to  th e  space re p re se n ta tio n  |( ^ )  
o f th e  sequence of p a v e m e n t d is to rtio n s , s im ilarly  rep resen ted  b y  F ig . 9, o f 
course in  te rm s of th e  new  space v a riab le .

0 02 0A 0,6 08 W
P

F ig . 11

D en o tin g  b y  Q th e  re lev an t ra d iu s  of c u rv a tu re , w e ap p ro x im a te  th e  
c u rv a tu re  b y

1 d2A
^ ------=  A s

' 2n 2 d 4

e dx2 [vT dx2
(43)

in  view  of E q . 42, or, in  view  of E q s 1 an d  39, b y

1

в

dH
dx2

(44)

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



26 ALPAN, I,—BAKER, R.

D iffe ren tia tin g  tw ice  th e  tran sfo rm ed  E q . 40 an d  in tro d u c in g  th e  resu lt 
in  E q . 44, we c o n v en ien tly  define a fu n c tio n  ip as

ip =
2ngAs

w hence th e  c u rv a tu re  (see E q . 17)

1 2лА .

71^(1
PS 2  ,  , , П V, (cos nr?o +  n i  sin щ 0) (45)

n - 1 1 +  { " x f

V “  1 .2 1 - f v (46)

Since, here  aga in , we are  in te re s te d  in  th e  m ax im um  v a ria tio n  of th e  
c u rv a tu re , th e  d ifference

Aip =  ipm ax i^min (47)

w as co m p u ted  as a fu n c tio n  of p  w ith  % as p a ra m e te r, as show n in F ig . 11.

8. Conclusions

T h e m ain  o b jec tiv e  of th e  analysis o f th e  speed  effect o f a single m oving  
lo ad  w as to  e s tab lish  th e  su ita b ility  o f our sim ple v isco-elastic  m odel. T he 
sa tis fa c to ry  ag reem en t w ith  ex p erim en ta l d a ta , as illu s tra te d  b y  F ig . 5, 
te n d s  to  ju s tify  th e  use o f th e  m odel in  th e  analysis  of p av em en t perfo rm ance 
u n d e r  cond itions m ore  rep re sen ta tiv e  o f tra f f ic  loads, such  as th e  sequence 
o f m oving , equally  spaced , p o in t loads.

M ore specifically , i f  we consider th e  phenom enon  of fa tigue , th e  re su lts  
o f o u r analysis, su m m arized  in  F ig . 11, shou ld  fu rn ish  a m ore ra tio n a l basis 
fo r e v a lu a tin g  th e  life ex p ec tan cy  of p av em en ts  in  te rm s  of sig n ifican t an d  
m easu rab le  p a ra m e te rs .

C onsider, fo r ex am p le , th e  em p irica l re la tio n  given b y  J oseph  an d  
H all [1972] w hich  exp resses th e  n u m b er o f lo ad  app lica tions to  fa ilu re  N j  
as a fu n c tio n  of th e  e la stic  deflec tion  A s e a rly  in  th e  life o f ro ad  an d  a irfie ld  
p av em en ts :

Nf a t  1,8(10°) • Aj*-3 (48)

(A,  in  m m ).
T h e  d a ta  on w h ich  th e  above eq u a tio n  w as based  show  v e ry  considerab le  

s c a tte r ,  on ly  to  be  ex p ec ted  in  view  of th e  inc lusive  ch a ra c te r  o f th e  fo rm ula .
T he resu lts  o f o u r analysis, p re sen ted  in  F ig . 11, suggest th a t  a m ore 

e x p lic it g rouping  o f ex p erim en ta l d a ta  is like ly  to  lead  to  im proved  co rre la ­
tio n s .
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C onsider E q . 46: if  m ore severe d is to rtio n , as m easu red  b y  c u rv a tu re , 
sh o rten s  th e  life of a pav em en t, th e n  th e  dependence o f th e  c u rv a tu re  on A$ 
ap p ea rs  to  v a lid a te  em pirical re la tio n sh ip s  o f th e  ty p e  o f E q . 48. H ow ever, as 
m en tio n ed  above, we should  ex p ec t b e t te r  correlations from  an  ev a lu a tio n  
of d a ta  w hich w ould  include th e  in fluence  of th e  p a ram e te rs  /  and  A W .

I t  is, p erh ap s, n o t ou t of p lace to  sp ecu la te  on th e  fo rm  a m ore ra tio n a l 
fa tig u e  crite rio n  m igh t tak e . A ccording to  H e rtz ’ th e o ry  (see Fig. 1):

A  =  J j L
)? 8 D

T h u s, based  on E qs 46 an d  48, we m a y  w rite  te n ta t iv e ly

N f =  m ■ (Arp)-? (50)

w here  a, ß  an d  m are positive c o n s ta n ts . T he n u m b er of lo ad  app lica tio n s 
to  fa ilu re  is th u s  seen to  be reduced  b y

a. h igher loads (no t surp rising);
b . h igher tra f f ic  d en sity  (again  n o t surprising);
c. low er vehicle speeds (confirm ed  b y  experience);
d. low er ro a d  s tru c tu re  stiffness an d
e. sh o rte r  re ta rd a tio n  tim e  of th e  ro ad  s tru c tu re .
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A usw irkung  de r F ah rg esch w in d ig k e it a u f  d ie V erform ung der S traßendecke — Die A us­
w irk u n g  der F ah rg esch w in d ig k e it au f die V erfo rm u n g  des S traß en d eck e  is t von  o ffen b are r 
W ich tig k e it in  der A u sw ertu n g  des V erhaltens de r S traß en d eck e  u n te r  den  V erk eh rsb e lastu n ­
gen. D ie T atsache , d aß  d ie D urchbiegungen  sich m it der zu n eh m en d en  G eschw indigkeit v e r ­
m in d ern , verw eist a u f  das V orhandensein  e iner S treu u n g sk o m p o n en te  im  System . E s w ird  
e in  einfaches v iscoelastisches Modell an a ly siert, das E rgebnisse in  g u te r  Ü b ereinstim m ung  
m it den E rfah ru n g sa n g a b en  lie fert u n d  in  de r A bsch ä tzu n g  des V erform ungszustands v o n  
u n te r  idealisierten  B e trieb sv erh ä ltn issen  b e fin d lich en  S traß en d eck en  ang ew an d t w erden k an n . 
A u ß erd em  können  a u ch  v e rh ä ltn ism äß ig  e in fache V ersuchs v e rfa h re n  zur E rm ittlu n g  der 
erfo rderlichen  M ateria le igenschaften  v e rw endet w erden .

Воздействие скорости транспортного средства на прогиб дорожного покрытия.
Воздействие скорости транспортного средства на деформацию дорожного покрытия явля­
ется таким вопросом, который, естественно, играет важную роль при определении по­
ведения дорожного покрытия. Тот факт, что масштабы пробиба падают с ростом скорости, 
показывает присутствие в системе некоторой слагающей разброса. Результаты, получен­
ные на основе детального исследования простой вязко-упругой модели, хорошо совпа­
дают с практическими данными. Кроме того, могут быть использованы при определении 
деформации дорожных покрытий при идеальных условиях нагрузки. Наряду с тем необхо­
димые материальные параметры можно определить с помощью простых эксперименталь­
ных методов.
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T he ex p lo itab ility  functions c a n  be de riv ed  from  th e  d is tr ib u tio n  fu n c tio n  of 
one of th e  co m ponen ts o f the m ineral occu rrence  (e.g. i ts  m eta l co n ten t). W ith  th e  a id  
o f th e  d is tr ib u tio n  fu n c tio n  the  m ea n  co m p o n en t o f th e  tw o tru n c a te d  fu n c tio n s and  
its  va rian ce  can  be de term ined  for a n y  m ass p ro p o rtio n . One tru n c a te d  fu n c tio n  refers 
to  th e  exp lo ited  p a r t,  th e  o ther one to  th e  p a r t  le f t back. E x p lo itab ility  fu n c tio n s are 
called  th e  d is tr ib u tio n  function  a n d  th e  co n tin u o u s v a ria tio n s , as fu n c tio n s o f th e  
c o n s titu e n t o f th e  m ean  com ponent o f  th e  tw o tru n c a te d  fu n c tio n s an d  th e ir  va rian ces 
as well as th e  losses o f th e  valuable c o n s titu e n t.

1. Introduction

T he e s tim a tio n  o f ex p lo itab ility  o r m in ab ility  of a b lock of m inera l 
resources w ith in  a m in era l occurrence is a p rob lem  w hich  often  appears in  
m in ing  p rac tice . D ecision-m aking is a ffec ted  by  b o th  th e  engineering and  
econom ical fac to rs  from  which th e  c o n te n t and  d is tr ib u tio n  of th e  useful 
com ponen t to  be exp lo ited  are o f th e  g rea te s t significance w herefrom  th e  
econom y of m in ab ility  of the m in era l occurrence or blocks g rea tly  depends 
[3 ,4 , 8, 9 ,1 0 ] .

In  th is  p ap er, from  the  d is tr ib u tio n  fu nc tions concern ing  th e  q u a lity  
ch a rac teris tic s  of th e  m ineral resou rces (m eta l co n te n t, ash  co n ten t, e tc .) 
th e  m eth o d  for th e  de te rm in a tio n  o f  th e  average  q u a lity  ch a rac te ris tic s  an d  
varian ces  of th e  m ass proportions to  b e  ex p lo ited  and  th a t  le ft b ack  is p resen ted  
in  case w'here th e  lim itin g  value o f e x p lo ita b ility  changes u n in te rru p te d ly . 
Such functions m ig h t be called e x p lo ita b ility  func tions since b y  know ing  th e  
p ro p o rtio n  of m in era l resources to  be  ex p lo ited  an d  th e ir  average q u a lity  
ch a rac te ris tic s , th e  expenses of m in in g  an d  p ro d u c tiv e  developm ent as well 
as th e  p ro fits  from  th e  m arketing  m a y  co n tin u o u sly  be com pared  w ith  each  
o th e r, an d  th e  q u a lity  lim it of th e  e x p lo ita b ility  m ay  d e fin ite ly  be d e te rm in ed
[5, 6, 8, 9, 10].

* Prof. D r. Sz. P et h ő , H-3529 M iskolc, C sabai k a p u  36, H u n g ary .
** Dr. J . P a tv aro s , H-3529 M iskolc, C sabai k a p u  36, H u n g ary .
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I t  is co n v en ien t to  con tin u o u sly  d e te rm in e  th e  d is tr ib u tio n  of th e  useful 
com ponen ts an d  th e  m ost sig n ifican t p a ra m e te rs  of th e  p ro p o rtio n s  to  be  ex ­
p lo ited  and  th a t  le f t back  n o t o n ly  re fe rrin g  to  th e  w hole m inera l resources 
b u t  to  each s tr ip  w hereby  th e  e s ta b lish m e n t o f th e  o p era tio n a l p ro d u c tio n  
p la n  m ay  be fa c ilita te d . R ecognizing  th e  d is tr ib u tio n  an d  p a ra m e te rs  o f th e  
v a rio u s  com ponen ts o f each s tr ip  a d e ta iled  p ro d u c tio n  p ro g ram  m ay  be  e s ta b ­
lish ed ; and  th e  lo ca tio n  of th e  w o rk  sites m ay  be fo recast w ith  th e  v iew  of 
assu rin g  th e  m o st effic ien t p e rfo rm an ce  of th e  p lans of th e  m in ing  p la n t, 
p rescrib ed  w ith  re sp ec t to  th e  q u a lity  a n d  q u a n ti ty  of th e  p ro d u c tio n  [3, 5, 6 ,7 ] .

2. Analysis o f the distribution functions

2.1. General investigation

T he general so lu tion  of th e  g iven  p rob lem  is rep re sen ted  in  F igs 1 an d  2.
In  Fig. 1 th e  ran d o m  v a riab le  x m-m <  x  *max. (C on ten t of co m ponen t, 

fo r  exam ple, m e ta l c o n ten t, t/m2 specific  com ponen t), th e  freq u en cy  of f (x )  
a n d  th e  d is tr ib u tio n  fu n c tio n  F(x)  is d ep ic ted  [1], [2]: th e  m ean  value is M{x) 
th e  v a rian ce  D2(x).

I f  th e  lim itin g  va lu e  xmn <  x a <[ x max co n tin u o u sly  changes, so th e  m ean  
v a lu e s  of th e  tw o  su b se ts  M (x j) a n d  M (x n ) a re  th e  abscissae of th e  cen tres  
o f  g ra v ity  S , an d  S n , respective ly , o f  th e  surface p a r ts

° / ( x) ■ dx =  F(xa) a n d  [  m“ / W  • dx =  1 — F (xa) .
Amin J xa

M (*i) =  • Г  f ( x )  - x - d x
F {x a) J x min

]_ Гх max

Щ * п )  =   -------— -  ' f ( x ) - x - d x .
1 —  F (x a) J*a

( 1 )

( 2)

(3)

T h e  o rd in a tes  of th e  cen tres of g ra v ity  a re

an d

УI =
1

2 • F{xa)
(4)

J ii =
1

2 • [1 -  F{x))
(5)

In  Fig. 2 w h ich  serves to  d e te rm in e  th e  co rrespond ing  varian ces , th e  
d e n s ity  fu nc tions o f th e  subsets are  tra n sfo rm e d  in  a such  w ay  th a t  th e  p a r ts
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Fig. 1. C h a rac te ris tic  param eters of th e  d is tr ib u tio n  a n d  d e n s ity  functions o f a su b se t

of surface areas shou ld  be equal to  1:

I’JX,

and

p “ ___ J
j x ,  1 -

f ( x )
F(*a)

/ (* )

dx  =  1

dx =  1.

T hus, th e  v a rian ces  of th e  subsets D2(xl) an d  D2(xn ) are

Я*)Щ х , )  =  Г
Jx.

(5a)

[x -  M ( i ,) ]2 • dx = ------------Г “ •
F(xa) F (xa) Jxmto

• f ( x ) ■ x2 • dx  — M 2(x{) (6)
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a n d
р т а х  f(x)

Щ * п )  =  ,  JKJ,t ■ • [ *  -  M(xu)Y ■ dx =
Jxa 1 —  F(xa)

1 ГХпгл\
= -------------------------fíx) ■ X2 ■ dx  -  M 2(xu ) .

1 -  F (xa) Jxa
( 7)

2.2. Case o f the functions o f  normal distribution

In  th e  case o f a no rm al d is tr ib u tio n  of zero m ean v a lu e  an d  a s c a tte r , 
th e  m ean  values an d  v ariances of th e  su b se ts  [4] (if rp(x) an d  Ф(х) are  th e  d en ­
s i ty  a n d  d is tr ib u tio n  fu n c tions, re sp ec tiv e ly , o f th e  norm al d is tr ib u tio n  of zero 
m ean  v alue  and  u n it  sca tte r) will be [2, 4 ]:

------------e~X2/2*2 ( 8)\ I n  • a

a n d  b y  m aking  use of (2) of (3)

M (*i) =

.  g - X » /2 < x 2

Л a • Ф а

Ф \ x a ф xa
О a

( 9)
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е-х2/2ст;

М Ы ) У 2л <7 • <p(xa)

1 -  Ф x a 1 -  Ф xa

to to

( 10)

T he o rd ina tes of th e  tw o  centres of g ra v ity  are

УI =
4 о У  Л

Ф x a ■ П

Ф

Уи =

D2{Xl) =  a2

n) =  a2 + - ?L

1 1 -  ф x a ’ У^ 1
4crj/ л O'

1
ф ( т )

b y  using (6) a n d  (7), are

1 a • x a . e-x !/2a!
У 2 jt ф xa

a

( П )

( 12)

or ■ x a
у  2 л  ! Ф 1^

Щ * , ) ,

M 2(*„)

(13)

(14)

B y  th e  rep lacem en t < 7 = 1  th e  assoc ia ted  p a ra m e te rs  o f th e  norm al d is tr ib ­
u tio n  of zero m ean  v a lu e  and  u n it s c a t te r  m a y  be defined . F ro m  (9) and  (10) 
th e  variances are:

Фа)м ы  =

М Ы )  =

Ф(*а)

Ф а )
1 - Ф ( * а )

A nd th e  variances fro m  E qs (13) a n d  (14):

(x a) <P2{xa)

(15)

(16)

D°-(x i) = 1 -

D 2(x l l )  =  1 + xa

Ф Ы )  Ф \ х а)

Ф а )  <P2(xa)
Ф(ха) [1 -  Ф Ы ))2

(17)

(18)
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In  Fig. 3, besides th e  d iag ram s o f th e  density  an d  d is tr ib u tio n  fu n c tio n s 
o f  zero  m ean  va lu e  an d  sc a tte r  1 also show  th e  changes o f th e  m ean  values 
jVf(x,) and  M (x u ), i.e ., tho se  of th e  re la tio n sh ip s  (15) an d  (16) h av e  been p lo tte d .

F ig . 3. D is tr ib u tio n  an d  d en sity  fu n c tio n  of th e  s ta n d a rd  norm al p ro b a b ility ; change o f th e
v alues M (x{)  a n d  M (* |i)

B y  d raw ing  a h o rizo n ta l line th ro u g h  th e  p o in t of in te rsec tio n  of th e  v e rtic a l 
line  d raw n  a t  th e  lim it v a lue  x a a n d  th e  d is trib u tio n  fu n c tio n , th e  associa ted  
v a lu es  o f M (x j) an d  M (x n ) m ay  be d e fin ed ; in  th e  d iag ram  o f th e  d en sity  
fu n c tio n  th e  loci o f th e  cen tres o f g ra v ity  of th e  co rrespond ing  surface area  
p a r ts  are  m arked .

T he fu nc tion

Ух =  . ф ( * о .-_Р ) _  (1 9 )

4 • Уж ■ Ф{ха)

o b ta in e d  b y re p la c in g  a =  1 in to  E q . (11) [4], an d  defin ing  th e  loci o f th e  cen tres  
o f  g ra v ity  on th e  d iag ram  of th e  d en sity  fu n c tio n , has an  ex trem e  v alue  w here

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



EXPLOITABILITY FUNCTIONS 35

its  f ir s t  deriv a tiv e  is  equal to  zero. T he v a lu e  of xa w h ich  m a y  be ca lcu la ted  
from  th e  cond itions y[  =  0, is

Xa In 2 +  2 • In _  Ф а )  
Ф а ) ' П ) '

( 20 )

T he value o f x a (xa - 0,7003) fu rn ish in g  th e  m ax im u m  value o f y , 
shou ld  sa tisfy  th e  tra n sc e n d e n t e q u a tio n  (20);

y x =  0,156161 .

Also th e  d ifference  Ax  of M (xn ) an d  M (x j) is th e  fu n c tio n  of xa:

Ax — _________ Ф а ) _________

Ф а )  • [ !  —  Ф а ) )
(21 )

In  E q . (21) b o th  th e  n u m era to r a n d  d en o m in a to r h av e  m ax im u m  values a t  
x a =  Ф, how ever, since  th e  change o f <p(xa) is n o t so ra p id  as th a t  of

Ф а )  ■ [1 -  Ф(*0)] ,

th e re fo re , E q. (21) h a s  a m inim um  v a lu e  a t  x a =  0.

4
^•^min ,r— 

]] 71
(22)

an d  a m ax im um  v a lu e  a t xa ,

И*шах 00) •

The varian ces  are
a t  xa =  0

£>2(*,) =  Щ х  n) =  1
71

(23a)

a n d  a t  xa —>• oo

D 2(x,) ->  1 an d  D2(xu ) ->  0 . (23b)

In  Fig. 4, fo r th e  norm al d is tr ib u tio n  o f zero m ean  v a lu e  and  sc a tte r  1, 
th e  m ean  values o f M (x l) and М(лгп ) as w ell as th e  v a rian ces  -D2(#j) and  D2(x ll) 
are  p lo tte d  d ep en d in g  on th e  lim itin g  v alue  o f xa, while in  T ab le  1 th e  n u m erica l 
va lues of th e  p a ra m e te rs  m en tioned  above a re  lis ted  fo r th e  various v a lu es  
o f x a.
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T able  1

Parameters o f  the standard norm al distribution

X„ JVf(ïi) М(*ц) Щ п ) Щуп) D‘(*i) D4*n)

0,00 0,797885 0,797885 0,141047 0,141047 0,363380 0,363380

0,01 0,791530 0,804261 0,141510 0,140578 0,365565 0,361207

0,02 0,785196 0,810660 0,141965 0,140100 0,367763 0,359044

0,03 0,778885 0,817080 0,142412 0,139616 0,369971 0,356893

0,04 0,772596 0,823522 0,142852 0,139124 0,372191 0,353753

0,05 0,766328 0,829986 0,143285 0,138624 0,374425 0,352623

0,06 0,760084 0,836470 0,143709 0,138118 0,376667 0,350507

0,07 0,753862 0,842975 0,144127 0,137604 0,378922 0,348401

0,08 0,747663 0,849501 0,144537 0,137083 0,381187 0,346308

0,09 0,741486 0,856049 0,144939 0,136555 0,383464 0,344225

0,10 0,735332 0,862618 0,145333 0,136020 0,385754 0,342152

0,11 0,729012 0,869206 0,145720 0,135477 0,388053 0,340094

0,12 0,723093 0,875815 0,146100 0,134928 0,390365 0,338046

0,13 0,717008 0,882446 0,146471 0,134372 0,392689 0,336007

0,14 0,710947 0,889095 0,146836 0,133809 0,395022 0,333983

0,15 0,704908 0,895766 0,147192 0,133239 0,397368 0,331968

0,16 0,698895 0,902455 0,147541 0,132662 0,399723 0,329968

0,17 0,692903 0,909166 0,147883 0,132079 0,402092 0,327975

0,18 0,686936 0,915897 0,148216 0,131489 0,404471 0,325994

0,19 0,680993 0,922645 0,148543 0,130892 0,406860 0,324028

0,20 0,675073 0,929416 0,148861 0,130290 0,409262 0,322068

0,21 0,669178 0,936205 0,149172 0,129680 0,411673 0,320124

0,22 0,663307 0,943012 0,149477 0,129064 0,414096 0,318190

0,23 0,657460 0,949841 0,149772 0,128442 0,416531 0,316266

0,24 0,651637 0,956688 0,150062 0,127814 0,418976 0,314353

0,25 0,645840 0,963553 0,150343 0,127179 0,421431 0,312454

0,26 0,640066 0,970439 0,150617 0,126539 0,423898 0,310563

0,27 0,634317 0,977343 0,150883 0,125893 0,426376 0,308683

0,28 0,628594 0,984265 0,151142 0,125240 0,428864 0,306817

0,29 0,622895 0,991207 0,151395 0,124582 0,431363 0,304959

0,30 0,617221 0,998165 0,151639 0,123919 0,433872 0,303116

0,31 0,611572 1,005145 0,151876 0,123250 0,436393 0,301278

0,32 0,605949 0,012141 0,152107 0,122575 0,438923 0,299456

0,33 0,600351 0,109155 0,153330 0,121895 0,441463 0,297645
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T able  1 (con t.)

xa M*(i) Щх n) Щ п) Щ т ) D’(xi) Ds(*n)

0,34 0,594778 1,026188 0,152546 0,121209 0,444015 0,295842

0,35 0,589231 0,033239 0,152754 0,120519 0,446577 0,294051

0,36 0,583710 1,040305 0,152957 0,119822 0,449147 0,292275

0,37 0,578214 1,047393 0,153151 0,119122 0,451730 0,290503

0,38 0,572744 1,054495 0,153340 0,118416 0,454321 0,288748

0,39 0,567300 0,061618 0,153521 0,117705 0,456923 0,286998

0,40 0,561882 1,068757 0,153695 0,116990 0,459535 0,285261

0,41 0,556491 1,075912 0,153863 0,116269 0,462156 0,283537

0,42 0,551126 1,083085 0,154024 0,115546 0,464787 0,281823

0,43 0,545787 1,090275 0,154178 0,114817 0,467428 0,280118

0,44 0,540475 1,097482 0,154326 0,114084 0,470078 0,278426

0,45 0,535188 1,104708 0,154467 0,113347 0,472739 0,276739

0,46 0,529929 1,111949 0,154603 0,112605 0,475408 0,275067

0,47 0,524697 1,119204 0,154731 0,111860 0,478085 0,273408

0,48 0,519491 1,126479 0,154853 0,111111 0,480773 0,271755

0,49 0,514312 1,133771 0,154969 0,110359 0,483470 0,270112

0,50 0,509161 1,141076 0,155079 0,109602 0,486175 0,268483

0,51 0,505036 1,148400 0,155183 0,108842 0,488889 0,266861

0,52 0,498938 1,155740 0,155280 0,108080 0,491612 0,265250

0,53 0,493868 0,163096 0,155372 0,107312 0,494344 0,263649

0,54 0,488826 1,170466 0,155457 0,106544 0,497084 0,262062

0,55 0,483810 1,177854 0,155537 0,105771 0,499832 0,260480

0,56 0,478822 1,185257 0,155612 0,104996 0,502589 0,258910

0,57 0,473862 1,192676 0,155680 0,104218 0,505354 0,257349

0,58 0,468929 1,200112 0,155743 0,103437 0,508127 0,255796

0,59 0,464024 1,207562 0,155800 0,102655 0,510908 0,254255

0,60 0,459147 1,215026 0,155853 0,101869 0,513696 0,252725

0,61 0,454298 1,222506 0,155899 0,101081 0,516491 0,251208

0,62 0,449477 1,230001 0,155941 0,100291 0,519295 0,249698

0,63 0,444684 1,237513 0,155977 0,099499 0,522106 0,248194

0,64 0,439919 1,245039 0,156008 0,098706 0,524923 0,246703

0,65 0,435182 0,252579 0,156035 0,097909 0,527748 0,245223

0,66 0,430474 1,260133 0,156056 0,097113 0,530579 0,243753

0,67 0,425794 1,267702 0,156072 0,096314 0,533417 0,242291

0,68 0,421142 1,275288 0,156084 0,095514 0,536262 0,240836

0,69 0,416519 1,282887 0,156091 0,094713 0,539113 0,239394
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T ab le  1 (con t.)

*a Щщ) Aí(*n ) Щ п) Щуп) В4*п)

0,70 0,411925 1,290497 0,146094 0,093909 0,541970 0,238964

0,71 0,407359 1,298127 0,156091 0,093108 0,544834 0,236536

0,72 0,402821 1,305771 0,156085 0,092303 0,547704 0,235117

0,73 0,398313 1,313425 0,156074 0,091498 0,550579 0,233715

0,74 0,393833 1,321094 0,156059 0,090693 0,553459 0,232320

0,75 0,389382 1,328780 0,156040 0,089885 0,556345 0,230929

0,76 0,384960 1,336477 0,156016 0,089080 0,559236 0,229551

0,77 0,380567 1,344187 0,155989 0,088273 0,562132 0,228186

0,78 0,376202 1,351915 0,155958 0,087467 0,565034 0,226820

0,79 0,371868 1,359650 0,155923 0,086659 0,567939 0,225476

0,80 0,367561 1,367405 0,155884 0,085852 0,570850 0,224128

0,81 0,363284 1,375168 0,155841 0,085046 0,573764 0,222799

0,82 0,359037 1,382947 0,155796 0,084238 0,576683 0,221475

0,83 0,354818 1,390741 0,155746 0,083434 0,579605 0,220155

0,84 0,350629 1,398544 0,155694 0,082629 0,582531 0,218851

0,85 0,346469 1,406358 0,155638 0,081825 0,585461 0,217562

0,86 0,342338 1,414188 0,155578 0,081021 0,588394 0,216273

0,87 0,338237 1,422037 0,155516 0,080217 0,591330 0,214983

0,88 0,334165 1,429890 0,155540 0,079417 0,594269 0,213719

0,89 0,330122 1,437751 0,155382 0,078616 0,597211 0,212451

0,90 0,326109 1,445644 0,155311 0,077818 0,600155 0,211193

0,91 0,322125 1,543539 0,155237 0,077020 0,603102 0,209944

0,92 0,318171 1,461447 0,155160 0,076223 0,606050 0,208703

0,93 0,314246 1,469359 0,155081 0,075430 0,609000 0,207487

0,94 0,310351 1,477293 0,154999 0,074635 0,611952 0,206262

0,95 0,306485 1,485239 0,154915 0,073846 0,614906 0,205042

0,96 0,302649 1,493190 0,154828 0,073056 0,617860 0,203846

0,97 0,298842 1,501163 0,154739 0,072269 0,620816 0,202635

0,98 0,295065 1,509141 0,154495 0,072227 0,623772 0,201451

0,99 0,291318 1,517133 0,154555 0,070701 0,626729 0,200270

1,00 0,287600 1,525138 0,154450 0,069923 0,629686 0,199093

1,01 0,283912 1,533147 0,154362 0,069145 0,632643 0,197939

1,02 0,280253 1,541179 0,154263 0,068370 0,635601 0,196770

1,03 0,276624 1,549215 0,154162 0,067598 0,638557 0,195625

1,04 0,273024 1,557264 0,154060 0,066827 0,641513 0,194484
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Table 1 (co n t.)

xa M(xi) M(xn) ЩУ i) Щ т ) D4*l) Щхn)

1,05 0,269454 1,565326 0,153955 0,066063 0,644468 0,193348

1,06 0,265913 1,573400 0,153850 0,065297 0,647422 0,192216

1,07 0,262402 1,581477 0,153742 0,064538 0,60374 0,191112

1,08 0,258921 1,589576 0,153633 0,063780 0,653326 0,189990

1,09 0,255469 1,597676 0,153523 0,063025 0,656274 0,188899

1,10 0,252046 1,605798 0,153411 0,062276 0,659222 0,187791

1,11 0,248653 1,613919 0,152299 0,061529 0,662166 0,186716

1,12 0,245290 1,622062 0,153185 0,060784 0,665109 0,185625

1,13 0,241955 1,630214 0,153070 0,060043 0,668048 0,184545

1,14 0,238651 1,638374 0,152915 0,059572 0,670984 0,183477

1,15 0,235375 1,646542 0,152837 0,058574 0,673917 0,182423

1,16 0,232129 1,654729 0,152719 0,057844 0,676847 0,181357

1,17 0,228912 1,662922 0,152601 0,057120 0,679772 0,180310

1,18 0,225724 1,671119 0,152481 0,056398 0,682694 0,179282

1,19 0,222566 1,679332 0,152361 0,055682 0,685611 0,178249

1,20 0,219437 1,687547 0,152241 0,054968 0,688524 0,177241

1,21 0,216336 1,695792 0,152119 0,054259 0,691432 0,176199

1,22 0,213265 1,704034 0,151997 0,053556 0,694335 0,175199

1,23 0,210223 1,712274 0,151875 0,052854 0,697232 0,174255

1,24 0,207210 1,720539 0,151752 0,052159 0,700124 0,173244

1,25 0,204226 1,728813 0,151629 0,051468 0,703010 0,772222

1,26 0,201270 1,737094 0,151506 0,050781 0,705890 0,171243

1,27 0,198343 1,745397 0,151383 0,050099 0,708764 0,170243

1,28 0,195445 1,753687 0,151259 0,049419 0,711631 0,169302

1,29 0,192576 1,762012 0,151135 0,048749 0,714492 0,168309

1,30 0,189735 1,770337 0,151011 0,048080 0,717345 0,167346

1,31 0,186923 1,778657 0,150887 0,047417 0,720191 0,166419

1,32 0,184139 1,786990 0,150763 0,046759 0,723029 0,165493

1,33 0,181383 1,795352 0,150639 0,046104 0,725860 0,164529

1,34 0,178656 1,803702 0,150516 0,045457 0,728683 0,163619

1,35 0,175957 1,812077 0,150392 0,044812 0,731497 0,162680

1,36 0,173286 1,820454 0,150269 0,044174 0,734303 0,161764

1,37 0,170643 1,828852 0,150145 0,043541 0,737100 0,160728

1,38 0,168028 1,837245 0,150023 0,042912 0,739888 0,159928

1,39 0,165441 1,845653 0,149900 0,042289 0,742667 0,159023
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Table 1 (con t.)

xa MISi) M(i i i) M(n) M(jn) D‘(xn)

1,40 0,162881 1,854049 0,149778 0,041669 0,745436 0,158170

1,41 0,160349 1,862476 0,149656 0,041058 0,748195 0,157273

1,42 0,157845 1,870908 0,149535 0,040450 0,750945 0,156392

1,43 0,155368 1,879340 0,149414 0,039848 0,753684 0,155537

1,44 0,152919 1,887794 0,149293 0,039251 0,756413 0,154657

1,45 0,150496 0,896266 0,149174 0,038658 0,749131 0,153760

1,46 0,148101 1,904727 0,149054 0,038073 0,761838 0,152916

1,47 0,145733 1,913198 0,148936 0,037492 0,764534 0,152075

1,48 0,143392 1,921674 0,148817 0,036917 0,767219 0,151246

1,49 0,141078 1,930180 0,148700 0,036346 0,769892 0,150373

1,50 0,138790 1,938683 0,148583 0,035782 0,772553 0,149533

1,51 0,136529 1,947177 0,148467 0,035223 0,775202 0,148738

1,52 0,134294 1,955718 0,148352 0,034669 0,777839 0,147859

1,53 0,132085 1,964239 0,148238 0,034121 0,780463 0,147050

1,54 0,129903 0,972767 0,148124 0,033579 0,783075 0,146252

1,55 0,127747 1,981295 0,148011 0,033041 0,785673 0,145478

1,56 0,125616 1,989850 0,147899 0,032511 0,788259 0,144663

1,57 0,123512 1,998394 0,147788 0,031982 0,790831 0,143900

1,58 0,121433 2,006990 0,147678 0,793390 0,793390 0,143035

1,59 0,119380 2,015562 0,147568 0,030948 0,795935 0,142252

1,60 0,117352 2,024140 0,147460 0,030441 0,798466 0,141482

1,61 0,115349 2,032715 0,147352 0,029937 0,800983 0,140741

1,62 0,113371 2,041320 0,147246 0,029438 0,803486 0,139952

1,63 0,111419 2,049908 0,147140 0,028946 0,805974 0,139226

1,64 0,109491 2,058513 0,147036 0,028356 0,808447 0,138485

1,65 0,107587 2,067169 0,146932 0,027978 0,801906 0,137641

1,66 0,105709 2,075786 0,146830 0,027502 0,813349 0,136917

1,67 0,103854 2,084397 0,146728 0,027029 0,815777 0,136233

1,68 0,102024 2,093037 0,146628 0,026566 0,818190 0,135498

1,69 0,100218 2,101700 0,146528 0,026104 0,820588 0,134729

1,70 0,098436 2,110380 0,146430 0,025654 0,822969 0,133943

1,71 0,096677 2,119018 0,146333 0,025203 0,825335 0,133282

1,72 0,094943 2,127703 0,146236 0,024761 0,827685 0,132528

1,73 0,093231 2,136377 0,146141 0,024325 0,830018 0,131824

1,74 0,091543 2,145030 0,146047 0,023892 0,832335 0,131199

1,75 0,089878 2,153756 0,145954 0,023467 0,834636 0,130408
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T able  1 (co n t.)

xa M(ïn) M(Ji) Щуп) D4*l)

1,76 0,088236 2,162442 0,145862 0,023043 0,836920 0,129743

1,77 0,086616 2,171129 0,145745 0,023277 0,839187 0,129098

1,78 0,085019 2,179765 0,145682 0,022220 0,841438 0,128348

1,79 0,083445 2,188584 0,145593 0,021813 0,843671 0,127667

1,80 0,081893 2,197333 0,145506 0,021416 0,845887 0,126928

1,81 0,080362 2,206040 0,145420 0,021020 0,848086 0,126320

1,82 0,078854 2,214755 0,145335 0,020632 0,850267 0,125715

1,83 0,077368 2,223532 0,145251 0,020248 0,852431 0,124969

1,84 0,075903 2,232296 0,145168 0,019868 0,854578 0,124280

1,85 0,074459 2,241032 0,145086 0,019495 0,856706 0,123684

1,86 0,073037 2,249798 0,145005 0,019126 0,858817 0,123034

1,87 0,071636 2,258581 0,144926 0,018766 0,860910 0,122357

1,88 0,070255 2,267371 0,144847 0,018407 0,862985 0,121686

1,89 0,068896 2,276153 0,144770 0,018056 0,865042 0,121057

1,90 0,067556 2,284912 0,144964 0,017708 0,867080 0,120510

1,91 0,066237 2,293714 0,144619 0,017364 0,869101 0,119870

1,92 0,064938 2,302547 0,144545 0,017027 0,871103 0,119168

1,93 0,063659 2,311399 0,144472 0,016695 0,870386 0,118435

1,94 0,062399 2,320167 0,144401 0,016367 0,875051 0,117950

1,95 0,061160 2,329010 0,144330 0,016044 0,876998 0,117282

1,96 0,059939 2,337825 0,144260 0,015726 0,878926 0,116712

1,97 0,058738 2,346689 0,144193 0,015412 0,880836 0,116029

1,98 0,057556 2,355490 0,144125 0,015102 0,882726 0,115538

1,99 0,056393 2,364409 0,144058 0,014801 0,884599 0,114745

2,00 0,055248 2,373229 0,143993 0,014499 0,886452 0,114241

2,02 0,053014 2,390908 0,143866 0,013917 0,890102 0,113193

2,04 0,050851 2,408710 0,143743 0,013351 0,893677 0,111883

2,06 0,048760 2,426498 0,143624 0,012804 0,897177 0,110695

2,08 0,046738 2,444229 0,143510 0,012275 0,900600 0,109740

2,10 0,044784 2,462136 0,143399 0,011762 0,903949 0,108372

2,12 0,042895 2,479922 0,143292 0,011269 0,907222 0,107423

2,14 0,041072 2,497840 0,143189 0,010791 0,910419 0,106174

2,16 0,039312 2,515719 0,143090 0,010328 0,913541 0,105110

2,18 0,037613 2,533523 0,142995 0,009881 0,916589 0,104341
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T ab le  1 (con t.)

xa M(*i) M(*n ) Щ п) ЩУи) D \x l) D*(*n )

2,20 0,035975 2,551578 0,142903 0,009446 0,919561 0,102920

2,22 0,034395 2,569518 0,142814 0,009037 0,922460 0,101907

2,24 0,032873 2,587506 0,142730 0,008633 0,925285 0,100825

2,26 0,031406 2,605317 0,142648 0,008245 0,928036 0,100339

2,28 0,029994 2,623371 0,142570 0,007877 0,930715 0,099211

2,30 0,028634 2,641462 0,142495 0,007518 0,922322 0,098041

2,32 0,027326 2,659597 0,142423 0,007174 0,935857 0,096809
2,34 0,026068 2,677512 0,142354 0,006835 0,938322 0,096306
2,36 0,024858 2,695772 0,142288 0,06525 0,940716 0,094835

2,38 0,023696 2,713838 0,142225 0,006222 0,943042 0,094016

2,40 0,022580 2,731707 0,142164 0,005920 0,945299 0,093875

2,42 0,021508 2,750092 0,142106 0,005641 0,947489 0,092216
2,44 0,020479 2,768022 0,142051 0,005365 0,949612 0,092027

2,46 0,019492 2,786278 0,141998 0,005115 0,951671 0,090896

2,48 0,018545 2,804584 0,141948 0,004863 0,953664 0,089678

2,50 0,017638 2,822593 0,141900 0,004624 0,955594 0,089452

2,52 0,016768 2,840849 0,141854 0,004383 0,957462 0,088157

2,54 0,015936 0,259026 0,141810 0,004166 0,959269 0,087898

2,56 0,015139 2,878267 0,141769 0,003956 0,961015 0,087138

2,58 0,014376 2,895771 0,141729 0,003759 0,962703 0,085599

2,60 0,013647 2,914175 0,141691 0,003577 0,964333 0,084439

2,62 0,012949 2,932695 0,141655 0,003398 0,965906 0,082962

2,64 0,012282 2,950911 0,141621 0,003219 0,967424 0,082529
2,66 0,011646 2,969065 0,141589 0,003049 0,968887 0,082367

2,68 0,011038 2,987486 0,141558 0,002873 0,970297 0,081389

2,70 0,010457 3,005750 0,141529 0,002739 0,971665 0,090992

2,72 0,009903 3,024251 0,141501 0,002593 0,972964 0,079870

2,74 0,009375 3,042526 0,141475 0,002434 0,974334 0,079558
2,76 0,008872 3,061057 0,141450 0,002311 0,975434 0,078448

2,78 0,008392 3,079356 0,141426 0,002172 0,976598 0,078177

2,80 0,007936 3,098024 0,141403 0,002045 0,977717 0,076714

2,82 0,007501 2,116565 0,141382 0,001950 0,978791 0,075736
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Fig. 4. C hange of th e  m ean  values M (x \)  an d  М ( х ц )  as well as th a t  of th e  va rian ces D 2(x[)
an d  D 2(x u ) in  dependence  on  x a

2.3. Case o f  functions o f  lognormal distribution 

W ith  th e  aid of th e  d ensity  fu n c tio n  of lognorm al d is tr ib u tio n

/(* )  = ]A2jt • X • a
• exp

(ln X  —  m ) 2

2 a2
(24)

th e  abscissae and  o rd in a tes  of th e  cen tres  of g rav ity  of th e  su b se ts  m ay  be 
ca lcu la ted  as follow s [1], [2]:

pm+a2l2 .

м ( * о  =  -

rTx 
J — с

rtXa

- T  2

dt

dT

w herein
ln  xa — m — a1

a - Y  2

(25)

(26)
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an d

ív. =
In xa — m

a - \ 2
(27)

P erfo rm in g  th e  o p era tio n s one o b ta in s  fo r th e  m ean  v alue  of th e  sub se t, 
c o n ta in in g  low er v a lu es  th a n  xa, th e  follow ing re la tio n sh ip  [1, 2, 4 ]:

Ф
In x„ — m — o2

гЛ =  em+°‘l2 • .M ( x  j) =  e'
a

Ф
In xn —

(28)

T h e  m ean  value o f th e  subset com prising  values h igher th a n  xa:

pm+cj2/2 .
M (x n ) = Sr

- T  2 d T

J"*4- oo e~l • dt

P erfo rm in g  th e  d esig n a ted  o p era tions th e  follow ing re la tio n sh ip  is given:

(29)

1 -  Ф
In xa — m  — a2

M (x u ) =  e_ pm+o2/2 .

1 - Ф
In x n — m

(30)

W herefrom , th e  d ifference of th e  abscissae of th e  cen tres  of g rav ity  of th e  
su b se ts  is

A x « - em+ ^ 2 • ■

Ф
ln  xa — m H ln  x a — m — a2

(J a

Ф
ln  — m l

— 1 -  ф
ln  x a — m

a 1 *

_ еш + ст2/2 .

w here in :

and

ф о(*) — ф о(г — ff)
0,25 -  [Ф0(*)]2

ln — m

Ф 0( * ) = Ф ( * ) - - ,

(31)

(32)

(33)
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fu r th e r

and

1

][2jz
Г  e -W  . dt

Jo
(34)

— txa • У2 . (35)

R ep lacem en ts o f ce rta in  te rm s y ie ld  th e  d ifference of th e  abscissae o f  th e  
cen tres  of g ra v ity  [4]:

A xs M(S) ■ Фр(з) — фп{г — q ) 
0,25 -  [<D0(z)]2

M (f ) • h(z) . (36)

B y fin d in g  th e  e x tre m e  value of th e  fu n c tio n  h(z) e n te rin g  in  E q . (36) th e  
v alue  z =  z0 m in im aliz in g  Axs m ay  b e  d e te rm in ed  b y  th e  so lu tion  to  th e  t r a n s ­
cen d en t eq u a tio n

1 I In 0,25 +  Ф°(*о) ' [Ф°(го) ~  2Ф°(г° ~  1)]
2 0,25 -  [ 0 o(zo)Y

(37)

R ecognizing z0, th e  m in im um  value o f  th e  fu n c tio n  h(z) will be, b y  m ak in g  
use o f o f E qs (36) an d  (37):

M z )m in
ф о(го) — ф о(2о -  g) 

0,25 -  [<Z>0(z0)]z
(38)

D eno ting  b y  x 0 th e  v a lu e  of xa a sso c ia ted  w ith  th e  m in im um , resu lts  in

я;0 =  gm+Za-a _  gm . ez,-a  ^ (39)

The q u o tie n ts  p t an d  p 2 of th is x 0 a n d  th e  m ean  va lu e , i.e ., th e  m ode x m
/  ТП— CT2 \{xm =  e ) are

and

(40)

p 2 =  =  е(г"+10 • ° (41)
xm

respective ly .
In  T ab le  2 th o se  num erical va lues are  g iven w hich h av e  been ca lcu la ted  

for th e  values 0 = 1 ;  0 ,9; . .  .; 0,2, n am ely , th e  values of z0 accord ing  to E q . (37), 
/i(zmin) accord ing  to  E q . (38), the  v alue  o f  ez°a in v o lved  in  E q . (39) and  la s tly  
those  o f th e  q u o tien ts  p x an d  p 2 w ith  th e  aid  o f th e  re la tio n sh ip s  (40) and  (41). 
F rom  th e  values of T ab le  2 it  m ay be seen  th a t  z0 <[ 0, con seq u en tly  e2“° 1,
p ± <Ç 1 a n d p 2 <1 1? w ith  th e  decreasing v a lu e  o f a, p x a n d p 2 are app roach ing  1,
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m ore a n d  m ore, i.e ., x 0 associated  w ith  h(z)min w ith  th e  decreasing  va lu e  of a 
a p p ro x im a te s  m ore an d  m ore th e  m ode locus of th e  lognorm al d is tr ib u tio n , 
w h ere  th e  den sity  fu n c tio n  of th e  d is tr ib u tio n  has a m ax im um  an d  also h(z)m\n 
decreases .

S im ilar conclusions m ay  be d raw n  fro m  th e  d a ta  of T ables 3 an d  4, 
w h ere in , to  th e  g iven a an d  m p a ra m e te rs  o f  th e  lognorm al d is tr ib u tio n  (or =  1; 
0 ,9; . . 0,2; m =  2; 1,6; . . .; 0,2) th e  loci o f m in im a x 0 (T able 3) an d  th e
v a lu e s  A x smin (T able 4) are given [4].

T h e  o rd in a te  o f th e  cen tre  o f g ra v ity  o f th e  su bse t before x a, m a y  be 
c a lc u la te d  w ith  th e  aid  of th e  fo rm u la

w here in

1

4 л  • a
УI = • -----------

• e x p --------
4

e~r ■ dt

Vxa
a1 — 2m  +  In x\

2 • a

(42)

(43)

P e rfo rm in g  th e  desig n a ted  o p era tio n s  and  certa in  con v en ien t rep lacem en ts  
one o b ta in s  th e  v a lu e  of th e  o rd in a te  o f th e  cen tre  of g ra v ity

Ф

УI =
4or • ]/' л

—  exp

a2 — 2m  -f- In x% 
a ■ У2

Ф
In xa — m

(44)

T h e  o rd in a te  of th e  cen tre  of g ra v ity  o f th e  a re a  beh ind  x a m a y  be d e te rm in ed  
w ith  th e  aid o f th e  fo rm ula

J ii =
4У л  ■ a

• exp •Г dv

У
1 Г+со

^  J  V X a

(45)
-‘г ■ dt

C arry in g  ou t th e  opera tions m ark ed  in  th e  fo rm ula , th e  o rd in a te  y n  m ay  be  
o b ta in e d

1 - Ф
fa2 — 2m  -f- In Xa

1 К  )
4 )

ff • У2
л л[~ CXP 4(7 • 1i n 1 - Ф

In — m \

& 1

(46)
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Table 2

Change o f z0a  h(z)min, ez»a, p , and p 2 in  dependence on p t and ]>.,

l 0 ,9 0,8 0 ,7 0 ,6 0 ,5 0 ,4 0 ,3 0 ,2

z 0a -1 ,9 6 6 — 1,748 -1 ,5 3 4 -1 ,3 3 0 -1 ,1 3 0 -0 ,9 3 4 -0 ,7 4 1 -0 ,5 5 3 -0 ,3 6 6

^(z)min 0,962527 0,937071 0,898503 0,846908 0,776847 0,687778 0,579426 0,453031 0,311344
ez°a 0,140016 0,207381 0,293112 0,394159 0,507327 0,626880 0,743490 0,847131 0,929415

P t 0,0849 0,1383 0,2128 0,3985 0,4238 0,5532 0,6863 0,8099 0,9110

P î 0,3806
.

0,4662 0,5559 0,6434 0,7272 0,8049 0,8725 0,9269 0,9673

Table 3

M in im u m  loci Л'0 o f  the differences xs mjn at given a  and m

N. (7 

m \
1 0 ,9 0 ,8 0 ,7 0 ,6 0 ,5 0 ,4 0 ,3 0 ,2

о 1,0345846 1,532346155 2,16582206 2,91246554 3,748665838 4,63205251 5,4936899028 6,259498061 6,867899043
1,6 0,633502 1,0271618 1,4517932 1,952283 2,512805 3,104956 3,682528 4,195865 4,603420
1,2 0,464869 0,688528 0,9731675 1,308656 1,6843857 2,081317 3,468476 2,812576 3,085769
1 0,380602 0,563719 0,796761 1,071436 1,379057 1,704037 2,021015 2,302741 2,526412
0,9 0,344383 0,510074 0,720940 0,969476 1,247822 1,541876 1,828690 2,083606 2,285992
0,8 0,311611 0,461534 0,652333 0,877218 1,129076 1,395147 1,654667 1,885325 2,068451
0,7 0,281957 0,417613 0,590255 0,793739 1,021631 1,262381 1,497205 1,705912 1,871612
0,6 0,255125 0,377872 0,534085 0,718205 0,924410 1,142250 1,354727 1,543573 1,693504
0,5 2,230847 0,341913 0,483260 0,649859 0,836440 1,033551 1,225808 1,396683 1,532346
0,4 0,208879 0,309375 0,437272 0,588017 0,756843 0,935195 1,109157 1,263771 1,386524
0,3 0,189002 0,279934 0,395660 0,532059 0,684819 0,846200 1,003606 1,143507 1,254579
0,2 0,171016 0,253295 0,358008 0,481427 0,619650 0,765673 0,908101 1,034688 1,135190
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Table 4 è

Values o f  x s min in  case o f  given a  and m  values

сT
тп ' 1 0,9 0,8 0,7 0,6 0,5 0,4 0,3 0,2

2 11,72598 10,381280 9,153049 7,995166 6,872226 5,758692 4,637998 3,501468 2,347013
1,6 7,860156 6,958777 6,135469 5,359317 4,606589 3,860165 3,108952 2,347103 1,573249
1,2 5,268828 4,664614 4,112734 3,592463 3,087893 2,587550 2,083989 1,573313 1,054582
1 4,313747 3,819060 3,367219 2,941257 2,528151 2,118505 1,706224 1,288118 0,863418
0,9 3,903240 3,455628 3,046785 2,661360 2,287565 1,916902 1,543855 1,165538 0,781253
0,8 3,531197 3,126782 2,765845 2,408098 2,069875 1,734485 1,396938 1,054622 0,706907
0,7 3,195702 2,829229 2,494497 2,178937 1,872900 1,569427 1,264002 0,954261 0,639636
0,6 2,819591 2,559992 2,257114 1,971584 1,694670 1,420076 1,154716 0,863451 0,578766
0,5 2,616420 2,316377 2,042321 1,783963 1,533401 1,284938 1,034877 0,781283 0,523689
0,4 2,367435 2,095944 1,847969 1,614196 1,387479 1,162660 0,936396 0,706934 0,473854
0,3 2,142143 1,896489 1,672111 1,640585 1,255443 1,052018 0,874286 0,639661 0,428761
0,2 1,938292 1,716014 1,512989 1,321592 1,135971 0,951905 0,877756 0,578789 0,387959

Table 5

Metal-content distribution data fo r  an ore sample o f  Gyöngyösoroszi

Interval gi
«i

(Zn content)
%

<4 • gi Z<4 ■ g i l £gi (
ZatgiZgi 

bi =  ~ \ Zdigi • gi t Zgi t Ci n y u V

1 2 3 4 5 6 7 8 9 10 i l 12 13

0 -  2 0,0517 î 0,0517 0,0517 0,0517 1,0000 6,5018 1,0000 6,5018 0,0129 0,0499 0,0079
2 — 4 0,2244 3 0,6732 0,7249 0,2761 2,6255 6,4501 0,9483 6,8018 0,0480 0,0461 0,1115
4 — 6 0,2482 5 1,2410 1,9659 0,5243 3,7496 5,7789 0,7239 7,9802 0,0547 0,0431 0,3024
6 -  8 0,2000 7 1,4000 3,3659 0,7234 4,6471 4,5359 0,4759 9,5352 0,0534 0,0332 0,5177
8 - 1 0 0,1344 9 1,2096 4,5755 0,8587 5,3284 3,1359 0,2757 11,3743 0,0503 0,0220 0,7037

1 0 -1 2 0,0552 11 0,6072 5,1827 0,9139 5,6710 1,9263 0,1413 13,6327 0,0481 0,0090 0,7971
1 2 -1 4 0,0310 13 0,4030 5,5857 0,9449 5,9114 1,3191 0,0861 15,3206 0,0467 0,0058 0,8591
1 4 -1 6 0,0241 15 0,3615 5,9472 0,9690 6,1375 0,9161 0,0551 16,6261 0,0475 0,0048 0,9147
1 6 -  18 0,0172 17 0,2924 6,2396 0,9862 6,3269 0,5446 0,0310 17,8903 0,0459 0,0039 0,9597
18 20 0,0138 19 0,2622 6,5018 1,0000 6,5018 0,2622 0,0138 19,0000 0,0443 0,0034 1,0000
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B y m aking  use o f  F orm ulae  (28), (30), (44), (46) th e  abscissae and  
o rd in a tes  of th e  cen tre s  of g rav ity  o f th e  subse ts  m a y  be d e te rm in ed  for 
a rb itra ry  values of x a, a and  m w ith  th e  aid  o f th e  v alues o f th e  s ta n d a rd  
no rm al d is tr ib u tio n  fu n c tio n  listed  in  th e  tab le .

3. Practical application

T able 5 shows th e  d is trib u tio n  o f  th e  zinc c o n te n t in  one of th e  ore bodies 
of th e  ore m ine in  G yöngyösoroszi. B y  using  th e  a c tu a l d a ta  th e  values of th e  
basic  d iag ram  (a) h a v e  been  defined , i.e ., th e  d is tr ib u tio n  of th e  average

Loss

Metal content [%]

Fig. 5. G rav ity  cen tre  d is trib u tio n  o f a  subset based  on  em pirica l d a ta
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m e ta l c o n te n t to  be fo u n d  in  th e  w hole ore assem bly , as w ell as th e  m ineral 
re so u rces  to  be exp lo ited  (c) an d  le ft b ack  (b) [3].

W ith  th e  aid o f th e  em pirica l d en sity  fu n c tio n  to  th e  va lu es  x a g iven 
in  co lu m n  3 of T able 5, th e  m ean  values M {x{) p resen ted  in  co lum n 7 an d  th o se  
M (x u ) lis ted  in  co lum n 10, as w ell as th e  o rd in a tes  of th e  cen tres  o f g rav ity  
y f to  be  found  in  co lum n 11 an d  tho se  o f y n  in  co lum n 12 h av e  been  ca lcu la ted .

W ith  th e  re lev an t d a ta  o f th e  ta b le  th e  exp lo it ab ility  fu n c tio n s  p resen ted  
in  F ig . 5 are p lo tted , n a m e ly  [3], [6]:

— th e  d is tr ib u tio n  of th e  m e ta l co n te n t of th e  w hole ore b o d y  (a);
— th e  d is tr ib u tio n  o f th e  average  m eta l co n ten t o f th e  p a r ts  to  be 

explo ited  an d  le f t b ack  (c an d  b);
— th e  d is tr ib u tio n  of th e  m e ta l loss (v)

Table 6

Values o f the abscissae and ordinates o f  the centres o f  gravity in  case o f  theoretical
lognormal distribution

*a M (Ï!) Aí(ín) У1 УП • ( - A - )

1 2 3 4 5 6

2 1,664446 6,6225835 0,058953 0,376395 0,0250

4 2,616389 7,275157 0,646357 0,313146 0,1660

6 4,031643 9,446277 0,475582 0,240766 0,5438

8 4,798822 11,404632 0,448386 0,138351 0,7422

10 5,347288 13,460507 0,416960 0,076126 0,8577

12 5,734022 15,602649 0,396067 0,041203 0,9222

14 5,989217 17,745740 0,384216 0,022817 0,9564

16 6,159038 19,869500 0,377529 0,014738 0,9750

18 6,271526 22,043774 0,373768 0,009448 0,9854

20 6,335523 30,787934 0,370945 0,005418 0,9932

T he calculations w ere m ad e  w ith  th e  follow ing p a ram ete rs:

1Vf(|) =  6,5018

D 2( f )  =  [0 ,0 5 1 7 (1 -6 ,5018)2 +  0 ,3 2 4 4 (3 -6 ,5018)2 +  . . . +  0 ,0 1 3 8 (1 9 -6 ,5018)2 - d 2/12] =
=  13,700862,

w h e re in  d 2/12 is th e  S h e p p a rd ’s correction . A ccording to  colum n 1 of T ab le  5 th e  va lue  o f A  is 
e q u a l to  2, w hich is th e  p ro p o rtio n  of th e  m eta l con ten t.

T he variance is

a n d  th e  sca tte r 

a n d  th e  p a ram ete r m

ct2 =  ln [(D (£ )2/ M ( í ) ) +  1] =  0,280773, 

a  =  0,529842

m  =  In M ( ( )  -  a 2/ 2 =  1,874151 .
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in  th e  function  o f  th e  m ass p ro p o rtio n  of th e  p a r t  o f th e  occurrence left back . 
In  th e  u p p er p a r t  o f  th e  figure th e  d is tr ib u tio n  fu n c tio n s an d  in  th e  low er th e  
d en sity  func tions a re  to  be seen; on th e  ho rizon ta l ax is  th e  m eta l co n ten ts ,
i.e ., th e  m e ta l losses are  p lo tted , on th e  v e rtic a l axis th e  associa ted  d is tr ib u tio n  
an d  d ensity  va lu es  a re  m arked . T h e  u tiliz a tio n  of th e  ta b le  is show n b y  s tra ig h t 
lines m arked  w ith  arrow s. A ccord ing  to  th e  exam ple d em o n stra ted  th e  lim it­
ing  value of th e  m e ta l co n ten t xa (4,8 p er cent) is f ixed .

In  T able 6 th e  abscissae an d  o rd in a tes  of th e  g ra v ity  cen tres o f th e  
subsets are g iven  fo r th e  case w here  th e  em pirical fu n c tio n  is ap p ro x im ated  
b y  th e  lognorm al d is trib u tio n . T h e  ap p ro x im atio n  is ju s tif ie d  b y  th e  ca lcu la­
tions [1], [4].

T he p a ra m e te rs  a and m b e ing  know n  th e  values M (x l), M (x n ), y , an d  
y n to  th e  lim it m e ta l co n ten t xa m a y  be found  b y  m ak in g  use of th e  lis ted  
values of th e  s ta n d a rd  norm al d is tr ib u tio n  fu n c tio n  in  th e  T able 6 a lread y  
m entioned .

In  Fig. 5 th e  cu rv e  connecting  th e  g rav ity  cen tres o f th e  subsets is p re ­
sen ted , ca lcu la ted  b y  th e  em pirical an d  lognorm al d e n s ity  functions. In  case 
of b o th  g rav ity  c e n tre  d is trib u tio n  fu n c tio n s  tw o local m ax im a  m ay  be p o in ted  
o u t in  th e  p ro x im ity  o f  th e  m ean v a lu e , how ever, c o n tra ry  to  th e  norm al d is tr i­
b u tio n  functions, th e y  do no t a p p e a r sym m etrica lly .
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Über die m athem atisch-statistische Untersuchung der Abbauwürdigkeitsfunktionen. —
Die A b b au  W ürdigkeitsfunk tionen  können au s  d e r W ah rsch e in lich k e itsv erte ilu n g sfu n k tio n en  
e iner K o m ponen te  (z. B. des M etallgehalts) des M ineralvorkom m ens ab g e le ite t w erden. M it 
H ilfe de r V e rte ilu n g sfu n k tio n  k a n n  bei jed em  M assenverhältn is die d u rch sch n ittlich e  K om po­
n en te  de r beiden T e ilfu n k tio n en  u n d  deren V arian z  b e s tim m t w erden. E in e  T eilfunk tion  bezieht 
sich a u f  den gew onnenen, d ie  andere  au f den  restlich en  Teil. U n te r  A bbau w ü rd ig k eitsfu n k tio -

4* Acta Technica Academiae Scientiarum Hungaricae 85, 1977



52 PETHŐ, SZ.-PATVAROS, J.

n en , fe rn e r  die in  A bhän g ig k eit von  der re s tlich en  K o m ponen te  k o n tin u ie rlich e  Ä nderung  der 
d u rc h sch n ittlich e n  K o m p o n en te  der beiden  T eilfu n k tio n en  u n d  ih re r  S treu u n g , sowie der 
V e rlu s te  de r w ertvollen K o m p o n en te .

Об исследования с помощью методов математической статистики функций вероят­
ности разработки. Функции вероятности разработки можно вывести на основе функции 
распределения компонента (напр. металлического содержания) нефтяного месторождения. 
С помощью функции распределения при любом значении частной массы можнно определит 
среднюю составляющую двух частных функций, а также ее квадрат рассева Один изв 
частных функций относится к добытой части, а другой к оставшейся части. Под функция­
ми вероятности разработки следует понимать функцию распределения, далее непрерыв­
ное изменение средней составляющей и квадрата рассева двух частных функций, а также 
потерь ценных компонентов в функции компонента.
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COMBINED STRENGTH PATTERN OF THIN-WALLED 
BOX GIRDERS IN TORSION

B. GOSCHY*

CAND. OF TECHN. SCI

(M an u scrip t rece iv ed  D ecem ber 18, 1974)

In  th is  p a p e r  th e  th eo ry  of to rs io n  of th in -w alled  b o x  g ird ers is ex ten d ed  to  th e  
general case o f com b in ed  to rsion  b y  tak in g  also in to  a cc o u n t th e  effects of th e  shear 
deform ations. T h e  p u rp o se  of th e  p a p e r  is to  fo rm u la te  m a th e m a tic a lly  th e  m echanical 
phenom enon of co m b in ed  to rsion  fo r th e  engineering  p ra c tic e  as well as to  d em o n stra te  
th e  app lication  o f th e  fo rm ulae  p re sen te d  in  th e  fram ew o rk  of a  num erica l exam ple. 
In  add ition , besides th e  m ore fam ilia r  p rocedures W a n n s l e b e n , U r b a n , etc. also th e  
significance of th e  seco n d ary  shear d e fo rm a tio n  is em p h asized  in  th e  p aper.

1. Introduction

In  th is  p ap e r th e  com bined  to rs io n a l s tre n g th  p a t te rn  of th in  w alled 
closed sections are p re sen ted  as fo llow ing

— box section  in  com bined w a rp in g  an d  to rs io n ,
— box section  in  com bined  w arp in g  an d  d is to rs io n ,
— box sec tion  in  com bined  to rs io n  an d  d isto rsion .
F o r all th ree  cases th e  effect of sh e a r will be  also in v es tig a ted . T he purpose 

is to  give the  m a th e m a tic a l fo rm u la tio n  of th e  p h en o m en a  o f com bined  to rsion  
fo r th e  engineering p rac tice .

T he ca lcu la tion  is carried  o u t b y  using th e  well know n  force m ethod .

2. Sym bols

T he following sym bols a re  used in  th is  p ap er:

ТПу
Px’ Py 
l(z)
4xi Чу 
m t, mb
{(z), rj(z), C(z) 
<p(z)
vi*)
X, y ,  z

d is tr ib u te d  to rsional m o m e n t (to rq u e) 
u n ifo rm ly  d is tr ib u te d  load  
shear flow  
shear forces
m o m en ts a t  corner p o in ts  (t =  to p ; b =  b o tto m ) 
d isp lacem en ts  in  th e  d irec tio n s x , y , z, re sp ec tiv e ly  
angle o f to rsion  
angle o f d is to rtio n  
system  o f coord inates

* D r. B. G o s c h y , H -1056 — B u d ap es t, B á s ty a  u. 10, H u n g a ry .
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l“

V

E
G

h , a

m o m en t o f in e r tia  in  p u re  to rsio n  of a b o x  shaped  cross sec tion
m o m en t o f in e r tia  in  to rs io n  of a wall u n it  i of th e  b o x  sec tion
w arp in g  (secto ria l) m o m e n t o f in e rtia
w arp ing  (secto ria l) m o m e n t o f in e rtia  from  shear
p rin c ip a l m o m en ts  o f in e r tia  in  b end ing  of walls o f th e  b o x  section
m o m en ts  o f in e rtia  in  b en d in g  of w ebs, to p  and  b o tto m  flanges, respec tive ly
eq u iv a len t sh ea r cross-sectional a rea  o f w all u n its  o f  th e  closed profile
he igh t a n d  w id th  of m idd le  surface of th e  cross sec tion
wall th ick n ess
Y oung’s m o du lus o f e la s tic ity  
shear m o du lus 
Po isson’s ra tio .

3. A ssum ptions

3.1 The m a te r ia l of th e  th in -w a lled  box  g irder u n d e r in v es tig a tio n  is 
e la s tic , hom ogeneous, iso tro p ic , to  w hich th e  princip les o f th e  th e o ry  of 
e la s tic ity  hold tru e .

3.2 T he cross sec tion  is c o n s ta n t along th e  full le n g th  o f th e  girder.
3.3 The su p p o rts  c an n o t be  tw is te d  and  th e  cross sec tion  above th e  sup ­

p o r ts  is abso lu te ly  rig id .
3.4 The box  g ird e r is su b jec ted  to  un ifo rm ly  d is tr ib u te d  an tisy m m etrica l 

lo ad s , w hich gen era te  a un ifo rm ly  d is tr ib u te d  to rq u e .

3.5 The m odel in v e s tig a te d  is considered to  be co n tin u o u s , th u s , th e  
so lu tio n  m ay be g iven  in  a closed form .

3.6 The p ro fd e  in v e s tig a te d  is s im ply  a sym m etric , b o x  sh ap ed  re c ta n g u ­
la r  cross section w ith  rig id  corners th e  th ickness of th e  tw o  w ebs is eq u a l vg, 
th o se  of th e  flanges a re  d iffe ren t (vt, vb).

4. Combined to rs io n  an d  w arp ing  of an  undeform able box girder

I t  is assum ed th a t  w ith  a su ffic ien t n u m b er of s tiff  d iap h rag m s th e  
cross section keeps i ts  shape  i.e ., its  u n d efo rm ab ility  d u rin g  tw is tin g  process.

The s ta tic a lly  d e te rm in ed  basic  profile  is p roduced  b y  th e  f ic tiv e  cu t 
a t  co rner po in ts (F ig . 1). R e d u n d a n t q u an titie s  are: sh ear flow  t ac tin g  on th e  
m id d le  surfaces o f th e  w all cross section  as well as th e  sh ea r forces qx an d  qy.

C ontinu ity  con d itio n s a t  th e  cu t p rov ide th e  above re d u n d a n t forces.

m T =  p ya +  p xh ( 1 )

a n d  a un iform ly  d is tr ib u te d  d is to rtio n a l m om ent

mG =  p ya — p xh . ( 2)
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T he c o n tin u ity  cond itions a t c u ttin g s  W l an d  W 2 (F ig . 1) m ay  be 
expressed  in  th e  concise form s

of, in  a m ore d e ta iled  fo rm

w herein  y T is th e  o rd in a te  o f th e  cen tre  o f to rsion .
S u b trac tio n  o f th e  tw o  equ a tio n s y ields th e  re la tio n

» й  =  ( « ? - « ) - £ -  (7)

w herein , besides b en d in g  defo rm ation , (JVf) also th e  d e fo rm a tio n  caused b y  
th e  sh ear force (Q) an d  th e  sh ea r flow  (T) are  ta k e n  in to  acco u n t in  th e  v e rtica l
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a n d  horizon ta l d isp lacem en ts  of th e  w eb an d  flanges re sp ec tiv e ly  such as

t '

(9)

( 10)

(8)

(w here th e  sub scrip ts  l m eans “ le f t-h a n d  side”  t an d  b, “ to p ”  an d  “ b o tto m ” ).
In  the  expressions o f th e  d isp lacem en ts, f lex u ra l s tiffness w ill be expressed 

as follows:
_ _ . лЗ

E J E J 0 _ j  _ vh3 T va
5 J  ox — , „ » J  oyi  -  n ‘ 12 " 12

w hile  th e  shear stiffness is given b y  th e  form ulae

G F  =  G kF 0; F 0x =  vh; F oy =  va ,

w here in , in  case o f a re c ta n g u la r  cross section  к =  5/6.
I t  is to  be n o te d  th a t  th e  ca lcu la tio n  of th e  cen tre  o f to rs io n  m ay  he 

ca rr ied  out by  ad d in g  E qs (5) an d  (6):

Fi'(2yT- h )  = (F;+

T h e  geom etric co n d itio n  is expressed  b y  th e  equalities

( П )

Vöm VbQ <Ff Í g ’ wq (pv(, Jr)? M %bQ — <pAh Ут)•

( 12)

Since, due  to  th e  u n d efo rm ab ility

(Pv =  (P f =

E q . (7) m ay be b ro u g h t to  th e  fo rm

„ ah t'h  _  „ ha ( t'a  t'a
? 2 Gvv ~  99 T  +  2Gvt +  ~2Gvb

(13)

(7a)

b y  m aking  use o f th e  equalities (12).
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B y reducing  th e  above eq u a tio n

(f"ah =  -
h ^  a ^  a

vv 2v, 2vb

is o b ta in ed  w hich  b y  fu r th e r  m u ltip lica tio n  w ith  2 gives

T ds
-2FG<f" =  t ' ( ÿ ~

(14)

(15)

T his is th e  w ell know n eq u a tio n  of defo rm atio n  due to  to rs io n  (S t. V e n a n t’s 
to rs io n ), w herein

F  =  ah .

T he p u re  to rsiona l p a r t  of th e  to rq u e  m ay  be ev a lu a ted  from  e q u a tio n

l T  1

C onsequen tly , E q . (16) m ay  be w ritte n  in  th e  form

w here

G J

= 2 Ft' . (16)

in  th e  form

=  m T1 (17)

4 F 2
t o

Ф т
is th e  to rs io n a l stiffness due to  th e  p u re  to rs io n  of th e  closed cross sec tion .

K now ing  th e  re la tio n sh ip  betw een  th e  geom etrical cond itions an d  de­
fo rm atio n s , one can  w rite

11ш =

vIq =  +

t i v  _  I
WAÍ — "Г

MV

MV _  ЬЬМ —

’bQ =  +

Py -~  (<7yí +  Чуь) -
E J xi

/1
Py ~  (4yt +  Чуь)

GFX,

Px — 2 qx — t'a
EJyt

Px -  2q’i
GFyt

Px — 2 qx — t'a

EJyb

Px -  2 £

=  +<fM

+  ?QV

-  <Рм{— Утд ’

GF ,

=  —  < Р м ( к  -  J t i )  .  

— У T i )  ■

(18)

yb
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F ro m  E qs (18) b y  m u ltip lica tio n  w ith  a an d  h, one can  o b ta in  th e  ex ­
p ressions

a2
p ya — (qyt +  qyb) a — ah t' =  <Pm E  —  J x1 .

it

—p"ya +  (qÿt +  qyb) a =  9>qVG —■ Fxi .

p xh — 2qxh — ah t'

—Pxh  +  2

=  <Рм Е№

=  <phv Gh2

JytJyb
Jyt "4” Jyb

Fyt Fyb
F v, 4- F\yb

(19)

T h e  w arp ing  stiffness m ay  be w r itte n  b rie fly  as follows:

E J WX =  E ~ J x l , E J wy =  Eh2 - - J y^y± — ,
^ J  yt I“ yb

GFWX =  G —  F x l, GFwy =  Ga2 - W * -  . (19a)
2 У F y, +  E y6

S um m ariz ing  f le x u ra l defo rm atio n  e q u a tio n s  (19) y ields

Pya +  Pxh — (qyt +  Яуь)а — 2qxh — 2ah t ’ =  <Pm E J w (20)

—p'yd — p xh 4- (qyt +  qyb) a +  2qxh =  (fQ/GFw (21)
w h ere in

1 4 - 1  F  =  F'Jwx I u ivyi x W x U' F,wy •

T h e fu ll to rs io n  o f th e  b o x  section m a y  be d e te rm in ed  from  th e  com m on effect 
o f b en d in g  and  s h e a r  [1], on th e  basis  o f eq u a tio n

<P =  <Pm +  <Pq ( 22)

T h e values o f <pM and  <j>q m a y  be  expressed  from  E q s (20) an d  (21). 
F o rm in g  th e  sum  of th e  above E q s  we m ay  o b ta in

Pya +  Pxh — (qyt +  qyb)a ~  2lxh — 2ah t ’ —

-  (p’’a +  p'xh) -J™ - +  [(q';t +  q;b) a +  2q''h] Æ l  =  E J w<p™ . (23)
G F ,, G

E q . (23) also sa tis fie s  th e  cond ition  o f eq u ilib rium , i.e.,

mT =  mT1 -j- mT2 4~ m Ti
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w herein

m Ti — (lyt +  Чуь) a +  2gx/i =  —G(JTt +  JTb +  2JTv) <p" =  — GL\JTi(f "
t ji  — GJтоф — 2 ah t -

2 — — =  “b E J wcplv .

(23a)

T h e  e q u a tio n  o f  th e  co m b in ed  to rs io n  is exp ressed  b y  a fo u rth  o rd e r 
inhom ogeneous d iffe ren tia l e q u a tio n  w ith  co n stan t coeffic ien ts:

E J a
2 J n

1 +  - V - <p,v -  g [Jto +  2 J n y
EJu
GF„

mT (24)

N eglecting  th e  sh ea r d e fo rm a tio n  due to  w arp ing  (F w —> oo), th e  e q u a ­
tio n  o f to rsion  becom es

E J w<p™ — G(Jro E J Ti)<p" = (25)

In  case of th in -w alled  pro files one m ig h t assum e th a t  J n  =  G w hen
i

E J w<pIV -  G JT0<p" =  mT . (26)

T he so lu tion  to  th e  d iffe ren tia l e q u a tio n  (24) m ay be ca rried  o u t in  th e  follow ing 
s tep s:

"ir
fc2y IV — <p" =  -f-

GJj

w here

k2 =
E J W fl +  ^ T i)

Fw IEJu
G JT G(Jto +  E J Tt)

w herefrom

at" =  С, c o sh ------h С , s in h --------
Y к к G JT

(26a)

(26b)

(27)

an d  fin a lly  th e  full so lu tio n  will he

9>(z) =  Ct cos A —  C 2 sin  h —------- — —  +  C-z -f- C, .
к к GJT 2

(28)

T h e  co n stan ts  o f  in te g ra tio n  m a y  be  de term ined  from  th e  follow ing 
b o u n d a ry  conditions (L  deno tes th e  le n g th  of th e  b ar):
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— in  case of a ca n tile v e r b eam

with shear without shear ( Fw =  oo)

<FÍ°) =  0 >

,'(•) ---------= --------------------- _
G ( F W +  J T) G ( F W +  J T)

<p(o) =  0 ,

<p\o) =  0 ,

< P " ( L )
171'p

G (F W +  J T) ’

-  < P ' ( L )
M T(L) _ _  Q 

G j T

< p " ( L )  =  0 ,

k y " ( L )  =  ç>'(L) ; (28a)

— in  case of a sim ply  su p p o rte d  beam  

with shear

<p{o) =  ?>(£) =  0 *

<P>) =  y '(L )  -
mT

G(FW +  J T) ’

ivithout shear (F w =  oo)

? (°) =  <piL ) =  0 »

rp"{o) =  y '(L )  =  0 . (28b)

5. D istorsional deformation of a thin-w alled  
closed profile in warping torsion

In  th is ch ap te r  th e  effect of to rsion  will be d isreg ard ed  an d  th e  s tre n g th  
d u e  to  cross sectional d isto rsion  will be in v es tig a ted  (F ig . 2).

Lack of th e  s tiffen in g  d iaph ragm s causes th e  d is to r tio n  of th e  cross 
sec tio n  w hich m ay be described  w ith  th e  angle of d is to rs io n  y(z).

The equations o f d isp lacem en t, m a y  be w ritte n  in  th e  form  of

„ I V  __  „ I V  I „ I V  ___
Vt ~~ Vim  I Viq —

t i v  _  t I V  I t i vs t — $tM "Г ?ÍQ

t I V  _  t I V  I t i v . ьь ^ЬМ I- $bQ "

Ру Чут Ру Чут

F Jx t G F xl

1 Px Яхт
ft ft

Px Чхт

E J y t G F yt

Px Яхт
- +  ■

ft ft
Px Яхт

EJyb G F yb

(29)

w here  th e  shear forces m ig h t be d e te rm in ed  in  possession o f th e  re stra in in g  
m o m en ts  a t corners m t an d  mb accord ing  to  th e  fo rm ulae

Чут
2 {mt +  mb)

1
a

Чхт
2 (mt +  mb) 

h
(30)
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H ence
h_

Ч у т  Ч х т  •
a

The re la tio n sh ip  be tw een  th e  re s tra in in g  m om ents is expressed  w ith  th e  aid 
of th e  th e o ry  of fram ew o rk s b y  th e  e q u a lity

(31)

The va lu e  o f th e  angle o f d e fo rm ation  m ay  be d e te rm in ed  b y  m aking  use of 
th e  e lem en ta ry  fram ew o rk  m odel (F igs 2/c an d  2/d) from  th e  fo rm ula

Щ - f
6 E J P

(32)
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F ro m  E q s (31) an d  (32)

y =  —
a ^ h

6 E J t b E J v
2 -

1 + Л . ± \
3 h J t

l + ^ - ±
3 h J b )

4 5 (33)

w h ere fro m  th e  m o m en ts  a t corners are

mt =  —E K ty  , m b =  — E K by

w h ere in  K t and  K b a re  stiffness coeffic ien ts .
B y  estab lish in g  th e  geom etric  co n d itio n s

„ I V  _  _  Py (lyn
,M E J xl

V% =  +

f IV _  Iь/m — ПГ

Щ  =

Ру Чут
GFxl

Px Яхт
E J y t

Px Яхт

„ IVУм

yhV

„ IVУм
(~ У м )  ’

GF.yt

MV __ Px Яхт$ьм - -

t I V  _  I SbO — ~~r

E Jyb
// // 

Px Яхт
GFyb

=  +  ^ ( - J q) ,

„ IV

— H ~  — Ум) »

+  f ( h - y Q)

a f te r  red u c tio n  th e  follow ing re la tio n s  are  ob ta in ed

Pyd Çyô —
. .IV n 2  „ IV
У м  ТУ a  T  ____ ТГ T  У мJ-! у/ --  JEtJ Щ
2 2 2
IV  9 IV

/  // // 4 ?Q r  a T? Г Т 7  YQ(Pya — 5fya) = ------G — Fx l = ~  GFWX

(p xh — gx/i) =
„ I V  T  T
У M  J  y tJ  yb

jyt  +  Jyb
E J , Ум

2
ív

p"xh -  qxh =  -  ^  GV  - ■ =  -  GFwy ^
2 Fyt +  F yb 2

(34)

(35)
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S ep a ra te ly  sum m ariz ing  th e  effects o f bend in g  and  shear, re su lts  in  th e  follow ­
ing  equa tions

—v IV
Pya — Pxh — (4ya +  1x^) = --------  EJu> , (36)

Z

—  (p"ya  — Pph) +  q'ÿa +  q*h =  —  Ц -  GFW . (37)
z

B y  superposition  o f angles of d e fo rm ation  due to  b en d in g  an d  shear [2]

У =  Ум +  7q (38)

one arrives to  th e  re la tio n

(.Pya -  Pxh) -  (Pya -  Pxh) -  (qya +  qxh) +  (q’ÿa +  qxh) =

r IV=  - E J WZ -  . (39)
Z

R ep lacing  th e  equa lities

qya =  2 (mt +  mb) =  - 2 E (K t +  K b) у =  - 4 E (K t +  K b) ^ ,  (40)

qxh =  2 (mt +  m b) =  - 2 E (K t +  К ь) у  =  - 4 E ( K t +  K„) (41)

in to  E q . (39) resu lts  in  th e  fo u r th  o rd er d ifferen tia l e q u a tio n  of co n stan t
coeffic ien ts of th e  follow ing form  [2]:

E J W^ 1  -  8 E (K t +  K b) +  8E {K t +  K b) =
Z b-rw z  z

=  ~ ( p ya -  Pxh) +  (pya -  Px h ) - ~ - .  (42)
G t w

N eglecting  th e  effect of shear (GFW =  oo), eq u a tio n  (42) m a y  be w ritte n  
m ore  sim ply

E J w ~  +  8 E (K t +  K b) Z - =  — (pya — p xh) . (42a)
z  z

T h e  shape of th e  d iffe ren tia l eq u a tio n  (42a) is th e  sam e as t h a t  o f a beam  
on  elastic  su p p o rt. T his recogn ition  m ay  be used in  solving E q s  (42) an d  (42a).
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F ro m  E q. (42a) i t  m ig h t be seen th a t  th e  m o m en t o f d is to rtio n , ju s t  
lik e  to rs io n a l m o m en t, m a y  be d iv id ed  in to  tw o p a r ts , as follows

w herein

7ji0 i =  —8E(Kf +  Kb) y/2 is the distributed m om ent o f the pure distortion; 

mGl =  —EJW yIV/2 is the distributed m om ent of warping distortion.

In  case of d is to r tio n , th e  s tre n g th  associated  w ith  a b im om en t sim ilar 
to  th e  th e o ry  of p la te s , is exp ressed  b y  th e  re la tio n sh ip

fu r th e r  on called d is to r tio n a l b im o m en t [4].
T he com plete so lu tio n  to  th e  d ifferen tia l eq u a tio n  o f th e  w arp ing  de­

fo rm a tio n  (42) m ay  exp ressed  in  th e  form

mai +  mG 2 =  mG (43)

(44)

=  C4 cosh az sin  ßz -j- C 2 cosh az cos ßz -j- C 3 sin h  az sin ßz -j-

w here
Cv  C2, C3, C4 are c o n s ta n ts  o f in te g ra tio n ,

Yp ______________ mG (42c)
2 8 E (K t +  K„)

Yp(z) is the  p a r tic u la r  so lu tion .
W hen th e  sh e a r effect is neg lected , one can  m ak e  use o f th e  sim p lifica­

t io n  a  =  ß in  E q . (42).
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T he co n stan ts  o f  in teg ra tio n  are  d e te rm in ed  from  th e  b o u n d a ry  condi- 
lions. D ue to  th e  ap p lica tio n  of stiffen in g  d iap h rag m s a t  th e  ends of th e  box  
g irder th e  following con d itio n s m igh t be  w ritte n :

y(o) =  y(L) =  0 .

2m,
У »  =  Y " ( L )  =

GK,

(42d)

6. Warping and distorsional tw ist o f the thin-w alled box girder

T he eq u a tio n  of th e  closed profiles be ing  in  th e  s ta te  of com bined  to rsion  
and  d is to rtio n  (Fig. 3) c an  be deduced  w ith  th e  help  o f th e  re su lts  described 
in C hap te rs 4 and 5.

T he in v es tig a tio n  w ill be ca rried  o u t d isregard ing  th e  own to rsional 
stiffnesses of th e  b o rd e rin g  walls (27 I Ti — 0).

B y  w riting  th e  co n d itio n  of c o n tin u ity  sim ilar to  E q . (7a), th e  re la tio n

2 b
21'

=  —  < P v (—  h )  +
Gvv Gvt

i-; o b ta in ed , hence th e  eq u a tio n  of th e  pu re  to rsion
// I ff

<P f  +  < fv  ey I . /—---------- =  2ah t =  т тл

+
Gvh

- G J to '

(43a)

(44a)

©

n tf

©

F ig . 3
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In  th e  follow ing, we are  s e tt in g  u p  th e  re la tio n s b e tw een  th e  v e rtic a l 
d isp lacem en ts  an d  to rs io n a l ro ta tio n s  from  bending  a n d  sh ea r such  as

n lvV i m

p y — t'h  — qym _
EJ.

+  VMf
xl

(45a)

a n d
„„IV . I Ру Чут _  I „ I V
VlQ —  H------------ ------------------  —  +  VQf

GPpi
re sp ec tiv e ly .

To th e  h o rizo n ta l d isp lacem en ts th e  follow ing e q u a tio n s  m ay  be e s ta b ­
lish e d

f-iv Px t a -\~ qxm _ „ ív
StM —

fcIV ^WO —

EJyt
tt I //

Px I Чхт
G F

=  — <Pm v ( — У т i )  »

=  -<PqÍ { -  Утг) .
yt

H X i  =  -  Px Ü !  +  gxm- =  — < P M v ( h  -  Утг)

t iv  _  ISbQ — i

EJyb
H I //Px “г  9xm

G F =  —<pQi(h -  Утг) • (45b)
yb

D eveloping th e  equ a lities  (45) a n d  rep lacing  th e  v a lu es  of th e  w arp in g  
stiffnesses, th e  fo llow ing expressions a re  ob ta ined :

p ya — t'ah  — 2 (mt - f  m b) =  E J wxtp)tff ,

p xh — t'ah  +  2{mt +  mb) =  E J wycp)^v , (46)

— [p "a  — 2 (m" +  m'b)] =  GFwx<plJf  ,

— [Pxh +  2 (mj +  m"b)] =  GFwy<p$ .

A d d in g  th e  above fo u r equ a tio n s tw o -b y -tw o , th e n  s u b tra c tin g  tw o -b y -tw o , 
w e m ay  find :

Pya +  p xh — 2ah t '  =  E J wxfplMf  +  E J wyq:l̂ v ,

— (p'ÿa +  p xh) =  G F wx(pQf +  GFwy<plQÍ , (47)

p ya — p xh — 4(m ; +  rnb) =  E J wx<pMf  ~  EJurfpMv ,

— {p'ÿa — p"xh) +  4(m" +  mHb) =  GFwx( f$  — G Fwy(p$ .

A ccording to  th e  equ ilib rium  co n d itio n  th e  le f t-h a n d  sides of th e  f ir s t  
a n d  th ird  e q u a tio n  o f  th e  system  o f eq u a tio n s  (47) m ay  b e  w r it te n  as follow s:

m T — mT1 =  mT2 ; ma — mG1 =  mG2. (48)

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



THIN-WALLED BOX GIRDERS 07

A ccord ing ly , th e  r ig h t-h a n d  side of th e  e q u a tio n s  rep re sen ts  th e  d is tr ib u te d  
w arp ing  m o m en t in  case o f to rsion  an d  d is to r tio n , i.e .,

m j2 E J wx(pMj -^Jwy^pM v 1

m G2 =  EJwx<pMf F ,J \vyq  ajv .

(49)

B y  in tro d u c in g  th e  m a trix  n o ta tio n  e q u a tio n s  (49) m ay  be  b ro u g h t to  
th e  form

E(JW) Ум =  m2 .
H ence

w here

9>IV =  t : ( J J  l ,

( J w) = 'ivy

J ,ivy.
- I V 4>Mf ' _ m T2

9 —

. Ä  .
,  ТП 2  —

. m G2 -

I t  m ay  be w ritte n  in  a sim ilar w ay

— т'т 2 =  G Ewx(f of  +  G FWy(f oi: ,

~ m G 2 —  G F wx(f Q f  —  G F ^ yC f q i  , 

or

^ V =  - I ( V 4 .

(50) 

(50a)

(50b)

(51) 

(51a)

B y sum m ing  up  th e  to rs io n s  due to  b en d in g  an d  shear th e  com plete  to rs io n  
m ay  he o b ta in ed , i.e .,

? IV =  ЙЙГ +  vhV =  ^  ( X ) - 1 m 2 -  X  {Fw)- i  rr% ,
h  Lr

(52)

and  th e  eq u a tio n  o f w arp in g  torsion  o f th e  defo rm able closed pro file  is g iven 
b y  th e  m a tr ix  d iffe ren tia l equation

E (J W) <plv =  m 2 -  X  ( F w)- i  ( J №) ml (53)

w herein

m о m T 2 = Ttl'p TTl'jr-̂

. m G 2  . . ™g  . . m Gl .

" W lT 2 0
//L m ű 2  J L m G J n

L j

m  — ,

=  m  — m. (53a)
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a n d

m Tl =  - G J T0 (Pf ^  - -  =  2ah t ' , 

mG1 =  4 E (K t +  K„) (cpj — <pv) =  4(m, +  m„) . (44a)

(44)

E q . (53) m ay be re w ritte n  in  th e  fo llow ing form

E (JW) <plv -
GJ E  , =

( / )  +  4E{K,  +  K„) ~  ( F J - i  (J„ )  ( У) 
Z (/

— n I
9s +

+  4 E ( K t +  K b) ( Y )  <p= m  — —  ('F w) - i  ( J w) m" , (54)
Lr

w h ere  th e  m atrices (I)  and  (Y ) are  as follow s:

1 1

_ 0 0 J ’

' 0 O' 

1 - 1
(Y )

№

(54a)

T h e  general so lu tion  to  th e  inhom ogeneous d ifferen tia l eq u a tio n  (54) is [3]:

2
<ph(z) =  y>ÿi(Af cosh «,-z s in  ßtz +  J3, cosh a,z cos ß,z -f- 

i=i

-(- Cf sinh  a jZ sin ßjZ +  D,  sinh a,z cos ß ,z) . (55)

T h e  full so lu tion , know ing  th e  p a r tic u la r  one, — çjp(z), — is

^ (z) =  Thi?) +  ÿ p(*0 • (56)

T h e  co n stan ts  of in te g ra tio n  m ay  be d e te rm in ed  b y  m ak in g  use of th e  b o u n d a ry  
co n d itio n s as is p re sen ted  in  C h ap te rs  4 an d  5.

In  the  case of a sim ply  su p p o rte d  b eam  ly ing  on fork like su p p o rts , th e  
b o u n d a ry  cond itions m ay  be exp ressed  b y  th e  equalities

çî(o) =  ÿ(L)  =  0; <p"{o) — y ’{E) — 0 . (56a)

T h e  m agn itude  of th e  d isto rsional ang le  m ay  be d e te rm in ed  w ith  th e  e q u a lity

< P }{* )  —  < F viz )  =  r ( z )  ■ ( 5 7 )
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F o r p rac tica l cases th e  accu racy  of th e  calcu la tion  will be sa tis fa c to ry  
if  one applies th e  follow ing ap p ro x im a tio n s :

?!/ ==9, ~ Y ; <Pv =  cP + ~ (58)

In  th is  case, th e  to rs io n  and  an g u la r ro ta tio n  will be described  by  th e  re la tio n s

(58a)9>/ +  <Pv ,—-------— =  <p a n d  (ff — <pv
2 -У >

fu r th e r , considering E q s (44) and (44a) th e  following e q u a lity  m ay  be w ritte n :

n  —  —  GJto<P »

lG 1 =  - 8  E (K t +  K b) - E . (58b)

T he m a tr ix  d iffe ren tia l equa tion  m a y  be w ritte n  in  its  developed  form

E (J W) (J )  u IV (T) +  ~ ( F W) ^ ( J W) (K)
(z

ü" +  K ü  =  m -  —  \ F w)~l (Jw)rn" 
G

(59)

w herein

(J )  =  ( I )  +  (Y )  =

<P

_  JL 
2

Г 1 + 1  I ,  ( f )  =
GJTo 0

, К  =
' 0 0

[  1 - 1  J 0 0 . 0 8E (K t +  K b)_

(59a)

N eg lecting  th e  effect of shear, th e  s im p lified  eq u a tio n  y ields

(Fw) - ' - >  0 0  ,

E (J W) (J)  Û1V -  ( f )  й" +  { К )й  =  т \ (60)

or, in  d e ta iled  form

I V

EJwV — GJT0<p" — E (Jwx — Jwy) — — =  т т ,

E J U
„ I V

8E (K f  +  K a) -У~  -  E (J WX -  J wy) <pIV =  - I (61)
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T h e  firs t e q u a tio n  describes th e  to rs io n  w ith o u t d isto rsion  if  y  =  0; 
th e  second one expresses th e  d istorsion  in  tra n sv e rsa l b end ing  w ith o u t to rs io n  
if  cp =  0.
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Beanspruchungszustand топ Trägern m it dünnwandigem  geschlossenem  Querschnitt in 
T orsion. — Die T o rsio n sth eo rie  v o n  T rägern  m it d ü n n w an d ig em  geschlossenem  Q u ersch n itt 
w ird  a u f  allgem eine F ä lle  d e r W ö lb k ra ftto rsio n  d e r de fo rm ierb aren  Q uersch n itten , sowie 
a u f  d en  E in flu ß  der S ch u b v e rfo rm u n g en  erstreck t. D as A nliegen de r A b h an d lu n g  is t die m a th e ­
m a tisc h e  E rfassung  de r m ech an isch en  E rsch ein u n g  de r zu sam m engese tz ten  T orsion  fü r  die 
In g e n ie u rp rax is , w eiters d ie A n w endung  der m itg e te ilten  F o rm eln  im  R ah m en  eines n u m eri­
sch en  Beispiels. A usser d e n  b e k a n n te n  V erfah ren  ( W a n n s l e b e n , U r b a n , usw .) w eist der 
V erfasse r auch  a u f  die B e d e u tu n g  der sek u n d ären  S ch u b v erfo rm u n g en  hin.

Состояние нагрузки  тонкостенных балок зак ры того  профиля-В данной работе тео­
рия тонкостенных балок закрытого профиля распространяется для специальных случаев 
чистого, коробляющегося — и искажающего кручения при учете воздействия деформа­
ций среза. Работой ставится цель математической формулировки механических явлений 
комбинированного кручения для инженерной практики, далее демонстрация сообщенных 
формул в рамках числовых примеров. В работе сверх наиболее известных методик (Ван- 
слебен, Урбан и т. д.) указывается также на значение вторичных деформаций среза.
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EXAMINATION OF THE BUILD UP CHARACTERISTICS 
OF HIGH-PRESSURE WALL-STABILIZED DISCHARGES

I. BO LLA * — I. CSÁNYI**

(M anuscrip t rece ived  M arch 25, 1975)

T h e  p h y sical a n d  chem ical p h en o m en a  during  th e  b u ild -u p  period  of high- 
p ressu re  gas discharge system s w ith  H g  : T il  : D y l3 ad d itiv es w ere in v es tig a te d  b y  
sim u ltan eo u sly  m easu ring  th e  te rm in a l v o ltag e  a n d  th e  sp ec tra l c h a rac te ris tic s  o f  th e  
d ischarge. T he in fluence of each  a d d itiv e  on  th e  e lectrical ch a ra c te ris tic s  du rin g  th e  
ev ap o ra tio n  processes, w hich  are  p a ra lle l to  th e  bu ild -up  o f th e  d icharge  tu b e  w all 
te m p e ra tu re , w as d e te rm ined . T he re su lts  w ere ev a lu a ted  fro m  th e  p o in t o f v iew  of 
th e  energy  d issip a tio n  phen o m en a  — io n iza tio n /reco m b in a tio n , pho toem issio n /ab so rp - 
t io n , d issociation  — in  th e  discharge.

1. Introduction

I t  is well know n th a t  in  th e  h igh -p ressu re  w all-stab ilized  d ischarge lig h t 
sources th e  w ork ing  m edium  is fo rm ed  b y  m ercu ry  an d  b y  v a rio u s m eta ls  
(N a , T l, In , D y, Sc, T h  etc.) in tro d u ced  in  th e  form  of m e ta l h a lo ids (generally  
iod ide). T he p a r tia l  p ressu res an d  co n cen tra tio n s  are  b a s ica lly  de te rm in ed  b y  
th e  te m p e ra tu re  d is tr ib u tio n  of th e  d ischarge  tu b e . U n d e r n o rm a l o p era tin g  
co n d itio n s  — depend ing  on th e  geo m etry  o f th e  discharge tu b e  an d  th e  e lec tri­
cal in p u t  pow er — th e  te m p e ra tu re  o f th e  tu b e  wall v aries b e tw een  400 an d  
750 °C an d  th u s  th e  to ta l  p ressu re  of th e  m e ta l v apours in tro d u c e d  in to  th e  
sy s tem  m ay  change from  1 to  5 a tm , d epend ing  on q u a n ti ty  o f th e  add itions.

I t  is know n fu rth e rm o re  th a t  in  th e  m en tioned  p ressu re  ran g e  an d  a t  
th e  te m p e ra tu re  of 2 . . . 5 х Ю 3 К  th e  m ain  ch a rac te ris tic s  o f th e  p lasm a: 
th e  e lec tro n  te m p e ra tu re  T e, th e  e lec tro n  co n cen tra tio n  ne, th e  io n  co n cen tra ­
tio n  Hj e tc . can  be d e te rm ined  on th e  base  o f th e  m odel assum ing  L ocal T h erm o ­
d y n am ica l E q u ilib riu m  (L T E ). T his th e m e  has a t p resen t a v a s t  l i te ra tu re , 
a n d  em braces th e  w idely  v a ried  fie lds o f ap p lica tio n  of th e  co llis ion-dom inated  
p lasm as [1, 2, 3].

B u t  a com pletely  new  ap p ro ach  is req u ired  b y  th e  d esc rip tio n  an d  in te r ­
p re ta t io n  o f th e  p henom ena occuring in  th e  bu ild  up  perio d  w hich  follows 
th e  b reak d o w n  in  th e  w all-stab ilized  d ischarges. In  th is  tra n s ie n t  ran g e  th e

* I. B o l l a , K o rv in  O. u . 47, H-1036 B u d a p es t, H ungary .
** I. C s á n y i  F elszabadu lás u . 60, H-2120 D unakeszi, H u n gary .
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co n cen tra tio n  of th e  m e ta l iodides an d  H g  ev ap o ra ted  in  th e  argon ign ition  
gas of ab o u t 10^-30 T o rr  p ressu re  increases con tinuously , due  to  th e  increasing  
w all te m p e ra tu re , w h ich  is a d irect reason  for th e  pow er d issipation  b y  th e  
argon  discharge.

In  th is  tra n s ie n t s ta te  of th e  d ischarge  system , n o t  th e  know ledge of 
th e  co n cen tra tio n  an d  te m p e ra tu re  d is tr ib u tio n  fu n c tio n s a re  im p o rta n t, w hich 
d e te rm in e  th e  sp ec tra l ch a rac te ris tic s  — in  th e  absence o f  equ ilib rium  s ta te  
such  fu n c tio n s c an n o t be  defined  — b u t  th e  energy  d iss ip a tio n  phenom ena, 
w hich  in  th e  f irs t  line  in fluence  th e  e lec tric  ch a rac te ris tic s  o f th e  discharge.

T h a t is, if  d u rin g  th e  stab iliza tio n  period  o f th e  d ischarge  th e  ion iza tion , 
ex c ita tio n , d issociation , an d  h ea t co n d u c tio n  losses exceed  a critical va lue , 
th e  te rm in a l vo ltage  o f th e  discharge su d d en ly  ju m p s  u p  an d  th e  d ischarge 
d rops o u t.

T herefore in  th e  b u ild  up ch a rac te ris tic s  of th e  te rm in a l vo ltage o f th e  
w all-stab ilized  d ischarges an  im p o rta n t role can be assigned to  th e  defin itions 
o f  th e  various in te rv a ls  — th e  e lu c id a tio n  of basic in te ra c tio n  during  th e  
ch a ra c te ris tic  periods.

2. Basic phenom ena during the build up period of the 
w all-stabilized m etal vapour discharges

As i t  is know n , in  th e  h igh-pressure w all-stab ilized  m eta l v ap o u r d is­
charges, besides th e  q u a n t i ty  of ad d itio n s in tro d u ced  in to  th e  q u artz  tu b e , th e  
w all te m p e ra tu re  d e te rm in es  th e  d en sity  of th e  p lasm a. A fte r th e  b reakdow n  
p h en o m en a  (ca. 10 _1 sec), b y  th e  ac tio n  of th e  h e a t d iss ip a ted  b y  th e  arc 
d isch arg e  in  th e  ig n itio n  gas, th is  te m p e ra tu re  rises from  am b ien t to  400 — 
750 °C. B ecause of th e  increase of th e  m e ta l v ap o u r c o n cen tra tio n  in th e  ca. 10 
T o rr  argon  and  th e  m e ta l vapour, m ix tu re  g rad u a lly  dim inishes th e  m ean  
free p a th  of th e  energ iz ing  electrons Xe an d  th u s  th e  m ean  energy e assum ed 
cy  th e  electrons fo r a given fie ld  s tre n g th  E , needed  fo r  m ain ta in in g  an  ad e ­
q u a te  degree of io n iza tio n  in  th e  po sitiv e  colum n, m u st be increased.

Inasm uch  as th e  fie ld  s tren g th s  in  th e  ca th o d e  an d  anode spaces are 
d e te rm in ed  b y  o th e r  m ethods [4], th e  ev ap o ra tio n  an d  energy d issipation  
p henom ena d u rin g  th e  b u ild  up period  can d irec tly  be followed th ro u g h  th e  
te rm in a l vo ltage  o f th e  discharge.

T he m ost sim ple form  of th e  b u ild  up  ch a rac te ris tic s  U(t) of th e  w all- 
s tab ilized  d ischarges is p rov ided  b y  th e  so-called single com ponen t system s, 
such  as m ercury  v a p o u r  discharges, w here th e  increase o f th e  field in te n s ity  
o f th e  positive co lum n an d  therefo re  of th e  te rm in a l v o ltag e  of the  system  is 
d e te rm in ed  b y  th e  co n cen tra tio n  of th e  ev ap o ra tin g  m ercu ry  v ap o u r [2, 4]. 
T he ty p ica l form  o f th e  cha rac teris tic  U(t) is show n in  F ig . 1.
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T aking  in to  acco u n t th a t  th e  te rm in a l vo ltage  an d  th u s  th e  field s tre n g th  
of th e  positive co lum n is a fu n c tio n  o f th e  c o n cen tra tio n  of th e  H g a to m s 
in th e  f irs t line, th e  ch a rac te ris tic  p re sen ted  in Fig. 1. is re la tive ly  sim ple 
to  in te rp re t:

— in  th e  in te rv a l A B  due to  th e  T ow nsend  av a lan ch e  phenom ena, 
f irs t a glow  an d  th e n  an  a rc  d ischarge develops; th e  co n d u c tiv ity  
of th e  p o sitiv e  colum n ( ~ 1 0  T o rr  A r -|- ~ 1 0 -3  T o rr  Hg) is v e ry  
high, th e  te rm in a l vo ltage  is a p p ro x im a te ly  th e  sum  of anode a n d  
ca thode d ro p s;

Fig. 1. T y p ica l build  up  c h a ra c te ris tic  o f  H g v a p o u r  d ischarge

— in  th e  in te rv a l BC raises th e  w all te m p e ra tu re  con tinuously  due  to  
th e  d iss ip a ted  h ea t q u a n ti ty  Q, b y  th e  A r-d isch arg e  increases th e  
co n cen tra tio n  of H g, decreases th e  m ean  free p a th s  Xe and increases 
th e  fie ld  s tre n g th  E ;

— in p o in t C th e  to ta l  q u a n t i ty  o f H g e v a p o ra te s , th e  system  g e ts  
in  th e  s ta te  o f an u n s a tu ra te d  v a p o u r  an d  a fu r th e r  increase o f w all 
te m p e ra tu re  an d  p lasm a te m p e ra tu re  resu lts  o n ly  in  a pressure rise  o f

P H ,  ~  k T

— in p o in t D  th e  system  reaches i ts  no rm al s ta te  — it  reaches local 
th e rm o d y n am ica l equ ilib riu m  (L T E ) [2], an d  th e  m ean  value o f th e  
field  s tre n g th  b y  tim e an d  ra d iu s  E  can  be ca lcu la ted  b y  th e  fo llow ing 
re la tion  d educed  on th e  b ase  o f th e  L T E -assu m p tio n s [5]:

E Z =  C
pi/2

P (P  -  P v/V,) ■ 4 V

m ( V j / 4 V )  +  l / 4

d3'2 ( 1 )
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w h ere
P  — К : 1 is th e  in p u t  electrical pow er — th e  p ro d u c t o f th e  ax ia l co m p o n en t o f fie ld  

s tre n g th  a n d  d ischarge cu rren t,
P v =  th e rm al co n d u c tio n  loss,
VI =  th e  io n iza tio n  p o ten tia l o f th e  H g  atom s,
V  =  th e  m ean  ex c ita tio n  p o ten tia l o f th e  H g atom s, 
d =  th e  len g th  o f th e  positive  co lu m n ,
C =  a  c o n s ta n t depend ing  on th e  c o n d itio n s o f discharge.

F a r  m ore co m plica ted  is th e  in te rp re ta t io n  of th e  b ild  u p  ch a rac te ris tic s  
w ith  th e  so-called m u ltico m p o n en ts  sy s tem s, w here in  a d d itio n  to  th e  e v a p o ra ­
t io n  p henom ena o f in d iv id u a l co m p o n en ts  (which in  th em se lv es  cause v e ry  
co m p lica ted  changes o f co n d u c tiv ity  b ecau se  of arc c o n trac tio n  an d  b road en in g  
p h en o m en a) an  im p o r ta n t  role is p lay ed  b y  th e  various d issocia tion  phenom ena 
a n d  b y  th e  e lc tro n  c a p tu re  p h en o m en a  o f th e  e lec tro n eg a tiv e  gases (e.g. 
io d in e).

S ub seq u en tly  th e  b u ild  up  c h a rac te ris tic s  U(t) of su ch  m u ltico m p o n en t 
sy s tem s  and  th e  ch a ra c te ris tic  po in ts  occu rrin g  w ith  th e  v a rio u s  ad d itio n s are 
d e a lt  w ith , th u s  p e rm ittin g  a b e tte r  u n d e rs tan d in g  of t r a n s ie n t  p h enom ena  
w h ic h  can n o t he described  w ith in  th e  fram e  of th e  L T E  m odel and  so fa r  
n o t  t re a te d  in  lite ra tu re .

3. Exam ination of the voltage build up characteristics 
of the m ulticom ponent discharge system s

3.1. Measuring method

T he ch a rac te ris tic s  U(t) of th e  above  m entioned  m u ltic o m p o n e n t w all- 
s ta b iliz e d  discharges h av e  been ex am in ed  in  th e  f irs t  line w ith  in c lud ing  
sy s te m s  T1I-, D y l3- a n d  H g -ad d itio n s w hich  are im p o r ta n t  in  th e  f ie ld  of 
l ig h t  genera tion .

F o r th e  in v es tig a tio n  23 m m  dia. q u a r tz  discharge tu b e s  w ith  T h -a c tiv a t­
ed  tu n g s te n  e lectrodes, 50 m m  electrode d is tan ce , 20 T orr argon  s ta r tin g  gas an d  
s u ita b le  add itions w ere used. F o r red u c in g  h ea t losses th e y  w ere enveloped  
in  v a c u u m  bulbs. T hese o u te r bu lbs w ere each  provided w ith  a q u a rtz  w indow  
fo r  abso rp tion -free  m easu ring  of th e  U Y  ra d ia tio n  of th e  d ischarge .

F o r th e  c u rre n t lim ita tio n  o f th e  discharge an  L  =  100 m H  coil 
se rv e d  an d  in  th e  c ircu it a 0,5 О re s is to r  w as inserted  in  series fo r m easu ring  
th e  c u rre n t in  th e  d isch a ig e  tu b e . T h e  v a ria tio n  w ith in  one h a lf  period  of 
th e  v o ltag e -cu rren t ch a rac te ris tic  Us(t) w as m easured  w ith  an  oscilloscope 
(F ig . 2b), th e  changes o f th e  U(t) c h a ra c te ris tic  in  th e  section  B D  w ere reco rded  
b y  a n  in s tru m e n t eq u a lly  su itab le  fo r m easu rin g  of th e  p e a k  an d  effective 
v o lta g e s . T he c ircu it d iag ram  of th e  d isch arg e  tu b e  o p e ra te d  w ith  an  a l­
te rn a t in g  voltage  is show n in  Fig. 2a.
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In  o rder to  e lu c id a te  the  m u tu a l in flu en ces in  th e  d ischarge, as a f irs t 
s tep , s im u ltan eo u sly  w ith  th e  v o ltag e  c h a ra c te ris tic  U(t) th e  re la tiv e  in te n ­
sities o f th e  sp ec tru m  lines em itted  b y  th e  a to m s o f th e  a d d itiv e  m eta ls  were 
recorded  w ith  an  UM -2 ty p e  m o n o ch ro m ato r. A ccording to  earlie r m eas-

•(t)

P, =100 kft

F ig. 2a. E lectrica l schem e of th e  discharge tu b e

urem en ts in  th e  in itia l period of th e  p ressu re  bu ild -up  of th e  ad d itiv es  th e  
p lasm a b ehaved  o p tica lly , from  th e  p o in t of v iew  of th e  e m itte d  sp ec tru m  lines, 
as a p lasm a th in  lay e r. H ence, as a f i r s t  a p p ro x im a tio n  i t  can  be assum ed th a t  
th e  increase of in te n s i ty  is p ro p o rtio n a te  to  th e  increase of co n cen tra tio n .

I t  is to  be re m a rk e d  th a t  th e  fu lly  e x a c t discussion w ould  req u ire  th e  
function  Tj(t, z, cp) w h en  analyzing th e  b u ild  u p  ch a rac te ris tic s , i.e. th e  know l­
edge of th e  w all te m p e ra tu re  d is tr ib u tio n , b u t  u n d e r o p e ra tio n a l cond itions 
th e re  is no p o ssib ility  fo r de term in ing  it.
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T he m easu rem en ts  have show n th a t  th e  b u ild  up  ch a rac te ris tic  U(t) 
show s ty p ica l b reak in g  po in ts  a t th o se  tim es (,■ w hen th e  increase of in te n s ity  
o f  th e  spec trum  lines e m itted  by  th e  v a rio u s  m etals h as  s ta r te d  or has passed  
in to  sa tu ra tio n .

Since th e  m o n o ch ro m ato r m easu rem en ts  h av e  n o t exp la ined  som e 
ty p ic a l in te rv a ls  o f th e  ch a rac te ris tic , in  th e  second p a r t  of th e  ex am in a tio n s  
on th e  ty p ica l p o in ts  o f th e  c h a ra c te r is tis  U(t) th e  com ple te  sp ec tru m  o f th e  
d ischarge  w as reco rd ed  w ith  a PG S-2 sp ec tro g rap h s in  th e  range  2300 . . . 
. . . 6 5 0 0  Á, in  o rder to  c larify  th e  effects w hich  are p re su m ab ly  due to  m o lecu lar 
ph en o m en a . T he v o ltag e -cu rren t c h a ra c te r is tic  174.(t) — I s(t) w as reco rded  w ith  
a tw o-beam  oscilloscope (Fig. 2b). T h e  a rran g em en t o f th e  sp ec tra l m easu re ­
m e n t is show n in  F ig . 3.

G K L ,  D L 2 M F E R

Û(t)

F ig. 3. A rrangem en t o f th e  sp ec trog raph ic  m easu rem en ts: G G as d ischarge tu b e  w ith  o u te r  
b u lb ; M M onochrom ator; К  Q uartz  w indow ; F  P h o to e lec tro n m u ltip lie r; L, Lens f , =  150 m m ;

E  A m plifier; D D iap h rag m ; R  R ecorder; L„ L ens f2 =  75 m m

3.2. Measurements in multi-component discharge systems

D uring  th e  f ir s t  s tep  th e  in v es tig a tio n s  w ere ca rried  ou t in  a d ischarge  
sy s tem  consisting  of H g , D y l3, T i l ,  A r, and  th e  U(t) vo ltag e  c h a ra c te ris tic  
w as m easured , as well as th e  in te n s itie s  o f th e  d iscre te  sp ec tra l lines e m itte d  
b y  th e  atom s of v a rio u s  m eta l ad d itiv e s  ev ap o ra tin g  in to  th e  d ischarge  (H g, 
D y , Tl). The re la tiv e  in ten sities  J (.(t) o f th e  sp ec tra l lines belonging to  th e  
tra n s itio n s  H g 73S1- 6 3P 1, 73S j - 63P 2, 73S1- 6 3P 0, T l 72S1/2- 6 2P 3/2, 92P 1/2-  
72S 1/2 w ere d e te rm in ed  as a fu n c tio n  o f tim e . F o r D y  on ly  th e  ab so lu te  v a lues 
o f th e  energy levels belonging to  th e  g iven line are  in d ica ted , because  th e  
e lec tro n  con fig u ra tio n  of th e  ra re  e a r th  m etals is o n ly  p a r tly  k n ow n . So 
in  th e  given case th e  d a ta  for energ ies above 15 000 c m '1 are lack in g  [6]; 
th e  in ten sities  of th e  sp ec tra l lines be long ing  to  th e  energy  tran s itio n s  23 736 
c m -1 —0, 27 837-—4134 c m -1 an d  30 778 — 7050 c m -1  w ere m easured . As an  
ex am p le  th e  in te n s ity  changes, as fu n c tio n s  of tim e , o f th e  436 nm  m ercu ry  
lin e  (Fig. 4), th e  535 nm  line belong ing  to  th e  tra n s it io n  Tl 72S 2/2 — 62P 3/2 
(F ig . 5), and  of th e  double  line of D y  421,12 — 421,32 n m  (Fig. 6) (lower en v e lo p ­
in g  curves) are  show n. T he u p p e r envelopes of th e  th re e  figures show  th e  
b u ild  up  ch a rac te ris tic  U(t). I t  is to  be rem ark ed  here  t h a t  in  th e  D y sp ec tru m  
th e  lines are  so close to  each o th e r t h a t  th e  m o n o ch ro m ato r used w as u n ab le  
to  sep a ra te  th e  above m entioned  line pairs.
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T he c h a rac te ris tic s  p resen ted  show  th a t  on th e  17(f) vo ltage  graph  u n til  
th e  equ ilib rium  (L T E ) fiv e  typ ica l ran g es  can be d is tin g u ish ed  (Fig. 4).

I . As th e  p a r t ia l  pressure of th e  iodides of th e  ad d itio n s  is negligible 
a t  room  te m p e ra tu re , th e  discharge ta k e s  place in  a P e n n in g  m ix tu re  of ca. 20 
T o rr  argon and  1 0 “ 3 T o rr  m ercury , a n d  th e  20 Y te rm in a l vo ltage m easured  
a fte r  th e  bu ild-up  o f th e  arc is th e  su m  of th e  anode a n d  th e  cathode d rops. 
T his can  also be seen on Fig. 7, w h ere  th e  U(tj) te rm in a l vo ltage is show n 
for 20 °C w all te m p e ra tu re  and for v a rio u s  e lectrode d is tan ces .

F ig. 4. B uild  up  c h a ra c te ris tic  o f th e  effec­
tiv e  vo ltag e  U(t) and  of th e  H g  4358,3 Á w ave­
len g th  lines, as functions o f  tim e : 1 — voltage 

ch aracte ris tic ; 2 — lin e  in ten sity

F ig. 5. B uild  up  ch ara c te ris tic  of th e  effec­
tiv e  vo ltage  U (t) a n d  o f th e  T1 5350,46 Â w av e ­
len g th  line, as fu n c tio n s  o f tim e: 1 — v o ltag e  

ch ara c te ris tic ; 2 — line in tensity

I I .  In  th e  second in te rv a l beg ins th e  ev ap o ra tio n  o f th e  H g in to  th e  
d ischarge arc — th is  is p ro v ed  by  th e  ra p id  in te n s ity  in c rease  of th e  H g lines. 
In  th e  sensib ility  ran g e  o f  our m easu rem en t eq u ip m en t n e ith e r  th e  Tl, nor th e  
D y  lines ap p ear w ith  m easu rab le  in te n s ity , th erefo re  th e  v o ltag e  rise is caused  
b y  th e  increase of th e  n Hg m ercury  v a p o u r  co n cen tra tio n . T he in p u t energy  
is used  to  cover th e  h e a t  conduction  losses and , above th a t ,  for covering th e  
e x c ita tio n  and  io n iza tio n  o f th e  H g a to m s.

I I I .  As a consequence  of th e  g ra d u a l increase o f th e  w all te m p e ra tu re  
(a t ~ 3 0 0  °C) begins th e  evapora tion  o f  th e  T il  in to  th e  system , b u t a t  th e  
sam e tim e  th e  H g co n cen tra tio n  fu r th e r  increases. F o r  a tim e  the  v o ltage  
rise is m odera ted , th e  rise  of the  in te n s i ty  curve of th e  H g  lines is reduced . 
T h is is th e  consequence o f th e  cross sec tions being ch an g ed  b y  th e  in fluence  
of th e  low m ean e x c ita tio n  and io n iza tio n  p o ten tia l (6,3 eV) of Tl.

IY . In  the  in itia l period  of th is  ran g e  paralle l w ith  th e  increasing w all 
te m p e ra tu re , as a consequence of e v a p o ra tin g  p henom en  th e  n Hg fina l co n ­
c e n tra tio n  is a tta in e d , raTi gets in to  th e  sa tu ra tio n  ra n g e  an d  a t th e  sam e 
tim e  s ta r ts  th e  rise o f  th e  nDy c o n cen tra tio n  (ap p ro x , from  4 5 0 —500 °C).
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Y. The fu r th e r  in crease  of th e  v o lta g e  can be ascribed  to  th e  com plete 
v a p o u riz a tio n  of D y l 3 a n d  to  th e  ra d ia t io n  losses ap p earin g  th e re in . I t  lasts  
u n ti l  th e  equ ilib rium  s ta te  is reached .

T he rise of th e  sp e c tra l lines e m itte d  b y  th e  atom s o f th e  v a rio u s ad d itives 
w ell explains q u a lita tiv e ly  every  d is tin c tiv e  p o in t of th e  v o ltag e  ch a rac te ris tic  
I7(t), excep t th e  p o in t F  m ark ed  on F igs 4, 5, 6. I t  is q u ite  lik e ly  th a t  th is  
p o in t  is due to  th e  p a r tic ip a tio n  in  th e  cycle of the  iod ine  com pounds of th e  
Z r, in tro d u ced  in to  th e  tu b e  as a g e tte r  m a te ria l. S im ilarly  th e  m o n o ch ro m ato r 
in v es tig a tio n s  d id  n o t exp la in  th e  a c tio n  of th e  e lec tro n eg a tiv e  gases, such 
as iod ine, on th e  b u ild  u p  ch a rac te ris tic s .

F ig . 6. B uild  up  ch ara c te ris tic  of th e  effective Fig. 7. D ependence o f th e  te rm in a l vo ltage  of
v o lta g e  U(t) and  of th e  D y  4211,2—4213,2 th e  discharge on e lec tro d e  d istan ce  a t  20 °C
w a v e len g th  line group , as fu n c tio n s o f tim e : wall te m p e ra tu re
1 — vo ltag e  ch arac te ris tic ; 2 — line in te n s ity

F o r a fu r th e r  in v es tig a tio n  o f th e  m en tioned  p ro b lem s sp ec tra l p h o to ­
g rap h s  of 5 sec exposu re  tim e  w ere ta k e n  w ith  a PGS-2 sp ec tro g rap h  su itab le  
fo r sep ara tin g  th e  Z r lines in  th e  su rro u n d in g s of p o in t F . O n th e  in le t slit 
o f  th e  sp ec trog raph  th e  cen tra l p a r t  o f  th e  positive d isch arg e  colum n w as 
p ro je c te d  w ith  th e  s lit no rm al to  th e  ax is  o f th e  d ischarge. As an  exam ple, a 
p a r t  of th e  sp ec tru m  s itu a te d  in  th e  4226- • -4242 Â ra n g e  is show n in  F ig . 8, 
to g e th e r  w ith  th e  F e  sp ec tru m  used  fo r  ca lib ra tion .

The spec tro g ram s show  th a t  in  th e  v ic in ity  of p o in t E  (Fig. 4) no lines 
o f  an y  m etallic  co m p o n en t ap p ear beside  th e  atom ic lines o f th e  H g. B u t in  
th e  su rround ings o f p o in t F  a lread y  th e  a tom ic lines of Z r d o m in a te  and  also 
a n  in ten siv e  co n tin u o u s  ra d ia tio n  a p p e a rs  w hich is due to  th e  e lec tro n affin ity  
effec ts  of th e  iod ine a to m s.

A t a re la tiv e ly  low  w all te m p e ra tu re  (100 —150 °C) in ten siv e ly  s ta r ts  
th e  ev ap o ra tio n  o f th e  Z r l4 in to  th e  a rc  w here it  d issociates in to  m etallic  Z r 
a n d  atom ic iod ine, i.e.

Z r l4 => Z r +  41 . (2)
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The e lec tro n eg a tiv e  iodine a to m s em it a con tinuous ra d ia tio n  d u ring  th e  
elec tron  cap tu re  a n d  th e  tran s itio n  in to  th e  basic  energy  s ta te  correspond ing  
to  th e  new  e lec tro n  configuration  [7], th e  w aveleng th  o f w hich depends on

Fig. 8. R ecorded  sp e c tru m  in  th e  range 4243 Â — 4226 Â : 1 — S p ec tru m  of th e  discharge in  
th e  su rround ings of th e  ch arac te ris tic  p o in t E ; 2 — Zr lines reco rded  in  th e  su rroundings o f 

p o in t F ; 3 — S p ectrum  of th e  F e  calib ra tio n  arc

Fig. 9. The e lectron  a f fin ity  con tinuum  of th e  J ( 2P 3/2) a to m s . ------------------  4046,5 Â line o f H g

th e  k ine tic  energy of th e  cap tu red  e lec tron . I ts  w av e leng th  th re sh o ld  is given b y

e(v =  0) +  1(4*3,,) =  I - ? S 0) +  (3)
A-k

w here
hc/Ak =  th e  e le c tro n  affin ity  en e rg y  o f th e  

1(4*8,2) a to m  =  3,06 eV .
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T he w aveleng th  d e te rm in ed  by  (3) is therefo re  Xk =  4048 Â. F ro m  th is  
th re sh o ld  value th e  c o n tin u o u s  sp ec tru m  stre tch es to w ard s th e  sh o rte r w av e­
le n g th s , depending  on th e  value o f th e  e lec tron  energy. I n  th e  in v es tig a ted  
d isch arg e  system  o f th e  sp ec tra , reco rd ed  in  th e  p o in t F  o f th e  ch a rac te ris tic  
U (i), (Fig. 9) th e  a f f in ity  co n tin u u m  can  be qu ite  well id en tified . T h u s, th e  
ju m p  o f th e  ch a ra c te ris tic  in  F  is due  to  th e  Z r l4 d issociation  p henom ena an d  
can  be a ttr ib u te d  to  th e  effects of th e  e lec tro n  cap tu re  on th e  free iodine.

I t  is to  be re m a rk e d  th a t  in  a .c . w all-stab ilized  d ischarges th e  ro le of 
th e  e lec tronegative  gases in  th e  bu ild  up  period  as well as in  th e  equ ilib rium  
s ta te  is of basic im p o rta n c e . In  th e  b u ild  u p  period i t  is th e  iodine in  th e  f ir s t  
lin e  th a t  de term ines th e  re-ign ition  ch a rac te ris tic s  of th e  d ischarge, w hile 
in  th e  ( qu ilib rium  s ta te  i t  is o f basic im p o rtan ce  for p a rtic le  tra n sp o r t . In  th e  
f u t i  re  th e  in te n tio n  is to  s tu d y  th e  in flu en ce  of th e  iod ine on th e  re-ig n itio n  
p o rk  cha rac teris tic  U(t) and  th ro u g h  th is  on th e  freq u en t arc  in s ta b ility  prob- 
I i ms  fo lk  wing th e  b re a k  down.
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Untersuchung der Anlaufcharakteristik von wandstabilisierten Hochdruekentladungen. —
D ie  physika lischen  u n d  chem ischen  V orgänge w äh ren d  der A n lau fperiode  von  H o eh d ru ck - 
g a sen tlad u n g sy stem en  m it H g : T1I : D yl., Z u sä tzen  w urden d u rc h  gleichzeitige M essung der 
K lem m en sp an n u n g  der E n tla d u n g  u n d  ih re r  sp ek tra len  C h a rak teris tik en  u n te rsu c h t. D er 
E in f lu ß  der einzelnen Z u sä tze  au f die e lek trisch en  C h a rak teristik en  im  V erlau f der zum  A n lau f 
d e r  W a n d te m p e ra tu r  de r V ersuchsröhre  p a ra lle len  E in d äm pfungsvorgängc  w urde b e s tim m t. 
D ie  E rgebnisse  w urden  v o m  S ta n d p u n k t de r E nerg ied issipationsvorgänge  in der E n tla d u n g  — 
Io n isa tio n , R ek o m b in a tio n , F o tonem ission /A bsorp tion , D issipation  — ausgew erte t.

Исследование характеристики нарастания разрядов высоких довлениях. Ис­
следованы физические и химические процессы, происходящие на этапах нарастания, 
газоразрядных систем при высоких давлениях с добавками Hg :TII  : D y l3. при одновре­
менном измерении напряжения на зажиме разряда и спектральных характеристик разряда. 
Определено воздействие добавок на электрические характеристики во время процессов 
выпарки, параллельных нарастанию температуры стенки разрядной трубки. Полученные 
результаты оценены с точки зрения процессов рассева энергии, возникающей при разряде, 
а именно процессов ионизации (рекомбинации, фотонной эмиссии), абсорбции, рассева.

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



Acta Technica Academiae Scientiarum Hungaricae, Tomus 85 (1 —2), pp. 81—92 (1977)

DETERMINATION OF THE PIRN SHAPE

B. G R EG A *

CAND. OF TECH. SCI.

(M anuscrip t received O ctober 11, 1976)

On th e  b asis o f m a th e m a tic a l considerations th e  a u th o r  gives a  solution fo r th e  
d e te rm in a tio n  o f th e  p irn  shape b y  th e  use o f w hich  w eft b reak ag es  due to  v a ria tio n s  
in  y a rn  force can  b e  considerab ly  reduced . I t  is show n t h a t  th e  m erid ian  section o f th e  
in itia l surface  o f su ch  a p irn  has alw ays th e  form  of a h y p erb o la .

W eaving  e ffic iency  is considerab ly  in fluenced  b y  m ach in e  stops, i.e. b y  
the  n u m b er o f b reak ag es  occurring  in  th e  w eft y a rn . Y a rn  b reakages, in  a d d i­
tio n  to  reducing  p ro d u c tio n , also im p a ir th e  q u a lity  o f  th e  fabric  p roduced . 
In  m odern  large  scale  p ro d u c tio n  w hen using  sim ilar m a te r ia l, y a rn  co u n ts , 
fu rth e rm o re  te m p e ra tu re  and  re la tiv e  h u m id ity , th e  n u m b e r  of w eft y a rn  
b reak ag es e x p o n e n tia lly  increases w ith  h igher m achine speeds. T hus, it  ap p ears  
adv isab le  to  so choose th e  shape of p irn s as to  reduce th e  n u m b e r  of w eft b re a k ­
ages, i.e. m achine sp eed  is to  be increased  on ly  u p  to  t h a t  m easure a t w hich 
th e  n u m b er of y a rn  b reak ag es  can  be k e p t w ith in  rea so n ab le  lim its.

In  th e  fo llow ing a m eth o d  fo r de te rm in in g  th e  p irn  sh ap e  is described, 
by  w hich  a co n siderab le  decrease in  w eft y a rn  b reakages can  be  achieved.

In  y a rn s , w in d in g -o ff from  th e  p irn  w ith  a c o n s ta n t v e lo c ity  v a ten sio n  
ing  force arises. L e t p  be  th e  y a rn  force depend ing  on th e  m o m en ta ry  p lace  
of th e  w inding-off p rocess. On th e  one h an d , th e  force p  is  d u e  to  th e  u n b e n d ­
ing  o f th e  y a rn , w in d in g -o ff from  th e  p irn , on th e  o th e r h a n d , i t  arises in  ba lloon  
fo rm a tio n  as a c o u n te rb a lan ce  of th e  cen trifu g a l force, fu rth e rm o re , in  o v e r­
com ing  th e  y a rn  w e ig h t, and  in  e lim in a tin g  th e  fric tion  a n d  m edium  resis tan ce  
d u rin g  w inding-off.

T hus, th e  fo rce  p  depends p a r tly  on th e  c u rv a tu re  o f  th e  y arn , p a r t ly  
on th e  d istance  o f th e  m o m e n ta ry  w ind ing-off p o in t, m easu red  from  th e  gu ide  
eye, i.e.

P =  p(g> m -  x )  =  p(g , £),
w here

£ =  m  — X

* B. G h e g a , N ém etv ö lg y i ú t  22, H-1126 B u d ap es t, H u n g a ry
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a n d  X is th e  abscissa  o f  th e  m o m e n ta ry  ru n n in g  po int, 
g — th e  c u rv a tu re  o f th e  y a rn  a t  th e  ru n n in g  po in t, and
m — th e  d istance m ea su re d  from  th e  b ase  o f th e  p irn  co vered  b y  y a rn , to  th e  place 

of th e  guide eye (F ig . 1.)

In  order to  be  ab le  to  e s tab lish  th e  v a ria tio n  in  th e  ten sio n in g  force 
d u r in g  processing, le t u s  ex p an d  in  T a y lo r  series th e  fu n c tio n  w ith  th e  tw o 
in d e p e n d e n t variab les p(g, m —x) =  p (g , | )  for a p lace in  th e  su rro u n d in g  of 
(g, m —x) =  (g, I).

T h e  index  0 exp resses th e  in itia l p o in t of th e  e x p an sio n  in  series, is th e  
p o in t  (g, m —x) =  (g, I ) . F o r  sm all v a r ia tio n s  of th e  c u rv a tu re  g an d  fo r th a t  
o f  th e  d istance  x, th e  second  an d  h ig h er o rd e r te rm s of th e  series can  be ignored  
a n d , th u s ,

p{g, m - x ) =  p(g ,  | )  

i.e . b rie fly

P о +
dp

9 g
dg +

dp
Э|

dx

P =  P о +  

P = P o  +

dp dg +
dp

dg 0 d i

I— dg +
dp

l 9g 0 dx

d l  ,

S ince  x  =  m — |  and  dxjdl; =  —1, i.e. d£ =  —dx, th e re fo re , th e  v a r ia tio n  of 
th e  ten sio n in g  force

P — Po =  dp 9 p  \ 
dg jo

dg + Í 9P
*9* jo

( - 1) { - d x ) M  dx .
dx 10

In tro d u c in g  for th e  th e  p a r t ia l  d iffe ren tia l quo tien ts  
fo llow ing  no ta tio n s

dp
. 9g j0

x

a n d

(9p/9g)0 and  {dp/dx)0 th e

[9P_
l Эл; j0

=  A ,
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th e  v a r ia tio n  of th e  ten sio n in g  force is g iven  b y  th e  exp ression

dp =  xdg -f- M x  .

L e t к be th e  fac to r  of th e  change in  th e  cu rv a tu re , and
Я th e  fac to r o f th e  change in  th e  d is tan ce .
T h e  m eth o d  fo r d e te rm in in g  th e  fac to rs  x and  Я is as follow s.

Experimental determination o f  the factor x =  dp/dg

L e t th e  y a rn  be w ound-on  to  a cy lin d er w ith  rad iu s  r, covered  b y  y a rn  
a n d  consider th e  sec tion  s o f th e  u n b e n d in g  y a rn . L et P  be  th e  sm allest force 
ju s t  to  s tra ig h te n  th e  considered  y a rn  sec tion . E ven  if  th e  y a rn  is s tra ig h te n ­
ed b y  som e o th e r force an d  ow ing to  som e o th e r reason, th e  sam e y a rn  force 
w ill arise  in  th e  y a rn . N ow , be th e  y a rn  w ound-on  to  a cy lin d er w ith  d iffe ren t 
ra d iu s  r' covered b y  y a rn , an d  be th e  force P '  ju s t  h igh eno u g h  to  s tra ig h ten  
th e  chosen  y a rn  section  s'.

F o r  ca lcu la ting  th e  d iffe ren tia l q u o tie n t x =  dp/dg le t  us de te rm ine  
th e  ten sio n in g  forces j q  an d  р ’л fa lling  on th e  u n it  leng th . S ince

an d

th e re fo re , th e  change in  th e  ten sio n in g  force fo r th e  u n it le n g th  is

AP =  Pi  — P i  •

F o r th e  d e te rm in a tio n  of th e  d iffe ren tia l q u o tie n t, also th e  ch an g e  in  th e  c u rv a ­
tu re  h a s  to  he estab lished . T he c u rv a tu re  o f th e  circle w ith  ra d iu s  r

1
g =  — ’ r

w hile  t h a t  of th e  circle w ith  ra d iu s  r'

T h e  change in  th e  c u rv a tu re

. 1 1
Ag =  g — g =  — -------
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B e i ts  a p p ro x im a tio n  va lu e  considered  as su ffic ien t, th e n  use can be m ade 
o f  th e  d ifferen tia l q u o tie n t Ap/Ag.
T h u s , in  th a t  case

_9P_ _  4 P  =  Pi -  Pi
dg Ag  2 ____ L

r' r

W e shall show th a t  in  th e  in s ta n t Ag —>■ 0 th e  ex ac t v a lu e  o f x is given b y  th e  
lim it  v a lue  of th e  d iffe ren tia l q u o tie n t. In  th a t  case

у. = ЭP
3g

U n Æ
àg- '0 A g

■■ lim
^g—О

N am ely , in  th e  n o m in a to r

Pi -  Pi 
1____ 1

г '  T

dP  r2 dP
dr dr
r2

lim
Ag-,0

1

r +  Ar
l U l i m r - (r +  Zlr) =  l im ____ ^ ____ .
r  j ar-.о (r -)- Ar) a r -о r(r  -f- zlr)

S ince dr as com pared  to  r is ra th e r  sm all, i t  can  be neg lec ted  and  th u s

lim
ag—о

T h u s , fo r d e te rm in in g  x  ex p erim en ta lly , th e  follow ing eq u a tio n  is o b ta in e d :

F o r  ca lcu la ting  th e  v a lu e  o f x th e  o rig inal rad iu s  r, th e  change in  th e  y a rn  
fo rce  falling  on th e  u n it  len g th  dp an d  th e  changes in  th e  ra d ii have to  be m eas­
u re d  an d  from  th e se  m easu rab le  q u a n titie s  th e  va lu e  o f x  can  be de te rm in ed .

Experimental determination o f  the factor X =  dp/dx

T he d iffe ren tia l change in  th e  y a rn  force co rrespond ing  to  th e  d iffe ren tia l 
m o v em en t dx of th e  y a rn  along its  ax is  x  is also to  be d e te rm in ed  (Fig. 2). F o r 
th is  purpose  th e  y a rn  should  be ca rried  over a p u lley  a n d  its  end fix ed  to  a 
d y n am o m ete r. T h e  d y n am o m ete r  h as  to  be opera ted  w ith  th e  m ax im um  speed  
V th e  h ighest speed  th e  m achine is ab le  to  a tta in . (T he reason  for ap p ly ing  
m ax im u m  w ind ing -o ff speed  is to  o b ta in  such a co rrespond ing  va lu e  X, a t  
w h ich  th e  w eft y a rn  c a n n o t b reak .) T h e  m axim um  y a rn  force correspond ing  
to  th e  m ovem ent o f m ax im u m  v e lo c ity  v of th e  d y n a m o m e te r  is reg is te red
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b y  th e  p o in te r  of th e  d y n am o m eter. T h is  m easu rem en t is re p e a te d  for d iffe ren t 
va lues o f x  w ith  w inding  y a rn  len g th s  o f  a b o u t 2-y3 m a t  tw o  places of th e  
ro ta tio n  surface an d  th e n  w inding th e se  y a rn s  off a t a m ax im u m  v e lo c ity  v. 
T he q u o tie n t of th e  d iffe ren tia l change in  ten sio n  m easured a t  th e  tw o n e ig h ­
b o u rin g  places p 2 and  р'ъ  an d  th e  co rresp o n d in g  change in  d is tan ce  dx  gives 
Я =  др/дх  (Fig. 3). H ow ever, it  is e sse n tia l also to  know  th e  v a lu e  o f Я fo r

Fig. 4

d iffe ren t v a lues of x, i.e. fo r th e  base a n d  to p  of th e  p irn. B y  re p re se n tin g  th e  
v alues o f Я correspond ing  to  th e  d iffe ren t d istances (x , Я) in  a re c ta n g u la r  
co o rd in a te  system , th e  fu n c tio n  curve X(x) is ob tained . In  th is  w ay  Я can  be  
d e fin ed  g rap h ica lly  as th e  v ariab le  fu n c tio n  o f x  having th e  fo rm

À(x) =  Я0 +  l xx  +  Я2л:2 +  Я3х3 +  . . .

T he  u n k n o w n  coeffic ien ts Я0, Ях, Я2 . . .  c an  be calcu lated  b y  m eans o f th e  
co rrespond ing  an d  m easu red  values o f th e  abscissa and th o se  o f th e  o rd in a te  
(F ig . 4).

L e t us now  re tu rn  to  th e  co n sid e ra tio n  of th e  original e q u a tio n  in  fu r th e r  
d e ta il. In  succeeding to  e lim ina te  th e  v a r ia t io n s  in  pulling caused  b y  th e  y a rn
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fo rce  along th e  w ho le  in itia l surface o f th e  p irn , th e n  no  w eft yarn  b reak ag es  
ca n  occur. To be ab le  to  e lim inate  th e  pu llin g  v a ria tio n s  responsible fo r  w e ft 
b reak ag es  along th e  in it ia l  surface of th e  p irn , th e  m o st favourab le  p irn  sh a p e  
h as  to  be d e te rm in ed . T o  th is  effect we shall ca lcu la te  th e  eq u a tio n  of th e  c u rv e  
c u t  o u t from  th e  e n d  o f  th e  p irn  b y  th e  p lan e  passing  th ro u g h  the  axis o f  th e  
p irn . The e q u a tio n  o f  th e  curve de te rm in es th e  o p tim u m  shape of th e  p irn .

The shape o f  th e  p irn  will be co rrec t i f  th e  y a rn  force p  rem ains c o n s ta n t  
a t  a n y  place an d  fo r  th e  whole period  o f th e  w ind ing -o ff process, i.e. i f  th e  
ch an g e  in  th e  y a rn  fo rce  is zero everyw here, th u s  dp =  0. Is  there  no ch an g e  
in  th e  y a rn  force, th e n  th e  cause of y a rn  b reak ag es is e lim inated  an d  a p irn  
o f  th e  described sh a p e  ensures tro u b le -free  w ind ing -o ff o f th e  yarn .
H ow ever, w hen dp  =  0, th e n  th e  eq u a tio n  ta k e s  th e  fo rm

xdg +  А(л:) dx  =  0 . 

S ince a t  th e  p o in t o f  w inding-off th e  c u rv a tu re

th e re fo re

th u s

У

dy
d8 = ---------Г  »

dy

У2

T

-f- A(%) dx  =  0 .

T h is  is a hom ogeneous, lin ear d ifferen tia l eq u a tio n  to  be solved by th e  s e p a ra ­
t io n  of the  v a riab le s . S ep ara tin g  th e  v a riab le s

a n d  in teg ra tin g  on  b o th  sides

7i =  A(x) dx
У2

th u s

к J" —y  =  j А(я;) dx ,

— и —  =  J Цх) dx  +  C .
У

T h e  general so lu tio n  o f th e  d ifferen tia l eq u a tio n  ta k e s  th e  form

к
У

J" Ä(x)dx -(- C
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T h e  in te g ra tio n  c o n s ta n t C is to  be d e te rm in ed  from  th e  in itia l cond itio n . 
A ccord ing  to  th e  in itia l co n d itio n  a t  x  =  0 y  =  R,  th u s  th e  equa tions

R  =  -

an d

C =  -  —  
R

p° ’J A(x) dx  -f- C

J" A(x) dx

T h e  req u ired  p a r tic u la r  so lu tio n  o f th e  d iffe ren tia l e q u a tio n  is th u s  as follow s:

H en ce , th e  so lu tion  of th e  d iffe ren tia l eq u a tio n s  leads to  an  eq u a tio n  of a 
(h ig h er order) h y p erb o la . T h is m eans th a t  th e  e lim in a tio n  of w eft b reak ag es 
req u ire s  th e  use of a p irn  o f th e  fo rm  of a (h igher order) hyperbo lo ide  o f rev o lu ­
tio n  o f one sheet.

A pproach ing  th e  fu n c tio n  A(x) on th e  basis of th e  d iag ram  b y  a h igher 
o rd e r p arab o la

A(x) =  A0 -)- ?.±x  -f- A2x2 -)- A3x3 -f- • • ■

a n d  closing th e  expansion  in  series a fte r  th e  lin ea r te rm , we o b ta in

A(x) % A0 +  h x  ■

U sing  th is  la t te r  expression  o f th e  fu n c tio n  A(x) in  th e  so lu tio n  of th e  d iffe ren ­
t ia l  eq u a tio n , we a rriv e  a t  th e  so lu tion

y, y

—— -Г  (A0 +  A,x) dx —---- A0x -------
R  Jo R  2

R e ta in in g  b u t th e  lin ea r te rm , in  th e  n o m in a to r th e  so lu tion  tak es  th e  form
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A ccord ing ly , for ach iev ing  th e  co rrec t sh ap e  o f th e  p irn  i t  is su ffic ien t to  d e te r­
m ine  th e  value of A m easu red  a t th e  p o in t x 0, i.e. a t  th e  in itia l p o in t o f th e  
rev o lu tio n  surface. B y  re ta in in g  also th e  second order te rm  of th e  n o m in a to r, 
a (h igher order) hy p erb o lo id e  of rev o lu tio n  of one sheet is o b ta in ed , th e  shape 
o f w h ich  h a rd ly  d iffers from  th e  su rface co n ta in in g  only  a lin ea r  te rm  in  th e  
n o m in a to r.

In  p rac tice  i t  is ex p ed ien t to  develop  th e  in itia l su rface  of th e  p irn  in  
th e  fo rm  of a hy p erb o lo id e  of rev o lu tio n , from  w hich th e  y a rn  coils do n o t 
slip-off. In  acco rdance  w ith  th is  req u irem en t, le t us ta k e  th e  m easu rem en ts 
o f th e  base and  cover circles of th e  old in itia l cone, fu rth e rm o re  th e  prev ious 
h e ig h t o f th e  in itia l surface. In  th is  w ay , th e  new  in itia l su rface  of th e  p irn  
can  be estab lished  w ith o u t ex p erim en ta lly  d e te rm in in g  th e  values of x and  A.

L e t R  be th e  base  rad iu s  of th e  f ru s tra te d  cone, r th e  rad iu s  of its  cover 
circle an d  m its  len g th . Since A (m , r) is a p o in t of th e  m erid ian  of th e  rev o lu ­
tio n  surface, its  co o rd in a tes  sa tisfy  th e  e q u a tio n  of th e  cu rv e , hence

r

—  -  *-ox  R

D iv id in g  b y  x th e  n u m e ra to r  an d  th e  n o m in a to r of th e  frac tio n , we o b ta in

F ro m  th e  la t te r  eq u a tio n

or,

an d

------ — m
x

S u b s titu tin g  th e  v a lu e  o f A0/x in to  th e  eq u a tio n  of th e  m erid ian  h y p erb o la , 
we h av e

x 1 1

—  — ;.0*  J _ _  1 W - 1 W ,
R  R  x R  m
__________1

( 1 / г ) - ( 1 / Д )  1
m R

1

R  -  r
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By m u ltip ly in g  b y  m • r • R  the  n u m e ra to r  anti n o m in a to r of th e  fra c tio n  
on th e  r ig h t side is

m • r • R
У = --------------------------•(R  — r) X —j— mr

F rom  th e  eq u a tio n  o b ta in ed , th e  m erid ian  h y p erb o la  o f th e  in itia l su rface  
can be c o n s tru c te d  (F ig . 5).

T he sim p lest w ay  of co n stru c tin g  th e  m erid ian  h y p erb o la  is to  t r a n s ­
form  th e  e q u a tio n  to  an  isosceles h y p e rb o la  ta k in g  th e  form

c
У1 — ---- •

T he in itia l p o in t o f th e  coord inate  sy s tem , 0 ( u l5 iq) be  in  th e  cen tre  of th e  
h y perbo la . A re x  a n d  у  th e  coord inates o f a ru n n in g  p o in t of th e  curve w ith  
resp ec t to  th e  axes o f th e  old system , fu rth e rm o re  x x an d  yq th e  coo rd inates 
of th e  sam e p o in t w ith  respect to  th e  new  axes, th e n  be tw een  th e  old an d  new  
coord inates th e  fo llow ing rela tions ex ist

X  =  x t  ,

У =  Ух +  v i  •

B y  su b s titu tin g  th e se  v alues of x  an d  у  in to  th e  e q u a tio n  of th e  h y p erb o la , 
th e  curve is tra n sfo rm e d  to  th e  new co o rd in a te  sy stem , T h u s , th e  tran sfo rm ed  
e q u a tio n  can be w r it te n  as

m • r • R  m • r • R
У1 +  v i = -------------------------------------- = ----------------------------------------------------- •

(R  — r) (x i -(- Hi) +  mr (R  — r) Xi -\- (R  — г) - f  mr
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As th e  va lu es  u x an d  tq  can te m p o ra r ily  be  a rb itra ry  ones, th e  va lu e  o f Uj 
is to  be chosen so as to  o b ta in

(R  — г) -|- mr — 0 . 

H o w ev e r, th is  is on ly  th e n  th e  case, if

As fo r  th e  eq u a tio n

w here

m • r m • r
R  -  r ~  r -  R

J i  +
m • r • R  c

(R  — r) x 1 aq

c
m ■ r 

R -  r
R  =  — Uj • R  .

In  o rd e r to  o b ta in  th e  eq u a tio n  in  th e  fo rm  y 1 =  cjx th e  s im ila rly  a rb itra ry  
v a lu e  of tq is to  be chosen, so as to  g e t iq  =  0, and  th e n  we a rr iv e  ind eed  a t  
an  isosceles m erid ian  hyperbo la

c
У l =  —  •

T h e  eq u a tio n s  of th e  s tra ig h t lines

an d

m • r

tq  =  0

a re  a t  th e  sam e tim e  th e  end ta n g e n ts  o f th e  tran sfo rm ed  h y p erb o la

c
У l =  —  •

F o r co n s tru c tin g  th e  cu rve  yq =  cjxx also th e  h a lf  le n g th  of th e  rea l 
ax is  has to  be de te rm in ed . The en d  p o in t c o f th e  real axis lies on th e  h y p erb o la , 
hen ce  fo r th e  new  coord in a te  axes th e  e q u a tio n

is v a lid . O n th e  o th e r  h an d , d en o tin g  b y  at th e  h a lf len g th  o f th e  rea l ax is,

a? =  2xl =  2c ,
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w hence

A fte r h av in g  ca lcu la ted  th e  co o rd in a tes  of th e  c e n te r  o f th e  h y p e rb o la  
and  b y  th a t  th e  e q u a tio n  of th e  end  ta n g e n ts , fu rth e rm o re  th e  h a lf  le n g th

of th e  rea l axis, th e  m erid ian  curve can  be constru c ted . B y  th a t  also th e  fo rm  
of th e  p irn  end  as a hyperbolo ide of rev o lu tio n  is co m ple te ly  de te rm ined . 

In  th e  fo llow ing exam ple th e  d e te rm in a tio n  of th e  p irn  shape is described.

Be
r =  6 m m , R  =  13 m m , m  =  30 m m .

Since
m r - R

^  (R  — r)x  -f- m - r
hence th e  eq u atio n  o f th e  curve

30 ■ 6 • 13 2340
У ~  l x  +  30 ■ 6 — l x  +  180 ■

T he eq u atio n  of th e  en d  ta n g e n ts

and
ui

m • r
7-  H

v1 =  0

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



92 GREGA, В.

T h u s,

“ l =
180
~7 "

v1 =  0.

25,70 ,

T he h a lf  o f th e  real axis

“' =  I'2 R — r R

l / „  180 1/ 4680 nr
at — f 2 7 ^  — |/ 7 ** 25,85

T he m an n e r of co n stru c tin g  th e  p irn  end is rep re sen ted  in Fig. 6.
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Bestim m ung der Form  von W ebspulen. — A ufgrund  von m ath em a tisch en  Ü berleg u n ­
gen g ib t de r V erfasser eine L ösung fü r eine F o rm  der Schußspulen  b e k a n n t, welche die d u rc h  
F ad en k ra ftsc h w a n k u n g en  v e ru rsac h ten  K e tte n ris se  w eitgehend  v e rrin g e rt. E r zeigt, d aß  der 
M e rid ian sch n itt der A nfangsoberfläche  e in e r so lchen  Schußspule im m er eine H y p erb el ist.

Определение формы ткацкого початка. Автор на основе математического сообра­
жения дает решение определения такой формы ткацкого початка, которая в большой мере 
уменьшает разрыв утка, который происходит от колебания усилия нити. В работе показано, 
что в случае такого почетка утка разрез по меридиане начальной поверхности всегда 
является гиперболой.
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ANALYSIS OF AXISYMMETRICALLY DEFORMED 
SHELLS BY THE FINITE ELEMENT 

DISPLACEMENT METHOD

B. H E R P A I*  a n d  I. PÁCZELT**

CAND. OF TECHN. SCI 

[M anuscrip t rece iv ed  M arch 8, 1976]

T he e lem en ts a d o p te d  follow th e  a c tu a l geom etry  o f th e  shell. T h e  m in im u m  
degree of freedom  of th e  elem ents is 12. In  concluding th e  ca lcu la tio n  an  o p p o r tu n ity  
offers fo r supervising  a t  each  e lem en t th e  degree of non -sa tis fac tio n  of th e  eq u ilib riu m  
equ atio n s “ a  p rio ri”  non-satisfied . I f  th e  degree of n o n -sa tis fac tio n  a t  each  e lem en t 
is below  a p red e te rm in ed  value, so th e  c a lcu la tio n  can be considered  to  be accom plished . 
I f  no t, b y  m ain ta in in g  th e  subdiv ision  a n d  increasing  th e  degree of freedom  o f th e  ele­
m en ts in  question , w ith  rep ea ted  c a lcu la tio n s  m ore e x ac t re su lts  m ay  be ob ta in ed . 
T he efficiency of th e  p rocedure  is w ell d e m o n s tra ted  by  a n u m b er of num eric  exam ples.

1. Introduction

T he ax isy m m etrica l shells are e lem en ts  of s tru c tu re s  hav ing  d iversified  
fu n c tio n s , w idely sp read  in  th e  p ra c tic e  o f  m echanical engineering  an d  a rch i­
te c tu re . In  o rder to  be ab le  to  p rec ise ly  e stim a te  th e  d u ra b ility  an d  re liab ility  
o f  th e  s tru c tu re s  i t  is n ecessary  to  c lea rly  u n d e rs tan d  th e  b eh av io u r (d isp lace­
m e n t an d  s ta te  o f stress) o f th e  p a r ts  o f  constructions u n d e r  th e  effect o f  load .

T he s tre n g th  an a lysis  of ax isy m m etrica l shells o f  a co m plica ted  con­
s tru c tio n , geom etry  an d  load  co n d itio n s, rep resen ts a r a th e r  serious p rob lem  
fo r th e  s tru c tu ra l engineer. E ven  in  ap p ly in g  th e  engineering  shell th e o ry , 
to  be b u ilt  u p  on K irch h o ff— Love’s h y p o th es is  used in  th e  ca lcu la tio n  o f  th in  
shells, n o tw ith s ta n d in g  th e  p u b lica tio n  o f  a g reat n u m b e r o f w orks [1 to  7] 
w hich  tran sfo rm ed  th e  basic  d iffe ren tia l equation  o f th e  shell in  d iffe ren t 
w ay s, p roducing  ex ac t so lu tion-, one freq u en tly  m eets in  th e  engineering  
p rac tice  such  geom etrical, su p p o rt a n d  lo ad  conditions to  th e  t r e a tm e n t  of 
w hich th e  a fo rem entioned  “ classic”  m e th o d s  are u n su itab le .

C onsequently  d iffe ren t a p p ro x im a te  m ethods app ly in g  also d ig ita l 
co m p u te rs , have been developed [8 to  11]. R ecen tly  th o se  p rocedures have 
been  con tinuously  increasing  w hich ap p ro x im a te  th e  fie lds to  be fo u n d  over 
a f in ite  n u m b er o f regions (fin ite  e lem en t) w ith  th e  a id  o f  a rb itra r ily  selected

* Dr. B . H e r pa i M elinda u. 18, H -3530  M iskolc, H u n g a ry
** D r. I. P áczelt G yőri K apu  37, H -3531 , Miskolc, H u n g a ry
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ap p ro x im a te  fu n c tions. A  p a r t  of th e  coeffic ien ts of th e  ap p ro x im a tin g  series 
(in  general, pow er series) a re  expressed b y  th e  f in ite  n u m b e r o f po in ts (nodal 
p o in t, nodal circle) v a lu e s , derivatives o f th e  un k n o w n  fu n c tio n s. B y f i t t in g  
th e  fie lds above each  e lem en t to g e th er (subreg ion), all th e  fields in te rp re te d  
ab o v e , th e  whole reg ion  an a ly sed  m ay  be p ro d u ced .

T he function  v a lu e s  o f  unknow n n o d a l p o in ts , th e ir  d e riv a tiv e s  an d  th e  
rem a in in g  p a r t o f th e  coeffic ien ts in  a p p ro x im a tin g  series, in  a fu n c tio n  
asso c ia ted  w ith  an  e r ro r  p rincip le , (for ex am p le , m e th o d  o f th e  w eigh ted  
re s id u es , least e rro r sq u a re s  m in im um  p rinc ip le , B u b n o v —G aljo rk in ’s m ethod), 
w ith  d ifferen t p rin c ip les  o f  v a ria tio n  (for ex am p le , L ag ran g e , C astigliano, 
R e issn e r, etc.), by  m a k in g  use of its  s te a d y  s ta te ,  are o b ta in e d  by  solving an  
a lg eb ra ic  set of e q u a tio n s .

In  case of ax isy m m e tric a l shells, b y  ap p ly in g  th e  engineering shell 
th e o ry , th e  firs t f in ite  e le m e n t m ethod  b u ilt  u p  on L ag ran g e’s v a ria tio n  p r in ­
cip le  ap p ro x im ated  th e  g eo m etry  of th e  shell b y  elem ents hav ing  th e  fo rm  
o f a  tru n c a te d  cone (single cu rv ed  elem ents) [12]. T his p ro ced u re  has been fo u n d  
b y  num erous followers [13 to  15]. L a te r on also doub ly  cu rv ed  elem ents w ere 
ap p lied  [16 to  19]. F ro m  am ong these  la t te r ,  w ith  re sp ec t to  efficiency, th e  
[18] a n d  [19] were o u ts ta n d in g , w here th e  d isp lacem en t a n d  th e  ro ta tio n  o f 
th e  n o rm a l to  th e  shell m idd le  surface w ere a p p ro x im a te d  b y  high degree 
p o lynôm es (the g eo m etric  equa tions w ere n o t  e s tab lish ed  on th e  basis o f 
K irc h h o ff—Love’s h y p o th e s is ) .

As is know n, in  case o f  L agrange’s v a r ia tio n  p rin c ip le , th e  p o te n tia l 
en e rg y  o f th e  elastic  sy s te m  will be m in im ized  b y  assum ing  a k in em atica lly  
adm issib le  d isp lacem en t f ie ld . In  order to  h a v e  th e  p o te n tia l energy  fu rn ished  
fo r th e  w hole s t ru c tu re  b y  th e  sum  of th e  p o te n tia l  energies ca lcu la ted  se p a ra ­
te ly  fo r each elem ent, i t  is necessary  and  su ffic ien t th a t ,  in  case o f K irc h h o ff— 
L o v e ’s hypo thesis, on  th e  tra n s it io n  from  one e lem en t to  a n o th e r , th e  d isp lace­
m e n t o f  th e  m iddle su rface  a n d  th e  ro ta tio n  o f th e  no rm al be th e  sam e. To fu lfil 
th is  cond ition  i t  causes n o  tro u b le  in case o f  a x isy m m e tr ic a l defo rm ation . 
H o w ev er, a t  th e  sam e t im e , in  case of a co m p a tib le  d isp lacem en t m odel b u ilt  
u p  on L agrange’s v a r ia t io n  princip le , th e  force and  m o m en t com ponents 
o f  th e  stress re su lta n ts1 cau sed  b y  th e  k in e m a tic a lly  adm issib le  d isp lacem ent 
fie ld , do n o t generally  s a tis fy  e ith er the  eq u ilib riu m  eq u a tio n s, n o r th e  dynam ic 
b o u n d a ry  and  jo in t c o n d itio n s . I f  th e y  are  n o t  sa tisfied , th e  errors caused  
b y  th e  ap p ro x im atio n  o f  th e  d isp lacem ent f ie ld , a p p e a r  w ith  an  increased  
m a g n itu d e .

W ith  th e  m e th o d  d iscussed  in  th is  p ap e r, b y  assum ing  an  ax isym m etrica l 
d e fo rm atio n , app ly ing  a  k in em atica lly  adm issib le  d isp lacem en t field , tre a tin g

1 Besides th e  d e n o m in a tio n s  “ stress re su lta n ts ”  in  th e  l ite ra tu re  on  th e  sub ject also 
th e  n am es “ norm al m idd le  su rface  forces, shear force a n d  b end ing  m o m e n t”  or “ th e  forces 
a n d  m o m en ts  per u n it  m id d le  su rface  len g th ”  are used .
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i t  as a su p p lem en ta ry  cond ition , d y n am ic  b o u n d a ry  co n d itio n s as well as 
th e  c o n tin u ity  of stress re su lta n ts  can  be fu lfilled, d isco n tin u itie s  of a given 
m ag n itu d e  an d  th e ir  p rescrib ing  as d y n am ic  jo in t cond itio n s. In  th is  w ay , 
th e  p o ten tia l energy  o f th e  shell s tru c tu re  is m inim ized b y  th e  fu lfilm en t of 
th e  su p p lem en ta ry  cond itions. H ereb y , in  carry ing  o u t th e  ca lcu la tions, an  
o p p o rtu n ity  is offered  fo r superv ising  th e  degree of n o n -sa tis fac tio n  o f th e  
“ a p rio ri”  n o n -sa tis fied  equ ilib rium  eq u a tio n s  and  th e re b y  fo r th e  estim a tio n  
an d  also for th e  im p ro v em en t of th e  accu racy  of th e  ca lcu la tio n . T he closer 
th e  ex ac t so lu tion , th e  low er th e  degrees o f th e  n o n -sa tisfac tio n  will be. Be th ese  
degrees low er th a n  a p red e te rm in ed  v a lu e , th u s  th e  ca lcu la tio n  m ay  be con­
sidered  to  be com ple ted . B e th e y  h igher, so b y  m a in ta in in g  th e  subdiv ision  
an d  au g m en tin g  th e  degree of th e  freedom  o f th e  elem en ts, i.e ., b y  increasing  
th e  n u m b er o f degrees o f th e  a p p ro x im a tio n  series, an d  m ak in g  use of som e 
resu lts  o b ta in ed  in  th e  earlier ca lcu la tio n , b y  a re p e a te d  ca lcu la tion , m ore 
e x a c t resu lts  m a y  be o b ta in ed . T his successive a p p ro x im a tio n  should  be 
con tin u ed  u n til  th e  degree of no n -sa tisfac tio n  of th e  equ ilib riu m  equ a tio n s 
becom es low er th a n  th e  v alue  given p re lim inarily . T he te c h n iq u e  of increasing  
th e  n u m b er of degrees w as f irs t app lied  to  th e  so lu tion  o f p la te  problem s 
discussed in  [20].

2. B asic re la tionsh ips

In  case of an  ax isy m m etrica l d e fo rm ation  th e  d isp lacem en t o f th e  p o in ts  
on  th e  m iddle surface of th e  shell is d e fin ite ly  de te rm ined  b y  th e  d isp lacem ents 
и an d  w, th e  ta n g e n tia l  an d  no rm al d irec tions respec tive ly  (F ig . 1). T he specific  
s tra in s  and  c u rv a tu re  changes re la te d  to  th e  m iddle su rface  of th e  shell, m ay  
be ca lcu la ted  from  th e  re la tionsh ips

{du
-j- w

и cos 0 w sin  в
( la ,  b)

\d6
•> --  9

r

*i =
1 d# 

Д, dQ ’

cos 0 .x2 =  V , 
r

( lc , d)

Fig. 1. In te rp re ta tio n  of th e  d isp lacem en t v ec to r in  th e  system  of coo rd in a tes  defined b y  th e  
base  vectors (elt e2, e3) or (e„, e2, er): u  =  uet +  ice3; и  —  Arer -f- A aea: i) — ro ta tio n  of th e  n o rm a l

of th e  m idd le  surface
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a n d  th e  ro ta tio n  o f  th e  no rm al from  th e  re la tionsh ip

div
dd

( le )

w h ere  ft is th e  ang le  fo rm ed  b y  th e  n o rm a l o f th e  m idd le  su rface  of th e  shell 
a n d  w ith  th e  ax is o f  rev o lu tion ,

r is th e  ra d iu s  m easured  on th e  para lle l p lane , an d  
f íx is th e  ra d iu s  o f  th e  c u rv a tu re  o f th e  m erid ional cu rv e  (F ig. 2).

F ig . 2. In te rp re ta tio n  o f th e  rad ii jRj, R 2 of 
th e  p rincipal cu rv a tu re  a t  p o in ts  P 1 an d  P„, 
th e  & an d  of th e  e le m e n ta ry  leng th  of a rc  

ds =  R t ■ d@

Fig. 3. Positive  d irec tio n s o f th e  force com ­
p o n en ts  o f th e  stress  re su lta n ts  and m o m en t 

com ponents o f th e  stress  re su ltan ts

The force co m p o n en ts  of th e  s tre ss  re su lta n ts  [N /cm ] and  m om en t 
com ponen ts of th e  s tre ss  re su lta n ts  [cm N /cm ] (Fig. 3) m ay , in  case of hom o­
geneous, iso tropic, lin e a rly  elastic  m a te ria l, be ca lcu la ted  as follows

T ,  — B(e 1 4- /ле2), T 2 — -B(e2 +  цеx) ,

M l =  D(xy - f  цх2), M 2 =  D(x2 +  rxj)  ,
an d

= — Í— (rM x) — M y c o s e ]  , 
rR l [dd

w here  :
В
D
E
h
P

=  Eh/(1 -  fi*),
=  E h 3/ 12(1 -  ju2).
=  Y oung’s e la s t ic i ty  m odulus, 
=  th ickness o f  shell,
=  Poisson’s ra tio .

(2a, b) 

(2c, d)

(2e)
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As is know n, in  case o f an ax isy m m etrica l d e fo rm ation  th re e  equ ilib rium  
equ a tio n s m ay  be e s tab lish ed . E xpressing  th e  f irs t  tw o  o f these  (the  equ ilib rium  
equa tions invo lv ing  th e  stress re su lta n ts  H  a n d  V, F ig . 4 [6]) in te rp re te d  in  
t he global system  o f co o rd ina tes efl, e2, er an d  in te g ra tin g  th e m , th e  follow ing 
equ a tio n s are  o b ta in ed

r V  — r0V° +  Г  p ards =  0 ,
J  S 0

(3a)

rH  -  r0H° -  Г (T 2 -  p er) ds =  0 ,
J  So (3b)

Fig. 4. R ep resen ta tio n  o f th e  stress re su lta n ts  a n d  lo ad  in  th e  global a n d  local system s of 
co ord ina tes defined  by (ea, ? 2, er) a n d  (e,, ê„, e3), re sp ec tive ly

w herein :
s is a rc  coord ina te  m easu red  along th e  m erid io n a l curve  of shell; 

q u an titie s  w ith  zero su b sc rip ts  and  su p ersc rip ts d esig n ate  va lues assum ed a t  fix ed  s =  s 0 
while those  w ith o u t su b sc rip ts  (superscripts) d e n o te  v a lu es assum ed  a t a rb itra ry  loci o f s;

p a a n d  p e are ax ia l a n d  ra d ia l  coordinates, re sp ec tiv e ly , o f in te n s ity  [N /cm 2] of e x te rn a l 
load  of shell reduced  to  th e  m iddle  surface o f shell.

T he th ird  eq u ilib riu m  equation  is fu rn ish ed  b y  expression  (2e).

3. Assum ption of the generalized displacem ent vector of the nodal circle. 
B uilding up of the approxim ation matrix

As w as m en tio n ed  in  th e  b eg inn ing , th e  pu rpose  is to  assure, beside 
m a in ta in in g  th e  c o n tin u ity  of the  d isp la c e m e n t fie ld  and  ro ta tio n  field , th e  
d isco n tin u ity  of p red e te rm in ed  value or c o n tin u ity  o f th e  stress re su lta n ts .
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In  th e  follow ing i t  w ill be p o in ted  o u t  th a t  these  req u irem en ts  can  on ly  be  
fu lfilled  w ith  th e  a id  o f elem ents o f a t  le a s t  tw elve or h igher degrees of freedom , 
e x c e p t th e  case w here  th e  e lem ent co n ta in s  th e  p o in t r  =  0 (th is q u es tio n  
is t re a te d  in  [27]).

A t th e  jo in ts  o f  th e  elem ents, a t  th e  n oda l circles o f th e  shell d iv id ed  b y  
a series of p lan es o f fin ite  n u m b e r, n o rm a l to  th e  axis o f rev o lu tio n , in to  
elements (subreg ions), th e ir  jo in tm e n t ( th e  d isp lacem en t fields и and  w a ssu m ed  
loca lly  an d  t i e  ro ta tio n  of th e  n o rm a l ensu ing  on K irch h o ff—L ove’s h y p o ­
thesis) should  be ca rried  ou t on th e  basis  o f th e  jo in t  cond itions app lied  in  
th e  shell th e o ry ; i.e ., th e  k in em atic  a n d  dynam ic  jo in t  cond itions shou ld  be  
ta k e n  in to  acco u n t.

L et us in tro d u c e  th e  rules o f  n o ta tio n  accord ing  to  w hich a q u a n t i ty  
belong ing  to  an  e lem en t is d esig n a ted  b y  th e  su p ersc rip t (sym bol o f th e  ele­
m en t)  is d es ig n a ted  b y  th e  su p e rsc rip t (sym bol of th e  elem ent) w hile th o se  
belonging  to  a n o d a l circle is d es ig n a ted  b y  th e  su b sc rip t (sym bol of th e  n o d a l 
c ircle).

In  case o f th e  elem ents d en o ted  b y  th e  superscrip ts  e and  e -j— 1 ad jo in in g  
th e  nodal circle d en o ted  by  th e  su b sc r ip t i, th e  kinematic jo in t conditions2 
re la tin g  to  th e  i t h  n o d a l circle, ex p ressed  b y  th e  d isp lacem ents Ar, Aa a n d  th e  
ro ta tio n  o f th e  n o rm a l #  rep resen ted  in  F ig . 1 m ay  be w ritte n  in  th e  fo rm

Af,i =  Aerj y =  A°r i , (4a)

<,■ =  A f t 1 =  42., (4b)
Щ =  # f +1 =  Щ (4c)

w herein :
d r  /, A] i a n d  t)'\ a re  th e  (unknow n) d isp lacem en ts an d  ro ta tio n  of th e  p o in ts  on  th e
nodal circle i.

The k in e m a tic  p rescrip tions a n d  b o u n d a ry  cond itions are  deriv ed  on 
th e  basis o f th e  k in em a tic  jo in t co n d itio n s. Be, in  th e  expressions (4a, b , c), 
one o f th e  v a lu es  A°r A°a f, a g iven  q u a n tity , so w ith  resp ec t to  th e  g iven  
q u a n ti ty  (q u a n titie s )  th e y  are called  kinem atic boundary conditions or kinem atic  
prescriptions d ep en d in g  on w h e th e r one or m ore e lem ents are  ad jo in in g  th e  
i th  nod a l circle.

U sing th e  sym bols of Fig. 5, th e  dynamic jo in t conditions re p re se n tin g  
th e  equ ilib rium  o f th e  i th  nodal circle m a y  be w ritte n  as follows:

Щ  -  t f? + i  =  Я 0 ; , (5a)

Vei — V f+1 =  V o i , (5b)

M b  -  M i y  =  (5c)

2 F o r th e  sake  o f an  easier u n d e rs ta n d in g  in  w riting  dow n th e  k in em atic  a n d  la te r  th e  
d y n am ic  jo in t eq u a tio n s  we m u st be c o n te n t w ith  th e  case w here on ly  tw o e lem en ts m ee t a t  
th e  nodal circle (i.e ., th e  shell has no b ra n ch ). In  case of b ran ch in g  s tru c tu re s  th e  re sp ec tiv e  
fo rm al ex tension  of th e  eq uations is needed.
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w herein :
V f, H “ an d  ,(oc =  e, e -j- 1) are  co m p onen ts o f in te rn a l force com ponents o f  th e  
stress  re su lta n ts  (F,- being  th e  para lle l, II /  th e  n o rm al co m p o n en t to  th e  axis o f re v o lu ­
tio n ) a n d  in te rn a l m erid ional b end ing  m o m en t resp ec tiv e ly ;
H 0 i, V n j a n d  M j 0 I a re  sym bols o f v a lu es affecting  n o d a l circle i caused b y  a g iven  
ex te rn a l lo ad  (know n) or su p p o rt (unknow n).

lo,i

v0,l

Fig. 5. D y n am ic  jo in t  conditions on  th e  i th  no d a l circle M f j  — ATÍ^1 =  1/, 0!- ; J f /  — 11] =
=  H 0 i ; V\— V f+1 =  V 0 j ; a) E x te rn a l load : I I aj , F 0 I-, M 10 I' ap p lied  a t  th e  jo in t  o f n o d a l 
circle i o f th e  e lem en ts e an d  e +  1. h ) S tress re su lta n ts  in d u ced  on  th e  com m on no d a l circle 
i o f th e  e lem en ts e a n d  e -f- 1 in  th e  global a n d  local system  o f co o rd ina tes and  in te rn a l a n d  

e x te rn a l loads ac tin g  on  th e  nodal circle i

In  case w here  only  a single e lem en t is associa ted  w ith  th e  nodal circle i ,  

from  am ong  th e  cond itions (5a, b , c) th o se , a t  w hose r ig h t-h a n d  side k n o w n  
values are  in v o lv ed , th ese  are called d y n a m i c  b o u n d a r y  c o n d i t io n s .  As a m a tte r  
o f course, in  th is  case, a t  th e  le ft h a n d  side of th e  co n d itions (5a, b , c) o n ly  
th e  q u a n titie s  w h ich  are associated  w ith  th e  e lem ents e or e +  1 en te r.

I t  is obv ious th a t  th e  cond itions (4a), (5a); (4b), (5b); (4c), (5c) b y  p a irs  
can n o t be ap p lied , a t  th e  sam e tim e , a t  a n y  o f th e  n o d a l circles as k in em a tic  
b o u n d a ry  cond itio n s, p rescrip tions or dynam ic  b o u n d a ry  or jo in t cond itions.

In  estab lish in g  th e  jo in t eq u a tio n s associated  w ith  th e  com m on n o d a l 
circles o f th e  ad jo in in g  elem ents concern ing  th e  d isp lacem en t field , ro ta t io n
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f ie ld  an d  th e  deriv a tiv es  o f  th e  d isp lacem en t fie ld , th e  sa tis fac tio n  or n o n -sa tis ­
fa c tio n  o f th e  following condition A  shou ld  be  ta k e n  as a s ta r t in g  basis.

Condition A :  on th e  com m on n o d a l circles o f th e  ad jo in in g  elem ents, 
th e  th ick n ess , c u rv a tu re  an d  m ate ria l ch a rac te ris tic s  o f th e  shell are iden tic ; 
w ith  th e  nodal circle n e ith e r  k in em atic  p resc rip tio n s, nor e x te rn a l co n cen tra ted  
(d is tr ib u te d  along th e  circle) load  is asso c ia ted ; a t  th e  n oda l circle only tw o 
e le m e n ts  m eet.

Be the condition A  fu lfilled , so b y  considering  th e  re la tio n sh ip s  ( la  to  
le ) ,  (2a to  2e) it  can  be seen th a t  beside assu rin g  th e  con tin u ities  o f th e  d isp lace­
m e n ts  an d  ro ta tio n , th e  necessary  an d  su ffic ien t cond ition  fo r realizing th e  
c o n tin u itie s  of th e  s tre ss  re su lta n ts , is t h a t  on th e  nodal circle th e  rad ia l and  
a x ia l d isp lacem ents (A r) an d  (Aa) re sp ec tiv e ly , th e  ro ta tio n  o f  th e  norm al 
(ft), th e  f irs t deriv a tiv e  o f  th e  ta n g e n tia l d isp lacem en t (u) w ith  respect to  th e  
a rc  co o rd in a te  s (u s), th e  f irs t  (ft s) an d  asecond (ft s) d e riv a tiv e s  o f th e  ro ta ­
t io n  ft w ith  respect to  th e  arc  coo rd ina te  s shou ld  be id en tic .3 T he v ec to r p ro d ­
u c e d  from  these  q u a n tit ie s  will be called  generalized displacement vector of 
th e  n o d a l circle.

T he generalized d isp lacem en t v e c to r  associated  w ith  th e  nodal circle 
i o f  th e  elem ent e is d es ig n a ted  as fo llow s:4

qf = [qf'T!qf'T]
w h ere q°f,T

(1.3)
[Ar Aaft] ï, q

(1,3)

£ , T  =
k s  sk .s lf

( 6)

(7a, b)

I f  th e  elem ents d e n o ted  w ith  e an d  e -f- 1 m eet a t  th e  i th  nodal circle 
th e n , fo r th e  v a lid ity  o f  cond ition  A  is t ru e  th a t

qf = qf+1> qf = qf+1, (8a, b)
th u s , qf = qf+ 1 , (8c)

i.e ., a t  th e  jo in t (a tta c h m e n t)  of b o th  e lem ents in  q uestion , th e  generalized 
d isp lacem en t vectors be long ing  to  th e  com m on nodal circle i, are th e  sam e. 

F ro m  Fig. 1 m ay  be  seen th a t  b y  in tro d u c in g  th e  tra n s fo rm a tio n  m a trix

b e tw e e n  th e  vecto r

COS в sin в 0 "e
T ei = — sin в cos 6 0

(3,3) 0 0 1 J,

° 'Tqf' = uwQYi
(1.3)

3 H ere and in  th e  follow ing th e  n o ta tio n s
d ( .) /d s  =  1 d(.)/d&  =  ( , ) s, d 2( .) /d s2 =  ( . ) s a re  used.

4 T  is the  sym bol o f tran sp o sitio n .
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d efin ed  in  th e  local sy s tem  o f co o rd ina tes (e3, e2, e3) a n d  q f, defined  in  th e  
global sy stem  of co o rd in a tes  (ea, e2, er) th e  re la tionsh ip

is va lid . T herefore,

4 f =
(6,0

w herein  E  is a u n it m a tr ix  o f ty p e  3 x 3 .
I f  a n y  of th e  co n d itions A  does n o t ex ist, th e n  on ly  th e  p a r t  realiz ing  

th e  c o n tin u ity  of th e  d isp lacem en t fie ld  an d  ro ta tio n  fie ld  o f  th e  generalized 
d isp lacem en t v ec to r asso c ia ted  w ith  th e  com m on nodal circle i o f th e  successive 
e lem ents e, e -j- 1 m ay  be f i t te d  to g e th e r accord ing  to  (4a, b , c), i.e .,

qf =  qf+1 (10)
while b y  v ir tu e  of th e  re la tio n sh ip s  (5a, b , c), (2a, c, e), (7a, b) betw een  th e  
v ec to rs  qf and  qf + 1, also in  th is  case, an  unam b ig u o u s connection  exists. 
B y  considering  th e  d e fin itio n  (6) of th e  generalized  d isp lacem en ts as well 
as th e  re la tio n sh ip s  (2a to  2e) an d  ( la  to  Id )  i t  m ay  be  observed  th a t  th e  
stress re su lta n ts  belonging  to  an y  nodal circle m ay  be exp ressed  as th e  functions 
o f th e  generalized  d isp lacem en ts associated  w ith  th e  v e ry  sam e nodal circle. 
T herefo re , th e  dynam ic  jo in t  eq u a tio n s (5a, b, c) re la tin g  to  th e  com m on nodal 
circle o f th e  elem ents e a n d  e -f- 1 m ay  be w ritte n  in  th e  follow ing concise fo rm :

qf =  Tf qf

T f 0  ■ " qf "
О И . qf _=  T< 0e— Hi > (6,6) (6,i) (9)

qf ' h 0А,- - qf+1 - Vo
- Afj o - ( П )

in w hich th e  coefficien t m a tr ix  A, m ay , accord ing  to  th e  p a r titio n  o f th e  
generalized  d isp lacem ent v ec to r  (7a, b), be p a r titio n e d  as follows

А,- =  [Âf Âf Af + 1 Âf+ 1] .

In  case of a dynam ic  b o u n d a ry  cond ition  a t  th e  le f t-h a n d  side o f re la tio n ­
sh ip  (11) only  th e  q u a n titie s  belonging e ith er, only  to  th e  e lem en t e or only  
to  th e  e lem en t e —(- 1, a re  inc luded .

A t a ll th e  n oda l circles w here k in em atic  p resc rip tio n s, b o u n d a ry  con­
d itio n s are  n o t given, th e  n u m b er o f eq u a tio n s (11) is th re e , o therw ise i t  is 
th re e , m inus th e  n u m b er o f th e  k in em atic  co n stra in ts . T he row s correspond ing  
to  th e  non -prescribab le  d y n am ica l jo in t o r b o u n d a ry  co n d itio n s, in  th e  m a trix  
A, an d  v ec to r  d, for reasons o f ca lcu la tion  tech n iq u e , i t  is recom m ended  to  
be filled  in  w ith  zeros.
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Since an  e lem en t has tw o n o d a l circles, an d  a t  each  o f th e se  th e  generalized  
d isp lacem en t v e c to r  h as  six  e lem en ts , th u s , th e  genera lized  d isp lacem ent 
v e c to r  of e lem ent e b o u n d ed  b y  th e  i th  an d  y th  n o d a l circles, ta k e s  th e  
fo llow ing form :

t T =  [qf'T4?T] =  [ # Tqi-Tq f q f ]  ,
( 1, 12)

( 12)

T herefo re , th e  genera lized  d isp lacem en t v ec to r is o f th e  ty p e  1 2 x 1 .
T he d isp lacem en t fie ld  (u, w) is to  he  sough t fo r each  e lem ent as a lin ear 

co m b in a tio n  o f a p p ro x im a te  fu n c tio n s  m ade up  o f u n k n o w n  co n stan ts . T he 
n u m b e r of u nknow n  c o n s ta n ts  re p re se n ts  th e  degree o f  freedom  o f  th e  elem ent.

F ig . 6. T he load  ap p lied  a t  th e  edges o f th e  e lem en t e an d  in te rp re ta tio n  of th e  a rc  coord ina te  se

Since th e  purpose is to  assure th e  c o n tin u ity  o f th e  d isp lacem en t fie ld  an d  
ro ta t io n  field , fu r th e r , th e  c o n tin u ity  or th e  p red e te rm in ed  d isco n tin u ity  of 
th e  stress re su lta n ts  a n d  th e  sa tis fac tio n  o f th e  dynam ic  b o u n d a ry  cond itions, 
w h ere  to  th e  a ssu m p tio n  o f tw elve  generalized  d isp lacem en ts  defined  by  (6) 
is necessary , th e re fo re , a d e fin ite  re la tio n sh ip  b e tw een  th e  co n stan ts  an d  
generalized  d isp lacem en ts can  on ly  be estab lished  b y  m ak in g  use o f elem ents 
o f  tw elve  or h ig h er degrees o f freedom .

A n em pirical fa c t is th a t  in  case o f ap p ro x im a tio n  w ith  po lynôm es of 
h ig h  degrees th e  d isp lacem en t a n d  s ta te  o f stress of th e  shell m ay  be dete rm in ed  
a t  a sign ifican tly  low er n u m b er o f u n k n o w n  q u a n titie s  in v o lv ed  in  th e  f in a l 
s e t  o f  equations, c o n tra r ily  to  th e  ap p ro x im atio n  w ith  po lynôm es o f low er 
n u m b e r of degrees, how ever, in  case o f an  algebraic  se t o f  eq u a tio n s o b ta in ed  
necessarily  b y  assu m in g  fo r m ore elem ents. A ccord ingly , th e  use o f elem ents 
o f  h igher th a n  tw e lv e  degrees o f freedom , is ju s tif ie d .

In  accordance w ith  th a t  sa id  above th e  displacement vector ue(se) within  
the element fo rm ed  o f th e  d isp lacem en t v ec to r  и =  ue1 -f- we3 in te rp re te d  in 
th e  local system  o f  co o rd in a tes  is ap p ro x im a te d  in  th e  follow ing form :

u e(sc)
( 2 , 1)

u(s) J  
w(s)

Ф e(se) a e А  Ф е(ве) â e , (13)
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w herein , in  case o f a single cu rved  shell elem ent (R x =  oo; cy linder, cone, 
p la te , disc)

an d  in  case of a d o ub ly  cu rved  shell e lem en t

(14)

(15)

w h e r e

f f  J и

f eJ w
m e a n s  t o  t h e  f u n c t i o n и a p p l i e d  n u m b e r  o f  d e g r e e s ,

ae, âe a r e  t h e  v e c t o r s  o f  t h e  c o n s t a n t s  
(1 2 ,1 ) (P',1)

wherefrom  i t  follows th a t  th e  degree o f  freedom  of th e  e lem en t is

Ie =  12 + р ‘ = Я + Л  + Ш * i f  th e  shell is
single

d o u b ly
cu rved

w h e r e  pe 0 ,  t h e  n u m b e r  o f  p l u s  c o n s t a n t s .

F ro m  th e  basic  fu n c tio n  m atrices  (14) and  (16) i t  c an  be seen th a t  th e  
te rm s  o rig ina ting  from  th e  m otion  as a  rig id  body  (from  th e  d isp lacem en t 
p a ra lle l to  th e  d irec tio n  o f th e  axis o f  revo lu tion) has been  ta k e n  in to  con­
sid e ra tio n  b o th  in  case o f single cu rv ed  an d  doub ly  cu rv ed  shell e lem ents 
(of, of) an d  (of sin 0, — of cos 0) re sp ec tiv e ly . W ith  th e  a id  o f th e  re la tio n sh ip s  
( l a  to  Id )  i t  m ay  be p ro v ed  th a t  th e  va lu es  of th e  d e fo rm atio n s associa ted  
w ith  th e se  d isp lacem ents are equal to  zero . T he ap p lica tio n  o f th e  po lynôm es 
is p a r t ly  ju s tif ie d  b y  th e  fa c t t h a t  ev e ry  con tinuous fu n c tio n  can be a p ­
p ro x im a te d  b y  polynôm es [21], p a r t ly  b y  th e  easy n u m erica l t re a tm e n t.

T he efficiency o f th e  fin ite  e lem en t m ethod  is basica lly  dete rm in ed  b y  
assum ing  th e  d isp lacem en t field . N u m ero u s w orks t r e a t  th e  p rob lem  o f th e  
convergence o f th e  m e th o d ; b y  th e  re fin em en t of th e  d iv ision  in  th e  sense o f 
energy  b y  w h a t cond itions th e  assu m ed  d isp lacem ent f ie ld  ten d s  to w ard s  
th e  a c tu a l value.
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H ere can be o n ly  re fe rred  to  [22] w here th e  c ritica l analysis of several 
e a rlie r  w orks is to  be found . By sum m ariz ing  th e  re su lts  repo rted  in [22] 
th e  assum ed d isp lacem en t fie ld  should  sa tis fy  th e  follow ing conditions: w ith in  
th e  elem ent and  a t  i ts  b o u n d a ry , i.e., a t  th e  tra n s itio n  to  th e  neighbouring  
e lem en t i t  should be co n tin u o u s; th e  d isp lacem en t fie ld  shou ld  be th e  lin ea r  
fu n c tio n  of the  genera lized  d isp lacem ent v ec to r o f th e  e lem en t, i t  is desirab le  
b u t  n o t necessary, t h a t  th e  d isp lacem ent fie ld  should  c o n ta in  th e  d isp lacem ent 
cau sed  b y  th e  m o tio n  as a rig id  body . A re th e  in te rp o la tio n  functions used  
fo r th e  ap p ro x im atio n  in  th e  sense of th e  energy  com ple te , so th e  p rocedure  
converges to  th e  a c tu a l  so lu tion . A ccording to  [23] th e  presence of th e  te rm s  
o f  th e  rig id  hody-like d isp lacem en t sig n ifican tly  au g m en ts  th e  num eric effec tive­
ness o f th e  m ethod . O w ing to  th is , it  is conv en ien t to  ta k e  these te rm s in  
con n ec tio n  w ith  th e  m a tr ix  Ф ' in to  accoun t.

T he co n tin u ity  o f  th e  d isp lacem ent fie ld  an d  th e  no rm al ro ta tio n  is 
a ssu red  by  th e  gen era lized  d isp lacem en t v ec to r o f th e  n o d a l circle defined  
b y  (6) th ro u g h  th e  k in e m a tic  jo in t equ a tio n s (8a) or (10).

In  order to  be ab le  to  realize th e  connection , th e  v ec to r u <’(se) should  
be  expressed  th ro u g h  th e  vec to rs q'7 and  äe. E x pressing  th e  generalized  d isp lace­
m e n t vec to r qf of th e  e lem en t e b y  its  c o n s ta n t vec to rs ac, яе b y  m aking  use 
o f  (11), (12) yields:

=  Ge ae -f- &e âe (18)
(12 ,12) (12 ,1) (12,j f )  ( j f ,  1)

w here
Ge *= q u ad ra tic  m a tr ix  co n ta in ing  co ord ina tes o f a  genera lized  d isp lacem en t v e c to r 

re la ted  to  v e c to r  ae an d  involving geom etric  p a ram e te rs , while 
Ge =  m atrix  co n ta in in g  coord inates o f genera lized  d isp lacem en t th e  d isp lacem en t 

v ecto r re la te d  to  v ec to r âf.

Since in case in  q u estio n  ensuing from  (14), (16) an d  (18), de t Gc ^  0, 
w ith  th e  aid of (18) one o b ta in s

w here

V« = \A GT 1
0e, Ie) 0

—(G Q -1 G1’ " 

E

(19)

a n d  E  is a u n it m a tr ix  o f  th e  ty p e  p e X p e. To express th e  d isp lacem ent v ec to r 
(13) b y  tak in g  (19) in to  considera tion  th e  follow ing e q u a tio n  m ay be w ritte n

u e(sc) =  [Ф(в) ! Ф(«)]с Vе (2 0 )
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4. Strain, state o f stress and potential energy of the elem ent

T h e  v ec to r
ze’T =  [6l e2 Xj x 2] e (21)

(i,h

asso c ia ted  w ith  th e  e lem en t denoted  b y  e com bined  of th e  specific  e longations 
an d  changes of c u rv a tu re  in troduced  b y  ( l a  to  Id) is called  th e  generalized 
strain vector o f th e  e lem en t which, b y  u s in g  th e  d isp lacem ent v ec to r  (20) an d  
in tro d u c in g  th e  m a trix  o p era to r

1

ds Ri
cos в sin  0

r r
d (•) d \ . )

ds к ds°-
COS в cos в d(.)

_ rR1 r ds _

m ay  be w ritte n  in  th e  form

w herein

Ee =  u e =  [W ( s )  \ W (s)]e Vе 4
â

e

W e =  дФе , =  9ФС.

( 22)

F ro m  th e  stress re su lta n ts  th e  genera lized  d isp lacem en t v ec to r of th e  
e lem en t is form ed in  th e  following w ay

<F'T =  [7 \ T 2 M x M 2]e
( 1 , 0

w hich expressed  th ro u g h  th e  m a trix  o f  th e  m ateria l law  De a n d  in te rp re ta b le  
on th e  basis  of (22) an d  (22a to  22d) y ie ld s :

o e( s )  =  De(s) Ee( s )  =  De(s) [W (s) ! W (s)]e Vе (23a)

A re th e re  also p resen t in itia l d e fo rm atio n s (for exam ple, cau sed  by  th e rm a l 
load) so b y  collecting th e m  in to  th e  v e c to r  Eg, th e  genera lized  stress v ec to r  
m ay  be  fo u n d  w ith  th e  a id  of the  re la tio n sh ip 5

ae =  De(Ee — Eg). (23b)

5 F o r  th e  sim plification  o f th e  d iscussion  th e  investiga tion  of th e  in itia l d e fo rm a tio n  
will be  o m itted .
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T he p o te n tia l en e rg y  of th e  e lem en t m ay  be ca lc u la ted  from  the  d e fo rm a­
tio n  energy  and  from  th e  p o ten tia l o f th e  ex te rn a l load  acco rd ing  to  th e  fo rm u la

П е =  ae’T Ee dA  — J 'u e'T pe dA  —  qe,T f e 

(A ') (A ')

(24)

w here in  pe’T =  [pq p 3]e is th e  v ec to r o f  th e  ex te rn a l lo a d  d is trib u ted  on th e  
m idd le  surface A e o f  th e  elem ent in te rp re te d  in  th e  loca l sy stem  of co o rd in a tes  
(F ig . 4),

{e,T =  [ f p  ; f j ,T ]

( 1, 12) ( 1 , 6)

is th e  v ec to r o f th e  re s u lta n t  of th e  e x te rn a l lo ad  d is tr ib u te d  on a c irc u la r  
line , ac ting  on th e  n o d a l circles i an d  j  o f th e  shell e lem en t (as a m a tte r  of 
course, th e  p o te n tia l o f  th e  load  d is tr ib u te d  along th e  nodal circle sh o u ld  
a lw ays be considered  o n ly  for one e lem en t),

fnT =  2nrn[flnf 3n f2n 0 0 0 ] ' ,  (re =  i , j )  ■

R ep lac in g  th e  q u a n tit ie s  (23a), (22), (20) in to  (24) gives

w here

П е =  TIe{qe, a e) =  —  [qT j â.T]e Qc
2

Qe =  V e
{ie, ie)

_4_
a

[qT aT]e he ,

Г Г W T 1

JcA«) . W T  .

^qq xv(?a
1C 1CAVa</ lvaa

(25)

(26)D e[W  W ]e d A \ e =

is th e  stiffness m a tr ix  ex ten tio n  of th e  e lem en t, w hile its  p a rtitio n ed  p a r ts  a re

(27)=  [Ge] - i .r  f W e'T D e W edA  [Ge] _ 1 , 
(1 2 ,1 2 )  J ( A e)

Ща =  ( K *aq)T =  —  K ^ G e +  [ G T lX ! D  WAA ,
(12,Й  J (А»)

K 4  =  Ge'T K 4q Ge -  Gi 'T[Ge] - 1'r  Г W "'T W edA  -
ОЛр8) J(A*>

-  f  W £'-T D e W e dA  [G5] “ 1 Ge +  Г W e’T D e W ' dA  ,
J (A®) J (A*)

*
fu r th e r  th e  v ec to r fro m  th e  load

IF =  Vе'7’ 
(Iе, О

г ф Т

J (A « )
ф Т

ed A  +  F

(28)

(29)

(30)
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w here
fe.T =  [p.T ; o] (31)

( i ,  П

Ц  =  [Ge] - 1-T Г Фе’т pe dA  +  f e
(12.1) J (A ')

bea =  & ’T(K  -  fe) +  Г Ф р r  Pe dA  . (32)
O’M ) J(A -)

F ro m  fo rm ulae  (27 to  32) i t  can  read ily  be seen th a t  in  case o f an  e lem en t 
o f a degree o f freedom  higher th a n  tw elve , th e  stiffness m a tr ix  К да assoc ia ted  
w ith  th e  e lem en t o f tw elve  degrees o f freedom  an d  th e  generalized  force v e c to r  
b? also ap p ears  w ith  th e  e lem en t o f increased  degree of freedom , fu rth e r , th e y  
will be also used  in  ca lcu la tin g  th e  q u a n titie s  K^0, K.eaa an d  b*. T h a t is, th e  
re p e a te d  ca lcu la tio n  of th e  num ero u s te rm s associa ted  w ith  th e  e lem ent o f 
tw elve  degrees o f freedom  w hich  m ay  on ly  be p ro d u ced  b y  n u m eric  in te g ra ­
tio n , an d  as such , req u irin g  long  co m p u te r tim e , m ay  be e lim in a ted  b y  th e  
c o n v en ien t o rgan iza tion  o f th e  co m p u te r p rog ram .

5. Establishm ent of the set o f algebraic equations to be solved

L e t us rea rran g e  th e  generalized  d isp lacem en t vecto rs d efin ed  b y  E q . (6) 
assoc ia ted  w ith  all th e  e lem ents o f  th e  shell d iv ided  in to  n e lem ents and  th e  
v ec to rs  o f  th e  su rp lus c o n s ta n ts  âe(e =  1, 2, . . ., n) in to  a v ec to r  each, as 
follow s:

Tq* =  [q1,r
~i Tqr ! ° 1 T! qr ° п , Т  I Sin.Tl

q m qm J (33)

w here m  deno tes th e  n u m b er o f  th e  nod a l circles and

=  [â1,T â2,T ! â n'r l (34)

W ritin g  dow n th e  k in em a tic  p rescrip tions given in  th e  fo rm ulae  (4a, b , c), 
th e  jo in t  an d  b o u n d a ry  cond itions, to  th e  n o d a l circles n u m b e r m, and  su m ­
m ariz ing  th e m  in to  a m a tr ix  eq u a tio n  yields

A,, q =  k . (35)
(З т ,1 2 п )  (3m, 1)

E q . (35) co rresponds fo r each  n oda l circle to  th re e  eq u a tio n s , in  such  
a  w ay  th a t  th e y  express th e  e q u a lity  o f th e  generalized  d isp lacem en t v ec to rs  
q) of t -j- 1 e lem ents desig n a ted  w ith  r  =  e, в +  1, . . e +  t ad jo in ing  each  
n o d a l circle i or, in  case of a given k in em atic  p rescrip tion , in  th e  b o u n d a ry  
co n d itio n  th e y  express th e ir  p rescribed  value . I f  dynam ic  b o u n d a ry  cond itions
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are  p e rta in in g  to  th e  edges, th e  n u m b er o f  th e  k in em atic  b o u n d ary  cond itions 
is th re e  m inus th e  n u m b e r of th e  d y n am ic  cond itions; th e n , in  these  row s of 
th e  m a trix  A k zeros a re  en tered . T he e lem en ts of th e  v ec to r  к  associa ted  w ith  
th o se  nodal circles to  w hich  no b o u n d a ry  cond ition , no p rescrip tio n  is given, 
a re  equal to  zero; all o th e r  elem ent o f th e  v ec to r invo lve  th e  d isp lacem en t an d  
ro ta tio n  values d efin ed  b y  th e  b o u n d a ry  cond itions an d  k in em atic  p rescrip tio n . 
T h e  m a trix  A fc, as re su lts  from  its  in te rp re ta tio n , is b u ilt  up  of th e  num bers 
0, 1, — 1, in  case o f shells w ith o u t b ran ch in g , i t  is o f quasi-d iagonal s tru c tu re .

L e t us sum  u p  th e  dynam ic b o u n d a ry  and  jo in t  cond itions ty p e  (11) and  
th e  dynam ic  jo in t co n d itio n s of ty p e  (8b) e s tab lished  fo r all th e  n o d a l circles 
(o f n u m b er m) in to  one single m a trix  eq u a tio n

q* =  d .
(3 m ,l2 n )  ( I 2 n , l )  (3m , 1)

E qs (35) an d  (36) m ay  also be w r itte n  in  th e  concise form :

A*q* = i
w here

A* =  [ATk A Td]T , i =  [kT d r ] r .
(6 m ,12л) (6 m ,1)

B y  m aking  use o f  th e  fo rm ulae (25), (9), (33) an d  (34), th e  p o te n tia l 
en erg y  of th e  loose sy s tem  m ay be p ro d u ced  as th e  q u a d ra tic  fu nc tions of th e  
v ec to rs  q and  â

П  =  II(q, â) =  ^  П е(qe, â e) . (38)
e = l

C onsidering th e  aforesaid  th e  follow ing m a th e m a tic a l p rob lem  m ay  be 
e s tab lish ed : le t us t r y  to  fin d  th e  m in im u m  of th e  p o te n tia l energy  o f th e  
loose system  b y  sa tis fy in g  th e  su p p le m e n ta ry  cond itions (37), i.e ., th e  p ro ­
g ram m ing  prob lem  is

m in  { # (q , â) j A*q* =  i} .

T he L ag ran g e-fu n c tio n  belonging to  th e  given p rob lem  is

L * =  â) +  X£(A*q* — i) , (40)

w here  X* is th e  v e c to r  o f th e  L ag ran g e-m u ltip lica to rs .
T he necessary  a n d  su ffic ien t co n d itio n  o f th e  m in im um  is

9 L» л 9 L* 9 П  „ 9 L ,
=  0 , — - = ----- = 0 ,  — -

9q* 9â 9â  ЭХ„

w hich, w ith  resp ec t to  th e  elem ents o f th e  u n know n  v ec to rs  q„, â , X* c o n s titu te  
a  lin ea r set o f a lg eb ra ic  equations.

=  0 , (41a, b , c)

(37)

(36)
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B y m aking  use o f its  p ro p ertie s  given u n d e r (41bl, â  m ay  be expressed  
th ro u g h  q w hich re su lts  in reducing  th e  n u m b er o f unknow n q u a n titie s  invo lved  
in  th e  fina l set o f a lgebraic  eq u a tio n s.

W hen ca lcu la tin g  ac tu a l p rob lem s th e  g rea t a d v a n ta g e  is th a t  from  th e  
independence o f th e  su p p lem en ta ry  c o n s ta n ts  o f each e lem ent (24) ensues

Э П
däe

(e =  1, 2, . . n)

i.e., b y  tak in g  in to  acco u n t th e  re la tio n sh ip s  (25), (26) a n d  (30) to  (32) th e  
vecto r ke m ay  be expressed  for each  elem ent. As a resu lt, p a r tly

â c =  [ K L ] - 1 (К  -  K L qe) (42)

is o b ta in ed , p a r tly , b y  rep lacing  ke in to  (25), th e  p o ten tia l energy  o f  th e  elem ent 
e m ay  be expressed  th ro u g h  qe as follow s:

w here

П е = —  q<>'7 — qe’Tbe

K e
( 12,  12)

=  К ЧЧ К Ц К д о ] К ■aq

is th e  reduced stiffness matrix o f the element and

(43)

(44)

ьe =  К  -  К Ц К ^ ] - 1 К  (45)

is th e  reduced generalized force vector o f the element.
H ereafter, using  E q . (43) also th e  p o te n tia l energy expressed  b y  (38) 

m ay  be rew ritten  an d  in  lieu  of th e  p rob lem  fo rm u la ted  b y  (39)

m in {Я (Ч„) I A*q* =  i} (46)

m ay  be w ritten .
L e t us now , b y  ta k in g  in to  co n sid e ra tio n  th e  k in em atic  jo in t  equa tions 

(35) as well as th e  dynam ic  jo in t eq u a tio n s  ty p e  (8b), follow ing from  th e  
v a lid ity  of condition A ,  rea rran g in g  th e  generalized  d isp lacem en t vecto rs 
differing  from  each  o th e r, associa ted  w ith  all th e  n oda l circles in to  a single 
vec to r.6 ir = MÎ,Tqî,rqFq1,T 4mT 4mT] (47)

6 I f  th ere  are К  e lem en ts  a lto g e th e r a n d  th e  n u m b er o f nodal circles a t  th em  is N ,  
to  w hich th e  dynam ic  jo in t  a n d  b o u n d ary  co n d itions (11) a re  calid , th en , in  case o f s tru c tu re s
w ith o u t b ranch ing , th e  n u m b er o f th e  v e c to r q is: 3(2К  N )
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H e re  n  and  m are th e  seria l n u m b ers  o f  th e  la s t e lem en t an d  n oda l circle, 
re sp ec tiv e ly .

L e t us denote  th e  dynam ic  b o u n d a ry  and  jo in t  cond itions ty p e  (11) 
w h ich  w ere no t as y e t  ta k e n  in to  a c c o u n t, as follows:

A q =  r  . (48)

U sing th e  n o ta t io n  ad o p ted  in  lieu  of (46) th e  follow ing prob lem  m ay  
b e  estab lished : le t us t r y  to  fin d  th e  m in im u m  o f th e  p o te n tia l  energy  77 =  77(q) 
o f  th e  shell s tru c tu re  b y  sa tisfy ing  th e  su p p lem en ta ry  cond ition  eq u a tio n s 
(48), i.e .,

m in | / 7  =  77(q) =  —  q 7 K q — q r b | A q =  r  j . (49)

T he problem  fo rm u la te d  b y  (49) is eq u iv a len t to  th e  cond ition  o f  s ta tio n -
a riness re la ting  to  th e  fu n c tiona l

L  =  — qr Kq 
2

— q r b +  * r (Aq — r ) (50)

th u s

ÓL =  dq7 —  + dXr  —  =  0 (51)
8q 0X

w h ere  dq, dX m ean  th e  possible v a r ia tio n s  of th e  v ec to rs  q, X. N am ely , v ec to r 
q in  (47) has also to  sa tis fy  th e  k in e m a tic  b o u n d a ry  cond itions an d  p resc rip ­
tio n s , therefore, som e elem ents o f  th e  q v ec to r are  o f p rescribed  m ag n itu d e , 
i.e ., th e  v a ria tio n  o f  th e  e lem ents o f  g iven values (fixed  variab les) o f  q d is­
a p p e a r. The sam e is th e  case w ith  v e c to r  X w here, due to  th e  k in em atic  con­
s tra in ts  in th e  d y n am ic  b o u n d a ry  a n d  jo in t eq u a tio n s w hich  are n o t p resc rib ­
ab le , th e  elem ents o f  v ec to r X are  o f  p rescribed  (for exam ple  zero) values.

L et E j be a d iag o n a l m a tr ix  w hose d im ension is th e  sam e as t h a t  of 
m a tr ix  К  and  in  i ts  p rinc ipa l d iag o n a l, besides th e  u n its  s ta n d  zeros a t  all 
th e  places w here th e  e lem ents o f th e  v ec to r  q h av e  p rescrib ed  values, fu rth e r , 
be  E j a diagonal m a tr ix  o f such a j x j  ty p e  as is m u ltip liab le  b y  th e  v ec to r 
X en te ring  in  (50) a n d  in  its  p rin c ip a l d iagonal besides th e  u n it  a t  all th e  
p laces zeros are e n te r in g , w here n e ith e r  dynam ic b o u n d a ry  nor jo in t cond itions 
m a y  be prescribed . T h en , accord ing  to  th e  afo resaid  i t  is tru e  th a t

dq =  E jdq; dX =  E ;{dX (52a, b)

w here  dq, dX d es ig n a te  th e  change o f  all elem ents o f th e  vecto rs q an d  X.
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Owing to  th e  independence  a n d  th e  a rb itra ry  v a lu e  o f  th e  v a ria tio n s  
őq, ÓX involved in  (51), by  considering  th e  re la tio n sh ip  (52a, b) one can  w rite

o r
E f —— =  E ?(K q -  b +  ATX) =  0 (53a)

0q
or

E \ —  =  E^(Aq -  r) =  0 . (53b)
c,X

Fig. 7. E x am p le  for the  e s tab lish m en t of th e  se t o f e q u a tio n s  (f>6)

T he coefficient m a trix  of th e  lin ea r set o f eq u a tio n s  ob ta in ed  is n o t 
sy m m etrica l b u t  m a y  be m ade to  be  such. L et us in te rp rè te  th e  d iagonal 
m a trices  Ef, E^ b y  th e  following re la tio n sh ip s

Eg =  ЕЧ -  Щ ; E j =  Е л — Ejf (54a, b)

w here E 9, Е л are u n i t  m atrices. B y  m ak in g  use of th e  id e n titie s

q  =  (E? +  Eg) q , X =  (EJ +  El) X (55a, b)

an d  add ing  the  kn o w n  vectors Efq a n d  EjX =  0 to  each  side o f  th e  equa tions 
(53a) an d  (53b), re spec tive ly , th e  follow ing set o f sy m m etrica l coefficient 
m a tr ix  equations a re  o b ta ined

'E | +  E ? K E f Ef Ar Ej; ' 4 Г (Щ -  E'i KE'j) q +  E'/b 1
Ej A E f E l X

---1

O'Miá<1U‘w

T he coefficient m a tr ix  of th e  se t o f equa tions (56) is sym m etrica l, o f 
non  quasi-d iagonal s tru c tu re , how ever, b y  p lacing th e  eq u a tio n s  o f th e  dynam ic 
b o u n d a ry  and  jo in t  cond itions (i.e ., b y  th e  conven ien t p a r titio n in g  o f th e  
m a tr ix  A  or by  th e  ap p ro p ria te  re a rra n g e m e n t o f th e  u n k n o w n  q u an titie s) 
th e  coefficient m a tr ix  may be transformed into a band matrix.

In  order to  d e m o n s tra te  th is , th e  estab lish m en t o f th e  se t o f equa tions 
is p re sen ted  on a s tru c tu re  consisting  o f  th ree  elem ents, in  F ig . 7. T he procedure  
is th e  sam e, even in  m ore  in tr ic a te  cases.
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A fter m ak ing  allow ance for (6), (43) to  (45), th e  stiffness m a tr ix , th e  
generalized  force v e c to r  of the e lem en t e m ay be p a r titio n e d . W ith  th e  n o d a l 
circle 3 no c o n s tra in t equa tion  is a sso c ia ted  because th e  condition A  is va lid . 
I f  one th e  nodal circle denoted  w ith  3, k in em atic  p re sc rip tio n  or a lo ad  o f a 
g iven  value should be applied , w hen  qij qjj, th e  e s ta b lish m e n t o f a c o n s tra in t 
eq u a tio n  w ould be necessary . F o r  th e  nodal circles 1 an d  4 dynam ic  an d  
k in em a tic  b o u n d a ry  conditions m ig h t b e  w ritten  (for th e  n o d a l cicles 1: M x =  0, 

=  0, N 1 =  — F \ ;  fo r th e  nodal c irc les 4: M x =  0, =  0, Aa =  0) w hile
for th e  circle 2 on ly  th e  fittin g  o f  th e  vectors q^ =  qő m ay  be p rescribed . 
C onsequen tly , th e  ap p earan ce  of th e  se t o f equa tions is th e  sam e as th a t  of 
(57) w here a fte r c a rry in g  ou t th e  o p e ra tio n s  w ith  th e  m a trices  E], E£ (a =  q, A) 
th e  rem ain ing  b locks o f m atrices (d iffering  from  zero) are  designated  by  
shad ing .

T he solution  to  th e  set of e q u a tio n s  o b ta in ed  is ca rr ied  o u t by  a special 
a lg o rith m  based  on th e  G aussian e lim in a tio n  m eth o d  w ith  th e  aid  o f w hich  
b o th  th e  u tiliza tio n  o f  th e  m em ory  u n i t  and  th e  n u m b e r o f th e  o p era tions 
to  be carried  ou t is op tim ized  [27].

6. Supervising and upgrading the accuracy o f the calculation

In  th e  p rocedure  described above th e  d isp lacem ent fie ld  assum ed sa tisfies 
b o th  th e  dynam ic b o u n d a ry  cond itio n s, p rescrip tions a n d  even  a t  th e  t r a n ­
s itio n  betw een  th e  elem en ts, th e  p re sc rib ed  d isco n tin u ity  or c o n tin u ity  of 
th e  in te rn a l forces a n d  m om ents. I f  th e  ca lcu la ted  fie ld s  sa tisfy  th e  e q u i­
lib riu m  equations a t  a n y  value of th e  a rc  coord inates s, th e  ex ac t so lu tion  
to  th e  problem  is o b ta in ed .

T he degree o f non -sa tisfac tio n  o f  eq u a tio n s  (3a, b) offers an  o p p o rtu n ity  
to  e s tim a te  th e  acc u ra cy  o f  the  so lu tio n .

In  case of a g iven  subdivision  o f  th e  shell th e  ca lcu la tio n  should  be 
b eg u n  b y  m aking  use o f  th e  elem ents o f  tw elve  degrees o f  freedom  th e n , w ith  
the  a id  o f th e  d isp lacem en t field re su lte d , th e  equ ilib rium  eq u a tio n s (3a, b) 
shou ld  be supervised . F o r  th e  elem ents, a t  w hich th e  degree o f n o n -sa tisfac tio n  
is h ig h er th a n  th e  n u m b e r  s p re lim in arily  given, th e  degree o f freedom  o f 
th e  e lem ent should be increased an d  w ith  unchanged  subd iv ision , by  using  
ce rta in  resu lts  of th e  preceeding  c a lcu la tio n  [see (25) to  (31)] th e  ca lcu la tion  
sh o u ld  be rep ea ted . O ne should  p roceed  in  th is  w ay  u n til  th e  degree o f n o n ­
sa tis fac tio n  of all th e  e lem ents is be low  a  p red e te rm in ed  value .
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7. Calculation results

F o r th e  ap p lic a tio n  o f th e  p rocedure  described  in  th e  foregoing  a F o r tra n  
sou rce  language p ro g ra m  has to  be estab lish ed . In  co n n ec tio n  w ith  th e  
assem b ly  and  o p e ra tio n  o f th e  p ro g ram  is to  be n o te d  t h a t  i t  au to m a tica lly ; 
ca rrie s  ou t th e  su b d iv is io n  o f th e  shell s tru c tu re  in to  e lem en ts to  th e  so lu tion  
o f  th e  set of lin ea r e q u a tio n s  an  a lg o rith m  b ased  on th e  G au ssian  elim ination  
m e th o d  is app lied , th e  in teg ra tio n s  req u ired  are carried  o u t b y  th e  G aussian  
q u a d ra tu re  m ethod . F o r  th e  purpose o f th e  calcu la tions th e  co m p u te r of th e  
H u n g a ria n  A cadem y  o f  Sciences, ty p e  CDC 3300 was used .

3*1

M10=50 [Ncm/cm]

2,
4x 2,5cm

4 member

r = 10 [cm] 
h = 0,1 [cm]
L = 10 [cm]
E = 2,06-107 [N/cm2] 
p  = 0,3 
m= 11

Fig. 8. Subd iv ision  in to  e lem ents o f th e  c ircu la r cylindrical shell lo ad ed  a t  i ts  edge

In  th e  fo llow ing som e o f th e  ca lcu la tions carried  o u t a re  p resen ted  to  
d em o n stra te  th e  n u m eric  efficiency o f th e  procedure  w orked  ou t b y  th e  
a u th o rs . The re su lts  o b ta in ed  in  solving th e  problem s w ere alw ays com pared  
w ith  those found  b y  th e  calcu lations ca rried  o u t accord ing  to  o th e r  ca lcu la tion  
m eth o d s , and  th e ir  close ag reem ent h as  been experienced . T he procedure  
p ro v e d  to  be c o n v e rg en t b o th  for th e  re fin em en t o f th e  subd iv ision  and  fo r 
increasing  th e  deg ree  o f  freedom  o f th e  elem ents. I n  co m p arin g  i t  to  th e  
f in ite  elem ent m e th o d  to  be found  in  th e  l ite ra tu re  on th e  su b jec t, th e  r a te  
o f  convergence o f  th e  procedure  discussed is fa r m ore fav o u rab le  (in w ork ing  
w ith  low er n u m b e r o f  e lem ents an d  in  reach in g  h igher accu racy ). In  c a lc u la t­
in g  th e  d ifferen t p ro b lem s i t  has been experienced  th a t  i f  th e  m ax im um  o f th e  
degree  of n o n -sa tis fac tio n  o f th e  m echan ical equ ilib rium  equ a tio n s (3a, b) 
w as below one [N ], so th e  stress v a lues ca lcu la ted  agreed  b y  tw o  cyphers w ith  
th e  resu lts o b ta in e d  w ith  th e  aid of th e  an a ly tic  m ethod .

7.1. The in v e s tig a tio n s  w ere b eg u n  on th e  c ircu la r cy lindrical shell 
d ep ic ted  in  F ig . 8. I n  th e  figure , besides th e  geom etric d im ensions an d  m a te ria l 
c o n s ta n ts  also th e  subd iv ision  and  m ax im u m  n u m b er (m) o f  th e  elem ents are  
rep resen ted . T he deg ree  o f freedom  o f th e  elem ents w ere tw elve .

The resu lts  h a v e  been  p rin ted  in  to  fou r d ig its; b o th  th e  d isp lacem ents 
a n d  ro ta tio n s as w ell as stress re su lta n ts  agreed  in  th e ir  va lu es  to  four p laces 
o f  th e  digits w ith  th e  ex ac t so lu tion . T h e  degree o f n o n -sa tisfac tio n  o f th e  
equ ilib rium  e q u a tio n s  (3a) an d  (3b) w as for all th e  e lem en ts 10~4 o rd er o f
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m ag n itu d e . T h e  p rob lem  w as also ca lcu la ted  w ith  th e  a id  o f  th e  p ro ced u re  
re p o rte d  in  [12]. T he elem ents u sed  here are single cu rv ed  e lem ents; и an d  
w are  lin ea r a n d  cubic fu n c tio n s, re spec tive ly , o f th e  arc  co o rd ina tes s, i.e ., 
th e  e lem ent is o f six  degrees of freedom  w hich does s till n o t assure  th e  c o n ti­
n u ity  o f th e  s tress re su lta n ts . I t  is w orthw hile  m en tion ing  th a t  w ith  th e  choice 
o f  eighty elements on ly  (ap p ro x im ate ly ) could  th e  sam e re su lt be a t ta in e d  as 
w as fu rn ish ed  b y  th e  p rocedure  described  in  po in ts  2 to  4 w ith  th e  a ssu m p tio n  
o f  eleven elements, m oreover, even  th e  use o f th ree  e lem ents o f 20 degrees of 
freedom , each  y ie lded  th e  ex ac t so lu tion .

In  th is  connection , th e  re su lts  concern ing  th e  lo ad ed  edge o f th e  cy linder 
are  lis ted  an d  com pared  in  T ab le  1.

Table 1

N u m b e r  o f 
e lem en ts

N u m b e r  o f 
u n k n o w n  
q u a n titie s

Тг
[N /cm ]

T 2
[N /cm ]

Mi
[N cm /cm ]

P o in ts  2 to  4 (exact) и

(12 df*)

78 10-22 413,1 — 50,00

3

(20 df)

30 1 0 - 2 4 413,1 - 5 0 ,0 0

A ccording to  ref. [12] 80 243 10,6 419,1 - 5 0 ,2 0

* df =  degree of freedom

7.2. T he cy lind rica l shell rep re sen ted  in  Fig. 9 is su b m itte d  to  a lo ad  
lin e a rly  chang ing  along th e  lo n g itu d in a l axis. F o r th e  sam e n u m b er (4) o f 
e lem ents th e  re su lts  o b ta in ed  b y  chang ing  th e  n u m b er o f degrees of th e  
ap p ro x im a te  po lynôm es are lis ted  in  T ab le  2. The len g th s  o f  th e  e lem ents 
chosen  su rpass th e  len g th  l0 dy ing  o u t.

Table 2

N o. o f  degrees
N i

[N /cm ]
M i

[N cm /cm ]

D egree o f  n o n sa tis fa c tio n  o f

/« fw
(3b)
[N]

3 7 - 8 1 ,3 - 2 9 ,1 2 115,4 16,6

3 10 - 7 6 ,2 2 - 2 8 ,7 3 46,5 2,1

3 13 - 7 6 ,1 1 - 2 8 ,7 3 36,0 0,01

7 13 - 7 5 ,7 8 - 2 8 ,6 9 1,1 0,0098

9 13 - 7 5 ,7 8 - 2 8 ,6 9 0,072 0,0097

E x a c t solution - 7 5 ,7 8 - 2 8 ,6 9 1
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F ro m  the  resu lts  i t  is to  be seen th a t  th e  in d ex -n u m b er o f n o n -sa tisfac tion  
o f  th e  equilib rium  e q u a tio n s  decreases w ith  th e  increase o f  th e  n u m b er of 
deg rees of the  po lynôm es. T he tab le  co n ta in s  th e  in d ex -n u m b ers  appearing  
a t  th e  elem ent n e a r th e  c lam ped  edge, n am ely , th e  m ax im u m  values were 
a lw ay s  ob tained  a t  th is  e lem en t. T he case 4 a lread y  fu rn ish es  a re su lt w hich, 
fro m  th e  v iew poin t o f  th e  s tress re su lta n ts  equals th a t  o f  th e  ex ac t so lu tion . 
I t  is to  be rem aked  t h a t  th e  au g m en ta tio n  of th e  n u m b e r o f degrees of th e  
p o ly n o m e a p p ro x im a tin g  th e  d isp lacem en t of ax ial (u) d irec tio n  (see cases 
3 a n d  4) influences th e  accu racy  of th e  ca lcu la tio n  m ore s tro n g ly  th a n  (in cases 
2 a n d  3) th e  a u g m e n ta tio n  o f th e  n u m b er o f degrees o f th e  polynom e a p ­
p ro x im a tin g  w.

r = 5 [cm] 
h = 0,2 [cm]
L = 15 [cm] 
l0=2,44[cm]
Po=100 [N/cm2]
E = 2,06-107 [N/cm2] 
p=0,3 
m = 4

F ig . 9. F u n c tio n  of th e  c irc u la r  cy lind rica l shell u n d e r  lin ea rly  chang ing  d is tr ib u ted  load

7.3. F rom  am o n g  th e  fin ite  e lem en t so lu tions concern ing  th e  axi- 
sy m m e tric a l shells to  be  fo u n d  in  th e  l i te ra tu re  on th e  su b jec t, from  th e  v iew ­
p o in t  o f num eric e ffec tiveness th e  p rocedures tre a te d  in  [18, 19] are th e  m ost 
o u ts ta n d in g , how ever, n e ith e r  these  p rocedures assure th e  c o n tin u ity  betw een  
th e  elem ents w ith  th e  p red e te rm in ed  d isc o n tin u ity  o f th e  stress re su ltan ts  
a n d  th e  sa tisfac tion  o f  th e  dynam ic b o u n d a ry  cond itions. T he calcu la tion  
re s u lts  repo rted  in  th e se  papers p e rsuasive ly  show  th e  ad v an tag es  of th e  
ap p lica tio n  of th e  e lem en ts  of a high degree o f freedom . F o r th e  cy lindrical 
p ro b lem  depicted in  F ig . 10a, also num eric  resu lts  are to  be found . B y uniform  
subd iv ision  and  a p p ly in g  six  elem ents i t  w as in v e s tig a te d  how  th e  au g m en ­
ta t io n  of th e  degree o f  freedom  affects th e  e x a c titu d e  o f  th e  resu lts . In  Fig. 
10b th e  change o f th e  m erid ional bend in g  m om en t AIl pub lished  in [18] 
dep en d in g  on th e  a rc  co o rd in a te  is show n. T he d iffe ren t curves deno ted  by  
d  — 8, 10, 14 re p re se n t th e  values o b ta in ed  by  th e  ap p lica tio n  of elem ents 
o f  d-degree of freed o m  (th e  curve d raw n  w ith  fu ll line renders th e  ex ac t 
so lu tio n ). For co m p ariso n , th e  p roblem  w as ca lcu la ted  b y  m aking  use o f six 
e lem en ts  of fo u rteen  degrees of freedom . In  F ig . 10b th e  •  signs designate  th e  
re su lts  of th e  p ro ced u re  discussed in th e  p re sen t p ap er, w herefrom  it  m igh t 
b e  s ta te d  th a t  even  th e  effectiveness o f  th e  m eth o d  re p o rte d  in [18] falls 
b e h in d  th a t  o f th e  p ro ced u re  w orked o u t b y  th e  au th o rs .
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\
Ç г = 12,7 [cm]

L = 15,24 [cm] 
h = 0,0254 [cm] 
E=7,03-105[N/cm2]

_ Я^0-3
Ho=0,18 [N/cm]

M,.
3,0

2,5

2,0

1,5

1,0

0,5

0
0,423 0,846 1,27 1,7 2,11 254 s[cm]

102 [N]

F ig. 10. a) circular cy lin d rica l shell lo ad ed  a t  i ts  edge; b) change o f th e  m erid ional b en d in g  
m o m en t M l —  ihf1(s). O n th e  basis of th e  m e th o d  discussed in  p o in ts  2 to  4 b y  ap p ly ing  ele­
m en ts  of 14 degrees o f freed o m  deno ted  b y  • ,  th e  curves d en o ted  b y  <1 rep re sen t according 
to  th e  ref. [18] th e  re su lts  ob ta in ed  b y  u s in g  th e  elem ents h av in g  d  = J 8 ,  10, 14 degrees o f

freed o m

tv=0,13 [cm] ‘
E=2,06.107 [N/cm2] 
Я =0,3 
a = 20 [cm] 
b = 10 [cm]

Fig. 11. T orus-fo rm ed  shell su b jec ted  to  a  force paralle l to  th e  ax is o f rev o lu tio n

7.4. To th e  s tre n g th  analysis o f  a shell hav ing  a to ru s-lik e  form  d ep ic ted  
in  F ig . 11 doubly  cu rv ed  elem ents h a v e  been applied . T he ca lcu la tion  re su lts  
were com pared  w ith  tho se  of th e  a p p ro x im a te  an a ly tic  so lu tio n  to  be found  
in  [6].

U sing in solv ing th e  prob lem  o f un ifo rm  subd iv ision , th e  n u m b er o f 
th e  elem ents o b ta in ed  w as 18 an d  th e i r  degree of freedom  tw elve . In  Fig. 12
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F ig . 12. V ariation  o f th e  m erid io n al ben d in g  m o m en t M j depend ing  on  в  induced  in th e  to rus-
shell d ep ic ted  in  F ig . 11

Fig. 13. T o ru s-fo rm ed  shell loaded  a t  i ts  edge subd iv ided  in to  e lem en ts (0 <[ Q  < j я /2 )

th e  change of th e  m erid io n a l b en d in g  m o m en t M x versus 6 is show n. B y ap p ly ­
in g  th e  ap p ro x im a te  re la tio n sh ip s  re p o rte d  in  [6], p. 395, th e  m ax im um  v a lu e  
o f  occurs a t  0 =  — 13,9°, being  7,49 N cm /cm , w hile th e  v e rtic a l d isp lace­
m e n t of th e  edge a t  в — —90° is Aa =  0,2924 cm  in  com parison  w ith  th e  
v a lu e  Aa =  0,2927 cm  ca lcu la ted  w ith  th e  m ethod  described  above. In  Fig. 12 
a  close ag reem ent w ith  th e  m om en ts  ca lcu la ted  a t  0 == 13,9° is to  be seen. 
T h e  index -n u m b er o f  th e  n o n -sa tisfac tio n  of th e  eq u ilib riu m  equations d id  
n o t  a tta in  one [N ].

7.5. T he g eo m etric  p ro p o rtio n s o f th e  to ru s  shell show n in  Fig. 13 a re  
su ch  as, accord ing  to  th e  know ledge o f  th e  au th o rs , no so lu tion  of closed
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(a sy m p to tic ) form  ex ists [6]. In  so lv ing  th e  prob lem  b y  using  a u n ifo rm  
subd iv ision , e leven elem ents w ere app lied . F o r th e  degree o f  freedom  o f th e  
e lem en ts fifteen  w as selected , th u s , i t  w as in  (17) f u =  5 , f w — 7, th e  m ax im u m  
degree o f th e  n o ri-sa tisfac tio n  of th e  equ ilib riu m  eq u a tio n s occurred  a t  e lem en t 
N o. 4, an d  its  values w ere 0,0066N  an d  0,018N .

U sing th e  com patib le  d isp lacem en t m odel e lem ents w orked  o u t b y  th e  
a u th o rs , th e  ca lcu la tion  resu lts  o b ta in e d  a t  th e  angles 0 =  0, jr/2, are to  be 
fo u n d  in  th e  f ir s t  line o f T ab le  3, w hile in  th e  second line th e  values ca lcu la ted  
accord ing  to  [28]7 are  en tered . T he d ev ia tio n  of th e  s tre ss  values o b ta in e d  on

Table 3

CTj [N /cm 2] <r2 [N /cm 2]

% =  —Л/2 z =  0 . =  h/2 я =  —h/2 » =  0 * =  h/2

A ccording to  poin ts

2 to  4 - 6 5 ,8 2 - 2 ,2 6 3 61,2 - 0 ,9 1 2 5 18,15 37,21

A ccording to  ref. [28] -6 5 ,2 9 9 - 2 ,2 6 4 59,825 - 0 ,9 1 6 2 17,502 35,99

Oi[N/cm2]

Fig. 14. Change of th e  stresses induced  in  th e  shell dep ic ted  in  F ig . 13 a t  th e  m iddle  surface  
of th e  shell as well as a t  th e  b o und ing  surfaces o f th e  shell w all z — h/2 an d  z =  —h/2: 

•  according to  th e  re f  [28]; co n tin u o u s curves accord ing  to  p o in ts  2 to  4

7 T he p ro g ram  assem bled fo r th e  p ro ced u re  based  on th e  m eth o d  of th e  in flu en ce  coef­
fic ien ts estab lished  a t  th e  T echnical U n iv e rs ity  o f D resden  hav e  b een  ru n  on th e  re q u e s t of 
th e  au th o rs .
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F ig. 15. A n  exam ple to  th e  therm o co m p en sa to r: a) g eo m etry ; b) change o f th e  fu n c tio n s 
O iiM j, a =  h j2) an d  <72(T2) d ep end ing  on th e  arc  co o rd in a te  s

Table 4

в «
1 0 -* [N /cm 2]

Ы Ъ )
1 0 [N/ cm2] R e f.

Torus 1 - 6,058 - 2 ,9 9 2 [10]

л /2 -6 ,0 3 1 - 3 ,0 1 7 [26]

- 5 ,8 4 8 -  2,949

- 5 ,1 4 2 0,074 [10]

0 -4 ,8 4 8 0,075 [26]

- 4 ,8 3 2 0,073

4,920 0,074 [10]

0 4,744 0,072 [26]

4,606 0,079

Torus 2 5,973 2,780 [10]

л /2 5,743 2,526 [26]

5,677 2,544
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th e  in te rn a l (z =  —h/2), m iddle (z =  0) a n d  ex te rn a l (г =  h/2) surface o f
th e  shell w ith  bo th  m eth o d s  of ca lcu la tio n  m ay  be neg lected .

In  Fig. 14 the  change of the  stre sses  found  on th e  e x te rn a l and  in te rn a l 
su rface  o f th e  shell acco rd ing  th e  angle в  is rep resen ted . T h e  fu ll line shows th e  
re su lts  o b ta in ed  accord ing  to  th e  m e th o d  w orked  ou t b y  th e  au th o rs , th e  p lus 
signs rep re sen t those fo u n d  b y  the  ap p lic a tio n  of th e  m eth o d  d e a lt w ith  in  [28].

7.6. One of th e  prob lem s concern ing  th e  shell s tru c tu re s  o f an in tr ic a te  
co n s tru c tio n , consisted in  try in g  to  c la rify  th e  s ta te  of s tre ss  o f th e  th e rm o ­
co m p en sa to r depicted  in  F ig . 15b. T h e  n u m b e r of th e  a d o p te d  elem ents an d  
th e  n u m b e r of th e ir  degree of freedom , as well as th e  d is tr ib u tio n  o f th e  
s tresses are shown in F ig . 15a. The fu lly  d raw n  line show s th e  (ap p ro x im ate) 
re su lts  rep o rted  in [10], th e  •  signs d e s ig n a te  those o b ta in ed  w ith  th e  ap p lica ­
tio n  o f  th e  au th o rs’ m e th o d .

T ab le  4 con ta ins th e  stresses cau se d  b y  th e  m o m en t M 1 and  force T 2 
app lied  on th e  to ru s  su rface  defined b y  th e  positive d irec tio n  e3 a t  th e  angles 
0 = 0  a n d  ji/2 of th e  to r i  No. 1 and  N o . 2.

In  colum n R  th e  references to  th e  l i te ra tu re  on th e  su b je c t m ay  be fo und . 
In th e  row s where no reference is e n te re d , th e  results o b ta in e d  b y  the  au th o rs  
are  g iven .

T h e  m axim um  o f th e  in d ex -n u m b er o f  th e  n o n -sa tis fac tio n  of th e  eq u i­
lib riu m  equations d id  n o t a tta in  th e  v a lu e  one [N],
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Berechnung Flächentragw erke rotationssym m etrischer Verform ung mit H ilfe der  
M ethode der endlichen E lem ente. — A usser d e r K o n tin u itä t  des V erschiebungsfeldes u n d  
N orm alen v erd reh u n g sfe ld es s ich ert die von  den  A u to ren  au sg e a rb e ite te  M ethode a u ch  die 
K o n tin u itä t  oder die vo rg esch rieb en e  D isk o n tin u itä t  de r F läch en sp an n u n g en  u n d  F lä c h e n ­
sp an n u n g sp aare , sowie d ie  B efriedigung der d y n am isch en  R an d b ed in g u n g en . Die an g en o m m e­
n e n  E lem en te  folgen d e r  w a rh a fte n  G eom etrie  d e r Schale. D er n ied rig s te  F re ih e itsg rad  d e r 
E le m e n te  is t 12. A m  E n d e  d e r B erechnung e rg ib t sich  eine M öglichkeit bei jedem  E le m e n t 
z u r  Ü b erp rü fung  des G ra d es  d e r N ich tb e fried ig u n g  der “ a p rio ri”  n ic h t  befriedig ten  G le ich ­
gew ich tsbed ingungen . B le ib t  der G rad der B efried igung  bei je d e m  E lem en t u n te r  e in em  
vorangegebenen  W ert, so k a n n  die B erechnung  als beend ig t b e tr a c h te t  w erden. G egenfalls, 
k a n n  m an  bei B e ib e h a ltu n g  d e r A ufte ilung d u rc h  E rh ö h u n g  des F re ih e itsg rad es  der zu r F ra g e  
s te h e n d e n  E lem en te , m it  w ied erh o lte r R ech n u n g  genauere  E rgebnisse  e rh a lten . Die W irk sa m ­
k e it  des V erfahrens is t  d u rc h  num erische B eispiele d em onstrie rt.

Рассвет оболонек вращ ения при осеимметрииной деформации с помощью метода 
конечных эмементов. Разработанный метод обеспевивает непрерывность поля переме­
щений срединной поверхности оболовек вращения и поля угла поворота нормали к по­
верхности, далее непрерывность внутренних усилий и моментов или их заданный скавок, 
а также заботится об удовлетворении динамическим граничным условиям.

Выбранные элементы и форма меридиального сечения совпадают. Минимальная 
степень свободы элементов равна 12.

В конце рассвета имеется возможность по элементам определить меру неудовлетво­
ренности уравнений равновесия, которые «а priori» не были учтены в процессе расчёта.

Поскольку при каждом элементе мера неудовлетворенности меньше зафиксирован­
ной заранее величины, то расчёт считается законченным. Если нет, то при неизменном 
разбиении оболочки на элементы, увеличиваем степень свободы проблематических эле­
ментов и повторяем расчет (ы). Таким образом можно уточнить результаты.

Множество приведенных примеров хорошо показывают эффективность метода.
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НАХОЖДЕНИЕ ОПТИМАЛЬНОГО ЧИСЛА, МЕСТА И 
ОКРЕСТНОСТИ ТРАНСФОРМАТОРОВ В 

НИЗКОВОЛЬТНОЙ ЭЛЕКТРИЧЕСКОЙ СЕТИ С ПОМОЩЬЮ 
ПРОБЛЕМЫ ПОКРЫТИЯ МНОЖЕСТВА

М. ГРОС*

Реконструкция низковольтных электрических сетей, а также построение 
новых сетей, снабжающих электроэнергией новые кварталы, в настоящее время 
является очень частой задачей. У ж е и ранее были сделаны попытки частичной 
механизации большого числа числовых рассчетов [1]. На первой стадии механиза­
ции можно было определить только поперечное сечение проводов и цепей транс­
форматора, сформированных на основе субъективного решения. Увеличение числа 
таких задач поставило на повестку дня необходимость автоматизации проекти­
рования. Для этого необходимо, в первую очередь, определить расположение 
трансформаторов в сети и алгоритм построения цепи трансформатора. Как вся­
кий технологический процесс, заходящий за традиционные рамки, решение дан­
ной задачи требует новой математической модели. В настоящей работе методы 
прикладной математики применены таким образом, чтобы они подходили при 
решении подобных технических проблем. Разработанные на основе данной мо­
дели программы используются в институте «САМГЕП».

Инженерная формулировка задачи

Пусть дана трехфазная электрическая сеть с её техническими данными, 
потребителями, а также техническими и экономическими параметрами 
трансформаторов.

Нужно найти оптимальное число и место трансформаторов в сети, 
причем такое месторасположение, которое обеспечивает минимальные потери 
мощности в сети, а также для каждого трансформатора непересекающиеся 
электрические цепи, в которых напряжение больше некоторой наперед за­
данной величины.

В ходе рассуждений не учитывается влияние низковольтной сети на 
высоковольтную (вывод при постоянном потенциале) и допускается

co s  ср =  0  ,

а также предполагается постоянное сопротивление и величина тока на 
выводе:

/[Ампер] =  — Щ Ватт]/220[Вольт].
3

* М. G b Ós z  C salit u. 9, Н-1025 B u d ap es t, H u ngary .
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Предположение о постоянной величине сопротивления необходимо только до 
построения непересекающихся деревьев, так как неизвестно месторасполо­
жения трансформаторов в сети и структура деревьев и поэтому по техни­
ческим причинам нельзя учитывать действительное сопротивление в сети 
только после окончательного построения деревьев.

Математическая формулировка задачи

2.7 Общее описание

Из четырех проводов трехфазной электрической сети рассматривается 
только один, таким образом, электрическая сеть может быть представлена в 
виде связного графа С. Из чисто технических соображений в дальнейшем 
предполагаем, что локальная степень произвольной вершины графа С не 
превышает четырех:

е(ж) < 4  X Ç S ,

где S — множество вершин графа С. Места расположения трансформаторов 
представляют собой источники, обладающие определенной интенсивной 
величиной (непряжением), а потребители являются поглотителями текущей 
в сети экстенсивной величины (заряда) [3]. Под окрестностью трансформатора 
подразумеваем такое дерево, корнем которого является вышеупомянутый 
источник. При таком подходе законы Кирхгофа могут быть сформулированы 
следующим образом:

I. В любой точке сумма экстенсивных количеств равна нулю (1 [заряд/ 
время]);

II. Интеграл интенсивных количеств (напряжений Au) по замкнутой 
кривой равен нулю.

Пусть число проектируемых или уже действующих трансформаторов 
равно т, а места их расположения вершины к{ графа С (г =  1, 2, . .  ., т). 
На графе С построим максимальное дерево С'к., корнем которого является 
вершина /с,- (/ =  1, 2, . . ., т). Под максимальным деревом подразумеваем 
такое дерево, которое получается исключением простых циклов графа С. 
Однозначное построение такого дерева возможно на основе следующей тео­
ремы:

Теорема 7. Пусть к( будет некоторая фиксированная вершина графа С. 
Тогда существует такое максимальное дерево Cki с корнем kh при котором 
произвольная вершина графа С соответствует тому ребру простой цепи, вы­
ходящей из kh на котором максимальна соответствующая экстенсивная 
величина.
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Доказательство. Так как С связный граф, то любые две вершины графа 
могут быть соединены простой цепью, поэтому длины их являются положи­
тельными целыми числами. Таким образом, всегда существует найкратчай- 
щая цепь, между вершинами х и у; её длину незываем расстоянием между 
вершинами х и у  и обозначаем через d(x, у). Для произвольного числа п 
существует такое множество вершин А п, для элементов которого справедливо

d(kj, х)  =  п х £ А п .

Таким образом, с помощью непересекающихся подмножеств А п множество 
можно записать в виде:

S =  k i\ j A 1\ jA 2\J . .

Вершины, относящиеся к подмножеству А п, могут быть соединены только с 
вершинами, относящимися к подмножествам A n~v  А п, А п+1. В противном 
случае, если существует ребро, связывающее элементы множеств А п и А п+1 
(/ >  2), то в подмножестве А п+1 существовал бы элемент г, для которого

d{kh 2 ) < ; и  +  1 z Ç A n+l.

Максимальное дерево Ск. получим таким образом, что из ребер, связывающих 
вершину z£A n с элементами подмножества A n- V выберем ребро с наибольшей 
экстенсивной величиной, остальные исключим из графа. Легко видеть, что 
полученный подграф Ск. связный и не имеет простых циклов, а также до­
бавлением любого ребра получим простой цикл. Значит, С'к{ максимальное 
дерево, покрывающее все вершины графа С, и каждая вершина соответст­
вует тому ребру простой цепи, выходящей из корня дерева кь которому со­
ответствует наибольшая экстенсивная величина.

Теперь рассмотрим возможный метод построения максимального дерева 
С'к.. Для вершин связного графа С запишем закон Кирхгофа

У  i x y  +  J-x =  0  5 ( 1 )
у

где X — фиксированная вершина, а у  пробегает все соседние с х вершины, 
ixy — интенсивные величины, относящиеся к ребрам с вершиной х,
1Х — величина тока, потребляемая в вершине х.

Используя связь между градиентом интенсивных количеств и экстенсивными 
количествами, на основе уравнения (1) можно записать следующую систему 
линейных уравнений:
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-
X " Uy i +

~

1 * 1 1

n  ■ • ■ È  R  R
iv xyi 1 =  1 l x x y t  Л ху г

U x I X

_ _
UУт _ _

где т — число ребер в вершине х,
Яху— сопротивление на ребре (х, у,),
Uyi — интенсивное количество в вершине y t.

Решив систему линейных уравнений, которые автоматически обеспечивают 
выполнение 11-го закона Кирхгофа, получим значения Uyv с помощью кото­
рых вычислим значения экстенсивных количеств, соответствующих отдель­
ным ребрам.

Найдем те вершины графа С, которые соответствуют нескольким ребрам 
Из них в каждой вершине выберем то ребро, которому соответствует наиболь­
шее интенсивное количество, а остальные ребра исключим из графа. Согласно 
теоремы 1 полученный подграф C'ki будет максимальным деревом.

Исключение ребер может быть выполнено также с помощью задачи 
Кэли [8]. Для этого каждому ребру ставится в соответствие некоторая мера. 
В нашем случае это может быть интенсивное количество.

2.2 Модель первичной оптимизации

В нашей задаче требуется минимизировать затраты на капиталовложе­
ния при минимальных потерях электроэнергии, т. е. задаче является много­
целевой. Пименим к ней правило преференции: сначала оптимизируем затра­
ты — первичная оптимизация, а потом оптимизируем потери электроэнергии 
— вторичная оптимизация.

Обозначим множество вершин, в которых проектируется или действует 
трансформатор, через К  (К  с  S). Для всех источников можно построить 
такие деревья Ск( с помощью процедуры, рассмотренной ниже, что интен­
сивные количества в любой вершине этого дерева будут больше некоторой 
наперед заданной величины. Покрытию q графа С деревьями должно со­
ответствовать такое подмножество К ч, для которого выполняется следующее:

с =  и с»,
kiíK,
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Рассмотрим вектор <5 =  (ôki, . . ., ôkJ ,

„ ÍO, если к А К а где oki =  { 4 .I l, если k ^ K g

Требуется найти такие покрытия графа С деревьями Cki, для которых 
выполняется:

т
У  àki ■ Tki min (2)

i = l

c =  и c ki (3)
ki£K.q

Ukix !> a X  £ S ki, (4)

где T kj — капитальные затраты kr oго источника,
UkiX— интенсивное количество в вершине х дерева Ск{,
S ki — множество вершин дерева Ск.,
и — заданная постоянная величина (минимальное напряжение).

2.3 Процедура построения деревьев Cki

Рассмотрим построение деревьев Ск(, удовлетворяющих условию (4),из 
максимальных деревьев C'ki (C'ks э  Ск.). Вычислим интенсивные количе;тва 
Uk(X в вершинах дерева C'ki. Функция является строго убывающей функцией в 
направлении от корня дерева к концевой точке. Из множества концевых то­
чек дерева Ckl найдем ту, в которой UklX минимальна и не удовлетворяет ус­
ловию (4). Эту вершину вместе с соответствующим ребром исключим из 
дерева. Снова вычислим интенсивные количества UkiX и повторим наши рас­
суждения до тех пор, пока не будет удовлетворено условие (4). Таким образом, 
можем сформулировать следующую лемму:

Лемма. Дерево Ск{ покрывает все те вершины графа С, в которых вы­
полняется условие (4), и каждая вершина дерева Cki принадлежит той про­
стой цепи графа С, состоящей из ребер с наибольшими экстенсивными коли­
чествами.

Вершины, упускаемые при построении дерева Ск{ из дерева С'к(, должны 
принадлежать хотя бы одному дереву Ск{ (x£Ski). В противном случае, как 
это будет показано в следующем пункте, не удовлетворятся необходимое и 
достаточное условие существования решения задачи. Поэтому вводятся до­
полнительные источники до тех пор, пока каждая вершина графа С не будет 
принадлежать хотя бы одному дереву Ск{.
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2.4 Метод решения задачи

Построим такую матрицу инциденций А, в которой каждому столбцу 
однозначно будет соответствовать некоторое дерево Ск., а каждой строке 
матрицы — вершина:

0, если Xj ф S ki i =  l , 2 ,  . . ., m
1, если xj £ S ki j  =  1, 2, . . reA  =  = (5)

где m — количество возможных исторчников, 
n — количество вершин графа С.
Таким образом, задача (2)—(4) может быть сведена к следующей задаче о 

покрытии множества:
У  • Т,kt 1 ki- ■ m m

1 = 1

2 a j r ô « i >  1 j  = !’ 2’ ., n

( 6)

(7)
î= i

Для решения задачи (б)—(7) известны эффективные алгоритмы (4)—(7), 
так как матрица инциденций А  является довольно редкой. С помощью любого 
из этих алгоритмов найдем множество решений данной задачи:

Если число возможных источников m выбрано таким образом, что каждая 
вершина графа С принадлежит хотя бы одному дереву Ск., то

m
(у =  1, 2, . . ., п ) ,

1 = 1

что является необходимым и достаточным условием существования решения 
задачи (6)—(7). Таким образом, если это условие выполняется, то множество 
Q не будет пустым.

Деревья, входящие в покрытие q, будем обозначать через Счк.. Отметим, 
что деревья, входящие в покрытие q, могут пересекать друг друга. Одно­
значное построение непересекающихся деревьев D% будет приведено ниже.

2.5 Вторичная оптимизация

Пусть даны множество решений и однозначно определенные непере- 
секающиеся деревья Dqki ç  Счк{ ( к ^ К я). Каждому дереву Счк. поставим в соот­
ветствие некоторую меру Fqki (в случае электрической сети — потери электро­
энергии).
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Найдем такое покрытие q, которому соответствует минимальная сумма 
мер и удовлетворяются следующие условия:

m in
i = 1

D l  <= C l  ó 4 Q , k , í K q

В случае электрической сети мера F qk. будет иметь следующий вид:

п=1
í - i R .

( 8 )

(9)

где — число ребер дерева Dgkt,
Ri — сопротивление ребра I дерева Dqk..
Ukil — падение напряжение на ребре / дерева Dqk.. Если выполняется 

условие (9), то заведомо выполняется и (4).

2.5 Построение деревьев Dqkt

Рассмотрим покрытие q (Ô^Q). Допустим, что вершина х принадлежит 
одновременно нескольким деревьям t qki, т. е.

h  Sqk(. (10)í=i
Чтобы получить непересекающиеся деревья необходимо, чтобы вершина х 
принадлежала единственному множеству, которое будем обозначать через 
Zqki. Теперь рассмотим правило, согласно которому такие вершины х одно­
значно будут принадлежать тому или иному множеству Zqk, :

' x£Zqkl, если max UktX =  UklX (/ =  1 ,2 , . . ., т) 
x(iZqkl, если Uktx =  UkjX и они максимальны, (11)

а также /с, <  kj

Правило (11) сформулировано таким образом, чтобы при его использовании 
потери электроэнергии в сети были минимальны. Применяя правило (11) для 
общих вершин деревьев Счк., получим такие множества Zqkí, для которых вы­
полняется следующее:

Z I  Я  S I  (12)
Z I  П Zkj =  0  i ^  j  (13)

U Zqki =  U S I  (14)
ki£K,q
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Для применения правила (11) достаточно знать множество S qk{ и соответству­
ющие вершинам и деревьям величины Uk.x, и несущественно знать топологию 
деревьев Cqki. Рассмотрим следующую теорему.

Теорема 2. Для каждого покрытия q графа С деревьями С\. существует 
такое покрытие из непересекающихся деравьев Dqki после применения пра­
вила (11), для которых справедливо следующее:

К  Я C l  к Д К д 
D t  П D% =  0  v i + j  

U Cqk i=  U Dqki
kitKg kiÇ.K.q

Доказательство. Сначала покажем, что подграф Dqk( на множестве Zqkl, 
полученном после применения правила (11), является связным, в таком слу­
чае Dqkl обязательно будет деревом, так как С% является также деревом. На 
произвольном дереве Cqkl выберем те концевые точки х, где на маршруте 
L =  L (kh . . ., у, х) есть общие вершины с деревьями Cqki. Рассмотрим марш­
рут L, отправляясь из точки х в направлении корня дерева /с,-. Покажем, что 
если X £ Z4kl, то для соседней вершины также y i Z 4̂. Допустим противное, 
что X £ Zqkl, а у  £ Zqki. Тогда согласно правилу (11)

Uk,x UkiX к( Ç / ]  (18)

U k,y^>U kiy к[£12, (19)

где Ix — множество деревьев, к которым принадлежит вершина х,
12 — множество деревьев Cqk., к которым принадлежит вершина у. 

Возможны следующие три случая:
1. Концевое ребро (х, у) дерева Cqkl принадлежит также дереву С%. 

В дальнейшем под направлением будем подразумевать направление от кон­
цевой точки в сторону корня дерева. В данном случае направление на ребре 
(х, у) или совпадает или нет, но в обоих случаях ребро (х, у) должно быть 
концевым ребром дерева Cqkl. В противном случае для дерева Cqkl не выполня­
ется утверждение леммы, так как существует по крайней мере одна такая 
вершина z, что

U k a  ! >  U kíZ у.  u z i  S k i  •

Последнее неравенство получено из (18) с учетом, того, что Ukl и Ukl строго 
убывающие функции на том же самом ребре (х, у).

1.1 Если направление на ребре (х, у) совпадают (рис. 1) и выполняется 
условие (18), то запишем закон Кирхгофа для вершины х для обоих деревьев:

Uk'Lx =  U kiy  Кху ' 1 Х

U kix  —  U  kly  R xy  • I х

(15)

(16) 

(17)
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Применяя неравенство (19), получим, что

1 ktx ^  U kix 1

a это противоречит условию (18).

Рис. 7 Рис. 2

1.2 Если направления на ребре (х, у) не совпадают (рис. 2) и выполняют­
ся (18)—(19), то

так как Ukl и Ukl — убывающие в противоположном направлении функции. 
В результате этого получаем

что опять-таки противоречит неравенству (18).
2. Вершины X и у  принадлежат дереву C{t, но ребро (х, у) уже нет. 

В этом случае концевая точка дерева Счк: будет также концевой и для Cqkt. 
В противном случае для дерева Счк1 не выполняются утверждения леммы, так 
как существует такая вершина г, что

Последнее неравенство получено с учетом того, что выполняется условие (18) 
и Ukl и Ukl являются сторого убывающими функциями. Таким образом, вер­
шина X является концевой точкой дерева С|(. Здесь также возможны два 
случая.

2.1 Допустим, что d(kt, х) =  п и d(kt,y )  =  п— 1 (рис. 3) Запишем закон 
Кирхгофа в вершине х обоих деревьев C4kt и Счк1:

U k i x ^  U к,у U U k ,y  Д ' U к #  .

1/.гХ Ukly U kly^> Ufaxi

UklZ^ U klZ^<x. и z $ S gkl.

U k,x  —  U kiy R  '  I x  »

U klX=  U klZ — R - I x .

(22)

(23)
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Покажем, что 

Согласно лемме 

а согласно условию (19) 

то есть

kJ Ic tZ  ^  Ü l d  у  

kJ kiz Jjjl С  kty i

k J  к ( У  ^  U  1 ц у

kJ ktz kJ kty ■

Таким образом, из уравнений (22)—(23) получим, что

U klX ^  U kix •>

а это противоречит неравенству (18).
2.2 Допустим, что d(kt, х) = п — 1 и d(kt, у) =  п (рис. 4). 
Согласно (19)

и к,у ^  Uк,у
и по построению дерева Cqkl и Cqkl

kJ kiy 'J:>. kJ kix и kJ ktx kJ kty ■

Таким образом, опять получено противоречие:

U  к , Х  ^  U  k l y  U k l y  U  f a x  •

3. Вершина х  не принадлежит дереву С чк1, только вершина у, т. е. х $ Sqkl, 
y £ S qkl. Согласно условию (19)

а согласно лемме
kJ kty kJkiy 1

kJ kiy Jíi kJ kix > a ,
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T. e. UktX должно быть больше, чем Ukix и а ,  так как Ukl и Ukl являются строго 
убывающими функциями на ребре (х, у). Таким образом, для дерева Cqkl не 
выполняется утверждение леммы, так как существует такая вершина х, что

U ktx я  5

но в то же время х не принадлежит дереву Cqkl. Этим самым мы доказали, 
что у  £ Zqkl, если X £ Zqkv Если х £ Sqkv но х (f Zqkl, то эту вершину с соответствую­
щим ребром (х, у) опускаем из дерева Cqkl. Если вершина у  в результате этого 
стала концевой точкой, то повторим вышеприведенные рассуждения. Из всего 
сказанного выше видно, что подграф Dqkl будет связным.

Повторив все вышеприведенные рассуждения для каждого покрытия q, 
получим непересекающиеся деревья Dqki £  Cj.. Легко видеть, что условия 
(16)—(17) являются следствием условий (14)—(13). Этим самым доказатель­
ство теоремы завершено.

После построения деревьев Dqki поперечное сечение проводов выбира­
ется таким образом, чтобы оно не убывало в любом направлении от корня 
дерева и удовлетворялось условие (4).

Таким образом, получим конечное множество покрытий непересекаю- 
щихся деревьев Dqk((ôq€Q). Из этого конечного множества Q выберем то по­
крытие, которому соответствуют минимальные потери электроэнергии.

3. Выводы

В данной статье в общем виде сформулирована проблема оптимального 
проектирования сетей часто встречающаяся в практике, которые могут быть 
представлены в виде связного графа. Ищем такое оптимальное разбиение графа 
на непересекающиеся деревья, при котором сумма капитальных вложений и 
потери электроэнергии достигают минимума. В статье рассматривается также 
вопрос построения деревьев из связного графа, удовлетворяющих некоторым 
условиям. В связи с этим доказано две теоремы. С помощью матрицы инци- 
денций решение задачи может быть сведено к решению задачи о покрытии 
множества. На конечном множеств решений этой задачи выберем то, которому 
соответствуют минимальные потери энергии.

Согласно первого опыта можно сэкономить приблизительно 10% числа 
трансформаторов по сравнению с традиционными методами проектирования 
электрических сетей. Программа на языке ФОРТРАН для ЭВМ «СИМЕНС 
4004/151» разработана в «САМГЕП»-е по заказу проектного института 
«ЭВИТЕРВ».
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Finding of Optim al Num ber, Place and D istrict Ovetransformes in  Low-Voltage Electric  
N etw orks by a “ 0 — 1” Linear Programming. In  th is  p ap er th e  even  m ore freq u en t p rob lem  
o f o p tim u m  ne tw o rk in g  is fo rm u la ted  in  a genera l form . The essen tia l o f th e  problem s is to  
se a rc h  for th e  o p tim u m  lo ca tio n  and  n u m b er o f th o se  sources w hich sa tis fy  th e  lim iting  cond i­
tio n s  in  every  n e tw o rk  p o in t and  secure m in im u m  ne tw o rk  losses. To source is o rdered  a 
tre e ,  fo r w hich tw o th e ro re m s are proved. By in tro d u c in g  an  incidence m a tr ix  th e  prob lem  can  
be reduced  to  a zero-one lin e a r p rogram m ing  p ro b lem , for th e  so lu tion  of w hich  several effic ien t 
m e th o d s  are know n fro m  l ite ra tu re . F rom  th e  f in ite  se t o f solutions, one is selected w hich p ro ­
v id es  m inim um  n e tw o rk  losses. According to  th e  f ir s t  experiences w ith  p ra c tic a l problem s a b o u t 
1 0 %  of th e  tran sfo rm es cou ld  be saved, w hich gives th e  sam e savings fo r th e  in v estm en t costs 
as com pared  w ith  ea rlie r p lan s . T he co m puter p ro g ram  has been e la b o ra te d  on a com m ission 
fro m  É V IT E R V  for a S IE M E N S  4004/151 co m u te r, using  F O R T R A N  language.

Bestim m ung der optim alen A nzahl, Versorgungsbereiche und der Placierung von Trans­
form atoren in  Niederspannungsnetzen m ittels einer »0 — 1« Program m ierung. In  der v o rlie ­
g en d en  A rbeit w ird e in  häu fig es P rob lem , das de r op tim alen  P ro je k tie ru n g  von N etzen , in  
a llgem einer Form  a b g e fa ß t. D as W esentliche des P rob lem s is t, d aß  die o p tim ale  A nzahl u n d  
P lac ie ru n g  jen er Q uellen  g esu ch t w ird , welche d ie b esch ränkenden  B edingungen  in  jed em  
N e tz p u n k t erfüllen u n d  d a b e i m inim ale N e tzv e rlu s te  ergeben. Je d e r  Qielle w ird ein B au m  
zu g eo rd n e t, fü r dessen A u fb a u  zwei Sätze bew iesen w erden. D urch E in fü h ru n g  einer Inzidenz- 
M a tr ix  kan n  das P ro b lem  a u f  eine lineare  0 — 1 P rog ram m ieru n g sau fg ab e  zu rü ck g efü h rt w er­
d en , fü r  deren L ösung au s de r L ite ra tu r  m ehrere  w irksam e M ethoden b e k a n n t sind. Aus der 
en d lich en  Menge de r L ö su n g en  w ird diejenige au sg ew äh lt, welche e inen  m in im alen  N e tzv e rlu s t 
e rg ib t.  N ach den b ish e rig en  e rsten  E rfah ru n g en  k a n n  bei den  in  de r P ra x is  vorkom m enden  
A ufg ab en  ca. 10%  d e r T ran sfo rm a to ren  e rsp a r t w erden , was verg lichen  m it den  frü heren  P lä ­
n e n  eine V erringerung d e r In v estk o sten  im  gleichen V erhältn is e rg ib t. D as R echenprogram m  
w u rd e  im  A uftrag  v o n  É V IT E R V  fü r einen S IE M E N S  4004/141 R ech n er in  F O R T R A N  a u s­
g e a rb e ite t.
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VELAROIDAL SHELLS
FOR COVERING UNIVERSAL INDUSTRIAL HALLS

M. M IH A IL E S C U * a n d  Miss I. H O R V Á TH *

[M anuscrip t rece ived  N ovem ber 22, 1975]

In  o rd er to  cover large  colum n-free  square  areas a  new  ty p e  of shell s tru c tu re  
is proposed . C onsidering i ts  shape  a n d  its  w ay  of genera tion , th e  su rface  belongs to  th e  
fam ily  o f ve laro ida l ones. Choosing th e  g e n e ra tr ix  as an  ellipse, ad v an tag e o u s  g eo m e tri­
cal an d  m echanical p rop erties  a re  ob ta in ed . M em brane stress analysis an d  a  n u m erica l 
exam ple  are presen ted .

1. Introduction

I t  is well know n th a t  large sp an  in d u s tr ia l halls o f 18 X 18 to  40 X 40 m 
d raw  g rea t a tte n tio n . T hey  prov ide large  fu n c tiona l possib ilities, housing  v a r i­
ous techno log ica l processes of a c h a ra c te r  co n tinua lly  chang ing  an d  developing .

T he th in  shell s tru c tu re  is a ra tio n a l so lu tion  to  cover q u a d ra tic  areas 
ow ing  to  i ts  sp a tia l m an n er of w ork  an d  being able to  sa tis fy  a g re a t n u m b er 
o f fu n c tio n a l req u irem en ts  concern ing  n a tu ra l  ligh ting , v e n tila tio n , a sm oo th  
ceiling , as w ell as th e  hang ing  of a series of overhead  lig h t — d u ty  tra n sp o r tin g  
e q u ip m en ts .

In  th is  p a p e r a s tru c tu re , m ad e  o f th in  shells, p ro p o sed  fo r th e  use of 
u n iv e rsa l in d u s tr ia l halls, w hich b es t m eets th e  m u ltip le  fu n c tio n a l needs as 
w ell as th o se  of m echanical b eh av io u r an d  execution  tech no logy , is presented«

2. Velaroidal shells. Some im portant geom etrical properties

In  estab lish ing  th e  shape of th e  m idd le  surface of th e  shell we f irs t  to o k  
in to  acco u n t th e  fu n c tiona l req u irem en ts  o f cover in  a sq u are  area , an d  th e n  
(using  a b isym m etrica l surface) to  avo id  d iscon tinu ities w hich  m ig h t d is tu rb  
th e  m em b ran e  stress s ta te  in  th e  shell.

F ro m  th e  surfaces sa tisfy ing  th e  tw o  req u irem en ts , th e  ve la ro id a l one 
w as chosen, due to  its  ch a rac te ris tic  o f h av in g  s tra ig h t edges to  sim plify  th e  
re q u ire m e n t o f co n to u r elem ents.

* P o ly techn ica l In s ti tu te  o f C luj-N apoca, R om ania.
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The velaro idal su rface  (Fig. 1) is g en era ted  b y  a v a riab ile  curve (1) w hich 
is tra n s la te d  on a n o th e r  cu rve  (2) d eg en era tin g  in to  s tra ig h t lines on th e  
b o u n d aries . The g e n e ra tin g  profile can  be  an y  p lan e  cu rve , consequen tly  
re su ltin g  in surfaces o f  d iffe ren t geom etrical pecu liarities.

F o r parabo lic  p ro filed  velaroids B allesteros [1], B rebbia’s an d  
F errante’s [2] an d  L . K ollár’s [3] p ap ers  are  know n.

The velaro idal shells w ith  parabo lic  d ire c tr ix  h av e  also been s tu d ied  
b y  th e  au tho rs in  d esign ing  an  exh ib ition  hall in  th e  c ity  of C luj-N apoca 
(F ig . 2) [4].
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In  proceeding w ith  th e  s tu d y  o f  un iv ersa l in d u s tr ia l ha ll coverings w e 
have chosen a new  fo rm  of v e la ro ida l su rface , th a t  g e n e ra te d  by  an ellipse, 
th e  one we shall call elliptical velaroid. T he  reason  for th is  choice is to  red u ce  
th e  reg ion  of h y p erb o lic  po in ts as m u ch  as possible on  th e  surface (in th e  
co rner zones), th a t  m ig h t d istu rb  th e  stress s ta te  of th e  shell.

W e have  also ta k e n  in to  con sid era tio n  th e  m ore a d v a n ta g e o u s  m echanical 
b eh av io u r of th e  su p e re lev a ted  pro files w ith  resp ec t to  th e  circle and p a rab o la  
shape , th u s  ex ten d in g  D isc h in g e r ’s [5] an d  J a k o b se n ’s [6] consideration  
from  cy lindrical shells to  velaro idal ones.

F ig . 3

T he co m p ara tiv e  s tu d y , m ade fo r  ve la ro ida l su rfaces w ith  parabolic, 
c ircu la r and  ellip tical d ire c tr ix  h av in g  th e  sam e h e ig h t/sp an  ra tio , on th e  
tra jec to ries  of p arab o lic  ty p e  of p o in ts  w hich  sep a ra te  th e  ellip tica l surface 
zones from  those  of h y p erb o lic  ones show s th a t  th e  sm allest hyperbo lic  zones 
are  o b ta in ed  in  th e  case o f  e llip tical v e la ro id . I t  is possible in  e x tre m e  situa tions, 
th a t  th ese  zones be co m p le te ly  e lim in a ted , n am ely , for a sem i-ellip tical d irec­
tr ix  w ith  a slope of 90° a t  each b o u n d a ry  p o in t (F ig . 3). I n  th is  la tte r  case 
th e  co rner p o in t is n o t an  in flex ional p o in t b u t  r a th e r  a  s in g u la r one, th e  
d iagonal-d irected  cross-section  of th e  su rface  being  a second degree parabola .

I t  is to  he n o ticed  th a t  while in  th e  case w hen  th e  d ire c tr ix  curve is a 
p a rab o la  or a circle, th e  v e la ro ida l su rface  is g eom etrica lly  dete rm in ed  b y  a 
single adim ensional p a ra m e te r  (for ex am p le  th e  h e ig h t/sp an  ra tio ) , for defining 
the  shape of an  e llip tical ve la ro id  th e re  a re  tw o free p a ra m e te rs  w hich m ay be: 
the  h e ig h t/sp an  ra tio , t h a t  is 1 =  ( / —c)/2a, an d  th e  slope o f  th e  d irec trix
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on  th e  b o u n d a ry  w hich  can  be rep laced  b y  th e  ra tio  к =  c / f  (F ig . 4), as follows 
fro m  th e  surface e q u a tio n :

P ~ < ? (*i +  xf) + p
*1*2

o r d en o tin g  к =  c/f:

x 3 =  ( a 4 — a2( l  — fc2) (xf xf) +  (1 — k2) * f * | •
ar

( 2)

F ig . 4

T he ellip tical v e la ro id  g en era ted  b y  sem iellipses, described  b y  e q u a tio n

X 3 -3— V a4 — a2(x\ +  x\) +  x\  *1  , 
a2

(3)

th u s  appears as a p a r tic u la r  case (с =  к =  0) of a m ore genera l class of su r­
faces  described b y  e q u a tio n  (1) an d  (2), fu r th e r  these  la t t e r  ones are  especially  
in s is te d  upon.

F rom  th e  p o in t of view  of s tre ss  s ta te  and  b o u n d a ry  cond itions tw o  
g eom etrica l ch a rac te ris tic s  are of in te re s t:
— th e  surface ta n g e n t v a ria tio n  a long  th e  b o undary  дгх =  4  a (F ig. 4):

ta n  c*! =  9 i* 3
P - c 2 *2 1 +  к 

к
(4)

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



VELAROIDAL SHELLS 139

-  th e  c u rv a tu re  rad iu s  v a ria tio n , w ith  th e  g rea tes t va lu es  in  th e  c e n tra l 
zones of th e  su rface , w hich are of in te re s t from  th e  p o in t of view  of th in  
shell s ta b ility ; fo r х г =  x 2 =  0 th e  c u rv a tu re  rad iu s  h a s  th e  value:

a a
f - c  1 +  k

(5)

F rom  re la tio n  (5) as well as from  F ig . 4 i t  can  be observed  th a t  th e  g rea te s t 
c u rv a tu re  rad ii a re  o b ta in ed  for sm all va lu es  o f к (a t th e  lim it к =  0) in  th e  
cen tra l zone, a d isad v an tag eo u s s itu a tio n  fo r th in  shell’s s ta b ility .

3. Edge conditions. Solution for the state of stresses

T he s ta te  o f stresses was dete rm in ed  w ith  th e  aid  o f th e  m em brane 
th e o ry , considering  th e  p roblem  as a D iriche le t p rob lem . T h e  stress function  
w as specified  along th e  edges, in  concordance w ith  th e  ty p e  an d  co n stru c tiv e  
ach ievem en t of th e  su p p o rts .

Fig. 5

F o r s tru c tu re  (F ig . 5) su p p o rted  a t  th e  co rner po in ts , w ith  th e ir  edge 
beam s w orking  as ties , s tren g th en ed  to w ard s th e  corners, zones w here som e 
h o rizo n ta l stiffenings are  also p rovided , th e  follow ing b o u n d a ry  conditions 
are es tab lish ed : h a lf-co m p le te  edges capab le  o f ta k in g  over on ly  ta n g e n tia l 
stresses; com plete edges capab le  of tak in g  over b o th  ta n g e n tia l and  no rm al 
stresses a t  th e  co rner zones (Fig. 6).

In  order to  h av e  th e  v a ria tio n  of n o rm al stress re11, resp ec tiv e ly  re22 as 
close to  re a lity  as possib le, tw o v a lia n ts  w ere selected  on th e  com plete  edge 
zone:
a) th e  no rm al stress is co n stan t, re11 =  К  (F ig . 6a), or b) lin e a rly  v ariab le , 
n11 =  m  (x 2 — a x) (F ig . 6b).
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In  these  tw o  cases, from  th e  o vera ll equ ilib rium  cond ition , th e  b o u n d a ry  
s tre ss  values are ded u ced  for sy m m etrica l loadings as follow s:

4 n 11 t a n  a x cos a 2d x2 +  4 I n 22 ta n  a 2 cos a.1d x1 =  4 V  ,
J J  û i

or

8(I n 11 ta n  <xl cos a 2d x 2 =  4 V  (6)

*2

F ig . 6

w here  a x and  a 2 are  th e  angles of th e  su rface  slope a long  th e  edges х г =  +  a, 
resp ec tiv e ly , л;2 =  +  a, F  is th e  v e r tic a l p ro jec tio n  o f th e  oblique reac tiv e  
fo rce , n 11 =  N 11 cos olJ c o s  a 2 =  cos N 11 (cos =  1 along  th e  edges х г =  + a ) ;  
ta n  а г is achieved b y  th e  re la tion  (4), o r deno ting

b = an d

it  can  be expressed b y  th e  fo rm ula

ta n  oq =  —  ( — b +  dxI) . (7)
c

In  order to  describe  th e  s ta te  o f stresses of th e  shell a s tress fu n c tio n  
o f  A iry  ty p e  “ _F”  is in tro d u ced  from  w hich  th e  stress re su lta n ts  are  o b ta in ed  
b y  th e  form ulae:

re11 =  Э2 2F  ; n12 =  — 912F  ; n22 =  9n F  . (8)
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T his stress fu n c tio n  has to  sa tis fy  th e  governing d iffe ren tia l e q u a tio n

rd22F  — 2sd12F  +  t0u F  =  I  (9)

w here r, s and  t are  th e  cu rv a tu re  coefficients o f th e  m idd le  surface, I  is th e  
load ing .

T he b o u n d a ry  conditions co n v e rted  in to  th e  s tre ss  func tion  a re : along 
th e  half-com plete  edges F  =  0, a n d  facing  th e  co m p le te  edge zones, F  should 
he d e te rm ined  b y  in te g ra tin g  th e  expression o f 0 22F,  a fte r rep lac ing  n 11, 
o b ta in ed  from  re la tio n  (6) in  e q u a tio n  (8). T hus, fo r  th e  tw o assum ed  cases 
(F ig . 6a and  b) th e  v a ria tio n  o f th e  stress fu n c tio n  a long  th e  edge x x =  a, 
follows from  th e  re la tio n s :

F  =  (*2 —  a xf  ,  ( 10)

respective ly ,

F  — ° i)3 • (11)
6

I t  is to  he n o ticed  th a t  th e  v a r ia tio n  of F  g iven b y  re la tio n  (11) is m ore 
su itab le  for assu ring  th e  c o n tin u ity  o f  th e  so lu tion  a t  th e  connection  p o in t 
b e tw een  th e  half-com plete  and  co m p le te  edge zones.

4. N um erica l exam ple

As an  ap p lica tio n , th e  s ta te  o f  stresses fo r an  e llip tica l ve laro id  w ith  a 
g round  area  of 2 4 x 2 4  m , for a h e ig h t/sp a n  ra tio  eq u a l to  1/6 and  c jf  =  1 ,5/5,5
was determ ined .*

T he in teg ra tio n  of th e  d ifferen tia l e q u a tio n  (9) was carried  o u t  b y  th e  f in ite  d ifference 
m eth o d  tak in g  as a q u a r te r  o f th e  base  su rface  a la ttice  of 64 p o in ts . T he calcu la tio n s were 
carried  o u t w ith  a F O R T R A N  program m e o n  a  F E L IX  C 256 c o m p u te r, for a load ing  of 25 
d a N /m 2 deadw eight, a n d  “ a ”  ty p e  b o u n d a ry  conditions. F o r  th e  stress fu n c tio n  a n d  stress 
re su lta n ts  th e  d iagram m e as show n in  F igs 7 , 8 an d  9 have  re su lted . F ina lly , th e  v a lu es as 
w ell as th e  tra jec to ries  o f th e  p rincipal stress re su lta n ts  have  b een  d e te rm ined .

5. Conclusions

A nalysing  th e  s ta te  of stresses, th e  following conclusions can be d raw n :
— T he p revailing  stresses are of com pression  ty p e  in  inverse  re la tio n  to  su r­

face cu rv a tu re  (F igs 8 and  9).
— T he p rinc ipa l com pressive stresses a re  d irected  to w a rd s  th e  corners.
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t X3

— Sm all tensile s tre sse s  occur in  th e  v ic in ity  of th e  h alf-com plete  edges.
— Tensile stresses a lso  occur in  a sm all zone in  th e  v ic in ity  of th e  corner 

p o in ts . They are  p e rp e n d ic u la r  to  th e  d iagonal and  req u ire  a p roper re in ­
forcem ent.

— T he stress re s u lta n t  n 12 ac ting  along th e  edge lines as w ell as th e  ho rizon ta l 
com ponents o f th e  re a c tiv e  forces can  be easily  ta k e n  over b y  prestressing  
th e  rectilinear edge beam s.
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Compression
Tension

Fig. 9

6. The stability o f the velaroidal shells

Problem s concern ing  th e  s ta b ility  of th e  e llip tica l v e la ro id  are still to  
be stud ied . In  p a p e r  [2] th e  s ta b ility  o f a ve laro id  w ith  p arab o lic  d irec trix  
is ap p ro x im ated  w ith  t h a t  o f a sim ilar ellip tical p a rab o lo id . I t  seems th a t  
re a lity  is closer to  th e  ap p ro x im a tio n  offered b y  a fu n icu la r-ty p e  shell, 
resem bling  th e  shape o f th e  velaro idal one b e tte r , th e o re tic a lly  and  ex p eri­
m en ta lly  d ea lt w ith  in  p ap ers  [7], respec tive ly  [8]. T he re la tio n  fo r th e  critical 
load ing  proposed in  th e  la s t  p ap e r (used also in  [9]) is:

Per =  c ■ E  ■ ( 12)
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w here
_ a

c =  0,40 • e 12,2

in  w h ich  “ ô”  is th e  th ick n ess , “ a ”  th e  ha lfspan , and  “/ ] ”  th e  to ta l  h e igh t 
o f th e  shell.

C onsidering re la tio n  (5), th a t  m eans q ad a2/ fv  from  fo rm u la  (12), th e  
c ritic a l load ing  can be expressed  b y

ТГ I 0  2p cr ш  c ■ E  ■ I—  ,l e

an  eq u a tio n  know n from  th e  lin ea r  th e o ry  o f local s ta b ility . L ack ing  a p roper 
ca lcu la tin g  re la tion  fo r e llip tica l v e la ro id a l shells su p p o rted  a t  co rner po in ts , 
th e  use of form ula (13) can  be recom m ended , ta k in g  as c u rv a tu re  rad iu s  th e  
g re a te s t  one, th a t  is, th e  c u rv a tu re  o f th e  cen te r of th e  e llip tica l velaro id .

F o r checking th e  ca lcu la ted  s ta te  o f stresses an d  th e  general behav iou r 
o f th e  s tru c tu re  u n d e r load , as w ell as th e  b eh av io u r of jo in ts  in  th e  case of 
p re c a s tin g  th e  shell a 1 : 8 scaled , re in fo rced  m o rta r  m odel w as te s ted .

A spects concern ing  ex p erim en ta l resu lts  will be p re sen ted  la te r  on.

(13)
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V elaro idschalen  z u r  A bdeckung u n iv e rsa le r  In d u strieh a llen . — Z ur A bdeckung  g rosser 
q u a d ra tisch e r R äu m e  w ird  eine neuartige  S c h a le n k o n s tru k tio n  vorgeschlagen. N ach  d e r 
F o rm  u n d  H erstellungsw eise  gehört diese F lä c h e  zu r Fam ilie  de r Y elaro id flächen . W ä h lt  
m an  eine E llipse als L e itk u rv e , so e rh ä lt m a n  v o rte ilh a fte  geom etrische u n d  m echan ische  
E ig en sch aften . E s w erden  die M ethode der M e m b ran sp an n u n g szu stan d san a ly se  der b e h a n d e lte n  
Schale u n d  eine num erisches Beispiel d a rg este llt.

Веляроидные оболочечные конструкции дл я  покрытия универсальных промыш лен­
ных корпусов. Веляроидные оболочки являются новой формой оболчек, рекомендуемых 
для покрытия больших площадей четырехугольной формы, не имеющих опор на колоннах. 
Вследствие имеющейся формы и способа геометрического построения поверхность обо­
лочка может быть отнесена к группе веляроидных поверхностей. Если в качестве основной 
кривой выбрать эллипс, тогда получаются выгодные геометрические и механические усло­
вия, здесь идет речь об анализе мембранных напряжений оболчечной конструкции при 
одновременной иллюстрации числового примера.
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VARIATION METHOD GIVING THE SOLUTION TO THE 
TORSION PROBLEM OF PRISMATIC BARS OF 

COMPOSITE MATERIAL

I. E C SE D I*

[M anuscrip t received 18 M arch, 1976]

T he a u th o r  deals w ith  th e  p rob lem  of free to rsio n  of p rism atic  b a rs  h av in g  a 
solid cross section , b u ilt u p  of com posite  m ate ria ls . In  C h ap te r 2 o f th e  p ap er, m eth o d s 
o f th e  v a r ia tio n  calculus are p re sen te d  w hich  m ay  be used  fo r th e  so lu tion  to  q u asi­
s ta tic  b o u n d a ry -v a lu e  prob lem s of lin ea rly  e lastic  c o n tin u a  of com posite  m ate ria ls . 
T h is c h ap te r  sum s u p  and  generalizes th e  cond itions o f s ta tio n arin ess  a n d  m in im u m  
princip les o f th e  th eo ry  of e la s tic ity  connected  w ith  th e  potentia l energy a n d  comple­
m entary work. T he th ird  c h ap te r  re p o rts  on th e  basis o f th e  lite ra tu re  on  th e  su b jec t, on  
w h a t should  be  know n in  connection  w ith  th e  e lastic  free to rsion  of b a rs w ith  a n  in ­
hom ogeneous cross section, th e  so-called p rism atic  b a rs  m ad e  u p  of com posite  m ate ria ls . 
C hapters 4 to  7 re p o rt  on some new  ach ievem en ts concerning th e  free to rsion  of com ­
posite  p rism atic  b a rs w hich m ay  be o b ta in ed  b y  th e  ap p lica tio n  of th e  theo rem s described  
in  d ifferen t c h ap te rs  o f th e  p aper. I t  is em phasized  th a t  accord ing  to  a  g iven  fo rm u la  
th e  to rsio n al stiffness m ay  be e s tim a te d  from  below  a n d  according to  a n o th e r fro m  
above. C h ap te r 6 tre a ts  th e  to rsio n al p rob lem  of p rism a tic  b a rs re in forced  w ith  a  th in  
layer. C h ap te r 7 com prises th ree  exam ples.

1. In tro d u c tio n

1.1 Preliminaries

In  th is  p ap e r th e  free to rs io n  prob lem  of p rism atic  bars  hav in g  a solid 
cross section , p ro d u ced  from  com posite  m a te ria l, is d ea lt w ith . T he shear m o d u ­
lus of e la s tic ity  of th e  analysed  m a te ria l o f th e  b a r  has d isco n tin u ity  in  th e  
p lane  o f th e  cross section . T his d isco n tin u ity  follows from  th e  fa c t th a t  th e  
p rism a tic  b a r  is b u ilt  u p  from  severa l d ifferen t hom ogeneous iso trop ic  m a te ria ls . 
T he e lastic  free to rs io n  o f prism atic  b a rs  has been tre a te d  of by  several au th o rs . 
T h e ir m eth o d  w as based  on th e  d irec t in te g ra tio n  o f th e  equ a tio n s re la te d  to  
th e  prob lem  o f co n tin u u m  m echanics. T hus, fo r exam ple, Mu sk h e- 
lishvili [2] reso lved  th e  to rsion  prob lem  of th e  in h o m ogeneity  em bedded  
in to  hom ogeneous fie ld  b y  ap p ly ing  th e  th e o ry  o f in teg ra l eq ua tions. E l y  

an d  Zienkiew icz  [6] en d eav o u red  to  fin d  a so lu tion  accord ing  to  th e  
grid  m eth o d  fre q u e n tly  applied  in  th e  fie ld  o f m a th e m a tic a l physics to  th e

* D r. I. E c s e d i , V ászonfehérítő  u. 24, H-3531 M iskolc, H u n g ary .
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b o u n d a ry -v a lu e  p ro b lem  defin ing  th e  s tress fu n c tio n . O th e r au th o rs , such  as 
fo r  exam ple , A r u t ju já n  an d  A bram jan  [1], Leh nick ij [8] and  
Se id e  [5] gave an  a n a ly tic  so lu tio n  b y  sep a ra tin g  th e  F o u rie r  v ariab les. 
T h e  p re se n t p ap e r describes th e  so lu tio n  to  th e  above prob lem  b y  th e  m ethod  
o f v a r ia tio n .

1.2 Notations

T h e  follow ing sym bols o f m ajo r sign ificance as u sed  in  th is  p aper:

H e  H 2, В
A^, 2’ dj2)

Gt
П
P
4
u
u; =  u ,(P ) 
At =  А,- (P )  
F t = F ,- (P )  
(i =  1, 2)
P  € B, (i =  
P  g A  
P  € g

V
t r  A j  
t r  F ,- 
I

space regions
A n, A p  b i-d im en sio n al surfaces

su b sc r ip t d esignating  e lastic  b o d y  of m ate ria l co n stan ts  G,-, Vj (/ == 1, 2)
sh ea r e lastic  m odulus
P o isso n ’s ra tio
g iven  surface  load
g iven  vo lum e load
given  d isp lacem en t v ec to r
d isp lacem en t vec to r
d e fo rm a tio n  ten so r
stress  ten so r

1, 2); P  is  p o in t o f reg ion  В 
P  is p o in t o f surface A 
P  is p o in t  o f curve g 
d en o tes  sca la r m u ltip lica tio n  
d en o tes  double  sca lar m u ltip lica tio n  
H a m ilto n ’s d ifferen tia l o p e ra to r 
f i r s t  sca la r in v a r ia n t o f ten so r A, 
f i r s t  sca la r in v a r ia n t o f ten so r  F,- 
second  o rd er u n it  ten so r

d e f  u,- =  — (Vu,- u,-V)
Vu,-, u,-V 
Ci, К ,- 
a
e
66 99

P
T

R  = =  (  —  C O ,  o o )

n L ’ n C
Ô
X, y , z
i ,  j ,  к

d iad ic  p ro d u c t o f vec to rs  V  a n d  uz
fo u r th  o rd er sy m m etric  ten so rs  o f e lastic  m ate ria l c o n stan ts  
d esig n atio n  of s ta te  
s ta te  o f equ ilib rium
d esig n atio n  of k in em a tica lly  perm issib le  q u a n tity  (variab le)
d esig n atio n  of s ta tic a lly  perm issib le  q u a n ti ty  (variab le)
d esig n atio n  of exam ple
sym bol o f th eo rem , s ta te m e n t
d e n s ity  o f energy
“ b y  de fin itio n  be eq u al to ”
se t o f  rea l num bers
fu n c tio n als
o p e ra tio n  sym bol o f fo rm ing  v a ria tio n
co o rd in a tes  o f th e  C artesius o rth o g o n al system  of coord ina tes 
u n i t  v ecto rs o f sy s tem  of coo rd in a tes  xyz

R  =  X i - h y  j
U^\ V^\ w(l)
g ( Z )  g ( / )  y(i)

x. У r ХУ 
в<*), vd) yd )Z ’ r XZ9 f yz
ad), ad), ad)
T(£) 'I’d"), rd) x y v y z ’ XZ 
u 09 V0, w 0 1
aq, co2, co3 J

sca la r coord ina tes o f d isp lacem en t vec to r iq in  system  of coord ina tes xyz

sca la r coord inates o f d e fo rm a tio n  ten so r in  system  of coord ina tes xyz  
sca lar coord inates of stress ten so r  F t- in  system  of co ord ina tes x yz  
sca la r coord inates o f stress ten so r  F,- in  system  of co ord ina tes xzy

c o n s tan ts  re la te d  to  th e  s tiff-b o d y  m otion

re la tiv e  ro ta tio n  
Ф( =  Ф /(Р) =  Ф /(х,у) stress fu n c tio n
(pi =  çq(x,y) fu n c tio n  ch aracte riz in g  w arp in g  of cross section
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Tv Tг, Tlt
gl> g 2’ gl 2

h
Ic,L' Ic,C 
h, h
l
dlds 
Э Idn

regions in  p lane xy  
cu rves in  p lane  xy  
ta n g e n t  u n i t  vector 
n o rm al u n i t  vector 
sh ea r stre ss  
tw is tin g  m om ent 
tw is tin g  stiffness
a p p ro x im a te  values of tw is tin g  stiffness 
p o lar seco n d  order m o m e n ts  
len g th  o f p rism atic  ba r 
d e riv a te  calcu la ted  in t  d irec tio n  
d e r iv a te  calcu la ted  in n  d irec tio n

□ =  0/0Ж Í
dy

j  H a m ilto n ’s b i-d im ensional d ifferen tia l o p e ra to r

Д  =  □  • □  =  02/0 x 2 +  02/0 y 2 Laplace’s o p e ra to r

2.1 Setting up  the problem

T he body  d ep ic ted  in  Fig. 2.1 is com posed  of tw o  d ifferen t hom ogeneous 
iso trop ic , linearly  e la s tic  m aterials. T h e  m ateria ls  in  vo lum e B x an d  B 2 are  
ch a rac terized  by  L a m e ’s m ateria l c o n s ta n ts  G15 v1 a n d  G2, v2, re sp ec tiv e ly .

Fig. 2.1. C o m p osite -m ateria l body

Fig. 2.2a. B ody  o f inho m o g en e ity  a Fig. 2.2b. B o d y  o f inhom ogeneity  b

T he even  (a t leas t even  in  some sections) surface A 12 sep a ra tin g  th e  d iffe ren t 
m a te ria ls  m ay be s i tu a te d  so (see Fig. 2 .2a) th a t  B 1 a n d  B 2 should  sim ply  be  
co h e ren t b u t  m ay  be  positioned  also in  th e  w ay  th a t  В x be sim ply  an d  B 2 
d o u b ly  coheren t (see F ig . 2.2b). In  th e  f ir s t  case th e  inhom ogeneity  will be 
called  type a and  in  th e  second type b.

T he following sim plifica tion  will b e  applied :
1. D isp lacem ents a n d  defo rm ations are sm all;
2. T he problem  is q uasi-sta tic ;
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3. T h erm al effects are negligible;
4. T h e  in te n s ity  q of th e  system  o f vo lum e forces ac tin g  in  th e  vo lum e 

В — В 1 +  В 2 of th e  b o d y  is a given v a lu e ;
5. T h e  d isp lacem en t vecto r u  on th e  surface section  A u o f th e  surface A  

b o rd e rin g  th e  reg ion  В  =  B Y-1- B 2 is g iven;
6. T h e  in te n s ity  p of th e  su rface  lo ad  on th e  surface sec tio n  A p of th e  

su rface  A  b o rdering  th e  region В  — B x -f- B 2 is fam iliar;
7. A u and  A p are , w ith  respect to  th e  w hole body  co m p lem en ta ry , i.e ., 

■d — Л и +  A p;
8. S ta b ility  problem s are d isreg a rd ed ;
9. T he e x te rn a l fie ld  of force ( th a t  o f vo lum e and  su rface  loads) is con­

se rv a tiv e , th e  law  o f conservation  o f m ech an ica l energy is v a lid ;
10. T he co n tin u u m  problem  h as a so lu tion .
T o th e  so lu tion  to  th e  co n tin u u m  p rob lem  th e  basic sy s tem  of e la s tic ity  

e q u a tio n s  e stab lished  fo r th e  regions В г an d  B 2 have  y ie lded  b o u n d a ry  con­
d itio n s  a t  th e  sections A p and  A u, h o w ever, for th e  section  A 12 one trie s  to  
f in d  a so lu tion  sa tisfy in g  certa in  f i t t in g  cond itions.

L e t us in tro d u ce  th e  following d esigna tions

u i =  n,(P) =  displacement vector,
А,- =  4 P ) =  deformation tensor,
F/ -  F,(P) =  stress tensor,

a t  p o in t P  o f th e  reg ion  P ( (i =  1, 2). T h e  p a r ts  o f surface sec tions A p and  A u 
b e in g  on th e  b o u n d a ry  of P , le t th e n  be deno ted  by  A pi an d  A ui (i — 1, 2). 
T h e  co n tin u u m  p ro b lem  leads to  th e  follow ing b o u n d a ry -v a lu e  prob lem :

T h e  fields o f  d isp lacem ent v e c to r , defo rm ation  ten so r a n d  stress te n so r

U, =  U,(P), A , =  A  ,(P) an d  F , .=  F,.(P) (i =  1 , 2 )

sh o u ld  be d e te rm in ed  to  satisfy  th e  eq u ilib riu m  eq u a tio n  o f  m echanics

F,• • V +  q =  0 , P Ç B ,  

(i =  1, 2)

(2.1)

th e  geom etric  eq u a tio n

A, =  d e f  u f , P  (  Bj 

(i =  1, 2)

(2.2)

th e  m a te r ia l e q u a tio n

F,. =  C, . . A, , P  6 B i (2.3)

(i =  1, 2)
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fu r th e r , a t  th e  su rface  section A p th e  s ta tic  b o u n d a ry  cond ition

F, n — p =  О , P  £ A pi (2.4)

(i =  1, 2)

an d  a t  th e  su rface section  A u th e  geom etric  b o u n d a ry  cond ition

и, — и  =  0 , P £ A ui (2.5)

(i =  1 , 2 )

on th e  surface A 12 th e  f ittin g  co n d itio n

U i ( P )  —  U 2( P )  =  О  ,  P £ A 12 ( 2 .6)

assoc ia ted  w ith  th e  c o n tin u ity  of th e  d isp lacem en t v ec to r, fu r th e r  th e  f i t t in g  
cond ition

Pl(P ) -  p2(P )  =  О , Р е Л 12 (2.7)

assoc ia ted  w ith  th e  c o n tin u ity  of th e  in te rn a l set o f forces, w herein

Pi{P) =  üm FÁQi) ■ 11 » (2-8)
B, 3 — p  € A 12

( i =  1 , 2 ) .

In  E q . (2.3) С,- (i =  1, 2) denotes th e  fo u r th  o rd er sy m m etric  te n so r o f th e  
elastic  m a te r ia l c o n s ta n ts  (see, for e x a m p le , [14], [15], [20]) an d  acco rd ing ly ,

С , . . А,- — 2Gj A,- -)-
1 -  2 V,

( trA ,)I (2.9)

(i =  1, 2) .

F u rth e rm o re , in  E q . (2.4) n  d en o te s  th e  no rm al u n it  v ec to r p o in tin g  
o u tw ard s from  th e  m a te ria l a t p o in t P  o f  th e  surface A p; in  E q . (2.8) n  deno tes 
th e  n o rm a l u n it  v e c to r  po in ting  to  th e  p o in t P  o f th e  surface ^412 from  th e  
m a te ria l o f th e  b o d y  “ 1”  to  the  m a te r ia l  o f th e  bo d y  “ 2” .

In  E q . (2.8) Qi m ay  ten d  to  th e  p o in t P  of th e  surface A 12 a t a n y  p lo ts  
assum ed  in  th e  reg ion  B t (i =  1, 2).
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2.2 Variation principles and m in im um  theorems

F o r th e  discussion o f  th e  s ta tio n a ry  p rincip les and  m in im um  theo rem s 
i t  is conven ien t to  in tro d u c e  th e  follow ing concep ts.

D .l .  The o rdered  t r ia d  defined  b y  th e  v ec to rfie ld  o f th e  d isp lacem ents, 
th e  ten so rfie ld  of d e fo rm a tio n  and  ten so rfie ld  o f s tress is called state. T he s ta te  
is d e n o te d  by  greek sm all le t te r ,  as fo r exam p le :

a  =  ( u , ( P ) , A ,( P ) , F ,(P ) i =  1, 2) (2.10)

D.2. The s ta te  d efin ed  b y  th e  t r ia d  u,-, A,-, F (- (£ =  1, 2) sa tisfy ing  th e  
basic  E q s (2.1), (2.2), (2.3), th e  b o u n d a ry  co n d itio n s (24), (25) concern ing  th e  
su rface  sections A u a n d  A p, as well as th e  f i t t in g  cond ition  p rescribed  on th e  
su rface  A 12 by  th e  E q s  (2.6), (2.7), is called  equ ilib riu m  s ta te .

T he sym bol o f  th e  equ ilib rium  s ta te  is: e.
D.3. Statically possible (permissible)  stress tensor f ie ld  F ;- (i =  1, 2) sa tis ­

fies th e  equ ilib rium  fie ld  (E q . (2.1), th e  s ta tic  b o u n d a ry  cond itio n  (2.4) an d  
th e  f i t t in g  cond ition  p rescrib ed  on th e  su rface  A 12 by  th e  E q . (2.7).

D.4. Kinematically possible (permissible)  displacement vector f ie ld  û t 
(i — 1, 2) satisfies th e  geom etric  b o u n d a ry  cond ition  (2.5) an d  th e  f i t t in g  
co n d itio n  prescribed  on th e  surface A 12 b y  th e  E q . (2.6), in  ad d itio n , one 
can  be derived from  i t  in  th e  reg ion  B : w ith  th e  aid  o f th e  geom etric  fie ld  
e q u a tio n

Â, =  d e f  Û, , (2-11)

(i =  1, 2)

th e  deform ation  te n so r  fie ld  А,- (i =  1, 2).
D.5. Statically possible (permissible)  state

à =  (Ü,-, Ä,-, F ;- ; i =  1, 2) (2.12)
w here in

I. F, (i =  1, 2) s ta tic a lly  possib le,
I I .  Ä, =  K , . . F , , (i =  1, 2) (2.13)

I I I .  Ü, (i =  1, 2) in  th e  reg ion  Р,- (i =  1 , 2 )
is d e riv ab le , a t  le a s t tw ice , o therw ise  i t  is an  a rb itra ry  vec to r.

E q . (2.13) e s tab lish ed  w ith  th e  aid  o f  th e  fo u r th  o rder sy m m etrica l te n so r  
K ; (i =  1, 2) in c lu d in g  th e  m a te ria l c o n s ta n ts  (G,-, vt, i =  1 , 2 )  o f th e  e lastic  
b o d y  involved in  th e  d e fin ition  D.5. in  a d e ta iled  form  appears as follows:

Á/
1 Vj

1 + * ,
(<rF,.)I ,

(i =  1, 2 ).

(2.14)
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I t  should  be n o te d  th a t  we do n o t p resc rib e  on th e  su rface  A 12 in  connec tion  
w ith  Û, (i =  1, 2) t h a t

й АР) -  û 2(P )  — 0 > P  6 A n  (2.15)

should  be fulfilled !
D.6. Kinematically possible (permissible)  state

à  =  (û„ Â,-, F,-, i  =  1, 2) , (2.16)
w herein

I . û, (i =  1, 2) k inem atica lly  is possible, its  consequence is th a t

Â, =  d ef û , , ( i =  1 ,2 ) ,  (2.17)

I I .  F,. =  С,-. . Â „  (i =  1, 2) . (2.18)

T he follow ing s ta te m e n t is ev ident:
T .l .  T he e q u ilib riu m  sta te

e =  (u„ A,-, F,-; i =  1, 2) (2.19)

is b o th  s ta tic a lly  a n d  k inem atica lly  a possib le  (perm issib le) s ta te .
D.7. Kinematically possible deformation energy density

( 2 .20)

D.8. Statically possible stress ( complementary, conjugated)  energy density

* /  =  “  F < • • A / 
i-j

F, . K, . F, , ( 2 .21)

(i =  1, 2 ) .

D.9. Kinematically possible potential energy a t  th e  fu n c tio n  n L in te r ­
p re ted  b y  th e  follow ing prescrip tion

I. I ts  in te rp re ta tio n  region is th e  se t o f  k in em atica lly  perm issible s ta te s ,

n L : â  —>- R  =  ( - °) *

I I .  n L =  : i Í êjdB — Г q • û ,d B  — j p • û,dA
i=1 U  B i J  Bi J Apt

( 2 .22)

(2.23)
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D.10.  T he s ta tic a lly  possible co m p lem en ta ry  w ork in  connec tion  w ith  
th e  fu n c tio n  n c in te rp re te d  b y  th e  fo llow ing  prescrip tion :

I .  I ts  in te rp re ta tio n  region is th e  se t o f s ta tica lly  p e rm itte d  s ta te s

7 i c  : de —>- R  =  ( — oo, oo)

I I .  nc =  : 2  [ Г êidB  -  f (F/ ■ n) • й М
i = 1 U b ( J  A„i

Stationariness statements
T.2. In  equ ilib riu m  s ta te  jrL is s ta tio n a ry , i.e.,

bnL =  0 .

T.3. In  eq u ilib riu m  s ta te  n c is s ta tio n a ry , i.e.,

д л с  =  0 .

(2.24)

(2.25)

(2.26)

(2 .2 7 )

O n ly  th e  v erifica tio n  of T.2. will be o u tlin ed  for a body  h av in g  an  in h o m o ­
g e n e ity  ty p e  a.

In  th e  course o f  evo lu tion  o f th e  f i r s t  v a ria tio n  o f n L i t  is assum ed  th a t
1. T he fu n c tio n s app earin g  a re  th ro u g h  th e ir  region o f in te rp re ta tio n  

d e riv a b le  to  th e  o rd e r requ ired .
2. T he follow ing tw o id en titie s  d e riv ab le  b y  th e  s im u ltan eo u s ap p lica tio n  

o f  th e  p ro d u c t in te g ra tio n  and  th e  G aussian  theorem  concern ing  th e  in te g ra l 
tra n s fo rm a tio n  a re  v a lid :

JBi M J B  =  — JBi(F • V) • dtkdB  +

-f- (F i • n) ■ 0щс1А -)- (F! ■ n) • ÔûjdA , (2.28)

f B ôê2d B = - f Ba (F2 • V) • ôû2dB  +

-(- Г (F2 • n) • bü.ydA — I (F2 • n) • bû2dA  .
J A2 j  Ai2

(2.29)

3. T he sequence of th e  d e r iv a tio n  an d  form ing v a r ia tio n  m ay  be ch an g ed .
4. T he sequence of th e  in te g ra tio n  an d  form ing v a r ia tio n  m ay  be ch an g ed . 
T ak in g  in to  accoun t th a t  sa id  ab o v e  we ob ta in :

bnL =- i ( - J  '
I (F,- • n  — P)

J a ,  ,

(F,- • V +  q) • bűid В  +

bù.dA

+  (Pi • àûj. — p2 • ô û 2) dA (2.30)
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B y m ak in g  use of th e  fa c t t h a t  in  th e  region B, and  on th e  su rface  
section  A pj ôûj (i =  1, 2) is a rb i t r a ry ,  a n d  on th e  su rface section  A 12 th e  
búj =  őu2 =  őu12 is a rb itra ry , fro m  th e  a ssu m p tio n  o f  s ta tio n a rin e ss  the  
m echanical eq u ilib riu m  eq u a tio n

F/ ' V +  q =  0 , P £ B ,  

(i =  1, 2)

th e  s ta tic  b o u n d a ry  condition

F, • n  — p =  0 , P  £ A pi

an d  th e  eq u a tio n  o f  fittin g

Pl- P 2  =  °> P 6 4

(2.31)

(2.32)

(2.33)

m ay  be derived . T h e ir  v a lid ity  fo r  the kinematically permissible state assures 
th e  ex istance  o f th e  equilibrium state.

D . l l .  T he  k in em atica lly  p e rm iss ib le  v a r ia tio n  o f th e  equ ilib rium  s ta te  is

ôë =  (ô û ,, ÔÂ„ ÓF,. ; i  =  1, 2) (2.34)
w h ere in :

I .  Ôû, is co n tinuous, d e riv ab le  a t  le a s t tw ice in  th e  reg ion  B, (i =  1, 2

I I .  ÔÂ, =  d e f  ô û , , P  £ B, (2.35))

I I I .  ÔÛ, =  0 , P i  A u (2.36)

IV. ÓF, =  C ,. . 6А,-, P  £ B, (2.37)

D.12. S ta tic a lly  perm issible v a r ia tio n  o f  th e  equ ilib riu m  s t a t e  is

w herein:
ôë =  (Ôù, , ôÂ, , ôF,- ; i =  1, 2) (2.38)

I. ŐF, • V =  0 , P  £ В , (2.39)

I I .  óF, • n  =  0 , P  £ Ар/ (2 .40)

I I I .  ópx — dp2 =  0 , P  £ A 12 (2.41)

Ôpj =  lim  àFj(Qj) • n  , (2.42)

(i =  1, 2) ,

IV . ÔÂj =  K , . . ô F j , P  £ B, (2.43)

Y. ôû,- (i =  1, 2) is a t  leas t tw ice  d eriv ab le  in  th e  reg ion  В,- (i =  1, 2), 
o therw ise  i t  is an a rb itra ry  v ec to r .
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T h e ôü; invo lved  in  th e  d e fin ition  D . l l .  does n o t need to  fu lfil th e  c o n ­
d itio n  on th e  surface A 12

0щ(Р)  -  дй2(Р) =  О , P Ç A 12 . (2.44)

T h e  resu lt o f th e  d e fin itions D . l l .  an d  D.12. is th a t

ô =  : e -f- ôê =  : (u ;- -f- àû,-, А,- <5А,-,

F,- +  ÓF,. ; £ =  1 , 2 )  (2.45)

is k in em a tica lly  perm issib le  s ta te  and

d  = : £ - ( -  ô ë  =  : (u, ó ü , , А,- ôA,-,

F,- +  SF, ; £ = 1 , 2 )  (2.46)

is a s ta tic a lly  perm issib le  s ta te .
M in im u m  principles

T.4. In  th e  eq u ilib riu m  s ta te  nL is m in im um ,

7 tL(£ )  <  n L ( b )  . (2.47)

T.5.  In  th e  eq u ilib riu m  s ta te  л с is m in im um ,

7г с ( е )  <  л с(§) . (2.48)

O nly  th e  v e rif ic a tio n  o f T.4. v i l i  be ou tlined . L e t us in v es tig a te  th e  
ch an g e  of in  case o f  th e  k in em atica lly  perm issib le  v a ria tio n  ôs of th e  eq u i­
lib riu m  s ta te  ! C arry in g  o u t th e  d e ta iled  evo lu tio n , yields

1 2 f  -А л L =  7iL(£ -f- <5Ê) — л ^ е )  =  —  ^  (ôÂ,-. . C,-. . <5Ä,) dB  . (2.49)
2 í= i J b(

C onsidering th a t  С,- (i =  1, 2) is a fo u rth  order p o sitiv e  d efin ite  sy m ­
m e trica l tensor*  (see [15], [20]) on th e  basis  o f E q . (2.49) m ay  be w ritte n :

Азtl >  0 , (2.50)
i.e .,

л ь{е +  àê) =  л ь(0) ^  3tL[e) , (2.51)
from  w hich follows

m in л L(ő) =  TrL(fi) . (2.52)

* С/ (i =  1,2) is in  th e  follow ing sense a po sitiv e  defin it (see, fo r ex ., [20]):
I. The sy m m etric  second  o rder ten so r o f ev ery  X ^  0 is X . .С /. .X  >  0.
I I .  X . .С,-. .X  =  0 on ly  in  case, w hen  X  =  0.
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W ith  th e  aid  o f  th e  following p ro position  th e  re la tio n sh ip  betw een  
n L( s )  an d  7ic (e) =  m in  л с ( д )  m ay  be estab lished .

T.6. W ith  an  a rb itra ry  s ta tica lly  possible (perm issib le  stress ten so r 
fie ld  F (- (i =  1, 2) an d  k in em atica lly  possible (perm issib le) dep lacem ent field  
м,- (i =  1, 2) th e  fo llow ing e q u a lity  is va lid :

2 f / • •Â/)dB =  2
i ~ l  J B { i = 1

ûjdB  4-

+  p  • ûjdA -)- (F, • n) ■ üjdA  ,
•4 Api \) Aul

Ai =  d e f ûj ,

(i =  2 ,1 )  .

(2.53)

(2.54)

T h e  v e rifica tio n  o f th e  s ta te m e n t m ay  be carried  o u t sim ilarly  to  th e  
analogous s ta te m e n t [17], [9] concerning th e  co n tin u a  o f a hom ogeneous 
lin ea rly  e lastic  m a te r ia l h av in g  undergone a  sm all d e fo rm ation .

T.7. I n  eq u ilib riu m  s ta te

n L(e) +  л с(е) =  0 . (2.55)

To v e rify  T.7. le t  us ap p ly  th e  s ta te m e n t T.6. to  th e  equ ilib rium  s ta te

w hich  y ields
e =  (u„ A,-, F f; i =  1, 2)

2  (I (Р, . . А, ) ЙВ= 2 f q - M B  +
1 = 1  \> B i  1 = 1  J

+  j P u tdA  +  Г (F,- • n) • u tdA  .
J Api J AUi ,

(2.56)

(2.57)

F ro m  E q . (2.57) b y  e lem en ta ry  tran sfo rm a tio n  th e  e q u a tio n

2 I“  f (F' • • A,-) dB  -  f «, • u jdB  -  Г P • u,dA)  +
1 = 1 2 J  B{ J  Bi J  Apt

+  2 —  Г F, . . A ,dB  -  Г (F, • n) • UidA =  0 (2.58)
( = 1 2 J B i  J  A ui

is o b ta in ed  w herefrom , b y  ta k in g  in to  acco u n t th e  in te rp re ta tio n  of n L an d  
tic, th e  s ta te m e n t o f T.7. re su lted . The consequence o f T.7. is T.8.

T.8. To k in em a tica lly  perm issib le a rb itra ry  s ta te  â  a n d  s ta tic a lly  p e r­
m issible s ta te  ß  th e  fo llow ing in eq u a lity  is tru e :

* t(4 )  +  *с(Д) ^  0 ■ (2-59)
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F o r  th e  verifica tion  le t  us s ta r t  w ith  th e  equalities:

n L(x) ;>  n L(e) , (2.60)

^с(Д) ^  71c(£) (2.61)

w h ich  m a y  be estab lished  on  th e  basis o f th e  s ta te m e n ts  T.4. an d  T.5. To th e  
in e q u a li ty  ob tained  b y  a d d itio n in g  E q s (2.60) and  (2.61) th e  use o f T.7. resu lts  
in  th e  in eq u a lity  (2.59).

Equivalence o f  the state o f  equilibrium T.9. O nly a  single s ta te  o f eq u i­
l ib r iu m  can  exist.

I n  o rder to  verify  th is  s ta te m e n t, consider th e  id e n tity  

2 [  ( F , . .  d e f y )  d B  =  J - f f  p • v(L4 +
i = l J  Bi 1 =  1 \ j A pi

+  Г (F,- • n) • \ d A  -)- Г q • ycI b \ (2.62)
•/ Aui J Bi J

w h ich  m ay  be deduced  b y  th e  sim u ltan eo u s ap p lica tion  o f th e  ru les o f the  
p ro d u c t  in teg ra tio n  an d  th e  G aussian  in teg ra l tra n s fo rm a tio n  to  s ta tic a lly  
p ossib le  (perm issible) a rb i t r a ry  stress fie ld  F,- (i =  1, 2) an d  in  th e  region 
В I (i =  1, 2) derivable a t  le a s t tw ice, in  th e  region d ed u c tab le  to  con tinuous 
ti-v ec to r field . L et us a ssum e th e  tw o  equ ilib rium  s ta te s  to  b e , ex a n d  e2:

=  («?> , F W ; i  =  1, 2 ) , (2.63)

S'<N.II F)2) ; i =  1, 2) . (2.64)

L e t us apply  th e  id e n t i ty  (2.62) to  th e  s ta tic a lly  possible (perm issible) 
s tre s s  fields F*1* (i =  1, 2) an d  F)-2* (i =  1, 2) and , fo r th e  m om en t, to  the  
a r b i t r a r y  vecto r v. B y fo rm in g  th e  difference of th e  tw o  eq u a tio n s th e  follow­
in g  is ob ta ined :

j g  i (Fd> -  F)2)) . . d e f  VdB  =  [ (F)1> ■ n  -  F<-2> • n ) ■ v d A .  (2.65)
i = l  J  B i i=l% ) Aui

Be
V =  u<l> -  u f  , P  Ç B , , (2.66)

(i =  1 , 2 ) .

T h e  consequence of E q . (2.66) is

v (P )  =  0 if  P  £ A U =  A U1 +  A u,  . (2.67)
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Use of th e  m a te ria l laws (2.67) an d  (2.13) an d  th e  co nsidera tion  o f  E q . 
(2.65) allows us to  w rite  dow n:

w herein  :

AF , . . K , . . A F tdB =  0

AFt =  F «  -  F < f > ,  

(i =  1, 2) .

(2 .68)

(2.69)

D ue to  th e  p o sitiv e  defin iteness o f K ; (i =  1, 2), th e  E q . (2.69) m ay  o n ly  
be va lid  w ith  th e  sy m m etrica l ten so rs  AF, (i =  1, 2) if  F ( =  0 (i =  1, 2), i.e .,

P p  =  F)2), (2.70)

(i = 1 , 2 ) .

F ro m  th is  la s t  eq u a lity , b y  ap p ly in g  H oo k e’s law  (E q . 2.3), th e  fo llow ­
ing e q u a lity  is o b ta in e d

A p  =  AfK  (2.71)

T he consequence o f (2.71) (see, fo r ex am p le , [9], [12], [13]), d is reg a rd ­
ing th e  rig id  bo d y  d isp lacem en t o f th e  d isp lacem en t fields u P  an d  u f  \  t h a t  is :

u?>= u[2> +  a +  b x r ,  (2.72)

(i = 1 , 2 ) .

F ro m  E qs (2.70), (2.71) and  (2.72) i t  is to  be seen (the  rig id  body  m o tio n  
d isregarded  w hich is charac terized  b y  a, b) t h a t ,  indeed , only a single state o f  
equilibrium may exist.

T he described  s ta tio n arin ess  th eo rem s an d  v a ria tio n  princip les allow th e  
ap p ro x im ate  so lu tio n  o f  th e  b o u n d a ry  v a lu e  problem s associa ted  w ith  th e  
co n tin u u m  of com posite  m ateria l w ith o u t th e  d irec t in te g ra tio n  of th e  basic  
system  o f eq u a tio n s  (2.1), (2.2), (2.3). F o r  seak ing  th e  ap p ro x im a te  so lu tion  
th e  m eth o d  R itz  [19], th e  K an to ro v ich  m e th o d  [19] an d  th e  m eth o d  o f 
successive a p p ro x im a tio n  developed b y  K e rr  [18] m igh t be applied .

3. F ree  to rsion  o f prism atic  bars w ith  inhom ogeneous cross section

In  connection  w ith  th e  p rism atic  b a r  w ith  an  inhom ogeneous cross 
section  dep ic ted  in  F ig . 3.1 i t  should be assum ed  th a t

1. th e  m an tle  o f  th e  b a r is un loaded ,
2. th e  end faces a re  sub jec ted  to  a to rs io n a l m om en t o f a given M c v a lu e .
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F ig . 3.1. P rism a tic  b a r  o f  com posite  m ate ria l 
w ith  a solid cross section

F ig . 3.2. Cross section  of to rsio n ed  
p rism atic  ba r

Som e symbols and denom inations  (Fig. 3.2)

T  — region defined  b y  cross section 
g  — curve b o rdering  reg ion  T
g 12 — curve sep a ra tin g  d iffe ren t m ate ria ls in  p lan e  of cross sec tion  being sm o o th  (o r a t

lea s t in  som e sections)
7’, — p a r t  o f region T  belonging to  m a te ria l d en o ted  by  “ 1”
T 2 — p a r t  o f region T  belonging to  m a te ria l  d en o ted  by  “ 2”
gt — p a r t  of b o rd e r o f reg ion  T along g
g 2 — p a r t  o f b o rd e r o f reg ion  T  along g
n  — u n it  v e c to r o f n o rm al, d irected  o u tw a rd s  from  m ate ria l g(gt , g 2)
n  — n orm al u n it  v e c to r  on curve g12 p o in tin g  from  m ate ria l “ 1”  to  m ate ria l “ 2”
s — arc  len g th  m easu red  along curve g(g15 g 2). A long curve g in  th e  d irec tio n  of in creas in g

s, th e  cross sec tion  lies to  th e  le f t-h a n d  side;
d irec tion  of s a long  curve g ,2 is u n d e rs to o d  b y  going along curve g12 in  th e  sense 
of increasing  s a n d  m ate ria l “ 1”  lies a t  th e  le fth an d  side 

Э/Эге d eriv a tiv e  ca lcu la ted  in  d irec tion  o f n
3/9s — d eriv a tiv e  c a lcu la ted  along curve g (g ,, g 2) or g l2
a. — ty p e  of in h o m o g en e ity  where 'Г, a n d  T 2 are  sim p ly  co h eren t (see Fig. 3.3a)
b. — ty p e  of in h o m o g en e ity  w here 7’, is s im p ly  an d  T 2 d o ub ly  co h eren t (Fig. 3.36)

Fig. 3.3a. Cross sec tion  of ba r of 
in hom ogeneity  a

Fig. 3.3b. Cross sec tion  of b a r  o f 
inhom ogeneity  6

I t  is know n th a t  in  case of p u re  to rs io n  th e  d isp lacem en t v ec to r  o f th e  
p rism a tic  b a r  is

u,- =  uWi +  t>Wj ic{,)k  , (3-1)
w here in :

n(,) =  ы(,)(я:,y) =  — ßyz  +  co22 — w 3y  +  n 0 , (3-2)
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j, ( 0  _  ц<У)(х, у) =  ßxz  +  co3z — oqz -f- v0 , (3.3)

W(') : w(‘\ x , y )  =  ßtpt(x,y) +  W£V — co2x  -+- w 0 , (3.4)

(i =  1, 2) .

In th e  above se t o f  equa tions и 0, v 0, w 0, cov  co2, co3 d en o te  th e  co n stan ts  
associa ted  w ith  th e  rig id  bo d y  d isp lacem en t o f  th e  b a r  a n d  •& is th e  re la tiv e  
to rsion  p er u n it  le n g th . B y  apply ing  th e  geometric equation an d  th e  general 
H ooke’s law , from  th e  eq u a tio n s  (3.2), (3 .3), (3.4) we o b ta in :

M) _  M) — pO) — v(0 — 0
° X  ------ ° y  ° z  -------- У х у  -------  ^  •>

O x }  =  0<y  - O z °  =  r x y =  0  ,

(i = 1 , 2 ) .

E q . (2.1) o f th e  m echan ica l e q u ilib riu m  is in d en tica lly  satisfied  if  th e  
sh ear forces r '̂*, r ^ ,  d iffe rin g  from  zero, a re  p ro d u ced  in  th e  following form

T(0 =  Q . f t
l X Z  --  **1 U  9

dy
(3.7)

. « )  —  G . $  9^ '
y Z  -- U ^ 9

dx
(3.8)

(i =  1 ,  2)

(3.5)

(3.6)

H ere  Ф, =  Ф ,(Р) =  Ф ,(*, у)  (i =  1, 2) is th e  s tre ss  fu n c tio n  o f th e  com posite 
cross section . W ith  d e ta ile d  evolution  o f  th e  s ta tic  b o u n d a ry  cond ition  re la t­
ing  to  th e  m an tle  of th e  b a r

F, • n =  0 , (£ =  1, 2) (3.9)

th e  hom ogeneous b o u n d a ry  condition

Ф , =  0 ,  (£ =  1 , 2 )  (ЗЛО)

va lid  a t  th e  b o rd er of th e  cross section, m a y  be  deduced  to  th e  stress function . 
F ro m  th e  c o m p a tib ility  eq u a tio n

Эухг Э у «
dy dx

(3.11)
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w h ich  m ay  be derived  from  th e  E q s  (3.2), (3.3), (3.4) w ith  th e  rep lacem en ts

„(0 _  -(0  _  a
V i z  =

G, dy

y ( ' )  =  _ i _  t ( 0  7_

7yz G уг дх

(3 — 12a) 

(3.12b)

( i =  1, 2)

one o b ta in s  for th e  Ф,- =  Ф((х, у)  fu n c tio n  Poisson’s p a r tia l  d iffe ren tia l e q u a tio n

=  — 2 , P  £ T  i (i — 1, 2). (3.13)

F ro m  th e  eq u a tio n

T(l) _  T(2) P  C a 
z n2 — z n2  ’ r  t  612

co rrespond ing  to  th e  f i t t in g  e q u a tio n  (2.7) re la ting  to  th e  cu rve  g 12, fo r th e  
fu n c tio n  (see [1], [6], [8]) we o b ta in  th e  prescrip tion

G l^  =  G2 ^ ,  P ç g 12.
0S 0S

This m ight be fu lfilled  if  (see [1], [6])

СхФг =  С2Ф2

(3.14)

(3.15)

T he c o n tin u ity  o f  th e  d isp lacem en t vecto r fie ld  is assu red  a t  th e  p o in ts  
o f  th e  curve g 12 (see [1], [6]) b y  sa tis fy in g  th e  eq u a tio n

0Фг 0Ф 2
07t 071

> P í g  12 • (3.16)

T h e  value of th e  to rs io n a l m o m en t M c a ttack in g  th e  cross section  (see [1]) 
m a y  be ca lcu la ted  from  th e  e q u a tio n

M ,  =  Mr
w herein

I c = 2 ^ G i { Ф ^ Т
í=i JT{

(3.17)

(3.18)

is th e  to rsional stiffness of th e  cross section .
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The v e rif ic a tio n  m ade in  th e  foregoing m igh t be sum m arized  as follows: 
The free e lastic  to rs io n  problem  of a p rism atic  b a r  o f a com posite  cross section  
leads to  th e  follow ing b o u n d a ry  cond itions [1]:

ЛФ/ — — 2 , P  , (3.19)

ф ,. =  о , p e g , , (3.20)

(£ =  1, 2) ,

G10 1 =  с 2ф 2 , p  e gi2 , (3.21)

o0, d0n
— L = — - - ,  P i g n - (3.22)

T he free elastic  to rs io n  problem  o f a p rism atic  b a r  of a com posite  cross section  
m ay  also be t r e a te d  as a b o u n d a ry  v alue  prob lem  assoc ia ted  w ith  th e  fu nc tion  
(pi =  (fi(P) =  <pj(x,y) (i =  1, 2). S ta r tin g  o u t from  th e  eq u a tio n s  (3.2), (3.3), 
(3.4), by  m ak in g  use o f th e  geom etric  eq u a tio n  an d  th e  genera l H ooke’s law  
th e  following eq u a tio n s  are o b ta in ed

* 0  =  G,j) (Ï ~ У\ ’ (3,23)

T(0 =  G .ft +  * j , (3.24)

(i =  1, 2) .

R ep lacem en t o f th e  above resu lts  in to  th e  n o n -id en tica lly  sa tified  
eq u a tio n  of th e  m echan ical equ ilib rium

9t& +  9 r $  =  0 
dx dy  

( i =  1, 2)

(3.25)

yields th a t  <p,- =  ip,(P) is harm onic in  th e  reg ion  T,(£ =  1, 2). T h e  consequence 
o f th e  b o u n d a ry  cond ition

T® =  0 , P t ç. g (3.26)

( £ = 1 , 2 )

re la tin g  to  th e  b o rd e rin g  curve o f th e  cross section  th a t

9 (pi 
3 n

3 I X2 +  y 2
6 s I 2

=  0, p i €  ёи  • (3 .27)
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T he d isp lacem en t fie ld  is co n tin u o u s on th e  cu rve  g12 i f  

91 =  9 2 ’ P £ g l2 -

T he consequence o f  th e  f i t t in g  cond itio n

T(l) _  T(2) p  r  „Tn2 — T м2 » ■* t  S12

(3.28)

(3.29)

p resc rib ed  for th e  cu rv e  g 12 (see [1], [2]) th a t

CO 3 X 2 y 2 ' r d<p2 3 i * 2 + J 2 ) l
3 n 3s 2

--  Lt2
3 n 3s 2 |_

S ta rtin g  from  th e  eq u a tio n

' m c =  2  {
1 =  1 J T i

(3.30)

(3.31)

b y  m aking  use o f th e  equ a tio n s (3.23) an d  (3.24) an d  S to k e ’s th eo rem  th e  
eq u a tio n

м с =  b [ G J ,  -  G2I 2 -  Gi JTi ( П9х)2 dT  -  G2 Jt> ( П 92? dT~\ (3.32)

m a y  be deduced to  th e  to rs io n a l m o m en t equally  v a lid  fo r th e  inhom ogeneities 
b o th  a. and  b.

H erein:

h  =  j 7, (*2 + J 2) d T ,

(i =  1, 2) .

(3.33)

F ro m  E q . (3.32) re su lts  th a t  th e  to rs io n a l stiffness of th e  cross section  m ay  be 
expressed  by  th e  fu n c tio n  q> in  th e  follow ing form :

I c =  G J j +  G2I 2 -  GxJ t ( \ J 9 i Y dT  -  G2 [Ti ( П 92)2 d T  . (3.34)

B y ad d itio n in g  th e  p rescrip tio n s re la te d  to  th e  fu n c tio n  <р,- =  q o , ( x ,  y )  =  

=  cpi(P) one can s ta te  th a t  th e  elastic  free to rsiona l p rob lem  of a p rism atic  
b a r  o f com posite m a te r ia l  leads, in  connec tion  w ith  th e  fu n c tio n  (pt =  (pj(x, y) =  
=  99,(P ) (i =  1, 2) to  th e  follow ing b o u n d a ry  v alue  p ro b lem :

Á r p i = 0 , p ^ T t ,

3  9 i 3 ( X 2 +  y 2 )

3 n 3s 1 2  )

(3.35)

(3.36)

(i =  1, 2) ,

у
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Ç7! •— 9° 2) P  € Я12 5 (3.37)

'0<Pl 3 ' X 2 -f- y 2 r ~d(p2 3 l x 2 + y 2
_ 3 n ds 2

°2 _ 3 n 3s 2  j .
PCSi2- (3.38)

4. Application o f the principle o f  com plem entary work minimum
for the approximate determ ination of torsional stiffness

In  th e  cross sec tio n s defined b y  th e  co o rd ina tes 2 = 0  and z =  l th e  
d isp lacem en t v ec to r is  assum ed to  b e  k n o w n :

U, =  м(р(л*, y , z ) i  +  v V \x ,  y ,  z) j  +  wV\x, y ,  2 ) к  , (4.1)

и ^ { х ,  y; 0) = v ( ‘\ x ,  y ,  0) =  0 , (4-2)

w ^ \x ,  y ,  0) =  'ihpi(x, y )  , (4.3)

тА‘\ х , у , 1 )  =  —M y ,  (4.4)

v ^ ( x ,  y ,  l) =  M x , (4-5)

w(i\ x ,  y ,  l) =  ê<pi(x, y )  , (4.6)

(i =  1 , 2 ) .

In  th is  p rob lem  th e  cross sec tions d efin ed  b y  th e  coord inates 2 = 0  a n d  
2  =  l m ean  th e  su rface  section A u a n d  th e  un lo ad ed  m a n tle  o f th e  b a r  re p re ­
sen ts th e  surface sec tio n  A p. The s ta tic a lly  possible (perm issible) s ta te  w ill 
be b u ilt u p  w ith  th e  a id  of th e  stress fu n c tio n  Ф,- =  0 f(P ) . T hus we h av e :

w herein  th e  fu n c tio n

я ф .
=  G 4  1

3y

t(0 =  — G 4LyZ \TlU
dx

01 =  ф,{х,у)  =  ФАР) ( i =  1 ,2 )

(4.7)

(4.8)

has on ly  to  sa tisfy , b esides th e  n ecessary  cond itions o f  d eriv ab ility , th e  h o m o ­
geneous b o u n d a ry  co n d itio n

and  th e  f i t t in g  co n d itio n

Ф, =  0 , P  £ g

Gfli  — с 2ф 2 , p  g g n  •

(4 .9 ;

(4.10)
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S u b s titu tin g  E q s  (4.7), (4.8) a n d  (4 .2), (4.3), . . ., (4.6) in to  E q . (2.25) 
a n d  in teg ra tin g  w ith  re sp ec t to  z fo r th e  s ta tic a lly  possible co m p lem en tary  
w o rk  yields

ê 2l 2 Гnc =  nc(0 i) = — 2 Gi \ [(□<*>,)2 +

+  2R  • (П Ф ,)] d T , (R  =  xi +  y j)  . (4.11)

T h is  eq u a tio n  m ay  also be w ritten  in  th e  fo rm

# 2Z 2 Г
Ъ  =  —  2 4  [( П ф <)2 -  Щ  d T  • (4-12)

2 i=i JTi

T h e  v e rifica tion  o f th is  tra n sfo rm a tio n  w ill only  be carried  o u t to  th e  in h o m o ­
g e n e ity  ty p e  a.

L et us consider th e  following tw o  eq u a tio n s

Jr D  ' (IW>i) dT  =  |" n  • R 0 1ds +  J  n  • РФ!«!« , (4.13)

□  • ( R 0 2) d T  =  ^  n  • R 0 2ds — J" n  • R 0 2ds (4.14)

w h ich  m ay be w ritte n  b y  m aking  use o f  th e  id e n tity

□  • ( R 0 t) =  2Ф, +  R  • (□ $> ,), (4.15)

(* =  1 , 2 )
#

a n d  S tokes’s th eo rem .
U sing fu r th e r  t h a t

0 t =  0 ,  P Ç g t (4.16)

a n d  app ly ing  th e  e q u a tio n s  (4.13), (4 .14), (4.15) yields

f R • □  0 xd T  =  Г n  • R 0 1ds , (4.17)JTi )g ia

f  R  • □  0 2d T  =  — f n  R 0 2ds . (4.18)J T * J g 12

S u b s titu tio n  o f th e se  la s t resu lts  in to  E q . (4.11) a lread y  resu lts  in  th e  
sh a p e  (4.12) o f jrc, i f  one considers th a t

— С2Ф2 , P  £ gw • ( 4 . 19)
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Since in  th e  s ta te  o f equ ilib rium  th e  f irs t  v a ria tio n  o f n c is equal to  zero, i t  
is only  enough to  in v es tig a te  th e  follow ing fu n c tio n a l p c p ro p o rtio n a l to  л с :

Pc =  Рс(Ф,) [(ЩФ,)2 -  4Ф,] d T  .
6 i=1 JTi

(4.20)

B y  th e  use of

/ c =  2 J c ,  r  Ф А Т
i = l JTi

(4.21)

p c m ay  be w ritte n  also in  th e  form

Pc =  V  2  G‘ Í [( п ф ')2 - 2 0 i \ dT -  ~  
2  , = 1  JTi 2

(4.22)

a n d  in  th e  s ta te  o f eq u ilib rium :

2 \  Ч Ю Ф ,) 2 -  2Ф,] d T  =  0 . 
i= i J tí

(4.23)

T h e  t r u th  o f th e  above s ta te m e n t, b y  ca rry in g  o u t th e  v erifica tio n  also in  th is  
case, on ly  in  re sp ec t to  th e  inhom ogeneity  ty p e  a., m a y  be recognized as 
follows. F ro m  th e  id e n tity

□  • [ Ф / М  =  <М Ф , +  (DZ>,)2 =  ( □  Ф,-)2 -  2 Ф,. (i =  1, 2) (4.24)

b y  using  S tokes’s th e o re m  we o b ta in

JTi (СЦФ1)2 dT = 2 Jr<Vr + Jg n • (Ж ) 0,dS +

+  Í Ф1Ю Ф 1) ■ n d s ,  (4.25)J&12
an d

JTt (ПФ)2 d T  =  2 JTi 0 2dT  +  J is n  • ( □  Ф2) 0 2ds -

- f  Ф2( а Ф 2) - п ^ .  (4.26)
Jgii

F ro m  th e  eq u a tio n s  ob ta in ed  b y  th e  ad d itio n  o f  E q s (4.25) and  (4.26) 
one can  deduce th e  in e q u a lity  to  be verified  i f  one app lies th e  b o u n d a ry  
cond itio n  (4.9) an d  f i t t in g  condition  (4.10). T hus, i t  can  be w ritten  th a t  in  
th e  s ta te  o f equ ilib riu m

(4.27)
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F ro m  th e  th eo rem  o f m in im u m  i t  follows th a t  th e  va lu e  p CK o f p c is 
h ig h e r  th a n  th a t  o f m in p c =  — J c/2 assoc ia ted  w ith  th e  s ta te  of eq u ilib rium , 
i.e .:

m in  p c =  — p ck =
<£i

(4.28)

In  tu rn , from  th e  in e q u a lity  (4.28) th e  follow ing conclusion  m ay  be 
d ed u ced :

B y  app ly ing  th e  a p p ro x im a te  p rocedure  based  on th e  p rincip le  of 
co m p lem en ta ry  w ork , fo r th e  to rs io n a l stiffness we o b ta in  a low er value  
th a n  t h a t  o f th e  ac tu a l to rs io n a l stiffness,

- 2 p ck =  Ic.c <  Ic • (4.29)

5. Application o f the principle o f the minimum potential energy 
for the approximate determ ination of the torsional stiffness

T h e surface sec tion  w here th e  lo a d  has a given va lu e , is rep re sen ted  b y  
th e  m a n tle  of th e  b a r . A ccord ingly  in  th e  p resen t case we h av e

(5.1)

T he k in em atica lly  possible s ta te  w ill be b u ilt up  from  th e  d isp lacem en t 
v e c to r  defined  b y  E q s  (3.2), (3.3), (3.4), w here th e  fu n c tio n  <p(- =  (p,{x,y) =  
=  cpi(P) is considered to  be u n k n o w n . F u r th e r , th e  va lu es  o f th e  c o n s ta n ts  
u 0, v 0, w 0, cax, co2, co3 ch a rac te riz in g  th e  rig id  body  m o tio n  a re  selected  to  be 
e q u a l to  zero. T he sca la r coo rd in a tes , (w ich are d iffe ren t from  zero) o f th e  
s tre s s  te n so r  associa ted  w ith  th e  k in em a tica lly  possible s ta te  are  as follows

i (H =  Gfî
Э <Pi 
dx У (5.2)

i (yZ = Э <Pi
9у

+  * (5.3)

w h ere in  th e  fu nc tion  cpt =  cpj(P) (i =  1, 2), besides th e  n ecessary  cond itions o f 
d e r iv a b ility , satisfies also th e  f i t t in g  cond itions

v a lid  along curve g12.
<Pl =  <P2 1 P £  gl2 (5 .4)
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A fter su b s titu tin g  (5.2), (5.3) in to  E q . (5.1) an d  c a rry in g  o u t th e  in te g ra ­
tio n  w ith  respect to  z , th e  following re su lt  is o b ta in ed  to  n L\

n L =  n L(<p) =  ~  ÏÏ4 V  с , Г ( [ O p ,] 2 — 2 Uq>i ■ (R  X k)) d T  +
* 1=1 JTi

+  1 - Щ 1 & +  I 2G2) .
£

(5.5)

Since our ta s k  is th e  in v es tig a tio n  o f  th e  e q u a tio n  bnL =  0 ch a rac teriz in g  th e  
s ta te  o f equ ilib rium , in s te a d  of th e  in v e s tig a tio n  of n L, i t  w ou ld  be enough to  
in v es tig a te  th e  follow ing fu n c tiona l o n ly :

1 2
Pl =  Pl(<Pí) =  : —  ^

* 1-1 .
Gi ( ( □  V,)2 -  2 » , ( R x k )  d T )  +  I,Gi (5.6)

w hich is p ro p o rtio n a l to  n L.
B y using S to k e’s th eo rem  and  th e  ru le  of in te g ra tio n  o f  a p ro d u c t m ay  

be ju s tif ie d  in  th a t  th e  v a lu e  of p L  is in  th e  s ta te  o f eq u ilib riu m  (if th e  fu nc tion  
л i =  я ,(Р )  is a so lu tio n  to  th e  b o u n d a ry -v a lu e  p rob lem  d efin ed  b y  (3.35),
(3.36), (3.37), (3.38)), th e  h a lf  of th e  to rs io n a l stiffness o f  th e  cross section , 
an d  accordingly , on th e  basis  of th e  p ro p r ie ty  o f th e  p o te n tia l energy  m in im um  
can  be w ritten*

m m  p , =  —  .
F 2

(5.7)

A nd to  p L K  defined  b y  k in em atica lly  possib le  s ta te s  a p p ro x im a tin g  th e  s ta te  
o f equ ilib rium : th e  in e q u a lity

m in  p L  =  P l k  =  N (5-8)

follows. F rom  th is  i t  is to  be seen t h a t  fo r th e  ac tu a l to rs io n a l stiffness, b y  
ap p ly in g  th e  a p p ro x im a te  m ethod  b a se d  on p L ,  a h ig h er v a lu e  is ob ta in ed  
th a n  th e  ac tu a l, i.e .,

I C ^  Ic,L =  %Plk • (5-9)

* The valid ity o f E q. (5.7) m ay readily be recognized by considering Eq. (2.55), because 
лс(£) +  лс(е) = (m inPc +  m in P i)  — 0, w herefrom  follows that m in pL =  —m in pc =  Icß-
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6. Torsion o f a prismatic bar with a solid cross section  
reinforced w ith a thin layer

L et us consider th e  to rs io n a l p ro b lem  of a p rism a tic  b a r  h av in g  a solid 
cross section re in fo rced  w ith  a th in  la y e r  (F ig. 6.1). To in v es tig a te  th e  cross 
sec tio n  having inh o m o g en eity  ty p e  b. a sy stem  o f cu rv ilin ea r coo rd inates 
sh o u ld  be in tro d u ced  (s, f)  in  th e  p lan e  x, y  (Fig. 6.2):

R  =  xi +  y j  =  p(s) +  £n(s) , (6.1)

w herein :

p =  p(s) — e q u a tio n  of curve g 12
s — arc  co o rd in a te  m easu red  a long  curve g 12,
n  — u n i t  n o rm al v ec to r on  cu rv e  g 12 po in tin g  o u tw a rd s  from  th e  m ate ria l

o f b o d y  “ 1” ,
C — co o rd in a te  m easu red  in  d irec tio n  n.

Fig. 6.1. Cross sec tio n  reinforced 
w ith  a th in  lay er

Fig. 6.2. S y stem  o f curv ilinear 
co o rd in a tes  (s, Ç)

T h e  surface e lem ent
d T  =  dxdy  (6.2)

m a y  be defined in  th e  system  o f cu rv ilin ea r co o rd ina tes (s, Ç) b y  using  th e  
e q u a tio n

dT  =  (1 +  yC) ds dC (6.3)

w h ere in  f  is th e  c u rv a tu re  of cu rv e  g l2 a t  p o in t P.
In  th e  follow ing, will he in v e s tig a te d  th a t  from  th e  s ta tio n arin ess  con­

d itio n  of p c bpc — 0, w h a t p rob lem  o f b o u n d a ry  v a lu e  m ig h t be deduced . 
T h e  function  Ф, =  Ф ДР) (i =  1, 2) has to  sa tisfy  th e  b o u n d a ry  an d  f i t t in g  
co n d itions

Ф2 =  0 ,  P i g 2
a n d

G fli — С 2Ф г  ; P d gl2

(6.4)

(6.5)
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respective ly . B y  sa tisfy ing  th e  fu n c tio n  Ф2 =  Ф2(Р ) in te rp re te d  in  region T 2, 
th e  p rescrip tions (7.4) and  (7.5) are assum ed to  ta k e  th e  form

ф 2 =  ф а(», о  =  ^ 1 — c
Ф хИ ( 6 . 6 )

w herein  Фг =  Ф^в) is th e  v a lu e  of th e  fu nc tion  Ф1 =  ФХ(Р) a t  th e  p o in t 
P  defined  b y  th e  arc  coo rd in a te  s of curve g12. T he in v es tig a tio n  wall be lim ited  
to  a cross section  w here

C §> Dh2 , (6.7)

(C and  D  being th e  given fu n c tio n s of s),

yh  ^  0 . (6-8)

B y  using  (6.7) an d  (6.8)

L [( W " “ L L[ q -f 1-4111 ■- т)*(*)

dsdc = — Г
g2 J,2 J #12

Gr Ф?(Я)
G2 h

2ФХ(«) h ds (6.9)

is o b ta in ed  i f  one applies th e  ap p ro x im atio n

C l Ф !(* )
( □ ф 2)2

g 2 V
( 6 . 10)

F in a lly , ca lcu la tin g  w ith  th e  ap p ro x im atio n  o b ta in ed  b y  neg lecting  th e  te rm  
2АФ1(Я) th e  follow ing m ay  be w ritte n

Gï Г Ф!
C i.L  *

( 6. 11)

A pplication  of th e  above ap p ro x im a tio n  yields th e  f in a l fo rm u la  to  p c :

Pc =  ^  i f  [(□Ф1)2 - 4 Ф ] £/Т +  ^ Г  ^ d s  .
z Ur, G2J gn h

T he e q u a tio n  bpc — 0 evo lved  in  d e ta il m eans th e  follow ing eq u a tio n :

Ci f  Ф\

( 6 . 12)

bpc =  Gj [(□<Z>i) • ( D ^ 1) ~ ^ 1] d T  +
U  r ,  G

1 f  Ф.

2 J  Ян ^

ЬФ^в • (6.13)
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B y  m aking  use o f th e  id en titie s

□  • ( f t P i d t f y  =  (а й Ф О  • □ # !  +  {АФг) ЬФг) , (6.14)

Г □  • ( ^ i Q 0 i )  d T = \  n  ■ (П Ф Х) tä ld s  , (6.15)
j T  1 J  gl2

d p c  m ay be w ritten in the form:

bpc =  - G x Г (АФХ +  2) 6Ф1(1Г +  ( Ig i +  - ^ - 0 i |  d 0 xds . (6.16)
J r ,  J gl, 3n  hG2 j

Since in  th e  region T x a n d  on th e  cu rv e  g120 0 x is a rb itra ry , th e  eq u a tio n  öpc =  0 
m a y  only be tru e  i f  (see fo r ex am p le  [16]) th e  fu n c tio n  Фх =  ФХ(Р ) is th e  
so lu tio n  for th e  fo llow ing  b o u n d a ry -v a lu e  p rob lem

АФ1 +  2 =  0 ,  P e T x , (6.17)

? L + 7 LT 01 = o ’ P€gl2' (6Л8)dn  G2 n

Arutjujan  and A bram jan  derived the boundary condition (6.18) with  
th e  aid of another m ethod [1].

7. E xam ples

7.1. Example  1

L e t us consider th e  solid sq u are  cross section  d ep ic ted  in  F ig . 7.1. In  th e  
reg ions Tx and T 2 m a te ria ls  h av e  a sh ear e la s tic ity  m odu li Gx and  G2, re ­
spec tive ly . Be ж =  G2/G j . T he fu n c tio n s  defin ing  th e  s ta tic a lly  possible s ta te  
a re  assum ed to  be  as follow s:

ф 1 =  ФАХ’ У) =  — <xC(x — l) (у2 — l2)

0 < ,x  < ; i  -, — l < . y  <,1 ;

Ф2 =  Ф2(*, у )  =  C(* +  l) (у2 -  í2) (а)

0 ;  —l < L y < , l ;
L  =  2 l .

T hese  functions sa tis fy  th e  b o u n d a ry  an d  f i t t in g  cond itions (4.9) an d  (4.10), 
re spec tive ly , a t  a n y  v a lu e  o f C, a n d  th e  stresses ca lcu la ted  from  th e m  accord­
in g  to  (4.7) and  (4.8) also sa tis fy  th e  equ ilib rium  eq u a tio n

d r ^  +  dTyz_ =  0 (b )
dx  9у
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The c o n s ta n t C m ay  be  dete rm in ed  fro m  th e  n ecessary  co n d itio n  of th e  m in i­
m um  o f

Pc =  Y $ T [ ( П ф 1)2 -  4 0 i ] d T  +  y / t K M 2 -  4 ф 2] dT. (c)

R ep lacem en t of th e  assu m ed  fu n c tio n s  Ф1 =  Ф1(х ,у )  (i =  1 , 2)  in to  th e  
expression  of p c, th e n  a f te r  in teg ra tio n  an d  som e red u c tio n , yields

Р ек — C2a 2L 6 H— — CxL5 
. 720  24

+  G2Í- У - C2L a -j— — CL5 .
( 720 24 ( d )

Fig. 7.1. Solid  square  cross sec tio n  of com posite  m ate ria l

F ro m  th e  co n d itio n  o f  s ta tio n arin ess

th e  eq u a tio n

follows. T his is tru e  if

ôPcK =  ^ - Ô C  =  0
Э c

c  =

дРск 
9 C

30

=  0

1

11 a  +  1 L
( e )

W ith  th e  above c o n s ta n t C, one o b ta in s  fo r a possible low er lim it o f th e  
to rs io n a l stiffness o f th e  com posite  cross sec tion , th e  follow ing resu lt:

lc,c — —2p CK —
22 a  +  1

GU (f)

In  case o f  a  =  2 from  th e  above fo rm ula

l c c=  0,1565G L4 .
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E l y  an d  Z ie n k ie w ic z  [6] found  fo r a  =  2 and for th e  above cross sec tion
t h a t

I c =  0 ,1941L 4G .

7 .2 . Example 2

In  connection  w ith  th e  cross sec tio n  show n in  F ig . 7.1 a possible u p p e r 
l im it  o f the  to rsional stiffness should  be determ ined  w ith  th e  aid  o f E q . (5.9). 
T h e  fu nc tion  <p; =  <Pi{x i y )  (i =  1» 2) d e fin in g  th e  k in em a tica lly  possible s ta te  
is assum ed  to  ta k e  th e  form

<Pi =  <Pi(x * y )  =  cx y ,  P £  T j , ( i =  1, 2) . (g)

The above fu n c tio n  satisfies th e  f i t t in g  condition  (5.4) a t  an y  va lu e  o f  
th e  c o n s tan t C. T he v a lu e  of th e  c o n s ta n t C m ay  be assum ed  from  th e  n ecessary  
co n d itio n  of th e  m in im u m  of

Pl =  j 2  (G- £  [(Ш 2 -  2 (Ш  • (R  X k )] d T  +  . (h)

W ith  th e  assu m ed  functions (pt =  <р(( х , у ) (i =  1, 2) fo r p LK th e  follotv- 
in g  re su lt is found

P «  =  (‘2 +  l  ) ^ ± G V , (i)

F rom  th e  co n d itio n  of s ta tio n a rin e ss

follow s the  eq u a tio n

T h is  is tru e  if

bPLK =  —  bc =  0 
dc

дрек  _  Q 
3c

c =  0 .

W ith  th is  value o f th e  co n stan t c

Í c ,l  =  2P lk =  ^ - ± - ! gL4 (j )
1 z

w'ill be a possible u p p e r lim it of th e  to rsiona l stiffness o f th e  “ com p o site”  
sq u a re  cross section . T h is gives fo r a  =  2 th e  re su lt

I CL =  0,25 GL1 .
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7.3. Example 3

In  th e  n e x t p rob lem  th e  stress fu nc tion  o f th e  solid c ircu la r cross sec tion  
reinforced  w ith  a th in  lay e r is tre a te d  (F ig . 7.2). T he stress  fu n c tio n  o f th e  
cross section  shou ld  be de te rm in ed  accord ing  to  th e  R itz  m e th o d . Be

Ф у = Ф у ( г )  =  А 0 +  А у Г 2 ,

(A 0, Ay be ing  a rb itra ry  con stan ts).

F ig. 7.2. C ircular cross section  re in forced  w ith  a th in  lay e r

F o r th e  above fu n c tio n  we have

(OZ>i)2 = 4A \ r \  J  ФуЗТ = 2д jA 0 a~  +  A y j

Г 0 fd s  =  2na{A0 +  Aya2)2, Г (ОФу)2 d T  =  2 лA fa4. J S12 J T1

F rom  th is  for p c (see E q . 6.12)

Gx
P c  =  G yJl A xa4 — 2 A 0a2 — Aya4

h G ,
( A о +  Aya2)2 a

is o b ta in ed . The so lu tion  to  th e  system  o f eq u a tio n s

° » L = 0 ,  - Ë E < L = 0
d A n dAy

follow ing from  th e  co n d ition  o f sta tio n arin ess

dP c  =  -  Ô A 0 +  Ô A y  =  0
д А 0 °  9  A y

IS

a  a 2  - G 2 и  a  1А  л — -------- ---------- / ш 9 А л  = ----------- .
2 Gy 2

( к )

(1)

( n )

( o )
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A ccord ing ly , th e  s tress fu n c tio n  will be

G, 1
Ф1 =  Ф1( г ) = ^ к а +

2i

I t  m ay  be p o in ted  o u t th a t  in  th is  case th e  equ a tio n s

(P)

ЛФх =  - 2  , Р £ Т г ,

901 +  Т 7 Г Ф 1 =  0 . P í g  12 W
dn hG2

a re  v a lid . T hus, Фх =  Фх(г) p resen ts  th e  e x a c t so lu tion  to  th e  p re se n t p rob lem .
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Variationsmethode zur Lösung des Verdrehungsproblems eines aus verschiedenen Stoffen  
Zusam m engesetzten prism atischen Stabes. — B e h an d e lt w ird  das V erd reh u n g sp ro b lem  von  
au s verschiedenen S toffen  zu sam m en g ese tz ten  p rism atisch en  S tä b en  m it  vollem  Q u ersch n itt. 
Im  A b sch n itt 2 der A b h an d lu n g  sind  V aria tio n srech n u n g sm e th o d en  besch rieb en , die zu r L ösung 
q u asis ta tisch er R a n d w ertau fg ab en  von  aus versch ied en en  S toffen  zusam m en g ese tz ten  linea ­
risch  e lastischen K o n tin u a  geeignet sind. In  d iesem  A bsch n itt w erd en  d ie m it der Potential­
energie u n d  Ergänzungsarbeit zu sam m en h än g en d en  S ta tio n ä ritä tsb ed in g u n g en  u n d  M inim um ­
p rin z ip ien  de r E la s tiz itä ts leh re  zu sam m en g efasst u n d  verallgem einert. Im  A b sch n itt 3 w erden  
au fg ru n d  de r e inschlägigen L ite ra tu r  die m it d e r  fre ien  V erdrehung  d e r S tä b e  m it inhom ogenem  
Q u ersch n itt — der sog. aus zusam m en g ese tz ten  S toffen  hergeste llten  p rism atisch en  S täb e  — 
zu sam m enhängenden  K e n n tn is se  e rö rte rt. I n  d en  A bsch n itten  4 bis 7 w erden einige neue 
R e su lta te  im  Z usam m enhang  m it der freien  V erd reh u n g  der zusam m en g ese tz ten  S täb e  vo rg e­
fü h r t ,  die m it H ilfe de r in  d e r A bhan d lu n g  h e rg e le ite te n  Sätze e rh a lte n  w erden können . E s 
w ird  b e to n t, daß  die D re h ste if ig k e it sow ohl v o n  u n ten , als v o n  ob en  m it Hilfe de r a n ­
gegebenen  A b h än g ig k eiten ab g escb ä tz t w erd en  k a n n . A b sch n itt 6 b e h a n d e lt  die V erd reh u n g ­
sau fg ab e  des du rch  e in e  d ü n n e  Sch ich t v e rs tä rk te n  S tabes. A b sch n itt 7 e n th ä lt  drei B eispiele.

Вариационный метод реяшени задачи кручения призматического стержня из 
комбинированного материала. Работа посвящена вопросу свободного кручения призмати­
ческих стержней сплошного сечения, изготовленных из комбинированных материалов. Во 
второй главе описываются вариационные методы, пргодные для решения квазистатических 
задач краевых значений линейно упругих упругих континуумов из комбинированных 
материалов. В указанной выше главе подытоживается и обобщается стационарные усло­
вия и минимальные принципы теории упругости, связанные с потенциальной энергией и 
дополнительной работой. В 3-ей главе на основе литературных данных [1, 6, 8] излагаются 
сведения по упругому ссвободному кручению призматических стержней из комбинирова 
ных материалов, обладающих негомогенностью по своему сечению. В 4, 5, 6 и 7 главах 
излагаются некоторые новые результаты по свободному кручению призматических стерж­
ней из комбинированных материалов, которые модно получить с помощью позиций Т. 
2 (2,26); Т. 3 (2,27) и Т. 4 (2,47); Т. 5 (2,48) главы 2. Следует особо подчеркнуть, что ж ест­
кость кручения можно оценить снизу на основе (4,29), а на основе (5,9) — сверху. Глава 6 
посвящена задаче кручения призматического стержня, укрепленного тонким слоем. В гла­
ве 7 излагается три примера.
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LATERAL BUCKLING OF PLANE TRUSSES WITH 
PARALLEL CHORDS AND HINGED JOINTS

T. T A R N A I*

[M anuscrip t received Ju ly  23, 1976]

A n ap p ro x im a te  in v es tig a tio n  of th e  la te ra l buck ling  of p lan e  trusses w ith  p a ra lle l 
chords is d e a lt w ith  on th e  basis o f th e  co n tin u u m  m ethod . T he tru ss  is m odelled b y  I-b eam  
w ith  non-to rsio n in g  flanges, th e  w eb o f w hich  is conn ec ted  to  th e  flanges w ith  th e  
a id  o f h inges. T he d ifferen tia l equ atio n s o f such a b eam  a re  d e d u c ted  fo r th e  la te ra l- 
buck led  s ta te . T he re la tio n sh ip s betw een  th e  eq uations o b ta in e d  a n d  th e  la te ra l-b u ck lin g  
equ atio n s o f th in -w alled  beam s h av in g  non-deform able  cross sec tion  are  p resen ted .

Notation

T he follow ing sym bols are  used  in  th is  p ap er:

г, t
h
e
eN

eS
s
Ум
rx
м>1, и>г, li, Is

u
V
F
Fx, Ft
J y
Ji, J ,

к =  JiU2,
Jc
Jo
E
S
M
Q, 8
4v  Чг

P , Pn  
P m , P m

h o rizo n ta l an d  v e rtica l co o rd ina tes, re sp ec tive ly , re la te d  to  axis p o in t on
a b o tto m  flange  cross section ,
co o rd in a te  along lo n g itu d in a l axis, 4
d is tan ce  be tw een  axes o f  to p  a n d  b o tto m  flanges,
d is tan ce  to  p o in t o f a p p lica tio n  of ax ia l lo ad  fro m  b o tto m  flange  axis, 
d is tan ce  to  p o in t o f ap p lica tio n  of co n cen tra ted  ax ia l force  N  from  b o tto m  
flan g e  axis in  cross section,
d is tan ce  to  cen tro id  o f cross section  from  b o tto m  flan g e  axis, 
d is tan ce  to  p o in t o f ap p lica tio n  of tran sv erse  lo ad  fro m  b o tto m  flange  axis, 
d is tan ce  to  shear cen ter o f cross section  from  b o tto m  flange  axis, 
rad iu s o f cross section,
d isp lacem en ts o f a rb itra ry  p o in ts  o f axes o f to p  a n d  b o tto m  flanges, respec­
tiv e ly , in  X d irec tion ,
d isp lacem en t o f shear c en te r  in  x  d irection , 
ang le  o f ro ta tio n  of cross section , 
a rea  o f cross section,
cross-sectional areas o f to p  an d  b o tto m  flange  resp ec tiv e ly , 
m o m en t o f in e r tia  o f b eam  cross section  ab o u t y -ax is ,
m o m en ts  o f in e r tia  o f cross sections of to p  an d  b o tto m  flanges, respec tive ly , 
a b o u t y-ax is ,

to rsio n al co n s tan t o f  cross section  of beam , 
w arp in g  c o n s ta n t o f cross section  of beam , 
m odu lus o f e lastic ity , 
cen tro id  o f cross section, 
shear cen te r  o f cross section ,
c o n ce n tra ted  an d  d is tr ib u te d  tran v e rse  loads re sp ec tiv e ly ,
p a r ts  o f  d is tr ib u te d  tran sv erse  load  d iv ided  to  to p  a n d  b o tto m  flanges
respec tive ly ,
c o n ce n tra ted  an d  d is tr ib u te d  ax ia l loads resp ec tiv e ly ,
p a r ts  o f ax ia l load  d iv ided  to  to p  and  b o tto m  flan g es respec tive ly ,

* D r. T. T a h n a i, K o losto r u. 17, H-1037 B u d ap est, H u n g ary .
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*1’ г1» P1> *2> 
N

IVi, n 2

T x, Т У
M x
M x
M xNl, M xNi 

М у
Тх 1» JWyiS тхг, 

(•)’ =  d/dz

г2, р ■> fo rces in d u ced  b y  tran sv e rse  lo ad s on  to p  an d  b o tto m  flanges respec tive ly , 
r e s u l ta n t  o f  ax ia l forces being  to  th e  le ft o f cross sec tio n  (its va lue  is th e  
sam e as t h a t  o f n o rm al force a c tin g  on  cross section), 
n o rm al fo rces in  to p  a n d  b o tto m  flanges respec tive ly ,
n o rm al forces in  to p  an d  b o tto m  flanges, re spec tive ly , fro m  a  tran sv erse  load , 
n o rm al forces in  to p  an d  b o tto m  flanges, re sp ec tive ly , from  an axial load , 
sh ea rin g  forces in  x  a n d  y  d irec tio n s , respec tive ly , g en era te d  in  cross section, 
b e n d in g  m o m en t in  x  d irec tio n  ac tin g  on  cross sec tion , 
p a r t  o f b en d in g  m o m en t M x fro m  tran sv erse  load ,
m o m en ts  o f ax ia l forces being  to  th e  le ft of cross sec tion  a round  to p  an d  
b o tto m  flange  axis p o in ts , resp ec tiv e ly , o f th e  sam e cross section, 
b e n d in g  m o m en t in  y  d irec tio n  ac tin g  on cross section , 

jVfy2 sh ea rin g  forces an d  b en d in g  m o m en ts in  to p  a n d  b o tto m  flanges respec­
tiv e ly ,
sy m b o l o f  d eriva tion ,
(1 in  su b sc rip t) q u a n ti ty  re la tin g  to  to p  flange,
(2 in  su b sc rip t)  q u a n ti ty  re la tin g  to  b o tto m  flange.

F o r  o ther sym bols see also F igs 3 a n d  4.

1. In tro d u c tio n

T he problem  o f la te ra l  b u ck ling  of p lan e  tru sses  -with p a ra lle l chords is, 
in  general, ra th e r  in tr ic a te . F o r ap p ro x im a te  in v es tig a tio n s , th e  p roblem  m ay  
sig n ifican tly  be s im p lified  b y  rep lac ing  th e  tru ss  w ith  co n tin u u m . F o r th e  case, 
w h ere  th e  w arp ing  r ig id ity  of th e  tru ss  w as neg lec tab le, in  com parison  to  th e  
to rs io n a l rig id ity , th e  su b s ti tu tin g  co n tin u u m  w as d e te rm in ed  b y  Csonka  [4]. 
T h e  c o n tra ry  case, w here  th e  to rs io n a l r ig id ity  was low  com pared  to  th e  
w a rp in g  rig id ity , w as d ea lt w ith  b y  W in t e r  [9]. T he tru s s  w as m odelled b y  
W in t e r  as an I-b e a m  h av in g  a non -defo rm ab le  cross sec tio n  w hich h ad  no 
to rs io n a l r ig id ity . H ow ever, in  case o f an  I-b eam  w ith  a non-defo rm able  
cross section (F ig . l a ) ,  c o n tra ry  to  th e  o rig inal tru ss , b o u n d a ry  cond itions 
fo r  th e  to p  an d  b o tto m  flanges c a n n o t be given in d e p e n d e n tly  of each  
o th e r . This m ig h t be  done only  in  th e  case w here th e  I-b eam  could  be considered 
as hav in g  a d efo rm ab le  w eb (F ig . lb ) .  H ow ever, th e  la te ra l  buck ling  of such  
b e a m s, according to  th e  know ledge o f th e  au th o r, is so lved  only  for th e  
case  o f a sy m m etrica l and  c o n s ta n t cross section.

The to rs io n a l r ig id ity  o f steel tru sses  can  also be  neg lec ted  due to  th e  
f a c t ,  th a t  if  th e  b a rs  o f th e  la ttic e w o rk  are  re la tiv e ly  stiff, th e  la ttic e  b a rs  
a re  connected  b y  v e ry  flex ib le  gussets to  th e  chords. T hese gussets behave 
lik e  hinges. T he cross section  of such  a tru ss  will change its  shape a lread y  
in  th e  s ta te  of la te ra l  buck ling . F o r  th is  ty p e  of tru ss , th e  rep lac in g  con tin u u m  
m ig h t be c o n s titu te d  b y  an  I-b eam  w ith  n on -to rsion ing  flanges w here th e  
w eb  is connected  b y  h inges to  th e  flanges (Fig. lc ) . W ith  th is  m odel th e  sam e 
b o u n d a ry  co n d itions m ay  be assu red  as tho se  of th e  orig inal tru ss . F o r th e  
an a ly sis  of tru sse s  m odelled  in  such  a w ay  D ulacska an d  th e  a u th o r  of th e  
th e  p resen t p a p e r  [5] developed on th e  basis o f th e  m e th o d  of successive
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ap p ro x im atio n  w o rk ed  o u t by  K ovács a n d  F a b e r  [7] fo r som e ac tu a l p ro b ­
lem s an  ap p ro x im ate  a n a ly tic  m e th o d .

This m ethod  is generalized  in  th is  p ap e r. W ith  th e  aid  of th e  con tinuum  
m eth o d  a set of d iffe ren tia l equ a tio n s is deduced  fo r th e  in v es tig a tio n  of th e  
la te ra l buckling of th e  tru ss  w hich is v a lid  even in  cases w here

— the cross sec tions of th e  cho rd s of th e  tru ss  v a ry  in d ep en d en tly  of 
each o th e r,

— th e  m ag n itu d e  an d  p o in t o f  ap p lica tio n  of th e  ax ia l an d  tran sv erse  
loads ap p lied  to  th e  tru ss  free ly  v a ry  along its  le n g th  in  its  p lane,

— th e  b o u n d a ry  conditions fo r  th e  to p  an d  b o tto m  chords m ay be 
prescribed  in d ep en d en tly  o f  each  o ther.

Fig. 1. D ifferen t cases o f la te ra l  buckling  of I-b ea m s: a) non-defo rm ab le  cross section , b) cross 
section  w ith  deform ing w eb, c) hinged cross sec tio n  w ith  n o n -to rsion ing  flanges. (I  — A cross 
section  of th e  u n lo ad e d  b eam . I I  — The sam e  cross section  of th e  la te ra lly  buck led  beam )

The set of e q u a tio n s  o b ta ined  h as  a v e ry  sim ple fo rm . T his can  be 
assigned to  th e  fa c t t h a t  in  lieu of th e  v a riab le s  cu s to m arily  used  in  th e  l i te r ­
a tu re  on th e  su b jec t (d isp lacem ent o f  th e  sh ear cen te r an d  ro ta tio n  of th e  
cross section) th e  d isp lacem en ts of th e  axis po in ts  on th e  flanges are ta k e n  
into  accoun t as v a riab le s .

2. A ssum ptions an d  co n stra in ts

F o r th e  in v e s tig a tio n s  th e  fo llow ing  assum ptions a n d  co n stra in ts  a re  
a d o p ted :

1. The m a te r ia l of th e  tru ss  is id ea lly  e lastic , i t  follow s H ooke’s law .
2. B o th  th e  to p  an d  b o tto m  ch o rd s a re  con tinuous b a rs  of rec tilinear 

axis th ro u g h  th e  w hole len g th  of th e  tru s s  fo r w hich th e  B ernou lli— N av ie r 
h y p o th esis  is tru e .

3. The tru ss  is a p lane  g irder, i.e ., th e  axes of th e  cho rd  and  la ttic e  
bars  lie in the  v e ry  sam e p lane. This p lan e  is, a t th e  sam e tim e  th e  sy m m etry  
p lane  of th e  tru ss .

4. The axes o f th e  chords of th e  tru s s  are p ara lle l to  each  o ther.
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5. The la tt ic e  b a rs  are co n n ec ted  to  th e  chords b y  ba ll-an d -so ck e t jo in ts  
a n d  th e  axes of th e  la ttic e  bars an d  chord  m em bers in te rse c t a t  one p o in t 
a t  all th e  jo in ts .

6. The la ttic e w o rk  of th e  tru s s  is s ta tic a lly  d e te rm in ed . T he n e t of 
th e  p rim ary  la ttic e w o rk  is, in  th e  genera l case, id en tica l w ith  th a t  w hich  is to  
b e  seen in  Fig. 2. I f  in  th e  la ttic e w o rk  th e re  are  also tie s  an d  a secondary  
g rid  th e n  th e ir  in flu en ce  on th e  la te ra l  buck ling  of th e  tru s s  m ay  be neg lected .

7. The la ttic e w o rk  of th e  tru s s  is so dense th a t  it  can  be considered  
as be ing  con tinuous. A t th e  tra n s it io n  of th e  d iscre te  la ttic e w o rk  in to  th e  
co n tin u o u s one (i.e ., in  th e  course o f  (A B ) ->  0, w here ( AB)  designates th e  
le n g th  of th e  seg m en t AB) ,  th e  p ro p e rtie s  CC' J_ A B ,  B B '  _L CD  an d  (AC')I 
( C B )  =  (D B ')I(B 'C) =  constant a re  m a in ta in ed  (F ig . 2).

C B’ D

А С  В

F ig. 2. N e tw o rk  o f th e  tru ss

8. H ow ever, th e  con tinuous w eb developed in  th is  w ay  has n e ith e r  
to rs io n a l r ig id ity , n o r  lo n g itu d in a l s tra in  and  f lex u ra l rig id ities. T he t r a n s ­
v e rse  stra ins of th e  w eb can be neg lec ted .

9. The fo rm  o f th e  tru ss  is geom etrica lly  perfec t an d  th e  defo rm ations 
p reced ing  th e  occu rrence  of th e  la te ra l  buck ling  as well as th e  d efo rm ations 
ta k in g  place in  th e  p lane  of th e  tru s s  are negligible.

10. In  th e  course  of la te ra l b u ck lin g  th e  chords are  n o t tw isted .
11. The m a g n itu d e  of th e  d isp lacem en ts ta k in g  p lace d u ring  la te ra l  

b u ck lin g  is such t h a t  a t  th e  ro ta tio n s  of th e  cross sec tion  th e  effect o f th e  
ap p lica tio n  of th e  ap p ro x im atio n

ip sin ip ^  t a n  ip ; cos tp ^  1 (1)

rem ain s below th e  perm issib le e rro r  lim it.
12. The loads q and  p n ap p lied  in  th e  tra n sv e rse  an d  ax ia l d irec tions, 

re spec tive ly , to  th e  tru s s , ac t befo re  th e  la te ra l b u ck ling  ta k e s  p lace, in  th e  
p la n e  of th e  tru ss , a n d  a fte r la te ra l  buck ling  has occu rred , th e y  re ta in  th e ir  
o rig in a l d irections, an d  th e ir  p o in ts  o f app lica tion  rem ain  unchanged .
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3. Deduction of the set o f differential equations o f lateral buckling

L e t us f irs t  define th e  signs o f th e  q u a n titie s  en te rin g  th e  d iscussion.
T he app lied  o rth o g o n al, le ft-sp in  system  of co o rd in a tes  x,  y , z is f i t te d  

to  th e  tru ss  in  such  a w ay, th a t  p rev ious to  la te ra l  b u ck lin g  th e  2 -axis lies 
in  th e  axis o f th e  b o tto m  chord  of th e  tru ss  and  th e  у -ax is is d irec ted  dow n­
w ards in  th e  sy m m etry  p lane  of th e  tru ss  (Fig. 3).

Fig. 3. a) L oads ap p lied  to  th e  tru ss , b ) Forces an d  bending  m o m en ts  in  th e  tru ss , c) Forces 
an d  bending  m o m en ts  in  th e  chords o f th e  tru ss

L et th e  tru ss  be su b m itte d  to  th e  loads q an d  p n o f tran sv e rse  (y) and  
ax ia l (2 ) d irections re spec tive ly . T h e  forces an d  m o m en ts  induced  in  one 
of th e  cross sections of th e  tru s s  are , as is cu s to m ary , in te rp re te d  b y  th e  
red u c tio n  of th e  forces being  to  th e  le ft of th e  cross sec tion  to  th e  cen tro id  
S  of th e  cross section . To th e  bend in g  m om en t, v ec to rs  are  co o rd in a ted  in 
such  a w ay  th a t  b y  looking in  f ro n t of th e  arrow  o f th e  v e c to r  th e  ro ta tio n  
of th e  m o m en t shou ld  show  in  th e  clockwise d irec tion  (F ig . 3b). T he forces 
and  m om en ts are in te rp re te d  in  each  o f th e  chord  cross sections in  th e  v e ry  
sam e w ay  (F ig. 3c).
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A ll of the  e x te rn a lly  app lied  forces (th e  loads q an d  p n ac tin g  in  th e  
tra n sv e rse  and ax ia l d irec tio n s re spec tive ly ) and  all of th e  in te rn a l forces, 
m o m en ts  (the n o rm al fo rces N; N x, N 2, shearing  forces T x, T y; T xl, T x2, T yl, 
T y2 a n d  bending m o m e n ts  M x, M y; M yl, M y2) a re  considered  to  be positive 
i f  th e ir  sense of a c tin g  coincides w ith  th e  p ositive  sense o f th e  respective 
axes o f coordinates. I n  F ig . 3, all loads, forces a n d  m o m en ts  a re  d ep ic ted  w ith  
a p o s itiv e  d irection .

T he d isp lacem ents w x, w 2 an d  и are  positive  i f  th e y  ta k e  place in  th e  
p o s itiv e  direction o f th e  x-axis. T he ro ta tio n  <p is po sitiv e  i f  looking  in  fro n t 
o f  th e  positive d irec tio n  o f th e  г-ax is i t  is o f clockw ise d irec tio n .

F ig . 4. D a ta  of the  b eam  cross section. I) T he cross section  p rio r to  la te ra l  buckling . I I )  The 
cross section  a f te r  la te ra l buck ling , ( ф  T op flange, @ B o tto m  flange)

T he distances h, e, eN, es , s, y M are positive  i f  th e y  can  be m easured  
in  th e  negative direction o f th e  у -axis s ta r tin g  from  th e  ax is o f th e  b o tto m  
c h o rd  (Figs 3a an d  4).

The bending m o m e n t M x of th e  cross section  is com posed corresponding 
to  th e  transverse  a n d  ax ia l forces h av in g  tw o  p a r ts : M x =  M x +  ( e S  ~~ eN)N-  
S im ila rly , th e  n o rm al forces ac tin g  on th e  chords are : N x =  N x -j- N x, N 2 =
=  iV2 +  N 2.

W ith  respect to  th e  above sign ru les th e  follow ing re la tio n sh ip s  will 
be  tru e :

i  =  ~ T y ,  (2)

T y = M ' x , (3)
a n d  from  (2), (3)

q = - M " .  (4)

F u r th e r ,  on th e  basis  o f  th e  a ssu m p tio n  o f C h ap te r 2:

Myi =  EJpv'l  ; M y2 — E J 2w2 , (5a, b)

T X1 =  - { E J xw \Y  ; тх2 =  — (E J 2w2)'  . (6a, b)
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In  d ed u c tin g  th e  eq u a tio n s of th e  la te ra l buckling  one se ts  o u t from  
th e  fu n d a m e n ta l idea app lied  in  ref. [5].

L e t us consider th e  b o tto m  v iew  of a segm ent of th e  tru s s  la te ra lly  
b u ck led , i.e ., its  p ro jec tion  to  th e  p lan e  xz  (F ig . 5a), and  also tw o  ne ighbouring  
la ttic e  b a rs . T heir p o in t of in te rsec tio n  is on th e  axis o f one o f th e  chords. 
T hese tw o  la ttic e  bars, u n d e r th e  e ffec t o f tran sv erse  loads app lied  to  th e  
tru ss , t r a n s m it  a c o n cen tra ted  force F  to  th e  chord , ac tin g  a t  th e  p o in t of 
in te rsec tio n  and  in  th e  p lan e  of th e  b a rs , if  th e  ex te rn a lly  ap p lied  lo ad  also 
lies in  th e  p lane  of th e  la ttic e  bars. In  th is  case, th e  line of ac tio n  of force F  
will be p ara lle l to  th e  s tra ig h t line co n n ec tin g  th e  end po in ts  of th e  tw o  la ttic e  
bars ly in g  on th e  axis o f th e  o th e r ch o rd . This s ta te m e n t follow s from  th e

a b

Fig. 5. B o tto m  view  of th e  la te ra lly  b uck led  tru ss , a) w ide-m eshed la ttic e , b ) dense la ttic e .
( ф  T op chord , ©  B o tto m  chord)

assu m p tio n s  4, 9 and  11 in  C hap te r 2, a n d  from  th e  equ ilib rium  o f th e  forces 
ac tin g  on th e  p o in t o f in te rsec tio n  o f th e  neighbouring  la ttic e  b ars . N am ely , 
ow ing to  th e  neglection  of defo rm atio n s in  th e  v e rtic a l p lane an d  sm all d isp lace­
m en ts , th e  axes of th e  chords o f th e  la te ra l ly  buck led  tru ss  m ay  be considered, 
as ly ing  in  tw o  planes para lle l to  each  o th e r. D ue to  th e  eq u ilib riu m  of th e  
forces ac tin g  on th e  in te rsec tio n  p o in t o f th e  neighbouring  la ttic e  b a rs  th e  
force F  m u s t lie on th e  one h an d  in  th e  p lane of th e  ch o rd  axis inc lud ing  
th e  p o in t o f in te rsec tio n  o f th e  la ttic e  b a rs , on th e  o th e r h a n d  in  th e  p lane  o f 
th e  la tt ic e  b a rs ; i.e., on th e  line of in te rse c tio n  of th e  tw o  p lanes.

H ow ever, th is  s tra ig h t line is p a ra lle l to  th a t  connecting  th e  end  p o in ts  
of th e  tw o  la ttic e  bars ly in g  on th e  ax is  of th e  o th e r chord  being  th e  p lanes 
of chords p ara lle l to  each  o th e r  and  b y  in te rsec tin g  b o th  of th e se  p lanes w ith  
a th ird  p lan e  (w ith  th e  p lane  o f th e  la ttic e  b a rs), para lle l s tra ig h t lines are o b ta in ­
ed. T he p ro jec tio n s of th e se  para lle l s tra ig h t  lines to  an y  a rb itra ry  p lane , as 
also to  th e  p lane xz, are  p a ra lle l as w ell. T he signs of th e  forces F  depend  on 
w h e th e r th e y  are  looked a t  on th e  to p  o r b o tto m  chord . I f  th e  la ttic ew o rk  is 
densified  accord ing  to  th e  a ssu m p tio n  7 o f C h ap te r 2 (an d  assum ing  th a t  
th e  la ttic e w o rk  is in fin ite ly  dense), th a n  th e  la tticew o rk  tra n sm its  d is tr ib u te d  
forces /  to  th e  flanges. T he ac tion  lin e  of th e  forces will, in  a fix ed  p o in t
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of th e  flanges d e fin ed  b y  com m on z-abscisse, alw ays be  para lle l to  th e  ta n g e n t 
o f th e  curved  ax is o f  th e  o th e r flan g e . O n th e  to p  flange  w ith  th a t  o f th e  
b o tto m  flange a n d  on  th e  b o tto m  flan g e  w ith  t h a t  o f  th e  to p  flange (F ig. 5b).

T h ese /-fo rces  m a y  be decom posed in to  tw o com ponen ts, one (i) o f w hich  
is p a ra lle l to  th e  z -ax is an d  th e  o th e r (r) to  th e  #-ax is (F ig . 6 ).

Since th e  ang le  in  question  is sm all,

t = / c o s £ ^ / ,  (7)
r =  t ■ t a n  e ^  t • e . (8 )

T he forces t a n d  r  are positive if  th e ir  senses o f ac tio n  are th e  sam e as 
th o se  of th e  axes z a n d  x, respective ly .

Fig. 6. D ecom position  o f f o r c e /a p p l ie d  to  th e  flange  o f th e  la te ra lly  buck led  b eam

The forces f  a n d  t are no rm al force in c rem en ts  a tta c k in g  th e  flanges 
o f th e  beam . Since th e  no rm al forces ac tin g  in  th e  flanges caused b y  th e  
tra n sv e rse  loads a re

th e  forces t will be  as follow s:

(9)

t2 — ( 10)

The forces r m a y  be ca lcu la ted  from  th e  re la tio n sh ip  (8 ). T he tan e 
is th e  slope of th e  ta n g e n t  of th e  axis o f th e  o th e r flan g e , i.e., th e  d e riv a tiv e  
o f th e  axis fu n c tio n . A ccordingly , th e  values o f th e  r-forces w ith  th e  r ig h t 
signs are  as follows:

w'2t t =  w2
M '

( И )

=  w[t2 =
M '

— г е, ( 12)

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



LATERAL BUCKLING OF TRUSSES 187

L et us now  decom pose th e  tra n sv e rse  load  a tta c k in g  th e  la te ra lly  
b uck led  beam  to  th e  com ponen ts ac tin g  on  th e  to p  and  b o tto m  flanges (Fig. 4). 
T hen

4i =  4 (13)

Î 2 (14)

T he tra n sv e rse  forces qx and  q2 a t ta c k in g  th e  to p  an d  b o tto m  flanges, 
respective ly , m ay  be decom posed in to  a force com ponen t ly in g  in  th e  w eb

Fig. 7. D ecom position  of th e  tran sv erse  loads on  th e  la te ra lly  b uck led  beam

line of th e  cross sec tion  of th e  beam  an d  to  a n o th e r c o m p o n e n t/)  bend ing  th e  
flange  an d  ac tin g  in  th e  x  d irection  (F ig . 7). T hese /)-forces are , in  case o f  a 
d is tr ib u te d  ç-load , as a m a tte r  o f course, d is tr ib u te d , w hile in  case of a con­
c e n tra te d  @-load th e y  will be co n c e n tra ted . T h e  p-fo rces are  considered to  be  
positive  if  th e y  are  d irec ted  to  th e  p o sitiv e  d irec tion  of th e  я -axis.

T he forces p  w ill be ta n  q> tim es  th e  load  q. T he an g le  cp being  sm all, 
considering  th e  re la tio n sh ip s  (1 ) fo r th e  p  forces, th e  fo llow ing values a re  
o b ta in ed  on th e  to p  an d  th e  b o tto m  flan g es , respective ly :

P l  =  3 i

P 2 —  ?2

IV i W0
h

Wj — w2

(15)

(16)

Also th e  ax ia l loads applied  to  th e  b eam  should  be decom posed in to  
tw o  com ponen ts, one loading  th e  to p  a n d  th e  o th e r th e  b o tto m  flange

Pnl , * Pnh
(17)
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Pn2 =  - - - е ’ Рп- ( 1 8 )h

In  th e  cross sec tio n  z =  z0 o f th e  b eam  th e  follow ing forces and  m o m en ts  

a c t in  th e  to p  f la n g e : th e  norm al force Лг1(г0) =  N ^ z ^  -f- N ^ Z q) =  N ^ Z q) — 
— M x{z0)/h, th e  sh ea rin g  force T M  a n d  th e  bend in g  m o m en t M yl(z0).

In  th e  b o tto m  flange : th e  n o rm a l force jV2(z0) =  N 2(z0) +  N 2(z0) =  
=  N 2(z 0) M x(z0)/h, th e  shearing  fo rce  Tx2(z0) an d  th e  bend ing  m o m en t
M y2(z0). A fte r decom position  in to  co m p o n en ts , th e  to p  flange  is su b m itte d

Fig. 8. Forces ac tin g  o n  th e  flanges o f th e  la te ra lly  buck led  b eam  (®  T op  flange @  B o tto m
flange)

to forces p v  r 15 a n d  p nl, th e  b o tto m  flan g e  to  th e  forces p 2, r2, t 2 an d  p n2. 
T he flanges of th e  la te ra lly  buck led  b eam  are, on th e  effect of th e  above 
forces, in  equ ilib riu m .

L e t us now  d e te rm in e  in  th e  to p  a n d  b o tto m  flanges th e  bend ing  m o m en ts  
o f у  d irec tion  in  a p o in t o f a rb itra ry  abscisse z o f th e  beam . F o r th a t  p u rp o se  
th e  m o m en t e q u a tio n s  of the  forces a tta c k in g  th e  flanges should  be w ritte n  
dow n a t  p o in t A  fo r  th e  top  flange  a n d  a t p o in t В  fo r th e  b o tto m  flan g e
(F ig . 8 ).

A ccordingly , th e  bend ing  m o m en t in  p o in t A  is:

M yl — M yl(z0) Э Д  -

M x ( z 0 )

(wi — wi(zo)) +

+  T xl(z0) (z0 — z) +  J (p nl +  L) (w1 — | j )  dc +

+  (r i +  Pi) (s — z) dÇ (19)
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an d  in  po in t B:

My2 — M y2(z0) -)- iV2(z0) -)-
M x(z0)

( щ  — M,2(Zo)) +\ n

(Zo) (Z0 — Z) +  j  (Pr2 +  h) (W2 — l 2) d£ +

+ f ° ( r 2 +  p 2) ( t ; - z ) d C .  (2 0 )

L e t us su b s titu te  in to  E q . (19) th e  expressions (5a), (9), (11), (13), (15) and  (17), 
an d  in to  E q . (20) th e  expressions (5b), (10), (12), (14), (16) an d  (18), th e n , 
d iffe ren tia te  th e  so o b ta ined  e q u a tio n s  tw ice w ith  re sp ec t to  th e  va riab le  z. 
C onsideration  of

/1
(2 1 )

N 2(z0) =  h  -  e M  N (z0) , 
h

(2 2 )

к
1IIcO
h (23)

eN(zo)) N (zo) +  \ Z° (h -  e) PndZ =  M xN l, (24)

iN(z0) • N(z0) +  |"° epnd£ =  — M xN2 (25)

yields th e  following equations:

(EJ^wl)" +  ~ { M xN2 +  M x) w'[-----]~(eN' — M x) w[ —
n h

s i  s
— q - “ i — — m > 2  +  q — =  о , (26)h1 h h2

(E J 2w2)" -  ~  (M xNl +  M x) w" - ~ [ ( h -  e )  N ’ +  M ']  w'2 +  
n h

h — s 1 _ , h — s л /rt_ 4
+  q  — — » 2  +  - -  M xw1 -  q — —— uq =  0 . (27)

h- h h1

T h e set of E q s (26), (27) is th e  la te ra l  buckling  se t o f eq u a tio n s of th e  
su b s titu tin g  co n tin u u m  o f plane tru sse s  of h inged jo in ts  an d  para lle l chords. 
T his set o f equ a tio n s describes th e  equ ilib rium  of flanges o f th e  la te ra lly  
b uck led  beam .
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4. The boundary conditions

E qu atio n s (26), (27) are fo u r th  o rd er o rd in a ry  d iffe ren tia l equations 
w h ere in , sim ilarly  to  th e  b e n t b a rs  o f th e  s tra ig h t ax is, th e  perpend icu la r 
to  th e  axis d isp lacem en t o f th e  cross sections is u n know n . A ccord ingly  b o th  
a t  th e  to p  and b o tto m  flange  b o u n d a ry  cond itions also occu rring  in  case 
o f  b e n t  bars m ay be e s tab lish ed , fo r each  th e re  are fo u r in n u m b er.

T he b o u n d ary  co n d itio n s o f th e  tru sses  are fo r th e  m o st freq u en t sup ­
p o r tin g  modes as fo llow s:

In  th is ty p e  o f  su p p o rts  b o th  th e  to p  and  b o tto m  flan g e  is supported  
on h inges. The flan g e  cross sections above th e  su p p o rts  can  ro ta te  ro u n d  th e  
у -ax is  b u t canno t be  d isp laced  an d  in  th e  su p p o rt cross sec tion  no bending  
m o m e n t in the  y  d ire c tio n  can  ta k e  place.

The b o u n d a ry  con d itio n s on th e  basis o f (5a, b) are:

w1 =  0 , w2 =  0 ,

In  th is case b o th  th e  to p  an d  b o tto m  flange  is r ig id ly  su p p o rted , n e ith e r 
th e  d isp lacem ents n o r  ro ta tio n  of e ith e r  flanges can  occur. T he b o undary  
co n d itio n s are

4.1 Fork-like supported truss end

M yl =  0, i.e ., w'l — 0, My  g =  0,

4.2. Fixed truss end

u>1 =  0 , 

w[ =  0 ,

w 2 =  0, 

U>2 - -  0 .

4.3. Free truss end

In  case of th e  free  tru ss  end  b o th  th e  to p  an d  b o tto m  flanges m ay  freely 
b e  displaced an d  r o ta te d . In  th e  end  cross section  n e ith e r  bend in g  m om enl 
in  th e  y  d irection  n o r  shearing  force in  th e  x  d irec tion  can  occur. T he boundary  
cond itions accord ing  to  th e  fo rm ulae  (5a, b), (6 a, b) are

or, these  la tte r  tw o  in  case o f c o n s ta n t cross sections:
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Besides those  m en tio n ed  above elastic  su p p o rt an d  e lastic  f ix a tio n  m ay  
also occur.

T he b o u n d a ry  cond itions d iscussed so fa r  w ere th e  sam e for b o th  th e  
to p  and  b o tto m  flan g e . H ow ever, also such  b o u n d a ry  cond itions can  be 
estab lish ed , as d iffering  from  each  o th e r on th e  tw o flanges. T h u s , for exam ple, 
i t  m ay  be p rescribed  th a t  th e  end  of th e  to p  flange of th e  beam  should  be 
fix ed  an d  th e  b o tto m  flange  sim ply  su p p o rted . F o r th is  k in d  o f su p p o rt th e  
follow ing b o u n d a ry  cond itions are co o rd in a ted :

uq =  0 , w2 =  0 ,

w[ =  0 , w"2 =  0 .

T he fac t th a t  b o u n d a ry  cond itions can  in d ep en d en tly  be prescribed , 
se p a ra te ly  for th e  to p  an d  b o tto m  flanges, th is  is m ade possib le  b y  th e  in tro ­
d u c tio n  o f th e  v ariab les  w1 an d  w2.

5. Relationship between the substituting continua o f the 
non-deformalile cross section and hinged cross section o f the truss

In  th e  follow ing i t  w ill be analysed  w h a t re la tio n sh ip  th e re  is betw een  
th e  su b s titu tin g  co n tin u u m  of th e  non-defo rm able  cross sec tion  an d  th a t  of 
h inged  cross section  w ith  n on -to rsion ing  flange. W h a t connec tion  is betw een  
th e  fam ilia r la te ra l b u ck lin g  eq u a tio n s o f th e  th in -w a lled  I-b eam s w ith  non- 
defo rm able  cross section  w ith o u t to rs io n a l rig id ity  an d  th e  eq u a tio n s (26) and 
(27) deduced  above, w ill be in v es tig a ted .

5.1. Equations o f  the beam with proportionately changing cross section

In  th e  lite ra tu re  on th e  su b jec t th e  la te ra l buck ling  of beam s of I-cross 
sec tio n  is discussed depend ing  on th e  ro ta tio n  rp of th e  cross section  an d  th e  
d isp lacem en t u of th e  sh ea r cen te r in  d irec tion  x. In  o rd e r to  com pare th e  
la te ra l  buckling  eq u a tio n s  of th e  tw o ty p es  of su b s titu tin g  co n tin u a , also 
th e  eq u a tio n s (26) an d  (27) shou ld  be re w ritte n  w ith  th e  v a riab les  cp and  u 
in  lieu  of tiq and  w 2.

T he d istance y M defin ing  th e  position  of th e  sh ear cen te r  o f th e  cross 
sec tion  (F ig . 4) is g iven b y  th e  re la tio n sh ip

У м = - у - A. (28)
Jy

w herein

J y =  J 1 +  J 2 . (29)
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W ith  th e  co n sid e ra tio n  o f F ig . 4 and  th e  re la tio n sh ip  (1) re la tin g  to  sm all 
ang les, i t  can be w ritte n :

i»! =  и +  (h — y M)<p , • (30)

w2 = u — y M(p- (31)

S u b s titu tio n  o f th e  expressions (30) an d  (31) in to  th e  d ifferen tia l eq u a ­
tio n s  (26) and  (27) w o u ld  re su lt in  a r a th e r  in tr ic a te  se t o f equ a tio n s ra th e r  
d iff ic u lt to  su rvey . B u t, i t  is m u ch  sim pler to  t r e a t  b eam s w ith  only  th e  
m o m e n t of in e rtia  o f th e  cross section  o f w hose b o th  to p  an d  b o tto m  flange 
changes in  ex ac tly  th e  sam e p ro p o rtio n . Such beam s w ill be called  beam s w ith  
p ro p o rtio n a te ly  chan g in g  cross section . T hus, a t th is  b eam  th e  q u o tien t o f 
th e  m om ents of in e r tia  o f th e  flan g e  cross sections

к = J i
Л

is c o n s ta n t. H ow ever, in  th is  case also th e  position  of th e  sh ea r cen te r rem ains 
c o n s ta n t th ro u g h o u t th e  len g th  of th e  beam  i.e.,

У const. (32)

T he w arp ing  c o n s ta n t o f th e  I  cross section is g iven  b y  th e  know n 
re la tio n sh ip

J 1J 2 uiJ ,  =
J i  +  J 2

(33)

L e t us in troduce  th e  n o tio n  of th e  rad iu s  of cross sec tion  d en o ted  b y  rx. T his 
is d efin ed  as a lo n g itu d in a l q u a n ti ty  m easuring  th e  a sy m m e try  of th e  cross 
sec tio n :

rX
J l  J 2 L
J i  +  Л

(34)

In  th e  follow ing, th e  m odulus of e la s tic ity  E  is assum ed  to  be co n s tan t. 
H e re a f te r , le t us rep lace  th e  expressions (30) and  (31) in to  th e  set of d ifferen tia l 
e q u a tio n s  (26), (27) an d  le t us consider th e  p ro p e rty  (32). In  add itio n  of th e  
so o b ta in ed  tw o e q u a tio n s  and  m ak ing  use of th e  re la tio n sh ip s  (4) an d  (29) 
as w ell as th a t

N  =  N (z0) +  ,

th e  follow ing eq u a tio n  is y ie lded

E (J yu")" -  (N u ’)' +  y M{Ncp')' -  e J V y  +

+  M xN2(p" +  (M xcpY =  0 . (35)
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I f  one m u ltip lies th e  firs t o f th e  tw o  equ a tio n s w ith  (h — y M) an d  th e  
second one w ith  ( —y M) and  adds th e m , an d  considering  th e  expressions 
(28), (29), (33) an d  (34), so the  fo llow ing  e q u a tio n  is o b ta in ed :

E (JU<P"Y — у \л (Щ 'У  +  rxeN'cp' — rxM xN2<p" — rx{M x<p')' +

+  (Ум — s) ЧУ +  У  m{N u ')' — e N 'u '  -f- M xN2u" -f- M xu" =  0 . (36)

T he se t of equa tions (35), (36) of th e  la te ra l  buckling  o f th e  I-beam s w ith  
non -to rsion ing  flan g es p ro p o rtio n a te ly  chan g in g  h inged cross section  th is  is 
a lread y  su itab le  fo r a d irec t com parison  w ith  th e  la te ra l b u ck lin g  eq u a tio n s  
o f th e  I-beam s w ith  a non -defo rm ab le  cross section.

To equations (35), (36) a m ore s im p lified  form  m igh t be given b y  m ak ing  
fu r th e r  assum ptions.

I f  eN =  e =  constant, so th e  e q u a tio n s  ap p ear in  th e  follow ing fo rm  

E (Jyu У  -  {N [u '  +  ( e -  y M) cp']}' +  (M xcpY =  0  , (37)

E(J„<P")" -  {[(Ум — erx) N  +  rxM x]<p'Y —

— (e — Ум) (N u ')' +  M X«' +  q(yM — s ) ( p = 0  . (38)

A nd even th e  cross sec tio n  is assu m ed  to  be  co n stan t, so we o b ta in

E J yu"" -  {N [u '  +  ( e -  y M)cp']}' +  (M xcpy =  0 , (39)

E J y  -  {[{ fM -  erx) N  +  rxM x] cp'}' -

-  (e — Ум) {Nu') '  +  M xu" +  q(yM — s)<p =  0 . (40)

5.2. Boundary conditions in case o f  a proportionately changing cross section
and the variables и and cp

I f  one considers th e  set of e q u a tio n s  (35), (36) or i ts  shapes w ritte n  
fo r sim pler cases in  lie u  of (26), (27), so th e  b o u n d a ry  cond itions should  be 
fo rm u la te d  w ith  th e  u se  o f the  v a iia b le s  и an d  cp in  lieu  of w 1 an d  w 2. All th e  
b o u n d a ry  conditions w hich  were p re sc rib e d  in  C hap te r 4 a t  th e  to p  an d  
b o tto m  flanges to  th e  sam e d e riv a tiv e s  o f th e  v ariab les nq  an d  w 2, can  полу 
be specified also fo r th e  variab les и a n d  cp, th e se  variab les b e ing  easily  ex p res­
sible from  th e  eq u a tio n s  (30) and (31). T h u s , fo r exam ple, in  case of a fork-like 
su p p o rt o f th e  b eam  en d  from  th e  co n d itio n s

nq =  0, w'l =  0 , w 2 =  0 , n>2 =  0
th e  conditions

и =  0 , cp =  0 ,

u" =  0 , cp" =  0

follow.
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H ow ever, if  fo r  th e  to p  an d  b o tto m  flanges d e riv ed  conditions w h ich  
d iffe r from  each o th e r  are p rescribed , th e  cond itions fo rm u la ted  w ith  th e  
v a riab le s  Wj and  w 2 w ill n o t have  eq u iv a len ts  to  be expressed  w ith  th e  v a riab le s  
и an d  q>. This m ay ea s ily  be recognized  a fte r  expressing  и an d  cp from  (30), (31). 
T h u s , for exam ple, in  case of a c o n s ta n t cross section  th e  conditions w1 =  0, 
w[ =  0 , w2 =  0 , w2"  =  0  o f th e  b eam  end  w hich is f ix e d  on to p  an d  free 
a t  th e  bo tto m , th is  c a n n o t be p rescrib ed  b y  using  th e  v ariab les  и and  <p.

I t  is to  be n o te d  th a t  also to  th e  v ariab les  u an d  <p su ch  b o u n d a ry  con d i­
tio n s  m ay  be p resc rib ed  w hich c a n n o t be  expressed  w ith  th e  v ariab les u \  a n d  
w 2, how ever, such co n d itio n s are o f no in te re s t in  case o f tru sses.

5.3. Relationship between the equations o f  lateral buckling o f  the thin-walled I-beam  
with a non-deformable cross section but without torsional rigidity and those o f  

thin-walled I-beam with non-torsioning flanges and hinged cross section

The in v estig a tio n s in  th is  fie ld  are carried  ou t in  connection  w ith  I-b eam s, 
considering  th a t  in  m o st cases in  th e  l i te ra tu re  on th e  su b jec t only fo r such  
b e a m s w hich h av e  c o n s ta n t cross sections, are eq u a tio n s  of la te ra l b u ck lin g  
to  be found.

T he o rd in ary  se t o f d iffe ren tia l equ a tio n s (39), (40) will be co m p ared  
to  th e  equations o f  th re e  au th o rs  w ho carried  ou t th e ir  deductions in  m ore 
o r less different w ays (Vlasov [8], B ürgermeister  et al. [2], B leich [1]).

1. V lasov’s equations

Be e =  es =  constant. I f  J c — 0 h av in g  no effect on x  d irec tio n  
occurs, so from  V lasov’s set o f eq u a tio n s  ([8 ] page 302, (1.28) ) th e  f i r s t  
e q u a tio n  is id en tica l w ith  th e  equ ilib rium  eq u a tio n  (39) o f th e  p resen t s tu d y . 
T he th ird  eq u a tio n , w ith  th e  sym bols of th e  p resen t p a p e r  is:

EJ»?”" - 1 [y2M —  e S rx  +  — N +  | y M x и
1 ( F E*2 E 2 ) J

- ( es — V m ) ( N u ' ) '  +  M XU +  q{yM —  s) cp =  0 .

Com pared to  E q . (40), deduced  b y  th e  a u th o r  o f th e  p resen t p a p e r , 
d ev ia tio n s m ay be fo u n d  only in  th e  coefficients of {Nqp')' and  (M x<p')'.

2. B ürgermeister^  equations

Be e =  es =  constant and  N  =  — P  a c o n s ta n t com pressive fo rce , 
fu r th e r , J c =  0. I n  th is  case B ürgerm eister^  eq u a tio n  [2] (787a) agrees 
w ith  E q . (39) d ed u ced  b y  th e  a u th o r  o f th e  p resen t p a p e r  while B ürger-
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m e is t e r ’s E q . (790a), a fte r som e rea rran g em en t w ith  th e  sym bols of th e  
p resen t s tu d y  read s as follows:

E J j f " "  +  P

J 2____
F 2 f J

Г/ J 
Ум -  esrx - f  - f <p" +  (es — Ум) u"

LI F
l

h +  r x ( М У У  +  M xu" +  q(yM — s) (p =  0 .

This eq u a tio n  sim ilarly  to  th a t  o f V lasov differs from  E q . (40) deduced  
here only  w ith  its  coefficients of Pep" and  (M xip')'. I t  is to  be n o ted  th a t  K o ll- 
b r u n n e r  an d  M e is t e r  [6 ] e s tab lish ed  equa tions w hich are  sim ilar to  B ü r g e r - 
m e ist e r ’s e q u a tio n  (see [6 ], e q u a tio n s  (IV . 405), (IV . 406) ) w hich in  case of 
P  =  0 are id en tica l w ith  th e  eq u a tio n s  (22) of Ch w a lla  [3]. B u t Chw alla  
also tak es  th e  effect o f th e  la te ra l con tinuous elastic  su p p o rt in to  accoun t.

3. B l e ic h ’s equations

L et e be an  a rb itra ry  c o n s ta n t, N  =  — P  a c o n s ta n t com pressive force 
an d  J c = 0 .  F o r these  co n stan ts  B l e ic h ’s [1] E q . (308a) is th e  sam e as E q . (39) 
of the  p resen t p ap e r b u t B l e ic h ’s e q u a tio n  (308b) w ith  th e  sym bols of th e  
p resen t p ap e r reads as follows

E j y  +  P

+  (e — Ум) и"

es(h ~  es) +  — (e -  es)jt

+  M xu" +  q(yM — s)<p =  0 .

I J?. A .)1 F2 

=  0 .
fJ +  r > ?" +

I t  can  be observed  th a t  th is  eq u a tio n  s ig n ifican tly  d iffers from  E q . (40) 
of th is  p ap er, an d  in  case o f e =  es even from  V lasov’s and  B ü r g e r - 
m e ist e r ’s sim ilar eq ua tions. A sig n ifican t difference is in  th e  coefficients o f 
Pep", fu rth e r , th e  te rm  is m issing w hich  con ta ins (M xcp')'.

Since V lasov and  Chw alla  (and  following th is  la t te r ,  also B ü r g e r ­
m e is t e r ) o b ta in ed  th e  very  sam e re su lt in d ep en d en t of each  o th e r, th ere fo re , 
th e ir  equa tions can  be considered  to  be th e  equ a tio n s o f la te ra l buckling  of 
th e  th in -w alled  beam s an d  a t  th e  sam e tim e  of th e  I-b eam s.

A ccordingly  com paring  V lasov’s th ird  e q u a tio n  m en tio n ed  above 
w ith  E q . (40) deduced  in  th e  p re se n t p ap er, i t  can  be s ta te d  th a t  betw een  a 
th in -w alled  I-b eam  (Fig. la )  h av in g  no to rsional r ig id ity  b u t  non-defo rm able  
cross section , and  an  I-beam  w ith  non-to rsion ing  flan g es an d  h inged cross 
section  (Fig. lc )  a s ign ifican t d ifference ex ists if  th e  cross sections o f th e  
flanges stro n g ly  differ from  each  o th e r , i.e ., if  th e  beam  is also su b m itted  to
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a n  ax ia l force. I f  no  ax ia l force is app lied  to  th e  beam , a n d  its  flanges are 
th e  sam e (i.e., th e  cross section  has tw o  sy m m etry  axes) so, from  th e  v iew ­
p o in t  of la te ra l b u ck lin g , th e re  is no d ifference b e tw een  an  I-b eam  hav ing  
n o  to rsional r ig id ity  w ith  non-defo rm able  cross sec tion  a n d  th a t  w ith  non- 
to rs io n in g  flanges a n d  h inged  cross section .

I t  should be n o te d  th a t  th e  d ifference betw een  th e  tw o  m odels is caused 
b y  th e  fac t th a t  th e  n o rm a l stresses dz, a rising  in  th e  th in  flanges, give 
d is tr ib u te d  to rs io n a l coup le  re su lta n ts  i f  th e  flanges tw is t . In  case of a 
com pressive force N  th is  alw ays d im in ishes th e  c ritica l lo ad , in  case o f a 
b e n d in g  m om ent M x, how ever, th is  can  increase or decrease  th e  c ritica l load , 
d ep en d in g  on w h e th e r  th e  couple re su lta n ts  of th e  te n s io n  or com pression 
s tre sse s  prevail.

REFERENCES

1. B le ic h , F.: B uckling  S tre n g th  of M etal S tru c tu re s . M cG raw -H ill B ook  Com p. New Y o rk —
T oron to—L o ndon  1952

2. B ürgerm eister, G .— St e u p , H .— K retzschmar, H .: S ta b ilitä ts th eo rie . Teil I. 3. A uf­
lage. A kadem ie-V erlag , B erlin  1966

3. Chwalla, E .: K ip p u n g  v o n  T räg e rn  m it e in fach -sym m etrischen , d ü n n w an d ig en  u n d  offenen
Q uerschnitten . Sitzungsberichte der A kadem ie  der W issenschaften W ien  l i a ,  153 (1944), 
47—60

4. Csonka P.: Stiffness C h a rac te ris tic s  o f R ig id  W arre n  G irders. A cta  Techn. H ung. 20 (1958),
1 0 3 -1 1 8

5. D ulácska E.—Tárnái T .: S ta b ility  o f T russes. M agyar É p ítő ip a r  23 (1974), 207— 218.
( In  H ungarian )

6. K ollbrunner, C. F .— Me ist e r , M.: K n ick en , B iegedrillkn icken , K ip p en . Springer-V erlag,
B erlin—G ö ttin g e n — H eidelberg  1961

7. K ovács 0 .—Faber G .: M anual o f E la s tic  S ta b ility . M űszaki K ö n y v k ia d ó , B u dapest 1963.
(In  H ungarian)

8. ВЛАСОВ, В. 3.: Тонкостенные упругие стержни. Избранные труды. Том II. Издатель­
ство Академии Наук СССР, Москва, 1963

9. W in t e r , G.: L a te ra l S ta b il i ty  o f U n sy m m etrica l I-B eam s an d  T ru sses in B ending. Trans­
actions o f A S C E  (1943), 2 4 7 -2 6 8

K ippen von eb en e n  F ach w erk träg ern  m it G c lenkquerschn itt u n d  P ara lle lflanschen
— B e h an d e lt w ird eine N äh eru n g san a ly se  v o n  paralle lg eflan sch ten  ebenen  F ach w erk träg ern  
a u fg ru n d  der K o n tin u u m m eth o d e . D er F ach w erk träg er w ird  als e in  T räg e r  m odelliert, dessen 
F la n sc h e n  drillungsfest u n d  steggelenkig  den  F lan sch en  angeschlossen  is t. D ie G leichgew ichts- 
D ifferen tia lg le ichungen  w erd en  fü r  diesen F a c h w erk trä g er in  au sg ek ip p tem  Z u stan d  abgeleitet. 
E s  w ird  der Z u sam m enhang  zw ischen den e rh a lten en  G leichungen u n d  den  K ippungsgleichun- 
gen  v o n  dünnw andigen  T räg e rn  m it fo rm b estän d ig em  Q u ersch n itt b eh an d e lt.

Устойчивость плоской формы изгиба плоскостных ферм с параллельными поя­
сами и шарнирными узловыми точками. Работа занимается устойчивостью плоской формы 
изгиба плоскостных ферм с параллельными поясами и шарнирными узловыми точками. 
Ферма моделируется в карестве такой двутавровой балки с не работающим на кручение 
поясом, в случае которой хребет соединяется с поясами шарнирно. Выведено диффе­
ренциальное уравнение равновесия такой балки в состоянии после кручения. Показана 
связь между уравнениями устойчивости плоской формы изгиба тонкостенных соформных 
балок и полученными уравнениями.
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DETERMINATION OF THE EQUATION OF THE CURVE 
OF THE PLANE BALLOON IN RING SPINNING

B. G R E G A *
CAND. OF TECH. SCI.

[M anuscrip t rece iv ed  Ju n e  12, 1976]

T he a u th o r de term ines th e  e q u a tio n  of th e  balloon  cu rv e  fo r rin g  sp inn ing  b y  
neg lecting  the  Coriolis force and a ir re s is tan ce . The so lu tion  o f th e  sy s tem  of d ifferen tia l 
equ atio n s of th e  eq u ilib riu m  of fo rces ac tin g  on th e  y a rn  e lem en t show s th a t  fo r th a t  
case th e  equation  o f th e  balloon p la n e  cu rve  canno t be se t u p  in  a  closed form . The 
e q u a tio n  of th e  ba llo o n  p lane curve  is  given by  th e  L eg en d re-ty p e  e llip tical in teg ra l 
o f th e  f irs t  kind.

T he ex ac t analysis  o f th e  p h e n o m e n a  occurring in  th e  balloon  requ ires 
th e  consideration  of a ll th e  acting  fo rces. H ow ever, ex p e rim en ts  have  p roved  
th a t  in  p rac tica l sp in n in g  th e  w e ig h t o f  th e  y a rn  e lem en t, th e  Coriolis force, 
fu rth e rm o re  th e  cen trifu g a l force a ris in g  due to  th e  c o m p a ra tiv e ly  slow m otion  
o f th e  y a rn  along th e  y a rn  curve, c a n  be  neglected . T h o u g h  a ir resistance  
— because of the  h ig h  ro ta tio n a l v e lo c ity  — can be fa ir ly  h igh , i t  h a rd ly  
ex e rts  an y  influence on balloon te n s io n  and  only effects th e  shape  o f th e  
balloon .

W e shall set u p  th e  eq u a tio n  o f  th e  balloon cu rv e  b y  neg lecting  th e  
tech n ica lly  adm issable forces.

G eom etrically , th e  neglection  o f  a ir  resistance a n d  th e  Coriolis force 
m eans th a t  th e  y a rn  cu rv e  is consid ered  as a p lane cu rve . In  t h a t  case th e  
p lane  of force

o f th e  re su lta n t of th e  tension ing  fo rces  S(x) and  S'(x)  coincides w ith  th e  
p lane  o f th e  curve (F ig . 1).

D eno ting  by  a th e  angle fo rm ed  b y  th e  ta n g e n t p e rta in in g  to  th e  p o in t 
P(x, y ) o f th e  curve a n d  th e  positive h a lf  o f the  axis x,  th e  d irec tio n  ta n g e n t

* B. G r e g a , N ém etvö lgy i ú t  22, 1126 B u d a p e s t,  H u n g ary
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b e in g  у '  =  ta n  a, th e  d irec tio n  cosine o f th e  ten sion ing  force S(x) tak es  th e  
fo rm

cos а
1

У Г Т 7 "2 ’

sin а  = у 9

П  + у ' 2

T h e  arc  elem ent ds o f  th e  y a rn  curve is in  equ ilib rium , if  th e  re su lta n t o f all 
th e  forces acting  on i t  is alw ays zero, i.e. 27 X,- =  0 és 27 Y t =  0, or in d e ta il

a.ds.x.oß  — S(x). cos a  -f- S'(x).  cos a '  =  0 ,

— a.ds.g  — S(x) sin  a  -f- S  {x ) sin a '  =  0 .

T h e  la tte r  system  o f eq u a tio n s  is th e  sy stem  of d iffe ren tia l equations of th e  
ballo o n  plane cu rv e  lo ad ed  b y  its  w eight.

The q u a n titie s  co n ta in ed  in  th e  system  of e q u a tio n s  are  as follows: 
ds — leng th  of th e  a rc  e lem ent considered, со — an g u la r v e lo c ity  of th e  ru n n in g  
p o in t of the  balloon  ro ta t in g  a round  th e  spindle axis, g — g ra v ita tio n a l acceler­
a tio n , a — lin ear d e n s ity  of th e  y a rn , S(x) and  S'(x)  — ta n g e n tia l  tension ing  
fo rces arising a t  th e  tw o  end  po in ts  o f th e  y a rn  elem ent. T h is o rd in a ry  system  
o f  equations also fo llow s from  th e  sy stem  of eq u a tio n s  o f th e  space curve 
o f  th e  yarn  p rev io u sly  g iven , w ith  th e  techn ica lly  accep tab le  neglections.
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F o r th e  so lu tion  of th e  system  of d ifferen tia l eq u a tio n s  we shall ex ten d  
th e  fu nc tions S'(x)  cos a ' and  S ’(x) sin a '  in  series; an d  as ds is v e ry  sm all, 
we shall close th e  series a fte r  th e  te rm s  o f f irs t order. T hus,

S '(* ) cos x ’ =  S(x). cos x  -f- 

S '(x ) sin  x  =  S(x). sin a  +

d{S(x)  cos a}  dx 
dx

d{S(x)  sin x }  ^  +  

dx

H ence, th e  equ a tio n s of th e  equ ilib rium :

o.ds.x.co2 — S(x) cos x  -(- S(x) cos x  -\----- ^  ̂ -̂--------— dx =  0 ,
dx

— cr.ds.g — S(x) sin X -j- S(x) sin  a  +  ) s —oci_ дх  _  q

dx
i.e.

cf.ds.x.ca2 -\— —  {S(x) cos x} dx =  0 , 
dx

— cr.ds.g -]------- {S(x) sin  x} dx =  0  .
dx

T ak in g  in to  considera tion  th e  len g th  of th e  y a rn  e lem en t, in te g ra tin g  a f te r  
rea rra n g em e n t

S(a:). cos x  =  —a.со2 ^1 y ’2dx -f- cj ,

S(a:). sin  x  =  a.g (J* f l  +  y"*dx +  .

M u ltip ly ing  th e  f ir s t  eq u a tio n  b y  —sin a , an d  th e  second one b y  -(-cos x an d  
su m m ing  up

0  =  о .o>2. sin x  1 +  y ' 2dx  -f- cj -)- a.g. cos x  í ^ 1  +  y ' 2dx  -(- Cj j  ,

w hence

л  ы0  =  — ta n  x
g

+  y ' 2d x +  c + I f l  +  y ' 2dx  +  Cj
Jo

w ith
ta n  x  =  y

ca‘-у '  Ц * x  У1 -|- y ' 2dx +  cj +  J  y i  -f- y ' 2dx  -f- сг =  0
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D iffe ren tia tin g  b o th  sides o f th e  eq u a tio n  w ith  resp ec t to  x  an d  a rrang ing , 
we o b ta in

1  +  y ' 2dx  -j- c =  —
y * + ~CO2,

У1 + у ' 2

У

A gain  d iffe ren tia tin g  w ith  respect to  th e  v a riab le  x

x fi + у d
y ' x + ~

CD1
П + у ' 2

dx У
t

T his la t te r  is a com m on  th ird  o rder n o n -lin ea r d iffe ren tia l eq u a tio n , th e  
d iffe ren tia l e q u a tio n  o f th e  y a rn  curve lo ad ed  b y  i ts  w eigh t. T he so lu tion  of 
th e  e q u a tio n  can b e  d e te rm in ed  in  th e  fo rm  o f an  in fin ite  series. In s te a d  of 
th is , how ever, i t  is to  be  considered th a t  th e  w eigh t o f th e  y a rn  is v e ry  sm all 
as com pared  to  th e  cen trifu g a l force, th u s , i t  can  be igno red , an d  hence from  
th e  second eq u a tio n  o f  th e  system  of d iffe ren tia l eq u a tio n s (1 )

-----{S(x) sin a} =  0  ,
dx

S(x) sin  a  =  c2 .
F ro m  th e  f irs t in te g ra tio n

S(x).  cos a  =  —a.œ2j лс У1 -f- y ' 2dx  -)- cj .

D iv id in g  th e  eq u a tio n s  b y  each o th e r

cos a

sin a
=  co t a  =  —  =  — 0(0  I j x  y i  -f- y ' 2dx  +  c 

У' c2 |Jo

R earran g in g  and  d iffe ren tia tin g  w ith  re sp ec t to  x  on b o th  sides

c0 1d
dx 0 . (0z у

=  X  У 1 +  у ' 2

w hence
О . ( О 2  у ' 2

I -  • * y i  +  у ' 2

У
0.(0*

х . у ' 2 \ \  +  у ' 2
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The eq u a tio n  of th e  ba llo o n  curve o b ta in e d  is a second o rder, d efic ien t and  
non-linear one. W e can  arrive  a t i ts  so lu tion  b y  th e  tra n s fo rm a tio n  y '  — p.  
W ith  th a t

dp o.m2 — ■— -
~ j -  = -------- *P2U  + P ~  ■dx  c2

This eq u a tio n  can be in te g ra te d  a f te r  sep a ra tin g  th e  v ariab les

dp o.a( - 4  J P2b +  p 2

The le ft side a fte r s u b s ti tu n g  p  =  s in h  и

J cosh udu 
sin h 2 u\[\

X  dx .

oat2 Г
—  ГC2 J]/ Ï -|- s in h 2 и c,

J sinh2 u 2 с.

dx

. 0 (0 -  „ ,,
—coth  u = ------ X 2 В  .

2  c2

B y tran sfo rm in g  th e  le f t side

cosh и У1 —)— sin h 2 и о со2
sinh  и s in h 2  Со

х2 +  В

от

Be

then

y i  +  У'2
у '

0(0‘  

2 с.
X 2 +  В

1 =
У

0(0
2 Со

х2 +  В

оси* 

2 с.
=  А

У
=  {Ах2 +  В)2 -  1

у'2 = ■
{Ах2 +  В)2 -  1
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w hence  by  in teg ra tio n

У S У м *2

dx
K2 +  B )2 _  1 

A t th e  p o in t A (0 , h) o f  th e  balloon  cu rve

+  K .

4

dx
) '(A x2 +  B)2 -  1 

F ro m  th e  difference o f  th e  tw o in teg ra ls

dx
У

- j o  У м *2 +  B f -  1

+  К .

+  л

Since th e  polynom  u n d e r  th e  ro o t is th e  b iq u a d ra tic  exp ression  o f x, th e  
in te g ra l is elliptic. T h u s , th e  expression  o f th e  balloon  p lan e  curve  is given 
b y  th is  la s t fo rm ula, in  w hich th e  e llip tica l in teg ra l has to  be tran sfo rm ed  in ­
to  a canonical form . T h e  d e te rm in a tio n  o f th e  m odulus o f th e  e llip tica l in teg ra l 
re q u ire s  th e  d e te rm in a tio n  of th e  va lu es  of th e  in teg ra l c o n s ta n ts  c 2 and  B,

D enoting  b y  S 0 th e  ten sion ing  force p e rta in in g  to  th e  p o in t A (0 ,  h) o f th e  
b a llo o n  curve and b y  V 0 th e  co m p o n en t w ith  d irec tion  у  o f S,  th e n  a t th e  p o in t 
A ( 0 ,  h), i.e. if  x =  0 a n d  у  — h, y ' 0 =  ta n  a 0, w here a 0 is th e  angle form ed 
b y  th e  tensioning force S 0 and  th e  po sitiv e  h a lf  o f th e  ax is x  (F ig . 2).

W ith  th e  in itia l cond itio n s, th e  eq u a tio n

ta k e s  th e  form

w hence

П  +  y"2 =
У c2 2

У1 -\- t a n 2 a 0 

ta n  a 0
=  В .

sin oc0

B eing , how ever, a 0 =  90° +  y 0, *

sin  a 0 =  sin  (90° +  y 0) =  cos y 0 ,

cos y 0 V 0

W ith  equal in itia l co n d itio n s, also th e  v alue  of th e  in te g ra tio n  co n stan t c 2 

can  be determ ined  fro m  th e  eq u a tio n  S(x) • sin a =  c2. N am ely , for th e  p o in t
A ( 0 ,  h)

S 0 sin CCg —  c2 ,
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or, by substituting a 0 =  90° -f- y 0

C2 =  Sg S in  ( 9 0 °  +  Уд) =  Sg COS У Q =  S g — ± =  Vg

S u b s titu tin g  th e  v a lu e s  of th e  c o n s ta n ts  В  and  c 2 in to  th e  e llip tical in teg ra l

dx
У am* +  h

2 V n
1

R educing  th e  b iq u a d ra tic  polinom  u n d e r  th e  roo t to  its  p ro d u c t

dx
У

am*
* 2 +  1

S n am*
2 Vn

• *2 -  l  +  - f

B y elim inating  th e  co n s ta n ts

У =
dx

1 _  Sg 

К

/  am2

2 V n i _  A
* 2 +  l 1

am

h .

2 V n i  +  A
T7K 0

Ж2 -  1 '

h ,
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У =
d x

s i - П
К

+  h
стаг

2 (S 0 -  V 0)
-X2 +  1

auf
2 (S 0 +  V 0)

X 2 — 1

E lim in a tin g  th e  c o n s ta n t from  th a t

У = 1/ Vo
f x  d x

V Si -  V I

J 0 Г 1 CT«2 . Л (l <Tft)2 J
010

1A

2 (S 0 +  V 0)

+  h ■

F o r o b ta in in g  th e  can o n ica l form  o f th e  e llip tical in teg ra l le t us use th e  t r a n s ­
fo rm a tio n

2 (S 0 — V 0) .
—-—— —— sin w , 

Oft)2

th u s

d x
' 2 (S 0 -  V 0)——-— -— — cos œdœ ,

aar

cp =  arc sin aco*
2 (S 0 -  V 0)

• X ,

У
VI

SI - V I X

X

'2 (S 0 -  V 0)u— „— — cos <т>а<г>
aco2

(1  — sin 2 99) 1 -
croj-1 2(S 0 -  V 0) • s in 2 cp

~b h •

2 (S 0 +  V  0) aco2

E lim in a tin g  th e  co n stan ts  u n d e r  th e  in teg ra l an d  b y  sim plification

cp =  arc  sin

У =
2 VS

aco2(S 0 +  V 0)

a n d  fina lly , ap p ly ing  th e  n o ta tio n

k 2 =

2 (S 0 -  V0)
dcp

J  0

+  Ä

s 0 + v 0
sin2 cp

S q - V q

S 0 +  V0
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we o b ta in  th e  canon ical form  of th e  e llip tica l in teg ra l

У

cp =  arc sin

f

OOD*
2 (S 0 — V0)

2  VI
0CO2(S O +  V,o) Jo n

dip
k2 • s in  2<p

This in teg ra l is a L egendre-type  e llip tica l in teg ra l o f th e  f irs t k in d . 
U sing th e  n o ta tio n

Aip =  Aamu  =  ] / 1 — k2 sin2 i

we get o b ta in

у  — h =  

у  — h =

99 =  arc sin

r

1 S  q- U q 
S 0 + V 0

am2
2 (S 0 +  V0)

sin- arc  sin
2 (S 0- V 0)

2 VI dip
crco2( S 0 +  V0) J о Aip 

F{k,cp)2  VI
aco2( S 0 +  V 0)

/  2V2° - f \
I s  — V

0 0 n r r - in 1 aco2
r <J(o2(S 0 +  V 0)

« cli G Bill

s 0 +  V 0 2 (S 0 -  F 0)J

T he equation  o b ta in e d  if  th e  L eg en d re -ty p e  fo rm  o f th e  e q u a tio n  o f th e  
ba lloon  p lane curve. T h u s , on th e  b as is  o f the  Table F  o f e llip tica l in teg ra ls , 
th e  balloon  curve can  be  co n stru c ted .
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Bestim m ung der Gleichung der ebenen Ballonkurve beim Ringspinnen unter B erück­
sichtigung des Fadengewichts. — D er V erfasser s te ll t  ein S ystem  v o n  D ifferen tia lg le ichungen  
d e r ebenen  B allonkurve au f, u n te r  B erü ck sich tig u n g  der en tg eg en g ese tz ten  Z u g k räfte  a n  den 
b e id en  E n d en  des F ad en e lem en ts , der Z e n tr ifu g a lk ra f t u n d  des F ad en elem en tg ew ich ts . D a 
es k e ine  M öglichkeit fü r  eine Lösung in  gesch lossener Form  g ib t, w ird  die G leichung der 
B allo n k u rv e  durch  R e ih enen tw ick lung  b e rech n e t.

Определение уравнения плоской кривой баллона при кольцепрядении. Автор опре­
деляет уравнение баллонной кривой кольцепрядения для случая, когда не принимаются во 
внимание усилие Coziolis-a и сопротивление воздуха. При решении системы дифферен­
циальных уравнений равновесия усилий, действующих на элемент нити, выясняется, что 
уравнение плоскостной кривой баллона также в данном случа нельза получить в закры­
той форме. Уравнение плоской кривой баллона можно дать с помощью элиптического 
интеграла первого рода.
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ESTIMATE OF THE TORSIONAL STIFFNESS OF 
PRISMATIC BARS OF HETEROGENEOUS MATERIAL

I .  E C SE D I*

[M anuscrip t rece ived  S ep tem ber 9, 1976]

The free to rs io n a l problem  of p rism atic  bars of heterogeneous, iso trop ic , lin ea rly  
elastic m ate ria l is tre a te d . On th e  b asis o f th e  lite ra tu re  on th e  su b jec t, th e  know ledge 
of th e  torsion  of p rism atic  b a rs m ad e  of he terogeneous m ate ria ls  is sum m ed u p  w ith  
some com pletion , such  as for ex am p le , a fo rm ula  for th e  d e te rm in a tio n  of to rsional 
stiffness. C erta in  s ta te m en ts  o f D ia z  and  W e i n s t e i n  are  ex tended . A ccording 
to  th e  in equalities ded u ced  by th e  a u th o r  fo r th e  d e te rm in a tio n  of th e  to rsional stiffness 
of p rism atic  b a rs  o f heterogeneous, h o w ever iso trop ic  m ate ria l, u p p e r and  lower lim iting  
values m ay  be defined . B y choosing su itab le  au x iliary  fu n c tio n s th e  lim its defined 
from  th e  in eq u a lities  deduced  for th is  pu rp o se  by  th e  au th o r, m ay  a rb itra rily  be n a rrow ­
ed. A num erical exam ple  is also p resen ted .

Symbols o f  m ajor im portance which are used in  this paper

G =  G(x, y)
V = v(x , y )
X , y , 2
О
i , j , k
г =  x i + y j  + zb 
R =  x i  +  y j  
T

g =  g  О +  gl +  Й2
g (i =  0 ,1 ,2 ,. . .
T
»
<P = (*, y)
V  =  d/dxi+ d /d y j  

66 #
66 x ”

гх, Fy, ez
Уху Ууг-> Ухг
Qy> &Vi 
T T

xy>  T X Z ’  T X Z’ 

z =  Txz' +  ryzj
L =  Пх  i +  Пу]

sh ear m o du lus of e la s tic ity  
P o isson’s ra tio
C artesian  o rthogonal coo rd in a tes
orig in  o f system  of co o rd in a te s  x y  ly ing  in  th e  p lan e  of th e  cross section  
u n it  v e c to rs  of the  sy s tem  of coord inates xyz  
po sitio n  vec to r
p o sitio n  v e c to r in  th e  p lan e  of th e  cross section
region co h eren t (p  +  l) - tim e s  in p lane xy, cross section  of th e  tw isted  
p rism atic  b a r
............... +  gp bo rder o f reg ion  T
. . p )  c losed sm ooth  cu rv es a t  each  section w ith o u t con ju g a te  p o in t 

su rface  a rea  closed b y  cu rv e  g,- 
re la tiv e  to rsion
w arp in g  fu n c tio n  of cross section  
H a m ilto n ’s d ifferen tia l o p e ra to r 
sym bol o f scalar m u ltip lica tio n  
sym bol o f vecto ria l m u ltip lica tio n  
specific e longations 
specific  ro ta tio n s  
n o rm al stresses 
sh ea r stresses

n o rm al u n i t  v ec to r o f lim it  cu rve  g d irec ted  o u tw ard s from
<Fig- 21 >ta n g e n tia l  u n it  v ecto r o f l im it  cu rve; going ro u n d  th e  lim it curve in  d irec­
tion  t, th e  region defined b y  cross section lies a t  th e  le ft-h an d  side (F ig. 2.1) 
arc co o rd in a te  in te rp re te d  on lim it curve g

* Dr. I. E c s e d i , V ászonfehéritő  u. 24. IV /1, H-3531 M iskolc, H u n g a ry .
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6/9 n d e riv a tiv e  calcu la ted in  d irec tion  n
d/ds d e riv a tiv e  ca lcu la ted in  d irection  t
F =  Fxi Fyj sh ea r force
M to rs io n al m o m en t
h to rs io n al stiffness

O th e r va lues a n d  v a ria b le s  a re  in te rp re te d  in  th e  te x t.

1. In tro d u c tio n

In  th is  p a p e r  th e  u p p e r an d  low er lim itin g  values (3,6), (3,14), (3,34), 
(3,42) are  deduced  fo r th e  p rism a tic  b a r  of he terogeneous, iso trop ic  and  
lin e a r ly  elastic  m a te ria l. F o r th is  pu rpose  f ir s t  o f all th e  genera lization  of 
D i a z ’ an d  W e in s t e in ’ re su lts  m a y  he used [2], [3].

Fig. 1.1. T he tw is ted  p rism atic  b a r

T he m a te ria l c o n s ta n ts  G an d  v are c o n s ta n t along th e  len g th  of th e  
ax is  o f th e  b a r , how ever, th e ir  va lu es  change in  th e  p lane  of th e  cross section  
v e r tic a l to  th e  ax is o f th e  b a r . T hus, i f  th e  axis z of th e  sy stem  of coord inates 
xyz  is th e  axis o f th e  p rism a tic  b a r, th e  p lanes of th e  cross sections of th e  
b a r  w ill be para lle l to  th e  p lan e  xy  an d  accord ingly , th e  h e te ro g en e ity  is ch a rac ­
te r iz e d  b y  th e  g iven functions

G =  G(x, y)  , v =  v(x, y)  . (1 .1 )

In  connection  w ith  th e  p rism atic  b a r  dep ic ted  in  Fig. 1.1 i t  is assum ed th a t
1 . th e  m an tle  o f th e  b a r  is un loaded ,
2. th e  end  faces are su b jec ted  to  a to rs io n a l m o m en t M,
3. ro ta tio n  o f th e  cross section  defined  b y  th e  coo rd in a te  z =  0 is 

e q u a l to  zero,
4. th e  d isp lacem en ts an d  defo rm ations are sm all.
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2. Basic principles o f  the theory of elasticity

I t  is know n [1 ] th a t  in th e  case  o f  p u re  to rsion  th e  d isp lacem en t v ec to r 
o f th e  p o in t P  o f th e  p rism atic  b a r  m a y  be  rep resen ted  b y  th e  fo rm ula

t =  u(x, y ,  z) i +  v(x, y ,  z) j  +  w(x, y , z )  к  , (2 .1 )

w here
и =  u(x, y ,  z) — — ftyz ,

V =  v(x, y ,  z) =  'dxz , (2-2)

w =  w(x, y ,  z) =  fi(p(x, y)  .

In  the  above fo rm ulae  <p =  <p(x, y)  is th e  w arp ing  fu n c tio n  of th e  cross 
sec tio n , #  is th e  angle of re la tive  to rs io n . C onsidering th e  geom etric  eq u a tio n  
an d  H ooke’s genera l law , i t  can  be u n d e rs tu d  th a t  th e  consequence  of E q s (2.1) 
an d  (2 .2 ), is th e  v a lid ity  of th e  e q u a tio n s

«Z = 0 , Уху =  0 , (2.3)

<yz =  0  ,

оII (2.4)

in  an  a rb itra ry  p o in t P  o f th e  p rism a tic  b a r . F o r the  sca la r co o rd ina tes of th e  
s tre ss  ten so r, d iffering  from  zero, b y  m a k in g  use of th e  geom etric  e q u a tio n  
an d  H ooke’s general law  th e  follow ing eq u a tio n s  m ay  be  deduced

txz= G & [ ^ - y \ ,  
dx

(2.5)

W e h av e

xyz =  G& . 
1 9y  )

(2 .6 )

T 2 =  “1“ r yzi ■ (2.7)

B y rep lacem en t o f  (2.5) and  (2.6) in to  (2.7) one o b ta in s

t 2 =  G^(Vip — R X  k ) , 

(R =  xi  +  j j )  •

(2 .8 )

R ep lacem en t in to  th e  n o n -id en tica lly  sa tis fied  eq u a tio n  o f  th e  m echan ical 
equ ilib riu m

0 т ^  Э т ^ = у . Хг =  0  (2.9)
dx dy
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th e  te rm s (2.5), (2 .6) a n d  (2.8) y ields th e  p a r tia l  d iffe ren tia l equations

99
dx <2Л0)

a n d
V • [G(V<p - R x k ) ]  =  0 (2 . 11)

T h e  consequence o f  th e  un loadedness o f th e  m an tle  o f th e  b a r  is th a t  rnz =  
=  т г • n  =  0 , i.e .,

Gü
dcp 9 ( x 2 + y 2 \-]
9 n 9s (  2  J J

=  0 (2 . 12)

T h u s , a t  the  b o u n d a ry , th e  fu n c tio n  cp =  cp (x, y )  shou ld  sa tis fy  th e  b o u n d a ry  
cond ition

d(p  

9 n
d_
9s

X2 +  y 2
(2.13)

T h is  la tte r  e q u a tio n , b y  using a v ec to r sym bol, m ay  also be w ritte n  in th e  fo rm

n  • (Vcp -  R x k )  =  0 . (2.14)

In  the  fo llow ing  i t  will he verified  th a t  th e  sy stem  o f th e  forces o f sh ea r 
s tresses d is tr ib u te d  th ro u g h  th e  p lane  o f th e  cross sec tion  an d  derived b y  th e  
eq u a tio n s  (2.5) a n d  (2.6) from  th e  fu n c tio n  sa tisfy ing  th e  equ ilib rium  e q u a tio n  
(2.10) and b o u n d a ry  cond itio n  (2.13) is e q u iv a len t to  a coup le  of forces. F o r  th e  
v e rifica tion  th e  fo llow ing  id en titie s  w ill be used

(2.15)

(2.16)

w herein  <p — <p (x, y )  satisfies th e  d iffe ren tia l e q u a tio n  (2.10). The p ro jec tio n  
o f  th e  я -d irection  o f  th e  re su lta n t o f sh ea r stresses d is tr ib u te d  th ro u g h  th e  
p lan e  of th e  cross sec tio n  is

( d t p
Z XZU-1 =  is ■ I o- I

It

9 L c [ Ä _ d +  — xG =  c l —  _  y|
dx [ l a *  ) 9у [ a y  IJ 1 dx

9
yG  -  у +  — L c p - t J l =  c ( ^  +  *

dx L { dx ) 9y L I9y JJ l a y  )

F X = [  rxzdT =  b • f
J t  J t dx -  У d T  . (2.17)

T ra n sfo im ation  o f  E q . (2.17) w ith  th e  a id  of E q . (2.15) y ields:

F v = HI 9_

dx
xG

dcp
dx -  У +  —

9у
xG (fHM (2.18)
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B y  transfo rm ing  th is  surface in teg ra l and  m aking  use o f th e  G aussian  in teg ra l 
tra n sfo rm a tio n  th eo rem

(2.19)

(2 .20)

Fig. 2.1. C a lcu la tion  of th e  to rsio n al m o m en t a tta ck in g  th e  cross section

Since fo r th e  b o u n d a ry  curve  g — g 0 g j -|- g 2 - f - ...............+  gp (2.13) is va lid ,
from  E q . (2.20) i t  a lre a d y  follow s th a t  Fx =  0. B y  m ak in g  use of E q . (2.16) i t  
can  sim ilarly  be v e rified  th a t

=  f xyzd T = f i  (' 
J t  J t

, ( 9y>

9 y
+  * d T =  0 (2.21)

T h e to rsional m om en t app lied  to  th e  cross section  m ay  be  d e te rm in ed  from  th e  
fo llow ing equation  (F ig . 2.1)

M  =  к • J r  R  X  r zd T  =  к • J r  R  X  [G0(V<p -

-  R  X  k)] d T  =  ^  G[B2 — (R  X  k) • Vç>] d T , (2.22)

(R 2 =  X2 +  y 2) .

W ith  th e  aid of th e  fo llow ing id e n titie s  th e  expression  o f th e  to rs io n a l m o m en t 
can  be tran sfo rm ed :

J r  V • [G(R X  k) <p] d T  =  j gG(R X  k) • ncpds , (2.23)
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a n d  a t  th e  b o u n d a ry  cu rve  g:

n  • G (R X k) <p — GR • t (p =  G<p —
9s

X 2 -f- y 2
Gcp =  G(<p "V <p) • n . (2.24)

dn

B y  app ly in g  th e  G aussian  in teg ra l tra n sfo rm a tio n  th eo rem  we o b ta in

Г G <pds =  Г G(cp V <p) ■ nds =  Г V • (G V <p) d T  =  Г G{Vcp)2 dT  +  
Jg  9 n Jg  J r  J r

+ J  ç>V • (GVy) d T  . (2.25)

T h e  le ft-h an d  side o f E q . (2.23) is, in  a d e ta iled  form

[т V • [G(R X k) <p] d T  =  Jt yV • [G(R X k)] d T  +  Jr G(R x  k) • VtpdT . (2.26)

U se o f th e  form

V • [G(Rxfc)] =  V ■ (GVqp) * (2.27)

o f  th e  equ ilib rium  eq u a tio n  an d  co m b in a tio n  o f E qs (2.23), (2.25) and  (2.26) 
g ives

J r  G(R X k) • VcpdT =  J t G(V<p)2 d T  . (2.28)

R ep lacem en t of (2.28) in to  E q . (2.22) re su lts  in

M  =  Ь \T G(R2 -  (Vcp)2 d T  . (2.29)

T h u s , on th e  basis o f  E q .

M
(2.30)

if

th e  to rsiona l s tiffness to  be co o rd in a ted  to  th e  cross sec tio n  m ay  be given 
in  th e  following fo rm s

I c =  G[R2 -  (R X k) • V?)] d T  , (2.31)

I c =  j T G[R2 -  (V^)2] dT  . (2.32)

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



TORSIONAL STIFFNESS OF BARS 213

L et V; =  Vj(x,y)  (i =  1, 2) be in  th e  region T  a n d  a t  th e  b o u n d a ry  o f 
th e  region T  a co n tin u o u s, an d  in  T  (excep t for th e  p o in ts  o f  th e  fin ite  sm o o th  
curves ru n n in g  in  reg ion  T) a co n tin u o u sly  derivable  fu n c tio n  of tw o v a riab le s . 
Be fu r th e r

D(®i, v2) =  j T GVth • Vv2d T  , (3.1)

D (vi) =  D (vn  *b) =  J T G(Vi>i) 2 d T  . (3.2)

Since G >  0, from  th e  above in te rp re ta tio n  it  follows th a t

>  0 , (3.3)

(D(vn  «г) ) 2 ^  D ivi) D (vi) ■ (3.4)

The second of th e  above in eq ua lities is th e  Schw arz in e q u a lity . S ta rtin g  fro m  
E q . (2.32) i t  m a y  be w ritte n

I c =  J  — D(<p) (3 .5 )
w herein

J = j r G ( x * + f ) d T .  (3.6)

B y  m ak ing  use of th e  in e q u a lity  D(cp) 0 one o b ta in s  from  E q . (3 .5) 
th e  g enera liza tion  o f  th e  re su lt fo u n d  b y  D iaz and  W e in st e in  [2]

I c < J • (3 .7)

A m ore precise e s tim a te  m ay  be m ade b y  app ly ing  S c h w a rtz ’s ineq u a lity  (3 .4). 
Be

v1 =  (p , v2, =  V (3 .8 )

(is n o t c o n s ta n t w ith in  th e  range T).  W ith  th e  fu n c tio n s (3.8) of ®1 and  v 2 i t  
m ay  be w ritte n :

D(<p, v) =  J r  GVcp ■ ŸvdT  =  J r  V • (GVcpv) d T  -  J y ®[V ■ (GVç>)] dT . (3 .9)

By using  th e  G au ssian  in teg ra l tra n sfo rm a tio n  th eo rem  a n d  th e  equation

V • [G(R X к) =  V • [G(V<p)] (3 .10)

3. Some inequalities in  connection with the torsional stiffness

w hich 1о11олу8 from  th e  equ ilib rium  eq u a tio n , E q . (3.9) m a y  be w ritten  in  th e  
form

D(cp, v) =  G(R X k) ■ VvdT . (3 .11)

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



214 ECSEDI, I.

W ith  th e  com parison  o f th e  in e q u a lity  (3 .4) and  E q. (3.11) we have

G( R  X k) • VW T 

J T G{Vv)2 dT

E q u a l i ty  in  (3.12) occurs in  th e  case, a n d  o n ly  in  the  case w here

V =  cup -\- b , (3 .13)

w h ere in  a, b (a 0) are  a rb itra ry  rea l c o n s ta n ts . The in e q u a lity  (3.12) m ay  be 
co n sid ered  to  be th e  gen era liza tio n  of [2]. B y  com bining (3.12) an d  (3.5) for 
th e  u p p e r  lim it o f th e  to rs io n a l s tiffness

Г G ( R x k )  • V .dT ) 2

---------------------L  (3.14)
) T G(Vv)*dT

m a y  be given.
A possible low er lim it m ay  be d ed u ced  for th e  to rs io n a l stiffness if  one 

e s tim a te s  D(cp) from  above. To e s tab lish  th is  estim ate  one shou ld  s ta r t  out 
f ro m  S chw arz’s in e q u a lity

(Jr Gu • v d T j  <; (JT Gu4 t ) (|t С у Ч Т ) , (3.15)

w h ere
u  =  uxi +  uyj  , V =  vxi +  vyj  (3.16)

a re  fu n c tio n s of tw o  v a riab les  in te rp re te d  in  the  reg ion  a n d  a t  th e  bo rder 
o f  th e  region w here in  th e  in teg ra ls  e n te r in g  in th e  in e q u a lity  (3.15) exist 
a n d  are  fin ite . Be

u =  Vq? P ^ T  +  g ,  (3.17)

V ■ [ G ( v - R x k ) ]  =  0 P £ 7 \  (3.18)

n ' V =  i r  p i g - A (3 -19)Э n

W ith  th e  v ec to r fu n c tio n s  u and  v o f p ro p e rtie s  (3.17), (3 .18), (3.19) i t  m ay  be 
w r it te n

J t GVcp ■ y d T  =  J r  V • (Gcpv) d T  -  J t ? V • [Gy ) d T  =

=  j  n  • (G<p\) ds -  J t cpV ■ [G (R  X k)] dT  =  G(cpVcp) ■ nds -  

-  J t «pVG ■ [(R  X  k)] d T  =  J r  [G(yV,.)] • V dT  -

-  J r  <pV • (GV<p) d T  =  Jr G (V #  d T  . (3.20)

(3.12)D W) >
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In  th e  d ed u c tio n  th e  G aussian  in te g ra l tra n sfo rm a tio n  th eo rem  an d  E q s (2.11), 
(2.14) be ing  re la ted  to  th e  func tion  <p w ere app lied . Use of E q . (3.20) an d  in e q u a l­
i ty  (3.15) — leav ing  th e  case D(rp) =  0 o u t o f considera tion  — y ie ld s th e  
e s tim a te

D(q>) <  J T G v 4 T  . (3.21)

E q u a li ty  on ly  occurs in  (3.21) if

V =  Vcp . (3.22)

L e t us choice fo r th e  v ec to r  v =  v (я, у )  =  vxi -f- vyj  th e  follow ing

V =  \ (x ,  y )  =  —  V^4 +  R X к  . (3.23)
G

T he v e c to r  v =  \  {x, y) ,  in  case o f a sca la r func tion  A  =  A  (x , y ) a rb itra r ily  
d e riv ab le , sa tisfies th e  E q . (3.18). R ep lacem en t of th e  above fu n c tio n  v =  v(*,y) 
in to  E q . (3.19) re su lts  in  th e  cond ition

3 <p 1 d A  3 í X 2 -}- y 2

3 n G ds ds [ 2

a t  th e  b o u n d a ry  cu rve . 
C onsidering

3  (p 

3 n
_Э_ I X2 +  y 2 

9s I 2
P i g

one m a y  w rite

P i g

(3.24)

(3.25)

(3.26)

i.e ., A  =  A(x , y)  is c o n s ta n t a t  th e  b o u n d a ry  curve, th u s

A  =  В,- =  con st . P  i g i , (3.27)

( i  =  0 ,  1 ,  2 , . .  . p ) .

T h erefo re , from  th e  in e q u a lity  (3.21), w ith  th e  aid of th e  fu n c tio n  v o f (3.23) 
th e  u p p e r  lim it

D(<p) <, Г d T  +  Г G R 4 T  +  2  Г R  • SJAdT (3.28) 
J r  G J t  J t
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m ay  be deduced fo r D(<p). T he in e q u a lity  (3.28) m ay  be reduced  again , because

! R  • V A d T  =  Г V • (R^d) d T  — f  A ( V - R ) d T  =
J t  J t  J t

= J  (n  • R) Ads  -  2 j  A d T  =  2 B 0T 0 -

- 2  2 B J h -  2 Г A d T .
k = 1 J t

I n  • R yfds =  B 0 j n  • Rds  +  j g  B k I
J g J ga л=1 Ji

W e have

R  • nds

(3.29)

(3.30)

4

Fig. 3 .1. G eom etrical m eaning  of j R  • n  ds a n d  j" R  • n  ds
g  g *

because  th e  in teg ra ls  ex ten d ed  to  th e  cu rves g 0 an d  gk (k =  1 , 2 , .............. , p)
(F ig . 3.1) are va lues p ro p o rtio n a l to  th e  su rface  areas b o rd ered  b y  th e  cu rves 
g 0 a n d  gk. C onsidering th e  concept of th e  in te g ra tio n  th e  follow ing m ig h t be 
w r itte n :

I R  • nds =  к  I (R  X t) ds =  2T n ,
A So J So

(3.31)

! R  • nds =  к Г (R  X t) ds =  —2 T k , (3.32)
J Sk J Bk

( k = l , 2 , . . . p ) .

F in a lly , b y  rep lac ing  E q . (3.29) in to  in e q u a lity  (3.28) we arrive  a t th e  re su lt

(W 4)2
D(<f) <, I ^ - d T +  G R 4 T  +  4 B 0T 0 - 4 \  A d T  — 4 B kT k . (3.33) 

r  G  J t  J t  a= i

C onsidering  th e  in e q u a lity  (3.33), from  E q . (3.5) th e  low er lim it follows

d T  -  4 B 0T 0 +  4 Г A d T  +  4 J  B kT k (3.34) 
G J T k= 1
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for the torsional stiffness. Be

P(A ) =  -  f  ^ r ~  d T  -  4 B 0T 0 +  4 f  A d T +  4 J  B kT k . (3.35)
J T  It J t  k= 1

In  th e  follow ing th e  re fin em en t of th e  e stim a te

Ic >  p (A ) (3.36)

will be d iscussed. In  case o f a fix ed  fu n c tio n  A  =  A  (x, у ) ^  0 we estab lich
th e  q u a n ti ty

q(x) =  p(acA) (3.37)

b y  using  an  a rb itra ry  c o n s ta n t. I t  is obvious th a t

I c >  ?(«) =  p(<xA) . (3 .38)

F ro m  (3.38) th e  b est e s tim a te  fo r I c — in  case o f th e  fix e d  fu n c tio n  A  =  A (x , y) 
— will be fu rn ish ed  b y  th e  m ax im u m  value of ç(a). F ro m  th e  eq u a tio n

?(*) =  P(<xA) =  — ос2 I ^—~ —d T  +  a  
J t

4 B 0r 0 +  4 f  A d T  +  4 2 B kT k 
J t  k =l

(3.39)

it is to  be seen th a t  q(a) is a second o rd er in teg e r ra tio n a l fu n c tio n  of th e  v a r i­
able a , an d  since th e  coeffic ien t o f a2 is n eg a tiv e , an d  q(a) =  0, i f  a =  0, th e  
fu nc tion  g(a) has a t

JA d T  -f- j y  B kT k — B 0T 0
T k= 1

X(VA)2
dT

IT В

a m ax im u m , an d  th e  v a lu e  o f th is  m ax im um  is

(3.40)

q(a*) =  m ax  q(cc) =  m ax  p (xA ) =
a  a

4 f  +  J  B kT k -  B 0T 0f
U r  & = 1

X (УЛ)2
dT

(3.41)
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It is to  be noted th at th e  lower lim it for the torsional stiffness

f T
L  >

A d T  J ?  B kT k — B 0T 0

X(VA)2 (3.42)
d T

is, in  th e  lite ra tu re  on th e  su b je c t, e s tab lished  in  connection  w ith  th e  p rism atic  
b a r  o f  hom ogeneous m a te r ia l  b y  th e  in tro d u c tio n  and  use o f P ra n d tl’s stress 
fu n c tio n  [3].

4. An exam ple for the estim ation of the torsional stiffness

L e t us consider th e  solid  square  cross sec tion  dep ic ted  in  F ig . 4.1. The 
m o d u lu s  of e las tic ity  fo r  th e  m a te ria l of th e  b a r  is

G =  ( y  +  l  i f  ^ ° ’ (4.1)
I — y  + 1  if  y < ; o

W ith  th e  help of th e  fo rm u la  I c <[ I ,  fo r th e  to rs io n a l s tiffness th e  u p p er 
lim it

I c <_ 4,3333 (4.2)

m a y  be  given. F rom  th e  in e q u a lity  (3.14) th e  use of th e  fu n c tio n

v  =  x y

p e rm its  the  d eduction  o f  th e  u p p e r lim it

I c <  4 ,3 0 1 6 .

A n d  if  we calculate w ith  th e  fu n c tio n  in  (3.14)

so th e  upper lim it

V  =  x 3y  —  y 3x  ,

I c <  3,806

(4.3)

(4.4)

(4.5)

(4.6)

is o b ta in ed . F rom  th e  in e q u a lity  (3.42) b y  selecting  B 0 =  0, an d  b y  calcu la ting  
w ith  th e  function  A  =  A  (x, y )  d ep ic ted  in  F ig . 4.2 b y  a p y ra m id  of К  he igh t, 
th e  low er lim it

Ic >  2,563 (4.7)
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У У

-
0

-
X

\
G(y)

1 1----------►

Fig. 4.1. Solid  sq u a re  cross section

can  be  e s tab lish ed . A nd, if  one uses th e  assum ption

A  =  A (x , y )  =  (x2 -  l ) ( j 2 -  1) (4.8)

so, from  th e  in eq u a lity  (3.42) th e  low er lim it

I c >  3,1604 (4.9)

can be ded u ced . T he exact value o f  I c is n o t know n, how ever, th e  a r ith m e tic  
m ean  I*  o f  (4.9) an d  (4.6),

I*  =  3,483 (4 .10)

m ay  d iverge  a t  m ost by  10 p er c en t from  th e  ex ac t v a lue  of I c.
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[3] W e in s t e in , A .: N ew  M ethod  for th e  E s tim a tio n  o f T orsional R ig id ity . Proceedings o f
Sym posium  in  A p p lie d  M athem atics. 3 (1950), 141— 161

Abschätzung der Verdrehungssteifheit der aus heterogenem  Material hergestellten pris­
m atischen Stäbe. — D as P ro b lem  der freien  V e rd reh u n g  de r aus heterogenem , iso tropem , 
linear-e lastischem  M ate ria l h e rg este llten  p r ism atisch en  S tä b e  w ird  b eh an d e lt. A u fg rund  der 
e insch läg igen  L ite ra tu r  w e rd en  die m it der V erd reh u n g  v o n  p rism atisch en , aus heterogenem  
M ate ria l gefertig ten  S tä b e n  zusam m en h än g en d e  K e n n tn is se  zu sam m en g e faß t, jed o ch  m it 
gew issen E rgänzungen , w ie  z. B. eine F orm el zu r E rm itte lu n g  der V e rd rehungsste ifigkeit. 
D ie  G ü ltig k e it einiger E rg eb n isse  v o n  J .  B. D iaz u n d  A. W e in s t e in  w ird  au f neuen B ereich 
e rs trec k t. A ufgrund d e r U ng le ich u n g en , die von  dem  A u to r  zu r E rm itte lu n g  der V erd rehungs­
s te ifh e it  der aus h e te ro g en em , jed o ch  iso tropem  M ate ria l h e rg este llten  S täb e  ab gele ite t w urden , 
k ö n n e n  obere u n d  u n te re  G renzen  d e fin iert w erden . D u rc h  die A usw ahl v o n  geeigneten  H ilfs­
fu n k tio n e n  können die v o m  A u to r fü r  diesen Zweck aus den  U ngle ichungen  e rm itte lte n  G ren­
zen  n a c h  B elieben e in g een g t w erden. Schließlich w ird  ein  num erisches Beispiel v o rg efü h rt.

Об оценке жесткости кручени призматических стержней из гетерогенных 
материалов. Данная работа посвящейазадаче свободного кручения гетерогенных призма­
тических стержней из изотропных и линеарно упругих материалов. Во второй главе 
работы на основе литературных данных [1 ] дается обобщение сведений по кручению при­
зматических стерженй из гетерогенных материалов. И Данная глава содержит определен­
ное дополнение по отношению к литературным сведениям, например, формулу (2,31) 
жесткости кручения. В третей главе дается распространение некоторых результатов 
Й. Б. Диаза и А. Вейнштейна [2], [3]. На основе главы 3 данной работы в отношени 
жесткости кручения призматического гетерогенного стержня из изотропного материала на 
основе неравенств (3,6), (3,14) можно образовать верхние границы, а на основе неравенств
(3.34) и (3,42) — нижние. При подходящем выборе соответствующих вспомогательных 
функций — А =  А(х, у ) ,  § =  §(х, у )  — границы, образованные на основе неравенств (3,7) и
(3.34) , (3,42), можно сузить в любых масштабах.
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0 .  H a s z p r a :
M O D E L L I N G  HY DIE «»ELASTIC  
V I B R A T I O N S
Dangerous vibrations m ay occur when hydraulic structures (movable weirs, locks) 
are partia lly  opened due to  th e  hydrodynam ic effect of w ater flowing through or 
around them . This effect can be avoided by means of suitable design. A m ajor problem, 
however, is th a t  in m any cases these v ibration  phenomena cannot be determ ined by 
calculations. To overcome these difficulties model experim ents are needed. After sum ­
marizing th e  results obtained in th e  field of modelling aero- and  hydroelastic v ibra­
tions of aircrafts, bridges, buildings, and  ships, the au thor discusses th e  hydroelastic 
sim ilarity, giving em phatic consideration to  the viewpoints emerging in hydraulic 
structures. A num ber of th e  practical applications are presented, th e  instrum ental 
and  model technological questions of m ajor importance are surveyed, and the  future 
tasks related to  hydroelastic modelling research are outlined. A special m erit of the 
book is th a t  the  theoretical results are presented in such form th a t  m akes it possible 
for the modelling engineer to  use them  directly  in practice.
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A lpa n , I. — B a k e r , R .: The Speed E ffect in  Pavement D eflection

T he influence o f  veh ic le  speed on p a v e m e n t deflection  is a p ro b lem  of 
obvious im p o rta n ce  re la ted  to th e  e v a lu a tio n  of p av em en t perform ance. 
T he fa c t t h a t  th e  deflections d im in ish  w ith  increasing  speed im plies a 
d issipa tive  c o m p o n e n t in  th e  sy s tem . A  sim ple v isco-elastic  m odel is 
analysed  w hich fu rn ish es resu lts in  good ag reem en t w ith  em pirica l evidence 
an d  m ay be u se d  in  assessing th e  d is to r tio n  p a tte rn  o f p a v em en ts  un d er 
idealized serv ice  co n d itions. F u rth e rm o re , re la tiv e ly  sim ple e x p erim en ta l 
procedures m ay  be used  to  de te rm in e  th e  req u ired  m ate ria l p a ram e te rs .

Acta Techn. Hung. 85 (1978), pp. 11 — 28

A cta  Techn. H u n g . 85 (1978) pp . 29 — 52

P e t h S, Sz . — P a tv a r o s , J .:  M athem atical Statistical A n a ly s is  o f  the 
E xplo itab ility  F u n ctio n s

T he ex p lo itab ility  fu n c tio n s  can be deriv ed  from  th e  d is tr ib u tio n  fu n c tio n  
of one of th e  co m p o n e n ts  of th e  m in era l occurrence (e.g. its  m e ta l co n ten t). 
W ith  th e  aid  o f th e  d is tr ib u tio n  fu n c tio n  th e  m ean  com ponen t o f th e  two 
tru n c a te d  fu n c tio n s  an d  its  va rian ce  can  be de term ined  fo r a n y  m ass 
p ro portion . O ne t ru n c a te d  function  re fers to  th e  exp lo ited  p a r t ,  th e  o th er 
one to  th e  p a r t  le f t  b ack . E x p lo itab ility  fu n c tio n s are called th e  d is tr ib u ­
tio n  fu n c tio n  a n d  th e  con tinuous v a r ia tio n s , as functions o f th e  c o n sti­
tu e n t  of th e  m ea n  com ponen t of th e  tw o tru n c a te d  fu n c tio n s an d  th e ir  
variances as well as th e  losses o f th e  v a lu ab le  co n stitu en t.

A cta  Techn. H u n g . 85  (1978) pp. 53 — 70

G oschy , B .: C om bined Strength Pattern o f  Th in-W alled  Box-Griders in 
Torsion

In  th is  p ap er th e  th e o ry  of to rsion  of th in -w alled  box girders is ex ten d ed  
to  th e  general case  o f  com bined to rsio n  b y  tak in g  also in to  acco u n t th e  
effects o f th e  sh e a r defo rm ations. T he pu rp o se  of th e  p ap er is to  fo rm u la te  
m ath em a tica lly  th e  m echanical phen o m en o n  o f com bined to rsio n  fo r th e  
engineering p ra c tic e  as well as to  d e m o n s tra te  th e  ap p lica tio n  o f th e  
form ulae p re sen ted  in  th e  fram ew ork  of a  num erica l exam ple. In  a d d itio n , 
besides th e  m ore fa m ilia r  p rocedures W a n n s l e b e n , U rba n , e tc . also the  
significance of th e  seco n d ary  shear d e fo rm atio n  is em phasized in  th e  pap er.
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B olla , I . — Csá n y i, I .:  E xam ina tion  o f  th e^ jku ild  up  Characteristics o f  
H ighpressure W all-Stabilized Discharges

T he physical an d  chem ical p h enom ena d u rin g  th e  bu ild -up  period  of high- 
p ressu re  gas discharge system s w ith  H g : T i l  : D y l3 add itiv es w ere in ­
v e s tig a ted  b y  sim ultaneously  m easu ring  th e  te rm in a l vo ltage an d  th e  
sp ec tra l ch a rac te ris tic s  of th e  d ischarge. T he in fluence of each ad d itiv e  
on  th e  e lectrica l ch aracte ris tics du rin g  th e  ev ap o ra tio n  processes, w hich 
are  p a ra lle l to  th e  bu ild -up  of th e  d ischarge  tu b e  w all tem p e ra tu re , was 
d e te rm in ed . T he resu lts  w ere ev a lu a te d  from  th e  p o in t of view  of th e  
energy  d issip a tio n  phenom ena — io n iza tio n /reco m b in a tio n , pho toem is- 
s io n /ab so rp tio n , d issociation  — in  th e  d ischarge.

Acta Techn. Hung. 85 (1978) pp. 71 — 80

A cta  Techn. H ung. 85 (1978) pp . 81 — 92 

Gb e g a , B .: Determ ination o f  the P irn  Shape

O n th e  basis o f m a th em a tica l considera tions th e  au th o r gives a  so lu tion  
for th e  d e te rm in a tio n  of th e  p irn  shape by  th e  use o f w hich w eft b reakages 
d u e  to  v a r ia tio n s  in  y a rn  force can  be con sid erab ly  reduced. I t  is show n 
th a t  th e  m erid ian  section  of th e  in itia l su rface  of such  a p irn  has alw ays 
th e  fo rm  of a  hyperbo la .

< ,
A cta  Techn. H ung . 85 (1978) p p . 93 — 122

H e r p a i, B. — P áczelt , I .: A n a ly sis  o f  A xisym m etrica lly  D eformed Shells 
by the F in ite  E lem ent D isplacem ent M ethod

T he e lem en ts  ad o p ted  follow th e  a c tu a l g eo m etry  of the  shell. T he m in i­
m um  degree o f freedom  of th e  e lem ents is 12. In  concluding th e  calcu la­
tio n  an  o p p o rtu n ity  offers for superv ising  a t  each  e lem en t th e  degree of 
n o n -sa tis fac tio n  of th e  eq u ilib riu m  e q u a tio n s  “ a p rio ri”  non-sa tisfied . 
I f  th e  degree of non -sa tis fac tio n  a t  each e lem en t is below a p red eterm in ed  
v a lu e , so th e  calcu la tion  can  be considered  to  be accom plished. I f  no t, 
b y  m a in ta in in g  th e  subdiv ision  and  increasing  th e  degree of freedom  of 
th e  e lem en ts in  question , w ith  rep ea ted  calcu la tio n s m ore ex ac t re su lts  
m ay  be o b ta in ed . The efficiency of th e  p rocedure  is well d em o n s tra ted  by  
a n u m b er o f num eric  exam ples.
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Grósz, M.: A utom ated D esigning w ith Integer Program ming

In  th is p a p e r th e  a u th o r  p re sen ts  a  possible model for th e  general solution 
of a u to m a te d  designing. T he desig n  problem s is d e fin ed  as follows: a 
design of a s tru c tu re  w ith  g iv en  g eo m etry  and com posed from  a given 
stock of e lem en ts is looked fo r, w here  for the e lem en ts th e  equilibrium  
co m p atib ility  an d  lim iting  co n d itio n s are  fullfilled an d  w here  th e  s tru c tu re  
is o p tim u m  from  som e p o in t o f v iew  (w eight, cost, o r th e ir  ra tio ) . For the  
problem  th u s  defined th e  m a th e m a tic a l m odel for lin ea r lim itin g  conditions 
is estab lished  an d  th e n  i t  is e x te n d e d  to  th e  case of n o n -lin e a rity . In  bo th  
cases th e  p ro b lem s are reduced  to  t h a t  of a “ 0 — 1”  in te g e r program m ing  
ta sk  to w h ich  th e  en u m era tio  m e th o d  can  be app lied . F o r  th is  m ethod 
th e  inversion  o f a  large  m a tr ix  w ould  be necessary. A  so lu tio n  m ethod  is 
show n for avo id ing  th is.

Acta Techn. Hung. 85 (1978) pp. 123 —134

Acta Techn. H ung. 85 (1978) pp . 135 —145

Mih a il esc u , M .—M iss. H o rv á th , I .:  Velaroidal Shells fo r  Covering 
Universal In d u str ia l Halls

In  o rder to  cover large  co lum n-free  square  areas a  new  ty p e  of shell 
s tru c tu re  is proposed . C onsidering i ts  shape and its  w ay  o f generation , 
the  surface belongs to  th e  fam ily  o f ve la ro id a l ones. Choosing th e  genera trix  
as an  ellipse, ad v an tag eo u s g eo m etrica l and m echan ical p ro p erties  are 
ob tained . M em brane stress an a ly sis  a n d  a num erical ex am p le  are  p resented .

Acta Techn. H ung. 85 (1978) pp . 147 — 177

E c sed i, I . : V ariation M ethod G iving the Solution  to the Torsion  Problem  
o f Prism atic B ars o f  Composite M ateria l

The au th o r deals w ith  th e  p ro b lem  o f free torsion of p rism a tic  b a rs  having 
a solid cross sec tion , b u ilt up  of com posite  m aterials. In  C h ap te r  2 of the 
paper, m e th o d s  of th e  v a r ia tio n  calcu lus are p resen ted  w h ich  m ay  be 
used for th e  so lu tio n  to  q u a s is ta tic  b o u ndary -va lue  p ro b lem s o f linearly  
elastic  c o n tin u a  of com posite  m a te ria ls . T his chap ter su m s u p  a n d  genera­
lizes th e  cond itions of s ta tio n a rin e ss  an d  m inim um  p rincip les o f the  theory  
of e lastic ity  conn ec ted  w ith  th e  poten tia l energy and  com plem entary work. 
The th ird  c h ap te r  rep o rts  on th e  basis o f  th e  lite ra tu re  on  th e  su b jec t, on 
w ha t should be know n in  co n n ec tio n  w ith  th e  elastic  free  to rsio n  of bars 
w ith  an  inhom ogeneous cross sec tio n , th e  so-called p r ism a tic  b a rs  m ade 
up of com posite  m ateria ls . C h ap te rs  4 to  7 rep o rt on som e new  achieve­
m ents concern ing  th e  free to rs io n  of com posite p rism a tic  b a rs  which 
m ay be o b ta in ed  b y  th e  a p p lica tio n  o f th e  theorem s desc rib ed  in  different 
chap ters of th e  pap er. I t  is em p h asized  th a t  according to  a  g iven  form ula 
the  to rsional stiffness m ay  be e s tim a te d  from  below a n d  according to 
an o th er from  above. C hapter 6 t r e a ts  th e  torsional p ro b lem  o f prism atic  
bars re in forced  w ith  a th in  lay e r. C h a p te r  7 comprises th re e  exam ples.
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A cta  Techn. H ung. 85 (1978) pp . 179 — 196

T a r n a i, T .: Lateral B uckling o f  Plane Trusses w ith Parallel Chords and 
H inged Jo in ts

An ap p ro x im ate  inv estig a tio n  of th e  la te ra l buckling  of p lane  tru sses w ith  
p a ralle l chords is d ea lt w ith  on th e  basis of th e  c o n tin u u m  m eth o d . The 
tru ss  is m odelled by I-beam  w ith  non-to rsion ing  flanges, th e  web of w hich 
is connected  to th e  flanges w ith  th e  a id  of hinges. The d iffe ren tia l equations 
o f such  a beam  are d educted  for th e  la te ra l-b u ck led  s ta te . T he re la tionsh ips 
be tw een  th e  eq uations ob ta in ed  a n d  th e  la te ra l-b u ck lin g  e q u a tio n s  of 
th in -w alled  beam s hav ing  non-deform able  cross sec tion  a re  p resen ted .

A cta  Techn. H ung. 85 (1978) pp . 197—205

G r e g a , B .: D etermination o f  the E quation  o f  the Curve o f  the Plane Balloon 
in  R in g  S p in n in g

T h e  a u th o r de term ines th e  eq u atio n  of th e  balloon cu rve  fo r rin g  spinning 
b y  neglecting th e  Coriolis force an d  a ir  resistance. T he so lu tio n  of the  
sy s tem  of d ifferen tia l eq uations o f th e  equ ilib rium  of forces acting  on 
th e  y a rn  e lem en t shows th a t  for t h a t  case th e  eq u a tio n  of th e  balloon 
p lan e  curve c an n o t be se t up  in a closed form . The eq u a tio n  o f th e  balloon 
p lane  curve is g iven b y  th e  L eg endre-type  e llip tical in te g ra l o f th e  f irs t 
k ind .

A cta  Techn. H ung. 85 (1978) pp. 207—220

E c s e d i, I .: E stim ate o f  the Torsional S tiffn ess o f  P rism atic B ars o f  Hetero­
geneous M aterial

T he free to rsional p roblem  of p rism atic  b a rs  of heterogeneous, iso trop ic , 
lin ea rly  e lastic  m a te ria l is trea te d . O n th e  basis o f th e  l i te ra tu re  on the  
su b je c t, th e  know ledge of th e  to rsio n  o f p rism atic  b a rs  m ad e  o f h e te ro ­
geneous m ate ria ls  is sum m ed up  w ith  som e com pletion , such  as fo r exam ple, 
a  fo rm u la  for th e  d e te rm in a tio n  of to rsio n al stiffness. C erta in  s ta te m en ts  
o f J .  B. D iaz and  A. W e in s t e in  are ex ten d ed . A ccording to  th e  in equalities 
ded u ced  by  th e  a u th o r  for th e  d e te rm in a tio n  of th e  to rs io n a l stiffness 
o f p ro sm a tic  b a rs  of heterogeneous, how ever iso trop ic  m a te ria l, upper 
a n d  low er lim iting  va lues m ay  be defined . B y  choosing su itab le  aux iliary  
fu n c tio n s th e  lim its  defined from  th e  inequ a lities  deduced fo r th is  purpose 
b y  th e  au th o r, m ay  a rb itra rily  be narrow ed . A num erical ex am ple  is also 
p resen ted .
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S. VITÁLIS

1 9 0 0 -1 9 7 6

D ie w issenschaftliche und  tech n isch e  W elt U n g arn s nahm  tra u r ig e n  
H erzens A bsch ied  vom  U n iv ersitä tsp ro fesso r im  R u h e s ta n d  u n d  P rä s id e n te n  
der U ngarischen  H ydro logischen  G esellschaft D r. S án d o r V itális, d er am  
11. A pril 1900 in  S elm ecbánya geboren  u n d  am  21. J u n i  1976 in  B u d a p e s t 
v e rsch ied en  is t. W äh ren d  eines halb en  Ja h rh u n d e r ts  d ien te  er u n e ig en n ü tz ig  
seinem  gelieb ten  V a te rlan d  m it seiner T ä tig k e it a u f  dem  G ebiet der geolo­
g ischen W issenschaft u n d  m it deren  F o rten tw ick lu n g , sowie m it der F ö rd e ­
ru n g  des gesellschaftlichen  F o rtsc h ritts .

D er zu A rb e it u n d  Schöpfung b e s tim m te  M ensch ließ  schon in  frü h e r  
Ju g e n d  seine ind iv id u e llen  W erte e rk en n en . S ándor V itális beteilig te  sich  
b e re its  als 17 jä h r ig e r  Schüler an d er A rb e it der H ydro log ischen  S ek tio n  
der U ngarischen  G eologischen G esellschaft. B ald  w urde e r ak tiv es  M itglied  
d ieser S ek tion  u n d  des U ngarischen L andesvere in s fü r B erg b au  und  H ü t te n ­
w esen.

Seine R eifep rü fu n g  legte er in d er trad itio n sre ich en  S ta d t , S elm ecbánya 
ab  u n d  b ra c h te  v o n  d o rt sein W issen, u n d  seine A rb e itsfreu d ig k e it, E h re n ­
h a ftig k e it u n d  seinen  k ris ta llk la ren  m ensch lichen  C h a rak te r  m it nach  B u d a ­
p est, wo er an  der philosophischen F a k u l tä t  der B u d ap este r E ö tvös L o rán d  
U n iv e rs itä t  1922 das Schlußzeugnis e rh ie lt u n d  1923 zum  D o k to r der geolo­
gischen W issenschaft p ro m o v iert w urde . H ie r  n im m t seine s te ts  ste igende 
w issenschaftliche L a u fb a h n  ihren  A nfang . In  u n u n te rb ro ch en er R eihenfolge 
erscheinen  seine n a h e z u  h u n d e rt im  D ru c k  u n d  m ehrere  h u n d e r t  in  M anu­
sk rip ten  v e rö ffen tlich ten  w ertvollen , se lb stän d ig en  A b hand lungen .

Im  J a h re  1942 e rla n g t er m it seinem  W erk  »Die H ydro log ie  U ngarns« 
den T ite l eines P r iv a td o z e n te n  an  d er U n iv e rs itä t von Szeged. Als h e rv o r­
rag en d er L eh rer u n d  P äd ag o g  fö rd ert e r in  hohem  M aße die A usbildung  d er 
k ü n ftig en  G en era tio n  von  F ach leu ten  u n d  W issenschaftlern . Selbstlos u n d  
bescheiden  ü b e rg ib t e r sein W issen den  jü n g e re n  K ollegen u n d  seinen H ö re rn , 
in  deren  K reis er u ngem ein  belieb t is t.

Seine A rb e itsfreu d ig k e it und  S e lbstlo sigke it t r i t t  im  R ah m en  seiner 
gesellschaftlichen  T ä tig k e it, an  der er sich w äh ren d  seines ganzen  Lebens b e ­

1 Acta Technica Academiae Scientiarum Hungaricae 85, 1977
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te ilig t, noch  m a rk a n te r  in  E rscheinung. 1939 w ird  er A usschußm itg lied  u n d  
1944 A u ssch u ß v o rs tan d  der H ydro log ischen  Sektion. N ach  der B efre iung  
U n g a rn s  im  Ja h re  1945 reorgan isiert e r m it  einigen M itg liedern  der S ek tio n  
diese aus eigenen M itte ln  und  sch re ite t an  die F o rtse tz u n g  ih re r A rbeit. Im  
J a h re  1949 w ird e r d e r  erste  V orstan d  d e r H ydro log ischen  G esellschaft, die 
dem  V erb an d  U n g a risch e r W issenschaftlicher V ereine M E T E SZ  an g eh ö rt. 
D iesen  P osten  b e k le id e t e r vorerst b is 1950, d an n  von  1960 bis zu seinem  
A b leb en , also w äh ren d  17 Jah re .

E r  w ar ein , au c h  seitens der U n g arisch en  A kadem ie d e r W issenschaften  
a n e rk a n n te r  W issen sch aftle r und  w urde  in  A n erkennung  se iner a u f  dem  G eb ie t 
des M inera lienabbaues geleisteten  A rb e it b le ibenden  W ertes  u n d  großer v o lk s­
w irtsch a ftlich e r B e d e u tu n g  zum D o k to r d e r geologischen u n d  m ineralogischen  
W issenschaften  p ro m o v ie rt. E inen  fa s t  u n sc h ä tz b a ren  v o lk sw irtsch aftlich en  
W e rt b ed eu ten  fü r  U n g a rn  die von ih m  vorgenom m enen  E rfo rschungen  v o n  
m inera lischen  R o h s to ffe n  und  seine hydro log ischen  F o rsch u n g en . E r  w a r 
e in e r  je n e r  w en igen  P rofessoren u n d  W issenschaftler, deren  theo re tisch es 
W issen , au f p ersö n lich  d u rch g efü h rte r u n d  gele ite ter, J a h rz e h n te  w ä h re n ­
d e r A rb e it u n d  E rfa h ru n g  beruh te . S einer pädagog ischen  A rb e it is t der A u sb au  
in te rn a tio n a l a n e rk a n n te r  Schulen u n g a risch e r Geologen zu  v e rd an k en . B is 
1970 als er in  d en  R u h e s ta n d  t r a t  le ite te  er den L eh rs tu h l fü r an g ew an d te  
G eologie der B u d a p e s te r  E ötvös L ó rá n d  U n iv ers itä t. W o h lv erd ien t w u rd e  
ih m  1951 der K o ssu th p re is  u n d  die D r. F erenc S ch afarz ik -E rin n eru n g s- 
m edaille , in  den J a h re n  1967 und  1971 d er goldene O rden  der A rbe it, 1969 
d e r T ite l des B e s ta rb e ite rs  im U n te rrich tsw esen  u n d  1970 der, der W asse r­
w ir tsc h a ft v e rliehen .

Sein au sg ed eh n tes  Blickfeld, seine g ründ lichen  th eo re tisch en  K en n tn isse  
u n d  sein e ingehendes prak tisches W issen  b en ü tz te  er um  die der H y d ro lo g i­
sch en  G esellschaft angehörenden  F a c h le u te  zu r T eilnahm e an  der L ösung  
g ro ß er, kom plexer, v o lk sw irtsch aftlich e r P roblem e zu veran lassen .

Die T r ie b k ra f t solcher gesellschaftlicher A rbeit se tz t sich aus V a te r la n d s ­
lieb e , H u m an ism u s u n d  aus dem H a n g  am  F ach g eb ie t zusam m en. Seine edle 
S elbstlosigkeit h a t  S án d o r Vitális gerad e  d adurch  u n te r  Beweis g este llt, d aß  
e r n eben  seiner beru fsm äß igen  T ä tig k e it  seine F re ize it s te ts  gesellschaftlicher 
A rb e it opferte.

E r  h ie lt eine R eihe in te re ssa n te r  u n d  w ertvo ller V orträge  u n d  sp ie lte  
eine le itende R olle in  der kom plexen  E n tw ick lu n g  des B a la to n  Sees u n d  der 
B ew ässerung  bzw . in  der frü h ze itig en  E rk en n tn is  d er diesen T hem en  in n e ­
w ohnenden  m ä c h tig e n  v o lk sw irtschaftlichen  W erte . Sein w eites B lickfeld  b e ­
zeugen  seine w issenschaftlichen  u n d  o rgan isa to rischen  A rbeiten , die e r h in ­
sich tlich  der V e rw ertu n g  des G rubenw assers, der W asse rw irtsch aft v o n  B e rg ­
b au rev ie ren , des A ufschlußes v o n  T iefenw assern  u n d  In te resse  der V erw er­
tu n g  der geo th erm isch en  Energie le is te te . B esondere A u fm erksam keit w id-
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m ete  er den s te ten  E rh ö h u n g  des N iveaus der F ach ze itsch rif t »H ydrologische 
M itteilungen« der H ydro log ischen  G esellschaft u n d  dem  A usbau  ih re r in te r ­
n a tio n a len  w issenschaftlichen  V erb indungen .

E s bere ite te  F reu d e  u n d  b o t ein  E rlebn is sich m it S ándor V itális zu 
u n te rh a lte n . F reu d e , weil seine In d iv id u a litä t  re in ste  M enschenliebe, W a rm ­
herz ig k e it und  G üte  a u ss tra h lte  u n d  ein E rlebn is, w eil seine Sprache e in fach  
u n d  weise w ar, sich s te ts  a u f  das W esentliche u n d  a lle in  a u f  die W a h rh e it  
b e sch rän k te  u n d  v o n  B escheidenheit e rfü llt w ar.

S án d o r V itális w urde  von der U ngarischen  H ydro log ischen  G esellschaft, 
d er B u d ap este r E ö tv ö s  L ó rán d  U n iv e rs itä t u n d  vom  S ta a tlic h e n  G eologischen 
I n s t i tu t  am  5. J u li  1976 am  5. J u li  1976 am  B u d a p e s te r  F ried h o f F a rk a s ré t  
zu  G rabe geleitet. A n d er B ahre h ie lten  seitens der U ngarischen  H ydro lo g i­
schen  G esellschaft deren  G en era lsek re tä r Á rpád  B erczik , seitens des U n g a ­
risch en  S taa tlich en  G eologischen In s t i tu ts  Jó zse f K o n d a , im  N am en d er ehe­
m aligen  M itschüler J e n ő  Molnár u n d  am  G rabe se itens d er E ö tvös L ó rá n d  
U n iv e rs itä t und  des U ngarischen  G eologischen V erbandes d er D ozent V ik to r  
D a n k , V orsitzender des U ngarischen  G eologischen V erb an d es A bsch iedsreden .

M iklós K ozák
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H ugo Lampl is t am  10. A pril 1883 in  B u d ap est geboren  u n d  im  A lte r 
von  93 J a h re n  am  14. J u n i  1976 versch ieden .

E r  w a r  eine au ß ero rd en tlich e  P ersö n lich k e it, die ih re  au ß erg ew ö h n ­
lichen  F ä h ig k e ite n  w ährend  sieben  Ja h rz e h n te  selbstlos in  den  D ien st seines 
V a te rlan d es ste llte . Es is t  eine besondere  Gabe des Schicksals je m a n d e m  
w äh ren d  sieben  Jah rzeh n te  eine so h e rv o rrag en d e  u n d  erfolgreiche T ä tig k e it  
zu erm öglichen , wie sie H ugo  Lampl besch ieden  w ar.

A m  A n fan g  seiner L a u fb a h n  u n te rs ta n d  die L e itu n g  des W asserb au s 
in  U n g arn  J e n ő  Kvassay , dem  h erv o rrag en d e  M ita rb e ite r, wie Ö dön B og­
d á n f y , S ám uel H ajós, Z sigm ond  F e k e t e , Jó zse f B e n e d e k , u n d  E d e  V iczián  
zu r Seite s ta n d e n . Kvassay  u n d  B o g dánfy  begannen  zu  dieser Z eit e inen  
neu en  A b sc h n itt  des un g arisch en  W asserb au es, das P ro g ram m  der W asse r­
v e rw ertu n g  — vornehm lich  d e r  F lu ß reg u lie ru n g  — v o rzu b ere iten , w äh re n d  
sich K olozsváry und  B o g dánfy  den P rob lem en  der B ew ässerung , V iczián  
in  b a h n b re c h e n d e r Weise d e r E rm itt lu n g  der W asse rv o rrä te  U ngarns w id ­
m eten  u n d  B e n e d e k  sich m it  der E n tw ick lu n g  von  W asse rb au ten  b e fa ß te .

H ugo Lam pl  begann seine L a u fb a h n  fa s t  g leichzeitig  m it seinem  Z e it­
genossen — dem  großen O rg a n isa to r  u n d  seinem  b es ten  F re u n d  — E lem ér 
Sajó , der b e re its  vo r vierzig J a h re n  v e rs to rb e n  is t. V or fa s t  a n d e rth a lb  J a h r ­
zeh n ten  v e rsch ied  auch der an d e re  F re u n d  u n d  M ita rb e ite r Á rp ád  T rüm m er , 
d e r in  G em einschaft m it H ug o  Lam pl , u n d  E ndre  N ém eth , die A rb e it v o n  
E lem ér Sajó fo rtse tz te  u n d  sein  V e rm äch tn is  w eiter en tw icke lte . D er um  a c h t  
J a h re  jü n g e re  E n d re  Ném eth , ein h e rv o rrag en d er B e tre u e r des V e rm ä c h t­
nisses von  Sa jó , verschied zw ei W ochen  v o r  Lampls T od .

Die N am en  dieser G roßen u n d  die A ufgaben , die sie zu  bew ältigen  h a t te n , 
w u rd en  n ic h t n u r  zwecks V e ran sch au lich u n g  des h isto risch en  H in te rg ru n d es  
an g e fü h rt, so n d e rn  weil sie Lampls tech n isch e  L au fb ah n , j a  sogar die E n t ­
fa ltu n g  seiner P ersön lichke it u n d  seines m enschlichen  C h arak te rs  m aßgeb lich  
b ee in flu ß ten . D ie ih n  k an n ten , w issen , w elch  große Rolle die k la re  E rk e n n tn is  
d er A ufgaben , d as  P flich tgefüh l, die u n erm ü d lich e  A k tiv itä t  u n d  n ich t w en iger 
die schw ungvolle schöpferische A tm o sp h ä re  spielten , die n u r  außergew öhn­
liche F ü h re r  u n d  M itarbeiter e inem  erfo lg re ichen  L eben b ie te n  können .
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D ie sieben J a h rz e h n te  d er G eschichte des ungarischen  W asserbaus sind 
re ich  an  F o r ts c h r itte n  a u f  diesem  G ebiet. Sie um fassen  die B eendigung der 
W assersch u tzan lag en  u n d  d e r F luß regu lie rungen , die V o rb ere itu n g  der in  der 
W asse rw irtsch aft n o tw en d ig en  größeren B a u te n  und  schließlich  die A us­
fü h ru n g  von  G ro ß b au w erk en , die den v e rsch iedenen  Zw ecken der m odernen  
W asse rw irtsch aft d ienen . D iese Z eitspanne w a r  eine h is to risch  en tscheidende 
E p o ch e  h insich tlich  d e r  F o rten tw ick lu n g  d er F lu ß reg u lie ru n g , sowie d er 
V o rb e re itu n g  und  D u rc h fü h ru n g  der p lan m äß ig en  W asserw irtsch aft. Es g ib t 
k a u m  ein A rbe itsg eb ie t in  d ieser ereign isreichen  E poche, a u f  dem  sich H ugo 
L a m p l  n ic h t b e tä tig t  h ä t te  u n d  wo sein N am e n ic h t m it e iner b ah n b rech en d en , 
in  die Z u k u n ft w eisenden  Schöpfung oder m it einer, das ganze L an d  b e tre ffen ­
d en  o rgan isa to rischen  A rb e it  verbunden  w äre .

Seine p rak tisch e  T ä tig k e it  begann  H u g o  L a m p l  bei d er W assersch u tz ­
g esellschaft der In se l C sepel und  se tzte  sie b is 1968 als S ach v erstän d ig e r im  
w issenschaftlichen  F o rsc h u n g s in s titu t fü r  W asserw esen V IT U K I, sowie bei 
d e r  L andesbehörde  fü r  W asserbau  OVH fo r t ,  w obei er sich  vornehm lich  m it 
den  P ro b lem en  d er In s ta n d h a ltu n g  von  W asse rb au ten  b e faß te .

E s w äre schw er, d ie  sich  au f alle G eb ie te  d er W asse rw irtsch aft e rs treck en ­
de T ä tig k e it L a m p l s  d e ta illie r t zu b eh an d e ln , da dies m it der G eschichte 
e ines h a lb en  J a h rh u n d e r ts  der ungarischen  W asse rw irtsch aft u n d  des W asser­
b a u e s  g le ich b ed eu ten d  w äre .

H ugo L a m p l  m a c h te  sein A b itu riu m  1901 in  B u d a p e s t und  e rlan g te  
1905 sein  In g en ieu rd ip lo m  an  der B u d a p e s te r  T echnischen  U n iv e rs itä t.

In  seiner T ä tig k e it  s tan d en  W issen sch aft u n d  P rax is  in  enger W echsel­
w irk u n g  zueinander. E in ig e  W erke se iner w issenschaftlichen  T ä tig k e it sind  
d ie  1908 erstm alig  in  U n g a rn  au f dem  G eb ie t des W asserbaues d u rch g e fü h rten  

au ch  im  M osaikbild  des V IT U K I d a rg es te llten  — M odellversuche, sowie 
die den  B eton  b e h a n d e ln d e  M onographie, fü r  die ihm  der G roßpreis des U n g a ­
risch en  A rch itek ten - u n d  Ingen ieurvereins im  J a h re  1914 zugesprochen  w urde . 
B eide  W erke sch u f e r gem einsam  m it E le m é r S a j ó . Sein B u ch  »E n tw ässerung  
v o n  B au g ru b en  d u rc h  G rundw asserabsenkung« erschien  im  Ja h re  1954, w ird  
a b e r  h eu te  noch v ie lfach  gebraucht. D ie den  Z u sam m en h an g  zw ischen d er 
K o rn zu sam m en se tzu n g  u n d  W asserdu rch lässigkeit der B öden  behande lnde  
A rb e it w ar b a h n b re c h e n d . Im  R ah m en  seiner w issenschaftlichen  T ä tig k e it 
ge lang  es ihm  in m u s te rg ü ltig e r  W eise die ungeduld ige N eug ier des F o rschers, 
d e r die G eheim nisse des M aterials zu e n th ü lle n  b e s tre b t is t, m it der se itens 
d e r  P rax is  e rfo rd e r te n  N ü ch tern h e it, M aß h a ltu n g  u n d  V erstän d lich k e it zu 
vere inen .

Die h an d g re iflich en  Ergebnisse se iner T ä tig k e it sind  a llb ek an n t, w enn  
es au ch  n ich t je d e r  w eiß , daß  diese W erke  m it seinem  N am en  v e rk n ü p ft sind . 
Z w ischen 1905 u n d  1955 (die beiden Jah re sz a h le n  b e d e u te n  die offiziellen 
G renzen  seines W irk en s) en ts tan d  in  U n g a rn  kaum  ein B au w erk  im  W asse rb au
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m it dessen K o nzep tion , P lan u n g  oder L e itu n g  d er N am e H ugo L a m p l s  n ich t 
o rg an isch  v erb u n d en  gew esen w äre. D ie K vassay-Schleuse, die 1956 le ider 
b esch äd ig te  S tau s tu fe  von  T ass, die H ä fen  von  B ala to n b o g lár, A lsóörs u n d  
B a la to n fü re d , der F re ih afen  von  Csepel, die S tau stu fe  von  B ék ésszen tan d rás , 
d e r fe rtig g este llte  A b sch n itt des D o n a u —T h eiß -K an a l, die B ew ässerungs­
an lag en  von  T iszalök, T iszafü red  u n d  H ódm ezővásárhely  zeugen b e re d te r  
u n d  w irkungsvo ller fü r  seine T ä tig k e it u n d  bew ahren  n ach d rü ck lich e r die 
E r in n e ru n g  an  sein W irken , als ein  D en k m al jedw eder A rt.

N eben  seiner fachm änn ischen  A rb e it be te ilig te  er sich auch  am  ö ffe n t­
lichen  L eben . Seit 1954 w ar er M itglied  des w issenschaftlichen  A usschusses 
fü r  W asse rw irtsch a ft der U ngarischen  A kadem ie der W issenschaften . Im  J a h re  
1943 w u rd e  er in  die R igorosenkom m ission  der B u d ap este r T echn ischen  U n i­
v e r s i tä t  beru fen , 1952 w urde ihm  d er w issenschaftliche G rad  eines C. sei. zu ­
e rk a n n t u n d  1955 erfo lg te seine P ro m o tio n  zum  D o k to r der tech n isch en  W is­
sen sch aften . 1954 w urde  H ugo L a m p l  die V erd ienstm edaille  fü r sozialistische 
A rb e it u n d  1965 der goldene O rden  d er A rb e it verliehen.

H ugo  L a m p l  w ar g ründendes M itglied  der U ngarischen  H ydro log ischen  
G esellschaft, w urde 1954 zum  E h ren m itg lied  d er G esellschaft gew äh lt u n d  1973 
m it dem  Zeichen h ö ch ste r  A n erk en n u n g  seitens d er G esellschaft, m it dem  
V ásá rh e ly i P á l-P re is  ausgezeichnet. E r  em p fan d  diese A uszeichnungen  als 
A n sp o rn  zu  einer noch  h ingebungsvo llere  T ä tig k e it fü r  diese G esellschaft.

Sein  geistiges V erm äch tn is  b ild e t e inen  unvergäng lichen  S ch a tz , dessen  
w ir im  M om ent des schm ärzlichen  A bschieds e ingedenk  sein m üssen . D ie 
g esam te  K ö rp e rsch a ft d er un g arisch en  W asserb au -In g en ieu re  b e w a h rt m it 
g rö ß te r  A ch tu n g , D a n k b a rk e it u n d  E h rfu rc h t das A ndenken  an  H ugo L a m p l .

J .  Bogárdi

B ücher u n d  bedeutendere  A b h and lungen  von H ugo L am pl

1. G ró f Széchenyi I s tv á n  em lékhaj ó ú t a T iszán  (G ra f Is tv á n  Széchenyi G ed en k sch iffah rt
a u f  de r T heiß). 1933, 56 Seiten

2. W asse rw irtsch a ftlich e  F ra g e n  in  U n g a rn  m it beso n d ere r B erücksich tigung  de r W asse r­
s tra ß e n . 1935, 9 S eiten

3. Az ö n tö zésü g y  k o rm án y z a ti, köz igazgatási és m űszak i kérdései (D ie reg ie ru n g sse itig en ,
a d m in is tra tiv e n  u n d  tech n isch en  F ra g e n  d e r B ew ässerung). 1943, 21 S eiten

4. Az ön tözéses term elés szerepe az o rszág ú jjá é p íté sén e k  m u n k á já b a n  (Die R olle  d e r P ro ­
d u k tio n  d u rc h  B ew ässerung  im  W ied erau fb au  des L andes). 1945, 11 Seiten

5. A D u n a —T isza c sa to rn a  (D er D o n au —T h eiß -K an al). 1947, 318 Seiten
6. V íz iép ítk ezések  organ izációs fe lad a ta i (O rg an isato rische  A ufgaben  bei W asse rb a u ten ).

1953, 69 Seiten
7. M u n k ag ö d rö k  v íz te len íté se  ta la jv ízsz in tsü lly e sz tésse l (E n tw ässeru n g  von  B a u g ru b en

d u rc h  G ru n dw asse rabsenkung). 1954, 152 S eiten
8. A  c em en th ab arc s  b esa jto lás i e ljá rás  (V erfah ren  zu r E in p ressu n g  von  Z em en tm ö rte l).

1947, 28 Seiten
9. M odell (T etszésszerin ti k ev erésű  b e to n o k  sz ilá rdsága  . . .) H aszn á la ti u ta s ítá s  (M odell ,

F e s tig k e it  von  B e to n en  beliebiger Z u sam m en setzu n g  . . . G ebrauchsanw eisung). 1914, 
25 S eiten
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10. Id ő sz e rű  v ízép ítési k ö z m u n k á k  a m u n k anélkü liség  leküzdésének  szo lg á la táb an  (Z eitge­
m äß e  öffen tliche  W asse rb a u a rb e ite n  zwecks V erm eid u n g  der A rbeits lo sigkeit). 1938, 
19 Seiten

11. Az alfö ld i a lta la jo k  o sz tá ly o zása  és g y ak o rla ti m eg h a tá ro zása  a m érn ö k  szem p o n tjáb ó l
(D ie K lassifiz ierung  u n d  p rak tisch e  B estim m u n g  des U n te rg ru n d e s  der T iefebene v om  
S ta n d p u n k t des In g en ieu rs) . 1933, 47 Seiten

12. B a la to n i k ik ö tő k  (H ä fen  a m  B a la ton ). 1938, 52 S e iten
13. A  T iszavölgy  szerepe a  m ezőgazdaságunk  ú jjá é p 'té s é b e n  (D ie R olle  des T h eiß ta les  im

W ie d era u fb au  u n se re r  L an d w irtsch aft) . 1946, 18 S eiten
14. A  b e to n  (D er B e to n ). 1914, 553 Seiten
15. Ű j e ljá rá s  (N eues V erfah ren ). 1914, 38 Seiten
16. A csepelszigeti c em en tk isé rle ti és anyagvizsgáló  á llo m ás (D ie Z em entversuchs- u n d  M ate ­

ria lp rü fu n g sa n s ta lt  a u f  d e r Inse l Csepel). 1912, 18 Seiten
17. V asszád fa lak  (S tah lsp u n d w än d e). 1917, 143 S e iten
18. V asszád p alló k  és vasszád lem ezek  (S tah lsp u n d b o h len  u n d  S tah lsp u n d p la tte n ). 1948, 60

S eiten
19. A gy ag szád fa lak  kész ítése  öb lítéses e ljárással le sü lly e sz te tt acé lhüvelyek  segítségével (H e r­

ste llu n g  v o n  T o n sp u n d w ä n d en  im  S p ü h lv e rfah ren  m it v e rsen k ten  S tah lhü lsen ). M é ly ­
építéstudom ányi S zem le , (1954), 570— 678

20. V ízép ítési m u n k á in k  fe jlő d ése  (E n tw ick lung  u n se re r  W asserb au arb e iten ). V ízügyi K özle­
m ények, (1954), 373— 404

21. A  ta la j  szem összetéte le  és fizikai tu la jd o n ság a i k ö z ö tti  összefüggések (Z u sam m en h an g
zw ischen de r K o rn zu sam m en se tzu n g  u n d  den  p h y sik a lisch en  E ig en sch aften  des B odens). 
V ízü g yi K özlem ények , (1955), 360— 366

22. V ízzáró  függöny  e lő á llítása  fú rás i e ljá rással (H e rs te llu n g  eines w asserd ich ten  V orhanges
im  B o h rv e rfah ren ). V ízü g y i Közlem ények, (1957), 336— 346

23. A m ai eszközökkel v é g z e tt  ta la jk u ta tó  fú ráso k  m egb ízh ató ság a  a  v ízép ítés szem p o n tjáb ó l
(D ie Z u v erlässigkeit d e r  m it den h eu tig en  M itte ln  vorgenom m enen  B o d e n u n te rsu ch u n ­
gen d u rc h  B o h ru n g en  v o m  G esich tspunk t des W asserbaues). H idrológiai K özlöny  (1958), 
92— 93

24. B uzgár-képződés és ta la jtö ré s  (E n ts te h u n g  v o n  S an d au fb rü ch en  u n d  G rundbruch). V íz­
ügyi K özlem ények, (1959), 25— 49

25. J a v a s la t  a  cem en tb esa jto lás  tech n o ló g iá ján ak  fe jle sz té sé t célzó rendszeres k u ta tó  k ísé rle ­
te k  elvégzésére (V orsch lag  zu r sy s tem atisch en  D u rch fü h ru n g  v o n  F o rschungsversuchen  
zw ecks F o rte n tw ic k lu n g  de r Technologie d e r Z em ente inpressung). Vízgazdálkodási 
M ű sza k i Szemle, (1960), 25— 30

26. Á rv ízvédelm i tö lté se k en  é p ü lt  m ű tá rg y ak  m u n k ag ö d re  v issza tö ltésének  kérdése  (P rob lem e
d e r R ü ck fü llu n g  de r B au g ru b e  von auf, d em  H o ch w asserschu tz  d ienenden  D eichen  au s­
g e fü h rten  B a u te n ). Vízgazdálkodás, (1963), 23— 24

27. A  tisza fü red i sz iv a tty ú te le p n é l b e sa jto lt cem en tfü g g ö n y  h a té k o n y sá g án a k  v izsg á la ta
(U n te rsu ch u n g  des bei d e r P u m p sta tio n  in  T isza fü red  e in gepreß ten  Z em en tvorhanges). 
V ízü g yi K özlem ények, (1965), 226— 236

28. A  siófoki h a józsilip  h e ly reá llítá sa  (R e k o n s tru k tio n  de r Sch iffahrtssch leuse  bei Siófok).
V ízü g yi K özlem ények, (1965), 237— 241.

29. F o rrá so k  ke le tk ezésén ek  és buzgárok  képző d ésén ek  tö rvényszerűségei (G ese tzm äß igkeiten
des E n ts te h e n s  v o n  Q uellen u n d  S a n d au fb rü ch en ). Vízgazdálkodás, (1967), 65— 68
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L. GILLEMOT

1917— 1977

T he d e a th  o f D r. L. G i l l e m o t , m em b er of th e  H u n g a rian  A cadem y  o f  

Sciences is indeed  a v e ry  g rea t loss fo r th e  H u n g a rian  A cadem y o f Sciences 
an d  its  Section o f T echnical Sciences. W ith  his d ea th , th e  H ung arian  an d  in te r ­
n a tio n a l science o f engineering has lo s t an  in ex h au stib le  scholar e x tre m ly  
rich  in  ideas, w hose d u rin g  m ore th a n  40 y ea rs  o f a c tiv ity  w as governed fu n d a ­
m en ta lly  b y  th e  ob jec tives of our c o n try , ta k in g  th e  ro ad  fo r bu ild ing  u p  socia l­
ism , in  need of g rea t engineering ach ievem en ts . H is ach ievem ents , com prising  
th e  m ilestones o f his career, have been  h ig h ly  ap p rec ia ted  everyw here, a lw ays 
rem in d in g  his con tem poraries as well as th e  n e x t g enera tions th e  u n fo rg o ttab le  
m erits o f th is  o u ts ta n d in g  scientist.

D r. L. G i l l e m o t  w as born  in  B u d a p e s t, in  1912. In  1930, a f te r  an  em in en t 
h igh-school g rad u a tio n , he was a d m itte d  to  th e  F a c u lty  o f M echanical E n g in ee r­
ing  of th e  “ Jó zse f  N ád o r”  T echnical U n iv e rs ity , p redecessor of th e  p re se n t 
T echnical U n iv e rsity  o f B udapest. To sa tis fy  h is w ide ran g e  o f in te rest, p a ra lle l 
to  his T echn ical U n iv e rs ity  studies he a tte n d e d  th e  lec tu res o f th e  ph ilo sophy  
facu lty  as well, ta k in g  m ath em atics , physics, an d  ph ilo sophy , each as m a jo r, 
d u ring  fou r sem esters. H e ob tained  a degree as a m echan ical engineer in  1935.

In  th e  sam e y e a r  he was ap p o in ted  as a d e m o n s tra to r  to  th e  M echanical 
Technology In s t i tu te  o f th e  T echnical U n iv e rs ity . In  p rac tice , th is  w as b o th

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



230 GILLEMOT, L.

his v e ry  f irs t and , th e re a f te r , p e rm a n e n t w o rk in g  place u n til  h is d ea th , an d  
th is  w as w here he w orked  in  every  an d  each  s tag e  o f th e  u n iv e rs ity  ed u ca tio n a l 
line, u p  te ll to  th e  p o sition  of D e p a r tm e n t H ead  u n iv e rs ity  professor an d  
I n s t i tu te  D irector.

I n  1947 he w as ap p o in ted  to  th e  p o s t o f U n iversity  P ro fessor, w hen he 
h a d  a lre a d y  been fo r m ore th a n  6 m o n th s , D e p a rtm e n t H ead  o f th e  H eav y  
I n d u s try  C entre, an  in s titu tio n  e stab lish ed  to  con tro l our n a tio n a lized  h eav y  
in d u s try , in  charge o f  th e  technological re sa rc h  ac tiv ities. H e carried  on th is  
d u a l w o rk  up  to  th e  en d  o f his life, n e v e r in te r ru p tin g  his u n iv e rs ity  jo b  b u t  
f re q u e n tly  changing  his secondary  a c tiv ity  accord ing  to  th e  ob jec tives se t b y  
th e  co m p e ten t s ta te  au th o ritie s . T hus, in  1948, th e  S ta te  C ouncil o f Econom ics 
e n tru s te d  him  w ith  th e  o rgan iza tion  a n d  m an ag em en t of th e  H u n g a ria n  A lu ­
m in iu m  and  L igh t M eta l R esearch I n s t i tu te ,  w hose d irec to r he  rem ain ed  u n til  
1959. O nly  one y e a r  th e re a f te r  he w as com m isioned  to  o rgan ize an d  lead  th e  
R esea rch  In s t i tu te  o f th e  Iro n  In d u s try , w h ich  he had  in  th e  m ean tim e  d irec ted  
p a ra lle lly  u n til 1952. F ro m  1970 on he w as E xecu tive  V ice-P residen t o f th e  
T ech n ica l R esearch C o-ord ination  C ouncil o f th e  S ta te  O ffice o f T echnical 
D ev e lo p m en t.

S im ilarly  in  th e  m ean tim e, he w as R e c to r of th e  B u d a p e s t T echn ical 
U n iv e rs ity  from  1954 to  1957, th e n  sc ien tific  D ep u ty  R e c to r be tw een  1965 
a n d  1967.

Besides th ese  com prehensive g o v e rn m en ta l duties he h ad e  an  o u ts ta n d in g  
c re a tiv e  role in  o u r techn ica l-sc ien tific  life. H is very  f irs t s tep s  in  th e  fie ld  o f 
sciences have  a lre a d y  been  successful. T h u s , in  1940 he was aw arded  w ith  th e  
C arnegie  P rize fo r his p ap e r “ F a tig u e  o f W ire R opes” , Six years  a fte r  o b ta in in g  
h is degree, his p a p e r  “ X -ray  e x am in a tio n  o f w elds”  was ap p rec ia ted  b y  th e  
T ech n ica l U n iv e rsity  w ith  th e  D o c to r’s degree. In  1945 he w as com m issioned, 
to g e th e r  w ith  som e o th ers , to  c o n s tru c t th e  K o ssu th  b ridge  w hereby  th e  tw o 
p a r ts  o f  th e  C ap ita l, le ft w ith o u t p e rm a n e n t brides a f te r  th e  Second W orld  
W a r , could  be co n n ec ted  again. In  th is  p ro je c t he in tro d u ced  w elding, an  e n ti­
re ly  new  tech n iq u e  in  th e  co n s tru c tio n  o f  such  large-size bridges an d  n ev er 
u se d  fo r  th is  pu rpose  in  H u n g ary  before , to  connect th e  iron  s tru c tu ra l e lem ents, 
w h e reb y  com pletion  could be red u ced  b y  several m o n th s. H is efforts in  th is  
p ro je c t  was aw ard ed  b y  th e  g o v e rn m en t w ith  th e  K o ssu th  P rize  in  1949. 
F u rth e rm o re , he com bined  th is  p ra c tic a l w ork w ith  sc ien tific  research , an d , 
on  th e  basis o f h is ach ievem ents in  te s tin g  w elded bridges, he was ap p o in ted  
to  th e  T echnical U n iv e rsity  as “ P r iv a te  P ro fesso r”  (h o n o ra ry  lec tu rer).

H e was an  en th u siastic  an d  successfu l advocate  o f w elding all th ro u g h  
h is w hole life, in  th e  fields of b o th  th e o ry  an d  p rac tice . H is p rac tica l re su lts  
a re  verified  b y  a n u m b e r o f re le v a n t p a te n ts , while his th e o re tic a l success 
w as b e s t ev idenced  b y  th e  fa c t th a t ,  w ith  respect to  his re sea rch  resu lts , th e  
In te rn a tio n a l  I n s t i tu te  of W elding h ad  n o t only  elected h im  in to  its  G overn ing
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Council, b u t  also ap p o in ted  him  to  th e  position  of V ice-P residen t fo r th e  
1971— 1974 period .

H is techn ica l-scien tific  a c tiv ity  w ill alw ays be rem em bered  w hen we 
realize th a t  th e  R esea rch  In s titu te s  fo r th e  M etal and  Iro n  Ind u stries , re sp e c ti­
vely , whose o rg an iza tio n  and  prov isional d irec tion  also belonged to  his d u tie s , 
have  n o t only  becam e th e  bases of H u n g a ria n  non-ferrous m eta l and fe rro u s 
m eta llu rg ica l re sea rch , b u t  also th e  sc ien tific  w orkshops hav in g  in te rn a tio n a l 
re p u ta tio n .

In  ad d itio n  to  these  tw o in s titu te s , th e  m ain  area  o f his scientific a c t iv i­
ties w as alw ays th e  M echanical T echno logy  an d  M ateria l S tru c tu re  In s t i tu te  
of th e  B u d ap est T echn ical U niversity . T h ere  he had  a c tu a lly  created  a school 
in  w hich m an y  y o u n g  professionals could  ta k e  th e ir  v e ry  f ir s t  steps to w ard s  
th e ir  scien tific  ca reer. H is success in  th is  fie ld  is a tte s te d  b y  th e  fac t th a t  m a n y  
of his fo rm er associates have  already  w on several sc ien tific  degrees an d  som e 
of th e m , as u n iv e rs ity  professors, now  follow  th e  road  along w hich he has s ta r te d  
th em . M oreover, th e  young  proffesionals alw ays considered  i t  as a priv ilege 
if  th em  were g iven  an  o p p o rtu n ity  to  w ork  on th e  s ta f f  o f P rof. G il - 
L E M O T .

W ith  a g rea t n u m b er of associates he has c rea ted  everlasting  resu lts  
in  th e  fields o f w eld ing , m eta llu rgy , p las tic  fo rm ation , h e a t tre a tm e n t, an d  
m ate ria l te s tin g . T h e  p resen t review  of h is ac tiv ities  sim ply  can n o t cover ev e ry ­
th in g . H ow ever, h is ach ievem ents are c learly  reflec ted  b y  his 156 papers, 24 
books and  c h ap te rs  in  com prehensive vo lum es, an d  22 p a ten ts . In  th e se  
pub lica tions he has rep o rted , am ong o th e rs , on th e  tw in-e lec trode  w elding 
techn ique  he h im se lf designed, on easily  w eldable h ig h -s tren g th  steels, an d  on 
th e  te s t  m ethods a d a p ta b le  for such w eldable  steels.

H e was th e  one to  in itia te  and  e lab o ra te  th e  p ro d u c tio n  technology o f 
m eta l t ita n iu m , fo r w hich  he was aw arded  fo r th e  second tim e  w ith  th e  K o ssu th  
Prize  in  1957.

H e in sisted  on th e  design and  co n stru c tio n  of th e n  ac tu a lly  designed 
an  eq u ip m en t su itab le  fo r high-speed fo rm a tio n  w hereby, in  add itio n  to  s tud ies 
on th e  ex trem ely  h igh-speed  p lastic  fo rm atio n  techn ique , he achieved to g e th e r 
w ith  som e o f h is associa tes, new  resu lts p a r t ly  on th e  tim e  a n d  energy req u ire ­
m en t of such a fo rm a tio n  process, and  p a r t ly  on th e  effect o f high-speed fo rm a­
tion  lead ing  to  s ig n ifican t changes in th e  m a te ria l p roperties. In  th is  top ic  he 
delivered  lectures w hich  were followed w ith  g rea t in te re s t a t  a n um ber o f 
in te rn a tio n a l congresses.

In  th e  field  o f m a te ria l testin g  he e lab o ra ted  new m easu rem en t m ethods, 
and  conducted  re m a rk a b le  experim en ts on th e  causes o f m e ta l frac tu re . H is 
research  efforts in  f ra c tu re  m echanics p ro v ed  to  be p a rtic u la rly  successful, an d  
a ttra c te d  m uch in te re s t  as well as fu lly  ju s tif ie d  ap p rec ia tio n  from  am ong 
th e  professionals b o th  hom e and  abroad .

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



232 GILLEMOT, L.

T h e above in s tan ces  do n o t on ly  ch a rac te rize  his th e o re tic a l a c tiv itie s , 
b u t  t h a t  he alw ays com bined  th e  sc ien tific  p roblem s w ith  in v estig a tio n s on th e  
p o ssib ilities  o f ro u tin e  ap p lica tions as w ell. H e only ta lk e d  ab o u t n a tio n a l 
eco n o m y  in te re s ts , b u t  to o k  th e re  in to  considera tion  w h a te v e r he d id, an d  
d em an d ed  th e  sam e from  his associates. T h is  is w hy his ac tiv itie s  have alw ays 
b een  h ig h ly  ap p rec ia ted  n o t only b y  sc ien tific  circles b u t  also b y  p rac tica l 
p ro fessionals, as a t te s te d  b y  in n u m erab le  acknow ledgem ents. H e w as th e  
m o s t p ro u d  of th e  fa c t th a t ,  on th e  b as is  o f  his scientific  ach ievem ents, th e  
H u n g a ria n  A cadem y  o f Sciences e lec ted  h im  to  a correspond ing  m em ber a t  
th e  age of only  37, th e n  as reg u la r m em b er in  1965.

H is w ide fie ld  o f  in te re s t is c learly  ev idenced  b y  th e  in te re s tin g  fa c t t h a t  
he  delivered  an  in a u g u ra tio n  lec tu re  on g lobu la r cast irons a f te r  his election  
to  co rrespond ing  m em b er, and  th e  one fo llow ing his election to  regu lar m em b er­
sh ip  on th e  co rre la tio n  betw een  th e  p ro p e rtie s  of m etals on one h an d , a n d  a 
new  m a te ria l te s tin g  p a ra m e te r  he h im se lf h ad  in tro d u ced , th e  co n trac tio n  
en erg y , on th e  o th e r.

A pprecia tion  o f h is ac tiv ities is c learly  shown b y  his m em bersh ip  an d  
p o sitio n  as an o ffic ia l in  a n u m b er o f in te rn a tio n a l scien tific  o rgan iza tions. 
T h e  Y ugoslav ian  A cad em y  o f Sciences a n d  A rt h ad  elected h im  to  be co rrespond­
in g  m em ber, th e  F re n c h  Scientific  A cad em y  honored h im  w ith  th e  h ig h es t 
deg ree  of th e  “ O rd re  d u  M érite p o u r la  R echerche e t l ’In v e n tio n ” . H e w as 
m em b er o f th e  In te rn a tio n a l  Congress on F ra c tu re  and  of th e  “ Collège In te rn a ­
tio n a l  p o u r l ’E tu d e  S cien tifique  des T echn iques de P ro d u c tio n  M echanique” , 
a n d  w as engaged in  th e  ed ito ria l co m m ittee  of tw o in te rn a tio n a l period icals, 
th e  In te rn a tio n a l Jo u rn a l  of M echanical Sciences, and  th e  J o u rn a l o f M echanical 
W o rk in g  T echnology.

As a u n iv e rs ity  professor, he ta u g h t  th o u san d s of m echan ical engineering  
s tu d e n ts  th e  fu n d a m e n ta l princip les a n d  love of techno logy . H is lec tu res h ad  
a lw ays been co lorfu l, so th e  s tu d en ts  s im p ly  h ad  to  p ay  a tte n tio n  an d  en joyed  
th e  m agic o f his p e rso n a lity , too .

As R ecto r, th e n  D ep u ty  R e c to r o f  th e  B udapest T echnical U n iv e rs ity  
he could  successfully  cen tro l and  d irec t all th e  research  p ro jec ts  u n d er p rogress.

H is science o rgan iza tion  e ffo rts , to o , have alw ays been ex em p la ry  in  
c h a ra c te r . As ch a irm an  of th e  M echan ical E ng ineering  and  M etallurg ical 
S cien tific  W ork ing  G roup of th e  S ection  o f T echnical Sciences of th e  A cadem y  
he  led  and  con tro lled  research  for m a n y  y ea rs  in  the  various re lev an t discip lines. 
I n  ad d itio n , he w as also chairm an  o f th e  C om m ittee for T heore tical T echnology  
in  th e  H u n g a rian  A cadem y of Sciences.

One of th e  m o st im p o rta n t ro les o f his scien tific  o rgan iza tion  w ork  
w as w h a t he p erfo rm ed  as th e  E x e c u tiv e  V ice-P residen t o f th e  T echn ical 
R esearch  C o-ord ination  Council of th e  S ta te  Office for T echnical D evelopm en t. 
I n  th is  fu nc tion  he e lab o ra ted  a n u m b e r  o f scientific  po licy  princip les, b o th
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alone an d  to g e th e r w ith  his associa tes in th e  SOTD. A n o th e r  im m o rta l m erit 
of his was th e  lio n ’s share he  h a d  in  c rea tin g  in c reasing ly  s tro n g  connections 
betw een  th e  tw o  to p -re p u ta tio n  bodies o f th e  c o u n try , responsible for 
engineering sciences, th e  S ection  o f T echn ical Sciences a t  th e  A cadem y, an d  
th e  S ta te  Office o f T echnical D ev e lo p m en t.

H e was one o f th e  fo unders an d , in  various o ffic ia l positions, s im ilarly  
one of th e  m ost ac tiv e  leaders o f  th e  Scien tific  Society o f M echanical E ngineers, 
w here he was f irs t  aw arded  w ith  “ P a t ta n ty ú s  A. G éza”  com m em ora tive  m edal, 
th e n  la te r  w ith  th e  one nam ed  a f te r  “ B án k i D o n á t” .

H e served sc ien tific  an d  te c h n ic a l developm ent in  m a n y  o ther functions 
as well, such as in  th e  College o f  th e  M inister of C u ltu re , a n d  in  th e  T echnical 
Council of th e  M in istry  of M eta llu rg y  an d  M achine In d u s try ,  as well as th a t  
o f th e  M inistry  o f H eav y  In d u s try .

B eside his in n u m erab le  techn ica l-scien tific  m em b ersh ip  du ties an d  
official positions, he h ad  enough v ig o u r to  p a rtic ip a te  in  th e  social and  po litica l 
public  life as well. T hus, he w as P re s id iu m  M em ber in  th e  B u d a p e s t C om m ittee  
o f th e  P a tr io tic  P eo p le ‘s F ro n t a n d  o f th e  N ationa l P eace  Council, and  ac ted  
as T echn ical A ssessor for th e  S uprem e C ourt.

T he life an d  career of P ro f. L . G i l l e m o t , m em ber o f th e  H u n g arian  A cad­
em y o f Sciences, h as  in sep arab ly  been  in te rtw in e d  w ith  th e  ro a d  th e  H u n g arian  
engineering  science has followed. H is sc ien tific  and  tech n ica l ac tiv ities should  
p re se n t an  exam ple to  all tho se  w ho a re  engaged in  s im ila r fields.

J . Prohászka
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L apok  (1950, N o. 2 — 3. (In  H u n g arian )
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PLANNING OF OPTIMAL INVESTMENT CAPACITIES 
FOR INTERCONNECTED POWER SYSTEMS USING 
PROBABILISTIC CONSTRAINED PROGRAMMING

K . SZ E N D Y *

CORK. MEMBER OF THE HUNG. AC. OF SCI.

[M anuscrip t received 15 D ec. 1976]

B y  m ean s o f p ro b ab ilis tic  co n stra in ed  p ro g ram m in g  th e  p ap er gives a  usefu l 
too l fo r d e te rm in in g  th e  o p tim a l en largem en t o f gen era tin g  an d  tran sfe r capacities in  an  
in te rco n n e c te d  system . I n  th e  described m eth o d  th e  in s tan ta n eo u s  tran sfe r  pow ers are  
e lim in a ted . T he ad m iss ib ility  an d  re liab ility  o f  th e  pow er su p p ly  a re  in v estig a ted  b y  g en er­
a tio n  a n d  in te rco n n e c tio n  co n stra in ts. T he av a ilab le  gen era tin g  an d  tran sfe r  cap ac itie s , 
as well as th e  p e ak  lo ad  dev ia tions are considered  as ran d o m  v ariab les. I n  a d d itio n  to  
tech n ica l c o n s tra in ts  th e  o p tim iza tio n  process co n ta in s th e  p rescribed  re liab ility  leve l 
as a low er lim it. F u rth e rm o re , th e  cost o f lo ad  shedding  can  also be tak e n  in to  co n sid er­
a tio n . T he m eth o d  is i llu s tra te d  by  a sim ple exam ple.

Introduction

T he co m p lex ity  o f th e  in terco n n ec tio n  o f several pow er system s led  th e  
p lann ing  engineers to  th e  s im u la tion  m eth o d s fo r fin d in g  th e  m o st a p p ro p ria te  
s tru c tu re  for th e  in v e s tm e n ts  and  for a fu tu re  system  op era tio n . The selection  
o f op tim a l so lu tio n  has also been found to  be a tiresom e w ork  in  sp ite  o f 
ap p ro p ria te  eng ineering  ju d g em en t. The av a ilab le  g en era tin g  capacities, th e  
load  dem ands as well as th e  tran sfe r cap ac ities  of th e  in te rco n n ec tio n  are  
ran d o m  variab les . A t th e  f ir s t  glance a p ro b ab ilis tic  co n stra in ed  p rog ram m ing  
m odel can  be chosen as a d irec t m ethod  to  recom m end  th e  o p tim a l in v e s tm e n t 
of new g en era tin g  an d  tra n s fe r  capacities fo r an  increased  load  dem and  sa tis ­
fy ing  a t  a g iven re lia b ility  level of th e  pow er su p p ly  u n d er a sim plified co n ­
d ition  [1, 2]. To overcom e th e  obstacles caused  b y  th e  tra n s fe r  pow ers, a special 
p ro bab ilis tic  m odel is p resen ted  in  th e  follow ing. In  th is  m odel only  a fu tu re  
peak  period  o f one y e a r  is in v estig a ted  as sign ifican t fo r th e  pow er su p p ly , 
assum ing  th a t  th e  h y d ro -en erg y  takes a less im p o r ta n t role in  th e  system . 
The m odel has a static c h a ra c te r , th e  e lec trom echan ic  tra n s ie n ts  are n o t con­
sidered.

T he ta sk  is th e  d e te rm in a tio n  of th e  o p tim a l ex tension  s ta te  for a fu tu re  
peak  dem and  co n d itio n , s ta r tin g  ou t from  an  orig inal in te rco n n ec ted  system  
s ta te . This is ra th e r  co m plica ted  if  beside th e  ran d o m  n a tu re  o f some p a ra m ­
eters, th e  K irch h o ff’s 2nd  law  (voltage law ) is ta k e n  in to  considera tion .

* P rof. D r. K . S z e n d y  Á b rán y i E . 1, H -I026 B u d a p es t, H u n g a ry
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T h erefo re , in  som e p ap e rs  th e  em ergency  help , b y  m eans of tie  line in te rc o n ­
n ec tio n s , is considered  b y  an  assum ed  d isp a tch in g  logic [3]. In  fo rm ulae  
o f th e  p re se n t o p tim iza tio n  process, th e se  in s tan tan eo u s  pow er tran sfe rs  are  
e lim in a te d , th u s  m ak in g  th e  so lu tion  o f th e  problem  easier.

T h e  in te rco n n ec ted  system s consists  o f subsystem s. O ur p ro b ab ilis tic  
m odel w as developed  from  a d e te rm in is tic  one. The fo rm u la tio n  changes as 
soon as ce rta in  p a ra m e te rs  becom e ra n d o m  values. The ran d o m  c h a ra c te r  of 
th e  p ro b ab ilis tic  m odel is expressed  b y  in d iv id u a l outcom es. A n outcome is 
dec la red  successful i f  th e  pow er su p p ly  is n o t  re s tric ted , an d  if  th is  cond itio n  
is n o t  m e t, th e  ou tcom e is unsuccessful. T he  re liab ility  in d ex  p  o f th e  pow er 
su p p ly  is th e  p ro b a b ility  of successful ou tcom es; th e  re liab ility  level p s is 
th e  low er b o u n d a ry  o f th e  re liab ility  ind ices. In  p rac tice  th is  low er b o u n d a ry  
h as  to  be n ea r u n ity .

T he ob jec tive  fu n c tio n  to  be o p tim ized  is the  in v e s tm e n t cost of th e  
g e n e ra tin g  and  in te rco n n ec tio n  ex ten s io n . T he ne tw ork  pow er loss in  an  o p ti­
m iz a tio n  process is n o t considered w ith  th e  aspec t of th e  sh o rt d u ra tio n  o f th e  
d e v ia tio n  from  th e  scheduled  pow er v a lu es . The dete rm in is tic  c o n s tra in ts  o f 
an  in d iv id u a l ou tcom e are th e  lo ad in g  lim its  o f availab le  genera tio n  an d  tie  
lines. T h e  p ro b a b ility  co n stra in ts  are exp ressed  b y  th e  p ro b a b ility  o f sa tisfy in g  
th e  successful ou tcom es.

T he ran d o m  v ariab les can be c h a ra c te riz e d  by  th e ir  d is tr ib u tio n  an d  d en ­
s i ty  fu n c tio n s. T he sum  of d en sity  o f  tw o  ran d o m  v ariab les p, à can  be derived  
b y  a n  au x ilia ry  v a riab le  со, e.g.

D eno ting  th e  jo in t  d en sity  fu n c tio n  of p, and  Ô b y  f ^  th e  new  d e n s ity  
fu n c tio n  is [4]:

I f  th e  p  an d  ô random  v a riab le s  are  in d ep en d en t o f each  o th e r, th e  d en sity  
o f  th e ir  sum  equals th e  convo lu tion  o f  th e ir  respective densities.

T he ran d o m  v ariab les are e s tim a te d  from  th e  p a s t h is to ry  o f th e  system  
a n d  its  new  possib ilities. T herefo re , th e  random  v ariab les are in v es tig a ted  
as kn o w n  va lues. T he m a th e m a tic a l sym bols u tilized  in  th is  p a p e r are  sum ­
m a riz e d  in  A p p en d ix  A., th e  fo rm u lae  an d  te rm s in  A ppen d ix  B.

The ou tcom e can  be considered  successful if  th e  follow ing tw o  cond itions 
a re  sa tisfied  w ith o u t load shedd ing :

1. th e  pow er balances o f each  subsystem s,
2. th e  tra n s fe r  co n stra in ts  o f  th e  in terconnections.

I  =  p  4- 6 — p  (p  =  const)

(0 =  0
( 0 . 1)

o o
f t  =  j  — <o — p, co)dco . (0.2)
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1. Power balance o f a subsystem

T h e pow er balance in  a su b sy stem  is considered sa tis fa c to ry  i f  th e  a v a il­
ab le  gen era tio n  cap ac ity  is h igher th a n  th e  genera tion  d em an d  co n sis tin g  of 
th e  to ta l  dem and  d an d  th e  overall p o w er tra n sfe r  to  o th e r  su b sy stem s w hich  
w ill be considered  as positive bus pow er i.

T h e availab le genera tion  c a p a c ity  is th e  difference o f th e  in s ta lle d  gen­
e ra tio n  cap ac ity  is th e  difference o f th e  in sta lled  gen era tio n  c a p a c ity  h an d  
th e  c a p a c ity  deficiency g  as a ra n d o m  variab le  due to  forced  o u tag e , m a in ­

te n a n c e , e tc . The reserve genera tio n  c a p a c ity  r can  be defined  as th e  d ifference 
of in s ta lle d  cap ac ity  h an d  th e  schedu led  g enera tion  pow er g. T he load  d e m an d  
is com posed  b y  th e  scheduled  d em an d  d  an d  th e  random  d em an d  d e v ia tio n  <5, 
th e  p o sitiv e  value of th e  la t te r  co rresponds w ith  th e  increased  d em an d . T he 
schedu led  dem and  is de te rm in ed  b y  ta k in g  th e  m ean  o f d em an d  d e v ia tio n  
eq u a l to  zero. The ou tgo ing  bus pow er i to  th e  o th e r sub sy stem s (e x p o rt is 
p o sitiv e ) con ta in s th e  scheduled  î  an d  th e  em ergency bus pow er.

In  F ig . 1 th e  ran d o m  c h a ra c te r  o f th e  cap ac ity  defic iency  g  and  th e  lo ad  
d em an d  d ev ia tio n  ô is show n, fu rth e rm o re  an  A 1 successful an d  А г unsuccessfu l 
o u tcom e. In  case of in su ffic ien t av a ilab le  genera ting  c a p a c ity  (unsuccessfu l 
ou tco m e), th e  pow er balance can  be re s to re d  by  load  shedd ing  s p re v e n tin g  
fu r th e r , a n d  ev en tu a lly  g rea te r  cascad ing  d istu rbances.

T h u s  fo r m a in ta in in g  th e  pow er ba lan ce , th e  follow ing co n d itio n  has 
a lw ays to  be sa tisfied :

h — g^>  d  à i — s (1-1)
w here

h =  g +  r =  d  +  i +  r .
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In tro d u c in g  th e  r e s u lta n t  c a p ac ity  vecto r as show n in F ig . 1

X  =  г  г  —  f i ( 1.2)

w here  Ji is th e  m ean  v a lu e  o f th e  cap ac ity  defic iency , fu rth e rm o re  th e  su b ­
sy stem  ran d o m  v a riab le

I =  [I +  Ь — ~jl.

O b v iously  th e  m ean  o f lo a d  dem and d ev ia tio n  is zero (d =  0), and  considering 
th e  abo v e-m en tio n ed  re la tio n s , th e  balance co n d itio n  can  be w ritte n  as follows:

l  +  i 5^ X +  s ,

s >  0 .
I f  (1 .3) can be sa tis f ie d ;

(1.3)

by  s =  0 th e  ou tcom e is successful (A ± in  F ig . 1); 
s >  0 th e  ou tcom e is unsuccessfu l (A x in  F ig . 1)

T he re liab ility  in d ex  o f  i  — th subsystem  is d e fin ed  as

Pi =  P  {sí =  0 } , or 

Pi =  1 — P i=  P {si >  0}.

T he re liab ility  in d ex  o f  a system  con ta in ing  n  su bsystem s is:

p  =  P  {s, =  0 ; i  =  1, . . n}.

p  <  Min (jPj) , 

i  =  1, . . ., n  .

O bv iously

(1.4)

(1.5)

(1.6)

(1.7)

T he re liab ility  lev e l prescribes th e  ex cep tab le  re liab ility  cond ition . 
D en o tin g  the  re lia b ility  level for subsystem  i as p Li, as well as for th e  w hole 
sy s tem  p s , i t  can  be w r it te n  th a t:

P i> P L i» ( ï = l ,  в) (1.8)

P > P s ■ (1-9)

T he system  u n re lia b ility  index  can  be defined  as th e  com plem ent o f 
th e  re liab ility  in d e x  a n d  n o ted  by  p . T h is v a lu e  shows th e  p ro b ab ility  o f u n ­
successfu l ou tcom es, w h e n  th e  pow er su p p ly  is d is tu rb ed . O bviously

p = l - p .  (1.10)
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2. Technical constraints of interconnections

This m odel in v es tig a tio n  assum es, t h a t  th e  genera tio n s, th e  load dem ands 
an d  th e  bus pow ers are  co n cen tra ted  in  one p o in t for each  subsystem . The t r a n s ­
fe r pow er can be exp ressed  by  th e  b u s  pow ers. F igure 2 show s an  in te rco n n ec ted  
sy stem  consisting  o f  th ree  su b system s. T h e  system  in terco n n ec tio n s are in ­
d ica ted  b y  th ick  lines. In  the  sim plified  m odel each su b sy stem  is m apped  in to  
a node po in t. T hese  node po in ts  are  in te rco n n ec ted  b y  b ranches show n in  
th e  le f t side of F ig . 3. The tran sfe r pow ers o f each b ran ch  are  lim ited  b y  t r a n s ­

fe r capac ities in  b o th  d irec tions, w hich  can be d ifferen t from  each  other. The 
r ig h t side of Fig. 3 p re se n ts  the  sam e in te rco n n ec tio n s , b u t  b y  d irec ted  edges 
co rrespond ing  to  th e  pow er flow d irec tion .

T he tran sfe r c a p a c ity  (y +, y —) in  each  d irec tion  an d  th e  tra n sfe r  pow er 
d is tr ib u tio n  m a trix  К  is changed b y  th e  v a r ia tio n  of n e tw o rk  con figu ra tion , 
due to  ou tages or th e  line  capac ity  is m o d ified  b y  th e  w ea th e r conditions, e tc . 
A n u n c e r ta in ty  was also  resu lted  b y  th e  c o n cen tra tio n  o f th e  subnetw orks 
in to  e q u iv a len t node p o in ts , and  b y  e q u iv a le n t n e tw o rk  b ran ch es. These u n ­
c e rta in tie s  can  be ad d e d  to  th e  ab o v e-m en tio n ed  ran d o m  c h a ra c te r  of tran sfe r 
cap ac ities , b u t  th e  coeffic ien ts  of th e  tra n s fe r  d is tr ib u tio n  m a tr ix  are k e p t 
u n ch an g ed  fo r th e  sake  o f  sim plicity . T h u s  e q u iv a le n t tra n sfe r  c a p a c ity  is th e  
difference o f th e  n o m in a l in sta lled  tra n s fe r  c a p a c ity  (y  + , y ~ )  a n d  th e  random  
d ev ia tio n  (r]+, rj~), re sp ec tiv e ly , show n in  F ig . 4.
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F o r  fu r th e r  sim plifica tion  th e  e q u iv a le n t ne tw ork  is rep resen ted  b y  dc 
s ta te ,  i.e . th e  v ec to r an d  m a trix  co m p o n en ts  are real n u m b ers , an d  th e  ac tiv e  
pow ers are  p ro p o rtio n a l w ith  th e  c u rre n ts . I f  i t  is necessary , th e  v a r ia tio n  o f 
th e  tra n s fe r  pow er d is tr ib u tio n  can  be considered  in  th e  ite ra tiv e  process o f 
p ro b a b ilis tic  op tim iza tio n .

T h e  tech n ica l co n stra in ts  can  be expressed  by  th e  follow ing re la tio n

K i  <  у — *] (2.1)
w here

V

4 “ .

c o n ta in in g  th e  tra n s fe r  capacities a n d  th e ir  dev iations in  po sitiv e  and  n eg a tiv e  
d irec tio n s .

F u rth e rm o re , iT =  [i1; . . . , i n_ x] is th e  in d ep en d en t b u s  pow er v e c to r , 
fro m  w hich  th e  reference bus pow er is

(2 -2)

3. The admissible range o f  interconnected system  states

T he in te rco n n ec ted  system  co n sis tin g  of n e q u iv a len t nodes sub sy stem s 
a n d  q eq u iv a len t b ran ch es can be o p tim ized  w ith  re sp ec t to  u nknow n  v a ria b le  
v e c to rs  (x, y )  fo r given d is tr ib u tio n s  o f random  v ariab les  (Ç, Y)). T he exp lic it 
fo rm  of i bus pow er v ec to r is n o t desirab le  in  th is  p rocess. T he e lim in a tio n  
o f  i v ec to r in  th e  abo v e-m en tio n ed  in e q u a lity  re la tio n  can  be p erfo rm ed  by  
e q u a li ty  re la tio n s an d  in tro d u c in g  th e  aux ilia ry  v ariab les  a  >  0, an d  ß >  0 
as gen era tin g , an d  tra n sfe r  su rp lu s  pow er vectors.

T he outcom e is admissible i f  th e  subsystem  ba lances an d  th e  te c h n ic a l 
c o n s tra in ts  are sa tisfied , e v e n tu a lly  b y  m eans of load  shedding.

The subsystem balances can  be w ritte n  from  (1.3) an d  (2.2) in  th e  fo llow ing 
v e c to r ia l form  com pleted  b y  a g e n e ra tin g  surplus v ec to r:

Ç +  I 'i  +  a  =  x +  s (3.1)
w here

The technical constraints g iven  in  (2.1) can  be com ple ted  b y  ß  tra n s fe r  
su rp lu s  vecto rs as

Y) +  K i  +  ß  =  y . (3.2)
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F o r a p a r tic u la r  choise of tree , th e  b ran ch es  on th e  tree  are called  “ tre e  
b ranches” , w hereas these  th a t  are n o t on th e  tre e  are  called “ cho rds” . T h e  i 
bus pow er v e c to r  can  he expressed from  th e  eq u a tio n  (3.2) b y  its  p a r t i t io n  
in to  a tre e  b ra n c h  b lock  w ith  positive d irec tio n  an d  cho rd  b lock consisting  
of all chords a n d  th e  n eg a tive-d irec ted  p a r t  o f tree  b ranches.

In  acco rdance
4 , +  K , i  +  p, =  T„  (3.3)

*)c +  K c i -f- ß c =  yc
w here

*if = V : Р/ = P<+, yt =  yi  .

*) c = *)c+ » Pc —
ГРГ1
Pc+ » Ус =

’ УГ" 
Ус

-*)Г- L p r J - Ус.

O bviously  K; reg u la r m a tr ix  has an  K( 1 in verse , th u s  from  (3.1) a n d
(3.3) can  be w ritte n

Y =
a

Pc
+

I' n 

К
К  т ъ  =

X

Ус J

I

LK C
к г Ч ч / -  Уд- (3-4)

L e t us consider th e  convex  p o lyhed ra l cone o f  у  v e c to r  in  2q 1 =  2n 
-)- 2c — 1 d im ensiona l space:

rí '  1
а а  1 0

II II

[ - 1'— [J  - КП Рс" ; Pc ^ о
Pl Р /^о

(3.5)

A ccording to  W ey l’s th eo rem  [1] th e re  ex is t v ec to rs  d(. . . . , d(, for w hich

Г  =  {у : [àJti, d j ] y  0; i  =  1, . . ., v} (3.6)
an d

assum ing th a t  no  p a ir  o f d(, . . . , d( is linearly  d ep en d en t. 
F rom  (3.4) a n d  (3.6)

[ * М ]
I'

к
K i 1 <  ° n - i  and  dNi >  0,C, AJ{ >  Oj..

In tro d u c in g  dr,- !>  0 „ _ ! th e  in eq u a lity  can  be s u b s titu te d  b y  th e  follow ing 
eq u a lity

[A h, AJi] [ Ч -  К г 1 +  d l t =  O Ï_! • (3.7)
. “ -С.
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T h e n  th e  ou tcom e is adm issib le if  an d  o n ly  i f  y  Ç Г. T hus, th e  co n d itio n  of 
a d m iss ib ility  is from  (3.4), (3.6) and  (3.7)

[àTNt,àJi]
8

o r
d£,

I'

K,
к ,  4̂ / -  y() < о. (3.8)

T he v ec to rs  d^,-, dJ ,  d^, can  be d e te rm in ed  from  (3.7). F o r sake o f p lac in g  th e  
p o sitiv e  tree  edge before  o ther b ra n c h  edges, an  in te rco n n ec tio n  m a tr ix  is:

JT =  [(Kr1)rI'T i In-! ; ( К г Г  • KJ] (3.9)

a n d  can  be used  fo r fu r th e r  in v es tig a tio n .
T he e x te rn a l d irections d of th e  2 n -f- 2c — 1 d im ensional p o ly h ed ra l 

cone o f Г  are g iven  b y  th e  basic so lu tio n  of JT;

J

Y
ja

- il

d.v,-
= d T;

A ,

> o n+ 2q ‘

(3.10)

O bviously , th e  upper lim it o f  non-zero components of d, v ec to rs  are  th e  
n  n u m b e r of nodes (subsystem s). L e t d, co lum n  vec to rs of D m a tr ix  be decom ­
posed  in to  th ree  blocks. The f irs t b lock  corresponds to  th e  e q u iv a len t 
nodes, th e  second block to  th e  b ra n c h  edges w ith  ran d o m  d ev ia tio n s  and  
th e  th ird  block to  th e  b ran ch  edges w ith o u t dev ia tions. T he co n d itio n  o f th e  
adm issib le  ou tcom es of an  in te rc o n n e c ted  system  can  be exp ressed  from  
(3.8), as

DF(Ç — s) +  Djr\ <  u  (3.11)
w here

u =  1 ) z  .

z
(3.12)

T he co lum ns o f J7 determ ine  th e  sequence in  D in  o rd er o f 1*, an d  t]c. 
T he f irs t  b lock o f J has n co lum ns, i f  all b ranches w ith  b o th  d irec tio n s are 
in v es tig a ted  th e  o th e r tw o blocks h a v e  a lto g e th e r tw ice th e  b ra n c h  n u m b e r q. 
O bviously  th e  v n u m b e r of th e  possib le  ex trem al so lu tions is genera lly  less 
h as  th a n  th e  to ta l  com bination  of b ra n c h e s  in to  th e  b locks o f th e  sam e n u m b er 
as th e  nodes, on acco u n t of th e  follow ing:

— th e  o p tim iza tio n  is n o t n ecessarily  ex ten d ed  over all eq u iv a len t 
b ran ch es, and  o ften  th e  pow er flow s are no t considered  in  b o th  d irec tions,
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— m any  com b in a tio n s of basic  colum n of J 7 m a tr ix  h av e  no adm issib le
so lu tion  (d, 0  is n o t  valid),

—  om itted  are  those so lu tio n s w hich have no basic  co lum n of a t  least 
one eq u iv a len t node.

Therefore, if  m ore th a n  6 o r 8 subsystem s ex is t, th e  decom position  
p rocedure  can be u tilized  or th e  in v e s tig a tio n  is ex te n d e d  to  tho se  su bsystem s 
w hich effectively in fluence  th e  su b je c t.

O bviously th e  f ir s t  so lu tion  is alw ays

d i  =  [ t f , O L ]  •
T herefo re, condition

l ï ( Ç - * - s ) < 0  (3.13)

in  each  case is sa tis fied , b u t th is  does n o t co n ta in  th e  te ch n ica l co n stra in ts  
o f th e  in te rco n n ec tio n s.

4. Reliability level

T he reliability index of th e  interconnected system  can  be d e te rm in ed  m ore 
easily  th a n  a one su b sy stem  index . T h e  p ro b a b ility  o f th e  successful ou tcom es 
o f th e  in te rco n n ec ted  system  w ith o u t load shedd ing  (s =  O) from  (3.11)

P =  P { C ^ n }  =  F ((u) (4.1)

w here th e  tran sfo rm ed  ran d o m  v e c to r :

Ç =  D fC  +  D V ) , (4.2)

an d  F j  is th e  d is tr ib u tio n  fu nc tion  o f  Ç tran sfo rm ed  ra n d o m  v ariab le  v ec to r.
T h en  the  p ro b ab ilis tic  c o n s tra in t expressed  b y  th e  sy stem , re liab ility  

level is:
>  Ps • (4-3)

T he subsystem reliability index c a n  be de te rm in ed  in  a m ore  d ifficu lt w ay. 
T he necessary  cond ition  of a successful outcom e for i- th  su b sy stem  is th e  sa tis ­
fac tio n  o f re la tion  (3.11) (s, =  0), a n d  th a t  of a fu r th e r  genera l system  con­
d ition . E .g . th is  la t te r  cond ition  can  be dete rm in ed  b y  m in im izing  th e  to ta l  
lo ad  shedd ing  if  th e  ou tcom e is unsuccessfu l from  th e  sy s te m ’s v iew poin t. 
In  th a t  case th e  follow ing y, convex  p o ly ed er has to  be d e te rm in ed  from  (3.11)

: Df (5/ — s) +  Щ'ГИ <  u St =  0 '

M ax l j  ( — s) sj  =  ®
j  ** 1

(4.4)
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T h e n  th e  probab ilistic  c o n s tra in t exp ressed  by  th e  i- th  su b sy stem  re liab ility  
lev e l is:

Pi =  p { &  *)) € Xi} <  P u  ■ (4.5)

T h e  range can be d e te rm in ed  b y  re la tio n  (4.4) i f  on ly  a few  su bsystem s are 
in te rc o n n e c ted , o therw ise  de ta iled  s im u la tio n  of in d iv id u a l ou tcom es can be 
u sed .

5. O ptim ization  m odel

T he objective fu n c tio n  to  be m in im ized  is th e  in v e s tm e n t cost of a new 
g e n e ra tin g  equ ipm en t a n d  tran sm issio n  ex tension  o f th e  in te rc o n n e c ted  system  . 
F o r  th e  sake of sim p lic ity  i t  can  be assum ed  th a t  th e  in v e s tm e n t costs are  linear 
fu n c tio n s  of the  x r e s u l ta n t  g en era tin g  c a p ac ity  v e c to r  a n d  th e  y  tran sfe r 
c a p a c ity  vector.

T he cost of lo ad  sh edd ing  can  be considered  if  th e  o p tim iza tio n  is a n a ­
ly se d  as a two-stage p ro b lem , w here in  th e  second stage th e  ob jec tiv e  function  
to  be  m inim ized is:

Z =  bT s (5.1)

w h e re  b r  is the  u n it  co st v ec to r  of load  shedding . T he c o n s tra in ts  are th e  re ­
la t io n  (3.11), (3.12), (4.3), and

z >  z(0) (5.2)

w h ich  shows th a t  th e  z ex tension  v ec to r  s ta r ts  o u t from  an  in itia l position  
o f  z(0) vector.

T he first-stage problem  can  be fo rm u la ted  in  th e  fo llow ing m anner. 
The objective fu n c tio n  is:

/о  =  a r z +  E{1} (5.3)

w here a  is the  specific  gen era tio n  an d  tran sm issio n  co st v ec to r , E{1} is th e  
e x p e c ta tio n  of Z. T he ob jec tiv e  fu n c tio n  to  be m in im ized  is su b jec ted  to  th e  
(5 .2) in itia l cond ition  an d  to  th e  p s p rescribed  re lia b ility  level given in  (4.3).

As a firs t a p p ro x im a tio n  we sha ll neg lect E{1} a n d  th is  seem s to  be a d ­
m issib le  because we u su a lly  choose p s v e ry  h igh  in  p rac tice . T he random  
v a ria b le s  can be considered  as in te rd e p e n d e n t w ith  lo g arith m ic  concave 
m easu re  p roperties. T herefo re , th e  g rad ien t o f system  re lia b ility  in d ex  gives 
a quasi-concave p ro b a b ili ty  c o n s tra in t, an d  th u s  th e  f irs t-s ta g e  p roblem  can  
be  solved by  s to ch as tic  p ro g ram m in g  discussed in  S ec tion  8 of reference [1].

The procedure s ta r ts  w ith  an  a rb itra ry  feasible v e c to r  z ( l) .  I f  z ( l ) , . .  . ,  z (k) 
a re  a lready  d e te rm in ed , th e n  we solve th e  linear p ro g ram  w ith  an  a rb itra ry  
f ix e d  positive n u m b e r 0  from  (4.1), (4.2), (4.3), (5.2) an d  (5.3) in  th e  following 
m a n n e r:
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M inimize v su b jec t to
ar [z — z(fc)] <  v

* i[u (* ) ]  +  p u { F c[u(É)]}D T [» -  z (k)] +  e v ^ P s . (5.4)

z >  z(0)

L e t us denote  th e  op tim a l so lu tion  of (5.4) z*(/e) an d  m inim ize a ; z on th e  
feasible p a r t  of r a y  z(fc) -)- Âz*(/c), Я ]>• 0, an d  f in a lly  define th e  m in im izing  
p o in t as z (k -)- !)• T he convergence p ro o f is show n in  reference [2]. L e t us su b ­
s ti tu te  th e  m in im izing  so lu tion  of z° in  th e  second-stage p ro g ram  and  ev a lu a te  
th e  expection  o f l lo ad  shedd ing  cost E{1}, w hich can  influence  th e  expression
(5.3) of th e  f irs t-s ta g e  p ro g ram  p u b lished  in  [1]. I t  can  be no ticed  th a t  in  
several cases th e  firs t-s tag e  o p tim iza tio n  is su ffic ien t alone.

6. Evaluation of J  interconnection matrix

D enote in  th e  eq u iv a len t n e tw o rk  show n in  F ig . 3.:
— th e  p a r ti t io n  of th e  n o d e-b ran ch  incidence m a tr ix  in to  tree  b ranches 

an d  chords on th e  basis of p ositive  flow  d irections as: A t, A c;
sim ilarly  th e  p a r ti t io n  of th e  m esh -b ranch  incidence m a trix  as:

B (, I c;

— th e  d iagonal b ra n c h  a d m itta n c e  a n d  im pedance  m atrices  as: Y t, 
Yc and  Z t ,  Z c, resp ec tiv e ly ;

— th e  node a d m itta n c e  an d  im pedance  m atrices as Y a n d  Z , resp ec tiv e ly . 
The reference p o in t o f th e  eq u iv a len t n e tw o rk  is selected  in  such a m an n e r

th a t  to  th is  no ch o rd  (w ith  p ositive  d irec tion) is connec ted . E .g . in  F ig . 3. 
th e  tree  b ranches are  1 3  an d  2 — 3, th e  cho rd  is 1 —2. So generally

I£_i Ac = O t . (6.1)
O bviously

В, =  - А Д А г Т -  (6.2)

The tra n sfe r  m a tr ix  b lock o f  tree  defined  in  p a ra g ra p h  3. b y  (3.3) is 

К / =  Y tÁ [ Z  K f 1 =  Y ( A r T  Z,

th e  rem ain ing  tra n s fe r  m a tr ix  b lock

-Y/Afl
K , =

F u rth e rm o re ,

Z .
YCA£_

Y  =  A tY tA j  +  A CY CA J .
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F ro m  (3.9)

J =
Г К ( 1
I n - 1
К ск  Г1

1) =  '-A,
2) =
3)

chord  b lock

AX

w here

—  I T  A— *n—lA t
I rj_г|  tre e  b lock

- I n - l
L

— L

L =  Y cB t Z t .

I nodes

1 tre e  b ran ch es

+
chords

(6.3)

(6.4)

Fig. 5

Exam ple

The e q u iv a len t n e tw o rk  of tw o  in te rco n n ec ted  sy stem s show n in  F ig . 5. 
A t f ir s t  th e  tra n s fe r  c a p ac ity  d ev ia tio n  is n o t considered . O bviously  A t =  1,
B t =  0, L  =  0.

fu rth e rm o re

F ro m  (3.11)

* 1  x 2 y + У
1 — 1 1 - 1

X1 x 2 y  + y~~
1 1

0
0

1 0 !0 1

_0 1 ; 1 0

D i

( s i  *l) (^2 ^2) ^  X 1 T  X 2  ’

ii — si <; * 1  +  y ~  ■>

i 2 — S2 ^  *2 +  J + •

T hese co n s tra in ts  can  be seen in  F ig . 6. The shaded  a reas show  th e  d iffe ren t 
s ta te s  of load sh ed d in g  in  case o f m in im um  system  load  shedding.

Now
M ax ( — s x — s2) .

O bviously

Xi =  A 0 U A 2 U [possible p a r tly  (A 2 U A 3)] 

X2 =  A 0 U A x U [possible p a r tly  (A[ U A 3)]
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T he load  sh ed d in g  in  A[, A'2 a n d  A 3 areas can be sh a red  betw een  1 a n d  2 
su b sy stem , so t h a t  th e  p ro b ab ility  in d e x  of b o th  system  does n o t d iffer sig­
n if ic a n tly  from  each  o th er.

f

I f  th e  tran sfe r d ev ia tio n  is n o t n e g lec ted  from  (3.11) th e n

í l  — S1 +  h  — S2 <  *! +  *2 »

ii  — si +  Г < * 1  +  Г <
i 2 -  S2 +  V+ <  X2 +  У+ ■

7. Unreliability index p  and expected load shedding 
S = E  { t f s }  in two interconnected system s

A ssum ing  th e  | 2 random  v a ria b le s  w ith  norm al d is tr ib u tio n  to  be 
in d e p e n d e n t and  le t rj be neglected. L e t  us determ ine th e  u n re lia b ility  in d e x  
co rresp o n d in g  to  th e  sh ad ed  area show n in  F ig . 7.
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In tro d u c in g  th e  tra n sfo rm a tio n

V 1 1 '«1
0 1 A

=  D ffi.

The u n re lia b ility  index  correspond ing  to  v e rtic a lly  lined area o f v ' 
p o in t is

Pi - Г  f A Ф
<*r (У лОп оло,

■С'
1 u r

d (7.1)

w here <p, Ф th e  d e n s ity  and  d is tr ib u tio n  fu n c tio n  o f stan d ard ized  n o rm a l 
d is trib u tio n , an d

af =  a\ +  of? v ' =  «í +  rá, an d  from  F ig . 8.

vi =  * i  +  *>2 =  * 2  —  У -  •

W ith o u t tra n s fe r  re s tr ic tio n  v2 =  oo, th e  u n re liab ility  in d ex

P о 1 — Ф *1 +  *2 (7.2)

T he u n re liab ility  in d e x  corresponding to  h o rizo n ta lly  lin ed  area of [ i/]  p o in t is

(7.3)

S im ilarly  fo r \v"\ p o in t  in  Fig. 8 v" =  ty v2, v'{ =  x2 — y  + , v2 =  x2 -f- у  + .
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So

an d
* ■ /«

Ф
0, 0.1°2 (JnOr Or ,

Р 2 = Ф
f i 1 -  Ф j£ J
o j o 2 l

T he re su lta n t u n re liab ility  in d e x  is from  (7.1) to  (7.5) 

P =  Po — Pi +  P i — Р'г +  Pi •

(7.4)

(7.5)

(7.6)

T he expected  lo ad  shedding co rrespond ing  to  th e  v e rtic a lly  lined  are a show n 
in  F ig . 7. and  8. as

Si =  Г  I—  -  —
о ( Or Or

1C

Or J
Ф

ОлОп OlOr
П  à

W ith o u t tra n s fe r  res tric tio n  th e  ex p ec ted  lo ad  shedd ing  is

Só =  or J <p X1 +  X2 ' *1 +  *2 1 -  Ф ^ ) f l

(7 .7)

(7.8)

T he u n re liab ility  ind ex  co rrespond ing  to  h o rizo n ta lly  lined  area in  F ig . 8.
can  be expressed  as

S2 —  ctj

Si =
o rC’-tT-i

s;  =  o2\cp

Ox)

V

Cfr

1 -  Ф Ф —  5

C"
Ф J1 w/

а ло,l u2 a2ai

1 — <p v2 M * l
°2 o2). J U i

T he re su lta n t ex p ec ted  load sh ed d in g  from  (7.7) to  (7.11)

S =  S0 -  S[ +  S ' ' -  S ' +  S I .

(7.9)

(7.10)

(7.11)

(7.12)

E x a m p l e :

G enera ting  an d  tran sfe r pow ers an d  capacities in  p .u . are

g T =  [20 2 0 ] , dT =  [18.4 2 1 .6 ] , I = —1. 6,  
rT =  [3.2 3 .2 ] , =  [1.6 1 .6 ] ,

<Tj =  1 , o2 — 1 so x T =  [0 3 .2 ] .

T he u n re liab ility  ind ices and  th e  ex p ec ted  load  sheddings are  show n in  T ab le  1.
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Table 1

*1 y+=y~ к Vt

p  • 103 S • 10»

1 & 2 1
Г

1 & 2 1
Г

system system

0,2 2,2 2,2 1 10,3 11,7 22,0 5,31 4,14 9,45

2,4 2,4 0,8 10,9 6,5 17,4 5,57 2,14 7,71

2,6 2,6 0,6 11,4 2,5 13,9 5,65 1,00 6,65

2,8 2,8 0,4 11,6 1,7 13,3 5,73 0,41 6,14

3 3 0,2 11,8 0,8 12,6 5,76 0,16 5,96

OO 11,9 11,9 5,81

0,2 2,2 2,4 1 7,3 6,9 14,2 3,58 2,29 5,87

OO 8,2 8,2 3,81

(* . =  3,2)

O bviously , th e  ex ten s io n  of in te rco n n ec tio n  is th e  o p tim u m  for o b ta in in g  
th e  re lia b ility  level o f  0,985. H ow ever, fo r th e  b o u n d a ry  S  =  6 • 10~3 o f ex ­
p e c te d  load  shedd ing  th e  genera tion  ex ten sio n  of th e  1st su b sy stem  show s 
a m ore  favourab le  so lu tio n .

C onclusion

T he p resen ted  p ro b ab ilis tic  co n stra in ed  p ro g ram m in g , th e  discussed 
a d m iss ib ility  re q u ire m e n ts , th e  re liab ility  a n d  load  sh edd ing  ev a lu a tio n s can 
g ive usefu l tools fo r th e  decisions o f new  gen era tin g  an d  tra n s fe r  cap ac ity  
in v e s tm e n ts  an d  fo r som e op era tio n a l s ta n d p o in ts  in  a pow er pool.

T he techn ica l feas ib ility  of th e  derived  global o p tim u m  has to  be checked 
b y  m eans of a d e ta ile d  in v estig a tio n , e.g. sh o rt c ircu it, s ta b ili ty  conditions. 
T h e  in teg e r op tim u m  so lu tion  is ap p ro ach ed  b y  th e  p re sen ted  p rogram m ing .
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Appendix A

M ath em atica l sym bols fo r an  in te rco n n ec ted  sy s tem  contain ing  n  subsy stem s, w h ich  a re  
th e  nodes (buses) o f  an  e q u iv a len t ne tw ork  w ith  q b ran ch es  (p a rtitio n ed  in to  t tree  b ran ch es  
an d  c ch o rd s) a re  th e  fo llow ing:

h , r, a n d  X in sta lled , re serv e  an d  re su lta n t c a p a c ity  v ecto rs, re sp ec tive ly , (n  d im ensional, 
in  M W ); unkn o w n  variables to be determ ined ,

g, a n d  d 
i

g, d, i 
0 =  d -  d

V-

g en era tio n , a n d  d em and  pow er v e c to rs  resp . (n  d im ensional, in  M W ’s), 
rea l n e t pow er in jec tio n  of each  b u s  o f th e  eq u iva len t n e tw o rk  d en o ted  as b us 
pow er (n -d im ensional, in  M W ),

scheduled  v a lu e  vecto rs o f g, d, f,

d em an d  d e v ia tio n  vecto r w ith  e s tim a te d  p ro b ab ility  d is tr ib u tio n  h a v in g  a 
zero m ean  v a lu e  ( 0 = 0 ,  n  d im en sio n a l, in  MW),

cap ac ity  d e fic iency  v ec to r w ith  e s tim a te d  ( jo in t) p ro b a b ility  d is tr ib u tio n  (n 
d im ensional, in  M W ),

£ =  p  +  V -f- ja su b sy stem ’s random  vector, de fin ed  b y  (0.1) an d  (0.2) (n dim ensional, in  M W ), 

P, £ m ean  va lue  v ec to rs  o f ja, £ resp .,

8 load  shedd ing  v e c to r  (n  d im ensional, in  M W ),

a

I л с I
В =  [B„ Ic]

g en era tin g  su rp lu s pow er v ec to r (re d im ensional, in  M W ),

tran sfe r  c a p a c ity  v ec to r (p a rti t io n e d  to  y + positive  d irec tio n  v ec to r, a n d  y ~  
n eg ative  d irec tio n  v ecto r, b o th  q d im en sio n a l; у is 2q d im ensional; a ll v ec to rs  
in  M W ); unkn o w n  variables to be determ ined ,

tra n s fe r  c ap a c ity  v e c to r p a r ti t io n e d  to  a  tre e  b ran ch  b lock  w ith  p o sitive  d irec ­
tio n  (re — 1 d im ensional in  M W , a n d  ch o rd  b lock  co n ta in in g  all cho rds a n d  
th e  n e g a tiv e -d irec ted  p a r t  o f tree  b ra n ch e s  (re — 1 2c d im ensional; in  M W ),

tra n s fe r  su rp lu s pow er v ec to r (p a r ti t io n e d  to  tree  and  chord  b locks; 2q, re — 1, 
re — 1 +  2c d im ensional, resp .; in  M W ),

tra n s fe r  c ap a c ity  d ev ia tio n  v e c to r (p a r t i t io n e d  to  positive  a n d  neg ativ e  d irec ­
tio n , o r to  tree  a n d  chord  blocks 2q ; q , q; re — 1, re — 1 -j- 2c d im ensional, re sp ; 
in  M W ); random  vector h av in g  a zero  m ean  value  (q =  re — 1 -j- c),

n o d e-b ran ch  in cidence  m a trix  (p a rti t io n e d  to  tree  and  chord  b locks; 2q X ( n — 1), 
(re — l ) x ( n — 1), (re— 1 -)- 2c)x( r e— 1) d im ensional, re sp .),

m esh -b ran ch  incidence  m a trix  (p a r t i t io n e d  to  tree  and  chord  b locks; 2cX 2g; 
2c X ( re — 1), 2 c x 2 c  d im ensional, re sp .),

Y(, Yc a n d  Z„ Zc diagonal b ra n ch  ad m itta n ce , a n d  im p ed an ce  m atrices (for tree  b lo ck s 
(re — l)X (re  — 1) d im ensional, fo r ch o rd  b locks (re — 1 -J- 2c )X (n  — 1 +  2c) 
d im ensional),

Y, an d  Z node a d m itta n c e , a n d  im pedance m a tr ice s  resp . (bo th  (re— l ) x ( r e — 1) d im en ­
sional),

K = f tra n s fe r  pow er d is tr ib u tio n  m a tr ix  re la tin g  b ran ch  flows to  n e t bus in jec tio n  
p a r ti t io n e d  to  tre e  a n d  chord b locks (26x(re — 1), (re— l ) x  (re — 1), (re — 1 +  
-J- 2c ) x ( n — 1) d im ensional, th e ir  v a r ia tio n  by  system  in te rco n n ec tio n  is 
neg lected ,

T
Г

d,=

J

1> =  [dl t .

au x ilia ry  v e c to r 2q -f- 1 d im ensional com posed  by  (3.4), 

reg ion  o f y , —

re -j- 2q d im ensional v ec to r p a r ti t io n e d  to  node, tree , an d  chord  b locks (re, 
re — 1, a n d  re — 1 +  2c d im ensional) as a  b asic  so lu tion  of (3.8),

(re -|- 2q) X (re — 1) d im ensional in te rco n n e c tio n  m atrix . I t s  tran sp o se d  J 1 m a ­
t r ix  is given b y  (3.9),

., d (-, . . ., <1J (re +  2q) X V d im ensional tra n s fo rm a tio n  m atrix .
I t s  tran sp o sed  D T m a tr ix  is p a r ti t io n e d  to  node  D j block an d  b ra n ch  b lock.
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L a tte r  co n ta in s  b ranches ra n d o m  c a p a c ity  dev ia tio n . In d ex  re is the  n u m b er o f 
basic so lu tio n s o f  d,- on  th e  basis o f  3 .8),

z  com posed sy s tem  cap acity  v e c to r  co n sistin g  o f a gen era tio n  and  tran s fe r  c ap a c ­
i ty  v e c to r  as unknow n v a ria b le s  to  th e  op tim ized  ( re -f- 2q d im ensional), 

u  tran s fo rm e d  sy stem  v ec to r (re d im ensional),

f  tran s fo rm e d  ra n d o m  v ecto r (re d im ensional),

F Ц F fr F ç , F y , F ^ jo in t  d is tr ib u tio n  fu n c tio n s o f  8, f , rj, Ç ra n d o m  vectors resp .,

fy.i f t '  /f> f i )  f i  j ° 'n t  d e n s ity  functions o f p, 8, §, f ,  ran d o m  v ecto rs , resp .,
a  specific  g en era tio n  an d  tran sm iss io n  cost v e c to r (re -f- 2q d im ensional, in

m o n e ta ry  u n its  /  MW),

u n it  co st v e c to r  o f load  sh ed d in g  (re d im ensional, in  m o n e ta ry  u n i ts /M W ), 

load  sh ed d in g  cost (in m o n e ta ry  u n its ) , 

o b jec tiv e  fu n c tio n  to  be m in im ized  (in  m o n e ta ry  un its ),

G aussian  d is tr ib u tio n  and  d e n s ity  fu n c tio n s, 

s ta n d a rd  d e v ia tio n  of i  co m p o n en t (in  MW ), 

re liab ility  in d ex  of th e  in te rco n n e c te d  system , 

u n re lia b ility  in d ex  of th e  in te rco n n e c te d  system , 

re liab ility  in d ex  of i- th  su b sy stem , 

re liab ility  leve l o f th e  in te rco n n e c te d  system , 

re liab ility  level o f th e  i- th  su b sy stem , 

re — 1 d im ensional vector, e ac h  co m p o n en t is 1,

re — 1 d im ensional u n it m a tr ix  (d iag o n a l m a trix  w ith  com ponents o f v a lu e  1), 

n X ( n - — 1) dim ensional m a tr ix ,

b
l
fo
Ф an d  cp 

°l 
P

P =  1 — P 

Pi 

PS 

PU 

1«—1 
Ire-i

r - l ' d
v  F =  Г 9 F ,  . . . ,  9 F ,  . . . ,  d -  -f ]  is th e  gra d ie n t (in
yu  L 8«! ’ " * 8 uj ' ' " 8u„ j  v e c to r)  o f  scalar

sional v e c to r  u,

z(o), u(o) th e  v e c to r  v ariab les of z, u  re sp . in  th e  o rig inal s ta te  (before exp an sio n ) o f th e
in te rco n n e c te d  system ,

z(fe), u (k) th e  v e c to r  v ariab les o f z, u  resp . in  fc-th s ta te  o f th e  o p tim iza tio n  p rocess .

A ppendix В

M ath em atica l fo rm u lae  and  term s u tilized  in  th is  p a p e r are  th e  following: 

a r , a n d  A 7

fo rm  of a re d im en sio n a l row  
F  w ith  respect to  th e  re d im en-

A

X =

a Ç A

AU  B  =  C

a  Ç A , b £ В
с a c  

A  n B  =  D

th e  tran sp o se d  a v ecto r, a n d  A  m a tr ix , re sp ; i.e.
th e  i  ro w  a n d  j  co lum n c o m p o n en t o f  A 7' corresponds to  j  row  a n d  i co lum n 
co m p o n en t o f A,

(re' +  re") X m  h y p e rm a tr ix  com posed  b y  А; п ' х и  m atrix  a n d  Ac n"  X m  
m a tr ix  ( th e  transposed  h y p e rm a tr ix  can  be  s im ilarly  form ed)

(x: X =  Ay; у  >. О) a region d e te rm in ed  in  re d im ensional vec to r space  b y  th e  
re la tio n  o f x  =  A у

у >  О, w here ш

x, y  a n d  A  are  reX l, m X l ,  a n d  r eXm dim ensional, resp. 

a is a n  e lem en t of region A  

u n io n  o f regions A  an d  В

i f  c =  a o r 6

in te rse c tio n  of regions A  a n d  В
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a Ç A ,  b Ç В
d  £ D  if  d =  a  a n d  6

Р(Ш) th e  p ro b a b ili ty  o f an  ev en t 9Î consisting  of o u tcom es specified b y  f  ra m d o m
v a riab le . E .g . 9Ï =  {f : f  ^  x}  t h a n  P(9t) =  P ( f  <  x)

o o
f  —  E (£)  =  f f / ( f )  d f  m ean  value  of f  ra n d o m  v ariab le ,

tf2 =  -E{(f -  f> }  =  f  ( f  -  f>/(f)<*f
v arian ce  o r d ispersion  a 2, w here its  positive  sq u a re  
ro o t a  is called  s ta n d a rd  d ev ia tio n ,

w = X/(C)dC th e  d is tr ib u tio n  function  o f C con tin u o u s ra n d o m  v ariab le  can  be  e x p res­
sed  b y  th e  in teg ral o f / ( C )  d e n s ity  function ,

(r/2jr
d en sity  function  o f f  n o rm ally  d is tr ib u te d  ran d o m  v ariab le  w ith  
a  s ta n d a rd  dev ia tion ,

<f(i) d en sity  fu n c tio n  of f  n o rm ally  d is tr ib u te d  s ta n d a rd ize d  ran d o m  v a riab le
(<7= 1)

ф (х) =  -^—|- e r f —----- — w here  e r f =  —L= ( e y  ^  dy
V 2 ^  a / 2n J 0

Е Ш ) }  =  _ J  . g ( f i .......... fm )dfi • • • dfm

e x p ec ta tio n  o f g(ç) sc a la r-v ec to r function , (  is m -d im ensional ra n d o m  v ec to r w ith  / ( f lt . . ., 
f m) = /( (} )  jo in t d is tr ib u tio n  function ,

су  =  E { (fi — f,)(fy — éj)}  covariance of f éj ra n d o m  com ponents o f f .

Planung der optim alen Investitionen von elektrischen Verbundnetzen unter Verwendung  
der durch W ahrscheinlichkeitsvariable begrenzten Programmierung. — M it Hilfe der durch  
W ahrsch e in lich k e itsv erän d erlich e  begrenzten  P ro g ram m ie ru n g  w urde  e in  v e rw endbares V er­
fa h re n  fü r  die B estim m u n g  der op tim alen  V erg rö ß eru n g  der K ra ftw erk s- u n d  Ü b e rtra g u n g s­
k a p a z itä t  in  einem  V erb u n d sy s tem  au sg earbe ite t. D ie M ethode e lim in ie rt die fallweise a u f tre ­
ten d e n  Ü b e rtrag u n g sle is tu n g en . Die Zulässigkeit u n d  die Z uverlässigkeit de r L eistungsabw ei­
chungen  w erden  d u rch  d ie  E rzeugungs- u n d  d ie Ü b ertrag u n g sb eg ren zu n g en  b estim m t. D ie 
v e rfü g b a ren  P ro d u k tio n s- u n d  Ü b e rtra g u n g sk a p a z itä ten  sowie die A bw eichungen  der S p itzen ­
la s te n  t r e te n  als W ah rsch e in lich k e itsv ariab le  auf. Im  O p tim ierungsprozeß  e rg än z t das v o rg e ­
schriebene Z uverlässig k eitsn iv eau  als u n tere  G renze d ie  tech n isch en  S ch ran k en . Im  w eite ren  
V erlau f k ö n n en  auch  d ie  K o s te n  de r L as tb esch rän k u n g  in  B e tra c h t gezogen w erden. E in  e in ­
faches B eispiel d e m o n s tr ie rt die M ethode.

Проектирование оптимальных мощностей капитального строительства для объеди­
ненных электроэнергетических сетей, используя при этом программирование, ограничен­
ное переменными вероятности. В статье с помощью программирования, ограниченного 
переменными вероятности, излагается применимое на практике средство, пригодное для 
определения оптимального увеличения мощностей электростанций и передачи. Излагае­
мый метод ликвидирует периодически возникающие мгновенные мощности передачи. 
Допустимость и надежность отклонений мощности определяют ограничения передачи. 
Имеющиеся в распоряжении мощности по выработке и передаче, а также пиковые нагрузки 
фигурируют в качестве переменных вероятности. Предписанный уровень надежности 
дополняет технические ограничения в процессе оптимизации, а именно в качестве нижней 
границы. В дальнейшем можно учитывать также расходы по ограничению нагрузки. 
Метод демонстрируется на простом примере.
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PRELIMINARY STUDY OF THE INTERACTIONS OF LOW 
ENERGY OXYGEN IONS WITH SOLID CARRON AND

PLATINUM TARGETS
J .  L U K Á C S*,

CORR. MEMBER OF THE HUNG. AC. SCI. 
an d

P . G A D Á N Y I**

[M anuscrip t rece ived  10 N ovem ber, 1976]

T he a im  of th is  s tu d y  w as to  show  th e  possib ility  of m easu ring  th e  en erg y  d is tr i­
b u tio n  of charged  p a rtic les  p ro d u ced  b y  th e  in te rac tio n  of low  energy  oxygen  ions w ith  
carbon . T he oxygen  ions w ere p ro d u ced  b y  a  K istem aker-ionsource  w ork ing  w ith  a  h o t  
ca th o d e  Penning-d ischarge. In  a f irs t  s tep  th e  b eam  was n o t m ass-analyzed  a n d  th e  m eas­
u re m e n ts  w ere m ade  on ly  in  th e  p ressu re  ran g e  of 10 ~6— 10 ~6 to rr . A u th o rs  succeeded  
in  p rod u c in g  an  oxygen  ion b eam  h a v in g , f irs t  a b o u t 45 eV an d  now  ab o u t 15 eV k in e tic  
energy , w ith  20— 30 nA  in te n s ity . T h ey  m ade  p re lim in ary  m easu rem en ts  w ith  a n  45 eV 
oxy g en  ion  beam . T he ta rg e ts  w ere ou tg assed  o n  th e  tem pera tim e o f ab o u t 1000 °C fo r 
severa l hours in  h igh  vacu u m . S h o rt d iscussion  o f th e  resu lts  o f th e  ca lcu la ted  en erg y  
d is tr ib u tio n s  o f th e  b a ck sca tte red  ch arg ed  p a rtic les  from  carb o n  a n d  p la tin u m  ta rg e ts , 
a n d  of th e  possible reac tio n  m echan ism s will be  given.

T he aim  o f th is  s tu d y  is to  in v es tig a te  th e  add itio n a l tra n s la tio n a l en erg y  
of C O + ions derived  b y  th e  C -f- 0 + co m b u stio n  process. In  th e  fram e  o f th is  
w ork  we m easu red  th e  energy  d is tr ib u tio n  o f ionized p ro d u c ts  of th e  gas 
phase—solid  s ta te  reac tio n  o f ion ized  oxygen  w ith  solid carb o n , in  com parison  
w ith  th e  energy  d is tr ib u tio n  of th e  in c id e n t oxygen ion beam .

F o r  th is  purpose we developed  an  a p p a ra tu s . This a p p a ra tu s  consists  
o f a K istem ak er-io n  source, [1] w ork ing  w ith  a ho t-ca th o d e  P enn in g -d isch arg e  
an  e lec tro s ta tic  lens fo r th e  focussing  an d  fo rm ing  of th e  ion  beam , a h e a ta b le  
ta rg e t, a sphere-shaped  d e tec tin g  e lec trode  enveloping th e  ta rg e t  fo r th e  d e ­
te c tio n  o f th e  charged  partic les  leav ing  th e  ta rg e t, a F a ra d a y  cage sh ie ld ing  
th e  d e te c to r  sphere from  spurious ions, th e  ta rg e t h e a te r  an d  th e  p u m p in g  
an d  m easu rin g  sections. W e h a d  decided  to  b u ild  a K istem aker-sou rce , a n d  
for bu ild in g  th e  source i t  seem ed to  be sim pler th a n  to  b u ild  a d u o p la sm a tro n , 
hav in g  li ttle  experience in  ion  sources. O n th e  o th e r h an d  th e  K istem ak er-io n  
source gives a re la tiv e ly  large in te n s ity  beam , w ith  little  ion  energy  an d  li ttle  
ion energy  sp read .

W e b u ilt  th e  K istem ak er-io n  source as large as possible, to  get en ough  
ion in te n s ity  w ith  little  e x tra c tio n  vo ltages.

T herefo re  th e  h o t-ca th o d e : a 1 m m  d iam ete r tu n g s te n  w ire, w o u n d  in  
a p lan e -sp ira l w as h ea ted  w ith  50 A DC c u rre n t. The anode vo ltage  w as a b o u t 
40 — 50 Y. T he e x tra c tio n  vo ltag e  w as 100 Y. T he reflec to r p la te  w as on c a th o d e

** P 1 Ga dâivyiCS ] C servenka M u . 86. H-1158 B u d ap est. H u n g a ry
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p o te n tia l. The p o te n tia l  o f th e  b o tto m -p la te  e lectrode w ill be discussed in  
d e ta il la te r .

T he ion source w as p u m p ed  by  a 100 1/sec cap ac ity  oil diffusion pu m p  
w ith  a w ater-cooled  b a ffle . The cy lindrical anode w as m ade o f copper an d  was 
w ater-coo led . T he h o u sin g  of th e  ion-source a n d  all th e  o th e r m e ta l com ponen ts 
w ere m ade of sta in less s tee l. The iso la tion  w as m ade of te f lo n  and  of glass re ­
in fo rced  epoxide. T h e  b o tto m -p la te  e lec trode , th e  housing  o f th e  ion source, 
an d  especially  th e  c a th o d e  cu rren t feed th ro u g h s  were w ater-cooled . All w a te r  
cooling circu its w ere iso la te d  from  each o th e r.

water cooling magnet coil tungsten cathode extraction 
/  I electrode

In  Fig. 1. th e  s tru c tu re  and  th e  d e ta ils  o f th e  ion  source are show n. O ur 
aim  w as to  p roduce  a la rge  in ten sity , low  energy  o x y g en -io n  beam .

D uring  th e  e x p e rim e n ta l w ork, we o b ta in ed  th e  follow ing resu lts . W e 
cou ld  n o t decrease th e  anode voltage below  40 У , because th e  discharge c u rre n t 
becam e d im in ish ing ly  low . To decrease th e  e x tra c tio n  vo ltage  below 100 У  
w as im possible to o , on  sim ilar grounds. B ecause  of th is  we could e x tra c t from  
th e  ion  source p o sitiv e  oxygen ions w ith  a b o u t 150 eV energy.

As is know n , th e  electrons, e m itte d  b y  th e  h o t ca th o d e , fly  to w ard s th e  
cy lin d rica l anode a n d  will s ta r t  to  go on sp ira l p a th s  a ro u n d  an  axis w hich 
lies para lle l w ith  th e  ax is o f th e  cy lin d rica l anode, due to  th e  axial m ag n etic  
fie ld . B ecause o f th is  a p o ten tia l well is fo rm ed  for th e  positive  ions, w hich  are 
g en era ted  in  th e  gas b y  th e  im p ac t io n iza tio n  of th e  e lectrons, in  th e  axis o f 
th e  device.

I t  is possib le to  focus th e  ions in  a beam  w hich goes in to  th e  e x tra c tio n  
elec trode , b y  se lec tin g  su itab le  p o te n tia ls  fo r th e  anode, th e  b o tto m -p la te  
e lec trode  an d  th e  e x tra c tio n  electrode.

W hen th e  an o d e  voltage  is 40 V, th e  e x tra c tio n  v o ltage  is —100 V, th e  
v o ltag e  of th e  b o tto m -p la te  electrode w as selected  ex p erim en ta lly  so, th a t  th e
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e x tra c te d  ion  b eam  in te n s ity  should  be th e  h ighest. T he optim um  b o tto m - 
p la te  v o ltag e  w as found  to  be a b o u t + 5  10 У w ith  re sp ec t to  th e  c a th o d e .
(All v o ltag es  are  g iven w ith  resp ec t to  th e  ca thode.) In  th is  case ra th e r  h ig h  
e lectron  c u r re n t flow s to  th e  b o tto m -p la te  electrode.

T h e  to ta l  e lec trical c ircu it d iag ram  o f th e  ion source is show n in F ig . 2. [2] 
W ith  th e  e lec tro s ta tic  lens, w hich w as beh ind  th e  ex trac tio n  e lec trode , 

we could  focus th e  ion  beam  to  th e  ta rg e t, possib ly  so, t h a t  th e  inc iden t b eam  
did  n o t a rr iv e  to  th e  de tec to r sphere. T his w as ach ieved  b y  a m eta l-box  su r-

200V; I.A
Fig. 2. C ircuit d iag ram  of ion  source

ro und ing  th e  d e te c to r  sphere (F a ra d a y  cage), an d  w hich w as electrically  co n ­
nec ted  to  th e  ta rg e t . T he m axim um  ion beam  in te n s ity  ach ieved  by  us on a 20 
m m  d iam e te r  ta rg e t  was ab o u t 50 — 100 nA  w ith  45 eV k in e tic  energy.

T he geo m etrica l a rran g em en t of th e  b o tto m -p la te  e lectrode of th e  ion  
source, th e  e lec trodes o f th e  e lec tro sta tic  focussing lens, th e  ta rg e t, th e  d e te c ­
to r-sphere  a n d  th e  F a ra d a y  box  o f th e  d e tec to r, are all show n in F ig . 3.

The m a in  v acu u m  cham ber, w hich co n ta in s th e  d e te c to r  an d  ta rg e t e tc ., 
was pum p ed  b y  an  oil-diffusion pu m p  of 1200 1/sec c a p ac ity  an d  w ith  a w a te r- 
cooled baffle .

The to ta l  m easu rin g  c ircu it d iag ram , an d  th e  h ea te r-c ircu it d iag ram  
for ou tgassing  o f  th e  ta rg e t  are show n in F ig . 4.

W e cou ld  p ro d u ce  45 eV k in e tic  energy  p ositive  oxygen  ions b y  connecting  
on to  th e  ta rg e t  a re ta rd in g  p o te n tia l of 100 V.
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W e have tr ie d  to  ap p ly  th e  11 -e lem ent re ta rd a tio n  lens of G ustafsson  
a n d  L indho lm  to o  [3] b u t  we experienced  a significant decrease of th e  to ta l  
io n  b eam  cu rren t, as th e  k inetic  energy  o f  th e  ions decreased  below  th e  anode 
v o lta g e  of th e  ion  source. N o tw ith s ta n d in g  we have succeeded  in  p roducing  
a  p o s itiv e  oxygen ion  b eam  of 15 eV k in e tic  energy and  20 — 30 nA  in te n s ity .

Faraday - cage

bottom plate
extraction electrode
electrode i---------------

Fig. 3. G eom etrical a rra n g e m e n tj  .

B u t we did  n o t succeed in  g e ttin g  usefu l resu lts w ith  th is  low energy  ion 
b e a m , because in  th is  case, th e  ra tio  o f  th e  positively  charged  partic les  to  
th e  n eg a tiv e ly  ch a rg ed  ones was less th a n  1, in  the  d e tec ted  cu rren t sc a tte re d  
fro m  th e  ta rg e t, a n d  w ith o u t m ass-sep a ra tio n  we could n o t  ap p ly  o u r ca lcu­
la tio n  m eth o d  fo r th e  d e te rm in a tio n  o f  th e  energy d is tr ib u tio n  of sc a tte re d  
p o sitiv e  ions.

Therefore, in  th e  p resen t s ta te  o f ac tiv itie s  we h ad  to  use th e  45 eV energy  
io n  beam .
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Since th e  ta rg e t  h a s  to  be o u tgassed , w hich  w as done b y  h e a tin g  th e  
ta rg e t, th ere fo re , th e  ta rg e t  w as m ade hollow , an d  in  th e  hole was p laced  th e  
h ea te r , a coil w ound o f 1 m m  d iam ete r tu n g s te n  w ire, a n d  w hich w as h e a te d  
w ith  an  AC c u rre n t o f 100 A.

D ue to  th e  e lec tro n  em ission of th e  tu n g s te n , an d  th e  a lte rn a tin g  m a g ­
netic  s tr a y  fie ld  o f th e  v e ry  h igh h e a te r  c u rre n ts , th e  m easu rem en ts o f  th e

v ery  low  ion  cu rren ts , w ere d is tu rb ed , so we ac ted  in  th e  following w ay : 
before th e  m easu rem en t o f  io n -sca tte rin g , th e  ta rg e t  w as h ea ted  a t  1000°C 
te m p e ra tu re  for 3 hou rs. A fte r  th is  h ca t-cy c le , we sw itched  off th e  h e a te r  
cu rren t an d  a fte r  cooling dow n, w hen th e  ta rg e t  reach ed  5 600°C te m p e ra tu re ,
and  th e  e lec tron  em ission o f  th e  h e a te r  w as to ta l ly  n il, we s ta r te d  to  m easu re  
th e  sc a tte re d  ion  cu rren ts .

A ll h igh  te m p e ra tu re  m easu rem en ts  w ere m ade be tw een  600 and  300°C.
T he m easu red  resu lts  are show n in  th e  follow ing F igu res. F igures 5 —9. 

were e v a lu a te d  accord ing  to  dr. J .  A n t a l ’s  th e o ry  [4].
F igu re  5 shows th e  en e rg y  d is tr ib u tio n  of th e  in c id en t ion  beam  averaged  

over w arm  an d  cold p la tin u m  an d  solid ca rb o n  ta rg e ts .
T he averag ing  process w as th e  follow ing:
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W e m easured  I T ta rg e t  c u rren t an d  I D d e tec to r c u rre n t, as th e  fu n c tio n s 
o f  UT ta rg e t  vo ltag e , in  th e  cases of room  te m p e ra tu re  ca rb o n  ta rg e t , w arm  
c a rb o n  ta rg e t, room  te m p e ra tu re  p la tin u m  ta rg e t and  w arm  p la tin u m  ta rg e t , 
re sp ec tiv e ly , w hen  UD d e te c to r  vo ltage  w as zero.

These groups o f m easu rem en ts , w h ich  were d e te rm in ed  u n d e r s im ila r 
c o n d itio n s , were av erag ed . So we go t I T an d  I D values in  th e  fou r m ain  cases. 
T h e n  we added  th e  tw o  values in  each g roup . So we o b ta in e d  th o se  va lues, 
w h ic h  are w ritten  in  b rack e ts :

I t '+ ? d  =  ( I t)
A

Fig. 6. M easured  energy  d is tr ib u tio n  of sca tte red  po sitiv e  ions

N ow , in  all fo u r m ain  cases, we av erag ed  those I T v a lu es , w hich  co rre ­
sp o n d  to  th e  sam e UT v a lu e .

So we averaged  th is  va lues, over th e  four m ain  cases, w hen  UT w as 

c o n s ta n t. Thus we go t a n o th e r average  v a lu e , w hich w as d en o ted  b y  <1ТУ.
H ence i t  w as c lear, th a t  th is  <JT> va lu e  was a fu n c tio n  o f UT. F ig u re  5 

show s the  deriv a tiv e  of th is  q u a n tity  d iv id ed  by  ][UT an d  m u ltip lied  b y  104. 
So we b ro u g h t to  th e  sam e form , th e  in c id e n t ion energy  d is tr ib u tio n , as was 
th e  b ac k sc a tte re d  ion  energy  d is trib u tio n s .

B y  com parison  we show  F ig . 6 an d  Fig. 7, w hich  w ere m easu red  in  
co ld  condition , on p la tin u m  an d  solid carb o n  ta rg e ts , re spec tive ly . Before 
e a c h  m easu rem en ts, n a tu ra lly  th e  ta rg e ts  w ere ou tgassed  a t  1000°C fo r 3 hou rs.

As is know n, th e  deriv a tiv e  of th e  ion  cu rren t b y  th e  re ta rd a tio n  v o ltage  
o f  th e  collecting e lec trode , m u ltip lied  b y  ( e), (the e lem en ta ry  charge) gives
in fo rm a tio n  a b o u t th e  energy  d is tr ib u tio n  o f th e  in c id en t ions. (If, an d  on ly  if  
th e  ion  cu rren t co n ta in s  only  p o sitive , or only n eg a tiv e  charge carriers .)
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In  case o f a good ion  source, th e  a E  energy -sp read  o f th e  ions is sm all, 
re la tiv e  to  the  m ax im al v a lu e  E max.

U n fo rtu n a te ly , th is  w as th e  m ain  problem  o f th e  ex p erim en t, because 
we could d im inish E max a rb itra r ily  w ith  a re ta rd a tio n  lens, b u t  th e  a E  energy- 
sp read  could n o t be lessened , so th e  re la tiv e  en erg y -sp read  * E / £ max 
in creased , and  a t  10 eV in c id e n t ion  energy, th e  a E  en erg y -sp read  w as g rea te r  
th a n  E max.

Therefore, all th e  above m easu rem en ts were m ad e  w ith o u t re ta rd a tio n  
lens, w ith  UT =  -f-100 V re ta rd a tio n  voltage.

The in te rp re ta tio n  of th e  m easu red  energy peaks is q u ite  d ifficu lt. F in a lly  
in  F ig . 8. and  Fig. 9. in  h igh te m p e ra tu re  condition , we p re sen ted  th e  energy  
d is tr ib u tio n  of th e  sc a tte re d  p o sitive  ions from  p la tin u m  an d  solid carbon  
ta rg e ts , respective ly .

These sca tte red  ion  energy  d is trib u tio n s show th a t  th e  energy  d is tr ib u tio n  
o f ion  b ack sca tte rin g  from  th e  p la tin u m  ta rg e t can  be ex p la in ed  only b y  th e  
a ssu m p tio n , th a t  th e  ion  source em its  0 + oxygen a tom ic  ions.

W e assum ed th a t  on p la tin u m , no chem ical reac tio n  ta k e s  place. O n th e  
o th e r  h an d , we go t a well d e te rm in ed  b ack sca tte red  ion  en erg y  p eak  o f 32 eV 
from  th e  p la tin u m .

As is know n from  th e  l i te ra tu re  th e  b ack sca tte red  io n  energy  d is trib u tio n  
o f  100 -2 0 0  eV en erg y  in c id e n t ions m ay  be well ex p la in ed  b y  th e  sim ple 
b in a ry  collision th e o ry  o f free a to m s.

On th is  g round  th e  m easu red  energy peak  can be ex p la ined  w ith  th e  
a ssu m p tio n , th a t  th e  ta rg e t  p a rtic le  is a free p la tin u m  a to m , w ith  atom ic
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m ass  num ber 196, a n d  th e  b o m b ard in g  p a rtic le  is a p a rtic le  w ith  atom ic 
m ass  num ber 16, i.e . a n  oxygen  a tom ic  ion . (cf. fo rm ulae  in  Figs 6 —9.) 
B ecause  the  w ork ing  co n d itio n s o f th e  ion  source were th e  sam e in  cases of

Fig. 9. M easu red  energy  d is tr ib u tio n  o f sca tte red  p o sitiv e  ions

b o m b ard in g  p la tin u m  a n d  solid carbon  ta rg e ts , we h ad  to  assum e th a t  in  b o th  
cases, th e  in c id en t ions w ere О + oxygen  atom ic  ions.

In  th is  case, th e  re su lts  o f th e  sc a tte re d  ion en erg y  d is trib u tio n  from  
th e  solid carbon  ta r g e t  can  be exp la ined  only  w ith  a ta rg e t  p artic le  of an  
a to m ic  m ass of 32, t h a t  is, th e  m ass o f an  oxygen m olecule. T his m eans th a t

Acta Technica Academiae Scientiarum Hungaricae 85, 1977

Fig. 8. M easu red  energy  d is tr ib u tio n  of sca tte red  p o sitiv e  ions



PRELIMINARY STUDY 269

e ith e r  we were unab le  to  ou tgas th e  solid carbon , th a t  is g raph ite  ta rg e t ,  or 
we h a d  to  assum e, t h a t  a chem ical reac tio n  tak es  p lace , th a t  is:

C +  0 +  =  C 0  +

a n d  th e  ionized reac tio n  p ro d u c t, th e  C 0 +, (or th e  p ro d u c t of some o th e r  
reac tio n s) leaves th e  solid carb o n  ta rg e t, w ith  5 eV k in e tic  energy.
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A nfängliche U n te rsu ch u n g  der W echselw irkung  von O xygenionen n iedriger E n erg ie  
m it fe sten  K arbon- und P la tin ta rg e te n . Zw eck de r U n te rsu ch u n g  w ar, die M öglichkeit fü r  d ie 
M essung de r E nerg iev erte ilu n g  der bei d e r W echselw irkung v o n  S auersto ffionen  u n d  fe s te r  
K ohle  en ts teh en d en  ge ladenen  Teilchen nachzuw eisen . D ie S au ersto ffio n en  w urden  d u rc h  eine 
m it P e n n in g -E n tlad u n g  a rb e iten d e  K istem ak er-Io n en q u elle  e rzeug t. A ls e rs te r S c h ritt  w u rd e  
d as S tra h lb ü n d e l n ich t m assen an a ly s ie rt u n d  die M essungen w u rd e n  n u r  im  D ru ck b ere ich  
10-5  . . . 10 -6 T o rr d u rch g efü h rt. E s gelang zu ers t einen Io n e n s trah l m it 45 eV E nerg ie, sp ä te r  
einen so lchen  m it 15 eV k in e tisch er E nerg ie  u n d  20 . . .  30 nA  In te n s i tä t  zu erzeugen. D ie a n ­
fän g lich en  U n te rsu ch u n g en  w urd en  m it d em  45 eV S au ersto ffio n en b ü n d el d u rch g efü h rt. D ie 
T arg e te s  w urd en  m ehrere  S tu n d e n  lang  im  H o ch v ak u u m  en tg as t. D ie V erfasser w erden  d e m ­
n äch s t au fg ru n d  der A u sw ertu n g  der V ersuchsergebnisse  ü b er d ie b e rech n ete  E n erg iev erte i- 
lung  d e r v o n  der K ohle u n d  dem  P la tin  z u rü ck g estreu ten  ge ladenen  T eilchen u n d  die m ög­
lichen R eak tio n sm ech an ism en  berich ten .

Начальные исследования взаимодействия кислородных ионов низкой энергии с на 
графитовыми и платиновыми мишенвями. Данными исследованиями была поставлена 
цель — показать возможность измерения распределения энергии частиц, образующихся 
при взаимодействии кислорода и графит. Кислородные ионы вырабатывались ион­
ным источником типа Кистемакер, работающим Пеннинговым разрядом с накальным като­
дом. В качестве первого ш ага пучок не был подвергнут массовому анализу и только при 
давлениях в пределах 10 5—10 6 Topp были выполнены соответствующие измерения. 
Удалось получить сперва ионный пучок кислорода с кинетической энергией в 45 эВ, 
а позднее с кинетической энергией в 15 эВ с интенсивностью 20—30 А. Начальные иссле­
дования проводились при использовании ионного пучка кислорода с энергией 45 эВ. 
Использованные при исследованиях мишени подвергались процессу обезгаживания при 
температуре 1000° С в течение нескольких часов. Н а основе оценки полученных при изме­
рениях данных приведены заключения относительно расчетных распределений энергии 
заряж енны х частиц, отраженных с графита платины, и возможных механизмах реакции.
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BODENMECHANISCHE UNTERSUCHUNGEN FÜR EINE 
WIRTSCHAFTLICHE TECHNOLOGIE ZUM SCHÜTTEN 

UND VERDICHTEN VON DÄMMEN

M. K IN Z E *

[E ingegangen  am  14. M ärz 1977]

S tau d äm m e m üssen  fü r  alle  B au- u n d  B e trieb szu stän d e  eine ausreichende S ta n d ­
sicherheit aufw eisen. A u ß erd em  d ü rfen  die u n te r  E igengew ich t u n d  W asserd ru ck  a u f­
tre ten d e n  V erfo rm ungen  d ie F u n k tio n  des D am m es, in sbesondere  v o n  D ich tu n g , D ich ­
tung san sch lü ssen  u n d  S c h u tzsch ich ten  n ich t in  F rage  ste llen . D e r A u fsatz  be fass t sich  
m it diesen P ro b lem en  a u f  G ru n d  v o n  L abor- u n d  F e ldversuchen .

1. Veranlassung und Zielstellung

E s is t e rfo rderlich , den  S p annungs- u n d  V erfo rm u n g szu stan d  eines 
D am m es in  allen B au- u n d  B e trieb sp h asen  h inre ichend  g en au  zu  kennen , u m  
zw ei en tscheidende F ra g e n  b e a n tw o rte n  zu können:

1. W elche V erfo rm u n g en  k ö n n en  im  H inb lick  a u f  die vorgesehene D ich ­
tu n g  u n d  die B au au fg ab en  zugelassen w erden?

2. W elche G ü te fo rd e ru n g en  ergeben  sich daraus fü r  die S c h ü ttu n g ?

D ie B ean tw o rtu n g  d ieser F ra g e n  soll erm öglichen, D äm m e m it dem  
im  S te in b ru ch  oder an  a n d e ren  G ew innungssteben  an fa llen d en  M ateria l bei 
einem  m öglichst w irtsch a ftlich en  S c h ü ttb e tr ie b  u n d  geringem  V erd ich tu n g s­
au fw an d  zu bauen . D er bei zah lre ichen  S tau d äm m en  p ra k tiz ie r te  G ru n d sa tz , 
eine m axim ale V e rd ich tu n g  d er S ch ü ttlag en  in  allen D am m b ere ich en  an zu ­
s tre b e n , w id ersp rich t e iner o p tim a len  B auw eise u n d  b e rü ck s ich tig t n ich t die 
E rk en n tn isse  ü b e r G röße u n d  ze itlichen  A b lau f der D am m v erfo rm u n g en .

In  der D D R  sind  in  den  le tz te n  J a h re n  zah lreiche D äm m e m it e iner 
b itu m in ö sen  A u ß e n h a u td ic h tu n g  e r r ic h te t w orden. F ü r  diese D ich tu n g sa rt 
w ird  die D ic h tu n g sh a u t p ra k tis c h  n ach  F ertig ste llu n g  des g esam ten  D am m ­
k ö rp e rs  au fg eb rach t, so d aß  h in s ich tlich  d er V erfo rm ungen  u n d  d er d a m it 
v e rb u n d en en  B ean sp ru ch u n g  d e r D ich tu n g  lediglich die w äh re n d  des A uf- 
b ringens der D ich tu n g  a u ftre te n d e n  sowie die sich w äh ren d  der S chonzeit 
u n d  beim  A nstau  e rgebenden  A n te ile  in teressieren .

* D r. Ing . hab il. M i c h a e l  K i n z e , I n s t i tu t  fü r W asserw irtsch aft, O tto  W agner-S tr. 3, 
806 D resden , D D R
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D er aus E igengew ich t resu ltie ren d e  H a u p ta n te il d e r D am m verfo rm ung  
is t  — wie zahlreiche M essungen bei D äm m en  aus n ich tb in d ig em  S ch iitts to ff 
nachgew iesen  hab en  — b e re its  w äh ren d  der B auze it des D am m es abgeklungen. 
A u sgehend  von diesen g ru n d sä tz lich en  Ü berlegungen  w u rd en  fü r  den derzeit 
h ö c h s te n  S te in sch ü tt-D am m  der D D R , die T alsperre  S ch önbrunn , in  der 
V o rb ere itu n g sp h ase  U n te rsu ch u n g en  u n d  B erechnungen  m it dem  Ziel d u rch ­
g e fü h r t , eine dem  S p an n u n g s- u n d  V erfo rm u n g szu stan d  des D am m es ange­
m essene  S chü tt- u n d  V e rd ic h tu n g sa rt zu e rm itte ln , die v o n  der derzeitigen 
»m axim alen« V erd ich tu n g  in  allen  D am m bereichen  abw eich t.

2. Labor- und Feldversuche

Z ur K e n n w ertb es tim m u n g  des S ch ü ttm a te ria ls , einem  Tonschiefer der 
K a tz h ü t te r  Sch ich ten , w u rd en  neben  den üb lichen  Spreng- u n d  K lassierungs­
v e rsu ch en  zusätzliche G roßversuche d u rch g e fü h rt (D u rch fü h ru n g  der V ersuche 
d u rc h  den V EB  G eologische F o rsch u n g  u n d  E rk u n d u n g  H alle , ВТ Jen a). 
D a b e i handelte  es sich  z u n ä c h s t um  K om pressionsversuche m it v e rh in d erte r 
S e iten d eh n u n g  (D  =  120 cm , h =  30 cm ), bei denen die A bhäng igkeit des

Ü berlagerung p tk g /c m 2 ]

B ild  1. D ru ck -S e tzu n g s-K u rv en  v o n  g robkörn igen  S c h ü ttu n g e n
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S p an n u n g s-S tau ch u n g sv erh a lten s  des S ch ü ttm a te ria ls  von  E in b a u d ic h te  u n d  
W asse rg eh a lt sowie die V erän d eru n g  d er T ro ck en ro h d ich te  u n te r  d er V er­
d ich tu n g ssp an n u n g  b e s tim m t w urde.

D ie B ilder 1 u n d  2 zeigen ty p isch e  V ersuchsergebnisse. A u f B ild  1 is t 
au ß erd em  der Z u sam m en h an g  zw ischen Setzungen  u n d  dem  Ü b erlag eru n g s­
d ru c k  angegeben, wie er sich aus d er A u sw ertu n g  von S e tzu n g sb eo b ach tu n g en  
e rg ib t. A us diesen D arste llu n g en  lä ß t  sich der fü r die B erech n u n g  erforderliche

B ild  2. V erän d eru n g  de r T ro ck en ro h d ich te  infolge der V ertik a lsp an n u n g

K om pressionsbeiw ert M e bestim m en . A us B ild  1 k a n n  ein Z u sam m en h an g  
zw ischen K o m p ress ib ilitä t, D ich te , E inbau techno log ie  u n d  A rt des S c h ü tt­
m a te ria ls  k o n s tru ie r t w erden , wie er a u f  B ild  3 d arg este llt is t. Die p rak tisch e  
A n w endung  d em o n str ie rt B ild  4 an  einem  Beispiel.

A us diesem  D iag ram m  lä ß t sich bei K en n tn is  der E in b a u d ic h te  bzw . 
des fü r  die s ta tisch en  V erhältn isse  e rfo rderlichen  M e und  hei b ek an n tem  Ü b er­
lag e ru n g sd ru ck  die m ögliche m ax im ale S ch ü tth ö h e  b estim m en , m it d er der 
E in b a u  zu erfolgen h a t . U m g ek eh rt lä ß t  sich fü r b estim m te  zulässige D e h n u n ­
gen z. B. der O b erfläch en d ich tu n g  die erforderliche D ich te  bzw . S ch ü tth ö h e  
e rm itte ln .

Z ur F estlegung  d er p rak tisch en  M aßnahm en  fü r die A nw endung  dieser 
E rk en n tn isse  m a c h t sich die D u rch fü h ru n g  von  M essungen a u f  der B auste lle  
erfo rderlich . D abei is t  m itte ls  der vorgesehenen  E in b au g e rä te  deren  V erd ich ­
tu n g sw irk u n g  sowie eine ev tl. E n tm isc h u n g  bei den vorgesehenen  S c h ü tth ö h en  
zu  üb erp rü fen . Bei den  in  S ch ö n b ru n n  du rch g efü h rten  V ersuchen  sollte  vor 
allem  die D ich tev erte ilu n g  bei S ch ü tth ö h e n , die fü r die kleine W alze (W VW

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



274 KINZE, M.

550) an  und  fü r  sich  zu  h och  sind, g ep rü ft w erden . B ild  5 zeig t das E rgebn is. 
D ie D ich teb estim m u n g  erfo lg te  m it O berfläch en n iv e llem en t und  h y d ro ­
s ta tisc h e r  H öhenm essung  in  versch iedenen  T iefen.

B ild  3. Z usam m enhang  zw ischen  K o m p ressib ilitä t, D ich te  Ct u n d  S c h ü tth ö h e  h bzw. Ü b e r­
lag erungsdruck  p

Die erreich te  m ittle re  D ich te  is t a u f  B ild  6 d a rg es te llt. E ine de ta illie rte  
In te rp re ta tio n  d er Y ersuchsergebnisse soll an  dieser S telle  n ich t erfolgen.

Aus dem  D ic h te v e rla u f  von  B ild  5 bzw . 6 k an n  in  V erb in d u n g  m it B ild  1 
e ine Aussage ü b e r  die un te rsch ied liche  K o m p ress ib ilitä t d er S ch ü ttu n g  in
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B ild  5. D ich tev erte ilu n g  ü b e r  d ie Tiefe
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A b h än g ig k e it der E in b au m e th o d e  g e tro ffen  w erden . D am it is t  die w ich tig ste  
V o rau sse tzu n g  fü r  die analy tische  U n te rsu c h u n g  des P rob lem s gegeben.

E rw ä h n t w erd en  soll auch, d aß  d e r S ch ö n b ru n n er T onsch iefer bei D u rc h ­
fe u c h tu n g  u n d  B e la s tu n g  zusätzliche S etzu n g en , sogenann te  S ackungen  e r­
le id e t (B ild  7). W ie in  speziellen K o m p ressionsversuchen  e rm itte lt  w u rd e , 
b e tra g e n  diese S ackungen  zw ischen 2 2 %  u n d  36%  d er S etzungen , die v o r

„0  1 2 3 4  5 6 7 8
Q i ---------------------- ■----------------------- 1----------------------■-----------------------■-----------------------■----------------------■---------------------- ■---------------------- i -

B ild  7. Z eit-Se tzungs-V erlau f im  tro c k e n e n , nassen  bzw. g e flu te ten  Z u stan d

d e r W asserzugabe bei d er E rs tb e la s tu n g  a u fg e tre ten  w aren . D ie V orw egnahm e 
d e r S ackungen  v o r  dem  L astfall »B etriebsstau«  bzw. v o r dem  A u fb rin g en  
b itu m in ö se r O berfläch en d ich tu n g en  d u rc h  N ässen des S c h ü ttm a te ria ls  u n d  
so rg fä ltig e  V erd ich tu n g  der o b e rfläch en n ah en  B ereiche is t eine w ichtige b a u ­
techno log ische  M aßnahm e, um  sp ä te re  S etzungsschäden  zu verm eiden . D as 
g ilt üb rigens au ch  fü r  andere g robkörn ige  S ch ü tts to ffe , wie sie fü r  S te in sc h ü tt­
d ä m m e  in  F rage  kom m en .

3. Rechnerische Untersuchung

M it Hilfe eines F E M -R echenprog ram m es lä ß t sich das V erfo rm ungs­
v e rh a lte n  fü r die u n te rsch ied lich sten  K o m b in a tio n en  der D ich tev erte ilu n g  im  
g esam ten  D a m m q u ersch n itt u n te rsu ch en . B ild  8 zeig t ein B eispiel, bei dem  
die E ig en v e rd ich tu n g  u n te r  dem  au fg eh en d en  S c h ü ttk ö rp e r o p tim a l ausge­
n u tz t  w erden soll. In  den  B ereichen h o h e r V e rtik a lsp an n u n g en  w erden  niedrige 
D ic h te n  g e sc h ü tte t u n d  u m g ek eh rt. A us V erg leichsrechnungen  m eh rere r 
so lch er Fälle  lassen  sich D iagram m e wie B ild  9 k o n stru ie ren .

Solche a n a ly tisch en  V erg le ichsun te rsuchungen  lassen  sich fü r  jed en  
b e lieb igen  D am m b ere ich  ausführen  u n d  k ö n n en  sich a u f  den  V ergleich d er
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V erschiebungen , d e r V erzerrungen , S p an n u n g en  oder a u c h  d er S icherheit 
gegen  B ruch  e rs tre c k e n . In  A b h än g ig k e it der e n tsp rech en d en  zulässigen 
W e rte  k an n  m an  die erfo rderlichen  E in b a u d ic h te n  e rm itte ln . A n dieser S telle  
sei d a ra u f  h ingew iesen, daß  bezüglich  d e r S cherfestigkeit des S chönbrunner 
Sch iefers keine w esen tlich e  V eränderung  in  A bhäng igke it d er D ich te  im  L ab o r 
fe s tg e s te llt w urde.

B ild  10. F ak to ren  fü r  d ie  Ä nderung  der ze itlichen  D efo rm atio n en  bei A b n ah m e der E in b a u ­
d ich te

Sofern der ze itlich e  V erlau f der D efo rm ationen  v o n  In te resse  is t, k a n n  
m a n  diesen du rch  A n sa tz  Theologischer G leichungen (vergl. K e z d i : H a n d b u c h  
d e r  B odenm echan ik  I )  e rm itte ln . F ü r  den  T onschiefer d er T alsperre  S ch ö n ­
b ru n n  w urden spezielle  K om pressionsversuche a u f diese W eise au sg ew erte t. 
B ild  10 zeigt die V e rän d e ru n g  der Theologischen B eiw erte  m it der D ich te . 
E in e  V erringerung  d e r D ich te  v o n  2,1 a u f  1,85 t /m 3 w ürde  z. B . eine V erd o p ­
p e lu n g  der z e itab h än g ig en  S etzungen  zu r Folge haben .

4. Schlußfolgerungen

M it den g e n a n n te n  E rgebn issen  is t  m an  in  der L age, die S c h ü ttu n g  
n a c h  den u n te r  1. g en an n ten  G ru n d sä tzen  bei G ew ährle istung  der F u n k tio n s ­
u n d  S tan d sich e rh e it d u rchzu füh ren . D ie ökonom ische B ed eu tu n g  einer so lchen  
V erfahrensw eise l ie g t a u f  der H an d , w enn  m an  die E in sp a ru n g  an  V erd ich ­
tungsenerg ie , die V errin g eru n g  der b e n ö tig te n  S ch ü ttm assen  u n d  die m ögliche 
B au ze itv e rk ü rzu n g  b e tra c h te t.
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F ü r  die erfolgreiche E in fü h ru n g  dieser E rk en n tn isse  in  die P rax is  is t 
es erforderlich , die V ersu ch se in rich tu n g en  so zu verbessern , d aß  V erform ungs­
k en n w erte  an  S te in sc h ü ttm a te r ia l e rm itte lt  w erden k ö n n en , die in  ih re r 
A u ssag ek raft den um fangre ichen  M öglichkeiten  e lek tro n isch er B erechnungen  
des V erfo rm u n g sv erh alten s  von  S ta u d ä m m e n  en tsp rech en . W eite rh in  sind 
F estleg u n g en  ü b er die Z u lässigkeit d er B ean sp ruchungen  v o n  b itum inösen  
O b erfläch en d ich tu n g en  zu treffen .

Schließlich is t d u rch  ausre ichende M aßein rich tungen  im  D am m bauw erk  
zu  sichern , daß  w äh ren d  des B aues u n d  in  der P ro b estau p h ase  die G ü ltigkeit 
d er D efo rm ationsp rognosen  ü b e rp rü f t  w erden  kann .

Soil M echanic In v estig a tio n  on a n  E conom ica l Technique for F illin g  and  C om paction of 
R o ck fill D am s. E a r th  a n d  rockfill dam s m u s t hav e  a sufficient s ta b ili ty  in  all phases o f 
c o n stru c tio n  an d  o p era tio n . A d d itio n a l d e fo rm a tio n s due to  dead  lo ad  a n d  w a te r  p ressure  
m u s t n o t im p a ir th e  fu n c tio n  o f b itu m in o u s facing  a n d  w a te rtig h t jo in ts  a t  th e  foo t wall. The 
p a p e r  deals w ith  these  p ro b lem s on th e  basis o f la b o ra to ry  and  fie ld  te s ts .

Грунтомеханические исследования по экономичной технологии сооружения загра­
дительных дамб. Заградительные дамбы при процессе строительства и во время их экс­
плуатации должны иметь соответствующий запас прочности. Кроме сказанных выше 
существенным является то, чтобы деформации насыпи, возникающие под воздействием 
собственного веса и давления массы воды, не влияли бы вредно на эксплуатацию, плот­
ность, водозапирающую способность насыпи и не воздействовали бы вредно на сохран­
ность защитных слоев заградительной дамбы. Д анная работа посвящ ена исследованию 
перечисленных выше вопросов на основе данных исследований в лабораторных условиях 
и по месту.
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LARGE SIGNAL PROPERTIES OF INJECTION LOCKED
DIODE OSCILLATORS

T. B E R C E L I*

DR. OF TECHN. SCI.

[M anuscrip t received  7 Ju n e , 1976]

A large  signal m odel is u sed  to  in v es tig a te  th e  p ro p erties  of in jec tio n  locked  diode 
osc illa to rs . R e la tio n s betw een  th e  in p u t  and  o u tp u t  signals are derived  a n d  used , to  
d e te rm in e  th e  locking h an d . I t  is show n th a t  th e  locking b a n d  is  sh if ted  to  low er 
freq u en c ies  as th e  diode suscep tan ce  n o n -lin e a rity  is increased . T ransm ission  c h a ra c te r­
istic s su ch  as o u tp u t  pow er an d  phase , fu r th e r  g ro u p  d e lay  tim e, A M -to-PM  conversion  
a n d  AM com pression  are de te rm in ed . F req u en cy  dependence of th e  p a ram e te rs  is inves­
tig a te d  a t  d ifferen t values o f in p u t  pow er, lo ad  an d  diode suscep tance  n o n -lin ea rity . 
T h is la t te r  p a ram e te r has th e  effect o f  causing  u n sy m m etry , re su ltin g  in  th e  low est 
d is to r tio n  a t  a frequency  w hich  is h ig h er th a n  th e  b a n d  centre.

1. Introduction

In je c tio n  locked diode oscilla tors are now  w idely  used, an d  ap p lica tio n  
fields are  s tead ily  w idening as an  increasing  n u m b e r of m icrow ave diode ty p e s  
are becom ing  availab le . G unn an d  IM PA T T  diodes are p rim arily  used  as 
active e lem en ts.

T he freq u en cy  of diode oscilla tors in  th e  v ic in ity  of th e  free ru n n in g  
oscilla tion  freq u en cy  m ay  be co n tro lled  b y  th e  in jec tio n  of a lock ing  signal. 
F o r th e  case o f a m o d u la ted  lock ing  signal, tran sm iss io n  ch arac teris tics  will be 
im p o r ta n t because th e y  will be responsib le  fo r th e  d is to rtio n  in tro d u ced .

T he analysis  of in jec tio n  locked  oscilla tors has been p resen ted  b y  several 
au th o rs . T he sm all signal locking b a n d  w as d e te rm in ed  b y  Ad l e r  [1]. Noise 
problem s w ere tre a te d  b y  K u ro k a w a  [2], fu r th e r  b y  H in e s , Co l l ín é t  an d  
On d r ia  [3]. A m plifica tion  p ro p ertie s  w ere in v es tig a ted  by  H in e s  [4], re la tio n s 
for s ta b ili ty  c rite ria  have been derived  b y  H a nsson  and L u n d strö m  [5], 
fu r th e r  b y  K uro k a w a  [6]. T here are  also severa l papers dealing  w ith  ex p e ri­
m en ta l re su lts .

In  m o st of th e  papers dealing  w ith  in jec tio n  locked oscillators, a sm all 
signal a p p ro x im a tio n  is used to  in v es tig a te  c ircu it behav iour, an d  fo r large 
signal o p e ra tio n , only  q u a lita tiv e  tre a tm e n ts  are p resen ted . H ow ever, th e  
sm all signal a p p ro x im a tio n  m ay  n o t be app lied  in  th e  usual case w hen  th e  in p u t 
pow er o f  in jec tio n  locked osc illa to rs is ap p r. 10 dB  below  th e  o u tp u t  pow er.

* T . B e r c e l i , R esearch  In s t i tu te  fo r T eleco m m u n icatio n , G ábor Á ron-u . 65, H-1026, 
B u d ap es t, H u n g a ry
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I n  th is  p ap er, a  large signal m odel is used  to  in v estig a te  th e  p ro p ertie s  
o f  in jec tio n  locked d iode oscillators, an d  q u a n ti ta t iv e  tran sm issio n  c h a ra c ­
te r is tic s  are p resen ted . These show  a sig n ifican t d e p a rtu re  com pared  to  th e  
sm all signal case. B o th  th e  conduc tance  an d  th e  suscep tance  of diodes are level 
d e p e n d e n t w hich a re  ch a rac te rized  b y  th e  describ ing  function , assum ing  a 
q u a s i-s ta tio n a ry  s ta te . T his is used  fo r deriv ing  re la tio n s betw een  in p u t and  
o u tp u t  signals for a single freq u en cy  o p era tio n . T hese re la tions are n u m erica lly  
e v a lu a te d  b y  a c o m p u te r , an d  tran sm iss io n  ch a rac te ris tic s , such  as o u tp u t 
p o w er an d  phase, fu r th e r  group de lay , A M -to-PM  conversion an d  AM com ­
p ressio n  are p re sen ted  in  d iagram s.

F req u en cy  d ependence  of th e  p a ra m e te rs  are  in v es tig a ted  a t  d iffe ren t 
v a lu e s  o f in p u t pow er, lo ad  and  n o n -lin ea rity  of diode suscep tance. T he c h a ra c ­
te r is tic s  are sy m m etrica l w ith  re sp ec t to  th e  re so n a n t frequency  in  th e  case 
o f  lin e a r  diode suscep tan ce . H ow ever, non  lin e a r ity  of diode suscep tan ce  
re su lts  in  u n sy m m etrica l ch a rac te ris tic s , an d  th e  h a n d  cen tre  is sh ifted  from  
th e  re so n a n t f req u en cy  to  a low er va lu e . U n sy m m etry  has th e  effect o f d is­
p la c in g  th e  p o in t o f  lo w est d is to rtio n  from  th e  b a n d  cen tre  to  a h igher freq u en cy .

C alculation  o f  th e  locking b a n d  show s th a t  th e  locking h a n d  increases 
w ith  load ing  an d  in p u t  pow er. T he lock ing  b a n d  is also s ligh tly  in fluenced  
b y  th e  n o n -lin ea rity  o f  suscep tance. A la rg e r lock ing  b an d  will in tro d u c e  less 
d is to r tio n .

2. Large signal circuit m odel

T he analysis o f  in jec tio n  locked  diode oscilla tors is based  on th e  m odel 
o f  F ig . 1. The diode is rep resen ted  b y  a n o n -lin ea r co nductance  Gd a n d  n o n ­
lin e a r  capacitance  Cd. T he  c ircu it com prising  th e  diode is su b s ti tu te d  b y  a 
p a ra lle l re so n an t c irc u it L p— Cp. In te rn a l  co n d u c tan ce  of th e  g en e ra to r d riv ing  
th e  in p u t  and  th e  lo ad  te rm in a tin g  th e  o u tp u t is G. In p u t  an d  o u tp u t  are 
s e p a ra te d  b y  a c irc u la to r  w hich is considered  to  be ideal. W ave a d m itta n c e

Fig. 1. E q u iv a le n t c ircu it

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



LARGE SIGNAL PROPERTIES 283

of th e  c ircu la to r in  all p a r ts  is also G. T he oscillator is an a ly zed  in  th e  s tead y - 
s ta te  cond ition  b y  u sin g  th e  m eth o d  o f th e  describ ing  fu n c tio n s  [7, 8].

The diode is considered  to  be v o ltag e  driven  an d  i t  is assum ed  th a t  only  
a single frequency  v o ltag e  co m ponen t is p resen t across th e  diode te rm ina ls. 
I n  th is  case, th e  follow ing expression is selected for describ ing  th e  non -linear 
diode ad m ittan ce :

Y d =  - G 0( l  -  a t / 2) +  jcoCd0( 1 +  ßU*). (1)

H ere  th e  follow ing n o ta tio n s  are  used : 

со an g u la r frequency ,
U  r .m .s. value o f v o ltag e  across diode te rm in als ,
G0 sm all signal n eg ativ e  co nductance ,
Q o  sm all signal d iode cap ac itan ce ,
a , ß  coefficients re p re sen tin g  th e  diode n o n -lin earity  w hich are  d e te rm in ed  b y  m easu rem en t.

The sign of a  is a lw ays positive , th e  sign of ß , is in  m o st cases positive too , 
b u t  can  also be n eg a tiv e  as th e  diode c a p ac ity  u su a lly  increases w ith  vo ltage  
a n d  ra re ly  decreases [9, 10].

L e t us in tro d u ce  no rm alized  q u an titie s . T he diode ad m itta n c e  will 
th e n  be

w here

- 1  +  — u2 
2 ,Jr j — {Qdo +  ь п И2)

O)0
(2)

8 II Y d
У * ~  r  > ( 3 )

U m --
1

~ ] [ 2 x  ’
(4)

1
( 5 )Yl p(c p +  c d0)

0 ,  — m ( f i d0 (6)VdO
G0 ’

ьп = Q doß u 2m ■ ( 7)

T he voltage has been  norm alized  to  th e  vo ltage  Um p e rta in in g  to  m ax i­
m um  free ru n n in g  o sc illa to r pow er (A ppend ix  A —1), a n d  th e  ad m ittan ce  
has been norm alized to  G0. F u rth e r  n o ta tio n s  are:

o)0 sm all signal an g u la r freq u en cy  of th e  oscilla to r, 
Qd0 d iode sm all signal Q -facto r,
bn suscep tance  n o n -lin e a rity  facto r.

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



284 BERCELI, T.

The la tte r  m a y  be read ily  d e te rm in ed  b y  th e  m easu rem en t in  th e  am pli­
f ie r  m ode (A ppend ix  A —4).

A ccording to  th e  eq u iv a len t c irc u it o f Fig. 1, th e  re la tio n  betw een  in p u t 
a n d  o u tp u t signals o f  th e  in jec tio n  locked  oscillator is g iven  b y  th e  reflec tion  
coeffic ien t a t  te rm in a ls  л; я; in  th e  d irec tion  of th e  d iode. T his m ethod  of 
a p p ro ach  seems to  be sim ple b u t  a c tu a lly  tu rn s  o u t to  be d ifficu lt, because 
th e  diode ad m itta n c e  is d ep en d en t on th e  diode v o ltage , an d  th is  is th e  re su lta n t 
o f  th e  in p u t and  o u tp u t  signal v o ltages. W e th u s  arrive  a t  a no n -lin ear com plex 
e q u a tio n  of high degree, th e  so lu tion  o f  w hich is a le n g th y  p rocedure , generally  
y ie ld in g  several ro o ts . T he selection  o f th e  ro o t h av in g  a physica l m ean ing  
p re sen ts  an  e x tra  p rob lem .

In  order to  a rr iv e  a t  re la tio n s w hich  m ay  be e v a lu a te d  b e tte r , th e  con­
c e p t o f opera ting  in p u t  a d m itta n c e  w ill be in tro d u ced  in  th e  analysis of th e  
in jec tio n  locked osc illa to r (A ppend ix  A 2). The o p e ra tin g  in p u t ad m ittan ce  
m a y  be applied fo r th e  s tead y  s ta te  cond ition  or in  th e  case of slow changes. 
L ook ing  in th e  d irec tio n  of th e  c ircu la to r  from  te rm in a ls  x —x, th e  o p era tin g  
in p u t  ad m ittan ce  is given by  th e  follow ing expression :

У 2 =
Uq — u\ — j2 u 0U( sin 0  
Ug - f -  uf -)- 2 Ugllj  cos 0

( 8)

H ere щ an d  u 0 are th e  no rm alized  voltages o f th e  in p u t an d  o u tp u t 
signals, re spec tive ly , © is th e  phase  difference betw een  th e se  vo ltages, an d  g 
is th e  norm alized v a lu e  of th e  load  conductance.

This m eans t h a t  a t  th e  o p e ra tin g  frequency , an  a d m itta n c e  differing 
b o th  in  m ag n itu d e  a n d  phase from  th e  conductance  g w ill be p resen t looking 
in  th e  d irection  o f th e  c ircu la to r. H ow ever, th is  is on ly  v a lid  a t  th e  opera tin g  
freq u en cy . A t all o th e r  frequencies, u, =  0, as no in p u t signal is p resen t, so 
th e  ad m ittan ce  v a lu e  to w ard s th e  c ircu la to r is g.

Looking in  th e  d irec tion  o f th e  diode, th e  o p e ra tin g  in p u t ad m ittan ce  
is id en tica l w ith  th e  large signal a d m itta n c e  у г w hich will be, ta k in g  th e  diode 
a d m itta n c e  fo rm u la  (2) in to  acco u n t, th e  following:

j i  =  —1 j ( 2Q0à +  M 2)

w here

О _ «o(C do A  Cp)

(9)

( 10)

Ô
CO —  c o 0

co0
(11)
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H ere Q0 denotes th e  sm all signal Ç -fac to r o f th e  osc illa to r an d  ô is th e  
re la tiv e  freq u en cy  d ev ia tio n .

3. R elation  between input and output signals

T he opera tin g  in p u t  ad m ittan ce  in  one d irec tio n  shou ld  he th e  nega tive  
of th e  ad m ittan ce  in  th e  o th e r d irec tio n :

У 2 =  —J i  • (12)

S u b s titu tin g  E qs (8) a n d  (9) we have a com plex  e q u a tio n  w hich  m ay  be sp lit 
in to  th e  rea l and  th e  im a g in a ry  p a r t:

„2Щ  —  Uj

2 u0Uj sin 0
g =  2 Q0Ô +  6„u2

(13)

(14)

T he diode vo ltage  и is th e  re su lta n t o f th e  in p u t signal vo ltag e  an d  th e  o u tp u t 
signal vo ltage:

u 2 =  u§ -|- uf 2u0Uj cos 0  . (15)

T he vo ltages are v e c to r-a d d itiv e  as show n b y  F ig . 2.

u0
F ig . 2. The re su lta n t  o f vo ltag es

T he re la tio n  b e tw een  in p u t an d  o u tp u t  signals is given b y  th e  set of 
n o n -lin ea r equ a tio n s (13) a n d  (14). T here are  tw o  un k n o w n s, u0 an d  0 ,  w hich 
m a y  be de te rm ined  from  th e  tw o eq u a tio n s. H o w ev er, su itab le  rea rran g em en ts  
are  needed , in tro d u c in g  pow ers in s te a d  o f v o ltag es , b y  using  th e  following 
re la tio n s:

p  0 =  2g n 2 , (16)

Pi =  2guf  . (17)

L e t us in tro d u ce  th e  pow er g en era ted  b y  th e  d iode w hich  is 
be tw een  th e  o u tp u t an d  in p u t  pow er:

th e  difference

Pd =  P 0 Pi ’ (18)
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T h e  follow ing cubic eq u a tio n  is d e riv ed  for de term in ing  
(see A ppend ix  A —3):

—  A ' f i  +  2g(2gB2 -  gAC -  A B )p i  +  4g[A{gC -  Pi) -  
4

+  g3C2]Pd +  16g2(p? — gCpi) =  0 ,
w here

A  =  1 +  Щ ,
4  b

В =  1 +  (Q0à +  К) - a  ,
g

C = l  +  (Q0b +  bnf -  
g2

E q u a tio n  (19) gives th re e  values f o r p d b u t  only one rea l so lu tion  m a y  h av e  a p h y ­
sical m eaning . A t th e  u p p e r lim it o f  th e  frequency  ran g e , a lw ays a single rea l ro o t 
o n ly  is p resen t i f  bn 0. S hould  m ore  th a n  one rea l ro o t be p re se n t a t  som e 
freq u en cy , th e  co rrec t so lu tion  can  be selected b y  d em and ing  th a t  no a b ru p t  
p o w er change or p h ase  change m a y  occur w hen decreasing  th e  freq u en cy  in  
sm all steps, s ta r tin g  from  th e  u p p e r  lim it o f th e  freq u en cy  range .

T he follow ing tw o  expressions are  derived fo r th e  p h ase  (see A p p en d ix
A — 3):

n  2 ta n  0  =  —
8

Pd(Q o'5 +  U (4 g 2C — Apd) -  2gb„pd(2gC — 2p, Bpd)
(21)

P d(42C -  A p d) - 2{Pd +  2p,)(2gC — 2 Pi — BPd)
9

cos 0
1 1

V C  “  A pi Pd Pd - 2  pi (22)
2V(Pd +  Pi)pt 2 2gC -  2Pi — B pd *

E q u a tio n s  (21) an d  (22) are b o th  n eed ed  for th e  phase co m p u ta tio n , as th e  p h ase  
m a y  be betw een  л  an d  л.  I f  cos 0  >  0, th a n  — jr/2 <  0  тг/2 so th e  ph ase  
m a y  be com pu ted  from  E q . (21) b y  using  th e  a rc ta n  o p era tio n . I f  cos 0  <[ 0 
a n d  ta n  0  >  0, th e n  л  should  be s u b tra c te d  from  th e  va lu e  co m p u ted  from  
E q . (21) in  o rder to  ge t th e  co rrec t v a lu e  of 0 .  A nd if  cos 0  <[ 0 an d  ta n  0  <  0, 
th e n  л  should be ad d ed  to  th e  v a lu e  com pu ted  from  E q . (21) in  o rd e r to  get 
th e  co rrect value o f 0 .

th e  diode pow er p d

2 gB (gC — 2pi) +

(19)

(20 )

4. Locking band

The locking b a n d  is defined  as th e  frequency  b a n d  in  w hich  th e  frequencies 
o f  th e  oscillator in p u t  an d  o u tp u t  signals are iden tica l. T his m eans t h a t  w ith in  
th e  locking b an d , th e  osc illa to r o u tp u t  signal freq u en cy  m a y  n o t d iffer from  
th e  in p u t frequency , so th e  co n d itio n  for oscillation  m ay  n o t be fu lfilled  a t
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o th e r frequencies . These considera tions allow  th e  d e te rm in a tio n  of th e  lock ing  
b an d  lim its.

A ccord ing  to  th e  eq u iv a len t c ircu it o f F ig . 1 an d  to  E q . (8), th e  d iode 
sees a load  of norm alized  value g a t  all frequencies d iffering  from  th e  in p u t 
signal freq u en cy . T hus, oscillation  a t  o th e r  frequencies m a y  n o t ta k e  p lace 
i f  th e  n eg a tiv e  v a lu e  of th e  diode co n d u c tan ce  gd is less th a n  g. W ith in  th e  
locking h a n d , a t  th e  in p u t signal freq u en cy , th e  d iode co n d u ctan ce  is d e te r ­
m ined b y  th e  v o ltag e  across th e  diode te rm in a ls . T h u s, acco rd ing  to  th e  p re v i­
ous considera tions, th e  locking b an d  lim its are  ch a rac te rized  b y  th e  re la tio n

-gds  =  g • (23)

S u b scrip t s refers to  th e  b an d  lim it, an d  gds is d e te rm in ed  by  th e  in p u t  
signal.

S u b s titu tin g  E q s (15), (16) an d  (17) in to  E q . (2), th e  diode co n d u ctan ce  
will be th e  fo llow ing:

- g d  =  1 — -7 -  (Po +  Pi +  2 \!PoPi cos 0 ) • (24)
4g

S u b s titu tin g  (24) in to  (23) we h av e  a re la tio n  fo r th e  phase  a t  th e  b a n d
lim its:

0 s =  v -------[4g(l - g )  - P o s -  P i]
2 IPosPi

(25)

F or ca lcu la tin g  th e  phase b an d -lim it va lue , th e  o u tp u t  pow er b an d -lim it 
value p 0s shou ld  be know n. T his m ay  genera lly  be c a lcu la ted  from  E q . (19) 
b y  using E q . (18). H ow ever, th is  eq u a tio n  m a y  have th re e  rea l roo ts in  som e 
cases. L e t us f i r s t  in v estig a te  th e  case w ith  a single rea l so lu tio n  fo r th e  o u tp u t  
pow er.

A t th e  u p p e r  end  of th e  locking b a n d , i f  bn >  0, we a lw ays have a single 
rea l so lu tion  fo r th e  o u tp u t pow er, an d  th is  m ay  be sim p ly  d e te rm in ed : su b ­
s titu tin g  (23) in to  (13) and  ta k in g  in to  acco u n t th a t  th e  r ig h t-h a n d  side o f  
(13) is now  eq u a l to  gds, we arrive  a t  th e  follow ing re la tio n :

Uj =  Ufl! — u f . (26)

S u b scrip t 1 refers to  th e  u p p e r end  of th e  lock ing  b an d . S u b s titu tin g  
now  E qs (26), (16) an d  (17) in to  (13), we get th e  o u tp u t  pow er a t  th e  u p p e r  
end of th e  b a n d :

Pox =  4g (l — g) +  Pi ■ (27)
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S u b stitu tin g  (27) in to  (25) we h av e  th e  phase a t  th e  u p p e r  end :

cos 0 X г
4 g ( !  -  g) +  Pi

(28)

A s cos 0 X is nega tive , th e  phase 0 X is b e tw een  jt/2 an d  n.
T he frequency  o f th e  locking b a n d  u p p e r end  m a y  be d e te rm in ed  from  

(14). S u b s titu tin g  in to  th is  eq u a tio n  (26), (27) an d  (28) a n d  ta k in g  in to  acco u n t
(16) a n d  (17), we h av e  th e  follow ing re su lt:

<?«A — 1

2 g)K (29)

The pow er, p h ase  an d  freq u en cy  p e rta in in g  to  th e  low er lim it o f th e  
lo ck in g  b an d  m ay  o n ly  be de te rm ined  b y  num erica l analy sis  fo r th e  general 
case . E xcep tions are  th o se  cases w hen we h av e  a single rea l va lu e  fo r th e  pow er, 
w h en

P 02 =  P oi »
02 =  0X.

S u b sc rip t 2 refers to  th e  low er b an d  lim it. In  th is  case, th e  freq u en cy  a t  th e  
low er b an d  lim it, s im ila rly  as the  p rev io u s one is given by

<?iA = (1  -  g)K (31)

H ow ever, a sep a ra te  in v es tig a tio n  is n ecessary  to  m ake sure th a t  a c tu a lly  
a single solu tion  is o n ly  availab le . I f  bn =  0, th e re  is a lw ays a single so lu tion  
a t  th e  low er b an d  lim it only .

T he w id th  o f th e  lock ing  b an d , u sin g  (29) an d  (31), is g iven b y

or

B l — f i  —  /2
A
<?0

r g p i

1  - g '

R 2f °
B l  -  ~ Q

fPL
P 0

H ere  Q m eans th e  lo ad ed  0 -fac to r:

Q
œ o(Cdo +  Bp)

G

(32)

(33)

(34)
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F u r th e r , th e  free-runn ing  oscilla to r pow er, as com p u ted  in  A ppend ix  A — 1, 
is g iven  by

P =  % (1  — g) ■ (35)

A ccord ing  to  E q . (33), th e  lock ing  b a n d  w id th  is p ro p o rtio n a l to  th e  sq u are  
ro o t o f  th e  ra tio  of th e  in p u t pow er to  th e  free ru n n in g  oscilla to r pow er.

0 0.2 O.i 0.6 0.8 10
bn

Fig. 3. L o ck in g  b a n d  as a fu n c tio n  o f suscep tance  n o n -lin e a rity

F ig . 4. L ocking b a n d  as a  fu n c tio n  
of loading

F ig . 5. L ocking b a n d  as a fu n c tio n  
of in p u t pow er

I f  we have several so lu tions for th e  o u tp u t  pow er a t  th e  low er b an d  lim it, 
th e  re la tio n s  (31), (32) an d  (33) w ill n o t  give co rrect re su lts , th o u g h  th e y  are  
u sefu l as ap p ro x im atio n s. T he locking  h a n d  w id th  m ay  he de te rm in ed  m ore  
p rec ise ly  b y  using  n u m erica l analysis as show n b y  some d iagram s.

T he effect of su scep tan ce  n o n -lin e a rity  is show n b y  F ig . 3 for th e  case 
w hen  th e  in p u t pow er is low er b y  10 dB  th a n  th e  m ax im u m  o u tp u t pow er 
o f th e  free ru n n in g  oscilla to r. In  th e  F ig u re , th e  q u a n tity  B LQ0ja>0 is p lo tte d  
as a fu n c tio n  of bn; th is  q u a n ti ty  is p ro p o rtio n a l to  th e  re la tiv e  w id th  o f th e  
lock ing  b an d . I f  bn is sm all, th e  lock ing  b a n d w id th  is c o n s ta n t, i.e. bn has no 
effec t. H ow ever, a t  h ig h er bn va lues, th e  lock ing  b a n d w id th  is su b s ta n tio n a lly  
in creased .

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



290 BERCELI, T.

T he effect o f lo a d  is show n in F ig . 4 fo r th e  case o f p t =  10 dB . I n ­
c reasing  o f the  lo ad ing , i.e . th e  value g, w ill su b s ta n tia lly  increase th e  lock ing  
b a n d w id th . V alues o f  bn =  0,5 and  bn — 0 p e r ta in  to  th e  solid and  d o tte d  
cu rv e , respectively . A t h ig h e r loads we h av e  tw o id en tica l curves.

D ependence o f  th e  locking b a n d w id th  on th e  in p u t pow er is show n 
in  F ig . 5 fo r tw o bn v a lu e s  w ith  g =  0,7. T h e  locking  b a n d w id th  increases w ith  
in c reas in g  in p u t pow er. A t h igher pow ers we have  tw o id en tica l curves.

5. Transfer properties

T he tran sfe r p ro p e rtie s  of th e  in je c tio n  locked osc illa to r have been 
n u m erica lly  d e te rm in ed  to o  b y  using th e  re la tio n s  betw een  th e  in p u t an d  o u t­
p u t  signal, and  are  show n  in  d iagram s. I n  th e  d iag ram s, th e  in d ep en d en t

-0.6 -0.Д -0.2 0 0.2 CU
Q06

F ig . 6. O u tp u t pow er f re q u e n c y  response for d iffe ren t values o f su scep tance  n o n -lin earity

v a ria b le  is generally  th e  p ro d u c t of th e  re la tiv e  d e tu n in g  and  th e  q u a lity  
fa c to r  Q0. The v alue  0 =  0 corresponds to  th e  sm all signal re so n an t freq u en cy  
o f  th e  circuit. bn, g a n d  p, are used as p a ra m e te rs  from  w hich  tw o are fix ed  
a n d  th e  th ird  is v a r ia b le . T he following f ix e d  values are u sed : bn =  0,5, g =  
=  0 ,7 , pi = 1 0  dB . C urves are p lo tte d  a long  th e  w hole lock ing  b an d , th u s  
th e  ends of th e  cu rv es  d en o te  the  ends o f  th e  locking b an d .

O u tp u t pow er fre q u e n c y  ch a rac te ris tic s  are p re sen ted  in  Fig. 6 fo r 
d iffe re n t suscep tance  n o n -lin ea rity  fac to rs . T he ch a rac te ris tic  is sy m m etrica l 
fo r bn =  0, u n sy m m e try  w ill be more p ro n o u n ced  w ith  h ig h er bn, and  th e  lock ing  
b a n d  is sh ifted  in  th e  d irec tio n  of low er frequencies.

T he o u tp u t p o w er frequency  c h a ra c te r is tic  is d ep en d en t on th e  in p u t 
pow er, too , as show n in  F ig . 7. In c reas in g  th e  in p u t pow er will in tro d u ce  
h ig h er o u tp u t pow er f lu c tu a tio n , and  s im u ltan eo u sly  th e  b an d w id th  is con­
s id e rab ly  increased.

L e t us now  in v e s tig a te  the  dependence  of o u tp u t pow er b an d  cen tre  
v a lu e  on th e  vario u s p a ra m e te rs . The o u tp u t  pow er b a n d  cen tre  value is in ­
d ep e n d e n t of th e  su scep tan ce  n o n -lin ea rity  fac to r.
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T he dependence o f o u tp u t pow er b a n d  cen tre  va lu e  on th e  in p u t pow er 
for d iffe ren t g values is given in  Fig. 8. F o r  g  values b e tw een  0,5 and  1, th e  o u t­
p u t  pow er h a n d  cen tre  value has a m ax im u m  value  a t  some- in p u t pow er v a lu e .

Qoi
F ig. 7. O u tp u t  pow er frequency  response  fo r d iffe ren t v a lu es o f in p u t pow er

-20 -15 -10 -5 0

P,, dB

F ig. 8. B and  cen tre  o u tp u t  pow er as a fu n c tio n  o f in p u t pow er fo r d ifferen t load ings

T he position  an d  va lu e  of th e  m ax im u m  is d ep en d en t on g. H igher m a x im u m  
values are a tta in e d  w ith  h igher g values b u t  also req u ire  h igher in p u t pow er. 
O u tp u t pow er m a y  be h igher th a n  u n ity  w h ich  m eans t h a t  th e  in jec tion  lock ed  
oscilla to r o u tp u t  pow er m ay  be h igher th a n  th e  free ru n n in g  oscillator o u tp u t  
pow er.

A t g  =  0,5, th e  free ru n n in g  osc illa to r has a m ax im u m  o u tp u t pow er. 
F o r an  in jec tio n  locked oscillator, th e  a d ju s tm e n t co rrespond ing  to  g =  0,5
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a lw ay s  resu lts  in  a  low er o u tp u t p ow er th a n  th e  free ru n n in g  oscilla to r pow er. 
F o r  in jec tio n  locked  opera tion , g shou ld  be chosen to  give a n e a r m ax im u m  
o u tp u t  pow er a t  th e  given in p u t pow er, th u s  g should  be b e tw een  0,5 an d  1. 
I f  g  <  0,5, th e n  p 0c show s a m ono to n o u s decrease w ith  increasing  in p u t pow er, 
so th is  a d ju s tm e n t is p rac tica lly  useless. T herefore  no in v es tig a tio n s  w ill be 
c o n d u c te d  for va lu es  g < 0 , 5 .

"  120 
0°

80

40

0

-4 0

-80  

-120
-0.6 -0.4 -0.2 0 0.2 0.4

Qoá
Fig. 9. T he phase  ch a ra c te ris tic  fo r d ifferen t in p u t pow ers

T he p h ase-freq u en cy  dependence fo r  d ifferen t in p u t  pow ers is show n 
in  F ig . 9. F o r in c reasin g  in p u t pow er, th e  slope of th e  ph ase  ch a ra c te ris tic  
d ecreases  and  th e  zero-phase p o in t is sh if te d  to  low er frequencies.

T he phase ch a rac te ris tic  is d e p e n d e n t on th e  suscep tance  n o n -lin ea rity , 
to o , as is show n in  F ig . 10. F o r bn =  0, th e  curve is sy m m etrica l w ith  re sp ec t 
to  th e  zero-phase p o in t. Increasing  su scep tan ce  n o n -lin ea rity  will in tro d u c e  
h ig h e r  u n sy m m e try , an d  th e  zero-phase p o in t is sh ifted  to  low er frequencies . 
F o r  in s tan ce , fo r bn =  0,8, th e  zero -phase p o in t is sh ifted  to  th e  end  o f  th e  
lo c k in g  b an d . T h u s  th e  zero-phase p o in t is n o t a t  lock ing  b a n d  cen tre  fo r 
bn 0. In creasin g  suscep tance  n o n -lin e a r ity  w ill sh ift th e  lock ing  h a n d  to  
lo w er frequencies.

T he effect o f lo ad  on th e  phase  c h a ra c te ris tic  is g iven in  F ig . 11. I n ­
c rea s in g  th e  load , i.e . g, will low er th e  slope o f th e  ch a rac te ris tic  an d  th e  lock ing  
b a n d  is sh ifted  to  h ig h er frequencies.
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-0.6 -0 .4  -0 .2  0 0.2 0.4
Qoá

10. T he ph ase  ch arac te ris tic  fo r d iffe re n t suscep tance n on-linearities

-0.6 -CU -0.2 0 0.2 0.4
Qoá

Fig. 11. T he phase c h a ra c te ris tic  fo r d ifferen t loadings
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6. Curves of derivated characteristics

I n  th e  tran sm iss io n  of frequency  or phase  m o d u la ted  signals, d is to rtio n  
is p r im a rily  d e te rm in ed  b y  th e  d e riv a ted  ch a rac te ris tic s  w hich are defined  
in  A p p en d ix  A 5. D e riv a te d  ch a rac te ris tic s  are  d e te rm in ed  b y  n u m erica l 
d iffe ren tia tio n , an d  th e ir  dependence on th e  p a ram e te rs  is p lo tte d  in d iag ram s.

-Q6 -0.4 -0.2 0 02
Q0 á

Fig. 12. T h e  g ro u p  delay  tim e ch a ra c te ris tic  fo r d iffe ren t in p u t powers

T he q u a n ti ty  xG0j(Cd0 -)- Cp) w h ich  is p ro p o rtio n a l to  group d elay  tim e  
is show n in Fig. 12 as a func tion  of Q0ô fo r d iffe ren t in p u t  pow ers. H igher in p u t  
p ow er in tro d u ces less group delay  tim e  an d  less g roup  d elay  tim e f lu c tu a tio n  
in  a g iven b an d .

F igure  13 show s th e  dependence o f  th e  group  de lay  tim e  ch a rac te ris tic  
on th e  suscep tance  n o n -lin ea rity . I f  th e  suscep tance  is linear, i.e. bn =  0, th e n  
th e  ch a ra c te ris tic  is sym m etrica l w ith  re sp ec t to  th e  sm all signal re so n a n t 
freq u en cy , an d  th e  f lu c tu a tio n  in  th e  cen tre  range o f th e  locking b a n d  is v e ry  
sm all. S uscep tance  n o n -lin ea rity  has th e  effect o f sh iftin g  the  ch a rac te ris tic  
to  low er frequencies , m ake i t  u n sy m m etrica l, an d  considerab ly  increase  its  
slope, in tro d u c in g  h ig h er group d elay  f lu c tu a tio n  in  a given b an d . H ow ever, 
th e  la t te r  q u a n t i ty  is ra th e r  sm all.

T he g roup  d e lay  ch a rac te ris tic  is on ly  s ligh tly  d ep en d en t on th e  load  
as show n b y  F ig . 14. On th e  o th e r h a n d , group d elay  tim e  is co n sid e rab ly  
e ffec ted  by  th e  to ta l  cap ac ity , (Cd0 +  Cp) and  th e  sm all signal n eg a tiv e  con­
d u c tan ce  of th e  d iode G0.
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-0.6 -0.4 -0.2 0 0.2 0.4
Qoé

Fig. 13. T he group  delay  tim e ch ara c te ris tic  fo r d ifferen t suscep tance  n o n-linearities

ОTD
(J

5
h-

-0.6 -0.4 -0.2 0 0.2 0.4
Qo á

F ig. 14. T he group  delay  tim e  ch a ra c te ris tic  fo r d iffe ren t loadings
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A M -to-PM  co n v ersio n  as a fu nc tion  o f Q0ô for d iffe ren t values of in p u t 
pow er is show n in  F ig . 15. Increasing in p u t  pow er w ill h av e  little  effect on 
conversion  in  th e  m id d le  range of th e  b a n d , b u t  conversion is su b s ta n tia lly  
decreased  in  o th e r p a r ts  o f the  band , esp ec ia lly  in  th e  low -frequency  p a r t .

Q o â

Fig. 15. A M -to-P M  conversion freq u en cy  response  fo r d iffe ren t in p u t pow ers

F ig . 16. A M -to-PM  conversion  frequency  re sp o n se  fo r d ifferen t su scep tance  n on-linearities
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A M -to-PM  conversion is d ep e n d e n t on suscep tance  no n -lin earity  as V eil 
as is show n in  F ig . 16. I f  the  su scep tan ce  is linear, i.e. bn =  0, th en  th e  c h a ra c ­
te ris tic  is sy m m etrica l w ith  re sp ec t to  th e  sm all signal reso n an t freq u en cy . 
S uscep tance n o n -lin ea rity  re su lts  in  a sh if t to  low er frequencies a n d  h ig h er 
conversions a n d  in  the  ap p earan ce  o f u n sy m m etry .

-0.6 -0.4 -0.2 0 0.2 0.4

Qoà
Fig. 17. A M -to-P M  conversion freq u en cy  response fo r d iffe ren t loadings

-0.6 -0.4 -0.2 0 0.2 0.4
Qnà

Fig. 18. AM com pression  frequency response  fo r d iffe ren t su scep tan ce  non-linearities

D ependence o f  A M -to-PM  conversion  on  load  is show n in Fig. 17. T h e  
curve g =  0,9 has a m ax im um  a t  Q0ô =  —0,4 (the  m ax im u m  does n o t a p p e a r  
w ith in  th e  range show n in the  F igu re). W ith  increasing  load , the  lock ing  
b a n d w id th  is in c reased , and  the  A M -to-PM  conversion  a ro u n d  th e  band  c e n tre  
is decreased.

I t  m a y  he con c lu d ed  from  F igs 15, 16 a n d  17 th a t  in  th e  case of bn 0, 
zero conversion occurs n o t in th e  lock ing  b a n d  cen tre  b u t  a t  h igher frequencies,
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a n d  th e  zero-conversion  p o in t is sh ifted  to  h ig h e r frequencies w ith  increasing  
Pi a n d  g, and  w ith  decreasing  b n.

T h e dependence of AM com pression  on susceptance n o n -lin ea rity  is 
show n  in  Fig. 18. C om pression has poles a t  one or tw o frequencies. I f  b n is 
sm a ll, th e  curve has tw o  poles b u t  on ly  a single pole occurs w ith  h igh b n. 
A t th e  pole th e  AM com pression  is in fin ite , i.e . o u tp u t pow er does n o t depend  
on  in p u t  pow er.

7. Dual circuit

In  th e  p rev ious p a r t ,  th e  in jec tion  lock ed  oscillator has been  in v es tig a ted  
b y  assum ing  a v o ltag e  con tro lled  ac tiv e  e lem en t. H ow ever, a c u rre n t con­
tro lle d  ra th e r  th a n  a v o ltage  con tro lled  ac tiv e  elem ent m a y  also be assum ed, 
in tro d u c in g  an  e q u iv a le n t c ircu it and  e le m e n t values w hich are  duals  o f tho se  
g iven  in  Fig. 1.

T he re la tio n s derived  fo r th e  v o ltag e  contro lled  case m a y  be re w ritte n  
acco rd in g  to  th e  du a l concep t, th u s  d escrib ing  the  c u rre n t con tro lled  case 
w h ich  does n o t req u ire  sep ara te  tr e a tm e n t.  A ll resu lts v a lid  fo r th e  v o ltag e  
co n tro lled  case m a y  be d irec tly  app lied  fo r  th e  cu rren t co n tro lled  c ircu it a f te r  
fo rm a l rew riting . Som e p a ram ete rs  such  as pow er, freq u en cy  an d  phase  are 
d u a ls  o f them selves an d  th u s  requ ire  no  rew riting . In  th e  f in a l expressions, 
o n ly  th e  follow ing tw o  q u an titie s  shou ld  generally  be re w ritte n :

g — r ’
b n —  X ,

H ere r deno tes th e  norm alized lo ad  resistance , an d  x n deno tes th e  n o n ­
lin e a r ity  fac to r o f th e  diode reac tan ce .

8. Conclusions

P ro p erties  of in jec tio n  locked d iode  oscillators h av e  been  in v es tig a ted  
acco rd in g  to  th e  large  signal m odel. R e la tio n s  have been derived  b e tw een  th e  
in p u t  and  th e  o u tp u t  signal, and  these  h a v e  been used to  d e te rm in e  th e  locking  
b a n d . The locking  b a n d  becom es su b s ta n tia lly  w ider w ith  increasing  load  and  
in c reasin g  in p u t pow er, and  is sh ifted  to  low er frequencies w ith  increasing  
suscep tan ce  n o n -lin ea rity .

T ran sfe r p ro p ertie s  such as o u tp u t  pow er, phase , g roup  de lay  tim e , 
A M -to-PM  conversion  and  AM com pression  have been de te rm in ed . T he fre ­
q u en cy  dependence o f some p a ra m e te rs  a t  d ifferent va lu es  of in p u t  pow er, 
lo ad  and  diode suscep tance  n o n -lin ea rity  has been in v es tig a ted . T he charac-
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te r is tic s  are sy m m etrica l w ith  resp ec t to  th e  re so n a n t freq u en cy  if  th e  diode 
suscep tance  is lin ea r , b u t  suscep tance n o n -lin ea rity  in tro d u ces  u n sy m m etry . 
D ue to  th is  u n sy m m e try , th e  low est d is to rtio n  is a t ta in e d  a t h igher th a n  
th e  h a n d  cen tre  freq u en cy .

Appendix

A  1. Free-running oscillator

T he free -ru n n in g  oscilla tor is tre a te d  accord ing  to  F ig . 1. D iode a d ­
m itta n c e  is given b y  E q . (1). In  th e  stab le  s ta te , th e  a d m itta n c e  as seen in  
one o f th e  d irec tions a t  te rm in a ls  x  x, has to  be th e  n eg a tiv e  value  of th e  a d ­
m itta n c e  as seen in  th e  o th e r d irection . As a d m ittan ces  are com plex  q u a n titie s , 
th is  re la tio n  shou ld  se p a ra te ly  hold for th e  rea l an d  for th e  im ag in a ry  p a r ts  
as given b y  th e  fo llow ing equa tions:

G0( l  — xU 2) =  G , (A -l)

-  coCd0( l  +  ß lP ) =  coCp -  - L - . (A-2)
œLp

F ro m  these  eq u a tio n s , tw o q u an titie s , th e  am p litu d e  an d  th e  frequency  of 
th e  oscillation  m ay  be determ ined .

T he pow er in  th e  lo ad  is given by

P  =  GU2 =  G0( 1 -  a  U2) U2. (A-3)

L e t us ta k e  th e  d e riv a tiv e  of pow er w ith  re sp ec t to  U2 an d  eq u a te  i t  to  zero. 
F rom  th is  re la tio n  we have

a  =
1

m ,
(A-4)

w here Um denotes th e  vo ltag e  a t  m ax im um  pow er. V oltages will be norm alized  
w ith  re sp ec t to  th is  q u a n tity .

L e t us norm alize  th e  ad m ittan ces  w ith  resp ec t to  G0. S u b s titu tin g  
(A-4) in to  (1), th e  diode ad m ittan ce  will be accord ing  to  E q . (2).

P ow er is n o rm alized  w ith  respect to  th e  m ax im um  v a lu e :

(A-5)

S u b s titu tin g  (A-4) in to  (A-3) we get th e  m ax im u m  pow er:

Pm =  - - G 0U2m . (A-6)
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S u b s titu tin g  (A-3) and  (A-6) in to  (A-5), we have th e  no rm alized  pow er:

GU2

y W

2guK (A -7)

H ere  g  denotes th e  no rm alized  v alue  o f th e  load co n d u ctan ce:

G

A ccord ing  to  (А- l)  an d  (A-4), th is  m a y  be w ritten  as follows:

(A-8)

(A-9)

E x p re ss in g  u2 and  su b s titu tin g  i t  in to  (A—7), we have

P =  4 g (l -  g) • (A -10)

T h e  pow er is m ax im um  (p  =  1) i f  g =  1/2.
O scillation  freq u en cy  is d e te rm in ed  from  E q . (A-2). A t low v o ltages, 

th e  oscillation  frequency  is given b y

1

^L p(C p +  Cd0)
(A - ll)

T h is  is iden tica l w ith  th e  sm all signal re so n an t freq u en cy  o f th e  oscilla tor.

A —2. Operating input admittance

T he opera ting  in p u t a d m itta n c e  m a y  be defined  in  th e  case o f o p era tin g  
c ircu its , for te rm ina ls a t  w hich  b o th  c u rre n t and  v o ltag e  is p resen t a t  a given 
freq u en cy . A fter specify ing  th e  p o sitive  d irections o f c u rre n t an d  v o ltage , 
th e  o p era tin g  in p u t a d m itta n c e  for th is  side will be th e  ra tio  of these  q u a n titie s :

Y 0P =  ^ -  (A-12)
Uop

H ere  К  denotes th e  o p e ra tin g  (ac tu a l) cu rren t flow ing  th ro u g h  th e  te rm in a l 
a t  th e  given frequency , an d  U0p is th e  opera tin g  (ac tu a l) vo ltage across the  
te rm in a l a t  th e  sam e frequency .
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The positive d irec tio n  of th e  O perating  in p u t a d m itta n c e  p o in ts  to  th a t  
side of th e  te rm ina l p a ir  a t  w hich th e  positive d irections o f th e  c u rre n t and  
vo ltag e  are iden tical. In  th e  d irec tion  o f th e  o th e r side, th e  o p e ra tin g  in p u t 
a d m itta n c e  will be Y 0p as the  p o s itiv e  d irection  o f th e  c u rre n t is p o in tin g  
in  th e  opposite  d irection  a t  th is  side, a n d  th e  positive d irec tio n  o f th e  v o ltage  
is unchanged .

T he opera ting  in p u t ad m itta n c e  m a y  also he called o p e ra tin g  a d m itta n c e  
o r in p u t ad m ittan ce . T h e  o p era ting  o u tp u t  ad m ittan ce  m a y  also be defined , 
be ing  th e  negative  v alue  o f th e  o p e ra tin g  in p u t ad m itta n c e . F u r th e r , th e  o p er­
a tin g  in p u t im pedance m a y  also be d e te rm in ed  in stead  o f th e  o p e ra tin g  in p u t 
a d m itta n c e .

T he concept o f o p e ra tin g  in p u t a d m itta n c e  m ay  be app lied  fo r s te a d y  
s ta te  cond itions or for th e  case of slow changes. I t  is d ep en d en t on th e  o p e ra tin g  
cond itions o f th e  c ircu it, an d  m ay  o n ly  be defined b y  ta k in g  in to  acco u n t 
th e  com plete  circuit, in c lu d in g  the  d r iv in g  and  te rm in a tin g  conditions.

A ccording to  th e  prev ious co n sid e ra tio n s, th e  sum  o f th e  o p e ra tin g  
ad m itta n c e s  tak en  in  th e  tw o  d irec tions a t  a te rm in a l p a ir  is zero. T h is s ta te ­
m e n t is va lid  a t  all frequencies a t  w h ich  cu rren t and  v o ltage  are s im u lta n e ­
ously  p resen t.

Tw o reflection  coefficien ts m a y  also be de te rm ined  fo r a te rm in a l p a ir  
b y  reg a rd in g  th e  p ro p a g a tin g  w ave as en te rin g  in to  th e  te rm in a l from  th e  
g iven  side an d  the  re flec ted  w ave as com ing  from  th e  te rm in a l in  th e  opposite  
d irec tion . T he p ro d u c t o f th e  re flec tio n  coefficients in  th e  tw o  d irec tions is 
u n ity .

L e t us app ly  these  considera tions fo r th e  c ircu it o f F ig . 1. L e t us d e te r ­
m ine th e  reflection  coefficien t a t  te rm in a l x —x  looking in  th e  d irec tion  o f th e  
c ircu la to r. L e t u 0 be th e  v o ltage  of th e  p ro p ag a tin g  w ave an d  и, th e  v o ltag e  
o f th e  re flec ted  w ave, th u s  th e  re flec tio n  coefficien t is g iven  b y

г (A-13)

F ro m  th e  know n re flec tio n  co effic ien t, th e  o p e ra tin g  in p u t a d m itta n c e  
y 2 in  th e  d irec tion  of th e  c ircu la to r m a y  be de te rm ined :

7 2  =
r r

1 +  r c
(A-14)

S u b s titu tin g  in to  th is  e q u a tio n  (A-13) a n d  m ak ing  su itab le  rea rra n g em e n ts , 
we have

7 2  =
щ  — uf — j 2 u 0Uj sin 0  

uo +  wi +  2 n 0u, cos 0
(A -15)
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A — 3. Relation between input and output signals

T he re la tion  b e tw e e n  in p u t and  o u tp u t  signals is im p lic ite ly  co n ta in ed  
in  th e  se t of n o n -lin ea r e q u a tio n s  (13) an d  (14). H ow ever, su itab le  rea rra n g e ­
m e n ts  are necessary  to  s e p a ra te  th e  u n k n o w n  v ariab les.

L e t us m u ltip ly  (13) b y  u2, and  exp ressing  u4 from  th e  eq u a tio n  th u s  
fo rm ed , le t us s u b s ti tu te  i t  in to  (14) w hich is also m u ltip lied  b y  u2. The follow ing 
re la tio n  is th en  a t ta in e d :

2u 0n, s in  0  =  —  (Q0ô -f- bn)u2 — 2bn(u2 — uj). (A-16)
g

F u r th e r ,  from  (15) we o b ta in

2 u 0Uj cos 0  =  u2 — (u2 — új) — 2u2. (A -17)

S q u a rin g  Eqs (A-16) a n d  (A-17) and  sum m in g  these  eq u a tio n s , fu r th e r  ex ­
p ress in g  u4 from  (13) a n d  su b s titu tin g  i t  in to  th is  sum , we h av e  th e  follow ing 
re la tio n  for u2:

u2 1 2gC -  A (u 20 -  új)
2 C -  B{ul -  új) -  2uj

(«8 -  uj) • (A-18)

H ere  th e  n o ta tio n s as g iv en  in  (20) are app lied .
The diode v o lta g e  и  as given b y  E q . (A-18) does n o t depend  on 0 .  

S u b s titu tin g  th u s  (A -18) in to  (13), u2 is e lim in a ted , leav ing  a single u n k n o w n , 
(uŐ — uj) in th e  e q u a tio n . R earrang ing  th is  eq u a tio n , an d  in tro d u c in g  pow ers 
in s te a d  of vo ltages b y  u tiliz in g  (16), (17) an d  (18), we a rriv e  a t  th e  cub ic  
e q u a tio n  (19).

The ta n g e n t o f th e  p h ase  is given b y  th e  q u o tie n t o f (A-16) and  (A-17)

—  (Qob +  К )  w2 — — uj)
ta n  0  - —------------------------------------------------  . (A-19)

u2 — (u2 — uj) — 2u2

S u b s titu tin g  in to  th is  eq u a tio n  th e  fo rm ulas (A-18), (16), (17) an d  (18), 
w e arrive  a t  E q . (21).

F u rth e r , s u b s ti tu t in g  in to  (A-17) fo rm ulas (A-18), (16), (17) a n d  
(18) we have E q . (22) w h ich  is th e  cosine o f th e  phase.

A —4. M easurement o f the susceptance non-linearity factor

The suscep tance  n o n -lin ea rity  fac to r  can  be m easu red  in  th e  am plify ing  
o p e ra tin g  m ode in  th e  follow ing w ay. F irs t , th e  b a n d  cen tre  frequency  / 0, 
th e  b a n d  centre p o w er g a in  Gp0 and  th e  h a lf  pow er b a n d w id th  B s are m easu red
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w ith  th e  given diode a t  a low level. F o llow ing  th is , th e  b a n d  cen tre  freq u en cy  
f c an d  th e  b an d  cen tre  pow er gain  Gpc are m easured  a t  a h igher level. F ro m  
th ese  m easured  v a lu es , th e  suscep tance  n o n -lin ea rity  fa c to r  is ca lcu la ted  acco r­
d ing  to  th e  follow ing equa tion :

w here
V l  - Р а с -  1 I / o  J

fo  g2 - !

B s y % - U s -  I )2 ’

(A-20)

(A-21)

Pdc =  ^  [8g2 -  4g(g -  1 )(Yg ;c +  1 ) ] ,
U  Gpc  +  1 )“

_  ][Gp0 +  1

V < ^  - 1  ■

(A-22)

(A-23)

The re la tions b e tw een  in p u t a n d  o u tp u t signal are  v a lid  n o t on ly  fo r 
in jec tio n  locked osc illa to rs b u t also fo r reflection  ty p e  am plifiers, th e  on ly  
difference being  t h a t  fo r  oscillators, g  1, and  for am p lifie rs , g _> 1. A pp ly in g  
th e  re la tio n s for low  level and  b a n d  c e n tre , the  p rev ious fo rm ulae  for th e  su s­
cep tan ce  n o n -lin ea rity  fac to r m ay be  derived . As bn is a q u a n t i ty  w hich is c h a ­
ra c te r is tic  fo r th e  d iode only, the  v a lu e  m easured  in  th e  am plify ing  m ode w ill 
be v a lid  for osc illa to r m ode, as w ell.

A —5. Derivated characteristics

The group d e lay  tim e  is th e  d e r iv a tiv e  of th e  p h ase  sh ift w ith  re sp ec t 
to  an g u la r freq u en cy :

(A-24)

AM -to-PM  conversion  is d efin ed  as th e  phase change in  degrees in tro ­
d uced  b y  a 1 dB in p u t pow er change. T h is  is com puted  b y  ta k in g  th e  d e riv a tiv e  
o f  th e  phase w ith  re sp ec t to  th e  in p u t  pow er an d  m u ltip ly in g  th is  b y  th e  
1 dB  change of th e  in p u t  power. I n  th e  following, a 1 dB  increase, i.e. 26 %  
change of th e  in p u t p ow er will be ta k e n , th u s  th e  fo rm u la  fo r A M -to-PM  co n ­
versio n  is th e  follow ing:

cv =  0,26 Pi [0ldB] . (A-25)
я  dp i

T h e d e riv a tiv e  value re flec ts  the  c irc u it b eh av io u r in  th e  v ic in ity  o f th e  w ork ing  
p o in t, as a t  an  in p u t pow er increased  b y  1 dB , th e  fu n c tio n  <9(p,) m ay  d ev ia te  
so m ew h at from  th e  ta n g e n t.
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AM com pression is defined  as th e  ra tio  o f in p u t signal re la tiv e  am plitude  
ch an g e  to  o u tp u t signal re la tiv e  a m p litu d e  change. A ssum ing  a d ifferen tia l 
c h an g e , the  fo rm ula fo r AM com pression is th e  follow ing:

cp du il и j
du0l u 0

u 0 du, 
и : dun

(A-26)

C o m puting  th e  d u ,/d u 0 d e riv a tiv e  b y  using  th e  chain ru le , we have 

duj duj dpi dp0 u0 dp.
dur, dp j dp Q du 0 и I dp Q

(A-27)

S u b s titu tin g  (A-27) in to  (A-26) an d  ta k in g  in to  acco u n t E qs (16) an d
(17), th e  AM com pression  will be expressed  as follows:

cp Po dp. 
Pi dp0

(A-28)

T h e  AM com pression m a y  have a n eg a tiv e  sign, m ean ing  th a t  th e  phase o f 
th e  am plitude  m o d u la tio n  is sh ifted  b y  тс.

AM com pression m a y  also be exp ressed  in  dB:

Lep =  20 lg  I cp I , [d B ]. (A-29)

T h e  sign of the  com pression  is th e n  lo st. T h e  am plitude  m o d u la tio n  is decreased 
w h en  I cp I >  1, an d  in creased  w hen [ cp \ 1.
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Eigenschaften von durch Signalinjektion gesteuerten Dioden hei großen Signalen.
D ie E ig en sch aften  der m itte ls  S ig n a lin jek tio n  g e s teu e rte n  D iodenoszillla to ren  w erd en  au fg ru n d  
e ines M odells m it g roßem  S ignal u n te rsu c h t. F ü r  den  Z usam m enhang  des E in - u n d  des A u sgangs­
signals w erden  Z usam m enhänge  abgele ite t u n d  h ierau s w ird der S teu erb ere ich  b e s tim m t, der 
sich  bei V ergrößerung  de r N ic h tlin ea r itä t d e r  S u szep tan z  in  R ich tu n g  v o n  n ied rigeren  F re q u e n ­
zen  v e rsch ieb t. D ie Ü b e rtra g u n g sc h a ra k te r is tik e n  w erden  b es tim m t, u n d  zw ar die A usgangs­
le is tu n g  u n d  -phase, d ie G rupp en lau fze it, d ie  A M -PM -K onversion  u n d  die A M -K om pression . 
D ie  F req u en zab h än g ig k e it de r einzelnen C h a rak te r is tik en  w ird bei versch ied en en  W erten  de r 
E in g an g sle is tu n g , d e r B e la stu n g  u n d  de r N ic h tlin e a r itä t  der D io d ensuszep tanz  u n te rsu c h t. 
A ls Folge der N ic h tlin e a r itä t  der D io d en su szep tan z  zeigt sich A sym m etrie . W egen derselben  
e rh ä lt  m an  die k leinste  V erze rru n g  n ich t in  d e r B a n d m itte , sondern  bei höh eren  F req u en zen .

Свойства при больших сигналах диодных осцилляторов, управляемых введением 
сигнала. Свойства диодных осцилляторов, управляемых введением сигнала, исследованы 
на основе модели с большим сигналом. Выведены зависимости относительно связи между 
сигналами на входе и выходе. На основе этой зависимости определена полоса управления. 
Эта полоса при повышении нелинейности сусцептанции сдвигается в стороны меньших 
частот. Определены характеристики переноса, а именно выходную мощность и фазу, далее 
время группового пробега, конверсию AM —РМ и компрессию AM. Исследована зависи­
мость от частоты отдельных характеристик при различных значениях мощности, нагрузки 
и нелинейности сусцептанции диода. В результате нелинейности сусцептанции диода 
имеет место асимметрия. Наименьшее искаж ение из-за асимметрии получается не по 
середине полосы, а при частоте, превышающей частоту середины полосы.
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A COMPARATIVE EXPERIMENTAL STUDY OF THE 
ACCURACY AND PRECISION OF MEASUREMENTS OF 

EXTERNAL SCREW THREADS BY DIFFERENT
METHODS

A B D E L -M O N E IM  M. HAM OUDA*

[M anuscrip t rece ived  S ep tem b er 22, 1976]

The m ain  ob jec tiv e  o f th is  p a p e r is to  com pare  e x p e rim e n ta lly  am ong th ree  
m ethods ap p lied  fo r m easuring  th e  effec tive  d iam ete r o f e x te rn a l screw  th rea d s  nam ely , 
th e  op tica l, th e  o p tica l w ith  knife edge a n d  th e  th ree  wire m e th o d reg a rd in g  — a ) th e  degree 
o f accu racy  a n d  b) th e  degree of p recision  o f th e  re su lt co m p u ted  fro m  th e  m easu rem en ts 

ta k e n  by  each  m eth o d  on  a  screw  th re a d  p lug  gauge. T he th re e  m eth o d s are d ifferen t 
an d  each h as i ts  ow n cause system  o f e rro rs , b o th  th e  co n tro llab le  an d  unco n tro llab le  
erro rs in h e re n t in  th e  m easuring  sy s te m  o f each  m eth o d .

Sym bols

F  =  E ffective  o r flan k  d iam eter, on  w hich  th e  th ickness o f th e  th re a d  is equal to  h a lf  
th e  p itc h  [m m ]

M  =  M easurem ents o ver th e  w ire [m m ]
P  =  L inear p itc h  [m m ]
a  =  Profile angle
ß  =  M ean he lix  angle g iven b y  th e  fo rm u la  ta n  ß  =  P j(n F )  
d =  W ire d iam e te r [m m ]
c =  C orrection te rm  com pensa ting  fo r th e  o b liq u ity  of th e  w ire  in  th e  th rea d , an d  equal 

to  1/2 d  t a n  2/? cos a /2  co t a /2  
O f =  T o ta l p recision  o f m easu rem en ts p m  
o m =  Precision  o f m easu ring  m achine p m
oc —  P recision  of th e  o p e ra to r p m
o os =  Precision  o f th e  o p e ra to r due to  th e  se ttin g  process p m
o 0r =  Precision  of th e  o p e ra to r due to  th e  re ad in g  process p m

1. In tro d u c tio n

T he screw  th re a d s  are w idely  u sed  fo r th e  p u rp o se  o f  locating , t r a n s ­
m itt in g  m otion , force or to rq u e  an d  p ro v id in g  an  easy  m e th o d  fo r th e  assem bly  
an d  disassem bly  of m ach ine p a rts .

To o b ta in  a h igh  q u a lity  p e rfo rm an ce, specially  in  f in e  precise m o tion , 
th e  screw  th re a d  d im ensions shou ld  be accu ra te .

T here is a w ide range  for th e  degree of accu racy  o f  th e  m easu rem en ts 
o f screw  th read s  th a t  in te re s t th e  m e tro lo g is t, v ary ing  from  th e  w ide to le ran ce  
lim its  applicab le  to  com m ercial n u ts  a n d  bolts to  th e  v e ry  close lim its  se t 
fo r reference screw  gauges.

* D r. Ab d e l -M o n e im , M. H a m ouda , A ss is tan t Professor P ro d u c tio n  E ngineering  D e p t. 
F a c u lty  o f E ngineering , A lexandria  U n iv e rsity , E g y p t
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T he s ta tis tic a l ch a rac te ris tic s  o f a m easu rem en t p rocess can be assessed 
a n d  used  only w hen  i t  can  be verified  t h a t  th is  p a r tic u la r  p rocess is g en era ted  
b y  th e  specified m e th o d  w ith  th e  assigned  system  of causes an d  is capable o f a 
s ta te  of s ta tis tic a l co n tro l, tw o s ta tis t ic a l  ch a rac teris tic s  o f a m easu rem en t 
process here a re  o f im p o rtan ce , p recision  an d  accu racy .

The w ords precise  an d  accu ra te  as well as p recision  an d  accuracy  h av e  
acq u ired  a re la tiv e  o r co m p ara tiv e  sense w hen ap p lied  to  th e  s ta tis tic a l 
p ro p ertie s  of a m easu rem en t process. “ P recision”  of a m easu rem en t process 
re fe rs  to  the  n a tu ra l  ag reem en t b e tw een  th e  in d iv id u a l m easu rem en ts  from  
th e  process, w hile “ A ccu racy ”  refer to  th e  degree of ag reem en t o f m easu rem en ts 
w ith  an  accep ted  reference  level o f th e  p ro p e rty  in  th e  m a te r ia l m easured .

2. E xp erim en ta l w ork

Specim en:

A s ta n d a rd  screw  th re a d  p lug  gauge m ade o f h a rd e n e d  steel h av in g  
th e  follow ing d im ensions accord ing  to  (SI) s ta n d a rd  w as u sed : —

o u te r d iam e te r =  20 [m m ],
p itch  =  2,5 [m m ]

nom inal effective d iam ete r =  18,37 [mm]

Apparatus and measuring techniques 

1. The Optical Method

The un iv ersa l m easu rin g  m icroscope (F ig. 1) was used . T he screw th re a d  
is c lam ped  betw een  cen tres  an d  th e  gon iom eter ocular eye-piece head  is fo ­
cused . an d  th e n  one o f  th e  lines in  th e  d ia l tem p le t is to  be se t co incident w ith

Fig. 1. An U niversal M easuring  M icroscope
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th e  th re a d  flanks, as show n in Fig. 2. T h en  th e  d ifference of th e  trav e rse  d irec ­
tio n  read in g s (I an d  I I )  determ ines th e  v a lu e  o f th e  effective d iam eter.

2. The Optical Method Using K nife Edge Technique

T he un iversa l m easu rin g  m icroscope p rev io u sly  described w as also used . 
K nife edges m ake i t  possible to  p ro d u ce  im ages o f sectional p lanes w ith o u t 
dam ag in g  th e  specim en (Fig. 3). T he lines o f  in te rsec tio n  are rep resen ted  b y

Fig. 2. M easuring  effective D ia m e te r  b y  O p tica l M ethod

a h a ir line , a t  a d is tan ce  o f 0,3 or 0,9 m m  from  th e  edge of th e  knife-edge. 
This line is engraved  on  th e  top  su rface  o f each  knife  edge an d  i t  m u st be 
b ro u g h t to  coincide w ith  th e  co rrespond ing  line of th e  goniom eter ocu lar, 
p rev iously  described.

T he knife edges a re  fixed  in th e ir  ho lders an d  each of th em  is b ro u g h t 
in to  c o n ta c t w ith  each  f la n k  of the  screw  th re a d .

T he read ings are ta k e n  when th e  h a ir  line on th e  knife edge coincides 
w ith  one o f  th e  o u te r d o tte d  lines on th e  g o n io m ete r ocular as show n in  Fig. 3.

3. The Three Wire Method

T he effective d ia m e te r  of plug screw  th re a d  w as m easured  b y  th e  well- 
know n th re e  w ire m e th o d  using th e  A b b e  H o riz o n ta l M etroscope (F ig . 4).

T he ex p erim en ta l w o rk  was ca rr ied  o u t a t  c o n s ta n t m easuring  load  o f 
125 gm s. T he b est w ire d iam eter w as d e te rm in ed  from  tab les a t  x  =  60° 
and  p itc h  =  2,5 m m  to  be  1,35 mm
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T he effective d ia m e te r  can be ca lc u la ted  from  th e  follow ing fo rm u la  (see 
F ig . 5 an d  A ppend ix )

F  =  M  +  (Р / 2 ta n  (a/2) -  d 1 +
.a/2

Fig. 4. A bbe H o riz o n ta l M etroscope

F ig . 5. M easuring E ffec tiv e  d iam e te r using  th ree  wire

Operators

F o u r o p e ra to rs  (A, B, C an d  D) ca rried  o u t th e  ex p erim en ta l w ork  a f te r  
b e ing  given su ffic ien t tra in in g  on th e  m easu rin g  eq u ip m en t used.

E ach  of th e m  m easured  th e  effective d iam ete r of th e  s ta n d a rd  screw  
th re a d  p lug  gauge o f  th e  know n s ta n d a rd  v a lu e  100 tim es in  a well k e p t  th e rm a l 
e n v iro n m e n t o f 20 i  1 °C follow ing th e  p rocedure  se t for each  o f  th e  th re e  
m e th o d s  in v e s tig a te d .
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Error computation

T he freq u en cy  d is trib u tio n  cu rv e  for each g roup  o f 100 read ings w as 
p lo tted .

T he d ev ia tio n  o f the  m ean  v a lu e  o f th e  100 read in g s from  th e  s ta n d a rd  
value of th e  p lug  gauge was considered  as a m easure o f th e  degree of accu racy , 
while th e  s ta n d a rd  devia tion  of th e  100 read ings w as considered  as a m easu re  
o f th e  degree o f precision.

3. R esu lts

A  )  Optical method

T he freq u en cy  d is trib u tio n  cu rv es Figs 6, 7, 8 an d  9 w ere p lo tte d  fo r 
o pera to rs A , B , C and  D.

I t  can  be seen from  the  F igures t h a t  th e y  conform  th e  no rm al d is tr ib u tio n  
ch a rac te ris tic s , A  n o rm ality  te s t  w as carried  ou t to  f in d  o u t w h e th e r th e  
confidence level for all p lo tted  h is to g ram s lies b e tw een  80 an d  90% .

T his m eans th a t  the  s ta n d a rd  d ev ia tio n  (a) can  be ta k e n  to  rep re sen t 
th e  in d ex  o f th e  overall precision o f th e  m easuring  o p e ra tio n  (bo th  th e  equ ip -
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m e n t an d  th e  o p era to rs) an d  th e  d ifference betw een  th e  m ean  value an d  th e  
s ta n d a rd  value can  b e  ta k e n  to  re p re se n t th e  in d ex  o f th e  accu racy  of th e  
o p e ra tio n .

F ig. 7. F req u en cy  cu rv e  of person  (B)

T he follow ing resrd ts  were o b ta in ed :

O p era to r
In d e x  o f  overa ll 

p rec is io n  
[iim]

In d e x  o f ac cu ra c y  
[>m ]

A 2,4 — 25
В 2,5 — 27
C 2,4 — 22
D 2,7

ОCO!

A verage 2,5 — 28
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Measure of the degree 
of accuracy

F ig . 8. F req u en cy  cu rve  of person  (C)

F ig . 9. F req u en cy  cu rve  of person  (D )
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В )  K n ife  edge method

Figure (10) show s one of th e  o b ta in ed  resu lts  for o p e ra to r  D  w hile the  
r e s u lts  for the  fo u r o p era to rs  w ere o b ta in ed  as follows:

Operator
Index of preci­

sion
[ilm]

Index of accuracy 
[/4m

A 2,3 - 1 0

В 2,2 — 8

C 2,4 — 11

D 2,3 — 9

A verage 2,3 -  9,5

C ) Three wire method

Figure (11) show s one of th e o b ta in e d  resu lts  fo r o p e ra to r  A  while th e  
re su lts  for the  fo u r o p e ra to rs  w ere o b ta in e d  as follows:
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Operator
Index of precision

[tim]
Index of accuracy 

him]

A 0,6 22
В 0,7 24

C 1,0 22
D 0,9 20

A verage 0,8 22

4. D iscussion

F rom  th e  resu lts  o b ta in ed  fo r th e  th ree  d ifferen t m e th o d s  we can  see 
th a t  th e  degree o f accu racy  varies from  one o p era to r to  th e  o th e r fo r each 
o f th e  th ree  m e th o d s  especially  in  th e  o p tica l one. This can  be ex p la ined  as 
due to  th e  re la tiv e ly  large values o f  e rro r in co rp o ra ted  in  th e  se ttin g  of th e  
h a ir  lines in  th e  occu lar ta n g e n t to  th e  profile  of th e  f la n k  o f th e  screw  th re a d  
while in  th e  kn ife  edge m eth o d  th e  e rro r o f coinciding th e  lines on th e  knife 
edge w ith  th e  line in  th e  gon iom eter occu lar is m uch less.
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The degree o f  acc u ra cy  o b ta in ed  b y  th e  fo u r o p era to rs  in  each of th e  
th re e  m ethods c a n n o t be considered  co n sisten t, e.g. th e  m o st accu ra te  o p er­
a to r  was C in  th e  o p tic a l m eth o d  w hile o p e ra to r  В  in  th e  knife edge m ethod  
a n d  D  in the th ree  w ire  m e th o d . T his m eans th a t  ev e ry  o p e ra to r has his ow n 
degree of skillness, excellence an d  ju d g e m e n t in c o rp o ra te d  w ith  th e  specific 
m e th o d  of m easu rem en t.

R egarding th e  in d e x  of th e  to ta l  precision  fo r each  m eth o d  th e y  can be 
g rad ed  according to  th e  follow ing order:

1. Three w ire m e th o d
2. Knife edge m e th o d
3. O ptical m e th o d
This is s ig n ifican t since in  th e  th ree  w ire m e th o d  th e  value of th e  to ta l  

p recision  depends o n ly  on th e  in h e re n t precision  o f th e  h o rizo n ta l m etroscope 
a n d  th e  estim ation  e r ro r  of th e  o p e ra to r while read in g  on th e  sp iral v ern ie r 
scale , while in th e  case o f  th e  knife edge m eth o d  th e  to ta l  precision is a re su lt 
o f  th e  inheren t p rec is io n  of th e  un iv ersa l to o l-m ak ers’ m icroscope, read in g  
o ff th e  scale and  th e  process of th e  se ttin g  of th e  tw o h a ir  lines to  be conciden t 
w ith  th e  engraved lines on th e  knife edge w hich can  be m ore precisely done 
th a n  in  the  case o f  th e  o p tica l m ethod .

Operator precision as a cause system o f measuring errors

The to ta l p rec is io n  (<rT) of m easu rem en ts is a re su lta n t of b o th  th e  
in h e re n t precision o f  th e  m easuring  m achine (am) an d  th e  precision o f th e  
o p e ra to r  (cr0), th e  la te s t  precision  can  be d iv ided  in to  tw o  ty p es,

a)  Setting  p rec is io n  for each o p era to r, w hich  depends on th e  in d iv id u a l 
sk ill applied to  th e  s e t t in g  process for th e  h a ir lines in  b o th  op tica l and knife 
edge m ethods n o t o ccu rin g  in  th e  case o f th ree  w ire m e th o d  (co n tac t ty p e ).

b)  R eading p rec is io n  for each o p era to r, w hich  depends on th e  degree 
o f  skill in  the e s tim a tio n  of th e  frac tio n  of th e  la s t d ig it.

Evaluation o f the overall total precision 

The overall to ta l  precision  can  be expressed  as follows:

°Y =  V °2o +  Om ■
T h e  above e q u a tio n  illu s tra te s  th e  so-called “ C om ponen t variance M odel” 
in  w hich a0 and  am a re  th e  s ta n d a rd  dev ia tions assoc ia ted  w ith  o p era to r an d  
in h e re n t precision o f  th e  m easuring  m achine, respective ly .

Also we can  ex p ress  th e  s ta n d a rd  dev ia tio n  o f th e  o p e ra to r a 0 b y  th e  
follow ing equation :

ao =  y< 7os+  alr
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w here

a os —  s ta n d a rd  d ev ia tio n  due to  th e  se ttin g  process
o 0r —  s ta n d a rd  d ev ia tio n  due  to  th e  re ad in g  process

a n d  th e  follow ing ep u a tio n s  ca n  be  ap p lied  fo r th e  th re e  m e th o d s :

ffo (°p tica l) =  d00p — V a% +  <*2or > 

cr0(knife edge) =  aok =  V 02s +  a'i ,

<r0(th ree  w ire) =  сгогш =  f  d\r

F ro m  th e  prev ious re su lts  th e  e q u a tio n s  of th e  to ta l  coverage overall 
p rec ision  for each  m ethod  p ro d u c e d  fro m  fo u r persons are:

(JZumop ~ b  °oop =  6,25 , (1)

<*mk ~ b  °o/c =  5,29 , (2)

(jZu mrw +  0o rw =  0 ,6 4 , (3)

since am op =  omk  (the  sam e m easu rin g  m achine) an d  assum ing  th a t

0 mk =  &mrw ~

in  case o f th ree  w ire-m ethod  w h ich  is a v e ry  acceptab le  a ssu m p tio n , th e n

0Ш +  O'er +  °os' =  6 ,2 5 , (4)

0m +  aor +  °îs =  5,29 , (5)

0m +  00r =  0,64 . (6)

Since th e  sp ira l v e rn ie r scales are  th e  sam e fo r each  m e th o d , so 
th e  s ta n d a rd  d ev ia tio n  resu ltin g  from  th e  read in g  process a n d  th e  m ach ine, 
can  be  considered  id en tica l fo r a ll m e th o d s  an d  persons.

T h en  from  E q s  4, 5 an d  6

=  5 ,6 1 , a% =  4,65 ,

a%, =  2 ,37 p m  aos =  2,16 pm.

i.e. th e  s ta n d a rd  d ev ia tion  p ro d u ced  from  th e  se ttin g  process fo r  th e  op­
tic a l m e th o d  (uos.) is la rger th a n  t h a t  p ro d u ced  from  th e  kn ife  edge m eth o d
(d'os)-

T o f in d  o u t each  value o f am a n d  aor we have to  m ake th e  following 
a ssu m p tio n .
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F or any m ach in e  i ts  precision (i.e.) th e  ab ility  o f  th e  m ach ine  to  rep ea t an d  
reg a in  its  position sh o u ld  n o t exceed n o rm ally  0,1 o f th e  le a s t devision of its  scale.

T hen we can  sa y  6erm =  0,1 pm  an d  i f  we can  consider th a t  the  precision  
o f  th e  m achines u n d e r  in v es tig a tio n  h av e  d e te rio ra ted  b y  100%  since th e ir  
pu rch ase  15 years ag o , th e n

6 crm =  0,2 

am -- 0,03 pm
su b s titu tin g  in  E q . (7)

a l  =  0,631

th e n  aor =  0,8 p m . i t  is clear th a t  th e  v alue  o f aln is negligible co m p ared  
w ith  a0T.

5. Conclusion

We can co n c lu d e  th e  following:
1. The p rec is io n  of an y  m easu rem en t is m a in ly  governed and  h ig h ly  

affec ted  by th e  o p e ra to r .
2. The p rec is io n  of an y  m easu rem en t should  be analyzed  to  d e te rm in e  

th e  value of th e  p rec is io n  of th e  o p e ra to r  a t  each  s tep  (e.g.)
a)  The se tt in g  precision  w hich depends w h e th e r i t  is a co n tac t m e th o d  or 

con tactless, i t  g re a tly  affects th e  to ta l  m easu rin g  precision  especially  in  
th e  contactless ty p e , in  case of op tica l m eth o d  (aos,) w as 2,37 pm , in case o f kn ife  
edge m ethod (acs) w as 2,16 pm . The se ttin g  precision  can  be neglected in  case o f a 
c o n ta c t type  o f th re e  w ire m eth o d  u n d e r c o n s ta n t m easu ring  load (125 gm s).

b)  The re a d in g  precision, w hich  depends on th e  designed scale, h as  
sm all effect on th e  to ta l m easu ring  precision  th a n  th e  se tting  p recision . 
O n th e  spiral v e rn ie r  scale i t  w as 0,7 pm .

3. The degree  o f  accu racy  in  th e  c o n ta c t ty p e  is low er th a n  in  th e  co n ­
tac tle ss  type becau se  th e  defo rm ation  effects are th e  sam e o f w orking conditions!

4. The in h e re n t  precision of th e  m easu ring  m ach ine  can be neg lec ted  
com pared  w ith  b o th  se ttin g  an d  read in g  p recision  o f  th e  operator.

5. C om paring  th e  values o f th e  in d ex  o f accu racy  obtained  fo r each  
m ethod  th ey  can  be graded  accord ing  to  th e  fo llow ing order:

Knife edge m e th o d ,
Three w ire m e th o d ,
O ptical m e th o d .

R egard ing  th e  index  of precision  th e  fo llow ing order was o b ta in e d

Three w ire m e th o d ,
Knife edge m eth o d ,
O ptical m e th o d .
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Appendix

Theoretical fo rm u la e  fo r  the m easurem ent o f  effective diameter using  three wire method

T h eo re tica l fo rm ulae  o f th e  m easu rem en t o f effective d iam e te r u sing  th e  3-wire m eth o d

The general fo rm u la  is :

F  =  M
2. ta n a /2

d —
sin a/2

C .

I t  rem ain s valid  fo r w h a tev e r w ire d iam e te r  and  p rofile  angle, even  w hen  b issec trix  o f th is  ang le  
is n o t accu ra te ly  p en d icu la r to  th e  th re a d  axis. In  th is  case th e  effec tive  d iam ete r re fe rs  to  
eq u al th ickness o f th re a d  an d  no tch , w hereas th e  a p p a re n t d iam e te r  is larger.

T he single co n d ition  for th e  v a lid ity  of th e  above fo rm u la  is t h a t  th e  w ires ta k e  c o n ta c t 
on  th e  flan k s and  th a t  sam e are  s tra ig h t Fig. (5) F o r  cu rv ed  f lan k s  th e  effective d iam e te r h a s  
no sense.

T he correction  C com pensa tes for th e  o b liq u ity  o f th e  w ires in  th e  th rea d  acco rd ing  to  
th e  m ean  helix  angle ß.

T he te rm  C is given b y  th e  fo rm ula

1 oc
C =  d ta n 2 ß  • cos —  cot a /2  .

F o r s ta n d a rd  th rea d s , C is equal to  a b o u t 0,002 m m  an d  it  is, th ere fo re , necessary  to  b e  
ta k e n  in to  account. F o r fine  p itch es, C can  m o stly  be neglected

Best wire diameter

T he general fo rm ula  given is va lid  fo r an y  p itc h  an d  d iam e te r o f w ires, on  co n d ition  to> 
in tro d u c e  th e  a c tu a l p rofile  angle an d  so fo r as th e  c o n ta c t tak es  p lace  on  th e  flanks. As th e  
a c tu a l profile  angle a  is never acc u ra te ly  eq u al to  th e  no m in a l angle , i t  will be o f a d v an tag e  to  
use w ires o f “ b est d iam e te r”  w ith  w hich th e  c o n ta c t is o b ta in ed  e x ac tly  on  th e  effective d ia m ­
e te r  th e  e rro r of angle a  ta k e n  w ill hav e  no no ticeab le  in fluence on  th e  m easu rem en t o f th e  
e ffective  d iam ete r F.

As th e  g rea t v a r ie ty  o f p itch es an d  th e  m an u fa c tu rin g  to le ran ces  of th e  w ires do n o t  
allow  th e  perform ance of th e  m easu rem en t w ith  th e  ab so lu te  b e s t d ia m e te r  d nom, th e  in flu en ce  
of th e  angle a  and  th e  d iam e te r d  on  F  was to  be negligible w hen  th e  c o n ta c t be tw een  w ire a n d  
th re a d  f lan k  is o b ta in ed  w ith in  th e  m edium  e ig h th  of th e  f lan k  len g th  (F ig . 12), i.e. w hen

^max =  ^nom f f  H g~j =  1Д24 dnom ,

^min == ^nom == 0,876 dnom ,
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w here  dnom is th e  w ire d ia m e te r  w hich  c o n tac ts  e x a c tly  on  th e  effective d iam e te r F  accord ing  
to  th e  fo rm u la :

, P
nom 2 cos a/2

w h en  u sin g  w ire of th e  b e s t  d iam e te r  dnom or a t  le a s t be tw een  dmax a n d  dmjn th e  e rro r o f a  as 
w as p ra c tic a lly  realized , w ill h a v e  no no ticeab le  in flu en ce  on  F . T he e rro rs  in  P  can  also be 
n eg lected .
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E ine vergleichende experim entelle Studie über Genauigkeit und Präzision von Außen­
gewindem essungen m it verschiedenen Methoden. H au p tzw eck  der A rb e it  is t  drei V erfah ren  
fü r  die M essung des F lan k en d u rch m esse rs  von  A ußengew inden  zu  verg le ichen , u n d  zw ar das 
o p tisch e  V erfah ren , das o p tisch e  V erfah ren  m it e in e r M esserschneide u n d  d ie D re id rah tm e th o d e . 
U n te rsu c h t  w urden  a) die G en au ig k e it u n d  b) die P räz is io n  der R e su lta te  m it jed e r M ethode, 
b e re c h n e t aus den  M essungen a n  einem  G ew indelehrdorn . Die drei V e rfah ren  sind  versch ieden  
u n d  jed e s  h a t  sein eigenes S y s tem  v o n  F eh leru rsach en , sow ohl was die b e h errsch b a ren  als auch  
d ie  n ic h t  b eh errsch b a ren  F e h le r  be trifft.

Сравнительное экспериментальное исследование точности и прецизности измерения 
внешних нарезок, выполненного при помощи различных методов. Основной целью дан­
ной работы является экспериментальное сравнение трех различных методов измерения 
среднего диаметра внешней нарезки, а именно оптического метода, далее очень резкого 
оптического метода и метода с помощью трех измерительных проволок в отношении
а )  степени точности и б )  степени прецизионности. Результаты вычислены на основе дан­
ных измерений, выполненных с помощью всех трех методов на калибре «пробке» для 
измерения внутренней нарезки. Все три метода являю тся различными и каж д ая  из этих 
методов имеет собственную ингерентную систему погрешностей, к ак  в отношении домини­
руемых, так и в отношении недоминируемых погрешностей.
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THE EXCITATION MECHANISM OF THE 6Ш2 LEVEL OF 
Hg ATOMS IN THE POSITIVE COLUMN 

OF A LOW-PRESSURE MERCURY-ARGON-DISCHARGE

K . G. A N TA L,* E . GÄTI**

[M anuscrip t rece iv ed  25 M arch  1975]

In  th e  p a p e r  th e  rad ia l s tru c tu re  o f th e  positive  co lum n o f a  discharge in  6 • 10 " 7 
T o rr H g v a p o u r  a n d  2,5 T orr A r w ork ing  gas is in v es tig a ted  ex p erim en ta lly  a n d  th e o r e t ­
ically . T he a ssu m ed  plasm a m odel is ch eck ed  b y  probe  m easu rem en ts , and  b y  a  sp e c ­
troscop ic  m e th o d , th e  rad ia l d is tr ib u tio n  o f  th e  in te n s ity  o f th e  579,1 nm  w av elen g th  lin e  
is de te rm in ed . A s a n  ev aluation  o f th e  o b ta in e d  profile  th e  ra tio  o f th e  d irec t a n d  th e  
in d ire c t processes is de term ined  using  a  sim ple  p o p u la tio n  m odel. The dependence  o f 
th is  ra tio  fro m  th e  m icroparam eters o f  th e  d ischarge a n d  th e  in teg ra ted  t ra n s it io n  
p ro b ab ilities  h a s  been  calcu la ted .

1. In tro d u c tio n

In  th e  r a d ia tio n  m echanism  o f low -pressure  v a p o u r discharges w ith  a n  
A r w orking  gas a fu n d am en ta l ro le is p la y e d  b y  th e  63P 1 an d  61P 1 resonance  
levels. As is k n o w n  from  th e  p o in t of v iew  o f lig h t g en era tio n  the  tra n s it io n  
63P X—61S 0 (253,6 n m ) can be considered  o f  prim e im p o rtan ce , as i t  p ro v id es  
90%  o f th e  u l tra v io le t  f lu x  easily  co n v e rte d  in to  v isib le. F o r  th is  reason  th e  
p o p u la tio n  of th e  m e ta s ta b le  levels 63P X a n d  o f 63P 0 an d  63P 2 form ing w ith  i t  
a tr ip le t , have been  th eo re tica lly  a n d  e x p e rim en ta lly  in v e s tig a te d  b y  n u m ero u s 
au th o rs  [1, 2]. A ssum ing  th a t  th e  63P 0 x 2 system  can be considered as b e in g  
re la tiv e ly  in d e p e n d e n t of th e  h ig h er leve ls , a lready  know ing  the  eae rlie r 
m easured  ex c ita tio n  functions [3, 4] a th e o re tic a l m odel cou ld  be e lab o ra ted  
w hich agrees w ell w ith  th e  ex p erim en ts .

Less a tte n tio n  is p a id  b y  a u th o rs  to  th e  tra n s itio n  61P 1—6Ь§0 (184,9 
nm ) w hich, a lth o u g h  o f secondary  im p o rta n c e  for lig h t gen era tio n , p lay s an  
im p o r ta n t role in  th e  redu c tio n  d u rin g  th e  life of th e  effic iency  of som e d is ­
charge lig h t sources (e.g. th e  pho to lysis  o f  h a lo p h o sp h a te  lu m in escen t pow ders).

I t  is well show n on th e  energ ia  d ia g ra m  of th e  H g  a to m  (Fig. 1) t h a t  
besides th e  d irec t e x c ita tio n  w hich can  be  considered  as a f i r s t  ap p ro x im a tio n  
w ith  th e  p o p u la tio n  o f  th e  61P 1 level, in  th e  fin e r ap p ro x im atio n , n ea re r to  
th e  exp erim en ta l re su lts , th e  tra n s itio n s  fro m  th e  levels 71S 0 an d  61P 2 m u s t be 
considered too . T hese levels are m u ch  h ig h e r th a n  th e  63P 0 x 2 system  a n d  so

* K. G. Antal, R itk a  u. 3 H -I2 0 4  B u d a p e s t,  H u n g a ry
** E. Gáti, B a jc sy  Zs. köz 3, H -1065 B u d a p e s t,  H u n g a ry
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i t  c an  be assum ed th a t  d u rin g  th e ir  e x c ita tio n  the  tw o -stag e  p h enom ena  
p ro v id es  a non-neglig ib le c o n trib u tio n . T h e  m ore co m plica ted  eq u a tio n s  
d e sc rib in g  th e  one- a n d  tw o-stage  p rocesses are  n a tu ra lly  no longer lin ea r .
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T h e  p o p u la tio n  of th e  h igher excited  levels as a func tion  o f th e  e lec tron  con­
c e n tra tio n  can  be described  in  th e  w ell-know n generalized  form

ns =  A n e +  B n2e (1)
w h ere

ns — th e  p o p u la tio n  o f th e  excited  level, 
n e — th e  e lectron  co n cen tra tio n ,
A ,  В  — facto rs co n ta in in g  th e  in te g ra te d  e x c ita tio n  p robabilities .
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The value o f  th e  p a ram e te rs  A  and  В  n a tu ra lly  depends on the  concrete  
d ischarge cond itions.

In  th e  p re se n t p a p e r  th e  rad ia l s tru c tu re  o f th e  in te n s i ty  o f th e  579,1 nm  
line belonging to  th e  tra n s itio n  61D2 6 ’P p  and  th ro u g h  th is  th e  p o p u la tio n  
an d  th e  ex c ita tio n  m echan ism  of th e  61D2 level, w ill he in v es tig a ted . (W e will 
n o t in v estig a te  th e  tra n s itio n  71S 0 61P 1 w hich can  be d e a lt w ith  in  a sim ilar
w ay  as th e  tra n s it io n  6 1D2 — 61P 1). T he m easu rem en ts w ere m ade on th e  p osi­
tiv e  colum n of a 36 m m  in n er d ia ., 1200 m m  long glass d ischarge tu b e  w ith  
oxide cathodes o f  eq u a l con stru c tio n . T he p rin c ip a l ch a rac te ris tic s  of th e  
ex am in ed  d ischarge are  th e  follow ing: 2,5 T o rr argon ; s a tu ra te d  H g v a p o u r 
p ressu re  co rrespond ing  to  40 °C w all te m p e ra tu re  (6 • 10“ 3 T orr); in  a d .c. 
o p e ra tio n  th e  d ischarge  cu rren t w as 430 m A, th e  b u rn in g  voltage  104 V.

2. E xperim en ta l resu lts

The ex p e rim en ta l tu b e  w as o p era ted  w ith  th e  sy stem  show n in  F ig . 2 
w here th e  sw itch  K x p e rm itte d  to  change from  th e  a.c . o p e ra tio n  fac ilita tin g  
th e  ign itio n  to  th e  d. c. opera tio n  used  for th e  m easu rem en ts . In  d.c. opera tio n  
th e  sw itch  K 2 serves fo r chang ing  p o la rity . T he discharge c u rre n t w as m easured  
on th e  poles 7 —8, th e  b u rn in g  vo ltag e  on th e  poles 5 —6.

F o r d e te rm in in g  tw o  ch arac te ris tic  m ic ro p aram ete rs  o f  th e  discharge 
— its  e lec tron  te m p e ra tu re  an d  its  e lec tron  c o n cen tra tio n  — th e  probe c ircu it 
show n in Fig. 3 w as em ployed . T he rad ia lly  m oveable p ro b e  w as p laced in  
th e  cen tre  of th e  tu b e , th e  A 1 s tab ilized  d.c. supp ly  u n it  w ith  th e  10 kO hm

Fig. 2. S upp ly  u n it, fo jtó  =  V, 2 A); 3—4 a .c. stab ilized  su p p ly  u n it  (0 . . . 250 V, 2 A, 50 H z); 
5— 6 v o ltm e te r , 7— 8 am m eter, 9— 10, 11— 12 to  e lectrodes
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rh e o s ta t  belonging to  i t  w ere used  fo r a d ju s tin g  th e  p ro b e  v o ltag e , ga lvano­
m e te r  G m easured th e  w o rk in g  cu rren t. M easurem ent of th e  p ro b e  voltage  was 
m a d e  m ore accurate  b y  co m p en sa tin g  th e  p lasm a p o te n tia l re fe rred  to  th e

220 V ~

*X

F ig . 4. O ptical a rran g em en t fo r m easu ring  th e  in te n s ity  d is tr ib u tio n  a long  th e  X  ax is ;'d isch arg e
tu b e ; to  m o n o ch ro m ato r

c a th o d e  (approx. 50 Y ) w ith  th e  stab ilized  supp ly  u n it  A 2 an d  th e  d ev ia tion  
fro m  th is  was m easu red  w ith  th e  in s tru m e n t V2. T he  cy lind rica l probe used 
w as  m ade of m o ly b d en u m , its  d ia. w as 0,50 m m , its  le n g th  2,20 m m  — th e  
g eo m e try  and th e  m easu rin g  a rran g em en t are th e  sam e as described  in  ref. [7].

W ith  th e  o p tica l a rra n g e m en t show n in  Fig. 4 th e  d is tr ib u tio n  along th e  
X  ax is o f the  579,1 n m  H g  line w as m easu red  w ith  th e  a id  o f an  UM-2 ty p e  
m onochrom ator. T he X — Y  coo rd ina te  system  w as fix e d  in  a p lane no rm al
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to  th e  axis of th e  d ischarge tu b e . T h e  h e ig h t of th e  slits  R x and  R 2 w as 10,0 
m m , th e ir  w id th  0,20 m m . M irror T  se rv ed  fo r check ing  an y  se lf-abso rp tion . 
M easuring the  in te n s i ty  w ith  and w ith o u t th e  m irro r, th e  rad ia l d is tr ib u tio n  
o f th e  se lf-abso rp tion  w as d e te rm in ed  an d  th u s  i t  w as asce rta in ed  th a t  fo r 
th e  579,1 nm  line th e  p lasm a can b e  considered  as a th in  one.

3. The radial distribution o f  the electron concentration and 
the electron temperature

W hen  m odelling  th e  positive c o lu m n , fo r a s ta r t  th e  follow ing assu m p ­
tio n s  w ere m ade, w h ich  are generally  accep ted  an d  ex p erim en ta lly  con firm ed  
fo r sim ilar d ischarges [8, 9]:

th e  argon  w o rk ing  gas does n o t  ta k e  p a r t  d ire c tly  in  th e  e x c ita tio n  
an d  ion iza tion  p h en o m en a , due to  i ts  a c tio n  in  th e  f i r s t  ap p ro x im atio n  th e  
m ean  free p a th s  are  negligible as co m p ared  w ith  th e  ch a rac te ris tic  dim ensions 
o f th e  tu b e ;

— th e  io n iza tio n  of th e  H g a to m s a n d  th e  ex c ita tio n  o f th e  n o n -reso n an t 
levels is b y  e lec tron  collision, in  one or tw o  stages;

— reco m b in a tio n  tak es  place o n ly  on th e  w all o f th e  tu b e , w here th e  
charge  carriers ge t b y  th ro u g h  a m b ip o la r  d iffusion;

— in  th e  co lum n  th e  density  o f  th e  a to m s in  basic  s ta te  an d  th e  e lec tro n  
te m p e ra tu re  do n o t change rad ia lly ;

— th e  lo n g itu d in a l and  rad ia l d r if t  velocities are sm all com pared  w ith  
th e  ran d o m  ve lo c ity , th e  velocity  o f  th e  e lectrons follow s th e  M axw ellian  
d is tr ib u tio n .

C onsidering th e se  assum ptions th e  e lec tro n  c o n cen tra tio n  profile  d e te r ­
m ined  b y  th e  rad ia l d iffusion  is given b y  th e  so lu tion  of th e  follow ing e q u a tio n :

A n e(r) =  — C2(a)n“(r) (2)
w here

a  =  1 — if  th e  io n iza tio n  is d irec t 
a  =  2 — if th e  io n iza tio n  ta k e s  place in tw o  stages,
C (a) — a co n stan t co n ta in in g  th e  ion ization  freq u e n c y  an d  th e  am b ip o lar d iffusion fac to r, 
r  — d istance fro m  th e  ax is of th e  d isch arg e  tu b e , 0 <  r  <  R .

T he solution o f E q . (2) is, w ith  th e  follow ing no rm alized  b o u n d a ry  con­
d itio n s

ne(r) 
n 0

w here

n 0 — th e  electron  c o n ce n tra tio n  m easured  o n  th e  axis,
R  •— th e  rad ius o f th e  d ischarge tube  (in  th e  follow ing is ta k e n  as eq u al to  u n ity ) ,

given by  th e  follow ing p lasm a b a lan ce  conditions:

=  1',
ne{r)

r=0 I r=R
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С ( *  =  1 )  = 2,40
•>

R
С(ос =  2) =

2,92

R

T he so lu tions of E q . (2) [10, 11], th e  ra d ia l profile o f th e  e lec tron  con­
c e n tra t io n  for x  =  1 an d  x =  2 are  show n in  F ig . 5 (broken  lines).

As is know n, from  th e  ascend ing  sec tion  of th e  probe c u rre n t vs. p robe  
v o lta g e  ch a rac te ris tic  th e  e lec tron  te m p e ra tu re  is

T  « d(U sz - V p)
e к d in  I e

F ig . 5. T he re la tiv e  e lectron  co n ce n tra tio n  as fu n c tio n  of th e  tu b e  rad ius, о — m easured  values; 
a =  1 calcu la ted  d is tr ib u tio n  fu n c tio n  fo r one-stag e  ion iza tion ; a =  2 ca lcu la ted  d is tr ib u tio n

fu n c tio n  fo r tw o -stag e  ion ization

(3)

w h ere

T e — th e  e lectron  tem p e ra tu re ,
e — th e  e lectron  charge,
к  — th e  B o ltzm an n  co n stan t,
U sz — th e  probe  vo ltage,
Up — th e  p lasm a p o ten tia l m easu red  on th e  em placem en t of th e  p robe ,
I e — th e  e lectron  com ponent o f th e  p ro b e  c u rre n t;

w hile  from  th e  c u rre n t belonging  to  th e  s a tu ra tio n  p o in t, th e  m ean  ra n d o m  
v e lo c ity  of th e  e lectrons and  th e  p robe  v o ltag e , th e  e lec tro n  co n cen tra tio n  is

w here

n0 =  4
Ie(Us z =  Up)

vp =  Í ------ —1 2  — th e  m ean  ran d o m  v e lo c ity  o f th e  electron,
V n m  )

m  — th e  m ass o f th e  e lectron ,
S  — th e  surface of th e  probe.

(4)
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O n th e  base  of th e  above re la tio n s  an d  w ith  th e  m easuring  m e th o d  
an d  a rra n g e m en t used  here [7] th e  ra d ia l d is tr ib u tio n s  of the  elec tron  te m ­
p e ra tu re  an d  o f th e  e lectron  c o n cen tra tio n  can  also be determ ined . T he m e a s ­
u red  e lec tro n  te m p e ra tu re  is show n in  F ig . 6, an d  th e  elec tron  c o n c e n tra tio n  
is ch a rac te rized  b y  th e  m easured  p o in ts  show n besides th e  th eo re tica l cu rv es  
of F ig . 5 (th e  ab so lu te  co n cen tra tio n  n 0 =  2,71 • 1011 cm -3  m easured  in  th e  
axis o f th e  p lasm a  a t  r =  0). W ith in  th e  e rro rs  genera lly  p e rm itte d  w ith  p ro b e  
m easu rem en ts th e  assum ptions are considered  as being p roved  th a t

*103 [K°]
16

15

14

Те (Г)

д л л

0 0,2 0.4 Oß Oß 1,0

F ig . 6. R ad ia l d is tr ib u tio n  o f th e  e lec tro n  tem p e ra tu re

— th e  e lec tro n  tem p e ra tu re  is c o n s ta n t on a considerab le p a r t  o f th e  
tu b e  rad iu s ,
in  th e  ex am in ed  p lasm a th e  overw helm ing  m a jo rity  of the  io n iza tio n  
processes ta k e s  p lace in  tw o stages.

These p a r tia l  re su lts  are th e  base of th e  fu r th e r  considera tions and  i t  is a c ­
cep ted  th a t  th e  ra d ia l d is trib u tio n  of th e  e lec tro n  d en sity  is p rov ided  b y  th e  
solu tion  o f E q . (2) fo r x  =  2 [10, 11].

4. The ra d ia l in tensity  d istribu tion  of th e  579,1 n m  H g  line

W ith  th e  a rra n g e m en t show n in F ig . 4 th e  in te n s ity  d is trib u tio n  I(x) 
along th e  X  ax is o f  th e  579,1 nm  line belong ing  to  th e  tra n s itio n  61D2—61P 1 
was m easu red  in  re la tiv e  u n its . The re su lt is show n in F ig . 7. The norm alized  
m easuring  po in ts  show n in th e  figure are co nnec ted  by  th e  con tinuous fu n c tio n

Ц х )

1( 0 )

4

=  2  -  *2)
k=  1

2ft +  l  
2

(cx =  0,2614, c2 =  0,8017, c3 1,0549, c4 =  0,9918).

( 5)
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In  a cy lin d rico -sy m m etrica l case th e re  is a m u tu a lly  un ivocal re la tio n  
b e tw een  th e  em iss iv ity  o f th e  p lasm a (lig h t energy  ra d ia te d  p e r u n it  tim e  
b y  th e  volum e e lem en t d V  s itu a te d  a t  d is ta n c e  r from  th e  tu b e  axis) an d  th e  
in te n s i ty  d is tr ib u tio n  m easu red  along th e  X  ax is:

e ( r )  — U '(*)
] f x 2 -  r2

dx, (6)

F ig . 7. D istrib  ú t io n  o f th e  in te n s ity  along th e  X  ax is , о m easured  p o in ts ;--------- f i t t in g  curve

T h e  shape o f th e  ap p ro x im a te d  fu n c tio n  d efin ed  b y  (5) agrees w ith  th e  e m p ir­
ica l fac t th a t  th e  in te n s ity  d is tr ib u tio n  a long  th e  line has, a t  th e  p o in ts  x  =  0 
a n d  x  =  1 a zero  ta n g e n t, on th e  o th e r  h a n d  th e  inversion  p rescribed  b y  E qs 
(6) is an a ly tica lly  feasible. T hus, th e  ra d ia l  d is trib u tio n  o f th e  em issiv ity  can  
be  w ritten  in  th e  fo rm

s (  r ) ^
- ~  =  2  ^(1 -  r2)ft- (?)

e ( f ' )  k=  1

F o r  th is  d is tr ib u tio n  i t  is ch a ra c te ris tic  t h a t  sim ilar to  th e  d is tr ib u tio n  of 
th e  e lectron  c o n c e n tra tio n  derived  from  th e  diffusion m odel — in p o in t r  =  1 
i ts  d eriv a tiv e  is zero  an d  in  p o in t r  =  1 i t  has a fin ite  d eriv a tiv e .

F igure 8 show s th e  norm alized  ra d ia l  d is trib u tio n  e(r)/s(0) (d1 =  0,1933, 
d2 =  0,7411, d3 — —1,376, d A =  1,2033) ca lcu la ted  b y  th e  above in v ersio n  
from  th e  in te n s ity  d is trib u tio n  show n in  F ig . 7. In  th e  sam e figure are also 
show n curves ch a rac te riz in g  th e  rea l s tru c tu re  of th e  e lec tron  c o n cen tra tio n  
a n d  its  sq u are .

S ta r tin g  o u t from  th e  p ro p o r tio n a lity  betw een  th e  em issiv ity  an d  th e  
p o p u la tio n  o f  th e  u p p e r energy  level be long ing  to  th e  given line, in  a w ay
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sim ilar to  re la tio n  (1) a ssu m in g  d irec t an d  tw o-stage  e x c ita tio n  processes — 
th e  norm alized  em issiv ity  can  be ch a rac te rized  b y  th e  d im ensionless expression

e(r) "«(r) _  д ne{r) b n2e(r)
e(0) n s(0 ) ne(0) n%0)

w here a  and b — dim ensionless p ro p o rtio n a lity  fac to rs , fo r th e  g en era l case th e ir  va lues 
being  d e te rm in ed  by  th e  local p lasm a p a ram ete rs .

F ig. 8. R ad ia l d is tr ib u tio n  of e m is s iv i ty . ............ re la tiv e  e lectron  c o n ce n tra tio n  d is trib u tio n ;
---------- re la tiv e  em issiv ity  d is tr ib u tio n ; — .— . th e  q u a d ra te  of re la tiv e  e lec tro n  con cen tra tio n

d is tr ib u tio n

F ro m  Fig . 8 i t  is possib le to  d e te rm in e , b y  using  these  re la tio n s 
t h a t  from  the  d e fin itio n  of th e  re la tiv e  d is trib u tio n s  a +  b — 1 
dependence of th e  ra tio  b/a:

M r) E(r)
1 .  (r) =  ne(Q) e(0)
a e(r) n |(r) *

e(0) n2e(0)

In  th e  sense of th e  above d e fin itio n  th e  ra tio  b/a can  be d e te rm in ed  for the
su rround ings of p o in ts  r  =  0 an d  r =  1 on ly  as lim it values. I n  F ig . 8 tak in g  
in to  considera tion  th e  e rro r lim its  o f  th e  basic  curves th e  ra d ia l dependence 
o f  th e  ra tio  b/a is g iven  for 0,1 < ; r 0,8.

S ubseq u en tly  th e  o b ta in e d  ex p e rim en ta l resu lts  w ill be in te rp re te d  
w ith in  th e  fram e o f a sim ple m odel.

considering 
th e  rad ia l

(9)
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1.0 Г И

0,8

0,6

0£

02

0 02 04 Oß OjB 1j0

F ig. 9. R adial depen d en ce  of th e  q u o tie n t b/a ch aracteriz ing  th e  ex c ita tio n  m echanism

5. D iscussion

In  order to  in te rp re t  th e  spectro scop ica lly  o b ta in e d  in te n s ity  d is trib u tio n  
a long  r  and  to  derive  from  th is  th e  ra d ia l d is tr ib u tio n  o f th e  p o p u la tio n  of 
th e  6 1D2 level, th e  a ssu m p tio n s m ad e  in  pa ra . 3 are com ple ted  as follows: 

i t  is assum ed  th a t  in  th e  tw o-stage  ex c ita tio n  o f th e  61Z)2 level th e  
in te rm ed ia te  step  is th e  tr ip le t  63P 0 r 2 (Fig. 10);

th e  63P  sy s tem  is red u ced  to  one single level (m ) w hich can be ex­
c ite d  from  its  basic  s ta te  in  one s tep  b y  e lectron  collision an d  w hich is de­
p o p u la te d  passing  th ro u g h  th e  61P 1 resonance level b y  th e  em ission of th e  
253,7 nm  u ltra v io le t line;

th e  61D2 level (s) can  be exc ited  from  th e  (g) basic  s ta te  d irec tly  or 
passin g  th ro u g h  th e  (m) level in  tw o  stages by  e lec tron  collision an d  th is  level 
is em ptied  d u ring  sp o n tan eo u s ra d ia tio n  of th e  579,1 n m  line.
In  case of equ ilib riu m  i t  holds fo r (s) as well as fo r (m ) th a t  th e  n u m b er of 
s ta te s  orig inating  d u rin g  u n it  tim e  is equal to  th e  n u m b e r of d isappearing  
s ta te s . W ith  sym bolic  n o ta tio n s

In  detail

(g, m) - l ig h t ra d ia tio n

(g, s) +  (m > s) =  lig h t rad ia tio n .

n ™• 77 Y! ----  ■ m
ug m n e r,/g  ’ (10)

■ r, n  -  n s
'm s n 'e T lm ( ii)
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w here
kgm, kgs, k ms — th e  in teg ra l p ro b ab ilities o f th e  respec tive  levels,
ng, nm, ns — th e  po p u latio n s o f th e  resp ec tiv e  levels,
r m, ts — th e  m ean  life o f th e  (m) a n d  (s) levels, respec tive ly .

T he p ro bab ilities  o f th e  tra n s itio n s  ktj can  he expressed  b y  th e  cross-sections 
o f th e  respective  p henom ena:

ktj =  ve Г  (12)J С»

Fig. 10. S im plified m odel o f th e  energy  level system  of th e  H g  a to m

w here

€/ =  l(k T e) — (E j is th e  energy  of level i)
&ij( О  — th e  active  ac tio n  rad ius re ferring  to  th e  i—j  tra n s it io n  as a  fu n c tio n  of th e

energy  of th e  colliding e lectron .

E xpressing  nm from  E q . (10) an d  p lac ing  i t  in to  (11),

* k gsn g ' n e Ь  k msk gmTmns и., ( 1 3 )

is o b ta ined . C om paring  E q . (13) w ith  fo rm ula  (1), th e  p a ra m e te rs  A  an d  В  
defined  th ere  can  be ex p la ined  w ith in  th e  lim its  o f the  m odel a n d  th e ir  q u o tie n t 
is g iven b y  th e  follow ing re la tio n  co n ta in in g  th e  m ic ro p aram ete rs  o f th e  p lasm a:

В
1

к кn 'm s n g m Tm •
- g s

(14)
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T he q u o tien t b/a w hich  can d irec tly  be d e te rm in ed  from  th e  m easu re­
m e n ts  can  also be exp ressed  as a co m b in a tio n  o f th e  m ic ro p aram ete rs  of 
th e  p lasm a  by  E q s (1), (8) an d  (13):

b В
—  =  ~ 7  n t(0 ) =  -  a A  к

m rmne(0 ) . (15)
'gs

T he rad ia l d is tr ib u tio n  of th e  p o p u la tio n  o f th e  ra d ia tin g  level, consider­
in g  th a t  i t  is p ro p o rtio n a l to  th e  em issiv ity , can  be w ritte n  in  th e  form

ne{r) , П2е (г) Ь

nM  -» , ( 0 ) 4 5 -  =  » .(0 )  3 ( 0 ) _ _"H 0 ) »
( r )

s(0)
(16)

1 + - ( r )
a

F o r calcu la ting  th e  ab so lu te  value of th e  p o p u la tio n  one can  ca lcu la te  from  (13) 

res( 0 )  —  f(kgnv> kgs* k ms, Tm, r s, Tig, ree( 0 ) )  ( 1 ^ )

w hile b y  m easu ring  th e  ra tio  b/a th e  follow ing sim pler re la tio n  is o b ta in ed :

ns(0) - 1 +  -  (0 )
a

к rsn ne( 0 ) . (18)

6. S u m m ary

In  th e  p a p e r an  exp erim en ta l m e th o d  for in v es tig a tin g  th e  lig h t g e n e ra t­
in g  m echanism  in  th e  positive co lum n o f th e  low -pressure H g-A r-D ischarge 
h as  been described. T h e  rad ia l d is tr ib u tio n  of th e  em issiv ity  o f th e  579,1 nm  H g 
line belonging to  th e  tra n s it io n  6 4 ) ,  6 1P 1 has been ex am in ed  experim en ta lly .
W ith  th e  aid o f a sim plified  m odel th e  ex p erim en ta lly  o b ta in ed  p a ra m e te r  
b/a has been exp la in ed .

The resu lts  c an  be sum m ed u p  in  th e  follow ing:
in  th e  sense o f E q . (8) th e  ra tio  b/a gives th e  p ro p o rtio n  of th e  s tep p ed  

a n d  of th e  d irec t p rocesses in  th e  ex c ita tio n  m echan ism  of th e  level — in  our 
case, n o t considering  th e  rad ia l dependence of b/a, ca lcu la tin g  w ith  0,866 
average  va lue , 5 3 ,6 %  o f th e  ex c ita tio n  is d irec t, 4 6 ,4 %  is in  tw o-stages;

in  th e  sense o f E q . (15^ b/a is a fu n c tio n  of five  p a ra m e te rs  depend ing  
on th e  d ischarge; b y  m easu ring  b/a, an d  know ing  fou r p a ram e te rs , th e  f if th  
can  be d e te rm in ed  e.g. th e  in te g ra te d  p ro b ab ilities  k ms o f th e  tra n s itio n  
from  th e  in te rm e d ia te  level m to  th e  ra d ia tin g  level r, w h ich  i t  is d ifficu lt to  
ev a lu a te  by  o th e r  m e th o d s;

- on th e  b ase  o f expression (13) th e  abso lu te  v a lu e  of ns(0) can  be 
ca lcu la ted  know ing  th e  seven p a ram e te rs  lis ted  in  (17), b u t  b y  m easuring  th e  
q u o tie n t b/a on th e  base of (18) i t  can  d irec tly  be d e te rm in ed  w ith o u t know l­
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edge of th e  p a ra m e te rs  ch a ra c te riz in g  th e  p a ra m e te rs  o f th e  in te rm e d ia te  
level;

E q . (16) ch arac terizes  th e  rad ia l d is tr ib u tio n  of th e  p o p u la tio n  of 
th e  excited  level r. T h e  no rm alized  form  of th e  re la tio n  stem s d irec tly  from  
m easu rem en t an d  defines th e  r a d ia l  dependence of th e  p a ra m e te r  b/a (F ig . 9). 
I n  th e  in itia l m odel i t  has been assu m ed  th a t  th e  e lec tro n  te m p e ra tu re  is r a ­
d ia lly  co n stan t a n d  as a consequence o f th e  m odel th e  local value of 6/a depends 
on th e  local e lec tro n  te m p e ra tu re  b y  w ay  of th e  in te g ra te d  tra n s itio n  p ro b a b il­
itie s . B y com paring  th is  dependence  w ith  th e  rad ia l s tru c tu re  of th e  e lec tron  
te m p e ra tu re  gained  from  probe m easu rem en ts  a possib ility  opens from  fu r th e r  
re fin in g  the  m odel.
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Der Erregungsm echanism us des 6' D 2 Niveaus der H g-Atom e in der positiven Säule 
einer N iederd ruck-H g-Ar-E ntladung. In  d e r  A rb e it w ird die rad ia le  S tru k tu r  de r po sitiv en  
Säu le  e in e r E n tlad u n g  in  6 • 10 _3 T orr H g -D am p f u n d  2,5 T orr A r A rb e itsg as experim en tell 
u n d  th eo re tisch  u n te rsu ch t. M itte ls S o n d enm essungen  w ird das angenom m ene P lasm am odell 
k o n tro ll ie r t  und  dann  w ird  d ie rad ia le  V e rte ilu n g  der In te n s itä t  de r zum  6 lD 2 — 6 1P, Ü b e r­
gang  g ehörenden  579,1 n m  L in ie  b e stim m t. A ls A usw ertung  des e rh a lte n e n  P ro fils  w ird  u n te r  
V e rw en d u n g  eines e in fachen  P o p u la tio n sm o d e lls  d as V erhältn is de r d irek ten  u n d  der m eh r­
s tu f ig e n  V orgänge b e s tim m t. D ie A b h än g ig k eit dieses V erhältn isses v o n  den  M ikro p aram ete rn  
d e r E n tla d u n g  sowie v o n  d e n  in teg rie rten  Ü b erg angsw ahrschein lichkeiten  w ird  angegeben.

Механизм возбуждения уровня 61D2 атома Hg на положительном столбике ртутно­
аргонового разряда низкого давления. В данной работе экспериментально и теоретически 
исследуются радиальная структура положительного столбика разряда, созданного в рабо­
чем газе (аргоне) давлением 2,5 Topp и в п арах  ртути давлением 6 • 10~3 Topp. Измере­
нием с помощью зонда проконтролированная предполагаемая плазмовая модель, после 
чего с помощью спектроскопического метода определяется радиальное распределение 
интенсивности линии длины волны 579,1 нм, соответствующей переходу 6 ‘D2—6 1Р 1 ато­
мов ртути. В качестве оценки полученного профиля путем использования простой 
популяционной модели определяется отношение между прямыми и ступенчатыми процес­
сами, далее дается зависимость этого отношения от микропараметров разряда, а такж е от 
интегрированных переходных вероятностей.
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DETERMINATION OF THE EQUATION OF THE BALLOON 
PLANE CURVE IN RING SPINNING TAKING 

THE WEIGHT OF THE YARN INTO CONSIDERATION

B. G R E G A *

CAND. OF TECHN. SCI 

[M anuscrip t rece ived  18 Ju ly , 1976

T he a u th o r  se t u p  th e  system  of d iffe ren tia l equ atio n s o f th e  p lane  ba lloon  by  
tak in g  in to  considera tion  th e  tension ing  forces o f opposite  d irec tions a c tin g  a t  th e  tw o 
end p o in ts  o f th e  y a rn  e lem ent. As th e re  is no possib ility  fo r a  so lu tion  in  a  closed fo rm , 
expansion  in  series is suggested  for defin ing  th e  eq u atio n  of th e  p lane  balloon.

In  a prev ious p a p e r w hen  an a ly z in g  th e  p h enom ena  occu rring  in  th e  
balloon , th e  y a rn  forces of opposite  d irec tions ac ting  a t  th e  tw o  end  p o in ts  
o f th e  y a rn  elem ent, fu rth e rm o re  th e  cen trifu g a l force h av e  been  considered . 
N ow , in  ad d itio n , also ta k in g  in to  acco u n t th e  w eigh t o f th e  y a rn  e lem en t, 
fo r th e  system  of d ifferen tia l eq u a tio n s  o f th e  equ ilib rium  o f th e  arc  e lem en t 
o f th e  y a rn  we have

HXj — a ■ ds • X  • ш2 — S(x) • cos a  -f- S'(x) • cos a '  =  0 ,

E Y i  =  — a • ds ■ g — S(x) sin cc -j- S'(x)  sin a '  =  0

w here a is th e  lin ear d en sity  o f th e  y a rn , S(x) an d  S'(x)  — ta n g e n tia l te n ­
sion ing  forces arising  a t  th e  tw o end  p o in ts  o f th e  y a rn  e lem en t, со — an g u la r 
v e lo c ity  of th e  ru n n in g  p o in t o f th e  ba lloon  ro ta tin g  a ro u n d  th e  sp indle  ax is, 
a  an d  a,' angles, fo rm ed  b y  th e  ta n g e n tia l  y a rn  forces an d  th e  coo rd in a te  
ax is X .

B y  th e  tra n sfo rm a tio n  of th e  sy stem  o f d ifferen tia l eq u a tio n s  we have 
a lre a d y  show n th a t  th e  d iffe ren tia l eq u a tio n  o f  th e  balloon  p lan e  cu rve  ta k in g  
th e  y a rn  w eigh t in to  considera tion

I f

th e n

Ф  +  J ' 2 =  -
\*У CO

Y i  + y '

dx У

=  a

x\  1 -f- y ' 2 à Í (x y1 +  а) УI +  j ' 2 
dx \ y"

* B . Gh eg a , N ém etvölgy i ú t  22, H-1126 B u d a p e s t,  H u n g a ry
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In tro d u c in g  th e  tra n s fo rm a tio n

P i.e. P =
dp
dx

th e  d ifferen tia l e q u a tio n  ta k e s  th e  form

p ' 4  / I  +  p 2 =  -  \ p \ x p ’ +  p)][l  +  p 2 +  p \ x p  +  a) P P -
[ 1 1 +  P2

— p"{xp  +  a)Y  1 +  p 2J .

Since th e re  is no p o ss ib ility  for

Y T + J 2 = о,

because from  th e  p o in t o f  view  of sp inn ing  it  does n o t lead  to  a real so lu tion , 
hence d iv id ing  b y  th a t

p ' 4  =  -  Jp \ x p '  +  p)  +  p \ x p  +  a) I ' -  p ”(xp +  a) J ,

- p ' 4  =  p p '  +  xp '2 +  ~ ~  +  « f  P ■ -  XPP" -  aP"’
1 + p -  1 +  p-

—p '2x  =  p p '  -)- x p '2 +  xp '2 — X ——------- )- a — ----------xpp" — ap".
1 + p 2 1 + p 2

A fte r reducing  an d  a rran g in g

P P '  +  3* P '2 -  J** - +  « PP 2 -  XPP" -  aP" =  0 ’1 + p 2 1 + P 2

P P ' +  3 * p '2 -  XP +  a -  (xp +  a)p" =  0 .
1 + p 2 1 + p 2

T h u s, we have o b ta in e d  for p  an  o rd in a ry  second o rd er non -linear d iffe ren tia l 
e q u a tio n  w ith  a n o n -c o n s ta n t coefficient. Solving th e  e q u a tio n  for p "

p "  =  f ( x ,  p , p ' )  ,

i.e . th e  d ifferen tia l eq u a tio n  is non-defic ien t.
W ith  th e  in it ia l  conditions x  =  x 0; y  =  y 0, p  =  y '  =  y'n and  p '  =  y"  =  

=  yő we m ay  a rriv e  a t  th e  solu tion  as follows: (F ig . 1.).
I f

Xq =  0, y 0 =  h, yó =  ta n  a 0 =  ta n  (90° +  y 0) =  — co t y 0 = -------- ------.
ta n  y 0
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O b serva tions have show n th a t  due to  th e  cen trifugal force th e  angle o f in ­
c lin a tio n  form ed a t  th e  apex of th e  b a llo o n  is of the  o rd e r y 0 =  26,5°, hence

Xq 0 ,

y 0 =  h =  12 cm  ,

t a n  26,5 ° 

y l  =  - 0 , 0 0 1 ,

w ith  th e  aid of th ese , th e  value of y "  =  p "  can  be d e te rm in ed  from  th e  la t te r  
d iffe ren tia l eq u a tio n

Po =f(*o,Po’Po) ■

N ow , we shall define th e  th ird  d iffe re n tia l q u o tien t of p  w ith  re sp ec t to  x  
an d  since on th e  r ig h t side of

j Vv) =  pô  = (Л)о +  ( / ;  • p')o  +  ( #  • p") о

all th e  te rm s are k now n ,
y o 'V  ̂ =  jPo can  be determ ined . A t th e  in itia l p lace th e  values of th e  

h ig h er o rder d iffe ren tia l quo tien ts  ybV\  J'oVI) . . . can he ca lc u la ted  in  a sim ilar 
w ay . K now ing th e  v a lu es  of the  d iffe re n tia l quo tien ts  o f th e  fu n c tio n  a t  th e  
in it ia l  p lace, th e  e q u a tio n  of the ba llo o n  cu rve  is o b ta ined  b y  expansion  in to  
T a y lo r series in  th e  form

, J o  . J o  , 
У = У о +  —  * +  —  xr j  j  и 2 t + Ju 

3 !
я 3 - f  . . .

Acta Technica Academiae Scienliarum Hungaricae 85, 1977



338 GREGA, В.

F o r  verify ing  th e  p rin c ip le  of ou r s ta te m e n t we h av e  d e te rm in ed  the  e q u a tio n  
o f  th e  balloon fo r th e  ne ighbourhood  o f th e  ap ex  on a rin g  spinning m ach in e . 
W ith  th e  prev ious in it ia l  conditions, w ith  th e  balloon  h e ig h t of 120 m m , an d  
w ith  y 0 =  26,5°, i.e . w ith  th e  angles oc0 =  116,5°, m easu red  a t  the  m o m en t 
o f  observation , fu r th e rm o re  b y  ta k in g  in to  co n sid e ra tio n  th e  value o f a =  
=  0,912 • IO“ 3,

Po =
0,002
0,912

•103 +
0,000002

5
2 ,1 9 .

T h u s , in  th e  n e ig h b o u rh o o d  of th e  ap ex  th e  eq u a tio n  o f  th e  balloon cu rv e  is

У
0,001 , 2,19-------- X- 4 -------

2 ! 3 !
o r  ap p ro x im ate ly

у  ^  — 0,0005x2 — 2x +  12 .

In  order to  k n o w  to  w h a t e x te n t th e  a p p ro x im a te  balloon  eq u a tio n  can  
be  m ade use of, th e  o rd e r of th e  e rro r co m m itted  has to  be determ ined . S ince 
th e  y a rn  force is m easu red  in  th e  range  o f 0,1 2,25, a n d  w ith in  th a t  in te rv a l
th e  m ax im um  v a lu e  o f  th e  th ird  d e riv a tiv e

M  =  p i'=01 =  —0,01005, th e  m ax im u m  erro r co m m itted  is

bn =
M I

3 !
* =

~ 0 , 01005 [ 

3 !
• 2 ,153 =  0 ,0 1 6 6 ,

i.e . negligibly sm all, a n d  th u s , th e  e q u a tio n  can be ap p lied  for th e  d e te rm i­
n a tio n  of th e  y a rn  force.

R E F E R E N C E S

1. D e  B a rr , A. E .: Textile  M anufacturer  87 (1961), No. 1036, pp . 135 —138
2. Gr is h in , P . F .: B alloon  Control. P latts B ulle tin . 8, 161 —191
3. Gr is h in , P . F .: C o n tro l o f th e  C ollapsing B alloon. Platts B u lle tin  8, 240 — 260
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B estim m ung der G leichung der ebenen  B allonkurve beim  R ingsp innen . Der V erfasser 
b e rech n et die G leichung d e r B allonkurve beim  R in g sp in n en  fü r den  F a ll, daß  die C orio lisk raft 
u n d  der L u ftw ied ers tan d  a u ß e r  ach t gelassen w erden . Bei der L ösung  des D ifferen tia lg le ichungs­
sy s tem s fü r  das G leichgew ich t der au f das F ad en e lem en t w irk en d en  K rä fte  w ird e rsich tlich , 
d a ß  die ebene B a llo n k u rv e  au ch  in  diesem  F a ll n ich t in  geschlossener F o rm  darg este llt w erd en  
k a n n . Die G leichung d e r  ebenen  B allonkurve  k a n n  d u rch  ein L egendresches elliptisches I n t e ­
g ra l e rs te r A rt d a rg es te llt  werden.

Определение уравнения плоской кривой баллона с учетом веса пряжи. Автор 
выводит систему дифференциальных уравнений для плоского баллона при учете растяги­
вающих усилий противоположного направления, действующих в двух конечных точка 
пряж и, при учете центробежных сил и веса элемента пряж и. Решение этой системы диф­
ференциальных уравнений невозможно в закрытой форме, поэтому путем разлож ения 
в ряд дается решение с целью определения уравнения плоского баллона.
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THE ERROR FUNCTIONS AND THE MOST FAVOURABLE 
MEASURING CONDITIONS FOR MASS YIELD AND 

COMPONENT YIELD

SZ. PE T H Ő *

DOCTOR OF TECHN. SCI.

[M anuscrip t received  11 M arch, 1976]

T he m ain  pa ram ete rs  fo r e v a lu a tin g  th e  sep a ra tio n  o p e ra tio n s  a re  th e  m ass y ie ld , 
th e  co m p o n en t y ield  and  th e  efficiency. T heir e rro r fu n c tio n s can  be  ca lcu la ted  b y  u sing  
th e  law  o f e rro r p ro p ag atio n . B y  fix ing  th e  e rrors o f th e  p a ram e te rs  th e  accu racy  of 
p ro d u c t analysis can  also be deduced.

1. In tro d u c tio n

T he m ain  p a ram ete rs  fo r th e  e v a lu a tio n  o f m inera l sep a ra tio n  o p e ra tio n s , 
th e  m ass y ie ld  m, th e  com ponen t y ie ld  к  an d  th e  effic iency  rj are ca lcu la ted  
w ith  th e  follow ing relations [4]:

a — c _  F a(x) — F c(x) 
b -  c F b(x) -  F c(x) ’

b_ a — c _  F b{x) F a{x) — F c(x) 
a b — c F a(x) F„(x) — F c(x)

к — m  =  (a — c)(b — a) =  [Fa{x) -  Е с(*)][-Ц,(*) -  F a(x)] 
1 — m 0 (b — c)a( 1 — a /A 0) (F b(x) — Fc(x)]Fa(x)[ 1 — Е 0(я:)]

In  th ese  eq u a tio n s  a is th e  average  q u a lity  o f th e  raw  m a te ria l, b an d  c are 
those o f th e  sep a ra tio n  p ro d u c t (e.g. m e ta l co n ten t); F a(x), F b(x) an d  F c(x) 
are th e  d is tr ib u tio n  values of th e  sam e p ro d u c ts  — (e.g. th e  m ass p ro p o rtio n  
of a p a r t  o f specific w eight below  a given lim it). T herefore a, b, c, Fa(x), F b(x) 
an d  F c(x) are all com ponen t co n ten ts . L e t th e re  be b >  a )> c, th e n  b — c )> 
)> a c an d  b — c >  b a, b u t  b a  ^  a — c an d  th e  sam e in eq u a litie s  
ho ld  fo r th e  corresponding  d is tr ib u tio n  values.

In  th e  follow ing on th e  base  o f th e  law  o f e rro r p ro p ag a tio n  th e  d e te r ­
m in a tio n  of th e  v ariances f/m, (if, a n d  /г* o f th e  m ass y ield , th e  com ponen t y ie ld  
an d  th e  efficiency an d  th e  o p tim iza tio n  o f th e  m easu ring  cond itions are  d e a lt 
w ith  ([1 ], [2]).

* D r. Sz. P e t h ő , Miskolc E g y etem v áro s, Á sványelőkészítő  T an szék  H-3515, H u n g a ry
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2. The error functions o f  the parameters

T he p a r tia l d e r iv a tiv e s  of th e  m ass y ie ld  are

d m 1
(4)

da b — c

d m a — c m
(5)

db 01-о

11
M1-о

1

d m a — b 1 — m
(6)

dc (b — c)2 b — c

T he varian ce  o f  th e  m ass y ield , i f  /л%, /ц  an d  $  are  th e  s ta n d a rd  d ev i­
a tio n s  for th e  d e te rm in a tio n  of m ean  q u a lity , is ([2])

2 f 8m
l 9a

2 ï I ( d m \ 2 2 , f 0 m l2w  +  —  — -
86 ; de 1

?» Il

i

=  — - 1 ;  [(& — c)2f4 +  (a — c f t ô  +  (а -  b ) 2f i2\ .
(b  -  c)4

A m o n g st these d ifference b — c is th e  la rg es t, therefo re , th e  red u c tio n  of th e  
n u m e ra to r  and  w ith  i t  o f  th e  varian ce  o f th e  m ass y ield  is b e s t ob ta in ed  b y  a 
m ore  accu ra te  d e te rm in a tio n  (jit) o f th e  average  raw  m a te ria l q u a lity  (a) • 
• I a — c | ^ | a  — b |, accord ing ly  accu racy  o f  average q u a lity  (jit an d  jit) 
m u s t  be striv ed  for. T h e  d en o m in a to r o f th e  e rro r fu n c tio n  is in d ep en d en t of 
th e  accu racy  o f th e  an a ly ses , th e  s ta n d a rd  dev ia tio n  of th e  m ass y ield  is in ­
v e rse ly  p ro p o rtio n a l to  th e  square  o f th e  foregoing m ax im u m  difference.

I f  jia =  jJLb =  jic — ji, i.e. th e  accuracies o f th e  analyses are equal a fa c t 
w h ich  also occurs in  p rac tice  - th en

/4, =  7Г ~  ;v [! +  ™2 +  (! -  m)2]ji2. (8)
(b — c)2

A ccord ing  to  tho se  re la tio n  the  s ta n d a rd  d ev ia tio n  of th e  m ass yield is p ro p o r­
tio n a l to  th e  an a ly z in g  erro rs assum ed as b e ing  equal an d  inverse ly  p ro p o rtio n a l 
to  th e  m ax im um  d ifference b c. T he  m ag n itu d e  of th e  s ta n d a rd  dev ia tio n  
is s till in fluenced  b y  th e  m ass y ield : fo r m  =  0 or m =  1 th e  expression w ith in  
th e  sq u are  b rack e ts  h as  a m ax im um , its  va lu e  is 2, for m  =  1/2 th e re  is a m i­
n im u m : 3/2. I ts  m ean  value is ([3])

f  [1 +  m 2 +  (1 -  m )2] dm  =  — . (9)
Jo 3
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T he fu n c tio n  1 -f- m2 +  (1 -(- m f  is show n  on F ig . 1. The h o rizo n ta l line fo r 
th e  m ean  variance , 5 /3 , is also sh o w n  i t  in te rsec ts  th e  fu n c tio n  a t  1/2 -)- 
4- 1/2 \j 1/3 and  1/2 — 1/2|A 1/3 m ass y ie ld s. T he m ean  va rian ce  o f th e  m ass 
y ie ld  is

tfn =
3(6 -  c f

( 10)

T he s ta n d a rd  d e v ia tio n  of the  m ass  y ield  is

Hm =  -r~ — [1 +  m2 +  (1 — m)2] V  . (11)
b — c

T he m ax im um  of th a t  p a r t  of the fu n c tio n  w hich is connected  to  th e  m ass 
y ie ld  is Y 2, its  m in im um  is У3/2. I ts  m ean  v alue  is ([3])

Г [1 +  m2 + (1 — m)2] dm =  ]i 2 Г (m2 — m  + l),/s dm  =  
J o  J o

3

2 jA2
, , 1 2A r  -I-----

УЗ 3
=  1 ,2897 .

( 12)

T he m ean  s ta n d a rd  d e v ia tio n  is

1,2897
------------|И •

b — c
(13)

C om paring  (10) an d  (13) shows t h a t  /im >  (im • ( |j5 /3  =  1,2910 >  3
(A r sh 1 /y 3 4- 2/3)/2]У2 =  1,2897).
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T he va rian ce  /х| o f th e  co m p o n en t y ie ld  is

l A  =  á/L1 -  [ ( Ь с П Ь  -  c)Va2 +  ( a c y - ( a  -  «  +  (b a f { b  -  a f t f ]  • (14)
a4(i> — c)4

T he s ta n d a rd  d e v ia tio n  is inversely  p ro p o rtio n a l to  th e  square o f a(b — c) 
a p p ea rin g  in  th e  n o m in a to r  of th e  c o m p o n en t y ie ld  [a(b - c) >  c(b a )]. 
F o r th e  p ro d u c ts  in  th e  square b ra c k e ts  accord ing  to  th e  in itia l cond itions 
on ly  th e  in e q u a lity  bc(b c) >  ac(a — c) can  he s ta te d , co rrespond ing ly  th e  
d e te rm in a tio n  o f ra w  m a te ria l q u a lity  m u s t be ca rried  o u t w ith  a g re a te r  
accu racy  th a n  th a t  o f  th e  co n cen tra te .

T he v a rian ce  o f  th e  efficiency is

4 ? -

1 —(— 6c 1 —
2a

(b — c)a2 1 —
Hi +

+

1—
 

cm1e
4ft +

Г (« -  b f  n

(b — c)2a ! a c- 1 to 
I

a i ab 1

° 
1

A 0

(15)

i4-

3. D eterm ination of the optim um  m easuring conditions

T he o p tim u m  m easu ring  co n d itio n s can  be o b ta in ed  by  equaliz ing  th e  
expressions in  th e  sq u are  b racke ts o f  E q s (7) an d  (14).

I f  th e  sum  in  th e  expression fo r th e  va rian ce  of th e  m ass y ield  is fix e d ,

(b — c)fjQ +  (a — c)fib +  (a — b)fic =  x ± +  x 2 +  x3 =  К ,

th e n  th e  sum  o f sq u ares  x\  -|- a;2 -f- a;2 is m in im um  if  x x =  x2 — x 3 — x:

X  =  { b  c) 4 am =  (® " ‘ c) 4ftm ^)  4cm ’

I V^X
4m —‘ Í  ------- ------• (16)

(b -c )° -

F ro m  th is  e q u a tio n  b y  fix ing fim th e  follow ing analyzing  errors can  be c a l­
cu la ted :

4am i (17)

4ftm ±
I 3 m

4m i
m

(18)
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H e m  —  ±
6 — c 

У 3(1 — m)
H m  —  z h

H a m  

1 — m
(19)

T he la s t th ree  E q s give th e  d e te rm in a tio n  e rro r of th e  p ro d u c t q u a lity  as b e ing  
inverse ly  p ro p o rtio n a l to  th e  m ass y ie ld  o f  th e  p ro d u c ts . H ence, th e  an a ly sin g  
e rro r o f th e  p ro d u c t w ith  a sm all m ass y ield  can be re la tiv e ly  large as co m ­
p a red  to  th e  e rro r  o f th e  raw  m a te ria l or to  th a t  of th e  o th e r sep a ra tio n  p ro d u c t.

T he p ro d u c ts  o f  th e  variances o f th e  co m ponen t yields, w hich in  th e  
in te re s t  o f o p tim iza tio n  are m ade eq u a l, are  deno ted  b y  z:

z =  (bc)(b — с)цак =  (ac)(a — с)цьк =  (ba)(b — а)цск.
W ith  th is ,

Hk — =h
yr3z

a2(b -  c f
( 20 )

W ith  a p re lim in a ry  fix in g  of fj,k th e  accu racy  of th e  d e te rm in a tio n  of th e  q u a lity  
o f in d iv id u a l p ro d u c ts  is

Hak =  ±
ar(b — c)

1 36c Ик’
(21)

Hbk — i
6(6 -  c)

“ у з ck
(22)

Hck — ±
c(b — c)

(23)
V 36(1 -  k) ’

I n  these  e rro r fu n c tio n s  a2/bc Щ 1, b/c >  1. The accu racy  o f th e  d e te rm in a tio n  
is p ro p o rtio n a l to  th e  corresponding co m p o n en t yields. In  case of a v e ry  good
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p re p a ra tio n  efficiency (к —>- 1, с —► 0), th e  q u a lity  of th e  co n cen tra te  can  be 
d e te rm in ed  in a c c u ra te ly , th a t  o f th e  o th e r  sep a ra tio n  p ro d u c t should  be de­
te rm in e d  w ith  g rea t a cc u ra cy  (1 — к =  1 — m )c/a; (1 — m )/a >  1; c/( 1 — k) —*■ 
—► 0; цс —► 0). In  su ch  a case th e  accu racy  o f raw  m a te ria l q u a lity  m easu re ­
m e n t should  be b e tw een  th a t  of th e  tw o  sep a ra tio n  p ro d u c ts  (fj,ak : [ibk =  
=  a2 : 62).

I f  th e  errors o f th e  com ponent y ie ld  an d  o f th e  m ass y ield  are  assum ed 
as be ing  inequal th e  ra tio s  of th e  co rresp o n d in g  analyzing  erro rs are

H'ak a2
(24)

t̂ am be

f*bk a—  >  1 , (25)
И’Ът c

И'ск _ ± < 1 . (26)
f̂ cm b

L e t th e re  he a =  0 ,04 , b =  0,74, c =  0,002, th e n  m =  0,0515, к =  0,9526. 
I f  [ik =  0,001, [iak =  0,00046, pbk =  0 ,1655, цск =  0,00002. I f  цт =  0,001, 
fiam — 0,00043, /гЬт =  0,0083, ficm =  0,00045. I f  th e  analysis w ere carried  o u t 
w ith  fia =  0,00043, fib =  0,0083 an d  ц с =  0,00002 erro rs, th e n  цк an d  fim 
w ould  b o th  be re d u c e d  b y  0,001.

In  th e  n u m e ra to r  of each fu n c tio n  fo r p ro d u c t q u a lity  th e re  appears 
th e  difference b c. S ubseq u en tly  fo r a g iven o p era tion  th a t  value o f th e  
p a ra m e te r  (grain  size, specific w eigh t, e tc .) is de te rm ined  fo r w hich th e  d if­
ference of d is tr ib u tio n s  F b (x) -  F t{x) has a m ax im um . I f  th e  analysis is m ade 
fo r th e  p a ra m e te r  b e long ing  to  th is  m ax im u m  th e  accu racy  of d e te rm in a tio n  
o f th e  m ass y ield  w ill be the  largest possib le.

In  the  u p p e r p a r t  of Fig. 3 th e  d is tr ib u tio n  fu n c tio n s F a(x), F b(x) an d  
F c(x) are show n, in  th e  lower p a r t  th e  d e n s ity  functions f a(x), f b(x) and  f c(x). 
T he abscissae show  t h a t  th e  physical q u a lity  o f th e  p ro d u c ts  to  be sep a ra ted , 
(-tmin x  лгтах) fo r  th e  difference o f  w hich  th e  sep a ra tio n  is carried  o u t.

The th ree  d e n s ity  functions h av e  a com m on p o in t of in te rsec tio n , its  
abscissa  xrlii is th e  re la tiv e  m edian o f th e  sep a ra tio n  [5]. I t  is easy  to  see th a t  
th e  sum  of th e  a re a  p a r ts  de te rm in ed  b y  th e  d en sity  fu n c tio n s of th e  tw o 
sep a ra tio n  p ro d u c ts

f x f e(x)dx  +  \ X̂ f b ( x ) d x  =  F c(x) +  [1 -  F b(x)] (27)
J  3Cmin J  X

h as a m in im um  fo r th e  re la tive  m ed ian . T hese area p a rts  are on th e  d is tr ib u tio n  
fu n c tio n  th e  o rd in a te s  m arked:

Г  1 fc{x)dx +  \ Xu'“f b(x)dx =  F c(xriJ  +  [1 -  F b(xrilt)] ->• m in . (28)
J  -^min J  x r  If
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F ro m  th is  eq u a tio n  i t  follow s th a t  a t  th e  re la tiv e  m ed ian  th e  Fb(x) — Fc(x) 
d is tr ib u tio n  d ifferences have  a m ax im um :

F b ( x rii.)  -  F c(x n l , )  — m ax  . (29

B ecause  of the  com m on  p o in t o f in te rsec tio n  th e  d irec tion  ta n g e n ts  of th e  th ree  
d is tr ib u tio n  fu n c tio n s are  eq u a l a t  th e  re la tiv e  m ed ian .

4. Conclusions

In  the  p ap er th e  e rro r  func tions of th e  th re e  basic m easures for th e  e v a lu ­
a tio n  of the  se p a ra tio n  op era tio n s: th e  m ass y ield , th e  co m p o n en t y ield  an d  
th e  efficiency h av e  b een  deduced  and  th e  m easu ring  cond itions have been 
op tim ized .

The s ta n d a rd  d ev ia tio n  of th e  m ass y ie ld  is in v e rse ly  p ropo rtio n a l to  
th e  difference of th e  co m p o n en t co n ten ts  o f th e  sep a ra tio n  p roducts. T his 
d e v ia tio n  depends o n ly  little  on th e  size o f th e  m ass y ie ld , i f  th e  q ualities 
o f  th e  products h a v e  been  dete rm in ed  w ith  equal accuracies. In  th a t  case 
th e  e rro r of th e  m ass y ie ld  is th e  q u o tien t o f ^ \ , Ъ х  th e  an a lyz ing  error an d  th e  
d ifference of th e  a fo resa id  com ponen t co n ten ts . I f  th e  e rro r  of th e  m ass y ield  
is fix e d  according to  th e  m o st fav o u rab le  cond itions o f e rro r p ro p ag a tio n , 
th e  e rro r of d e te rm in a tio n  o f th e  co m ponen t co n ten ts  o f th e  p ro d u c ts  is in ­
v e rse ly  p ro p o rtio n a l to  th e ir  m ass y ie ld , w hile being d irec tly  p ro p o rtio n a l 
to  th e  difference o f  th e  com ponen t co n ten ts  o f th e  tw o  sep ara tio n  p ro d u c ts . 
F o r  a concrete s e p a ra tio n  o p era tio n  th e  d ifference of th e  d is trib u tio n s of th e  
tw o  separa tion  p ro d u c ts  has a m ax im um  a t  th e  re la tiv e  m ed ian . The o p tim u m  
m easu rin g  cond itions are  sa tisfied  if  fo r th e  d e te rm in a tio n  o f th e  m ass y ie ld  
th e  necessary  an a ly ses  are m ade a t  th is  p a ra m e te r.

The error o f  th e  co m p o n en t y ield  depends — besides on th e  an a lyz ing  
e rro rs  — m ain ly  on  th e  p ro d u c t o f th e  d ifferences o f com ponen t co n ten ts  
o f  th e  raw  m a te ria l a n d  th e  tw o  sep ara tio n  p ro d u c ts ; i t  is in v e rse ly  p ro p o rtio n a l 
to  th e  square of th e  la t t e r  p ro d u c t. I f  th e  e rro r of co m p o n en t y ield  is a d eq u a te ly  
f ix e d , the  errors o f th e  co m p o n en t are in v erse ly  p ro p o rtio n a l to  th e ir  com ponen t 
y ie ld s. I f  the  co m p o n en t y ie ld  of one p ro d u c t is la rge , th e  analyzing  e rro r o f  
th is  p ro d u c t m ay  be  la rg e , b u t  th e  co m p o n en t c o n te n t o f th e  o ther p ro d u c t 
m u s t  be analyzed  w ith  g re a t accuracy .
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F eh lerfunk tionen  u n d  optim ale M eßbedingungen  fü r M assenausb ringen  und  B estan d te il­
au sb rin g en . Die h a u p tsäc h lic h sten  P a ra m e te r  fü r  die A usw ertung  d e r T rennvorgänge  sind  die 
M assenausbringen, die B e stan d te ilau sb rin g e n  u n d  der W irk u n g sg rad . Ih re  F eh lerfu n k tio n en  
k ö n n e n  au fgrund  des F eh lerfo rtp flan zu n g sg ese tzes b e s tim m t w erden . B ei F estlegung  der P a ra ­
m ete rfeh ler kan n  au ch  d ie  G enauigkeit d e r  P ro d u k ta n a ly se  a b g e le ite t w erden .

Функции погрешности и наиболее выгодные условия измерения массового выхода 
и выхода компонентов. Основными параметрами оценки процессов разделения являю тся 
массовый выход, выход компонентов и коэффициент полезного действия. Функции погреш­
ности этих факторов мож но определить при использовании закономерности распростра­
нения погрешности. Фиксированием погрешностей параметров можно вывести такж е 
точность анализа продуктов.
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MEMBRANKRÄFTE UND MEMBRANFORMÄNDERUNGEN 
YON FLACHEN ELLIPTISCHEN PARABOLOIDSCHALEN 

MIT GLEICHFÖRMIG VERTEILTER HORIZONTALER
BELASTUNG
E . D U LÁ C SK A *

KAND. DER TECHN. WISS. 
und

L. JA N K Ó * *

[E ingegangen  am  25. Mai 1976]

B ehandelt w ird  d ie an a ly tisch e  E rm ittlu n g  des M em b ran sp an n u n g szu stan d es  
u n d  der M em b ran fo rm än d eru n g en  d e r d u rch  ein gleichm äßig  v e r te ilte s  h o rizo n ta les  
R a n d k ra ftsy s te m  b e la s te te n  flach en  e llip tischen  P arabo lo idschale . D ie  d u rc h  sy m m et­
risch  bzw. a n tim e tr isch  an g eo rd n e te , a u f  d en  e in ander gegen ü b erlieg en d en  R ä n d e rn  
w irkende  K ra ftsy s tem e  herv o rg eru fen en  E ffek te  b esch re ib en d en  F u n k tio n e n  w u rd en  
a u ch  zur E rle ich teru n g  d e r H an d rech n u n g  in  g raph ischer F o rm  au sg earb e ite t. E s w urde  
hingew iesen, daß  d u rc h  A nw endung  dieses s ta tisc h e n  G ru n d p ro b lem s, im  R ah m en  der 
M em bran theorie  a u ch  die S c h n ittk rä f te  u n d  F o rm än d eru n g en  so lcher e llip tischen  P a ra -  
bo lo idschalen  annäherungsw eise  u n te rsu c h t w erden k ö n n en , d ie d u rch  R a n d trä g e r  
g e s tü tz t  sind, w elche in  de r h o rizo n ta len  R ich tu n g  n ich t v e rn ach lä ss ig b a re  B iege — , 
bzw . D rillste ifigkeit besitzen .

1. B ezeichnungen

f x
h

f y Pfeilhöhen d e r in  den  x  bzw. 
S cha len w an d stärk e ;

y  R ich tu n g en  liegenden B ogen;

lx =  2a, ly =  26 Spannw eiten  de r B ogen in  den  x , bzw . y  R ich tu n g en ;

: — Ï  n x y  —

Ж, y
*(*. y)
E
F
G =  Е /  2(1 
H

-v)

IV
1
h

,H a

B elastung  in  de r R ich tu n g  de r A chse z, bezogen a u f  de r F lä ch e n e in h e it der 
G rundrißp ro j ek tio n  ;

• II

— F , П у =  F  spezifische W erte  der a u f  die S e iten län g en p ro jek tio n en  bezoge­
nen (red u z ierten ) S c h n ittk rä f te ;
V ersch iebungen  in  den R ich tu n g en  de r x- bzw. y-A chse g e ric h te ten  T an g en ten ; 
V ersch iebungen  in  den R ich tu n g en  x  u n d  y ;
V erschiebung de r F läch en p u n k te  in  der R ich tu n g  d e r F läch en n o rm ale ; 
V erschiebung in  der R ich tu n g  de r z-Achse;
O rtho g o n a lk o o rd in a ten ;
O rd in a ten  d e r S ch a len m itte lfläch e;
E la s tiz itä tsm o d u l;
S p an n u n g sfu n k tio n  der M em b ran k rä fte ;
G leitm odul;
spezifischer W e rt der in  de r G ru n d riß p ro jek tio n  g leichm äßig  v e r te il te n  h o ri­
zo n ta len  R a n d b e las tu n g ;
In te n s itä te n  de r sy m m etrisch en , bzw . a n tim etrisch en  R a n d b e las tu n g ; 
h o rizon tales B ieg e träg h e itsm o m en t des R a n d b o g en q u e rsch n itts ; 
D rillträg h e itsm o m en t des R an d b o g en q u e rsch n itts ;

L„( ) =  s( )" — 2z( )” -)- z"( )" de r P u chersche  D ifferen tia lo p era to r;
8

Э( )/** =  ( )’ 
Э( ) l v  =  ( )■ 
A A ( ) = ( ) ™

A b so lu tv e rd reh u n g  des M itte lq u ersch n itts  der R an d b o g en ; 
Q uerdehnungszah l (in den  B erechnungen : v =  0,2);
Sym bol de r A b le itu n g  n ach  x ;
Sym bol de r A b le itu n g  n ach  y;

- 2( ) !! -f- ( ) :: b ih arm o n isch er D ifferen tia lo p era to r.

* D r. E . D ulácska  R á th  Gy. u. 64. H -1122. B u d a p es t U ngarn .
** D r. L . J ankó  L ajos u . 142. H -1036. B u d a p es t U ngarn .

9 Acta Technica Academiae Scientiarum Hungaricae 85, 1977



350 DULÁCSKA, E .—JANKÓ, L .

2. E in le itung

Z ur E rm ittlu n g  d er M em b ran k räfte  u n d  M em b ran fo rm än d eru n g en  der 
f la c h e n  ellip tischen P arab o lo id sch a le , die d u rc h  g leichm äßig  v e rte ilte  F läch en ­
b e la s tu n g , bzw. d u rc h  das E igengew icht h erv o rg eru fen  w erden , s tehen  wohl- 
b e k a n n te  B erech n u n g sv erfah ren  zur V erfügung  [1], [2], [3], [4]. Diese M etho ­
d en  setzen voraus, d aß  die R a n d trä g e r  der Schale in  ih re r  e igenen E bene gegen 
B iegung  unend lich  ste if, w äh ren d  sen k rech t a u f  diese E b en e  vollkom m en 
w eich (sog. “ h a lb s te ife”  T räger) sind.

B ild  1. G eom etrische  A ngaben  de r e llip tisch en  P arab o lo idschale

Es frag t sich, ob es m öglich w äre, eine flache  ellip tische  P a rab o lo id ­
schale , die an  einem  ih re r  R än d er d u rch  g leichm äßig  v e rte ilte  ho rizon ta le  
K rä f te  b e las te t is t, b loß  du rch  M em b ran k räfte  in  G leichgew icht zu h a lten .

Im  folgenden w ird  es biew iesen, d aß  dies m öglich is t;  es w erden die au f 
d en  M em b ran sp an n u n g szu stan d  und  a u f  die M em b ran fo rm än d eru n g en  bezüg­
liche  analy tische  L ö su n g  u n d  deren in  D iag ram m en  v e ra rb e ite te  W erte  a n ­
gegeben. N u r die a u f  die E bene xz  sy m m etrisch e  L ösung  ( B ild  1 )  w ird  ge­
su ch t.

Die v o rg e fü h rte  M ethode h a t m ehrere  p rak tisch e  A nw endungsm öglich ­
k e ite n . Z ur U n te rsu c h u n g  der räum lichen  S ta b ili tä t  d er R andbogen  auch  
n o ch  im  Falle , wo d er G ew ölbedruck aus dem  G esich tsp u n k t der Schale 
b e tra c h te t  v e rn ach lä ss ig t w erden k an n  is t  die K e n n tn is  der ho rizo n ta len  
V erb indungsk räfte  zw ischen  Schale u n d  R a n d trä g e rn  u n b e d in g t erforderlich .

Im  allgem einen en tsp rech en  die in  der P rax is  an g ew an d ten  R an d b o g en  
n ic h t der D efin ition  des sog. “ ha lbste ifen  R a n d trä g e rs” , da  sie endlich  große 
D rill — und  h o rizo n ta le  B iegesteifigkeit h ab en . Info lge dieser S te ifigkeiten  
k ö n n en  die R a n d trä g e r  den nach  der M em b ran th eo rie  en ts teh en d en  R a n d ­
versch iebungen  n ic h t ohne W id erstan d  folgen. D em zufolge en tw icke lt sich 
zw ischen der Schale u n d  dem  R a n d trä g e r  ein  V erb in d u n g sk ra ftsy stem , d .h ., 
die Schale w ird  v o n  dem  Seitendruck  n ic h t vo llkom m en  frei.

Die o b en erw äh n te  S tab ilitä tsu n te rsu c h u n g , bzw . die B erücksich tigung  
d e r A usw irkung d e r end lichen  ho rizo n ta len  S te ifig k e it d er R a n d trä g e r k an n  
m it H ilfe der h ie r v o rge leg ten  M ethode näherungsw eise  d u rch g efü h rt w erden .
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3. Gleichgewichts- und Form änderungsdifferentialgleichungen  
der flachen Membranschalen

Im  fo lgenden  w erden die U n te rsu ch u n g en  au fg ru n d  der T h eo rie  der 
f la ch en  M em branschalen  d u rch g e fü h rt [1], [2], [3]. U m  der B eh an d lu n g  eine 
k la re  Ü b ers ich tlich k e it zu geben, w erden  u n te n  die das G leichgew icht u n d  die 
V e rträ g lic h k e it der F o rm än d eru n g en  d er flachen  M em branschalen  b esch re i­
b en d en  p a rtie llen  D ifferen tia lg leichungen  zusam m engefaß t.

D ie P uchersche  D ifferen tia lg leichung

L P(F )  =  - p  (3.1)

des G leichgew ichts der M em branschalen  [1], [3] is t auch  fü r  beliebig  ste ile  
Schalen  g ü ltig , jed o ch  k an n  die wie fo lg t geschriebene F o rm  der V e r trä g lic h ­
k e itsg le ichung

L p(w) =  — ~ T  d A F  (3.2)
ihn

[1], [2], [3], [4] n u r  im  F all von  flach en  M em branschalen  geb rau ch t w e rd en .
W ie b e k a n n t, b e d e u te t die A nnahm e d er F la c h h e it in  Z u sam m en h an g  

m it d en  M em branschalen , d aß  die geodetischen  K rü m m u n g en  d er F läch e  
infolge ih re r  K le in h e it v e rn ach lässig t u n d  die M etrik  der F läche  m it  d er 
euk lid ischen  (ebenen) M etrik  id en tisch  angenom m en w erden  können .

D ie F la c h h e it k a n n  auch  m it H ilfe d er R ich tu n g s tan g en ten  d e r F lä c h e  
wie fo lg t

1 +  zz  я- 1 ,

1 +  i 2 « - 1 , (3.3a —c)

1 +  Z2 я* 1
d e fin ie rt w erden .

In fo lge  d er F lach h e it der Schale k ö n n en  die m it den  R ich tu n g en  d e r im  
B ild  2 e ingezeichneten  O rth o g o n a lk o o rd in a ten  p ara lle len  V ersch iebungen  it, 
V, w m it den  in  den  R ich tu n g en  d er x, y  u n d  z  A chsen des C artesischen K o o rd i­
n a te n sy s te m s  fa llenden  V ersch iebungen  u*, v* u n d  w* id en tisch  an g en o m m en  
w erden  [1]:

u u*, v ^  v*, w ív*. (3.4)

D ie V ersch iebungen  и u n d  v k ö n n en  n ach  der (die en tsp rech en d en  R a n d ­
b ed in g u n g en  befried igenden) L ösung  der p a rtie llen  D iffe ren tia lg le ichungen  
(3.1), (3.2) d u rch  A usw ertung  der A usdrücke

u zivdx -j- №  — vF)dx  +  Uj(y) , (3 .5)
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V  = vF)dy  -f- v^x) (3.6)

e rh a lte n  w erden  [1]. D ie In te g ra tio n s fu n k tio n e n  Uj(y) u n d  v^x)  sind aus den 
R an d b ed in g u n g en  zu  e rm itte ln .

D ie M itte lfläche d e r e llip tischen  P arab o lo id sch a le  is t du rch  die G leichung

b esch rieb en  (B ild  1).

=  ^ - x 2 +  ^ - y 2
I I  l 2y

B ild  2. V orzeichenregel der In n e n k rä f te  u n d  der V erschiebungen

(3.7)

4. H erste llu n g  einer beliebigen R andbelastung

Im  B ild 3 is t es d em o n strie rt, daß  be i K en n tn is  der E ffek te , die du rch  
die sy m m etrisch e  R a n d b e la s tu n g  H b u n d  d u rc h  die an tim etrisch e  R a n d b e la ­
s tu n g  H a en ts teh en , au ch  die du rch  eine belieb ige R an d b e la s tu n g  H  v e ru rsa c h ­
te n  M em b ran k rä fte  u n d  M em b ran fo rm än d eru n g en  e rm itte lt w erden  können .

Im  folgenden w erd en  die L ösungen  fü r  H* und  H a gezeigt.

H = t ____________ H = -y
3

0 1

l 1
_J___ b  = 2a L_

H = 1

B ild  3. Z erlegung de r R a n d b e la s tu n g  H  —  1 a n  de r S te lle  x  =  — a in  sym m etrische  ( I I s =  1/2) 
u n d  in  an tim etrisch e  (H a =  ±  1/2) K om ponen te
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5. U n te rsu ch u n g  der sym m etrischen  R andbelastung  H s

Die R ä n d e r x =  sind  d u rch  das g leichm äßig  v e rte ilte  ho rizo n ta le  
K ra f tsy s te m  H s angegriffen . In  diesem  F a ll sind  die R an d b ed in g u n g en  der 
S chale , deren  R an d b o g en  dem  S e iten d ru ck  n ic h t w iderstehen  k an n , — w enn 
m a n  den  D ru ck  m it M inusvorzeichen  b eze ich n et — wie fo lg t:

F
Ix—± Ix

2

_ fjs
— ~ П (У)1

'*“ ±2

(5 .1 a —b) 

(5 .1c—d)

M an se tz t v o rau s, d aß  die R an d b o g en  in  ih re r  eigenen E bene u n en d lich  s te if  
sind . Info lgedessen  g ilt :

w =  0 ,  (5 .2 a—b)

w = 0

D a u n ser L ösu n g sv erfah ren  a u fg ru n d  der M em bran theorie  fu ß t , d .h ., 
d ie B iegeste ifigkeit d er Schale au ß e r a c h t gelassen is t, w ird  der W e rt d e r V er­
d re h u n g  der R ä n d e rn  en tlan g  n ic h t festgeleg t, denn  die vo llkom m en elastische  
M em bran  k a n n  je d e r  am  R a n d  gü ltigen  V erd reh u n g  ohne W id e rs tan d  folgen.

Im  V erlau f d e r A b le itu n g  soll m an  erstens die g leichm äßig  v e rte ilte  
L a s t H 6 in  eine F ourierische  R eihe en tw icke ln

(5 .2 c—d)

Щ » = - н >
4

7t
V 1 mn

e i n  ______  .
mit

• u n s ______

= 1,3,5,.. m
O lli.

2
• L U S

ly
(5.3)

so d an n  die G leichgew ichtsg leichung (3.1) a u f  die F orm

F  +  - ^ - £ l F =  0 (5.4)
Ц fx

brin g en . D an ach  s te llt  m an  die die G leichung (5.4) u n d  die R an d b ed in g u n g en  
(5.1) befried igende S p an n u n g sfu n k tio n  F  her. M an soll die L ösung m it H ilfe 
d er F ourie risch en  M ethode suchen  [5].

S e tz t m an  den  P ro d u k te n a n sa tz

F (x ,y )  =  X (x) ■ Y{y) (5.5)
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in  die G leichung  (5.4), so e rh ä lt m an  den A u sd ru ck

Y  +  1% f x X

der in  die zwei gew öhnlichen D ifferen tia lg leichungen

X  -  f Ü x  =  0
H fy

und
Ÿ  +  k2Y  =  0

(5.5a)

(5.6a)

(5.6b)

ze rfä llt (die Ziffer к lä ß t  sich aus den  R an d b ed in g u n g en  e rm itte ln ). 
D ie allgem eine L ösung  der G leichung (5.6a) s te llt die F u n k tio n

X =  Clm coshfc-bl
Zv

—  X  +  C2m sinh  к —
fy

А

f
(5.7a)

u n d  die d e r  G leichung (5.6b) den  A usd ruck

Y  =  C3m cos ky  +  C4m sin  ky  (5.7b)
dar.

D ie R an d b ed in g u n g en  (5 .1 a —b) so llten  d u rc h  die F u n k tio n  X  b e fried ig t 
w erden . D as erg ib t:

C2m =  0 .  (5.8)

N im m t m an  in  B e tra c h t, d aß  unsere  L ösung  a u f  den  zu r E b en e  xz  
sy m m etrisch en  F a ll bezogen  is t, so e rh ä lt m a n  aus den R an d b ed in g u n g en  
(5 .1c—d):

(5.9)Q m  — 0 •

D ie F u n k tio n  F  w ird  dem zufolge die F o rm  annehm en :

У) — Cm cosh к ~
Аm =  1,3,5...

А .  X cos ky .
f

(5.10)

S e tz t m an  die A usdrücke (5.3) u n d  (5.10) in  die R an d b ed in g u n g en  
(5.1a —b) ein, so e rg ib t sich die B eziehung:

Cmk2 cosh к - A  
2

fx , 4 Tr„ 1 . rtm тл
- — cos ky  =  —  ----s i n ------ cos ------ y  .
fy  ' л  m 2 ly

(5.10a)
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w oraus

und

к  = тл

Cm =  IF
sin  -

т л
41* 1 2

7Г3 m 3 . 77171
c o sh ----- [ f x

2 ' fy

(5.11)

(5.12)

folgt. L e tz te n  E ndes e rh ä lt m an  fü r die S p a n n u n g sfu n k tio n  F  den fo lgenden  
A usdruck :

4 Я 5

. тл  
sin —

/  f x  7717t T г» \I  7 * c o 8—— y.  (5.13)
J y  fy

Die M em b ran sch n ittk rä fte  ergeben  sich als die A b le itu n g en  der F u n k tio n  F  
wie fo lg t:

nX
4 fP

л 2

тл
sin  —  

1 2 , 77171
771 TTlTt

c o s h ----- / Т
2 ' fy

тл
X  • cos — - у  , 

1 J 
1У

(5.14)

fx_3_
fy  ti 

тл

f y  m =  1,3 ,5 ... m cosh
77171 A

fy

: sinh
mn

(5.15)

f Y . 77171
-  X -  s in ----- у

f
(5.16)

Diese A usdrücke w u rd en  in  den  25 ch a rak te ris tisch en  P u n k te n  ers ten  V ierte ls 
des K o o rd in a ten sy stem s m it H ilfe e iner e lek tron ischen  R echenan lage  ausge­
w erte t; die E rgebn isse  sind  in  den  B ildern  4 u n d  5 in  A b h än g ig k e it von  f xlfy 
d ar gestellt.

Z ur E rm ittlu n g  der M em branversch iebungen  b e n ö tig t m an  auch  den  
W ert des O p era to rs  A A F:

A A F 4 № л ( Л _ Л

Ч 1 fy  %

7717t

771
1,3,5... cosh

7717t
_^=.cosh

' fx_ f

fy

77l7t f Y TTlTt
^ - x  • cos-----y .
fy  fy

(5.17)
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fy

.?x  = ? “ :H% ,T
Tiy = - n °  А  -Ц -  Hs

y X fy l2x

fy
B ild  4b. M em b ran k rä fte  nx u n d  ny aus de r sy m m etrischen  R a n d b e la s tu n g  I I s =  1
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D ie V erträg lichkeitsg le ichung  (3.2) n im m t die fo lgende ausführlichere  
F o rm  a n :

w  +  —И fy И

ly fx 8f*Eh
A A F . (5.18)

Z u r a u c h  die R an d b ed in g u n g en  (5.2) befried igenden  L ösung  der D iffe ren tia l­
g le ich u n g  (5.18) (D irich letsche A ufgabe) w urde  die F u n k tio n

w =  У
m= 1,3,5 ...

mn
cos “ Г— У 

ly

. , m  
X  s in h ----- А

fy
ly  _ TÎ17C

—  ta n h -----
2 2

h e rg e s te llt , w orin

fx , nwi—  cosh 
fy

k x

fy

(5.19)

m n

wm =  —
II s

4 Eh
A A _  l ' 2
fy  4

fx H
fy  fx  c o sh ^

‘—= .  (5.20)
к

fy

D ie W erte  der V ersch iebungen  k ö n n en  du rch  E in se tzu n g  der A usdrücke
(5.13) bzw . (5.19) v o n  F  bzw . w in  (3.5) bzw . (3.6) e rh a lte n  w erden:

mn
H s- - - - Ix У

n E h
mn

cosh
mn к

fy

[ 1  . mn 
1 — sinh----- I £l x -
l m lx fy \ f y  l2x

• t a n h
mn f  fx 4

[  fy  f l  _L v fx 2 [ f y ( fx  ly 1
2

2 ' fy nm h , \  +  fy l \ nm 4  fx 1/v l 2x

k J L -  l i U c o s h

IF
nE h

mlx \ f y ll

„  1

mn

17
к
fy

(5.21)

m n
mn mn

m = l ,3 ,5 .. .  ^ cosh
m n

— s i n ----- у  I c o s h ------
к
fy

l ly
rk
fy

A l
fx Ц

fx Ц Ix

—  2

f y  ll  _ ) 2 '  fy nm

f l y  Ix [fy 1 _ 1
2

X  • sinh
mn

f l  ly fx Il 1 17

f y  4

к
fy

(5.22)

In fo lg e  der S ym m etrie  w erden  die F u n k tio n e n  u ^y )  u n d  vx{x) gleich Null«
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Die aus p rak tisch en  G esich tsp u n k ten  w ich tigen  V ersch iebungsw erte  
w =  (0,0), и =  (а, 0), V  =  (0, b) k ö n n en  aus den B ildern  6 u n d  7 in  A b h än g ig ­
k e it  v o n  f j f y  u n d  l j l y abgelesen (r  =  0,2) bzw. können  ih re  ch a rak te ris tisch en  
W e rte  aus der T afel 1 herausgenom m en  w erden.

U n te rsu ch en  w ir n u n  die F ä lle  f x = f = f  u n d  lx =  lv =  1, d .h ., die 
M em b ran k rä fte  u n d  M em branversch iebungen  des R o ta tio n sp a rab o lo id s :

nX

4 Я s

л
2

тл  
s i n -----

1 2 т л  тл
--------------------c o sh ---- - X  c o s ----- y  ,
m тл  l l

c o s h -----
2

(5.23)

ny =  — nx , (5.24)

т л  
s i n -----

4 H s 1 2 т л  . т л
n Xy = ------------  > ------------------------------------s in h ------------X  s i n ------------y ,

Л  m = Í 3  5 m  ,  т л  I  I’ ’ cosh  -—
2

(5.25)

w =  0 , (5.26)

. тл  
s in -----

4-Hsl 1 2 т л  тл , r
= ------- ( i  +  v) --------------------^mh _ arcos - у , (5.27)

л  •‘En  m=i з 5 m  1 тл  L I' ’ c o s h -----
2
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B ild  6b. V erschiebungen и  =  u(a, 0) und  v =  t>(0, 6) infolge der sy m m etrisch en  R an d b elas tu n g
H =  1; (n>Rand=  0)

B ild  7a. D u rchb iegung  w =  to(0, 0) infolge 
der sym m etrisch en  R a n d b e la s tu n g

H s=  l ; ( w Rand= 0)

w=w° H5!»
Ehfx

B ild  7b. D urch b ieg u n g  ic= t* (0 , 0) infolge 
der sy m m etrisch en  R an d b elas tu n g  

H S=  1; (M,R an d = °)
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Tafel l a

H8 symmetrisch

fx
fy

Ix
1,

„ E h
u = u l*  T

o E h 
V ~ V H8 ly

E hfx w° = w —— J!L H* 11

0,2 0,2 — 7,8913 1,9999 0,2658
0,4 — 0,6224 0,4888 0,0010
0,6 — 0,6148 0,2816 0,0033
0,8 -0 ,7 1 1 0 0,2949 0,0079
1,0 — 0,7728 0,3952 0,0106

0,4 0,2 — 29,6873 3,6071 2,5979
0,4 -1 ,4 3 8 1 0,8218 0,0722
0,6 -0 ,5 3 3 6 0,3536 0,0004
0,8 -0 ,5 3 6 5 0,2458 0,0045
1,0 -0 ,5 9 3 9 0,2574 0,0115

0,6 0,2 — 58,7543 4,9221 7,7634
0,4 — 2,6975 1,1176 0,2995
0,6 — 0,6565 0,4478 0,0176
0,8 — 0,4704 0,2543 0,0002
1,0 -0 ,4 3 9 2 0,2097 0,0063

0,8 0,2 — 92,0706 5,9780 15,4363
0,4 — 4,7277 1,3657 0,6842
0,6 —0,8990 0,5382 0,0639
0,8 -0 ,4 7 0 4 0,2800 0,0027
1,0 — 0,4320 0,1949 0,0017

1,0 0,2 — 128,4235 6,8168 25,0777
0,4 — 6,8084 1,5688 1,2000
0,6 -1 ,2 1 9 1 0,6180 0,1376
0,8 -0 ,5 1 2 8 0,3101 0,0138
1,0 -0 ,4 0 5 4 0,1948 0,0000

V =
4  m
n 2Eh а  +  v) 2

m =  1 ,3 ,5 . ..

Mît
s i n -----

1 2 тл . mn
------------------------------------c o s h ------------X  s in ------------y  .
m rtm l l

c o s h -----
2

(5.28)

N ach  d er G leichung (5.26) ist der W e r t  von  w ü b e ra ll gleich N ull. D ies 
e rk lä r t sich  aus der T a tsa c h e , daß in  je d e m  P u n k t der in  beiden  R ich tu n g en  
X u n d  y  id en tisch  g e k rü m m te n  Schale ru fe n  die m it u m g ek eh rten  V orzeichen 
jedoch  m it gleichem  A b so lu tw ert ( |nx| =  |rey | =  n ) a u ftre te n d en  S c h n ittk rä f te  
en tgegengesetze D u rchb iegungen  h ervo r, die e inander gegenseitig  au fh eb en .
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Tafel lb

H8 symmetrisch

fx
Sy

Ix
‘y

E  k
u “ u1 p

E  h
V°= V ----------

H e ly
о E  V» 

“  H* 1«

5,0000 5,0000 —  0,2262 0,1452 0,0106

4,0000 — 0,2158 0,0764 0,0079
3,0000 —  0,2008 0,0333 0,0033
2,0000 —  0,2125 0,0371 0,0010

1,0000 —  1,6758 0,2612 0,2658

4,0000 5,0000 — 0,2578 0,2540 0,0151

4,0000 — 0,2475 0,1389 0,0121

3,0000 —  0,2307 0,0606 0,0066

2,0000 — 0,2219 0,0420 0,0000

1,0000 —  1,1865 0,2701 0,1930

3,0000 5,0000 — 0,3040 0,4801 0,0217

4,0000 —  0,2941 0,2732 0,0185

3,0000 — 0,2762 0,1240 0,0125

2,0000 —  0,2512 0,0565 0,0018

1,0000 — 0,7866 0,2658 0,1121

2,0000 5,0000 —  0,3808 1,0257 0,0310

4,0000 — 0,3715 0,6080 0,0280

3,0000 —  0,3536 0,2944 0,0221

2,0000 —  0,3172 0,1082 0,0091

1,0000 — 0,5009 0,2387 0,0366

1,0000 5,0000 —  0,5428 2,7647 0,0401

4,0000 —  0,5349 1,7063 0,0383

3,0000 -0 ,5 1 8 7 0,8918 0,0344

2,0000 — 0,4782 0,3392 0,0245

1,0000 — 0,4054 0,1948 0,0000

6. Untersuchung der antinietrischen Belastung H u

W enn am  R a n d e  x  =  -f-a eine Z u g last H n u n d  am  R an d e  x  =  — a 
eine D ru ck last derse lben  Grösse wie die erste  w irk t, so k ö n n en  w ir die s t a t i ­
sch en  u n d  R an d b ed in g u n g en  der d u rch  in  ih re r  eigenen E bene  unen d lich  s te if  
angenom m enen , je d o c h  in  der S e ite n ric h tu n g  weichen R a n d trä g e r  u n te r s tü tz ­
te n  Schale fo lgenderw eise beschreiben:

F  = n x = + H a , (6 .1a)
Ix L . lx
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F, =  nx =  — H a ,
\ >x /, 
x 2 x 2

(6.1b)

F  =  ny =  0 ,
l y  I l y

' У - Ч  'y=±i

(6 .1c— d)

w =  0 ,

lx=±T

(6 .2a—b)

ív =  0 . (6 .2c—d)

Die B e la s tu n g  H a k an n  n a tü r lic h  in  die F ouriersche  R eihe

Я ^ )  =  - №
4

n
1 . m n m n

—  s in -------c o s -------у
m= 1,3,5... П1 2 ly

(6.3)

en tw ick e lt w erden , die die gleiche F o rm , wie (5.4) h a t.
In  diesem  F a ll e rh a lten  w ir die im  B ezug a u f  die E bene  xz  sym m etrische , 

auch  m it H ilfe des F ourierschen  V erfah ren  herge le ite te  u n d  die R a n d b e d in ­
gungen (6.1) befried igende L ösung d er G leichgew ich tsd ifferen tia lg leichung
(5.4):

. m n

deren  im  P u n k te  2 erw äh n te  p a rtie lle  D iffe ren tia lab le itu n g en  die gesuch ten  
M em b ran k rä fte  ergeben:

m n
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D ie fü r  die 25 ch a ra k te ris tisch e n  P u n k te  d er e rs ten  V iertels des K o o rd in a te n ­
sy s tem s  ausg erech n eten  W erte  d ieser F u n k tio n e n  sind in  den  B ildern  8 u n d  9 
g rap h isch  d a rg este llt.

Bild  Sa. M em b ran k rä fte  nx u n d  ny  au s d e r a n tim etrisch en  R a n d b e las tu n g  H a =  1

B i ld  8b. Die M em b ran k rä fte  nx u n d  ny au s de r an tim etrisch en  R a n d b e la s tu n g  H a =  1
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B i l d  9 a . Die M em b ran sch u b k ra ft n Xy  aus d e r a n tim etrisch en  R a n d b e la s tu n g  H a =  1

10 Acta Technica Academiae Scientiarum Hungaricae 85, 1977

B i l d  9 b . Die M em b ran sch u b k ra ft n xy aus d e r an tim e trisch e n  R a n d b e la s tu n g  H  =  1
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W en d e t m an  n u n  den  b ih a rm o n isch en  O p e ra to r  fü r  F  an , e rh ä lt m an  die
F o rm

mn

A A F  = 4 Я ая
l2l y

f r mn
— X - co s-----у .
fy ly

(6 .8)

Z u r  L ösung  der V erträg lich k eits -D iffe ren tia lg le ich u n g  (5.18), die auch  die 
R an d b ed in g u n g en  (6.2) befried ig t, e rh ä lt  m an  den  A u sd ru ck

fx r-H1
a^l 2 ^  2 2  m

. , mn  —=  _ s in h - - -
fy /2 m= 1 ,3 ,5 ... A  l*

2 fJy

w =
mn

=  Wmcos~ y
m - 1,3,5... l y

;ccosh-
mn / Ä * _ _ k co th - ^ Æ e i n h — S ^ x
T ' f y  2 2 1 f y  h fy

H ie r  b ed eu te t:
mn

Mm =
H a fx Py j] 2 Ifx Px

4>Eh fy 4 1 fyfx sinh  -
' f y

(6.9)

(6.10)

S e tz t m an  (6.4) u n d  (6.9) in  (3.5) bzw . in  (3.6) ein , so e rh ä lt m an  fü r  и 
b zw . fü r  V  die fo lgenden  Z usam m en h än g e :

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



MEMBRANKRÄFTE UND MEMBRANFORMÄNDERUNGEN 367

Die F u n k tio n e n  u ^ y )  u n d  vx(x) sind  infolge d er S ym m etrie  bzw . A n tim e trie  
gleich N ull.

F ü r  die P rax is  b en ö tig en  w ir vor allem  die V ersch iebungsw erte  w =  
=  w(sj2,0), u(a, o), v(a, b).

Diese W erte  sind  in  den  B ildern  10 u n d  11 in  d er A b h än g ig k e it von  
fxlfy u n d  lxlly d a rg es te llt (v =  0,2).

Die c h a ra k te ris tisch e n  W erte  derselben s ind  au ch  in  d er T afel 2 w ieder­
gegeben.

Im  F a ll eines R o ta tio n sp a rab o lo id s  (fx =f y —f, lx =  ^  — 0  w erden  
die herge le ite ten  A b h än g ig k e iten  folgenderw eise v e re in fach t:

4Я °

^  ТП—  1,3,5

. mn 
s in -----

1 2 . - mn mn
------------------- s m n ------ X c o s ------ у  ,
m  . mn l l

s in h -----
2

(6.13)

nxy
m a

n 2

ny —  7Z -Ç 7

. mn
s in -----

1 2

m , mn 
s in h -----

2

, mn . mn  
c o s h ----- X sm  —— у ,

l l

(6.14)

(6.15)

u = u°

V = v°

H°lx
Eh
H°ly
Eh

Bild  10a. V ersch iebungen  и  =  u(a,  o), u n d  v =  v(a, b) info lge de r an tim e trisch e n  R a n d b e ­
la s tu n g  H a =  1; (tcRand =  0)
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Bild 11a. Durchbiegung w = w(a/2, 0) aus 
der antim etrischen Randbelastung  

Н а =  1; («'Rand =  ° )

Bild 11b. Durchbiegung w = w(a/2, 0) 
aus der antim etrischen R andbelastung  

Ha= 1; («!Rand=  0)
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Bild 10b. Verschiebungen и =  u(a, o) und v = v(a, b) infolge der antim etrischen R andbelas-
tung Ha =  1; (wRand=  1)
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Tafel 2a

Ha antimetrisch

f z
fy

Ix
ly

o E  h
u ~  u Ha lx

E  h
V° =  V -----------------

h «  ly
o _  E

w w H* l*X

0,2 0,2 —  17,1794 —  2,5690 —  0,0080
0,4 1,6929 —  0,7164 —  0,0000
0,6 1,3272 —  0,3733 —  0,0001
0,8 0,9142 -0 ,2 5 3 2 —  0,0002
1,0 0,6730 —  0,1976 —  0,0003

0,4 0,2 —  48,5493 —  5,0392 - 0 ,2 2 2 9
0,4 — 0,2287 -1 ,3 3 3 9 —  0,0062

0,6 0,9584 -0 ,6 4 7 7 —  0,0000
0,8 0,8009 —  0,4076 —  0,0004
1,0 0,6275 — 0,2964 —  0,0010

0,6 0,2 —  80,7745 —  7,5094 — 1,0944
0,4 —  2,1911 -1 ,9 5 1 5 —  0,0422

0,6 0,5850 -0 ,9 2 2 2 —  0,0025
0,8 0,6871 —  0,5620 —  0,0000

1,0 0,5818 -0 ,3 9 5 2 —  0,0009

0,8 0,2 —  114,3603 -9 ,9 7 9 6 —  2,9987
0,4 —  4,2270 -2 ,5 6 9 0 —  0,1329
0,6 0,2006 — 1,1967 — 0,0124

0,8 0,5714 — 0,7164 — 0,0005

1,0 0,5361 — 0,4940 — 0,0003

1,0 0,2 — 149,6567 — 12,4498 — 6,1764

0,4 — 6,3604 — 3,1866 - 0 ,2 9 5 6

0,6 — 0,1999 — 1,4711 — 0,0339
0,8 0,4519 — 0,8707 — 0,0034

1,0 0,4896 — 0,5928 — 0,0000

ív =  0 .

4H al
n2Eh (1 V) 2

m =  1 ,3 ,5 . . .  m

. mit 
s i n -----

2 mn mn
---------------c o sh ______X  c o s ------ y ,

. mn l l
s in h -----

2

(6.16)

(6.17)

s in -----
4H al 1 2 . , mn . mn
-------- ( i  +  v) > --------- — s in h --------------л; s i n ------ у
n2Eh m=i 3 5 m mn l l

s in h -----
2

(6.18)
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T afel 2Ь

Ha antimetrisch

fx
Sv

Ix
h

E  hu° =  u --------H« lx
E  hv° =  V ----------------H« ly

„ E  V* 
” Ha 4

5,0000 5,0000 0,1191 — 0,1976 — 0,0137

4,0000 0,1370 — 0,2532 — 0,0101

3,0000 0,1682 — 0,3733 — 0,0042

2,0000 0,2028 — 0,7164 — 0,0013

1,0000 —1,0167 -2 ,5 6 9 0 — 0,3421

4,0000 5,0000 0,1250 -0 ,1 7 7 9 — 0,0154

4,0000 0,1420 — 0,2223 — 0,0122

3,0000 0,1735 — 0,3184 — 0,0067

2,0000 0,2238 — 0,5928 0,0000

1,0000 — 0,5249 — 2,0750 — 0,1959

3,0000 5,0000 0,1335 — 0,1581 — 0,0264

4,0000 0,1495 — 0,1914 — 0,0139
3,0000 0,1803 — 0,2635 — 0,0094

■{. ' ■ 2,0000 0,2418 -0 ,4693 — 0,0013

1,0000 — 0,1089 -1 ,5 8 0 9 — 0,0845

2,0000 5,0000 0,1467 -0 ,1 3 8 3 — 0,0155

4,0000 0,1613 — 0,1606 — 0,0140

3,0000 0,1906 — 0,2086 — 0,0111

2,0000 0,2589 -0 ,3 4 5 8 — 0,0046

1,0000 0,2272 — 1,0869 — 0,0183

1,0000 5,0000 0,1679 — 0,1186 — 0,0099

4,0000 0,1810 — 0,1297 — 0,0094

3,0000 0,2084 -0 ,1 5 3 7 — 0,0085

2,0000 0,2799 -0 ,2 2 2 3 — 0,0060

1,0000 0,4896 — 0,5928 0,0000

7. A nw endung z u r  näherungsw eise  B erücksich tigung  der A usw irkung  
der V erdrehungs- und  se itlichen  B iegesteifigkeit der R an d träg er

7.1. Theoretische Grundlagen

W ären  die D rills te ifigke iten  (G Itx, GIty) und  die se itlich en  B iegeste ifig ­
k e ite n  (E I X, Ely)  g leich  N ull, so k ö n n te n  die R a n d trä g e r  ohne W id e rs ta n d  
d e n  d u rch  die F lä c h e n b e la s tu n g /)  hervo rgeru fenen  h o rizo n ta len  V ersch iebun­
g en  folgen, u n d  d a m it w ürde der S p an n u n g szu stan d  d e r e llip tischen  P a ra - 
bo lo idschale  im  R a h m e n  der M em b ran th eo rie  (d.h., m it  V ernach lässig u n g  der
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B iegesteifigkeit der Schale) gelöst. Die in  der e insch läg igen  S a c h lite ra tu r  
b eh an d e lten  V erfah ren  [1] se tzen  au ß e r der A nnahm e d e r u nend lichen  S te ifig ­
k e it d er R a n d trä g e r  in  ih ren  eigenen E benen  (w>Rand =  0) auch  die V e rn ach ­
lässigung  der o b en erw äh n ten  R an d trä g e rs te if ig k e ite n  v o rau s.

I n  der W irk lich k e it k ö n n en  je d o c h  die R a n d trä g e r  — infolge ih re r  end lich  
großen  D rills te ifig k e it GIt u n d  B iegesteifigkeit in  d er ho rizo n ta len  E bene  
E I  — den  ho rizo n ta len  S chalenversch iebungen  n ic h t ohne B eh inderung  folgen.

B ild  12. Gleiche h o rizon tale  V ersch iebung  de r Schale u n d  des R a n d trä g e rs  ( ir^ an(j =  0)

S e tz t m an  v o rau s, d aß  die R a n d trä g e r  gegen die in  ih ren  E b en en  a u f­
tre te n d e  B iegung  s te if  sind  (w as im  allgem einen zu tr if f t) , so k a n n  die V e rträ g ­
lich k e it zw ischen der M em branschale  u n d  den R a n d trä g e rn  d u rch  ein h o rizon ­
ta le s  A n sch lu ß k ra ftsy stem  g ew äh rle is te t w erden.

D a  die R an d v erfo rm u n g en  d er m it gleichm äßig v e r te il te n  F läch en b e la ­
s tu n g  beleg ten  Schale u n d  au ch  dieselben  der d u rch  ein  g leichm äßig  v e rte ilte s  
ho rizo n ta les  R a n d k ra f tsy s te m  b e la s te te n  Schale d u rch  F ouriersche  R eihen  
v o n  id en tisch er S tru k tu r  besch rieben  w erden  können , k a n n  m an  m it g u te r  
N äh eru n g  annehm en , d aß  das V erb in d u n g sk ra ftsy stem  d u rc h  den  gleichm äßig  
v e r te ilte n  D u rch sch n ittsw ert en tsp rech en d  c h a ra k te ris ie r t w erden  k a n n . 
D em zufolge k an n  m an  d u rch  A nw endung  der im  v o rh erg eh en d en  abgelei­
te te n  R e su lta te  ein  N äherungs v e rfa h r en zur E rm ittlu n g  d er an  den S chalen­
rä n d e rn  a u ftre te n d en  S eiten d rü ck e  au sarb e iten .

D as Z u stan d ek o m m en  d er e rw äh n ten  V erträg lich k e it is t im  B ild  12 
darg este llt.
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Die V erträg lichkeitsg leichungen  w erden  a u f  die M itte lp u n k te  (o, 6, c, d) 
d e r S ch a len ran d träg e r bezogen  aufgeschrieben , infolge dessen w ird  die V er­
trä g lic h k e it m it v o llk o m m en er G en au igke it n u r  an  diesen P u n k te n  erfü llt.

B ezeichnet m an  m it us (vs) die ho rizo n ta le  V ersch iebung des Q u ersch n itts­
sch w erp u n k tes  des d u rch  das K ra ftsy s te m  H  — 1 b e la s te te n  parabo lischen  
B o g en träg ers; m it u0 (r#) die infolge der V erd reh u n g  des R a n d trä g e rs  au f­
t re te n d e  V erschiebung des A n sch lu ß p u n k tes  P ;  u n d  m it uH (vH) die durch  
die H o rizo n ta lk rä fte  H  =  1 h e rv o rg eru fen en  S ch alenversch iebungen , so k an n  
m a n  das inhom ogene lineare  G le ichungssystem  wie fo lg t au fschre iben :

H a(u‘m -f- U%a) =  Up ufj ■ H a -)- uff • H b ufj ■ H c -f~ Uapj • H d ,

H h{vbsb +  Vf) =  v»p +  t $  • H b +  • H c +  <  • H d +  <  • H a ,

H c(ucsc +  U%c) =  uCp ufj • H c U/y • H d -f- ufj • H a -f- ufj ■ H b,

Hd(vf +  4“) = 4  + <  ■ Hä +  4? ■ на + vfjHb +  vd,jHr.,

w o d er erste bzw. zw eite von  den oberen  In d ex en  die Stelle d e r V erschiebung 
bzw . der die V ersch iebung  h e rv o rru fen d en  K ra f t  bezeichnet.

D as G leichungssystem  b ez ieh t sich der E in fach h e it h a lb e r a u f  den F all, 
w o die s tü tzen d en  R an d b o g en  in  der ho rizo n ta len  E bene  en tw ed er gelenkig 
g e s tü tz t  oder s te if  e in g esp an n t sind  (щ Ь =  uab =  . . . =  0 usw .).

Die K räfte  H  sind  positiv  im  Falle , wo sie a u f die Schale D ru ck  ausüben , 
w ä h re n d  die E in h e its- u n d  L astk o effiz ien ten  im  Sinne vom  R an d e  der Schale 
n a c h  außen  w irkend  als p o sitiv  b e tra c h te t  w erden . Die E in h e itsb e iw erte  können  
m it  H ilfe der b e k a n n te n  M ethoden  der S ta tik  ohne w eiteres e rm itte lt  w erden 
(siehe P u n k t 7.2).

Z ur B erechnung  d er d u rch  die F läch en la s t P  herv o rg eru fen en  Belas- 
tu n g sb e iw erte  w u rd en  die an  den S eiten  264 bis 266 des im  L ite ra tu rv e rze ich n is  
u n te r  [1] befind lichen  W erks v o rg e fü h rten  F ourie rschen  R eih en  m it H ilfe 
v o n  einer e lek tron ischen  R echenan lage  ausg ew erte t u n d  das E rgebn is in  den 
B ild e rn  13a bis c g rap h isch  d a rg este llt. D iese E rgebnisse sind  au ch  in der Tafel 3 
w iedergegeben.

Diese B erechnung  k a n n  im  w esen tlichen  dem  fo lgenden  Zwecke dienen. 
F ü r  gewisse F läch en trag w erk e  k o n s tru ie r t m an  v e rh ä ltn ism ä ß ig  s ta rke  R a n d ­
trä g e r , bei den die G röße des G ew ölbedrucks schon einen  w esen tlichen  W ert 
e rre ich en  kan n . D as b eh an d e lte  B erech n u n g sv erfah ren  k a n n  — w enn m an  
n äm lich  die an den  v ie r R än d e rn  se iten d ru ck fre i u n te rs tü tz te  Schale als G ru n d ­
sy s tem  an n im m t [1] auch  zu r N äh e ru n g su n te rsu ch u n g  v o n  ellip tischen 
P arab o lo id sch a len  angew en d et w erden , die an  beliebigen R än d e rn  m it a u f 
V erd reh u n g  u n d  a u f  h o rizo n ta le  B iegung ste ifen  R a n d trä g e rn  v e rb u n d en  sind. 
D ie M ethode k a n n  au ch  fü r  den F a ll herangezogen  w erd en , wo infolge des 
Z u sam m enbaus m it an d e ren  Schalen  (T onnenschale, e llip tische  P arabo lo id -
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Bild  13a. Die M em branversch iebungen  
и =  u(a.  0) u n d  V =  t>(0, 6) en tlang  des 
R an d es  de r e llip tischen  P arab o lo idschale  
ohne  S e iten d ru ck , h e rv o rg eru fen  durch  d ie 

k o n s ta n te  L as t p \  (teRan(i =  0)

B ild  13b. D ie M em branversch iebungen  
V =  u(0, b) en tlan g  des R an d es der e llip tis ­
chen  P arab o lo idschale  ohne S e iten d ru ck , 
he rv o rg eru fen  d u rch  die k o n s ta n te  B elas­

tu n g  p  =  const. (niRand =  0)

Bild  13c. M em brandurchb iegung  w =  и>(0, 0) d e r se iten d ru ck fre ien  e llip tischen  P a ra b o lo id ­
schale, he rv o rg eru fen  durch  die k o n s ta n te  B e lastu n g  p  (n>Rand =  0)

schale) die ellip tische P arabo lo idscha le  au ch  p rak tisch  versch iebungslose 
R a n d trä g e r  hat.

E s soll noch e rw ä h n t w erden, d a ß  m an  an  den  S eiten  272 bis 282 des 
W erks [1] fü r  d era rtig e  R o ta tio n sp a rab o lo id sch a len  gültige Lösungen fin d e n  
k a n n , deren  beliebige R a n d trä g e r  gegen E iegung  und  V erd rehung  unend lich  
s te if  s ind .
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T afel 3

aus konstanter Belastung P

fx
Sy ‘y

о E S *  
P 4

. E ЛА
P I *

. E f 'h
"  " " p  T*T

0,2 0,2 1,442842 — 0,123526 0,336646

0,4 0,106183 0,048646 0,024374

0,6 0,023619 0,060511 0,005616

0,8 0,006898 0,065550 0,001936

1,0 0,001298 0,071142 0,000738

0,4 0,2 4,608036 — 0,498996 0,941938

0,4 0,337049 0,012177 0,073502

0,6 0,077621 0,051388 0,019128

0,8 0,026069 0,059612 0,007953

1,0 0,009094 0,064014 0,004160

0,6 0,2 8,554988 — 0,911730 1,465292

0,4 0,622653 — 0,034327 0,119870

0,6 0,145563 0,038650 0,033219

0,8 0,051816 0,053550 0,014887

1,0 0,021277 0,059318 0,008508

0,8 0,2 12,931970 — 1,303521 1,802736

0,4 0,935116 — 0,081634 0,154225

0,6 0,219455 0,024547 0,044913

0,8 0,080155 0,046744 0,021120

1,0 0,035205 0,054560 0,012647

1,0 0,2 17,602950 — 1,654735 1,939704

0,4 1,263915 — 0,125803 0,174762

0,6 0,296279 0,010648 0,053461

0,8 0,109523 0,039801 0,026178

1,0 0,049767 0,049767 0,016215

E s e x is tie r t je d o c h  im B ezug a u f  e llip tische P arab o lo id sch a len  v o n  a ll­
gem einer G eom etrie  (Zx Ф  ly, f x f y) keine ex ak te  L ösung  w eder im  F alle  
d er R a n d trä g e r  von  end licher S te ifig k e it, noch  im  F alle  von  unend lich  ste ifen  
R a n d trä g e rn . D em n ach  schein t u ns das w ich tig ste  A nw endungsgeb ie t der 
b e h a n d e lte n  s ta tisc h e n  G rundaufgabe die N äheru n g san a ly se  d ieser le tz te re n  
P ro b lem e  zu sein.

Schließlich  m uss d a ra u f  hingew iesen w erden , daß  zu r A nalyse d er rä u m ­
lichen  S ta b ili tä t  d er R a n d trä g e r se ih st im  Falle , wo aus dem  G esich tsp u n k t 
d e r Schale der G ew ölbedruck  v e rn ach lä ss ig t w erden  k a n n  die K e n n tn is  
d e r h o rizo n ta len  A n sch lu ß k räfte  zw ischen der Schale u n d  R a n d trä g e rn  u n ­
e rläß lich  ist.
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7.2 Numerische Beispiele

U n te rsu c h e n  w ir die durch  die g eom etrischen  P a ra m e te r

lx — ly — I — 20 m ,

fx =  fy  =  f =  2,5 m , 

h =  0,08 m

d efin ie rte  u n d  m it p  =  0,3 M p/m 2 b e la s te te  ellip tische P arab o lo id sch a le  fü r  
zwei u n te rsch ied lich e  U n te rs tü tzu n g sfä lle .

7.21 Erster Fall .  Alle v ier R a n d trä g e r  de r im  B i ld  12 d a rg es te llten  Schale seien  gegen 
B iegung u n d  V erd reh u n g  unendlich  s te if (infolge d e r V erb indung  d u rc h  Z usam m enbau  m it den  
b e n a c h b a rte n  S chalen). V on der F läch en b e la stu n g  p  (siehe B ild  13, bzw . T afel 3) t r i t t  d ie  n a ch  
A ußen  g e rich te te  V ersch iebung

203 P P  1
Up =  u ap  =  vbp =  U<p =  v p =  0,0498 -25 0 08 - g  =  1992 Y  =  598 Y  [m]

a n  d en  P u n k te n  a, 6, c u n d  d  auf. Die an  einem  R a n d  d u rc h  die R an d b e las tu n g  H  — I I s +  H a —  
=  (1/2) +  (1/2) =  1, am  anderen  R a n d  d u rc h  die R a n d b e las tu n g  H  =  I I s -j- ][a =  
=  (1/2) — (1/2) =  0 hervorgeru fenen  S chalenversch iebungen  (s. B ilder 6a u n d  10 bzw. T afe ln  
1 u n d  2) sind  wie fo lg t:

»ff =  «ff =  у  Y / Щ  < - °’4054 -  ° ’4896) =  -1 1 2  -g- [m] ,

» ff  =  » f f  = .® 8  =  «ff =  Y  ■ 0,1948 £ ^ 0 8  = +  24’35 -Ж  [m] ’

“ff =  » ï ï  =  у  y *Y(Y (~0’4054 + °’4896> = + 10’53 Y  [m] ■

Die V erträg lich k e itsg le ich u n g  ist:

Щ - 112 +  2 • 24,35 +  10,53) +  598 =  0

н = ш д г = 3’1 № ] -

N ach  der e x a k te n  L ösu n g  ([1] S. 287) e rg ib t sich  ein  G ew ölbedruck

0,3 202
U ~  2 8 • 2,5

=  3 [ M p /m ] ,

d. h ., de r F eh le r unseres N äherungsverfah rens b e trä g t  3 P ro zen t.

7.22 Zweiter Fall.  D ie Schale sei an  den R ä n d e rn  a u n d  c d u rch  unen d lich  steife R a n d ­
trä g e r  u n d  a n  den  R ä n d e rn  b und  d du rch  se itlich  w eiche R a n d trä g e r u n te rs tü tz t.  Die B iege­
ste ifig k e it de r B ogen m it de r G eom etrie b0 =  0,25 m , h 0 —  0,50 m  b e trä g t

0 253
EI  =  0,5 E  =  6,51 • IO “ 4 E[Mpm?] , 

und  die V erd reh u n g sste ifig k e it

G It =  0,23 • 0,5 • 0,25%  E  =  7,49 • 10- 4E[A fpm 2] .
2(1 0 , 2)
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D er A n sch lu ß p u n k t der M itte lq u ersch n itte  der R a n d b o g en  an  der Schale w ird infolge der 
B iegung  u n d  V erd rehung  au s  de r gleichm äßig v e r te il te n  B elastung  H  =  1 u m  das M aß

u , +  Uj> =  (640000 +  4170) ~  m  =  644170 mhj jL
v erschoben .

vs +  vt  =  0 •
In fo lge  de r dop p e lten  S y m m etrie  sind

H a =  H c ,
u n d

H b = H d .

D as V erträg lichkeits-G le ichungssystem  la u te t:

H a 644170 =  598 +  H a(— 112 +  10,53) +  H b 24,35 • 2 ,

0 =  598 +  H b(— 112 +  10,53) +  H a • 24,35 • 2 ,

H a 644271 — H b 48,70 =  598 ,

— H a 48,70 +  H b 101,47 =  598 .
D ie L ösung  ist:

H a =  0,0014 [M p /m ]  .

H b =  5,893 [M p /m ]  .

D em n ach  w ird beinahe  d ie ganze L ast in  der R ic h tu n g  de r ste ifen  R ä n d e r d u rch  G ew ölbew ir 
k u n g  ge tragen .
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Membrane Forces and Membrane D eflections o f Flat Elliptic Paraboloid Shells Subjected 
to Uniform ly Distributed Horizontal Load at the Edges. An a n a ly tic  m ethod  of so lu tion  o f 
th e  m em brane  stress p a t t e r n  an d  m em brane d e flec tio n s o f f la t e llip tic  p arabo lo id  shells su b je c t­
ed  to  un iform ly  d is tr ib u te d  ho rizon tal edge lo ad  is p resen ted . T he functions describ ing  th e  
e ffec ts  o f th e  sy m m etrica l a n d  an tisy m m etrica l sy s te m  of forces ac tin g  on  th e  edges hav e  been 
w orked  o u t also in  g rap h ic  form  in order to  m ak e  easier th e  ca lcu la tio n  by  hand . I t  h a s  been 
p o in te d  ou t th a t  b y  m ak in g  use of th is basic s ta tic  p rob lem , in  th e  fram ew o rk  of th e  m em b ran e  
th e o ry  also th e  in te rn a l fo rces and  deflections o f th e  e llip tic  p a rabo lo id  shells su p p o rted  b y  edge 
b e am s, hav ing  non  neg lig ib le  flexural and  to rs io n a l stiffnesses in  th e  h o rizo n tal p lane  can  lie 
a n a ly ze d  in  an  a p p ro x im a te  way.

Мембранные усилия и мембранные деформации плоских эллиптических параболоид­
ных оболочек с равномерно распределяющейся горизонтальной краевой нагрузкой.
В работе дается аналитическое решение работы мембранных усилий и мембранных дефор­
маций плоских эллиптических параболоижных оболочек, нагруженных равномерно рас­
пределяющейся горизонтальной системой краевых усилий. Функции, — описывающие 
воздействия, вызванные системой симметрических и, соответственно, антиметрических 
усилий, работающих на противоположных краях, — обработаны также в графической 
форме, облегчающей вычисления ручным способом. В работе показано, что путем исполь­
зования данной основной статической задачи в рамках мембранной теории в приближен­
ной форме можно исследовать также внутренние усилия и деформации эллиптических 
параболоидных оболочек, обладающих краевыми балками, имеющими в горизонтальном 
направлении непренебрежимые жесткости на изгиб и, соответственно, кручение.

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



Acta Technica Academiae Scientiarum Hungaricae, Tomus 85 (3 — 4), pp. 377 — 392 (1977)

SOME PROBLEMS OF MAINS VOLTAGE REGULATION
IN L. T. NETWORKS

L. G Á D O R *

CAND. OF TECHN. SCI.

[M anuscript rece iv ed  27. A u g u st, 1976]

In  re la tiv e ly  sparsely  p o p u la ted  s e ttle m e n ts  large  vo ltag e  drops m ay  arise in  th e  
long rad ia l lines o f th e  secondary n e tw o rk . T his fa c t ju s tif ie s  vo ltage reg u la tio n . I f  a n  
ex ten d ed  sy s tem  is reg u la ted  in one p o in t,  a m u lti-s tep  o r a con tinuous reg u la to r h as 
no ad v an tag es, a tw o -step  regu la to r is co m ple te ly  sa tis fac to ry . I f  th e  feeding p o in t 
vo ltag e  varies to o , a tw o -param eter re g u la tio n  m u st be ap p lied  w ith  sim ultaneous sens­
ing of th e  c u rre n t a n d  th e  voltage. A re la tiv e ly  large  feeding p o in t vo ltage v a ria tio n  can  
be  e lim inated  o n ly  w ith  a regulator p lac ed  in  th e  feeding p o in t an d  here  m u lti-s tep  o r 
-■»ntinuous re g u la tio n  is justified.

1. In tro d u c tio n

In  electric  en e rg y  d istribu tion  sy s tem s  covering  a large area  th e  em place­
m en ts o f p ro d u c tio n  a n d  consum ption  a re  d is ta n t from  each  o ther, th e re fo re , 
th e  v a ry in g  p ro d u c tio n  and  co n su m p tio n  arise in  a com plica ted  c u rre n t 
d is trib u tio n . As a consequence of th e  v o lta g e  d rops in  th e  system , th e  v o ltag e  
changes from  place to  place.

In  o rder to  keep  th e  voltage a t  th e  p lace of co n sum ption  w ith in  p re ­
scribed lim its, v o ltage  regu la tion  m u s t be app lied . A ccord ing  to  th e  s tru c tu re  
of th e  n e tw o rk  th e  v o lta g e  regulation  h as  severa l levels: th e  g en era to r v o ltage  
itse lf  m u s t be re g u la te d , in  like m a n n e r th e  v o ltage  m u s t be reg u la ted  in  th e  
m ore im p o r ta n t ju n c tio n s  of the h ig h  an d  th e  m ed ium  vo ltage  n e tw o rk , 
and  reg u la tio n  m u st be used  m ostly  in  th e  L .T . seco n d ary  netw ork .

In  H u n g a ry  we h a v e  dealt for sev e ra l years  w ith  th e  reg u la tio n  o f th e  
L.T. consum ers’ n e tw o rk . This reg u la tio n  is especially  ju s tif ie d  in  those con­
sum er d is tric ts  w here th e  specific co n su m p tio n  p er u n it  a rea is sm all. So 
th is  is n o t valid  for th e  densily p o p u la te d  to w n  cen tres , b u t  for th e  th in ly  
b u ilt-u p  to w n  bo rders a n d  villages, w h ere  from  one feed ing  p o in t long lines 
b ran ch  o u t and  on th e se  considerable v o lta g e  drops can  arise. L e t us rem ark  
th a t  in  th e  im p ro v e m e n t of voltage co n d itio n s o f secondary  ne tw orks in  
H u n g a ry  p ioneer w ork  o f  in te rn a tio n a l s ta n d in g  has been done.

The reg u la to r is connected  to  th e  n e tw o rk  a t a single p o in t, th e re  i t  
senses an d  th ere  i t  c o n tro ls  the  sy stem . E v e n  th e o re tic a lly  i t  is im possib le 
in  an  ex ten d ed  system  to  a t ta in  perfect c o n s ta n c y  of va lues w ith  one reg u la to r, 
w here th e  reg u la ted  p a ra m e te r  is also a  fu n c tio n  o f th e  p o in t.

* L. G á d o r , A ttila  u . 111. 1012 B u d ap es t H u n g a ry .
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I f  th e  aim  is to  keep th e  v o ltag e  as c o n s ta n t as possible in  one single 
p lace , fo r one single consum er, th e n  th e  co n tin u o u s or fin e ly  s tep p ed  re g u la to r  
is th e  p e rfec t so lu tio n . T he sam e can  he  sa id  fo r such a consum er sy stem  w here 
within  th e  system  th e re  arise no co n sid e rab le  vo ltage  d ifferences, w hile th e  
sy s tem  changes its  v o ltage  as a w hole in  consequence of th e  feed ing  p o in t 
v o ltag e  f lu c tu a tio n .

B u t  th e  ta s k  o f  regu la ting  a seco n d a ry  n e tw o rk  differs from  th is , its  
a im  is to  im prove th e  vo ltage co n d itio n s o f lines w ith  a h igh vo ltag e  d ro p , to  
m o d e ra te  th e  v o ltag e  drops arising  on  u n re g u la te d  lines, i.e. to  keep th e m  
w ith in  th e  to le ran ce  lim its.

F o r  th e  so lu tio n  o f th is special p ro b lem  th e  tw o-step  re g u la to r  h as  been  
p ro p o sed  as being  th e  m ost su itab le  a n d  also th e  m ost econom ic. S u b seq u en tly  
th e  a u th o r  w ill ex am in e  w hich a re  th e  reasonab le  lim its fo r th e  use o f th is  
e x tra o rd in a r ily  sim ple and  efficien t m ean s , as opposed to  th e  co n tin u o u s and  
m u lti-s te p  reg id a to rs .

I n  o rd er to  sim plify  the  e x a m in a tio n  several s im plify ing  assu m p tio n s 
a re  in tro d u c e d , so t h a t  the  cond itions are easier to  review  w ith o u t red u c in g  
th e  v a lu e  of th e  co m p ara tiv e  s ta te m e n ts .

T he f ir s t  s im p lifica tion  is to  ta k e  th e  v o ltage  drop  as if  w ere p ro p o rtio n a l 
to  th e  len g th  co -o rd in a te  of the e x a m in e d  line. F u rth e rm o re , seco n d ary  effects 
due  to  th e  reg u la tio n  will be n eg lec ted , e.g. th a t  o f th e  lo ad  v a ry in g  in  co n ­
sequence  of th e  re g u la tio n . I t  will be le f t  o u t o f considera tion  th a t  th e  re g u la to r  
is a tra n sfo rm e r w ith  a definite tu r n s  ra tio , th ere fo re , th e  ab so lu te  v a lu e  o f  
th e  v o ltag e  is n o t in d ep en d en t of th e  v a lu e  o f th e  in p u t v o ltag e . N e ith e r  w ill 
i t  be considered  as a necessary  d e a d  zone needed  fo r re g u la tio n . As a f i r s t
s te p  th e  feed ing  p o in t voltage w ill also  be ta k e n  as being c o n s ta n t.*

2. C on tinuous reg u la tion

T he co n tin u o u s regu la to r is p laced  a t  th e  k - th  o f th e  line len g th , ta k e n  
as u n it .  N eg lec ting  secondary  effec ts  as has been m en tioned , th e  o p e ra tio n  
o f  th e  re g u la to r  does n o t change co n d itio n s on th e  line sec tion  be tw een  th e  
feed  p o in t an d  th e  regu lato r.

D ue to  th e  w ork ing  of th e  v o lta g e  reg u la tio n , peaks arise a t  th re e  p o in ts : 
a t  th e  reg u la to r  in p u t , a t th e  re g u la to r  o u tp u t  an d  a t  th e  line end  (F ig . 1). 
T h e  vo ltag e  d ev ia tio n  will be m in im u m  w hen  th e  w hole v o ltag e  d rop  o f th e  
u n re g u la te d  line is d iv ided in to  th re e  p a r ts . This de te rm ines th e  lo c a tio n  
o f  th e  re g u la to r: к  =  1/3.

I f  b is th e  v o ltag e  drop a t  th e  en d  of th e  u n reg u la ted  line a t  fu ll /load, 
th e  m ax im u m  v o ltag e  dev ia tion  o f  th e  reg u la ted  line w ill he

' - f  (1)
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T he ty p e  ra tin g  o f th e  reg u la to r  is g iven b y  th e  m ax im um  v o ltag e  rise 
occurring :

c = (2)

Fig. 1. Line voltages w ith continuous regulation

3. Tw o-step reg u la to r

C onditions of th e  tw o-step  re g u la to r  are  show n on F ig . 2. A gain  6 w ill be 
th e  m ax im u m  v o ltag e  d ev ia tion  a t  th e  end  of th e  u n reg u la ted  line, w h ich  is 
red u ced  to  /  b y  th e  opera tio n  o f th e  reg u la to r. T he re g u la to r  p laced  a t  к  w ill 
e ith e r  n o t affec t, or i t  w ill rise th e  v o ltage  b y  c.

T he re g u la to r  will n o t come in to  ac tio n  to  t h a t  lo ad  a t  w hich  th e  u n ­
reg u la ted  v o ltag e  a t  th e  end  of th e  line reaches / .  T h en  th e  reg u la to r  op era tes  
an d  rises th e  v o ltage  from  th e  level ex is tin g  a t  th e  lo ca tio n  к b y  c in  such  a w ay  
th a t  its  va lu e  dev ia tes  b y  f  from  th e  ra te d  vo ltage .

W ith  th e  lo ad  fu r th e r  increasing  th e  vo ltag e  a t  each  p o in t d rops a n d  a t  
fu ll lo ad  th e  v o ltag e  drop  f  is reached  s im u ltan eo u sly  a t  th e  in p u t a n d  a t  th e  
line end.

voltage

Acta Technica Academiae Scientiarum Hungaricae 85, 1977

Fig. 2. Line voltages w ith tw o-step regulation



380 GÁDOR, L.

F ig . 2 provides th e  follow ing re la tio n s :

f =  k b , (3)

c —  (1  +  & )/> (4)

/ +  c =  b . (5)

T hese th ree  e q u a tio n s  give th e  fo llow ing eq u a tio n  for к , w h ich  is in d e ­
p e n d e n t of th e  v o ltag e  d ro p :

k2 +  2k  — 1 =  0 , (6)
w h erefro m

к =  0,41 . (7)

Fig. 3. M ax im u m  vo ltage  d ev ia tio n  in  th e  line  as a  fu n c tio n  of load

F o r the  lo ca tio n  o f th e  tw o -step  re g u la to r , th u s  an  unequ ivoca l o p tim um  
is o b ta in ed , in d e p e n d e n tly  of th e  v alue  of th e  vo ltage  drop . T he m ax im um  
v o lta g e  dev ia tion  w ill be

/ = 0 , 4 1 6 ,  (8)

th e  ty p e  ra tin g  of th e  reg u la to r  will he d e te rm in ed  by

c = 0 , 5 9 6 .  (9)

H ence on a g iven  line, w ith  a tw o -step  reg u la to r  i t  is im possib le to  o b ta in  
a v o ltag e  dev ia tio n  sm aller th a n  41 %  o f th e  m ax im um  d rop  an d  for th is  a 
0,59 b voltage step  is req u ired . I f  a v o ltage  s tep  is chosen to  be larger, th e  s itu ­
a tio n  only d e te rio ra tes .

Fig. 3 show s th e  m ax im um  vo ltage  d ev ia tio n  as a fu n c tio n  of th e  load. 
T h e  reg u la to r o p e ra te s  a t  0,41 load , u n til  th a t  m om en t th e  ch a rac te ris tic  
o f  th e  voltage d e v ia tio n  is equal to  th a t  of th e  u n reg u la ted  line. A t th e  m o m en t 
o f  sw itch ing  over th e  opera tio n  o f th e  re g u la to r  does n o t reduce th e  ac tu a l 
v o ltag e  dev ia tion , how ever, i t  does n o t a p p ea r a t  th e  line en d  b u t  a t  th e  regu-
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la to r  o u tp u t. T hen  w ith  in c rea s in g  lo ad  th e  vo ltage  d e v ia tio n  is som ew hat 
red u ced , u n til  th e  increasing  v o lta g e  d ev ia tio n  a t  th e  re g u la to r  in p u t is b e ­
g inn ing  to  d o m ina te , fin a lly  a t  fu ll load , th e  d ev ia tion  becom es 0,41 b again .

F o r th e  sake of com parison  F ig . 3 also shows th e  m ax im u m  vo ltag e  
d ev ia tio n  arising  u n d er th e  ac tio n  o f th e  con tinuous reg u la to r . P ro p o rtio n a lly  
to  th e  load  th is  increases to  th e  m ax im u m  value of /  =  6/3. As th e  d iagram  
show s a considerab le difference ap p e a rs  a t  sm all loads, befo re  th e  tw o-step  
re g u la to r  opera tes a t  all. In  th e  ran g e  o f  la rg e r vo ltage d ev ia tio n s  w hich  in  fa c t 
p ro v id es  th e  rea l reason  fo r th e  v o ltag e  reg u la tio n , th e  d ifferences are n o t 
considerab le .

L e t us com plete  th e  co m p ariso n  b y  rem ark in g  th a t  0,33 b v o ltag e  range 
w ith  th e  con tinuous reg u la to r in s te a d  o f 0,41 b is o b ta in ed  a t  th e  price o f its  
ty p e  ra tin g  being 0,67 b as o p posed  to  0,59 b for th e  tw o -s tep  reg u la to r . N o t 
to  sp eak  o f th e  m uch m ore co m p lica ted  an d  m ore expensive  co n stru c tio n  
b y  w hich  th e  con tinuous re g u la to r  d iffers from  th e  e x tra o rd in a r ily  sim ple 
a n d  re liab le  tw o-step  reg u la to r.

4. Feed point voltage varying in  proportion to the load

To ge t a b e tte r  app ro ach  to  th e  rea l opera tin g  co n d itions, in  th e  su b ­
seq u e n t tre a tm e n t one of th e  sim p lify in g  conditions, th e  con stan ce  o f th e  v o lt­
age o f  th e  feeding p o in t is d isreg a rd ed .

T he feeding p o in t vo ltage c a n  change fo r tw o reasons a n d  in  tw o  w ays. 
B ecause of th e  vo ltage drop in  th e  tra n s fo rm e r th e  feeding p o in t vo ltage  can 
change p ro p o rtio n a lly  to  th e  lo ad  ev en  i f  th e  p rim ary  tra n s fo rm e r vo ltage  is 
c o n s ta n t. B u t p resum ab ly , th is  w ill n o t  be c o n s ta n t e ither, th e  v o ltag e  o f th e  
h ig h er o rd er n e tw o rk  also varies w ith in  ce rta in  lim its an d  th is  v o ltag e  v a r i­
a tio n  is p rac tica lly  in d ep en d en t o f  th e  load  in  th e  secondary  consum er line.

T he vo ltage  conditions o f th e  line  fo r a feeding p o in t v o ltag e  chang ing  
on ly  p ro p o rtio n a lly  to  th e  load are  show n b y  F ig . 4. The feed ing  p o in t vo ltage  
d rop  fo r a full load  is a, th a t  o f th e  line is b, th e  whole drop  is a +  b.

Fig. 4. L ine  vo ltage  d is tr ib u tio n  w ith  feed ing  p o in t vo ltag e  vary ing  p ro p o rtio n a l to  th e  load
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T he situ a tio n  is th e  sam e as i f  th e  line w ere fed  a t  a fic titio u s feeding 
p o in t  0 behind  th e  feed  p o in t b y  d o f a fix ed  vo ltag e . F o r  a lin e  of u n it len g th ,

d =  —  (10)
6

th e re fo re , th e  p ro b lem  is reduced  to  th e  problem  a lre a d y  solved, th e  earlier 
fo rm u lae  should be ap p lied  only.

F o r a feeding p o in t  vo ltage  d ep en d en t on th e  lo ad  th e  con tinuous reg u ­
la to r  m u st be p laced  in  such  a w ay  th a t  th e  d is tan ce  b e tw een  th e  fic titio u s  
feed  p o in t 0 and  th e  line  en d  should  be d iv ided  b y  th re e  a n d  th a t  th e  m ax im um  
v o ltag e  deviation  a ris in g  as a consequence o f re g u la tio n  should  be one th ird  
o f  th e  to ta l vo ltag e  d ro p  a -f- b. W ith  a tw o -step  re g u la to r  th e  s itu a tio n  is 
s im ila r, th e  d iv ision  in to  0,41 o b ta in ed  fo r th e  lo ca tio n  o f  th e  reg u la to r  m u s t 
be calcu lated  for th e  line len g th  increased  b y  d, i.e. from  th e  fic titio u s feed ing  
p o in t. In  the fo rm ulae  fo r th e  m ax im u m  voltage  d e v ia tio n  an d  for th e  vo ltag e  
rise  a -f- b takes th e  p lace  of b.

I f  e.g. a =  3 % , b =  9 % , so fo r a

co n tin u o u s
reg u la to r

tw o -step
re g u la to r

к 0 , 1 1 0 , 2 1

/% 4 4 , 9

C % 8 7 , 1

As opposed to  th e  case o f a fix ed  feed ing  p o in t vo ltage  a q u a lita tiv e  
difference is t h a t  к  is n o t c o n s ta n t, th e  o p tim u m  lo ca tio n  of th e  re g u la to r  
depends on th e  ra t io  o f  feeding p o in t vo ltage  d ro p  to  line vo ltage drop. T he 
g re a te r  the  feed ing  p o in t v o ltage  v a r ia tio n  co m p ared  to  th a t  of th e  line is, 
th e  fa rth e r  is th e  f ic ti t io u s  feeding p o in t an d  th e  b e t te r  th e  reg u la to r app roaches 
th e  real feed p o in t. F in a lly , if  fo r a con tinuous re g u la tio n  a =  0,5 b or fo r a 
tw o -step  reg u la tio n  a =  0,7 b, th e  reg u la to r  ge ts  in to  th e  feeding p o in t. 
A ssum ing th e re fo re , a feeding p o in t vo ltage  v a r ia tio n  as com pared  to  th a t  o f 
th e  line as large as s ta te d  above or even  m ore, th e  feed ing  p o in t vo ltage  itse lf  
m u s t be reg u la ted . W h a t is th e  con tinuous re g u la to r  able to  do a t  th e  feed ing  
p o in t and  w h a t can  th e  tw o-step  one do?

In  the  m o st fav o u rab le  case th e  con tin u o u s re g u la to r  can  b rin g  a b o u t 
a situ a tio n  acco rd in g  to  Fig. 5. A nd  th a t  is also th e  m ax im um  of w h a t can  be 
done w ith  a single reg u la to r . In  th is  s itu a tio n  th e  m ax im u m  voltage  d ev ia tio n  
is f  =  6/2. T he re g u la to r  is able to  com pensate  th e  feeding p o in t v o ltag e  
com pletely , w hile i t  reduces th e  line vo ltage  d e v ia tio n  to  one half. T he v o ltag e  
rise  charac teriz ing  th e  ty p e  ra tin g  o f th e  re g u la to r  is c =  a -f- 6/2.
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F o r th e  opera tion  o f  th e  tw o -step  re g u la to r  m o u n ted  in  th e  feed ing  p o in t 
th e  vo ltage  cond itions are so m ew h at m ore  com plica ted , th e y  can  he described  
on th e  base o f  F ig . 6. I f  /  is th e  m ax im u m  v o ltage  dev ia tio n  occurring  on th e  
line, th e  re g u la to r  m ust sw itch  over a t  t h a t  lo ad  cond ition , for w hich th e  v o ltag e  
drop  a t th e  line end  a t t a in s / .  A fte r sw itch ing-over, th e  vo ltage  a t  th e  re g u la to r

Fig. 5. In flu en ce  o f continuous feed in g  p o in t re g u la tio n  in  case o f feeding p o in t vo ltag e  v a ry in g
p ro p o rtio n a l to  th e  load

Fig. 6. In fluence  o f tw o-step  feed ing  p o in t re g u la tio n  in  case o f feeding p o in t vo ltage  v a ry in g
p ro p o rtio n a l to  th e  load

o u tp u t  i.e. a t  th e  beginning o f  th e  line m u s t n o t d ev ia te  from  th e  ra te d  va lu e  
b y  m ore th a n  / .  F ro m  th is

i.e.

f - +  / — c 1

c
1 -\- 2d 

J 1 +  d ( 11)

w here d =  ajb. T he  o th e r c ritic a l cond ition  is a fu ll load , w hen  a t  th e  line end  
ap p ears  th e  m ax im u m  voltage d e v ia t io n / ,  w h ich  is th e  value of th e  fu ll v o ltag e  
d rop  reduced  b y  c:

a +  b - c = f .  (12)
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In tro d u c in g  c from  (11),

f  ...(«+*»)%
J  2 +  3d 3 a +  26

an d  re -in tro d u c in g  th is  in to  (11),

c _ (1 +  d )(l  +  2d) ^ _ (a +  b)(2a +  b) ^
2 +  3d ~  3a +  2b

( 13)

(14)

16

5,9
4,5

Fig.  7. M ax im um  v o ltag e  d ev ia tio n  in th e  line , as a  fu n c tio n  of th e  load , for feeding p o in t v o lt­
age v a ry in g  p ro p o rtio n a l to  th e  load, a)  re g u la to r  in  th e  line, b) w ith  feeding p o in t re g u la tio n

L e t th e re  be e.g . a =  7 % , b =  9 % . T h en  к =  0, fu rth e rm o re  fo r a

c o n tin u o u s tw o -step
re g u la to r reg u la to r

/ % 4,5 5,9

C % 11,5 8,5

T he v o ltage  d ev ia tio n  as a fu n c tio n  of th e  load  is show n in F ig . 7 ; a) 
show s th e  f irs t ex am p le  for a line re g u la to r , b)  th e  second one fo r a feed ing  
p o in t reg u la to r , co m p arin g  con tin u o u s an d  tw o -step  reg u la tio n . T he co n tin u o u s 
re g u la tio n  is fav o u rab le  for sm all lo ad s, b u t  th e n  th e  vo ltage  d ev ia tio n  is 
w ith in  to le ran ce  lim its  anyhow . In  th e  p ro x im ity  o f th e  ra te d  load  th e re  is 
n e a r ly  no  d ifference; in  no case is i t  so large th a t  i t  could co u n te rb a lan ce  th e  
sm a lle r  ty p e  r a t in g  o f  th e  tw o -step  re g u la to r  and  its  in co m p arab ly  sim pler 
design .

5. Variation o f the feeding point voltage independent of the load

L e t us d en o te  th e  m ax im u m  va lu e  o f th e  in d ep en d en t sy m m etrica l 
feed in g  p o in t v o ltag e  dev ia tion  b y  a th e  v a ria tio n  is th erefo re  + a  — , th e  
m a x im u m  line v o ltag e  drop b y  b. F ig . 8 show s th a t  th e  vo ltag e , considering
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th e  w hole le n g th  o f the  line a n d  ev e ry  va lu e  o f th e  in d ep en d en t v a ria b le s , 
can  assum e a n y  p lace  w ithin th e  a rea  su rro u n d ed  b y  th ic k  lines.

U nder e x tre m e  operating  co n d itio n s , th e  m o st favourab le , i.e. sm a lle s t 
v o ltage  d ev ia tio n  obtainable  b y  c o n tin u o u s  reg u la tio n  is one th ird  o f th e  m a x i­

idig. 8. Possible v o lta g e  range w ith feed in g  p o in t vo ltag e  v a ry in g  in d ep en d en tly  o f th e  lo ad

Fig. 9. In fluence  o f c o n tin u o u s  line re g u la tio n  w ith  feed ing  p o in t vo ltag e  vary in g  in d ep e n d en tly
o f  th e  lo ad

m um  dev ia tio n  a -|- b o f the u n re g u la te d  line. I t s  v a lue  is f  =  a -f- kb, as i t  is 
obvious from  F ig . 9. F rom  this th e  lo ca tio n  o f th e  reg u la to r  along th e  line is

(15)
3 1 b 1

th e  m ax im um  v o lta g e  deviation is

r a +  b 
J ~  3

(16)

an d  th e  vo ltage  rise  is

с 2 0 + 6 . (17)
3

I f  a =  0, th e n  in  accordance w ith  th e  foregoing к =  1/3. As a inc reases 
in  re la tio n  to  b, th e  reg u la to r ap p ro ach es th e  feed ing  p o in t m ore an d  m o re ,
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for b — 2a th e re  is к  =  0, th e  reg u la to r gets in to  th a t  p o in t an d  th e n  th e  m a x i­
m u m  v o ltag e  d ev ia tio n  is / = 6 / 2 .

T h e  resu lts  agree w ith  those o f th e  p reced in g  p a ra ., from  th e  p o in t o f 
v iew  o f th e  con tin u o u s re g u la to r  i t  is i r re le v a n t  w heth er th e  feed ing  p o in t 
v o ltag e  v a r ia tio n  is p ro p o rtio n a l to  th e  lo a d  o r in d ep en d en t o f it.

L e t us re tu rn  to  th e  case w hen th e  re g u la to r  is p laced in  th e  line a t  som e 
d is tan ce  к from  th e  feed ing  p o in t (Fig. 10). T h e  feeding p o in t v o ltage  assum es 
som e v a lu e  ax in d e p e n d e n t o f th e  load . L e t th e  ra tio  of th e  load  be re la te d  to  
th e  fu ll lo ad  i, w hile th e  vo ltage  drop  a t  th e  line will be ib. T he re g u la to r

Fig. 10. F o r d ifferen t v o ltag e  —lo ad  pairs th e  v o ltag e  d ro p  line passes th ro u g h  th e  sam e p o in t A

fu lfils  its  ta sk , i.e. th e  vo ltag e  v a ria tio n s  a re  th e  m ost favourab le  i f  th e  re g u ­
la to r  rises th e  v o ltag e  above th e  zero line b y  h a lf  of th e  vo ltage  d rop  (1 — k)ib 
a ris in g  b eh in d  it .  B u t as th e  figure also show s, th e  s tra ig h t line ch a rac te riz in g  
th e  v o ltag e  drop  passes th ro u g h  th e  sam e p o in t A  for d iffe ren t s im u ltan eo u s 
feed ing  p o in t v o lta g e —lo ad  pairs. T herefo re , th e  reg u la to r is n o t ab le to  op era te  
sa tis fa c to rily  b y  sensing  th e  vo ltage и in  p o in t A  only. T he reg u la tin g  o rd e r 
fo r th e  v o ltage  rise c m u s t also co n ta in  in fo rm a tio n  a b o u t th e  load :

с =  и -\------(1 — k)ib , (18)
2

th e  co n d itio n  fo r its  execu tion  is th e  s im u ltan eo u s  sensing of b o th  p a ra m e te rs , 
и a n d  i.

T he re g u la to r  lo ca ted  a t  the  feed ing  p o in t w orks in  th e  sam e w ay , b u t  
log ica lly  ax rep laces и  a n d  in stead  of 1/2(1 — k)ib we have 1/2 ib, к  being  zero. 
H en ce , th e  req u ired  v o ltag e  v a ria tio n  is

cx =  ax +  . (19)
£

ax m a y  dev ia te  from  th e  zero line in  a n y  sense, so th e  o p era tio n  m ay  also be 
re g u la tin g  dow nw ards.
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L e t us p o in t o u t  one m ore th in g . In  th e  p reced ing  p a ra , th a t  s itu a tio n  
w as d e a lt w ith  w here  th e  feeding p o in t  changes its  v o ltag e  accord ing  to  th e  
load . A lth o u g h  ch an g in g  feeding p o in t  vo ltage  w as d e a lt w ith  here to o , th e  
p rob lem  could be so lved  on th e  b ase  o f  sensing one single p a ra m e te r, th e  v o l t ­
age. T he vo ltage  v a ry in g  in  d ep en d en ce  on th e  lo ad  a lread y  co n ta in s th e  
in fo rm a tio n  re la te d  to  th e  load, b u t  i f  th e  tw o  change in d ep en d en tly  o f  each  
o th e r, sensing b o th  v ariab les c a n n o t be avoided .

Fig. 11. In fluence  of th e  tw o -s tep  reg u la to r p lac ed  in  th e  line in  case o f  re la tiv e ly  sm all feed ing
p o in t v o lta g e  v a ria tio n

T he n e x t ta s k  is th e  ex am in a tio n  o f th e  in fluence o f th e  tw o-step  re g u ­
la to r  in  case of a feed in g  p o in t v o ltag e  v a ry in g  in d e p e n d e n tly  of th e  load .

I f  th e  in d e p e n d e n t v a ria tio n  a o f  th e  feeding p o in t vo ltage  is sm all, 
con d itio n s develop accord ing  to  F ig . 11. In  th e  m o st u n fav o u rab le  case a t  
th e  re g u la to r  in p u t a  vo ltag e  co rrespond ing  to  p o in t C ap p ears  w hich w ill be 
a t  th e  sam e tim e  th e  m ax im um  v o lta g e  d ev ia tion :

f  — a kb . (20)

B u t  th e  v o ltage  d e v ia tio n  a t  the  line en d  m u st n o t be la rg e r th a n  th is . I f  th e  
sam e  v o ltag e  d e v ia tio n  is p e rm itted , th e n

a + b = f + c .  (21)

T he re g u la to r  m u st s t a r t  to  opera te  a lre a d y  a t  p o in t A,  b u t  even  a t  D i t  m u s t 
n o t  rise th e  vo ltage  ab o v e  B.  This l a t t e r  cond ition  p rov ides

( l - k ) ( a + f )  +  c =  2f .  (22)
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T h e  foregoing th ree  E q s re su lt  in  th e  ra tio  к defin ing  th e  lo ca tio n  o f th e  reg u ­
la to r , th e  m ax im um  v o ltag e  d ev ia tio n  f  a n d  th e  vo ltage  rise c:

( a 2 1 1-, a
/  !  +  — +  1 -  1 +  —

\ b l ь
(23)

f  = b , (24)

c =  ( l  — k)b. (25)

Fig.  12. Influence of th e  tw o -s tep  reg u la to r p laced  in  th e  line in  case o f re la tiv e ly  large in d e­
p e n d e n t feeding p o in t v a ria tio n

I f  a — 0, these re la tio n s  n a tu ra lly  w ill give th e  earlier va lu es  fo r th e  fix ed  
feed ing  p o in t v o ltag e : к =  0, /  =  0,41 b, c =  0,59 b.

A som ew hat la rg e r in d ep en d en t v a ria tio n  will re su lt in  th e  s itu a tio n  
o f  F ig . 12. I t  differs from  th e  p reced ing  th a t  th e  s tra ig h t line passing  th ro u g h  
D  rem ains in  th e  feed ing  p o in t below  th e  m ax im um  feeding  p o in t v o ltage . 
E q s  (20) and  (21) re m a in  v a lid  w ith o u t change, b u t  (22) is rep laced  b y

w herefrom

an d

(1 — k)b +  c =  2f ,

l - ±
k =

J _ =  f_
b b

(26)

(27)

(28)
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The b o u n d a ry  o f th e  tw o  ranges is a/b =  1/3, th e  reg u la tio n  p a ra m e te rs  b e ­
longing to  th a t  ra t io  a re  from  (2 3 ) .. .  (25) an d  from  (27), (28) iden tica lly  к =  1/3 
an d  / =  c =  2/3 b. F in a lly  i f  a]b >  1, th e re  is к =  0, th e  reg u la to r gets in to  
th e  feed ing  p o in t.

R e tu rn in g  to  F ig . 12, th e  reg u la to r m u s t also op era te  a t  th e  in te rm ed ia te  
p o in t E  i f  th e  v o lta g e  an d  th e  load are  s im u ltan eo u sly  such  th a t  th e  line end  
voltage  d ev ia tio n  r e a c h e s / .  I f  u is th e  c o o rd in a te  o f p o in t E  and  i th e  re la tiv e  
load , th e  above co n d itio n  can be fo rm u la te d  as follow s:

и +  (1 — k)ib =  / .  (29)

Fig. 13. W o rk in g  ch aracte ris tic  o f re g u la to r  w ith  tw o  p a ram ete rs

Therefore, th e  re g u la to r  m u s t sense th e  v o ltag e  as well as th e  cu rren t. As an  
exam ple, F ig . 13 show s such  a w ork ing  c h a rac te ris tic .

I f  th e  re g u la to r  g e ts  in to  the  feeding p o in t, th e  s itu a tio n  is q u a lita tiv e ly  
changed . T he in p u t v o ltag e  of th e  re g u la to r  does n o t a p p e a r on th e  line, 
therefo re , from  th e  p o in t  o f  view  of vo ltage  d ev ia tio n  th e re  rem ain  tw o critica l 
places, th e  feed ing  p o in t  an d  th e  line end . T he v o ltag e  d ro p  appearing  along 
th e  line c an n o t be in flu en ced  from  th e  feed ing  p o in t, b u t  th e  feeding p o in t 
end  of th e  v o ltag e -d ro p  s tra ig h t line can be sh if te d  to  an d  fro  in  order to  p lace 
i t  sy m m etrica lly  o n to  th e  zero line. The v o ltag e  f lu c tu a tio n  2a of th e  feeding 
p o in t is ha lv ed  by  th e  tw o -s tep  regu la to r. T h is on ly  reg u la tes  in  one d irection , 
p rac tica lly  alw ays u p w a rd s , therefo re , th e  desirab le  sy m m etrica l p lacem en t 
of th e  vo ltage  d ev ia tio n s  is a tta in e d  b y  an  a p p ro p ria te  sh iftin g  of th e  zero line. 
G enerally  th is  is possib le  b y  sw itching over th e  ta p  o f th e  feed ing  tran sfo rm er.

In  case o f sy m m e try  th e  voltage d ev ia tio n  o b ta in ab le  w ith  th e  aid of th e  
tw o-step  re g u la to r  is h a l f  o f  th e  whole v a r ia tio n , / =  (a 6)/2. H ere a fin e r 
regu la tion  is ju s tif ie d , w ith  th ree  steps /  =  a/3 -)- 6/2, in  genera l w ith  n steps 
/  =  a/n 6/2, w ith  c o n tin u o u s  regu la tion , as h as  been show n e a r l i e r , /  =  6/2. 
F ig . 14 gives a general d iag ram  o f к an d  /  as a fu n c tio n  o f a/6  for dependen t
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an d  in d e p e n d e n t v a r ia tio n  of th e  feed ing  p o in t vo ltage, an d  fo r  tw o -s tep  
an d  co n tin u o u s  reg u la tio n , re spec tive ly . As has been s ta te d  th e  co n tin u o u s 
re g u la tio n  has th e  sam e line of th e  cu rv e  fo r dep en d en t an d  in d e p e n d e n t 
feed ing  p o in t vo ltage v a ria tio n .

F in a lly  le t us deal w ith  th e  case w h en  th e  W o  kinds o f th e  feed ing  p o in t 
v o ltag e  v a ria tio n s  com bine. I f  eq is th e  v o ltage  v a ria tio n  p ro p o rtio n a l to  th e  
lo ad  a n d  a2 th e  in d e p e n d e n t one, so le t th e re  be (q +  a2 =  a. T he  to ta l  v o ltag e  
v a r ia t io n  a can  be com posed in  th e  m o s t d ifferen t w ays.

Fig.  14. G eneral view  of th e  em placem en t к  o f th e  reg u la to r and  th e  m ax im u m  v o ltag e  d ev ia ­
t i o n /  accord ing  to  th e  k ind  of re g u la tio n  and  as a  fu n c tio n  of th e  load

I t  is po in ted  o u t again  th a t  from  th e  p o in t of view  o f co n tin u o u s re g u la ­
tio n  th e  origin o f th e  feeding p o in t v a ria tio n  is in d iffe ren t, d e te rm in a n t is 
th e  to ta l  v a ria tio n . W ith  tw o-step  re g u la tio n  th e  s itu a tio n  is m ore in tr ic a te , 
th e re fo re , for in fo rm a tio n  only th e  re su lts  are pub lished  here .

1. I f

^  ____ <-
“  b U  3

к  is th e  ro o t o f th e  E q .:

k2 + 2 к 1 +
2eq -j- q2

b
2íÎ Ű2

b2

L  =  к  +  Ul + f l2 ,
b b
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2. I f

3. I f

Sum m ing-up , for th e  reg u la tio n  of th e  secondary  n e tw o rk  th e  fo llow ing 
princip les can  be la id  dow n. I f  th e  vo ltage  v a r ia tio n  o f th e  secondary  n e tw o rk  
exceeds to le rance  lim its an d  th e  feeding p o in t vo ltage  is c o n s ta n t, or does n o t 
d ev ia te  from  th e  ra te d  value  m ore th a n  b y  h a lf  th e  line v o ltage  v a ria tio n , a 
tw o -step  re g u la to r  m u st be in se rted  in to  th e  line. I f  th e  feed ing  p o in t v o ltag e  
v a r ia tio n  is la rg e r th a n  th a t ,  a feed ing  p o in t reg u la to r  m u s t be used. F in a lly , 
if  th e  feed ing  p o in t vo ltage  v a r ia tio n  ap p ro x im ates  th e  line v o ltage  d rop  or 
even su rpasses i t ,  i t  is ju s tif ie d  to  ap p ly  a m u lti-s tep  feed ing  p o in t v o ltag e  
reg u la to r. I f  th e  feeding p o in t vo ltag e  v a r ia tio n  in d ep en d en t o f th e  load  is even 
only  1 —2 % ,  fo r th e  co rrec t o p era tio n  o f th e  reg u la to r  th e  c u rre n t m u s t be 
sensed, too .

W hen  rea lly  d im ension ing  th e  reg u la to r, o f course, one m u s t leave th e  
dom ain  o f th e  sim plify ing assum ptions an d  acco u n t for th e  rea l vo ltage  d is­
tr ib u tio n  o f th e  line, th e  b ran ch es, th e  dead  zone etc . B u t th e  sim plified  d is­
cussion g re a tly  clarifies th e  essen tia l re la tio n s. T he law s of free fa ll could n o t be 
ta u g h t e ith e r  in  school if  th e  a ir  fric tio n , th e  aero d y n am ical effects, th e  Coriolis 
force an d  th e  g ra v ita tio n a l anom alies w ere to  be considered.

b

к  =  0 ,

JL  =  _S_
b b

a x -j- a2

>  1 ,

a l  Г °2  •

>  1 ,
b

k =  0 ,

/  C—  =  —  =  ал 4 - a 9 .
b b
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W irtschaftliche  S pannungsregelung  von N iederspannungsnetzen , In  verh ä ltn ism äß ig  
locker besiede lten  G eb ieten  k ö n n e n  an  den  lan g en  R ad ia lle itu n g en  der N iederspannungsnetze  
g roße Spannungsabfälle  a u f tre te n ;  dies b e g rü n d e t d ie V erw endung  v o n  Spannungsreg lern . 
W enn  das räu m lich  au sg ed eh n te  S ystem  in  e inem  P u n k t  geregelt w ird , b rin g t die v ielstufige  
oder d ie ko n tin u ie rlich e  R egelung  keine V o rte ile , e in  Z w eipunk treg ler g enüg t vo llkom m en. 
W enn  au ch  die S p e isep u n k tsp an n u n g  sch w an k t, m u ß  eine zw eiparam etrige  R egelung ange­
w en d e t w erden : g leichzeitige E rfassu n g  de r S p an n u n g  u n d  des S trom es. V erhältn ism äß ig  
große  Schw ankungen  de r S p e isep u n k tsp an n u n g  k ö n n en  n u r  m it e inem  im  Speisepunk t aufge­
s te ll te n  R egler e lim in iert w e rd en ; h ier ist die V erw endung  eines m eh rs tu fig en  oder eines k o n ti­
n u ierlich en  S p annungsreg lers b eg rü n d et.

Экономичное регулирование напряж ения низковольтных сетей. В районах с отно­
сительно неплотной населенностью могут возникать значительные падения напряжения 
на длинных радиальных линия вторичной сети. Это обстоятельство обосновывает приме­
нение регуляторов напряжения. Если производить регулирование в одной точке системы, 
распространяющейся в пространстве, тогда не выгодным производить регулирование 
в несколько ступеней или ж е плавное регулирование; данную цель будет полностью 
удовлетворять регулятор с двумя позициями. Если напряжение в точке отбора энергии 
также колеблется, тогда необходимо применять двухпараметровое регулирование при 
одновременном восприятии напряжения и тока. Относительно большое колебание напря­
жения в точке отбора мощности можно устранить только с помощью регулятора, уста­
новленного в точке отбора мощности. Здесь обосновано применение многоступенчатого 
или плавного регулятора напряжения.
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A REMARK ON THE UPPER LIMIT OF THE TORSIONAL 
STIFFNESS OF PRISMATIC EARS

I. E C S E D I*

[M anuscrip t rece iv ed  10 S ep tem ber, 1976]

The p re sen t p a p e r  deals w ith  th e  to rs io n a l stiffness o f  th e  sim ply  co n sisten t reg ion  
o f rectifiab le  b o rd e r curve and w ith  th e  generalization  of a n  in eq u a lity  concerning th e  
b asic  frequency  o f a n  oscillating m e m b ra n e  ex tended  to  th e  sam e bord erin g  curve.

Sym bols

T he following sym bols are used in  th is  p a p e r:

D  s im p ly  consisten t ra n g e  in  th e  p lane  x ,  y  w ith  rectifiab le  b o rd e r curve,
9D  b o rd e r o f D ,
x , y  coord ina tes,
S to rsio n al stiffness,
Ф P ra n d tT s  stress fu n c tio n ,
A  a rea  of region D,
d A  =  d x  dy ,
f ( u  +  j v ) ,  g (x  jy )  fu n c tio n s  o f com plex v a ria b le s  ( / — 1 =  j) ,  
u ,  V  coord inates,
В  im age of region D  in  p lan e  u, v,
8В  b o rd e r o f region B ,
C a rea  o f region B ,
dC =  du dv,
A; frequency ,
(pi eigenfunction ,
Ci coefficient,
A  b asic  frequency  o f reg io n  B,

O th e r q u a n titie s  are in te rp re te d  in th e  te x t.

T he free to rsion  o f  p rism atic  b a rs  o f  hom ogeneous m a te r ia l w ith  a solid , 
c o n s ta n t cross section , as is know n, le a d s  to  th e  follow ing b o u n d a ry  v a lu e  
p ro b lem : The fu n c tio n  o f  tw o variab les Ф =  Ф(х, у ), con tin u o u s in  th e  reg ion  D 
an d  on  its  bo rder 3D,  is to  be d e te rm in e d  w hich sa tisfies in  th e  reg ion  D  
th e  p a r t ia l  d ifferen tia l eq ua tion .

Э2Ф  0 2 0

d x 2  ^  d y 2

an d  m eets a t  the  b o rd e r 3 D of the  reg io n  D  th e  hom ogeneous b o u n d a ry  co n ­
d itio n  (F ig . 1)

0 = 0 .  (2)

( 1 )

* D r. I . E c s e d i , V ászonfehérítő  u. 24, 3531-M iskolc, H u n g ary
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B y  know ing  the  fu n c tio n  Ф =  Ф(х, у),  from  th e  eq u a tio n

S  =  2 I’ <Z><L4Jd ( 3)

th e  to rsiona l stiffness S  o f th e  cross section  m a y  be ca lcu la ted . L e t th e  m u tu a l 
u n eq u iv o ca l conform  p ro jec tio n  of th e  R eg ion  D  o f th e  p lan e  x , y  upon  th e  
reg io n  В  of th e  p la n e  u, v be considered (F ig . 2).

The conform  p ro je c tio n  is defined b y  th e  functions

X  =  x(u , v )  I и =  u(x, y )

у  =  y(u,  v) \  (n =  v(x, y)
(4)

T h e  conform  p ro je c tio n  de te rm ined  b y  (4) m ig h t also be g iven  b y  th e  a n a ly tic , 
single-valued co m p lex  fu nc tion

x  +  j y  =  / ( “  +  I и +  j v  =  g(x +  j y )  I . (5)

L e t us transfo rm  th e  b o u n d a ry  value p ro b lem  defined  b y  (1) an d  (2) from  th e  
sy stem  of co o rd in a tes  x, у  in to  th e  system  o f coo rd inates u, v. The tra n s fo r ­
m a tio n  results in  th e  p a r tia l  d ifferen tia l e q u a tio n

— 2 +  ~  =  - 2 Щ и ,  v) (6)
dx2 dy2

a n d  a t the  b o rd e r В  o f  th e  region В  in  th e  hom ogeneous b o u n d a ry  co n d itio n

V> =  0 (7)
w here

y) =  xp(u, v) =  Ф[х(и, v), y(u,  v)] , (8)

fu r th e r  В  +  9 В  is th e  im age in  th e  p lan e  x, у  o f D -f- 9 D in  th e  p lane u, v, a n d
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H 2 =  H 2(u, v) =
dx

s + ( ^ '
2 (dx

’ + [ &du [ du dv l dv

2

l/'(“ + » | 2. ( 9 )

The to rs io n a l stiffness S  o f  th e  reg ion  D  of th e  p lan e  x, y  m ay  he d e te r­
m in ed  w ith  th e  a id  o f th e  fu n c tio n  y> =  ip(u, v) from  th e  equation

S  =  2 j B y)H4C (10)
w herein

dC =  dudv . (11)

T h e  solution of th e  n a tu ra l o sc illa tion  problem  of th e  e lastic  m em brane of 
hom ogeneous m a te r ia l  and  in  u n ifo rm  th ickness, e x te n d e d  to  th e  reg ion  В

v!

o f th e  p lane u, v a n d  f ix e d  a t th e  b o rd e r  dB,  m ay  be rea lized  b y  th e  d e te rm i­
n a tio n  of th e  w hole sy stem  of th e  eigenfunctions.

? »  35 • ■ •

a n d  th e  correspond ing  frequencies

Яг, A2, A3, . . . .

I t  is know n th a t  th e  fu n c tio n s rpi a n d  th e  values А/ m ig h t be o b ta in ed  b y  th e  
n o n -tr iv ia l so lu tion  o f  th e  follow ing e igenvalue problem

a t  th e  bo rder 9В

° 2<Pi

du2
+  эу ,-

dv2
+  А,У,- — 0 ,

<Pi =  0 .

( 12)

(13)

W e know  fu r th e r  th a t  th e  eigen functions are o rth o g o n a l, [3], an d  in  
th e  p re se n t paper i t  c a n  be assum ed  th a t  th e y  are also n o rm a te d , i.e., 14

(14)
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T he frequencies c o n s titu te  a n on -decreasing  sequence w ith  p o sitiv e  te rm s, i.e .,

o <  < ; A2 < ; A3 < ; . . . . (15)

T he freq u en cy  is called  th e  basic  freq u en cy  of th e  reg ion  В  a n d  is designated  
b y  Л,  i.e .,

Х1 = Л .  (16)

O ne tr ie s  to  produce th e  so lu tio n  for th e  b o u n d a ry  va lu e  p roblem  defined  
b y  (6), (7) in the  form

4  =  2 % ^ '  (17)
1 =  1 ' - i

T his fu n c tio n  satisfies th e  b o u n d a ry  cond ition  (7) a t  a n y  v a lu es  of th e  coeffi­
c ien ts  с,- (r =  1 , 2 , . .  .). H ow ever, i t  sa tisfies th e  p a r tia l d iffe ren tia l eq u a tio n  
th e n  an d  only th e n  (as i t  m a y  be p ro v ed  b y  d irec t su b s titu tio n ) , if

2 с м = 2 Щ .  (18)
i=i

M ultip lica tio n  of (18) w ith  q>j, an d  in te g ra tio n  as well as th e  ap p lica tion  o f 
th e  a ssum ption  (14) y ields

C, =  2 j g 'plH 4 C .  (19)

R ep lac in g  (17) in to  (10), an d  reversing  th e  o rder of th e  in te g ra tio n  and ad d itio n , 
ta k in g  (19) in to  acco u n t, th e  e q u a tio n

S (20)

m a y  be deduced. B y  m ak in g  use of th e  in eq u a lity  (15) as well as B essel’s 
in e q u a lity

2 ' Cf < ,4  Г НЧС  (21)
1 =  1 J b

[3], from  (20) we o b ta in  fo r th e  to rs io n a l stiffness

In tro d u c in g  th e  v a riab le

4 [ НЧС

Л2
( 22)

(23)

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



AIR CIRCULATION IN BUILDINGS BY THE FLOW IN 
NETWORKS METHOD

B y

A . Z ö l d

D e p a r tm e n t of H e a tin g  a n d  V en tila ting  I I ,  I n s t i tu te  o f B uild ing  C o n stru c tio n s an d  E q u ip m e n t

Technical U n iv e rs ity , B u d ap est

Received: J a n u a r y  2 5 th , 1977 

P re sen ted  by P ro f. D r. L. GX b o k , D irecto r

In tro d u c tio n

Changes in  b o th  th e  num erical v a lu e s  an d  p ro p o rtio n s o f  bu ild in g  p a ra m ­
e te rs  m ade w ith  u p - to -d a te  co n s tru c tio n  m ethods an d  s tru c tu re s  con tro lling  
th e  energy  tra n s fe r  fu n d am en ta lly  a l te re d  th e  re spec tive  ro le o f doors an d  
w indow s, responsible fo r  m ost of th e  en e rg y  tra n sfe r  o f th e  bu ild ings.

E n erg y  exchange m ay  have d iffe re n t form s b o th  in  w in te r  and  in  su m m er 
such  as h ea t tra n s fe r  b y  tran sm issio n , th e rm a l exchange b y  ra d ia tio n , an d  
a ir in f iltra tio n . T ran sm issio n  and ra d ia t io n  h e a t tra n sfe r  d ep en d  on th e  p ro p ­
ertie s  o f  th e  s tru c tu re  o f  doors and w ind o w s, h u t  in f iltra tio n  depends on fe a ­
tu re s  o f  th e  en tire b u ild in g  as a co h e ren t, hom ogeneous ae ro d y n am ic  s tru c tu re , 
hence i t  is more d iff ic u lt to  com pute. T h e  follow ing w ill be a sh o rt descrip tion  
o f th e  m eth o d  of c o m p u tin g  the  in f i l t r a t io n  ra te  of a ir, an d  th e  conclusions 
d raw n  therefrom .

In f iltra tio n  a ir  c ircu la tio n  is d u e  to  th e  com bined effect o f th ree  fac to rs  
such  as:

—  p ressu re  d ifference due to  w ind (b e tw een  w indw ard  an d  leew ard  sides),
—  s ta c k  effect,
—  au x ilia ry  m ech an ica l v en tila tio n .

T h e  w ind effect, s to ch as tic  in c h a ra c te r , is o f d iffe ren t ra te  fo r room s w ith  
s im ila r topological re la tio n , because o f  o r ie n ta tio n .

Also th e  s tack  e ffec t varies s to c h a s tic a lly . P robab le  d u ra tio n s  of various 
o u td o o r te m p e ra tu re  in te rv a ls  are k n o w n .

S ta c k  effect a n d  w in d  are in a w e a k  co rre la tion . A u x ilia ry  m echan ical 
v e n tila tio n  has a th e o re tic a lly  regu lar effec t.

A ccordingly ,
—  in f iltra tio n  a ir  c ircu la tio n  depends on  severa l p a ra m e te rs ;
—  in  th e  h ea ting  seaso n , in f iltra tio n  a ir  c ircu la tion  undergoes com plex

v a r ia tio n  due to  p rac tica lly  in d e p e n d e n t fac to rs;
—  in f iltra tio n  a ir c ircu la tio n  changes d iffe ren tly  in  d iffe ren t room s, and  on

d iffe ren t sto reys.
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A  sm alle r p a r t o f tra n sm iss io n  h e a t loss o f room s w ith  p o o r in su la tio n  o r w ith  
g re a t cooling surfaces re su lts  from  in f iltra tio n  h e a t tra n s fe r , th u s  — in  sp ite  
o f  an  im p o rta n t h e a t flow  by  ab so lu te  v a lu e  —  in f i l t ra t io n  h e a t tra n s fe r  
v a r ia tio n  involves m in o r design and  co n tro l p rob lem s. In  case o f well in su la ted  
b u ild in g s, how ever, in f il tra tio n  h e a t tra n s fe r  is h igh  co m p ared  to  th e  t r a n s ­
m ission  h ea t loss, s tre ss in g  design, co n tro l p roblem s re la te d  to  its  v a ria tio n . 
U n d e r no-w ind co n d itio n s, th e  in f il tra tio n  h e a t tra n s fe r  o f several room s in  
th e  te s t  buildings w as as h igh  as 80 to  100%  o f th e  tra n sm iss io n  h ea t loss ! In  
g en era l, h ea t tra n s fe r  in  liv ing  room s is a b o u t 50%  o f th e  transm issio n  h ea t

Legend to f ig u res

H i in fil tra tio n  h e a t loss
H tr tran sm iss io n  h e a t loss
n  s to rey  n u m b er
i0 ou td o o r te m p e ra tu re
t0 ou td o o r m ean  te m p e ra tu re
w  w ind v e lo c ity
Wd design w ind  veloc ity

loss. A bout th is  v a lu e , th e re  is o f course an  im p o r ta n t  s c a tte r  accord ing  to  
b o th  build ing  ty p e s  a n d  s to rey  n u m b ers . In  low -rise houses, f la ts  on each  
s to re y  receive o u te r  a ir , a phenom enon  also co nnec ted  w ith  th e  ex h au st v e n ­
ti la t io n  in  k itch en s, to ile ts  and  b a th ro o m s. F o r g re a te r  s to re y  num bers, s ta c k  
e ffec t overrules e x h a u s t v en tila tio n  to  a degree t h a t  f la ts  on u p p er s to rey s 
receive  air from  th e  sta ircase , as seen from  d iag ram s m ade a t  an  o u td o o r 
te m p e ra tu re  t0 =  — 15° C and  calm  (Figs 1, 2). In  fo u r-s to rey  houses th e re  
is on ly  flow  in ; f la ts  in  ten -s to rey  bu ild ings are lik e ly  to  receive s ta ircase  a ir  
fro m  th e  e igh th  o r n in th  sto rey  u p w ard s , while in  s ix teen -s to rey  b u ild in g s , 
“ re g u la r” d ev e lo p m en t of th e  n e u tra l p lane  is seen.

Beside e x h a u s t v en tila tio n , d ev e lo p m en t of a n e u tra l  p lane is also m u ch  
a ffec ted  by  th e  q u a li ty  of doors an d  w indow s. B e tte r  doors an d  window s ra ise  
o r  cancel a t  all th e  n e u tra l  zone: g rav ity -in d u c e d  a ir  c ircu la tio n  is less, a t  a 
f ix e d  exhaust a ir  vo lum e.
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The flow  p a t te rn  m uch depends also on th e  n u m b er o f f la ts  on each  
s to rey . N am ely , ev e ry  f la t con ta ins k itch en , b a th , to ile t, hence, w ith  m a n y  
single-room  or one-and -a-half-room  f la ts  on a s to rey , th e re  is a b ig  e x h a u s t 
a ir  vo lum e, o ffse ttin g  th e  stack  effect.

The less th e  b u ild in g  d e p th  an d  th e  m ore a r tic u la te d  th e  ground  p la n  
ou tlin es , th e  m ore  th e  w ind influences th e  in filtra tio n  h e a t tra n sfe r . C om paring  
th e  m odel bu ild in g s i t  can  be s ta te d  t h a t  th e  w ind effect w as reac ted  on th e  
m o st sensitive ly  b y  th e  bu ild ing  w ith  a l i ttle  d e p th  an d  vice versa . O th e r

H-, /H tr

Fig. 2

cond itions being e q u a l, th e  in filtra tio n  h e a t tra n s fe r  of th e  fo rm er changed  
th re e  tim es as m u ch  u p o n  w ind effect as t h a t  o f th e  la t te r .  G round  p lans w here 
sta ircases  jo in  long  corridors each s to rey  w ith  w indow s in  d iffe ren t façades 
a re  u n fav o u rab le . A lso a rtic u la te d  g ro u n d  p lans w orsen se n s itiv ity  to  w ind  
o f in f iltra tio n  h e a t  tra n s fe r  of som e u n fa v o u ra b ly  o rien ted  room s as show n 
b y  severa l exam ples. O f course, se n s itiv ity  to  w ind  depends on th e  s to re y  
n u m b e r, on th e  w in d  v e lo c ity  and  on th e  sh ie ld ing  of low er sto reys.

B e tte r  doors an d  windows m uch  red u ce  sen s itiv ity  to  w ind. This is o f 
im p o rtan ce  n o t o n ly  b y  reducing  h e a t d em an d  in  w indy  w h ea te r  b u t  also 
because of th e  po o r co rre la tio n  betw een  w ind  an d  o u td o o r te m p e ra tu re , c o n tr ib ­
u tin g  to  ease re g u la tio n  d ifficulties an d  to  reduce  o v erh ea tin g  due to  reg u la ­
tio n  deficiencies.

Serious re g u la tio n  difficulties are  due  to  th e  v a ria tio n  o f in f iltra tio n  h e a t 
tra n s fe r  as a fu n c tio n  o f  ou td o o r te m p e ra tu re . B o th  s tack  effect an d  v a r ia tio n  
o f  te m p e ra tu re  d ifference  can be considered  as lin ea r b u t  th e  law  o f res is tan ce  
is o f  a ch a ra c te r  to  cause  th e  a ir m ass flow  to  v a ry  ex p o n en tia lly . C om pu ta tions 
show  th e  in f il tra tio n  h e a t tra n sfe r  to  decrease as an  average w ith  increasing  
o u td o o r te m p e ra tu re , an d  th e  d iagram  to  be o f s teep er a scen t, th e  n e u tra l
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T h u s , a frequency-based  design reduces th e  m ag n itu d e  an d  d u ra tio n  of indoor 
te m p e ra tu re  differences be tw een  s to rey s. E conom ically  o p e ra tin g  h ea ting  
sy s te m s  can only be designed  b y  s ta r tin g  from  th e  freq u en cy  o f  ou tside  condi­
t io n s :  rep lacing  “ p e rfo rm an ce-cen tric”  b y  “ o p e ra tio n -cen tric”  app roach . H e a t­
in g  a n d  v en tila tin g  sy s tem  of a dw elling house is no bridge to  be  designed against 
co llapse  a t  high sa fe ty  fo r  ex trem e  cases b u t  a m ach in ery  ex p ec ted  to  opera te  
a t  i ts  op tim um  u n d e r u su a l cond itions, p e rm itte d  to  b eh av e  poorer u n d er 
e x tre m e  conditions of in fre q u e n t occurrence.

In filtra tio n  h e a t t ra n s fe r  of g round  floor and  low er-s to rey  room s has its  
m ax im u m  a t th e  low est o u td o o r te m p e ra tu re . The ex p ec ted  m in im um  of o u t­
d o o r tem p era tu re  (“ design  te m p e ra tu re ” ) occurs for a v e ry  sh o rt tim e  conclud­
in g  cooling periods, cau sed  b y  w ea th e rin g  processes accom pan ied  norm ally  b y  
w in d . W ind velocities a re  h igh  a t  th e  b eg inn ing  of cooling p e riods to  g radually  d e ­
c rease . By th e  end  o f cooling  periods —  a t  ou td o o r te m p e ra tu re  m in im a — w ind  
velocities are as low  as 2 m /s or even below . T hus, in f il tra tio n  a ir c ircu la tion  is 
d u e  p rim arily  to  s ta c k  effect and  accessory  v en tila tio n . E v e n  fo r sing le-storey  
bu ild in g s, how ever, w in d w ard  an d  leew ard  sides h av e  to  be d istingu ished . 
N am e ly  on th e  w in d w ard  side, m ax im um  in f iltra tio n  h e a t tra n sfe r  p e rta in s  
o f  course to  th e  design  w ind  velocity  fo r th e  expected  te m p e ra tu re  m in im um , 
b u t  on the  leew ard side m ostly  to  th e  calm .

In  occurrence o f  th e  expected  te m p e ra tu re  m in im u m  and  calm , th e  
so-called  n eu tra l p lan e  m ay  develop as a fu nc tion  o f s to re y  nu m b er, n u m b er 
o f  f la ts  on a s to rey , a n d  o f g round  p lane  fea tu res of th e  b u ild ing . In  th is  con-

Fig. 4. L eew ard  side
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d itio n , th e  sto reys in  an d  n ea r th e  n e u tra l  p lane have  a low  in filtra tio n  h e a t  
tra n sfe r . E v en , if  no n e u tra l  p lane  develops, in f iltra tio n  h e a t tran sfe r m ay  be 
d is tr ib u te d  am ong s to rey s so as to  be low  in  th e  to p . V a riab ility  of th e  in f i l t ra ­
tio n  h e a t t ra n s fe r  accord ing  to  s to rey s is seen b y  th e  slope o f  lines in  th e  d ia ­
gram .

W ith  v a ry in g  o u td o o r te m p e ra tu re  also th e  cu rve  slope varies to  a 
degree depend ing  on th e  effect o f accessory  v en tila tio n , sh ifting  th e  n e u tra l  
p lane u p w ard s. (E ven , i f  no n e u tra l  p lan e  develops w ith in  th e  bu ild ing  h e ig h t,

n

th e  phenom enon  can  be im ag ined  b y  s ta r t in g  from  a p o in t in  th e  curve o f zero 
a ir m ass flow .) Id e n ti ty  be tw een  o u td o o r and  indoor te m p e ra tu re  resu lts  in  
a v e rtic a l s tra ig h t- lin e  d iag ram .

A ccord ing  to  th e  preced ings, in f il tra tio n  air m ass flow s v a ry  so th a t  
room s in  or n e a r  th e  n e u tra l  p lane for, e.g. t0 =  — 15° C get below  i t  for h igher 
ou td o o r te m p e ra tu re s . T h ereb y  changed  pressure cond itions in tensify  and  
m aybe d eflec t in f iltra tio n  a ir  c ircu la tio n s. (F o r exam ple, a t  a low er o u td o o r 
te m p e ra tu re , a ir  gets from  th e  s ta irca se  in to  th e  room , w indow s ex h ib it 
ex filtra tio n , h ig h er o u td o o r te m p e ra tu re s  g enera te  in f iltra tio n  th ro u g h  w in­
dows an d  cause a ir to  leave  th ro u g h  th e  v e n tila tio n  system .) In  a given case, 
a ir c ircu la tio n  m ay  grow  fa s te r  th a n  th e rm a l difference (i;- —  ta) decreases, 
hence in f iltra tio n  h e a t t ra n s fe r  w ill grow  fo r increasing  o u td o o r tem p era tu res . 
O f course, th is  is n o t t ru e  fo r th e  e n tire  range  o f i; —  ta d u rin g  th e  h ea tin g  
season b u t  on ly  fo r a g iven in te rv a l.
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— th e  less f la ts  th e re  are  on  a s to rey ,
— the  poorer th e  doors an d  w indow s.

For a room  m u ch  below  th e  n e u tra l p lane (i.e. in  th e  low er storeys, i f  a 
n e u tra l p lane develops w ith in  th e  bu ild ing  h e ig h t a t  to-mini else in  an y  s to rey)

—  in f iltra tio n  h e a t tra n s fe r  has its  m ax im um  a t  ta mjn an d  th is  a t  w ind on 
th e  w indw ard  side, an d  m o stly  a t  calm  on th e  leew ard  side.

Fig. 10. W indw ard  side

F ig . 11. W indw ard  side



A IR  CIRCULATION Gl

F ig. 13. R oom  n o t  connected  to  e n tran ce  hall. W in d w ard  side

F o r a room  in or o v er th e  n e u tra l  p lane  a t  („.min 
—  in filtra tio n  h e a t tra n s fe r  has its  m ax im um

o j  on th e  w indw ard  side a t  o r a t  an  o u td o o r te m p e ra tu re  n ea r th e
average;

b) on th e  leew ard  side n e a r th e  average  o u td o o r te m p e ra tu re .

Fig. 12. L eew ard  side
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B ) f s  4 ~ d p  h p

f s <  h p  

h j  >  h p  

f s  +  d p  >  h j

(V I I I ')

or
f s  “ 1 d p  >  h p

f s > h p

f s  <  h j

f s  +  d p >  h j

(V III" )

B . l ) f s - 1 4* d p  <  h p

I f hL > f s +  d p  h p  t h e n

k p - f s  +  d p - h j  '  \

(V III /1 )

B . 2 ) f s - 1 +  d p ^ > h p

I f
к, ^  d ,  .

—  ----------- --------- , th e n  J <  p  ■
k p  f s +  d p - h j  ^  J

(V III /2 )

C) f s  4  d p  >  h p  

f s  >  h p

f s  >  h j

( IX )

C . l ) f s - 1 4-  d p  <  h p

I f kL > f s + d P h p  '  t h e n

h p  d p

(IX /1 )

C . 2 ) f s - 1 4-  d p >  h p

I f
k j  ^  d ,

—-  >  —  , th e n  l <. p .
k p ~  d p

(IX /2 )

I f  in  cases (V II), (V II I )  or (IX ) th e  c r ite r ia  у —< /> o f p o in ts  A ) , B )  an d  C)  a re  
sa tisfied , th a t  is to  sa y : i f  th e ir jo in t  p e n a lty  is low er in  case of a y , p  o rd e r, 
th e n  jo b  p  is schedu led  as the  job  im m e d ia te ly  fo llow ing jo b  y, i.e. w ith  th e  n e x t  
sequence nu m b er, in  th e  table. ( I t  is adv isab le  to  keep  th is  o rder of th e  jo b s  
even i f  th e  co n d itio n  on kjlkp is sa tis f ied  w ith  e q u a lity , i.e. w hen th e  to ta l  
p e n a lty  o f th e  tw o  jo b s  is in d ep en d en t o f th e ir  o rd e r in  th e  sequence.)

A fte r th is  R u le  5 is applied aga in .
I f  on th e  o th e r  h and  — th e  c rite r io n  fo r th e  o rd e r y, p  is n o t sa tis fied , 

th e n  jo b  p  is sch ed u led  preceding jo b  y, an d  gets th e  sequence n u m b er s in  
th e  ta b le , while jo b  j  gets sequence n u m b e r  s +  1.
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F o r th e  jo b  w ith  in d ex  s — 1 an d  jo b  p ,  R ule 7 is app lied  again  an d  we 
r e tu r n  to  R ule 5 on ly  in  th e  case w hen  jo b  p  does no t precede an y  o th e r jo b .

D) f s +  dp ^> hp

f s <  hp
hj >  hp 
fs  +  dp <  hj 

or
fs  “b dp hp 
fs >  hp
fs <  hj 
fs +  dp<,  hj

In  th is  case th e  co rrec t o rder is p , j ,  since now

Sj =  hj f s ^ .  dp ,
w h ere

f s = f s - 1 +  dj ,

a n d  th is  co rresponds to  case (IV ), on ly  th e  f lo a t, gj has n o t been  reg is te red . 
J o b  p  comes in to  th e  place o f jo b  j

f s — fs-1  +  dp

a n d  jo b  j  gets sequence n u m b er s —(— 1

fs+1 — fs  — dj .

T h e n  R ule 7 is ap p lied  again  for jo b  p.
I t  can be seen th a t  in  o rder to  sequence  a w ork o p tim ally , th e  ap p lica tio n  

o f  R u le  7 m u st be rep e a te d  every  tim e , w hen  a job  gets new  sequence n u m b er, 
a n d  even th e n  can  on ly  be perfo rm ed  w ith  pen a lty .

I f  a t  th e  b eg inn ing  of th e  sequencing  (f 0 =  0) case ( I I )  held  for jo b  p ,  
th e n  jo b  p  gets in to  th e  f irs t  place o f th e  sequence,

(X ')

(X ")

Si =  P a n d  / j  =  dp.

Rule  8: i f  all deadlines a fte r  th e  sequence n u m b er s can  be sa tisfied , 
t h a t  is

h , > f s +  2  <
e = s + 1

Acta Technica Academiae Scientiarum Hungaricae 85, 1977
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(for ev e ry  fu r th e r  i, w here e =  s - ) ~ L s +  2 , . . . , i  d eno tes th e  o rder acco rd in g  
to  th e  dead lines), th e n  th e  fu r th e r  o rd e r o f th e  jo b s is g iven by  th e  dead lines.

The tree of situations showing how to decide the criterion of 
sequence in case (II)

Fig. 1

T he follow ing, heuristic  p rincip les o f o p tim iza tio n  are  easy  to  ex p la in  
and  can  be realized  if  we follow th e  above described  ru les:

1. a jo b  w ith  low er p en a lty  p er tim e  u n it  can  only  precede a jo b  w ith  
h igher p e n a lty  p er tim e  u n it without further investigation, if  i t  does n o t en d an g e r 
the  p o ssib ility  o f fu lfilm en t of the  la t te r  b y  its  deadline,

2. if  n e ith e r  o f tw o neighbouring  jo b s can  be fu lfilled  by  its  d ead lin e , 
th en  th e  decreasing  o rd er of th e ir  p e n a lty  p e r tim e  u n it  is th e  co rrect o rd e r.

2.3. Heuristic solution o f  the numerical example

L e t us re tu rn  to  ou r num erical exam ple  g iven in  T ab le  4, w hich req u ire s  
th e  sequencing  of 6 jo b s . The order accord ing  to  th e  dead lines: 1, 2, 3, 4, 5, 6. 
The o rd er accord ing  to  th e  pena lties: 5, 1, 2, 3, 4, 6.

L e t us ap p ro x im a te  th e  op tim a l so lu tion  w ith  o u r sequencing ru les .
S tep  1: th e  cond itio n  of R u le  2 is n o t sa tisfied , because here  each d ead line  

is sh o rte r  th a n  th e  to ta l  tim e-span .
S tep  2 : th e  cond itio n  of R ule 3 is n o t sa tisfied  for every  i e ith e r (it is n o t  

sa tisfied  a lread y  fo r th e  jo b  w ith  th e  sh o rte s t dead line, jo b  1), therefo re  th e  
schedule — for th e  w hole problem  is n o t g iven by  th e  deadlines. L e t us 
p rep are  th e  ta b le  o f  sequence an d  ap p ly  R ule 5.
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S tep  3: /о  =  0; p  — 5; h5 =  13, d 5 =  2

d 5 < h 5 (I)

g 5 =  13 -  2 =  11

A p p ly  R ule 6 .

S tep  4: / 0 =  0; г =  1; Л4 =  2, d l — 5

К  <  h5 a n d  g s >  d4 (IV ) 1 < 5

W e in tro d u c e  jo b  1 in to  th e  tab le  w ith  sequence n u m b er s =  1 an d  f ,  =  5,
g s =  И  5 =  6.

R ule  6  is app lied  fu r th e r .

S tep  5: / i  — 5, j  — 1; p  =  5; r  =  2; h2 =  4, d2 =  4

h2 <  an d  gs >  d2 — (IV ) 2  -< 5

J o b  2 is schedu led  w ith  sequence n u m b e r s =  2 (f2 =  9) an d  =  6 — 4 =  2. 
T h e n  R ule 7 is app lied  fo r jo b  2.

S tep  6 : / i  =  5, j  =  1, p  =  2, h2 =  4, d2 =  4

/1  +  ^ 2 ^  ^ 2’ /1  *̂2» /1  ^ 1» /0  "H d2 =  h., —1► (IX /2)

Zq = 5 ,  k2 =  4, fejlcg - d4/d2

th e re fo re  th e  o rder o f jo b s 1 and  2  does n o t m a tte r , b u t  — accord ing  to  ou r 
ag re e m e n t we schedule th em  in th e  o rd e r j ,  p  th a t  is 1 , 2 .

Since th e re  is s till f lo a t (gl =  2), R u le  6  is app lied  fu rth e r .

S tep  7: / 2 — 9, j  =  2, p  =  5, r  =  3, A3 =  8 , d 3 =  3

Лэ <  hs an d  gs <  d3 -*  (V) 5 -< 3

So jo b  3 is scheduled  w ith  sequence n u m b e r  s =  3 ( / 3 =  11), an d  th e n  R ule 7. 
is ap p lied  fo r jo b  3.

S tep  8 : /3  =  11, j  =  5, p  =  3, h3 =  8. d3 =  3

/3  4" ^3 ^Э’ / з  ^  ^3’ /3  'v  ^ 5

/3  +  /2  +  *3 >  Лз -  (V III/2 )

k 5 = 7 ,  =  2, k-Jk3 >  d-Jf3 +  d3 — h-0 5 <  3.

H en ce  jo b  3 is scheduled  w ith  sequence n u m b er s =  4 ( / 4 =  14), an d  th e n  
R u le  5 is app lied .

S tep  9: /4  =  14, j  =  3, p =  4, /1 , =  12, d 4 =  5. 

f i - i - d i ^ > h i ~t- (II)

A p p ly  R ule 7.
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S tep  10: / 4 +  d 4 >  A„, / 4 >  A4, / 4 >  A3.

/ з  +  d 4 >  A4 -+ (IX /2 )

k 3 =  2, ft4 =  1

fc3/fc4 >  d3[di hence 3 -< 4.

Jo b  is schedu led  w ith  sequence n u m b e r s =  5 ( / 5 =  19) a n d  R ule 5 is ap p lied  
again .

S tep  1 1 :/ 6 =  19, 7  =  4, p  =  6, A6 =  17, de =  7.

/5  +  >  ^6 (H )
A p p ly  R ule 7.

S tep  12: f .  +  de >  Ae, / 5 >  A6, / 5 >  A4 

Л  +  A6 >  A6 ^  (IX /2 )

A4 =  1, A6 =  1, k j k 6 >  d 4/de hence 4 -< 6.

J o b  6 is scheduled  w ith  sequence n u m b e r s =  6 ( f6 =  26) a n d  R ule 5 is ap p lied  
again .

S tep  13: no m ore jobs.

T he o p tim al sequence accord ing  to  our h eu ris tic  rules:

1, 2, 5, 3, 4, 6

a n d  th e  p e n a lty  belong ing  to  th is  schedu le: Q =  63.

F ig u re  2 show s th e  schedule d e te rm in ed  w ith  th e  help o f o u r heuristic  ru les . 
T he d e lay  of th e  job s can also be seen.

T his exam ple has served  ou r p u rp o se  to  show th a t  i t  is n o t alw ays a n d  
n o t u n c o n d itio n a lly  m ost p ra c tic a l to  solve a problem  o f op era tio n s re sea rch  
w ith  th e  ex ac t m ethods o f m a th e m a tic a l p rogram m ing . A t th e  sam e tim e  i t

Table 5

Table o f  sequence

Sequence
number

w

Number of 
job
(9

f t hi Penalty

l 1 5 2 15

2 2 9 4 20

3 5 11 13 —

4 3 14 8 12

5 4 19 12 7
6 6 26 17 9

63
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m u st n o t  be fo rg o tten  t h a t  we have n o t p ro v ed  th e  su ffic iency  of our h eu ­
ris tic  ru les and  th e re fo re  we canno t ex c lu d e  th e  p o ssib ility  th a t  th e y  can  
be im p ro v ed . (As i t  h a p p e n s , th e  rules p re se n te d  here developed  o u t o f  an  
ea rlie r version  [4].)

In  th e  p resen t case coun ter-exam ples can  be given o f e ith e r  R ule 4 or 
R u le  4* is applied  to  d e te rm in e  th e  p r io r ity . In  ce rta in  exam ples th e  tw o 
p rio ritie s  o f considera tion  re su lt in  d iffe ren t sequences. T herefo re , i t  is p rac tica l 
to  perfo rm  th e  p lan n in g  o f  th e  sequence w ith  b o th  p rio ritie s  sep a ra te ly  an d  
to  accep t th e  b e tte r  so lu tio n . In  th e  exam ples s tud ied  so fa r one of these  tw o

Diagram of schedule

so lu tio n s was alw ays th e  op tim a l one, b u t  we can n o t c la im  y e t  th a t  no c o u n te r­
ex am p le  exists. I t  is n o t  im possible how ever, th a t  —  analyzing  th e  in n e r 
connections of th e  p ro b lem  fu rth e r an d  im p ro v in g  th e  p rocedure  — th e  necessity  
a n d  sufficiency o f h eu ris tic  rules deve loped  a fte r  th o ro u g h  analysis an d  
in v es tig a tio n s  can  be p roved  logically . B u t th e n  th e  heuristic  a lg o rith m  
becom es ex ac t a lg o rith m .

U n til th e n  no  m ore  can be said  a b o u t th e  so lu tio n  achieved th a t  i t  is 
a  good ap p ro x im a tio n  o f th e  o p tim u m . H ow  good th e  ap p ro x im atio n  is, 
d ep en d s  on ou r ru les.

In  an y  case i t  is advisab le  to  e v a lu a te  th e  re su lts  we get - a f te r  p e r­
fo rm in g  a g rea te r n u m b e r  o f problem s — w ith  a m e th o d  capab le  to  d e te rm in e  
th e  neighbourhood  o f th e  exact o p tim u m , i.e. its  low est up p er and  h ig h est 
low er bounds w hich  ca n  possibly be e s tim a te d , e.g. w ith  a b ran ch  an d  b o u n d  
m e th o d  w hich can  be te rm in a ted  reach in g  th e  specified  in te rv a l-len g th , or, 
in  case o f sm aller p ro b lem s, can d e te rm in e  th e  ex ac t o p tim um .
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Erkennung und Verwendung von heuristischen Regeln in der Problemlösung der Opera­
tionsforschung. In  de r vorliegenden  A rb e it w e ist d e r  V erfasser — a u ch  u n te r  B eru fung  a u f  
seine frü h e re n  h eu ris tisc h en  A lgorithm en — d a ra u f , d a ß  die Schulbeispiele der O p e ra tio n sfo r­
schung  bei gew issen A u fg ab en ty p en  o ft v iel m eh r in n ere  S ch ranken  e n th a lte n , als w elche das 
a llgem einer g ü ltige  M odell der A u fgaben type  a u sd rü c k t. D abei is t m it den  M odellen die B e ­
stim m u n g  der o p tim a le n  L ösung im  V erh ältn is  zu r B ed eu tu n g  der A ufgabe gegebenenfalls zu  
kostsp ie lig , ja  m it w ach sen d er Zahl de r V a ria n te n  u n d  der B ed ingungen  w ird sie v e rh ä ltn is ­
m äß ig  schnell p ra k tisc h  u n au sfü h rb ar. H ingegen  k ö n n en  bei e ingehenderer P rob lem an aly se  
reg elm äß ig  h eu ris tisch e  R egel e rk an n t w erden , m it d e ren  Hilfe die o p tim a len  Lösungen so lcher 
A ufgaben  g u t a n g en ä h e rt w erden  können . D iese A n n ah m e bew eist de r V erfasser m it fü r  zwei 
v e rsch iedene  A u fg ab en ty p en  ( Produktionsprogram m ierung f ü r  mehrere Perioden und P lanung  
der Reihenfolge f ü r  den Durchgang durch einen E n g p a ß )  a u sg earb e ite ten  heu ris tisch en  A lgo­
rith m e n . Inzw isch en  e rm ög lich t er einen E in b lick  in  das h eu ris tische  G ed an k en lab o ra to riu m .

Опознание и применение хеуристических правил при решении проблем в области 
операционных исследований. Автор в данной статье (ссылаясь также на прежние свои 
хеуристические алгоритмы) желает указать на то, что примеры методики операционных 
исследований часто в случае определенных типов задач содержат значительно большее 
число внутренних ограничений, чем это выражено моделью более общего характера 
данного типа задачи. В то ж е время в случае этих моделей определение оптимального 
решения по сравнению со значением задачи может быть возможно слишком дорогим, 
более того с ростом числа переменных и условий относительно быстро становится также 
практически невозможным. А если лучше ознакомиться с некоторым данным типом 
задачи, то с помощью более глубокого анализа проблемы такие виды задач при примене­
нии оптимального решения дают удовлетворительное приближенное решение. Данное 
предположение подтверждается автором разработанными им для различных типов задач 
(программирование производства на ряд периодов и проектирование порядка следования 
через узкое сечение) хеуристическими алгоритмами.
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АВТОМАТИЗАЦИЯ ПРОЕКТИРОВАНИЯ С ПОМОЩЬЮ 
ДИСКРЕТНОГО ПРОГРАММИРОВАНИЯ

М. ГРОС*

В статье в общей форме описана одна из возможных моделей автоматизации 
статического проектирования. Задача проектирования сформулирована следую­
щим образом: требуется найти такой проект конструкции с заданной геометрией 
и заданным набором элементов, для элементов которого удовлетворяются условия 
равновесия, совместимости и ограничения, а также то, что с какой-либо точки 
зрения (вес, стоимость или их сотношение) конструкция будет оптимальной. Для  
сформулированной задачи записывается математическая модель в случае линейных 
ограничений, а позж е она распространяется и на случай нелинейных ограничений. 
В обоих случаях задача сводится к решению дискретной задачи «0—1» программи­
рования, для решения которой эффективно могут быть применены методы перебора. 
Для применения метода перебора необходимо было бы на каждом шагу обращать 
матрицу большого размера. Чтобы избежать это требование доказывается теорема 
и приводится метод решения задачи. На основе данного метода проведены успеш­
ные испытания программы на ЭВМ «СИМЕНС 4004/151» института САМГЕП.

1. Введение

В статье обсуждается вопрос автоматизации статического проектиро­
вания из сборных элементов. Приводимый метод после введения соответ­
ствующих изменений может быть применен для автоматизации других про­
цессов технического проектирования.

Под автоматизацией статического проектирования подразумеваем про­
ектирование статически неопределимых конструкций с заданной геометрией, 
которые строятся индустриализированными методами производства и эле­
менты которых удовлетворяют статическим и экономическим требованиям 
и вся конструкция с какой-либо точки зрения является оптимальной.

При построении модели кроме условий равновесия и совместимости не 
рассматриваем конкретную запись других ограничений (ограничения на 
перемещение, на прочность), их считаем заданными. Однако, рассматриваем 
отдельно случай, когда эти ограничения линейны и когда они могут быть 
заданы в виде нелинейной векторной функции.

* 1025. B u d ap es t, I I .  C salit u. 9. I I .  em . 3.
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2. Инженерная формилировка задачи

Согласно теории первого порядка запишем в матричной форме уравнения 
равновесия и совместимости. Как известно из теории, матрица G зависит 
только от геометрии конструкции и в случае статически определимых 
и неопределимых систем ранг этой матрицы равен числу ее столбцов.

Матрица F содержит матрицы упругости отдельных элементов системы. 
хх и, соответственно, х2 — неизвестные перемещения и внутренние силы, 
р1 — нагрузки в узловых точках системы, а р2 — кинематические нагрузки. 
В системе уравнений (1) каждому элементу конструкции соответствует неко­
торый гипервектор Ь,. Если для простоты предположим, что может быть

0 ! !G*Í

G 41
bi1

X,

Рис. 7

( 1 )

заменен только i-й элемент, то это равносильно замене гипервектора Ь, на 
b; в матрице системы уравнений (1). Гипервекторы Ь, и Ь' отличаются друг 
от друга только матрицами упругости F,. Таким образом, проектирование 
конструкции заданной геометрии равносильно вводу в базис системы уравне­
ний (1) тех гипервекторов, для которых удовлетворяются ограничения 
задачи и которые оптимальны с какой-либо точки зрения [3].

Теперь рассмотрим те дополнительные ограничения, которые возможны 
при проектировании конструкций из сборных типовых элементов. Здесь 
используем такие ограничения, которые не описывают переход из одного 
состояния в другое, поэтому могут быть рассмотрены как произвольные 
и независимые от изменения состояния ограничения, не имеющие физичес­
кого смысла. Содержание ограничений определяется конструкционными 
и техническими требованиями.

В правой части ограничений содержатся величины, на основании кото­
рых решается вопрос, какие гипервекторы необходимо заменить в базисе.

Возможны два случая ограничений:
1. Ограничения можно записать в виде системы линейных неравенств;
2. Ограничения можно записать в виде системы нелинейных неравенств.
В дальнейшем оба случая рассматриваются отдельно. Среди ограниче­

ний могут быть такие условия, которые предписывают совпадение типов 
применяемых элементов в определенных местах конструкции.
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3. Математическая модель задачи для случая линейных ограничений

Пусть дана система линейных равенства и неравенств:

А(Ь) • X +  р =  0 , (2)

В ■ X <  S(b), (3)

где А(Ь) — несингулярная матрица, зависящая от актуального базиса Ь 
и имеющая форму, описанную в (1),

S(b) — заданная векторная функция, зависящая также от актуального 
базиса системы,

В — матрица заданных ограничений, 
b =  (Ь{\ . . ., Ъ{?) — актуальный базис матирцы А.

Гипервекторы элементов, вводимых в базис матрицы А на место i-ого гипер­
вектора образуют множество Ер.

£,■ =  {bj} i £j, j  =  1 , 2 , . . . ,  j*(i), IJ I =  n

где J  — множество мест для элементов в конструкции,
j*(i) — число типов элементов, применяемых на i-ом месте конструкции. 
Если в матрице А произошла замена базиса Ь/ Ь/', то соответствую­

щим образом изменяются компоненты вектора s, т. е. s является функцией 
базиса Ь.

Система (2)—(3) одновременно должна быть удовлетворена для случая 
нескольких векторов р в правой части уравнения (2), поэтому, записав их 
в столбцы матрицы Р, систему (2)—(3) можно переписать в следующем виде:

А(Ь)Х +  Р =  О (4)

ВХ <  S(b) , (5)

где матрицы X, Р и S имеют одинаковое число столбцов.
В случае замены базиса в матрице S соответствующим образом измен­

яются целые строки, так как неравенство должно быть одновременно удовлет­
ворено для одной и той же правой части, и матрица S состоит из одинаковых 
столбцов.

Теперь покажем, как система ограничений (4)—(5) может быть заме­
нена такой системой неравенств, из которой исключена матрица X, так как 
в дальнейшем нас будет интересовать не конкретная величина сил и пере­
мещений, а то, что удовлетворены ли ограничения задачи или нет. Введем 
матрицу Y, для которой

ВХ +  Y =  S . (6)
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Так как А — несингулярная матрица, то система уравнений (4) всегда имеет 
единственно решение

X =  -  А~гР .

Подставляя это равенство в (6),выразим матрицу Y :

-В А -!Р  +  Y =  S 

Y =  ВА_1Р +  S .

Теорема 7. Если А несингулярная матрица, то система (4)—(5) имеет тогда 
и только тогда решение, если Y >  0.

Необходимость. Допустим, что система (4)—(5) имеет решение, т. е.

X =  -  А - ‘Р и ВХ <  S .

Подставим выражение для X в неравенство, получим: 

S + B A ~ 1P > 0 ,  Т. е.  Y >  0 .

Достаточность. Допустим, что Y >  0, т. е.

-  BA-ïP <  S .

Так как А несингулярная матрица, то

X =  — А _1Р , поэтому ВХ <  S .

Этим самым мы доказали Теорему 1.
На основе теоремы система (4)—(5) может быть заменена следующим 

условием:
BA-1(b)P +  S(b) >  0 .

Рассмотрим следующий вектор:

à =  (ôj, ö l . . ., ö{*W, ö l , . . .  őí*<2), . . «£*<">) ,
где

y  í l ,  если гипервектор Ь/ относится к базису Ь,
J 0 в противном случае.

После этого нашу задачу можно записать в виде следующей модели:

^  с\ ■ bJi min (7)
« - 1 J = i
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j*(!) .
ój =  1 i =  1, 2 , .  . ., n 

j= 1
(8)

2 « -i€H,
ói) =  0 s =  1, 2, . . s*; iv i2ÇHs (9)

B[A(Ô)]~1P +  S(ô) >  0 (10)

где ej — вес, стоимость (или их соотношение) i-oro элемента /-ого типа, 
п — число гиперстолбцов матрицы F,
j* (i) — число элементов множества Е,-, т. е. число типов i-oro элемента, 
H s — множество индексов тех мест конструкции, в которых должны 

быть выбраны элементы одинакового типа, 
s* — число множеств Hs.
Условие (8) означает, что на i-овом месте конструкции всегда может 

быть выбран только один элемент множества Е,. Условие (9) означает, что 
на те места конструкции, индексы которых принадлежат можеству H s, 
должны быть выбраны элементы одинакового типа.

Каждое множество Е,- пополним двумя фиктивными элементами: очень 
«сильным» и очень «слабым» типом элемента. Первый тип необходим для того, 
чтобы всегда существовало хотя бы одно возможное решение. Если же 
второй тип попадает в решение, то это означает, что на i-ом месте конструкции 
элемент не нужен. Если очень «сильный» тип элемента попадает в оптималь­
ное решение, то это означает, что множество Е,- необходимо пополнить дру­
гими типами элементов. Величины с/, соответствующие фиктивным элементам, 
выбирают очень «большими» и соответственно, очень «малыми» (например, 
в сто раз больше самого дорогого элемента).

Таким образом, задачу, описанную в пункте 2, удалось свести к реше­
нию задачи дискретного «О—1» программирования, для решения которой 
существуют известные по литературе [4, 5] методы. В данном случае наиболее 
эффективными методами решения задачи считаем методы перебора, так как 
по построению они не зависят от того, что ограничения являются линей­
ными или нелинейными, и за конечное число шагов дают оптимальное реше­
ние. В результате применения метода перебора на каждом шагу необходимо 
проверять удовлетворение ограничений для каждой комбинации вектора <5. 
Для этого постоянно нужно было бы обращать матрицу большого размера. 
В следующем пункте рассмотрим такой метод вычисления элементов матрицы 
Y, в случае которого нет необходимости выполнять эту операцию и для 
расчета достаточно знать матрицы жесткости и упругости различных типов 
элементов.

Acta Technica Academiae Scientiarum Hungaricae 85, 1977



426 GRÓSZ, M.

4. Метод решения задачи

4Л Вычисление матрицы Y при замене базиса в случае линейных ограничений

С помощью разбивки на четыре блока запишем матрицу, обратную 
матрице А [1 ]:

А -!  = (G *F-1G )-1
,F-1 G(G*F-1 G)-1

(G *F-1G )-1G*F-1
F -i -  F -1G(G*F-1G )-1G * F -\ '

Рассмотрим матрицу
M =  (G ’ F-^G)-1 ,

принимающую участие во всех четырех блоках. В случае произвольной 
замены базиса матрица F изменяется, поэтому для вычисления матрицы 
М необходимо обращать матрицу больших размеров. Для устранения этого 
затруднения рассмотрим следующую теорему:

Теорема 2. Если ранг матрицы G равен числу столбцов и F — несингулярная 
матрица, то

(G*F-3G )-1 =  G+F(G+) * , 
где

G+ =  (G*G)_1G* .

Доказательство. Так как F — несингулярная матрица, то 

e íG 'F -1) =  e(G*) =  e(G) =  m . **

На основе этого можно применить следующую [2] теорему: если матрица 
А имеет размеры п х т ,  а матрица В т х к  и е(А) =  р(В) =  т,  то

(А • В)+ =  В+ • А+ .

Поэтому, если примем А =  G*F~3 и В =  G, то 

(G*F_1G )~1 =  G+(G*F~1)+ .

Теперь применим следующую теорему [2]: (А • В)+ =  В+ • А+ тогда 
и только тогда, если

А+АВВ*А* =  ВВ*А* (12)
ВВ + А*АВ =  А*АВ . (13)

* Знаком +  обозначаем обобщенную обратную матрицу. 
** Знаком Q обозначаем ранг матрицы.
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В нашем случае A =  G* и В =  F 1.
Проверим удовлетворение условия (12):

(G *)+G*F-1(F-1)*G =  F_1(F-1)*G . (14)

Так как ранг матрицы G равен числу ее столбцов, то согласно [2]:

G + =  (G*G)-1 G* и (G +)* =  [(G*G)_1G*]* =
=  G[(G*G)“ 1]* =  GKG’ G )*]-1 =  G(G*G)-!

Подставим (15) в (14), получим:

G(G*G)-1 • G*F-1(F^1)*G =  F^1(F -1)*G .

Умножим уравнение слева на матрицу G*:

G ' G ^ G ) - 1 • G*F~1(F~1)*G =  G*F-1(F -1)*G ,

получим тождество:
G*f~ 1(F -1)*G =  G*F_1(F~:1)*G .

Этим самым доказано удовлетворение условия (12). Условие (13) 
удовлетворяется тривиально, так как

(F -1)(F -1)+ =  E .
Таким образом, уравнение (11) можно переписать так:

М =  G + F(G*)+ .
Учитывая тот факт, что (G*)+ =  (G+)*, теорема доказана.

На основе теоремы 2 вычисление обратной матрицы А возможно с помощью 
единственного обращения симметрической матрицы G*G, так как G+ — 
постоянная матрица на протяжении всех вычислений, а матрица F-1 вычисля­
ется по формулам.

так как
А 1 = G + F(G+)* 

F^GG + F(G+)*
G + FGG + F 1
F -1 -  F-^GG + FGG + F"1 ’

(G +)* • G* =  [(G* ■ G ) - 1 • G*]* • G* =  G(G* ■ G ) " 1 • G* =  G G + .

Дальнейшей нашей целью является получение такого алгоритма, 
с помощью которого элементы матрицы Y можно вычислять без лишнего 
умножения матриц больших размеров, как можно более экономно.
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Разобьем матрицы Р и В на блоки соответственно блокам матрицы А:

В =  [В1 В2],

где матрица В1 размера т х /n, В2 — т х « ,  Р1 — тхк,  Р2 — п х к .  Матрица 
Р2 представляет собой кинематические нагрузки. В дальнейшем для простоты 
изложения предположим, что Р2 =  0. Матрица Y в блочном виде может быть 
записана так:

Y =  -  B1G+F(G+)*P1 +  B2F -1GG + F(G+)*P1 +  S.

Введем следующие обозначения:

B1G+ =  С1, (G+)*PX =  С2 и GG + =  С3 .

F — гипердиагональная матрица, поэтому обратная ей также будет гипер­
диагональной. Разобьем матрицы С1, С2, С3, В2 и S на блоки соответственно 
блокам матрицы F. В таком случае произвольный элемент матрицы Y может 
быть записан так:

yet = 22 - QiW  + 22 V+u'c
KJ j í j  k í j  míj

■ F, CL T "

Так как Ft j=  Fÿ1 =  0, если i ¥*j ,  то

yet = -  2  Q M  +  2 2  + s(, . (16)
i í j  i í j  j í j

Для решения поставленной задачи каждый раз необходимо было бы вичисл- 
ять правую часть уравнения (16). С целью уменьшения вычислений рассмот­
рим, как изменяется произвольный элемент матрицы Y при замене базиса.

Допустим, что хотим произвести замену базиса в нескольких местах, 
их индексы образуют множество J*. Пусть

J ’ =  J\J* ,

то есть J' множество индексов тех гипервекторов, в которых не происходит 
замены базиса. Подставим (16) в тривиальное уравнение

У  et =  ( у  e i  —  yet) +  У  e t  >
получим

yet =  -  >'Q,(F„ -  F„)Q, +  2 2
K J  KJ  Ю  H 4
— B«' F íi’CfyFnq t) +  Set — Set +  y  et •
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Преобразуем первую сумму:

2  Q . ( F «  -  F « )Cb = 2  < Ü (F «  -  F „ ) Q ,  +
‘ZJ i t r  (18)

+  2  c « (f« -  F«)c « =  2  CMF« -  F«)c & •
i t j '  KJ*

Теперь преобразуем вторую сумму уравнения (17):

22= 22+ 22= 22+ 22+ 2 2-
i í j  м  i t n t j  a j '  j í j  a j * j í j  i t j - j t r  i t j ' j t r

После этих преобразований (17) можно записать в виде:

у  et = -  2  CMFo -  F„)C Ь +  2 2 -  Я / п  -
J U ' * J . (19)

-  F^Ct f j j ) q ,  + 22  >W C ?,(F JJ -  F]j)qt +  set -  sit +  ,
i t j ’ j t r

так как по определению множества J ’

2 2 B W q / F y y  -  F ^ c ? / ;7) q ( =  о .
i t  J'  j t j '

Таким образом, по уравнению (19) видно, что произвольный элемент 
матрицы У можно вычислить без обращения матриц больших размеров.

4.2 Случай нелинейных ограничений

Теперь рассмотрим тот случай, когда ограничения задачи задаются 
в виде нелинейной векторной функции и системы линейных уравнений:

А(Й)Х +  Р =  О I 
D(X) <  S(ô) j '

Не повторяя рассуждения предыдущего пункта, здесь приведем только 
основные результаты алгоритма.

С учетом теоремы 2 и условия Р2 =  0 можно записать:
G + F(G+)*P1 '

-  F_1G G +F(G+)*P1j "
Если матрицы G+, GG+, ( G ^ P 1 разобьем на блоки соответственно 
блокам матрицы F, то произвольный блок матрицы X можно записать следу­
ющим образом:

X =  -  A -!(á )P , X1
X2
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X), =  2  G 5F«Cfc (í =  1, 2, . . m; t =  1, 2, . . к)
i í j

где
X i, =  - 2  Fs iG sXe\  =  -  2  F ä Q ,F ,A  (s  =  1, 2,

1 =  1 i t  J

С1 =  (G+)* • P1, О  =  GG+.

п) ,

Исходя из этих формул, можно получить формулы для расчета произ­
вольного блока матрицы X после замены базиса:

x j , =  2  Geí(Fíi -  f„)Q , +  Xî,
n j ‘

x i ,  =  -  2  ^ s è c u h  -  FW) Q  +  Xi, s i  J* 
n r

X i, =  -  2  (FssQ /F h -  F5iQ,F„)Cfe +  X i, s Ç J* 
n r

Эти формулы перерасчета проще формул, известных автору по литера- 
туре [6—8], а также легко программируемы.

Таким образом, в случае нелинейных ограничений в модель задачи 
[7]— [10] вместо условий [10] нужно ввести следующее'условие:

S(<5) -  D(X) >  0 .
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A u to m a tis ie r te s  P ro jek tie ren  m itte ls  in te g e r  P ro gram m ierung . — In  der v o rh eg en d en  
A rb e it w ird  ein m ögliches Modell fü r die A u to m atis ie ru n g  des s ta tisc h e n  P ro jek tie ren s  in  a llge­
m ein er F o rm  d e fin ie rt. Die P ro jek tie ru n g sau fg ab e  w ird so in te rp re tie r t ,  daß  e in , aus dem  
gegebenen  V o rra t a n  E lem en ten  herste llb ares  P ro je k t m it gegebener G eom etrie  g e su ch t w ird , 
bei w elchem  fü r  d ie E lem en te  die G leichgew ichts-, K o m p ab ilitä ts- u n d  e in sch rän k en ed en  
B ed in g u n g en  e rfü llt  sind  u n d  wo ferner u n te r  irgendeinem  G esich tsp u n k t (G ew icht, K o s ten  
oder de ren  V e rh ä ltn is )  die K o n s tru k tio n  o p tim a l is t. F ü r  das so defin ierte  P rob lem  w ird  das 
m ath e m a tisc h e  M odell fü r  lineare e in sch rän k en d e  B ed ingungen  aufgeschrieben  u n d  d a n n  au ch  
a u f  n ich tlin ea re  F ä lle  ausgedehnt. In  b e id en  F ä llen  w erden die P rob lem e a u f  eine “ 0 — 1”  
ganzzah lige  P rogram m ieru n g sau fg ab e  z u rü ck g e fü h rt, fü r deren  L ösung  die A b zäh lm eth o d e  
w irk sam  an g ew en d e t w erden  kann . Bei der V erw endung  der A b zäh lm ethode  w äre hei jed e m  
S c h r itt  die In v e rs io n  e iner großen M atrix  n o tw end ig . E s sind au ch  L ösung sv erfah ren  v o rg e ­
fü h r t ,  wo dies v e rm ied en  w ird.

A u to m ated  D esign ing  w ith  In teg e r P ro g ram m in g . — In  th is  p a p e r th e  a u th o r  p re sen ts  
a  possib le  m odel fo r th e  general so lu tion  of a u to m a te d  designing. T he design prob lem  is de fin ed  
as follow s: a  design  o f a  s tru c tu re  w ith  g iven  g eo m etry  and  com posed from  a g iven  s to c k  of 
e lem en ts  is looked  for, w here for th e  e lem en ts  th e  equ ilib rium , c o m p a tib ility  a n d  lim itin g  
co n d itio n s are fu lfilled  an d  w here th e  s tru c tu re  is o p tim u m  from  som e p o in t o f  v iew  (w e ig h t, 
cost, o r th e ir  ra tio ). F o r  th e  problem  th u s  d e fin ed  th e  m a th e m a tic a l m odel for lin ea r lim itin g  
co n d itio n s is e s tab lish ed  an d  th e n  i t  is ex te n d ed  to  th e  case of non-lin earity . I n  b o th  cases th e  
p ro b lem s are  red u ced  to  th a t  o f a “ 0 — 1”  in te g e r p ro gram m ing  ta s k  to  w hich  th e  en u m e ra tiv e  
m eth o d  can  be app lied . F o r th is  m eth o d  th e  in v ers io n  of a large m a tr ix  w ould  be  n ecessary . 
A so lu tio n  m eth o d  is show n for avo id ing  th is .

14* Acta Technica Academiae Scientiarum Hungaricae 85, 1977



.



A da Technica Academiae Scientiarum Hungaricae, Tomus 85 (3 —4)> pp. 433 — 444 (1977)

ELECTROMAGNETIC WAVE PROPAGATION IN 
INHOMOGENEOUS MEDIA: STRONG AND WEAK 

INHOMOGENEITIES

CS. F E R E N C Z *

T he p a p e r  deals w ith a c la ss if ica tio n  o f th e  inhom ogeneities in  a  w ay  w hich  
seem s to  be m ore ob jec tive  th an  th e  e a r lie r  m eth o d s. I t  gives a  sim ple fo rm  fo r M axw ell’s 
equ atio n s w hich  m ean s general u s a b i li ty  in  ex am in a tio n  of p ro p a g a tio n , an d  also g ives 
v a ria tio n s  for th e  d ispersion e q u a tio n s , in v es tig a tin g  several questions o f  th e  co m m o n ly  
used  m eth o d  of 6-dim ensional d e s ig n a tio n .

In v e s tig a tin g  o f  p ropagation  o f  e lec tro m ag n etic  w aves in  inhom ogeneous 
m ed ia  does n o t on ly  m ee t the needs, b u t  — a p a r t  from  th e  fav o u rab le  re su lts  — 
i t  has led  to  m an y  problem s, w hich  a re  s till open, so i t  is n ecessary  to  go on 
an a ly z in g  those q u estions which m ig h t possib ly  have genera l consequences. 
In  a sim ilar m an n e r to  earlier p ap ers  [1, 2, 3, 4] th e  m o nochrom atic  signal w ill 
be considered  only , t h a t  is the so lu tio n  w ill ta k e  th e  form  o f exp  (jœt - cp).

T he ex istence o f  th a t  so lu tion  w ill n o t be d ea lt w ith , as i t  can  on ly  be 
d ecided  b y  exam in in g  th e  m edium  p a ra m e te rs  an d  th e  b o u n d a ry  co n d itio n s 
[3] in  a concrete  case. B u t, acco rd ing  to  th e  F lo q u e t-th eo rem  [5] i t  is c lear, 
th a t  th e  existence o f  th e  solution in  th e  form

F (x  +  p t) =  F (x)eJ0i , i  =  1, 2, 3 

is fu lfilled  on th e  co n d itio n  th a t  th e

“  =  № v>  фз)

dispersion  e q u a tio n  ex is ts , the  in v e s tig a tio n s  b ased  on th e  d ispersion  e q u a tio n  
will be em phasized . A ccording to  th e  h ead in g  of th a t  p a p e r  — a n d  p a y in g  
a tte n tio n  to  th e  d ispersion  equations th e  c lassification  of s tro n g  a n d  w eak  
inhom ogeneities w ill be exam ined h e re , from  th e  p o in t o f v iew  o f so lv ing  th e  
eq u a tio n s. Before th a t ,  i t  is n ecessary  to  analyze  th e  d ispersion  eq u a tio n s .

T he re la tio n  be tw een  m edia a n d  e lec tro m ag n etic  w ave w ill be ta k e n  
as lin ea r, th a t  is, perm eab ility , p e rm it t iv i ty ,  e tc . do n o t depend  on th e  in ­
te n s ity , phase , e tc . o f  th e  e lec tro m ag n etic  fie ld , excep t fo r th e  freq u en cy  o f  
th e  signal.

* D r. Cs. F eh en cz  P u sk in  u. 24. H -1088  B u d a p es t, H u n g ary .
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1. The investigation of the former classification

P rev iously  [1, 3, 4 , 6] a generally  accep ted  m e th o d  w as follow ed in  c lassi­
fy in g  th e  inhom ogeneities as strong  an d  w eak , w hich  w as based  on th e  fo rm al 
ex a m in a tio n  of th o se  d e riv a tiv e s  w hich can  be fo u n d  in  th e  M axw ell-equations. 
T h is m eans th e  fo llow ing:

L e t th e  so lu tio n  be sought in th e  form

F  =  F 0e*m o'-*) (1)

w here F  is th e  u n k n o w n  electrical or m ag n e tic  fie ld , re spec tive ly , or m ay  be 
so m eth in g  else, F 0 is th e  am plitude  v ec to r  (defined  generally ), co0 th e  freq u en cy  
of th e  m o n o ch ro m atic  signal, t is tim e, an d  cp th e  phase  fu n c tio n . L e t th e  com ­
p o n e n ts  of tenso rs o f  m ed iu m  p a ram e te rs  (p e rm eab ility , p e rm ittiv ity , e tc .) be 
d e s ig n a ted  for a ,/f. T h e  M axw ell’s e q u a tio n s  are:

Vxf l  =  J  +  £0 dD  
Э t

V x £ / V
dB
dt

VB  =  о ,

VD =  qIs0

( 2)

w here  E  is th e  e le c tr ic a l in ten s ity  fie ld , H  is th e  m ag n etic  in te n s ity  fie ld , D 
is th e  electric d isp lacem en t field , В  is th e  m ag n e tic  in d u c tio n  fie ld , e0 an d  ц 0 
are th e  p e rm ittiv ity  a n d  p erm eab ility  o f v acu u m , resp ec tiv e ly , J  is th e  d e n s ity  
o f  e lec trical c u rre n t, q is th e  d en sity  o f e lec tric  charge. B y  d iffe ren tia tin g  
th e se  equations th e  follow ing te rm s will be o b ta in ed  [3]

+  aikp k
aik dXj F ok dx, 3Xj I

(3)

w here x, m eans th e  in d ep en d en t v ariab les .
I t  is know n t h a t  in  th e  case o f hom ogeneous m edia

3 cp
—— =  kj =  const
3 Xi

a n d  therefo re  (3) lead s to  th e  w ell-know n form  of

(— ßfljkF ,,)  , j  2 = —1 .
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In  th e  follow ing, le t th e  v a r ia tio n  o f th e  m ed ium  p a ra m e te rs  be sm all 
if  th e  d istance  is com m ensurab le  w ith  w av e len g th  A, th a t  is

Adik =  4 ^ - A c* t]

w here r) is e le m e n ta ry  sm all. In  m u ltip ly in g  (3) b y  A an d  estim a tin g  th e  va lu es  
o f each  te rm :

A • T erm  (3) ш V _|_
.  a ik  F Ok

3 cp 

3 X ;
A a i k  F k  =

— j
3 cp 

3 Xj
aikFk A  ------ j ( k f l ikF ,)) . .

(4)

In  th is  w ay  th o se  m edia are considered  as w eak ly  inhom ogeneous ones, 
w here all th e  te rm s  are  negligible as co m p ared  to  j  • d<p/dxi, an d  th o se , w here 
th is  com parison  c a n n o t be ex ecu ted , are  considered  as s tro n g ly  inhom ogeneous 
ones.

I t  seems to  be a rb itra ry  w hen  ex am in in g  (4) in  m ore d e ta ils , th a t  how ever 
sm all th e  neglec ted  te rm s are, th e y  are  n o t m u ltip lied  b y  j ,  an d  i t  is n o t 
necessary  w hen in  e s tim a tin g  th e ir  im p o rtan ce  and  m ag n itu d e  th e y  shou ld  be 
co m p ared  to  a te rm  m ultip lied  b y  j .  (T heir m ean ing  differs even p h ysica lly , 
as th e y  describe th e  v a ria tio n  o f a m p litu d e  an d  phase , respective ly ).

Statement

As th e  te rm s, n o t  being m u ltip lied  b y  j  in  (4) d isap p ea r only  in  a ho m o ­
geneous case an d  th e y  obviously  a p p e a r  in  a n y  inhom ogeneous case an d  are  
com m ensurab le  w ith  (dtp/dXj — k,). T he m en tio n ed  — genera lly  accep ted  — 
w ay  o n ly  serves fo r defin ing  quasi-hom ogeneous m edia.

T h u s to  classify  inhom ogeneities is a p rob lem  still to  be solved.

2. Form  o f M axw ell’s equations

In  o rder to  solve th e  m en tio n ed  p rob lem  th e  M axw ell’s eq u a tio n s  are  
to  be solved for p ro p ag a tin g  e lec tro m ag n etic  signal. L e t th e  process be begun  
by  an a ly z in g  th e  fo rm s of E qs (2). L e t us ta k e  th e  role of te rm s J  an d  p/e0 
in to  co n sidera tion . T he generally  u sed  m eth o d  in  th e  w ave th e o ry  [1, 3, 6, 7, 8] 
can  be seen e.g. in  th e  case of d escrib ing  p ro p a g a tio n  in  p lasm a.

a)  F irs t o f all i t  is to  be n o te d , th a t  fo r th e  above tw o  te rm s th e  con­
t in u i ty  e q u a tio n  is v a lid
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F u rth e rm o re

T h e re fo re , if

Ü i dDro t H  =  J  - f -  en -----
Э t

d iv  ro t  H  =  0 — d iv  .7 +  e0 d iv
dD
a t ,

d iv  D  =  - i -  .

8 /0 t(d iv  7 )), (5)
th e  e q u a tio n  of c o n tin u ity  is v a lid  in  th e  u su a l form . (T herefore, i t  seem s to  be 
im p o r ta n t  to  in v es tig a te  th e  v a lid ity  o f  th e  d iffe ren t form s o f  th e  eq u a tio n  
o f  c o n tin u ity  for inhom ogeneous m ed ia , or fo r “ qu ick ly ”  or “ specially”  v a ry in g  
m e d ia  in  tim e.)

In  th is  case, assum ing  th a t  (5) is v a lid :

V J  +  —  =  0 .
0t

( 6)

b) I t  is know n th a t  in  p lasm a  in  th e  presence o f a s ta tic  m ag n e tic  fie ld  
[7, 8, e tc .]

j  =  a E

w here  a  is th e  te n so r o f c o n d u c tiv ity .
T herefo re  as no o th e r effects ex is t i f  i t  is lin ea r — in  th e  p lasm a

ro t H  =  o E  -)- e0
ЪЕ
at

a n d  from  th a t

ro t  H  — En at —  f  oE àt  +  E)  =  e0 —
enJ at

I f  th e  v a r ia tio n  is assum ed fo r th e  fo rm  exp(jco0t), th e n

ro t H  =  /JE0CO0 + 1
JEqCOo

E  =  j e 0œ 0e E .

I t  is s im u ltan eo u sly  a d efin itio n  fo r p e rm ittiv ity  as well.
c) I t  is know n  th a t  th e  d ed u c tio n  o f th e  m edium  p a ra m e te rs  follow s a 

s im ila r  m eth o d  in  o th e r  cases, to o . T h u s , in  in v es tig a tio n s  o f w ave p ro p ag a tio n
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a generalized  d e fin itio n  m ay be a c c e p te d  fo r th e  d isp lacem en t v ec to r — if  
i t  is sensible m a th e m a tic a lly

or in  an o th e r fo rm :

- f -e0 J
Jdt +  D

Э® f  d D
s0---— =  J  +  £0---- - .91 ct

(? )

( 8 )

F ro m  th is  i t  follow s, th a t

d iv  0  =  —  d iv J  J d t  -f" d iv  D =  — J" (div J ) d i  -f- div D

I f  (6) is v a lid , tak in g  into c o n s id e ra tio n  th e  la s t eq u a tio n  of E qs (2) —

div  0  ==  - ( '  
£o J

dg_
dt

dt +  —  =  0 (9)

N ow , if  0  is a lw ay s defined b y  (7) o r (8) (as i t  is com m only  used), th e n :  

Statement

In  in v es tig a tio n s  o f wave p ro p a g a tio n  i t  is su ffic ien t to  use th e  fo rm

dD
VX H  =  e0 -

dt

V x £ =  — Po

V B  =  0  ,

VD  =  0

aß
dt ( 10)

of M axw ell’s e q u a tio n s  w ithou t an y  re s tr ic tio n s  of general v a lid ity , w here  
D is defined  in th e  sam e  w ay as 0  in  (8). I n  th is  w ay  all effects o f th e  m ed ia  
will be assem bled in  D  an d  H  (included  th e  ac tiv e  g enera tive  effects as w ell). 
This s ta te m e n t in  th is  fo rm  is valid , t i l l  E q . (6) is va lid . N B : T he v a lid ity  o f 
E q . (6) depends n o t  o n ly  on the in v e s tig a te d  phenom enon  b u t  on th e  fu n c tio n s 
( th a t is, d is tr ib u tio n s)  w hich  describe th e  m ed ium  p a ram e te rs  of th e  ap p lied  
m odel, as well.

F orm  (10) m a y  be in ex p ed ien t fo r exam in ing  ce rta in  problem s o f 
e x c ita tio n  or ra d ia tio n .
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In  th e  follow ing th e  form  (10) o f  M axw ell’s equ a tio n s will be used.
d) Before an a ly z in g  th e  d ispersion  eq u a tio n  based  on E q  (10), severa l 

co m m en ts  m u st be m ad e  to  re s tr ic t th e  v a lid ity  of th e  follow ing s ta te m e n ts . 
T h e  w ay  of genera liz ing  th e  resu lts  h as  a lre a d y  been show n [3, 4, 9] b u t  th e  
e x e c u tio n  of th is  gen era liza tio n  is a f u r th e r  step . This w ill n o t be d ea lt w ith  
in  th is  paper.

d )  1. L e t th e  signal be assum ed no w  as s tr ic tly  m onochrom atic . T h e re ­
fo re , a n d  because o f 2 .a , th e  p ro p a g a tio n  in  m edia v a ry in g  in  tim e  will n o t be 
in v e s tig a te d , for th e n  an  ex am in a tio n  o f  signals o f general S(cu) sp e c tra  
w ou ld  n o t be neglig ib le.

d)  2. In  th e  follow ings general b ian iso tro p ic  — m ed ia  will be e x a m ­
in e d , b u t  th e n  m o v ing  m edia will n o t be in v es tig a ted , because o f th e  fo llow ing 
rea so n s:

F o rm ally  a p p ly in g  M axwell’s e q u a tio n s  to  a m oving m edia , th e y  a p p e a r  
in  a b ian iso tro p ic  fo rm . [5, 10, 11, 12, 13, 14]. Therefore, a genera l b ian iso tro p ic  
re fra c tio n  index  w ill u sua lly  be used . B u t  in  th is  form  th e  D oppler-effects 
co m p le te ly  d isap p ear. I f  it  seems ad v isab le  fo r some reason , th e  D oppler-effec t 
w ill be ta k e n  in to  acco u n t b y  su p p le m e n ta ry  relations [15, 16]. These t r e a t ­
m e n ts  are  a rb itra ry  a n d  co n trad ic t th e  co n tem p la tio n  o f th e  th e o ry  o f re la ­
t iv i ty  [3, 4].

F u r th e r , th e  u su a l w ays of in v e s tig a tio n  also ca rry  o th e r d ifficu lties. 
O ne o f them  o rig in a tes  in  form al reaso n s. The b ian iso trop ic  re la tio n  am ong  
E ,  D , В  and  H  h av e  a r a th e r  co m p lica ted  fo rm  w hen w ritte n  in  3-d im ensions, 
a n d  do n o t even fo rm a lly  exist in  4 -d im ensions.

So in  general th e  b ian iso trop ic  re la tio n  is given for 6-d im ensional v ec to rs  
[5, 10, 11, 12, 13, 14] fab rica ted  fro m  a 3-dim ensional e lectric  and  a 3 -d i­
m en sio n a l m ag n e tic  com ponen t, an d  i t  th e n  tak es  a sim ple form  of a 6 -d i­
m en sio n a l ten so r. T h is  form al tre a tm e n t ,  how ever, su b s ta n tia lly  c o n tra d ic ts  
th e  4-d im ensional e lec trom agnetic  te n so r  [17], and  th ere fo re , i t  seem s in ­
e x p e d ie n t to  use i t .

A n o th e r d iff ic u lty  is, th a t  th e  m ore  precise in v es tig a tio n  of e le c tro ­
m a g n e tic  w ave p ro p a g a tio n  in  a m o v in g  m ed ia  produced  fu n d a m e n ta l c o n tra ­
d ic tio n s  e.g. tra n s fo rm a tio n  of p h ase -v e lo c ity  of e lec trom agnetic  p lane w aves, 
e tc . [17, 18, 19, 20], a n d  these co n tra d ic tio n s  have n o t been defin itiv e ly  so lved  
y e t .  N e ith e r is a b e t te r  w ay given fo r so lv ing  th e  prob lem  on in v e s tig a tin g  
th e  m edium  p a ra m e te rs  (p erm eab ility , p e rm ittiv ity , e tc .) u n d e r re la tiv is tic  
c ircu m stan ces [17, 21].

The reason  o f  th ese  difficulties ca n  well be seen on th e  in tro d u c tio n  o f  
D  a n d  H .  To a p p ly  th e  m ethod  of se p a ra tin g  the  form s o f p ro p ag a tin g  en erg y , 
w h ich  is lig itim a te  in  case of “ s ta t io n a ry ”  observers, fo r “ m oving”  observers 
b y  even  defin ing  th e  m ode of s e p a ra tio n , is n o t ju s tif ie d  [3, 22]. O nly  th a t  
t r e a tm e n t  can  be accep ted , w hich is b a sed  on th e  tra n s fo rm a tio n  o f  to ta l
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energy . T he question  of th e  energy  p ro p ag a tio n  w ill be d ea lt w ith  in  a la te r  
paper.

K eep ing  in  m ind  th e  p h y sica l concep tion , a w ork  w as successfully  done 
earlie r for g iv ing  a ra y - tra c in g  m e th o d  su itab le  fo r p rac tica l in v es tig a tio n  
concern ing  m ov ing  m edia (re la tiv is tic  ray -trac in g ) [3, 24], w hich p ro d u ced  
in  a n u m b er o f cases th e  co n sis ten t an d  un iform  ex p la n a tio n  [23, 24, 25, 26] 
of “ e x tra o rd in a ry ”  frequency  changes [27, 28, 29, 30, 31, 32] and  th e  conclu ­
sions w ere la te r  ju stified  [40], e.g. b y  P ioneer-6  ex p e rim en t [33, 34]. So in  
th e  recen t p a p e r  m oving m ed ia  m ay  be excluded  from  th e  in v estig a tio n  an d  
th e  re su lts  can  be generalized  la te r , keep ing  in  m ind , w h a t was m en tio n ed  
above.

3. F o rm s of d ispersion-equation

a)  P rev io u sly  [3, 4, 35] th e  d ispersion  eq u a tio n  fo r s ta tio n a ry , in v a ry in g  
in  tim e an d  according to  th e  new  d efin ition  quasi-hom ogeneous m ed ia  
was deduced  in  th e  follow ing form :

F  =  1 .
L et be

К  =  g rad  q>,
and  _  _ _

D — eE  , В  =  fiH  .

T hen , ta k in g  th e  q u asi-h o m o g en eity  in to  co n sid e ra tio n , E q  (10) can  be 
re w ritte n

K x H  =  — œ 0e0eE  ,

K x E  =  co0fi0f i H , 

fi0K f iH  =  0 ,

E0K e É  =  0 .

F ro m  here  solving th e  e q u a tio n s  in  a sim ilar m a n n e r fo r E  or H,  [4 ], i

Л  =  К  X (К  X . . . ) ,  e =  1 +  e ,
P  =  К  X  e . . . , /л =  1 m  ,

M =  К  X  m  . . . ,  k 0 — со0У £0lu0 ,

th e n  th e  so lu tions n o n -triv ia lly  ex is t i f  one of th e  tw o  eq u iv a len t d ispersion  
equa tions w ill be fulfilled. T hese are:

or

л ( Л
------b k 0e +  M ------)- k 0[i
К A .

1Л  , л  ,
-  j- k 0F +  P -  |- k 0e
k 0 k 0

( 11)
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H ere  how ever tw o  questio n s rem ain  unansw ered  in  connection  w ith  
E q s  (11) and  th e ir  d ed u c tio n s. T he one is, th a t  th o u g h  th e  equ ivalence  o f th e  
tw o  eq u a tio n s follows from  th e  d ed u c tio n , i t  is n o t d ire c tly  conceivable. 
T h e  o th e r  is, th a t  fo r th e  sake of th e  ex istence  of E q s (11) in  th e  given 
fo rm  res tric tio n s  have  to  be accep ted , w hich  can n o t be fu lfilled , generally .

I t  is nam ely  a d e te rm in a n t of h y p e rm a trices , an d  if  A - 1 ex ists an d  
(b y  th e  second step) th e  m atrices  are in te rch an g eab le  [36], th e n

j A B

! C D

1 0

CA 1 1

A

0  (D

В
c a - b '

0 ,

t h a t  is
A B

C D
; AD CB I =  0

( 12)

(13)

T h a t  E qs (12) an d  (13) should  eq u a l zero, th is  is n ecessary  only  in  th e  
d isp e rs io n  eq ua tion . F ro m  E q s (12) an d  (13) i t  can  be seen, t h a t  b o th  form s 
o f  E q . (11) and  o th e r fo rm s can be deduced  as well, i f  re s tr ic tio n s  are m ade 
fo r  th e  m atrices. H ow ever, these  re s tr ic tio n s  c a n n o t genera lly  be m ade.

b) I t  is im p o r ta n t an d  can  be seen from  a),  th a t  th o u g h  a 6-d im ensional 
fo rm alism  will be ap p lied , s till w hen i t  com es to  fu r th e r  ca lcu la tio n , one has 
to  r e tu rn  to  th e  3 -d im ensional form  an d  m u s t even th e n  be cau tious.

c)  In  the  follow ing th e  prob lem  o f th e  d ispersion e q u a tio n  of, in  tim e  
in v a ry in g  and  n o t m ov in g , quasi-hom ogeneous m edia w ill be d ea lt w ith , 
g en era lly , w ith o u t a n y  re s tr ic tio n s  concern ing  th e  tenso rs. A t th e  sam e tim e  
th e  equ iva lency  of th e  d iffe ren t form s will be verified .

F o r th e  sake of g en e ra lity  b ian iso tro p ic  m edia  will be in v e s tig a te d , w here

D =  eE  -f- x H  ,

В  =  vE  +  f iH  ,

o r  choosing those  (E , B )  p a irs , w hich belong  to g e th e r

D P  L E
H M Q В

w here
e =  P  -  LQ m  , ж =  L Q - 1 , 

V =  - Q  4M , /л =  Q 1 .

M axw ell’s eq u a tio n s  th e n  becom e

K x H  =  — co0e0(eE  -|- xH )  , 

K x E  =  u>0fi0(vE  +  /uH) , 

K (eE  +  xH )  =  0 ,

K (vE  +  jиН)  =  0

(14)

(15)

(16)

(17)
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w here th e  th ird  a n d  fo r th  e q u a tio n s  hold au to m a tic a lly , so th e y  m ay  be n eg ­
lected .

L e t the
0 - K 3 K 21
K 3 0 -  K , Л  =  K K (18)

-  K 2 K , 0  .

n o m ina tions now  be in tro d u c e d , th en

(K  +  m0e0x)H  +  co0e0eE  =  0 , 

(K  — cooti 0v)E — со0ц 0ц Н  =  0 .
(19)

In  solving i t  fo r E  o r H ,  th e  solu tions w ill be n o n -tr iv ia l, if

I (K  +  cooEorfti-'iK — w0[i0v) +  k 2oe \  =  0 ,  
or (20)

I (K  — (a0[i0v)e~ \ К  +  co0s0x) +  kfrj, \ =  0 .

M eanw hile th e  ten so rs  can  be com pletely  general.
e —\  f i~ 1 an d  th e  in v e rse  o f th e  o th e r ten so rs  e x is t w ith o u t an y  re s tr ic ­

tio n s, as for
e =  1 +  e , jtt =  1 -(- m

w hich follows from  th e  d e d u c tio n  o f th e  m edium  p a ra m e te rs  as well. (In  som e 
cases th e re  are ex cep tio n s as w ell: e.g. ideal resonance-cases assum ed to  be 
lossless. W hen in  such  cases one in sists  on neg lec ting  th e  n o t negligible losses, 
i t  m u s t be con tro lled , w h ich  equations-fo rm  ex ists  from  th e  possible form s 
of E qs (20).)

1. Statement
F ro m  th e  ex istence  o f  th e  inverse-tenso rs tr iv ia lly  follow s th e  equivalence 

of E q s (20).

2. Statement
As for j К  I =  0, K _1 does n o t ex ist. N ow  n eg lec ting  th e  b ian iso trop ic  

te rm s, th e  in d iv id u a l re a rra n g e m e n ts  in  th e  eq u a tio n s  c a n n o t be execu ted  
betw een  th e  eq u iv a len t fo rm s o f  E qs (20). I f  a case is m ore  sim ple th a n  b i­
an iso trop ic , th e  equ iv a len ce  c a n n o t be seen d irec tly .

N o te : I t  can  be s im p ly  seen, th a t  th e  ten so rs  o f th e  (19) h y p e rm a trix , 
in  general, are n o t in te rc h a n g e ab le . T herefore, th e  6 -d im ensional form alism  
proposed , d irec tly  fo r th e se  cases, [5, e tc .] n o t only  c o n tra d ic t th e  4-d im en­
sional p ic tu re , b u t  i t  in v o lv es  d ifficu lties in  th e  ca lcu la tio n  as well ! (This 
how ever does n o t m ean , t h a t  th e  resu lts  are a u to m a tic a lly  w rong  in  th e  6- 
d im ensional t re a tm e n t, so i t  is w o rth  fu r th e r  in v es tig a tio n .)
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4. Strong inhom ogeneities

a)  In  th a t  case, w hen  th e  inhom ogeneities can n o t be tr e a te d  as quasi- 
hom ogeneous ones, all th e  te rm s  in  E q  (3) m u st be ta k e n  in to  acco u n t. Now 
th e  m e th o d  of inhom ogeneous basic  m odes can be ap p lied  fo r decid ing the  
p ro p a g a tin g  e lec trom agnetic  w ave p a tte rn . [3, 4, 38, 39]. T he re la tio n s will 
n o t  be repeated  here because of th e ir  g rea t len g th , th e y  are know n , anyw ay . 
I t  is charac teris tic  th o u g h , th a t  no h igher deriv a tiv es  occur in  th e m : th is  
f a c t  m akes a difference am ong  th is  an d  th e  fu r th e r  m e th o d s o f in v es tig a tio n , 
a n d  a t  th e  sam e tim e  p roduces a re s tr ic tio n  for its  a p p licab ility .

b) In  th a t  case, w hen  th e  inhom ogeneities are ra th e r  s tro n g , accepting  
sev e ra l restric tions, a d iffe ren t w ay  from  4 .a can also be fo u n d  fo r ob ta in ing  
th e  re su lt [3, 9]. I f  th e  h ig h er d e riv a tiv e s  will n o t be n eg lec ted , fo r sim ple 
an iso tro p ic  cases (w hen e ith e r  e or /л characterizes alone th e  m ed ium ) th e  form  
o f d ispersion eq u a tio n  is th e  fo llow ing:

I Л  +  fcge — y(Grad K  +  V K  ■ 1) | =  0 , (21.a)
o r

] Л  +  k in  -  y(Grad К  +  \ K  • 1) j =  0 . (21.b)

I t  is im p o rta n t, how ever, t h a t  now  n o t only  К  =  grad <j>, b u t  th e  derivatives 
o f  i t  should also occur.

c) F u rth e r , in  case o f s tep -fu n c tio n s (ray -trac in g  m eth o d ) a general 
m e th o d  for giving th e  p ro p a g a tin g  signal was found  [3, 4, 38, 39]. In  th is  case 
— th e  m ultip le re frac tio n -re flec tio n  law  a t  th e  step  (a v e ry  s tro n g  inhom o­
g en e ity ) the  h igher d e riv a tiv e s  also ap p ear.

The f irs t in v es tig a tio n s  concern ing  th e  analysis o f M axw ell’s equa tions 
in  th e  presence o f d is tr ib u tio n s , th o u g h  n o t s triv in g  fo r th e  descrip tion  of 
w av e  p ropaga tion , show ed a sim ilar fea tu re  [37].

d)  I f  in te rp re tin g  th e  m ed ium  p a ram e te rs  (e, x, v an d  /л) an d  th e  “ ro t” 
o p e ra tio n  (у  X . . . =  K v . . .) as o p era to rs , th e n  developing  M axw ell’s equations 
e .g . fo r E, i t  re su lts  in  th e  follow ing form :

e_1(K v — ju>0e0x ) n ~ \ K 4 +  jm0/j,ov)E =  ЦЕ . (22)

(T he equations fo r H  has a sim ilar form ).
A t p resen t E q . (22) w ill n o t be fu r th e r  an a ly zed , on ly  se ttled , a fte r 

ap p ly in g  K v re p e a te d ly , t h a t  in  case o f s trong  inhom ogeneities n o t only  th e  
f i r s t ,  b u t the  h igher d e riv a tiv e s  also generally  ap p ear.

In  case o f n o t so s tro n g  inhom ogeneities, a lread y  th e  de riv a tiv es  of th e  
second  order d isap p ea r or are negligible.
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5. Consequences

a)  B o th  th e  ph ase  (th e  d e riv a tiv e  o f w hich is th e  p ro p a g a tio n  v ec to r) 
an d  th e  am p litu d e  v ec to r  o f p ro p ag a tin g  signal will be in flu en ced  b y  th e  m e­
d ium  if  th e  la t te r  is rea lly  inhom ogeneous.

I f  th e  v a r ia tio n  o f th e  am p litu d e  m a y  be neg lec ted , th e  phenom enon  
m ay  be called e x p ed ien tly  quasi-hom ogeneous.

In  th e  course o f th e  d iscussions, th e  inhom ogeneous (w eakly  in h o m o ­
geneous) and  s tro n g ly  inhom ogeneous m ed ia  differ in  p ro d u c in g  d e riv a tiv es  
o f second o rder (of th e  ph ase , e.g.) neg lig ib ly  or n o t, w hen  so lv ing  th e  eq u a tio n s  
o f M axwell.

b)  The equ iva lence  o f d ispersion  eq u a tio n s o rig in a tin g  from  M axw ell’s 
eq u a tio n s  for E  o r H  w as d irec tly  verified  in  th is  p ap er.

c) A ccording to  th e  p re sen t in v estig a tio n s, th e  6 -d im ensional fo rm alism , 
o ften  used in p reference  to  th e  b ian iso tro p ic  m ed ia , n o t on ly  does n o t m ake 
a rea l s im plification  in  ca lcu la tions, b u t  also does n o t f i t  in to  th e  accep ted  
th eo ries  in  physics. T herefo re , e ith e r  i t  seem s ex p ed ien t n o t to  use i t  or one 
m u s t be ra th e r  cau tio u s  w hen  using  it .  ( I f  show ing th e  ph y sica l concep tion  
— th o u g h  i t  is n o t  p ro b ab le  — of th e  6-d im ensional fo rm alism  w ould  have  
r a th e r  h eav y  consequences).
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Die A usbreitung  e lek trom agnetischer W ellen  in  in h o m ogenen  M edien. I. S tarke und  
sch w ach e  In h o m o g en itä t. Die A rbeit b esch äftig t sich m it einer K lassifiz ierung  der In hom oge­
n i tä te n ,  welche o b je k tiv e r  e rschein t als die bisherige. E ine  a llgem ein  anw endbare , einfache 
F o rm  der M axw ellschen G leichungen w ird  angegeben, welche hei de r U n te rsu ch u n g  v o n  A us­
b re itu n g sfra g en  a llg em ein  verw en d e t w erden k a n n . A ußerdem  w erd en  V a rian ten  der D isp er­
sionsg le ichungen  ab g e le ite t. E inige F rag en  de r ü b lich en  sechsd im ensionalen  U n te rsu ch u n g s­
m eth o d e  w erden u n te rs u c h t .

Распространение электромагнитных волн в негомогенной среде, I. Сильная и слабая 
негомогенность. Статья занимается вопросом отнесения негомогенностей к одному классу, 
которая кажется более объективной, чем применявшиеся ранее принципы. Даются простая 
по виду форма уравнений Максвелла, которую можно применять при исследовании вопро­
сов распространения в общем виде, а также измененения уравнений дисперсий. Исследу­
ются некоторые вопросы шестимерного способа обозначения.
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DETERMINATION OF THE YARN FORCE ARISING 
IN THE BALLOON IN RING SPINNING

B. GREGA *

CAND. OF TECHN. SCI.

[M an u sc rip t received 8. ju n i 1976.]

T he a u th o r  gives a fo rm u la  fo r th e  d e te rm in a tio n  o f th e  y a rn  force valid  fo r a n y  
p o in t o f th e  r in g  sp in n in g  balloon . In  deriv ing  th e  fo rm u la  o f  th e  y a rn  force, fro m  th e  
forces ac tin g  o n  th e  y a rn  e lem en t, th e  cen trifugal force, th e  a ir  resistance  and th e  tw o  
pulling  forces a t  op p o site  d irec tio n s ac tin g  on th e  y a rn  e le m en t m oving  in  th e  ba lloon , 
have  been  ta k e n  in to  acco u n t. T h e  im po rtan ce  of th e  fo rm u la  lies in  th e  fac t t h a t  no 
m eans for m easu rin g  y a rn  force  a t  balloon  p o in ts w ere av a ilab le  so far.

The n u m b er o f sp ind le  rev o lu tio n s and  th e  fre q u e n c y  of y a rn  b reakages 
— th e  la t te r  be ing  closely  re la te d  to  th e  fo rm er - are am o n g  th e  m ost decisive 
fac to rs  in  ring  sp in n in g , as th e ir  in fluence is considerab le  on m ill p ro d u c tiv ity . 
T he increasing  q u a lity  re q u irem en ts  of w eaving d e m an d  y a rn s  less u n ev en , 
i.e. reduced  y a rn  b reak in g  freq u en cy , w hich is closely co n n ec ted  w ith  h ig h er 
efficiency and  econom y, re sp ec tiv e ly . H ow ever, th e  in d e x  o f y a rn  b reakages 
p e r 1000 spindle h o u rs  does n o t co rrec tly  express th e  re la tio n s  of technological 
cond itions, y a rn  p ro p e rtie s  an d  y a rn s  breakages. In  rin g  sp inn ing , techno log ­
ical opera tion  is m o s tly  m easu red  b y  th e  num ber o f y a rn  b reakages, and  th e ir  
freq u en cy  in  re sp ec t to  tim e , m ach ine  and p ro d u c tio n  u n it ,  n a tu ra lly  also 
ta k in g  in to  co n sid e ra tio n  th e  raw  m a te ria l generally  p rocessed . In  view  o f 
re n ta b ility , b u t  above all th e  q u a n t i ty  and  q u a lity  o f th e  y a rn  produced , y a rn  
breakage freq u en cy  has to  be k e p t  as low as possible.

The frequency  o f y a rn  b reak ag es are m ostly  in flu en ced  b y  the  follow ing 
fac to rs : a)  th e  u n evenness o f th e  y a rn , b) th e  w eakness o f  th e  fibre s tra n d  
betw een  to p  an d  b o tto m  de liv ery  ro llers, c)  too  low  o r to o  high tw ist, d)  
v a ria tio n s  in y a rn  force d u rin g  tw is tin g  and  w inding-on  o f  th e  y a rn , resp ec­
tiv e ly .

W e shall d e te rm in e  th e  y a rn  force a t  an  a rb itra ry  p o in t o f the  balloon  
ta k in g  in to  acco u n t th e  cen trifu g a l force, from  th e  forces ac tin g  on th e  y a rn  
e lem ent th e  a ir re s is tan ce , an d  th e  pu lling  forces of oppo site  d irections ac tin g  
on th e  balloon an d  on  th e  y a rn  e lem en t passing to w ard s th e  b o b b in . The w eigh t 
of th e  y a rn  e lem ent a n d  th e  Coriolis force being too  sm all (o f a b o u t 1,3 • 10~3 — 
1,7 • 10~3) will be neg lec ted .

* B . G r e g a  N ém etv ö lg y i ú t  22, H -1126 B u d ap est, H u n g a ry
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L e t us choose th e  axis y  o f o u r co o rd in a te  system  to  be  th e  axis o f the  
sp in d le , an d  the  axes x  an d  z be in  th e  p lan e  of the  ring. T a k in g  in to  consider­
a t io n  th e  air resistance  b u t  because o f  i t  be ing  too  sm all, n eg lec tin g  th e  w eight 
o f  th e  y a rn  e lem ent, th e  cen trifu g a l force orig inating  from  th e  fa irly  slow 
m o tio n  tow ards th e  y a rn , an d  hence also  th e  Coriolis force, we o b ta in  for th e  
sy s te m  of d ifferen tia l eq u a tio n s  o f th e  balloon  curve (F ig . 1.)

er • ds I! x2 -\- z2-со2-
]ÍX2 +  Z2

S '  cos a ' — S cos a  -j- c{\ x2 ~  z2- a>)nds 

S '  cos ß '  — S cos ß  =  0 ,

;*2+ z 2
=  0 ,

a ds \/x2 +  z2-co2 ■ ■ +  S '  cos y ' — S  cos у  — c(Vx2jr  z2- co)n ds —--------- : =  0
[/ л:2 +  z2 7 У K \ x 2+ z 2

w h ere

y, 2)

У
ds
CO

S  a n d  S '

ß , У 

ß \  У'
С

=  th e  co o rd in a tes  of th e  p lace  considered ,
=  th e  lin ea r d en sity  o f th e  y a rn ,
=  th e  len g th  o f th e  y a rn  e lem en t,
=  th e  a n g u la r  v e loc ity  o f  th e  ro ta t io n  round  th e  sp ind le  ax is ,
=  ta n g e n tia l ten sion ing  forces o f d iffe ren t values ac tin g  on  th e  tw o end p o in ts of 

th e  y a rn  e lem en t
=  angles fo rm ed  by  th e  force S (and  a t  th e  sam e tim e  b y  th e  tan g en t) and th e  

co o rd in a te  axes x , y , z
=  angles fo rm ed  b y  force S '  =  S  dS  and  th e  co o rd in a te  axes x , y , z 
=  fa c to r  of p ro p o rtio n a lity  o f th e  a ir  resistance.

Since

S '  cos a '  =  (S  +  d S ) cos (a +  dor) =  (S  +  dS)(cos a  cos d a  — sin a  sin da) 

^  (S  -f- d S )(cos a  — da • sin  a) =

=  S  cos a  — Sda sin a  +  dS  cos a  — dSda sin a  

«s! S cos a  — Sda sin a  -|~ dS  cos a  .
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S im ila rly ,
S '  cos ß '  =  S  cos ß  — Sdß  sin  ß  -f- dS  cos ß  , 

S '  cos y ' =  S  cos y  — S d y  sin y  -)- dS  cos y  .

C onsidering th e  above an d  a f te r  sim p lifica tion , th e  sy stem  of d iffe ren tia l 
e q u a tio n  tak es  th e  form

a-co2-x-ds dS  c o sa  —S - d a - s in a  =  — c(\f x2-\- z2-m)nds ,
Ух2 -f- Z2

dS  cos ß  — S- dß-  sin / 3 = 0 ,

a • w2 ■ z • ds +  dS  cos у  — S- d y  sin  у  =  с(У x2 -f- z2-m)nds .
\ X 2 +  a2

F ro m  th e  in teg ra tio n  o f th e  second d iffe ren tia l eq u a tio n :

f,
s dS

s = s c S

-P _ sin ß

S  cos ß  =  S 0

! ß=p,  cos ß

s cos ß 0

S 0 cos ß

v„
cos ß 0 =  s 0 - ^  =

S 0

d ß ,

hence , th e  com ponen t o f th e  y a rn  ten sio n  p o in ting  to  th e  spindle axis is 
c o n s ta n t.

F u rth e rm o re  since

dS ■ cos ос — S-dtx. • sin a  =  (S • cos a)dx  ,
dx

dS • cos у  — S -d y  • sin у  =  (S • cos y )d x ,
dx

th e  f i r s t  an d  th ird  d iffe ren tia l eq u a tio n s:

e-ds-ofi-x  -1------- (S  cos X)dx =  — с(Ул;2 -)- z2œ)n ds
dx

a -d s -œ 2 z -f------- (S  cos y)dx =  c( 1/ x2 z2at)n ds — ~  —  .
d x y n  ' 1I X 2 +  z2

F ro m  th ese

a  ■ co2x2 —---f- x  (S  cos x) =  — a -  co2z2 —------z • (S  cos y) ,
dx dx dx dx

— a • со2 (x2 -)- z2) =  x  (S  cos a) +  z (S  cos y) . 
dx dx dx
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Since

cos a  =
Y l + y *  +  z' 2 ’

cos у

d

y i + y'2 +  z '2

y 'y"  +  z'z"
dx  (COS a ) (V l +  y '2 +  z '2)3 ’

d , 4 z"(l +  y '2 +  z '2) — z '(y 'y "  +  z'z")

* < co sr) = --------------( V x + y ^ y --------------

ds 
dx

- ^  =  y i + / 2+ z '

T he d iffe ren tia l e q u a tio n  to  be solved fo r th e  y a rn  ten s io n :

(# c o s a - f  zcos y) +  S ‘X‘- ^ -  (cosa) +  S - z ------ (cos y) =  — aco2(x2 +  z‘
dx  dx dx

or in  de ta il:
dS X -f- zz'

+

+  S

dx  У1 +  y ' 2 +  z '2

-  х{у'у"  +  z'z") +  *z"(l +  j ' 2 +  * '2) -  z z '(y > "  +  z'z") __
( f l  + y ' 2 +  z'2)3

D iv id ed  by

=  — <т -а)2(я;2 -f- z2) ] /1 +  y '2 +  z '2

X  +  zz'
(я; cos oc -j~ z cos y) ==

dS
dx

f l + y ' 2 + z ' 2 ’

(x +  zz ')(y 'y" +  z'z") — zz"(l 4 - y '2 4- z '2) 

”” (* +  z z ') ( l  4 - y '2 +  z '2)

1 4- y '2 4  z '2
a- со2 - (x2 4- z2)

я; +  zz

I f
(* +  gz ')(y 'y "  4- z'z") -  zz"(l +  y '2 +  z '2)

(я: +  zz ')(l +  y '2 4- z'2)

1 4 -  y '2  I z '2
— a ■ œ \ x 2 4- z2) ------- —----------- - =  F ( x ) ,

x  4~ zz'

A (x ) ,
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w here  excep t fo r th e  ap ex  of th e  balloon  th e  n o m in a to r alw ays 
zero , th u s

dS
dx

=  A(x) ■ S  =  F(x) .

differs from

T h e  general so lu tion  o f th e  reduced  eq u a tio n  of

is

rfS

dx
-  A(x) ■ S  =  0

S  =  C • e Jf *lx, A(x)dx

S olv ing  th e  com plete  eq u a tio n  an d  in te g ra tin g  for th e  sec tio n  from  th e  y a rn  
gu ide up  to  th e  p o in t P(xyz)  o f th e  balloon  curve

S  =
A(x)dx

dx  -f- к
A(x)dx

In  th e  apex  of th e  ba lloon  th e  m easu red  p eak  tension  is S  =  S 0, since a t  th e  
p o in t P(xyz) of th e  space curve  of th e  balloon  th e  y a rn  te n s io n  am ounts to

>0 +  Г  F(x)e
J Л0

JXo
—  A(x)dx

dxje
A(x)dx

T he convergen t in teg ra ls  co n ta in ed  in  th e  fo rm ula  are ca lcu la ted  from  x 0 =  
=  0 -f- e up  to  th e  abscissa  o f th e  p o in t o f th e  balloon  space curve  concerned.

In  th e  case o f a p lan e  balloon  th e re  are n e ith e r  co o rd in a te  axis (г) n o r 
co o rd in a te  p lanes (x, z) a n d  (y, z) an d  since z =  z '  =  z" =  0,

A(x)  = y'y"
1 +  j ' 2

1

2

^ - ( 1  + У '2)ax

l + y ' 2

W ith  these
F(x) =  — (Torx(l -J- y '2) .

A(x)dx  =Г
. — ( 1 + У '2)

=  —  Г  — ---------------dx  =  — ln  (1 +  y '2) -  —  ln  (1 +  y ;2) =  l n ] / r i + / 22 Jx. 1 + y '2 2 J 2 J ' 1 +  y£
X A(x)dx

Jx0 f 1 + y ' 2 e-ix .A(x)dX 1 /  1 +  jó 2
^  1 + У 02 ’ !  í + y '2
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fu r th e rm o re

Г F(x)
J Xç

- Г
x) • e J 5

A(x)dx
dx =  — a ■ &>2 x\

J  x„
(1 +  y '2) 1 +  JÓ2

1 +  y ' 2
dx =

=  — cr • со2 Г У 1 +  JÓ2 • x  У 1 +  y '2 dx . 
J x.

W ith  th e se , th e  y a rn  te n s io n  in  th e  p lan e  (F ig. 2.)

S  = S 0 — a ■ со2 У 1 +  yó2 í x][ I +  y ' 2 dx 
J X0

1 +  y ' 2

o r
1 +У'о2

=_ =  ■ '̂ ° — a  ■ (о2 Г ж V 1 +  У '2 d x  ,''2 y i+JÓ2 J*.n + .

i.e .

S cos a  =  S 0 cos a 0 — a • ш2 Г ясУ 1 —(— у '2
Jx,

S ince  a t  th e  y a rn  guide

dx

hen ce

cos a 0
1

y ï T j T 2
=  — sin ß 0 = Ho

S 0

S cos a  =  — H 0 — cr - со2 | x]  1 +  y ' 2 dx  . (1)
J  X0

T h is  la t te r  form ula can  d irec tly  he p u t  in to  the  fo rm ula  o f  th e  p lane balloon, 
a lso  ta k in g  the  eq u a tio n

---- (S  • sin  a) =  0
dx
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in to  considera tion  o b ta in e d  from  th e  in teg ra tio n  o f  th e  equilib rium  eq u a tio n  
o f th e  p lane balloon

S • sin x  =  V0 . (2)

N am ely , th e  q u o tie n t of th e  eq u a tio n s  (1) and  (2)

cos x 1 a ■ со2 f x , r-— --- -  H 0
x ] l + y ' * d x - - f -

'0  J x„ 'osm  a  y

w hence by  d iffe re n tia tin g  w ith  re sp ec t to  * th e  d iffe re n tia l equation

y" a ■ со *

У '
■ x - \ l

is ob ta in ed , w hich is th e  d iffe ren tia l equa tion  of th e  p lan e  balloon. 
W ith  th e  f ir s t  in te g ra tio n  an d  th e  in itia l co n d itio n s

у 1 +  у ’2 a tо£

an d  m ultip ly in g  th is  b y  th e  eq u a tio n

S • sin x  — S

2 K

У
y i  +  y ’2

К

=  Vn

s  =

th e  fo rm ula o f th e  y a rn  ten s io n  o f th e  plane ba lloon  is o b ta ined .
B y  ta k in g  th e  a ir  res is tan ce  in to  account le t us now  calculate th e  te n ­

sioning force of th e  y a rn  a t  th e  p o in t P2 (4,2; 7,6; —2) o f  th e  balloon w ith  a 
m ax im um  rad ius. T he eq u a tio n s  o f  th e  pro jections ca n  be defined on th e  basis 
o f pho tos w ith  th e  a id  o f th e  p o in ts  ly ing  on th e  p ro je c tio n  curves.

In  th e  a  case o f  a  c o tto n  w eft y a rn  N m  =  60, and  a t  a sp in d le  rev o lu tio n  of n  =  10,500 
rev /m in , th e  pho tos fo r th e  th re e  p o in ts  o f th e  p ro jec tion  cu rv e  gave:
P j(2 ,25; 0; 0,4), P 2(4,2; 7,6; — 2) a n d  P 3(0; 20; 0).
W ith  th e  aid  o f these  th e  e q u a tio n s  o f th e  p ro jec tions falling  o n to  th e  coord inate  p lanes (x y ) 
an d  (yz):

ж =  2,25 +  0,4835 у  — 0,0298 у 2, 

z  =  0,4 — 0,5 y  +  0,024 y 2.

T h u s, we have  to  d e te rm in e  th e  fo rm s o f th e  functions A (x )  a n d  F (x). To th is, we shall d e te r ­
m ine  th e  d e riv a ted  fu n c tio n s  o f th e  e q u a tio n s  o f th e  p ro jec tio n  cu rv es. In  th e  f irs t  p lace we 
sha ll e stab lish  th e  eq u a tio n s  o f th e  b o tto m  a n d  to p  b ranches o f  th e  p ro jec tions, re sp ec tive ly .
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F ro m  th e  f irs t e q u a tio n :

0,0298 y 2 — 0,4835 у  +  ж — 2,25 =  0
a n d  ________

y 1>2 =  8,12 ±  5,78 /4 ,2 2  — a :.

I n  th e  p ro jec tio n  p lane (x y ) th e  e q u a tio n  o f  th e  to p  b ran ch

У! =  8,12 +  5,78 /4 ,2 2  — * ,

w h ile  t h a t  o f th e  b o tto m  b ra n c h

y 2 =  8,12 — 5,78 /4 ,2 2  — ж.

S u b s ti tu tin g  th e  value  o f y lî2 in to  th e  second eq u a tio n

z1>2 =  0,4 — 0,5 (8,12 ±  5,78 /4 ,2 2  — x )  +  0,024(8,12 ±  5,78 /4 ,2 2  — x f

A cco rd in g ly , z as a fu n c tio n  o f x  on  th e  to p  b ra n ch :

zj =  1,325 -  0,805 ж — 0,63 /4 ,2 2  -  ж ,

w h ile  o n  th e  b o tto n  b ra n c h :

z2 =  1,325 — 0,805 ж +  0,63 /4 ,2 2  — ж . 

T h u s , th e  derivatives o f th e  to p  b ran ch :

У! =  8,12 +  5,78 /4 ,2 2  — ж ,

2,89

/4 ,2 2  — ж ’

1,445

У‘ / ( 4 ,2 2 — ж)3 ’

Zi =  1,325 — 0,805 ж — 0,63 /4 ,2 2  — ж , 

0,315
z ' =  — 0,805 +

/4 ,2 2  — ж ’

0,157

' /(4 ,2 2  — ж)3 '

W ith  th e  aid of у(ж) a n d  z( ж), i.e. to g e th e r w ith  th e ir  de riv a tiv es th e  fu n c tio n s  A ( x)  and  F  (ж) 
c an  b e  calculated.

T h u s

., , _  (ж +  z z ’) ( y ' y "  +  z ' z " )  —  zz"(l +  У '2 +  s '2) _
w  (* +  *0(1  +  y '2 +  *'2)

4,2295 — 0,1265 /4 ,2 2  — ж 
— (4,22 — ж)15,42 — 1,65 ж — 0,413 / 4 , 2 2  -  ж ~

_  0,24 — 0,1265 ж — 0,099 /4 ,2 2  -  ж

(4,22 — ж)(1,65 ж — 1,263) /4 ,2 2  -  ж +  2,547 -  0,76 ж

í*  A (x )d x  =  — 4,7678 .
JXo
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N ow  we shall se t u p  th e  function  F (* ) fo r th e  to p  b ran ch  of th e  balloon:

1 j - v ' U  z '2
F (x ) =  — о  • co2(x2 +  z2) ^  У V  =

X zz

=  — 0,19104208(1,645*2 — 2,525* +  3,4 —

-  0,65 _________________ 1,65(4,22 -  *) +  8,45 -  0 ,413 M ^ ~ x ________________
(1,65* — 1,263)(4,22 — *) +  0,507^(4,22 — *)3 +  (0,417 — 0 ,253*)/4 ,22  — *

hence

j*  F (* )d *  =  13,38268 .

U n d e r processing , th e  ten s io n  in  th e  c o tto n  w eft y a rn  Nm =  60 a t  n  =  10500 rev /m in  sp ind le  
rev o lu tio n s an d  a t  So =  13,3 g p eak  ten s io n  is, a t  th e  p o in t P 2(4 ,2 ; 7,6; — 2), of th e  ba llo o n  
w ith  th e  h ig h est ra d iu s

S  =  (13,3 +  13,38268 • e*.™») • е~*,™2 =  +  13,38268 =  0,114 +  13,38268 =

=  13,49668 13,5 g rs .

The y a rn  ten s io n  is affec ted  b y  th e  y a rn  co u n t. U n d e r equal sp in n in g  
co n d itions th e  te n s io n  arising  in  f in e r  y a rn  coun ts is low er th a n  th a t  in  courses 
c o u n ted  ones.

The h ig h est influence e x e rte d  on y a rn  tension  is t h a t  of th e  n u m b e r of 
sp ind le  rev o lu tio n s. The ten sio n in g  force increases ra p id ly  w ith  th e  sq u are  
o f  th e  n u m b er o f  spindle revo lu tio n s. H ence, in creased  n um ber o f sp ind le  
rev o lu tio n s lead s to  a h igher ten s io n  an d  th u s  to  m ore  y a rn  breakages, un less 
h ig h er q u a lity  a n d /o r  o f im p ro v ed  com position  m a te ria ls  can  be p rocessed .
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Определение усилия пряжи, возникающего в баллоне при кольцепрядении. Автор 
дает формулу, пригодную для вычисления усилия пряжи в произвольной точке баллона 
кольцепрядения. При выводе формулы усилия пряжи из числа усилий, воздействующих 
на элемент пряжи, автор учитывает центробежную силу, сопротивление воздуха и два 
растягивающих усилия противоположного направления, действующих на движущийся 
элемент пряжи. Приведенная автором формула является значительной вследствие того, 
что в точках баллона на основе существовавших до сих пор сведениям нельзя измерить 
усилие пряжи.

Acta Technica Academiae Scientiarum Hungaricae 85, 1977





Acta Technica Academiae Scienliarum Hungaricae, Tomus 85 (3 —4), pp. 455—463 (1977)

THE FUNCTIONS OF FLOTATION PLANT DESIGN 
AND PROCESS CONTROL

SZ. P E T H Ő *

DOCTOR OFTECHN. SCI.

[M anuscrip t rece ived  S ep tem b er 10, 1976]

B y using th e  ex p erim en ta l re su lts  o f one single cell o f o p e ra tio n a l dim ensions th e  
se p a ra tio n  fu n c tio n s o f f lo ta tio n  sy s tem s, th u s  th e ir  m ass yield , th e ir  com ponent yields 
a n d  th e ir  com p o sitio n  can  be  d e te rm in e d . T h e  functions a re  su itab le  fo r th e  designing, 
th e  o p tim iza tio n  a n d  th e  process co n tro l o f f lo ta tio n  system s. T he p ra c tic a l app lication  
is d em o n s tra ted  on  th e  ca lcu la tio n  o f th e  sep ara tio n  p a ram ete rs  o f  su lfide copper ore 
f lo ta tio n  system s.

1. Introduction

W ith  a cell o f  vo lum e v, d isco n tin u o u s feed, and  based  on a te s t  of d u ­
ra tio n  T , th e  sep a ra tio n  fu n c tio n s o f a f lo ta tio n  p la n t w ith  co n tin u o u s feeding 
co n sisting  of cells o f vo lum e v a T  f lo ta tio n  tim e can  be ded u ced , if  d u rin g  
th e  e x p e rim en t severa l p ro d u c ts  are  p ro d u ced  and  if  th e ir  m in e ra l com position  
is d e te rm in ed  a t th e  tim e  o f feed ing .

2. Evaluation o f experimental results

T he resu lts  o f th e  ex p erim en ts  ca rr ied  o u t w ith  one single cell are sum m ed 
up  in  F ig . 1. In  th e  ex p erim en ts  a n u m b e r o f p  p ro d u c ts  has been  m ade. T he 
gangue rem ain ing  in  th e  cell is th e  p ro d u c t p.  The m ass y ie ld  o f th e  p ro d u c t 
l is M t (I =  1 , 2 , . . . ,  p),  th e  f lo ta tio n  tim e  is t,. The fu r th e r  p a r ts  o f th e  tab le  
show  th e  m ineral com position . T he p ro d u c t contains a n m in e ra l: th e  m ass 
p ro p o rtio n  o f th e  m in era l i in  th e  p ro d u c t l is (i =  1, ,2, . . .  , n). The m ass 
p ro p o rtio n  of the  m in e ra l i in  th e  feed  is m,. The re la tions b e tw een  th e  d irec t 
m easu rem en ts  recorded  in  th e  T ab le  are

Í M , =  1 ,  (1)
1=1

T  =  2  *1,  (2)
/=1

* D r. Sz. P etiig , A sványelőkész ítési T an szék  H-3515 M iskolc-E gyetem város, H u n g a ry
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Í=1

T he com ponen t y ie ld  of m ineral i in  th e  p ro d u c t l is

T h e  re la tio n  betw een  th e  com ponen t y ields is

J V f c ( 0 = l ;  Î =  1, 2, . . П .
1= 1

( 6)

(? )

W ith  aid of th e  v a lu es  k\l) th e  c o n s titu e n t y ield  fu n c tio n  of each m inera l 
c a n  be p lo tted . T he fu n c tio n s  follow som e k ine tic  eq u a tio n . — The resu lts  
o f  th e  flo ta tio n  can  a lw ays be described  b y  th e  k in e tic  e q u a tio n  of th e  f irs t  
o rd e r [2], [3], [8], [9 ], [10]. I t  is usefu l in  such cases to  rep resen t th e  y ields 
on  logarithm ic  o rd in a te s . W ith  such a rep re sen ta tio n  th e  y ield  fu n c tio n  o f 
a n y  one m ineral is n o t  alw ays a s tra ig h t, as th e  m in era l co n ten t of th e  raw  
m a te r ia l  m, consists o f  p a r ts  w ith  d iffe ren t f lo ta tio n  tendencies. B y a con­
s tru c tio n  due to  K e l s a l l  [2], [3] th e  p a r ts  w ith  eq u a l flo ta tio n  ten d en cy
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can  be se p a ra te d . The m inera l o f m ass frac tio n  m,- can  be sep a ra ted  in to  r 
p a r ts , fo r th e  y ield  of th e  j th p a r t  o f th e  ith m in e ra l th e  w ell-know n re la tio n  
s tan d s

ku =  1 — e - V  ; i  =  1 , 2, . . n  ; j  =  1 , 2, . . r  , (8)

Ay is th e  f lo ta tio n  ten d en cy . I ts  rec ip rocal (1/Ay) is th e  m ean  flo ta tio n  tim e  
of th e  m in era l g ra ins w ith  equal f lo ta tio n  ten d en cy , i f  th e  ex p erim en t is co n ­
tin u ed  u n til  th e  sep ara tio n  of th e  la s t  m ineral g ra in  [1]. T he com position  of 
th e  raw  m a te r ia l charged  to  th e  f lo ta tio n  cell can be g iven  b y  m inerals, w ith in  
th a t  accord ing  to  th e  flo ta tio n  ch a rac te ris tic s  [6].

2 2 тч = 1 - (9)
i = l j = l

3. Separation functions of flotation plants

T he se p a ra tio n  functions o f f lo ta tio n  p lan ts  can  be sep a ra ted  w ith  th e  
aid  of F ig . 1 [6]. I n  th e  figure N  cells o f volum e v m 3 each  are connected  in  
series [7]. T he feed  is V  m 3/h  of p u lp .

The f lo ta tio n  tim e  T1 o f th e  f irs t  cell is

7 \  [m in] =  60 ~  . (10)

In  th e  f ro th  p ro d u c t o f th is  cell th e  y ield  р ,д  of j th f ra c tio n  o f th e  ith m inera l is

Piji =  1 -  exp  ( -  AyTj) . (11)

I n  th e  in e r t p ro d u c t th e  y ield  д,д o f th e  sam e p ro d u c t is

liji  =  1 — Piji =  exp  (— AyT,) . (12)

T he m ass y ie ld s mhl an d  mml o f th e  f ro th  and  gange p ro d u c ts  for th e  f irs t  cell, 
are

m hi =  j g  n ty (i -  qin) , (13)
i= iy=i

П Г
=  2 2  mijiijl ■ (14)

1= 1 7=1

T he second cell is fed  w ith  less p u lp , th ere fo re , th e  f lo ta tio n  tim e  will be longer. 
I f  th e  d en sity  o f th e  p u lp  rem ains un ch an g ed  (from  now  on th is  will he assum ed) 
th e  flo ta tio n  tim e  in  th e  second cell is

T2 =  6 0 ---------------------- -. (15)П Г
у  2 2 mu%i

<=■17=1
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I f  th e  pu lp  density  ch an g es, th e  f lo ta tio n  tim e  T2 will d iffer from  th e  foregoing 
v a lu e , b u t  will be p ro p o rtio n a l to  it .

T he m ass yield o f  th e  tw o p ro d u c ts  o f th e  second cell is

a n d

n  г

mh2 =  2 2 - 4iji) .
i= iy=i

mmi —  У  mij9ijl9ij2 • 
< =1 j — 1

(16)

(17)

T h e  f lo ta tio n  tim e Tv o f th e  Vth cell an d  the  tw o yields (тд,., mm,) are

an d

T v =  6 0 ------------------------------------------  (18)
n r

 ̂ 2 i  mi)9ijl9ij2 • • • 9ijv—l 
<=ij —i

n r

mhv =  2 2  mij9iji9ij2 • • • 4i jv— 1 ( 1  -  4ijv ) , (19)
/ = 1 7=1

=  mij9ijl9ij2 ■ ■ ■ 9ijv ■ (Щ
1=1J=I

T h e  v alues q , jv are th e  cell y ields. F ro m  th em  th e  T rom p  cu rve  o f an y  flo ta tio n  
cell can  be co n stru c ted  [4], [5].

The mass y ield  o f  th e  fro th  p ro d u c t o f th e  f lo ta tio n  p la n t  is, in th e  sense 
o f  th e  sum m ation , show n on F ig . 1:

m„
П Г

=  2 2  m ‘j
N

3 -  У / 9,JV •
V —  1

T h e m ass yield of th e  gangue is

n r  N

mm =  2  2  mU I I  *№ ■
1 =17=1 v=l

(21)

( 22)

T h e  m ineral co n ten ts  6, an d  c, o f th e  co n cen tra te  an d  th e  gangue are

a n d

1 r N

bi = —  2 mu 1 —  Ц 9ijv\mh r=\ v=l )

J r  N
c i = ------ 2 mU I I  7y.-

mm j= 1 v =  1

(23)

(24)
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The m in era l y ields kj an d  K t are th e  fo llow ing:

1  r N

k, =  —  2 ;  mu 1 — / /  q,JV
4 J= v=i

and
J r  N

K , =  -—  2  тч /  /  чф
7=1 y= 1

F or th e  deduced  se p a ra tio n  functions th e re  is

™h +  mm =  1 ,

=  1 ’ ^ c' = 1  
1=1  i = 1

fc, Ч- — 1 ; i —• 1, 2 , . . n

(25)

(26)

(27)

(28)

(29)

The f lo ta tio n  tim e  o f th e  row of cells an d  th e  m ean  f lo ta tio n  tim e T  o f a sim ple  
cell are

T =  J ?  T v a n d  T  =  T /N  . (30)
V=1

I f  th e  useful m inera l co n ten t of th e  f lo ta te d  raw  m ateria l and  w ith  th is  th e  
m ass y ield  o f  th e  co n cen tra te  are sm all, th e  f lo ta tio n  tim es T,, an d  th e  cell 
y ields qijr (v =  1, 2, . . . , N)  are p ra c tic a lly  eq u a l. In  th is  case th e  m ass y ie ld  
mh o f th e  c o n c e n tra te  will he, considering  th e  equal cell y ields =  g,j2 =
—  •  •  •  —  <ltjN —  4 i j

mh
П Г

=  2 2  mu
i - l 7=1

(31)

C orrespond ing ly  th e  o th e r sep a ra tio n  fu n c tio n  can also be ca lcu la ted .

4. Practical application

T able 2 show s th e  resu lts of a f lo ta tio n  experim en t w ith  ch a lco p y ritic - 
p y ritic  ore [11], [12].

The product was analyzed for Cu and Fe (colum ns 4 and 5), and from the results the  
ehalcopyrite, the pyrite and the gangue contents were determ ined. m1 =  0,0166, 14,, =  0,0897  
and m3 =  0,8937. From  the mineral contents (colum ns 6, 7, 8) the yields (colum ns 9, 10, 11) 
can he calculated . In  Fig. 2 the yield function o f the ehalcopyrite has been plotted. W ith  the  
graphical m ethod shown in the figure the ehalcopyrite can be separated into three parts accord-
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Table 1

Evaluation of Experimental Results

P ro d u c t M ass p a r t F lo ta t io n  tim e
M inera l co m p o s itio n

1. M ineral

1. 2. 3 . 4. 5.

1. P roduct M x «1
(T'lTTli M1'

2. Product M , *2 k[2'

1. Product Ml 4 mi*1 k{l>

p. Product M„ — fc^p>

F eed 1 T ml l

Table 2

Evaluation of flotation

P ro d u c t M ass yield F lo ta t io n  T im e  m in .
M eta l C o n ten t

Cu Fe

1. 2. 3. 4. 5.

K x +  K 2 0,1038 10 0,0420 0,1212
K 3 +  K , 0,1518 20 0,0130 0,1846

К а + к в 0,1870 20 0,0058 0,1029

Gangue 1,0000 — 0,00070 0,0268

Material 50 0,00574 0,0468

Table 3

Mass Yields my, Flotation Tendencies

C halcopyrite P y r ite

M ass P ro p o rtio n F lo ta tio n  Tendency CeU Y ield M ass P ro p o rtio n

1. 2. 3. 4.

mn  =  0,00966 An =  0,5640 qui =  0,5222 m2i =  0,0296
m12 =  0,00385 A i 2 =  0,1077 9i2i =  0,8833 m2 2 =  0,0601

m13 =  0,00309 A13 =  0,0128 9i3i =  0,9854

m1 =  0,01660 m2 =  0,0897
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Obtained with One Flotation Cell

(т$(*)) a n d  y ield  (fc$(*>)

2. M ineral i. M ineral n. M ineral

6. 7. 8. 9. 10. 11.

mm 2 kP 4 l)
(2) 

m  2 < k p m (p K2)

. 
3 

..

k p m > P k p m ( 0 k p

m г? ) k p ) m(P) kp>
m 2 1 mi l m n 1

experiments

M ineral C o n te n t M ineral Y ie lds

C h a lco p y rite P y r ite G angue C halcopyrite P y r ite G angue

6. 7. 8. 9. 10. 11.

0,1212 0,1810 0,6978 0,758 0,210 0,081

0,0376 0,3714 0,5910 0,867 0,408 0,113

0,0167 0,2096 0,7737 0,902 0,491 0,143

0,00202 0,0562 0,9418 1,000 1,000 1,000
0,0166 0,0897 0,8937

qiji and Cell Yields q[jl

G angue

F lo ta t io n  T en d en cy Cell Y ield M ass P ro p o rtio n F lo ta tio n  T en d en cy Cell Y ield

5. 6. 7. 8. 9.

Л21 =  0,08140 ?2i i  =  0,9105 m31 =  0,0554 A31 =  0,30400 9з11 =  0,7045
Л22 =  0,00585 Я 2 2 2  == 0,9933 m32 =  0,8383 A32 =  0,00 1 88 9 3 2 1 =  0,9978

m3 =  0,8937
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ing to  its  flo tab ility  (0,5819 • 0,0166 =  0,00 966, . . .,). The figures for the two other y ields are 
not published here. The resulting mass proportions my and flo tation  tendencies Ay are listed  
in Table 3.

The cell volum e v is 16 m 3, the pulp volum e feed is V =  (5 /6 )1 03 m3/A; T1=  1,152 min. 
W ith  th e  flotation  tendency Ay and the flo ta tion  tim e T the cell yields qy-j which can be cal­
culated; th ey  are also show n in  Table 3. Let us choose a JV =  48 cells.

Table 4 shows the m ass yield of the concentrate, the m ineralic com position of the three  
products (feed, concentrate and gangue) and their mass yields.

The calculation based on the corresponding relations have been carried out on a com ­
puter. The separation functions of the flo tation  system s can be calculated for any cell circuit.

m(, -  (15819 
CuFeS2 ; mÍ2 “ (12319

mj3 - 0.1861 
0,9999

T [mini
Fig. 2

T able 4
Separation Parameters of Flotation Plant (N = 48, T =  64,846 min)

S e p a ra tio n  p a ra m e te rs F eed C o n c e n tra tio n G angue

1. 2. 3. 4 .

Mass yield l - 0,2153 0,7847

Chalcopyrite 0,0166 0,0708 0,0017

Mineral Compo- Pyrite 0,0897 0,2249 0,0526

sition Gangue 0,8937 0,7043 0,9457

Total 1,0000 1,0000 1,0000

Chalcopyrite 1,— 0,9186 0,0814

Mineral Yields Pyrite 1,— 0,5398 0,4602

Gangue 1,— 0,1696 0,8304
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5. Som e conclusions

W ith  th e  sep a ra tio n  fu n c tio n s flo ta tio n  sy stem s can  be designed, u s in g  
th e  experim en ts  m ade w ith  one single cell o f o p e ra tio n a l size. D esigning is 
a im ed  a t  d e te rm in in g  th e  connection  of the  cells, th e  m asses of fina l and  in te r ­
m ed ia te  p ro d u c ts , th e ir  q ualities an d  th e ir  y ields. W ith  th e  functions o p tim iz a ­
tio n  is also possib le if  th e  p u rp o se  is th e  p ro d u c tio n  o f  p ro d u c ts  w ith  f ix e d  
q u a lity  and  y ie ld s, or i f  th e  p u rp o se  is th e  fu lf illm en t o f  a co n trac t b e tw een  
th e  m ine and  th e  siderurg ical p la n t w ith  m ax im u m  econom ical p ro fit an d  
m in im um  in v e s tm e n t costs (e.g. m in im um  n u m b e r o f  cells).

In  case o f  su ch  aim s th e  fu n c tio n s are also su ita b le  fo r realizing p rocess 
co n tro l w ith  co m p u te rs .
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Die Funktionen der Planung und Prozeßsteuerung von Flotationsanlagen. Unter V er­
wendung der Versuchsergebnisse einer einzigen Zelle von Betriebsausm aßen können die Sepa­
rationsfunktionen v o n  Flotationsanlagen, d. h. die M assenausbringung der Endprodukte, ihre  
Bestandteilausbringungen und ihre Zusam m ensetzungen, abgeleitet werden. Die Funktionen  
eignen sich für den Entw urf, die Optim ierung und die Prozeßsteuerung von  Flotationsanlagen. 
Die praktische Anwendung wird für die Berechnung der Separationsparam eter eine F lotations­
anlage für sulfidisches Kupfererz gezeigt.

Функции проектирования и управления процессами работы флотационных агре­
гатов. Путем использования экспериментальных результатов одной единственной секции 
производственных масштабов можно вывести функции разделения флотационных агре­
гатов, т. е. определить массовые выходы конечных продуктов, выходы компонентов и состав 
конечных продуктов. Выведенные функции пригодны для проектирования, оптимизации 
и управления процессами работы флотационных агрегатов. Практическое применение 
демонстрируется в статье вычислением параметров разделения флотационного агрегата, 
пригодного для флотации сульфидной медной руды.
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AN ESTIMATION OF THE TORSIONAL STIFFNESS OF 
A PRISMATIC RAR OF HETEROGENEOUS MATERIAL 

AND SOLID CROSS SECTION

I. E C SE D I*

[Manuscript received N ov. 4. 1976]

The present paper treats the generalization of one of the results o f J. B a r t a , 
who deduced the lower and upper bounds for the estim ation of the torsional stiffn ess o f  
prism atic bars made of hom ogeneous m aterial and having solid cross section . In  th e  
paper the extensions of these bounds to  prism atic bars o f heterogeneous m ateria l is  
dealt w ith.

x,y
b jT
g
R

The follow ing sym bols are used in  th is paper:

orthogonal coordinates, 
unit vectors o f system  of coordinates xy,
sim ply connected domain in plane xy, cross section of torsioned prism atic bar, 
boundary o f T, sm ooth (at least by sections sm ooth) rectifiable closed curve, 
torsional stiffness of cross section,

i H— —  j  H am ilton’s differential operator,
d y

V Laplace operator, 
designs scalar product of two vectors, 
sm ooth closed curve, 
region surrounded by curve y,

—— derivative calculated along the tangent o f boundary curve,

_a_
Ox 

л =  V •

V =  ■

У
D
_0
äs

derivative calculated along the norm al un it vector n o f the boundary curve,

s arc coordinate interpreted on the boundary curve,
u =  u(x, y) tw o-variable function, 
u0 value of и on the boundary curve g,

H =  — у  ■ auxiliary function,

Tj (i =  1, 2, .............. n) domain in plane xy,
Si =  gio +  S g ij boundary of T„
gj0 part of boundary Т,- falling on boundary g of region T = 7 \  +  T„ . . .,
gij curve separating regions Т,- and Tj,
G, shear m odulus o f elasticity of m aterial w ith in  region Tj.

I t  is well k n o w n  th a t  the to rs io n a l p rob lem  of a p rism atic  b a r of h e te ro ­
geneous m a te r ia l h av in g  a solid cross sec tion  G =  G(x,y) show n in  F ig . 1„ 
rep resen ts th e  follow ing b o u n d ary  v a lu e  prob lem  [1]:

To be d e te rm in ed  in  the  closed d o m ain  T  -f- g con tinuous func tion  which: 
satisfies in  reg ion  T  th e  p a rtia l d iffe ren tia l eq u a tio n

P £ T,

* Dr. I. E c sed i, Vászonfehérítő u. 24, IV /1., H -3531, M iskolc, Hungary

(1>
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a n d  on  th e  b o u n d a ry  o f  reg ion  T,  on th e  cu rv e  g th e  hom ogeneous b o u n d a ry  
co n d itio n

F = 0 ,  P £ g .  (2)

B y  k n o w ing  th e  so lu tio n  o f th e  b o u n d a ry  v a lu e  problem  estab lish ed  b y  E qs 
(1) a n d  (2), th e  to rs io n a l stiffness R  o f th e  cross section  m a y  be ca lcu la ted  
w ith  th e  aid  o f th e  fo rm u la

R =  2 j  F d T  . (3)
r

i t

F ig . 2 . D raw ing to  v e rif ica tio n  o f F  >  0, P  e T

F ir s t  i t  will be p o in te d  o u t th a t  th e  consequence  of E qs (1) an d  (2) is th e  v a lid ­
i ty  o f  th e  in e q u a lity

J _  — < 0 ,  P ( : g (4)
G 3 n

a t  th e  po in ts  o f th e  b o u n d a ry  curve g. T h e  verifica tion  will be carried  o u t 
in  tw o  steps. F irs t , i t  w ill be proved  th a t  F  is n o t negative  in  T,  i.e.

F  >  0 ,  P i T .  (5)
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L et us assum e th a t  in  T  th e re  is a p o in t S  w here F  is nega tive . In  th is  
case, due to  th e  c o n tin u ity  o f F  th e  p o in t Q has, in  a ll ev en ts , a n e ighbourhood  
defined  b y  a closed curve  y  (F ig . 2) w here F  is n eg a tiv e , i.e .,

F < 0 ,  P £ D  +  y .  (6)

H ere in , D deno tes th e  region in  p lan e  xy  b o rd e red  b y  th e  cu rve  y. A fte r th e  
Gaussian in teg ra l tra n sfo rm a tio n  an d  s im u ltaneous ap p lica tio n  of th e  ru les 
of p ro d u c t d e riv a tio n  th e  follow ing id e n tity  m ig h t be deduced :

f  (VF)2 d T  =  2 Г F d T  Г — — Fds . (7)Jo G Jo J y G дп

The le ft-h an d  side o f E q . (7) alw ays being po sitiv e , e q u a lity  m ay  only  ex is t 
(due to  th e  assu m p tio n  F  <  0, P  £ D -)- y. be ing  tru e ) , if  th e  cond ition

“ • < 0 ,  * € ?  (8)(г ЪтЬ

is fu lfilled  a t  th e  p o in ts  of curve y. In  tu rn , from  (8) i t  follows th a t  F  =  F(x,y)  
does n o t increase in  th e  d irec tion  n (see Fig. 2), th u s , th e  region D  w here 
F  <  0, m ay  be e x ten d ed  to  th e  reg ion  T, b u t  F  — 0 P  Ç g an d  th u s  on th e  
basis o f (8) m ay  be w ritte n

Г ^ ^ - d T =  2 Г F d T  . (9)Jr G Jr
B y th is  eq u a tio n , be ing  th e  le f t-h an d  side p ositive  and  th e  r ig h t-h a n d  side 
nega tive , we a rr iv ed  to  a c o n trad ic tio n . T herefo re, our basic cond ition  w as 
fau lty , th u s

F  >  0 , P £ T .  (10)

The second p a r t  o f th e  v e rifica tio n  p resen ts itse lf  im m ed ia te ly  from  E q s (2) 
and  (10). Since F  is n o t nega tive  in  T  and  a t  th e  b o u n d a ry  T  is equal to  zero, 
in  th e  d irec tion  o f n (n being th e  n o rm al of th e  cu rve  g), p roceeding  to w a rd  
th e  curve g, F  =  F(x, y )  surely  does n o t increase, acco rd ing ly  (G >  0) a t  th e  
po in ts o f th e  cu rve  g i t  is tru e  th a t

( И )

Be th e  fu n c tio n  и =  u(x,y) con tinuous in  th e  region T  g and  tw ice 
con tinuously  derivab le  in  T.  L e t us express th e  va lu e  o f и =  u(x,y) on th e

1 9 F
G дп

<  0 ,  P i g
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b o u n d a ry  curve g b y  th e  fu n c tio n  u 0 =  u 0(x, y) .  The m ax im u m  o f u 0 is desig­
n a te d  b y  Uomax an d  its  m in im um  b y  u omin. L e t th e  follow ing id e n ti ty  be con­
s id e red

-  2 F y
1

—  V й - 2 - V  • ~  v f ]
I g G J

(u u omax)

j(u  Momax) V • 7 7 V F -  F y  • Г 1 /—  V(и - w0max) 1
l G G f

( 12)

F o r  tran sfo rm in g  E q . (12), th e  E q . (15) derivab le  from  E qs (13) an d  (14) m ay  
be  used :

1

1

F y

t>y •

1
—  yi> 
G

d T  = f  y v  • y  F
d T  +

J r  G

— A F  
G

d T  = f  y  V  y  F d r + JJ r  G

Í/V- ( l v 1
dT  -J F y  •

1
—  y v
G

dv 1

f  9 F  

J e V dn
0 F  1

ds ,

d T  =

1 9 F
=  | V---------------ds

G dn
F - i ^ d s .

, G dn

(13)

(14)

(15)

F ro m  E q . (12) b y  in te g ra tio n  ex ten d ed  to  T,  and  b y  ap p lica tio n  o f th e  id e n tity  
(15) to  the  fu n c tio n

V =  и  u omax (16)
m a y  arrived  to  E q . (17)

Г

í r
V • H F d T =  4 J  udT — u omaxT

u om ax )
1 0 F

G дп
ds .

(17)

F o r  w riting  dow n E q . (17) th e  fac t has been u tilized  th a t  F  =  F(x, y)  is th e  
so lu tio n  of th e  b o u n d a ry  value prob lem  designated  b y  E q s (1) an d  (2). Be

H  =  H(x, y) (18)

a n d  le t us denote  b y  FTmax th e  h ighest va lu e  of H  in  reg ion  T.  B y  ap p lica tion  
o f  th e  inequalities
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М Ч
F d T < H max Г 2 F d T ,

It
(19)

(u 0 u omax)
(jr

d F
------ >  0 ,

d n
P i g (20)

an d  b y  ta k in g  in to  acco u n t E q . (17), th e  in e q u a lity  describ ing th e  to rs io n a l 
stiffness m ay  re a d ily  be w ritte n  dow n as:

^ 4 ( J r ( u d T - MOmax T )• (21)

B y a sim ilar co n sid era tio n , w ith  th e  a id  o f th e  fu n c tio n

v = u  — uomm (22)
th e  in eq u a lity

HminR <  4 ( f r u d T ~  uomin T) (23)

m ay be established as characterizing the torsional stiffness, wherein H mj„ is 
the low est value o f  the function H  =  H(x,y)  in the region T. The inequalities  
(21) and (23) are the generalization o f the result deduced by J. Barta  to  the  
prism atic bar made of hom ogeneous m aterial and having  a solid cross section. 
B y w ay o f verification the method described in [3] by J . B arta has essentia lly  
been followed.

Now, i t  w ill be p o in ted  ou t th a t  th e  p a ir  of in eq u a litie s  (21), (23) m ig h t 
also be used fo r th e  e s tim a tio n  o f th e  to rs io n a l s tiffness of a p rism atic  b a r  
com posed of com bined  m ateria ls .

In  th e  case o f a p rism atic  b a r  m ade o f com bined  m ateria ls , in  th e  sub- 
reg ion  T, o f th e  cross section  th e  m a te ria l has a sh ea r m odulus of e la s tic ity  G<. 
F ro m  G, one assum es th a t  in  T, i t  is c o n s tan t. I n  case of th is c o n s tra in t, 
th e  so lu tion  o f th e  to rs io n  problem  invo lves th e  follow ing b o u n d a ry  v a lu e  
problem  [2]:

The follow ing fu n c tio n  F , =  F,(x,y)  is to  be d e te rm in ed  w hich is con­
tinu o u s in  th e  reg ion  T t gt an d  w hich  sa tisfies in  T, th e  p a rtia l d iffe ren tia l 
eq u a tio n

z 1 F ,=  - 2 G ,  Р 6 Г ,  (24)

in  region T,, giQ b o rd e r falling  on th e  b o u n d a ry  cu rv e  g the  hom ogeneous 
b o u n d a ry  cond ition

F, =  0 ,  P i g i0, (25)
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an d  a t  th e  po in ts o f th e  sm o o th  (a t le a s t b y  sections sm ooth) cu rv e  gij sepa­
ra tin g  th e  regions T, a n d  Tj, th e  f i t t in g  co n d itio n

and
Ft  =  Fj ,  p i  gij

1 dFj_ _  J _  9 Fj
Gf dn Gj dn Pi gij

Fig. 3. Prism atic bar of com posite material

(26)

(27)

(see F ig . 3). R ecognizing  th e  so lu tion  o f th e  b o u n d a ry  value p ro b lem  F ,( i =
=  1, 2 , ..............n) de fined  by  (24), (25), (26), (27), th e  to rs io n a l stiffness of
th e  cross section m a y  he de te rm ined  from  th e  form ula

R  =  2 J p  I F ,dT  . (28)
i = \ J T i

F ro m  th e  s tru c tu re  o f  th e  b o u n d a ry  va lu e  p rob lem  defined b y  (24), (25), (26), 
(27) i t  follows th a t  th e  estim a tio n  w hich  m ay  be given by  (21) a n d  (23) rem ains 
v a lid  if  one in te rp rè te s  th e  func tion  in  th e  region T, as

1. щ =  щ { х , у ) ,  P  (  Т,- +  gi

are  con tin u o u s in  F, -f- gi and

2. ut = u t( x , y )

is, a t  le a s t, tw ice co n tin u o u sly  derivab le  in  T,

3.

4.

V  ’ P i  gij,

1 9 u, duj
G/ 9n Gi dn P i gij ■

(29)

(30)
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In  the  case, H max deno tes th e  h ighest value o f  th e  expression Л,- =
=  — Aut/ui (i =  1 , 2 , .............. n) in  th e  region T  =  T ± - f  T 2 - f ................+  T„,
an d  I f mjn designates th e  m in im um  va lu e  of th e  exp ressio n  Л , =  —Zlu,-/u,,
in  th e  region T  =  7 \  +  T 2 - ) - .............. T n. F u r th e r  u om in d esignates th e  low est
v a lu e  of u ,(i =  1, 2, . . . , n) an d  u0max designates th e  h ig h est value of it, 
(i =  1, 2, . . .  re) a long  th e  b o u n d a ry  curve

& =  glO +  #20 + ..................+  SnO •

Fig. 4. Solid circular cross section o f com posite m aterial

In  th e  follow ing th e  es tim a tio n  o f th e  to rsiona l s tiffness of a p rism atic  
b a r  o f heterogeneous m a te r ia l an d  a solid cross section  w ill be d em o n stra ted .

T he estim atio n  o f th e  to rs io n a l stiffness of th e  solid cross section depicted  
in  F ig . 4 will be d iscussed. In  th e  region T 1 of th e  cross sec tio n  a m ateria l of 
a sh ea r m odulus o f e la s tic ity  Gx an d  in  th e  region T2 t h a t  o f G2 is to  be found . Be

T he function

G1 =  1 , G2 =  2 .

_  1 ul =  wi(*, y) , P  f T

1 u2 =  иг(л'’ У) ’ p  а т,
(31)

sa tisfies th e  f ittin g  cond itions (26) an d  (27) p rescribed  a long  th e  curve g12, 
th u s , w ith  its aid  b o u n d s m ig h t be form ed for th e  to rs io n a l stiffness of the  
cross section. To th e  above fu n c tio n , accord ing  to  (18), th e  following H  =  
=  H(x,y)  is associa ted :

fu r th e r

H = H ( x , y )
—4 , P  £ T x , 

- 2 ,  P d T 2 ,
(32)

Momin Momax =  1 . (33)
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W ith  these  values, a n d  b y  m ak in g  use o f (21) and  (23) th e  low er an d  u p p er 
b o u n d s  (lim its) are  o b ta in ed

R  <  л  =  3,14159 , (34)

R  >  0 ,5л  =  1,57079 (35)

re sp ec tiv e ly , fo r th e  to rs io n a l s tiffness R.  L e t us consider th e  fu n c tio n

и =  1 — (x2 -j- у 2)
« 1  =  Mi(x , y)  , P  £ ,
u 2 =  м2(х, у)  , P  £ T 2 ,

(36)

as sa tisfy ing  th e  f i t t in g  co n d itions (26) and  (27). The H  =  H(x,y)  associated  
to  th e  above fu n c tio n  w ill be

H  =  H( x , y )

a n d , in  th e  case d iscussed

3 , P i T , ,

1 ,5 ,  P t T 2 ,

^Omin — u omax =  0 .

(37)

(38)

O n th e  basis of th e  above resu lts  in  (36), (37), (38), from  th e  in eq ua lities (21), 
(23) th e  e stim a tio n s

R  <  1 ,3333я =  4,18889 ,

R  >  0 ,6666л =  2,09439

m a y  be deduced fo r th e  to rs io n a l stiffness.
L astly , ta k in g  th e  fu n c tio n s

Mi =  ux{x, y )  =  1 — (x2 +  y 2) -  ~  (y -  x2y  -  y 3) , P  € T 1 ,
О

u2 =  u2(x, y)  =  1 -  (x2 +  y 2) — ~  (y — x2y  -  y 3) , P  e T 2
4

as s ta r tin g  po in ts  th e  low er an d  u p p e r  bound for R  can  be estab lished .
The ut(i =  1,2) func tions u n d e r  (41) and  (42) sa tisfy  th e  f i t t in g  cond itions 

p rescrib ed  to  th e  cu rve  g12. T hese functions are associa ted  w ith  the  follow ing 
H  =  H(x,y)  fu n c tio n

H = H ( x , y )  =  \ l  J ’ 
l 2 -  У •>

p ^ t  1

P d T 2 .
(43)

T h u s , we have

^rnax ~  3, t f min = 2 (44)
a n d

^omin =  ^omax =  ^ * (45)

(39)

(40)

(41)

(42)
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B y evolv ing  in  d e ta il th e  in eq u a lities  (21) an d  (23) to  th e  u p p e r and  low er 
b ounds are a rriv ed  a t

R  <  3,698 , (46)

R  >  2,4666 (47)

resp ec tiv e ly , to  th e  to rs io n a l stiffness. T ak in g  (47) an d  (34) in to  acco u n t, 
yields

2,4666 <  R  <  3,1416 . (48)

T he a r ith m e tic a l m ean  o f th e  low er an d  u p p e r lim it e n te rin g  in  th e  inequalities 
(48) w ill he

R*  =  2,804 (49)

w hich m a y  differ from  th e  ex ac t v a lu e  o f th e  to rs io n a l stiffness of th e  cross 
sec tion  no  m ore th a n  0,5(3,1416 — 2,466) =  0,338.
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( S z e n d y ,  K.: Planning of Optimal Investment Capacities for Interconnected
•  Power Systems Using Probabilistic Constrained Programming
• B y  means of probabilistic constrained program ming the paper g ives a useful
 ̂ tool for determ ining the optim al enlargem ent of generating and transfer

• capacities in an interconnected system . In the described m ethod the in-
•  stantaneous transfer powers are elim inated. The adm issib ility and reliab-
•  ility  o f the power supply are investigated  b y  generation and interconnection
t constraints. The available generating and transfer capacities, as well
Î as the peak load deviations are considered as random variables. In addi-
•  tion  to technical constraints the op tim ization  process contains the pre-
•  scribed reliability level as a lower lim it Furtherm ore, the cost o f load shedd- 

sing can also be taken into consideration. The m ethod is illustrated by
• a sim ple exam ple.

.  Acta Techn. 85 (1977) pp. 241-259

Acta Techn. Hung. 85 (1977), pp. 2 6 1 —269

L u k á c s , J. — G a d Á N Y I , P.: Preliminary Study of the Interactions of Low 
Energy Oxigén Ions with Solid Carbon and Platinum Targets
The aim of this study was to show the possib ility  o f measuring the energy  
distribution o f charged particles produced by the interaction of low  
energy oxygen ions w ith  carbon. The oxygen  ions were produced by a 
K istem aker-ionsource working w ith  a h ot cathode Penning-discharge. 
In a first step the beam  was not m ass-analyzed and the m easurem ents 
were made only in  the pressure range o f lO -6 — 10 -e  torr. Authors succeeded  
in producing an oxygen ion beam having, first about 45 eV and now about 
15 eV kineti energy, w ith 20 — 30 nA in tensity . They made prelim inary  
m easurem ents w ith  an 45 eV oxygen ion beam . The targets were outgassed  
on the temperature o f about 1000 °C for several hours in high vacuum . 
Short discussion o f the results o f the calculated energy distributions of  
the backscattered charged particles from  carbon and platinum  targets, 
and o f the possible reaction m echanism s w ill be given.

Acta Techn. Hung. 85 (1977), pp. 271 — 279

K u n z e , M.: Investigation of Soil Mechanics on an Economical Design of 
Technology for the Construction and Compaction of Dams.
Earth dams should, in  all phases o f construction and in all o f  its working  
conditions have a satisfactory stab ility  safety . Besides, the deform ations 
resulting from the effects of the dead w eight and water pressure should 
not challange the correct function o f the dam s, in particular, their w ater­
tightness, w atertight jo ints and protective layers. The paper deals w ith  
these problems on the basis o f laboratory and field tests.





B e r c e l i , T.: Large Signal Properties of Injection Locked Diode Oscillators
A large signal m odel is used to investigate the properties o f injection  
locked diode oscillators. Relations betw een the input and outp ut signals 
are derived and used, to determ ined the locking band. I t  is shown that 
the locking band is shifted to lower frequencies as the diode susceptance 
non-linearity is increased. Transm ission characteristics such as output 
power and phase, further group delay tim e, AM-to-PM conversion and 
AM compression are determined. Frequency dependence o f the param ­
eters is investigated  of different values o f input power, load and diode 
susceptance non-linearity. This la tter  parameter has the effect o f causing 
unsym m etry, resulting in the low est distortion at a frequency which is 
higher than the band centre.

Acta Techn. Hung. 85 (1977), pp. 281 — 305

Acta Techn. Hung. 85 (1977), pp. 307 — 320

A b d e l — M o n e i m  —  H a m o u d a : A Comparative Experimental Study of the 
Accuracy and Precision of Measurements of External Screw Threads by 
Different Methods
The m ain objective o f this paper is to compare experim entally among 
three m ethods applied for m easuring the effective diam eter of external 
screw threads nam ely, the optical, optical w ith knife edge and the three 
wire m ethod regarding — a) the degree of accuracy and b) the degree 
o f the result com puted from the m easurem ents taken b y  each m ethod  
on a screw threads plug gauge. The three methods are different and each 
has its own caused system  of erros, both  the controllable and uncontroll­
able errors inherent in  the m easuring system  of each m ethod.

Acta Techn. Hung. 85 (1977), pp. 3 2 1 —334

A n t a l ,  K. G. — G á t i , E.: The Excitation Mechanism of the b,Di Level 
of Hg Atoms in the Positive Column of a Low-Pressure Mercury-Argon- 
Discharge
In the paper the radial structure o f the positive column of a discharge 
in  6 1 0 Torr H g vapour and 2,5 Torr Ar working gas in investigated
experim entally and theoretically. The assum ed plasma m odel is checked  
by probe m easurem ents, and by a spectroscopic m ethod, the radial distri­
bution of the in ten sity  o f the 579,1 nm  w avelength line is determ ined. 
As an evaluation of the obtained profile the ratio of the direct and the 
indirect processes is determ ined using a sim ple population m odel. The 
dependence of th is ratio from the m icroparam eters of the discharge and 
the integrated transition probabilities has been calculated.



. I

'

■ I



G r e g a , B.: Determination of the Equation of the Balloon Plane Curve in 
Ring Spinning Taking the Weight of the Yarn Into Consideration
The author set up the system  of differential equations of the plane balloon 
by taking into einsideration the tensioning forces o f opposite directions 
acting at the two end points o f the yarn elem ent. As there is no possibility  
for a solution in a closed form , expansion  in series is suggested for defin­
ing the equation of the plane balloon.

Acta Techn. Hung. 85 (1977), pp. 335 — 338

Acta Techn. Hung. 85 (1977), pp. 339 — 347

P e t h o  S z . :  The Error Functions and the Most Favourable Measuring 
Conditions for Mass Yield and Component Yield.
The m ain parameters for eva lu atin g  the separation operations are the 
m ass yield , the component y ield  and the efficiency. Their functions can 
be calculated by using the law  o f  error propagation. B y  fix ing the errors 
of the param eters the accuracy o f product analysis can also be deduced.

Acta Techn. Hung. 85 (1977), pp . 349 — 376

D u i . a c s k a , E. — J a n k ó , L.: Membrane Forces and Membrane Deflections 
of Flat Elliptic Paraboloid Shells Subjected to Uniformly Distributed Hor­
izontal Load at the Edges.
An analytic  m ethod of solution o f the membrane stress pattern and mem­
brane deflections of flat elliptic paraboloid shells subjected to uniformly 
distributed horizontal edge load is presented. The functions describing 
the worked out also in graphic form  in order to m ake easier the calcula­
tion  by hand. It has been theory also the internal forces and deflections 
o f the ellip tic  paraboloid shells supported by edge beam s having non negli­
gible flexural and torsional stiffnesses in  the horizontal plane can be ana­
lyzed in  an approxim ate w ay.
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G á d o r , L. : Some Problems of Mains Voltage Regulation in L. T.
In relatively  sparsely populated settlem ents large voltage drops m ay 
arise in the long radial lines o f the secondary network. This fact justifies 
voltage regulation. If an extended system  is regulated in  one point, a 
m ulti-step or a continuous regulator has no advantages, a two-step  
regulator is com pletely satisfactory. I f  the feeding point voltage varies 
too, a two-param eter regulation m ust be applied w ith  sim ultaneous sens­
ing of the current and the voltage. A relatively  large feeding point voltage  
variation can he elim inated only w ith a regulator placed in  the feeding 
point and here m ulti-step or continuous regulation is justified .

Acta Techn. Hung. 85 (1977), pp. 377 — 392

Acta Techn. Hung. 85 (1977), pp. 393 — 398

E c s e d i , I.: A Remark on the Upper Limit of the Torsional Stiffness of 
Prismatic Bars
The present paper deals w ith the torsional stiffness o f the sim ply consist­
ent region of rectifiable border curve and w ith the generalization of an 
inequality concerning the basic frequency o f an oscillating membrane 
extended to the same bordering curve.

Acta Techn. Hung. 85 (1977), pp. 399 — 419

J Á N D Y , G. : Recognizing and Utilizing Heuristic Rules in the Problemsolving 
of Operations Research
In the present paper the author wants to show — referring also to his 
earlier heuristic algorithm s — that the school-exam ples o f operational 
research teaching often im ply much more inner bounds than is expressed 
by the more general model of the type o f problem. Also the finding of the 
optim um  solution  in these models m ay be too expensive considering the 
im portance of the task and even w ith increasing number o f variables 
and conditions relatively  soon the models get practically unolvables. 
B ut w ith recognizing better the type of problem , a deeper analysis usually  
shows such heuristic rules by which the optim um  solutions of such prob­
lems can be approxim ated very well. The author proves this assum ption  
by heuristic algorithmus elaborated for two different types o f problems 
(production programming of several periods and planning of the sequence of 
passing through a bottleneck). In-between it is possible to gain insight into  
the m ental laboratory of heuristics.
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г» G r ó s z ,  M .: Automated Designing with Integer Programming
In this paper the authors presents a possible model for the general solution  
of autom ated designing. The design problem  is defined as follow s: a design 
of a structure w ith given geom etry and composed from a given  stock of 
elem ents is locked for, where for the elem ents the equilibrium , com pat­
ibility and lim iting conditions are fu lfilled  and where the structure is 
optim um  from some point of view  (w eight, cost, or their ratio). For the 
problem thus defined the m athem atical m odel for linear lim iting condi­
tions is established and then it is exten ded  to the case o f non-linearity. 
In both cases the problems are reduced to  th at o f a “ 0 — 1”  integer pro­
gramming task  to which the enum erative m ethod can be applied. For this 
m ethod the inversion of a large m atrix  would be necessary. A solution  
m ethod is shown for avoiding this.

Acla Techn. Hung. 85 (1977), pp. 421—431

Acta Techn. Hung. 85 (1977), pp. 433 — 444

F e r e n c z ,  C s . :  Electromagnetic Wave Propagation in Inhomogeneous 
Media: Strong and Weak Inhomogeneities
The paper deals w ith a classification o f the inhom ogeneities in a way  
which seem s to be more objective than the earlier m ethods. It gives a 
simple form for M axwell’s equations which m eans general u sability  in  
exam ination o f propagation, and also g ives variations for the dispersion 
equations, investigating several questions o f the com m only used m ethod  
o f 6-dim ensional designation.

Acta Techn. Hung. 85 (1977), pp. 444 — 453

G r e g a ,  B.: Determination of the Yarn Force Arising in the Balloon in 
Ring Spinning
The author gives a formula for the determ ination of the yarn force valid  
for any point o f the ring spinning balloon. In deriving the form ula of the 
yarn force, from  the forces acting on the yarn elem ent, the centrifugal 
force, the air resistance and the tw o pulling forces at opposite directions 
acting on the yarn elem ents m oving in  the balloon, have been taken into  
account. The im portance of the form ula lies in the fact th a t no means 
for measuring yarn force at balloon poin ts were available so far.
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Acta Techn. Hung. 85 (1977), pp. 455 — 463

P e t h ő ,  S z . :  The Functions of Flotation Plant Design and Process Control
B y using the experim ental results o f one single cell o f operational dim ens­
ions the separation functions o f flotation  system s, thu s their mass yield , 
their com ponent yields and their com position can be determined. The 
functions are suitable for the designing, the op tim ization  and the process 
control o f flotation  system s. The practical application  is demonstrated 
on the calculation of the separation param eters o f  sulfide copper ore 
flotation  system s.

Acta Techn. Hung. 85 (1977), pp. 465 — 473

E c s e d i , I.: An Estimation of the Torsional Stiffness of a Prismatic Bar of 
Heterogeneous Material and Solid Cross Section
The present paper treats the generalization of one of the results of 
J. В а к т а ,  who deduced the lower and upper bounds for the estimation of 
the torsional stiffness o f prism atic bars made o f hom ogeneous material 
and having solid cross section. In the paper the exten sions of these bounds 
to prism atic bars o f heterogeneous m aterial is dealt w ith.
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