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UBER DIE FREMDSTOFF-FRAGE DER
FASERGRENZEN BZW. DER KRISTALLITENGRENZEN
VON GEZOGENEN BZW. REKRISTALLISIERTEN
WOLFRAMDRAHTEN

FESTSTELLUNGEN UND VORSTELLUNGEN

T. MILLNER*
MITGLIED DER UNG. AKADEMIE DER WISS.
[Eingegangen am 14 Febr. 1973]

In den Wolframglihfaden mit Zusatzen (z. B. mit 1... 50 ppm K, Si, Al Zusatz-
spuren) spielen neben der chemischen Beschaffenheit der Zusatzspuren auch ihre Ver-
teilung und ihre Ortsanderungen eine bedeutende Rolle im Zustandekommen des
groBkristallinen Gefliges der Wolframgliihkérper, in ihrer Formbestandigkeit bei
hoher Temperatur und in der Ausbildung ihrer bei Zimmertemperatur auftretenden
mechanischen Eigenschaften. Gemall den Feststellungen des Verfassers werden diese
Tatsachen a) durch die Unabhangigkeit der Kristallitwaehstumsgeschwindigkeit von
der Art der Zusatze, b) durch die Ortsanderungen der Fremdphasenteilchen wahrend der
Rekristallisation, c) durch die Wirkung von Fremdatomen statt von Fremdphasen-
teilchen in der Rekristallisation, z. B. von Ga-Atomen statt A1203 von TI-Atomen
statt K20, d) durch die Rolle des durch Be ersetzbaren Si-Zusatzes in den creep-
Erscheinungen bei 2800°K, sowie €) durch das Aufeinandergleiten der Fasern der ge-
zogenen Wolframdrahte wahrend der gleichmaBigen Dehnung und hauptsachlich bei
der Ausbildung der Kontraktion beim Zerreifen — klar ersichtlich.

Einleitung

Seit etwa 60 Jahren, seitdem langkristallinische Wolframdréhte fur
Glihlampenspiralen auf pulvermetallurgischem Wege hergestellt und welt-
weit benutzt werden, war und ist ihre Kristallstruktur nie befriedigend gleich-
mé&Rig: es traten und treten zwischen den langen Kristallen immer wieder
auch kleinere Kristalle oder kleinkristallinische Gebiete auf. Auflerdem war
und ist die durchschnittliche Kristallitenlange — trotz bewuBt gleichgehalte-
ner Technologie — schwankend, z. B. zeitweise verschieden.

Die groRkristallinischen Wolframdrdahte werden mit Hilfe von Fremd-
stoffen, d. h. mittels kleinen Mengen von oxydischen Zusatzstoffen hergestellt.
Soviel steht seit etwa 30 Jahren fest, daB ihre GroRkristallstruktur von win-
zigen Spuren (0,1—50 ppm) dieser Zusatzstoffe hervorgerufen wird [1]. An-
scheinend (ben also diese Zusatzspuren eine Kristallwachstum fdidernde
Wirkung aus. Warum wachsen aber nicht alle wachsende Keime zu langen
Kristallen aus? Treffen manche Kristalle an fremde Hindernisse in ihrem

*Dr. T. Mitiner, Mikszath K. u. 108, 1046 Budapest, Ungarn
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2 MILLNER, T.

Weiterwachsen? Oder werden sie in ihrem Weiterwachsen einfach durch Zu-
sammentreffen mit einem anderen Kristall gehemmt? Hat die Keimbildungs-
wahrscheinlichkeit entlang des Drahtes nicht Gberall denselben Wert?

Sind die Zusatzspuren im Draht nicht genligend gleichméRig verteilt?
Tatsache ist, daB es Kristalle gibt, die ohne mit einem anderen zusammen-
zutreffen, auf einmal stehen bleiben, d. h. nicht weiterwachsen [2, 3].

Welche Erkldrung kann man flr eine nichtstatistisch schwankende
Keimbildungswahrscheinlichkeit finden? Worin kann man die Ursache einer
spontanen Stockung des Weiterwachsens suchen? Was wissen wir vom Ver-
halten der Zusédtze in der Reduktion, im Sintervorgang? Was wissen wir von
dem Verhalten und von der Wirkungsweise der Zusatzspuren im Bearbeitungs-
prozell, wé&hrend der Rekristallisation der Drédhte und wahrend ihrer Wéarme-
behandlung im allgemeinen?

Was hat die ungarische Wolframforschung zur Kl&rung besonders der

letzten Fragen — die selbstverstandlich auch auferhalb ihrer Grenzen auf-
getaucht sind — beigetragen?
2. Uber die Wachstunisgeschwindigkeit der Kristallite

im Rekristallisationsprozel? von gezogenen, pulvermetallurgisch
hergestellten Wolframdrahten

Seitdem man Wolframdrdhte — geeignet fir nichtdurchhdngende Glih-
spiralen elektrischer Glihlampen — mittels oxydischer Zusatzstoffe herstellt,
also seit einem Vorschlag von A. PACZ [4] aus dem Jahre 1920, zu diesem
Zwecke Alkalien und Kieselsdaure vor der Wasserstoff-Reduktion dem W03
zuzusetzen, konnte man bisher noch nie bezuglich Kristallitenldange, Form-
bestdndigkeit und mechanischer Eigenschaften eine die Massenfabrikation
von Glihlampen vdllig befriedigende Strukturgleichmé&Rigkeit erreichen.
Auch seit etwa 1933 nicht, seitdem man nach einem Vorschlag von P. TURY
und T. Millner [5] neben Alkalien und Kieselsdure auch »Aluminiumoxyd«
d. h. auch einen aluminiumhaltigen Zusatzstoff zusetzt.

Im Jahre 1942 unterzog G. S. Robinson [6] diese Frage mittels einer
damals neuen »elektronenoptischen« Methode einer ndheren Untersuchung.
Auf Grund dieser Mitteilung haben auch wir (um 1955—1960) das Entstehen
und Weiterwachsen der Kristallite unserer Drahte, und zwar der K-, Si-Spuren
enthaltenden »UC«- Dréahte und der K-, Si-, Al- Zusatzspuren enthaltenden
»GK«- Dréhte nach derselben Methode messend verfolgt [3, 7, 8].

Dazu wurden die elektropolierten Wolframdrdhte von rund 0,10 cm
Durchmesser in der L&ngsachse einer evakuierten Glasrohre ausgespannt
und auf eine entsprechende Temperatur erhitzt. Die innere Wand der Rdhre
wurde mit einer Willemit-Pulverschicht Gberzogen. Durch die Beschleunigung

Acta Technica Academiae Scientiarum Hungaricae 79, 1974



DIE FREMPSTOFF-FRAGE DER FASER- UND KRISTALLITENGRENZEN 3

der thermischen Elektronen in radialer Richtung mit einer Gleichspannung
von etwa 8000 Y konnte man die Willemitschicht derart zum Leuchten erregen,
daB an ihr die Entstehung und das Weiterwachsen der einzelnen Kristallite
von Zeitpunkt zu Zeitpunkt photographisch festgehalten und die Wachstums-
geschwindigkeit berechnet werden konnte.

Einem 0,10 cm starken, elektropolierten GK- Wolframdraht, in welchem
die numerische Konzentration der K-, Si- und Al-Atome in der Ndhe von 10-5
lag, haben wir an 25 Stellen 25 Drahtstiicke von je 25 cm entnommen und die
sekundére Rekristallisation dieser Stiicke untersucht. In gleicher Weise haben
wir auch entsprechende UC-Dréhte geprift und dabei folgendes gefunden [2].

a) Bei 2200°K unterscheiden sich die Durchschnittswerte der Kristall-
wachstumgcschwindigkeiten fir GK- und UC- Drdhte (0,02 cm sec-1) nicht
nennenswert.

b) Bei 2200°K sind die Durchschnittswerte der Keimbildungsgeschwin-
digkeiten in GK- Drahten (30 cm-3 sec-1) rund 30-AlOmal kleiner als in den
UC- Dré&hten (300 cm-3 sec'l).

c) Bei 2200°K ist die durchschnittliche Kristallitenldnge der GK-Dréhte
(z. B. 0,9 cm) rund 9-r3mal groRer als die der UC- Dréhte (z. B. 0,3 cm).

d) Bei einem Drahtdurchmesser von 0,085 cm sind die Kristallite der
GK- Drahte 60-A70mal und die der UC- Dréahte etwa IOmal ldnger als der
Drahtdurchmesser.

Man darf aus diesen Beobachtungen den Schluf ziehen, dal Al enthal-
tende Zusatzspuren eine Verringerung der Keimbildungsgeschwindigkeit
verursachen.

Da die Vorbedingung einer homogenen Glihlampenproduktion offenbar
eine nahe identische Qualitdt von Miliarden von meterlangen Wolframdraht-
sticken ist, tauchte in uns schon frih die Frage auf: Reichern sich an in Be-
wegung befindlichen Kristallgrenzen im Falle kleiner Kristalle irgendwelche
hemmende Fremdstoffspuren an, oder sind dort, wo die Kristalle zu langen
Indivuduen weiterwachsen, gewisse wachstumférdernde Fremdstoffspuren vor-
handen?

Man sieht zugleich, dall fur eine gleichmé&Bige Massenproduktion von
Glihlampen nicht nur die Kenntnis der chemischen und physikalischen Be-
schaffenheit der wirksamen Ursachen (Frendstoffspuren usw.) und nicht nur
deren statische Verteilung (Topographie) n6tig wére, sondern auch die Kennt-
nis ihres dynamischen Verhaltens, d. h. die Kenntnis ihrer Ortsdénderungen
wéhrend der Bearbeitung, wéhrend der Rekristallisation, wahrend jeglicher
Erhitzung von grofRer Wichtigkeit wére.

Es fehlen uns aber auf diesem Gebiet die ausreichenden Kenntnisse.
Die Beseitigung dieses Mangels ist der kunftigen Wolframforschung Vorbe-
halten. In der Robinsonschen Methode steht uns dazu ein entsprechendes
Mittel zu Verfigung.

1% Ada Technica Academiae Scientiarum Hungaricae 79, 1974



4 MILLNER, T.

3. Autoradiographische Untersuchung der Bewegungsart
geringer Fremdsubstanzmengen wéhrend der sekundéren
Rekristallisation von Metallen

Seit etwa 1946 haben wir die fir die Wolframtechnologie so wichtige
Frage wiederholt aufgeworfen, ob es nicht mdglich wére, die Verteilung und
die Ortsdnderungen der K, Si und Al enthaltenden Zusatzspuren in den einzel-
nen Fertigungsphasen der Wolframdrahtherstellung mittels radioaktiver Iso-
topen aufzukldren? Da wir aber keine Methode gefunden haben, mit welcher
man aktive K-, Si-und Al- Spuren im Wolframmetall bei uns hdtte bestimmen
kénnen, haben wir von 1959 an Modellversuche mit Zinn angestellt. Als Grund-
metall wahlten wir zu diesen Versuchen reines Zinn und als eine kaum 16sli-
che Fremdsubstanz Silber, d. h. ein mit radioaktiven Isotopen markiertes
Silber [9].

Es wurdenrasch abgekihlte Zinn-GuRkdérper mit einem Gehalt von 0,2 —
0,005% Silber hergestellt. Das Silber enthielt in diesem Fall das Isotop 110Ag//?,
270 d, 0,59 MeV. Die Silberverteilung wurde nach der Stripping-Film-Methode
also mittels photographischer Selbstabbildung festgestellt. Wir haben damit
folgende Beobachtungen gemacht.

In Zinn-GulRkdérpern mit 0,2 bis 0,005% Ag hduft sich das Silber sowohl
an den Kristallgrenzen, als auch an den Subgrenzen an, u. zw. unabhéngig
davon, ob die Silberkonzentration oberhalb oder unterhalb der in der Literatur
angegebenen Ld&slichkeitsgrenze von 0,02% liegt. Das Silber verldBt sowohl
in dem allein durch Wé&rmebehandlung hervorgerufenen Kristallwachstum,
als auch in der irgendeinen Walzvorgang begleitenden (z. B. in der nach 80%-
igem Walzen bei Zimmertemperatur erfolgenden) Rekristallisation seine alten
Platze und sammelt sich an den neugebildeten Korngrenzen an [10, 11].

Da aber in der Literatur die Loslichkeitsgrenze von Silber in Zinn nicht
genugend genau angegeben wird, haben wir die Versuche auch mit bedeutend
geringeren Silberkonzentrationen, mit der stdrker radioaktiven ulAg/B8 (7,5d,
0,8 MeV)- Atomart, durchgefihrt [11, 12]. Die trédgerfreien 111Ag- Préparate
waren Produkte des ungarischen Versuchsatomreaktors. Als Grundmaterial
wurde eine spektralreine Zinnsorte verwendet, welche — nach dem Prif-
schein — weniger als 10~4% Silber enthielt. Die zugesetzte m Ag- Konzentra-
tion lag bei 10_7% Ag. Das Silber reichert sich auch in diesen Zinn/Silber-
GuBkdrpern bevorzugt an den Korn- und Dendritgrenzen an und wird dort
derart stark festgehalten, dal auch eine 20stindige Erhitzung auf 210°C zu
keiner Homogenisierung fuhrt.

Auch die mit Hilfe von m Ag durchgefiuhrten Aktivitdtsmessungen ha-
ben die mit 110Ag gemachten autoradiographischen Beobachtungen bekréftigt.

Unseren oben geschilderten Robinsonschen Versuchen lag die Vermutung
zu Grunde, dalR »unldsliche« Fremdsubstanz-Teilchen das Kristallwachstum
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im allgemeinen behindern und da sie in einem Metallkdrper nicht leicht gleich-
méRig verteilt werden kdnnen, ihre Anwesenheit zu einer ungleichmé&Bigen
(ungleichm&Rig gehinderten) Kristallstruktur fihrt. Man sollte also womdég-
lich mit Atomdispers verteilten (geldsten) Wirkstoffen anstatt Fremdstoffteil-
chen arbeiten, wenn man eine sehr gleichmdBige Rekristallisationsstruktur
erreichen will.

Worin kann man auBerdem eine Bedeutung dieser Beobachtungen fir
die Wolframtechnologie erblicken?

Die autoradiographischen Untersuchungen der Rekristallisation des
Sn/Ag- Systems haben die Féahigkeit gewisser punktférmiger Anh&ufungen
(Fremdsubstanzteilchen) zum Vorschein gebracht, die in Bewegung befindli-
chen Kristallgrenzen im Rekristallisationsvorgang, also in fester Phase be-
gleiten zu kdnnen. Man mul} also Uberlegen und prufen, ob nicht dasselbe im
Rekristallisationsvorgang von dotierten Wolframdrdhten sich ereignen kann?
In diesem Fall wirden Fremdstoffteilchen kein arges Hindernis fir das Wach-
sen der Kristalle bedeuten. Wé&ren sie aber in der Rekristallisationsstruktur
einmal ungleichm&Rig verteilt, so kénnte man sie nachtrdglich nicht durch
»egalisierenden« Wéarmebehandlungen gleichmé&Rig verteilen.

Die Autoradiographie kénnte uns auf diesem Gebiet vielleicht noch gute
Dienste leisten.

4. Sind die Wirkstoffe der groRkristallinischen Rekristallisation
in den Wolframdrahten als oxydisclie Fremdstoffteilchen oder als
Fremdatome anzusehen?

Seit 1955 wurden — wie bekannt — viele gute Argumente besonders
seitens J. L. Meijering [13] und G. D. Rieck [14—18] als Beweis daflr auf-
gefuhrt, dal die ungewdhnlichen Rekristallisationseigenschaften der mit K,
Siund Al enthaltenden Zusétzen dotierten Wolframdrdhte und die nutzbaren
Festigkeitseigenschaften der rekristallisierten Glihk6érper von gewissen klei-
nen, an den Faseroberflachen des gezogenen Drahtes befindlichen oxydischen
Fremdstoffteilchen hervorgerufen und von dem im ganzen Draht feinverteilten
oxydischen Fremdkdrperteilchen bestimmt werden. Das sorgfaltig gesammelte
interessante Beweismaterial von Rieck hat zwar allgemeine Anerkennung
gefunden, doch sind gegen diesen Erkl&drungsversuch auch gewisse Bedenken
erhoben worden.

In 1959 haben wir z. B. darauf hingewiesen [19], dal die analytisch
feststellbare Konzentration der gesamten Zusatzspuren so gering ist, dafl die
Fremdstoffe nicht einmal dazu ausreichen, die gesamte Faseroberflache eines
aus 1 Mikron starken Metallfasern bestehenden Drahtes monoatomar zu be-
decken.
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Schon um 1955 hielten wir eine andere Erkldrung als viel wahrschein-
licher, u. zw. eine solche, welche auf die spezifischen Wirkungen derjenigen
Fremdatome aufgebaut ist, die in den Zusatzstoffen enthalten sind [1]. Haupt-
sachlich darum, weil die Besonderheiten der Rekristallisation von GK- Dréah-
ten (u. a. die hohe Rekristallisationstemperatur usw.) nicht mittels beliebige
(oder wenigstens einige andere) Atomarten enthaltende Zusatzstoffen, sondern
eben nur mittels K und Si und Al enthaltenden oxydischen Zusatzstoffen er-
reichbar waren. Es entstand unsere Vermutung, daB in den gesinterten GK-
Stdben und gezogenen GK- Dréhten neben oxydischen Zusatzspuren auch K-
und Si- und Al- Atome als die Kristallisation und Rekristallisation lenkende
W irkstoffe in entsprechender Konzentration zugegen sind und anwesend sein
missen.

Unsere nach der Robinsonschen Methode durchgefiihrten Versuche ha-
ben — wenigstens beziglich der Al- Atome — diese Auffassung bekréftigt,
da die Ergédnzung der K- und Si-haltigen Zusatzstoffe (UC) mit einem Al-halti-
gen oxydischen Zusatzstoff (GK) die Keimbildungswahrscheinlichkeit stark
herabgesetzt hat. Die Keimbildung kann aber eher durch im Metall geldste,

Tafel 1
Siehe auch Tafel 2 KristallgréRe
Rekr.OI'(I'emp. Sinterung:
Drahtsorte
rasch wie Ublich langsam
r i] 1
1. W ohne Zuséatze <1800 klein klein klein
2. KAI 1800 klein klein klein
3. UC (K Na Si) 2300 klein mittel mittel
4. GK (K Si Al) 2500 klein rnittel grofd
5 K Si Ga 2600 grof groB groB
6. TI Si Al <2500 mittel mittel mittel
7. K Be Al 2500 grof

m= nicht bestimmt

Uberall mit gleicher Wahrscheinlichkeit auftretende spezifische Fremd-
atome unterdriickt werden, als durch verstreut vorhandene, unbewegliche
oder schwerbewegliche oxydische Fremdstoffteilchen.

So sind wir auf die Frage gekommen, ob in mit K, Si, Al enthaltenden
Zusatzstoffen hergestellten Drdhten die F&higkeit, eine aus langen Kristallen
bestehende Rekristallisationsstruktur zu entwickeln auch dann bestehen bleibt,
wenn man den als A120 3 angesehenen Zusatzstoff — welcher, wie damals von
anderer Seite angenommen wurde, als oxydischer Fremdstoff vorhanden
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bleibt — durch einen als Ga20 3 angesehenen Zusatzstoff ersetzt, welcher in
der Reduktion durch Wasserstoff vollig zu elementarem Ga reduziert wird,
also keine oxydische Teilchen bildet. Die mit K, Si, Ga enthaltenden oxy-
dischen Zusétzen hergestellten Wolframdréhte haben sich als vorziuglich grof3-
kristallinisch erwiesen [20]. Ein analoger Versuch mit T120 anstatt K20 hat
bewiesen, dal TI- Atome in einem mit TIl, Si, Al enthaltenden Zusatzstoffen
hergestellten Wolframdraht denselben Effekt hervorzurufen imstande sind,
wie die als K2 enthaltend angesehene Zusatzstoffe [21].

Unlédngst wurde es bewiesen [22], dalR der K-Gehalt der mit K, Si, Al
enthaltenden Zusétzen hergestellten Wolframdrdhte in elementarer Form
vorhanden ist.

Man ist also schrittweise zu der Ansicht gekommen, dal die groBkristal-
linischen Eigenschaften der mit K, Si, Al enthaltenden Zusétzen hergestellten
(z. B. GK)- Dréhten:

1. hochstens teilweise auf das Verhandensein von oxydischen Zusatz-
spuren (wie von Mullit-Teilchen oder von Leucit-Teilchen) zurlickzufihren
sind; und2

Tafel 2
Siehe auch Tafel 1 Dehnungsgeschw. Atzlcher
2800 °K; % pro St ar den Grenzen
Drahtsorte
r U 1 r u |
1. W ohne Zus. 5 4 4 viele viele viele
2. K Al 4 4 6 viele viele viele
3. K Na Si 4 1 0,2 viele wenige 0
4. K Si Al 0,5 0,06 0,05 viele wenige 0
5 K Si Ga 0,05 0,05 0,09 0 0 0
6. TI Si Al 0,03 0,07 0,02 0 0 0
7. K Be Al . *

2. wenigstens teilweise der Wirkung von spezifischen Fremdatomen
(von z.B. K-, Al-, Tl-, Ga- Atomen) zuzuschreiben sind.

Die Al-Atome lben ihre Wirkung als Nukleation hemmende Faktoren
aus; die K-Atome bauen im Metall ein Dampfblasen-Netzwerk auf, das als
kristallwachstumshemmend angesehen werden kann.

Diese letzte Feststellung ist eine grofle Leistung der neuzeitlichen Wol-
framforschung. lhre auf die Untersuchung der Faseroberflachen der Wolfram-
drahte ausgedehnte Methodik verspricht weitere wesentliche Erfolge.
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5. Das Verhalten von Rekristallisierten Drahten verschiedener
Wolframdrahtsorten im Dehnungsversuch hei 2800 °K

1962 haben wir erstmalig von unseren bei hohen Temperaturen (d. h.
bei 2800°K) durchgefiuhrten Creep-Versuchen berichtet [25]. Seit diesen Ver-
suchen — welche wir einerseits an ohne Zusdtze hergestellten »W(<- Drdhten,
andererseits an mit K, Al enthaltenden Zusdtzen hergestellten »K-, Al«-Dréhten,
mit K, Na, Si enthaltenden Zusdtzen gefertigten »UC«- Dréhten und schlie3-
lich mit K, Si, Al enthaltenden Zusdtzen hergestellten »GK«- Drdhten durch-
gefuhrt haben — haben wir die Deutung der Ergebnisse im Laufe der Zeit
wiederholt versucht [2, 26, 27].

Spéter breiteten wir die Creep-Versuche auch auf mittels K, Si, Ga
enthaltenden Zusatzstoffen hergestellte »Ga«- Drahte [20], [28] und auf
mittels TI, Si, Al enthaltenden Zusatzstoffen hergestellte »Tl«- Drédhte aus
[21, 28].

Bei den vier ersten Drahtsorten wird verbreitet angenommen [2, 23, 24],
daB dieselben oxydische Zusatzreste enthalten, und daR das Vorhandensein
dieser Spuren im Falle der UC-und GK- Drdhte zu den bekannten grofRkristal-
linischen RekristallisationsstTukturen fohrt. Bei den zwei letzteren Drahtsor-
ten gilt es als bewiesen, dall die »Ga«- Dréhte anstatt A120 3- Spuren sicher Ga-
Fremdatome enthalten, und daf die »Tl«- Drahte anstatt K20- Spuren sicher
Tl- Fremdatome enthalten, da Ga203 und T120 im Reduktionsprozefl durch
W asserstoff vollig zu elementarem Ga und elementarem TI reduziert werden.
Trotzdem rekristallisieren auch die »Ga«- und »Tl«- Drahte — dhnlich wie die
GK- Drdahte — grofRkristallinisch.

Bei der Durchfiihrung unserer Creep-Versuche verfolgten wir die lang-
same Dehnung von 0,9 mm starken, rekristallisierten, bis 2900°K vorerhitzten
Wolframdrdhten bei 2800°K wé&hrend einer Drahtbelastung von 1300 g/mm?2.
Aus jedem der sechs Metallpulver stellten wir durch rasche, Ubliche und lang-
same Sinterung Stdbe her [25, 26] und verarbeiteten diese mit der gleichen
Technologie zu Drdahten. In der Tafel 1 sind die Rekristallisationstemperatu-
ren und die KristallgroBen, in der Tafel 2 die Kriechgeschwindigkeiten und
eine karakteristische Erscheinung: die Atzlochbildung nach dem Kriechen
(beim Anéatzen der Schliffe) zusammengestellt. Die Atzlécher entstehen —
wenn Uberhaupt — an den zur Zugrichtung quer stehenden Kristallgrenzen.

Solange uns nur die Eigenschaften der ersten vier Drahtsorten bekannt
waren und durch unsere Robinsonsche Versuche klar geworden ist, dall Al
enthaltende Zusatzspuren die Kristallitenabmessungen vergréRBern, haben wir
folgende Vorstellungen entwickelt.

1. Vorstellung. In Abwesenheit von Si enthaltenden Zusdtzen entstehen
wahrend der Reduktion und im Laufe der Sinterung nur wenige derartige
Fremdatome, die in das Gitter eingebaut werden und die Nukleation hindern
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kénnen: es entstehen z. B. viel zu wenig Al-Atome. Es erscheinen demzufolge
nur kleine Kristalle bei einer niedrigen Rekristallisationstemperatur. Die so
entstandenen Kristallgrenzen sind nur durch wenige Fremdatome und viele
Fremdphasenteilchen verunreinigt. In Abwesenheit von Si-haltigen Zusdtzen
geschieht das unabh&ngig von der Art der Sinterung und es kriechen alle
»W «-und »KAIl«-Dréhte vielleicht darum rasch, weil sie alle gestorte oder schwa-

che Grenzen haben und so alle diese Drdhte — unabhdngig von der Art der
Sinterung — Kristallitengrenzen haben, die leicht in Bewegung zu setzen sind.
2. Vorstellung. In Anwesenheit von Si-haltigen Zusdtzen entstehen

wéhrend der Sinterung viele, die Nukleation hindernde Atome, z. B. viele
Al-Atome. Es entstehen demzufolge lange (groBe) Kristalle. Diese sind um so
groBer und ihre Grenzen sind umso reiner, je l&nger der Stab im Laufe der
Sinterung in einem mittleren Temperaturgebiet auf einer konstanten Tempe-
ratur gehalten wurde [26, 29]. Die Anwendung von Si-haltigen Zusatzstoffen
und das »langdauernde« Sintern sind die Mittel mit welchen man in den »UC«-
und »GK«- Dréhten eine gute Kriechfestigkeit hervorrufen kann. Vermutlich
haben die langen Kristallite entweder besonders reine oder aber durch Si
irgendwie verfestigte Grenzen.

Unsere seit 1962 mit »Ga« [20]- Dréhten gemachten Beobachtungen haben
diese Vorstellungen in gewisser Hinsicht bekré&ftigt. In den reduzierten Metall-
pulver dieser Drahte befinden sich Si enthaltende — also vermutlich reine,
oder durch Si verfestigte Kristallgrenzen schaffende — Zusdtze und es sind in
ihnen chemisch mit Al-Atomen verwandte — mdglicherweise ebenfalls Nuklea-
tion hindernde — Ga-Fremdatome in betrdchtlicher Konzentration vorhanden.
Bemerkenswert ist, dafl hier die Ga-Atome nicht erst wéhrend der Sinterung
entstehen missen. Demzufolge ist es nicht Uberraschend, daBR die »Ga«-Drédhte
unabhdngig von der Art der Sinterung alle GroRkristallstruktur aufweisen
und sich alle kriechfest verhalten.

Eine Frage bleibt aber unbeantwortet: warum bleiben die »Ga«-und »Tie-
Dré&hte bei jeder Sinterungsart kriechfest, und umgekehrt, warum verhalten
sich die »UC«-und »GK«- Dréhte nur nach einer langsamen Sinterung und nicht
bei jeder Sinterungsart kriechfest, obwohl alle vier Drahtsorten mittels Si
enthaltenden Zusatzstoffen hergestellt werden?

Man empfindet zwar in dieser Unempfindlichkeit der »Ga«- und »Tl«-
Dréhte gegenuber etwaigen Schwankungen des Sintervorganges einen tech-
nischen Vorteil, bleibt aber eben wegen der noch nicht wiederspruchsfrei
geklarten Rolle des Siliziums unsicher im technischen Handeln im Falle der
»UC«- und »GK«- Drahten.

Die ungentgend geklarte Siliziumfrage hat uns weiterhin beschéftigt.
So haben wir auch die Rolle der Vakantien und der Morphologie der Rekristal-
lisationsstruktur geprift [26, 28, 30] und erwogen, welche Rolle diese Fakto-
ren beim Entstehen derjenigen empfindlichen Punkte spielen kénnen, welche
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nach dem Kriechen zu einer Atzlochbildung fithren [26]. Von der Beschaffen-
heit. dieser Punkte wissen wir zur Zeit leider noch wenig. Soviel steht aber fest,
daB ein aus langen Kristallen bestehendes Rekristallisationsgefiige, ein kriech-
festes Verhalten und dazu ein Wegbleiben der Atzlochbildung — miteinander
verknupft — ohne Si nicht Zustandekommen. Darin offenbart sich eine che-
mische Vorbedingung der Kriechfestigkeit. Das Entstehen einer aus langen
Kristallen bestehenden Struktur (durch Mitwirkung spezifischer Zusdtze)
weist eigentlich schon an sich allein auf diese chemische Vorbedingung hin.
Man muB nur bedenken, dalR das kleinkristallinische Geflige der »KAl«- Dréhte
unterhalb 1800°K, in Gegenwart von K und Al enthaltenden Zusatzresten
entsteht, wogegen das groRkristallinische Geflige der »GK«- Dréhte hei etwa
2500°K sich durch den gleichzeitigen EinfluR von K, Al und Si enthaltenden
Zusatzresten entwickelt.

Neuerdings (1971) gelangten wir zur Ansicht, dall die Kristallitgrenzen
in Anwesenheit von Si enthaltenden Zusatzresten durch W —0—Si—O—W-
Briucken befestigt werden, da Si02von H2nicht reduziert wird und in solchen
Bricken die Si Atome ihre Verbindung mit 0- Atomen wenigstens zum Teil
behalten kénnen. AuBerdem kann eine W —O —Si- Bindung (etwa 79,5 Kcal)
als stdrker angesehen werden, als eine W —O —W- Bindung (etwa 67 Kcal) [31].
Diesen Gedanken haben wir auf einem Umweg, mittels Be enthaltenden oxy-
dischen Zusdtzen, geprift. Gegentber O- Atomen verhalten sich Be-Atome in
gewisser Hinsicht &hnlich, wie Si- Atome. Zuerst: BeO 14Rt sich durch H2
ebenfalls nicht reduzieren. Weiterhin ist Be im Mineralreich immer ebenso
mit vier O-Atomen umgegeben, wie die Si- Atome: die beiden befinden sich in
ihren oxydischen Mineralien stets in tetraedrischer Sauerstoff-Koordination.
Nun, die Versuche haben uns gezeigt, dal man mittels Be enthaltenden an-
statt Si enthaltenden oxydischen Zusatzstoffen (in Gegenwart von K2 und
A120 3) im Rekristallisationsgefliige ebenfalls lange Kristalle und gute Festig-
keitseigenschaften hervorrufen kann [32]: vermutlich infolge der betrdcht-
lichen Stirke (95,2 Kcal) von W—O—Be- Bindungen.

Darin ist die Annahme enthalten, dal sowohl Si enthaltende, wie auch
Be enthaltende oxydische Zusétze ihre Wirkungen — in den »UC«,- »GK«-,
»Ga«-, »Tl«- und »Be«- Drahten — nicht allein als Fremdatome, sondern mit
Sauerstoff vergesellschaftet ausiben.

Zu einer Klarung der offenen Fragen der GroRkristallbildung und Kriech-
festigkeit reichen allein physikalische Betrachtungen nicht aus. Erst systema-
tische, der chemischen Art der Fremdstoffe Rechnung tragende Robinsonsche
und Creep-Versuche versprechen der Wolframtechnologie die noch fehlenden,
notigen Erkenntnisse von der physikalischen und chemischen Beschaffenheit
und vom Verhalten der Kristallitgrenzen. In der Literatur findet inan Hin-
weise [22], dall die dazu ndtigen Mittel uns heutzutage schon zu Verfigung
stehen.
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6. Uber Dehnung und Kontraktion von gezogenen
Wolframdrahten im ZerreiBversuch

Worin erblicken wir eine Forschungsfrage auf dem Gebiet der Kontrak-
tion von Wolframdrédhten?

Man mufR die Tatsache beachten, daB im Ziehproze ein Wolframdraht
nicht deswegen dinner wird, weil wir ihn durch starken Zug dehnen — son-
dern gerade im Gegenteil, beim Drahtziehen mufR darauf geachtet werden,
daB der Draht nach der Ziehdise sich nicht verlangert (weil er sich so
unkontrollierbar ungleichmé&Rig dehnen wirde); beim Drahtziehen wirken
an der Innenwand der kegelformigen Ziehkanéle Druckkréfte: diese in fast
radialer Richtung wirkende Kréafte sind es, die den Draht irgendwie dinner
machen.

Mit von LO0°C zu LO0°C erhéhten Temperaturen durchgefiithrten Zerrei3-
versuchen konnte man feststellen, dal das Drahtziehen in der Praxis, bei
etwa 800°C, von z. B. 0,6 mm starken Wolframdrdahten — gleich, ob sie »W«-
oder »KAl«- Dréhte, oder aber »UC«- oder »GK«- Dréahte sind — unabhéngig
von der Art ihrer Zusétze bei 1% Dehnung und mehr als 90% Einschnirung
(Kontraktion) vor sich geht. Es kann daher kein Zweifel bestehen, dafl die
Kontraktionsfahigkeit (diese Art der Verformbarkeit) eine der wichtigsten
physikalischen Vorbedingungen des Wolframdrahtziehens ist [1].

Was wissen wir vom physikalischen Wesen der Kontraktionsféhigkeit,
haben wir um 1955 uns selbst gefragt. In den Fachbichern haben wir gelesen,
daB sie mit der Dehnungsfédhigkeit identisch sei. DemgemdaR wéren die phy-
sikalischen Grundvorgédnge der Dehnung und der Kontraktion dieselben.
S. Rejté hat in seinem »Lehrbuch der mechanischen Technologie« diese Auf-
fassung schon in 1924 abgelehnt [33]. Auch wir haben uns diese Ansicht nicht zu
eigen gemacht. Die MeBwerte zeigten uns, dall bei allen untersuchten Dréhten
die Einschnirung zwischen 800°C und 20°C von 95% auf 50% sinkt, die Deh-
nung hingegen von 1% auf 3,5% ansteigt. Die Temperaturkoeffizienten der
Dehnung und Einschnirung weisen zwischen 400°C und 20°C bei samtlichen
Arten von Wolframdrdhten entgegensetztes Vorzeichen auf, was nicht auf einen
gemeinsamen physikalischen Charakter hinweist [1].

Erst 1972 ist es uns gelungen, das Zustandekommen von kontrahierten
Stellen im ZerreiBversuch aufzukldren [34].

1. Wir haben die Zahl der Metallfasern in den effektiven Querschnitten
der kontrahierten und nicht kontrahierten Strecken eines im ZerreiBversuch
bis zu einer Kontraktion von 50% verformten Drahtes bestimmt und gefun-
den, dall die Metallfasern an beiden Stellen dieselbe Dicke aufweisen, ihre
Zahl aber an der kontrahierten Stelle wesentlich abgenommen hat.

2. Mikroh&rtemessungen haben uns gezeigt, dall die Harte der
kontrahierten Strecke nicht angestiegen ist: sie blieb unveréndert.
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3. Rontgen-Koherenzldngen haben sich auf beiden Strecken — die gleiche
Dislocation-Konzentration beider Stellen anzeigend — als gleich erwiesen.

Aus diesen Feststellungen haben wir den Schlul gezogen, daB in bei
Zimmertemperatur durchgefihrten Zerreilversuchen von pulvermetallur-
gisch hergestellten ungeglihten Wolframdrédhten das Gleiten der Fasern
aneinander eine ausschlaggebende Rolle spielt. Die gleichmé&RBige Verldnge-
rung und Verjungung des Drahtes entsteht nicht iberwiegend durch eine gleich-
méBRige Volumenkontraktion, sondern grdftenteils durch eine relative Ver-
schiebung der Fasern. Bleibt die Fasergleitung auf irgendeine Strecke des
Drahtes beschrédnkt, dann entsteht eine Einschniirung. Die im ZerreiBvorgang
auftretende Kontraktion der Wolframdradhte ist keine plastische Volumende-
formation im gebrduchlichen Sinne, sondern eine Folge des Gleitens der
M etallfasern aneinander. Die geometrischen Abmessungen des Drahtes und
der Metallfasern in Betracht ziehend kann man in Kenntnis der Bruchfestigkeit
des Drahtes den Zahlenwert der Schubspannung, welche ndtig ist, um das
Gleiten der Faser aneinander in Bewegung setzen, zahlenmé&Rsig bestimmen.
Daraus hat sich ergeben, daR dieser Wert — bei allen untersuchten Draht-
sorten — Uberraschend niedrig, d. h. bei etwa 0,2 kp/mm2 liegt.

Man kann dies als einen wesentlichen Befund ansehen.

Die ZerreiBfestigkeit von 0,6 mm starken Wolframdrdhten (von »W«-,
»KAIl«-, »UC«- und »GK«-Drahten) sinkt von etwa 180 kp/mm2bei 20°C auf den
Wert von etwa 95 kp/mm2hei 800°C herab. Da die ZerreiBpannung im kontra-
hierten Querschnitt sich mit der Temperatur kaum &ndert, mull diese Tempe-
raturabhéngigkeit der ZerreiBfestigkeit (im MeRbereich von 20°C bis 800°C)
lediglich von der Temperaturabh&ngigkeit des Gleitens der einzelnen Faser
aneinander, also von der Temperaturabh&ngigkeit der Schubspannung, die
zu der Bewegung der Fasern aneinander ndtig ist, stammen. Die Beschaffen-
heit der Faseroberflachen, die gegen eine relative Verschiebung einen geringen,
von der Art der Zusatzspuren anscheinend unabhéngigen, von der Tempera-
tur aber betrédchtlich abh&ngigen Widerstand leisten und trotzdem den aus
zahllosen Fasern bestehenden Draht im Gleitvorgang selbst und auch nach
dem Gleiten fest Zusammenhalten — diese sonderbare Beschaffenheit der
Faseroberflachen bietet der kiinftigen Wolframforschung sicher sehr wichtige
Aufgaben, da durch diese neuen Erkenntnisse die Technologie des Draht-
ziehens uns in einem neuen Licht erscheint.

Vor etwa drei Jahrhunderten hat die Forschung einmal die Aufgabe
bekommen dem chinesischen Kaiser ein kaiserliches Porzellanservice in den
wundervollen Farben von Pfirsichbluten herzustellen. Dazu waren — gemaR
Aufzeichnungen — mehr als 8000 Versuche ndtig, bis man endlich mittels
einer wolframoxydhaltigen Glasur die Ldsung gefunden hat [35].

Es hat den Anschein, dal wir zu Lésung unserer offenen Wolframfragen
—d. h. zur Kl&rung der Beschaffenheit von Zusatzspuren und des dynamischen
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Verhaltens derselben an den Kristallitengrenzen und Faseroberflachen — unsere
8000 Versuche schon gemacht haben, so daR man eine baldige nutzbringende
Lésung unserer offenen Fragen mittels den neuesten Untersuchungsmethoden
hoffen darf. Als das wichtigste erscheint dabei die Untersuchung der Ortsén-
derungen und des dynamischen Verhaltens der Fremdstoffspuren. Ein chine-
sischer Weiser hat schon vor langer Zeit behauptet, daf nichts in der Welt eine so
stabile Unverdnderlichkeit besitzt, wie die stdndige Verdnderlichkeit selbst.
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Influence of Foreign Matter on the Fibre Boundaries (CrystalliteBoundaries) of Drawn (Re-
crystallized) Tungsten Wires (Statements and lIdeas). In the tungsten filaments containing
additions (e.g. 1 —50 ppm K, Si, Al traces) not only the chemical quality of the traces but also
the position of the additive traces and their changes of place are of considerable importance
in the development of the large-crystal structure of the filaments, the maintaining of filament
shape at high temperatures and the development of the filament mechanical characteristics
at room temperature. These statements are illustrated, as the author has ascertained, by a) the
independence of the crystallite growing speed from the quality of the additions, b) displace-
ment of the foreign-phase particles during recrystallization, c) influence of foreign atoms in-
stead of foreign-phase particles during recrystallization (e.g. Ga atoms instead of A1203 T1
atoms in the place of K20), d) the role played by the Si addition — replaceable by Be —in the
creep characteristics at 2800°K, e) the slipping on each other of the drawn tungsten wire fibres
during the development of uniform yield and chiefly of the reduction of area during tensile tests.

o BOMPOCe MOCTOPOHHMX BELLECTB (ha30BbIX FPaHuL, UM >XKe KPUCTAN/IMTHBLIX FpaHuL,
BOJIOYEHHbIX Y KPUCTaNM3MPOBaHHbIX BO/Ib()PamMoBbIX NPOBOMIOK. Hapsgy € XUMWMYECKUM Ka-
YeCTBOM MMWKPOA06aBOK BO/Mb(PaAMOBbIX HaKa/bHbIX HUTeM ¢ fobaBKamu (Hanp. Npu MUKpPO-
cogep>xxaHunn B Konuyectse 1H-50 ppm K, Si, Al) 3HauMTeNbHY0 Pofib UrpaloT TakKXe pacno-
NIOXXeHVEe MMKPOA06aBOK N UX Apeid B OpMUPOBaHUM KPYMHOKPUCTA/I/TIMYECKON CTPYKTYPbI
BO/Ib(IPAMOB HaKa/bHbIX TeN, Aanee B OnpeAeneHMn opMbl HAKabHbIX Tesl NPY BbICOKMX TeM-
nepatypax v B (hOpPMUPOBaHNM MEXAHUYECKMX CBOMCTB HaKaslbHbIX Tes, HabnogaeMom nNpy KoM-
HaTHOW TeMnepaType, YTO AEMOHCTPUPYETCA Ha OCHOBe OMpeesieHWI, a MMEHHO a. He3aBuCU-
MOCTb OT KayecTBa J06aBKN CKOPOCTU POCTa KPUCTA/IMTOB, 0. CMeLLeHMe YacTuL, NOCTOPOHHeN
(hasbl B Npouecce NPOTEKAHUSA PEKpUCTaNIM3aLmmn, B. BO3AENCTBME BMECTO YacTuL, NOCTOPOHHEN
(hasbl NOCTOPOHHMX aTOMOB Hanp. BMecTo Al20 3 atomoB Ga, BMecTo K20 atomoB T1 npu pekpu-
cTannmsaumu, r. posnb gobaBku Si, 3amelaemoii Be, B cBoiicTBax Kpuna npu 2800° K, ganee f.
CKOJ/IbXXEHWME MO OTHOLLEHMIO APYT K APYTY BOMIOKOH BOJIOYEHHbIX BOMb(PaMOBbLIX MPOBOMOK —
npu hopMMPOBaHNMN PaBHOMEPHOIO PaCTSXKEHMS 1 B OCHOBHOM KOHTpaKLMK BO BpeMs pas3pbiBa.
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ACTUAL THEORETICAL AND PRACTICAL
PRORLEMS OF SEDIMENT TRANSPORTATION
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[Manuscript received 28 February, 1974]

The actual theoretical investigations of sediment transportation are based on
the fundamental laws of physics. Considering the sediment transportation as a physical
phenomenon, according to the principle of conservation, author establishes the balance
equations of the mass, kinetic energy, internal energy and momentum. Their compari-
son and evaluation led to several basic perceptions. Starting from theoretical principles,
the sediment- transportation capacity of water courses are investigated. Measurements
carried out on the river Drave parallel with observations, the energy requirement needed
to the sediment transportation and to the re-arrangement of the river bed is determined.

Symbols
L length
T time
M mass
0 temperature
E energy, work, heat (ML2T-2 =FL)
F force, weight (MLT-2)
A parameter (L)
B average channel width (L)
c specific heat (EM-10 -1)
C sediment concentration (FL-3)
Cfr av erage sediment concentration (FL-3)
d particle diameter (L)
dg average particle diameter (L)
D average water depth (L)
Ds length of settling path (L)
Ds act actual length of the settling path (L)
e2 density of internal energy (EL-3)
E energy loss over the length L in various periods (FL)
Ey energy demand of suspended sediment transportation in the individual periods (FL)
E?2 energy demand of bed-load transport in the individual periods (FL)
E3 energy demand of channel re-arrangement in the individual periods (FL)
Ea energy demand to overcome various resistances in the individual periods (FL)
f friction coefficient
F weight of sediment- loaded water running down the reach (F)
F, submerged weight of suspended sediment passing the reach (F)
F2 submerged weight of bed load passing the reach (F)
F3 submerged weight of re-arranged material (F)
F( total friction surface of the i-th sediment fraction (L2
« acceleration of the gravity (LT-2)
QB yield of bed load (FT-1)
gs yield of suspended sediment(FT-1)

*Prof. Dr. J. L. Bogardi, Martirok u. 31/33, 1024 Budapest, Hungary
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hv head difference, drop of water level, kinetic energy of a liquid of unit weight (1.)
ij, K | subscripts
L length of the experimental reach (L)
Lik conductivity of Kinetic energy transfer (ETL-5)
Lu conductivity of a conductive current density (L2T -1 for mass; FL_2T for momentum)
M total mass of the water (M)
M1 total mass of the sediment (M)
M lti mass of the i-th fraction (M)
N total number of particles in all fractions (1)
total number of particles in the i-th fraction (2)
1i source density (ML-3T-1 for mass; FL-3 for momentum)
4h,i source density of the i-th fraction (ML-3T-1 for mass; FL -3 for momentum)
Qmn minimum of discharge (L3T_1)
Qml mean discharge (L3T-1)
Qmax maximum discharge (L3T-1)
Qb volume of suspended sediment load (L3T-1)
discharge of sediment-loaded water (L3T-1)
gz slope of water surface; slope of the energy line

ft i2 time (T)

At length of the individual periods (T)
convective flow velocity, flow velocity (LT-1)
pulsation velocity of flow (LT-1)

vh average velocity of the sediment (LT-1)
Wt pulsation velocity of the sediment (LT-1)
vhi mean velocity of the i-th sediment fraction (LT-1)
Vhii pulsation velocity of the i-th sediment fraction (LT-1)
vk mean flow velocity (LT-1)
\% total volume of the water (L3
V, total volume of the sediment (L3
Vii total volume of the i-th fraction (L3
x co-ordinate (L)
extensive quantity
i intensive quantity
y specific weight of water (FL-3)
Y1 specific weight of the sediment (FL-3)
vr specific weight of sediment-loaded water (FL-3)
hi conductivity of the i-th sediment fraction (L2T-1)
€h average conductivity of the sediment (L2T-1)
Vv the measure of sediment-transporting capacity
A heat conductivity (ET-1L-16>1)
iX dynamic viscosity (FL-2T)
v kinematic viscosity (LZT-1)
vi density of the i-th extensive quantity
Q density of the liquid (ML-3 or FL-4T2
Q density of the sediment (ML-3 or FL-4T2
density of the i-th sediment fraction (ML-3 or FL-4T2
oz density of sediment-loaded water (ML-3 or FL-4T2)
Th average shear stress on the sediment particles (FL-2)
thd shear stress on the i-th fraction (FL-2)
5 specific surface of the i-th fraction (L2V-1)
VX mean specific surface of sediment particles (L2VI-1)
© average settling velocity of the sediment (LT-1)

Introduction

The determination of sediment transportation in natural watercourses
is a task of utmost importance in water management. The laws governing
sediment transportation are expressed by a number of valuable theoretical
and empirical relationships. Usually, these refer to some partial phenomenon
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and, excepting the results of recent research, most of them are even in lack
of an adequate physical foundation. Another shortcoming of these relation-
ships is the inaccurate definition of their range of validity. There is no refer-
ence to the value of errors to be committed in consequence of assumptions
and approximations made in the course of their derivation. Frequently, there
is not even an estimate of the deviations to be expected available. From the
above it follows that so far, one was deprived of the opportunity to clear the
interrelations between theoretical, semi-empirical and empirical relationships.
This is, of course, not a particularity ofresearch and empirical results connected
with sediment transportation. Obviously, similar conditions are encountered
in the investigation of other phenomena of the nature as well. It is equally ob-
vious that these shortcomings are not the result of some “negligence” but are
the necessary consequences of ramifying research conducted over a long period.

Together with the growing abundance of our knowledge, the necessity
of their fitting into a system and of their comparative criticism became more
and more urgent. Obviously, the general description of sediment transporta-
tion as a physical phenomenon is indispensable when attempting a synthesis.
Scattered investigations of this kind are to be metin the international literature
of the last 10—15 years.

Together with theoretical research, observations and measurements made
on natural watercourses and resulting in semi-empirical and empirical rela-
tionships have underwent a change too. These are nowadays oriented towards
the clearing of certain details of the problem as a whole and, owing to a highly
developed equipment of measurement and observation practice, have already
yielded valuable results.

A comprehensive and general discussion of the above outlined up-to-date
theoretical research and empirical experiences would be prohibited not only
because of delimitations in available space but also owing to the limits of our
rather narrow knowledge. This is why the author wishes to illustrate his views
with aid oftwo examples taken from his own researchwork.The term “example”
is perhaps not quite justified since they refer to actual results. But, first of all,
it seems useful to summarize the most striking features of theoretical research
as well as of semi-empirical and empirical relationships.

When dealing with the descriptive part theory is playing in the field of
sediment transportation, one should not forget the fact that it is a physical
phenomenon of extreme complexity. It is an intricate multi-phase flow, the
description of which being still made difficult by the fact that its solid phase
is by far not of a homogeneous composition but is a mixture of particles with
various material properties and sizes. During the movement of this poly-dis-
perse aggregate collisions will occur, accompanied by an exchange of momentum
and loss of energy. The interaction between the solid and fluid phases is dis-
playing a phenomenon of almost imperceivable structure. According to our
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present knowledge, this escapes every attempt of an accurate description. This
is why the researchers have introduced various methods in order to describe
this intricate physical phenomenon.

Purely empirical descriptions are to he found most frequently, not de-
serving the name of a theory since these are restricted to the establishment of
so-called empirical functions with a rather limited range of validity, based
generally upon a high number of measurement and experimental data collected.
Subsequently, it will be shown how valuable these relationships are, but one
should always he aware of the fact that they are usually not to be generalized.

A more developed description of sediment- transportation phenomena
is yielded by the so-called semi-empirical relationships. After having intro-
duced several preliminary assumptions and approximations, these relation-
ships are very efficient in explaining certain partial phenomena, though not
without substantial neglects.

In the literature, one meets an immense amount of semi-empirical re-
lationships. But unfortunately, as already pointed out, hardly any attempts
were made so far towards their fitting into a system, the establishing of their
range of validity and the margin of errors or deviations due to the approxima-
tions introduced.

One of the main goals of up-to-date sediment research is the establish-
ment of fundamental laws of general validity for the sediment transportation
as a whole.

The present paper will deal at first with investigations based upon the
transport theory, applied successfully in thermodynamics and other fields of
technical sciences. These will be followed by a discussion of the sediment-
transporting capacity of watercourses, derived from measurements made in
the nature.

1. TRANSPORT THEORY
AND ITS APPLICATION IN SEDIMENT TRANSPORTATION

1.1. The general balance equations

Generally speaking, any phenomenon encountered in engineering may
be considered as a physical process varying with time, to be described with aid
of the laws of flow of certain (material) properties proportional to the exten-
sion of the substance. Material properties connected with the extension of
substance are called extensive quantities, such as volume, mass, energy, mo-
mentum. Briefly, all phenomena in engineering are transport processes to be
described by the balance equation of the extensive quantity in question. Bal-
ance equations written for the extensive quantities (the so-called transport
equations), constitute thus the fundamental law of every technical phenome-
non formulated in mathematical language.
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The Variation of extensive quantities with time are caused by extensive
currents as well as by sources or sinks of these extensive quantities. A source
or a sink is expressing the concentrated origin (addition) or disappearance
(extraction) of an extensive quantity.

Extensive currents are composed of convective and conductive currents.

Convective currents are easily to be calculated as the product of flow
velocity v and the extensive quantity.

Conductive currents are — as known from Onsager’s research — pro-
duced by intensive quantities y\ (e.g. temperature, stress, density) tending
towards equalization. Since the measure of inhomogeneity is symbolized by
the y operator, the conductive current produced by an intensive quantity
ytis to be obtained by multiplying the gradient of the intensive quantity by
the conductivity La of the intensive quantity in question (e.g., in the case of
fluids, the conductivity of molecular momentum diffusion is identical with
the dynamic viscosity g of the fluid). It was also Onsager who recognized
the fact that individual extensive currents may be produced jointly by the
gradients of several characteristic intensive quantities. In a way, this means
the taking into account of cross-effects.

A balance equation may also be written for the change of an extensive
guantity contained in a certain volume. But since in the mechanics of fluids
(and thus also in the investigation of sediment transportation) the knowledge
of local changesis wanted, it is expedient to write the balance equation for the
change of density of the extensive quantity. In this case one will have to consider
current density and source density (or sink density) instead of the current,
source and sink, respectively.

Thus, the integral form ofthe general balance equation will assume, after
substituting the surface integral of convective and conductive current densities
through the volume integral of their divergence, the following form:

"dv/ .
J div p2 + —Lu grady, _ g4 (1)
m 1=1

But since the above equation holds only if the integrand is zero, one will
arrive to

=N+ div oviy+ Y Lit grady, i (2
91 i=i

The differential balance equation thus obtained is but an expression
of the statement that a local variation of the density r- of the i-th extensive
guantity is the consequence of the surface density of convective and conduc-
tive currents, as well as of the volume density of sources.
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W hen describing engineering phenomena, the problem consists of finding
out the characteristic extensive and intensive quantities, the numerical value of
conductivities and the actual distribution of source densities.

Finally, in addition to the balance equations, also the unambiguity
conditions should be specified. These may be listed, as it is known, into four
groups:

a) The domain of interpretation, i.e. specifications for the interval where
the variables of the equations have to occur and for the geometric confining
of the system investigated.

b) Boundary conditions expressing the terms of interaction between the
system and its environment.

¢) Initial conditions defining the state of the system at the moment se-
lected for beginning the investigations. In sediment- transportation research
a steady state is usually assumed, permitting the omission of initial condi-
tions.

d) Equations of state characterizing the behaviour of the working medium
of the system.

1.2. Balance equations for sediment transportation

Sediment transportation should be considered as a two-phase flow. Ac-
cordingly, there are separate balance equations describing the flow of exten-
sive quantities connected with the movement of water and with that of the
sediment.

When one attempts to give an accurate formulation then, neglecting
electrical, chemical, optical, acoustical and biological effects from the very
beginning, one has to write up balance equations for four extensive quantities,
namely mass, kinetic energy, internal energy and momentum, both for the
water and the sediment. Thus, one will obtain 4 balance equation for each of
the phases, three of which being scalar equations and one vector equation.

W ith regard to the dissipation of kinetic energy, the equations of kinetic
and internal energy may be merged into a single equation.

The equations of kinetic energy and momentum, if based upon the same
assumptions, are not mutually independent, i.e., any of these may be derived
from the other.

When establishing balance equations for sediment transportation and
assuming a steady flow, initial conditions listed under c) are omitted as already
pointed out. But it is absolutely necessary to define the other three kinds of
unambiguity equations.

First of all, the domain of interpretation has to be described. Geometri-
cally, the domain of interpretation is coinciding with the surfaces confining
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the watercourse, including the open surface. Physically, the domain of inter-
pretation is restricted to permissible limits for the values of physical variables.

When dealing with boundary conditions, one has to clear up possible
interactions between the system investigated and its environment. Thus e.g.
in the case in question, a part ofthe suspended sediment may become deposited
along the boundary (the channel wall) or inversely, a part of the bed material
may become scoured by flowing water. The existence of an open surface is
equivalent to the condition of prohibiting fluid or sediment particles passing
through it in either direction.

W hen establishing the equations of state, the composition and material
properties of the sediment have to be specified unambiguously, as well as the
most important physical characteristics of the fluid (water).

If writing up thus the balance equations of sediment transportation,
differences between suspended sediment transportation and bed-load trans-
portation will manifest themselves with regard to unambiguity equations,
or more specifically, the boundary conditions. Thus, for instance, the most
characteristic feature of suspended sediment transportation is the interaction
between the solid and fluid phase, whilst in case of bed-load- transportation,
the displacement of solid particles along the bed-load covered bottom or the
separation of solid particles from the bottom is most conspicuous.

Table | contains the extensive quantities (a) of both phases (I = water,
Il = sediment), their currents (b), their sources and sinks (c). When establish-
ing the balance equations (1 = mass balance, 2 = balance of the kinetic
energy, 3 = balance of internal energy and 4 = balance of momentum) in
agreement with Eq. (2), one will have to consider the density of extensive quan-
tities (a), the density of extensive currents (b) and the density of the sourc-
es and sinks (c), respectively.

Even from the brief list of Table | one will easily perceive the intricate
interrelationships between the two phases, as well as between the various bal-
ance equations.

The source of energy and momentum of the two-phase system (i.e. the
system input) is solely the energy communicated through the labour of mass
performed in the gravitational field (if heat transfer from solar radiation or
from the surrounding air is neglected), together with the momentum trans-
ferred from the field of force. This source is augmenting equally the energy
and momentum of both water and sediment.

The settling of sediment is produced by the external effect (gravitational
field) which also determines the settling velocity.

Also the slope of water movement is due to the external field. A part of
the labour exerted by the gravitational field is used up in sediment transpor-
tation, another substantial part is consumed in overcoming various resistances
linked with the maintenance of movement (friction, turbulence, bends, etc.).
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1. Mass balance
2. Balance of
kinetic
energy

3. Balance of
internal
energy

4, Balance of
momentum

1. Mass balance

2. Balance of
kinetic
energy

3. Balance of
internal
energy

4. Balance of
momentum

BOGARDI, J.

Table |

Balance equations of water and sediment

a
extensive quantity

mass

kinetic energy

internal energy

momentum

a
extensive quantity

mass of i-th
fraction

kinetic energy of
i-th fraction

internal energy
of sediment
fractions

momentum of
i-th fraction

|. Water

b
extensive current

convective

convective

convective and
conductive

convective and
conductive

I1. Sediment, i-th fraction

extensive current

convective and
conductive

convective

convective

convective and
conductive
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c
extensive source
(or sink)

zero, owing to continuity
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source, energy trans-
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energy dissipation,
both as sinks
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source

gravity field as source;

transfer to sediment
as sink

c
extensive source
(or sink)

comminution as a

source (usually neg-
lected)

work of gravity field,

energy transferred
from water, energy
gain from collision
are the three sources;
energy dissipation of
sediment motion as
sink

energy dissipation of

sediment motion as
source

field of the gravity,

momentum received
from water and from
collision are the three
sources; dissipation of
sediment movement as
sink
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Owing to interaction, a part of the kinetic energy and momentum of
the water is transferred to the sediment. The horizontal component of sedi-
ment velocity is the result of this fact, but also the remaining in suspension
of the sediment in the gravitational field. The dissipation of kinetic energy is
increasing the internal energy of the partial systems water and sediment being
in thermal interaction (heat exchange). There is also a thermal interaction
between the whole system and its environment, being sometimes intense
enough to be responsible in most practical cases for changes of internal energy
of the water-sediment system. This should not mean the absence of dissipation
but an expression of the fact that compared with evaporation of water and
with heat exchange between the system and its environment, dissipation is
negligibly low.

Our attention should now be devoted to the extensive quantities figur-
ing in Table I, to their currents and sources as well as their densities, both in
water and sediment, and by using certain approximative assumptions, also
the balance equations should be established.

1. Mass balances (1.1. and 1.11.)
. Water

1,1/a. For water, if the extensive quantity in question is mass then its density is
the mass density p.
W ater is considered as an incompressible homogeneous medium, its
total differential quotient according to time being zero:

=0 3)
dt

Eq. (3) may otherwise be written as

—+ V gradp=0 (4)
91

where p = p(t, x) and v = dx/dt, the flow velocity of water.

1.7/6. The convective mass-current density forwater is:
pv ®)

with v being the vector of flow velocity.
The conductive mass-current density (also to be termed auto-diffusion)
can be disregarded since, in accordance with assumptions (3) or (4), any mass
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leaving the volume element will he replaced by the same amount of the same
substance.

I.I/c. The mass- source density for water is assumed to be zero, i.e. the mass
current is source-free (excluding thus e.g. the case of water decompo-
sition) and hence

4= 0 (6)
From the above

1.J. the mass- balance equation for water will become

-fdivpy=0 (7)

31

which, with regard to div qy = gdivv -)- v grad q and to Eq. (4) may be re-
written as

2Q . . .
—--+«(vgradg--pdivv= gdivv= 0
31

Since g4 0, thus obviously
div v=0 (8)

that is, the mass current of water is source-free or continuous. We have seen
that in the mass- balance equation of water there is no unknown factor.l

Il. Sediment

1.11/a. According to our present knowledge,the mass of sediment detailed to
its granulometric fractions is to be determined only approximately. Its
accurate description would require a high number of measurements.
It will be the task of further research to accomplish the mathematical
description of sediment fractions based upon the probabilistic modell
of Kolmogorov. It is to be ascribed to difficulties arising in this respect
that an “average” grain size is used still by the majority of researchers,
i.e. the sediment is assumed a monodisperse aggregate.

Subsequently, for reasons of principle, balance equations of the sediment
will be written separately for each fraction.
In the case of sediment, the density of the extensive quantity is the mass

density qlofthe sediment. If the number of fractions considered isi = 1, 2,. .., n,

then the density of the extensive quantity may be denoted as pll.
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1 .1l/b. For the sediment, the convective mass-current density of the i-th frac-
tion will be

Qit ybl 9)

where is the velocity vector of the i-th fraction.

The conductive mass-current density is termed turbulent diffusion and,
by analogy ofthe molecular diffusion, it is calculated as the product of a certain
coefficient of turbulent diffusion eh,i (a special kind of the coefficient of con-
ductivity) and the gradient of mass density. Accordingly, the conductive mass-
current density will he

eh.i grad qu (10)

I.1l/c. In the case of a monodisperse sediment, the question of “mass source”
does not even arise. But an accurate discussion — the investigation of
separate fractions — requires the description of how, affected by what
forces and at what speed the comminution of greater particles into smal-
ler ones occurs, or what the mass source of each fraction does like to.
Obviously, their sum for the whole sediment is equalling zero.

The source density of the i-th fraction is For the total of the fractions
i=1,2,.. n one has

i=1

In agreement with the foregoing, 1.77. the mass balance equation of the
sediment for the i-th fraction will he, by applying Eq. (2):

5{ h div (pi av/j,+ Sjjgrad i)~qh < (H)

Contrarily to the mass- balance equation of water, one has to meet several
difficulties in determining certain terms of Eq. (11).

The first of unknowns is the velocity vector V/, mofthe i-th fraction itself.
In the case of suspended sediment, this difficulty may rather easily be over-
come by making the very good assumption of sediment particles having the
same velocity v as water has. With regard to the velocity vectors, this condi-
tion may be expressed as

V,= v (12)

and as far as the velocity components are concerned, if the sediment has a
settling velocity co, one will have

vhx = vx and vhy — vy — C (13)
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In the case of bed load, however, this approximation is already not per-
missible.

The conductivity too, is not accurately known. According to research
conducted so far, its value does not deviate substantially from the conductivity
of momentum. In fact, when dealing with suspended sediment, one makes use
of the assumption of the two conductivities being equal, although certain ex-
periments show the conductivity of sediment slightly higher, others again
slightly lower than the conductivity of momentum. It should be mentioned here
too, that for the sake of simplicity, the conductivity of sediment is often re-
garded as a scalar magnitude.

The determination of conductivity for bed-load movement is one of the
problems to be solved by future research.

It is a difficult task to find the source density g, in the mass balance of
the i-tli fraction. The dimensions of a particle are obviously reduced through
repeated collisions and rolling. This fact represents a loss or a sink for one
fraction, but a gain or a source for other smaller fractions, as a rule. This diffi-
culty may be overcome in the case of not- too- wide size intervals, by using aver-
age grain sizes and by assuming the mass of sediment to be source-free.

There is another remark to be made concerning mass balances. In prin-
ciple, mass balance of water and that of sediment are mutually independent.
The two equations have no term in common. With regard to the conditions
assumed for water (incompressibility, homogeneity, absence of decomposi-
tion) the mass balance of water is characteristic only of properties and stream-
flow conditions of the liquid phase. When dealing separately with the two mass
balances, that of water is playing a role solely by introducing the approxima-
tion WVt- V.

2. Balances of kinetic energy (2.1. and 2.11.)

2.1ja. In the case of water, kinetic energy is calculated as the product of mass
and the square ofthe mean flow velocity, that is, kinetic energy origina-
ting in velocity pulsation, is neglected:

Mv2
2

W ith g as the mass density, the density of this extensive quantity will be:
— QVv2 (15)
2

2.1/b. As far as the kinetic energy of water is concerned, only its convective
current

(16)
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is taken into account. Hence, the surface density of the current of kinetic
energy as an extensive quantity will be:

1
(a v2)v (17)

2.1/c. The only source increasing the kinetic energy is the work performed in
the gravity field. Thus, for a fluid of the mass M, the energy gain per
unit time, i.e. the “acceleration work” of the field is the source

(18)

with v/2 being the average velocity. The source density on the other hand
will be

(19)

This gain ofenergy, (orenergy source) is, however, counteracted by several
kinds of energy loss (or energy sink) from the point of kinetic energy balance
of the water. The most important ones among these are the work performed in
sediment transportation and the energy used up in overcoming the internal
friction of the water having a kinematic viscosity v, termed as energy dissipa-
tion. Compared with the complexity of this phenomenon, these two energy
dissipators can be determined relatively easily and the remaining error due to
neglected effects is still admissible.

The moving of the sediment of mass Mxwill reduce the kinetic energy
of the water in unit time by the loss

3 "M-fv —vh)2"
31 2

(20)

If denotes the mass density of the sediment, the sink density will be:

1 QBi(v - Vhf
2 3t

(21)
As it is known, the friction force acting upon the unit mass of an incom-
pressible fluid is expressed by the term

vV2v (22)

Thus, when determining the energy dissipation of the mass M through
internal friction, and assuming the average velocity v/2 corresponding to the
work of acceleration, this dissipation is

1
) (ry2v)M v (23)
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or, in terms of the corresponding sink density:

(ry2y)aVv (24)

W ith regard to the above,

2.1. the balance equation of kinetic energy of the water will become, in agreement

with Eq. (2):
L3 }-—di\'/ orv = —103V L2
2 81 2 2 2 81

— (W2v)eV (25)

W hen establishing the balance equation of the kinetic energy of water,
an approximation is applied when neglecting the kinetic energy coming from
velocity pulsation, which, in principle, appears also in connection with the
velocity \ h of the sediment.

In the case of suspended sediment, assumptions expressed in Egs (12) and
(13) may he used for the sediment velocity \ h. It is obvious, however, that
this assumption must not be applied to bed load.

Il. Sediment

2.11/a. In the case of sediment, kinetic energy is to be dealt with expediently
in a separate way for each fraction. If M1(is the mass of the i-th frac-
tion. (i— 1,2, ..., n), and Vfrj the mean velocity of the same, then,
by neglecting the kinetic energy coming from velocity pulsation, the
kinetic energy will be

(26)

The density of this extensive quantity is, ol; being the mass density of
the i-th fraction:

@7)

2./7/6. In the case of sediment too, the convective current of the Kkinetic
energy is only taken into account:8

M i.tvli

" ui

(28)
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From Eq. (28) the surface current density of the kinetic energy current of
the sediment as an extensive quantity will be

y fel.i*>lijvMm (29)

2.11/c. The kinetic energy of the i-th fraction of the sediment is increased by a
source containing work of the gravity field as well as the energy trans-
ferred by streaming water.

For the i-th sediment fraction of the mass My, the energy gain
per unittime (i.e. the source) can be obtained, with 1/2 V/y as the average
velocity as

Y Ai.lg Wm (30)

Accordingly, the source density is:

1
y et,/JgwW (31)

Obviously, the kinetic energy transferred from the water is identical
with the energy loss (20) suffered by the water. The only difference is that,
whilst establishing the balance of kinetic energy of the water, the total amount
of the sediment was taken into account, now the i-th fraction was investigated
only. Thus, the i-th fraction with a mass M 1(-will gain an energy of

9 [MAtthlt- V)2”‘ (32)
dt 2

from the streaming water. Hence, the source density of kinetic energy will be-
come:

1 8£li(vhi~ V)2
2~ dt

One may still conceive the collision of the i-th fraction with those of a
higher velocity as another source of energy. On the other hand, a collision
with fractions having a lower velocity constitutes an energy loss for the i-th
fraction. Expectedly, the sum of these two kinds of collision may result in a
negligibly small change of the energy.

Nevertheless, the balance equations of sediment being referred to the
i-th fraction onlv, it is useful to determine the source of kinetic energy yielded
by collisions.
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Let Ni be the number of particles of the i-th fractions, and Nk that of
the fc-th fraction.The overall number of particles of all fractions, IVis defined as

IV=J Nt
i=1

Now, the i-th fraction, having a velocity vit¢ will obtain from, or trans-
fer to, the k-th fractions (with k — 1,2, ..., mand k" i) a momentum of

n N

EmFi _V*‘I)_Nj (34)

if is the conductivity of momentum. If the scalar product of this source
or sink density of the momentum of the i-th fraction of sediment with 1/2 v/, -
is taken, this already means the source density of kinetic energy arising out of
collisions. In mathematical terms:

1 " N
4h.i= — yhi2 Lik(vAft- viei)— (35)
2 =1 N

K

Here it should be noted that since an energy exchange within the whole
mass of the sediment does not affect the total energy of the latter, for the
entirety of the n fractions the relationship

2qhi=0 (36)
i=i
will obviously hold.

The effect of collisions being already taken into account in the above,
the sink reducing the kinetic energy of the i-th fraction is only the work arising
out of friction. It is not possible either, to calculate the energy loss due to fric-
tion accurately. But by making certain assumptions, there is a possibility
for their being established approximately.

Let Fj be the total area exposed to friction of sediment particles pertain-
ing to the i-th fraction with a mass M-yi.

Also, let us suppose the development of a certain shear stress

™ (37)

over the area F- owing to the velocity difference between water and sediment.
If the absolute value of the average velocity difference between water and
sediment is i v — Vit ;[then the energy loss per unit time, or in other terms,
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the work done by friction forces in unit time yields already a formulation for
the energy sink wanted:

*tuFilv —y\i | (38)

Approximately, the total volume of the i-th fraction, having a mass
M 1i and a density pZLi will be:

V1,1 -- MQ'*-* (39)
It

The sink density can obviously he obtained by dividing the sink of (38)
by Fji. Thus, the sink density will be:
4 tFilv Wil (40)
But since

FilMi,i= <A (41)

is exactly the surface- per- unit mass of the i-th fraction, termed the specific
surface, it will be more convenient to write (40) in the form

th,iPi Iv — yhi I Qit (42)

which also makes apparent that for constant values of Thihv and v*/, the trans-
fer of energy will he in a linear proportion to the specific area.
According to the considerations made so far

2.11. the balance equation of kinetic energy of the i-th fraction will be, in agree-
ment with (2):

- *h.i<Pi\v — eX, (43)

In this balance equation too, the assumption of the kinetic energy origi-
nating in velocity pulsation being negligible, is adopted. The determining of
v/, for suspended sediment is possible here too, according to (12) and (13). In
the case of bed load, this is obviously not admissible.
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In order to calculate the energy source originating in particle collision,
one has to know the conductivity of momentum. By assuming a monodisperse
sediment, this difficulty is to be discarded.

Also the determination of friction losses, representing an energy sink, is
only an approximate one but in our opinion the discrepancy arising thereof
is still tolerable.

Also it should be pointed outthat, if the range of particle sizes is not too
large, it seemsto be more expedient to write up the balance equation of kinetic
energy of the sediment for the whole mass of the latter, based upon average
velocity, particle diameter and mass density. This approximation too seems
to be advantageous, particularly for suspended sediment.

3. Balances of internal energy (3.7 and 3.11)

A change of the internal energy can manifest itselfin temperature changes
only, since the respective masses of water and sediment are invariable,
i.e., the system has a constant volume and constant mass.

The two-phase system composed of water and sediment, as it has been
already said in the foregoing, is in a thermal interaction with its environment,
that is, with the air at the open surface and with the soil along the sides and
bottom of the channel. It is a fair approximation to assume the two-phase
system being in a thermal equilibrium with the soil. The interaction with the
air is depending upon weather conditions and appears partly as a warming-up
or cooling-down, partly as evaporation. It has been stated already that the
internal energy of the system may be modified to a high extent due to inter-
actions with the atmosphere. In spite of its influencing the conditions for fric-
tion through the viscosity, however, this change of the internal energy has
hardly any bearing upon sediment movement. Therefore, with regard to the
internal energy, it appears justified to neglect interactions with the environ-
ment in sediment investigations.

The entire surface area of sediment particles is in contact with water.
This holds especially for suspended sediment. Accordingly, sediment and water
are in an almost perfect thermal equilibrium. This fact makes the balance
equation of internal energy of the sediment superfluous.

Consequently, one may thus write up the balance equation of internal
energy by considering the two phases as a single system.

I. Water -- Il. Sediment

3.7.—77/a. The total mass of the water-sediment system is (M -)- Mf) and
its total volume (V Vj), hence the mass density of the mixture of
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water and sediment will be

M+M,

6z (44)
V+V,

and the density of internal energy as an extensive quantity will be
ez = Qct (45)
with i[0] being the temperature and c[E/MO0] the specific heat.
3./.—Il/b. The convective current of internal energy of the water-sediment
system is

(M + MfjctY (46)

having a surface current density of

(47)

The conductive current density of internal energy may be — analogously

to mass current density, — defined as the product of the coefficient of heat
transfer

E 1 (48)

TLO

and the temperature gradient t[0], Accordingly, the conductive current den-
sity of internal energy will be
Agrad t (49)

3.J.—Il/c. The source of internal energy of the water-sediment system will be
identical with the dissipation of kinetic energy of water and sediment,
since influences of the environment have been excluded.
In the case of water, the source density

— (vS872%)aq) (50)

corresponding to (24) is to be used immediately. For the sediment, the
dissipation of

Thtipt ly — ym 1 Qu as described in (42)

must be summed for all the fractions i = 1, ..., n, in order to write
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up the source density of internal energy, since (42) refers to the i-th

fraction only.

For a sediment with a total mass of " M Li, the overall surface area of all
particles (IV) exposed to friction is "n IZ,.l

Let us assume the average valué_éf shear stress over this surface area to be

4 (51)

and let Vit be the average velocity of particles of all the fractions. Then, the
work performed by friction forces in unit time will he on the average

ORIV VL (52)
1=1

which is already the source of internal energy wanted. If the sediment has an
average mass density pl5then the total volume of all sediment particles is

Vy= — - (53)

dividing by which the term (52) the source density is obtained. If, by analogy
to (41) one introduces for all sediment fractions the average specific surface
referring to the mass unit

<Pi=-"N e (54)

the source density of internal energy originating from the energy dissipation of
the sediment will become:

W ilv—v.17i (55)
In agreement with the foregoing,

3.1—11. the balance equation of internal energy of the water-sediment system is

0B i
-r-+ div(ezV- s gradt) =

h (rv2v)ev + ¢, (P Iv - vt (56)
a

l\)ll—‘
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The determination of several factors in the balance equation (56) is met
with difficulties. Among others, further investigations and experiments are
needed in order to be able to determine the values of T and W.

Despite approximations introduced during its derivation, the balance
equation is fairly characteristic for the internal energy of the water-sediment
system isolated from interactions with the environment.

Even if regarding the very substantial interactions of thermal character
between the system and its environment, one will be convinced easily that
internal energy is not of a decisive importance upon the phenomenon of sedi-
ment transportation. Thus, most of the investigators make a use of this oppor-
tunity by neglecting the internal energy in the course of investigations.

4. Momentum balances (4.1 and 4.11)
I. Water

4.lja. The momentum of water is calculated as the product of mass and average
velocity

Mv (57)

by neglecting momentum produced by velocity pulsation.
The density of this extensive quantity is

gv (58)

4 .1/b. As far as the momentum current of water is concerned, both convective
and conductive currents are taken into account.
The surface density of convective current is equal to the dyadic product of
momentum density and the vector of streamflow velocity:

QYoy (59)

The surface density of conductive current may be considered as the time
average of the dyadic product of pulsation-momentum density andvector-
of-pulsation velocity:

gv'ov' (60)
4.1/c. The only momentum source for water as well as the only source of its

kinetic energy is due to the field of gravity. Thus, the source density of
momentum will be

eg (61)

A loss of momentum occurs through momentum transferred to the
sediment fractions i = 1,..., n and another momentum is lost that
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equals the dissipation of kinetic energy of water. These two sink den-
sities of momentum are to be considered as follows.

The intensive quantity characterizing momentum exchange is
the velocity. If the velocity of the i-th fraction is vt the number of its
particles Ni, and the source conductivity of momentum L,, then the
momentum transferred to this fraction will be

Li(vhj — v)IVf (62)

If the overall number of particles of all fractions is N, then the sink den-
sity of momentum will become

o Lifyhi- v (63)

The other kind of momentum loss is owed to viscous stresses, to be given
in case of incompressible fluids as

(ry2v)e (64)
By multiplying this term by v/2, Eq. (24) describing the dissipation losses
of kinetic energy, was derived.
W ith regard to the foregoing,

4./. the momentum balance equation of the water will be, in accordance with (2)

3fovl e n N-
———————— -+ Div(¢gvov + QVov )= Qg-f- y/Li{vM —v)— - — (ry2v)g (65)
31 JTi N

I11. Sediment

4 .11fa. The momentum of the i-th fraction of sediment is to be obtained as the
product of the average velocity V/* of the sediment and the mass M lti:

M i,Nh,i (66)
Thus, the momentum density of the i-th fraction is
Qi.Nh.t (67)

4 .11/b. Also in case of the momentum current of sediment, both convective and
conductive currents are taken into account.
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The surface density of convective current is the dyadic product of momen-
tum density and the velocity vector of the i-th fraction

(21, Mit.JOVM (68)

The surface density of the conductive current may be obtained similarly,
as a time average of the product of the pulsation momentum density and the
vector of pulsation velocity

ei,id/°4i (69)

4i.ll/c. The momentum of the i-th fraction of sediment is augmented primarily
by the gravity field as a source. Accordingly, the source density of mo-
mentum of the sediment may be written as

eMg (70)

Another source of momentum is the momentum transferred from the
water. The density of this source of momentum is, according to (62):

Li(yhi — v) (71)

And finally, a source of momentum for the i-th fraction may be the ex-
change of momentum occurring at the collision with the fractions k =
= 1,...,n but K i. If the velocity of the fe-th fraction is \ kk and
the momentum conductivity between this and the i-th fraction is
then, this momentum source density will be

v I:riké\h,k — V., 9 Nk (72)
N

&

A loss of momentum, a sink, is constituted by the momentum correspond-
ing to the friction energy accompanying sediment transportation. This sink
may be obtained from the sink density of (42) referring to the dissipation of
kinetic energy of sediment

*hii<Pi v — \Ki I Qbi

by taking its scalar product with 2v-1. Thus, the momentum sink density arising
out of the friction taking place during the movement of the i-th fraction will he

24 & v — Iv_1lei,/ (73)
W ith regard to the above,
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4.11. the momentum balance equation of the i-th sediment fraction, based also
upon (2), will become

(74)

In the case of the momentum balance equation of the sediment, all the
conditions and statements hold that were mentioned in relationship with the
balance equation of kinetic energy of the i-th fraction.

1.3. Comparison and evaluation of balance equations
of sediment transportation

The momentum balance equations are interdependent, if written up by
using the same conditions and neglections as introduced into the balance equa-
tions of kinetic energy, as it has been already pointed out.

As it may be seen from the foregoing, balance equations of kinetic energy
can be derived from momentum balance equations through calculating the
scalar product the latter ones by v/2.

Nevertheless, there are certain differences between the two systems of
balance equations, as they have been derived above.

The differences are partly formal ones, since momentum currents have
been written as dyadic products, whilst currents of kinetic energy as currents
of work of acceleration.

The other difference consisted in having neglected the rather unimportant
conductive currents in case of the kinetic energy, but the same was considered
in the momentum balance as a rather substantial effect.

A material difference between balance equations of the water and those
of sediment is that in case of water, these equations always refer to its whole
mass regarded as homogeneous, whilst in the case of sediment, they refer to
the individual fractions only.

So far, it was not possible to find an exact solution of the balance equa-
tions. Several physical variables have been introduced and even interpreted,
but for the time being, these are yet unknown. The elimination of relevant
difficulties by means of certain approximating assumptions requires still
further research work. And finally, it is obvious that the solution of this in-
tricate set of equations will be a difficult task.
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1.4. Balance equations of suspended sediment

Even before launching the idea of general balance equations, it became
possible to establish the equations of suspended sediment transportation by
assuming isothermal conditions.

In isothermal conditions there is a thermal equilibrium and thus, also
the dissipation of kinetic energy is to be disregarded.

After having made these assumptions, suspended sediment transporta-
tion is to be characterized by means of mass balance and momentum balance.

The equations have been derived for the entire mass of the sediment, by
introducing the mean density gx of the particles and the resulting settling
velocity co, as well as the average sediment velocities v*¥ and it and the average
conductivity Eh of the mass current of sediment. Upon base of velocity com-
ponents of suspended sediment motion occurring in the momentum exchange
between water and sediment, it was found that for a specific gravity ylof the
sediment, the conductivity of the momentum source will be the ratio yfco.

Both water and sediment were assumed to have constant masses and
thus, the mass balance of both phases is source-free.

According to the above assumptions, the mass balance of water (7) will
remain unchanged:

+ divgv=0 (75)

and its momentum balance, by modifying (65), will become

+ Div (pvOV-f Q\'ov') = Qg+ v/, —v) (76)
0t ft)

whilst the mass balance of sediment will be by transforming (11):

dt + div grad g = 0 77)

and its momentum balance by modifying (74):

+ Div {QNhoyh+ QIVhOyh) = Pig—-rr (yh- v) (78)
91 ®

When comparing the above balance equations with theories on suspended
sediment transportation known from the literature, one will find that most
of them were taking into consideration the mass balance of the sediment (77)
only. In the course of comparative studies the author has succeeded to insert
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almost all theories of sediment transportation into a unified system. The classi-
fication was based upon the possible neglections or assumptions made. Rel-
evant details are to he found in the references.

As an example of the applications it seems useful to draw attention upon
the fact that the O’Brien—Christiansen equation describing the distribution of
concentration was to he derived in an extremely simple and clear manner from
Eq. (77) by considering all possible and admissible neglections.

But herewith we arrived to the practical applicability of theoretical
results to suspended sediment motion. The O’Brien—Christiansen equation
is namely even in these days the one accepted as the most reliable. W ith its aid
one may calculate the mean concentration, yielding immediately the suspended
sediment load Gs [kp/sec].

2. MEASUREMENTS AND INVESTIGATIONS IN THE FIELD

2.1. The role played by measurements and investigations

Simultaneously with theoretical research, also measurements and in-
vestigations in the field are covering more and more details. Such are, e.g.,
the observations on alluvial channel formations, intended to clear the effects
of channel formations upon discharge, flow velocity, suspended sediment and
bed load.

All these are generally known from the literature and thus their details
will not be dwelt upon.

But similarly to the method followed in the discussion of recent theoret-
ical research, it is indicated to show an example of field measurements and
investigations. Essentially, these belong to the semi-empirical methods already
discussed and the classification of which was also facilitated by the theoretical
research already described.

2.2. The sediment-transporting capacity of watercourses

It is well known that alluvial watercourses do, next to the transport of
suspended sediment and bed load, modify their channel form within a rela-
tively short period to a great extent. It is a desire of the researchers dating
far back to determine numerically the sediment-transporting capacity of water-
courses, or in other terms, the energy requirements of sediment transportation.
Obviously, the amount of energy used up in modifying the channel form is
equally of much interest. Ultimately, it would yield a very valuable informa-
tion if one were able to know the part of the full available energy owing to the
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motion of sediment-loaded water, that has been used to keep suspended sedi-
ment and bed load moving, and the other part used up in modifying the chan-
nel form.

Investigations carried out with these goals in mind have been conducted
by the Research Institute for W ater Resources Development (VITUKI) Buda-
pest, guided by Dr. J. Csorna. The measurements had been carried out over
a reach of the Drava River, 6 km in length, situated up to 6 km upstream the
Dravaszabolcs gauge.

2.3. Observations made on the experimental reach of the Drave River

The survey of cross sections, discharge gaugings, measurement of sus-
pended and bed loads are regularly carried out by the Research Institute since
1968. Hydrological and hydraulic features of the experimental Drava reach
are summarized in Table Il. According to the data obtained, this reach is in
fair agreement with the properties of several other rivers of European plains.
The only deviation from average conditions is perhaps the high amount of
siltings and scours occurring annually along this reach, or, by formulating this
fact in another way, one may say that along this reach, the volume of bed ma-
terial re-arranging itself in a very short time, is very great.

By departing from measured data, the weight of sediment-loaded water
(values F) has been calculated for several periods together with the weight
of immersed suspended sediment (Fj), the immersed weight of bed load (F2)
and the weight of bed material characterizing the re-arrangement of bed for-
mations (Fs). Three periods were selected for presentation.

The volume of material, appeared as a scour, has been accepted as the
measure of re-arrangement (see row 5 of Table I11) with the restriction that if
the balance over a period had aresultant scour, this was considered as suspend-
ed sediment leaving the reach and became thus subtracted from the amount
of re-arranged material. Furthermore, it was assumed that re-arrangement of
bed load occurs only once within the periods surveyed. The average channel
width, 300 m, was taken as the travelling length of re-arrangement.

Already here it should be noted that thus one will obtain the minimum
of energy demand spent on re-arrangement. It is namely obvious that the re-
arrangement owing to scours and silting means a continuous movement of the
bed material and thus, the actual amount of energy used up is a manifold of
that calculated.

The weight of sediment-loaded water, suspended sediment, bed load and
material re-arranged, respectively, is shown in Table I11.

By adopting certain simplifying assumptions, the work E done by sedi-
ment-loaded water, the amount of work used up in transport of suspended
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Table 11

J.

Hydrological and hydraulic features of the Dravaszabolcs experimental reach on the Drava River

Location of experimental reach:

Catchment area

Length of experimental reach
Character of experimental reach
Channel depth

Average water depth

Average length of settling path = half of
average water depth

Channel width

Average channel width

Average channel slope

Head drop of the entire reach
Discharges in m3sec

Mean flow velocity

Difference of max. and min. stage
Average diam. of suspended sediment

Average diameter of bed load and bed
material

Specific weight of sediment and bed
material

Average concentration of suspended sediment
in the three periods

Specific weight of sediment-loaded water in
the three periods

Settling velocity of suspended sediment

Average annual suspended sediment
transport

Average annual bed-load transport

Overall scour of experimental reach in the
three periods

Overall silting-up of experimental reach
during the three periods

River reach upstream the Dravaszabolcs river gauge

35,764 km2 at the Dréavaszabolcs gauge
L = 6000 m

sinuous, very unstable

6—8 m below channel edge

D = 4 m during the periods investigated,
at medium river stage

Ds= D/2 = 200 m

200-500 m
B = 300 m
S = 16 cm/km
hv= 0.96 m

Qmin — 130; Qm = 850; Qmax = 2500
vk = 1.0 m/sec

586 cm
dg = 0.04 mm
dg = 0.3 mm

yt = 2650 kp/m3

Ck = 0.063—0.050—0.045 kp/m3 res]

yz = 1000.041-1000.031-1000.025
kp/m3

o= 0.0015 m/sec
G, = 750 000 m3

GB = 110 000 m3
836,298 m3; 751,350 m3; 587,065 m3

681,907 m3; 1227 354 m3; 659,897 m3

sediment and bed load, and the work required for bed re-arrangement are to

be calculated as follows.

For the individual periods, the weight of sediment-loaded water, the
immersed weight of suspended sediment and bed load has been determined with
aid of discharge durations and the relationships established between discharge
and sediment load (cf. rows 2, 3 and 4 of Table Ill). The immersed weight of
re-arranged material (row 5 of Table Ill) has been calculated from the scours
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Table 111

Sediment transport of Drave River at Dravaszabolcs in three different periods

First period Second period Third period
1. October 1968 15 March 1969 16 October 1970
to
15 Matr%h 1969 15 October 1970 15 May 1971
1. Drop of the energy line (m) 0.96 0.96 0.96
2. Weight of sediment-loaded water passing
the reach F [kp] 5.5X1012 31.15X1012 5.28X10 12
3. Submerged weight of suspended sediment
passing the reach Fx [kp] 3.48X108 15.70X10* 2.17X10*
4. Submerged weight of bed load passing
the reach F2 [kp] 0.19X10* 2.14X10* 0.16X10*
5. Submerged weight of displaced material
F3 [kp] 11.20X10® 12.40X10* 9.70X10*

in agreement with the foregoing. With regard to relatively low variations of
flow velocity, the slope of the energy line along this reach of 6000 m was as-
sumed to equal the surface slope of 0.96 m.*

The weight Gs [kp/sec] of the suspended sediment and Gp [kp/sec] of
the bed load have been taken into account by means of average values derived
from discharge durations and from relationships between discharge and sedi-
ment load.

For the sake of completeness let us review the method used in calculating
the entire energy and the individual partial energy demands.

The work performed by sediment-loaded water

If hv [m] is the drop of the energy line over the length L [m] and if one
uses the average concentration C [kp/m3] in calculating the specific gravity
yz of sediment-loaded water, that is, if

yz= y -~ + C (79)
Vi

then the work performed by sediment-loaded water during the period At [sec]

will be
E = yzQzhvAt (80)

where Qz was assumed approximately equal to the actual discharge.

*With regard to the numerical examples, the angular brackets after physical quantities
and relationships henceforth will contain not the dimensions but the units of measure adopted,
contrary to general use.
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Namely, the weight of sediment-loaded water running down within the
individual periods At is

F = yzQz&t [kp] (81)
If the surface slope is S, then the drop of the energy line over a length

L [m] will be
hv -- SL [m] (82)

The total work performed by sediment-loaded water along the experimen-
tal reach will thus be

E = Fhv [kpm] (83)

Work spent on the transportation of suspended sediment

By calculating this work it was assumed that suspended sediment is
keptin suspension over an average settling-path length Ds against a settling
velocity ff) [m/sec] at the expense of the energy of sediment-loaded water. The
sediment would take a time

tl= DJco [sec] (84)
to arrive to the channel bottom.
But since Mic [m/sec] is the mean flow velocity and the experimental

reach has a length L [m], the sediment should be kept in suspension over the
time

h = Llvk [sec] (85)

Thus, the length of the settling path will obviously be

Dsact=D s* (86)

If Gs [kp/sec] is the average suspended sediment load in unit time, then
the immersed weight of suspended sediment during the interval At will become

Fi= — r~GsAt [kp] (87)
Yl

and the work required for keeping the sediment in suspension:

El= b —JLGSDSb. At= JjlzJL G,Ds— — At (88)
Yi h Yi vk Ds

or, by considering Eq. (87):

= FtL — (89)
vk
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Work spent on the transportation of bed load

If GB [kp/sec] isthe average bed load transport, then its immersed weight

[kp/sec] (90)
Yi

Thus, the immersed weight of bed load carried in the interval At will
become

F2= ~ A G BAt[kp] (91)
M

This weight F2is causing friction over the distance L = 6000 m. Thus,
if, according to Bagnold, the friction factor of a bed load having an average
diameter of 0.3 mm is assumed to be f = 0.75, then

E2= GBAt L-f= F2L f [kpm] (92)
Yi

is the work required for bed- load movement.

In the row 5 of Table Ill, values of F3calculated upon the basis of the
foregoing assumptions are to be found, referring to the three intervals.

If one calculates, as already said, the work spent on re-arrangement over
a distance B = 300 m corresponding to average channel width and also a
factor of friction f = 0.75 being applied, one obtains

E3= F 3B .f (93)

The energy loss E as well as the energy requirements Ex, E2 and E 3 for
the three periods, calculated in agreement with the above, is contained in
Table 1V.

If the energy loss E in Table IV, representing the average energy source
is taken as 100%, then in the last column are the percentages ofthis energy spent
on transporting suspended sediment and bed load and on rearranging the
channel. By subtracting the sum (El-f- E2-f- E3) from 100% the value of jE4
thus obtained is yielding the energy spent on overcoming various resistances
(friction, bends, deformations, turbulence, etc.) and on maintaining the move-
ment.

When reviewing the contents of Table IV it becomes apparent that only
about 4 to 7% of the total energy is spent on sediment transportation and
channel rearrangement. With regard to the foregoing approximations it is
that this low percentage of energy consumption should be considered as a
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Table IV

The energy requirements of suspended sediment and bed-load transport as rveil as channel re-arrangement over a reach of the Drave River, 6000 min
length, over three different periods

. Energ¥ loss Weights F, FIt Ft E;(i)s\,lt:rnecde Gradient g[)r;%;?egtf settl?nagtl?/e?(fcity Friction Reauired or lost eneray
Period energy and F3 L, B S= hvL K to mean flow coefficient .
demand [bp] H [ml VSLZ/CULW / in [kpm] in %efrEcent
1st E F = 550X1012 6000 1.6X10-4 0.96 — — 5.280X1012 100.000
1 10. 1968 K Ft= 3.48X108 6000 — — 15X10-3 — 31.320x10s 0.059
to Er F2= 0.19X10s 6000 — — — 0.75 8.550X1010 1.619
15. 3. 1969 E3 F3= 11.20X108 300 — — - - 2.520X101 4.773
E4 - - - - — - 4.939 X1012 93.549
2nd E F = 31.15XK0R 6000 1.6X10-4 0.96 — — 29.904 X1012 100.000
15. 3. 1969 £, F, = 15.70X10s 6000 — — 1.5X10~3 — 141.300X108 0.047
to e 2 F2= 2.14X108 6000 — — — 0.75 0.963 X012 3.221
15. 10. 1970 E3 F3= 12.40 X10s 300 — — 0.75 0.279 X1012 0.933
E, — - — — - 20.648 X1012 95.799
3rd E F = 5.28XH0OR 6000 1.6X10-4 0.96 — — 5.069 X102 100.000
16. 10. 1970 Er F3= 2.17X108 6000 - — 1.5X10-3 — 19.530X108 0.038
to Er F2= 0.16x10s 6000 — — — 0.75 0.072 X101 1.420
15.5. 1971 E3 F3= 9.70X108 300 - — — 0.75 0.218 X012 4.301

o4 _ — — — _ — 4.777 XL 94.241

r'layyo09g
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minimum only. In the given case it could be said with certainty that the energy
spent by watercourses upon sedimenttransportation and channel re-arrange-
ment is substantially more.

If the energy demands for suspended sedimenttransport, bed load trans-
port and channel re-arrangement are considered separately, one may state
the following:

In all three periods, the percentage of the total energy, spent on sus-
pended sediment transport was 0.06 to 0.04% only. This, if compared e.g.
with the value of 0.15%, found at the Nagymaros reach of the Danube, is
a conspicuously low value. One of the possible explanations may lie in the
fact that in the Danube, the sediment is kept in suspension over a settling
path 2 to 4 times as long. Another reason may be the relatively low concentra-
tion of suspended sediment in the Drava river during the period investigated.

1.4 to 3.0% of the total energy was spent on bed-load transport. Ob-
viously, this value too is actually much greater, since a continuous work of
friction was assumed, whilst in the reality, bed load has an intermittent motion,
as shown by recent research results.

1to 4.8% ofthe energy was used up in re-arrangement. This value should
by all means considered as a minimum and with regard to an obviously repeated
re-arrangement, the actual value may be higher by orders of magnitude.

The investigations related to the Dravaszabolcs reach are in harmony
with investigations on the sediment-transporting capacity of watercourses.
Usually, the sediment- transporting capacity of watercourses is characterized
by the ratio of Eq. (89) spent on suspended sediment transportation to the
full energy loss of sediment-loaded water. In fact, if the quotient of Eqs (89)
and (80) is formed, one will arrive to the expression

¥Yx m Qs
7z vS Qz

well known from the literature. Here, Qs and Qz are the volume yields of sus-
pended sediment and sediment-loaded water, respectively and the slope of
the energy line is

S= A (95)

By comparing the relatonships (94) and (76), the analogy between

and ti-
YX—vy bl Qs «

becomes apparent.
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Measurements on the Dravaszabolcs experimental reach are still in prog-
ress. It may be well expected that further measurements will enable the draw -
ing of new conclusions but it is equally likely that results of similar investiga-
tions conducted in different locations may yield further results of value.

Investigations on the experimental reach Dravaszabolcs are a good proof
of the inseparable coherence of theoretical research and field measurement
results on the sediment transportation of watercourses.

3. METHODS OF SOLVING THE PROBLEMS

An exact formulation of the established problem has an equally out-
standing importance in the case of field measurements as well as up-to-date
theoretical research. This should be followed by the selection of the most
expedient method. In their most generalized form, the problems are defined
by relationships between physical variables and the relevant unambiguity
conditions, constituting together a mathematical model.

Obviously, a mathematical model should be formulated exactly even if
its solution at the time is not possible, owing to deficient knowledge. It is the
exact formulation that compels the researcher to take all important circum-
stances into account and to range our knowledge on the process investigated
into an exact system.

One will perceive from the foregoing that the solution of the system of
differential equations describing the phenomenon is still unknown. But it is
equally obvious that by introducing certain assumptions an approximate
solution is perhaps to be obtained. One of these simplifications is the other-
wise generally admissible one of substituting the conductivities — tensors
from the theoretical point of view — by scalars. Or another such simplification
is to take the turbulence of flow into account, not by means of the Reynolds
stresses, but by the product of some conductivity and the gradient of the
mean flow -velocity. Still more generally accepted is the simplification of dis-
cussing the problem as ifit were a two-dimensional or one-dimensional phenom -
enon.

In certain cases it becomes possible to convert the set of equations into
a set of finite-difference equations enabling its solution by means of up-to-date
high-speed digital computers, with respect to unambiguity conditions.

There are also possibilities for experimental solutions, to be performed on
the natural watercourse itself or on a model. By the way, it is already a well-
known fact that one must not separate experimental and numerical solutions
from each other. In the language of cybernetics there is a mutual feedback
between them. In the possession of a solution obtained by numerical methods
one may decide upon what assumptions should be tested experimentally and
numerical methods are gaining in accuracy through results obtained from ex-
perimental data.
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Consequently, theoretical and experimental means are needed equally
for the solution of practical problems. Or, by adopting a more exact formula-
tion, theoretical investigations into sediment transportation are not to succeed
without an adequate experimental support. Of course, the opposite may be
said too. No experiment may yield reliable and useful results without proper
theoretical considerations.
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Zeitgemale theoretische und praktische Probleme der Geschiebefiihrung. Die moder-
nen theoretischen Untersuchungen der Geschiebefiihrung basieren auf den Grundgesetzen der
Physik. Der Autor betrachtet die Geschiebebewegung als eine physische Erscheinung, und auf-
grund des Gesetzes der Erhaltung stellter Gleichungen fur die Massen- und kinetischen Energie,
innere Energie und fir den Impuls auf. Die Gegeneinanderstellung dieser Gleichungen und
deren Auswertung fihrten zu zahlreichen grundsatzlichen Festsetzungen. Von theoretischen
Grundsatzen ausgehend wird die Geschiebefiihrungsfahigkeit der Wasserlaufe untersucht.
Aufgrund der auf dem FluB Drau durchgefiihrten Messungen und Beobachtungen wird auch
der Energiebedarf zur Geschiebefiihrung und zur Umgestaltung des FluBbetts ermittelt.

X

mer
CoBpeMeHHble TeOpeTUYeCKMe U MpakKTU4ecKne BONPOCLI ABUXEHUA HAHOCOB. B pa60Te

TEOPETUYECKIE BOMPOCHI ABVXKEHNS HAHOCOB PacCMaTpMBAOTCS C MOMOLLBH) 6anaHCOBLIX Ypas-
HeHWiA. ABTOp BBOAUT AnddepeHLMabHbIe YPaBHEHUS MacChl, KNHETUYECKO SHEPTUM, BHYTPEH-
Hell 3HepruM 1 COXpaHeHUs MMMyNbca. ABTOP MPOM3BOAWT MX aHanu3, U MPU CPaBHEHUM UX
YCTaHaB/IMBAET XapaKTepHble 3aKOHOMEPHOCTW. BanaHCcoBble YpaBHEHUSI NPUHLMMUANIBHO feit-
CTBUTE/bHBI KaK /151 B3BELLUEHHBIX, TaK U [ MepeKaTbIBAKLLMXCS HAHOCOB, ECTECTBEHHO A/
060X 3TUX BUOB UCXOASA U3 AECTBUTENbHBIX AS HAX U CUIbHO OT/IMUAOLLMXCS APYT OT Apyra
YCNOBWIA OfiHO3HAYHOCTM. PaccMaTpuvBaeTCsi Takxke BOMPOC TPaHCMOPTMPYeMOCTU HaHOCOB BO-
[0TOKaMM Kak B TEOPETUYECKOM, TaK 1 B MPaKTUYECKOM OTHOLLIEHNAX. Ha ocHOBe n3MepeHmii 1
HabMIOAeHNiA, NPOBEAEHHBIX HA IKCMEPUMEHTANILHOM yuacTke p. [paBbl, B UACNOBOM hopMe fe-
MOHCTPUPYETCA [0N1S 3HEPTUM, UCMONb30BaHHAA AN MePeABIKEHNA B3BELLEHHbIX 1 MepeKaTbl-
BAMOLLMXCA HAHOCOB, TaKXKe [OMI1 3HEPTrUM, UCMONb30BAHHON ANs MepeMeLleHnsl MaTepuasnos
rnocne yrny6neHusi N HamofHeHWs pychna.
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UBER DIE BEZIEHUNGEN ZWISCHEN DER
THEORIE DER STABKONSTRUKTIONEN UND
DER KONTINUUMAUFGABE

J. SZABO*
KORRESP. MITGLIED DER UNG. AKADEMIE DER WISS.
und
P. SCHARLE**

[Eingegangen am 4. Febr. 1974]

Die in der Theorie der Stabkonstruktionen bekannte Zustandsgleichung laRt
sich als Bedingungsgleichung der Stationaritat eines Energiefunktionais aufstellen.
Im vorliegenden Aufsatz wird der Gedankengang fur den Fall der (ohne Beriicksichti-
gung von Anfangsformanderungen und -Spannungen formulierten) Aufgabe der linea-
ren Theorie ausfihrlich erlautert.

1. Einleitung

In der klassischen Elastizitatslehre wird das mechanische Verhalten
des gepruften Korpers (des irgendein Teilbereich V des dreidimensionalen
Raumes ausfillenden Materials) durch das Gleichungssystem

gekennzeichnet.1 Die drei ersten Gleichungen sind innerhalb des Bereichs V
gultige Feldgleichungen: es dricken die GIl. (1) das Gleichgewicht, die GI. (2)
die Vertrédglichkeit der Verschiebungen und Formé&nderungen, die GI. (3) den
Zusammenhang zwischen Spannungen und Formadanderungen (die mecha-
nischen Eigenschaften des Materials) aus. IF(ey) ist die Formanderungs-Ener-
giedichtefunktion, eine homogene quadratische Funktion der Komponenten

* Prof. Dr.-Ing. J. Szabo, Ménesi Gt 21., 1118 Budapest, Ungarn

** Dr.-Ing. P. Scharle, Péterfy u. 44., 1076 Budapest, Ungarn

1Bei der Behandlung der raumlichen Aufgabe wird das Bezeichnungssystem der kar-
tesischen Tensorenrechnung angewandt (siehe z. B. [11]).
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des Forménderungstensors. Es wird an der Tedfldche Sa der das Bereich V
begrenzenden Fldche S durch die Gl. (4) die statische, an der komplementéren
Flache Su durch die GIl. (5) die geometrische Randbedingung und durch die
Gl. (6) der Zusammenhang zwischen den Reaktionen und den inneren Kraften
erfafit.

Es bedeuten in den Gleichungen:

Uj den Verschiebungsvektor im Bereich V

Ejj den Formanderungstensor im Bereich V

Ojj den Spannungstensor im Bereich V

gi  den Reaktionsvektor an der Flache Su

tij den normalen Einheitsvektor an der Flache S

kj  die vorgegebene verteilte raumliche Kraft im Bereich V

pi die vorgegebene Flachenkraft an der Flache sa

Vi den vorgegebenen Verschiebungsvektor an der Flache Su.

In der Theorie der Stabkonstruktionen IaRt sich die das Verhalten des
mechanischen Modells beschreibende Zustandsgleichung durch entsprechen-
de Reduktion der die Einzelstabe betreffenden statischen, kinematischen
und mechanischen Zusammenhé&nge aufstellen [2]. Nach der Theorie erster
Ordnung gilt z. B.

0 G n + q
GF S 0

wobei die Matrix G die geometrische Lage der Stdbe, die Matrix F die elasti-
schen Eigenschaften des Materials kennzeichnet; uund Ssind die Knotenpunkt-
Verschiebungen bzw. die in den Stdben wirkenden inneren Kréfte enthaltende
Vektoren.2

Die fur Stabkonstruktionen geltende Gleichung (7) kann in allgemeinerer
Form, als Matrizendifferentialgleichung und auch fir den Fall von St&ben
beliebiger Gestalt angeschrieben werden. Derart ist sie auch zur numerischen
Untersuchung von rdumlichen Aufgaben (z. B. eines aus gekoppelten Tetra-
edern bestehenden Systems) geeignet [3]. Zwischen dem Grundgleichungssy-
stem (1)—(6) und der Zustandsgleichung (7) muf also ein enger Zusammenhang
bestehen — die GI. (7) ist, wie wir es sehenwerden, tatsdchlich den Gin. (2), (4),
(5) und (6) &quivalent.

2. Formulierung der Kontinuiunaufgabe unter Anwendung
von Variationen

Die durch die Gleichungen (1)—(6) formulierte Aufgabe der linearen
Elastizitatslehre ist auch auf andere Weise formulierbar. Es kann ndamlich
ein Funktional M vorgegeben werden, in dem die Skalarfunktionen der Zu-

21n den die Stabkonstruktionen betreffenden Zusammenhédngen werden die in [2] ge-
brauchlichen Bezeichnungen angewandt. Zur besseren Ubersichtlichkeit der Ausflihrungen
beschranken wir uns auf die Behandlung der geometrisch und physisch linearen Aufgaben,
machen ferner die Annahme, daB keine AnfangseinfliRe (Spannungen, Forméanderungen)
vorhanden sind. Die Form der Gin. (1)—(7) ist dementsprechend so einfach wie mdglich.
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standsfelder u;, eff, cy, <; beliebig variierbar sind und M bei der exakten L6-
sung stationdr wird, d. h. der Bedingung

on=20 (8)
geniigt [4]. An das Funktional knlpft sich nach der Entwicklung
n=wn+ P+ D 9)

auch eine unmittelbare mechanische Definition [5]. Es bedeuten hier:
U die gesamte Formadanderungsenergie des gepriften Kdrpers,

U= f W(et])dV (10)
\Y

P die Arbeit der vorgegebenen &ufReren Lasten,

P = — \kiUidV - 1 PiUidS (11)
\Y/ Si

und D das Dislokationspotential des Kdérpers
D = | aij(edf — Eij)dVv + Jivi- ulqids. (12)
v S,

Die Aquivalenz des Zusammenhanges (8) und des Gleichungssystems
(1) —(6) ist durch unmittelbare Entwicklung der ersten Variation von N nach-
weisbar. Falls anstatt des unabhdngigen Variierens der Zustandsfunktionen
die Erfillung irgendeiner (evtl, auch gleichzeitig mehrerer) der Gin. (1) —(6)
bei der Variationsbildung a priori gesichert werden kann, so nimmt auch N
eine einfachere Form an. Im Prinzip sind die vornherein zu erfillenden Glei-
chungen frei wéhlbar; in den weiteren muBR anstatt der aus diesem Gesichts-
punkt vernachl&ssigten Gleichungen jeweils die fir die entsprechende Funk-
tionalvariante geltende Stationéritdtsbedingung bericksichtigt werden. Die
Anzahl der mdglichen Varianten ist dementsprechend groR — die bei Fldchen-
konstruktionen in Betracht kommenden wichtigeren Félle sind z. B. in [6]
tabellarisch zusammengefalt. Hingegen kann ohne weitere Einschrédnkung
der Verallgemeinerung JF(e//) als bekannt angenommen werden. Fir elastische
M aterialien 148t sich in diesem Fall die Funktion der verteilten komplementé-
ren Energiedichte direkt anschreiben ([1], [4]):

® (oy) = Oifitj — (13)
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wobei ®(crij) schon die homogene quadratische Form der Komponenten des
Spannungstensors ist. Somit kann anstatt der Gl. (3) der Zusammenhang

= <@ (au) (14)
beriicksichtigt werden, diesen in die GIl. (2) einsetzend und eliminierend
schreibt sich

9P bl _ &ﬂ). (15)

aon

Im Funktional die unter Berlcksichtigung von (3) mdglichen Umfor-
mungen durchfuhrend wird fir das Kontinuum mechanisch und geometrisch
linearen Verhaltens die allgemeinste, Hellinger—Reissner'sehe Form erhalten

(f41, [7D:

nR= \e\fuUjdVv- fofaijdVv- ffeudV -
\% \% \%

— APiUfdS — j (, — vfoids. (16)
oy u

Hier sind nur noch die die Zustandsfelder u,, cry, ¢, zu variieren. Durch partielle
Integration des ersten Gliedes an der rechten Seite und durch Anwendung
des Gauss—Ostrogradskij’sehen Satzes gelangt man zu einer sich in den weite-
ren als vorteilhaft erweisenden Variante der GIl. (16):

nR= — ~0(au)dV — §(oijtj + kJu/dV — \pilUid S —
% v <
— f (u, —r,-)g,dS 4- C(TjjnjuidS 17)
S, s

(von der Reduktion der Flachenintegrale wurde mit Rucksicht auf die spéate-
ren Zusammenhdnge abgesehen).

Der Gedankengang gilt auch fiir den Fall, daR man das Bereich V als aus
Teilbereichen Ve gekoppeltes System betrachtet (Mosaikprinzip). In diesem
Fall missen aber aufler den Gin. (1)—(6) zwei weitere Bedingungsgleichun-
gen eingefihrt werden, die die Berlhrungsflichen der Elemente Ve betreffen:

K] = gi entlang ru, (18)

[Oijtij] = hj entlang T,,. (19)

Acta Technica Academiae Scienliarum Hungaricae 79, 1974



BAR STRUCTURES AND CONTINUUM PROBLEM 55

Es bedeuten hier [...], den die algebraische Differenzbildung der Zustands-
parameter entlang der Beriuhrungsflachen (der im Bereich V liegenden »inne-
ren« Flachen ') vorschreibenden Operator, g, die vorgegebene Verschiebungs-
verteilung und h, die vorgegebene Spannungsverteilung entlang dieser Flachen.
Fnund Ia bilden ebenso ein komplementdres System, wie S, und Sa. (Fir
gi = hj = 0 formulieren die Gin. (18) und (19) die im Ublichen Sinne verstan-
dene Kontinuitdt der Zustandsfelder). Dementsprechend wird auch die Struk-
tur des Funktionais verdndert, mit den die Berihrungsflachen der Elemente
Vebetreffenden entsprechenden Dislokations-Energieintegralen ergénzt ([8]).

Falls die Form des Bereiches V und das Randbedingungssystem kom -
plizierter sind, so ist die Losung der mit den Gleichungen (1) —(6) formulierten
Aufgabe in geschlossener (stetige Funktionen endlicher Anzahl enthaltender)
Form meistens nicht mdglich. Eine N&herung der exakten Ld&sung wird in
diesem Fall als lineare Kombination von willkiirlich angenommenen, einfa-
chen (oder komplizierteren, jedoch gilinstige Eigenschaften besitzenden) Na&-
herungsfunktionen mit unbekannten Koeffizienten gesucht. Die frei wéhlba-
ren Parameter dieser linearen Kombination werden derart vorgegeben, daf
die Ndherungslésung in irgendeinem Sinne »optimal« wird. Falls man z. B.
die zu variierenden Zustandsfunktionen in Form solcher linearen Kombinatio-
nen in die Gl. (17) einsetzt, so wird das Funktional eine Funktion der unbe-
kannten Parameter. Folglich wird auch die Variationsbildung durch partielle
Derivation nach den letztgenannten Parametern durchgefihrt und derart
das fir die weitere Berechnung als Grundlage dienende Gleichungssystem er-
halten. Falls — wie auch in der klassischen Elastizitatslehre — 77 eine quadra-
tische Funktion der Parameter ist, so fihrt (8) zu einem linearen Gleichungs-
system.

Eigentlich ist /Zein Fehlerpotential, das die zwischen dem Energieniveau
bei der exakten L&ésung und bei einer beliebigen N&herung bestehende Ab-
weichung angibt [9]. Durch die mit dem Ansatz gl = 0 erhaltene N&herung
wird im linearen Bereich der angenommenen Ndherungsfunktionen der Fehler
im Gai/orfcin’schen Sinne minimiert ([4], [10]). Naturlich kann auch eine an-
dere Fehlerbedingung gewdhlt werden, in welchem Fall jedoch dem Fehler-
integral keine energetische Definition zugehdrt ([11], [12]). An diesem Punkt
ist der Gedankengang schon direkt mit den allgemeinen Grundsdtzen der
Methode der gewogenen Reste verknupft und die Behandlung der diesbezig-
lichen Detailfragen wirde uber den Rahmen unseres Aufsatzes hinausgehen

([13D).

3. Die Energiefunktionale des Linienkontinuums

Vorstehend wurden die Zusammenh&nge der klassischen Elastizitats-
lehre mit Gultigkeit fir die allgemeine rdumliche Aufgabe behandelt. Im Falle
von zwei- und eindimensionalen Kontinuum wird die Anzahl der zustands-
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kennzeichnenden Skalarfunktionen geringer und die das mechanische Ver-
halten des gepriften Kdrpers (Flachen- oder Linienbereichs) beschreibenden
Gleichungen werden einfacher.

Nachfolgend werden die das Linienkontinuum betreffenden Zusammen-
hé&nge dargestellt mit der Absicht, eine Verbindung zwischen den Gin. (7) und
(8) herzustellen. Bei der Herstellung der entsprechenden Form des Potentials
(17) suchen wir eine Formulierung, nach der das Modell des Linienkontinuums
mit dem in der linearen Theorie der Stabkonstruktionen angewandten Modell
Ubereinstimmt. Zu diesem Zweck werden die nachfolgenden Annahmen ge-
macht:

a) Das Linienkontinuum besteht aus geraden Abschnitten, fir deren
rdumliche Anordnung keine Einschrdnkung vorgegeben wird. Die Endpunkte
der Linienabschnitte werden Knotenpunkte genannt, mit laufenden Nummern
versehen und die Linienabschnitte jeweils mit den Nummern ihrer beiden
Endpunkte bezeichnet. In den weiteren werden die Linienabschnitte kurz
Stdbe genannt.

b) Das Analogon des Bereiches V ist die Summe der Stabldngen, 'Ak 3=
(siehe Bild 1). Anstatt der in den Gin. (1) und (2) stehenden Differentialjépera-
toren (def, div) wird hier der Differentialoperator entlang des Stabes, d/dl
eingesetzt.

Wegen der beliebigen Anordnung der Stdbe ist im Laufe der Untersu-
chung die (wenigstens stillschweigende) Anwendung des Mosaikprinzips immer
notwendig. Neben dem allgemeinen Bezugskoordinatensystem muf auch ein
den Einzelstdben angepaBtes lokales System eingefiihrt werden. Als Koor-
dinatenursprung dieses letzteren Systems wird der die kleinste Nummer tra-
gende Knotenpunkt gewd&hlt (die normale positive Definition von n; k ergibt
sich dementsprechend). Die Beziehung zwischen den zweierlei Koordinaten-
systemen wird auf die Gbliche Weise, mit Hilfe der Drehmatrix Tj k = (T*")-1
gesichert.

Besondere Uberlegung erfordert die Frage der Definition der Flachen
S und I'. Es wird ndmlich vorausgesetzt, daR die gekoppelten Stabenden die-
selbe Nummer haben und daR ihre Verschiebung der Knotenpunktverschie-
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bung gleich ist, das Vorhandensein einer dufReren Kraft an jedwedem Knoten-
punkt wird aber auch nicht ausgeschlossen. Das Analogon der GI. (18) ist also
immer homogen, das der Gl. (19) hingegen nicht unbedingt. Andererseits wird
die Form der Gin. (4) und (19) vollkommen gleich, unabhé&ngig davon, ob der
Knotenpunkt als auBeres oder inneres »Flachenelement« betrachtet wird. Es
ist also nicht zweckmé&Rig, zwischen »&ufReren« und »inneren« Knotenpunkten
zu unterscheiden — ihre Gesamtheit kann als Analogon der Flache S betrach-
tet werden.3 Derart genlgt in den nachfolgenden die Untersuchung des
Hellinger—Reissner'sehen Funktionais.
c) Anstatt der im Bereich V definierten Zustandsparameter u, und e

werden jetzt die Vektoren uy/<() und Sj:k{l) eingefihrt (Bild 2). Diese Vekto-
ren enthalten je sechs Elemente in der gewohnten Anordnung, es wird aber

angenommen, daR sie entlang des Stabes Verédnderungen unterliegende Skalar-
funktionen sind. In dieser Phase der Uberlegungen wird namlich das Vorhan-
densein einer entlang der Einzelstdbe angreifenden verteilten Last Kjtk{l)
nicht ausgeschlossen.

d) Der Einfachheit halber wird angenommen, dall die Randbedingungen
getrennt vorliegen. Bei einem Teil der Knotenpunkte ist der gesamte Ver-
schiebungsvektor y* (alle Komponenten dieses Vektors), bei den ubrigen Kno-
tenpunkten der gesamte Lastvektor Q; vorgegeben (1 <[k, 1< m). Derart
ist die Menge der Punkte vorgegebener Verschiebung zur Fldche Su und die
Menge der Punkte vorgegebener Belastung zur Fladche Sa analog. Auf die
Punkte vorgegebener Verschiebung wirkt die unbekannte Reaktion R”"; K,
R/t, Qasind ebenfalls sechsdimensionale Vektoren).

e) Es wird angenommen, dal das Verhalten des Stabmaterials durch
eine als quadratischer Ausdruck des Vektors Sy*(l) herstellbare, verteilte
komplementédre Energiedichtefunktion eindeutig gekennzeichnet wer-
den kann.

3 Da diese Maglichkeit naheliegend ist, wird das Mosaikprinzip in der Theorie der Stab-
konstruktionen Ublicherweise nicht weiter betont — die Fragen der Verbindung der Elemente
ergeben sich dann nur noch in der verallgemeinerten Theorie [3].
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Die beschriebenen Annahmen und Definitionen machen es jetzt schon
madglich, die fir Stabkonstruktionen giltige Form des Hellinger—Reissner’sehen
Funktionais anzuschreiben. Der gewdhlten positiven Richtung im lo-
kalen Koordinatensystem entsprechend steht in dem (jetzt auf die Staben-
den bezogenen) Ausdruck der Flachenitegrale — Syj*(0) und Sj,k(lj,k)* und das

die Form

ACTTA /W -~ T* A (o)
1) M

an, wobei p und v den anderen Endpunkt der an den Knotenpunkt j ange-
schlossenen St&be bedeuten und g < j < v gilt. Die hinsichtlich der &uBeren
Krafte positive Normale zeigt in die zum Knotenpunkt entgegengesetzte
Richtung, derart kann die GI. (17) unter Anwendung der eingefliihrten Rezeich-
nungen in nachfolgender Form angeschrieben werden:

Die Stationdritdtsbedingung 61Jr = 0 ist den fur die gesamte Stabkonstruk-
tion geltenden Gleichgewichts-, Kontinuitdts- und Randbedingungsglei-
chungen &quivalent (die Komponenten von uyA2 kénnen nach den fir kleine
Verschiebungen geltenden kinematischen Zusammenhédngen in Funktion der
Knotenpunktverschiebungsvektoren umund uk angeschrieben werden).

Die in der Theorie der Stabkonstruktionen zugelassene N&herung an-
wendend sei jetzt fir alle Stdbe Kj k(l) = 0 angenommen. In diesem Fall
kann das zweite Glied an der rechten Seite der Gl. (20) bei beliebiger GroRe
OUj'k nur dann eliminiert werden, wenn die Bedingung

d
= (21
gy SIKk() =0

erfullt ist. Der Zusammenhang (21) ist eine den Stab j, k betreffende Gleich-
gewichtsgleichung, das Analogon der GI. (1) und drickt die Tatsache aus, daf
ein aus dem Stabnetz herausgegriffenes Stabelement nur an seinen Endpunk-
ten durch je eine Verbindungskraft beansprucht wird. Darum genugt es, z. B.
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die Stabendkraft zu erfassen, und die Vereinfachung Sj,k(lj,k) = Sj,keinfiihrend,
schreibt sich
(22)

wobei Bya. wie blich definiert wird [2]. Durch AusschlieRen von entlang des
Stabes angreifenden duBeren Kraften kann derart in Gl. (20) das zweite Glied
vernachlassigt werden und die tUbrigen Ausdriucke sind die GIl. (22) berlck-
sichtigend umzuformen.

Von der ausfihrlichen Berechnung der gesamten komplementaren Ener-
gie der einzelnen Stabelemente an dieser Stelle absehend, verweisen wir auf
Abschnitt 2.46 des Werkes [2]. Den in der linearen Elastizitatslehre gultigen
Zusammenhang

d(cT,7) = W(eu) = y atlkel}

mit bericksichtigend nimmt das erste Glied an der rechten Seite der Gl. (20)
die Form

an, wobei Fj k die Nachgiebigkeitsmatrix des Stahes ist. (Dazu sei erwéhnt,
daB Sypn mit den entlang des Stabquerschnittes angreifenden eigentlichen
Spannungen ay nach der Bernoulli—Navier'sehen Hypothese zusammen-
hdngt). SchlieBlich wird auch das letzte Glied an der rechten Seite der GI. (20)
unter Berlicksichtigung der GIl. (22) umgeformt:

wonach sich IR in der folgenden vereinfachten Form schreibt:

(23)
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Dieser Ausdruck ist das fur die ausschlieflich an ihren Knotenpunkten be-
lastete Stabkonstruktion linear elastischen Materials im Falle kleiner Ver-
schiebungen geltende Energiepotential. Seine Stationéritdtsbedingung ist der
Erfullung der Gleichungen (2), (4), (5) und (6) &quivalent.

Die rechte Seite des Zusammenhanges (23) kann in eine bekannte Form
Uberfihrt werden, wenn man bei dei die Gesamtkonstruktion betreffenden
Summierung die Vektoren § k zu einem einzigen Vektor S und die Verschie-
bungen uj zu einem einzigen Vektor u zusammenfalt. Da nach der in Ab-
schnitt 3 unter Punkt d) gemachten Annahme nkund nnein komplementares
System bilden, kénnen anstatt von Q* und R* die Vektoren Q* und R* ein-
gefihrt werden, die die Dimension 6m haben und deren Ergdnzungselemente
komplementérer Lage gleich Null sind. SchlieRlich sei anstatt der weiteren
ausfihrlichen Untersuchung des letzten Gliedes von GIl. (23) auf die Abschnitte
2.1 und 2.2 des Werkes [2] verwiesen: mit Hilfe der dort eingefihrten M atrix
Gj,k 1&4Rt sich auch dieser — zweifache Summierung enthaltende — Ausdruck
in kompakter Form anschreiben. Als Ergebnis erh&lt man

II'R = -~ZS*FS-Q*U-R*(u-v)-S*Gu (24)

(mit der Umformung des Vektors R* lbereinstimmend wurde auch der nicht
zu variierende Vektor \ xmit Nullelementen ergdnzt). Durch ausfuhrliche Ent-
wicklung der Bedingung (8) (freie Variation der Elemente von u, R und S)
erhdlt man die aus der Theorie der Stabkonstruktionen gut bekannten Zusam-
menhénge:

MTr - S*G — Q* - R* = Or (25)
OHr R* u—V= 0, (26)
AT1R IS ~ 88 Ov = © (27)

Der Zusammenhang (25) ist die statische Randbedingungsgleichung, die das
Gleichgewicht der Knotenpunkte, darunter die an den Knotenpunkten vor-
gegebener Verschiebung erregten Reaktionen erfalt (vgl. [2], 2.44), die GI. (26)
enthélt die geometrische Randbedingung, schlieRlich die GIl. (27) die geo-
metrische Kontinuitdtsbedingung (fir den Fall, dal die kinematische Bela-
stung gleich Null ist).

4. Schluf3folgerungen

Bei der Darstellung der zwischen der energetischen Formulierung der
Kontinuumaufgabe und der Theorie der Stabkonstruktionen bestehenden Be-
ziehung beschrédnkten wir uns auf die Behandlung des einfachsten Falles. Ein

Acta Technica Academiae ScienHarum Hungaricae 79, 1974



BAR STRUCTURES AND CONTINUUM PROBLEM 61

&hnliches Verfahren ist auch fir den Fall mdglich, dal das Vorhandensein von
(statischen oder kinematischen) Anfangseinflissen nicht ausgeschlossen wird.
Auf die fur Stabkonstruktionen geltenden allgemeineren Zusammenhédnge
haben wir schon hingewiesen — im Falle von Kontinuumaufgabe ist auch eine
beim Vorhandensein grofer Formanderungen und Anfangsspannungen glltige
Verallgemeinerung des Potentials (16) bekannt [4]. Erwdhnenswert ist noch
der Umstand, daR sich das Potential (16) auch fir nichtlinear elastisches
Kontinuum anwenden [&Rt.

Wie in Abschnitt 2 schon erwéahnt, lassen sich einzelne Varianten des
Potentials M erhalten, wenn bei der Variation der Zustandsfelder einige Glei-
chungen des Grundgleichungssystems erfillt werden. Wenn z. B. u, der geo-
metrischen Bedingung (5) genugt und £m anstatt der freien Variation nach
Gl. (2) vorgegeben wird, so wird bekanntlich Mp>auf den Ausdruck der gesam-
ten potentiellen Energie vereinfacht. Falls try a priori der Gleichgewichtsbe-
dingung (1) und der statischen Randbedingung (4) genugt, so erhdlt man das
komplementdre Energieintegral. Die Anwendung dieser beiden Varianten er-
mdglicht im Falle von Kontinuumaufgaben die Einschrdnkung der exakten
Losung [5]. Bei der Formulierung der die Stabkonstruktion betreffenden ana-
logen Zusammenhédnge ergibt sich nur dadurch eine Abweichung, dalR die Er-
fullung der GI. (1) — unter AusschlieBen der den Massenkrdften entsprechen-
den, entlang der Stdbe verteilten Belastung — nach (22) gesichert wird. Des-
wegen wird aus dem Ausdruck der potentiellen Energie nur die Gleichgewichts-
Randbedingung erhalten.

Das Potential (24) wurde — unseren Zielsetzungen entsprechend — mit
deduktivem Verfahren, durch Vereinfachung des allgemeinen Ausdruckes be-
stimmt. Es sei erwahnt, daB IJR im Falle sowohl der raumlichen Kontinuum -
aufgabe, als auch der Theorie der Stabkonstruktionen auch mit zeichnerischem
Verfahren bestimmt werden kann. Mit dem Ausdruck der gesamten komple-
mentdren Energie kénnen z. B. unter Anwendung des Lagrange’schen Multi-
plikationsverfahrens die die Gleichgewichtsbedingung ausdriickenden Glei-
chungen gekoppelt werden — der Multiplikator wird dann gerade dem Ver-
schiebungsvektor gleich [4], [14].
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Relations between the Theory of Bar Structures and the Continuum Problem. The

well-known state-equation in the theory of bar structures can be regarded as stationarity con-
dition of a functional of energetic type. The paper presents the chain of thought in detail for
the case of the linear problem (formulated without considering initial strains and stresses).

0 CBSI3U MEX/y Teopueli CTepPXHEBbIX KOHCTPYKLUMWI Y KOHTUHYYMHOI 3afaveii. Y paBHe-

HWE COCTOAHUA, N3BECTHOE B TEOPUN CTEPXKHEBLIX KOHCprKLWIVI, MO>XXHO BbIBECTW B KayecTBe
CTalunoHapHOro ypaBHEHNS yCNoBus. B pa60Te dquaano NoKasaH Xof MbICnen Ona cnydas
e

3afjauy NHelHol Teopum (CthopMyIMPOBaHHON

3 yueTa HauyaibHbIX fedopMauui 1M Hanps-

XeHuin).
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In statically indeterminate structures any production inaccuracy may lead to
considerable stresses, the estimation of which by the Tchebishev inequality is rather
pessimistic. This is why the elaboration of far more accurate estimations has become
necessary.

1. Introduction

Dimensional inaccuracies during production and assembly can generate
considerable stresses in structures. Investigations to this end have been re-
ported on in several papers [1], [2], involving gradual generalization of the
structural and stress model.

So far information on the distribution function of these dimensional
inaccuracies was always assumed. By measuring the production inaccuracies
of a sufficient number of structures, their expected empirical value as well as
covariance matrix and, in the form of the linear combination of the latter,
the first and second empirical central moments of the stresses caused thereby
could be determined. With all these known factors, conclusions may be drawn
by Tchebishev inequality on the number of structures expected to be qualified
as acceptable [2].

Exact analysis results verified that the Tchebishev inequality would
lead to an estimation much more pessimistic than is the actual situation. For
the sake of economic production any unnecessarily strict dimensional accuracy
specification should be avoided. This is why an estimation far more precise
than the Tchebishev inequality, taking into account several characteristics of
the empirical distribution function, is needed.

*Prof. Dr. P. Michetberger, Egri JOozsef u. 19, 1111 Budapest, Hungary
** A, Keresztes, Dob u. 38, 1072 Budapest, Hungary
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2. Production of higher- order empirical moments

Let us take measurements at k points of a total of N structures, and

sum up the dimensional deviations from the specified values in the following
matrix:

Al eood] . wam-

dfi ... d;

[

o

=
|

—+

Q
-

-a] s (1)

kj e +akN -

where ay indicates the dimensional difference measured at the i-th point of the jf-th structure.

When treating the inaccuracies at the different points of the structure
as probability variables, we obtain

fill
(2)
where indicates the probability variable values representing the dimensional inaccuracies
at the i-th structural points.
Thus I* can be realized as
— [®in ®i2% «++ aiji + o wailv] (3)

that is, a linear vector of matrix T.

On the basis of the relations derived in [2], the stress due to the inaccu-
racies at an s-coordinate point of the structure can be determined by equation

M(s) = A +a (4)
where

(5)

- ak-
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represents the dimensional inaccuracy values measured at point /c of a given
structure, that is, a column vector of matrix T, while

A= A@) = [30), oX(s),..., xk(s)], (6)

is the linear vector transforming the dimensional inaccuracies into stress. Let
us indicate by )] the j-th central moment of the stress generated in
the s-coordinate point of the structure.

The expected empirical value of the stress has been determined in (2)
on the basis of relation

= ATe (?)

where e is an additive vector consisting of units,
XX is the operator of the scalar multiplication,
and a indicates the ra-th column vector of matrix T

Since the calculation is mainly interested in the behaviour of the measured
red values around the expected value, a new probability variable should be
introduced. So let us have

m= %- mi 18)

where the realizations of rjmare

Tf — [ftji,..., by, ..., t—1,2,. .., (9)

and
by — aij — mi (10)
while -E(li) = rtii is the expected value of In other words, the new element

is generated by deducting from each element of the dimensional inaccuracy’s
matrix T the expected value corresponding to its own row.
Using these relations will give, as the second central moment of the stress:

K K
li2[M(s)] = E  JE<ZiVi
i=1 i=1;=2
K K 1 N
= 2 2 XiXjE (rlirf) = V2 — 2 = bjn (11)
f=1 y=i M n=1
i—1,2,«.9°,/c
j=1,2,...,k
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By making use of the dyadic multiplication, (11) may be rewritten in the form:
(12

where w2 * an operator multiplying the dyad with a row vector from the left side, and by
a column vector from the right, i.e., which will thus produce a scalar;
n indicates the ra-th column vector of matrix T which had been reduced to an expected

n
b value of zero.

Similarly, the empirical third central moment of the stress of the «-coor-
dinate point will be

(13)

where

supplies the b,s element of a kx k x k cubic matrix.

Taking into account all the co-ordinate values, a cubic matrix will be
arrived at, in whose principal diagonal the third central moment of the com-
ponents of

Vi~

Vi (14)

VK-

probability vector variable is found, while the other elements indicate the
numerical figures characteristic of the individual component dependencies.

Operator ip3 will transform this cubic matrix into a single numerical
figure.

Depending on the y3(s) operator, the transformation is performed with
a fi3[M(s)] value characteristic of different s-co-ordinate points of the structure
which then will be obtained.

Let us stipulate that the double dyadic multiplication ab c¢ can be
performed only in the following sequence: first the column vector a is multi-
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plied by row vector b, then the matrix thus produced is multiplied dyadically
by the row vector c normal to the plane involved. Thus (13) can be rewritten
in the form

/B[M(s)]=V3firJbob°b) . (15)
I -W =1 )

Using (13) and (14) needs much calculation, therefore, it is best to employ the
relation

It3[M(s)] —2 (16)
i=i

which, in turn, means the multiplication of the realizations of the probability
variables reduced to an expected value of zero, before involution, by the trans-
formation matrix related to co-ordinate s. In this case, however, any direct
information on the moments and interdependence ofthe dimensional inaccura-
cies will be lost, and nothing but the central moments of the stress ofthe single
s-co-ordinate point will be obtained.

Similarly to what has been said above, the fourth central moment of
the stress at the point of co-ordinate s can be determined by means of the re-
lation

| N K
WIW>)] 2. 20 xbir )
fi=1
In the relations used for the determination of the moments the data set avail-
able has been assumed to be sufficiently large. In the case of an insufficient
sample the well-known corrections must be used, whereby (12), (16) and (17)
will be modified as follows:

1 N f «k
X2[M ()] (18)
N
N)\VA N | K 19
bUBAT= (\1y(n-2) 2125 % (19)
N | K
MM (s)] = N2 (20)

{N_ (v - 2)(N- 3

3. Estimation methods using higher- order moments

So far we have determined the first four empirical central moments of
the stress (load) on the rj- or |- probability-vector variable, which means that
of the s-co-ordinate point. This is how we shall attempt to obtain information
on the empirical distribution of the load.
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A. Wald [3] has elaborated the following estimation method by means
of two optional absolute central moments:

P(] M(s) - MIi[M(S)] I< d) > ad (21)
where
|M(s) —/M[M(i)]| is the deviation of the load from the expected value,
is an o?tlonal figure specified, whose unit value is identical to the load or stress, and
ad is the lower limit of the probability of occurrences (21).
The investigation includes two possibilities:
(a) If
bl 1U1>) 1] (22)
d<
1
then
ad=1 M MG (23)
else
ai= 0 (24)
where
Jir[IM(s) I] is the r-th absolute central moment,
/»,[| M(s) |] is the g-th absolute central moment,
and

q>r. (25)

It should be noted here that if r = 2, then (23) is identical to the Tchebi-
shev inequality.

(b) if
PrIM)IT g, [IM(<)]] (26)
dr A ds
then
a t M \LWL*) 1] - TE IM(s) 1L -r @7
dr{d4~r - 0%)
where dOis the positive root of equation
PrLIM(s) IW - JigfIM(s) I]J«P+ V(Bg[Im(s) 1] - <p) +
+ -Jir[IM(s) ID) =0 (28)
other than d.
If
P{\M meg\"\"[M (s)]\ + d}*ad (29)
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then relations (23) and (27) supply the estimation of the number of expected
acceptable units.

An estimation making use of an optional number of central moments
has been elaborated by C. L. Marttows [4]. The method, using the first four
central moments is as follows:

Let the values of the next central moments be

{p.[M(E)], "M (s)], q2[M(s)], u3[W*)b t*AM(s)]} =
= {1, 0, 1, AB[Af(s)], (HM(s)]} . (30)

In this case, the precondition of estimation is

A= detA= 1 0 1 [*«»)]-1*8Ne)]-170. (31)
0 1 ii3[M(s)]
1 MM (s)IMIM (s)]

Now let us introduce the polynome

Qo(R) = - B 2+ P3[M(s)]R + 1 (32)

where
-\-g is the top limit of the confidence interval,
—B is the lower limit thereof.

The roots of Eq. QO(B) = 0 are

Bi2= V bl M (5] + y*3[M(s) + 4]. (33)

Let us introduce now the polynome

Q%{*) = Qo(B)z2- bH[M{s)]Qo(R) + BA\* - Qo(B) - a. (34)

If the equation Q*(z) = 0 is solved, then we obtain roots zI5z2. The estimation
is performed intermittently.

a) If B < Ri
then
1 -)- 24722
P(M(s)<R) = P(R)- (35)
B2 B(zi+ 2r)+ ziz2
b) If B > R2
then

P{M(s)> B)<p(B) (36)
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which corresponds to inequality

P(M(s) < B)>1- p(R). (37)
c) If Bi< BR< R2
is true, then
1 4~ Bz2 P(M(s) <B) < I 1+ Bzy (38)
(21— 22)(ZL— 1) 22 721 (Z2—1n)

Since the expected zero value has been regarded as the precondition of estima-
tion, from engineering or technical aspects we get

+ R = Mmeg. (39)

4. Some aspects in selecting the method of estimation

(@) The method elaborated by A. Wald is, with respect to the amount
of calculation, much simpler than the method offered by C. L. Mallows.

(b) If even moments are employed, then the central moments coincide
with the central absolute moments, whereas in the case of odd moments they
do not, so the Wald method is not sensitive to the inclination of the distribu-
tion function.

(c) By means of the Wald method the estimation is feasible only in a
given interval, which is symmetric to the expected value. The Mallows method,
on the other hand, is suitable for an estimation of any optional value assumed
by the probability variable, whereby the limits of the estimation interval need
not be symmetrical to the expected value.

5. Numerical examples

Assuming a normal probability distribution of unit scatter according to
[2], and selecting

tprlllm{*)}
confidence interval limits, the probability of the acceptable items will be (as it
was in our case):
P(IM(s) - ~[Mis)] I'< 3vp2[rm(s)]) ™ 0,888.

Now let us see the results we obtain by the estimation methods described above, at the
same confidence interval, and again assuming a normal distribution:

*,[IM(8] = 0,
1LIM(9)] = 1,
NPT = 0, ft[| M(s) | = 1,590.
MIMES)T = 3,
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The results in a tabulated form are:

Estimation method

Tchebishev

A. Wald

C. L Martiows

Theoretical

0 888
09877

0971
09752
| 0997

Estimated probability

if and ju are taken into
account

if yo2 and Ji3 are reckoned with

This Table reveals a considerable improvement of the estimations as compared to the Tchebi-

shev figures.

In the example let us select an asymmetric density function, thus let us have

and then we shall get

The confidence interval
tabulated form:6

Estimation method

Tchebishev

A. Wald

C. L. Mallows
Theoretical

ha X< - Y2
(X+/2)e—l**+ yv ha x < @
UIM(s)] = O,
RIM(9] = 1,

Ir3[W)] = VI,

RAM (s)] = 6.

limits are:

0 8888
09275

09325
09855

+ 3//<2[M(s)], whereas the results, again in a

Estimated probability

with /i2 and /r4 taken into
account

6. Conclusions

(a) Because of the pessimistic estimation of the Tchebishev inequality,
structure production permits only a narrow tolerance range which, in turn,
leads to a considerable production cost increase.

(b) Using higher-order moments supplies far more accurate estimations
on the acceptability of the structural elements, whereby less strict production
specifications will be required with, however, the same waste percentage per-

mitted.
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(c) The numerical exampled offered by the present paper confirm that
in the case of symmetrical distribution functions the Wald method, whereas
for asymmetric distributions the Mallows method supplies more accurate
estimations.
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Schéatzung der aus Fertigungsungenauigkeiten herrihrenden Beanspruchungen mit
Hilfe von héheren Momenten. Bei den statisch unbestimmten Konstruktionen kénnen, infolge
von Fertigungsungenauigkeiten, hohe Beanspruchungen entstehen, deren Schatzung mit Hilfe
der Tschebischewschen Ungleichheit allzu pessimistisch ausfallt, weshalb genauere Schatzun-
gen ausgearbeitet werden mussen.

OueHKa Harpysok ot HETOYHOCTEN npon3BoACTBa MpU BbICOKNX MOMEHTAX. B cnyuae
CTaTU4YeCKn HeonpeaeneHHbIX KOHCprKUMI/I BO3HUKaAKOT BCNeacTene HETOUYHOCTEN nponseon-
CTBa 3HAYMTE/IbHbIE HArpy3Ku. OugeHKa KX C MOMOLLbI0 HepaBeHCTBa YebblLLeBa SBNAETCS no-
BOJIbHO MECCUMUCTUYECKONA. Bcneacteme CckasaHHOro Bbllle Heo6XoaMMo pa3pa60TaTb 6onee
TOYHbIE METOAbl OLEHKW.
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REGULAR POLYGON EASED
PARABOLOID SHELLS OF REVOLUTION,
HAVING A CIRCULAR SKYLIGHT OPENING

P. CSONKA*

DOCTOR OF. TECHN. SCI.

[Manuscript received 9 October, 1973]

Paper presents on the bases of the usual assumptions of the membrane theory
an appropriate method for the determination of the state of stresses in the shells men-
tioned in the title. It is assumed that the skylight opening of the shell is bordered by
an edge ring which exerts no resistance on horizontally planed bending moments and
the arches supporting the outer edge of the shell donot resist lateral forces. The pre-
sented solution is of approximate character: the conditions relating to the edge ring
of the skylight opening are exactly satisfied, but those referring to the edge arches
are only approximately so. The application of the given formulae is explained by a
numerical example, a circumstance which at the same time testifies the suitability of
the expounded method.

1. Introduction

Present paper deals with the calculation of paraboloid shells of revolu-
tion based on a k-sided regular polygon, having a circular skylight opening in
the centre (Fig. 1). The outer edge of the investigated shells is supported by
vertically planed edge arches and the edge of the skylight opening is bor-
dered by an edge ring. As loads, circular symmetrically distributed forces
acting in vertical direction, are taken into consideration.

A similar problem, namely, that of a paraboloid shell of revolution over
an equisided triangle base, having a circular skylight opening, was treated in a
previous paper by the author [1]. The solution given there was elaborated

Fig. 1. Paraboloid shell of revolution, regular polygonal in projected shape, with a centrally
situated circular skylight opening

*Prof. Dr. P. csonka, Barték B. Gt 31, 1114 Budapest, Hungary
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for shells, the edge ring of which was able to resist all kinds of forces acting
on them. Contrarily to the ideas evolved in the previous paper, the present
one treats the case where the edge ring exerts no resistance to horizontal bend-
ing moments. As to the arches supporting the outer edge of the shell, present
paper, similarly to paper [1], also assumes that they do not resist lateral forces,
but this latter condition is only approximately fulfilled here, similar to the
case treated in paper [1].

2. Basic concepts

The investigations should be undertaken in the orthogonal system of
co-ordinates 0(x,y,z), or in the cylindrical system of co-ordinates 0(r, % z).
The origin 0 of both systems coincides with the apex of the paraboloid, the
axis z with its axis; the positive branche of axis z points downwards. Plane
y = 0, respectively (p — 0 halves one of the sides of the shell’s base polygon.
The radius of the circle circumscribed around the base polygon is marked by
R, the one of the inscribed circle by a, the radius of the circular skylight open-
ing is indicated as r0.

The geometrical shape of the middle surface of the shell is characterised
by the equation

Z= A (*2+y2 =M (|2+rfb (1)
K~ K-

or by the formula

where

The specific value of the load related to unit area of the ground-plan will
be expressed as

|0=12 ph- (3)

In this formula the dimension of the coefficients p, is force/length2. The specific
value of forces (dead-weight -(- loads), to which the edge ring is submitted,
is considered to be constant and marked by GO. Its dimension is force/length.

In order to describe the state of stresses of the shell, a stress function,
having the same symmetry properties as the shell itself, is introduced, from
which the reduced stress resultants are obtained by formulae

Acta Technica Academiae Scientiarum Hungaricae 79, 1974



PARABOLOID SHELLS WITH A SKYLIGHT OPENING 75

(4a, b, c)

or by

(5a, b, ¢)

a2 dyp2

Function F has to satisfy Pucher’s differential equation [2, 3]. For the
case of paraboloid shells of revolution this equation takes the form

"F+p=0, 6)

where

3. Edge conditions

Stress function F, after satisfying the governing differential equation,
has also to fulfil the prevailing edge conditions of the problem which express
the rigidity and supporting conditions of the edge arches.

3.1. First edge condition

The edge ring of the shell is subjected to various forces: to its own weight,
the loads burdening it and to the forces exerted on it by the shell itself. These
forces have to form a system at equilibrium. Since all these forces possess the
same symmetry conditions as the shell itself, the conditions of equilibrium for
moments and horizontal force components are a priori fulfilled. Thus, there
only remains as exigency of equilibrium that the condition relating to the ver-
tical force components

EZ=0 (8)
should be satisfied.
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Fig. 2. Paraboloid shell of revolution, regular polygonal in projected shape, with a centrally
situated circular skylight opening

3.2. Second edge condition

According to the previous requirements, the edge ring of the skylight-
opening is unable to withstand horizontally planed bending moments. Con-
sequently, no horizontally planed bending moments can arise at the cross-
sections of the edge ring. This edge condition can be expressed by the formula

Mz= 0. (9)

3.3. Third edge condition

It was assumed that the vertically planed edge arches, supporting the
outer edge of the shell, were not resistant to lateral forces. This requirement
may be considered as approximately fulfilled if the lateral forces, exerted by
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the shell upon the edge arches, are insignificant. For the edge arch f = 1,
this condition can be expressed by the following equation:*

[ivx]e_1~ o. (10)

If this equation is satisfied, then, considering the existing polygonal symmetry,
similar conditions referring to the other edge arches, will a priori, be autom ati-
cally fulfilled as well.

4. Solution of the problem

The stress function of the problem to be solved will be set up from three
function parts:

F=Fi+ F” + Fm. (11)

The symbols of the stress resultants corresponding to these three function parts
will be supplied with superscripts I, Il, Il in order to distinguish them from
those without subscripts corresponding to function F. For instance, the sym-
bols of the radially directed stress resultants, corresponding to functions
F1 F1, F11, will be marked by iVj, N\I, Ni". Obviously,

IV, = N1+ N" + Nj.1,

and similar equations are also valid for the other stress resultants.

4.1. Function FI
As function F1lthe expression

; i 2
> = A2 N p1 iv2 _ Pi (t2+r/2)— (12

2h (i+ 2)2 2™ =0 (*+ 2)2

satisfying the inhomogeneous differential equation will be chosen.
The radius-and arch-directed stress resultants can be determined with
the aid of formulae (5)

Np=_1 3F1_  R2 Pi
a2Q do 2h
2 w0, (13a, b, ¢)
. 1 32F R2 i+ 1— m
T a2 3e2 op ¢ T TPre”

*In case of kK = 4 this condition can only be fulfilled in edge points not lying in the
immediate vicinity of the corner points. If we want condition (10) to he satisfied there too,
we have to apply a method of calculation differing from the one to be expounded below, namely,
the method usually applied for calculating paraboloid shells with a quadrangular base.
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and the x,y directed ones can be calculated according to formulae (4):

4.2. Function Fu
As function FU the potential function
Fu= COIng2= COIn (12+ rf) (15)

satisfying the homogeneous differential equation will be introduced. The
quantity CQfiguring in this formula will be treated, for the moment, as an
indetermined constant; its dimension is: force Xlength.

The radius-and arch-directed stress resultants can be calculated in the
same way as above

(16a, b, c)

and the same refers to the x,y directed stress resultants too:

The first edge condition. By appropriately selecting the value of the in-
determined coefficient CO, it may be achieved that the total F1-f- F satisfies

the first edge condition, given by formula (8). In this case this requirement
can be expressed by equation

(NL+ N f)~ + GO= 0.
r
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Since, according to the formulae (13a) and (16a), at place g = g0the relations

are valid, the mentioned condition will be fulfilled if the following equation
holds:

2Cn R2 -L PiQo 2hagO
«Vo 2h tTO i+ 2 R2

Thus, for coefficient CO — indetermined up till now — the following value is
obtained:

The second edge condition. The stress resultants corresponding to functions
F1l and F 1 have circular symmetrical shapes. Thus, the stress resultants IV*
and IV” ,to which the edge ring of the skylight-opening — a planar structure —
is subjected, are uniformly distributed along the edge ring. Under the influence
of these forces arch-directed inner forces (hoop-forces) arise at the cross-sec-

tions of the edge ring (Fig. 3). For reasons of equilibrium the value of the hoop
force is

Pl + PIl = (W, + N?)aQo.
Since the equilibrium of the outer and inner forces, to which the planar edge
ring is subjected, can be assured even without horizontally-planed bending

moments, so the total F -j- F also satisfies the second edge condition ex-
pressed by formula (9).
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y

Fig. 3. An elemental part of the edge ring, and the inner and outer forces, which it is
subjected to

4.3. Third edge condition

As function F1l the potential function

(20)

will be selected which, as such, satisfies the homogeneous differential equation
The quantities Cmk figuring in this formula are for the moment indetermined
constants; their dimension is: force xlength.

The radius-and arch-directed stress resultants can be calculated with
the aid of formulae (5):

N}pll= |- A CmK[(M2ZK2 — mk)e>mk 2— (m 22 -f- rnk) oftmkp mk 2] cos m kep.
«2 m=1
(21a, b, ¢)

The X,y directed stress resultants can also be expressed by simple formulae.
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According to formula (4a) the value of the stress resultant IV*1l is:

The value of the stress resultant N kyl is given by formula (4b)

w = +\ 2 CmkEy \{mMNe — mk) X
« I

and that of IVyll by formula (4c):

Wn= + \ 2 'Cnk

The first edge condition. Expression E LI is of trigonometrical build-up,
so it satisfied a priori the first edge condition, expressed by formula (8). Since
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under 4.2 the same has been proved for the expression F| jF11, it is obvious,
that the sum of both expressions, that is, the function

F=F' + Fil+ Fnl

satisfies the first edge condition as well.

The second edge condition. Under (4.2) it has been proved, that the total
F F corresponds to the second edge condition, expressed by formula (9).
Now the same will be proved for function IF11 as well.

As a first step, let us investigate an elementary part of the planar edge
ring, limited by the cross-sections o and <p-|- dip. This elementary part is sub-
jected to inner and outer forces as shown in Fig. 4. Of these forces the stress
resultants Nrand N ripcan be calculated with the aid of formulae (21), substi-
tuting in place of Qthe value gO0:

Thus, Nrand Nrp can be considered as known.

Finally, let us investigate the state of equilibrium of the elementary part
in question, to determine whether or not the equilibrium between the inner
and outer forces can likewise be attained with the aid of forces shown in Fig. 4,
that is, without activating any bending moments at the cross-sections. For
this purpose let us put down the condition of equilibrium for both, the radius-
directed and arch- directed stress components:

Minrodg» — Pi”dp= 0, (25)

dp
IR dip= 0. (26)

Substituting value N 1l given under (23) into equation (25) and solving
the so obtained equation for P , we shall find — taking into consideration
the relation r0= aga — that in case of equilibrium the following equation
also holds:

Pnl =

2 n
— NI1CTKTKO™K~1 Cc0oS m kep . (27)
a

If after this we introduce the equations (24), (27) into equation (26) and per-
form the substitution rO= ag0, we may ascertain that, in the case (25) is satis-
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fied, the same also holds for equation (26). This circumstance, as well as the
fact, that the condition concerning the equilibrium for moments are fulfilled,
justifies that the equilibrium of inner and outer forces is assured even without
force couples to be activated upon the cross-sections. Thus, function F Ul cor-
responds to the second edge condition, given under (9). Since the same has also
been proved under 4.2 for the total F -j- Fn, it is obvious that the function
F = FI-fFL-f Fut itself satisfies the second edge condition.

The third edge condition. Now there only remains to assure the third edge
condition given under (10), i.e., the demand that direct force N x should satisfy
the requirement

Nk+ N" + N"" =0 (28)
alongthe edgeline| = 1. Forthe case k = 4 this requirement can only be fulfilled
in places not lying in the close vicinity of the corner points. Values Nx, Nx,
N x | figuring in equation (28) can be calculated according to formulae (14a),
(17a), (22a):

NAE R T+ A 2(1+ *+ 2irf),

nw 2CO0 1-rf

(29a, b, ¢)
X a* @+ rf)2”

k —2 mk — 2

NX" = -\ £ CmkUmW - mk) 1- rf -F b eee
a“ m=l . 4 )
mk mk -1- 2 Imk -\- 2

— (m2f2 -f- mk) o0 1 ( + I — heoo
(1 + rf)ymk 1 2 I 4

The fulfilment of condition (10) can be arrived at by appropriate selec-
tion of coefficients Clk, C2, .. ., Cnk figuring in formula (29c). This can be
attained in different ways, among others, for example, by a simple collocation.
To carry this out, the condition

mx+ N"+ v»1= o

is to be set up forappropriately selected n points of the edge line | = 1. Pro-
ceeding in this way, a system consisting of n linear equations containing n
unknowns will be obtained which has to be solved for the unknown coefficients
Cib CXi »ms1Cnk- Another method for the determination of coefficients
Clk, C2k, .. ., Cnkis to prescribe that the integral of values |Nx | or Nx should
be minimal. In cases when the outer edge line of the basic polygon is an equi-
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lateral triangle, it isexpedient to set up thatthe highest absolute value of Nx
should be minimal.

Note. In practical cases, the radius r0 of the skylight opening is small
in comparison to the radius a of the circle inscribed into the basic polygon,
not being more than its 0,3 - fold. Under such conditions the circumstance
whether or not the edge ring of the skylight opening has any bending resist-
ance, has hardly any influence on the state of stresses of the shell. This, how-
ever, is not valid for the immediate vicinity of the edge ring. Here the state
of stresses is greatly influenced by the fact whether the edge ring possesses
any bending resistance or not.

5. Checking of results

The method of calculation expounded above is only approximative.
For this reason, in order to check the reliability of the results, it is expedient
to determine the values N x at different points of the edge line | = 1 and com-
pare them to the values Ny acting at the same places. The applied method may
be considered as appropriate if the quotient

4= (30)

is small as compared to the unit.

Additional data are obtained for checking the results by comparing the
known exact values to the approximate ones obtained by the method suggested
here. Such a comparison is possible concerning the stress resultants Ny along
the edge line | = 1, further for the stress resultants Nx, Nxy and Ny at the
corner points of the shell [4]. The exact value of stress resultant Ny acting

Fig. 4. An elemental part of the edge ring and the inner and outer forces, which it is subjected to
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along the edge line £ = 1 is namely known, it is

(31)
and the exact values of Nx, Nxy, Ny at the corner points are:
ivw 0,
Y3a2
. (32)
-T ~ p

As can be seen, the radius of the skylight opening does not figure in
formulae (31) and (32). This circumstance shows that the stress resultants
figuring in these formulae are independent of the radius of the skylight open-
ing. This means that the fact whether there is a skylight opening in the shell
or not, and if there is, whether its edge ring resists bending moments or not,
is of no influence whatsoever on the state of stresses of the shell.

6. Numerical example

Let us apply the method of calculation explained above to the paraboloid
shell of revolution with vertical axis, equilateral triangular in projected shape,
having a circular skylight opening (Fig. 5). The shell should be subjected to a
force system acting in the vertical direction, uniformly distributed over the
ground-plan projection. Its intensity should be

p =p0= 300kp/m2
and the dead weight of the edge ring should have the value
G0 = 150 kp/m.

Since in the present case the shell is triangular in projected shape, there is

Dimensional data of the shell are

a= 100m, R = 200m, r0= 3m, h= 8,0 m,
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Fig. 5. Paraboloid shell of revolution, equilateral triangular in projected shape, with centrally
situated circular skylight opening

so that for the shell to be investigated the quotient gOhas the value

which is just the extreme case occurring in practice. Since in the present case
the shell is subjected to a uniformly distributed force system, it is:

Pi=Pi=...=>;= 0.
First of all the value COmust be determined with the aid of formula (18)

20,02m10,02 f 150, +0,3 , 300.0,32 . _
G = .80 \ 10,0 o 1= 11250 kp/m. (33)
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The next step is to determine the three parts of N9 that is the values V¥, and ivf*along
the edge line £ = 1. According to formula (29a)

M @+ V)-1+(1 + rf) = - 3750 kp/m (34a)
and to formula (29b)

m = 2'.11250mm =225 --- N (34b)
x 10,02 (1 + rff 1+ rff

When determining Nx1for the sake of simplification, only the members m= 1and m —2
will be considered, and so

ve == W IQ[@- 31- 2+31 (-w +v]+

+ CO[(62- 6)(1 - 6rf + rf)- (62+ 6) 4 O A @ - 28rf+ 70rf - + 8]} =
= [- 0,06 + 0,000 087 48 c3 +
+1-03+ 00000002232 1~ "~ + 4~ =17 -+ ?2-]C6. 3

The stress resultant N x is the total of these three parts:

rf 1§22 + 5r1j

1 -
3750 + 225 — K 06 - 0,000 087 48 —
1+ rff L (l+ ff les
[0,3(1 - 6rf + rf) - 0,000 000 2232 +~ 2% J;l 0‘14”_28” s, 35)
+ r

In the above formula the second member of the expression in square brackets, is insig-
nificant in comparison to the first one, and as such, can be neglected in the first approximation.
Proceeding along this line, instead of the former formula, the following one may be written:

Nx= - 3750 + 225 *~ [ - 0,06C3- 03(L- 6rf + rfiC, . (36)

Since two unknown coefficients are figuring in this formula, we are able to demand the
fulfillment of two conditions. ) _
As a first condition it can be prescribed that Nx should have the same value at two

appropiately selected points, namely, at points rj = 0 and r] = Y 3, of the edge line 1 = 1. This
requirement can be expressed on ground of formula (36) by the following equation:
- 3750 + 225 - 0,06 C3- 03Cn= - 3750 - 2254 - 0,06 C3+ 0,3 *8Ce.

From this it follows
C6= 93,75. (37)

Making use of this value, instead of (36) the following equation can be written:
Nx = - 3750 + 225 (]1 Tw 0,06 Q ~ 28425 (1 - 6rf + rf) e (38)
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In the interval — ~ Y3 the above expression has extreme values at the point
where

3N X

dr] 0,

that is, where

4507 (f+ Jy - TRbM- 3)= 0 )

holds. The abscissae of these points are roots of equation (38). Three of the mentioned roots
can be immediately expressed:

M=o, T= 5.

Simplifying equation (39) by the above roots, it becomes

450 - 1125 = 0.
Ti + V23
Therefrom
@+ =4

which means that the further roots of equation (39) are

fY4- 1= + 0766421 . (40)

As second condition it can be demanded that the value of stress resultant Nx at point
£ = 1, A= 0 should be just the opposite of its value at points £ = 1, {f = +??,. On ground
of formula (38) this requirement may be expressed by the following equation:

- 3750 + 225 —0,06 C3- 28,125 =
3750 - 225 + 0,06 C3+ 28,125(1 - 6r\ + r)\).

Using r/, as given under (40), the following value will be obtained from the former equation
for the unknown caefficient C3:

C3= —60 041,57. (41)

As was mentioned above, coefficients C3 and C6 were determined on ground of relation
(36). Considering the values thus obtained as approximate ones and this time repeating the
calculation using equation (35), the following more exact values will be obtained for coefficients
C3 and C,:

C3= -60 055,208, (42)

C6 = 92,291 124.

Substituting these into formula (35), the values compiled in Table | will be obtained for the

stress resultant Nx at different points of the edge line £ = 1. Fig. 6 shows the distribution of
these unbalanced forces along the edge line £= 1.
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Table 1

Values of stress resultant Nx at different points of edge line £= 1

+v Nx kpim
0 + 45,37
0,2 +29,09
0,4 -6,47
0,6 -36,23
0,8 -45,29
1,0 -33,31
12 -8,10
14 + 20,09
1,6 +40,80
Y3 +45,37
Th -1 -45,37

Fig. 6. Diagram of unbalanced stress resultants Nx to which the edgearch £= 1
is subjected

As can he seen from Table | and Fig. 6, the maximum of the absolute value of the un-
balanced stress resultant is

INx I = 45,37 kp/m.

In relation to this, the absolute value of the stress resultant Ny acting along the edge line £ = 1,
is

17 12+%% = 2°9R% 60 = 7500 kp/m,

so that the quotient q expressing the error is not more than

49,37

7500 M 0,006 .
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In comparison to the unit, this value is insignificant and so the suggested method of calculation
may be considered as being of sufficient exactitude.

As a further check, the value of the stress resultant Ny corresponding to the approximate
stress function was determined at points of the edge line £ = 1 with the aid of formula

Nx = -3750 - 225 —~=1° 06 - 0,000 087 4g L 10rf+ Srf
X a+v @+ rff
1— 2802+ 70%4- 28)/ + rf

brf + y1) - 0,000 000 2232
[0,3(| r Y) ' (| + rf-f ~ ]C

Results of this calculation are shown in Table I1. As can be seen, the values obtained according
to the approximate method only slightly differ from the exact value

2 10,0’ » 300
imt

Ny = 7500 kp/m

set up on ground of formula (31).
Table 11

Values of stress resultant Ny at different points of edge line £= 1

Ny kp/m

0 7454,63
0,2 7470,91
0,4 - 7506,47
0,6 -7536,23
0,8 7545,29
10 -7533,31
12 7508,10
14 - 7479,91
16 -7459,20
P -7454,63
1/3

ifi- 1 -7545,37

At the corner points the situation is similar in regard to the stress resultants Nx, Ny, Ny.
At these points the stress resultants calculated by the suggested approximate method are

Nx= —3750 + 225— A - [0,06 - 0,000 087 48 C3-
- j0,3(- 8) - 0,000 000 2232 | C6= 45,37 kp/m.
Nxy= + jo+ 225f- + [0,06 - 0,000 087 48 C3+
+ [0,3(- 8) + 0,000 000 2232 Ccl/3 = + 379537 w3 kp/m,
Ny = - 3750 - 225 + [0,06 - 0,000 087 48 c3-

—J0,3(- 8) - 00000002232 ~ jC6= - 7454,63 kp/m.
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Conversely to the above approximate values the exact ones calculated with the aid of
formulae (33) are

Nx — 0,
Ny = -10,°860300T3 = T 3750 3 kp/m,

Ny . 2:1002m300 g

As can be seen, the divergence between the exact and approximate results is also for
this case insignificant.
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Rotationsparaboloidschale tUber regelméafigem VieleckgrundriB mit kreisformiger Ober-
lichtoffnung. Zur Bestimmung des Kraftespiels der im Titel erwahnten Schalen wird eine
Losung im Rahmen der gewohnten Annahmen der Membrantheorie mitgeteilt. Es wird ange-
nommen, dal die Oberlichtséffnung von einem Ringbalken umrandet ist, der keinerlei Wider-
stand gegen horizontale Biegemomente leistet, wahrend die dufReren Randbdgen Seitenkraf-
ten gegendber keinen Widerstand ausiiben. Die mitgeteilte Losung ist von anndherndem
Charakter: sie erflllt die innere Randbedingungen genau, die aufleren aber nur anndherungs-
weise. Die Anwendung der Methode wird durch ein Zahlenbeispiel‘illustriert, das gleichzeitig
auch die ZweckmaRigkeit des Verfahrens beweist.

O6onoykn napa6ononga BpalleHUss C OCHOBAHMEM B BUAe MPaBUILHOIO MHOTOYro/ib-
HUKa U C KPYI/IbIM BepXHUM (hoHapeM. B paboTe ONMUCbLIBAETCS NPUBNVKEHHbI MeTog Ans onpe-
JeneHus paboTbl yKa3aHHbIX B 3arfaBuy 060/104YeK B pamMKaxX O6bIYHBIX YCMOBWIA MeMBpaHHOI
Teopun. Pa6oTa MCXOAUT U3 NMPEANOOXKEHUS, UTO BEPXHWIA (JOHapb 060MOYKM OXBaYeH TaKUM
KpaeBbIM KO/bLIOM, KOTOPOE MO OTHOLLEHWIO K U3rMBAoLLEMY MOMEHTY FOPU3OHTANILHOM no-
CKOCTW He Pa3BMBAET HWUKAKOTO COMPOTMB/IEHNS, & KpaeBble AyTy, MOANMPALOLLME HAPYXKHBIN Kpaii
060/104KH, He CONPOTUB/IAKTCA GOKOBLIM YCuMAM. ONUCHIBAEMOE PELLIEHWE UMEET MPUBVKEH-
HbIl XapaKTep, T. K. PELLeHNe B OTHOLLIEHWM KPAeBbIX YCMIOBUIA, KacatoLLUXCs KobLa, oKaiimns-
toLLEro BepXHUI (hoHapb, [aeT TOUHOE Y/O0BNETBOPEHME, OAHAKO B OTHOLLEHWW KPAeBbLIX YC/IOBUA,
KacaloLLUXcs KpaeBbIX Ayr, — TONMbKO Npub/MXeHHOe. MpuUMeHeHWe NpeajaraemMoro MeTofa
[EMOHCTPUPYETCS YMCIOBLIM MPUMEPOM, KOTOPbI/A OAHOBPEMEHHO [0KA3bIBAET TaKXKe LIefeco-
06pa3HOCTb NPeS/1IaraeMoro peLLeHus.
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UBER DIE BERECHNUNG DER EBENEN
UNTERSCHALLSTROMUNG YON KOMPRESSIBLEN
MEDIEN

T. CZIBERE*

DOKTOR DER TECHN. WISS.

[Eingegangen am 22. Januar 1974]

Die nichtharmonischen Strom- und Potentialfunktionen der isentropen Unter-
schallstromung von kompressiblen Medien kénnen mit Hilfe der Dichte des Mediums,
sowie von entsprechend den Randbedingungen gewahlten harmonischen Funktionen
und ihrer Ableitungen ausgedriickt werden. Auf diese Weise ergeben sich zur Bestim-
mung der Geschwindigkeitskomponenten in der Stromungsebene geeignete Ausdriicke,
welche die Durchfiihrung der Berechnungen — ausgehend vom Geschwindigkeitsfeld
der entsprechenden inkompressiblen Stromung — mittels Iteration ermdglichen.

Die bekannten Verfahren zur Berechnung der ebenen, stationdren, wir-
belfreien Strémung von reibungsfreien kompressiblen Medien beruhen auf der
Linearisierung der nichtlinearen Differentialgleichung des Geschwindigkeits-
potentials. Diese Linearisierung kann direktin der Strémungsebene oder, mit-
tels einer geeigneten Transformation, in der Hodographenebene, erfolgen.

Wird die Differentialgleichung des Geschwindigkeitspotentials in der
Strémungsebene linearisiert, so kann die Ldsung des kompressiblen Problems
auf die des inkompressiblen Problems zurickgefihrt werden. Hier mufl man
jedoch darauf achten, daBR diese Methode wegen der Linearisierung nur dann
angewendet werden kann, wenn sich die lokalen Geschwindigkeiten von denen
der ungestdrten Strémung wenig unterscheiden, wie z. B. bei der Stromung
um schwach gekrimmte diunne Tragfligelprofile [1], [2].

Zur Loésung der Aufgabe ergibt sich eine andere (indirekte) Methode,
indem man nach einer geeigneten Transformation die der nichtlinearen Diffe-
rentialgleichung des Geschwindigkeitspotentials entsprechende lineare (Tschap-
liginsche) Differentialgleichung in der Hodographenebene 18st. Den zweifello-
sen Vorteilen der Linearitdt der zu lésenden Differentialgleichung stehen je-
doch die bedeutenden Schwierigkeiten gegeniiber, die die Randbedingungen
in der Hodographenebene verursachen [3].

Im folgenden wird ein Iterationsverfahren zur Berechnung der ebenen
wirbelfreien Stromung von kompressiblen Medien dargelegt, mit dessen Hilfe,
causgehend von einer gegebenen inkompressiblen Stromung, die entsprechende
kompressible Strémung direkt in der Stromungsebene bestimmt werden kann.

*Prof. Dr. T. czibere, Aulich Lajos u. 9., 3529 Miskolc, Ungarn
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Die nichtharmonische Potentialfunktion und Stromfunktion der kompres-
siblen wirbelfreien Stromung kdnnen durch die Dichte des strémenden Me-
diums, sowie durch entsprechend den Randbedingungen gewdhlte harmonische
Funktionen und deren Ableitungen ausgedrickt werden. Durch Differenzie-
rung der Potential- und Stromfunktionen erhdlt man fur die Geschwindig-
keitskomponenten der kompressiblen Stromung zur iterativen Berechnung
geeignete Ausdricke. Den Ausgangspunkt der Iteration bilden die der kompres-
siblen Strémung entsprechenden (die Randbedingungen erflllenden) Ge-
sellwindigkeitskomponenten der inkompressiblen Strémung.

Als Grundgleichungen der ebenen wirbelfreien kompressiblen Strémung
stehen uns die Kontinuitdtsbedingung, die Gleichung der Wirbelfreiheit, so-
wie die Bernoullische Gleichung fir isentrope Stromung zur Verfigung:

~ + N = °>
5, L ad dy(eCy) (1)
dgy =0
- 2
dx dy (2)
9 c
M 21
3
B8O 2 a0 @)

wobei c, bzw. cx und cy die Geschwindigkeit der kompressiblen Strémung, bzw.
deren Komponenten in der x- und in der y-Richtung, weiters q die Dichte des
Mediums, g0ound a0 die zum Ruhezustand gehdrige Dichte und Schallgeschwin-
digkeit bedeuten. Auf Grund von Gin. (1) und (2) kénnen die Potentialfunktion
(o und die Stromfunktion y) definiert werden:

dtp dep

4
dx cy gy 9 ()
d
. = ©)
dy Q0 dx

Nach Einfihrung der Bezeichnung H = g0 q ergeben sich auf Grund der Gin.
(4) und (5) die folgenden zwei Beziehungen zwischen der Potential- und der
Stromfunktion der kompressiblen Strémung:

X= H Vy = _ H dip

(6)
dx dy dy dx

Hiermit wurde die Lésung des Differentialgleichungssystems (1), (2) auf die
Bestimmung der durch die Gin. (6) definierten Potentialfunktion pund Strom-
funktion ip zuriickgefihrt.
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Es sei ® die Geschwindigkeitspotentialfunktion und 4* die Stromfunk-
tion der (die Randbedingungen erflllenden) inkompressiblen Strémung, die
der untersuchten kompressiblen Stromung entspricht. Dies sind also harmo-
nische Funktionen, die die Cauchy—Riemannschen Gleichungen erfillen:

30 _ 30 20 30 A

dx dy 9y dx

Die Ldsung des Systems von Differentialgleichungen (6) suchen wir in der
Form

8)

©)

wobei kxund k2 Konstanten sind, ferner uy(x,y), Vy(X,y), u2(x,y) und v2(x,y)
spédter zu bestimmende Funktionen bedeuten. Zwecks Bestimmung dieser
vier unbekannten Funktionen werden die Ausdriicke (8) und (9) in die Diffe-
rentialgleichungen (6) eingesetzt. Durch den Vergleich der Koeffizienten der
Ableitungen von ® und @ in den so gewonnenen Gleichungen (unter Berick-
sichtigung der Gin. (7)) ergeben sich die folgenden Beziehungen:

(10)

(n)

(12)
(13)

(14)

Durch Subtraktion der Gin. (11) und (13) sowie Verwendung der Beziehung
(10) erhé&lt man die GI.

9 . . 2 9 . .
----- (Viv2) = bl KVijj), (15)
dx v2 9y
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ferner ergibt sich durch Addition der Gin. (12) und (14) unter Berlcksichtigung
von GI. (10) die Beziehung

*> 16
V2 dx K*>2) (16)

Aus GI. (10) folgen die Zusammenhédnge

fa |\

Durch Einfihrung der Bezeichnungen U = J/ulu2 und V = Yvivv gehen die
Gin. (15) und (16) in die Cauchy—Riemannschen Gleichungen

9U dv 3u dv
17
an dy dy dx
tUber, folglich sind U(x,y) und V(x,y) harmonische Funktionen. Auf Grund
der Gin. (10) kénnen die Zusammenhénge

U= Hu2, VIV% HW\

geschrieben werden und so erh&lt man die vier gesuchten Funktionen ausge-
drickt mit den harmonischen Funktionen U und V in der Form:

u \
ul=~JH U, u2 VAY H V., v2 (18)

][ﬂ’ Vh'

Durch Einsetzen dieser Ausdriicke in die Gin. (8) und (9) erhdlt man fir das
Geschwindigkeitspotential und die Stromfunktion der kompressiblen Stro-
mung die Ausdricke

0
@= Kk -f-¥Y9 U= + V (19)
dx 9y
dw 9P
+ V- (20)
dx gy

die statt der friheren vier nur mehr zwei unbekannte Funktionen enthalten,
d. h. die harmonischen Funktionen U und V. ® und W sind ndmlich nach un-
seren Voraussetzungen die Potential- und die Stromfunktion derjenigen in-
kompressiblen Strémung, die der zu bestimmenden kompressiblen Strémung
entspricht.
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Die harmonischen Funktionen U und V kénnen durch die Funktion
A und ihre Ableitungen ausgedrickt werden. Davon kann man sich dadurch
Uberzeugen, dal man z. B. die Gin. (18) in die Gin. (11) und (12) oder in die
Gin. (13) und (14) einsetzt und dieselben fir U und V I8st

Zwecks Vereinfachung werden folgende Bezeichnungen eingefihrt:

(23)

(24)

Die so definierten Funktionen A und B sind ebenfalls harmonische Funktio-
nen, wie es nach einfacher Differenzierung leicht einzusehen ist. Auf Grund
der Gin. (23), (24) und (19), (20) ergeben sich fir die Geschwindigkeitspoten-
tialfunktion (pund Stromfunktion mpder zu berechnenden kompressiblen Stro-
mung die Beziehungen

9= KIP + J[HA, (25)

y,= k& + -+=B. (26)

VH

Hierzu sei erwahnt, daB die nichtharmonischen Potential- und Stromfunk-
tionen der kompressiblen Strémung mittels der (harmonischen) Potential-
und Stromfunktionen der entsprechenden inkompressiblen Strémung sowie
mittels der Dichte des Mediums dargestellt wurden und daher die Lésung fir
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die entsprechende inkompressible Strémung aus der erhaltenen Ldsung mit
der Bedingung gq= q0 (d. h. H = 1) abgeleitet werden kann. In diesem Fall
ist fej = 1 und k2= 1, weiterhin A ==0und B = 0.

Fir die Geschwindigkeitskomponenten der ebenen wirbelfreien Stro-
mung von kompressiblen Medien erh&lt man durch Einsetzung der Gin. (25),
(26) in (4), (5) folgende Ausdrucke:

(27)

(28)

Aus den abgeleiteten Zusammenhé&ngen geht hervor, daR ausgehend vom Ge-
schwindigkeitsfeld einer, gegebene Randbedingungen erfiilllenden, inkompres-
siblen Strémung das Geschwindigkeitsfeld der entsprechenden kompressiblen
Strdémung — natirlich durch Iteration — bestimmt werden kann. Die fir die
Geschwindigkeitskomponenten erhaltenen Ausdricke enthalten implizite
nicht nur die (gerade zu bestimmenden) Geschwindigkeitskomponenten, son-
dern auch deren Ableitungen. Beim ersten Iterationsschritt geht man so vor,
daB man mit den Geschwindigkeitskomponenten der durch die Funktionen
@, ¥ definierten inkompressiblen Strémung die Funktionen H, A und B, hzw.
ihre Ableitungen und mit deren Hilfe aus den Gin. (27) und (28) die erste
Néaherung fir die Geschwindigkeitskomponenten der kompressiblen Strémung
berechnet. Beim zweiten Schritt und allen weiteren Schritten geht man, aus-
gehend von den im vorhergehenden Schritt berechneten Geschwindigkeits-
komponenten, ebenso vor. Die numerischen Berechnungen kénnen mit Hilfe
einer digitalen Rechenanlage durchgefiihrt werden.
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The Calculation of the Plane Subsonic Flow of Compressible Fluids. The non-harmonic
potential and stream functions of the isentropic plane flow of compressible fluids at subsonic
velocities can be expressed with the aid of fluid density, harmonic functions selected in accord-
ance with the boundary conditions, and their derivatives. By this method equations suitable
for the direct calculation of the velocity components in the plane of flow are obtained, which
are suitable for carrying out the calculations by iteration, starting from the velocity field of
the corresponding incompressible flow.

O pacueTe [ABYXTEPHOTO [ABVKEHUS MOTOKA HWXE 3BYKOBOW CKOPOCTM CXMMAEMbIX
cpes. HerapMoHMuYecKue MoTeHUMaIbHbIE M MOTOYHbIE (YHKLUUU WM3EHTPOMUYECKOTO [BUKEHUS
MOTOKA HWXKEe 3BYKOBOW CKOPOCTU CMMAEMbIX Cpej, MOXHO BbIPasvTb C MOMOLLbIO FapMOHIMYe-
CKMX (DYHKLWIA 1 UX MPOM3BOAHbIX, NOAOGPaHHbIX B COOTBETCTBUM C MIOTHOCTBLIO CPeabl U Kpae-
BbIX YCNOBUIA. TaknM 06pa3omM Noy4atoTcs 3aBUCMMOCTM, MPUTOAHbLIE A1 OMpefeNeHns KoM-
MOHEHTOBCKOP OCTY HEMOCPEACTBEHHO B M/IOCKOCTM [BWXKEHWS MOTOKA; HAa OCHOBE 3TUX 3aBUCK-
MOCTE#A BbIYMCNEHUS MOXHO BbIMO/HATH C NMOMOLLBKD UTEpaLWK, UCXOAS U3 MOMsi CKOPOCTU COOT-
BETCTBYHLLETO HEC)KMMAEMOTro MOTOKa.
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SIMULTANE GLEICHGEWICHTE
IN HALOGENLAMPEN MIT ZWEI VERSCHIEDENEN
HALOGENZUSATZEN

GLEICHGEWICHTE BEIM GLEICHZEITIGEN VORHANDENSEIN
VON H2 Br2 UND J2

I. HANGOS* und 1. JUHASZ**
[Eingegangen am 8. Dezember 1972]

Die simultanen Gleichgewichte im W —Br2—J2—H2-System wurden unter den
in den Halogenlampen vorherrschenden Temperatur- und Druckverhaltnissen unter-
sucht. Es wurde festgestellt, da von den im Gasraum vorhandenen Verbindungen die
Erhohung der Wasserstoffkonzentration eindeutig das Zuriickdrangen der Bildung
von Wolframhaloiden bewirkt. Die Erhéhung der Wasserstoffkonzentration beeinflu3t
die Kurven der Partialdriicke der Br-, J- und H-Atome nur geringflgig.

1. Einleitung

In einer friheren Publikation [1] befalten wir uns mit den simultanen
Gleichgewichten, die sich in den, zwei verschiedene Halogenzusdtze enthalten-
den Glihlampen abspielen. In einigen Féallen wird dem Gasgemisch auch Was-
serstoffgas beigemengt [2], was, Literaturdaten zufolge, im Zusammenhang mit
der Korrosion der zum Gluhfaden fuhrenden Metallteile hdherer Temperatur
von Bedeutung sein kann. Daten zur Berechnung solcher Gleichgewichte sind
im Falle des HBr schon in den Arbeiten von Neumann, Y annopoulos und
Pebler so Wie Kopelman Und Wormer angegeben [3—5]. In der vorliegen-
den Arbeit befassen wir uns mit dem Problem, wie die Anwesenheit des W asser-
stoffes die simultanen Gleichgewichte beim gleichzeitigen Vorhandensein von
Jod und Brom beeinfluft.

2. Die Berechnung des Gleichgewichtes im Gasraum

Die Grundprinzipien der Berechnung des Gleichgewichts wurden be-
reits in einer vorangegangenen Publikation [1] dargelegt, in dem jetzt vor-
liegenden Fall muBte nur die Anzahl der vorkommenden Komponenten um
eins erhéht werden. In unserem Ausgangssystem kommen verschiedene Men-
gen von Jod, Brom und W asserstoff vor, deren Gesamtgasdruck in jedem Fall

*1. Hangos, 1027 Budapest, Martirok u. 62, Ungarn
**Fri. 1. Junasz, Vaci u. 77, 1344 Budapest, Ungarn
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zu 1,05 X10~2Torr, wéhrend der Gesamtgasdruck der im Gasraum vorhande-
nen neutralen Gase zu 6 Atmosphéren angenommen wurde. Bei unseren Be-
rechnungen bericksichtigten wir die folgenden Komponenten: H2 J2 Br2
WJ2, WBr2, WBr5,J, Br, H, HJ und HBr. Der Partialdruck dieser Kompo-
nenten wird jeweils mit Pb P2 eeo» P11 bezeichnet. Die Anwesenheit von
WBr4, WJ4und WBr5wurde teils wegen ihrer thermodynamischen Instabilitédt,
teils zwecks Vereinfachung der Rechnungen auBer acht gelassen.

Zur Berechnung des Gleichgewichtszustandes des Systems wurden die
folgenden, voneinander unabhdngigen Reaktionen gewdhlt:

29 4 H2 (1) H24+ joit 211) (5)
2] J2 (2) W gr12it WJ2 (6)
2 Br it Br2 (3) w 4 Br.2it WBr2 (?)
H2+ Br2it 2 HBr 4) w -f Br. . WBr- (8)

die Zusammenhénge (la) —(8a) gelten.

Ki = EI (1a) Plo (5a)
P9 Pr'er

K= P2 (2a) Kt= EI (62)
PI Pi

K3=E1I (3a) K b (7a)
Pl P3
PP Pb

Kt= (4a) s (8a)
PI'j3 Ps~

Unter dei Annahme, daB in Gin. (6), (7) und (8) die Tension des Wolframs
bei einer vorgegebenen Temperatur konstant ist, kann dies in die Gleichge-
wichtskonstante eingesetzt werden, so daR in K5—K8 (Gin. (5a)—(8a)) der
Wert pwin K5—K 8 eingesetzt werden kann.

Fir das System konnen auBerdem noch drei, voneinander unabhdngige
Erhaltungssdtze aufgeschrieben werden:
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Bei der Berechnung der Gleichgewichte wurden die neuesten thermochemischen
Daten verwendet (6—9). Da das Hauptziel dieser Arbeit bloR die Erkenn-
tnis der Tendenz der Effekte und die Aufdeckung der Zusammenhdnge ist,
werden aus den berechneten Werten, eben wegen der allgemein bekannten
relativ groBen Streuung der thermochemischen Daten [10], keine quantita-
tiven SchluRfolgerungen gezogen.

3. Berechnungsergebnisse und Diskussion

Bei der Untersuchung der simultanen Gleichgewichte, die sich mit den
gegebenen Ausgangskomponenten hei den 16 verschiedenen Zusammensetzun-
gen abspielen, wurden fir jede Zusammensetzung Diagramme, wie im Bild 1
dargestellt, erhalten. Fir eine ausfiihrliche Analyse der erhaltenen Diagramme
empfiehlt es sich, die von uns gewé&hlten Zusammensetzungen in einem Drei-
eckdiagramm wie im Bild 2 darzustellen. Ein sorgféltiges Studium der mit

Bild 1. Temperaturabhangigkeit der Partialdriicke der Komponenten bei einer Ausgangszu-
sammensetzung von aquivalenten Mengen von J2 Br2undH2 (Mischungsverhéltnis: 1:1:1)
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Bild 2. Darstellung der prozentuellen Ausgangszusammensetzung von Gasgemischen verschie-
dener Zusammensetzung

der Rechenmaschine erhaltenen Ergebnisse ergab, daR die Kurven, die die
Temperaturabhdngigkeiten der Kurven der Partialdricke der entstandenen
Verbindungen darstellen, in drei Gruppen eingeteilt werden kdnnen: die Wolf-
ramhaloiden, die infolge der Dissoziation entstandenen freien Atome, und die
Haloidsduren und Halogenatome. Bei den letzteren wurde auch die Tempera-
turabhédngigkeit des Partialdruckes der Wasserstoffmolekiile dargestellt.

Wenn wir auller den durch die Gleichungen (10) und (11) definierten
Faktoren @wund y, auch die Bezeichnung

einfihren, dann entsprechen die durch dicke Linien verbundenen Punkte des
Bildes 2 gleichen ac-, B- und ~-Verhéltnissen. Die Wirkung der verschiedenen
Komponenten auf die Kurven der Partialdricke kann also bei den jeweils
durch eine ausgezogene Kurve verbundenen Zusammensetzungen unter Kon-
stanthaltung des Verhéltnisses der anderen beiden Komponenten untersucht
werden.

Zundchst wird entlang der Kurve a (Bild 2) fiir a = 1 die Wirkung des
W asserstoffes untersucht. Die diesen Punkten entsprechenden prozentuellen
Zusammensetzungen wurden in Tafel | zusammengefaRt.
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Tafel |

Wirkung des Wasserstoffes fiir a = 1

Ausgangszusammensetzung

s. B’\illrd. 2

J2 % Br, % H,%
15 50 50 0
5 47,6 47,6 4,8
6 40 40 20
7 33,3 33,3 33,3
8 25 25 50
9 8,3 8,3 83,4

W ir wollen jetzt die Wirkung des Wasserstoffes auf die Entstehung der
Wolframhaloiden untersuchen (Bild 3). Als allgemeingeltende Gesetzmé&Rigkeit
kann ausgesagt werden, dal die Erhdhung der Wasserstoffkonzentration in
dem gesamten untersuchten Temperaturbereich die Konzentration aller drei
untersuchten Wolframhaloide zuruckdrédngt. Diese Feststellung besitzt ihre
stdrkste Giultigkeit fur das Pentabromid, das bereits bei einer Ausgangskon-
zentration von 50% W asserstoff praktisch verschwindet. Diese Wirkung ist
beim Wolframjodid bei weitem nicht so ausgeprdgt: die Erhdhung der
W asserstoffkonzentration beeinflult den Kurvenverlauf erst bei sehr groBen
W asserstoffkonzentrationen. Beim Wolframdibromid ist diese Wirkung in
erster Linie bei niedrigen Temperaturen von Bedeutung, wdhrend sie in
unmittelbarer N&he des Gluhfadens und in dem heilen Gasraum geringfiigig
ist. Bei kleinen W asserstoffkonzentrationen ist auch ihre Wirkung sehr klein.

Die infolge der Dissoziation entstandenen freien Atome stellen die zweite
Gruppe der Kurven dar. Die Kurven ihrer Partialdricke sind auf Bild 4
dargestellt. Der Kurvenverlauf ist vollkommen parallel zu jenem der W asser-
stoff-freien Systeme. Die Absolutwerte werden durch die Erhéhung der W asser-
stoffkonzentration nur geringfiigig beeinfluflt: die der Halogenatome werden
etwas verringert, wahrend die der Wasserstoffatome etwas erhdht werden.

Das interessanteste Bild entsteht bei den Kurven der Partialdriicke der
Haloidsduren sowie der Halogen- und Wasserstoffmolekile (Bild. 5). Durch
die Erhohung der W asserstoffkonzentration wird die Konzentration der Brom-
und Jod-Molekile verringert, wéhrend die der Haloidsduren erhdht. In dem
Temperaturbereich von 500-yl500°C, dh. in dem sog. Korrosionsbereich und
entlang der Kolbenwand entsteht in erster Linie HBr, erst bei hdheren Tem-
peraturen auch HJ. Dementsprechend wdachst die Bromkonzentration schon
im anfénglichen Bereich stark an, wé&hrend die Konzentration des J2in Ab-
hdngigkeit von der Temperatur ein Maximum durchlduft. Dementsprechend

Acta Technica Acadtmiae. Scicnliarum Hungaricae 79, 1974



106 HANGOS — JUHASZ

weist die Kurve des Partialdruckes des H2zwischen 900 und 1200 K bei héhe-
rem W asserstoffgehalt ein Minimum auf. Bei weiterem Temperaturanstieg
beginnt die Dissoziation von HBr und von HJ. Bei der Temperatur des gli-
henden Wolframs halten sich Br2 und J2von praktisch gleicher GréRenord-
nung das Gleichgewicht. Die Konzentration des HBr ist jedoch auch bei dieser
Temperatur noch um etwa zwei GréofRenordnungen hdher als die des HJ. Bei
Temperaturen tGber 2000°C wird die aus dem Dissoziationsgleichgewicht stam -
mende H2-Konzentration von der aus der Dissoziation der Haloidsduren
stammenden H2Konzentration uUbertroffen. Auf diese Weise entsteht uber
2500°C in der Kurve des Partialdruckes des H2bis zu einem 50%igen W asser-
stoffgehalt ein Maximum. Bei noch héheren Temperaturen zeigt der Kurven-
verlauf eine abfallende Tendenz wegen dem schlagartigen Entstehen von freien
W asserstoffatomen. Bei hdheren Wasserstoffkonzentrationen fehlen sowohl
das Minimum als auch das Maximum.

Andern wir a, indem wir die Konzentration des Br2 auf Kosten der J 2-
Konzentration erhéhen, so erhalten wir die Kurve b auf Bild 2. Die Ausgangs-

Bild 3. Temperaturabhangigkeit der Partialdriicke der Wolframhaloiden bei verschiedenen
Ausgangskonzentrationen des Wasserstoffes
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Bild 4. Kurven der Partialdriicke von H-, J- und Br-Atomen bei verschiedenen Wasserstoff-
konzentrationen

Zusammensetzung der entlang dieser Kurve befindlichen Gasgemische haben
wir in Tafel Il zusammengefalt.

Die Analyse der Kurven ergab, dalR die aufdie Wolframhaloiden ausgetlbte
Wirkung der Wasserstoffkonzentration &hnlich der auf Bild 3 dargestellten
Wirkung ist. Die Kurven gleicher W asserstoffkonzentration lberdecken sich

Tafel 11

Wirkung der Wasserstoffkonzentration bei a = 0,5

Ausgangszusammensetzung

Nr.
s. Bild. 2
j.% Br2% H,%
16 33,3 66,6
25 50 25
22,2 44,4 33,4
1,7 15,4 76,9
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Bild 5. Kurven des Partialdruckes der Haloidsduren sowie der Halogen- und Wasserstoff-
molekdle

sogar trotz der Steigerung der Bromkonzentration fast auf das Doppelte.
Dasselbe gilt auch fur die H- bzw. J-Kurven des Bildes 4. Die auf die Br-
Atome bezogenen Kurven liegen wegen der hoheren Anfangsbromkonzentration
etwas hoher als die des Bildes 4. Auch die Kurven der Haloidsauren, der Halo-
genmolekile und des H2 verlaufen &hnlich, die Konzentration des HBr ist
wegen der obengenannten Griinde héher. Eine Steigerung der Jodkonzentra-
tion ist mit einer Fortbewegung entlang der Kurve c auf Bild 2 gleichbedeu-
tend. Die diesbeziiglichen Ausgangskonzentrationen sind in Tafel 11l zusam-
mengefallt. In diesem Fall wird — abgesehen vom Wolframdibromid — ein
anderer Kurvenverlauf beobachtet. Als Beispiel sollen die, der Ifd. Nr. 10 bzw.
13 entsprechenden Gasgemische dienen, bei denen die Kurven des Partial-
druckes aller Gibrigen Komponenten véllig Ubereinstimmen, obwohl die Aus-
gangskonzentrationen ganz verschieden sind. Zur Veranschaulichung dieses
interessanten Effektes wurden die Kurven der Partialdriicke der Halogen- und
der Wasserstoffmolekile sowie die der Haloidsduren auf Bild 6 dargestellt.
Bei extrem kleinen oder besonders grofRen W asserstoffkonzentrationen (Zu-
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sammensetzungen 10 bzw. 13) sind die Kurven des Partialdruckes der Kom-
ponenten fast identisch. Die Wirkung der W asserstoffkonzentration durch-
lauft also fir x = 2 ein Maximum.

Nun sollen die Fdalle fur die gleichen B-, bzw. y-Verhdltnisse untersucht
werden. Die entsprechenden Zusammensetzungen liegen entlang der d-, e-, f-

Tafel 111

Wirkung des Wasserstoffes bei a = 2

Ausgangszusammensetzung

Nr

i % Br,, % H2%
14 66,6 33,3 0
10 64,5 32,4 3,1
11 50 25 25
12 44,3 22,1 33,6
13 15,4 7,2 77,4

Bild 6. Temperaturabhangigkeit der Kurven der Partialdriicke fir a = 2
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und g-Kurven des Bildes 2. Die Ausgangszusammensetzungen sind in Tafel
1Y zusammengefalRt. Eine Analyse dieser Kurven ergibt, daB in solchen Fdllen
die Konzentration des Wolframdibromids und Pentabromids, des Br und Br2
sowie des HBr nur von der Ausgangskonzentration des Br2 abbdngt. Diese

Tafel IV
Lfd N Ausgangszusammensetzung
. NI o
G Bildy BE% 1%
H6 R y
2 50 25 25 1 0,5
6 40 40 20 0,5 0,5
7 33,3 33,3 33,3 1 1
11 25 50 25 0,5 1
1
Bild. 7. Verlauf der H2— J2—und HJ-Kurven
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Wirkung kommt beim WBr2 WBr5und Br2 stark, beim Br und dem HBr
hingegen nur schwach zur Geltung. Die Konzentration des Wolframdijodids
ist nur der Ausgangsjodkonzentration proportional, w&hrend die Konzentra-
tion der J-Atome praktisch auch hiervon unabhéngig ist. Der Verlauf der H 2,
H-, J2-und HJ-Kurven wurde auf Bild 7 dargestellt.

Aus dem Bild ist ersichtlich, daR die J2-Konzentration allein von B ab-
hdngt, d. h. fur dieselben /1-Werte dieselbe ist, dall die Konzentration der freien
W asserstoffatome allein von y abhé&ngt, d. h. flur dieselben y-Werte dieselbe
ist, und daB die H 2 sowie die HJ-Kurven sowohl von der Ausgangskonzentra-
tion des H2bzw. des J2als auch vom /?-Wert abhdngen.

4. SchluRfolgerungen

Bei der Auswertung der Ergebnisse empfiehlt es sich, aus den Gleich-
gewichtsverhéltnissen des wasserstofffreien Systems auszugehen. Werden die
Kurven der Partialdricke fur das in unserer vorangegangenen Publikation
beschriebene W —Br2—J 2System fir verschiedene a-Werte &dhnlich wie in
der vorliegenden Arbeit analysiert, so kann festgestellt werden, daR die Ent-
stehung von freien J- und Br-Atomen kaum von a abh&ngt. Demgegeniber
nimmt fur wachsendes a@die J2-Konzentration im gesamten Bereich ah, wéh-
rend die des Br2 zunimmt; die Kurven der entsprechenden Wolframlialoiden
sind gerade umgekehrt. In Abwesenheit von Wasserstoff entstehen also mit
und entsprechend der Verdnderung von « aus den Jod- bzw. Brommolekiilen
Wolframhaloide.

In der Arbeit von Kopeitman und W ormer [5] wWurde gezeigt, daB die
Erhéhung der Wasserstoffkonzentration in dem Bereich von y = 0-f-1 in
dem W —Br2—H 2-System zu einem Zurlckdrdngen der Wolframbromide
fihrt, wédhrend die Konzentration der entstandenen H- und Br-Atome prak-
tisch UberhauptnichtbeeinfluBt wird.Dies wird - umgerechnet auf unser Koor-
dinatensystem — auf Bild 8 veranschaulicht. Wasserstoff bewirkt also das
Entstehen von HBr auf Kosten in erster Linie der Wolframbromide firy = 0,5
und auch des Br2firy = 1

In dem W —Br2—J2—H 2-System sind die Verhdltnisse besonders wegen
der Bildung von zwei Haloidsduren verschiedener Stabilitdt komplizierter.
Wegen der viel grofReren thermodynamischen Stabilitdt des HBr im Vergleich
zu der des HJ wird die Entstehung der Wolframbromide in Systemen mit
Bromuberschull zurickgedrickt; ein wesentlicher Anteil der Bromatome bildet
anstelle von Wolframbromiden HBr. Wegen der thermodynamisch kleinere
Stabilitdt des HJ kommt es in den, an J2 reicheren Systemen in extremen
Féllen zur Herausbildung von Minimum —Maximum-Kurven, besonders bei
jenen Kurven, die die Temperaturabhdngigkeit der Partialdricke von HJ und
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H 2 darstellen. Ein solcher Kurvenverlauf wird in erster Linie durch den Zer-
fall des W J2 sowie durch die von der W asserstoffkonzentration hervorgerufe-
nen komplexen Dissoziationsgleichgewichte des J2-Molekils und des J-Atoms
herbeigefihrt.

Bei Halogenlampen, die in der Praxis Anwendung finden, wird HBr
oder HJ als Gasflllung verwendet, zu dem — in erster Linie wegen der wé&hrend
der langen Einbrennzeit durch die Quarzwand diffundierenden W asserstoff-
atome in geringem UberschuR noch W asserstoff hinzugefiigt wird. Es emp-
fiehlIt sich, einen zu grofRen W asserstoffiberschull, wegen der dadurch verur-
sachten hohen Wé&rmeleitung, zu vermeiden. Den technisch anwendbaren Zu-
sammensetzungen entsprechen also die Zusammensetzungen 5 und 10 vom
Bild 2. Beim ersteren kann bei einer Zusammensetzung von etwa 48,5% HJ
und 48,5% HBr mit 3% W asserstoffiilberschull, beim letzteren bei einer Zu-
sammensetzung von 66% HJ und 33% HBr mit einem W asserstoffiberschuB
von 1% gerechnet werden.

Durch die Beimengung von HJ zum HBr wird in erster Linie die Ent-
stehung von WBr5 unterdrickt und gleichzeitig die Entstehung von W J2
ausgeldst. Bei grofReren HJ-Mengen lUberwiegt gerade in dem Korrosionsbe-

Bild 8. Wirkung des Wasserstoffes im System W—Br2—H2 (nach K opetman UNd W okmeb)
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reich die Entstehung des in viel geringerem MaRe korrosiven J2,J und HJ auf
Kosten des viel stdrker korrosiven Br, Br2und HBr. Die Gleichgewichte des
heiBen Gasraumes und der Umgebung des Glihfadens werden, wenn wir von
der Erscheinung des W J2 absehen, von der Erhdhung der HJ-Konzentration
nicht wesentlich beeinfluf3t.

Bei unseren Berechnungen wurden im Gegensatz zu Kopetman und
Wormer, die mit allen WBrnrechneten, der Einfachheit halber nur die Ent-
stehung der stabilsten Verbindungen (WBr2, WBr5und W J2) bericksichtigt.
Dieser Unterschied beeinflult jedoch — wie oben gezeigt — die Erkenntnis
der Tendenz der Effekte nicht wesentlich. Auch die von der Strahlung des
Gluhfadens verursachten photochemischen Prozesse wurden hier nicht be-
ricksichtigt und auf diese werden wir in einer folgenden Arbeit zuriickkom-
men.
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Simultaneous Equilibriums in Halogen Lamps Containing Two Different Halogens.
Equilibriums in the Case of Pure Halogens. The temperature- dependence of the equilibrium
concentration of tungsten haloids was calculated from thermodynamical data for the combined
use of Br and J under conditions corresponding to the gas charge of halogen-filled incandescent
lamps. Generalizing the results for real conditions, it appears that the combined injection of
two different halogens into the gas space, at suitably chosen conditions, goes with considerable
advantages as compared to the use of one single halogen.

OfJHOBPEMEHHbIE pPaBHOBECUSA B rasioreHoBbIX JflaMmnax, CofepXaliux ABa pasInyHbIX
rajoreHa. PaBHoBecusl B C/lyuae OfHOBPEeMEeHHOro npucyTcTeum H, Br,nJ2 B pamkax [aHHO
cTaTbW CTaBUfach 3afada — AaTb METOA ANS M3YYEHUS ANCMEPCUOHHBIX CBOMCTB, a TakXe ANs
OLiEHKMN pe3y/ibTaToB U3MepeHUIA. B1AHO, YTO TaKXKe 3aBUCMMOCTb MOAN(MLMPOBAHHOIO MAeas b-
HOro CMeLUnBaHWA MOXXHO MCMOJb30BaThb C HAAEXXHOCTbIO, HO MPOLLEe BCEro NpUMeHeHne MeToaa
(YHKLMM MepeHoca, TakK KakK BHE CPeHero BpeMeHW npebbiBaHWs MOMy4vaeTcs TakXKe 4MCo
lMeuneTa, UK e ero o6paTHOe 3HaYeHe — AMCMEPCMOHHOE YUCTTO.

8 Acta Technica Academiae Scientiarum Hungaricae 79, 1974






Acta Technica Academiae Scientiarum Hungaricae, Tomus 79 (1—2), pp. 115—132 (1974)

IMPROVEMENT OF THE EFFICIENCY OF FREE
RLOW-OUT AXIAL FANS USING VARIABLE
CIRCULATION

L. SOMLYODY*

[Manuscript received January 10, 1973]

Variable circulation at a given geometry has a twofold effect: a) higher outlet
losses due to the distortion of the axial velocity; b) the reduction of the load acting on
the blade sections at the root. The latter permits the reduction of the hub dimensions.
If the hub can be diminished to a larger degree than would be necessary to compensate
for the higher loss, the static efficiency could be appreciably increased. The author solves
this task by using the equation of the optimisation of free blow-out deflectorless axial
fans generalized for variable circulation and by the establishment of the maximum
attainable diminution of the hub diameter.

Symbols
0 air flow m3s
o th theoretical total head rise N/m2
4Pth theoretical average head rise N/m2
Vst static head rise N/m2
Zip' system resistance N/m2
Pa atmospheric pressure N/m2
Pst static pressure behind the impeller N/m2
PM total head behind the fan N/m2
A = loss in the fan N/m2
Q density kg/m:
uT, n peripheral velocity m/s
a axial velocity behind the impeller m/s
£an tangential velocity behind the impeller m/s
ca= coa average axial velocity satisfying the continuity  m/s
r radius m
rT outer radius m
rH hub radius m
Ft = ceon cross section m2
DT outer diameter m
vh hydraulic efficiency
Vst static efficiency
| chord length m
t pitch m
a lift coefficient
o drag coefficient
a angle of incidence
A. the angle enclosed by the resultant flow velocity and

E= coicL = tgo
X = sini/?™ -f 6)/sin
R=riT

the direction of un
_profile drag to lift ratio

mcos O

dimensionless radius

*Dr. L. somiyesdy, Guszev u. 4, 1051 Budapest, Hungary

g*
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diameter ratio
theoretical total head coefficient

theoretical average head coefficient
local head coefficient
static head coefficient
loss rendered dimensionless
wo components of the outlet
{oss rendered dimensionless with o0 aii-j”

| flow coefficients

power
j'-dependent characteristics

the characteristic of the linear axial velocity distri-
bution

head coefficient ratio

coefficients of tjh

Introduction

The greater part of the total loss in free blow-out deflectorless axial fans
is caused by the unutilized kinetic energy of the outflowing medium.

To diminish this, the outlet velocity must be reduced. At an unchanged
rotor tip diameter this can be achieved by the selection of a smaller hub.
Since this aim is to be attained by a circulation varying along the radius,
unlike the well-known advantages of variable circulation, we wish to find out
whether and to what degree variable circulation is suitable for increasing
efficiency.

Let us assume that at r ecu = constant the hub diameter is as small
as possible in the given case, on the basis of the so-called boundary conditions
[1], for instance the Strscheletzky and the de Haller criteria, or even more
frequently, considering the (I/t mci)hub conditions of construction, blade cal-
culation and separation. Let us call it the case 1.

Let us now reduce the hub diameter assuming thatr ecu const and
call it case 2. Naturally, the diameter ratio v2<C rxis determinedby the bound-
ary conditions which are the same as with jg.

However, in spite of the relationship v2<C vii it is not quite sure that
the efficiency can be improved, since variable circulation due to increasing
velocities toward the periphery, cause a greater outlet loss than would occur
in the case of r mcu = const and with the same diameter ratio.

The only way to achieve this aim is to attain a greater diameter reduction
than is required to compensate for the mentioned increase in loss.

The precondition for the applicability of the method is that variable
circulation should be possible at all under the starting parameters. To find
the answer an approximative solution is used, whereafter the result depends
on whether the diameter can be reduced (Chapter 2) and on the trend of the
losses (Chapter 3).
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As regards the trend of the losses, we shall not perform the examination
which is usual for the optimisation of axial fans [2,3], since our aim is only the
comparison of the two cases. This, namely, permits the elimination of several
uncertain factors (profile drag to lift ratio, boundary conditions at the hub)
which may, anyway, be more accurately considered in a concrete case.

Finally, a numerical example will he demonstrated.

It is also to be mentioned that circulation, swirl or total head rise will
figure in the paper alternately. These differ in the multiplicating factor only.

The following assumptions were made during the work:

a) that the outgoing swirling air stream completely fills out the annular
surface:

b) that the radial velocity component is negligible in relation to the rest:
axial velocity (which, “farther away” from the impeller c3a can he exactly
calculated [4]) in the median plane of the impeller represents c03a =
= (cOa -f- c34)/2, cOa here is the value before the impeller [5]. Thus, all
that we know about the velocity in the outlet plane is that it will be some-
where between cOa and c3a. Therefore, the outlet loss is pessimistically deter-
mined to be at e3a in this way setting an upper limit to the actual loss.

The determination of the velocity distribution in the outlet plane can be
made more exact, both theoretically and experimentally. This work is included
in the author’s programme. Its result will readily fit into this paper, only the
parameters of the final general loss curves will have to be corrected.

1. Assumption of the distribution of circulation

The relationships in dimensioning at r mcu”= const are only briefly
treated to such depth as make it possible to judge what distribution of the
circulation should be assumed on the basis of the starting parameters.

Accordingly, the differential equation describing the correlation of the
axial velocity behind the impeller and the total head rise, with dimensionless
quantities (provided that the characteristics before the impeller and the losses
in the fan along the radius are constant and there is no pre-swirl) [4] will be:

1 Ath(fl) 1 d fth(R)
2R1 dR )

In the solution two auxiliary conditions, namely, continuity

— | — Cq>,(R)BdR, (2)
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and the relationship for the average head coefficient

Vith Vth{R)<PAR )RdR (3)
(L —v2y(s: f

must be taken into consideration. It is expedient to assume ¢>th{R) as the form
of a power function

Vth(-R)  Vthw Ron (4)

\

where the selection of the power n is of the greatest interest. For this purpose,
that approximative solution of the system of equations (1) —(3) at (4) is used
[6], in which the axial velocity is assumed to he the linear function of the ra-
dius.

The same assumption is made when the losses are calculated. We shall
revert to this error later.

Let, therefore,

<R)=rx (5)

he where m from (2) is

while g(v) expresses the degree to which the axial velocity at the hub diminishes
in relation to the average. If this is as was prescribed, from the approximative
solution of equation (1) according to [6] = Q/Ft * ut can be derived in the
following way:

f= (1- > 6

Here F~) = —m(l —v), F2v)= [2—m(l + The expression
<pl(I) — cpl(v) is obtained after the substitution of the relationship (4) by the
integration of (1). Thus,

V =f[v,n,xpth(v),q{v)], (6a)
and provided that also the correlation of ~th(t) and ythis expressed from (3),
making use of (4) and (5)

1- \2+n 1—\v3+n mq(v
with 2 i+ o) q(v)
Wth{v) ni —») 2+ n 1—mv 3+ n 1—mv

(3a)
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on the basis of the starting parameters we shall be able to judge when and
what power has to be assumed and as a result what will be the value of g(v).

Figs 1 through 4 show the variation of function (6) along v at different
values of n and at the parameters q(v) and VMht)- The former was selected to
be —0,2...—0,6 (viz. c3a(r) decreases to 80...40 per cent of the average)
while the latter was assumed according to the relationship

ytb{v) = ythl ,2= 0,7 « \2

This may be regarded as a frequent average in free blow-out machines
in which Ijt ma = 0,5>0,8.

The figures indicate that a total head rise along the radius strongly de-
viating from the constant must not be assumed unless the flow coefficients
are very great. The lower limit of applicability is @ 0,15, while for the cor-
relation of qpand n, the following values may give a directive:

n 0,5 0,75 1,0 2,0
tp >0,15 >0,20 >0,25 >0,40

W ithin these values smaller q(v) is associated with smaller s (the effect

of the parameter ipth{v) is similar).

The error due to the linear approximation consists of a slightly greater
reduction of the axial velocity at the hub than was expected and calculated
from Figs 1—4, in coordinating the starting parameters (Fig. 10). However,

Fig. 1
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Fig. 2

the parameter g(v) corresponding to the approximation, should be retained
even in the knowledge of the exact solution, since it will help in the coordina-
tion of the results obtained now, and in the calculation of the loss.

When determining the losses, on the other hand, and wherever (p3R)
appears under an integral, the error caused by linear approximation is negligi-
ble, since ¥8yn(R) was ‘a priori’ obtained in compliance with an integral cri-
terion.
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2. Diminution of the hub

To establish the degree to which the diameter could be diminished, first
the boundary conditions best suited to our purposes should be determined.

The most frequently used assumption in literature, particularly in the
optimization of axial fans [2, 3] is the Strscheletzky swirl-core criterion. How-
ever, apart from small flow coefficients, it involves a high I/t «c1 and a cor-
respondingly large number of blades, furthermore the requirement of the
compatibility of isolated aerofoils and the cascade characteristics. It seems,
therefore, more rational to prescribe the coefficient I/t o which also reflects
the constructional criteria. And since this coefficient is difficult to handle be-
cause it partly depends on the flow coefficients, we shall use the local head,
instead. There is no need to determine numerical values. Only the identity of
the values ythi(r) = y>th{v)Iv2 and i/i * A must be ensured in cases 1 and 2
mentioned in the Introduction.

Making use of (3a), the equation ipthh{vi) = ~th, (vi) may be written down
in the form of y>thjvi = VthjR(v2)v2i whence the degree of diameter reduction

(?)
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can be determined. If, however, — ythd then

v Y X). (7a)
Figure 5 illustrates this latter ratio with different power ra in function
of vatq(vd = —0,4 (vlv2is little dependent on g(v2)). We have indicated the
curves Vv-yjv2 pertaining to vli= const as well. To what v2 the diameter ratio
vl can be diminished in the knowledge of re, is determined by the intersection
of the two corresponding curves (for instance if e= 1,5 than to jq= 0,6,
v2= 0,3 will pertain).
Naturally, this will satisfy the approximate equality

(It »c)+« {I/t mcL)2

only. If in any given case exact equality is aimed at, ig/r2may slightly deviate
from the value given in equation (7). For example, ifq(v2) = —0,4 then below

————— M wy, orst
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v2~ 0,3, while if q(v2 = —0,2 then below v2~ 0,4 the reduction of the hub-
diameter may be greater.

In what follows a case will be examined where ythl ]> yth2 Here the hub
can be reduced to a higher degree than in (7a). The case may he so interpreted
that at corresponding to the ratio of

vWVthi,

a smaller ig can be changed to v2on the basis of Figures 5 and (7a).
Comparing these results with Figures 1—4 it will be apparent that in
the case of » 0,2, v can be diminished to a degree so much greater than the
increase of the flow coefficient.
3. Losses and efficiency
Figure 6 illustrates a free blow-out machine. We wish to establish the

total head rise which the fan must produce to overcome the resistance Ap'
of the system, respectively, the magnitude of Ap’ at a given power.

Fig. 6

Between the places a and 3 a Bernoulli equation is written:

Pa= p3(r)+ Y 4a (r)+ y clur) - Apth(r) + Ap'LO 3+ Ap'

where Op£0-3 designates the average loss between 0 and 3.
The static pressure p3(r) is obtained by the integration of the relevant
Euler equation:

PA4 = Pa

bearing in mind that p3(rT) = pa an<i hence

[/*th(r) — Ap'  Ap'Lo 3+ v c3a(r) + (8)
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Since Ap' can be expressed here with another Bernoulli equation (Fig. 6),
respectively, from (8), the definition of the static head rise is as follows:

Np'= Pa—Po- —4 = Pc- Pot= Apst(rT). 9)

Accordingly, Apst(rr) should be regarded as being useful and the effi-
ciency will be

Vst = Aps,(rT)IAptb.

The average head rise Zlpth can be determined on the basis of the rela-

tionship

2T 17
—J I Apth{r)c3&{r) rdr
ra

4Pth =
from (8):

An T
4°th = APs)Jt) + "P10o-3 c3a(r)rdr

reT *qb
4 u(r) - 2Jr c3a(r)rdr .
r r

la

Rendering the equation dimensionless with gj2 ¢ut, introducing the
quantities

P= QIFTUT»<EX= caluTi ®8= c3aluT,R = rIrT,v= rHIrT

and considering that in conformity with the Euler turbine equation yth =
— 2Rcsd/ut, for the average head we arrive at the relationship

22 £1°93(R)

Vth — Vsi(l) + wio—3 + RdR +
- vT 1, P+
£ v Lowt® 5, 11 vind) gge SR Ry, (10)
21 - wi.(rR2 A R'3  wh ®

Here the second member includes those losses which are comprised in the
hydraulic efficiency

Vh= 1- V=>io-alvVth

while the rest represent the outlet losses. The first part corresponds to the
average dynamic pressure calculated with c3a, the second is the loss due to
swirl, igs. Apparently, since the pressure p3is not compensated within the sys-

Acta Technica Academiae Scientiarum Hungaricae 79, 1974



IMPROVEMENT OF THE EFFICIENCY OF AXIAL FANS 125

tem, the latter is smaller by the second member in the brackets than would he
in a fan working in a tube.

Accordingly, introducing r]h, y=d and g, (10) can be written down in the
following form:

(10a)
where

(11

12

This proves that the values depend solely on the diameter ratio and the dis-
tribution yth(R) (these two characteristics and (p, namely, through the equa-
tions (1) —(3), determine the gB(R) also).
From equation (10a) both the static efficiency
P in

Vst =V h _ Vith
Wth .. \Wth

> (13)
and the head coefficient
Iwd

1Vs
Vh~ 14*- 4 |’ +V>St(1)
u?2 i Vth (14)

Vth.

can be expressed (with the latter only the negative sign has meaning).

The examinations were subsequently performed for the two cases already
mentioned:

1. At given efficiency (Q, Apthi Vh and q being known), given r. p. m.
and given diameter we seek the attainable Apst(rf) = Ap’ value, viz. the op-
timum efficiency according to (13):

2. the system (p, Q, Ap') as well as n, Dt are given and we seek the lowest
efficiency. In this case yth is calculated from (14) whereby r]st = ifist(I)/Ath-

3.1. Efficiency at a given power

Equation [13] which is suitable for the calculation of t]st, after the ex-
pression [15] has been substituted into it, may be regarded as being the basic
equation of the Marcinowski optimization, generalized for variable circulation.
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Due to several reasons, however, we do not wish to indicate a solution, like
the one known from the literature for the case if r e cu = constant:

Since y>th(R) may vary within wide limits, the number of parameters is
greater, and their correlations and effects should be considered through the
equations (1)—(3);

the selection of the boundary conditions for the hub and the profile drag
to lift ratio are uncertain;

the process cannot influence the attainable absolute efficiency optimum,
since it is obtained with so small ¢ (0,14-0,13, [3]) that a condition o i A

constant cannot even be assumed.

W hat is concerned, thus, is that at given @ > qopt we attempt to
increase the efficiency tjstl at r ecu= const and jg. This can be judged by
the illustration of the coefficients (11) and (12) as a function of v.

Applying variable circulation and reducing iq to v2, the efficiency can
surely be increased provided that

(Vd<P2)2 < WHI<P)i = 1/1 — W2
and

Wslvth)2 < iv'slffh)i = i/4

(assuming for the time being that = 2.

To examine the coefficients, let us substitute the relationships (4) and
(5) into (11) and (12). They permit integration in the closed form and we may
illustrate (pdgR) respectively making use of (3a) (myg/yth) as a function of the
diameter ratio, with the parameters n and q(v) (Figs 7 and 8). The coordination
of n and g(v) and the starting data takes place in the manner as outlined in
Chapter 1.

As the Figures show, due to the effect of variable circulation, with the
same diameter ratio, the portion of the outlet loss caused by the axial velocity
will increase, while the portion caused by the peripheral component will di-
minish.

Since from the two kinds of losses y)d is considerably greater ((xp'd/q?)
A>{y>sfy>th)) and since in general ¢=)> xp?, and ipsis always favourable, it may he
said that to assume xpth(R) const is only reasonable then if it helps to dimin-
ish w.

It will become clear from Figure 7 that the value V2 pertaining to any
jq at which the losses xpd are equal, is easy to determine. Thus, with the param -
eter q(v) the curves Jg/Fj can also be plotted in Fig. 5.

If, with interrelated n and q(v), the curve jg/v2goes higher than ig/Vj, the
efficiency can be improved. To what degree that can be calculated from the
drop in the coefficients (11) and (12) can be judged from Figs 7 and 8.
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Fig. 5 shows that a small |q(v) | is favourable. Considerably higher effi-
ciency can be attained if circulation is strongly variable but the axial velocity
distribution is only slightly distorted. This occurs at high flow coefficients.

Those values of q(v) on the other hand which pertain to the individual
powers at which 7jst may still be increased (Fig. 5) in the cases of

=]
1

0,5 qv)  —0.3
n= 075 q(v) > —0,5

respectively n > L 00 may beeven—0,6 (of course,the permissible value of
g(v) also depends on some other considerations).

3.2. The power required in a given system

Although the case dealt with in the foregoing ensures easier survey,
in design work this formulation is generally used.

If the best solution is obtainable at y>th(R) = const, fixing jq, can
be determined without any difficulty from equation (14), (obviously with
increasing vthe load on the blade at the hub cannot be reduced in every case
since with increasing {>é/(p2) fthi too, will increase).

If we use variable circulation but do not compare cases 1 and 2, the fol-
lowing procedure is carried out:

a) From Figs 1—4 we determine what n may be assumed and approx-
imately what gfv) it will yield.

b) From Figs 7 and 8 we read the coefficients pertaining to various diam-
eter ratios, and estimate ?)..

c) On the basis of (14) we determine yjthin the function of vthen establish
the final hub dimensions.

d) We resolve the system equations (1)—(3) (this will require iteration)
and check upon (11) and (12). Should they appreciably deviate from the values
assumed in b), the procedure must be repeated all over again.

The method, accordingly, is more general than had been aimed at in the
Introduction, and applicable even without the comparison. If ig = v2and we
aim at reducing (I/t « ci)hub (this would naturally go with a drop in efficiency).
In another case vimight be greater than v2 and (I/t « ci)hubl (f/t ' cl.)hub2 etc.

If we are also interested in the degree of efficiency increase, calculation
will take place in the following sequence (see the numerical example):

a) The value of vl and ¥hl is determined = const).

b) In possession of the values, substituting (14) v2is established from (7).
Since R as well as (i/g/:2)2 and {p'Xpth)2depend on v2, either iteration is necessary
or the determination of the function iq = /(v2) from (7) in such a way that the
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function’s point of intersection with the known straight line = const will
yield the value sought for.
c) Otherwise the calculation process is the same as described in the pre-

vious paragraph.

3.3. The hydraulic efficiency

So far we disregarded the examination of 77, and assumed that = rh2
The question arises whether this assumption was erroneous.

The quantity includes four types of loss: frictional, secondary, annulus
and tip- clearance loss. The first two, sometimes even the third, are considered
with a drag coefficient.

If in the calculation of the blading the same profile and the same points
are selected in cases 1 and 2, the factors of the frictional and secondary losses
will be identical and the coefficient for the other two losses may also be regarded
to be nearly unchanged.

In this way, without determining the numerical values, we may safely
assume that the resultant profile- drag- to- lift ratio characterizing the said
losses (together with the x factor) will be identical in both cases.

If so, the average loss Ylo—s [4] "will be

fffp fl RdR
Wio-3 = .
J,t sin3
This, making use of the basic equation Ijt«Q and the expression of
sin ,furthermore, with dimensionless quantities, can be written down in the
following form:

1 Vtii(R
Vio-3 = — — (R)Wth(R) <PosR ) + R R) 4qr.
PJ v X 4 R

Here
e = HcDjclL, x = sin {#,, + 0)jsinfee cos d.

If ejx(R) = constant, the hydraulic efficiency can be expressed by the
following term:

A U AR)"‘ 1 Wth{R)\ZldR
P XJV wth L 4 R \]
subsequently, with slight transformations:
-
. T
nh= 18 krp+ k23  + Ki @ (15)
x @ ox VAR
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where kx...ki represent the generalizations of the Marcinowsky constants [2],

These, like (11) and (12), can be determined and illustrated as a function
of v. Since, in either case cp, yth are identical and (s/x)1 «=* (e/>r)2 the trend of
rih is determined by the coefficients k. These are shown in Figur 9 at yth(RB) =
= const, further at n = 1, gq(v) = —0,4. It is obvious that the value of k2,

which plays the most important role, remains nearly unchanged and only fc3
from the remaining part changes in an unfavourable manner.

Fig. 9

Thus due to the diameter reduction,»)/, increases mostly to a slight degree
only, and assuming W, to he constant, causes no error, whatsoever.

On the basis of equation (15) we may also establish that since  depends
on yth (10a) and (15) should be solved together, or else iteration should be
applied. As, however, this dependence is rather loose and since w, can be cal-
culated with a fair approximation right at the outset, neither has been done.
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4. Numerical example

Let the design data (p= 0,279, yst(l) = 0,090 be given as the dimen-
sionless characteristics of a Nordisk- type wall- mounted fan [7], and let us
look into the matter according to 111.2. and see what efficiency increase can be
attained by the application of variable circulation.

With this end in view, let us first estimate 'y, mpn = wr — 0,9 and solve equation (14)
at various diameter ratios. In the examples where (1) is given, (i/t «Q)hub f(I) has a
minimum (see [14]), and obviously, for a boundary condition the smallest (i/t « cl)au6 value is
chosen. This is obtained at v1— 0,6 when

¥thi = 0,3429, = 0,2620
Vthh(vi) = 0,9524 (ilt * cL)l = 0,8650

Subsequently, a variable circulation characterized by the n = 1 power is assumed to
which, on the basis of Fig. 3 — considering that to

VtinWw > O7ri —agr2) —05

will pertain, then reading the values of (3a), (11), (12) from Figs 5, 7 and 8 at v2= 0,3; 0,35
0,40, and using (14) in the manner outlined 3.2. —v2may be determined as rA=[0,33. The further

characteristics are tilaS
W W i= 148, (Vs/V'ihb = 0,165
B(vd = 2,31, y th2 = 0,2377
VsU = 0,3779
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In possession of g5 yth2>vi with the values q(v2), R(vd as the Oth approximation, the
system of equations (1)—(3) can be solved.

The exact and linear distribution $8R) obtained as a result, is illustrated in Fig. 10.

With the exact solution from (11), (12), (3), the following values are obtained:

(Vi<Ph = 1,4776, (yilvfhh = 0,1765
B(v2) = 2,3320.

These are used to determine ~th2

¥tha= 0,2400
while the efficiency
VsU = 0,3769.

The agreement with the starting data is so good that there is no need to repeat the cal-
culations.

The method in this case has made it possibe to increase the static efficiency by more
than 11 per cent.

REFERENCES

1. Hausenbras: Vergleich der verschiedenen Grenzbedingungen fiir den Innendurchmesser
von Axialgeblasen. Heizung, Luftung, Haustechnik 24 (1963), No. 5.

2. Makcinowski, H.: Optimalproblem bei Axialventilatoren. Voith Forschung und Konstruk-
tion. (1959) Heft 5.

3. Protic, Z: Reitrag zur optimalen Auslegung freiausblasender, leitradloser Axialventilatoren.
Doctor’s Thesis. Berlin 1961.

. Somiyosdy, L.. Axialventillatorok tervezése és jelleggdrbeszamitasa (Design of Axial Fans
and Calculation of Characteristic Curves). Doctor’s thesis, Budapest 1971.

5. Ruden, P.: Untersuchungen Uber einstufige Axialgeblase. Luftfahrt-Forschung 14 (1937).

.Somiyesdy, L.. Wirkung der Drallverteilung auf die KenngréBen von Axialventilatoren.
Per. Polytechnica 15 (1971), No. 3.

7. Nordisk Catalog, 1970, No. 16.

N

(o2}

Verbesserung des Wirkungsgrades von frei ausblasenden Axialliiftern durch veréander-
liche Zirkulation. Die Verwendung von veranderlicher Zirkulation bei gegebener Geometrie
hat eine zweifache Wirkung: a) wegen der Verzerrung der axialen Geschwindigkeit erhéht
sich der Austrittsverlust; b) die Belastung der Schaufelquerschnitte am SchaufelfuR sinkt.
Letzteres ermdglicht eine kleinere Nabenabmessung. Wenn die Nabe starker verkleinert wer-
den kann, als es die Kompensation der Verluststeigerung nach a) erfordert, so kann der sta-
tische Wirkungsgrad bedeutend erhéht werden. In der Arbeit wird diese Aufgabe durch die
far veranderliche Zirkulation verallgemeinerte Optimierungsgleichung von frei ausblasenden,
leitschaufellosen Axialventilatoren, sowie durch Berechnung der erzielbaren Nabenverkleine-
rung gelost.

[oBbllIEHNE KN4 aKChuanbHbIX BEHTUNATOPOB CO CBO6OAHbIM cayBoM nNpuUMeEHEHNEM
nepeMeHHol Unpkynsaumn. FNpPUMEHEHWe MEPEMEHHOW LUMPKYNAUMKM NpW [aHHOW reoMeTpum
[aeT ABOSIKWIA ahPeKT: a. BCNEACTBME UCKAXKEHUSI aKCUaNlbHOW CKOpOCTW BO3pacTatoT MoTepu
BbIXOfja; 6. NajaeT HarpysKka cedeHnii NONATOK y OCHOBaHWUA. BCreACTBME Yero CTaHOBMTCA BO3-
MOXHbIM GpaTb MeHbLUMIA pa3Mep CTynuLbl. Ec/im pasmep CTYNWLpbl MOXHO YMEHbBLLUTbL B 3HAUM-
TeNbHO Mepe, YeM 3TO Heo6XOMMO A1 KOMMeHCalM pocTa MoTeps M0 MYyHKTY a., Torja B
3HauUTe/IbHON Mepe MOXHO YBENMUUTL CTaTMYeCKWii Kngd. B aaHHOW pa6oTe 3agavy peLuaroT ¢
MOMOLLbHO YPaBHEHWS!, 0GOGLLEHHOTO A5 CNyYas C NEPEMEHHON LIMPKyNsuueli 3a4a4m onTuMyma
aKCUa/IbHbIX BEHTUNATOPOB CO CBOGOAHBIM CLYBOM U 6€3 HanpaBAsitoLLnX, fa/ee C OnpefenieHem
JOCTKUMOTO YMEHbLUEHUS pasMepa CTYMuLbl.
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CRITICAL SUMMARY OF THE DESIGN
METHODS OF FORM-INDEPENDENT THIN
TRIPLET SYSTEMS

P. KALLO*

[Manuscript received January 18, 1974]

Following a critical review of the known methods used for the data determination
of triplet- form independent thin systems, a new simple algorithm readily adaptable
for computerization is described for the focal length and other data of the components,
as well as their relations. The correctness and systemization plus detection capacity
of the new algorithm is evidenced first by already analyzing well-known triplets. There-
after the applicability of the new algorithm will be proved by a numerical example,
with reference to the possibilities of generalization and further fields of application.

1. Introduction

Jozsef Petzvar and Harold Denis Tayior, in the late 19th century,
were the first to create objectives on the basis of deliberate calculations. Al-
though Petzvan’s objective was designed earlier, Taytor’s construction had
a wider concept and was far more suitable for generalization.

Taytor patented his triplet about 80 years ago and, because of its sim-
plicity and diversity, many of its analysis alternatives are widely known by
now. However, the triplet theory can still not be regarded as settled. This can
be well illustrated by the critical review of some well-known methods used for
the determination of the data of the form-independent thin systems of triplets,
and by describing a new technique.

2. Critical review of some known methods

The “uniformized” symbols hence used for the form-independent thin
systems of triplets are summarized in Table I, while the structure of the meth-

ods studied [1—7], each, are presented in Table 11, including the characteristics
of the new procedure suggested by us in the last column. In a manner justified
by the modest extent corresponding to the topic, Table Il does not aim at

completeness but rather at a concise, rapid, high-quality survey.

*Dr. P. kanis, Kapy u. 26/b, 1025 Budapest, Hungary.
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Table |

“Standardized” symbols of the form-independent thin system of a triplet

For the Lenses (Components)

Focal distance N = é a= 3
Refractive index ni Y ns
Abbe number WX V, v3
Thermo-optical coefficient Qi <D Q3
Height of incident marginal ray t v ! A
Distance of object and image
Distance of aperture stop from the middle
lens * E
Air spaces
Height of incident central ray
>
For the Entire Triplet
Overall length
Focal distance NF-mmmmmmmmmmeoe e
Field angle 2&i
Relative aperture “~geometrical: ?A! _ OlR; b
Petzval curvature AP’
Sum of powers: ( + (P2 + (B )
Aperture stop parameter X
(Form-independent condition of) distortion AY
Longitudinal color aberration As'
Transversal color aberration AY'
Equivalent Abbe number Y
Longitudinal thermo-optical aberration AQ'

In our opinion, instead of the often lengthy derivations and the hetero-
geneity of unjustified or questionable assumptions and indications, the struc-
ture of Table Il illustrates the objectives (4 in Table 11) and mentality (1, 2
and 3 in Table Il) of authors [1—7 and 16] in a sufficiently complete manner.

Based on the correlations of the data in Table Il (hence only the serial
number of the Table and its relevant points will be referred to), as well as in
our own opinion, the following statements may be made:
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Table Il

Construction of the known methods we have studied, suitable for the determination of the thin system of triplets

Cerisiics. objectves Related to Rotion. parameter. Berek [1] K"E']h(’f Flugge [3] Arge[?l]“e" May 51 TS Votosov [7] Kalls [16]
data, etc [q
1. Left-side of the condition 1. The whole i- /" X X X X X X X X
equations triplet 2 AP N N « « « « « 0
3. As’ X X X X X 0
4, AY' X X X X 0
5. zZIT X X X X X 0
6. Ag X 0)
I.L, (e, €2 X X X X° X
8. (0] X 0
2 L 1- M*j?> X
2. L (~2R0) X X
Thterigvlgg ° i ® ) ) 0
5. AP’ X X 0
6. \Y X X (X) 0
Considered as given 2 1 y» (B x 0
(value “assumed”) 2 toitnz

pJtp x X 0
3. h2hl X° X 0
4. hjh1 X 0
The lenses 5. K x, “x” X» X X “x” “x” X 0
6. b2 X 0
7. Vit X« 0
8. VJIV3 <) 0
3. 2 1. nt X X X X X X X 0
2. n2 X X X X X X X 0
3. n3 X X X X X X X 0
Select_ed as material The lenses 4, \Y/| 0 X X X (x) 0 0
optical glass types 5 V2 0 N N “ 0 0
6. V3 0 X X X 0 0
oG x ©
8. Q2 x (0)
9 <3 X (9
4. 2. le /i fai) X X X X° X xe
2- /. @ X x° X X X X X X
3- fv (iPi) X X° X X X X X»
4, ex X X X X X X X X
Determined The lenses 5 e2 X X X x x x X x
6 li2 X X X X X
7. h3 X X X X X X
8. V2 X 0 x 0 0

9 X X 0

Note
x° employed as a parameter
its consideration is not regarded as (absolutely) necessary
0 its assumption or determination is omitted on the basis of the arguments offered
“x” position of the aperture stop is considered as coincident to that of the central lens
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Kirchhof [2] and Frugge [3] start out from an insufficient number of
condition equations (2—11), and consider the stop parameter a (2—2.2.5)
as an independent variable; they assume a relatively high number of data on
the components, and regard the determination of the form-independent thin
system data as nothing but an indispensable starting point [2, 3] for bending
the thin system. Ma1V, on the other hand [5], starts from a greater number
of condition equations, assuming two data on the components (2—2.2.2 and
2—2.2.5), and his method has the powerful advantage of nomograms easy to
survey and handle (Leeuwen published [17] a similar graphic method some-
what different, however, in its beginning). The algebraic methods selected by
Berek [1] and Argentieri [4] are built on 6 and 5 condition equations, re-
spectively, and may be considered as exact only by assuming several data in
advance.

Among the methods we have studied, that by Volosov [7] seems to be
the most complete and circumspect one. Its exactness, however, is due to
selecting 3 refractive indices in advance (2—3.2.1...3.2.3) and its adherence,
in a traditional or not sufficiently justified manner, to the stop parameter im-
possible to predetermine (2—2.2.5). The serious drawback of the method sug-
gested by Volosov is that the focal length (2—4.2.1. ..4.2.3) and air space
(2—4.2.4, 2—4.2.5) values are given as the final results of rather long calcula-
tions and, if for some reason or other, a modification is needed, the entire cal-
culation must be repeated several times by successive approximations until
the required result is achieved.

Our idea, as far as its final result and not its start is concerned, is best
approximated by the method of Haviicek who, without derivation and by
assuming 3= ogH (2—2.2.2), ex= ad, and/or e2= d, has published [6] the
following relation (2—4.2.2):

1 —<PAL + «) + <xdyf(l + a)
1 — ad<pl(2 — adijpx)

Eq. (1), even without the starting points required for the selection of the a
and d values, is rather simple and can readily be manipulated from practical
design purposes, and may be advantageously employed for the determination
of the relations of fundamental data (¢ry, 2 <8 and el5 e2).

Based on the structural correlations of the data set in Table Il as well
as on the above considerations, the following conclusions may be arrived at
on methods [1—7].

Determination ofthe thin system data oftriplets in all the hitherto known
versions including our own has been an underdefined problem (the number of
unknowns exceeds that of the condition equations). The difference between
two methods depends, in each case, on the way the author has attempted to
resolve the above contradiction, whereto the following possibilities exist:
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(1) Expression of further condition equations with questionable justifica-
tion and accuracy (e.g. 2—1.1.6 [7], 2—1.1.8 [5], 2—1.1.5 [1], [4—T7]).

(2) Assumption of data with a limited validity for the entire thin system
of the triplet and with no starting point for the predetermination of the size
involved (e.g. 2—2.1.4 [5], 2—2.1.5 [3], [6], 2—2.1.6 [3], [4], etc.), or those
applying to the individual components (arbitrary, or the most likely successful
one since it is supported by extensive design experiences), like 2—2.2.1 [2],
2—2.2.2 [5], [6], 2—2.2.5 [1-7], etc.

(3) In the case of suitable selection possibilities, the application of a
parameter type expression permitting a satisfactory survey (data indicated by
x° in Table I1).

(4) Graphic illustration (similar to the above paragraph), or the use of
nomograms [2], [5], [17].

3. Description of a new method

In the following paragraphs an attempt will be made to define and solve
the problem of how to determine the form-independent thin- system data of a
triplet according to our interpretation.

3.1. As for the definition:

3.1.1 To begin with, data applying only to the entire thin system of the
triplet or derived therefrom (/°,L, 1:®ga, s’3) may be given or assumed.

3.1.2 As for a primary aim, “it is always expedient to select the range
of solutions in the vicinity of the minimum objective length and the maxi-
mum focal distance of the components . . ., since these are the most efficient
parameters that critically govern the possibilities of balancing the individual
aberrations” [7].

3.2. As for the solution:

3.2.1 Exposition method: instead of the algebraic solution of the equa-

tion systems often expressed “artificially” in an exact form (see 1 and 2 at the
end of the previous Para), which occasionally leads to irrealistic results [4],
rather the parametric form far more suitable for characterizing the properties
of underdefined problems is chosen. In this case, when assessing the set of so-
lutions, it will be possible to selectin advance,then make our choice from among
the optimum solution alternatives not distorted or constricted by any pre-
supposed conditions or data, according to several aspects (such as those under
3.1.2, limitations of the available glass stock, etc.).
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3.2.2 Due to their speed, computers widely employed nowadays
in the practice of optical design will be the means of solution, excellently suit-
able for selection as well (see 3.2.1).

3.3. The algorithm of the method suggested

Starting from the data in the last column of Table Il, and by using the
condition equations of abuild-up indicated there, the following new algorithm
was obtained [16]:

LM (L -JT1X/3 - s3)+ s'/3
/2 = 2)
[/r(/3-*3)-/3]2

which satisfies all the requirements and expectations specified earlier.

4. Summary of the experiences collected by using
the new algorithm

Correctness of the new algorithm, in the case of triplets of different L,
S3; fx, f3 data, will be evidenced now by numerical examples. Investigations
have been conducted within the ranges

L = 0,15...1,00 - 0,30...0,90

n

3 = 0,50...1,20 3= °°..090

by selecting sufficiently small steps. Because of the great amount of calcula-
tions, acomputer was employed. Table Il presents the “superimposed X-ray
pattern” ofthe/2values depending on the size of the focal distancesand/3,
pertaining to the L and sj values given in advance, as well as the data of the
triplets obtained from the sources indicated. Regardless of the fact that each
point of the graph in Table Il was determined with the different L and S3,
taking values shown in the lower part of the Table into account, the set of
the If 21values obtained by assuming any L and s3will always show the same
main characteristic, that is, a monotonously increasing trend towards the
right-side lower corner, together with the /3 and f3 values. This has inspired
the somewhat arbitrary categorization in Table 11l and the recognition that,
according to the objectives under 3.1.2 (in the case of given L and Ss), the solu-
tions considered as optimum must be located within the right-side lower domain
(“excellent”) of the field of Table III.

From among the optimum focal length triads of a value specified by the
overall length L and the last sectional distance sj a solution is then selected
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Table 11

Location of the (“0™) triplets known from literature and patents, and of the
calculated by means of the new algorithm on the basis of L —0,29, S3= 0,84, and /i1= 0,17,
in the/j & f3field

No

© N o o B~ w NP

10
11
12
13
14
15
16
17

Designer

Richter R.
Maly M.
Tronnier, A. W.
Kalte, P.
Flugge, J.
Havlisek, F. J.
Havlicek, F. J.

Argentieri, D.

Argentieri, D.

Argentieri, D.

Hudson, L. et. al.
Lee, H. W.
Brendel, T.
Sandback, |. C

W armisHam, A.
Havlicek, F. J.
Litten, W. et. al.

(91,

(8],

(61,
(4],

Source

E. P. 364994
[5]
USA, 1,987,878
[12]
[3]
[6]
(Tessar!)
. Numerical

exampl.

(4],
(4],
8],
(31,
8],
8],
8],

8],

Acta Technica Academiae Scientiarum

I1. Numerical ex.

IV. Numerical ex.

USA, 2,818,777
Brit. P., 155640
USA, 2,731,884
USA, 2,720,816
USA, 2,270,234

[6]
USA, 2,503,751

Hungaricae 79, 1974

2,8

2,8
2,3
2,3

48
45

48

50
50

40
43
40
34
34
42
30

0,184
0,200
0,180
0,220
0,240
0,230
0,264

0,269
0,280
0,278
0,289
0,281
0,298
0,363
0,360
0,500
0,506

0,820
0,836
0,900
0,880
0,860
0,890
0,810

0,900
0,900
0,780
0,840
0,850
0,820
0,667
0,740
0,680
0,782

triplets

-0,290
-0,280
—0,300
-0,350
-0,334
-0,362
—0,322

-0,352
-0,296
-0,297
-0,339
-0,348
-0,355
-0,347
-0,287
-0,466
-0,400
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(on the basis of the almost identical components relative apertures, restrictions
set by the data ofthe glass stock available, aperture- stop- positioning possibili-
ties, etc.) which, subsequently, may be regarded as a starting point for the
next design phases. Execution is by means of the following relations, with
hy= /'/2d p, that can be readily calculated if the relative aperture of the
triplet that had been given, was taken into consideration [16]:

N

8
=t . " 3)
e2= L — ey, 4)
h2= ~r(fi-ei)’ (5)

J1

h 2S3 (6)

3 s3+ L(f3 B3)/3"

5. Numerical example
Variants 11, 12 and 13 in Table |11 are characterized by almost identical

L and S3data. Let us now examine this case by using the new method described
above. Let us consider the following data as given:

L= 0,29 $3= 084 (1 :Ps « 1:3) hy= 0,17. @)

Since, as was verified above, nothing but the data of the *“excellent”
category thin systems deserve determination, algorithm (2) was applied only
to the 0,6...0,9 values offyand f3 (with 0,05 steps). The other data of thin
triplets conforming to the requirements indicated by (7) were determined by
making use of relations (3.. .6). For the sake of careful selection, the relative
apertures of the individual components as related to the marginal rays ®aw
PA2 Pas have also been calculated. Table IV presents the data of the apparent-
ly “most optimum?” alternatives.

In order to attempt completeness, although neglecting further calcula-
tions, Table V presents the constructional data and residual aberrations of a
triplet, designed by using the data of version No VI in Table IV. The relative
aperture could be improved to 1:2,6 during correction. (It will have to be
noted here that a precondition of realizing the triplets listed in the second part
of Table IV is to produce new optic materials with much better material con-
stants than those displayed at present.) Finally, it should be mentioned that,
by using algorithm (2) in extreme cases, the results obtained were still more
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Characteristics of the form-independent system of certain triplets calculated from L =
0,84, hx= 0,17, by using the new algorithm

L = 0,290, £ = 0,840, hx= 0,170

Vil
VI
IX

X1
X1l
X1
X1V
XV

11
12
13

fl

0,600
0,650
0,700
0,700
0,700
0,750
0,750
0,750
0,800
0,800
0,850
0,850
0,900
0,900
0,900

0,626
0,614
0,637

f, 3 «1 h2 «
-0,431 0,700 0,117 0,137 0,173 +0,043
0,434 0,650 0,134 0,136 0,156 + 0,028
-0,360 0,500 0,169 0,129 0,121 0,000
-0,497 0,700 0,134 0,138 0,156 0,026
0626 0,900 0,03 0,245 0,187 +0,051
-0,417 0,550 0,168 0,132 0,122 0,000
0565 0,750 0,134 0,240 0,156 +0,024
0,673 0900 0,111 0,245 0,179 +0,043
0520 0650 0,159 0,136 0,131  +0,029
—0680 085 0,127 0,143 0,163 +0,029
-0,591 0,700 0,158 0,138 0,132 0,000
-0,767 0,900 0,127 0,145 0,163 + 0,027
-0,526 0,600 0,183 0,136 0,107 -0,019
-0,670 0,750 0,158 0,140 0,132 0,000
-0,814 0900 0135 0,145 0,155 + 0,020
Relevant data of the thin triplets in Table 111 (No 11, 12, 13)
-0,339 0,510 Hudson, L. et. al
-0,348 0,535 Lee, H. w.
-0,355 0,530 Brender, T.

KALLO, P.

Table TV

1,76
191
2,06
2,06
2,06
2,21
2,21
2,21
2,35
2,35
2,50
2,50
2,65
2,65
2,65

1,74
1,86
177

BAN

1,58
161
1,40
181
2,16
1,58
2,02
2,32
191
2,38
2,14
2,65
1,95
2,39
2,82

1,21
1,34
1,36

0,29,

a3

2,45
2,27
1,75
2,45
3,15
1,92
2,62
3,15
2,27
2,97
2,45
3,15
2,10
2,62
3,15

1,70
191
1,90

favourable: a triplet of 1 : 1,9 relative aperture with a 2x20° field angle, and
a triplet of 1 :3,2 relative aperture with a field angle of 2x30° could be de-

signed.

6. Conclusions

A method entirely different from the starting points and techniques
found and reviewed in the literature has been described for designing the form-
independent thin system of triplets, whose simplicity, speed, and capacity
to detect the correlations of the complete problem scope was illustrated by a
numerical example as well. The new method is of conceptual importance, with
a validity far exceeding the triplet. By introducing and utilizing the idea of
equivalent simplet [14], it is suitable for exploiting the possibilities offered by
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Table V

Constructional data and graphs of residual aberrations of a triplet designed by starting from

tri
co
to

the form-independent thin system obtained by means of the new algorithm

nJv.
+44.,79
8,18 1,70/56,2
+255,7
6,00+4,40
—57,27
1,94 1,62/31,0
+ 51,74
8,08
+296,6 1:2,6; 2x25°
4,40 1,79/50,5
-51,85

plet modifications (Tessar, Heliar, etc.), and is of such a build-up that, ac-
rding to the most promising results of preliminary research work, it seems
he adaptable for generalization, whereby optical systems fundamentally

different from the triplets might also be studied and discussed. Last but not
least, reference should be made to our opinion that an indispensable precondi-
tion of the fully automatic design of certain optical system types is the appli-
cation of new algorithms similar to that described above, or somewhat like the

same.
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Kritische Zusammenfassung der Entwurfsmethoden des gestaltungabhdngigen dinnen
systems des Triplets. ES wird nach einem kritischen Uberblick der bekannten Verfahren zur
Ermittlung der Daten von gestaltunabhangigen dinnen System des Triplets ein neuer, flr
Rechenmaschine gut anwendbarer Algorythmus einfacher Form fiir die Zusammenhange der
Fokusabstande und sonstiger Daten der Komponenten vorgefiihrt. Der Verfasser hat sich
Uber die Richtigkeit sowie die Systematisierungs- und Erdffnungskraft des neuen Algorythmus
erstmal durch Analyse von bereits bekannten Triplets tiberzeugt. Danach wurde die Anwend-
barkeit des neuen Algorythmus auch durch ein Zahlenbeispiel bestatigt, hinweisend auf die
Moglichkeiten der Verallgemeinerung sowie der weiteren Anwendungen.

KpuTnyeckoe 060611eHMe MeTOa NPOEKTUPOBaHNA (DOPMOHE3aBUCUMOI TOHKOI CUCTEMBI
Tpunneta. [ocne KpUTUUECKOro 0630pa Hanbosee PacrpoCTPaHEHHbIX METOAOB A/l OMNpeAe/ieHus
AaHHbIX (HOPMOHE3aBMCUMON TOHKOI CUCTEMbI TPUMETa B paMKax HacTosiliero o63opa MpuBO-
ANTCS HOBbIA, MO CTPYKTYpe HECMOXHbI anropuTM, XOpoLWo Moffarowuics obpaboTke Ha
LI3BM, B 06/1aCTV KOMNOHEHTOB (DOKYCHBIX PACCTOSIHUIA U APYTWX 3aBUCUMMOCTE UX Napame-
TpoB. MpaBUMLHOCTL MPUMEHEHUS N MOLLYHOCTb CUCTEMATU3VPYHOLLErO OGHApYXEHUS [aHHOTO
HOBOrO aropuTMa MOZATBEPXAAETCA MPOBEAEHHBIM aHAIM3OM YdKe W3BECTHbIX TPUMNETOB. Mpu
3TOM BO3MOXHOCTb MPUMEHEHNA HOBOTO anropuTMa NOATBEPXKAAETCA W BBOZAOM HOBOTO HyMepi-
UecKoro mpuMepa, MMest B BUAY BO3MOXHOCTb OGOGLLEHUS U €ro falbHEMLLero npuMeHeHNs.
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LINEAR CHARACTERISTICS OF STATIONARY AND
ROTARY CASCADES UNDER THREE-DIMENSIONAL
FLOW CONDITIONS OF AN IDEAL
INCOMPRESSIBLE FLUID

J. CSEMNICZKY*
[Manuscript received 15 May, 1971]

The paper derives the linear flow properties by the fundamental kinematic re-
lations applied to the flow. Thus, it determines the relation between the parameters
of stationary and rotary cascades of the same geometry, as well as the expression of
the theoretical characteristic curve containing these parameters. By replacing the areas
in front of and behind the blading with a suitable model, these boundary conditions can
be defined for a circular symmetric plane flow. As a consequence, the correlation be-
tween the cascade parameters and the angles characteristic of the inflow and outflow,
respectively, is formally identical to that obtained for a two-dimensional flow. The two
cascade parameters pertaining to a stationary, and the three to a rotary blading are
defined by special working conditions.

Notations

V, ¢ — velocity in a stationary cascade, absolute velocity
w — relative velocity in a rotary cascade
co — angular velocity
n — normal vector of the boundary wall surface
r — locus vector
K — coefficient used in linear combinations
a, a’, y — angles in stationary systems
R — angle in a rotary system
A blading parameters
flow coefficient
N — pressure coefficient
cme v m — meridian velocity
u — peripheral velocity
u+, civ. czu  — components of peripheral velocity direction

Indices

a, b — indication of two different operational conditions
1, 2 — indication of the velocities in cross sections (1) and (2)

1. Introduction

The velocity field of an ideal incompressible fluid flowing through two-
dimensional cascades reveals certain linear characteristics when the direc-
tion of the inflow is changed. From these properties the relation between the

*Dr. J. Csemniczky, Tornavar u. 20, 1113 Budapest, Hungary
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parameters of stationary and rotary cascades, respectively, of the same geom-
etry, may be arrived at. Considering the cascade as the impeller of a turbo-
machine, the theoretical characteristic curve, too, can be determined on the
basis of the above properties. In the case of three-dimensional cascades actually
employed, the usual procedure is to regard the runner or guide wheel as con-
sisting of part channels, then to reduce the flow in these part channels to that
around a plane grid, and from the relations expressed the final results are
derived [1, 2, 3] for this configuration.

In turbomachines, the actual stream surfaces are not axisymmetric in
the case of an ideal fluid, either. The present paper proves, however, that prop-
erties similar to those in two-dimensional cases can he found for the param-
eter correlation of both stationary and rotary cascades, as well as for the
theoretical characteristic curve, without the approximations used in reducing
them to a two-dimensional case. The model is shown in Fig. 1.

©

Fig. 1. The test model

2. The test model

The reference cross sections in front of and behind the cascade (1, 2)
are congruent cylinders which, if plotted far enough from the cascade, permit
the assumption of a circular symmetric plane flow. Such a plotting of cross
section No 1 has practical advantages with respect to the subsequent investi-
gation aswellwithout, however, any limitations whatsoever, since the velocity
distribution of cross section No 1’plotted similarly far enough from the cascade,
can always be calculated from 1 on.

3. Fundamental relations

a) In the case of a flow from a stationary area, with a similarly stationary
cascade, we have
divv= 0, rotv= 0.
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W ith a rotary cascade in a system fixed to the blade
divw = 0, rotw = —2ft).

b) Along the blades and the limiting rotary surfaces the following equa-
tions are valid:
W ith a stationary cascade

nav=0
and for a rotary cascade
new=20
c) The precondition of smooth flow in leaving the blades is represented

— in the case of a sharp outlet edge, when approaching from the pressure
side, by the same finite value for the velocity at this outlet edge [1], while,
in the case ofaround-offoutlet, a zero velocity at the fixed stagnation point [6].

The above criteria, together with the velocity given forone of the ref-
erence cross sections, e.g. No 1, make the problem as being in the case of a
given geometry.

4. Linear characteristics of the velocity

a) If va(r) and vO(r) represent two different velocity fields pertaining to
the stationary blading, then the relation

v(r) = ka mvO(r) + kb Vj() (4.1)
will satisfy the conditions under (3), since

div V= ka-+div va -f- kb « divyb= 0,
rot V= ka mrot va-f- kberot \b= 0,
nev=kaen eva+ kbmn my, = 0.
A direct observation reveals the satisfaction of condition 3/c as well.

b) Ifwa(r) and w”(r)indicate the velocity fields of the rotary system per-
taining, however, to two different operational conditions, then

w(r) = ka mwa+ kb mw,,
will be, if (4-2)
ka= kb= 1
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again satisfies the conditions under 3, since
rotw — karot wa -f- kbrot W, = (ka-f kb) * (— 2co)
or, written in another form,
w(r) = wa+ kb(w, - wa)

that is, if we know at a given point the velocity vectors pertaining to the two
different operational conditions, then the velocity vector corresponding to all
the other operational conditions created as described above will be located as
shown in Fig. 2.

Fig. 2. Linear combination of the velocity vectors in a relative system

c) Similarly, it can be readily realized that if w*(r) is a velocity field of
the rotary cascade, andv*(r) isthat of the stationary cascade of the same geom-
etry, then we obtain

w(r) = w* + k\* (4.3)

to satisfy the conditions under 3.

d) If the angular velocity ofthe rotary cascade is varied, and w is changed
proportionally, then a velocity field again satisfying the conditions under 3
will be obtained:

if
CO = K mCo*
then
W = K eWw*, (4.4)
e) The above relations apply to the entire velocity field, including the

reference cross sections 1, 2 as well where, however, since a circular symmetric
plane flow is being dealt with, the linear combinations must be performed only
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for one vector. If the problem is definite, the linear combination performed, for

example, in cross section No 1 would apply to the entire velocity field, also
including cross section No 2.

5. Correlation between the inlet and outlet angles
of flow through stationary and rotary bladings

The inlet and outlet angles are interpreted for the velocity vectors in
cross sections 1 and 2.

a)

In the case of a stationary cascade:

kbMb

Fig. 3. Inlet and outlet velocities in the case of a stationaryTdading
If two special working conditions are selected with the boundary condi-
tions shown in Fig. 3, we obtain

v(r) = ka mVa+ kbmYb
[see (4.1)].

Since vli; has no component in the meridian direction, v26 can be only
in the direction shown in the figure. Thus, the following equations may be
written:

cotyx= k b -vib/vm

vm mcot y2= vm ecot yZ2a+ kbmv2h

If kbis eliminated from the equations, we shall obtain

coty2= cot 71 mvZvib + coty2a
However,
vablvlb = A = const,
coty2a= B = const, (5.1)
thus
coty2= A e cot yx-f-B. (5.2)
10
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Since initially kb and ka, just as vm were optional, the so obtained result will
apply to every and each operational condition.
b) In the case of a rotary cascade, the correlation between the angles
pertaining to the relative inlet and outlet velocities can be derived from Eq.
(4.3):
w(r) = w* 4- kx*
where the boundary condition for w* shall be wj = 0. The velocity triangles

for this case are shown in Fig. 4.

n

Fig. 4. Relative inlet and outlet velocities with a rotary blading

Thus velocity wi may have a component only in direction of u with respect to
continuity. We may write
cot Bt = cot yx

vm mcot 2= M) + vm cot y2

but yland y2are, for a stationary cascade, conjugate angles to which the fol-
lowing relation applies:

coty2— A ecot yy-f- B.
On the other hand, because of (4.4), we have

w*/u — C = const. (5.3)
In addition
which is the flow coefficient.
W ith all these taken into consideration, we obtain

cot B2= A cot B+ -j- B -f- C/q9. (5-5)

Since yx and k, as well as vm are optional, the so obtained relation is valid for
every and each working point.

Itisto be seen that the constants in (5.5) are identical to the characteris-
tics of the stationary cascade, and only Cis anew parameter, due to rotation [4].
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6. Theoretical characteristic curve

The theoretical characteristic curve means, in general, the function
ip((p) as calculated for an ideal liquid, where D is the pressure coefficient:

Y= 2(C2u — CJU)/u. (6-1)
On the basis of the velocity triangles not shown here we obtain

f<on— u vm ' cot B2
ClL— v  wvm «cot Bi%

In addition, (5.4) defining < and (5.5) describing the cot ~relations are
still valid, whereby we get,

(1—A) «cot /1 —B ——C (6.2)
n n

On the basis of the above relation and Fig. 5 it is easy to realize that the pre-
condition for the linearity of the characteristic curve is to have point P travel
along the straight line when the operational conditions change. In this case
vm. cot B1 will change in a linear manner with the variation of vm, and the
right-hand side of (6.2) will becomethe linear function of% = vm(u). The straight
line is indicated in Fig. 5 by the dash line.

Fig. 5. Variation of the operational condition in cross section No 1, in the case of a linear char-
acteristic curve

In cross section No 1 the terminals of the relative velocity vectors per-
taining to the individual operational conditions travel along a straight line.
According to (4.2) and Fig. 2 this means that the theoretical characteristic
curve will be linear if the velocity fields associated to the individual operational
conditions can be derived from those of two such different conditions by a
linear combination corresponding to the above (4.2).
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Variation of the operational conditions is characterized in this case by
the y1and u* data of Fig. 5. Accordingly,

vm COt Bl —vm cot ¥X+ u* = 1
whereby the pressure number will be
v=2[(1 —A) @1- u*u)- C]—2(f[B- (1- A)cotyj. (6.3)
In the case of a constant inflow angle we have

Y= 51 —«X u*= 0
ip= 2[1 — A —C] —24\B + (1 — A) cot aj]. (6.4)

It is to be noted here that since ip and g depend on the dimensions of the ref-
erence cross sections, to carry on our train of thoughts on the usual values,
the data ought to be converted from position No 2 to the outlet diameter and
width of the runner.

In the case of a prerotation-free flow we have

ol = jr/2;
ip= 2(1 — A — C) — 2cpB. (6.5)

W ith an infinite number of blades, on the basis of (5.5) and since the
direction of the relative outlet velocity is independent of the operational con-
ditions [3], we get

A= 0,

B = cot Bzoa

c= 0. (6.6)
Thus, in the case of a vortex-free inlet we shall have

ip= 2 —2@cot R20.
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Die linearen Eigenschaften von stationdren und rotierenden Sehaufelgittern bei drei-
dimensionaler Durchstromungen mit einer inkompressiblen Flissigkeit. Im Aufsatz werden die
linearen Eigenschaften der Stromung mit Hilfe der fir dieselbe angeschriebenen kinematischen
Grundgleichungen abgeleitet. Mit deren Hilfe wird der Zusammenhang zwischen den Para-
metern eines stationdren und eines rotierenden Schaufelgitters mit gleicher Geometrie, sowie
die Gleichung der diese Parameter enthaltenden theoretischen Charakteristik bestimmt.
Durch Ersatz des Raumes vor und nach der Beschaufelung mittels eines geeigneten Modells
kdnnen diese Randbedingungen fir eine axialsymmetrische ebene Strémung formuliert werden
und infolgedessen stimmt der Zusammenhang zwischen den die Ein- und Ausstrémung
charakterisierenden Winkeln und Gitterparametern formell mit dem fiir die zweidimensionale
Stromung erhaltenen Uberein. Spezielle Betriebszustande definieren die zur stationdren Be-
schaufelung gehdrenden zwei und die zur rotierenden Beschaufelung gehdérenden drei Gitter-
parameter.

JNnHeliHble cBOWCTBA HEMOABUXHOM U BpallaloLLeinca peLleToK, 06pasyemblx fionaTkamu,
B C/lydae TpPeEXMEPHOro ABUXEHUA MOTOKa M,qeaanon HeC)Maemoi XNAKOCTH. B cTatbe C
MOMOLLbH0 OCHOBHbIX KMHEMATUUYeCKNX 3aBUCUMOCTEN, 3anmncaHHbIX ANs ABUXEHUS MOTOKa, Bbl-
BOASATCS NHeliHble CBOWCTBA ABMXKEHUS MOTOKA. [MpW MX WCNO/b30BaHWM ONPeSenstoTCs CBA3b
MeX/y MapaMeTpamu HEemofBWKHOW W BpalLAOLLeiicsl peLueToK, 06pasyembiX flonaTkamu U
VIMEHOLLIMX OfIHY U TY YK€ FeOMETPULO, U BbIpaXKEHWE TEOPETUYECKO XapaKTePUCTUKM COflepXKalLeit
3TV napameTpbl. C NOMOLLbIO MOZENM, NPUTOAHON A5 3aMeLLEeHUs NOIOCTW Nepes U Nocse fona-
TOK, 3TV KpaeBble YCNOBUSI MOXHO CHOPMY/MPOBaTb [/ LEHTPabHO CUMMETPUYHOTO [ABU-
YKEHUs NOTOKa, a BCNEACTBME YEro CBA3b MEXAY YI/aMu, XapakTepusyoLMMy BTOK 1 BbITOK,
1 napameTpamm peLleTki Mo CBoeii opmMe COBMAZAET C NOyUYEHHBIMU /1S ABYXMEPHOTO [BIXe-
HUS MOTOKa. [lBa mapaMeTpa PeLLETKM, COOTBETCTBYHOLLME HEMOABMKHBIM TOMaTKam, U TpK napa-
MeTpa peLUeTKM, COOTBETCTBYIOLLME BPALLAKOLIMMCS /I0NATKaM, OMpPeaensiTcs creyuaibHbIMY
pexxmMamMu paboTbl.
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FLASH TEMPERATURE OF GEARS

PART |I. REVIEW OF THE PROBLEM, AND STATIONARY MODELS

F. KOLONITS*
[Manuscript received December 12, 1972]

The results attained so far in the calculation of the contact temperature of gears
have been surveyed and the models assuming one- and two-dimensional heat conduc-
tion and stationary state have been examined in detail. Equations for arbitrary heat-
source distribution have been deduced, which involve as special cases the already pub-
lished results for given distributions. It has been shown that the distribution for the
one-dimensional case is, in general, the asymptotic approximation of the two-dimen-
sional case for large Blok numbers B, the difference diminishes in inverse proportion

to YB. The results can be applied not only to gears, but to the investigation of any
moving heat source.

Symbols
PN normal line pressure
v velocity (index s: sliding velocity)
X, ¥, 2 stationary system of co-ordinates
X, Y, Z system of co-ordinates moving with the heat source
2w width of contact band

Mw, ylw dimensionless co-ordinates
distribution of surface pressure or heat source
integral of P over the contact band

coefficient of friction

surface pressure

intensity of heat source

density

specific heat

thermal conductivity

heat diffusion constant

YieA

T time

mechanical equivalent of heat

proportion of heat introduced into the pinion by points, and in average on the
contact band

temperature

contact- temperature rise (flash temperature)

guantity characterizing the geometry of the temperature pattern
Blok number iwla

coefficients of the series expansion of P

auxiliary functions for two-dimensional temperature calculation

arguments of above functions, depending on location, f — Brp/2
n coefficients of the power- series expansion of W12

contact points of pressure line and base circles

»
=

—
=
~

T wWOo® H $.>rvm>omﬁﬂﬁ
€

-
P
v ¥
YV

Other, less frequently used symbols are defined at their respective places.

*Dr. F. Kotonits, Ormezei Itp. 1X. A, 1112 Budapest, Hungary
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The scoring of gears is related, according to the most generally accepted
theory, to the maximum operating temp erature of the surfaces in contact,
which — during contact — is the sum of the mean gear temperature and an
instantaneous temperature rise (flash temperature). Numerous research work-
ers have published theoretical and experimental results concerning the tem -
perature conditions in gear drives. The present paper reviews in detail the
main tendencies of research and investigates two usual models of flash tem -
perature calculation.

1. Review of the problem

A large part of the types of injury causing the breakdown of gears (tooth
fracture, pitting etc.) has been theoretically and experimentally investigated
during the first third of this century by analyzing the fatigue phenomenon
and the contact pressure, using the results of the general development in the
science of Strength of Materials. Based on the results, design procedures pro-
viding due safety from the point of view of these influences were evolved.
But starting from the 1930s, a newer form of failure has come more and more
into the foreground: scoring. The reason is, that the rising of requirements and
of technological level has also caused the rising of the design speeds and specific
design of loads gears [1]. According to W eilch and Boron, from 1945 to 1960,
the specific loads in turbine-driven gears designed for the US Navy rose to
about twice its original value and this trend asserted itself in other navies
[2] too.

For characterizing the combined action of load and speed, semi-empirical
indices were evolved. Such is, e.g., the Almen-product, or the specific friction
work related to the rolling arc element (which depends on load and relative
sliding). According to the theory of Bioic dating from 1937, as far as the danger
of scoring isconcerned, the maximum instantaneous temperature arising in the
contact band is decisive, and for calculating it he elaborated a simplified meth-
od. The theory as well as the calculation method has become wide spread. Bas-
ed on this, in 1954 Botka proposed a toothing system designed for maximum
safety against scoring (Ganz—Botka toothing, where the maximum tempera-
tures on the sections before and after the pitch point are equal) [3], [4], [5].

In the last three decades the theoretical and experimental investigation
into the nature and causes of scoring as well as of the temperature conditions
during operation resulted in numerous new concepts. Up to now, attempts at
combining the partial results into a unified, experimentally proved theory did
not succeed. Niemann [6] publishesthe proposals ofnine different authors for an
indexp nvk characterizing the danger of scoring: for the exponentk, six different
values are given, based on experiment or on theory, ranging from 0,25 to 2.

In order to improve the accuracy ofthe temperature calculations, Theyse

replaces the approximate parabolic heat- source model of Blok by a semi.
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elliptic distribution corresponding to the Hertz theory, leaving the other sim-
plifications unchanged [1]. In this model the heat flow parallel to the tooth
surface was disregarded, the tooth is considered as an infinite half-space con-
sisting of insulated planes of elementary thickness, at right angles to the lim-
iting surface and to the direction of movement of the band-like heat source
of constant intensity.

Also taking into consideration the heat flow parallel to the surface, i.e.
for a homogeneous half-space, several results are known. Assuming a linear
source, Rosenthal oObtained a solution containing exponential and Bessel
functions. Nakada and Hashimoto Start out from the temperature of the oil
film in the contact band, also considering the heat transmission between the
film and the tooth surface, give the temperature in the surface and interior
points of the film by Fourier integrals, continuing the calculations with
Liebmann’s numerical method [7]. Terauchi and Hashimoto solved in a
closed form, with the aid of Bessel functions, the heat- transfer equation for
a parabolic heat- source band. The distribution of the frictional heat between
the engaging teeth is more complicated to calculate than with the Blok model:
for this they evolved a numerical method and proposed a simplified approxi-
mation method [8].

For an experimental check on the calculations Terauchi and Miyao [9],
as well as Niemann and Lechner [10], [11] made temperature measurements
using the thermoelectric effect. The results did not arrive at an unequivocal
decision — according to the arguments advanced in the discussion of the ques-
tion, the cause of the difference may also be the erroneous interpretation of
the theory and the neglecting of some factors influencing the experimental
results. From the measurements Niemann derived an empirical formula, but
this is connected with the experimental arrangement used and is not suitable
for general calculations. It is an interesting fact, important for the dimension-
ing of temperature-balanced toothings,that the ratio of the exponents of the
factors pnand v is the same as in the formula of Biok, although the exponents
themselves are smaller. A generalized formula built up from dimensionless
groups has lately been proposed by Y okoyama—Ishiaicawa—Hayashi [12].

Certain factors have been investigated in more detail: the conditions
of the lubricant film by elasto-hydrodynamic methods [13], friction [14], the
relation between the experimental thermoelectric measurement and the real
temperature [15] and the so-called permanent tooth temperature during oper-
ation (when the tooth is not engaged — on this is superposed at the moment
of engagement the instantaneous temperature rise) [6], [10], [11]. Niemann
and co-laborators deduced from the scoring experiments that from the point
of view of scoring danger not the maximum, but the above mean temperature
is decisive [6], [17]. In the published representation the measuring results
seem to prove this, but their dispersion is considerable. A large number of
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specialists do not agree with these final conclusions: in more recent papers
they try to explain the results of the scoring experiments by the Blok formula
(modified in some cases by taking into consideration plastic deformation)
or by empirical peak temperature formulae (and measured temperature values)
[18], [19].

The most recent theoretical and experimental investigations are due to
Tobe, Kato and Taicatsu. Their calculation method considers the load and
velocity conditions varying from point to point during engagement, therefore
it is very laborious and can be carried out only on a computer. For a theoretical
progress of line pressure they obtained results, generally more or less conform-
ing in character and value to those calculable with the Blok formula, except for
those engagement points where the line pressure changed abruptly. On the oth-
er hand, they compared the experimental results with the calculations carried
out for measured dynamic loads and obtained good agreement (although for
an extreme material pair: steel/constantan with an assumed (i = 0,4).

In order to be able to analyze temperature conditions in agreement with
reality, one must not disregard those influences which are due to the operation
of the gear drive as a whole and influence the usual model in the progress of
the engagement. The engagement errors caused by the deformations due to
the structural forces were investigated by Kudryavcev and co-laborators
[21]. According to W elch and Boron, the thermal dilatations, too, may un-
favourably influence the load distribution [2], (although they did not intend
to explain the causes of scoring but of a certain kind of tooth fracture). Neither
can the thermal investigation in the narrower sense of the word be limited to
the surroundings of the engagement: in the last resort, the operational tem-
perature elevation is determined by the thermal conditions of the whole in-
stallation [21], [23].

The circumstance merits special attention that the method giving the best
agreement between theoretical and experimental values (Tobe) based the
calculations on measured dynamic loads, whose pattern was quite different
from the generally accepted theoretical values. Although there exist results
describing the real progress of operational load (Niemann [22], [23]), but for
the time being no temperature calculation based on them is known.

2. Flash- temperature- calculation models

In the following, several temperature-calculation methods will be ex-
amined in more detail. First, the basic physical assumptions of these methods
will be presumed. The temperature field at engagement to be calculated —
and within it the peak temperature — is generated by the short-time tempera-
ture rise around the point of contact being superposed on the permanent oper-
ating temperature of the tooth (when it is not engaged). The permanent oper-
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ating temperature is determined by the cooling conditions of the gear drive
and by the frictional losses. The frictional heat developed in the contact band
flows into the two engaging teeth, divided in such a proportion that from point
to point in the contact band equal temperatures develop in both teeth (the
eventual modifying action of the lubricating oil film between the teeth is
disregarded). But the permanenttemperatures of the two teeth are not nec-
essarily the same: although the teeth emerge from engagement at equal sur-
face temperatures, due to the different speed of the pinion and wheel,
their cooling conditions etc., their engagement temperatures generally differ.
This fact naturally influences the distribution of the friction heat too. But the
phenomenon may also be considered as withdrawing a certain amount of
heat from one tooth and feeding it into the other one, so that a common
surface temperature develops, and subsequently the distribution of the friction
heat will be calculated accordingly. It is easy to see that the foregoing is cor-
rect by taking into consideration that in a given thermal system the supple-
mentary introduction of a certain quantity of heat (boundary condition of the
second kind) brings about the same temperature changes in any initial tem -
perature field.

According to the foregoing, finally it is possible to calculate with the two
teeth engaging at some common temperature, uniform in space. This tempera-
ture is assumed to be known. The instantaneous increase of temperature at
engagement is calculated for these conditions and referred to this temperature.
The maximum temperature rise calculated in this way is called temperature
flash.

It would be very circumstantial to calculate with the real tooth shape;
the phenomenon taking place very quickly, and the contact band being very
small with respect to the other dimensions of the tooth, in the calculations the
tooth will be taken into consideration as an infinite half-space (limited by a
plane). The frictional heat development will he modelled by a band-like heat
source, of infinite crosswise length, the shape and size of which is determined
by the pressure distribution and the friction conditions in the contact band,
and which moves along the boundary of the half-space. Only a part of the
heat developed penetrates into the investigated half-space (the rest heats the
other engaging tooth) — the proportion of the heat passing into the pinion
tooth is denoted by .. In general, this distribution factor (p changes as a func-
tion of location as well as of time. Let there be ® the total heat-distribution
coefficient for the whole contact band at a given moment for the heat developed
during an elementary time (the integral mean of the 9s). Conditions can be
better examined in a system of co-ordinates x,y, z moving together with the
heat source. The system in parallel to it, but when stationary, it will be denoted
by X, Y, Z (Fig. 1, the represented heat source corresponds to the Hertzian
pressure distribution). Using these approximations, the problem is a plane one,
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there are no temperature differences along the r-axis, it is sufficient to investi-
gate the unit width plane layer cut out along the y-axis.

Making further assumptions, three customary approximations have devel-
oped; the first two investigate stationary, the third one changing conditions:

— a unidimensional model (Blok), which determines the temperature
rise at constant velocity (v), constant pressure hand width (2w), constant heat
source intensity, and disregards heat conduction in the y direction. Hence
essentially heat conduction towards the interior of the tooth is considered;
the half-space is built up from elementary layers being parallel to x, z and
insulated from each other;

— a two-dimensional model (Tebauchi), identical with the first one,
hut heat conduction in the y direction is also considered;

— Tobe’s model, based on two-dimensional heat conduction which
takes into consideration that the contact band does not arrive into the investi-
gated position from infinite, and with constant v, w and heat- source intensity,
calculating from point to point the temperature rise, according to the vary-
ing characteristics from the beginning of the engagement.

In the present paper the first two methods are examined, the third will
be analyzed in a subsequent publication.

3. The Blok model

3.1. The total developed heat flows into one tooth

In order to obtain a general view, it is assumed that the distribution of
the pressure in the contact band is characterized by an arbitrary function

P(R) (1)
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(B is the co-ordinate expressed in relative units of length, on the contact band
0< B < 2). If furthermore

F=\P(R)dR, )
0

then the real surface pressure is

p=J"-P(R). ©)

The temperature distribution g can be obtained from this by multiplication
with Afivs (corresponding to the stationary model it is assumed that within
the space and time interval of the calculation vs and fj, are constant).

If at the end point of a half-line unidimensional system the heat pulse
Qis injected, the temperature will be, as a function of location and time,

T(x, t) = b]?n; exp ( — xJ4at) (4

(unidimensional heat shock, [24], b — f'qcX). The action of the heat source
is produced by the sum of elementary heat shocks (Fig. 2, where the heat
source is represented according to Blok’s parabolic approximation). Into
the elementary half-space layer being in the represented position, the heat
source part situated in the domain 0 < y < w has supplied heat. The (constant)
velocity provides a link between the co-ordinatey and the time counted from
the passing of the front of the heat source through the investigated point:
at this point there is heatinput, since the time t = Rw/v. The elementary heat
source acting between times T and T -j- dr (at the location B = vr/w of the
contact band) delivered at the investigated point the heat quantity qdr cor-
responding to Q of Eq. (4) — and since the action the time t—71 has elapsed.
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Adding the effect of the elementary heat shocks having occurred since
the time 0 < 1 <Ci, at the investigated point the temperature rise is

VX
P

Alivspn w

0 =
Fbw][jz€ o /11— ®)

For the sake of easier mathematical treatment, a new integration variable
according to t — T = u?w/v is introduced:

P p@—uddu. 6

&B®) = b ymwiao

3.2. The distribution factor

Analyzing the factors of Eq. (6), it is to be seen that merely the group
b]fV refers to only one engaging tooth, the others are characteristics in common
to both teeth, i.e. to the engagement. The variation according to R is influenced
by the mentioned group only as a factor of proportionality, it does not act on
the shape ofthe distribution. Obviously equal contact temperatures are brought
about in the contact band at constant ¢= (which has the same value as @),
with a pitch proportional to 1/(6,]/v,):

_ bi\v 1
Y )
bi]/vli+ b2]v
[ 2 Cft
o(g) = — —AfIPTve P(B - u-)du. (8)

(biV«i + b2]/v2)]fw Fi~rJo

Hence, the function describing the pressure distribution is only a coeffi-
cient of proportionality and has no influence on the power of the engagement
characteristics to which the temperature rise is proportional. The equation of
Blok:

©max = const s/ 3/4M1/2 9)

where n is the rpm of one wheel, is not a consequence of the parabolic heat-
source approximation as chosen by him, but a consequence of the heat- con-
duction model and the characteristics being considered as constant.

Here a complementary remark is made: it can be proved that, xvhen cal-
culating the contact of teeth at different temperatures T, (cf. 2) under the
conditions of the Blok model, the temperature rise according to (8) must be
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superpositioned on the arithmetic mean formed from the values T, with the
weights bRfvp
Thivi+ T2Zwv2
bl[vli+ b2\v2

(10

3.3. Characteristic pressure distributions

Investigating the influence of distribution shape which is proportional
to the temperature distribution, for several cases the coefficient

will be examined.

3.3.1. Constant distribution

In this case P = 1, the temperature distribution is

RA= J=VR. (12)
\ 71

The largest value arises at 8 = 2, Ra,max = Y%jn = 0,7979.
Such a pressure distribution occurs when the surfaces in contact are
plastically deformed.

3.3.2. Parabolic distribution (Blok)

P=2R - B* (13)

RB= -2j=8m5—2/3). (14)
50

The location of the maximum temperature is 8 — 1,5, while its value

is RBmax = 1,2 V15/71 = 0,8292.
3.3.3. Elliptical Hertzian distribution (Theyse)

P=Y2R-B*, (15)
Rt= 4 = - »(2- B+ «2)du. (16)
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For numerical evaluation of the integral, let us introduce the new vari-

able n = VB coscp. This gives
420 r ' 20
yew £ Sm-z(p a1q>- (17)
nn JO
After suitable rearrangements
8
R, = ----M%= K E(R - 1) (18)

where K and E are the complete elliptic integrals of first and second kind for

the argument YR/2. The location of the maximum temperature is 8 = 1,6318,
its value is Rt,max — 0,7680 (which agrees with the maximum value as given
by Theyse).

The three kinds of distributions are shown in Fig. 3.

Fig. 3

3.4. Complementary remarks

The temperature distribution of the half-space can be calculated, in
general, for given conditions (no variation in direction z, boundary conditions
varying with time) from the following differential equation:

N + A

X2 3Y2 a dt

(19)
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Passing to the system of co-ordinates moving together with the heat source [25]

+ + 1 30 _ (20)
392 6y 2 a dy a dt

If to this is added as an initial condition that the heat source appears at the
first moment in the form of a pulse and (assuming that outside the contact
band there is no heat exchange with the surroundings) the boundary condition

a0
40] (21
dx x=o0

the problem is an exact one. Using the methods of the theory of similarity [26]
the solution is for identical P (geometrical similarity)

& = /(f, B, x, B) (22)
where
g= )P (23)
qoy w

are the invariant temperature, length and time scales, and

(24)
a

is the criterion of similarity. Being ni form equal to the Péclet number used
in the theory of heat transmission, it bears this name in literature [1]. But the
Biot and Nusselt numbers are of equal shape too, nevertheless, due to their
different physical meanings, they are considered as being different. Therefore,
the dimensionless group (24) will be called, when interpreted according to the
present investigation, Blok number. (Blok has pointed out in his basic paper
[3], that the accuracy of his model is determined by the value of B). With the
values (23), (24) the relations (20), (21) become

d4 m _a# |, a#
r Y

af2  dp2 ~  dR | dx

= P(B)- (26)
" 0f i=0

The Blok model considers as being zero the partial derivative with re-
spect to time in (25) (it examines a quasi-stationary problem, “without initial
conditions”), and it omits the second derivative with respect to B on the left
side. Due to the first neglection, the switching-on phenomena are excluded.
In gear heating-up problems mostly such points play a preferred role, where the

1* Acta Technica Academiae Scientiarum Hungaricae 79, 1974



164 KOLONITS, F.

linear pressure and thus the intensity of the heat source abruptly change
(extreme and individual engagement points [4]), therefore — in the case of
increase — the switching-on phenomena may influence the developing peak
temperature (the problem will be examined in more detail in connection with
the Tobe model).

The influence of the second neglection was investigated by Blok and
he concluded that for B 20 this does not cause any considerable error. For
an elliptical heat source. Theyse designates B ~ 8 as an approximate limit [1].

The solutions according to (6), (8), (14) can also be obtained from (25), (26)
if according to the above, (25) is simplified to the form

04 o#
dP ~ di

@7)

The derivatives with respect to the relative co-ordinates of location in Eq. (25)
are proportional to the derivatives with respect to the stationary co-ordinates:
the heat flow densities and their variations. With increasing B the gradient
along the directiony (heat flux) decreases as compared with the left side, from
which we may infer on a reduction of the corresponding heat-flow variations
(although strictly speaking this should be separately proved). Within the sum
at the left side of (25), with increasing B the share ofthe first member increases.
Examining Eqs (6), (14) also shows that the heat-flow density in directiony,
as compared to the mean heat-source intensity,decreases in inverse proportion
to the square root of B.

The physical meaning of B can be examined, in itself, using the follow-
ing transformation, if the heat source is considered as being stationary and the
half-space as moving:

B=-". (28)

The denominator is proportional to the conductive heat-flow density (w is the
characteristic dimension in the y direction of the contact considered as a ther-
mal system), the numerator is proportional to the “convective heat-flow den-
sity” delivered by the moving half-space as “mass flow”. For a large B the
importance of the heat conduction in the heat transportation in direction y
is small, the characteristic transportation phenomenon is heat transportation
by the moving half-space.

Furthermore Blok examined, what difference is caused by a varying
velocity of the heat source, as compared to the result obtained for the con-
stant velocity corresponding to the instantaneous engagement situation. In
his investigations he assumed a uniform distribution of the heat source and
also considered the heat intensity variation due to the changing sliding ve-
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locity. According to his results, the difference is not important; but he did not
take into account that during engagement, w changes, too. This variation may
cause a large variation of the heat-source intensity when approaching points
Nx and N 2 (in the extreme engagement points playing the most important role
from the point of view of maximum temperature, in particular, in the one near
to N x). If elastic teeth are considered, the heat-source intensity also changes
because of the continuous variation of the line pressure [5], [21].

3.5. General pressure distribution

The shape of the pressure and heat-source distribution developing in
the contact band cannot be considered as finally elucidated at present. The
cases discussed above are approximations, which, due to theoretical and ex-
perimental developments especially of the elasto-hydrodynamic theory of
lubrication [13], may require modification. Besides, the investigation of moving
heat sources arises not only in connection with gears: all this requires a general-
ized formulation of the results.

According to Eq. (6) the temperature configuration can be obtained for
an arbitrary distribution of P (or the heat source) by numerical integration.
In order to develop formulae, it is assumed that

P(R)= 2 r nBn (29)

is given in the form of an absolutely convergent power series (or as a finite
power function). Then, in general, (6) will be

\2AppnVs

y (30)
FX nB ~ 0 3N, 2k + 1
where according to (2)
2"r
F=22 (31)
On-f-1

Formula (30) is true not only for gears, but also, in general, for heat sources
distributed over 2tc according to P: in the place of ppnvs steps the heat delivered
per unit of z by the heat source.

4. The Terauchi model

In his paper [8] Terauchi further developed the Blok model by also
considering the heat conduction in the y direction and calculating a solution
for the stationary form of (25).

Acta Technica Academiae Scientiarum Hungaricae 79, 1974



166 KOLONITS, F.

4.1. The total heat developed flows into one tooth
4.1.1. General solution

The solution [8] is also calculated by the summation of elementary heat
shocks (let us remark that Blok also developed a formula for two-dimensional
heat conduction [3], but he did not transform the integral contained therein
into a tabulated function, and he used it only in numerical calculations for
checking purposes). As an analogy to formula (4), for an n-dimensional heat
shock [27]

T(r,t) 2Q exp (32)
Qc(dant)nl2

where r is the position vector taken from the heat input, n is the number of
dimensions, the heat input Q is the specific value corresponding to the (3—n)th
power of unit length.

According to the above, let the heat source be

P(B) = qOP(B). (33)
bw

The elementary heat shock in some investigated place B must be calculated
backwards to the beginning (assumed to be infinitely far) for all time intervals
dt at times t and all elementary heat sources Q = qwdR' at all locations R',
and summarizing:
no§) = qow R [(R*-B)w +,vt]*+ u,*p K

2n4 4ai

The integral with respect to time can be transformed according to the
relation [28] for the modified Bessel function of the second kind and zero or-
der KO:

B

0(t,/?) = An% 5)0(3 ") exp Kn = yv(g'-g)2+ 2 dB. (35)
The surface temperatures (| = 0) are, with a new integration variable

_ 2gw n {2~R)nf
0(B) = p R+ — e ukKn(ln\)du. (36)

BnX J B
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If the value of the integral in (36), calculated for O lower and / upper
limit, is denoted by 1(f), then

(37)

K 0 becoming infinite for zero argument, the numerical calculation of
(35), (36) is not a routine task, as in the one-dimensional case. In the follow-
ing this problem is not dealt with, but as in para. 3.5, general relations are
aimed at. It can be proved that

(38)
where

(39)

W 2is the limit of (38) iff converges to zero; in (38) the upper sign applies to a
positive/, the lower to a negative/; for/ = 0,1 = 0.

To the power series (29) the transformation of variable introduced in
(36) is applied; in the right side of (39/1) the disturbing member is

(40)

The solution of the system of equations (39) is obtained by the super-
position of the partial solutions for the disturbing members Sn = fn. These
are sought for in the form of

(41)

Substituted into (39), the coefficients can be calculated:

an+l,n —'°n+l,n —

(42)
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In the integration limits the factor Bj2 is contained, therefore the notation

(43)
is introduced. With this
writing b in the place of a, Wxis obtained, wherefrom
Wo i (45)

if the formulae

are used, which approximate the Bessel functions in the formulae the better,
the more the argument approaches zero (their correctness is easily understood
from the series expansions [16]), and if it is taken into consideration that
from Wj' 2 f can be taken out. The results are equally valid for positive and
for negative f.

The W have been calculated in the form of a power series progressing
according to the reciprocals of B; with increasing B, there is an ever-increas-
ing difference between the orders of magnitude of consecutive members and
for a sufficiently large B, the sum of the series can be approximated by the
first (non-zero) member (so much the more, as according to (37), division by B

is required):

(47)

The asymptotic series expansions of the Bessel functions for large argu-
ments (the first member omitted estimates the error) [16] are

9
KO{x) = e x 1 -
128n;2
(48)
3 15
Kx(x) = e~x
8x 128ac2
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If the value I/B is denoted by I*, so for a B increasing beyond all limits
and for 0 /5 <C2

_ W*(2 - R) n B2 m
| * = _ _ (2-13)
T @R 2B B2 - B) B
(49)
|* = | * - . W*{._, B) «B , P(B)
i’ B B

For B = 2 the above approximation is not valid for I *, its value is zero,
the temperature is given by 1*. The second member of this is smaller than the
first member in the ratio of the square root of B, so for an increasing B, the
first member dominates more and more. Evaluating (37) while considering this,
the generalized Blok formula (30) is obtained.

For0 < B <[ 2both I* can be calculated by the approximated formulae.
By deductions similar to the above, in this case, too, (30) is obtained.

According to the Blok model, 8 = 0 should give 0 = 0. For I* the ap-
proximated formula is not valid, its value is zero; on the other hand, the mem-
bers of I* decrease in proportion with higher powers of B than 1/2, which is
the exponent characterizing the temperatures of the other points, because of
the dominant member. Thus compared to the latter, the temperatures which
can be calculated for the point B = 0 indeed disappear with increasing B. Let
us remark that for P(0) = 0 Eq. (49/1) cannot be considered as an approximate
formula, because in this case asthe firstrelevant member of the series of W2—
not P(R)/B must be taken for the approximation according to (47), but a
member of higher order instead: however, such members decrease still more
strongly with increasing B, hence the deductions remain valid.

So the Blok formula indeed provides the asymptotic value of the tem -
perature distribution for the assumed two-dimensional heat flow for great _B
and the error committed decreases at least in proportion to the square root
of B (cf. the considerations in 3.4).

4.1.2. Special cases

Applying formulae (44) and (45), for a uniform heat-source distribution
(r0= 1, the others are zero)

(50)

and for a parabolic distribution r0O= 0, rx= 2, r2= —1:
wO=8 [fy+ty \2-y -y /- yjv] +'Ysi®
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(51)

+ — R+
3B 36 15B2

Terauchi and co-laborators integrated (35) numerically for a parabolic
source and various values of  For the surface-temperature distribution they
give a closed formula which — not considering differences of printing error —
agrees with (51), of course, after the suitable transformations of co-ordinates
[8]. The temperature distributions (for equal total intensities) based on the
data in their paper are shown in Fig. 4 for a uniformly distributed heat source
and one-dimensional heat conduction and parabolic heat source and two-dimen-
sional heat conduction (dashed curve E, continuous curve Pu dotted curve
P 2. Fig. 5 shows the maximum temperatures for different values of |, equally

according to Terauchi (the dashed curve for ]J[B = const corresponds to the
Blok formula). The figures show that if Theyse’s condition B > 8 is fulfilled,
an approximation practically equal to the application of the Blok formula is
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Fig. 5

obtained, while for a smaller B the maximum temperatures are overestimated
more and more and also the character of the distribution changes the maximum
is shifted towards the centre.

4.2. The distribution of the developed heat

The problem is examined in detail with numerical methods by [8]: the
contact band is divided into sections and the heat flows are calculated from
the condition that the surface temperatures of the bodies in contact are equal
and independent of time. Here the method is not examined in detail, because
[8] also proposes an approximate method, and the temperature distribution
calculated in this way does not diverge very greatly from the results of the
detailed analysis calculated with 40 divisions; especially in the vicinity of the
maximum temperature the approximation is very good.

The basic idea of the approximate method is the following: if the whole
developed heat would flow into one tooth, the temperatures qa* (i = 1,2)
would develop (0* includes the other factors of (36) relating to the examined
wheel). If it is assumed that the distribution factor is constant over the whole
contact band, gn must be distributed in proportion to the values 0* in order
to obtain the same surface temperature. Finally, for a given point

0O- (52)
01+02°

where 0, is the temperature calculated with the whole quantity of heat.
The distribution factor obtained in this way obviously changes from one
point of the contact band to the other, in 0, the variation along the contact
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band depending also on B which is different for each wheel: the physical char-
acteristics cannot be taken out as in the Blok formula. At a given point the
heat quantity introduced during the moving contact is determined by different
distribution factors, with (52) some sort of mean value is formed. The calcula-
tions of Terauchi [8] for BJB1= 10, B.z= 0,4-y20 justify the approxima-
tion.

5. Summary

Having reviewed the results of calculating gear-flash temperatures ob-
tained up to now, the stationary models assuming one- and two-dimensional
heat conduction were thoroughly analyzed. Relations [(30) and (37), (44), (45),
respectively] have been deduced, valid for any heat-source pattern as well as
containing the results given in the literature for special patterns as specialized
cases. The solution obtained by assuming one-dimensional heat flow lias been
proved generally an asymptotic approximation of two-dimensional case for
great valves of B Blok number, the difference diminishing about in inverse
proportion to | B mThe results are useful not only for gears but in studying
arbitrary moving heat sources, too.
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Blitztemperaturen von Zahnradern, 1. Teil. Uberblick und stationare Modelle. Die bis-
herigen Ergebnisse der Verfahren fir die Berechnung der Kontakttemperaturen von Zahn-
radern wurden Uberblickt, und die Modelle fiir stationaren Zustand und ein- bzw. zweidimen-
sionale Warmeleitung wurden eingehend analysiert. Zusammenhange fur beliebige Warme-
quellenverteilung wurden abgeleitet, welche die im Schrifttum fiir eine gegebene Verteilung
mitgeteilten Ergebnisse als Sonderfalle enthalten. Es wurde festgestellt, dal im allgemeinen
die unter Voraussetzung von eindimensionaler Warmeleitung erhaltene Verteilung, bei groRen
Blok-Zahlen B, eine asymptotische Naherung des zweidimensionalen Falles ist, die Abwei-

chung verringert sich in umgekehrtem Verhaltnis zu }/i. Die Ergebnisse kdnnen nicht nur
auf Zahnrader, sondern auch auf die Untersuchung von beliebigen beweglichen Warmequellen
angewendet werden.

TemnepaTypa Mo/HMM 3y6uaToro Koneca, I. OB630p v CTauMoHapHble Mojenu. 3aefaHue
3y6uaThbiX KONEC Ha OCHOBE Halbosee LUIMPOKO NPUHATON TeOpMM TECHO CBA3AHO C HanbofbLueit
pabouyeii TemnepaTypoii KOHTaKTMPYIOLLMX NOBEPXHOCTENA, YTO — MpU CLEnneHnn — nonyda-
eTcsl B KauecTBe CyMMbl CpefiHeli TemMnepaTypbl Tena 3y64aToro Kojeca 1 MHOFOBEHHOTO pocTa
TemMnepaTypbl (T. H. TeMnepaTypbl MOMHMM). [NA TemnepaTypHbIX YCNOBUIA 3y6uaTbix Np1BO-
[0B COOGLLUEHbI TEOPETUYECKME 1 IKCMEPUMEHTa/IbHbIE PE3y/bTaTbl PSAOM aBTOPOB. B AaHHOI
pa6oTe faeTcsl 0606LLUEHME OCHOBHBIX HAMpaBAeHWii BeLyLIUXCA UCCNE[0BaHWiA 1 Gonee rny6oKo
aHaNU3NPYHOTCS [1Be MOZENN BbIYUC/IEHNS TEMMEPaTypbl MOSTHAM 3y6BUaThbiX KOJEC.
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PHYSICO-CHEMICAL INVESTIGATION OF THE EFFECT
OF NICKEL DISSOLVED IN A STEEL BATH
ON DESULFURIZATION

L. szUcs*

CAND. OF TECHN. SCI.

[Manscript received: Oktober 6, 1973]

The paper investigates the special behaviour to be noticed when desulfurizing
chromium-nickel content steels (Ni content: max 3,5%) with the aid of plant experi-
ences and thermodynamic calculations. 1t was established that the development of the
desulfurizing reaction was greatly slowered in case of nickel-content steel batches than
in those not containing nickel. With the latter the desulfurization reaction approached
the state of equilibrium more quickly, as in terms of time-unit a greater amount of the
motive force of the reaction was used up. The experiments confirmed the empirical ex-
perience that nickel hinders the desulfurization of steel.

1. Aim of the investigation

Nickel-content steels distinguish themselves among structural nickel-
steels not only due to their utilization properties, but also because their
behaviour is different in certain metallurgical processes. Experience indicates
that when manufacturing steel, those with a nickel content prove more difficult
to desulfurize; in sulfur-containting gases they deteriorate rapidly, at a similar
thermal stability the quicker, the higher their nickel content.

As the special behaviour of nickel-content steels has major economic
consequences, great care is taken in the plants when manufacturing and
metalworking such steels. Up till now the basic reason for this special behaviour
could not be discovered. A chemical combination between sulfur and nickel
can be taken into consideration, for example, which may explain such anom-
alies or — as is generally believed — nothing is possible. Perhaps the anom-
alous behaviour may be explained by some other cause or, perhaps it is but
seemingly so and can be ascribed to some simple technological cause. But all
these questions have yet to be answered.

Seeking for the reason of the behaviour of nickel-content steels, we
investigated the relevant and available literature and also carried out a
number of plant and laboratory tests.

* Dr. L. Sz(cs, Teachers’ Training College, Chemistry Department, 3300 Eger, Hungary.
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2. Literary precedents of the subject matter

The following consequences may be drawn from literature concerning
the impact of nickel on the sulfur activity of steel and the nickel properties
influencing the desulfurization process:

Chipman et al. [1], found on basis of 1955 tests that nickel did not
change the activity of sulfur dissolved in iron in a major way. This observation
was further confirmed by their tests carried out in 1960. Alcocic et al. [2, 3],
however, found that nickel does diminish the activity of sulfur dissolved in
iron.

Literature, when discussing the impact of nickel on the activity of
sulfur and on desulfurizing once accepted the standpoint of Chipman, and at
other times, that of A1cock. A statistical evaluation would indicate, however,
that the majority accepts the view that nickel diminishes the activity of
sulfur, the more so, as practice seems to prove this, too. In this respect, the
experts at the Mining High School in Ostrawa (Czechoslovakia) seem to have
arrived to the best conclusions as they have even published data concerning the
impact of nickel on the coefficient of sulfur activity, on basis of a great number
of test batch evaluations [4, 5].

Samarin [6] is quite definite in this opinion that nickel diminishes the
sulfur activity, a phenomenon to be noticed in practice by the fact that nickel
inhibits the sulfur-content decrease of the steel bath, viz. the desulfurization.
Hungarian experience seems to indicate that together with an increase of the
nickel content, the activity of sulfur dissolved in iron diminishes and this may
play a major role when desulfurizing nickel-content steels.

3. Plant tests and their evaluation on the basis of thermodynamics

The relationship between nickel and the desulfurization of steel was
investigated on basis of analysing batches produced according to programme,
under plant conditions.

The manufacturing (desulfurization) processes were studied with the
aid of four case-hardened steel batches containing 3,5 per cent Ni and 0,5 per
cent Cr and five steel batches containing about 0,2 per cent C and a maximum
of 0,7 per cent Mn. Figs 1 and 2 give information concerning the amount of the
added slagformer, alloying addition and deoxidizing medium, as well as the
time of batching.

When comparing the times of charging, it could be noticed that the
preparation time for nickel-content charges was longer than that of nickel-free
ones, in general by 1,8 hours. The longer preparation time is only in part
explained by the fact that a part of the charge was CrNi-waste and thus oxidiz-
ing took a longer time than with those not containing Cr.
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Among the causes of a lengthy preparation let the fact he mentioned
that reducing the sulfur content of nickel-content charges takes a longer time.
W hen comparing the process of nickel-content and non nickel-content batches
according to desulfurization, a major difference is to he observed.
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The data in Tables la and Ib show that the specific lime yield (TTT) of
nickel-content batches is higher, in general, than of those not containing
nickel. In general, it may be stated that it is 8,3 per cent in case of nickel-
content batches, and 6,45 per cent with no nickel-content ones, though the
fusion sulfur contentwas well-nigh similar, in practice, in general even identical.
However, in the measuring of desulfurization — as indicated in the data of
Table I, and Figs 1 and 2 —the effect of surplus lime did not show itself.

Let us keep in mind that nickel-content steels contain chromium, and
their slags also contain chromium-oxide. Due to the chromites present in the
slag, the fluidity of the slag and thus also its reaction capability decrease. We
also have to consider the possibility that a certain part of the free calcium-
oxide is bonded by the chromium-oxide in the form of CaO.Cr20 3.

Of course, the presence of chromites and the developing of calcium
chromite hinders desulfurization. The condensing effect of chromites on slag
may be balanced with bauxite. As shown by the records of batch management,
this possibility was utilized when producing steel. Specified according to
charge, 21—25 kg of bauxite were sufficient to maintain an ideally fluid slag.

When evaluating the plant charges, a relationship was tried to be
mainly established for the sulfur distribution coefficient (rj) and the basicity
of the slag and/or the base surplus values (Nb) which better serve to express
basicity. The value of base surplus was determined with the following formula:

Nb = (Ncao + M Mgo + N Mn0) — (21VSi02 + 2iVAI203)

where N was the number of moles in 100 g of slag. When calculating the base
surplus the iron content of the slag was not taken into consideration, as it
has but a slight influence on the desulfurizing effect of slag in the concentration
to he considered with the basic SM technique.

Table Il shows the mean basicity, base-surplus as well as sulfur- distri-
bution- coefficient values for preparation slags of both nickel content and no
nickel content steels. The data are also shown in graphs in Figs 3 and 4.

The abscissa in Fig. 3, shows the mean Ca0/SjO2ratio of the finishing
slag, while the ordinate the measure of the sulfur- distribution coefficient rj.
As isto be seen, the value of rjincreases with an increase in basicity, both in the
case of nickel- containing batches and those not containing nickel. There is,
however, a perceptible difference in the measure of increase. Incase of nickel-
free batches, a much higher measure of desulfurization can be obtained at a
much lower basicity (1,70 -f- 2,61) than in case of nickel-containing ones with
a higher basicity (2,28 — 4,89). The figure also shows that a unit increase in
basicity increases the distribution- coefficient value (continuous line) of nickel-
containing steels in a lesser way than in case of nickel- free ones (resultline).

On the horizontal axis in Fig. 4 the value of base surplus Nband on the
vertical one the value of t] is shown. It can be seenthat the sulfur- distribution
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The batch

& < oost C@;g

NM <v

Batch
number

=z
1 75128-29
2 26196-97
3 26210-11
26400-01
5 78752-53
6 91222-23
7 91229-31
8 20109-10
9 20115-16

Quality

BNC-35
BNC-35
BNC-35
BNC-35

ST-33
A-42
A-38
37-C
A-38

Weight
of
charge,

kg

91300
95050
93850
95650

92300
93270
140400
93650
94400

szUcs, L.

Table |

Major values for the calculation of plant steel

Slag- forming materials (Sk) Alloying and deoxidizing
kg materials, kp
. . ISk +
Lime Baux-  Ore 275k Ni  pecr Deoxi- 'yjy
ite scale carrier dizes p 4+ cr

7800 2150 3548 13498 1708 700 900 16800
7550 2500 8600 18850 1800 1000 1260 22910
5950 2000 7048 14998 1640 950 1100 18688
9650 2400 4900 16950 1175 1000 1420 20545

7200 300 7700 15200 - - 800 16000
5800 — 5100 10900 — — 1680 12580
9600 — 13800 23400 — — 1970 25370
5800 __ 6200 12000 — — 1180 13180
5150 5500 10650 1140 11790
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batches containing nickel and free of nickel

Filler material specific values in percentage

Lime

8,54
8,15
6,33
10,08
8,3
mean

7,80
6,21
6,83
6,19
5.45
6.45
mean

Ore

3,88
9,04
6,33
10,00

8,34
5,46
9,83
6,62
5,82

of the charge

Baux-
ite
ore

6,24
11,67
9,64
7,63

8,6

5,46
9,83
6,62
5,82

27sk

14,78
19,83
15,98
17,72

16,46
11,68
16,66
12,81
11,28

27Sk +
Ni+ D
+ Cr

18,4
24,1
19,91
21,47

17,30
13,48
18,07
14,07
12,48

Ca0/si02
Initial Final
4,35 542
2,24 3,50
2,08 248
3,22 3,70
163 3,58
155 1,84
1,79 2,36
1,93 2,32
152 2,90

Fig. 4

S fusion]

%

0,018
0,035
0,031
0,049

0,024
0,035
0,033
0,026
0,044

The de-

crease

Srease

Desul- i1 Gon.
tion tent as

a per-

(SGéé,,) centage
% o
sulfur

content

-0,002 -ii,ii
0,010 28,50
0,006 19,30
0,020 40,81
0,004 16,66
0,005 14,28
0,006 18,18
-0,004 -15,38
0,014 31,81

De-
crease in
carbon
AC
(c4C.)
%

1,32
1,04
0,21
0,28

1,40
0,56
0,93
0,61
0,80
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Specific
carbon
decrease

AC
C fusion

%

92,30
84,55
63,63
71,79

89,74
84,41
87,73
80,26
86,95
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Table 11
Sulfur distribution and basicity values of plant steel batches

Number Batch number Quality Nb Mean Remark
[S] e basicity

| 75128—29 BNC-35 0,662 7,0 4,89 During batching the steel took up
surplus sulfur and thus could not
be evaluated

26196-97 BNC-35 0,535 5,6 2,87 —
3 26210-11 BNC-35 0,324 36 2,28 —

4 26400-01 BNC-35 0577 6,15 3,46 Sampling the one before the last
one

5 78752-53  ST-33 0,780 865 2,61 —

6 91222-23 A-42 0,308 33 1,70 —

7 91229-31 A-38 0,474 6,18 2,08 —

8 20109-10 37-C 0,620 4,17 2,13 During batching the steel took up
surplus sulfur and thus could not
be evaluated

9 20115-16 A-38 0,614 6,83 221

Table 111
Chemical composition of steel- and slag
Steel composition %
Number  Batch ualit Sam- Sam-
number Q y pling c Mh p s or Ni pling

I 75128 BNC-35 a 0,19 0,19 0,020 0,022 0,47 3,61 a

b 0,11 0,16 0,018 0,020 0,40 3,70 b

2. 26196 BNC-35 a 0,28 0,18 0,014 0,028 0,22 3,34 a

b 0,19 0,40 0,016 0,025 0,23 3,31 b

3. 26210 BNC-35 a 029 0,28 0,014 0,027 0,20 3,39 a
0,12 0,26 0,021 0,025 0,39 3,44 b

4. 26400 BNC-35 a 0,125 0,295 0,014 0,034 0,355 3315 a
b 0,11 0,32 0,014 0,029 0,62 3,42 b

5. 78752  ST-33 a 0,33 0,13 0,011 0,036 - — a
b 0,16 0,20 0,016 0,020 — — b

6. 91222 A-42 a 041 0,16 0,014 0,038 — - a
b 0,12 0,16 0,018 0,030 — b

7. 91229 A-38 a 0,30 0,19 0,011 0,030 — — a
b 013 0,21 0,014 0,027 — — b

8. 20109 37-C a 024 0,23 0,014 0,038 — - a
b 0,15 0,18 0,014 0,030 — — b

9. 20115 A-38 a 022 0,12 0,008 0,032 — — a
b 012 0,12 0,008 0,030 — — b
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coefficient value increases in a linear way with the increase in base surface,
viz. the desulfurization measure increased.

The sulfur- distribution coefficient of nickel- free steels is higher than the
one of nickel- containing steels, even at an identical base surplus. For the
evaluation, it is necessary to consider the finishing time of nickel free and
nickel containing batches, from the point of fusion till that of tapping. To
obtain the sulfur distribution coefficient concerning nickel containing batches
shown in the figure, in general, double the time is at disposal than with nickel-
free ones. If the differences between the sulfur distribution coefficient of
nickel- free and nickel- containing steels is estimated also considering the time
spent for distribution, it can be seen that the effect of the nickel content is
much higher on the desulfurization process, as could he assumed from the data
in the diagrams in Figs 3 and 4.

Following the technological and statistical evaluation ofthe experimental
data, these were also assessed on the basis of thermodynamics. For the calcu-
lations, we considered the sampling preceding the last one by two (a) and the
last one (b). These two data were selected from each hatch, as the nickel

samplings of experimental plant- steel batches

Slag composition %

S cao MgO MnO FeO Fe,0a P,Os Si02 aidb3 Qa3
0,13 46,70 8,84 5,68 15,04 3,82 1,01 8,09 5,96 4,97
0,14 44,66 7,67 5,58 14,74 6,30 0,92 8,24 6,43 4,97
0,15 45,75 8,70 4,80 9,81 3,06 1,14 12,40 10,48 1,78
0,14 44,93 10,89 6,09 9,07 3,10 1,01 12,86 9,63 1,90
0,10 37,44 7,58 9,50 9,16 2,22 1,36 15,89 9,19 7,25

0,09 38,67 7,69 9,19 10,20 2,42 1,30 15,57 8,40 8,82
0,18 38,40 11,50 7,23 12,86 3,15 1,25 12,58 7,88 4,87
0,26 42,35 8,81 8,52 12,34 3,73 115 11,44 7,04 3,93

0,108 42,22 15,20 5,10 14,89 - — 18,10 6,09 —
0,173 47,26 15,73 3,67 14,77 — — 13,18 3,06 —
0,081 36,06 13,93 6,97 15,16 — - 21,55 5,61 —
0,099 39,43 14,46 5,70 11,48 — — 21,48 5,86 —
0,125 35,18 14,78 7,14 20,52 — — 16,19 7,04 —
0,167 41,19 15,73 6,55 12,89 — — 17,41 7,27 -
0,100 38,11 20,70 5,65 12,24 — — 18,30 5,76 —
0,125 39,72 20,69 5,10 12,64 — — 16,94 5,41 —
0,122 36,94 17,94 6,63 16,20 — — 16,67 5,81 —

0,207 42,65 15,20 513 15,34 — — 14,69 541 —
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content of the batches can be regarded as stable beginning from sampling (a),
(see Tables Ilia and Illb)

On basis of plant data, we investigated the conditions of the process of
desulfurizing reaction

[FeS] + (CaO) = FeO) + (CaS) (1)

both concerning nickel- free and nickel- containing batches.
The normal free enthalpy change function of reaction

[FeS] -)- CaOg = FeOpj -f- CaS” 2)

in a temperature interval of 1400-T-1700°C [7], is: AG\ = —8372 10,53 T,
[cal/mol].

The values of AG\ refer to a system, where the pure phases of CaO(9,
FeO(i) and CaSp) are present. However, the slags of our experimental steels ar
real solutions, due to which a correction has to he added to the normal free
enthalpy values (AGI) of reaction (2).

The standard state of pure calcium oxides at the temperatures in question
is a pure, solid state; if taken into a solution

Ca0Os — (Ca0) 3)
the free enthalpy change of the process is:

AG3= 19000 —6,61 T -f R T In a(Ca0) [cal/mol].

Pure calcium sulfide at an experimental temperature is fluid, thus the free
enthalpy change is
AG4= RT In a(CaS)

accompanying its dissolving
CaSj —(CaS) (4)

has to he taken into consideration. But, similarly, also the dissolving of the
fluid iron(ll) oxide:
FeOt (FeO) ; (5)

—AG. = RT In a(Fe0). (6)

The free enthalpy of the process to be observed in plant steel batches, can
be calculated from the following function

AGe= [FeS] + (CaO) = (FeO) + (CaSs).

It is probable that calcium sulfide dissolves in the slag as a real compo-
nent, however, its activity value is unknown. As its concentration in the slag
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is not high, it may be considered as an ideal behaviour component and its
mole fractions (X) are taken as a basis to calculate the correction.

The calcium-oxide activity was determined by the ternary diagram of
Elliott (Fig. 5). The activity values of the iron (Il1)-oxide component of the slag
were determined on basis of the Pearson — Turkdogan ternary diagram
(Fig. 6). The molar fractions of the basic components were taken into consid-
eration as Xcao + Xjvigo + Cjvino, those of the acidic ones as Xsio2+ * p2o6,
the total iron content of the slag as FeO.

Si02

S102+P205
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batch

«

iS

INumber

Calculation of the sulfur activity

Batch number

75128 29

26196 97

26210-11

26400-01

78752-53

91222-23

91229-31

20109-10

20115-16

Nuwer

sample

T Q9 T 9 T o O o

T Q9 T 9 T o

T o T @

lgrs

24 «10-» + [C%]

0,0456
0,0264
0,0672
0,0456
0,0696
0,0288
0,0300
0,0264

0,0792
0,0384
0,0984
0,0288
0,0700
0,0312
0,0576
0,0360
0,0528
0,0288

-2,5 «10-* «

-[Mno/d

0,00475
0,0040
0,0045
0,0100
0,0070
0,0065
0,00737
0,0080

0,0033
0,0040
0,0040
0,0040
0,0048
0,0053
0,0058
0,0018
0,0030
0,0030

Table IV

*g '3

45 *10- u[PA

0,00090
0,00081
0,0063

0,00072
0,00063
0,00094
0,00065
0,00063

0,0005

0,00072
0,00063
0,00081
0,00050
0,00063
0,00063
0,00063
0,00036
0,00036

igy§

<2,3 +10-* »

.[5%

0,00062
0,00056
0,00078
0,00070
0,00076
0,00070
0,00095
0,00081

0,00101
0,00056
0,00106
0,00084
0,00084
0,00077
0,00106
0,00084
0,00090
0,00084

Brsr

22,2 +10-% »

*[Cr% ]

0,01034
0,0088

0,00484
0,00506
0,0044

0,00858
0,00781
0,01364

(as) in plant- steel batches containing nickel and free of nickel

lg yEOtv

0,03079
0,01385
0,05771
1,03056
0,05807
0,01396
0,01452
0,00458

0,0754
0,0346
0,0940
0,0248
0,0669
0,0258
0,0514
0,0340
0,0493
0,0253

yfotT

1,0735
1,0322
1,1421
1,0739
1,1431
1,0327
1,0340
1,0106

1,190
1,083
1,242
1,059
1,166
1,061
1,126
1,082
1,120
1,060

a[s]

ySOIY m[S %)

0,0236
0,0206
0,0320
0,0268
0,0309
0,0258
0,0355
0,0293

0,0428
0,0217
0,0472
0,0318
0,0350
0,0286
0,0428
0,0325
0,0358
0,0318
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There are no experimental data concerning the thermodynamic activity
of iron (Il)-sulfide. It was calculated from relationship:

«[Fes]= rfa,oy [FeS , %]. (7

On basis of the above, the equation of the free enthalpy fchange of the
desulfurization reaction is modified as follows:
y

AG6= — 21372+ 17,14T + RT In (FeQ) ' (CaS) ’ [cal/mol].
°[FeS] ma (CaO)

In our calculations the Fe20 3 content of the slag was reduced to FeO,
while the sulfur content to calcium (lIl)-sulfide and the calcium-oxide amount
was decreased accordingly.

Table IV shows the sulfur activity in the baths of the batches, while
Table ¥ contains the free enthalpy values of the same batches calculated con-
cerning 1600°C as well as plant temperature.

4., Summation of the results

The following may be deduced from plant experiments and thermodynam -
ic calculations:

a) in case of both kinds of steel the AGG6 values calculated concerning
plant temperature are relatively high negative figures. This means that the
sulfur distribution is rather far from the equilibrium;

b) in case of all batches, during the time (zIt) from test “a” to test “b”,
the desulfurization reaction approached the equilibrium;

c) the decrease in the AG6 value of nickel-free batches calculated concern-
ing plant temperature, — during the time (ZIt) from test “a” to test “b” — is
much higher, though the desulfurization reactions even in this case did not
achieve the state of equilibrium.

These observations are the more surprising when considering the changes
in the AG values as specifications of the time between the sampling. The
results are summarized in Table VI.

It can be seen from the Table,that the progress of the reaction was slower
in the case of nickel- containing batches than in that of nickel-free ones (in
general: 39,90 cal mole-1 minute-1), viz. in the nickel-containing batches the
desulfurization reaction approached the state of equilibrium to a lesser degree.
W ith the nickel-free steels, the desulfurization reaction approached the state
of equilibrium more rapidly as — in a unit time — it spent more from the
motive force the reaction.

We may thus state that the results of thermodynamic calculations
underscore the empirical experience that nickel makes (slows down) the
desulfurization process of steel more difficult.
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The batch

Sy S

I Ixo

Batch
number

Number

1 75128-29

° 26196-97

3 26210-11

4 26400-01

5 78752-53

6 91222-23

7 91229-31

8 20109-10

9 20115-16

Number of
sample

o 9 T 9 T 9 T o

T 9 T 9 T 9 T v T o

n 8]

1,0735
1,0322
1,1421
1,0730
1,1431
1,0327
1,0340
1,0106

1,1900
1,0830
1,2420
1,0590
1,1660
1,0610
1,1260
1,0820
1,1200
1,0600

szUcs, L.

Table V

Free enthalpy values ofplant- steel batches containing nickel

gt

0,0220
0,0102
0,0260
0,0250
0,0270
0,0250
0,0340
0,0290

0,0360
0,0200
0,0380
0,0300
0,0300
0,0270
0,0380
0,0300
0,0320
0,0300

[Fes, 94

0,0603
0,0549
0,0766
0,0685
0,0740
0,0685
0,0932
0,0795

0,0989
0,0549
0,1041
0,0823
0,0823
0,0745
0,1041
0,0823
0,0877
0,0825
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a[FeS]

. [Fggc%

0,0647
0,0566
0,0875
0,0735
0,0846
0,0707
0,0965
0,0804

0,1178
0,0594
0,1292
0,0870
0,0958
0,0785
0,1172
0,0870
0,0982
0,0871

= XG0 XG0 GO

0,78-1
0,75-1
0,71-1
0,72-1
0,63-1
0,65-1
0,70-1
0,70-1

0,70-1
0,80-1
0,60-1
0,62-1
0,65-1
0,65-1
0,80-1
0,75-1
0,79-1
0,76-1

0,6026
0,5624
0,5130
0,5248
0,4266
0,4467
0,5012
0,5012

0,5012
0,6310
0,3981
0,4169
0,4473
0,4470
0,6310
0,5625
0,6173
0,5754

0,5100
0,4990
0,5060
0,4840
0,4290
0,4370
0,4200
0,4650

0,2440
0,4810
0,3780
0,4090
0,3625
0,4100
0,3750
0,3910
0,4190
0,4310

aGo

58
0,3070
0,2806
0,2600
0,2535
0,1830
0,1950
0,2105
0,2328

0,2125
0,3035
0,1509
0,1705
0,1621
0,1833
0,2366
0,2199
0,2586
0,2479
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andfree of nickel at 1873-K and at plant temperature

@9

»GH

0,0025
0,0028
0,0030
0,0027
0,0020
0,0018
0,0035
0,0051

0,0019
0,0031
0,0015
0,0018
0,0023
0,0030
0,0017
0,0022
0,0037
0,0037

a(FeO)

0,30
0,34
0,32
0,30
0,50
0,52
0,40
0,40

0,43
0,25
0,55
0,45
0,52
0,40
0,30
0,29
0,33
0,30

w ° O
® O th3

0,0378
0,0589
0,0414
0,0432
0,0652
0,0676
0,0684
0,0108

0,0326
0,0431
0,0414
0,0547
0,0758
0,0839
0,0188
0,0328
0,0476
0,0514

lg Ka

-1,4231
-1,2300
-1,3835
-1,3650
-1,1858
—1,1701
-1,1651
-0,9662

—1,4868
—1,3650
-1,3830
—1,2618
-1,1203
-1,0762
-1,7249
—1,4841
-1,3228
-1,2896

R.T. Ig KA

-12194,54
-10539,87
-11855,21
-11696,68
-10161,12
-10026,59

-9983,74

-8279,37

-12740,39
-11696,69
-11850,93
-10812,36

-9599,85

-9221,98
-14780,67
-12717,25
-11335,07
-11050,58

AON3K®

4731,22

4731,22

4731,22

4731,22

4731,22

4731,22

4731,22

4731,22

4731,22

GBS KD

-7463,32
-5808,65
-7123,99
-6965,46
—5429,90
—b5295,37
-5252,52
-3548,15

—38009,17

6965,47
—7119,71
-6081,14
-4868,63
-4490,76
10049,45
-7986,03
-6603,85
-6319,36

temperature

Plant
KO0

1803
1893
1793
1873
1823
1883
1873
1893
1833
1873

G

4902,62
4902,62
4731,22
4902,62
4388,42
5074,02
4902,62
4988,32

3531,42
5074,02
3360,02
4731,22
3874,22
4902,62
4731,22
5074,02
4045,62
4731,22

189

AGPtpart

-7291,92
-5637,25
-7123,99
-6794,06
-5772,70
-4952,57
—5081,12
-3291,05

-9208,97
-6622,67
—38490,91
—6081,14
-5725,63
-4319,36
10049,45
-7643,25
-7289,45
-6319,36
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Table VI

Free enthalpy values calculated concerning 1600°C and/or plant temperature and concerning lime

unit cal/mole
% i 30 -1654,67 -1654,67 -55,16 —55,16
= 2 35 —158,53 -329,93 - 453 -23,41 -9,43 -28,84
[%2]
.% 3 45 -134,53 -820,13 -2,99 -18,22
= 4 55 —1704,37  -1790,07 -30,99 -32,54
o
3 5 35 -1043,70 -2586,30  —29,82 —73,89
& 6 25 -1038,57  -2409,77 —4154 -96,39
% 7 35 -377,87 1406,27 —10,79 -39,90 -40,18 -75,85
; 8 20 -2063,42 -2406,20 103,17 120,31
9 20 284,49 970,09 -14,22 48,50
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Physikalisch-chemische Untersuchung der Einwirkung des im Stahlbad gelosten Nickels
auf die Entschwefelung. In der Arbeit werden die Ursachen fur das besondere Verhalten der
chrom-nickelhaltigen (max 3,5% Ni) Stahle bei der Entschwefelung auf Grund von Betriebs-
erfahrungen und thermodynamischen Berechnungen untersucht. Es wurde festgestellt, daR
das Fortschreiten der Entschwefelungsreaktion in nickelhaltigen Stahlchargen wesentlich
langsamer war als in nickelfreien Chargen. Bei den letzteren naherte sich die Entschwefelungs-
reaktion schneller dem Gleichgewichtszustand, weil von der Triebkraft der Reaktion pro Zeit-
einheit mehr verbraucht wurde. Die Untersuchungen bestatigen die in der Praxis gemachte
Erfahrung, da Nickel die Entschwefelung des Stahls behindert.

DUNKO-XMMUYECKOE WCCeoBaHMe ecybMUPYIOLLEro AEACTBUSA HUKENS, PacTBOPEH-
HOro B CTa/lbHO BaHHe. B pa6oTe uccrefyeTcss nMpuuMHa 0co6oro NoBeaeHWst Npy Aecynbpupo-
BaHWsl XPOMO-HUKeNeBbIX cTanel (Makc. 3,5% HWKens) npu UCrosb30BaHUK AaHHbIX NPOU3BOJ-
CTBEHHOr0 OMbITa ¥ TEPMOAMHAMMUYECKMX PACYeToB. YCTaHOB/IEHO, YTO NpOTeKaHWe npouecca
peakuuy aecyNbUpPoBaHNs B HUKeNeCoAepXKallUxX NiaaBKax CTanu aBnsieTcst 6onee MeaseHHbIM,
yeM B C/lydae MNnaBoK, CBOBOAHbLIX OT HUKeNs. B cnyuyae nocnegHux peakumsi AecynbgpupoBaHus
GbicTpee NPUBNMXKaNACh K COCTOSIHWIO PABHOBECMS, TaK KaK W3 ABMXYLLEW CUMbl peakuuu 3a
eAVHULY BPEMeHU 6bIIo UCMOMb30BaHO 6oMblue. MpoBeaeHHble MCCen0BaHUs MOATBEPAUAN TO
onpefiefieHne, YCTaHOBMIEHHOE TakXXe MPAKTUYECKW, UTO HUKEeNb TOPMO3UT fecy/b(upoBaHue
cTanu.

Acta Technica Academiae Scientiarum Hungaricae 79, 1974



Acta Technica Academiae Scientiarum Hungaricae, Tomus 79 (1—2), pp. 191—201 (1974)

STRUCTURAL SYNTHESIS OF PRESS FRAMES
HAYING COLUMNS AND CROSS BEAMS
OF WELDED BOX CROSS-SECTION

J. FARKAS*

CAND. TECHN. SCI.

[Manuscript received December 6, 1973]

A complex design procedure is presented for the welded box sections of a press
frame having two columns and two cross beams. Both the frame and the cross-sections
are of double symmetry. Only a centric loading is considered. The eight unknown sizes
of the sections are calculated by means of a systematic treatment of the following con-
ditions: constraints of maximum bending and shear stresses, limitation of maximum
deflection of cross beams, conditions of local buckling of flange and webs of cross beams,
criterion of minimum volume and limitation of the ratio of flange thickness to web
thickness, in order to avoid lamellar tearing of weld-affected zone of box sections. In
the calculation of deflection, the shear deformation must be taken into account. The
inner space of work must also be guaranteed. In the calculation of bending stresses of
c_ré)ss geams, corner moments can be neglected, but in column design they must be con-
sidered.

Symbols

cross- sectional area

cross- sectional area of webs (Fig. 1)
sizes of inner space of work (Fig. 1)
sizes of the frame (Figs 1, 2; Eqs 21, 22)
constants (Eq. 31)

modulus of elasticity

pressing force

displacement (Fig. 2)

shear modulus

height of webs (Fig. 1)

moment of inertia

section modulus

bending moment

safety factor

statical moment

width of flanges (Fig. 1)

shear force

volume

thickness of flanges (Fig. 1)
thickness of webs (Fig. 1)

web buckling ratio (Eqs 6, 7)
flange buckling ratio (Eq. 8)

f = slihl a parameter (Eq. 15, Fig. 3)

=}
L
‘<:g_

gx—ro*ﬂmg6m>>
O'_

<

» = hlh a parameter
u length of pressing- force distribution (Fig. 2)
L= a parameter (Eg. 15, Fig. 3)
Poisson’s ratio
1= 6// a parameter

*Dr. J. Farxas, Nehézipari M(szaki Egyetem, Miskolc-Egyetemvaros, Hungary
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O coefficient of shear-stress distribution (Eqs 14, 15; Fig. 3)
allowable normal stress

T allowable shear stress

@O ¢n ¢y  angular deformations (Eq. 2, Fig. 2)

= a parameter (Eq. 25)

vm allowable ratio of displacement (Eqgs 9, 19)

Subscripts

1 for cross beams

2 for columns

1. Introduction

Welded frames are widely used for various types of presses of larger
load-carrying capacity, e. g. hydraulic presses for vulcanization of rubber,
pressing of plastics, etc. A design method has been worked out for such presses,
having open section columns, by Nudelman [12, 13], but Voronin [8] pointed
out that open-section columns are very sensitive to warping torsion due to
eccentric pressing. Thus, it is more advantageous to use welded box sections
instead of open ones. Experiments carried out by Kilp [4] have shown that
the sensitivity to the eccentric pressing of a welded frame is less than that of a
cast one.

Presses of large load-carrying capacity may consist of two or more
welded frames. There are some features which designers have to consider: the
inner space of work (sizes L and B in Fig. 1) must be guaranteed; the shear
deformations of the cross girders should be taken into account; the ratio of
flange thickness to web thickness must be limited to avoid lamellar tearing
[3] of weld-affected zones. These special constraints were, up to the present,
not taken into consideration. Schweer [7] did not take into account shear
deformations, in the book [10] box sections were not treated at all.
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The aim ofthe present paper is to give a more complex structural synthe-
sis, taking into account not only the constraints of strength and deformation
but also the special conditions of geometry and welding technology mentioned
above. Prager has also shown [5] that a wide range of constraints must be
taken into consideration in order to obtain a really producible construction.

It should he noted that the author collaborated at the test series carried
out in the laboratory of Csepel Individual Machine Works on a welded model
and on a prototype of a 10000 kN (1000 Mp) press for the vulcanization of
rubber. The strain and deflection measurements showed that stresses and
deformations can be calculated by treating the construction as a simple closed
frame having constant cross section rods (the difference between the calculated
and measured values was about 10%), excepting stress concentrations occurring
at the corners. The corners must he carefully designed by using rounded,
stiffened and thickened inner flanges to avoid larger stress concentrations
which can cause low-cycle fatigue. Some experimental stress data and design
considerations relating to such corners can be found in [4, 6, 8].

2. Considerations

1. The frame has three axes of symmetry.

2. The cross sections of transverse girders and columns are constant and
double symmetric.

3. The corners are so designed that a constraint relating to the stresses
in corners should not be considered. It is recommended to take a lower
value of allowable stress amto avoid low-cycle fatigue at the corners.

4. The state of stress is elastic, Hooke’s law is valid.

5. The torsion due to eccentric load may be neglected.

6. The load is uniformly distributed over a considerable part of cross
beams (Fig. 2, length XI), therefore, the maximum bending moment and the
maximum shear force do not occur in the same section.

3. Design conditions

1. Constraint of max. stress due to bending at the center of the trans-
verse beams:

Amax Almax/h-1 7~ "me (-0

The bending moment at the corners can be calculated from an equation
relating to the angular deformations according to Fig. 2:

= @
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where
Fl2(BL 5B _ I b
48E1X ' 7 2E1r 2EI.,

Ixand |I2arethe moments of inertia of cross beams and columns, respectively.
Using symbols &= Ji/l2and £ = bll, Eq. (2) becomes

EL 3F 2 "
24 1+ Cii’

Thus,

FI(2-1 -
1Mmax_ Mnax M = ( ) El 3-A2 (4)
8 24 |4 14

It should be noted that the calculation of the corner moment in [14] is
erroneous because the shear does not cause any angular displacement at the
corners.

2. Constraint of max shear stress in the transverse girders, using an
approximation

1,2T,, 1,2F <
I = r,, 5
max 2vsihl (®)

3. Condition of cross-beam-web buckling caused by shear

xkr 5,35n2E lvgi 2

nh 12(1 —wnh \2hl ®)
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or
vgil2"Rh 1 (7
Tji = 1,35 safety factor; v= 0,3 Poisson’s ratio, E =20.105N/mm2= 2,1.10®
kp/cm2.
With rm= 92 N/mm2is B = 1/90. Because of the presence of hending,

it is recommended to calculate with a value B = 1/60-71/80.
4. Condition of cross-beam-flange buckling may be written as

«x /> asx, (8)

taking into account the effect of residual welding stresses 06 = 1/30-71/40.
5. Constraint of max relative displacement between the central points of
the cross beams:

fl =fIM + nt + f 2N 5s/Im  —Vim*- 9)

yImis the allowable ratio of displacement, rplT = 1/800-7-1/1000. Deflection of
the cross girder due to bending

FI3(8 — 4A2- A3) M2

(10)
L ~ 384E I X 8E I,
'm - m # + 4 ft* r r- (H)
Deflection due to shear deformation
/ir= qgFl (2 A (12)
8GA1l
where
Ax= vglhx+ 2slvl (13)
and
e=— f i— rag. (14)

Qis the coefficient of shear-stress distribution, Sxstatical moment. In the case
of a box section (see also [2]) is

v dx -f- MZvia 122 vaidy
Jo .4 2 4 yn 2

Using symbols /n = vgl2vl and C= silhx, formula (14) becomes

e= 2+ 1<H + 15N2 + 5K 3. (15)
5@ + 3nQf

13* Acta Technica Academiae Scientiarum Hungaricae 79, 1974



196 FARKAS, J.

Fig. 3

Some values of gare shown in Fig. 3. Approximative is quw A/Ag. Note that
a calculation method of shear deformations is given in [11].
The half elongation of columns is given by

(16)
where
(17)
6. Constraint of max stress in columns:
M
ffamax — <:<h (18)
A,

7. Condition for the max horizontal displacement at the center of a
column:

fz="~-<4>2mb. (19)

Otil 2

8. In order to simplify the production, it is suitable to take

S4— Sn— s > (20)
9. Geometrical relations between the sizes of inner space of work and the
sizes of frame (Fig. 1):
b= B + h{, (21)
I=L + h2. (22)
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10. Relations between the flange and web thicknesses defined in order to
avoid lamellar tearing (according to [9]):

«1> 0,7vgl/2 , (23)

52> 0,7v [2+ (24)

11. For the reasons of production it is useful to take
V= h2h1l> qgmin, (25)
<mn= 0,3 -F0,5.

12. Condition of minimum volume:

Vw 2AA--2A.,b = min . (26)

4. Structural synthesis

In this special case of loading, the cross girders are loaded by bending and
shear, the main load of the columns is, however, the tension. Formula (3)
shows that the corner moment decreases when |2 decreases. Thus, it would be
useful, according to (25), to take the value of as small as possible. When
P= Cmin, li 15 namely # > 10. In this case, some simpler formulae can be
used, neglecting M in (4) and in (10).

It can be seen that, for the calculation of eight unknown sizes, there are
twelve conditions as follows: (1), (5), (7), (8), (9), (18), (19), (20), (23), (24), (25)
and (26). Because M is relatively small condition, (19) may be neglected. It
will be shown that condition (23) will be satisfied automatically. In order to
minimize the volume, the thicknesses determined by buckling conditions (7)
and (8) must be taken as small as possible.

Further, Eq. (26) can he written as

VI2Zl = Ax+ M z
where

and, one can assume that A 2is approx, independent of A x (see Eq. (38) ), thus,
instead of (26) it may be written as

Aj = min. (27)
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Then, the proposed design procedure is as follows:

1. The four sizes of the cross beams may be calculated using (1), (7), (8)
and (5) or (27).

2. Taking s2= sx and h2= (pminh\, the remaining two unknown sizes
of the column section may be calculated by means of (24) and (9) or (18).

5. Detailed design procedure

Using (5) and (7) we obtain

hiT= | ~ (28)

With (13) Eq. (1) can be written in the form

(29)
hx 6 2 3

From (29), taking into account (7), we obtain

N 2 max 4R3h\
1 <K 3

(30)

W ith approximation M = 0in (4), considering (22), Eq. (30) can be written as

(31)
where
From the condition
we obtain

(32)

This formula is the same as that obtained in [1]. The suitable value of h}is the
larger one from (28) and (32).
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Then, from (7)

(33)
With (29) and (8)
si (34)
and
Vi — asi e (35)
Note thatinthe case of a box section optimally designed for bending, according
to [1], the following relation is valid: = h”B/6; when R = 1/60 and 6 = 1/30,

then sx= 0,7hx, therefore, condition (23) is satisfied because (23) can be written
in the form <&« 0,7 Bhx or /> 0,35/,

While
36
cpé (36)
and considering # — oo, EQ. (18) can be written as
F FLep 3 —41]
LA I (37)
2A 2 24K tf
Using (29), from (37) we obtain
nav — (38)
2crm 1 - Hs -7 2
3E£(2-A)
On the other hand, from (9), considering (16), (22), (23)
(39)

w here/lAl should be calculated by means of (10) assuming that M &i 0. Further
calculations may be carried out with the larger A 2value from Eqs (38) and (39).
Using (17) and the equation

(40)
vg2 and v2 can be expressed by
3Ki 3a 2
T R—" 1- B-22.% (41)
s <pLL, 2h2
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and

3K x A2
v (42)
4s

Substituting (41) and (42) into (24), we obtain

(43)

6. Numerical example

Data: F — 5,5 «10eN(= 550 Mp); L = 150cm; B = 280 cm; am = 140
N/mm2 (steel 37); rm= 92 N/mm2; E = 2,1 «105N/mm2; G = 8 « 104N/mm2;
6 = 1/30; B = 1/60; yim= y2m= 1/800; 1= 0,3; = 0,4.

According to (28) hx- = 104 cm; using (32) h¥~ = 82,5 cm, thus hx= 105 cm (rounded);
with (7) VgR = 1,8 cm. h,, = 9w = 42 cm. According to (22) | — 192 cm, with (34) s, = s2=
= s =52 cm and with (8) vx= 1,8 cm. It can be seen that condition (23) is fulfilled.

Using (11) I, = 8,82 « 10“cm4, with (10), taking M = 0, we obtain/,a{ = 4,16 « 10-2
cm; for the values of <= 1 and C= 0,495 formula (15) gives g = 1,64. Further, according
to (13), Ax= 565 cm2 and with (12) fxp= 8,13 « 10-2 cm. According to (9) fIm= 0,24 cm.
Using (21) b= 385 cm. Then, using (39) A, j= 217 cm2 With £= fof= 2,0 Eq. (38) gives
A2m — 222 cm2 Thus, A2= 222 cm2 From Eq. (43) # = 13,5. Finally, Egs (41) and (42) give
t)g22 = 1,4 cm and v2= 1,0 cm, resp.

Control of the fulfilment of design conditions: according to (3) M = 4,57 « 106cmN,
with (4) Mimax = Mmax — M = 2,24 « 10s — 4,57 +106= 2,19 * 10scmN. It can be seen
that the corner moment M is small as compared to Mmax. Condition (1): <imax = 135 <
< 140 N/mm2 Considering also the value M, Eq. (10) gives/, = 4,16 «10-2 - 1,13 «10-3 =
= 4,05 «10_2cm; with (16) (A2= 221 cm2) /2> = 1,15 « 10-1 cm. Condition (9) is fulfilled
because/i = 4,05 « 10~2+ 8,13 « 10“2+ 11,5 «10-2= 0,237 < 0,240 cm.

It can be seen that the values of and/ 3y are considerably greater than that of f X'
Condition (18) is also fulfilled because

mmax = 125,0 + 15,4 = 140,4 ~ 140 N/mm2

Note that the stress of value 15,4 N/mm2 caused by M is small, but not negligible as compared
with the value 125 N/mm2
The condition (19) is also fulfilled becausef 2is very small: f 2— 0,0615 < 0,48 cm.
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Konstruktionssynthese von Pressengestellen mit Standern und Quertragern geschweillten
Kastenquerschnitts. Der Artikel behandelt ein komplexes Bemessungsverfahren fir die
geschweilten Kastenquerschnitte von Pressengestellen mit zwei Standern und zwei Quer-
tragern. Der untersuchte Rahmen und die Querschnitte sind doppelsymmetrisch. Nur eine
zentrische Belastung ist bertcksichtigt. Zur Berechnung der acht unbekannten Abmessungen
der Querschnitte dienen die folgenden Bedingungen: Begrenzung der maximalen Spannung
aus Biegung und Schub, Begrenzung der maximalen Durchbiegung der Quertrager, Beulbe-
dingungen der Gurt- und Stegbleche von Quertragern, Bedingung des minimalen Konstruk-
tionsvolumens und Begrenzung des Verhéltnisses von Gurt- und Stegblechdicken um die
Lamellarrissigkeit der Nahtzonen von Kastenquerschnitten zu verhindern. Bei der Berechnung
der Durchbiegung von Quertragern sind die Schubverformungen zu bericksichtigen. Man
mul die vorgeschriebenen Abmessungen des Arbeitraums auch garantieren. Bei der Berech-
nung der Spannungen und Durchbiegungen von Quertrdgern kann man die Eckmomente
vernachlassigen, bei der Bemessung von Standern missen aber diese bericksichtigt werden.

KOHCTPYKLMOHHbI CUHTE3 CTaHWH MPeccoB CO CTOMKaMM M MonepedmHaMu CBapHOro
Kopo6uaToro ceueHust. MpeasiodXeH KOMM/EKCHbIA pacyeTHbIA MeTOf, CBapHbIX KopoGuaTbiX
CeYEH CTaHMH MPECCOB C ABYMS CTOVKaMK U IByMs MonepevmHamMiu. Pama 1 cedeHrst MMetoT fge
OCM CMMMETpUW. PaccMaTpuBaeTcsl TONbKO LEHTPaslbHOE HarpyxeHve. [ns  onpeaeneHus
BOCbMMW HEM3BECTHbIX Pa3sMEpPOB CeUeHMii UCMO/b30BaHbI CNedyoLLMe YCIOBUS: YC/I0BUE, OFpaHu-
yMBatoLLiee HanbosbLUee HANPsHKeHWe OT M3rmba M cABUra U HauGoNbLUMIA NPOrné MonepeunH,
YC/IOBUSI MECTHOI YCTOWUMBOCTM MOSICOB M CTEHOK MOMepeUnH, KpUTEPUA HaMMeHbLLIEro 06be-
Ma KOHCTPYKLMM W NpeanucaHne OTHOLLEHMSI TOMLMH MOsica WM CTeHKW ANsi NPefoTBpaLleHns
paccnamBaHusl OKOMOLLIOBHbIX 30H Kopo6uaTbix npoguneii. Mpu pacyeta nporuéa nonepeunH He-
06X0MMO YUUTbIBATb AECTBME MOMepedHbIX CW. [aHHble pasMepbl pa6ouyero NpPoCTpaHcTBa
CTaHWHbI HaZo ToXe obecrneunTb. Mpu pacueTe HANPSHKEHU W NPOrMba nonepeynH y3noBbIMM
M3rnGatoLLMMM  MOMEHTAMU MOXHO MNpeHe6pedb, HO NPY MPOEKTUPOBAHUM CTOEK Hamo WX
YUNTbIBATb.
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APPLICATION OF CONFORMAL MAPPING
TO TRANSIENT TILE DRAINAGE

A. SORIANO* R. J. KRIZEK**  |. GYUK***
[Manuscript received July 7, 1973]

The problem of transient drainage toward a tile drain in an aquifer of finite depth
involves the solution of Laplace’s equation within a strip domain bounded by a curved
and moving free surface, a straight impervious boundary, and a small circular drain
contour within the domain. Application of conformal mapping allows the problem to
be stated in a new plane in which the moving free surface and the impervious boundary
are mapped into fixed straight lines, whereas the drain is mapped into an upward moving
closed contour. The boundary conditions of the problem in the new plane are time-
dependent, and the potential and mapping functions appear coupled. This system of
boundary conditions is expanded into a series of time-independent systems in terms of
the coefficients of the Taylor- series expansions for all functions entering the problem.
Two operations, termed “Complex Integration” and “Complex Regularization”, allow
a solution to be found for each of these systems up to third order of the time- power
expansion. Finally, a parameter study is performed with the use of a digital computer,
and the effect of different variables is evaluated.

1. Introduction

A time-dependent conformal mapping is applied to the problem of
transient flow toward a tile drain a homogeneous, isotropic aquifer of finite
depth. As shown in Fig. 1, the strip domain of the flow is bounded by a curved
and moving boundary (the free surface), a fixed straight line (the underlying

Fig. 1. Statement of the problem

* Antonio Soriano, Ingeniero de Caminos, Madrid, Spain.

** Raymond J. Krizek, Professor of Civil Engineering, The Technological Institute,
Northwestern University, Evanston, lllinois.

*** Imre Gyuk, Research Associate, School of Architecture, University of Wisconsin —
Milwaukee, Milwaukee, Wisconsin.
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impervious bottom), and a small closed curve (the drain). By use of a complex
pressure potential, the governing field equation (Laplace’s equation) is auto-
matically satisfied, and the boundary conditions can be stated by assuming
Darcy’slaw. The initial condition for the complex pressure potential corresponds
to a horizontal free surface, and it is found by applying the method of images.
To overcome the difficulty associated with the free boundary, the transforma-
tion is such that the free surface is always mapped into the fixed real axis of
the new plane, while the straight bottom boundary is unchanged. The motion
of the free surface toward the drain is represented in the new plane by an
upward motion of the drain. Once stated in the mapped plane, the problem is
solved by expanding the boundary conditions in a Taylor series of time, and
the resulting series of time-independent equations are solved by use of two
operations, which are termed complex integration and complex regularization.
This approach yields the definition of the first four terms of the Taylor-series
expansion of the mapping function, whose value at the real axis gives the
position of the free surface.

2. Mathematical statement of the problem

The complex function, P, chosen to desribe the flow, is related to the
actual pressure, p, by

Re{P} = --P - 1)
yJtl

where y is the weight density of water and H is the depth of the impervious
boundary from the original free surface. The coordinate system and time axis
to which this function is referenced are normalized by use of the thickness of
the aquifer, if, and the time unit, tu, defined as

mH

where m is the effective porosity of the aquifer and k is the coefficient of
permeability. The field equation for the dimensionless complex function, P,
is Laplace’s equation, which will be automatically satisfied, provided P is
regular within the domain. The boundary condition at tbe free surface is
expressed by the constancy of the pressure during the drainage process. This
may be expressed mathematically as
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where * replaces the equation of the unknown free surface and z and 1 are
the dimensionless complex coordinate of the xy plane and time, respectively.
The boundary condition at the bottom is given by the fact that the vertical
(or imaginary) component of the pressure gradient at this boundary is equal
to the hydrostatic pressure gradient, which isunity in this dimensionless system;
mathematically, this becomes

lin (4)

The boundary condition at the drain is one of constant atmospheric pressure
along its contour, and this may be stated as

Re{P},=(a+6),.= 0 (5)

where a = hjH is the dimensionless depth of drainage and d is any complex
number whose modulus is the dimensionless drain radius. The initial condition
for the problem is that the original free surface is horizontal and coincident
with the real axis, Xx. The complex pressure potential att = 0is found by apply-
ing the method of images.

3. Application of method of images

The initial condition of the problem is described by a complex potential
function

Po = {P}r=0 (6

within a strip domain bounded by a straight equipotential line (y = 0), a

straight line (y = 1) at which the imaginary part of its derivative is specified,

and a small circular equipotential boundary representing the drain. If PO is
assumed to have the structure

Po— UO0-)-iz, (v

the boundary conditions for UO are

91/
dz y=o

Im 8UplI ©
dz fy=1

Re dUo = 0. (10)
dz Z=(a+0)i
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To find such a function we seek the potential field associated with a sink
located at the drain center and its source and sink images with respect to the
boundaries; the resulting field is symmetric with respect to the axisy = 1 and
antisymmetric with respect to the axisy = 0. The symmetry with respect to
an axis implies that the axis is an impervious line, and the antisymmetry with
respect to the other axis implies that this axis is an equipotential line. The
replacement ofthe drain by a singularity is done on thebasis that the equipoten-
tial lines near the singularity can be assumed to be circles; hence, the small
circular equipotential boundary of the drain is closely represented. The relation
between the flow rate and the residue ofthe derivative ofthe potential function
at the singularity can be found by integrating along the drain circumference:

g = Im {()vdz} (n)

where v is the dimensionless complex discharge velocity which is related to the
potential function by

v:mdu’ (12)
dz

Substitution of Eq. (12) into Eq. (11) yields
g=Im |pT = 271cT Re {Residue}. (13)
To avoid further use of the factor m , a dimensionless flow rate, q is defined as

qg= — = 2Re | Residue}. (14)
Tim,

W ith this relation between the drain and the singularity, the potential field
can he found, and the distribution of sinks and sources is given in Fig. 2. The
position of the singularities is described by

X, = @*- it @ —*)i (15)

where sources are associated with even values of n and sinks with odd values of
n. The potential field associated with this distribution of sinks and sources is
described by

(-1) (i6)
dz 2% -1

’ 1

The summation of this series can be accomplished by replacing each term by a
Fourier integral of the type
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Fig. 2. Application of the method of images and distribution of singularities
e*(z-Xn)tdt (17)
and adding the integrals to obtain the following result (Soriano, 1972):

(18)
where

(19)

(20

(21

(22)

(23)

and C~, Sx, CB, and SR are the corresponding symmetric definitions, where
R = 2—«. The expression for uqgiven by Eq. (18) can be readily integrated
to yield the initial condition of the problem:

Pe=1(|--f) +i2® 29
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4. Application of conformal mapping

As stated, the problem involves a moving boundary at which a nonlinear
boundary condition is to be applied. However, the difficulty associated with
the unknown position of the free surface may be overcome if the mapping
function is chosen such that the free surface maps at any time into the real
axis ofthe new plane, the impervious boundary being a double line; under such
amapping the boundary condition at the free surface is transformed as follows.
In Eq. (3) the term Qz/Qt, which represents the seepage velocity at the free
surface, is transformed by use of Darcy’s law to

9
z _ ap (25)
o7 9z

The coefficient of permeability and the effective porosity enter the equation
through the dimensionless time parameter, .. When the value for Qz/dr given
by Eq. (25) is introduced into Eq. (3), the boundary condition at the free sur-
ace becomes

9P 9P . 9P
(9P 9P ., ;3P Py, (26)

[ 9z 9z 0z oT J*

Once expressed in this way, the time-dependent mapping function, z = z(t, ©),
can be used to transform the boundary condition to the new plane. This change
in variables yields

Reﬁ.ﬁ.i&.gz+iEd:.l&+Ed..rat\f\FO:o. @T>

Since the pressure is constant along the real axis of the new plane, Eq. (27)
can be divided into two parts, as follows:

Re aL:g:o (28)
Tm 3P a a

-H L —— n H» 1 = 0. (29)

and

Multiplying by the real term @a) {dz/&)and making use of the identity

R .ii! .1+ *

. =0, (30)
9z T o7 -9
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we can write Eq. (29) as

dP dz dz . 921
3 ti-=1 =o0. (31)
of or oC dCaa o

This states mathematically that the free surface of the z plane is mapped into
the real axis of the Cplane. The boundary condition at the bottom, as given by
Eq. (4), can be transformed directly to

Im 9P % — 1. (32)
oc 3z jj=i

Use of the condition that the mapping does not change the shape of the
impervious boundary, expressed mathematically as

Im =0, (33)
allows Eqg. (32) to be expressed more conveniently as
Im{P}v=1=iz. (34)
The boundary condition at the drain contour is the same, but specified at
Re{P}t=a+&— 0, (35)

where at and 6t are the drain center and drain radius, respectively. In summary,
the problem consists of finding two time-dependent complex functions, P and
2, which are regular within a strip domain bounded by two parallel straight
lines, rj = 0 and rj = 1, and a small time-dependent circle, £ = -j- 0/, and
satisfy the boundary conditions

Re{P}V:O: O, (36)

Imogn g 02 P2l (37)
lec "o ¢ 0tw=o

Im {P}*=1= 12, (38)

Im{z}4=1= 0, (39)

Re {P}¢=ail+e,= 0,
and the initial conditions

¥ O, (40)
P(i,0)= PO. (41)
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5. Explicit form of the mapping function

W ith the initial condition for P given by Eq. (24) and the system of
Eqgs (36) through (41), the problem is completely defined. Due to the com-
plexity caused by the time dependency, the two complex functions entering
this system are expanded into Taylor series of time, and the system of time-
dependent equations is then expressed in terms of a series of time-independent
systems of complex functions. The expansions of the functions are

P—PO-(-Pxx-)-P2t2+ oo (42)
and
2= 720+ ZjT+ Z2T2+ Z3T3+ ... (43)

which, when used in conjunction with the time-dependent system, yield the
following systems:
First system:

Re {-Po}i)=0 — ®» (44)
Im {po+ zi — = 0. (45)
Im {pi}v=i= Im {izIK=1" (46)
Im {zi}ij=i= 0. (47)

Second system:
Re{P1}4=0= 0, (48)
Im {-Pi} + 2z2+ zizi —izi}v-0 = 0» (49)
Im {P2M=i= Im {z2} i, (50)
Im {Z}&=1= 0« (51)

Third system:

Re {Pr}1}=0 — ®» (52)
Im {PI + 323+ 2z2[-F ZIZ2—i2}4=0= 0, (53)
Im {P3},=!= Im {r3}d=n (54)
Im {z3},=1= 0 (55)
where Po Pi’P2 .. w20 +1» 22 z3- - .+ and their derivatives are time-dependent

complex functions. The boundary condition at the drain is not included here,
but it is used later to determine the flow rate. At this point the complex
pressure, P, is divided into two parts:

P=U+W (56)

such that dU/df has a first-order pole at the moving drain center (and hence
it gives the flow rate) and IF is a regular function within the domain and
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inside the drain. The expansion of U can be found directly by introducing the
time-dependent coordinate of the drain into Eq. (18), whose position may he
written as

a,= a f-djir -f d2r2-(-... (57)

where d1; d2,... are constants to be defined. The imaginary part of the
derivative of U, which is the function which enters the boundary condition,
is expanded to obtain

(58)
where
(59)
(60)
(61
and q0, gx, g2, . .. are the coefficients of the expansion of the flow rate
i= 90+ Qi* + OrT2+ ees (62)

to be defined by use ofthe boundary condition at the drain. Once these expan-
sions are known, Eq. (45) can be considered; by substituting into Eq. (45) the
value of V'O given in Eq. (59), we obtain

Im {z370= ~ ~ Im zii_ fsl\/,l,:Q (63)

Since the right-hand term of Eq. (63) is regular and real-valued at 1] = 1, we
may write

z,= — 0 \CL_ (64)
[s+ s/j

value for x1 Eq-

Im {Wilv=1= - Im A0l F + (65)
. st st TH'
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In order to find an expression for W1lwhich satisfies Eq. (65) and is imaginary-
valued at the real axis, an operation termed “complex integration” is perform-
ed. This operation, which replaces a complex Fourier integration (Karinin,
1948; Soriano, 1972), consists of multiplying the function in the right-hand
term by its argument over twice the imaginary unit and subtracting the
conjugate of the resulting expression. Under this operation the imaginary part
of the expression is unchanged, and the following imaginary-valued function is
obtained at the real axis:

fc+ ai C+ c+ Bi CBR _ c—ai C* c— Ri CBj
210 A S+ A S+ A s- A Sf ]

where W1is regular within the domain and inside the drain. We find z2 by
dividing it into three parts

z2 = Z21 + z22+ 723" (67)

each one satisfying the bottom boundary condition and such that

— 21m {z21}4=0= Im {U" =0, (68)
—2Im{z22}*=0 = Im{IU; —iz(}4=0, (69)
— 21m {z23}"=0 = Im {ziz'i}"=0 * (70)

Substitution of the known values for P( and z( into Eqs (68) and (69) yields
directly the following regular expressions for z21 and z22

IC+ i
22, 11 + ., 9odi 71)
A \s+ A2 S+2 C+2
g C-Bi 1 C—ai 1 ou C-Ri 1
N2 — +
2A A S+2 A S+2 A A S
C+ g | ¢t j B (72)
S+ N S-

which are real-valued at 71 = 1 and hence satisfy Eq. (51). The right-hand term
of Eq. (70) can be evaluated from Eq. (64) to yield

2 1m {z23}"=0 = (73)

Since the expression in the right-hand term of the equation is singular at
£ = ai, a“complex regularization” must be performed to remove the singulari-
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ties without changing the imaginary part of the expression at the real axis;
the resulting expression must also be real-valued at rj = 1. The operation of
“complex regularization” is accomplished by use of a partial fraction expansion
to isolate the singularities and a conjugation and change of sign to remove the
singularity from the relevant domain. The partial fraction-expansion identities
used in this operation are

1 i : -
c C (74)

S+Sa cos [s+ S,-

1 i C+ 1
Sa2s - cos Si2 cos2 | S+
where

C0S = CO0S n ; 76
= L iR - a). (76)

After performing the complex regularization, we obtain the following result
for z23:

r+ G+ T+Si+
—2z23 j(2 + 27] + 2+ £p -+ - 77)
AS{ $? E S+ cos 2 Q+2
where
G2+ C~2), (78)
C0s"2
m(Cp + CR2 (79)
cosh
The addition of Eqs (71), (72) and (77) gives
2,2— 11 _ 90 60 . 1
A 2Zl A2 Ssa2 1
f —ai 1
gO ' 1+ c +
2A A S:+2 g .
g§ 1 c+ s ;
+ 2+ 27) ¢¢ + Sym (a//?) (80)
A3 s & Cos 2

where the symbol Sym (a//S) represents an expression which is equivalent to the
written part, but with an interchange in the roles ofa and R; Eq. (80) is sym-
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metric with respect to the line rj = 1. Substituting the value for z2into Eq. (50)
gives

21m {JEQ4=1= Im [ 11 40
A 2A SA A2 SA2

R Co E— ai 1 I +
+ 2N SI+2 Sr2
I CASi
+Ad(2+r) 711 +
A3 SA cos
+ Sym (x/B) 7= (81)

As with Wx, a complex integration is performed on Eq. (81), and, since the
imaginary part remains unchanged at r] = 1, we may write

q0 f£: ai CA £—xi Cal

! (12 4 | A SA A sy '
god1l f£ + ai
2A A SA2
£+ Bi C—xi
+ U A
C~bri cg
A S~
q0 f£+ xi
A2 (2+/\)|f (2+27a N +
1 '£+ ai CaS/ £—ai C*SB ]
¥ cos 2 S~2 d S~2 ¥
Sym {xjR)v=1 (82)

where the symbol Sym (-(-/—) is used to replace an expression similar to the
written part, but with sign of x and B interchanged; this is the conjugate of the
expression with respect to the real axis. Since the expression given by Eq. (82)
isnot regular, the poles must be moved. The singularities in this expression are

pl £+ xi 1 gori , 20 1 . c+s+

— Sym(+/—)+ Sym (x/R) (83
N SA2 .2A  2A2 cos  * B ym(+/—)+ Sym (x/B) (83)

which have a first-order pole at the drain. The expression
rRe= CA godi U 1 geasi sym(+/—)+ Sym(al/3), (84)
SA 2A 2712 cos
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which has a pole of the same type, but with opposite sign, is such that the addi-
tion of Egs (83) and (84) yields a regular expression. On the other hand, the
expression given by Eq. (84) is real-valued at rj = 1 and imaginary-valued at
] = 0; hence, the boundary conditions are not affected when this expression is
added to Eq. (82) to make W2regular. Thus, we may write

- o1F2= il _go E* ai QJ go<"i MR «4+
2 4 i Sa 2A 24 si2  s- J
; C+ ai - /Si - Ci
+ io al f /Si + C Ay | '
4 Zi Z Si* A Si a
o C+ ai . (C+ Gi Cis; Ciz2s+
2+ U« .+ . .
2N2 Si cos zI Si2 Si
—Sym (+/—)+ Sym (oc//3). (85)

The evaluation of z3 from Eq. (53) is done by dividing it into three parts,

Z3 - Z31 "t~ Z32 4* 233

such that each part satisfies the boundary condition at the impervious boundary
and

- 6 1m {z31}4=0= 2 Im {U2Zv=0, (87)
—61Im {z32}v=0= 2 Im {W2— iz2}v=0, (88)
6 Im {rBlu=0= 2 Im {2*2*1.  zi2Z}ij=o . (®9)

Direct substitution ofthe values for U2, W2, and z2, derived from Eqs (61), (85),
(80), respectively, into Eqs (87) and (88) gives the following regular expressions
for z31 and *32:

- 6z31= 2 AL-+ 2 g°di + 4ldl —
31 | Si

+ 2 + S IR 90
1270 S 3 sigt SYM @0

z
and
sar 5. zss 1f£—at [Ca A T R
27 2 2 1 a 1sa3z 8. [si2” si2i
g C—oa pfc; Ci j —e 11
211 2l s:3  Sa3| Z Sr2l1
+ D c—aoi + 2jtai-"- +
2713 A s;2 s-2 1s; s~
1 H C'
g, © D M F [+ Sym (xIR) (91)
Si S, cos
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where
(92)
and
+ Sym (xjR) . (93)
To evaluate from Eq. (89), its rieht-hand term may be written by use of

Eqs (64) and (80) as

M
212

Since thisexpression is not regular at C= at, a complex regularization must be
performedThe first, second, and fourth terms of the expression can be regular-
ed by use of the partial fraction expansion identities given by Eqs (73) and
(74) ad their extensions

(95)

(96)
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W hen these expressions are substituted into Eq. (94), the singularities are
isolated; then, the poles are removed from the relevant strip by simply conju-
gating and changing the sign of the irregular terms, operations which do not
change the imaginary part of the expression. The third term, however, is
treated differently, because the fact that the functions are multiplied by their
arguments, makes this procedure somewhat complicated. The regularization
of this term is accomplished by analyzing its singularity at £ = oc and
determining a regularization factor, which does not affect the boundary condi-
tion. By evaluating the regular part of the term at the pole and using this
constant value to multiply functions ofthe type I/S”2and C&4/S&a to compensate
for any second-and first-order singularities, we find this regularization factor
to be

RF = J-+3 Ci

sim o S'R

(97)
sin”® cosh Sp S-z S«2
where

sin = sin B - ) (98)

Use of this complex regularization allows the resulting expression for z33to be
written as
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(99)

Finally, the addition of Eqs (90, 91), and (99) define the third power of the
Taylor expansion of the mapping function.

6. Determination of the constants

The condition that the moving singularity in the mapped plane corre-
sponds to the fixed drain center in the actual plane is sufficient to characterize
the constantsdIl5 d2, . .., which define the motion of the singularity, and this
situation may be expressed as

z(xti) = od (100)
which, upon substitution of the expansion for ot given by Eq. (57), yields
z(xi —4jX—d212...) = od. (101)

Using Eq. (101), expanding in time series, and equating terms with similar
powers of time, we obtain
dl= z"od), (102)

d2= z2(xi) — delicti). (103)
The boundary condition at the drain
Re{U+ W}i=a,itvd= 0 (104)

is applied to define the constants g0, gl5q92 .... The mapped drain contour,
along which this boundary condition is applied, is obtained by use of the
correspondence

od -f & = z(xti + 0t) (105)

from which, by expansion at £ = ai, we obtain
&t = ~{z,}c=a(i+ eeee (106)

By use of the known expansions for U and W for the substitution of the value
for df from Eq. (106), Eq. (104) can be written as

1/2(io + + ?2t2 + o) (HO "f"HjT -j- B2t2 + eoe) +
+ TO0+ T+ T22+ ... = 0 (107)
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where
R0O= L[A «cotl6], (108)
Rl= — (tan -)- cot), (109)
A
D [ mn , 2id2 , . ,o2d? 1 1 /1im
R2= —P2- — + — - (tan + coOt) + — —---m-mm ——em- -, (HO)
( 2 A A2 cos2 sin2
T0= - a, (111)
T1= {"1}=,-d 1, (112)
T2= {IP2}i=ai - - dai. (113)

By rearrangement of Eq. (107) into terms with equal powers of time, we may

define explicit values for g0, qu g2, ... as
(114)
goni+ 27 (115)
«1l
?20"2 + gi-Rj+ 2Ta (116)

7. Numerical evaluations

A digital computer was used to obtain numerical values for a represent-
ative parameter study; several values were assumed for the dimensionless
parameters, and the results are plotted in Figs 3 through 7. Fig. 3 shows the
evolution of the free surface with time, Figs 4 and 5 present a study of the
drawdown above the drain and the flow rate, and Fig. 6 gives the status of the
potential field at two different stages of the drainage process. The effect of the
relative position of the drain within the aquifer is shown in Fig. 7, where the
initial flow rate, qJkH, is plotted versus the relative depth, hjH, for different
sizes of drain, 6/H. Since the variation of flow with time is almost linear in
all cases, conclusions can be obtained for time equal to zero and conveniently
extrapolated to other values oftime. As seen in Fig. 7, there exists some depth
beyond which the flow from the aquifer no longer increases; this optimum
location for the drain is very close, but not at the bottom boundary, and the
variation is quite flat between the optimum location and the bottom boundary.
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Fig. 3. Evolution of the free surface

Due to the type of approach utilized herein, the error increases with time,
and a limit for the time parameter must be imposed. The value of this limit is
selected by considering the contribution of each new term of the series. For
values of the time parameter smaller than unity, the contribution of the
third-order term is less than approximately ten per cent; therefore, for times
lower than this limit, the series, which consists of alternating positive and
negative terms, is considered to approach the true solution with reasonable
accuracy.
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droin radius,

Fig. 4. Drawdown relations

8. Conclusions

Based on the results of this study and cognizant of its inherent assump-
tions and limitations, the following conclusions can be advanced:

1. A transient conformal mapping technique can be used to solve the
problem of flow to a tile drain for times lower than some limiting value; for
larger values of time, the truncated series approach will probably become
unduly complicated.

2. The procedure of evaluating the Fourier integral of a function of
a complex variable can be replaced by a simpler operation, termed complex
integration, in order to solve Laplace’sequation for atime-dependent free-sur-
face boundary condition.

3. The partial fraction expansion applied to hyperbolic functions of a
complex variable, as described in this work, provides a useful way for removing
the singularities of irregular functions of a certain type without changing their
boundary values.
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Fig. 5. Flow-rate relations

horizontal co-ordinate

Fig. 6. Evolution of the pore-pressure distribution
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Fig. 7. Influence of the depth of drainage on the flow-rate
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Anwendung der konformen Abbildung auf transiente Tonrohrdranung. Das Problem
der transienten Dranung in Richtung auf einen Tonrohrdran in einem Grundwassertrager von
endlicher Tiefe erfordert die Lésung der Laplaceschen Gleichung in einem Bandbereich der
durch eine krumme und bewegliche freie Oberflache, eine gerade undurchlassige Flache und
eine kleine kreisrunde Drankontur innerhalb des Bereiches begrenzt ist. Die Anwendung der
konformen Abbildung ermdglicht das Problem in einer neuen Ebene zu formulieren in welcher
die bewegliche freie Oberflache und die undurchlassige Begrenzung in Form einer festen Gerade
abgebildet werden, wahrend der Dran als eine sich nach oben bewegende geschlossene Kurve
abgebildet wird. Das System der Randbedingungen wird in eine Reihe von zeitunabhéngigen
Systemen entwickelt, die von den Koeffizienten der Taylorschen Reihen aller im Problem ent-
haltenen Funktionen abhéngig sind. Zwei Operationen, genannt »komplexe Integration«
und »komplexe Regularisierung« ermdoglichen es, fur jedes dieser Systeme eine Losung bis zur
dritten Potenz der Zeit zu finden. SchlieBlich wurde mit einem Digitalrechner eine Parameter-
studie durchgefihrt und der EinfluB verschiedener Variablen ausgewertet.

MpumeHeHVe KOH(OPMHOr0 0TO6PAXEHUA AN TNNHAHBLIX peHaXHbIX Tpy6. Mpobnema
NnepexofHOro 0TBOAA BOAbl BBEPX T/IMHSAHON TPy6bl, pasMeLleHHOW B BOAOHECYLLEM COe KO-
HEYHOWN rNy6uHbl, TpeGyeT pelleHns ypaBHeHMs Jlannaca 418 HeKOTOPOro AvanasoHa Mosochl,
KOTOpasi orpaHN4YMBaeTCs 04HON CBOGOAHO ABVKYLLLEACA KPUBO MOBEPXHOCTLIO, OAHOM NPSIMOA
BO/JOHEMPOHULLAEMOI NOBEPXHOCTHLIO ¥ OAHUM MaslbiM KPYT/IbIM TPYGHbIM NEPUMETPOM B Npejenax
AmnanasoHa. [puMeHeHVWEM KOH(OPMHOro 0ToGpaxkeHUs NpobiemMy MOXHO chopMynnpoBaTh B
HOBOI M/IOCKOCTM, Ha KOTOPYH OTOGpaXeHbl ABUXYLLASiCS CBOGOAHAS MOBEPXHOCTb WM HEMpo-
HULLaeMas rpaHuula B KayecTBe (DMKCMPOBAHHOW MpsiMoii. B HOBOM MMOCKOCTU rpaHUYHbIe
NMoBepPXHOCTU MPo6/eMbI 3aBUCAT OT BPEMEHW, U SIBNSIOTCS 3aBUCUMbIMW MOTEHLMAN U hyHKLMN
oTo6paXkeHMs. 3Ta cucTeMa KpaeBbIX YC/M0BUIM BblpaXaeTcsd B CMCTEMAX, He3aBUCUMbIX OT
BPEMEHW; 3TN NOC/eAHME CUCTEMbI SIBNAIOTCS (OYHKLUMSIMU KO3(h(hULIMEHTOB psiioB Telinopa Bcex
urypupytowmx B npobneme yHKuUMiA. [1Be onepalmu, a UMEHHO «KOMM/IEKCHOe MHTerpupoBa-
HME» W «KOMIJIEKCHAA Perynsipusauns» Mo3BOMSOT HalTW pelleHVe A1s1 KaXKAOW CUCTeMbI [0
TPeTbero NnokasaTessi CTENEHN CTEMEHHOro psifa Nno BpeMeHW. B 3aBeplLeHMe aBTOPbI C MOMOLLLIO
LMPOBOIA BbLIYMCANTENBHOM MalUMHbI aHaNU3MPYIOT MapameTpbl M ONpejensitoT BO3felCTBUE
pasfINyHbIX MNepPeMEHHbIX.
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LOCAL SIMILARITY SOLUTIONS FOR THE
COMPRESSIBLE LAMINAR BOUNDARY LAYER
EQUATIONS

G. NATH*
[Manuscript received 5 July 1972]

Similar solutions of the steady compressible laminar viscous fluid, both at the
stagnation point and away from the stagnation point of two-dimensional and axisym-
metric bodies at zero incidence have been obtained without imposing any restriction
on the total enthalpy at the wall, the product of viscosity and density, and the Prandtl
number. The two coupled non-linear ordinary differential equations, representing mo-
mentum and energy equations, are simultaneously solved using Runge —Kutta—Gill
method. The results show that the skin- friction coefficient and the Nusselt number
decrease when moving away from the stagnation point. The skin- friction coefficient
increases but the Nusselt number decreases as the total enthalpy at the wall increases.
The skin- friction coefficient and the Nusselt number for a two-dimensional body (a cyl-
inder) are less than those of an axisymmetric body (a sphere).

1. Introduction

W ithin recent years, the problem of aerodynamic heat transfer at the
stagnation point of a blunt body in hypersonic flow with or without mass
transfer, characterized by large temperature gradients in boundary layer,
has received a considerable amountofinterestin the literature (see, for example,
Levy [1], Cohen and Reshotko [2], Sibulkin [3], Lees [4], Libby and Liu [5],
[6], Back and Witte [7], Back [8—9] etc.), due to the advent of guided
missiles and space vehicles. The effect of massive blowing at the stagnation
point of a blunt body has been considered by Libby [10], Zeiberg [11] and
Kassoy [12]. Fay and Riddell [13] have considered the more general
problem by including the effects of variable fluid properties in the boundary
layer, chemical processes such as dissociation and recombination, and diffusion
of atoms. In these cases, a similarity variable can be found such that the
equations for the stagnation-point boundary layer can be reduced to ordinary
differential equations. The stagnation-point theory can also be extended to
regions away from the stagnation point. There are regimes of flight, such as
high altitudes, where the boundary layer remains laminar for some distances

*G. Nath, Department of Applied Mathematics, Indian Institute of Science, Ban-
galore, India
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away from the stagnation point, and a laminar theory is of considerable
interest.

The special features of the viscous hypersonic flow, caused by high flight
velocity, are the large ratio of external- to- wall enthalpy (or temperature) and
the dissociation. Therefore, large variations of fluid properties occur across
the boundary layer. Hence, the product of density and viscosity across the
boundary layer may vary by a factor of 5 or more instead of being nearly
constant. Several authors [1—2,4—9]have considered this product as constant.
McLeod and Serrin [14] have discussed the mathematical properties of
similar solutions for compressible laminar boundary layer equations taking the
product of density and viscosity as constant and they have obtained the condi-
tions for the existence of the velocity overshoot analytically. Lees [4] has
discussed the heat transfer for highly cooled bodies in dissociating flow using
the concept of “local similarity”. At each point of the body, the boundary
layer is assumed to be described by ordinary differential equations involving
one independent similarity variable with boundary, conditions- and parameters
depending upon local external and wall conditions. He concluded that the
pressure gradient had little effect on heat transfer and the variation of the
product of density and viscosity acrossthe boundary layer could be approxim at-
ed by taking it constant at the external value. Probstein [15] has extended
Lees’work in which the wall- enthalpy gradient is obtained by solving the energy
equation by iteration, using Cohen’s and Reshotko’s velocity and enthalpy
profiles. He showed that only one or two iterations are necessary for good
convergence in most practical cases. Kemp et al [16] used the local similarity
concept to solve the governing differential equations with dissociation, variable
external pressure- gradient parameter, variable gp, and the dissipation term for
highly cooled Avails at points away from the stagnation point. They obtained
numerical solutions of the pertinent equations for the case of axisymmetric
body by extending the method of Fay and Riaaerr [13] used at the stagnation
point. The solutions, which depend on local external flow conditions, vary
around the body, in contrast to the constant values used by Lees [4]. It would
be interesting to know the effects of the total enthalpy at the wall (i. e. when
the wall is not highly cooled) on the solutions of the equations. Dewey [17] has
used the concept of local similarity to study the hypersonic viscous interaction
problem.

Separating or reverse self- similar solutions for laminar boundary- layer
equations have been obtained by Rogers [18—20], Fox and Saranda [21],
Buckmaster [22], and Wortman and Minrs [23]. The inviscid flow solutions
in the stagnation region of bluntbodies (cylinder and sphere) have been obtain-
ed by whnitham [24] and Ligheninr [25], using constant density model.
Some related inviscid problems in hypersonic flow have been studied by
Bi1oor [26], and Sedney and Gerber [27]. B1oor has considered the effect of
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radiative heat loss in the case of a blunt body and Sedney and Gerber have
studied the shock curvature and the gradient effects at the tip of a pointed
axisymmetric body in nonequilibrium flow.

In the present analysis, the local similarity concept is used to obtain the
solutions of the governing equations at points away from the stagnation point
for a two-dimensional body (a cylinder) and for axisymmetric body (a sphere)
without imposing any restriction on the total enthalpy at the wall, the product
of density and viscosity, and the Prandtl number.

It has been assumed that the temperature is not so high as to produce
dissociation and recombination, that is, the fluid is assumed to be perfect.
In addition to the determination ofthe velocity and total enthalpy profiles, the
skin friction and the heat transfer have also been obtained.

2. Basic equations

We shall consider the hypersonic viscous flow in the neighbourhood of the
stagnation point of a two-dimensional and an axisymmetric blunt body. It is
assumed that the free stream Mach number is, not so high as to produce dissoci-
ation etc. behind the shock wave, that is,the fluid behaves as a perfect fluid
behind the shock wave. We also assume that the boundary layer thickness is
small compared to the body radius of curvature and that the centrifugal forces
are negligible. With these assumptions, the governing equations can be expres-

sed as [28]
{auty + =03
X u ay ((?vro) (1)
du du due 9 ( du
B u-— + V= = QU .1, ) — 9 (2)
ax ay dx 9 | 9]
a,, .. a,« a : 8w
. p 3
dx axj dy Prody 9j P 9 2
where J = 0 for two-dimensional flow and J = 1 for axisymmetric flow, x and

y are distances along perpendicular to the body, u and v are the velocity
components along x and y directions, e is the density, | is the total enthalpy,
Pr= pCp/K isthe Prandtl number, fxis the viscosity, Cp is the specific heat at
constant pressure, K is the conductivity, rOis the distance from the axis of an
axisymmetric body (a sphere), and the suffix e denotes the condition at the
edge of the boundary layer. The boundary conditions are:

y 0:m= 0, v= 0. 1= lw,

y

00:u= ue | = le 4)
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where the suffix, tv, denotes the condition at the surface of the body. Using the
transformation due to Lees—Levy [4]

Q,MeuerlJd d x , (5)

satisfying the condition of continuity by the use of the stream function rp,
QurJ = --—--- Qrp= A 6)
Oy

and introducing the following dimensionless quantities:

. ® .
/| = so that /'= (?)

@2S)* 6= Tp

we can reduce the equations (2) and (3) in non-dimensional form [28]:

©)
where

8 2S due
ue dS

is the pressure- gradient parameter,

c Ne

Qefre

and Ug/le is the dissipation parameter.

Similarity or S- independent solutions ofthe boundary- layer equations (8)
and (9) require that all terms should be independent ofS, sothat these equations
reduce to ordinary differential equations with independent variable rj. This
occurs for a cone of constant pressure, where external flow and wall enthalpy
are independent of S. The equations also become independent of S for two-
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229
or axisymmetric stagnation point flow.

In the region of the
stagnation point, both fortwo-dimensional or axisymmetric bodies, the external
velocity ue can be written as
due\

dx g

from above

where the suffix o denotes stagnation- point condition. Similarly, rQ="x in the
region of the stagnation point of an axisymmetric body. Substituting for w
in equation (5),

due X2
*S e
dx (Q2
for a two-dimensional body and
due xi
dx Jo 4
for an axisymmetric body.
Now it can be easily shown that
" 2S due
“ue ds

isequal to 1 and 0,5 respectively for two-dimensional and axisymmetric bodies.

At the stagnation point, the dissipation parameter, u%/le — 0. Hence, equations
(8) and (9) reduce to ordinary differential equations in the form:

(CTY+ fr+ R e

(10
B
+fg'= o (11
with the boundary conditions:
77=0: / 0.,/ 0.9 g w
(12)
77—oo; /'=1,g=1

where prime denotes differentiation with respect to tj.

In the present study, we are more interested in obtaining the solutions of
equations (8) and (9) at points away from the stagnation point. It is extremely

useful to reduce these equations to ordinary differential equations, as partial
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differential equations are very difficult to solve numerically. This can be
accomplished by using the idea of local similarity which has been discussed by
Lees [4], Fay and Riddel [13] and Kemp et al [16]. In this case, at any point
X, the dependence of the dependent variable on S is taken in such a manner
that their derivatives with respect to S may be neglected. Hence, the terms of
the right- hand side of equations (8) and (9) are considered to be negligible
compared with those of the left-hand side and the terms on the left- hand side
of these equations, which depend on S, are assumed to have their local values.
Therefore, equations (8) and (9) again reduce to ordinary differential equations
in r] at any point away from the stagnation point of the body containing
parameters which depend on the local external and wall conditions. They are
expressed as:

(CPY +ff' + 8 =0 (13)
C|7f'+f'+ cl[i-J- g's (14)
\Pr g >Te Pr

These equations can be solved in the same manner as equations (10) and (1.1),
using the boundary conditions given by equation (12).

The local similarity solutions represent a patching together of local
solutions. In this case, dependence of flow on x co-ordinate is neglected, except
when it is contained in the external and the wall conditions, which form the
coefficients of the differential equations. This approximation is valid only when
external flow properties vary slowly with S and the terms which are neglected
in the differential equations (8) and (9) are really negligible compared to those
retained. There are several methods to verify the validity ofthe above approxi-
mation as discussed by Kemp et al [16].

3. Solutions of equations

The local similarity solutions of equations (13) and (14) differ from the
stagnation point solutions of equations (10) and (11) in two respects. The first
isthat the pressure- gradient parameter B is not equal to 1 (for two-dimensional
bodies) or 0,5 (for axisymmetric bodies) at points away from the stagnation
point. The second is that the dissipation parameter, w/le is not zero at points
away from the stagnation point. Hence, equations (13) and (14) can be solved
with the same boundary conditions as those of equations (10) and (11), using
the local values of B and uf/Jewhich are different from those of the stagnation-
point values.
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The density and the viscosity at points away from the stagnation point
can be expressed as:

112

2le

(15)
;I-B X U2
2Ie
- T 4
o= (16)
fle Te
It is assumed that the viscosity p varies as Tn
Hence,
A
C= -M- (17)
Qee

g-f'2

where Ais a constant and T isthe absolute temperature. The dissipation param -
eter uBlleis related to the local Mach number Meby the expression

ul_ 2
| = 2 (18)
- DM

where is the ratio of specific heats.

The simultaneous numerical solutions of equations (13) and (14) with
boundary conditions given by equation (12) was carried out on Elliot Computer
using Runge—Kutta—Gill method for R = 0,5 and 1, uZle= 0, Pr= 0,72,
A= 0,5 gw= 0,2 and 0,6 (for the stagnation point of a two- dimensional and
an axisymmetric body); and for B = 0,47 and 0,93, i4/le= 0,30 and 0,22, Pr
= 0,72, 4= 0,5, gw= 0,2 and 0,6 (fora pointaway from the stagnation point,
that is at <9°=1r/6 of a two-dimensional and an axisymmetric body).
The variation of the velocity, / (1), the total enthalpy g(r]) and the product
of viscosity and density C with rj and gwat the stagnation point and at a point
away from the stagnation point of both the cylinder and the sphere are shown in
Figs 1—6.

4. Skin friction and heat transfer

The skin friction at any point away from the stagnation point of a two-
dimensional or an axisymmetric body can be expressed as:
an _ (eMwu2
dy . (25)12

rifl (19)
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Fig. 1. Velocity distribution for a cylinder

where r denotes the skin friction or shear stress at the wall at any point away
from the stagnation point. Similarly, the skin friction at the stagnation point
can be written as:
. _ W »)0J (1+j)ii*
"duj (W>) dx n

3§ dw, due 1172 Do 20

N}
Qeedx

where r0is the shear stress or the skin friction at the stagnation point. Hence
the skin friction coefficient at the stagnation point is given by:

2(1+ J3) 129"
"Io A T (21

vy (&M)o («exl
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Fig. 2. Total enthalpy distribution for a cylinder

Fig. 3. Variation of (B"/Re /J¥) with 7 for a cylinder
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where

(duddx)0x2
W o

(Aex)o =

is the Reynolds number at the stagnation point and CjO is the skin friction
coefficient at the stagnation point. If we define the skin- friction coefficient at a
point away from the stagnation point in the same manner as we have defined
at the stagnation point (i.e. normalizing the shear stress T with 1/2(geve)0), then
the skin- friction coefficient at the stagnation point and at a point away from
the stagnation can be related as:

Fig. 4. Velocity distribution for a sphere
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Fig. 5. Total enthalpy distribution for a sphere

Fig. 6. Variation of (;QVj(Q Ne) with r) for a sphere
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where
1-1

It is assumed that the product of density and viscosity at the edge of the
boundary layer oe/ne does not differ much from its stagnation- point value, that
is from (QeHe)0, as we move away from the stagnation point. Hence, @(e can be
considered to have the same value as that of (gege)o if the distance x or the
angular distance 0 is small (i.e. geue (fie[ie)0).

The heat- transfer rate at any point away from the stagnation point can be
expressed as:

— 9= (23)

where —qis the heat-transferrate at any point away from the stagnation point.
Similarly, the heat- transfer rate at the stagnation point can be written as:

(24)

where —qOis the heat-transferrate at the stagnation point. Hence, the Nusselt
number at the stagnation point can he expressed as:

(25)

where

If the Nusselt number at any point away from the stagnation pointis defined
in the same manner as that at the stagnation point, then the Nusselt number
at any point away from the stagnation point is related to that ofthe stagnation
point by

(26)

dx
where

The skin- friction coefficient and the Nusselt number at any point of the
body can be obtained if the local similarity solution, the inviscid flow, and the
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skin- friction coefficient and the Nusselt number at the stagnation point are
known. For the inviscid flow outside the boundary layer of a two-dimensional
body (a cylinder) and an axisymmetric body (a sphere), the constant density
solutions due to Whnitham [24] and Lightninn [25] are used. From their
solutions, the velocity outside the boundary layer can be obtained for a
given free stream Mach number M,,, specific heat ratio Kr, and the density
ratio e = Q"ISe (goo is the density in the free stream). Flence, (duedx), S, Me, R,
and w/21leat any point of the body can be easily obtained (Meis Mach number
at the edge of the boundary layer).

The skin-friction coefficient and the Nusselt number at the point 0 = 30°
(X= R@, where R is the radius of the body and is taken as unity) and at the
stagnation point for a two-dimensional body (a cylinder) and an axisymmetric
body (a sphere) are given in Table I. From the results, it is concluded that the
skin- friction coefficient and the Nusselt number at any point away from the

Table |
M,, = 10, £= 0,175, K, = 1,4, Pr= 0,7 A= 05

Cylinder Sphere

00 0 0 30 30 0 0 30 30
Me 0 0 0,7861  0,7861 0 0 0,9393  0,9393
R 1 1 0,93 0,93 0,5 0,5 0,47 0,47
«1i(2n) 0 0 0,11 0,11 0 0 0,15 0,15
Sw 0,2 0,6 0,2 0,6 0,2 0,6 0,2 0,6

™ 0,4150 0,8470 04241 08565 0,3464 0,6616 0,3574 0,6646
sw 0,1914 0,1588 0,1954 0,1574 0,1853 0,1519 0,1922  0,1492
Cf(ReX)J'Z 1,8562 2,1868 1,6503 19241 2,1905 2,4155 11,8987 2,0382
N,./(Rex)J'2 1,1961 0,6616 1,0494 05752 1,6377 08951 13775 0,7132

stagnation point are less than those of the stagnation point and they decrease
as we move away from the stagnation point. In both cases, the skin- friction
coefficient increases, but the Nusselt number decreases, asthe total enthalpy at
the wall increases, keeping the Reynolds number at the stagnation point as
constant. Again for both cases, the skin- friction coefficient decreases, but the
Nusselt number increases if the Reynolds number increases.

5. Conclusions

The skin-friction coefficient and the Nusselt number decrease as we move
away from the stagnation point of a cylinder or a sphere and their magnitude
for a cylinder is less than those of asphere. The skin- friction coefficientincreases
but the Nusselt number decreases as the total enthalpy at the wall increases.
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CENOUA®W R

. Lokale Ahnlichkeitslosungen fiir die kompressiblen laminaren Grenzschichtstrémungeu
Ahnlichkeitslosungen fir die zweidimensionale und die achsialsymmetrische stationare,
laminare Stromung einer zédhen FlaRigkeit am Staupunkt und entfernt davon bei Inzidenz
Null wurden abgeleitet, ohne Einschrankungen fiir die Gesamtenthalpie an der Wandung
sowie fur das Produkt aus Dichte und Zahigkeit und die Prandtl-Zahl. Die zwei gekoppelten
nichtlinearen gewohnlichen Differentialgleichungen fiir Bewegungsgrée und Energie werden
simultan mittels der Runge —Kutta —Gillschen Methode gelést. Die Ergebnisse zeigen, dal3 der
Wandreibungskoeffizient und die Nusselt-Zahl sich mit der Entfernung vom Staupunkt ver-
ringern. Der Wandreibungskoeffizient steigt an, aber die Nusselt-Zahl sinkt mit steigender
Gesamtenthalpie an der Wandung. Der Wandreibungskoeffizient und die Nusselt-Zahl sind
fur einen zweidimensionalen Korper (einen Zylinder) kleiner als die fur einen achsialsymmetri-
schen Korper (eine Kugel).

MECTHLE peLLEHMA MOfotUS ANt OKAMAEMbIX JIAMUHAPHBLIX MPaHNYHBIX  YPaBHEHWIA.
ABTOP i1 CKMMAeMOo BSI3KOI cpeabl B Clydae [IBYMEPHOIO M OCECUMMETPUYECKOrO CTallMoHap-
HOrO [ABVKEHMSI faeT pelleHue Mogobum NoToKa B [MHAMMUECKON TOUKE U B faneKe OT 3TOi
TOUKM, NpW Yr/e aTaku paBHOM Hy/to, 6€3 TOro, UTo6bl ANsi IHTANLNUM BO3/Ee CTEHKM, BA3KOCTU
1 NPOV3BeAeHUA MIOTHOCTK, & TakxXe uucna MpaHATAA NPUMEHUTb KaKoe-nm6o orpaHuYeHue.
[Ba CBA3aHHbIX HE/IMHEMHbIX 06bIYHLIX ANG(PEPeHLMANbHBIX YPaBHEHMS, KOTOPble 0TPaXKaoT
KO/INYECTBO [BWKEHUSA W YPaBHEHWE SHEPruu, PeLlaroTcs aBTOPOM OfHOBPEMEHHO C MOMOLLHO
meToga PyHre—KyTTa— [vnna. Pe3ynbTaTbl NOKa3bIBAOT, UTO KOIPPULMEHT TPEHUSI O CTEHKY
1 uncno HyccenbTa yMeHbLLIAKTCS, eCNM YAansTbCA OT AMHAMUYECKON Toukun. KoathduumeHT
TPEHUs1 0 CTEHKY BO3pacTaeT, HO YMeHbLUAeTcs uncio HyccenbTa ¢ pocToM 06LUEi aTanbnum
BO3/1e CTeHKW. Koa(hUUMEHT TPeHWs 0 CTeHKY M umc/io HyccenbTa ABASOTCS MeHbLUVMU B
cNyyae ByMepHOro Tena (UMIMHAPA), Yem B C/lydae OCECMMMETPUYHOTO Tena (Luapa).
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THREE-DIMENSIONAL STRESS ANALYSIS BY
MEANS OF A CONTINUUM SUB-SPACE

E. BERES*

CAND. OF TECHN. SC.

[Manuscript received January 3, 1973]

The paper describes a three-dimensional stress- analysis method expressing the
equilibrium equations directly for the finite- size elements, and the continuity condi-
tions for the one-dimensional sub-space of the three-dimensional continuum, that is,
for the network of the lines of intersection of the dividing surfaces. An approximation,
with polyndmes, the functions describing the stresses making the numerical solution
lead to a linear system of equations whose coefficients are given by definite integrals. In
the case of a uniform division they may be written down by using operators of general
validity and, therefore, the concrete determination of the integrals is not necessary.

1. Introduction

The classic method of stress calculation involves the expression and
solution of the differential equations obtained by the equilibrium and con-
tinuity equations expressed for differential-size volume elements. Since the
solution of the problem satisfying the given boundary conditions cannot be
expressed in a closed form for a general case, usually an approximative result
supplied by a numerical method will suffice. Formerly, rather the method of
finite differences or the solution by a function series, when only the first or the
first few terms thereof are reckoned with, was considered as a theoretical
possibility for any solution at all. The awkwardness of this solution is particu-
larly conspicuous in the method of finite differences where, instead of direct
expression, essentially from the relations of the infinitesimally small elements
has been reconcluded for those of the finite dimensions.

High-capacity computers operating at a high speed make the direct
utilization of the principles employed when expressing the above differential
equations possible. Thus, it is possible to express the equilibrium conditions
for finite- size volume elements cut off by a given surface system, and the
continuity equations for a network consisting only of one-dimensional elements,
represented by the edges of the volume elements referred to, that is, for the
sub-space of the continuum. This latter novel idea illustrates the fundamental
peculiarity of the method described here.

* Dr. E. Béres, Hunyadi J. u. 11, 1011 Budapest, Hungary
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The functions describing the stresses are approximated by polyndmes,
which have to satisfy the requirement of coinciding the function to be approxi-
mated in to a finite number of predetermined points. The direct objective of
this calculation is to determine the approximative values pertaining to the
finite number of points of the functions describing the stresses involved referred
to above. At such an approximation of these functions, the equilibrium and
continuity equations may be written in a linear form, whereafter the totality
of these linear equations will supply the linear equation system from which the
stress values associated with the points thus selected can be calculated. The
following paragraphs will explain this fundamentally rather simple method,
with the remark that its approximative character is due to nothing but the
approximation of the functions by polyndmes. The advantages of this method
may be summarized as follows:

a) It does not require any approximation, whatsoever, in the geometry
of the body in question, nor in that of the surface surrounding this body;

b) the continuity equations should be expressed for the one-dimensional
network;

e) coefficients of the linear equation system are given by integrals, which
increases the stability of the solution.

2. Description of the method

The body to be examined is divided in parts by surfaces. Stresses gener-
ated in the body are to be determined along these surfaces. The individual
elementary parts of the body are in equilibrium on the effect of the stresses
acting on its surface, and on the mass forces exerted. In the case of equilib-
rium, the sum of the force projections related to three straight lines, not in the
same plane, as well as that of the moment vector components parallel to vec-
tors, similarly not in the same plane; separately equal zero. The equilibrium
condition related to each volume element means, therefore, 6 equations gener-
ally.

On the effect of the stresses produced in, and exerted on, the surface of the
elements thus cut off, these elements will be deformed in such a way so as to
enable them to be connected without a clearance. This condition of deformation
is called the condition of continuity and this connection, continuous for each
volume element and for each surface part thereof, means an infinite number
of conditions, for which reason any endeavour to its satisfaction would mean
the exact solution of the partial differential equation describing this relation
which, in turn, would be impossible in a general case.

The generally employed numerical methods known so far approach the
continuity conditions by fitting the selected points of the elements into one
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another. This approach, however, restricts continuity to the O-dimension sub-
space of the continuum, that is, to the points specified. On the other hand, the
method described here specifies the continuity conditions forthe one-dimension-
al sub-space, i.e. for the network proper. Since the dimensional reduction is
only of a value of two here, the approximation is performed in an order of one
dimension higher.

At the same time, the method is both theoretically and practically rather
simple, since it will express the deformation (for the sake of illustration) for a
bar element that might, however, be regarded as aline, inthe geometrical sense
of the term. The use of the term “bar” is justified by the fact that, when cal-
culating the deformation, an actual bar is also considered as a one-dimensional
continuum.

The method described here specifies displacement coincidence along the
lines, i.e., along the common edges of the elements. For the line terminals at
the common junction, however, not only an identical displacement but also
the corresponding tangent relation is demanded.

Our task is, however, the determination of stresses. Since their distribu-
tion is unknown, only the determination oftheir approximative values at given
points may he sought for. By means ofthese point values, the functions describ-
ing the stresses are approximated by polynémes, whereby the line deformations
are then expressed. The lines intersecting the surfaces dividing the body into
elements create a spatial network whose lines are connected, even after a defor-
mation of the body caused by external forces, in such a manner that where the
common points maintain this character and, as a consequence, the angle of
inclination ofthe tangents ofthese points varying only to an insignificant extent,
is expressed by the junction stresses. The equations expressing the equality of
the displacements of bar ends connected to the common junction, and those
describing the predetermined difference in the rotation of the associated axial
intersections (that calculated from and expressed by the stresses) are, then, the
equations of continuity.

The relative displacement of the two terminals of each line section can be
calculated from the stresses produced in the body, and its approximative value
may be expressed by the given stress figures.

The form ofthe surfaces realizing division into elements has no theoretical
significance. Thus, the form of these elements as well as the network of inter-
sections may be entirely optional as illustrated in Fig. 1. However, with
respect to the actual calculation, the correct selection of this division is of a
great importance from both quantitative and qualitative aspects.

Division by planes parallel to the co-ordinates may he regarded as the
simplest procedure, that is, when the distance of one plane from the other is
equal to that between the next ones. Although in special cases such as the
examination of solids of revolution, other divisions might be more advanta-
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Fig. 1

geous, the method is first presented for the case when the surfaces performing the
division into elements are parallel and/or perpendicular, and the parallel planes
are located at equal distances (Fig. 2). Relations concerning other cases can be
derived in a similar way.

In the case being studied, the elements are rectangular bodies, i.e. parts cut
off such bodies by their boundary surfaces (Fig. 3), while the network consists
of straight lines and/or plane curves.

The stress values pertaining to the junctions are regarded as unknown
which means 6 unknowns per junction, including the normal stresses <x, ay and
az perpendicular to the planes, and the shear stresses rxy, rxz and Tyz parallel
thereto.

If all the 6 stresses are assumed as being unknown in each nodal point,
and each possible equilibrium and continuity equations are expressed, then the
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number of equations will exceed that of the unknowns. In addition, this over-
defined equation system will have to satisfy the condition of

ITAX —b I'l= min!

If the number of equations and unknowns must be made equal, this may be
readily accomplished as, in a similar case, under [2], so this problem will not be
discussed here.

The coefficients of the equation system can be calculated by means of
definite integrals: those of the equilibrium equations by double, and those of
the continuity equations by single integrals. It is rather advantageous that the
coefficients are definite integral values, since this will reduce the extent and
effect of errors as against other operations e.g. differentiation. At the same time,
some advantages of computing technics are achieved. Calculation of the plane
curve integrals does not present any problems in general cases, either, but it
should still be pointed out here that, as a peculiar feature of division, there are
some formulae of general validity for both single and double integrals to be
derived on the elements within the body, promoting numerical solution, which
resemble the operators of the method of differences. Thus, an occasional precise
calculation of the integrals is only necessary along the surface surrounding the
body.

3. Equilibrium equations

An elementisin equilibrium, ifthe components ofthe forces acting on its
surface (stresses representing the section forces plus the surface forces) and of
its mass forces, parallel to the axes, x,y, and z, as well as their moments related
to these axes, are zero.This means 3 force and 3 moment- equilibrium equations,
i.e. a total of 6 equations per element.

Since the dividing planes have been assumed as parallel to the co-ordinate
planes, there will be only 3 unknown stresses acting on the surface of each
section, while the rest will equal zero. Any external load acting on the surface
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of the body (including the forces of reaction) can best be specified, as resolved
to components parallel to the co-ordinate axes.

Expression of the equilibrium equations requires the calculation of the
integrals related to the surface of the elements. Although the problem may be
considered as solved thereby, taking the aspects of computing technics, this
necessitates a detailed explanation.

The surface parts surrounding the elements may be classified into three
main categories:

(a) The surface element is rectangular, and the neighbouring elements in
its plane are similarly congruent rectangles (Fig. 4). As mentioned above, the
stresses are approximated by polyndmes along one line each, while the function
and the relevant integrals are expressed by function values pertaining to the
selected points. However, the latter is only feasible if, not only the functions
along the individual lines, but also the two-variable function related to the
entire domain is approximated by a polynome. If the form of the polynome
is given, its coefficients can be unequivocally expressed by means of the
function values ofthe given points. For example, in the case of Fig.4,the values
pertaining to nodal points 1, 2, ... 12 give a two-variable function that will
assume, in these very points, the given values. The exact solution demands the
finding of 12 coefficients. In this case the following function has the most
favourable form

f(x,y) — Ax3A Bx1A Cx A Dy3A Ey2A Fy A Gx¥ A
A Hxy3A XA Kxy2A Lxy A M} (1)

since this equation system, containing 12 unknowns, wherefrom the coefficients
A, B, C, ... M canbe calculated, may be resolved to equation systems contain-

Fig. 4
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ing maximum 3 unknowns. Expressing the coefficients by the function values
pertaining to the nodal points, the function sought for will be

f(Xyy) = -/1+ ¥4- 38+ /n "3+ /1- 24+ [B.p2
XK 603 20°-

2/,- 22+ 2/3. 3/5+/,- 2/,- 3/8+ 6/9-/ 10+ /n -] 12 T
+ L y+ hoe

In the case illustrated by Fig. 4, the integrals in the equilibrium equations
can be calculated by using the following operators:
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Fig. 5

Let us consider now the element in Fig. 5. For example, the equilibrium
of the forces parallel to axis x is expressed by equation

JI(F) Y, z)dydz - J |(F)M o,y, 2)dydz + JJ(F) rxy(x, b, z)dxdz -

- JI(F) tyx(X' z)dxdz + Jj'(Fs) rzx{x,y, c)dxdy —

- JJ( rz(x,y,0)dxdy + X = 0, (6)

and that of the x axis moment by

- JJ(F)zxxy(a,y, z)dydz+ Jj yrxz(a,y, z)dydz +
+ bl j(F"tyZ(x,b, z)dxdz —j Azoy (X, b, z)dxdz +
+ J [(Fj) ztxy{o,y, z)dydz - jI(P)ytxz(o,y,z)dydz +
+ \\ (Fi)zay(x’°’z)dxdz+ []j{Ft)y°z{x,y,c)dxdy —
- cJI(Fs) *zy(x,y, c)dxdy - Jj (F>) ycrz{x,y, o)dxdy + Mx= 0 (7)

where X is the component of the mass forces parallel of axis x, and Mx is
their moment related to the same axis. The equations expressing the equilibrium

of the forces parallel to axesy and z, and of the moments associated with these
axes may be written in a similar way.

Acta Technicas Academiae Scientiarum Hungaricae 79, 1974



THREE-DIMENSIONAL STRESS ANALYZIS 247

Expressing the double integrals of formulae (6) and (7) by the function
values at given points according to equations (3), (4) and (5) reveals that the
equilibrium equations can be written in a relatively simple form as far as the
internal rectangular bodies are concerned.

If the body under test is rectangular in itself (or composed of rectangles),
then it may be resolved into identical elements. In this case expressions similar
to those given above can be derived for the sections of the elements contacting
the surface. For the calculation of the double integrals related to the exterior
rectangles, the relevant points are best determined as shown in Fig. 6.

Hg 6

(R) The situation is much more complicated in the case of elements
whose boundary surfaces include a surface which limits the body under
examination. Actually, the rectangular bodies with adjacent similar rectangles
can also be added to this category, although in this chapter only the calculation
of double integrals related to plane sections will be dealt with.

The calculation process will be given in detail only for a single plane
section as that in Fig. 7. Although Fig. 7a particularly resembles the above
case, it is still not identical thereto since, while theoretically the same procedure
is followed, function f(x, y) must be rewritten in each case, and the value of the
coefficients must also be calculate, das the integral values are affected, through
the coefficients, by the co-ordinates of points 2, 6, and 10 as well. Since, how-
ever, these are given values, their expressions involve only the stresses pertain-
ing to the nodal points as unknown. The difference as compared to that of (a)
is, therefore, merely that, while in a uniform division the operators are given
with a general validity, and can be given similarly for approximations by higher-
order polynémes, in other cases operator elements must be calculated for each
surface or line element. However, these calculations do not represent difficul-
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Fig. 7

ties, either, as they may be readily automated. In the cases corresponding to
Fig. (a), the integration boundaries are as simple, that is constant, as with the
previous type. As for the need of calculating the coefficients of function
f(x,y) shown under (1), in each case, the examples in Fig. 7 give full agreement.
This is the reason why they can be classified into one single group.

Variations (b) and (c) differ from (a) only by their integration field being
other than rectangular. Their respective numbers in Fig. 7 illustrate an expe-
dient plotting of the points reckoned with in the calculation.

(y) The third category ofthe double integrals in the equilibrium equations
is represented by integrals related to that part of the surface elements which
are, at the same time, the part of the surface of the body under examination.
This will greatly differ from the two previous types, since these surface parts
are usually other than plane figures, and in the case of given surface stresses
these integrals can be accurately calculated in theory.

4. Continuity equations

The continuity conditions are expressed for the lines of intersection of the
planes used in division (resolution into elements), representing the spatial
framework. These lines will he deformed on the effect of stresses, although they
maintain their continuity unchanged. These lines, meeting in a common nodal
point, will do the same after deformation, i.e., the displacement of these ter-
minals of the lines meeting at the same junction point will be equal.

The situation is somewhat more complicated when the tangents of lines
are rotated.

In the case of rigid angle connection of bars, the angle included by the
nodal point tangents of the axis lines will remain unchanged although the
structure is deformed. In this investigation, however, bars other than such true
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separate structural elements are being dealt with whose cross section can be
further resolved into elementary parts, as the cross section itself is an elemen-
tary section impossible to divide any further. Since the deformation due to
shear stress cannot be neglected, either, in calculating the deformation the
angular changes at the junction of the lines, so, these must be taken into
account, too.

As an illustration it may be said that, while in the case of a rigid angle
connection of two real bars, the angle of inclination exhibited by the tangents
of their centrelines remains unchanged during deformation, the angles included
by the nodal point tangents of the system plotted within a body and over
its surface may vary to a slight degree, owing to the deformation caused by
shear stress.

Hence, it cannot any longer be said that the angles included by the lines
meeting at a common junction point remain unchanged, but that their angular
distortion can be expressed by the nodal point stresses.

W hen the lines are normal to each other (Fig. 8) then the angular distor-
tion can be expressed by the shear stress alone. The stresses are assumed to be
continuous functions, thus the lines connecting the common tangent do not
reveal any angular distortion, that is, their tangent will remain common even
after deformation. For example, the tangents associated with the C point
terminal of the centerlines C-1 and C-3 in Fig. 8 are the same after deformation,
too. On the other hand, the C point tangents of lines C-I, C-2, and C-5 pertain-
ing to point C may exhibit an angular distortion, with the following values:

between C-I and C-2: 1/G txy,
between C-I and C-5: 1/G tx2,
between C-2 and C-5: 1/G tyz.

Along the boundary surface of the body the system will not in general be so
regular. Such a junction point is illustrated in Fig. 9. The C-point tangent of
lines C-2 and C-4 or C-5 and C-6 is identical and, therefore, they will not reveal

Fig. 8-9
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any angular distortion whatsoever. On the other hand, the angular distortions
between lines C-2 and C-3, C-2 and C-6, or C-3 and C-6, respectively, can be
readily calculated by means of the formula in Appendix No 2. For example, the
angular distortion of the C-point tangents of lines C-2 and C-3 is

y23= (2en —e2—Ci)tana23

where e2 and e3represent specific strain in the direction of the C-2 and C-3
tangents, respectively, enis the same in the direction normal to their bisector,
and a2 g indicates the half of the angle included by the tangents. Thus, to
learn the total deformation we have to know nothing else but the deformation
of the individual line sections.

In view of the method we have selected the case when the surfaces cut-
ting off the elements are planes, the tests can also be restricted to planar lines.
The following paragraphs supply formulae for a plane parallel to the (y, 2)
coordinate plane proper.

Calculation of the deformations exhibited by the straight lines parallel
to the co-ordinate axes is much simpler, so this will be described first, and only
thereafter the deformation of the (planar) curve representing the general case.

For example, if the displacement ofthe starting pointy ofthe line parallel
to axis 2is known, the components of the terminal displacement of Kk can be
calculated on the basis of the following equations:

Axk = Axj+ (zk — Zj)A(pytj +

r 1
r {4_2) - ','\9"(£r—va><—vay)}-I dzv
Hka [g dz e OX
a X 2 Y. ok— *j)AOfL
1
" 1 9Tyr dz |
c ~aT E
Azk = Azj -f VGy)dz ,
1
A<Pxk = [i(Px,j + (ryz,j ) +iJ voy — vay)dz,
G 13 (ki)
Affyj ! vay <fy)d
A<Pyk = yJ + (~xz,K N - _p y Z,
G Y 9(k*)
AcP; i - ro & Ty,
hkt) dx 9l ,
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Analysis of the individual terms of these expressions can be found in
Appendix No 1 where the effects of each stress are examined separately. It
appeared to be expedient to derive these formulae in an elementary way,
although they are well-known expressions, and can be written, for example, on

the basis of (4.16) — (4.20) on pages 17—18 of [3].

If the displacement of the starting point j of the curve section ljtk in
plane (y, z) is known, the components of the terminal displacement of Kk (in

the case of negligation of members multiplied with curvature) will be

Axk= Axj + (zk— Zj)A(pyj - (Yk —y]j)Acpzj +

+

+

+

J

1'n—t A (at— vax- Van) [(¥Yk —y) cos (n, 2) - (zk- z) cos (n,y)] +
>dlk) | @ 0
1
— t(jfc —y) cos (t,y) + (zk—1z) cos (1,2)] +
G os
L8 o ovinl k. o @B (ty) - (yk-y) cos (t2)] ds
2G  dx dn J Y ey ’ ‘
i i . 1 9¢,
Ayk= Ayj - (zk- Z)A<pxj +
J(h.*) G ds
12 {a,- vox- van) (zk—z)ds,
b an
. . . |‘ 1 9
Azk = Azj + (yk—yj)Acpxj + (a, — vax- va,)
Adity E 9n
1 drtn d
— >
G gg YK—Ys
. . 1. . 1
Adx.K — Acpxj + — (*tn,j — xtn,k) + —. (a, — vax — van)ds ,
G i g 9n
= i i * 1 —_—
AFyk= Apyj+ Lo 26 dx  dn cos (*.])
iL A. (at— vax — van) cos (n,y) ds,
E dx
Aoz B 1 sdttn drix cos (t, 2)
= + ! -
Polc= AT fy 26 [dx

AA (at — vax — van) cos (n,z) ds .
E dx
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The above formulae do not contain the changes of the angles included by
the lines meeting in the common nodal point, so in each case those must be
taken into account according to the particular local conditions.

APPENDIX

1. Deformation of a line in the continuum

Let us regard the line as a bar cut off from the continuum, limited by
two parallel planes and two cylindrical surfaces normal to the former, when the
distance ofthe planes and surfaces from each other approximate zero (Fig. A-I).
Let us first examine an element of length 1 in this system, located in the spatial
orthogonal co-ordinate system in such a way so as to make its sides parallel

with the co-ordinate planes (Fig. A-2).

Our calculations assume that the joint effect of the stresses exerted on
deformation is equal to the sum ofthe effects exerted by the individual stresses.
These individual stress effects are, therefore, separately investigated.

Ada Technica Academiae Scientiarum Hungaricae 79, 1974



THREE-DIMENSIONAL STRESS ANALYZIS 253

a) Effects exerted by normal stresses
It is known from the theory of elasticity* that

ez= vax — voy)

whereby the displacement w of the terminal k of an Ij*, the long line parallel to
axis z (Fig. A-3) will be

— cpax — VO0y)dz.

b) Variation of the normal stresses in a direction normal to the line

If the stresses vary in direction x only then, on the basis of Fig. A-4,
may be written that

a _ Mx +Ax)-efx) Az =
y AX

1 Fafx -)- Ax) — vax{x Ax) — vay(x -f- Ax)
E L AX

az{x) — vax(x) - VOy(x)

AX
19 (az— vax — vay)Az,
E dx

* See, for example, page 7 in [1].
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which means that the rotation ofthe end face of a bar of Ij length and elemen-
tary cross section is

<Py = — vax voy)dz,

and the displacement of the line terminal (k), due to the variation ofthe normal
stresses can be expressed by

uk= ~ 1( 9 K vax — voy)(zk — z)dz .
E dx

As for their buildup, the formulae on variations in directiony are abso-
lutely identical, the only difference being in the indices and sign.

c) Effect of the shearing stress

Furthermore, from the theory of elasticity we know, that the shearing
strain, the angular distortion due to a shearing stress of, for example, tzx will
amount as in Fig. A-5 to

As can be seen in Fig. A-6a, the rotation of the tangent due to the shearing
stress does not depend on the length of the line but only on the magnitude of
the shearing stress. If the latter is constant all along the straight line, then the
x direction component of the relative terminal displacements will be expressed

by
1
u=— ., "oxNMke
If, on the other hand, the shearing stress varies along the line, then the rotation

of its tangent will be proportional at each point to the shearing stress generated
(Fig. A-6b), thus, we obtain

Tzx,k Tzx,j — G (~zx, K T'zXj) *

The relative terminal displacement parallel to axis x is

drz

u— ”tzx,j",k ij dzl(zkf z)dz m
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Fig. 6 A—a, b

Owing to the variation of shearing stress rxy, the straight lines associated
with terminals j and k, and originally parallel to axisy, will include an angle of

1 _ \Y
2 Yxy— 2Q \rxy,k rxy,j)
as shown in Fig. A-7.
d) Variation of the shearing stress in a direction normal to the line
They direction variation of shearing stress rzx, and that of in direction
X lead to a torsional deflection around axis z. In addition, the x direction vari-
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ation of shearing stress ryz brings about the y direction displacement of the
Ax co-ordinate apex of a prism of Az height, as expressed by

Av = [tyz(Ax) xyz(G)]Az.
2G

(Fig. A-8). Thus the specific value of the torsional deflection around axis z,
due to the variation of shearing stress ryz in direction x, will amount to

1 371yr?
2G ~&TI

The effect of they- direction variations can be determined in a similar manner.
Thus, the variations in directions x and y, along a length of bring about a
torsional deflection of

" dtyz dtzx

hkk) —dx 3y

dz

as a joint effect.
2. Concentrated angular distortion

In the theory of elementary strength the effect of shearing stress as
exerted on deformation is usually neglected. This means that the concentrated
angular distortion between two lines of the system is similarly neglected. If,
however, the shearing stress effect on deformation is reckoned with, then the
concentrated angular distortion must also be taken into account. This is, in a
perpendicular connection, exactly y = TG, which is due to the shearing
stress, or else it can be determined as follows.
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Such a prism cut off from the body under test surface in the section
being examined is rhombus- shaped. Two sides of this rhombus are parallel
with two lines of the netweork. If the edge of the rhombus is of a unit length,
then the exand e2elongations are equal to the unit elongations parallel thereto,
i.,e., el — ex and e2= e2, while the elongation of the rhombus diagonal is
e3 = 2e3sin x, where x is the half of the angle included by directions 1 and 2.
On the basis of Fig. A—9 it can easily be realized that the angular variation
of the tangents of lines 1 and 2 at the points examined is

e3— (ej + €2 sinx 2e3sinx — (ex+ e) sina

cosSsa cos @

= (2f3—el—e2) tan x .

The unit strains el5 e2and e3can be expressed by means of the stresses paralle,
with and normal to the given directions, just as by the unit elongations ex
ey, ez and shearing strains yxy,y and yyz, according to the equation on page

223 of [1]:
e, = SX €0s2(n, x) ey €os2(n,y) -f- sz cos2 (n, z) -f-
-j- yxy cos (n,x) mos (n,y) + Y¥xr cos (redx) 'cos (n5z) +

-j- yyz cos (n,y) mcos (re, z).

During the subsequent transformation, in the first case the stresses
pertaining to the parallel and normal directions, respectively, while in the
latter instance the strains are expressed by means of the stresses <X ay, az,
txyr *xr, and Tyz.
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3. Numerical calculation of the integral according to arc length
of a function formed by given derivatives of a function of more variables

W hen the line along which the integration is performed is parallel to one
of the co-ordinate axes, the situation is far more simple than a general case that
it deserves separate discussion, and the general case from our point of view be
analyzed only afterwards. For the sections parallel to the axes, in the surround-
ings of which the points involved in the calculation have a regular arrangement,
the formula expressing the definite integral by means of the function values
pertaining to the surrounding points can be given, in general, thus, there is no
need for integration in each case here. On the other hand, in the general case,
both the integrations for the individual line sections and the parametric
representation by arc length of the curve should be carried out.

a) Straight line parallel to the co-ordinate axis

Let us start out from the case when the straight line is parallel to axis z,
by indicating the function whose derivatives are involved in the integral with a.
Thus the values of the following integrals must be determined:

Actually, our objective is to determine the values of definite integrals
by means of the function values associated with the nodal points. Since the
functions are unknown, they will have to be approximated by polynémes
determined by the function values pertaining to the junction points. Theoreti-
cally, the degree of these polyndmes is optional, but our investigations are
illustrated here for that case where the approximative polynémes of the
integrated are of the third degree, whereas the differential quotient is approxi-
mated by a fourth- degree polynome.

W hen expressing the integrals containing the function thus derived by
function values corresponding to the surrounding junction points, first the
value of the differential quotient is expressed for the necessary four points
(approximation by a third- degree polynome), then these figures are added to
the formulae supplying the integral value. This means that the derivative
function in the integrand is approximated by a polynome of third degree after

Acta Technica Academiae Scientiarum Hungaricae 79, 1974



THREE-DIMENSIONAL STRESS ANALYZIS 259

a

03
Fig. A -10

the differential quotient values had been calculated by approximation with
fourth- degree polynémes.
Using the symbols of Fig. A-10 we obtain

and, therefore, the operands giving the approximative value of the definite
integrals corresponding to the Ij * section parallel to axis z, will be
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a
J ':a dz = a(a, z)

N\

l (a —2) dz
1% 9a

Naturally, the above formulae can only be used if the uniform division
applies to the next section as well or, in the case of differentiation, to the next
two section from the point just examined. If the division is not uniform, then
the calculation must be performed in each case. If, on the other hand, the divi-
sion isuniform but there is no further section following that under examination,
that is, one of the section’s terminals is at the surface of the body, then the
relevant formulae, similar to those above, can again be readily derived. Since,
however, these are needed only for the examination of special- shape bodies
(rectangles or other bodies composed thereof), their discussion will be omitted
astheir expression would not present any theoretical difficulties after the above
description.

b) Plane curve parallel to the co-ordinate plane

Our general investigations will be restricted now to plane curves since
the accomplishment of our actual task does not require anything more. Thus,
let us have a curve in a plane parallel to the coordinate plane (y, r). The task
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is to express by means of function values the following type integrals

where n is the normal of the curve.

Functions QajQx, Qcr/3, and 8G/qo- are approximated in the integrals with
the Lagrange polynémes expressed by means of their values pertaining to the
points selected. It will be shown below that the values of the integrals can be
obtained in this way, as the linear combinations of the function values of sur-
rounding points.

Let us have a look at Fig. A— Il. Let the i, j, k, m pointvalues be of the
derived function indicated by D,, Dj, D and Dm, respectively, then, if the

derived function is approximated by the Lagrange polynome L(s), the integral
may be written in the form

f  L{s)f{s)ds= I 2 Lv{s)Dv\f{s)ds
wNg*) s

2 DA L As)f(s)ds
() Jdj.h)

where LVv(s) is the v-th Lagrangeian basic polynome, and v= 1i,j, k, m. Since
the value of the integrals

depends only on the characteristics of the curve, they will not contain the
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unknowns sought for and, therefore, they can readily be calculated if the body,
or the line cut off from the body by plane x = Xj, is known. If their values are
indicated by C,, then we shall have

Thereafter, the only thing to be demonstrated is that the B,-, Dj, J)k, Dmvalues
at points i,j, k, m of the derived function could be expressed by means of the
function values of the surrounding points.

Fig. A—12 illustrates the three projections of the network of a body,
formed by the intersections ofthe planes x = const,y = const, and z = const.
The section x = Xj containing (J, k) is accentuated by a thick line.

W ith respect to the differential quotient according to x, points j and kK
represent two different cases. In addition to plane x = Xj, pointj can also be
found in plane z = Zj and, therefore, the differential quotient of point j is
expressed by means of the a values associated with the z = Zj plane points.
This z = Zj section is illustrated in Fig. A—13. By using the function values
corresponding to points il, i2, i3, i4 in this plane section, the Lagrange poly-
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Fig. A —13

noTe LMAy) can readily be expressed, whose value M f/\ pertaining toy = y},
can be obtained as linear combination of the ol( (v= 1, 2, 3, 4) values.
This is

4z)(r) = 14-pb3(yb

where bfyp (y) is the p-th basic polynome whose value H,;ppertainingtoy = yJ
is a precalculable constant, thus

W }¥]) = 2 Hilpolp = *(xn¥]) -

(Symbol intends to call the attention to the approximative character).
Sectiony = yj of function depends only on x which is similarly approximated
with a Lagrange polynome. The only precondition is to have at points (xi,yj)
the value ci(v,, yj), while inj the value Ojis assumed. This polynome will read

LY y)(*) = ~ L fry>Wa{xqyj) +

9=1
+ LM (Xx)Zj,
and its derivative

_ L<*.>* =2 X, -_.I:L..M + %Y o
. » (¥) mO(qyJ)dX YM X i (*)

The value of function
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as assumed at the locus x = Xj,is a Kgconstant that can be calculated from the
network, thus

D: L<n<yt\x) = Y, KY°(X<ry]) K,oj.
dx 9=1

=Xj

Finally, expressing the value of a{xqyj) with the values pertaining to the
points selected, we shall get

Di= 2 Hgjpagp + Kiaje

9=1 p=1
Since, however, the Kq and Hgp values are constants calculated from the
network, the last expression means that the approximative value of the Dj
differential quotient at pointj may he written as the linear combination of the
function values corresponding to the nodal points in the neighbourhood of
point j.

The differential quotient value according to x in point Kk can be deter-
mined in a similar way, with the only difference that, in this case, not the val-
ues of the junction points in plane z = zk will be reckoned with (as generally
there is no such junctionp oint exceptthat indicated by fc), but those in plane
Y — Yk

The foregoing applies to Z), and Dm too, of course, thus the entire

expression may be written as the linear expression of the function values
pertaining to the surrounding nodal points.

The derivatives assumed in the direction of the tangent and/or normal
of the curve are expressed in the well-known way on the basis of the equations

da da - da
—-Cos(ty) + —sin
dt oy d
da_ pa ) . da ..
----- = —cos (n,y) + —-sin
dn dy dz

by making use ofthe derivatives with respecttoy and z, where tisthe tangent,
and n the normal of the curve.

Since approximation requires the values of these derivatives only for
certain points (in the example and its illustration Fig. A—11 only at points
i,j, K, m), in the case of a value related to a certain point the angles and their
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angular functions will be given constants, thus the subsequent investigations
will have to apply only to they and z derivatives.

The z derivative in point j can be expressed with the function values
pertaining to the loci of Fig. A —14a, indicated by dots, while the derivative
with respect toy at point k may be described by those inFig. A—14b,with the
intermediary of the points crossed. The calculation, and proving that the
integral can be expressed by the function values associated with the points
selected, are the same as those used for the derivative of x.

Fig A —14
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Dreidimensionale Spannungsanalyse mit Hilfe eines Kontinuum-Unterraums. Behan-
delt wird eine Methode der dreidimensionalen Spannungsanalyse, wodurch die Gleichge-
wichtsgleichungen unmittelbar fir Elemente von endlichen Dimensionen, die Kontinuitats-
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bedingungen fiir den eindimensionalen Unterraum des dreidimensionalen Kontinuums, d.h.,
fir das sich als Schnittlinien der Teilungsoberflachen ergebende Netz aufgeschrieben werden.
Die Spannungen beschreibenden Funktionen durch Polynome angenabert fiihren die nume-
rische Ldsung zu einem System linearer Gleichungen, deren Koeffizienten sich aus be-
stimmten Integralen ergeben. Bei gleichméaRiger Aufteilung kdnnen zu deren Aufschreibung
Operatoren von allgemeiner Geltung angewandt werden und so ist die Durchfiihrung dieser
Integrale nicht erforderlich.

AHaNM3 TPEXMEPHOro HanpsKeHUsi C MOMOLLbI0 KOHTMHYYMHOIO MOAMNPOCTPAHCTBA.
B pa6oTe OMNMCLIBAETCA TaKo MeTO/ aHa/M3a TPEXMEPHOro Hanps>KeHUs, KOTOPbIN 3anmckbIBaeT
YpaBHEHMWSI PAaBHOBECUSI HEMOCPEACTBEHHO Ha 3/1EMEHTbI KOHEUHbIX Pa3sMepoB, a YC/10BUsl CM/IOLL-
HOCTU — Ha Of|HOMepPHOe MPOCTPAHCTBO TPEXMEPHOr0 KOHTUHYYMa, Ka CeTb, MOMyuYatoLLytocst
B KauyecTBe CeKyLLEe NMHUM pasfenstolmMx naockocTeir. Mpubamxas ¢ NoMoLLbO NOMHOMOB
(OYHKLMK, ONUCLIBAIOLLME HAMPSXKEHWUS, UWC/IOBOE PELLEHVEe B KOHEYHOM cueTe MPUBOAUT K
CUCTEME JIMHEMHBIX YPaBHEHWI, KO((MULWEHTLI KOTOPOI MOMydYaloTcs U3 OnpefesieHHbIX WH-
Terpanos. B cnyyae paBHOMEPHOro pacnpeaenieHns Ans nx 3anucy MOXHO MCMo/b3oBaTh orepa-
TOpbl 06LLel AeNCTBUTE/IbHOCTM, MOITOMY B TaKMX Cyyasix HET HeO6XOAMMOCTU B KOHKPETHOM
BbIMOMTHEHUWN WHTErPUPOBaHUSI.
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BERECHNUNG DER KENNGRORBEN YON
PSEUDOSTOCHASTISCHEN VIELSTUFIGEN SIGNALEN

T. BONDY*

[Eingegangen am 4. Juni 1971]

Eine Klasse von pseudostochastischen Folgen, die Folgen maximaler Lange,
werden oft bei der Gewichtsfunktionsbestimmung mittels Kreuzkorrelationsanalyse
verwendet. Solche Folgen kdnnen mittels riickgekoppelter Schieberegister verwirklicht
werden. Das so erhaltene binare Signal kann durch ein parallel geschaltetes digitales
Filter in ein Analogsignal umgewandelt werden. Die Arbeit beschreibt ein Rechenver-
fahren fir den zeitlichen Verlauf des analogen Signals und seiner statistischen Kenn-
werte, welches sich besonders gut fir die Auswertung mittels eines Rechners eignet.

1. Einfihrung

Die Bedeutung einer Klasse von pseudostochastischen Folgen, den soge-
nannten Folgen maximaler L&nge (kurz: m-Folgen) liegt darin, dafl sie schal-
tungstechnisch einfach mit Hilfe von rickgekoppelten Schieberegistern ver-
wirklicht werden kénnen. Eine Methode der Umwandlung des so erhaltenen
pseudostochastischen bindren Signals in ein vielstufiges (multilevel-) Signal ist
die parallele Umwandlung, hei der den Ausgéngen der einzelnen Kippstufen
des Schieberegisters entsprechende Gewichte zugeteilt und die Ausgédnge dann
addiert werden.

Die Amplitudenverteilung des so erhaltenen vielstufigen Signals kann
nicht exakt angegeben werden. Der Grund hierfir ist, dal das bindre pseudo-
stochastische Signal als Funktion der Zeit nach unseren heutigen Kennt-
nissen — in geschlossener Form nicht angegeben werden kann.

Die Amplitudenverteilung des analogen Signals kann in dem Fall be-
rechnet werden, wenn die Anzahl der Gewichtswiderstinde, d. h. die Anzahl
der fur die Erzeugung des vielstufigen Signals beniitzten Einheiten, der Anzahl
der an der Erzeugung des binédren Signals teilnehmenden Einheiten des
Schieberegisters gleich ist [1, 2].

In diesem Fall wird jene Eigenschaft der m-Folgen ausgenitzt, daf in
einer Periode jede aus n Bits bestehende Folge (oder Codewort), ausgenommen
die nur aus Nullen bestehenden Folgen, nur ein einzigesmal vorkommt. Die
Lénge der ldngsten Folge ist L — 2P 1, worin p die Ladnge des Schiebe-

*Bondy T., Csorbai Gti lakotelep X1., Budapest, Ungarn.
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registers bedeutet. Der Nachteil des Verfahrens ist, dal es nur fir r=p

benitzt werden kann sowie, daB es nicht tGber den zeitlichen Verlauf des
Signals informiert und daher die Autokorrelationsfunktion nicht berechnet
werden kann. Die nachstehend beschriebene Methode kann auch fir r p
verwendet werden und ergibt den zeitlichen Verlauf einer Periode des Signals,
woraus die Autokorrelationsfunktion berechnet werden kann. Fir langere
Periodendauer erfordert die Methode zwar viel Rechenarbeit, ist aber eine
systematische Methode, und die Berechnungen kdénnen auf einem Rechner
leicht durch vielfache Wiederholung einiger Operationen je nach dem Grad
der Polynome durchgefiihrt werden. Der Algorithmus besteht immer aus
einer endlichen Zahl von Schritten. (Fir r > p gibt es Berechnungsmethoden
[3, 4], aber die eine bezieht sich nur auf den Fall gleicher Gewichte, die andere
[4] ist keine systematische, sondern eine von der gegebenen m-Folge abhdn-
gige, nur fir sehr begrenzte Félle gultige Methode. Fur alle Verfahren gilt
auch weiters, daR sie nicht Uber den zeitlichen Verlauf und daher auch nicht
Uber die Autokorrelationsfunktion informieren.)

2. Beschreibung der Methode

Eine Art der Darstellung einer m-Folge ist, sie mit Hilfe der Generator-
funktion anzugeben:
G(u)=2'bnu\ (1)
n=0
wo 60, bv b2 ...Dbf, ... bn die m-Folge, G(u) die Generatorfunktion der Folge
bedeuten.
Andererseits ist

1
G(u) = (2)
1 V dul
1
s
wo 1 A ¢, ul— F(u) das charakteristische Polynom der Reihe bedeutet.

i=i
In (1) und (2) sind die Operationen modulo 2 zu verstehen. Aus (1) kann
durch die Substitution n = z— die z-transformierte Form gewonnen werden:

G{u) = Giz-)= Y'bnz~n-
n=0

Das ist jedoch die z-Transformierte der Zeitfunktion der m-Folge. Auf Grund
von Bild 1 gilt fir das analoge Signal

Yn) = k2 1<nT - kT)m(kT). (3)

Acla Technica Academiae Scientiarum Hungaricae 79, 1974



Nach Einfohrung der Bezeichnung nk = n

PSEUDOSTOCHASTISCHE VIELSTUFIGE SIGNALE 269
wo x(t) das bindre Signal auf einer beliebigen Stufe des Schieberegisters und
a(kT) = akT sind;

Yn(t) ist das analoge Signal im

re-ten Zeitintervall. Auf
Grund von (3) kann die z-Transformierte von Y(t) angeschrieben werden:

p
Y@= X jp x(nT - kT) a(kT)
n=0 k=0

Bild 1. Erzeugung eines vielstufigen pseudostochastischen Signals

K wird
Y(Z): 2 =
nk=-k k=1
= jg x(nkT)ez nk- ™ a(kT) m~k,
nk=0

k=1

wobei angenommen wurde, dal fur nk — 0, x(nkt) = 0. Daher wird

Y(z) = X(z) *A(2) ,

X (z)= T).*-»»
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die z-Transformierte des bin&ren Signals ist,

A(z)= _V a(kT) m~k

k=1

hingegen die Impulsubertragungsfunktion des Analog-Digitalumformers ist.
Nach Riuckkehr zur Bezeichnung u = z~1 und Einfuhrung der Be-
zeichnung nk = n ergeben sich

Y(u) = X(u) mA(u) (4a)
und
Y{u)= jgxnun, (4b)
n=0
sowie
= 'D%

Der Vergleich von (1) und (4b) zeigt, daBR G(u) = x(u). Daher kdénnte man
denken, daB wenn A(u) in geschlossener Form angegeben werden kann, auch
Y(u) mit Hilfe von (4b) in geschlossener Form angegeben werden kann, wenn
X(u) = G(u) in (4a) eingesetzt wird. Leider ist dies jedoch nicht mdéglich, denn
die in (2) vorgeschriebenen Operationen sind modulo-2 zu verstehen, die in
(4) vorgeschriebenen jedoch nicht. Deswegen sind wir gezwungen, aus einem
gegebenen charakteristischen Polynom F(u) auf Grund von (2) G(u) als Poly-
nom darzustellen und dieses Polynom mit A(u) zu multiplizieren. (Unabhé&ngig
davon, ob A(u) in geschlossener Form angegeben werden kann oder nicht.)

Ein anderes Problem ist, dal wenn L die Periode von G(u) ist, not-
wendigerweise auch die Periode von Y(u) gleich L sein muB. Das trifft jedoch
nicht allgemein zu, wenn die Berechnung nur fir eine Periode auf folgende
Weise durchgeflihrt wird:

Y (u) = xnun- j? akuk,
n=0 k=1

das heilt, der folgende Zusammenhang gilt nicht:

Y(u)

wo Y*(u) eine Periode von Y(u) bedeutet. Es besteht jedoch die Mdglichkeit,
Y*(u) so abzudndern, daB es wirklich eine Periode von Y(u), ndmlich Y L(u)
ergibt. Dies zu zeigen wirde sehr schwerfdllige Berechnungen ergeben, des-
wegen wird dies an Hand eines konkreten Beispiels veranschaulicht. Der
Einfachheit halber setzen wir voraus, dall die Werte der Gewichtswiderstande,
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namlich dj = a = 1 gleich sind. (Die Methode kann natirlich nicht nur auf
diesen Fall angewendet werden, wie dies spéter ersichtlich wird.) Ferner sei
p = 4 und das charakteristische Polynom sei:

F(u) = 1- (u3+ uj.

Da fir eine Modulo-2-Arithmetik die Operationen Addition und Subtraktion
miteinander vertauscht werden kdnnen, ist

F(uy = 1+ u3+ b#.

Die Summierung geschehe fiirr = 4 (d. h. p —r).

Die Periode der vom charakteristischen Polynom erzeugten Folge ist
L = 15 wie folgt:

X(U) = = = 1+ m3+ u4-(-mb+ ii8+ u9+ uld+ ull. (5)
1+ U3+M4

Eine Periode des bindren Signals ist daher

...100110101111000.. .

Die Ubertragungsfunktion hat folgende Form:

A(u) = 1+ u+ u2+ u3. (6)

Diese kann naturlich auch in kiirzerer Form angegeben werden, jedoch ist der

Ausdruck (6) gunstiger fir die Durchfihrung der Berechnungen, da er keine
Briuche enthélt.

Auf Grund von (5) und (6) kann Y*(u) berechnet werden.
Y*(u) = 1+ n+ n2+ 2u3+ 2ud+ 2u54- 3u6+ 2w74-2u84-3u9+ 3ud0 +

+ 4uu + 3ml24- 2ul3+ uu .

Daraus kann das Signal abgelesen werden (die Koeffizienten geben den Wert
der Amplituden an):

...111222322334321...
Da die Zahl der Glieder 15 ist, ist in diesem Fall
Y*(u) = Yi(u). (7)

Dies ergibt sich jedoch nur als Folge dessen, daB m = 4 gewdhlt wurde. Z. B.
fir m = 5 gilt die Gl. (7) nicht mehr. Bevor auf die Untersuchung des Falles
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m = 5 eingegangen wird, wird die Amplitudenverteilung des Signals abgelesen,
welche in der nachstehenden Zahlentafel zusammengefalt ist:

Anzahl des

Amplitude Vorkommens

A W0 N -
&~ O &

Das Ergebnis ist offensichtlich gleich der binomischen Verteilung, abgesehen
davon, daB die Amplitude 0 nicht vorkommt, da die nur aus Nullen bestehende
Folge in der maximal langen Folge nicht enthalten ist. In diesem Fall (r = p)

Bild 2. Autokorrelationsfunktion eines vielstufigen pseudostochastischen Signals

h&tte die Verteilung selbst auch mit einer anderen Methode berechnet werden
kénnen, welche jedoch blo die Amplitudenverteilung und auch diese nur fur
r — p angibt, weiterhin mufl dort das gewonnene Resultat entsprechend dem
Umstand noch modifiziert werden, daB die erhaltene Verteilung von der
Binomialverteilung abweicht.

Die Autokorrelationsfunktion des Signals zeigt Bild 2. Wie ersichtlich,
ist der Scheitelwert der Autokorrelationsfunktion im Verhé&ltnis zu den bei den
dazwischenliegenden Verschiebungswerten angenommenen Werten wesentlich
kleiner als im Falle eines Bindrsignals. (Dies ist verstdndlich, da ja der Digital-
Analog-Umwandler — oder hier das digitale Filter eine mittelwertbildende
Wirkung ausibt.) Im Falle von r = 5 ist das Ergebnis der Multiplikation
(A(u)y =1+-u -f- u2-)- us-~ n4:

Y*(u) = 1+ u+ u2+ 2ui+ 3ud+ 2u5+ 3itb+ 3u7+ 3n* + 3u9+ 4ul0 +
4nl + 4wl2+ 3ml3+ 2u¥+ uls.
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Danach ist:
Y*(m) = 1112323333444321 . (8)

In diesem Fall besteht Y*(u) aus 15 Gliedern, ergibt daher nicht unmittelbar
eine Periode der Folge. Hingegen ist offensichtlich, daR das ganze Signal sich
aus diesen Folgen Y*(u) derart ergibt, daB diese mit Uberdeckung unterein-
ander geschrieben werden (siehe weiter unten) und wo eine Uberdeckung
besteht, werden die entsprechenden Glieder addiert. (Die Uberdeckung ergibt
sich daraus, daB in Y*(u) die Anzahl der Glieder groBer ist als L die Anzahl
der Perioden.) Aus (8) wird eine Periode des Signals folgendermalRen gewonnen:

Y*u)= ... 1112323333444321
.. 321 1112 ...

.32121123233334443212 112

L= 15.
Eine Periode des Signals ist daher
211232333344432.

Offensichtlich genligt es flir einen vorgegebenen Wert von p diejenigen Falle
zu untersuchen, fir welche r<?2P- 1, wenn die Summierung fur w = const
durchgefihrt wird. Es sei al — const = 1. (Dadurch wird die Allgemein-
gultigkeit nicht beeintrédchtigt, da fir ai — a0” 1 der entsprechende Wert
der Amplitude a0-mal gréRer ist.)) Fir m = 2P — 1 erscheint am Ausgang des
Registers eine komplette Periode und in derselben werden diejenigen Bits
zusammengezdhlt, deren Wert 1ist (d. h. das Gewicht des Code-Wortes wird
gebildet). Ihre Anzahl ist immer auf Grund der bekannten Eigenschaften
der Folgen maximaler Lange 2V=X D. h. fir r = 2P — 1 ist die erhaltene
Amplitudenverteilung an einer Stelle definiert und die zugehdrige Amplitude
ist 2P_1 fir a0= 1 und fur a0O441 wird sie a0 «2P~1 Zu erwarten ist daher,
dall der Bereich der Verteilung fur solche Werte von m, welche dem Wert
(2P — 1) naheliegen, jedoch noch r <7 2P— 1, gegen Null strebt. Z. B. ergeben
p — 4 und a0= 1 fur verschiedene m die folgenden Werte (E bezeichnet den
Bereich):
r 4 5 6 7 8 910 11 12 13 14 15

E 3 3 4 3 3 43 3 3 2 10

Es ist leicht einzusehen, daR falls r > 2P— 1, die Untersuchung der Verteilung
so durchgefihrt werden kann, dafl r durch (2P — 1) dividiert wird und die
Untersuchung der Verteilung fir den Rest durchgefiuhrt wird. Es sei angenom-
men, dal}

p —2-(2"—1)-Jr r=1,2,3,...
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Dann ist
p' = s mod (2n — 1)

Die Untersuchung der Verteilung wird dann fur p' = s durchgefihrt. Die auf
die urspringlichen Werte von p bezigliche Verteilung kann so aus der auf s
beziglichen Verteilung gewonnen werden, dall zu jeder Amplitude, die in der
Verteilung vorkommt, aOer « (2P 1) addiert wird. Mit anderen Worten,
fir jede VergroBerung der Amplitudenverteilung um r0= 2P — 1 erleidet die
Amplitudenverteilung im Definitionsbereich eine Verschiebung um a0 -(2P  1).
(Der Erkldrungsbereich ist der vorkommende Amplitudenwert, der Werte-
vorrat besteht aus den einzelnen Haufigkeitswerten.) Durchschnittswert des
Signals ist fur r < 2P 1:

2P-1
XxX=-p —U +r—p)a0.

Die Giltigkeit der obigen Beziehung ist leicht einzusehen, wenn in Betracht
gezogen wird, dafl fir m — n und a0 = 1 der Durchschnittswert

betrdgt, sowie weiters, daB die VergroBerung von p um 1 den Nenner des
Ausdrucks um 2P—1 vergrdfRert.

Der Anschaulichkeit halber geben wir die Autokorrelationsfunktion
nicht in Form einer Formel an, sondern stellen sie in Bild 2 dar, woraus ge-
gebenenfalls mit Hilfe der entsprechenden Werte die Funktion aufgeschrieben
werden kann. Natirlich kann in diesem Fall eine Periode der Autokorrelations-
funktion bei weitem nicht mehr als gute Ndherung der Diracschen 6-Funktion
angesehen werden. (Was verstdndlich ist, wenn wir bedenken, dal die kon-
stante Gewichtsbelastung mehr oder weniger eine »Durchschnittsbildung« des
pseudostochastischen Signals erzielt.)

Das beschriebene Bechnungsverfahren wiirde bei gréReren Werten von
p und r eine langwierige Bechnungsarbeit erfordern, eignet sich aber als
Grundlage fur ein einfaches Bechenprogramm, da einige Arten von Operatio-
nen in grofRer Zahl zu wiederholen sind. Das Programm kdénnte auch gleich-
zeitig die statistische Auswertung der erhaltenen Folge beinhalten.
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Calculation of the Characteristics of Pseudorandom Signals. A class of pseudorandom
sequences, the maximum-length sequences is frequently used for the determination of weight
functions by cross-correlation analysis. Such sequences can be realized with the aid of feed-
back shift registers. The binary signal obtained in this way can be transformed by a parallel
digital filter into an analog signal. The paper deals with a method for calculating the waveform
of the analog signal and determines its statistical properties, which are well suited for evalua-
tion on a computer.

PacyeT nokasaTe/ieli MHOrOYPOBHEBbLIX NCEBAOCTyHaHbIX CUMHAMIOB. OuH Knacc nces-
[OCNyYaiHbIX CEepuit, a WMEHHO Cepuili MaKCMMaslbHOW MPOAO/IKUTENILHOCTM, YacTo WUCMO/b-
3yeTca Npu onpeaeneHn BECOBOM (DYHKLMM, NMPOM3BOAMMON C MOMOLLBIO NMEPeKPecTHOro Kop-
pensiLMOHHOro aHanun3a. Takue cepym MOXKHO OCYLLIECTBUTb C MOMOLLIbIO CKU(PErMCTPOB ¢ 06paT-
HOI1 CBAI3bl0. MOMYyYeHHbI TakMM 06Pa3oM ABOMUHBIA CUrHa C MOMOLLBIO NapasneNibHo coeau-
HEHHOro [BOMYHOIO (PUIbTPA MOXHO MpPeobpasoBaTb B aHANOroBblii CUrHan. B cTaTbe npea-
naraeTcsl METOAMKA BbIUNUCIEHUS ANS ONpeaeNieHnst CTaTUUeCKUX XapaKTepUCTUK U NPoTeKaHus
BO BPEMEHU aHa/I0r0BOro CUrHasa, YTo 0C06eHHO NOAXOANT NS NPOU3BO/CTBA OLIEHKM CMIOMOLLLbIO
3MEKTPOHHOM BbIUNCUTENbHOM MaLLUHBI.
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VERDICHTUNGSTECHNISCHE BEITRAGE
ZUR ENTWURFSTHEORIE DER KIESBETONE

J. CSUTOR*

[Eingegangen am 22. Dezember 1971]

Der Autor hat schon friher fir die grundsatzlichen Vibrationsbetriebsarten
Formeln abgeleitet. Diese Formeln messen den Arbeitsbetrag (Energien) ab, der im
Laufe der Verdichtung der unbewehrten Betone von diesen selbst verlangt ist, um
vom losen in verdichteten Zustand zu kommen. In der vorliegenden Abhandlung
erstreckt der Autor seine energetische Theorie beziiglich der Verdichtung auch auf
Regelung der Verdichtung von beliebig bewehrten Betonen und gibt hierzu eine ge-
schlossene Formel ebenfalls mit Gultigkeit auf alle funf grundsatzlichen Betriebsarten.
Das dargelegte Regelungsverfahren kann in Verbindung mit jeder beliebigen Beton-
entwurfmethode angewandt werden.

1. Vorwort

Im Kreise der Betontechniker ist allgemein bekannt, dal das in den
Betonkomponenten im dispersen Zustand befindliche M aterialsystem sich
durch Mischung und Verdichtung in ein kompaktes System verwandelt.

In dem von der volligen Dispersitat bis zur volligen Kompaktheit ablau-
fenden Vorgang bedeutet die Abnahme des Dispersionsgrades, da die MeRzahl
des Hohlraumgehalts sich dem Nullwert ndhert. Die Ermittlung der Zahlen,
die die Proportionen der Betonbestandteile bezeichnen, ist der Betonentwurf,
der ein doppeltes Ziel verfolgt. Das erste Ziel besteht aus einer derartigen
mengenméligen Ermittlung der rdumlichen Struktur der Betonbestandteile,
daB diese die Raumeinheit in ihrem kompakten Zustand lickenlos ausfillen
kénnen. Das zweite Ziel besteht darin, dal der durch die Menge und Gite des
Zements und die Menge des Anmachwassers definierte chemische Prozel3 das
Erreichen der GroRtfestigkeit des kompakten Materialystems ermdéglichen soll.

Der disperse Zustand der Betonbestandteile kann auch als eine unstabile
Struktur aufgefaBt werden. In der Ausbildung der stabilen Struktur spielt
die Verdichtung eine wichtige Rolle, denn sie vermittelt die zur Zustandsénde-
rung erforderliche &uBere Energie an der Grenze der Instabilitdt und der
Stabilitdt in aktiver Art mit dem passiven System der Komponenten. Die diese

*Dr. J. Csutor, Villanyi Gt 55—65, 1118 Budapest, Ungarn
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&uBere Energie liefernden Maschinen sind die Verdichtungsgerate. Diese sind
zur Zeit dadurch gekennzeichnet, dall sie die Yerdichtungsarbeit in der Form
von erregten mechanischen Schwingungen verrichten. W dhrend der Verdichtung
befindet sich zwischen dem noch losen Frischbeton und der Maschine ein enger
Zusammenhang, da sie ein einheitliches, dynamisches System bilden. Die
Ubliche Praxis des Betonentwurfes, dall er auf die Verdichtung nicht eingeht,
bendtigt deshalb eine gewisse Ab&dnderung. Der Betonentwurf kann nur dann
als umfassend und komplett betrachtet werden, wenn er auller der quantita-
tiven Ermittlung der rdumlichen Struktur, auch die Regelung der Verdichtung
umfallt, die sich auch auf den Endzustand des Betons auswirkt. Mit anderen
W orten: der Betonentwurf soll auch fiur die Verdichtung quantitative Zusam -
menh&nge angeben kénnen.

Die Wechselwirkung zwischen der Maschine und Beton kann durch
Arbeit determiniert werden. Deshalb konnten fir die finf Grundfélle der
Rittelbetriebsarten MelRzahlen angegeben werden [1], [2], [3], deren tabel-
larische Zusammenstellung dem Bild 1 zu entnehmen ist. In [2] und [3] wur-
de ausfihrlich nachgewiesen, dall die auf die einzelnen Verdichtungsbetriebs-
arten beziglichen dynamischen Dricke (Bild 1), die wé&hrend der Zustands-
&nderung aufgetretene spezifische Verdichtungsarbeit messen.

Die Betriebsregelung, die von einer grofen Menge von Parametern ab-
hdngt, kann nur stufenweise erreicht werden. Die dazu fuhrenden Schritte
sind die folgenden:

1.3 Zwischen der effektiven Verdichtung und der einfachen Einarbeitung des
Betons in den Schalungsraum besteht ein prinzipieller und maRgebender,
praktischer Unterschied.
Die Verdichtung ist eine mit der Zunahme der Dichte des Betons verbun-
dene Volumenverringerung [2], dagegen ist die Einarbeitung ein ProzeR,
der im Prinzip keine Dichtezunahme (= Volumenverringerung) hervor-
rvifen kann.
1.4 In der Anné&herung dieses Prozesses durch eine Theorie sind drei Phasen
zu unterscheiden, und zwar
1.4.1 Untersuchung der Zustandsdnderungen des unbewehrten Betons in
einem unbegrenzten Raum.

1.4.2 Untersuchung der Zustandsédnderungen des unbewehrten Betons in
einem begrenzten Raum.

1.4.3 Untersuchung der Zustandsdnderungen des bewehrten Betons in
einem begrenzten Raum.

Die auf Bild 1 angefiihrten Formeln beziehen sich auf den Fall 1.4.1.
Der Betonentwurf ist eine halbempirische Wissenschaft und so ist in den
dem Entwurf zugrunde liegenden Formeln die Anwendung von Grdfen, die
nicht als kontinuierliche Variable betrachtet werden kdénnen, unvermeidlich.
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Die Grundlage jeder Betonentwurfstheorie ist die Festigkeitsvorschét-
zungsformel. Infolge ihrer Ubersichtlichkeit ist es zweckmiRig, als Aaisgang-
grundlage die Formel nach Bolomey —Palotads von den mehreren vorhandenen
Formeln auszuwdhlen [4], [5], [6]:

(1)
wo:
K28 = die an Probewirfeln von 20 cm Kantenlange im Alter von 28 Tagen ermittelte
Druckfestigkeit;

zlw = den Kehrwert des Wasser—Zement-Wertes; und
A und B von der Zementgiite abhangige Konstanten bedeuten.

Fir unsere einheimischen Zemente gilt im allgemeinen

ioo< a <;300 |
, (2)
05<B<, 08 ]
und fir die Kiesbetone
140 <:K <, 800
0 ’3/\ — N1 . (3)

Ohne sich mit den weiteren Einzelheiten des Betonentwurfes zu befassen,
kann man feststellen, dal die Formel (1) nur innerhalb des »Auslegungs-
bereiches« von (1), (2) und (3) als funktioneller Zusammenhang betrachtet
werden kann. Auch Uberdies werden die diskreten Punkte der unabhédngigen
Variable wjz durch die Praxis bevorzugt.

Durch die Behauptung, daB aufgrund der Formel (1) die Proportions-
zahlen der Zusammensetzung zur Erreichung der im voraus angegebenen Giite-
meRzahlen auf logisch begriindete Weise gerechnet werden kdnnen, wird im
Prinzip die Frage der Untersuchung der ldentitatskriterien, sowohl im Zusam-
menhang mit den Betonkomponenten, als auch mit deren Besultierenden auf-
geworfen. Konzentriert man die Aufmerksamkeit von den zahlreichen, in der
Grundformel (1) implizite enthaltenen und das Endresultat beeinflussenden
Parametern, nur

- auf die spezifische fiktive Oberflache des Zuschlagstoffes;

— auf die Eigenfestigkeit des Zements; und

auf die Wassermenge,
so kdnnen deren MefRzahlen nur durch das statistische Aufschreiben in betref-
fender Reihenfolge als korrekt gegeben betrachtet werden:

F = Fozx so
Z = Zet se (4)

W — Ww” 5L
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Die Bezeichnung s bedeutet hier mit ihrem Index die Streuung des betreffenden
Parameters, die Zuverldssigkeitsgrade angebenden Multiplikationkoeffizienten
inbegriffen. Versteht man unter der Genauigkeit des Aufschreibens eine der-
artige Anndherung der Wirklichkeit, wo sich die Abweichung zwischen den
tatsdchlichen und aufgeschriebenen Werten dem Nullwert ndhert, so ist das
nur durch die Einbeziehung in die Berechnungen der zahlreichen Parameter
samt den Streuungen mdglich. Es kann nachgewiesen werden, daB eine derar-
tige Beschreibung [7] fur die Praxis unbrauchbar ist und zu sehr komplizierten
mathematischen Abhdngigkeiten fihrt. So muB man sich in der Betontechnik
mit begrenzten Genauigkeiten begnugen. Die Anforderung hinsichtlich der
Identitdt kénnen nur auf diese Weise als erfiillbar betrachtet und gultige MeR-
zahlen im voraus berechnet werden. Deshalb mulR die Betonfestigkeit derart
definiert werden, dall diese ein statistischer Durchschnittswert ist, den man von
den Zerstdrungsuntersuchungen der unter reproduzierbaren Umstédnden hergestell-
ten normgerechten Probekdrper erhélt.

2. Der dynamische Druck
als funktioneller Zusammenhang und als MeRzahl

Schneidet man aus einer in einen beliebigen Schalungsraum hinein-
geschitteten Frischbetonmenge ein auf Bild 2 dargestelltes Raumelement der-
art aus, dal Hi die ganze Hohe des im Schalungsraum befindlichen losen Betons
bedeutet, so kann der Verdichtungskoeffizient

(5)

=dF+Hd
=dF «H

Bild. 2
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definiert werden. Es ist nachweisbar, daB nach der Interpretation des Begriffes
des losen Volumens fir gleiche Betone die Hohe H) ein von ihrem Absolutwert
unabhédngiger, konstanter Wert is [2]. Auch das kann man nachweisen, daf
die Annahme einer geebneten Oberflaiche des Raumelementes [2] die allge-
meine Gultigkeit der gezogenen Folgerungen nicht einengt.

Hier mufl betont werden, dall der Verdichtungskoeffizient nach (5) nicht
mit dem RIiLEMschen Verdichtungskoeffizienten identisch ist [8]. Dieser letztere
ist namlich weniger zur Beschreibung der effektiven Zustandsdnderungen
geeignet als der nach (5).

Der zum dichten Betonvolumen gehdrige Wert Hd ist ein Grenzwert,
denn er kann nicht unterhalb eines von der Zusammensetzung des Betons
abhédngigen Mindestwertes vermindert werden, vorausgesetzt, dal zur Ver-
dichtung nur in der Praxis anwendbare Gerdte benutzt werden. Hd deter-
miniert das dichteste Volumen, den minimalen Hohlraumgehalt, die stabile
Kornstruktur und die maximale Festigkeit.

W dhrend der Zustandsadnderung, die infolge der Verdichtung eintrifft,
muB die Resultierende Pe der inneren Widerstandskrafte Gberwunden werden,
um den mit Hd charakterisierten Zustand zu erreichen. Der Innenwiderstand
(= die Innenreibung) des Frischbetons ist von der Zusammensetzung abhéngig,
deshalb gilt die Gleichung

/ w A
(Pe)l - Pe\Dm; ., (s)

i z L
wenn man die Kérnung und deren s&mtliche Wirkungen mit der Bezeichnung
Dm des GroBtkorns und jeden Effekt des Zements und Wassers vereinfacht mit
wjz symbolisiert. Infolge der schon behandelten Ursachen ist auch Peein sta-
tistischer Materialheiwert. Jedoch dndert sich Pe im Laufe der Verdichtung
auch mit der Zeit, denn eine Verminderung des Hohlrauminhalts nach einem
derartigen Gesetz, wobei Pceine Konstante bleiben kénnte, kann nicht erreicht
werden. Wenn 1Vj die Leistung (die hier und im folgenden absichtlich nicht
nach den maschinellen Komponenten zerlegt wird) des die Volumenverminde-
rung des Betons hervorrufenden Verdichtungsgerétes ist, dann wird die Set-
zung der Oberflache des losen Betons durch Peund Nxzusammen bestimmt.
Jedoch wird Pein diesem Zusammenhang bereits auch von N xabh&ngen, d. h.

w
{Pch = Pe , (?)

Da aber Nlauch von den Parametern des Verdichtungsgerdtes und der erreg-
ten Schwingungen abhéngt, ist es innerhalb eines untersuchten Prozesses not-
wendigerweise konstant. Sinkt die Oberfldche des losen Betons um einen Wert
von dH (Bild 2), so wird die innere Arbeit Pedem Produkt

Pe-dH
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proportional. Infolge der Gleichwertigkeit der Innen- und Auflenarbeit gilt
die Gleichung

PemdH — N+-dt. (8)

Zeichnet man das Weg Zeit-Diagramm der Setzung der Betonoberfldche
auf, so erhdlt man die Verhé&ltnisse auf Bild 3. Diesen Diagrammen sind
einige, durch Versuche bestdtigte [9] grundsétzliche Eigenschaften im Ablauf
der Weg Zeit-Kurven zu entnehmen. Diese sind:

2.1 Begrenzt man die Anderung der Betonzusammensetzung nur auf
die Anderung der Wassermenge nach

w w v

< <

*  min z Z max

A : Gleiche Zusammensetzung, veranderliche Ruttelleistung
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so gilt der Satz, dal mit der Zunahme des Wasserzementwertes bei Beton-
gemengen von gleichem Gewicht He zu- und Hd abnimmt.

Diese Tatsache kann auch fir Betone von gleicher Zusammensetzung,
jedoch auch mit verédnderlichem Zementgehalt und dementsprechend mit ver-
&nderlichem W assergehalt verallgemeinert werden.

2.2 Als Folge der obigen Feststellung kann man behaupten, dall es einen
Zustand gibt, wo

sich gemdR der Zusammensetzung des Betons &ndert und bei einem als obere
Grenze zu betrachtenden Wert von w/z zutrifft. Dabei ist der Beton raum-
stdndig und eine Volumendnderung tritt nur infolge der im Abschnitt 1.3 be-
handelten Einarbeitung auf.

In diesem Zustand verliert die Aquivalenz nach (8) ihre Giiltigkeit. Der
W asserzementwert hat auch einen unteren Grenzwert, unterhalb dessen der
Beton wirtschaftlich nicht weiter verdichtet werden kann.

2.3 Derzur Erzielung der mit Hdgekennzeichneten verdichteten Struktur
erforderliche Zeitpunkt t* hat eine bevorzugte Rolle, u. zw. erstens, weil wenn
N x = konstant ist, dieser fur dieselben Betone als M aterialkonstante betrachtet
werden kann. Es ist weiters auch darum ein bevorzugter Zeitpunkt, weil t*
und Hd ein zusammengehdrendes W ertepaar sind. Am Ende des Zeitpunktes
t* kann die mit a0 bezeichnete maximale Festigkeit des Betons nicht not-
wendigerweise erreicht werden. Die die optimale Betonfestigkeit sichernde
raumliche Struktur kann in den in der Praxis vorkommenden Fé&llen nur im
Laufe einer Zeitdauer von

t—t* mX mt* —mt*(l -I- X)

sich entwickeln. D. h., im allgemeinen gilt zwar, daB
t> t* 9)
ist, jedoch kann t im Prinzip keine weitere Volumenverminderung zugeordnet
werden.
Aufgrund der Verhéltnisse nach Bild 3 und des Besagten kann man un-
mittelbar einsehen, dall die exakte mathematische Beschreibung auBerordent-

lich schwierig ist.
Betrachtet man Pe vorldufig als eine Konstante, so folgt aus (8), daf

Pee«AH = Njt*. (10)
Jedoch, nach Formel (6) und Bild 2 gilt, daR
AH = H, Hd= Hd3 - Hd= Hd®B 1). (10a)
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Deshalb ist eine andere Form der Formel (10):

. ()
Hd (R~ i)

Dem bisher Gesagten entsprechend kann man aus der Formel (11) erkennen,
daB infolge der Zusammensetzung des Betons und der Benutzung von den-
selben Verdichtungsgerdten Nv t*, Hd und R als Konstanten zu betrachten
sind. Von denen sind t* und Hd zu einem Endzustand gehdrige Werte und
deshalb ist ersichtlich, daB die Formel (11) ein sich auf den Endzustand bezie-
hender funktioneller Zusammenhang ist. Jedoch, infolge seiner Eindeutigkeit,
ist man vom formellen Zwang, Peals Variable zu betrachten, entbunden.
Ermittelt man aus Formel (11) fur einen beliebigen Zeitpunkt

' < t*
die Oberflachenabsenkung
At N 1-t'
(AH) = Nt (12)
Dm9—ZL?ﬁ/1I

so ist der nicht konstante Wert von Pe determinierend. Aufgrund von (7)
kann man feststellen, dal deren Funktionbeschreibung auBerordentlich kom-
pliziert und in der Praxis unanwendbar ist, wie auch, daBR nach dem Beweis
der Formel (H) ein derart komplizierter funktioneller Zusammenhang nicht
erforderlich ist.

Der Charakter von Pein Formel (11), wonach dieser Wert blof von
GrbolRen abhangt, die alle als Konstante gelten, ermdglicht eine Beziehung auf
eine beliebige und ganze Schalungsoberflache:

F=1JdF. (12a)

Hier ist F die auf die Verarbeitungsrichtung senkrechte (d. h. waage-
rechte) Flache. Also

Pe N At Kraft
Pd Druck
F ~ vdB—1) Fléche
bzw.
N xet*
Pd — X kpcem -:i (13)
vVAR-1)

Vergleicht man diesen Ausdruck mit den auf Bild 1 zusammengestellten
dynamischen Druckformeln, so ist leicht zu erkennen, dal3 die strukturelle und
Inhaltsidentitdat bewiesen ist. Danach kann man schon sehr einfach beweisen
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[2], dalR die Formel (13), trotz ihrer Druckdimension, die spezifische Verdich-
tungsarbeit miflt. Da die Formel (13) auch einen Endzustand beschreibt, kann
man aussagen, dal es uUberflussig ist, eine die Volumenverminderung auch in
einem beliebigen Zeitpunkt genau beschreibende Funktion zu suchen.

Aus dem Vergleich der Gleichung (13) mit den Formeln des Bildes 1 gehen
auch die Unterschiede hervor: hier kommt Nx schon mit den entwickelten
Komponenten vor, andererseits wird t* durch jene Zeitdauer abgeldst, die ct0
zugeordnet werden kann. Durch das Einsetzen der Zeitdauer, die man der
maximalen Festigkeit des Betons zuordnen kann, in die Formel erhdlt man

1. Reelles Weg-Zeit - Diagramm
2, ldeales Weg-Zeit - Diagramm

dt

Bild. 4

namlich einen solchen Wert von pd, der als Mef3zahl proportional zur notwen-
digen und hinreichenden Verdichtungsarbeit ist.

Nun wollen wir aus Bild 3 einen beliebigen Fall herausgreifen und dem
Bild 4 entsprechend den fir die vorliegende Abhandlung wichtigen Teil her-
vorheben. Im Zusammenhang mit der Formel (11) kann man sich auch durch
unmittelbare Betrachtung GewilRheit dartiber verschaffen, daR das effektive
Weg—Zeit-Diagramm durch das aufgrund von unmittelbaren (d. h. immer
meBbaren) Angaben aufgezeichnete Lineardiagramm ersetzt werden kann.
Hierbei wird die ideale Geschwindigkeit der Oberflachenabsenkung

all Hd(R~ 1)
t* t*

(14)

und diese Geschwindigkeit ist in einem beliebigen Zeitpunkt immer niedriger
als die tatsdchliche Absetzungsgeschwindigkeit der Oberflache.
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3. Verdichtung des bewehrten Betons und deren Arbeitsbedarf

Aufgrund der Bilder 1 und 5 wird man zur weiteren Behandlung von den
folgenden Prinzipien ausgehen:

3.1 Zwischen den Einfillungen der Schalungsrdume von unbewehrten
und bewehrten Betonen gibt es prinzipielle und praktische Unterschiede. Die

F.OH =AV=\{ (M- 1) =,verschwindendes" Volumen
F. Hj =\jj =dichtes Volumen

F.H| =V =loses Volumen

Bild. 5

Einfullung des losen Betons eines unbewehrten Betonobjektes findet unge-
hindert statt, dagegen ist dieselbe im Falle von Stahlbetonkonstruktionen
eine Funktion des Bewehrungsnetzes.

3.2 Demzufolge ist die Verdichtung und Einarbeitung eines nichtbewehr-
ten Betonobjekts gleichwertig mit der Volumenverminderung AV = F « AH.
Da diese auch mit der Einarbeitung gleichwertig ist, kann der Zahlenwert von
pa auch selbst jede spezifische Arbeitsmenge messen.

3.3 Im Falle eines bewehrten Betonelementes (Fertigteiles) befindet sich
ein betréchtlicher Anteil des losen Betons nach der Einfillung nicht im Scha-
lungsraum, sondern verbleibt infolge der Sperrwirkung der Bewehrung Uber
dem Schalungsraum. So kann die auf die Volumenverminderung AV verwen-
dete Arbeitsmenge auch flr die Einarbeitung, d. h. fiir das Hineinzwingen des
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Betons in den Schalungsraum nicht hinreichen, es wird also eine Mehrarbeit
erforderlich. Man kann beweisen [2], daBR die vielen Einflillungsarten auf den
auf Bild 5 dargestellten Fall zurlckgefihrt werden kénnen, bei dem ein groBer
Anteil des losen Betons Uber dem Schalungsraum verbleibt.

3.4 Der Arbeitsbedarf der Verdichtung und jener der Verarbeitung
kénnen durch Addition superponiert werden.

Aufgrund des Bildes 5 soll angenommen werden, dal das ganze Beton-
gemenge auf der Bewehrung hdngenbleibt. So wird seine Lage durch die Hohe
des Schwerpunktes Sy Uber der endglltigen Schwerpunktlage S2 durch

RHd Hd + 1

“V— b—— = ttd— — (15)
bestimmt. In der Hohe des Schwerpunktes betrdgt die Potentialenergie
des Betongewichtes GB

*= GBHdJL=+L. (16)

Diese Potentialenergie wird durch den Anteil jV2der Gesamtleistung des
Verdichtungsgerdtes in effektive Arbeit umgewandelt, die laut des Gesagten auf
Ny superponiert wird.

Die Voraussetzung, dall der Widerstand der Bewehrung gegen die Ver-
arbeitung des Betons innerhalb der proportional zu der freien (= ganzen) Scha-
lungsflache F verursachten Verringerung ist, liegt auf der Hand. Bezeichnet
man die Summe der gesamten horizontalen Projektion der Bewehrung mit Fv,
so wird die der freien Flache proportionale Widerstandszunahme durch den

Widerstandskoeffizienten
F 1
F 1- (FJF)
gemessen. Es ist zu erkennen, daB wenn man mit den extremen Grenzwerten
Fv= 0 und Fv= F rechnet,

1™ 1™ oo (18)
wird.

Da infolge der immer realen Abmessungen des Betonelementes FV/F
immer eine konkrete Zahl ist, ist auch die mdgliche obere Grenze von f in der
Praxis nicht so unbestimmt, wie man es aufgrund der Formel (18) annehmen
wirde.

Hier ist es zweckmdRig, den proportional f erhdhten W iderstand derart
aufzufassen, dal der Schwerpunkt auf das durch den Widerstandskoeffi-
zienten erhohte Potentialniveau gelangt, d. h.

AS =lS2= Hd ~ + . (19)
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Die derart erhdhte, malgebende Potentialenergie des Betongewichtes GB wird
mit der Arbeit gleichwertig, die durch N 2ausgelbt wird. So wird der Arbeits-
bedarf der Einarbeitung

LB= GB-Hd-W + 1) (20)
bzw., da GB= yVdist, erhdlt man:
LB=yV aHdM £ V)-. (21)
ki
So wird der gemeinsame Arbeitsbedarfder Verdichtung und Verarbeitung

Ld+ LB—Vd (R-1)Pd+ vHd SiB+ 1D (22)

Die dritte Komponente N 3der Gesamtleistung N des Verdichtungsgerétes
wird zur Bewegung der vom Gesichtspunkt des Prozesses passiven Gewichte
bendtigt. Der Weg der Arbeit in dieser Hinsicht ist die totale Ausschwingung
(d. h. das Zweifache der Amplitude). Bedeutet Gp das Gewicht der passiven
Massen, so erhalt man

Lp— Gp+*2A0, (23)
der Gesamtarbeitsbedarf wird also

Lg = Ld-f-LB - Lp, (24)

und die Gesamtleistung
N = JVX+ iV2+ N3 (25)

Demnach wird die notwendige Zeit der gesamten Verdichtung als Quotient
der Zusammenhénge (24) und (25)

1)-Pd + Y- Hd ©

(/?; - + Cpe . (26)

Aufgrund der Analyse von Formel (26) kann man folgendes feststellen:

3.5 WennRB = 1,Ld= 0, dann ist eine effektive Verdichtung nicht mdég-
lich, deshalb wird Lg= LB Lp.

3.6 Wenn der Betongegenstand unbewehrt ist, so wird Lg= Ld + Lp.

3.7 Lé&uft das Verdichtungsgerdt leer, soistLd= 0,LB= OQundL? = Lp.

3.8 Wie auch bereits vorher betont wurde, sollte es auch im folgenden
betont werden: die einzelnen Gréfen sind in den Formeln mit ihren mal-
gebenden Werten enthalten. Aus der Formel (26) ist zu erkennen, daB auch
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diese sich auch auf den Endzustand bezieht. Aus den bisherigen Erdrterungen
ging hervor, dal im vorliegenden Falle keine komplizierte Funktion erforder-
lich ist, die den in der Zeit untrennbaren Ablauf der Verdichtung und der
Einarbeitung fir jeden Zeitpunkt giltig beschreibt. Da die Zahlenreihe Vd,
Hd, R, y, f,pdim Falle eines konkreten Betongegenstandes und einer konkreten
Betonzusammensetzung konstant ist, ist ersichtlich, daB zwischen td und N
eine unbestimmte Beziehung besteht, u. zw. im Sinne, daB die beliebige Auswahl
der einen GroRe die andere bestimmt. Eine willkurliche Wahl beider GrdRen
hat jedoch ihre praktischen Grenzen.

Hier kann weiter erkldrt werden, wie die einzelnen Betonparameter die
Genauigkeit der erhaltenen Ergebnisse beeinflussen. Es kann bewiesen wer-
den [9], daB im Falle einer gleichen Kornverteilung des Zuschlagstoffes und
gleichen Zementzugabe, sowohl der Verdichtungskoeffizient, als auch das
Raumgewicht des Frischbetons als lineare Funktionen folgender Struktur auf-
geschrieben werden kénnen:

B=kl—k2 "

(27)

worin kl,k2 ... Konstanten sind.
Gleichzeitig gilt fir die normalen Kiesbetone, daf

14 ~ g~ 1

2,5 +10~3> y [KpoT"3] > 2,1 +10"3. (28)

Da der bereits vorangehend hdufig vorkommende Ausdruck (8 1)
aufgrund von (28) in einem Bereich von

4 «jo-1;> B —1) ;>0 (29)

schwanken kann, ist ersichtlich, daR der Anderungsbereich beider GroBen ver-
haltnismé&Rig eng ist. Deshalb ist es als besonders wichtig zu betrachten, daf
ihre Werte fiur einen groRen Kreis von praktischen Betonarten genau bekannt
werden (bei deren Anwendung der Fehler mdglicherweise innerhalb des Bereichs
is bleiben sollte) und diese Werte fir den Betonentwurf in &hnlicher weise
aufgestellten Funktionen wie unter (27) zusammengefallt werden mussen. Es
mufB als eine eigenartige Erscheinung erachtet werden, dal im Verlauf der
zxr Theorie des Betonentwurfes als Grundlage dienenden Untersuchungen von
zahlreichen Probekdrpern und Betonkategorien die beiden erwdhnten Para-
meter nicht ausfiuhrlich geprift und gemessen wurden. Um so merkwdrdiger
ist dies, da sowohl B als auch y an fir irgendwelche Zwecke bestimmten Probe-
korpern einfach gemessen werden kdnnen.
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Wegen der statistischen Glltigkeit der betontechnischen Zusammen-
hidnge und des verhéltnismdBig engen Anderungsbereiches von R und y, kann
jedoch die Rolle dieser beiden Parameter nicht unterschétzt werden, weil ohne
sie der Themenkreis der Betonverdichtung nicht behandelt werden kann.

Deshalb soll auch der W iderstandsfaktor f ausfihrlich behandelt werden,
dessen Funktionsbild aufgrund der Formel (17) auf Bild 6 dargestellt ist.
Es kann die Frage auftauchen: in welchem MaRe die Hypothese als begrindet
zu betrachten ist, daB die Zunahme des Potentialniveaus des Schwerpunktes
Sxvon der auf dem Bewehrungsnetz hdngengebliebenen Betonmenge als eine
lineare Funktion des W iderstandkoeffizienten | angenommen werden kann.

Vorausgeschickt, daR solche Werteskalen des W iderstandsfaktors, die
sich der Wirklichkeit gut ndhern, nur durch Versuche ermittelt werden kénnen,
kann man folgendes feststellen:

Unter der Voraussetzung, dall die ganze Betonmenge auf der Bewehrung
hédngen bleibt, wurde im Vergleich der Wirklichkeit eine vergroRerte Sicherheit
in Absicht genommen, insbesondere im Falle, wenn der Betongegenstand nicht
zu dicht bewehrt ist. Nimmt man in Betracht, daB schon eine geringfligige
Vermehrung des Anmachwassers zu einer starken Verminderung der Innen-
reibung fihrt, so kann die nach dem Vorstehenden verstandene Linearitdt als
erste Anndherung angenommen werden. Dazu soll man noch ergédnzend bemer-

Bild. 6
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ken, dal wenn in Fv aulRer der horizontalen Projektionssumme der tatséchli-
chen Bewehrung auch alle Yerengungseffekte des Schalungs- oder Formen-
raumes inbegriffen sind, die Sicherheit noch gréBer wird.

Da £eine von der Zusammensetzung des Betons unabhé&ngige Verhaltnis-
zahl ist, kann sie einfach gemessen werden. Auf einem Labor-Butteltisch mit
entsprechender Tischflache und konstanten Parametern (der als Standardrit-
teltisch betrachtet wird) soll man einen Probewdrfel herstellen. Dann 14Rt man
die offene Flache der Wdirfelform nach und nach auf die Werte FJF =
= 9 «10-1,8 «10“\ ... verengen und mifRt die Dauer der Durchdringung
des Frischbetons gleicher Zusammensetzung. Aus den erhaltenen MeBergebnis-
sen kann einfach entschieden werden, ob die den Widerstand beschreibende
Funktion der Formel (17) entspricht, oder ein anderer Zusammenhang gesucht
werden mufl. Variiert man danach die Betonzusammensetzung nur durch eine
systematische Anderung der Anmachwassermenge, so kénnen die W iderstiande
der Betone von abweichender Konsistenz in Abhédngigkeit von gleichen FJF
Verhéltniszahlen ermittelt werden. Die Durchfithrung des Versuchs ist um so
einfacher, weil man dazu keinen tatsdachlichen W irfel und nur sehr wenig Beton
bendtigt.

4. Die Rolle des begrenzten Raumes

Die allgemein giltigen Formeln (13), (22) und (26) kdnnten in exakter
Weise nur dann als korrekt bezeichnet werden, wenn sie aufgrund der Annahme
des begrenzten Raumes abgeleitet wiirden. Da in den Rechnungen immer ein
unendlicher Raum angenommen wurde, mull die GroBenordnung des Fehlers,
der sich aus dieser Voraussetzung ergibt, durch eine ausfiuhrliche Untersuchung
der Rolle des endlichen Raumes ermittelt werden.

In Zusammenhang mit den Bildern 2 und 5, die in den vorangehenden
Erwdgungen als Grundlagen benutzt wurden, wurde vorausgesetzt, dafl der
Rauminhalt des losen Betons in zwei horizontalen Richtungen unendlich ist.
Dam it setzt man einfach voraus, dal die freie Oberflache des losen Betons frei
von irgendwelchen Umgebungshindernissen parallel zu sich selbst absinkt.

Im Gegensatz zur obigen Vereinfachungsannahme ist das Betonvolumen
in der Tat immer begrenzt: es ist durch die Seitenwédnde der Schalung oder der
Fertigungsform, weiter durch die an der Grenze des Wirkungsbereichs des Ver-
dichtungsgerdtes befindliche und sich weiter nicht verdichtende Betonschichte
begrenzt. Bei der theoretischen Untersuchung steht man einer Wandwirkung
gegentber, die in der N&he der Wand die zu sich selbst parallele Absinkung
der horizontalen Betonfldche verhindert.

Es mufRl hier betont werden, daB aus der Fachliteratur der Betontechnik

- hauptséchlich infolge der Téatigkeit von Faury - der Begriff des Wand-
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effekts bekannt ist [10], [11]. Nach Faurys Interpretation kann man den W and-
effekt folgenderweise beschreiben. Im endlichen Raum &ndert sich die Zusam-
mensetzung der Kornverteilung des losen Betons, in der Wandndhe erhdht
sich der prozentuelle Anteil der groBeren Zuschlagstoffkdrner. Mit anderen
W orten:im begrenzten Raum (unter dem Begriff der Wand versteht man hier
in einem weiteren Sinne auch den unmittelbaren Effekt der Bewehrungsstruk-
tur) wird der Beton magerer in Mdrtel, als entworfen war. Dieser Fehler sollte
im Laufe des Betonentwurfes durch die Erhéhung des Prozentsatzes der feine-
ren Kdrner korrigiert werden. Es ist ersichtlich, dafl der Faurysche W andeffekt
bloR eine Korrektion der Kornzusammensetzung erfordert, die von dem Ver-
dichtungsvorgang unabhéngig ist. Vom Gesichtspunkt der Verdichtung hat der

Ox |

Beton von korrigierter Zusammensetzung andere -, y-und p —*pi~Werteim Ver-
gleich mit demselben der originalen Zusammensetzung und die auf den unend-
lichen Raum bezugliche Annahme ist unbeschrédnkt. Im Laufe der tatsdchlichen
Verdichtung und Verarbeitung des Betons entsteht ein Wandeffekt von abwei-
chendem Charakter, wie es aus dem Folgenden hervorgeht.

Die parallele Oberflaichensenkung kann aufgrund des Bildes 7 auch so
erklart werden, dalR fir die Resultierende der Reibungskrafte, die entlang den
voneinander in einem Abstand von Ax befindlichen 1und 2 imagindren Schnitt-

ebenen angreifen,
S, =52 @

d. h., keine physische Ursache besteht, die die parallele Senkung verhindern
wirde. Seien Sj, bzw. Sbdie in einer imagindren Schnittebene neben der Wand
bzw. im Beton wirkenden Reibungskrafte, dann gilt im allgemeinen:

Sf§Sh. (31)

Diesen drei Mdoglichkeiten entsprechend kann sich die Betonfldche nach
Bild 8 ausbilden. In der vorliegenden Abhandlung ist von den im Bild 8 dar-
gestellten drei Mdglichkeiten nur der Fall A interessant, u. zw. als eine solche,
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die Mehrenergie erfordert. Der Fall B ist ndmlich der schon behandelte Fall
des unbegrenzten Raumes; der FallC, der keine Mehrenergie erfordert, kommt
nicht in Betracht.

Schon durch Besichtigung kann bewiesen werden, dall (in erster Anné-
herung) der Charakter der Reibung zwischen der Wand und dem Beton sowie
die MeRzahl des Reibungsfaktors indifferent sind. Infolge der Rittelungs-
verdichtung verwandelt sich der Beton allmé&hlich in eine schwere Flissigkeit,
u. zw. sowohl von der Zeit, als vom Wasserzementwert, wie auch von der
Kornstruktur und Kérnerform abhdngig. Deshalb verwandelt sich auch stufen-
weise die Coulombsche Reibung in die Flissigkeitsreibung. Es gibt Betone

mit niedrigeren Wasserzementwerten, die wdhrend des ganzen Verdichtungs-
prozesses kaum als Flussigkeit betrachtet werden kénnen. Demzufolge ist die
Annahme einer reinen Fllssigkeitsreibung nur dber einer versuchsméfig
ermittelten GroBe des Wasserzementwertes begriundet.

Stellen wir Probewirfel von 20 «20 cm auf einem Standardritteltisch
her und nehmen wir an, daR die freie Betonflache sich dem Fall A des Bildes 7
entsprechend ausbildet. In diesem Fall kann ein loses Mehrvolumen

(r,)la:Alé.S.io:A’;LK, (32

die Wande der Wirfelform entlang im Vergleich mit derim unbegrenzten Raum
stattfindenden Verdichtung nur durch Mehrarbeitsaufwand in den, im dbrigen
schon dichten Betonstoff »hineingeprefft« werden.

In Formel (32) ist K\ der (in der horizontalen Ebene gemessene) mafl-
gebende Umfang der Wurfelform, und man nimmt an, daB der Querschnitt
des Volumens (V/)d als ein Dreieck betrachtet werden kann. Nun soll die zur
meRbaren Volumen&nderung des sich im unendlichen und endlichen Raum ver-
dichtenden Betons erforderliche Zeitdauer mit

t* bzw. t*
bezeichnet werden.
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In diesem Fall ist zur Leistung der Mehrarbeit die Zeit
t* > ft (33)
f2= t2  tt (34)
erforderlich. Da die Ruttelleistung konstant ist, wird die Mehrarbeit
Lm—N t2= N (t* - t*). (35)

LieRe sich das Volumen (V/)m ungehindert verdichten, so wirde der
spezifische Arbeitsbedarf nach (13)
N t2 BN t2

(Pd)m = (36)
(Vam(R-1) (V,)m(B-1)

infolge des Zusammenhanges

(36a)

Eine andere Form der Formel (36) unter Einbeziehung des Ausdrucks (32) des
losen Mehrvolumens ist
2N t0
(Piym (37)
Ay -Ax -Kk (B 1)

In diesem Zusammenhang soll betont werden, dal (pdm vom Umfang des
Probekdrpers abhdngt. Das lose Mehrvolumen kann aber, infolge der die Wand
entlang entstehenden Reibungskraft, durch eine grdéRere spezifische Arbeit
verdichtet werden als die fur den unendlichen Raum glltige spezifische
Arbeit pd. Demzufolge gilt, daR

(Pdym=>{Pd)e (37a)
bzw.

(Pd)m = Pd » (38)
wo: den den Wandwiderstand charakterisierenden Faktor bedeutet.

Der Wert dieses W iderstandsfaktors h&ngt von der FlachengréBRe und
Art der Wand sowie von der Zusammensetzung des Betons ah. Innerhalb
der Betonzusammensetzung h&ngt er auch noch von der Malzahl der Kon-
sistenz bzw. vom Werte des Wasserzementwertes ab.

Nimmt man an, dal bei gleichen Wandarten und spezifischen Verhdlt-
nissen

[Sf ] Wiirfelform [*y]Betonelementenform

ist, so gilt unter Beriicksichtigung von (37) und (38), daf

[(.Pd)m]Wirfel = [(jPd)m]Betonelement.
(39)

(Ay *#)wurfel = (Ay ’-~"Betonelement *
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Diese beiden Gleichungen kdénnen nur dann gleichzeitig gelten, wenn

(iV e~Standardritteltisch = ' ABetonelement-Riitteltisch (40)
ist.
Durch diese letztere Gleichung wird das Bestehen eines Proportionalitdts-

faktors

K Betonelement In+\

K K
vorausgesetzt.

Dies bedeutet, dal unter dem Einflufl des begrenzten Raumes die absolute
Mehrarbeit proportional zum maRgebenden (d. h. horizontalen) Umfang des
Betonelements und des Wirfels zunimmt.

Die Praxis beweist eindeutig, dal das durch die Formel (32) bestimmte
lose Mehrvolumen nur einen vernachlassigbaren Bruchteil des jeweiligen dichten
Volumens Va des Betonelementes ausmachen kann. Dies kann aufgrund der
allgemeinen Erfahrung, daB in der Wandné&he, bei einem beliebig niedrigen,
jedoch vom Gesichtspunkt der Betonfertigung reellen Wasserzementwert sich
eine gewisse Menge von wasserreichem Zementmortel ausscheidet und bei einem
héheren Wasserzementwert diese Erscheinung schon am Anfang des Vorgangs
eintritt. Demzufolge verwandelt sich der Fall A des Bildes 7 zum Grof3teil,
besonders am Ende des Prozesses, in den Fall IC.

Deshalb kann man — ohne die miuhsame Messung des numerischen
Wertes der Widerstande — feststellen, dafl der unendliche Raum mit dem
VergroBerungsfaktor

1,05 < fl< 11 (42)

mit einer groBen Sicherheit berlicksichtigt werden kann. Deshalb kann man
die Gleichung

(Pdyv = (Pd)ooli (43)

korrekt aufschreiben, denn auf dem Standardtisch wird (pd)v, und nicht (pa)m
gemessen. Dies bedeutet, dall bei der Herstellung der Wiirfel der axis den MeR-
ergebnissen gerechnete Wert psunmittelbar dem malgebenden dynamischen
Druck gleichwertig ist.

5. Die relative Rolle der Parameter des Verdichtungsgerates
in der Ruttelungsleistung N

In obigen Erwdgungen wurde durch die bewuft angewandte Methode,
daB die Wechselwirkung des Verdichtungsgerdtes und des Betons in den
angefihrten Funktionen durch die einzige Ruttelleistung N ausgedrickt
wurde, in der Formel (26) der Zusammenhang zwischen den rein betontechni-
schen und rein maschinellen Parametern veranschaulicht.
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Konkret kann man aber nur dann rechnen, -wenn man die GroRe N in
Komponenten zerlegt.

Dabei kann eine bedeutende Vereinfachung durchgefihrt werden, wenn
man das erregte Schwingungssystem: Verdichtungsgerdt—Beton flir einmassig
betrachten kann. Bei Kenntnis der einzelnen Betriebsarten des Bild 1 kann
dies auch im als am glnstigsten geltenden Fall 2 nur mit einer gewissen Ideali-
sierung durchgeflihrt werden. Hier ist der exakt einmassige Charakter nur inso-
fern unvollkommen, daBR der Beton kein starrer Kdrper ist. Die Systeme in den
Ubrigen Betriebsarten des Bildes 1 als einmassig zu betrachten, bedeutet eine
starke Abweichung von der Wirklichkeit. Die GroRe der Abweichung wird
spéter ausfihrlich untersucht. Zur Bestimmung der Komponenten von N soll
man den Fall 2 des Bildes 1 mit Hilfe des Bildes 9 modellisieren.

Die folgenden Bezeichnungen werden angewandt:

Gb = Gewicht des Betons;

Gj = Gewicht der Form;

Gr — Gewicht der Rutteltischplatte;
Gb = Gewicht des Erregergerates;

weiters bedeutet

G0 = > GOL

\

das Gewicht der sich mit einer Winkelgeschwindigkeit von adrehenden exzen-
trischen Erregermasse, welche als in Ge enthalten betrachtet wird.

@=131 ty m_G}G‘G’«@
9
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In diesem Fall ist das erregende Gesamtgewicht
Gg—A + Gff-Gr+ Ge (44)

und die zu erregende Masse

(45)
g

Bezeichnet man im Modell die Resultierende der Federung des Rittel-
tisches mit cR, den D&mpfungskoeffizienten der Eigenschwingungen des Systems
mit Kk und die Exzentrizitdt der exzentrischen Erregermasse GOg mit e, so wird

M = GOe (46)

das kinetische Moment der Erregung. Mit diesen Bezeichnungen wird der Weg
in Richtung dery-Achse des einmassigen Systems, gemessen von der ruhenden
Mittellage in einem beliebigen Zeitpunkt t, als Lésung der Differentialgleichung
der Bewegung [1]:

Mco2g

. 1—CR co—£M|2~\-chgc0¥—£5-

sin | cot arctan

(47)

Davon erhdlt man die Wegamplitude fir den Fall, dal das Argument
des Sinus 1 ist, d. h.
M co2g
A = (48)
1
1—RO -f- kcR 002-
R

Hierzu ist zu bemerken, dall zwar sowohl die Gleichung (47), als auch (48)
exakte Funktionen sind, der Wert von k aber aufgrund des logarithmischen
Dekrements nur mehr durch Anndherungsmessungen ermittelt werden kann,
was von vornherein A Oeinen statistischen Charakter verleiht. Es kann weiters
bewiesen werden, dall k im Vergleich zur erregenden Zentrifugalkraft

(49)

im Fall von reellen Verdichtungsgerdten immer vernachldssigbar klein ist [1].
Demzufolge kann im Teil unter dem Wurzelzeichen des Nenners in (47) das
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zweite Glied weggelassen werden und das System als ein ungeddmpftes erregtes
Schwingsystem betrachtet werden. In diesem Fall gilt [2], daR

M
(5°)

und auch dieser ist ein Zahlwert von statistischem Charakter. In Zusammen-
hang mit den polarisierten Schwingungen kann fur die Arbeit der Erregungs-
kraft fur eine Periode abgleitet werden [12], [13], daR

L — COA n sine (51)

ist, worin e der zwischen den erregenden und erregten Schwingungen auf-
tretende Winkel ist. Da die Periodenzeit

7= (52)

ist, wird deshalb die Rittelleistung

L COAOQcosine

(53)
~ T ~ 2
bzw. mit der Geschwindigkeitsamplitude
N = Cou;me (54)

Nach einer anderen Gedankenfolge [12], [13] kann man beweisen, dal

Sin 8 = 26 (55)
(Ggh n
wo
Gl = bRb (55a)
I0-1n 12< 8 +«10“1
und
= Gg+ Gp-FGf+ Gb
Gb= 13+Gb (55b)
2 «10“1< |3<;35 «10“1
ist.

Zu den Schétzungen gilt in erster Anndherung:
10° ~ e < 20°, (56)

deshalb kann die Formel (26) aufgrund der Ausgangswerte fir den Fall 2 des
Bildes 1 berechnet werden. Ob (54) als eine allgemein exakte Funktion auf die
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Ubrigen Betriebsarten erstreckt werden kann, oder nicht, das badngt offenbar
davon ab, wieweit diese als einmassige Systeme aufgefalt werden kdnnen.
Wie aus (54) ersichtlich, wird das durch die Anderung von vO0 bzw. AOent-
schieden.

Infolge der weitgehenden Ahnlichkeit soll nun von diesem Gesichtspunkt
aus der Fall der auf den Rutteltisch lose aufgelegten Fertigungsform unter-
sucht werden (Bild 1, Fall 1). Dann bewegen sich die Gewichte des Betons -j- der

Form
Gbh+ G = G1 (57)

und des Ritteltisches -|- Erregers
Gp + Ge — G2 (58)

als zwei separate, sich stolende Massen. Unter welchen Bedingungen das
System einmassig betrachtet werden kann, das kann aufgrund der nach-
stehenden Gedankenfolge entschieden werden.

Das Schwingungsdiagramm des Rtteltisches (Bild 9) mit vertikal pola-
risierter Erregung ist auf Bild 10 in unbelastetem Zustand dargestellt.

Legt man auf den Ritteltisch, der das auf Bild 10 gezeigte Leerlauf-
Bewegungsdiagramm ergibt, eine mit Beton gefillte Form, so deformieren sich
die harmonischen Schwingungen. Infolge der Wechselwirkung zwischen der
Form und dem Rutteltisch deformiert sich auch das originale Bewegungs-
diagramm des Ritteltisches und die Form folgt dem Bewegungsgesetz der in
vertikaler Richtung hinaufgeworfenen starren Kd&rper. Die den vertikalen
Aufwurf auslésende Kraftwirkung erreicht die Form durch die Anstdéfe in
den Momenten, in welchen sie mit dem Tisch in Berithrung kommt. Die als
harmonische Schwingung zu betrachtende Bewegung h&dngt davon ab, in welcher
Phase der AnstolR in einer einzigen Schwingung auftritt. Die Form kann ndmlich
mit dem Ritteltisch in Berihrung kommen:

a) im oberen Totpunkt der Ritteltisches,
b) im unteren Totpunkt des Riutteltisches,
c¢) am Niveau der ruhenden Mittellage des Rutteltisches,

Bild. 10
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d) zwischen den oberen und unteren Totpunkten wenn sich der Rittel-
tisch und die Form in der gleichen Richtung bewegen,

e) wenn sich zwischen den beiden Totpunkten die beiden, sich anstoR-
enden Kodrper in entgegengesetzter Richtung bewegen.

In den Féllen a) bis e) d&ndert sich der Impuls des Rutteltisches in jedem
Augenblick, und so nimmt das Wegzeitdiagramm der Form im allgemeinen die
auf Rild 11 dargestellte Form an.

Da bleibende Formdnderungen auf den sich anstoRenden Kdrpern nur
nach einer so langen Zeit bemerkbar werden, dall die Zahl der zugehdrigen
Schwingungen als unendlich angenommen werden kann, kdnnen die AnstéRe

von geradlinigem und zentralem Charakter auf eine einzige Schwingung
bezogen — fir vollkommen elastisch angenommen werden (Restitutionskoeffi-
zient = 1).

Aufgrund der Argumente, angefihrt zur Regrindung der statistischen
Rehandlungsmethode, kann man bei der Untersuchung der Verhéltnisse des
AnstofRes mit der Durchschnittsgeschwindigkeit rechnen. Diese ist [2]:

vd= 6,41 «10"1etv (59)

Hier mull die Geschwindigkeitsamplitude aus dem Gesamtgewicht des unbe-
lasteten Rutteltisches berechnet werden, d. h.

vO—Aqo — ------mmeee- ca. (60)

Infolge des vollkommen elastischen Charakters des Anstofes, nimmt
man an, dall beim Anstofl der Rutteltisch seine ganze kinetische Energie der
Form Ubergibt. Dies gilt jedoch nur dann, wenn man die akzessorische Wellen-
form der vorangehend behandelten Rewegungsdiagramme aufler acht 1&4Rt. Sei
die Masse des Rutteltisches

m1 Of (60a)

Bild. 11
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so wird seine kinetische Energie
El=" mivdm (60b)

Infolge der durch die Form Ubernommenen kinetischen Energie hebt sie
sich auf eine Hohe h, die durch die Gleichung

1
miwe= niogh (61)

bestimmt wird, wo
Gbh+ Gf

g

(61a)

die MaBe der geflllten und sich frei bewegenden Form bedeutet. Weiters ist
h = 2(A0f (61b)

die durchschnittliche ganze Ausschwingung der unregelmé&Bigen Schwingung
der Form. Aus (61) ergibt sich

h = A . Gr+ Ge (62)
29 Gb -f- Gj

Demzufolge wird die Durchschnittswegamplitude

Gr + Ge
A)l = -f- (63)
(A) Ig Gh+ Gf

Setzt man hier anstelle der Durchschnittsgeschwindigkeit den aus der
Formel (59) erhaltenen Wert ein, so erhdlt man die Beziehung

(AQ)f = 110-i _JL . - (64)
g Gb+ Gf

Substitutiert man nun in Formel (64) anstelle der Geschwindigkeitsamplitude
den Wert aus (60), so erhdlt man eine andere Form der durchschnittlichen Weg-
amplitude

(A)/= 1-i0-1 Me (65)
g(Gr -f Ge)(Gb+ Gf)

In dem fir ein Modell annehmbaren einmassigen System, das anstelle
des Falles 1 auf Bild 1 untersucht werden kann, bleibt das kinetische Moment
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M der Erregung unverdnderlich. Deshalb wird das Gewicht der einzigen zu
ersetzenden Masse des Modells

M (66)

(A )/

In der Produktion von Massengutern kommt der Taktzeit eine konkrete
Rolle zu. Innerhalb dieser Zeitdauer missen die s&mtlichen einzelnen Teil-
operationen der Produktion durchgefiuhrt werden.

Demzufolge mufl die Leistung des Riitteltisches dazu ausreichen, um die
gesetzte Aufgabe unter der reinen Zeitdauer der Verdichtung erfillen zu kén-
nen. Aufgrund dieser Erwédgungen steht an der linken Seite der Formel (26)
die bekannte Zeit, wozu N gesucht wird, da an der rechten Seite der Formel
diese die einzige Unbekannte ist. Wird dadurch N aus (26) eine konkrete Zahl,
so erh&lt man unter Rerlcksichtigung der Formeln (54), (49) und (59) die
Gleichung

3

i ~2Ng>-Gl -G2 '
M= TRl (67)
10-1 co5sine

wo Gt und G2 die den (57) und (58) entsprechenden Gewichte sind. So bleibt
nur die von der Schwingungszahl abhdngige adie einzige Unbekannte an der
rechten Seite der Formel (67). o kann aber — wie dies aus dem Charakter
der Aufgabe hervorgeht — innerhalb des Bereiches

3,14 «102< o< 6,28 m102
3 103 n”™ 6 103 (68~

willklrlich angenommen werden. Von dieser Wahl abhdngig werden aufgrund
von (67) auch die Ubrigen Parameter des Ritteltisches projektierbar.

Auch der Betrieb des Oberflachenrittels bildet ein einmassiges erregtes
Schwingungssystem (Bild 1, 5). Nach der Betriebsart ist ndmlich die einzige
Quelle der Verdichtungsarbeit der in der vertikalen Richtung wirkende Teil
der kinetischen Energie des Gerdtes [14], weil er in der Weise verdichtet, die
als Stampfverdichtung betrachtet werden kann.

Etwas komplizierter sind die Verhdltnisse im Fall der Nadelrittler oder
der Schalungsrittler mit vertikaler Achsenstellung, bei denen, zur Verwirkli-
chung der Einmassigkeit das Prinzip der sog. Mitschwingung angewendet
werden mufB [2], [9]. Hier setzt man voraus, dall der zu verdichtende Frisch-
beton ein mit dem Verdichtungsgerdt mitschwingender Kdrper ist.

Mit Hilfe der behandelten und geschilderten Methoden kann man auch
im Zusammenhang mit dem Nadelrittler und Schalungsrittler eine derartige
eindeutige Beziehung zwischen den Formeln (54) und (26) hersteilen, wie es
in den vorherstehenden im Zusammenhang mit (67) beschrieben wurde.

Acta Technica Academiae Scientiarum Hungaricae 79, 1974



304 CSUTOB, J.

6. Zahlenbelgpiel

Die Aufgabe ist: Stahlbetonplatten in Serienproduktion herzustellen
(Bild 12).

Die Betongite ist B500. Der Betonentwurf wird aufgrund der Formeln und Versuchs-
konstanten (1)—(3) der erwahnten Bolomey—Palotas-Theorie durchgefiihrt. Die erhaltenen
Ergebnisse sind in Tafel | zusammengefal3t.

Tafel |

Betonparameter zum Zahlenbeispiel

I)m mm 20
Zementzugabe kpm-3 4,88 « 102
Der Abramssche Feinbeitsmodul 5,0
Verdichtungskoeffizient 1,34
Dynamischer Druck bei der Herstellung von Ver-

suchswirfeln p® kpcm-2 8

Hinsichtlich der gegebenen Bewehrung des Betonelementes nimmt man an, dal sie
ihrer Funktion entsprechend durch die Regeln des Stahlbetonentwurfes bestimmt wurde.

Sei die Anzahl der in einer Arbeitsschicht von 7 Stunden herzustellenden Elemente
5 « 10 Sticke, d. h. eine Leistung von 7,6 Stick je Stunde. Diese Leistung wird — sicher-
heitshalber — auf 9 Stiick je Stunde erhoht; die gesuchte Taktzeit wird daher 7 min/Stiick,
d. h. 4,2 «102 sec/Stiick. Eine Zeitanalyse ergibt die folgenden Werte;

Einrollen der Fertigungsform auf den Rtteltisch 2 « 10 sec

Einfullung des losen Betons in die Form 9 «10 sec
Reinigung der Form nach der Verdichtung 2-10 sec
Ausrollen der Form von dem Rutteltisch 2 « 10 sec

Insgesamt: 1,5 « 102sec

Demzufolge bleibt fur die Verdichtung:
42 «103 15 «102= 2,7 « 102sec.

Frage: Was fliir Parameter besitzt der Rutteltisch, womit die Aufgabe zu l6sen
ist? Die Form liegt frei auf dem Ritteltisch (Bild 1,1). Die weiteren erforder-

lichen Angaben sind, wie folgt.

1 pR2mm 6st.
2« 8mm 3t
3 p 5mm 1St
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Die malRgebende und die freie Formflache reduzierende horizontale Pro-
jektion der Bewehrungselemente ist:

= 1,41 «103cm2 s
F2= 4,7 «102cm2 Fv= Y F; = 2,34 «103cm2
F3= 46 +102cm2

maRgebende freie Flache der Form F = 9,8 «103cm?2
Gewicht der Bewehrung Gs= 2 «10 kp
Rauminhalt des dichten Betons Vdm=1,88 «105cm3
Gewicht des dichten Betons Gb= 4,56 «102kp
Gewicht der Form G = 6,95 « 102kp
Gewicht der Form samt dem Beton G2= Gb+ & = 1,15 « 103kp
Gewicht des Rtteltisches samt dem
Erreger Gx= Gr+ Ge= 7 «102kp
das zu erregende Gesamtgewicht Gs = G!'+ G2= 1,871 « 103kp.

der Widerstandsfaktor gemdaf (17) wird
I = 1,31

Dieser Wert wird auf | = 1,4 erhdht, da man die Schiefe der Seiten-
wdande der Form, der Einfachheit halber nicht separat berechnet hat.

Infolge seiner Kleinheit kann das die zur Bewegung der passiven Gewichte
erforderliche Arbeit ausdrickende dritte Glied in (26) vernachl&dssigt werden;
so erhdlt man fur N

N = 1,93 «103cmkps- L

Da diese Leistung verhdltnismé&Rig klein und die Verdichtungsperiode
verh&ltnisméRig lang ist, bietet sich die Mdglichkeit, bei gleichzeitiger Abkur-
zung der Verdichtungsperiode eine groBere Leistung zu bestimmen. Diese Mdg-
lichkeit der Korrektion wird jedoch hier nicht behandelt.

Aufgrund (55) wird der Phasenwinkel

sine= 1,85 «10“1 (e ~ 10°).

Nun bleibt nur die freie Wahl der Schwingungszahl und damit der
Winkelgeschwindigkeit co aufgrund von (68) Ubrig. Der einfachen Durchflhr-

. . . Drehzahl
barkeit, halber wéhlen wir die Frequenz = .
dchwmgungszanl
n = 3103

o= 3,14 102
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womit aus (67) sich
M = 4,25 « 10 cmkp
ergibt.

Anhand dieses Wertes kdnnen der Erreger und das Triebwerk projektiert
werden, womit wir uns hier nicht befassen. In Kenntnis von M wird die Erre-
gungskraft

C0= 4,5 « 10i kp.

Zur Wahl der Frequenz ist noch zu bemerken, daB die hoheren Schwingungs-
zahlen durch die kleinere Wegamplitude des Rutteltisches, durch die technisch
maogliche Abkilrzung der Zeit tt, durch den niedrigeren Gerduschpegel, d. h.
durch einen »ruhigeren Betrieb« usw. gerechtfertigt werden kann, jedoch kann
dadurch kein Beton von »h6heren Giite« hergestellt werden. Es ist zu betonen, daR
dieser Vorgang keine derartige willklrliche Voraussetzung anwendet, die friher
Ublich war, ndmlich, daR die Ausgangsformel der Bemessung

C0= 4Gg

sei, die weder durch die Betonzusammensetzung, noch durch die Bewehrungs-
struktur logisch gerechtfertigt werden kann. Der in dieser Abhandlung ver-
folgte Gedanke wird auch noch durch die Tatsache unterstitzt, dal die reelle
Leistung des Antriebsmotors aufgrund der berechneten Leistung N infolge der
beim Anlaufdes Alotors auftretenden sechs- bis achtfachen Stromaufnahme (also
wieder nicht beliebige) — mit besonderer Rucksicht auf das 6ftere Anlassen —
hdéher angenommen werden mufi.

7. SchluBbemerkungen

Es ist festzustellen, daB die Unterscheidung der in Formel (26) enthal-
tenen drei Arbeitskomponenten die Struktur dieses sehr verwickeltenund bedeu-
tenden betontechnischen Prozesses eindeutig aufkldrt. Dies schafft die Vor-
bedingungen fir die Mdglichkeit, den Vorgang vdéllig regulierbar zu gestalten.
Anhand der Formel (26) kann man die Richtigkeit fur die industrielle Praxis
— in Zusammenhang mit allen physischen Gréfen der statistischen Auf-
fassung und Behandlungsart als gerechtfertigt betrachten. Sowohl aus der
Struktur der Formel (26) als auch aufgrund des Zahlenbeispiels kann beurteilt
werden, wieweit die einzelnen GréRen das Endresultat beeinflussen und die
Betonparameter eine entscheidende Rolle in der Streuung der Ergebnisse spielen.

Es ist wichtig, darauf hinzuweisen, dall sich der dynamische Druck je

nach Betonkategorien stark &ndert. Die Ursachen dafir kénnen — aufgrund
der wenigen Melergebnisse in den folgenden Tendenzserien zusammengefalt
werden :
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7.1 Im Falle einer erstklassigen und kontinuierlichen Kornverteilung
verschieben sich mit zunehmendem Dm die unteren Grenzen der Verdichtbar-
keit in Richtung zu den niedrigeren Wasserzementwerten.

7.2 Im Falle eines zunehmenden Wasserzementwertes vermindern sich
das Raumgewicht und der Verdichtungskoeffizient linear, bei einer sonst
unverédnderlichen Retonzusammensetzung.

7.3 Der die spezifische Verdichtungsarbeit messende dynamische Druck
nimmt bei zunehmendem W asserzementwert nach einer Potenzfunktion stark ab.

7.4 Rei sonst unverdnderlicher Zusammensetzung und gleichzeitiger
Gultigkeit des Punktes 7.2 vermindert sich B und nimmt y mit zunehmendem
Dm zu.

7.5 Bei sonst unverdnderlicher Zusammensetzung und gleichzeitiger
Gultigkeit des Punktes 7.3 nimmt der dynamische Druck mit zunehmendem
Dm ab.

Infolge der obigen Tendenzen dominiert in der Formel (26) das die Ver-
dichtungsarbeit messende erste Glied. Bei zunehmenden W asserzementwerten
verlegt sich die Hauptrolle auf das zweite, die Einarbeitungsarbeit messende
Glied. Die Rolle des dritten, die zur Bewegung der passiven Gewichte erforder-
liche Arbeit messenden Gliedes kann in den meisten Féllen vernachléssigt
werden.

Vorangehend wurde in Zusammenhang mit der Gedankenfolge, die zur
Formel (26) gefiihrt hat, bewiesen, daR die das disperse Materialsystem be-
stimmenden Berechnungsschritte des Betonentwurfesvor der Verdichtung nicht
als abgeschlossen betrachtet werden sollen und kénnen. Aus der Argu-
mentation ist ersichtlich, daR sie ohne logische Widerspriiche auf andere,
beliebige Arten von Verdichtungsgerdten, genauer: auf die Wechselwirkung
des Betons und des Verdichtungsgerdtes wéahrend des Verdichtungsprozesses
verallgemeinert werden kann. Um der Wirklichkeit durch die richtigen quan-
titativen Beziehungen je ndher zu kommen, ist es — wie dies aus unseren
Formeln hervorgeht — erforderlich, die Zahlwerte einiger Betonparameter
genauer, und fir mehre Betonkategorien als bisher, zu ermitteln.

Diese sind Betonparameter, die erstens immer tatsdchlich existieren,
zweitens, deren Verdnderungsbereich verhdltnismaRBig schmal ist, drittens in
den bisherigen betontechnischen Forschungen nicht die ihrer Bedeutung ent-
sprechende Rolle spielten. Unserer Meinung nach soll die Ursache, welche die
Untersuchung der Wechselbeziehung des Betons und des Verdichtungsgerdtes
in den Hintergrund stellte, in der Vernachldssigung dieser drei Faktoren
gesucht werden.

Dies hatte notwendigerweise zur Folge, daB in dieser Hinsicht sich keine
auf einer gut begriindeten Theorie aufgebaute, allgemein eingefihrte einheit-
liche Praxis entwickeln konnte. Die auf Bild 1 zusammengefalten Formeln
und Formel (26) wurden zur Anderung dieses Zustandes vorgeschlagen.

20%* Acta Technica Academiae Scientiarum Hungaricae 79, 1974
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Contribution from Compaction-technical Viewpointto the Theory of Planning Gravel Con-
crete. The author earlier deduced formulas for five different basic compaction methods. These
formulas are measuring those amounts of work (= energies) which, in compacting the plain
concrete, are required by concrete itself to change from loose into compact state. The author
extends in this paper his energetical theory on the compaction, of discretionally reinforced
concrete and presents a closed formula valid for all of the five basic compaction methods.
Tlhe control procedure presented may be used in connection with any theory of concrete
planning.

KTexHOM0rm yrloTHEHVS MO TEOPUM MPOEKTUPOBAaHIS FPaBUHBLIX 6eTOHOB (. YyTop)
ABTOPOM paHee ObIn BbiBeAeHbI POPMYbI MO MATU OCHOBHLIM PeXXMMamM BUOPALIMOHHOIO YNaoT-
HeHus. 3TU (opMynbl 0TOOPaXaloT Te KoNMYecTBa paboThl (BEpHee, aHeprum), KoTopble Tpeby-
0TCA 415 caMOro 6eTOHa B CNy4vae HeapMUPOBAHHLIX (T. H. YUMCTbIX) GETOHOB A4N1S1 TOrO, YTOObI
13 HEeMJ0THOrO COCTOSHWA BETOH MepeLlen B MJOTHOe COCTOAHME. B AaHHOI paboTe aBTOp pac-
NPOCTPAHSET CBOKD 3HEPreTUYECKYIO TEOPUIO MO YNIOTHEHUIO W CO3AaeT (opMyny 3aMKHYTOro
xapakTtepa ¥ ANt YNI0THEHNs NPOM3BO/IbHLIM 06pa3oM apMMpOBaHHbLIX 6ETOHOB; aTa (hopmyra
[eNCTBMTENbHA TaKXKe AN BCEX MATU PEXVMOB YMIOTHEHNS. NnocTpypyeMblii MeTo opraHu-
YecKn MOXET OblTb CBA3aH C MPOW3BOJIbLHON TEOPWE NPOEKTUPOBaHNS BETOHa.

* Ungarisch.
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INCONSISTENCIES IN THE LINEAR THEORY
OF CREEP OF CONCRETE

SUGGESTION FOR THEIR ELIMINATION

J. SZALAI*

CAND. OF TECHN. SCI.

[Manuscript received: July 3, 1972]

The recommandation of the F.I.P. — C.E.B. published in 1970 has been elabo-
rated by international working committees by making use of recent scientific findings.
However, this valuable international work involves certain inconsistencies. It is veri-
fied that these inconsistencies — which may be pointed out both in the deformation
due to creep and in the relaxation of the stresses —result from the adopted explanation
of the ageing function. The requirements are formulated which should be satisfied
— by taking into account the theory of linear creep — in order to eliminate these
inconsistencies. The adoption, of the said function is recommended and is verified,
and by its application the theory will be free from inconsistencies.

1. Theory of the linear creep in case of uniaxial state of stresses

1.1 Adopted assumptions on the theories of linear creep

— The concrete is homogeneous and isotropic;

— Hooke’s Law is valid without restraint both for the elastic and
creep deformations as well, therefore, the absolute value of both the elastic
and creep deformations is independent of the sign of stress;

— The principle of superposition applies to the deformations due to

creep.
1.2 Notation
The following symbols are used in this paper:
db, cr(®) stresses in concrete at times t = o and t, respectively [k|>cmZ].
EOQ E(t), E(v) moduli of elasticity of concrete [kp/cmZ],
t time in years. Time of observation calculated from initial stress a0,
* age of concrete at first application of load,
T time of later change in stress, calculated from first application of load,
0+ * 0+ T age of concrete at times | and T respectively,
k() = k(t0+ t)
k(r) = k(t0+ ©) values of ageing function at different times;
K = f(0

*Dr. J. Szalai, Révay u. 32, 1205, Budapest, Hungary
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basic creep coefficient,

creep coefficient taking into account relative humidity of storage, com-
position of mix and size of member,

unit creep functions,

unit shrinkage function,

creep function belonging to initial stress a0,

creep function at infinite time,

creep function to change in stress at time r,

whole specific deformation of concrete member (strain in concrete)
specific elastic deformation,

specific deformation due to creep,

specific ultimate shrinkage of concrete after time t = 0,

shrinkage function,

shrinkage function in case of affinity.

1.3 Basic equation of creep

Be the age of concrete t0O when applying the first load. The time of

observation (t) and change in stress (r) are calculated from this time, in years.
The change in stress can be gradual (with constant intensity at each step)
or continuous.

The total strain of the concrete in case of gradual change in stress is:
D) = [1 + ~W] + AL+ (FFTi)] + es(0 m (1e1)

EO »  E(t)

If the change in the stress is continuous:

fi(0 = ~I¥5 [1+ + }'Il-:o .:]9T A I‘E‘{7t'|;“ [1 + TKOT)]dr + es(t), (1.2)

which, after partial integration of the second term in the right-hand side of
the equation, may be brought to the form:

gy = O a PO g+ oes). (1.3)
E(t) 8T E(1) E(r)
In the basic equation of the creep
<) = KOANT(t) (1.4)

is the creep function associated with the initial load. In case of change in load
or stress in a later time «t:

pft, t) = k(<pNf(t — ). (1.5)

In a general case, the unit creep function is:

. JL
f(t)y=2vi(l e 17), (1.6)
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(1.7)

In both bases:
[

;:1 \VA— .

Significant term of the creep function is the ageing function kft). This
one should reflect the effect of ageing and inheritance properties (capacity
of memory) of the concrete on creep. One of the causes of the inconsistencies
among the different theories of creep is that they are based on ageing functions
incorrectly interpreted.

In the equation of creep the es(t) is the shrinkage function. Most of the
theories of creep in order to simplify the method of calculation permits
the assumption of affinity between the creep and shrinkage 