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ÜBER DIE FREMDSTOFF-FRAGE DER 
FASERGRENZEN BZW. DER KRISTALLITENGRENZEN 

VON GEZOGENEN BZW. REKRISTALLISIERTEN 
WOLFRAMDRÄHTEN

F E S T S T E L L U N G E N  U N D  V O R S T E L L U N G E N  

T. MILLNER*
MITGLIED DER UNG. AKADEMIE DER WISS.

[Eingegangen am 14 Febr. 1973]

In den Wolframglühfäden mit Zusätzen (z. B. mit 1 . . .  50 ppm K, Si, Al Zusatz­
spuren) spielen neben der chemischen Beschaffenheit der Zusatzspuren auch ihre Ver­
teilung und ihre Ortsänderungen eine bedeutende Rolle im Zustandekommen des 
großkristallinen Gefüges der Wolframglühkörper, in ihrer Formbeständigkeit bei 
hoher Temperatur und in der Ausbildung ihrer bei Zimmertemperatur auftretenden 
mechanischen Eigenschaften. Gemäß den Feststellungen des Verfassers werden diese 
Tatsachen a) durch die Unabhängigkeit der Kristallitwaehstumsgeschwindigkeit von 
der Art der Zusätze, b) durch die Ortsänderungen der Fremdphasenteilchen während der 
Rekristallisation, c) durch die Wirkung von Fremdatomen statt von Fremdphasen­
teilchen in der Rekristallisation, z. B. von Ga-Atomen statt A120 3, von Tl-Atomen 
statt K20 , d) durch die Rolle des durch Be ersetzbaren Si-Zusatzes in den creep- 
Erscheinungen bei 2800°K, sowie e) durch das Aufeinandergleiten der Fasern der ge­
zogenen Wolframdrähte während der gleichmäßigen Dehnung und hauptsächlich bei 
der Ausbildung der Kontraktion beim Zerreißen — klar ersichtlich.

E in le itu n g

Seit e tw a 60 J a h re n , se itd em  lan g k ris ta llin isch e  W o lfra m d rä h te  fü r 
G lü h lam pensp ira len  a u f  p u lv e rm e ta llu rg isch em  W ege h e rg e s te llt  u n d  w e lt­
w eit b e n u tz t  w erden , w ar u n d  is t ih re  K r is ta lls tru k tu r  nie b e fried ig en d  g leich­
m äß ig : es tr a te n  u n d  tre te n  zw ischen  den  langen  K ris ta lle n  im m er w ieder 
au ch  k le inere  K ris ta lle  oder k le in k ris ta llin isch e  G ebiete au f. A u ß erd em  w ar 
u n d  is t die d u rch sch n ittlich e  K ris ta llite n lä n g e  — tro tz  b e w u ß t g le ich g eh a lte ­
n e r Technologie — sch w an k en d , z. B . zeitw eise versch ieden .

D ie g roßkrista llin ischen  W o lfra m d rä h te  w erden  m it H ilfe  v o n  F re m d ­
sto ffen , d . h . m itte ls  k le inen  M engen v o n  oxydischen  Z u sa tz s to ffen  h e rg este llt. 
Soviel s te h t seit e tw a  30 J a h re n  fe s t, d aß  ih re  G ro ß k r is ta lls tru k tu r  v o n  w in ­
zigen S puren  (0,1 — 50 ppm ) d ieser Z usa tzsto ffe  h e rv o rg eru fen  w ird  [1]. A n­
scheinend  üben  also diese Z u sa tz sp u re n  eine K ris ta llw a c h s tu m  föi dernde 
W irk u n g  aus. W aru m  w achsen  a b e r  n ic h t alle w achsende K e im e  zu  langen  
K ris ta lle n  aus? T reffen  m anche K ris ta lle  an  frem de H in d ern isse  in  ih rem
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W eiterw achsen? O der w erd en  sie in  ih rem  W eite rw ach sen  einfach  d u rch  Z u­
sam m en tre ffen  m it e inem  anderen  K ris ta ll gehem m t? H a t  die K eim b ild u n g s­
w ahrsch e in lich k eit e n tla n g  des D rah tes  n ich t ü b era ll dense lben  W ert?

Sind die Z u sa tz sp u ren  im  D ra h t n ich t genügend  g leichm äßig  v e rte ilt?  
T a tsa c h e  is t, daß  es K ris ta lle  g ib t, die ohne m it einem  a n d e ren  zusam m en­
zu tre ffen , au f e inm al s te h e n  b le iben , d. h . n ich t w e ite rw ach sen  [2, 3].

W elche E rk lä ru n g  k a n n  m an  fü r eine n ic h ts ta tis t is c h  schw ankende 
K eim b ild u n g sw ah rsch e in lich k eit fin d en ?  W orin k a n n  m a n  die U rsache einer 
sp o n ta n e n  S tockung  des W eiterw achsens suchen? W as w issen w ir vom  V er­
h a lte n  der Z usätze in  d e r  R ed u k tio n , im  S in te rv o rg an g ?  W as w issen w ir von  
dem  V erh a lten  und  v o n  d e r W irkungsw eise der Z u sa tz sp u re n  im  B ea rb e itu n g s­
p ro zeß , w äh ren d  d e r R e k ris ta llisa tio n  d er D räh te  u n d  w äh ren d  ih re r W ärm e­
b eh a n d lu n g  im  allgem einen?

W as h a t die u n g arisch e  W olfram forschung zu r K lä ru n g  besonders der 
le tz te n  F rag en  — die  se lb s tv e rs tän d lich  auch au ß e rh a lb  ih re r G renzen au f­
g e ta u c h t sind — b e ig e trag en ?

2. Über die W achstunisgeschwindigkeit der K ristallite 
im  Rekristallisationsprozeß von gezogenen, pulverm etallurgisch  

hergestellten W olframdrähten

Seitdem  m an  W o lfra m d rä h te  — geeignet fü r n ich td u rc h h ä n g e n d e  G lüh ­
sp ira len  e lek trischer G lü h lam p en  — m itte ls  oxyd ischer Z usa tzsto ffe  h e rs te llt, 
also se it einem  V orsch lag  von  A. PÁCZ [4] aus dem  J a h re  1920, zu diesem  
Zw ecke A lkalien  u n d  K iese lsäu re  vo r d er W asse rs to ff-R ed u k tio n  dem  W 0 3 
zuzuse tzen , k o n n te  m a n  b ish er noch nie bezüglich  K ris ta llite n lä n g e , F o rm ­
b e s tä n d ig k e it u n d  m ech an isch er E igenschaften  eine die M assen fab rikation  
v o n  G lühlam pen v ö llig  befried igende S tru k tu rg le ic h m ä ß ig k e it e rreichen . 
A uch  seit etw a 1933 n ic h t, se itdem  m an  nach  einem  V orsch lag  von  P . TÚRY 
u n d  T. Mil l n e r  [5] n eb en  A lkalien  u n d  K ieselsäure au ch  »A lum inium oxyd« 
d. h . auch einen a lu m in iu m h a ltig en  Z u sa tzsto ff z u se tz t.

Im  Ja h re  1942 u n te rzo g  G. S. R obinson  [6] diese F rag e  m itte ls  einer 
d am a ls  neuen »e lek tronenop tischen«  M ethode einer n ä h e re n  U n te rsu ch u n g . 
A u f G rund dieser M itte ilu n g  h ab en  auch  w ir (um  1955 —1960) das E n ts te h e n  
u n d  W eiterw achsen  d e r K ris ta llite  u nsere r D rä h te , u n d  zw ar der K -, S i-Spuren  
e n th a lte n d e n  »UC«- D rä h te  u n d  der K -, Si-, Al- Z u sa tz sp u re n  en th a lte n d e n  
»GK«- D räh te  n ach  d e rse lb en  M ethode m essend v e rfo lg t [3, 7, 8].

D azu w u rd en  d ie  e lek tro p o lie rten  W o lfram d räh te  von  ru n d  0,10 cm 
D urchm esser in  d e r L ängsachse  einer ev ak u ie rten  G lasröhre au sg esp an n t 
u n d  a u f  eine en tsp rech en d e  T e m p e ra tu r  e rh itz t. D ie in n e re  W and  der R öhre 
w u rd e  m it einer W illem it-P u lv e rsch ich t überzogen. D u rch  die B eschleunigung
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d er th erm isch en  E le k tro n e n  in  ra d ia le r  R ich tu n g  m it e iner G leichspannung  
v o n  e tw a  8000 Y k o n n te  m an  die W illem itsch ich t d e ra r t zum  L eu ch ten  erregen, 
d a ß  an  ih r  die E n ts te h u n g  und  das W eite rw ach sen  der e inzelnen  K ris ta llite  
v o n  Z e itp u n k t zu Z e itp u n k t p h o to g rap h isch  festg eh a lten  u n d  die W ach s tu m s­
geschw ind igkeit b e re c h n e t w erden k o n n te .

E inem  0,10 cm  s ta rk e n , e lek tro p o lie rten  G K - W o lfra m d ra h t, in  w elchem  
die num erische  K o n z e n tra tio n  der K -, Si- u n d  A l-A tom e in  der N ä h e  von  10-5 
lag , h ab e n  w ir an  25 S te llen  25 D ra h ts tü c k e  v o n  je  25 cm  en tn o m m en  u n d  die 
sek u n d ä re  R e k ris ta llisa tio n  dieser S tü c k e  u n te rsu c h t. In  g leicher W eise h ab en  
w ir auch  en tsp rechende  U C -D räh te  g e p rü f t u n d  dabei folgendes gefunden  [2].

a) Bei 2200°K  un te rsch e id en  sich  die D u rch sch n ittsw erte  d e r K ris ta ll-  
w ach stu m g csch w in d ig k e iten  für G K - u n d  UC- D räh te  (0,02 cm  se c -1 ) n ich t 
n en n en sw ert.

b) Bei 2200°K  sind  die D u rc h sc h n ittsw e rte  d er K eim bildungsgeschw in ­
d ig k e ite n  in  GK- D rä h te n  (30 c m -3 s e c -1 ) ru n d  30-AlOm al k le in e r als in  den 
UC- D rä h te n  (300 c m -3  s e c '1).

c) Bei 2200°K  is t  die d u rch sch n ittlich e  K ris ta lliten län g e  d er G K -D rä h te  
(z . B . 0,9 cm) ru n d  9 - r3 m a l größer a ls die der UC- D rä h te  (z. B . 0,3 cm ).

d) Bei einem  D rah td u rch m esse r v o n  0,085 cm sind die K ris ta llite  d er 
G K - D rä h te  60-A 70m al u n d  die d e r UC- D rä h te  e tw a lO m al län g e r als d er 
D rah td u rc h m e sse r.

M an d a rf  aus d iesen  B eo b ach tu n g en  den  Schluß ziehen , d a ß  A l e n th a l­
te n d e  Z usatzsp u ren  eine V erringerung  d er K eim bildungsgeschw ind igkeit 
v e ru rsach en .

D a die V orbed ingung  einer h o m o g en en  G lü h lam p en p ro d u k tio n  o ffenbar 
eine n ah e  iden tische Q u a litä t von  M ilia rd en  von  m eterlan g en  W o lfra m d ra h t­
s tü c k e n  is t, ta u c h te  in  uns schon f rü h  die F rag e  auf: R eichern  sich an  in  B e­
w egung  befind lichen  K ris ta llg renzen  im  F a lle  k leiner K ris ta lle  irgendw elche 
hemmende  F rem d sto ffsp u ren  an, o d er sin d  d o rt, wo die K ris ta lle  zu  langen  
In d iv u d u e n  w eiterw achsen , gewisse wachstum fördernde  F rem d sto ffsp u ren  v o r­
h an d en ?

M an sieht zugleich , daß  fü r e ine gleichm äßige M assen p ro d u k tio n  v o n  
G lüh lam pen  n ich t n u r  die K en n tn is  d e r  chem ischen u n d  p h y sik a lisch en  B e­
sch affen h e it der w irk sam en  U rsachen  (F ren d sto ffsp u ren  usw .) u n d  n ic h t n u r 
d e ren  s ta tisch e  V erte ilu n g  (T opographie) n ö tig  w äre, sondern  auch  d ie K e n n t­
n is ih res d ynam ischen  V erhaltens, d . h . die K en n tn is  ih re r O rtsän d e ru n g en  
w ä h re n d  der B ea rb e itu n g , w ährend  d e r R ek ris ta llisa tio n , w äh ren d  jeg lich e r 
E rh itz u n g  von g ro ß er W ich tigkeit w äre .

E s fehlen u n s  ab e r au f d iesem  G ebie t die ausre ichenden  K en n tn isse . 
D ie  B eseitigung  dieses M angels is t d e r  k ü n ftig en  W olfram forschung  Vorbe­
h a lte n . In  der R ob insonschen  M ethode s te h t uns dazu  ein en tsp rech en d es 
M itte l zu V erfügung.

1* A d a  Technica Academiae Scientiarum Hungaricae 79, 1974
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3. Autoradiographische U ntersuchung der Bewegungsart 
geringer Frem dsubstanzm engen während der sekundären 

R ekristallisation von M etallen

Seit etw a 1946 h a b e n  w ir die fü r die W olfram techno log ie  so w ich tige 
F rag e  w iederho lt au fgew orfen , ob es n ich t m öglich  w äre , die V erte ilung  u n d  
die O rtsän d eru n g en  d e r  K , Si u n d  Al e n th a lte n d e n  Z u sa tzsp u ren  in  den  e inzel­
nen  F ertig u n g sp h asen  d e r W o lfra m d ra h th e rs te llu n g  m itte ls  ra d io a k tiv e r  Iso ­
to p e n  au fzuk lä ren?  D a  w ir ab er k e in e  M ethode g efunden  h ab en , m it w elcher 
m an  ak tiv e  K -, S i-u n d  Al- S puren  im  W o lfram m eta ll bei u ns h ä t te  b estim m en  
kö n n en , h ab en  w ir v o n  1959 an  M odellversuche m it Z inn  an g este llt. Als G ru n d ­
m e ta ll w äh lten  w ir zu  d iesen  V ersuchen  reines Z inn  u n d  als eine k a u m  lösli­
che F rem d su b stan z  S ilber, d. h . ein  m it ra d io a k tiv e n  Iso to p en  m a rk ie rte s  
S ilber [9].

E s w urden  ra sch  ab g ek ü h lte  Z in n -G u ß k ö rp er m it einem  G ehalt v o n  0,2 — 
0,005%  Silber h e rg e s te llt . D as S ilber e n th ie lt in  d iesem  F a ll das Iso top  110 Ag//?, 
270 d, 0,59 MeV. D ie  S ilb erv erte ilu n g  w urde  n ach  d e r S tripp ing -F ilm -M ethode  
also m itte ls  p h o to g ra p h isc h e r S e lb stab b ild u n g  fe s tg e s te llt. W ir h ab en  d a m it 
folgende B eo b ach tu n g en  gem ach t.

In  Z in n -G u ß k ö rp ern  m it 0,2 b is  0 ,005%  A g h ä u f t  sich das Silber sow ohl 
an  den  K ris ta llg ren zen , als auch  an  den S ubgrenzen  an , u . zw. u n ab h än g ig  
d av o n , ob die S ilb e rk o n zen tra tio n  oberhalb  oder u n te rh a lb  der in  der L ite ra tu r  
angegebenen  L ö slichke itsg renze  v o n  0 ,02%  lieg t. D as S ilber verläßt sow ohl 
in  dem  allein  d u rch  W ärm eb eh an d lu n g  h e rv o rg e ru fen en  K ris ta llw ach stu m , 
als auch  in  der irg en d e in en  W alzvorgang  b eg le iten d en  (z. B . in  der n ach  80% - 
igem  W alzen bei Z im m e rte m p e ra tu r  erfo lgenden) R e k ris ta llisa tio n  seine a lten  
P lä tz e  u n d  sam m elt sich  an  den n eu g eb ild e ten  K o rn g ren zen  an  [10, 11].

D a aber in  d er L i te ra tu r  die L öslichkeitsg renze  v o n  S ilber in  Z inn  n ic h t 
genügend genau  angegeben  w ird , h a b e n  w ir die V ersuche auch  m it b ed e u te n d  
geringeren  S ilb e rk o n zen tra tio n en , m it d er s tä rk e r  ra d io a k tiv e n  u lA g /ß  (7 ,5d , 
0,8 MeV)- A to m a rt, d u rch g e fü h rt [11, 12]. D ie trä g e rfre ie n  111 Ag- P rä p a ra te  
w aren  P ro d u k te  des u n g arisch en  V ersu ch sa to m reak to rs . Als G ru n d m a te ria l 
w urde  eine sp e k tra lre in e  Z innso rte  v e rw en d e t, w elche — nach  dem  P rü f ­
schein — w eniger als 10~4%  Silber e n th ie lt. D ie zu g ese tz te  m Ag- K o n z e n tra ­
tio n  lag bei 10 _7%  A g. D as S ilber re ich e rt sich  au ch  in  diesen Z inn/S ilber- 
G u ß k ö rp ern  b e v o rzu g t an  den K o rn - u n d  D en d ritg ren zen  an  u n d  w ird  d o rt 
d e ra r t s ta rk  fe s tg eh a lten , d aß  auch  eine 2 0stünd ige  E rh itz u n g  au f 210°C zu 
k e iner H om ogen isierung  fü h rt.

A uch die m it H ilfe  von  m Ag d u rch g e fü h rten  A k tiv itä tsm essu n g en  h a ­
ben  die m it 110Ag g em ach ten  au to rad io g rap h isch en  B eo b ach tu n g en  b e k rä f tig t.

U nseren  oben gesch ilderten  R ob insonschen  V ersuchen  lag  die V erm u tu n g  
zu G runde, d aß  »unlösliche« F rem d su b stan z-T e ilch en  das K ris ta llw ach stu m
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im  a llgem einen  b eh in d ern  u n d  da sie in  einem  M etallkörper n ic h t le ic h t g le ich ­
m äß ig  v e r te il t  w erden  können , ih re  A nw esenheit zu e iner u ng le ichm äß igen  
(ung le ichm äß ig  geh inderten ) K r is ta l ls tru k tu r  fü h rt. M an so llte  also w om ög­
lich  m it A tom dispers v e rte ilte n  (gelösten ) W irksto ffen  a n s ta t t  F rem d sto ffte il-  
chen  a rb e ite n , w enn m an  eine sehr g leichm äßige R e k r is ta ll is a tio n s s tru k tu r  
e rre ich en  w ill.

W o rin  k an n  m an  außerdem  eine  B ed eu tu n g  d ieser B eo b ach tu n g en  fü r  
d ie  W olfram techno log ie  erblicken?

D ie au to rad io g rap h isch en  U n te rsu c h u n g e n  der R e k ris ta llisa tio n  des 
Sn/A g- S ystem s h ab en  die F äh ig k e it gew isser p u n k tfö rm ig e r A n h äu fu n g en  
(F rem d su b stan z te ilch en ) zum  V orschein  g eb rach t, die in  B ew egung b e fin d li­
chen  K ris ta llg ren zen  im  R ek ris ta llisa tio n sv o rg an g , also in  fester Phase  b e ­
g le iten  zu  können . M an m u ß  also ü b e rle g e n  u n d  p rü fen , ob n ic h t dasselbe im  
R ek ris ta llisa tio n sv o rg an g  von  d o tie r te n  W o lfram d räh ten  sich  ereignen  k a n n ?  
In  d iesem  F a ll w ürden  F rem d sto ffte ilch en  k e in  arges H in d e rn is  fü r  das W ach ­
sen d e r K ris ta lle  b ed eu ten . W ären  sie a b e r  in  der R e k ris ta llis a tio n s s tru k tu r  
e inm al ung le ichm äßig  v e r te ilt , so k ö n n te  m an  sie n a c h trä g lic h  n ic h t d u rch  
»egalisierenden« W ärm eb eh an d lu n g en  g le ichm äßig  v e rte ilen .

D ie A u to rad io g rap h ie  k ö n n te  u n s  a u f  diesem  G ebiet v ie lle ich t n och  g u te  
D ien ste  le is ten .

4. Sind die W irkstoffe der großkristallinischen Rekristallisation
in  den W olframdrähten als oxydisclie Frem dstoffteilchen oder als 

Fremdatome anzusehen?

S eit 1955 w urden  — wie b e k a n n t — viele gu te  A rg u m en te  b eso n d ers  
se itens J .  L . Me ije r in g  [13] u n d  G. D . R ie c k  [14 —18] als Bew eis d a fü r au f­
g e fü h rt, d aß  die ungew öhnlichen  R ek ris ta llisa tio n se ig en sch a ften  d er m it K , 
Si u n d  Al en th a lte n d e n  Z u sä tzen  d o tie r te n  W o lfram d räh te  u n d  die n u tz b a re n  
F estig k e itse ig en sch aften  der re k r is ta llis ie r te n  G lühkörper v o n  gew issen k le i­
n en , an  den  F asero b erfläch en  des gezogenen  D rah tes befin d lich en  oxyd ischen  
F rem dstoffteilchen  hervo rgeru fen  u n d  v o n  dem  im  ganzen D ra h t fe in v e rte ilten  
o x y d isch en  F rem d k ö rp erte ilch en  b e s tim m t w erden . D as so rg fä ltig  gesam m elte  
in te re s sa n te  B ew eism ateria l von  R ie c k  h a t  zw ar allgem eine A n erk en n u n g  
g e fu n d en , doch  sind gegen diesen E rk lä ru n g sv e rsu ch  au ch  gewisse B ed en k en  
e rh o b en  w orden .

In  1959 h ab en  w ir z. B . d a ra u f  h ingew iesen  [19], d aß  die an a ly tisch  
fe s ts te llb a re  K o n z e n tra tio n  d er g esam ten  Z usatzsp u ren  so gering  is t, d aß  die 
F rem d sto ffe  n ich t e inm al dazu  au sre ich en , die gesam te F ase ro b erfläch e  eines 
aus 1 M ikron  s ta rk en  M etallfasern  b e s te h e n d e n  D rah tes  m o n o a to m ar zu  b e ­
decken .
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Schon um  1955 h ie lte n  w ir eine an d e re  E rk lä ru n g  als v iel w ah rsch e in ­
lich e r, u . zw. eine so lche , w elche a u f  die spezifischen  W irk u n g en  de rjen ig en  
Frem datom e  au fg e b a u t is t ,  die in  den Z u sa tzs to ffen  e n th a lte n  sind [1]. H a u p t ­
säch lich  d aru m , w eil d ie  B esonderhe iten  d er R e k ris ta llisa tio n  von GK- D rä h ­
te n  (u. a. die hohe R e k r is ta llis a tio n s te m p e ra tu r  usw .) n ic h t m itte ls  belieb ige 
(oder w enigstens ein ige andere) A to m a rte n  e n th a lte n d e  Z usa tzsto ffen , so n d e rn  
eb en  n u r  m itte ls  К  u n d  Si u n d  Al e n th a lte n d e n  o x yd ischen  Z usa tzsto ffen  e r ­
re ic h b a r  w aren. E s  e n ts ta n d  unsere  V e rm u tu n g , d aß  in  den  gesin te rten  G K - 
S tä b e n  u n d  gezogenen G K - D rä h te n  n eben  o xyd ischen  Z u sa tzsp u ren  auch  K - 
u n d  Si- u n d  Al- A to m e  als die K ris ta llisa tio n  u n d  R ek ris ta llisa tio n  len k en d e  
W irk sto ffe  in  e n tsp re c h e n d e r  K o n z e n tra tio n  zugegen sind  u n d  anw esend se in  
m üssen .

U nsere nach  d e r  R ob insonschen  M ethode d u rch g e fü h rten  V ersuche h a ­
b e n  — w enigstens b ezü g lich  der Al- A tom e — diese A uffassung  b e k rä f tig t ,  
d a  die E rg än zu n g  d e r  K - u n d  S i-haltigen  Z u sa tzsto ffe  (UC) m it einem  A l-h a lti-  
gen  oxydischen  Z u sa tz s to ff  (GK) die K eim b ild u n g sw ah rsch e in lich k eit s ta rk  
h e ra b g e se tz t h a t. D ie  K eim b ild u n g  k a n n  ab e r eher d u rch  im  M etall g e lö ste ,

Tafel 1

Siehe auch Tafel 2

Rekr. Temp. 
°K

Kristallgröße

Drahtsorte
Sinterung:

rasch
г

wie üblich 
ü

langsam
1

1. W ohne Zusätze <1800 klein klein klein
2. KAI 1800 klein klein klein
3. UC (K Na Si) 2300 klein mittel mittel
4. GK (K Si Al) 2500 klein rnittel groß
5. K Si Ga 2600 groß groß groß
6. Tl Si Al <2500 mittel mittel mittel
7. К Be Al 2500 groß

■ =  nicht bestimmt

ü b e ra ll  m it g le ich er W ahrsch e in lich k e it a u f tre te n d e  spezifische F re m d ­
a to m e  u n te rd rü c k t w erd en , als d u rch  v e rs tre u t  v o rh an d en e , unbew egliche  
oder schw erbew egliche oxyd ische F rem d sto ffte ilch en .

So sind w ir a u f  d ie  F rag e  gekom m en , ob in  m it K , Si, Al e n th a lte n d e n  
Z u sa tzsto ffen  h e rg e s te llte n  D rä h te n  die F ä h ig k e it , eine aus langen  K r is ta l le n  
b esteh en d e  R e k r is ta llis a tio n s s tru k tu r  zu en tw ick e ln  auch  d a n n  bestehen  b le ib t ,  
w enn  m an  den als A120 3 angesehenen Z u sa tz s to ff  — w elcher, wie d am als v o n  
a n d e re r  Seite a n g en o m m en  w urde, als oxy d isch er F rem d sto ff  v o rh a n d e n

Acta Technica Academiae Scientiarum Hungaricae 79, 1974



D IE FREM DSTO FF-FRA G E D E R  F A S E R - U ND K R IST A L LITE N G R EN ZEN 7

b le ib t — durch  einen  als G a20 3 an g eseh en en  Z u sa tzs to ff e rse tz t, w elcher in  
d er R ed u k tio n  d u rch  W assersto ff v ö llig  zu e lem en tarem  Ga red u z ie rt w ird , 
also keine oxydische T eilchen  b ild e t. D ie m it K , Si, Ga e n th a lte n d e n  oxy- 
d ischen  Z usätzen  h e rg es te llten  W o lfra m d rä h te  h ab en  sich als vorzüg lich  g ro ß ­
k ris ta llin isch  erw iesen [20]. E in  an a lo g e r V ersuch  m it T120  a n s ta t t  K 20  h a t  
bew iesen, d aß  TI- A tom e in  einem  m it  T l, Si, Al e n th a lte n d e n  Z u sa tzsto ffen  
h e rg este llten  W o lfram d rah t dense lben  E ffe k t h erv o rzu ru fen  im stan d e  sind , 
wie die als K 20  e n th a lte n d  angesehene Z usatzsto ffe  [21].

U n längst w urde  es bew iesen [22], d a ß  der K -G eh alt d e r m it K , Si, A l 
e n th a lte n d e n  Z u sä tzen  h e rg es te llten  W o lfram d räh te  in  e lem en ta re r F o rm  
v o rh a n d e n  ist.

M an ist also sch rittw eise  zu d e r A n sich t gekom m en, d a ß  die g ro ß k ris ta l­
lin ischen  E ig en sch aften  der m it K , S i, A l e n th a lten d en  Z u sä tzen  h e rg este llten  
(z. B . G K )- D räh ten :

1. höchstens te ilw eise  au f das V erhandense in  v o n  o xyd ischen  Z u sa tz ­
sp u ren  (wie von  M ullit-T eilchen o d e r v o n  L eucit-T eilchen) zu rü ck zu fü h ren  
s ind ; und  2

Tafel 2

Siehe auch Tafel 1 Dehnungsgeschw. Ätzlöcher

2800 °K; % pro St ar den Grenzen
Drahtsorte

r Ü 1 r ü l

1. W ohne Zus. 5 4 4 viele viele viele
2. K Al 4 4 6 viele viele viele
3. K Na Si 4 1 0,2 viele wenige 0

4. K Si Al 0,5 0,06 0,05 viele wenige 0

5. K Si Ga 0,05 0,05 0,09 0 0 0

6. Tl Si Al 0,03 0,07 0,02 0 0 0

7. K Be Al • *

2. w en igstens te ilw eise  der W irk u n g  v o n  spezifischen  F rem d a to m en  
(von  z .B . K -, Al-, T I-, G a- A tom en) zuzusch re iben  sind.

D ie A l-A tom e ü b en  ihre W irk u n g  als N u k lea tio n  h em m en d e  F a k to re n  
au s; die К -A tom e b a u e n  im  M etall e in  D am p fb lasen -N etzw erk  au f, das als 
k ris ta llw ach stu m sh em m en d  angesehen  w erd en  kan n .

Diese le tz te  F es ts te llu n g  ist eine große L eistung  d er n eu ze itlich en  W ol­
fram fo rschung . Ih re  a u f  die U n te rsu ch u n g  d er F ase ro b erfläch en  d er W o lfram ­
d rä h te  ausgedehn te  M ethod ik  v e rsp r ic h t w eitere  w esentliche E rfo lge.
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5. Das Verhalten von Rekristallisierten Drähten verschiedener 
W olfram drahtsorten im  Dehnungsversuch hei 2800 °K

1962 h ab en  w ir e rs tm a lig  von  unseren  bei h o h en  T em p era tu ren  (d. h . 
b e i 2800°K ) d u rc h g e fü h rte n  C reep-V ersuchen b e r ic h te t [25]. Seit diesen V er­
suchen  — w elche w ir e inerse its  an  ohne Z usätze  h e rg es te llten  »W(<- D rä h te n , 
andererse its  an  m it K , A l en th a lte n d e n  Z usä tzen  h e rg es te llten  »K-, A l« -D räh ten , 
m it K , N a, Si e n th a lte n d e n  Z usätzen  g efertig ten  »UC«- D rä h te n  u n d  sch ließ ­
lich  m it K , Si, Al e n th a lte n d e n  Z usä tzen  h e rg este llten  »GK«- D rä h te n  d u rc h ­
g e fü h rt h ab en  — h a b e n  w ir die D eu tu n g  der E rgebn isse  im  Laufe der Z eit 
w ied erh o lt v e rsu c h t [2, 26, 27].

S p ä te r b re i te te n  w ir die Creep-V ersuche auch  a u f  m itte ls  K , Si, Ga 
e n th a lte n d e n  Z u sa tz s to ffe n  h erg este llte  »Ga«- D rä h te  [20], [28] u n d  a u f  
m itte ls  T l, Si, A l e n th a lte n d e n  Z u sa tzsto ffen  h e rg es te llte  »TI«- D rä h te  aus 
[21, 28].

Bei den v ie r e rs te n  D ra h tso rte n  w ird  v e rb re ite t angenom m en [2, 23, 24], 
d a ß  dieselben o x y d isch e  Z u sa tz reste  e n th a lte n , u n d  d a ß  das V orhandense in  
d ieser S puren  im  F a lle  d e r  U C -u n d  G K - D rä h te  zu den  b e k a n n te n  g ro ß k ris ta l­
lin ischen  R ek ris ta llisa tio n ss tT u k tu ren  fü h r t . Bei den zw ei le tz te ren  D ra h tso r­
te n  g ilt es als bew iesen , d a ß  die »Ga«- D rä h te  a n s ta t t  A120 3- S puren  sicher G a- 
F rem d a to m e  e n th a lte n , u n d  daß  die »TI«- D rä h te  a n s ta t t  K 20 -  S puren  sicher 
TI- F rem d a to m e  e n th a lte n , da G a20 3 u n d  T120  im  R ed u k tio n sp ro zeß  d u rch  
W assers to ff völlig  zu  e lem en tarem  Ga u n d  e lem en tarem  TI red u z ie rt w erden . 
T ro tzd em  re k ris ta llis ie re n  auch die »Ga«- u n d  »TI«- D rä h te  — ähnlich  wie die 
G K - D rä h te  — g ro ß k ris ta llin isch .

Bei d er D u rc h fü h ru n g  u nserer Creep-V ersuche v e rfo lg ten  w ir die la n g ­
sam e D ehnung  v o n  0,9 m m  sta rk en , rek ris ta llis ie r ten , b is  2900°K  v o re rh itz te n  
W o lfram d räh ten  b e i 2800°K  w ährend  einer D ra h tb e la s tu n g  von  1300 g /m m 2. 
A us jedem  der sechs M eta llpu lver s te llte n  w ir d u rch  rasch e , übliche u n d  la n g ­
sam e S in te rung  S tä b e  h e r  [25, 26] u n d  v e ra rb e ite te n  diese m it der g leichen  
Technologie zu D rä h te n . In  der T afel 1 sind die R e k r is ta llisa tio n s te m p e ra tu ­
re n  u n d  die K ris ta llg rö ß e n , in  der T afel 2 die K riechgeschw ind igkeiten  u n d  
eine k a ra k te ris tisc h e  E rsch e in u n g : die Ä tz lochb ildung  n ach  dem  K riech en  
(beim  A nätzen  d e r  Schliffe) zusam m engeste llt. D ie Ä tz lö ch er en ts te h e n  — 
w enn ü b e rh a u p t — a n  den  zur Z ugrich tu n g  quer s teh en d en  K ris ta llg ren zen .

Solange u ns n u r  d ie  E igenschaften  der e rs ten  v ie r  D ra h tso rte n  b e k a n n t 
w aren  u n d  d u rch  u n se re  R obinsonsche V ersuche k la r  gew orden is t, d a ß  A l 
e n th a lten d e  Z u sa tz sp u re n  die K ris ta lliten ab m essu n g en  ve rg rö ß ern , h ab e n  w ir 
fo lgende V o rste llu n g en  en tw ickelt.

1. V orste llung . I n  A bw esenheit v o n  Si e n th a lte n d e n  Z usätzen  e n ts te h e n  
w äh ren d  der R e d u k tio n  u n d  im  L aufe der S in te ru n g  n u r  wenige d e ra rtig e  
F rem d a to m e , die in  d as  G itte r e ingebau t w erden  u n d  die N u k lea tio n  h in d e rn
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k ö n n e n : es en ts teh en  z. B . v iel zu w enig  A l-A tom e. E s e rscheinen  dem zufolge 
n u r  k le in e  K ris ta lle  be i e iner n ied rig en  R e k ris ta llisa tio n s te m p e ra tu r. D ie so 
e n ts ta n d e n e n  K ris ta llg ren zen  sind  n u r  d u rch  wenige F rem d a to m e  u n d  viele 
F rem d p h asen te ilch en  v e ru n re in ig t. In  A bw esenheit von  S i-ha ltigen  Z usätzen  
gesch ieh t das u n ab h än g ig  von  d er A rt d er S in te rung  u n d  es k riech en  alle 
»W «-und  »K A I«-D rähte  v ie lle ich t d a ru m  rasch , weil sie alle g estö rte  oder schw a­
che G renzen  h ab en  u n d  so alle diese D rä h te  — u n ab h än g ig  von  d er A rt der 
S in te ru n g  — K ris ta lliten g ren zen  h ab e n , die le ich t in B ew egung zu se tzen  sind.

2. V o rste llung . In  A nw esenheit v o n  S i-haltigen  Z u sä tzen  e n ts teh en  
w äh ren d  d er S in te rung  v iele , die N u k lea tio n  h in d ern d e  A tom e, z. B . viele 
A l-A to m e. E s e n ts teh en  dem zufolge lange (große) K ris ta lle . D iese sind  u m  so 
g rö ß er u n d  ih re  G renzen sind um so re in e r, je  länger der S tab  im  L aufe  der 
S in te ru n g  in  einem  m ittle re n  T e m p e ra tu rg eb ie t a u f einer k o n s ta n te n  T em pe­
r a tu r  g eh a lten  w urde [26, 29]. D ie A nw endung  von  S i-haltigen  Z usa tzsto ffen  
u n d  d as  »langdauernde« S in te rn  sind  die M itte l m it w elchen m an  in  den  »UC«- 
u n d  »GK«- D rä h te n  eine g u te  K riech festig k e it h e rv o rru fen  k a n n . V erm u tlich  
h a b e n  die lan g en  K ris ta llite  en tw ed e r besonders re ine oder ab e r d u rch  Si 
irgendw ie v e rfestig te  G renzen.

U n sere  seit 1962 m it »Ga« [20]- D rä h te n  g em ach ten  B eo b ach tu n g en  h ab en  
diese V orste llu n g en  in  gew isser H in s ich t b e k rä f tig t. In  den  re d u z ie r ten  M eta ll­
p u lv e r d ieser D rä h te  b e fin d en  sich Si e n th a lten d e  — also v e rm u tlic h  reine, 
oder d u rc h  Si v e rfestig te  K ris ta llg ren zen  schaffende — Z usätze  u n d  es sind  in  
ih n en  chem isch  m it A l-A tom en v e rw a n d te  — m öglicherw eise ebenfalls N u k lea ­
tio n  h in d e rn d e  — G a-F rem d  a to m e in  b e trä c h tlic h e r  K o n z e n tra tio n  v o rh an d en . 
B em erk en sw ert is t, d aß  h ie r die G a-A tom e n ich t e rs t w äh ren d  d er S in te rung  
e n ts te h e n  m üssen . D em zufolge is t es n ic h t üb errasch en d , d a ß  die »G a«-D räh te  
u n a b h ä n g ig  von  der A rt d er S in te ru n g  alle G ro ß k ris ta lls tru k tu r  aufw eisen 
u n d  sich  alle k riech fest v e rh a lte n .

E in e  F rag e  b le ib t ab er u n b e a n tw o rte t:  w arum  ble iben  die »G a«-und  »Tie- 
D rä h te  b e i jeder  S in te ru n g sa rt k riech fes t, u n d  u m g ek eh rt, w aru m  v e rh a lte n  
sich die »UC«- u n d  »GK«- D rä h te  n u r  n a c h  einer langsam en  S in te ru n g  u n d  n ich t 
be i je d e r  S in te ru n g sa rt k riech fes t, obw ohl alle v ier D ra h tso r te n  m itte ls  Si 
e n th a lte n d e n  Z u sa tzsto ffen  h e rg e s te llt w erden?

M an em p fin d e t zw ar in  d ieser U n em p fin d lich k e it der »Ga«- u n d  »Tl«- 
D rä h te  gegenüber e tw aigen  S chw ankungen  des S in tervo rganges einen  te c h ­
n ischen  V orte il, b le ib t ab e r eben w egen der noch n ich t w iedersp ruchsfrei 
g e k lä r te n  R olle des Silizium s unsich er im  techn ischen  H an d e ln  im  F a lle  der 
»UC«- u n d  »GK«- D räh ten .

D ie ungenügend  g ek lä rte  S ilizium frage h a t uns w eite rh in  b esch ä ftig t. 
So h a b e n  w ir auch  die R olle d er V a k a n tie n  u n d  der M orphologie d er R e k ris ta l­
l is a tio n s s tru k tu r  gep rü ft [26, 28, 30] u n d  erw ogen, w elche R olle diese F a k to ­
ren  beim  E n ts te h e n  d erjen igen  em pfind lichen  P u n k te  spielen k ö n n en , w elche
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n a c h  dem  K riech en  zu  e in er Ä tz lochb ildung  fü h ren  [26]. V on d er B eschaffen­
heit. dieser P u n k te  w issen  w ir zu r Zeit leider noch  w enig. Soviel s te h t ab e r fe s t, 
d a ß  ein aus langen  K ris ta lle n  bestehendes R ek ris ta llisa tio n sg efü g e , ein k riech ­
festes V erhalten  u n d  d a z u  ein W egbleiben d er Ä tz loch b ild u n g  — m ite in an d e r 
v e rk n ü p ft — ohne Si n ic h t  Z ustandekom m en. D arin  o ffen b a rt sich eine ch e ­
m ische V orbedingung d e r  K riech festig k e it. D as E n ts te h e n  einer aus lan g en  
K ris ta llen  b es teh en d en  S tru k tu r  (durch  M itw irkung  spezifischer Z usätze) 
w eist eigentlich schon  a n  sich allein  au f diese chem ische V orbed ingung  h in . 
M an m uß  n u r b ed en k en , d aß  das k le in k ris ta llin isch e  G efüge der »KAI«- D rä h te  
u n te rh a lb  1800°K , in  G egenw art von  К  u n d  A l e n th a lte n d e n  Z u sa tz re s ten  
e n ts te h t , wogegen das g roßkris ta llin isch e  G efüge d e r »GK«- D rä h te  hei e tw a 
2500°K  sich du rch  d en  gleichzeitigen  E in flu ß  v o n  K , A l und S i  en th a lte n d e n  
Z u sa tz resten  en tw ick e lt.

N euerdings (1971) g e lang ten  w ir zu r A n sich t, d a ß  die K ris ta llitg ren zen  
in  A nw esenheit v o n  Si en th a lte n d e n  Z u sa tz re s ten  d u rch  W —О —S i—O —W - 
B rü ck en  befestig t w e rd en , da  S i0 2 von  H 2 n ic h t re d u z ie rt w ird  und  in  solchen 
B rü ck en  die Si A to m e ih re  V erb indung  m it 0 -  A to m en  w enigstens zum  Teil 
b eh a lte n  können . A u ß erd em  k a n n  eine W —О — Si- B in d u n g  (etw a 79,5 K cal) 
als s tä rk e r angesehen  w erd en , als eine W —О — W - B in d u n g  (etw a 67 K cal) [31]. 
D iesen G edanken h a b e n  w ir a u f  einem  U m w eg, m itte ls  B e e n th a lte n d e n  oxy- 
d ischen  Z usätzen , g e p rü ft. G egenüber O- A tom en  v e rh a lte n  sich B e-A tom e in  
gew isser H insich t äh n lic h , wie Si- A tom e. Z u e rs t: BeO lä ß t sich du rch  H 2 
ebenfalls n ich t red u z ie ren . W eite rh in  is t Be im  M ineralreich  im m er ebenso 
m it v ier O -A to m en  um gegeben , wie die Si- A tom e: die be id en  b e finden  sich in  
ih ren  oxydischen M inera lien  s te ts  in  te tra e d risc h e r  S au ersto ff-K o o rd in a tio n . 
N u n , die V ersuche h a b e n  uns gezeigt, d aß  m an  m itte ls  Be en th a lte n d e n  a n ­
s ta t t  Si e n th a lte n d e n  o x yd ischen  Z usa tzsto ffen  (in  G egenw art von  K 20  u n d  
A120 3) im  R ek ris ta llisa tio n sg efü g e  ebenfalls lange  K ris ta lle  u n d  gu te  F e s tig ­
k e itse igenschaften  h e rv o rru fe n  k an n  [32]: v e rm u tlic h  infolge der b e tr ä c h t­
lichen  S tärke  (95,2 K ca l) von  W — О — Be- B indungen .

D arin  is t die A n n ah m e e n th a lte n , d aß  sow ohl Si en th a lte n d e , wie auch  
Be en th a lten d e  o x y d isch e  Z usätze ih re  W irk u n g en  — in  den  »UC«,- »GK«-, 
»Ga«-, »TI«- und  »Be«- D rä h te n  — n ich t allein  als F rem d a to m e , sondern  m it 
Sauersto ff vergesellschaftet ausüben .

Zu einer K lä ru n g  d e r offenen F ragen  der G ro ß k ris ta llb ild u n g  u n d  K rie c h ­
festig k e it re ichen  a lle in  physikalische B e tra c h tu n g e n  n ic h t aus. E rs t  sy s tem a­
tisch e , der chem ischen  A rt der F rem dsto ffe  R ech n u n g  tra g e n d e  R obinsonsche 
u n d  Creep-V ersuche v e rsp rech en  der W olfram techno log ie  die noch feh lenden , 
nö tig en  E rk en n tn isse  v o n  der physikalischen  und  chem ischen  B eschaffenheit 
u n d  vom  V erh a lten  d e r  K ris ta llitg ren zen . In  d er L ite ra tu r  f in d e t inan  H in ­
weise [22], d aß  die d a z u  nö tigen  M itte l u ns h e u tz u ta g e  schon zu V erfügung 
stehen .
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6. Über Dehnung und K ontraktion von gezogenen  
W olframdrähten im  Zerreißversuch

W orin  e rb lick en  w ir eine F o rsch u n g sfrag e  a u f  dem  G ebiet der K o n tr a k ­
tio n  von  W o lfra m d rä h ten ?

M an m u ß  die T a tsach e  b e a c h te n , d aß  im  Z iehprozeß  ein W o lfram d rah t 
n ich t desw egen d ü n n e r w ird , weil w ir ih n  d u rch  s ta rk e n  Zug d eh n en  — son­
dern  gerade im  G egenteil, be im  D rah tz ieh en  m u ß  d a ra u f  g each te t w erden , 
d aß  der D ra h t  n ach  der Z iehdüse sich n ic h t v e rlä n g e rt (weil er sich so 
u n k o n tro llie rb a r  ung le ichm äßig  d eh n en  w ü rd e); beim  D rah tz ieh en  w irken  
an  der In n e n w a n d  der kegelförm igen  Z iehkanä le  D ruckkrä fte: diese in  fa s t 
rad ia le r R ic h tu n g  w irkende K rä f te  sind es, die d en  D ra h t irgendw ie d ü n n e r 
m achen .

M it v o n  L00°C zu L00°C e rh ö h ten  T e m p e ra tu re n  d u rch g efü h rten  Z e rre iß ­
v e rsuchen  k o n n te  m an  fests te llen , d aß  das D ra h tz ie h e n  in  der P ra x is , bei 
e tw a 800°C, v o n  z. B . 0,6 m m  s ta rk e n  W o lfra m d rä h ten  — gleich, ob sie »W«- 
oder »KAI«- D rä h te , oder ab e r »UC«- oder »GK«- D rä h te  sind — u n ab h än g ig  
von  d er A rt ih re r  Z usätze  bei 1%  D eh n u n g  u n d  m eh r als 90%  E in sch n ü ru n g  
(K o n tra k tio n ) v o r sich geh t. E s k a n n  d ah e r k e in  Zw eifel besteh en , d aß  die 
K o n tra k tio n s fä h ig k e it (diese A rt d e r V erfo rm b ark e it)  eine der w ich tig sten  
physik a lisch en  V orbed ingungen  des W o lfram d rah tz ieh en s  is t [1].

W as w issen w ir vom  physik a lisch en  W esen d e r K o n tra k tio n sfä h ig k e it, 
h ab en  w ir u m  1955 uns se lb st g efrag t. In  den  F a c h b ü c h e rn  hab en  w ir gelesen, 
d aß  sie m it d e r D eh nungsfäh igke it id en tisch  sei. D em gem äß w ären  die p h y ­
sikalischen  G ru n dvorgänge  der D eh n u n g  u n d  d e r K o n tra k tio n  d ieselben . 
S. R e jt ő  h a t  in  seinem  »L ehrbuch d er m ech an isch en  Technologie« diese A u f­
fassung  schon in  1924 ab ge lehn t [33]. A uch w ir h a b e n  uns diese A nsich t n ic h t zu 
eigen g em ach t. D ie M eßw erte ze ig ten  uns, d aß  be i allen  u n te rsu c h te n  D rä h te n  
die E in sc h n ü ru n g  zw ischen 800°C u n d  20°C von  9 5 %  a u f  50%  s in k t, die D eh ­
nu n g  h ingegen  v o n  1%  au f 3 ,5 %  a n ste ig t. D ie T em p era tu rk o effiz ien ten  der 
D ehnung  u n d  E in sch n ü ru n g  w eisen zw ischen 400°C u n d  20°C bei säm tlich en  
A rten  von  W o lfra m d rä h ten  entgegensetztes Vorzeichen  auf, was n ich t a u f  einen 
gem einsam en physik a lisch en  C h a ra k te r  h inw eist [1].

E rs t  1972 is t es uns gelungen , das Z u stan d ek o m m en  von  k o n tra h ie r te n  
S tellen  im  Z erre iß v ersu ch  au fzu k lä ren  [34].

1. W ir h a b e n  die Z ahl d er M eta llfasern  in  d en  e ffek tiven  Q u ersch n itten  
der k o n tra h ie r te n  u n d  n ich t k o n tra h ie r te n  S treck en  eines im  Z erre ißversuch  
bis zu einer K o n tra k tio n  von  50%  v e rfo rm te n  D ra h te s  b e s tim m t u n d  g efu n ­
den, d aß  die M eta llfasern  an  beid en  S tellen  d ieselbe D icke aufw eisen, ih re  
Z ahl ab er an  d e r k o n tra h ie r te n  S telle  w esentlich  abgenom m en h a t.

2. M ik ro h ärtem essu n g en  h ab e n  uns gezeig t, d aß  die H ä r te  der 
k o n tra h ie r te n  S trecke  n ich t angestiegen  is t:  sie b lieb  u n v e rän d e rt.
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3. R ö n tg en -K o h eren z län g en  h ab e n  sich a u f  beiden  S trecken  — die gleiche 
D is lo ca tio n -K o n zen tra tio n  b e id e r S te llen  anzeigend  — als gleich erw iesen.

A us diesen F es ts te llu n g en  h ab e n  w ir d en  Schluß gezogen, d a ß  in  bei 
Z im m e rte m p e ra tu r  d u rc h g e fü h rte n  Z erre iß v ersu ch en  von  p u lv e rm e ta llu r ­
g isch  herg este llten  u n g eg lü h ten  W o lfra m d rä h ten  das G leiten  d e r  F ase rn  
a n e in a n d e r eine aussch laggebende R olle sp ie lt. Die gleichm äßige V erlän g e­
ru n g  u n d  V erjüngung  des D ra h te s  e n ts te h t  n ic h t überw iegend  du rch  eine gleich­
m äß ige  V o lu m en k o n trak tio n , so n d ern  g rö ß ten te ils  du rch  eine re la tiv e  V er­
sch iebung  d er F ase rn . B le ib t die F ase rg le itu n g  a u f  irgendeine S treck e  des 
D ra h te s  b e sch rän k t, d an n  e n ts te h t  eine E in sch n ü ru n g . Die im  Z erre iß v o rg an g  
a u f tre te n d e  K o n tra k tio n  d er W o lfra m d rä h te  is t  keine p lastische  V o lu m en d e­
fo rm a tio n  im  g eb räuch lichen  S inne, sondern  eine Folge des G le itens der 
M eta llfasern  an e in an d er. D ie g eom etrischen  A bm essungen  des D ra h te s  u n d  
d e r M eta llfasern  in B e tra c h t z iehend  k a n n  m an  in  K en n tn is  d er B ru ch fe s tig k e it 
des D rah te s  den  Z ah len w ert d er S ch u b sp an n u n g , w elche n ö tig  is t ,  u m  das 
G le iten  der F ase r an e in an d e r in  B ew egung se tzen , zah lenm äßsig  b es tim m en . 
D a ra u s  h a t  sich ergeben , d aß  d ieser W ert — bei allen  u n te rsu c h te n  D ra h t­
so r te n  — ü b errasch en d  n ied rig , d. h . be i e tw a  0,2 kp /m m 2 lieg t.

M an k a n n  dies als einen w esen tlichen  B efu n d  ansehen.
Die Z erre iß festigkeit von  0,6 m m  s ta rk e n  W o lfram d räh ten  (von  »W«-, 

»KAI«-, »UC«- u n d  »G K « -D räh ten ) s in k t v o n  e tw a  180 kp /m m 2 be i 20°C a u f  den 
W e rt von  e tw a 95 k p /m m 2 hei 800°C h e rab . D a die Z erre iß p an n u n g  im  k o n tra ­
h ie r te n  Q u ersch n itt sich m it d er T e m p e ra tu r  k a u m  ä n d e rt, m uß  diese T em p e­
ra tu ra b h ä n g ig k e it der Z erre iß fes tig k eit (im  M eßbereich v o n  20°C b is 800°C) 
led ig lich  von  der T e m p e ra tu rab h ä n g ig k e it des G leitens d er e inzelnen  F ase r  
a n e in a n d e r, also v o n  d e r T e m p e ra tu rab h ä n g ig k e it der S ch u b sp an n u n g , die 
zu  d er B ew egung d er F a se rn  an e in an d e r n ö tig  is t, s tam m en . D ie B esch affen ­
h e it  d er F asero b erfläch en , die gegen eine re la tiv e  V erschiebung e inen  geringen , 
v o n  d er A rt der Z u sa tzsp u ren  ansche inend  u n ab h än g ig en , von  d e r T e m p e ra ­
t u r  ab er b e trä c h tlic h  ab h äng igen  W id e rs ta n d  le isten  u n d  tro tz d e m  den  aus 
zah llo sen  F ase rn  b es teh en d en  D ra h t im  G leitvorgang  selbst u n d  auch  nach  
dem  G leiten  fest Z usam m enhalten  — diese sonderbare  B esch affen h eit der 
F ase ro b erfläch en  b ie te t  d er k ü n ftig en  W olfram forschung  sicher seh r w ich tige 
A ufgaben , da d u rch  diese n euen  E rk e n n tn isse  die Technologie des D ra h t­
z iehens uns in  einem  n eu en  L ich t ersch e in t.

V or e tw a dre i J a h rh u n d e r te n  h a t  die F orschung  e inm al d ie  A ufgabe 
b ek o m m en  dem  chinesischen  K a ise r ein kaiserliches P orzellanserv ice  in  den 
w undervo llen  F a rb e n  v o n  P firs ich b lü ten  h e rzuste llen . D azu  w aren  — gem äß 
A ufzeichnungen  — m eh r als 8000 V ersuche n ö tig , bis m an  end lich  m itte ls  
e in er w o lfram o x y d h altig en  G lasur die L ösung  gefunden h a t  [35].

Es h a t den  A nschein , d aß  w ir zu L ösung  un serer offenen W o lfram frag en  
— d. h. zu r K lä ru n g  der B eschaffenheit v o n  Z u sa tzsp u ren  u n d  des dy n am isch en
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V e rh a lte n s  derselben  an  den K ris ta lliten g ren zen  und  F ase ro b erfläch en  — unsere  
8000 V ersuche schon gem ach t h a b e n , so d aß  m an eine b a ld ige  n u tzb rin g en d e  
L ösu n g  u nserer offenen F rag en  m itte ls  d en  n euesten  U n te rsu ch u n g sm e th o d en  
h o ffen  d a rf . Als das w ich tigste  e rsch e in t dabei die U n te rsu ch u n g  d er O rtsä n ­
d e ru n g e n  u n d  des dynam ischen  V e rh a lten s  der F rem d sto ffsp u ren . E in  ch in e ­
s ischer W eiser h a t  schon  vo r langer Z eit b e h a u p te t, daß  n ic h ts  in  d er W elt eine so 
s ta b ile  U n v e rän d erlich k e it b e s itz t, w ie die ständige V erän d e rlich k e it se lb s t.
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Influence of Foreign Matter on the Fibre Boundaries (CrystalliteBoundaries) of Drawn (R e­
crystallized) Tungsten Wires (Statements and Ideas). In the tungsten filaments containing 
additions (e.g. 1 — 50 ppm K, Si, A1 traces) not only the chemical quality of the traces but also 
the position of the additive traces and their changes of place are of considerable importance 
in the development of the large-crystal structure of the filaments, the maintaining of filament 
shape at high temperatures and the development of the filament mechanical characteristics 
at room temperature. These statements are illustrated, as the author has ascertained, by a) the 
independence of the crystallite growing speed from the quality of the additions, b) displace­
ment of the foreign-phase particles during recrystallization, c) influence of foreign atoms in­
stead of foreign-phase particles during recrystallization (e.g. Ga atoms instead of A120 3, T1 
atoms in the place of K20), d) the role played by the Si addition — replaceable by Be — in the 
creep characteristics at 2800°K, e) the slipping on each other of the drawn tungsten wire fibres 
during the development of uniform yield and chiefly of the reduction of area during tensile tests.

О вопросе посторонних веществ фазовых границ или же кристаллитных границ 
волоченных и кристаллизированных вольфрамовых проволок. Наряду с химическим ка­
чеством микродобавок вольфрамовых накальных нитей с добавками (напр. при микро­
содержании в количестве 1н-50 ppm К, Si, Al) значительную роль играют также распо­
ложение микродобавок и их дрейф в формировании крупнокристаллической структуры 
вольфрамов накальных тел, далее в определении формы накальных тел при высоких тем­
пературах и в формировании механических свойств накальных тел, наблюдаемом при ком­
натной температуре, что демонстрируется на основе определений, а именно а. независи­
мость от качества добавки скорости роста кристаллитов, б. смещение частиц посторонней 
фазы в процессе протекания рекристаллизации, в. воздействие вместо частиц посторонней 
фазы посторонних атомов напр. вместо А120 3 атомов Ga, вместо К20  атомов Т1 при рекри­
сталлизации, г. роль добавки Si, замещаемой Be, в свойствах крипа при 2800° К, далее д. 
скольжение по отношению друг к другу волокон волоченных вольфрамовых проволок — 
при формировании равномерного растяжения и в основном контракции во время разрыва.
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The actual theoretical investigations of sediment transportation are based on 
the fundamental laws of physics. Considering the sediment transportation as a physical 
phenomenon, according to the principle of conservation, author establishes the balance 
equations of the mass, kinetic energy, internal energy and momentum. Their compari­
son and evaluation led to several basic perceptions. Starting from theoretical principles, 
the sediment- transportation capacity of water courses are investigated. Measurements 
carried out on the river Drave parallel with observations, the energy requirement needed 
to the sediment transportation and to the re-arrangement of the river bed is determined.

Symbols

L length
T time
M mass
0  temperature
E energy, work, heat (ML2T-2 =  FL)
F force, weight (MLT-2)

A parameter (L)
В average channel width (L)
c specific heat (EM-10 - 1)
C sediment concentration (FL-3)
Cfr av erage sediment concentration (FL-3)
d particle diameter (L)
dg ave rage particle diameter (L)
D aver age water depth (L)
Ds length of settling path (L)
Ds act actual length of the settling path (L)
e2 density of internal energy (EL-3)
E  energy loss over the length L in various periods (FL)
Ey energy demand of suspended sediment transportation in the individual periods (FL)
E 2 energy demand of bed-load transport in the individual periods (FL)
E3 energy demand of channel re-arrangement in the individual periods (FL)
Ea energy demand to overcome various resistances in the individual periods (FL)
f  friction coefficient
F  weight of sediment- loaded water running down the reach (F)
.F, submerged weight of suspended sediment passing the reach (F)
F 2 submerged weight of bed load passing the reach (F)
F3 submerged weight of re-arranged material (F)
F( total friction surface of the i-th sediment fraction (L2)
« acceleration of the gravity (LT-2)
QB yield of bed load (FT-1)
q s yield of suspended sediment (FT-1)
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hv
i , j ,  к, I 
L
Lik
Lu
M
M 1
M lti
N

1i 
4h,i 
Qmn 
Qml 
Q max
Qb
Qzs
f, t i2 
At

Vh
Vft
v h.i
Vh.i
v k
V  
V , 
V i,i

X

У1
y
У1 
Уг 

h.i 
€h
V 
À
ix
V

v i
Q
Qi

Qz 
Th 
t  h J  
<Pi 
Vx
CO

head difference, drop of water level, kinetic energy of a liquid of unit weight (I.) 
subscripts
length of the experimental reach (L) 
conductivity of kinetic energy transfer (ETL-5)
conductivity of a conductive current density (L2T -1 for mass; FL_2T for momentum)
total mass of the water (M)
total mass of the sediment (M)
mass of the i-th fraction (M)
total number of particles in all fractions (1)
total number of particles in the i-th fraction (1)
source density (ML-3T -1 for mass; FL-3 for momentum)
source density of the i-th fraction (ML-3T-1 for mass; FL -3 for momentum)
minimum of discharge (L3T_1)
mean discharge (L3T -1)
maximum discharge (L3T -1)
volume of suspended sediment load (L3T -1)
discharge of sediment-loaded water (L3T-1)
slope of water surface; slope of the energy line
time (T)
length of the individual periods (T)
convective flow velocity, flow velocity (LT-1)
pulsation velocity of flow (LT-1)
average velocity of the sediment (LT-1)
pulsation velocity of the sediment (LT-1)
mean velocity of the i-th sediment fraction (LT-1)
pulsation velocity of the i-th sediment fraction (LT-1)
mean flow velocity (LT-1)
total volume of the water (L3)
total volume of the sediment (L3)
total volume of the i-th fraction (L3)
co-ordinate (L)
extensive quantity
intensive quantity
specific weight of water (FL-3)
specific weight of the sediment (FL-3)
specific weight of sediment-loaded water (FL-3)
conductivity of the i-th sediment fraction (L2T -1)
average conductivity of the sediment (L2T -1)
the measure of sediment-transporting capacity
heat conductivity (ET-1L-16>-1)
dynamic viscosity (FL-2T)
kinematic viscosity (L2T -1)
density of the i-th extensive quantity
density of the liquid (ML-3 or FL-4T2)
density of the sediment (ML-3 or FL-4T2)
density of the i-th sediment fraction (ML-3 or FL-4T2)
density of sediment-loaded water (ML-3 or FL-4T2)
average shear stress on the sediment particles (FL-2)
shear stress on the i-th fraction (FL-2)
specific surface of the i-th fraction (L2M-1)
mean specific surface of sediment particles (L2M-1)
average settling velocity of the sediment (LT-1)

Introduction

The d e te rm in a tio n  of sed im en t tra n sp o r ta tio n  in  n a tu ra l  w a te rco u rses  
is a ta sk  of u tm o s t im p o rtan ce  in  w a te r  m an ag em en t. T he law s govern ing  
sed im en t tra n s p o r ta tio n  are  expressed  b y  a n u m b er o f v a lu ab le  th e o re tic a l 
a n d  em pirical re la tio n sh ip s . U sua lly , th ese  refer to  som e p a r tia l  p h enom enon
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a n d , excep ting  th e  re su lts  of re c e n t research , m ost of th e m  are  even in  lack  
o f  an  a d e q u a te  p h y sica l fo u n d a tio n . A n o th er sh o rtco m in g  of th ese  re la tio n ­
sh ips is th e  in a c c u ra te  d efin itio n  o f th e ir  range of v a lid ity . T here  is no re fe r­
ence to  th e  v a lu e  of errors to  be co m m itted  in  consequence  o f assum ptions 
a n d  ap p ro x im atio n s m ade in  th e  course of th e ir  d e riv a tio n . F re q u e n tly , th e re  
is n o t even an  e s tim a te  of th e  d ev ia tio n s  to  be ex p ec ted  av a ilab le . F ro m  th e  
above i t  follows th a t  so fa r, one w as dep rived  of th e  o p p o r tu n ity  to  clear th e  
in te rre la tio n s  betw een  th e o re tic a l, sem i-em pirical an d  em p irica l re la tionsh ips. 
T h is is, of course, n o t a p a r tic u la r ity  o f  research  and  em p irica l re su lts  connected  
w ith  sed im ent tra n sp o r ta tio n . O bv iously , sim ilar co n d itio n s  are encoun tered  
in  th e  in v es tig a tio n  of o th e r  p h en o m en a  of th e  n a tu re  as w ell. I t  is eq u a lly  ob­
v ious th a t  these  shortcom ings are n o t  th e  re su lt o f som e “ negligence”  b u t  are 
th e  necessary  consequences o f ram ify in g  research  c o n d u c ted  over a long period.

T ogether w ith  th e  grow ing  a b u n d an ce  of our know ledge, th e  necessity  
o f  th e ir  f ittin g  in to  a system  a n d  o f  th e ir  co m p ara tiv e  c ritic ism  becam e m ore 
a n d  m ore u rg en t. O bv iously , th e  g enera l descrip tion  o f sed im en t tra n s p o r ta ­
tio n  as a physica l phenom enon  is ind ispensab le  w hen  a tte m p tin g  a synthesis. 
S c a tte re d  investig a tio n s of th is  k in d  are  to  be m et in  th e  in te rn a tio n a l lite ra tu re  
o f th e  la s t  10 —15 y ears .

T ogether w ith  th e o re tic a l re sea rch , observations a n d  m easu rem en ts  m ade 
on  n a tu ra l  w atercourses and  re su ltin g  in  sem i-em pirical an d  em pirical re la ­
tio n sh ip s  have  u n d e rw en t a change to o . These are n o w ad ay s  o rien ted  tow ards 
th e  clearing  of ce rta in  d e ta ils  o f th e  p rob lem  as a w hole a n d , ow ing to  a h igh ly  
developed  eq u ip m en t of m easu rem en t an d  observa tion  p ra c tic e , have  a lready  
y ie ld ed  v a lu ab le  re su lts .

A com prehensive and  general d iscussion  of th e  ab o v e  ou tlin ed  u p -to -d a te  
th e o re tic a l research  an d  em pirica l experiences w ould  be  p ro h ib ite d  n o t only 
because  o f de lim ita tio n s in  av a ilab le  space b u t  also ow ing to  th e  lim its  of our 
r a th e r  narrow  know ledge. T his is w h y  th e  au th o r w ishes to  i l lu s tra te  his views 
w ith  aid of tw o exam ples ta k e n  from  his ow n research  w o rk .T h e  te rm  “ exam ple”  
is p e rh ap s  n o t q u ite  ju s tif ie d  since th e y  refer to  ac tu a l re su lts . B u t, f irs t of all, 
i t  seem s useful to  sum m arize  th e  m o st s trik ing  fea tu res  o f th e o re tic a l research  
as w ell as of sem i-em pirical an d  em p irica l re la tionsh ips.

W hen dealing w ith  th e  d esc rip tiv e  p a r t  th eo ry  is p lay in g  in  th e  field  of 
sed im en t tra n sp o r ta tio n , one shou ld  n o t forget th e  fa c t th a t  i t  is a physical 
p h enom enon  of ex trem e com p lex ity . I t  is an  in tr ic a te  m u lti-p h ase  flow , th e  
d esc rip tio n  of w hich being  still m ad e  d ifficu lt by  th e  fa c t t h a t  its  solid phase 
is b y  fa r n o t o f a hom ogeneous co m position  b u t is a m ix tu re  of p a rtic le s  w ith  
v a rio u s  m a te ria l p ro p e rtie s  and  sizes. D uring  th e  m o v em en t o f th is  po ly -d is­
perse  aggregate  collisions w ill occur, accom panied  b y  an  exchange  of m om entum  
an d  loss of energy. T he in te ra c tio n  be tw een  th e  solid an d  f lu id  phases is d is­
p lay in g  a phenom enon  o f a lm ost im perceivab le  s tru c tu re . A ccording to  our
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p re s e n t  know ledge, th is  escapes ev e ry  a tte m p t of an  a c c u ra te  descrip tion . This 
is w h y  th e  research ers  h av e  in tro d u c e d  various m e th o d s in  o rd e r to  describe 
th is  in tr ic a te  ph y sica l p henom enon .

P urely  em pirica l descriptions  are to  he found  m ost fre q u e n tly , no t d e ­
se rv in g  th e  nam e o f a th e o ry  since th ese  are  re s tr ic te d  to  th e  e s tab lish m en t of 
so -ca lled  em pirical fu n c tio n s  w ith  a ra th e r  lim ited  ran g e  o f  v a lid ity , based  
g en era lly  upon a h ig h  n u m b e r o f m easu rem en t an d  e x p e rim e n ta l d a ta  collected. 
S u b seq u en tly , i t  w ill be  show n how  v a lu ab le  these  re la tio n sh ip s  are , b u t one 
sh o u ld  alw ays he aw a re  o f  th e  fa c t th a t  th e y  are  u su a lly  n o t  to  be generalized .

A m ore deve loped  d esc rip tio n  o f sed im ent- t r a n s p o r ta t io n  phenom ena 
is y ie lded  by  th e  so-called  sem i-em pirical re la tio n sh ip s . A fte r  h av in g  in tro ­
d u ced  several p re lim in a ry  assu m p tio n s and  ap p ro x im a tio n s , th e se  re la tio n ­
sh ips are very  e ffic ien t in  exp la in in g  ce rta in  p a r tia l p h en o m en a , though  n o t 
w ith o u t su b stan tia l n eg lec ts .

In  th e  l i te ra tu re , one m eets an  im m ense am o u n t o f sem i-em pirical r e ­
la tio n sh ip s . B u t u n fo r tu n a te ly , as a lread y  p o in ted  o u t, h a rd ly  an y  a tte m p ts  
w ere  m ade so fa r  to w a rd s  th e ir  f i t t in g  in to  a system , th e  estab lish in g  of th e ir  
ra n g e  o f va lid ity  a n d  th e  m arg in  o f errors or d ev ia tions due  to  th e  ap p ro x im a­
tio n s  in troduced .

One of th e  m a in  goals o f u p - to -d a te  sed im ent re sea rch  is th e  estab lish ­
m e n t of fu n d a m e n ta l law s o f g enera l v a lid ity  for th e  sed im en t tra n sp o rta tio n  
as a whole.

T he p resen t p a p e r  w ill deal a t  f irs t w ith  in v es tig a tio n s  based  upon  th e  
transport theory, ap p lied  successfully  in  th e rm o d y n am ics a n d  o th e r fields of 
te c h n ic a l sciences. T hese  w ill be follow ed b y  a d iscussion o f  th e  sed im en t­
tra n sp o r tin g  c a p a c ity  o f  w ate rco u rses , derived  from  m easu rem en ts  m ade in 
th e  n a tu re .

1. TRANSPORT THEORY
AND ITS APPLICATION IN SEDIMENT TRANSPORTATION

1.1. The general balance equations

G enerally sp eak in g , an y  phenom enon  encoun tered  in  engineering m ay  
b e  considered as a p h y s ica l p rocess v a ry in g  w ith  tim e , to  be  described  w ith  aid 
o f  th e  laws of flow  o f c e r ta in  (m a te ria l) p roperties p ro p o rtio n a l to  th e  e x te n ­
sion  o f th e  su b stan ce . M ateria l p ro p ertie s  connected  w ith  th e  ex tension  of 
su b stan ce  are called  extensive quantities, such as v o lum e, m ass , energy, m o ­
m en tu m . B riefly , a ll p h en o m en a  in  engineering are transport processes to  be 
described  by  th e  b a la n c e  eq u a tio n  o f th e  ex tensive q u a n t i ty  in  question . B a l­
ance equations w r i t te n  for th e  ex tensive  q u an titie s  (th e  so-called  tra n sp o r t  
eq u a tio n s), c o n s titu te  th u s  th e  fu n d am en ta l law  of every  te c h n ic a l phenom e­
n o n  fo rm ula ted  in  m a th e m a tic a l language.
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T he V ariation  o f ex tensive  q u a n titie s  w ith  tim e  are  caused  b y  ex tensive  
c u rre n ts  as well as b y  sources or s inks of these  ex tensive  q u a n titie s . A  source 
o r a sink  is exp ressing  th e  c o n c e n tra te d  origin (ad d itio n ) or d isap p earan ce  
(ex trac tio n ) of an  ex ten siv e  q u a n ti ty .

E x ten siv e  c u rre n ts  are com posed  of convective an d  conductive cu rren ts .
C onvective c u rre n ts  are  easily  to  be ca lcu la ted  as th e  p ro d u c t o f flow  

v e lo c ity  v and  th e  ex tensive  q u a n ti ty .
C onductive c u rre n ts  are — as k n o w n  from  O nsager’s research  — p ro ­

d u ced  b y  intensive quantities y \  (e.g . te m p e ra tu re , s tre s s , density ) te n d in g  
to w a rd s  equa liza tio n . Since th e  m easu re  of inhom ogeneity  is sym bolized b y  
th e  y  o p era to r, th e  conduc tive  c u r re n t p roduced  b y  an  in ten siv e  q u a n tity  
y t is to  be ob ta in ed  b y  m u ltip ly in g  th e  g rad ien t o f th e  in ten s iv e  q u a n ti ty  b y  
th e  co n d u c tiv ity  La  o f th e  in ten s iv e  q u a n ti ty  in  q u estio n  (e.g ., in  th e  case of 
f lu id s , th e  co n d u c tiv ity  of m o lecu la r m om en tum  diffusion  is id en tica l w ith  
th e  dynam ic  v isco sity  g  of th e  f lu id ) . I t  was also On sa g er  w ho recognized 
th e  fa c t th a t  in d iv id u a l ex tensive  c u rre n ts  m ay  be p ro d u ced  jo in tly  b y  th e  
g ra d ie n ts  of severa l ch a ra c te ris tic  in ten s iv e  q u an titie s . I n  a w ay , th is  m eans 
th e  ta k in g  in to  acco u n t o f cross-effects.

A balance e q u a tio n  m ay  also b e  w ritte n  for th e  change of an  ex tensive  
q u a n t i ty  con ta ined  in  a ce rta in  v o lu m e . B u t since in  th e  m echanics o f flu id s  
(an d  th u s  also in  th e  in v es tig a tio n  o f  sed im en t tra n sp o r ta tio n )  th e  know ledge 
o f  loca l changes is w a n te d , i t  is e x p e d ie n t to  w rite  th e  b a lan ce  eq u a tio n  fo r th e  
change o f  density o f  the extensive q u an tity . In  th is  case one w ill h av e  to  consider 
c u r re n t d en sity  an d  source d en sity  (or sink density ) in s te a d  o f th e  c u rre n t, 
sou rce  an d  sink, re sp ec tiv e ly .

T h u s, th e  in te g ra l form  o f th e  gen era l balance eq u a tio n  w ill assum e, a fte r  
su b s ti tu tin g  th e  surface in teg ra l o f co n v ec tiv e  and  co n d u c tiv e  c u rren t densities 
th ro u g h  th e  vo lum e in te g ra l o f th e ir  d ivergence, th e  fo llow ing fo rm :

J ' dv/

at
div b ?  +  — L u

1=1

grad  y , -  4i ( 1 )

B u t since th e  above eq u a tio n  h o ld s  only  if  th e  in te g ra n d  is zero, one w ill 
a rr iv e  to

- ^  +  d iv
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viy  +  У  L it grad  y , 
i=i

i i (2)

T he d iffe ren tia l ba lance  e q u a tio n  th u s  o b ta ined  is b u t an  expression  
o f  th e  s ta te m e n t t h a t  a local v a r ia tio n  o f th e  density  r,- o f  th e  i- th  ex tensive  
q u a n t i ty  is th e  consequence o f th e  su rface  d ensity  of co n v ec tiv e  and  conduc­
tiv e  c u rre n ts , as w ell as o f th e  vo lum e d en sity  of sources.
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W hen  describ ing  eng ineering  p h en o m en a , th e  p rob lem  consists of find ing  
o u t th e  characteristic extensive and intensive quantities, the num erical value o f  
conductivities and the actual distribution  o f  source densities.

F in a lly , in  a d d itio n  to  th e  b a lan ce  eq u a tio n s, also th e  u n am b ig u ity  
conditions  should  be specified . T hese m ay  be lis ted , as i t  is know n, in to  four 
g ro u p s:

a) T he dom ain o f  in terpreta tion , i.e. specifications fo r th e  in te rv a l w here 
th e  v a riab les  of th e  e q u a tio n s  h av e  to  occur and  for th e  geom etric  confining 
o f  th e  system  in v e s tig a te d .

b) B oundary conditions  expressing  th e  te rm s of in te ra c tio n  betw een th e  
sy s tem  an d  its  en v iro n m en t.

c) In itia l conditions  defin ing  th e  s ta te  of th e  system  a t  th e  m om ent se­
le c te d  for beg inn ing  th e  in v es tig a tio n s . In  sed im ent- tra n s p o r ta t io n  research  
a s te a d y  s ta te  is u su a lly  assum ed , p e rm ittin g  th e  om ission of in itia l cond i­
tio n s .

d) Equations o f  state ch a rac te riz in g  th e  b eh av io u r of th e  w ork ing  m edium  
o f th e  system .

1.2. B alance equations for sediment transportation

S ed im ent t r a n s p o r ta t io n  shou ld  be considered  as a tw o -p h ase  flow . A c­
co rd in g ly , th e re  are  s e p a ra te  ba lan ce  eq u a tio n s  describ ing  th e  flow  of e x te n ­
sive q u a n titie s  co n n ec ted  w ith  th e  m o v em en t of w a te r  a n d  w ith  th a t  o f th e  
sed im en t.

W hen one a t te m p ts  to  give an  accu ra te  fo rm u la tio n  th e n , neg lecting  
e lec trica l, chem ical, o p tica l, acoustica l an d  bio logical e ffects from  th e  v e ry  
beg inn ing , one h as  to  w rite  u p  ba lance  eq u a tio n s  for fo u r ex ten siv e  q u an titie s , 
n am e ly  m ass, k in e tic  energy , in te rn a l energy  and  m o m en tu m , b o th  for th e  
w a te r  and  th e  sed im en t. T h u s, one w ill o b ta in  4 ba lance  eq u a tio n  for each of 
th e  phases, th re e  of w hich  being  sca la r equ a tio n s an d  one v ec to r eq ua tion .

W ith  reg a rd  to  th e  d iss ip a tio n  of k in e tic  energy , th e  eq u a tio n s  of k in e tic  
a n d  in te rn a l energy  m a y  be m erged  in to  a single eq u a tio n .

T he eq u a tio n s o f k in e tic  energy  an d  m om en tum , if  b a sed  upon  th e  sam e 
assu m p tio n s, are  n o t m u tu a lly  in d e p e n d e n t, i.e ., an y  of th e se  m ay  be derived  
fro m  th e  o ther.

W hen estab lish in g  ba lan ce  eq u a tio n s  for sed im en t tra n sp o r ta tio n  and  
assum ing  a s te a d y  flow , in itia l cond itions lis ted  u n d e r c) a re  o m itted  as a lread y  
p o in te d  ou t. B u t i t  is a b so lu te ly  n ecessary  to  define th e  o th e r  th ree  k inds of 
u n a m b ig u ity  eq u a tio n s .

F irs t o f all, th e  d o m ain  of in te rp re ta tio n  has to  be described . G eom etri­
ca lly , th e  dom ain  o f in te rp re ta t io n  is coincid ing w ith  th e  surfaces confin ing
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th e  w ate rcou rse , inc lud ing  th e  open surface. P h y sica lly , th e  dom ain  of in te r ­
p re ta tio n  is re s tr ic te d  to  perm issib le lim its  for th e  v a lu es  o f physica l va riab les .

W hen  dealing  w ith  b o u n d a ry  cond itions, one h as  to  clear up  possible 
in te rac tio n s  b e tw een  th e  system  in v es tig a ted  an d  its  en v iro n m en t. T hus e.g. 
in  th e  case in  q u es tio n , a p a r t  o f th e  suspended  sed im en t m ay  becom e d ep o sited  
a long  th e  b o u n d a ry  (th e  channel w all) or inverse ly , a p a r t  o f th e  bed m a te ria l 
m a y  becom e scoured  b y  flow ing w ater. T he ex istence  o f an  open su rface is 
e q u iv a len t to  th e  co n d itio n  of p ro h ib itin g  flu id  or sed im en t partic les  passing  
th ro u g h  it  in  e ith e r  d irec tion .

W h en  estab lish in g  th e  equa tions of s ta te , th e  com position  and  m a te r ia l 
p ro p e rtie s  of th e  sed im en t have  to  be specified u n am b ig u o u sly , as well as th e  
m o st im p o rta n t ph y sica l ch arac teris tics  of th e  flu id  (w ater).

I f  w ritin g  u p  th u s  th e  ba lance  eq u a tio n s of sed im en t tra n sp o r ta tio n , 
differences b e tw een  suspended  sed im en t tra n s p o r ta t io n  an d  bed-load  t r a n s ­
p o r ta tio n  will m an ife s t them selves w ith  re g a rd  to  u n a m b ig u ity  eq u a tio n s, 
or m ore specifically , th e  b o u n d a ry  cond itions. T h u s, fo r in stan ce , th e  m ost 
ch a ra c te ris tic  fe a tu re  of suspended  sed im ent tra n s p o r ta t io n  is th e  in te ra c tio n  
be tw een  th e  solid an d  flu id  phase , w hilst in  case o f bed -load - tra n sp o r ta tio n , 
th e  d isp lacem en t of solid pa rtic le s  along th e  bed -lo ad  covered  b o tto m  or th e  
se p a ra tio n  of solid p a rtic le s  from  th e  b o tto m  is m o st conspicuous.

T ab le  I  co n ta in s  th e  ex tensive  q u a n titie s  (a) of b o th  phases ( I  =  w a te r, 
I I  =  sed im en t), th e ir  cu rren ts  (b), th e ir  sources an d  sinks (c). W hen  es tab lish ­
ing  th e  ba lance  eq u a tio n s  (1 =  m ass b a lan ce , 2 =  ba lan ce  o f th e  k in e tic  
en erg y , 3 =  ba lan ce  o f in te rn a l energy and  4 =  b a lan ce  of m om entum ) in  
ag reem en t w ith  E q . (2), one will h av e  to  consider th e  d e n s ity  of ex tensive  q u a n ­
titie s  (a), th e  d e n s ity  o f ex tensive  cu rren ts  (b) an d  th e  d e n s ity  of th e  so u rc ­
es a n d  sinks (c), re sp ec tiv e ly .

E v en  from  th e  b r ie f  lis t o f T ab le  I  one w ill easily  perceive th e  in tr ic a te  
in te rre la tio n sh ip s  b e tw een  th e  tw o  phases, as w ell as b e tw een  th e  various b a l­
ance e q u a tio n s .

T h e  source o f energy  and  m om en tum  o f th e  tw o -p h ase  system  (i.e. th e  
sy s tem  in p u t)  is so lely  th e  energy  com m unica ted  th ro u g h  th e  lab o u r of m ass 
perfo rm ed  in  th e  g ra v ita tio n a l field  (if h e a t tra n s fe r  from  solar ra d ia tio n  or 
from  th e  su rro u n d in g  a ir is neg lec ted), to g e th e r  w ith  th e  m om en tum  t r a n s ­
fe rred  from  th e  fie ld  o f force. T h is source is au g m en tin g  eq ua lly  th e  energy  
an d  m o m en tu m  o f b o th  w a te r an d  sed im ent.

T he se ttlin g  of sed im en t is p roduced  b y  th e  e x te rn a l effect (g ra v ita tio n a l 
fie ld ) w hich also d e te rm in es th e  se ttlin g  v elocity .

Also th e  slope o f w a te r  m ovem ent is due to  th e  e x te rn a l field . A p a r t  o f 
th e  lab o u r ex e rted  b y  th e  g ra v ita tio n a l field  is used  u p  in  sed im en t t r a n s p o r ­
ta t io n , a n o th e r su b s ta n tia l  p a r t  is consum ed in  overcom ing  v a rio u s resis tan ces  
lin k ed  w ith  th e  m a in ten an ce  of m ovem en t (fric tio n , tu rb u le n c e , bends, e tc .).
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Table I

Balance equations of water and sediment

I. Water

a
extensive quantity

b
extensive current

c
extensive source 

(or sink)

1 . Mass balance mass convective zero, owing to continuity

2. Balance of 
kinetic 
energy

kinetic energy convective work of gravity field as 
source, energy trans­
fer to sediment and 
energy dissipation, 
both as sinks

3. Balance of 
internal 
energy

internal energy convective and 
conductive

energy dissipation as 
source

4. Balance of 
momentum

momentum convective and 
conductive

gravity field as source; 
transfer to sediment 
as sink

II. Sediment, i-th fraction

a
extensive quantity

b
extensive current

c
extensive source 

(or sink)

1 . Mass balance mass of i-th 
fraction

convective and 
conductive

comminution as a 
source (usually neg­
lected)

2. Balance of 
kinetic 
energy

kinetic energy of 
i-th fraction

convective work of gravity field, 
energy transferred 
from water, energy 
gain from collision 
are the three sources; 
energy dissipation of 
sediment motion as 
sink

3. Balance of 
internal 
energy

internal energy 
of sediment 
fractions

convective energy dissipation of 
sediment motion as 
source

4. Balance of 
momentum

momentum of 
i-th fraction

convective and 
conductive

field of the gravity, 
momentum received 
from water and from 
collision are the three 
sources; dissipation of 
sediment movement as 
sink
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O w ing to  in te rac tio n , a p a r t  of th e  k in e tic  energy an d  m o m e n tu m  of 
th e  w a te r  is tran sfe rred  to  th e  sed im en t. T he h o rizo n ta l co m p o n en t o f sed i­
m en t v e lo c ity  is th e  re su lt of th is  fa c t, b u t  also th e  rem ain in g  in  suspension  
o f th e  sed im en t in  th e  g rav ita tio n a l fie ld . T he d issipation  of k in e tic  en erg y  is 
in c reasin g  th e  in te rn a l energy of th e  p a r t ia l  system s w a te r and  sed im en t be ing  
in th e rm a l in te ra c tio n  (heat exchange). T here  is also a th e rm a l in te ra c tio n  
b e tw een  th e  w hole system  and  its  en v iro n m en t, being  som etim es in ten se  
enough  to  be responsib le in  m ost p ra c tic a l cases for changes o f in te rn a l energy  
o f th e  w a te r-sed im en t system . T his shou ld  n o t m ean  th e  absence o f  d iss ip a tio n  
b u t  a n  expression  o f th e  fac t th a t  co m p ared  w ith  ev ap o ra tio n  o f  w a te r  and  
w ith  h e a t  exchange betw een  th e  sy s tem  an d  its  en v iro n m en t, d is s ip a tio n  is 
n eg lig ib ly  low.

O u r a t te n tio n  should  now  be d e v o ted  to  th e  ex tensive  q u a n tit ie s  f ig u r­
ing in  T ab le  I ,  to  th e ir  cu rren ts  and sources as w ell as th e ir  den sities , b o th  in  
w a te r  an d  sed im en t, and  b y  using  c e r ta in  ap p ro x im ativ e  assu m p tio n s , also 
th e  b a la n c e  equ a tio n s should be e s tab lish ed .

1. M ass balances (1.1. and  1 . I I . )  

I. Water

1 ,1/a. F o r  w a te r, i f  the extensive q u a n tity  in  question is m ass then its den sity  is 
the mass density  p.
W a te r  is considered as an  incom p ressib le  hom ogeneous m ed iu m , its  

to ta l  d iffe ren tia l q u o tie n t accord ing  to  tim e  being  zero:

=  0 (3)
dt

E q . (3) m ay  otherw ise be w r it te n  as

—— +  V g rad  p =  0 (4)
91

w here p =  p(t, x) an d  v =  dx/dt, th e  flow  v e lo c ity  of w ater.

1.7/6. T h e  convective m ass-current d ensity  fo r w a te r is:

p v  (5)

w ith  v  b e ing  th e  v ec to r  of flow  v e lo c ity .
T h e  conductive mass-current d ensity  (also to  be te rm ed  au to -d iffu sio n ) 

can  be d isreg a rd ed  since, in  accordance w ith  a ssum ptions (3) or (4), a n y  m ass
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leav in g  th e  vo lum e e lem en t w ill he rep laced  b y  th e  sam e am o u n t of th e  sam e 
su b stance .

l . I /c .  T he mass- source density  for w a te r is assu m ed  to  be zero, i.e. th e  m ass 
c u rren t is source-free (excluding th u s  e.g. th e  case of w a te r decom po­
sition) and  hence

4t =  0 ( 6 )

F ro m  th e  above

l . J .  the mass- balance equation  for w a te r  w ill becom e

— - f d i v p y = 0  (7)
3 1

w hich , w ith  reg a rd  to  d iv  qy =  q d iv  v -)- v g rad  q and  to  E q . (4) m ay  be r e ­
w ritte n  as

9 Q
---- - -(- v grad  g -j- p d iv  v =  q d iv  v =  0

3 1

Since g 4  0, th u s  obv io u sly

d iv  v =  0 (8)

th a t  is, th e  m ass c u r re n t o f w a te r is source-free o r con tinuous. W e h av e  seen 
th a t  in  th e  m ass- b a la n c e  eq u a tio n  of w a te r  th e re  is no unknow n fac to r. II.

II. Sediment

1.11/a. A ccording to  o u r p resen t know ledge, th e  m ass of sed im ent d e ta iled  to  
its  g ran u lo m etric  frac tio n s is to  be d e te rm in e d  only ap p ro x im a te ly . I t s  
accu ra te  d e sc rip tio n  w ould re q u ire  a h igh  n u m b er of m easu rem en ts . 
I t  will be th e  ta s k  of fu r th e r  research  to  accom plish  th e  m a th e m a tic a l 
descrip tion  o f sed im en t frac tio n s b ased  u p o n  th e  p robab ilis tic  m odell 
o f Kolmogorov. I t  is to  be ascribed  to  d ifficu lties arising  in  th is  re sp ec t 
th a t  an  “ av e ra g e ”  g ra in  size is used  s till b y  th e  m a jo rity  of resea rch ers ,
i.e. th e  sed im en t is assum ed a m onod isperse  aggregate .
Subsequently , fo r  reasons o f  p rin c ip le , balance equations o f  the sedim ent 

w ill be written separately fo r  each fraction .
In  th e  case o f sed im en t, the density o f  the extensive quantity is the m ass 

density  q1 o f  the sedim ent. I f  th e  n u m b er of f rac tio n s  considered  is i =  1, 2 ,. . . ,  n , 
th e n  th e  density o f  the extensive quantity  m a y  be  d en o ted  as p1;l.
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1 .I I /b .  F o r th e  sed im ent, th e  convective m ass-current density  of th e  i- th  fra c ­
tio n  w ill be

Qi,t уы (9)

w here  is th e  velo c ity  v e c to r  o f  th e  i- th  frac tio n .
T he conductive m ass-current density  is te rm e d  tu rb u le n t d iffusion  and , 

b y  ana logy  of th e  m olecular d iffu sion , it  is ca lcu la ted  as th e  p ro d u c t o f a c e r ta in  
coeffic ien t o f tu rb u le n t diffusion eh,i (a special k in d  of th e  coefficien t o f  con­
d u c tiv ity )  an d  th e  g rad ien t o f m ass d en sity . A ccord ing ly , th e  conductive mass- 
current density  w ill he

eh.i g rad  qu  (10)

l . I I / c .  In  th e  case of a m onodisperse  sed im en t, th e  question  of “ m ass sou rce”  
does n o t even arise. B u t an  accu ra te  d iscussion — th e  in v e s tig a tio n  of 
se p a ra te  frac tions — req u ires  th e  d esc rip tio n  o f how , affec ted  b y  w h a t 
forces an d  a t  w h a t speed th e  co m m in u tio n  of g rea te r  pa rtic le s  in to  sm al­
le r ones occurs, or w h a t th e  m ass source of each frac tio n  does like  to . 
O bv iously , th e ir  sum  fo r th e  w hole sed im en t is equalling  zero.
The source density o f  the i-th  fra c tio n  is F o r th e  to ta l  o f th e  frac tio n s  

i  =  1, 2, . . n  one has

i=1

In  ag reem en t w ith  th e  fo regoing , 1.77. the m ass balance equation o f  the 
sedim ent fo r  the i-th  fraction  w ill he , b y  ap p ly in g  E q . (2):

~ ~  h d iv  (pi ,■ V/j,+ Sfj j g rad  i)~ q h  < (H )
81

C o n tra rily  to  th e  mass- ba lan ce  e q u a tio n  o f w a te r, one has to  m eet severa l 
d ifficu lties in  de term in ing  ce rta in  te rm s  of E q . (11).

T he f irs t  o f unknow ns is th e  v e lo c ity  v e c to r  V/, ,■ of th e  i- th  frac tio n  itse lf. 
I n  th e  case of suspended sed im en t, th is  d ifficu lty  m ay  ra th e r  easily  be o v e r­
com e b y  m ak in g  th e  very  good assu m p tio n  o f sed im en t p artic les h av in g  th e  
sam e v e lo c ity  v as w a te r has. W ith  reg a rd  to  th e  velo c ity  v ec to rs, th is  co n d i­
tio n  m a y  be  expressed  as

V„ =  V (12)

an d  as fa r  as th e  velocity  com p o n en ts  are  concerned , if  th e  sed im en t h a s  a 
se ttlin g  v e lo c ity  со, one w ill h av e

vhx =  vx a n d  vhy — vy ~~ C° (13)
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I n  th e  case of bed  lo a d , how ever, th is  a p p ro x im a tio n  is a lread y  n o t p e r ­
m issib le.

T h e  c o n d u c tiv ity  to o , is n o t a c c u ra te ly  know n. A ccording to  re sea rch  
c o n d u c ted  so far, its  v a lu e  does n o t d ev ia te  su b s ta n tia lly  from  th e  c o n d u c tiv ity  
of m o m e n tu m . In  fac t, w h en  dealing  w ith  su sp en d ed  sed im ent, one m akes use 
of th e  a ssu m p tio n  of th e  tw o  co n d u c tiv itie s  b e ing  equal, a lth o u g h  c e r ta in  ex ­
p e rim e n ts  show  th e  c o n d u c tiv ity  of sed im en t s ligh tly  h igher, o th e rs  again  
s lig h tly  low er th a n  th e  co n d u c tiv ity  of m o m en tu m . I t  should be m en tio n ed  here 
too , t h a t  fo r th e  sake of s im p lic ity , th e  c o n d u c tiv ity  of sed im ent is o ften  re ­
g a rd ed  as a  scalar m a g n itu d e .

T h e  d e te rm in a tio n  o f  c o n d u c tiv ity  fo r b ed -load  m ovem ent is one of th e  
p ro b lem s to  be solved b y  fu tu re  research .

I t  is a d ifficu lt ta sk  to  fin d  th e  source d e n s ity  g, in  th e  m ass b a lan ce  of 
th e  i- t l i  frac tio n . The d im ensions of a p a rtic le  are  obviously  reduced  th ro u g h  
re p e a te d  collisions an d  ro lling . T h is fac t re p re se n ts  a loss or a sink  fo r one 
fra c tio n , b u t  a gain or a source fo r o th e r  sm alle r frac tio n s , as a ru le . T h is d iffi­
c u lty  m a y  be  overcom e in  th e  case of n o t- to o - w ide size in te rv a ls , b y  using  a v e r­
age g ra in  sizes and  b y  assum ing  the mass o f  sedim ent to be source-free.

T h ere  is an o th e r re m a rk  to  be m ade concern ing  m ass balances. I n  p r in ­
cip le, m ass balance of w a te r  an d  th a t  of sed im en t are m u tu a lly  in d ep en d en t. 
T he tw o  equ a tio n s h av e  no  te rm  in com m on. W ith  regard  to  th e  cond itions 
assu m ed  fo r w a te r (incom pressib ility , ho m o g en e ity , absence of decom posi­
tio n ) th e  m ass balance o f w a te r  is ch a ra c te ris tic  on ly  of p ro p erties  an d  s tream - 
flow  co n d itio n s of th e  liq u id  phase . W hen  d ea ling  sep ara te ly  w ith  th e  tw o  m ass 
b a lan ces , th a t  of w a te r is p lay in g  a role so lely b y  in tro d u c in g  th e  a p p ro x im a ­
tio n  Vft,- V.

2. Balances o f  kinetic  energy (2.1. and  2 .I I . )

2 .1 ja . I n  th e  case of w a te r , k in e tic  energy  is ca lcu la ted  as th e  p ro d u c t o f m ass 
a n d  th e  square o f th e  m ean  flow  v e lo c ity , t h a t  is, k in e tic  energy  o rig in a ­
t in g  in  v e loc ity  p u lsa tio n , is n eg lec ted :

M v 2
2

W ith  g as th e  m ass d en sity , the density  o f  this extensive quan tity  w ill be:

—  QV2 (15)
2

2.1/b. A s fa r  as th e  k in e tic  energy of w a te r  is concerned , only  i ts  convective  
c u rre n t

( 16 )
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is ta k e n  in to  acco u n t. H ence, th e  surface density  o f  the current o f kinetic  
energy as an  ex tensive  q u a n ti ty  will be:

1

2
(q  v 2) v (17)

2.1/c. T he  only  source increasing  th e  k in e tic  energy  is th e  w ork  perfo rm ed  in  
th e  g rav ity  fie ld . T h u s, fo r a flu id  of th e  m ass M ,  th e  energy  gain  p er 
u n it  tim e , i.e. th e  “ acce lera tion  w ork”  of th e  fie ld  is th e  source

(18)

w ith  v/2 being  th e  average  velo c ity . The source density  on th e  o th e r h an d  
w ill be

(19)

T h is  gain o f  energy , (or energy  source) is, how ever, c o u n te ra c ted  b y  several 
k in d s o f  energy  loss (or energy  sink) from  th e  p o in t o f k in e tic  energy  balance 
of th e  w a te r . T he m ost im p o r ta n t ones am ong th e se  are  th e  w ork  perfo rm ed  in 
sed im en t tra n s p o r ta t io n  an d  th e  energy  used u p  in  overcom ing  th e  in te rn a l 
fr ic tio n  o f th e  w a te r h av in g  a k in em atic  v iscosity  v, te rm e d  as energy d issipa ­
tion. C om pared  w ith  th e  com p lex ity  of th is  phenom enon , th e se  tw o energy 
d iss ip a to rs  can  be d e te rm in ed  re la tiv e ly  easily  an d  th e  rem ain in g  e rro r due to  
neg lec ted  effects is s till adm issib le .

T h e  m oving  of th e  sed im en t of m ass M x w ill red u ce  th e  k in e tic  energy 
of th e  w a te r  in  u n it  tim e  b y  th e  loss

3 ’ M -fv  — vh)2 "
31 2

( 20 )

I f  deno tes th e  m ass d en sity  of th e  sed im en t, the s in k  density  will be:

1 Q6i(v -  V hf
2 3t

( 21)

As i t  is know n, th e  fric tio n  force ac ting  u p o n  th e  u n it  m ass of an  incom ­
pressib le  flu id  is expressed  b y  th e  te rm

vV2v (22)

T h u s , w hen d e te rm in in g  th e  energy  d iss ipa tion  of th e  m ass M  th ro u g h  
in te rn a l fric tio n , an d  assum ing  th e  average v e loc ity  v/2 co rrespond ing  to  th e  
w ork  o f acce lera tion , th is  d iss ip a tio n  is

1

2
( ry 2 v )M  v ( 2 3 )
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or, in  te rm s of the corresponding s in k  density:

1

2
( r y 2 y ) q  V ( 2 4 )

W ith  regard  to  th e  above,

2.1. the balance equation o f  kinetic  energy o f  the water w ill becom e, in  ag reem en t 
w ith  E q . (2):

1 3 QV2 1 . 1 1 — vh)2
-------------- ------ d iv  o r v  =  —  о в  V ----------- — -------- —------
2 81 2 2 2 81

—  (VV2 v)e V (25)

W hen estab lish ing  th e  b a lan ce  e q u a tio n  of th e  k in e tic  energy  o f w a te r, 
an  ap p ro x im atio n  is ap p lied  w hen  neg lec ting  th e  k in e tic  energy  com ing from  
v e lo c ity  pu lsa tion , w h ich , in  p rin c ip le , appears also in  connec tion  w ith  th e  
v e lo c ity  \ h of th e  sed im en t.

In  th e  case of su sp en d ed  sed im en t, assum ptions expressed  in  E qs (12) and  
(13) m ay  he used fo r th e  sed im en t v e lo c ity  \ h. I t  is obv ious, how ever, th a t  
th is  assum ption  m u st n o t  be ap p lied  to  bed  load .

II. Sediment

2 . I I /a .  In  th e  case o f sed im en t, k in e tic  energy  is to  be d e a lt w ith  exped ien tly  
in  a separa te  w ay  fo r each  fra c tio n . I f  M 1|( is th e  m ass o f th e  i- th  fra c ­
tio n . (i — 1, 2, . . . ,  n), an d  Vfrj th e  m ean  v e lo c ity  o f th e  sam e, th e n , 
b y  neglecting  th e  k in e tic  en erg y  com ing from  v e lo c ity  p u lsa tio n , th e  
k inetic  energy w ill be

2
(26)

The density o f  th is extensive quantity  is, ol ; be ing  th e  m ass d en sity  of 
th e  i-th  fra c tio n :

(27)

2 ./7 /6 . In  th e  case o f  sed im en t to o , th e  convective c u rre n t o f th e  k ine tic  
energy is on ly  ta k e n  in to  acco u n t: 28

M i . t v l i
’ lui (28)
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F rom  E q . (28) th e  surface current density o f  the k inetic  energy current o f  
the sediment as an  ex ten siv e  q u a n tity  will be

у  fel.í*>lí)vM (29)

2.11/c. The kinetic  energy o f  the i-th  fraction  o f the sedim ent is increased  b y  a 
source c o n ta in in g  w ork  o f th e  g rav ity  field  as w ell as th e  energy t r a n s ­
ferred  b y  s tre a m in g  w a te r.

F or th e  i- th  sed im en t frac tio n  of th e  m ass М ц ,  th e  energy gain  
p e r u n it tim e  (i.e. th e  source) can  be ob ta ined , w ith  1/2 V/y as th e  average 
velocity  as

Y ^ i . / g  ▼m  (30 )

A ccordingly , th e  source density  is:

1
y  e t ,/g  VM (31)

O bviously, th e  k in e tic  energy  tran sfe rred  fro m  th e  w a te r is id en tica l 
w ith  th e  energy loss (20) su ffered  b y  th e  w ater. T h e  on ly  d ifference is th a t ,  
w h ilst estab lish ing  th e  b a lan ce  o f k in e tic  energy of th e  w a te r , th e  to ta l  am o u n t 
o f th e  sed im ent w as ta k e n  in to  a cco u n t, now th e  i- th  f ra c tio n  w as in v estig a ted  
only . T h u s, th e  i- th  fra c tio n  w ith  a m ass M 1(- will ga in  an  energy  of

9 [ M ^ t i v h ' t -  v)2 ~
dt 2

(32)

from  th e  s tream ing  w a te r . H ence , the source density o f  k ine tic  energy will b e ­
com e:

1 8£ l , i ( v h. i  ~  v)2
2~ dt

One m ay s till conceive th e  collision of th e  i- th  f ra c tio n  w ith  those  of a 
h ig h er ve locity  as a n o th e r  source o f energy. On th e  o th e r  h a n d , a collision 
w ith  frac tions h av in g  a low er v e lo c ity  constitu tes  an  energy  loss for th e  i- th  
frac tio n . E x p ec ted ly , th e  sum  of th e se  tw o kinds o f collision  m ay  re su lt in  a 
neg lig ib ly  sm all change of th e  energy .

N evertheless, th e  b a lan ce  eq u a tio n s  of sed im en t b e ing  referred  to  th e  
i- th  frac tio n  onlv, i t  is usefu l to  d e te rm in e  th e  source o f k in e tic  energy y ielded  
b y  collisions.
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L e t N i be th e  n u m b e r o f p a rtic le s  of th e  i- th  frac tio n s , a n d  N k t h a t  o f 
th e  fc-th frac tio n .T h e  o v era ll n u m b e r of p a rtic le s  of all frac tio n s , IVis defined as

IV =  J  N t
i = 1

N ow , the  i- th  f ra c tio n , h av in g  a v e lo c ity  v ft (-, w ill o b ta in  fro m , or tr a n s ­
fe r to ,  th e  k-th  fra c tio n s  (w ith  к  —  1, 2 , . . ., га and  к ^  i) a  m o m en tum  of

n N
- ▼ * . ' )  — j  (34)fc=i N1Ф к

i f  is th e  c o n d u c tiv ity  of m o m en tu m . I f  th e  sca lar p ro d u c t o f  th is  source 
or s in k  density  of th e  m o m en tu m  o f th e  i- th  frac tion  of sed im en t w ith  1/2 v/, ,- 
is ta k e n ,  th is a lread y  m eans th e  source density  o f  kinetic  energy arising out o f  
collisions. In  m a th e m a tic a l te rm s:

1 "  /V
4h. i =  —  y h. i 2  L ik (vA>ft -  v ft> i) —  (35)

2 k= 1 N1Ф к

H ere it should  be  n o te d  th a t  since an  energy exchange w ith in  th e  w hole 
m ass  of th e  sed im en t does n o t a ffec t th e  to ta l  energy o f th e  la t te r ,  for th e  
e n t i r e ty  of th e  n f ra c tio n s  th e  re la tio n sh ip

2 q h, i  =  0  (36)
i=i

w ill obviously h o ld .
T he effect o f collisions being  a lread y  ta k e n  in to  a c c o u n t in  th e  above, 

the s in k  reducing the k in e tic  energy o f  the i-th fraction  is on ly  th e  w ork  arising  
o u t  o f  friction . I t  is n o t  possib le e ith e r , to  ca lcu la te  th e  en e rg y  loss due to  fr ic ­
t io n  accurately . B u t b y  m ak in g  ce rta in  assum ptions, th e re  is a possib ility  
fo r  th e ir  being e s tab lish ed  ap p ro x im a te ly .

L et Fj be th e  to ta l  a rea  exposed  to  fric tion  of sed im en t p a rtic le s  p e r ta in ­
in g  to  th e  i- th  f ra c tio n  w ith  a m ass M-yi.

Also, le t us su ppose  th e  d ev e lo p m en t of a c e r ta in  sh ea r stress

г M  (37)

o v e r  th e  area F,- ow ing to  th e  v e lo c ity  difference b e tw een  w a te r  an d  sed im ent. 
I f  th e  absolute v a lu e  o f th e  average  v e lo c ity  difference b e tw een  w a te r an d  
se d im e n t is J  v — Vft ,- [ th e n  th e  energy  loss p er u n it tim e , or in  o th e r te rm s ,
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th e  w ork done b y  fric tion  forces in  u n it  tim e  y ields a lread y  a fo rm u la tio n  for 
th e  energy  sink  w an ted :

* tu F i I v — y \ i  I (38)

A p p ro x im a te ly , th e  to ta l  v o lu m e  of th e  i- th  fra c tio n , h av in g  a m ass 
M 1i and  a d e n s ity  p1;i- will be:

V  M *-*V 1,1 --
Qi,t

(39)

T he sink  d e n s ity  can obv iously  he  o b ta in ed  b y  d iv id ing  th e  sink  o f (38) 
b y  F j i. T h u s, th e  sink  d en sity  w ill be :

B u t since

4 . t F i I v vh,i I

F ilM  i, i  =  <Pi

(40)

(41)

is ex a c tly  th e  su rface- per- u n it m ass o f th e  i- th  fra c tio n , te rm ed  th e  specific  
surface, i t  w ill be m ore  conven ien t to  w rite  (40) in  th e  form

t h ,i(Pi I v  — yh,i I Qi.t (42)

w hich  also m akes a p p a re n t th a t  fo r c o n s ta n t v a lues of тh,h v an d  v^/, th e  t r a n s ­
fer o f energy  w ill h e  in  a lin ear p ro p o rtio n  to  th e  specific  a rea .

A ccord ing  to  th e  co n sid e ra tio n s m ade so fa r

2 .I I .  the balance equation o f  k inetic  energy o f  the i-th fraction  w ill be , in  ag ree­
m e n t w ith  (2):

-  *h.i<Pi\v — eXi, (43)

In  th is  b a lan ce  eq u a tio n  to o , th e  assu m p tio n  of th e  k in e tic  energy  o rig i­
n a tin g  in  v e lo c ity  p u lsa tio n  being  neglig ib le , is a d o p te d . T he d e te rm in in g  o f 
V/, fo r suspended  sed im en t is possib le h ere  to o , accord ing  to  (12) and  (13). In  
th e  case o f bed  lo ad , th is  is o bv iously  n o t adm issib le.
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In  order to  ca lc u la te  the  energy  source o rig in a tin g  in  p a rtic le  collision, 
one h as  to  know  th e  c o n d u c tiv ity  o f m o m en tu m . B y  assum ing  a m onodisperse 
se d im e n t, th is  d iff ic u lty  is to  be d isca rd ed .

Also th e  d e te rm in a tio n  of fr ic tio n  losses, rep resen tin g  an  energy  sink , is 
o n ly  an  ap p ro x im a te  one b u t in  ou r op in ion  th e  d isc repancy  arising  th e re o f 
is s till  to le rab le .

Also it  should  be  p o in ted  o u t th a t ,  if  th e  ran g e  of p a r tic le  sizes is n o t too  
la rg e , i t  seems to  be  m ore exped ien t to  w rite  u p  th e  balance  eq u a tio n  of k in e tic  
en erg y  of th e  sed im en t fo r th e  w hole m ass o f th e  la t te r ,  b ased  u p o n  average  
v e lo c ity , p artic le  d ia m e te r  and  m ass d e n s ity . T h is ap p ro x im a tio n  to o  seem s 
to  be  ad v an tag eo u s , p a rtic u la r ly  fo r su sp en d ed  sed im ent.

3. Balances o f in ternal energy (3.7 and 3 .11)

A change o f th e  in te rn a l energy  can  m an ife s t itse lf  in  te m p e ra tu re  changes 
o n ly , since th e  re sp ec tiv e  m asses o f w a te r  an d  sed im en t are  in v ariab le ,
i.e ., th e  system  h as a c o n s tan t vo lu m e an d  c o n s ta n t m ass.

T he tw o-phase  system  com posed o f w a te r  an d  sed im en t, as i t  has been  
a lre a d y  said in  th e  foregoing, is in  a th e rm a l in te ra c tio n  w ith  its  en v iro n m en t, 
t h a t  is, w ith  th e  a ir  a t  th e  open su rface  an d  w ith  th e  soil along th e  sides and  
b o tto m  of th e  ch an n e l. I t  is a fa ir  a p p ro x im a tio n  to  assum e th e  tw o -p h ase  
sy s tem  being in  a th e rm a l equ ilib rium  w ith  th e  soil. T he in te ra c tio n  w ith  th e  
a ir  is depending  u p o n  w eath er co n d itio n s an d  appears p a r t ly  as a w arm ing-up  
or cooling-dow n, p a r t ly  as e v ap o ra tio n . I t  h as  been  s ta te d  a lread y  th a t  th e  
in te rn a l  energy o f th e  system  m ay  be  m od ified  to  a h igh e x te n t due to  in te r ­
ac tio n s  w ith  th e  a tm o sp h ere . In  sp ite  of its  in fluencing  th e  cond itions fo r fric ­
t io n  th ro u g h  th e  v isco sity , how ever, th is  change of th e  in te rn a l energy  has 
h a rd ly  any  b ea rin g  u p o n  sed im ent m o v em en t. T herefo re, w ith  reg a rd  to  th e  
in te rn a l  energy, i t  ap p ears  ju s tif ie d  to  neg lec t in te rac tio n s  w ith  th e  en v iro n ­
m e n t in  sed im en t inv estig a tio n s.

T he en tire  su rface  area o f sed im en t p a rtic le s  is in  c o n ta c t w ith  w ate r. 
T h is holds especially  fo r suspended sed im en t. A ccord ingly , sed im en t an d  w a te r 
a re  in  an  a lm ost p e rfec t th e rm a l eq u ilib riu m . T his fa c t m akes th e  b a lance  
e q u a tio n  of in te rn a l energy of th e  sed im en t superfluous.

C onsequen tly , one m ay th u s  w rite  u p  th e  balance  eq u a tio n  o f in te rn a l 
en erg y  b y  considering  th e  tw o phases  as a single system .

I. Water -|- II. Sediment

3.7 . — 77/a. T he to ta l  m ass of th e  w a te r-sed im en t system  is (M  -)- M f)  an d  
its  to ta l  vo lu m e ( V  V j), hence  th e  m ass d en sity  o f th e  m ix tu re  of
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w ater and  sed im en t will be

6z
M + M ,

(44)
V + V ,

and  th e  density  o f  in ternal energy as an  ex ten siv e  q u a n t i ty  will be

ez =  Qzct (45)

w ith  i[0 ]  be ing  th e  te m p e ra tu re  and c[E /M 0 ]  th e  specific h ea t.

3 . / . — II /b . T he convective current of in te rn a l energy  o f  th e  w ater-sed im en t 
system  is

(M  +  M fjctY  (46)

hav ing  a su rface  c u rre n t d en sity  of

(47)

T he conductive current density  o f in te rn a l energy  m a y  be  — analogously  
to  m ass cu rren t d en sity , — defined  as th e  p ro d u c t o f  th e  coefficient of h e a t 
tra n sfe r

E  1 (48)
T L O

an d  th e  te m p e ra tu re  g rad ien t t [0 ] ,  A ccordingly, th e  co n d u c tiv e  cu rren t d en ­
s ity  of in te rn a l energy  w ill be

A grad  t (49)

3 .J .— I I /c .  T he source o f  in ternal energy of th e  w a te r-sed im en t system  will be 
iden tica l w ith  th e  d iss ip a tio n  of k inetic  energy  o f  w a te r  and  sed im ent, 
since in fluences o f th e  en v iro n m en t h av e  been  excluded .
In  th e  case of water, th e  source d ensity

—  ( v S 7 2y ) q\ (50)

corresponding  to  (24) is to  be used im m ed ia te ly . F o r  th e  sediment, th e  
d issipation  of

Thti(pt I y  — y m  I Qu as described  in  (42) 

m u st be sum m ed  fo r all th e  frac tions i =  1, . . ., n , in  o rder to  w rite
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u p  th e  source d e n s ity  o f in te rn a l  energy, since (42) re fe rs  to  th e  i-th  
frac tio n  only.

n
F o r a sed im ent w ith  a to ta l  m ass o f M 1;i, th e  o v era ll su rface  a rea  of all

П i  =  1
p a rtic le s  (IV) exposed to  fr ic tio n  is ^  F ,.

i= i
L e t us assum e th e  average  v a lu e  o f  shear stress over th is  su rface  area  to  be

4  (51)

a n d  le t  Vft be th e  av e rag e  v e lo c ity  o f  partic les  of all th e  fra c tio n s . T hen , th e  
w o rk  perform ed b y  fr ic tio n  forces in  u n i t  tim e  will he on th e  average

F ,  I V -  V,, I (52)
i=i

w h ich  is a lready  th e  source o f  in terna l energy wanted. I f  th e  sed im en t has an  
av e rag e  m ass d en sity  pl5 th e n  th e  to ta l  vo lum e of all sed im en t p a rtic le s  is

J  M u
V  y =  — -------  (53)

Si

d iv id in g  by  w hich th e  te rm  (52) th e  source d ensity  is o b ta in e d . If , by  analogy 
to  (41) one in tro d u ces fo r all se d im e n t frac tions th e  av e rag e  specific surface 
re fe rr in g  to  th e  m ass u n it

n

< P i = - ^ -------  (54)

2 M id
i=i

th e  source density o f  in ternal energy originating fro m  the energy dissipation  o f  
the sediment w ill becom e:

W i  I v — v/. I ?i

In  ag reem en t w ith  th e  fo rego ing ,

(55)

3 .1 —- I I .  the balance equation o f  in terna l energy o f  the water-sedim ent system  is

0в 1
- r -  +  d iv  (ez V -  я  g rad  t) =  —  ( r v 2 v )ev +  t „  (P! I V -  v ft I (56)

at 2
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T h e d e te rm in a tio n  of severa l fa c to rs  in  th e  balance  e q u a tio n  (56) is m e t 
w ith  d ifficu lties . A m ong o thers, fu r th e r  in v estig a tio n s an d  ex p erim en ts  are  
n eed ed  in  o rd e r to  be  able to  d e te rm in e  th e  values of т and  Vf,.

D esp ite  ap p ro x im atio n s in tro d u c e d  d u rin g  its  d e riv a tio n , th e  b a lan ce  
e q u a tio n  is fa ir ly  ch a rac te ris tic  fo r th e  in te rn a l energy o f th e  w a te r-sed im en t 
sy s tem  iso la ted  from  in te rac tio n s w ith  th e  en v iro n m en t.

E v e n  if  reg a rd in g  th e  v e ry  s u b s ta n tia l  in te rac tio n s  of th e rm a l c h a ra c te r  
b e tw een  th e  sy s tem  and  its  e n v iro n m e n t, one w ill be convinced  easily  th a t  
in te rn a l energy  is n o t of a decisive im p o rtan ce  up o n  th e  phenom enon  of sed i­
m e n t tra n s p o r ta t io n . T hus, m ost o f th e  in v es tig a to rs  m ake a use of th is  o p p o r­
tu n i ty  b y  n eg lec tin g  th e  in te rn a l en e rg y  in  th e  course of inv estig a tio n s.

4. M om entum  balances (4 .1 and  4 . I I )

I. Water

4 .I ja . T he  m om entum  of w ater is c a lc u la ted  as th e  p ro d u c t of m ass an d  average  
v e lo c ity

M v (57)

b y  neg lec tin g  m om en tum  p ro d u c e d  b y  velo c ity  p u lsa tio n .
The density  o f  this extensive q uan tity  is

gv (58)

4 .1/b. As fa r as th e  m om entum  current o f w a te r  is concerned, b o th  convective  
a n d  c o n d u c tiv e  cu rren ts a re  ta k e n  in to  accoun t.
T h e  surface density  o f convective current is equal to  th e  dyad ic  p ro d u c t of 
m o m en tu m  d e n s ity  and  th e  v e c to r  o f s tream flow  ve lo c ity :

QYOY (59)

T h e  surface density  o f conductive current m ay  be  considered  as th e  tim e  
average  o f th e  dyad ic  p ro d u c t o f  p u lsa tio n -m o m en tu m  d en sity  an d  v e c to r - 
o f-p u lsa tio n  ve lo c ity :

gv' о v ' (60)

4.1/c. T h e  o n ly  m o m en tu m  source fo r  w a te r  as well as th e  on ly  source o f its  
k in e tic  en erg y  is due to  th e  fie ld  o f g ra v ity . T hus, th e  source density  o f  
m om entum  w ill be

eg (61)

A loss of m o m en tu m  occurs th ro u g h  m o m en tu m  tra n sfe rre d  to  th e
sed im en t frac tio n s  i =  1, . . ., n  an d  a n o th e r m o m en tu m  is lo s t t h a t
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equals th e  d iss ip a tio n  of k in e tic  en erg y  o f w a te r. These tw o s in k  den­
sities o f  m om entum  a re  to  be considered  as follow s.

The in ten s iv e  q u a n tity  ch a rac te riz in g  m om en tum  exchange is 
th e  velocity . I f  th e  v e lo c ity  of th e  i- th  frac tio n  is v ft th e  n u m b er of its  
pa rtic le s  N i, an d  th e  source c o n d u c tiv ity  o f m o m en tu m  L,-, th e n  th e  
m o m en tum  tra n s fe r re d  to  th is  fra c tio n  w ill be

L i(vhj  — v)lVf (62)

I f  th e  overall n u m b e r  of p a rtic le s  o f a ll frac tio n s  is N ,  t h e n  th e  s in k  den­
s ity  o f  m om entum  w ill becom e

^ L i{yh.i -  ▼) (63)
i = i JV

T he o ther k in d  o f m o m en tu m  loss is ow ed to  viscous stresses, to  be g iven 
in  case  o f incom pressib le flu id s  as

( r y 2 v )e (64)

B y  m u ltip ly ing  th is  te rm  b y  v/2, E q . (24) describ ing  th e  d iss ip a tio n  losses 
o f k in e tic  energy, w as d erived .

W ith  regard  to  th e  foregoing,

4 . / .  the m om entum  balance equation o f  the water w ill be, in  accordance w ith  (2)

3fovl --------  n N-
-------- - +  D i v ( ç v o v  +  QV O V  ) =  Qg -f- y / L i {v M — v ) — -  — ( r y 2 v )g  (65)

31 JT"i N

II. Sediment

4 . I I fa .  T he m om entum  o f  the i-th frac tion  o f sed im en t is to  be o b ta in ed  as th e  
p ro d u c t of th e  av e rag e  velo c ity  V/^, o f  th e  sed im en t an d  th e  m ass M l t i :

M i , N h , i  (66)

T hus, the m om entum  density o f  the i-th  frac tion  is

Q i . N h . t  (67)

4 . I I /b .  Also in  case o f the m om entum  current o f  sedim ent, b o th  convective  an d  
conductive c u rre n ts  are ta k e n  in to  accoun t.
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T he surface density  o f  convective current is th e  d y ad ic  p ro d u c t  o f  m om en­
tu m  d en sity  and  th e  velo c ity  v e c to r  o f th e  i- th  fra c tio n

(?l,/Vft./OVM (68)

T he surface density o f  the conductive current m ay  be  o b ta in e d  sim ilarly , 
as a tim e  average of th e  p ro d u c t of th e  p u lsa tio n  m o m en tu m  d e n s ity  an d  th e  
v e c to r  of pu lsa tio n  velocity

e i , i 4 / ° 4 i  (69)

4i.II/c . The m om entum  o f  the i-th fra c tio n  o f  sediment is a u g m e n te d  p rim arily  
b y  th e  g rav ity  fie ld  as a source. A ccordingly , th e  source density  o f  mo­
m entum  o f th e  sed im en t m ay  be  w ritte n  as

eMg (70)

A n o th er source of m o m en tu m  is th e  m om en tum  tra n s fe r re d  from  th e  
w a te r. The d en sity  o f th is  source o f m om en tum  is, acco rd ing  to  (62):

L i(yh,i — v) (71)

A nd fin a lly , a source o f m o m en tu m  for th e  i- th  f ra c tio n  m a y  be th e  ex ­
change of m om en tu m  occurring  a t  th e  collision w ith  th e  frac tio n s  к  =  
=  1, . . ., n  b u t  к i. I f  th e  v e lo c ity  o f th e  fe-th f ra c tio n  is \ k k and  
th e  m om en tum  co n d u c tiv ity  b e tw een  th is  and  th e  i- th  f ra c tio n  is 
th e n , th is  m o m en tum  source d e n s ity  will be

V T ; . N k
L ik( \h ,k — v„ •) — -

/£=1 N
k^i

A loss o f  m om entum , a s in k , is c o n s titu te d  b y  th e  m o m en tu m  co rresp o n d ­
ing  to  th e  fric tion  energy  accom pany ing  sed im ent tr a n s p o r ta tio n . T h is sink 
m a y  be o b ta ined  from  th e  sink  d en sity  o f (42) referring  to  th e  d iss ip a tio n  of 
k in e tic  energy  of sed im ent

*h,i<Pi I V  —  \ K i  I Qb i

b y  ta k in g  its  scalar p ro d u c t w ith  2v- 1 . T h u s , th e  m om entum  sin k  density  arising  
out o f  the fr ic tion  taking place during the movement o f the i-th fra c tio n  w ill he

24 â  I v — I v_1ei,/ (73)

W ith  reg ard  to  th e  above,

(72)
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4 . I I .  the m om entum  balance equation o f the i-th  sedim ent fra c tio n , based  also 
u p o n  (2), will becom e

(74)

In  th e  case o f th e  m o m en tu m  balance  e q u a tio n  o f th e  sed im ent, all th e  
cond itions and s ta te m e n ts  h o ld  th a t  were m en tio n ed  in  re la tio n sh ip  w ith  th e  
b a lan ce  equation  o f k in e tic  energy  of th e  i- th  f ra c tio n .

T he m o m en tu m  b a lan ce  equations are  in te rd e p e n d e n t, if  w ritten  u p  by  
u s in g  th e  sam e co n d itio n s  an d  neglections as in tro d u c e d  in to  th e  balance e q u a ­
tio n s  of k inetic  en erg y , as i t  h as  been  a lread y  p o in te d  o u t.

As it  m ay be  seen from  th e  foregoing, b a lan ce  eq u a tio n s  of k ine tic  energy  
can  be derived fro m  m o m en tu m  balance  eq u a tio n s  th ro u g h  ca lcu la ting  th e  
sca la r p roduc t th e  la t t e r  ones b y  v/2.

N evertheless, th e re  are  ce rta in  d ifferences b e tw een  th e  tw o system s of 
b a lan ce  eq u a tio n s, as th e y  h av e  been  derived  above .

The differences a re  p a r t ly  fo rm al ones, since m o m en tu m  cu rren ts  h av e  
b een  w ritten  as d y a d ic  p ro d u c ts , w h ilst c u rre n ts  o f k in e tic  energy as cu rren ts  
o f w ork  of acce lera tio n .

The o ther d iffe rence  consisted  in hav ing  neg lec ted  th e  r a th e r  u n im p o rta n t 
co n d u c tiv e  cu rren ts  in  case o f th e  k in e tic  energy , b u t  th e  sam e was considered  
in  th e  m om entum  b a la n c e  as a ra th e r  su b s ta n tia l  effect.

A m ateria l d ifference  betw een  balance  e q u a tio n s  of th e  w a te r an d  th o se  
o f sed im ent is t h a t  in  case of w a te r, th ese  e q u a tio n s  alw ays re fer to  its  w hole 
m ass regarded  as homogeneous, w h ilst in  th e  case of sed im en t, th e y  re fe r to  
th e  ind iv idual f ra c tio n s  on ly .

So far, i t  w as n o t possib le to  find  an  ex ac t so lu tio n  of th e  balance e q u a ­
tio n s . Several p h y s ica l v a riab le s  h av e  been  in tro d u c e d  an d  even in te rp re te d , 
b u t  for th e  tim e  b e in g , th ese  are y e t u n k now n . T h e  e lim in a tio n  of re le v a n t 
d ifficu lties b y  m ean s o f  ce rta in  ap p ro x im a tin g  assu m p tio n s requires s till 
fu r th e r  research  w ork . A nd fin a lly , i t  is obvious th a t  th e  so lu tion  of th is  in ­
t r ic a te  set of e q u a tio n s  w ill be a d ifficu lt ta sk .

1.3. Comparison and evaluation o f balance equations 
of sedim ent transportation
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1.4 . B alance equations o f suspended sediment

E v en  before lau n ch in g  th e  idea  o f g en era l b a lan ce  eq u a tio n s , i t  becam e  
possible to  e s tab lish  th e  equations o f suspended sedim ent transportation  b y  
assum ing  isotherm al conditions.

In  iso th e rm a l cond itions th e re  is a th e rm a l equ ilib rium  and  th u s , also 
th e  dissipa tion  o f  k in e tic  energy is to  be d isreg ard ed .

A fte r h av in g  m ad e  these  assu m p tio n s, su spended  sed im ent t r a n s p o r ta ­
tio n  is to  be ch a ra c te riz e d  b y  m eans o f m ass balance an d  m om entum  balance.

T he eq u a tio n s h a v e  been  derived  fo r  the entire mass o f  the sedim ent, b y  
in tro d u c in g  th e  m e a n  d en sity  qx of th e  p a rtic le s  an d  th e  re su ltin g  se ttlin g  
velo c ity  со, as well as th e  average sed im en t v e loc ities v* an d  Vft and  th e  av erag e  
c o n d u c tiv ity  Eh o f th e  m ass cu rren t o f sed im en t. U pon  base  o f ve lo c ity  co m ­
p o n en ts  o f su sp en d ed  sed im en t m o tion  occu rrin g  in  th e  m o m en tu m  exch an g e  
betw een  w a te r  an d  sed im en t, it  was fo u n d  th a t  fo r a specific g ra v ity  y 1 o f  th e  
sed im en t, th e  c o n d u c tiv ity  of th e  m o m e n tu m  source w ill be th e  ra tio  yfco .

B o th  w a te r a n d  sed im en t w ere assu m ed  to  h av e  c o n s ta n t m asses a n d  
th u s , th e  m ass b a la n c e  o f b o th  phases is source-free.

A ccording to  th e  above assu m p tio n s, th e  m ass balance o f  water (7) w ill 
rem ain  u n ch an g ed :

+  d iv  gv =  0 (75)
91

and  its  m o m en tu m  b a lan ce , b y  m odify ing  (65), w ill becom e

+  D iv  (pv O V -f Q\' o v ')  =  Qg +  (v/, — v) (76)
0t ft)

w hilst th e  mass balance o f  sediment w ill be b y  tran sfo rm in g  (11):

+  div  g rad  gx) =  0 (77)
dt

and  its  m om entum  balance b y  m odifying (74):

+  D iv  {Ql\ h о y h +  QlVh O y'h) =  Pig — - r r  (yh -  v) (78)
9 1 CD

W hen  com paring  th e  above balance  e q u a tio n s  w ith  th eo ries  on suspended  
sed im ent tr a n s p o r ta t io n  know n from  th e  l i te ra tu re ,  one w ill f in d  th a t  m ost 
of th e m  w ere ta k in g  in to  considera tion  th e  m ass ba lan ce  of th e  sed im en t (77) 
only. In  th e  course o f  com p ara tiv e  s tu d ies  th e  a u th o r  has succeeded to  in se r t
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a lm o st all th eo ries  o f sed im en t t r a n s p o r ta t io n  in to  a un ified  system . T h e  c lassi­
f ic a tio n  w as b ased  u p o n  th e  possib le n eg lec tions or a ssum ptions m ade . R e l­
e v a n t d e ta ils  are  to  he found  in  th e  references.

As an  exam ple  of th e  app lica tio n s i t  seem s useful to  d raw  a tte n tio n  u p o n  
th e  fa c t th a t  th e  O’ B r ie n —Christiansen equation describing the d istribu tion  o f  
concentration  w as to  he derived  in  an  e x tre m e ly  sim ple and  clear m a n n e r from  
E q . (77) b y  considering  all possible a n d  adm issib le  neglections.

B u t h e rew ith  we a rrived  to  th e  p ra c tic a l ap p licab ility  of th e o re tic a l 
re su lts  to  suspended  sed im ent m o tio n . T h e  O ’B rie n —C hristiansen  eq u a tio n  
is n am ely  even in  these  days th e  one ac c e p ted  as th e  m ost re liab le . W ith  its  aid  
one m ay  ca lcu la te  th e  m ean  c o n c e n tra tio n , y ie ld ing  im m ed ia te ly  th e  suspended  
sed im en t lo ad  Gs [kp/sec].

2. MEASUREMENTS AND INVESTIGATIONS IN THE FIELD

2.1. The role played by m easurem ents and investigations

S im u ltan eo u sly  w ith  th e o re tic a l re sea rch , also m easu rem en ts  an d  in ­
v es tig a tio n s  in  th e  fie ld  are covering  m ore  an d  m ore d e ta ils . Such a re , e .g ., 
th e  o b serv a tio n s on a lluv ia l ch an n e l fo rm a tio n s , in ten d ed  to  clear th e  effects 
o f  ch an n e l fo rm atio n s upon  d ischarge , flow  ve lo c ity , suspended  sed im en t and 
b ed  load .

A ll th ese  are  generally  know n  from  th e  l i te ra tu re  and  th u s  th e ir  d e ta ils  
w ill n o t be dw elt upon .

B u t sim ila rly  to  th e  m eth o d  fo llow ed in  th e  d iscussion of re c e n t th e o re t­
ical research , it  is in d ica ted  to  show  an  exam ple  of field  m easu rem en ts  and  
in v es tig a tio n s . E ssen tia lly , these  belong  to  th e  sem i-em pirical m eth o d s a lread y  
d iscussed  an d  th e  classification  of w h ich  w as also fac ilita ted  b y  th e  th e o re tic a l 
re sea rch  a lread y  described.

2.2. The sedim ent-transporting capacity of watercourses

I t  is well know n th a t  a lluv ia l w ate rco u rses  do, n e x t to  th e  tra n s p o r t  of 
su spended  sed im en t and  bed load , m od ify  th e ir  channel form  w ith in  a re la ­
tiv e ly  sh o rt period  to  a g rea t e x te n t. I t  is a desire of th e  research ers  d a tin g  
fa r  b ack  to  d e te rm in e  num erica lly  th e  se d im e n t-tra n sp o rtin g  c a p ac ity  o f w a te r ­
courses, or in  o th e r te rm s, th e  energy  re q u irem en ts  of sed im ent tr a n s p o r ta tio n . 
O bviously , th e  a m o u n t of energy used  u p  in  m odifying th e  ch an n e l fo rm  is 
eq u a lly  of m uch in te re s t. U ltim a te ly , i t  w ould  y ield  a v e ry  v a lu ab le  in fo rm a ­
tio n  if  one w ere able to  know  th e  p a r t  o f th e  fu ll availab le  energy ow ing to  th e
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m o tio n  of sed im en t-loaded  w a te r, th a t  has been used  to  keep  suspended  sed i­
m e n t and  bed load  m oving , and  th e  o th e r  p a r t  used u p  in  m odify ing  th e  ch a n ­
nel form .

In v estig a tio n s  carried  o u t w ith  th e se  goals in  m ind  h av e  been  con d u cted  
b y  th e  R esearch  In s t i tu te  for W a te r  R esources D evelopm en t (V IT U K I) B u d a ­
p e s t, guided b y  D r. J .  Csorna. T he m easu rem en ts h ad  b een  ca rried  o u t over 
a reach  of th e  D rav a  R iv e r, 6 k m  in  len g th , s itu a te d  u p  to  6 k m  u p s tre a m  th e  
D rávaszabo lcs gauge.

2.3. Observations made on the experim ental reach of the Drave River

T he su rvey  o f cross sections, d ischarge gaugings, m easu rem en t o f sus­
p en d ed  an d  bed  loads are  reg u la rly  ca rried  ou t b y  th e  R esearch  In s t i tu te  since 
1968. H ydro log ica l an d  h y d rau lic  fea tu re s  o f th e  ex p e rim en ta l D ra v a  reach  
are  sum m arized  in  T ab le  I I .  A ccord ing  to  th e  d a ta  o b ta in ed , th is  reach  is in  
fa ir  ag reem en t w ith  th e  p ro p ertie s  o f several o ther riv e rs  o f E u ro p ean  p la in s. 
T he on ly  d ev ia tio n  from  average  cond itions is p e rh ap s th e  h igh  a m o u n t of 
siltings and  scours occurring  an n u a lly  along th is  reach , or, b y  fo rm u la tin g  th is  
fa c t in  a n o th e r w ay , one m ay  say  th a t  along th is  reach , th e  vo lum e of b ed  m a ­
te r ia l  re -a rran g in g  itse lf  in  a v e ry  sh o rt tim e , is v e ry  g rea t.

B y d ep a rtin g  from  m easu red  d a ta ,  th e  w eight of sed im en t-lo ad ed  w a te r 
(va lues F ) has been  ca lcu la ted  fo r severa l periods to g e th e r  w ith  th e  w eight 
o f im m ersed  suspended  sed im en t (F j) ,  th e  im m ersed w eigh t o f bed  load  ( F 2) 
an d  th e  w eight o f b ed  m a te r ia l ch a rac te riz in g  th e  re -a rran g em en t of b ed  fo r­
m a tio n s  (F s). Three periods  w ere selec ted  fo r p re sen ta tio n .

T he vo lum e of m a te r ia l, ap p ea red  as a scour, has been  accep ted  as th e  
m easu re  of re -a rran g em en t (see row  5 o f T ab le  I I I )  w ith  th e  re s tr ic tio n  th a t  if 
th e  b a lance  over a perio d  h a d  a re s u lta n t  scour, th is  w as considered  as su sp en d ­
ed sed im en t leav ing  th e  reach  an d  becam e th u s  su b tra c te d  from  th e  am o u n t 
o f re -a rran g ed  m a te ria l. F u rth e rm o re , i t  was assum ed th a t  re -a rran g em en t of 
bed  load  occurs only  once w ith in  th e  periods surveyed . T he average  channel 
w id th , 300 m , w as ta k e n  as th e  tra v e llin g  leng th  of re -a rran g em en t.

A lready  here  i t  shou ld  be n o te d  th a t  th u s  one w ill o b ta in  th e  m in im um  
o f energy  d em an d  sp en t on re -a rran g em en t. I t  is n am ely  obvious th a t  th e  re ­
a rra n g e m en t owing to  scours an d  s iltin g  m eans a con tin u o u s m o v em en t o f th e  
b ed  m a te ria l an d  th u s , th e  ac tu a l a m o u n t of energy used  u p  is a m an ifo ld  of 
t h a t  ca lcu la ted .

T he w eight o f sed im en t-loaded  w a te r , suspended sed im en t, b ed  load  and  
m a te r ia l re -a rran g ed , re sp ec tiv e ly , is show n in  T able I I I .

B y  ad o p tin g  c e r ta in  sim plify ing  assum ptions, th e  w ork  E  done b y  sed i­
m en t-lo ad ed  w a te r, th e  a m o u n t o f w ork  used  up  in  tr a n s p o r t  of suspended
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Table II

Hydrological and hydraulic features of the Drávaszabolcs experimental reach on the Drava River

Location of experim ental reach: R iver reach upstream  th e  Drávaszabolcs river gauge

35,764 km2 at the Drávaszabolcs gauge 
L =  6000 m

Catchment area
Length of experimental reach
Character of experimental reach
Channel depth
Average water depth

Average length of settling path =  half of 
average water depth

Channel width
Average channel width
Average channel slope
Head drop of the entire reach
Discharges in m3/sec
Mean flow velocity
Difference of max. and min. stage
Average diam. of suspended sediment
Average diameter of bed load and bed 

material
Specific weight of sediment and bed 

material
Average concentration of suspended sediment 

in the three periods
Specific weight of sediment-loaded water in 

the three periods
Settling velocity of suspended sediment
Average annual suspended sediment 

transport
Average annual bed-load transport
Overall scour of experimental reach in the 

three periods
Overall silting-up of experimental reach 

during the three periods

sinuous, very unstable 
6—8 m below channel edge
D =  4 m during the periods investigated, 

at medium river stage
Ds =  D/2 =  2.00 m

200-500 m 
В =  300 m 
S =  16 cm/km 
hv =  0.96 m
Qmin — 130; Qm =  850; Qmax =  2500
vk =  1.0 m/sec
586 cm
dg =  0.04 mm
dg =  0.3 mm

y t =  2650 kp/m3

Ck =  0.063 — 0.050 — 0.045 kp/m3, res]

yz =  1000.041-1000.031-1000.025 
kp/m3

со =  0.0015 m/sec 
G, =  750 000 m3

GB =  110 000 m3
836,298 m3; 751,350 m3; 587,065 m3 

681,907 m3; 1 227 354 m3; 659,897 m3

sed im en t and  bed lo a d , a n d  th e  w ork req u ired  fo r bed  re -a rran g em en t are to  
be ca lcu la ted  as fo llow s.

F o r th e  in d iv id u a l periods, th e  w eigh t o f sed im en t-loaded  w ater, th e  
im m ersed  w eight o f su sp en d ed  sed im en t an d  b ed  lo ad  has been  de te rm ined  w ith  
a id  o f  d ischarge d u ra tio n s  an d  th e  re la tio n sh ip s  es tab lish ed  betw een  discharge 
an d  sed im en t load  (cf. row s 2, 3 and  4 o f T ab le  I I I ) .  T he im m ersed  w eight o f 
re -a rran g e d  m a te ria l (row  5 of T ab le  I I I )  h as  been  ca lcu la ted  from  th e  scours
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Table III

Sediment transport of Drave River at Drávaszabolcs in three different periods

F irs t period 
1. October 1968 

to
15 M arch 1969

Second period
15 M arch 1969 

to
15 October 1970

Third period 
16 October 1970 

to
15 M ay 1971

1. Drop of the energy line (m) 0.96 0.96 0.96

2. Weight of sediment-loaded water passing 
the reach F  [kp] 5.5 X1012 31.15X1012 5.28ХЮ12

3. Submerged weight of suspended sediment 
passing the reach Fx [kp] 3.48X108 15.70X10* 2.17X10*

4. Submerged weight of bed load passing 
the reach F 2 [kp] 0.19X10* 2.14X10* 0.16X10*

5. Submerged weight of displaced material
F3 [kp] 11.20X10® 12.40X10* 9.70X10*

in  ag reem en t w ith  th e  foregoing. W ith  re g a rd  to  re la tiv e ly  low v a ria tio n s  of 
flow  v e lo c ity , th e  slope of th e  energy line along th is  re a c h  of 6000 m  w as a s ­
sum ed to  eq u a l th e  surface slope of 0.96 m.*

T he w eig h t Gs [kp/sec] of th e  suspended  sed im en t an d  Gp [kp/sec] o f 
th e  bed  load  h a v e  b een  ta k e n  in to  accoun t b y  m eans o f av erag e  values d eriv ed  
from  d ischarge d u ra tio n s  and  from  re la tio n sh ip s  b e tw een  d ischarge  an d  sed i­
m en t load .

F o r th e  sake o f  com pleteness le t u s  rev iew  th e  m e th o d  used  in ca lcu la tin g  
th e  en tire  energy  an d  th e  in d iv idua l p a r t ia l  energy  d em an d s.

The work perform ed by sediment-loaded water

I f  hv [m ] is th e  d rop  of th e  energy  line over th e  le n g th  L  [m] and  if  one 
uses th e  average  c o n cen tra tio n  C [kp /m 3] in  ca lcu la tin g  th e  specific g ra v ity  
yz of sed im en t-lo ad ed  w a te r, th a t  is, if

yz = y - ^  +  C (79)
Vi

th e n  th e  w ork  p e rfo rm ed  b y  sed im ent-loaded  w a te r d u rin g  th e  period A t [sec] 
w ill be

E  =  y zQzhvAt (80)

w here Qz w as assu m ed  ap p ro x im ate ly  eq u a l to  th e  a c tu a l d ischarge.

* With regard to the numerical examples, the angular brackets after physical quantities 
and relationships henceforth will contain not the dimensions but the units of measure adopted, 
contrary to general use.
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N am ely , th e  w eig h t o f sed im en t-lo ad ed  w ater ru n n in g  dow n w ith in  th e  
in d iv id u a l periods At is

F  =  yzQz&t [k p] (81)

I f  th e  surface slope is S , th e n  th e  d ro p  of th e  energy lin e  over a len g th  
L  [m ] w ill be

hv -- S L  [m ] (82)

T h e  to ta l  w ork perfo rm ed  b y  sed im en t-lo ad ed  w ater a lo n g  th e  ex p erim en ­
ta l  reach  will th u s  be

E  =  F h v [kpm ] (83)

Work spent on the transporta tion  o f  suspended sedim ent

B y  calcu la ting  th is  w ork i t  w as assum ed  th a t  su sp en d ed  sed im en t is 
k e p t  in  suspension o v er an  average  se tt l in g -p a th  leng th  D s a g a in s t a se ttlin g  
v e lo c ity  ft) [m/sec] a t  th e  expense o f th e  en erg y  of sed im en t-lo ad ed  w a te r. T he 
se d im e n t would ta k e  a tim e

t1 =  DJco [sec] (84)

to  a rr iv e  to  th e  ch an n e l b o tto m .
B u t since Vic [m /sec] is th e  m ean  flow  velocity  an d  th e  ex p erim en ta l 

re a c h  h as  a leng th  L  [m ], th e  sed im en t shou ld  be k ep t in susp en sio n  over th e  
t im e

h  =  L l vk [sec] (85)

T h u s, th e  len g th  o f th e  se ttlin g  p a th  w ill obviously be

D sa c t= D s ^  (86)

I f  Gs [kp/sec] is th e  average su sp en d ed  sedim ent lo ad  in  u n it  tim e , th e n  
th e  im m ersed  w eight o f suspended  sed im en t during  th e  in te rv a l A t will becom e

F i =  — r~ G sA t [kp] (87)
Y  l

a n d  th e  work req u ired  for keep ing  th e  sed im en t in suspension :

E l =  Ъ —J L  GSD S b .  A t  =  J jLZ J L  G,Ds —  —  A t (88)
Y i  h  Y i  v k D s

o r, b y  considering E q . (87):

=  F tL  —  (89)
vk
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W ork spent on the transportation o f  bed load

I f  G в  [kp/sec] is th e  average b ed  lo ad  tr a n s p o r t ,  th e n  its  im m ersed  w eigh t 
is

[kp/sec] (90)
Yi

T h u s , th e  im m ersed  w eight o f b ed  lo ad  ca rried  in  th e  in te rv a l A t will 
becom e

F 2 = ^ ^ G BA t [  k p ] (91)
У  l

T his w eigh t F 2 is causing fric tio n  over th e  d is tan ce  L  =  6000 m . T h u s, 
if, accord ing  to  B agno ld , th e  fric tion  fa c to r  of a bed  load  hav ing  an  av erag e  
d iam e te r  o f 0.3 m m  is assum ed to  be  f  =  0 .75, th e n

E 2 =  GBAt L - f =  F 2 L  f  [kpm ] (92)
Yi

is th e  w ork re q u ire d  for bed- load  m o v em en t.
In  th e  ro w  5 o f T ab le  I I I ,  va lues of F 3 c a lcu la ted  up o n  th e  basis  o f th e  

foregoing assu m p tio n s are to  be found , re fe rrin g  to  th e  th ree  in te rv a ls .
I f  one ca lcu la tes , as a lready  sa id , th e  work spent on re-arrangement over 

a d is tan ce  В  =  300 m  corresponding  to  average  chan n e l w id th  an d  also a 
fac to r  of fr ic tio n  f  =  0.75 being app lied , one o b ta in s

E 3 = F 3B . f  (93)

T he energy  loss E  as well as th e  energy  req u irem en ts  E x, E 2 an d  E 3 for 
th e  th ree  p e rio d s, ca lcu la ted  in  ag reem en t w ith  th e  above, is co n ta in ed  in  
T ab le  IV .

I f  th e  en erg y  loss E  in  T ab le  IV , re p re se n tin g  th e  average energy  source 
is ta k e n  as 100% , th e n  in th e  la s t co lum n are  th e  p ercen tag es of th is  energy  sp en t 
on tra n sp o r tin g  suspended  sed im ent an d  bed  lo ad  an d  on rea rran g in g  th e  
channe l. B y  su b tra c tin g  th e  sum  (_E1 -f- E 2 -f- E 3) from  100%  th e  v a lu e  o f jE4 
th u s  o b ta in ed  is y ie ld ing  th e  energy sp en t on overcom ing  various re s is tan ces  
(fric tion , b en d s, d e fo rm ations, tu rb u le n c e , e tc .) an d  on m ain ta in in g  th e  m o v e­
m en t.

W hen  rev iew ing  th e  co n ten ts  o f T ab le  IV  i t  becom es ap p a ren t t h a t  on ly  
a b o u t 4 to  7 %  o f th e  to ta l  energy is sp en t on sed im en t tra n s p o r ta t io n  an d  
ch an n e l re a rra n g e m e n t. W ith  reg a rd  to  th e  fo rego ing  ap p ro x im atio n s i t  is 
th a t  th is  low  p e rcen tag e  of energy co n su m p tio n  sh o u ld  be considered  as a
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Table IV

The energy requirements of suspended sediment and bed-load transport as гveil as channel re-arrangement over a reach of the Drave River, 6000 m in
length, over three different periods

Period

Energy loss 
or

energy
dem and

W eights F, F lt Ft 
and F3

[bp]

Distance 
covered 

L, В
H

Gradient 
S = hv/L

Drop of 
gradient

к
[m]

R atio  of 
settling velocity 

to  m ean flow 
velocity 

<a/u*

Friction
coefficient

/

Required or lost energy

in  [kpm] in  per cent 
of E

1st E F  =  5.50 X1012 6000 1.6X10-4 0.96 — — 5.280X1012 100.000
1. 10. 1968 К F t =  3.48 X108 6000 — — 1.5 X10-3 — 31.320 x10s 0.059

to Е г F 2 =  0.19 X 10s 6000 — — — 0.75 8.550X1010 1.619
15. 3. 1969 E 3 F 3 =  11.20X108 300 — — - — ' 2.520X1011 4.773

E 4 - - - - — - 4.939 X1012 93.549

2nd E F  =  31.15ХЮ12 6000 1.6X10-4 0.96 — — 29.904 X1012 100.000
15. 3. 1969 £ , F, =  15.70 X 10s 6000 — — 1.5 X 10~3 — 141.300X108 0.047

to e 2 F  2 =  2.14X108 6000 — — — 0.75 0.963 ХЮ12 3.221
15. 10. 1970 E3 F3 =  12.40 X 10s 300 — — 0.75 0.279 ХЮ12 0.933

E, — - — — - 20.648 X1012 95.799

3 rd E F =  5.28ХЮ12 6000 1.6X10-4 0.96 — — 5.069 X1012 100.000
16. 10. 1970 Ег F3 =  2.17X108 6000 - — 1.5X10-3 — 19.530X108 0.038

to Ег F 2 =  0.16 x10s 6000 — — — 0.75 0.072 X1012 1.420
15.5. 1971 E3 F3 =  9.70X108 300 - — — 0.75 0.218 ХЮ12 4.301

e 4 — — — — — — 4.777 ХЮ12 94.241

B
O

G
Á

R
D

I, J.
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m in im um  only . I n  th e  g iven case it  cou ld  be  sa id  w ith  c e r ta in ty  t h a t  th e  energy  
sp en t b y  w a te rco u rses  u p o n  sed im en t tr a n s p o r ta t io n  and  ch an n e l re -a rra n g e ­
m en t is su b s ta n tia lly  m ore.

I f  th e  energy  d em an d s for su sp en d ed  sed im en t tra n s p o r t ,  b ed  lo ad  t r a n s ­
p o r t  an d  ch an n e l re -a rran g em en t a re  considered  sep a ra te ly , one m ay  s ta te  
th e  fo llow ing:

In  all th re e  periods, th e  p e rcen tag e  o f th e  to ta l  energy , sp en t on sus­
p en d ed  sed im en t tr a n s p o r t  was 0.06 to  0 .04%  only . T his, if  co m p ared  e.g. 
w ith  th e  va lu e  of 0 .1 5 % , found a t  th e  N ag y m aro s reach  o f th e  D an u b e , is 
a consp icuously  low  v a lu e . One of th e  possib le  ex p lan a tio n s  m ay  lie in  th e  
fa c t th a t  in  th e  D an u b e , th e  sed im en t is k e p t  in  suspension  over a se ttlin g  
p a th  2 to  4 tim es as long . A no ther reaso n  m ay  be  th e  re la tiv e ly  low  c o n c e n tra ­
tio n  of suspended  sed im en t in  th e  D ra v a  r iv e r  d u rin g  th e  period  in v e s tig a te d .

1.4 to  3 .0%  o f th e  to ta l  energy w as sp en t on bed -load  t r a n s p o r t .  O b­
v iously , th is  v a lu e  to o  is ac tu a lly  m u ch  g re a te r , since a con tin u o u s w ork  of 
fric tio n  w as assum ed , w h ils t in  th e  re a li ty , b ed  lo ad  has an  in te rm itte n t  m o tio n , 
as show n b y  re c e n t research  resu lts .

1 to  4 .8 %  o f th e  energy  was used  u p  in  re -a rran g em en t. T h is v a lu e  should  
b y  all m eans considered  as a m in im um  an d  w ith  reg a rd  to  an  obviously  rep e a te d  
re -a rran g e m e n t, th e  a c tu a l value m ay  be h ig h er b y  orders of m ag n itu d e .

T he in v es tig a tio n s  re la te d  to  th e  D ráv aszab o lcs  reach  are in  h a rm o n y  
w ith  in v es tig a tio n s  on th e  se d im e n t-tra n sp o rtin g  cap ac ity  o f w ate rcou rses. 
U sually , th e  sed im en t- tra n sp o rtin g  c a p a c ity  of w atercou rses is ch a rac te rized  
b y  th e  ra tio  of E q . (89) spen t on su sp en d ed  sed im en t tra n s p o r ta tio n  to  th e  
fu ll energy  loss o f sed im ent-loaded  w a te r . I n  fa c t, if  th e  q u o tie n t o f E q s (89) 
an d  (80) is fo rm ed , one will arrive to  th e  expression

_  Ух m Qs 
7z v S  Qz

w ell know n  from  th e  lite ra tu re . H ere, Qs an d  Qz are  th e  vo lum e y ields of su s­
pended  sed im en t an d  sed im ent-loaded  w a te r , resp ec tiv e ly  an d  th e  slope of 
th e  energy  line is

S  =  ^  (95)
L

B y com paring  th e  re la to n sh ip s  (94) an d  (76), th e  analogy  betw een

an d  t i -
Ух — у  ы Qs «

becom es a p p a re n t.
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M easurem ents on th e  D rávaszabo lcs ex p e rim en ta l reach  are s till in  p ro g ­
ress. I t  m ay  be w ell ex p ec ted  th a t  fu r th e r  m easu rem en ts  w ill enable th e  d ra w ­
in g  o f new  conclusions b u t  i t  is eq u a lly  lik e ly  t h a t  re su lts  of sim ilar in v e s tig a ­
tio n s  conducted  in  d iffe ren t locations m a y  y ie ld  fu r th e r  resu lts  o f va lue .

In v es tig a tio n s  on th e  ex p e rim en ta l reach  D rávaszabo lcs are a good p ro o f 
o f th e  in separab le  coherence of th e o re tic a l re sea rch  an d  field  m easu rem en t 
re su lts  on th e  sed im en t tra n s p o r ta tio n  o f w atercou rses.

3. METHODS OF SOLVING THE PROBLEMS

A n exact fo rm u la tio n  of th e  e s tab lish ed  p rob lem  has an  eq u a lly  o u t­
s ta n d in g  im p o rtan ce  in  th e  case of f ie ld  m easu rem en ts  as w ell as u p - to -d a te  
th e o re tic a l research . T h is should  be follow ed b y  th e  selection  of th e  m ost 
ex p ed ien t m ethod . In  th e ir  m ost genera lized  fo rm , th e  problem s are  defined  
b y  re la tio n sh ip s  b e tw een  p h y sica l v a riab le s  an d  th e  re le v a n t u n a m b ig u ity  
cond itio n s, c o n s titu tin g  to g e th e r  a m a th e m a tic a l m odel.

O bviously , a m a th e m a tic a l m odel shou ld  be fo rm u la ted  ex ac tly  even  if 
its  so lu tion  a t  th e  tim e  is no t possib le, ow ing to  d efic ien t know ledge. I t  is th e  
e x a c t fo rm u la tio n  th a t  com pels th e  re sea rch er to  ta k e  all im p o r ta n t c ircu m ­
stan ces  in to  acco u n t an d  to  range  o u r know ledge on th e  process in v e s tig a te d  
in to  an  ex ac t sy stem .

One will perce ive  from  th e  foregoing  th a t  th e  so lu tion  of th e  sy stem  of 
d iffe ren tia l eq u a tio n s  describ ing  th e  p h enom enon  is s till unknow n . B u t i t  is 
eq u a lly  obvious th a t  b y  in tro d u c in g  c e r ta in  assu m p tio n s an  ap p ro x im a te  
so lu tio n  is p e rh ap s to  be o b ta in ed . O ne o f th ese  sim plifications is th e  o th e r ­
w ise generally  adm issib le  one of su b s ti tu tin g  th e  conduc tiv ities  — ten so rs  
fro m  th e  th eo re tica l p o in t of view  — b y  sca lars. Or a n o th e r such sim p lifica tio n  
is to  ta k e  th e  tu rb u le n c e  of flow  in to  acco u n t, n o t b y  m eans of th e  R eyno lds 
stresses, b u t b y  th e  p ro d u c t o f som e c o n d u c tiv ity  an d  th e  g rad ien t o f th e  
m ean  flow  -velocity. S till m ore genera lly  accep ted  is th e  sim p lifica tion  o f d is ­
cussing  th e  p rob lem  as i f i t  were a tw o -d im en sio n a l or one-d im ensional p h e n o m ­
enon.

In  ce rta in  cases i t  becom es possib le  to  co n v e rt th e  set o f eq u a tio n s  in to  
a se t o f fin ite-d ifference  equations en ab lin g  its  so lu tio n  b y  m eans of u p - to -d a te  
h igh-speed  d ig ita l co m p u te rs , w ith  re sp ec t to  u n a m b ig u ity  cond itions.

T here are also possib ilities for ex p e rim en ta l so lu tions, to  be p erfo rm ed  on 
th e  n a tu ra l w ate rco u rse  itse lf  or on a m odel. B y th e  w ay, it  is a lread y  a w ell- 
kn o w n  fac t th a t  one m u st no t se p a ra te  ex p e rim en ta l an d  num erica l so lu tions 
from  each o th e r. In  th e  language o f cy b ern e tic s  th e re  is a m u tu a l feedback  
b e tw een  th em . In  th e  possession o f a so lu tio n  o b ta in ed  b y  n u m erica l m e th o d s  
one m ay  decide u p o n  w h a t assu m p tio n s shou ld  be te s te d  ex p e rim en ta lly  an d  
n u m erica l m eth o d s are  gaining in  accu racy  th ro u g h  re su lts  o b ta in ed  fro m  e x ­
p e rim e n ta l d a ta .
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C onsequen tly , th e o re tic a l an d  ex p erim en ta l m eans are needed  equally  
fo r th e  so lu tion  of p ra c tic a l p rob lem s. O r, b y  ad o p ting  a m ore ex ac t fo rm u la ­
tio n , th e o re tic a l in v estig a tio n s in to  sed im en t tra n sp o r ta tio n  are  n o t to  succeed 
w ith o u t an  ad eq u a te  ex p erim en ta l su p p o rt. O f course, th e  opp o site  m ay  be 
said  to o . No ex p erim en t m ay  y ield  re liab le  and  useful re su lts  w ith o u t p ro p er 
th e o re tic a l considerations.
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Zeitgemäße theoretische und praktische Probleme der Geschiebeführung. Die moder­
nen theoretischen Untersuchungen der Geschiebeführung basieren auf den Grundgesetzen der 
Physik. Der Autor betrachtet die Geschiebebewegung als eine physische Erscheinung, und auf­
grund des Gesetzes der Erhaltung stellter Gleichungen für die Massen- und kinetischen Energie, 
innere Energie und für den Impuls auf. Die Gegeneinanderstellung dieser Gleichungen und 
deren Auswertung führten zu zahlreichen grundsätzlichen Festsetzungen. Von theoretischen 
Grundsätzen ausgehend wird die Geschiebeführungsfähigkeit der Wasserläufe untersucht. 
Aufgrund der auf dem Fluß Drau durchgeführten Messungen und Beobachtungen wird auch 
der Energiebedarf zur Geschiebeführung und zur Umgestaltung des Flußbetts ermittelt.

(SK
m æ r  „ _Современные теоретические и практические вопросы движения наносов. В работе 

теоретические вопросы движения наносов рассматриваются с помощью балансовых урав­
нений. Автор вводит дифференциальные уравнения массы, кинетической энергии, внутрен­
ней энергии и сохранения импульса. Автор производит их анализ, и при сравнении их 
устанавливает характерные закономерности. Балансовые уравнения принципиально дей­
ствительны как для взвешенных, так и для перекатывающихся наносов, естественно для 
обоих этих видов исходя из действительных для них и сильно отличающихся друг от друга 
условий однозначности. Рассматривается также вопрос транспортируемости наносов во­
дотоками как в теоретическом, так и в практическом отношениях. На основе измерений и 
наблюдений, проведенных на экспериментальном участке р. Дравы, в числовой форме де­
монстрируется доля энергии, использованная для передвижения взвешенных и перекаты­
вающихся наносов, также доля энергии, использованной для перемещения материалов 
после углубления и наполнения русла.
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DER KONTINUUMAUFGABE
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K O R R E S P .  M I T G L I E D  D E R  U N G . A K A D E M IE  D E R  W IS S .  

und
P. SCHARLE**

[Eingegangen am 4. Febr. 1974]

Die in der Theorie der Stabkonstruktionen bekannte Zustandsgleichung läßt 
sich als Bedingungsgleichung der Stationärität eines Energiefunktionais aufstellen. 
Im vorliegenden Aufsatz wird der Gedankengang für den Fall der (ohne Berücksichti­
gung von Anfangsformänderungen und -Spannungen formulierten) Aufgabe der linea­
ren Theorie ausführlich erläutert.

1. Einleitung

In  der k lassischen  E la s tiz itä ts le h re  w ird  das m echan ische  V erh a lten  
des g ep rü ften  K örpers (des irg en d e in  Teilbereich  V  des d re id im ensionalen  
R au m es ausfü llenden  M ateria ls) d u rc h  das G leichungssystem

g ek en n ze ich n e t.1 D ie drei e rs te n  G le ichungen  sind in n erh a lb  des B ereichs V  
g ü ltig e  F eldg leichungen : es d rü c k e n  die Gl. (1) das G leichgew icht, die Gl. (2) 
die V erträg lich k e it d er V ersch iebungen  u n d  F o rm än d eru n g en , die Gl. (3) den 
Z u sam m en h an g  zw ischen S p an n u n g en  u n d  F o rm än d eru n g en  (die m ech a­
n isch en  E igenschaften  des M ateria ls) aus. IF(e,y) is t die F o rm ä n d e ru n g s-E n e r­
g ied ich te fu n k tio n , eine hom ogene q u a d ra tisc h e  F u n k tio n  d e r K o m p o n en ten

* Prof. Dr.-Ing. J. Szabó , Ménesi út 21., 1118 Budapest, Ungarn
** Dr.-Ing. P. Sc h a r l e , Péterfy u. 44., 1076 Budapest, Ungarn
1 Bei der Behandlung der räumlichen Aufgabe wird das Bezeichnungssystem der kar­

tesischen Tensorenrechnung angewandt (siehe z. B. [11]).
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5 2 SZABÓ — SCHARLE

des F o rm än d e ru n g sten so rs . E s w ird  an  d er T ed fläch e  S a d e r das B ereich V  
b eg ren zen d en  F läche  S  d u rc h  die Gl. (4) die s ta tisch e , an  d er k o m p lem en tä ren  
F lä c h e  S u du rch  die Gl. (5) die geom etrische R an d b ed in g u n g  u n d  du rch  die 
Gl. (6) der Z usam m enhang  zw ischen den  R e a k tio n e n  u n d  d en  inneren  K rä ften  
e r fa ß t.

Es bedeuten in den Gleichungen:
Uj den Verschiebungsvektor im Bereich V
Ejj den Formänderungstensor im Bereich V
Ojj den Spannungstensor im Bereich V
qi den Reaktionsvektor an der Fläche Su
tij den normalen Einheitsvektor an der Fläche S
kj die vorgegebene verteilte räumliche Kraft im Bereich V
P i  die vorgegebene Flächenkraft an der Fläche S a
Vi den vorgegebenen Verschiebungsvektor an der Fläche Su.

In  der T heorie d e r  S ta b k o n s tru k tio n e n  lä ß t  sich die das V erh a lten  des 
m ech an isch en  M odells b esch re ib en d e  Z u stan d sg le ich u n g  d u rch  en tsp rech en ­
de R ed u k tio n  der die E in ze ls täb e  b e tre ffen d en  s ta tisc h e n , k inem atischen  
u n d  m echanischen  Z u sam m en h än g e  au fste llen  [2]. N ach  d er Theorie e rs te r 
O rd n u n g  gilt z. B.

0 G*^ и’ + q
G F s 0

w obei die M atrix  G die geom etrische  Lage d er S täb e , die M atrix  F die e la s ti­
schen  E igenschaften  des M ateria ls  ken n ze ich n e t; u u n d  S sind  die K n o te n p u n k t-  
V erschiebungen bzw . die in  den  S täb en  w irk en d en  in n eren  K rä f te  en th a lten d e  
V ek to ren .2

D ie fü r S ta b k o n s tru k tio n e n  geltende G leichung (7) k a n n  in  allgem einerer 
F o rm , als M atrizend ifferen tia lg le ichung  u n d  auch  fü r  d en  F a ll von  S täb en  
be lieb ig er G esta lt an g esch rieb en  w erden. D e ra r t  is t sie au ch  zu r num erischen  
U n te rsu ch u n g  von  rä u m lic h e n  A ufgaben  (z. B . eines aus gekoppelten  T e tra ­
e d e rn  bestehenden  S y stem s) geeignet [3]. Zw ischen dem  G rundg le ichungssy­
s te m  (1) — (6) und  d e r Z u stan d sg le ich u n g  (7) m u ß  also ein enger Z usam m enhang  
b e s te h e n  — die Gl. (7) is t , w ie w ir es sehen w erden , ta ts ä c h lic h  den  Gin. (2), (4), 
(5) u n d  (6) ä q u iv a len t.

2. Form ulierung der K ontinuiunaufgabe unter Anwendung  
von Variationen

Die durch  die G leichungen  (1) — (6) fo rm u lie rte  A ufgabe der lin ea ren  
E la s tiz itä ts le h re  is t au ch  a u f  andere W eise fo rm u lie rb a r. Es k an n  näm lich  
ein  F u n k tio n a l П  v o rg eg eb en  w erden, in  dem  die S k a la rfu n k tio n en  d er Zu-

2 In den die Stabkonstruktionen betreffenden Zusammenhängen werden die in [2] ge­
bräuchlichen Bezeichnungen angewandt. Zur besseren Übersichtlichkeit der Ausführungen 
beschränken wir uns auf die Behandlung der geometrisch und physisch linearen Aufgaben, 
machen ferner die Annahme, daß keine Anfangseinflüße (Spannungen, Formänderungen) 
vorhanden sind. Die Form der Gin. (1)—(7) ist dementsprechend so einfach wie möglich.
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stan d sfe ld e r u ;, efj-, ст/у, </; beliebig v a r iie rb a r  sind u n d  П  bei der e x a k te n  L ö ­
sung s ta tio n ä r  w ird , d. h . der B ed ingung

0 П  =  0 (8)

gen ü g t [4]. A n das F u n k tio n a l k n ü p f t sich  n ach  der E n tw ick lu n g

п  =  и  +  P  +  D (9)

auch  eine u n m itte lb a re  m echanische D efin itio n  [5]. E s b ed eu ten  h ier:
U  die gesam te  F o rm änderungsenerg ie  des g ep rü ften  K örpers,

U =  f W (et])d V  (10)
V

P  die A rb e it d er vorgegebenen  äu ß eren  L asten ,

P = — \ k iUid V  -  I  PiUid S  (11)
V s i

u n d  D  das D is lo k a tio n sp o ten tia l des K ö rp ers

D  =  j  a i j ( e<i f  —  Ei j ) d V  +  J  i v i -  u J q i d S .  (12)
V s„

Die Ä qu ivalenz  des Z usam m enhanges (8) u n d  des G leichungssystem s 
(1) — (6) is t d u rch  u n m itte lb a re  E n tw ick lu n g  der e rs ten  V aria tio n  von  П  n a c h ­
w eisbar. F a lls  a n s ta t t  des u n ab h än g ig en  V ariierens d e r Z u s tan d sfu n k tio n en  
die E rfü llu n g  irg en d e in e r (evtl, auch  g leichzeitig  m eh re re r) der Gin. (1) — (6) 
bei d er V a ria tio n sb ild u n g  a p rio ri g esichert w erden  k a n n , so n im m t au ch  П  
eine e in fachere F o rm  an . Im  P rinzip  sind  die v o rn h e re in  zu erfü llenden  G lei­
chungen  frei w ä h lb a r ; in  den w eiteren  m u ß  a n s ta t t  d e r aus diesem  G esich ts­
p u n k t v e rn ach läss ig ten  G leichungen jew eils die fü r  die en tsp rechende F u n k ­
tio n a lv a r ia n te  ge lten d e  S ta tio n ä ritä tsb e d in g u n g  b e rü ck s ich tig t w erden . D ie 
A nzahl d er m öglichen  V arian ten  ist d em en tsp rech en d  groß  — die bei F lä c h e n ­
k o n s tru k tio n e n  in  B e tra c h t k om m enden  w ich tigeren  F ä lle  sind z. B . in  [6] 
tab e lla risch  zusam m en g efaß t. H ingegen k a n n  ohne w eitere  E in sch rän k u n g  
der V era llgem einerung  JF(e//) als b e k a n n t angenom m en  w erden . F ü r e lastische  
M ateria lien  lä ß t  sich  in  diesem  F all die F u n k tio n  d er v e r te ilte n  k o m p lem en tä ­
ren  E n erg ied ich te  d ire k t anschreiben  ([1 ], [4]):

ф (оу) =  Oifitj — (13)
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w obei Ф(сгij) schon die hom ogene q u a d ra tisc h e  Form  der K o m p o n en ten  des 
S p an n u n g sten so rs  is t. S om it k a n n  a n s ta t t  d e r Gl. (3) der Z u sam m en h an g

=  <>ф (а ц) (14)

b e rü ck s ich tig t w erden , diesen in  die Gl. (2) e insetzend  u n d  elim in ierend  
sch re ib t sich

9ФЫ  _  Ли)  C1 j  •

дои
(15)

Im  F u n k tio n a l die u n te r  B erü ck sich tig u n g  von (3) m öglichen  U m fo r­
m u n g en  d u rch fü h ren d  w ird  fü r das K o n tin u u m  m echanisch u n d  geom etrisch  
lin e a re n  V erhaltens d ie  a llgem einste , H ellinger—R eissner'sehe F o rm  e rh a lte n
([4 ], [7]):

n R =  \  e \ f  Ujjd V  -  f  Ф {аij)d V  -  f fc,u,d V  -
V V V

— ^PiU fdS  — j  (и, — v fo id S . (16)
So" Su

H ie r sind  n u r noch  die d ie  Z ustan d sfe ld er u ,, cr,y, ç, zu v a riie ren . D urch  p a rtie lle  
In te g ra tio n  des e rs te n  G liedes an  d er re c h te n  Seite u n d  d u rch  A nw endung  
des Gauss — O strogradskij’’sehen Satzes g e lan g t m an  zu einer sich in  den  w e ite ­
re n  als v o rte ilh a ft erw eisenden  V arian te  d e r Gl. (16):

n R = — ^ 0 ( a u ) d V — § (o ijtj  +  k J u /d V  — \  p iUid S —
V V So-

— f (u, — r,-)g,dS 4- C (TjjnjUidS (17)
s„ s

(von  d er R ed u k tio n  d e r F läch en in teg ra le  w urde  m it R ü ck s ich t a u f  die s p ä te ­
re n  Z usam m enhänge  abgesehen).

D er G edankengang  gilt auch fü r  d en  F a ll, daß  m an  das B ereich  V  als aus 
T e ilbere ichen  V e gekoppeltes System  b e tra c h te t  (M osaikprinzip). In  d iesem  
F a ll  m üssen ab er a u ß e r  den Gin. (1) — (6) zwei w eitere B ed in g u n g sg le ich u n ­
gen e ingefüh rt w erden , die die B erü h ru n g sfläch en  der E lem en te  V e b e tre ffen :

K ]  =  gi e n tla n g  r u, (18)

[Oijtij] =  hj e n tla n g  Г„. (19)
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Es b ed eu ten  h ie r [ . . . ] ,  den die a lgebraische D ifferenzb ildung  der Z u s ta n d s ­
p a ra m e te r  e n tla n g  der B erüh rungsflächen  (der im B ereich  V  liegenden »inne­
ren« F lächen  Г )  vo rsch re ib en d en  O p era to r, g, die vorgegebene V ersch iebungs­
v e rte ilu n g  u n d  h, d ie  vorgegebene S p an n u n g sv erte ilu n g  en tlan g  dieser F läch en . 
Г и u n d  Г а b ilden  ebenso ein k o m p lem en tä res  S ystem , wie S, und  S a. (F ü r  
g i  =  h j  =  0 fo rm u lie ren  die Gin. (18) u n d  (19) die im  ü b lich en  Sinne v e r s ta n ­
dene K o n tin u itä t  d e r Z ustandsfe lder). D em en tsp rech en d  w ird  auch die S tru k ­
tu r  des F u n k tio n a is  v e rä n d e rt, m it den  die B erü h ru n g sfläch en  der E lem en te  
V е b e tre ffen d en  en tsp rech en d en  D islo k a tio n s-E n erg ie in teg ra len  ergänzt ([8]).

Falls die F o rm  des B ereiches V  u n d  das R an d b ed in g u n g ssy stem  k o m ­
p liz ie rte r sind , so is t die Lösung der m it den  G leichungen (1) — (6) fo rm u lie rten  
A ufgabe in  geschlossener (ste tige F u n k tio n e n  endlicher A nzah l en th a lten d e r) 
F o rm  m eistens n ic h t m öglich. E ine  N äh e ru n g  der e x a k te n  Lösung w ird  in 
d iesem  Fall als lin ea re  K om b in a tio n  von  w illkü rlich  angenom m enen, e in fa ­
chen  (oder k o m p liz ie rte ren , jedoch  günstige  E ig en sch aften  besitzenden) N ä ­
h e ru n g sfu n k tio n en  m it u n b ek a n n te n  K oeffiz ien ten  gesuch t. Die frei w ä h lb a ­
ren  P a ra m e te r  d ieser linearen  K o m b in a tio n  w erden  d e ra r t  vorgegeben, d a ß  
die N äh erungslösung  in  irgendeinem  Sinne »optim al« w ird . Falls m an z. B. 
die zu  v a riie ren d en  Z u stan d sfu n k tio n en  in  F o rm  so lcher lin ea ren  K o m b in a tio ­
nen  in  die Gl. (17) e in se tz t, so w ird  das F u n k tio n a l eine F u n k tio n  der u n b e ­
k a n n te n  P a ra m e te r . Folglich w ird  auch  die V aria tio n sb ild u n g  durch  p a rtie lle  
D eriv a tio n  n ach  d en  le tz tg e n a n n te n  P a ra m e te rn  d u rc h g e fü h rt und  d e ra r t  
das fü r  die w eite re  B erechnung  als G rund lage  d ienende G leichungssystem  e r ­
h a lte n . F a lls  — w ie au ch  in  der k lassischen  E la s tiz itä ts le h re  — 77 eine q u a d ra ­
tische  F u n k tio n  d e r P a ra m e te r  is t, so fü h r t  (8) zu einem  linearen  G leichungs­
sy stem .

E igen tlich  is t  /Z e in  F eh le rp o ten tia l, das die zw ischen dem  E nerg ien iveau  
bei d er ex ak ten  L ösung  und  bei e iner belieb igen  N äh e ru n g  bestehende A b ­
w eichung a n g ib t [9]. D urch  die m it dem  A nsa tz  д П  =  0 e rh a lten e  N äh eru n g  
w ird  im  lin ea ren  B ere ich  der angenom m enen  N äh eru n g sfu n k tio n en  der F eh le r 
im  Gai/orfcin’schen  S inne m in im iert ([4], [10]). N a tü rlich  k a n n  auch eine a n ­
dere F eh le rb ed in g u n g  gew ählt w erden , in  w elchem  F a ll jedoch  dem  F e h le r­
in teg ra l keine energe tische  D efin ition  zu gehört ([11], [12]). A n diesem  P u n k t  
is t d er G ed an k en g an g  schon d irek t m it den  allgem einen  G run d sä tzen  der 
M ethode der gew ogenen  R este  v e rk n ü p ft u n d  die B eh an d lu n g  der d iesbezüg­
lichen  D eta ilfrag en  w ürde  ü b er den  R ah m en  unseres A ufsatzes h inausgehen
([13]).

3. D ie Energiefunktionale des Linienkontinuum s

V orstehend  w u rd en  die Z usam m enhänge der k lassischen  E la s t iz i tä ts ­
lehre m it G ü ltig k e it fü r  die allgem eine räu m lich e  A ufgabe b eh an d e lt. Im  F alle  
von  zwei- und  eind im ensionalen  K o n tin u u m  w ird die A nzah l der zu stan d s-
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ken n ze ich n en d en  S k a la rfu n k tio n e n  g eringer u n d  die das m echan ische V er­
h a l te n  des gep rü ften  K ö rp e rs  (F lächen - oder L inienbereichs) besch re ibenden  
G le ichungen  w erden  e in facher.

N achfolgend w erden  die das L in ien k o n tin u u m  b e tre ffen d en  Z usam m en­
h ä n g e  d a rgeste llt m it d er A b sich t, eine V erb in d u n g  zw ischen den  Gin. (7) u n d  
(8) h e rzuste llen . B ei d er H e rs te llu n g  d er en tsp rech en d en  F o rm  des P o te n tia ls  
(17) suchen  wir eine F o rm u lie ru n g , nach  d e r das Modell des L in ien k o n tin u u m s 
m it dem  in der lin ea ren  T heorie  d er S ta b k o n s tru k tio n e n  an g ew an d ten  M odell 
ü b e re in s tim m t. Zu d iesem  Zw eck w erd en  die nachfo lgenden  A n n ah m en  ge­
m a c h t:

a) Das L in ien k o n tin u u m  b e s te h t  aus geraden A b sc h n itte n , fü r  deren  
rä u m lich e  A nordnung  k eine  E in sc h rä n k u n g  vorgegeben w ird . D ie E n d p u n k te  
d e r  L in ien ab sch n itte  w erden  K n o te n p u n k te  gen an n t, m it lau fen d en  N um m ern  
v e rse h e n  und  die L in ie n a b sc h n itte  jew eils m it den N u m m ern  ih re r beiden  
E n d p u n k te  beze ichnet. In  den  w eite ren  w erden die L in ien ab sch n itte  ku rz  
S tä b e  genann t.

b) Das A nalogon des B ereiches V  is t  die Sum m e d er S tab län g en , ^  1j>k
j,k

(siehe B ild 1). A n s ta t t  d e r in  d en  Gin. (1) u n d  (2) stehenden  D iffe ren tia lo p era ­
to r e n  (def, div) w ird  h ie r  d er D iffe ren tia lo p era to r  en tlan g  des S tabes, d/dl 
e in g ese tz t.

W egen der b e lieb igen  A n o rd n u n g  d e r S täbe ist im  L aufe  der U n te rsu ­
c h u n g  die (w enigstens stillschw eigende) A nw endung des M osaikprinzips im m er 
n o tw en d ig . N eben dem  allgem einen B ezu g sk o o rd in a ten sy stem  m uß  auch  ein 
d e n  E in ze ls täb en  an g ep aß te s  lokales S ystem  eingeführt w erden . Als K o o r­
d in a te n u rsp ru n g  dieses le tz te re n  S ystem s w ird  der die k le in s te  N u m m er t r a ­
g ende  K n o te n p u n k t g ew äh lt (die n o rm ale  positive D efin ition  v o n  n; k e rg ib t 
s ich  d em en tsp rechend). Die B eziehung  zw ischen den zw eierlei K o o rd in a te n ­
sy s tem en  w ird  a u f  die ü b liche  W eise, m it  H ilfe der D re h m a tr ix  T j k =  (T*^)-1 
gesich e rt.

B esondere Ü b erleg u n g  e rfo rd e rt die F rage  der D efin itio n  der F läch en  
S  u n d  Г . Es w ird  n äm lich  v o rau sg ese tz t, d a ß  die gekop p elten  S tab en d en  d ie ­
se lbe  N um m er h a b e n  u n d  d aß  ih re  V ersch iebung  der K n o ten p u n k tv e rsch ie -
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b u n g  gleich is t, das V orhandensein  e in er äu ß eren  K ra f t  an  jed w ed em  K n o te n ­
p u n k t  w ird  ab e r auch  n ich t ausgeschlossen . D as A nalogon d er Gl. (18) is t  also 
im m er hom ogen , das der Gl. (19) h in g eg en  n ich t u n b ed in g t. A n d ere rse its  w ird  
die F o rm  d er G in . (4) u n d  (19) v o llk o m m en  gleich, u n ab h än g ig  d av o n , ob d er 
K n o te n p u n k t als äußeres oder in n eres  »Flächenelem ent« b e tra c h te t  w ird . E s 
is t also n ic h t zw eckm äßig , zw ischen »äußeren« und  »inneren« K n o te n p u n k te n  
zu u n te rsc h e id e n  — ih re  G esam the it k a n n  als A nalogon der F läch e  S  b e tra c h ­
t e t  w e rd en .3 D e ra r t  genüg t in  d en  nachfo lgenden  die U n te rsu c h u n g  des 
H ellin g er—R eissner 'sehen  F u n k tio n a is .

c) A n s ta t t  d e r im  B ereich  V  d e fin ie rten  Z u sta n d sp a ra m e te r  u, u n d  er 
w erd en  je tz t  die V ek to ren  u y>/<(/) u n d  Sj :k{l) e ingeführt (B ild  2). D iese V e k to ­
re n  e n th a lte n  je  sechs E lem en te  in  d e r  gew ohnten A n o rd n u n g , es w ird  ab er

F i g .  2

angenom m en , d aß  sie en tlang  des S tab es  V eränderungen  u n te rlieg en d e  S k a la r­
fu n k tio n e n  sind. In  d ieser P hase  d e r Ü berlegungen  w ird  näm lich  das V o rh a n ­
d en se in  einer en tlan g  der E in ze ls täb e  angreifenden  v e r te ilte n  L a s t К jtk{l) 
n ic h t ausgeschlossen.

d) D er E in fa c h h e it h a lb e r w ird  angenom m en, daß  die R a n d b ed in g u n g en  
g e tre n n t v o rlieg en . B ei einem  T eil d e r K n o te n p u n k te  is t der gesam te  V er­
sch ieb u n g sv ek to r у* (alle K o m p o n en ten  dieses V ektors), bei den  ü b rig en  K n o ­
te n p u n k te n  d er gesam te  L a s tv e k to r  Q ; vorgegeben (1 <[ к, 1 <  m ). D e ra r t 
is t die M enge d er P u n k te  vo rgegebener V erschiebung zu r F läch e  S u u n d  die 
M enge d er P u n k te  vorgegebener B e la s tu n g  zur F läche S a analog . A u f die 
P u n k te  v o rgegebener V ersch iebung w irk t die u n b ek an n te  R e a k tio n  R^; К ,  
R/t, Qa sind  ebenfalls sechsdim ensionale  V ektoren).

e) E s w ird  angenom m en , d aß  d as  V erh a lten  des S ta b m a te ria ls  d u rch
eine als q u a d ra tisc h e r  A usdruck  des V ek to rs Sу *(l) h e rs te llb a re , v e r te il te  
k o m p le m e n tä re  E n e rg ied ich te fu n k tio n  e indeutig  g ekennze ichne t w er­
d en  k an n .

3 Da diese Möglichkeit naheliegend ist, wird das Mosaikprinzip in der Theorie der Stab­
konstruktionen üblicherweise nicht weiter betont — die Fragen der Verbindung der Elemente 
ergeben sich dann nur noch in der verallgemeinerten Theorie [3].
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D ie besch riebenen  A nnahm en  u n d  D efin itio n en  m achen  es je tz t  schon  
m öglich, die fü r S ta b k o n s tru k tio n e n  gültige F o rm  des Hellinger—Reissner’sehen  
F u n k tio n a is  an zu sch re ib en . D er gew äh lten  p o sitiv en  R ich tu n g  im  lo ­
k a len  K o o rd in a ten sy s tem  en tsp rechend  s te h t in  dem  ( je tz t  au f die S ta b e n ­
den  bezogenen) A u sd ru ck  d er F läch en iteg ra le  — Syj*(0) u n d  Sj,k(lj,k)^ u n d  das 
A nalogon von  ffijiij n im m t a u f  das allgem eine K o o rd in a ten sy stem  bezogen 
die F o rm

^ T Î A . / W - ^ T * . A . ( o )
0*) M

an , w obei p  u n d  v d en  an d e ren  E n d p u n k t d e r an  den  K n o te n p u n k t j  an g e­
schlossenen S täbe  b e d e u te n  und  g  <  j  <  v g ilt. D ie h in sich tlich  der äu ß eren  
K rä f te  positive  N orm ale  zeigt in die zum  K n o te n p u n k t en tgegengesetzte  
R ic h tu n g , d e ra r t k a n n  d ie Gl. (17) u n te r  A n w endung  der e ingefüh rten  ßeze ich - 
n u n g en  in  nach fo lgender F o rm  angeschrieben  w erden :

Die S ta tio n ä ritä tsb e d in g u n g  ôIJr =  0 is t d en  fü r die gesam te S ta b k o n s tru k ­
tio n  geltenden  G leichgew ichts-, K o n tin u itä ts -  u n d  R andbed ingungsg le i­
chungen  äq u iv a len t (die K om ponen ten  v o n  uy A(Z) k ö nnen  nach den fü r k leine 
V ersch iebungen  g e lten d en  k inem atischen  Z usam m en h än g en  in  F u n k tio n  d er 
K n o ten p u n k tv e rsch ieb u n g sv ek to ren  u ,■ u n d  u k angesch rieben  w erden).

D ie in der T heorie  d er S ta b k o n s tru k tio n e n  zugelassene N äherung  a n ­
w endend  sei je tz t  fü r  alle  S täbe K j k(l) =  0 angenom m en. In  diesem F a ll 
k a n n  das zw eite G lied an  d er rech ten  Seite  d er Gl. (20) bei beliebiger G röße 
ÖUj'k n u r  d ann  e lim in ie rt w erden , w enn die B ed ingung

d
dl sJ,k(l) =  0 ( 21)

erfü llt is t. D er Z u sam m en h an g  (21) is t eine den  S tab  j ,  к betreffende G leich­
gew ichtsg leichung, das A nalogon der Gl. (1) u n d  d rü c k t die T a tsach e  aus, d aß  
ein aus dem  S tab n e tz  herausgegriffenes S tab e lem en t n u r  an  seinen E n d p u n k ­
te n  d u rch  je  eine V erb in d u n g sk ra ft b e a n sp ru c h t w ird . D aru m  genügt es, z. B .
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die S tab en d k ra ft zu erfassen , u n d  die V ere in fach u n g  Sj,k(lj,k) =  Sj,k e in fü h ren d , 
sch re ib t sich

w obei Вуд. wie ü b lich  de fin ie rt w ird  [2]. D urch  A usschließen  von  en tlan g  des 
S ta b e s  angreifenden  äußeren  K rä f te n  k a n n  d e ra rt in Gl. (20) das zw eite Glied 
v ern ach lässig t w erden  und  die ü b rig en  A usdrücke sind  die Gl. (22) b e rü c k ­
sich tigend  um zuform en .

Von der au sfüh rlichen  B erech n u n g  der gesam ten  k o m p lem en tä ren  E n e r ­
gie d er einzelnen S tab e lem en te  an  d ieser Stelle ab seh en d , verw eisen  w ir au f 
A b sc h n itt 2.46 des W erkes [2]. D en  in  d er linearen  E la s tiz itä ts le h re  gü ltigen  
Z usam m enhang

m it berücksich tigend  n im m t das e rs te  G lied an  der re c h te n  Seite  der Gl. (20) 
die F orm

an , wobei Fj к d ie N ach g ieb ig k e itsm a trix  des S tahes is t. (D azu  sei e rw äh n t, 
d aß  Sy-д m it den  en tlan g  des S ta b q u e rsc h n itte s  an g re ifen d en  e igentlichen  
S pannungen  cr,y n ach  der B ernou ll i—N avier 'sehen  H y p o th e se  zu sam m en ­
h ä n g t) . Schließlich w ird  auch  das le tz te  G lied an  der re c h te n  Seite  der Gl. (20) 
u n te r  B erücksich tigung  der Gl. (22) um gefo rm t:

( 22)

Ф(ст,7) =  W ( e u ) =  у  a tJel}

w onach  sich I I R in  d e r folgenden v e re in fach ten  F orm  sc h re ib t:

(23)
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D ieser A usdruck  is t  das fü r die aussch ließ lich  an  ih ren  K n o te n p u n k te n  b e ­
la s te te  S ta b k o n s tru k tio n  lin ea r e lastischen  M ateria ls im  F a lle  k leiner V er­
sch iebungen  gelten d e  E n e rg ie p o te n tia l. Seine S ta tio n ä ritä tsb e d in g u n g  is t d er 
E rfü llu n g  der G le ichungen  (2), (4), (5) u n d  (6) ä q u iv a le n t.

Die rech te  S eite  des Z usam m enhanges (23) k a n n  in  eine b ek an n te  F o rm  
ü b e rfü h r t  w erden , w en n  m an  bei dei die G e sa m tk o n s tru k tio n  betre ffen d en  
Sum m ierung  die V e k to re n  Sj  k zu einem  einzigen V ek to r S u n d  die V erschie­
b u n g en  uj  zu einem  einzigen V ek to r u zu sam m en faß t. D a  n ach  der in  A b ­
sc h n itt  3 u n te r  P u n k t  d) g em ach ten  A nnahm e n k u n d  ил ein  k om plem en täres 
S y stem  bilden, k ö n n e n  a n s ta t t  von  Q* u n d  R * die V e k to re n  Q* und  R * ein­
g e fü h rt w erden , d ie  die D im ension  6m  h ab e n  u n d  d e ren  E rg än zu n g se lem en te  
k o m p lem en tä re r L age gleich N ull sind . Schließlich sei a n s ta t t  der w eiteren  
au sfüh rlichen  U n te rsu c h u n g  des le tz te n  G liedes v o n  Gl. (23) a u f  die A b schn itte
2.1 u n d  2.2 des W erkes [2] verw iesen: m it H ilfe der d o rt e in g efü h rten  M atrix  
Gj,k lä ß t sich auch  d ieser — zw eifache S um m ierung  e n th a lte n d e  — A usdruck  
in  k o m p a k te r  F o rm  ansch re iben . Als E rg eb n is  e rh ä lt m a n

II'R = - ~  S * F S - Q * u - R * ( u - v ) - S * G u  (24)
2

(m it der U m form ung  des V ek to rs R * ü b e re in s tim m en d  w u rd e  auch der n ic h t 
zu  variie rende  V e k to r \ x m it N u lle lem en ten  e rgänz t). D u rch  ausführliche E n t ­
w icklung  der B ed in g u n g  (8) (freie V a ria tio n  der E lem en te  v o n  u, R  u n d  S) 
e rh ä lt  m an die aus d e r T heorie  der S ta b k o n s tru k tio n e n  g u t b e k a n n te n  Z u sam ­
m enhänge:

M T r  | U -  S*G — Q* -  R * =  0, (25)

ÖH r  R* u — V =  0, (26)

^71R iS*

оIIsО1СЛfa1 (27)

D er Z usam m enhang  (25) is t die s ta tisch e  R an d b ed ingungsg le ichung , die das 
G leichgew icht d e r K n o te n p u n k te , d a ru n te r  die an  d en  K n o te n p u n k te n  v o r ­
gegebener V ersch iebung  e rreg ten  R eak tio n en  e rfaß t (vgl. [2], 2.44), die Gl. (26) 
e n th ä lt  die geom etrische  R an d b ed in g u n g , schließlich  d ie  Gl. (27) die geo­
m etrische  K o n tin u itä tsb e d in g u n g  (für den  F a ll, d aß  die k inem atische  B ela­
s tu n g  gleich N u ll is t) .

4. Schlußfolgerungen

Bei der D a rs te llu n g  der zw ischen d er en erg e tisch en  F o rm ulierung  der 
K o n tin u u m au fg ab e  u n d  d er T heorie d er S ta b k o n s tru k tio n e n  bestehenden  B e­
z iehung  b e sc h rä n k te n  w ir uns au f die B eh an d lu n g  des e in fach sten  Falles. E in
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ähn liches V erfah ren  is t auch  fü r den  F a ll m öglich, d aß  das V orhandensein  v o n  
(s ta tisch en  oder k in em a tisch en ) A nfangseinflüssen  n ic h t ausgeschlossen w ird . 
A u f die fü r S ta b k o n s tru k tio n e n  geltenden  allgem eineren  Z usam m enhänge 
h ab e n  w ir schon h ingew iesen  — im  F alle  von  K o n tin u u m a u fg a b e  is t au ch  eine 
beim  V orhandense in  g ro ß er F o rm än d eru n g en  u n d  A nfangssp an n u n g en  gü ltige  
V erallgem einerung  des P o te n tia ls  (16) b e k a n n t [4]. E rw äh n en sw ert is t noch  
der U m stan d , d aß  sich das P o te n tia l (16) auch  fü r  n ic h tlin e a r  elastisches 
K o n tin u u m  anw enden  lä ß t.

W ie in  A b sc h n itt 2 schon e rw äh n t, lassen  sich einzelne V arian ten  des 
P o te n tia ls  П  e rh a lte n , w enn bei d er V aria tio n  d er Z u stan d sfe ld e r einige G lei­
chungen  des G rundg le ichungssystem s e rfü llt w erden . W en n  z. B. u, d er geo­
m etrisch en  B ed ingung  (5) genüg t u n d  £,,■ a n s ta t t  d e r fre ien  V aria tio n  n ach  
Gl. (2) vorgegeben  w ird , so w ird  b ek an n tlich  Пр> a u f  den  A usd ruck  der gesam ­
te n  p o ten tie llen  E n erg ie  v e re in fach t. F alls try a p rio ri d e r G leichgew ichtsbe­
d ingung  (1) u n d  d er s ta tisc h e n  R an d b ed in g u n g  (4) g en ü g t, so e rh ä lt m an  das 
k o m p lem en tä re  E n erg ie in teg ra l. D ie A nw endung d ieser be id en  V arian ten  e r­
m öglich t im  F alle  v o n  K o n tin u u m au fg ab en  die E in sc h rä n k u n g  der ex a k te n  
L ösung [5]. Bei d e r F o rm u lie ru n g  d er die S ta b k o n s tru k tio n  betre ffen d en  a n a ­
logen Z usam m enhänge e rg ib t sich n u r  d ad u rch  eine A bw eichung , daß  die E r ­
fü llung  d er Gl. (1) — u n te r  A usschließen der den  M assen k rä ften  en tsp rech en ­
den , en tlan g  der S tä b e  v e r te ilte n  B elastu n g  — n ach  (22) gesichert w ird . D es­
w egen w ird  aus dem  A u sd ru ck  der p o ten tie llen  E nerg ie  n u r  die G leichgew ichts- 
R an d b ed in g u n g  e rh a lte n .

D as P o te n tia l  (24) w urde  — un seren  Z ielsetzungen  en tsp rech en d  — m it 
d ed u k tiv em  V erfah ren , d u rch  V ereinfachung des a llgem einen  A usdruckes b e ­
s tim m t. E s sei e rw ä h n t, d aß  IJ'R im  F alle  sow ohl der räu m lich en  K o n tin u u m ­
aufgabe, als auch d e r T heorie  der S ta b k o n s tru k tio n e n  auch  m it zeichnerischem  
V erfah ren  b e s tim m t w erden  k an n . M it dem  A u sdruck  d e r gesam ten  k o m p le ­
m e n tä re n  E nerg ie  k ö n n e n  z. B . u n te r  A nw endung des L ag ran g e ’schen M u lti­
p lik a tio n sv erfah ren s  d ie  die G leichgew ichtsbedingung au sd rü ck en d en  G lei­
chungen  gekoppelt w erd en  — der M u ltip lik a to r w ird  d a n n  gerade dem  V er­
sch ieb u n g sv ek to r gleich  [4], [14].
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Relations between the Theory of Bar Structures and the Continuum Problem. The
well-known state-equation in the theory of bar structures can be regarded as stationarity con­
dition of a functional of energetic type. The paper presents the chain of thought in detail for 
the case of the linear problem (formulated without considering initial strains and stresses).

О связи между теорией стержневых конструкций и континуумной задачей. Уравне­
ние состояния, известное в теории стержневых конструкций, можно вывести в качестве 
стационарного уравнения условия. В работе детально показан ход мыслей для случая 
задачи линейной теории (сформулированной без учета начальных деформаций и напря­
жений).
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In statically indeterminate structures any production inaccuracy may lead to 
considerable stresses, the estimation of which by the Tchebishev inequality is rather 
pessimistic. This is why the elaboration of far more accurate estimations has become 
necessary.

1. Introduction

D im ensional inaccuracies d u rin g  p ro d u c tio n  and assem bly  can  gen era te  
considerab le  stresses in  s tru c tu re s . In v e s tig a tio n s  to  th is  end  h av e  been  re ­
p o rte d  on in  severa l papers [1], [2 ], in v o lv in g  g radual g en era liza tio n  of th e  
s tru c tu ra l  and  s tress m odel.

So fa r in fo rm atio n  on th e  d is tr ib u tio n  function  of th e se  d im ensional 
inaccu racies was alw ays assum ed. B y m easu rin g  th e  p ro d u c tio n  inaccuracies 
o f a su ffic ien t n u m b er of s tru c tu re s , th e ir  ex p ec ted  em pirical v a lu e  as w ell as 
co v arian ce  m a tr ix  an d , in  th e  fo rm  of th e  lin ea r  co m bina tion  of th e  la t te r ,  
th e  f irs t  and  second em pirical c e n tra l m o m en ts  of th e  stresses caused  th e re b y  
could  be de te rm in ed . W ith  all these  know n  fac to rs , conclusions m ay  be d raw n  
b y  T cheb ishev  in eq u a lity  on th e  n u m b er o f s tru c tu re s  expected  to  be qualified  
as accep tab le  [2 ].

E x a c t analysis resu lts  verified  t h a t  th e  T chebishev in e q u a lity  w ould 
lead  to  an  e s tim a tio n  m uch m ore p essim istic  th a n  is th e  a c tu a l s itu a tio n . F o r 
th e  sake  o f econom ic p ro d u c tio n  an y  u n n ecessa rily  s tric t d im ensional accu racy  
spec ifica tio n  should  be avoided . T h is is w h y  an  estim atio n  fa r  m ore precise 
th a n  th e  Tchebishev in eq u a lity , ta k in g  in to  accoun t several ch a ra c te ris tic s  of 
th e  em pirica l d is tr ib u tio n  fu n c tio n , is needed .

* Prof. Dr. P. M i c h e l b e r g e r , Egri József u. 19, 1111 Budapest, Hungary
** A. K e r e s z t e s , Dob u. 38, 1072 Budapest, Hungary

Acta Technica Academiae Scientiarum Hungaricae 79, 1974



6 4 M IC H E LB ER G ER —K ER ESZTES

2. Production o f higher- order empirical m om ents

L e t us ta k e  m easu rem en ts  a t к p o in ts  o f a to ta l  o f N  s tru c tu re s , and  
sum  u p  th e  d im ensional d ev ia tio n s from  th e  specified  va lu es  in  th e  fo llow ing 
m a tr ix :

«11 • • • d 1

dfi . . .  d;

1 j  • ■ a l N ~

1 j N

i l  • ■ a iN =  ta • . a . ■ a] , ( 1 )

k j  • • a k N -

where ац indicates the dimensional difference measured at the i-th point of the jf-th structure.

W hen  tre a tin g  th e  inaccuracies a t th e  d iffe ren t p o in ts  of th e  s tru c tu re  
as p ro b a b ility  v a riab le s , we o b ta in

f i l l

( 2)

where indicates the probability variable values representing the dimensional inaccuracies
at the i-th structural points.

T h u s I* can  be rea lized  as

—  [ ® i n  ®i2* • • • ’ a i j i  • • • ■> a i7v ] ( 3 )

th a t  is, a lin ear v e c to r  o f  m a tr ix  T.
O n th e  basis o f th e  re la tio n s derived  in  [2], th e  stress due to  th e  in a c c u ­

rac ies a t  an  s-coo rd ina te  p o in t of th e  s tru c tu re  can  be d e te rm ined  b y  e q u a tio n

w here

M(s)  =  A  • a

-  ak-

(4)

( 5 )
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rep re sen ts  th e  d im ensiona l in accu racy  v a lu es  m easu red  a t  p o in t /с of a g iven  
s tru c tu re , th a t  is, a co lum n v ec to r o f m a tr ix  T, while

A =  A(s) =  [ з ф ) ,  oc2( s ) , . . . ,  x k(s)], (6 )

is th e  lin ear v ec to r  tran sfo rm in g  th e  d im ensional in accu racies  in to  stress. L e t 
us in d ica te  b y  )] th e  j’-th  ce n tra l m o m en t o f th e  s tress genera ted  in
th e  s-coo rd inate  p o in t o f th e  s tru c tu re .

T he expec ted  em p irica l value of th e  s tre ss  h as  b e e n  d e te rm ined  in  (2) 
on th e  basis of re la tio n

=  ATe

where e is an additive vector consisting of units,
xpx is the operator of the scalar multiplication, 

and a indicates the ra-th column vector of matrix T

(? )

Since th e  c a lcu la tio n  is m ain ly  in te re s te d  in  th e  b e h a v io u r of th e  m easu red  
red  values a ro u n d  th e  expec ted  va lu e , a new  p ro b a b ility  v a riab le  should  be  
in tro d u ced . So le t  u s  h av e

m  =  %i -  m i l 8 )

w here th e  rea liza tio n s  o f rj,■ are

and

Tjf — [ftji,. . . ,  by, . . . ,  t — 1, 2, .  • . , (9)

by  — aij — m i ( 10)

w hile -E(li) =  rtii is th e  ex p ec ted  v a lu e  of I n  o th e r w o rd s, th e  new  e lem en t 
is g en era ted  b y  d ed u c tin g  from  each e lem en t of th e  d im en sio n a l in accu racy ’s 
m a tr ix  T th e  ex p ec ted  v a lu e  co rrespond ing  to  its  ow n row .

U sing th e se  re la tio n s  w ill give, as th e  second c e n tra l m o m en t of th e  s tre ss :

/ i2[M (s)] =  E J£<ZiVi
i = 1

к к 

i= 1 ;'=2
к к

=  2  2 X iX j E ( rl i rl j )  =  V2
f=l y=i

1 N
—  2  = bjn
1У1 n=1

( 11)

i — 1, 2, « . • ,  /с

j  =  1, 2, . . . ,  k .
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B y  m aking  use of th e  d y ad ic  m u ltip lic a tio n , (11) m ay be re w r itte n  in th e  fo rm :

( 12)

where v>2 *s an operator multiplying the dyad with a row vector from the left side, and by 
a column vector from the right, i.e., which will thus produce a scalar; 

n indicates the ra-th column vector of matrix T which had been reduced to an expected
П
b value of zero.

Sim ilarly , th e  em p irica l th ird  c e n tra l  m om ent of th e  s tre ss  of th e  «-coor­
d in a te  p o in t will be

(13)

w here

supp lies th e  Ь,д e lem en t of a k x k x k  cub ic  m atrix .
T ak ing  in to  acco u n t all th e  co -o rd in a te  values, a cub ic  m a tr ix  w ill be 

a rr iv e d  a t, in  w hose p rin c ip a l d iag o n a l th e  th ird  cen tra l m o m en t of th e  com ­
p o n e n ts  of

Vi~

Vi

Vk-

(14)

p ro b a b ility  v ec to r v a ria b le  is fo u n d , w hile  th e  o ther e lem en ts  in d ica te  th e  
n u m erica l figures c h a ra c te ris tic  of th e  in d iv idua l co m p o n en t dependencies.

O p era to r ip3 w ill tra n s fo rm  th is  cub ic  m a trix  in to  a single num erica l 
figu re .

D epending  on th e  y 3(s) o p e ra to r , th e  tran sfo rm a tio n  is p erfo rm ed  w ith  
a fi3[M(s)] v a lue  c h a ra c te ris tic  of d iffe ren t s-co-ord inate p o in ts  o f th e  s tru c tu re  
w h ich  th e n  will be o b ta in e d .

L et us s tip u la te  t h a t  th e  do u b le  dyad ic  m u ltip lica tio n  ab c can  be 
p erfo rm ed  only in  th e  follow ing sequence: f irs t th e  co lum n v ec to r  a is m u lti­
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p lied  b y  row  v ec to r b, th e n  th e  m a trix  th u s  p ro d u ced  is m u ltip lied  dyad ica lly  
b y  th e  row  v ec to r c n o rm al to  th e  p lane  in v o lv ed . T h u s (13) can  be re w ritte n  
in  th e  form

/U3[ M( s ) ] = V3 f i r J b o b ° b )  . (15)
l -W /1=1 )

U sing (13) and (14) needs m uch  ca lcu la tion , th e re fo re , i t  is b e s t to  em ploy th e  
re la tio n

/t3[M (s)] — 2
i= i

(16)

w hich , in  tu rn , m eans th e  m u ltip lica tio n  of th e  rea liza tio n s  o f th e  p ro b ab ility  
v a riab les  reduced  to  an  ex p ec ted  value  of zero, befo re  in v o lu tio n , b y  th e  t r a n s ­
fo rm atio n  m a tr ix  re la te d  to  co -o rd inate  s. I n  th is  case, how ever, any  d irec t 
in fo rm atio n  on th e  m o m en ts  an d  in te rd ep en d en ce  o f  th e  d im ensional in accu ra ­
cies w ill be lo st, and  n o th in g  b u t  th e  cen tra l m o m en ts  o f th e  stress of th e  single 
s-co-o rd inate  p o in t w ill be o b ta in ed .

S im ilarly  to  w h a t h a s  been  said above, th e  fo u r th  ce n tra l m om ent of 
th e  stress a t  th e  p o in t o f  co -o rd in a te  s can  be d e te rm in e d  b y  m eans of th e  r e ­
la tio n

иЛ Щ >)]
l

N

N

2
/i=l

к

2 i  x ‘bir (17)

I n  th e  re la tio n s used fo r th e  d e te rm in a tio n  of th e  m o m en ts  th e  d a ta  set av a il­
ab le h as  been  assum ed  to  be su ffic ien tly  la rg e . I n  th e  case of an  insuffic ien t 
sam ple th e  w ell-know n co rrec tions m ust be u sed , w h e reb y  (12), (16) and  (17) 
w ill be  m odified  as follow s:

/x2[M (s )]

Ы В Д ]  =

^ [ M ( s ) ]  =

1 N f  к

N
JV N  I к

( N - l ) { N - 2 ) 2 \ 2 * * ь

N 2 N  I к

{N  _  i) ( jv  -  2 ) (N  -  3)

(18)

(19)

( 20)

3. E stim ation m ethods using higher- order m om ents

So fa r we h av e  d e te rm in ed  th e  firs t fo u r em p irica l c e n tra l m om ents o f 
th e  stress (load) on th e  rj- o r | -  p ro b a b ili ty -v e c to r  v a r ia b le , w hich m eans th a t  
of th e  s-co -o rd in a te  p o in t. T h is is how we sha ll a t te m p t  to  o b ta in  in fo rm atio n  
on th e  em pirical d is tr ib u tio n  of th e  load .
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A. W ald [3] h a s  e lab o ra ted  th e  following es tim a tio n  m e th o d  b y  m eans 
o f  tw o  op tional a b so lu te  ce n tra l m o m en ts:

P ( | M(s) -  Mi[M(S)] I <  d) >  ad (21)

where
|M(s) —/U1[M(i)]| is the deviation of the load from the expected value, 
d is an optional figure specified, whose unit value is identical to the load or stress, and 
ad is the lower limit of the probability of occurrences (21).

T he in v es tig a tio n  inc ludes tw o  possib ilities:
(a) I f

th e n

ad = l

Ы  1 Щ>) 1 ]
d<

1

M  I M(s)  I ]

else

a<i =  0

where
Jir[I M(s) I] is the r-th absolute centra! moment, 
/»,[| M(s) |] is the д-th absolute central moment,

an d

q > r .

(22)

(23)

(24)

(25)

I t  should be n o te d  h ere  th a t  i f  r  =  2, th e n  (23) is id en tica l to  th e  Tchebi- 
shev in eq u a lity .
(b) i f

th e n

P r [ | M ( » ) l ]  g , [ | M ( « ) | ]
dr ^  dя

a t  M  \ Щ * )  I] -  ÏÆ  I M(s)  1 Щ - г  
dr{d4~r -  0%~r)

(26)

(27)

w here  d 0 is th e  po sitiv e  ro o t o f eq u a tio n

Pr[ I M(s) I W  -  Jiq[ I M(s)  I ]«P +  V ( ß q[ I M ( S )  1 ] -  < P )  +

+  - J i r [ I M(s)  I ]) =  0 (28)
o th e r  th a n  d.

I f
P { \ M meg\ ^ \ ^ [ M ( s ) ] \  +  d } ^ a d (29)
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th e n  re la tions (23) an d  (27) supp ly  th e  estim ation  o f th e  n u m b er of expec ted  
accep tab le  u n its .

A n estim a tio n  m aking  use o f  an  op tional n u m b e r o f cen tra l m om en ts 
h a s  been  e lab o ra ted  b y  C. L. M a l l o w s  [4]. The m e th o d , using  th e  f irs t  four 
c e n tra l m om ents is as follows:
L e t th e  values o f th e  n e x t ce n tra l m o m en ts  be

{p„[M(s)], ^ [ M ( s ) ] ,  q 2[M(s)], ц3[Щ*)Ъ t*AM(s)]}  =
=  {1, 0, 1, /U3[Af(s)], (U4[M(s)]} . (30)

In  th is  case, th e p reco n d itio n  o f e s tim a tio n  is

A  =  d e t A = 1 0 1

0 1 ii3[M (s)]

1 ^ [ M ( s ) ] ^ [ M ( s ) ]

/ * « » ) ] - / * § № ) ] - 1 ^ 0 .  (31)

N ow  le t us in tro d u c e  th e  po lynom e

Qo(ß) = - ß 2 +  Рз [M(s)]ß  +  1 (32)

where
- \ -ß is the top limit of the confidence interval,
—ß is the lower limit thereof.

T h e roo ts of E q . Q0(ß) =  0 are

ß i ,2 =  V  Ы М ( 5)] ±  y^3[M(s) +  4 ]. (33)

L e t us in troduce  now  th e  po lynom e

Q${*) =  Qo(ß)z2 -  bH[M{s)]Qo(ß) +  ßA\*  -  Qo(ß) -  à .  (34)

I f  th e  equa tion  Q*(z) =  0 is so lved, th e n  we o b ta in  ro o ts  zl5 z2. T he e s tim a tio n  
is perfo rm ed  in te rm itte n tly .

a) I f  ß <  ß i
th e n

P ( M ( s ) < ß )  

b) I f  ß >  ß 2
th e n

ß2

1 -)- 24Z2

ß(z i +  2г) +  z iz 2
=  P(ß)- (35)

P { M ( s ) >  ß ) < p ( ß ) (36)
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w h ich  corresponds to  in e q u a lity

P (M (s )  < ß ) > l -  p(ß).

c) I f  ßi <  ß <  ß 2
is t r u e ,  th en

1 4~ ßz 2

(Z1 — Z2)(Z1 — ß)
P (M (s)  < ß ) < l 1 +  ßZy

(Z2 Zl )(Z2 — ß)

(37)

(38)

Since th e  expected  zero  v a lu e  h as  been  reg a rd ed  as th e  p re c o n d itio n  of es tim a­
t io n , from  engineering  o r te ch n ica l aspec ts  we get

± ß  =  M meg. (39)

4. Some aspects in selecting the method of estim ation

(a) The m e th o d  e la b o ra te d  b y  A. W ald  is, w ith  re sp ec t to  th e  am oun t 
o f  ca lcu la tion , m uch  s im p le r th a n  th e  m ethod  offered b y  C. L. Mallow s.

(b) I f  even m o m e n ts  are  em ployed , th e n  th e  ce n tra l m o m en ts  coincide 
w ith  th e  cen tra l a b so lu te  m o m en ts , w hereas in  th e  case o f  odd  m om ents th e y  
do  n o t, so th e  W ald  m e th o d  is n o t sensitive  to  th e  in c lin a tio n  o f th e  d is tr ib u ­
t io n  function .

(c) B y m eans o f  th e  W ald  m ethod  th e  estim atio n  is feasib le  only in a 
g iv en  in te rv a l, w h ich  is sy m m etric  to  th e  ex p ec ted  value . T h e  Mallows  m ethod , 
on  th e  o th e r h an d , is su ita b le  fo r an  e s tim a tio n  of any  o p tio n a l va lue  assum ed 
b y  th e  p ro b ab ility  v a r ia b le , w hereby  th e  lim its  of th e  e s tim a tio n  in te rv a l need 
n o t  be sym m etrica l to  th e  expec ted  va lu e .

5. Numerical examples

A ssum ing a n o rm a l p ro b a b ility  d is tr ib u tio n  of u n it s c a t te r  according to
[2 ], an d  selecting

± ъ Ш м { * ) }

confidence in te rv a l l im its , th e  p ro b a b ility  of th e  accep tab le  item s will be (as it 
w as  in  our case):

P (  I M ( s )  -  ^ [ M i s ) ]  ! <  3 V p 2 [ M ( s ) ] )  ^  0 ,888.

Now let us see the results we obtain by the estimation methods described above, at the 
same confidence interval, and again assuming a normal distribution:

/*,[M(S)] =  0,
/<2[M(S)] =  1,
<И,[Л*(»)] =  0, f t [ | M(s) [] =  1,590.
^,[M(s)] =  3,
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The results in a tabulated form are:

Estim ation  method Estim ated  probability

T c h e b i s h e v 0  8 8 8

A. W a l d 0 9877 if and ju4 are taken into 
account

0 971 if уы2 and Ji3 are reckoned with
C. L. M a l l o w s 0 9752
Theoretical | 0 997

This Table reveals a considerable improvement of the estimations as compared to the Tchebi- 
shev figures.

In the example let us select an asymmetric density function, thus let us have

{0 ha X <  -  Ÿ2

2 ( x + / 2 ) e - 1 * * + y v  ha X  <  OO

and then we shall get
,Ui[M(s)] =  0,

/<2[M(S)] =  1,

/г3[Щ°)] =  ŸÏ,
ß Ä M (s ) ]  =  6.

The confidence interval limits are: +  3//<2[M(s)], whereas the results, again in a 
tabulated form: 6

Estim ation m ethod Estim ated  probability

T c h e b i s h e v 0  8 8 8 8

A. W a l d 0 9275 with /i2 and /г4 taken into
account

C. L .  M a l l o w s 0 9325
Theoretical 0 9855

6. C onclusions

(a) B ecause o f th e  pessim istic  e s tim a tio n  of th e  Tchebishev in e q u a lity , 
s tru c tu re  p ro d u c tio n  perm its  only a n a rro w  to lerance  ra n g e  w hich, in  tu r n ,  
leads to  a considerab le  p ro duc tion  cost increase .

(b) U sing h ig h e r-o rd e r  m om en ts sup p lies  fa r m ore accu ra te  e s tim a tio n s  
on th e  a c c e p tab ili ty  o f th e  s tru c tu ra l e lem en ts , w hereby  less s tr ic t p ro d u c tio n  
specifica tions w ill be requ ired  w ith , h ow ever, th e  sam e w aste  p e rcen tag e  p e r ­
m itte d .
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(c) The n u m erica l exam pled  offered  b y  th e  p re se n t p a p e r  confirm  th a t  
in  th e  case of sy m m etrica l d is tr ib u tio n  fu n c tio n s  th e  W ald  m ethod , w hereas 
fo r asy m m etric  d is tr ib u tio n s  th e  M allows  m ethod  supplies m ore a c c u ra te  
e s tim a tio n s .

REFERENCES

1. M ic h e l b e r g e r , P.: Calculation of Assembly Stresses Due to the Inaccurate Production of
Vehicle Structures — Műszaki Tudomány 45 (1972), 331—342 (in Hungarian)

2. M ic h e l b e r g e r , P. : The Effect of Production and Assembly Inaccuracies on Bar Structure
Stresses — Acta Techn. Hung, under press, (in Hungarian)

3. A. W a l d : A Generalization of Markoff’s Inequality — Annals of Mathematical Statistics
(1938), 244

4. C. L. Ma llo w s : Generalization of Tchebycheff’s Inequalities — Journal of the Royal Statisti­
cal Society, Series В (1956), 139—167

S c h ä t z u n g  d e r  a u s  F e r t i g u n g s u n g e n a u i g k e i t e n  h e r r ü h r e n d e n  B e a n s p r u c h u n g e n  m i t  
H i l f e  v o n  h ö h e r e n  M o m e n t e n .  Bei den statisch unbestimmten Konstruktionen können, infolge 
von Fertigungsungenauigkeiten, hohe Beanspruchungen entstehen, deren Schätzung mit Hilfe 
der Tschebischewschen Ungleichheit allzu pessimistisch ausfällt, weshalb genauere Schätzun­
gen ausgearbeitet werden müssen.

Оценка нагрузок от неточностей производства при высоких моментах. В случае 
статически неопределенных конструкций возникают вследствие неточностей производ­
ства значительные нагрузки. Оценка их с помощью неравенства Чебышева является до­
вольно пессимистической. Вследствие сказанного выше необходимо разработать более 
точные методы оценки.
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REGULAR POLYGON EASED 
PARABOLOID SHELLS OF REVOLUTION, 

HAVING A CIRCULAR SKYLIGHT OPENING

P. CSONKA*
DOCTOR OF. TECHN. SCI.

[Manuscript received 9 October, 1973]

Paper presents on the bases of the usual assumptions of the membrane theory 
an appropriate method for the determination of the state of stresses in the shells men­
tioned in the title. It is assumed that the skylight opening of the shell is bordered by 
an edge ring which exerts no resistance on horizontally planed bending moments and 
the arches supporting the outer edge of the shell do not resist lateral forces. The pre­
sented solution is of approximate character: the conditions relating to the edge ring 
of the skylight opening are exactly satisfied, but those referring to the edge arches 
are only approximately so. The application of the given formulae is explained by a 
numerical example, a circumstance which at the same time testifies the suitability of 
the expounded method.

1. In tro d u c tio n

P re se n t p a p e r  deals w ith  th e  ca lcu la tio n  of p a rab o lo id  shells of rev o lu ­
tio n  based  on a к -sided  reg u la r po lygon , hav in g  a c ircu la r sk y lig h t opening  in  
th e  cen tre  (Fig. 1). T h e  o u te r edge o f th e  in v es tig a ted  shells is su p p o rted  b y  
v e rtic a lly  p lan ed  edge arches an d  th e  edge of th e  sk y lig h t opening is b o r ­
dered  b y  an  edge ring . As lo ad s, c ircu lar sy m m etrica lly  d is tr ib u te d  forces 
ac tin g  in  v e rtic a l d irec tio n , a re  ta k e n  in to  considera tion .

A sim ila r p ro b lem , n am ely , t h a t  o f a p arabo lo id  shell o f rev o lu tio n  over 
an  equ isided  tr ia n g le  b ase , h av in g  a c ircu lar sky ligh t open ing , w as tre a te d  in  a 
p rev ious p a p e r b y  th e  a u th o r  [1]. T he so lu tion  g iven  th e re  w as e lab o ra ted

Fig. 1. Paraboloid shell of revolution, regular polygonal in projected shape, with a centrally
situated circular skylight opening

* Prof. Dr. P. C s o n k a , Bartók В. út 31, 1114 Budapest, Hungary
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fo r shells, th e  edge r in g  o f  w hich  w as able to  res is t all k in d s  o f forces ac ting  
on  th e m . C on trarily  to  th e  ideas evo lved  in  th e  p rev ious p a p e r , th e  p resen t 
one t r e a ts  th e  case w here  th e  edge rin g  ex e rts  no resis tan ce  to  h o rizo n ta l b en d ­
ing  m om ents. As to  th e  a rch es su p p o rtin g  th e  o u te r  edge o f th e  shell, p resen t 
p a p e r , sim ilarly  to  p a p e r  [1], also assum es th a t  th e y  do n o t re s is t la te ra l forces, 
b u t  th is  la t te r  co n d itio n  is on ly  ap p ro x im a te ly  fu lfilled  h e re , sim ilar to  th e  
case tre a te d  in  p a p e r  [1].

2. B asic concepts

T he in v estig a tio n s shou ld  be u n d e rta k e n  in  th e  o r th o g o n a l system  of 
co -o rd in a tes  0 ( x , y , z ) ,  o r in  th e  cy lin d rica l sy stem  of co -o rd in a tes  0 (r, 95, z). 
T h e  origin 0  of b o th  sy stem s coincides w ith  th e  apex  o f th e  p a rab o lo id , th e  
ax is  z w ith  its  ax is; th e  p o sitiv e  b ran ch e  o f axis z p o in ts  dow nw ards. P lane  
y  =  0 , respective ly  (p — 0 h a lv es  one of th e  sides of th e  sh e ll’s base polygon. 
T h e  rad iu s  of th e  circle c ircu m scrib ed  a ro u n d  th e  base  po ly g o n  is m arked  b y  
R ,  th e  one of th e  in sc rib ed  circle b y  a, th e  rad iu s  of th e  c irc u la r  sky ligh t open­
in g  is ind ica ted  as r 0.

T he geom etrical sh ap e  o f th e  m iddle  surface o f th e  shell is charac terised  
b y  th e  equation

Z =  A  (*2 + y 2) = M ( | 2 + r f b  (1)
к~ к -

or b y  th e  form ula

w here

( 2)

T he specific v a lu e  o f  th e  lo ad  re la te d  to  u n it area  o f th e  ground-p lan  will 
be  expressed  as

p  =  2 p ^ -  (3)
1 = 0

In  th is  form ula th e  d im ension  o f th e  coefficients p , is fo rce /len g th 2. T he specific 
v a lu e  of forces (d ead -w eig h t -(- loads), to  w hich th e  edge rin g  is su b m itted , 
is considered to  be c o n s ta n t an d  m ark ed  b y  G0. I ts  d im ension  is force/length .

In  o rder to  describe  th e  s ta te  of stresses of th e  shell, a s tress function , 
h a v in g  th e  sam e sy m m e try  p ro p ertie s  as th e  shell itse lf, is in tro d u ced , from  
w hich  th e  reduced  s tre ss  re su lta n ts  are o b ta in ed  b y  fo rm ulae
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or by

(4a, b , c)

(5a, b , c)

a2 dtp2

F u n c tio n  F  h a s  to  sa tisfy  P u c h e r’s d iffe ren tia l e q u a tio n  [2, 3]. F o r th e  
case o f parabo lo id  shells o f revo lu tio n  th is  eq u a tio n  ta k e s  th e  form

w here

^ F  +  p  =  0 , ( 6 )

( 7 )

3. Edge conditions

Stress fu n c tio n  F ,  a f te r  sa tisfy ing  th e  govern ing  d iffe ren tia l e q u a tio n , 
has also to  fu lfil th e  p rev a ilin g  edge cond itions of th e  p ro b lem  w hich express 
th e  r ig id ity  and su p p o rtin g  conditions of th e  edge arches.

3.1. First edge condition

T he edge ring  o f  th e  shell is su b jec ted  to  v a rio u s fo rces: to  its  own w eigh t, 
th e  load s b u rd en in g  i t  an d  to  th e  forces ex e rted  on i t  b y  th e  shell itself. T hese 
forces have  to  fo rm  a sy stem  a t eq u ilib rium . Since a ll th e se  forces possess th e  
sam e sy m m etry  co n d itio n s  as th e  shell itse lf, th e  co n d itions of equilib rium  for 
m om en ts and h o riz o n ta l force com ponen ts are a p rio ri fu lfilled . T hus, th e re  
only  rem ains as ex igency  of equ ilib rium  th a t  th e  co n d itio n  re la tin g  to  th e  v e r­
tica l force com ponen ts

EZ =  0 (8)
should  be sa tisfied .
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Fig. 2. Paraboloid shell of revolution, regular polygonal in projected shape, with a centrally
situated circular skylight opening

3.2. Second edge condition

A ccording to  th e  p rev ious re q u ire m e n ts , th e  edge r in g  of th e  sk y lig h t­
open ing  is unab le  to  w ith s ta n d  h o riz o n ta lly  p laned  b e n d in g  m om en ts. Con­
seq u en tly , no h o riz o n ta lly  p lan ed  b en d in g  m om ents can  arise  a t  th e  cross- 
sec tions of th e  edge rin g . T his edge co n d itio n  can be expressed  b y  th e  fo rm ula

M z =  0. (9)

3.3. Third  edge condition

I t  w as assum ed th a t  th e  v e r tic a lly  p lan ed  edge a rch es, su p p o rtin g  th e  
o u te r  edge of th e  shell, w ere n o t r e s is ta n t to  la te ra l forces. T h is req u irem en t 
m a y  be considered as a p p ro x im a te ly  fu lfilled  if  th e  la te ra l  fo rces, ex e rted  b y
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th e  shell u p o n  th e  edge arches, a re  in sig n ifican t. F o r th e  edge a rch  f  =  1, 
th is  co n d itio n  can  be expressed  b y  th e  follow ing equation :*

[ivx]e_ 1 ~  o. (10)

I f  th is  eq u a tio n  is sa tisfied , th e n , considering  th e  ex isting  po lygonal sy m m etry , 
s im ila r cond itions re ferring  to  th e  o th e r  edge arches, w ill a p rio ri, be a u to m a ti­
ca lly  fu lfilled  as well.

4. So lu tion  of th e  problem

T h e stress fu n c tio n  of th e  p rob lem  to  be solved will be set up  from  th re e  
fu n c tio n  p a r ts :

F  =  F i +  F ”  +  F m .  (11)

T he sym bols of th e  stress re su lta n ts  co rrespond ing  to  these  th re e  fu n c tio n  p a r ts  
w ill be  supp lied  w ith  superscrip ts  I ,  I I ,  I I I  in  o rd er to  d istin g u ish  th e m  from  
those  w ith o u t sub scrip ts  correspond ing  to  fu n c tio n  F . F o r in stan ce , th e  sy m ­
bols o f  th e  rad ia lly  d irec ted  s tress re su lta n ts , corresponding  to  fu n c tio n s 
F 1, F 11, F 111, will be m arked  b y  iVj., N \ l, N i " .  O bviously ,

IV, =  N1 +  N "  +  Nj.11 ,

an d  s im ila r eq u a tio n s are also v a lid  fo r th e  o th e r  stress re su lta n ts .

4 .1 . Function  F l 

As fu n c tio n  F 1 th e  expression

Я 2«2 ^  pi
F> =  —

2h (i +  2)2
i  +2  —  P i

2^ i=o (* +  2)2

i 2
( t 2+ r / 2)— ( 12)

sa tisfy in g  th e  inhom ogeneous d iffe ren tia l eq u a tio n  will be chosen.
T h e  rad iu s-an d  a rch -d irec ted  stress re s u lta n ts  can  be d e te rm in ed  w ith  

th e  a id  of fo rm ulae  (5)
__ 1 3 F 1 R 2
N lr = — . ----------- -- ----  --------

a2Q do 2 h

1! 
II

s
f

 
£

o,

1 3 2F R 2
a2 3 e2 2 h t

]
V P i

(13a, b , c)

i  +  1 — ,■
>, -Т— Г Р гв  ’

* In case of к =  4 this condition can only be fulfilled in edge points not lying in the 
immediate vicinity of the corner points. If we want condition (10) to he satisfied there too, 
we have to apply a method of calculation differing from the one to be expounded below, namely, 
the method usually applied for calculating paraboloid shells with a quadrangular base.
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an d  th e  x, y  d irec ted  ones can be ca lcu la ted  accord ing  to  form ulae (4):

4.2. Function  F u

As fu n c tio n  F U th e  p o ten tia l fu n c tio n

F u  =  C0 In g2 =  C 0 ln  ( I 2 +  rf) (15)

sa tisfy in g  th e  hom ogeneous d iffe ren tia l eq u a tio n  will be in tro d u ced . T he 
q u a n t i ty  CQ f ig u rin g  in  th is  form ula w ill be tre a te d , for th e  m o m en t, as an 
in d e te rm in ed  c o n s ta n t;  its  d im ension is: force X len g th .

T he rad iu s-an d  a rch -d irec ted  stress re s u lta n ts  can  be ca lcu la ted  in  th e  
sam e w ay  as above

(16a, b , c)

an d  th e  sam e refers to  th e  x , y  d irec ted  s tre ss  re su lta n ts  too :

The f i r s t  edge condition. B y a p p ro p ria te ly  se lec ting  th e  v alue  o f th e  in- 
d e te rm in ed  coeffic ien t C 0, i t  m ay  be ach ieved  th a t  th e  to ta l  F 1 -f- F  sa tisfies 
th e  f irs t edge co n d itio n , given by fo rm ula  (8). In  th is  case th is  req u irem en t 
can  be  expressed  b y  e q u a tio n

(N1 +  N f ) ~  +  G0=  0.
dr
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Since, accord ing  to  th e  fo rm ulae  (13a) a n d  (16a), a t place q =  q0 th e  re la tio n s

are  v a lid , th e  m en tio n ed  co n d itio n  w ill be fu lfilled  if  th e  fo llow ing e q u a tio n  
h o ld s :

2 Cn

«Vo

R 2 -L  PiQo 

2h tTo i +  2

2 hag0 
R 2

G  o =  0.

T h u s , fo r coefficient C0 — in d e te rm in ed  u p  ti l l  now — th e  fo llow ing va lu e  is 
o b ta in e d :

The second edge condition. T he  s tre ss  re su lta n ts  co rrespond ing  to  fu n c tio n s 
F l a n d  F 11 have c ircu la r sy m m etrica l shapes. T hus, th e  s tre ss  re su lta n ts  IV* 
an d  IV” , to  w hich th e  edge rin g  of th e  sk y ligh t-open ing  — a p la n a r  s tru c tu re  — 
is su b je c te d , are un ifo rm ly  d is tr ib u te d  a long  th e  edge ring . U n d e r th e  in fluence  
o f th e se  forces a rch -d irec ted  in n e r forces (hoop-forces) arise a t  th e  cross-sec­
tio n s  o f th e  edge rin g  (F ig. 3). F o r reaso n s o f  equilib rium  th e  va lu e  of th e  hoop 
force is

PI +  PII =  (Щ  +  N ? ) a Qo.

Since th e  equ ilib rium  of th e  o u te r  an d  in n e r forces, to  w hich  th e  p la n a r  edge 
rin g  is su b jec ted , can  be assu red  even  w ith o u t h o rizo n ta lly -p lan ed  bend ing  
m o m en ts , so th e  to ta l  F  -j- F  also sa tisfies  th e  second edge co n d itio n  ex ­
p ressed  b y  fo rm ula  (9).
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У

Fig. 3. An elemental part of the edge ring, and the inner and outer forces, which it is
subjected to

4.3. Third edge condition  

As fu n c tio n  F 111 th e  p o te n tia l  fu n c tio n

(20)

w ill be  selected  w hich , as such , satisfies th e  hom ogeneous d iffe ren tia l e q u a tio n  
T h e  q u a n titie s  Cmk fig u rin g  in  th is  fo rm u la  are fo r th e  m om en t in d e te rm in ed  
c o n s ta n ts ; th e ir  d im ension  is: force x le n g th .

T he rad iu s-an d  a rch -d irec ted  stress re s u lta n ts  can  be calcu la ted  w ith  
th e  aid  of form ulae  (5):

N}pl 1 =  -|------ ^  Cmk[(m 2k2 — mk)ç>mk 2 — (m 2k2 -f- rnk) oftmkp mk 2] cos m  kep.
«2 m = 1

(21a, b , c)

T h e  X,  y  d irec ted  s tre ss  r e s u lta n ts  can  also be exp ressed  b y  sim ple fo rm u lae .
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A ccording to  fo rm u la  (4a) th e  v alue  of th e  s tress re s u lta n t IV*11 is:

The va lu e  of th e  s tress re s u lta n t N lxÿ1 is g iven  b y  fo rm u la  (4b)

Щ '  =  +  \  2  Cmk£y \{m 2№ — m k) X 
«“ m=l l

and  th a t  o f IVy11 b y  fo rm u la  (4c):

Щ П = + \  2 ' Cmk

The f ir s t  edge condition. E xpression  Е Ш is of tr ig o n o m e trica l b u ild -u p , 
so i t  sa tisfied  a p rio ri th e  f irs t edge co n d itio n , expressed  b y  fo rm u la  (8). S ince
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u n d e r  4.2 th e  sam e h as  been  p ro v ed  fo r th e  expression  F l jF 11, i t  is obv ious, 
t h a t  th e  sum  of b o th  expressions, th a t  is, th e  fu n c tio n

F  =  F '  +  F i  I +  F nl

sa tisfie s  th e  firs t edge co n d itio n  as well.
The second edge condition. U n d e r (4.2) i t  has been  p ro v ed , th a t  th e  to ta l  

F  F  corresponds to  th e  second edge con d itio n , expressed  b y  fo rm u la  (9). 
N ow  th e  sam e will be p ro v ed  fo r fu n c tio n  IF111 as w ell.

As a f irs t s tep , le t  u s  in v e s tig a te  an  e lem en ta ry  p a r t  o f th e  p la n a r  edge 
r in g , lim ited  b y  th e  cross-sections cp an d  <p -|- dip. T h is  e lem en ta ry  p a r t  is su b ­
je c te d  to  inner and  o u te r  forces as show n in Fig. 4. O f th e se  forces th e  stress 
r e s u lta n ts  N r and N rip can  be ca lcu la ted  w ith  th e  aid of fo rm ulae  (21), s u b s ti­
tu t in g  in  place of Q th e  v a lu e  g0:

T h u s , N r and  N rip can  be  considered  as know n.
F ina lly , le t us in v es tig a te  th e  s ta te  of equ ilib rium  of th e  e le m e n ta ry  p a r t  

in  question , to  d e te rm in e  w h e th e r or n o t th e  equ ilib riu m  b e tw een  th e  inner 
a n d  o u te r forces can  likew ise be a tta in e d  w ith  th e  aid  of forces show n in  F ig . 4, 
t h a t  is, w ithou t a c tiv a tin g  an y  b en d in g  m o m en ts  a t  th e  cross-sections. For 
th is  purpose let us p u t  dow n th e  co n d itio n  of eq u ilib riu m  for b o th , th e  rad ius- 
d ire c te d  and  arch- d ire c te d  s tre ss  co m p o n en ts :

JVÎn r 0dç» — P i ” d<p =  0 ,  (25)

— d P 111
N l u r0dcp ------------dip =  0 . (26)

dip

S u b stitu tin g  v a lu e  N lr11 g iven u n d e r  (23) in to  eq u a tio n  (25) an d  solving 
th e  so ob ta ined  eq u a tio n  for P  , we shall f in d  — ta k in g  in to  co n sid e ra tio n  
th e  re la tio n  r 0 =  a g a — th a t  in  case o f equ ilib rium  th e  follow ing eq u a tio n  
also  ho lds:

2 n
P n l =  —  N 1 Стктко™к~ 1 cos m kcp . (27)

a

I f  a f te r  th is  we in tro d u c e  th e  e q u a tio n s  (24), (27) in to  eq u a tio n  (26) an d  p e r­
fo rm  th e  su b s titu tio n  r 0 =  ag0, we m ay  asce rta in  th a t ,  in  th e  case (25) is sa tis ­
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f ie d , th e  sam e also ho lds for eq u a tio n  (26). This c ircu m stan ce , as well as th e  
fa c t,  th a t  th e  cond itio n  concern ing  th e  equ ilib rium  fo r m o m en ts  are fu lfilled , 
ju s tif ie s  th a t  th e  equ ilib riu m  of in n e r a n d  ou te r forces is a ssu red  even w ith o u t 
force couples to  be a c tiv a te d  u p o n  th e  cross-sections. T h u s , fu n c tio n  F Ul co r­
resp o n d s to  th e  second edge co n d itio n , g iven  under (9). S ince th e  sam e h as  also 
b een  p roved  u n d e r 4.2 for th e  to ta l  F  -j- F n , i t  is o b v ious th a t  th e  fu n c tio n  
F  =  F l -f- F 11 -f- F ut  itse lf  sa tisfies th e  second edge co n d itio n .

The third edge condition. N ow  th e re  on ly  rem ains to  a ssu re  th e  th ird  edge 
co n d itio n  given u n d e r (10), i.e ., th e  d e m a n d  th a t  d irec t fo rce  N x shou ld  sa tis fy  
th e  req u irem en t

N lx +  N "  +  N " "  =  0 (28)

a long  th e  edge line |  =  1. F o r th e  case к =  4 th is  req u irem en t can  only  be fu lfilled  
in  p laces n o t ly ing  in  th e  close v ic in ity  o f th e  corner p o in ts . V alues N x, N x , 
N x l figu rin g  in  eq u a tio n  (28) can be  ca lcu la ted  accord ing  to  fo rm ulae  (14a), 
(17a), (22a):

- ^ j £ T T v ( l  +  ^ 2 (l +  *f +  2irf),2« | =0 t +  2

лш  2C0 1 - r f
X a* (1 +  rf)2 ’

(29a, b , c)

N'x" = - \  £  CmkU m W  -  mk)
a “ m =l

— (m2fc2 -f- mk)
„2 mk во

( 1  +  r f ) m k

m k  — 2
rf  -F

m k  — 2
1 -

2 . 4 ,
r f  — +  • • •

(mk -1- 2 Imk -\- 2
1 + r f -----h • • •

1 2 l 4 ,

T he fu lfilm en t of cond ition  (10) can  be arrived  a t  b y  a p p ro p ria te  selec­
tio n  o f coefficients Clk, C2k, . . ., Cnk f ig u rin g  in  fo rm ula  (29c). T his can  be 
a t ta in e d  in  d iffe ren t w ays, am ong o th e rs , fo r exam ple, b y  a  sim ple co llocation . 
To c a rry  th is  o u t, th e  cond ition

mx +  N" +  V ” 1 =  о

is to  be set up  for ap p ro p ria te ly  se lec ted  n po in ts of th e  edge line  |  =  1. P ro ­
ceeding  in  th is  w ay , a system  co n sisting  o f n linear e q u a tio n s  co n ta in in g  n  
unkn o w n s will be o b ta in ed  w hich h as  to  be  solved for th e  u n k n o w n  coefficients 
C ib  C 2ki • ■ •1 Cnk- A n o th e r m ethod  fo r th e  d e te rm in a tio n  of coefficients 
C lk, C 2k, . . ., Cnk is to  prescribe t h a t  th e  in teg ra l o f v a lu es  | N x | or N x should  
be m in im al. In  cases w hen  th e  o u te r  edge line of th e  b asic  po lygon is an  eq u i­
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la te r a l  tr ian g le , i t  is e x p e d ie n t to  set u p  t h a t  th e  h ig h est ab so lu te  value of N x 
sh o u ld  be m inim al.

Note. In  p ra c tic a l cases, th e  rad iu s  r 0 o f  th e  sk y lig h t opening is sm all 
in  com parison  to  th e  ra d iu s  a of th e  circle inscribed  in to  th e  basic po lygon, 
n o t  being m ore th a n  i ts  0,3  - fold. U nder such  co n d itions th e  c ircum stance  
w h e th e r  or n o t th e  edge r in g  of th e  sk y lig h t opening h as  a n y  bending  re s is t­
an ce , has h a rd ly  an y  in flu e n c e  on th e  s ta te  o f  stresses o f  th e  shell. This, how ­
ev e r, is n o t va lid  fo r th e  im m ed ia te  v ic in ity  of th e  edge rin g . H ere th e  s ta te  
o f  stresses is g rea tly  in flu e n c e d  by  th e  fa c t w h e th e r th e  edge ring  possesses 
a n y  bend ing  res is tan ce  o r n o t.

5. Checking of resu lts

T he m ethod  o f c a lc u la tio n  expounded  above is o n ly  ap p ro x im ativ e . 
F o r  th is  reason , in  o rd e r to  check th e  re lia b ility  of th e  re su lts , i t  is exped ien t 
to  de te rm ine  th e  v a lu es  N x a t  d ifferen t p o in ts  of th e  edge lin e  |  =  1 and com ­
p a re  th em  to  th e  va lu es  N y ac ting  a t  th e  sam e places. T he ap p lied  m ethod  m ay  
be  considered as a p p ro p r ia te  if  th e  q u o tien t

4 = (30)

is sm all as com pared  to  th e  u n it.
A dd itional d a ta  a re  o b ta in ed  for checking  th e  re su lts  b y  com paring th e  

k n o w n  exact va lues to  th e  ap p ro x im a te  ones o b ta in ed  b y  th e  m e th o d  suggested  
h e re . Such a com parison  is possible concern ing  th e  s tress re su lta n ts  N y a long 
th e  edge line |  =  1, f u r th e r  for th e  stress re su lta n ts  N x, N xy and  N y a t  th e  
co rn e r po in ts  o f th e  sh e ll [4]. T he ex ac t v a lu e  of s tress r e s u lta n t  N y a c tin g

Fig. 4. An elemental part of the edge ring and the inner and outer forces, which it is subjected to
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along th e  edge line  £ =  1 is nam ely  k n o w n , i t  is

and  th e  ex ac t va lu es  of N x, N xy, N y a t  th e  co rner p o in ts  are:

iVv 0 ,

У 3 a2 _
- T ~ p '

(31)

(32)

As can  be seen, th e  rad iu s  o f th e  sk y lig h t opening  does n o t fig u re  in  
fo rm ulae  (31) an d  (32). This c ircu m stan ce  show s th a t  th e  stress re su lta n ts  
figuring  in  th e se  fo rm ulae  are in d ep en d en t o f th e  ra d iu s  o f th e  sk y lig h t o p en ­
ing. T h is m eans th a t  th e  fac t w h e th e r th e re  is a sk y lig h t opening in  th e  shell 
or n o t, an d  if  th e re  is, w heth er its  edge rin g  resis ts  bend in g  m om en ts or n o t, 
is of no in flu en ce  w hatsoever on th e  s ta te  o f stresses o f th e  shell.

6 . N um erical exam ple

L e t us ap p ly  th e  m ethod  of ca lcu la tio n  exp la ined  above to  th e  p a rab o lo id  
shell o f rev o lu tio n  w ith  v e rtic a l ax is, e q u ila te ra l tr ia n g u la r  in  p ro jec ted  shape , 
h av in g  a c ircu la r sky lig h t opening (F ig . 5). T h e  shell shou ld  be su b jec ted  to  a 
force sy stem  ac tin g  in  th e  v e rtic a l d irec tio n , u n ifo rm ly  d is tr ib u te d  over th e  
g ro u n d -p lan  p ro jec tio n . I ts  in te n s ity  shou ld  be

p  =  p 0 =  300 k p /m 2,

an d  th e  dead  w eigh t o f th e  edge rin g  shou ld  h av e  th e  v alue

G0 =  150 k p /m .

Since in  th e  p re sen t case th e  shell is t r ia n g u la r  in  p ro jec ted  shape, th e re  is

к  =  3.

D im ensional d a ta  o f th e  shell are

a =  10,0 m, R  =  20,0 m , r 0 =  3 m , h =  8,0 m ,
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Fig. 5. Paraboloid shell of revolution, equilateral triangular in projected shape, with centrally
situated circular skylight opening

so t h a t  for th e  shell to  be  in v e s tig a te d  th e  q u o tie n t g0 has th e  value

a

w h ich  is ju s t  th e  ex trem e  case occurring  in  p rac tice . Since in  th e  p re se n t case 
th e  shell is su b jec ted  to  a u n ifo rm ly  d is tr ib u te d  force sy stem , i t  is:

P i =  P i  =  . . . = > ; =  0 .

First of all the value C0 must be determined with the aid of formula (18)

20,02 ■ 10,02
C„ =

2 • 10,02 f  150, • 0,
• 8,0 \  10,0

3 , 300.0,32
О

j =  11 250 kp/m. (33)
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The next step is to determine the three parts of N X9 that is the values iV*, and iVĵ * along 
the edge line £ =  1. According to formula (29a)

M  (1 +  V2) - 1 • (1 +  rf) =  -  3750 kp/m

and to formula (29b)

m  =  -2- ' .1-1 250■ ■ =  225 -- -  ^
x 1 0 ,02 (1  +  r f f  (1  +  r f f

(34a)

(34b)

When determining Nx 1 for the sake of simplification, only the members m =  1 and m — 2 
will be considered, and so

N ' "  = - w  iCa [(32 - 3> •1 -  <32 + 3> (1 (] -  w  +v>] +
+  C0 [(62 -  6 )(1  -  6r f  +  r f )  -  (62 +  6) Д Д Д  (1  -  28rf +  70r f  -  +  t?8)]} =

=  [ -  0,06 +  0,000 087 48 с з +

+  I -  0,3 +  0,000 000 2232 1 ~  ^  +  7|^ = 1 ^ - +  ? - ] C6 . (3

The stress resultant N x  is the total of these three parts:

3750 +  225 1 -  r f 06— к
(1  +  r f f  L 

[o,3(l -  6r f  +  r f )  -  0,000 000 2232

-  0,000 087 48 —

1 -  28>?2 +  70?74
(1  +  r f f

lOj?2 +  5 rj
(1 + rff

— 28 r f  -f- r f

] c 3

] c 6. (35)

In the above formula the second member of the expression in square brackets, is insig­
nificant in comparison to the first one, and as such, can be neglected in the first approximation. 
Proceeding along this line, instead of the former formula, the following one may be written:

Nx =  -  3750 +  225 * ~  Д  -  0,06 C3 -  0,3(1 -  6rf +  rfiC, . (36)

Since two unknown coefficients are figuring in this formula, we are able to demand the 
fulfillment of two conditions. _

As a first condition it can be prescribed that Nx should have the same value at two 
appropiately selected points, namely, at points rj =  0 and r] = Y 3, of the edge line 1 =  1. This 
requirement can be expressed on ground of formula (36) by the following equation:

-  3750 +  225 -  0,06 C3 -  0,3 Cn =  -  3750 -  225 Д  -  0,06 C3 +  0,3 • 8 Ce .

From this it follows
C6 =  93,75. (37)

Making use of this value, instead of (36) the following equation can be written:

Nx =  -  3750 +  225 J  ~  tw  “  0,06 Q  ~  28>125 (1 -  6rf +  rf) • (38)
(1 +  r f f
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In the interval — ^  Уз the above expression has extreme values at the point
where

that is, where

3 Nx 
dr] 0 ,

450?? ( f +  Jy -  П2,Ь,М -  3) =  0 (-ЗУ)

holds. The abscissae of these points are roots of equation (38). Three of the mentioned roots 
can be immediately expressed:

Г] = 0, T] = ±Уз.

Simplifying equation (39) by the above roots, it becomes

450
Tï

Therefrom

-  112,5 =  0 .
(1  +  V2)3

(1 +  =  4

which means that the further roots of equation (39) are

nf У4 -  1 =  +  0,766 421 . (40)

As second condition it can be demanded that the value of stress resultant Nx at point 
£ =  1, r\ =  0 should be just the opposite of its value at points £ =  1, t] =  +??,. On ground 
of formula (38) this requirement may be expressed by the following equation:

-  3750 +  225 — 0,06 C3 -  28,125 =

3750 -  225 +  0,06 C3 +  28,125(1 -  6r,\ +  r,\).

Using r/, as given under (40), the following value will be obtained from the former equation 
for the unknown caefficient C3:

C3 =  —60 041,57. (41)

As was mentioned above, coefficients C3 and C6 were determined on ground of relation 
(36). Considering the values thus obtained as approximate ones and this time repeating the 
calculation using equation (35), the following more exact values will be obtained for coefficients 
C3 and C„:

C3 =  - 6 0  055,208, (42)

C6 =  92,291 124.

Substituting these into formula (35), the values compiled in Table I will be obtained for the 
stress resultant Nx at different points of the edge line £ =  1. Fig. 6 shows the distribution of 
these unbalanced forces along the edge line £ =  1.
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Table I

Values of stress resultant Nx at different points of edge line £ =  1

±v Nx kp/m

0 +  45,37
0,2 +29,09
0,4 -6 ,4 7
0,6 -36 ,23
0,8 -45 ,29
1,0 -33 ,31
1,2 -8 ,1 0
1,4 +  20,09
1,6 +40,80

Y 3~ +45,37

ï h - 1 -45 ,37

Fig. 6. Diagram of unbalanced stress resultants Nx to which the edge arch £ =  1
is subjected

As can he seen from Table I and Fig. 6, the maximum of the absolute value of the un­
balanced stress resultant is

1 Nx I =  45,37 kp/m.

In relation to this, the absolute value of the stress resultant Ny acting along the edge line £ =  1, 
is

— 2o2 _ 2 • 10,021 I = " ^ - ^ 0  =  — 3 ^ - 3 0 0  =  7500 kp/m,

so that the quotient q expressing the error is not more than

49,37
7500 ай 0,006 .
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In comparison to the unit, this value is insignificant and so the suggested method of calculation 
may be considered as being of sufficient exactitude.

As a further check, the value of the stress resultant Ny corresponding to the approximate 
stress function was determined at points of the edge line £ =  1 with the aid of formula

— 1 — T?Nx =  -3 7 5 0  -  225 —------ -
x (1 +  V

06 -  0,000 087 48 1 -  10 rf +  Srf

[o,3(l brf +  y1) -  0,000 000 2232

(1 +  r f f  
1 — 28t)2 +  70?/4 -  28)/ +  rf 

( I +  rf-f ~ ] c 6.

Results of this calculation are shown in Table II. As can be seen, the values obtained according 
to the approximate method only slightly differ from the exact value

Ny = 2 • 10,0-’ • 300
i mt

7500 kp/m

set up on ground of formula (31).

Table II

Values of stress resultant Ny at different points of edge line £ =  1

.
Ny kp/m

0 7454,63
0,2 7470,91
0,4 - 7506,47
0,6 -7536,23
0,8 7545,29
1,0 -7533,31
1,2 7508,10
1,4 -  7479,91
1,6 -7459,20
P -7454,63

1/3
i f i - 1 -7545,37

At the corner points the situation is similar in regard to the stress resultants Nx, N Xy, Ny. 
At these points the stress resultants calculated by the suggested approximate method are

Nx =  — 3750 +  225 — Д  -  [o,06 -  0,000 087 48 C3 -

-  j o ,3 ( -  8) -  0,000 000 2232 | C6 =  45,37 kp/m.

Nxy =  +  jo +  225 f -  +  [ 0 ,06  -  0 ,000  087 48 C3 +

+  [ 0 ,3 ( -  8) +  0,000 000 2232 CcJ / з  =  +  3795,37 ■ ^3 kp/m ,

Ny =  -  3750 -  225 +  [0,06 -  0,000 087 48 C3 -

— [ o ,3 ( -  8) -  0,000 000 2232 ^  j C6 =  -  7454,63 kp/m.
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Conversely to the above approximate values the exact ones calculated with the aid of 
formulae (33) are

N x  — 0 ,  

N.'xy =F -10,°8 0 300T 3  =  T 3750 ^3 kp/m ,

-  2 • 10,02 ■ 300 „глл , ,N y — ------------------------=  — 7500 kp/m

As can be seen, the divergence between the exact and approximate results is also for 
this case insignificant.
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R o t a t i o n s p a r a b o l o i d s c h a l e  ü b e r  r e g e l m ä ß i g e m  V i e l e c k g r u n d r i ß  m i t  k r e i s f ö r m i g e r  O b e r ­
l i c h t ö f f n u n g .  Zur Bestimmung des Kräftespiels der im Titel erwähnten Schalen wird eine 
Lösung im Rahmen der gewohnten Annahmen der Membrantheorie mitgeteilt. Es wird ange­
nommen, daß die Oberlichtsöffnung von einem Ringbalken umrandet ist, der keinerlei Wider­
stand gegen horizontale Biegemomente leistet, während die äußeren Randbögen Seitenkräf­
ten gegenüber keinen Widerstand ausüben. Die mitgeteilte Lösung ist von annäherndem 
Charakter: sie erfüllt die innere Randbedingungen genau, die äußeren aber nur annäherungs­
weise. Die Anwendung der Methode wird durch ein Zahlenbeispiel‘illustriert, das gleichzeitig 
auch die Zweckmäßigkeit des Verfahrens beweist.

Оболочки параболоида вращения с основанием в виде правильного многоуголь­
ника и с круглым верхним фонарем. В работе описывается приближенный метод для опре­
деления работы указанных в заглавии оболочек в рамках обычных условий мембранной 
теории. Работа исходит из предположения, что верхний фонарь оболочки охвачен таким 
краевым кольцом, которое по отношению к изгибающему моменту горизонтальной пло­
скости не развивает никакого сопротивления, а краевые дуги, подпирающие наружный край 
оболочки, не сопротивляются боковым усилиям. Описываемое решение имеет приближен­
ный характер, т. к. решение в отношении краевых условий, касающихся кольца, окаймля­
ющего верхний фонарь, дает точное удовлетворение, однако в отношении краевых условий, 
касающихся краевых дуг, — только приближенное. Применение предлагаемого метода 
демонстрируется числовым примером, который одновременно доказывает также целесо­
образность предлагаемого решения.
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ÜBER DIE BERECHNUNG DER EBENEN 
UNTERSCHALLSTRÖMUNG YON KOMPRESSIBLEN

MEDIEN

T. CZIBERE*
DOKTOR D E R  TECHN . W ISS.

[Eingegangen am 22. Januar 1974]

Die nichtharmonischen Strom- und Potentialfunktionen der isentropen Unter­
schallströmung von kompressiblen Medien können mit Hilfe der Dichte des Mediums, 
sowie von entsprechend den Randbedingungen gewählten harmonischen Funktionen 
und ihrer Ableitungen ausgedrückt werden. Auf diese Weise ergeben sich zur Bestim­
mung der Geschwindigkeitskomponenten in der Strömungsebene geeignete Ausdrücke, 
welche die Durchführung der Berechnungen — ausgehend vom Geschwindigkeitsfeld 
der entsprechenden inkompressiblen Strömung — mittels Iteration ermöglichen.

D ie b e k a n n te n  V erfah ren  zu r B erechnung  d er ebenen , s ta tio n ä re n , w ir- 
belfre ien  S trö m u n g  v o n  re ibungsfre ien  kom pressib len  M edien b e ru h en  au f der 
L inearisierung  d er n ich tlin ea ren  D ifferen tia lg leichung  des G eschw indigkeits­
p o ten tia ls . Diese L inearisie rung  k a n n  d ire k t in  d er S trö m u n g seb en e  oder, m it­
te ls  einer geeigneten  T ran sfo rm atio n , in  d er H o d o g rap h en eb en e, erfolgen.

W ird  die D ifferen tia lg leichung  des G esch w in d igke itspo ten tia ls  in  der 
S tröm ungsebene lin ea ris ie rt, so k a n n  die Lösung des kom p ressib len  P rob lem s 
a u f  die des in kom pressib len  P rob lem s z u rü ck g e fü h rt w erden . H ier m uß  m an 
jed o ch  d a ra u f  a c h te n , d aß  diese M ethode w egen d er L in ea ris ie ru n g  n u r  d an n  
angew endet w erden  k a n n , w enn sich die lokalen  G eschw ind igkeiten  von  denen 
d er u n g estö rten  S trö m u n g  w enig u n te rsch e id en , wie z. B . be i der S tröm ung  
um  schw ach g ek rü m m te  d ü n n e  T rag flügelp ro file  [1], [2].

Z ur Lösung d e r A ufgabe e rg ib t sich eine an d ere  ( in d irek te ) M ethode, 
indem  m an  nach  einer geeigneten  T ran sfo rm a tio n  die d er n ic h tlin e a re n  D iffe­
ren tia lg le ich u n g  des G eschw ind igke itspo ten tia ls  en tsp rech en d e  lineare  (Tschap- 
liginsche) D ifferen tia lg leichung  in  d er H odographenebene  lö s t. D en  zw eifello­
sen V orteilen  der L in e a r itä t  der zu lösenden  D iffe ren tia lg le ich u n g  stehen  je ­
doch die b ed eu ten d en  S chw ierigkeiten  gegenüber, d ie  die R an d b ed in g u n g en  
in  der H odographenebene  v e ru rsach en  [3].

Im  folgenden w ird  ein I te ra tio n sv e rfah re n  z u r  B erech n u n g  der ebenen 
w irbelfreien  S trö m u n g  von  kom pressib len  M edien d a rg e leg t, m it dessen H ilfe, 
•ausgehend  von  einer gegebenen inkom pressib len  S trö m u n g , die en tsp rechende 
kom pressib le  S trö m u n g  d ire k t in d er S tröm ungsebene b e s tim m t w erden  k an n .

* Prof. Dr. T. C z i b e r e , Aulich Lajos u. 9., 3529 Miskolc, Ungarn
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D ie n ich tharm on ische  P o te n tia lfu n k tio n  u n d  S tro m fu n k tio n  d er kom pres- 
sib len  w irbelfreien S trö m u n g  k ö n n e n  du rch  die D ich te  des s trö m en d en  Me­
d iu m s, sowie durch  e n tsp rech en d  den  R an d b ed in g u n g en  g ew äh lte  harm on ische  
F u n k tio n e n  und deren  A b le itu n g en  au sg ed rü ck t w erden . D urch  D ifferenzie­
ru n g  der P o ten tia l- u n d  S tro m fu n k tio n e n  e rh ä lt m an  fü r  die G eschw indig­
k e itsk o m p o n en ten  d e r k o m p ressib len  S trö m u n g  zu r i te ra tiv e n  B erechnung  
geeignete  A usdrücke. D en  A u sg an g sp u n k t der I te ra tio n  b ild en  die d er k o m p res­
sib len  S tröm ung e n tsp re c h e n d en  (die R an d b ed in g u n g en  erfü llenden) Ge­
sell w ind ig k e itsk o m p o n en ten  d er in kom pressib len  S trö m u n g .

Als G rundg leichungen  der ebenen  w irbelfreien  k o m p ressib len  S trö m u n g  
s te h e n  uns die K o n tin u itä tsb e d in g u n g , die G leichung d e r W irb e lfre ih e it, so ­
wie die B ernoullische G leichung fü r  isen tro p e  S trö m u n g  zu r V erfügung:

~ ( qcx) + - ^ - ( e cy) =  °>
d x  d y

dgy _  =  0
d x  d y

9 Г! c 21

во 2 a 0

( 1 )

( 2)

(3)

w obei c, bzw. cx u n d  cy  die G eschw ind igkeit der k o m pressib len  S tröm ung , bzw . 
d e ren  K om ponen ten  in  d er x -  u n d  in  d er y -R ic h tu n g , w eite rs  q die D ich te  des 
M edium s, g0 und  a 0 die  zum  R u h e z u s ta n d  gehörige D ich te  u n d  S challgeschw in­
d ig k e it bedeu ten . A u f G rund  von  G in. (1) u n d  (2) k ö n n en  die P o te n tia lfu n k tio n  
(p u n d  die S tro m fu n k tio n  y) d e fin ie rt w erden:

dtp dep

d x СУ я d y
9

dy)
J - C  -  -

dy>

d y Q 0 d x

(4)

(5)

N ach  E in füh rung  d e r  B ezeichnung  H  =  q0/ q ergeben sich a u f  G rund  d er Gin.
(4) u n d  (5) die fo lgenden  zwei B eziehungen  zw ischen d e r P o te n tia l-  u n d  der 
S tro m fu n k tio n  der kom p ressib len  S trö m u n g :

Э<? =  H  Vy
d x  d y

=  _  H  dip 
d y  d x

( 6)

H ie rm it w urde die L ösung  des D iffe ren tia lg leichungssystem s (1), (2) a u f die 
B estim m ung  der d u rc h  die G in. (6) d efin ie rten  P o te n tia lfu n k tio n  <p und  S tro m ­
fu n k tio n  ip z u rü ck g e fü h rt.
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Es sei Ф die G esch w in d ig k e itsp o ten tia lfu n k tio n  u n d  4* die S tro m fu n k ­
tio n  der (die R a n d b ed in g u n g en  erfü llenden) inkom p ressib len  S tröm ung , die 
d e r u n te rsu c h te n  ko m p ressib len  S tröm ung  e n tsp ric h t. D ies sind also h a rm o ­
nische F u n k tio n e n , die die C auchy — R iem an n sch en  G leichungen erfü llen :

ЭФ _  ЭФ ЭФ _  ЭФ ^

d x  dy  9у  dx

D ie Lösung des S ystem s v o n  D ifferen tia lg leichungen  (6) suchen w ir in  d er 
F o rm

( 8 )

(9)

w obei k x u n d  k 2 K o n s ta n te n  sind , ferner U y ( x , y ) ,  Vy(x, y ) ,  u 2(x, y )  u n d  v 2(x , y )  
sp ä te r  zu b es tim m en d e  F u n k tio n e n  b ed e u te n . Zw ecks B estim m ung  d ieser 
v ie r u n b e k a n n te n  F u n k tio n e n  w erden die A u sd rücke  (8) u n d  (9) in  die D iffe­
ren tia lg le ich u n g en  (6) e ingese tz t. D urch  d en  V ergleich  d e r K oeffiz ien ten  d er 
A b le itungen  v o n  Ф u n d  Ф  in  den so gew onnenen  G le ichungen  (u n te r B e rü c k ­
sich tigung  d er G in . (7)) ergeben  sich die fo lgenden  B eziehungen:

( 10)

( И )

( 12)

(13)

(14)

D urch  S u b tra k tio n  d e r G in. (11) und  (13) sowie V erw endung  der B eziehung  
(10) e rh ä lt m an  die Gl.

9 . . u 2 9 . .
-----(UiU2) = ------—  K V jj) ,
d x  v 2 9у

(15)
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fe rn e r  e rg ib t sich du rch  A d d itio n  d e r G in. (12) u n d  (14) u n te r  B erü ck sich tig u n g  
v o n  Gl. (10) die B eziehung

v 2 dx
K*>2)

A us Gl. (10) folgen die Z u sam m enhänge

(16)

*1M’2

D u rc h  E in fü h ru n g  d er B ezeichnungen  U  =  ]/ u 1u 2 u n d  V  =  Y v iv v. gehen  die 
G in . (15) u n d  (16) in  die C au ch y — R iem an n sch en  G leichungen

9 U
Эл:

d V

dy

Э U
dy

d V
dx

(17)

ü b e r , folglich sind U ( x , y )  u n d  V ( x , y )  harm on ische  F u n k tio n e n . A u f G rund  
d e r G in. (10) kön n en  die Z u sam m en h än g e

U1M2 =  H u 2 , V]V% Hv\

gesch rieb en  w erden u n d  so e rh ä lt  m a n  d ie  v ie r gesuchten  F u n k tio n e n  ausge­
d rü c k t  m it den h arm o n isch en  F u n k tio n e n  U  und  V  in d er F o rm :

u 1=~ JH  U , u 2
U

1/ Я ’
v ^ Y H V ,  v 2

V

V h '
(18)

D u rc h  E inse tzen  d ieser A usd rücke in  d ie  G in. (8) u n d  (9) e rh ä lt m an  fü r  das 
G esch w in d ig k e itsp o ten tia l u n d  die S tro m fu n k tio n  der k o m p ressib len  S trö ­
m u n g  die A usdrücke

cp =  к гФ -f- У Я
ЭФ

U —  +  V
dx 9у

dW , 9ÎP
+  V -----

d x 9y

(19)

(20)

die s t a t t  d er frü h eren  v ie r n u r  m eh r zw ei u n b ek an n te  F u n k tio n e n  e n th a lte n , 
d . h . die harm on ischen  F u n k tio n e n  U  u n d  V. Ф und  W sind  n äm lich  n ach  u n ­
se ren  V orausse tzungen  die P o te n tia l-  u n d  die S tro m fu n k tio n  de rjen ig en  in- 
k o m p ressib len  S trö m u n g , die d er zu  b estim m en d en  k o m pressib len  S trö m u n g  
e n ts p r ic h t.
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D ie h a rm on ischen  F u n k tio n e n  U  u n d  V  können  d u rch  die F u n k tio n  
Я  u n d  ih re  A b le itungen  a u sg e d rü c k t w erden . D avon  k a n n  m an  sich  d a d u rc h  
ü b erzeu g en , d aß  m an  z. B. die G in. (18) in  die Gin. (11) u n d  (12) oder in  die 
G in. (13) u n d  (14) e in se tz t u n d  d iese lben  fü r  U  u n d  V  lö st

Zw ecks V erein fachung  w erden  fo lgende B ezeichnungen  e in g efü h rt:

(23)

(24)

D ie so d e fin ie rten  F u n k tio n en  A  u n d  В  sind  ebenfalls harm o n isch e  F u n k tio ­
n en , w ie es n ach  einfacher D ifferenzierung  le ich t einzusehen is t. A u f G rund  
d er G in. (23), (24) u n d  (19), (20) e rgeben  sich fü r die G esch w in d igke itspo ten ­
t ia lfu n k tio n  (p u n d  S tro m fu n k tio n  гр d e r zu  b e rechnenden  k o m p ressib len  S trö ­
m u n g  die B eziehungen

<р =  к 1Ф +  ] [ Н А ,  (25)

y, =  k 2V  +  - ± = B .  (26)
\  H

H ierzu  sei e rw äh n t, d aß  die n ich th a rm o n isch en  P o ten tia l-  u n d  S tro m fu n k ­
tio n e n  d e r kom pressib len  S trö m u n g  m itte ls  der (harm onischen) P o te n tia l-  
u n d  S tro m fu n k tio n en  d er en tsp rech en d en  inkom pressib len  S trö m u n g  sowie 
m itte ls  d e r D ich te  des M edium s d a rg e s te llt  w urden  u n d  d ah er die L ösung  fü r
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die  en tsp rechende  in k om pressib le  S trö m u n g  aus d e r e rh a lten en  Lösung m it 
d e r B ed ingung  q =  q0 (d . h . H  =  1) ab g e le ite t w erd en  k an n . In  diesem  Fall 
is t  fej =  1 u n d  k 2 =  1, w e ite rh in  A  == 0 u n d  В  =  0.

F ü r  die G esch w in d igke itskom ponen ten  d e r ebenen  w irbelfreien  S trö ­
m u n g  von  ko m p ressib len  M edien e rh ä lt m an  d u rc h  E in se tzu n g  der Gin. (25),
(26) in  (4), (5) fo lgende A usdrücke:

(27)

(28)

A us d en  abge le ite ten  Z u sam m en h än g en  geh t h e rv o r, d aß  ausgehend vom  G e­
schw ind igkeitsfe ld  e in e r, gegebene R a n d b ed in g u n g en  erfü llenden , inkom pres- 
sib len  S tröm ung  das G eschw ind igkeitsfeld  d er en tsp rech en d en  kom pressib len  
S trö m u n g  — n a tü r lic h  d u rc h  I te ra tio n  — b e s tim m t w erden  k an n . Die fü r  die 
G esch w in d ig k e itsk o m p o n en ten  e rh a lten en  A u sd rü ck e  e n th a lte n  im pliz ite  
n ic h t n u r  die (gerade zu  bestim m enden) G eschw ind igkeitskom ponen ten , son ­
d e rn  auch  deren A b le itu n g en . Beim  e rs te n  I te ra tio n s s c h r it t  geh t m an  so v o r, 
d a ß  m a n  m it den  G esch w in d ig k e itsk o m p o n en ten  d e r du rch  die F u n k tio n e n  
Ф, ¥  d e fin ie rten  in k o m p ress ib len  S tröm ung  die F u n k tio n e n  H , A  und  B ,  hzw . 
ih re  A b le itu n g en  u n d  m it  deren  H ilfe aus d en  G in. (27) und  (28) die e rs te  
N ä h e ru n g  fü r die G esch w in d ig k e itsk o m p o n en ten  d e r kom pressib len  S trö m u n g  
b e re c h n e t. Beim  zw eiten  S c h ritt  u n d  allen w e ite ren  S ch ritten  geh t m an , au s­
g eh en d  von  den  im  v o rh e rg eh en d en  S c h ritt b e rech n e ten  G eschw indigkeits­
k o m p o n en ten , ebenso v o r . D ie nu m erisch en  B erech n u n g en  können  m it H ilfe 
e in er d ig ita len  R ech en an lag e  d u rch g efü h rt w erden .
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The Calculation of the Plane Subsonic Flow of Compressible Fluids. The non-harmonic 
potential and stream functions of the isentropic plane flow of compressible fluids at subsonic 
velocities can be expressed with the aid of fluid density, harmonic functions selected in accord­
ance with the boundary conditions, and their derivatives. By this method equations suitable 
for the direct calculation of the velocity components in the plane of flow are obtained, which 
are suitable for carrying out the calculations by iteration, starting from the velocity field of 
the corresponding incompressible flow.

О расчете двухтерного движения потока ниже звуковой скорости сжимаемых 
сред. Негармонические потенциальные и поточные функции изентропического движения 
потока ниже звуковой скорости сжимаемых сред можно выразить с помощью гармониче­
ских функций и их производных, подобранных в соответствии с плотностью среды и крае­
вых условий. Таким образом получаются зависимости, пригодные для определения ком- 
понентовскор ости непосредственно в плоскости движения потока; на основе этих зависи­
мостей вычисления можно выполнять с помощью итерации, исходя из поля скорости соот­
ветствующего несжимаемого потока.
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SIMULTANE GLEICHGEWICHTE 
IN HALOGENLAMPEN MIT ZWEI VERSCHIEDENEN 

HALOGENZUSÄTZEN
G L E IC H G E W IC H T E  B E IM  G L E IC H Z E IT IG E N  V O R H A N D E N S E IN

V O N  H 2, B r2 U N D  J 2

I. HANGOS* und I. JUHÁSZ**

[Eingegangen am 8. Dezember 1972]

Die simultanen Gleichgewichte im W —Br2—J2 —H2-System wurden unter den 
in den Halogenlampen vorherrschenden Temperatur- und Druckverhältnissen unter­
sucht. Es wurde festgestellt, daß von den im Gasraum vorhandenen Verbindungen die 
Erhöhung der Wasserstoffkonzentration eindeutig das Zurückdrängen der Bildung 
von Wolframhaloiden bewirkt. Die Erhöhung der Wasserstoffkonzentration beeinflußt 
die Kurven der Partialdrücke der Br-, J- und H-Atome nur geringfügig.

1. Einleitung

In  e iner frü h eren  P u b lik a tio n  [1] b e faß ten  w ir uns m it d en  s im u ltan en  
G leichgew ichten , die sich in  den , zw ei versch iedene H alogenzusätze  e n th a lte n ­
den  G lü h lam p en  abspielen . In  einigen F ä llen  w ird  dem  G asgem isch auch  W as­
serstoffgas beigem eng t [2], w as, L i te ra tu rd a te n  zufolge, im  Z u sam m enhang  m it 
der K o rro sio n  d er zum  G lühfaden  fü h ren d en  M etallteile  höherer T em p era tu r  
von  B e d e u tu n g  sein k an n . D a te n  zu r B erech n u n g  solcher G leichgew ichte sind 
im  F a lle  des H B r schon in  den  A rb e iten  v o n  N e u m a n n , Y a n n o p o u l o s  u n d  
P e b l e r  so w ie K o p e l m a n  u n d  W o r m e r  angegeben  [3—5]. In  d e r vo rlieg en ­
den  A rb e it befassen  w ir uns m it dem  P ro b lem , wie die A nw esenheit des W asser­
stoffes die s im u ltan en  G leichgew ichte beim  gleichzeitigen V orhan d en se in  von  
Jo d  u n d  B ro m  b e e in flu ß t.

2. D ie Berechnung des Gleichgewichtes im  Gasraum

Die G ru n d p rin z ip ien  d er B erechnung  des G leichgew ichts w u rd en  b e ­
re its  in  e iner vo ran g eg an g en en  P u b lik a tio n  [1] d a rge leg t, in  dem  je tz t  v o r­
liegenden  F a ll m u ß te  n u r  die A nzah l d e r v o rk o m m en d en  K o m p o n en ten  u m  
eins e rh ö h t w erden . In  unserem  A usgangssystem  k om m en  versch iedene M en­
gen v o n  Jo d , B rom  u n d  W assersto ff vo r, d e ren  G esam tgasd ruck  in  jed em  F a ll

* I. H a n g o s , 1027 Budapest, Mártírok u. 62, Ungarn
** Fri. I. J u h á s z , Váci u. 77, 1344 Budapest, Ungarn
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zu 1,05 X 10~2 T o rr , w ährend  d e r G esam tg asd ru ck  der im  G asrau m  v o rh an d e ­
nen  n e u tra le n  G ase zu 6 A tm o sp h ären  angenom m en w urde . B ei unseren  B e­
rechnungen  b e rü ck sich tig ten  w ir die fo lgenden  K o m p o n en ten : H 2, J 2, B r2, 
W J 2, W B r2, W B r5, J ,  B r, H , H J  u n d  H B r. D er P a r tia ld ru c k  dieser K o m p o ­
nen ten  w ird  jew eils m it Р ъ  P 2’ • • •» P 11 b ezeichnet. D ie A nw esenheit von 
W B r4, W J 4 u n d  W B r5 w urde  te ils  wegen ih re r  th e rm o d y n am isch en  In s ta b il i tä t ,  
teils zw ecks V erein fachung  d e r R echnungen  au ß er a c h t gelassen.

Z ur B erechnung  des G le ichgew ich tszustandes des S ystem s w urden  die 
fo lgenden , v o n e in an d er u n ab h än g ig en  R eak tio n en  g ew äh lt:

2 Я  4  H 2 (1) H 2 +  J 2 i t  211.) (5)

2 J  J 2 (2) w 4" 1 2 i t  W J 2 (6)

2 B r i t  B r2 (3) w 4  Br.2 i t  W B r2 (?)
H 2 +  Br 2 i t  2 H B r (4) w - f  B r . -  W B r- (8)

die Z usam m enhänge ( la ) — (8a) gelten .

K i == El ( la )
9

Plo (5a)
P9 Р г 'Р г

K , = P  2 (2a) K t =  E l (6a)
Pl P i

K 3 == E l (3a) K , Pb (7a)
P l Рз

K t =
o

Pl (4a) со

Pb (8a)
P l  ' j°3 Ps~

U n te r  dei A n n ah m e, daß  in  G in . (6), (7) und  (8) die T ension des W olfram s 
b e i einer vorgegebenen  T e m p e ra tu r  k o n s ta n t is t ,  k an n  dies in  die G leichge­
w ic h tsk o n s ta n te  e ingesetz t w erd en , so d aß  in  K 5 — K 8 (Gin. (5a) — (8a)) der 
W e rt p w in  K 5—K 8 e in g ese tz t w erden  k a n n .

F ü r das S y stem  k ö n n en  außerdem  noch  d re i, von e in an d er u n ab h än g ig e  
E rh a ltu n g ssä tz e  au fgeschrieben  w erden:
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B ei der B erechnung  d e r  G leichgew ichte w u rd en  die n eu es ten  therm o ch em isch en  
D a ten  v erw en d e t (6 — 9). Da das H a u p tz ie l  d ieser A rb e it bloß die E rk e n n ­
tn is  der T endenz d e r  E ffek te  und  d ie  A ufdeckung  d e r Z usam m enhänge is t , 
w erden aus den b e re c h n e ten  W e rte n , eben  w egen d e r allgem ein b e k a n n te n  
re la tiv  großen  S tre u u n g  der th e rm o ch em isch en  D a te n  [10], keine q u a n t i ta ­
tiv e n  S ch luß fo lgerungen  gezogen.

3. Berechnungsergebnisse und Diskussion

Bei d er U n te rsu c h u n g  der s im u lta n e n  G leichgew ichte, die sich m it d en  
gegebenen A usgangskom ponen ten  h e i d en  16 v ersch ied en en  Z u sam m en se tzu n ­
gen absp ielen , w u rd en  fü r  jede Z usam m en se tzu n g  D iag ram m e, wie im  B ild  1 
d arg este llt, e rh a lte n . F ü r  eine ausfüh rliche  A nalyse d e r e rh a lten en  D iag ram m e 
em pfieh lt es sich, d ie v o n  uns gew äh lten  Z usam m ense tzungen  in  einem  D re i­
eckd iagram m  wie im  B ild  2 da rzu ste llen . E in  so rg fä ltiges S tud ium  d e r m it

Bild 1. Temperaturabhängigkeit der Partialdrücke der Komponenten bei einer Ausgangszu­
sammensetzung von äquivalenten Mengen von J 2, Br2undH2. (Mischungsverhältnis: 1 : 1 : 1 )
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d e r  R echenm asch ine  e rh a lten en  E rg eb n isse  ergab , daß  die K u rv e n , die die 
T e m p e ra tu rab h ä n g ig k e ite n  der K u rv e n  d e r P a rtia ld rü ck e  d e r  e n ts ta n d e n e n  
V erb in d u n g en  d a rs te lle n , in  drei G ru p p en  e ingete ilt w erden k ö n n e n : die W olf- 
ram h a lo id en , die infolge der D issozia tion  en ts tan d en en  freien  A tom e, u n d  die 
H a lo id säu ren  u n d  H a logena tom e. B ei d en  le tz te ren  w urde au ch  die T e m p e ra ­
tu ra b h ä n g ig k e it des P a rtia ld ru c k e s  d e r W asserstoffm oleküle d a rg es te llt.

W enn  w ir a u ß e r  den  du rch  d ie G leichungen  (10) u n d  (11) d e fin ie rten  
F a k to re n  oc u n d  y ,  au ch  die B ezeichnung

e in fü h ren , d an n  en tsp rech en  die d u rc h  d icke  L inien v e rb u n d en en  P u n k te  des 
B ildes 2 gleichen ac-, ß- u n d  ^ -V erh ä ltn issen . Die W irkung d e r versch ied en en  
K o m p o n en ten  a u f  die K u rv en  d er P a r tia ld rü c k e  k an n  also b e i den  jew eils 
d u rc h  eine ausgezogene K u rv e  v e rb u n d e n e n  Z usam m ensetzungen  u n te r  K o n ­
s ta n th a ltu n g  des V erhältn isses d er a n d e re n  beiden K o m p o n en ten  u n te rsu c h t 
w erd en .

Z u n äch st w ird  en tlan g  der K u rv e  a (B ild  2) für a  =  1 die W irk u n g  des 
W assersto ffes u n te rsu c h t. Die d iesen  P u n k te n  en tsp rechenden  p ro zen tu e llen  
Z u sam m en se tzu n g en  w urden  in  T afe l I  zusam m engefaß t.
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Tafel I

Wirkung des Wasserstoffes für a =  1

Nr.
s. Bild. 2

Ausgangszusammensetzung

J 2 % B r, % H,%

15 50 50 0

5 47,6 47,6 4,8

6 40 40 20

7 33,3 33,3 33,3

8 25 25 50

9 8,3 8,3 83,4

W ir w ollen je tz t  die W irkung  des W asserstoffes a u f  die E n ts te h u n g  der 
W olfram halo iden  u n te rsu ch en  (Bild 3). A ls a llgem eingeltende G esetzm äßigkeit 
k a n n  ausgesag t w erden , daß  die E rh ö h u n g  der W asse rs to ffk o n zen tra tio n  in  
dem  gesam ten  u n te rsu c h te n  T em p era tu rb ere ich  die K o n z e n tra tio n  aller d re i 
u n te rsu c h te n  W olfram halo ide  z u rü c k d rä n g t. Diese F es ts te llu n g  b e s itz t ih re 
s tä rk s te  G ü ltigke it fü r  das P en tab ro m id , das bere its  be i einer A usgangskon­
z e n tra tio n  v o n  50%  W assersto ff p ra k tisc h  v ersch w in d e t. D iese W irk u n g  is t 
be im  W olfram jod id  bei w eitem  n ic h t so au sg ep räg t: die E rh ö h u n g  der 
W asse rs to ffk o n zen tra tio n  b ee in flu ß t d en  K u rv e n v e rla u f  e rs t bei sehr großen 
W a sse rs to ffk o n zen tra tio n en . Beim  W o lfram d ib ro m id  is t diese W irk u n g  in  
e rs te r  L inie bei n ied rigen  T e m p era tu ren  von  B ed eu tu n g , w äh ren d  sie in  
u n m itte lb a re r  N ähe des G lühfadens u n d  in  dem  heißen  G asraum  geringfügig 
is t. Bei k le in en  W asse rs to ffk o n zen tra tio n en  is t auch ih re  W irk u n g  sehr k lein .

D ie infolge d er D issoziation  e n ts ta n d e n e n  freien  A tom e ste llen  die zw eite 
G ru p p e  d er K u rv e n  d a r. Die K u rv e n  ih re r  P a rtia ld rü c k e  sind  a u f  B ild  4 
d a rg e s te llt. D er K u rv e n v e rla u f  is t v o llkom m en  p a ra lle l zu jen em  d er W asser­
stoff-freien  System e. D ie A bso lu tw erte  w erden  du rch  die E rh ö h u n g  der W asser­
s to ffk o n z e n tra tio n  n u r  geringfügig b e e in f lu ß t: die d er H alogena tom e w erden 
e tw as v e rrin g e rt, w äh ren d  die der W assers to ffa to m e e tw as e rh ö h t w erden .

D as in te re ssa n te s te  B ild e n ts te h t bei d en  K u rv e n  d er P a rtia ld rü c k e  der 
H a lo id säu ren  sowie d er H alogen- und  W assersto ffm olekü le  (B ild. 5). D urch  
die E rh ö h u n g  der W a sse rs to ffk o n zen tra tio n  w ird  die K o n z e n tra tio n  der Brom - 
u n d  Jod-M oleküle  v e rrin g e rt, w ährend  die d er H a lo id säu ren  e rh ö h t. In  dem  
T em p era tu rb e re ich  v o n  500-y l500°C , dh . in  dem  sog. K orrosionsbere ich  u n d  
en tlan g  d er K o lbenw and  e n ts te h t in  e rs te r  L inie H B r, e rs t bei h ö h eren  T em ­
p e ra tu re n  auch  H J . D em en tsp rechend  w äch st die B ro m k o n z e n tra tio n  schon 
im  anfäng lichen  B ereich  s ta rk  an , w äh ren d  die K o n z e n tra tio n  des J 2 in  A b­
h ä n g ig k e it von  d er T e m p e ra tu r  ein M axim um  d u rch läu ft. D em en tsp rechend
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w eist d ie  K u rv e  des P a r tia ld ru c k e s  des H 2 zw ischen 900 u n d  1200 К  bei h ö h e­
rem  W assersto ffgehalt ein  M inim um  auf. Bei w eiterem  T e m p e ra tu ran s tie g  
b e g in n t die D issoziation  v o n  H B r u n d  von  H J . Bei der T e m p e ra tu r  des g lü ­
h e n d e n  W olfram s h a lte n  sich B r2 u n d  J 2 von  p ra k tisc h  g leicher G röß en o rd ­
n u n g  das G leichgew icht. D ie K o n z e n tra tio n  des H B r is t jed o ch  auch  bei d ieser 
T e m p e ra tu r  noch um  e tw a  zwei G rö ß en o rd n u n g en  h ö h er als die des H J . Bei 
T e m p e ra tu re n  über 2000°C w ird  die aus dem  D issoziationsg leichgew icht s ta m ­
m en d e  H 2-K o n zen tra tio n  v o n  d er aus d er D issozia tion  d er H a lo id säu ren  
s ta m m e n d e n  H 2-K o n z e n tra tio n  ü b e rtro ffen . A u f diese W eise e n ts te h t ü b e r 
2500°C in  der K urve  des P a r tia ld ru c k e s  des H 2 bis zu einem  50% igen  W asse r­
s to ffg e h a lt ein M axim um . B ei noch  h ö h eren  T e m p e ra tu ren  zeig t d er K u rv e n ­
v e r la u f  eine abfallende T en d en z  w egen dem  sch lag artig en  E n ts te h e n  von  fre ien  
W assersto ffa tom en . B ei h ö h e ren  W a sse rs to ffk o n zen tra tio n en  fehlen  sow ohl 
d as  M inim um  als auch  d as  M axim um .

Ä n d ern  wir a , in d em  w ir die K o n z e n tra tio n  des B r2 a u f  K o sten  d er J 2- 
K o n z e n tra tio n  erhöhen , so e rh a lte n  w ir die K u rv e  b a u f  B ild 2 . D ie A usgangs-

Bild 3. Temperaturabhängigkeit der Partialdrücke der Wolframhaloiden bei verschiedenen 
Ausgangskonzentrationen des Wasserstoffes
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Bild 4. Kurven der Partialdrücke von H-, J- und Br-Atomen bei verschiedenen Wasserstoff­
konzentrationen

Z usam m ensetzung d e r  en tlang  d ieser K u rv e  befind lichen  G asgem ische h ab en  
w ir in  T afe l I I  zu sam m engefaß t.

D ie A nalyse d e r  K u rv en  ergab , d a ß  die a u f  die W o lfram halo iden  au sg eü b te  
W irk u n g  der W asse rs to ffk o n z en tra tio n  ähn lich  der a u f  B ild  3 d a rg es te llten  
W irk u n g  is t. Die K u rv e n  gleicher W asse rs to ffk o n zen tra tio n  ü b erd eck en  sich

Tafel II

Wirkung der Wasserstoffkonzentration bei a =  0,5

Nr.
s. Bild. 2

Ausgangszusammensetzung

j.% Br2 % H,%

16 33,3 66,6
2 25 50 25
3 22,2 44,4 33,4
4 7,7 15,4 76,9
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Bild 5. Kurven des Partialdruckes der Haloidsäuren sowie der Halogen- und Wasserstoff­
moleküle

sogar tro tz  d er S te ig e ru n g  der B ro m k o n zen tra tio n  fa s t a u f  das D oppelte . 
D asselbe gilt au ch  fü r  die H - bzw. J -K u rv e n  des B ildes 4. Die a u f  die B r- 
A tom e bezogenen K u rv e n  liegen wegen der h ö h eren  A n fan g sb ro m k o n zen tra tio n  
e tw as höher als die des B ildes 4. A uch die K u rv e n  d e r H alo id säu ren , d er H a lo ­
genm oleküle u n d  des H 2 v erlau fen  äh n lich , die K o n z e n tra tio n  des H B r is t 
w egen der o b e n g en an n ten  G ründe höher. E ine  S te igerung  der Jo d k o n z e n tra ­
tio n  is t m it e iner F o rtb ew eg u n g  en tlan g  d er K u rv e  c a u f  B ild  2 g leichbedeu­
te n d . Die d iesbezüg lichen  A u sg an g sk o n zen tra tio n en  sind  in  T afel I I I  zu sam ­
m engefaß t. In  d iesem  F a ll w ird — abgesehen  vom  W olfram dib rom id  — ein 
an d ere r K u rv e n v e rla u f  b e o b ach te t. Als B eispiel so llen die, der lfd . N r. 10 bzw . 
13 en tsp rech en d en  G asgem ische d ienen , bei denen  die K u rv en  des P a r t ia l ­
druckes aller ü b rig en  K o m p o n en ten  völlig  ü b ere in stim m en , obw ohl die A us­
g an g sk o n zen tra tio n en  ganz versch ieden  sind. Z ur V eranschau lichung  dieses 
in te re ssan ten  E ffe k te s  w u rd en  die K u rv en  d er P a r tia ld rü c k e  der H alogen- u n d  
der W assersto ffm olekü le  sowie die d er H a lo id säu ren  a u f  B ild 6 d a rg este llt. 
B ei ex trem  k le in en  oder besonders großen  W asse rs to ffk o n zen tra tio n en  (Zu-
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sam m ense tzungen  10 bzw . 13) sin d  die K u rv en  des P a r tia ld ru c k e s  der K o m ­
p o n en ten  fa s t iden tisch . D ie W irk u n g  der W a sse rs to ffk o n zen tra tio n  d u rch ­
lä u f t  also fü r x  =  2 ein  M axim um .

N un  sollen die F älle  fü r  die g leichen ß-, bzw . y -V erhä ltn isse  u n te rsu c h t 
w erden . Die en tsp rech en d en  Z usam m ense tzungen  liegen  e n tla n g  der d-, e-, f-

Tafel III

Wirkung des Wasserstoffes bei a  =  2

Nr
Ausgangszusammensetzung

j .  % Br„ % H2%

14 66,6 33,3 0

10 64,5 32,4 3,1

11 50 25 25

12 44,3 22,1 33,6

13 15,4 7,2 77,4

Bild 6. Temperaturabhängigkeit der Kurven der Partialdrücke für a =  2
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u n d  g -K u rv en  des B ildes 2. D ie A usgangszusam m ense tzungen  sind in  T afel 
IY  zusam m engefaß t. E in e  A n aly se  d ieser K u rv en  e rg ib t, d aß  in  solchen F ällen  
d ie  K o n zen tra tio n  des W o lfram d ib ro m id s u n d  P e n ta b ro m id s , des B r u n d  B r2 
sow ie des H B r n u r  v o n  d e r  A u sg an g sk o n zen tra tio n  des B r2 a b b än g t. Diese

Tafel IV

Lfd. Nr. 
(s. Bild. 2) Be* % J.%

Ausgangszusammensetzung

H2% ß У

2 50 25 25 1 0,5
6 40 40 2 0 0,5 0,5
7 33,3 33,3 33,3 1 1

11 25 50 25 0,5 1
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W irk u n g  k o m m t beim  W B r2, W B r5 u n d  B r 2 s ta rk , beim  B r u n d  dem  H B r  
h ingegen  n u r  schw ach zur G eltung. D ie K o n z e n tra tio n  des W olfram d ijo d id s  
is t n u r  d er A u sg an g sjo d k o n zen tra tio n  p ro p o rtio n a l, w ährend  die K o n z e n tra ­
tio n  d e r J -A to m e  p rak tisch  auch  h ie rv o n  u n ab h än g ig  ist. D er V erlau f d e r H 2-, 
H -, J 2- u n d  H J -K u rv e n  w urde a u f B ild  7 d a rg es te llt.

A us dem  B ild  is t e rsich tlich , d aß  die J 2-K o n zen tra tio n  allein  v o n  ß  a b ­
h ä n g t, d . h . fü r d ieselben /1-Werte d ieselbe is t , d aß  die K o n z e n tra tio n  der fre ien  
W assers to ffa to m e allein  von y  a b h ä n g t, d . h . fü r dieselben y -W erte  d iese lbe  
is t, u n d  d aß  die H 2- sowie die H J -K u rv e n  sow ohl von der A u sg an g sk o n zen tra ­
tio n  des H 2 bzw . des J 2 als auch vom  /?-W ert abhängen .

4. Sch lußfo lgerungen

Bei d er A usw ertung  der E rg eb n isse  em pfieh lt es sich, aus den  G le ich ­
g ew ich tsv erh ä ltn issen  des w assersto fffre ien  System s auszugehen . W erd en  die 
K u rv e n  d er P a r tia ld rü c k e  fü r das in  u n se re r  vo rangegangenen  P u b lik a tio n  
b esch riebene W —B r2—J 2-System  fü r  v ersch iedene a -W erte  ähnlich  w ie in  
d er vo rliegenden  A rb e it ana ly sie rt, so k a n n  festg este llt w erden , daß  die E n t ­
s teh u n g  v o n  freien  J -  und  B r-A tom en  k a u m  von  oc a b h än g t. D em gegenüber 
n im m t fü r  w achsendes oc die J 2-K o n z e n tra tio n  im  gesam ten  B ereich ah , w ä h ­
ren d  die des B r2 zu n im m t; die K u rv e n  d e r en tsp rech en d en  W olfram lia lo iden  
sind  gerade  u m g ek eh rt. In  A bw esenheit v o n  W assersto ff en ts teh en  also m it 
u n d  en tsp rech en d  d er V eränderung  von  oc aus den Jo d - bzw . B rom m olek iilen  
W olfram halo ide.

In  d e r A rb e it v o n  K o p e l m a n  u n d  W o r m e r  [5 ] w urde gezeigt, d a ß  die 
E rh ö h u n g  der W asse rs to ffk o n zen tra tio n  in  dem  B ereich von  y  =  0 -f- l in  
dem  W —B r2—H 2-System  zu einem  Z u rü ck d rän g en  d er W olfram b ro m id e  
fü h r t ,  w ährend  die K o n zen tra tio n  d e r e n ts ta n d e n e n  H- u n d  B r-A tom e p r a k ­
tisch  ü b e rh a u p t n ic h t beein fluß t w ird . D ies w ird  - um gerechnet au f u n se r K o o r­
d in a te n sy s te m  — a u f  Bild 8 v e ra n sc h a u lich t. W assersto ff b ew irk t also  das 
E n ts te h e n  von  H B r a u f K osten  in  e rs te r  L in ie  d er W olfram brom ide fü r y  =  0,5 
u n d  au ch  des B r2 fü r  y  =  1.

In  dem  W  — B r2—J 2—H 2-S ystem  sind  die V erhältn isse  besonders w egen  
der B ild u n g  v o n  zwei H alo id säu ren  v e rsch iedener S ta b ili tä t  k o m p liz ie rte r. 
W egen d er v iel g rößeren  th e rm o d y n am isch en  S ta b ilitä t des H B r im  V erg leich  
zu d er des H J  w ird  die E n ts te h u n g  d e r W olfram brom ide in  S y stem en  m it 
B ro m ü b ersch u ß  zu rü ck g ed rü ck t; ein  w esen tlicher A nteil d er B rom atom e b ild e t 
anste lle  v o n  W olfram brom iden  H B r. W egen der th e rm o d y n am isch  k le in e re  
S ta b il i tä t  des H J  k o m m t es in d en , an  J 2 reicheren S ystem en  in  e x tre m e n  
F ä llen  zu r H erausb ild u n g  von  M inim um  — M ax im um -K urven , b esonders bei 
jen en  K u rv en , die die T em p e ra tu rab h ä n g ig k e it der P a rtia ld rü c k e  von  H J  u n d
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H 2 darste llen . E in  so lch er K u rv en v erlau f w ird  in  e rs te r L inie durch  d en  Z er­
fa ll des W J 2 sowie d u rc h  die von der W asse rs to ffk o n z en tra tio n  hervo rgeru fe- 
n en  kom plexen  D issozia tionsg le ichgew ich te  des J 2-M oleküls u n d  des J -A to m s 
h erb e ig e fü h rt.

B ei H a lo g en lam p en , die in der P ra x is  A nw endung finden , w ird  H B r 
oder H J  als G asfü llung  v e rw endet, zu dem  — in  e rs te r L inie wegen der w äh ren d  
d er langen  E in b re n n z e it du rch  die Q u a rzw an d  d iffund ierenden  W asse rs to ff­
a to m e  in  geringem  Ü berschuß  noch W a sse rs to ff  h inzugefüg t w ird . E s em p ­
f ie h lt sich, einen zu g ro ß en  W assersto ffüberschuß , w egen der d adurch  v e ru r ­
sa c h te n  hohen  W ä rm e le itu n g , zu v e rm eid en . D en  tech n isch  anw endbaren  Z u ­
sam m en se tzu n g en  e n tsp re c h e n  also die Z u sam m en se tzu n g en  5 und  10 vom  
B ild  2. Beim  e rs te re n  k a n n  bei einer Z u sam m en se tzu n g  v o n  etw a 4 8 ,5%  H J  
u n d  48 ,5%  H B r m it 3 %  W assersto ffüberschuß , beim  le tz te re n  bei e iner Z u­
sam m ense tzung  v o n  6 6 %  H J  und  33%  H B r m it einem  W assers to ffü b ersch u ß  
v o n  1 %  gerechnet w erd en .

D urch  die B e im en g u n g  von H J  zum  H B r w ird  in e rs te r Linie die E n t ­
s te h u n g  von  W B r5 u n te rd rü c k t  und  g le ichze itig  die E n ts te h u n g  v o n  W J 2 
ausgelöst. Bei g rö ß eren  H J-M engen ü b e rw ie g t gerade in  dem  K orrosionsbe-

Bild 8. Wirkung des Wasserstoffes im System W — Br2 — H2 (nach K o p e l m a n  und W o k m e b )
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re ich  die E n ts te h u n g  des in  viel geringerem  M aße korrosiven  J 2, J  u n d  H J  a u f  
K o s ten  des v ie l s tä rk e r  korrosiven  B r, B r2 u n d  H B r. Die G le ichgew ichte  des 
heißen  G asraum es u n d  der U m gebung  des G lühfadens w erden , w en n  w ir von  
d er E rsch e in u n g  des W J 2 absehen , v o n  d er E rh ö h u n g  d er H J -K o n z e n tra tio n  
n ich t w esen tlich  beein flu ß t.

B ei u n se ren  B erechnungen  w u rd en  im  G egensatz zu K o p e l m a n  u n d  
W o r m e r , die m it allen  W B rn re c h n e te n , d e r E in fach h e it h a lb e r n u r  die E n t ­
s te h u n g  der s ta b ils te n  V erb indungen  (W B r2, W B r5 u n d  W J 2) b e rü c k s ic h tig t. 
D ieser U n te rsch ied  b ee in flu ß t jed o ch  — w ie oben gezeigt — die E rk e n n tn is  
d er T endenz d e r E ffek te  n ich t w esen tlich . A uch  die von  d er S tra h lu n g  des 
G lühfadens v e ru rsa c h te n  p h o tochem ischen  Prozesse w urden  h ie r n ic h t b e ­
rü c k s ic h tig t u n d  a u f  diese w erden  w ir in  e iner fo lgenden A rb e it zu rü c k k o m ­
m en.
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Simultaneous Equilibriums in Halogen Lamps Containing Two Different Halogens. 
Equilibriums in the Case of Pure Halogens. The temperature- dependence of the equilibrium 
concentration of tungsten haloids was calculated from thermodynamical data for the combined 
use of Br and J under conditions corresponding to the gas charge of halogen-filled incandescent 
lamps. Generalizing the results for real conditions, it appears that the combined injection of 
two different halogens into the gas space, at suitably chosen conditions, goes with considerable 
advantages as compared to the use of one single halogen.

Одновременные равновесия в галогеновых лампах, содержащих два различных 
галогена. Равновесия в случае одновременного присутствии H, Вг, и J2. В рамках данной 
статьи ставилась задача — дать метод для изучения дисперсионных свойств, а также для 
оценки результатов измерений. Видно, что также зависимость модифицированного идеаль­
ного смешивания можно использовать с надежностью, но проще всего применение метода 
функции переноса, так как вне среднего времени пребывания получается также число 
Пецлета, или же его обратное значение — дисперсионное число.
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IMPROVEMENT OF THE EFFICIENCY OF FREE 
RLOW-OUT AXIAL FANS USING VARIABLE 

CIRCULATION

L. SOMLYÓDY*

[Manuscript received January 10, 1973]

Variable circulation at a given geometry has a twofold effect: a) higher outlet 
losses due to the distortion of the axial velocity; b) the reduction of the load acting on 
the blade sections at the root. The latter permits the reduction of the hub dimensions. 
If the hub can be diminished to a larger degree than would be necessary to compensate 
for the higher loss, the static efficiency could be appreciably increased. The author solves 
this task by using the equation of the optimisation of free blow-out deflectorless axial 
fans generalized for variable circulation and by the establishment of the maximum 
attainable diminution of the hub diameter.

S y m b o l s

Q air flow m3/s
Ф  th theoretical total head rise N/m2
4Pth theoretical average head rise N/m2
Vst static head rise N/m2

Zip' system resistance N/m2
Pa atmospheric pressure N/m2
Pst static pressure behind the impeller N/m2
PП total head behind the fan N/m2

$ О 1 M loss in the fan N/m2
Q density kg/m:
uT, и peripheral velocity m/s
сз a axial velocity behind the impeller m/s
£з и tangential velocity behind the impeller m/s
ca =  coa average axial velocity satisfying the continuity m/s
r radius m
rT outer radius m
rH hub radius m
F t  =  t t 27i cross section m2
D T outer diameter m
Vh hydraulic efficiency
Vst static efficiency
l chord length m
t pitch m
CL lift coefficient
CD drag coefficient
a angle of incidence
A. the angle enclosed by the resultant flow velocity and 

the direction of и
E  =  CD /C L  =  tg Ô profile drag to lift ratio
X =  sini/?  ̂ -f  ő)/sin ■ cos Ô
R =  r/rT dimensionless radius

* Dr. L. S o m l y ó d y , Guszev u. 4, 1051 Budapest, Hungary
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d iam e te r ra tio
th e o re tic a l to ta l  h ead  coefficien t 
th eo re tic a l average h ead  coefficien t 
loca l head  coefficient 
s ta tic  head  coefficient 
loss ren d ered  d im ensionless

{tw o  com ponents o f th e  o u tle t  
loss ren d ered  d im ensionless w ith  o ú  ■ ii-j”

I  flow  coefficients

pow er
j'-dependen t c h arac te ris tics
th e  ch arac te ris tic  o f  th e  l in e a r  a x ia l ve lo c ity  d is tr i­
b u tio n
h e ad  coefficient ra tio  
coeffic ien ts o f tjh

In tro d u c tio n

T he g rea te r p a r t  o f th e  to ta l  loss in  free b low -ou t deflectorless ax ia l fans 
is caused  by  th e  u n u tiliz e d  k in e tic  energy  of th e  ou tflow ing  m edium .

To dim in ish  th is , th e  o u tle t ve locity  m u s t be reduced . A t an  u n changed  
ro to r  t ip  d iam ete r th is  c a n  be achieved b y  th e  se lection  of a sm aller hu b . 
S ince th is  aim  is to  be  a t ta in e d  b y  a c ircu la tio n  v a ry in g  along th e  rad iu s , 
u n lik e  th e  w ell-know n a d v a n ta g e s  of v a riab le  c ircu la tio n , we w ish to  fin d  ou t 
w h e th e r and  to  w h a t degree variab le  c ircu la tio n  is su itab le  fo r increasing  
efficiency.

L e t us assum e t h a t  a t  r • cu =  c o n s ta n t th e  h u b  d iam e te r is as sm all 
as possib le in  th e  g iven  case, on th e  basis o f th e  so-called b o u n d a ry  cond itions 
[1], fo r in stance  th e  S trsch e le tzk y  and  th e  de H a lle r c rite ria , or even m ore 
fre q u e n tly , considering  th e  (l/t ■ ci) hub co n d itions o f co n stru c tio n , b lade  ca l­
c u la tio n  and  sep a ra tio n . L e t us call i t  th e  case 1.

L e t us now  red u ce  th e  h u b  d iam ete r assum ing  th a t  r • cu const and  
call i t  case 2. N a tu ra lly , th e  d iam ete r ra tio  v2 <C r xis d e te rm in e d b y  th e  b o u n d ­
a ry  conditions w hich  a re  th e  sam e as w ith  jq.

H ow ever, in  sp ite  o f  th e  re la tionsh ip  v2 <C vii i t  is n o t q u ite  sure th a t  
th e  efficiency can  be  im p ro v ed , since v a riab le  c ircu la tio n  due to  increasing  
ve loc ities to w ard  th e  p e r ip h e ry , cause a g re a te r  o u tle t loss th a n  w ould occur 
in  th e  case of r ■ cu =  c o n s t an d  w ith  th e  sam e d ia m e te r  ra tio .

T he only w ay  to  ach ieve  th is  aim  is to  a t ta in  a g re a te r  d iam e te r red u c tio n  
th a n  is requ ired  to  co m p en sa te  for th e  m en tio n ed  increase in  loss.

The p reco n d itio n  fo r  th e  ap p licab ility  o f  th e  m e th o d  is th a t  v a riab le  
c ircu la tio n  should  be  possib le  a t  all u n d e r th e  s ta r tin g  p a ra m e te rs . To fin d  
th e  answ er an  a p p ro x im a tiv e  so lu tion  is u sed , w h e rea fte r  th e  re su lt depends 
on  w h e th e r th e  d ia m e te r  can  be reduced  (C h ap te r 2) an d  on th e  tre n d  of th e  
losses (C hapter 3).
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As regards th e  tre n d  of th e  losses, we shall n o t p e rfo rm  th e  ex am in a tio n  
w h ich  is usual for th e  o p tim isa tio n  o f  ax ia l fans [2 ,3 ] , since o u r a im  is only  th e  
com p ariso n  of th e  tw o  cases. T h is, n am e ly , perm its  th e  e lim in a tio n  of several 
u n c e r ta in  fac to rs (profile  d rag  to  l if t  ra tio , b o u n d ary  co n d itio n s  a t  th e  hub) 
w h ich  m ay , an y w ay , be  m ore a c c u ra te ly  considered in  a co n cre te  case.

F in a lly , a n u m erica l exam ple  w ill he d em o n stra ted .
I t  is also to  be  m en tio n ed  t h a t  c ircu la tion , sw irl or to ta l  h ead  rise will 

f ig u re  in  th e  p a p e r  a lte rn a te ly . T hese  differ in  th e  m u ltip lic a tin g  fac to r only.
T he follow ing assum p tio n s w ere  m ade during  th e  w o rk :
a) th a t  th e  o u tgo ing  sw irling a ir  s tream  com pletely  fills o u t th e  an n u la r 

su rface :
b) th a t  th e  ra d ia l v e lo c ity  co m p o n en t is negligible in  re la tio n  to  th e  re s t: 

a x ia l ve lo c ity  (w hich, “ fa r th e r  aw ay ”  from  th e  im peller c3a, can  he ex ac tly  
c a lc u la te d  [4]) in  th e  m ed ian  p la n e  of th e  im peller re p re se n ts  c03a =  
== (c0a -f- c3a)/2, c0a h e re  is th e  v a lu e  before th e  im p e lle r [5]. T hus, all 
t h a t  we know  a b o u t th e  v e lo c ity  in  th e  o u tle t p lane is t h a t  i t  w ill be som e­
w here  b e tw een  c0a an d  c3a. T here fo re , th e  o u tle t loss is p essim istica lly  d e te r­
m in ed  to  be a t e3a, in  th is  w ay  se ttin g  an  u p p e r lim it to  th e  a c tu a l loss.

T he d e te rm in a tio n  o f th e  v e lo c ity  d is tr ib u tio n  in  th e  o u tle t  p lane  can be 
m ad e  m ore ex ac t, b o th  th e o re tic a lly  an d  experim en ta lly . T h is w ork  is included 
in  th e  a u th o r’s p ro g ram m e. I ts  re su lt  w ill read ily  f i t  in to  th is  p a p e r, only th e  
p a ra m e te rs  of th e  f in a l genera l loss cu rv es  w ill have  to  be  co rrec ted .

T he re la tio n sh ip s  in  d im ension ing  a t  r ■ cu ^= co n st are on ly  b rie fly  
t r e a te d  to  such d e p th  as m ake i t  possib le  to  judge w h a t d is tr ib u tio n  of th e  
c ircu la tio n  should  be  assum ed  on th e  basis  of th e  s ta r tin g  p a ra m e te rs .

A ccordingly , th e  d iffe ren tia l e q u a tio n  describing th e  co rre la tio n  of th e  
a x ia l v e loc ity  b eh in d  th e  im peller a n d  th e  to ta l  head  rise , w ith  dim ensionless 
q u a n tit ie s  (p rov ided  th a t  th e  c h a ra c te ris tic s  before th e  im p elle r an d  th e  losses 
in  th e  fan  along th e  rad iu s  are c o n s ta n t an d  th e re  is no p re-sw irl) [4] w ill be:

1. A ssum ption of the distribution of circulation

1 _  ^th(fl) 1 d f th(R)  
2 R 1 dR

( 1 )

In  th e  so lu tion  tw o au x ilia ry  co n d itio n s, nam ely , c o n tin u ity

_ l — Cq>,(R)BdR, ( 2)
V
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a n d  th e  re la tio n sh ip  fo r th e  average  head  coefficient

Vth{R)<PÁR )R d R  (3)

m u s t be tak en  in to  c o n sid e ra tio n . I t  is exped ien t to  assum e q>th{R ) as th e  form  
o f a pow er function

Vth
(1 — V2 ) ( f : f

Vth(-R) VthW
R ) n

V

(4)

w here  th e  selection o f th e  pow er n  is o f th e  g rea te s t in te re s t . F o r th is  pu rpose , 
t h a t  ap p ro x im ativ e  so lu tio n  of th e  system  of eq u a tio n s (1) — (3) a t  (4) is used 
[6], in  w hich th e  ax ia l v e lo c ity  is assum ed to  he th e  lin e a r  fu n c tio n  of th e  r a ­
d ius.

T he same a ssu m p tio n  is m ade w hen th e  losses are  ca lcu la ted . We shall 
r e v e r t  to  th is  e rro r la te r .

L e t, th ere fo re ,

<Ps(R ) =  r x ( 5 )

he w here m  from  (2) is

m

w hile  q(v) expresses th e  degree to  w hich th e  ax ia l v e lo c ity  a t  th e  hub  dim inishes 
in  re la tio n  to  th e  av e rag e . I f  th is  is as was p rescribed , from  th e  ap p ro x im ativ e  
so lu tio n  of e q u a tio n  (1) accord ing  to  [6] q> =  Q /F t • ut  c an  be derived  in  th e  
follow ing w ay:

<P =  (1 -  >2) ( 6)

H ere  F ^ v )  =  —m (l — v), F 2(v) =  [2 — m (l +  T he expression
<pl(l) — cpl(v) is o b ta in e d  a fte r  th e  su b s titu tio n  of th e  re la tio n sh ip  (4) b y  th e  
in te g ra tio n  of (1). T h u s ,

V = f [ v , n , x p th(v),q{v)],  (6a)

a n d  prov ided  th a t  also th e  co rre la tio n  of ^th(t) an d  y th is expressed  from  (3), 
m ak in g  use of (4) a n d  (5)

v>th 2 1 -  V2 + n
il  +  q{v)

1 — v3 + n mq(v) "

Wth{v) Л 1  — »2) 2 +  n 1 — mv 3 +  n 1 — mv

(3a)
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on th e  basis of th e  s ta r tin g  p a ra m e te rs  we shall be able to  ju d g e  w hen and  
w h a t pow er h as  to  be  assum ed an d  as a re su lt w h a t w ill be th e  v a lu e  of q(v).

Figs 1 th ro u g h  4 show th e  v a r ia tio n  o f fu n c tio n  (6) along v a t  d iffe ren t 
va lu es  o f n  an d  a t  th e  p a ram e te rs  q(v) and  V*th(t')- T h e  fo rm er w as selected  to  
be —0 , 2 . . . —0,6 (viz. c3a(r) decreases to  8 0 . . . 4 0  p e r cen t o f th e  average) 
w hile th e  la t te r  w as assum ed acco rd ing  to  th e  re la tio n sh ip

y>tb{v) =  ythl „2 =  0,7 • V2.

T h is  m ay  be  reg a rd ed  as a f re q u e n t average  in  free b low -ou t m ach ines 
in  w hich Ijt ■ Cl  =  0,5 > 0 ,8 .

T he figures in d ic a te  th a t  a to ta l  h ead  rise along th e  rad iu s  s tro n g ly  d e ­
v ia tin g  from  th e  c o n s ta n t m ust n o t  be assum ed  unless th e  flow  coeffic ien ts 
are  v e ry  g rea t. T he low er lim it of ap p lic a b ility  is cp 0 ,15, w hile for th e  co r­
re la tio n  of qо an d  n,  th e  following v a lu e s  m ay  give a d irec tiv e :

n 0,5 0,75 1,0 2,0

t p  > 0 ,1 5  > 0 ,2 0  > 0 ,2 5  > 0 ,4 0

W ith in  th e se  v a lu es  sm aller q(v) is assoc ia ted  w ith  sm aller <p ( th e  effect 
o f th e  p a ra m e te r  i p th { v )  is sim ilar).

T he erro r due  to  th e  linear a p p ro x im a tio n  consists o f a slig h tly  g re a te r  
red u c tio n  of th e  ax ia l ve locity  a t  th e  h u b  th a n  w as ex p ec ted  and  ca lc u la ted  
from  Figs 1 —4, in  co o rd ina ting  th e  s ta r tin g  p a ra m e te rs  (F ig . 10). H o w ev er,

0 , 2  0 , 3  Q 4  0 , 5  0 , 6  V

Fig. 1
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Fig. 2

th e  p a ra m e te r  q(v) co rresp o n d in g  to  th e  a p p ro x im a tio n , shou ld  be re ta in e d  
even  in  th e  know ledge o f th e  ex ac t so lu tio n , since i t  w ill help  in  th e  co o rd ina­
tio n  of th e  resu lts  o b ta in e d  now , an d  in  th e  ca lcu la tio n  o f th e  loss.

W hen  d e te rm in in g  th e  losses, on th e  o th e r h a n d , an d  w herever (p3(R)  
ap p ears  u n d er an  in te g ra l, th e  e rro r caused  b y  lin ear ap p ro x im a tio n  is neg lig i­
b le , since <p3yln(R)  w as ‘a p r io r i’ o b ta in ed  in  com pliance w ith  an  in teg ra l c ri­
te r io n .
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2. D im inu tion  o f  th e  hub

To estab lish  th e  degree to  w hich  th e  d ia m e te r  could  be d im inished, f ir s t  
th e  b o u n d ary  co n d itio n s  b e s t su ited  to  our pu rposes shou ld  be determ ined .

The m ost f re q u e n tly  used a ssu m p tio n  in  l i te ra tu re , p a rtic u la rly  in  th e  
op tim iza tio n  of ax ia l fan s  [2, 3] is th e  S trsch e le tzk y  sw irl-co re  criterion . H ow ­
ever, a p a r t from  sm a ll flow  coefficients, i t  invo lves a h ig h  l/t • cl and  a co r­
respond ing ly  la rg e  n u m b e r  of b lad es, fu rth e rm o re  th e  req u irem en t of th e  
co m p a tib ility  o f iso la te d  aerofoils an d  th e  cascade ch a rac te ris tic s . I t  seem s, 
th e re fo re , m ore r a t io n a l  to  prescribe th e  coeffic ien t l/t • w hich also re flec ts  
th e  co n stru c tio n a l c r ite r ia . A nd since th is  coeffic ien t is d ifficu lt to  hand le  b e ­
cause i t  p a r tly  d ep en d s  on th e  flow  coeffic ien ts , we sh a ll use th e  local h ead , 
in s tead . There is no  n eed  to  d e te rm in e  n u m erica l va lues. O nly  th e  id e n tity  o f 
th e  values y thi(r) =  y>th{v)lv2 and ï/i ‘ Cl m u s t be  en su red  in  cases 1 an d  2 
m en tioned  in  th e  In tro d u c tio n .

M aking use o f (3a), th e  eq u a tio n  ipthh{vi) =  ^th, ( vi) m a y  be w ritten  dow n 
in  th e  form  of ÿ>thjvi  =  Vth jß( v2)v2i w hence th e  degree o f d iam ete r red u c tio n

(? )
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can  be de te rm ined . If , how ever, — y thä th en

—  =  У Ж ) .  (7a)
v2

F ig u re  5 illu s tra te s  th is  l a t te r  r a t io  w ith  d ifferen t pow er ra in  fu n c tio n  
o f  V a t  q(v2) =  —0,4 (v1/ v 2 is l i t t le  d e p e n d e n t on q(v2)). W e h a v e  in d ica ted  th e  
cu rv es  v-yjv2 p e rta in in g  to  v1 =  co n st as well. To w hat v2 th e  d ia m e te r  ra tio  
v l c a n  be  d im in ished  in  th e  know ledge o f re, is de term ined  b y  th e  in te rsec tio n  
o f  th e  tw o  correspond ing  curves (for in s tan ce  if  re =  1,5 th a n  to  jq =  0,6, 
v2 =  0,3 will p e rta in ).

N a tu ra lly , th is  w ill sa tisfy  th e  ap p ro x im a te  eq u a lity  

(l/t • cL)± «  {l/t ■ cL)2

o n ly . I f  in  any  given case ex ac t e q u a lity  is aim ed a t, iq /r2 m a y  slig h tly  d ev ia te  
fro m  th e  value g iven in  eq u a tio n  (7). F o r  exam ple, if  q(v2) =  —0,4 th e n  below

vi-----  — ■ v, = const.
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v2 ^  0,3, w hile if  q(v2) =  —0,2 th e n  below  v2 ^  0,4 th e  red u c tio n  o f th e  hub- 
d ia m e te r  m ay  be g rea te r.

In  w h a t follows a case w ill be exam ined  w here ÿ thl ]> ÿth2- H ere  th e  hub  
can  be red u ced  to  a h ig h er degree th a n  in  (7a). T he case m ay  he so in te rp re te d  
th a t  a t  co rrespond ing  to  th e  ra tio  of

vWVthi,

a sm aller iq can  be changed  to  v2 on th e  b asis  o f F igu res 5 and  (7a).
C om paring  th e se  re su lts  w ith  F igures 1 —4 it  w ill be a p p a re n t th a t  in 

th e  case o f q> 0 ,2 , v can  be dim inished to  a degree so m uch g rea te r th a n  th e  
increase of th e  flow  coeffic ien t.

3. Losses and efficiency

F ig u re  6 illu s tra te s  a free b low -ou t m ach ine . W e wish to  estab lish  th e  
to ta l  h ead  rise w hich th e  fan  m u st p roduce  to  overcom e th e  re s is tan ce  A p ' 
o f th e  sy stem , re sp ec tiv e ly , th e  m ag n itu d e  o f A p ’ a t  a given pow er.

* p '
a

E i T

Fig. 6

B etw een  th e  places a an d  3 a B ernoulli eq u a tio n  is w ritten : 

Pa =  p 3(r) +  Y  4a  (r) +  y  c |u(r) -  A p th(r) +  Ap'L0_3 +  A p '

w here Д р £ 0- з  designates th e  average  loss b e tw een  0 an d  3.
T h e  s ta tic  p ressu re  p 3(r) is o b ta in ed  b y  th e  in te g ra tio n  of th e  re le v a n t 

E u le r eq u a tio n :

P Á 4  =  Pa

b earin g  in  m ind  th a t  р 3(гт) =  p a an<i  hence

/ l/*th(r) — A p ' Ap'L o_ 3 +  Y  c 3 a  ( r )  + ( 8)
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Since A p ' can  be exp ressed  here  w ith  a n o th e r  B ernou lli eq u a tio n  (F ig . 6), 
re sp ec tiv e ly , from  (8), th e  d efin itio n  of th e  s ta tic  h ead  rise  is as follow s:

Лр '  =  Pa — Po -  —  4  =  Pc -  Pot =  Ap st(rT) . (9)

A ccordingly, A p st(rr)  shou ld  be reg a rd ed  as being  usefu l an d  th e  effi­
c ien cy  will be

Vst =  A p s,(rT)IA p tb.

T h e average h e a d  r ise  Zlpth can  be d e te rm in ed  on th e  basis  o f th e  re la ­
tio n sh ip

___ 2jT l ^
4P th  =  —  I A p th{r)c3a{r) rdr 

raQ
fro m  (8):

4 ° th  =  APsJJt) +  ^ P lo-3
дл rT

rrT
4 u(r) - 2 Г *<r'>

'  Га J r  r

c3a(r)rdr

c3a(r)rdr .

R endering  th e  e q u a tio n  d im ensionless w ith  gj2 • u t , in tro d u c in g  th e  
q u a n tit ie s

<P =  QIF T UT'» <PX =  ca I u T i  9>3 =  c3alu T, R  =  rlr T, V =  rHlrT

an d  considering  th a t  in  co n fo rm ity  w ith  th e  E u le r tu rb in e  eq u a tio n  y>th =  
— 2 R csu/ ut , for th e  av e rag e  h e a d  we a rriv e  a t  th e  re la tio n sh ip

Vth — V’s i ( l )  +  W'l o — 3  +

+
Vth

2(1 -  V2)  J  „  (  R 2

1 v>tb(R)

V4h
-  2

2rp2 f 1 ‘ 9°3(R)
-  vT 1, <P*

-1 1 Vth(Ä’)l
я R '3 Wth .

d R '

R d R  +

<ps{R)
(p

R d R .  (10)

H ere  th e  second m em b er includes th o se  losses w hich a re  com prised  in  th e  
h y d ra u lic  efficiency

Vh =  1 -  V>io-alV th

w hile  th e  rest re p re se n t th e  o u tle t losses. T he f irs t  p a r t  co rresponds to  th e  
av e rag e  dynam ic p re ssu re  ca lcu la ted  w ith  c3a, th e  second is th e  loss due to  
sw irl, ip's. A p p aren tly , since th e  p ressure  p 3 is n o t com p en sa ted  w ith in  th e  sy s­
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te m , th e  la t te r  is sm alle r b y  th e  second  m em ber in  th e  b ra c k e ts  th a n  w ould he 
in  a fan  w orking in  a tu b e .

A ccordingly, in tro d u c in g  r]h, y>'d an d  rp's, (10) can  be w r it te n  dow n in  th e  
fo llow ing form :

(10a)

w here

( 11)

( 12)

T his p roves th a t th e  v a lu es  d ep en d  solely on th e  d iam e te r  ra tio  an d  th e  d is­
tr ib u t io n  y’th(R) (these  tw o  c h a ra c te ris tic s  and  (p, n am e ly , th ro u g h  th e  eq u a­
tio n s  (1) — (3), d e te rm in e  th e  cp3( R ) also).

F ro m  eq u a tio n  (10a) b o th  th e  s ta tic  efficiency

<P
Vst = V h  _  

Wth
an d  th e  h ead  coefficient

. <7>2 .
— i ^Vth

\Wth
•>

V h ~ 1 4* -  4
IWd

U 2
<P2 +V>St( 1)

1 Vs
i V’th

Vth.

(13)

(14)

can  b e  expressed (w ith  th e  la t te r  o n ly  th e  negative  sign h as  m ean ing).
T he exam in a tio n s w ere su b se q u e n tly  perform ed for th e  tw o  cases a lread y  

m en tio n ed :
1. A t given effic iency  (Q, Apthi Vh and  q being kno w n ), g iven  r . p . m. 

an d  g iven  d iam eter w e seek th e  a t ta in a b le  A p st(rf)  =  A p ’ v a lu e , v iz . th e  op ­
tim u m  efficiency acco rd ing  to  (13):

2. th e  system  (p, Q, Ap')  as w ell as n, D t  are given an d  we seek th e  low est 
effic iency . In  th is  case ÿ>th is c a lcu la ted  from  (14) w hereby  r]st =  i/ist(l)/Ath-

3.1. E ffic iency  at a given power

E q u a tio n  [13] w hich  is su itab le  fo r th e  ca lcu la tion  o f t]st, a f te r  th e  ex ­
p ressio n  [15] has been  su b s titu te d  in to  i t ,  m ay  be reg a rd ed  as be in g  th e  basic 
e q u a tio n  o f th e  M arcinow ski o p tim iz a tio n , generalized for v a ria b le  c ircu la tion .
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D ue to  several reasons, h o w ev er, we do n o t w ish to  in d ica te  a so lu tion , like 
th e  one know n from  th e  l i te ra tu re  for th e  case if  r • cu =  c o n s ta n t:

Since y>th(R) m a y  v a ry  w ith in  w ide lim its , th e  n u m b e r o f p a ram ete rs  is 
g re a te r , and  th e ir  c o rre la tio n s  an d  effects should  be  considered  th ro u g h  th e  
e q u a tio n s  (1) — (3);

th e  selection o f th e  b o u n d a ry  cond itions fo r th e  h u b  an d  th e  profile d rag  
to  lif t ra tio  are u n c e r ta in ;

th e  process c a n n o t in flu en ce  th e  a tta in a b le  ab so lu te  efficiency op tim um , 
since i t  is ob tained  w ith  so sm all cp (0 ,14-0 ,13, [3]) t h a t  a co n d itio n  o i ^  

c o n s ta n t can n o t even  be  assum ed.
W h a t is concerned , th u s , is th a t  a t  g iven cp ^> cpopt we a tte m p t to

in crease  th e  efficiency tjstl a t  r • cu =  const an d  jq. T h is can  be judged  by  
th e  illu s tra tio n  of th e  coeffic ien ts  (11) and (12) as a fu n c tio n  o f v.

A pplying v a ria b le  c ircu la tio n  and  reduc ing  iq to  v2, th e  efficiency can 
su re ly  be increased p ro v id e d  th a t

(Vd/<P2) 2 <  Wdl<P2)i =  1/1 — v2
an d

W slvth)2 <  iv 'slf fh)i =  i / 4

(assu m in g  for th e  t im e  b e ing  th a t  =  r)/,2).
To exam ine th e  coeffic ien ts , le t us su b s ti tu te  th e  re la tio n sh ip s  (4) and

(5) in to  (11) and  (12). T h e y  p e rm it in teg ra tio n  in  th e  closed fo rm  and  we m ay  
illu s tra te  (ip'd/qp2) re sp e c tiv e ly  m ak ing  use of (3a) (■yq/ÿth) as a function  of th e  
d ia m e te r  ra tio , w ith  th e  p a ra m e te rs  n and  q(v) (Figs 7 an d  8). T he coord ination  
o f n and  q(v) and  th e  s ta r t in g  d a ta  takes place in  th e  m an n e r as ou tlined  in  
C h ap te r  1.

As th e  F igures show , due  to  th e  effect o f v a ria b le  c ircu la tion , w ith  th e  
sam e d iam eter ra tio , th e  p o rtio n  of th e  o u tle t loss caused  b y  th e  ax ial ve locity  
w ill increase, w hile th e  p o rtio n  caused by  th e  p e rip h e ra l com ponen t will d i­
m in ish .

Since from  th e  tw o  k in d s  of losses y)d is co n sid e rab ly  g rea te r ((xp'd/q?) 
^>{y>s/ÿ>th)) and since in  gen era l q> )> xp^, and  ip's is a lw ays fav o u rab le , i t  m ay  he 
sa id  th a t  to  assum e xpth(R) const is only reaso n ab le  th e n  if  i t  helps to  d im in ­
ish  щ .

I t  will becom e c lea r from  F igure 7 th a t  th e  v a lu e  v'2 p e rta in in g  to  an y  
jq a t  w hich th e  losses xpd are equa l, is easy to  d e te rm in e . T h u s , w ith  th e  p a ra m ­
e te r  q(v) th e  curves Jq/Fj can  also be p lo tte d  in  F ig . 5.

If, w ith  in te r re la te d  n an d  q( v), th e  curve jq/v 2 goes h ig h er th a n  iq/Vj, th e  
efficiency can be im p ro v ed . To w h a t degree th a t  can  be ca lcu la ted  from  th e  
d ro p  in the  coefficien ts (11) and  (12) can be ju d g ed  from  F igs 7 and  8 .
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Fig. 5 shows th a t  a sm all | q(v) | is fav o u rab le . C onsid erab ly  h igher effi­
c iency  can be a tta in e d  if  c ircu la tio n  is s tro n g ly  va riab le  b u t  th e  ax ia l ve locity  
d is tr ib u tio n  is o n ly  s lig h tly  d is to rte d . T h is occurs a t h igh  flow  coefficients.

Those values o f q(v) on th e  o th e r h a n d  w hich p e r ta in  to  th e  in d iv id u a l 
pow ers a t w hich 7]st m a y  s till be increased  (F ig. 5) in  th e  cases of

n =  0,5 q(v) —0,3

n =  0,75 q(v) >  —0,5

resp ec tiv e ly  n >  Ц  00 m ay  be e v e n —0,6 (of course, th e  perm issib le  v a lue  of 
q(v) also depends on som e o th e r considera tions).

3.2. The power required in  a given system

A lthough  th e  case d ea lt w ith  in  th e  foregoing en su res  easier su rvey , 
in  design w ork th is  fo rm u la tio n  is genera lly  used.

I f  the  b est so lu tio n  is o b ta in ab le  a t y>th(R) =  co n st, fix in g  jq, can  
be d e te rm ined  w ith o u t an y  d ifficu lty  from  eq u a tio n  (14), (obviously  w ith  
increasing  v th e  lo ad  on th e  b lad e  a t  th e  h u b  can n o t be red u ced  in  every  case 
since w ith  increasing  {y>á/(p2) f th i  to o , w ill increase).

I f  we use v a ria b le  c ircu la tio n  b u t  do n o t com pare cases 1 an d  2, th e  fo l­
low ing  procedure  is ca rried  ou t:

a) F rom  F igs 1 —4 we d e te rm in e  w h a t n m ay  be assu m ed  and  ap p ro x ­
im a te ly  w h a t q{v) i t  w ill y ield .

b) F rom  F igs 7 an d  8 we read  th e  coefficien ts p e rta in in g  to  v a rio u s  d iam ­
e te r  ra tio s , and  e s tim a te  ?)/,.

c) On th e  basis  o f (14) we d e te rm in e  ÿjth in  th e  fu n c tio n  o f v th e n  estab lish  
th e  f in a l hub  d im ensions.

d) W e reso lve th e  system  eq u a tio n s (1) — (3) (th is  w ill req u ire  ite ra tio n ) 
a n d  check up o n  (11) an d  (12). Should  th e y  app rec iab ly  d e v ia te  from  th e  values 
assum ed  in  b ), th e  p ro ced u re  m u st be re p e a te d  all over again .

The m eth o d , acco rd ing ly , is m ore genera l th a n  h a d  b een  aim ed a t  in  th e  
In tro d u c tio n , an d  ap p licab le  even w ith o u t th e  com parison . I f  iq =  v2 and  we 
aim  a t reducing  (l/t • ci)hub (th is would n a tu ra lly  go w ith  a d ro p  in  efficiency). 
In  an o th e r case v1 m ig h t be g rea te r th a n  v2 and  (l/t • cl)hubl (f/t ' cl.)hub2 e tc .

I f  we are  also in te re s te d  in  th e  degree of efficiency increase , ca lcu la tion  
w ill ta k e  place in  th e  follow ing sequence (see th e  n u m erica l exam ple):

a) The v a lu e  o f v1 an d  i/7thl is d e te rm in ed  =  const).
b) In  possession o f th e  v a lu es , su b s titu tin g  (14) v2 is e s tab lished  from  (7). 

S ince ß  as well as (i/q/(/:.2)2 and  {rp'Jxpth)2 depend  on v2, e ith e r  i te ra tio n  is necessary  
or th e  d e te rm in a tio n  o f th e  fu n c tio n  iq =  / ( v 2) from  (7) in  such  a w ay th a t  th e
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fu n c tio n ’s p o in t of in te rsec tio n  w ith  th e  know n s tra ig h t line =  const will 
y ie ld  th e  value sough t for.

c) O therw ise th e  ca lcu la tio n  p rocess is th e  sam e as describ ed  in  th e  p re ­
v ious p a rag rap h .

3.3. The hydraulic  efficiency

So fa r  we d isregarded  th e  e x a m in a tio n  of 77/, and  assu m ed  th a t  =  r]h2. 
T h e  questio n  arises w h e th e r th is  a ssu m p tio n  was erroneous.

T he q u a n tity  includes fou r ty p e s  of loss: fric tio n a l, seco n d ary , annu lu s  
a n d  t ip -  clearance loss. T he f irs t tw o , som etim es even th e  th ird ,  a re  considered  
w ith  a d rag  coefficient.

I f  in  th e  ca lcu la tion  of th e  b la d in g  th e  sam e p ro file  an d  th e  sam e p o in ts  
a re  selec ted  in  cases 1 an d  2 , th e  fa c to rs  of th e  fric tio n a l an d  seco n d ary  losses 
w ill b e  id en tica l and  th e  coefficien t fo r th e  o th e r tw o losses m a y  also be  reg a rd ed  
to  be  n ea rly  unch an g ed .

In  th is  w ay, w ith o u t d e te rm in in g  th e  num erica l v a lu es , we m a y  safely 
assum e th a t  th e  re s u lta n t  p ro file- d ra g - to -  lif t ra tio  c h a ra c te riz in g  th e  said 
losses (to g e th e r w ith  th e  x  fa c to r) w ill be  iden tica l in  b o th  cases.

I f  so, th e  average  loss Y lo—з [4] "will be

Wl o - 3  = f i
J  V  t

f f f p f l  R d R
s in 3

T h is, m aking  use of th e  b a s ic  eq u a tio n  Ijt • Cl  an d  th e  ex p ressio n  of 
sin  , fu rth e rm o re , w ith  d im ension less q u a n titie s , can  be  w r itte n  dow n in  th e  
fo llow ing  form :

V i o - 3  =  —  — (R ) W t h ( R )
(p J  V  X

<Pos(R )  + R 1 Vtii(R )

H ere
4 R

e =  HcDjcL, x  =  sin  {ß„  +  ô )js in fœ cos d.

d R .

I f  ejx(R) =  c o n s ta n t, th e  h y d ra u lic  efficiency can  be  exp ressed  b y  th e  
fo llow ing  te rm :

<P X J  V
^ U Á R ) +

wth L

1 Wth{R ) \

4 R  J
2 1

dR

su b seq u en tly , w ith  s lig h t tra n s fo rm a tio n s :

1 6nh =  1 ------- к гср +  k 2------- fe3 +  k i ^1 3*

-e __
_1

X (p q)x V 1 J
(15)
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w here  k x. . . k i re p re se n t th e  genera lizations o f th e  M arcinow sky  co n stan ts  [2],

T hese, like (11) a n d  (12), can  be d e te rm in ed  an d  il lu s tra te d  as a function  
o f V .  Since, in  e ith e r  case  cp, ÿth are id en tica l an d  (s / x ) 1 «=* (е/>г) 2, th e  tre n d  of 
rjh is determ ined  b y  th e  coefficients k. T hese are  show n in  F ig u r 9 a t  y th(ß) =  
=  co n st, fu rth e r a t  n  =  1, q(v) =  —0,4. I t  is obv ious t h a t  th e  value o f k 2, 
w h ich  p lays th e  m o st im p o r ta n t  role, rem ain s n ea rly  u n ch an g ed  and  only fc3 
from  th e  rem ain ing  p a r t  changes in  an  u n fav o u rab le  m an n e r.

----- n = 0
--------  n = 1, q{V) = -C.Î

Fig. 9

T hus due to  th e  d ia m e te r  red u c tio n ,»]/,, increases m o s tly  to  a slight degree 
on ly , and assum ing  щ  to  he  c o n s ta n t, causes no e rro r, w hatsoever.

On the  basis o f e q u a tio n  (15) we m ay  also es tab lish  th a t  since depends 
on yth (10a) and  (15) shou ld  be solved to g e th e r , o r else ite ra tio n  should  be 
ap p lied . As, how ever, th is  dependence is r a th e r  loose a n d  since щ  can  be c a l­
cu la ted  w ith  a fa ir  a p p ro x im a tio n  r ig h t a t  th e  o u tse t, n e ith e r  has been done.
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4. N um erica l exam ple

L e t th e  design  d a ta  (p =  0 ,279, y st( l )  =  0,090 be g iven as th e  d im e n ­
sionless c h a ra c te ris tic s  of a N ord isk - ty p e  w all- m o u n te d  fan  [7], an d  le t  u s  
look  in to  th e  m a tte r  accord ing  to  I I I . 2. an d  see w h a t efficiency increase c a n  be 
a tta in e d  b y  th e  ap p lica tio n  of v a ria b le  c ircu la tio n .

With this end in view, let us first estimate Гц,, гцп =  щг — 0,9 and solve equation (14) 
at various diameter ratios. In the examples where (1) is given, (i/t • Cl )hub f ( 1') has a 
minimum (see [14]), and obviously, for a boundary condition the smallest (i/t • cl)au6 value is 
chosen. This is obtained at v1 — 0,6 when

¥thi =  0,3429, =  0,2620

Vthh(vi) =  0,9524 (i/t • cL)l =  0,8650

Subsequently, a variable circulation characterized by the n =  1 power is assumed to 
which, on the basis of Fig. 3 — considering that to

V tlnW  >  O»7 ri — д(г>2) —0,5
will pertain, then reading the values of (3a), (11), (12) from Figs 5, 7 and 8 at v2 =  0,3; 0,35 
0,40, and using (14) in the manner outlined 3.2. — v2 may be determined as r2(=[0,33. The further 
characteristics are tilaS

W W i =  1,48, (V’s/V'îhb =  0,165

ß(v2) =  2,31, ÿ th2 =  0,2377

VsU =  0,3779
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In possession of q>, ÿth2> v,i with the values q(v2), ß(v2) as the Oth approximation, the 
system of equations (1) — (3) can be solved.

The exact and linear distributio n <p3(R) obtained as a result, is illustrated in Fig. 10. 
With the exact solution from (11), (12), (3), the following values are obtained:

(Väl<P2h  =  1,4776, (yi/vfhh =  0,1765
ß(v2) =  2,3329.

These are used to determine ^th2:
¥tha =  0,2400 
while the efficiency 
VsU =  0,3769.

The agreement with the starting data is so good that there is no need to repeat the cal­
culations.

The method in this case has made it possibe to increase the static efficiency by more 
than 11 per cent.
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Verbesserung des Wirkungsgrades von frei ausblasenden Axiallüftern durch veränder­
liche Zirkulation. Die Verwendung von veränderlicher Zirkulation bei gegebener Geometrie 
hat eine zweifache Wirkung: a) wegen der Verzerrung der axialen Geschwindigkeit erhöht 
sich der Austrittsverlust; b) die Belastung der Schaufelquerschnitte am Schaufelfuß sinkt. 
Letzteres ermöglicht eine kleinere Nabenabmessung. Wenn die Nabe stärker verkleinert wer­
den kann, als es die Kompensation der Verluststeigerung nach a) erfordert, so kann der sta­
tische Wirkungsgrad bedeutend erhöht werden. In der Arbeit wird diese Aufgabe durch die 
für veränderliche Zirkulation verallgemeinerte Optimierungsgleichung von frei ausblasenden, 
leitschaufellosen Axialventilatoren, sowie durch Berechnung der erzielbaren Nabenverkleine­
rung gelöst.

Повышение кпд аксиальных вентиляторов со свободным сдувом применением 
переменной циркуляции. Применение переменной циркуляции при данной геометрии 
дает двоякий эффект: а. вследствие искажения аксиальной скорости возрастают потери 
выхода; б. падает нагрузка сечений лопаток у основания. Вследствие чего становится воз­
можным брать меньший размер ступицы. Если размер ступицы можно уменьшить в значи­
тельной мере, чем это необходимо для компенсации роста потерь по пункту а., тогда в 
значительной мере можно увеличить статический кпд. В данной работе задачу решают с 
помощью уравнения, обобщенного для случая с переменной циркуляцией задачи оптимума 
аксиальных вентиляторов со свободным сдувом и без направляющих, далее с определением 
достижимого уменьшения размера ступицы.

Acta Technica Academiae Scientiarum Hungaricae 79, 1974



Acta Technica Academiae Scientiarum Hungaricae, Tomus 79 (1 —2), pp. 133 — 142 (1974)

CRITICAL SUMMARY OF THE DESIGN 
METHODS OF FORM-INDEPENDENT THIN 

TRIPLET SYSTEMS

P. KALLÓ*

[Manuscript received January 18, 1974]

Following a critical review of the known methods used for the data determination 
of triplet- form independent thin systems, a new simple algorithm readily adaptable 
for computerization is described for the focal length and other data of the components, 
as well as their relations. The correctness and systemization plus detection capacity 
of the new algorithm is evidenced first by already analyzing well-known triplets. There­
after the applicability of the new algorithm will be proved by a numerical example, 
with reference to the possibilities of generalization and further fields of application.

1. Introduction

Jó zse f  P etzv a l  and  H aro ld  D enis T a y l o r , in  th e  la te  19 th  c e n tu ry , 
were th e  f irs t  to  c rea te  ob jec tives on  th e  basis o f d e lib e ra te  ca lcu la tio n s. A l­
th o u g h  P e tz v a l ’s ob jective  w as designed  earlier, T a y l o r ’s c o n s tru c tio n  h ad  
a w ider concep t an d  w as fa r  m ore su itab le  for g en era liza tion .

T a y l o r  p a te n te d  his tr ip le t  a b o u t 80 years  ago a n d , because  o f its  sim ­
p lic ity  and  d iv e rs ity , m an y  of i ts  analy sis  a lte rn a tiv e s  are  w idely  k n o w n  b y  
now . H ow ever, th e  tr ip le t  th e o ry  c a n  s till n o t be re g a rd ed  as se ttled . T h is can  
be  w ell illu s tra te d  b y  th e  c ritica l rev iew  of some w ell-know n m eth o d s u sed  for 
th e  d e te rm in a tio n  of th e  d a ta  of th e  fo rm -in d ep en d en t th in  system s o f tr ip le ts , 
a n d  b y  describ ing  a new  tech n iq u e .

2. Critical review o f som e known methods

T he “ u n ifo rm ized”  sym bols hence  used for th e  fo rm -in d ep en d en t th in  
sy stem s of tr ip le ts  are  sum m arized  in  T ab le  I ,  w hile th e  s tru c tu re  of th e  m e th ­
ods s tu d ied  [1—7], each, are p re se n te d  in  T able I I ,  inc lu d in g  th e  c h a rac te ris tic s  
o f  th e  new  procedure  suggested  b y  us  in  th e  la s t colum n. I n  a m an n e r ju s tif ie d  
b y  th e  m odest e x te n t co rrespond ing  to  th e  top ic , T ab le  I I  does n o t a im  a t 
com pleteness b u t  r a th e r  a t  a concise, rap id , h ig h -q u a lity  su rvey .

* Dr. P. K a l l ó , Кару u. 26/b, 1025 Budapest, Hungary.
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Table I

“Standardized” symbols of the form-independent thin system of a triplet

For th e  Lenses (Components)

Focal distance
~

 1 £II<

á = ~Рз
Refractive index ni П2 пз
Abbe number Ух V, v 3
Thermo-optical coefficient Qi <?2 Q3

Height of incident marginal ray t  v ! A

Distance of object and image
Distance of aperture stop from the middle 

lens
Air spaces
Height of incident central ray

For th e  E n tire  T rip let

>2

*1 F-

Overall length
N--------------------Focal distance

Field angle
2 !̂ 1 )
f  ~  0 R)

2&i
Relative aperture ^geometrical: Фя
Petzval curvature A P’
Sum of powers: (pl +  (p2 +  (p3 Ф
Aperture stop parameter X
(Form-independent condition of) distortion AY
Longitudinal color aberration As'
Transversal color aberration AY'
Equivalent Abbe number V
Longitudinal thermo-optical aberration Aq'

In  our opin ion , in s te a d  of th e  often  le n g th y  d e riv a tio n s  an d  th e  h e te ro ­
g e n e ity  of u n ju s tified  or q u estionab le  assu m p tio n s an d  in d ica tio n s , th e  s tru c ­
tu r e  o f T able I I  i l lu s tra te s  th e  ob jectives (4 in  T ab le  I I )  an d  m e n ta lity  (1, 2 
a n d  3 in  Table I I )  o f a u th o rs  [1—7 an d  16] in  a su ffic ien tly  com plete  m anner.

B ased on th e  c o rre la tio n s  of th e  d a ta  in  T ab le  I I  (hence only  th e  serial 
n u m b e r  of the  T ab le  a n d  its  re lev an t p o in ts  w ill be re fe rred  to ) , as well as in 
o u r  ow n opinion, th e  fo llow ing  s ta te m e n ts  m ay  be m ade:

Acta Technica Academiae Scientiarum Hungaricae 79, 1974



Table II

Construction of the known methods we have studied, suitable for the determination of the thin system of triplets

Correlations, charac­
teristics, objectives Related to

Condition equation, 
notion, param eter, 

da ta , etc
Berek [1]

Kirchhof
[2] Flügge [3]

A rgentieri
[4] M aly [5]

Havlicek
[в] Volosov [7] Kalló [16]

1. Left-side of the condition 1. The whole i- / ' X X X X X X X X
equations triplet 2. AP' X X X X X X X 0

3. As' X X X X X 0
4. AY' X X X X 0
5. zIT' X X X X X 0
6. Aq' X (0)
l .L ,  (e,, e2) X X X x° X

8. Ф X 0

2. 1. 1- M *i?> X

2. L (~ 2ßc) X X

The whole 3. (x)triplet 4. Ф X 0
5. AP' X X 0
6. V X X (x) 0

Considered as given 2. 1. y»  (<p3) X 0(value “assumed”) 2. tpjtpz X X 0
3. h2lhl x° X 0
4. h jh1 X 0

The lenses 5. к X ,  “x” X » X X “x” “x” X 0
6. b2 X 0
7. Vt X « 0
8. VJV3 <*) 0

3. 2. 1. nt X X X X X X X 0
2. n2 X X X X X X X 0
3. n3 X X X X X X X 0

Selected as material The lenses 4. Vl 0 X X X ( x ) 0 0
optical glass types 5. V2 0 X X X 0 0

6. V3 0 X X X 0 0
7. Ç, X (0)
8. Q2 X (0)
9- <?3 X («)

4. 2. !• / i .  f a i ) X X X x° X X °

2- / „  (<P2) X x° X X X X X X

3- f v  (iP:i) X x° X X X X X »

4. ex X X X X X X X X

Determined The lenses 5. e2 X X X X X X X X

6 .  / i 2 X X X X X

7. h3 X X X X X X

8. V2 X 0 X 0 0
9. X 0 X 0 0

Note
x° employed as a parameter
its consideration is not regarded as (absolutely) necessary
0 its assumption or determination is omitted on the basis of the arguments offered 
“x” position of the aperture stop is considered as coincident to that of the central lens
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K ir c h h o f  [2] an d  F l ü g g e  [3] s ta r t  ou t from  an  in su ffic ien t n u m b e r of 
co n d itio n  equa tions (2 — 11), an d  co n sid e r th e  stop p a ra m e te r  я  (2 —2.2.5) 
as a n  in d ep en d en t v a riab le ; th e y  assu m e  a re la tiv e ly  h ig h  n u m b e r o f d a ta  on 
th e  com ponen ts, a n d  reg ard  th e  d e te rm in a tio n  of th e  fo rm -in d ep en d en t th in  
sy s tem  d a ta  as n o th in g  b u t  an  in d isp en sab le  s ta rtin g  p o in t [2, 3] for b en d in g  
th e  th in  system . M a l V , on th e  o th e r  h a n d  [5], s ta r ts  fro m  a  g rea te r  n u m b e r 
of co n d ition  eq u a tio n s , assum ing tw o  d a ta  on th e  co m p o n en ts  (2 —2 .2.2 an d  
2 —2.2 .5), and  his m e th o d  has th e  p o w erfu l ad v an tag e  o f n o m o g ram s easy  to  
su rv e y  and  hand le  ( L e e u w e n  p u b lish e d  [17] a sim ilar g ra p h ic  m e th o d  som e­
w h a t d ifferen t, how ever, in  its  b eg in n in g ). T he algebraic m e th o d s  selected  b y  
B e r e k  [1] and A r g e n t ie r i  [4] a re  b u i l t  on 6 and  5 co n d itio n  eq u a tio n s , r e ­
spec tiv e ly , and m ay  be  considered a s  e x a c t only  by  assu m in g  severa l d a ta  in  
ad v an ce .

A m ong th e  m e th o d s  we h av e  s tu d ie d , th a t  by  V o l o s o v  [7] seem s to  be 
th e  m o s t com plete an d  c ircum spect one. I ts  exactness, h o w ev er, is due  to  
se lec ting  3 re frac tiv e  indices in  a d v a n c e  (2 —3.2 .1 . . .3 .2 .3) a n d  its  adherence, 
in  a tra d itio n a l or n o t  sufficien tly  ju s t if ie d  m an n er, to  th e  s to p  p a ra m e te r  im ­
possib le  to  p red e te rm in e  (2—2.2.5). T h e  serious d raw back  o f th e  m eth o d  su g ­
gested  b y  V o l o s o v  is th a t  th e  focal le n g th  (2—4.2.1 . . .4 .2 .3 ) an d  a ir space 
(2 —4.2 .4 , 2 —4.2.5) va lu es  are g iven  as th e  fin a l resu lts o f  r a th e r  long ca lcu la ­
tio n s  a n d , if  for som e reason  or o th e r , a m odifica tion  is n e ed ed , th e  en tire  c a l­
c u la tio n  m ust be re p e a te d  several t im e s  b y  successive a p p ro x im a tio n s  u n ti l  
th e  req u ired  resu lt is achieved.

O ur idea, as fa r  as its  final r e s u lt  an d  n o t its  s ta r t  is concerned , is b e s t 
a p p ro x im a ted  b y  th e  m ethod  of H a v l i c e k  w ho, w ith o u t d e riv a tio n  an d  b y  
assu m in g  q>3 =  ccqi-i (2 —2 .2 .2), ex =  a d , an d /o r e2 =  d, h a s  p u b lish ed  [6] th e  
fo llow ing re la tion  (2 —4.2.2):

_  1 — <PA1 +  «) +  <xdyf(l +  a)
1 — ad<p1(2 — adijpх)

E q . (1), even w ith o u t th e  s ta rtin g  p o in ts  req u ired  for th e  se lec tion  of th e  a  
an d  d v a lu es , is ra th e r  sim ple and  c a n  re a d ily  be m an ip u la te d  from  p ra c tic a l 
design purposes, an d  m a y  be a d v a n ta g e o u s ly  em ployed fo r th e  d e te rm in a tio n  
of th e  re la tio n s of fu n d a m e n ta l d a ta  (çry, <p2, <p3 and  el5 e2).

B ased  on th e  s tru c tu ra l co rre la tio n s  o f th e  d a ta  se t in  T ab le  I I  as well 
as on th e  above considera tions, th e  fo llow ing  conclusions m a y  be  a rriv ed  a t 
on m e th o d s  [1 — 7].

D e te rm in a tio n  o f th e  th in  sy stem  d a ta  of tr ip le ts  in  all th e  h ith e r to  know n 
versions including  o u r ow n has been  a n  u n d erd e fin ed  p rob lem  (th e  n u m b er of 
u n k n o w n s exceeds t h a t  o f th e  co n d itio n  equations). The d ifference  b e tw een  
tw o m eth o d s depends, in  each case, o n  th e  w ay  th e  a u th o r h a s  a tte m p te d  to  
reso lve  th e  above co n trad ic tio n , w h e re to  th e  following p ossib ilities  ex is t:
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(1) E x pression  o f fu r th e r  cond ition  eq u a tio n s  w ith  questio n ab le  ju s t if ic a ­
tio n  and  accu racy  (e.g. 2 — 1.1.6 [7], 2 —1.1.8 [5], 2 —1.1.5 [1], [4 — 7]).

(2) A ssu m p tio n  o f  d a ta  w ith  a lim ited  v a lid ity  fo r  th e  en tire  th in  sy stem  
o f th e  tr ip le t  an d  w ith  no  s ta r tin g  p o in t fo r th e  p re d e te rm in a tio n  of th e  size 
invo lv ed  (e.g. 2 —2.1.4 [5], 2 —2.1.5 [3], [6], 2 —2.1.6 [3], [4], etc.), or th o se  
ap p ly in g  to  th e  in d iv id u a l com ponents (a rb itra ry , or th e  m o st likely successful 
one since i t  is su p p o rte d  b y  ex tensive design  experiences), like 2 —2.2.1 [2], 
2 —2.2.2 [5], [6], 2 —2.2.5 [ 1 - 7 ] ,  etc.

(3) In  th e  case o f su itab le  se lection  possib ilities , th e  ap p lica tion  o f a 
p a ra m e te r  ty p e  ex p ressio n  p e rm ittin g  a sa tis fa c to ry  su rv e y  (d a ta  in d ica ted  b y  
x°  in  T ab le  I I ) .

(4) G raph ic  i l lu s tra tio n  (sim ilar to  th e  above p a ra g ra p h ) , or th e  use o f 
nom ogram s [2], [5], [17].

3. D escrip tion  o f a  new  m eth o d

In  th e  fo llow ing p a ra g ra p h s  an  a t te m p t  will be m ad e  to  define and  solve 
th e  prob lem  of how  to  d e te rm in e  th e  fo rm -in d ep en d en t th in -  system  d a ta  o f a 
tr ip le t  accord ing  to  o u r in te rp re ta tio n .

3.1. A s  fo r  the d e fin itio n :

3.1.1 To b eg in  w ith , d a ta  app ly ing  on ly  to  th e  e n tire  th in  system  o f th e  
tr ip le t  or derived  th e re fro m  ( / ’, L , 1 : Фд, s ’3) m ay  be g iv en  or assum ed.

3.1.2 As fo r a p r im a ry  aim , “ i t  is alw ays e x p e d ie n t to  select th e  ra n g e  
o f so lu tions in  th e  v ic in ity  of th e  m in im um  ob jec tiv e  len g th  and th e  m a x i­
m um  focal d is tan ce  o f th e  com ponents . . ., since th e se  are  th e  m ost e ffic ien t 
p a ra m e te rs  t h a t  c r itic a lly  govern th e  possib ilities o f b a lan c in g  th e  in d iv id u a l 
ab e rra tio n s”  [7].

3.2. A s  fo r  the so lu tion:

3.2.1 E x p o s itio n  m eth o d : in s tead  o f th e  a lgeb ra ic  so lu tion  of th e  e q u a ­
tio n  system s o ften  expressed  “ a rtif ic ia lly ”  in  an  e x a c t fo rm  (see 1 and  2 a t  th e  
end  of th e  p rev io u s P a ra ) , w hich occasionally  leads to  irrea listic  re su lts  [4], 
r a th e r  th e  p a ra m e tr ic  fo rm  fa r  m ore su itab le  for ch a rac te riz in g  th e  p ro p e rtie s  
of un d erd efin ed  p ro b lem s is chosen. I n  th is  case, w h en  assessing th e  set o f so ­
lu tio n s , i t  w ill be  possib le  to  select in  ad v an ce , th e n  m ak e  o u r choice from  am ong  
th e  o p tim um  so lu tio n  a lte rn a tiv es  n o t d is to rte d  or c o n stric ted  b y  an y  p re ­
supposed  co n d itio n s or d a ta , accord ing  to  several a sp ec ts  (such as tho se  u n d e r
3.1.2, lim ita tio n s  o f th e  availab le  glass stock , e tc .).
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3.2.2 Due to  th e ir  speed, c o m p u te rs  w idely em ployed  n ow adays even  
in th e  p rac tice  of o p tica l design will b e  th e  m eans of so lu tio n , exce llen tly  s u i t ­
ab le fo r  selection as w ell (see 3.2.1).

3.3. The algorithm o f  the method suggested

S ta r tin g  from  th e  d a ta  in  th e  la s t  co lum n of T ab le  I I ,  a n d  b y  using  th e  
co n d itio n  equations o f  a bu ild -up  in d ic a te d  th e re , th e  fo llow ing new  alg o rith m  
w as o b ta in ed  [16]:

/2  =
L M ( L  - Л Х /3  -  S'3) +  s ' /3] 

[ / г ( / з - * з ) - / з ] 2
(2)

w hich satisfies all th e  req u irem en ts  a n d  ex p ec ta tio n s specified  earlier.

4. Summary of the experiences collected by using  
the new  algorithm

C orrectness o f th e  new a lg o rith m , in  th e  case of tr ip le ts  o f d iffe ren t L , 
S3; f x, f 3 d a ta , w ill be  evidenced n o w  b y  num erica l exam ples. In v e s tig a tio n s  
h a v e  b een  conducted  w ith in  th e  ra n g e s

L  =  0 ,15 . . .1,00 /1  = 0 ,3 0 . . .0,90

;3 == 0,50 . . .1,20 /3  =

00

. .0,90

b y  selecting  su ffic ien tly  sm all s tep s . B ecause of th e  g rea t a m o u n t of ca lcu la ­
tio n s , a com pu ter w as em ployed. T a b le  I I I  p resen ts  th e  “ superim posed  X -ra y  
p a t te r n ”  of t h e / 2 v a lu es  depending  o n  th e  size of th e  focal d i s t a n c e s a n d / 3, 
p e r ta in in g  to  th e  L  an d  sj values g iv e n  in  advance , as w ell as th e  d a ta  of th e  
tr ip le ts  ob ta ined  fro m  th e  sources in d ic a te d . R egardless o f  th e  fac t th a t  each  
p o in t o f th e  g rap h  in  T able I I I  w as d e te rm in ed  w ith  th e  d iffe ren t L  an d  S3, 
ta k in g  values show n in  th e  low er p a r t  o f th e  T ab le  in to  acco u n t, th e  se t o f 
th e  I f 2 I values o b ta in e d  b y  assum ing  an y  L  and  s3 will a lw ays show  th e  sam e 
m ain  ch a rac te ris tic , th a t  is, a m o n o to n o u sly  increasing  t r e n d  to w ard s th e  
r ig h t-s id e  lower co rn e r, to g e th e r w ith  th e  / 3 an d  f 3 v a lu es . T h is has in sp ired  
th e  som ew hat a rb itr a ry  ca teg o riza tio n  in  T ab le  I I I  and  th e  recogn ition  th a t ,  
acco rd ing  to  th e  o b jec tives u n d er 3 .1 .2  (in  th e  case of g iven  L  an d  S3 ) ,  th e  so lu ­
tio n s  considered as op tim u m  m u st b e  lo ca ted  w ith in  th e  rig h t-s id e  low er do m ain  
(“ ex ce llen t” ) of th e  fie ld  of T ab le  I I I .

F rom  am ong th e  op tim um  fo ca l len g th  tr ia d s  of a v a lu e  specified b y  th e  
o v era ll leng th  L  a n d  th e  la s t sec tio n a l d istance  sj a so lu tio n  is th e n  selected
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Table III

Location of the (“o'”)  triplets known from literature and patents, and of the triplets
calculated by means of the new algorithm on the basis of L — 0,29, S3 =  0,84, and /i1 =  0,17,

in the / j  & f 3 field

No Designer Source L S3 Л

1 R ich ter  R. [9], E. P. 364994 4 48 0,184 0,820 -0 ,290
2 Ma ly  M. [5] 4 45 0 ,200 0,836 -0,280
3 T r o n n ier , A. W . [8 ], USA, 1,987,878 5 54 0,180 0,900 —0,300
4 K alló, P. [12] 3,5 48 0 ,220 0,880 -0 ,350
5 F lügge , J . [3] — 0,240 0,860 -0 ,334
6 H a vliőek , F. J. [6 ] 3,5 50 0,230 0,890 -0,362
7 H a vlicek , F. J . [6 ], (Tessar!) 2,8 50 0,264 0,810 —0,322
8 Ar g e n t ie r i, D. [4], I. Numerical 

exampl. _ _ 0,269 0,900 -0 ,352
9 Ar g e n t ie r i, D. [4], II. Numerical ex. — — 0,280 0,900 -0 ,296

10 Ar g e n t ie r i, D. [4], IV. Numerical ex. - — 0,278 0,780 -0 ,297
11 H udson , L. et. al. [8 ], USA, 2,818,777 2,8 40 0,289 0,840 -0 ,339
12 L e e , H. W . [3], Brit. P., 155640 3 43 0,281 0,850 -0 ,348
13 B r e n d e l , T. [8 ], USA, 2,731,884 2,8 40 0,298 0,820 -0,355
14 Sandback , I. C. [8 ], USA, 2,720,816 2,3 34 0,363 0,667 -0 ,347
15 W armisHam , A. [8 ], USA, 2,270,234 2,3 34 0,360 0,740 -0,287
16 H a vlicek , F. J . [6 ] 2 42 0,500 0,680 -0 ,466
17 L it t e n , W . et. al. [8 ], USA, 2,503,751 2 30 0,506 0,782 -0 ,400
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(on th e  basis of th e  a lm o st iden tical c o m p o n en ts  re la tiv e  a p e rtu re s , re s tr ic tio n s  
se t b y  th e  d a ta  of th e  glass stock av a ila b le , ap e rtu re -  stop- p o sitio n in g  possib ili­
tie s , e tc .) w hich, su b seq u en tly , m ay  b e  reg a rd ed  as a s ta r tin g  p o in t fo r th e  
n e x t design  phases. E x ecu tio n  is b y  m ean s o f th e  follow ing re la tio n s , w ith  
h y =  / '/2 Ф д , th a t  c an  be read ily  c a lc u la te d  i f  th e  re la tiv e  a p e r tu re  o f th e  
tr ip le t  t h a t  had  b een  given, was ta k e n  in to  considera tion  [16]:

cc1<

1+II (3)

e2 =  L  — ey, (4)

h 2 =  ~ r ( f i - e i ) ’ 
J 1

(5)

h ^2S3 
3 s3 +  L ( f 3 вз)//3 '

(6)

5. N um erica l exam ple

V arian ts  11, 12 an d  13 in  T ab le  I I I  a re  ch a rac terized  b y  a lm o st id en tica l 
L  an d  S3 d a ta . L et us now  exam ine th is  case b y  using  th e  new  m e th o d  described  
ab o v e . L e t us consider th e  following d a ta  as given:

L =  0,29 s'3 =  0,84 (1 : Фя «  1 : 3) h y =  0 ,17. (7)

Since, as w as v e rified  above, n o th in g  b u t  th e  d a ta  of th e  “ ex ce llen t”  
ca teg o ry  th in  system s deserve d e te rm in a tio n , a lgorithm  (2) w as ap p lied  on ly  
to  th e  0 ,6 . . .0,9 v a lu es  of f y and  f 3 (w ith  0,05 steps). T he o th e r  d a ta  o f th in  
tr ip le ts  conform ing to  th e  re q u ire m e n ts  in d ica ted  b y  (7) w ere d e te rm in ed  b y  
m a k in g  use of re la tio n s  ( 3 . .  . 6). F o r  th e  sake of careful selec tion , th e  re la tiv e  
a p e rtu re s  of th e  in d iv id u a l co m p o n en ts  as re la te d  to  th e  m arg in a l ray s  Фа ъ  
ФA 21 Фаз have also b e e n  ca lcu lated . T a b le  IV  p resen ts th e  d a ta  of th e  a p p a re n t­
ly  “ m o st op tim u m ”  a lte rn a tiv es .

In  order to  a t te m p t  com pleteness, a lth o u g h  neg lecting  fu r th e r  ca lcu la ­
tio n s , T ab le  V p re se n ts  th e  c o n s tru c tio n a l d a ta  and  resid u a l ab e rra tio n s  of a 
t r ip le t ,  designed b y  usin g  th e  d a ta  o f  v e rs io n  No V I in  T ab le  IV . T he re la tiv e  
a p e r tu re  could be im p ro v ed  to  1 : 2 ,6  d u rin g  correction . ( I t  w ill h av e  to  be 
n o te d  here  th a t  a p reco n d itio n  of re a liz in g  th e  tr ip le ts  lis ted  in  th e  second p a r t  
o f T ab le  IV  is to  p ro d u ce  new op tic  m a te r ia ls  w ith  m uch b e t te r  m a te r ia l con­
s ta n ts  th a n  those d isp lay ed  a t p re se n t.)  F in a lly , i t  should be m en tio n ed  th a t ,  
b y  u s in g  algo rithm  (2 ) in  ex trem e cases , th e  resu lts  o b ta in ed  w ere s till m ore
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Table TV

Characteristics of the form-independent system of certain triplets calculated from L =  0,29, 
S3 =  0,84, hx =  0,17, by using the new algorithm

L =  0,290, s£ =  0,840, hx =  0,170

No f l f , /з «1 h2 '« Ф л 1 & A,\ 1>a3

I 0,600 -0 ,431 0,700 0,117 0,137 0,173 +0,043 1,76 1,58 2,45
i l 0,650 0,434 0,650 0,134 0,136 0,156 +  0,028 1,91 1,61 2,27

h i 0,700 -0 ,360 0,500 0,169 0,129 0,121 0,000 2,06 1,40 1,75
IV 0,700 -0 ,497 0,700 0,134 0,138 0,156 0,026 2,06 1,81 2,45
V 0,700 0,626 0,900 0,103 0,145 0,187 +0,051 2,06 2,16 3,15

VI 0,750 -0 ,417 0,550 0,168 0,132 0,122 0,000 2,21 1,58 1,92
VII 0,750 0,565 0,750 0,134 0,140 0,156 +0,024 2,21 2,02 2,62

VIII 0,750 0,673 0,900 0,111 0,145 0,179 +0,043 2,21 2,32 3,15
IX 0,800 0,520 0,650 0,159 0,136 0,131 +0,029 2,35 1,91 2,27
X 0,800 —  0,680 0,850 0,127 0,143 0,163 +0,029 2,35 2,38 2,97

XI 0,850 -0,591 0,700 0,158 0,138 0,132 0 ,000 2,50 2,14 2,45
XII 0,850 -0 ,767 0,900 0,127 0,145 0,163 +  0,027 2,50 2,65 3,15

XIII 0,900 -0 ,526 0,600 0,183 0,136 0,107 -0 ,019 2,65 1,95 2 ,10

XIV 0,900 -0 ,670 0,750 0,158 0,140 0,132 0,000 2,65 2,39 2,62
XV 0,900 -0 ,814 0,900 0,135 0,145 0,155 + 0 ,020 2,65 2,82 3,15

R elevan t d a ta  of th e  th in  trip lets in Table I I I  (No 11, 12, 13)

11 0,626 -0 ,3 3 9  0,510 H u d s o n , L. e t .  a l . 1,74 1 ,2 1 1,70
12 0,614 -0 ,348  0,535 L e e , H. W . 1 ,8 6 1,34 1,91
13 0,637 -0,355 0,530 B r e n d e l , T. 1,77 1,36 1,90

fav o u rab le : a tr ip le t  o f 1 : 1,9 re la tiv e  a p e rtu re  w ith  a 2 x 2 0 °  field angle, an d  
a tr ip le t  of 1 : 3,2 re la tiv e  a p e rtu re  w ith  a fie ld  angle o f 2 x 3 0 °  could be d e ­
signed.

6. C onclusions

A m eth o d  e n tire ly  d iffe ren t from  th e  s ta r t in g  p o in ts  and  tech n iq u es  
fo u n d  an d  rev iew ed in  th e  l ite ra tu re  has been  described  fo r designing th e  fo rm - 
in d ep en d en t th in  sy s tem  o f tr ip le ts , w hose sim p lic ity , speed, and  c a p a c ity  
to  d e te c t th e  co rre la tio n s  o f th e  com plete  p rob lem  scope w as illu s tra ted  b y  a 
n u m erica l exam ple as w ell. T he new  m e th o d  is of co n cep tu a l im portance , w ith  
a v a lid ity  fa r  exceed ing  th e  tr ip le t. B y in tro d u c in g  an d  u tiliz ing  th e  idea o f 
e q u iv a len t s im p le t [14], i t  is su itab le  fo r ex p lo itin g  th e  possib ilities offered b y
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Table V

Constructional data and graphs of residual aberrations of a triplet designed by starting from 
the form-independent thin system obtained by means of the new algorithm

+44,79 

+255,7 

— 57,27 

+  51,74 

+296,6 

-51 ,85

nJV.

8,18

6,00+4,40

1,94

8,08

4,40

1,70/56,2

1,62/31,0

1,79/50,5
1:2,6; 2x25°

t r ip le t  m odifica tions (Tessar, H e lia r, e tc .), and  is of such a b u ild -u p  th a t ,  a c ­
co rd ing  to  th e  m ost p rom ising re su lts  o f p re lim in ary  resea rch  w ork , i t  seem s 
to  he a d ap tab le  fo r genera liza tio n , w hereby  optica l sy stem s fu n d a m e n ta lly  
d iffe ren t from  th e  tr ip le ts  m ig h t also  be s tu d ied  and  discussed. L a s t b u t  n o t 
le a s t, reference shou ld  be m ade to  o u r op in ion  th a t  an  ind ispensab le  p reco n d i­
tio n  o f th e  fu lly  au to m a tic  design o f c e r ta in  op tica l sy stem  ty p e s  is th e  a p p li­
c a tio n  of new  a lg o rith m s sim ilar to  t h a t  described  above, o r som ew hat like th e  
sam e.
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K r i t i s c h e  Z u s a m m e n f a s s u n g  d e r  E n t w u r f s m e t h o d e n  d e s  g e s t a l t u n g a b h ä n g i g e n  d ü n n e n  
S y s t e m s  d e s  T r i p l e t s .  Es wird nach einem kritischen Überblick der bekannten Verfahren zur 
Ermittlung der Daten von gestaltunabhängigen dünnen System des Triplets ein neuer, für 
Rechenmaschine gut anwendbarer Algorythmus einfacher Form für die Zusammenhänge der 
Fokusabstände und sonstiger Daten der Komponenten vorgeführt. Der Verfasser hat sich 
über die Richtigkeit sowie die Systematisierungs- und Eröffnungskraft des neuen Algorythmus 
erstmal durch Analyse von bereits bekannten Triplets überzeugt. Danach wurde die Anwend­
barkeit des neuen Algorythmus auch durch ein Zahlenbeispiel bestätigt, hinweisend auf die 
Möglichkeiten der Verallgemeinerung sowie der weiteren Anwendungen.

Критическое обобщение метода проектирования формонезависимой тонкой системы 
триплета. После критического обзора наиболее распространенных методов для определения 
данных формонезависимой тонкой системы триплета в рамках настоящего обзора приво­
дится новый, по структуре несложный алгоритм, хорошо поддающийся обработке на 
ЦЭВМ, в области компонентов фокусных расстояний и других зависимостей их параме­
тров. Правильность применения и мощность систематизирующего обнаружения данного 
нового алгоритма подтверждается проведенным анализом уже известных триплетов. При 
этом возможность применения нового алгоритма подтверждается и вводом нового нумери- 
ческого примера, имея в виду возможность обобщения и его дальнейшего применения.
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LINEAR CHARACTERISTICS OF STATIONARY AND 
ROTARY CASCADES UNDER THREE-DIMENSIONAL 

FLOW CONDITIONS OF AN IDEAL 
INCOMPRESSIBLE FLUID

J. CSEMNICZKY*

[Manuscript received 15 May, 1971]

The paper derives the linear flow properties by the fundamental kinematic re­
lations applied to the flow. Thus, it determines the relation between the parameters 
of stationary and rotary cascades of the same geometry, as well as the expression of 
the theoretical characteristic curve containing these parameters. By replacing the areas 
in front of and behind the blading with a suitable model, these boundary conditions can 
be defined for a circular symmetric plane flow. As a consequence, the correlation be­
tween the cascade parameters and the angles characteristic of the inflow and outflow, 
respectively, is formally identical to that obtained for a two-dimensional flow. The two 
cascade parameters pertaining to a stationary, and the three to a rotary blading are 
defined by special working conditions.

Notations

V , c —  velocity in a stationary cascade, absolute velocity
w — relative velocity in a rotary cascade
CO — angular velocity
n — normal vector of the boundary wall surface
г — locus vector
к — coefficient used in linear combinations
a ,  a ’ ,  у — angles in stationary systems
ß —  angle in a rotary system
А, В ,  С —  blading parameters

— flow coefficient
V* —  pressure coefficient
c m ->  v m — meridian velocity
u — peripheral velocity

U * ,  C l u ,  C 2 u — components of peripheral velocity direction

Indices

a, b —  indication of two different operational conditions
1 ,  2 —  indication of the velocities in cross sections (1) and (2)

1. In tro d u c tio n

T he velocity  fie ld  of an  ideal incom pressib le  flu id  flow ing  th ro u g h  tw o- 
d im ensional cascades reveals c e r ta in  lin ea r  ch a rac te ris tic s  w hen th e  d irec ­
t io n  o f th e  inflow  is changed . F ro m  th e se  p roperties th e  re la tio n  betw een  th e

* Dr. J. C s e m n i c z k y , Tornavár u. 20, 1113 Budapest, Hungary
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p a ram e te rs  of s ta t io n a ry  and  ro ta ry  cascades, re sp ec tiv e ly , o f th e  sam e geom ­
e try , m ay  be a rr iv e d  a t .  C onsidering th e  cascade as th e  im peller of a tu r b o ­
m ach in e , th e  th e o re tic a l ch a rac te ris tic  cu rv e , too , can  be  de te rm ined  on th e  
basis  of th e  above p ro p e rtie s . In  th e  case o f th ree -d im en sio n a l cascades a c tu a lly  
em ployed , th e  u su a l p ro ced u re  is to  re g a rd  th e  ru n n e r  or guide wheel as co n ­
sisting  of p a r t  ch an n e ls , th e n  to  reduce th e  flow  in  th ese  p a r t  channels to  t h a t  
a ro u n d  a p lane g rid , an d  from  th e  re la tio n s  expressed  th e  fina l resu lts  are  
d eriv ed  [1, 2, 3] fo r th is  con figu ra tion .

In  tu rb o m a c h in e s , th e  ac tu a l s tream  surfaces are  n o t  ax isym m etric  in  
th e  case of an  idea l f lu id , e ither. The p re se n t p ap e r p ro v es, how ever, th a t  p ro p ­
erties  sim ilar to  th o se  in  tw o-d im ensional cases can he fo u n d  for th e  p a ra m ­
e te r  co rrelation  o f b o th  s ta tio n a ry  an d  ro ta ry  cascades, as well as fo r th e  
th e o re tic a l c h a ra c te ris tic  curve, w ith o u t th e  ap p ro x im a tio n s  used  in  red u c in g  
th e m  to  a tw o -d im en sio n a l case. The m odel is show n in  F ig . 1.

©

Fig. 1. The test model

2. The te s t m odel

T he reference cross sections in  f ro n t o f and  b eh in d  th e  cascade (1, 2) 
are  congruen t cy lin d ers  w hich , if  p lo tte d  fa r  enough from  th e  cascade, p e rm it 
th e  assum ption  o f a c ircu la r sym m etric  p lan e  flow . Such a p lo ttin g  o f cross 
sec tio n  No 1 has p ra c tic a l ad v an tag es  w ith  resp ec t to  th e  su b seq u en t in v e s ti­
g a tio n  as well w ith o u t, how ever, an y  lim ita tio n s  w h a tso ev er, since th e  v e lo c ity  
d is tr ib u tio n  of cross sec tio n  No 1’ p lo tte d  s im ila rly  fa r enough  from  th e  cascade, 
can  alw ays be c a lc u la ted  from  1 on.

3. F u n d am en ta l re la tions

a) In  th e  case o f a flow  from  a s ta tio n a ry  area , w ith  a sim ila rly  s ta tio n a ry  
cascad e , we have

div  V =  0, ro t  V =  0.
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W ith  a ro ta ry  cascade  in  a system  f ix e d  to  th e  b lade

div  w  =  0, r o t  w =  —2ft).

b) Along th e  b lad es and  th e  l im itin g  ro ta ry  surfaces th e  follow ing e q u a ­
tio n s  are  va lid :

W ith  a s ta tio n a ry  cascade

a n d  fo r a ro ta ry  cascade
n ■ V =  0 

n • w  =  0.

c) The p reco n d itio n  of sm o o th  flow  in  leav ing  th e  b lad es is rep resen ted  
— in th e  case o f a sharp  o u tle t  edge , w hen  ap p ro ach in g  from  th e  p ressu re  

s ide , b y  th e  sam e f in ite  v a lue  for th e  ve lo c ity  a t  th is  o u tle t edge [1], w hile, 
in  th e  case of a ro u n d -o ff o u tle t, a ze ro  v e lo c ity  a t  th e  fix ed  s ta g n a tio n  p o in t [6].

T he above c r ite r ia , to g e th e r w ith  th e  velocity  g iven  fo r one of th e  re f­
erence  cross sec tions, e.g. No 1, m a k e  th e  prob lem  as b e ing  in  th e  case of a 
g iv en  geom etry .

4. Linear characteristics o f the velocity

a) I f  va(r) an d  v0(r) rep re sen t tw o  d ifferen t v e lo c ity  fie lds p e rta in in g  to  
th e  s ta tio n a ry  b lad in g , th e n  th e  re la tio n

v(r) =  k a ■ v 0(r) +  k b • Vj,(r) (4.1)

w ill sa tisfy  th e  co n d itions u n d e r (3), since

d iv  V =  k a • d iv  va -f- k b • div y b =  0, 

ro t  V =  k a ■ r o t  v a -f- kb • ro t  \ b =  0, 

n • v =  k a • n • v a +  k b ■ n ■ v„ =  0.

A  d ire c t o b se rv a tio n  reveals th e  sa tis fa c tio n  of co n d itio n  3/c as well.
b) I f  wa(r) an d  w^(r) in d ica te  th e  velo c ity  fields of th e  ro ta ry  sy stem  p e r­

ta in in g , how ever, to  tw o d iffe ren t o p e ra tio n a l co n d itions, th e n

w(r) =  k a ■ w a +  k b ■ w„
w ill b e , if  (4-2)

k a =  k b =  l
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ag a in  satisfies th e  co n d itio n s  u n d e r 3, since

ro t w — k a ro t  w a -f- k b ro t  W;, =  (k a - f  k b) • ( — 2со) 

o r, w ritten  in  a n o th e r  fo rm ,

w(r) =  w a +  k b(w„ -  w a)

t h a t  is, if  we know  a t  a g iven  p o in t th e  v e lo c ity  v ec to rs  p e rta in in g  to  th e  tw o 
d iffe ren t o p era tio n a l co n d itio n s , th e n  th e  v e lo c ity  v e c to r  corresponding  to  all 
th e  o th e r o p e ra tio n a l co n d itio n s  crea ted  as described  above w ill be loca ted  as 
show n in  Fig. 2.

Fig. 2. Linear combination of the velocity vectors in a relative system

c) S im ilarly , i t  can  be  read ily  rea lized  th a t  if  w*(r) is a ve locity  field  of 
th e  ro ta ry  cascade, a n d v * (r)  is th a t  o f th e  s ta tio n a ry  cascade of th e  sam e geom ­
e try ,  th e n  we o b ta in

w(r) =  w* +  k \*  (4.3)

to  sa tis fy  th e  co n d itions u n d e r  3.
d) I f  th e  a n g u la r  v e lo c ity  o f th e  ro ta ry  cascade is v a rie d , an d  w  is changed 

p ro p o rtio n a lly , th e n  a v e lo c ity  field  again  sa tisfy in g  th e  cond itions u n d e r 3 
w ill be  ob ta ined : 
if

th e n

со =  к ■ со* 

w  =  к • w*. (4.4)

e) The above re la tio n s  ap p ly  to  th e  en tire  v e lo c ity  fie ld , including  th e  
re fe ren ce  cross sec tions 1, 2 as w ell w here, how ever, since a c ircu la r sym m etric  
p la n e  flow  is being d e a lt  w ith , th e  lin ear co m bina tions m u st be perfo rm ed  only
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fo r  one vec to r. I f  th e  p ro b lem  is d e fin ite , th e  lin ea r co m b in a tio n  perfo rm ed , for 
ex am p le , in  cross sec tio n  No 1 w ould  a p p ly  to  th e  en tire  v e lo c ity  fie ld , also 
in c lu d in g  cross sec tion  No 2.

5. Correlation between the in let and outlet angles 
of flow  through stationary and rotary bladings

T h e in le t an d  o u tle t  angles a re  in te rp re te d  for th e  v e lo c ity  v ec to rs  in  
cross sections 1 an d  2.

a) In  th e  case o f a s ta tio n a ry  ca scad e :

I f  tw o special w ork ing  co n d itio n s a re  selected  w ith  th e  b o u n d a ry  cond i­
tio n s  show n in  F ig . 3, we o b ta in

Since v li; h as  no  com ponen t in  th e  m erid ian  d irec tio n , v 26 can  be on ly  
in  th e  d irection  show n in  th e  fig u re . T h u s , th e  follow ing eq u a tio n s m a y  be 
w r itte n :

kbVlb
Fig. 3. Inlet and outlet velocities in the case of a stationaryTdading

v(r) =  k a ■ Va +  k b ■ Yb
[see (4.1)].

co t y x = k b - v lb/v m 

vm ■ co t y 2 =  Vm  • c o t y 2a +  k b ■ v 2b.

I f  k b is e lim inated  from  th e  e q u a tio n s , we shall o b ta in

co t y 2 =  cot 7 l ■ v 2b/v lb +  co t y 2a.
H ow ever,

v 2 blv lb  =  A  =  const, 

cot y 2a =  В =  const, (5.1)
th u s

cot y 2 =  A  • co t y x -f- B. (5.2)
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Since in itia lly  k b an d  k a, ju s t  as vm w ere o p tio n a l, th e  so o b ta in ed  re su lt w ill 
a p p ly  to  every  an d  each  o p e ra tio n a l cond ition .

b) In  th e  case o f a ro ta ry  cascade, th e  co rre la tio n  b e tw een  th e  angles 
p e rta in in g  to  th e  re la tiv e  in le t and  o u tle t velocities can  be  derived  from  E q . 
(4.3):

w(r) =  w* 4- kx*

w here  th e  b o u n d a ry  co n d itio n  fo r w* shall be w j =  0. T h e  v e lo c ity  tr ia n g le s  
fo r th is  case are  show n in  F ig . 4.

и

Fig. 4. Relative inlet and outlet velocities with a rotary blading

T h u s  velo c ity  w î m a y  h av e  a com ponen t on ly  in  d irec tio n  o f u  w ith  re sp ec t to  
c o n tin u ity . W e m ay  w rite

co t ß t =  co t y x 

vm ■ co t ß 2 =  M)| +  vm co t y 2,

b u t  y 1 and  у 2 are , fo r a  s ta tio n a ry  cascade, co n ju g a te  angles to  w hich th e  fo l­
low ing  re la tio n  app lies:

co t у  2 — A • co t у  у -f- В.

O n th e  o th e r h a n d , because  o f (4.4), we h av e

w*/u — C =  const. (5.3)
In  ad d itio n

=  <p (5.4)
w hich  is th e  flow  coeffic ien t.

W ith  all th e se  ta k e n  in to  co n sidera tion , we o b ta in

co t ß 2 =  A  cot ß± -j- В -f- C/q9. (5-5)

Since y x and  k , as w ell as vm are o p tiona l, th e  so o b ta in ed  re la tio n  is v a lid  fo r 
ev e ry  an d  each w o rk ing  p o in t.

I t  is to  be seen th a t  th e  c o n s ta n ts  in  (5.5) are id en tica l to  th e  c h a ra c te r is ­
tic s  of th e  s ta tio n a ry  cascade , and  only  C is a new  p a ra m e te r, due  to  ro ta tio n  [4].
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6. Theoretical characteristic curve

T he th eo re tica l c h a ra c te ris tic  cu rve  m eans, in  g en era l, th e  fu n c tio n  
ip((p) as ca lcu la ted  for an  ideal liq u id , w here 1p is th e  p ressu re  coeffic ien t:

1/j =  2 (C 2u — C]U)/u. (6-1)

O n th e  basis of th e  velocity  tr ia n g le s  n o t show n here we o b ta in

£<2и — u vm ' co t ß  2

сш — и  ■ vm • co t ß i%

In  ad d itio n , (5.4) defin ing  <p an d  (5.5) describ ing th e  co t ^ r e la t io n s  are 
s till v a lid , w hereby  we get,

(1 — A) • co t /?! — В — ---- C
и и

(6 .2)

O n th e  basis o f th e  above re la tio n  a n d  F ig . 5 i t  is easy  to  rea lize  t h a t  th e  p re ­
co n d itio n  for th e  lin e a rity  of th e  c h a ra c te r is tic  curve is to  h a v e  p o in t P  tra v e l 
a long  th e  s tra ig h t line w hen  th e  o p e ra tio n a l cond itions change. I n  th is  case 
vm. co t ß 1 will change in  a lin e a r  m a n n e r  w ith  th e  v a r ia tio n  o f vm, an d  th e  
r ig h t-h a n d  side o f (6 .2) w ill becom e th e  lin ea r  fu n c tio n  of 95 =  vm(u). T he  s tra ig h t 
line is ind ica ted  in  Fig. 5 b y  th e  d ash  line.

Fig. 5. Variation of the operational condition in cross section No 1, in the case of a linear char­
acteristic curve

In  cross sec tion  No 1 th e  te rm in a ls  of th e  re la tiv e  v e lo c ity  v ec to rs  p e r­
ta in in g  to  th e  in d iv id u a l o p e ra tio n a l cond itions tra v e l a long  a s tra ig h t line. 
A ccord ing  to  (4.2) and  F ig . 2 th is  m eans th a t  th e  th e o re tic a l ch a rac te ris tic  
cu rv e  w ill be lin ea r if  th e  v e lo c ity  fie ld s associa ted  to  th e  in d iv id u a l o p era tio n a l 
co n d itions can  be  derived  from  th o se  o f tw o  such d iffe ren t co n d itions b y  a 
lin e a r  co m bina tion  correspond ing  to  th e  above (4.2).
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V aria tion  o f th e  o p e ra tio n a l cond itions is ch a ra c te riz e d  in  th is  case b y  
th e  y 1 and  u* d a ta  o f F ig . 5. A ccordingly ,

v m  co t ß 1 — V m  co t Ух +  U *  =  и  

w h ereb y  th e  p ressu re  n u m b e r w ill be

v  =  2[(1 — A) (1 -  u*/u) -  C] — 2(f [B  -  (1 -  A) cot y j .  (6.3)

In  th e  case o f a c o n s ta n t inflow  angle we h av e

Ух =  л  — «X, и* =  О,

ip =  2[1 — А — С] — 2 Ч \В  +  (1 — A) cot a j ] .  (6.4)

I t  is to  be n o ted  h e re  t h a t  since ip and <p depend  on th e  d im ensions of th e  re f ­
erence cross sec tions, to  c a rry  on our t r a in  o f th o u g h ts  on th e  u su a l va lues, 
th e  d a ta  ought to  b e  co n v e rted  from  positio n  No 2 to  th e  o u tle t d iam ete r and 
w id th  of th e  ru n n e r .

In  th e  case o f  a p re ro ta tio n -free  flow  we h av e

oc1 =  jr/2;

ip =  2(1 — A — C) — 2cpB. (6.5)

W ith  an  in f in ite  n u m b e r of b lades, on th e  basis  o f (5.5) and  since th e  
d irec tio n  of th e  re la tiv e  o u tle t  ve lo c ity  is in d e p e n d e n t o f th e  o p era tio n a l co n ­
d itio n s  [3], we get

A =  0,

В =  C O t ß 2 Q 4

C =  0. (6.6)

T h u s , in  th e  case o f  a v o rte x -fre e  in le t we sh a ll h av e

ip =  2 — 2cp co t ß 20.
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Die linearen Eigenschaften von stationären und rotierenden Sehaufelgittern bei drei­
dimensionaler Durchströmungen mit einer inkompressiblen Flüssigkeit. Im Aufsatz werden die 
linearen Eigenschaften der Strömung mit Hilfe der für dieselbe angeschriebenen kinematischen 
Grundgleichungen abgeleitet. Mit deren Hilfe wird der Zusammenhang zwischen den Para­
metern eines stationären und eines rotierenden Schaufelgitters mit gleicher Geometrie, sowie 
die Gleichung der diese Parameter enthaltenden theoretischen Charakteristik bestimmt. 
Durch Ersatz des Raumes vor und nach der Beschaufelung mittels eines geeigneten Modells 
können diese Randbedingungen für eine axialsymmetrische ebene Strömung formuliert werden 
und infolgedessen stimmt der Zusammenhang zwischen den die Ein- und Ausströmung 
charakterisierenden Winkeln und Gitterparametern formell mit dem für die zweidimensionale 
Strömung erhaltenen überein. Spezielle Betriebszustände definieren die zur stationären Be­
schaufelung gehörenden zwei und die zur rotierenden Beschaufelung gehörenden drei Gitter­
parameter.

Линейные свойства неподвижной и вращающейся решеток, образуемых лопатками, 
в случае трехмерного движения потока идеальной несжимаемой жидкости. В статье с 
помощью основных кинематических зависимостей, записанных для движения потока, вы­
водятся линейные свойства движения потока. При их использовании определяются связь 
между параметрами неподвижной и вращающейся решеток, образуемых лопатками и 
имеющих одну и ту же геометрию, и выражение теоретической характеристики содержащей 
эти параметры. С помощью модели, пригодной для замещения полости перед и после лопа­
ток, эти краевые условия можно сформулировать для центрально симметричного дви­
жения потока, а вследствие чего связь между углами, характеризующими вток и выток, 
и параметрами решетки по своей форме совпадает с полученными для двухмерного движе­
ния потока. Два параметра решетки, соответствующие неподвижным лопаткам, и три пара­
метра решетки, соответствующие вращающимся лопаткам, определяются специальными 
режимами работы.
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FLASH TEMPERATURE OF GEARS
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The results attained so far in the calculation of the contact temperature of gears 
have been surveyed and the models assuming one- and two-dimensional heat conduc­
tion and stationary state have been examined in detail. Equations for arbitrary heat- 
source distribution have been deduced, which involve as special cases the already pub­
lished results for given distributions. It has been shown that the distribution for the 
one-dimensional case is, in general, the asymptotic approximation of the two-dimen­
sional case for large Blok numbers В , the difference diminishes in inverse proportion 
to ŸB. The results can be applied not only to gears, but to the investigation of any 
moving heat source.

Symbols

Pn
V

X, У, Z 
x, y , z 
2 w
s, ß 
p(ß)
F
P
P
Че
с
А
а
Ь
t, т 
А
qj, Ф

Т
в
R
В
П
I , И7/
/ ,  ч>
ai,n'> п
А ,2

normal line pressure
velocity (index s: sliding velocity)
stationary system of co-ordinates
system of co-ordinates moving with the heat source
width of contact band
ж/w, ylw dimensionless co-ordinates
distribution of surface pressure or heat source
integral of P  over the contact band
coefficient of friction
surface pressure
intensity of heat source
density
specific heat
thermal conductivity
heat diffusion constant
УдеA
time
mechanical equivalent of heat
proportion of heat introduced into the pinion by points, and in average on the
contact band
temperature
contact- temperature rise (flash temperature)
quantity characterizing the geometry of the temperature pattern 
Blok number ivvla
coefficients of the series expansion of P
auxiliary functions for two-dimensional temperature calculation 
arguments of above functions, depending on location, f  — Вгр/2 
coefficients of the power- series expansion of W1 2 
contact points of pressure line and base circles

Other, less frequently used symbols are defined at their respective places.

* Dr. F. K o l o n i t s , Őrmezei ltp. IX. A, 1112 Budapest, Hungary
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T he scoring o f  gears is re la ted , acco rd in g  to  th e  m ost genera lly  accep ted  
th e o ry , to  th e  m a x im u m  opera tin g  te m p  e ra tu re  of th e  surfaces in  c o n ta c t, 
w h ich  — during  c o n ta c t  — is th e  sum  o f th e  m ean  gear te m p e ra tu re  an d  an  
in s ta n ta n e o u s  te m p e ra tu re  rise (flash  te m p e ra tu re ) . N um erous research  w o rk ­
ers h a v e  p u b lished  th e o re tic a l and  e x p e rim e n ta l resu lts  concern ing  th e  te m ­
p e ra tu re  cond itions in  gear drives. T h e  p re se n t p a p e r review s in  d e ta il th e  
m a in  tendencies of re sea rch  and  in v e s tig a te s  tw o usual m odels of fla sh  te m ­
p e ra tu re  ca lcu la tion .

1. Review o f the problem

A  large p a r t  o f th e  ty p es of in ju ry  causing  th e  b reakdow n  of gears (to o th  
f ra c tu re , p ittin g  e tc .)  h a s  been th e o re tic a lly  an d  ex p erim en ta lly  in v es tig a ted  
d u rin g  th e  firs t th ird  o f th is  c e n tu ry  b y  an a lyz ing  th e  fa tig u e  p h enom enon  
an d  th e  co n tac t p re ssu re , using th e  re su lts  o f th e  general d ev e lopm en t in  th e  
science of S tre n g th  o f M ateria ls . B ased  on th e  re su lts , design procedures p ro ­
v id in g  due sa fe ty  from  th e  p o in t o f v iew  o f th ese  in fluences w ere evolved . 
B u t s ta r tin g  from  th e  1930s, a new er fo rm  o f fa ilu re  has com e m ore and  m ore 
in to  th e  fo reg round : scoring. The reason  is, t h a t  th e  rising  of req u irem en ts  an d  
o f techno log ica l leve l h as  also caused th e  ris in g  o f th e  design speeds an d  specific 
design of loads gears [1]. A ccording to  W e l c h  and  B o r o n , from  1945 to  1960, 
th e  specific loads in  tu rb in e -d riv en  gears designed for th e  US N av y  rose to  
a b o u t tw ice its  o rig inal v a lue  and  th is  t re n d  asserted  itse lf  in  o th e r n av ies
[2 ] to o .

F o r ch a ra c te riz in g  th e  com bined a c tio n  of load  and  speed, sem i-em pirical 
ind ices w ere evolved . Such is, e.g., th e  A lm en -p ro d u c t, or th e  specific fr ic tio n  
w ork  re la te d  to  th e  ro lling  arc e lem ent (w hich  depends on lo ad  and  re la tiv e  
slid ing). A ccording to  th e  th eo ry  of B lo ic  d a tin g  from  1937, as fa r  as th e  d an g e r 
of scoring  is concerned , th e  m ax im um  in s ta n ta n e o u s  te m p e ra tu re  arising  in  th e  
c o n ta c t b an d  is decisive , and  for ca lcu la tin g  i t  he  e lab o ra ted  a sim plified  m e th ­
od. T h e  th e o ry  as well as th e  ca lcu la tion  m e th o d  has becom e w ide sp read . B a s ­
ed o n  th is , in 1954 B o t k a  proposed  a to o th in g  system  designed for m ax im u m  
sa fe ty  ag a in st sco ring  (G a n z — B o t k a  to o th in g , w here th e  m ax im um  te m p e ra ­
tu re s  on th e  sec tions before  and  a fte r  th e  p itc h  p o in t are equal) [3], [4], [5].

In  th e  la s t th re e  decades th e  th e o re tic a l an d  exp erim en ta l in v e s tig a tio n  
in to  th e  n a tu re  an d  causes of scoring as w ell as o f th e  te m p e ra tu re  co n d itions 
d u rin g  o p era tio n  re su lte d  in  num erous new  concep ts. U p to  now , a t te m p ts  a t  
com bin ing  th e  p a r t ia l  re su lts  in to  a u n if ied , ex p erim en ta lly  p ro v ed  th e o ry  d id  
n o t succeed . N ie m a n n  [6 ] publishes th e  p ro p o sa ls  of nine d iffe ren t au th o rs  for an  
in d e x p nvk ch a rac te riz in g  th e  danger of scoring : for th e  exp o n en t k, six d iffe ren t 
v a lu es  are  given, b a sed  on  experim en t or on  th e o ry , rang ing  from  0,25 to  2 .

I n  order to  im p ro v e  th e  accuracy o f  th e  te m p e ra tu re  ca lcu la tio n s , T h e y s e  

replaces th e  a p p ro x im a te  p arabo lic  h e a t-  source m odel o f B l o k  b y  a se m i.
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ellip tic  d is tr ib u tio n  co rrespond ing  to  th e  H ertz  th e o ry , leav in g  th e  o th e r sim ­
p lifica tions u n ch an g ed  [1]. In  th is  m odel th e  h ea t flow  p ara lle l to  th e  to o th  
su rface was d isreg a rd ed , th e  to o th  is considered as an  in fin ite  half-space con­
sisting  of in su la ted  p lan es of e lem en ta ry  th ickness, a t  r ig h t angles to  th e  lim ­
itin g  surface an d  to  th e  d irec tio n  of m ovem ent o f th e  b an d -lik e  h e a t source 
of c o n s ta n t in te n s ity .

Also ta k in g  in to  co n sid e ra tio n  th e  h e a t flow  p ara lle l to  th e  surface, i.e. 
fo r a hom ogeneous h a lf-space , severa l resu lts  are know n . A ssum ing a linear 
source, R o s e n t h a l  o b ta in ed  a so lu tion  con ta in ing  ex p o n en tia l and  Bessel 
fu n c tions. N a k a d a  a n d  H a s h im o t o  s ta r t  ou t from  th e  te m p e ra tu re  of th e  oil 
film  in  th e  co n ta c t b a n d , also considering  th e  h e a t tran sm iss io n  betw een  th e  
film  an d  th e  to o th  su rface , give th e  te m p e ra tu re  in  th e  surface an d  in te rio r 
p o in ts  o f th e  film  b y  F o u rie r in teg ra ls , con tinu ing  th e  ca lcu la tions w ith  
L ie b m a n n ’s n u m erica l m eth o d  [7 ]. T e r a u c h i  an d  H a s h im o t o  solved in  a 
closed form , w ith  th e  a id  o f Bessel functions, th e  h ea t-  tra n s fe r  e q u a tio n  for 
a p arabo lic  h ea t-  source  b an d . T he d is tr ib u tio n  of th e  fric tio n a l h e a t be tw een  
th e  engaging te e th  is m ore  co m p lica ted  to  ca lcu la te  th a n  w ith  th e  B lok m odel: 
fo r th is  th e y  evo lved  a n u m erica l m e th o d  and  p roposed  a sim plified  ap p ro x i­
m a tio n  m eth o d  [8 ].

F o r an  e x p e rim e n ta l check on th e  calcu la tions T e r a u c h i  an d  M iy a o  [9], 
as well as N ie m a n n  an d  L e c h n e r  [10], [11] m ade te m p e ra tu re  m easu rem en ts  
u sing  th e  th e rm o e lec tric  effect. T h e  resu lts  did n o t a rriv e  a t an  unequ ivocal 
decision  — acco rd ing  to  th e  a rg u m en ts  advanced  in  th e  d iscussion  o f th e  qu es­
tio n , th e  cause o f  th e  difference m ay  also be th e  e rroneous in te rp re ta tio n  of 
th e  th e o ry  and  th e  neg lec ting  of som e fac to rs in flu en c in g  th e  exp erim en ta l 
re su lts . F rom  th e  m easu rem en ts  N ie m a n n  derived  an  em pirica l fo rm ula , b u t 
th is  is connected  w ith  th e  ex p erim en ta l a rran g em en t u sed  an d  is n o t su itab le  
fo r general c a lcu la tio n s . I t  is an  in te re s tin g  fac t, im p o r ta n t fo r th e  d im ension­
ing  of te m p e ra tu re -b a la n c e d  to o th in g s ,th a t th e  ra tio  o f th e  ex p o n en ts  of th e  
fac to rs  p n and  v is th e  sam e as in  th e  fo rm ula of B l o k , a lth o u g h  th e  exponen ts 
th em se lv es  are sm alle r. A generalized  fo rm ula b u il t  up  from  dim ensionless 
groups has la te ly  b e e n  p roposed  b y  Y o k o y a m a — I s h ia ic a w a — H a y a s h i  [12].

C erta in  fa c to rs  h av e  been  in v es tig a ted  in  m ore  d e ta il: th e  cond itions 
o f th e  lu b ric a n t f ilm  b y  e lasto -h y d ro d y n am ic  m eth o d s [13], fric tio n  [14], th e  
re la tio n  b e tw een  th e  ex p e rim en ta l therm o elec tric  m easu rem en t an d  th e  rea l 
te m p e ra tu re  [15] a n d  th e  so-called p e rm an en t to o th  te m p e ra tu re  d u ring  o p er­
a tio n  (w hen th e  to o th  is n o t engaged  — on th is  is superposed  a t  th e  m om ent 
of engagem ent th e  in s ta n ta n e o u s  te m p e ra tu re  rise) [6 ] ,  [10], [11]. N ie m a n n  

an d  co -lab o ra to rs  ded u ced  from  th e  scoring ex p erim en ts  th a t  from  th e  p o in t 
o f v iew  of scoring  d an g e r n o t th e  m ax im um , b u t  th e  above m ean  te m p e ra tu re  
is decisive [6], [17]. I n  th e  pu b lish ed  re p re se n ta tio n  th e  m easu ring  resu lts  
seem  to  p rove  th is ,  b u t  th e ir  d ispersion  is considerab le . A large n u m b er of
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specia lists do n o t ag ree w ith  th e se  f in a l conclusions: in  m ore recen t papers 
th e y  t r y  to  exp la in  th e  re su lts  o f th e  scoring experim en ts  b y  th e  B lok form ula 
(m odified  in  som e cases b y  ta k in g  in to  co nsidera tion  p la s tic  defo rm ation) 
or b y  em pirical p eak  te m p e ra tu re  fo rm ulae  (and  m easu red  te m p e ra tu re  values)
[1 8 ] ,  [19 ].

T he m ost re c e n t th e o re tic a l an d  ex p e rim en ta l in v es tig a tio n s  are due to  
T o b e , K ato and  T a ic a tsu . T h e ir ca lcu la tio n  m eth o d  considers th e  load  and  
v e lo c ity  conditions v a ry in g  from  p o in t to  p o in t d u rin g  en g ag em en t, therefo re  
i t  is v e ry  laborious a n d  can  be ca rr ied  o u t only  on a co m p u te r. F o r  a th eo re tica l 
p ro g ress  of line p ressu re  th e y  o b ta in ed  resu lts , genera lly  m ore or less conform ­
ing  in  ch a rac ter an d  v a lu e  to  th o se  ca lcu lab le  w ith  th e  B lok fo rm u la , except for 
th o se  engagem ent p o in ts  w here th e  line  pressure  changed  a b ru p tly . O n th e  o th ­
e r h a n d , th e y  co m p ared  th e  ex p e rim en ta l re su lts  w ith  th e  ca lcu la tio n s carried  
o u t for m easured d y n am ic  loads an d  o b ta in ed  good ag reem en t (a lthough  for 
an  ex trem e m a te ria l p a ir : s te e l/c o n s ta n ta n  w ith  an  assum ed  (i =  0,4).

In  order to  be able to  ana lyze  te m p e ra tu re  co n d itions in  ag reem en t w ith  
re a lity , one m ust n o t d isregard  th o se  influences w hich are due to  th e  opera tion  
o f th e  gear drive as a w hole an d  in fluence  th e  u su a l m odel in  th e  progress of 
th e  engagem ent. T h e  engagem en t erro rs caused b y  th e  d e fo rm atio n s  due to  
th e  s tru c tu ra l forces w ere in v e s tig a te d  b y  K u d r y a v c e v  an d  co-labora to rs 
[2 1 ] . A ccording to  W e l c h  an d  B o r o n , th e  th e rm a l d ila ta tio n s , to o , m ay  u n ­
fa v o u rab ly  in fluence th e  load  d is tr ib u tio n  [2 ], (a lth o u g h  th e y  d id  n o t in ten d  
to  ex p la in  th e  causes of scoring b u t  o f a ce rta in  k in d  o f to o th  frac tu re ). N either 
c a n  th e  th e rm al in v e s tig a tio n  in  th e  n a rro w er sense of th e  w ord  be lim ited  to  
th e  surroundings o f th e  en g ag em en t: in  th e  la s t re so rt, th e  o p e ra tio n a l te m ­
p e ra tu re  elevation  is d e te rm in ed  b y  th e  th e rm a l cond itions of th e  w hole in ­
s ta lla tio n  [21 ], [2 3 ].

T he c ircum stance  m erits  special a tte n tio n  th a t  th e  m e th o d  giv ing th e  b est 
ag reem en t be tw een  th e o re tic a l a n d  ex p erim en ta l va lues (T o b e ) based  th e  
ca lcu la tio n s on m easu red  d y n am ic  loads, w hose p a t te rn  w as q u ite  d ifferen t 
from  th e  generally  accep ted  th e o re tic a l values. A lth o u g h  th e re  ex ist resu lts  
describ ing  th e  rea l p ro g ress  of o p e ra tio n a l load  (N ie m a n n  [2 2 ], [2 3 ]) ,  b u t for 
th e  tim e  being no te m p e ra tu re  ca lcu la tio n  based  on th em  is know n.

2. Flash- tem perature- calculation m odels

In  th e  follow ing, severa l te m p e ra tu re -c a lc u la tio n  m eth o d s  w ill be ex ­
am in ed  in m ore d e ta il. F ir s t ,  th e  basic  p hysica l assu m p tio n s o f th ese  m ethods 
w ill be presum ed. T h e  te m p e ra tu re  fie ld  a t  engagem ent to  be ca lcu la ted  — 
an d  w ith in  it  th e  p e a k  te m p e ra tu re  — is genera ted  b y  th e  sh o rt- tim e  te m p e ra ­
tu re  rise around  th e  p o in t o f c o n ta c t be ing  superposed  on th e  p e rm a n e n t oper­
a tin g  tem p era tu re  o f th e  to o th  (w hen  i t  is n o t engaged). T he p e rm a n e n t oper-
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a tin g  te m p e ra tu re  is d e te rm in ed  b y  th e  cooling cond itions of th e  gear d riv e  
and  b y  th e  fric tio n a l losses. The fr ic tio n a l h e a t developed  in  th e  c o n ta c t b a n d  
flow s in to  th e  tw o  engag ing  te e th , d iv id ed  in  such a p ro p o rtio n  th a t  from  p o in t 
to  p o in t in  th e  c o n ta c t b an d  equal te m p e ra tu re s  develop in b o th  te e th  (th e  
ev en tu a l m odify ing  ac tio n  of th e  lu b r ic a tin g  oil film  betw een  th e  te e th  is 
d isregarded ). B u t th e  p e rm an en t te m p e ra tu re s  o f th e  tw o  te e th  are  n o t n e c ­
essarily  th e  sam e: a lth o u g h  th e  te e th  em erge from  engagem en t a t  e q u a l s u r ­
face te m p e ra tu re s , due  to  th e  d iffe ren t speed of th e  p in ion  and  w heel, 
th e ir  cooling co n d itions e tc ., th e ir  en g ag em en t te m p e ra tu re s  genera lly  d iffer. 
T his fac t n a tu ra lly  in fluences th e  d is tr ib u tio n  o f th e  fric tio n  h e a t too . B u t th e  
phenom enon  m ay  also be  considered  as w ith d raw in g  a ce rta in  a m o u n t of 
h e a t from  one to o th  an d  feeding i t  in to  th e  o th e r one, so th a t  a com m on 
surface te m p e ra tu re  develops, and  su b se q u e n tly  th e  d is tr ib u tio n  of th e  fr ic tio n  
h e a t w ill be c a lcu la ted  accord ingly . I t  is easy  to  see th a t  th e  foregoing is c o r­
re c t b y  ta k in g  in to  considera tion  th a t  in  a g iven  th e rm a l system  th e  su p p le ­
m e n ta ry  in tro d u c tio n  o f a certa in  q u a n t i ty  o f h e a t (b o u n d ary  cond itio n  of th e  
second k ind) b rin g s a b o u t th e  sam e te m p e ra tu re  changes in  an y  in itia l t e m ­
p e ra tu re  field .

A ccording to  th e  foregoing, f in a lly  i t  is possible to  ca lcu la te  w ith  th e  tw o  
te e th  engaging a t  som e com m on te m p e ra tu re , un ifo rm  in  space. T his te m p e ra ­
tu re  is assum ed  to  be  know n. T he in s ta n ta n e o u s  increase of te m p e ra tu re  a t  
engagem ent is ca lcu la ted  for these  co n d itio n s an d  re fe rred  to  th is  te m p e ra tu re . 
T he m ax im u m  te m p e ra tu re  rise ca lcu la ted  in  th is  w ay  is called te m p e ra tu re  
flash .

I t  w ould be v e ry  c irc u m sta n tia l to  ca lcu la te  w ith  th e  rea l to o th  sh ap e ; 
th e  phenom enon  ta k in g  place v e ry  q u ick ly , an d  th e  c o n ta c t b an d  being  v e ry  
sm all w ith  re sp ec t to  th e  o ther d im ensions of th e  to o th , in  th e  ca lcu la tio n s th e  
to o th  w ill be ta k e n  in to  co nsidera tion  as an  in fin ite  half-space (lim ited  b y  a 
p lane). T he fr ic tio n a l h e a t  d ev e lo p m en t w ill he m odelled  b y  a b an d -lik e  h e a t  
source, of in fin ite  crossw ise len g th , th e  shape  an d  size o f w hich is d e te rm in ed  
by  th e  p ressu re  d is tr ib u tio n  and th e  fr ic tio n  cond itions in  th e  c o n ta c t b a n d , 
and  w hich m oves along  th e  b o u n d a ry  of th e  half-space . O nly a p a r t  o f th e  
h e a t developed p e n e tra te s  in to  th e  in v e s tig a te d  half-space (the  re s t h e a ts  th e  
o th e r engaging to o th )  — th e  p ro p o rtio n  of th e  h e a t passing  in to  th e  p in io n  
to o th  is d en o ted  b y  9 9 . In  general, th is  d is tr ib u tio n  fac to r (p changes as a fu n c ­
tio n  of loca tio n  as w ell as of tim e . L e t th e re  be Ф th e  to ta l  h e a t-d is tr ib u tio n  
coefficient for th e  w hole co n tac t b a n d  a t  a g iven  m om en t for th e  h ea t developed  
d u rin g  an  e lem en ta ry  tim e  (the in te g ra l m ean  of th e  99-s). C onditions can  be 
b e tte r  exam ined  in  a system  of co -o rd in a tes  x , y ,  z m oving to g e th e r w ith  th e  
h e a t source. T he sy stem  in  para lle l to  i t ,  b u t  w hen  s ta tio n a ry , it  w ill be d en o ted  
b y  X ,  Y ,  Z  (F ig . 1, th e  rep resen ted  h e a t  source corresponds to  th e  H e rtz ia n  
p ressu re  d is tr ib u tio n ). U sing these  ap p ro x im a tio n s , th e  problem  is a p lan e  one,
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there are no tem perature differences along the г-axis, it is sufficient to  in v esti­
gate th e  unit w idth plane layer cut out along the y-axis.

Making further assum ptions, three custom ary approxim ations have d evel­
oped; the first tw o in vestigate stationary, th e  third one changing conditions:

— a unidim ensional model (B lok), w hich determ ines the tem perature 
rise at constant v e lo c ity  (v), constant pressure hand width (2w), constant heat 
source in tensity , and disregards heat conduction  in the y  direction. H ence  
essentia lly  heat conduction  towards the interior of the tooth  is considered; 
the half-space is b u ilt up from elem entary layers being parallel to  x, z and 
insu lated  from each other;

— a tw o-dim ensional model (Te b a u c h i), identical w ith the first one, 
hut heat conduction in  the y  direction is also considered;

— T obe’s m odel, based on tw o-dim ensional heat conduction which  
tak es into consideration that the contact band does not arrive into the in v esti­
gated  position from in fin ite , and with constant v, w and heat- source in ten sity , 
calcu lating from poin t to  point the tem perature rise, according to  the v a ry ­
ing characteristics from  the beginning of th e  engagem ent.

In the present paper the first tw o m ethods are exam ined, the third w ill 
be analyzed in a subsequent publication.

3. The B lok m odel

3.1. The total developed heat f lows into one tooth

In  order to obtain  a general v iew , it is assum ed that the distribution of 
the pressure in the contact band is characterized by an arbitrary function

P(ß) ( 1 )
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(ß is th e  co -o rd in a te  expressed  in  re la tiv e  u n its  o f le n g th , on th e  c o n ta c t b a n d  
0 <  ß  <  2). I f  fu rth e rm o re

F = \ P ( ß ) d ß ,  (2)
0

th e n  th e  rea l su rface  p ressu re  is

p = J ^ - P ( ß ) .  (3)

T he te m p e ra tu re  d is tr ib u tio n  q can  be o b ta in ed  fro m  th is  b y  m u ltip lica tio n  
w ith  Afivs (co rrespond ing  to  th e  s ta tio n a ry  m odel i t  is assum ed th a t  w ith in  
th e  space and  tim e  in te rv a l o f th e  calcu la tion  vs an d  fj, a re  co n stan t).

I f  a t  th e  end  p o in t of a ha lf-line  u n id im ensiona l system  th e  h e a t pu lse  
Q is in jec ted , th e  te m p e ra tu re  w ill be, as a fu n c tio n  o f  lo ca tio n  and  tim e ,

T(x, t) = Q _
b ]/ n t

exp ( — x 2j4at) (4)

(un id im ensional h e a t  shock , [24], b — f'qcX). T he  a c tio n  o f th e  h e a t source 
is p roduced  b y  th e  sum  o f e lem en ta ry  h ea t shocks (F ig . 2, w here th e  h e a t  
source is re p re se n te d  accord ing  to  B lok’s p a rab o lic  ap p ro x im atio n ). In to  
th e  e lem en ta ry  ha lf-sp ace  lay e r being  in  th e  re p re se n te d  position , th e  h e a t  
source  p a r t  s itu a te d  in  th e  dom ain  0 <  у  <  w  h as  su p p lied  h e a t. T he (co n stan t) 
ve lo c ity  prov ides a lin k  be tw een  th e  co -o rd inate  у  a n d  th e  tim e  coun ted  from  
th e  passing  o f th e  f ro n t of th e  h e a t source th ro u g h  th e  in v estig a ted  p o in t: 
a t  th is  p o in t th e re  is h e a t in p u t , since th e  tim e  t =  ßw/v. T h e  e lem en tary  h e a t 
source ac tin g  b e tw e e n  tim es  т an d  т -j- d r  (a t th e  lo ca tio n  ß =  vr/w  o f th e  
c o n ta c t b an d ) d e liv e red  a t  th e  in v estig a ted  p o in t th e  h e a t q u a n tity  qdr  co r­
respond ing  to  Q o f E q . (4) — and  since th e  ac tio n  th e  tim e  t —т has e lapsed .
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A dding th e  effect o f th e  e lem en ta ry  h e a t shocks h av in g  o ccu rred  since 
th e  tim e  0 <  т <Ç i, a t  th e  in v e s tig a te d  p o in t th e  te m p e ra tu re  rise  is

0  =
A /iv sp n

P
vx

w
Fbw][jz€. о ]/1 — ж

(5)

F o r th e  sake of easier m a th e m a tic a l tr e a tm e n t,  a new  in te g ra tio n  v ariab le  
acco rd ing  to  t — т =  u?w/v is in tro d u c e d :

&(ß) = P  P (ß
r  b ]/ 71VW J  о

— u2)du  . (6)

3.2. The distribution factor

A nalyzing th e  fa c to rs  of E q . (6), i t  is to  be seen th a t  m ere ly  th e  group
b]fV refers to  only one engag ing  to o th , th e  o th e rs  are ch a ra c te ris tic s  in  com m on 
to  b o th  te e th , i.e. to  th e  engagem en t. T he v a r ia tio n  accord ing  to  ß  is in fluenced  
b y  th e  m en tioned  g roup  on ly  as a fa c to r  o f p ro p o rtio n a lity , i t  does n o t ac t on 
th e  shape of th e  d is tr ib u tio n . O bviously  equal co n tac t te m p e ra tu re s  are b ro u g h t 
a b o u t in  th e  c o n ta c t b a n d  a t  c o n s ta n t q> (w hich has th e  sam e v a lu e  as Ф), 
w ith  a p itch  p ro p o rtio n a l to  1/(6,]/v,):

Ф =
b1\!v 1

bi] /v 1 +  b2]Jv

0 ( ß )  =  — — A f ip nvs

(biV«i +  b2]/v2)]fw  F

2 Cfß

Í ^ J o
P (ß  -  u - )d u .

(? )

( 8)

H en ce , th e  fu n c tio n  describ ing  th e  p ressu re  d is tr ib u tio n  is on ly  a coeffi­
c ie n t o f p ro p o rtio n a lity  and  has no in fluence  on th e  pow er o f th e  engagem ent 
ch a rac te ris tic s  to  w hich  th e  te m p e ra tu re  rise  is p ro p o rtio n a l. T h e  e q u a tio n  of 
B l o k :

©m ax =  c o n s t  • / ф 3/4П1/2 (9)

w here  n is th e  rpm  o f one w heel, is n o t a consequence of th e  p a rab o lic  heat- 
source ap p ro x im atio n  as chosen b y  h im , b u t  a consequence o f th e  h e a t-  con­
d u c tio n  m odel an d  th e  c h a rac te ris tic s  be ing  considered as c o n s ta n t.

H ere a co m p lem en ta ry  rem ark  is m ade: i t  can  be p ro v ed  th a t ,  xvhen ca l­
c u la tin g  th e  c o n ta c t o f te e th  a t  d iffe ren t te m p e ra tu re s  T, (cf. 2) u n d e r  th e  
co n d itio n s of th e  B lok  m odel, th e  te m p e ra tu re  rise accord ing  to  (8) m u st be
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su p erp o sitio n ed  on th e  a rith m etic  m ean  fo rm ed  from  th e  values T, w ith  th e  
w eigh ts bßfvp

T 1b1\ v 1 +  T 2b2}rv 2
b1[ v 1 +  b2\ v 2

( 10)

3.3. Characteristic pressure distributions

In v e s tig a tin g  th e  influence o f d is tr ib u tio n  shape w hich  is p ro p o rtio n a l 
to  th e  te m p e ra tu re  d is trib u tio n , fo r sev e ra l cases th e  coefficient

w ill be exam ined .

3.3.1. Constant distribution

I n  th is  case P  =  1, th e  te m p e ra tu re  d is tr ib u tio n  is

R A =  J = V ß .  (12)
\  71

T h e la rg es t va lu e  arises a t ß =  2, R a , max =  Y ^ jn  =  0,7979.
Such a p ressu re  d is trib u tio n  occurs w hen  th e  surfaces in  c o n ta c t are

p la s tic a lly  deform ed.

3.3.2. Parabolic distribution  (B lok)

P = 2 ß  -  ß*, (13)

R B  =  - ^ j = ß m 5 — 2/3). 
5 |l n

(14)

T h e  lo ca tio n  o f  th e  m ax im um  te m p e ra tu re  is ß — 1,5, while its  v a lu e  

is R B, max =  1,2 V 1,5/71 =  0,8292.

3.3.3. Elliptical Hertzian distribution  (T h e y s e )

P  =  Y  2 ß - ß * , (15)

R t  =  4 =  -  »2)(2 -  ß  +  «2) du  . 
щ л  Jo

(16)
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F o r num erica l e v a lu a tio n  of th e  in te g ra l, le t us in tro d u ce  th e  new  v a r i­
ab le  и  =  Vß  cos cp. T h is  gives

R ,
4 ÿ 2 q> r ' 2 .̂

л][л  J 0

A f te r  su itab le  re a rra n g em e n ts

R ,  = ----^7=
8|/2

3?I ̂  7t
к

ß  ■ 2 1—  sin- (p a  q>.

E (ß  -  1)

(17)

(18)

w h ere  К  and  E  are th e  com plete ellip tic  in te g ra ls  of f irs t an d  second k in d  fo r 

th e  a rg u m en t Уß/2. T h e  location  of th e  m ax im u m  te m p e ra tu re  is ß =  1 ,6318, 
i t s  v a lu e  is R t , max —  0 ,7680 (which agrees w ith  th e  m ax im u m  value  as g iven  
b y  T h e y s e ).

T he th ree  k in d s  o f  d is trib u tio n s are  show n in  F ig . 3.

Fig. 3

3.4. Complementary remarks

T he te m p e ra tu re  d is trib u tio n  of th e  half-space can  be ca lcu la ted , in  
gen era l, fo r g iven co n d itio n s  (no v a r ia tio n  in  d irec tion  z, b o u n d a ry  cond itions 
v a ry in g  w ith  tim e) fro m  th e  following d iffe ren tia l eq u a tio n :

^  +  ^  =  (19)
ЭХ2 З У 2 a dt
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P ass in g  to  th e  system  of co -o rd in a tes  m oving  to g e th e r w ith  th e  h e a t  source [25]

+  + 1 э 0  _ (20)
Эя2 бу 2 a dy  a dt

I f  to  th is  is added  as an  in itia l co n d itio n  th a t  th e  h e a t source appears a t  th e  
f i r s t  m om ent in  th e  form  of a pu lse  an d  (assum ing t h a t  o u ts id e  th e  c o n ta c t 
b a n d  th e re  is no h e a t exchange w ith  th e  surround ings) th e  b o u n d a ry  cond ition

Э0

d x  x = o
4 oJ ( 21)

th e  prob lem  is an  ex ac t one. U sing  th e  m ethods of th e  th e o ry  of s im ila rity  [26] 
th e  so lu tion  is for id en tica l P  (geom etrical sim ilarity )

w here
ê  =  / ( f ,  ß, x, В)

#  =
).в

q0U) w

a re  th e  in v a ria n t te m p e ra tu re , le n g th  and  tim e  scales, a n d

a

(22)

(23)

(24)

is  th e  crite rion  of s im ila rity . B eing  n i form  equal to  th e  P éc le t n u m b er used  
in  th e  th eo ry  of h e a t tran sm iss io n , i t  bears th is  nam e in  l i te ra tu re  [1]. B u t th e  
B io t an d  N usselt n u m b ers  are  o f eq u a l shape to o , n ev e rth e le ss , due to  th e ir  
d iffe ren t physica l m eanings, th e y  a re  considered as b e in g  d iffe ren t. T herefo re, 
th e  dim ensionless group (24) will be called, w hen in te rp re te d  accord ing  to  th e  
p re se n t in v estig a tio n , B lok n u m b e r. (B lok  has p o in te d  o u t in  h is basic  p a p e r
[3], th a t  th e  accu racy  of h is m odel is de term ined  b y  th e  v a lu e  of B). W ith  th e  
v a lu e s  (23), (24) th e  re la tio n s (20), (21) becom e

_  a#  , a#
—  ** ^  Г  ч

dß dx

=  P(ß)  • (26)
í=o

The B lok m odel considers as being  zero th e  p a r t ia l  d e riv a tiv e  w ith  re ­
sp ec t to  tim e  in  (25) (it exam ines a q u as i-s ta tio n ary  p ro b lem , “ w ith o u t in itia l 
co n d itio n s” ), and  it  om its  th e  second d eriva tive  w ith  re sp e c t to  ß  on th e  left 
side. D ue to  th e  f irs t neg lec tion , th e  sw itching-on p h en o m en a  are  excluded . 
I n  g ear hea tin g -u p  prob lem s m o stly  such po in ts p lay  a p re fe rred  ro le , w here th e

d 4  m  

a£2 d ß 2

_
" 0 f
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l in e a r  pressure an d  th u s  th e  in te n s ity  o f th e  h e a t source  a b ru p tly  change 
(ex trem e  and in d iv id u a l engagem en t p o in ts  [4]), th e re fo re  — in  th e  case of 
in c rease  — th e  sw itch ing -on  p henom ena  m ay  influence  th e  developing peak 
te m p e ra tu re  (the  p ro b lem  will be exam ined  in  m ore d e ta il in  connection  w ith  
th e  T obe m odel).

The influence o f  th e  second neg lec tion  w as in v e s tig a te d  b y  B lok  and  
h e  concluded th a t  fo r В  20 th is  does n o t cause an y  co n sid erab le  error. F o r 
a n  ellip tica l h ea t source. T h e y s e  designates В  ^  8 as an  a p p ro x im a te  lim it [1].

The solu tions acco rd in g  to  (6), (8), (14) can  also be o b ta in e d  from  (25), (26) 
i f  accord ing  to  th e  ab o v e , (25) is sim plified  to  th e  form

Э2# 9#

d P  ~  dß
(27)

T h e  derivatives w ith  re sp e c t to  th e  re la tiv e  co -o rd inates o f lo c a tio n  in  E q . (25) 
a re  p ro p o rtio n a l to  th e  d e riv a tiv e s  w ith  re sp ec t to  th e  s ta t io n a ry  co-ord inates: 
th e  h e a t flow d ensities an d  th e ir  v a ria tio n s . W ith  in c reasin g  В  th e  g rad ien t 
a lo n g  th e  d irection  у  (h e a t flu x ) decreases as com pared  w ith  th e  le f t side, from  
w h ich  we m ay in fe r on  a red u c tio n  o f th e  co rrespond ing  h ea t-f lo w  v aria tio n s 
(a lth o u g h  s tric tly  sp eak in g  th is  should  be se p a ra te ly  p ro v ed ). W ith in  th e  sum  
a t  th e  left side of (25), w ith  increasing  В  th e  sh are  of th e  f i r s t  m em b er increases. 
E x am in in g  E qs (6), (14) also show s th a t  th e  h ea t-flo w  d e n s ity  in  d irection  y ,  
as com pared  to  th e  m ean  h ea t-so u rce  in te n s ity ,d e c re a se s  in  in v erse  p roportion  
to  th e  square ro o t o f B .

T he physical m ean in g  of В  can  be exam ined , in  itse lf , u s in g  th e  follow ­
in g  tran sfo rm a tio n , if  th e  h e a t  source is considered  as be ing  s ta t io n a ry  and  th e  
ha lf-sp ace  as m oving:

B  =  - ^ .  (28)
X/w

T h e  denom ina to r is p ro p o rtio n a l to  th e  con d u c tiv e  h ea t-flo w  d e n s ity  (w is th e  
c h a ra c te ris tic  d im ension  in  th e  у  d irec tion  o f th e  c o n ta c t co n sid e red  as a th e r ­
m a l system ), th e  n u m e ra to r  is p ro p o rtio n a l to  th e  “ co n v ec tiv e  hea t-flo w  d en ­
s i ty ”  delivered b y  th e  m ov ing  half-space  as “ m ass flow ” . F o r  a large В th e  
im p o rta n c e  of th e  h e a t  co n d u c tio n  in  th e  h e a t tra n s p o r ta t io n  in  d irec tion  у  
is sm all, th e  c h a ra c te ris tic  tra n s p o r ta tio n  phenom enon  is h e a t  t ra n sp o r ta tio n  
b y  th e  m oving ha lf-space .

F u rth e rm o re  B lo k  exam ined , w h a t d ifference is cau sed  b y  a v a ry in g  
v e lo c ity  of th e  h e a t source , as com pared  to  th e  re su lt o b ta in e d  fo r th e  con­
s ta n t  ve locity  co rrespond ing  to  th e  in s ta n ta n e o u s  en g ag em en t s itu a tio n . In  
h is  in v estiga tions he assum ed  a un ifo rm  d is tr ib u tio n  of th e  h e a t  source and  
also  considered th e  h e a t  in te n s ity  v a r ia tio n  due to  th e  ch an g in g  sliding v e ­
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lo c ity . A ccording to  h is re su lts , th e  d ifference is n o t im p o r ta n t;  b u t  he d id  n o t 
ta k e  in to  accoun t th a t  during  en g ag em en t, w changes, too . T h is v a r ia tio n  m ay  
cause  a large v a r ia tio n  o f th e  h ea t-so u rce  in te n s ity  w hen  ap p ro ach in g  p o in ts  
N x  an d  N 2 (in th e  ex trem e engagem en t p o in ts  p lay ing  th e  m o st im p o r ta n t ro le 
from  th e  p o in t o f  v iew  o f m ax im um  te m p e ra tu re , in  p a r tic u la r , in  th e  one n e a r 
to  N x). I f  e lastic  te e th  are considered , th e  h eat-sou rce  in te n s ity  also changes 
because  of th e  con tin u o u s v a r ia tio n  o f th e  line pressure  [5], [21].

3.5. General pressure distribution

T he shape o f th e  pressure  an d  h ea t-so u rce  d is tr ib u tio n  developing  in  
th e  c o n ta c t b a n d  c an n o t be considered  as fin a lly  e lu c id a ted  a t  p re sen t. T he 
cases discussed above are  ap p ro x im a tio n s , w hich , due to  th e o re tic a l an d  ex ­
p e rim e n ta l d eve lopm en ts especially  o f  th e  e la sto -h y d ro d y n am ic  th e o ry  of 
lu b ric a tio n  [13], m ay  req u ire  m o d ifica tio n . B esides, th e  in v es tig a tio n  o f m oving 
h e a t  sources arises n o t only  in  con n ec tio n  w ith  gears: all th is  req u ires  a g enera l­
ized  fo rm u la tio n  of th e  resu lts .

A ccording to  E q . (6) th e  te m p e ra tu re  con figu ra tion  can  be  o b ta in ed  for 
an  a rb itra ry  d is tr ib u tio n  of P  (or th e  h e a t  source) b y  n u m erica l in te g ra tio n . 
I n  o rd e r to  develop fo rm ulae , i t  is assum ed  th a t

P ( ß ) =  2 r nßn (29)

is g iven  in  th e  fo rm  of an  ab so lu te ly  co nvergen t pow er series (or as a fin ite  
p ow er fu n c tio n ). T h en , in  general, (6) w ill be

w here  accord ing  to  (2)

\2 A p p nVs
FX n B  ~ 0 ЗЙ, 2k  +  1

F = 2 2
2 "r

0 n  -f- 1

(30)

(31)

F o rm u la  (30) is t ru e  n o t only  fo r gears, b u t  also, in  g enera l, fo r h e a t sources 
d is tr ib u te d  over 2tc accord ing  to  P:  in  th e  p lace o f  p p nvs s tep s  th e  h e a t delivered  
p e r  u n it  of z  b y  th e  h e a t source.

4. The T erau ch i m odel

In  his p a p e r  [8] T er a u c h i fu r th e r  developed th e  B lok  m odel b y  also 
considering  th e  h e a t co nduc tion  in  th e  у  d irec tion  and  ca lcu la tin g  a so lu tion  
fo r  th e  s ta tio n a ry  form  of (25).
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4.1. The total heat developed f low s into one tooth 

4 .1 .1 . General solution

T he so lu tion  [8] is also ca lcu la ted  b y  th e  su m m atio n  o f e lem en tary  h e a t 
shocks (le t us re m a rk  t h a t  B lok  also developed  a fo rm u la  fo r tw o-d im ensional 
h e a t  co n d u c tio n  [3], b u t  he d id  n o t tra n sfo rm  th e  in te g ra l co n ta ined  th e re in  
in to  a ta b u la te d  fu n c tio n , an d  he used  it  only  in  n u m erica l calcu la tions for 
check ing  purposes). As an  analogy  to  fo rm ula  (4), fo r an  n-d im ensional h e a t 
shock [27]

T (r , t ) 2 Q
Qc(dant)nl2

exp (32)

w here r is th e  p o sitio n  v ec to r  ta k e n  from  th e  h e a t in p u t , n  is th e  n u m b er of 
d im ensions, th e  h e a t in p u t  Q is th e  specific v a lue  co rrespond ing  to  th e  (3 —n )th  
pow er of u n it  len g th .

A ccording to  th e  above, le t th e  h e a t source be

P(ß) =  q0P ( ß ) . (33)
b w

T h e  e lem en ta ry  h e a t shock in  som e in v es tig a ted  p lace ß  m u s t be ca lcu la ted  
b ack w ard s  to  th e  beg in n in g  (assum ed to  be in fin ite ly  far) fo r all tim e  in te rv a ls  
d t a t  tim es t an d  a ll e lem en ta ry  h e a t sources Q =  qwdß'  a t  all locations ß',  
an d  sum m ariz ing :

m  ß) =
q0w 

2 лЯ
dß

[ ( ß ' - ß ) w  +  vt]* +  u,*p К  
4aí

T he in teg ra l w ith  re sp ec t to  tim e  can  be tra n sfo rm e d  according to  th e  
re la tio n  [28] fo r th e  m odified  Bessel fu n c tio n  of th e  second k in d  and zero o r­
d er K 0:

0 ( t , /? )  = ^ C p ( ß ' )
лА J 0

exp K n
В

V ( ß ' - ß ) 2 +  ? d ß ' .  (35)

T he surface te m p e ra tu re s  ( |  =  0) are , w ith  a new  in te g ra tio n  va riab le

0 (ß )  =
2qnw

В лХ
n {2~ ß) n f 2u

p ß  +  —
J в в

e u K n( I и \ )du . (36)
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I f  th e  v alue  of th e  in te g ra l in  (36), ca lcu la ted  fo r 0 low er and  /  u p p er 
l im it, is deno ted  b y  1( f ) ,  th e n

(37)

K 0 becom ing in fin ite  fo r zero a rg u m en t, th e  n u m erica l ca lcu la tio n  o f  
(35), (36) is n o t a ro u tin e  ta s k , as in  th e  one-d im ensional case. In  th e  follow ­
in g  th is  p rob lem  is n o t d ea lt w ith , b u t  as in  p a ra . 3 .5 , g enera l re la tio n s are 
a im ed  a t. I t  can  be p roved  th a t

w here
(38)

(39)

W 2 is th e  lim it of (38) i f f  converges to  zero; in  (38) th e  u p p e r  sign applies to  a 
p o s i t iv e / ,  th e  low er to  a n e g a t iv e / ;  for /  =  0, I  =  0.

To th e  pow er series (29) th e  tra n sfo rm a tio n  of v a r ia b le  in tro d u ced  in  
(36) is app lied ; in th e  r ig h t side o f (39/1) th e  d is tu rb in g  m em b er is

(40)

T he so lu tion  o f th e  system  o f equa tions (39) is o b ta in e d  b y  th e  su p e r­
p o sitio n  of th e  p a r tia l  so lu tions fo r th e  d is tu rb in g  m em bers S n = f n. These 
are  sough t for in  th e  form  of

(41)

S u b s titu te d  in to  (39), th e  coeffic ien ts can  be ca lcu la ted :

- ,  1
a n + l ,n  —  ° n + l ,n  —

(42)
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I n  th e  in teg ra tio n  lim its  th e  fa c to r  B j 2 is co n ta ined , th e re fo re  th e  n o ta tio n

is in tro d u c e d . W ith  th is

(43)

w ritin g  b in  th e  p lace  o f  a, W x is o b ta in ed , w herefrom

W 0 ß n (45)

if  th e  form ulae

a re  u sed , w hich a p p ro x im a te  th e  B essel func tions in  th e  fo rm ulae  th e  b e tte r , 
th e  m ore  th e  a rg u m e n t ap p ro ach es zero  ( th e ir  co rrec tness is easily  u n d ersto o d  
fro m  th e  series ex p an sio n s [16]), an d  if  i t  is ta k e n  in to  con sid era tio n  th a t  
f ro m  Wj '  2, f  can be  ta k e n  o u t. T he re su lts  are eq u a lly  v a lid  fo r positive  and  
fo r  n eg a tiv e  f .

T he W  h av e  b e e n  ca lcu la ted  in  th e  form  o f a pow er series progressing  
acco rd in g  to  th e  rec ip ro ca ls  of B;  w ith  increasing  B,  th e re  is an  ever-increas­
in g  d ifference b e tw een  th e  orders o f m ag n itu d e  of co nsecu tive  m em bers and  
fo r a su ffic ien tly  la rg e  B ,  th e  sum  of th e  series can  be  ap p ro x im a te d  b y  th e  
f i r s t  (non-zero) m em b er (so m uch  th e  m ore , as accord ing  to  (37), d iv ision  b y  В  
is req u ired ):

(47)

T he asy m p to tic  series expansions of th e  Bessel fu n c tio n s  fo r large a rg u ­
m e n ts  (the  firs t m em b er o m itte d  e s tim a te s  th e  error) [16] are

K 0{x) =  e x 1
__9__
128л;2

K x(x) =  e~x
3

8x
15

128дс2

(48)
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I f  th e  va lu e  I / B  is d en o ted  b y  I* ,  so for a В  in c reasin g  beyond  all lim its  
an d  for 0 /5 <C 2

mI * = г ~  (2 — ß)
W *(2  -  ß)

2 2 В
л

I*  =  I *
i '

B(2 -  ß) 

=  -  W * { ~  ß)

- B ( 2 - /3 )

В
(49)

«ß  , P(ß)
В  В

F or ß  =  2 th e  above ap p ro x im a tio n  is n o t v a lid  fo r I *, its  va lue  is zero , 
th e  te m p e ra tu re  is g iven  b y  I*.  T h e  second m em ber o f  th is  is sm aller th a n  th e  
f i r s t  m em ber in  th e  ra tio  of th e  sq u are  ro o t of B,  so fo r an  increasing  B ,  th e  
f ir s t  m em ber d o m in a tes  m ore an d  m ore . E v a lu a tin g  (37) w hile considering th is , 
th e  generalized  B lok fo rm ula  (30) is ob ta ined .

F o r 0 <  ß  <[ 2 b o th  I*  can  b e  ca lcu la ted  b y  th e  a p p ro x im a ted  fo rm ulae . 
B y  deductions sim ilar to  th e  ab o v e , in  th is  case, to o , (30) is ob ta ined .

A ccording to  th e  B lok m odel, ß  =  0 should give 0  =  0. F o r I*  th e  a p ­
p ro x im a ted  fo rm u la  is n o t v a lid , i ts  v a lue  is zero; on th e  o th e r  h a n d , th e  m em ­
b e rs  of I*  decrease in  p ro p o rtio n  w ith  h igher pow ers o f  В  th a n  1/2, w hich  is 
th e  exp o n en t ch a rac te riz in g  th e  te m p e ra tu re s  of th e  o th e r  p o in ts , because o f 
th e  d o m in an t m em ber. T hus co m p ared  to  th e  la t te r ,  th e  te m p e ra tu re s  w hich  
can  be ca lcu la ted  fo r th e  p o in t ß  =  0 indeed d isap p ear w ith  increasing  B.  L e t 
us rem ark  th a t  fo r P (0 ) =  0 E q . (49/1) can n o t be considered  as an  ap p ro x im a te  
fo rm u la , because in  th is  case as th e  f irs t  re lev an t m em b er o f th e  series o f W 2 — 
n o t P (ß)/B  m u s t be  ta k e n  fo r th e  ap p ro x im atio n  acco rd ing  to  (47), b u t  a 
m em ber of h ig h er o rd e r in s te a d : how ever, such m em bers decrease s till m ore 
s tro n g ly  w ith  increasing  B ,  hence  th e  deductions re m a in  va lid .

So th e  B lok  fo rm ula  indeed  p rov ides th e  a sy m p to tic  va lu e  of th e  te m ­
p e ra tu re  d is tr ib u tio n  fo r th e  assu m ed  tw o-d im ensional h e a t  flow  for g rea t _B, 
an d  th e  e rro r co m m itted  decreases a t  least in  p ro p o rtio n  to  th e  square  ro o t 
o f В  (cf. th e  considera tions in  3.4).

4 .1 .2 . Special cases

A pply ing  fo rm ulae  (44) an d  (45), for a un ifo rm  h ea t-so u rce  d is tr ib u tio n  
( r0 =  1, th e  o th e rs  a re  zero)

^ = ^ i  =  y ^ 2 = - i ;  (50)

a n d  for a p a rab o lic  d is tr ib u tio n  r 0 =  0, r x =  2, r 2 =  — 1:

w0= в |/fy + у  V2 -  у  -  у  /V -  yjv j  + 'Ysгp2,
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( 51)

+  — ß +
3 В З Б  15В 2

T era u ch i a n d  co -lab o ra to rs  in te g ra te d  (35) n u m erica lly  fo r a parabolic 
source  and  v a rious v a lu e s  of F o r th e  su rfa c e - te m p e ra tu re  d is tr ib u tio n  th ey  
g ive a closed fo rm u la  w hich  — n o t considering  differences o f  p rin tin g  error — 
agrees w ith  (51), o f course , a f te r  th e  su itab le  tra n s fo rm a tio n s  o f co-ordinates 
[8]. T he te m p e ra tu re  d is tr ib u tio n s  (for eq u a l to ta l  in ten s itie s) based  on th e  
d a ta  in  th e ir  p a p e r a re  show n in F ig . 4 fo r a u n ifo rm ly  d is tr ib u te d  h ea t source 
a n d  one-d im ensional h e a t co n d u c tio n  an d  p arab o lic  h e a t source an d  tw o-d im en­
sional h ea t co n d u c tio n  (dashed  cu rve  E ,  con tinuous cu rv e  P u  d o tte d  curve 
P 2). F ig . 5 shows th e  m ax im u m  te m p e ra tu re s  for d ifferen t v a lu e s  o f | ,  equally  

acco rd ing  to  T e r a u c h i ( th e  d ashed  curve  fo r ][В  =  const co rresponds to  th e  
B lok  form ula). T he f ig u res  show  th a t  if  T h e y s e ’s cond itio n  В  >  8 is fulfilled, 
an  ap p ro x im atio n  p ra c tic a lly  equal to  th e  ap p lica tio n  of th e  B lok  form ula is
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Fig. 5

o b ta in ed , w hile for a sm aller В  th e  m ax im um  te m p e ra tu re s  are  o v erestim ated  
m ore an d  m ore and  also th e  c h a ra c te r  of th e  d is tr ib u tio n  changes th e  m ax im um  
is sh ifted  to w ard s th e  cen tre .

4.2. The distribution o f  the developed heat

T he prob lem  is exam ined  in  d e ta il w ith  n u m erica l m e th o d s b y  [8]: th e  
c o n ta c t b a n d  is d iv ided  in to  sections and th e  h e a t flow s a re  ca lcu la ted  from  
th e  co n d itio n  th a t  th e  surface te m p e ra tu re s  o f th e  bodies in  c o n ta c t are equal 
an d  in d ep en d en t of tim e . H ere  th e  m ethod  is n o t ex am in ed  in  d e ta il, because 
[8] also proposes an  a p p ro x im a te  m ethod , an d  th e  te m p e ra tu re  d is tr ib u tio n  
ca lcu la ted  in  th is  w ay  does n o t d iverge v e ry  g rea tly  from  th e  resu lts  o f th e  
d e ta iled  analysis ca lcu la ted  w ith  40 div isions; especially  in  th e  v ic in ity  of th e  
m ax im u m  te m p e ra tu re  th e  ap p ro x im atio n  is v e ry  good.

T he basic idea  o f th e  a p p ro x im a te  m e th o d  is th e  fo llow ing: if  th e  w hole 
developed  h e a t w ould  flow  in to  one to o th , th e  te m p e ra tu re s  qo0 *  (i =  1 , 2 )  
w ould develop (0*  inc ludes th e  o th e r fac to rs of (36) re la tin g  to  th e  exam ined  
w heel). I f  i t  is assum ed  th a t  th e  d is tr ib u tio n  fac to r  is c o n s ta n t over th e  w hole 
c o n ta c t b an d , qn m u s t be d is tr ib u te d  in p ro p o rtio n  to  th e  v a lu es  0 *  in  o rder 
to  o b ta in  th e  sam e su rface  te m p e ra tu re . F in a lly , for a g iven  p o in t

0 =

0 1 + 0 2 ’
(52)

w here  0 ,  is th e  te m p e ra tu re  ca lcu la ted  w ith  th e  w hole q u a n ti ty  of h ea t.
T h e  d is tr ib u tio n  fa c to r  o b ta in ed  in th is  w ay  obv iously  changes from  one 

p o in t of th e  co n tac t band  to  th e  o th e r, in 0 ,  th e  v a r ia tio n  along th e  co n tac t
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b a n d  depending also on В  w hich is d ifferen t for each w heel: th e  ph y sica l ch a r­
ac te ris tic s  canno t be  ta k e n  ou t as in  th e  B lok fo rm ula . A t a g iven  p o in t th e  
h e a t  q u a n tity  in tro d u c e d  d u rin g  th e  m oving  co n tac t is d e te rm in ed  b y  d ifferen t 
d is tr ib u tio n  fac to rs, w ith  (52) som e so rt of m ean  value  is fo rm ed . T he ca lcu la­
tio n s  o f T erauchi [8] fo r B J B 1 =  10, B.z =  0 ,4 -y20  ju s t ify  th e  ap p ro x im a­
tio n .

5. S um m ary

H aving  rev iew ed  th e  re su lts  o f ca lcu la ting  g ear-flash  te m p e ra tu re s  ob­
ta in e d  up  to  now, th e  s ta tio n a ry  m odels assum ing one- a n d  tw o -d im en sio n a l 
h e a t  conduction  w ere th o ro u g h ly  an a ly zed . R ela tions [(30) an d  (37), (44), (45), 
re sp ec tiv e ly ] have b een  deduced , v a lid  fo r any  h ea t-sou rce  p a t te rn  as well as 
co n ta in in g  th e  re su lts  g iven  in  th e  li te ra tu re  for special p a tte rn s  as specialized 
cases. The solu tion  o b ta in e d  b y  assum ing  one-d im ensional h e a t flow  lias been  
p ro v e d  generally  an  a sy m p to tic  ap p ro x im a tio n  o f tw o -d im en sio n a l case for 
g re a t valves of В  B lok  n u m b er, th e  difference d im in ish ing  a b o u t in  inverse  
p ro p o rtio n  to  I В  ■ T he re su lts  are u sefu l n o t only fo r gears b u t  in  s tu d y in g  
a rb i t r a ry  m oving h e a t  sources, too .
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Blitztemperaturen von Zahnrädern, I. Teil. Überblick und stationäre Modelle. Die bis­
herigen Ergebnisse der Verfahren für die Berechnung der Kontakttemperaturen von Zahn­
rädern wurden überblickt, und die Modelle für stationären Zustand und ein- bzw. zweidimen­
sionale Wärmeleitung wurden eingehend analysiert. Zusammenhänge für beliebige Wärme­
quellenverteilung wurden abgeleitet, welche die im Schrifttum für eine gegebene Verteilung 
mitgeteilten Ergebnisse als Sonderfälle enthalten. Es wurde festgestellt, daß im allgemeinen 
die unter Voraussetzung von eindimensionaler Wärmeleitung erhaltene Verteilung, bei großen 
Blok-Zahlen B, eine asymptotische Näherung des zweidimensionalen Falles ist, die Abwei­
chung verringert sich in umgekehrtem Verhältnis zu } /i. Die Ergebnisse können nicht nur 
auf Zahnräder, sondern auch auf die Untersuchung von beliebigen beweglichen Wärmequellen 
angewendet werden.

Температура молнии зубчатого колеса, I. Обзор и стационарные модели. Заедание 
зубчатых колес на основе наиболее широко принятой теории тесно связано с наибольшей 
рабочей температурой контактирующих поверхностей, что — при сцеплении — получа­
ется в качестве суммы средней температуры тела зубчатого колеса и многовенного роста 
температуры (т. н. температуры молнии). Для температурных условий зубчатых приво­
дов сообщены теоретические и экспериментальные результаты рядом авторов. В данной 
работе дается обобщение основных направлений ведущихся исследований и более глубоко 
анализируются две модели вычисления температуры молнии зубчатых колес.
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PHYSICO-CHEMICAL INVESTIGATION OF THE EFFECT 
OF NICKEL DISSOLVED IN A STEEL BATH 

ON DESULFURIZATION

L. SZŰCS*
CAND. O F TEC H N . SCI.

[Manscript received: Oktober 6, 1973]

The paper investigates the special behaviour to be noticed when desulfurizing 
chromium-nickel content steels (Ni content: max 3,5%) with the aid of plant experi­
ences and thermodynamic calculations. It was established that the development of the 
desulfurizing reaction was greatly slowered in case of nickel-content steel batches than 
in those not containing nickel. With the latter the desulfurization reaction approached 
the state of equilibrium more quickly, as in terms of time-unit a greater amount of the 
motive force of the reaction was used up. The experiments confirmed the empirical ex­
perience that nickel hinders the desulfurization of steel.

1. Aim o f th e  investiga tion

N ick e l-co n ten t steels d is tin g u ish  them selves am ong s tru c tu ra l n ickel- 
stee ls n o t on ly  d u e  to  th e ir u t i l iz a tio n  p ro p ertie s , b u t  also because  th e ir  
b e h a v io u r is d iffe re n t in  certa in  m e ta llu rg ic a l processes. E xperience  in d ic a te s  
th a t  w hen  m a n u fa c tu rin g  steel, th o se  w ith  a nickel co n ten t p rove  m ore d ifficu lt 
to  desu lfu rize ; in  su lfu r-co n ta in tin g  gases th e y  d e te rio ra te  rap id ly , a t  a s im ilar 
th e rm a l s ta b ility  th e  quicker, th e  h ig h e r th e ir  nickel c o n ten t.

As th e  special behaviour o f n ick e l-co n ten t steels has m ajo r econom ic 
consequences, g re a t care is ta k e n  in  th e  p lan ts  w hen  m a n u fac tu rin g  and  
m eta lw o rk in g  such  steels. Up till n o w  th e  basic  reason  fo r th is  special b e h a v io u r  
could  n o t be d iscovered . A chem ical co m b in a tio n  b e tw een  su lfur an d  n ickel 
can  be ta k e n  in to  consideration , fo r  exam ple , w hich m ay  exp la in  such  a n o m ­
alies or — as is genera lly  believed — n o th in g  is possible. P erh ap s th e  a n o m ­
alous b e h av io u r m a y  be exp lained  b y  som e o th e r cause or, perh ap s i t  is b u t  
seem ingly  so an d  can  be ascribed to  som e sim ple technological cause. B u t all 
th e se  questions h a v e  y e t to  be an sw ered .

Seeking fo r th e  reason of th e  b e h av io u r of n ick e l-co n ten t s tee ls , we 
in v e s tig a te d  th e  re le v a n t and  a v a ila b le  l i te ra tu re  and  also carried  o u t a 
n u m b e r of p la n t  an d  lab o ra to ry  te s ts .

* Dr. L. Szűcs, Teachers’ Training College, Chemistry Department, 3300 Eger, Hungary.
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2. Literary precedents o f the subject matter

T he follow ing consequences m ay  be  d raw n  from  li te ra tu re  concern ing  
th e  im p a c t o f n ick e l on th e  su lfur a c t iv i ty  o f stee l and  th e  n ickel p ro p ertie s  
in fluencing  th e  d esu lfu riza tio n  process:

Ch ipm an  e t al. [1], found  on basis  o f  1955 te s ts  t h a t  n ickel d id  n o t 
change th e  a c tiv ity  o f su lfu r dissolved in  iro n  in  a m a jo r w ay. T his observ a tio n  
w as fu r th e r  confirm ed  b y  th e ir  te s ts  c a rr ie d  o u t in  1960. A lcocic e t al. [2, 3], 
how ever, found  th a t  n ickel does d im in ish  th e  a c tiv ity  of su lfu r dissolved in  
iron .

L ite ra tu re , w h en  discussing th e  im p a c t o f nickel on th e  a c tiv ity  of 
su lfu r and  on d esu lfu riz ing  once accep ted  th e  s ta n d p o in t o f Ch ipm a n , an d  a t  
o th e r  tim es, th a t  o f A l c o c k . A  s ta tis tic a l e v a lu a tio n  w ould  in d ica te , how ever, 
t h a t  th e  m a jo rity  accep ts  th e  view  th a t  n ick e l dim inishes th e  a c tiv ity  of 
su lfu r, th e  m ore so, as p rac tice  seems to  p ro v e  th is , too . In  th is  resp ec t, th e  
ex p e rts  a t th e  M ining H ig h  School in  O s traw a  (C zechoslovakia) seem  to  h av e  
a rr iv e d  to  th e  b e s t conclusions as th e y  h a v e  even  pub lished  d a ta  concerning th e  
im p a c t o f nickel on th e  coefficient of su lfu r a c tiv ity , on basis o f a g rea t n u m b er 
of te s t  b a tch  e v a lu a tio n s  [4, 5].

Sam arin  [6] is q u ite  defin ite  in  th is  o p in ion  th a t  n ickel dim inishes th e  
su lfu r a c tiv ity , a ph en o m en o n  to  be n o ticed  in  p rac tice  b y  th e  fac t th a t  n ickel 
in h ib its  th e  su lfu r-c o n te n t decrease of th e  s te e l b a th , viz. th e  d esu lfu riza tion . 
H u n g a ria n  experience seem s to  in d ica te  t h a t  to g e th e r  w ith  an  increase of th e  
n ickel co n ten t, th e  a c t iv i ty  of su lfur d isso lved  in  iron  d im in ishes and  th is  m ay  
p la y  a m a jo r ro le w h en  desulfurizing n ic k e l-c o n te n t steels.

3. Plant tests and their evaluation on the basis o f thermodynamics

T he re la tio n sh ip  be tw een  nickel an d  th e  desu lfu riza tio n  of steel w as 
in v e s tig a te d  on b asis  of analysing  b a tch es  p ro d u ced  accord ing  to  p rog ram m e, 
u n d e r  p la n t cond itions.

T he m a n u fa c tu rin g  (desu lfurization) p rocesses w ere stu d ied  w ith  th e  
aid o f four case-h ard en ed  steel b a tch es c o n ta in in g  3,5 p e r cen t N i and  0,5 p e r 
cen t Cr and  five s tee l b a tc h e s  con ta in ing  a b o u t 0,2 p er cen t C an d  a m ax im um  
of 0,7 p e r cen t Mn. F igs 1 an d  2 give in fo rm a tio n  concern ing  th e  am o u n t o f th e  
ad d ed  slagform er, a lloy ing  add ition  and  deox id iz ing  m edium , as well as th e  
tim e  o f b a tch ing .

W hen  com paring  th e  tim es of ch a rg in g , it  could be no ticed  th a t  th e  
p re p a ra tio n  tim e  fo r n ick e l-co n ten t charges w as longer th a n  th a t  o f nickel-free 
ones, in  general b y  1,8 hou rs. The longer p re p a ra tio n  tim e  is only  in  p a r t  
ex p la in ed  b y  th e  fa c t t h a t  a p a r t  of th e  ch a rg e  w as C rN i-w aste an d  th u s  ox id iz­
ing  to o k  a longer tim e  th a n  w ith  those  n o t co n ta in in g  Cr.
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Among the causes o f a lengthy preparation let the fact he m entioned  
th a t reducing the sulfur content of n ickel-content charges takes a longer tim e. 
W hen comparing the process of nickel-content and non nickel-content batches 
according to desulfurization, a major difference is to  he observed.
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T he d a ta  in  T ab les l a  an d  lb  show  th a t  th e  specific  lim e  y ie ld  (TTT) of 
n ick e l-co n ten t b a tch es is h ig h er, in  general, th a n  o f th o se  n o t con ta in ing  
n ickel. In  general, i t  m ay  be s ta te d  th a t  i t  is 8,3 p e r  c e n t in  case of nickel- 
c o n te n t b a tch es , an d  6,45 p e r c en t w ith  no n ick e l-co n ten t ones, th o u g h  th e  
fusion  su lfu r co n ten t w as w ell-n igh  sim ila r, in  p rac tice , in  g en era l even id en tica l. 
H ow ever, in  th e  m easu ring  o f d esu lfu riza tio n  — as in d ic a te d  in  th e  d a ta  of 
T ab le  I ,  an d  F igs 1 and  2 — th e  e ffec t o f surp lus lim e d id  n o t  show  itself.

L e t us keep in  m ind  th a t  n ick e l-co n ten t steels c o n ta in  ch rom ium , and  
th e ir  slags also co n ta in  ch ro m ium -ox ide . D ue to  th e  ch ro m ites  p re sen t in  th e  
slag, th e  f lu id ity  of th e  slag an d  th u s  also its  reac tio n  c a p a b ili ty  decrease. W e 
also h av e  to  consider th e  p o ss ib ility  th a t  a ce rta in  p a r t  o f th e  free calcium - 
oxide is b o nded  b y  th e  ch ro m iu m -o x id e  in  th e  fo rm  o f C a O . C r20 3.

O f course, th e  p resence  o f ch rom ites and  th e  develop ing  of calcium  
ch ro m ite  h inders d esu lfu riza tio n . T h e  condensing effect o f ch ro m ites  on slag 
m ay  be b a lan ced  w ith  b a u x ite . As show n b y  the  reco rds o f  b a tc h  m an ag em en t, 
th is  possib ility  w as u tiliz ed  w h en  producing  steel. S pecified  accord ing  to  
charge , 21 — 25 kg of b a u x ite  w ere su ffic ien t to  m a in ta in  an  id ea lly  flu id  slag.

W h en  ev a lu a tin g  th e  p la n t  charges, a re la tio n sh ip  w as tr ie d  to  be 
m a in ly  estab lished  fo r th e  su lfu r d is tr ib u tio n  coefficien t (rj) an d  th e  b asic ity  
o f th e  slag and /o r th e  base  su rp lu s  v alues (N b) w hich b e t te r  serve to  express 
b a s ic ity . T he v alue  of base  su rp lu s  w as determ ined  w ith  th e  fo llow ing fo rm ula :

Nb =  (Ncao  +  M Mgo +  N Mn0) — (2IVSi02 +  2iVAl203)

w here N  w as th e  n u m b er o f m oles in  100 g of slag. W h en  c a lcu la tin g  th e  base 
su rp lu s  th e  iron  co n ten t of th e  slag  w as n o t ta k e n  in to  co n sid e ra tio n , as i t  
h as  b u t  a sligh t in fluence  on th e  desu lfu riz ing  effect o f slag  in  th e  co n cen tra tio n  
to  he  considered  w ith  th e  basic  SM techn ique.

T ab le  I I  shows th e  m ean  b a s ic ity , base-su rp lus as w ell as su lfur- d is tr i­
b u tio n - coefficien t v a lu es  fo r p re p a ra tio n  slags of b o th  n ick e l co n te n t and  no 
n ickel c o n te n t steels. T he d a ta  a re  also show n in  g rap h s in  F igs 3 an d  4.

T he abscissa in  F ig . 3, show s th e  m ean  Ca0 /S j0 2 ra tio  o f th e  fin ish ing  
slag, w hile th e  o rd in a te  th e  m easu re  of th e  sulfur- d is tr ib u tio n  coefficient rj. 
As is to  be  seen, th e  v a lu e  o f rj inc reases  w ith  an increase in  b a s ic ity , b o th  in  th e  
case o f n ickel- con ta in in g  b a tc h e s  an d  those  no t co n ta in in g  n ickel. T here is, 
how ever, a p ercep tib le  d ifference in  th e  m easure o f increase . In c a s e  of nickel- 
free b a tch es , a m uch h ig h er m easu re  of desu lfu riza tion  can  be  o b ta in ed  a t  a 
m uch  low er b asic ity  (1,70 -f- 2,61) th a n  in  case of n ic k e l-c o n ta in in g  ones w ith  
a h ig h er b a s ic ity  (2,28 —  4 ,89). T h e  figure also show s t h a t  a u n it  increase in  
b a s ic ity  increases th e  d is tr ib u tio n - coefficien t value (co n tin u o u s  line) of nickel- 
co n ta in in g  steels in  a lesser w ay  th a n  in  case of n ickel- free  ones (resu lt line).

O n th e  h o rizo n ta l ax is in  F ig . 4 th e  value of b ase  su rp lu s  N b an d  on th e  
v e r tic a l one th e  v a lu e  o f t] is show n. I t  can  be seen t h a t  th e  su lfu r- d is trib u tio n

12* Acta Technica Academiae Scientiarum Hungaricae 79, 1974
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Table I

Major values for the calculation of plant steel

Slag- forming materials (Sk) 
kg

Alloying and deoxidizing 
m aterials, kp

T
he

 b
at

ch

N
um

be
r

Batch
number

Q uality
W eight

of
charge,

k g Lime Baux­
ite

Ore-
scale

27Sk Ni
carrier

FeCr Deoxi­
dizes

r S k  +  
Ni +  

D +  Cr

fcC 1 75128-29 BNC-35 91300 7800 2150 3548 13498 1708 700 900 16800
.s3 2 26196-97 BNC-35 95050 7550 2500 8600 18850 1800 1000 1260 22910
a
й 3 26210-11 BNC-35 93850 5950 2000 7048 14998 1640 950 1100 18688
оо 4 26400-01 BNC-35 95650 9650 2400 4900 16950 1175 1000 1420 20545
V

•s

5 78752-53 ST-33 92300 7200 300 7700 15200 — — 800 16000
6 91222-23 A-42 93270 5800 — 5100 10900 — — 1680 12580

»V 7 91229-31 A-38 140400 9600 — 13800 23400 — — 1970 25370
'<3 8 20109-10 37-C 93650 5800 — 6200 12000 — — 1180 13180
■S
2 9 20115-16 A-38 94400 5150 5500 10650 1140 11790
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batches containing nickel and free of nickel

Filler m aterial specific values in  percentage 
of th e  charge CaO/Si02

Desul-

The de­
crease 
in  sul­

fu r con­
te n t as 
a  per­

centage 
of fu ­
sion- 

sulfur 
content

De-

Specific
carbon

decrease

AC
C fusion

%
Lime Ore

Baux­
ite

ore
27Sk

27Sk +  
N i +  D 

+  Cr
In itia l Final

S fusion]
%

furiza-
tion
As

(S6-S „ )
%

crease in 
carbon 

AC
(C4-C „)

%

8,54 3,88 6,24 14,78 18,4 4,35 5,42 0,018 -0,002 - i i , i i 1,32 92,30
8,15 9,04 11,67 19,83 24,1 2,24 3,50 0,035 0,010 28,50 1,04 84,55
6,33 6,33 9,64 15,98 19,91 2,08 2,48 0,031 0,006 19,30 0,21 63,63

10,08

8,3
mean

10,00 7,63 17,72 21,47 3,22 3,70 0,049 0,020 40,81 0,28 71,79

7,80 8,34 8,6 16,46 17,30 1,63 3,58 0,024 0,004 16,66 1,40 89,74
6,21 5,46 5,46 11,68 13,48 1,55 1,84 0,035 0,005 14,28 0,56 84,41
6,83 9,83 9,83 16,66 18,07 1,79 2,36 0,033 0,006 18,18 0,93 87,73
6,19 6,62 6,62 12,81 14,07 1,93 2,32 0,026 -0 ,004 -15 ,38 0,61 80,26
5.45

6.45
mean

5,82 5,82 11,28 12,48 1,52 2,90 0,044 0,014 31,81 0,80 86,95

Fig. 4
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Table II
Sulfur distribution and basicity values of plant steel batches

N um ber Batch num ber Q uality Nb
[S] e

Mean
basicity

Rem ark

l 75128 — 29 BNC-35 0,662 7,0 4,89 During batching the steel took up 
surplus sulfur and thus could not 
be evaluated

2 26196-97 BNC-35 0,535 5,6 2,87 —
3 26210-11 BNC-35 0,324 3,6 2,28 —
4 26400-01 BNC-35 0,577 6,15 3,46 Sampling the one before the last 

one

5 78752-53 ST-33 0,780 8,65 2,61 —
6 91222-23 A-42 0,308 3,3 1,70 —
7 91229-31 A-38 0,474 6,18 2,08 —
8 20109-10 37-C 0,620 4,17 2,13 During batching the steel took up 

surplus sulfur and thus could not 
be evaluated

9 20115-16 A-38 0,614 6,83 2,21

Table III
Chemical composition of steel- and slag

N um ber Batch Q uality Sam-
pling

Steel composition %
Sam-
plingnumber

C Mn P S Cr Ni

l . 75128 BNC-35 a 0,19 0,19 0,020 0,022 0,47 3,61 a
b 0,11 0,16 0,018 0,020 0,40 3,70 b

2. 26196 BNC-35 a 0,28 0,18 0,014 0,028 0,22 3,34 a
b 0,19 0,40 0,016 0,025 0,23 3,31 b

3. 26210 BNC-35 a 0,29 0,28 0,014 0,027 0,20 3,39 a
0,12 0,26 0,021 0,025 0,39 3,44 b

4. 26400 BNC-35 a 0,125 0,295 0,014 0,034 0,355 3,315 a
b 0,11 0,32 0,014 0,029 0,62 3,42 b

5. 78752 ST-33 a 0,33 0,13 0,011 0,036 - — a
b 0,16 0,20 0,016 0,020 — — b

6. 91222 A-42 a 0,41 0,16 0,014 0,038 — - a
b 0,12 0,16 0,018 0,030 — - b

7. 91229 A-38 a 0,30 0,19 0,011 0,030 — — a
b 0,13 0,21 0,014 0,027 — — b

8. 20109 37-C a 0,24 0,23 0,014 0,038 — - a
b 0,15 0,18 0,014 0,030 — — b

9. 20115 A-38 a 0,22 0,12 0,008 0,032 — — a
b 0,12 0,12 0,008 0,030 — — b
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coefficient v a lu e  increases in  a linear w ay  w ith  th e  in c rease  in  base su rface , 
viz. th e  d e su lfu riza tio n  m easu re  increased .

The su lfu r- d is tr ib u tio n  coefficient o f n ickel- free s tee ls  is h igher th a n  th e  
one of nickel- co n ta in in g  steels, even a t  an  id en tica l b ase  surp lus. F o r th e  
evalu a tio n , i t  is n ecessary  to  consider th e  fin ish ing  tim e  o f nickel free an d  
nickel co n ta in in g  b a tc h e s , from  th e  p o in t o f fusion ti l l  t h a t  of tap p in g . To 
o b ta in  th e  su lfu r d is tr ib u tio n  coefficient concern ing  n ick e l con ta in ing  b a tc h e s  
show n in th e  fig u re , in  g enera l, double th e  tim e  is a t  d isposa l th a n  w ith  n ickel- 
free ones. I f  th e  d ifferences betw een th e  su lfu r d is tr ib u tio n  coefficien t o f 
nickel- free an d  n ickel- co n ta in in g  steels is e s tim a te d  also considering  th e  t im e  
spen t for d is tr ib u tio n , i t  can  be seen th a t  th e  effect o f th e  n ickel c o n te n t is 
m uch h igher on  th e  d esu lfu riza tio n  process, as could he assum ed  from  th e  d a ta  
in  th e  d iag ram s in  F igs 3 an d  4.

Follow ing th e  techno log ica l and  s ta tis t ic a l  e v a lu a tio n  o f th e  ex p e rim en ta l 
d a ta , these  w ere also assessed on th e  basis o f th e rm o d y n am ics . F o r th e  c a lc u ­
la tio n s, we considered  th e  sam pling  p reced ing  th e  la s t one b y  tw o (a) an d  th e  
la s t one (b). T hese  tw o  d a ta  were se lec ted  from  each  h a tc h , as th e  n ick e l

samplings of experimental plant- steel batches

Slag composition %

s C aO M gO M n O F e O F e ,O a P ,O s Si02 ai2o3 Cr203

0,13 46,70 8,84 5,68 15,04 3,82 1,01 8,09 5,96 4,97
0,14 44,66 7,67 5,58 14,74 6,30 0,92 8,24 6,43 4,97
0,15 45,75 8,70 4,80 9,81 3,06 1,14 12,40 10,48 1,78
0,14 44,93 10,89 6,09 9,07 3,10 1,01 12,86 9,63 1,90
0,10 37,44 7,58 9,50 9,16 2,22 1,36 15,89 9,19 7,25
0,09 38,67 7,69 9,19 10,20 2,42 1,30 15,57 8,40 8,82
0,18 38,40 11,50 7,23 12,86 3,15 1,25 12,58 7,88 4,87
0,26 42,35 8,81 8,52 12,34 3,73 1,15 11,44 7,04 3,93
0,108 42,22 15,20 5,10 14,89 — — 18,10 6,09 —

0,173 47,26 15,73 3,67 14,77 — — 13,18 3,06 —

0,081 36,06 13,93 6,97 15,16 — — 21,55 5,61 —

0,099 39,43 14,46 5,70 11,48 — — 21,48 5,86 —
0,125 35,18 14,78 7,14 20,52 — — 16,19 7,04 —
0,167 41,19 15,73 6,55 12,89 — — 17,41 7,27 —

0,100 38,11 20,70 5,65 12,24 — — 18,30 5,76 —

0,125 39,72 20,69 5,10 12,64 — — 16,94 5,41 —

0,122 36,94 17,94 6,63 16,20 — — 16,67 5,81 —

0,207 42,65 15,20 5,13 15,34 — • — 14,69 5,41 —
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c o n te n t of th e  b a tch es  can  be re g a rd e d  as s tab le  beg inning  from  sam pling  (a), 
(see T ab les I l i a  an d  I l l b )

O n basis o f p la n t  d a ta , we in v e s tig a te d  th e  cond itions of th e  process of 
desu lfu riz ing  reac tio n

[FeS] +  (CaO) =  FeO ) +  (CaS) (1)

b o th  concerning n ickel- free an d  n icke l- con ta in ing  b a tch es .
T he no rm al free en th a lp y  ch an g e  fu n c tio n  of reac tio n

[FeS] -)- CaOg =  FeO pj -f- C aS ^ (2)

in  a te m p e ra tu re  in te rv a l of 1400-Т-1700°С [7], is: AG\ =  —8372 10,53 T,
[cal/m ol].

T h e  values o f AG\  refer to  a sy s te m , w here th e  p u re  phases o f CaO(S), 
FeO(i) and  CaSp) are  p resen t. H o w ev er, th e  slags of our ex p e rim en ta l stee ls ar 
re a l  so lu tions, due to  w hich a co rrec tio n  h as  to  he added  to  th e  n o rm al free 
e n th a lp y  values (AGl) of re a c tio n  (2).

T he standard  s ta te  of pu re  ca lc ium  oxides a t  th e  te m p e ra tu re s  in  q u estio n  
is  a  p u re , solid s ta te ;  if  ta k e n  in to  a so lu tio n

CaOs — (CaO) (3)

th e  free  en th a lp y  change of th e  p rocess is:

AG3 =  19 000 — 6,61 T  - f  R T In a(Ca0) [cal/m ol].

P u re  calcium  sulfide a t  an  e x p e rim e n ta l tem p e ra tu re  is f lu id , th u s  th e  free 
e n th a lp y  change is

A G 4 =  R T  In a (CaS)

acco m p an y in g  its  d issolving
CaSj —>- (CaS) (4)

h as  to  he ta k e n  in to  co n sidera tion . B u t, s im ilarly , also th e  d isso lv ing  o f  t h e 
f lu id  iro n (II)  oxide:

F eO t (FeO ) ; (5)

— A G .  =  R T  In a (Fe0). (6)

T h e  free en th a lp y  o f th e  process to  be  observed  in  p la n t s tee l b a tch es , can  
be  ca lcu la ted  from  th e  follow ing fu n c tio n

AGe =  [FeS] +  (CaO) =  (FeO) +  (C aS ).

I t  is p robab le  th a t  calcium  su lfide  dissolves in  th e  slag  as a rea l com po­
n e n t ,  how ever, i ts  a c tiv ity  va lu e  is u n k n o w n . As its  c o n cen tra tio n  in  th e  slag
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is n o t h igh , i t  m ay  be  considered  as an  ideal b e h a v io u r  com ponen t and  its  
mole frac tio n s (X ) are ta k e n  as a basis  to  ca lcu la te  th e  correc tion .

T he ca lc ium -ox ide  a c tiv ity  w as de te rm in ed  b y  th e  te rn a ry  d iag ram  o f 
E llio tt (F ig . 5). T he a c tiv i ty  values o f th e  iron  (I l) -o x id e  com ponen t of th e  slag 
w ere d e te rm ined  on  basis  o f th e  P earso n  — T u rk d o g a n  te rn a ry  d iag ram  
(Fig. 6). T h e  m o la r f ra c tio n s  o f th e  basic  com ponen ts w ere ta k e n  in to  consid ­
e ra tio n  as X cao +  Xjvigo +  Cjvino, th o se  of th e  acid ic  ones as X sío2 +  * p2o6, 
th e  to ta l  iron  c o n te n t o f th e  slag as FeO .

S i02

S I 0 2 + P 2 0 5

Acta Technica Academiae Scientiarum Hungaricae 79, 1974
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Table IV

C alculation o f  the su lfur a c tiv ity  ( as ) in  p la n t-  steel batches contain ing nickel an d  fre e  o f  nickel

! N u m b e r
b a tc h

B a tc h  n u m b e r
N u m b e r

of
s a m p le

!grs

24  • 1 0 - »  • [C % ]

•g  '/3 i g y § 1srsr
lg  y£ 0 t v y f ö t T

a [S]

- 2 , 5  • 1 0 -*  • 
• [M n  %] 4 ,5  • 1 0 - ’ ■ [P %] - 2 , 3  • 1 0 -*  •

• [S  %]
- 2 , 2  • 1 0 -*  • 

* [ C r % ]
yS O lY  ■ [S  % J

l 75128 29 a 0,0456 0,00475 0,00090 0,00062 0,01034 0,03079 1,0735 0,0236
b 0,0264 0,0040 0,00081 0,00056 0,0088 0,01385 1,0322 0,0206

«
iS 2 26196 97 a 0,0672 0,0045 0,0063 0,00078 0,00484 0,05771 1,1421 0,0320
3 b 0,0456 0,0100 0,00072 0,00070 0,00506 1,03056 1,0739 0,0268

•1 3 26210-11 a 0,0696 0,0070 0,00063 0,00076 0,0044 0,05807 1,1431 0,0309
*->fiо b 0,0288 0,0065 0,00094 0,00070 0,00858 0,01396 1,0327 0,0258

4 26400-01 a 0,0300 0,00737 0,00065 0,00095 0,00781 0,01452 1,0340 0,0355
b 0,0264 0,0080 0,00063 0,00081 0,01364 0,00458 1,0106 0,0293

5 78752-53 a 0,0792 0,0033 0,0005 0,00101 0,0754 1,190 0,0428
b 0,0384 0,0040 0,00072 0,00056 0,0346 1,083 0,0217

6 91222-23 a 0,0984 0,0040 0,00063 0,00106 0,0940 1,242 0,0472
0) b 0,0288 0,0040 0,00081 0,00084 — 0,0248 1,059 0,0318

’S ? 91229-31 a 0,0700 0,0048 0,00050 0,00084 — 0,0669 1,166 0,0350
b 0,0312 0,0053 0,00063 0,00077 - 0,0258 1,061 0,0286

•2 8
20109-10 a 0,0576 0,0058 0,00063 0,00106 0,0514 1,126 0,0428

b 0,0360 0,0018 0,00063 0,00084 — 0,0340 1,082 0,0325
9 20115-16 a 0,0528 0,0030 0,00036 0,00090 — 0,0493 1,120 0,0358

b 0,0288 0,0030 0,00036 0,00084 0,0253 1,060 0,0318

szűcs,
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T h ere  are  no experim en ta l d a ta  concern ing  th e  th e rm o d y n am ic  a c tiv ity  
o f  iro n  (Il)-su lfid e . I t  was ca lcu la ted  from  re la tio n sh ip :

«[Fes]= r fa,,oy [FeS , % ]. (7)

O n  basis  o f th e  above, th e  eq u a tio n  o f th e  free e n th a lp y  fchange o f th e  
d e su lfu riza tio n  reac tio n  is m odified  as follow s:

у
AG6 =  — 21 372 +  17,14 T  +  R T  In (FeQ) ' (CaS) ’ [c a l/m o l] .

° [ F e S ]  ■ a (C aO )

I n  ou r ca lcu la tions th e  F e 20 3 c o n te n t o f th e  slag w as red u ced  to  FeO , 
while th e  su lfu r co n ten t to  calcium  (Il) -su lf id e  an d  th e  calcium -ox ide a m o u n t 
w as decreased  accord ingly .

T ab le  IV  shows th e  su lfu r a c tiv ity  in  th e  b a th s  of th e  b a tch es , w hile 
T ab le  У  co n ta in s  th e  free e n th a lp y  va lu es  o f th e  sam e b a tch es  ca lcu la ted  co n ­
cern in g  1600°C as well as p la n t te m p e ra tu re .

4. Sum m ation of the results

T he follow ing m ay be deduced  from  p la n t  experim en ts an d  th e rm o d y n a m ­
ic ca lcu la tio n s:

a) in  case of b o th  k in d s  of stee l th e  AG 6 values ca lcu la ted  concern ing  
p la n t te m p e ra tu re  are  re la tiv e ly  h igh  n eg a tiv e  figures. T h is m eans t h a t  th e  
su lfu r d is tr ib u tio n  is ra th e r  fa r  from  th e  equ ilib rium ;

b) in  case of a ll b a tch es , d u rin g  th e  tim e  (zlt) from  te s t  “ a ”  to  te s t  “ b ” , 
th e  d e su lfu riza tio n  reac tio n  ap p ro ach ed  th e  equ ilib rium ;

c) th e  decrease in  th e  AG6 v a lu e  o f n ickel-free b a tch es ca lcu la ted  co n ce rn ­
ing p la n t  te m p e ra tu re , — during  th e  tim e  (Zlt) from  te s t  “ a ”  to  te s t  “ b ”  — is 
m uch h ig h er, th o u g h  th e  d esu lfu riza tio n  reac tio n s even in  th is  case d id  n o t 
ach ieve th e  s ta te  o f equ ilib rium .

T hese o b serv a tio n s are  th e  m ore su rp ris in g  w hen considering  th e  changes 
in  th e  AG  va lu es  as specifica tions o f th e  tim e  betw een  th e  sam pling . T he 
re su lts  a re  sum m arized  in  T ab le  V I.

I t  can  be seen from  th e  T ab le , t h a t  th e  progress of th e  re a c tio n  w as slow er 
in  th e  case o f n icke l- co n ta in in g  b a tc h e s  th a n  in  th a t  of n ickel-free ones (in 
g enera l: 39,90 cal m o le -1  m in u te -1 ), v iz . in  th e  n ick e l-c o n ta in in g  b a tc h e s  th e  
d esu lfu riza tio n  reac tio n  ap p ro ach ed  th e  s ta te  of equ ilib rium  to  a lesser degree. 
W ith  th e  n ickel-free steels, th e  d e su lfu riza tio n  reac tio n  ap p ro ach ed  th e  s ta te  
o f e q u ilib riu m  m ore rap id ly  as — in  a u n i t  tim e  — it  sp e n t m ore from  th e  
m o tiv e  fo rce  th e  reaction .

W e m a y  th u s  s ta te  th a t  th e  re su lts  o f th e rm o d y n am ic  ca lcu la tio n s 
u n d ersco re  th e  em pirical experience t h a t  n ickel m akes (slows dow n) th e  
d esu lfu riza tio n  process of stee l m ore d ifficu lt.
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Table V

Free enthalpy values of plant- steel batches containing nickel
T

h
e 

b
at

ch

N
u

m
b

er

B a t c h
n u m b e r

N
u

m
b

er
 o

f 
sa

m
p

le n  S] [*. %] [ F e S ,  %]
a [FeS]

■g У(СаО) У(СаО) •̂ (СаО)
a(CaO)

У8*
• [ F e S ,  %] У(СаО) * 

• -̂ íCaO)

1 75128-29 a 1,0735 0,0220 0,0603 0,0647 0 ,78 -1 0,6026 0,5100 0,3070
b 1,0322 0,0102 0,0549 0,0566 0 ,75 -1 0,5624 0,4990 0,2806

4)Mо о 26196-97 a 1,1421 0,0260 0,0766 0,0875 0 ,71 -1 0,5130 0,5060 0,2600
*3 b 1,0730 0,0250 0,0685 0,0735 0 ,72 -1 0,5248 0,4840 0,2535
.s 3 26210-11 a 1,1431 0,0270 0,0740 0,0846 0 ,6 3 -1 0,4266 0,4290 0,1830
+->Йо b 1,0327 0,0250 0,0685 0,0707 0 ,6 5 -1 0,4467 0,4370 0,1950
и 4 26400-01 a 1,0340 0,0340 0,0932 0,0965 0 ,70 -1 0,5012 0,4200 0,2105

b 1,0106 0,0290 0,0795 0,0804 0 ,70 -1 0,5012 0,4650 0,2328

5 78752-53 a 1,1900 0,0360 0,0989 0,1178 0 ,7 0 -1 0,5012 0,2440 0,2125
b 1,0830 0,0200 0,0549 0,0594 0 ,80 -1 0,6310 0,4810 0,3035

'"<3 6 91222-23 a 1,2420 0,0380 0,1041 0,1292 0 ,60 -1 0,3981 0,3780 0,1509
о b 1,0590 0,0300 0,0823 0,0870 0 ,6 2 -1 0,4169 0,4090 0,1705

О 7 91229-31 a 1,1660 0,0300 0,0823 0,0958 0 ,65 -1 0,4473 0,3625 0,1621
VD b 1,0610 0,0270 0,0745 0,0785 0 ,65 -1 0,4470 0,4100 0,1833

Л 8 20109-10 a 1,1260 0,0380 0,1041 0,1172 0 ,80 -1 0,6310 0,3750 0,2366
нч b 1,0820 0,0300 0,0823 0,0870 0 ,75 -1 0,5625 0,3910 0,2199

9 20115-16 a 1,1200 0,0320 0,0877 0,0982 0 ,7 9 -1 0,6173 0,4190 0,2586
b 1,0600 0,0300 0,0825 0,0871 0 ,76 -1 0,5754 0,4310 0,2479
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and free of nickel at 1873-K and at plant temperature

°(CaS)

■X(CaS)
a (FeO)

o'
о

» § о
к

m
£
о
аe"

lg  K a R .T .  lg  ка AG%„3 к° Ĝ°87S К0

P
la

n
t

te
m

p
er

at
u

re
К

0

AGj! AGj>t plant.

0,0025 0,30 0,0378 -1,4231 -12194,54 4731,22 -7463,32 1883 4902,62 -7291,92
0,0028 0,34 0,0589 -1,2300 -10539,87 -5808,65 1883 4902,62 -5637,25
0,0030 0,32 0,0414 -1,3835 -11855,21 4731,22 -7123,99 1873 4731,22 -7123,99
0,0027 0,30 0,0432 -1,3650 -11696,68 -6965,46 1883 4902,62 -6794,06
0,0020 0,50 0,0652 -1,1858 -10161,12 4731,22 — 5429,90 1853 4388,42 -5772,70
0,0018 0,52 0,0676 — 1,1701 -10026,59 —5295,37 1893 5074,02 -4952,57
0,0035 0,40 0,0684 -1,1651 -9983,74 4731,22 -5252,52 1883 4902,62 — 5081,12
0,0051 0,40 0,0108 -0,9662 -8279,37 -3548,15 1888 4988,32 -3291,05

0,0019 0,43 0,0326 — 1,4868 -12740,39 4731,22 — 8009,17 1803 3531,42 -9208,97
0,0031 0,25 0,0431 — 1,3650 -11696,69 6965,47 1893 5074,02 -6622,67
0,0015 0,55 0,0414 -1,3830 -11850,93 4731,22 —7119,71 1793 3360,02 — 8490,91
0,0018 0,45 0,0547 — 1,2618 -10812,36 -6081,14 1873 4731,22 — 6081,14
0,0023 0,52 0,0758 -1,1203 -9599,85 4731,22 -4868,63 1823 3874,22 -5725,63
0,0030 0,40 0,0839 -1,0762 -9221,98 -4490,76 1883 4902,62 -4319,36
0,0017 0,30 0,0188 -1,7249 -14780,67 4731,22 -10049,45 1873 4731,22 -10049,45
0,0022 0,29 0,0328 — 1,4841 -12717,25 -7986,03 1893 5074,02 -7643,25
0,0037 0,33 0,0476 -1,3228 -11335,07 4731,22 -6603,85 1833 4045,62 -7289,45
0,0037 0,30 0,0514 -1,2896 -11050,58 -6319,36 1873 4731,22 -6319,36
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T a b l e  V I

Free enthalpy values calculated concerning 1600°C and/or plant temperature and concerning lime
unit cal/mole

T h e
b a t c h N u m b e r

A  t
m in u te

(AGa — AGb) 
(1 6 0 0  °C )

(AGa — AGb) 
( p la n t  t e m p e r ­

a tu r e )

(AGa — AGb)le00 °C (AGa - AG e)Ta
m in u te  m e a n m in u te  m e a n

co
nt

ai
ns

 n
ic

ke
l

i 30 -1654,67 -1654,67 -55 ,16 —55,16
2 35 — 158,53 -329,93 -  4,53 -23,41 -9 ,4 3 -2 8 ,8 4
3 45 -134,53 -820,13 -2 ,9 9 -18,22
4 55 —1704,37 -1790,07 -30,99 -32 ,54

1s 
ni

ck
el

-fr
ee 5 35 -1043,70 -2586,30 — 29,82 —73,89

6 25 -1038,57 -2409,77 —41,54 -96 ,39
7 35 -377,87 1406,27 — 10,79 -39,90 -40,18 -7 5 ,8 5
8 20 -2063,42 -2406,20 103,17 120,31
9 20 284,49 970,09 -14,22 48,50
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Physikalisch-chemische Untersuchung der Einwirkung des im Stahlbad gelösten Nickels 
auf die Entschwefelung. In der Arbeit werden die Ursachen für das besondere Verhalten der 
chrom-nickelhaltigen (max 3,5% Ni) Stähle bei der Entschwefelung auf Grund von Betriebs­
erfahrungen und thermodynamischen Berechnungen untersucht. Es wurde festgestellt, daß 
das Fortschreiten der Entschwefelungsreaktion in nickelhaltigen Stahlchargen wesentlich 
langsamer war als in nickelfreien Chargen. Bei den letzteren näherte sich die Entschwefelungs­
reaktion schneller dem Gleichgewichtszustand, weil von der Triebkraft der Reaktion pro Zeit­
einheit mehr verbraucht wurde. Die Untersuchungen bestätigen die in der Praxis gemachte 
Erfahrung, daß Nickel die Entschwefelung des Stahls behindert.

Физико-химическое исследование десульфирующего действия никеля, растворен­
ного в стальной ванне. В работе исследуется причина особого поведения при десульфиро­
вания хромо-никелевых сталей (макс. 3,5% никеля) при использовании данных производ­
ственного опыта и термодинамических расчетов. Установлено, что протекание процесса 
реакции десульфирования в никелесодержащих плавках стали является более медленным, 
чем в случае плавок, свободных от никеля. В случае последних реакция десульфирования 
быстрее приближалась к состоянию равновесия, так как из движущей силы реакции за 
единицу времени было использовано больше. Проведенные исследования подтвердили то 
определение, установленное также практически, что никель тормозит десульфирование 
стали.
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STRUCTURAL SYNTHESIS OF PRESS FRAMES 
HAYING COLUMNS AND CROSS BEAMS 

OF WELDED BOX CROSS-SECTION

J. FARKAS*
C A N D . T E C H N .  S C I.

[Manuscript received December 6, 1973]

A complex design procedure is presented for the welded box sections of a press 
frame having two columns and two cross beams. Both the frame and the cross-sections 
are of double symmetry. Only a centric loading is considered. The eight unknown sizes 
of the sections are calculated by means of a systematic treatment of the following con­
ditions: constraints of maximum bending and shear stresses, limitation of maximum 
deflection of cross beams, conditions of local buckling of flange and webs of cross beams, 
criterion of minimum volume and limitation of the ratio of flange thickness to web 
thickness, in order to avoid lamellar tearing of weld-affected zone of box sections. In 
the calculation of deflection, the shear deformation must be taken into account. The 
inner space of work must also be guaranteed. In the calculation of bending stresses of 
cross beams, corner moments can be neglected, but in column design they must be con­
sidered.

Symbols

A
A n — V nh
B, L ÿ
b
C0, C,
E
F

f
G
h
I
К
M

s
T
V

f  =  sllhl
» = h l h
u
Ц =

1 =  6 //

cross- sectional area
cross- sectional area of webs (Fig. 1)
sizes of inner space of work (Fig. 1)
sizes of the frame (Figs 1, 2; Eqs 21, 22)
constants (Eq. 31)
modulus of elasticity
pressing force
displacement (Fig. 2)
shear modulus
height of webs (Fig. 1)
moment of inertia
section modulus
bending moment
safety factor
statical moment
width of flanges (Fig. 1)
shear force
volume
thickness of flanges (Fig. 1) 
thickness of webs (Fig. 1) 
web buckling ratio (Eqs 6, 7) 
flange buckling ratio (Eq. 8) 
a parameter (Eq. 15, Fig. 3) 
a parameter
length of pressing- force distribution (Fig. 2) 
a parameter (Eq. 15, Fig. 3)
Poisson’s ratio 
a parameter

* Dr. J. F a r k a s ,  Nehézipari Műszaki Egyetem, Miskolc-Egyetemváros, Hungary
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О

Тт
ФО’ Фп Фч
<р =
Vm

coefficient of shear-stress distribution (Eqs 14, 15; Fig. 3)
allowable normal stress
allowable shear stress
angular deformations (Eq. 2, Fig. 2)
a parameter (Eq. 25)
allowable ratio of displacement (Eqs 9, 19)

S ubscripts

1 for cross beams
2 for columns

1. Introduction

W elded fram es a re  w idely  used  fo r v a rious ty p e s  o f  p resses of la rg e r 
lo ad -ca rry in g  c a p a c ity , e. g. h y d rau lic  presses fo r v u lc a n iz a tio n  o f ru b b e r, 
p ressin g  of p lastics, e tc . A  design m eth o d  h as  been  w orked  o u t fo r such presses, 
h a v in g  open sec tion  co lu m n s, b y  N u d elm a n  [12, 13], b u t  V o r o n in  [8] p o in ted  
o u t  th a t  open-section  co lum ns are v e ry  sensitive  to  w arp in g  to rs io n  due to  
eccen tric  pressing. T h u s , i t  is m ore ad v an tag eo u s  to  use  w elded  b o x  sections 
in s te a d  of open ones. E x p e rim e n ts  ca rried  o u t b y  K il p  [4] h av e  show n th a t  
th e  sensitiv ity  to  th e  eccen tric  pressing  of a w elded fram e is less th a n  th a t  o f a 
c a s t one.

Presses of la rg e  lo ad -ca rry in g  c a p a c ity  m ay  co nsist o f tw o or m ore 
w elded  fram es. T h ere  a re  some fea tu re s  w hich  designers h a v e  to  consider: th e  
in n e r  space of w ork  (sizes L and  В in  F ig . 1) m u st be  g u a ra n te e d ; th e  shear 
d efo rm ations of th e  cross g irders shou ld  be ta k e n  in to  acco u n t; th e  ra tio  of 
f la n g e  th ickness to  w eb  th ickness m u s t be lim ited  to  av o id  lam e lla r te a rin g
[3] o f w eld-affected  zones. T hese special c o n s tra in ts  w ere, u p  to  th e  p resen t, 
n o t  ta k e n  in to  co n sid e ra tio n . Sc h w e e r  [7] d id  n o t ta k e  in to  acco u n t shear 
d e fo rm ations, in  th e  b o o k  [10] box  sec tions w ere n o t tr e a te d  a t  all.

a-a
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T he aim  of th e  p re sen t p a p e r is to  give a m ore com plex  s tru c tu ra l sy n th e ­
sis, ta k in g  in to  acco u n t n o t only  th e  co n stra in ts  of s tre n g th  a n d  defo rm ation  
b u t  also th e  special cond itions of geom etry  and w elding tech n o lo g y  m entioned  
ab o v e . P rager  has also show n [5] th a t  a wide range  o f c o n s tra in ts  m ust be 
ta k e n  in to  co nsidera tion  in  o rd er to  o b ta in  a rea lly  p ro d u c ib le  con stru c tio n .

I t  should  he n o te d  th a t  th e  a u th o r  co llabo ra ted  a t  th e  te s t  series carried  
o u t in  th e  la b o ra to ry  of Csepel In d iv id u a l M achine W orks on a w elded m odel 
an d  on a p ro to ty p e  o f a 10000 k N  (1000 Mp) press fo r th e  v u lcan iza tio n  of 
ru b b e r . T he s tra in  an d  d eflec tion  m easu rem en ts show ed t h a t  stresses and  
defo rm atio n s can be ca lcu la ted  b y  tre a tin g  th e  c o n stru c tio n  as a sim ple closed 
fram e  h av in g  c o n s ta n t cross sec tion  rods (the  d ifference b e tw een  th e  ca lcu la ted  
an d  m easured  values w as a b o u t 10% ), excep ting  stress co n c e n tra tio n s  occurring  
a t  th e  corners. T he corners m u st he carefu lly  designed b y  u sin g  rounded , 
s tiffened  and  th ick en ed  in n e r flanges to  avoid la rg e r stress  co n cen tra tio n s 
w hich  can  cause low -cycle fa tig u e . Some exp erim en ta l s tress  d a ta  and design 
consid era tio n s re la tin g  to  such corners can  be found  in  [4, 6, 8].

2. Considerations

1 .  T he fram e h a s  th re e  axes o f sym m etry .
2. T he cross sec tions of tra n sv e rse  g irders an d  co lum ns are  c o n s tan t and  

doub le  sym m etric .
3. T he corners a re  so designed th a t  a co n s tra in t re la tin g  to  th e  stresses 

in  co rners should  n o t be considered . I t  is recom m ended  to  ta k e  a low er 
v a lu e  of allow able s tre ss  am to  avo id  low -cycle fa tig u e  a t  th e  corners.

4. T he s ta te  o f s tre ss  is e lastic , H ooke’s law  is v a lid .
5. T h e  to rs io n  due  to  eccen tric  load  m ay  be  neg lec ted .
6. T h e  load is u n ifo rm ly  d is tr ib u te d  over a considerab le  p a r t  of cross 

b eam s (F ig . 2, len g th  XI), th e re fo re , th e  m ax im um  b en d in g  m o m e n t and  th e  
m ax im u m  shear force do n o t occur in  th e  sam e section .

3. Design conditions

1. C o n stra in t o f m ax . stress due to  bend ing  a t  th e  c e n te r  o f th e  tr a n s ­
verse  beam s:

^ lm a x  ^ lm a x /^ - 1  ^  °"m • (-0

T he bend ing  m o m en t a t  th e  corners can  be ca lcu la ted  from  an  eq u a tio n  
re la tin g  to  th e  an g u la r d e fo rm atio n s accord ing  to  F ig . 2:

M = ---- ^ —  (2)
<Pl+ <p2
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F i g .  2

w here

*Ро —
F l2 (З1-  Я2) _ 

48 Е 1 Х ’
<Pi =

I b
--------   ;  w о = -----------.
2Е 1 г 2 E I . ,

I x a n d  I 2 are th e  m o m en ts  of in e r tia  o f cross beam s a n d  co lum ns, re sp ec tiv e ly . 
U sing  sym bols & =  J i / I 2 an d  £ =  bll, E q . (2) becom es

T h u s ,

EL 3 - ;-2
24 1 +  ÇÏÏ '

M — M1,Jlm ax  max M  =
FI ( 2 - 1 )

8
E l
24

3 - Я 2

l  +  l # ‘

(3)

(4)

I t  should be n o te d  th a t  th e  ca lcu la tio n  of th e  co rn e r m o m en t in  [14] is 
erroneous because th e  sh ear does n o t cause any  a n g u la r  d isp lacem en t a t  th e  
co rners.

2. C o nstra in t o f m ax  sh ear stress  in  th e  tra n sv e rse  g irders, using  an  
ap p ro x im a tio n

1,2T„
l lm ax =

1 ,2 F
2vsih1

<  r„ (5)

3. C ondition  o f c ross-beam -w eb  buckling  caused  b y  shear

xkr 5,35л:2E  I vgi 2
n h 12 (1 — V2 )  nh \2h1

( 6 )
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or

vgi l 2 ^ ß h  1 (7)

Tiji =  1,35 sa fe ty  fac to r; v =  0,3 P o isso n ’s ra tio , E  =  2Д .105 N /m m 2 =  2,1.10®
k p /c m 2.

W ith  r m =  92 N /m m 2 is ß =  1/90. B ecause o f th e  p resence  o f h en d in g , 
i t  is reco m m en d ed  to  ca lcu late  w ith  a v a lu e  ß  =  1 /60-^1/80.

4. C ond ition  of cross-beam -flange b u ck ling  m ay  be w ritte n  as

«x />  àsx , (8)

ta k in g  in to  acco u n t th e  effect o f re s id u a l w elding stresses ô =  1 /30-^1/40 .
5. C o n s tra in t o f m ax  re la tiv e  d isp lacem en t b e tw een  th e  c e n tra l p o in ts  o f 

th e  cross beam s:

f l  = f l M  + / l T  +  f 2N 5 s/lm  — Vim*- (9)

y)lm is th e  a llow able ra tio  of d isp lacem en t, гр1т =  1/800-^-1/1000. D eflec tio n  of 
th e  cross g ird e r due to  bend ing

FI3 (8 — 4A2 - f  A3) M l2 
Ш ~  384E I X 8E l ,

(10)

' ■ - ■ # + 4 ft‘ Г  Г -
( H )

D eflec tio n  d u e  to  shear d e fo rm ation

/ 1 Г =  q F I  (2 A) 
8 G A 1

(12)

w here
A x =  vglh x +  2 s1v1 (13)

an d

e =  —  f  Í— Г а д . (14)

Q is th e  coeffic ien t o f shear-stress d is tr ib u tio n , S x s ta tic a l m o m en t. I n  th e  case 
o f a b o x  sec tio n  (see also [2]) is

v dx -f-
rhilz ’ V l « l  , 1 <h2

V2I 2 Vgid.y

Jo . 4 i  2 4 y Y\ 2

U sing sym bols /л =  vgJ2v1 and  Ç =  s i lh x, fo rm ula  (14) becom es

e =  (2 +  1 < H  +  15№  +  5 K 3) . (15 )
5 (1 +  3nQf
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Fig. 3

Som e values of q a re  show n in Fig. 3. A p p ro x im a tiv e  is q ш  A / A g. N ote  th a t  
a ca lcu la tion  m eth o d  o f shear defo rm atio n s is g iven  in  [11].

T he h a lf e lo n g a tio n  of colum ns is g iven  b y

w here

6. C o nstra in t o f m a x  stress in  co lum ns:

(16)

(17)

ff2max —
M

A ,
< : <*n (18)

7. C ondition  fo r  th e  m ax h o rizo n ta l d isp lacem en t a t  th e  cen ter o f a 
co lum n:

f z = ^ ~ - < 4 > 2 m b .  (19)
О t i l  2

8. In  order to  s im p lify  th e  p ro d u c tio n , it  is su itab le  to  ta k e

S  -l —  S n —  s  > ( 20)

9. G eom etrical re la tio n s  b e tw een  th e  sizes of in n e r space of w ork and  th e  
sizes o f fram e (F ig . 1):

b =  В  +  h {, 

l =  L  +  h 2 .
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10. R ela tio n s b e tw een  th e  flange  an d  web th icknesses defined  in  o rd er to  
avoid  lam ella r te a rin g  (accord ing  to  [9]):

«1 >  0,7vgl/2 , (23)

»2 >  0,7v /2 • (24)

11. F o r th e  reasons of p ro d u c tio n  i t  is useful to  ta k e

V =  h 2/h 1 >  cpmin , (25)

<Pmin =  0,3 -F 0,5 .

12. C ondition  of m in im um  vo lum e:

V ш  2A xl -|- 2A.,b =  m in . (26)

4. S tru c tu ra l synthesis

In  th is  special case of load ing , th e  cross g irders are load ed  b y  bend in g  an d  
sh ea r, th e  m ain  load  of th e  colum ns is, how ever, th e  ten sio n . F o rm u la  (3) 
show s th a t  th e  co rner m o m en t decreases w hen  I 2 decreases. T h u s , i t  w ould  be 
usefu l, accord ing  to  (25), to  ta k e  th e  v a lu e  of <p as sm all as possib le. W hen  
<P =  Ç’min, I i  125 nam ely  #  >  10. In  th is  case, som e sim pler fo rm ulae  can  be 
u sed , neg lec ting  M  in  (4) an d  in  (10).

I t  can  be seen th a t ,  fo r th e  ca lcu la tio n  of e igh t u n k n o w n  sizes, th e re  are  
tw elv e  cond itions as follow s: (1), (5), (7), (8), (9), (18), (19), (20), (23), (24), (25) 
an d  (26). B ecause M  is re la tiv e ly  sm all con d itio n , (19) m ay  be neg lec ted . I t  
w ill be show n th a t  cond itio n  (23) w ill be sa tisfied  au to m a tica lly . In  o rd er to  
m in im ize th e  vo lum e, th e  th icknesses d e te rm in ed  b y  b u ck ling  cond itions (7) 
an d  (8) m u st be ta k e n  as sm all as possib le.

F u r th e r , E q . (26) can  he w ritte n  as

VI2l =  A x +  M z
w here

. b В  I  h, В
ç =  — =  — --- —— es; —  =  c o n s t . ,

l L  —j-  h t f  L

an d , one can  assum e th a t  A 2 is ap p ro x , in d ep en d en t of A x (see E q . (38) ), th u s , 
in s te a d  o f (26) it  m ay  be w ritte n  as

A  j =  m in. (27)
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T h en , th e  p ro p o sed  design p ro ced u re  is as follow s:
1. T he fo u r sizes o f th e  cross b eam s m ay  be ca lcu la ted  using  (1), (7), (8) 

an d  (5) or (27).
2. T ak in g  s 2 =  s x an d  h 2 =  (pminh\, th e  rem ain in g  tw o  un k n o w n  sizes 

o f th e  co lum n sec tio n  m a y  be ca lcu la ted  b y  m eans o f  (24) an d  (9) or (18).

5. D etailed  design procedure

U sing (5) an d  (7) we o b ta in

h i T =  I  ~ (28)

W ith  (13) E q . (1) can  be w ritte n  in  th e  form

h x 6 2 3
(29)

F ro m  (29), ta k in g  in to  accoun t (7), we o b ta in

^    2 max 4 ßh \

1 <*тК 3

W ith  a p p ro x im a tio n  M  =  0 in  (4), considering  (22), E q . (30) can  be w ritte n  as

(30)

w here

(31)

F ro m  th e  cond itio n

we o b ta in

(32)

T h is fo rm ula  is th e  sam e as th a t  o b ta in ed  in  [1]. T he su itab le  value of h } is th e  
la rg e r  one from  (28) an d  (32).
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T hen , from  (7) 

W ith  (29) and  (8)

s i

and

v i — àsi •

(33)

(34)

(35)

N o te  th a t  in  th e  case of a b o x  sec tion  o p tim ally  designed  fo r ben d in g , accord ing  

to  [1], th e  follow ing re la tio n  is v a lid : =  h ^ ß / ö ;  w hen  ß  =  1/60 and  ô =  1/30,
th e n  sx =  0,7hx, th e re fo re , co n d itio n  (23) is sa tisfied  b ecau se  (23) can  be w ritte n  
in  th e  form  <5sx 0,7 ßh± or />  0,35/^.

W hile

(36)
cpê

an d  considering #  —>  o o ,  E q . (18) can  be w ritte n  as

F  , FLcp (3 — A 2 )  ^
H----------------------- 5L <rm .

2 A 2 2 4 K tf

U sing (29), from  (37) we o b ta in

Л 2м  —
2crm 1 - <P( з - я 2)

(37)

(38)

3 £ ( 2 - A )

O n th e  o ther h a n d , from  (9), considering  (16), (22), (23)

(39)

w h e re / lAI should  be  ca lcu la ted  b y  m eans of (10) assum ing  t h a t  M  ô i  0. F u r th e r  
ca lcu la tions m ay  be  carried  o u t w ith  th e  larger A 2 v a lu e  fro m  E q s  (38) and  (39). 

U sing (17) an d  th e  eq u a tio n

vg2 an d  v 2 can  be expressed  b y

3Ki , 3a 2
vs2 = ----------1- H--------±

s <рЩ 2 h 2

(40)

(41)
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and

V
3 K x A 2

(42)
4s

S u b s titu tin g  (41) and  (42) in to  (24), we o b ta in

(43)

6. N um erical example

According to (28) hxj- =  104 cm; using (32) hxj^ =  82,5 cm, thus hx =  105 cm (rounded); 
with (7) VgXß  =  1,8 cm. h„ =  <phx =  42 cm. According to (22) l — 192 cm, with (34) s, =  s2 =  
=  s = 52 cm and with (8) vx =  1,8 cm. It can be seen that condition (23) is fulfilled.

Using (11) I , =  8,82 • 10“ cm4, with (10), taking M  =  0, we obtain/,д{ =  4,16 • 10-2 
cm; for the values of /< =  1 and C =  0,495 formula (15) gives q =  1,64. Further, according 
to (13), A x =  565 cm2 and with (12) f x-p =  8,13 • 10-2 cm. According to (9) f lm =  0,24 cm. 
Using (21) b =  385 cm. Then, using (39) A „ j=  217 cm2. With £ =  fc/f =  2,0 Eq. (38) gives 
A 2m  — 222 cm2. Thus, A 2 =  222 cm2. From Eq. (43) # =  13,5. Finally, Eqs (41) and (42) give 
t)g2/2 =  1,4 cm and v2 =  1,0 cm, resp.

Control of the fulfilment of design conditions: according to (3) M  =  4,57 • 106 cmN, 
with (4) M imax =  Mmax — M  =  2,24 • 10s — 4,57 • 106 =  2,19 • 10s cmN. It can be seen 
that the corner moment M  is small as compared to Mmax. Condition (1): <rimax =  135 <  
<  140 N/mm2. Considering also the value M, Eq. (10) g ives/,^  =  4,16 • 10-2 -  1,13 • 10-3 =  
=  4,05 • 10_2cm; with (16) (A 2 =  221 cm2) / 2̂  =  1,15 • lO-1 cm. Condition (9) is fulfilled 
because/i =  4,05 • 10~2 +  8,13 • 10“2 +  11,5 • 10 -2 =  0,237 <  0,240 cm.

It can be seen that the values of and / 2jy are considerably greater than that of f XM' 
Condition (18) is also fulfilled because

Note that the stress of value 15,4 N/mm2 caused by M  is small, but not negligible as compared 
with the value 125 N/mm2.

The condition (19) is also fulfilled because f 2 is very small: f 2 — 0,0615 <  0,48 cm.

1. F a r k a s , J.: Festigkeitseigenschaften von geschweißten, auf Biegung optimal bemessenen
I- und Kastenträgern. — Acta Techn. Hung. 66 (1969), 427—439

2. F a rk a s , J.: Fémszerkezetek. (Metal Constructions. A university text-book in Hungarian)
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D a ta : F  — 5,5 • 10e ]N ( =  550 M p); L  =  150 cm ; B  =  280 cm ; am =  140 
N /m m 2 (steel 37); r m =  92 N /m m 2; E  =  2,1 • 105 N /m m 2; G =  8 • 104 N /m m 2; 
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K o n s t r u k t i o n s s y n t h e s e  v o n  P r e s s e n g e s t e l l e n  m i t  S t ä n d e r n  u n d  Q u e r t r ä g e r n  g e s c h w e i ß t e n  
K a s t e n q u e r s c h n i t t s .  Der Artikel behandelt ein komplexes Bemessungsverfahren für die 
geschweißten Kastenquerschnitte von Pressengestellen mit zwei Ständern und zwei Quer­
trägern. Der untersuchte Rahmen und die Querschnitte sind doppelsymmetrisch. Nur eine 
zentrische Belastung ist berücksichtigt. Zur Berechnung der acht unbekannten Abmessungen 
der Querschnitte dienen die folgenden Bedingungen: Begrenzung der maximalen Spannung 
aus Biegung und Schub, Begrenzung der maximalen Durchbiegung der Querträger, Beulbe­
dingungen der Gurt- und Stegbleche von Querträgern, Bedingung des minimalen Konstruk­
tionsvolumens und Begrenzung des Verhältnisses von Gurt- und Stegblechdicken um die 
Lamellarrissigkeit der Nahtzonen von Kastenquerschnitten zu verhindern. Bei der Berechnung 
der Durchbiegung von Querträgern sind die Schubverformungen zu berücksichtigen. Man 
muß die vorgeschriebenen Abmessungen des Arbeitraums auch garantieren. Bei der Berech­
nung der Spannungen und Durchbiegungen von Querträgern kann man die Eckmomente 
vernachlässigen, bei der Bemessung von Ständern müssen aber diese berücksichtigt werden.

Конструкционный синтез станин прессов со стойками и поперечинами сварного 
Коробчатого сечения. Предложен комплексный расчетный метод сварных коробчатых 
сечений станин прессов с двумя стойками и двумя поперечинами. Рама и сечения имеют две 
оси симметрии. Рассматривается только центральное нагружение. Для определения 
восьми неизвестных размеров сечений использованы следующие условия: условие, ограни­
чивающее наибольшее напряжение от изгиба и сдвига и наибольший прогиб поперечин, 
условия местной устойчивости поясов и стенок поперечин, критерий наименьшего объе­
ма конструкции и предписание отношения толщин пояса и стенки для предотвращения 
расслаивания околошовных зон коробчатых профилей. При расчета прогиба поперечин не­
обходимо учитывать действие поперечных сил. Данные размеры рабочего пространства 
станины надо тоже обеспечить. При расчете напряжений и прогиба поперечин узловыми 
изгибающими моментами можно пренебречь, но при проектировании стоек надо их 
учитывать.
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APPLICATION OF CONFORMAL MAPPING 
TO TRANSIENT TILE DRAINAGE

A. SORIANO* R. J. KRIZEK**, I. GYUK***

[Manuscript received July 7, 1973]

The problem of transient drainage toward a tile drain in an aquifer of finite depth 
involves the solution of Laplace’s equation within a strip domain bounded by a curved 
and moving free surface, a straight impervious boundary, and a small circular drain 
contour within the domain. Application of conformal mapping allows the problem to 
be stated in a new plane in which the moving free surface and the impervious boundary 
are mapped into fixed straight lines, whereas the drain is mapped into an upward moving 
closed contour. The boundary conditions of the problem in the new plane are time- 
dependent, and the potential and mapping functions appear coupled. This system of 
boundary conditions is expanded into a series of time-independent systems in terms of 
the coefficients of the Taylor- series expansions for all functions entering the problem. 
Two operations, termed “Complex Integration” and “Complex Regularization”, allow 
a solution to be found for each of these systems up to third order of the time- power 
expansion. Finally, a parameter study is performed with the use of a digital computer, 
and the effect of different variables is evaluated.

1. In tro d u c tio n

A tim e -d e p e n d e n t conform al m a p p in g  is ap p lied  to  th e  prob lem  of 
tra n s ie n t  flow  to w a rd  a tile  d ra in  a hom ogeneous, iso tro p ic  aqu ifer of fin ite  
d e p th . As show n in  F ig . 1, th e  strip  do m ain  o f th e  flow  is b o u n d ed  b y  a cu rv ed  
an d  m oving  b o u n d a ry  ( th e  free surface), a fix ed  s tra ig h t line  (th e  u n d erly in g

Fig. 1. Statement of the problem

* Antonio Soriano, Ingeniero de Caminos, Madrid, Spain.
** Raymond J. Krizek, Professor of Civil Engineering, The Technological Institute, 

Northwestern University, Evanston, Illinois.
*** Imre Gyuk, Research Associate, School of Architecture, University of Wisconsin — 

Milwaukee, Milwaukee, Wisconsin.
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im perv ious b o tto m ), an d  a sm all closed curve (the d ra in ). B y use of a com plex  
p ressu re  p o ten tia l, th e  govern ing  fie ld  e q u a tio n  (L ap lace’s equa tio n ) is a u to ­
m a tic a lly  sa tisfied , an d  th e  b o u n d a ry  cond itions can  be s ta te d  b y  assum ing  
D a rc y ’s law . The in itia l co n d itio n  fo r th e  com plex p ressu re  p o te n tia l co rresponds 
to  a h o rizo n ta l free su rface , an d  i t  is fo u n d  b y  app ly ing  th e  m eth o d  of im ages. 
T o  overcom e th e  d iff icu lty  asso c ia ted  w ith  th e  free b o u n d a ry , th e  tra n s fo rm a ­
tio n  is such th a t  th e  free surface is a lw ays m apped  in to  th e  fixed  rea l ax is of 
th e  new  p lane , w hile th e  s tra ig h t b o tto m  b o u n d a ry  is u n ch an g ed . T he m o tio n  
o f  th e  free surface to w a rd  th e  d ra in  is rep resen ted  in  th e  new  p lane b y  an  
u p w a rd  m otion  of th e  d ra in . O nce s ta te d  in  th e  m apped  p lan e , th e  p rob lem  is 
so lved  b y  ex pand ing  th e  b o u n d a ry  cond itions in  a T ay lo r series of tim e , an d  
th e  resu ltin g  series of t im e -in d e p e n d e n t equations are solved b y  use of tw o  
o p era tio n s, w hich a re  te rm e d  com plex  in te g ra tio n  and  com plex  reg u la riza tio n . 
T h is  approach  y ields th e  d efin itio n  o f th e  f irs t four te rm s  o f th e  T ay lo r-series 
ex p ansion  of th e  m ap p in g  fu n c tio n , w hose value a t  th e  rea l axis gives th e  
p o sitio n  of th e  free su rface .

2. M athem atical statem ent of the problem

T he com plex fu n c tio n , P,  chosen  to  desribe th e  flow , is re la te d  to  th e  
a c tu a l p ressu re, p ,  b y

R  e { P }  =  - - P -  (1)
yJtl

w here  y  is th e  w eight d e n s ity  of w a te r  an d  H  is th e  d e p th  o f th e  im perv ious 
b o u n d a ry  from  th e  o rig inal free su rface . T he coo rd inate  sy stem  and  tim e  ax is 
to  w hich  th is  fu n c tio n  is referenced  a re  norm alized  b y  use  o f th e  th ick n ess  of 
th e  aqu ifer, i f ,  an d  th e  tim e  u n it ,  tu, defined  as

m H

w here  m  is th e  effective p o ro s ity  o f th e  aquifer an d  к  is th e  coefficient of 
p e rm eab ility . T he fie ld  eq u a tio n  fo r th e  dim ensionless com plex  fu n c tio n , P,  
is L ap lace’s eq u a tio n , w hich w ill be au to m a tica lly  sa tisfied , p rov ided  P  is 
reg u la r  w ith in  th e  d om ain . T he b o u n d a ry  cond ition  a t  tb e  free surface is 
expressed  by  th e  co n stan cy  o f th e  p ressu re  during  th e  d ra in ag e  process. T h is 
m a y  be expressed m a th e m a tic a lly  as
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w here * rep laces th e  equa tion  of th e  u n k n o w n  free surface and  z a n d  т are  
th e  d im ensionless com plex co o rd in a te  of th e  x y  p lane and  tim e , re sp ec tiv e ly . 
T he b o u n d a ry  co n d itio n  a t th e  b o tto m  is g iven  by  th e  fact th a t  th e  v e r tic a l 
(or im ag in a ry ) com ponen t of th e  p ressu re  g ra d ie n t a t  th is  b o u n d a ry  is equal 
to  th e  h y d ro s ta tic  p ressu re  g rad ien t, w hich  is u n ity  in  th is  d im ensionless sy s tem ; 
m a th e m a tic a lly , th is  becom es

I in (4)

T he b o u n d a ry  co n d itio n  a t the  d ra in  is one of co n stan t a tm ospheric  p ressu re  
along its  co n to u r, and  th is  m ay be s ta te d  as

R e { P } ,=(a+ô), .=  0 (5)

w here a  =  h jH  is th e  dim ensionless d e p th  o f d ra inage  and d is an y  com plex  
n u m b er w hose m odulus is the  d im ensionless d ra in  rad ius. The in itia l co n d itio n  
for th e  p ro b lem  is th a t  th e  o rig inal free su rface  is h o rizon ta l an d  co inc iden t 
w ith  th e  rea l ax is , x. T he com plex p ressu re  p o te n tia l  a t t =  0 is fo u n d  b y  a p p ly ­
ing th e  m e th o d  o f im ages.

3. A pplication of m eth o d  o f im ages

T he in itia l cond ition  of th e  p ro b lem  is described  by  a com plex  p o te n tia l  
fu n c tio n

P o  =  { Р}т= 0 (6)

w ith in  a s tr ip  do m ain  bounded  b y  a s tra ig h t eq u ip o ten tia l line (y =  0), a 
s tra ig h t line (y  =  1) a t  w hich th e  im a g in a ry  p a r t  of its  deriv a tiv e  is specified , 
an d  a sm all c ircu la r eq u ip o ten tia l b o u n d a ry  rep resen tin g  th e  d ra in . I f  P 0 is 
assum ed  to  h a v e  th e  s tru c tu re

P о — U 0 -)- i z ,

th e  b o u n d a ry  cond itions for U 0 are

91/,
Re

Im

Re

dz 

9 U
y=o

d U p l
d z  f y=1dz

dUo
dz

0 .

0 ,

=  0 .
Z = ( a + Ô ) i

( V

( 8 )

(9)

( 10)
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To fin d  such a fu n c tio n  we seek th e  p o te n tia l  fie ld  associated  w ith  a sink  
lo ca ted  a t  th e  d ra in  cen te r  and  its  source an d  s ink  im ages w ith  resp ec t to  th e  
b o u n d aries; th e  re su ltin g  fie ld  is sym m etric  w ith  re sp ec t to  th e  axis y  =  1 an d  
an tisy m m etric  w ith  re sp e c t to  th e  axis y  =  0. T h e  sy m m etry  w ith  re sp e c t to  
an  axis im plies t h a t  th e  ax is is an  im perv io u s lin e , an d  th e  an tisy m m e try  w ith  
re sp ec t to  th e  o th e r  ax is  im plies th a t  th is  ax is  is an  eq u ip o ten tia l line . T he 
rep lacem en t of th e  d ra in  b y  a s in g u la rity  is done on th e b a s is  th a t  th e  e q u ip o te n ­
t ia l  lines n e a r th e  s in g u la rity  can be assum ed  to  b e  circles; hence, th e  sm all 
c ircu la r e q u ip o te n tia l b o u n d a ry  of th e  d ra in  is closely  rep resen ted . T he re la tio n  
b e tw een  th e  flow  ra te  an d  th e  residue o f th e  d e r iv a tiv e  of th e  p o te n tia l fu n c tio n  
a t  th e  s in g u la rity  can  be found  by  in te g ra tin g  a long  th e  d ra in  c ircum ference:

q =  lm  {(j) V dz} ( И )

w here v is th e  d im ension less com plex d isch arg e  v e lo c ity  w hich is re la te d  to  th e  
p o te n tia l fu n c tio n  b y

v = m
d u ,

dz
( 12)

S u b s titu tio n  o f E q . (12) in to  E q . (11) y ie ld s

q  =  Im  |ф т  =  2тст R e {R esidue}. (13)

To avoid  fu r th e r  use o f th e  fac to r m ,  a d im ension less flow  ra te , q is d efin ed  as

q  =  ——  =  2 R e I  R esidue}. 
Tim,

(14)

W ith  th is  re la tio n  b e tw een  th e  d ra in  an d  th e  s in g u la rity , th e  p o te n tia l fie ld  
can  he found , an d  th e  d is tr ib u tio n  of sinks an d  sources is given in  F ig . 2. T he 
p o sitio n  o f th e  s in g u la ritie s  is described  b y

X „ =  (2i* -  l ) i  ±  (1 — * )i (15)

w here sources a re  assoc ia ted  w ith  even v a lu es  of n  an d  sinks w ith  odd v a lu es  of 
n .  T he p o te n tia l fie ld  associa ted  w ith  th is  d is tr ib u tio n  of sinks and  sources is 
described  b y

( - 1) (i6 )
dz  2 * , - 1 ,

T he su m m atio n  o f th is  series can  be accom plished  b y  rep lacing  each te rm  b y  a 
F o u rie r in te g ra l o f th e  ty p e
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Fig. 2. Application of the method of images and distribution of singularities

e ± ( z - X n ) t d t (17)

and adding the integrals to  obtain the follow ing result (Soriano , 1972):

where

я

(18)

(19)

(20)

(21)

(22)

(23)

and C~, Sx , Cß , and Sß are the corresponding sym m etric definitions, where 
ß  =  2 —«. The expression for U Q given by Eq. (18) can be readily integrated  
to  yield  the initial condition  of the problem:

Р« = 1 ( | - - f ) + i2 ' (24)
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4. Application o f conform al mapping

As s ta ted , th e  p ro b lem  invo lves a m oving b o u n d a ry  a t  w hich  a non lin ear 
b o u n d a ry  cond ition  is to  be ap p lied . H ow ever, th e  d iff icu lty  assoc ia ted  w ith  
th e  u nknow n  p o sitio n  o f th e  free su rface  m ay  be overcom e if  th e  m app ing  
fu n c tio n  is chosen such  th a t  th e  free  su rface  m aps a t an y  tim e  in to  th e  rea l 
ax is  o f th e  new  p lan e , th e  im perv ious b o u n d a ry  being a double  line ; u n d e r such 
a m ap p in g  th e  b o u n d a ry  cond ition  a t  th e  free surface is tra n sfo rm e d  as follows. 
I n  E q . (3) th e  te rm  Qz /Q t , w hich re p re se n ts  th e  seepage v e lo c ity  a t  th e  free 
su rface , is tra n sfo rm e d  b y  use of D a rc y ’s law  to

9z  _  э р  ;

Эт 9z
(25)

T h e  coefficient o f p e rm e a b ility  an d  th e  effective p o ro s ity  en te r  th e  eq u a tio n  
th ro u g h  th e  d im ensionless tim e  p a ra m e te r , t .  W hen th e  v a lu e  fo r Qz/dr given 
b y  E q . (25) is in tro d u c e d  in to  E q . (3), th e  b o u n d ary  co n d itio n  a t  th e  free sur- 
a ce  becom es

( 9 P  9 P  . 9 P
I ------ • ----- • +  г -----
[ 9z 9 z  0z

9 P |

0T J*
0 . (26)

O nce expressed in  th is  w ay , th e  tim e -d e p e n d e n t m app ing  fu n c tio n , z =  z(t, t), 
can  be  used to  tra n s fo rm  th e  b o u n d a ry  co n d ition  to  th e  new  p lan e . T h is change 
in  v ariab les  y ields

R e j ^ P  . H  . í L . K + i É L . K  +  É L . K \  = 0 .  (2T>1 at at az dz at az at dtfv=0

Since th e  pressure  is c o n s ta n t a long  th e  rea l axis o f th e  new  p lan e , E q . (27) 
can  be div ided in to  tw o  p a r ts , as fo llow s:

Re

an d

= 03t L=0
т Э Р  at at , . at . at
lm  -----  • ----- ■------- h » ------- 1-------at 02 0z 0z Эт

=  0 .

(28)

(29)
7] — 0

M ultip ly ing  by  th e  re a l te rm  (9z/at). {dz/8t) and  m aking  use of th e  id e n tity

=  0 , (30)R . i i !  . ! ! + * .  
9z Эт Эт Tj—0
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we can  w rite  E q . (29) as

d P  dz dz  , . 92 1
------- 1------- -----------\- i -----1 =  0 .
0 Í  0 r  0C dC J4_ 0

(31)

T h is  s ta te s  m a th e m a tic a lly  th a t  th e  free surface o f th e  z p lan e  is m apped  in to  
th e  rea l axis of th e  Ç p lane . T he b o u n d a ry  co n d itio n  a t th e  b o tto m , as g iven b y  
E q . (4), can  be tran sfo rm ed  d irec tly  to

Im
Э P

0C

9Ç
3 z

— ï . (32)
ij=i

U se o f th e  co n d itio n  th a t  th e  m ap p in g  does n o t change th e  shape of th e  
im perv ious b o u n d a ry , expressed m a th e m a tic a lly  as

Im  =  0 , (33)

allow s E q . (32) to  be  expressed  m ore co n v en ien tly  as

l m { P } v=1= i z .  (34)

T h e  b o u n d a ry  co n d itio n  a t th e  d ra in  co n to u r is th e  sam e, b u t  specified a t

R e { P } t = ai+<5f — 0 , (35)

w here cct an d  ôt a re  th e  d ra in  cen te r an d  d ra in  rad iu s , re spec tive ly . In  su m m ary , 
th e  p rob lem  consists  of find ing  tw o tim e -d e p e n d e n t com plex  fu n c tions, P  an d  
2, w hich  are reg u la r  w ith in  a s trip  d o m ain  b o u n d ed  b y  tw o  p a ra lle l s tra ig h t 
lines, rj =  0 an d  rj =  1, and  a sm all tim e -d e p e n d e n t circle, £ =  -j- 0/, and
sa tis fy  th e  b o u n d a ry  cond itions

R e { P } v=0=  0 , (36)

! m | ^1 ЭС

d z  d z  . 02 1
H------— — I — } = 0 ,

0T 0Ç 0 t \ v=0
(37)

Im  {P } ^=1 =  Î2 , (38)

Im { z } 4=1=  0 ,  

R e {P }ç =ail+e, =  0 ,

(39)

an d  th e  in itia l co n d itio n s

** О T vT-
г

О (40)

P  ( i , 0) =  P 0 . (41)
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5. Explicit form o f the mapping function

W ith  th e  in itia l co n d itio n  fo r P  g iven  b y  E q . (24) an d  th e  sy stem  o f 
E q s  (36) th ro u g h  (41), th e  p ro b lem  is com plete ly  defined . D ue to  th e  com ­
p le x ity  caused b y  th e  tim e  d ep en d en cy , th e  tw o  com plex  fu n c tio n s en te rin g  
th is  sy stem  are  ex p an d ed  in to  T ay lo r series o f tim e , an d  th e  sy stem  of tim e- 
d e p e n d e n t eq u a tio n s  is th e n  expressed  in  te rm s  o f a series o f tim e-in d ep en d en t 
sy stem s of com plex fu n c tio n s. T he ex p an sio n s o f th e  fu n c tio n s are

P  — P 0 -(- P xx -)- P 2t2 +  • • • (42)
an d

2 =  Z0 +  ZjT +  Z2T2 +  Z3T3 +  . . . (43)

w h ich , w hen  used  in  co n ju n c tio n  w ith  th e  tim e-d ep en d en t sy stem , y ie ld  th e  
fo llow ing  system s:
F ir s t  sy stem :

R e {-Po}i)=0 — ® » (44)

Im  {p o +  zi — =  0 . (45)

Im  { p i}v=i =  Im  { izlK = l ’ (46)

Im  {z i}ij= i  =  0 . (47)
Second system :

R e { P 1}4= 0=  0 , (48)

Im  {-Pi} +  2z2 +  zizi  — izi}v- o  =  0 » (49)

I m { P 2}4= i =  Im  {»z2}4_ i , (50)

Im  {Z2}t7= 1 =  0 • (51)
T h ird  system :

R e {Рг}т}=о — ® » (52)

lm  { P Í  +  3z3 +  2z 2z[ -F Zlz'2 — i2.'}4=0 =  0 , (53)

Im  {Р 3},=  ! =  Im  {»гз}Ч=И (54)

Im  {z3}„=1 =  0 (55)

w h ere  P O’ P i ’ P 2 ’ • • •* Z 0 ’ * 1 »  Z 2 ’  Z 3 ’  • • '  an d  th e ir  de riv a tiv es  are  tim e-d ep en d en t 
com plex  fu n c tio n s. T he b o u n d a ry  co n d itio n  a t th e  d ra in  is n o t inc luded  here , 
b u t  i t  is used  la te r  to  d e te rm in e  th e  flow  ra te . A t th is  p o in t th e  com plex  
p re ssu re , P , is d iv ided  in to  tw o p a r ts :

P = U + W  (56)

such  th a t  dU/d£  h a s  a f irs t-o rd e r pole a t  th e  m oving d ra in  cen te r  (and  hence 
i t  gives th e  flow  ra te )  an d  IF  is a reg u la r  fu n c tio n  w ith in  th e  do m ain  an d
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in side th e  d ra in . T he expansion  o f U  can  be found  d irec tly  b y  in tro d u c in g  th e  
tim e -d e p e n d e n t coord inate  of th e  d ra in  in to  E q . (18), w hose p o s itio n  m ay  he 
w r it te n  as

a, =  a  -f- d j i r  - f  d2ir 2 - ( - . . .  (57)

w here d 1; d 2, . . . are c o n s ta n ts  to  be  defined . The im a g in a ry  p a r t  of th e  
d e riv a tiv e  o f U, w hich is th e  fu n c tio n  w hich  en ters th e  b o u n d a ry  cond ition , 
is ex p an d ed  to  o b ta in

w here
(58)

(59)

(60)

( 61)

an d  q0, qx, q2, . . . are th e  coeffic ien ts o f th e  expansion o f th e  flo w  ra te

i  =  9o +  9 i *  +  9 г т2 +  • • • (62)

to  be d efin ed  b y  use of th e  b o u n d a ry  co n d itio n  a t  th e  d ra in . O nce th e se  ex p an ­
sions are  k now n , E q . (45) can  be  co n sidered ; b y  su b s titu tin g  in to  E q . (45) th e  
v a lu e  o f V'0 g iven in  E q . (59), we o b ta in

Im  {zx} ^ 0 =  ~  ~  Im
Ç i_  , ç i
s i  1 SM„=0. (63)

Since th e  r ig h t-h a n d  te rm  of E q . (63) is reg u la r and rea l-v a lu ed  a t  r] =  1, we 
m a y  w rite

z, =  —

!m  { W i \ v=1 =  -  Im

9o \ Ç L _
[s+ s / j

v a lu e  for *1, Eq-

Im A o 1 F +
. л 1 s t s t

(64)

(65)
T?=l '
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In  o rd er to  find  an  exp ressio n  fo r W 1 w hich sa tisfies E q . (65) and  is im ag in ary - 
v a lu ed  a t th e  re a l ax is , an  o p era tio n  te rm ed  “ com plex  in te g ra tio n ”  is p e rfo rm ­
ed . T his o p era tio n , w h ich  rep laces a com plex F o u rie r  in teg ra tio n  (K a l in in , 

1948; S o r ia n o , 1972), consists  of m u ltip ly in g  th e  fu n c tio n  in  th e  rig h t-h a n d  
te rm  b y  its  a rg u m e n t o v er tw ice th e  im ag in a ry  u n i t  an d  su b trac tin g  th e  
co n ju g a te  of th e  re su ltin g  expression . U nder th is  o p e ra tio n  th e  im ag inary  p a r t  
o f  th e  expression is u n c h a n g e d , an d  th e  follow ing im ag in a ry -v a lu ed  fu n c tio n  is 
o b ta in e d  a t  th e  re a l ax is :

f Ç +  a i  C+ C +  ßi Cß _  С — a i  С*____ С — ßi Cß j

2 i A S+ A S+ A S -  A S f  j

w here  W 1 is reg u la r  w ith in  th e  dom ain  an d  inside th e  d ra in . W e fin d  z2 b y  
d iv id ing  i t  in to  th re e  p a r ts

z 2  =  Z 2 1  +  z 2 2  +  z 2 3  ’  ( 6 7 )

each  one sa tisfy ing  th e  b o tto m  b o u n d a ry  co n d itio n  an d  such  th a t

— 21m {z21}4=0 =  Im  {1/ ^ = 0 , (68)

— 2 Im { z 22}^=0 =  Im { IU ; — iz(}4=0, (69)

— 21m {z23}^=0 =  Im  {ziz'i}^=o • (70)

S u b s titu tio n  of th e  k n o w n  values fo r P ( and  z( in to  E q s  (68) and  (69) y ie ld s 
d ire c tly  th e  follow ing reg u la r  expressions for z21 an d  z22

2 z 21

^z22 —

I I
A

go
2A

C+

IC+
+  Щ , 9odi

\ s+ A 2

C - ß i  1
A  S + 2

+

S+2 

C — a i  1 
A  S+2

C  +  2

O U

A

S+
Cß _|_ C* _j_ Cß
«+ ^ ß S -

(7 1 )

C - ß i  1
A S

(72)

w h ich  are rea l-v a lu ed  a t  7] =  1 an d  hence sa tisfy  E q . (51). T he r ig h t-h an d  te rm  
o f E q . (70) can  be  e v a lu a te d  from  E q . (64) to  y ie ld

2 Im  {z23}^=0 = (73)

S ince th e  expression  in  th e  rig h t-h a n d  te rm  o f th e  eq u a tio n  is singu lar a t 
£ =  a i , a “ com plex re g u la r iz a tio n ”  m u st be perfo rm ed  to  rem ove th e  s in g u la ri­
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ties  w ith o u t ch an g in g  th e  im ag inary  p a r t  o f th e  expression  a t  th e  rea l ax is; 
th e  re su ltin g  ex p ressio n  m u st also be re a l-v a lu ed  a t  rj =  1. T he o p e ra tio n  of 
“ com plex re g u la r iz a tio n ”  is accom plished b y  use o f a p a r t ia l  frac tio n  expansion  
to  iso la te  th e  s in g u la ritie s  and  a co n ju g a tio n  a n d  change o f sign to  rem ove th e  
s in g u la rity  from  th e  re le v a n t dom ain . T he p a r t ia l  frac tio n -ex p an sio n  id e n titie s  
used  in  th is  o p e ra tio n  are

w here

1 i c : C -
(74)

S+Sa cos [ s+ S„-

1 i C+ 1 1 O r (75)
Sa+2S -  cos S i 2

!
cos2 l  S+

cos =  cos
71
Л i ß - a ) . (76)

A fter perfo rm ing  th e  com plex re g u la riz a tio n , we o b ta in  th e  follow ing re su lt 
for z23:

— 2z23

w here

j(2  +  27J +  (2 +  £ p) ^ -  +  - 1—
A 3 \ S ? ß S+ cos

r +  Ç +  T + S Í  +

Я + 2 Q + 2

COS'2
(C«+2 +  C ~2) ,

cos^
■(Cp +  C ß 2)

(77)

(78)

(79)

T he ad d itio n  of E q s  (71), (72) and  (77) gives

60 . 1
2 z 2 —

+

+

1 l
A

go
2 A

g§
A 3

_  go 
2Zl

f  — a i
A

(2 +  27.)

A 2 S a+ 2  1

1 1
1 + c

s :+ 2
S . "

c «+  ,
1 c + s ;

s a+ COS s i 2

+

+  Sym  (a//?) (80)

w here th e  sym bol Sym  (a//S) rep resen ts an  exp ression  w hich is eq u iv a len t to  the  
w ritten  p a r t ,  b u t  w ith  an  in te rch an g e  in  th e  ro les o f a  an d  ß ; E q . (80) is sy m ­
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m e tric  w ith  re sp ec t to  th e  line rj =  1. S u b s titu tin g  th e  v a lu e  fo r z2 in to  E q . (50) 
gives

" i i  4o
A 2A

2 Im  { JE2}4=1 =  Im  I
SA A 2 SA2

Л .  q o  i
’ £  —  a i 1 l

+  2Л SI+2 S r 2

+  A d
A 3

( 2 + r j
r +
' - 'a 1 1

SA COS

+

C A S i
+

+  Sym  (x/ß) 7̂ =1 (81)

As w ith  W x, a com plex  in te g ra tio n  is p erfo rm ed  on E q . (81), an d , since th e  
im a g in a ry  p a r t  rem a in s  u n ch an g ed  a t  r] =  1, we m ay  w rite

q0 f £  +  a  i CA £ — x i  Ca I

1  ( 1  2 4 1  A SA A S r  I
+

+
q0d 1 f £ +  a i

2A

+ t4

A SA2

£ +  ßi C — x i

+

+

+

A

С ~b ß i  Cg 

A S~  

q0 f £ +  x i
2 A 2

1

( 2 + ^ ) | f
' £ +  a i  Ca+ S / £ — a i  C* S ß |]

21 S ~ 2 d  S ~ 2

( 2 + 2 7 a) ^  +

+
COS

S ym  {xjß)v=1 (82)

w here  th e  sym bol Sym  (-(-/—) is u sed  to  rep lace an  expression  s im ila r to  th e  
w ritte n  p a r t ,  b u t  w ith  sign of x  and  ß  in te rch an g ed ; th is  is th e  co n ju g a te  o f th e  
expression  w ith  re sp ec t to  th e  rea l ax is . Since th e  expression  g iven b y  E q . (82) 
is n o t reg u la r, th e  poles m u s t be m oved . T he singu larities in  th is  exp ression  are

p l  £ +  x i  1

Л S A2
go^i , ?o 1 . c+ s+

. 2 A 2A 2 cos * ß
— Sym ( + /  — ) +  Sym  (x/ß)  (83)

w hich  have  a f irs t-o rd e r  pole a t  th e  d ra in . T he expression

R F  = CA qodi Ű  1
SA 2A 2Zl2 cos

■CASi s y m ( + /  —) +  S y m (a //3 ), (84)
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w hich has a pole of th e  sam e ty p e , b u t  w ith  opposite  sign , is such th a t  th e  a d d i­
tio n  of E qs (83) an d  (84) y ields a reg u la r  expression . O n th e  o th e r h a n d , th e  
expression  g iven  b y  E q . (84) is rea l-v a lu ed  a t  rj =  1 an d  im ag in a ry -v a lu ed  a t  
r] =  0; hence, th e  b o u n d a ry  co n d itions are  n o t a ffec ted  w hen th is  exp ression  is 
ad d ed  to  E q . (82) to  m ake W 2 reg u la r. T hus, we m ay  w rite

-  21F2 =

+

i l  
. 2

io
4

go
2Л2

_  go 
4

C +  a i

£ +  a i  CJ
zi

f -

S a+

/Si

zi

C +  a i

Zi

(2 +  Ü«)

S í*

S i

— S ym  ( + / —) +  Sym  (oc//3).

go<*i

2A

+
c - ßi

A

+
COS

+  «1 1 «4+  
s :  Jzl S i 2

U C i !+S i

(C +  Oii C i s ; C i 2S+

zl S i 2 S i

(85)

T he ev a lu a tio n  o f z3 from  E q . (53) is done b y  d iv id in g  i t  in to  th re e  p a r ts ,

Z 3 ~  Z 31  ” t~ Z 3 2  4 “ 2 33

such th a t  each p a r t  satisfies th e  b o u n d a ry  cond ition  a t  th e  im perv ious b o u n d a ry  
and

-  6 Im  {z31}4=0 =  2 Im  { U'2}v=0 , (87)

— 6 Im  {z32}v=0 =  2 Im  { W'2 — iz2}v=0 , (88)

6 Im  {г33]-ч=о =  2 Im  {2*2*1. zi22}ij= o • (®9)

D irec t s u b s titu tio n  of th e  values fo r U2, W 2, an d  z2, d e riv ed  from  E qs (61), (85), 
(80), resp ec tiv e ly , in to  E qs (87) an d  (88) gives th e  fo llow ing regu lar exp ressions 
fo r z31 and  *32:

-  6z31 =  2 -^L- +  2 q°d i  +  4ldl  —  +  2 +  Sym  (aJß) (90)
31 zl S i  zl2 S i 2 Zl3 S i 3

and

6«32 —
2Zl

go

2zl

5 .  ZsS
2 Zl2

C — oá

1 f £ — at [Ca- Г+ \ 1 1 _-  1 11
l l  ^ l s a- 3 C+3 ; [ s i 2 S i 2 Ji

+ go
2z13

zl

C — Oil

A

- E . 'Ç i
S i

C i

s„-

2 f c ; C i  j 1 8 1 _ 1 l
s ; 3 S a- 3 | Zl S r 2 l 1

s ; 2
+  2jta i - ^ -  +

s - 2 1 s ;  s~

H-------- F  [ +  Sym  (xlß)
COS

(91)

Acta Technica Academiae Scientiarum Hungaricae 79, 1974



216 A. SORIANO e t al.

w here

and

+  Sym  (xjß) .

(92)

(93)

T o e v a lu a te  from  E q . (89), its  r ie h t-h a n d  te rm  m ay be w ritte n  b y  use of 
E q s  (64) and  (80) as

M
zl2

Since th isex p ressio n  is n o t reg u la r  a t  Ç =  a t ,  a com plex re g u la riz a tio n  m u st be 
p erfo rm ed T h e  f ir s t ,  second , and  fo u rth  te rm s  of th e  expression can  be regu lar- 
ed b y  use o f th e  p a r t ia l  fra c tio n  ex p an sio n  id en titie s  g iven b y  E q s  (73) an d  
(7 4 ) ad  th e ir  ex ten sio n s

(95)

(96)
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W h en  th ese  expressions are s u b s ti tu te d  in to  E q . (94), th e  s in g u la ritie s  are 
iso la te d ; th e n , th e  poles are rem oved  fro m  th e  re lev an t s tr ip  b y  sim p ly  co n ju ­
g a tin g  an d  chang ing  th e  sign of th e  ir re g u la r  te rm s, o p era tio n s  w h ich  do n o t 
change th e  im ag in a ry  p a r t  o f th e  ex p ression . The th ird  te rm , how ever, is 
t r e a te d  d iffe ren tly , because th e  fa c t t h a t  th e  functions are  m u ltip lied  b y  th e ir  
a rg u m en ts , m akes th is  p rocedure  so m ew h a t com plicated . T h e  re g u la riz a tio n  
o f th is  te rm  is accom plished b y  an a ly z in g  its  s in g u la rity  a t  £ =  oci an d  
d e te rm in in g  a reg u la riza tio n  fa c to r , w h ich  does n o t affect th e  b o u n d a ry  co n d i­
tio n . B y  e v a lu a tin g  th e  regu lar p a r t  o f  th e  te rm  a t th e  pole an d  u sin g  th is  
c o n s ta n t va lu e  to  m u ltip ly  fu n c tio n s o f  th e  ty p e  l /S ^ 2 and  C ä /S ä  to  co m p en sa te  
fo r an y  second-and  firs t-o rd er s in g u la ritie s , we find  th is  re g u la r iz a tio n  fac to r  
to  be

R F  =

w here

sim
J - + 3

COŜ

a  —

Ç i
s-R

sin^ cos^

sin =  sin

S p S - z  S « 2

ß - “ )4

(97)

(98)

U se o f  th is  com plex  reg u la riza tio n  allow s th e  resu lting  exp ression  fo r z33 to  be 
w ritte n  as
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(99)

F in a lly , th e  a d d itio n  o f  E q s (90, 91), an d  (99) define  th e  th ird  pow er o f th e  
T ay lo r expansion  o f th e  m app ing  function .

6. Determ ination o f the constants

T he cond itio n  t h a t  the m oving s in g u la r ity  in  th e  m ap p ed  p lane c o rre ­
sponds to  th e  fix ed  d ra in  cen te r in th e  a c tu a l p lan e  is su ffic ien t to  cha rac te rize  
th e  co n stan ts  d l5 d 2, . . ., w hich define th e  m o tio n  o f th e  sin g u la rity , an d  th is  
s itu a tio n  m ay  be  exp ressed  as

z(xti) =  od (100)

w hich , upon  su b s ti tu t io n  of th e  expansion  fo r oct g iven  b y  E q . (57), y ie ld s

z(x i  — á jX — d 2T2 . . .) =  od. (101)

U sing  E q . (101), e x p an d in g  in  tim e  series, an d  e q u a tin g  te rm s w ith  s im ila r 
pow ers of tim e , we o b ta in

d1 =  z^od), (102)

d 2 =  z 2(xi)  — delic ti) . (103)

T h e  b o u n d ary  co n d itio n  a t  th e  d ra in

R e { U +  W } i=a,i+dl =  0 (104)

is app lied  to  define th e  co n stan ts  q0, gl5 q2, . . . . T h e  m ap p ed  d ra in  c o n to u r, 
a long  w hich th is  b o u n d a ry  cond ition  is ap p lied , is o b ta in ed  by  use o f  th e  
correspondence

od - f  ô =  z (x ti  +  ôt) (105)

fro m  w hich, b y  ex p an sio n  a t  £ =  octi, we o b ta in

át =  ^/{z ,}c=a(í+  • • • • (106)

B y  use of th e  k n o w n  expansions for U  an d  W  fo r th e  su b s ti tu tio n  of th e  v a lu e  
fo r df from  E q . (106), E q . (104) can be w r itte n  as

1/2(ïo  +  +  ?2t2 +  • • •) (Ho "f" HjT -j- B 2t 2 +  • • • )  +

+  T 0 +  T ±r  +  T 2t2 +  . . .  =  0 (107)
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w here

R 0 =  L [A  • cotJ6], (108)

R 1 =  — (ta n  -)- c o t ) , (109)
А

D / .  ЙП , 2id 2 , , , 2d? 1 1 / l i m
R 2 =  — P 2 - —  +  — -  (tan  +  co t) +  — ----------------- ---- , (HO)

( 2 A A 2 cos2 sin2

T 0 = -  a ,  (111)

T,1 =  { ^ 1}í= „ - d 1i ,  (112)

T 2 =  { lP 2}í=aí -  -  d 2i . (113)

B y  rea rran g em en t o f E q . (107) in to  te rm s w ith  eq u a l pow ers of tim e , we m ay  
define explic it va lues for q0, qu q2, . . . as

g o ^ i +  2^

«1

?o^2 +  gi-Rj +  2T a

(114)

(115)

(116)

7. N um erical ev a lua tions

A d ig ita l co m p u te r  w as used to  o b ta in  n u m erica l va lues fo r a re p re se n t­
a tiv e  p a ra m e te r  s tu d y ; several values w ere assum ed  fo r th e  dim ensionless 
p a ra m e te rs , an d  th e  re su lts  are p lo tte d  in  F igs 3 th ro u g h  7. F ig . 3 shows th e  
ev o lu tion  of th e  free surface w ith  tim e , F igs 4 an d  5 p re se n t a s tu d y  of th e  
draw dow n above th e  d ra in  and  th e  flow  ra te , an d  F ig . 6 gives th e  s ta tu s  of th e  
p o te n tia l field a t  tw o d iffe ren t stages of th e  d ra in ag e  process. T he effect of th e  
re la tiv e  positio n  o f  th e  d ra in  w ith in  th e  aq u ife r is show n in  F ig . 7, w here th e  
in itia l flow  ra te , q J k H ,  is p lo tte d  versus th e  re la tiv e  d e p th , hjH ,  for d ifferen t 
sizes of d ra in , ô/Н .  S ince th e  v a ria tio n  of flow  w ith  tim e  is a lm ost lin ear in  
all cases, conclusions can  be ob ta in ed  for tim e  eq u a l to  zero an d  co n v en ien tly  
e x tra p o la te d  to  o th e r  va lu es  of tim e . As seen in  F ig . 7, th e re  ex ists some d e p th  
b ey o n d  w hich th e  flow  from  th e  aqu ifer no lo n g er increases; th is  op tim um  
lo ca tio n  for th e  d ra in  is v e ry  close, b u t  n o t a t  th e  b o tto m  b o u n d a ry , and  th e  
v a ria tio n  is qu ite  f la t  b e tw een  th e  op tim um  lo ca tio n  and  th e  b o tto m  b o u n d ary .
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Fig. 3. Evolution of the free surface

D ue to  th e  ty p e  of app ro ach  u tiliz ed  here in , th e  erro r increases w ith  tim e , 
a n d  a lim it for th e  tim e  p a ra m e te r  m u s t be im posed. T he v a lu e  o f th is  lim it is 
se lec ted  b y  considering  th e  c o n tr ib u tio n  of each new  te rm  o f th e  series. F o r 
v a lu es  of th e  tim e  p a ra m e te r  sm alle r th a n  u n ity , th e  c o n tr ib u tio n  o f th e  
th ird -o rd e r  te rm  is less th a n  a p p ro x im a te ly  te n  p er cen t; th e re fo re , fo r tim es 
low er th a n  th is  lim it, th e  series, w h ich  consists of a lte rn a tin g  p o sitiv e  and  
n eg a tiv e  te rm s, is considered  to  ap p ro ach  th e  tru e  so lu tion  w ith  reasonab le  
accu racy .
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d r o i n  r a d i u s ,

Fig. 4. Drawdown relations

8 . Conclusions

B ased  on th e  re su lts  of th is  s tu d y  an d  co gn izan t of its  in h e ren t assu m p ­
tio n s  an d  lim ita tio n s , th e  follow ing conclusions can  be ad v an ced :

1. A tra n s ie n t conform al m app ing  te c h n iq u e  can  be used  to  solve th e  
p rob lem  of flow  to  a tile  d ra in  fo r tim es low er th a n  som e lim itin g  v a lu e ; for 
la rg e r values of tim e , th e  tru n c a te d  series ap p ro ach  will p ro b ab ly  becom e 
u n d u ly  com plica ted .

2. T he p ro ced u re  of e v a lu a tin g  th e  F o u rie r  in te g ra l o f a fu n c tio n  of 
a com plex v a riab le  can  be rep laced  b y  a sim pler o p e ra tio n , te rm ed  com plex  
in teg ra tio n , in  o rd er to  solve L ap lace’s eq u a tio n  fo r a tim e-d ep en d en t free-sur- 
face b o u n d a ry  cond ition .

3. T he p a r tia l  frac tio n  expansion  ap p lied  to  hy p erb o lic  fu n c tio n s of a 
com plex  v a riab le , as described  in  th is  w o rk , p rov ides a usefu l w ay  for rem ov ing  
th e  singu larities o f irreg u la r fu n c tio n s of a c e r ta in  ty p e  w ith o u t chang ing  th e ir  
b o u n d a ry  values.
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Fig. 5. Flow-rate relations

h o r i z o n t a l  c o - o r d i n a t e
H

Fig. 6. Evolution of the pore-pressure distribution
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Fig. 7. Influence of the depth of drainage on the flow-rate
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Anwendung der konformen Abbildung auf transiente Tonrohrdränung. Das Problem 
der transienten Dränung in Richtung auf einen Tonrohrdrän in einem Grundwasserträger von 
endlicher Tiefe erfordert die Lösung der Laplaceschen Gleichung in einem Bandbereich der 
durch eine krumme und bewegliche freie Oberfläche, eine gerade undurchlässige Fläche und 
eine kleine kreisrunde Dränkontur innerhalb des Bereiches begrenzt ist. Die Anwendung der 
konformen Abbildung ermöglicht das Problem in einer neuen Ebene zu formulieren in welcher 
die bewegliche freie Oberfläche und die undurchlässige Begrenzung in Form einer festen Gerade 
abgebildet werden, während der Drän als eine sich nach oben bewegende geschlossene Kurve 
abgebildet wird. Das System der Randbedingungen wird in eine Reihe von zeitunabhängigen 
Systemen entwickelt, die von den Koeffizienten der Taylorschen Reihen aller im Problem ent­
haltenen Funktionen abhängig sind. Zwei Operationen, genannt »komplexe Integration« 
und »komplexe Regularisierung« ermöglichen es, für jedes dieser Systeme eine Lösung bis zur 
dritten Potenz der Zeit zu finden. Schließlich wurde mit einem Digitalrechner eine Parameter­
studie durchgeführt und der Einfluß verschiedener Variablen ausgewertet.

Применение конформного отображения для глиняных дренажных труб. Проблема 
переходного отвода воды вверх глиняной трубы, размещенной в водонесущем слое ко­
нечной глубины, требует решения уравнения Лапласа для некоторого диапазона полосы, 
которая ограничивается одной свободно движущейся кривой поверхностью, одной прямой 
водонепроницаемой поверхностью и одним малым круглым трубным периметром в пределах 
диапазона. Применением конформного отображения проблему можно сформулировать в 
новой плоскости, на которую отображены движущаяся свободная поверхность и непро­
ницаемая граница в качестве фиксированной прямой. В новой плоскости граничные 
поверхности проблемы зависят от времени, и являются зависимыми потенциал и функции 
отображения. Эта система краевых условий выражается в системах, независимых от 
времени; эти последние системы являются функциями коэффициентов рядов Тейлора всех 
фигурирующих в проблеме функций. Две операции, а именно «комплексное интегрирова­
ние» и «комплексная регуляризация» позволяют найти решение для каждой системы до 
третьего показателя степени степенного ряда по времени. В завершение авторы с помощью 
цифровой вычислительной машины анализируют параметры и определяют воздействие 
различных переменных.
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LOCAL SIMILARITY SOLUTIONS FOR THE 
COMPRESSIBLE LAMINAR BOUNDARY LAYER

EQUATIONS

G. NATH*

[Manuscript received 5 July 1972]

Similar solutions of the steady compressible laminar viscous fluid, both at the 
stagnation point and away from the stagnation point of two-dimensional and axisym- 
metric bodies at zero incidence have been obtained without imposing any restriction 
on the total enthalpy at the wall, the product of viscosity and density, and the Prandtl 
number. The two coupled non-linear ordinary differential equations, representing mo­
mentum and energy equations, are simultaneously solved using Runge — Kutta — Gill 
method. The results show that the skin- friction coefficient and the Nusselt number 
decrease when moving away from the stagnation point. The skin- friction coefficient 
increases but the Nusselt number decreases as the total enthalpy at the wall increases. 
The skin- friction coefficient and the Nusselt number for a two-dimensional body (a cyl­
inder) are less than those of an axisymmetric body (a sphere).

1. In tro d u c tio n

W ith in  recen t y ea rs , th e  p rob lem  o f ae rodynam ic  h e a t  t ra n s fe r  a t  th e  
s ta g n a tio n  p o in t of a b lu n t b o d y  in  hypersonic  flow  w ith  or w ith o u t m ass 
t ra n s fe r , ch a rac te rized  b y  la rg e  te m p e ra tu re  g ra d ie n ts  in  b o u n d a ry  lay e r, 
h a s  received  a considerab le  a m o u n t of in te re s t in  th e  l i te ra tu re  (see, fo r exam ple , 
L e v y  [1], Co hen  an d  R esh o tk o  [2], S ib u l k in  [3], L e e s  [4 ], L ib b y  an d  L iu  [5],
[6 ], B ack  and  W it t e  [7], B a ck  [8 — 9] e tc .), due to  th e  a d v e n t of gu ided  
m issiles and space vehicles. T he effect of m assive b low ing  a t  th e  s ta g n a tio n  
p o in t o f a b lu n t b o d y  h as  been  considered  b y  L ib b y  [10], Ze ib e r g  [11] an d  
K assoy  [12]. F ay  an d  R id d e l l  [13] h av e  considered  th e  m ore g enera l 
p ro b lem  by  inc lud ing  th e  effects o f va riab le  flu id  p ro p e rtie s  in  th e  b o u n d a ry  
la y e r , chem ical processes such  as d issocia tion  and  re c o m b in a tio n , an d  diffusion 
of a tom s. In  th ese  cases, a s im ila rity  va riab le  can  be  fo u n d  such th a t  th e  
eq u a tio n s  for th e  s ta g n a tio n -p o in t b o u n d a ry  lay e r can  b e  re d u c e d  to  o rd in a ry  
d iffe ren tia l eq u a tio n s. T he s tag n a tio n -p o in t th e o ry  can  also be ex ten d ed  to  
reg ions aw ay from  th e  s ta g n a tio n  p o in t. T here are reg im es o f f lig h t, su ch  as 
h ig h  a ltitu d es , w here th e  b o u n d a ry  lay e r rem ains la m in a r  fo r som e d is tan ces

* G. N a th , Department o f Applied Mathematics, Indian Institute of Science, Ban­
galore, India
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aw ay  from  th e  s ta g n a tio n  p o in t, an d  a lam in a r th e o ry  is o f considerable 
in te re s t .

The special fe a tu re s  o f th e  v iscous hyperson ic  flow , caused  b y  h igh flig h t 
v e lo c ity , are th e  la rg e  ra tio  of e x te rn a l-  to - w all e n th a lp y  (or te m p e ra tu re )  and  
th e  d issociation . T h erefo re , la rge  v a r ia tio n s  of flu id  p ro p e rtie s  occur across 
th e  b o u n d a ry  lay e r. H ence , th e  p ro d u c t o f d en sity  an d  v isco s ity  across th e  
b o u n d a ry  lay er m a y  v a ry  b y  a fa c to r  of 5 or m ore in s te a d  o f being n e a rly  
c o n s ta n t. Several a u th o rs  [1 —2, 4 — 9 ]h a v e  considered th is  p ro d u c t as co n stan t. 
M cL e o d  and  S e r r in  [14] h av e  d iscussed  th e  m a th e m a tic a l p roperties of 
s im ila r solu tions fo r com pressib le  la m in a r  b o u n d a ry  lay e r eq u a tio n s  tak in g  th e  
p ro d u c t o f d en sity  a n d  v isco sity  as c o n s ta n t and  th e y  h av e  o b ta in ed  th e  cond i­
tio n s  for th e  ex istence  o f th e  v e lo c ity  overshoo t an a ly tic a lly . L e e s  [4] has 
d iscussed  th e  h e a t  tra n s fe r  fo r h ig h ly  cooled bodies in  d issoc ia ting  flow  using 
th e  concept o f “ local s im ila r ity ” . A t each  p o in t of th e  b o d y , th e  b o u n d a ry  
la y e r  is assum ed to  be  described  b y  o rd in a ry  d iffe ren tia l eq u a tio n s  involving 
one in d ep en d en t s im ila rity  v a ria b le  w ith  b o u n d a ry , co n d itions- an d  p a ram ete rs  
dep en d in g  upon  local e x te rn a l an d  w all conditions. H e concluded  th a t  th e  
p ressu re  g rad ien t h a d  l i t t le  effect on h e a t tra n sfe r  an d  th e  v a ria tio n  of th e  
p ro d u c t of d en sity  an d  v isco sity  across th e  b o u n d a ry  lay e r cou ld  be  a p p ro x im a t­
ed b y  tak in g  it  c o n s ta n t a t  th e  e x te rn a l va lue . P r o b s t e in  [15] has ex tended  
L ees’ w ork in w hich th e  w all- e n th a lp y  g rad ien t is o b ta in ed  b y  solving th e  energy 
e q u a tio n  b y  i te ra tio n , u sing  C ohen’s an d  R esh o tk o ’s v e lo c ity  and  en th a lp y  
pro files. He show ed t h a t  on ly  one or tw o  ite ra tio n s  are  n ecessary  for good 
convergence in  m o st p ra c tic a l cases. K em p  e t al [16] u sed  th e  local s im ila rity  
co n cep t to  solve th e  govern ing  d iffe ren tia l equa tions w ith  d issocia tion , v ariab le  
e x te rn a l p ressure- g ra d ie n t p a ra m e te r , v a riab le  g p , an d  th e  d iss ip a tio n  te rm  for 
h ig h ly  cooled Avails a t  p o in ts  aw ay  from  th e  s ta g n a tio n  p o in t. T hey  ob ta ined  
n u m erica l so lu tions o f th e  p e r tin e n t equ a tio n s for th e  case of ax isym m etric  
b o d y  b y  ex ten d in g  th e  m e th o d  of F a y  an d  R id d e l l  [13] u sed  a t  th e  s tag n a tio n  
p o in t. The so lu tions, w hich  depend  on local e x te rn a l flow  cond itions, v a ry  
a ro u n d  th e  b o d y , in  c o n tra s t  to  th e  c o n s ta n t va lues used  b y  L e e s  [4]. I t  w ould 
be in te re s tin g  to  k n o w  th e  effects of th e  to ta l  en th a lp y  a t  th e  w all (i. e. w hen 
th e  w all is no t h ig h ly  cooled) on th e  so lu tions of th e  eq u a tio n s . D e w e y  [17] has 
u sed  th e  concept o f loca l s im ila rity  to  s tu d y  th e  hyperson ic  v iscous in te rac tio n  
p rob lem .

S epara ting  o r rev erse  self- s im ilar so lu tions for la m in a r  b o u n d ary - lay er 
eq u a tio n s  have  b een  o b ta in ed  b y  R ogers [18 — 20], F o x  a n d  Sa l a n d  [21], 
B u c k m a st e r  [22], an d  W ortm an  an d  M il l s  [23]. T he in v isc id  flow  solutions 
in  th e  s tag n a tio n  reg ion  of b lu n t bodies (cy linder and  sphere) h av e  been o b ta in ­
ed  b y  W h ith am  [24] an d  L ig h t h il l  [25], using  c o n s ta n t d en sity  m odel. 
Som e re la ted  inv isc id  p rob lem s in  hyperson ic  flow  h a v e  b een  stud ied  by  
B loor  [26], an d  S e d n e y  an d  Ge r b e r  [27]. B loor h as consid ered  th e  effect of
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ra d ia tiv e  h e a t loss in  th e  case of a b lu n t b o d y  an d  Sedney an d  Gerber h av e  
s tu d ied  th e  shock c u rv a tu re  and  th e  g ra d ie n t effects a t  th e  t ip  of a p o in ted  
ax isy m m etric  b o d y  in  nonequ ilib rium  flow .

In  th e  p re se n t ana lysis , th e  local s im ila rity  concep t is used  to  o b ta in  th e  
so lu tions of th e  govern ing  equa tions a t  p o in ts  aw ay from  th e  s tag n a tio n  p o in t 
fo r a tw o-d im ensiona l b o d y  (a cylinder) and  fo r ax isy m m etric  bo d y  (a sphere) 
w ith o u t im posing  an y  re s tr ic tio n  on th e  to ta l  e n th a lp y  a t  th e  w all, th e  p ro d u c t 
o f d en sity  and  v isco sity , an d  th e  P ra n d tl  n u m b er.

I t  h as  been assum ed  th a t  th e  te m p e ra tu re  is n o t so h igh  as to  p ro d u ce  
d issocia tion  an d  reco m b in a tio n , th a t  is, th e  flu id  is assum ed  to  be p e rfec t. 
In  ad d itio n  to  th e  d e te rm in a tio n  of th e  v e lo c ity  an d  to ta l  en th a lp y  profiles, th e  
sk in  fric tio n  an d  th e  h e a t tra n sfe r  h av e  also been  o b ta in ed .

2. Basic equations

W e shall consider th e  hyperson ic  v iscous flow  in th e  neighbourhood  o f th e  
s ta g n a tio n  p o in t o f a tw o-d im ensional an d  an  ax isy m m etric  b lu n t body . I t  is 
assum ed  th a t  th e  free s tream  M ach n u m b er is, n o t so h igh  as to  produce  d issoci­
a tio n  e tc . beh in d  th e  shock w ave, th a t  is , th e  flu id  beh av es as a perfec t f lu id  
b eh in d  th e  shock w ave. W e also assum e th a t  th e  b o u n d a ry  lay e r th ick n ess  is 
sm all com pared  to  th e  b o d y  rad iu s  of c u rv a tu re  and  th a t  th e  cen trifuga l forces 
are  negligible. W ith  th e se  assum ptions, th e  govern ing  eq u a tio n s  can be ex p res­
sed as [28]

a
- { q u t ù  +

a
((?v r o )  ==  0 1

дх a y

du
+

d u d u e 9 ( duв U ------ V ---- = QeU г ~ т ^  + -
l

— 9
дх 9y dx 9У 9 j

a I 1 v * * \
a И d l a

P
1 1 a [ u 2 '

dx
1

дх  j dy Pr dy 9 j Pr 9y 2

( 1 )

(2)

(3)

w here J  =  0 for tw o-d im ensiona l flow  an d  J  =  1 for ax isy m m etric  flow , x  and  
y  a re  d is tan ces  a long  p e rp en d icu la r to  th e  b o d y , и an d  v are  th e  v e lo c ity  
com ponen ts a long  x  an d  у  d irec tions, e is th e  d en sity , I  is th e  to ta l  e n th a lp y , 
P r =  p C p /K  is th e  P ra n d tl  nu m b er, fx is th e  v iscosity , Cp  is th e  specific h e a t  a t 
c o n s ta n t p ressu re , К  is th e  co n d u c tiv ity , r 0 is th e  d is tan ce  from  th e  ax is o f an  
ax isy m m etric  b o d y  (a sphere), and  th e  su ffix  e deno tes th e  cond ition  a t  th e  
edge of th e  b o u n d a ry  lay e r. T he b o u n d a ry  cond itions are:

у  =  0: и =  0, v =  0. I  =  I w ,

у  =  oo : ц =  ue, I  =  I e (4)
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w here  th e  suffix , tv, d en o tes  th e  co n d itio n  a t  th e  surface o f th e  body . U sing th e  
tra n s fo rm a tio n  due to  L e e s  — L e v y  [4 ]

Q,Meu er l J  d x , (5)

sa tis fy in g  th e  cond ition  o f c o n tin u ity  b y  th e  use of th e  s tream  fu n c tio n  гр,

QurJ = ----- J  дгРQvrj0 = ------ —
0у  dx

a n d  in tro d u c in g  th e  fo llow ing d im ensionless q u an titie s :

/  =
гр

(2 S)*
so t h a t  / '  =

ê  =  T-L P

(6)

(? )

we can  reduce th e  eq u a tio n s  (2) an d  (3) in  non-d im ensional fo rm  [28] :

w here
0 2S  du e(j ---

u e dS

is th e  p ressure- g rad ien t p a ra m e te r ,

c _ _  №  

Qef^e

( 8)

(9)

a n d  Ug/Je is th e  d iss ip a tio n  p a ra m e te r.
S im ila rity  or S-  in d e p e n d e n t so lu tions of th e  b o u n d a ry - lay e r eq u a tio n s  (8) 

a n d  (9) req u ire  th a t  all te rm s  shou ld  be  in d ep en d en t of S ,  so th a t  th ese  eq u a tio n s 
re d u c e  to  o rd in ary  d iffe ren tia l eq u a tio n s  w ith  in d ep en d en t v a riab le  rj. T h is 
occu rs fo r a cone of c o n s ta n t p ressu re , w here  ex te rn a l flow  an d  w all e n th a lp y  
a re  in d ep en d en t of S. T h e  eq u a tio n s  also becom e in d ep en d en t o f S  for tw o-
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dim ensional or ax isym m etric  s ta g n a tio n  p o in t flow . In  th e  reg ion  o f  th e  
s ta g n a tio n  p o in t, b o th  for tw o-d im ensional or ax isy m m etric  bodies, th e  e x te rn a l 
ve lo c ity  ue can  be w ritten  as

u „ =  X
du e \ 

dx  I о

w here th e  su ffix  о denotes s tag n a tio n - p o in t cond ition . S im ilarly , r Qi=^x in  th e  
reg ion  o f th e  s ta g n a tio n  p o in t o f an  ax isy m m etric  body . S u b s titu tin g  fo r  щ  
from  above in  eq u a tio n  (5),

*S Qef ê
due X2 

dx  ( Q 2

fo r a tw o -d im ensiona l bo d y  and

d u e x i 
dx J о 4

for an  ax isy m m etric  body.
N ow  i t  can  be easily  show n th a t

„ 2 S  d u e
ß  = ----------- 1

u e d S

is eq u a l to  1 an d  0,5 respective ly  fo r tw o -d im en sio n a l an d  ax isy m m etric  bod ies. 
A t th e  s ta g n a tio n  p o in t, th e  d iss ip a tio n  p a ra m e te r , u%/Ie — 0. H ence, e q u a tio n s  
(8) an d  (9) red u ce  to  o rd in ary  d iffe ren tia l eq u a tio n s  in  th e  form :

( С Г У + f r + ß Qe_

в

+ f g '  =  o

( 10)

( 11)

w ith  th e  b o u n d a ry  conditions:

7 7 = 0 :  / =  0 , / '  =  0 , g  =  g w ,

77— oo; / ' = l , g = l
( 12)

w here p rim e  deno tes d iffe ren tia tio n  w ith  re sp ec t to  tj.
I n  th e  p re se n t s tu d y , we are  m ore  in te re s te d  in  ob ta in ing  th e  so lu tio n s  of 

eq u a tio n s (8) an d  (9) a t po in ts  aw ay  fro m  th e  s ta g n a tio n  po in t. I t  is e x tre m e ly  
usefu l to  red u ce  these  equations to  o rd in a ry  d iffe ren tia l eq ua tions, as p a r t ia l
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d iffe re n tia l eq u a tio n s a re  very  d ifficu lt to  solve num erically . T h is can  be 
accom plished  b y  using  th e  idea of local s im ila r ity  w hich has been  discussed by  
L e e s  [4], F ay  an d  R id d e l  [13] and  K em p  e t al [16]. In  th is  case, a t  an y  p o in t 
X, th e  dependence o f th e  d ep en d en t v a ria b le  on  S  is ta k e n  in  such a m an n e r 
t h a t  th e ir  de riv a tiv es  w ith  respect to  S  m a y  be  neg lec ted . H ence, th e  te rm s  of 
th e  r ig h t-  h an d  side o f eq u a tio n s (8) an d  (9) a re  considered to  be negligible 
co m p ared  w ith  th o se  o f th e  le f t-h a n d  side a n d  th e  te rm s on th e  left- h a n d  side 
of th e se  eq u a tio n s, w h ich  depend  on S , a re  assu m ed  to  have  th e ir  local va lues. 
T h ere fo re , equ a tio n s (8 ) a n d  (9) again  red u ce  to  o rd in a ry  d ifferen tia l eq u a tio n s  
in  r] a t  an y  p o in t aw ay  from  th e  s ta g n a tio n  p o in t of th e  bo d y  co n ta in in g  
p a ra m e te rs  w hich d ep en d  on th e  local e x te rn a l an d  w all conditions. T h ey  are 
ex p ressed  as:

(Cf'Y + f f '  +  ß =  0

c  ,
—  Й ' +  fg' +  ~ - c [ i - J - S 'S '

\Pr Tx e Pr

(13)

(14)

T hese eq u a tio n s can  be  solved in  th e  sam e m a n n e r  as equa tions (10) and  (1.1), 
u sin g  th e  b o u n d a ry  con d itio n s given b y  e q u a tio n  (12).

T h e  local s im ila r ity  so lutions re p re se n t a p a tch in g  to g e th e r of local 
so lu tio n s. In  th is  case, dependence of flow  on  x  co -o rd inate  is neg lec ted , excep t 
w h en  i t  is con ta ined  in  th e  ex te rn a l an d  th e  w all conditions, w hich fo rm  th e  
coeffic ien ts  of th e  d iffe ren tia l equations. T h is a p p ro x im a tio n  is va lid  on ly  w hen 
e x te rn a l flow  p ro p e rtie s  v a ry  slowly w ith  S  a n d  th e  te rm s w hich are  neg lec ted  
in  th e  d iffe ren tia l e q u a tio n s  (8) an d  (9) a re  re a lly  negligible com pared  to  th o se  
re ta in e d . T here are  sev era l m ethods to  v e rify  th e  v a lid ity  of th e  above a p p ro x i­
m a tio n  as discussed b y  K em p  e t al [16].

3. Solutions of eq u a tio n s

T h e  local s im ila r ity  so lu tions of e q u a tio n s  (13) and  (14) differ from  th e  
s ta g n a tio n  p o in t so lu tio n s of equations (10) a n d  (11) in  tw o respec ts . T he f irs t 
is t h a t  th e  pressure- g ra d ie n t p a ram e te r ß  is n o t  e q u a l to  1 (for tw o-d im ensional 
bodies) o r 0,5 (for ax isy m m etric  bodies) a t  p o in ts  aw ay from  th e  s ta g n a tio n  
p o in t. T h e  second is t h a t  th e  d issipation  p a ra m e te r , щ /1е, is n o t zero a t  p o in ts  
aw ay  fro m  th e  s ta g n a tio n  p o in t. H ence, e q u a tio n s  (13) and  (14) can  be so lved  
w ith  th e  sam e b o u n d a ry  cond itions as th o se  o f eq u a tio n s (10) and  (11), using  
th e  loca l values of ß  a n d  u f /J e w hich are d iffe re n t from  those o f th e  s ta g n a tio n - 
p o in t values.
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T he d en sity  and  th e  v isco sity  a t  p o in ts  aw ay from  th e  s ta g n a tio n  p o in t 
c an  be  expressed  as:

112
_  r ,  2

T  2 I e
(15)

Tx  в X U 2

2 l e

л _ =
fle

T
Tл  e

Я
(16)

I t  is assum ed th a t  th e  v isco sity  p  v a rie s  as Т л. 
H ence ,

C =  - ^ -
Qe^e

g - f ' 2

1—A

(17)

w here  Я is a c o n s tan t an d  T  is th e  a b so lu te  te m p e ra tu re . T h e  d iss ip a tio n  p a ra m ­
e te r  u 2eIIe is re la ted  to  th e  local M ach n u m b e r M e b y  th e  expression

u | _  2
!  ■ 2 (18) 

-  l)M f

w here  is th e  ra tio  of specific h e a ts .
T he s im ultaneous n u m erica l so lu tions of eq u a tio n s (13) an d  (14) w ith  

b o u n d a ry  conditions g iven b y  e q u a tio n  (12) was carried  o u t on  E llio t C om pu ter 
u sing  R u n g e—K u tta  — Gill m e th o d  fo r ß  =  0,5 and  1, u2j l e =  0, P r =  0,72, 
Я =  0,5, gw =  0,2 an d  0,6 (for th e  s ta g n a tio n  p o in t o f a tw o- d im ensiona l and  
an  ax isy m m etric  b ody); an d  fo r ß =  0,47 and  0,93, i4 / I e =  0,30 an d  0,22, P r 
=  0 ,72, Я =  0,5, gw =  0,2 an d  0,6 ( fo ra  p o in t aw ay  from  th e  s ta g n a tio n  p o in t, 
t h a t  is a t  <9°=тг/6 o f  a tw o -d im en sio n a l and  an  ax isy m m etric  body). 
T h e  v a r ia tio n  of th e  velo c ity , /  (17), th e  to ta l  e n th a lp y  g(r]) an d  th e  p ro d u c t 
o f v isco sity  and  d en sity  C w ith  rj an d  g w a t  th e  s ta g n a tio n  p o in t an d  a t  a p o in t 
aw ay  from  th e  s tag n a tio n  p o in t o f b o th  th e  cy linder an d  th e  sphere a re  show n in 
F igs 1 —6.

4. Skin friction and heat transfer

T h e sk in  fric tio n  a t  an y  p o in t aw ay  from  th e  s ta g n a tio n  p o in t o f a tw o- 
d im ensiona l or an  ax isy m m etric  b o d y  can  be expressed  as:

_ (e^)wu2
X  =

Э и

dy  . (2S)1/2
r i f l (19)
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w here  r  denotes th e  sk in  fr ic tio n  or shear s tre ss  a t  th e  w all a t  an y  p o in t aw ay 
from  th e  s tag n a tio n  p o in t. S im ilarly , th e  sk in  fric tio n  a t  th e  s ta g n a tio n  p o in t 
can  b e  w ritte n  as:

' ' du  j '

. 3 j  Jw_

( W » )o J ( I + j ) i i *
dx n

Qe!Je
d u e

dx

11/2 i f  Do ( 20)

w here r 0 is th e  sh ear s tre ss  or th e  skin fric tio n  a t  th e  s ta g n a tio n  p o in t. H ence 
th e  sk in  fric tion  coeffic ien t a t  th e  s ta g n a tio n  p o in t is g iven  b y :

"/o
у  (& Ml)o

2 ( 1 + J ) 1/2g ; 

( « е х Г

■Л-1
i f  Do (21)
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w h ere

(Яех)о =
(dueld x )0x2

W o

is th e  R eynolds n u m b e r  a t  th e  s ta g n a tio n  p o in t an d  C j0 is th e  sk in  fric tion  
coeffic ien t a t th e  s ta g n a tio n  p o in t. I f  we define th e  skin- fr ic tio n  coefficient a t a 
p o in t  aw ay from  th e  s ta g n a tio n  p o in t in  th e  sam e m an n er as we h a v e  defined 
a t  th e  s tag n a tio n  p o in t (i.e . no rm aliz ing  th e  sh ear stress т  w ith  1 /2 (деи ге)0), th e n  
th e  sk in - friction  co effic ien t a t  th e  s ta g n a tio n  p o in t an d  a t  a p o in t aw ay  from  
th e  s ta g n a tio n  can b e  re la te d  as:
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Fig. 5. Total enthalpy distribution for a sphere

Fig. 6. Variation of (,Q̂ )j(Qe №е) with r) for a sphere
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w here
1-1

I t  is assum ed th a t  th e  p ro d u c t o f d e n s ity  an d  v iscosity  a t  th e  edge o f  th e  
b o u n d a ry  lay er ое/ле does n o t differ m u ch  fro m  its  s tag n a tio n - p o in t v a lu e , th a t  
is from  (QeHe)0, as we m ove aw ay from  th e  s ta g n a tio n  p o in t. H ence , Qe(j,e c an  be 
considered  to  h av e  th e  sam e v alue  as t h a t  o f (gege)o if  th e  d is tan ce  x  o r th e  
a n g u la r  d istance  0  is sm all (i.e. дец е (fje[ie)0).

The h ea t- tra n s fe r  ra te  a t  an y  p o in t aw ay  from  th e  s ta g n a tio n  p o in t c an  be 
exp ressed  as:

—  9 = (23)

w h ere  — q is th e  h e a t- tr a n s fe r  ra te  a t  a n y  p o in t aw ay from  th e  s ta g n a tio n  p o in t. 
S im ila rly , th e  h e a t-  t ra n s fe r  ra te  a t  th e  s ta g n a tio n  p o in t can  be w ritte n  as:

(24)

w h ere  —q0 is th e  h e a t- t r a n s fe r  ra te  a t  th e  s ta g n a tio n  p o in t. H ence , th e  N u sse lt 
n u m b e r  a t  th e  s ta g n a tio n  p o in t can  he  expressed  as:

w here

(25)

I f  th e  N usselt n u m b e r a t  any  p o in t aw ay  fro m  th e  s ta g n a tio n  p o in t is d efin ed  
in  th e  sam e m an n er as th a t  a t th e  s ta g n a tio n  p o in t, th e n  th e  N u sse lt n u m b e r 
a t  a n y  p o in t aw ay  from  th e  s tag n a tio n  p o in t is re la ted  to  t h a t  of th e  s ta g n a tio n  
p o in t  b y

dx

(26)

w here

T he skin- fr ic tio n  coefficient an d  th e  N usse lt n u m b er a t  an y  p o in t o f  th e  
b o d y  can  be o b ta in ed  if  th e  local s im ila rity  so lu tion , th e  inv isc id  flow , an d  th e
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skin- fric tion  coeffic ien t an d  th e  N usselt n u m b e r a t  th e  s tag n a tio n  p o in t are 
know n. F o r th e  inv iscid  flow  ou tside th e  b o u n d a ry  lay e r o f a tw o-d im ensional 
body  (a cy linder) an d  an  ax isym m etric  b o d y  (a sphere), th e  co n stan t d e n s ity  
so lu tions due to  W h ith a m  [24] and  L ig h t h il l  [25] are  used. F ro m  th e ir  
so lu tions, th e  v e lo c ity  o u ts id e  th e  b o u n d a ry  lay e r can  be ob ta in ed  fo r a 
g iven free s tream  M ach n u m b e r M „ ,  specific h e a t ra tio  К г, an d  th e  d en sity  
ra tio  e =  Q^ISe (goo is th e  d en sity  in  th e  free s tream ). F lence, (due/dx ), S , M e, ß, 
and  щ /21е a t  an y  p o in t o f th e  b o d y  can be easily  o b ta in ed  ( M e is M ach n u m b e r 
a t th e  edge of th e  b o u n d a ry  layer).

T he sk in -fr ic tio n  coeffic ien t and  th e  N u sse lt n u m b e r a t  th e  p o in t 0  =  30° 
(X =  R@, w here R  is th e  rad iu s  of th e  bo d y  an d  is ta k e n  as u n ity ) an d  a t  th e  
s tag n a tio n  p o in t fo r a tw o-d im ensional body  (a cy linder) an d  an  ax isy m m etric  
bo d y  (a sphere) a re  g iven  in  T ab le  I . F rom  th e  re su lts , i t  is concluded t h a t  th e  
skin- fric tion  coeffic ien t and  th e  N usselt n u m b e r a t  an y  p o in t aw ay from  th e

Table I

M„  =  10, £ =  0,175, K, =  1,4, P r =  0,7Г A =  0,5

Cylinder Sph ere

0 0 0 0 30 30 0 0 30 30
Me 0 0 0,7861 0,7861 0 0 0,9393 0,9393

ß 1 1 0,93 0,93 0,5 0,5 0,47 0,47

« 1 / ( 2 ^ ) 0 0 0,11 0,11 0 0 0,15 0,15

Sw 0,2 0,6 0,2 0,6 0,2 0,6 0,2 0,6

f"J \v 0,4150 0,8470 0,4241 0,8565 0,3464 0,6616 0,3574 0,6646

8w 0,1914 0,1588 0,1954 0,1574 0,1853 0,1519 0,1922 0,1492
cf( Rex)J'2 1,8562 2,1868 1,6503 1,9241 2,1905 2,4155 1,8987 2,0382
N„/( Rex)J'2 1,1961 0,6616 1,0494 0,5752 1,6377 0,8951 1,3775 0,7132

s ta g n a tio n  p o in t a re  less th a n  those  of th e  s ta g n a tio n  p o in t an d  th e y  decrease 
as we m ove aw ay  from  th e  s tag n a tio n  p o in t. In  b o th  cases, th e  skin- fr ic tio n  
coefficient increases, b u t  th e  N usselt num ber decreases , as th e  to ta l  e n th a lp y  a t  
th e  w all increases, keep ing  th e  R eynolds n u m b e r a t  th e  s tag n a tio n  p o in t as 
co n s tan t. A gain  fo r b o th  cases, th e  skin- fr ic tio n  coeffic ien t decreases, b u t  th e  
N usse lt n u m b er increases if  th e  R eynolds n u m b e r increases.

5. Conclusions

T he sk in -fr ic tio n  coeffic ien t and  th e  N u sse lt n u m b e r decrease as we m ove 
aw ay from  th e  s ta g n a tio n  p o in t of a cy linder or a sphere  an d  th e ir  m ag n itu d e  
for a cy linder is less th a n  th o se  of a sphere. T he skin- fr ic tio n  coefficient increases 
b u t  th e  N usse lt n u m b e r decreases as th e  to ta l  e n th a lp y  a t  th e  w all increases.
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L o k a l e  Ä h n l i c h k e i t s l ö s u n g e n  f ü r  d i e  k o m p r e s s i b l e n  l a m i n a r e n  G r e n z s c h i c h t s t r ö m u n g e u
Ähnlichkeitslösungen für die zweidimensionale und die achsialsymmetrische stationäre, 
laminare Strömung einer zähen Flüßigkeit am Staupunkt und entfernt davon bei Inzidenz 
Null wurden abgeleitet, ohne Einschränkungen für die Gesamtenthalpie an der Wandung 
sowie für das Produkt aus Dichte und Zähigkeit und die Prandtl-Zahl. Die zwei gekoppelten 
nichtlinearen gewöhnlichen Differentialgleichungen für Bewegungsgröße und Energie werden 
simultan mittels der Runge — Kutta — Gillschen Methode gelöst. Die Ergebnisse zeigen, daß der 
Wandreibungskoeffizient und die Nusselt-Zahl sich mit der Entfernung vom Staupunkt ver­
ringern. Der Wandreibungskoeffizient steigt an, aber die Nusselt-Zahl sinkt mit steigender 
Gesamtenthalpie an der Wandung. Der Wandreibungskoeffizient und die Nusselt-Zahl sind 
für einen zweidimensionalen Körper (einen Zylinder) kleiner als die für einen achsialsymmetri­
schen Körper (eine Kugel).

Местные решения подобия для сжимаемых ламинарных граничных уравнений.
Автор для сжимаемо вязкой среды в случае двумерного и осесимметрического стационар­
ного движения дает решение подобии потока в динамической точке и в далеке от этой 
точки, при угле атаки равном нулю, без того, чтобы для энтальпии возле стенки, вязкости 
и произведения плотности, а также числа Прандтля применить какое-либо ограничение. 
Два связанных нелинейных обычных дифференциальных уравнения, которые отражают 
количество движения и уравнение энергии, решаются автором одновременно с помощью 
метода Рунге—Кутта— Гилла. Результаты показывают, что коэффициент трения о стенку 
и число Нуссельта уменьшаются, если удаляться от динамической точки. Коэффициент 
трения о стенку возрастает, но уменьшается число Нуссельта с ростом общей этальпии 
возле стенки. Коэффициент трения о стенку и число Нуссельта являются меньшими в 
случае двумерного тела (цилиндра), чем в случае осесимметричного тела (шара).
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The paper describes a three-dimensional stress- analysis method expressing the 
equilibrium equations directly for the finite- size elements, and the continuity condi­
tions for the one-dimensional sub-space of the three-dimensional continuum, that is, 
for the network of the lines of intersection of the dividing surfaces. An approximation, 
with polynômes, the functions describing the stresses making the numerical solution 
lead to a linear system of equations whose coefficients are given by definite integrals. In 
the case of a uniform division they may be written down by using operators of general 
validity and, therefore, the concrete determination of the integrals is not necessary.

1. In tro d u c tio n

T h e  classic m eth o d  of stress ca lcu la tio n  involves th e  expression  and  
so lu tio n  of th e  d iffe ren tia l eq u a tio n s o b ta in ed  b y  th e  eq u ilib riu m  an d  co n ­
t in u i ty  equa tions expressed  for d iffe ren tia l-s ize  vo lum e e lem en ts . Since th e  
so lu tio n  of th e  p rob lem  sa tisfy ing  th e  g iven  b o u n d a ry  co n d itio n s c an n o t be 
expressed  in  a closed form  for a g enera l case, u sua lly  an  a p p ro x im a tiv e  re su lt 
supp lied  b y  a n u m erica l m ethod  w ill suffice. F o rm erly , r a th e r  th e  m eth o d  of 
f in ite  d ifferences or th e  so lu tion  b y  a fu n c tio n  series, w hen  o n ly  th e  f irs t or th e  
f ir s t  few  te rm s th e re o f  are reckoned  w ith , was considered  as a th e o re tic a l 
p o ss ib ility  for an y  so lu tion  a t  all. T h e  aw kw ardness of th is  so lu tio n  is p a r t ic u ­
la r ly  conspicuous in  th e  m ethod  o f f in ite  differences w here , in s te a d  of d irec t 
expression , essen tia lly  from  th e  re la tio n s  o f th e  in fin ite s im a lly  sm all e lem ents 
h as  b een  reconcluded  for tho se  of th e  f in ite  dim ensions.

H ig h -cap ac ity  com pu ters o p e ra tin g  a t  a high speed  m ak e  th e  d irec t 
u tiliz a tio n  of th e  princip les em ployed  w hen  expressing th e  above d iffe ren tia l 
eq u a tio n s  possible. T hus, i t  is possib le to  express th e  eq u ilib riu m  cond itions 
fo r f in ite - size vo lum e elem ents c u t off b y  a given surface sy stem , an d  th e  
c o n tin u ity  equ a tio n s fo r a ne tw ork  co n sisting  only  of one-d im ensional e lem en ts, 
rep re sen ted  by  th e  edges of th e  vo lu m e e lem ents re ferred  to ,  t h a t  is, fo r th e  
sub-space  of th e  co n tin u u m . This la t te r  novel idea illu s tra te s  th e  fu n d a m e n ta l 
p e c u lia rity  of th e  m eth o d  described  here .
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T he func tions d escrib ing  th e  stresses are  a p p ro x im a te d  b y  po lynôm es, 
w h ich  h av e  to  sa tis fy  th e  req u irem en t of coincid ing th e  fu n c tio n  to  be a p p ro x i­
m a te d  in  to  a f in ite  n u m b e r of p re d e te rm in ed  p o in ts . T h e  d irec t ob jec tiv e  of 
th is  ca lcu la tio n  is to  d e te rm in e  th e  a p p ro x im a tiv e  v a lu es  p e rta in in g  to  th e  
f in ite  n u m b er of p o in ts  o f th e  fu nc tions describ ing  th e  s tresses involved  re fe rred  
to  above. A t such  an  ap p ro x im a tio n  of th e se  fu n c tio n s , th e  equ ilib rium  and  
c o n tin u ity  eq u a tio n s m a y  be w ritte n  in  a lin ea r  fo rm , w h e rea fte r th e  to ta l i ty  
of th e se  lin ear eq u a tio n s  w ill supp ly  th e  lin e a r  eq u a tio n  sy stem  from  w hich th e  
s tress va lues asso c ia ted  w ith  th e  p o in ts  th u s  selected  can  be ca lcu la ted . T he 
fo llow ing p a ra g ra p h s  w ill ex p la in  th is  fu n d a m e n ta lly  r a th e r  sim ple m e th o d , 
w ith  th e  rem ark  th a t  i ts  ap p ro x im a tiv e  c h a ra c te r  is d u e  to  n o th in g  b u t  th e  
a p p ro x im a tio n  of th e  fu n c tio n s  b y  po lynôm es. T he a d v a n ta g e s  of th is  m e th o d  
m ay  be  sum m arized  as follows:

a) I t  does n o t re q u ire  an y  a p p ro x im a tio n , w h a tso ev e r, in  th e  geom etry  
of th e  b o d y  in  q u es tio n , n o r in  th a t  o f th e  surface su rro u n d in g  th is  b o d y ;

b) th e  c o n tin u ity  e q u a tio n s  shou ld  be  expressed  fo r th e  one-d im ensional 
n e tw o rk ;

e) coefficients o f th e  lin e a r  eq u a tio n  system  are  g iven  b y  in teg ra ls , w h ich  
increases th e  s ta b ili ty  o f th e  so lu tion .

2. Description o f the method

T he bo d y  to  be ex am in ed  is d iv ided  in  p a r ts  b y  su rfaces. S tresses g en e r­
a te d  in  th e  bo d y  are  to  be  d e te rm in ed  along  th ese  su rfaces. The in d iv id u a l 
e lem en ta ry  p a r ts  of th e  b o d y  are in  equ ilib riu m  on th e  effect of th e  stresses 
ac tin g  on its  surface, a n d  on th e  m ass forces ex e rted . I n  th e  case of eq u ilib ­
r iu m , th e  sum  of th e  force p ro jec tio n s re la te d  to  th re e  s tra ig h t  lines, n o t in  th e  
sam e p lan e , as w ell as t h a t  o f th e  m o m en t v ec to r  co m p o n en ts  p ara lle l to  v ec ­
to rs , s im ilarly  n o t in  th e  sam e p lane ; se p a ra te ly  equal zero . T he equ ilib rium  
co n d itio n  re la te d  to  each  vo lum e e lem ent m eans, th e re fo re , 6 equations g en er­
ally .

O n th e  effect of th e  stresses p ro d u ced  in , an d  ex e rte d  on , th e  surface of th e  
e lem ents th u s  c u t off, th e se  elem ents w ill be  deform ed in  such  a w ay  so as to  
enable  th e m  to  be co n n ec ted  w ith o u t a c learance . T h is co n d itio n  of d e fo rm ation  
is called  th e  co n d ition  o f c o n tin u ity  and  th is  connection , con tinuous for each 
vo lum e e lem ent an d  fo r each  surface p a r t  th e reo f, m eans an  in fin ite  n u m b er 
of cond itions, for w hich  reaso n  any  en d eav o u r to  i ts  sa tis fac tio n  w ould m ean  
th e  ex ac t so lu tion  of th e  p a r tia l  d iffe ren tia l e q u a tio n  describ ing  th is  re la tio n  
w hich , in  tu rn , w ould  b e  im possib le in  a genera l case.

T h e  genera lly  em ployed  num erica l m e th o d s k n o w n  so fa r app ro ach  th e  
c o n tin u ity  cond itions b y  f i t t in g  th e  selec ted  p o in ts  o f th e  elem ents in to  one
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a n o th e r . T his ap p ro ach , how ever, re s tr ic ts  c o n tin u ity  to  th e  О -dim ension  su b ­
space of th e  co n tin u u m , th a t  is, to  th e  p o in ts  specified. O n th e  o th e r h a n d , th e  
m e th o d  described  h ere  specifies th e  c o n tin u ity  conditions fo r th e  o n e-d im ension ­
al sub-space, i.e. fo r th e  ne tw o rk  p ro p e r . Since th e  d im ensional re d u c tio n  is 
o n ly  o f a value of tw o  here, th e  a p p ro x im a tio n  is perfo rm ed  in  an  o rd er o f one 
d im ension  h igher.

A t th e  sam e tim e , th e  m eth o d  is b o th  th eo re tica lly  an d  p ra c tic a lly  r a th e r  
sim ple, since i t  w ill express th e  d e fo rm a tio n  (for th e  sake of illu s tra tio n )  fo r a 
b a r  e lem ent th a t  m ig h t, how ever, be re g a rd e d  as a line, in  th e  g eom etrica l sense 
of th e  te rm . T he use o f th e  te rm  “ b a r ”  is ju s tif ie d  b y  th e  fa c t th a t ,  w h en  ca l­
cu la tin g  th e  defo rm atio n , an  a c tu a l b a r  is also  considered as a one-d im ensional 
co n tin u u m .

T he m ethod  described  here  specifies d isp lacem ent co incidence a long  th e  
lines, i.e ., along th e  com m on edges o f th e  elem ents. F o r th e  line te rm in a ls  a t  
th e  com m on ju n c tio n , how ever, n o t o n ly  an  id en tica l d isp lacem en t b u t  also 
th e  correspond ing  ta n g e n t re la tio n  is d em an d ed .

O ur ta sk  is, how ever, th e  d e te rm in a tio n  of stresses. Since th e ir  d is t r ib u ­
tio n  is u n k now n , on ly  th e  d e te rm in a tio n  o f  th e ir  a p p ro x im a tiv e  va lu es  a t  g iven  
p o in ts  m ay  he soug h t for. By m eans o f th e se  p o in t va lues, th e  fu n c tio n s d e sc rib ­
ing  th e  stresses are a p p ro x im a ted  b y  p o ly n ô m es, w hereby  th e  line d e fo rm atio n s  
a re  th e n  expressed. T he lines in te rse c tin g  th e  surfaces d iv id in g  th e  b o d y  in to  
e lem ents crea te  a sp a tia l ne tw ork  w hose lin es  are  connected , even  a fte r  a d e fo r­
m a tio n  of th e  b o d y  caused b y  e x te rn a l fo rces, in  such a m an n e r th a t  w here  th e  
com m on po in ts  m a in ta in  th is  c h a ra c te r  a n d , as a consequence, th e  ang le  of 
in c lin a tio n  of th e  ta n g e n ts  of these  p o in ts  v a ry in g  only to  an  in sig n ifican t e x te n t, 
is expressed  b y  th e  ju n c tio n  stresses. T h e  eq u a tio n s expressing  th e  e q u a lity  of 
th e  d isp lacem en ts o f b a r  ends co nnec ted  to  th e  com m on ju n c tio n , an d  th o se  
describ ing  th e  p red e te rm in ed  difference in  th e  ro ta tio n  of th e  assoc ia ted  ax ia l 
in te rsec tio n s ( th a t  ca lcu la ted  from  an d  exp ressed  b y  th e  stresses) are , th e n , th e  
e q u a tio n s  of co n tin u ity .

T he re la tiv e  d isp lacem ent of th e  tw o  te rm in a ls  of each  line sec tion  can  be 
ca lcu la ted  from  th e  stresses p ro d u ced  in  th e  b o d y , and  its  a p p ro x im a tiv e  v a lu e  
m a y  be expressed  b y  th e  g iven stress figu res.

T he form  o f th e  surfaces realiz ing  d iv is io n  in to  e lem ents h as  no th e o re tic a l 
significance. T h u s, th e  form  of th e se  e lem en ts  as well as th e  n e tw o rk  o f in te r ­
sections m ay be en tire ly  op tio n a l as illu s tra te d  in  F ig . 1. H ow ever, w ith  
re sp ec t to  th e  a c tu a l ca lcu la tion , th e  c o rre c t selection of th is  d iv ision  is o f a 
g re a t im p o rtan ce  from  b o th  q u a n ti ta t iv e  an d  q u a lita tiv e  aspects.

D ivision b y  p lanes p a ra lle l to  th e  co -o rd inates m ay  h e  reg a rd ed  as th e  
s im p lest p rocedure , th a t  is, w hen  th e  d is ta n c e  of one p lan e  from  th e  o th e r  is 
eq u a l to  th a t  b e tw een  th e  n e x t ones. A lth o u g h  in  special cases such  as th e  
ex am in a tio n  of solids of rev o lu tio n , o th e r  divisions m ig h t be  m ore a d v a n ta -
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Fig. 1

geous, th e  m eth o d  is f ir s t  p resen ted  for th e  case w hen  th e  surfaces perfo rm ing  th e  
d iv is io n  in to  e lem en ts a re  para lle l an d /o r p e rp e n d ic u la r, an d  th e  para lle l p lan es 
are  lo c a te d  a t  eq u a l d is tan ces  (Fig. 2 ). R e la tio n s  concern ing  o th e r cases can  be  
d e riv ed  in  a s im ila r w ay .

In  th e  case b e ing  s tu d ied , th e  e lem ents are  re c ta n g u la r  bodies, i.e. p a r ts  c u t  
off such  bodies by  th e ir  b o u n d a ry  surfaces (F ig . 3), w hile th e  netw ork  consists  
of s tr a ig h t  lines an d /o r p lane curves.

T he stress v a lu es  p e rta in in g  to  th e  ju n c tio n s  are reg a rd ed  as u n k n o w n  
w hich m eans 6 unk n o w n s p er ju n c tio n , in c lu d in g  th e  n o rm al stresses <rx, ay an d  
az p e rp e n d ic u la r  to  th e  p lanes, and  th e  sh ea r stresses rxy, r xz and  Tyz p a ra lle l 
th e re to .

I f  all th e  6 stresses are assum ed as b e ing  un k n o w n  in  each nodal p o in t, 
and  each  possible eq u ilib riu m  and  c o n tin u ity  eq u a tio n s  are  expressed, th e n  th e
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n u m b e r of eq u a tio n s will exceed th a t  o f th e  unknow ns. In  a d d itio n , th is  o v e r­
defined  eq u a tio n  system  will h av e  to  sa tis fy  th e  cond ition  of

I I Ax — b I I =  min!

I f  th e  n u m b er of equ a tio n s and  u n k n o w n s m u st be m ade equal, th is  m a y  be  
read ily  accom plished  as, in  a sim ilar case, u n d e r  [2], so th is  p rob lem  w ill n o t be 
d iscussed  here .

T he coefficients o f th e  eq u a tio n  sy s te m  can  be ca lcu la ted  b y  m eans of 
d e fin ite  in te g ra ls : those  of th e  eq u ilib riu m  equ a tio n s b y  double , an d  th o se  of 
th e  c o n tin u ity  equa tions b y  single in te g ra ls . I t  is ra th e r  ad v an tag eo u s  t h a t  th e  
coeffic ien ts are  d efin ite  in teg ra l v a lu es , since th is  w ill reduce  th e  e x te n t  an d  
effect o f erro rs as aga in st o th e r  o p era tio n s  e.g . d iffe ren tia tio n . A t th e  sam e tim e , 
som e ad v a n ta g e s  of com pu ting  tech n ic s  a re  ach ieved . C alcu lation  o f th e  p lan e  
cu rve  in teg ra ls  does n o t p resen t an y  p ro b lem s in  genera l cases, e ith e r , b u t  i t  
shou ld  s till be  po in ted  ou t here  th a t ,  as a pecu lia r fe a tu re  of d iv ision , th e re  are  
som e fo rm ulae  of general v a lid ity  fo r b o th  single an d  double in teg ra ls  to  be 
derived  on th e  e lem ents w ith in  th e  b o d y , p ro m o tin g  num erica l so lu tio n , w hich 
resem ble  th e  o p era to rs  of th e  m eth o d  o f d ifferences. T h u s, an  occasional precise 
ca lcu la tio n  of th e  in teg ra ls  is only  n ecessa ry  along th e  surface su rro u n d in g  th e  
b o d y .

3. E qu ilib riu m  equations

A n e lem en t is in  equ ilib rium , if  th e  com ponen ts o f th e  forces ac tin g  on its  
su rface  (stresses rep resen tin g  th e  sec tio n  forces p lus th e  surface forces) an d  of 
its  m ass forces, para lle l to  th e  axes, x, y ,  an d  z, as well as th e ir  m o m en ts  re la te d  
to  th e se  axes, are  zero .T h is m eans 3 force an d  3 m om ent- equ ilib rium  eq u a tio n s ,
i.e. a to ta l  o f 6 equ a tio n s p e r e lem en t.

Since th e  d iv id ing  p lanes have  b een  assum ed  as para lle l to  th e  co -o rd in a te  
p lan es, th e re  will be only 3 u n k n o w n  stresses ac tin g  on th e  su rface  o f each 
sec tion , w hile th e  re s t will equal zero. A ny  ex te rn a l load  ac ting  on th e  surface
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of th e  b o d y  (inc lud ing  th e  forces of reac tio n ) can  b es t be specified, as reso lv ed  
to  com ponen ts p a ra lle l to  th e  co -o rd in a te  axes.

E xpression  o f th e  equ ilib rium  eq u a tio n s  req u ires  th e  ca lcu la tion  o f th e  
in te g ra ls  re la ted  to  th e  surface of th e  e lem en ts. A lthough  th e  p rob lem  m a y  be 
consid ered  as so lved  th e re b y , ta k in g  th e  asp ec ts  of com pu ting  techn ics, th is  
n ecess ita te s  a d e ta ile d  ex p lan a tio n .

T h e  surface p a r ts  su rro u n d in g  th e  e lem en ts m ay  be classified in to  th re e  
m a in  categories:

(a) The su rface  e lem en t is re c ta n g u la r, an d  th e  neighbouring  e lem ents in  
i ts  p la n e  are sim ila rly  co n g ru en t rec tan g les  (F ig . 4). As m en tio n ed  above , th e  
stre sses  are a p p ro x im a te d  b y  polynôm es a long  one line each, w hile th e  fu n c tio n  
an d  th e  re lev an t in te g ra ls  are expressed  b y  fu n c tio n  values p e rta in in g  to  th e  
se lec ted  p o in ts . H ow ever, th e  la t te r  is on ly  feasib le  if, n o t on ly  th e  fu n c tio n s  
along  th e  in d iv id u a l lines, b u t also th e  tw o -v a riab le  fu n c tio n  re la te d  to  th e  
e n tire  dom ain  is a p p ro x im a te d  b y  a po lynom e. I f  th e  form  of th e  po ly n o m e 
is g iv en , its  coeffic ien ts can  be u n eq u iv o ca lly  expressed  b y  m eans o f th e  
fu n c tio n  values of th e  g iven  p o in ts . F o r ex am p le , in  th e  case of F ig . 4, th e  v a lu es  
p e r ta in in g  to  n oda l p o in ts  1, 2 , . . .  12 give a tw o -v ariab le  fu n c tio n  th a t  w ill 
assu m e, in  these  v e ry  p o in ts , th e  g iven v a lu es . T he ex ac t so lu tion  dem ands th e  
f in d in g  o f 12 coeffic ien ts . In  th is  case th e  follow ing fu n c tio n  has th e  m o st 
fav o u ra b le  form

f ( x , y )  — A x 3 A  B x 1 A  Cx A  D y 3 A  E y 2 A  F y  A  Gx3y  A

A  H x y 3 A  Jx2y A  K x y 2 A  L x y  A  M ,' ( 1)

since th is  eq u a tio n  sy s tem , con ta in ing  12 u n k n o w n s, w herefrom  th e  coeffic ien ts 
A ,  B ,  C, . . . M  can  be  ca lcu la ted , m ay  be reso lv ed  to  eq u a tio n  system s co n ta in -

Fig. 4
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ing  m ax im u m  3 un k n o w n s. E xpressing  th e  coeffic ien ts b y  th e  fu n c tio n  v alues 
p e rta in in g  to  th e  n o d a l p o in ts , th e  fu n c tio n  soug h t fo r w ill be

f ( X, y )  =  - / l + 3/ 4 - 3/ 8 + / n  ^3 +  / 1 - 2/ 4 + /в . д.2 
JK 6o3 2o°-

, 2 /, -  2/ 2 +  2/3 -  3 /5 + / ,  -  2 /, -  3 /8 +  6 /9 - / 10 + / n  - / 12 , 7.

+  ш  y + h •

In  th e  case illu s tra te d  b y  Fig. 4, th e  in teg ra ls  in  th e  equ ilib rium  eq u a tio n s  
can  be ca lcu la ted  b y  using  th e  follow ing o p era to rs :
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Fig. 5

L e t us consider now  th e  e lem en t in  F ig . 5. F o r exam ple, th e  equ ilib riu m  
o f th e  forces para lle l to  axis x  is expressed  b y  equa tion

J J (F ) У, z)dydz -  J  | ( F  ) M o ,  y ,  z)dydz +  J J ( F  ) rxy(x, b, z)dxdz -

-  J J(f .) tyx(-X' z)dxdz +  J j ' ( F s )  rzx{x,y, c)dxdy —

-  J J ( rzx (x, y ,  o)dxdy +  X  =  0 , (6)

and th a t  of the x axis m om ent by

-  J J (F ) zxxy(a ,y ,  z)dydz +  J j  y r xz(a ,y ,  z)dydz +

+  b I j(F  ̂ t yZ(x,b, z)dxdz — j   ̂zoy (x, b, z)dxdz +

+  J [(Fj) z t xy{o,y, z)dydz -  j J (F>) y t xz(o,y,z)dydz +

+  \ \ (Fi)zay(x ’ ° ’ z )d x d z +  [ j  {Ft)y ° z { x ,y ,c ) d x d y  —

-  c J J (Fs) * z y ( x , y ,  c)dxdy -  J j (F>) ycrz{x ,y ,  o)dxdy +  M x =  0 (7 )

w here  X  is th e  com ponen t of th e  m ass forces p a ra lle l of ax is x ,  an d  M x is 
th e ir  m o m en t re la ted  to  th e  sam e ax is. T he eq u a tio n s  expressing th e  equ ilib rium  
o f th e  forces para lle l to  axes у  an d  z, and  of th e  m om ents associa ted  w ith  th ese  
axes m ay  be w ritten  in  a sim ilar w ay .
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E x p ressin g  th e  double in teg ra ls  of form ulae (6 ) an d  (7) by  th e  fu n c tio n  
v a lu es  a t  g iven  po in ts  accord ing  to  eq u a tio n s  (3), (4) an d  (5) reveals  t h a t  th e  
eq u ilib riu m  eq u a tio n s  can  be w r itte n  in  a re la tiv e ly  sim ple fo rm  as fa r  as th e  
in te rn a l re c ta n g u la r  bodies are concerned .

I f  th e  b o d y  u n d e r te s t  is re c ta n g u la r  in  itse lf (or com posed of rec tan g les), 
th e n  it  m ay  be  resolved in to  id en tica l e lem ents. In  th is  case expressions sim ilar 
to  th o se  g iven above can  be derived  fo r th e  sections o f th e  elem ents co n tac tin g  
th e  surface. F o r th e  ca lcu la tio n  of th e  double  in teg ra ls  re la te d  to  th e  ex te rio r 
rec tan g les , th e  re le v a n t p o in ts  are  b e s t de te rm ined  as show n in F ig . 6 .

Fig. 6

(ß ) T he s itu a tio n  is m uch  m ore  com plica ted  in  th e  case of e lem ents 
w hose b o u n d a ry  surfaces inc lude  a surface w hich lim its  th e  b o d y  u n d er 
ex am in a tio n . A c tu a lly , th e  re c ta n g u la r  bodies w ith  a d ja c e n t sim ilar rec tang les 
can  also be ad d ed  to  th is  c a teg o ry , a lth o u g h  in  th is  c h a p te r  only th e  ca lcu la tio n  
of double in teg ra ls  re la te d  to  p lan e  sections will be  d e a lt w ith .

T he ca lcu la tio n  process w ill be given in d e ta il on ly  for a single p lane 
sec tion  as t h a t  in  F ig . 7. A lth o u g h  F ig . 7a p a r tic u la r ly  resem bles th e  above 
case, i t  is s till n o t id en tica l th e re to  since, w hile th e o re tic a lly  th e  sam e p rocedure  
is follow ed, fu n c tio n  f ( x ,  y ) m u s t be  re w ritte n  in  each  case, and  th e  v a lu e  o f th e  
coeffic ien ts m u s t also be ca lcu la te , das th e  in teg ra l v a lu es  are  affec ted , th ro u g h  
th e  coeffic ien ts , b y  th e  co -o rd in a tes  o f p o in ts  2, 6 , an d  10 as well. S ince, how ­
ev er, th ese  are  g iven va lues, th e ir  expressions involve on ly  th e  stresses p e r ta in ­
in g  to  th e  n o d a l p o in ts  as u n k n o w n . T he difference as com pared  to  t h a t  o f (a) 
is , th e re fo re , m ere ly  th a t ,  w hile in  a un ifo rm  div ision  th e  o p era to rs  are  given 
w ith  a g enera l v a lid ity , and  can  be g iven  sim ilarly  for a p p ro x im a tio n s  b y  higher- 
o rd e r po lynôm es, in  o th e r cases o p e ra to r  e lem ents m u s t be ca lcu la ted  fo r each 
surface or line e lem ent. H ow ever, th e se  ca lcu la tions do n o t rep resen t difficul-
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Fig. 7

tie s , e ith er, as th e y  m a y  be  read ily  a u to m a ted . In  th e  cases co rrespond ing  to  
F ig . (a), th e  in te g ra tio n  b o u n d a rie s  are as sim ple, th a t  is c o n s ta n t, as w ith  th e  
p rev io u s ty p e . As fo r th e  need o f ca lcu la tin g  th e  coefficien ts of fu n c tio n  
f ( x , y )  show n u n d e r (1), in  each case, th e  exam ples in  F ig . 7 give fu ll agreem ent. 
T h is is th e  reason  w h y  th e y  can  be classified in to  one single group .

V ariations (b) a n d  (c) d iffer from  (a) on ly  b y  th e ir  in te g ra tio n  field being  
o th e r  th a n  re c ta n g u la r. T h e ir  respective  n u m b ers  in  F ig . 7 i llu s tra te  an  expe­
d ie n t p lo ttin g  of th e  p o in ts  reckoned  w ith  in  th e  ca lcu la tion .

(y) The th ird  ca te g o ry  of th e  double in teg ra ls  in  th e  eq u ilib riu m  equations 
is rep resen ted  b y  in te g ra ls  re la te d  to  th a t  p a r t  o f th e  su rface elem ents w hich 
a re , a t  th e  sam e tim e , th e  p a r t  o f th e  surface of th e  bo d y  u n d e r  exam ina tion . 
T h is w ill g rea tly  d iffe r fro m  th e  tw o  prev ious ty p e s , since th e se  surface p a r ts  
a re  u su a lly  o th e r th a n  p lan e  figures, and  in  th e  case of g iven  surface stresses 
th e se  in teg ra ls  can  be  a c c u ra te ly  ca lcu la ted  in  th eo ry .

4. Continuity equations

T he co n tin u ity  co n d itio n s are expressed fo r th e  lines of in te rsec tio n  of th e  
p lan es  used in  d iv ision  (reso lu tion  in to  e lem ents), rep re sen tin g  th e  sp a tia l 
fram ew o rk . These lines w ill he deform ed on th e  effect o f stresses, a lth o u g h  th e y  
m a in ta in  th e ir  c o n tin u ity  unch an g ed . T hese lines, m eeting  in  a com m on nodal 
p o in t, will do th e  sam e a f te r  d efo rm atio n , i.e ., th e  d isp lacem en t of these  te r ­
m inals o f th e  lines m e e tin g  a t  th e  sam e ju n c tio n  p o in t w ill be  equal.

T he s itu a tio n  is so m ew hat m ore com plica ted  w hen th e  ta n g e n ts  of lines 
are  ro ta te d .

In  th e  case o f rig id  angle connection  of b a rs , th e  angle inc luded  b y  th e  
n o d a l p o in t ta n g e n ts  o f  th e  ax is lines w ill re m a in  u n ch an g ed  a lthough  th e  
s tru c tu re  is deform ed. I n  th is  in v estig a tio n , how ever, b a rs  o th e r  th a n  such tru e
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sep a ra te  s tru c tu ra l e lem en ts are being  d ea lt w ith  w hose cross section  can  be 
fu r th e r  resolved in to  e lem en ta ry  p a r ts , as th e  cross sec tion  its e lf  is an  e lem en­
ta ry  section  im possib le  to  d iv ide an y  fu r th e r . Since th e  d e fo rm atio n  due to  
shear stress c an n o t be  neg lec ted , e ith e r , in  ca lcu la tin g  th e  d e fo rm ation  th e  
an g u la r changes a t  th e  ju n c tio n  of th e  lines, so, th e se  m u s t be ta k e n  in to  
acco u n t, too .

As an  i l lu s tra tio n  i t  m ay  be said  th a t ,  w hile in  th e  case o f a rigid angle 
connection  of tw o re a l b a rs , th e  angle o f in c lin a tio n  ex h ib ited  b y  th e  ta n g e n ts  
of th e ir  cen trelines rem ain s u n changed  d u ring  d efo rm atio n , th e  angles inc luded  
b y  th e  n oda l p o in t ta n g e n ts  of th e  system  p lo tte d  w ith in  a b o d y  and  over 
its  surface m ay  v a ry  to  a sligh t degree, owing to  th e  d e fo rm atio n  caused b y  
sh ear stress.

H ence, it  c a n n o t a n y  longer be said  th a t  th e  angles in c lu d ed  b y  th e  lines 
m eeting  a t a com m on ju n c tio n  p o in t rem ain  u n ch an g ed , b u t  t h a t  th e ir  an g u la r 
d is to rtio n  can be expressed  b y  th e  n o d a l p o in t stresses.

W hen  th e  lines are  n o rm al to  each o th e r (F ig. 8) th e n  th e  an g u la r d is to r ­
tio n  can  be expressed  b y  th e  shear s tress alone. T he stresses a re  assum ed to  be 
con tinuous fu n c tio n s, th u s  th e  lines connecting  th e  com m on ta n g e n t do n o t 
reveal an y  an g u la r d is to r tio n , th a t  is, th e ir  ta n g e n t w ill re m a in  com m on even  
a fte r  defo rm ation . F o r  exam ple , th e  ta n g e n ts  associa ted  w ith  th e  C p o in t 
te rm in a l of th e  cen te rlin es  C -l and  C-3 in  F ig . 8 are  th e  sam e a f te r  defo rm ation , 
to o . O n th e  o th e r h a n d , th e  C p o in t ta n g e n ts  of lines C -l, C-2, an d  C-5 p e r ta in ­
ing  to  p o in t C m a y  e x h ib it an  an g u la r d is to rtio n , w ith  th e  follow ing v alues:

b e tw een  C -l an d  C-2: 1/G t xy ,

b e tw een  C -l an d  C-5: 1/G tx2,

b e tw een  C-2 an d  C-5: 1/G t y z .

A long th e  b o u n d a ry  su rface  of th e  b o d y  th e  system  w ill n o t in  general be so 
regu la r. Such a ju n c tio n  p o in t is illu s tra te d  in  F ig . 9. T he C -po in t ta n g e n t o f 
lines C-2 and  C-4 or C-5 an d  C-6 is id en tica l an d , th e re fo re , th e y  will n o t rev ea l

Fig. 8-9
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a n y  an g u la r d is to rtio n  w h a tso ev er. O n  th e  o th e r h a n d , th e  an g u la r d is to rtio n s 
b e tw een  lines C-2 a n d  C-3, C-2 an d  C-6 , or C-3 and  C-6 , re sp ec tiv e ly , can  be 
re a d ily  calcu lated  b y  m eans of th e  fo rm u la  in A ppend ix  N o 2. F o r exam ple, th e  
a n g u la r  d isto rtio n  o f th e  C -poin t ta n g e n ts  of lines C-2 an d  C-3 is

У2,з =  (2en — e2 — Ci) t a n a 2i3

w here  e2 and  e3 re p re se n t specific s t r a in  in  th e  d irec tio n  o f th e  C-2 and  C-3 
ta n g e n ts , re spec tive ly , en is th e  sam e in  th e  d irection  n o rm a l to  th e ir  b isec to r, 
a n d  a 2 g ind icates th e  h a lf  of th e  ang le  included b y  th e  ta n g e n ts . T hus, to  
le a rn  th e  to ta l  d e fo rm a tio n  we h a v e  to  know  n o th in g  else b u t  th e  d e fo rm ation  
o f th e  in d iv idua l line  sec tions.

In  view  of th e  m e th o d  we h a v e  selec ted  th e  case w h en  th e  surfaces c u t­
t in g  off th e  elem ents are  p lanes, th e  te s ts  can  also be re s tr ic te d  to  p lan a r lines. 
T h e  following p a ra g ra p h s  supp ly  fo rm u lae  for a p lan e  p a ra lle l to  th e  (y, 2) 
co o rd in a te  p lane p ro p e r.

C alculation  o f th e  d e fo rm atio n s ex h ib ited  b y  th e  s tra ig h t lines para lle l 
to  th e  co -o rd inate  axes is m uch  s im p ler, so th is  will be described  f irs t , and  only 
th e re a f te r  th e  d e fo rm a tio n  of th e  (p la n a r)  curve rep re sen tin g  th e  general case.

F o r exam ple, if  th e  d isp lacem en t o f th e  s ta r tin g  p o in ty  of th e  line para lle l 
to  ax is  2 is know n, th e  com ponen ts o f th e  te rm in a l d isp lacem en t o f к  can  be 
ca lcu la ted  on th e  basis  o f th e  fo llow ing equations:

A x k =  A x j  + ( z k — Z j ) A ( p y t j  +

Г / Г 1 1 9 / Л( 4  — 2) — ---- ( a  г  — v a x  — v a  y)
H k à [ g d z E ôx

4 У к =  4 У]  -  (*k  —  * j) A<pXtJ +
*)

1 9 Туг
с  ~ ä T

1

E

A z k =  A z j  - f VGy)dz ,

A<Px,k =  /i(Px,j +

A < P y , k  =  A ffy j  +

1

G

1

G

(ryz,j

(  ^  x z ,  к

. ) + i J
l  j J (kit)

^  -  Y  J
ь  J(k*)

V O y

va y

dz ,

dz ,

— vay) dz ,

— p<fy)dz,

Acp:z, к : г

b»CO d t xz

h k t ) d x 9J  ,
dz .
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A nalysis of th e  in d iv id u a l te rm s  o f th e se  expressions can  be fo u n d  in  
A ppen d ix  N o 1 w here th e  effects o f each  stress are exam ined  sep a ra te ly . I t  
ap p ea red  to  be ex p ed ien t to  derive  th e se  form ulae in  an  e lem en ta ry  w ay , 
a lth o u g h  th e y  are  w ell-know n expressions, and  can be w ritte n , for exam ple , on 
th e  basis o f  (4.16) — (4.20) on pages 17 —18 of [3].

I f  th e  d isp lacem en t of th e  s ta r t in g  p o in t j  of th e  cu rve  section  ljt k in 
p lan e  (y, z) is know n, th e  com ponen ts o f th e  te rm in a l d isp lacem en t of к (in 
th e  case o f neg liga tion  o f m em bers m u ltip lied  w ith  c u rv a tu re )  w ill be

A x k =  Axj +  (zk — Zj)A(pyj  -  (y k — у j)Acpzj  +

j — —
>dl.k) I е  d x

+ J  In t  A  (at — vax -  Van) [(Ук — у )  cos (n, 2) -  (zk -  z) cos (n ,y )]  +

+

+

1 Я г
—  t(jfc — y )  cos ( t ,y )  +  (zk — z) cos (t,z)] +  
G os

1

2 G

c

CO

9 t í x |

dx dn  J [(*Ä -  2) COS ( t ,y )  -  ( y k - y )  cos (t,2)] ds ,

A y  к =  Ay j  -  (zk -  Zj)A<pxj  +
J  (h.*)

1 9 t,

G ds

1 9  .
- — — { a , -  vox -  van) 

Ь  an
(zk — z)ds ,

Azk =  Azj  +  (yk — yj)Acpxj  +  Г
A di, t)

1 9

1 d r  tn
~G 8s

E  9 n

(У к — y)ds  >

(a, — vax -  va,)

di, t) 9 n
. . 1 . . 1 

Афх.к  — A cpxj  +  —  (*tn,j —  x tn,k ) +  —
G hj

A<Py.k =  Apy,j +  j i cos (*,j) —

(a, — vax — van)ds ,

' dt.t)

j L  A .
E  dx

2 G dx  dn

(a t — vax — van) cos (n , y ) ds ,

A(pz,k =  A<pZij +
Jd,
г ' 1 f d t tn d r tx

Лк*) 2G [ dx  dn

A  A
E  dx

(a t — vax — van) cos (n , z)

cos (t, z) — 

ds .
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T he above fo rm u lae  do n o t co n ta in  th e  changes of th e  angles included  b y  
th e  lines m eeting  in  th e  com m on n o d a l p o in t, so in  each  case those  m u st be 
ta k e n  in to  accoun t acco rd ing  to  th e  p a r tic u la r  local cond itions.

APPENDIX

1. D eform ation of a line in  the continuum

L e t us reg a rd  th e  line as a b a r  c u t o ff from  th e  co n tin u u m , lim ited  b y  
tw o  p a ra lle l planes a n d  tw o  cy lindrical su rfaces n o rm al to  th e  fo rm er, w hen  th e  
d is tan ce  of th e  p lanes a n d  surfaces from  each  o th e r  ap p ro x im a te  zero (Fig. A -l) . 
L e t us f irs t  exam ine a n  e lem en t of len g th  1 in  th is  sy stem , lo ca ted  in  th e  sp a tia l 
o rth o g o n a l co -o rd ina te  sy stem  in  such  a w ay  so as to  m ake its  sides para lle l

w ith  th e  co -o rd inate  p lan es  (Fig. A-2).
O u r ca lcu la tions assum e th a t  th e  jo in t  effect of th e  stresses exerted  on 

d e fo rm a tio n  is equal to  th e  sum  of th e  effects ex e rted  b y  th e  in d iv id u a l stresses. 
T hese in d iv idua l s tress effects are, th e re fo re , sep a ra te ly  in v estig a ted .
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a) Effects exerted by normal stresses
I t  is know n from  th e  th e o ry  of e lastic ity*  th a t

ez = vax — voy)

w h ereb y  th e  d isp lacem en t w of th e  te rm in a l к of an  lj^,  th e  lo n g  line p a ra lle l to  
ax is z  (Fig. A-3) w ill be

— cpax — V 0 y)d z .

b) Variation o f  the normal stresses in  a direction norm al to the line 
I f  th e  stresses v a ry  in  d irec tio n  x  on ly  th en , on th e  basis  of Fig. A -4, 

m a y  be  w ritten  th a t

à  _  ^ ( x  + A x ) - e f x )  A z  =  

y Ax

1 Г a f x  -)- Ax)  — vax{x Ax)  — vay(x  -f- Ax)

E  L A x

az{x)  —  vax(x)  —  V0y(x)
Ax

1 9 /--------- - (az — vax — vay) A z ,
E  dx

* See, for example, page 7 in [1].
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w h ich  m eans th a t  th e  ro ta tio n  of th e  end face of a b a r  of lj  ̂ len g th  and e lem en­
ta r y  cross section  is

<Py =  — v a x voy) d z ,

an d  th e  d isp lacem en t o f th e  line te rm in a l (к ), due to  th e  v a r ia tio n  of th e  no rm al
stresses can be exp ressed  b y

uk =  ~ 1 (' 9
E  dx

К vax — V 0 y ) ( z k  — z)dz .

As for th e ir  b u ild u p , th e  fo rm ulae  on v a ria tio n s  in  d irec tio n  у  are ab so ­
lu te ly  iden tica l, th e  on ly  difference being  in  th e  indices an d  sign.

c) Effect o f  the shearing stress

F u rth e rm o re , from  th e  th e o ry  of e la s tic ity  we k n o w , th a t  th e  shearing  
s tra in , th e  an g u la r d is to r tio n  due to  a shearing  stress of, fo r  exam ple, t zx w ill 
a m o u n t as in  F ig . A-5 to

A s can  be seen in  F ig . A-6 a, th e  ro ta t io n  of th e  ta n g e n t d u e  to  th e  shearing  
s tre ss  does no t d ep en d  on th e  len g th  of th e  line b u t  on ly  on  th e  m agn itude  of 
th e  shearing stress. I f  th e  la t te r  is c o n s ta n t all along th e  s tra ig h t  line, th e n  th e  
X  d irec tion  co m ponen t o f th e  re la tiv e  te rm in a l d isp lacem en ts  w ill be expressed

b y
_  1 ,

u — „ ^zx ̂ ',k •

I f ,  on th e  o ther h a n d , th e  shearing  stress varies  along th e  lin e , th e n  th e  ro ta tio n  
o f its  tan g en t w ill be p ro p o rtio n a l a t each p o in t to  th e  sh ea rin g  stress g enera ted  
(F ig . A-6b), th u s , we o b ta in

7 z x , k  7 z x , j  —

1

G
(  ^  z x ,  к T'zxj) •

T h e  re la tive  te rm in a l d isp lacem en t p a ra lle l to  axis x  is

u — ,, tzx ,j^ ,k  Lr i j
dr  z:
dz

1 ( z k  —  z ) d z  ■
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Fig. 6 A —a, b

Az

Ow ing to  th e  v a r ia tio n  o f shearing  s tre ss  r xy, th e  s tra ig h t lines associa ted  
w ith  te rm in a ls  j  an d  k, a n d  orig inally  p a ra lle l to  ax is  y , w ill include an  angle of

_1_ _  V
2  У х у —  2 Q  \ r x y , k  r x y , j )

as show n in  F ig . A-7.
d) Variation o f  the shearing stress in  a direction normal to the line 
T h e y  d irec tio n  v a r ia tio n  of shearing  stress  r zx, an d  th a t  of in  d irec tio n  

X lead  to  a to rs io n a l deflec tion  a round  ax is z .  In  ad d itio n , th e  x  d irec tion  v ari-
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a tio n  o f shearing  stress ryz b rings a b o u t th e  y  d irec tion  d isp lacem en t o f  th e  
A x  co -o rd ina te  apex  of a p rism  o f A z  h e ig h t, as expressed b y

Av  =
2 G

[ t yz(Ax) x y z ( G ) ] A z .

(F ig . A -8). T hus th e  specific v a lu e  o f th e  to rs io n a l deflec tion  a ro u n d  ax is z, 
d u e  to  th e  v a ria tio n  of shearin g  s tress ryz in  d irec tion  x , w ill a m o u n t to

<Pzo =
1 З туг ?

2G ~ & Г '

T h e effect of th e y -  d irec tio n  v a r ia tio n s  can  be  dete rm in ed  in  a sim ilar m a n n e r. 
T h u s , th e  v a ria tio n s in  d irec tio n s x  an d  y , along a leng th  o f b rin g  a b o u t a 
to rs io n a l deflec tion  of

as a jo in t  effect.

r d t yz d t zx

hkk) dx 3у  .
dz

2 .  Concentrated angular distortion

In  th e  th e o ry  o f e lem en ta ry  s tre n g th  th e  effect o f sh ea rin g  s tre ss  as 
e x e r te d  on d e fo rm ation  is u su a lly  neg lec ted . T his m eans th a t  th e  c o n c e n tra te d  
a n g u la r  d is to rtio n  be tw een  tw o  lines o f th e  system  is s im ila rly  n eg lec ted . If, 
h ow ever, th e  shearing  s tre ss  effect on d e fo rm atio n  is reck o n ed  w ith , th e n  th e  
c o n c e n tra ted  an g u la r d is to r tio n  m u s t also be ta k e n  in to  acco u n t. T his is, in  a 
p e rp en d icu la r  connection , e x a c tly  у  =  т/G, w hich is due to  th e  shearin g  
s tre ss , or else it  can  be  d e te rm in ed  as follows.
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Such a p rism  c u t off from  th e  bo d y  u n d e r te s t  su rface  in  th e  section  
being  exam ined  is rh o m b u s- shaped . Two sides o f th is  rh o m b u s are  para lle l 
w ith  tw o lines of th e  n e tw eo rk . I f  th e  edge of th e  rh o m b u s is o f a u n it  len g th , 
th e n  th e  ex and  e2 e lo n ga tions are  equal to  th e  u n it  e longations p a ra lle l th e re to , 
i.e ., e l  — ex, and  e2 =  e 2 ,  w hile th e  e longation  o f th e  rh o m b u s d iagonal is 
e3 =  2 e3 sin x,  w here x  is th e  h a lf  of th e  angle inc luded  b y  d irec tio n s 1 and  2 . 
On th e  basis of F ig . A — 9 it  can  easily  be realized  th a t  th e  a n g u la r  v a ria tio n  
o f th e  ta n g e n ts  of lines 1 an d  2 a t  th e  po in ts  exam ined  is

e3 — (ej +  e2) sin  x  2e3 sin x  — (ex +  e) s in  a  
c o s a  cos cc

=  (2 f3 — e1 — e2) ta n  x  .

T he u n it  s tra in s  el5 e2 a n d  e3 can  be expressed b y  m eans o f th e  stresses p ara lle , 
w ith  an d  no rm al to  th e  g iven  d irec tions, ju s t  as b y  th e  u n it  e lo n g a tio n s  e x  

e y ,  e z  an d  shearing  s tra in s  yxy, y an d  yyz, accord ing  to  th e  eq u a tio n  on page 
223 of [1]:

e „  =  sx cos2 (n, x) e y  cos2 (n ,y )  -f- sz cos2 (n , z) -f-

-j- y x y  COS (n , x) ■ CO S (n , y ) +  Ухг COS (re5 x ) ' COS (n 5 z) +

-j- y yz cos (n ,y )  ■ cos (re, z ) .

D uring  th e  su b seq u en t tran sfo rm a tio n , in  th e  f irs t case th e  stresses 
p e rta in in g  to  th e  p a ra lle l an d  no rm al d irec tions, re sp ec tiv e ly , w hile in  th e  
la t te r  in stan ce  th e  s tra in s  are expressed  by  m eans o f th e  stresses <JX, ay, az, 
t_xyr *гхг, and  Tyz.
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3. Numerical calculation o f the integral according to arc length  
o f a function formed by given derivatives of a function  o f m ore variables

W hen th e  line a long  w h ich  th e  in te g ra tio n  is p e rfo rm ed  is p a ra lle l to  one 
o f th e  co -o rd inate  axes, th e  s itu a tio n  is fa r  m ore sim ple t h a n  a genera l case th a t  
i t  deserves sep a ra te  d iscussion , an d  th e  general case from  our p o in t o f view  be 
an a ly zed  only a fte rw ard s . F o r th e  sec tions p a ra lle l to  th e  axes, in  th e  su rro u n d ­
ings of w hich th e  p o in ts  in v o lv ed  in  th e  ca lcu la tio n  h av e  a reg u la r a rran g em en t, 
th e  fo rm ula  expressing  th e  d e fin ite  in te g ra l b y  m eans o f th e  fu n c tio n  values 
p e rta in in g  to  th e  su rro u n d in g  p o in ts  can  be given, in  g enera l, th u s , th e re  is no 
n eed  for in teg ra tio n  in  each  case here . On th e  o th e r h a n d , in  th e  general case, 
b o th  th e  in teg ra tio n s  for th e  in d iv id u a l line sec tions an d  th e  p a ram etric  
re p re se n ta tio n  b y  arc  len g th  of th e  cu rve  should  be ca rried  o u t.

a) Straight line paralle l to the co-ordinate axis

L et us s ta r t  o u t from  th e  case w hen  th e  s tra ig h t line is p a ra lle l to  axis z, 
b y  ind ica tin g  th e  fu n c tio n  w hose d e riv a tiv e s  are in v o lved  in  th e  in teg ra l w ith  a. 
T h u s  th e  values of th e  fo llow ing in te g ra ls  m ust be d e te rm in ed :

A c tua lly , our ob jec tiv e  is to  de te rm ine  th e  v a lu es  o f d e fin ite  in teg ra ls  
b y  m eans of th e  fu n c tio n  va lu es  associa ted  w ith  th e  n o d a l p o in ts . Since th e  
fu n c tio n s are u n k n o w n , th e y  w ill h a v e  to  be a p p ro x im a te d  b y  polynôm es 
d e te rm in ed  by  th e  fu n c tio n  va lu es  p e rta in in g  to  th e  ju n c tio n  p o in ts . T h eo re ti­
ca lly , th e  degree o f th ese  p o lynôm es is op tional, b u t  our in v estig a tio n s are 
i llu s tra te d  here  fo r t h a t  case w here  th e  ap p ro x im a tiv e  po lynôm es of th e  
in te g ra te d  are o f th e  th ird  degree, w hereas th e  d iffe ren tia l q u o tie n t is ap p ro x i­
m a te d  by  a fo u rth -  degree p o ly n o m e.

W hen expressing  th e  in te g ra ls  con ta in in g  th e  fu n c tio n  th u s  derived  b y  
fu n c tio n  values co rrespond ing  to  th e  su rround ing  ju n c tio n  p o in ts , f irs t th e  
v a lu e  of th e  d iffe ren tia l q u o tie n t is expressed  fo r th e  n ecessary  fou r po in ts  
(ap p ro x im atio n  b y  a th ird -  degree po lynom e), th e n  th e se  figures a re  added  to  
th e  form ulae supp ly in g  th e  in te g ra l va lue . This m eans th a t  th e  deriv a tiv e  
fu n c tio n  in  th e  in te g ra n d  is a p p ro x im a te d  by  a po lynom e of th ird  degree a fte r
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a

03

Fig. A - 10

th e  d iffe ren tia l q u o tie n t values h a d  been  ca lcu la ted  b y  ap p ro x im atio n  w ith  
fo u rth -  degree polynôm es.

U sing th e  sym bols of F ig . A-10 we o b ta in

a n d , th e re fo re , th e  operands g iv ing  th e  ap p ro x im a tiv e  va lu e  o f th e  de fin ite  
in teg ra ls  co rrespond ing  to  th e  lj * sec tion  p a ra lle l to  axis z, w ill be
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J да  

д a
dz = a (a , z )

í (a — z) dz
<//,*) 9a

N a tu ra lly , th e  ab o v e  fo rm ulae  can  on ly  be used  if  th e  un ifo rm  d iv ision  
app lies to  th e  n e x t sec tio n  as well or, in  th e  case o f d iffe ren tia tio n , to  th e  n e x t 
tw o  section  from  th e  p o in t ju s t  exam ined . I f  th e  d iv ision  is n o t u n ifo rm , th e n  
th e  c a lcu la tio n  m u s t be perfo rm ed  in  each  case. If , on th e  o th e r h a n d , th e  d iv i­
sion is u n ifo rm  b u t  th e re  is no fu r th e r  sec tio n  fo llow ing th a t  u n d er e x am in a tio n , 
t h a t  is, one of th e  sec tio n ’s te rm in a ls  is a t  th e  su rface of th e  b o d y , th e n  th e  
re le v a n t fo rm u lae , s im ila r to  those  above , can  again  be read ily  derived . Since, 
how ever, th e se  are need ed  only  for th e  e x a m in a tio n  of special- shape  bodies 
(rec tan g les  or o th e r  bod ies com posed th e re o f) , th e ir  d iscussion will be o m itte d  
as th e ir  expression  w ould  n o t p resen t an y  th e o re tic a l d ifficu lties a fte r  th e  above 
d esc rip tio n .

b) Plane curve parallel to the co-ordinate plane

O ur general in v es tig a tio n s  will be  re s tr ic te d  now  to  p lane curves since 
th e  acco m p lish m en t o f o u r ac tu a l ta sk  does n o t req u ire  an y th in g  m ore. T hus, 
le t us h av e  a cu rve  in  a p lan e  para lle l to  th e  co o rd in a te  p lane (у, г). T he ta sk
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is to  express b y  m eans of fu n c tio n  v a lu es  th e  fo llow ing ty p e  in teg ra ls

w here n  is th e  n o rm a l of th e  cu rv e .
F u n c tio n s  QajQx, Qcr/3n  and  8ct / Q s  are  a p p ro x im a te d  in  th e  in te g ra ls  w ith  

th e  L ag ran g e  po ly n ô m es expressed  b y  m eans of th e ir  v a lues p e rta in in g  to  th e  
p o in ts  se lec ted . I t  w ill be show n below  t h a t  th e  v a lu es  o f th e  in teg ra ls  ca n  be 
o b ta in ed  in  th is  w ay , as th e  lin ea r co m b in a tio n s o f th e  function  v a lu es  o f  su r­
ro u n d in g  p o in ts .

L e t us h a v e  a look a t  F ig . A — I I .  L e t th e  i ,  j ,  k ,  m  p o in t values b e  o f th e  
derived  fu n c tio n  in d ica ted  b y  D ,, Dj, D an d  Dm, respective ly , th e n , i f  th e

derived  fu n c tio n  is ap p ro x im ated  b y  th e  L ag range po lynom e L(s), th e  in te g ra l 
m ay  be w r it te n  in  th e  form

f  L {s)f{s)ds =  Í
■'№,*) s)

2 D Á  L Ás)f(s)ds
(V) Jd j . h )

2 L v{s)Dv \f{ s )d s
( v )

w here L v(s) is th e  v- th  L ag range ian  basic  po lynom e, an d  v =  i, j ,  k ,  m. S ince 
th e  v a lu e  o f th e  in teg ra ls

depends on ly  on  th e  ch a rac teris tic s  o f th e  cu rv e , th e y  w ill no t c o n ta in  th e
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u n k n o w n s sough t fo r a n d , th ere fo re , th e y  c a n  read ily  be ca lcu la ted  if  th e  b o d y , 
o r th e  line cu t off from  th e  bo d y  b y  p lan e  x  =  Xj, is know n. I f  th e ir  values are  
in d ic a te d  b y  C„ th e n  we sh a ll h av e

i =  2 C*D V-
M

T h e re a f te r , th e  on ly  th in g  to  be d e m o n s tra te d  is t h a t  th e  В,-, Dj, J)k, Dm valu es  
a t  p o in ts  i , j ,  k, m  of th e  derived  fu n c tio n  cou ld  be  expressed b y  m eans of th e  
fu n c tio n  values o f th e  su rro u n d in g  p o in ts .

F ig . A —12 illu s tra te s  th e  th re e  p ro jec tio n s  of th e  n e tw o rk  o f a b o d y , 
fo rm ed  b y  th e  in te rsec tio n s  of th e  p lanes x  =  co n st, у  =  const, an d  z =  const. 
T h e  sec tion  x  =  Xj co n ta in in g  (J, k) is a c c e n tu a te d  b y  a th ic k  line .

W ith  resp ec t to  th e  d iffe ren tia l q u o tie n t according to  x ,  p o in ts  j  an d  к 
re p re se n t tw o  d iffe ren t cases. In  ad d itio n  to  p lan e  x  =  Xj, p o in t j  c an  also be 
fo u n d  in  p lane z =  Zj an d , th e re fo re , th e  d iffe ren tia l q u o tie n t o f  p o in t j  is 
exp ressed  b y  m eans o f th e  a va lues asso c ia ted  w ith  th e  z =  Zj p lan e  p o in ts . 
T h is  z  =  Zj section  is illu s tra te d  in  F ig . A— 13. B y  using th e  fu n c tio n  values 
co rrespond ing  to  p o in ts  i l ,  i2, i3 , i4 in  th is  p lan e  section, th e  L ag range po ly -
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Fig. A — 13

пот е L ^ }\ y )  can  read ily  be exp ressed , w hose value  M f / \  p e rta in in g  to  у  =  y }, 
can  be o b ta in ed  as lin ear co m b in a tio n  o f th e  cr!(, ( v =  1, 2, 3, 4) v a lu es .

T his is

4 z,)(r) = Í4-pb$(yb
p=1

w here bfyp (y) is th e  p - th  basic  p o lynom e w hose v alue  H,;p p e rta in in g  to  у  =  y J 
is a p reca lcu lab le  co n stan t, th u s

Щ } (У]) =  2  H i]p о I p =  °(хпУ]) •
P=1

(S ym bol in te n d s  to  call th e  a t te n tio n  to  th e  ap p ro x im a tiv e  c h a ra c te r) . 
S ection  у  =  у j of fu n c tio n  depends o n ly  on  x  w hich is s im ilarly  a p p ro x im a te d  
w ith  a L ag ran g e  polynom e. T he o n ly  p reco n d itio n  is to  h av e  a t  p o in ts  (x i , y j ) 
th e  v a lu e  ci(v,, у  j), while in  j  th e  v a lu e  Oj is assum ed. T his p o lynom e w ill re ad

L ^ yi) (*) =  ^ L f ‘y>\x)a{xq,y j )  +
9 = 1

+  L ^ ( x ) Z j ,

an d  its  d e riv a tiv e

—  L <*.»> (*) =  2  0(*q,yj) - f  LÿM (x) +  (* ) •
dx  JTi dx dx

T he v a lu e  o f fu n c tio n
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as assum ed a t  th e  locus x  =  Xj, is a K q c o n s ta n t t h a t  can  be ca lcu la ted  from  th e  
n e tw o rk , th u s

D:
dx

L<n<yt\x) =  У, К Ч°(Х<гУ])
=xj 9=1

K ,o j .

F in a lly , expressing  th e  v a lu e  of a{xq, y j )  w ith  th e  va lu es  p e rta in in g  to  th e  
po in ts  se lected , we sha ll get

D i =  2  H qjpaqp +  K ia j  •
9=1 P=1

Since, how ever, th e  K q an d  H qjp va lu es  a re  c o n s ta n ts  ca lcu la ted  from  th e  
n e tw o rk , th e  la s t exp ression  m eans th a t  th e  a p p ro x im a tiv e  va lu e  of th e  Dj  
d iffe ren tia l q u o tie n t a t  p o in t j  m ay  he w ritte n  as th e  lin ea r co m bina tion  o f th e  
fu n c tio n  v alues co rrespond ing  to  th e  n oda l p o in ts  in  th e  neighbourhood  of 
p o in t j .

T he d iffe ren tia l q u o tie n t v a lu e  accord ing  to  x  in  p o in t к  can  be d e te r ­
m ined  in  a sim ilar w ay , w ith  th e  only  d ifference th a t ,  in  th is  case, n o t th e  v a l­
ues o f th e  ju n c tio n  p o in ts  in  p lane  z  =  zk w ill be  reck o n ed  w ith  (as genera lly  
th e re  is no such  ju n c tio n p  o in t excep t th a t  in d ic a te d  b y  fc), b u t  tho se  in  p lane  

У — У к-
T he foregoing app lies  to  Z), an d  D m to o , o f course, th u s  th e  en tire

expression  m ay  be w r itte n  as th e  lin ea r  exp ression  of th e  fu nc tion  va lu es  
p e rta in in g  to  th e  su rro u n d in g  n o d a l p o in ts .

T he d e riv a tiv e s  assum ed  in  th e  d irec tio n  of th e  ta n g e n t and /o r n o rm al 
of th e  cu rve  are  expressed  in  th e  w ell-know n w ay  on th e  basis o f th e  eq u a tio n s

da da  . . da
— - cos ( t ,  y )  + —— sin

dt 0у dz

da да . . da  .-----= — COS ( n , y )  + ---- sin
dn dy dz

b y  m aking  use of th e  d e riv a tiv e s  w ith  re sp ec t to  у  an d  z , w here t is th e  ta n g e n t, 
an d  n th e  n o rm al of th e  curve.

Since a p p ro x im a tio n  req u ires  th e  v a lu es  o f th e se  de riv a tiv es  on ly  for 
ce rta in  p o in ts  (in th e  exam ple  an d  its  illu s tra tio n  F ig . A —11 only a t  p o in ts  
i, j ,  к , m ), in  th e  case o f a va lu e  re la te d  to  a c e r ta in  p o in t th e  angles and  th e ir
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an g u la r fu n c tio n s w ill be given c o n s ta n ts , th u s th e  su b se q u e n t in v estiga tions 
will h av e  to  a p p ly  only  to  th e  y  a n d  z d e riva tives.

The z d e riv a tiv e  in  p o in t j  can  be expressed w ith  th e  fu nc tion  values 
p e rta in in g  to  th e  loci of Fig. A —14a, ind ica ted  b y  d o ts , w hile th e  d e riv a tiv e  
w ith  respect t o y  a t  p o in t к  m ay  be  described  b y  th o se  in F ig . A— 1 4 b ,w ith  th e  
in te rm ed ia ry  o f th e  po in ts  crossed. T he ca lcu la tion , an d  p rov ing  th a t  th e  
in teg ra l can  be  expressed  b y  th e  fu n c tio n  values a sso c ia ted  w ith  th e  p o in ts  
se lected , are th e  sam e as those  u sed  fo r th e  d e riv a tiv e  o f x.

Fig A — 14

REFERENCES

1. T im o sh en k o , S., — G o o d ie r , J. N.: Theory of Elasticity, McGraw Hill, New York —
Toronto —- London, 1951

2. Réres, E.: Calculation of Bent Shells by Means of a Grid Model — Acta Tech. Hung., 74,
173 — 196

3. L u r j e , A,I.: Räumliche Probleme der Elastizitätstheorie, Akademie-Yerlag, Berlin 1963

Dreidimensionale Spannungsanalyse mit Hilfe eines Kontinuum-Unterraums. Behan­
delt wird eine Methode der dreidimensionalen Spannungsanalyse, wodurch die Gleichge­
wichtsgleichungen unmittelbar für Elemente von endlichen Dimensionen, die Kontinuitäts-
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bedingungen für den eindimensionalen Unterraum des dreidimensionalen Kontinuums, d.h., 
für das sich als Schnittlinien der Teilungsoberflächen ergebende Netz aufgeschrieben werden. 
Die Spannungen beschreibenden Funktionen durch Polynome angenäbert führen die nume­
rische Lösung zu einem System linearer Gleichungen, deren Koeffizienten sich aus be­
stimmten Integralen ergeben. Bei gleichmäßiger Aufteilung können zu deren Aufschreibung 
Operatoren von allgemeiner Geltung angewandt werden und so ist die Durchführung dieser 
Integrale nicht erforderlich.

Анализ трехмерного напряжения с помощью континуумного подпространства.
В работе описывается такой метод анализа трехмерного напряжения, который записывает 
уравнения равновесия непосредственно на элементы конечных размеров, а условия сплош­
ности — на одномерное пространство трехмерного континуума, ка сеть, получающуюся 
в качестве секущей линии разделяющих плоскостей. Приближая с помощью полиномов 
функции, описывающие напряжения, числовое решение в конечном счете приводит к 
системе линейных уравнений, коэффициенты которой получаются из определенных ин­
тегралов. В случае равномерного распределения для их записи можно использовать опера­
торы общей действительности, поэтому в таких случаях нет необходимости в конкретном 
выполнении интегрирования.
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BERECHNUNG DER KENNGRÖßEN YON 
PSEUDOSTOCHASTISCHEN VIELSTUFIGEN SIGNALEN

T. BONDY*

[Eingegangen am 4. Juni 1971]

Eine Klasse von pseudostochastischen Folgen, die Folgen maximaler Länge, 
werden oft bei der Gewichtsfunktionsbestimmung mittels Kreuzkorrelationsanalyse 
verwendet. Solche Folgen können mittels rückgekoppelter Schieberegister verwirklicht 
werden. Das so erhaltene binäre Signal kann durch ein parallel geschaltetes digitales 
Filter in ein Analogsignal umgewandelt werden. Die Arbeit beschreibt ein Rechenver­
fahren für den zeitlichen Verlauf des analogen Signals und seiner statistischen Kenn­
werte, welches sich besonders gut für die Auswertung mittels eines Rechners eignet.

1. E in fü h ru n g

D ie B ed eu tu n g  e iner K lasse von  pseu d o sto ch astisch en  Folgen, den soge­
n a n n te n  F o lgen  m ax im a le r  L änge (kurz: m -Folgen) lieg t darin , daß  sie scha l­
tu n g stech n isch  e in fach  m it H ilfe von  rü ck g ek o p p e lten  Schiebereg istern  v e r­
w irk lich t w erden  k ö n n en . E in e  M ethode d er U m w an d lu n g  des so e rh a lten en  
p seu d o sto ch astisch en  b in ä re n  Signals in  ein  v ie lstu figes (m ultilevel-) S ignal is t 
die para lle le  U m w an d lu n g , hei der den  A usgängen  d e r einzelnen K ip p stu fen  
des S ch iebereg isters  en tsp rech en d e  G ew ichte zu g e te ilt u n d  die A usgänge d an n  
a d d ie rt w erden .

D ie A m p litu d en v e rte ilu n g  des so e rh a lten en  v ie lstu figen  Signals k a n n  
n ich t e x a k t an g eg eb en  w erden . D er G ru n d  h ie rfü r is t, d aß  das b inäre  p seu d o ­
sto chastische  S ignal als F u n k tio n  der Z eit n ach  u n se ren  heu tigen  K e n n t­
nissen — in  gesch lossener F o rm  n ich t angegeben  w erden  kan n .

D ie A m p litu d en v e rte ilu n g  des analogen  Signals k a n n  in  dem  F a ll b e ­
rech n e t w erden , w enn  die A nzahl der G ew ich tsw iderstände , d. h. die A nzah l 
d er fü r  die E rzeu g u n g  des v ie lstu figen  Signals b e n ü tz te n  E in h e iten , der A nzahl 
d er an  der E rzeu g u n g  des b in ären  S ignals te iln eh m en d en  E in h e iten  des 
S chieberegisters gleich is t  [1, 2].

In  diesem  F a ll w ird  jen e  E ig en sch aft d er m -Folgen  au sgenü tz t, d aß  in 
einer P eriode je d e  aus n  B its  b esteh en d e  Folge (oder C odew ort), ausgenom m en 
die n u r  aus N u llen  b e s te h e n d e n  Folgen, n u r  ein  einzigesm al v o rk o m m t. D ie 
L änge der lä n g s te n  Folge is t L  — 2P 1, w orin  p  d ie Länge des Schiebe-

* B o n d y  T., Csorbái úti lakótelep XI., Budapest, Ungarn.
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reg is te rs  b ed eu te t. D er N ach te il des V erfah rens is t, daß  es n u r  fü r  r = p  
b e n ü tz t  w erden k a n n  sow ie, daß  es n ic h t ü b e r den zeitlichen  V erlau f des 
S ignals in fo rm iert u n d  d a h e r die A u to k o rre la tio n sfu n k tio n  n ic h t b e rech n e t 
w erd en  kan n . Die n a c h s te h e n d  besch rieb en e  M ethode k an n  auch  fü r  r  p  
v e rw en d e t w erden u n d  e rg ib t den  ze itlichen  V erlau f einer P eriode  des Signals, 
w o rau s die A u to k o rre la tio n sfu n k tio n  b e re c h n e t w erden k an n . F ü r  längere  
P e rio d en d au e r e rfo rd e rt die M ethode zw ar v iel R ech en arb eit, is t ab e r eine 
sy stem atisch e  M ethode, u n d  die B erech n u n g en  können  a u f  einem  R echner 
le ich t du rch  vielfache W ied erho lung  ein iger O pera tionen  je  n a c h  dem  G rad  
d e r Po lynom e d u rch g e fü h rt w erden . D er A lgorithm us b e s te h t im m er aus 
e iner endlichen Z ahl von  S ch ritten . (F ü r  r >  p  g ib t es B erech n u n g sm eth o d en  
[3, 4 ], aber die eine b ez ieh t sich n u r  a u f  den  F a ll gleicher G ew ichte, die an d ere
[4] is t  keine sy stem atisch e , so n d ern  eine v o n  der gegebenen m -Folge a b h ä n ­
gige, n u r  fü r sehr b eg ren z te  F ä lle  gü ltige  M ethode. F ü r  alle V erfah ren  g ilt 
au ch  w eiters, daß  sie n ic h t ü b e r den  ze itlichen  V erlau f u n d  d a h e r au ch  n ich t 
ü b e r die A u to k o rre la tio n sfu n k tio n  in fo rm ieren .)

2. B eschreibung der M ethode

E ine  A rt der D a rs te llu n g  einer m -Folge is t, sie m it H ilfe d er G en e ra to r­
fu n k tio n  anzugeben:

G ( u ) = 2 ' b n u \  (1)
n= 0

wo 60, bv  b2, . . . bf, . . . bn die m -Folge, G(u) die G en era to rfu n k tio n  d e r Folge 
b ed eu ten .

A ndererse its is t

G(u) =
1

1

V  С/ u l 
1

(2)

P

wo 1 ^  c, ul — F(u)  das c h a ra k te ris tisch e  P olynom  der R eihe b e d e u te t.
i=i

In  (1) u n d  (2) sind  die O pera tio n en  m odulo  2 zu v e rs teh en . Aus (1) k a n n  
d u rc h  die S u b s titu tio n  и =  z—1 die z -tran sfo rm ie rte  F orm  gew onnen  w erden :

G{u) =  G iz -1) =  У' bn z~ n -
n=0

D as is t jedoch  die z -T ran sfo rm ierte  d e r Z e itfu n k tio n  der m -Folge. A u f G ru n d  
v o n  B ild  1 gilt fü r das analoge  S ignal

Yn ( t )  =  2  < n T  -  k T ) ■ a ( k T ) .  ( 3 )
k = 1
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wo x(t) das b in ä re  Signal au f e iner belieb igen  S tufe  des S chieberegisters u n d  
a(kT) =  akT  s ind ; Y n(t) is t das analoge S ignal im  re-ten Z e itin te rv a ll. A u f 
G rund  von (3) k a n n  die z-T ransfo rm ierte  v o n  Y(t)  angeschrieben  w erden :

Y(z) =
P

X
n= 0

j p  x (n T  -  kT )  a(kT)
k = 0

N ach  E in fü h ru n g  d er B ezeichnung nk =  n к w ird

Y ( z ) =  2  =
nk= -к  k= 1

=  j g  x(nk T) • z n k -  ^  a(kT) ■ z~k,
nk= 0 k= 1

w obei angenom m en w urde, daß  fü r  n k —  0, x (n kt) =  0. D ah er w ird

Y(z) =  X (z )  • A (z)  ,

w orin

X ( z ) =  T ).* -»»
П1с= 0
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die z-T ransfo rm ierte  des b in ä ren  S ignals is t,

A ( z ) =  _V a(kT) ■ z~k
k = 1

hingegen  die Im p u lsü b e rtra g u n g s fu n k tio n  des A nalog -D ig ita lum form ers is t.
N ach R ü c k k e h r  zu r B ezeichnung  и =  z ~ 1 u n d  E in fü h ru n g  d er B e­

ze ichnung  nk =  n  ergeben  sich

u n d

sowie

Y (u )  =  X (u )  ■ A (u ) (4a)

Y { u ) =  j g x n un, (4b)
n=0

II

lU
'

а s*
D e r V ergleich v o n  (1) u n d  (4b) ze ig t, d aß  G(u) =  x(u). D ah er k ö n n te  m an  
d enken , daß  w enn  A (u )  in  geschlossener F o rm  angegeben  w erden  k a n n , auch 
Y (u )  m it H ilfe v o n  (4b) in  geschlossener F o rm  angegeben  w erden  k a n n , w enn  
X ( u )  =  G(u) in  (4a) e ingesetzt w ird . L e id e r is t dies jed o ch  n ich t m öglich, d enn  
d ie  in  (2) vo rg esch rieb en en  O p e ra tio n en  s ind  m odulo-2 zu v ers teh en , die in  
(4) vo rgeschriebenen  jedoch  n ich t. D esw egen  sind  w ir gezw ungen, aus einem  
gegebenen ch a rak te ris tisch en  P o lynom  F (u)  a u f  G ru n d  von  (2) G(u) als P o ly ­
n o m  d arzuste llen  u n d  dieses P o ly n o m  m it A (u )  zu  m u ltip liz ie ren . (U nab h än g ig  
d av o n , ob A (u)  in  geschlossener F o rm  angegeben  w erden  k a n n  oder n ich t.)

E in  an d eres  P rob lem  is t, d a ß  w en n  L  d ie P eriode  von  G(u) is t, n o t­
w endigerw eise au ch  die Periode v o n  Y (u )  g leich L  sein  m uß . D as t r if f t  jed o ch  
n ic h t  allgem ein zu , w enn  die B e rech n u n g  n u r  fü r  eine P eriode au f fo lgende 
W eise d u rc h g e fü h rt w ird :

Y (u) =  x n u n - j ?  ak uk,
п =о k = 1

das he iß t, d er fo lgende Z u sam m en h an g  gilt n ic h t:

Y(u)
Y*(u)

1 — u L ’

w o Y*(u)  eine P e rio d e  von  Y(u)  b e d e u te t. E s  b e s te h t jed o ch  die M öglichkeit, 
Y * (u )  so ab zu ä n d e rn , daß  es w irk lich  eine P eriode  von  Y ( u ), näm lich  Y L(u) 
e rg ib t. Dies zu zeigen w ürde seh r schw erfällige B erechnungen  ergeben , des­
w egen wird d ies an  H an d  eines k o n k re te n  B eispiels v e ran sch au lich t. D er 
E in fach h e it h a lb e r  setzen  w ir v o rau s, d aß  die W erte  d er G ew ich tsw iderstände,
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n äm lich  cij =  a =  1 gleich sind . (D ie M ethode k ann  n a tü r lic h  n ich t n u r  au f 
d iesen  F a ll angew endet w erden , w ie dies sp ä te r  ersich tlich  w ird .) F e rn e r sei 
p  =  4 u n d  das ch a rak te ris tisch e  P o ly n o m  sei:

F(u)  =  1 -  (u 3 +  u4) .

D a  fü r  eine M odulo-2 -A rithm etik  die O pera tionen  A d d itio n  u n d  S u b tra k tio n  
m ite in a n d e r v e r ta u sc h t w erden  k ö n n en , is t

F(u)  =  1 +  u 3 +  ы4 .

D ie Sum m ierung  geschehe fü r  r  =  4 (d. h . p  — r).
D ie P eriode der vom  ch a rak te ris tisch en  P olynom  e rzeug ten  Folge is t 

L  =  15 wie fo lg t:

X (u)  = -----------------=  1 +  m3+ u4-(-m6 +  ii8+ u9+ u10 +  u11 . (5)
1 +  U3+M 4

E in e  P eriode  des b in ä ren  Signals is t  d a h e r

. . . 100110101111000. .  .

D ie Ü b e rtrag u n g sfu n k tio n  h a t fo lgende F orm :

A (u)  =  1 +  u +  u2 +  u3 . (6)

D iese k a n n  n a tü rlic h  auch  in  k ü rze re r  F o rm  angegeben w erd en , jed o ch  is t  der 
A u sd ru ck  (6) gü n stig er fü r  die D u rch fü h ru n g  der B erechnungen , da  er keine 
B rü ch e  en th ä lt.

A u f G ru n d  von  (5) u n d  (6) k a n n  Y *(u) b erechnet w erden .

Y *(u) =  1 +  и +  и2 +  2 u 3 +  2u4 +  2u 5 4- 3u6 +  2w7 4 - 2 u8 4 - 3u9 +  3u 40 +

+  4 u u  +  3m12 4- 2 u 13 +  uu .

D a ra u s  k an n  das S ignal abgelesen w erd en  (die K oeffiz ien ten  geben den  W ert 
d e r A m p litu d en  an):

. . .1 1 1 2 2 2 3 2 2 3 3 4 3 2 1 .. .

D a  die Z ahl der G lieder 15 is t, is t in  diesem  Fall

Y*(u) =  Y l (u) . (7)

D ies e rg ib t sich  jed o ch  n u r  als Folge dessen, daß  m  =  4 g ew äh lt w urde. Z. B. 
fü r  m  =  5 g ilt die Gl. (7) n ic h t m ehr. B evor au f die U n te rsu ch u n g  des Falles
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m  =  5 eingegangen w ird , w ird  die A m p litu d en v erte ilu n g  des Signals abgelesen, 
w elche in  der n a c h s te h e n d e n  Z ah len tafel zu sam m en g efaß t is t:

Amplitude
Anzahl des 

Vorkommens

l 4
2 6
3 4
4 1

D as E rgebnis is t o ffensich tlich  gleich d er b inom ischen  V erte ilung , abgesehen 
d av o n , daß  die A m p litu d e  0 n ich t v o rk o m m t, d a  die n u r  aus N ullen  b estehende 
F o lge in  der m ax im al la n g e n  Folge n ich t e n th a lte n  is t. I n  d iesem  Fall (r =  p)

Bild 2. Autokorrelationsfunktion eines vielstufigen pseudostochastischen Signals

h ä t te  die V erteilung  se lb st auch  m it einer an d eren  M ethode berechne t w erden  
kö n n en , welche jed o ch  b loß  die A m p litu d en v erte ilu n g  u n d  auch  diese n u r  fü r  
r — p  ang ib t, w e ite rh in  m u ß  d o rt das gew onnene R e su lta t  en tsp rechend  dem  
U m sta n d  noch m o d ifiz ie rt w erden, daß  die e rh a lten e  V erte ilung  von  der 
B inom ialverte ilung  ab w eich t.

Die A u to k o rre la tio n sfu n k tio n  des Signals zeig t B ild  2. W ie ersichtlich , 
is t  d er Scheitelw ert d e r A u to k o rre la tio n sfu n k tio n  im  V erh ä ltn is  zu den bei den  
dazw ischenliegenden V ersch iebungsw erten  angenom m enen  W erten  w esentlich  
k le in e r als im  F alle  eines B inärsignals. (Dies is t v e rs tä n d lic h , da  ja  der D igital- 
A nalog-U m w andler — o d e r h ie r das d ig ita le  F ilte r  eine m itte lw ertb ild en d e  
W irk u n g  ausüb t.) Im  F a lle  von  r =  5 is t das E rgebn is d e r M ultip likation  
(A ( u ) == 1 -j- и -f- u2 -)- u :s -|~ n4):

Y * (u )  =  1 +  и +  и2 +  2 u :î +  3u4 +  2 u5 +  3it6 +  3 и7 +  3 и* +  3u9 +  4u 10 +  

4 и11 +  4w12 +  3 m13 +  2u14 +  u 15 .
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D anach  is t:
У*(м) =  1112323333444321 . (8)

In  diesem  F a ll b e s te h t Y*(u)  aus 15 G liedern , e rg ib t d a h e r n ic h t u n m itte lb a r  
eine Periode d er Folge. H ingegen is t o ffensich tlich , daß  das ganze Signal sich  
aus diesen Fo lgen  Y * (u )  d e ra r t erg ib t, d aß  diese m it U berdeckung  u n te re in ­
an d er geschrieben w erden  (siehe w eite r u n te n )  u n d  wo eine Ü berdeckung  
b e s te h t, w erden  die en tsp rech en d en  G lieder a d d ie r t. (D ie Ü berdeckung  e rg ib t 
sich darau s, d aß  in  Y * (u )  die A nzahl d er G lieder g rößer is t  als L  die A nzah l 
der P erioden .) A us (8) w ird  eine Periode des S ignals fo lgenderm aßen  gew onnen:

Y*(u) =  . . .  1 1 1 2 3 2 3 3 3 3 4 4 4 3 2 1
. . .  3 2 1 1 1 1 2 . . .

. . .  3 2 1 2 1 1 2 3 2 3 3 3 3 4 4 4 3 2 1 2  1 1 2  . . .

L  =  15 .

E ine  P eriode des S ignals is t daher

2 1 1 2 3 2 3 3 3 3 4 4 4 3 2 .

O ffensichtlich  g en ü g t es fü r  einen vorgegebenen  W e rt v o n  p  d iejenigen F älle  
zu u n te rsu ch en , fü r  w elche r <^2P - 1, w enn  die S um m ierung  fü r  щ =  con st 
d u rch g efü h rt w ird . E s sei al —- const =  1. (D ad u rch  w ird  die A llgem ein­
gü ltig k e it n ic h t b e e in trä c h tig t, da  fü r  ai — a 0 ^  1 d er en tsp rechende W e rt 
der A m plitude  a 0-m al g rößer ist.) F ü r  m =  2P — 1 e rsch e in t am  A usgang des 
R egisters eine k o m p le tte  Periode u n d  in  derse lben  w erden  diejenigen B its  
zusam m engezäh lt, deren  W ert 1 is t (d. h . das G ew icht des Code-W ortes w ird  
gebildet). Ih re  A nzah l is t im m er au f G ru n d  d er b e k a n n te n  E ig en sch aften  
der Folgen m ax im a le r  L änge 2V~ X. D. h . fü r  r  =  2P — 1 is t  die e rh a lten e  
A m p litu d en v erte ilu n g  an  einer Stelle de fin ie rt u n d  die zugehörige A m p litu d e  
is t 2P_1 fü r  a 0 =  1 u n d  fü r  a 0 =И= 1 w ird  sie a 0 • 2P~ 1. Zu e rw arten  is t  d ah er, 
daß  der B ereich  d er V erte ilung  fü r  solche W erte  v o n  m , w elche dem  W e rt 
(2P — 1) naheliegen , jed o ch  noch r <7 2P — 1, gegen N ull s tre b t. Z. B. ergeben  
p  — 4 u n d  a 0 =  1 fü r  versch iedene m  die fo lgenden  W erte  (E  b ezeichnet den  
B ereich):

r 4 5 6 7 8 9 10 11 12 13 14 15

E  3 3 4 3 3 4 3 3 3 2 1 0

Es is t le ich t e inzusehen , daß  falls r >  2P — 1, die U n te rsu ch u n g  der V erte ilung  
so d u rch g efü h rt w e rd en  k a n n , daß  r d u rch  (2P — 1) d iv id ie rt w ird  u n d  die 
U n tersu ch u n g  d e r V erte ilu n g  fü r den R est d u rc h g e fü h rt w ird . Es sei angenom ­
m en, daß

p  — 2 - (2” — 1) -J- r r =  1 , 2 , 3 , . . .
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D an n  is t
p '  =  s m od (2n — 1)

D ie U n te rsu ch u n g  d e r V erte ilung  w ird  d a n n  fü r  p '  =  s d u rch g e fü h rt. D ie au f 
die u rsp rüng lichen  W e rte  von  p  b ezü g lich e  V erte ilung  k a n n  so aus d er au f s 
bezüglichen  V erte ilu n g  gew onnen w erd en , daß  zu je d e r  A m p litu d e , die in  der 
V erte ilung  v o rk o m m t, a 0 • r • (2P 1) a d d ie r t w ird . M it a n d e re n  W o rten ,
fü r  jed e  V ergrößerung  d e r A m p litu d en v e rte ilu n g  um  r 0 =  2P — 1 erle id e t die 
A m p litu d en v erte ilu n g  im  D efin itio n sb e re ich  eine V ersch iebung u m  a 0 -(2P 1).
(D er E rk lä ru n g sb ere ich  is t  d er v o rk o m m en d e  A m p litu d en w ert, d er W e rte ­
v o r ra t  b e s teh t aus d en  einzelnen H äu fig k e itsw erten .)  D u rc h sc h n ittsw e rt des 
S ignals is t fü r  r <  2P 1:

2P-1
x  =  - p — Ц  +  г — p) a0.

D ie G ü ltigke it der ob igen  B eziehung  is t  le ich t einzusehen, w enn  in  B e tra c h t 
gezogen w ird , daß  f ü r  m  — n u n d  a 0 =  1 der D u rch sch n ittsw ert

2 P+1
X  — -----------------

2 p  —  1

b e trä g t, sowie w eiters , d aß  die V erg rö ß eru n g  von  p  um  1 den N en n er des 
A usd rucks um  2 P—1 v e rg rö ß e rt.

D er A n sch au lich k e it h a lb e r geben  w ir die A u to k o rre la tio n sfu n k tio n  
n ic h t in  Form  einer F o rm e l an , so n d ern  s te llen  sie in  B ild  2 d a r , w oraus ge­
gebenenfalls m it H ilfe d e r  e n tsp rech en d en  W erte  die F u n k tio n  aufgeschrieben  
w erd en  k an n . N a tü rlic h  k a n n  in  d iesem  F a ll eine P eriode der A u to k o rre la tio n s­
fu n k tio n  bei w eitem  n ic h t m ehr als g u te  N äh eru n g  der D iracsch en  ó -F u n k tio n  
angesehen  w erden. (W as v e rs tän d lich  is t , w enn w ir b ed en k en , d aß  die k o n ­
s ta n te  G ew ich tsbelastung  m eh r oder w en iger eine »D urchschn ittsb ildung«  des 
p seudo sto ch astisch en  Signals e rz ie lt.)

D as besch rieb en e  B e ch n u n g sv e rfah ren  w ürde  bei g rößeren  W erten  von  
p  u n d  r  eine langw ierige  B ech n u n g sa rb e it erfo rdern , e ignet sich ab e r als 
G rund lage  fü r  ein einfaches B ech en p ro g ram m , da  einige A rte n  v o n  O p e ra tio ­
n en  in  großer Z ahl zu w iederholen  sind . D as P ro g ra m m  k ö n n te  auch  gleich­
zeitig  die s ta tis tisch e  A u sw e rtu n g  d e r e rh a lten en  Folge b e in h a lten .
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Calculation of the Characteristics of Pseudorandom Signals. A class of pseudorandom 
sequences, the maximum-length sequences is frequently used for the determination of weight 
functions by cross-correlation analysis. Such sequences can be realized with the aid of feed­
back shift registers. The binary signal obtained in this way can be transformed by a parallel 
digital filter into an analog signal. The paper deals with a method for calculating the waveform 
of the analog signal and determines its statistical properties, which are well suited for evalua­
tion on a computer.

Расчет показателей многоуровневых псевдослучайных сигналов. Один класс псев­
дослучайных серий, а именно серий максимальной продолжительности, часто исполь­
зуется при определении весовой функции, производимой с помощью перекрестного кор­
реляционного анализа. Такие серии можно осуществить с помощью скифрегистров с обрат­
ной связью. Полученный таким образом двоичный сигнал с помощью параллельно соеди­
ненного двоичного фильтра можно преобразовать в аналоговый сигнал. В статье пред­
лагается методика вычисления для определения статических характеристик и протекания 
во времени аналогового сигнала, что особенно подходит для производства оценки спомощью 
электронной вычислительной машины.
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VERDICHTUNGSTECHNISCHE BEITRÄGE 
ZUR ENTWURFSTHEORIE DER KIESBETONE

J. CSUTOR*

[Eingegangen am 22. Dezember 1971]

\

Der Autor hat schon früher für die grundsätzlichen Vibrationsbetriebsarten 
Formeln abgeleitet. Diese Formeln messen den Arbeitsbetrag (Energien) ab, der im 
Laufe der Verdichtung der unbewehrten Betone von diesen selbst verlangt ist, um 
vom losen in verdichteten Zustand zu kommen. In der vorliegenden Abhandlung 
erstreckt der Autor seine energetische Theorie bezüglich der Verdichtung auch auf 
Regelung der Verdichtung von beliebig bewehrten Betonen und gibt hierzu eine ge­
schlossene Formel ebenfalls mit Gültigkeit auf alle fünf grundsätzlichen Betriebsarten. 
Das dargelegte Regelungsverfahren kann in Verbindung mit jeder beliebigen Beton­
entwurfmethode angewandt werden.

1. V orw ort

Im  K reise  der B e to n tech n ik e r is t  a llgem ein  b e k a n n t, d aß  das in  den  
B e to n k o m p o n en ten  im  dispersen  Z u s ta n d  befindliche M a te ria lsy s tem  sich 
d u rch  M ischung u n d  V erd ich tu n g  in  e in  k o m p ak te s  System  v erw an d e lt.

I n  dem  von  der völligen D isp e rs itä t bis zu r völligen K o m p a k th e it a b la u ­
fen d en  V organg  b e d e u te t die A bnahm e des D ispersionsgrades, d aß  die M eßzahl 
des H o h lrau m g eh a lts  sich dem  N u llw ert n ä h e r t. Die E rm ittlu n g  d er Z ah len , 
die die P ro p o rtio n e n  der B e to n b es tan d te ile  bezeichnen, is t d er B e to n en tw u rf , 
d er ein  doppe ltes Ziel verfo lg t. Das erste Ziel b e s teh t aus e iner d e ra rtig e n  
m eng en m äß ig en  E rm ittlu n g  der rä u m lich en  S tru k tu r  der B e to n b e s ta n d te ile , 
d aß  diese die R au m ein h e it in  ih rem  k o m p a k te n  Z u stand  lücken los ausfü llen  
k ö n n en . Das zweite Ziel b e s te h t d a rin , d aß  d er durch  die M enge u n d  G ü te  des 
Z em en ts  u n d  die M enge des A nm achw assers defin ierte  chem ische P ro zeß  das 
E rre ich en  d er G röß tfestig k e it des k o m p a k te n  M ateria lystem s erm öglichen  soll.

D e r disperse Z u stan d  der B e to n b e s ta n d te ile  k an n  auch  als eine u n s ta b ile  
S tru k tu r  au fg e faß t w erden . In  d er A usb ild u n g  der s tab ilen  S tru k tu r  sp ie lt 
die V erd ich tu n g  eine w ichtige R olle, d enn  sie v e rm itte lt  die zu r Z u s ta n d sä n d e ­
ru n g  erfo rderliche  äußere E nerg ie  an  d er G renze der In s ta b i l i tä t  u n d  der 
S ta b ili tä t  in  a k tiv e r  A rt m it dem  p assiven  S ystem  der K o m p o n en ten . D ie diese

* Dr. J. Csu to r , Villányi út 55 — 65, 1118 Budapest, Ungarn
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äu ß e re  E nerg ie lie fe rn d en  M aschinen sin d  die Verdichtungsgeräte. D iese sind  
zu r Z eit dad u rch  geken n ze ich n e t, daß  sie die Y erd ich tu n g sa rb e it in  d er F o rm  
v o n  e rreg ten  mechanischen Schwingungen  v e rr ic h te n . W äh ren d  der V erd ich tu n g  
b e f in d e t sich zw ischen dem  noch losen F risc h b e to n  u n d  d er M aschine ein enger 
Z usam m enhang , d a  sie ein  e inheitliches, dy n am isch es System  b ilden . Die 
üb lich e  P rax is  des B e to n en tw u rfes , d aß  er a u f  die V erd ich tu n g  n ich t e in g eh t, 
b e n ö tig t deshalb  eine gewisse A b än d eru n g . D er B e to n e n tw u rf  k an n  n u r  d a n n  
als um fassend  u n d  k o m p le tt  b e tra c h te t  w erden , w enn  er außer der q u a n t i ta ­
tiv e n  E rm ittlu n g  d e r räu m lich en  S tru k tu r , au ch  die R egelung  der V e rd ich tu n g  
u m fa ß t, die sich au ch  a u f  den E n d z u s ta n d  des B etons au sw irk t. M it a n d e ren  
W o rte n : der B e to n e n tw u rf  soll auch fü r  die V e rd ich tu n g  q u a n tita tiv e  Z u sam ­
m en h än g e  angeben  k ö n n e n .

D ie W echse lw irkung  zw ischen d e r M aschine u n d  B eton  k an n  d u rch  
A rb e it d e te rm in ie rt w erden . D eshalb  k o n n te n  fü r  die fü n f  G rundfälle  d e r 
R ü tte lb e tr ie b sa r te n  M eßzahlen  angegeben  w erden  [1], [2 ], [3], deren  ta b e l­
larische  Z u sam m en ste llu n g  dem  Bild  1 zu  en tn eh m en  is t. In  [2] und  [3] w u r­
de ausführlich  nachgew iesen , daß  die a u f  die e inzelnen  V erd ich tu n g sb e trieb s­
a r te n  bezüglichen dynam ischen Drücke  (B ild  1), die w äh ren d  der Z u s ta n d s ­
än d e ru n g  a u fg e tre ten e  spezifische V erd ic h tu n g sa rb e it m essen.

Die B e trieb sreg e lu n g , die von  e iner g roßen  M enge von  P a ra m e te rn  a b ­
h ä n g t, k a n n  n u r  stu fenw eise  e rre ich t w erden . Die d azu  führenden  S c h ritte  
s ind  die fo lgenden:

1.3 Zw ischen der e ffek tiv en  Verdichtung  u n d  d er e in fachen  Einarbeitung  des 
B etons in  den S ch a lungsraum  b e s te h t ein  p rin z ip ie lle r u n d  m aß g eb en d er, 
p ra k tisc h e r U n te rsch ied .
D ie V erd ich tu n g  is t  eine m it der Z unahm e der D ich te  des B etons v e rb u n ­
dene V o lu m en v errin g eru n g  [2], dagegen  is t die E in a rb e itu n g  ein P rozeß , 
d e r im  P rin z ip  ke in e  D ich tezu n ah m e ( =  V olum enverringerung) h e rv o r- 
rvifen kann .

1.4 In  der A n n äh e ru n g  dieses Prozesses d u rch  eine T heorie  sind drei P h asen  
zu  u n te rsch e id en , u n d  zw ar
1.4.1 U n te rsu ch u n g  d er Z u stan d sän d e ru n g en  des u n b ew eh rten  B etons in  

einem  u n b e g re n z te n  R aum .
1.4.2 U n te rsu c h u n g  d er Z u stan d sän d e ru n g en  des u n b ew eh rten  B e to n s in  

einem  b e g re n z te n  R aum .
1.4.3 U n te rsu c h u n g  der Z u stan d sän d e ru n g en  des b ew ehrten  B etons in  

einem  b e g re n z te n  R aum .

Die a u f  B ild  1 an g efü h rten  F o rm eln  beziehen  sich  a u f den F a ll 1.4.1.
D er B e to n e n tw u rf  is t  eine h a lbem pirische  W issen sch aft und  so is t in  den  

dem  E n tw u rf  zu g ru n d e  liegenden  F o rm eln  die A nw endung  von  G rößen , die 
n ic h t als k o n tin u ie rlich e  V ariable b e tra c h te t  w erden  kö n n en , unverm eid lich .
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Die G rund lage  je d e r  B e to n en tw u rfs th eo rie  is t  die F estig k e it sv o rsch ä t- 
zungsform el. In fo lge  ih re r  Ü b e rs ich tlich k e it is t es zw eckm äßig , als Aaisgang- 
g rund lage  die F o rm el n a c h  B olom ey  — P a lo tá s  von  den  m eh reren  v o rh an d en en  
F o rm eln  auszuw ählen  [4], [5], [6 ]:

wo:

( 1 )

K 28 =  die an Probewürfeln von 20 cm Kantenlänge im Alter von 28 Tagen ermittelte 
Druckfestigkeit;

z/w =  den Kehrwert des Wasser— Zement-Wertes; und 
A  und В von der Zementgüte abhängige Konstanten bedeuten.

F ü r unsere e inheim ischen  Z em en te  gilt im  allgem einen

i o o < a  < ; з о о  I
0,5 < B < ,  0,8 J ’

u n d  fü r  die K iesbetone
140 < : К  <, 800

0 , 3 ^  —  ^ 1  •

( 2)

(3)

O hne sich m it den  w eite ren  E in ze lh e iten  des B e to n en tw u rfes  zu befassen , 
k a n n  m an  fests te llen , d aß  die F o rm el (1) n u r  in n e rh a lb  des »A uslegungs­
bereiches« von  (1), (2) u n d  (3) als fu n k tio n e lle r Z usam m enhang  b e tra c h te t  
w erd en  k an n . A uch  überd ies w erden  die d isk re ten  P u n k te  der u n ab h än g ig en  
V ariab le  wjz  d u rch  die P rax is  b ev o rzu g t.

D urch  die B eh a u p tu n g , d aß  au fg ru n d  der F o rm el (1) die P ro p o rtio n s­
zah len  der Z usam m ense tzung  zu r E rre ich u n g  der im  v o rau s angegebenen  G ü te ­
m eß zah len  au f log isch  b eg rü n d e te  W eise gerechnet w erden  k ö n n en , w ird  im  
P rin z ip  die F rage  d er U n te rsu ch u n g  d er Identitätskriterien,  sow ohl im  Z usam ­
m en h an g  m it den  B e to n k o m p o n en ten , als auch m it deren  B esu ltie ren d en  auf­
gew orfen. K o n z e n tr ie r t m an  die A u fm erk sam k eit von  den  zah lre ichen , in  der 
G rundfo rm el (1) im p liz ite  e n th a lte n e n  u n d  das E n d re s u lta t  beein flussenden  
P a ra m e te rn , n u r

- a u f die spezifische fik tiv e  O berfläche des Z uschlagstoffes;
— au f die E ig en festig k e it des Z em ents; u n d  

au f die W asserm enge,
so kön n en  deren M eßzahlen  n u r  d u rc h  das s ta tis tisch e  A ufschre iben  in  b e tre f­
fen d e r R eihenfolge als k o rre k t gegeben  b e tra c h te t  w erden :

F  =  Fo  ±  s o’
Z  =  Z e ±  se, (4)

W  — W w ^  5Ш.
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Die B ezeichnung s b e d e u te t h ie r m it ih rem  In d e x  die S treu u n g  des b e tre ffen d en  
P a ram e te rs , die Z uverlässigkeitsg rade  angebenden  M u ltip lik a tio n k o effiz ien ten  
inbegriffen . V e rs te h t m an  u n te r  d er G enau igkeit des A ufschreibens eine d e r­
a rtige  A n n äh eru n g  der W irk lich k e it, wo sich  die A bw eichung  zw ischen den  
ta tsäch lich en  u n d  aufgeschriebenen  W erten  dem  N u llw ert n ä h e rt, so is t das 
n u r  du rch  die E inbez ieh u n g  in  die B erechnungen  d e r zah lre ichen  P a ra m e te r  
sa m t den S treu u n g en  m öglich. E s k a n n  nachgew iesen  w erden , daß  eine d e ra r ­
tig e  B eschre ibung  [7] fü r  die P rax is  u n b ra u c h b a r  is t  u n d  zu  sehr ko m p liz ie rten  
m a th em a tisch en  A b h äng igke iten  fü h r t . So m uß  m a n  sich  in  der B e to n tech n ik  
m it b eg ren z ten  G enau igke iten  begnügen . D ie A n fo rd e ru n g  h insich tlich  der 
Iden titä t k ö nnen  n u r  a u f diese W eise als e rfü llb ar b e tra c h te t  u n d  gültige M eß­
zah len  im  v o rau s  b e rech n e t w erden . D eshalb  m u ß  die B e to n fes tig k e it d e ra r t  
de fin ie rt w erden , daß  diese ein statistischer D urchschnittswert ist, den m an von  
den Zerstörungsuntersuchungen der unter reproduzierbaren U m ständen hergestell­
ten normgerechten Probekörper erhält.

S chneidet m an  aus einer in  einen belieb igen  S chalungsraum  h in e in ­
g esch ü tte ten  F risch b e to n m en g e  ein a u f  B ild  2 da rg este llte s  R au m  elem ent d e r­
a r t  aus, daß  Hi die ganze H öhe des im  S chalungsraum  b efind lichen  losen B etons 
b e d e u te t, so k a n n  der Verdichtungskoeffizient

2. D er dynam ische D ruck  
als fu n k tione lle r Z u sam m en h an g  u n d  als M eßzahl

(5)

= d F • Hd 
= dF • H.

Bild. 2

A da Technica Academiae Scientiarum Hungaricae 79, 1974



2 8 2 CSUTOR, J .

d e fin ie r t w erden. E s is t  nach w eisb a r, d aß  n ach  der In te rp re ta t io n  des Begriffes 
des losen  V olum ens fü r  gleiche B etone die H öhe H) ein von  ih rem  A b so lu tw ert 
u n ab h än g ig e r, k o n s ta n te r  W e rt is [2]. A uch  das k a n n  m a n  nachw eisen , daß 
die A nnahm e einer g eeb n e ten  O berfläche des R aum elem en tes [2] die allge­
m eine  G ültigkeit d er gezogenen F o lgerungen  n ic h t einengt.

H ier muß betont werden, daß der V erdichtungskoeffizient nach (5) nicht 
m it dem  RiLEMschen V erdichtungskoeffizienten identisch ist [8]. Dieser letztere  
is t  näm lich weniger zur Beschreibung der effektiven Zustandsänderungen  
geeignet als der nach (5).

D er zum  d ich ten  B e to n v o lu m en  gehörige W ert H d is t  e in  G renzw ert, 
d e n n  e r k an n  n ich t u n te rh a lb  eines v o n  d er Z u sam m ense tzung  des B etons 
ab h än g ig en  M indestw ertes v e rm in d e rt w erden , v o rau sg ese tz t, d aß  zu r V er­
d ic h tu n g  n u r in  d er P ra x is  an w en d b are  G erä te  b e n u tz t w erden . H d d e te r­
m in ie r t  das d ich teste  V o lum en , den  m in im alen  H o h lrau m g eh a lt, die stab ile  
K o rn s tru k tu r  u n d  die m ax im ale  F es tig k e it.

W äh ren d  der Z u s ta n d sä n d e ru n g , die infolge der V e rd ich tu n g  e in tr iff t, 
m u ß  die R esu ltie rende P e d e r in n eren  W id e rs tan d sk rä fte  ü b e rw u n d en  w erden, 
u m  d en  m it H d c h a ra k te ris ie r te n  Z u s ta n d  zu  erreichen . D er In n e n w id e rs ta n d  
( =  die Innen re ibung) des F risch b e to n s  is t von  der Z usam m en se tzu n g  abhäng ig , 
d esh a lb  gilt die G leichung

/ W  ^
(Pe)l  =  Pe \ D m ; [ ,  ( 6 )

1 Z 1' /

w en n  m a n  die K ö rn u n g  u n d  deren  säm tlich e  W irkungen  m it d er B ezeichnung 
D m des G röß tkorns u n d  je d e n  E ffek t des Z em ents u n d  W assers v e re in fa ch t m it 
w jz  sym bo lisiert. In fo lge  d e r schon b e h a n d e lte n  U rsachen  is t  auch  P e ein  sta­
tistischer M aterialheiwert. Jed o ch  ä n d e r t  sich P e im  L aufe  d e r V erd ich tu n g  
au c h  m it der Zeit, d en n  eine V erm in d eru n g  des H o h lra u m in h a lts  n ach  einem  
d e ra r tig e n  G esetz, w obei P c eine K o n s ta n te  b le iben  k ö n n te , k a n n  n ic h t e rre ich t 
w erd en . W enn IVj die L eistung  (die h ie r u n d  im  fo lgenden  ab sich tlich  n ich t 
n a c h  den  m aschinellen  K o m p o n en ten  zerleg t w ird) des die V olum enverm inde- 
ru n g  des B etons h e rv o rru fe n d en  V erd ich tu n g sg erä tes  is t, d a n n  w ird  die S e t­
zu n g  d e r O berfläche des losen B etons d u rch  P e u n d  N x zu sam m en  bestim m t. 
J e d o c h  w ird  Pe in  d iesem  Z u sam m en h an g  b e re its  auch von  N x ab h än g en , d. h.

{Pch =  Pe
w
z (? )

D a a b e r  N 1 auch von  d en  P a ra m e te rn  des V erd ich tu n g sg erä tes  u n d  der e rreg ­
te n  Schw ingungen a b h ä n g t, is t es innerhalb eines untersuchten Prozesses not­
wendigerweise konstant. S in k t die O berfläche  des losen B etons um  einen  W ert 
v o n  d H  (B ild 2), so w ird  die innere  A rb e it P e dem  P ro d u k t

P e-d H
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p ro p o rtio n a l. In fo lge der G le ichw ertigkeit d e r In n en - u n d  A u ß e n a rb e it g ilt 
die G leichung

P e ■ d H  — N ± • dt. (8 )

Z eichnet m an  das W eg Z e it-D iag ram m  d er S etzung  der B e to n o b e rfläch e  
auf, so e rh ä lt m a n  die V erhältn isse  a u f  B ild  3. D iesen D iag ram m en  sin d  
einige, d u rch  V ersuche b es tä tig te  [9] g ru n d sä tz lich e  E ig en sch aften  im  A b la u f  
der W eg Z e it-K u rv en  zu en tn eh m en . D iese s ind :

2.1 B eg ren z t m an  die Ä n d eru n g  d er B e to n zu sam m en se tzu n g  n u r  a u f  
die Ä n d eru n g  d er W asserm enge n ach

w w IVV
II

V
II —

* min z Z max

A : G l e i c h e  Z u s a m m e n s e t z u n g ,  v e r ä n d e r l i c h e  R ü t t e l l e i s t u n g
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so g ilt der S atz , d a ß  m it  der Z un ah m e des W asserzem en tw ertes be i B e to n ­
gem engen  von  g leichem  G ew icht H e zu- u n d  H d ab n im m t.

Diese T a tsach e  k a n n  auch  fü r  B e to n e  v o n  gleicher Z u sam m en se tzu n g , 
jed o ch  auch m it v e rän d erlich em  Z em en tg eh a lt u n d  d em en tsp rech en d  m it v e r­
änderlichem  W asse rg eh a lt v era llg em ein ert w erden .

2.2 Als Folge d er obigen F es ts te llu n g  k a n n  m an  b eh au p ten , d aß  es einen  
Z u s ta n d  g ib t, wo

ß = U  я ,  =

sich  gem äß der Z usam m en se tzu n g  des B e to n s  ä n d e r t  u n d  bei einem  als obere 
G renze zu b e tra c h te n d e n  W ert von  w /z  z u tr if f t . D abei is t d er B e to n  ra u m ­
s tä n d ig  u n d  eine V o lu m en än d eru n g  t r i t t  n u r  infolge der im  A b sc h n itt 1.3 b e ­
h a n d e lte n  E in a rb e itu n g  auf.

In  diesem  Z u s ta n d  verliert die Ä q u iva len z nach  (8 ) ihre G ültigkeit. D er 
W asse rzem en tw ert h a t  auch  einen u n te re n  G renzw ert, u n te rh a lb  dessen  der 
B e to n  w irtsch aftlich  n ic h t w eiter v e rd ic h te t  w erden  k an n .

2.3 D er zu r E rz ie lu n g  der m it H d g ek en n ze ich n e ten  v e rd ic h te te n  S tru k tu r  
e rfo rderliche  Z e itp u n k t t* h a t  eine b ev o rzu g te  R olle, u. zw. erstens, w eil w enn  
N x =  k o n s ta n t is t, d ieser fü r dieselben B e to n e  als M ate ria lk o n stan te  b e tra c h te t  
w erd en  k an n . E s is t  w eite rs  auch d a ru m  ein b e v o rzu g te r Z e itp u n k t, w eil t* 
u n d  H d ein zusam m engehörendes W e rte p a a r  sind . A m  E nde  des Z e itp u n k te s  
t* k a n n  die m it a 0 bezeichnete  m ax im ale  F e s tig k e it des B etons n ic h t  n o t­
w endigerw eise e rre ic h t w erden . D ie die o p tim a le  B e to n festig k e it s ichernde 
räu m lich e  S tru k tu r  k a n n  in  den in  d e r P ra x is  v o rkom m enden  F ä llen  n u r  im 
L aufe  einer Z e itd au e r v o n

t — t* ■ X ■ t* —■ t* (l -I- X)

sich  entw ickeln . D . h ., im  allgem einen g ilt zw ar, daß

t >  t* (9)

is t , jed o ch  k an n  t im  P rin z ip  keine weitere Volum enverm inderung zugeordnet 
werden.

A ufgrund  d er V erh ä ltn isse  nach  B ild  3 u n d  des B esag ten  k a n n  m a n  u n ­
m itte lb a r  einsehen, d aß  die exak te  m a th e m a tisc h e  B eschre ibung  a u ß e ro rd e n t­
lich  schw ierig  is t.

B e tra c h te t  m a n  P e vo rläu fig  als eine K o n s ta n te , so fo lg t aus (8), daß

P e • A H  =  N jt* . (10)

Jedoch , n ach  F o rm el (6) u n d  B ild  2 g ilt, daß

Ä H  =  H , H d =  H dß  -  H d =  H d(ß 1). (10a)
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D eshalb  is t eine an d ere  F orm  der F o rm e l (10):

p  =

H d ( ß ~  i)
( П )

D em  b ish e r G esag ten  en tsp rechend  k a n n  m a n  aus der F o rm el (11) e rk en n en , 
d aß  infolge d er Z usam m ensetzung  des B e to n s u n d  d er B en u tzu n g  v o n  d e n ­
selben  V erd ich tu n g sg e rä ten  N v  t*, H d u n d  ß  als K o n s ta n te n  zu b e tra c h te n  
sin d . V on denen  s in d  t* und  H d zu einem  E n d z u s ta n d  gehörige W erte  u n d  
deshalb  is t  e rs ich tlich , daß  die F orm el (11) e in  sich a u f  den  E n d z u s ta n d  bezie­
h en d e r fu n k tio n e lle r  Z usam m enhang  is t . Jed o ch , infolge seiner E in d e u tig k e it, 
is t  m a n  vom  fo rm ellen  Zw ang, P e als V ariab le  zu b e tra c h te n , en tb u n d en .

E rm it te l t  m a n  aus Form el (11) fü r  einen  beliebigen Z e itp u n k t

t ' <  t*
die O b erfläch en ab sen k u n g

(A H ) /  = N ^ t ' N 1- t '

D _ L • /Vm 9 ? 111|
Z I

( 12)

so is t  d er n ic h t k o n s ta n te  W ert v o n  P e d e te rm in ie ren d . A ufg rund  v o n  (7) 
k a n n  m a n  fes ts te llen , d aß  deren F u n k tio n b esch re ib u n g  a u ß e ro rd en tlich  k o m ­
p liz ie rt u n d  in  d e r P rax is  u n an w en d b a r is t , w ie auch , daß  nach dem Bew eis  
der Form el ( H )  e in  derart kom plizierter fu nk tione ller Zusam m enhang nicht 
erforderlich ist.

D er C h a ra k te r  v o n  P e in  F o rm el (11), w onach  d ieser W ert b loß  von  
G rößen  a b h ä n g t, die alle als K o n s ta n te  g e lten , e rm öglich t eine B eziehung a u f  
eine beliebige u n d  ganze Schalungsoberfläche:

F  =  J  d F .  (12a)

H ie r is t F  die a u f die V e ra rb e itu n g srich tu n g  sen k rech te  (d. h . w aag e­
rech te ) F läche . Also

Pd

bzw .

P e N ^ t * K ra ft

F  ~  V d(ß — 1) F läche

N x • t*
Pd — k p c m -:i

v A ß - 1)

D ruck

(13)

V erg le ich t m a n  diesen A usdruck  m it den  au f B ild  1 zusam m en g este llten  
d y n am isch en  D ruck fo rm eln , so is t le ic h t zu  erkennen , d aß  die s tru k tu re lle  und  
In h a lts id e n t i tä t  bew iesen  ist. D anach  k a n n  m an  schon sehr einfach bew eisen
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[2], d aß  die F o rm el (13), tro tz  ih re r D ru ck d im en sio n , die spezifische V erd ich ­
tu n g sa rb e it  m iß t. D a  die F orm el (13) au ch  e inen  E n d z u s ta n d  b esch re ib t, k a n n  
m a n  aussagen, d aß  es überflüssig  is t, eine die V o lum enverm inderung  au ch  in  
einem  beliebigen Z e itp u n k t genau b esch re ibende  F u n k tio n  zu suchen.

Aus dem  V ergleich  der G leichung (13) m it den F o rm eln  des B ildes 1 gehen  
au ch  die U n tersch iede  h erv o r: h ier k o m m t N x schon m it den  en tw ick e lten  
K o m p o n en ten  v o r, an d ererse its  w ird  t* d u rc h  jene  Z e itd au e r abgelöst, die ct0 
zu g eo rd n e t w erden  k a n n . D urch das E in se tz e n  der Z e itd au er, die m an  d e r 
m ax im alen  F es tig k e it des B etons zu o rd n en  k a n n , in  die F o rm el e rh ä lt m a n

Î. Reelles Weg-Zeit - Diagramm 
2 , Ideales Weg-Zeit - Diagramm

dt

Bild. 4

n äm lich  einen solchen W ert von  p d, d e r als M eßzahl p ro p o rtio n a l zu r n o tw e n ­
d igen  und  h in re ich en d en  V erd ich tu n g sa rb e it is t.

N un  wollen w ir aus B ild 3 einen belieb igen  F a ll herausgre ifen  u n d  dem  
B ild  4 en tsp rech en d  den  fü r die vo rliegende A b h an d lu n g  w ich tigen  T eil h e r ­
v o rh eb en . Im  Z u sam m enhang  m it d er F o rm el (11) k an n  m an  sich auch  d u rch  
u n m itte lb a re  B e tra c h tu n g  G ew ißheit d a rü b e r  verschaffen , daß  das effek tive  
W e g —Z eit-D iagram m  du rch  das au fg ru n d  v o n  u n m itte lb a re n  (d. h . im m er 
m eß b aren ) A ngaben  aufgezeichnete L in ea rd iag ram m  e rse tz t w erden  k a n n . 
H ie rb e i w ird  die id ea le  G eschw indigkeit d e r O berflächenabsenkung

á l l  H d ( ß ~  1)
t* t*

(14)

u n d  diese G eschw indigkeit is t in  einem  belieb igen  Z e itp u n k t im m er niedriger 
als die ta tsäch lich e  A bsetzungsgeschw ind igkeit der O berfläche.
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3. Verdichtung des bewehrten Betons und deren Arbeitsbedarf

A ufgrund  d er B ilder 1 und  5 w ird  m an  zur w eite ren  B ehand lung  v o n  den  
fo lgenden P rin z ip ien  ausgehen:

3.1 Zw ischen den  E in fü llu n g en  d er S chalungsräum e von  u n b ew eh rten  
und  b ew ehrten  B e to n en  g ib t es prinz ip ie lle  u n d  p ra k tisc h e  U n tersch iede . Die

E in fü llu n g  des losen B etons eines u n b ew eh rten  B e to n o b jek tes  f in d e t u n g e ­
h in d e rt s t a t t ,  dagegen is t dieselbe im  F alle  v o n  S ta h lb e to n k o n s tru k tio n e n  
eine F u n k tio n  des B ew ehrungsnetzes.

3.2 D em zufolge is t die V erd ich tu n g  und  E in a rb e itu n g  eines n ich tb ew eh r- 
te n  B e to n o b jek ts  gleichw ertig  m it d er V o lum enverm inderung  A V  =  F  • A H . 
D a  diese auch  m it der E in a rb e itu n g  gleichw ertig  is t, k a n n  der Z ah len w ert von 
pa  auch  se lb st jed e  spezifische A rbeitsm enge m essen.

3.3 Im  F a lle  eines b ew eh rten  B etonelem en tes (F ertig te iles) b e f in d e t sich 
ein beträchtlicher A n te il des losen B e to n s  nach  d er E in fü llu n g  n ich t im  S ch a­
lu n g srau m , so n d ern  v e rb le ib t infolge d er S perrw irk u n g  der B ew ehrung  ü b e r 
dem  S cha lungsraum . So k a n n  die a u f  die V o lum enverm inderung  A V  v e rw en ­
de te  A rbeitsm enge auch fü r die E in a rb e itu n g , d. h . fü r  das H ineinzw ingen  des

F. ДН = AV = V(j (П - 1) = „verschwindendes" Volumen 

F. Hjj = Vjj = dichtes Volumen 

F.H| = V| = loses Volumen

Bild. 5
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B e to n s  in  den S ch a lungsraum  n ic h t h in re ich en , es w ird  also eine M ehrarbeit 
e rfo rd erlich . M an k a n n  bew eisen  [2], d aß  die v ielen  E in fü llu n g sa rten  a u f den 
a u f  B ild  5 d a rg este llten  F a ll zu rü ck g e fü h rt w erd en  können , bei dem  ein großer 
A n te il des losen B e to n s ü b e r  dem  S ch a lu n g srau m  v erb le ib t.

3.4 D er A rb e itsb e d a rf  d er V e rd ich tu n g  u n d  jen e r d e r V era rb e itu n g  
k ö n n e n  du rch  A d d itio n  su p e rp o n ie rt w erd en .

A u fg rund  des B ildes 5 soll an g en o m m en  w erden , d aß  das ganze Beton­
gemenge  a u f  der B ew ehrung  h än g en b le ib t. So w ird  seine Lage d u rc h  die H öhe 
des S ch w erp u n k tes  Sy ü b e r  d er en d g ü ltig en  S chw erpunk tlage  S 2 d u rch

ß H d H d +  l
“ V— b ——  =  t t d — — (15)

b e s tim m t. In  der H öhe des S ch w erp u n k tes  b e trä g t die P o ten tia len e rg ie  
des B etongew ich tes GB

E* =  GB H d J L ± L .  (16)

D iese P o ten tia len e rg ie  w ird  du rch  den  A n te il jV2 der G esam tle is tu n g  des 
V e rd ich tu n g sg e rä tes  in  effek tive  A rb e it u m g ew an d e lt, die la u t  des G esagten  a u f  
N y  su p e rp o n ie rt w ird .

D ie V orausse tzung , d aß  d er W id e rs ta n d  d er B ew ehrung gegen die V er­
a rb e itu n g  des B etons in n e rh a lb  d er p ro p o rtio n a l zu  der freien  ( =  ganzen) Scha­
lu n g sfläch e  F  v e ru rsa c h te n  V erringerung  is t , lieg t au f d er H a n d . B ezeichnet 
m a n  die Sum m e d er g esam ten  h o rizo n ta len  P ro je k tio n  der B ew ehrung  m it F v, 
so w ird  die der fre ien  F läch e  p ro p o rtio n a le  W id ers tan d szu n ah m e du rch  den 
W iderstandskoeffizienten

1 =
F

F

1

1 -  (F  J  F)
(17)

gem essen . E s is t zu  e rk en n en , d aß  w enn m a n  m it den ex trem en  G renzw erten  
F v =  0 u n d  F v =  F  re c h n e t,

1 ^  I ^  oo (18)
w ird .

D a  infolge d er im m er rea len  A bm essungen  des B e tone lem en tes F v/ F  
im m er eine k o n k re te  Z ah l is t, is t auch  die m ögliche obere G renze von  f  in  der 
P ra x is  n ic h t so u n b e s tim m t, wie m an  es au fg ru n d  der F o rm el (18) annehm en  
w ü rd e .

H ie r  is t es zw eckm äßig , den  p ro p o rtio n a l f  e rhöh ten  W id e rs ta n d  d e ra r t 
au fzu fassen , daß  d er S ch w erp u n k t a u f  d as  du rch  den W id ers tan d sk o effi­
z ie n te n  erhöhte P o te n tia ln iv e a u  g elang t, d. h .

A S  = Щ S 2 =  H d ^  +  . (19)
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D ie d e ra r t  e rh ö h te , m aßgebende  P o ten tia len e rg ie  des B e tongew ich tes GB w ird  
m it d er A rbeit gleichw ertig , die d u rc h  N 2 ausgeüb t w ird . So w ird  d er A rb e its ­
b e d a rf  der E in a rb e itu n g

L B =  GB -H d - W  +  1) (20)

bzw ., da GB =  y V d is t, e rh ä lt m an :

L B =  y V a H dM ± V)-  . (21)
bi

So w ird  der gem einsam e A rb e itsb e d a rf  der V e rd ich tu n g  u n d  V era rb e itu n g

L d +  L B — V d ( ß - 1  )Pd +  v H d Siß +  l) ( 22 )

Die d r itte  K o m p o n en te  N 3 d e r G esam tle istung  N  des V erd ich tu n g sg e rä tes  
w ird  zu r B ew egung d er vom  G esich tsp u n k t des Prozesses p assiv en  G ew ichte 
b en ö tig t. D er W eg d er A rb e it in  d ieser H in sich t is t die to ta le  A usschw ingung  
(d. h . das Zw eifache d er A m p litu d e). B ed eu te t Gp das G ew ich t d er passiv en  
M assen, so e rh ä lt m an

L p — Gp • 2A 0, (23)

d e r G esam ta rb e itsb ed arf  w ird  also

Lg =  L d -f- L B -|- L p, (24)

u n d  die G esam tle istung
N  =  JVX +  iV2 +  N 3. (25)

D em n ach  w ird  die no tw end ige  Z e it d er gesam ten  V e rd ich tu n g  als Q u o tien t 
d er Z usam m enhänge (24) u n d  (25)

1 )-P d  +  Y- H d
£(/? +  1) ' 

2
+  Cp • . (26)

A u fg ru n d  der A nalyse v o n  F o rm el (26) k an n  m an  fo lgendes fe sts te llen :

3.5 W enn ß  =  1, L d =  0, d a n n  is t  eine effektive V erd ich tu n g  n ich t m ög­
lich , deshalb  w ird  L g =  L B L p.

3.6 W enn d er B e to n g eg en stan d  unbew eh rt is t, so w ird  L q =  L d +  L p.
3.7 L äu ft das V e rd ich tu n g sg e rä t leer, so is t L d =  0, L B =  0 u n d L ? =  L p.
3.8 W ie auch  b e re its  v o rh e r  b e to n t w urde, so llte  es au ch  im  fo lgenden  

b e to n t  w erden: die einzelnen G rößen  sind  in  den  F o rm eln  m it ih ren  m a ß ­
gebenden W erten  e n th a lte n . Aus d e r F orm el (26) is t  zu  e rk en n en , daß  auch
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diese sich auch a u f  d en  E n d z u s ta n d  bezieh t. Aus den  b isherigen  E rö rte ru n g en  
ging h ervo r, daß  im  v o rlieg en d en  F alle  keine k o m p liz ie rte  F u n k tio n  e rfo rder­
lich  is t, die den in  d e r Z eit u n tre n n b a re n  A b lau f d e r V erd ich tu n g  u n d  der 
E in a rb e itu n g  fü r je d e n  Z e itp u n k t gü ltig  b esch re ib t. D a die Z ahlenreihe V d, 
H d, ß , y , f , p d im  F alle  eines k o n k re te n  B e to n gegenstandes u n d  e iner k o n k re ten  
B e to n zu sam m en se tzu n g  k o n s ta n t  is t, is t e rsich tlich , d aß  zw ischen td u n d  N  
e ine u n b estim m te  B ez iehung  b e s te h t, u . zw. im  S inne, d aß  die beliebige A usw ahl 
d e r e inen  Größe die an d e re  b e s tim m t. E ine  w illkürliche W ah l b e ider G rößen 
h a t  jed o ch  ihre p ra k tisc h e n  G renzen.

H ie r k an n  w e ite r e rk lä r t  w erden , wie die einzelnen  B e to n p a ra m e te r  die 
G en au igke it der e rh a lte n e n  E rgebn isse  beeinflussen . E s k a n n  bew iesen w er­
d en  [9], daß im  F a lle  e in e r g leichen K o rn v erte ilu n g  des Z uschlagstoffes u n d  
g leichen  Z em en tzugabe, sow ohl d er V erd ich tu n g sk o effiz ien t, als auch das 
R au m g ew ich t des F risc h b e to n s  als lineare  F u n k tio n e n  fo lgender S tru k tu r  au f­
geschrieben  w erden k ö n n e n :

ß  = k l — k 2
w

ч
z

(27)

w o rin  k l, k 2, . . .  K o n s ta n te n  sind .
G leichzeitig g ilt fü r  die n o rm alen  K iesbetone, daß

1.4 ^  ß  ^  1

2,5 • 10~ 3 >  у  [ к р о т " 3] >  2,1 • IO "3 .
(28)

D a der bere its  v o ran g eh en d  häu fig  vo rkom m ende A usd ruck  (ß  1)
au fg ru n d  von (28) in  e inem  B ereich  von

4 • i o - 1 ;>  (ß — l)  ;>  о (29)

schw anken  k an n , is t  e rs ich tlich , daß  der Ä nderungsbere ich  b e id e r G rößen v e r­
h ä ltn ism äß ig  eng is t. D esh a lb  is t  es als besonders w ich tig  zu  b e tra c h te n , daß  
ih re  W erte  fü r einen g roßen  K reis v o n  p rak tisch en  B e to n a r te n  genau b e k an n t 
w erden  (bei deren A n w en d u n g  d er F eh le r m öglicherw eise in n e rh a lb  des B ereichs 
i s  b le iben  sollte) u n d  diese W erte  fü r  den B e to n e n tw u rf  in  ähn licher weise 
au fg este llten  F u n k tio n e n  w ie u n te r  (27) zu sam m en g efaß t w erd en  m üssen. Es 
m u ß  als eine e igenartige  E rsch e in u n g  e ra c h te t w erden , d aß  im  V erlau f der 
z x r  T heorie des B e to n en tw u rfe s  als G rundlage d ienenden  U n te rsu ch u n g en  von 
zah lre ich en  P ro b ek ö rp e rn  u n d  B eto n k a teg o rien  die be id en  e rw äh n ten  P a ra ­
m e te r  n ich t au sfüh rlich  g e p rü ft u n d  gem essen w urden . U m  so m erkw ürdiger 
is t  d ies, da sowohl ß  a ls au ch  у  an  fü r  irgendw elche Zw ecke b e s tim m te n  P ro b e ­
k ö rp e rn  einfach gem essen w erd en  können .
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W egen d er s ta tis tisc h e n  G ü ltig k e it der b e to n te c h n isc h e n  Z u sam m en ­
hänge u n d  des v e rh ä ltn ism ä ß ig  engen  Ä n derungsbere iches von  ß u n d  y, k a n n  
jed o ch  die Rolle d ieser be iden  P a ra m e te r  n ich t u n te r s c h ä tz t  w erden, w eil ohne 
sie der T hem enkreis  d er B e to n v e rd ic h tu n g  n ich t b e h a n d e lt  w erden k an n .

D eshalb soll auch  der W id e rs ta n d sfa k to r  f  a u sfü h rlich  b eh an d e lt w erd en , 
dessen F u n k tio n sb ild  a u fg ru n d  d er F orm el (17) a u f  B ild  6 d a rg este llt is t. 
E s  k an n  die F rag e  a u ftau ch en : in  w elchem  M aße die H y p o th ese  als b e g rü n d e t 
zu  b e tra c h te n  is t , d aß  die Z unahm e des P o te n tia ln iv e a u s  des S chw erpunk tes 
S x von  der a u f dem  B ew ehrungsnetz  hängen g eb lieb en en  B etonm enge als eine 
lineare  F u n k tio n  des W id erstan d k o effiz ien ten  |  an g en o m m en  w erden k a n n .

V orausgesch ick t, daß  solche W erteskalen  des W id e rs tan d sfak to rs , die 
sich  der W irk lich k e it g u t n ä h e rn , n u r  d u rch  V ersuche e rm itte lt  w erden k ö n n en , 
k a n n  m an  folgendes fe stste llen :

U n te r  d er V o rau sse tzu n g , d aß  die ganze B e to n m en g e  a u f  der B ew ehrung  
hängen  b le ib t, w u rd e  im  V ergleich d er W irk lichkeit eine v erg rö ß erte  S icherheit 
in  A bsich t genom m en, insbesondere im  Falle , w enn d e r B eton g eg en stan d  n ic h t 
zu  d ich t b ew eh rt is t. N im m t m an  in  B e tra c h t, d a ß  schon  eine geringfügige 
V erm ehrung  des A nm achw assers zu  einer s ta rk e n  V erm in d eru n g  der In n e n ­
re ib u n g  fü h rt, so k a n n  die n ach  dem  V o rstehenden  v e rs ta n d e n e  L in e a r itä t  als 
erste A nnäherung  angenom m en w erden . D azu  soll m a n  n och  ergänzend bem er-

Bild. 6
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k e n , d aß  w enn in  F v a u ß e r  der h o riz o n ta le n  P ro jek tio n ssu m m e d er ta tsä c h li­
ch en  B ew ehrung au ch  alle Y erengungseffek te  des Schalungs- oder F o rm en ­
ra u m e s  inbegriffen s in d , die S icherheit n o ch  größer w ird.

D a £ eine v o n  d e r Z u sam m en se tzu n g  des B etons u n ab h än g ig e  V erh ä ltn is ­
z ah l is t, k an n  sie e in fach  gem essen w erd en . A u f einem  L a b o r-B ü tte ltis c h  m it 
en tsp rech en d er T isch fläch e  u n d  k o n s ta n te n  P a ra m e te rn  (der als S ta n d a rd rü t­
te lt is c h  b e tra c h te t  w ird ) soll m an  e inen  P ro b ew ü rfe l h e rste llen . D a n n  lä ß t  m an 
die offene F läche d e r W ürfelfo rm  n a c h  u n d  nach  a u f die W e rte  F J  F  =  
=  9 • 10-1 , 8 • 10“ \  . . . verengen  u n d  m iß t  die D auer d e r D u rch d rin g u n g  
des F risch b e to n s g le icher Z u sam m ense tzung . A us den e rh a lten en  M eßergebnis­
sen  k a n n  einfach en tsch ied en  w erden , ob die den W id e rs tan d  beschreibende 
F u n k tio n  der F o rm el (17) e n tsp ric h t, oder e in  anderer Z u sam m en h an g  gesucht 
w e rd en  m uß. V a riie r t m a n  d an ach  die B eto n zu sam m en se tzu n g  n u r  du rch  eine 
sy s te m a tisc h e  Ä n d eru n g  d er A nm achw asserm enge, so k ö n n en  d ie W id erstän d e  
d e r  B e to n e  von ab w eich en d er K o nsistenz  in  A bhäng igkeit v o n  gleichen  F J  F  
V e rh ä ltn iszah len  e rm it te l t  w erden. D ie D u rch fü h ru n g  des V ersu ch s is t um  so 
e in fach e r, weil m an  d a z u  kein en  ta tsä c h lic h e n  W ürfel und  n u r  seh r w enig Beton 
b e n ö tig t.

4. D ie Rolle des b eg ren z ten  R aum es

D ie allgem ein g ü ltig en  F o rm eln  (13), (22) und  (26) k ö n n te n  in  ex ak te r 
W eise n u r  d ann  als k o r re k t  b ezeichnet w erd en , w enn  sie au fg ru n d  d er A nnahm e 
des b eg ren z ten  R au m es ab g e le ite t w ü rd en . D a  in  den R ech n u n g en  im m er ein 
u n e n d lic h e r  R aum  an g en o m m en  w u rd e , m u ß  die G rößen o rd n u n g  des Fehlers, 
d e r  sich  aus dieser V o rau sse tzu n g  e rg ib t, d u rc h  eine ausführliche  U n te rsu ch u n g  
d e r  R o lle  des end lichen  R aum es e rm itte l t  w erden .

I n  Z usam m enhang  m it den  B ild ern  2 u n d  5, die in  den  vo ran g eh en d en  
E rw äg u n g en  als G ru n d lag en  b e n u tz t w u rd en , w urde v o ra u sg e se tz t, daß  der 
R a u m in h a lt  des losen  B e to n s in  zwei horizontalen R ichtungen  u n en d lich  ist. 
D a m it  se tz t m an  e in fach  v o rau s, daß  die fre ie  O berfläche des lo sen  B etons frei 
v o n  irgendw elchen  U m g eb u n g sh in d ern issen  parallel zu sich selbst absinkt.

Im  G egensatz z u r  obigen V ere in fach u n g san n ah m e is t d a s  B etonvo lum en  
in  d e r  T a t  immer b e g re n z t: es is t d u rch  die S eitenw ände d er S ch a lu n g  oder der 
F e rtig u n g sfo rm , w e ite r  d u rch  die an  d e r G renze des W irk u n g sb ere ich s des V er­
d ich tu n g sg e rä te s  b efin d lich e  u n d  sich w e ite r  n ic h t v e rd ich ten d e  B etonsch ich te  
b e g re n z t. Bei der th e o re tisc h e n  U n te rsu c h u n g  s te h t m an  e in er W andw irkung  
gegenüber, die in  d e r N äh e  der W an d  die zu  sich selbst p a ra lle le  A bsinkung 
d e r h o rizo n ta len  B e to n fläch e  v e rh in d e rt.

E s m uß  h ier b e to n t  w erden , daß  aus d er F a c h lite ra tu r  d e r B e to n tech n ik  
-  h au p tsäch lich  infolge d e r T ä tig k e it v o n  F a u ry  -  der B eg riff  des Wand-
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effekts  b e k a n n t is t [10], [11]. N ach  F a u ry s  In te rp re ta t io n  k a n n  m an  den  W a n d ­
e ffek t folgenderw eise beschreiben . Im  en d lich en  R au m  ä n d e rt sich die Z u sam ­
m en se tzu n g  d er K o rn v e rte ilu n g  des losen B e to n s, in  der W an d n äh e  e rh ö h t 
sich  d er p rozen tue lle  A n te il d er g rößeren  Z u sch lag sto ffk ö rn er. M it an d eren  
W o rten : im  b eg ren z ten  R au m  (u n te r  dem  B egriff d er W an d  v e rs te h t m an  h ie r 
in  einem  w eite ren  S inne auch  den  u n m itte lb a re n  E ffe k t d er B ew eh ru n g ss tru k ­
tu r )  w ird  d er B e to n  m agerer in  M örtel, als en tw o rfen  w ar. D ieser F eh le r so llte  
im  L aufe des B e to n en tw u rfes  d u rch  die E rh ö h u n g  des P ro zen tsa tzes  der fe ine­
re n  K ö rn e r k o rrig ie rt w erden . E s is t  e rs ich tlich , d aß  d er F au ry sch e  W an d effek t 
b loß  eine K o rrek tio n  der K o rn zu sam m en se tzu n g  e rfo rd e rt, die von  dem  Ver- 
d ich tu n g sv o rg an g  u n ab h än g ig  is t. V om  G esich tsp u n k t d er V erd ich tu n g  h a t  der

Дх I

B eto n  von  k o rrig ie rte r  Z usam m ense tzung  an d ere  ß-, y-  u n d  p  —*pü~W erte im  V er­
gleich m it dem selben  der orig inalen  Z u sam m en se tzu n g  u n d  die a u f  den  u n e n d ­
lichen  R aum  bezügliche A nnahm e is t  u n b e sc h rä n k t. Im  L aufe der ta tsä c h lic h e n  
V erd ich tu n g  u n d  V era rb e itu n g  des B e to n s  e n ts te h t  ein  W an d effek t von  abw ei­
chendem  C h a rak te r, wie es aus dem  F o lgenden  h erv o rg eh t.

Die para lle le  O berflächensenkung  k a n n  au fg ru n d  des B ildes 7 auch  so 
e rk lä r t  w erden , d aß  fü r  die R esu ltie ren d e  d e r R e ib u n g sk rä fte , die en tlan g  den 
v o n e in an d e r in  einem  A b sta n d  v o n  A x  b e fin d lich en  1 u n d  2 im ag in ären  S c h n itt­
ebenen  angreifen ,

s, = s2, (30)
d. h ., keine physische U rsache b e s te h t, die die para lle le  Senkung v e rh in d e rn  
w ü rd e . Seien Sj, bzw . S b die in  e iner im ag in ä ren  S ch n itteb en e  n eb en  d er W an d  
bzw . im  B e to n  w irkenden  R e ib u n g sk rä fte , d an n  g ilt im  allgem einen:

S f § S b . (31)

D iesen drei M öglichkeiten  e n tsp re c h e n d  k a n n  sich die B eto n fläch e  n ach  
B ild  8 ausb ilden . In  der vo rliegenden  A b h an d lu n g  is t v o n  den  im  Bild 8 d a r­
g es te llten  drei M öglichkeiten  n u r  d er F a ll A  in te re ssa n t, u . zw. als eine solche,
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die M ehrenergie e rfo rd e rt. D er F a ll В  is t  n äm lich  d er schon b e h an d e lte  F a ll 
des u n b eg ren z ten  R au m es; der F a llC , d er keine M ehrenergie e rfo rd e rt, k o m m t 
n ic h t  in  B e tra c h t.

Schon du rch  B esich tigung  k a n n  bew iesen w erden , daß  (in  e rs te r  A n n ä ­
h e ru n g ) d er C h a rak te r  d e r R eib u n g  zw ischen d er W an d  u n d  dem  B e to n  sowie 
die M eßzahl des R e ib u n g sfak to rs  in d iffe re n t s ind . Infolge d er R ü tte lu n g s ­
v e rd ic h tu n g  v e rw an d e lt sich  der B e to n  allm ählich  in  eine schw ere F lü ssig k e it, 
u . zw . sow ohl von  d e r Z eit, als vom  W asserzem en tw ert, w ie au ch  v o n  der 
K o rn s tru k tu r  u n d  K ö rn erfo rm  abhäng ig . D eshalb  v e rw an d e lt sich auch  s tu fe n ­
w eise die C oulom bsche R eib u n g  in  die F lüssigk e itsre ib u n g . Es g ib t B etone

m it  n ied rig e ren  W asse rzem en tw erten , die w äh ren d  des ganzen V erd ich tu n g s­
p rozesses k au m  als F lü ssig k e it b e tra c h te t  w erd en  können . D em zufolge is t  die 
A n n ah m e einer re in en  F lü ssig k e itsre ib u n g  n u r  ü b e r e iner versu ch sm äß ig  
e rm itte l te n  Größe des W asserzem en tw ertes  b eg rü n d e t.

S te llen  w ir P ro b ew ü rfe l von  20 • 20 cm  a u f einem  S ta n d a rd rü tte lt is c h  
h e r  u n d  nehm en  w ir an , d aß  die freie B e to n fläch e  sich dem  F a ll A  des B ildes 7 
e n tsp re c h e n d  au sb ild e t. In  diesem  F a ll k a n n  ein loses M ehrvolum en

(r,)ra =  ^ K . 8 . i o = A ^ L K, (32)
Z Z

die W än d e  der W ürfelfo rm  en tlan g  im  V ergleich  m it der im  u n b eg ren z ten  R au m  
s ta ttf in d e n d e n  V erd ich tu n g  n u r  d u rch  M ehrarbeitsaufw and  in  den , im  ü b rigen  
schon  d ich ten  B e to n s to ff  »hineingepreßt«  w erden .

I n  F orm el (32) is t  К \  der (in d er h o rizo n ta len  E bene  gem essene) m a ß ­
gebende  U m fang d er W ürfe lfo rm , u n d  m a n  n im m t an, d aß  der Q u e rsch n itt 
des V olum ens ( V /)d als e in  D reieck  b e tra c h te t  w erden  k an n . N u n  soll die zu r 
m e ß b a re n  V o lum enänderung  des sich  im  u n en d lich en  u n d  end lichen  R au m  v e r­
d ic h te n d e n  B etons e rfo rderliche  Z e itd au e r m it

t* bzw . t*
b eze ich n e t w erden.
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In  diesem  F a ll is t zur L e is tu n g  d e r M eh rarb e it die Zeit

t* >  f t  , (33)

f2 =  t? t t  (34)

erfo rderlich . D a  die R ü tte lle is tu n g  k o n s ta n t  is t, w ird  die M ehrarbe it

L m — N  t2 =  N  (t* -  t* ) . (35)

Ließe sich  das V olum en ( V/)m u n g e h in d e rt v e rd ich ten , so w ürde  d e r 
spezifische A rb e itsb e d a rf  nach  (13)

N t 2 ß  N  t2
(Pd)m =

( V d)m( ß - 1 )  (V, )m ( ß - 1 )
(36)

infolge des Z usam m enhanges

(36a)

E ine  andere  F o rm  der Form el (36) u n te r  E in b ez ieh u n g  des A usdrucks (32) des 
losen M ehrvolum ens is t

(Pi)m
2 N t 0J

A y  -A x  - K k (ß 1) '
(37)

I n  diesem  Z usam m enhang  soll b e to n t  w erden , daß  (p d)m vom  U m fan g  des 
P ro b ek ö rp ers  a b h ä n g t. Das lose M ehrvo lum en  k a n n  aber, infolge der die W a n d  
en tlan g  e n ts te h e n d e n  R eib u n g sk ra ft, d u rc h  eine größere spezifische A rb e it 
v e rd ic h te t w erd en  als die fü r  d en  u n en d lich en  R au m  gültige spezifische 
A rb e it p d. D em zufolge gilt, daß

(.P d ) m > { P d )•  (37a)
bzw .

(Pd)m =  •Pd » (38)

w o: den den  W an d w id erstan d  c h a rak te ris ie ren d en  F a k to r  b ed eu te t.
D er W e rt dieses W id e rs tan d sfak to rs  h ä n g t von  d er F lächengröße  u n d  

A rt der W an d  sowie von der Z u sam m en se tzu n g  des B etons ah . In n e rh a lb  
d er B e tonzusam m ense tzung  h ä n g t e r au ch  noch  von  der M aßzahl der K o n ­
sistenz bzw . vom  W erte  des W asserzem en tw ertes  ab.

N im m t m a n  an , daß bei gleichen W a n d a rte n  u n d  spezifischen V e rh ä lt­
n issen

[Sf ]Würfelform [‘̂ y]Betonelementenform

is t, so g ilt u n te r  B erücksich tigung  v o n  (37) u n d  (38), daß

[(.Pd)m] Würfel =  [(jPd)m]Betonelement. 

( A y  * ^ # )w ü r fe l =  ( A y  ’ -^^B etonelem ent *
(39)
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Diese beid en  G leichungen  k ö nnen  n u r  d an n  gleichzeitig  gelten , w enn

(iV • ^S tandardrü tteltisch  =  ' ^Betonelem ent-Riitteltisch (40)
is t.

D u rch  diese le tz te re  G leichung w ird  das B estehen  eines P ro p o r tio n a litä ts ­
fa k to rs

К__ Betonelement / л -t \

к к
v o rau sg ese tz t.

D ies b e d e u te t, d a ß  unter dem E in f lu ß  des begrenzten R aum es die absolute 
M ehrarbeit proportional zum  maßgebenden ( d. h. horizontalen)  U m fang des 
Betonelem ents und  des W ürfels zun im m t.

D ie P rax is  b ew eis t e indeu tig , d aß  das d u rch  die F o rm el (32) b e s tim m te  
lose M ehrvo lum en  n u r  e inen  vernachlässigbaren Bruchteil des jew eiligen d ich ten  
V olum ens Va des B e tone lem en tes au sm ach en  k an n . D ies k an n  au fg ru n d  d er 
a llgem einen  E rfa h ru n g , d aß  in  der W a n d n ä h e , bei einem  beliebig  n ied rigen , 
jed o ch  vom  G e s ic h tsp u n k t der B e to n fe rtig u n g  reellen  W asserzem en tw ert sich 
eine gewisse M enge v o n  w asserreichem  Z em en tm ö rte l au sscheidet u n d  bei einem  
h ö h e re n  W asse rzem en tw ert diese E rsch e in u n g  schon am  A nfang  des V organgs 
e in t r i t t .  D em zufolge v e rw an d e lt sich d e r F a ll A  des B ildes 7 zum  G roß te il, 
beso n d ers  am  E n d e  des Prozesses, in  d en  F a ll IC .

D eshalb  k a n n  m a n  — ohne die m ü h sam e  M essung des nu m erisch en  
W erte s  d er W id e rs tä n d e  — festste llen , d a ß  d er unend liche  R aum  m it dem  
V e rg rö ß e ru n g sfak to r

1,05 <  f  ! <  1,1 (42)

m it e iner großen S ich erh e it b e rü ck sich tig t w erden  k an n . D eshalb  k a n n  m an  
die G leichung

(Pd)v =  (Pd)ooli (43)

k o r re k t au fschre iben , d en n  au f dem  S ta n d a rd tis c h  w ird  (p d)v, u n d  n ich t (pa)m 
gem essen . D ies b e d e u te t,  daß  bei der H e rs te llu n g  der W ürfe l der axis den  M eß­
e rgebn issen  gerech n e te  W e rt p s u n m itte lb a r  dem  m aßgebenden  d ynam ischen  
D ru c k  g leichw ertig  is t.

5. Die relative Rolle der Param eter des Verdichtungsgerätes 
in der R üttelungsleistung N

In  obigen E rw ä g u n g e n  w urde d u rc h  die b ew u ß t angew and te  M ethode, 
d aß  die W echselw irkung  des V erd ich tu n g sg erä tes  u n d  des B etons in  den  
a n g e fü h rte n  F u n k tio n e n  durch  die einzige R ü tte lle is tu n g  N  au sg ed rü ck t 
w u rd e , in  der F o rm el (26) der Z u sam m en h an g  zw ischen den re in  b e to n te c h n i­
schen  u n d  re in  m asch in e llen  P a ra m e te rn  v e ran sch au lich t.
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K o n k re t k a n n  m a n  aber n u r  d an n  rech n en , -wenn m an  die G röße N  in  
K o m p o n en ten  ze rleg t.

D abei k a n n  eine b ed eu ten d e  V ere in fach u n g  d u rch g e fü h rt w erden , w enn  
m an  das e rreg te  Schw ingungssystem : V erd ic h tu n g sg e rä t— B eto n  fü r  einm assig  
b e tra c h te n  k a n n . B ei K en n tn is  der e inzelnen  B e tr ie b sa r te n  des B ild  1 k a n n  
dies auch  im  als am  g ü n stig sten  geltenden  F a ll 2 n u r  m it e iner gewissen Id e a li­
sierung  d u rc h g e fü h rt w erden . H ier is t d er e x a k t e inm assige C h arak te r n u r  in so ­
fern  u n v o llk o m m en , d a ß  der Beton kein  starrer K örper ist. D ie System e in  d en  
ü b rigen  B e tr ie b sa r te n  des Bildes 1 als einm assig  zu  b e tra c h te n , b e d e u te t eine 
s ta rk e  A bw eichung  v o n  der W irk lichkeit. D ie G röße der A bw eichung w ird  
sp ä te r  au sfü h rlich  u n te rsu c h t. Z ur B estim m u n g  d e r K o m p o n en ten  von  N  soll 
m an  den  F a ll 2 des B ildes 1 m it H ilfe des B ildes 9 m odellisieren .

D ie fo lgenden  B ezeichnungen  w erden  an g ew an d t:

Gb =  Gewicht des Betons;
Gj =  Gewicht der Form;
Gr — Gewicht der Rütteltischplatte;
Gb =  Gewicht des Erregergerätes;

w eiters b e d e u te t
2 n

G0 =  > ’ G01

das G ew ich t d er sich  m it  einer W inkelgeschw ind igkeit von  a> d rehenden  e x zen ­
trisch en  E rreg e rm asse , w elche als in  Ge e n th a lte n  b e tra c h te t  w ird.

G0 = 1 G01
t y m _ Gb- Gf ♦ Gr « Ge 

9
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In  d iesem  F a ll is t das erregende G esam tgew ich t

Gg — A  +  Gf -f- Gr +  Ge

u n d  die zu erregende M asse

g

(44)

(45)

B ezeichnet m a n  im  M odell die R esu ltie ren d e  der F ed eru n g  des R ü tte l ­
tisch es  m it cR, den  D äm pfun g sk o effiz ien ten  d e r E igenschw ingungen  des System s 
m it  к  u n d  die E x z e n tr iz itä t  der e x zen trisch en  E rregerm asse G0/g  m it e, so w ird

M  =  G0 e (46)

d as kinetische M om ent der Erregung. M it d iesen  B ezeichnungen  w ird  der W eg 
in  R ic h tu n g  der y -A chse des e inm assigen  S y stem s, gem essen v o n  d e r ru h e n d e n  
M itte llag e  in  einem  belieb igen  Z e itp u n k t t, als Lösung der D iffe ren tia lg le ichung  
d e r B ew egung [1]:

1

M co2g

1 А l2 ь ■> 2 А1 — c R c o—M ~ \ - k c R co1 —5-

sin  I cot a rc ta n

(47)

D av o n  e rh ä lt m an  die W eg am p litu d e  fü r  den  F all, d aß  das A rg u m en t 
des S inus 1 is t, d. h.

A  =
M  co2 g

1

CR
1 — CR CO -f- kcR co2 -

(48)

H ierzu  is t zu b em erk en , daß  zw ar sow ohl die G leichung (47), als auch  (48) 
e x a k te  F u n k tio n e n  sind , der W ert v o n  к  ab e r au fg rund  des lo g arith m isch en  
D ek rem en ts  n u r  m eh r d u rch  A nnäh eru n g sm essu n g en  e rm itte lt  w erden  k a n n , 
w as v o n  v o rnhere in  A 0 e inen  s ta tis tisc h e n  C h a rak te r  verle ih t. E s k a n n  w eiters  
bew iesen  w erden , d aß  к im  V ergleich zu r erregenden  Z en trifu g a lk ra ft

(49)

im  F a ll  von  reellen  V erd ich tu n g sg erä ten  im m er v e rn ach lässig b ar k le in  is t [1]. 
D em zufolge k an n  im  T eil u n te r  dem  W urzelzeichen  des N enners in  (47) das
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zw eite Glied w eggelassen w erden  u n d  das System  als ein  u n g ed äm p ftes  e rreg tes 
Schw ingsystem  b e tra c h te t  w erden . I n  diesem  F a ll g ilt [2], daß

M
(5 ° )

u n d  auch dieser is t  e in  Z ah lw ert v o n  s ta tis tisch em  C h a ra k te r . In  Z usam m en­
h an g  m it den  p o la ris ie rten  Schw ingungen  k a n n  fü r  die A rb e it d er E rreg u n g s­
k ra f t  fü r  eine P eriode  a b g le ite t w erden  [12], [13], daß

L  — C0 А  л  s in e  (51)

is t, w orin e d er zw ischen den e rregenden  u n d  e rre g te n  Schw ingungen a u f­
tre te n d e  W inkel is t. D a  die P e rio d en ze it

T  =
2 л

CO

is t, w ird  deshalb  die R ü tte lle is tu n g

L  C0 A 0co sin  e 

~  T  ~  2

bzw . m it der G esch w ind igke itsam plitude

N  =  C o u s i n e
2

(52)

(53)

(54)

N ach einer an d eren  G edankenfo lge [12], [13] k a n n  m a n  bew eisen, d aß

wo

und

ist.

2 Gl ,Sin 8 =  ----------
(Ggh  n

(55)

Gl =  b ß b (55a)

lO - 1 ^  l 2 <  8 • IO“ 1

=  Gg +  Gp -F Gf +  G'b

G'b =  l 3 • Gb (55b)

2 • IO“ 1 <  | 3 < ; 3,5 • IO“ 1 

Zu den S ch ä tzu n g en  g ilt in  e rs te r  A nnäh eru n g :

10° ^  e <  20°, (56)

deshalb  k a n n  die F o rm el (26) au fg ru n d  der A usgangsw erte  fü r  den F a ll 2 des 
B ildes 1 b e rech n e t w erden . Ob (54) als eine allgem ein e x a k te  F u n k tio n  a u f  die
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ü b rig en  B e trieb sa rten  e rs tre c k t w erden  k a n n , oder n ic h t, das b ä n g t o ffenbar 
d av o n  ab, w iew eit diese als einm assige System e au fg e fa ß t w erden  können . 
W ie aus (54) e rs ich tlich , w ird  das d u rch  die Ä nderung  v o n  v 0 bzw . A 0 e n t­
sch ieden .

Infolge der w e itg eh en d en  Ä h n lich k e it soll n u n  v o n  d iesem  G esich tsp u n k t 
aus d er F a ll der a u f  d en  R ü tte ltisc h  lose aufgeleg ten  F e rtig u n g sfo rm  u n te r ­
su c h t w erden  (B ild 1, F a ll 1). D an n  bew egen  sich die G ew ichte des B etons -j- der 
F o rm

Gb +  GJ =  G1 (57)

u n d  des R ü tte ltisch es  -|- E rregers

Gp +  Ge — G 2 (58)

als zwei sep a ra te , sich  sto ß en d e  M assen. U n te r  w elchen  B ed ingungen  das 
S y stem  einm assig b e tr a c h te t  w erden  k a n n , das k a n n  a u fg ru n d  der n a c h ­
steh en d en  G edankenfo lge en tsch ieden  w erden .

D as S chw ingungsd iag ram m  des R ü tte ltisc h e s  (B ild  9) m it v e r tik a l p o la ­
r is ie r te r  E rregung  is t  a u f  B ild  10 in  u n b e la s te tem  Z u s ta n d  d a rg es te llt.

L eg t m an  a u f  d en  R ü tte ltisc h , d e r das au f B ild  10 gezeigte Leerlauf- 
B ew egungsd iagram m  e rg ib t, eine m it B e to n  gefüllte  F o rm , so deform ieren  sich 
die harm on ischen  Schw ingungen . In fo lge  d er W echselw irkung  zw ischen der 
F o rm  u n d  dem  R ü tte l t is c h  d e fo rm ie rt sich auch  das o rig inale  B ew egungs­
d iag ram m  des R ü tte ltisc h e s  u n d  die F o rm  folgt dem  B ew egungsgesetz  der in  
v e r tik a le r  R ich tu n g  h inau fgew orfenen  s ta r re n  K ö rp er. D ie den  v e rtik a len  
A u fw u rf auslösende K ra ftw irk u n g  e rre ic h t die F o rm  d u rc h  die A nstöße in  
den  M om enten, in  w elchen  sie m it dem  T isch  in  B e rü h ru n g  k o m m t. Die als 
harm o n isch e  Schw ingung zu  b e tra c h te n d e  B ew egung h ä n g t d av o n  ab , in  w elcher 
P h ase  d er A nstoß  in  e in e r einzigen Schw ingung a u f tr i t t .  D ie F o rm  k a n n  näm lich  
m it  dem  R ü tte ltisc h  in  B e rü h ru n g  kom m en :

a) im  oberen T o tp u n k t der R ü tte ltisc h e s ,
b) im  u n te re n  T o tp u n k t des R ü tte ltisc h e s ,
c) am  N iveau  d e r ru h en d en  M itte llage  des R ü tte ltisc h e s ,

Bild. 10
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d) zw ischen den  oberen und  u n te re n  T o tp u n k te n  w enn sich d er R ü t te l ­
tisch  u n d  die F o rm  in  d er gleichen R ic h tu n g  bew egen,

e) w enn sich zw ischen den beid en  T o tp u n k te n  die beiden , sich a n s to ß ­
enden  K ö rp e r in  en tg eg en g ese tz te r R ic h tu n g  bew egen.

In  den F ä llen  a) b is e) ä n d e rt sich d e r Im p u ls  des R ü tte ltisch es in  jed em  
A ugenblick , u n d  so n im m t das W eg ze itd iag ram m  d er Form  im  a llgem einen  die 
a u f  R ild  11 d a rg es te llte  F o rm  an.

D a b le ibende F o rm än d eru n g en  a u f  den  sich  an stoßenden  K ö rp e rn  n u r  
n a c h  einer so lan g en  Z eit b em erk b a r w erden , d aß  die Zahl der zugehörigen  
S chw ingungen  als unen d lich  angenom m en w erd en  k a n n , können  die A n stö ß e  
von  gerad lin igem  u n d  zen tra lem  C h a ra k te r  a u f  eine einzige Schw ingung  
bezogen — fü r vollkom m en elastisch angenom m en  w erden  (R e s titu tio n sk o e ffi­
z ien t =  1).

A u fg ru n d  d er A rgum en te , a n g e fü h rt zu r R egründung  der s ta tis tisc h e n  
R eh an d lu n g sm eth o d e , k an n  m an  be i d er U n te rsu ch u n g  der V erh ä ltn isse  des 
A nstoßes m it d e r D u rch sch n ittsg esch w in d ig k e it rechnen . Diese is t [2]:

vd =  6,41 • IO“ 1 • t v  (59)

H ie r  m u ß  die G eschw ind igke itsam plitude  aus dem  G esam tgew icht des u n b e ­
la s te te n  R ü tte ltisc h e s  b e rech n e t w erden , d. h.

v0 — A q со —
M

--------------ca.
Gp +  Ge

(60)

Info lge des vo llkom m en e lastisch en  C h arak te rs  des A nstoßes, n im m t 
m an  an , daß  beim  A nstoß  der R ü tte lt is c h  seine ganze k inetische E n erg ie  der 
F o rm  ü b e rg ib t. D ies g ilt jedoch  n u r  d a n n , w enn  m a n  die akzessorische W ellen ­
fo rm  der v o ran g eh en d  b eh an d e lten  R ew egungsd iagram m e außer a c h t  lä ß t .  Sei 
die M asse des R ü tte ltisc h e s

m 1 Gr (60a)

Bild. 11
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so w ird  seine k in e tisch e  E nergie

E l  =  “  m i vd ■ (60b)

In fo lge der d u rc h  d ie F orm  ü b ern o m m en en  k inetischen  E nerg ie  h e b t  sie 
sich a u f  eine H öhe h, die d u rch  die G leichung

1

b e s tim m t w ird , wo

m 1 v% =  nio gh

Gb +  Gf

g

(61)

(61a)

die M aße der gefü llten  u n d  sich fre i b ew egenden  F orm  b e d e u te t. W eite rs  is t

h =  2 ( A 0)f  (61b)

die d u rch sch n ittlich e  ganze A usschw ingung  d e r unregelm äßigen  Schw ingung 
d er F o rm . A us (61) e rg ib t sich

h = A  . Gr +  Ge 
2g Gb -f- Gj

(62)

D em zufolge w ird  die D u rch sch n ittsw eg am p litu d e

( A ) /  =  - f -4g
Gr +  Ge
Gb +  Gf

(63)

S e tz t m an  h ie r  anste lle  der D u rch sch n ittsg esch w in d ig k e it d en  aus der 
F o rm e l (59) e rh a lten en  W ert ein, so e rh ä lt  m an  die B eziehung

(A 0)f =  1 • Ю- i  _JL . -
g Gb +  Gf

(64)

S u b s ti tu t ie r t  m an  n u n  in  F orm el (64) an s te lle  d er G eschw ind igkeitsam plitude  
den  W e rt aus (60), so e rh ä lt  m an eine an d e re  F orm  der d u rch sch n ittlich en  W eg­
a m p litu d e

(A)/= 1 -io-1 M G

g(Gr - f  Ge)(Gb +  Gf)
(65)

In  dem  fü r e in  M odell a n n eh m b aren  einm assigen S ystem , das anstelle  
des F a lles  1 au f B ild  1 u n te rsu c h t w erden  k a n n , b le ib t das k in e tisch e  M om ent

Acta Technica Academiae Scientiarum Hungaricae 79, 1974



ZU R EN T W U R FST H E O R IE  D E R  K IESB ETO N E 3 0 3

M  d e r E rregung  u n v e rän d e rlich . D eshalb  w ird  das G ew ich t d er einzigen zu 
e rse tzenden  Masse des M odells

M

( A ) /  '

( 66)

In  der P ro d u k tio n  von  M assengü tern  k o m m t d e r T a k tz e it  eine k o n k re te  
R olle zu. In n e rh a lb  d ieser Z e itd a u e r  m üssen  die säm tlich en  einzelnen T eil­
o p era tio n en  der P ro d u k tio n  d u rc h g e fü h rt w erden.

D em zufolge m uß  die L e is tu n g  des R ü tte ltisch es  d a z u  ausre ichen , um  die 
gese tz te  A ufgabe u n te r  d er re in en  Z e itd au e r der V e rd ic h tu n g  erfü llen  zu  k ö n ­
n en . A ufgrund  d ieser E rw äg u n g en  s te h t an  der lin k en  Seite  d e r F o rm el (26) 
die bekannte Z eit, w ozu N  g esu ch t w ird , da  an  d er re c h te n  Seite d er F orm el 
diese die einzige U n b e k a n n te  is t. W ird  d ad u rch  N  aus (26) eine k o n k re te  Zahl, 
so e rh ä lt m an  u n te r  R erü ck sich tig u n g  d er F o rm eln  (54), (49) u n d  (59) die 
G leichung

3

M  =
j ~2Ng>-Gl -G2 ' 

10-1  со5 s in e
(67)

w o Gt und  G2 die den  (57) u n d  (58) en tsp rech en d en  G ew ichte  sind . So b le ib t 
n u r  die von der Schw ingungszah l abhäng ige  a> die einzige U n b ek an n te  an  der 
re c h te n  Seite der F o rm el (67). со k a n n  ab er — wie d ies aus dem  C h arak te r 
d e r A ufgabe h e rv o rg eh t — in n e rh a lb  des B ereiches

3,14 • 102 <  со <  6,28 ■ 102

3 • 103 ^  n ^  6 • 103 (68^

w illkürlich  angenom m en w erden . V on d ieser W ah l ab h än g ig  w erden  au fg rund  
v o n  (67) auch die ü b rig en  P a ra m e te r  des R ü tte ltisch es  p ro je k tie rb a r.

A uch der B e trieb  des O b e rfläch en rü tte ls  b ild e t e in  einm assiges erreg tes 
S chw ingungssystem  (B ild 1, 5). N ach  der B e tr ie b sa r t is t  näm lich  die einzige 
Q uelle der V erd ich tu n g sa rb e it d er in  der v e r tik a le n  R ic h tu n g  w irkende Teil 
d e r k ine tischen  E nerg ie  des G erä tes  [14], w eil e r in  d er W eise v e rd ic h te t, die 
als S tam p fv erd ich tu n g  b e tra c h te t  w erden  k an n .

E tw as k o m p liz ie rte r s in d  die V erhältn isse  im  F a ll d er N a d e lrü ttle r  oder 
d e r S ch a lu n g srü ttle r m it v e r tik a le r  A chsenstellung , b e i denen , zu r V erw irkli­
ch u n g  der E in m assig k e it das P rin z ip  d er sog. M itschw ingung  angew endet 
w erden  m uß [2], [9]. H ie r s e tz t m a n  vo rau s, daß  d er zu v e rd ich ten d e  F risch ­
b e to n  ein m it dem  V erd ic h tu n g sg e rä t m itsch w in g en d er K ö rp e r is t.

M it H ilfe d er b e h a n d e lte n  u n d  gesch ilderten  M ethoden  k a n n  m an  auch 
im  Z usam m enhang  m it dem  N a d e lrü tt le r  u n d  S c h a lu n g s rü ttle r  eine dera rtige  
e indeu tige  B eziehung zw ischen  d en  F o rm eln  (54) u n d  (26) hers te ilen , wie es 
in  den  v o rh e rsteh en d en  im  Z u sam m en h an g  m it (67) besch rieb en  w urde.
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6. ZahlenbeÍ8piel

D ie A ufgabe is t :  S ta h lb e to n p la tte n  in  S e rien p ro d u k tio n  herzu ste llen  
(B ild  12).

Die Betongüte ist B500. Der Betonentwurf wird aufgrund der Formeln und Versuchs­
konstanten (1)—(3) der erwähnten Bolomey —Palotás-Theorie durchgeführt. Die erhaltenen 
Ergebnisse sind in Tafel I zusammengefaßt.

Tafel I

Betonparameter zum Zahlenbeispiel

I)m mm 20
Zementzugabe kpm-3 4,88 • 102
Der Abramssche Feinbeitsmodul 5,0
V erdichtungskoeffizient 1,34
Dynamischer Druck bei der Herstellung von Ver-

suchswürfeln p^ kpcm-2 8

Hinsichtlich der gegebenen Bewehrung des Betonelementes nimmt man an, daß sie 
ihrer Funktion entsprechend durch die Regeln des Stahlbetonentwurfes bestimmt wurde.

Sei die Anzahl der in einer Arbeitsschicht von 7 Stunden herzustellenden Elemente 
5 • 10 Stücke, d. h. eine Leistung von 7,6 Stück je Stunde. Diese Leistung wird — sicher­
heitshalber — auf 9 Stück je Stunde erhöht; die gesuchte Taktzeit wird daher 7 min/Stück, 
d. h. 4,2 • 102 sec/Stück. Eine Zeitanalyse ergibt die folgenden Werte;

E inro llen  d er F e rtig u n g sfo rm  a u f  den  R ü tte lt is c h  2 • 10 sec 
E in fü llung  des lo sen  B e to n s in  die F o rm  9 • 10 sec
R einigung d er F o rm  n a c h  d er V erd ich tu n g  2 - 1 0  sec
A usrollen d er F o rm  von  dem  R ü tte ltisc h  2 • 10 sec

In sg esam t: 1,5 • 102 sec

Dem zufolge b le ib t fü r  die V erd ich tung :

4,2 • 103 1,5 • 102 =  2,7 • 102 sec.

F ra g e : W as fü r P a ra m e te r  b e s itz t  d er R ü tte ltisc h , w o m it die A ufgabe zu  lösen 
i s t ?  D ie F orm  lieg t frei a u f  dem  R ü tte ltisc h  (B ild 1,1). D ie w e ite ren  e rfo rd e r­
lich en  A ngaben sind , wie fo lg t.

1. ф 12 mm 6 st.
2. * 8 mm 3 St
3. p 5 mm 10 St.
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D ie m aßgebende u n d  die fre ie  F o rm fläche  red u z ie ren d e  h o rizo n ta le  P ro ­
je k tio n  der B ew ehrungselem ente is t :

=  1,41 • 103 cm 2 
F 2 =  4,7 • 102 cm 2 
F 3 =  4 ,6  • 102 cm 2

m aßgebende freie F läche d e r F o rm  
G ew icht d e r B ew ehrung 
R a u m in h a lt des d ich ten  B e to n s 
G ew icht des d ich ten  B etons 
G ew icht d e r F orm  
G ew icht d e r F orm  sam t dem  B eto n  
G ew icht des R ü tte ltisch es  s a m t dem  

E rreg e r
das zu e rregende G esam tgew ich t

=  2,34 • 103 cm 2

F  =  9,8 • 103 cm 2
Gs =  2 • 10 kp
Vd ■= 1,88 • 105 cm 3
Gb =  4,56 • 102 kp
Gf  =  6,95 • 102 kp
G2 =  Gb +  Gf =  1,15 • 103 k p

Gx =  Gr +  Ge =  7 • 102 k p  
Gs =  G! +  G2 =  1,871 • 103 kp .

F v =
3

У  F;

d er W id e rs tan d sfak to r  gem äß  (17) w ird

I =  1,31.

D ieser W e rt w ird  au f |  =  1,4 e rh ö h t, da  m an  die Schiefe der S e iten ­
w ände  der F o rm , der E in fach h e it h a lb e r  n ich t s e p a ra t b e rech n e t h a t.

Infolge se iner K le inheit k a n n  das die zu r B ew egung der passiven  G ew ichte  
erfo rderliche A rb e it ausd rückende d r i t te  G lied in  (26) v e rn ach lässig t w erd en ; 
so e rh ä lt  m an  fü r  N

N  =  1,93 • 103 cm k p s- L

D a diese L e is tu n g  v e rh ä ltn ism äß ig  k lein  u n d  die V erd ich tungsperiode  
v e rh ä ltn ism äß ig  lan g  is t, b ie te t s ich  die M öglichkeit, bei g leichzeitiger A b k ü r­
zung  der V erd ich tungsperiode  eine größere L e istung  zu  bestim m en . D iese M ög­
lich k e it der K o rre k tio n  w ird je d o c h  h ie r n ic h t b e h a n d e lt.

A u fg rund  (55) w ird  der P h asen w in k e l

sin e =  1,85 • 10“ 1 (e ~  10°).

N un  b le ib t n u r  die freie W ah l der Schw ingungszah l u n d  d a m it d er 
W inkelgeschw ind igkeit со a u fg ru n d  v o n  (68) üb rig . D e r einfachen  D u rch fü h r-

D reh zah l
barkeit, h a lb e r w äh len  w ir die F re q u e n z  =  „ , . .ochw m gungszan l

n =  3 • 103, 

со =  3,14 • 102,
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w o m it aus (67) sich
M  =  4,25 • 10 cm kp

e rg ib t.
A n h an d  dieses W ertes  k ö nnen  der E rre g e r  u n d  das T rieb w erk  p ro je k tie r t  

w erd en , w om it w ir uns h ie r n ich t befassen . In  K en n tn is  von  M  w ird  die E rre ­
g u n g sk ra ft

C 0 =  4,5 • 10:i kp .

Z u r W ah l der F req u en z  is t  noch  zu b em erk en , d aß  die höh eren  Schw ingungs­
z a h le n  d u rch  die k le inere  W eg am p litu d e  des R ü tte ltisch es , d u rch  die techn isch  
m ögliche  A bkürzung  d e r Z eit t t, d u rch  d en  n ied rigeren  G eräuschpegel, d. h. 
d u rc h  einen  »ruhigeren B etrieb«  usw . g e re c h tfe r tig t w erden  k a n n , jed o ch  k an n  
d a d u rc h  kein  Beton von  »höheren Güte« hergestellt werden. E s is t  zu  b e to n en , daß  
d ie se r V organg  keine d e ra rtig e  w illkürliche  V orausse tzung  an w en d e t, die frü h er 
ü b lic h  w ar, näm lich , d aß  die A usgangsfo rm el der B em essung

C 0 =  4Gg

sei, d ie  w eder d u rch  die B e to n zu sam m en se tzu n g , noch d u rch  die B ew ehrungs­
s t r u k tu r  logisch g e re c h tfe r tig t w erden  k a n n . D er in  d ieser A b h an d lu n g  v e r­
fo lg te  G edanke w ird  au ch  noch  d u rch  die T a tsa c h e  u n te r s tü tz t ,  d aß  die reelle 
L e is tu n g  des A n trieb sm o to rs  au fg ru n d  d e r b e rech n e ten  L e is tu n g  N  infolge der 
beim  A n la u f  des Alotors auftretenden sechs- bis achtfachen Strom aufnahm e  (also 
w ie d e r  n ic h t beliebige) — m it beso n d erer R ü ck s ich t au f das ö fte re  A nlassen — 
h ö h e r  angenom m en w erd en  m uß .

7. Schlußbem erkungen

E s is t  fes tzu ste llen , d aß  die U n te rsch e id u n g  der in  F o rm el (26) e n th a l­
te n e n  drei A rb e itsk o m p o n en ten  die S tru k tu r  dieses sehr v erw ick e lten  u n d  b ed eu ­
te n d e n  b e to n tech n isch en  P rozesses e in d eu tig  a u fk lä r t. D ies sch afft die V or­
b ed in g u n g en  fü r die M öglichkeit, den V o rgang  völlig reg u lie rb a r zu  g esta lten . 
A n h a n d  d er F orm el (26) k a n n  m an  die R ic h tig k e it fü r  die in d u strie lle  P rax is  
— in  Z usam m enhang  m it allen  p h ysischen  G rößen  der s ta tis tisc h e n  A uf­
fassu n g  u n d  B e h a n d lu n g sa rt als g e re c h tfe r tig t b e tra c h te n . Sow ohl aus der 
S t ru k tu r  d e r F orm el (26) als auch  a u fg ru n d  des Zahlenbeispiels k a n n  b e u r te il t  
w erd en , w iew eit die e inzelnen  G rößen das E n d re su lta t  b ee in flu ssen  u n d  die 
Betonparam eter eine entscheidende Rolle in  der S treuung der Ergebnisse spielen.

E s is t  w ich tig , d a ra u f  h inzuw eisen , d aß  sich der dyn am isch e  D ruck  je  
n a c h  B e to n k a teg o rien  s ta rk  ä n d e rt. D ie U rsach en  d a fü r k ö n n en  — au fg rund  
d e r w en igen  M eßergebnisse in  den fo lgenden  Tendenzserien  zu sam m en g efaß t 
w erd en  :
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7.1 Im  F a lle  einer e rs tk lassig en  u n d  k o n tin u ie rlich en  K o rn v e rte ilu n g  
versch ieb en  sich m it zunehm endem  D m d ie u n te re n  G renzen  d er V e rd ic h tb a r­
k e it in  R ich tu n g  zu den n ied rigeren  W asserzem entw erten .

7.2 Im  F alle  eines zu n eh m en d en  W asserzem en tw ertes v e rm in d e rn  sich 
das R au m g ew ich t u n d  der V erd ich tu n g sk o effiz ien t lin ea r, bei e iner sonst 
u n v e rän d e rlich en  R eto n zu sam m en se tzu n g .

7.3 D er die spezifische V e rd ic h tu n g sa rb e it m essende dynam ische  D ru ck  
n im m t bei zunehm endem  W asse rzem en tw ert nach einer P o tenzfunktion  stark ab.

7.4 Rei so n st u n v e rän d e rlich e r Z usam m ense tzung  u n d  g leichzeitiger 
G ü ltig k e it des P u n k te s  7.2 v e rm in d e rt sich  ß  u n d  n im m t y  m it  zunehm endem  
D m zu.

7.5 Bei so n st u n v erän d erlich e r Z usam m ensetzung  u n d  g le ichzeitiger 
G ü ltig k e it des P u n k te s  7.3 n im m t d e r dynam ische  D ru ck  m it zu n eh m en d em  
D m ab.

Infolge d er obigen T endenzen  d o m in ie rt in  der F o rm el (26) das die V er­
d ic h tu n g sa rb e it m essende e rste  G lied. B ei zunehm enden  W asse rzem en tw erten  
v e rle g t sich die H au p tro lle  a u f  das zw eite , die E in a rb e itu n g sa rb e it m essende 
G lied. Die Rolle des d ritte n , die zu r B ew egung der passiven  G ew ichte e rfo rd e r­
liche A rb e it m essenden  Gliedes k a n n  in  den  m eisten  F ä llen  v e rn ach lä ss ig t 
w erden .

V orangehend  w urde in  Z u sam m en h an g  m it der G edankenfo lge, die zu r 
F o rm el (26) g e fü h rt h a t, bew iesen, d aß  die das disperse M ateria lsy stem  be­
stim m en d en  B erech n u n g ssch ritte  des B eto n en tw u rfes  v o r d er V e rd ich tu n g  n ich t 
als abgeschlossen b e tra c h te t  w erd en  sollen  u n d  kö n n en . A us d e r A rg u ­
m e n ta tio n  is t e rsich tlich , daß  sie ohne logische W idersp rüche  a u f  andere , 
beliebige A rten  v o n  V erd ich tu n g sg erä ten , genauer: a u f  die W echselw irkung 
des B etons u n d  des V erd ich tu n g sg erä tes  w äh ren d  des V erd ich tungsp rozesses 
v e ra llg em ein ert w erden  k an n . U m  d e r W irk lichke it d u rch  die r ich tig en  q u a n ­
t i ta t iv e n  B eziehungen  je  n ä h e r zu k o m m en , is t es — w ie dies aus unseren  
F o rm eln  h e rv o rg eh t — erfo rderlich , die Z ahlw erte  ein iger B e to n p a ra m e te r  
g enauer, u n d  fü r  m ehre B e to n k a teg o rien  als b isher, zu e rm itte ln .

Diese sind  B e to n p a ram e te r , die e rs ten s  im m er ta ts ä c h lic h  ex is tie ren , 
zw eitens, deren  V eränderungsbere ich  v e rh ä ltn ism äß ig  schm al is t, d r it te n s  in  
den  b isherigen  b e to n tech n isch en  F o rsch u n g en  n ich t die ih re r  B ed eu tu n g  e n t­
sp rechende R olle sp ielten . U nserer M einung nach  soll die U rsache , w elche die 
U n te rsu ch u n g  d er W echselbeziehung des B etons und  des V erd ich tu n g sg erä tes  
in  den  H in te rg ru n d  ste llte , in  d er V ernach lässigung  d ieser d rei F a k to re n  
g esuch t w erden.

D ies h a t te  no tw endigerw eise  zu r F o lge , daß  in  d ieser H in s ic h t sich  keine 
a u f  e in er g u t b eg rü n d e ten  T heorie  au fg eb au te , allgem ein e in g efü h rte  e in h e it­
liche P rax is  en tw ickeln  k o n n te . D ie a u f  B ild  1 zu sam m en g efaß ten  F o rm eln  
u n d  F orm el (26) w urden  zur Ä n d eru n g  dieses Z ustandes vorgesch lagen .
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C o n t r i b u t i o n  f r o m  C o m p a c t i o n - t e c h n i c a l  V i e w p o i n t  t o  t h e  T h e o r y  o f  P l a n n i n g  G r a v e l  C o n ­
c r e t e .  The author earlier deduced formulas for five different basic compaction methods. These 
formulas are measuring those amounts of work ( =  energies) which, in compacting the plain 
concrete, are required by concrete itself to change from loose into compact state. The author 
extends in this paper his energetical theory on the compaction, of discretionally reinforced 
concrete and presents a closed formula valid for all of the five basic compaction methods. 
The control procedure presented may be used in connection with any theory of concrete 
planning.

Ктехнологии уплотнения по теории проектирования гравийных бетонов (Я. Чутор ) 
Автором ранее были выведены формулы по пяти основным режимам вибрационного уплот­
нения. Эти формулы отображают те количества работы (вернее, энергии), которые требу­
ются для самого бетона в случае неармированных (т. н. чистых) бетонов для того, чтобы 
из неплотного состояния бетон перешел в плотное состояние. В данной работе автор рас­
пространяет свою энергетическую теорию по уплотнению и создает формулу замкнутого 
характера и для уплотнения произвольным образом армированных бетонов; эта формула 
действительна также для всех пяти режимов уплотнения. Иллюстрируемый метод органи­
чески может быть связан с произвольной теорией проектирования бетона.

* Ungarisch.
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INCONSISTENCIES IN THE LINEAR THEORY 
OF CREEP OF CONCRETE

SU G G ESTIO N  F O R  T H E IR  E L IM IN A T IO N

J. SZALAI*
C A N D . O F  T E C H N .  SC I.

[Manuscript received: July 3, 1972]

The recommandation of the F.I.P. — C.E.B. published in 1970 has been elabo­
rated by international working committees by making use of recent scientific findings. 
However, this valuable international work involves certain inconsistencies. It is veri­
fied that these inconsistencies — which may be pointed out both in the deformation 
due to creep and in the relaxation of the stresses — result from the adopted explanation 
of the ageing function. The requirements are formulated which should be satisfied 
— by taking into account the theory of linear creep — in order to eliminate these 
inconsistencies. The adoption, of the said function is recommended and is verified, 
and by its application the theory will be free from inconsistencies.

1. T heory  of the linear creep in  case of un iax ia l s ta te  of stresses

1.1 Adopted assum ptions on the theories o f  linear creep

— T he concrete  is hom ogeneous a n d  iso tropic;
— H o o k e’s Law is v a lid  w ith o u t re s tra in t b o th  fo r th e  e lastic  an d  

creep  defo rm atio n s as well, th e re fo re , th e  abso lu te  v a lu e  of b o th  th e  e lastic  
a n d  creep  defo rm ations is in d e p e n d e n t o f th e  sign of stress;

— T he princip le  of su p erp o sitio n  applies to th e  d efo rm ations due to
creep.

1.2 N otation

T he fo llow ing sym bols are  u sed  in  th is  p a p e r :

ct0, cr(t)
E0, E(t), E(t)
t
*o
T
*0 +  *, *0 +  T 
k(t) =  k(t0 +  t) 
k(r) =  k(t0 +  t)
К  =  fe(*o)

stresses in concrete at times t =  о and t, respectively [ к |> cm2]. 
moduli of elasticity of concrete [kp/cm2],
time in years. Time of observation calculated from initial stress a0, 
age of concrete at first application of load,
time of later change in stress, calculated from first application of load, 
age of concrete at times I and т respectively,

values of ageing function at different times;

* D r. J. Sza la i, Révay u. 32, 1205, Budapest, Hungary
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•Po
V N  =  Ф о С1 C 2 

T)
№
<p(t)
<Poo =  k0<p0 
<p(t, t) 
e(t) =  e
ee0, ee(r)
e k ( ‘ )
£Sco
£ s ( 0  =  W s ( * )

«s(0 =  es=o/?>oo ДО

basic creep coefficient,
creep coefficient taking into account relative humidity of storage, com­
position of mix and size of member, 
unit creep functions, 
unit shrinkage function,
creep function belonging to initial stress a0,
creep function at infinite time,
creep function to change in stress at time r,
whole specific deformation of concrete member (strain in concrete) 
specific elastic deformation, 
specific deformation due to creep,
specific ultimate shrinkage of concrete after time t =  0, 
shrinkage function,
shrinkage function in case of affinity.

1.3 Basic equation o f  creep

B e th e  age o f co n cre te  t 0 w hen ap p ly in g  th e  f ir s t  load . The tim e  o f  
o b se rv a tio n  (t) and  ch an g e  in  stress (r) are  ca lc u la ted  from  th is  tim e , in  y ears . 
T he change in  s tress can  be g rad u a l (w ith  c o n s ta n t in te n s ity  a t  each s tep ) 
or con tinuous.

T h e  to ta l  s tra in  o f  th e  concrete in  case o f g rad u a l change in  stress is:

Ф )  =  [ 1  +  ^ W ]  +  ^  [ l  +  4> ( f * T í ) ]  +  e s ( 0  ■ ( ! • ! )
E 0 », E(t,)

I f  th e  change in  th e  stress is co n tin u o u s:

fi(0  =  ~jz~ [1 +  +  Г J '  ̂ “ 7T“ [1 +  îKO T)] dr  +  es (t) , (1.2)
E 0 Л=о Эт E{ t)

w hich , a f te r  p a r tia l  in te g ra tio n  of th e  second  te rm  in  th e  r ig h t-h a n d  side o f 
th e  eq u a tio n , m ay be b ro u g h t to  th e  fo rm :

£(t) = tf(0
E (t)

а
8т E ( t )

(p(t, r) 

E(r)
dr  +  es (t) . (1.3)

In  th e  basic e q u a tio n  of th e  creep

<p(t) =  k 0 9oNf ( t ) (1.4)

is th e  creep function  asso c ia ted  w ith  th e  in it ia l  load . In  case o f change in  lo ad  
o r s tre ss  in  a la te r  tim e  t :

<p{t, t) =  k(r)<pNf ( t  — t). (1.5)

In  a general case, th e  u n i t  creep fu nc tion  is:

•_ JL
f ( t ) = 2 v i ( l  e” 17) ,  (1 .6 )

i = l
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(1.7)

In  b o th  bases:
I n

2  v‘ =  • ( 1 .8 )
/=1

S ign ifican t te rm  o f th e  creep fu nc tion  is th e  ageing  fu n c tio n  k f t ) .  T h is

of m em ory) of th e  concre te  on creep. One of th e  causes o f th e  inconsistencies 
am ong th e  d iffe ren t theories of creep  is t h a t  th e y  are b ased  on ageing fu n c tio n s  
in co rrec tly  in te rp re te d .

In  th e  e q u a tio n  o f creep th e  es(t) is th e  sh rin k ag e  fu n c tio n . M ost o f th e  
th eo ries  o f creep in  o rder to  sim p lify  th e  m e th o d  o f c a lcu la tio n  p e rm its  
the assum ption  o f a ff in ity  betw een  th e  creep an d  sh rin k ag e  functions.

The m ost s ig n ifican t d ifference am ong th e  th eo rie s  o f creep consists in  
th e  d ifferen t in te rp re ta tio n  of th e  ageing fu n c tio n .T h e  b e s t know n th eo ries  
are as follows:

1.41 Theory o f  inheritence

T his th e o ry  h a s  been  deve loped  b y  B oltzm ann , V o ltek r a , R zhanitzxn 
and  o th e r au th o rs . T his th e o ry  assum es th e  ag ing  fu n c tio n  to  be c o n s ta n t

so i t  ignores th e  ageing  of concre te . A ccording to  th is  th e o ry , a f te r  u n lo ad in g , 
th e  s tra in  due to  creep  is to ta l ly  reversib le  (creep recovery) (Fig. lb )  — n o t 
conform ing  to  th e  b eh av io u r of co n cre te  — and  leads to  a s ig n ifican t d ifference 
betw een  th e  th e o re tic a l and  ex p e rim en ta l d iagram s.

1.42 Theory o f  ageing

T his th e o ry  w as developed b y  D isc h in g e r  an d  W h it n e y . N um erous 
researchers have  d e a lt w ith  fu r th e r  developm ent of th is  th e o ry .

D isc h in g e r  sim plified  th e  so lu tion  of th e  basic  in te g ra l eq u a tio n  of 
creep (1.2) ta k in g  in to  accoun t th e  creep function  in  th e  follow ing form :

one shou ld  re flec t th e  effect o f ageing and  in h e ritan ce  p ro p ertie s  (cap ac ity

1.4 Theories o f  creep

(k r ) =  k 0, (1.9)

<p(t, r) 
E(r)

cp(t) -  (p(r)

E 0
( 1 . 10)
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B y  assum ing a c o n s ta n t m odulus o f  e la s tic ity  and  th e  a f f in ity  betw een  th e  
c reep  and  sh rinkage fu n c tio n s, th e  w ell know n d iffe ren tia l eq u a tio n  was 
o b ta in e d

d e

d i p

da _ a _  _fsœ
d i p  E 0 <px

( 1. 11)

D ischinger’s creep  fu n c tio n  m ig h t also be in te rp re te d  in  th e  form

I f
i p { t ,  r )  =  k ( r ) D(pN f ( t  r ) .

t —T

f ( t  —  r )  —  1 —  e  Á ,

th e n  D ischinger’s ageing  fu n c tio n  w ill be

w here in
k ( r ) D — k 0D e

U—c

c =  —---- - y e a r
360

B y  m ak ing  use o f th is  ageing  fu n c tio n :

i p ( t ,  t) =  cp(t ) — <p(r).

( 1. 12)

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

T he la te s t e x p e rim e n ts  and  o b se rv a tio n s also rev ea led  th e  inconsistencies 
in  th is  th eo ry , n am ely , t h a t  i t  w rong ly  ta k e s  in to  acco u n t th e  effect o f th e  age 
a n d  inheritence  b e h a v io u r  of concre te . T he defo rm ations due to  creep a t  
u n lo ad in g  rem ain  to ta l ly  irreversib le  (F ig . lc ) . B y ap p y lin g  th is  th e o ry , th e  
o b ta in e d  values for re la x a tio n  are n o ticeab ly  low w hich follow s from  th e  ageing 
fu n c tio n  im perfec tly  in te rp re te d .

1.43 Theory o f  the creeping elastic body

The th eo ry  has b een  e lab o ra ted  b y  A ru tu n ia n  an d  im p ro v ed  b y  Maslow , 
G w o z d e w , P r o k o po w it sh , P a n a r in , A lexandrovsici a n d  m a n y  others.

T he basic p rin c ip les  o f th e  th e o ry  do n o t differ from  th a t  suggested  by  
th e  F .I .P . — C .E .B . T h e  reflec tions m ad e  in  connection  w ith  th is  la t te r  
th e o ry  also refer to  th e  th e o ry  in  q u estio n , th ere fo re , h e re in  th e y  w ill n o t be 
d iscussed .
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1.44 Recommendation o f  the F . I .P .  — C .E .B .

T h e w ork ing  com m ittees of th e  F .I .P .  (F éd é ra tio n  In te rn a tio n a le  de 
la  P ré c o n tra in te )  an d  C .E .B . (C om ité E u ro p éen  d u  B éton) developed  th is  
in te rn a tio n a l reco m m en d atio n  [4]. T h is w ork  deals w ith  th e  new  basic  p r in ­
ciples fo r th e  ca lcu la tio n  o f creep. I t s  aim  is to  develop a un iform  in te rn a tio n a l 
code fo r design an d  co n stru c tio n  o f  re in fo rced  an d  p restressed  concre te  s tru c ­
tu res, b ased  on sc ien tific  re su lts  in  ev e ry  resp ec t. Collecting th e  u p - to -d a te  
re su lts , i t  p o in ts  o u t th e  d irec tio n  o f  fu r th e r  re sea rch  an d  gives in te n tio n s  to  
all co u n trie s  to  develop th e ir  ow n code.

T h is th e o ry  p e rm its  th e  ap p lica tio n  of a c o n s ta n t m odulus o f e la s tic ity  
as w ell as th e  a ssu m p tio n  of a ff in ity  b e tw een  creep  an d  sh rinkage fu n c tio n s .

I t  p resen ts  each  fac to r of creep  fu n c tio n  — as basic d a ta  o f th e o ry  of 
creep — g raph ica lly .

T he u n i t  creep functions, as fu n c tio n s  o f th e o re tic a l th ickness o f concre te , 
are show n in  F igs 2 an d  3. The th e o re tic a l th ick n ess  of a concrete  b o d y  is th e  
ra tio  o f th e  w hole cross-sectional a rea  a n d  h a lf  o f th e  p e rip h ery  being  in  c o n ta c t

a)

Fig. 1
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w ith  th e  a tm osphere . In  a general case, th e  d iag ram s show n in th e  figu res m ig h t 
be ap p ro ach ed  by  p o ly n o m ia l exp o n en tia l fu n c tio n s  of th e  form :

Я 0 = д К м  1 - e  * ) .  (1.18)
1=1

A reasonab le  a p p ro x im a tio n  m ay  be o b ta in e d  — in  th e  case o f concre te  u n its  
of la rg e r th ickness ca lcu la tin g  one or tw o  te rm s of th e  above expression , 
w hile o f th in n e r  m em bers ca lcu la ting  th re e  te rm s . T he co n stan ts  o f th e  fu n c ­
tio n s associa ted  w ith  th e  d iffe ren t th e o re tic a l th icknesses are g iven in  T ab le  I.

T he recom m ended  p rocedure  rep resen ts  th e  ageing fu n c tio n  b y  a single 
curve in d ep en d en t o f th e  th eo re tica l th ick n ess  o f th e  concrete  b o d y  (F ig. 4).

Fig. 2
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T ab ic  I

ev cm *1 *2 *3 •*1 К

5
0,23 0,43 0,34 1/150 1/13 1/1,5

1 0
0 , 2 0 0,50 0,30 1/60 1/4 1/0,7

2 0
0 , 2 0 0,43 0,37 1/15 1 / 2 2 , 0

0,45 0,55 - 1 / 6 2 , 0 —

40 0,40 0,60 - 1 / 2 3,0 -

80 1 , 0 — — 4,0 —

I t  m ay  closely be ap p ro ach ed  by  a fu n c tio n  ta k in g  th e  form

k(t)  =  «о +  ----------- y - T -------Г  +  «з(*о)е_У!' ( 1 Л 9)
1 -  a 2(*0)e -* ‘

(in th e  figure d ashed  line). In  th is  re la tio n

a 0 =  0,20, =  0,21, y 1 = 1 ,  y 2 =  24,

a 2(t0) =  0 ,70e- , 'i(i'>-0,0777)

«з (t0) =  0 ,I0 e -r2do—°,0777) ( i . 20)

t0 an d  t being tim e  va lu es  expressed  in  years.
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T he ageing fu n c tio n  rep re sen ted  in  th e  figure concerns concre tes m a n u ­
fa c tu re d  b y  using  P o r tla n d  cem en t, h a rd e n in g  slowly u n d e r n a tu ra l  co n d itio n s 
(a t  an  average  te m p e ra tu re  of 20 cen tig rades).

F o r  th e  ca lcu la tio n  of th e  creep  coeffic ien t <pN, th e  values cp0, cx an d  c2 
m a y  be  re a d  in  th e  g rap h s [4].

1.5 Solution o f  the basic equation o f  creep

T h e Y o lte rra -ty p e  in teg ra l e q u a tio n  m a y  be tran sfo rm ed  b y  severa l d e ri­
v a tio n s  in to  d iffe ren tia l eq u a tio n . T h e  d iffe ren tia l e q u a tio n  w ill only  be  d is­
cussed  fo r th e  case w here  th e  u n it  c reep  fu nc tion  m igh t he ap p ro x im a te d  b y  
th e  m o n o m ia l ex p o n en tia l fu n c tio n

_ j_
f ( t )  =  l  e л . (1.21)

In  th is  case

e { t )  =
a ( t )

E(t)

dE( r) 

d r
k ( r )

Í  ff( T)
J  t= 0  

1 (1 -  e

E ( r f

dE (  t) 

d r
+

t — T

Л _  cpN k{r)  /

Щ г )

tpN
E ( r f
t - r

Л

dk(r)

d r
E (r)

(1.22)

d r  +  esaf s (t ) .

B y m aking  use o f th e  re la tio n s

Í  / ( t ) d r  =  f ( t )  ,
dt Jo

(1.23)

r ) d r  =  Г
dt Jo Jo

r ) d r  — I ~ ^ - f ( t ,  r )d r  + f ( t ,  t) (1.24)
dt

concern ing  th e  d e riv a tio n  o f th e  in te g ra l, for p roducing  th e  d e riv a tiv es  o f e(t), 
we o b ta in  for th e  f ir s t  d e riv a tiv e

de =  1 da{t) cpN k(t)
dt E(t) dt A E(t)  U

<Pn

Щ г ) 2

Щ т ) Е ( г )
d r

dE(r)

dr
4  t)

t -  T

+
V n  Ц г )

Г- E (r)
d r  -)- esoo

(1.25)
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T h e second d eriv a tiv e  w ill be: 

1 d°~o(t)d2e
'd t2 E(t) dt2 E ( t f

<Pn

X2 E(t)

dE(r)
dr

r-— k(t)a(t)  +  Г a{ x)
(t) J t=0

k(r)

dE(t)

dt

<Pn

AE( r )2

I <Pn

Щ 1 )

dk(r)

k(t)
da(t)

dt

dr
E (r ) (1.26)

t —T

‘ T~ I <pn  H*) :  
+  A3 E(r)

t  — T.

dr d 2 ,
es<o j  „  Js  ( 0  •

dt2

A dd ing  th e  value dejdt m u ltip lied  b y  1/A to  th e  v alue  d2e/dt2 *, th e  in te g ra l 
v an ishes, and  th ere fo re , th e  d iffe ren tia l e q u a tio n  of th e  creep  is as follow s:

d 2e
~dt2

de

dt

<Pn
Щ

E ( t )

da (i)

d2«(t) 1 Г 1 dE (t)  1
dt2 E(t) [ E(t) dt ^  A +

dt
+  Ss

d2 ,  . . , i  d .  . .
7 7 /s  (0  +  ---- --- / s  (f)dt2 A dt

(1.27)

I f  th e  m odulus of e la s tic ity  is c o n s ta n t and  a f f in ity  is assum ed, th e n

d2 e 1

dt2 A

de

dt
1

Ж
d 2 tf(t)

dt2 AEn
[ l  +  &(*)]

da(t)
dt

(1.28)

I n  case o f co n stan t m odulus o f e la s tic ity , a ff in ity  and  c o n s ta n t ageing fu n c tio n

1 da(t) I d - k 0 (pNde 1
------- ------ e
dt  A E n dt AE„

a(t) + (1.29)

2. Inconsistencies in the linear theory o f creep

T he inconsistencies in  th is  th e o ry  m ay  be realized  b y  in v es tig a tin g  th e  
e ffec t o f creep in  tw o  special cases, nam ely :

in v es tig a tin g  th e  d ev e lo p m en t o f defo rm ations (s tra in s) due to  creep 
a f te r  un load ing , w hen  th e  d e fo rm ations m ay  freely  ta k e  p lace  (case of p u re  
creep),

in v es tig a tin g  th e  change o f stresses w hen th e  d e fo rm atio n s due to  
creep  are  en tire ly  re s tra in e d  (case of re lax a tio n ).

2.1 Inconsistencies in  the deformations due to creep

L e t us su b jec t th e  concre te  bodies o f d ifferen t th ick n esses  to  load  a t  th e  
tim e  t =  0. L et th e  load  rem ain  u n ch an g ed  up  to  th e  tim e  r ,  an d  th e n  w holly  
rem o v ed . Consider th e  d ev e lopm en t o f th e  specific d e fo rm atio n s due to  creep
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a f te r  th e  rem oval o f lo ad , u n d e r  su s ta in ed  lo ad  causing th e  u n i t  specific e las tic  
defo rm ation .

In  th e  f irs t  r a te ,  th e  re su lts  o f th e  lin ea r  th e o ry  a d o p te d  in  our days 
a re  in te res tin g , h o w ever, for m ak ing  a com parison , also  th e  defo rm ations 
ca lcu la ted  by  using  D isch in g er’s m e th o d , shou ld  he d e te rm in ed .

T he su sta in ed  lo ad  is applied  a t  th e  one-day  age o f  th e  concrete , i.e ., 
t =  г  =  0. The lo ad  w ill be rem oved  a f te r  28 days w h en  t 0 +  т  =  28 d ay s.

T he values o f  th e  ageing  fu n c tio n  are  (F ig. 4) k 0 =  1,8 and  k(r) —  1,0. 
I t  is assum ed th a t  th e  su s ta in ed  load  induces th e  u n it  specific  defo rm ation , 
fu r th e r  th a t  <pN =  1,0 .

T he u n it creep fu n c tio n s  are know n  (F igs 2 an d  3).
In  Figs 5 to  8 , cu rv e  1 rep resen ts  th e  s tra in  due to  c reep  u n d er th e  effect 

o f  th e  in itia l load . T h is is v a lid  up  to  th e  tim e  r .

fifc(i) =  k 0cpNf{ t) .  (2 .1)

• £ к

ev= _5yï.- _ — —-------

1 /
/

/
/ 2.

3.
v _

t years
0 T 0,25 0,5 1,0 2,0 3,0

Fig. 5

Fig. 6
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t  y e a r s

Fig. 7

Fig. 8

C urve 2 is o b ta in e d  b y  app ly ing  D isch inger’s th e o ry . A t th e  values
t >  г

£k(t) =  k 0<pNf( t )  — k 0cpN [f(t) f ( r ) ]  =  k 0q>Nf (  t) =  const. (2 .2 )

A ccording to  th e  recom m endation  of th e  F .I .P .  — C .E .B ., th e  s tra in s  
a re , a f te r  rem ov ing  th e  load , i.e ., w hen t r

£/<(*) =  k o < P N f ( t )  ~  H A V n A *  - tr). (2.3)

T he d e fo rm atio n s of th e  concrete  bodies due to  creep are rep resen ted  
b y  th e  fu ll line 3 in  F igs 5 to  8 . A fte r th e  rem o v a l o f th e  load , th e  defo rm ation  
due to  creep increases a lm ost in  every  case.

T hese th e o re tic a l resu lts  co n trad ic t th o se  o b ta in ed  b y  th e  experim en ts, 
accord ing  to  w hich th e  defo rm ations due to  creep do n o t  increase a fte r  rem oving  
th e  lo ad  b u t, re la te d  to  th e  v alue  observed  a t  th e  tim e  o f re liev ing , g radually  
decrease in  all cases an d  te n d  to w ard s a f in a l v a lu e , less th a n  th is  la tte r .
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T h e inconsistency  m a y  also  be p o in te d  ou t fo r o th e r  va lu es  of t 0 an d  T. 
T h is  te n d e n c y  of th e  d e fo rm a tio n s  (s tra in s) is in d e p e n d e n t o f th e  m ag n itu d e  
o f  lo a d  an d  tak es  p lace, n o t  o n ly  in  th e  case of th e  e n tire  u n lo ad in g , b u t  also 
■when th e  change in  lo ad in g  ta k e s  p lace  g rad u a lly  or co n tin u o u sly .

2.2 Inconsistencies in  the relaxation o f  stresses

In v e s tig a tin g  th e  re la x a tio n  o f a concrete  b o d y , b y  m ak in g  use o f d iffer­
e n t ageing  functions, i.e .,

— if  k(t) =  k 0,
— b y  using D isch in g er’s ageing fu n c tio n , and

w ith  th e  aid  o f  th e  fu n c tio n  k(t) of th e  re c o m m e n d a tio n  o f th e
F . I . P . —C .E .B .

In  all th ree  cases th e  sam e co n d itions are assum ed: 
th e  tim e  of th e  in it ia l  lo ad  is t 0 =  28 days,
th e  theo re tica l th ick n ess  of th e  concre te  m em b er is: e„ =  80 cm.

_  t_
f ( t ) = l - e  \  (2.4)

E(t)  =  E n. (2.5)

T h e  in it ia l  stress is: a u k p /cm 2.
T he stra in s due to  creep are  e n tire ly  re s tra in ed , th e re fo re :

s(t) =  const. (2 .6)

2.21 Solution o f  the relaxation problem.
The ageing func tion  is constant

T h e d ifferen tia l e q u a tio n  o f th e  re la x a tio n  prob lem  is [see re la tio n  (1.29)] j

d a  1  +  K<pN  a  _  Oq_ 

d t  X X
(2.7)

T h e  so lu tion  of th e  d iffe ren tia l eq u a tio n , b y  allow ing fo r th e  in it ia l  co n d itio n

w ill be
t — 0 , a =  <70

cr(i) =  a 0 1 <Pœ

1 + 9 5 .
(1

_  l + f f c o  t 

«  '  Л )

According to Dischinger's theory:

d a

d<p
+  a  =  0 ,

( 2 .8)

(2.9)

( 2 . 10)
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aucl th e  so lu tion  is
a(t) =  o 0e-vM ( 2 . 11)

Solution by making use o f  the ageing fu n c t io n  according to the recommendation  
o f  the F . I . P . — C .E .B .

T he d ifferen tia l e q u a tio n  of th e  re lax a tio n  p roblem  is

d 2 (f 1 г 1 I 1 / \ ~i do* a
—y z  1 r~  [ 1  +  Ç'jv H*)] - y -  =  0  5 

dt1 A dt

w herein  k(t)  is th e  re la tio n  (1.19). B y  in tro d u c tio n  o f th e  new  v a riab le

£ =  e~yii
one o b ta in s:

i ! ^  +  p ( { ) J h  =  o .
d í 2 d f

In  th is  d ifferen tia l e q u a tio n

p (D  =  r 1 1 — L . _ _ ^ L f c ( l )
У1 Л y 1 A

T he so lu tion  of th e  d iffe ren tia l eq u a tio n  will be:

tf( | )  =  C1 +  a

e  — ! p ( t ) dt  =  (1 — a2 I ) - “’ e

a-i <Pn  , 1 +  «o 9V

aa£

2’

■YzlYi

OCo =

У1Я

«1 9V
y jA

a 3 f N

У 2*

+
У1Я

1 ,

(2 . 12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

( 2 .20)

In  determ in ing  cr(f), th e  fu r th e r  in teg ra tio n  for th e  gen era l case m ay  only 
be ca rried  ou t w ith  th e  a id  o f series expansion.

(1 - e , i ) — =  1 +
n=1

a 2(«2 +  1) . .  . ( a 2 +  n — 1)—------------- ---- --------------------------- Uo
n!

( 2 . 21)

(2 .22)
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T he follow ing sim p lifica tio n  m a y  be applied

.  Y ilY  1“«Î
=  1 + * 3Г '  , (2.23)

because  <x3 is as low as is su ffic ien t to  consider on ly  th e  f i r s t  tw o  term s o f th e  
series.

B y  m aking use o f  th e se  re la tio n s one o b ta in s:

cr(|) =  C,
1

+  У

1 +  <*i

d„

• + a l + l

У2
+

n=l n  +  *1 "f- 1

Vi

^A 7+ax-f-l _|_

+  a i +  1

(2.24)

+  У
«■sd n

n +  + = . , + l \  
t  У1

72
+  c 2

n=i n + ^  +  OC 1 +  1 
Ух

T he in itia l co n d itio n s  are as follows: 
I f  Í =  0, I  =  1,

(T(l) =  <t0

de (1) _  1 da( 1) <Pn

E 0 dt; E 0 y 1 À
f e ( l )  n ( l )  =  0 .

(2.25)

(2.26)

B y  tak in g  in to  a c c o u n t th e  tw o  in itia l cond itions tw o , equations can be 
o b ta in e d , from w hich

C1 =  a0 - ^ - e « * 1 lf
Ух*

(2.27)

(-“i — O'o E1
/  1

+ +  2 '
d„

1 ~b x i _)_ a _|_ i  n=1 n  +  - f - 1
Ух

+

+  2
oc3 dn (2.28)

n=i n +  h -  +  +  1
Ух

2.22 Numerical example

Given values: ka =  1, cp  ̂=  (p̂ , =  3,0 Я =  4 years. 

If k(t) =  k0, a „  =  0,25 cr0
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According to Dischinger’s theory: <7 „  =  0,05 a 0 .

According to the recommendation of the F.I.P .— C.E.B.:

a 0  =  0,20, ctj =  0,21, a 2 ( t 0 )  =  a 2 =  0,70, a 3  =  0,10,

y t =  1,0, y 2 =  24, a ,  =  0,4425,

a 2  =  0,1575, a 3  =  0,00313. 

Ct  =  0,618 a 0

2 X n + a 1 +  1 'П = 1

am — —0,175 <7q.

0,09989, _____«3*̂ 1____
1+ —  +04+1

Yt

=  0,0000135 .

The values of the relative stresses are shown in Table II and Fig. 9.

Table II

t year
° ( t ) / a 0

4  0  =  к D is c h in g e r F I P - C E B

0 1 , 0 0 0 1 , 0 0 0 1 , 0 0 0

0,25 0,834 0,834 0,829

0,50 0,705 0,703 0,690

0,75 0,604 0,599 0,572

1 , 0 0 0,526 0,515 0,471

2 , 0 0 0,351 0,307 0,191

3,00 0,287 0,205 0,034

4,00 0,264 0,150 - 0 ,0 5 6

CO 0,250 0,050 - 0 ,1 7 5
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T he value of th e  re s id u a l ca lcu la ted  b y  app ly ing  D isch in g er’s th eo ry  
is n o t  h ig h er th a n  5 p e r c e n t of th e  in itia l s tress  w hich is im p ro b a b ly  low. E v en  
m ore  im probab le  is th e  re su lt  o b ta in ed  b y  using  th e  ageing fu n c tio n  suggested  
b y  th e  F .I .P . — C .E .B . T h e  in itia l s tress changes its  sign d u rin g  th e  re lax a tio n  
w h ich  co n trad ic ts  th e  o b se rv a tio n s  an d  m ay  only  be ex p la in ed  b y  th e  im p e r­
fec tio n s of th e  th e o ry  o f  creep. T his is th e  consequence o f  inconsistency  
a lre a d y  discussed in  co n n ec tio n  w ith  th e  in v es tig a tio n  o f  d e fo rm atio n s due 
to  creep .

2.3 Cause o f  the inconsistencies in  the linear theory

T h e resu lts o f th e  p receed ing  in v es tig a tio n s , nam ely , t h a t
— th e  d efo rm ations due  to  creep increase  a fte r  th e  re m o v a l o f th e  load , 

and
— th e  in itia l s tre ss  changes its  sign due  to  re lax a tio n , 

fo llow  from  th e  inconsistenc ies o f  th e  th e o ry  of creep.
T he cause of th e  inconsistenc ies is th e  w rong in te rp re te tio n  o f th e  ageing 

fu n c tio n  к(т). In  th is  fu n c tio n  th e  recom m ended  m eth o d  does n o t  allow for 
th e  e ffec t of th e  concre te  th ick n ess  ex e rted  on ageing b u t  in d e p e n d e n tly  o f it, 
ap p lie s  th e  sam e fu n c tio n  in  case of an y  th icknesses of co n cre te .

The ageing o f  the concrete depends on the thickness o f  the concrete body.
T his s ta te m e n t is v e rif ied  b y  th e  v e ry  sam e te s ts  u p o n  w h ich  th e  th e o ry  

is  b ased .
T h e  effect o f th e  fac to rs  affec ting  th e  defo rm ations due  to  creep, asserts 

i ts e lf  in  th e  creep fu n c tio n s . T he m e th o d  recom m ended  gives th e  u n it creep 
fu n c tio n  f l f )  as th e  fu n c tio n  of th e  th e o re tic a l th ickness o f co n cre te  (Figs 2 
an d  3). These curves are  s teep e r in  case o f th in n e r , and  f la t te r  in  case of th ic k e r 
co n cre te  bodies. T h ey  also ch a rac te rize  th e  v e lo c ity  and  d u ra tio n  o f th e  creep. 
T he creep  m ay  be considered  p ra c tic a lly  fin ish ed  w hen th e  ta n g e n t of th e  
cu rv e  rep resen tin g  th e  fu n c tio n  f ( t )  becom es n ea rly  h o riz o n ta l. Im m ed ia te ly  
a f te r  h ard en in g , d ep en d in g  on th e  th ick n ess  o f th e  loaded  co n cre tes , a longer 
or s h o r te r  period  is re q u ire d  to  reach  th is  age. T hen  th e y  m a y  be considered 
to  b e  aged because, b y  assum ing  u n ch an g ed  load  and  u n c h a n g e d  conditions, 
th e  e ffec t of th e  fac to rs  causing  creep, does n o t change s ig n if ican tly , p rac tica lly  
i t  is to  be considered as c o n s ta n t. Some of th e  fac to rs causing  creep  are con­
n e c te d  w ith  th e  ageing o f  th e  concre te , th ere fo re , from  th e  u n i t  creep  functions 
i t  is to  be concluded th a t  th e  ageing o f th e  concre te  depends on  th e  th ickness.

Thinner concrete bodies grow old faster, the thicker ones more slowly.
T h e effect of th e  th ic k n e ss  — as i t  is to  be seen la te r  reveals itse lf  

in  D isch in g er’s ageing fu n c tio n  w hich su p p o rts  th e  above s ta te m e n t.
In  a th eo ry  w ith o u t inconsistencies th e  ageing fu n c tio n  c a n n o t be in d e ­

p e n d e n t of the  th ick n ess  o f concrete.
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3. Suggestion  for a theory  of creep w ithou t inconsistencies

3.1 Requirements raised against the ageing func tion

A lready  in  C h ap te r 1 th e  ageing o f concrete  bod ies o f d ifferen t th ic k ­
nesses is n o t id en tica l w as d iscussed, i t  differs d epend ing  on th e ir  th ick n ess . 
I n  ad d itio n  to  th e  s ta te m e n ts  m ade so fa r  th e  ageing fu n c tio n  should  sa tis fy  
ev en  fu r th e r  req u irem en ts  in  o rder to  e lim ina te  th e  p re se n t inconsistencies 
o f th e  th e o ry  o f creep.

F irs t o f all th e  question  arises, how  shou ld  th e  ageing  fu n c tio n  be app lied  
i f  th e  u n it creep fu n c tio n s are p o lynom ia l, i.e ., th e y  m a y  be se t up  b y  addi- 
tio n in g  severa l ex p o n en tia l functions.

L e t us f ir s t  consider D isch inger’s ageing fu n c tio n . I n  Section  1.42 i t  h as  
a lread y  been  seen th a t  b y  app ly ing  D isch inger’s ageing fu n c tio n

<o—C T

k i ("0d =  e Л‘ e я‘ (3.1)
one ob ta ins

k i ( t)n  tpN f i  (t — r)  =  <pi (t) — <pi (r) . (3.2)

I t  can  be verified , th a t  in  case if

Л * - т ) = 2 > - Л  ( * - * ) , (3.3)
1 = 1

is v a lid  th e n  D isch inger’s creep fu n c tio n  m a y  only be se t u p  if  all of th e  te rm s  
of th e  sum  w ill be m u ltip lied  b y  th e  co rrespond ing  fe,(t)d , i.e .,

i= n  i= n
<p{t, r)  =  y ;  hi (t )d <pN v ,fi  (t -  r) =  2  k t0D <Pn vi [ fi  (0  -  f i  (*)] 7 (3.4)

1 = 1 1=1
or

i= n
<p(t, t )  =  Vi [(Pi (t) -  (pi ( r ) ] . (3.5)

i=i

D isch inger’s ageing fu n c tio n  is p ro p o rtio n a te  to  th e  d eriva tive  o f  th e  
creep fu n c tio n , i.e ., i t  ta k e s  in to  acco u n t th e  effect o f th e  th ick n ess  o f concre te  
a n d  expresses i t  w ith  th e  u n it  creep fu n c tio n .

T he ac tu a l creep fu n c tio n , s im ila rly  to  D isch inger’s case, should  be w rit­
te n  in  th e  form

i= n

9>(L T) =  2  ki (T) Vh  v‘f i  (г -  T) • (3 -6)
/=1

T he ageing fu n c tio n s k ,(r)  associa ted  w ith  each te rm  o f th e  sum  should  be 
de te rm ined  to  th is  function .
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F ro m  experim en ts i t  is know n th a t  a f te r  th e  rem oval o f  th e  load , a ce rta in  
p a r t  o f  th e  defo rm ations due  to  creep goes back , i.e ., i t  is reversib le  (creep 
reco v e ry ) (Fig. 10, cu rv e  4). T he re s id u a ry  defo rm atio n  (creep irrecovery), 
in  case  o f  young co n cre tes , comes to  0,50 to  0,80 tim es o f th e  va lu e  observed  
a t  th e  tim e  of th e  re m o v a l o f load .

A ccording to  D isch in g er’s th e o ry , th e  defo rm ations ta k in g  p lace a fte r  
u n lo a d in g , are irrev e rs ib le . These m a y  be  ca lcu la ted  sim ply . I t  is know n how  
th e  a c tu a l defo rm ations develop in  com parison  w ith  th e  fo rm er. In  know ing  
D isch in g e r’s ageing fu n c tio n , b y  an a ly sin g  th e  defo rm ations — th is  p rocedure  
w ill n o t  be detailed  h e re in  — m ay  th e  req u irem en ts  ra ised  a g a in s t th e  a c tu a l 
ag e in g  functions be d e te rm in e d , n am ely :

1. T he ac tu a l ag e in g  fu n c tio n  c a n n o t be in d ep en d en t o f  th e  concrete  
th ic k n e ss  or u n it creep fu n c tio n  closely associa ted  w ith  th e  fo rm er. I t  shou ld  
be  rev ea led  th a t  th in n e r  concre tes are grow ing  old fa s te r  an d  th ic k e r  concretes 
slow er.

2. T he values o f  th e  ac tu a l ageing fu n c tio n  are, in  case o f concretes 
y o u n g e r  th a n  28 d ay s, low er, an d  in  case o f concretes o lder th a n  28 days, 
h ig h e r  th a n  those of th e  D isch in g er’s fu n c tio n , associated  w ith  th e  correspond" 
in g  concre te  th ickness. H ow ever, a t  th e  28 d a y ’s age th e y  are  id en tica lly  o f 
u n i t  v a lu e  (Fig. 11).
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3. The v e lo c ity  o f ageing o f concretes of d iffe ren t th icknesses — th e  
abso lu te  v a lue  o f th e  f ir s t  d e riv a tiv e  w ith  resp ec t to  tim e  — is low er th a n  th a t  
to  be ca lcu la ted  from  D isch inger’s ageing fu n c tio n . T h is, a t  th e  sam e tim e  
m eans th a t  th e  a c tu a l ageing fu nc tions m ay  be ex h ib ited  b y  f la t te r  curves th a n  
D isch inger’s co rrespond ing  functions.

4. T he ageing fu n c tio n  decreases m ono ton ica lly , no  ex trem e  values oc­
cu r a t  its  in te rm e d ia te  loci.

These req u irem en ts  shou ld  s till be com pleted  w ith  th e  fin d in g  of experi­
m e n ta tio n  th a t  th e  ageing fu n c tio n  a sy m p to tica lly  te n d s , w ith  th e  increase of 
tim e , tow ards a c o n s ta n t end  value .

3.2 The proposed ageing func t io n

I t  m ay  be ve rified  t h a t  th e  ageing fu nc tion  sa tisfies all o f  th e  m en tioned
req u irem en ts , if

ki (r) =  aoi +  au  k t (r)D
w herein

_  h + T - C

k i(t)D =  e A< ,

(3.7)

(3.8)

28
c = ------- yea r,

360
(3.9)

an d  a 0, an d  a1(- are  c o n s ta n ts  w hich should  be selected  in  such  a 
re la tions

«о i +  au  =  1,0

w ay  th a t  th e

«of >  0 (3.101

shou ld  be tru e . T h e ir n u m erica l va lues, b y  ta k in g  in to  acco u n t t 0 
m ay  be de te rm in ed  from  th e  follow ing re la tio n s:

=  1/360 year,

h _ 1_ _ /̂'O.max xd 1 / —  ,
e(U-c)IU _  1

(3.11)

« 0/ =  1 «11 , (3.12)

jfc 1
1 — * f i  (c -  i0)

(3.13)

a  =  0,50 0,80. (3.14)

T he co n stan ts  o f th e  ageing functions o f concre te  bodies o f d ifferen t 
th icknesses — b y  assum ing  th a t  x  =  0,60 — are lis ted  in  T ab le  I I I .  T hey  can
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sim p ly  be de te rm ined , also  in  case o f o th e r  values o f a , w ith  th e  aid  o f th e  above 
re la tio n s .

T h e  resu lts  o b ta in e d  th e o re tic a lly  are su p p o rted , am ong  o thers, b y  th e  
e x p e rim e n ta l find ings to  be found  in  reference [11]. In  accordance  w ith  th em , 
th e  a c tu a l  fe(r)-function is re p re se n te d  b y  a s ig n ifican tly  f la t te r  cu rve  th a n  th a t  
reco m m en d ed  b y  th e  F .I .P .  — C .E .B . w hich  is id en tica l w ith  t h a t  p rescribed  
b y  th e  D IN .

Table III

ev  cm i t̂'omax а ог «1» M ^  v i  Fornax

1 2,50 — 1,0* —0* 1/150
5 2 1,60 0,64 0,36 1/13 1,626

3 1,06792 0,429 0,571 1/1,5
1 2,46 0,9835987 0,0164013 1/60

10 2 1,1841 0,474 0,526 1/4 1,393
3 1,0316595 0,413 0,587 1/0,7

1 1,2422 0,884 0,116 1/15
20 2 1,09122 0,437 0,563 1/2 1,095

3 1,022588 0,409 0,591 2,0

30
1 1,09122 0,437 0,563 1/2

1,045
2 1.015022 0,407 0,593 3,0

80 1 1,01128 0,40 0,60 4,0 1,0113

* Exact values: aol =  0,9999804744 au  =  1,9525582 • lO"5

3.3 D eterm ination o f  the deformations 
due to creep with the a id  o f  the suggested fu n c tion

B e a concrete b o d y  su b jec ted  to  load  a t th e  tim e  t — 0, an d  th e  load 
re m o v e d  a t  a tim e  t , th e n  th e  d e fo rm atio n s due to  creep  m a y  be ca lcu la ted  
w ith  th e  aid of th e  p ro p o sed  ageing  fu n c tio n  from  th e  re la tio n

i=n i=n
ek (t) =  <Pn  2  k m vi f i  ( 0  —  <Pn  2  ki v‘f ‘ ~ ~  т )  ( З Л 5 )

l'=L (=1

L e t us in v es tig a te  th e  p ro b lem s w hich w ere d iscussed  in  Section  2.1, 
p o in tin g  ou t th e  inconsistencies in  th e  defo rm ations due to  creep.

T h e  in te n s ity  o f lo ad , th e  t im e  o f th e  ap p lica tio n  of th e  in itia l load  and  
t h a t  o f  th e  rem oval o f th e  load , as w ell as th e  u n it  creep  fu n c tio n s and  
are  th e  sam e as in  th e  cases d iscussed  in  th e  m en tioned  section .
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The values o f  th e  ageing fu n c tio n s associated  w ith  th e  in itia l load  w hich  
sh o u ld  be d e te rm in ed  a n d  app lied  accord ing  to  th e  suggestion , are d ev ia ting . 
S ince t 0 =  1 day , th e re fo re

fc/O =  ^io.max • (3.16)

T he rem oval o f lo ad  tak es  p lace a t  th e  age of 28 d ay s , therefo re

* /(t) =  1,0. (3.17)

T h e  resu lts  of th e  sim ple ca lcu la tio n s are rep re se n te d  in  Figs 12 to  15. 
C urve  1 shows th e  creep  developed  u n d e r th e  effect o f th e  in itia l load . C urve 2 
d raw n  w ith  a dashed  line , re p re se n ts  th e  values ca lcu la ted  b y  using  D isch inger’s 
th e o ry , curve 4 d raw n  w ith  a fu ll line , shows those  o b ta in e d  b y  m ak ing  use 
o f th e  function  k (r ) , accord ing  to  w hich  th e  defo rm ations developed a f te r  th e  
re m o v a l of th e  load  are , in  th e ir  ten d en c ies , in  close ag reem en t w ith  th e  re su lts  
o f  th e  experim en ts.

3.4 Stress relaxation with the proposed fu n c t io n  

3.41 Solution o f  the problem

T he v e ry  sam e p rob lem  w ill be discussed w hich  h as  a lread y  been  d ea lt 
w ith  in  p o in tin g  o u t th e  inconsistencies of th e  reco m m en d a tio n  of th e  F .I .P .  
C .E .B . W ith  th e  ex cep tio n  of th e  ageing function , all o f  th e  given va lu es  are 
u n ch an g ed :

t 0 =  28 d ay s, ev =  80 cm, Elf)  =  E 0, (3.18)

_
Л 0  =  1 - в  \  (3-19)

_  h + t - C

k(t) =  a 0 -|- a^e X . (3.20)

Ek
1.

1 _____

t years

ем////

^ ’

2.

j 1 U.

T  0 , 2 5  0 , 5 0  1 , 0  2 , 0  3 , 0

Fig. 12
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Fig. 13

T 0,25 0,5 1,0 2,0 3,0

Fig. 14

Fig. 15
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T he in itia l stress: cr0 kp /cm 2

e(t) =  —— =  const. (3.21)

T he d iffe ren tia l eq u a tio n  o f th e  re la x a tio n  p rob lem  is:

. i f + , ( { ) - *  = 0
d | 2 d |

w herein
P(£) =  — К  £ 1 +  %) ,

f
I  =  e

In itia l  cond itions:
I f  t  =  0, 1 =  1 , th e n

ct( 1 ) =  <r0 , 

de ( l)  1 d<r(l)

d | E 0 d |
I “ 1 k( l )  ff(] ) =  0 .

T he so lu tio n  o f th e  d ifferen tia l eq u a tio n  is

dff(|)

d !
=  Cx | a> ea’ f ,

U(|) =  Cx 1
-  |H -1  +  V <%2

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

*̂2 — <*0

1 +  «1 ü=í re! (1 +  n +  ax)

«X =  a o4,N> a 2 =  a i93JV»

C1 =  O'o9?°°e~ah

1 "ГГ *2

gl+n+a,

1—ç>rae
. 1 +  «1 ÍTx n! (1 +  n +  aa)

(3.27)

+  C 2, (3.28)

(3.29)

(3.30)

(3.31)

3.42 Num erica l example

Given values:

k0 =  1, ç3jv =  3, <p„ =  3, A =  4 years, 

a0 =  0,40, Ox =  0,60, ax =  1,2, a2 =  1,8.

n = 8

2 1 ra!(l +  n +  ax) 1,2350,

<j„ =  0,164 a0.

The relative stresses <7(t)/<70 are represented in Fig. 16 with full line. The function values 
are summarized in Table IY.
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3.5 The approximate ageing fu n c tion  

Be th e  re la tio n
k(t) =  е-У'(<°+‘~с) (3.32)

ap p lied  in s tead  of th e  ageing  fu n c tio n  o f th e  p ro b lem  discussed in  th e  proceed­
ing  c h a p te r  — o th e r th in g s  being  equal th e n , th e  d iffe ren tia l eq u a tio n  m ay  
be so lved  in  a closed form .

T he resu lts o f th e  ca lcu la tio n s carried  o u t b y  ta k in g  in to  acco u n t th e  
v a lu e  =  0,125 an d  fo u n d  in  T ab le  IV  are a lm o st id en tica l w ith  th e  “ e x a c t”  
v a lu es .

T h e  so lu tion  o f th e  p ro b lem  show s th a t  in  th e  case of concre tes loaded  
a t  th e ir  ea rly  age, i t  is o f no significance to w ard s w h a t end  va lu e  th e  ageing

Table IV

t  year
a(')l 70

E xact Dischinger k(t) =  ka approximate fc(i)

0 1,000 1,000 1,000 1,000
0,25 0,834 0,834 0,834 0,834
0,50 0,705 0,703 0,705 0,704
0,75 0,602 0,599 0,604 0,601
1,00 0,521 0,515 0,526 0,520
2,00 0,327 0,307 0,351 0,323
3,00 0,243 0,205 0,287 0,241

4,00 0,204 0,150 0,264 0,208
OO 0.164 0,050 0,250 0,166
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fu n c tio n  ten d s, if  o therw ise along th e  in tense sec tion  o f th e  creep i t  osculates 
reaso n ab ly  to  th e  “ a c tu a l”  fu n c tio n .

The t r u th  o f th is  s ta te m e n t m ay  be u n d ers to o d  i f  one ta k e s  in to  consider­
a tio n  th a t  in  case o f re s tra in e d  creep th e  changes of th e  stresses caused by  
th e  in itia l load , a f te r  a few  y ea rs , are of neglig ib ly  low  values. T heir values 
m u ltip lied  b y  th e  ageing fu n c tio n , i.e ., b y  th e  creep fu n c tio n  involv ing  also 
th e  ageing fu n c tio n  — as w ell as th e  sum s of th ese  p ro d u c ts  — from  a certa in  
tim e  on m ay  be ign o red , in d e p e n d e n tly  of th e  fa c t w h e th e r to  w h a t an  end 
value  th e  fu n c tio n  k ,(t) te n d s  to .

T he exam ple also d raw s th e  a tte n tio n  to  th a t ,  from  th e  find ings of expe­
rim en ts  of a perio d  of a few y ea rs , no reassuring  conclusion  m ig h t be d raw n 
in  resp ec t to  th e  en d  v alue  o f th e  ageing function .

3.6 Basic  equation o f  the creep without inconsistencies

T ak ing  in to  acco u n t th e  re su lts  o f th e  re sea rch  in  estab lish in g  th e  basic  
eq u a tio n  only  m ean s s u b s ta n tia l  changes:

:(t) -  [1 +  ?(*)] +
Эсг(т) 1 

т=о Эт E( t)
- [1 - f  <p(t, i ) ] d r  +  es (t). (3.33)

B y using  th e  p roposed  ageing fu n c tio n

w here

cp(t)
i=n

f N  0V j f j ( t ) ,
1=1

(3.34)

<p(t, t) =  cpN H ? )  »ifAt - т)
i= i

к A t ) =  a oi +  au e
tp — C+r

(3.35)

(3.36)

T he in teg ra l eq u a tio n  m ay  in  every  case be tra n sfo rm e d  in to  d ifferen tia l 
e q u a tio n , th e re fo re , th e  creep p rob lem s m ay, in  p rin c ip le , be solved.

I f  th e  u n it  creep  fu n c tio n  m ig h t be app roached  b y  a m onom ial exponen­
tia l  fu n c tio n , th e  sam e  re su lt w o u ld  be o b ta ined , as in  C h ap te r 1.5.

H ow ever, in  cases w here th e  u n it  creep fu n c tio n  m a y  be  w ritte n  dow n 
in  th e  form  o f a p o ly n o m ia l ex p o n en tia l function , h ig h er-o rd e r, inhom ogeneous 
d iffe ren tia l eq u a tio n s  o f v a ria b le  coefficients w ill be o b ta in ed . T he equations 
them selves as w ell as th e ir  so lu tions are in tr ic a te ; th e y  are  n o t su itab le  for 
p ra c tic a l ca lcu la tions.

A u th o r proposes an ap p ro x im a te  calculation  m e th o d  for th is  purpose [16],
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Einige Widersprüche der linearen Theorie des Kriechens des Betons und ein Vorschlag zu 
deren Beseitigung. Die in 1970 veröffentlichten FIP — СЕВ Empfehlungen wurden aufgrund 
der neuesten wissenschaftlichen Ergebnisse von internationalen Ausschüßen ausgearbeitet. 
Jedoch enthalten diese wertvollen Empfehlungen gewisse Widersprüche. Es wird nachge­
wiesen, daß diese Widersprüche, die sowohl in den Kriechdehnungen, als auch in den Span­
nungsrelaxation nachweisbar sind, sich aus der angenommenen Deutung der Alterungs­
funktion fe(r) ergeben. Der Verfasser formuliert die Anforderungen, die durch die Funktion 
k(r) unter Berücksichtigung der linearen Theorie des Kriechens zwecks Beseitigung der Wider­
sprüche befriedigt werden müssen. Die Annahme dieser Funktion wird vorgeschlagen und es 
wird nachgewiesen, daß durch deren Anwendung die Theorie von den Widersprüchen befreit 
wird.

Противоречия линеарной jeopHH ползучести бетона и предложения по устранению 
этих противоречий (Салаи И.). Опубликованная в 1970 году рекомендацияПР—СЕВ была 
разработана международными комиссиями с использованием новейших научных дости­
жений. Этат ценный международный труд все-таки содержит определенные противоречия. 
Автор подтверждает, что эти противоречия, которые можно показать как по деформациям 
ползучести, так и по релаксации напряжений, получаются от принятого толковения функ­
ции старения (Цг)). Автор определяет те требования, которые должны быть удовлет­
ворены функцией (Цг)) сучетом линеарной теории ползучести для того, чтобы были уст­
ранены эти противоречия. Вносится предложение в отношении записи этой функции и 
доказывается, что при таком подходе теория не будет иметь противоречий.

Acta Technica Academiae Scientiarum Hungaricae 79, 1974



INDEX

Millner, T.: Über die Fremdstoff-Frage der Fasergrenzen bzw. der Kristallgrenzen von 
gezogenen bzw. rekristallisierten Wolframdrähten — Influence of Foreign Matter 
on the Fibre Boundary (Crystallite Boundary) of Drawn (Recrystallized) Tungsten 
Wires — Мильнер, T . : 0  вопросе посторонних веществ фазовых границ или же 
кристаллитных границ волоченных и кристаллизированных вольфрамовых 
проволок .................................................................................................................................  1

Bogárdi, J.: Actual Theoretical and Practical Problems of Sediment Transportation
Zeitmäßige theoretische und praktische Probleme der Geschiebeführung — 
Богарди, Я ■ : Современные теоретические и практические вопросы движения 
наносов ....................................................................................................................................  15

Szabó, J .— Scharle, Р.: Über die Beziehungen zwischen der Theorie der Stabkonstruktio­
nen und der Kontinuumaufgabe — Relations between the Theory of Bar Structures 
and the Continuum Problem — Сабо Я., Шарле П .: О связи между теорией 
стержневых косртукций и континуумной задачей ..................................................... 51

Michelberger, Р .—Keresztes, A.: The Estimation of Stresses due to Production Inaccuracies 
by Means of Higher Order Moments — Schätzung der aus Fertigungsungenauig­
keiten herrührenden Beanspruchungen mit Hilfe von höheren Momenten 
Михелъергер, П., Керестеш, А. : Оценка нагрузок от неточностей производ­
ства при высоких моментах........................................................................................ 63

Csonka Р.: Regular Polygon Based Paraboloid Shells of Revolution, Having a Circular 
Skylight Opening — Rotationsparaboloidschale über regelmäßigem Vieleck- 
grundriß mit kreisförmiger Oberlichtöffnung — Чонка, П. : Оболочки парабо­
лоида вращения с основанием в виде правильного многоугольника и с круглым 
верхним фонарем .................................................................................................................  73

Czibere, Т.. Über die Berechnung der ebenen Unterschallströmung von kompressiblen 
Medien — The Calculation of the Plane Subsonic Flow of Compressible Fluids — 
Цибере, T. : О расчете двухмерного движения потока ниже звуковой скорости 
сжимаемых с р е д ...................................................................................................................  93

Hangos, I. — Frl. Juhász, I.: Simultane Gleichgewichte in Halogenlampen mit zwei ver­
schiedenen Halogenzusätzen. Gleichgewichte beim gleichzeitigen Vorhandensein von 
H2, Br2 und J 2 — Simultaneous Equilibriums in Halogen Lamps Containing Two 
Different Halogens. Equilibriums in the Case of Pure Halogens — Хангош И., 
Юхас, И. : Одновременные равновесия в галогеновых лампах, содержащих два 
различных галогена. Равновесия в случае одновременного присутствия.........  101

Somlyódi, L.: Improvement of the Efficiency of Free-Blow-out Axial Fans Using Variable 
Circulation — Verbesserung des Wirkungsgrades von frei ausblasenden Axiallüf­
tern durch veränderliche Zirkulation -  Шомлоди, Л. : Повышение кпд аксиальных 
вентиляторов со свободным сдувом применением переменной циркуляции . . . .  115

Kalló, Р.: Critical Summary of the Design Mtthods of Form-independent Thin Triplet 
Systems — Kritische Zusammenfassung der Entwurfsmethoden des gestaltung­
abhängigen dünnen Systems des Triplets — Калло, П : Критическое обобщение 
метода проектирования формонезависимой тонкой системы триплета..............  133



Csemniczky, J.: Linear Characteristics of Stationary and Rotary Cascades under Three- 
dimensional Flow Conditions of an Ideal Incompressible Liquid — Die linearen 
Eigenschaften von stationären und rotierenden Schaufelgittern bei dreidimensiona­
ler Durehströmung mit einer inkompressiblen Flüssigkeit — Чемницки, Я  
Линейные свойства неподвижной и вращающейся решеток, образуемых лопат­
ками, в случае трехмерного движения потока идеальной несжимаемой жид­
кости .........................................................................................................................................  143

Kolonits, F.: Flash Temperature of Gears, Part I. Review of the Problem and Stationary 
Models — Blitztemperaturen von Zahnrädern. I. Teil. Überblick und stationäre 
Modelle. Колонич, Ф. : Температура молнии зубчатого колеса, I. Обзор и 
стационарные модели .........................................................................................................  153

Szűcs, L.: Physico-chemical Investigation of the Effect of Nickel Dissolved in a Steel Bath 
on Desulfurization — Physikalisch-chemische Untersuchung der Einwirkung des 
im Stahlbad gelösten Nickels auf die Entschwefelung — Сюч, Л. : Физико­
химическое исследование десульфирующего действия никеля, растворенного в 
стальной ванне ......................................................................................................................  175

Farkas, J.: Structural Synthesis of Press Frames Having Columns and Cross Beams of 
Welded Box Cross-section — Konstruktionssynthese von Pressengestellen mit 
Ständern und Querträgern geschweißten Kastenquerschitts — Фаркаш, Й., 
Конструкционный синтез станин прессов со стойками и поперечинами сварного 
коробчатого сечения ............................................................................................................. 191

Soriano, А. — Krizek, R. J .—Gyük, I.: Application of Conformal Mapping to Transient 
Tile Drainage — Anwendung der konformen Abbildung auf transiente Tonrohrdrä­
nung — Сориано, А. Критцек, P. Й., Дюк, И. : Применение конформного ото­
бражения для глиняных дренажных труб ...............................................................  203

Nath, G.: Local Similarity Solutions for the Compressible Laminar Boundary Layer Equa­
tions — Lokale Ähnlichkeitslösungen für die kompressiblen laminaren Grenzschicht­
strömungen — Ham, Г. : Местные решения подобия для сжимаемых ламинарных 
граничных уравнений..........................................................................................................  225

Béres, Е.: Three-Dimensional Stress Analysis by Means of a Continuum Sub-space — 
Dreidimensionale Spannungsanalyse mit Hilfe eines Kontinuum-Unterraums— 
Береш Э. : Анализ трехмерного напряжения с помощью континуумного под­
пространства ............    239

Bondy, Т.: Berechnung der Kenngrößen von pseudostochastischen vielstufigen Signalen — 
Calculation of the Characteristics of Pseudorandom Signals — Бонди, T.: Расчет 
показателей многоуровневых псевдослучайных сигналов, параметров псев­
дослучайных многоступенчатых сигналов ....................  267

Csutor, ./.: Verdichtungstechnische Beiträge zur Entwurfstheorie der Kiesbetone - 
Contribution from Compaction-technical Viewpoint to the Theory of Planning Gra­
vel Concrete -- Чутор, Я .:  Данные к технологии уплотнения по теории 
проектирования гравийных бетонов ............................................................................ 277

Szalai, ./.: Inconsistencies in the Linear Theory of Creep of Concrete Suggestion for their 
Elimination — Einige Wiedersprüche der linearen Theorie des Kriechens des 
Betons und ein Vorschlag zu deren Beseitigung — Салаи, Я . Противоречия 
линеарной теории ползучести бетона и предло жения по устранению етих 
противоречий............................................................................................................................. 309

Printed in Hungary

A  k i a d á s é r t  fe le l  a z  A k a d é m ia i  K ia d ó  ig a z g a tó ja  M ű s z a k i  s z e r k e s z tő :  Z a c s ik  A n n a m á r ia

A  k é z ir a t  n y o m i á b a  é r k e z e t t :  1 9 7 4 . V . 2 1 . — T e r je d e le m :  2 9 ,4  (A /5 )  í v  115  á b r a  1 m e l lé k le t

74.459. A kadém iai Nyomda, B udapest — Felelős vezető: B ernât György



M i l l n e r , T.: Influence of Foreign Matter on the Fibre Limits (Crystallite 
Limits) of Drawn (Recrystallized Tungsten Wires (Statement and Ideas).

In the tungsten filaments containing additions (e.g. 1. . .50%o K, Si, AI 
traces) not only the chemical quality of the traces but also the position 
of the additive traces and their changes of place are of considerable im­
portance in the development of the large-crystal structure of the filaments, 
the maintaining of filament shape at high temperatures and the develop­
ment of the filament mechanical characteristics at room temperatures. 
These statements are illustrated, as the author has ascertained, by a) the 
the independence of the crystallite growing speed from the quality 
of the additions, b) displacement of the foreign-phase particles during 
recrystallization, c) influence of foreign atoms instead of foreign-phase 
particles during recrystallization (e.g. Ga atoms instead of A120 3, T1 
atoms in the place of K20 , d) the role played by the Si addition — replace­
able by Be — in the creep characteristics at 2800°K, e) the slipping on 
each other of the drawn tungsten wire fibres during the development of 
uniform yield and chiefly of the contraction during tensile tests.

Acta Techn. Hung. 7 9  (1 9 7 4 ) , 1— 14

Acta Techn. Hung. 79 (1974), 15—49

B o g á r d i , J . :  Actual Theoretical and Practical Problems of Sediment Trans­
portation

The actual theoretical investigations of sediment transportation are based 
on the fundamental laws of physics. Considering the sediment transpor­
tation as a physical phenomenon, according to the principle of conservation, 
author establishes the balance equations of the mass, kinetic energy, 
internal energy and momentum. Their comparison and evaluation 
led to several basic perceptions. Starting from theoretical principles, 
the sediment-transportation capacity of water courses is investigated. 
Measurements carried out on the river Drava parallel with observations 
of the energy requirement needed to the sediment transportation and 
to the modification of the river bed is determined.

Acta Techn. Hung. 79 (1974), 51—62

S z a b ó , J.—S c h a r l e , P . :  Relations between the Theory of Bar Structures 
and the Continuum Problem.

The well-known state-equation in the theory of bar structures can be 
regarded as stationarity condition of a functional of energetic type. The 
paper presents the chain of thought in detail for the case of the linear 
problem (formulated without considering initial strains and stresses).



/



Acta Techn. Hung. 7 9  (1 9 7 4 ) ,  62—72

Mic h e l b e r g e r , P.—K e r e s z t e s , A.: The Estimation of Stresses Due to 
Production Inaccuracies by Means of Higher Order Moment

In statically indeterminate structures any production inaccuracy may lead 
to considerable stresses, the estimation of which by the Tchebishev in­
equality is rather pessimistic. This is why the elaboration of far more 
accurate estimations has become necessary.

Acta Techn. Hung. 79 (1974), 73—91

Csonka , P.: Regular Polygon Based Paraboloid Shells of Revolution, having 
a Circular Skylight Opening

Paper presents on the bases of the usual assumptions of the membrane 
theory method for the determination of the state of stresses in the shells 
mentioned in the title. It is assumed that the skylight opening of the shell 
is bordered by an edge ring wich exerts no resistance on horizontally planed 
bending moments and the arehes supporting the outer edge of the shell 
do not resist lateral forces. The presented solution is of approximate charac­
ter: the conditions relating to the edge ring of the skylight opening are 
exactly satisfied, but those referring to the edge arches are only approx­
imately so. The application of the given formulae is explained by a 
numerical example, a circumstance which at the same time testifies the 
suitability of the expounded method.

Acta Techn. Hung. 79 (1974), 93—99

Cz ib e r e , T.: The. Calculation of the Plane Subsonic Flow of Compressible 
Fluids.

The non-harmonic potential and stream functions of the isentropic plane 
flow of compressible fluids at subsonic velocities can be expressed with 
the aid of fluid density, harmonic functions selected in accordance with 
the boundary conditions, and their derivatives. By this method equations 
suitable for the direct calculation of the velocity components in the plane 
of flow are obtained, which are suitable for carrying out the calculations 
by iteration, starting from the velocity field of the corresponding incom­
pressible flow.
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Acta Techn. Hung. 7 9  ( 1 9 7 4 ) ,  101—113

H a n g o s ,  I., J u h á s z , I.: Simultaneous Equilibriums in Halogen Lamps 
Containing Two Different Halogens. Equilibriums in the Case of Pure 
Halogens.

The temperature dependence of the equilibrium concentration of tungsten 
haloids was calculated from thermodynamical data for the combined 
use of Br and J under conditions corresponding to the gas charge of 
halogen-filled incandescent lamps. Generalizing the results for real condi­
tions, it appears that the combined injection of two different halogens into 
the gas space, at suitably chosen conditions, goes with considerable ad­
vantages as compared to the use of one single halogen.

%

Acta Techn. Hung. 79 (1974), 115—132

S o m l y o d y , L.: Improvement of the Efficiency of Free Blow-Out Axial 
Fans Using Variable Circulation

Variable circulation at a given geometry has a twofold effect: a) higher 
outlet losses due to the distortion of the axial velocity; b) the reduction 
of the load acting on the blade sections at the root. The latter permits 
the reduction of the hub dimensions. If the hub can be diminished to a 
larger degree than would be necessary to compensate for the higher loss 
the static efficiency could be appreciably increased. The author solves 
this task by using the equation of the optimisation of free blow-out deflec­
torless axial fans generalized for variable circulation and by the estab­
lishment of the maximum attainable diminution of the hub diameter.

Acta Techn. Hung. 79 (1974), 133—142

K A L L Ó , P.: Critical Summary of the Design Methods of Form-Independent 
Thin Triplet Systems

Following a critical review of the known methods used for the data deter­
mination on triplet-form independent thin systems a new simple algorithm 
readily adaptable for computerization is described for the focal length 
and other data of the components, as well as their relation. The correctness 
and systemization plus detection capacity of the new algorithm is evi­
denced first by already analysing well-known triplets. Thereafter, the 
applicability of the new algorithm will be proved by a numerical example, 
with reference to the possibilities of generalization and further fields of 
application.
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Acta Techn. Hung. 7 9  ( 1 9 7 4 ) ,  143—151

C s e m n i c z k y ,  .1. : Linear Characteristics of Stationary and Rotary Cascades 
Under Three-Dimensional Flow Conditions of an Ideal Incompressible 
Liquid

The paper derives the linear flow properties by the fundamental kinematic 
relations applied to the flow. Thus, it determines the relation between 
the parameters of stationary and rotary cascades of the same geometry, 
as well as the expression of the theoretical characteristic curve ( t f  =  y>(q>)) 
containing these parameters. By replacing the areas in front of and be­
hind the blading with a suitable model, these houndary conditions can 
be defined for a circular symmetric plane flow. As a consequence, the 
correlation between the cascade parameters and the angles characteristic 
of the inflow and outflow, respectively, is formally identical to that 
obtained for a two-dimensional flow. The two cascade parameters pertain­
ing to a stationary, and the three to a rotary bladings are defined by 
special working conditions.

Acta Techn. Hung. 79 (1974) 153— 173 

K o l o n i t s , F.: Flash Temperature of Gears, Part I

The results attained so far in the calculation of the contact temperature 
of gears have been surveyed and the models assuming one- and two- 
dimensional heat conduction and stationary state have been examined 
in detail. Equations for arbitrary heat-source distribution have been 
deduced, which involve as special cases the already published results for 
given distributions. It has been shown that the distribution for the one­
dimensional case is, in general, the asymptotic approximation of the two- 
dimensional case for large Blok numbers В, the difference diminishes in 
inverse proportion to У В. The results can be applied not only to gears, 
but to the investigation of any moving heat sources.

Acta Techn. Hung. 79 (1974) 175—190

Szfîcs, L. : Phisico-Chemical Investigation of the Effect of Nickel Dissolved 
in a Steel Bath on Desulfurization

The paper investigates the special behaviour to be noticed when desulfur­
izing chromium-nickel content steels (Ni content: max 2,5%) with the 
aid of plant experiences and thermodynamic calculations. It was establish­
ed that the development of the desulfurizing reaction was greatly slower- 
ed in case of nickel-content steel batches than in those not containing 
nickel. With the latter the desulfurization reaction approached the state 
of equilibrium more quickly, as in terms of time-unit a greater amount 
of the motive force of the reaction was used up. The experiments confirmed 
the empirical experience that nickel hinders the desulfurization of steel.
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F a b k a s , J.: Structural Synthesis of Press Frames Having Columns and 
Cross Beams of Welded Box Cross-Section

A complex design procedure is presented for the welded box sections of 
a press frame having two columns and two cross beams. Both the frame 
and the cross sections are of double symmetry. Only a centric loading is 
considered. The eight unknown sizes of the sections are calculated by 
means of a systematic treatment of the following conditions: constraints 
of maximum bending and shear stresses, limitation of maximums deflec­
tion of cross beams, conditions of local buckling of flange and webs of 
cross beam criterion of minimum volume and limitation of the ratio of 
flange thickness to web thickness, in order to avoid lamellar tearing of 
weld-affected zone of box sections. In the calculation of deflection» the 
shear deformation must be taken into account. The inner space of work 
must also be guaranteed. In the calculation of bending stresses of cross 
beams, corner moments can be neglected, but in column design they 
must be considered.

Acta Techn. Hung. 79 (1974), 203—223

S o r i a n o , A., K r i z e k , R. J . ,  G y ü k , I.: Application of Conformal Mapping 
to Transient Tile Drainage

The problem of transient drainage toward a tile drain in an aquifer of 
finite depth involves the solution of Laplace’s equation within a strip 
domain bounded by a curved and moving free surface, a straight imper­
vious boundary, and a small circular drain contour within the domain. 
Application of conformal mapping allows the problem to be stated in a 
new plane in wdiich the moving free surface and the imprevious boundary 
are mapped into fixed straight lines, whereas the drain is mapped into 
an upward moving closed contour. The boundary conditions of the problem 
in the new plane are time-dependent, and the potential and mapping 
functions appear coupled. This system of boundary conditions is expanded 
into a series of time-independent systems in terms of the coefficients of the 
Taylor series expansions for all functions entering the problem. Two 
operations, termed “Complex Integration” and “Complex Regularization” , 
allows a solution to be found for each of these systems up to third order 
of the time power expansion. Finally, a parameter study is performed 
with the use of a digital computer, and the effect of different variables 
is evaluated.

Acta Techn. Hung. 79 (1974), 225—238

N a t h , G. : Local Similarity Solutions for the Compressible Laminar Boundary 
Layer Equations

Similar solutions of the steady compressible laminar vicous fluid, both at 
the stagnation point and away from the stagnation point of two-dimension­
al and axisymmetric bodies at zero incidence have been obtained without 
imposing any restriction on the total enthalpy at the wall, the product 
of viscosity and density, and the Prandtl number. The two coupled non­
linear ordinary differential equations, representing momentum and energy 
equations, are simultaneously solved, using Runge—Kutta—Gill method. 
The results show that the skin-friction coefficient and the Nusselt number 
decrease when moving away from the stagnation point. The skin-friction 
coefficient increases, but the Nusselt number decreases, as the total enthal­
py at the wall increases. The skin-friction coefficient and the Nusselt 
number for a two-dimensional body (a cylinder) are less than those of an 
axisymmetric body (a sphere).





Acta Techn. Нищ. 7 9  (1 9 7 4 ), 239—266

B é r e s , E.: Three-Dimensional Stress Analysis by Means of a Continuum 
Sub-Space

The paper describes a three-dimensional stress analysis method expressing 
the equilibrium equations directly for the finite-size elements, and the 
continuity conditions for the one-dimensional sub-space of the three- 
dimensional continuum, that is, for the network of the lines of intersection 
of the dividing surfaces. An approximation with polynômes, the functions 
describing the stresses making the numerical solution, lead to a linear 
system of equations whose coefficients are given by definite integrals. In 
the case of a uniform division they may be written down by using opera­
tors of general validity and, therefore, the concrete determination of 
the integrals is not necessary.

Acta Techn. Нищ. 79 (1974), 267—275

B o n d y , T.: Calculation of the Characteristics of Pseudorandom Signals

A class of pseudorandom sequences, the maximum-length sequences is 
frequently used for the determination of weight functions by cross-correla­
tion analysis. Such sequences can be realized with the aid of feedback 
shift registers. The binary signal obtained in this «way can be transformed 
by a parallel digital filter into an analog signal. The paper deals with a 
method for calculating the waveform of the analog signal and determines 
its statistical properties, which are well suited for evaluation on a com­
puter.

, 4
Acta Techn. Hung. 79 (1974), 277—308

C s u t o r , J.: Contribution from Compaction-technical Viewpoint to the Theory 
of Planning Bravel Concrete

The author earlier deduced formulas for five different basic compaction 
methods. These formulas measure those amounts of work ( =  ener­
gies) which, in compacting the plain concrete, are required by concrete 
itself to change from loose into compact state. The author extends in this 
paper his energical theory on the compaction of directionally reinforced 
concrete and presents a closed formula valid for all of the five basic com­
paction methods. The control procedure presented may be used in connec­
tion with any theory of concrete planning.
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S z a l a i , J . :  Inconsistencies in the Linear Theory of Creep of Concrete

The recommandation of the F.I.B.—C.E.B. published in 1970 has been 
elaborated by international working committees by making use of recent 
scientific findings. However, this valuable international work involves 
certain inconsistencies. It is verified that these inconsistencies— which may 
be pointed out both in the deformation due to crep and in the relaxation 
of the stresses — result from the adopted explanation of the ageing func­
tion k(c). The requirements are formulated which should be satisfied 
— by taking into account the theory of linear creep — in order to elimi­
nate these inconsistencies. The adoption of the said function is recom­
mended and it is verified, that by its application the theory will be free 
from inconsistencies.

Acta Techn. Hung. 7 9  (1 9 7 4 ) , 309—334
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ON THE STATICS AND DYNAMICS 
OF DOUBLE-LAYER OBLIQUE SQUARE 

MESH GRIDS

M. V. SOARE*
D O C T O R  O F  T E C H N .  SC .

[Manuscript received: June 11, 1974]

A method of analysis for double-layer oblique square mesh grids is developed, 
based on the replacement of the discrete structure by an equivalent continuum. In 
the considered case, this continuum is a plate working with over-torsion. The statical 
solution is based on double and simple trigonometrical series. The dynamic aspect 
is also examined dealing with the free vibrations of the simply supported grid on a 
rectangular planform.

1. Introduction

D ouble-layer m esh  grids consist o f  tw o  para lle l lay ers  o f  b a rs  linked  a t  
th e  jo in ts  b y  b rac ing  m em bers w hich ensu re  th e  g eom etrica l in d e fo rm ab ility  
o f  th e  w hole system . T h e  m ain  fea tu re  o f  th is  ty p e  o f s tru c tu re  is th e  high degree 
o f  re g u la r ity  of its  m esh  conform ing ( th e  d iscre te  d is tr ib u tio n  o f  th e  jo in ts).

D ouble-layer o b liq u e  square m esh  grids rep re sen t, besides sim ple an d  
d iag o n a l grids, an im p o r ta n t  ty p e  o f re tic u la te d  space s tru c tu re s , th e  a d v an ­
tag eo u s  s ta tic a l b e h a v io u r  of w hich h as  a lread y  been  signalled  in  th e  techn ica l 
l i te ra tu re  [2], w ith o u t in d ica tin g  how ever, an  analysis m e th o d  o r num erical 
re su lts  (F ig . 1).

A  double-layer ob liq u e  square m esh  g rid  h as  th e  sam e g eom etrica l confi­
g u ra tio n  as the  d o u b le-lay er sim ple sq u a re  m esh grid , th e  single d ifference con­
s is tin g  in  th e  d ifferen t o rie n ta tio n  of th e  b a rs  in  th e  tw o lay e rs , w ith  respect to  
a  re c ta n g u la r  or sq u are  co n to u r: w hile in  th e  sim ple (rec tan g u la r) g rid  th e  bars  
in  th e  tw o  layers are p a ra lle l to  th e  b o u n d a ry  lines, in  th e  ob lique  g rid  th e  bars 
a re  inc lined  to  45° w ith  re sp ec t to  th e  sam e con tou r.

In  a previous s tu d y  [9], th e  sim ple g rid  has been  s tu d ied  b y  assim ila tion  to  a 
e q u iv a le n t con tinuum , w h ich  in  th e  considered  case, w as a hom ogeneous to r ­
sionless p la te .

C om pared w ith  th e  effectively  co n tin u o u s  an d  hom ogeneous m ed ia , in  w hich 
fo r  a g iven  b o u n d ary , th e  axes o rie n ta tio n  does n o t m odify  th e  s ta te  of stress, 
in  th e  case of doub le -layer sim ple sq u are  m esh  grids th e  q u a lita tiv e ly  new dif­
fe ren ce  appears in  th a t ,  t h a t  an  oblique angle o f th e  b a rs , w ith  re sp ec t to  th e  
b o u n d a ry , m odifies co n sid e rab ly  th e  s ta te  o f stress an d  d e fo rm atio n .

* Prof. Dr. Mir c ea  S o a r e , Str. Pictor Bäncilä 22, Bucurefti 5, Sector 6, Romania.
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In  th e  p re se n t s tu d y  th e  a n a ly tic a l design of d o u b le -lay e r oblique sq u a re  
m esh  grids will be developed  b y  tw o  m eth o d s. In  th e  f i r s t  m e th o d , one ta k e s  
in to  accoun t th a t ,  in  fa c t, th e  ob lique  g rid  is a sim ple one, w hose b o u n d a ry  lines 
a re  inclined  w ith  re sp e c t to  th e  b a r  d irec tions of th e  to p  an d  b o tto m  lay ers . 
I n  th e  second m e th o d  is e ffec tu a ted  a n  ax is-ro ta tio n , so t h a t  th e  new  re su ltin g  
axes are para lle l to  th e  b o u n d a ry  lin es , while th e  b a rs  in  th e  tw o  layers are  
in c lin ed  to  45°.

A fter h av in g  e stab lish ed  so lu tio n s  b y  m eans of doub le  an d  sim ple tr ig o n o ­
m e tr ic a l series, fo r th e  s ta tic a l b e h a v io u r , th e  free v ib ra tio n s  are  ex am in ed  a n d  
a  com parison  b e tw een  sim ple a n d  ob liq u e  grids is c a rr ie d  ou t.

2. A nalysis o f double-layer simple square m esh grid

I n  a p rev ious s tu d y  [10] we h a v e  show n accord ing  to  J .  D . R e n t o n  [4],
[5] th a t  th e  e q u iv a le n t co n tin u u m  to w a rd s  w hich a sim ple g rid  te n d s , w hen  
th e  m esh size v an ish es , p rese rv in g  th e  geom etrical co n fig u ra tio n , is a to rs io n ­
less p la te ; th is  is governed  b y  th e  fo llow ing p a r tia l d iffe ren tia l eq u a tio n , s a tis ­
f ie d  b y  th e  deflec tions w  o f th e  jo in ts  in  th e  tw o lay e rs :

=  (2. 1)
9л:4 9y4 kfi2

w h ere  i t  is assum ed  — b y  d efin itio n  — t h a t  th e  b a rs  in  th e  tw o layers are p a ra l­
le l to  th e  coo rd in a te  axes,

h — height of the structure (vertical separation between the two layers), 
к — axial stiffness of the bars in the top and bottom layers, presumed to be identical, 
p  — uniformly distributed load per unit area, resulting from the distribution of the 

nodal loads, over the afferent surface l2.

Once th e  deflec tions w  d e te rm in e d , th e  d isp lacem en ts  of a jo in t  in  th e  
b o tto m  lay er (A ), a n d  to p  lay e r (В ) respective ly , are ded u ced  from  th e  follow ­
in g  equations:

u B i  ( ~ u a )  —  +  —
Li

VB, ( - А д )  =  +  Y

dw 

dx  ’ 

dw

0У

(2 .2)

The expressions o f th e  b a r  fo rces in  th e  b o tto m  la y e r  (T , T '), in  th e  to p  
la y e r  (S , S ') in  th e  ж-d irec tio n  (T , S ), an d  in th e  y -d ire c tio n  ( T \  S ')  are also 
d educed :

2 Эл:2
X cß“W

r , ( - S ' )  =  — —  ш  —
2 Эу2

(2.3)
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Fig. 1. Geometry of the double-layer oblique square mesh grid

Fig. 2. Simple grid on a rectangular planform, the sides of which are inclined with 45° with
respect to the bars in the two layers

In  th e  case o f th e  re c ta n g u la r  p lan fo rm  so lu tions w ere estab lish ed  b y  
m eans o f double a n d  sim p le  series o f  ch a ra c te ris tic  fu n c tio n s  [9], [10].

T he oblique g rid  m a y  be also considered  as a sim ple g rid , w hose edges are  
no  m ore para lle l to  th e  b a rs , b u t  in c lin ed  w ith  45°.

1* Acta Technica Academiae Scientiarum Hungaricae 79, 1974
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M aintain ing  th e  sam e  o r ie n ta tio n  o f axes an d  th e  orig in  in  one o f  th e  co r­
n e rs  o f th e  to p  lay e r, th e  edges of th e  re c ta n g u la r  p lan fo rm  will be th e  b isec ting  
lin es  o f th e  coo rd in a te  axes, an d  re sp ec tiv e ly  p ara lle l to  th e se  lines a t  a an d  b 
d is tan ces  (Fig. 2); th e  eq u á tio n s  o f th e se  lines are  re sp ec tiv e ly :

у  — x  =  0, у  — яг +  о / 2  =  0; 

у  +  ж = 0 ; у  +  л; — b =  0.

W e shall search  a so lu tio n  o f E q . (2.1), w hich ensures v an ish in g  deflec­
tio n s  along the  edges (2 .4); an  exp ression  o f th e  form

. т л ( х  — у )  . п л ( х  -j- у )
=  2  2 ” ™ 8 т — w ^ - s ma f  2 b f  2

(m, n — 1, 2, 3, . . . )

(2.5)

sa tisfie s  obviously th e se  conditions.
W e calcu late  th e  fo u r th  o rder p a r t ia l  d e riv a tiv es  w hich  a p p e a r in  E q . (2.1):

04M?

dxi
= ----

----- T Wn4

m: + < -a 4

m2n2
1

a2b2 ' b \

/ m 3n  , m n 3 )
— cos -

a 3b ab3

т л (х  -  у )  п л ( х  +  у )
O l l i  -, г—  O l l i  , r —

« 1/2 bV 2

т л (х  — у )  п л ( х  +  у )

а][2 ЬУ 2

34м>
0у4

„ 4ш 1 2п2 п4 I . т л (X —у )  . п л ( х у )
------ 1- 6 -----------1------- sin
J 4  а2Ъ2 b4 o f  2

sin
b f 2

+

í r  í m °n mn°

+  T  Wmn 1 a 4  ~ab3

m n (x  — y) n n (x  4- y)
c o s ------  , r_  cos

a f  2 b f  2

a n d  th e  left m em b er o f  E q . (2.1) becom es:

04M> , d4w  7t4
4— —  =  —  w n

0ж4 0y4 2
m 2n2 , n4 \ . тпл(х — у) . п л (х  4- у)

+  6 -----------h —  s i n -----  s i n ----
a2b2 b4 I a f 2  b f 2

E xpression  (2.5) rep resen ts  a so lu tio n  of th is  eq u a tio n  if  th e  load  te rm  o f 
th e  r ig h t m em ber ca n  b e  also expressed  in  a sim ilar fo rm , say

/ \ ^  ^  • т л (х  — у) . п л ( х  +  у)
р ( х , у )  J >  s in

o f  2 b f  2 ’
(2.6)
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w hich  is alw ays possib le ; for ex am p le  in  th e  case o f  a u n ifo rm ly  d is tr ib u te d  
lo ad , we have

p ( x ,y )  =  p =
1 . т л (х  — у )  . п л ( х  у )

sin sin
n z ~  ~  m n  а f  2 ^ f  2

(m , n  —  1, 3, 5, . . . )

The second m em b er of E q . (2 .1) becom es

2P 2 . т л (х  — у )  . п л ( х  - f  у)
--------  — --------  ^  ^  Ртп  Sln ------- - Г -  s i n ------ V - J-L  '
№  W i Z T  o f  2 b V  2

C om paring th e  tw o  m em bers, one o b ta in s  th e  ex p ressio n  of th e  coeffi­
c ien t wmn:

4
W mrl —

Pmn

mn n W
+ 6 -

(2.7a)
+  ■

o262 64

or, deno ting  th e  edge ra tio  at =  a j b :

4a4 p n
w  =

7i*kh2 m 4 +  6 a 2m 2/i2 +  a 4**4

(to, n  =  1, 2, 3, . . . )

(2.7b)

T he deflections are  com plete ly  d e te rm in ed  b y  th e  E q s  (2.5) an d  (2.7). 
U sing  th e  second o rd e r de riv a tiv es , w e can  express th e  b a r  forces, accord ing  
to  (2.3):

T , { - S ) = ^ - k h l  2 2 wn
’  m  n

to2 n2 . т л (х  — у) . п л (х  4- у)
s in ----- 4 -7=; - - s in  ■— ■—+

62 o f 2 ftf2

m n т л (х  — у )  п л ( х  -f- у )  

ab а \г 2 bV  2

(2.8а)

n2 1 . т л (х  — y )  . п л (х  +  y )
sin  ------ - sin

o f  2 fcf 2

, „ m n т л (х  — у) п л ( х  -f- у) 1 
+  2 ------ c o s------- c o s -------------------- 4 ' J '  .

ab o f  2 b f  2 J

(m, n  =  1, 2, 3, . . . )

(2.8b)

A fter th e  co m p le te  d e te rm in a tio n  o f deflec tions a n d  b a r  forces so lu tion  
we shall verify  th e  second  b o u n d a ry  con d itio n . T he sim ple su p p o rt cond ition
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im p lie s  th a t  in  th e  jo in ts  on th e  b o u n d a ry , th e  b a r  forces sh o u ld  h av e  a  v an ish ­
in g  re s u lta n t in  a n o rm a l d irec tio n ; w h e n  th e  su p p o rt o f th e  g rid  lies in  th e  to p  
la y e r , th is  cond itio n  is w r it te n  (F ig . 3):

s  +  S' =  0 .

Fig. 3. S-forces along the boundary

F rom  E qs (2 .8a) an d  (2.8b) th e re  resu lts:

S  +  S '  =  — k h l  
2

Í d2w d2w

=  ~ i r k h l2 2

dx2 d y2

í 7" 2 +w mn
1 a2

n *

b2

m n (x  — y) . n n (x  +  y)
s in -----  „ r_  J  ■ sin

a][ 2 b \ 2

w h ic h  van ishes on th e  fo u r sides (2.4).
T he sam e co n d itio n  also h o ld s  w h en  th e  su p p o rt o f th e  g rid  occurs in  th e  

jo in ts  of th e  b o tto m  la y e r  (T  +  T ' =  0).
A long th e  edges i t  occurs a r e s u l ta n t  of th e  S an d  S '-fo rces; le t i t  be S; 

fo r  exam ple , along th e  edge у  — x  =  0, we have

S  =  У2 ( S -  S ')  - - L k h l  (—
У 2 ( 8*2

d2w  j

9ÿr )x=y

л 2кЫ  

2 ab
2 ,  2  Wmn

У 2плу
c o s ---------—

b

In  o rder to  i l lu s tra te  th e  s ta te  o f  stress , we w a n t to  p re se n t an  ex trem ely  
sim p le  ap p lica tio n ; assum ing  t h a t  th e  double-layer sq u are  m esh  g rid  has a 
sq u a re  p lan fo rm  (о =  b, x  =  1) a n d  i t  is loaded  w ith  a doub le  sinuso idal load

. 16p . л ( х  — у )  . л ( х  +  у )
р (х , у )  =  — —  sin  sin v i r -  ■

7t2 oV 2 a]f 2

T hen  p mn =  p lx =  1 6 р 1 л 2 a n d  from  E q . (2.7b) we deduce

8p a A
w n  = -------- ,

n*kh2
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an d  th e  deflections w  h a v e  th e  fo llow ing expression:

8 na4 .
w  =  —=----sm

n 6kh2
« (*  — У) ■_ ” (* +  у) 

а П  а П
(2 .9а)

F ro m  Eqs (2.8) one  obtains fo r th e  b a r  forces:

T, ( - S )  =
4pa 2
n 4h

n ( x  -f- y) n ( X  — y)
c o s ---- v ' r -  cos '  — ■

o f  2

■ +  y )  . л{х  — у )— sin 7—— r_ ^  s m -----
a Y  2

T  { - S ' )  =  +

o f  2

o f  2

4pa? Y  2 л х- c o s -----------

4pa2/
n 4h

Tt4h

л ( х  +  У )  „ e n ( x  — У )

a Y  2
COS

• » (*  +  y )  . л (х  — у )sm
o f  2

sm
o f  2

=  +

o f  2

4 pa2, f  2л:у
-----c o s --------—

л  Ah a

+

(2.9b)

(2.9c)

I t  m a y  be easily  seen  from  (2.9b) t h a t  T  van ishes fo r  x  =  o /2 f2 )  a n d  
3 o /( 2 f  2) an d  has n e g a tiv e  values in  th e  in te rv a ls  0 . . . o / 2 f 2  a n d  3 o /2 f2  . . . 
. . . o f 2  an d  positive  v a lu es  in  th e  in te rv a l  o /2 f2  . . . 3 o /2 f 2 .  The sam e 
v a r ia tio n , o f opposite  sign , holds fo r S  a n d  a sim ilar d iscu ssio n  m ay  be e s ta b ­
lished  fo r T ' and S '.

I n  th is  w ay th e  g r id  p lanform  can  b e  d iv ided  in  a c e n tra l  sq u are  inscribed  
in  th e  basic  square a n d  th e  four co rn ers . T he d iscussion o f  th e  s ta te  of s tre ss  
re su lts  from  Fig. 4.

Fig. 4. The state of stress in a simple grid on square planform
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This s ta te  o f  s tre s s , essen tia lly  d iffe ren t from  t h a t  o f  th e  sim ple g rid , 
f in d s  a sim ple p h y s ic a l exp lanation , w h e n  assim ilating  th e  space  s tru c tu re  w ith  
a  d iagonal grid o f b e a m s . These b e a m s  h a v e  all th e  sam e  f le x u ra l stiffness E l ,  
h ow ever, due to  th e  f a c t  th a t  th ey  a re  in c lin ed  w ith  r e s p e c t to  th e  edges, th e i r  
re la tiv e  stiffness E I / l  varies co n sid e rab ly . This m eans t h a t  th e  sh o rte r c o rn e r  
b eam s, owing to  t h e i r  g rea ter re la tiv e  stiffness, p rov ide  in  e ffec t in te rm e d ia te  
su p p o rts  for th e  lo n g e r  diagonal b e a m s  w hich thus beco m e con tinuous b e a m s  
on  yield ing su p p o rts  [2].

3. Deduction o f  the partial d ifferential equation for the deflections

I t  is easier to  lo o k  directly  fo r t h e  solutions, a f te r  a p rev ious tra n s fo rm ­
in g  of th e  E q . (2.1), so th a t  the c o o rd in a te  axes he p a ra lle l  to  th e  re c ta n g u la r  
b o u n d a ry .

I f  we choose th e  axes £ 0 £, a c c o rd in g  to  Fig. 2, th e  re la tio n s  betw een  th e  
old  an d  th e  new  a x e s  will be w r i t te n  as

*  =  W ( f - £ > ’ 3' " T f ({ +  a
a n d  respectively

г = Т ? (* + л  £ =  7 î ( - *  +  >') -

U sing th e  re la tio n s

0 Э 31 3 0 f 1 0 0

dx ’ 9 f dx
+

3C d x w 3 |  0C
?

3 3 as 8 dC 1 0 0 I

8у ’ 01 dy
+

3 C d y f  2 101 0C j
1

(3 .1)

one fin d s the  fo llow ing  expressions fo r  th e  p a rtia l d e r iv a tiv e s  of fo u rth  o rd e r  
o f  th e  deflections w \

34M)

Эдг4

34tr

3y4

4

34w

1

4

3 | 4

94m;
=  —  P - ^ + 4  

' 3 | 4

34ге

3 | 30£

34ic

3 |33C

+  6

+  6

84m>

0£20£2

34w

dhv
3 |3 C 3

34zc

+

+

84w

a£4

34w

0 |8 C 3 3C4

In tro d u c in g  th e  tw o previous expressions in E q . (2 .1) an d  a fte r all th e  
red u c tio n s, we o b ta in  th e  following p a r t ia l  d ifferen tia l eq u a tio n :

Э4 w 

3£4
+ 6 d*w

дРдС2

3 4ie 4p

k V
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I f  we re tu rn , fo r  th e  sake o f u n ifo rm ity , to  th e  x  O y-axes (Fig. 5), th e  
deflec tion  eq u a tio n  ta k e s  its  f in a l fo rm :

9 4w

dxi

9 4w d4w

dx2dy2 dy4

4p

kh2 ‘
(3.2)

Fig. 5. Double-layer oblique square mesh grid referred to the x 0 у-axes of co-ordinates

It tv as also deduced by T rofimov and B egun  [11], starting from the  
assum ption that th e  double-layer m esh  grid m ay be assim ilated to  a plate (i.e. 
a continuum  which works only in bending and w hich, consequently, is governed  
b y  a fourth order partial differential equation). This is possible only when the  
bars in the two layers are identical.

The displacem ents and the bar forces are drawn by m eans of the trans­
form ation relations (3.1) and are w ritten , in a final form

and

u B, {— Ua )

vb, {—vA)

h ' 9w d w  1
2 У 2 . dx  9у  )

h dw dw  

dx dy2 У 2

T , ( - S ) = -----— khl
4

T ' , (  — S ' ) = ----— khl
4

/ d2w  2 Э2w  

( д х 2 дхдy

/ 92ic 2 
( dx2d дхд у

+
d2w

dy2

+
d2w  I

dy2 ]

(3 .3)

(3.4)

A com parision  o f E qs (2.1), (3.2) an d  th e  e q u a tio n  o f iso trop ic  p la te s  
show s th a t  th e y  c a n  all be considered  as p a r tic u la r  cases o f o rth o tro p ic  p la te s  
governed  by  th e  e q u a tio n  [1], [3]

A d4w

Э*4
+  2B d4w

d& dy2
+  C

d4w

dy4
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or, a f te r  an  affine tra n s fo rm a tio n  o f  th e  co -o rd inate  axes:

3*w ^ 2 ^ p
d x i  дх2ду2 ду4 К

(3.5)

The values o f th e  p a ra m e te r  X co rrespond ing  to  th e  th re e  considered  cases 
a n d  rem ark s on th e  p o ss ib ility  of th e  space  grid  to  w ork  in  to rs io n  are  given in  
T ab le  1.

T a b l e  I

Structure

Isotropic plate*

Double-layer simple 
square mesh grid

Double layer oblique 
square mesh grid

The plate works iu 
torsion

The analogous plate 
does not work in 
torsion

The analogous plate
works in over­
torsion

* The same equation is obtained for the double-layer diagonal square mesh grid, using 
an approximate method [8].

4. Solutions by m eans o f  double trigonom etrical series

Solution (2.5) fo r th e  deflec tions a n d  th e  form  of E q . (3.2) suggests us to  
look  for so lu tions w h ich  are  analogous to  tho se  m e t w ith  in  th e  li te ra tu re  of 
iso tro p ic  p la tes. T h u s , i f  th e  d o u b le -lay e r m esh grid  is s im p ly  su p p o rte d  on th e  
b o u n d a ry  (Fig. 5), w e can  assum e t h a t  th e  applied  lo ad  p ( x , y )  is expressed  by  
m ean s o f double trig o n o m e tric a l series:

P (x ,y )  =  2 £ J £ P mnsin  тП- s i n ^ ^ - ,  ( m ,n  =  1 , 2 , 3 ,  ■■■). .(4.1)
m  n a  à

In  th is  case, we can  fin d  fo r th e  deflec tions a so lu tio n  w hich has a sim ilar
fo rm :

. ТП7ТХ . n n y  . . . .
W =  2 ,  w mn s in ----- - s i n — f - ,  (m, n =  1, 2, 3, . . .) , (4.2a)

m  n  Я ^

w h ich  obviously  sa tisfie s  all th e  b o u n d a ry  conditions.
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U sing  th e  sam e procedure  as in  C h a p te r  2, one de te rm ines th e  exp ression  
of th e  c o n s ta n ts  w mn:

IVm n
4____________ P m n _________

n W  m* 6 m2n2 re4
a 4 a2b2 b4

( 4 . 2 b )

F o r th e  b a r  forces, we o b ta in  fro m  E qs (3.4)

rr í c\ я 2 [ m 2 n 2 \ . m n x  .T, ( — S ) =  —  k h i y ^ w mn — -  +  —  s in -------- si
4 m n  LI a 2 b~ ) a

m z y
s in ---- -— \-

„ mn m n x  n n y
-f- 2 ------c o s ----------c o s ----- =:-

ab a  b

(4.3)

T ' , ( - s ,) =  ^ - k h i  2 2 '4 m n

. m n x  .
s in -------- sin

a
n n y

„ mn m n x  n n y
— 2 -------c o s ----------cos — —

ab a b

w here  w mn is given b y  (4.2b).
B y  th e  p a r tic u la r isa tio n  of th e  co effic ien ts  p mn, for a g iven e x te rn a l lo ad , 

th e  s ta te  of stress an d  defo rm ation  w ill be dete rm in ed  com pletely .

5. Solutions by means o f  sim ple trigonom etrical series

A  m ore  general so lu tion  from  th e  p o in t of view  o f th e  b o u n d a ry  co n d i­
tio n s a n d  w ith  a h ig h er convergency as in  th e  case of double  trig o n o m e trica l 
series m a y  be o b ta in ed  b y  m eans o f  sim p le  trig o n o m etric  series.

F o r  th a t  p u rp o se , i t  is n ecessary  to  h av e  tw o opposite  sim ply  su p p o r te d  
sides X =  0 an d  x  — a. T hen , th e  e x te rn a l  lo ad  an d  th e  deflections m a y  be  
exp ressed  u n d e r th e  form

P{x,y) =  ] ?  p m(y) sin
m

™(x, y ) =  2  W m(y)  sin

m n x
1

a

m n x

a

(m  =  1, 2, 3, . . . )

(5.1)

w here  W m are  fu n c tio n s  o f y  w hich a re  to  be determ ined .
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In tro d u c in g  th e  expressions (5.1) in  (3.2), a f te r  a conven ien t g ro u p in g  
o f te rm s  one o b ta in s :

m 2 _ 2
_  W" m 47t4

Wrr n
4Pn
Ш

m n x  „ 
s in -------- =  0 .

T he p rev ious su m  can van ish  o n ly  i f  each  expression  in  b rack e ts , co rre ­
spond in g  to  each  te rm  m , van ishes; th e re  re su lts  th a t  fu n c tio n  W m(y) sa tisfie s  
th e  lin ea r d iffe ren tia l eq u a tio n :

W ' l - 6 w-m + 4тг4 w  _ J p «m
n r n

Ш
(5.2)

T he so lu tio n  o f  E q . (5.2) is o b ta in e d  as th e  sum

Wm=w°m+ wm
of a p a r tic u la r  so lu tio n  W ^  and o f th e  so lu tio n  of th e  hom ogeneous e q u a tio n

W 'xrr 6 - - W'rn + W m = 0 . (5.3)

A so lu tion  o f  th e  form
W m =  emnryla

is so u g h t for, w h ere  r  satisfies th e  c h a ra c te r is tic  eq u a tio n

r4 -  6 r2 +  1 =  0,
w ith  th e  roo ts

*̂1,2,3,4 =  ± У 2 ±  1.
In tro d u c in g  th e  sim plify ing n o ta t io n

h m  =  л(У  2 +  l ) m — , lam =  я (У 2 — l )  m  , 
a a

th e  so lu tion  of th e  hom ogeneous e q u a tio n  is w ritte n  as a fu n c tio n  of four a rb i­
t r a r y  co n stan ts :

w  =  c im c° s b  h m  +  C2m cosh | 2m +  C3m sinh | lm +  Cim sin | 2m.

The p a r tic u la r  so lu tio n  can be o b ta in e d  app ly ing  th e  c o n s tan t v a r ia tio n  
m e th o d  or, in  s im p le r cases, by  tr ia l. F o r  ex am p le , if  p m —  const, th e re  re su lts

w °  =  4a4 Pm
m n W  m 4 ’
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an d  th e  general so lu tion  can  be exp ressed  u n d e r th e  form

w =  (W°m +  Clm cosh | lm +  C 2m cosh | 2m +
. m

+  C3m sinh  | lm +  Cim sinh  12m) sin  —
a

T h e a rb itra ry  c o n s ta n ts  Clm, . . . Cim a re  d e te rm ined  from  th e  b o u n d a ry  
cond itions along th e  edges p ara lle l to  'h e  Ox-axis.

In  ce rta in  cases, th e  p a r tic u la r  so lu tio n  can  be w ritte n  in  a closed fo rm ; 
fo r ex am p le , if  p (x , y ) =  p (x ), one can  f in d  a p a rtic u la r  so lu tio n  iv° w hich  d e ­
pends on ly  on X .  F ro m

Э4м>° 4 p (x )
d x4 ~~ kh 2 ’

we o b ta in  b y  four tim es in teg ra tio n ;

w ° =  J L J  dx  j d x J  d x J"p (x )d x  ,

6. Free vibrations o f  the oblique grid

T h e free v ib ra tio n s  can  be easily  s tu d ie d , s ta r tin g  from  E q . (3.2) a n d  
rep lac ing  th e  applied  lo ad  p  b y  th e  in e r t ia  forces ( — q • cpwjdi1). w here о 
rep resen ts  th e  m ass of th e  g rid  p e r u n i t  a re a . W e get th e  e q u a tio n

34w ^  g 8 %  ^  84ie ^  4 q d2w 

9x4 dx?dy2 9y4 kh2 8i2

A ssum ing  now  th a t  th e  space g rid  p e rfo rm s a n a tu ra l m ode of v ib ra tio n , 
th e  freq u en cy  o f w hich is со, th e  so lu tio n  o f  E q . (6.1) shou ld  be ta k e n  in  th e  
follow ing fo rm :

w (x ,y ,  t) =  W ( x ,y )  sin  со i , (6 .2)

in  w hich  W (x, y )  is a ce rta in  fu n c tio n  o f  x  a n d  y , de term in ing  th e  shape o f th e  
no rm al m ode of v ib ra tio n  u n d e r co n sid e ra tio n .

E x p re ss in g  th a t  (6.2) satisfies E q . (6 .1) an d  sim plify ing w ith  sin cot, w e 
get th e  follow ing p a r tia l  d iffe ren tia l e q u a tio n :

d4W

d x4
+ 6 d*W  | 8 4W  

dx2dy2 8у  4
4 geo2
kh2

W = 0  . (6.3)
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E q u a tio n  (6.3) is lin e a r  and  in c lu d es o n ly  th e  u n k n o w n  fu n c tio n  W  a n d  
its  fo u r th  order ev en  p a r t ia l  d eriv a tiv es . A s i t  is hom ogeneous, i t  allow s th e  
d e te rm in a tio n  o f e igen-values.

I n  order to  f in d  th e  solution, w e assu m e th a t  th e  space g rid  is s im p ly  
su p p o rte d  on th e  re c ta n g u la r  b o u n d a ry  a n d , b y  analogy  to  E q . (4.2a), we co n ­
s id e r  a so lu tion  o f th e  sam e form :

Щ х , у )  =  2  2  w mn sin
m n

m n x

a

n n y
s in ---- —

b

in  w h ich  wmn are  a r b i t r a r y  co n stan ts .
W e in tro d u ce  E q . (6.4) in  (6.3) a n d  o b ta in

(6.4)

2  2  n iw ™ 
m  n

+ 6 m2n2 
a2b-

ra4 4pco2 ) . m n x  . n n y  .
—  •—  --------  s in -------- s m ------— =  0.
64 n Akh2 1 a b

T he la s t e x p re ss io n  is iden tica lly  sa tis f ie d  only  an d  only  i f  every  ex p re s ­
sion  in  b rack e ts  v a n ish e s , correspond ing  to  each  te rm  of ra n k  m, n  o f th e  
do u b le  tr ig o n o m e tric a l series; le t he

CO2 _
m n

7r4№

l . 4 e

m 2n2 n4

+  6'*~J ’
(6.5)

w h ich  de te rm in es th e  frequency  a>mn co rrespond ing  to  th e  m , n  m ode o f v i­
b ra tio n .

In tro d u c in g  th e  side ra tio  x  =  ajb, i t  resu lts  from  th e  fo rm ula  (6 .5):

COmn
n 2h  

2 a2
(m4 -f- 6a2m 2n2 +  a 4n4) -  cn ( 6 .6)

л\гЬ1сЬ shows t h a t  th e  frequencies o f v a rio u s  orders d ep en d  on a n u m e ric a l 
coeffic ien t

У m i -f- 6x2m2n2 -p z ln l (6 .7a)

a n d  on th e  d im en sio n  fac to r

In  th e  case o f  th e  double-layer sim p le  square  m esh  grid , th e  coeffic ien t 
cmn h as  th e  e x p re ss io n  [10]:

У m i -f- a 4n4. (6 .7b)
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T he com parison  o f th e  tw o exp ressio n s show s th a t  th e  frequency  o f  th e  
ob lique  grid  is su p e rio r  to  th a t  of th e  sim p le  grid.

F o r th e  low est frequency  and  a sq u a re  p lan fo rm  (a =  1), i t  resu lts

— fo r th e  simple g rid : cn  =  n 2 9,8696

— for th e  oblique g rid : cn  =  я 2̂ '2 13,9577.

7. F inal remarks

In  th e  p re se n t s tu d y , an analysis m e th o d  w as developed  for doub le -lay er 
ob lique  square  m esh  g rids, based on th e  rep lacem en t o f th e  d iscrete s tru c tu re  
b y  an  eq u iv a len t co n tin u u m . In  th is  case, th is  co n tin u u m  is a p la te  w hich w orks 
w ith  over-to rsion , th e  p a r tia l  d iffe ren tia l e q u a tio n  o f 10-deflections being  re p re ­
sen ted  b y  E q . (3.2).

T he special fo rm  o f th is  e q u a tio n  allow s us to  o b ta in  so lu tions b y  m eans 
o f double  and  sim ple trig o n o m etric  series. A  m ore genera l m eth o d , based  on th e  
in tro d u c tio n  of p a ra m e te rs  in  th e  orig in , w ill be th e  o b jec t of a fu tu re  p u b lic a ­
tio n .

To conclude, th e  free v ib ra tions o f  th e  g rid  w ere s tu d ie d  d irec tly  (for th e  
case of a sim ple s u p p o r t  along th e  b o u n d a ry  sides), rep lac in g  th e  app lied  lo ad  
b y  th e  in e rtia  forces.

T he ap p lica tio n  o f th e  co n tin u u m  e q u iv a le n t m e th o d  fo r th e  s ta tic a l an d  
d y n am ica l ap p ro ach  o f double-layer m esh  grids ap p ears  th u s  ex trem ely  e ffi­
c ien t, since i t  uses a  m a th e m a tic a l a p p a ra tu s  w ell know n  in  th e  th e o ry  of s tru c ­
tu re s .
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Statik und Dynamik der zweilagigen, zweiläufigen schrägen Stabroste. Es wird eine 
Rechenmethode für zweilagige, zweiläufige schrägen Stabroste entwickelt, die sich auf den 
Ersatz der diskreten Struktur durch ein gleichwertiges Kontinuum stützt. Im hier betrachteten 
Falle ist dieses Kontinuum eine mit Übertorsion arbeitende Platte. Die Lösung im statischen 
Fall wird mittels doppelter und einfacher trigonometrischen Reihen erhalten. Der dynamische 
Fall wird ebenfalls untersucht, und zwar hinsichtlich der Eigenschwingungen des auf einen 
rechteckigen Umriß einfach gelagerten Stabrost.

Статика и динамика пространственных пластинообразных косых сеток с квадратной 
решеткой. В настоящей работе развит метод расчета пространственных пластинообраз­
ных косых сеток с квадратной решеткой, основанный на замене дискретной структуры 
эквивалентной непрерывной средой. В исследуемом случае эта среда представлена плитой, 
работающей при сверхкручении. Статическое решение основано на применении двойных и 
одинарных тригонометрических рядов. Исследован также динамический вопрос в отно­
шении собственных колебаний однопролетной сетки прямоугольного контура.
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ALLGEMEINTHEORETISCHE ANNÄHERUNG 
UND NEUE AUSFÜHRUNGSMETHODE 

DER RUNDHEITSMESSUNGEN IM PRISMA

T. CSERNA*
[Eingegangen am 16. August 1972]

Die Größe der Unrundheit ist bei rundsymmetrischen Maschinengrundteilen 
(z. B. bei Wälzlagern) ein wichtiger Kennwert der Güte und wird mit verschiedenen 
Meßgeräten gemessen. Im Prisma läßt sich die Unrundheit durch Verzerrung bestim­
men. Die Verzerrungsverhältnisse können analytisch im allgemeinen definiert und 
graphisch dargestellt werden. Die Ergebnisse von Vergleichsmessungen bestätigen 
die theoretische Lösung.

1. E inleitung

Die K o n s tru k te u re  von  M asch in en b au te ilen  — so au ch  von  W älzlagern  — 
rech n en  m it d e r  id ea len  geom etrischen  G e s ta lt d er G ru nd te ile . Diese geom e­
trisch e  P räz is io n  lä ß t  sich ab er in  den  B e trie b e n  n u r  a n n ä h e rn d  erreichen, d a  
sie näm lich  v o n  d e r  an g ew an d ten  T echnologie  a b h ä n g t. G esta ltabw eichungen  
k ö n n en  S chw ierigkeiten  bei d er M on tie rung  u n d  sp ä te r  B e trieb sstö ru n g en  h er- 
v o rru fen . E in e  ty p isc h e  G esta ltab w eich u n g  d e r  ru n d sy m m etrisch en  G ru n d te ile  
is t  die U n ru n d h e it. G ru n d te ilru n d h e its fe h le r  bei L ag eru n g en  erhöhen  d ie  
m echan ischen  V e rlu s te , die als E rw ä rm u n g  u n d  G eräusch  au ftre ten , obw ohl 
d ieser E ffek t au s  m eh reren  K o m p o n en ten  b e s te h t [1].

2. D eutungen

F ü r  die B estim m u n g  der R u n d h e its fe h le r  g ib t es m eh r, in  den E in ze lh e i­
te n  v o n e in an d er abw eichende D efin itio n en . Alle s tim m en  ab e r insow eit ü b e r ­
ein , daß sie die R u n d h e itsab w eich u n g en  als F u n k tio n  e in er rad ia len  S treck e  
zw ischen der R iß k u rv e  der w irk lichen  O berfläche  u n d  eines k o n stru ie rten  geo­
m etrisch en  K reises au ffassen  [2], [3], [4].

Im  w e ite ren  w ird  die U n ru n d h e it n a c h  B ild  1 g ed eu te t. Als W erk s tü ck ­
m itte lp u n k t Om w ird  d er M itte lp u n k t des k le in s te n  K reises, der sich um  die 
R iß k u rv e  des W erk stü ck es  zeichnen  lä ß t, b e tra c h te t .  D ie Größe der U nrundheit 
is t  die rad ia le  D icke  des, die R iß k u rv e  u m fassen d en  K reisringes m it M itte l­
p u n k t Om.

* Dr. T. C s e r n a , Vörösvári út 17, 1035 Budapest, Ungarn.
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Bild. 1. Deutung des Rundheitsfehlers. (<5 =  Größe des Rundheitsfehlers; R/c =  Radius des 
kleinsten Umkreises der Rißkurve; Rj, =  Radius des größten Inkreises mit Mittelpunkt 
Om; Om — Mittelpunkt des kleinsten Umkreises bzw. des Werkstückes; R 0 =  Nennradius; 

ÁRmax =  größte radiale Abweichung der wirklichen Rißkurve vom Nennradius)

W en n  die P o la rach se  <p — 0 d u rc h  W e rk s tü c k m itte lp u n k t Om b e lieb ig  
g ew äh lt u n d  in  d e r E b en e  fix ie rt, fe rn e r  d a s  W erkstück  um  den  M itte lp u n k t 
Om h e ru m g e d re h t w ird , d an n  w ird  sich  d ie  S trecke A R  zw ischen d er R iß k u rv e  
u n d  dem  nom inellen  H albm esser a u f  d e r  f ix ie r te n  Achse cp — 0 in  A b h än g ig k e it 
v o m  D rehw inkel cp v e rän d e rn . D e r A b la u f  dieser ra d ia le n  V e rän d e ru n g  in  
A b h än g ig k e it vom  D rehw inkel, p ro p o r tio n a l zum  nom inellen  H alb m esser, is t 
der Charakter des R undheitsfehlers, d e r sich  im  allgem einen d u rch  fo lgende 
F u n k tio n  besch re ib en  lä ß t:

A R  =  F  (cp; a), (1)

w o a  ein, a u f  die F o rm  des W erk stü ck es h inw eisender K e n n w e rt is t.
F u n k tio n  (1) is t  offensich tlich  s te t ig  u n d  periodisch  (p  =  2 тс) u n d  h a t  

e in  E x tre m  im  In te rv a ll  [ f ;  |  A: 2 я ] ,  dessen W ert la u t  u n se re r D e u tu n g  

±  ^#m ax i s t -
D er C h a ra k te r  d e r U n ru n d h e it w irk lich e r W erkstücke  is t  im  allgem einen  

un reg e lm äß ig . E s g ib t aber auch  reg e lm äß ig e , oder a n n ä h e rn d  regelm äß ige  
U n ru n d e . V on d en  le tz te n  sind  die R iß k u rv e n  der P ro file  »von g leicher 
D icke« oder die d e r »Scheinkreise« [5], [6]. Diese sind a u f  B ild  2 d a rg e s te llt .

D a  die F u n k tio n e n  der R iß k u rv e n  b eg ren z t u n d  period isch  sind , k ö n n e n  
d ie  K u rv en  m itte ls  d e r  F ourierschen  R e ih e  d er F u n k tio n en  a n g e n ä h e rt w erd en . 
D ie  R e ih en en tw ick lu n g  erm öglich t fe rn e r  die harm onische A nalyse  des P ro ­
b lem s [7], [8].

Als E rgebn is d e r R e ih en en tw ick lu n g  k a n n  die R iß k u rv e  des W erk stü ck es  
d u rc h  folgende F u n k tio n  a u sg ed rü ck t w erd en . Die D e u tu n g  w ird  m it  H ilfe
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des B ildes 3 noch  le ic h te r  gefunden.

R (<p) =  R o +  cos n{cp +  e n) (2)
n=l

wo R(<p) die Funktion der Rißkurven des Werkstückes in Polarkoordinatenform mit Werk­
stückmittelpunkt Om ist,

A n die maximale Amplitude des n-ten harmonischen Störgliedes, 
n die Laufzahl der harmonischen Störglieder,
cp den Laufwinkel und
0 n den Phasenverschiebungswinkel zwischen den harmonischen Störgliedern mit 

unterschiedlichen Laufzahlen
bedeuten.

D ie b esch riebene N ä h e ru n g sa rt k a n n  v e re in fa ch t w erden , w enn  gleich­
zeitig  n u r  der m odifiz ierende E ffe k t von  je  e inem  h arm o n isch en  S tö rg lied  
b e s tim m te r L au fzah l angenom m en w ird . In  d iesem  F a ll k o m m en  w ir zu r K o n ­
fig u ra tio n  des B ildes 4 .

a . ) b.)

Bild. 2. Schnitte von gleicher Dicke, oder »Scheinkreise«, (a) regelmäßiger »Scheinkreis« — 
Rundheitsfehler regelmäßigen Charakters, (b) unregelmäßiger »Scheinkreis« — Rundheits­

fehler unregelmäßigen Charakters

Bild. 3. Analytische Näherung der Rißkurve eines unrunden Werkstückes
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Bild. 4. Mit unterschiedlichen harmonischen Störgliedern Nummer n genäherte Rißkurven

A uch  die m it d en  gegebenen  h a rm o n isch en  S tö rg lied e rn  an g en äh e rte  
R iß k u rv e  k an n  »von g leicher Dicke« sein . D er m it h a rm o n isch en  S tö rg liedern  
u n g e ra d e r  L aufzah l b e rech n e te  D u rch m esse r lä ß t  sich im  a llgem einen  fo lgender­
m a ß e n  ausdrücken :

D n_ 2i+i =  2R 0 -f- 2^4„[cos ncp +  cos n {cp  +  л)] =
=  2R 0 +  2.dn[cos ncp -j- cos ncp • cos п л  +  sin m p  • sin п л ]  =  

=  2R 0 -j- 2-4n[cos ncp -(- (— 1) cos n cp] =  2R 0 f ( c p )

d . h . d er D urchm esser is t  in  je d e r  L age gem essen id en tisch  u n d  gleich dem  zwei­
fa c h e n  des nom inellen  H albm essers.

B ild  5 v e ra n sc h a u lich t u n reg e lm äß ig e  U n ru n d e  u n d  die im  folgenden 
g ü ltig e  D eu tu n g  d e ren  G röße.

Bild. 5. Deutung der Rundheitsfehler unregelmäßigen Charakters
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3. M essungsm öglichkeiten der Unrundheit

Aus der F a c h li te ra tu r  der R u n d h e itsm essu n g  — m e is t aus den u m fassen ­
den  W erken  in  d iesem  T hem enkreis [9], [10], [11] — g e h t h e rv o r, daß  die w e r t­
m äß igen  U n ru n d h e itsm essu n g en  sich in  zwei G ru n d ric h tu n g e n  e n tfa lte t h a b e n :

1. D irek te  M essungen der rad ia len  D ifferenz, in  e in fach en  F ällen  d u rc h  
D rehen  zw ischen d en  S p itzen . D ah in  gehören jen e  M e ß a p p a ra te  m it P räz is io n s­
sp indel, die die h e u te  b ek an n te  m eist ex ak te  U n ru n d h e itsm essu n g  erm ö g li­
chen (T a ly ro n d -In s tru m en ten fam ilie  der F irm a  T a y lo r-H o b so n , die H om m el- 
In s tru m e n te , usw .). D iese le tz te ren  w erden zufolge ih res hohen  K aufp re ises 
u n d  so rg fä ltiger, fach g em äß er B ehand lung  in  e rs te r  L in ie  in  L ab o ra to rien  fü r  
K ontro ll- u n d  L ab o rm essu n g en  e ingese tz t [12], [13].

2. A u f v e re in fa ch te  G eom etrie basie rte  M eßm ethode fü r  B etriebszw ecke, 
m it P rism a , die die rad ia le  A bw eichung n ic h t u n m itte lb a r  u n d  m it V erzerrung  
m essen. Die in d u strie lle  P rax is  e n tfa lte te  sich in  d ieser R ic h tu n g , obwohl d ab e i 
n u r  an n äh e rn d e  M eßprinzip ien  u n d  E rgebn isse  e rz ie lt w erd en  können  [10], 
[14], [15], [16], [17].

3.1. Das P rinz ip  der M essung m it P r ism a

D ie G en au ig k e it d e r R u n d h e it k a n n  d u rch  die A b ta s tu n g  des U m rißes d e r 
frag lichen  O b erfläche  k o n tro llie r t w erden. E in e  M ethode dieser A b ta s tu n g  
b e s te h t d arin , d a ß  d er zu  p rü fende  K ö rp er se lb st als L ag e ru n g  in  einem  P rism a  
m it einem  Ö ffnungsw inkel 2y  h e ru m g ed reh t w ird , w obei d er A usschlag des 
In s tru m e n ts  w ä h re n d  e iner U m drehung  m it dem  F ü h le r  eines zum  P rism a k ö r­
p er a rre tie r te n  M eß in s tru m en ts  b e s tim m t w ird .

D ie M essung in  einem  P rism a  is t die sog. »D reipunk tm essung« , w obei 
zwei P u n k te  B e rü h ru n g sp u n k te  m it dem  P rism a  sin d  u n d  der d r itte  is t d e r  
A b ta s tp u n k t.

F ü r  die w e ite ren  Ü berlegungen  w urde das K o o rd in a te n sy s te m  la u t des 
B ildes 6 angenom m en.

D ie W inkel zw ischen  den  N orm alen  d er S e iten fläch e  eines P rism as m it 
Ö ffnungsw inkel 2y u n d  zw ischen der y-A chse w ird  m it a , d er zw ischen d e r  
V erse tzu n g srich tu n g  des In s tru m e n ts  u n d  zw ischen d e r x -A chse m it ß  bezeich­
n e t.

D ie sog. »Z w eipunktm essung«, die in  der P rax is  fü r  die B estim m ung  eines 
»O valität« g en a n n te n  U m riß feh lers angew endet w ird  (d as  is t  die allgem ein  
b e k a n n te  W eise au ch  d e r D urchm esserm essung), l ä ß t  s ich  als e in  Spezialfall 
der »D reipunk tm essung«  auffassen , wie aus B ild  7 e rs ich tlich . In  diesem  F a ll 
— un se re r D e u tu n g  n a c h  — is t die U m w ertu n g  des ü b lich en  O v a litä tsw erte s  
(D  — d) a u f  R ad iu sd iffe ren z  erforderlich . D ieses G lied w ird  im  w eiteren  m it
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4

Bild. 6. Schema^der Messung mit Prisma und das Koordinatensystem

Bild. 7. »Zweipunktmessung« als Spezialfall der »Dreipunktmessung«

d em  harm on ischen  S tö rg lied  N u m m e r n =  2 an g en äh ert u n d  die M essung als 
e in  F a ll der »D reipunk tm essung«  b e h a n d e lt.

D as P rob lem  d er M essung im  P rism a  w ird  im  B ild  8 v o rg e fü h rt.
E s is t le ich t e inzusehen , d aß  d e r  gem essene W ert in  A b h än g ig k e it vom  

Ö ffnungsw inkel des P rism as, v o n  d e r re la tiv e n  S te llung  des M eßfühlers zum  
P r ism a  u n d  vom  C h a ra k te r  d er U n ru n d h e it  des W erk stü ck es au ch  be i dem sel­
b e n  w irk lichen  R u n d h e its feh le r v a r ia b e l is t, d. h. die M essung verzerrt.

Sei der am  In s tru m e n t gem essene W ert, d. li. d e r A ussch lag  des Zeigers 
des In s tru m e n ts  m it  <5’ b eze ich n et; d a n n  g ilt, la u t der obigen Ü berlegungen , die
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Bild. 8. Verzerrung der Messung im Prisma

fo lgende R e la tio n  bei M essungen im  P rism a :

K  =  ~  =  f ( X;ß-,a), (3)
о

wo ka den Verzerrungsfaktor (Reproduktionsfaktor) des Prismas und 
a einen den Charakter des Rundheitsfehlers ausdrückenden Faktor 

bedeuten.

A us R e la tio n  (3) fo lg t, daß  d e r V e rze rru n g sfak to r k a auch  bei den gegebe­
n en  W in k e lv e rh ä ltn issen  des M eßsystem s m it P rism a  n ic h t u n b ed in g t k o n ­
s ta n t  is t, sondern  er h ä n g t vom  C h a ra k te r  des G esta ltfeh lers des zu m essenden  
W erk stü ck es ab .

D a  der d en  C h a rak te r des G esta ltfeh le rs  au sd rü ck en d e  F a k to r  a bei d er 
M essung u n b e k a n n t is t, w ürde die M essung im  P rism a ein zuverläßiges E rg eb n is  
bezüg lich  der G röße des R u n d h e itsfeh le rs  geben, w enn  die R ela tio n  ka g (a )  
fü r  das M eßsystem  m it P rism a g e lten  w ürde  — ab e r e in  solches S ystem  is t 
n ic h t b e k a n n t.

In  der F a c h lite ra tu r  w erden die B eziehungen  d e r M essung im  P rism a  fü r  
m it h a rm o n isch en  S törg liedern , die m it  je  einer L au fzah l c h a ra k te ris ie rt w e r­
d en  kö n n en , an g en äh e rte  R u n d h e its fe h le r  (ra-zahlige E ck ig k e it, D reieck igkeit, 
F ü n feck ig k e it usw .) beh an d e lt. I n  d iesem  F a ll sp ie lt das harm onische S tö r-
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g lied  N u m m er n  die R o lle  des R u n d h e its fe h le rc h a ra k te rs  a. D ie b e k a n n te n  u n d  
a n g e w a n d te n  M eßsystem e m it P rism a  sich e rn , daß  der V erze rru n g sfak to r k n 
b e i d e r  M essung d e r  W erk stü ck e  m it R u n d h e its feh le rn  bei d en  ty p isc h s te n  
L a u fn u m m e rn  n id e n tisc h  oder fa s t id e n tisc h  is t.

E in e  noch  e in fach ere  V a rian te  d er e rw ü n sch ten  op tim alen  W in k e lv e rh ä lt­
n isse  des M eßsystem s m it P rism a  is t , w en n  ß — 90°, d. h . die A no rd n u n g  des 
M eßfüh lers in  bezug  m it dem  D u rc h sc h n itt des P rism as sy m m etrisch  is t, d. h . 
w en n  sie m it der W in k e lh a lb ie ren d en  k o in z id ie rt (c u n d  d im  R ild  8). Die v o r­
te i lh a f te  L ösung is t  d a n n  d er P rism aw in k e l 2y  =  108° [18]. F ü r  die B estim ­
m u n g  d e r V e rze rru n g sfak to ren  g ib t die F a c h li te ra tu r  v e re in fach te  F o rm eln  an
[19].

D ie B eziehung w ird  verw ick e lte r, w en n  d er F ü h le r des M eß in stru m en ts  
v o n  d e r  S y m m etrie -E b en e  rü c k t, d . h . ß  ^  90°. I n  der F a c h lite ra tu r  [20] sin d  
zw ei solche zusam m engehörende W in k e lw erte  a  u n d  ß  b e k a n n t, be i w elchen die 
A b h än g ig k e it des V erze rru n g sfak to rs  k n v o n  d e r den  an g en äh e rten  W e rk s tü c k ­
u n ru n d h e it  a u sd rü ck en d en  N u m m er n  b e d e u te n d  ab n im m t.

Tafel I  g ib t e inen  Ü berb lick  ü b e r die w ich tig sten  W in k e lk o m b in a tio n en  
d e r  au s  d er F a c h li te ra tu r  b e k a n n te n  u n d  in  d er P rax is  an g ew an d ten  M eß­
in s tru m e n te  m it P rism a , sowie ü b e r die ty p isc h e n  V erzerru n g sfak to ren .

Tafel I

Charakteristische
W inkelkom binationen

F ür das charakteristische Harmonische (n)

2 3 4 5 6 7 8 9 10

2 У а ß W erte des Verzerrungsfaktors (кд)

60° 60° 90° 0 3 0 0 3
90° 45° 90° 1 2 2 0 0

108° 36° 90° 1,38 1,38 2,24 1,38 0
120° 30° 90° 1,58 1 2 2 1

60° 60° ON О о 1,41 2 2 2 2
120° 30° 30° 2,38 2 2 2 2

N ach  den  bezüg lichen  F a c h lite ra tu rq u e lle n  können  die fo lgenden  S ch luß ­
fo lg e ru n g en  gezogen w erden :

a)  Bei R u n d h e itsm essu n g en  im  P rism a  lä ß t  sich die U n ru n d h e it m it 
V e rze rru n g  nachw eisen .

b)  D ie V erzerru n g  h ä n g t vom  C h a ra k te r  des R u n d h e itsfeh le rs , vom  Ö ff­
n u n g sw in k e l des P rism as  u n d  von  d er W inke ls te llu n g  des M eßfühlers in  bezug  
a u f  d as  P rism a  ab .

c)  D er V erze rru n g sfak to r d rü c k t d as  M aß der V erzerrung  in  geeigneter 
F o rm  aus.
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d)  K eine B ez ieh u n g en  w erden fü r  belieb ige U n ru n d h e itsc h a ra k te r  in  d e r 
F a c h lite ra tu r  b e h a n d e lt . Die R u n d h e itsfeh le r w erd en  m it A nnahm e h a rm o n i­
scher S tö rg lieder N u m m e r n  an g en äh e rt u n d  B eziehungen  w erden  a u f d e ren  
G ru n d  fü r  die B estim m u n g  o p tim aler W in k e lv e rh ä ltn isse  bzw . V erze rru n g s­
fak to ren  b e s tim m t.

e)  D ie m e is t e in fach e  V arian te  der M essung im  P rism a  is t, w enn d er M eß­
fü h le r in  die S ym m etrieeb en e  des P rism as g es te llt w ird . I n  diesem  F a ll is t  d er 
o p tim ale  P rism aw in k e l 2y  =  108°, w obei d e r V e rze rru n g sfak to r — je  ein  S tö r­
glied nehm end  — b e i n  =  2, n =  3 u n d  n =  7 id en tisch , bei n =  5 g rö ß er 
u n d  bei n — 9 N u ll is t.

f )  D ie a sy m m etrisch e  S tellung  des M eßfühlers in  bezug  au f die S ym m e­
trieeb en e  des P rism as  e rw e ite rt die M öglichkeiten  der op tim a l w äh lbaren  W in ­
k e lv erh ä ltn isse , w o d u rch  die A bhäng igkeit des V erzerru n g sfak to rs  k n v o n  d er 
N u m m er n  w e ite r a b n im m t. D och h ö r t  diese A b h än g ig k e it auch  bei d er v e r ­
e in fach ten  A n n ä h e ru n g  des R undh eitsfeh le rs  n ic h t ganz auf.

4. Z ielsetzungen, Ausgangsbedingungen

F ü r  die a llgem eine  theo re tische  K lä ru n g  d er oben  k u rzg efaß ten  P ro ­
blem e d er R u n d h e itsm essu n g  im  P rism a u n d  d e r V erze rrungsverhä ltn isse , sowie 
fü r  die B estim m u n g  des m it op tim al gew äh lte r W in k e lk o m b in a tio n  g e s ta lte te n  
M eßsystem s m it P r ism a , sind noch w eitere  P rü fu n g e n  erforderlich . Im  v o rlie ­
genden  A ufsa tz  w e rd e n  folgende F rag en  b e a n tw o r te t:

— Ob sich  eine W inkelko m b in a tio n  m it d er an a ly tisch en  D e d u k tio n  
der in  der F a c h li te ra tu r  verfo lg ten  N äh e ru n g  des U n ru n d h e itsc h a ra k te rs  a u s ­
w äh len  lä ß t, a u fg ru n d  deren  ein M eßsystem  m it P rism a  so v o rte ilh a ft g e s ta lte t  
w erden  k an n , d aß  die V erzerrung  bei dem  fü r  die P rax is  w ich tig sten  U n ru n d ­
h e itsc h a ra k te r  (2 <  n  <  10) iden tisch  sei?

— Ob sich d as  M aß der V erzerrung  bei R u n d h e its feh le r beliebigen |Cha- 
ra k te rs  b estim m en  ließ e , oder ob die E in sc h rä n k u n g  d er V erzerrung  bei d en  
gegebenen W in k e lk o m b in a tio n en  m öglich  se i?

— Ob die V erze rru n g sv erh ä ltn isse , die Ä n d eru n g  des V erzerru n g sfak to rs  
allgem ein  th e o re tisc h  b es tim m t w erden k o n n te n  ?

F ü r  die fo lgende P rü fu n g  gelten  die n a c h s te h e n d e n  A usgangsbed ingun­
gen:

a )  E s  w ird  an genom m en , daß  w ä h re n d  d e r M essung im  P rism a  be i 
U m d reh u n g  des W erk stü ck es  die R iß k u rv e  g leichzeitig  die be iden  P rism ase iten  
b e rü h r t;

b)  daß  das M eß in s tru m en t zum  P rism a k ö rp e r  a r re tie r t  is t u n d  seine L age 
m it dem  W inkel ß  b e s tim m t w ird , so d aß  die V erse tzu n g srich tu n g  des F ü h ­
lers  d u rch  den  M itte lp u n k t Om des W erk stü ck es  m it nom inellem  R ad ius ze ig t;
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c)  d aß  der M eßfüh ler w äh ren d  d e r U m d reh u n g  u n b e h in d e rt die Ä n d eru n g  
d e r U m riß k u rv e  des W erk stü ck es fo lg t;

d )  d aß  sow ohl die B e rü h ru n g sp u n k te  des P rism as, als d er A b ta s tu n g s ­
p u n k t  u n d  die V e rse tzu n g srich tu n g  des M eßfühlers sich in  derse lben  E b en e , 
u .zw . in  e iner zu r L ängsachse des W erk stü ck es  sen k rech ten  E b en e  b e fin d en ;

e)  d aß  die P rism a se ite n  eine id ea le  E bene  b ilden , w elche E b en en  zum  
R a d iu s  des ideal ru n d e n  W erk stü ck es sen k rech t u n d  die P rism ase iten  se lb st 
u n e n d lic h  s ta r r  u n d  v e rsch le iß fest s in d ;

f )  d aß  der M eßfühler das W e rk s tü c k  p u n k tfö rm ig  b e rü h r t ,  sein R ad iu s  
k le in e r  als die k le in ste  W ölbung  des G e s ta ltfeh le rch a rak te rs  d er R iß k u rv e  is t, 
u n d  d a ß  er u n en d lich  v e rsch le iß fest is t ;

g )  d aß  au ß e r dem  R u n d h e its fe h le r  v o n  allen ü b rigen  G esta ltfeh le rn , 
m ik ro g eo m etrisch en  A bw eichungen  ab g eseh en  w ird;

h )  d aß  die G röße des R u n d h e its feh le rs  um  G rößenordnungen  k le in e r als 
d er nom inelle  R ad iu s  des W erk stü ck es is t;

i )  d aß  die G röße u n d  der C h a ra k te r  des R u ndheitsfeh le rs la u t  2. au fg e­
fa ß t  w ird .

5. A nalytische Näherung der Rundheitsm essung im  Prisma 
im  Falle der Störglieder von  harm onischem  Charakter

I m  e rs ten  S c h ritt  der P rü fu n g  w erd en  Fälle  v e re in fach te r R u n d h e its ­
fe h le rc h a ra k te r  b e tra c h te t .  F ü r  die N ä h e ru n g  w ählen  w ir aus den  in  2. e rw äh n ­
te n  M öglichkeiten  des regelm äßigen  U n ru n d h e itsc h a ra k te rs  den a n a ly tisc h  
v e rfo lg b a ren  h a rm on ischen  C h a rak te r, a n s ta t t  der k o n stru ie rb a ren , a b e r a n a ­
ly tis c h  k o m p liz ie rte r b esch re ib b aren  »Scheinkreise«. F ü r  diese le tz te re n  w ird  
ab e r te ils  die A nalogie d e r nach fo lgend  ab g e le ite ten  B eziehungen , te ils  ab e r die 
V era llgem einerung  des n ach steh en d  fo lgenden  P u n k tes  gelten .

D ie U n ru n d h e it des W erk stü ck es  lä ß t  sich la u t  B eziehung (2) n ä h e rn . 
Die in  P o la rk o o rd in a ten fo rm  geschriebene F u n k tio n  k a n n  auch  in  einem  K o o r­
d in a te n sy s te m  d arg es te llt w erden , w en n  als unabhäng ige  V erän d erlich e  der 
L au fw in k e l cp der U m d reh u n g  a u f  die A bszissenachse au fg e trag en  w ird . Z w eck­
m äß ig  w ird  d er S c h n ittp u n k t der be lieb igen  P o larachse  cp =  0 u n d  des m it n o m i­
nellem  R ad iu s  k o n s tru ie r te n  K reises a ls O rigó des K o o rd in a ten sy stem s an g e­
n o m m en , w obei die O rd in a ten  die ra d ia le  A bw eichung, d. h . die G röße der 
U n ru n d h e it  b ed eu ten . (D er W e rk s tü c k m itte lp u n k t Om is t  in  d iesem  K o o rd i­
n a te n sy s te m  eine von  d er A bszissenachse in  n eg a tiv e r R ich tu n g  u m  d en  W ert 
R 0 v e rschobene , dazu  paralle le  G erade.) D iese D arste llung  erm ö g lich t, be i der 
B esch re ib u n g  des G e s ta ltfeh le rsch a rak te rs  vom  nom inellen  R ad iu s  a b z u ­
sehen . D ie A ufgabe w ird  noch  e in fach er, w enn  m it harm on ischen  S tö rg lied e rn  
g le ichzeitig  n u r  m it je  e iner L au fn u m m er n  gerechnet w ird  (B ild  4), n ach d em
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d an n  au ch  d e r P hasen v ersch ieb u n g sw in k e l 6n v e rn a c h lä ß ig t w erden k a n n . In  
d ieser W eise n im m t die F eh le rfu n k tio n  die folgende ein fache F o rm  an :

A R  =  A n • cos ncp . (4)

D ie F rag e  is t  also, m it  w elcher V erze rru n g  das S tö rg lied  sich la u t  F u n k ­
tio n  (4) im  m it den  W in k e ln  x  u n d  ß  g ekennze ichne ten  M eßsystem  m it P r ism a  
nachw eisen  lä ß t.

D ie B eziehungen  d e r A b ta s tu n g  des m it dem  aufgeschriebenen  S tö rg lied  
a n g e n ä h e rten  W erk stü ck es  im  P rism a  k ö n n e n  m itte ls  d e r A nalyse d er m ö g li­
chen V ersch ieb u n g en  des W e rk s tü c k m itte lp u n k te s  b e s tim m t w erden . D a z u  
d ien t die A d a p ta tio n  einer, in  einem  a n d e re n  T hem enkre is  ab g efaß ten  F a c h ­
lite ra tu rq u e lle  [21], [22] als th eo re tisch e  B eg rü n d u n g .

F ü r  die a n a ly tisch e  B estim m ung  d e r V erzerrungsbeziehungen  n e h m e n  
w ir an , d aß  die G röße d e r U n ru n d h e it des W erk stü ck es in  beliebiger r a d ia le r  
R ich tu n g  eine E inhe it  is t . D as W erk s tü ck  in  einem , m it d en  W inkeln  x  u n d  ß  
geken n ze ich n e ten  M eßsystem  m it P r ism a  u m d reh en d  (B ild  9) sollen dre i t y p i ­
sche U m d reh u n g ss te llu n g en  b e tra c h te t  w erden .

W enn  d er R u n d h e its feh le r, dessen  G röße die E in h e it is t, sich in  d e r  
rad ia len  R ic h tu n g  des die V erse tzu n g srich tu n g  des M eßfühlers b es tim m en d en  
W inkels ß  b e fin d e t, d a n n  w ird  der M eßfüh ler m it e iner V erse tzung  d er G röße 
e o ffensich tlich  fre i v o n  V erzerrung  sein.

»< = Ç ■. Í3 - cx ф = -̂ + П + сх Ti = 2' + ^ - oi cp = T[ + fi*'

Bild. 9. Durch Einheitsfehler der Rundheit verursachte Verschiebungen des Werkstückmittel­
punktes
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W enn das W e rk s tü c k  im  S inne des U hrzeigers w e ite r u m g ed reh t w ird , 
e rre ic h t der E in h e its fe h le r  die P rism ase ite  M .  A us dem  B ild  is t e rsich tlich , d aß  
d iese S tellung  d u rc h  d en  P h asen v ersch ieb u n g sw in k e l r] gekennze ichne t w ird , 
d e r  m it den  W in k e ln  des M eßsystem s a u sg e d rü c k t w erd en  k an n :

V =  ~  +  ß  — *• (5)

P rism ase ite  M  b e rü h re n d  v e ru rsa c h t d e r  E in h e itsfeh le r d er R u n d h e it n o t ­
w end ig  die V e rsch ieb u n g  des W e rk s tü c k m itte lp u n k te s . D er M itte lp u n k t Om 
so llte  sich also in  d e r  R ich tu n g  des V e k to rs  eM verse tzen . E s w urde  ab er an g e ­
n o m m en , daß  d ie  R iß k u rv e  des W e rk s tü c k e s  w äh ren d  d er M essung g le ich ­
ze itig  die be iden  P rism a se ite n  b e rü h r t;  d ie V ersch iebung  k a n n  also n u r  sen k ­
re c h t  zum  R ad iu s  N O  erfolgen, d. h .,  d ie  w irk liche M itte lp u n k tv e rsch ieb u n g  
h a t  die R ich tu n g  u n d  G röße M 0- D er F ü h le r  des M eßgerätes v e rsch ieb t sich  
au c h  in  diesem  F a lle , u .zw . im  V erh ä ltn is  z u r in  der F ü h le rv e rsch ieb u n g srich ­
tu n g  fallenden  P ro je k tio n  M 0 d er M itte lp u n k tv e rsch ieb u n g . D iesen I n s t r u ­
m en tau ssch lag  d rü c k t  d er M od ifiz ierungsvek to r iM aus, dessen G röße sich eb e n ­
fa lls  m it dem  d as  M eßsystem  k e n n ze ich n en d en  W inkeln  au sd rü ck en  lä ß t :

cos (a  +  ß) 

s in  2a

W enn das W e rk s tü c k  noch w e ite r n a c h  dem  B esag ten  g ed reh t w ird , d a n n  
w ird  der F eh ler, d essen  Größe die E in h e it  is t , an  einer, m it dem  P h a se n v e r­
sch iebungsw inkel ip g ek ennzeichneten  S te lle  die P rism ase ite  N  e rreichen . D e r 
P h asen v ersch ieb u n g sw in k e l w ird  d a n n  o ffensich tlich

V =  n t  +  ß  +  «
Zt

sein .
Die obigen Ü berlegungen  fü h ren  u n s  zu  eN , bzw. zum  die w irkliche M itte l­

p u n k tv e rsc h ie b u n g  b ed eu ten d en  V ersch ieb u n g sv ek to r N 0, d er die m it dem  
M o d ifiz ie ru n g sv ek to r iN au sd rü ck b are  V ersch iebung  des M eßfühlers e rg ib t, 
d e re n  Größe sich  m it  d e r folgenden B ez ieh u n g  b estim m en  lä ß t :

h  =  |.» l  =  “ " f r - f l  • (8)s in  2 a j

Im  B ild 9 w u rd e n  die das M eßsystem  m it P rism a kennze ichnenden  W in ­
k e l a  u n d  ß  belieb ig  angenom m en. O ffen sich tlich  is t der In te rp re ta tio n sb e re ic h

(?)

1 m  — \ l M \ (6 )
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d e r ty p isch en  W inkel bei der v o lls tän d ig en  V era llgem einerung  des M eßsystem s 
d e r fo lgende:

- ^ < ß <  —  -
л Л

( 10)
2 2

B eziehungen  (6) u n d  (8) g e lten  nachw eisbar in  den  In te rp re ta tio n s b e re i­
chen  (9) u n d  (10).

Die M o d ifik a tio n sv ek to ren  w erd en  im  w eiteren  als p o s itiv  b e tra c h te t , 
w en n  ih re  R ic h tu n g  vom  M itte lp u n k t Om zum  A b ta s tu n g sp u n k t des M eß­
in s tru m e n ts  zeigen.

Die la u t  G leichung (4) a n g en äh e rte  W e rk s tü c k u n ru n d h e it w ird  an  je d e r  
U m d reh u n g sste lle  als Sum m e te ils d e r  Fehlergröße u n m itte lb a r  beim  F ü h le r, 
te ils  ab e r d er sich  aus der B e rü h ru n g  d er P rism ase iten  e rgebenden  M itte l­
p u n k t-  bzw . F ü h le rv e rsch ieb u n g  m e ß b a r. Die F u n k tio n  d e r F ü h le rv e rsch ie ­
b u n g  k a n n  also n ach  G leichung (4) in  fo lgender F orm  au fgesch rieben  w erden :

m(or, ß ;n ;(p )  =  A n - cos тир — A n - i M • cos n(cp +  rj) -)- A n • iN • cos n(cp +  y>) —

=  ^4n[cos тир — iM • cos mp • cos nrj -f- iM • s in  ncp • sin nrj +  

-j- iN • cos ncp • cos mp — iN • sin  тир ■ sin mp] =

=  A n [cos /199(1 - f  iN • cos mp — iM • cos nrj) —

— sin  nq)(iN • sin mp — iM • sin  rer/)]. ( И )

Z u r A b k ü rzu n g  d e r B erechnung  fü h re n  w ir die fo lgenden  F a k to re n  ein:

А  =  iN • cos mp — iM • cos nrj, 

В  =  iN • s in  mp — iM • sin nrj.

( 12)

(13)

M it diesen K ü rzu n g en  k an n  die G leichung  (11) in  fo lgender F o rm  geschrieben  
w erd en :

m ( z ;  ß ;  n; 99) =  A n[( 1 +  A )  cos m p — В  ■ s in  тир]. (14)

D ie spezielle F o rm  d er F u n k tio n  (14)

m(oe; ß; n; cp) — 0 (15)

t r i t t  o ffenbar d a n n  ein, w enn die B ed ingungen

( l  +  / i )  =  0 u n d  B =  0
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gleichzeitig  b es teh en . N achw eisbar is t diese B ed ingung  e rfü llt, w enn

\ß\ u n d  n  =  2i  -j- 1. ( 16 )

Bei der B e s tim m u n g  der G röße d e r U n ru n d h e it w ird  d e r A usdruck  des 
g rö ß te n  (bzw. k le in s te n ) m eß b aren  W ertes  e rs tre b t. D a z u  m ü ssen  die E x tre m ­
w e rte  der F u n k tio n  (14) b e s tim m t w erden , d. h . d er W e rt d er F u n k tio n  m uß  
a n  den  aus

bzwT.

dm  - 0 (17)
3 cp

=и= 0 (18)
3 <p2

B eziehungen  fe s tg e s te llte n  E x trem w erts te llen  e rm itte lt  w erd en . D ie e rm itte lten  
K a lk ü le  ergeben:

m max =  ±  A n У (1 -F A ) 2 +  В 2. (19)

Die F u n k tio n  d e r  F ü h le rv ersch ieb u n g  is t o ffenbar ebenfa lls periodisch , 
ih re  A m plitude v e rz e r r t  u n d  sie lä ß t  sich  m it e iner P h asen v ersch ieb u n g  im  
V erh ä ltn is  zum  w irk lic h e n  R u n d h e itsfeh le r k ennze ichnen :

m '  =  an • cos n(cp -)- s), (20)

wo m' den momentanen Wert des Instrumentausschlages bei Winkelstellung cp, 
an die maximale Amplitude der Fühlerverschiebung,
e den Phasenverschiebungswinkel zwischen dem wirklichen Werkstückrundheits­

fehler und der Fühlerverschiebung 
bedeuten.

E x trem w erte  a u s  F u n k tio n  (20), d. h . der g röß te  W e rte  des In s tru m e n t­
ausschlages sind:

m max =  Í  ®n* (2 1 )

Aus G le ichungen  (19) u n d  (21) fo lg t:

± a „  =  A n У (1 +  Ä f  +  B 2. (22)

W enn der V e rze rru n g s fak to r

кП
M ul
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m it e iner D e u tu n g  n a c h  G leichung (3) e in g e le ite t w ird , d a n n  lä ß t  sich die B ezie­
hung  e rm itte ln , die d en  fü r  die M essung im  P rism a  des m it  re-zähligen h a rm o n i­
schen S tö rg liedern  c h a ra k te ris ie r te n  W erk stü ck es im  a llgem einen  kennzeichnen­
den In d e x  e rg ib t:

К  =  V(1 +  A f  +  B \  (23)

wo die F a k to re n  A  u n d  В  au fg ru n d  der E n tw ick lu n g  d er G leichungen (12) u n d  
(13)

sin ß

в

CO S X

sin  ß

C O S  X

n
А  = --------- cos n  —------1- /3 cos n x ------ ;— — sin n ------- 1- ß\ sin nx,  (24)

71
n  ----- -f- j8 cos n x

cos ß
sin n l i

sin a ( 2

cos ß
cos Í 7n  -

sin  a l Í
sin n x  (25)

sind.
In  den  vo rlieg en d en  B eziehungen  is t d e r D eu tu n g sb e re ich  der W inke] 

m it den  G renzen  (9) u n d  (10) gegeben.

6. A nalytische Bestim m ung der M eßm öglichkeiten  
der unregelm äßigen Unrundheit

D ie D u rc h sc h n itte  d e r zu  p rü fen d en  w irk lich en  W erk stü ck e  sind  n ie  
harm onische, so n d ern  aus S p itzen  u n d  T ie fp u n k ten  b es teh en d e  unregelm äßige 
G ebilde. W eitere  Ü b erleg u n g en  sind  erfo rderlich  u m  die M eßverhältn isse  im  
P rism a m eh r a llgem ein , a n a ly tisc h  zu bestim m en . A us d e r bezüglichen F a c h ­
l i te ra tu r  is t k e in  v era llgem einendes P rü fu n g se rg eb n is  m it solchem  Zw eck 
b e k a n n t.

D ah e r m ü ß en  die m öglichen  F älle  der W e rk s tü c k m itte lp u n k tv e rsch ie ­
bung  noch  w eite r g e p rü ft w erden . Im  B ild  10 w ird  die U m gebung  des W erk ­
s tü c k m itte lp u n k te s  Om v e rg rö ß e rt d a rg es te llt. D ie B e rü h ru n g sp u n k te  (M  u n d  
N )  der U m riß k u rv e  des W erk stü ck es w u rd en  m it d en  S e iten  des w illkürlich  
genom m enen, m it W in k e l x  gekennzeichneten  P rism as  n u r  figürlich , g e s tri­
chelt gezeichnet.

Im  B ild 9 w urde  die V ersch iebung  des M itte lp u n k te s  m it E in h e itsv e k to ­
ren  b es tim m t. E s is t e inzusehen , daß  sich ein ähn licher G ed ankengang  auch d a n n  
verfo lgen  lä ß t, w enn  d e r d en  M itte lp u n k t versch iebende  E ffe k t der U n ru n d h e it 
der G röße ô u n d  n ic h t e g ep rü ft w ird . D em gem äß , w en n  sich  beim  B e rü h ­
ru n g sp u n k t M  eine U n ru n d h e it  (öM =  Ô) d e r G röße <5 e rg ib t, d ann  is t  die 
V erschiebung des M itte lp u n k te s  M ; w enn  d er F eh le r (öN =  (5) w ährend  des 
U m drehens den  B e rü h ru n g sp u n k t N  e rre ich t, d a n n  w ird  eine V ersch iebung N  
des M itte lp u n k tes  e rm itte l t .
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N achdem  das P ro fil u n se re r A n n ah m e nach  völlig  un reg e lm äß ig  is t, 
k ö n n e n  im  E x tre m fa ll W ellenscheite l d e r G röße <5 g leichzeitig  bei den  B e rü h ­
ru n g sp u n k te n  M  u n d  N  a u ftre te n . D a n n  is t die M itte lp u n k tv e rsch ieb u n g  die

Bild. 10. Mögliche Verschiebungen des Werkstückmittelpunktes durch Rundheitsfehler der 
Größe ô hervorgerufen (Umgebung des Werkstückmittelpunktes stark vergrößert)

S u m m e von  M  u n d  N ,  d. h . d er M itte lp u n k t v e rsch ieb t sich  in  P u n k t H.  
W e n n  W ellen tä ler d er Tiefe ô gleichzeitig  die beiden P rism a se ite n  erreichen , 
w ird  der M itte lp u n k t d er den  v o rig en  ähn lichen  Ü berlegungen  in  P u n k t J  
ge langen . E in  anderes E x tre m fa llp a a r  is t , w enn ein W ellenscheite l d er G röße ô 
d ie  eine P rism ase ite  b e rü h r t  u n d  g leichzeitig  ein W ellen ta l d er G röße ô sich 
im  B e rü h ru n g sp u n k t d er anderen  P rism ase ite  b efinde t. D a n n  w ird  d er M itte l­
p u n k t  in  die P u n k te  G bzw . I  fa llen .

A ufgrund  des oben  b esch riebenen  V erlaufes der M itte lp u n k tv e rsch ieb u n g  
is t  e inzusehen , d aß  w enn  zu den  B e rü h ru n g sp u n k te n  M  u n d  N  in  den  v e r­
sch iedenen  S te llungen  der U m d reh u n g  R ad iusabw eichungen  ! И/ u n d  

I <5 I kom m en, sich  der W e rk s tü c k m itte lp u n k t in  P u n k te  am  U nfang  
o d e r im  F lä c h e n in h a lt des V iereckes (G H IJ )  v e rsch ieb t, die v o n  den  gleich­
ze itig en  R ad iusabw eichungen  bei d en  B e rü h ru n g sp u n k ten  ab h än g en .

D arau s fo lg t die B eh a u p tu n g , d a ß  die m öglichen M itte lp u n k tv e rsc h ie ­
b u n g e n  eines W erk stü ck es, dessen  U n ru n d h e it der gegebenen  G röße (Ó) is t, 
w ä h re n d  der U m d reh u n g  im  m it W in k e l a  gekennzeichneten  P rism a , m it dem  
F lä c h e n in h a lt des V iereckes G H IJ  (eines R hom bus) g ek en n ze ich n e t w erden
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k ö n n en . D ie D iag o n a len  dieses V iereckes sin d  die x- u n d  y -A chse u n d  d er N ei­
gungsw inkel seiner S e iten  w ird  d u rch  d en , fü r  das P rism a  a  ch a rak te ris tisch en  
W inkel e indeu tig  b e s tim m t. Die H a lb län g en  der D iagona len  lassen  sich aus 
E H O mzl bzw . aus G E O mA an a ly tisch  au sd rü ck en :

b '{Ôn
1 Ô

(26)-
cos oc cos а

*̂ vl ô
(27)

cos
’ 7t

- a ]  s i n a  '
2 ]

U m  die U n ru n d h e it zu  bestim m en , m u ß  die in  der R ic h tu n g  der F ü h le r­
v ersch ieb u n g  fallende  P ro je k tio n  der M itte lp u n k tv e rsch ieb u n g  b es tim m t w er­
den . Im  B ild  11 w u rd e  d e r W inkel ß  belieb ig  gew ählt, d e r die V erschiebungs-

Bild. 11. Rolle der Verschiebungsrichtung des Meßfühlers bei der Messung

r ic h tu n g  des F ü h le rs  k en n ze ich n et. B eim  gew äh lten  W inkel ß  is t einzusehen, 
d aß  d er g röß te  A ussch lag  d u rch  die P ro je k tio n  der H alb d iag o n a le  c hervo rge­
ru fen  w ird , d er a n a ly tisc h  fo lgenderm aßen  beschrieben  w erden  k an n :

|<5q| =  c • cos ß  =  ô • COS ^  . (28)
sin  <x

W enn  der W in k e l ß  v erg rö ß ert w ird , d a n n  w erden  beim  W ert | ß  | =  
(л/2)  —  a die g esuch ten  P ro jek tio n en  d e r b e id en  H alb d iag o n a len  der gleichen
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G röße  sein ; bei w e ite re r  V erg rö ß eru n g  des W inkels w ird  die P ro jek tio n  des 
H a lb d iag o n a ls  b d ie b es tim m en d e  g rö ß te  V ersch iebung  in  F ü h le rn c h tu n g . 
D iese  S te llung  w ird  im  B ild  d u rc h  d en  W inkel ß ' b eze ich n e t, w obei die den  
g rö ß te n  In s tru m e n ta u ssc h la g  h e rv o rru fe n d e  P ro jek tio n  fo lgenderm aßen  a u f­
gesch rieben  w erden  k a n n :

|ó '| =  6 ;s in /3 ' =  < 5 - .  (29)
C O S  X

Ä hnlich  wie b e i den  Ü b erleg u n g en  im  Z usam m enhang  m it B ild  9, m u ß  
a u c h  in  diesem  F a ll a u ß e r d er in  die F ü h le rr ic h tu n g  en tfa llen d en  P ro jek tio n  d e r 
M itte lp u n k tv e rsch ieb u n g  d er E ffe k t d e r ra d ia le n  A bw eichung beim  A b ta s tu n g s ­
p u n k t  in  B e tra c h t gezogen w erden . D e r  am  In s tru m e n t gezeig te W ert w ird  in  
je d e m  M om ent die Sum m e d ieser b e id e n  F a k to re n . Im  E x tre m fa ll is t m öglich , 
d a ß  in  d er m it W inke l ß  g ek en n ze ich n e ten  R a d iu sric h tu n g  eben die ra d ia le  
A bw eichung  der G röße | ô | k o m m t, die das In s tru m e n t ohne V erzerrung  n a c h ­
w e is t. D ieser E ffe k t lä ß t  sich n a c h  B ild  12 darste llen . D ie am  In s tru m e n t 
nachgew iesene U n ru n d h e it k a n n  also  bei einem  belieb ig  gew ählten  W e rt x  
w ie fo lg t au sg ed rü ck t w erden :

|*'| =  |*ol +  |i | • (30)

S e tz t m an  in  diese B eziehung  d en  vom  W inkel ß  ab h än g ig en  F a k to r  e in , 
so e rh ä lt m an :

|á ' |  =  (5- 2 2 ! i - + 1$|, (3 i)
sin  a
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u n d

\ô'\ =  ô - ^ ^ + \ ô \ .  (32)
cos ОС

B ei der P rü fu n g  w ird  die B estim m u n g  der oberen G renze d er V erzerrung  
d e r  U n ru n d h e it belieb igen  C h a rak te rs  u n d  einer G röße <5 v e r la n g t, d. h ., der 
W e rt (dmax) w ird  gesuch t. A u fg ru n d  d er B eziehungen (31) u n d  (32) is t  e in zu ­
seh en , d aß  die g röß te  V erzerru n g  d a n n  erschein t, w enn die K o m p o n en ten  von  
gleichem  V orzeichen sind :

_ COS ß  _
Hmaxl = d -  +  1

sin а

I sin ß'
^max 1 = d + i

cos а

(33)

(34)

F ü h ren  w ir den  V erze rru n g s fak to r la u t  D eu tu n g  (3) ein , d er in  diesem  F a ll 
a ls  d e r g röß te  V e rze rru n g sfak to r b e tra c h te t  w ird, so e rh a lte n  w ir

к max
lÄ nax

H
A ufgrund  d er obigen k a n n  die allgem ein k ennze ichnende  B eziehung nach  

E in se tz u n g  der G leichungen  (33) u n d  (34) und  nach  R e d u k tio n  folgenderw eise 
geschrieben  w erden:

u n d

к'*,m я V
cos ß  +  sin  а  

sin  а
w enn 0 ^  \ß\ <

sin  ß  -f- cos а 71
^ \ ß \ <

^ л
cos а

■ ■ GC
2 s  2

(35)

(36)

E s is t e inzusehen, d aß  d er D eu tu n g sb ere ich  der k en n ze ich n en d en  W inkel 
m it B eziehungen  (9) u n d  (10) gegeben is t, u n d  daß  in  d iesem  D eu tu n g sb ere ich

fcmax >  2 (37)

is t . D ie F o lgerung  lä ß t  sich also ziehen:
B ei R u n d h e itsm essu n g en  im  P rism a  k an n  die U n ru n d h e it  gegebener 

G röße u n d  beliebigen C h a rak te rs  v e rz e rr t gem essen w erd en ; die V erzerrung  
h ä n g t  n u r  von  den  das M eß in s tru m en t m it P rism a k en n ze ich n en d en  W inkel­
v e rh ä ltn isse n  ab. D er g rö ß te  W e rt des V erzerrungsfak to rs (das M aß der zu 
e rw a rte n d en  g rö ß ten  V erzerrung) lä ß t  sich m it H ilfe d er B eziehungen  (35) u n d  
(36) be i beliebiger W in k e lk o m b in a tio n  bestim m en.
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E s k an n  bew iesen  w erd en , daß  die zu r R ich tu n g  d e r F üh le rv ersch ieb u n g  
se n k re c h te  V ersch iebung  des W e rk s tü c k m itte lp u n k te s  e in en  vernachläß ig- 
b a re n  F eh le r in  der e x a k te n  M essung e rg ib t.

7. A llgem eine analytische Bestim m ung und graphische 
D arstellung der Rundheitsm essung im  Prism a

Als E rgebnis des v o ran g eh en d en  P u n k te s  lä ß t  s ich  fo lgendes festste llen :
a )  D er V e rz e rru n g s fa k to r bei R u n d h e itsm essu n g  im  P rism a  k an n  im  

a llg em ein en  m it einem  fu n k tio n e llen  Z usam m enhang  m it d re i V ariabein  ausge­
d rü c k t  w erden:

k a =  /(«5 ßi a), (38)

wo ka den Verzerrungsfaktor bei Rundheitsfehler beliebigen Charakters;
a den den Charakter des Rundheitsfehlers ausdrückenden Kennwert 

bedeuten.

Die F u n k tio n  (38) k a n n  in  k o n k re te r  F o rm  n ic h t geschrieben  w erden.
b)  D ie m ax im ale  G röße der V erzerrung  w ird  d u rc h  fo lgende F u n k tio n  

gek en n ze ich n e t :

*max =  g (a ; ß), (39)

w elche  B eziehung in  d e n  F o rm en  (35) u n d  (36) geschrieben  w erden  k an n  u n d  
es i s t  einzusehen, d aß

2 femax (40)

c)  D ie m öglichen  V ersch iebungen  des W e rk s tü c k m itte lp u n k te s  0 m a n a ­
ly s ie re n d  k an n  auch  d ie  u n te re  G renze der B eziehung  au sg ed rü ck t w erden:

kmin =  0, (41)
also

0 ^  К  <, к тах. (42)

d )  E in  Spezialfall d e r F u n k tio n  (38) w ird  d u rch  d ie  A nnäherung  der 
U n ru n d h e it m it S tö rg lied e rn  vo ll harm on ischen  C h a rak te rs  e rre ich t. D ann  w ird 
d ie  F u n k tio n  des V e rze rru n g sfak to rs :

k n =  h (x ; ß; n), (43)

d e re n  konkre te  F o rm en  m it d e r G leichung (23) bzw. m it den  zugehörigen Glei­
ch u n g en  (24) und  (25) a u sg ed rü ck t w erden  können . A u fg ru n d  des besag ten  
is t  e inzusehen, daß

0 < k n ^  kmax. (44)
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e)  D ie B ez iehung  | ß  [ =  (я /2) —  a d e r W in k e lv e rh ä ltn isse  is t b esonders 
b e a c h te n sw e rt. W en n  die obige W in k e lk o m b in a tio n  in  die G leichungen (23) 
bzw . (24) u n d  (25) e in g ese tz t w ird , e rh ä lt  m an :

^n=2i =  2; &n=2!'+l =  0; k max =  2, (45)
wo

i  =  0, 1, 2 , 3 . . .  j .

D ieses W in k e lv e rh ä ltn is  is t im  w esen tlichen  d er F a ll d er »Z w eipunk t­
m essung«. A us B ez ieh u n g  (45) fo lg t, d a ß  die V erzerrung  des du rch  g e ra d e  
Z ah len  g ek en n ze ich n e ten  h a rm o n isch en  R u n d h e itsfeh le rs  u n ab h än g ig  v o n  d e r 
L age des »dritten« , des S tü tz p u n k te s , d. h . vom  P rism aw in k e l selbst is t.

D ie d en  V erze rru n g s fak to r au sd rü ck en d en  W inkelbeziehungen  als p a ra -  
m etrisch e  F u n k tio n e n  im  R au m  au ffassen d  is t e inzusehen , d aß  der W e rt 
k a bei jed em  W e rt a e inen  solchen P u n k t  im  rech tw in k lig en  K o o rd in a ten sy s tem  
m it (ka — x  —ß) -A chsen  im  R aum  b e d e u te t,  der zw ischen d er du rch  (x  -  ß)- 
A chsen  b e s tim m te n  E b en e  (kmin =  0) u n d  den  d u rch  die G leichung (39) b e ­
s tim m te  O b erfläch ek max, oder in  d er E b en e  se lb st bzw . an  d e r O berfläche lieg t. 
Ä hnlicherw eise is t  e inzusehen , d aß  d e r e inen  re in  h a rm o n isch en  R u n d h e its fe h ­
le r b ed eu ten d e  fu n k tio n e lle  Z u sam m en h an g  n ach  G leichung (43) m it je  e in e r 
F läch e  n  =  co n st d a rzu ste llen  is t u n d  diese F lächen  b e fin d en  sich ebenfalls 
zw ischen den  vo rigen  E bene- bzw . O berflächengrenzen .

U m  die B estim m u n g  der o p tim a len  W in k e lv erh ä ltn isse  der M essung m it 
P rism a  zu  k ü rzen , is t  es zw eckm äßig  die Ä nderungen  d er V erze rru n g sfak to ren  
g raph isch  d a rzu ste llen . D iese A ufgabe lä ß t  sich  m it d er D a rs te llu n g  der zu e in ­
an d e r p a ra lle len  F lä c h e n sc h n itte  der im  d re id im ensioneilen  R a u m  (ka — x  — ß) 
liegenden  O b erfläch en  lösen. D ie S c h n itte  kön n en  au fgezeichnet w erden; fü r  
die gelten :

k a =  F x(x; ß  =  const) (46)
u n d

k a =  F 2(oc =  co n st; ß). (47)

Im  rech tw in k lig en  K o o rd in a ten -S y stem  nach  (46) u n d  (47) im  R au m  
k ö n n en  die F u n k tio n e n  (39) u n d  (43), d. h . die Ä nderung  des m it re in  h a rm o n i­
schem  F e h le rc h a ra k te r  a n g e n ä h e rten  R u n d h e its feh le r bzw . des m ax im alen  
V erze rru n g sfak to rs  des R u n d h e its feh le rs  belieb igen  C h a rak te rs , zusam m en d a r ­
g este llt w erden .

D ie K o o rd in a te n  d e r fü r  die A u ftra g u n g  d e r K u rv en  erfo rderlichen  P u n k ­
te  w u rd en  aus G leichungen  (23); (24); (25), sow ie (35) u n d  (36) m it einem  E le k ­
tro n e n re c h n e r  b e s tim m t. B eim  R ech n u n g sv erfah ren  w urde

d e r W e rt x  u m  je  5 G rad , 

d e r W ert ß  u m  je  10 G rad
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in  d e n  In te rp re ta tio n sb e re ic h e n  la u t  (9) u n d  (10) bei den  D isk re tw erten  n  =  2; 
3; 4 ; 5 ; 6; 7; 8; 9; 10 d e r  die h a rm o n isch en  k ennze ichnende  Z ahl.

I n  d ieser W eise s ta n d e n  fü r  die D a rs te llu n g  je  eines D iag ram m s (ka — ß), 
b zw . (ka — a) 190 K o o rd in a te n p u n k te  z u r V erfügung  u n d  n ach d em  die u n te r ­
s u c h te n  F u n k tio n e n  in  d en  In te rp re ta tio n sb e re ic h e n  k o n tin u ie rlich  sind , ließen  
s ich  die K enn lin ien  m it  g roßer E x a k th e i t  darste llen .

D ie R ich tig k e it d e r  Lösung w ird  d u rc h  D iag ram m  (ka — a) im B ild  13 
b e s tä t ig t ,  w obei d e r F lä c h e n sc h n itt  d e r  a llgem einen B eziehung  d a rg es te llt 
w ird . A n  diesem  D iag ram m  können  säm tlich e  v o rste llb a ren , die sym m etrisch en  
an g e o rd n e te n  M eß in s tru m en te  m it o b e re r F ü h le rs te llu n g  kennzeichnenden  
V erze rru n g sfak to ren , so au ch  die aus d e r L ite ra tu r  u n d  in  d er P rax is  b e k a n n te n , 
in  T a fe l I  zu sam m en g efaß ten  F älle  abge lesen  w erden.

Bild. 13. Änderung der Verzerrungsfaktoren in Abhängigkeit vom Öffnungswinkel des Prismas 
bei »symmetrischer Stellung« des Fühlers (ß =  90°)
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B ild  14 w eist den  W eg fü r  L ösung  des Problem s.
Am  S c h n itt ß ± — 60° des D iag ram m s k an n  abgelesen  w erden , daß

^n=2i 2; &n=2/+i =  2; kmax =  2,732.

A m  S c h n itt ß 2 =  30° (F a ll | ß  | =  ( л / 2 )  — a) is t  es dagegen  ersich tlich ,
d aß

k n = 2 i =  2; k n = 2 i+ l =  ^max =  2.

A u fg ru n d  des O bigen lä ß t  sich festste llen , d aß  be i oc =  60° ein  zu 
ß x =  60° geste llte r M eßfühler d en  m it  u n g erad er Z ahl g ek en n ze ich n e ten  h a rm o ­
n isch en  R u n d h e itsfeh le r (u n g e rad e  Y ieleckigkeit) au fs zw eifache v e rz e rr t 
fü h lt ,  w äh ren d  die V erzerrung  d e r  m it gerader Z ahl g ek en n ze ich n e ten  F eh le r 
n ic h t  so s ta rk  ist. A ber d e r  zu  ß 2 =  30° gestellte  M eß fü h le r zeig t den  m it 
g e ra d e r Z ah l gekennze ichne ten  harm on ischen  R u n d h e its fe h le r  (die gerade
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Y ieleckigkeit) m it zw eifacher V erzerrung , w äh ren d  die m it  u n g erad en  Zahlen 
gekennzeichneten  h a rm o n isc h e n  F eh le r g ru n d sä tz lich  n ic h t  w ahrgenom m en 
w erd en .

Diese E rk e n n u n g  e rm öglich t die G esta ltu n g  eines vo llständ igeren  
E in zw eck in s tru m en ts  a ls die b isher b e k a n n te n  R u n d h e itsm eß in s tru m en te .

N ach  Bild 15 sei e in  m it  W inkel x  =  60° geken n ze ich n e tes  P rism a, dessen 
Ö ffnungsw inkel also 2 y  =  60° is t, in  w elchem  das u n ru n d e  W erk stü ck  um ge­
d re h t  u n d  bei ß 1 — 60° u n d  ß 2 =  30° m it je  einem  M e ß in s tru m e n t ab g e tas te t 
w ird . V on den an  d en  b e id en  In s tru m e n te n  abgelesenen  W erten  w ird der 
größere  als der aufs zw eifache v e rz e rrte  R u n d h e its feh le r des W erkstückes ange­
n o m m en .

Bild. 15. Theoretisches Aufbauschema des neuen Einzweckinstrumentes für Rundheitsmessung

Die la u t der o b ig en  P rinz ip ien  k o n s tru ie rte n  E in zw eck in s tru m en te  fü r 
R undh eitsm essu n g en  s in d  a u f  B ild  16 ersich tlich . A n d e r  re c h te n  Seite des 
B ild es  is t das E in zw eck in s tru m en t fü r  die R u n d h e itsm essu n g  fü r  die M antel­
f lä c h e , an  der linken  S eite  fü r die B ohrlochw and  ab g eb ild e t. (D ie P rism aseiten  
s in d  a u f  das le tz te re  d u rc h  R ollen  v e rk ö rp e rt.)

D as so g es ta lte te  E in z w e c k in s tru m e n t b e s itz t die fo lgenden  v o rte ilh a ften  
E igen sch aften :

— im  F a ll 2 n  <[ 10 w ird  die A b h än g ig k e it d e r  R u n d h e itg en au ig ­
keitsm essung  m it P r is m a  v o n  C h a rak te r  des R u n d h e its feh le rs  beseitig t;

— die du rch  die »Z w eipunktm essung« u n d  die »D reipunktm essung« v e r­
u rsa c h te  m eß techn ische G eb u n d en h e it w ird  aufgelöst, d . h . die »O valität« w ird  
m i t  d er »Viereckigkeit« zusam m en  m eß b a r;
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Bild. 16. Experimentelle Einzweckinstrumente zur Rundheitsmessung für Kontrolle der
Mantelflächen und Bohrungen

— der V e rze rru n g sfak to r is t g rößer als die fü r  das b ek a n n te  u n d  an g e­
nom m ene 108°-P rism a allgem ein ken n ze ich n en d en  W erte , — so k ö n n en  die 
gem essenen W erte  le ich te r  u n d  e x a k te r  abgelesen w erden ;

— da das P rin z ip  des In s tru m e n ts  auch  die herköm m liche  »Z w eipunk t­
m essung« u m fa ß t, k a n n  es auch  fü r  die gleichzeitige B estim m u n g  des D u rc h ­
m essers b e n u tz t w erden .

8. Vergleichende Untersuchung der Einzweckinstrum ente 
m it Prism a für Rundheitsm essung

D ie th e o re tisc h e n  Ü berlegungen  des v o ran g eh en d en  P u n k te s  w u rd en  in  
der P rax is  d u rch  R u n d h e itsm essu n g  bei W erk stü ck en  b e s tä tig t , die in  d e r 
W irk lichke it jew eils e ine, vom  regelm äßigen  h a rm o n isch en  C h arak te r abw ei­
chende U n ru n d h e it aufw eisen.

D en G eg en stan d  fü r  verg leichende M essungen b ild e te n  rundgesch liffene  
M antel- u n d  B o h ru n g so b erfläch en  d er A ußenringe  v o n  K egelro llen lagern .

Als w irk liche U n ru n d h e it d er O berflächen  w u rd en  die A ngaben  d e r am  
T a ly ro n d -In s tru m e n t au fgenom m enen  u n d  au sg ew erte ten  D iagram m e an g e ­
nom m en, die als V erg leichsbasis d ien ten .
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D ie U n ru n d h e it d e r  M an te lo b erfläch en  w urde  im  108°-P rism a u n d  am  
n e u e n  E in zw eck in s tru m en t fü r  M an te lru n d h e itsm essu n g , w äh ren d  die U n ru n d ­
h e it  d e r  B ohrungen  am  n e u  a u sg e s ta lte te n  E in zw eck in s tru m en t fü r  R u n d h e its ­
m essu n g en  der B o h ru n g  b es tim m t. S äm tlich e  M essungen w u rd en  im  id e n ti­
sch en , in  einem  a u f  die A chse sen k re c h te n  Q u e rsch n itt d u rch g e fü h rt.

S äm tliche, an  d e n  In s tru m e n te n  m it  P rism a  gem essenen W erte  w urden  
z u r  v o n  derselben O berfläche  g e fe rtig ten  T a ly ro n d -A u fn ah m e ins V erhä ltn is  
g e s te llt , d. h. der individuelle  Vorzerrungsfaktor  w urde in  allen  F ä llen  b es tim m t. 
A us d en  je  S tü ck  u n d  je  O berfläche b e s tim m te n  V erze rru n g sfak to ren  w urden  
d ie  m a th e m a tisc h -s ta tis tisc h e n  K en n w erte  b e s tim m t (Tafel I I ) .

Tafel II

M a te m a t i s c h - s ta t is t i s c h e  K e n n w e r t e
P r i s m a  m i t  

Ö f fn u n g s w in k e l  
1 0 8 °

E in z w e c k in s t r u m e n t  
z u r  R u n d h e i t s m e s ­

s u n g  f ü r  M a n te l ­
f lä c h e

E in z w e c k in s t ru m e n t  
z u r  R u n d h e i ts m e s ­
s u n g  f ü r  B o h r u n g

Arithmetrisches Mittel der Verzerrun­
gen (X) 1,359 2,024 2.010

Spannweite der Standardabweichung
(R) 0,8 0,9 0,9

Empyrische Standardabweichung (s) 0,1347 0,1552 0,1862

Relative Standardabweichung J e =  -4-j 9,98% 7,66% 9,26%

E s w ar n ic h t n ö tig  die R u n d h e its feh le rv e rte ilu n g  zu b estim m en , n ach ­
d em  n ich t die F e rtig u n g sk o n tro lle  u n d  die P ro d u k te n q u a lif ik a tio n , sondern  
d ie d e r m it V e rze rru n g  m essenden  u n te rsch ied lich en  E in zw eck in s tru m en te  
b e a b s ic h tig t w ar. D a s  M u ste r ä n d e rte  n ic h t, die Ä nderung  d er m a th e m a tisc h ­
s ta tis tis c h e n  K en n w erte  c h a ra k te ris ie rte  also die gep rü ften  In s tru m e n te .

A us der W e rtu n g  d er E rgebn isse  lassen  sich die fo lgenden  Schlüsse 
z ieh en :

a) T ro tz  der v o m  regelm äßigen , harm o n isch en  C h a ra k te r  w esen tlich  
ab w eich en d en  R u n d h e its fe h le r  d er gem essenen  P rofile  s tim m en  bei den  drei 
u n te rsch ied lich en  E in zw eck in s tru m en ten  die a rith m e tisch en  M itte l (x ) 
d e r  V erzerrungen  die m it A nnahm e re in  h a rm on ischer F eh le r g erech n e ten  
th eo re tisch en  V erze rru n g sfak to ren  a n n ä h e rn d  überein . (D iese B e h a u p tu n g  g ilt 
a m  w enigsten  fü r  das 108°-P rism a, w o fü r n äm lich  die g e rech n e ten  V erze rru n g s­
fa k to re n  in  der F u n k tio n  der N u m m er n  abw eichen.)

b) Bei d er p ra k tisc h e n  A n w endung  von  E in zw eck in s tru m en ten  fü r  
M an te lru n d h e its - u n d  B o h ru n g ru n d h e itsm essu n g en , deren  V erze rru n g sfak to ­
re n  gleich sind , is t die G röße des R u n d h e its feb le rs  auch  bei vom  re in  harm oni-
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seh en  C h a rak te r abw eichenden  U n ru n d en  m it id en tisch er, den  th eo re tisch en  
V erze rru n g sfak to r seh r g u t an n äh e rn d e r d u rc h sc h n ittlic h e r V erzerrung  m eß b a r.

c) In  keinem  F a ll w ar der V erze rru n g sfak to r bei den  zah lreichen  gem es­
senen  P ro filen  g rö ß er als d er th eo re tisch  b es tim m te  W e rt femax =  2,732.

Anhang

A) Die Herleitung der Gleichung (6)

Für die Herleitung wird auf die Bezeichnungen des Bildes 9 verwiesen.
Der den Punkt M  erreichende Einheitsfehler der Rundheit sollte die Verschiebung 

des Mittelpunktes 0 m verursachen, das Werkstück rollt aber an der anderen Prismaseite 
etwa ab und die Mittelpunktverschiebung ( M  0) wird zu der den Punkt iV  haltenden Prisma­
seite parallel sein. Der Winkel zwischen den Vektoren und M 0 kann mit der Beziehung

Q =

ausgedrückt werden, da der Winkel zwischen der y-Achse und eM mit a gleich ist (Scheitel­
winkel), und der Winkel zwischen der ж-Achse und JVf0 ebenfalls der Größe а ist (Normalwinkel 
mit senkrechten Schenkeln).

Aus dem von den Endpunkten der Vektoren und M 0 bestimmten rechtwinkligen 
Dreieck kann die Größe von M 0 ausgedrückt werden:

\M0\ =  M0 \ е м \

COS Q

Nach Zerlegen des Nenners ergibt sich:

M0 1
sin 2a

Für die Bestimmung der Größe des Modifizierungs-Vektors ist die Kenntnis de8 
Winkels x erforderlich. Dieser ist aber aufgrund des Bildes offenbar:

X =  а 4- ß.

Aus dem von den Endpunkten der Vektoren JVf 0 und iĵ j bestimmten rechtwinkligen 
Dreieck kann folgendes ausgedrückt werden:

I»mI = ím = m o cos,i '
cos(a -(- ß) 

sin 2a (6)

B) Die Herleitung der Gleichung (8)

Die Bezeichnungen der Herleitung wurden dem Bild 9 entnommen.
Der den Punkt N  erreichende Einheitsfehler der Rundheit würde die Verschiebung 

êjy des Mittelpunktes Om verursachen, laut unserer Interpretation erhält aber die Verschie­
bung zufolge der gleichzeitigen Berührung der anderen Prismaseite den Wert N0. Der Winkel
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zwischen den Vektoren ê y und N 0 läßt sich mit dem von der y-Achse nach rechts liegenden 
Winkeln ausdrücken:

“ +  1 +  - | -  +  а =  я ,

woraus

Aus dem von den Endpunkten der Vektoren ew und iV 0  bestimmten rechtwinkligen 
Dreieck kann die Größe des Vektors N0 ausgedrückt werden:

\N 0\ =  N 0

Nach Zerlegen des Nenners:

kivi
cos £

N0 1
sin 2a

Für die Bestimmung der Größe des Modifikationsvektors гдг muß der Winkel v bekannt 
Sein. Aus dem senkrechten Verhältnis zwischen den x- und y-Achsen folgt offenbar aufgrund 
des Bildes, daß

- |L = a  +  £ +  v +  jö =  a +  -  2 a j+  v +  ß,

woraus man nach dem Ordnen den Wert

v — oc — ß
erhält.

Die aus dem von den Endpunkten der Vektoren JV0 und iN bestimmten rechteckigen 
Dreieck gesuchte Modifikation ist:

Ihvl =  »jv =  N o -  cos V  =
cos (a — ß) 

sin 2a ( 8)

C) Die Herleitung der Gleichung (19)

Die gesuchte Beziehung wird nach der Bestimmung der Extremwerte der Funktion 
(14) erreicht:

-7 ;— =  A n [(1 +  Ä) ■ n • ( — sin nqi) — Bn ■ cos ге®1 =  0
d<P

nachdem
und

An 5̂  0
re 7Í 0

(1 +  A) sin ncp -f- В cos ntp =  0 

sin n<p В
cos nrp 1 +  A

Die Lösung der obigen Gleichung läßt sich mit Hilfe des Bildes 17 graphisch durchführen. 
Die Extremwertstellen können aus V W Z A  bzw. V W 'Z 'A  ausgedrückt werden:

sin nq> =  -\-

cos ntp — +

В
f t l  +  Ä f  +  B2 ’

1 + A
/( 1  +  А ) 2 +  B - '
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t

Bild. 17. Graphische Bestimmung der Extremwertstellen für die Herleitung der Gleichung (19)

Zurückeinsetzend wird die Gleichheit erfüllt:

dm
d  <P

_____ ±  В ____
1^(1  +  А ) 2 +  в -

±(1 +  A)
/(1  +  A)2 +  B2 ] =  0 ,

Лп-п
/(1  +  A)2 +  В 2

[±В(1 +  Л) +  В (1 + Л )]  =  0.

In dieser Beziehung ist der Zähler des ersten Gliedes ungleich Null, das zweite Glied ist aber 
gleich Null. Der Nenner ist von den Bedingungen (16) abgesehen jeweils ein Wert ungleich 
Null, im Falle der Bedingung laut (16) ist aber die Funktion (14) gleich Null.

Beim Extremwertfall muß auch die nachstehende Bedingung erfüllt werden:

=  A n[( 1 -f- А) ■ n2 ■ ( — cos n<p) — Bn2( — sin П99)] 0.

Wenn man in die obige Gleichung die Extrem wertstellen einsetzt, erhält man:

d 2m  

3 <P
} -  =  A n [(1 +  A)n2 +  (1 +  A)

/(1  +  А)2 +  В2
-  Bn2 В

^(1 +  А)2 +  В2 ] -
A n ■ n2

[+  (1 +  A)2 +  В2] =
/(1  +  A)2 +  В2

=  + A n - n2f ( \  + А ) 2 +  В2 Ti 0,

da sämtliche Glieder ungleich Null sind (vom Fall der Bedingung laut (16) abgesehen, dann 
ist aber die Grundfunktion nach dem Gesagten gleich Null).

In dieser Weise hat die Funktion an den Extremwertstellen Extremwerte, welches 
Extremwertpaar aus der Gleichung (14) ausgedrückt werden kann:

m max
+  (1 +  A) 

/(1  +  А)2 +  B2
-  В +  в

/(1 +  А)2 +  В2

, + (1  +  А )2 +  В2
П /(1  +  А)2 +  В2

=  ±AnY(l +А)2 +  В2. ( 19)
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D) Die Herleitung der Beziehungen (24) und (25)

Setzen wir die Ausdrücke (5), (6), (7), (8) in den Gleichungen (12) und (13) ein:

A  =  iN COS ny) — 1Д1 cos nrj

\ n Wirklichkeit haben die Werte a =  0 und a =  я/2 keine Bedeutung, da beim 
ersten die zwei Prismaseiten im wesentlichem sich gegenseitig decken; der andere bedeutet 
dagegen die Überbestimmung des Systems, d. h. in diesen Extremfällen kann von einem 
Prisma nicht mehr gesprochen werden. Das hat gleich zur Folge, daß die Faktoren des Nenners 
der vorigen Beziehung ungleich Null sind und die Kürzung sich durchführen läßt.

Es kann also geschrieben werden:

i~T + ß)

cos ß_ s i n n ^ + / s )  Sir (24)

Und in ähnlicher Weise:
В =  itf • sin ny) — 1д4 • sin n r j  =

cos (a ß') . \ (  л )
=  sin 2«.... 8inra[ h r + i )

cos а • cos ß  sin а • sin ß 
2sina • cos а

cos а • cos ß  — sin а • sin ß 
2 sin а • cos а

( 2 5 )
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A General Theory of Roundness Measurement in Vee-hlocks. The size of the roundness 
error in rotating, centrally symmetrical machine elements (e.g. rolling bearings) is an impor­
tant quality factor. Various measuring instruments are known to measure it. In a Vee-block, 
the departure from circular shape can be measured, but with distortion. The distortion can 
in general be analyzed and represented graphically. Results of comparative measurements 
confirm the theoretical solution.
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Общее теоретическое приближение и новый практический метод измерения 
круглости в призме, уделяя при этом особое внимание исследованию элементов под­
шипников качения. Размер погрешности круглости в случае вращающихся цент­
рально симметричных элементов машин (напр. подшипников качения) является важной 
характеристикой качества. Для измерения этой погрешности известны различные измери­
тельные приборы. В случае призмы погрешность круглости может быть измерена с 
искажением. Условия искажения могут быть определены в общих чертах аналитическим 
путем и изображены графическим способом. Результаты сравнительных измерений под­
тверждают правильность теоретических решений.
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BERECHNUNG YON EINSCHICHTIGEN, AUF BIEGUNG 
BEANSPRUCHTEN ANISOTROPEN 

FACHWERKSCHALEN

A . K e r e k *

[Eingegangen am 22. Nov. 1972]

Dargestellt wird die Berechnung des allgemeinsten Falls der einschichtigen 
räumlichen Dreieckfachwerke mit Hilfe der Kontinuitätsmethode. Die Festigkeits­
kennwerte des vom statischen Standpunkt dem Fachwerk gleichwertigen Kontinuums 
(d. h. der anisotropen, auf Biegung beanspruchten Schale) werden ermittelt, die Haupt­
differentialgleichungen aufgeschrieben, und dann werden, in Abhängigkeit von den 
Schnittkräften (Membrankräften, spezifischen Momenten) die in den Stäben des Fach­
werks entstehenden Beanspruchungen (Stabkräfte, Stabmomente) bestimmt. Die 
Ableitungen erstrecken sich auch auf Fälle, wo die Schale in eine Flachplatte über­
geht und auch die Bedingungen der Orthotropie werden gesondert behandelt.

Bezeichnungen

1, 2 ,3
Im Aufsatz werden folgende Bezeichnungen benutzt:

a, ß ,y
1̂? 2̂’ *3

a2, a3 
f ' i ,  F 2 ,  F 3
fl) 12) f  2 
f l ? )  f 2f)
E
G

Indexe der gleichgerichteten, in zueinander parallelen vertikalen Ebenen 
liegenden Stabreihen;

— durch die Stabreihenebenen gebildete Winkel;
— Stablängen zwischen zwei Knotenpunkten;
— Achsenabstand der Stabreihen 1, 2, 3;
— Querschnittflächen der den Stabreihen 1, 2, 3 zugehörigen Stäbe;
— Trägheitsmomente der Stabquerschnitte;
— Torsionsträgheitsmoment der Stäbe;
— Elastizitätsmodul des Stabwerkstoffs;
— Schub-Elastizitätsmodul des Stab Werkstoffs;
— in den Stäben der Stabreihen auftretende Stabkräfte;
— in den entsprechenden Stäben auftretende Biegemomente, die positiv sind, 

wenn sie unten eine Zugspannung hervorrufen;
Mxf, M 2f, M 3(— in den entsprechenden Stäben auftretende Torsionsmomente, die positiv 

sind, wenn sie die Kanten des Stabes rechtsgängig verdrehen;
— Membranschnittkräfte;
— Biegeschnittkräfte;
— spezifische Schubkräfte;
— Axialverschiebungen;
— Komponenten der Dehnungsverformungen;
— Komponenten der Biegeverformungen;
— die Schale senkrecht angreifende Komponente der äußeren Belastung;
— Spannungsfunktion, die mit den Membrankräften die folgenden Funktionen 

bildet:

nx, ny, иxy
TYljr^ ffly, ПТ-

Vxi Чу
U , V , IV

Ех ч  € y i  е х у  
«v* 9С.

х у

х» лз/? лху

ô 2Ф
àyz

02Ф 
ÔX2 ’

<52Ф
’Lxy ■ ôx • dy

* Dr. A. K e r e k , Weiner-k. 2, Dunaújváros, Ungarn.

4 Acta Technica Academiae Scientiarum Hungaricae 79, 1974



3 8 4 K E R E K , A.

L — der Puchersche Operator:

<52z <5* 
ô x 2 ‘ < у

<52z <52 <52z <52
ô x - ô y ó x  • ô y  ô y 2 ô x 2

F — Drehmatrix;
A
В
Э/Э*( ) 
9/Эу( )

— Zugsteifigkeitsmatrix;
— Biegesteifigkeitsmatrix;
-  ( У
-  ( )•

1. E in le itu n g

D as D re ieck fach w erk  is t vom  S ta n d p u n k t d er B erech n u n g  das E in fa c h s te  
in  dem  F all, w enn  es doppelsch ich tig  is t  (in  d iesem  F a ll w irk t näm lich  n u r  
die Z ugste ifigkeit E F  in  den  S täben) u n d  das S ta b n e tz  d er beiden m it G u r t ­
s tä b e n  v e rb u n d en en  G u rteb en en  gleichseitige D reiecke  b ild e t. A ngenom m en, 
d a ß  die S te ifigkeit d e r  beiden  G u rteb en en  e in a n d e r gleich ist, b e s te h t e ine 
seh r einfache A b h ä n g ig k e it zw ischen d er Z u g ste ifig k e it d er ganzen K o n s tru k ­
tio n  u n d  derselben  e in e r  v o n  der beiden  G u rte b e n e n . D iese K o n stru k tio n  w u rd e  
das erste  Mal v o n  W right, im  Ja h re  1966 b e h a n d e lt  [15].

D as E rsa tz k o n tin u u m  is t h ier eine als iso tro p  an n eh m b are  V o llp la tte .
D ie A ufgabe w ird  verw ickelter, w en n  d as  aus d en  gleichseitigen D re ieck en  

b esteh en d e  F a c h w e rk  e inschich tig  is t, d e n n  in  d iesem  F a ll w erden sow ohl die 
B iegeste ifigkeit E I  a ls auch  die T o rs io n ss te ifig k e it G lt  in  A nspruch g en o m ­
m en . A uch  h ie r is t  d as  E rsa tzk o n tin u u m  iso tro p , je d o c h  sind die E in sch n ü - 
ru n g sb e iw erte  d e r D e h n u n g  au f der B iegung  v e rsch ied en  [3].

D er n äch ste  S c h r i t t  w ar die L ösung  des doppelsch ich tigen  F a c h w e rk s  
m it  ung leichseitigem  D reiecknetz  [5]. E s  w u rd e  e in d eu tig  k largeste llt, d a ß  d as  
E rsa tz k o n tin u u m  des D reieckfachw erks n u r  in  einem  u n d  einzigen Fall iso tro p  
w erd en  k an n , n ä m lic h  w en n  es sich um  ein  aus S tä b e n  v o n  gleicher Z u g festig ­
k e it  zu sam m en g ese tz tes  gleichseitiges D re ieck fach w erk  h an d e lt.

Rózsa [8] u n d  Szmodits [12] h ab e n  die D ifferen tia lg leichung  der E r s a tz ­
p la t te  des e in sch ich tig en  aus auch gegen B iegung  s te ifen  S täben  z u sam m en ­
g ese tz ten , a eo lo tro p en  F achw erks, je d o c h  n u r  fü r  F a c h p la t te n  aufgeschrieben .

A u f die als E rsa tz k o n tin u u m  a n w en d b a re  S chale  übergehend  h a b e n  
Wlassow [14], F lügge [2], Soare [10] u . a . die a llgem einen  D i f f e r e n t i a l ­
g leichungen  d er S ch a le , jedoch  n u r au fg ru n d  d er A n n ah m e  von hom o g en en  
u n d  iso tropen  M a te ria lien  aufgeschrieben .

D er vo rliegende A ufsa tz  b e h a n d e lt d en  a llg em ein sten  F all des D re ie c k ­
fachw erks, w ozu d ie  au c h  G leichungen d e r an iso tro p en , inhom ogenen f la c h e n  
Schale au fgesch rieben  w erden  m u ß te n .
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2. Z ielsetzung, B erechnungsm ethode

Zw eck d e r A bhan d lu n g  is t die E r lä u te ru n g  d er B erechnung v o n  e in ­
sch ich tigen  räu m lich en , aus a llgem einen  D reiecken  zu sam m en g ese tz ten  F a c h ­
w erke, au fg ru n d  des kon tinu ie rlichen  B erechnungsm odells . D ie o b en e rw äh n te , 
zu r B estim m u n g  des K räftesp iels d ien en d e  M ethode b e tra c h te t  das rä u m lic h e  
F ach w erk  als e in  K o n tin u u m . I h r  G ru n d p rin z ip  is t  die E rm ittlu n g  d er 
S te ifig h e itsb e iw erte  des s ta tisch  g le ichw ertigen  E rsa tz k o n tin u u m s (S cha le , 
P la tte ) ,  fü h r t  die R echnungen  m it den se lb en  d u rch  u n d  ü b e rträ g t die e rh a l­
te n e n  E rgeb n isse  a u f  das F achw erk .

E in e  w irtsch a ftlich e  A usb ildung  des e in sch ich tig en  F achw erks k a n n  m a n  
sich n u r  d a n n  v o rs te llen  w enn das D re ieck n e tz  in  e iner g ek rü m m ten  E b en e  lieg t.

F ü r  die B erechnungen  s te llt m a n  die fo lgenden  A n n ah m en  auf:
a) je d e r  einzelne S tab  des F ach w erk s  lieg t in  e in e r von  den d re i v e r ­

sch iedenen  v e r tik a le n  E benen ;
b) in  jed em  K n o te n p u n k t begegnen  sich dre i G itte rs tä b e ;
c) die L än g en - u n d  Q uerschn itte  d e r zu  einer R ic h tu n g  para lle len  S tä b e  

sind  k o n s ta n t;
d) d er W e rk s to ff  der G itte rs tä b e  is t  hom ogen , iso tro p  und  e la s tisc h ;
e) fü r  d ie K n o te n p u n k te  n im m t m a n  an , d aß  sie eine steife rä u m lic h e  

V erb in d u n g  d e r S tä b e  sichern;
f) die a u f  die M ittelfläche des F ach w erk s  sen k rech t stehenden  G era d e n  

b le iben  au ch  n a c h  d er V erform ung g erad lin ig  u n d  sen k rech t zur d e fo rm ie rten  
M itte lfläche  d er Schale;

g) die V ersch iebungen  sind  im  V erh ä ltn is  zu r S tä rk e  der E rsa tz sc h a le  
gering;

h) au f die M itte lfläche sen k rech t w irkende S p an n u n g en  w erden  v e r- 
n ach läß ig t;

i) die A bm essungen  des F ach w erk s  sind  so g ew äh lt, daß  es als f la c h e  
Schale b e h a n d e lt w erden  kann .

U m  das E rsa tz k o n tin u u m  n ic h t n u r  als eine M em branschale  (die n ic h t  
im m er s tab il is t) , sondern  auch  als b iegesteife  Schale b eh an d e ln  zu  k ö n n e n , 
b e rü ck s ich tig t m a n  in  den  B erechnungen  die Z u g ste ifigke it E F ,  die B ieg este ifig ­
k e it E I  u n d  die T orsionsste ifigkeit G lt  d e r  einzelnen  S täb e .

D ie B erech n u n g en  des F ach  Werks w erden  in  zw ei S c h ritte n  d u rc h g e fü h rt:
1. Als e rs te r  S c h ritt w erden die Z ug-, Biege- u n d  T o rsio n sste ifig k e it des 

F achw erks, d a n n  die in  den einzelnen  S tä b e n  a u ftre te n d e n  S ta b k rä f te  u n d  
S tab m o m en te  au s den  S c h n ittk rä fte n  des K o n tin u u m s e rm itte lt;

2. Im  zw eiten  S ch ritt w erden die d as  G itte rw erk  erse tzenden  D iffe re n tia l­
g leichungen  m it  H ilfe  der S te ifig h e itsb e iw erte  au fgeschrieben . D ieses K o n ­
tin u u m  is t  j e t z t  eine aeolotrope, inhom ogene, a u f  B iegung b e a n sp ru c h te  
Schale.
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I n  den  A b le itu n g en  w erden  au ch  d ie jen ig en  Fälle  b e h a n d e lt, wo die 
S chale  in  eine P la t te  ü b e rg e h t u n d  g e so n d e rt w erden auch  die B ed ingungen  
d e r  O rth o tro p ie  e rö r te r t .

4 . D as E rz sa tz k o n tin u u m

4.1. A u sd ru c k  der Schnittkräfte des Ersatzkontinuum s  
m it  H il fe  der Stabkräfte u n d  Stabmomente

G egeben is t ein  D re ieck n e tzfach w erk  n a c h  B ild  l a  u n d  l b .  D er g estriche l­
te n  L in ie  des B ildes l b  en tsp rech en d  sc h n e id e t m an  aus dem  N etz , d. h . dem  
E rsa tz k o n tin u u m  ein  R h o m b o id , u . zw. so , d aß  die S ch n ittlin ie  d u rch  die 
M itte  d e r K n o te n p u n k te  g eh t, u n d  die o b e re n  u n d  u n te ren , in  R ich tu n g  (1) 
lieg en d en  S täbe  h a lb ie r t .

D ie fo lgenden trig o n o m etrisch en  Z u sam m enhänge  k ö n n e n  aufgesclirieben 
w erd en :

2
ta n  cp = --------------------- ,

c o t <x — co t ß
( la )
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h  = a ^ c o t  x  +  c o t ß ) , ( lb )

1 — ° i ( lc )12 — . V
sin  a

l 3 = (Id )• n ’sin  p

ta n  cp = ( le )
a x co t x  — 0,5 /х 0,5 lx — a x c o t ß

&2 == lx sin  x , ( lf )

a 3 = lx sin ß. (lg )

4 .1 .1 . E r m i t t l u n g  d e r  M e m b r a n s c h n i t t k r ä f t e  i n  A b h ä n g i g k e i t  v o n  d e n  S t a b k r ä f t e n

E s em pfieh lt sich, die S c h n ittk rä f te  der a u f  B ild  l b  d a rg es te llten  u n d  
dem  aus dem  N etz  au sg esch n itten en  sch iefen  V iereck zu g eo rd n e ten  Schale in  
einem  schiefw inkeligen K o o rd in a ten sy s tem  zu  b eh an d e ln , w esh a lb  die A ufgabe 
n u r  in  m ehreren  S c h ritte n  gelöst w erd en  k an n .

E rs ten s  n im m t m a n  die R esu ltie ren d e  der an  den  R h o m b o id se iten  des 
B ildes 2a h e ra u s tre te n d en  S ta b k rä f te  gleich den an  den  e n tsp rech en d en  Seiten  
des a u f  B ild  2b d a rg es te llten  E rsa tz k o n tin u u m s  an g re ifen d en  S c h n ittk rä f te n . 
D ie P ro jek tio n sg le ich u n g  d er R ic h tu n g  X  an  der Seite A B  w ird :

l f n v  • cos cp -f- n uv) =  S 2 cos X  — S 3 cos ß .  (2)

D ie P ro jek tio n sg le ich u n g  d er R ic h tu n g  Y  an  der Seite A B :

lx n v sin  cp =  S 2 sin  X +  <S3 sin ß. (3)

D ie P ro jek tio n sg le ich u n g  d er R ic h tu n g  X  an  der Seite B C :

-^ a — (n u n vu cos <p) =  2 S 1 +  S 3 cos ß  +  S o  cos x .  (4)
sin cp

D ie P ro jek tio n sg le ich u n g  d er R ic h tu n g  Y  an  der Seite B C :

(n vu sin  cp) =  S 2 sin  x  — S 3 sin  ß .
sin  cp

( 5 )

N im m t m an  die G leichungen  ( la )  bis ( lg ) , sowie den  U m s ta n d  in  B e tra c h t, 
d aß  eine von  den  v ie r G leichungen e inen  K o n tro llc h a ra k te r  h a t  ( n uV =  n vu) ,
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so können  die W e rte  d e r S ta b k rä f te  S x, S 2 u n d  S 3, w ie fo lg t, ausged riick t 
w erd en :

(6)

(? )

( 8)

Zwischen d en  e in e rse its  im  schiefw inkeligen, a n d e re rse its  im  rech teck igen  
K o o rd in a ten sy stem  au fgesch riebenen  S c h n ittk rä f te n  g e lten  die fo lgenden 
B eziehungen  [1]:

cos2 <p
7 l u  =  П х  S in  Cp —  Z7lxy COS Cp +  T l y  —---------,

sin  cp

n„
ny
; 9

sin  cp

Т1ц*д — nXy Tly c o t cp»

( 10)

( i i)
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S e tz t m a n  d ie  A usdrücke (9) b is (11) in  die G leichungen (6) b is (8) e in  
u n d  fü h r t  m a n  die en tsp rechenden  O p e ra tio n e n  du rch , so e rh ä lt m an  fü r  d ie  
im  K o o rd in a te n sy s te m  x y  au fgesch riebenen  S c h n ittk rä fte  des K o n tin u u m s in  
A b h än g ig k e it v o n  d en  S tab k rä ften :

co t X  +  c o t ß  c [ c o t x  • cos X  c , co t ß  • cos ß  c
“  '  I  “  ‘  ^ 2  +  ,  ‘ ^ 3  5  ( 1 " )

h h
s i n  X  e  , s i n  ß  Q

Пу — 0 2 - r  *̂ 3 ’

COS X  Q  c o s  ß  e
TbY\, -- •

h

*xy ■
h

(13)

(14)

4 .1 .2 . E rm ittlung  der Biegeschnittkräfte in  Abhängigkeit 
von den Stabm om enten

B ei der D a rs te llu n g  der au f die S e iten  des vom  K o n tin u u m  au sg esch n it­
te n e n  R hom bo ids w irkenden  M om ente (B ild  3b) geht m an  sinnvoll d av o n  au s, 
d aß  die M o m en ten v ek to ren  die im  A b s c h n itt  4.1 .1 . u n d  im  B ild  2b d a rg e s te llte n  
en tsp rech en d en  S c h n ittk rä fte  im m er se n k re c h t angreifen.

D ie R esu ltie ren d en  derselben u n d  d e r  a u f B ild 3a da rg este llten  S ta b ­
m o m en te  a u f den  en tsp rechenden  S e iten  des R hom boids sin d  e inander g le ich ­
w ertig . Die G leichw ertigkeitsg le ichungen  lassen  sich wie fo lg t au fsch re ib en : 

G leichheit d e r M om en tenvek to ren  in  R ich tu n g  X  an  d e r Seite A B :

M 2 sin X +  M 3 sin ß  — M 2t cos X +  M 3t cos ß  =  l x m v sin tp. (15) 

G leichheit der M om en tenvek to ren  in  R ic h tu n g  У  an der Seite A B :

— M 2 cos X +  M 3 cos ß — M 2t sin X — M 3l sin  ß  =  —  l1(m U8 +  m r cos cp). (16) 

G le ichheit der M om en tenvek to ren  in  R ic h tu n g  X  an  Seite BC:

2 CL-.
M 2 sin  X — M 3 sin  ß  — 2 M lt — M 2l cos x  ----- M 3t cos ß  = -----—  m uv sin  <p.

sin cp ( 17)

G leichheit der M om en tenvek to ren  in  R ic h tu n g  У  an  Seite BC:

— 2 М г  — M 2 cos x  —  M 3 cos ß  — M 2t sin  x  +  M 3t sin  ß

----------- 1—  ( m u +  m uv cos cp) .  (18)
sin  cp
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Zw ischen d e n  im  schiefw inkeligen u n d  im  rech teck ig en  K o o rd in a te n ­
sy s tem  au fg esch rieb en en  M o m en ten v ek to ren  können  den  G leichungen (9) b is 
(11) analoge G le ich u n g en  abgeleite t w e rd e n  [1]:

cos^ cp
m u =  m x sin cp — 2m xy cos cp +  m y — -— — , (19)

sin cp

I ’sin  cp
(20)

mm — niyX — niy co t qp, (21)

m uv =  m xy — m y co t 97. (2 1 ')

D a  m xy =  myx, fo lg lich  w ird  m uv =  m vu.
S e tz t m an  die W e rte  (19) bis (21) m it  H ilfe der G leichungen ( la )  b is ( lg )  

in  die G le ichungen  (15) bis (18) e in , u n d  fü h r t  m an  die en tsp rech en d en
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O perationen  d u rch , so e rh ä lt m a n  die spezifischen  B iegem om en te  d er Schale in  
A bhäng igkeit v o n  d en  S tab m o m en ten :

sin x
my =  M 2 — —— +  M .

sin ß

~ v
M 0

cos a

h
M ,

cos ß
(22)

CO S X  , COS ß  + Æ 1 îl/Г CO S a  Д/Г c o 8  ßЛл4‘ iVio;m x =  -f- M 2 co t X +  M 3 --------- co t /1 +  M 2t -------
h  h ii

(23)

, ,  cos a  cos ß  - ,  1 - ,  cos a
m xy =  M 2 —------ - — M 3 -------— M lt -------- M 2i---------- co t X

—  M ,
cos /?

“ îT ”
c o t ß  ,

cos a  cos ß  , __ sin a  , ,  sin ß
m yx =  M 2 — ---------M 3— ü  +  M 2t— —  +  M 3i — £

/1 n  n  *1

(24)

(24 ')

F ü r  die spezifischen  M om ente mx;y u n d  myx e rg ab en  sich  zwei A usdrücke, 
je  nachdem , fü r  w elche Seite des R hom boids die G leichgew ichtsg leichung a u f­
geschrieben w u rd e . Info lge des R ez ip ro z itä tssa tzes  s ind  die re c h te n  S eiten  d er 
G leichungen (24) u n d  (24') e in an d er gleich. B eim  A u fsch re ib en  der G leichheit 
(24) =  (24') e n tfa lle n  die en tsp rech en d en  A u sd rü ck e  d er B iegem om ente u n d  
m an  gew innt zw ischen  d en  D reh m o m en ten  die fo lgenden  B eziehungen:

АГц/i -j- M 2! l 2 -j- M 3iZ3 — 0,
oder

M -ц _ j _  -^2 1 _ | _  M 3l _  p

a l a 2 a3

(25)

(25 ')

D ie G le ichungen  (25) u n d  (25') w urden  led ig lich  aus den  G leichgew ichts­
bed ingungen  gew onnen , deren  G eltung  folglich u n b e sc h rä n k t is t, u n d  sie geben  
eine k o n s ta n te  V e rb in d u n g  zw ischen den T o rsio n sm o m en ten  der in  drei R ic h ­
tu n g e n  liegenden  S tä b e . M an w ird  sich dieses Z usam m enhangs beim  A u f­
ste llen  der B ieg efestig k e itsm atrix  bedienen.

D ie G leichungen  (12) b is (14) u n d  (22) b is  (24) k ö n n en  auch  in  M a tr ix ­
form  aufgeschrieben  w erden:

n x
ny
Пху

co t X  -j- c o t ß co t a  cos а c o t ß  cos ß ~ г  s i
0 sin а sin  ß S 2
0 cos а —cos ß s 3 J

(26)
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u n d

m x
m y

1_

h

h
0
0

co t X  CO S X co t ß  cos ß
sin  X sin ß
CO S X cos ß

0 cos а — cos ß ~ M 1~
0 — cos а cos ß
0 sin  а sin ß M 3

M lt
M 2t

_ -A 1_

(27)

4.2. E rm ittlu n g  der Zug- und  Biegesteifigkeiten

D ie Steifigkeit e ines K o n tin u u m s w idersp iegelt den  Z u sam m en h an g  
zw ischen  den S c h n ittk rä f te n  u n d  den  V erfo rm ungen . Im  allgem einen  em p fieh lt 
es sich , dieses M ateria lg ese tz  in  M a trix fo rm  au fzusch re iben . D as E rs a tz ­
k o n tin u u m  is t j e t z t  eine a u f B iegung  b ean sp ru ch te  Schale, die d u rc h  zwei 
M ateria lgese tze  c h a ra k te ris ie r t  w erden  k a n n ; infolgedessen k a n n  m a n  zwei 
S te if ig k e itsm atrizen  au fschre iben .

Die erste  is t die sog. Zugste ifigkeitsm atrix  (A), w oraus k la r  h e rv o rg eh t, 
w ie die M em b ra n sc h n ittk rä ftek o m p o n e n te n  nx, ny u n d  n xy v o n  d en  V erfo r­
m u n g sk o m p o n en ten  ab h än g en :

'  n X ~ ' A l А г А з '  «X "
П у = A i А г А з
n x y _ A i А г А з  . . v x y _

(28)

D ie zw eite is t  die sog. Biegesteifigkeitsm atrix  (B), die den  Z u sam m en h an g  
zw ischen  den spezifischen  M om enten  m x, m y u n d  m xy u n d  d en  B iegeverfo r­
m u n g en  besch re ib t:

m x " Г B u -А г В  и Х х  ■
m y —  — В  21 B 22 В  23 Х у

m xy_ . A i В  3 2 А з  . _2хху_
(29)

(D as neg a tiv e  Z eichen  fo lg t aus den  n a c h  Ü b e re in k u n ft v e rw en d e ten  Zeichen 
d e r K rü m m u n g  u n d  des M om entes.)
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D ie S te ifig k e itsm atrix en  A u n d  В s ind  — nach  dem  fü r die G le ichheit 
d er äu ß eren  frem d en  A rbe iten  g e lten d en  S atz  — im m er sy m m etrisch , d. h ., 

A ik =  A i > u n d  B ik =  B ki-
D ie Biege- u n d  Z u g ste ifigke iten  des räu m lich en  F ach w erk s, d. h ., d ie 

E le m e n te  b e ider M atrizen  w erden  so e rm itte lt ,  daß  m a n  dem  F ach w erk  d e r  
R e ihe  nach  die einzelnen  D ehnungs- u n d  B ieg ev erfo rm u n g sk o m p o n en ten  
au fzw ing t, u n d  d ab e i die dazu  e rfo rd e rlich en  S c h n ittk rä f te  e rm itte lt.

D a  die S täb e  des räu m lich en  F ach w erk s  versch iedene W inkel m it d en  
A chsen  des K o o rd in a ten sy stem s x y  b ild e n  u n d  in  den G leichungen  (28) u n d  
(29) die Y erfo rm ungsvek to ren  exy  u n d  xxy sich a u f  d as  A chsenkreuz x y  
bez iehen , sollte m a n  auch  die v o n  d e r E la s tiz itä ts le h re  b e k a n n te n  G leichungen  
au fsch re ib en , w elche d iejenigen Y erfo rm u n g sk o m p o n en ten  ergeben , die m it dem  
A chsenkreuz x y  e inen  cp W inkel b ild e n d e n  A chsenkreuz fr? b e s tim m t w erd en . 
B ei dem  D e h n u n g sfo rm ä n d e ru n g sv ek to r w ird  dies w ie fo lg t au sg ed rü ck t [1]:

~ 4
ev —

. v£,v.
d. h .,

cos2 cp 
sin2 cp

sin2 cp 
cos2 cp

-2cos cp • sin cp 2cos cp • sin cp

4,-n =  F °x ,y

(w orin  F  die D re h m a tr ix  ist).
U n d  fü r den  B iegev erfo rm u n g sv ek to r:

cos cp • sin  cp 
-cos cp • sin  cp 
cos2 cp—sin2 cp r x y  _

(30)

(3 0 ')

XS,V =  F ■ X*.y ’ (3 1 )

(w orin  F  dieselbe D re h m a trix  wie o ben  ist).

4 .2 .1 . D ie Zugsteifigkeitsm atrix

A us der U n te rsu ch u n g  der G le ichungen  (28) is t es e rs ich tlich , d aß  m a n  
die einzelnen  E lem en te  der S te if ig k e itsm a trix  d e ra rt e rh a lte n  k an n , d aß  m a n  
die einzelnen  V erfo rm u n g sk o m p o n en ten  d er R eihe n a c h  dem  F ach  w erk  a u f­
zw ing t u n d  d abei die dazu  e rfo rd erlich en  M em b ran sch n ittk rä fte  e rm itte lt .

Z uerst fü h r t  m a n  eine D eh n u n g  ex ins F ach w erk  ein, u n d  u n te r  
B erück sich tig u n g  d er G leichungen (12) bis (14) d rü c k t m a n  die W erte  d e r 
E lem en te  A n , A n  u n d  A 31 wie fo lg t aus:

A  +

( co t a  • cos a  c  , co t ß  • cos ß Q 

n  n

A  - ü i ï .  __L л 11 —  —

co t a  +  c o t ß
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А  —
n y 1 /

^21
«X «X l

^31 =
n xy 1

ex £x

sin x  ( 

cos x

h

sin  ß  s

~ / T ^
cos ß

и

D a der W e rk s to f f  d er G itte rs täb e  als e lastisch  b e tr a c h te t  w urde, S ( =  
=  £ , ■ • £ •  Fj (i  =  1, 2 , 3), w eiters sich d e r  F o rm eln  (30) d e r  in  schräger R ich ­
tu n g  a u ftre te n d en  D e h n u n g  bedienend, e n tfä l l t  das E le m e n t ex aus den obigen 
A usdrücken :

41

L 21

E F 1 , E F 2 . .  E F 3
---------- h  COS4 (X-------------- \- cos4 ß-------- 3

1г • sin  X

E F

lx • sin  ß

А , л =  s in X  • C O S° X

Zx • sin  X

e f 2

• sin  X

F  F
2 +  sin2 ß  • cos2 ß  -  3

sin ß  • cos3 ß

Zx • sin ß  

E F 3
Zx • sin ß

F ü h r t m an  n u n  d ie  D ehnung ey in  d as  F achw erk  e in , so können  a u c h  
die S teifigkeiten  A 22 u n d  A 32 in  ä h n lic h e r W eise au sg ed rü ck t w erden :

(^12 =  ^ 2 l) :
E F ,

l 22 sm* X -
l i  sin  X

+  sin4 ß
E F 3

l3 s in  ß

n xy ■ 3 E F  . ,  E F 3— ? - =  sin3 X cos X ---------------- s in 3 ß  cos ß --------- —
Zx Sin X sin ß

Schließlich k a n n  m a n  u n te r  E in w irk u n g  von  yxy a u c h  den  W ert von  A 3 
( A 13 =  A 31 u n d  A 23 =  A 32) e rm itte ln :

l 3 3

n x y  • 2 2 E F 2 1 * 2 #  2 P  E F 3----— =  Sin2 X  • COS2 X  ——— —  -)- sin2 ß  • cos2 ß  —
vxy Z1 sin  X  Zx sin ß

B each te t m a n  d ie  F o rm eln  ( lf )  bis ( lg ) , so sieh t m a n , d aß  die D eh n u n g s­
ste ifig k e it der in  d e n  ob igen  A usdrücken  befind lichen  S tä b e  in  jedem  G lied 
d u rch  den A c h se n a b s ta n d  der b e n a c h b a rten  S täbe  der en tsp rech en d en  S ta b ­
re ih e  d iv id iert is t.

F ü h r t  m an  also  d ie  B ezeichnungen

E F t

e , =
E F ,

E F ,

(32a)

(32b)

(32c)
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ein, so nehm en  die E lem en te  der Z u g s te if ig k e itsm a trix en  die folgenden F o r ­
m en an:

A n  = « t +  e 2 COS4 X e 3 c o s 4 ß (33a)

A  2 1  — A 12 = e2 s i n 2 x  • c o s 2 X +  e :5 S i n 2 ß • c o s 2 ß, (33b)

tu
Li

) to II e 2 s i n 4 a  +  e 3 s i n 4 ß, (33c)

A  3 i  — A L3 = e2 s i n  x  • C O S 3 oc — ез s i n  ß  • c o s 3 ß, (33d)

A 32 = A 23 = e2 s i n 3 x  • c o s  a ~  e 3 s i n 3 ß  • c o s  ß, (33e)

IICOCO
4

e 2 s i n 2 X  • COS2 X +  e3 s i n 2 ß • c o s 2 ß. (33f)

Die G esta lt d e r  S te ifig k e itsm atrix  A  w u rd e  d u rch  E in se tzen  der W erte  
(33a) bis (33f) in  T a fe l I  auch gesondert a n g e fü h rt.

T a f e l  I

+  e2cos4 a +  e3 cos4 ß e2 sin2a • cos2 a +  e3 sin2/? • e2 sin a • cos3 a — e3 sin ß . ”
• cos2 ß cos3 ß

sin2 a • cos2 a +  e3 sin2/? e2 sin4 a +  e3 sin4 ß e2 sin3 a • cos a —
• cos2 ß — e3 sin3 ß • cos ß

sin a • cos3 a — e2 sin3 a • cos a — e2 sin2 a • cos2 a +
— e3 sin ß ■ cos3 ß — e3 sin3 ß ■ cos ß +  e3 sin2 ß ■ cos2 ß _

+  (»2 +  »21 tan2 a) ' (i 2 — i 2t )  sin2 a  • cos2 a  -|- (i 2 — i 2i )  sin a • cos3 a —
• cos4 a  +

+  (h +  4 t tan2 ß) ■ 
■ cos4 ß

+  (*з — bt) sin2 ß ■ cos2 ß — (i3 — i s t )  sin ß ■ cos3 ß

— i 2t )  sin2 a  • cos2 «  - f ( i2 +  i 2t) cot2 a  • sin4 a  + ( i 2 — i 2t)  sin3 a  • cos a  —
+  (*3 — *3/) sin2 ß  • cos2ß +  ( i 3 +  Ы  co t2 ß) ■ sin4 ß — (*3 — % )sm3 ß ■ cos ß

— i 2t )  sin a  • cos3 a  — ( i2 — i 2t) sin3 a  • cos a  — i 2 cos2 a  • sin2 a +  i 3 cos2/? •
—(i3 — i 3t )  sin ß ■ cos3 ß —( i 3 — i3t) sin3 ß • cos ß • sin2 ß

4 -_ iiL  - L - - b L  . 
^  4 ‘ 4
• (sin2 a — cos2 a)2 +
H— (sin2 ß — cos2 ß)-

4.2.2. D ie B iegesteifigkeitsm atrix

Z ur E rm it t lu n g  d e r in  den G le ichungen  (29) b e fin d lich en  S te ifig k e its­
elem ente  B ik w ird  d a s  im  v o rangehenden  A b sc h n itt  besch riebene V erfah ren  
angew endet.

In  d en  B e re c h n u n g e n  sollte m a n  b e a c h te n , d aß  a u f  den  S ch n itt d e r 
N orm ale  x  das p o s it iv e  T orsionsm om ent des K o n tin u u m s in  den  S täben , die 
am  e n tsp re c h e n d en  S c h n itt  h e ra u s tre te n , e in  n eg a tiv es  T orsionsm om ent v e r ­
u rsa c h t.
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M it R ü ck sich t d a rau f, daß m a n  im  A b sch n itt 4 .1 .2 . fü r  die T o rs io n s­
m o m en te  m xy =  m yy. zwei A usdrücke v o n  versch iedenen  F o rm en , jed o ch  v o n  
gleichem  W ert e rh ie lt, w erden auch  fü r  die T orsionselem ente B 31, B 32 u n d  B 33 
d e r S te if ig k e itsm a trix  В je  zwei A u sd rü c k e  aufgeschrieben , die sich v o n e in a n ­
d e r in  F o rm  u n te rsch e id en , aber den g le ich en  W ert h ab en . B e n u tz t m an  anste lle  
d e r  zwei A usd rü ck e  deren  a r ith m e tisc h e s  M ittel, so k a n n  m an  n achw eisen , 
d a ß  die M atrix  sy m m etrisch  is t u n d  d a n n  b rin g t m an  die ganze M a trix  a u f  
e ine F o rm , die die U n tersu ch u n g  d e r O rth o tro p ieb ed in g u n g  w esen tlich  v e r ­
e in fach t.

I n  den  B erech n u n g en  w erden  d ie  folgenden A b k ü rzu n g en  v e rw e n d e t:

E I  1 G IV
*i —

«i
»t t = 9

«l
E I 2 . G h ,

l 2 ~ 9 
a 2

l 2t — 9
a 2

,  E I 3
l 3 t ~

G l3I
L3 9 

a 3 «3

M an zw ingt das F achw erk  d e r  R e ih e  nach  a u f  B iegung  xx, xy u n d  a u f  
V erd reh u n g  xxy. D u rch  S um m ierung  d ie  in  den h e ra u s tre te n d e n  S tä b e n  e n t ­
s te h e n d e n  Biege- u n d  T orsionsm om en te  k an n  m an  die B ieg este ifig k e iten  
b es tim m en , die in  M atrix fo rm  au fg esch rieb en  in  der T afe l I  a n g e fü h rt s ind . 

D ie E in ze lh e iten  der A b le itu n g en  sind  im  A n h an g  zu sam m en g este llt.

4 .2 .3 . B edingung der Orthotropie

D a die m e is ten  Problem e d e r P la t te n -  und  S chalen theo rie  fü r  die iso­
tro p e  u n d  o r th o tro p e  P la t te  u n d  S chale  en tw ickelt w u rd en , em p fieh lt es sich , 
d ie  B ed ingungen  zu  bestim m en , n a c h  d e re n  E rfü llung  das K o n tin u u m  iso tro p  
o d e r o rth o tro p  w ird .

Im  e rs ten  A b sc h n itt w urde sch o n  e rw äh n t, d aß  das E rsa tz k o n tin u u m  
des D reieck fach  W erks n u r  in  einem  u n d  einzigen F a ll iso tro p  sein k a n n : w enn  
d as  aus S täb en  v o n  gleicher Z u g ste ifig k e it zusam m engeste llte  F ach w erk  g le ich ­
se itige , regelm äßige D reiecke b ild e t [5].

B ei einem  aus ungleichseitigen  D re ieck en  b esteh en d en  F ach w erk  h a n d e lt  
es sich  auch  im  b e s te n  F a ll n u r um  O rth o tro p ie . Im  fo lgenden  w ird  n u n  d e ren  
B ed in g u n g  e rö r te r t.

Vom  S ta n d p u n k t der S te ifig k e iten  is t  das o rth o tro p e  K o n tin u u m  d a d u rc h  
c h a ra k te ris ie r t, d aß  im  m it den sog. H a u p tr ic h tu n g e n  jder O rth o tro p ie  ko inzi- 
d ie ren d en  x y  K o o rd in a ten sy stem :

-^13 =  -^23 =  0» (44)
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u n d

ß 13 — В  2 3  0» (45)
d .  h . ,

' A u ■ 4 - 1 2 0 -
■ ^ o r th o tr o p ^21 - d - 2 2 0 (46)

0 0 ^ 3 3 .

u n d

В 12 о  -

B o r t h o t r o p в  21 В  2 2 0 (47)
0 0 Взз_

E s k a n n  auch  speziell v o n  Z u g o rth o tro p ie  u n d  v o n  e iner besonderen  
B iegeo rtho trop ie  gesprochen  w erden , je  n achdem , ob v o n  den  B ed ingungen  
(44) u n d  (45) n u r  die e rs te  oder n u r  die zw eite e rfü llt w ird . Im  Falle d er in  
d ieser A bhand lung  e rö r te r te n , a u f  B iegung  b ean sp ru ch ten  Schale is t aber n u r  
die »völlige« O rth o tro p ie  v o rte ilh a f t, d . h ., dan n , w enn  die H a u p tr ic h tu n g e n  
d er be iden  O rth o tro p ien  ü b ere in s tim m en , da in  den D iffe ren tia lg leichungen  
d e r gebogenen Schale die zw eierlei S teife u n d  das zu g eo rd n e te  M em bran- bzw . 
B iegekräftesp iel v e rb u n d e n  w erden . Im  F a lle  der »völligen« O rth o tro p ie , w enn  
m a n  von  einem  K o o rd in a ten sy stem  x y  a u f  ein, m it d en  H a u p tr ic h tu n g e n  d er 
O rth o tro p ie  ko inzid ie ren d en  K o o rd in a ten sy stem  | r] ü b e rg e h t, welches m it 
dem  e rs te ren  einen W inkel <p b ild e t, m üssen  die B ed in g u n g en  (44) u n d  (45) 
gleichzeitig  e rfü llt w erden .

D ie U n te rsu ch u n g  d er B ed ingung  der O rth o tro p ie  k a n n  a u f  zw eierlei 
A r t d u rch g efü h rt w erd en : zu e rs t u n te r  V ernach läß ig u n g  u n d  d an n  u n te r  
B erücksich tigung  d er T o rsio nsste ifigke it.

a) D ie Torsionssteifigkeit der Stäbe w ird  vernachläßigt.

Die B edingungen  (44) u n d  (45) k ö n n en  in  fo lgender W eise aufgeschrieben  
w erden  (Tafel I):

sin  <x • cos3 x — e3 sin  ß  • cos3 ß  =  0,
(48)

sin 3 «  • COS X — e3 sin3 ß • cos ß  =  0,

sin  a  • cos3 a — i3 sin ß • cos3 / 3 = 0 ,
(49)

sin 3 a  • cos X — i3 s in 3 ß • cos / 3 = 0 .

A us dem  V ergleich d er B ed ingungen  (48) u n d  (49) is t  e rsich tlich , d aß  es 
g en ü g t, die Z u g o rth o tro p ie  (48) zu  e rm itte ln . W enn die Q u e rsch n itte  der S täb e
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p ro p o rtio n a l zu  d e ren  B ieg e träg h e itsm o m en t sind , d. h ., w en n  die B ed ingung

(50)

e rfü llt  is t, d ann  w ird  au c h  d er B ed in g u n g  d er B ieg eo rth o tro p ie  (49) G enüge 
gele is te t.

K ollár u n d  H e g e d ű s  [5] s te llte n  die B ed ingung  d e r  Z u gortho trop ie  
m it den  folgenden F o rm e ln  fest:

F x sin 2a F i  s in  2ß  F 2 sin  v F 2 sin 2a  F 3 sin 2ß  
2 F 2 sin ß 2 F 2 sin  X 2 F ± s in  a  2 F 3 sin  v 2 F 2 sin v

F 3 sin  v t sin (a  — ß) ( s in ( r  — a) , sin (ß  — v) л
I I ' " I ' --  А/ .

2 F i  sin  ß  sin  v sin  ß  sin  a

1 F 9 sin ß  • sin  2a — F ,  sin  a  • s in  ß
cp =  —  a r c t a n ------------------------------------------5----------------- ----------  . (52)

2 F i  sin  v +  F 2 sin  ß  • cos 2a +  F 3 sin  a  • cos 2ß

M it H ilfe d e r e rs te n  F orm el k ö n n en  — fü r ein F a c h w e rk  von  gegebenem  
geom etrischem  S y stem  — die O rth o tro p ie  sichernden  P ro p o rtio n a litä te n  d er 
S t ab  quer sch n itte  e rm it te l t  w erden.

E rfü llt sich  d ie  B ed ingung  (50), so s tim m t die fü r  die Z u g o rth o tro p ie  
aufgeschriebene H a u p tr ic h tu n g  (52) m it derselben  d e r B iegeo rtho trop ie  
ü b e re in , da die F o rm e l (49), die die le tz te re  defin ie rt, m it  d er Form el (48) 
ü b e re in s tim m t.

b) Die T orsionssteifigkeit w ird berücksichtigt.

I n  diesem  F a ll  lassen  sich die B ed ingungen  (44) u n d  (45) wie fo lg t 
au fschre iben :

e2 s in  a  • cos3 a  — e3 sin  ß • cos3 ß  =  0,

о 2 öiii3 '
u n d

e2 sm ° a  • cos a  — e3 sin3 ß • cos ß — 0,

( i2 — i 3t) sin  a  ‘ cos3 a  — (^з — ht)  sin  ß  ' cos3 /3 =  0,

( i2 — i 2t) sin3 a  • cos3 a  — (i3 — i3t) sin3 ß  • cos ß  =  0.

(48)

(53)

B e tra c h te t  m an  die B ed in g u n g en  (53), so s ieh t m an , d aß  w en n  sich die E rg ä n ­
zungsbed ingung

E I  1 
G L ,

E I 2
G F

E I *
G L ,

=  к., (54)

e rfü llt , die G le ichungen  (53) den  G le ichungen  (49) p ro p o rtio n a l w erden , w as 
b e d e u te t, daß  die F e s ts te llu n g e n  u n te r  P u n k t a) auch  fü r  d iesen  F a ll ge lten .
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U nd zw ar: s ind  die Q uersch n itte  ( F t), B ieg e träg h e itsm o m en te  (7,-) u n d  
T o rsio n sträg h e itsm o m en te  ( J ;i) der S täb e  p ro p o rtio n a l zueinander, so w ird  
d ie  O rth o tro p ieb ed in g u n g  des F achw erks d u rc h  die F o rm e l (51), u n d  die 
H a u p tr ic h tu n g e n  d e r O rth o tro p ie  w erden  d u rc h  die F orm el (52) gegeben.

D ies k a n n  in  d er P rax is  gesichert w erd en , u n d  zw ar: 
a) bei offenen P ro filen  — (z. B . bei I-P ro fil)

I t <4 I ,  also I t 0,

w as b ed eu te t, d aß  n u r  (50) b efried ig t w erd en  m uß . D as B ieg e träg h e itsm o m en t 
eines I-P ro fils is t

I  =  2 V • b ■
h2

4
I v g 'h3

12
h2 lgu rt

+
12

wo cgurt die S tä rk e , b die B re ite  des G u rtes , vg die S tä rk e  des Steges u n d  h die 
H öhe des P rofils b ed eu ten .

Ä ndern  sich  F gurt u n d  F g proportional zu e in an d e r — be i gleichen P ro fil­
h ö h en  — , so e rfü llt sich  die B ed ingung  (50).

b) Bei geschlossenen P ro filen  k a n n  die T o rsio n sste ifig k e it schon n ic h t 
m eh r v e rn ach läß ig t w erden . W ie z. B . bei

wo d u n d  a D u rch sch n ittsab m essu n g en  s ind  (gem essen v o n  der M itte  d er 
W an d stä rk e ).

M an k a n n  v o n  beid en  P ro filen  fe s ts te llen , d aß  b e i B eibeh a ltu n g  d er 
ä u ß e ren  A bm essungen  (der D u rch sch n ittsw erte ) u n d  V e rän d e ru n g  der W a n d ­
s tä rk e , den  B ed in g u n g en  (50) u n d  (54) en tsp ro ch en  w erd en  kan n .

H iezu  sei b e m e rk t, d aß  die »völlige« O rth o tro p ie  im  P rin z ip  auch  d a n n  
ex is tie ren  k an n , w en n  die P ro p o rtio n a litä t (54) n ic h t b e fried ig t is t. Jed o ch  
sin d  die e rfo rderlichen  B erechnungen  seh r k o m p liz ie rt u n d  h ab en  keine p ra k ­
tisch e  B edeu tung .

4.3 . E rm ittlung  der Stabkräfte und Stabm om ente aus den Schnittkräften

M it H ilfe d e r im  A b sc h n itt 4.2. b e rech n e ten  u n d  in  d er Tafel I  ange­
fü h r te n  S te if ig k e itsm atrix en  A  u n d  В w urde  d as  K o n tin u u m , das das räum liche  
F ach w erk  e rse tz t, vo llkom m en  b estim m t.

5 Acta Technica Academiae Scientiarum Hungaricae 79, 1974



4 0 0 K E R E K , A.

E rs ich tlich  w a r  auch , d aß  dieses K o n tin u u m  im  allgem einen  eine a n iso ­
t ro p e , inhom ogene Schale (ev en tu e ll eine P la tte )  w ar, die bei Z u fried en ste llu n g  
gew isser B ed in g u n g en  auch  o r th o tro p  sein  k an n .

I n  K en n tn is  d e r S te if ig k e itsm a trix en  A  u n d  В k ö n n en  — v o ra u sg e se tz t, 
d a ß  au ch  die B ean sp ru ch u n g en  n x, n y, n xy, m x, my, m xy in  je d e m  P u n k te  des 
E rsa tz k o n tin u u m s  b e k a n n t sin d  —, die in  jed em  S tabe  dieses F ach w erk s a u f­
t r e te n d e n  S ta b k rä f te  u n d  S ta b m o m e n te  e rm itte lt  w erden .

D ie B erech n u n g  der Stabkräfte  is t  eine sehr einfache A ufgabe, d a  diese 
au s d en  G le ichungen  (26) u n m itte lb a r  fe s tg es te llt w erden  k ö n n en . N ach  In v e r ­
t ie ru n g  des G leichungssystem s w erd en  die W erte  der S ta b k rä f te  S v  S 2, S 3:

Sr

5 2

5 3

cos X  • cos ß  

sin X  • sin  ß

cos ß

sin  X  • sin (a +  ß )

COS X

«y +

sin(a — ß)
—5---- Ĵ-£-  J

sin X  • sin ß

sin ß

"xy

sin  ß  • sin (a -j- ß )

sin X  • sin (X  +  ß )  

sin X

sin ß  ■ sin ( x  +  ß )

*xy

"xy

(55)

(56)

(57)

Die E rm ittlu n g  der S tab m o m en te  is t n ich t m ehr so e in fach ; dazu  m ü ssen  
a u c h  die B iegeverfo rm ungen  e rre c h n e t w erden . M an k a n n  diese H ilfsg rö ß en  
au s  d en  G le ichungen  (29) e rrech n en , u n te r  der B ed ingung  jed o ch , d aß  die 
S te ifig k e itsb e iw erte  B ik u n d  die spezifischen  M o m en ten k rä fte  m x, m y, m xy 
b e k a n n t sind. M an  sollte also das G leichungssystem  (29) in v e rtie re n , w elches 
g en a u  aufgeschrieben  die fo lgende G es ta lt an n im m t:

В ц  *x 4“ - ® 1 3  *y 4“ xxy — 7HX,

■®21 X̂ +  ^22 «у 4~ 2-B23 x̂y =  m y ’ (58)
■®31 ^x 4 " -® 32  «y 4- 2B33 Xxy —  tnxy.

Z ur D u rch fü h ru n g  der In v e r tie ru n g  lassen sich die fo lgenden  D e te rm i­
n a n te n  aufschre iben :

В  и B \2 2 B a
D  = В  21 B  22 2 B 23 (59a)

B  si B 32 2 B 33

— m x B 12 2 B 13
D i = — тпу B  22 % B  2 3 (59b)

m xy B ÿ2 2 B 33

B n — m x 2 B 1S
d 2 = B  21 — m y ^ B  23 (59c)

B  31 — m xy 2 B 33
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В ц В 12 — m x

Ds = В  21 В  22 — ТПу
В 31 B 32 m xy

(59d)

F o lg lich  w erden die gesu ch ten  V erfo rm ungen :

J h
D

J K
D

=  - ^ ~  s e in . (60), (61), (62)

Aus den G le ichheiten  (60) bis (62) können  m it H ilfe d e r D re h m a trix  F  (31) 
die gesuch ten  B iegem om ente u n d  T o rsionsm om en te  d er S tä b e  wie folgt e rm it­
te l t  w erden:

M ,  =  E I ^ ~ x x), (63)

M 2 =  E I 2( — xx cos2 x  — xy sin2 X — 2xxy cos x  • sin  x ) ,  (64)

M 3 =  E I 3( — xx cos2 ß  — Xy sin2 ß 2xxy cos ß  • sin  ß ), (65)

M lt =  G Il t xxy, (66)

M 2l =  G I 2t[— x x cos x  • sin x  +  xy cos a  • sin a  +  x xy • (cos2a  — sin2 a )], (67) 

М зг =  G I 3t[xx cos ß • sin ß  — Xy cos ß  • sin ß -)- x xy • (cos2 ß  — sin2 ß)]. (68)

V ernach läß ig t m a n  die T o rsio n sste ifig k e it der S tä b e , so w erden  die A us­
d rü ck e  der B iegem om ente völlig  an a lo g  der G leichungen  (55) bis (57) der 
S ta b k rä f te

M i  =  «i

M 2 — a 2

М 3 — O3

m .
cos x  • cos ß  sin (x — ß)

sin X  • sin  ß 

cos ß
sin  x  • sin  (a +  ß)

CO S X

m

m y +

sin X  • sin  ß  

sin ß

*xy

sin a  • sin  (oc +  ß) 

sin a

m•xy

sin  ß  • sin (a +  ß) sin ß  • sin  (a +  ß)
m xy

(69)

(70)

(71)

5. Theorie und Berechnung der anisotropen, 
durch Biegung beanspruchten Schalen

5.1. E in le itu n g

I n  diesem A b sc h n itt w erden  die D ifferen tia lg leichungen  des das räum liche 
F a c h w e rk  erse tzenden  K o n tin u u m s m it H ilfe der b ish e r e r lä u te r te n  Steifig- 
ke itsb e iw erte  beschrieben .
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Im  zw eiten A b s c h n it t  w urde  v o rau sg ese tz t: die D im en sio n en  der K o n ­
s tru k t io n  lassen das K o n tin u u m  als eine flache  P la tte  b e h a n d e ln . D ie F lach h e it 
d e r  Schale e rla u b t a u ß e r  d en  im  zw eiten  A b sch n itt a n g e fü h r te n  V orausse tzun ­
g en  die E in fü h ru n g  d e r fo lgenden  V ernach läß igungen  [2], [9], [14]:

Die erste V o rau sse tzu n g  h a t  e inen  geom etrischen  C h a ra k te r : sie e rlau b t, 
d a ß  m a n  die au f g e k rü m m te n  F läch en  b e h an d e lten  A b m essu n g en  als iden tisch  
m i t  d en  D im ensionen d e r e n tsp rech en d en  ebenen F läch e  b e tra c h te t .

Die zweite V o rau sse tzu n g  h a t  einen  geom etrischen  C h a ra k te r :  die G rößen- 
o rd u n g  des V erhältn isses d /r w ird  der E in h e it gegenüber v e rn a c h lä ß ig t (in die­
sem  V erhältn is  ô is t  d ie  S tä rk e  der Schale oder eine v o n  d e n  V ersch iebungen  
и, V, w ährend  r d er H a lb m e sse r e iner v o n  den beiden  H a u p tk rü m m u n g e n  ist).

D ie d r itte  V o rau sse tzu n g  h a t  einen  s ta tisch en  C h a ra k te r :  sie lä ß t  die 
W e rte  d er S ch u b k rä fte  Qx u n d  Qy, die in  die fü r die .Schalenm itte lfläche  au f­
geschriebenen  G le ichungen  eingehen , vernach läß igen .

A ufgrund  d er v ie r te n  V orausse tzung  w erden die in  d e r Schalenfläche 
lieg en d en  K o m p o n en ten  (d ie p ara lle l zu r x y  Achse s in d l d e r  äu ß eren  senkrech­
te n  B elastung  au ß e r a c h t  gelassen.

N ach B ild 4 a  sc h n e id e t m a n  v o n  d er z =  z(x, y )  S cha len fläche  ein Teil­
e le m e n t d e ra rt h e rau s , d a ß  die S eiten  des au sg esch n itten en  E lem en tes  p ara lle l 
z u  d en  Achsen x  u n d  y  liegen . D ie an  den  en tsp rech en d en  S e iten  angreifenden 
S ch u b k rä fte  u n d  d e ren  Ä n d eru n g en  sind  a u f  den B ild ern  4b  u n d  4c ersichtlich .

Die D iffe ren tia lg le ichungen  der a u f  B iegung b e a n sp ru c h te n  o rth o tro p en  
u n d  iso tropen  Schale k ö n n e n  — v o rau sg ese tz t, daß  sie f la c h  is t  — v e rh ä ltn is ­
m ä ß ig  einfach a u fg es te llt w erden  [2], [10], [14]. D ie A u to re n  befassen sich 
n ic h t  m it dem  F a ll, w o d e r W erk sto ff d er Schale a llgem ein  n ic h t iso trop  is t. 
D a  das betreffende E rsa tz k o n tin u u m  dem  le tz te ren  e n ts p r ic h t , w erden die 
A b le itu n g en  u n d  die B eh an d lu n g  dieser G leichungen n a c h s te h e n d  e rlä u te rt.

5.2. A ufschreiben  des D ifferentialgleichungssystem s

W ie b e k a n n t [2], [9] s teh en  zu r allgem einen L ö su n g  d er au f B iegung 
b e a n sp ru c h te n  Schale — in  irgendeinem  K o o rd in a ten sy stem  — 17 D ifferen tia l­
g leichungen , m it ebensov ie l u n b e k a n n te n  F u n k tio n en  zu r V erfügung , und  zw ar:

a) fü n f G le ichgew ichtsg leichungen  (wo die U n b e k a n n te n  s ind : nx, ny, nxy— 
=  nyx, m x, my, m xy — m yx, qx, qy) :

nx +  n xy =  (72a)

n xy +  n'y =  0, (72b)

«x-211 +  2 n xyz v +  ny z +  qlx +  qy +  p  =  0, (72c)

" 4 +  m  xy — qx =  0, (72d)

m)xy m y — qy =  0; (72e)
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a

b

Bild. 4

b) sechs Verform ungsgleichungen (die U nbekann ten  sind: ex, ey, yxy,

e x  =  u 1 — w z 11, (73a)

e y  =  v '  — w z" , (73b)

y x y  =  U  +  V1 — 2wz,ê, (73c)

X x  =  w 11, (73d)

x y  =  w " , (73e)

X x y  — , (73f)
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c) sechs E la s tiz itä tsg le ich u n g en  (vgl. A b sc h n itt 4 .2):

nx,y — ^  Ex,yi (28)

™x,y =  — (29)

D ie A ufgabe k a n n  im  P rinz ip  als gelöst b e tra c h te t  w erd en , da  lediglich  
d a s  obige G le ichungssystem  in te g rie r t w erd en  soll.

P ra k tisc h  k a n n  m a n  einige d er U n b e k a n n te n  — m it H ilfe v o n  v ersch ie ­
d e n e n  M ethoden — elim in ieren , u n d  so m it ein G le ichungssystem  e rh a lten , 
in  dem  die Z ahl d e r G rundg le ichungen  zw ar red u z ie rt, deren  O rd n u n g  jed o ch  
e rh ö h t w ird.

D azu  b ed ien t m a n  sich  e iner aus d er S ta tik  der T räg e r b e k a n n te n  d re i 
A u fsch re ib u n g sa rten :

1. das K ra ftg rö ß e n v e rfa h re n , w o die K rä fte  (M om ente) oder K rä ften - 
fu n k tio n e n  u n b e k a n n t sind ;

2. die Y ersch ieb u n g sm eth o d e , w o rin  die V ersch iebungen  u, v, w  u n b e ­
k a n n t  sind ;

3. kom plexe M eth o d e : die U n b e k a n n te n  d er G rundg le ich u n g en  sin d  
te ils  V ersch iebungen  (gew öhnlich  w), te ils  K rä fte  (im  a llgem einen  die F u n k ­
t io n  Ф).

Im  folgenden w erd en  die A u fsch re ib u n g sa rten  2. u n d  3. b eh an d e lt.

5 .2 .1 . Aufschreibung m it den Verschiebungsfunktionen

S etz t m an  die A u sd rücke  (73a) b is (73f) in  die G leichungen  (28) u n d  (29) 
e in , so e rh ä lt m an  die S c h n ittk rä f te  in  A b h äng igke it v o n  den  V ersch iebungen
u , v  u n d  w :

n x =  A n u l +  A 12v  +  A 13u  +  A 13v l — w ( A n z u +  A ' ü  +  2 A 13z 1' ) ,  (74a)

n y =  A 21u< +  A 22V +  ^ 2 3“ +  A 23V' —  +  ^ 2 2 Z" +  2^ 23zi')> (74b)

n xy =  A 3 l u '  -f- A 32v +  A 33u  +  A ^ v 1 —  w ( A 31z n +  Q32z" +  2 A 33z l-), (74c)

m x =  —(B jjic11 -j- B 12w" -f- 2 В 13гс1-), (75a)

m y =  — ( B 21w n +  B 22w" +  2 B 23w ]'), (75b)

m xy =  — (B 31w 11 +  B 32w" +  2 B 33w v). (75c)

S e tz t m an  n u n  d ie  G leichungen (74a) bis (74c) in  die G leichgew ichts­
g le ich u n g en  (72a) b is  (72c) ein, so e rh ä lt  m an  n ach  U m o rd n u n g  d er e inzelnen  
G lied e r ein  aus d re i G leichungen  besteh en d es P a rtia l-D iffe ren tia lg le ich u n g s- 
sy s te m , w orin  die V ersch iebungen  u, v, w  die U n b e k a n n te n  sin d . D ie S ch u b ­
k r ä f te  w urden  aus d e r G leichung (72c) m it H ilfe d er G le ichungen  (72d) u n d  
(72e) elim in iert.
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D ie M atrix  des G le ichungssystem s w urde in  T afe l I I  zusam m engeste llt. 
In te re s s a n t is t, daß  die an g e fü h rten  D iffe ren tia lo p era to ren  im  V erhä ltn is  zur 
D iagonalen  sym m etrisch  sind .

N ach  Lösung des G le ichungssystem s u n d  in  K e n n tn is  d e r W erte  von  
и ,  V,  w  können  auch  die w eite ren  U n b e k a n n te n  aus den  G leichungen (74a) 
b is (74c) u n d  (75a) b is (75c) e rm itte lt  w erden.

Tafel II

u V w

llA n  +  l’2Al3 +  "A33 UA и  +  1'(̂ 4зз +  A l2) +  
+  " Азг

T+  A iA ' +  2A y £  ) -  
— (Ai3z +  A 13z" +  2A33z1') 0

UAi3 +  1-(A33 +  A í2) -f-
+  "A 32

UA33 +  I'2̂ 4 23 +  "A 2j I(^13Ẑ +  ^23Z *+ 2^33^*) — 
(-̂ 12Z “b -d22z ~J~ 2AZ3Z ) 0

—Z(A uz“ +  A l2z"4- 
+  2A13zl ) — '(A3lzu +  
+  A 32z -(- 2A33z )

—\ A l3J* +  A 23z" +
+  2A33z ') — '(A12zn  +  
+  A 23z" +  2^42зг1)

+  "B .t +  “ -4B13 +  ш"(2В1г 
+  4B33) j -  "'4В 2з +  ::B22 +  
+  [An2 +  L413a* ' +  2(A12 
+  2A33)z " +  4A 23z " +
+  ^22*“]

+P

5.2 .2 . Aufschreibung m it kom plexen F unktionen

D ie E in fü h ru n g  d er S p an n u n g sfu n k tio n  Ф (vgl. A b sc h n itt 3) erm öglicht, 
d aß  m an  anstelle  d er in  T afel I I  an g e fü h rte n  drei P a rtia ld iffe ren tia lg le ich u n g en  
n u r  zwei e rh ä lt.

E rs e tz t  m an  die G le ichungen  (75a) b is (75c) in  d er G leichgew ichtsglei­
chung  (72c) du rch  die G leichungen  (72d) u n d  (72e), e rh ä lt  m a n  n ach  en tsp re­
ch en d er O rdnung  d er G lieder die e rs te  G rundgleichung:

BllM,'v + 4Б131о'"- + 2(B12 + 2B33)«,"" + 4B23h;'" + B22w-- -  Ь Ф  = 0. (76)
D ies is t die sog. Gleichgewichtsgleichung, in  d er die U n b e k a n n te n  die 

A b le itu n g en  der V ersch ieb u n g sfu n k tio n  w (x, y )  bzw . d er S p an n u n g sfu n k tio n  
Ф sind.

U m  die zw eite G leichung au fsch re iben  zu k ö n n en , g e h t m a n  von  den 
G leichungen  (74a) bis (74c) aus. M an s ieh t, daß die K o effiz ien ten  v o n  u* u n d  v ’ 
in n e rh a lb  je  einer G leichung ü b ere in stim m en . D em gem äß  k ö n n en  die drei 
G leichungen auch als ein  inhom ogenes G leichungssystem  m it  d re i U n b ek an n ­
te n  b e tra c h te t  w erden , w orin  die U n b e k a n n te n  u ’, v ‘ u n d  ( i r  +  v') sind.

D ie W urzeln  des G leichungssystem s sind:

u I = Ü L  
D* ’

(«• +  «') =  . (77 a), (77b), (77c)
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Die hier an g ew en d e ten  B ezeichnungen  b ed eu ten  die fo lgenden D e te r­
m in a n te n :

А ц А 12 А  i 3

1—1СЧ А  22 А  23

^31 А  32 А  зз

п х + u)M 1(z) А 12 Л 13
D f  = Пу + w M 2(z) ^22 А  23

ПХу + w M 3(z) А32 А  зз
л“Я 11 п х +  w M x(z) А  и

щ  — А  21 п у +  w M 2(z) А  23

А  зз п ху +  w M 3(z) ^ 3 3

А и А 12 п х +  w M 3(z)

щ  = Л  21 А 22 п у -\- w M 2(z )

А  31 А  32 п х у +  w M 3{z)

(78)

(79)

(80)

(81)

W o die W erte v o n  M x(z ) ,  M 2(z)  u n d  M 3(z) wie fo lg t s in d :

г а д  7 - z11 -
M 2(z) =  А z"
M 3(z) 2z1-

(82)

Die K o n tin u itä t  d e r  F o rm än d eru n g en  w ird  d u rc h  die G leichheit d er 
k o m p lex en  A b le itu n g en  gesichert, u n d  diese B ed ingung  k a n n  wie fo lg t au f­
geschrieben  w erden:

(и1)" -F (F )11 =  (и  +  v ' ) i '  . (83)

N ach  E insetzen  d er A u sd rü ck e  (77a) bis (77c) e rh ä lt m an :

d . h .,

(£*i*
+

( D 2* II D*
ID *  J [ d * | d *

(84)

(D * y  +  (D*)11 =  (D*) !• (85)

Z ersetzt m an  u n d  fü h r t  m a n  die einzelnen O p era tio n en  du rch , so e rh ä lt 
m a n  nach G ru p p ieru n g  d e r G lieder die zw eite G rundg le ichung :

A 1

4 1

43

4 3

ф ív _  2 A 2x A n

1 23

0111- 4 . Л 11 ^42
A 2i A 2 2 \

_  9 ! A  2 1 - ^ 2 3  J ]  Ф И "  _  2 Л и ^ 2 2 ф | -  +

w A 3 3  ! i ^ 3 1 A  32

L 22

42 '33
Ф-- + ( 86)

0 0 A 13 A u ^12 0 A u A 12 0

+ ■Л-21 ^22 0 + 0 0 A 2 3 + A  21 ^22 0

^ 3 1 A  32 0 ^ 1 3 A  23 0 0 0 A 3 3

- =  0 .
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D ies is t  die sog. Verträglichkeitsgleichung, wo die U n b e k a n n te n  ebenfalls 
die A b le itu n g en  von  w  u n d  Ф sind.

B eze ichne t m an  die D e te rm in a n te n  k ü rze r:

IIrH
43 А ц  ^13 

^31 ^33
, d  2 — ^2 1  ^11 

А  2з А 13

II A  it  A  lg 

А  21 А  22

II*4

А АЛ 21 Л 23 

^31 ^33
9 ^ 5  =

А  и  А  22

^31  ^32
5 --

А  22 А  23
А 32 А 33

(87)

so k a n n  m a n  die V erträg lich k eitsg le ich u n g  auch  in  ab g ek ü rz te r  F o rm  au f­
schre iben :

d & |V -  2 d 20 '"- +  (d , -  2d t W  -  2d50 ' -  +  de0 -  +

+  ( ^ 13^5 +  A 23d 2 +  A 33d3)Lu, =  0.

D ie G leichungen  (76) u n d  (86) s in d  d ie  G rundg le ichungen  d er an iso tro p en , 
a u f  B iegung  b ean sp ru ch ten  flach en  Schale . D em zufolge k a n n  das in  A b sch n itt
5.2 au fgeschriebene, 17 U n b ek an n te  e n th a lte n d e  G leichungssystem  du rch  
zwei G le ichungen  ausg ed rü ck t w erd en , u . zw. so, daß  diese G leichungen 
P artia ld iffe ren tia lg le ich u n g en  v o n  v ie r te r  O rdnung  w erden.

Im  F a lle  der O rth o tro p ie , w erd en  d ie  G leichungen (76) u n d  (86), wie
n ach s te h e n d  ersich tlich , e infacher:

Вц№,у +  2(B 12 -(- 2 B 33)u4" 4~ B 22w :: — ЬФ =  0, (76a)

d ^ |V +  (d3 — 2 d4) 0 n" +  de0 :: +  A 33d3Lw  =  0. (86a)

U n d  w enn  die o rth o tro p e  Schale sich in  e ine  P la tte  u m w an d e lt:

B u w iv +  2 (B 1Z 4- 2 B 33)m> 1 +  B 22w  =  0, (76b)

d p |V 4- (d3 -  2di)0"" 4- d30  - =  0. (86b)

N ach  L ösung des aus den G le ichungen  (76) u n d  (86) zu sam m engeste llten  
G le ichungssystem s k an n  m an  aus d e r S p an n u n g sfu n k tio n  Ф die M em bran­
k rä f te  nx, ny, nxy, aus der D u rchb iegung  iv m it  H ilfe der G le ichungen  (73d) b is 
(73f), (29), (72d) u n d  (72e) die M om ente m x, m y, mxy, bzw ., die S ch u b k rä fte  
qx, qy e rm itte ln .

V on d en  drei fü r die R ed u k tio n  des 17 U n b ek an n te  e n th a lte n d e n  ganzen 
G le ichungssystem s anw endbaren  M e th o d en  w urden  zwei d a rg es te llt. W elche 
der K o n s tru k te u r  von  diesen dre i M e th o d en  anw endet (oder ü b e rh a u p t das 
G le ichungssystem  reduz ie rt), h ä n g t h a u p tsä c h lic h  von  den  R an d b ed in g u n g en ,
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v o n  d er Form  des R an d es , der S cha len fläche, u n d  v o n  den  rech n u n g stech n i­
sch en  M itteln  ab .

D as D iffe ren tia lg le ichungssystem  k a n n  — in  K e n n tn is  der R a n d b e d in ­
g u n g en  — n ach  d e n  üblichen rech n erisch en  V erfah ren  gelöst w erden. E in  
num erisches B eisp ie l w ird  bei e iner a n d e ren  G elegenheit m itg e te ilt.
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Anhang

Berechnung der Biegesteifigkeitsbeiwerle

Zuerst zwingt man das Fach werk auf Biegung yx. Man drückt die Steifigkeiten von 
den Gleichungen (29) aus, ersetzt aus den Gleichungen (22) bis (24) die Werte der Momente 
und verwendet dann die Formeln der in schrägen Richtungen auftretenden Durchbiegungen;

_ -= — ч ■ +  M,
*x «X '- <h

~ M 3l-cos ß ^
h

1
xx • ( F i l

cos ß
• *X ,*1

- co t ß -f- Glït ■X ' 2

• n COS ß \
Smß L *xj •

cos ß _ , cos a M3 —j-É- cot ß +  M tt
h

3 cos2/? •

«x +  GI3t ~7T 'cos /

* Ungarisch.
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Wo zwischen der Durchbiegung (bzw. Verdrehung) und dem Biegemoment (Torsions­
moment) die folgende Abhängigkeit berücksichtigt wurde:

M ,-= £ ! ,( -* /) ,

M it =  Щ р- ■ 2xi t .

Nach Reduktion, mit den Bezeichnungen (34):

Bn =  H +  Ь cos4a +  i3 cos4 ß -f- i2t cos2a • sin2a +  i3t cos2/? • sin2/?. (35)

In ähnlicher Weise:

— ±(
, ,  sin а , __ sin в  __ cos а , cos в
м ,  — Г —  +  м 3 —г-2— -  М г{ — ---------- h  M 3t м

h h h
>±ß_) =
íj) i

*x (
cos2a ■ sin а cos2/? - sin ß OL,,E I , --------ï---------xx +  EI3 ------- ---------— xx -  —- f -  2 cos а

íj
cos а G l,, _sin а — ;—  У-y --------  2 cos-

li 2

-  _  JÜ2L -  _  J _  f iu  cosa  _
«x «X l 2 il

, ,  cos ß , __ sin а , __+  M 2t — — +  M3, 
n  n 4* ) -

В 2 i =  i2 cos2a • sinza -f- i3 cos2/? • sin2/? — i2; cosza • sin2a — i3( cos2;? • sin2/?, (36)

sin ß
—  V  l r íat

-  L  (.EJ. *  7 . f  „A  -  И, «*V> «, + ̂ sin CC

GZ„< „ „ . sin a GZ3f „ . . .  sin ß )4- - - 2их 2 cos а • sm а — ----------- ^ -  2 cos ß ■ sm ß ■ xx: —p — I ,
Z íj Z íj J

B31 =  i2 cos3a • sin а — i3 cos3 /? • sin ß +  i2; sin3 а ■ cos а — i3/ sin3/? • cos ß. (37)

Durch Ableitung mit dem anderen Ausdruck von myx— mxy (vgl. Gleichungen 24 und 
24’) erhält man für B31 eine andere, jedoch mit der vorausgehenden gleichwertige Form:

BL =  i2 cos3a • sin а — i3 cos3/? • sin ß — i2i cos3a • sin а +  i3; cos3/? • sin ß. (37a)

Man zwingt das Fach werk auf Biegung xy 

В  m* ___1 ( Mi
Xy Xy ^

cosa , - ,  cos/? . ,JVZ2 — -—  cot a +  M 3 — -—  cot ß +

. ,  cosa __ cos ß
+  M 2t — --------M3t

EL

<1
cos ß

»■ ß )  1 (
/1 J Xy l

cosa . .E l2—-— -c o ta  • s it f i • Xy
*i

2 lli
G I 3 l

cot ß • sin2/? • Xy —
GL, „ cos2 a

2 cos ß • sin ß C°i ^ j ,

B „  =  i 2 cos2a • sin2a +  i3 cos2/? • sin2/? — i 2/ cos2a • sin2a — i3; cos2/? • sin2/?, (38)
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В, cos а эд. cos ßmy 1 sin а . ,  sin ß cos
! =  -  f  =  T  r * T  +  M> / -  М й " Г  T  /

1 ( sin а sin2a „ r sin ß .
= т* Г ’ ~ i r v  + E h ~ Xy sm ß  +

, n T cos а . cos ß 0 . А+  Gl 2t —  ---- Xy cos а • sin а +  GI3f —   xy cos p • sin p ,
n  *1 у

B 22 =  i 2 sin4a +  i3 sin4/? +  i2t cos2a • sin2a +  i3l cos2/? ■ sin2/?;

„ mxv 1 ( cosa _ _ cos ß . ,  sin а

(3 9 )

, „  sin /? ) 1 cosa . „ cos ß .
+  M3f —Г—  = ---- - IE I2 — -—  sin2a • «y — E I3 —J-Í- sin2/? Xy —J Ky \

G I 2t « sin a G I3t „ о ■ о S4n ß------ 2—  2 cos а • sin а —j—  • xy -|----- 2 cos ß ■ sin ß  —j—  J ,

B32 =  i2 sin3a • cos а — i3 sin3/? • cos ß — i 2i sin3a • cos а +  i3i sin3/? • cos ß. (40)

Bzw. mit dem anderen Ausdruck von mxy =  myx

B32 =  i2 sin3a • cos а — i3 sin3/? • cos ß +  Ht cos3a • sin а — i3t cos3/? • sin /?. (40a)

Schließlich zwingt man das Fachwerk auf Verdrehung xxy:

, mx 1 f M t
13 2v AKXy 2xxy V a1

__ cosa M C03 ß )"T" 1V121 i *1 M >< h J

M ,
к

- cot а +  M 3
к

cot ß +

'xy

cos ß
cos а  • sin а  — E I3 — cot ß • sin ß ■ 2xxy

к

(cos2a — sin2a ) -----~ 2 —̂ C°  ̂ß 2xxy • (cos2/? — sin2/?)J ,

' Ovi !• 1Л&1

GIlt cosa  
2 L  x y ‘

В íj =  i2 cos3a • sin а — i3 cos3/? • sin ß — i2t cos а • sin a(cos2a — sin2a) +  

+  i3l ~ ~  cos ß • sin /S(cos2/? — sin2/?) ,

B 93 — • ■2xxy
= ____ 1 _ r

2кХу V
__ sin а  , sin/? __ c o s a  cos ßM , — —  +  M 3 — r^~ -  M lt —Г—  +  M3< r

(41)

* ) -
£ 7 ,cos а • sin а • 2*xv ---- £J3 cos ß ■ sin /?

ХУ ii2*xy [

.  sin ß , G l.t cos а . . . . .  GI3t cos/? . . .  . „„Л
• 2xxy —j----- 1------y ----- /— ’ 2*xy (cos a -  s,n a) -------2-------l f ~  (C0%ß ~  sm ^]>
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B 2 t2 cos a • sin3a — i3 cos ß • sin3/? — — • i 2 sin2a(cos2a — sin2a) —

und endlich:

r lx y

2xT
_____ ! _ (

2xxy 1.

- i2t sin2/?(cos2/? — sin2/?),

cos a „  cos ß , „  sin a M , — --------M 3 — r-i- +  M2, —  -----

(42)

JVf, sin ß
r )

2xxy [
. r r  c° sa  . cos ß  o - oI E Io —  ----ccs a • sin a • 2иХу-|- J3 —~—  cos p • sin p

h ' Ч

2 я'xy

GJ3̂  sin ß

G I l t  sin a  • » чо—2—  —j---- (cosza — sm2a)2xXy —

~ß— (cos2/? — sin2/?) 2«Xy j

B33 =  l 2 cos2a • sin2a +  i3 cos2/? • sin2/? —• i 2t sin2a(cos2a — sin2a) —

— i3t —ÿ -  sin2/? (cos2/? — sin2/?). (43)

Bzw. mit dem anderen Ausdruck von mxv =  myx :

B33 =  i,cos2a • sin2a +  i3 cos2/? • sin2/? ~  i2t cos2 a(cos2a — sin2a) +

+  -y -  iztcos2/?(cos2/? — sin2/?) +  il t . (43a)

Untersucht man die Werte der Steifigkeitsglieder:
— da die rechten Seiten der Gleichungen (36) und (37) übereinstimmen, deshalb 

wird B l3 =  B 21;
— da B31 =  B3l und 0,5 (B31 +  B 31) =  B 13, daraus folgt: B31 =  B31 =  B13;
— in ähnlicher Weise: da B32 =  B32 und 0,5 (B32 +  B32) =  B 23, und daraus folgt: 

В 32 =  B32 == B 23.
Demgemäß ist die Steifigkeitsmatrix symmetrisch!

Die entgültige Form der Steifigkeitsmatrix В  ist in der Tafel angeführt, wo auch 
berücksichtigt wurde, daß 
В st =  B31; B13 =  B31; B23 =  B32 
und B53 =  (B33 +  B^3) 0,5.

C a l c u l a t i o n  o f  S i n g l e - l a y e r  A n i s o t r o p i e  B e n t  S h e l l s  C o n s i s t i n g  o f  S c a l e n e  W e b  S y s t e m .
The calculation of the most general case of the single layer spatial triangulated web system 
with the aid of the continuum method is presented. The strength characteristics of the conti­
nuum (anisotropic shell subjected to flexural stresses) which, from the statical viewpoint is 
equivalent to the latticework, are determined; the governing differential equations of the 
shell are established, then the stresses (internal bar forces, bar moments) are expressed as 
functions of the stress resultants (membrane forces, specific moments). The deductions are 
extended also to cases where the shell turns into a flat plate; the conditions of the orthotropy 
are treated separately.

Расчет изогнутых анизотропных оболочек, состоящих из однослойных решеток 
с общей треулогьной сеткой. В работе показан расчет наиболее общего случая про­
странственных решетчатых конструкций, состоящих из однослойных треугольных сеток, 
континуумным методом. Определяются характеристики прочности континуума (анизо­
тропной изогнутой оболочки), являющегося в статическом отношении совершенно одно­
значным решетчатой конструкции, выводятся дифференциальные уравнения оболочки, 
затем в функции сил разреза (мембранные силы, удельные моменты) выражаются нагрузки 
(стержневые силы, стержневые моменты), возникающие в стержнях пространственной 
решетки. Математические выводы занимаются с теми случаями, при которых оболочки 
переходят в плоскую пластину и отдельно рассматриваются условия ортотропии.
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RED MUD SMELTING EXPERIMENTS

GY. HORVÁTH*

[Manuscript received: 13. April, 1973]

Examination of synthetic N a—Al hydrosilicates and plant grade red mud 
types revealed how the Na20  losses during smelting could he reduced. Effects of lime, 
coke, and their simultaneous presence, as well as of the temperature and duration of 
the heat treatment on the Na20  loss have been determined. The causes of such losses 
have become clarified. As a result, such technologies were developed whereby, in addi­
tion to the Fe20 3 and A120 3 contents, the Na20  content of the red mud could also be 
extracted with minimum losses.

In tro d u c tio n

P rocessing  o f th e  red  m u d  p ro d u ced  in  th e  course o f B ay er a lum ina  p ro ­
du c tio n  is all th e  m ore  ju s tif ie d  as i t  re p re se n ts  one of th e  env ironm en t p ro te c ­
tio n  problem s a rising  from  th e  a lum inum  in d u s try  [1] an d , in  add ition , since th e  
recovery  o f th e  u sefu l com ponents th e re in  (N a 20 ,  A120 3, F e 20 3) m igh t co v er 
p a r t  of th e  raw  m a te r ia l shortages o f th is  co u n try  (caustic  soda, iron  o re , 
b au x ite ).

F o r th e  p rocessing  of red  m ud  q u ite  a n u m b e r o f technologies have b een  
e lab o ra ted  [2] w hose econom ic efficiency is g rea tly  in flu en ced  b y  th e  cau stic  
soda q u a n tity  reco v ered  [3, 4].

O ur ex p erim en ts  w ere aim ed a t  in v e s tig a tin g  on th e  conditions w here  
u n d er th e  N a 20  c o n te n t w ould rem ain  in  th e  slag, to  be recovered  th e re fro m  
in  th e  form  of a lu m in a te  alkali.

T he ex p e rim en ts  w ere b u ilt on te s tin g  sy n th e tic  sodium  alum in iu m  
h ydrosilica tes a n d  re d  m ud. These in v es tig a tio n s  used P a u lik —P a u lik —E rd e y  
ty p e  MOM d e riv a to g ra p h , M iiller M icro-111 X -ra y  d iffrac to m eter, and  S ta n to n  
M F-H 5 th e rm o b a lan ce .

P rio r  to  beg in n in g  th e  descrip tion  o f th e  ex p e rim en ta l w ork, th e  a b b re ­
v ia te d  in d ica tio n s o f  som e com plex co m pounds re fe rred  to  in  th is  p a p e r w ill 
have  to  be en u m e ra te d , to  be used  h e re a f te r  in s tead  o f th e  com plete fo rm u lae  
of these  co m pounds:

* Gy . H o rv á th , 1115 Fejér L. út 34, Budapest, Hungary.
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S odium  alum in iu m  silica te  =  NAS

N a 2A l20 4 =  NA 
C a2S i0 4 =  C2S 
C a T i0 3 =  CT
C a2F e 20 5 =  C2F

C a3A l10O18 — C3A 5
C a2A l2S i0 7 =  C2AS
C a12A li40 33 =  C12A 7
N a 4Ca3Al10O 20 =  N 2C3A5

1. S yn th e tic  N a—Al h y d rosilica te  experim ents

T he N a 20  c o n te n t o f th e  red  m u d  is u su a lly  b o nded  in  v a rious sod iu m  
a lu m in u m  h y d ro silica tes  (zeolite, so d a lite , an d  can crin ite  com pounds, see 
5 —8), or is fo u n d  as an  adhesive a lka li. D u rin g  th e  ex am in a tio n s  th e re fo re , 
one h a d  to  p a y  a t te n tio n , to  th e  b e h a v io r  o f th e  bonded  an d  adhesive a lka li 
c o n te n ts  in  o rd er to  d iscover th e  sources o f  N a 20  losses.

1.1 Zeolite test

T his co m p o u n d  w as p roduced  b y  re a c tin g  sodium  silica te  w ith  a sod ium  
a lu m in a te  so lu tion  a t  90 °C. A ccording to  N em ecz  e t al. [7], u n d e r such  cond i­
tio n s  a m a te ria l com p o sitio n  sim ilar to  th e  L in d e  zeolite w ould  be p ro d u ced . 
I n  fu ll ag reem en t w ith  th e  lite ra tu re  re fe rred  to , our th u s  p ro d u ced  m a te r ia l  
a c tu a lly  h ad  th is  com position  ty p e  (see T ab le  I). The X -ra y  d iffrac to g ram  
o b ta in e d  w ith  th is  sam ple  is p re sen ted  in  F ig . l a .  A ccord ing  to  th e  lo ca tio n  
a n d  in te n s ity  o f th e  lines, th e  sam ple is id e n tic a l to  th e  L in d e  5-Â zeolite , a n d  
m a y  be ch a rac te rized  w ith  th e  fo rm u la  N a 20  • A120 3 • 2S iO a • 4 ,5 H 20 .

T he m ass v a r ia tio n s  in  zeolite, on  th e  effect of te m p e ra tu re , w ere s tu d ie d  
in  a rg o n  a tm o sp h ere  w ith  a sensitive th e rm o b a la n c e  (see F ig . 2a), w hile F ig . 3a 
i l lu s tra te s  th e  d e riv a to g ra m  of th e  sam e  sam ple, w hose D T A  curve gives 
in fo rm a tio n  on th e  p h ase  tra n s fo rm a tio n  tem p era tu res .

T ab le  I  p re se n ts  th e  com position  o f  th e  sam ples h e a te d  to  d iffe ren t 
te m p e ra tu re s , a n d  th e  N a 20  losses c a lc u la ted  from  th e ir  chem ical analysis .

1.1.1 iVa20  losses o f  zeolite in  the fu n c tio n  o f  temperature

F ig .2 a  an d  T ab le  I  reveal t h a t  p a r t  o f th e  adhesive N a 20  c o n te n t of 
zeo lite , an d  its  to ta l  w a te r  co n ten t w ill be lost a t  a te m p e ra tu re  of a b o u t 
400 °C. A t 440 a n d  575 °C, th a t  is, in  tw o  s tages up to 6 2 5 °C , s till m ore N a 20  
w ill be lost. This m ean s th a t  before 625 °C is reached , th e  to ta l  adhesive N a 20  
(N a 2Oad-) a m o u n t w ill be rem oved fro m  th e  system , w hich  is equal to  an  8,7 
p e r  cen t N a20  loss. T h e rea fte r , th e  m ass  o f  th e  sam ple w ill n o t v a ry  u p  to  
1200 °C. A t 1320 °C, how ever, an o th e r v o lu m e  redu c tio n  w ill be observed , th is  
t im e  in  th e  b o n d ed  N a 20  co n ten t, a m o u n tin g  to  3,7 p er cen t. T hus, th e  to ta l  
N a 20  loss w ill be  12,4 p e r cent.
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Table I

Composition and Na20  losses (% ) of differently treated zeolites

Sample
N o Symbol N a ,0 A120 , SiO, CaO

Ignition
losses

N a ,0
loss

Zeolite 19,5 29,2 34,5 0,1 17,6 0

Zeolite 400°C 22,8 34,1 41,7 0,1 1,3 3,4

* Zeolite 525°C 22,1 34,9 42,6 0,1 0,2 8,0

Zeolite 625°C 22,1 35,0 42,8 0,1 0 8,7

Zeolite 1220°C 22,1 35,0 42,8 0,1 0 8,7
2

rO
1 Zeolite 1350°C 21,4 35,3 43,2 0,1 0 12,4

2
£cd
«

и
57,2% Zeolite 

+42,8% CaO 8,8 21,6 26,5 43,0 0 40,3

3 Uо
О

!

44,4% Zeolite 
+33,4% CaO 

+22,2% coke 8,0 21,8 26,6 43,5 0 46,5

4 66,7% Zeolite 
+33,3% coke 21,1 35,4 43,3 0,1 0 14,2

1.1.2 Zeolite phase transform ations in  the fu n c tio n  o f  tem perature

In fo rm a tio n  on th e  te m p e ra tu re  o f th e  phase  tra n sfo rm a tio n s  in  zeolite, 
on th e  effect o f te m p e ra tu re  increase , w as supp lied  b y  th e  d e riv a to g ram  
p re se n te d  in  F ig . 3. T he D T A  curve  show s m in im a a t  180, 465, an d  840 °C, 
a n d  m ax im a  a t  880 an d  1090 °C. T he m in im a  are  assoc ia ted  w ith  w a te r  an d  
N a aO losses, w hile th e  w a te r  loss lim it te m p e ra tu re  (400 °C) a n d  th e  m ax im a  
o f th e  D T A  curve a t  880 an d  1090 °C, o bserved  w ith o u t a n y  m ass v a ria tio n  
w h a tso ev er, re fer to  p h ase  tran sfo rm a tio n s .

T h e  s tru c tu ra l tra n s fo rm a tio n  o f zeo lite  w as s tu d ied  on  sam ples h e a t 
t r e a te d  in  advance  a t  te m p e ra tu re s  o f 400, 625, 750, 850, 950, 1100, 1200, 1300, 
an d  1400 °C, respective ly , for one h o u r. A  few  sam ples w ere an a ly zed  s im u lta ­
neo u sly  and , on th e  basis o f th e  com position , th e ir  N a 20  losses h av e  been cal­
cu la ted . T hese d a ta , to o , are show n in  T ab le  I.

T he phase tra n sfo rm a tio n s  in  zeolite  on th e  effect o f te m p e ra tu re  are 
i llu s tra te d  b y  th e  X -ra y  d iffrac to g ram s o f F igures l / а —e.

F ig . l a  p resen ts  th e  p h ase  com position  o f  ou r s ta r tin g  m a te r ia l: a zeolite 
o f (N aA lS i0 4)12 • 2 7 H 20  com position .

A fte r  h e a tin g  u p  to  400+-850 °C, th e  c ry s ta l s tru c tu re  o f  th e  zeolite w as 
s till a lm o s t id en tica l to  t h a t  o f  th e  in itia l su b stan ce . T he d ifference w as only
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U L /

aJAaJVAaJ V
ДО 3 8  3 6  З Д  3 2  3 0  2 8  2 6  2 Д  2 2  2 0

Z e o l i t e ,  h e a t e d  t o  U 0 0  ° C  

e )

Z e o l i t e ,  h e a t e d  t o  1 1 0 0 - 1 3 0 0  ° C  

d )

Z e o l i t e ,  h e a t e d  t o  9 5 0  ° C  

c)

Z e o l i t e ,  h e a t e d  t o  Д 0 0 - 8 5 0  ° С  

b)

Z e o l i t e

a )

in d ica ted  b y  th e  d isp lacem en t o f th e  reflec tions to w a rd s  low er Á  values
(F ig . lb ) .

Fig. l c  illu s tra te s  th e  phase com position  of a sam p le  h ea ted  to  950 °C. 
Z eolite h ad  a lre a d y  been  tran sfo rm ed : m a in ly  carn eg ie ite  (N aA lSiO ^), s tab le  
a t  low  te m p e ra tu re s , a n d  som e neph e lite  (N a2A l2S i20 8) h a d  been p ro d u ced .
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Zeolite, heated to 1350 °C

a)

57,2 7. Zeolite ♦ 42.8 7. lime, heated 
to 1350 °C

mg
ASv

200 400 600 800 1000 1200 1400°C

b)

44,4 7. Zeolite ♦ 33,4 7. lime .  22,2 7. 
coke, heated to 1350°C

c)

Fig. 2

calibration: 365 mg 
heating rate: 5,5°C/min 
argon: 20 lit/h

T his phase  tra n s fo rm a tio n  is in d ic a te d  b y  th e  m ax im u m  of th e  D T A  
curve a t  880°C in  F ig . 3.

B etw een  1100 a n d  1300°C th e  sam ples m o stly  c o n ta in  nephelite , an d  o n ly  
to  a sm alle r a m o u n t carneg ie ite  w hich is r a th e r  s tab le  a t  low er te m p e ra tu re s ,
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Fig. 3. Zeolite (from aluminate lye and sodium silicate, at t =  90 °C)

as show n in  F ig . I d .  In  th is  te m p e ra tu re  ra n g e  nephelite  is th e  p revailing  p h ase  
as re fe rred  to  b y  th e  m ax im um  a t  1090°C.

A ccord ing  to  F ig . le , th e  1400°C m a te r ia l  does n o t  a n y  longer c o n ta in  
n e p h e lite , th u s  o n ly  th e  carnegieite  s ta b le  a t  low  te m p e ra tu re  can  be id en tif ied  
in  th e  sam ple.

D iffrac to g ram s show  th a t  zeo lite  w ill undergo  th e  follow ing phase t r a n s ­
fo rm a tio n s  on  th e  e ffec t o f te m p e ra tu re  e lev a tio n :

Z eolite NaA lSiO * +  (N a 2A l2S i20 8) - ----->

•U0WC1 Na2Al2s Í20 8 +  (N aA lSiO *) N aA lSiO * *

E x p e rim e n ts  v e rify  t h a t  th e  zeolite w ill lo se , p rio r to  th e  phase  tra n sfo rm a tio n s , 
t h a t  is , a t  a low  te m p e ra tu re  (< 6 2 5  °C) a b o u t 8,7 per cen t of its  N a 20  c o n te n t, 
w h ereas  b e tw een  880 a n d l0 9 0 °C  no N a 20  loss tak es  p lace. A n o th e r, i f  in sig n i­
f ic a n t  N a 20  loss o f  3,7 p er cen t, w ill h e  observed  a t  h igh  te m p e ra tu re s  above  
1200 °C. T his p ro v es t h a t  b o th  th e  n e p h e lite  an d  carnegieite  phases are  h ig h ly  
s ta b le  co m p o u n d s an d  decom pose o n ly  a t  e lev a ted  te m p e ra tu re s , while n e ith e r  
th e ir  p ro d u c tio n  n o r  tra n sfo rm a tio n  is asso c ia ted  w ith  N a 20  losses.

T h u s, th e  N a 20  losses o bserved  a t  low  tem p era tu res  m a y  only  be from  
th e  adhesive  N a 20  co n te n t o f th e  zeo lite , an d  som etim es th e y  rep re sen t as

* The quantity of the phase in brackets is less than that of the others.
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m uch  as 71 p e r c en t o f  th e  to ta l  N a 20  losses. B o n d ed  N a 20  can he rem o v ed  
only  a t  h igh  te m p e ra tu re s , a m o u n tin g  to  ab o u t 29 p e r  c e n t o f th e  to ta l.

1.1.3 C a l c u l a t i o n  o f  t h e  a c t i v a t i o n  e n e r g y  a n d  t h e  o r d e r  o f  r e a c t i o n  d u r i n g  t h e  

t h e r m a l  d e c o m p o s i t i o n  o f  z e o l i t e

C alculations h av e  been  perfo rm ed  on th e  th e rm a l decom position  o f 
zeolite. The ra te  o f  d ecom position  can  be expressed  b y  th e  following e q u a tio n
[9 , 10 ]:

v = — =  ( 1 )
d t

In  th e  above e q u a tio n

c A  =  th e  q u a n ti ty  o f th e  m a te ria l n o t  decom posed  as y e t,  a t  th e  tim e m o m e n t t ,  

in m ole/cm 3,
к  —  v e lo c ity  c o n s ta n t o f th e  re ac tio n , 1/sec,
X  =  o rder o f reac tio n .

T he value  of к  varies  w ith  th e  te m p e ra tu re , acco rd ing  to  th e  eq u a tio n  below :

к  =  k 0 - exp  ( — E / R T )  • ■ ■

where E =  a c tiv a tio n  en erg y , cal/m ole,
fc0 =  th e  c o n s ta n t o f th e  e q u a tio n  expressing  th e  v a r ia tio n  of к  w ith  th e  te m p e ra ­

tu re , 1/sec.

On th e  basis o f th e se  tw o  e q u a tio n s  we o b ta in

—  d  С д/ d t
k  =  k 0 - exp  ( - E / R T )  = -------

CA

L o g arith m iza tio n  o f  th e  above eq u a tio n  gives

In к  =  In k 0
—dc 

d t
X  In  cA  .

A fter d iffe ren tia tio n  w ith  re sp ec t to  T  we have

d  In  fc =  =  d  In
R T 2

d c .

d t
— X  d  In c.

w hile division d  In c A  w ill give

din
- d c A

d In к  E d T dt

d  In cA  R T 2 d In cA  d In cA

( 2)

(4)

(5 )

(6)
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S ince  th is  e q u a tio n  is r a th e r  d ifficu lt to  use because o f its  d iffe ren tia l form , 
i t  w ill h av e  to  be in te g ra te d  b e tw een  a n d  T 2, th a t  is, cA1 a n d  cA2. T h u s, th e  
e q u a tio n  of th e  s tra ig h t  line w ill re a d  as

In

— dcA

dt
— dcA

Тгdt

In C a2
Ç-U

- E 1 1

R т2 3 \

In Ç42

1

+  * (? )

I f  th e  values ex p re ssed  in  m ole /cm 3 are  rep laced  b y  (g), th is  w ill c e rta in ly  
n o t  m ean  an y  e rro r , since  th e  q u o tie n t o f th e  conditions u n d e r  te m p e ra tu re s  
X\ a n d  T 2 will be in v o lv ed , an d  th e  conversion  coefficient is e lim in a ted . T hus,

Table П

Calculation of the activation energy (E) and order of reaction (X ) in the thermal decomposition 
of zeolite and the (zeolite +  lime +  coke) compound (10)

1
T ,  K °

2

~ Ag r / n r r

3

4
I g 3 *

5
g ,  g r a m m

6

gT2
7

lg 6 *
At ’ 6 5

( т ) т ,
gTl

1518 0,66 • 10 - 6
2,515 0,4006

0,2939
0,999 —0,0004

1553 1,66 • i o - 6
1,403 1,472

0,2935
0,997 -0,0013

1583 2,33 • 10-«
0,571 -0 ,2434

0,2928
0,997 -0,0013

1613 1,33 • 10-6 0,2923

1515 0,566 • IO-5
2,350 0,3711

0,2931
0,989 -0,0048

1548 1,330 • 10-5
0,702 -0,1537

0,2902
0,989 -0,0048

1578 0,943 • 10- 5

0,713 -0 ,1469
0,2866

0,993 -0,0031
1608 0,666 • 10- 5

1,150 0,0607
0,2844

0,997 -0,0013
1623 0,766 • 10 " 5 0,2833

T h e  f i  g u r e s  m a r k e d  b y  a s t e r i s k  i n d i c a t e  t h e  c o r r e s p o n d i n g  c o l u m n s
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chang ing  over to  decim al log, an d  s u b s ti tu t in g  th e  R  va lu e , th e  eq u a tio n  w ill 
assum e th e  follow ing form :

- A g

Irr A t T 2
Xg - A g

—0,218 E  
T ,

1 1

A t T 2 T x

I g ^ -  I g ^ -
ë i  g i

( 8)

In  th is  eq u a tio n  — A gjA t ind ica tes th e  m ass  red u c tio n  p e r u n it  tim e  a t  te m ­
p e ra tu re  T, while g  m eans th e  q u a n t i ty  o f  th e  m a te ria l n o t decom posed y e t  
a t  th e  sam e te m p e ra tu re  level.

O n th e  basis o f th e  te m p e ra tu re /v o lu m e  red u c tio n  d iag ram  o f th e  zeo lite , 
as p lo tte d  b y  m eans o f th e  th e rm o b a la n c e , th e  co rresponding  d a ta  o f E q . (8)

8

1 1

~ T  * ' k °_

9

1 1

~t 7  tt
10

0 ,2 1 8 .9 *

11

4*

~7*~

12

10*

7*

0,659 • lO -3
-0 ,014  • lO"3 -0,0305 • lO -3

ОI—1О7

0,762 ■ 10-2

0,645 • 10- 3

-0 ,013  • 1 0 - 3 —  0,028 • lO -4
-0,113 • 103 0,218 • 10-2

0,632 • lO -3
-0 ,012  • lO“3 -0,0262 ■ 10~ 4

+0,187 • lO3 0,202 • 10-2

0,620 • lO-3

0,659 • lO"3
- 0 ,013  • 1 0 - 3 -0,02830 • lO“4 -0,0773 • 103 0,059 • 10- 2

0,646 • 10- 3

-0 ,012  • lO"3 -0,02615 • 10- 4 +0,0320 • lO3 0,0545 • 10 - 2

0,643 ■ lO"3
-0 ,013  • 1 0 - 3 -0 ,2830 • lO -4 +0,0474 • 103 0,0913 • 1 0 -2

0,621 • lO"3
-0 ,005  • lO“3 -0,01090 • lO“4 -0,0467 • 103 0,0838 • 10-2

0 ,616  • 1 0 - 3

T h e  f i g u r e s  m a r k e d  b y  a s t e r i s k  i n d i c a t e  t h e  c o r r e s p o n d i n g  c o l u m n s
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h a v e  been  ca lc u la ted  fo r te m p e ra tu re s  1245, 1280, 1310 an d  1340 °C, w h ereb y  
th e  a c tiv a tio n  e n e rg y  (E ) and  th e  o rd e r (x ) o f  th e  reac tio n  could th e n  he d e te r ­
m in ed . These d a ta  a re  p resen ted  in  T ab le  I I  an d  F ig . 4. A ccording to  th e  
ca lcu la tio n s th e  a c tiv a tio n  energy  is

E  =  1,87 X 1 0 5 cal/m ole,

Fig. 4. Illustration of the straight line A lg (g/t)/ A lg g during the decomposition of zeolite 
and the zeolite +  lime coke compound

a  r a th e r  h igh v a lu e  w h ich  refers to  n ep h e lite  s ta b ility . D ecom position  is b a sed  
on  a 0 ,41-order re a c tio n .

T hus, th e  nep h e lite -carn eg ie ite  p h ase  o b ta in ed  from  th e  zeolite is a s tab le  
co m p o u n d  w hich  does n o t decom pose d u rin g  th e  h ig h -tem p era tu re  p rocessing  
o f  th e  red  m u d , w h e reb y  m elting  can  be  p erfo rm ed  w ith o u t an y  s ig n ifican t 
N a 20  loss.

1.1.4 Effect o f  the addition  o f  lim e, coke and the com bination o f  the two on
the zeolite

T he m ix tu re  com positions u sed  in  th ese  in v es tig a tio n s  were:
(1) Z eolite in  itse lf,
(2) 100 m ass p a r t  zeolite 75 m ass p a r t  CaO =  57,2%  zeo lite  -f- 

4 2 ,8 %  CaO,
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(3) 100 m .p . zeolite  -f- 75 m .p . CaO -f- 50 m .p . coke =  44 ,4%  zeolite  +  
33 ,4%  lim e -f- 2 2 ,2 %  coke,

(4) 100 m .p . zeo lite  -f- 50 m .p . coke =  66 ,7%  zeo lite  -f- 33 ,3%  coke.
T he lim e q u a n t i ty  added  to  co m p o u n d s 2 an d  3 is a lm o s t enough fo r

zeolite deco m p o sitio n  w hen, accord ing  to  th e  follow ing eq u a tio n , NA an d  C2S 
will he p ro d u ced :

N a 20  • A120 3 • 2 S i0 2 +  4CaO =  N a 20  • A120 3 +  2(2CaO • S i0 2).

The calcium  c o n te n t o f th e  com pounds is, as com pared  to  th e  q u a n tity  re q u ire d  
for C2S p ro d u c tio n , 87 an d  88 p er c e n t, resp ec tiv e ly .

These co m p o u n d s were h ea ted  to  1400°C, an d  m a in ta in e d  a t  th is  te m p e r­
a tu re  fo r 1 h o u r, each . T he chem ical co m p o sitio n  of th e  h e a t  tre a te d  sam ples, 
an d  th e ir  N a 20  losses are  p resen ted  in  T ab le  I ,  w hile th e ir  phase co m position  
in  Figures. 5 a —d a re  g iven , w here F ig . 5 a  is id en tica l to  F ig . le .

On th e  e ffec t o f calcium  ad d itio n  th e  carneg ie ite  s tru c tu re  will decom ­
pose w hereby  ß— C2S an d  NA are p ro d u c e d , a lth o u g h  som e non-decom posed  
carneg ie ite  cou ld  also be found  in  th e  sam ples (Fig. 5b). B esides, a f te r  lim e 
ad d itio n , th is  m a te r ia l  con ta ins a ca rn eg ie ite  m o d ifica tio n  (N aA lSiO j) q u ite  
d iffe ren t from  t h a t  in  a sam ple w ith o u t lim e  (NaA lSiO ^).

F ig . 5c i l lu s tra te s  th e  phase co m p o sitio n  o f a sam ple  ob ta in ed  from  th e  
zeolite  -f- lim e -j- coke com pound. T h is sam p le  show s p ra c tic a lly  th e  sam e 
phases as th e  p rev io u s  one.

F ig . 5d p re se n ts  th e  X -ray  d iffrac to g ram  o f th e  sam ple  ob ta in ed  b y  th e  
h e a t t re a tm e n t o f th e  zeolite -f- coke co m p o u n d . O n th e  effect of coke a d d itio n  
th e  carneg ie ite , q u ite  s tab le  a t  low te m p e ra tu re s , w ill be  p a r tly  tra n sfo rm e d  
in to  nep h e lite  (lim e a d d itio n  m ade th e  sam e  m a te r ia l tran sfo rm  in to  u p p e r  
carneg ie ite : N aA lS iO j !).

A ccord ing  to  th e  X -ra y  d iffrac to g ram s th e  zeolite  does n o t change to o  
m u ch  in  th e  p resence  o f coke. This f in d in g  is verified  b y  th e  N a 20  loss o f 14,2 
p er cen t ca lcu la ted  in  T ab le  I  for th is  co m p o u n d . In  th e  presence o f lim e, 
on th e  o th e r h a n d , th e  zeolite will decom pose, ß-C 2S an d  N A  will be p ro d u ced  
and , in  th e  m e a n tim e , a considerable a m o u n t of N a 20  (40,3 p er cen t) w ill 
leave  th e  sam ple . I f  lim e an d  coke a re  s im u ltan eo u sly  p resen t, th e  N a 20  
loss w ill fu r th e r  increase  to  46,5 p e r cen t.

In  o rd er to  s tu d y  th e  N a20  losses d u rin g  p h ase  tran sfo rm a tio n , th e  
above com pounds h av e  been exam ined  w ith  th e  th e rm a l balance m e th o d  
F igures 2 a —c i l lu s tra te  th e  resu lts o b ta in e d  b y  te s tin g  com pounds N os 1, 2, 
an d  3, re sp ec tiv e ly , w hile th e  chem ical com position  an d  N a 20  losses of th e se  
com pounds are  show n  in  T able I.

F ig . 2b rev ea ls  th a t ,  u p  to  420°C, th e  w a te r c o n te n t an d  p a r t  o f th e  
adhesive N a 20  c o n te n t  of th e  zeolite w ill be  rem oved . U p to  620°C th e  w a te r
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Zeolite 57,2%* lime 42,8%,

Fig. 5

c o n te n t o f  th e  a ir  h y d ra te d  calcium , a n d  th e  re s t of th e  adhesive N a 20  w ill 
le av e  th e  system . T h e  reac tio n  o f ca lc ium  w ith  zeolite begins a t  735°C, w h e reb y  
th e  N a 20  c o n te n t o f  th e  com pound  w ill fu r th e r  decrease. B efore reach in g  
1150°C som e C O , w ill d isappear, w h ile  a t  1300°C again  a la rge  a m o u n t o f 
N a 20  is ev a p o ra te d . I n  th e  p resence  o f lim e, therefo re , th e  N a 20  loss w ill 
in c rease  from  12,4 to  40,3 p er cen t, i f  th e  zeolite is h ea ted  up  to  1350°C.

I n  th e  s im u ltan eo u s  presence o f  lim e an d  coke (F ig . 2c) th e  w a te r  loss 
is a lm o s t com pleted  u p  to  360°C, a n d  also p a r t  o f th e  adhesive  N a 20 ,  w ill 
le av e  th e  system  b y  th is  tim e . U p to  580°C th e  re s t o f th e  adhesive  N a 20  a n d  
th e  w a te r  c o n te n t o f  th e  lim e will be rem o v ed . Before 760°C th e  N a ,0  b o n d ed
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as a  re su lt o f th e  re a c tio n  be tw een  calcium  an d  zeolite  w ill d isap p ear, w hile 
S 0 3 an d  C 0 2 leave th e  sy s tem  p rio r to  reach ing  1115°C. A t a s till h igher te m ­
p e ra tu re  fu r th e r  N a 20  w ill e v a p o ra te  as th e  reac tio n  N a 20  -f- C =  2N a -f- CO 
shou ld  also ta k e  p lace . T h u s, in  th e  presence of lim e a n d  coke, th e  zeolite w ould  
lose ab o u t 46,5 p e r  c en t o f its  o rig inal N a 20  co n ten t.

C alculations h av e  been  m ad e  on th e  th e rm a l decom position  of th e  
zeolite -f- lim e -f- coke com pound  as re ferred  to  ea rlie r (see T ab le  I I ) ,  an d  
curve N o. 2 in F ig . 4 w as p lo tte d  on th e  basis o f th e  d a ta  th u s  o b ta in ed .

A ccording to  th is  cu rve  th e  ac tiv a tio n  energy  o f  decom position , E  — 
=  1,18 X 105 cal/m ole, is r a th e r  low  as com pared  to  th e  decom position  o f th e  
zeolite. T his confirm s th a t ,  in  th e  presence of lim e an d  coke, zeolite decom po­
sition  requ ires m uch  less energy .

As fo r th e  ca lcu la tio n s, i t  w ill h av e  to  be n o te d  here  th a t  th e  E  v a lue  
de te rm in ed  while h e a tin g  is m u ch  less accu ra te  th a n  th e  f ig u re  o b ta in ed  iso- 
th e rm ally . F u rth e rm o re , in  th is  case th e  e q u a tio n  of th e  s tra ig h t  lines in  F ig . 4 
is expressed  by  m ean s o f th re e  o r fo u r po in ts  only  w hich , also leads to  u n ce r­
ta in tie s .

1.2 Sodalite test

D epend ing  on th e  process cond itions, caolin  d ig ested  a t  a h igher 100°C 
te m p e ra tu re  will p ro d u ce  sodalite  an d  cancrin ite  ty p e  phases [7].

W e have follow ed th e  sam e process, a t  a te m p e ra tu re  o f 210°C. The 
chem ical com position  o f th e  m a te r ia l th u s  p ro d u ced  is show n in  T ab le  I I I ,  
an d  its  phase com position  in  F ig . 6a. T he sam ple m o s tly  co n ta in ed  n a tro - 
d av y n e  (3 N aA lS i0 4 • N a 2C 0 3), nosean  (3 N aA lS i04 • N aO H ), an d  cancrin ite  
(3 N aA lS i04 • N aO H ) p lus, how ever, illite , tw o zeolite  ty p e s , n o n -reac ted  
caolin , an d  NA.

H ence, fo r th e  sake  o f s im p lic ity , in stead  o f th e  n a tro d a v y n e , nosean , 
an d  cancrin ite  phases  th e  te rm  “ so d a lite”  will be used .

1.2.1 The N a 20  losses o f  sodalite in  the fu n c tio n  o f  tem perature

O n th e  effect o f h e a tin g  th e  sodalite  w ill lose its  w a te r  co n ten t, ju s t  as 
th e  zeolite does, a n d  i ts  N a 20  c o n te n t, too , w ill decrease. T h is w as verified  
b y  th e  analysis o f  soda lite  sam ples h e a t  tre a te d  for 1 h o u r  a t  d iffe ren t te m p e r­
a tu res . T he sam ple  com positions are  given in  T ab le  I I I ,  w hereby  F ig . 7, 
illu s tra tin g  th e  so d a lite  d e riv a to g ram , can  th e n  be e v a lu a te d .

U p to  415°C th e  sod a lite  w ill lose its  w a te r  c o n te n t as w ell as som e o f its  
adhesive N a 20  c o n te n t, am o u n tin g  to  a N a 20  loss o f  5,8 p e r  cen t. U p to  660°C 
its  to ta l  w a te r a n d  N a 2Oaee c o n te n t is lo st, rep resen tin g  а 13,7 p e r  cen t N a 20  
loss. B y  th e  tim e  950°C is reach ed , all th e  S 0 3 an d  th e  m a jo r ity  o f C 0 2 will
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Sodalite, heated to 1350°C 

d)

Sodalite, heated to 1100 °C 

c)

Sodalite, heated to 660 °C 

b)

Sodalite, made of caolin 

a)
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T a b l e  I I I

Composition and NazO losses (% ) of differently treated sodalites

Sample S ym bo l.. . N a ,0 a i2o , SiO* CaO Fe20 3 SO, co2 Moisture
Ignition

losses
N a ,0
loss

sodalite 25,5 33,3 32,9 0,7 0,3 0,25 1,85 5Д 10,4
1 sodalite 415°C 25,8 35,6 35,2 0,8 0,3 0,3 2,0 — 4,2 5,8

sodalite 660°C 24,1 36,5 36,0 0,8 0,3 0,3 2,0 — 2,1 13,7
sodalite 950°C 24,5 37,1 36,6 0,8 0,3 — 0,6 — 0,35 13,7
sodalite 1100°C 24,7 37,2 36,9 0,8 0,3 — 0,2 — 0,20 13,7
sodalite 1200°C 24,7 37,3 37,0 0,8 0,3 — _ — — 13,7

1 sodalite 1400°C 23,6 37,8 37,5 0,8 0,3 — — — — 18,6
U
О

2 86,2% sodalite +  
13,8% lime 20,1 32,7 32,4 14,5 0,3 20,0

CO 
r—1
О

3 75,8% sodalite +  
24,2% lime 17,3 28,9 28,7 24,9 0,2 22,4

nd
V4->

4 62,3% sodalite -\- 
37,7% lime 11,8 24,2 24,0 39,7 0,2 _ 36,1

OJк 5 52,2% sodalite +  
47,8% lime 8,1 20,8 20,7 50,2 0,2 49,0

6 87,0% sodalite -f- 
13,0% coke 23,2 37,7 38,0 0,8 0,3 21,2

7 68,0% sod. +  21,8% 
lime +  10,2% coke 17,0 28,8 29,0

24,8 0,5 — - - - 24,3

8 56,9% sod. +  34,5% 
lime +  8,6% coke 9,0 25,5 25,7 39,4

0,4 — — - - 54,9

9 48,4% sod. +  44,3% 
lime 7,3% coke 4,0 21,5 21,7 52,4

0,3 — — — — 76,1
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Fig. 7. Sodalite (by caolinite digestion at i =  210 °C)

leav e  th e  sy stem , w ith  con tinuous C 0 2 losses u p  to  1200°C. T he N a 20  losses 
a t  h ig h er te m p e ra tu re s  can  he co n c lu d ed  from  th e  chem ical com position  o f 
a sam ple h e a te d  to  1400°C. The to ta l  N a 20  loss a t  1400°C is 18,6 p e r cen t, o f  
w h ich  adhesive a lk a li has a share  o f  13,7 p e r  cen t, a n d  on ly  4,9 p e r  c en t is 
d u e  to  th e  e v a p o ra tio n  of bonded  N a 20 .

1.2.2 Phase transform ations o f  the sodalite in  the fu n c tio n  o f  temperature

F igu re  7 show s D T A  curve m a x im a  a t  860 and  1050°C, w hile m in im a  can  
be  observed  a t  150, 300, and  660°C, re sp ec tiv e ly . T hus, ta k in g  in to  co n sid e ra ­
tio n  th e  lim it te m p e ra tu re  (415°C) re fe rr in g  to  a loss of vo lum e, as w ell as th e  
ab o v e  te m p e ra tu re s  in d ica tin g  phase  tra n sfo rm a tio n s , th e  s tru c tu ra l t ra n s fo r ­
m a tio n  of soda lite  w as s tu d ied  on X - ra y  d iffrac tog ram s o b ta in ed  w ith  sam ples 
h e a te d  fo r 1 h o u r  to  415, 660, 950, 1100 a n d  1350°C, re spec tive ly , th e n  cooled 
off. T he exposu res a re  p resen ted  in  F ig s  6 a —d.

F igure 6a illu s tra te s  th e  in itia l so d a lite  com position  described  above.
The sam ple  h e a t  tre a te d  a t  415°C co n ta in s  th e  phases re fe rred  to  ea rlie r 

b u t ,  due to  th e  w a te r  losses, th e  in te n s i ty  o f th e  in d iv id u a l reflec tions w ould  
be  changed .

The p ic tu re  o f th e  sam ple h e a t  t r e a te d  a t  660°C (F ig. 6b) rev ea ls  th e  
ap p ea ran ce  of new  phases: carneg ie ite  s tab le  a t  low an d  h igh  te m p e ra tu re s ,
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re sp ec tiv e ly  (N aA lS i0 4 , N aA lS i0 4), an d  nephe lite  (N a 2A l2S i20 8), w ith  th e  
m a jo r ity  of th e  sam ple  consisting  o f  th e  tw o carneg ie ite  ty p e s . T he m in im um  
o f th e  D T A  curve in  F ig . 7 a t  660°C re fers to  th e  ap p e a ra n ce  o f th e  carneg ie ite  
phases. Besides som e non-decom posed  n a tro d a v y n e  a n d  n o sean , th e  sam ple 
ex h ib its  sm all am o u n ts  o f N a 2A l20 4, illite , zeolite, an d  c a n c rin ite  phases. Since 
th e  caolin ite  has b een  decom posed , i t  can n o t be an y  lo n g e r id en tified .

The X -ray  p ic tu re  of th e  m a te r ia l h e a t tre a te d  a t  950°C is th e  sam e as 
th a t  described  above, w ith  th e  ex cep tio n  o f th e  absence o f  can crin ite , an d  th e  
a lm o st com pleted  decom position  o f n a tro d a v y n e .

Fig. 6c illu s tra te s  th e  sam ple cooled off a fte r a su s ta in in g  tim e  a t 1100°C. 
J u s t  as in  th e  p rev ious sam ples ag a in  carnegieite  p rev a ils , a lth o u g h  th e  n ep h e ­
lite  q u a n tity , to o , h as  increased  considerab ly . T his is show n  b y  th e  m ax im um  
o f th e  D TA  curve a t  1050°C in  F ig . 7.

A t 1350°C (F ig . 6d) th e  n ep h e lite  q u a n tity  w ill decrease  again  since, 
a t  th is  te m p e ra tu re , i t  is n o t an y  longed  a stab le  phase . T h e  sam ple is ch a rac ­
te rized  b y  th e  tw o  d iffe ren t ca rn eg ie ite  phases, b u t  som e non-decom posed  
nosean , a sm all a m o u n t o f zeolite  a n d  N A  can  also be id e n tif ie d  th ere in .

A ccording to  F igu res 6a d , th e  phase tra n s fo rm a tio n s  o f sodalite , 
in  th e  fu nc tion  o f te m p e ra tu re , a re :

Sodalite  N aA lSiO ^ +  N aA lSiO ^ +

+  (N a2A l2S i20 8) N aA lSiO ^ +  N aA lSiO f +

+  N a 2A l2S i20 8 N aA lSiO ^ +  NaAlSiO^ +  (N a 2A l2S i20 8).

T ab le  I I I  p ro v es t h a t  also so d a lite , will lose 5,8 p e r  cen t of its  N a 20  
c o n te n t p rio r to  th e  beg inn ing  o f  th e  phase  tra n sfo rm a tio n s . A t th e  phase  
tra n sfo rm a tio n  te m p e ra tu re s  (660 a n d  1050°C) a n o th e r 7,9 p e r  cen t N a 20  loss 
m a y  be observed  due , how ever, s till to  adhesive N a 20  a n d /o r  N A -decom posi- 
tio n . E v a p o ra tio n  o f  th e  b o n d ed  N a 20  co n ten t will s ta r t  o n ly  above 1200°C, 
am o u n tin g  to  only  a N a 20  loss o f 4,9 p e r cen t. T hus, th e  to ta l  N a 20  loss of th e  
sam ple h ea ted  up  to  1400°C am o u n ts  to  18,6 p er cen t o f w h ich  th e  share of th e  
adhesive  N a 20  is 74, w hile t h a t  o f  th e  bonded  N a 20  26 p e r  cen t.

1.2.3 The effect o f  lim e and coke addition  on sodalite

These in v es tig a tio n s  m ade use of th e  following co m p o u n d s:

1) 100% sodalite
2) 86,2% sodalite +  13,8% CaO
3) 75,8% sodalite +  24,2% CaO
4) 62,3% sodalite +  37,7% CaO
5) 52,2% sodalite +  47,8% CaO
6) 87,0% sodalite +  13,0% coke
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7) 68,0% sodalite -f- 21,8% CaO +  10,2% coke
8) 56,9% sodalite +  34,5% CaO +  8,6% coke
9) 48,4% sodalite +  44,3% CaO +  7,3% coke

In  com pounds N os 2 ,3 ,4 ,  an d  5 th e  lim e q u a n tity  w as g ra d u a lly  increased. 
T h e  calcium  co n ten ts  ex p ressed  in  th e  percen tag e  of th e  lim e  q u a n ti ty  p ro v id ­
in g  fo r  th e  decom p o sitio n  o f N A S, th a t  is, for th e  p ro d u c tio n  o f  C2S and  N A  
a re  p resen ted  in  T ab le  IV .

Table IV

Calcium content of sodalite compounds in the percentage of the lime quantity related to C2S formation

Calcium content of the
Sample compounds in the percen­

tage of the  lime quantity- 
related  to  C2S production

l . 0
2. 24,0
3. 46,6
4. 88,6
5. 129,6
6. 0
7. 45,8
8 . 82,1
9. 129,0

C om pound N o. 6 co n ta in s  coke, w hile th e  m ix tu res  7, 8 an d  9 include 
lim e  an d  coke s im u ltan eo u sly . T h e ir re la tiv e  calcium  c o n te n ts  are sim ilarly  
show n  in  Table IV .

T he sam ples w ere h e a te d  to  1350°C, th e n  cooled o ff a f te r  a susta in ing  
tim e  of 1 hour. T h e ir  chem ical com position  is illu s tra te d  in  T ab le  I I I  w hich 
p re se n ts , in  ad d itio n , th e  N a 20  losses of th e  d iffe ren tly  tr e a te d  sodalites.

T he effects o f lim e ad d itio n  can  be s tu d ied  in  F igs 8 a —e.
F igure  8a illu s tra te s  th e  com position  o f calcium free so d a lite . This p a tte rn  

is id en tica l to  th e  sam p le  show n in  F ig . 6d.
A b ou t 25 p e r c e n t o f th e  lim e q u a n ti ty  req u ired  fo r C2S fo rm ation  

(com pound  No. 2, F ig . 8b) w ill a lread y  cause som e changes. N ew  phases appear: 
C2S an d  C3AS, in d ic a tin g  th e  p a r tia l  decom position  o f th e  carnegieite  an d  
n ep h e lite  phases.

I n  sam ple N o. 3 (F ig . 8c), besides th e  nephelite  a n d  th e  tw o d ifferen t 
ca rn eg ie ite  phases, th e  C2S an d  C3A5 com pounds m ay  ag a in  be found , b u t  
a n o th e r  new  phase: geh len ite  (C2AS) can  also be d iscovered  as ag a in s t th e  p re ­
v a ilin g  carneg ie ite-nephe lite  phases.
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Sodalite 62,3% + CaO 37,7%. 
heating at 1350°C

d)

Sodalite 75,8 % ♦ Ca 0 24,2 7., 
heating at 1350 °C

c)

Sodalite 86,2% *CaO 13,87., 
heating at 1350 °C

b)

Sodalite, heating at 1350 °C 

a)

7 Acta Technica Academiae Scientiarum Hungaricae 79 1974



4 3 2 H ORV Á TH , GY.

W hen  th e  lim e q u a n ti ty  is su ffic ien t fo r C2S fo rm a tio n  th e n , th eo re tica lly , 
th e  N A S phases s t a r t  to  decom pose a n d  p ro d u ce  C2S a n d  NA. H ow ever, 
acco rd ing  to  F ig . 8d , a lth o u g h  th e  q u a n t i ty  o f th e  N A  an d  C2S phases h a s  
in creased  as co m p ared  to  th e  p rev io u s sam ples, non-decom posed  n ep h e lite  
a n d  carneg ieite  p h ases  as well as geh len ite  could  still be found  in  com pound N o . 4.

I f  th e  calcium  q u a n t i ty  is in creased  to  such  an  e x te n t th a t  i t  w ill be  su f­
f ic ie n t fo r th e  p ro d u c tio n  o f b o th  C2S a n d  C12A7, t h a t  is excessive, th e n  th e  
p h ases  show n in  F ig . 8e w ill he seen on  th e  X -ra y  d iffrac to g ram  of th e  sam p le . 
T h e  n ep h e lite  a n d  carneg ie ite  phases  w ill a lm o st d isap p ea r and  be rep laced  
b y  C2S an d  C12A 7 p ro d u c e d  th ere fro m . H a rd ly  an y  N A  w ill be d e tec ted  in  th e  
sy s tem , b u t  th e  m o s t rem ark ab le  p h en o m en o n  will be  th e  increased  q u a n t i ty  
o f  C2AS.

T he effects o f  coke add ition  m a y  be  s tu d ie d  b y  com paring  com pounds 
N os 1 an d  6. F ig . 9a  illu s tra te s  th e  p h ase  com position  o f  sodalite  tr e a te d  a t  
1350°C, an d  F ig . 9b  th a t  of th e  so d a lite  -f- coke com pound . The tw o  p h ase  
com positions are  n e a r ly  iden tical.

T h is su p p o rts  th e  experience g a in ed  d u rin g  th e  ex am in a tio n  of zeo lite , 
n am e ly , th a t  coke w ill h a rd ly  decom pose th e  nephe lite -carneg ie ite  phases  u p  
to  a  te m p e ra tu re  o f  1400°C. T hus, th e  N a 20  loss o f  sam ple  No. 6 is on ly  21,2 
p e r  c en t (see T ab le  I I I ) .

Fig. 9
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The jo in t  e ffec t o f lim e an d  coke a d d itio n  on th e  ph ase  com position  o f  
sodalite  m ay  be  s tu d ie d  in  F igs 1 0 a—b.

F igure 10a i l lu s tra te s  th e  X -ra y  d iffrac to g ram  o f com pound  No. 3, w hile  
F ig . 10b p resen ts  t h a t  o f com pound N o. 7. T he effect o f  coke add ition , as co m ­
p a re d  to  th e  so d a lite  -f- lim e com pound , is m an ifes ted  m a in ly  in  the  in c reased  
gehlen ite  phase , w h ich  is in  close co rre la tio n  w ith  th e  h igher N a 20  losses. 
P ra c tic a lly  th e  sam e is experienced  w ith  th e  h ig h er lim e  co n ten t com pounds 
4  an d  8 as well as 5 an d  9.

_i____ I t____ 1____ 1____ I------ 1-------1-------1------ L-----1—
38 36 34 32 30 28 26 24 22 20 18

Sodalite 68% *CaO 21,8 % » 
coke 10,2%, heated ot 1350 °C

b)

Sodolite 75,8 % ♦ CaO 24,2 %, 
heated at 1350 °C

a)

Sum m ing u p  th e  experiences collected  in  te s tin g  zeo lite  and  sodalite , th e  
follow ing s ta te m e n ts  m a y  be m ade:

(a) On th e  e ffec t of a te m p e ra tu re  increase b o th  zeolite and so d a lite  
w ill f irs t lose th e ir  w a te r  and  adhesive N a 20  c o n ten ts . T h e  bonded  N a20  w ill 
leav e  th e  system  o n ly  a t  v e ry  h igh  te m p e ra tu re s  (> 1 2 0 0 °C ), th u s  cau sin g  
on ly  a sm all N a 20  loss.

The N a 20  losses suffered  b y  zeolite an d  sod a lite  in  th e  function  o f te m ­
p e ra tu re  are i l lu s tra te d  in  Fig. 11. I t  is to  be seen t h a t  u p  to  600-^650°C o n ly  
th e  N a 2Oa(j, w ill d isap p ear, th e n  up  to  1200-y l250°C  no  m ore  N a20  d ischarge  
w ill occur, w hile  ab o v e  1200°C th e  N a 20  losses w ill increase considerab ly  
as (NAS-s) d ecom position  w ould s ta r t .
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Fig. 11. Na20  losses of zeolite and sodalite in the function of temperature

I t  follows t h a t  b o th  zeolite a n d  so d a lite , as well as th e  com pounds p ro ­
d u c e d  th ere fro m  are  v e ry  s tab le , th e y  do  n o t  decom pose b efo re  a te m p e ra tu re  
o f  1350 to  1400°C is reach ed , an d  th e ir  N a 20  losses from  b o n d e d  N a 20  are 
o n ly  3,7 an d  4,9 p e r  c e n t, re sp ec tiv e ly , t h a t  is, n o t m ore t h a n  a b o u t 27 to  29 
p e r  c en t of th e ir  to ta l  N a 20  losses.

(b) On th e  e ffec t o f  coke a d d itio n  th e  N a20  losses w ill increase  only  to  
a  s lig h t e x te n t: in  th e  case o f zeo lite  fro m  12,4 to  14,2 p e r  c e n t, an d  w ith  
so d a lite  from  18,6 to  21,2 p er cen t.

(c) F igu re  12 illu s tra te s  th e  N a 20  losses o f sodalite on th e  e ffec t of calcium  
a d d itio n  (see cu rv e  “ a ” ).

I f  lim e is a d d e d  to  sodalite  in  d iffe re n t quan titie s , i t  w ill be  found  th a t  
a  sm all am o u n t o f lim e  will increase th e  N a 20  losses on ly  to  a  s lig h t degree 
(see com pounds 2 a n d  3 in  T ab le  I I I ) .  I f , how ever, th e  lim e q u a n t i ty  ad d ed  is 
su ffic ien t to  b in d  th e  to ta l  S i0 2 c o n te n t o f  NAS in  th e  form  o f  C2S, th e n  NAS 
w ill be  com pletely  decom posed  w h e reb y  th e  N a 20  losses w o u ld  sig n ifican tly  
in c rease  (see sam ple  N o . 2 in  T ab le  I ,  a n d  sam ple No. 4 in  T ab le  I I I ) .  F u r th e r  
lim e  ad d itio n  will co n tin u e  to  increase th e  N a20  losses (sam ple N o. 5 in T a b le l l l ) .

(d) In  th e  s im u ltan eo u s  p resen ce  o f  lim e  and  coke th e  N a 20  losses of 
s id a lite  will fu r th e r  increase  as show n b y  cu rve  “ b ”  in  F ig . 12.

F igu re  13 il lu s tra te s  th e  v a r ia tio n  o f  th e  N a 20  q u a n tity  le av in g  th e  zeolite 
a n d  sodalite  sy s te m s , i f  th e  in itia l m a te r ia l  is supp lem en ted  w ith  coke (com ­
p o u n d s  Nos 4 an d  6), a CaO q u a n ti ty  su ffic ien t for C2S fo rm a tio n  (com pounds 
N os 2 an d  4), or lim e p lu s  coke in  th e  a b o v e  qu an tities  (com pounds Nos 3 an d  8). 
I t  is  to  be seen, how ever, th a t  coke w ill increase th e  N a 20  losses only to  a 
s lig h t e x te n t; a d d itio n  o f a lim e q u a n t i ty  su ffic ien t for C2S p ro d u c tio n  ex erts  
a  m o re  serious e ffec t: th e  N a 20  losses w ill increase from  12,4 to  14,2 p e r cen t 
in  th e  case of zeo lite , a n d  from  18,6 to  21,2 p er cen t w hen  so d a lite  is tre a te d ; 
t h e  jo in t add itio n  o f  lim e  and  coke w ill fu r th e r  increase th e  sod iu m  oxide losses: 
i n  th e  case o f zeo lite  to  46,5 p er c en t, a n d  in  th a t  of sod a lite  to  54,9 p e r cen t.
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I-----1-----1___I___1___I___I___I___I I I____________
10 20 30 40 50 60 70 80 90 100

CaO mass part quantity added to 100 
mass parts of red mud

Fig. 12. Na20  losses of sodalite

Fig. 13. Na20  losses of zeolite and sodalite, in the function of coke, lime, and coke +  lime
addition

2. Experim ents w ith  operational grade red m ud

Follow ing th e  ex p erim en ts  invo lv ing  sy n th e tic  N a —A l hydrosilica tes, 
th e  various red  m u d  ty p e s  supp lied  b y  th e  A lm ásfüzitő  A lu m in a  W orks w ere 
te s te d . O ne ty p e  w as caustic ized  u n d e r  th e  u su a l o p e ra tio n a l conditions, w hile 
th e  o th e r w as n o t cau stic ized  a t  all. T h e  tw o  com positions are  show n in  T ab le  V. 
T h e  N a —Al h y d ro s ilic a te  is p re se n t in  b o th  ty p es  in  th e  fo rm s of n a tro d a v y n e  
a n d  cancrin ite , t h a t  is, [3 (N aA lS i0 4) • N a 2C 0 3] an d  [3 (N aA lS i0 4) • N aO H ].
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Table У

Red mud compositions, %

Sample F e ,0 , A120 , S i0 2 NaaO CaO MgO MnO T i0 2 SO,
Igni-
tion

losses

Red mud 1968 32,5 17,8 11,0 6,4 10,6 1,3 0,1 4,6 1,1 14,0
Red mud 1969 39,5 16,5 13,0 10,1 1,3 i , i 0,2 6,5 1,1 9,8

I n  th e  caustic ized  m u d  th e  q u a n t i ty  o f th ese  phases is m u c h  less and , as new  
p h a se s , C a-a lum inate  h y d ra te  (3CaO • A120 3 • 6 H 20 )  a n d  ca lc ite  (C aC 03) can 
a lso  be id en tified . I n  ad d itio n , b o th  sam ples co n ta in  g o e th ite , h em a tite , 
g ib b s ite , boehm ite , d ia sp o re , ru tile , an d  an atase .

B o th  m ud  ty p e s  as w ell as th e ir  com pounds w ith  coke, lim e, an d  coke 
p lu s  lim e have been  te s te d  w ith  th e  th e rm o b a lan ce  m e th o d  in  o rd er to  d e te r­
m in e  th e ir  phase tra n s fo rm a tio n s  on th e  effect of h e a t t r e a tm e n t  an d  add itives, 
a n d  th e ir  N a20  losses.

2.1 E xa m in a tio n  o f  the causticized red m ud  sam ples

F igu res 1 4 a —d p re se n t th e  th e rm o d iag ram s o f th e  v a rio u s  com pounds.
F igure  14a il lu s tra te s  th e  T G  an d  D T G  curves o f th e  cau stic ized  red  m ud : 

u p  to  570°C th e  sam ple w ill lose its  w a te r  a n d  adhesive N a 20  c o n te n ts  (N a 2Oad =  
=  14,1 p er cen t), th e n , befo re  reach in g  720°C, a n o th e r 18,2 p e r  cen t N a 20  
w ill be  lost because o f  th e  re a c tio n  o f lim e w ith  sodalite . U p  to  800°C all th e  
S 0 3 w ill d isappear, th e n  th e  C 0 2 c o n te n t before th e  te m p e ra tu re  o f 1180°C is 
re a c h e d  and , fin a lly , th e  d ecom position  o f  sodalite  w ill s t a r t  a t  1340°C, accom ­
p a n ie d  b y  a fu r th e r  11,7 p e r  c en t N a 20  loss. T hus th e  sam ple  w ould  lose abou t 
44  p e r  cen t of its  o rig inal N a 20  co n ten t.

F ig u re  14b rev ea ls  th e  vo lum e loss o f a com pound co n sis tin g  of th e  sam e 
m u d  (70% ) and  coke (3 0 % ): u p  to  580°C th e  w a te r  a n d  th e  adhesive alkali 
(14,1 p e r cent) will leav e  th e  sy s tem , th e n  before reach in g  700°C ab o u t 35,3 
p e r  c en t N a20  will be  re leased  ow ing to  th e  in te rac tio n  b e tw een  sodalite  and  
lim e  an d , p rio r to  780°C, th e  S 0 3 c o n te n t w ill be rem o v ed . U p  to  980°C th e  
re d u c tio n  of F e 20 3 ta k e s  p lace, w ith  an  efficiency o f rjR =  97,4 p er cen t, 
acco rd in g  to  th e  e q u a tio n

2 F e 20 3 +  C =  4FeO  +  C 0 2 
4F eO  +  4C =  4F e +  4CO 

2 F e 20 3 +  5C =  4F e  +  C 0 2 +  4CO

T h e  C 0 2 will e x it b efo re  1080°C. In  th e  n e x t step  th e  n ep helite -carneg ie ite  
c o n te n t  o f th e  red  m u d  w ill decom pose, lead ing  to  th e  e v a p o ra tio n  of 18,6 
p e r  c en t N a20 .  T h u s, th e  to ta l  N a 20  loss w ill am o u n t to  6 8 % .
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C a u s t i c i z e d  r e d  m u d  -  7 0 V *  c a u s t i c i z e d  r e d  m u d  ♦ 3 0 V .  c o k e

c o m p o u n d

8 2 , 7 V .  c a u s t i c i z e d  r e d  m u d  ♦  1 7 , 3 V .  6 8 , 3  V .  c a u s t i c i z e d  r e d  m u d  ♦  U , 3 V .  l i m e

l i m e  c o m p o u n d  ♦ 1 7 , 2 %  c o k e  c o m p o u n d

Fig. 14
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The TG  an d  D T G  curves of th e  calcium  com pound  (17,3 p e r cent) su ffi­
c ie n t to  produce c au s tic ized  red  m ud  (82,7 p e r cen t), C12Af, CT, an d  C2S are 
il lu s tra te d  in  F ig . 14c: th e  sam ple w ill lose its  w a te r  an d  adhesive  N a 20  con­
te n ts  before 600°C th e n , because o f th e  re a c tio n  o f calcium  w ith  sodalite , 
a  considerable a m o u n t (43,2 p er cen t) o f N a 20  an d  S 0 3 w ill leave th e  system  
a t  770°C, w hereas a t  1280°C a volum e loss to  th e  C 0 2 rem o v a l w ill be observed. 
A t s till h igher te m p e ra tu re s  a n o th e r N a 20  loss o f 4,7 p e r  cen t m u s t be reckoned  
w ith . Thus, th e  to ta l  N a 20  loss is 62 p e r cen t.

F igure 14d il lu s tra te s  how  th e  vo lum e loss o f th e  red  m u d  plus lim e com ­
p o u n d  w ould v a ry  u p o n  th e  ad d itio n  o f  fu r th e r  calcium  an d  coke q u an titie s  
to  th e  system : a f te r  th e  rem o v al o f th e  w a te r  a n d  N a 2Oad (a t  a te m p e ra tu re  
o f  580°C), th e  N a 20  a n d  S 0 3 co n ten ts  w ill d isap p ea r u p  to  815°C, owing to  
th e  reac tio n  of so d a lite  w ith  lim e. T h is N a 20  loss, how ever, is m uch  g rea te r 
th a n  th a t  in  th e  p re v io u s  case (60,8 a g a in s t 43,2 p e r cen t), due to  th e  presence 
o f  coke. The re a c tio n  ta k in g  place a t  790°C will he co m p le ted  b y  losing 60,8 
p e r  cen t of th e  N a 20  c o n te n t of th e  sam ple . U p to  1090°C th e  C 0 2, w ill also 
b e  rem oved and  th e  re d u c tio n  of th e  F e 20 3 co n ten t o f th e  red  m ud  will ta k e  
p lace  as well:

r]R =  91,4 p e r  cen t.

A t a  tem p era tu re  o f  1290°C a  fu r th e r  N a 20  loss o f  16 p e r c en t m a y  be observed , 
w h e reb y  th e  to ta l  N a 20  rem o v al w ill e q u a l 90,9 p e r cen t.

2.2 E xa m in a tio n  o f  the non-causticized red m u d  grades

Figures 15a — d  il lu s tra te  th e  th e rm o g ram s o f sam ples ob ta in ed  from  
non-caustic ized  re d  m u d  m ateria ls .

F igure 15a p re se n ts  th e  volum e loss o f  non -cau stic ized  red  m ud : up  to  
650°C th e  w a te r a n d  th e  chem ically  n o t  b o n d ed  N a 20  (10,9 p er cent) w ill 
leav e  th e  specim en, u p  to  820°C th e  S 0 3 w ill d isap p ear, th e n  before 1030°C 
th e  rem oval of th e  C 0 2 c o n te n t can  be  w itnessed . T he nephelite -carn eg ie ite  
c o n te n t will decom pose before reach ing  1330°C w hereby  a N a 20  loss o f 12 p e r 
c e n t is caused. T h u s , th e  to ta l  N a 20  loss am o u n ts  to  22,9 p e r cen t.

V ariation  o f th e  m ass of th e  red  m u d  (70 p e r cen t) an d  coke (30 p e r cen t) 
com pound  is show n in  F ig . 15b. The w a te r  a n d  N a 2Oa<i c o n te n ts  o f th e  red  m u d  
w ill d isappear b efo re  660°C. This is follow ed b y  th e  rem o v a l of S 0 3 p rio r to  
820°C, and  th e  e v a p o ra tio n  o f C 0 2 u p  to  1060°C. A t th e  sam e tim e  th e  red u c ­
t io n  o f iro n (III)o x id e  c a n  also be observed : r]R — 96,7 p e r cen t. A  14,4 p e r cen t 
q u a n t i ty  of b o n d ed  N a 20  will leave o n ly  th e re a f te r . A ccord ingly , th e  to ta l  
N a 20  loss is 25,2 p e r  cen t.

F igure 15c i l lu s tra te s  th e  m ass v a r ia tio n  o f a 78,7 p e r  c en t red  m u d  an d
21,3 p er cen t lim e com pound . The sam ple  w ill lose th e  w a te r  u p  to  635°C 
w hile  th e  adhesive a lk a li w ill leave as w ell (10,9 p er cen t). A t 720°C, owing
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N o n - c a u s t i c i z e d  r e d  m u d

c a l i b r a t i o n :  6 0 0  m g  

h e a t i n g  r a t e :  5 , 5  ° C / m i n  
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5 8 0 ° C

8 1 0 ° C

-  1 8

2 0 0  4 0 0  6 0 0  8 0 0  1 0 0 0  1 2 0 0  1 4 0 0 ° C

d )

m g

Sv

l "
20

4 0

6 0

8 0

100

120

1 4 0

1 6 0

1 8 0

m g

Sv

*.
20

4 0

6 0

8 0

100

120

1 4 0

1 6 0

1 8 0

15

Acta Technica Academiae Scientiarum Hungaricae 79, 1974



4 4 0 HORV Á TH , GY.

to  th e  reac tio n  o f so d a lite  and  lim e, a b o u t 9,9 p e r cen t o f th e  N a 20  c o n te n t 
w ill ev a p o ra te , fo llow ed b y  th e  d isa p p e a ra n ce  of th e  to ta l  S 0 3 co n ten t an d , 
b efo re  1040°C, o f th e  C 0 2. F ina lly , a t  a te m p e ra tu re  of 1220°C, a n o th e r 7,4 
p e r  c e n t o f N a 20  is re leased . T hus, th e  sam p le  w ill lose a b o u t 28,2 p er c en t o f 
i ts  o rig inal N a 20  c o n te n t.

F igu re  15d il lu s tra te s  th e  TG  a n d  D T G  curves of th e  re d  m ud-lim e-coke 
co m p o u n d : th e  w a te r  a n d  N a20  c o n te n ts  leave  before 580°C, an o th e r 24,4 
p e r  c e n t N a 20  an d  th e  to ta l  S 0 3 a t  725°C because  o f th e  re a c tio n  of so d a lite , 
ca lc ium , an d  coke, w hereas up  to  1100°C th e  iron  oxide red u c tio n  of an  e ffi­
c ien cy  o f 95,7 p e r c e n t, a n d  th e  e v a p o ra tio n  o f  C 0 2 can be observed . A fu r th e r
21,2 p e r  cen t o f th e  sodium  oxide is re m o v ed  a t  1315°C, w h ereb y  th e  to ta l  
N a 20  loss will a m o u n t to  56,4 p e r cen t.

F igu re  16 ex p la in s  th e  developm ent o f  th e  N a 20  losses from  th e  tw o d iffe r­
e n t  re d  m ud  ty p e s , in  th e  fu nc tion  o f th e  ad d itiv es . C om pounds No. 1 re p re ­
se n t re d  m ud  alone, N o . 2 th e  a d d itio n  o f  coke, N o 3. th a t  o f lim e, w hile com ­
p o u n d s  N o. 4 co n ta in  re d  m ud, lim e, a n d  coke.

Fig. 16. Na20  losses of causticized and non-causticized red mud grades in the function of coke,
lime, and coke -f- lime additions

F igu res 1 4 a—d, 1 5 a —d, an d  16 re v e a l th a t
(1) T he nep h e lite -carn eg ie ite  co m p o u n d  p roduced  from  th e  sod a lite  

c o n te n t o f red  m u d  is exceedingly  s tab le , h a rd ly  decom posing even  a t  te m p e r­
a tu re s  o f ab o u t — 1350°C (22,9 p e r c e n t N a 20  loss); how ever, in  th e  case o f  
a m a te r ia l  w ith  p rev io u sly  decom posed s tru c tu re  b y  cau stic iza tio n  th e  N a 20  
loss w ill am o u n t, b ecau se  of th e  presence o f  lim e, to  44,0 p e r cen t (see F ig . 16, 
com pounds N o. 1).

(2) The N a 20  loss w ill n o t v a ry  excessively , i f  th e  red  m u d  is h ea ted  w ith  
th e  sim u ltan eo u s a d d itio n  of coke. I f  a m a te r ia l  n o t caustic ized  in  ad v an ce  is 
in v o lv ed , th e n  th e  N a 20  loss w ould in c rease  from  22,9 to  25,2 p e r cen t. If , 
h o w ev er, a p rev io u sly  caustic ized  red  m u d  is p rocessed  in  th e  presence o f coke, 
th e n  a m uch  g re a te r  (68,0 p er cent) c a u s tic  soda  loss m u s t be reckoned  w ith  
(see F ig . 16, co m p o u n d  N o. 2) as, in  th is  case, a b o u t 50 p e r  c en t o f th e  calcium
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q u a n t i ty  req u ired  fo r C2S p ro d u c tio n , t h a t  is, for th e  d ecom position  o f N A S-s, 
is a lre a d y  in  th e  red  m ud .

(3) I f  such a lim e q u a n ti ty  is ad d e d  to  th e  red  m u d  th a t ,  in  a d d itio n  
to  N A , th e  p ro d u c tio n  of C2S an d  CT, a n d  in  th e  case o f cau stic ized  m u d  th a t  
o f C12A 7, to o , is feasib le , th e n  a N a 20  q u a n t i ty  o f 28,2 p e r c en t w ill leav e  th e  
sy s tem  if  non-caustic ized , an d  62,0 p e r  cen t if  caustic ized  m u d  is invo lve 
(see F ig . 16, com pound  No. 3).

(4) If, in  th e  s im u ltan eo u s p resence  o f lim e and  coke, th e  re d  m u d  is 
co m p le ted  b y  th e  a d d itio n  o f so m u ch  lim e th a t ,  as above, n o t on ly  N A  
b u t  also C2S an d  CT, an d  in  th e  slag  o f th e  caustic ized  m u d  also a C12A 7 p h ase , 
w ill be p roduced , th e n , d u rin g  fusion , th e  N a 20  co n ten t w ill lose 56,4 a n d  90,9 
p e r c en t, re spec tive ly . T he fo rm er fig u re  applies to  non -cau stic ized , th e  la t te r  
to  caustic ized  m u d  ty p es  (Fig. 16, com p o u n d  No. 4).

F igu re  17 illu s tra te s  th e  losses o bserved  w hen m elting  low  calcium  c o n te n t 
red  m u d  (No. 1969) in  th e  presence o f coke, in  th e  fu n c tio n  o f th e  m e ltin g  te m ­
p e ra tu re  a n d  su sta in in g  tim e . B o th  th e se  fac to rs  will in crease  th e  q u a n t i ty  
of th e  re leased  N a 20 .  A bove 1500°C a ll th e  sod ium -a lum inum -silica tes w ill 
m e lt (see F ig . 18, 11), an d  th e  N a 20  loss w ill be sign ifican t (a b o u t 40 p e r  cen t)

Fig. 17. Na20  losses of non-causticized red mud grades in the function of melting temperature
and sustaining time

°C

carnegieite* 
liquid

carnegieite

it*)
0 10 20 30 40 50 60 70 80 90 100 

Na20.SiO 2 Na20 . Al203 .2S i02

Fig. 18. Na20  • S i02 — Na20  • A120 3 • 2S i02 constitutional diagram [11]
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even  in  low ca lc ium  c o n te n t com pounds. E x te n s io n  o f th e  h ea t t r e a tm e n t 
perio d  is n o t rea so n a b le  e ither, as even  a t  low  te m p e ra tu re s  a N a 20  loss o f 
a b o u t 20 to  30 p e r  c e n t w ould be ex p erien ced , i f  th e  m o lten  m a te ria l w as 
held  a t  th a t  te m p e ra tu re  fo r 90 m in u tes  longer.

R ed  m u d  ex p e rim en ts  su p p o rt th e  re su lts  o f zeo lite  an d  sodalite  in v e s ti­
ga tions and , in  a d d itio n , lead  to  fu r th e r  conclusions as w ell: if  a red  m u d , 
p a r t ly  caustic ized  in  advance , is p rocessed  th e n  a m u ch  g rea te r  N a 20  loss is 
to  be reckoned  w ith  th a n  if  th e  m u d  h a d  n o t b een  caustic ized  a t  all.

3. K inetics o f  th e  N a20  losses

The N a —A l h y d ro silica tes  lose th e ir  w a te r  a n d  adhesive  N a 20  co n ten ts  
on th e  effect o f  a  te m p e ra tu re  increase , th e n  th e y  w ill be  tran sfo rm ed  in to  
carnegieites c h a ra c te r iz e d  b y  th e  fo rm u la  N a A lS i0 4 an d /o r nephelites o f  a  
N a 2A l2Si20 8 com p o sitio n . D epend ing  on  th e  in itia l su b s ta n c e , these  tra n s fo r ­
m a tio n s  ta k e  p lace  a t  d ifferen t te m p e ra tu re s .

A t a te m p e ra tu re  of 880°C, th e  zeo lite  w ill be  tran sfo rm ed  in to  carne- 
gieite  (NaAlSiO^) a n d  nep h e lite  (N a2A l2S i20 8), b o th  s ta b le  a t  low  te m p e ra tu re s  
(see Fig. lc ) . O n th e  o th e r  h an d , sod a lite  w ill be tra n sfo rm e d  in to  carneg ie ite  
an d  nephelite  (N a A lS iO ,,^  an d  N a 2A l2S i20 8, re sp ec tiv e ly ), each stab le  a t  
b o th  h igh  an d  low  te m p e ra tu re s , a t  660°C (see F ig . 6b).

O n th e  e ffec t o f  fu r th e r  te m p e ra tu re  increase  su ch  a te m p e ra tu re  ran g e  
w ill be a rriv ed  a t  w h ere  th e  q u a n ti ty  o f  th e  n ep h e lite  p h ase  will increase as 
ag a in s t th a t  o f th e  carneg ie ite  phases, as show n in  F igs Id  and  6c. T h is  
te m p e ra tu re  ran g e  is  b e tw een  1100 a n d  1300°C, as a t te s te d  b y  th e  m ax im u m  
o f 1090°C of F ig . 3 fo r  zeolite, an d  th e  tra n s fo rm a tio n  o f sodalite  a t  1050°C 
in  F ig . 7. In  th e  m a te r ia l  h ea ted  to  1350— 1400°C, m a in ly  carnegieite  s tab le  
a t  b o th  h igh an d  low  tem p era tu res , a n d  a sm all a m o u n t of nephelite  can  be  
id en tified .

B o th  ca rn eg ie ite  an d  nephe lite  a re  r a th e r  s ta b le  phases, decom posing 
on ly  a t  v e ry  h igh  te m p e ra tu re s  (i>1200°C ). T h is is w h y  w hen  te s tin g  zeolite , 
sodalite , and  re d  m u d  sam ples w ith o u t lim e, a N a 20  loss o f only  ab o u t 10 to  
20 p e r cen t m ay  be  o b serv ed  up  to  a te m p e ra tu re  o f  1300 to  1400°C, th e  g re a te r  
p a r t  o f w hich (50 to  70 p e r cent) is due to  th e  e v a p o ra tio n  o f th e  adhesive N a 20  
co n ten t of th e  sam p les . T hus adhesive a lka li re p re se n ts  th e  p rim ary  source 
o f N a 20  losses.

In  th e  p resence  o f  coke th e  decom position  o f th e  b o n d ed  N a 20  c o n te n t 
is increasing  since, ab o v e  1000°C, th e  re a c tio n

N a 20  +  C - t-  2N a +  CO (1)

w ill also ta k e  p lace , w h ereb y  th e  N a 20  losses w ill a m o u n t to  ab o u t 15 to  25 
p e r  cent.
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I f  th e  m a te r ia l te s te d  is su p p lem en ted  w ith  lim e, th e n  NAS-s will re a c t 
w ith  calcium  an d , a t  a te m p e ra tu re  of 600 to  800°C, th e  follow ing reac tio n  
will ta k e  p lace:

NA S +  CaO — C2S +  C2AS +  N AS +  N A  +  N /  (2)

In  th e  course o f th is  re a c tio n  th e  NAS s tru c tu re  w ill decom pose depend ing  
on th e  calcium  q u a n ti ty ,  an d  new  phases: N A , C2S an d  C2AS will he fo rm ed , 
w hile p a r t  o f  th e  s tru c tu ra lly  bonded  N a 20  (N) w ill leave  th e  system . T h e  
to ta l  N a 20  loss a m o u n ts  to  2 0 —40 p er cen t.

T he non-decom posed  NAS q u a n tity  is inverse ly  p ro p o rtio n a l to  th e  
q u a n tity  of lim e. T he m ore of th e  la t te r ,  th e  less th e  n o n -reac tin g  NAS, b u t  
th e  g rea te r th e  N a 20  loss (see T ab le  I I I ) .

A t h ig h er te m p e ra tu re s  above 1200°C th e  NA S p h ases  decom pose even  
w ith o u t a d d itiv e s , an d  a b o u t 5 to  15 p e r cen t o f th e  b o n d ed  N a 20  c o n te n t 
d isappears.

I n  th e  s im u ltan eo u s  presence o f lim e a n d  coke th e  N A S-s decom position  
is s till m ore in ten s iv e  as reac tio n  (1) also ta k e s  p lace to  cause a considerable 
N a 20  loss increase . T h u s, th e  to ta l  N a 20  loss m a y  be as m u ch  as 40 to  80 
p e r cent.

D uring  th e  decom position  o f N A S_ s th e  A120 3 “ le ft w ith o u t p a ir”  
because of th e  N a 20  loss w ill be bonded  b y  th e  C2S c o n te n t to  form  C2AS, 
th a t  is, geh len ite .

All these  m ean  th a t  a n o th e r N a 20  loss source is rep re se n te d  b y  th e  e v a ­
p o ra tio n  o f N a 20  d u rin g  th e  decom position  o f  th e  N AS s tru c tu re .

T he th ird  p a r t  o f th e  N a 20  losses is due to  th e  fa c t t h a t  th e  N a ,0  • A120 3 
p ro d u ced  d u rin g  N A S-s com position  is n o t s tab le  e ith e r, as th e  NA com posi­
tio n  th u s  fo rm ed  depends on te m p e ra tu re . A t h igher te m p e ra tu re s  less N a ,0  
is invo lved  [12] or, in  o th e r  w ords, th e  N a 20  co n te n t o f  th e  com pound w ill 
decrease w ith  an  in creased  te m p e ra tu re .

T he s ta b ili ty  o f N a 20  • A120 3 w as te s te d  in  th e  presence of calcium , 
coke, an d  coke p lus lim e (N A  was m ade o f soda  an d  a lu m in a  a t  1350°C, b y  
sh rinkage fo r 1 hou r). T he following specim en  com positions were s tu d ied :

1) N A
2) 91 p e r c en t N A  -f- 9 p er cen t coke
3) 83,3 p e r  cen t N A  -f- 16,7 per cen t CaO
4) 74,1 p e r  c e n t N A  14,8 per cen t CaO +  11,1 p e r  cen t coke

T he X -ra y  d iffrac to g ram s o f th e  sam ples are  show n in  F igs 19a —d, w hile 
th e ir  chem ical com position  is p resen ted  in  T ab le  V I.

A ccording to  F ig . 19a, th e re  w ere tw o  d iffe ren t N A  m odifica tions p ro ­
duced  d u rin g  th e  sh rin k ag e  of soda an d  a lu m in a . I f  coke is added  to  th is

Acta Technica Academiae Scientiarum Hungaricae 79, 1974



4 4 4 H ORV Á TH , GY.

N a 2 0 A l 2  0  3  7 4 , 1 %  . C a O  1 4 , 8 % .  

c o k e  11, 1 % ,  h e a t i n g  a t  1 3 5 0  ° C

d )

N a 2 0 A i 2 0 3  8 3 , 3  %  ♦  C a  О  1 6 , 7 % ,  

h e a t i n g  a t  1 3 5 0  ° C

c)

N a 2 0 A I 2 0 3  9 1 %  .  c o k e  9 % ,  

h e a t i n g  a t  1 3 5 0  ° C

b)

N a 2 0 A I 2 0 3 ,  h e a t i n g  a t  1 3 5 0  ° C  

a )

co m p o u n d , th e n  th e  reflec tions o f b o th  N A  com pounds w ill seem  to  h av e  been  
re d u c e d  and  a N a 20  loss of 5,3 p e r  c e n t can  be ca lcu la ted  from  th e  sam ple  
co m position  (see F ig . 19b and  T ab le  V I, sam ple No. 2).

In  th e  p resence o f  lim e th e  N A  w ill decom pose an d , accord ing  to  eq u a tio n

N A  +  CaO — C12A , +  N 2C3A 5 +  N A  +  N /  (3)

som e calcium  a lu m in a te  (C12A 7) a n d  sodium  calcium  a lu m in a te  (N 2C3A 5) 
w ill be  form ed th e re fro m . T he nou-decom posed  NA q u a n t i ty  depends on th e
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Table VI

Composition and Na20 losses (% ) of different sodium aluminate compounds

No. Sample N e20 A120 3 CaO SiOa
Ignition

losses
N a20
loss

1. NA (sodium aluminate) 37,3 39,9 — 0,1 4,4 0

2. 91% NA +  9% coke 36,1 61,3 - 0 ,6 3,8 5,3

3. 83,3% NA +  16,7% CaO 29,1 51,2 16,4 0 ,2 6,3 8,5

4. 74,1% NA +  14,8% CaO +  
+  11,1% coke 16,0 56,0 17,5 1,1 8,3 54,0

calcium  q u a n ti ty  invo lved . D uring  th e  decom position  of N A  again  N a 20  w ill 
be re leased  as ve rified  b y  th e  phases in  F ig . 19c, an d  th e  8,5 p er cen t N a 20  
loss of sam ple  N o. 3 in  Table V I.

In  th e  s im u ltan eo u s presence of lim e a n d  coke (F ig . 19d) th e  N A  s ta b il i ty  
will fu r th e r  decrease, an d  th e  N a 20  losses m a y  reach  54 p e r cen t (see sam ple  
No. 4 in  T ab le  V I).

On th e  b asis  o f  these  ex p erim en ts  th e  im p o rtan ce  o f te m p e ra tu re  a n d  
su sta in in g  tim e  in  red  m ud  fusion is fu r th e r  exp la ined : NA p roduced  in  th e  
course o f NA S-s decom position  w ill also  decom pose if  th e  te m p e ra tu re  or th e  
su sta in in g  tim e  is increased .

4. D evelopm ent o f  new  technologies

T he above te s t  re su lts  enab led  u s  to  fu r th e r  develop  th e  earlie r m e th o d  
o f com plex  red  m u d  processing [13, 14], an d  to  p lan  a new  technology .

The orig inal p rocedure  (I) consisted  o f th e  red u c tio n  ty p e  h e a t t r e a tm e n t  
o f th e  re d  m u d  b y  using  th e  K ru p p  te c h n iq u e , follow ed b y  th e  soda/lim e s in ­
te rin g  of th e  slag  [15]. In  th e  course o f  th is  h e a t  t re a tm e n t th e  iron  w as reco v ­
ered  in  th e  fo rm  o f 1 to  3 m m  lum ps w hile , from  th e  slag, th e  N a 20  a n d  A120 3 
w ere o b ta in ed  as a lu m in a te  a lkali, b y  leach in g  a fte r  s in te rin g . T he f in a l g rey  
m u d  can be u sed  in  cem en t p ro d u c tio n  [16, 17].

A ccord ing  to  one of th e  new  techno log ies ( I I ) , red  m u d  is f ir s t  fu sed  in  
th e  presence o f  som e lim e, w hereby  liq u id  p ig  an d  slag  w ill be p ro d u ced . 
T he iron  is p o s t- tre a te d  in  order to  ach ieve th e  desired  com position  (to  red u ce  
th e  P  an d  S c o n te n t, cem en ta tion , a lloy ing , e tc .).

T he cold  slag  is s in te red  w ith  soda  an d  lim e, a n d  th e n  leached  [18].
A ccord ing  to  la b o ra to ry  te s t  re su lts  [19], th e  F e 20 3, N a 20 ,  a n d  A120 3 

co n ten ts  o f red  m u d  can  be recovered  in  a single ru n  ( I I I ) ,  if  red  m u d  m ix ed
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w ith  lim e is q u ick ly  m e lte d  a t th e  low est possib le  te m p e ra tu re . U n d er su itab le  
co n d itions such  a s lag  w ill th u s be p ro d u c e d  th a t  con ta ins, in  ad d itio n  to  th e  
iro n  p ro d u c t, N A  a n d  C12A 7 ad ja c e n tly  p lu s  ß-C 2S, CT, and  C2F . T hen  th e  N a 20  
a n d  A120 3 can be e x tra c te d  from  th e  slag  b y  m eans of a lkali a n d  soda so lu tio n s.

A  fu r th e r  d e v e lo p m e n t o f th is  m e th o d  is w hen th e  low  CaO c o n te n t red  
m u d  is m elted  in  a reduc ing  a tm o sp h ere  th e n , a fte r sep a ra tio n  o f iro n  from  
slag , th e  la t te r  is m ix e d  in  an  ox id izing  a tm o sp h e re  w ith  a p reca lcu la ted  q u a n ­
t i t y  o f su itab ly  p re h e a te d  lim e in  o rd e r to  o b ta in  a d irec tly  leachab le  N a a n d  
Ca a lum inate  c o n te n t  slag  [4].

Table VII

Comparison of the characteristic data of the different complex technologies

Denomination Method I Method II Method III

Iron product
Slag type and consistency 

Characteristic

Technological steps

Krupp technique 
Lumps

Plastic nephelite -f- glass
(1) Reducing fusion
(2) Magnetic separation
(3) Sintering with soda 

and limestone
(4) Leaching with an 

alkaline solution

Melting + sinter 
Liquid iron 

Liquid nephelite
(1) Reduction melting
(2) Sintering with soda 

and limestone
(3) Leaching with an 

alkaline solution

Melting in a single run 
Lumps -f liquid iron 

Plastic Na aluminate -f- 
-f- Ca aluminate

(1) Reduction melting 
and limestone sinter

(2) Magnetic separation
(3) Leaching with a soda- 

alkaline solution

Melting recoveries, Fe20 3 94 93 94
0//0 100 99 100

Na„Ö 90 85 60

Fe content of the
iron product, % 85 95 90

Sintering Na20
losses, % 5 5 —

Leaching recoveries, Na„0 85 85 80
0//0 A120 3 84 84 70

Recoveries as related Fe20 3 80 92 80
to the red mud,* Na20 68 68 44
0//0 A120 3 76 83 64

* =  The mechanical losses, too, are reckoned with

Table V II  p re se n ts  th e  c h a ra c te r is tic  d a ta  of th e  th ree  (I  —I I I )  m e th o d s .
The F e 20 3, N a 20 ,  and  A120 3 c o n te n ts  o f th e  red  m u d  are  u tiliz ed  in  

each  m ethod , w h e reas  th e  so-called “ g rey  m u d ”  le ft over a f te r  leach ing  re p re ­
se n ts  a raw  m a te r ia l  su itab le  for cem en t p ro d u c tio n .

W hile m e th o d  I  was te s te d  u n d e r  large-scale o p e ra tio n a l co n d itio n s, 
m e th o d s  I I  an d  I I I  w ere checked on ly  b y  p ilo t p la n t ex p erim en ts  [20]. E co ­
n om ic  ca lcu la tions, how ever, req u ire  th e  d a ta  o f all th e  large-scale a lte rn a tiv e s  
w hich , th ere fo re , re p re se n t a fu tu re  ta s k .
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5. S u m m ary

L ab o ra to ry  ex p erim en ts  w ere c o n d u c ted  w ith  sy n th e tic  N a —A1 h y d ro ­
silica tes an d  o p e ra tio n a l g rade  re d  m u d  in  o rder to  d e te rm in e  th e  cond itions 
u n d e r  w hich th e  N a 20  q u a n ti ty  e v a p o ra tin g  in  th e  course o f th e  p y ro m eta llu r- 
g ical processing o f red  m u d  m ig h t be  considerab ly  reduced .

— I t  was fo u n d  th a t  th e  N a —A l hydrosilica tes w o u ld  tran sfo rm  in to  
carneg ie ite  an d  n ep h e lite  ty p e  N a —A1 silicates on th e  e ffec t o f h ea tin g , s tab le  
ev en  a t  h igh (1200 to  1400°C) te m p e ra tu re s , w hich could  decom pose on ly  to  
a s lig h t degree (10 to  20 p e r cen t N a 30  losses).

— In  coke c o n te n t com pounds th e  NA S-s decom position  w ould  increase 
o n ly  to  a sligh t e x te n t (15 to  25 p e r c e n t N a30  losses).

— In  th e  p resence  of calcium , th e  NAS decom position  w ould  s ta r t  a t  
low  te m p e ra tu re s  (600 to  800°C) w h e reb y  th e  N a20  losses m ig h t even reach  
30 to  50 p er cen t.

— I f  lim e a n d  coke are  p re se n t sim u ltaneously , th e  N a aO losses w ould  
increase  to  4 0 —80 p e r cen t.

— T he effect o f  lim e an d  coke ad d itio n  on th e  s ta b il i ty  o f  zeolite ty p e  
N A S w as checked b y  ca lcu la tions. A ccord ing ly , lime an d  coke ad d itio n  w ould  
red u ce  th e  ac tiv a tio n  en erg y  of N A S w hich , therefo re , w ou ld  be  m uch  easier 
decom posed.

— P hase  in v estig a tio n s v e rified  th a t  th e  sodium  a lu m in u m  h y d ro ­
silica tes w ould  lose th e ir  w a te r  an d  adhesive  N a20  c o n te n ts  in  th e  fu n c tio n  
o f th e  te m p e ra tu re  increase , th e n  tra n s fo rm  in to  carneg ie ite-nephe lite  NAS 
ty p e s . T he s ta b ility  te m p e ra tu re  in te rv a ls  an d /o r th e  te m p e ra tu re s  of th e  in d i­
v id u a l phase tra n sfo rm a tio n s  h av e  b een  precisely  d e te rm in ed . T hese in v e s ti­
g a tio n s revealed  th ree  m ain  sources o f N a20  losses:

1. The adhesive a lka li in  th e  re d  m u d  th a t  will a lw ays be lo s t even on 
th e  effect o f low te m p e ra tu re  (500 to  700°C) h eating , le ad in g  to  a N a20  loss 
o f  10 to  15 p e r cen t.

2. T he o th e r cause o f  N a20  d isap p earan ce  is th e  decom position  of th e  
b o n d ed  N a20  c o n te n t o f th e  red  m u d , ta k in g  place a t  e le v a te d  te m p e ra tu re s  
ab o v e  1200°C, an d  re su ltin g  in  5 to  15 p e r cen t N a20  losses. I n  th e  presence 
o f  lim e, how ever, th is  decom position  w ould  ta k e  place even a t  low  te m p e ra tu re s  
(600 to  800°C), causing  a N a20  loss o f  20 to  50 p er cen t.

In  th e  s im u ltaneous presence o f lim e an d  coke th is  p rocess is increased , 
a n d  th e  N a20  q u a n ti ty  leav ing  th e  sy s tem  m ig h t reach  as m u c h  as 40 to  80 
p e r  cen t.

3. F u r th e r  losses are  caused  b y  th e  u n s tab le  ch a rac te r o f  th e  N aaO • A120 3 
o b ta in e d  from  th e  decom posed  N A S. T em p era tu re , an  e x te n d e d  su sta in in g  
tim e  a t  th is  te m p e ra tu re , o r th e  p resence  o f lim e, coke, o r b o th  w ould  m ak e  
p a r t  o f th e  N a20  c o n te n t leave  th a t  p h ase  (5 to  50 p er cen t).
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I f  th e  N a20  c o n te n t  is to  be sav ed , th e n
(a) th e  m u d  to  b e  processed  m u s t be th o ro u g h ly  w ashed  in  o rder to  

red u ce  th e  adhesive  a lk a li co n ten t a n d  e lim inate  o r  m o d e ra te , one source 
o f  th e  N a20  losses th e re b y .

(b) In  th e  a d d it io n  o f lim e and  coke, an y  su rp lu s  m u s t be  avoided , o r else 
th e  N a 20  losses w o u ld  b e  g re a tly  increased  an d , b y  th e  p ro d u c tio n  of gehlen ite , 
n o t  only  th e  N a20  b u t  also th e  A120 3 recovery  m ig h t be  s ig n ifican tly  reduced .

(c) I t  shou ld  b e  en d eav o u red  to  perfo rm  m e ltin g , a f te r  red u c tio n  (900 
to  1100°C), a t  th e  lo w est possib le te m p e ra tu re  a n d  w ith in  th e  possib ly  
sh o rte s t period o f  t im e , w h ereb y  th e  N a20  losses m ig h t ag a in  be a llev ia ted .

(d) The s im u lta n e o u s  presence o f  lim e a n d  coke in  th e  com pound  
w o u ld  g rea tly  in c rea se  th e  N a20  q u a n t i ty  lean ing  th e  sy s tem .

On th e  basis o f  th e  above co n sid era tio n s som e n ew  technologies h a v e  
b een  e labo ra ted  fo r  th e  com plex  u tiliz a tio n  o f th e  re d  m u d  [3, 4, 18].
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Versuche über die Verhüttung des Rotschlammes. Durch Untersuchung von künstlichen 
N a—Al-Hydrosilikaten und betriebsmäßig anfallendem Rotschlamm wurde festgestellt, wie 
die Verluste an Na20  während der Verhüttung verringert werden können. Der Einfluß der
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Anwesenheit von Kalk, Koks und von beiden gemeinsam, ferner von Temperatur und Zeit 
der Wärmebehandlung auf den Na20-Verlust wurden bestimmt. Die Ursachen der Na20-  
Verluste wurden geklärt. Auf diese Art wurde es möglich Technologien zu entwickeln, mit 
welchen aus dem Rotschlamm neben dem Fe20 3- und dem Al20 3-Gehalt — bei minimalem 
Verlust — auch der Na20-Gehalt gewonnen werden kann.

Экспериментальные опыты по доменной переработке красного шлама. Исследова­
нием искусственных гидросиликатов Na—Al и производственных красных шламов уста­
новлено, каким образом можно добиться снижения потерь Na20 , возникающих в процессе 
доменной переработки.Определено воздействие кокса и извести, а также их совместного 
присутствия, далее температуры термообработки и ее времени на потери Na20 . Выяс­
нены причины потерь Na2Ô. Таким образом, стало возможным разработать такие техноло­
гии, в процессе которых из красного шлама наряду с содержанием Fe30 3 и содержанием 
А120 3 можно извлечь — при минимальных потерях — также и содержание Na20 .
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LOCAL AND OVERALL SPECIFIC INELASTIC ROTATION 
CAPACITIES IN REINFORCED CONCRETE BEAMS

P. LENKEI
CAND. OF TECH N . SCI.

[Manuscript received October 6, 1973]

The influence exerted by the length of the constant (or nearly constant) m axi­
mum bending moment zone on the specific inelastic rotation capacity of r.c. beams is 
discussed on the basis of experiments carried out on 49 beams. The relationship between 
the local and overall rotation capacities are determined and formulae for calculations 
are given.

Notations

M  — bending moment 
L  — span
L 0 — length of the constant bending moment zone 
Q — reinforcement ratio 
s — tie spacing 
b — width 
h — total depth 
d — effective depth 
X  — depth of the compressed concrete 
f  — relative depth of the compressed concrete 
в — overall inelastic rotation 
x — specific inelastic rotation

— specific inelastic rotation for L0 =  oo 
ec — inelastic part of the concrete compressive strain 
f c — concrete cubic strength 
fy  — steel yield stress 
f s — steel tensile strength

1. Introduction

T he ine lastic  ro ta tio n  c a p a c ity  in  r .c . beam s, h av in g  a n  ex ten d ed  zone 
o f c o n s ta n t (or n ea rly  co n s tan t)  m ax im u m  b end ing  m o m en t, has been e x p e ri­
m e n ta lly  in v es tig a ted  an d  d iscussed  b y  severa l a u th o rs . Macchi in  1969 
describ ed  th a t  in  te s ts  on p re s tre ssed  concre te  beam s th e  fa ilu re  an d  conse­
q u e n tly  th e  large ine lastic  ro ta tio n s  are  co n cen tra ted  in  a lim ited  len g th  zone. 
T h is cou ld  lead  to  o v e re s tim a tin g  th e  in e lastic  ro ta tio n  c a p a c ity , in  case of 
la rg e  fa ilu re  zones assum ed  to  be eq u a l to  th e  len g th  of th e  c o n s ta n t (or n e a r ly  
c o n s ta n t)  m ax im um  b end ing  m o m en t zone.

I n  a g rea t n u m b er of cases th is  d an g er m ay  be avo ided  as B er ter o  a n d  
F e l ip p a  show ed in  1965, th a t  closely sp aced  ties and  com pression  re inforce- *

* Dr. P. L e n k e i , 1119 Bp. Szakasits Á . u. 4, Hungary.
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m e n t sim u ltan eo u sly  ap p lie d , increase d u c til i ty  and  co n seq u en tly  th e  zone of 
g re a t in e lastic  ro ta t io n  c a p ac ity .

A t th e  sam e tim e  th e  p ro bab ilis tic  a p p ro ach  to  th e  analysis an d  design  
o f co n cre te  s tru c tu re  assum es, th a t  s tre n g th  an d  d e fo rm ab ility  depend  on 
th e  le n g th  d im ension  o f  th e  elem ent in v es tig a ted .

H ow ever, th e se  p ro b lem s rep re sen t o n ly  th e  d iffe ren t fo rm ula tions o f 
one a n d  th e  sam e q u e s tio n :

H ow  does th e  le n g th  o f th e  c o n s ta n t (or n ea rly  c o n s tan t)  m ax im u m  
b e n d in g  m om en t zone a ffec t th e  specific ro ta tio n  c a p a c ity  o f reinforced  con­
c re te  b eam s?

As concrete is h a rd ly  liable to  be su b jec ted  to  th e o re tic a l id ea liza tion , 
th is  q u estio n  is to  be  answ ered  b y  e x p e rim e n ta l in v estig a tio n s.

A im ing to  c o n tr ib u te  to  th e  q u a lita tiv e  so lu tion  o f  th is  p rob lem , an  
e x p e rim e n ta l p ro g ram m e w as carried  o u t in  1962 — 65 a t  th e  H u n g a rian  In s t i ­
t u t e  fo r B uild ing Science (É T I, B u d ap est) on  th e  basis o f  th eo re tica l in v e s ti­
g a tio n s  m ade by  Ga r a y  (1963). Since th e  re su lts  have  b een  rep o rted  in  H u n ­
g a r ia n  only  (L e n k e i  — G a r a y , 1965; L e n k e i , 1966) a sh o rt su m m ariza tio n  
th e se  te s ts  will be g iv en  here .

H ow ever, i t  m u s t b e  em phasized , t h a t  th is  p a p e r  basica lly  deals w ith  
th e  ev a lu a tio n  o f th e  t e s t  re su lts . T he e x p e rim e n ta l p ro g ram m e included  th e  
in v e s tig a tio n  o f th e  in flu en ce  of som e o th e r  p a ra m e te rs  (e.g. re in fo rcem en t 
ra t io , w hich essen tia lly  de te rm ines th e  e ffec tive  d ep th ) on th e  ro ta tio n  c a p a ­
c ity , to o .

T hese n o t to o  re c e n t  resu lts  seem a c tu a l and  w o rth  rep o rtin g , as Ge r st l e  
s ta te d  in  1972, as th is  p rob lem  still needs fu r th e r  s tu d y .

2. The T est P ro g ram

Tw o ty p es o f ex p e rim en ts  in  tw o  g roups (G roup I  an d  G roup I I )  w ere 
c a rr ie d  ou t in o rder to  d e te rm in e  th e  re la tio n sh ip  b e tw een  th e  local an d  overa ll 
specific  p lastic  ro ta t io n  capacities . T he v a ria b le  p a ra m e te rs  were in  G roup I  
(25 beam s):

— len g th  o f  th e  c o n s ta n t bend ing  m o m en t zone L 0 =  300 and  1500 m m
(Fig- 1),

— re in fo rcem en t ra t io  q =  0,296, 1,21 an d  4 ,8 0 % ,
— spacing o f th e  tie s  along th e  c o n s ta n t m om en t zone s — 50 an d  150 m m , 

a n d  in  G roup I I  (24 b eam s):
— len g th  o f th e  c o n s ta n t b en d in g  m o m en t zone L 0 — 300, 900 an d  

1500 m m  (Fig. 1),
— re in fo rcem en t ra tio  q ?=« 0,25, 0 ,5 , 1,00 an d  2 ,4 0 % .
T he c o n s tan t p a ra m e te rs  were as follow s:

Acta Technica Academiae Scientiarum Hungaricae 79, 1974



ROTATION CAPACITIES O F R . C. BEAMS 4 5 3

Fig. 1. Loading arrangement

G r o u p  I G r o u p  I I

Concrete cubic strength (measured) 
fc [N/mmS] 36,0-52,8 31,1-45,1

Reinforcing steel (nominal) 
yield strength 

tensile strength Л Л 350/350 400/600

Cross sectional dimensions bXh [mm] 120X300 150X300

Span L [mm] 2800 3000

T he n u m b er of analogous beam  specim ens w as a t  le a s t 2. T he m easuring  
in s tru m e n ts  for G roup I  consisted  of e lec tric  re s is tan ce  s tra in  gauges for 
m easu ring  concrete  com pressive  s tra in s, a m ech an ica l d e fo rm ete r fo r m easuring  
elongations a t  th e  leve l o f th e  re in fo rcem en t, c linom eters fo r m easuring  
inc lina tions (ro ta tio n s) a n d  m echanical in d ica to rs  fo r m easu rin g  deflections. 
P rin c ip a lly , th e  sam e m easu rin g  in s tru m en ts  w ere used  fo r G roup I I ,  how ever, 
in  a d d itio n  to  these  th e  concrete  com pressive s tra in s  w ere d e te rm in ed  by  
m eans of m echan ical defo rm eters  too , a n d  c linom eter m easu rem en ts  were 
ta k e n  a t  several po in ts .

T he p rin c ip a l d ifference betw een  th e  tw o  te s t  g roups consisted  in  using 
d iffe ren t m ethods fo r th e  te s t  p rocedure. In  G roup I  th e  te s ts  w ere carried  ou t 
an d  consequen tly  th e  m easu rem en ts  were ta k e n  (or e x tra p o la te d )  up  to  th e  
m ax im u m  bend in g  m o m e n t, while in  G roup I I ,  b y  m eans o f a special loading 
a rra n g e m en t (L e n k e i 1969), th e  te s ts  w ere ca rried  o u t a n d  th e  m easu rem en ts 
ta k e n  on th e  dow ngoing (falling) b ran ch  o f th e  m o m e n t-ro ta tio n  d iagram  
u p  to  th e  ac tu a l fa ilu re , how ever, th e  re su lts  w ere ta k e n  in to  acco u n t up  to  
0,8 M max only  on th e  dow ngoing  b ran ch  (F ig . 2). T his load in g  a rran g em en t 
slow ed dow n th e  fa ilu re  process b y  m eans o f v e rtic a lly  m ovab le  supports  
p laced  u n d e r each ac tin g  load . T he load  values, ta k e n  b y  th e  b eam s w ere d e te r­
m ined  as th e  d ifference b e tw een  th e  ac ting  loads an d  th e  co rrespond ing  ad d i­
tio n a l su p p o rt reac tio n s, b y  m eans of pa irs of a p p ro p ria te ly  p laced  load  cells.
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Fig. 2. Measurement ranges for the test groups

F u rth e rm o re , fo r G roup  II  in s te a d  of tw o, th re e  L 0 va lu es  w ere in v e s ti­
g a te d  so as to  o b ta in  a b e t te r  know ledge of th e  re la tio n sh ip  b e tw een  ine lastic  
ro ta t io n s  and  th e  c o n s ta n t m o m e n t len g th  (Figs 7a an d  7b).

T he crack fo rm a tio n  an d  p ro p a g a tio n  w ere reg is te red  d u rin g  th e  te s ts .
T he age of th e  specim ens a t  th e  tim e  of te s tin g  exceeded  one m o n th .
T he firs t 4 lo ad  step s  ap p lied  am o u n ted  to  15 p e r  cen t an d  th e  rem ain ing  

s te p s  u p  to  th e  m ax im u m  lo ad  to  5 p e r  cen t of th e  ca lcu la ted  u lt im a te  load . A t 
e ach  s tep  th e  lo ad  w as app lied  to  th e  specim en fo r 15 m in u te s , th e  m easu re ­
m e n ts  w ere ta k e n  d u rin g  th e  la s t  5 m inu tes.

3. Test results

A n ideal e la s to -p la s tic  enve lope  se t th e  e lastic  an d  in e lastic  ro ta tio n s  
a p a r t  from  th e  rea l m o m e n t- ro ta tio n  d iagram m e (F ig . 2). F o r th e  sake of 
sim p lify in g  th e  e v a lu a tio n  o f th e  specim ens w ere assum ed  to  b eh av e  e lastica lly  
o n ly  in  th e  u n crack ed  s ta te .

O n accoun t o f  th e  d iffe ren t te s tin g  tech n iq u es u sed  fo r m easu rin g  th e  
ro ta t io n s , these  w ere u su a lly  h ig h e r  fo r G roup I I  th a n  fo r G roup I.

T h e basic te s t  re su lts , th e  in e la s tic  ro ta tio n s  a long  th e  c o n s ta n t m ax im um  
b e n d in g  m om en t zone are  p re se n te d  in  Tables I an d  II.

4. E valuation  of the test data

T h e resu lts  c learly  show  t h a t  (w ith in  th e  m easu red  ranges) th e  re in fo r­
c e m e n t ra tio  Q h as  a fa r  m ore  sign ifican t in fluence on  th e  specific ine lastic  
ro ta t io n s  th a n  th e  t ie  spac ing  s.
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Table I

Results of Test Group I

B
ea

m
s

R e in fo rc .  
r a t i o  

Q [% ]

C o n s ta n t  
m o m e n t  

l e n g t h  
L 0 [m m ]

T ie
s p a c in g  
s [m m ]

I n e l a s t i c  
r o t a t i o n s  
©  [ ra d ]io-»

S p e c if ic  
in e la s tic  
r o ta t io n s  
x  =  e / L 0 
[ ra d /m m ]

io-e

x  a v e ra g e s  
[ r a d /m m ]io-e

Xco
[ r a d /m m ]io-« x/«co

10 110,4 368
12 0,296 300 61,3 204 241 2,85
13 150 45,4 151 81,1

21 167,1 111
23 2 0  8 mm 1500 152,4 101 113 1,39
24 190,6 127

37 1500 50 230,7 154 — —

38 126,0 084 119

14 24,3 081
15 300 21,3 071 89,3 5,94
16 1,21 150 34,7 116 15,05

25 34,0 22,7
27 2 0  16 mm 1500 55,7 37,1 29,9 1,98

34 27,1 90,3
35 300 35,1 117 110 6,71
36 50 36,7 122,3 16,4

39 37,4 25
40 1500 56,8 37,9 35,1 2,13
41 63,6 42,4

17 13,4 44,6
18 300 7,0 25,6 30,8 6,77
20 4,80 150 06,7 22,3 4,55

42 4 0  22 mm 19,7 13,1
43 1500 17,6 11,7 2,15
44 6,9 4,6 9,8

Since th e  m ain  goal o f th e  p re se n t p a p e r  is to  in v e s tig a te  th e  re la tionsh ip  
b e tw een  th e  local an d  o vera ll specific  ine lastic  ro ta tio n s  x , th e  follow ing e v a l­
u a tio n  m eth o d  w as u sed  to  sh if t o u t  th e  o th e r p a ra m e te rs  as tie  spacing s 
a n d  re in fo rcem en t ra tio  q. U sing  th e  x  va lues (Tables I  a n d  I I )  for d ifferen t 
c o n s ta n t m o m en t len g th s  L 0 an d  e x tra p o la tin g  for L 0 =  oo th e  x„  values w ere 
d e te rm in ed  for each s an d  q (th e  re su lts  o f beam s 37 a n d  38 w ere n o t used), 
assum ing  lin ea r re la tio n sh ip  b e tw een  x  a n d  1/L0 (Figs 4 a  a n d  4b). This w as
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Table II

Results of Test Group II
B

ea
m

s

R e in fo rc .  r a t i o

e [%1

C o n s ta n t  
m o m e n t  

l e n g th  
L0 [m m ]

I n e l a s t i c  
r o t a t i o n s  
в  [ ra d ]

io-8

S p e c if ic  
in e la s tic  
r o ta t io n s  

h =  0 / L o
[ ra d /m m ]

io-6

x  a v e ra g e s  
[ r a d /m m ]

io-e
«00

[ ra d /m m ]
io-« */*03

3 300 60,4 201 231 2,82
4 0,25 78,2 261

5 900 112,5 125 121,5 82 1,48
6 2 0  8 mm 106,4 118

9 1500 171,0 114 120 1,46
10 189,4 126

13 300 52,5 175 184 2,78
14 0,5 S I , 9 193

11 900 89,1 99 66,2 1,52
12 2 0  12 mm 92,9 103 101

7 1500 131,0 87,4 93,7 1,42
8 150,2 100

23 300 57,6 192
24 1,0 49,2 164 178 2,77

1 900 67,9 75,5 95,7 64,3 1,49
2 2 0  16 mm 104,4 116

15 1500 147,7 98,5 90 1,39
16 122,8 81,6

17 300 35,9 119,7 123 3,2
18 2,4 37,9 126,3

19 900 67,9 75,4 63,4 1,63
20 45,7 51 38,6

21 2 0  25 mm 1500 95,7 63,8
22 48,5 32,3 48 1,26

assu m ed  as th e  re la tio n sh ip  b e tw een  x  an d  L 0 w as s im ila r  to  th e  hyperbolic  
(see F ig . 3b).

In  th e  n e x t e v a lu a tio n  s tep  th e  ra tio s  of xjx„  w ere d e te rm in ed . Since th e  
x jx „  values were n e a r ly  in d e p e n d e n t o f th e  q and  s v a lu es  (F ig . 5b) th e y  could  
b e  expressed  in  fu n c tio n  of 1/L0 fo r G roup  I I  in  th e  fo llow ing  general form :

x /x„  =  / ( l / F 0) =  1 +  565 1/L0 ( lb )

w here  L 0 is m easu red  in  m illim eters.
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Fig. 3/a Relationship between the specific inelastic rotations v. and the constant moments
lengths L0 (Group I)

Fie. 31b Relationship between the specific inelastic rotations « and the consta nt moment length
L0 (Group II)
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Fig. 4/a Relationship between the specific inelastic rotations У. and the inverse of the constant
moment lengths 1/L0 (Group I)

Fig. 4Jb Relationship between the specific inelastic rotation x and the inverses of the constant
moment lengths 1/L0 (Group II)
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Fig.‘5/a Relationship between the relative specific inelastic rotations and the inverses of 
the constant moment lengths 1 /L0 (Group I)

Of OUR I.

Fig. 5/b Relationship between the relative specific inelastic rotations x/nœ and the inverses 
of the constant moment lengths 1/L0 (Group II)
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Owing to  th e  d iffe ren t te s tin g  tech n iq u es  used , th e  above expression fo r 
G ro u p  I  should b e  m o d ified  (F ig . 5a) as follows:

x /x„ =  1 +  1414 (1/L0). ( la )

The x„ v a lu es  d ep en d  f ir s t  o f  all on th e  re in fo rcem en t ra tio , th e n  becom e 
fu r th e r  affected b y  th e  concrete  com position  and  q u a lity , t ie  spacing , com pres­
s io n  re in fo rcem en t, e tc . I n  th e  te s t  re p o rte d , th is  re la tio n sh ip  w as assum ed  to  
b e  a  function  of th e  in v erse  re la tiv e  d e p th  of th e  com pressed  concrete  1/1 =  d /x  
because  th is is a  m o re  general c h a ra c te ris tic  of th e  r .c . cross section  th a n  th e  
re in fo rcem en t r a t io  q. T he e q u a tio n s  de te rm in ed  b y  th e  m e th o d  o f le a s t 
sq u a re s  (Fig. 6) a re  as follows fo r G roups I  an d  I I  c o n seq u en tly :

X . =  /(1 /1 )  =  3,209 • 1/1 -  2,13 ~  3 • 1 / |  (2a)

X . = / (1 /1 )  =  2,213 • 1/1 +  37,44 ^ 2 , 2  • 1 / |  +  37,5. (2b)

The la s t e v a lu a tio n  s tep  w as aim ed  a t  o b ta in in g  th e  ine lastic  p a r t  o f  
th e  concrete co m p ressiv e  s tra in s  sc from  th e  specific in e la s tic  ro ta tio n s  u sin g  
th e  following w e ll-k n o w n  expression

ec =  x - x  (3)

The ine lastic  concre te  com pressive s tra in s  a re  show n  sep ara te ly  fo r 
G roups I  and I I  in  F ig . 7a an d  7b.

The values re fe rr in g  to  th e  above (1) — (3) fo rm ulae  shou ld  he m easu red  
as follow s: x  an d  x„  in  rad /m m  • 10-6 , L 0 an d  x  in  m illim eters .

5. D iscussion o f the test results

F irs t i t  is to  b e  em phasized  th a t  th e  d iffe ren t b eh av io u r show n b y  
G ro u p  I  and I I  is d u e  to  th e  d iffe ren t te s tin g  tech n iq u es u sed . W hen  th e  m e a s­
u re m e n ts  were t a k e n  u p  to  th e  m ax im u m  bend ing  m o m e n t only  (G roup I ) ,  
th e  inelastic  ro ta t io n s  w ere m u ch  low er th a n  in  case o f  G roup  I I  w hen  th e  
ro ta tio n s  a sso c ia ted  w ith  th e  decreasing  bend ing  m o m e n t w as ta k e n  in to  
acco u n t, too  (F igs 3 a  an d  3b). T h e  on ly  excep tion  w as th e  case of th e  v e ry  low  
re in fo rcem en t r a t io s  (0 ,25—0,296% ) g iv ing  n ea rly  id e n tic a l re su lts , obv iously  
d u e  to  the  fac t, t h a t  n o  su b s ta n tia l decrease o f th e  m a x im u m  bend ing  m o m e n t 
w as  observed in  G ro u p  I I  for q ^  0 ,25% .

Secondly i t  is  to  be p o in ted  o u t th a t  th e  specific in e la s tic  ro ta tio n s  w ere 
considerab ly  lo w er fo r  longer c o n s ta n t bend ing  m o m e n t len g th s  (L 0). T h e  
te n d e n c y  was n o t  l in e a r  b u t  resem bling  th e  h yperbo lic  (F ig . 3b) and  assum ing
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th is  re la tio n sh ip  th e  specific  ine lastic  ro ta tio n s  for in f in ite  c o n s ta n t m o m en t 
le n g th s  (x„) were d e te rm in e d  b y  e x tra p o la tio n s  (see F igs 4a  a n d  4b).

T he re la tive  v a lu e s  o f x/x„  w ere  d e te rm in ed  in  fu n c tio n  o f th e  inverse  
c o n s ta n t m om ent le n g th s  1/L0 (see F ig s  5a an d  5b). S ince no  su b s ta n tia l  d if­
ference  appeared  in  th e se  func tions in  e ith e r  of th e  g roups, s im ila rly  fo rm u la te d  
exp ressions were d e te rm in e d  (F o rm u lae  l a  an d  lb ) . I t  is obvious from  these  
expressions, th a t  if  th e  b eh av io u r o f a n  r .c . e lem ent w ould  be considered  up  to  
th e  m ax im um  b en d in g  m o m en t on ly  th e  L 0 values w ould  h av e  a m ore sign if­
ic a n t  in flu en ce  (F igs 5a  an d  5b).

T he influence o f th e  len g th  o f th e  c o n s ta n t b en d in g  m o m en t zone could 
be  in te rp re te d  on a s ta t is t ic a l  basis, as th e  p ro b ab ility  o f h av in g  a less defo rm ­
ab le  p a r t  along an  e x te n d e d  zone, th is  be ing  h igher th a n  th a t  o f  along a lim ­
ite d  zone. This p ro b a b ili ty  increased  w h e n  th e  m easu rem en ts  w ere ta k e n  up  
to  th e  m ax im um  b e n d in g  m om en t o n ly , because th e  upgo ing  a n d  co n seq u en tly  
th e  p a r t  o f th e  b e h a v io u r  w ith  a lesser re d is tr ib u tio n  c a p a c ity  ap p e a re d  only.

So as to  m ake fo rm u lae  l a  a n d  l b  exped ien t fo r p ra c tic a l pu rposes in  
case o f b o th  groups gen era l expressions (form ulae 2a a n d  2b) w ere derived  
fo r th e  ap p ro x im ate  v a lu es  in  fu n c tio n  o f th e  inverse re la tiv e  d e p th  o f th e  
com pressed  concrete zone 1 /f.

B y  m eans of th e se  expressions th e  effect of th e  c o n s ta n t m o m en t len g th s  
m a y  be  ta k e n  in to  ac c o u n t.

F o rm u lae  2a a n d  2b  an d  F igs 6 a  a n d  6b m ake i t  obv ious t h a t  th e  x m 
v a lu es  are higher fo r th e  com plete d iag ram m e  (G roup I I  in c lu d in g  th e  falling  
b ra n c h ) an d  depend  less on  th e  d e p th  o f  th e  com pressed co n cre te  zone.

T hese expressions w ere d e te rm in ed  on  th e  basis o f sh o r t tim e  te s ts . H ig h er 
X a n d  x„  values are e x p e c te d  to  be o b ta in e d  b y  long tim e  te s ts .

I t  m u st be u n d e rlin e d , how ever, t h a t  th e  above expressions are  v a lid  
w ith in  th e  in v es tig a ted  ran g e  of th e  e x p e rim e n ta l p a ra m e te rs  on ly , regard less 
o f th e  tie  spacing effect.

L a s tly  th e  m a g n itu d e  of th e  co m p u te d  m ax im u m  ine lastic  concre te  
com pressive  s tra in s sc a re  to  be d iscussed  (F igs 7a an d  7b). T h e  v a lu es , re su ltin g  
fro m  all th e  te s ts  of G ro u p  I  and  from  th e  specim ens of G roup  I I  h a v in g  L 0 =  
=  300 m m  and  a low  re in fo rcem en t r a t io ,  ru n  betw een  2,5 an d  3,5%0 an d  are 
in  good agreem ent w ith  th e  C E B -F IP  In te rn a tio n a l  R eco m m en d a tio n s. O n th e  
o th e r  h a n d  the  ec v a lu e s  ra n  up  to  th r e e  tim es h ig h er fo r th e  specim ens o f 
G roup  I I  hav ing  L 0 =  300 m m  b u t  a h ig h e r re in fo rcem en t ra tio .

I t  is in te restin g  to  n o te , th a t  th e  in e las tic  concrete  s tra in s  w ere in  d irec t 
p ro p o rtio n  to  th e  re in fo rcem en t ra tio s . N evertheless i t  shou ld  be  m en tio n ed , 
t h a t  th e se  ec values w ere  n o t ac tu a l b u t  only  a p p a re n t s tra in s , fo r a t  th ese  
lo ad in g  stages th e  e x tre m e  concrete  com pressive  fib res h a d  failed . T hese com ­
p u te d  ec va lues w ere av e rag es o b ta in ed  a long  th e  len g th s  L 0, an d  co n seq u en tly  
decreasing  w ith  th e  in c rease  of th e  la t te r .
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Fig. 6. Relationship between the specific inelastic rotations (for L0 =  oo) and the relative 
depth of the compression concrete zone f  =  x/d (Group I and II)

Fig. 7/a Relationship between the inelastic concrete compressive strains ec and the constant
moment length L0 (Group I)

I t  m ust be  em p h asized , how ever, th a t  th e  ec v a lu es  d ep en d  on th e  co n ­
c re te  s tren g th  an d  com p o sitio n , w hich  w ere c o n s ta n t p a ra m e te rs  in  th ese  
investiga tions.
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Die örtliche und mittlere spezifische, nichtelastische Verdrehungsfähigkeit von Stahl­
betonträgern. Im vorliegenden Beitrag wird die Wirkung der Länge einer Sektion mit stän­
digem (oder beinahe ständigem) maximalem Biegemoment auf die spezifische, nicht elastische 
Verdrehungsfähigkeit von Stahlbetonträgern untersucht, auf Grund der, mit 49 Balken durch­
geführten Prüfungen. Der Zusammenhang zwischen örtlicher und mittlerer Verdrehungsfähig­
keit wird bestimmt und die für die Berechnung notwendigen Formeln werden ermittelt.

Местные и средние удельные неупругие повороты железобетонных балок. В рабсг 
те исследуется воздействие на удельные неупругие повороты, 'оказываемое длиной 
у частка железобетонных балок с постоянным (или приближенно постоянным) макси- 
м альным изгибающим моментом, на основе экспериментов, проведенных на 49 балках. 
О пределяется зависимость между местными и средними поворотами и даются наобхо- 
димые при расчетах формулы.
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BOOK REVIEW

A . A . Beles — M . V. Soare

BERECHNUNG VON SCHALENTRAGWERKEN

Bauverlag GmbH, Wiesbaden—Berlin, 622 Seiten 228 Abbildungen, 177 Tafeln, Literatur­
verzeichnis

Das neueste Buch der bekannten Verfasser Prof. A. A. B e l e j  und Prof. M. V. So are  
ist die deutschsprachige Übersetzung des in rumänischer Sprache geschriebenen Werkes Calcul 
pläcilor curbe sub\iri. Dieses Buch ist ein neuartiger Versuch zur Zusammenfassung der Ergeb­
nisse der internationalen Schalenliteratur in der Form von Formeln und Tafelsammlungen die 
von einem praktisch tätigen Ingenieur im Laufe seiner Entwurfsarbeiten auf einfache Art ver­
wertet werden können. Die Bestrebung der Verfasser ist vom Gesichtspunkt der Praxis beson­
ders wertvoll, denn die sich mit Problemen der Schalenkonstruktionen befassenden Abhandlun­
gen führen die Aufgaben im allgemeinen nicht mit einer Ausführlichkeit vor, die eine unmittel­
bare praktische Anwendung der mitgeteilten Lösungen ermöglichen würden.

Das Buch ist in sechs Kapiteln geteilt. Das erste Kapitel macht den Leser mit grund­
legenden Angaben und Beziehungen der Schalentheorie bekannt. Das zweite Kapitel befaßt 
sich mit dem Spannungszustand der Membranschalen, wobei die Probleme der über verschie­
denartige Grundrisse errichteten Konstruktionen ausführlich behandelt werden. Im dritten 
Kapitel werden Fragen des Formänderungszustandes der Membranschalen analysiert. Gegen­
stand des vierten Kapitels ist die Biegungstheorie der an den Rändern verschiedenartig 
abgestützten Schalen. Das fünfte Kapitel setzt sich mit den Problemen der zusammengesetzten 
Rotationsschalen auseinander. Im sechsten Kapitel werden einige Spezialfragen der Schalen­
bauweise (Anwendung der Vor- und Nachspannung, Einfluß von Temparaturschwankungen, 
Kriechen und Schwinden bei Stahlbetonschalen, große Formänderungen der Schalentragwerke, 
Netzkuppeln, elastische Stabilität der Schalen) behandelt. Das Buch wird durch ein reiches, 
193 bibliographische Daten enthaltendes Literaturverzeichnis ergänzt.

Die Erörterungen des Buches sind klar verfaßt, und beschränken sich unter Verzicht 
auf Ableitungen, bloß auf das Wesentliche. Die Erklärungen sind leicht zu verfolgen. Gut ge­
wählte, einfache numerische Zahlenbeispiele verhelfen ebenfalls zum richtigen Verständnis. 
Dem praktischen Ingenieur wird durch die Tabellen ein großer Dienst erwiesen, da sie Lösungen 
für die verschiedensten Belastungsfälle enthalten und Möglichkeit zu verschiedenen Vergleichen 
bieten.

Als Endergebnis kann festgestellt werden, daß das Buch der Professoren B e l e s  und 
S o a re  eine wertvolle Bereicherung der internationalen Schalenliteratur bedeutet und als sol­
ches auf einen günstigen Empfang seitens der theoretischen Forscher, der Konstrukteure und 
der Sachverständigen der Praxis Anspruch erheben darf.

P. Csonka
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H a m p e , E .

STATIK ROTATIONSSYMMETRISCHER FLÄCHENTRAGWERKE
5. BAND: HYPERBOLOIDSCHALEN

VEB Verlag für Bauwesen Berlin 1971, 160 Seiten, 18 Bilder, 69 Tafeln, Literaturverzeichnis,
Namen- und Sachregister

Der vorliegende fünfte Band von Prof. H a m pes  Buch ist eine wertvolle Ergänzung 
seines vorher bereits in drei Auflagen erschienenen vierbändigen Werkes. Der gegenwärtige 
fünfte Band macht den Leser mit der Theorie und Berechnung der hyperbolischen Hyper­
boloidschalen mit vertikaler Achse bekannt, also mit einem Prohlemenkreis, der im Bau von 
Behältern und Kühltürmen immer mehr an Bedeutung gewinnt.

Die Fachliteratur befaßte sich auch bisher eingehend mit dem erwähnten Problemen- 
kreis, jedoch erschienen die meisten diesbezüglichen Abhandlungen in den Spalten verschiede­
ner Zeitschriften und Kongreßberichte. Diese weit verstreuten Aufsätze waren oft nur in 
umständlicher Weise zu beschaffen, auch wurde deren Studium dadurch erschwert, daß die 
verschiedenen Verfasser von einander abweichende Bezeichnungen und sogar verschiedene 
Behandlungsweisen verwendeten. Professor H a m pes  Buch schaltet die auf diesem Gebiet 
herrschenden Schwierigkeiten dadurch aus, daß er das auf Hyperboloidschalen bezügliche, 
in der Praxis unentbehrliche Wissensmaterial zusammen mit den Ergebnissen seiner eigenen 
diesbezüglichen Forschungen mit einheitlicher Bezeichnung und Behandlungsweise vorlegt.

Der Verfasser beabsichtigte durch dieses Werk einem von vielen Seiten auftauchenden 
Wunsch und Bedürfnis zu entsprechen und es gelang ihm diese Absicht erfolgreich zu verwirk­
lichen. In seinem Buch bietet er eine klare und systematische Übersicht und Lösungen der 
verschiedenen Problemen und Methoden, die sich auf Entwurf und Berechnung von Hyper­
boloidschalen beziehen. Die unmittelbar benützbare reiche Formelsammlung, die klaren Tafeln 
und anschaulichen Diagramme loben einzeln und in ihrer Gesamtheit die Arbeit des über aus­
gezeichnete pädagogische Begabung, sicheren technischen Sinn und ausgedehnte fachmänni­
sche Praxis verfügenden gelehrten Professors.

Es untersteht keinem Zweifel, daß diesem mit großer Hingabe und opfervoller Mühe 
verfaßten Buch von Professor H a m pe  nicht nur in seiner Heimat, sondern auch außerhalb 
ihrer Grenzen in technischen Kreisen allgemeiner Beifall zuteil werden wird.

P. Csonka

H . H . H app

GABRIEL KRÖN AND SYSTEMS THEORY

Union College Press, Schenectady, New York, 1973. 172 pages, 70 figures

Only a few engineers are known who had such a great impact on the development of 
modern technology and engineering sciences as had Gabriel K r o n . This book, dedicated to his 
memory, focuses on his immortal work, dealing with K ro n  as a personality, with his achieve­
ments, and his influence on present day science and technology.

From the biographical data it is worth-while mentioning that Gabriel K ron  was born 
in Nagybánya, Hungary (at that time) in 1901 and deceased in Schenectady, USA in 1968. 
He was a remarkable personage, a pioneer whose true accomplishments were appreciated by 
relatively few when his works were first published but whose methods of systems analysis are 
now widely employed. Nevertheless, many Institutions and Universities acknowledged his 
oeuvre by honorary degrees. This book is a compilation of some lectures and papers, held or 
written by outstanding and distinguished contemporary colleagues.

After the foreword by Edwin K . T o lan  and the introduction by H . H . H a p p , Professor 
Philip L. Alg er  in the first part K r o n ’s outlines early life and education under the title 
“The Evolution of an Engineering Scientist”, while Professor Banesh H o ffm an n  gives an 
insight into K ro n ’s working methods, his personal difficulties, and some of the technical prob-
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lems his work posed for those who attempted to follow it. Professor Thomas J. H ig g in s  
under the title “G. Kron and Large-scale System Engineering” sketches the broad scope of 
K r o n ’s achievement.

The following five papers, forming the second part, are devoted to detailed areas in 
K r o n ’s work. Professor A l g e r  emphasizes K r o n ’s contribution to the theory of induction 
motors, then, Charles Co n co rd ia  describes K r o n ’s contributions to practical problems on 
this same subject Professor J. W . Ly n n  deals with tensor analysis and shows how this influ­
ential method was applied by K ron  to the investigation of electric machines and networks. 
The paper of H a pp  describes the problem through which K r o n  conceived Diakoptics (Greek 
“kopto” means to break or to tear apart; “dia” reinforces the word to follow as the English 
“very”), its theory, and some of its practical applications to large-scale systems. Finally’ 
Harold Ch estn u t  throws light on the impact of K ron’s influence on the broader field of sys" 
tem engineering.

The third part begins with an article by Professor A. B r a m e l l e r  and D. W. M o r t ie e e  
(United Kingdom) describing various engineering applications of K r o n ’s work and showing 
his influence in their country. Then, Professor Kazuo K o n d o ’s paper described the impact 
of K r o n ’s work in Japan.

F o r th e  conven ience  o f th e  read ers  a  com ple te  l is t  o f K r o n ’s p u b lica tio n s is ad d ed  to  
th e  append ix .

Undoubtedly, Gabriel K ron’s influence extends far beyond the frontiers, and this 
book describes not only the broad implications of K ro n ’s oeuvre and the course of his life but 
will also point the way to those intending to study his methods to some depth.

F. Csáki

M á rku s , Gy.

KREIS- UND KREISRINGPLATTEN UNTER ANTIMETRISCHER BELASTUNG

Akadémiai Kiadó, Budapest — W. Ernst und Sohn, Berlin (München), (Düsseldorf) — 1973

Das Werk ist sozusagen die Fortsetzung des vom selben Verfasser früher erschienenen 
Buches (»Theorie und Berechnung rotationssymmetrischer Bauwerke« — Akadémiai Kiadó, 
Budapest — Werner-Verlag, Düsseldorf, 1967) das sich mit der Berechnung der kreissymmetri­
schen Belastung von aus Platten und Schalen bestehenden rotationssymmetrischen Konstruk­
tionen nach dem Verfahren der Momententeilung befaßt, und kurz die Theorie der Berechnung 
der verschieden starken kreis- und kreisringförmigen Platten auf antimetrische Belastungen 
bei starrer und elastischer Abstützung beschreibt. Außerdem werden auch die statischen Pro - 
bleme des Anschlusses an die Rotationsschalen besprochen und es wird auch auf die Inanspruch­
nahmen von kreissektorförmigen Platten eingegangen. Das Werk enthält 36 ausführliche Zah­
lentabellen zur Berechnung der sämtlichen in Frage kommenden Belastungen von gleich 
bleibend starken Kreis- und Kreisringplatten, mitsamt dem Setzen des Stützträgers, sowie 12 
Tabellen zur Berechnung verschiedener Belastungen von Kreissektorplatten mit verschiedenen 
Mittelpunktwinkeln und -abstützungen. Die praktische Berechnung wird an 22 Zahlenbeispie­
len dargestellt.

Zusammenfassend kann festgestellt werden, daß das Werk die Berechnung der antime­
trisch belasteten Kreis- und Kreisringplatten (die Grundplatten der durch Windlast bean­
spruchten Türme und Behälter) in hohem Maße erleichtert und auch die statische Prüfung der 
zusammengesetzten Konstruktionen (wie z.B. die der Zylinderschale angeschlossene Boden­
platte) ermöglicht. Der theoretische Teil ist auch an und für sich, d.h. also ohne Vorstudium, 
leicht verständlich. Für die öfters vorkommenden Fälle enthält das Werk Tabellen, die die 
Berechnungsarbeit — samt der Anwendung der Methode der Momentenverteilung — auf 
einen Bruchteil der bisherigen Arbeit verringert. Die seltener vorkommenden Fälle können 
durch Anwendung der beschriebenen allgemeinen Verfahren gelöst werden. Das Werk bietet 
den Konstrukteuren große Hilfe.

L. Kollár
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H a n s Rehbein

BASIC — LEICHT GEMACHT
E I N E  B A S I C - E I N F Ü H R U N G  U N D  5 0  V O L L S T Ä N D I G E  Ü B U N G S A U F G A B E N  M I T  L Ö S U N G E N

VDI-Verlag GmbH, Düsseldorf 1972, 212 S., 9 Abb., 12 Tafeln. (VDI-Taschenbücher T-37)

Das nützliche Heft das in der Reihe der volkstümlichen VDI-Taschenbücher erschienen 
ist, gibt die Programmsprache BASIC bekannt.

BASIC als eine vereinfachte Variante von FORTRAN für den Dialogbetrieb im Time­
sharing-Verfahren, spielt eine immer wichtigere Rolle. Ein mit den Grundlagen des Program- 
mierens vertrauter Anfänger kann nach einem Tag Studium mit einfacheren Programmen 
beginnen; der Dialogbetrieb mit seiner verhältnismäßig reichlichen Fehleranzeige bildet ihn 
in ein — zwei Wochen zu einem geübten Anwender aus. Auch das Büchlein illustriert dies; kaum 
44 Seiten beträgt die Beschreibung der Sprache und dann folgen auf 150 Seiten 50 Übungs­
beispiele. Das Taschenbuch entspricht seinem Zweck ausgezeichnet und beschreibt, passend 
zur Einfachheit der Sprache, ohne mathematische Strenge und ohne Formulierung die Möglich­
keiten und Aufgaben die BASIC-Anweisungen des an der Außenstation sitzenden Program­
mierers.

Der Verfasser ist selbst auch ein Anwender, er schrieb sein Buch aufgrund der Erfah­
rungen des Lehrstuhls für chemische Technologie der TH Dortmund. Die Verbrauchermentali­
tät trägt in großem Maße zum Erfolg der Arbeit bei. Die Einführung behandelt das Time­
sharing-Verfahren, wobei sich die etwas einseitige Praxis eher als ein Nachteil erwies. Der 
nächste Teil des Büchleins ersetzt ein gutes Handbuch für Anwender.

Kleinere Mängel: es wäre nützlich gewesen die Tastatur des Terminals (teletype, display) 
außer auf Photos auch auf gezeichneten Skizzen darzustellen. Auf S. 21 hätte die Kombination 
des Befehls GOTO mit OF etwas besser erklärt werden müßen. Ähnlicherweise erscheint 
die Erklärung der Druckformat-Anweisungen als zu spärlich (S. 52). Die Anweisung NEW 
fehlt.

Die Besprechung hält sich stellenweise etwas einseitig bloß an die Variante der Einrich­
tung des Verfassers und es fehlt der Hinweis auf die sonstigen BASIC-Dialekte. Das Rückgrat 
des Taschenbuchs bildet die ausgezeichnet redigierte, lehrreiche Beispielsammlung mit kom­
pletten und detailliert kommentierten Programmprotokollen.

Der Verfasser dieser Besprechung wünscht den an den hoffentlich schnell sich ver­
breitenden Fernstationen arbeitenden ungarischen Anwendern eine erfolgreiche Praxis und 
viel Vergnügen.

T. Vámos

W erner Ribbeck

GRUNDLAGEN DER TIME-SHARING-ANWENDUNG
V D I - T A S C H E N B Ü C H E R  T -3 4

VDI-Verlag, Düsseldorf 1973, 96 Seiten, 14 Abbildungen, 7 Tabellen

Das Taschenbuch kann sein Erscheinen einem sehr gut verständlichen Bedarf verdan­
ken, da eine immer größere Anzahl der Benützer von Rechenmaschinen nicht unmittelbar 
die Besitzer einer solchen Maschine, sondern durch je eine Fernstation auf Grund eines Abon­
nements nach enstprechender Zeitverteilung Mieter einer größeren zentralen Rechenanlage 
sind. Das Büchlein verfehlt aber seinen Zweck, da es sich für den Programmierer als ein nicht 
genug gründliches Lehrbuch erweist (obwohl dies selbst bei dem eng begrenzten Umfang mög­
lich wäre, da ja der BASIC-Band der Serie diesem Ziel entspricht), außerdem enthält es 
nicht genug Anhaltspunkte für den, der die Wahl zwischen einer eigenen Maschine oder einem 
Abonnement zu treffen hat und ist nicht klar genug aufgebaut, um als allgemeine populär­
wissenschaftliche Literatur zu dienen. Demnach bietet es nach dem Grundsatz »von allem 
ein wenig« kaum etwas. Die technische Einleitung weist nur sehr spärlich auf das Wesentliche 
hin und die Beschreibung der Vorteile (8 — 9) ohne Erwähnung der Nachteile erinnert an die 
minderwertigsten Handelsbroschüren. Der sicht mit der Datenübertragung befaßende kleine
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Abschnitt (Seiten 10 —13) verweist anstelle von einer wesentliche Information auf einige 
Vorschriftsformulare der Deutschen Post. Auch vom Abschnitt, der sich mit den Programm­
sprachen befaßt (Seiten 19—43) kann man nicht wissen, wem es von Nutzen sein kann, denn 
für den Anfänger enthält er zuviel und für den Fortgeschrittenen überhaupt keine Kenntnisse. 
Aus dem Vergleich der verschiedenen Sprachen würde der arglose Leser annehmen, daß sich 
diese nur inbezug auf Schikanen des Rechtschreibens voneinander unterscheiden. Auch die 
Beschreibung der Dienstleistung nach Zeitverteilung (Abschnitt 3.) erinnert den Leser wieder­
holt an eine Handelsbroschüre und auch die anderen Abschnitte enthalten nur wenige, will­
kürlich gewähtle Informationen.

Die Hauptaufgabe eines solchen Taschenbuches wäre die volkstümliche Bekanntgabe 
von einigen technischen und Programmierungsgrundsätzen, eine auch praktisch verwendbare 
Gebrauchsanleitung und schließlich einige Hinweise dafür inwieweit eine Endstation nützlich 
ist und wann sich eine eigene Rechenmaschine als vorteilhafter erweist, mit welchen Investi­
tionen, Kosten so ein Vorhaben verbunden ist, was als rationelle Kapazität einer zentralen 
Maschine erachtet werden kann, mit welchen Wartezeiten zu rechnen ist usw.

Von alldem bekommt aber der Leser garnichts und versteckt sich hinter dem vielver­
sprechenden Titel ein schwaches Produkt der Kölner Honeywell-Bull GmbH.

I. Vámos

Palotás, L .

THEORIE DES STAHLBETONS

Akadémiai Kiadó (Akademischer Verlag,) Budapest 1973, 775 S., 369 Abb., 41 Tafeln 

K A P I T E L  A U S  D E M  K R E I S E  D E R  S T A H L B E T O N T H E O R I E

Das Buch von Professor P a l o t á s  behandelt in zehn Kapiteln die zentralen Probleme 
des weitverzweigtem Themenkreises der Stahlbetonbauweise.

Das erste Kapitel macht den Leser mit den grundlegenden Fragen der Theorie des 
Stahlbetons bekannt, bietet eine spannende Übersicht von der Entwicklung des Stahlbeton­
baus und illustriert die erzielten Ergebnisse mit schönem Bildmaterial. Es beschreibt die 
Bemessungsprinzipien von Stahlbetonkonstruktionen, die Grenzzustände, sowie die Frage 
der nötigen Sicherheit.

Das zweite Kapitel behandelt die Baustoffe des Stahlbetons und faßt deren physische 
und mechanische Eigenschaften mit einer Ausführlichkeit zusammen, wie sie zur Erkennt­
nis des tatsächlichen Kräftespiels und zur richtigen Konstruktionsweise erforderlich ist. Die 
Ergebnisse der verschiedenen Forscher einander gegenüberstellend befaßt sich dieses Kapitel 
mit der Frage der momentanen und der dauernden Formänderungen des Betons, sowie mit 
der Theorie der Betonfestigkeit, den Eigenschaften der Betonstähle und den Bedingungen 
der Verbundwirkung.

Das dritte Kapitel behandelt die charakteristischen Spannungszustände der Quer­
schnitte der auf Biegung beanspruchten Stahlbetonträger, besonders den sogenannten III. 
Spannungszustand und macht den Leser auch mit den Grundbeziehungen der Bemessung 
bekannt.

Das vierte Kapitel ist der umstrittensten Frage der Stahlbetontheorie, der Frage der 
Schubbewehrung der auf Biegung in Anspruch genommenen Stahlbetonträger gewidmet. 
Verfasser weist mit dem nötigen Nachdruck auf die auf diesem Gebiet bestehende Unsicher­
heit und auf die Verschiedenheit der Auffassungen hin. Er beschreibt ausführlich die Ergeb­
nisse der Versuche verschiedener Verfasser samt den eigenen. Er versucht durch kritische 
Bewertung dieser, beruhigende Antworten auf die aufgetauchten Fragen zu erteilen und 
schlägt gleichzeitig rationelle Berechnungsmethoden vor.

Das fünfte Kapitel umfaßt das Problem der auf Verdrehung beanspruchten Stahl­
betonstäbe. Dieses Problem enthält ähnliche Unsicherheiten wie das der auf Schub beanspruch­
ten Stahlbetonträger und kann daher nur mit annähernden Erwägungen behandelt werden. 
Zur Bestimmung der im elastischen Zustand der Stabquerschnitte entstehenden Spannungen 
verwendet der Verfasser das von ihm unter dem Namen kinematischer Vergleich eingeführte 
Verfahren, während er für den plastischen Zustand die Sandhügelanalogie von N á d a i  benützt. 
Die vorgeschlagenen Berechnungsverfahren und Empfehlungen sind trotz der vorhandenen 
Unsicherheiten rationell und nützlich.
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Das sechste Kapitel befaßt sich mit dem zentrischen und exzentrischen Druck und 
erwähnt nur kurz den Fall des zentrischen und exzentrischen Zuges. Dieses Kapitel bietet 
eine gute Übersicht des Kräftespiels der Querschnitte in allen drei charakteristischen Span­
nungszuständen. Es berücksichtigt sorgfältig den Einfluß des Kriechens und des Schwindens, 
die zulässige und planmäßige Exzentrizität der Druckkraft wie auch die Rolle der Knick­
gefahr.

Das siebente Kapitel behandelt die Stabilitätsuntersuchung der Stabkonstruktionen, 
also ein ausgesprochenes Festigkeitsproblem, das als solches den Rahmen des Buches mehr 
oder weniger überschreitet. In diesem Kapitel setzt sich der Verfasser, mit Hilfe von Zahlen­
beispielen nach Erörterung der Grundprinzipien der Stabilitätsuntersuchung, mit den Stabili­
tätsproblemen der verschiedenen Rahmenkonstruktionen auseinander und beschreibt ein von 
ihm eingeführtes Annäherungsverfahren zur Bestimmung der kritischen Kraft.

Das achte Kapitel erörtert die Fragen der Formänderung und Rißbildung der Stahl­
betonstäbe, bzw. Träger. Es bestimmt die Größe der Rißkräfte und Momente, die zu erwar­
tende Breite und Entfernung der Risse und faßt zuletzt die auf die Rissebeschränkung 
bezüglichen Vorschriften zusammen.

Das neunte Kapitel behandelt die durch die gehemmten Formänderungen der Stahl­
betonträger hervorgerufene Beanspruchung. Hier macht der Verfasser den Leser mit den 
durch Temperaturänderung, Schwinden und Kriechen bedingten Kräften und mit den durch 
sie verursachten Spannungsumlagerung unter Berücksichtigung des gleichzeitigen Einflusses 
der momentanen und der dauernden Belastung bekannt.

Das zehnte Kapitel trägt den Titel »Theorie des Bruches von Stahlbetonträgern«;. 
Dieses Kapitel vermittelt dem Leser die Grundprinzipien der Bruchtheorie, die Bruchmecha- 
nismen, die Berechnung der Formänderungen und Verschiebungen. Die ausführliche Behand­
lung wird durch die Beschreibung der Bruchlinientheorie der Stahlbetonplatten abgeschlossen.

Jedes Kapitel des Buches ist durch ein ausführliches Literaturverzeichnis ergänzt, die 
die bibliographischen Daten von beinahe 200 Werken enthält. Beim Überblick des reichen 
Materials des Buches muß man die Maßhaltung des Verfassers billigen, daß er sich — abgesehen 
von der ausführlichen Erörterung der Stabilitätsfrage — nur auf die Behandlung der Zentral­
probleme des Stahlbetonbaues beschränkt hat, und Sonderprobleme der Stahlbeton-Festig­
keitslehre, wie z.B. Probleme der Fachwerkträger, Scheiben, Schalen nicht in den Kreis seiner 
Abhandlung einbezogen hat. Diese Aufgaben, sowie die Probleme der Spannkonstruktionen 
beanspruchen tatsächliche eine von den Zentralfragen gesonderte Behandlung.

Das Buch umfaßt nicht bloß die aus der internationalen Literatur allgemein bekannten 
Kapitel des Stahlbetonbaues, sondern auch die Ergebnisse der vieljährigen Lehr- und For­
schungsarbeit des Verfassers. Sein Ziel ist »die prinzipielle bzw. theoretische Klärung der mit 
der Inanspruchnahme von Stahlbetonkonstruktionen zusammenhängenden Fragen, die Vor­
führung der Gründe, die im gegebenen Fall für die Praxis mit der nötigen Verläßlichkeit eine 
Lösung bieten können«. Diese nicht leichte Aufgabe wird durch die Angabe von auf einheit­
lichem Grundsätzen beruhenden Verfahren erfolgreich gelöst. Das Buch erteilt gründliche 
Antwort auf die in verschiedenen Fällen der Inanspruchnahme auftretenden Fragen, erörtert 
Methoden zur Bestimmung des Kräftespiels und der Formänderung, beurteilt mit Umsicht 
die in verschiedenen Fällen auftretenden Unsicherheiten. Es macht den Leser mit der Auffas­
sung der Fachkreise, inbezung auf verschiedene Probleme, sowie mit eigenen Ansichten des 
Verfassers, die durch jahrzehntelange Fachpraxis geformt wurden und nicht in allem mit 
dem in der internationalen Literatur befindlichen Meinungen identlich sind, bekannt. Seine 
Werturteile, Kritiken, die durch vergleichende Untersuchungen gewonnenen Schlüße, seine 
Empfehlungen, Vorschläge aus seiner pädagogischen und Forschungstätigkeit gewonnenen 
Lehren sind überzeugend und auch für die Praxis nützlich und wertvoll.

Die drucktechnische Ausführung des ausgezeichneten Fachwerkes ist tadellos. Dies, 
sowie das reiche Bildmaterial und die vielen zahlenmäßig durchgerechneten Beispiele sind 
Gewähr dafür, daß das Buch nicht nur in den an der Stahlbetontheorie interessierten Fach­
kreisen, sondern auch seitens der praktisch tätigen Fachleute mit einem günstigen Empfang 
rechnen kann.

P. Csonka
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B ria n  Porter — Roger Crossley 

MODAL CONTROL, THEORY AND APPLICATIONS 

Taylor and Francis LTD, London 1972, 233 pages, 40 figures

In connection with the deterministic, linear, in time invariant, so-called common con­
trolling systems governed by scanner — the system being of finite degree of freedom and of 
continuous operation — the book presents (in nine chapters) the theory of the method of design 
synthesization — which could also be named modal prescription — and some of its more prac­
tical applications (in seven chapters).

The book, in evolving the theory — to the development of which also authors contrib­
uted — setting out from the equations of state, depends on the method of transformation of 
the matrices to the normal Jordan’s form.

In Chapter 1, the mathematical model being the model for the setting out of the theory, 
the denominations and the historical preliminaries of the method are treated, presenting 
homeomorphism which exists between the sampling system of continuous operation and that 
of the common sampling method. Here, the method of the modal prescription is described, 
which consists of trying to find such a linear form — expressed by the vector of state — of 
the vector of the input signal — i.e., the corresponding linear feedback — by which to the 
dynamic modes (i.e., eigenvectors) of the created closed loop system as an eigenvalue, from 
some viewpoint being prescribed to be favourable, will be connected.

Chapter 2 deals with the dynamics of the system without input (free system) both in 
connection with the diagonalizable matrix system and in connection with the matrix system 
réductible to the general Jordan’s form. The calculation of the transition matrix and with the 
aid of this, the calculation of the dynamics of the heteronom case is demonstrated.

In Chapter three, the calculation of the first order and the second order sensitivities 
of the eigenvectors and eigenvalues of the free system presenting themselves in depending 
on the elements of the system matrix are discussed. Hy these known quantities, the problem, 
for example, can be solved, that with the selection of the parameters of the systems might 
be minimized, or for example, the problem which might be considered to be the calculation 
of perturbation that by setting out from a system matrix of a familiar spectral resolution also 
the spectral resolution of other system matrices being sufficiently near the former, might be 
obtained.

By introducing the ideas of modal directivity and modal perceptibility, authors in 
Chapter 4 consider the problem of directivity and perceptibility in connection with each 
mode. In the case related to the most general system matrix of Jordan shape, they arrive 
through cases growing progressively more intricate.

In Chapter 5, the method of synthesis which may he called modal control, will be 
evolved in connection with the single input system, first in the form relating to a single 
mode, then later to other shapes, relating to several modes are evolved.

The solution of the synthesis problem working with model prescription and relating to 
a system of multiple input is dealt with in Chapter 6. Demonstrating that the initial starting 
conditions do not permit a definite solution, several ways are shown for the elimination of the 
ambiguity. These are as follows: 1) to find the minimum of the sum of the squares or modulus 
of the required “amplification factors” ; 2) prescription of some of the amplification factors 
if possible; 3) the so-called mode prescription. In this Chapter that is also demonstrated how 
the synthesis worked out for the case of a single input might be generalized step-by-step to 
cases of several inputs.

In Chapter 7, the modal prescription synthesis is discussed for that case where the 
vector of state cannot be measured directly, only with the aid of a discreet dynamic system 
— the so-called state observing system — which specially serves this object and where both 
the output and the input signals could he operated. The solution deduced here by the authors 
seems to be more advantageous from several view-points than other methods of similar purpose. 
However, the synthesis discussed in this chapter cannot be applied unrestrictedly: it is neces­
sary that the eigenvalues of the matrix of the open-loop system should be different, that the 
mode to be prescribed should be at least with the aid of a single input variable be directable, 
and with the aid of at least one output variable he observable and further, that the grade of 
the output matrix should be the same as the numbers of the elements of the column matrix 
of the output signal.

Should the feed back be of integrating character, so this circumstance might spoil 
the directibility of the system. In Chapter 8, the necessary and sufficient conditions are derived
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with the purpose of not permitting this damage to take place because for such cases the 
synthesis problem relating to the eigen-structure prescribed will he solved.

Further on, the case of integrating and proportional feedback of diadic shape is discussed 
and also the limitations to such solutions.

Chapter 9 contains the calculation of the different characteristics of sensitivity which 
were not dealt with in Chapter 3. These characteristics of sensitivity are the following:

1) the sensitivity of the elements of the feedback matrix from the eigenvalues of the 
closed loop system and from the elements of the input matrix; 2) the sensitivity of the eigen­
values of the closed loop system to the elements of the feedback matrix, to the elements of 
the matrix of the open-loop system and to those of the input matrix.

In Chapters 10 to 16, the application of the theory is demonstrated by using simpli­
fied examples, arriving also to numerical results. The examples concern automatic stabilizers 
both in lateral and in longitudinal direction of aeroplanes, as well as stabilizing systems for 
helicopters, for coupled systems of vehicles of very high speed and for the synthesis of economy 
systems and decision systems of manufacturing processes. One of the examples deals with 
sensitivity analysis of the automatic control system of aeroplanes.

Besides, minor illustrating numerical examples have a role almost in every chapter 
dealing with the theory.

The book ends by presenting a few unsolved problems with the purpose of permitting 
the reader to practise the application of the theoretical theses of major significance in order 
to achieve readiness in applying them in the practice.

The train of thought is, from the beginning of the book up to the end, very clear. Read­
ing it is equally pleasurable and useful for those who are engaged in dealing with the theory 
of controlling, with the theory of dynamic systems or with the application of matrix calculation. 
It may conveniently be used in self education.

The paper, binding and cover, quality and finesess of the press-work contributes to 
the pleasure of reading the book.

A. Bosznay

R udolph Szilárd

THEORY AND ANALYSIS OF PLATES
C L A S S IC A L  A N D  N U M E R I C A L  M E T H O D S

Prentice-Hall, Inc. Englewood Cliffs, New Jersey 1974, 724 pahes, 301 figures, 71 illustrative 
examples, 117 problems, Collection of formulae, Subject Index

The book was published in the outstanding “ Civil Engineering and Engineering Mechan­
ics Series”. Its author, the well-known professor of the University of Hawaii, did not take 
on an easy task when choosing and treating the comprehensive presentation of problems on 
thin plates. His aim was simultaneously to fulfil the demands of a university textbook, of 
a technical reference book, indispensable for research work, and of a manual, directed on the 
purposes of practice.

The book consists of four parts. The first discusses the classical static problems of 
plate theory in three chapters. The second part, divided into two chapters, deals with the 
dynamic analysis of elastic plates. The subject of the third part is the stability problem of 
plates, that of the forth, the limit analysis of plates. The Appendix gives a collection of formulae 
concerning differently loaded and supported plates of circular and quadrangular shape.

With the exception of the last section the treatment of the subject always starts out 
with the explanation of the classical methods of elasticity. It is common knowledge that 
these methods are limited to the solution of relatively simple problems and in complex cases 
the analysis becomes cumbersome and even some times impossible. For this reason author 
attributes special importance to widely applicable numerical and approximative methods, 
apt for the solution of different problems occurring in engineering practice.

It deals in detail with the ordinary finite difference methods and their improved 
alternatives, all these being especially appropriate for solving all kinds of practical problems. 
It also discusses the energy methods breefly, and their improved variants, especially Galer- 
kin’s and Vlasov’s methods, both very useful for practical application. In addition matrix- 
displacement analysis of gridwork, framework method and finite element methods are also 
exhaustively treated. The exactitude of the different approaches is checked by comparing
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their results with those of known classical methods. At the same time, directions are given 
as to which of the suggested methods can appropriately be applied to a given case.

The material dealt with is presented in a clear style, easy to read. Special emphasis is 
placed on the clear presentation of fundamentals and a strict watch is kept on avoiding super­
fluous piling up of cases not directly connected with the subject.

The manner in which the book treats its subject is exemplary. As a rule, its demands 
do not exceed the common mathematical knowledge possessed by engineers. If additional exper­
tise is needed, the book itself conveys it. Application of the presented methods is explaned by 
numerous, well selected illustrative examples, very important for practice as well. Nearly 
every section is followed by a list of wide-spread bibliographic references. These latter, contain­
ing 845 titles, enhance the value of the book, making it easy for the reader to complement 
his knowledge in the pertinent subject matter. The collection of formulae at the end of the 
book, extending to almost 100 pages, contains the solution of 170 practical problems and has 
hereby special importance for designing engineers.

Summing up, it must be stated, that professor Szila rd ’s book is an excellent, gap­
filling work which covers the whole field of knowledge relating to the theory and practice of 
plates. It is sure it will find its way to every engineers desk interested in plate problems and 
there occupy the prominent place it deserves.

P. Csonka

R . Szilárd

HYDROMECHANICALLY LOADED SHELLS
P R O C E E D I N G S  O F  T H E  I A S S  19 7 1 . P A C I F I C  S Y M P O S IU M  P A R T  I .

The University Press of Hawaii, Honolulu (Hawaii), 927 pages, 581 figures, 30 tables, Author
Index.

The International Association for Shell Structures (IASS) organized a conference under 
the title Pacific Symposium held in two parts (Part I and Part II) in 1971. Part I of the con­
ference was held at Honolulu (Hawaii, USA). Part II at the other side of the ocean, in Tokyo 
and Kyoto (Japan).

The issue mentioned in the title comprises the material of the lectures given in Part I 
of the conference, that of Part II is contained in the volume “Tension Structure and Space 
Frames” published by the Architectural Institute of Japan.

The publication containing the material of Part I of the Symposium gives the 8 general 
reports, the 61 papers and the pertinant discussions delivered at the symposium in their whole 
extent.

Conformly to the 8 Sections of the conference, the conference book is divided into 
8 Chapters dealing with the following problems: Design Criteria and Conceptual Design (I, II); 
Surface and Shallow Water Shell Structures; Submerged Shells; Static and Stability Analysis 
of Hydromechanically Loaded Shells; Hydrodynamically Loaded Shells; Pertinent Shell 
Theories and Methods for Analysis; Model Tests, Construction Methods and Related Fields.

One of the central problems of the Hawaii Symposium was that of floating cities. This 
subject is a matter of serious interest in Honolulu because of the space shortage prevailing 
there. The extremely intensive building activity means namely a threatening danger to the 
wonderful natural beauties of the island. Enlarging of the airport presents a grave problem 
too, which could only be solved by extending the airfield, the concrete runways and different 
buildings over the surface of the sea. (According to data given by professor C r a v e n  the air­
field which had received 300 passengers in 1940, 55 000 in 1950, 390 000 in 1960, was used 
by 2 000 000 passengers in 1970 and this process is still increasing!) The population explosion 
in Honolulu as well as in Japan, projects the realisation of floating cities to the near future.

Another important subject of the conference was the problem of submerged contain­
ers and habitats (laboratories, oceanographic observation posts, etc.). These objects demand 
the creation of structures resistent to extreme fluid pressure and rolling waves. Thus, it became 
imperative to generalize and further develop the current shell theorie, the elaboration of meth­
ods for nonlinear analysis of moderately and thick-walled shells, the investigation of free vi­
bration and visco-elastic respons of shell structures in fluid environments.

In connection with the mentioned structures the failure modes, the collapse strength 
and safety factor of shells became a foremost problem too. Special regard is needed by the
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phenomenon of buckling and different instability problems. Numeral lectures and contributors 
to the discussions endeavoured to clear this very important question through theoretical 
investigations and by different experiments.

Beside the above outlined questions other ones also came to be dealt with in detail, mainly 
special problems connected with underwater structures. Such problems were among others 
containers with elliptic cross-section, optimum design of liquid storage tanks, inflatable shells 
in the fluid environment, undersea oil storage systems, the application of ferro-cement and 
reinforced concrete hulls for ocean tankers and different questions of general interest relating 
to shells.

Obviously, the mentioned specific problems make it necessary to find new shell forms, 
design criteria and concepts as well as to elaborate new appropriate methods of calculation 
and principles of construction, including their test by experiments.

The conference book, based on the lectures and discussions of experts gathered from 
all over the world answers the questions outlined above according to the present level of 
technological science.

P. Csonka

D r. K á ro ly  Széchy

THE ART OF TUNNELLING

Second revised and enlarged English edition. Akadémiai Kiadó, Budapest 1973. 
1097 pages, 740 figures, several tables

The requirements raised by transport, storage, parking, building of underground 
plants etc., gave tunnelling a new momentum. Of special significance is the construction of 
underground railways indispensable for satisfying in an up-to-date manner the requirements 
of mass transportation in urban traffic. Tunnelling is an extraordinarily complex problem 
involving a wide region in engineering; the design, construction, operation and maintenance 
of a tunnel require a thorough, comprehensive knowledge of the specialists, and even of the 
builder. However, there are hardly any books to be found, giving a full review, in the profession­
al literature on the subject, than that of Dr. K. Szé c h y  unlooked for decease of the Professor 
of the Technical University of Budapest. Also the first edition of this book published in 
1961 called forth a wide interest. This was followed by an edition in English (which was re­
printed leaving the text unchanged in 1967 and 1970), then the work which proved to be very 
successful was published again, in 1969 in German, in 1970 in French, and in 1972 in Japanese. 
The key of its success was, that Prof. Sz é c h y  revised and rewrote, upgraded and enlarged 
the also renewed initially rich material again and again. That is why this English edition 
is hitherto the most perfect variant of this work wherein also the effect of the critiques — 
which, in general, were very favourable — as is also reflected earlier editions.

After an introduction, in Chapter 1, extending over 28 pages, the purpose of tunnelling 
as well as the classification into different groupes of the tunnels are described, followed by 
a short historical review of tunnelling and finally a table is presented summarizing the data 
of major significance, relating to the large tunnels of the world.

In Chapter 2, the preliminary studies are dealt with, including the economic analysis 
of tunnelling, the geological and petrographical exploration, selection of the most advanta­
geous site, profile and cross-section of the tunnel. Details of several existing tunnels are quoted 
as examples in this chapter to an extent of 95 pages.

On the 161 pages of the third chapter the loads undermining the underground structures 
are treated. This chapter deals at the beginning in an unusually detailed way with stress ana­
lysis, then, partly the conventional theory of the earth and rock pressure, partly those based 
on recent observations are discussed and also the problems of water pressure, lateral pressure, 
bottom pressure and rolling loads are treated.

The regulations in respect to loads of the underground railways, of several European 
great cities might give rise to a special interest. From this chapter it appears that the author 
attaches great importance to site-surveying and emphasizes that to the description of the vari­
ability of the actual site-conditions hardly could a theory be found whereupon one could rely 
absolutely. That is why so many methods of surveying and types of instruments to be applied 
for the determination of rock pressure are described in this chapter.

In Chapter 4, through 261 pages the main factors in designing tunnels are described: 
determination of the necessary and sufficient dimensions of the abutment walls both in case 
of the conventional hours-shoe arc and circular or rectangular cross-sections. Here, it can be
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felt that the author wrestled with the “embarras de richesse” by eliminating the less commonly 
applied and less convenient methods and could have directed the ideas more positively, instead 
of the extraordinarily detailed mathematical treatment of the problems reports on programs 
mirroring the results probably could have been more useful. The drainage and waterproofing 
of tunnels, protection from corrosion, ventilation, lighting as well as some questions on the 
portals of tunnels and accessory constructions are discussed in this chapter.

Chapter 5 contains the descriptions of the surveying, tracing, pegging out and other 
surveying operations in connection with tunnelling, taking, in general, the conventional instru­
mentation for basis, however, also briefly mentioning the principles of the application of laser 
sighting methods.

Chapter 6, which is the longest one in the book, gives the construction of tunnels in 
details. The description of the conventional mining methods is intentionally narrowed down 
in order to be able to treat more thoroughly tunnelling on the one hand in hard rocks without 
lining; roof legging, and on the other dealing, with meticulous care, with the most significant 
method of construction in watered loose rocks and soils, shield tunnelling. At the same time, 
the construction, starting from the ground surface, the method of cut-and-cover, application 
of screen walls, different injection procedures, soil consolidation, construction with float 
cases are treated. Here, also the method of pressing through of tubes and tunnels for public 
utilities of relatively small diameters are described. A significant part of the chapter is devoted 
to the architectural treatment of the stations of underground railways as well as to the vertical 
and inclined shafts for starting the tunnelling. The chapter is terminated by report on sanitary 
and safety prescriptions.

In Chapter 7, through 95 pages the problems concerning the operation, maintenance, 
and reconstruction of tunnels are described.

At the end of each chapter — and also at the end of the whole volume — an unusual 
abundance of references on the professional literature serves for information in further details; 
to get one’s bearing in the book, a name and catchword index at the reader’s disposal.

This excellent book undoubtedly achieves its aim already the first Hungarian edition: 
it gives an up-to-date review on the present state of tunnelling, it is a useful manual equally 
for university students, designers, contractors, builders. The publisher; Akadémiai Kiadó, 
also deserves credit for the fine work in setting up the book.

Dr. L. Varga

ZEMENTTASCHENBUCH 1972/1973 

Verein Deutscher Zementwerke e.V., Düsseldorf, 550 Seiten

Das Zementtaschenbuch, als Fortsetzung des in 1911 das erste Mal erschienenen Zement- 
Kalenders, verfolgt mit ständiger Aufmerksamkeit die jeweilige Entwicklung der Eigenschaften 
des Zements und Betons, sowie deren neuesten Einsatzmöglichkeiten und erweist sich eben 
deshalb in seiner allgemein alle zwei Jahre erscheinenden neuen Ausgabe (die gegenwärtige 
Ausgabe ist die 12. seit 1950) als unbedingt notwendig für den Fachmann. Das Interesse für 
das Zementtaschenbuch ist so groß, daß man es in mehreren Hunderttausend Exemplaren 
erscheinen läßt.

Die vorliegende Neuausgabe weicht sowohl hinsichtlich ihres Systems, als auch ihres 
Inhaltes von den bisherigen Ausgaben ab, denn sie bietet durch Verfolgen der Entwicklung 
in der Industrie, in der Forschung und Standardisierung viel Neues. Das Taschenbuch gliedert 
sich in 9 Abschnitte, u.zw.: Chemie des Zementes und der Hydratationsprodukte; Der Zuschlag­
stoff; Die Zuschlagstoffsysteme; Der Beton; Der Leichtbeton; Besondere Verwendungs­
gebiete des Zementes; Übersicht der seit 1962 im Zement-Taschenbuch behandelten Sonder­
gebiete; Wichtige Standards, Richtlinien und Merkblätter für den Bau; Allgemeine und bau­
technische Tabellen. Ergänzend hiezu enthält das Taschenbuch auch ein Sachverzeichnis 
samt einer Übersicht der Organisation der Zementindustrie und der Zementfabriken der 
Bundesrepublik Deutschland. Die einzelnen Abschnitte gewinnen durch Enthalten von über­
sichtlichen und aufschlußreichen Abbildungen, Tabellen sowie reichlichen und zeitgemäßen 
Literaturverzeichnissen für den Fachmann nur noch mehr an Wert.

Die Redakteure und Verfasser dieses schön ausgefertigten, auf gutes Papier gedruckten 
und sorgfältig redigierten Buches gelten als ausgezeichnete Kenner des Fachzweiges und so 
ist mit Sicherheit damit zu rechnen, daß das Zementtaschenbuch alle ihm gegenüber seitens 
des Verlegers und des Benutzers gestellten Erwartungen befriedigen wird.

L. Palotás
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Soark . M. V.: On the Statics and Dynamics of Double-Layer Oblique Square 
Mesh Grids

A method of analysis for double-layer oblique square mesh grids is devel­
oped, based on the replacement of the discrete structure by an equivalent 
continuum. In the considered case, this continuum is a plate working 
with over-torsion. The statical solution is based on double and simple 
trigonometrical series. The dynamic aspect is also examined dealing with 
the free vibrations of the simply supported grid on a rectangualr planform.

Acta Techn. Hung. 79 (1974) 351 382

CsERjNA, T.: A General Theory of Roundness Measurement in Vee-blocks. 
The size of the roundness error in rotating, centrally symmetrical machine 
elements (e.g. rolling bearings) is an important quality factor. Various 
measuring instruments are known to measure it. In a Vee-block the 
departure from circular shape can be measured, but with distortion. The 
distortion can in general be analyzed and represented graphically. Results 
of comparative measurements confirm the theoretical solution.

Acta Techn. Hung. 79 (1974), 383—411

K e r e k , A.: Calculation of Single-layer Anisotropic Rent Shells Consistings 
of Scalene Web System.

The calculation of the most general case of the single layer spatial tringu- 
lated web system with the aid of the continuum method is presented. 
The strength characteristics of the continuum (anisotropic shell subjected 
to flexural stresses) which, from the statical viewpoint is equivalent to 
the latticework are determined; the governing differential equations of 
the shell are established, then the stresses (internal bar forces, bar moments) 
are expressed as functions of the stress résultats (membrane forces, specific 
moments). The deductions are extended also to case where the shell turns 
into a flat plate; the conditions of the orthotropy are treated separately.
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Acta Techn. Hung. 79 (1974), 413 -  449 

H o rv á th , Gy .: Red Mud Smelling Experiments

Examination of synthetic Na—Al hydrosilicates and plant grade red mud 
types revealed how the Na20  losses during smelting could be reduced. 
Effects of lime, coke, and their simultaneous presence, as well as of the 
temperature and duration of the heat treatment on the Na20  loss have 
been determined. The causes of such losses have become clarified. As a 
result, such technologies were developed whereby, in addition to the 
Fe20 3 and A120 3 contents, the Na20  content of the red mud could also be 
extracted with minimum losses.

Acta Techn. Hung. 79 (1974), 451 — 463

Lenkei, P. : Locaé and Overal Specific Inelastic Rotation Capacities in 
Reinforced Concrete Beams

The influence exerted by the length of the constant (or nearly constant) 
maximum bending moment zone on the specific inelastic rotation capacity 
of r.c. beams is discussed on the basis of experiments carried out on 49 
beams. The relationship between the local and overal rotation capacities 
are determined and formulae for calculations are given.
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