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STABILITÄTSBEDINGUNGEN 
FÜR EIN SCHWINGUNGSSYSTEM 

MIT ZUFÄLLIGER PARAMETERREGUNG*

W. WEDIG**

Das Stabilitätsverhalten eines parametererregten Schwingungssystems, dessen 
Bewegungsverhalten durch eine Einzeldifferentialgleichung mit stochastischen Koeffi
zienten beschrieben werden kann, wird über die F o k k e r  —PbANCK-Gleichung unter
sucht. Die Bedingungen für die Stabilität der Ruhelage im quadratischen Mittel werden 
näherungsweise mit Hilfe einer Störungsrechnung hergeleitet. Für stochastische Koeffi
zienten, deren Spektraldichten über ein breites Frequenzband verteilt sind, ergeben die 
kritischen Erregerspektren Instabilitätsbereiche, deren tiefster Punkt in der Nähe der 
doppelten Eigenfrequenz des Schwingungssystems liegt. Bei Schmalfanderregungen gibt 
man als erste Näherung die Wurzel der kritischen Erregervarianz in Abhängigkeit der 
mittleren Erregerfrequenz an und erhält dadurch einen Instabilitätsbereich, der seinen 
Schwellwert ebenfalls in der Nähe der Parameterresonanz erreicht.

E in le itu n g

D as S ta b ilitä tsv e rh a lte n  e la stisch e r K ö rp er u n te r  schw ingenden  äu ß eren  
L a s te n  is t in  den  le tz te n  Ja h re n  e ingehend  u n te rsu c h t w orden . F ü r  d en  p ra k 
tisch  w ich tig sten  F a ll harm on isch  p u ls ie ren d er E rreg u n g en  b e a n tw o rte t eine 
allgem eine T heorie  v o n  E . Mettler  [1] alle w esen tlich en  F rag en . D iese 
T heorie  k an n  das S tab ilitä tsp ro b lem  in  e infachen  F ä llen  m it H ilfe  einer 
hom ogenen, lin ea ren  E inzeld ifferen tia lg le ichung  vom  S chw ingungstyp  lösen, 
in  d er die äußere  E rreg u n g  als ein ze itlich  v e rän d erlich e r K oeffiz ien t e n th a lte n  
is t. D erartig e  E rreg u n g en  heißen  P a ram e te re rreg u n g en  u n d  h ab en  auch  in  
an d eren  B ereichen  d er S chw ingungstechn ik  eine se lb stän d ig e  B ed eu tu n g .

N euerdings gew innen über h a rm o n isch e  E rreg u n g en  h in au s  auch  Z ufalls
erregungen  an  B ed eu tu n g . D an n  e n th ä lt  die B ew egungsgleichung des p a ra 
m e te re rreg ten  S chw ingungssystem s Z u fa llsfu n k tio n en  als zeitlich  v e rä n d e r
liche K oeffiz ien ten , die ähnlich  w ie period ische K oeffiz ien ten  die R uhelage 
des Schw ingungssystem s d estab ilis ieren  können . D iese P ro b lem ste llu n g  w urde  
zu n äch st von  J .  C. Samuels [2] sow ie v o n  T. K . Caughey  u n d  J .  K . D ie n e s  
[3] b ea rb e ite t. F ü r  den  einfachen F a ll  e iner E rreg u n g  d u rch  gaussisches w eißes

* Dieser Beitrag wurde anläßlich eines Partnerschaftsbesuchs am 19. 10. 19T1 im 
Institut für Technische Mechanik der Technischen Universität Budapest vorgetragen.

** W. Wedig, Institut für Technische Mechanik, Karlsruhe, BRD
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2 WEDIG, W.

R au sch en  haben  sie d ie  q u a d ra tisc h e n  M om ente des System s b e rech n e t und  
eine  B edingung h e rg e le ite t, die die S ta b ilitä t der R uhelage  im  q u ad ra tisch en  
M itte l sichert.

In  dem vorliegenden  B e itrag  w ird  die d estab ilis ie rende  W irk u n g  von  
w irk lich k e itsn äh eren  E rreg erp ro zessen  u n te rsu c h t, die m an  d u rch  T iefpaß- 
u n d  B an d p aß filte r au s  gaussischem  w eißen  R au sch en  erzeugen  k an n . Es 
w ird  sich zeigen, d aß  d ie  o b en erw äh n te  M o m en ten stab ilitä tsu n te rsu ch u n g  
b e i zufälligen P a ra m e te re rre g u n g e n  m it s ta rk  v e rän d e rlich en  S p ek tren  a u f  
frequenzabhäng ige  In s ta b ilitä tsb e re ic h e  fü h r t , deren  tie fs te r  P u n k t  ähnlich  
w ie be i der S tru ttsc h e n  K a r te  d er M ath ieu-G leichung  in  d er N äh e  d er doppel
te n  E igenfrequenz des Schw ingungssystem s lieg t.

2. Schwingungsgleichungen

E in  einfacher S o n d erfa ll d er k ine tischen  S ta b ilitä ts th e o rie  lieg t z. B. 
v o r , w enn m an n ach  d e r  S ta b ili tä t  der g e s treck ten  R uhelage  eines geraden  
S tab es  frag t, der an  se in en  E n d e n  m o m en ten fre i g e lagert is t u n d  d u rch  pu lsie
re n d e  K rä fte  axial b e la s te t  w ird  (F ig. 1). Bei e iner A n fan g sstö ru n g  in  Q uerrich 
tu n g  w ird  der S tab  T ran sv ersa lsch w in g u n g en  w(x, t) um  seine G leichgew ichts
lage  ausführen , die d u rc h  die B ew egungsgleichung

E J w xxxx+ P ( t)w xx+ ß w t+ fiw tt =  0 (1)

besch rieb en  w erden. H ie r in  is t  E J  die B iegesteifigkeit des S tab es, /j, is t  seine 
M asse je  L än g en e in h e it u n d  ß  is t die K o n s ta n te  einer geschw ind igkeitsp ro 
p o rtio n a len , ebenfalls a u f  die L än g ene inhe it bezogenen D äm p fu n g sk ra ft. 
D ie  A x ia lk ra ft P(t) b e s te h t  aus einem  k o n s ta n te n  A nte il P 0 u n d  aus einem  
u m  diesen M itte lw ert schw ingenden  A nteil Pjic(t), so daß  die ze itliche V erän d er
lic h k e it der K ra ft a lle in  d u rch  die d im ensionslose Z ufa llsfu n k tio n  x(t) b e s tim m t 
w ird .

Die B ew egungsgleichung (1) g ilt n u r  bei V ernach lässigung  der R o ta 
tio n s trä g h e it der S ta b e le m e n te  u n d  der L ängsschw ingungen  im  S tab e , so daß  
d ie äußere B elastung  P ( t)  fü r  jed en  S ta b q u e rsc h n itt  k o n s ta n t b le ib t. A ußerdem  
m u ß  die U n tersu ch u n g  d er S tabbiegeschw ingungen  au f k le ine  Schw ingungs
ausschläge b esch rän k t b le iben , weil bei großen D urchb iegungen  die elastische 
R ü ckste llung  des S ta b e s  d u rch  n ich tlin eare  T erm e zu ergänzen  is t. D ie B ew e
gungsgleichung (1) k a n n  d ah e r n u r zu r U n te rsu ch u n g  d er S ta b ili tä t  der R u h e 
lage  des Stabes h e rangezogen  w erden.

D er aus den E ig en fu n k tio n en  geb ildete  P ro d u k ta n sa tz

w (x, t) =  y{t) • sin (Tinxjl)

Acta Technica Academiae Scientiarum Hungaricae 76, 1974



STABILITÄTSBEDINGUNGEN 3

e rfü llt die R an d b ed in g u n g en , die an  den  E n d en  des S tabes durch  die frei 
d reh b aren  L ager vorgeben  s ind  u n d  fü h r t  die B ew egungsgleichung (1) fü r  
die erste  E ig en fu n k tio n  (n =  1) au f eine hom ogene lin ea re  E inzeld ifferen tia l
g leichung zw eiter O rdnung  zu rück .

ÿ+ 2 D co 1ÿ + c o l  [1 -  sx { t)y  =  0 . (2)

H ierin is t co1 die tie fs te  E igenkre isfrequenz d e r u n g ed äm p ften  E igen 
schw ingungen, d ie  der S tab  fü r  ß  — 0 u n d  P , =  0 au sfü h ren  w ürde, D  is t 
das d im ensionslose L ehrsche D äm pfungsm aß , u n d  e is t  ein  ebenfalls d im en
sionsloser P a ra m e te r , der k le in  gegen E ins ist.

<  =  (n2 PE +  Р{))(п п )2!/лР, ß lfi  =  2Dcon ,

e =  Pil(n~ PE - P 0) , n =  1 , 2 , . . .  Pe  =  E J  ( л /l)2.

Die G leichung (2) n e n n t m an  die S tab ilitä tsg le ich u n g  des S tabes, weil 
sich  an  ih r  en tsch e id en  lä ß t, ob die Q uerschw ingungen  w (x, t) des S tabes n ach  
einer k leinen A n fan g sstö ru n g  auf- oder abklingen , u n d  d a m it auch die F rag e  
n ach  der S ta b ilitä t d er g e s tre c k te n  G leichgew ichtslage des S tabes b e a n tw o rte t 
w erden  kann . B ei e iner zufälligen  P a ram e te re rreg u n g  w ird  dieses Z e itv e rh a lten  
des S chw ingungssystem s ü b e r d ie  s ta tis tisch en  K e n n d a te n  der Z ufallsschw in
gungen  y(t)  beschrieben . E n tsp re c h e n d  diesen K e n n d a te n  g ib t es d ah er auch 
versch iedene S ta b ilitä tsd e f in itio n e n , von  denen  h ie r n u r  die S ta b ilitä t im 
q u ad ra tisch en  M itte l b e tra c h te t  w erden  soll. D an ach  n e n n t m an  die R uhelage 
des System s, das d u rch  die s to ch astisch e  D iffe ren tia lg leichung  (2) beschrieben  
w ird , im  q u ad ra tisch en  M itte l s tab il, w enn die zw eiten  M om ente der Lage 
u n d  G eschw indigkeit des S ystem s

lim E [ y 2 1)] < ; cx, lim  E [y (t)  j ( i ) ]  < ; c2 , lim  E [ j 2(t)] < ; c3 (3)
t-*-oo t--oo t-+ o°

fü r u n b eg ren z t w achsende Z eit endlich  b leiben [4].
F ü r  eine e tw as einfachere A usw ertung  dieser M o m en ten stab ilitä tsd e fin i-  

tio n e n  is t es zw eckm äßig , zu v o r noch  ü b er den E x p o n e n tia la n sa tz

y (t) =  T(t) exp ( — Dcoß)

1* Acta Technica Academiae Scientiarum Hungaricae 76, 1974



4 W E D IG , W.

d ie  Z eitfunk tion  T(t) fü r  die L ag ek o o rd in a te  y(t)  e inzu füh ren . D am it n im m t 
d ie  E inzeld ifferen tia lg le ichung  (2) des p a ram e te re rreg ten  Schw ingungssystem s 
d ie  F o rm

f  +  v f T  =  E lv lx ( t)T  (4)

a n . Sie en th ä lt m it

Vl =  V i D 2

d ie  g edäm pfte  E ig enkre isfrequenz  des System s u n d  m it Cj =  g /(l D 2) einen 
dim ensionslosen P a ra m e te r , d e r b e i k le inen  D äm pfungen  ebenfalls klein ist. 
F ü r  die L agekoord inate  z 1 =  T  u n d  fü r  die G eschw ind igke itskoord ina te  z2 =  T  
e rh ä lt  m an aus (4) schließlich  ein  S ystem  von  zwei D ifferen tia lg leichungen  
e rs te r  O rdnung

Zi =  z2 , z2 =  — V? V? x(t) z1 , (5)

d ie  zu r A ufstellung d e r D iffe ren tia lg le ichungen  der q u a d ra tisc h e n  M om ente 
b e n ö tig t w erden.

3. Erregung durch gaussisches weißes Rauschen

Z ur E in fü h ru n g  in  die fo lg en d en  S ta b ilitä tsu n te rsu c h u n g e n  w ird  zu
n ä c h s t der bere its  b e k a n n te  S onderfa ll [5] b e tra c h te t, d aß  die P a ra m e te r
e rreg u n g  x(t) des S chw ingungssystem s ein s ta tio n ä re r  g au ssischer Z ufalls
p ro zeß  |( t)  m it dem  M itte lw ert E [ |( i ) ]  =  0 is t, dessen A u to k o rre la tio n sfu n k 
t io n  m it

■®[£(*i )£(*2)] =  S A h  * г)

(F ig . 2) durch  die D iracsche  D e lta fu n k tio n  u n d  du rch  das k o n s ta n te  S pek trum

S£(co) =  S 0 — konst.

(F ig . 3) vorgegeben is t . D ieser Z ufa llsp rozeß  |( i)  k u rz  gaussisches weißes 
R au sch en  g en an n t — h a t  den  V o rte il, d aß  er als E rreg erm ech an ism u s d y n am i
sc h e r System e a u f  M arkov-P rozesse  fü h r t ,  deren  b ed in g te  W ahrschein lich 
k e itsd ic h te  p (z , t; z0, t 0) fü r  i >  t 0 re la tiv  einfach über die zugehörige F o k k e r— 
P lanck-G leichung

Qd 2 9 1 2 Э2
=  -  2  t  ( 1  p )  + - f  2 2  <*</ p )ot i— 1 dZf 2 í j — 1 o%i 9 Zj-

zu  e rm itte ln  ist. H ie rin  is t z  =  (zx, z 2)r  d e r Z u s tan d sv ek to r des Schw ingungs
sy stem s und  die K o effiz ien ten  а ,, Ьц (i , j  =  1 ,2 ) sind die in fin ite s im a len  Mo-

Acta Technica Academiae Scientiarum Hungaricae 76, 1974



STA BILITÄ TSBED IN GU N GEN 5

m en te , die m an  aus den  Z u stan d sän d eru n g en  Az< (i =  1 ,2 )  des System s n a c h  
e iner E rw artu n g sw ertb ild u n g  u n d  einem  G renzübergang  m it At —► 0 e rh ä lt [6].

a, =  lim  -^— E [A zt], btj =  lim  —— E [A zt A z,], i, j  =  1, 2.
A t- 0 A t At-~ 0 A t

R J (T)

r
Fig. 2

D iese R echnung  lie fe rt fü r das vorgegebene System  (5)

1 z2, а 2 =  vxzx,
í»n =  Ь12 =  621 =  0, 622 =  s^ S qZ ,̂

so d aß  die F o k k e r— P lanck -G leichung  folgende F o rm  an n im m t:

Эр

0Í
v| zx +  - i -  ef v{ S 0 z\ 

2
9 2p

8zf

U m  daraus d ie  E rw a rtu n g sw e rte  d er Lage zx u n d  d er G eschw indigkeit 
z 2 des p a ra m e te re rre g te n  S chw ingungssystem s zu  e rm itte ln , w erden  e n t
sp rechend  der D e fin itio n

M klkl{t) =  E [z f ‘ «£*] = J * J  z t ' z t p d z x dz2

beide Seiten der F o k k e r—Planck-G leichung  m it P o ten zen  der Z u stan d sk o o rd in a 
te n  «i (i =  1, 2) m u ltip liz ie rt u n d  ü b e r  den  g esam ten  P h a se n ra u m  in te g rie r t. 
D a n n  s teh en  a u f d e r lin k en  Seite d e r G leichung b e re its  d ie  ze itlichen  A b le itu n 
gen d e r E rw artu n g sw erte , w äh ren d  ih re  rech te  Seite n och  d u rch  eine p a r tie lle  
In te g ra tio n  u m zu fo rm en  is t. D an ach  e rh ä lt m an  eine gew öhnliche D iffe ren tia l
g leichung  fü r die E rw a rtu n g sw e rte  (fc1 -f- k 2)-te r  O rd n u n g :

Mfakz =  ki M к1—1кг+1 — k 2v \M kl+1 ,fc2—i +  k2(k2 — l ) -r - e i vi  ^o ^k i+ * M —z-
z

Diese G leichung e rg ib t speziell fü r  die q u a d ra tisch en  M om ente (fcL +
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-f- к 2 =  2) ein S y stem  aus drei lin ea ren  hom ogenen  D ifferen tia lg leichungen  
e rs te r  O rdnung, d as  in  d er M atrizenschreibw eise

M =  ( A + £ f R ) M  (6)

angegeben  w ird. H ie rin  is t M der M o m en ten v ek to r, A is t die M atrix  das fü r 
e =  0 u n g estö rten  S y stem s u n d  R  is t die M atrix  d er E rreg u n g .

M =
' -^2,0 ' 

М 1Л • А =

1 0 0 CL 
v\ 0 1 • R =

f 0 0 0 \ 
0 0 0

\ ^ 4 0,2 . J  ̂ 0 - 2 v \  0 U s „ 0  0,1

D ie M atrizen A  u n d  R  e n th a lten  n u r  k o n s ta n te  K oeffiz ien ten . D er E xpo- 
n e n tia la n sa tz  M(t) =  Ce;i liefert d a h e r eine h in re ichend  allgem eine Lösung 
des System s u n d  f ü h r t  n ach  E inse tzen  in  (6) a u f  ein hom ogenes G leichungs
sy stem

(AE -  A -  e\ R ) C =  0 , (7)

in  dem  E die E in h e its m a tr ix  ist. D er n o ch  u n b estim m te  A m p litu d en v ek to r 
C h a t  n u r d ann  n ich tv e rsch w in d en d e  K o m p o n en ten , w enn die zu (7) gehörende 
K o e ffiz ie n ten d e te rm in a n te  gleich N ull u n d  also A eine W urzel d e r c h a ra k te ri
stisch en  G leichung is t.

D as G le ichungssystem  (7) w ird näherungsw eise  m it H ilfe d er S tö rungs
rech n u n g  gelöst. D azu  m a c h t m an fü r  d en  E x p o n en ten  A u n d  fü r  den A m pli
tu d e n v e k to r  C e inen  R e ih en an sa tz

A =  A (°)+ef A<D+eiAW  +  . . . ,

C =  CW +  ef C « + e J  C<2>+ . . .

u n d  fü h rt diese P o te n z re ih e n  in  (7) ein. D er K oeffiz ien tenverg leich  gleich 
h o h e r P o tenzen  des k le in en  P a ram e te rs  el lie fe rt d an n  eine Folge von  algebra i
schen  G leichungen

(ef)1': (A(0) E  — A) C(i) =  R C ('-1> ^ A ( 'W )  CO),
j=0

w elche reku rsibe l lö sb a r  sind . Die G leichung

(A<°> E -  А) C<°> =  0

d e r n u llten  N äh e ru n g  b e s itz t m it d er im ag in ä ren  E in h e it i u n d  m it den In te g ra 
tio n sk o n s ta n te n  am fü r  m =  0, 1 d re i W urzeln  und  drei zugehörige A m pli
tu d en v ek to ren .

A ^ =  i2v1 m . =  <xm [1, imVj, (1 2 m 2) vf]T, m =  0 , J ;  1 .
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D iese G rund lösung  h a t  m an  ansch ließ en d  in  die G leichung d er ers ten  N äh eru n g  
e inzuse tzen  u n d  e rh ä lt daraus

1 m =  0, ± 1
2 1 3 m l

als eine erste K o rre k tu r  d er G rund lösung . S e tz t m an  b eide  E rgebnisse  in  die 
o b en  an g efü h rte  P o ten zre ih e  ein, so h a t  m an  die W urzeln  m it

К  =  i2v1 m +  e \ -----—  v íS o+ 0 (e f ) ,  m  =  0, ±  1
1 — 3 m l 2

bis a u f  R eihenglieder d er G rö ß en o rd n u n g , e* b estim m t.
M an e rk en n t, d aß  die erste  W u rze l den  g rö ß ten  R ealte il b e s itz t. 

Sie b e s tim m t d a h e r  das W ac h s tu m sv e rh a lten  der q u ad ra tisch en  M om ente 
v o n  z1 =  T  u n d  z 2 =  T  u n d  zusam m en  m it der eingangs e ing efü h rten  E x p o n e n 
tia lfu n k tio n

y(t) =  T (t)  ex p  ( —Dco11)

au ch  das W ach stu m sv e rh a lten  d e r q u a d ra tisc h e n  M om ente von  L age y (t)  
u n d  G eschw indigkeit y (t)  des p a ra m e te re rre g te n  Schw ingungssystem s. D as 
M om ent

E  [y2] =  M 2j0 ex p  ( — 2 Doq i)

u n d  au ch  die ü b rig en  q u ad ra tisch en  M om ente des System s h ab en  som it s te ts  
e in  abklingendes Z e itv e rh a lten , w en n  d er R ealte il e^vlSJ2 der ersten  W urzel 
k le in e r  als die D äm p fu n g sk o n stan te  2 Dco1 des S chw ingungssystem s ist. S e tz t 
m a n  in  diese S tab ilitä tsb ed in g u n g  noch  die ged äm p fte  E igenkre isfrequenz 
iq u n d  den  in  (4) e in g efü h rten  k le inen  P a ra m e te r  ein, so e rh ä lt m an  sch ließ 
lich  d ie  bere its  b e k a n n te  S tab ilitä tsg ren ze  [5]

s2 co1 S 0 =  4>D(1 D 2). (8)

D iese S tab ilitä tsb ed in g u n g  w u rd e  in  der u n ten s teh en d en  A bbildung  
(F ig . 4) fü r  kleine D äm p fu n g sb e iw erte  D  1 ausgew erte t. D abei w urde  
die k ritisch e  S p ek tra ld ich te  e2S 0 d er zu fälligen  E rregung  s^(t) m it dem  F a k to r  
oj, g eeignet d im ensionslos gem ach t u n d  ü b e r der E rregerfrequenz  m au fge tragen . 
Ü b e rsch re ite t das E rreg e rsp ek tru m  d en  Schw ellw ert 4D , d a n n  is t die R u h e 
lage des p a ram e te re rreg ten  S chw ingungssystem s im  q u ad ra tisch en  M itte l 
in s ta b il. N ur w enn das E rre g e rsp e k tru m  u n te rh a lb  des sch ra ffie rt angege
b en en  In s ta b ih tä tsb e re ich e s  lieg t, h ab en  die q u ad ra tisch en  M om ente des 
S y stem s ein expo n en tie ll abk lingendes Z e itv e rh a lten . A uffällig  an  d iesem  
E rg eb n is  is t, daß  bei einer E rreg u n g  d u rch  gaussisches w eißes R auschen  die
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8 WEDIG, W.

E rreg erfreq u en zen  k e in en  E in flu ß  a u f  das S ta b ilitä tsv e rh a lte n  des System s 
h a b e n . Ganz anders als bei h arm o n isch en  E rreg u n g en  is t die G renzkurve des 
in  F ig . 4 gezeichneten  In s ta b ilitä tsb e re ic h es  ü b e r der F req u en zach se  k o n s ta n t. 
D ies erschein t ab e r p lausibel, da  auch  bei zufälligen P aram e te re rreg u n g en  
n u r  d a n n  eine F req u en zab h än g ig k e it in  d en  S tab ilitä tsb ed in g u n g en  a u ftre te n  
k a n n , w enn die S p e k tra ld ic h te  der E rreg u n g  n ich t g leichm äßig  v e rte ilt  is t.

Sj(to)

So

О
Fig. 3

4. Erregung durch gefiltertes weißes Rauschen

Zufallsprozesse m it freq u en zab h än g ig en  S p ek tra ld ich tev erte ilu n g en  k ö n 
n e n  ü b e r F o rm filte r  aus gaussischem  w eißen  R auschen  |( i )  erzeug t w erden . 
B e tra c h te t  w ird z u n äch s t der einfache F a ll eines T ie fpaß filte rs  e rste r O rdnung , 
dessen  D ifferen tia lg leichung  in  der F o rm

x+ cogx  =  ß)gl(i) (9)

vo rgegeben  w ird. Seine G renzkreisfrequenz is t cog. Sie b e s tim m t sow ohl die 
B a n d b re ite  als auch  die E inschw ingzeit des F ilte rs . N ach  d e r E inschw ingzeit 
is t d e r gefilte rte  P rozeß  x(t) s ta tio n ä r . E r  b e s itz t dann  den  M itte lw ert E [*(t)] — 
=  0 u n d  die V arianz  a \  =  a>gS J 2. D ie zugehörige A u to k o rre la tio n sfu n k tio n

R x(T) =  E[x(h) *(*2)]

u n d  die S p ek tra ld ich tev e rte ilu n g  S x(co) la u te n

Rx(T)= -^-«> gSo e x p  ( co | t | ) ,  Sx(co) =  S0 — ■ -  
2 íо“-\-сог
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u n d  s ind  in  F ig . 5 u n d  6 aufgezeichnet. W ie  in  A b sch n itt 3 w ird  das S p ek tru m  
£2Sx(cü) d e r zufälligen P a ram e te re rreg u n g  ex(t) m it der E igenkre isfrequenz 
cdj des S ystem s geeignet dim ensionslos g em ach t u n d  in  A bhäng igke it der 
E rreg e rv a rian z  (eax)2 angegeben.

e2 a i Sxi03) =  (eox)2 ■ СЮ)

F ü r  die w eitere  R echnung  h a t  m a n  je d o c h  w ieder v o n  d er u n g e f il te r te n  
E rregung  |( t ) ,  dem  gaussischen w eißen R a u sc h e n , auszugehen u n d  dem zufolge 
neben den  Z u s tan d sk o o rd in a ten  z1 =  T  u n d  z 2 =  T  des S chw ingungssystem s 
noch eine d r i t te  Z u stan d sk o o rd in a te  z3 =  x  fü r  das E rreg ersy stem  e inzu füh ren . 
In  d ieser B e trach tungsw eise  liegt d an n  ein  S ystem  aus drei D ifferen tia lg le ich u n 
gen v o r

=  z2 1

z2 =  — v f z 1 +  e1v f z 1z3 , 

z3 -  -  cag z3-\-mg£(t) ,

das inhom ogen  u n d  n ich tlin ea r is t. D er Z u s ta n d sv e k to r  z =  (г,, z2 z3)T dieses 
System s is t ebenso wie die E rregung  |( t )  e in  M arkov-P rozeß . Seine b e d in g te

Acta Technica Academiae Scientiarum Hungaricae 76, 1974



10 W ED IG , W.

W a h rsch e in lich k e itsd ich te  p (z , t; z0, i 0) k a n n  m a n  d ah e r ü b e r die zugehörige  
F  okker-P lan ck -G le ich u n g

e rm itte ln  u n d  b e re c h n e t du rch  eine In te g ra t io n  ü b e r den  gesam ten  P h a s e n 
ra u m  die E rw a rtu n g sw e rte  (кг -)- k 2 -f- k3)- te r  O rdnung

des Schw ingungs- u n d  E rregersystem s. A us d ieser R echnung  e rh ä lt m a n  
sch ließ lich  die gew öhnliche  D ifferen tia lg leichung

M k , k 2ka  =  — *s m g  +  ^  k i - l M + l . k s  ^ 2  ^ k i + 1 , к г - 1 , *з +

+  cOgfeg (k3 - 1) er2 ei vi ^ k i+ iM —iM+l

u n d  speziell fü r  alle  Ind izes fcx -f- fc2 — 2 ein S ystem  aus drei D iffe re n tia l
g leichungen, das in  d e r M atrizenschreibw eise

angegeben  w ird . S e tz t  m an  fü r den  d r i t te n  In d e x  k3 =  к zu n äch st die Z ah l 
N u ll, so stehen  in  dem  M om en tenvck to r M0 die bere its  e rw äh n ten  q u a d ra t i 
sch en  E rw a rtu n g sw e rte  des Schw ingungssystem s, deren  Z e itv e rh a lte n  zu  
ü b e rp rü fen  ist. M an e rk en n t, daß M0 ü b e r  den  k leinen  P a ra m e te r  u n d  
ü b e r  die E rre g e rm a tr ix  R  m it schw ach  gekoppelt is t u n d  d a m it au ch  
m it den M o m en ten v ek to ren  M;<. der к -te n  O rd n u n g  g ekoppelt is t, dessen  E r 
w artu n g sw erte  n e b e n  den  Z u stan d sk o o rd in a ten  zx u n d  z 2 des S ystem s a u c h  
к - te  P o tenzen  d er P a ra m e te re rre g u n g  x(t) e n th a lte n . F ü r  eine E rreg u n g  d u rc h  
g efilte rtes w eißes R a u sc h e n  liefert die F o k k e r -  P lanck-G leichung  d em n ach  
eine  Folge lin e a re r  D ifferen tia lg leichungen  m it k o n s ta n te n  K o effiz ien ten .

Dieses D ifferen tia lg le ich u n g ssy stem  k a n n  m an  näherungsw eise m it H ilfe  
e in e r S tö ru n g srech n u n g  lösen. D azu  m a c h t m an  fü r  den  M o m en ten v ek to r 
M k(t) einen E x p o n e n tia la n sa tz , dessen E x p o n e n t A u n d  dessen A m p litu d e n 
v e k to r  Ck in  P o te n z re ih e n  des k le inen  P a ra m e te r  ег zu en tw ickeln  s in d .

Mk(t) =  Ck exp  (Ai), A =  A «»+£i  A « + e? A<« +  . . .,

Ск =  C}(0) +  e f i P ef Cf  -j- . . . .
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D iese  P o ten zre ih en  w erden  in  die M atrizeng le ichung  (11) e in g efü h rt u n d  
lie fe rn  nach  dem  K oeffiz ien tenverg le ich  gleich h o h er P o ten zen  von  ex eine 
F o lg e  lin ea re r a lgeb ra ischer G leichungen.

el: (A(0) E  - A k) C «  =  cog k (k  -  1) C<L>2 +

+  R C fcV  i , k  =  0 ,1 ,2
7=0

In  (12) is t E  die E in h e itsm a tr ix  u n d  d er h o chgeste llte  In d e x  i g ib t den 
G rad  d e r N äherungen  an. F ü r  eine rek u rsib le  L ösung d ieser G leichungen  h a t  
m a n  zu n äch st die hom ogene G rundg le ichung

(A<°> E A 0) C<°) =  0

heran zu z ieh en  u n d  b erech n e t aus ih r  die dre i W urzeln  sowie die drei 
zugehörigen  A m p litu d en v ek to ren  d e r n u llte n  N äherung .

Â > =  i2v1 m . C(0% =  x m [ l , i v 1 m , (1 — 2m 2)v l] T m  =  0, ± 1 .  (13)

H ierin  is t i die im ag in äre  E in h e it u n d  die K o effiz ien ten  a m (m =  0, i  1) 
s in d  In te g ra tio n sk o n s ta n te n , die an  belieb ig  v o rg eb b are  A nfangsbed ingungen  
an zu p assen  sind. F ü r  eine w eitere  A uflösung  von  (11) m u ß  m an  noch  den 
zu r G rundlösung  (13) gehörenden  A m p litu d en v ek to r C ^m aus d er n u llte n  
N äherungsg le ichung  berechnen . M it d iesem  V ek to r is t d an n  die rech te  Seite 
d e r e rs ten  N äherungsg le ichung

(A<°>E -  A 0)C<» =  -  А^С<0>+КС)°>

b is a u f  A^ b ek an n t. Ih re  drei K o m ponen teng le ichungen  liefern  eine B estim 
m ungsg le ichung  fü r  A(1) sowie zwei w eite re  G leichungen zu r B erechnung  
zw eier K o m p o n en ten  des A m p litu d en v ek to rs  Cj1' . E in e  K o m p o n en te , z. B. 
die e rste , dieses V ek to rs b le ib t wegen d er H o m o g en itä t d er G leichungen u n 
b e s tim m t. K onven tione ll darf sie gleich N ull gesetzt w erden . Ä hnlich  k an n  
m a n  anschließend  auch  die G leichungen d er höheren  N äh eru n g en  lösen. 
U m  diesen  A uflösungsprozeß  zu sy stem atis ie ren , w erden  die G leichungen (12) 
fü r  die ers ten  Ind izes к  u n d  fü r  die ers ten  P o ten zen  von  ex angeschrieben  und  
zw eckm äßig  in  ein dreieckförm iges T ab leau  eingeordnet.
D as d a rin  eingezeichnete Schem a zeig t, a u f  w elche W eise die G rundlösungen  
in  die G leichungen d er n ä c h s t höheren  N äh eru n g  eingehen u n d  w elche A m pli- 
tu d e n v e k to re n  Cjp zu berechnen  sind, w enn die W urzeln  z. B. bis zu r G rö ß en 
o rd n u n g  von  £j e rm itte lt  w erden  sollen.

( 12)
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Im  E inzelnen  e rh ä lt m an d an n  fü r  die e rs te  K o rre k tu r  d er drei W u rze ln  
m it =  0 (m =  0, i  1) keinen  B e itrag , u n d  e rs t die G leichung der zw eiten  
N ä h e ru n g  lie fert eine V erbesserung  d er in  (13) au fg este llten  G rund lösung . 
D abei w eist die e rs te  W urzel A0 den  g rö ß te n  R ea lte il auf. F ü r  eine S ta b ili tä ts 
u n te rsu c h u n g  b ra u c h t d ah e r auch n u r  diese W urzel angegeben  zu w erd en . 
Ih r  W ert w urde  bis a u f  P o ten zen  ej fo rm elm äß ig  b e rech n e t [7].

i i _ =  ( w , r  +  ( w , ) 1 a  +  Q(e!);
cog со2 +  4v2 со2 -}- 4rf)2

4vf — со2 1 lv f  +  2a>l
<x = -------------— -|------------------ -  .

4v\ +  со2 v\ +  со2

D ie zu d ieser W urzel gehörende P a rtik u lä r lö su n g  b e s tim m t das W ach s tu m s
v e rh a lte n  d er q u a d ra tisc h e n  M om ente des p a ra m e te re rre g te n  S chw ingungs
sy stem s u n d  en tsch e id e t zusam m en m it dem  D äm p fu n g sb e iw ert des S ystem s 
die S ta b ili tä t  se iner R uhelage  im  q u a d ra tisc h e n  M itte l. D ie S tab ilitä tsg ren ze  
w ird  e rre ich t, w enn  A0 gerade gleich 2Dco1 is t. D iese S ta b ilitä tsb e d in g u n g  
is t eine q u a d ra tisc h e  G leichung fü r  die V arianz  (fiffj2 d er zufälligen  E rre g u n g  
ex(t) u n d  lie fe rt n ach  A uflösung die k ritisch e  E rreg e rv arian z

(eO krit =- (1 -  D 2)2
co2g -J- 4r'f 

2<x.v\
! \i 8D x  _U_ _

ID 2 со g

S e tz t m a n  die k ritisch e  E rreg e rv arian z  in  die B eziehung  (10) ein, so k a n n  
m an  schließlich  au ch  die k ritische  S p e k tra ld ic h te  d er zufälligen  P a ra m e te r 
erregung  angeben.

[e2 S x(co)]krit = («G )fc rit

] / l  -  D 2
2(ag vi 

CO2 4 -  CO2

D iese E rre g e rsp e k tre n  sind  in  Eig. 7 fü r  das L ehrsche D äm p fu n g sm aß  D  =  
=  0,025 u n d  fü r  versch iedene G renzfrequenzen  cog au fgezeichnet.

F ü r  große B a n d b re ite n  cog ^> co1 liegen zufällige P a ra m e te re rre g u n g e n  
m it f lach en , schw ach  v erän d erlich en  S p e k tra ld ich tev e rte ilu n g en  vor. U m  das 
S ta b ili tä tsv e rh a lte n  des S chw ingungssystem s bei d e ra rtig e n  E rregerp rozessen  
zu k en n ze ich n en , g en ü g t es, den bere its  e rw äh n ten  Schw ellw ert (8) anzugeben , 
den  die E rreg e rsp ek tra ld ich te

e2 co1 S x (со 2ctq)

an  d e r Stelle der d o p p e lten  E igenkre isfrequenz  des System s n ic h t ü b ersch re iten  
da rf, w enn die S ta b ili tä t  der R uhelage  im  q u a d ra tisc h e n  M itte l g esichert
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se in  soll. D iese spezielle S ta b ilitä tsb e d in g u n g  w urde bere its  1958 von  R . L. 
S tratonovich  u n d  Y. M. R omanovskii [8] aufgestellt u n d  d av o n  u n ab h än g ig  
s p ä te r  a u f anderem  W ege von  F. W eidenham m er  [9] u n d  P . W . U. Graefe 
[10] b e s tä tig t. S ind die G ren zfreq u en zen  dagegen von  d e r G rößenordnung

d e r  E igen frequenz oder sogar k leiner, so liegen die in  d er F ig . 7 gezeichneten  
k ritisc h e n  W erte

e2 oj1 S x (<x> =  2uq)

a n  d e r  P aran ie te rreso n an zfreq u en z  b e re its  erheblich u n te rh a lb  des Schw ell
w e rte s  4 D. D ie spezielle M o m e n ten stab ilitä tsb ed in g u n g  w ird  d a n n  zu ungenau . 
V ie lm eh r w erden  bei d e ra rtig en  s ta rk  v e rän d erlich en  E rre g e rsp e k tra ld ic h te n  
d ie  u n te rh a lb  d er P a ram e te rreso n an z  liegenden  E rreg erfreq u en zen  k ritisch , 
so d a ß  m an  m it der E in h ü llen d en  der k r itisc h e n  E rreg e rsp ek tra ld ich ten  auch 
eine frequenzabhäng ige  S ta b ilitä tsg re n z e  e rh ä lt. Bei e iner S p ek tra ld ich te

e2 a>1 S x ( со )

d e r  zu fälligen  P a ram e te re rreg u n g , die m it  ih rem  gesam ten  F u n k tio n sv e rla u f  
u n te rh a lb  dieser S tab ilitä tsg ren ze  h e g t, h ab e n  die q u a d ra tisc h e n  M om ente 
E [ y 2], E [ j 2] u n d  E [yÿ] des S chw ingungssystem s s te ts  ein ab k lingendes Z e it
v e rh a lte n  (3), u n d  die R uh elag e  des S y stem s ist im  q u a d ra tisc h e n  M itte l 
s ta b il . R e ich t dagegen auch  n u r  ein k le in e r  A b schn itt d e r E rre g e rsp e k tra l
d ic h te  in  den  sch raffie rt angegebenen  In s ta b ilitä tsb e re ic h , so w achsen  die 
q u a d ra tis c h e n  M om ente exponen tie ll an .
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Im  Bereich t ie fe re r  E rreg erk re isfreq u en zen  ze ig t d e r in  Fig. 7 an g eg e
bene In s ta b ilitä tsb e re ic h  bereits den  ty p isch en  frequen zab h än g ig en  V erlau f, 
w ie er ähnlich a u c h  bei h arm o n isch en  P a ra m e te re rre g u n g e n  v o rk o m m t. 
In sbesondere  e rre ic h t er seinen tie fs te n  P u n k t in  d e r N ähe der P a ra m e te r 
resonanz  bei d e r d o p p e lten  E igen frequenz des Schw ingungssystem s, u n d  
eine E rhöhung  d e r  D äm p fu n g  fü h r t  auch  h ier zu e in er V erengung des k r i t i 
schen  F requenzbere iches. Um  auch  fü r höhere  E rregerfrequenzen  e in en  
frequen zab h än g ig en  In s ta h ilitä tsb e re ic h  zu e rh a lte n , w erden  im fo lgenden  
zufällige P a ra m e te re rre g u n g e n  u n te rsu c h t, die m an  d u rch  B an d p aß filte r a u s  
gaussischen w eißen  R au sch en  erzeugen  k an n .

5. Bandpaßerregungen

E in  d e ra r tig e r  B a n d p a ß  k a n n  z. B . aus einem  T ie fp aß filte r  u n d  e in em  
nach g esch a lte ten  H o c h p a ß filte r  geb ild e t w erden . D ie D iffe ren tia lg le ich u n g en  
b e id e r F ilte r w erd en  in  der Form

X +  coe X =  Г] (t), rj -j- coe Г) =  сог i(t)

vorgegeben. N ach  d e r  E inschw ingze it is t der A usgangsprozeß  x(t) s ta t io n ä r  
u n d  b esitz t eine A u to k o rre la tio n sfu n k tio n  (F ig. 8), die n u r  noch v o n  d e r  
Zeitd ifferenz t  =  t } -  t 2 ab h än g t. D ie zugehörige S p ek tra ld ich te  h a t  d en  in  
F ig . 9 gezeichneten  V erlauf.

^ М = - 7 И^ 0 (!  ct)e |т|) e - ffl*lTl , S x (m) =  S 0 e-  - .
4 L ®e +  w .

H ierb e i ist die m it t le re  F requenz des Prozesses d u rch  die obere bzw. u n te r e  
G renzkreisfrequenz coe vorgegeben, die fü r  beide F il te r  gleich is t. N ach  d e r  
W ah l dieser m it t le re n  F requenz  lä ß t  sich die B a n d b re ite  des S p e k tru m s 
n ic h t m ehr v a riie ren .

Um das S ta b ili tä tsv e rh a lte n  des S chw ingungssystem s bei dieser speziellen  
B an d p aß erreg u n g  zu  u n te rsu ch en , w erden  auch h ie r die D ifferen tia lg leichungen  
d e r q u ad ra tischen  M om ente ü b e r die zugehörige F o k k e r -  P lanck-G leichung  
au fgeste llt und  ä h n lic h  wie v o rh in  gezeigt m it H ilfe  d e r S tö ru ngsrechnung  
näherungsw eise b is  a u f  P o tenzen  ej gelöst. N ach  län g e re r  R echnung e rh ä l t  
m a n  dann  m it x  =  cOe/vĵ  die k ritisch e  V arianz [11]

(G о  Lit =  [1 l 1 -  vD cüJ 16œe\ (*2 +  4)2 8 Ui ;

492 5*2 ,  „ 22*6 +  75*4 +  201л:2 +  256
и =  ----------------- x~ 6 ----------------------------------------------

x 2 4 (л;2 -(- l ) 3
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u n d  k a n n  d a m it auch  d ie  zugehörige S p e k tra ld ic h te

12 ,
e2 co1 S x (со) =  

d er zufälligen E rreg u n g  angeben.

0 OXÛe2 £<rv —
со2 -\- со2 co„

D iese k ritisch en  S p e k tra ld ic h te v e rte ilu n g e n  sind  in  der Fig. 10 fü r  
einige W erte  des m ittle re n  F req u en zv e rh ä ltn isses  y. =  coeh 1 u n d  fü r  D  =  0,025 
aufgezeichnet. Ih re  E in h ü llen d e  fü h r t  a u f  einen In s ta b ilitä tsb e re ic h , dessen 
G renzkurve  anders als bei T ie fp aß erreg u n g en  auch  bei h öheren  E rreg erfreq u en 
zen w ieder anste ig t. M an e rk en n t, d a ß  eine B an d p aß erreg u n g  ih re  s tä rk s te  
destab ilis ie rende  W irkung  b es itz t, w enn  die m ittle re  E rregerfrequenz  in  der 
N äh e  der P a ram e te rreso n an z  bei d er d o p p e lten  E igen frequenz des Schw in
gungssystem s liegt. Bei d ieser R esonanzerregung  genüg t bere its  eine geringe 
E rreg e rsp ek tra ld ich te , u m  die R uhelage  des System s zu destab ilisieren . E ine  
E rh ö h u n g  der D äm pfung  v e rm in d e rt die R esonanzgefah r u n d  fü h rt auch h ier 
a u f  eine V erengung des gefäh rlichen  F requenzbere iches.

V erg leich t m an  die destab ilis ie ren d e  W irkung  dieses Zufallsprozesses 
m it d er einer h arm o n isch en  P a ra m e te re rre g u n g , so k a n n  folgendes festg este llt 
w erden . Bei d er B an d p aß erreg u n g  m u ß  das L ehrsche D äm pfungsm aß  des

Acta Technica Academiae Scientiarum Hungaricae 76, 1974



16 WEDIG, W.

S chw ingungssystem s v o n  der G rö ß en o rd n u n g  e2 sein, um  die S ta b ilitä t d er 
R u h e lag e  im  q u a d ra tisc h e n  M itte l zu  sichern . Diese zufällige P a ra m e te re r re 
gung  is t dem nach  w en iger s ta b ilitä tsg e fä h rd e n d  als harm o n isch e  E rreg u n g en , 
b e i denen  bere its  ein L ehrsches D äm p fu n g sm aß  von  d er G rö ß en o rd n u n g  e1 
erfo rderlich  is t. D ies lieg t o ffenbar d a ra n , daß  die E n erg ieb e iträg e  sow ohl 
d e r B an d p aß erreg u n g  als auch  der v o rh in  u n te rsu c h te n  T ie fp aß erreg u n g  ü b e r  
e in  zu  b re ites  F re q u e n z b a n d  v e r te ilt  sind .

6. S chm albanderregungen

D ie oben g e ä u ß e rte  V erm u tu n g  w ird  b e s tä tig t, w enn  m an  die d e s ta 
b ilisierende W irk u n g  e iner sch m alb an d ig en  P aram e te re rreg u n g  u n te rsu c h t, 
d ie  en tsp rechend  d en  F ilte rg le ichungen

X +  2ôe X +  со2 X =  2öe r/(t) ; ij +  с о rj — со„  |( t )

rea lis ie rt w erden  k a n n . H ierin  b e s tim m en  die F re q u e n z k o n s ta n te  coe u n d  
d ie  D ä m p fu n g sk o n s tan te  ae des H o ch p aß filte rs  die m ittle re  E rreg erfreq u en z  
u n d  die B a n d b re ite  d e r E rre g e rsp e k tra ld ic h te . D ie E in g angsg röße  h(t) des 
H ochpasses w ird  v o n  einem  v o rg esch a lte ten  T ie fp aß filte r geliefert. Seine G renz- 
k re isfrequenz co^ lieg t w eit oberhalb  d e r E rreg erfreq u en zen  u n d  g eh t in s 
besondere  n ach  einem  G renzübergang  gegen unend lich  w eder in  die A u to 
k o rre la tio n sfu n k tio n  noch  in die S p ek tra ld ich te  der S ch m alb an d erreg u n g  ein .

R x (T) =  öe S 0 e~ a*l*l (cos ve г -----— sin v, | r | ,
G
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Sx (<») =  ■
4ft)2 Ő2 S  g

à h
(со2 — со2)2 +  (2ôe со)2

B eide F u n k tio n e n  gelten  also  fü r  соте —► oo u n d  s ind  in  F ig . 11 u n d  
12 fü r  zwei versch iedene B a n d b re ite n  de aufgezeichnet.

Ä hnlich wie v o rh in  gezeigt w u rd e , kann  m an  au ch  h ier die q u a d ra 
tisc h e n  M om ente des S chw ingungssystem s über die F o k k e r— P lanck-G leichung  
u n d  m it H ilfe d er S tö ru n g srech n u n g  näherungsw eise b e rech n en . A llerdings 
w ird  diese R echnung  fü r  den g e w ä h lte n  S chm albandprozeß  so aufw endig , 
d a ß  m an  die P o ten zre ih en  der L ö su n g en  bereits nach  d e r e rs ten  K o rre k tu r  
ab b rech en  m uß  u n d  die W urzeln  n u r  b is zu dem  R eiheng lied  e\ berechnen  
k a n n . Die B edingung A0 =  2Нсог, d aß  d ie  quad ra tisch en  M om ente  des Schw in
gungssystem s kein  au fk lingendes Z e itv e rh a lte n  haben , f ü h r t  d an n  a u f die 
E rreg e rv a rian z  [12].

K O l r i t  =  - ^ V  [(4 W +  (ft)2 -  4v?)2].
20е 4iq

M it d e r k ritisch en  E rreg erv arian z  is t  d a n n  auch die S p e k tra ld ic h te  e2colSJfi})
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d e r zufälligen P a ra m e te re rre g u n g  b e k a n n t, bei d er die R u h e lag e  des System s 
gerad e  noch stab il is t. A llerd ings e rh ä lt m an  m it d ieser N äheru n g sb erech n u n g  
n u r  den tie fsten  P u n k t  des zugehörigen In s ta b ilitä tsb e re ic h es , weil die in

zw eite r N äherung  b e re c h n e ten  k ritisch en  E rre g e rsp e k tra ld ic h te n  fü r alle 
B an d b re iten  o> u n d  fü r  alle E rreg erfreq u en zen  me d en  W e rt

s2 (Oy S x (со =  2ша) =  4D

an  der Stelle der P a ra m e te rre so n a n z  annehm en . D ie sich d a ra n  anschließen
d en  übrigen W erte  des In s tab ilitä tsb e re ich es  lassen  sich e rs t d ann  e rm itte ln , 
w enn  m an  ebenso w ie be i den oben u n te rsu c h te n  T iefpaß- u n d  B an d p aß erreg u n 
gen  noch die G le ichungen  d er n äch st höh eren  N äh eru n g  berü ck sich tig t.

U nabhäng ig  d a v o n  k a n n  m an  ab e r gerade  eine Z ufallserregung m it 
schm aler B an d b re ite  p h y sika lisch  anschau lich  d u rch  ih re  m ittle re  E rre g e r
kre isfrequenz me u n d  d u rch  ihre V arianz  (e<rx)2 c h a ra k te ris ie re n . Ü berd ies 
lie fe rt die W urzel eax au s  der E rreg erv arian z  ein M aß fü r  die m ittle re  A m pli
tu d e  der Z ufa llserregung  ex(t). In so fern  is t es fü r  sch m alb an d ig e  Z ufallserre
gungen  du rchaus sinn v o ll, n ich t m eh r ih re  k ritisch en  S p e k tra ld ic h te v e rte ilu n 
gen aufzuzeichnen, so n d ern  die k ritisch en  W erte  eax in  A bhäng igkeit d e r 
m ittle re n  E rreg erk re isfreq u en zen  coe au fzu trag en .

( e o x)krit —
/  2 D

1 ~дГ
4 Æ

4 wf

M an erh ä lt d an n  ebenfa lls einen In s ta b ilitä tsb e re ic h , d e r in  F ig . 13 fü r zw ei 
P a ram e te rw erte  d e r k le in en  D äm pfung  D  1 u n d  d er re la tiv e n  B an d b re ite  
d e =  aJ2a>1 au fg eze ich n e t w urde. M an e rk en n t, d aß  sch m alb an d ig e  Z ufallser
regungen  das S ta b ilitä tsv e rh a lte n  eines p a ra m e te re rre g te n  Schw ingungssy
s tem s durchaus äh n lich  wie harm onische E rreg u n g en  beein flussen . In sbesondere  
g en ü g t auch h ie r b e re its  eine m ittle re  A m plitude  v o n  d e r G rößenordnung  
sax, um  die R uhelage  des System s zu destab ilisieren .
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Conditions of Stability for a System under Random Parametric Excitation. The stability 
of a parametric excited system, the motions of which can be described by a differential 
equation with stochastic coefficients, is investigated by using the F o k k e r —P l a n c k  equation. 
The conditions of the mean square stability for the equilibrium position are approximately 
derived by applying a perturbation method. In case of stochastic coefficients, the spectral 
densities of wbich are distributed upon a broad frequency band, the critical spectral densities 
are giving instability regions, the lowest point of which is situated near twice the natural 
frequency of the system. In case of narrow band excitations one has to specify as first appro
ximation the root of the critical excitation variance as a function of the mean excitation 
frequency.

Условия стабильности колебательной системы, возбуждаемой случайным пара-
метром.Производится исследование колебательной системы вбеиметрического возбуждения 
в отношении ее поведения с точки зрения стабильности с использованием уравнения 
Фоккера—Планка, условия движения которой можно описать дифференциальным урав
нением со стохастическим коэффициентом. Определение условий стабильности, действи
тельных для положения равновесия, квадратичным средним значением производится 
приближенным способом применением метода вычисления возмущения. В случае таких 
стохастических коэффициентов, плотности спектра которых распределяются в широкой 
полосе частот, в результате получают такие области нестабильности критических воз
буждающих спектров, наиболее глубоко лежащая точка которых находится вблизи двух
кратной частоты собственных колебаний колебательной системы. В случае узкополосных 
возбуждений в качестве первого приближения необходимо указать корень квадратич
ного разброса критического возбуждения в функции от средней возбуждающей частоты, 
и вследствие этого получается такая область нестабильности, которая достигает своего 
предельного значения также вблизи параметрического резонанса.
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WAVE PROPAGATION IN AN INFINITE TRANSVERSELY 
ISOTROPIC CYLINDER OF ELLIPTICAL CROSS-SECTION

M. KOZAROV* and Ts. P. IVANOV**
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The propagation of harmonic waves in a transversely isotropic cylinder of 
elliptical cross-section on the basis of the linear theory of elasticity is investigated. 
The result is obtained by Mathieu’s function. The condition that the cylindrical surface 
is stressfree is given in the form of an infinite determinant which is equal to zero. From 
the general result it is possible to obtain two special cases: wave propagation in an 
isotropic cylinder of elliptical cross-section and wave propagation in a transversely 
isotropic cylinder of circular cross-section.
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2 2 KOZAKOV IVANOV

1. Introduction

The p ro p ag a tio n  o f  h arm on ic  w aves in  an  in fin ite  cy lin d er w ith a stress- 
free  cylindrical su rface  is in v es tig a ted  on th e  basis  o f th e  lin ea r th eo ry  of 
e la s tic ity  b y  P ochhammer [1] an d  Chree [2] fo r th e  case o f an  isotropic, 
c ircu la r cylinder. T h e  follow ing investig a tio n s developed  in  tw o  directions: 
in v es tig a tio n  of th e  w av e  p ro p ag a tio n  in  aeo lo trop ic  c ircu la r cylinders [3]
[7] an d  in  iso trop ic  n o n -c ircu la r  cy linders — in v estig a ted  is th e  case of a cy lin 
d e r  w ith  an  e llip tical cross-section  [8]. In  th ese  w orks e x a c t solu tions of th e  
p rob lem s are given. A t th e  sam e tim e  iso trop ic  and  aeo lo tro p ic  cylinders w ith  
d iffe ren t cross-sections h av e  o b ta in ed  ap p ro x im a te  so lu tio n s, references of 
w h ich  can be found  in  th e  above q u o ted  w orks and  also in  [9] — [11].

In  th is  p ap e r th e  p ro p ag a tio n  of harm on ic  w aves in  an  in fin ite  tra n s 
verse ly  iso tropic cy lin d e r o f e llip tica l cross-section  is in v es tig a ted . B y th e  
in tro d u c tio n  of p o te n tia l  fu n c tio n s an d  th e  sep ara tio n  o f v a riab le s , the  solu tion  
o f  th e  set p rob lem  is red u ced  to  th e  so lu tion  o f M a th ieu ’s equations. T he 
co n d itio n  th a t  th e  cy lin d rica l surface is stressfree is o b ta in e d  in  th e  form  of an 
in f in ite  d e te rm in an t w h ich  is equal to  zero. T he e lem ents o f th e  d e te rm in an t 
c o n ta in  M ath ieu’s fu n c tio n s  an d  th e ir  deriv a tiv es . Tw o specia l cases can be 
o b ta in e d  from  th e  d e riv ed  resu lts : th e  w ave p ro p ag a tio n  in  an  iso trop ic  cy linder 
o f  e llip tical c ross-section  [8] an d  w ave p ro p ag a tio n  in. a tran sv e rse ly  iso tropic 
c y lin d e r of c ircu lar cross-sec tion  [4].

2. Formulation of the problem and the drawing of the basic equations

T he rela tions b e tw e e n  th e  com ponen ts of th e  d isp lacem en t u t (i =  1 ,2 ,3 ) ,  
th e  s tra in  s it, y i j { i , j  =  1 , 2 , 3 , i ^  j )  an d  th e  s tre ss  erl7 (i, j  =  1, 2 ,3 )  fo r 
th e  th ree  d im ensional tra n sv e rse ly  iso trop ic  b o d y  in  an  e llip tica l co-ord inate 
sy s tem  Xj(i =  1, 2, 3) ta k e  th e  form

1 диг
+ 1 Qh У23 —

1 9 u3 +

N3CD

h Saq h2 0*2 h 0*2 9*з

1 8u2 1 . 1 9Л
У13 =

1 9u3 1 du1
h 9*2

4̂ Wl •>
h2 9*x h 8*j 9*3

c 33
Э и

8 * .

3 8 1 U 2
У 1 2  -  _

3

CD

l  h

a n  = C11®11 C1 2 £ 22 “b  C13£ 33’ a  22

a 2 2  = C1 2 £ l l  “Ь  Cl l £ 22 4 “ c 13£ 33’ f f 13

+
dx0

( 1 )

(2)
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w here

an d

CT33 —  C13®11 “ b  c 13® 22 “ H C33®33» ^ 1 2  —  C66 У 12»

^C66 =  C11 C12

2/i2 =  l2(ch 2xj - cos 2 x2) (3)

2Z in d ica te  th e  focal len g th  of th e  fam ily  of ellipses Xj =  c o n st, 0 <  x 2 <Г~ 2л:’ 
ж3 =  0 and

a =  I coshxj, b =  Zsinh*,, e =• (cosluq)“ 1 (4)

are  th e  sem im ajor ax is, th e  sem im in o r axis and th e  e c c e n tr ic ity , respectively . 
T h e  elastic  co n stan ts  cfy =  Cji s a tis fy  th e  following in e q u a litie s

cn  ^  1с1г!’ (ci i  “Ь с1г) сзз 2cj3, c44 0, (5)

since th e  s tra in  energy  d en sity  is p o sitiv e  defin ite .
T he equations o f m o tion  in  e llip tic  co-ord inates ta k e  th e  form :

gh2 

gh2 

oh2

Э2 ил 

0t2 

Э2 u ,

9 ( 4 i )  + ^ - ^ ~ ( h 2 <r12) +  h2 9(713

at2

a2 u

Qx-y

Э

Эж,

h Эж9 Qx,

( Ц ) + - -  (Л2о12) +  h2 8,723
h dxy d x ,

Э/i

a*!

a h
dx2

Ji i  *

at2
3 = Л 2 _ ^ +  Э (AOls) +

Зж, Эж-l Эя:ч
(ho23) ,

( 6)

w here  p is density . E q u a tio n s  (1) a n d  (6) can  be o b ta in e d , as a  special c a se ’ 
from  th e  corresponding  eq u a tio n s fo r  a rb itra ry  o rth o g o n a l co -o rd inates, g iven  
in  [12].

T he solu tion  of th e  p rob lem  w ill be sough t in  th e  fo rm

huy

hu2

д<р 1 d f  1

dxy dx2 )

dq> dip

Эжг dXy ,

cos (аж3 -f- cot)

cos (x x 3-\-cot),

m3 =  Xcp s in  (аж3-j-coi),

(? )

w here  2 я /а  is th e  w av e  len g th , а>/2тг — its  frequency , с =  со/a  is th e  p h ase  
v e lo c ity  of th e  p ro p ag a tio n  in  th e  d ire c tio n  of th e  ж3 axis. cp(xy, x 2) and^(ж 1, ж2) 
are  u n k n o w n  fu n c tio n s, A is a c o n s ta n t  w hich will be d e fin ed  la te r .
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S u b stitu tin g  (7) in to  (1) and  th e  re su lt o b ta ined  in  (2) we have

ci  zV?*

- 2 -

сбв 9 2  9> + 2  свб
A2 Эл;2

9 2  V» + 2 - Сбв 8Л Э<р

ЭА

А3 Эл;4
дер

+

А2 Эл  ̂ Эл;2

dip

А3 Эле,

Эу

Эл:, Эл:,

Эл:,
+  с13сскер cos (алг34-са*),

Отп -- c12
c66 Э 2cp 0  c66 9 2  0 cee ЭА Э <p dip
A2 Qx\ A2 Эл:1Эл:2 A3 9*2 . Q*2 9* i,

+  2 Сб6 
A2

ЭА

dxx
1 d(P 

l 9*i О
+  c13 cos ( xx3 +  cot),

+

( 8)

a»t =  [с1з УТ’+Сзз ctXcp] cos (ал;3+ c o t) ,

^ 1 3

C 4 4 \ l - W -  -oc
dip dip

A L 3a3 dx2 8*i

C 4 4 [я ^  x
dip Э-

co-f

A L 9 * i Qx! Эл:, I

c 6 6 ! 9V Э2 ip 0  c6(
A2 ( Эл:4 Эл:2 dx\ A3

sin (ал;3 -|- cot),

sin (ал;3 +  o>í),

ЭA I dip dip

д2ср д2гр

dxxd x2 d x 2
_ 2 _î<ie_ Qh

h3 d x ,

dx2

Э <p

Эх4
+

Эл;4

dip

Эл:,

+
А2

cos (aX 3-)-(ui)

w h ere  V ind icates th e  L ap lac ian  o p e ra to r

V
A2

Э2

Эл:2

Э2

Эл:|
( 9)

B y  su b s titu tin g  (8) in to  (6) i t  is to  be  seen th a t  th e  e q u a tio n s  (6) will be  
sa tisfied , if  th e  e q u a tio n s

C1I V<p'+ [QM* A 44 +  ^а (С44 +  Cls)]CP =  

[;.c44 — a (c 44 +  c 13)]Vç) +  Я(рсо2 -  a2c33)<P =  0 . 

c66 +  (qco2 — a2c44)tp =  0

( 10)

a re  also satisfied . In  o rd e r to  sa tisfy  th e  f irs t tw o eq u a tio n s  in  (10) s im u lta 
neously , th e  c o n s tan t Я m u s t be so chosen  as to  sa tisfy  th e  equ a tio n s

A(gto2 -  a 2 c33) _  Qco2 -  a 2 c44 +  Яа(с44 +  с13) _  a2

Яс44 -  a (K c44~ c 13) ( И )
1̂1
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T his is only  possible in  the  case w hen

a(C44 “Ь С1з) ^
W hen

a (c 44 +  C13) =  0

a so lu tio n  is soug h t for u3 in  th e  form

из =  f ( x V x -i) sin ( a x 3 +  Wi). ( 12)

T hen  th e  second eq u a tio n  of (10) is rep laced  by  th e  eq u a tio n

c 44 v f  +  (e“>2 — a2c33) /  =  0.

A fte r th a t  th e  case

a ( C44 “Ь cl3) ^  0

(13)

is in v e s tig a te d . T he case

flt(c,4  +  c13) =  0

can  be  in v es tig a ted  in  an  analogous w ay.
W hen  ?. is e lim in a ted  from  eq u a tio n  (11) an d  d iv ided  b y  a 4 we o b ta in

A k 2 +  B k + C  =  0
w here

A  =* C11C44 0, J3 =  cn c33 c13 2 c13c44 —

P ( C11 +  +  «44/’ C = ( P  С33) (P ~  C44)
and

p  =  QC2.

(14)

(15)

N ow  th e  case c33 >  c44, c41 c44 w ill be in v es tig a ted . The o th e r  cases
m ay  be  in v e s tig a te d  in  an  analogous w ay.

I f  we den o te  b y  k x (i =  1, 2) th e  ro o ts  of e q u a tio n  (14) an d  D  =  В 2 4 A C , 
w hen  w e use th e  re la tio n s of V iè t e , th e  follow ing is o b ta in ed :

a) if  c44 <  P  <  c33, th a t  m eans C •< 0, th e n  k x ^> 0, k 2 <  0 ;
b) if  p  =  e33, c44, th a t  m eans C — 0, th e n  k i =  0, fc2 =  — B /A ;
c) if  0  <C p <  c44 or p  >  c33, th a t  m eans C >  0  and
Cj. p  <  M , t h a t  m ean s В  0, th e n  fc4, k 2 <  0, if  D  ]> 0 or &4 an d  

k ,j are  com plex n u m b ers , if  D  <  0 .
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2 6 KOZAROV IVANOV

c2. p  =  M , t h a t  m eans В  =  0, th e n  fc4 and  k 2 are  p u re ly  im ag in ary  
n u m b ers .

c3. p  >  M , t h a t  m eans В  <( 0, th e n  fc4, k 2 )> 0, if  D >  0 or /q  an d  
fc., are  com plex n u m b e rs , if  D  <  0. In  th e se  fo rm ulae  th e  n o ta tio n

M  —  c l l  C33 " •  c 13 ~  ^  c 13 c 44 

C11 “t~ C44

h as  been  used. I t  is n o t  d ifficu lt to  show  t h a t  M  <[ c33.
W hen  is w r it te n

в 3 =  (Сц +  c44)2(P  -  (17)

4 A C  =  4 cn cu (p  — c33)(p  c44)

a n d  in d ica ted  w ith  D 0 th e  q u a n tity  o f D  fo r p  — 0, th e  follow ing is o b ta in ed :
a) I f  c44 <  M  <  c33 and
a i) B 0 >  0 th e n  i t  is possible t h a t  D  0 fo r p  <C 0, on ly  w hen  th e  

eq u a tio n  D  =  0 h as  tw o  real roots p ;- ]> 0 (i =  1, 2). ( I t  is n o t d ifficu lt to  see, 
t h a t  th e  e q u a tio n  D  =  0 can in th is  case h av e  tw o real roo ts b o th  of w hich 
a re  p ositive  or n e g a tiv e  or tw o co m p lex  ro o ts .)  F o r these  roo ts we h av e  0 <T jo4<C 
<  P i <  ca  ог сзз <  P i <  Pi- T hen  D  <  0 fo r p 4 <  p  <  p 2.

a 2) D 0 =  0, th e n  i t  is possible t h a t  D  <  0 only w hen fo r th e  ro o ts  o f  
e q u a tio n  D  =  0, w h ich  are  real in  th is  case, obey  th e  cond itio n  0 =  p 4 < ( p 2. 
T h e n  p 2 <  c44 an d  D  <[ 0 for 0 << p  <C p 2-

a3) D 0 <  0, th e n  D  <  0 for 0 <  p  <C p 2-> w here p 2 <  c44 is th e  p ositive  
ro o t o f th e  eq u a tio n  D  — 0. (The ro o t p i is negative .)

b) I f  0 <  M  < ; c44, th e n  D  <  0 fo r m ax  (p 4, 0) <  p  <  p 2 w here 0  р д<

^ c 44-
c) I f  M  <! 0, th e n  i t  is no t d ifficu lt to  show  th a t  D 0 <( 0. T he eq u a tio n  

D  =  0 has tw o re a l ro o ts  p 4 and p 2 w here

Pi <  0 <  p 2 <  e44 an d  D  <  0 fo r 0 <  p  <  p 2.

F ro m  these  re su lts  i t  is possible to  d e te rm in e  th e  ty p e  of ro o ts  (i =  1, 2) 
o f e q u a tio n  (14) as a fu n c tio n  of th e  v e lo c ity  c. I t  is ev id en t th a t  fo r h igh 
eno u g h  values of c th e  roo ts of (14) a re  a lw ays positive.

T he q u a n tity

_  p c 2 -  eu
—

c 66

is n eg a tiv e  fo r 0  <C p  <C c44 and  p o sitiv e  fo r p  <C c44
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3. Solution of the basic equations

T h e  eq u a tio n s (10) will be sa tis f ied  if  th e  equa tions

V Vi +  a 2 k ( <pi =  0, (19)

VV +  a 2 k 3 ip =  0

a re  sa tisfied , w here  i — 1 or 2 . x 2)(i =  1 , 2 ) are th e  p o te n tia l fu n c tions,
co rrespond ing  to  th e  ro o ts  fc, (i =  1, 2). T h e  so lu tions of th e  equa tions (19) are 
so u g h t for in  th e  form

(p,.(*!, x 2) =  g i ^ x j  g i2(x 2), (i =  1 , 2 ),

гр(х i, * 2) =  83i(x i) 83Áx i)-

W h e n  (20) is su b s ti tu te d  in  (19) we o b ta in

w h ere

d 5 ' 2 ' +  2  cos 2  * 2) Si2 =  0  »
CLX 2

— (»h 2 g, c/t 2 aq )g i2 =  0 ,
dx^

49í =  a2 Í2 k, ( i =  1, 2, 3).

(i =  1 ,2 ,3 )  

(* =  1 ,2 ,3 )

( 20 )

( 21 )

( 22 )

Yji (i =  1, 2, 3) are th e  se p a ra tio n  co n stan ts . T he equ a tio n s (21) are  
M a th ie u ’s eq u a tio n s an d  th e  eq u a tio n s  (22) are th e  m odified  equa tions of 
M ath ieu . B ecause th e  so lu tion  has to  b e  period ic  in  x 2 w ith  period  2 jt, th e  
se p a ra tio n  c o n s ta n ts  m u st be chosen e q u a l to  th e  ch a rac te ris tic  num bers of 
th e  co rrespond ing  eq ua tions. All in fo rm a tio n  on M ath ieu ’s equations an d  
a lso  fo r th e  n o ta tio n  used  can  be fo u n d  in  th e  book of McL achlan  [13].

O nly th e  case w hen  qt >  0 (i — 1 ,2 ,  3) will be  considered , th a t  m eans 
w h e n  th e  velocity  c is su ffic ien tly  large . T h e  o th e r cases correspond ing  to  sm all 
ve lo c ities  can  be considered  in  an  an a logous w ay.

T he period ic  so lu tions of th e  e q u a tio n s  (21) and  th e  tw o  linearly  in d e 
p e n d e n t so lu tions of every  one of th e  eq u a tio n s  (2 2 ) are respec tive ly

g d x2) =

ce2n (x2, q,) =  J ?  A%  (qt) cos 2  rx2 .
r= 0

ce2n+1 (x2,q,) =  A f l l i  (q,) cos (2 r + l ) a ; 2,
r= 0 (23)

Se2n+1 (*2, ь ) =  У  B 2?+1 (9i) sin (2r +  l )  x 2 ,
r=0

se2n+l (x.2, q ,)=  2  B l7 + 1 Ы  sin (2 r + 2 ) * 2 .
r—0
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8iÁXl) =

Cezn(*n яд ; f «2Áxv>4í) ог Р еУ2п(хп яд
Fe2n+iixii 4i)'i Fe2n+1(Xl, <]i) or Fey2n-\-i(x1, (jj), 

Se2n+i(x1, q i); Ge2n 1̂(xl ,q i) or Gey2n+1{xl , g ,) .

|̂ е2п+2(л:1 ’ 9í)’ С'е2гг+2(Л'1 ’ ?/) or Gey2п+2(х ^  qí)

w h ere  th e  co rrespond ing  ch a rac te ris tic  n u m b ers  are

r\i =  din , rji =  din h i , Vi =  t>2n+1, Vi =  ^ n + i , (Î =  1» 2, 3).

(24)

(25)

I t  is possible to  sa tis fy  th e  b o u n d a ry  conditions fo r fou r ty p es  of h a rm o n ic  
w av es, for w hich th e  following co n d itio n a l designations are  used , analogous 
to  th o se  in tro d u ced  fo r a c ircu lar cy lin d er:

A. F lex u ra l w aves of th e  1 ty p e

oo
9,(x i , * 2) =  ^ [ C g > +1Ce 2n+l K , 9,) +  ̂ + i  Fa 2n-\-l(.x l ’> 4ij\ ce2n±l (^2’ ?i)»

n = 0
(26)

v ( * l »  * 2 )  =  [ ^ 2 ^ + 1  ^ e 2 n + l  (* 1 >  9 з )" Ь ^ 'Й ? + 1  ^ A n + l A ’ 4 3 ) ] S e 2 n + l ( X 2 l 9 з )  •
n = 0

F o r  th is  so lu tion  w h en  x ± =  const th e  d isp lacem en ts an d  u3 are  sy m m etric  
w ith  respect to  th e  m a jo r axis and  a n tisy m m e tric  w ith  resp ec t to  th e  m in o r 
ax is  a n d  th e  d isp lacem en t w2 is an tisy m m e tric  w ith  re sp ec t to  th e  m a jo r ax is 
a n d  sym m etric  w ith  re sp ec t to  th e  m in o r axis. (The d isp lacem ents are  defined  
b y  equ a tio n s (7), w h e re  99 is s u b s ti tu te d  b y  qtq -j- 99 2, an d  A99 is su b s ti tu te d  b y

A  <Pi +  *#>гд
B. F lex u ra l w aves of th e  2nd ty p e

<Pi{x ii x >)=  ^  [A n+i ^ e2n+i {xn4i)~F G2n+i Ge,,n-\ 1 (xx, g,j] se2n+1 (x2, </,). 
n= 0

(27)
W{xi , *2) =  [^ ln+ i Ge2n+i (x15 q3) -j- F $ +i Fe2n_̂ i (xq, </3)] ce2n+1 (x2, q3).

n=0

F o r th is  so lu tion  w h en  xq =  const th e  d isp lacem en ts u, an d  u 3 are  an tisy m m etric  
w ith  respect to  th e  m a jo r axis and  sy m m etric  w ith  respect to  th e  m ino r axis 
a n d  th e  reverse fo r  th e  d isp lacem en t n2.

C. L o n g itu d in a l waves

<Pi (*1. *2) =  2  lc &  Ce2" (*!’ Яд +  F 2n (xv  g,)]ce2n, (x2, q,)
П= 0 (28)

yj(x l'> X2) — [*^2л+2 $ €2п+2 (Xl-> Чз) H-  ^2л+2 ^ в2л+2 (^1’ #з)] Se2n+2(^2’ Чз)л
п= О
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F o r th is  so lu tion  w hen aq =  co n st, th e  d isp lacem en ts u l an d  u 3 are sy m m etric  
w ith  re sp ec t to  th e  m a jo r and m in o r ax is , w hile u 2 is an tisy m m etric .

D . T orsional w aves

<Pi ( * n x 2) =  2  [S^ + 2  Se2n+2 (a ,, q,) +  G&+2 Ge2n+2 (xv  q,)] Se2n+2 (x2, q,),
П= 0

(29)
Y>(*1, Xn) =  2  Ce2n (*H Чз) +  F W F e3n (Xn 42)] Ce2r. (X2l Чз)-

П—0

F o r th is  so lu tio n  w hen  aq — const th e  d isp lacem en ts  u t and  n 3 are  a n tisy m m e tric  
w ith  re sp ec t to  th e  m a jo r and m in o r ax is , w hile u 2 is sy m m etric .

In  th e  equ a tio n s (26)--(29) F ^ ,  Sm and  G ^  a re  c o n s ta n ts , w hich
will be d e te rm in ed  by  th e  b o u n d a ry  co n d itio n s. In  som e cases i t  is m ore ex p e
d ie n t to  use in stead  of functions F e m(at: , qt) an d  Gem(x15 5 ,) th e  fu n c tio n s  F eym 
(aq, qi) an d  Geym {хг, q,) because fo r th e m  we can  app ly  th e  re la tio n s  derived  
in  [13].

4. Equation for determining the phase velocity of waves

T h e b o u n d a ry  conditions, t h a t  th e  cy lin d rica l surface is stressfree , ta k e s  
the  form

f f l l  =  a 12  =  G 13 ~  9  ( 3 0 )

for aq =  £0 and  ! (!„ , I  are const) in  th e  case of a hollow  e llip tica l cy lin d er 
( £ 0 x i <1 £)• T he solu tions (26) (29) can  be  app lied  to  th is  case.

In  th e  case of a solid e llip tica l cy lin d e r th e  b o u n d a ry  cond itio n  (30) 
m u s t be  sa tisfied  fo r aq =  |(0  aq <  | ,  £ 0 =  0). F o r th is  case we se t F ^  =  
=  Ĝ m =  0 (i — 1, 2, 3) in th e  so lu tio n s  (26) — (29) because th e  fu n c tio n s 
Fem (aq, qi) an d  Gem (aq, qt) lead  to  u n b o u n d e d  d isp lacem ents a t  th e  po in ts  
o f th e  s tra ig h t lines para lle l to  axis x 3 a n d  going th ro u g h  th e  focus o f th e  ellipse.

In  th e  case of an  in fin ite  space  w ith  ellip tic  opening th e  b o u n d a ry  cond i
tio n s  (30) m u st be satisfied  fo r x } =  £ 0( £ 0 ^  x i °°! I  =  œ ) . I t  is also 
n ecessary  th a t  th e  d isp lacem ents a n d  s tra in s  should  be re s tra in e d  a t  in fin ity . 
In  th is  case th e  sam e solution  can  be  u sed  as th a t  for th e  solid cy linder. I t  
gives b o u n d ed  d isp lacem ents an d  s tra in s  a t  in fin ity . This can be proved  by 
using  th e  asy m p to tic  rep re sen ta tio n  o f  th e  func tions Cem (x tfi)  an d  Sem(x 1 qt) 
for la rg e  values of aq, w hich are from  th e  ty p e

7ZZ;

112 sin  

cos

71
Z- '+  —  4
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w here  ß  is a c o n s ta n t d ep en d en t on m  an d  qt, b u t  n o t on *3; г,- =  |fq( eXl, i t  is to  
be m indered  th a t  w e a re  considering th e  case qt >  0 ).

Because th e  fo llow ing  calcu la tions are  v e ry  len g th y  we will ta k e  in to  
considera tion  only  one  o f th e  possible cases: p ro p ag a tio n  of flex u ra l w aves 
o f th e  1st ty p e  in  a so lid  elastic cy linder. F o r th e  p u rpose  o f sim plifica tion  o f  
th e  n o ta tio n  we w ill w rite  'A fJ .^  in s te a d  o f A l"+ \ (q,) fo r i =  1 2  an d  <S2n+1,
®2 r+ î î Ъ ^ 2п+1 in s te a d  of S |J +1 B 2 r+ i (?з)’9 з’ în+i •

W hen we u se  th e  equations (23) we o b ta in

<Pi (*i, x 2) =  JV  j ?  C $ +1 Ce2n+1 (*1? qt) lA % #  cos (2r +  1) x 2 ,
/1=0 T= 0

~  »  (3 1 )
Ф  1, x 2) =  2 ?  2 :  S 2n+1 Se2n+1 (*n  q) B lFíi sin  (2 r +  1 ) * 2 .

/1 = 0  r= 0

By su b s titu tin g  (31) in  (8 ) and  using  th e  id en titie s

w here

2 ?  A r cos 2* 2 cos (2r-(— 1) x 2 =  ^  A r cos(2r +  l )  x 2 ,
r= 0  r= о

2 Â 0 =  A 0 -f- A x and  2 Ä r =  A r_ t -j- A r+1 for r ]> 1 ,

w here

S  A r COS 2 * 2  s in (2 r- |- l)  * 2  =  S  A r s in ( 2 r - ) - l ) * 2  ,
r= 0  r= 0

2 Ä 0 =  A 1 A 0 an d  2 Ä r =  A r_ x-j-A r+1 fo r r  >  1 , (32)

allere

2 ?  A r s in  2 * 2  sin (2 r- |- l)  * 2 =  S  A r cos (2 r-(-1) * 2 ,
r = 0 r = 0

2A 0 =  A 0-\-A 1 and  2 Ä r =  A r+1 — A r_ x for r !> 1 ,

► here

2 ?  A r sin  2* 2 cos (2r + 1) * 2 =  2 £  A r sin (2r +  l )  * 2 ,
r=0 r=0

2A 0 =  A 0 — A ± an d  2 A r =  A r_ x — ^4r+1 fo r rl> 1 

an d  th e  equations (22) an d  (3), for th e  stresses of in te re s t we o b ta in

h<on  =  P S  V
n = 0  r =  0

'У, Cin+l ‘U p t i l (xx) +  ^2n+l (*l)
i=l

• cos (2r-\-1 ) * 2 cos (oc*3 - |-cot),
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oo oo
h* o12 =  ceo l2 2  2

/7=0 r = 0
2 С*п+л F T Í / W  +  S  2n+] Ш И  (X\)
i- 1

sin  (2 r + l K  cos (a* 3  =  cot),
(33)

ho13 =  c44 ^  > ' V  C« +1  'IF lC i1 (*i) +  S 2n+1 z:ÿ+î (*i)
n=0 r= o L i= l

• cos (2 r —)-1  ) яс2 s in  (a^3 + c ü t) ,

w here

' т а 1 К )  =  —  [(2 cosh2 2xx +  1 ) ‘A g g  -  4 'В Д  cosh 2 * 4 +
I ^

+  ‘lÂ ril]  С c13 «Я, -  c12 a 2 /c ,)+c66 (a « +1  — 2g, cosh 2x1)(iA % #  cosh 2 x : —

iL.2n+l\ _  _ in / f in  + l  
K-2r+l) —  c 66 J w 2r+1 ^ е2п+ 1  (*n  g,) c 66 sinh  2*i '^ i? + í Cé2n+1 (* ,, g ,) ,

X f?íí (*4) =  c66 { [(2 r +  1 ) cosh 2 x 1 B % tî  -  N IK i1] S 'é 2n+1 (* „  g) -  

(2 r +  l )  B g?#  sinh 2 *x Se2n+1 (% , g)} ,

• ' т а  (*,) =  V P & tl -  ( 2 '- + l )  ‘A Z } }  cosh 2л:,] Cé2n+1 (*lt g,) +  (34)

+  (2r +  1) ‘A ÿ f }  s in h  2 x t Ce2n+1 (xv  g4) .

Y l ï t l  (*4) =  - y  [(b2n+1 2 g cosh 2 * 0  « ? £ #  -  ß ir+ i cosh 2 * 0  -

( 2 r + 1 ) 2 B f? #  ch 2 xx +  R i n î ]  Se  2n+l (X19 y) 4"

+  Щ ?+î sinh  2*j Sé2n+1 (*1? g ) ,

' ^ S Ï Î  (*i) =  ( h  -  «) ^ S ï i  Cé2n+1 K ,  g ,) ,

Z |? í i  (%) =  — зс(2 г + 1 ) B f ? #  Se2 n + 1  (*4, g ) ,

2  ' 'K f +1 =  U l n+1 +  U f +1, 2 'X g ÿ i1 =  iA% U  +  'A f ? # ,  г ^  1

2  'L fn+y =  ‘A -n+l- j- '/1§,,+1 2 !Jj | " +1  —Î 42n+1 - |- ,yí2',+1,

2 '-L l?+ i =  lA!gXl +  U g ! #  , r > 2

2 гМ 2" +1 =  3 U |n+1 + U f +1, 2 '‘M f ? #  =  (2r +  3) ‘А 2г+з ~
( 2 г - 1 ) ‘А%Х\ r > l
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ip2n+i _  2  ,y4 | n + 1 _'A fn+1

N f +nl =  2BZn+1+ B 21n+1,

2Q\n+x =  B f + 1 — B f +1 

2B f +1 =  15B f 41  -  3 B f +1

‘P i m  =  ( r + 2 )  lA?rX\ +  (r -  ) ‘A g t f ,
r ^ l

« Í  =  (r +  2) В ^ з1 +  (r -  1) BgS} ,
r ^ l

2(?lr+ i =  В |?+з +  B i r - i  • r > l

2 В Г + /  =  (2r +  3 ) ( 2 r + 5 )  Blp+31 +  
+ ( 2 r - l ) ( 2 r - 3 ) B | ? + 1 , r >  1

i =  1, 2, (га =  0, 1, 2, . . . )

w here  th e  p rim e d eno tes th e  d e r iv a tiv e  o f x 1 and  A, (i =  1 , 2 ) are  th e  ro o ts  
o f  th e  equa tion  ( 1 1 ).

W hen th e  eq u a tio n s  (33) are  u sed  an d  th e  lin ea r in dependency  o f th e  
tr ig o n o m e tric  fu n c tio n s , i t  is seen in  o rd e r to  sa tisfy  th e  b o u n d a ry  c o n d i
tio n s  (30), th a t  w e have

(36)

(r =  0 , l , 2  . . . ) .

I n  o rd er to  o b ta in  a so lu tion , th e  in f in ite  system  of hom ogeneous e q u a tio n s  
(36) w ith  an  in f in ite  n u m b er of u n k n o w n s С2̂ +1, C |2*+1, S2rl+1 (n  =  0 , 1 , 2 , . . .) 
th e  d e te rm in a n t o f  th e  coefficients m u s t be  equal to  zero:

2 2  c ^ i  ( f  ) +  s 2„ +1  а д ?  (i) =  0
n =  0 i= l

V 2  c ^ + i i v & ti  ( f  ) +  УШ 1  (f) =  0 ,
n =  0 _i=l

V
—
n =  0

2  c ^ +i iw i m  ( £ ) + s 2n+1 В Д  (£)
_i'=l

=  0 ,

T  =

2U  i ( f ) * i ( f ) ^ ( f ) x m
' V № 2V \( t ) Y l ( ^ ) ^ í ( í ) a^ ( f ) Y \ ( S )
XW \  (1 ) 2w \  (1 ) z \ ( t ) xw \  ( f  ) 2 i r ? ( | ) z f ( i )

2u i ( t ) x m xü î ( f ) 2 t / i ( f ) x m
2v n t ) Y № ^ ( f ) 2v u t ) Y №
2W № ) z U i ) 2w m Z U i)

0 (33)

T h e  equa tion  (37) is th e  secular e q u a tio n , from  w hich th e  possible ve locities 
o f  w ave p ro p a g a tio n  are  determ ined . Seeking  so lu tion  of (37) on a m a th e m a tic a l 
b as is  is ra th e r  d ifficu lt.
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T h a t is th e  reason w hy on ly  a m echan ical in te rp re ta tio n  of th e  m ethod  
used  w ill be g iven. L et x x =  x 2 =  0 5, 0 3, 0 5, . . . 0 2jv - i ’ — =« -< x3 <C 0 0  

be N  a rb itra ry  s tra ig h t lines o v er th e  cy lindrical surface, p a ra lle l to  th e  axis 
x 3. In  o rder to  sa tisfy  th e  b o u n d a ry  cond itions (30) for th e  p o in ts  o f every  one 
o f th e se  s tra ig h t lines, th e  so lu tio n  is searched  for in  th e  fo rm  (31), w here 
th e  sum m ing  u p  to  n is m ade from  0 to  N  — 1, in s tead  o f  from  O' to  o=. 
F o r  th e  stresses a u (l =  1, 2, 3) w e h a v e  (33), w here th e  sum m in g  u p  to  n  is 
m ad e  o n ly  from  0 to  N  — 1. W h en  b o u n d a ry  conditions (30) are  used  we 
h a v e  a system  o f linear hom ogeneous equations w ith  3iV u n k n o w n s C |^+1, 
C $ +1, S 2n+ x (re =  0 ,1 , 2, . . ., N  — 1). I n  o rd er to  o b ta in  a so lu tio n  fo r th is  sy s
te m  th e  d e te rm in a n t of coefficients o f th e  unknow ns m u st be  eq u a l to  zero:

H 2 n - i —

2  l f /2r+1 (f ) COS (2r + 1 )  0 X. . . 2  X lr+1 (£) c o s ( 2 r + l ) 0 1. . .
r=0 r=0

J ^ i r V ( f ) c o s ( 2 r + l ) 0 1

2 ( «  sin (2 r + 1 ) 0 1 . . - 2  Y ^ + 1  ( f ) 8in (2 r + 1) 0 1 • • •r=0 r=0

s in ( 2 r + l ) 0 1
r= 0

2  1WU  i(f) cos (2 r + l)  2  Z ^ + 1  (f) cos (2 r + l)  0 !  ■ . .
r=0 r=0

2  % % ? ( £ )  c o s ( 2 r + l ) 0 1
r= 0

2 1U l r + i ( i ) c o s ( 2 r + l ) 0 3. . .  2  X 2r+1 (f) cos (2r-f-l) 0 3. . .  
r=0 r=0

2 Х $ Ь Ч £ ) ° о в ( 2 г + 1 ) в ,
r—0

2 1H72r+i(£) cos (2 r + l)  0 2N_ X . . .  J ' Z 2r+1( |)c o s (2 r + l)0 aN_1„.
r = 0 r= 0

J ’Z 22^ 1( f ) c o s ( 2 r + l ) 0 l N _ 1

=  0

(38)

T h e elem ents o f th e  d e te rm in a n t H 2N_ X are  abso lu te ly  an d  u n ifo rm ly  con
v e rg e n t series. To denote  b y  i f f ^ ^ t h e  d e te rm in an t, w hich is o b ta in ed  from
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th e  d e te rm in an t H 2N_ 1 b y  th e  su b s titu tio n  of all in f in ite  series w ith  f in ite  
sum s to  r from  0 to  N  — 1. I t  is to  be p ro v ed , in  o rd e r t h a t  H *N_ i  =  0 fo r 
a rb itra r ily  chosen 0 <! <92m+i <C 2 jt (m  =  0, 1, 2 . . .  N  — 1) we m u st h av e  
T 2N_ , =  0, w here T 2N_ 1 is th e  su b d e te rm in a n t w hich  is o b ta in ed  from  th e  
d e te rm in a n t T  w hen  w e ta k e  3N  row s an d  colum ns, c o u n te d  from  th e  le ft u p p e r  
co rn e r óf T.

T he f irs t, fo u r th  . . . (3N  — 2) row  are  m u ltip lied  b y  th e  co n stan ts  
D j, D 3, . . ., D 2N_ j , re sp ec tiv e ly , an d  are ad d ed  to  th e  f i r s t  row . T he second, 
f if th , . . ., (3N  l ) th ro w  are  m u ltip lied  b y  th e  c o n s ta n ts  jE+ E 3, . . ., E 2N_ j, 
respective ly , and  a re  a d d ed  to  th e  second row . T h e  th ird ,  s ix th , . . ., (3iV)th 
row  are  m ultip lied  w ith  D x, D 3, . . ., D 2N_ 1, re sp ec tiv e ly , an d  are added  to  
th e  th ird  row. T h u s  w e o b ta in

N2 1Ulr+i ( f ) Z  D 2m+1 cos (2r + 1 )  &2m+1
m—0 

N - l
■ ■ • 'S  -^ 2r+l1(f) Z  -®2m+l cos (2 r  h i )  ®2m+l

m= 0

У  ^ 2r+ l(í) 2  E 2m+l sin  (2 г + 1 ) ®2ш+1
r= 0  m =0

N - l
2  £ 2fn+iS i n ( 2 r  +  l ) 0 2m+1 

r= 0  m =0

-^2m+l c o s (2 r+ l)< 9 m+1. . .
r= 0  m= 0

• . • Z  Z t №  (* ) Z  c° s ( 2 r + l )  0 2'2/71 +  1

cos (2 r +  l )  ©g . . .
r = 0

. . .  V  Х Г « 1 (f) cos (2 r + 1 ) 0 3
r= 0

=  0 (39)

Z 1,F 2r+i ( i ) c o s ( 2 r + l ) 0 2N _ 1 . . .
Г=0

N - l• •■Z Z r +-11 ( | ) c o s ( 2 r + l )  0 2N_ X
r = 0

I f  th e  d e te rm in a n t o f th e  coeffic ien ts o f th e  u n k n o w n  D 2m+1 in th e  system

Z  ^ 2 m + l  c o s  ( 2 r + ! )  ® 2m +l =  0  (r =  0, 1 ,2 ,  . . . ,  N  -  1) (40)
m=0
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d en o ted  b y  A , is equal to  zero or th e  d e te rm in a n t of th e  coefficients o f th e  
unknow ns E 2m+1 in  th e  system

E 2m+1 s i n ( 2 r + l ) 0 2m +1 =  O (r =  0 , 1 , 2 , . . . , 1 V  1) (41)
m= 0

d en o ted  by  cr, is equal to  zero, th e n  is id en tica lly  zero. I f  A  0 an d
a ^  0 , th e n  a t  le a s t one of th e  su b d e te rm in a n t o f th e  elem ents of th e  f ir s t  
row  of A and  a w ill be  d ifferen t from  zero. L e t for exam ple th e  su b d e te rm in a n t 
o f th e  e lem ents cos 0 , and  sin 0 , m a rk ed  w ith  zl,, and av  respective ly , be d iffer
e n t from  zero. T h en  th e  system s

^  -£)2т+ 1 СОБ(2 г + 1 ) 0 2ш+1  =  c o s (2 r + l )  0 X, (r =  1 , 2 , . .  . , JV — 1 ) ,  
m= 1

^  Enm+1 sin  (2 r -)-1) 0 2m+i =  sin  (2 r  + 1 )  0 J.5 (r =  1, 2, . . . ,  N  — 1)
m= 1

(42)

h av e  a non-zero  so lu tion . ( I t  is assum ed  D 3 =  E 1 =  —1)

B 2m+1 =  Л 1 ' 7 + 1  , E 2m+1=  ^ ± 1  (m =  l , 2 , . . . , J V - l ) .  (43)
zl oq

T he d e te rm in a n t Zl1)2m+ ] and а 1;2т+ x are  o b ta in ed  from  A v  an d  <Tj, re spec tive ly , 
b y  th e  su b s titu tio n  of th e  co lum n w ith  e lem ents

s in (2 r+ l)  0 2m +1 (r =  1, 2, . . . ,  TV 1)

w ith  th e  colum n

sin(2r + 1 )  0 , ( r  =  1 ,2 ,  . . . ,  IV — 1 ) .

W hen  we use (43) we ob ta in

N - 1
^  B 2m+i 

m= 0

N - l  

m—0

cos 0 2m+1 = --------- \A 1 cos 0 X
A

N - l

У, A , 2m+ 1  cos ®2m+l
m= 1 A

sin 0 2m+1
1

ay sin 0 j

N - l

^l^m+l 8*n  ®2m+l
m—1

■¥ =o .

(44)
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T h erefo re  th e  e q u a tio n  H ttN_ 1 =  0 can  be  w ritte n  in  th e  form

^ ( f ) . . . Y } ( £ )

■ . . . z r - i ( l )

N —l N  —  l

2  1 Щ г + 1 ( ^ ) с о 8 ( 2 г + 1 ) 0 3 . • ^  X - lr + i  ( Í )  C O S  (2 r+ l)® 3  . . .
Г « = 0 r=  0

* 2  • X l X i 1 ( £ )  c o s  ( 2 г + 1 ) в 3
r = 0

l — £  Zár+i(í)cos(2 r + l ) 0 2JV_ 1...
r = 0

N£  ■ (*) cos ( 2 r + 1) 6)2N_J
Г—0

T h e  f irs t  row of th e  d e te rm in a n t from  (45) is m u ltip lied  w ith  cos 0 3, cos 0 5, . . 
cos 0 2;v—I’ re sp ec tiv e ly , and  is su b s tra c te d  from  th e  4th, 7th, . . (3N  — 2)th
row  a n d  analogously  w ith  th e  second a n d  th ird  rows. T hen  for all e lem ents of th e  
d e te rm in a n t from  th e  th ird  row  dow n w e o b ta in  sum  r  from  1 to  N  — 1. 
R e p e a tin g  th ese  tra n sfo rm a tio n s  severa l tim es we can tran sfo rm  th e  eq u a tio n

=  0  to  T^n —i  — 0 .

T herefore  th e  d e te rm in a n t H *N_ x is e ith er id en tica lly  equal to  zero, 
o r  i f  i t  is n o t id e n tic a lly  equal to  zero , so th a t ,  in  o rd er to  ge t H *N—} =  0  

we m u st have  T 2N_ 1 =  0. B u t th e  e q u a tio n  T 2N_j  =  0 does n o t depend  on 
th e  selection  of th e  p o in ts  0 2 m + 1  (m  =  0, 1, 2, . . ., N  — 1). T herefo re, no 
m a t te r  how  we chose th e  po in ts  0 2m+:1, i f  th e  d e te rm in a n t H 2N_ 1 is a good 
eno u g h  ap p ro x im a tio n  of th e  d e te rm in a n t H.2N_ l , i t  can  be considered, th a t  
th e  eq u a tio n  T 2N_ ± =  0  ap p ro x im a te ly  rep resen ts  th e  cond ition  th e  cy linder 
su rface  to  be free from  loading  an d  th is  cond ition  will be m ore accu ra te , as 
N  is chosen to  b e  b igger.

J ?  1W12r+1( fy o s (2 r + l)0 2N_ 
r= 0

5. Special cases

F rom  th ese  re su lts  we m ay  o b ta in  tw o special cases. I f  we set 

cn  =  сзз =  ^  — ce6 — /л, c13 =  c12?
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WAVE PROPAGATION 3 7

w here  A and  ц  are L am e co n stan ts , w e o b ta in  th e  case o f w ave p ro p ag a tio n  
in  an  iso trop ic  cy lin d er w ith  an  e llip tica l cross-section . W h en  we ta k e  in to  
considera tion

y ? k 1 =
Q соi

X-\-2fi
— a 2, a 2 k 2 =

Q co* 

P
- a 2, Ax =  — a , Я2 —

QCO*

fi ,X
—  X ,

i t  is obvious th a t  th e  fo rm ulae  (34) d iffe r b y  only m u ltip ly in g  fac to rs  from  th e  
fo rm u lae  (37) (44), g iven  in  [8 ]. (P ossib ly  because o f a  p r in tin g  m istak e ,
befo re  th e  coefficients and  in  th e  fo rm u la  (39) o f  [8 ] and  £2™V
in  fo rm u la  (43) of [8 ] th e  plus sign is ta k e n  in s tead  o f  m inus.)

T he case o f w ave p ro p ag a tio n  in  tran sv e rse ly  iso tro p ic  cylinders w ith  
a c ircu la r cross-section, in v es tig a ted  in  [4], is o b ta in ed  from  th e  p resen t fo r
m u lae  as l ten d s to  zero and  x x te n d s  to  in fin ity  in  su ch  a w ay , th a t  Ichxx 
shou ld  te n d  to  r, th is  m eans th a t  th e  ellipse w ith  th e  sem im ajo r axis r  ten d s 
to  a circle w ith  th e  sam e rad ius. W h en  w e ta k e  in to  co n sid e ra tio n , th a t  '̂ 4 2 г+ 1  

a n d  B 22nr+\ te n d  to  zero fo r r re a n d  to  one fo r r =  n , а%„+1 (l =  1 ,2 ) an d  
b2n+ j te n d  to  (2 re -j- l ) 2 an d

Cem (* !, q<) -*• Pm J m ( * \ k i r ) ,

Sem (% , q,) -*  S'm J m (x  Yki r) ,

- y — Cem ( * l  ? , )  “ ►  Pm r - 7 -  Jm ( * V  h  r) 1
dx1 dr

S e m  (* 1 . 4 i )  -*■ S m  Г  J m ( a  1 \  r) »
d x1 dr

w here p'm„ S'm, are c o n s ta n ts , a n d  J m {x \rk r )  are Bessel fu n c tio n s  o f th e  f irs t k ind  
th e  fo rm u lae  (34) are  tran sfo rm ed  in  th e  co rresponding  fo rm u lae  to  a c ircu lar 
c y lin d e r. Because

(m  ;>  0 ) ,  

1 ) »

{m > . 0 ) ,  

(m  >  1 )

w v t i  ( I ) = ‘v m i  m = iw ÿ %  î  (f ) = m i  (s) =  m i  w = z * x \  ю = о

w hen  r ^  n is, fu lfilled , th e n  th e  d e te rm in a n t T reduces to  th e  p ro d u c t o f in fin ite  
n u m b e r of fin ite  d e te rm in a n ts , every  one o f  w hich can be  p u t  e q u a l to  zero, in 
o rd e r th a t  th e  b o u n d a ry  cond ition  (30) should  be sa tis fied .

6 . C onclusion

P ro p ag a tio n  o f h arm o n ic  w aves in  a cy linder w ith  an  e llip tical cross- 
sec tion  has a considerab ly  m ore co m p lica ted  c h a rac te r  w h en  com pared  w ith  
th e  p ro p ag a tio n  o f such  w aves in  a c ircu la r cy linder. T h a t  n ecessita tes th e
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u se  of m ore com plica ted  m a th e m a tic a l a p p a ra tu s , as a re su lt o f w hich i t  is 
n o t  alw ays possible to  g ive e x a c t p roo fs o f th e  considered  p rob lem s. C oncern
in g  th e  d e te rm in a tio n  o f th e  possib le  p h ase  velocities o f  w av e  p ro p ag a tio n , 
th is  can  be achieved o n ly  if  we use  th e  m ost c o n tem p o ra ry  co m p u ta tio n  te c h 
n iques.
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Wellenfortpflanzung in einem in der Querrichtung isotropen Zylinder elliptischen 
Querschnitts. Die Fortpflanzung harmonischer Schwingungswellen in einem in der Quer
richtung isotropen Zylinder von elliptischem Querschnitt mit Hilfe der linearen Elastizitäts
theorie wird behandelt. Das Ergebnis wurde durch die Mathieusche Funktion erhalten. Als Be
dingung der Spannungslosigkeit der Zylinderoberfläche ist eine unendliche Determinante 
gleich Null angegeben. Aus dem allgemeinen Ergebnis können zwei Spezialfälle erhalten 
werden: Wellenfortpflanzung in einem isotropen Zylinder von elliptischem Querschnitt und 
Wellenfortpflanzung in einem in der Querrichtung isotropen Zylinder mit Kreisquerschnitt.

Распространение волны в поперечном направлении изотропном бесконечном цилин
дре эллиптического сечения. Изучение распространения гармонических колебательных 
волн в цилиндре эллиптического сечения из материала, являющегося изотропным в попе
речном направлении, на основе теории линеарной упругости. Результат получается на 
основе функции Mathieusche.Условие, касающееся ненапряженное™ поверхности цилинд
ра, дано в форме бесконечного детерминанта, равного нулю. На основе общего результата 
можно вывести два специальных случая, а именно: распространение колебаний в изотроп
ном цилиндре эллиптического сечения и распространение колебаний в цилиндре круг
лого сечения, являющегося изотропным в поперечном направлении.
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GRUNDLEGENDE VORGÄNGE 
BEI DER GEFÜGEENTWICKLUNG*

W. SCHATT**

Es wird eine Darstellung der wichtigsten, bei der Gefügeentwicklung von metal
lischen Werkstoffen in Lösungen ablaufenden elektrochemischen Vorgänge gegeben: 
Ätzen unter Wasserstoffbildung, durch Reduktion eines Oxydationsmittels und mit 
Komplexbildung. Sodann werden die Ursachen für die physikalische und chemische 
Inhomogenität der realen Werkstoffoberfläche erörtert, derzufolge die Gefügebestand
teile selektiv vom Ätzmittel angegriffen und im Mikroskop beobachtbar werden.

1. Einleitung

I n  d er m e ta llo g rap h isch en  Ä tz tech n ik  h errsch en  h e u te  noch die em p iri
schen  M ethoden  v o r. W eniger b e k a n n t sind  jed o ch  ih re  ursäch lichen  Z usam 
m enhänge, die zu r E n tw ick lu n g  des Gefüges fü h ren , u n d  deren  K en n tn is  es 
erm öglich t, die G efügeen tw ick lung  sy s tem a tisch e r v o rn eh m en  zu kö n n en . 
V on diesen Z u sam m en h än g en  soll v e rsu ch t w erden , e in  in  e tw a  ab g eru n d e tes  
B ild  zu  geben, w obei sich  die D arlegungen  au f den  p ra k tisc h  h äu fig s ten  F a ll, 
die G efügeen tw ick lung  in  L ösungen , b esch rän k en  sollen.

D er Ä tzv o rg an g  in  L ösungen  is t  ein  e lek tro ch em isch er K o rro sio n sv o r
gang, be i dem  M etallionen  in  L ösung gehen. F ü r  die n ä h e re  B e tra c h tu n g  
dieses V organges s te h e n  zwei F rag en  im  V o rd erg ru n d : W elcher A rt sind  die 
e lek trochem ischen  V orgänge, die beim  Ä tzen  ab lau fen , u n d  du rch  w as is t 
im  S ystem  M eta llo b erfläch e /Ä tzm itte l die fü r eine se lek tiv e  Lösung der e in 
zelnen G efü g eb estan d te ile  no tw end ige  P o ten tia ld iffe ren z  gegeben.

2. Elektrochemische Vorgänge beim Ätzen

G ehen die M eta lla to m e als K a tio n e n  in  L ösung, b ild e t sich an  der M eta ll
oberfläche  eine e lek trische  D oppelsch ich t aus. E rs t  w enn  sich fü r  die fre i
gew ordenen E le k tro n e n  ein A b n eh m er f in d e t, lä u f t d e r V organg  w eiter.

* Vorgetragen im Sept. 1972 an der Technischen Universität Budapest.
** Prof. Dr. Ing. habil. W. S c h a t t , Techn. Universität Dresden, DDR
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F ü r  ein u n ed le s  M eta ll in  e iner n ich to x y d ie ren d en  S äu re , z. B. E isen  
in  Salzsäurelösung, t r e te n  dabei fo lgende R eak tio n en  auf:

D a s  M etall lö st sich  u n te r  W assersto ffen tw ick lung . D er W asse rs to ff d ient 
a ls E lek tro n en n eh m er. D ieser V organg  lä ß t  sich m it H ilfe eines S trom dich te- 
P o ten tia l-S ch au b ild e s  besch re iben  (B ild  1 ). e 0>1 u n d  e0 2  sind  die G leichgew ichts - 
p o te n tia le  beider T eilv o rg än g e , die in  A b h än g ig k e it von  d er jew eiligen  Io n e n 
k o n z e n tra tio n  d u rch  die N ernstsche  G leichung

gegeben  sind. M it zu n eh m en d er S tro m d ic h te  po larisieren  die P o ten tia le  der 
M eta llau flösung  zu  ed le ren , die d er W assers to ffb ild u n g  zu u n ed le ren  W erten . 
E s  b ild e t sich ein M isch p o ten tia l eM au s, be i dem  anod ischer u n d  k a to d isch er 
T eilvo rgang  m it e in e r dem  B e trag  n ach  gleichen S tro m d ich te  ab laufen . D as 
S y stem  ist nach a u ß e n  strom los. D ie T e ils tro m d ich te  ik is t als M aß fü r die 
I n te n s i tä t  des Ä tzp rozesses anzusehen .

W ährend  die G le ich g ew ich tsp o ten tia le  e 0 1  u n d  e„ 2 th e rm o d y n am isch  
d u rc h  G leichung (2) gegeben sind , h ä n g t d er W ert des M ischpo ten tia ls  eM 
v o n  der Lage d e r  T e il-S tro m d ic h te -P o te n tia l-K u rv e n  ab . I s t  d er V organg 
d e r M etallau flösung  w enig  g ehem m t (anodische T eilku rve  v e rlä u f t steiler, 
k le in e re  P o la risa tio n ), d an n  is t das M ischpo ten tia l n e g a tiv e r  (unedler), is t 
er s tä rk e r  geh em m t (anodische T e ilk u rv e  v e rlä u ft flacher, g rößere P o la risa 
tio n ) , dann  is t eM p o s itiv e r  (edler). D as h e iß t aber auch , d aß  im  G egensatz 
zu  den  G le ichgew ich tspo ten tia len  die G röße des M ischpo ten tia ls  u n d  dam it 
die In te n s i tä t  des Ä tzangriffes s ta rk  v o n  den  E igenschaften  d e r M etallober
f lä c h e  ab häng t. E in e  v e rfo rm te  O berfläche  z. B. löst sich le ich te r als eine n ich t 
v e rfo rm te . D a d er Z u s ta n d  der M eta lloberfläche  schw er d e fin ie rb a r is t, sind 
d ie  M ischpo ten tia le  au ch  oftm als n ic h t rep roduz ie rbar.

A ndererseits is t die Lage des M ischpo ten tia ls u n d  die Ä tzstro m d ich te  
v o m  р н -W ert d er Ä tz lösung  ü b e r £0ш =  — 0,058 р н  ab h än g ig  (B ild 2). J e  
g rö ß er der p H‘W e rt, d. h. je  geringer die W assers to ffio n en k o n zen tra tio n  is t, 
u m so  uned ler sind  das G le ichgew ich tspo ten tia l der k a to d isch en  R eak tio n  
u n d  das M ischpo ten tia l und  um so k le in e r w ird  die Ä tz s tro m d ich te  ik. A uf d ie
sem  W ege läß t sich  d u rc h  geeignete V erän d eru n g  der Ä tz in itte lk o n z e n tra t 'o n  
ein  in  vielen F ä llen  g ü n stig e re r m ild e re r A ngriff der Ä tzlösung  a u f  die M etall
oberfläche  einstellen .

Als an o d isch e  T e ilreak tio n  Me —► Mez+ —(- 2e 

u. als k a to d isc h e  T e ilreak tio n  2 H + -)- 2e~ -*■ H 2

( la )

( lb )

ln C
n F

(2)
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A us dem  Y orangegangenen  m u ß  m an  fo lgern , d aß  ein M etall, dessen  
G le ich gew ich tspo ten tia l edler als das d er W assersto ffen tw ick lung  is t, u n te r  
den  g en a n n te n  B ed ingungen  kein  M ischpo ten tia l b ilden  k an n . E s k a n n  se lb st 
in  s ta rk e n  S äu ren  n ich t u n te r  H 2-B ildung  a n g eä tz t w erden .

U m  auch  solche M etalle ä tzen  zu kö n n en , m uß  das System  so g e a r te t  
sein, d aß  die fre iw erdenden  E le k tro n e n  d u rch  R ed u k tio n  des S auersto ffs

Bild 1. Stromdichte-Potential-Kurven für die Auflösung eines unedlen Metalls unter
Wasserstoffbildung [1]

i [a /«nAl

Bild 2. pH-Abhängigkeit der Korrosionsstromdichte i?. [1]

oder eines an d eren  geeigneten  O x y d a tio n sm itte ls  v e rb ra u c h t w erden. Im  F a lle  
d e r  S au ersto ffred u k tio n  v e rläu ft dann  d er V organg  in  sau ren  L ösungen gem äß

Me —► Mez+ -f- ze (4a)

0 2 +  4H +  +  4 e“  2 H 20  (4b)

u n d  in  n e u tra le n  bis alkalischen  L ösungen  nach

Me —► Mez+ ze— (4a)

0 2 +  2 H 20  +  4e~  4 0 H -  (4c)
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B ild  3 zeig t diesen V o rgang  w ieder in  d e r i-e-D arste llung . A uch  h ie r b ee in flu ß t
die A n io n en k o n zen tra tio n  cn die G röße d e r Ä tzstro m d ich te .

.. °2
D ie Ä tz lösungen  fü r  die G efügeen tw ick lung  ed lerer M etalle e n th a lte n  

desh a lb  Z usätze v o n  S äu ren  m it o x y d ie ren d e r W irkung  bzw . von  O x y d a tio n s
m itte ln , wie S a lp e te r-, Chrom- u n d  P ik rin sä u re , W assersto ffperox id , P e r 
su lfa te  u . a. So ä tz t  z. B. die S a lp e te rsäu re  das Cu n ic h t a u f G rund  ih re r  
sa u re n  E ig en sch aften , sondern  allein  als R edoxsystem  m it hohem  p o sitiv en  
R ed o x p o ten tia l. U m  die  Ä tzlösungen u n iv e rse lle r verw enden  zu k ö n n en  u n d  
d a m it die L a g e rh a ltu n g  zu vere in fachen , e n th a lte n  die m eis ten  v o n  ih n en  
v o n  v o rn h ere in  d e ra r tig e  O x y d a tio n sm itte l, so daß  sie sow ohl fü r  die Ä tzu n g  
u n ed le re r  wie au ch  ed le re r m eta llischer W erk sto ffe  geeignet sind . D iese G ruppe 
v o n  Ä tz m itte ln  is t  h e u te  in  der Ä tz tech n ik  am  h äu fig sten  u n d  v ie lfä ltig sten  in  
A nw endung .

W ie d arg e leg t w u rd e , is t die anod ische  A uflösung  des M etalls an  das 
A u ftre te n  eines M ischpo ten tia ls im  S ystem  M etalloberfläche/ Ä tzlösung  g eb u n 
den . J e  edler das P o te n tia l  fü r den anod isch en  T eilvorgang  is t, bei um so posi
t iv e re n  P o te n tia le n  m u ß  auch die k a to d isc h e  T eilreak tio n  verlau fen , da  sich 
so n s t ke in  M isch p o ten tia l ausb ilden  k a n n . D as  w ar im  vorangegangenen  F a ll 
d a d u rc h  e rre ich t w o rd en , daß  ein Ä tz m itte l  gew ählt w urde , bei dem  an  Stelle 
d e r be i n eg a tiv e ren  P o ten tia len  ab lau fen d en  W assersto ffen tw ick lung  der 
k a to d isch e  V organg  d u rch  eine S a u e rs to ffred u k tio n  gegeben is t. Es is t  jed o ch  
au ch  m öglich, d aß  b e i einem  gegebenen P o te n tia l der k a to d isch en  R eak tio n  
die B ildung  eines M ischpo ten tia ls d a d u rc h  e rre ich t w ird , d aß  das zu n äch st 
ed lere  P o te n tia l d e r M etallauflösung  zu  u ned leren  P o te n tia le n  verschoben  
w ird .

E n th ä lt  n äm lich  das Ä tzm itte l e inen  K o m p lex b ild n er fü r  das M etallion  
u n d  w eist die d a n n  en ts teh en d e  K o m p lex v erb in d u n g  eine feste  B in d u n g  a u f  
(k leine K o m p lex d isso z ia tio n sk o n stan te j, d a n n  w ird  die i-e -K u rv e  der M eta ll
au flö su n g  s ta rk  n a c h  neg a tiv e ren  P o te n tia le n  verschoben . D u rch  die K o m p lex 
b ild u n g  w erden  M etallionen  v e rb ra u c h t. D ie M eta liio n en k o n zen tra tio n  der 
L ösung  n im m t ab  u n d  gem äß G leichung (2) w ird  das P o te n tia l des M etalls 
gegen  die Ä tz lösung  n eg a tiv er. Im  F a lle  des Cu beispielsw eise b ild e t sich  der 
K o m p lex

[Cu (CN)4] —  ^  C u + +  +  4 C N -, (5)

d e r z. T . d issoziiert. D ie  D issoziation  is t jed o ch  so gering, d aß  der V organg  im  
w esen tlichen  n ach  links verläu ft.

B ild 4 v e ra n sc h a u lich t schem atisch  d iesen  V organg fü r  einige edle M etalle 
in  g e sä ttig te r  K C N -L ösung  (pH^  11). D ie V ersch iebung des A u-G leichgew ichts
p o te n tia ls  geh t so w e it, daß das Au in  G egenw art von S au ersto ff gelöst w ird . 
D ie V ersch iebung des C u-G leichgew ichtspoten tials erm öglich t sogar bei A b
w esenhe it von  S au e rs to ff  eine lan g sam e Lösung des Cu u n te r  W asserstoff-
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en tw ick lung . F ü r  das Ag e rg ib t sich u n te r  diesen B ed ingungen  n u r eine schw a
che A uflösung . D u rch  die Z ugabe von  K o m p lex b ild n ern  zum  Ä tzm itte l k a n n  
in  b e s tim m ten  F ä llen  d er Ä tzan g riff  v e rs tä rk t  u n d  d a m it die G efügeentw icklung , 
insbesondere  be i ed leren  W erksto ffen , v e rb esse rt w erden .

i [А/СЛП2]

Bild 3. Korrosion durch Sauerstoffreduktion [1]

Bild 4. Korrosion von edlen Metallen unter Komplexbildung [1]

Bei all d iesen  Ä tzv o rg än g en  w ar v o rau sg ese tz t w orden , daß  das M etall 
m it dem  Ä tz m itte l d ire k t in  B erü h ru n g  s te h t, d. h. eine a k tiv e  A uflösung des 
M etalls v o rlieg t. F re ilich  k a n n  die Ä tz reak tio n  in  L ösungen  auch  zur B ildung  
schw er löslicher V erb in d u n g en  füh ren , die sich als S ch ich t au f der M etall
oberfläche  ab lagern . D iese w eniger häufige  M öglichkeit soll jed o ch  in  diesem  
Z u sam m en h an g  n ic h t b e tra c h te t  w erden.

3. Selektive Löslichkeit der Gefügebestandteile

M it H ilfe d er darg e leg ten  allgem einen G rundzüge des e lek trochem ischen  
M eta llab trag es beim  Ä tzen  allein  is t es jed o ch  n ich t m öglich, die G efügeent
w icklung  am  m eta llischen  W erk sto ff e rk lä ren  zu können . F ü r  die G efügeent
w icklung  is t  es no tw en d ig , d aß  der A b trag  d er O berfläche n ich t sch lech th in ,
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so n d e rn  in  einer fü r  d as  Gefüge ch a ra k te ris tisch e n  W eise erfo lg t, d .h . daß  
b e s tim m te  G efügebestand teile  s tä rk e r  u n d  andere n ich t oder w en iger s ta rk  
a b g e tra g e n  w erden, so d aß  im  Zuge des Ä tzvorganges anste lle  d er u rsp rü n g lich  
eb en en  Schliff-F läche ein O berflächen re lie f e n ts te h t, an  dem  das im  M ikroskop 
e in fa llende L ich t so re f le k tie r t  bzw. g e s tre u t w ird, daß  ein das G efüge rich tig  
w iedergebendes B ild  e n ts te h t.

D ie F o rderung  e iner se lek tiv  u n te rsch ied lich en  L öslichkeit bzw. A b
tra g u n g s ra te  der e inzelnen  G efügebestand te ile  erfüllen die m eta llischen  W erk 
sto ffe  von  N a tu r aus. J e d e  M eta lloberfläche  is t physikalisch  u n d /o d er chem isch 
inhom ogen . Sie w eist B ereiche auf, die einen  un te rsch ied lich en  e lek trochem i
schen  C h arak te r u n d  som it ü b er die B ild u n g  von  L okal -bzw . K orrosionsele
m e n te n  eine d iffe renz ierte  L öslichkeit h ab en .

Die O berfläche n im m t insofern  eine Sonderste llung  ein, als sich an  ih r  
alle E igenschaften  des K örpers u n s te tig  ändern . D ie A tom e der O berfläche 
sind  in  A bw eichung v o n  den im In n e rn  u n te rg e b ra ch te n  A tom en  n ic h t a ll
se itig  durch  B in d u n g en  zu b e n a c h b a rte n  A tom en a b g e sä ttig t. D em zufolge 
is t die O berfläche d e r Sitz einer fre ien  E nerg ie , der O berflächenenerg ie . Die 
spezifische O berflächenenerg ie  eines k ris ta llin en  K örpers is t  an iso tro p , d. h. 
sie is t von der k ris ta llo g rap h isch en  O rien tie ru n g  der F läch e  abhäng ig . Sie 
is t um so  kleiner, je  g rö ß er die O b erfläch en k o o rd in a tio n szah l, d. h. je  g rößer 
die B elegungsdich te  d e r O berfläche m it A tom en ist. Beispielsw eise b e trä g t 
sie be im  krz W olfram

fü r die ( l l l ) - F lä c h e  6690 erg c m - 2  

fü r  die (lOO)-Fläche 6430 erg c m " 2 u n d  
fü r  die (llO )-F läch e  5510 erg c m " 2.

D a die T rieb k ra ft fü r  d en  Ä tzvorgang  in  d er E rn ied rig u n g  d er to ta le n  O ber
flächenenerg ie  zu su ch en  ist, h ä n g t au ch  die T endenz, Ä tz reak tio n en  einzu
g eh en , von  der k ris ta llo g rap h isch en  O rien tie rung  der O berfläche ab. D as 
k o m m t z. B. auch in  d en  an  A l-E in k ris ta llen  versch iedener O berflächenorien 
tie ru n g  in  einem  N a 2S 0 4-E le k tro ly te n  (рн == 4) e rm itte lte n  B u h ep o ten tia len  
zum  A usdruck :

Fläche
Spez. Ober

flächenenergie 
erg cm-2

Ruhepotential
mV

(100) 1916 - 9 3 6

( i n ) 1664 - 8 5 2

d. h . die (lOO)-Fläche m it der n ied rigeren  a to m aren  B elegungsd ich te  h a t eine 
g rößere  spez. O berflächenenerg ie , sie v e rh ä lt  sich u n ed le r als die d ich te s t 
g ep ack te  ( l l l ) -F lä c h e .  Bei ih r lä u f t d er A uflösungsvorgang  m it einer gerin 
geren  H em m ung ab , so d aß  die K ris ta llp o la risa tio n  Vk (iou) ^  Ук(ui)
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Bild 5. Schematische Darstellung des Aufbaues höherindizierter Kristallflächen

Des w eite ren  is t zu b erücksich tigen , d aß  bei K ris ta lle n  n u r  “ einfache” , 
d ich tg ep ack te  F läch en , w ie die (110) bei k rz  oder die (111) bei kfz K ris ta llen , 
a to m a r g la tt s ind . H ö h e r ind iz ierte  F läch en , sog. Y izinalen , w eisen a to m are  
S tu fen , die v o n  e in fachen  F läch en  geb ilde t w erden , u n d  E ck en  au f (Bild 5). 
B ei T e m p e ra tu ren  o b erh a lb  des abso lu ten  N u llp u n k tes  w ird  d u rch  F lu k tu a tio n  
von  O b erfläch en a to m en  das a to m are  R elief w eite r “ a u fg e ra u h t”  (B ild 6 ),

Bild 6. Schematische Darstellung einer realen Kristalloberfläche [2]
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b is sich im  G leichgew icht eine q u a s is ta tio n ä re  O b e rflä c h en s tru k tu r au sb ild e t, 
w obei E cken  u n d  S tu fen  w e ite r e n ts te h e n  u n d  verschw inden , die m ittle re  
C h a ra k te ris tik  der O berfläche  ab e r e rh a lte n  b leib t.

Die in  den S tu fen  u n d  E ck en  u n te rg e b ra ch te n  A to m e sind  m it e iner 
g eringeren  E nerg ie  als die in  e iner F läch e  oder im  K ris ta llin n e re n  gelegenen 
A to m e an das K ris ta llg eb äu d e  g eb u n d en . W äh ren d  beispielsw eise ein  in

Bild 7. Schematische Darstellung der Stufenbildung durch eine Schraubenversetzung

e in e r ( l l l ) -O b e r f lä c h e  eines k fz -K ris ta lls  gelegenes A to m  von  9 n äch s ten  
N a c h b a rn  um geben  is t, h a t  das in  e in er von  dieser F läch e  geb ildeten  S tu fe  
u n te rg e b ra ch te  A tom  7 u n d  das am  S tu fenbeg inn , an  d e r E cke, 6  n äch ste  
N a c h b a rn  u n d  is t gegenüber einem  A to m  im  K ris ta llin n e ren , das 12 n ä c h s te  
N a c h b a rn  aufw eist, n u r  noch m it d e r h a lb en  G itte renerg ie  an  das K ris ta ll
g i t te r  gebunden. M an b eze ichnet desh a lb  die Lage an  d er E ck e  auch  als H a lb 
k rista ll-L age .

Beim  rea len  m eta llisch en  W e rk s to ff  w ird  die Z ah l d e r H a lb k ris ta llag en  
a u ß e r  durch  die T e m p e ra tu r  noch  d a d u rc h  erhöh t, d aß  die M eta lloberfläche  
v o n  ih re r B ea rb e itu n g  h e r m eh r oder w eniger ra u h  is t u n d  zah lreiche V er
se tzu n g en  e n th ä lt. J e d e  die O berfläche  du rch sto ß en d e  S ch rau b en v erse tzu n g  
e rzeu g t eine S tufe , die die H a lb k ris ta lla g e  e n th ä lt (B ild  7).

Die energetisch  b eg ü n stig ten  H a lb k ris ta llag en  h ab e n  fü r  den  L ösungs
v o rg an g  beim  Ä tzen  eine b esondere  B ed eu tu n g . Ä hnlich  w ie beim  K ris ta ll
a b b a u  in  die G asphase  kom m en  fü r  den  A b b au  in  L ösungen  (MeGitter —*• Mead —► 
Mez+) vorzugsw eise je n e  G itte rp lä tz e  in  F rag e , au f denen  die O berflächena tom e 
w eniger s ta rk  g eb u n d en  sind  (B ild 8 ). D arau s folgt, d aß  be i einer K o rn sc h n itt
f läch e , die höher in d iz ie rt, s tä rk e r  au fg e rau h t is t u n d  eine größere A nzah l 
v o n  H a lb k ris ta llag en  e n th ä lt , die N eigung, eine A b b a u re a k tio n  einzugehen , 
g rö ß er is t als bei e iner K o rn sc h n ittf lä c h e , die w eniger a u fg e rau h t is t, u n d  
die sich deshalb  ed ler v e rh ä lt u n d  w eniger ab g e trag en  w ird . Sind beide im  
po ly k ris ta llin en  W erk sto ff  le iten d  m ite in a n d e r v e rb u n d en , so b ild e t sie beim  
Ä tzen  ein L okale lem ent. H ab en  sie eine gem einsam e K orn g ren ze , so e rsch e in t

Acta Technica Academiae Scientiarum Hungaricae 76, 1974



VORGÄNGE BEI GEFÜGEENTWICKLUNG 4 7

diese n ach  dem  Ä tzv o rg an g  infolge des zw ischen den K o rn sc h n ittf lä c h e n  e n t
s ta n d e n e n  N iveau u n tersch ied es als K a n te , die das sen k rech t einfallende L ich t 
s tr e u t  (K o rn g ren zen ä tzu n g , B ild  9).

Bild 8. Schematische Darstellung (a) des Auf- und Abbaus eines Kristalls in der Gasphase 
und (b) des Übertritts eines Metallions in den Elektrolyten [3]

Bild 9. Schematische Darstellung der Entwicklung des Korngrenzenbildes im Mikroskop

D er Z u stan d  m in im aler geo m etrisch er Größe einer w illkü rlichen  K ris ta ll
oberfläch e  is t n ich t g le ich b ed eu ten d  m it einem  M inim um  an  O berflächen 
energ ie. D a die B au ste in e  des festen  K örpers n ich t in  dem  S inne wie in  e iner 
F lü ss ig k e it bew eglich sind , w ird  deshalb  beim  Ä tzen die k ris ta llo g rap h isch  
zufällige O berfläche v e rä n d e r t:  A u f den  K o rn sch n ittflä ch en  e n ts te h t eine 
T e ra sse n s tru k tu r  (B ild  10), die von  F läclienelem eiiten  n ied rig e r O b erfläch en 
energie gebildet w ird. D a diese beim  V ielk rista ll in Bezug a u f  das im  M ikroskop 
ein fa llende L ich t von  K o rn sc h n ittf lä c h e  zu K o rn sch n ittflä ch e  u n tersch ied lich  
an g eo rd n e t sind (B dd 11), w ird  auch  das L ich t an den jew eiligen  K o rn sc h n itt
f läch en  versch ieden  re fle k tie rt (d islozierte  Reflexion), so d aß  die K o rn sc h n itt
fläch en  in  un tersch ied lich en  H ell-D unkel-T önen  erscheinen  (K o rn fläch en 
ä tzu n g ).

D ie B ildung  einer so lchen  T e ra sse n s tru k tu r  m uß  m a n  sich wie fo lg t 
v o rste llen : D er L ösungsvorgang  d a rf  als ein dem  K ris ta llw ach stu m  k in em atisch  
rez ip ro k e r V organg au fg e faß t w erden . In  B ild 12 is t d as  W ach stu m  einer 
k o n v ex en  K ris ta llo b erfläch e  sch em atisch  dargeste llt. E s ze ig t sich, daß  die
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schnell w achsenden  F lä c h e n  verschw inden , so daß  der K ris ta ll in  seiner E n d 
g e s ta lt von F läch en  m it d er geringsten  W achstum sgeschw ind igkeit begrenzt 
is t ,  u n d  das sind n ied rig  in d iz ie rte  F lächen . D as A u ftre te n  schnell w achsender 
F lä c h e n  in  k o n k av en  O berflächenbere ichen  h a t, w ie das u n te re  Teilbild  zeigt, 
n u r  vo rü b erg eh en d en  C h a ra k te r . D en k t m a n  sich diesen V organg  k inem atisch  
u m g ek eh rt, so e rg ib t sich , d aß  bei der A uflösung  in einer K rista llh o h lh a lb k u g e l 
d iese lben  einfach in d iz ie rte n  F lächen  wie heim  W ach stu m  eines K o n v ex 
k ö rp e rs  erzeugt w erd en . D iese V orste llung  lä ß t  sich a u f  d ie  M etalloberfläche 
ü b e rtra g e n , w enn m a n  b e rü ck sich tig t, d aß  in  ih r  zah lreiche subm ikroskopische 
halbkugelige  H o h lräu m e  besteh en . In  jed em  F a ll sind  dies die R aum ecken  
d e r  a to m a r a u fg e ra u h ten  O berfläche, v o n  denen  der Ä tz a n g riff  ausgeh t u n d  
so fo rtsch re ite t, d aß  a n  d ie  Stelle der ehem als zufällig  o rie n tie rte n  K o rn sch n itt
f lä ch e  eine aus n ied rig  in d iz ie rten  m ikroskopischen  F läch en an te ilen  au fgebau te  
T e ra sse n s tru k tu r  t r i t t .

A us dem  v o rlieg en d en  U n te rsu ch u n g sm ate ria l g eh t jed o ch  hervor, daß  
n ic h t  in  jedem  F alle  — wie zu n äch st zu e rw arten  w äre — die K o rn sch n itt
f lä ch e  so abg e trag en  w ird , daß  F lächene lem en te  d ich te s te r P ack u n g  en ts teh en . 
E ingehendere  U n te rsu c h u n g e n  h ierzu  sind  v o r allem  am  Al vorgenom m en 
w orden , von dem  b e k a n n t is t, daß  bei d er Ä tzung  in  HCl- bzw . H C l-H F-L ösung 
W ürfe lflächen  (B ild 10) u n d  n ich t die d ic h te s t b e leg te»  O k taed erfläch en  fre i
g eleg t w erden. Mahl u n d  Stranski [5] e rk lä ren  das d a m it, d aß  sich w äh ren d  
des Ä tzens au f d e r A l-O berfläche eine m onom oleku lare  O xidschich t b ild e t, 
d ie  dem  A l-G itter g en au  an g ep aß t is t, u n d  deren  B ildungsgeschw indgkeit 
g rö ß er als die A uflösungsgeschw ind igkeit is t. D ad u rch  g e lan g t n ich t das kfz 
A l-G itte r, sondern  das Io n e n g itte r  des O xids p rim ä r z u r  A uflösung. F ü r  
d iese B edingungen  is t  d a n n , wie die A u to ren  zeigen k o n n te n , die W ürfelfläche 
d ie  G leichgew ichtsform fläche.

E ine  andere E rk lä ru n g  g ib t P olitycki [6 ], der den  Ä tzab b au  des Al in  
H F - , НС1,- H B r- u n d  H J-L ö su n g en  u n te rsu c h t h a t. E r  fü h r t  den  b eo b ach te ten  
k rista llo g rap h isch  u n te rsch ied lich en  A b tra g  allein au f die in  d er Phasengrenze  
O berfläche/Ä tz lösung  b es teh en d en  s te rischen  V erhältn isse  zu rück  (B ild 13): 
D ie  F luorionen  sin d  k le in e r als die A l-A tom e, sie k ö n n en  sich deshalb bei 
A d so rp tio n  je d e r  d a rg eb o ten en  F läche anpassen ; der A b tra g  erfolgt so, daß  
g la tte  F lächen  e n ts te h e n . D ie CI- u n d  B r-Io n en  k ö nnen  sich  n u r  an  der w eite r 
g ep ack ten  W ürfe lfläche  d ich t anpassen , es en ts teh en  also beim  Ä tzen W ürfe l
flächen . Die Jo d -Io n e n  s ind  zu groß, um  sich an  e in er F läche  b evorzug t 
an p assen  zu k ö n n en ; deshalb  e n ts te h t beim  A ngriff die G leichgew ichtsfläche 
( 1 1 1 ).

E s is t noch  n ic h t  m öglich, in  jed em  Falle eine endgü ltige  E rk lä ru n g  
zu  geben. M an d a rf  a b e r  annehm en , d aß  d o rt, wo beim  Ä tzen  n ich t die d ich te s t 
b e se tz te n  E benen  e n ts te h e n , P assiv ierungs- oder In h ib itio n sv o rg än g e  eine 
R o lle  spielen, die d ie  k ris ta llo g rap h isch e  F orm  der G leichgew ichtsfläche ver-
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Bild 10. Elektronenmikroskopische Aufnahme einer geätzten Al-Oberfläche

ä n d e rn . — E s sei noch  e rw äh n t, daß  an  d e ra r tig  g e ä tz ten  K o rn sch n ittf lä ch en  
m it H ilfe eines op tisch en  G oniom eters auch  K o rn o rien tie ru n g sb estim m u n g en  
v o rg en o m m en  w erden  k ö n n en  [7], w enn  die Ä tzflächen fo rm  b e k a n n t is t.

D as S treb en  n a c h  E rn ied rig u n g  der to ta le n  O berflächenenerg ie  k o m m t 
a u c h  in d er bei d er K o rn g ren zen ä tzu n g  v ie lfach  an zu tre ffen d en  F u rch en b ild u n g

Bild 11. Schematische Darstellung der dislozierten Reflexion
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zum  A usdruck . D ie K o rn g ren ze  s te llt  eine Zone d a r, in  d e r das A to m g itte r  
s ta rk  g es tö rt is t, u n d  die deshalb  b ev o rzu g t angegriffen  w erden  k an n . D ie 
B ild u n g  der K o rngrenzen fu rche  g esch ieh t so, daß  be id e rse its  d er K orngrenze

Bild 12. Verschiebungsstadien einer langsam wachsenden (a) und einer schnell wachsenden
(b) Fläche [4]

Bild 13. Anpassung der Halogenionen an die Würfel- und Oktaederfläche des Al [6]

F lä c h e n  n iedrigerer O berflächenenerg ie  e n ts teh en  (B ild 14). Sie s tre b t einer 
G le ichgew ich tskonfigu ration  zu, die d u rch  die B eziehung

0  AB _  a  A _ a B ^
sin y  sin X sin ß
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gekennzeichnet is t [8 ] (oA, aB O berfläch en sp an n u n g  des K ornes A , B; a AB 
K o rn g renzenspannung). In  techn ischen  W erksto ffen  allerd ings d ü rfte  beim  
Ä tzen  in  L ösungen  d e r E in flu ß  der O berflächenenerg ie  in  den  H in te rg ru n d  
tre te n  u n d  der E in flu ß  d er chem ischen In h o m o g e n itä t d e r K orngrenzenzone 
bei der F u rch en b ild u n g  dom inieren . Die von d e r E n ts te h u n g  des W erkstoffes

Bild 14. Gleichgewichtskonfiguration an einer Korngrenze [8]

h er im  K orngrenzenbere ich  angere icherten  V eru n re in ig u n g en , die edler oder 
u n ed le r als ih re  U m gebung  sein können , b ild en  m it d ieser L okale lem ente, 
denen  zufolge die K o rn g ren zen su b stan z  se lek tiv  gelöst w ird .

In  noch s tä rk e rem  M aße von  E in flu ß  a u f  die G efügeausbildung  beim  
Ä tzen  is t  die chem ische In h o m o g en itä t bei m eh rp h asig en  m etallischen  W e rk 
stoffen . D ie oft auch  vom  K ris ta llg itte r  her, in  je d e m  F alle  ab er h in sich tlich  
ih re r chem ischen Z u sam m ense tzung  versch iedenen  P h a se n  weisen m eist au s
g ep räg te  U n tersch iede  in  ih rem  elek trochem ischen  V erh a lten  auf, die den  
E in flu ß  p hysika lischer In h o m o g en itä ten , wie sie im  V orangegangenen  d arge leg t 
w urden , überdecken . D ie T a tsach e , daß  in  d er Schliefffläche eines solchen 
W erkstoffes e lek trochem isch  edlere u n d  uned le re  G efügebestand te ile  n eb en 
e in an d er liegen u n d  im  K o rn v e rb an d  le iten d  m ite in a n d e r  v erb u n d en  sind , 
h a t  die B ildung  v o n  K orrosionselem enten  zu r Folge. A ls B eispiel h ie rfü r sei 
n u r die Ä tzung  des zw eiphasigen  a-/3-Messungs e rw ä h n t, bei dem  die z in k re i
chere /5-Phase einen  b ev o rzu g ten  A ngriff e rle ide t. D e r m it d er B e tä tig u n g  
d e ra rtig e r  K orrosionselem en te  verb u n d en e  u n te rsch ied lich e  A b trag  der G e
füg eb estan d te ile  is t o ft so s ta rk , daß  die jew eilige K o rn sch n ittf lä ch e  in  e tw a  
gleichm äßig  ab g eb au t bzw . in  belieb iger W eise s t ru k tu r ie r t  w ird  u n d  keine 
aus k ris ta llo g rap h isch  d e fin ie rten  F läch en e lem en ten  b es teh en d e  T erassen stru k - 
tu r  e n ts te h t.
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Basic Phenomena in Structure Development. The author describes the most important 
phenomena of the structure development of metallic materials in solutions: edging with 
hydrogen development, by reduction of an oxydizing agent and with formation of a complex. 
Subsequently the causes for the physical and chemical inhomogeneity of the real surface are 
discussed, which causes the structural components to be attacked selectively by the edging 
agent, so that they can be observed under the microscope.

Основные процессы формирования материальной структуры. Автор описывает 
важнейшие процессы формирования структуры металлических материалов в растворе: 
травление при выделении водорода, травление путем восстановления окисляющим вещест
вом и травление образованием комплекса. После чего рассматриваются причины физи
ческой и химической негомогенности действительной материальной поверхности, вслед
ствие чего травильное средство селективно разлагает структурные компоненты, так что 
они становятся пригодными для наблюдений под микроскопом.
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CONTINUUM METHOD OF ANALYSIS FOR DOUBLE
LAYER SPACE TRUSSES WITH UPPER AND LOWER 

CHORD PLANES OF DIFFERENT RIGIDITIES

L. KOLLÁR*
DOCTOR OF TECHN. SC.

[Manuscript received 23 July, 1971]

A general method has been presented for determining equivalent continua of 
double-layer space trusses with two different, arbitrary chord plane meshes. Differential 
equation system and boundary conditions of the equivalent continuum are derived. In 
addition to the deflection function describing the plate deformation, a stress function 
is still needed to describe the internal force system of the substituting continuum, 
similarly as for ribbed plates.

1. Introduction

T h e p ro b lem  of th e  c o n tin u u m  m e th o d  of analysis of doub le-layer space 
tru sse s  h as  b een  solved for th e  case w here  b o th  chord  p lanes have  r ig id ity  
ch a ra c te ris tic s  th a t  are id en tica l o r d iffer on ly  b y  a m u ltip ly in g  fac to r [7], [3]. 
T he p ro b lem , how ever, becom es m ore  co m plica ted  if  r ig id ity  ch a rac te ris tic s  
of ch o rd  p lan es d ev ia te  by  d iffe re n t degrees or q u a lita tiv e ly  (e.g. th e  one 
has, a n d  th e  o th e r  lacks sh ear r ig id ity  e tc .), app ro ach in g  th e  in te rn a l force 
sy s tem  to  t h a t  o f a p la te  w ith  tw o -w ay  rib s  on one side [1 ].

A  p rev io u s p u b lica tio n  [4] p re se n te d  a so lu tio n  fo r a special k ind  o f space 
tru sses  w ith  d iffe ren t chord  p lan es: w here th e re  w as no sh ea r r ig id ity  in  th e  
low er cho rd  p lan e , only in  th e  u p p e r  one, th is  la t te r  could , how ever, on ly  
s u p p o r t n o rm a l forces equal in  x  a n d  y  d irec tions. I n  th e  follow ing, a gen era liz 
ed m e th o d  will be described, acco rd ing  to  w hich th e  c o n tin u u m  eq u a tio n  fo r 
space tru sse s  w ith  low er an d  u p p e r  cho rd  p lanes of an y  r ig id ity  ch a rac te ris tic s  
m a y  be  w r itte n  dow n.

2. Setting the problem. Assumptions

L e t us assum e a doub le-layer space tru ss  o f p a ra lle l chord  p lanes a t  
spacing  h. C hord  p lanes are only  req u ired  to  be  hom ogeneous i.e. w ith  id e n tic a l 
r ig id ity  ch a rac te ris tic s  th ro u g h o u t, besides, com ponen ts o f d e fo rm ation  a n d  o f  
in te rn a l forces should  be in  a m u tu a lly  inam biguous, lin ea r re la tio n sh ip .

* Dr. K o l l á r  Lajos Karap u. 9 1122 Budapest, Hungary
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O therw ise , chord p lan e  rig id ities m ay  be p e rfec tly  a rb itra ry , i.e. each cho rd  
p la n e  m ay  be g en era lly  an iso trop ic  (aeo lo trop ic). T he connec ting  d iagonals 
a re  req u ired  n o t to  in h ib it  chord  p lane d e fo rm ations. A space tru ss  m eeting  
th e se  conditions is i l lu s tra te d  in Fig. 1.

Fig. 1

L e t us m en tio n  t h a t  th is  m ethod  is also valid  fo r inhom ogeneous chord  
p la n e s  (of variab le  r ig id ity ) , only coeffic ien ts o f th e  d iffe ren tia l eq u a tio n  will 
v a r y  from  place to  p lace .

F rom  th e  aspec ts  o f  s ta tic s , th e  ch o rd  p lanes are  ch a rac te rized  by  s tra in  
a n d  sh ea r rigidities a g a in s t defo rm ations in  th e ir  p lane , as defined  in  th e  re 
fe ren ce  system  x y  b y  th e  m a trix  re la tio n sh ip

n x ^ 1 1  -^ 1 2  ^ 1 3 Г ec x
n y = A 2 i  ^ 2 2  "4  23 e y

n x y . A 31 A 32 A 33 . У х у .
or b rie fly

n — Ae (lb)

w h ere  n is the  v ec to r  o f  th e  in te rn a l (m em brane) forces o f th e  chord  p lane , e 
is th e  deform ation  v e c to r , an d  A is th e  r ig id ity  m a trix , th is  la t te r  alw ays being  
sy m m e tric  in v ir tu e  o f  th e  theorem  of v ir tu a l  w ork.

In  w hat follow s, su b sc rip ts  l an d  и w ill re fer to  low er an d  u p p e r cho rd  
p la n e s , respectively .

3. Description of the method

L et us divide th e  r ig id ity  m a trix  o f e.g. th e  u p p e r cho rd  p lane:

A“ =  A? +  A “j . (2)
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T h e p a r t  A ‘{ is so chosen th a t  its  elem ents are  к  tim es th e  r ig id itie s  o f th e  low er 
ch o rd  p lane:

A f =  к  • A ' . (3)

T h e re b y  th e  “ d iffe ren tia l”  rig id ity  m a tr ix  A “{ rep resen ts, in  fa c t, th e  q u a li
ta t iv e  differences b e tw een  th e  u p p e r an d  th e  low er chord  p lan e  rig id ities.

T he en tire  force system  and  d e fo rm atio n  of th e  s tru c tu re  w ill also be 
d iv id ed  in to  tw o p a r ts . P a r t  1 will co nsist o f th e  pu re  f le x u ra l d efo rm atio n

Fig. 2

w x an d  re la te d  in te rn a l forces of th e  low er ch o rd  p lane of r ig id ity  A 1 an d  of th e  
u p p e r  one of p ro p o rtio n a l rig id ity  A“. A m ong these, th e  in te rn a l forces of th e  
low er chord  p lane  assum e th e ir  f in a l va lu e . I n  th e  u p p er ch o rd  p lan e , how ever, 
defo rm atio n s e" due to  f le x u ra l d e fo rm atio n  w 1 p roduce in te rn a l forces co rre
sp o n d in g  to  rig id ity  A “j to o , ra th e r  th a n  on ly  those  co rrespond ing  to  A“. In  
genera l, how ever, th e se  do n o t c o n s titu te  an  equilib rium  force sy s tem  in  th e m 
selves. H ence, th e  u p p e r  cho rd  p lane  is com pelled in to  an  accessory  p lan e  de
fo rm a tio n  (subscrip t 2 ) re su ltin g  in  in te rn a l forces to  offset th e  u n b a lan ced  
forces in  th e  bend in g  p a r t  1 of d e fo rm atio n  (subscrip t 1). O f course, th is  
accessory  defo rm ation  m u s t be a co m p atib le  one.

N a tu ra lly , th e se  tw o  p a r ts  o f th e  force system  c an n o t be  d e te rm in ed  
se p a ra te ly , b u t  only  to g e th e r , since none o f th e m  is an  equ ilib rium  force system  
in  itself.

T he p lane  d e fo rm atio n  o f th e  u p p e r  chord  p lane  2 p roduces no  p lan e  
d e fo rm a tio n  of th e  low er cho rd  p lan e  (nam ely  earlier i t  w as assum ed  th a t  
th e  connecting  d iagonals do n o t c o u n te ra c t defo rm ations o f e ith e r  chord  
p lan e ), b u t  th e  en tire  s tru c tu re  undergoes fu r th e r  bend ing  d e fo rm a tio n  (w 2 in  
F ig . 2). T he correspond ing  bend ing  m o m en ts  (toge ther w ith  th e  m o m en ts  of 
th e  u n b a lan ced  forces o f d efo rm atio n  p a r t  1 ) are th e  co rrespond ing  m em b
ra n e  forces o f th e  u p p e r  ch o rd  [plane m u ltip lied  by  th e ir  d is ta n c e  h u from  
th e  n e u tra l  line (4). T hese  m om en ts, how ever, c a rry  no  v e r tic a l lo ad , since 
th e y  are due to  a force sy s tem  in  eq u ilib rium , hence, also th e  r ig h tlia n d  side of 
th e  p la te  eq u a tio n  co n ta in in g  th ese  m o m en ts  will be zero.
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4. Basic equations

In  con fo rm ity  w ith  th e  decom position  of d e fo rm a tio n  an d  force system s 
in to  tw o  p a r ts : 1  a n d  2 , th ese  will be ch a rac te rized  b y  th e  bend ing  deflec tion  
fu n c tio n  tCj, an d  b y  th e  stress fu n c tio n  Ф d e fin ing  th e  accessory  p lane force 
sy s tem , respective ly .

Since th e  d e flec tio n  fu n c tio n  w x ensures c o m p a tib ility  of re la ted  d e fo r
m atio n s, u \  has on ly  to  m eet th e  p la te  e q u a tio n  ex p ressin g  equilibrium . S tress 
fu n c tio n  Ф ensures th e  equ ilib rium  o f p lan e  forces d efin ed  b y  th e  sam e, th u s , 
i t  h a s  to  m eet th e  c o m p a tib ility  eq u a tio n . T h e reb y  tw o  s im u ltan eo u s 'd iffe ren 
t ia l  equations w ill b e  estab lished .

F o r p a r t  1 o f th e  force sy stem  (bending) i t  is ex p ed ien t to  define th e  
b en d in g  rig id ity  m a tr ix  В of th e  space tru ss . T h is is eq u a l to  th e  m o m en t of 
in e r tia  of chord  r ig id ity  m a trices  A 1 an d  A", h av in g  a ra tio  к to  each o th e r, 
re fe rred  to  th e ir  com m on  g rav ity  line a t a d ep th :

hu =  h ---- 1----  .
1 +  к

T h u s, th e  m a trix  o f b en d in g  rig id ity :

В =  h - — - — A ' 
1 +  k

(5 )

re la tin g  th e  second d e riv a tiv e s  o f th e  b end ing  d e fo rm atio n  icx i.e. c u rv a tu re s  
a n d  (double) tw is t, to  th e  specific m o m en ts  a ffec ting  th e  en tire  space tru ss :

m x ' -Вц  Bi2 B 13 '« ?  '
l i l y : — В  21 В  22 В  23

mxy. .B  3i В  32 В 33 2 w'i

(superscrip ts  ' a n d  • in d ica tin g  d iffe ren tia tio n s w ith  re sp ec t to  x  and  y ,  r e 
spectively), hence:

in — В • Lx tCj , (6b)

Lj denoting  th e  fo llow ing d ifferen tia l o p e ra to r:

Г  Э2 - I

dx°-

Э2

dx  8у  _

(? )

Acta Technica Acadcmiae Scientiarum Hungaricae 76, 1974



DOUBLE-LAYER SPACE TRUSS 57

Now, th e  know n  d iffe ren tia l eq u a tio n  of p la te  eq u iiib iiu m  [6]:

can  be sim plified  in to :
m'x +  mÿ  - f  2 m ’xy =  p  

L*  m = — p  .

(8a)

(8b)

S u b s titu tin g  h ere  (6b) we o b ta in  th e  d iffe ren tia l e q u a tio n  of bending d e fo rm a
tio n  m)j in  case of a p la te  of general a n iso tro p y :

L* В L 1w 1 — p . (9)

F o r th e  analysis  o f th e  co m p lem en tary  p lane  d efo rm atio n , i.e. p a r t  2 o f th e  
force system , i t  h as  to  be considered th a t  th e  force sy s tem

П о У 2 
Чух2.

=  Au ( 10 )

re su ltin g  from  th e  accessory p lane d efo rm atio n  of th e  u p p e r chord p lan e

( И )

w ill n o t be in  equ ilib riu m  in itself, b u t  only  to g e th e r w ith  th e  unba lanced  p a r t  
nln  of forces due  to  (bending) d efo rm atio n  1. A ccording to  w h a t has been s ta te d  
before , th ese  u n b a la n c e d  forces nin  m a y  be  o b ta in ed  b y  m u ltip ly ing  ten s ile  
d e fo rm ations o f th e  u p p e r chord  p lan e  due  to  bend ing  defo rm ation  nq ([3 ], 
F ig . 2)

=  h u L 1w 1 (12)

b y  th e  co rrespond ing  elem ents of d iffe ren tia l r ig id ity  m a tr ix  A1/, :

n i n  =
n x l  II 

n y l  II 

n x y l  II

Ali p
A II e l  ' (13)

T hus, s tress fu n c tio n  Ф has to  be  so chosen as to  p ro v id e  equilib rium  of 
th e  sum  of forces n i n  an d  re2, i.e .:

Ф  =  n x l  II +  n x2  »

ф "  =  nyi il +  пУ2 > (14a —c)

— Ф ' =  n xyl I, -j- nxy2,
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o r in tro d u c in g  d iffe ren tia l o p e ra to r

Ь 2 =

Э2

82
d x2

92

_ d x  9у

Ь 2Ф =  n l  II +  П 2  5

(15)

(16)

L e t us now  see th e  co m p a tib ility  e q u a tio n  of p lane d e fo rm atio n , of th e  
k n o w n  form  [5]:

L 2 £ — £x  By У х у  — 0  . (17)

In  p rincip le , o n ly  co m p lem en tary  d efo rm atio n  e 2 is req u ired  to  m eet 
co m p a tib ility  eq u a tio n  (17), d efo rm atio n  62 due to  (12) b e ing  com patib le  
an y h o w . N evertheless, from  E qs (14) a n d  (16) it  appears t h a t  e2 c an n o t be 
exp ressed  b y  Ф a lone , n am ely  Ф includes p a r t  of forces due to  d efo rm atio n  e r  
H en ce , E q . (16) will be com pleted  by  forces n u from  p a rt 1 o f th e  force system , 
a n d  th e  co m p a tib ility  will be w ritte n  fo r  th e  en tire d e fo rm atio n  (1  +  2 ).

I n  fac t, th e se  m issing  forces n n e q u a l cho rd  forces re su ltin g  from  b en d 
in g :

i.e . from  (6 b):
n xl =  - m/7i,

П1 I —  —  В • Lj W1 . 
h

(18a)

(18b)

T h u s , th e  com plete  force system  in  th e  u p p e r  chord  p lane , also ta k in g  (16) 
in to  considera tion , is:

*i I +  n i и +  n 2 — ~  В L t w 1 -f- L2 Ф.
h

(19)

T h e  corresponding  to ta l  s tra in  Cj -f- e 2 is o b ta in e d  by  in v e rtin g  E qs (.1):

£ 1  +  e 2 =  ( A “ )  1  ■ ( “ l  I +  П! П +  n 2) =  (A U) 1 В L y w 1 L 2 Ф , (20)

w h ich  su b s titu te d  in to  (17) delivers th e  o th e r  d ifferen tia l eq u a tio n  describ ing 
th e  force system  in  th e  space tru ss :

L*  (A0 ) - 1 I—  B b ,  w 1 +  L 2 Ф 
h

=  0. (21)

T h e  system  o f E q s (9) an d  (21) to g e th e r  w ith  th e  b o u n d a ry  cond itions — 
d efin es  func tions a n d  Ф, hence, th e  e n tire  force sy stem . B o u n d a ry  condi-
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tio n s , a re , how ever, g iven  for th e  en tire  deflec tion  w r a th e r  th a n  fo r w l alone. 
H en ce , equ a tio n s are  to  be re w ritte n  so as to  co n ta in  w  r a th e r  th a n  w v  This 
to ta l  deflec tion  w  is th e  sum  of deflec tion  iv1 due to  p a r t  1 of th e  (bending) 
fo rce  system  an d  w., due  to  accessory  p lane  d efo rm atio n  2:

w  =  w x -f- w 2. (22)

Since th e  low er chord  p lane  rem ains u n affec ted  b y  d efo rm atio n  2, d e 
f le c tio n  w 2 m ay  be expressed  b y  s tra in  e 2 accord ing  to  F ig . 2:

w'ó =

(23a)

t h a t  is,

L 1 w2 — e2 . (23b)
h

(22) is used  to  express LjMq in  E qs (9) an d  (21) b y  w an d  e 2:

L x tty =  L x w ------- e2 .
h

(24)

N ow , e 2 h as  to  be expressed  b y  Ф an d  w. B o th  sides o f E q . (20) are m u ltip lied  
b y  A u, th e n  w ill be expressed  b y  ui1 m ak in g  use of (12), uq b y  w  an d  e 2 
on th e  basis o f (24). T hus, th e  e q u a tio n  will inc lude , beside e 2, only func tions 
w  a n d  Ф, lend ing  them selves to  express e 2:

A u
- 1 1 „ ’
hu L i  w  — —- e2 

h
+  e2 В

h
LyW  —

T 6 2 )
+  Ь 2Ф.

c 2 will be  expressed  as:

e2 =  h L i w ----- (Au +  A')“ 1 (L 2 Ф -  h A u L x w ) ,

(25)

R ea rran g in g  a n d  ta k in g  in to  consid era tio n  th e  id e n tity  based  on (5):

—  hU A u +  —  В =  — k—  (A“ + A ')  
h hr 1 +  fe

(26)

w hich , w hen  s u b s titu te d  in to  (24), y ields L 1w 1 expressed  b y  w  an d  Ф :

L j =  —  i ± ^ ( A u + А ') -Ч /» А u L , w  -  Ь.2Ф ) . 
h h-

(27)
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S u b s titu tin g  (27) in to  (9) and  (2J ) [a n d , fo r th e  sake of u n ifo rm ity , expressing  
В b y  A 1 according to  (5)] yields th e  sy stem  of d iffe ren tia l equ a tio n s co n ta in in g  
th e  to ta l  deflec tion  w  and  th e  s tress fu n c tio n  Ф :

h L * A ' (Au +  A 1)“ 1 { h A u L 1w - L o O )  =  p ,  (28a)

L* (A “) - 1 [A' (Au-fA ') -1  {h A u L ,  w — L 2 Ф) +  U  Ф] =  0. (28b)

T h u s , (28a, b) m ay  be  considered as th e  system  of co n tin u u m  d ifferen tia l 
e q u a tio n s  describ ing th e  b eh av io u r of th e  general doub le -layer space tru ss .

P ro p o rtio n a lity  fac to r  к v an ishes from  th e  system  of d iffe ren tia l eq u a
tio n s , hence, к can  be assum ed a rb itra r ily .

O f course, E q s (28a, b) assum e in v e rtib ility  of m a trices  A u an d  (Au -f- 
-)- A '). In  a su b seq u en t p ap er, cases n o t m eeting  th is  cond ition  will be con
sidered .

In  th e  special case w here rig id ities  of th e  tw o chord  p lanes are p ro p o r
tio n a l (Au =  k A l) th e n , because of

A '(A u +  A ')“ 1 =  — - — E and  (Au)—1 A u =  E  , (28a)
1 + /c

(28a) an d  (28b) co n ta in  th e  p ro d u c ts  o f o p era to rs  L 1 L 2 m u ltip lied  b y  Ф an d  w, 
re sp ec tiv e ly , zero in  outcom e. H ence , e q u a tio n  system  (28a, b) is com posed of 
tw o  in d ep en d en t eq u a tio n s: th e  f irs t  one de te rm ines deflec tion  w  of th e  
p la te  w ith  th e  b en d in g  r ig id ity  m a tr ix

В =  h2 — - — A'
1 + k

an d  th e  o th e r p ro v id es  for th e  d e fo rm a tio n a l co m p a tib ility  of th e  com ple
m e n ta ry  stress fu n c tio n  Ф, b u t  in  case o f bou n d aries  n o t affected  b y  loads in  th e  
u p p e r  chord  p lan e , Ф =  0.

In te rn a l forces of th e  su b s ti tu tin g  co n tin u u m  o b ta in ed  b y  solv ing E q s  
(28a, b ), also ta k in g  b o u n d a ry  cond itions in to  considera tion , can  be co n v erted  
in to  b a r  forces accord ing  to  [7], [2] or [3].

5. B oundary  conditions

In  w h a t follow s, equa tions of free ly  su p p o rte d  (hinged) b o u n d a ry  con
d itio n s  will be w ritte n  dow n, an d  for th e  sake of sim p lic ity , only  fo r the 
b o u n d a ry  para lle l to  th e  x  axis:

zero deflec tion : iv =  0, (29a)
zero bend ing  m om en t no rm al

to  th e  b o u n d a ry : m y =  0, (29b)
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zero h o rizo n ta l (m em brane) force 
no rm al to  th e  b o u n d a ry  in  th e
u p p e r cho rd  p lan e : ny =  nyl -f- n y2 =  0 , (29c)

zero (m em brane) sh ea r force in  th e
u p p e r chord  p lan e : u xy =  n xy1 +  n xy2 =  0. (29d)

M aking use of (18a), (29b) y ie ld s nyl j =  0, hence (29c) becom es, ta k in g  (14b) 
in to  considera tion :

Ф" =  0. (29c*)

T he m o m en t needed  for (29b) can  be expressed b y  w  a n d  Ф b y  su b s titu tin g  
(27) in to  (6b). T ak in g  also (5) in to  considera tion , we o b ta in

ш  =  — h A l{Au - f  A l) ~ \ h A u L x w -  Ь 2Ф). (29b*)

T he com ponen t o f th is  m o m e n t v e c to r  no rm al to  th e  b o u n d a ry  (in  th is  case 
rriy) has to  be zeroed.

F in a lly , th e  in te rn a l force v ec to r  п г1 needed  fo r (29d) can  be w ritte n  in  
th e  form

* i  I
hk

1 + k
A 1 L l iCj

m ak ing  use of (18b) an d  (5). S u b s titu tin g  (27), n n  can  be  expressed  b y  w  and  
Ф as:

n ,, -  A \A U A ') 11A A* L , w  — L„ Ф). (29d*)

B o u n d ary  cond ition  (29d) can  be  w ritte n  b y  ta k in g  th e  co m ponen t nxyll, 
and  add ing  — Ф'' in  c o n fo rn a ty  w ith  (14c).

6. A pplication

L e t us w rite  dow n c o n tin u u m  differen tia l eq u a tio n s  of th e  space tru ss  
w ith  id en tica l r ig id ity  ch a ra c te ris tic s  in  d irections x  an d  y , F ig . 1, by  m eans 
of general equ a tio n s (29a, b).
This space tru ss  is ch a rac te rized  b y  th e  rig id ity  m a tr ix  of th e  low er chord 
p lane  tak in g  th e  fo rm :

[ A 0 0
A 1 = 0 A t 0

0 0 0

an d  of th e  u p p e r chord  p lan e (see in  [2]):

1 A vA 0
Au = vA A 0

0 0 A
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A ccording to  (3):

E stab lish  now  m atrices  (A") 1 an d  (Au -|- A')

(A“)u \- l  _

1 —  V

A u+ A ')“ 1=

A (  1 -  V2)

—  V

A ( \  -  v2)

0

( A , + A )

A (  1 -  v2)

1

A ( \  -  V2)

0

0

1

*xy

vA

( A , + A ) 2 -  V2 A 2 

— vA
( A ' + A ) 2 - V 2 A 2

0

( A , + A ) 2 -  v2 A 2 

( A , + A )
( A , + A ) 2 -  V2 A 2

0

0

1

A fter th e  in d ic a te d  o p era tio n s, E q s (28a, b) becom e: 

h

~ ( l+ k ) 2 - k 2 V2

+  [kv ( Ф ^ + Ф  -) -  2(1 +  k) Ф - } }  =  p ,  

h

(1 + Ä )2 — к 2 V2

1

[ h k  A l [ ( l  +  fe — kv2) tvl v -\-2v tv"“ +  (1 +  — kv) u>::]

1У+ ф : : ) _ 2 (1 +  *) Ф " " ] } = р ,

[ — (̂м;1 v A w::) +  2 ( l +&) м/'"] —

[(1 +  k)2 - k 2v2] k( 1 ~ v 2)A ,

1
2 v{ l  +  2k) Ф""} +

fc(l -  V2) A,

{ [ l + f e ( l + r 2)] (Ф>У +  ф ::)-

(Ф1У ф:: _  2vф"'^)
ф »"

N eglecting  th e  tra n sv e rse  c o n tra c tio n  of th e  u p p e r ch o rd  p lan e  (v 
th e se  equations sim p lify  in to :

h2
1 +  Jfc

IC1V +  tv:: —
2 Ф"" 

hkA[
=  P

an d
2 h 1 Ф"'

w"" +  Г  (Ф1У + Ф ::) +  - g —  =  0 .
l  +  /c (1 + / с)у4, l xy
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F o r V  =  0 an d  free ly  su p p o rted  edges, b o u n d a ry  co n d itions are  sim ply :

w — 0, (29a)
Ф" =  0, (29c*)

B o u n d a ry  co n d ition  (29b*) w ould  be

h A  w Ф" =  0

b u t  because  o f (29c*) i t  can  be fu r th e r  sim plified  to

w"  =  0, (29b*)

an d  f in a lly  (since e lem en t 33 o f A" =  k X l is zero) nxyll — 0, th u s  (29d) b e 
com es:

Ф" =  0. (29d)

N otice , how ever, th a t  n eg lec t of th e  tra n sv e rse  co n trac tio n  anyhow  in 
volves an  ap p ro x im a tio n , since accord ing  to  [2], no  ch o rd  p lane  m esh  w ith  
tw o-w ay  ten sile  an d  sh ear rig id ities , o f exac tly  zero tran sv e rse  c o n trac tio n  
coeffic ien t, ex ists.
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Berechnung zweischichtiger Raumfachwerke mit unteren und oberen Gurtebenen von 
verschiedenen Steifigkeiten mit dem Kontinuumverfahren. Ein allgemeines Verfahren wird 
angegeben für die Bestimmung des gleichwertigen Kontinuums von zweischichtigen Raum
fachwerken, deren beiden Gurtebenen aus unterschiedlichen, beliebigen Netzwerken bestehen. 
Differentialgleichungssystem und Randbedingungen des gleichwertigen Kontinuums werden 
abgeleitet. Außer der Durchbiegungsfunktion, die die Plattenverformung beschreibt, ist noch 
eine Spannungsfunktion nötig für die Kennzeichnung des Kräftespiels des Ersatzkontinuums, 
ähnlich dem Fall der Rippenplatten.

Расчет двухслоный пространственных ферм различной жесткости, имеющих 
верхнюю и нижнюю плоскости пояса. В работе излагается общий метод определения 
эквивалентного континуума двухслойных пространственных ферм, у которых две плос
кости пояса состоят из любых, различающихся друг от друга сетей. Выводится система 
дифференциальных уравнений и краевые условия эквивалентного континуума. Определя
ется, что кроме функции изгиба, характеризующей деформацию плит, необходима и функ
ция напряжений — для характеристики работы замещающего континуума подобно слу
чаю ребристых плит.
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A CAPACITIVE DISCHARGE METHOD FOR 
DETERMINING GAS IMPURITIES QUANTITATIVELY

J. F. BITÓ*
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and

K. G. ANTAL**
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An original statistical model allowing theoretical determination of the critical 
breakdown field strength is presented. The applicability of the method is shown for 
argon. A good agreement has been found between the values of the critical breakdown 
field strength calculated by means of the proposed model and obtained experimentally. 
The revealed microphysical relationships lead to a quick quantitative method of gas 
analysis. By showing the possibilities of improving the model underlying theoretical 
considerations the importance of further information available is emphasized in this 
way.

In tro d u c tio n

In  m a n u fac tu rin g  flu o re scen t lam ps, a n u m b er o f  d iffe ren t gases im 
p a irin g  discharge p a ra m e te rs  an d  reg a rd ed  as im p u ritie s  a re  re leased  or re ta in 
ed du ring  ce rta in  o p era tio n s  o f vacuum  technology . T hus, fo r exam ple, lib er
a tio n  of air can  be ex p ec ted  as a re su lt of an  ineffic ien t p u m p in g  an d  th a t  o f 
CO g an d  CO w ith  a decom position  of th e  oxide ca thodes. A v e ry  im p o rta n t 
deg rad ing  m ay  be  caused  b y  th e se  resid u a l gases and  v ap o u rs  in  argon  as filling  
gas a t  a p ressu re  o f 2,5 m m  of m ercu ry  even w ith  a p a r tia l p re ssu re  of th e  o rd er 
of 10-4  m m  H g, so th a t  a qu ick  in d ica tio n  and  loca tio n  of im p u rity  sources 
in  th e  m ass p ro d u c tio n  o f f lu o rescen t lam ps are ju s tif ied . A  sa tis fac to ry  so lu 
tio n  b y  availab le  gas analysis m eth o d s such as m ass sp ec tro g rap h y , for ex 
am ple, is im possib le because  o f th e  length iness of m easu rem en ts  and  th e  fa c t 
t h a t  an  accu ra te  fa u lt  lo ca tio n  w ould  requ ire  th e  b re a k in g  up  o f a large 
n u m b e r o f lam p s, in c reasin g  th e  costs of an  analysis ex trem ely . T hus, a d is
charge  m eth o d  o f d e te rm in in g  im p urities by  n o n -d es tru c tin g  m easurem ents 
on th e  lam ps w as u rg e n tly  req u ired . H ow ever, an  analysis  o f *the m ain  d is
charge  betw een  th e  tw o  oxide ca thodes failed  to  fu rn ish  th e  desired  resu lts  
because of th e  la rg e  n u m b e r o f fac to rs  invo lved . T hus arose th e  idea  of using  
a capac itive  d ischarge  b e tw een  tw o clam ps p laced e x te rn a lly  on  th e  glass tu b e  
o f th e  lam p to  d e te c t low -co n cen tra tio n  im p u rities . T his, in  tu rn ,  requ ired  an

* Dr. J .  F. B it ó , Korompai u. 22/a, 1124 Budapest, Hungary
** K. G. Antal, Vécsey Itp. 4, 1204 Budapest, Hungary
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e la b o ra te  theo re tica l an d  ex p erim en ta l s tu d y  of a lte rn a tin g -cu rre n t capac itive  
d ischarges.

A survey  an d  sy s te m a tiz a tio n  of th e  lite ra tu re  on ava ilab le  discharge 
c r ite r ia  and  th e  p rocesses in tro d u c in g  a discharge [ 1 , 2 ]  h a v e  show n th a t  no 
b reak d o w n  crite rio n  b ased  on ex p e rim en ta l resu lts  in  th e  p ressu re  range and  
a t  th e  frequencies o f  in te re s t  is av a ilab le .

I t  was decided to  develop a s ta tis t ic a l  m odel fo r a rg o n  gas a t  p ressures 
in  th e  o rder of a few  m illim etres o f m ercu ry  a t  a freq u en cy  of 50 H z w hich 
co u ld  read ily  be genera lized  to  in c lu d e  o th e r in e r t gases an d  allow ing a s tu d y  
o f  b reakdow n p h en o m en a  as w ell as to  in te rp re t th e  re la tio n sh ip  betw een  
m easu rab le  p a ra m e te rs  of a cap ac itiv e  discharge and  m ic ro p aram ete rs  of th e  
o p e ra tin g  gas and , a f te r  hav ing  c leared  up  these  p h en o m en a  to  such an  e x te n t 
to  develop a gas an a ly sin g  m e th o d  th a t  could be used  fo r  in d u s tr ia l purposes. 
I n  th e  following, a n  acco u n t of th e  th eo re tica l and  ex p e rim en ta l resu lts  ob
ta in e d  and  of th e  m e th o d  developed  on th is  basis as w ell as its  app licab ility  
w ill be  given. To allow  a good g rasp  o f th e  s itu a tio n , th e  su m m ary  of these  
re su lts  w hich follow s here  is re s tr ic te d  to  th e  case of a flu o rescen t lam p.

1. L ow -frequency  b reakdow n  criterion  for a rg o n  gas

B y using th e  m ic ro ch a rac te ris tic s  of th e  gas, th e  e x te rn a l dim ensions of 
th e  d ischarge tu b e  a n d  th e  ch a rac te ris tic s  of th e  app lied  fie ld , th e  dom ain  to  
b e  analysed  here  can  be  ch a rac te rized  b y  th e  in eq u a lities

A <7 d, r ; ca -< v; ca udjd (1)
where

A — free mean path of an electron; r and d characteristic dimensions of the discharge tube 
(length and radius); 

со — frequency of the applied field;
v — frequency of the collisions between electrons and neutral gas atoms; 
ud — electron drift velocity.

(F o r  a m ore d e ta iled  c lassification  o f d ischarge cond itions see [1—2]). In  th is  
case, b reakdow n c r ite r ia  in  [3—7] a re  generally  based  on a corpuscle b a lance  
b y  analogy w ith  T ow nsend 's  m odel, p rim a ry  and  seco n d ary  ion isa tion  coeffi
c ien ts  being charac terized  by  a an d  у  as ca lcu la ted  for d ire c t c u rren t or d e te r
m in ed  experim en ta lly .

In  th e  case o f a capacitive  d ischarge  in  a d ischarge vessel hav ing  in su la t
in g  w alls as in v e s tig a te d  b y  th e  au th o rs , v e ry  sm all va lues o f у  can  be assum ed 
b u t  th is  secondary  em ission coeffic ien t у  varies co nsiderab ly  from  one p o in t 
to  an o th e r accord ing  to  th e  s ta te  o f th e  p a rticu la r  e lem en ta ry  surfaces, so 
t h a t  i t  would be d ifficu lt to  s u b s ti tu te  a p roper value — co m p u ted  or m easured  
—fo r yeff in  th e  b reak d o w n  crite rio n  based  on a corpuscule  balance .
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In s te a d , a sp a tia l e lec tron  m u ltip lica tio n  is in te n d e d  to  be  ta k e n  in to  
acco u n t b y  using  tb e  energetic  concep tion  [1, 2] a lth o u g h  i t  th e  im p o rtan ce  
o f th e  p a r t  p lay ed  b y  w all processes in  estab lish ing  a d ischarge is realized . 
As a m a tte r  of fac t, th e  b reak d o w n  crite rion  has been  s ta te d  w ith  th e  re s tr ic 
tion  th a t  th e  m ean  energy  ch arac teriz in g  a p a r tic u la r  e lec tron  or e lec tron  
cloud should  a t ta in  th e  io n iza tio n  energy  of a n e u tra l  a to m  in  th e  o p e ra tin g  
gas, w hich , a p p a re n tly , w ould invo lve  a neg lection  of th e  secondary  p h en o 
m ena a lth o u g h  th e y  h av e  been  ta k e n  in to  acco u n t in d ire c tly  as a necessary  
cond ition  for th e  secondary  processes to  ta k e  p lace.

T h e  b reakdow n  crite rio n  based  upon  th e  energetic  concep tion  has th e  
n a tu re  of a low er lim it alone, in  th e  w ay  in  w hich i t  h as  been  defined . H ow ever, 
th is  is only an  a p p a re n t d isad v an tag e  over th e  b reak d o w n  c rite ria  based  u p o n  
th e  p a rtic le  ba lance  w hich in p rinc ip le  includes a n ecessary  and  su ffic ien t 
cond ition  for a b reak d o w n  to  ta k e  place.

In  th is  connection , an  equal o r even la rger e rro r m ay  be m ade in  b o th  
d irec tions in  d e te rm in in g  th e  c ritica l b reakdow n  v o ltag e  (or fie ld  in te n s ity )  
w hen th e  coefficients a  an d  y  ch arac teriz in g  a sp a tia l io n iza tio n  and  seco n d ary  
em ission, respective ly , are  ta k e n  in to  accoun t w ith  an  n o n -a d e q u a te  accu racy .

W ith  these  rem ark s  in  m ind , a b reakdow n  c rite rio n  fo r th e  in v es tig a ted  
case has been  fo rm u la ted  as follows.

A  discharge begins w hen  th e  k ine tic  energy  o f th e  charged  p a rtic le s  
in itia lly  p resen t in  th e  d ischarge space as averaged  over a h a lf  cycle of th e  
app lied  fie ld  a tta in s  th e  energy  w hich is necessary  to  ionize th e  opera tin g  gas.

In  developing th e  b reak d o w n  crite rion  p re sen ted  here , a s ta tis tic a l de
sc rip tio n  has been  chosen.

In  o rder to  d e te rm in e  m ean  th e rm a l (random ) an d  o rien ted  (drift) v e lo c ity  
com ponen ts of e lectrons fo r th e  one-d im ensional case, a M axw ell—B o ltzm an n  
eq u a tio n  inc lud ing  a p e r tu rb a tio n  caused  only b y  th e  app lied  electric  fie ld  
(H  =  0) will be used ,

Э/о  , V e E
’ ~ ( v2f i )  +  S o —  0 

ov8, + ~3 3 m®2

V l + v _9£l +  —
9/o ©IIri+

dt dx m 9u
where
/„ — symmetric component without perturbation of the distribution function; 
f x —  asymmetric component with a perturbation of the distribution function, taken as a 

first approximation;
X  — co-ordinate in the direction of the field;
V — electron velocity; 
m — electron mass; 
p — electron charge;
E — applied electric field;
S0 — zeroth moment of the collision integral;
S, — first moment of the collision integral.
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(F o r  a detailed  d e r iv a tio n  of E qs (2) see [1] and  [2]).
T he m om ents o f th e  b reakdow n  in te g ra l will be ta k e n  in to  accoun t in 

th e  form

a n d

S„ =
1 8 v 3 

dv m
. • JÍL - iVq.

A(r) dv A(p )
(3)

(4)

developed by Davidov [20],

where к — Boltzmann constant;
T . — temperature of the gas;

Л(») — free mean path of an electron.

T h u s , a system  of s im u ltan eo u s eq u a tio n s serv ing  to  d e te rm in e  th e  d is trib u tio n  
fu n c tio n

/ ( * ) = / .+  - ^ / i
V

( 5 )

c a n  be w ritten  dow n in  a fin a l form  as:

8/o  . v
• — Л  +

1

Qt 3 8 a ; 3 m V2

1 8 v3 к T g Э/о
v 2 8v m  A Qv

Qv
(v2A )  -

v * f o

a n d
9 /i
of ox m ov A

( 6)

( 7 )

I n  E q u a tio n s  (3) an d  (4] expressing th e  m o m en ts  of collision in te g ra l inelastic  
in te ra c tio n s  have  b een  d isregarded . T a k in g  these  in te ra c tio n s  in to  acco u n t in 
d e te rm in in g  th e  d is tr ib u tio n  fu n c tio n  m akes an  analysis e x trem e ly  d ifficu lt, 
a n d  a so lu tion  to  th e  eq u a tio n  is to  be fo u n d  only by  som e n u m erica l m ethods.

To determ ine  th e  m ean  e lec tron  en erg y  ( tem p era tu re ) an  ap p ro x im ate  
m e th o d  tak in g  in e la s tic  collisions in to  acco u n t is w idely  used  [8, 9], th is  being 
b a se d  up o n  an  analy sis  of th e  energy  b a lan ce  for e lec tron  cloud. T he m ain 
p o in t o f th e  m eth o d  lies in  th e  fa c t th a t  in s te a d  of d e te rm in in g  a m ean  energy 
d ire c tly  th ro u g h  a co m p lica ted  d is tr ib u tio n  fu n c tio n  th e  fac to rs  augm enting  
o r  reducing  th e  en erg y  o f th e  electrons are  expressed in th e  form  of an  energy 
b a la n c e  based u p o n  som e physica l con sid era tio n s, and  th e  m ean  ran d o m  and  
d r if t  velocities in v o lv ed  are  given b y  m ean s of a sim pler d is tr ib u tio n  fu nc tion  
allow ing  for ine lastic  in te rac tio n s  only . A  sim pler d iffe ren tia l eq u a tio n  th a t  
in c ludes th e  energy  dependence  of th e se  m ean  values an d  collision cross-sec
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tio n s ch arac teriz in g  e lastic  collisions can be analysed  m ore  easily, and  a good 
ap p ro x im atio n  is th e n  a tta in e d  in  d e te rm in in g  m ean  e lec tron  energy.

B y  using th is  m e th o d  th e  e lem en ta ry  processes re su ltin g  in  an  energy  
gain  (P ) an d  energy  loss (N )  in  th e  g iven  case will now  be  in v estig a ted . 

Processes lead in g  to  an  energy  gain:
A n electron  tra v e rs in g  a d is tan ce  d x  — ud dt in  tim e  dt in  th e  app lied  

fie ld , E  receives an  average  energy

P x =  e E  ud dt (8)

from  th is  field , w here  ud is th e  m ean  d r if t  ve lo c ity  o f th e  electrons.
On th e  o th e r  h a n d , th e  energy  th a t  can  be o b ta in e d  during  in e lastic  

in te rac tio n s  w ith  th e  ex c ited  atom s p re se n t in  th e  fie ld  can  be  w ritten  as

P 2 =  vr na a a eUa dt (9)

where

na — concentration of the excited electrons; 
vr — mean random velocity of electrons;
aa — cross-section of an inelastic collision between an electron and an excited atom, re

sulting in an energy transfer;
Ua — potential corresponding to the mean energy of an excited atom.

Processes le ad in g  to  an  energy  loss:
E nergy  loss occurs in  th e  case of an  elastic  collision betw een  an e lec tron  

an d  a n e u tra l gas a to m . T he energy loss in  a collision is

A K e = -----( K e — K g) =  A[e U e] =  - - ^  e (U e -  U g) (10a)

where

K e g — kinetic energy of an electron and a gas atom, respectively;
Ue g — potential corresponding to kinetic energy.

T he energy loss d u rin g  dt is

N 1 =  A [ e U c] - ^ ~  d f =  -  ~ ~ ~ e (Ue  — U g) n g a v r (10b)

where

A — free mean path of an electron with an energy eUe; 
na — concentration of gas atoms;
(j — elastic collision cross-section in the case of an electron energy of eUe.

F inally , th e  en erg y  loss caused  b y  an  ine lastic  collision can be w ritte n  
in  th e  form  of a sum  yielding

JV2 =  — vr ng e J ?  ak Uk dt (11)
к

where

(7д. — inelastic collision cross-section;
Ufr — excitation and ionization potentials of the atoms.
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B ased on e le m e n ta ry  processes lead in g  to  th e  above  energy  gain  an d  
lo ss, a balance eq u a tio n  to  d e te rm in e  th e  e lec tron  m ean  en erg y  can  be w ritte n  
in  th e  form

( 12)
w h ere  djdi is th e  to ta l  d ifferen tia l, i.e .

d Э Э

dt 0t d dx

A n energy b a la n c e  w ritte n  in  su ch  a general form  is n o t  only  app licab le  
to  processes p reced ing  a b reakdow n h u t  can  '■'so be reg a rd ed  as a useful basic  
e q u a tio n  in  d ischarge physics [8, 9j

In  th e  case to  b e  analysed  h ere  A q u a tio n s (6) an d  (7) w ill be used  to  
d e te rm in e  ud and  vr.

I t  should  be n o te d  in  passing  th a t ,  in  th e  p ressu re  ran g e  in v es tig a ted , 
th e  ra tio  A/d has a v a lu e  [10]

—  ~  IO“ 2 <  1 .

dU ,

dt
• -= — E u d ------- vr ngo

2m
M

( U e ~ U g) 2 - ^ - ^  A cr n„ W

I n  o th e r  w ords, w h en  d im ension d o f  th e  discharge vessel is reg a rd ed  as a 
c h a ra c te r is tic  d im ension , a good ap p ro x im a tio n  is o b ta in ed  b y  neg lecting  co
o rd in a te  dependence b o th  in  E q . (6) a n d  (7) serving to  d e te rm in e  th e  d is tr i
b u tio n  fu nc tion  an d  in  E q . (12) ch a rac te riz in g  th e  energy  ba lan ce . F u r th e r 
m o re , tim e  dependence can  be expressed  in  th e  form  exp (-i cot) w hen  th e  a n a l
y s is  is re s tric ted  to  th e  perio d  before d ischarge  (im m edia te ly  befo re  b reak d o w n , 
s ta t ic  fields due to  a chang ing  process o f th e  walls need n o t to  be  ta k e n  in to  
acco u n t).

C onsequently , th e  s im u ltaneous d iffe ren tia l eq u a tio n s (2) to  be used  in  
d e te rm in in g  th e  d is tr ib u tio n  fu n c tio n  m a y  be analysed  in  a s ta tio n a ry  ho m o 
geneous case. A n ecessa ry  cond ition  fo r th e  given a p p ro x im a tio n  to  be ap p li
cab le  is given b y  th e  in e q u a lity  [1, 2]

e2 E 2
----------------------- <ê 1
m  к T(co2-\-v2)

w h ere  T  is th e  e lec tro n  te m p e ra tu re .
In  a low freq u en cy  case w here со <[ v, a.c. field  in te n s i ty  E  can  be re 

p laced  b y  a d.c. effec tive  value  E eff an d  b y  using  th e  re la tio n sh ip

2 _ 2 1
-c-eff —  ^ e f f  ^ 2

1 ^ 2~V-
w ith
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k T 2m  vr ; 
e E

th e  c rite r io n  (13) lim its  th e  va lu e  of th e  “ sm all”  p a ra m e te r  udlvr in  th e  series 
ex p an sio n  of th e  d is tr ib u tio n  fu n c tio n :

ud
< 1 .

P rev ious experim en ts an d  an  e s tim a te  of th e  co rrespond ing  p a ra m e te r  
h av e  show n th a t  th is  cond ition  is fu lfilled  in  th e  case in v e s tig a te d  here  [10] 
so th a t

- ^ - ~ 1 0 - 2 < 1 .

T o solve th e  system  o f sim u ltan eo u s equations in  (6) an d  (7) a fu r th e r , 
w ell-know n ap p ro x im atio n  will be m ad e  [1, 2]. T he sy m m etric  com ponen t of 
th e  d is tr ib u tio n  fu n c tio n  is assum ed  to  be cha rac terized  b y  a M axw ell — 
B o ltzm an n  d is trib u tio n , so th a t  th e  tw o  associated  eq u a tio n s becom e in d e 
p e n d e n t of each o th e r and  u d can  be c o m p u ted  d irec tly  from  (7) an d  (8). A fte r 
in te g ra tio n ,

e E
(14)“ d — _ .

m  v — ico

v — ^m ax/^m ax) • (15)
w here

T h is  va lu e  of v is o b ta in ed  b y  considering  Â(v) to  h av e  a slow v a ria tio n  
as co m p ared  to  th a t  of d f j d v  so th a t  i ts  va lu e  can be d e te rm in ed  a t  a ve lo c ity  
»max correspond ing  to  th e  m ax im um  v a lu e  o f th is  fu n c tio n . I n  E q . (12), vmax 
is s u b s ti tu te d  for vr as well an d  by  av erag in g  over a h a lf  cycle energy  b a lance  
i t  can  be  w ritte n  in  a f in a l form  as follow s [10]:

1
U . = -± . E 2 -  

З л  m

8
З л

4

З л

+

VU)

. 1
+ vi

e 
m

л m

m

M

1

T

Щ12
[1 +  i]

(16)

4
/ 8 1/  e

u a na <*a

З л 71 m ns a

U k U l'* [ l  +  i] +

Щ '2 [ l + i ] .

In  averag in g  along h a lf  a cycle a lin e a r  energy  dependence of th e  cross-sec
tio n s has been ta k e n  in to  account.
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In  E q u a tio n  (16) p o ten tia l Ue co rrespond ing  to  a m ean  electron energy  
acco rd ing  to  th e  b re a k d o w n  crite rion  will be  rep laced  b y  th e  ion iza tion  p o te n 
t ia l  Uj o f th e  n e u tra l  gas a tom s an d  th e n  rea l an d  im ag in a ry  p a r ts  sep a ra ted  
to  y ie ld  th e  fo llow ing tw o  equa tions [10]:

a n d

X m  Щ / 2  U к U j 12, __ _ a g j j  jji/2
M  a ng a

X
M

U f 2 ** U k U p na
n„

^ - u a u p  .
o'

(17)

(18)

A n inspection  o f  th e  equations o b ta in e d  from  th e  rea l p a r t  (17) and  im ag 
in a ry  p a r t  (18) show s th a t  E q . (18) does n o t include th e  freq u en cy  of th e  app lied  
f ie ld  causing a p e r tu rb a tio n  so th a t  E q . (171 alone has a p h ysica l rea lity . W ith  
th e  specific argon  gas p a ra m e te rs  su b s ti tu te d , it  can  be  seen th a t  th e  h ighest 
en e rg y  losses are  cau sed  by  inelastic  collisions, w hich is obvious since ion iza
t io n  cross-section in  th e  v ic in ity  of th e  ion iza tio n  th re sh o ld  is v e ry  sm all. On 
th e  o th e r  hand , o f th e  processes re su ltin g  in  energy gains, th e  energy gained  
fro m  th e  excited  a to m s is v e ry  sm all as com pared  to  th e  energy  o b ta ined  from  
th e  fie ld . W ith  th e  co rrespond ing  p a ra m e te rs  su b s titu te d , E q . (17) y ields a 
c ritic a l b reakdow n  fie ld  in te n s ity  of 66 V/cm  for 2,5 m m  H g  as a f in a l resu lt.

T he th eo re tica l v a lu e  of th e  c ritica l b reak d o w n  fie ld  s tre n g th  o b ta in ed  
ab o v e  fo r a low er l im it  show s a good ag reem en t w ith in  5 p e r cen t w ith  th a t  
o b ta in e d  e x p e rim en ta lly  fo r th e  g iven  gas p ressu re  (F ig . 2). H ow ever, th is  
occu rred  near th e  m in im u m  of E  ----- f ( p  d). Since th e  p roposed  m odel has 
b e e n  developed w ith  considerab le  s im p lifica tions in  o rder to  m ake an  analysis 
possib le , i t  is th o u g h t t h a t  a b reakdow n  crite rio n  th e  v a la b ility  o f w hich could  
be  ex ten d ed  to  a w id e r pressu re  range will be o b ta in ed  b y  fu r th e r  im prov ing  
th is  m odel (for ex am p le , b y  using la rg e r tim e  reso lu tion  in s te a d  of averag ing  
o v e r h a lf  a cycle).

2. Experimental conditions, methods, results

2.1 E xperim enta l conditions

E x p e rim en ta l in v es tig a tio n s  re la tiv e  to  low  freq u en cy  capac itive  d is 
charges w ith  e x te rn a l electrodes w ere ca rried  ou t b y  m eans of tw o d iffe ren t 
ty p e s  of discharge vessels.
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I n  su p p o rt of th e  th eo re tica l ana ly sis , experim en ts h a v e  been  ca rried  
o u t on a cy lindrical q u a rtz  d ischarge tu b e  hav ing  a sim ple geom etry . T w o 
co p p er clam ps 25 m m  w ide and  o f 0,2 m m  w id th  spaced a t  a d is tan ce  o f 18 
m m  w ere used  as e x te rn a l electrodes. T h e  dim ensions of th e  d ischarge v esse l 
u sed  in  th e  la t te r  ex perim en ts w ere th e  sam e as those of a s ta n d a rd  4 0 -w a tt 
f lu o rescen t lam p to  allow a d irec t a d a p ta b ili ty  of th e  o b ta in e d  resu lts  of 
m easu rem en ts .

T h e  in te rn a l walls of th e  q u a rtz  d ischarge  vessel w ere degassed fo r 20 
m in u te s  a t  a fin a l v acu u m  of 10~7 m m  H g  before filling  th e  vessel w ith  th e  
gas. O n th e  o th e r h a n d , h e a t t re a tm e n t o f  th e  discharge tu b e  h av in g  th e  sam e 
g eo m e try  as a f lu o rescen t lam p , w as m ad e  according to  th e  p resc rip tio n  of 
flu o re scen t lam ps.

Gas filling of th e  d ischarge tu b es  b y  freezing ou t w ith  liqu ified  a ir was 
accom plished  w ith  a special filling  sy s tem  [11] e lim inating  rec o n ta m in a tio n  
m echan ism s and  allow ing a t  th e  sam e tim e  th e  in tro d u c tio n  o f im p u rity  gases 
a t  a p ressu re  of ab o u t 10-4  m m  Hg.

In  experim en ta l w ork, noble gases (A, Ne, He) of sp e c tra l p u r ity  an d  
th e ir  m ix tu res  w ith  m ercury  a t a p ressu re  o f 2 х Ю -3 m m  H g  w ere used  as 
filling  gases (a t a w all te m p e ra tu re  of 25°C).

2.2 E xperim enta l methods

I n  th ese  in v estig a tio n s, p ressu re  w as m easured  b y  m ean s of a MU-81- 
ty p e  ion iza tio n  v acu u m  m e te r , M cL eod-type  m ercury  v a cu u m  m e te r  an d  a 
M U -71-type v a cu u m  m ete r, accord ing  to  th e  pressure ran g e  an d  a m ercu ry  
m a n o m e te r  was u sed  fo r a m ore a c cu ra te  d e te rm in a tio n  o f h ig h er p ressu re  
values.

T yp ica l c u rre n t ju m p s  in  cap ac itiv e  d ischarges w ere in v e s tig a te d  in  an  
a rra n g e m en t show n schem atica lly  in  F ig . 1 fo r b o th  ty p es o f d isch arg e  vessels.

T h e  vo ltage  of a s tab ilized  a. c. p ow er supp ly  S T F  ty p e  E K M -1834II 
w ith  a h igh  s tab iliz a tio n  fac to r, co n n ec ted  to  th e  220 V m a in s  th ro u g h  an  
in su la tin g  tran sfo rm er T r  w as app lied  th ro u g h  a to ro id a l coil to  th e  p rim a ry  
of a h igh -vo ltage  tran sfo rm er. B ecause o f th e  im pedance of th is  h igh -vo ltage  
tran sfo rm er, a M etro h m -ty p e  10-kiloohm  v a ria b le  resisto r P  w as in se rted  in 
to  th e  secondary  c ircu it to  allow , a t  th e  sam e tim e , an a c c u ra te  con tro l of th e  
v o lta g e  on th e  e lectrodes, th a t  is, on th e  c lam ps. This v o ltag e  app lied  to  th e  
e lec trodes via  load ing  res is to r R  w as in d ic a te d  by  a 0 ,2-class v o ltm e te r  V, 
w h ich  w as rep laced  b y  th e  Y  in p u t o f a T R -4602 ty p e  doub le-beam  oscillo
scope 0  w hen s tu d y in g  phase  cond itions o f  th e  cu rren t im pu lses w ith in  a h a lf  
cycle. To m easure th e  d ischarge c u rre n t, in p u t  X  of th is  oscilloscope was used  
to  in d ic a te  th e  v o ltage  drop  across R.  In  o rd e r to  o b ta in  a p ro p e r  signal level,
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lo a d  resis to r R  w as chosen of 0,5 m egohm s w ith  re g a rd  to  th e  system  tim e  
c o n s ta n t.

A  Briiel an d  K ja e r  2304 level reco rd e r w ith  in te g ra tin g  in p u t I  w as u sed  
to  re g is tra te  th e  e lec tric  charges accu m u la ted  on th e  w alls during  c u rre n t 
ju m p s .

220 V„,
Fig. 1. Schematic diagram of the equipment to investigate capacitive discharges

2.3 Results and their theoretical interpretation

These ex p e rim en ta l investiga tions w ere carried  o u t w ith  th e  double  aim  
o f p roducing  ex p e rim en ta l su p p o rt fo r th e  th e o re tic a l re su lts  by  m eans o f  a 
d ischarge  tu b e  h a v in g  idealized  g eo m etry  an d  of o b ta in in g  som e resu lts  w h ich  
cou ld  read ily  he  u se d  in  p rac tice  b y  m ean s of a d ischarge  vessel h av in g  th e  
g eo m etry  of a f lu o re scen t lam p, ch a rac te riz in g  th e  connec tion  betw een  m ic 
ro p a ra m e te rs  of gas space an d  m easu rab le  v o ltage  — am pere  ch a rac te ris tic s  
o f a capacitive  d isch arg e  system .

Since th e  specia l lite ra tu re  on cap ac itiv e  d ischarges [13, 14] gives b u t  a 
v e ry  incom plete  su rv e y  of th e  p ressu re  dependence  of capac itive  b reak d o w n  
v o ltag es  (field in ten s itie s)  in  various nob le  gases i t  seem ed to  be a necessary  
s te p , as a b eg inn ing  to  in v estig a te  p ressu re  dependence  o f  critical fie ld  in te n 
sitie s  (voltages) fo r  argon , neon, and  helium  reg ard ed  as im p o rta n t ra re  gases, 
in  ou r case in  th e  p ressu re  range from  1 0 ~ 1 to  50 m m  H g.

In  ad d itio n  to  th e ir  im p o rtan ce  in  in d u s try , th e se  gases are of in te re s t  
from  a th eo re tica l p o in t of view  since on th e  basis o f th e  velocity  d ependence
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of e lec tron  free m ean  p a th s  th e y  can  be g rouped  in  th re e  basic  classes being 
ty p ic a l fo r o th e r  gases as well, b y  a rran g in g  th e m  accord ing  to  th e ir  increasing  
ion iza tio n  p o ten tia ls  Xe v~n for argon , Xe c o n s ta n t fo r neon  and  «=« v 
fo r helium .

Fig. 2. pd dependence of critical breakdown field intensities for A, Ne and He

T he func tions E  =  f ( p  d) o b ta in ed  ex p erim en ta lly  fo r th ese  noble gases 
an d  th e ir  m ix tu res  w ith  m ercu ry  v a p o u rs  a t  a p ressu re  of 2 X 10-3  m m  H g 
are show n in  Figs 2 a n d  3. The p ro d u c t o f p ressu re  tim es, d is tan ce  was p lo tte d  
on th e  h o rizon ta l axis on a logarithm ic  scale, while th e  v e r tic a l axis shows th e  
c ritica l fie ld  s tre n g th  a t  w hich th e  f irs t  ty p ic a l c u rren t ju m p  of an  a.c. c ap ac 
itiv e  discharge ap p ears  (Fig. 4). A n in sp ec tio n  of these  cu rves shows th a t  fo r 
each o f th e  th ree  nob le  gases a m in im um  critica l b rea k d o w n  fie ld  in te n s ity  
can  he  a tta in e d  b y  v a ry in g  pressure  (or d istance), an d  th e  sam e s itu a tio n  is 
found  in  a m ix tu re  w ith  m ercu ry  v ap o u rs . C onsequen tly , p ressu re  dependence 
of b reakdow n  fie ld  in te n s ity  in a cap ac itiv e  d ischarge b ea rs  som e resem blance 
in  th is  sense to  th e  P asch en  curves fo r a d irec t cu rren t d ischarge . An inspec
tio n  o f th e  m in im um  va lu e  of th ese  fu n c tio n s shows th a t  in  th e  order of in 
creasing  ion iza tion  p o ten tia ls  th e y  are sh ifted  to w ard  a h ig h er and  h igher 
field  in te n s ity  b o th  fo r pu re  noble gases an d  th e ir  m ix tu re s  w ith  m ercu ry  
v ap o u r. A bove a p ressu re  of 10 m m  H g a v e ry  in te re s tin g  steep  increase in  th e
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c r itic a l b reakdow n fie ld  in te n s ity  is experienced  for argon  w ith o u t an y  ex
p la n a tio n , b y  using th e  proposed  th e o re tic a l m odel w ith  th e  sim plifica tions 
p re se n te d . As i t  was p o in te d  ou t in  th e  analysis of th e  th e o re tic a l m odel, i t  is 
th o u g h t  th a t  th e  v a lid ity  o f th e  p ro p o sed  breakdow n c rite r io n  th a t  is based  
u p o n  an  analysis o f th e  energy  b a lance  can  be im proved  an d  ex ten d ed  to  o th e r

Fig. 3. pd dependence of critical breakdown field intensity for A, Ne, He in a mixture with 
mercury vapour at 2 x  10 “3 mm Hg

n o b le  gases by  an  a p p ro p ria te  co n sid e ra tio n  of ex p e rim en ta l observations. 
As a f irs t step  in  th is  d irec tio n , e ffort w as m ade to  ad o p t a th e o re tic a l m eth o d  
b a se d  up o n  th e  analy sis  o f th e  s tru c tu re  o f  functional re la tio n sh ip s  betw een  
th e  physica l q u a n titie s  in  th e  dom ain  o f d ischarge physics. T he m ain  p o in t 
o f  th is  m ethod  lies in  th e  fac t th a t  b y  using  th e  d im ension  th e o ry —a fu n c 
tio n a l re la tionsh ip , a c c u ra te  w ith in  a c o n s ta n t facto r, can  be o b ta in ed  betw een  
th e  basic  p a ram e te rs  d e te rm in in g  th e  g iven  physical phen o m en o n . A choice 
o f  th e se  basic p a ra m e te rs  can  be m ad e  b y  reason of p h y sica l considerations 
o r  b y  th e  u se 'o f som e p a ra m e te rs  in  th e  system  of s im u ltan eo u s equations de
sc rib in g  th e  p henom enon . B y using  th is  m ethod  in  [15], ran d o m  an d  d rift 
ve lo c ities  w ell-know n in  th e  li te ra tu re  h av e  been o b ta in ed  fo r th e  th ree  basic 
g ro u p s of ve locity  dependence  of th e  free  p a th  leng ths in  a d .c. case w ith o u t 
a series expansion o f th e  M axwell B o ltzm an n  equations as p resen ted  in  th e
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discussion b y  using  som e ap p ro x im ate  m eth o d s. E v en  in  th e  case, how ever, 
w hen no system  of equa tions is ava ilab le , th is  is a v e ry  useful m ethod  fo r 
s ta tin g  th e  e x te n t to  w hich th e  m odel or p hysica l p ic tu re  to  be used to  describe  
th e  phenom enon  can  be supp o rted  b y  fu n c tio n a l re la tio n s  ex p erim en ta lly  d e 
te rm in ed . I t  is in te n d e d , am ong o thers, to  t r y  to  e v a lu a te  th e  fu nc tions show n 
in Figs 2 and  3 b y  th e  m e th o d  m en tio n ed  above.

E x p e rim en ta l observa tions m ade w hen in tro d u c in g  m ercu ry  v a p o u rs  
in to  noble gases rev ea led  th e  possib ility  o f an  a d d itio n a l im p ro v em en t o f th e  
m odel based  upon an  energy balance. In  th is  case, an  im p o r ta n t  decrease of th e  
c ritica l b reakdow n  fie ld  in ten s ity  can  be observed  even a t  a m ercu ry  v a p o u r  
p ressu re , v e ry  low as com pared  to  th e  p ressu re  o f th e  o p era tin g  gas (Fig. 2). 
O nly  a v e ry  s ligh t v a r ia tio n  in  th e  ca lcu la ted  v a lu e  o f c ritica l b reakdow n fie ld  
s tre n g th  occurs w h en  free p a th  leng ths an d  io n iza tio n  p o te n tia ls  ch a ra c te riz 
ing  th e  m ix tu re  of argon  and  m ercu ry  v a p o u rs  are  su b s ti tu te d  in  th e  ba lan ce  
eq u a tio n , and  energies w hich can he received  from  exc ited  atom s are  d isre 
garded . As a m a tte r  o f  fac t, m ercu ry  can  be  considered  as an  energy  s to rin g  
e lem en t in  th e  field  because of its  m e ta s ta b le  levels an d , a t  th e  sam e tim e , an  
im p o r ta n t p a r t  is p la y e d  b y  pho to io n iza tio n . T his la t te r  assu m p tio n  has been  
su p p o rte d  by  sp ec tra l investiga tions o f cap ac itiv e  c u rre n t pulses as w ell as 
th e  p h enom ena  o bserved  in  th e  case w hen  th e  d ischarge space has been exposed 
to  a lig h t source e m ittin g  an  in tensive  sp ec tru m  line a t  2537 Â.

To sum  up , th e  functions E cr == f ( p  d) m easu red  in  a m ix tu re  of th e  in 
v e s tig a te d  noble gases an d  m ercu ry  v ap o u rs  in  a w ide p ressu re  range and  show n 
in  F igs 2 and  3 can  be  in te rp re te d  b y  th e  u se  of th e  m odel b ased  on a s ta tis tic a l 
analysis  o f th e  energy  balance . On th e  o th e r  h an d , a d d itio n a l m ethods are  
n eeded  to  o b ta in  a p ro p e r pressure d ependence  along som e sections, fo r ex 
am ple, a t  pressures h ig h er th a n  10 m m  o f m ercu ry .

E xperiences gain ed  in  th e  course o f  th e  ex p e rim en ta l in v estig a tio n s 
c leared  u p  n o t only th e  in fo rm atio n  needed  in  in d u s tr ia l ap p lica tions b u t also 
som e w ays lead ing  to  an  im pro v em en t o f th e  m odel o u tlin ed  above.

F igures 4 —12 show  ty p ica l c u rre n t ju m p s  in  a cap ac itiv e  d ischarge an d  
tim e  v a ria tio n  of in d iv id u a l im pulses. T he m odel described  here  gives a co rrec t 
p ic tu re  only in  th e  m o m en t w hen th e  f ir s t  c u rre n t im pulse  appears (F igs 4 
an d  5) since charges are  g enera ted  in  th e  fie ld  an d  carried  to  th e  walls w here 
th e y  give rise to  a re ta rd a n t  s ta tic  fie ld  an d  th u s  th e  m o v em en t of a charged  
p a rtic le  will now  be d e te rm in ed  b o th  b y  th e  app lied  fie ld  in te n s ity  an d  th is  
s ta tic  fie ld . A s tu d y  o f  th e  in itia l p h ase  of c u rre n t ju m p s  an d  im pulse w ave 
form s [16] led  to  th e  estab lish m en t o f a d irec t re la tio n sh ip  betw een  m icro 
p a ram e te rs  of th e  o p e ra tin g  gas an d  th e  m easu red  v o lt-am p ere  ch a rac teris tic s  
of th e  capacitive  d ischarge  w ith  th e  g iven  g eo m etry  ta k e n  in to  accoun t.

T im e v a ria tio n  o f a cu rren t im pulse m ay  be ch a rac te rized  b y  a sim ple 
“ p ic tu re ” allow ing fo r th e  discharge g eo m etry  and  gas m icro p aram eters .
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Fig. 4. A typical capacitive discharge oscillogram

Fig. 5. Waveform of a capacitive current impulse

Fig. 6. A typical capacitive discharge oscillogram
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Fig. 7. Waveform of the capacitive current impulse

Fig. 8. Typical capacitive discharge oscillogram

Fig. 9. Waveform of the capacitive current impulse
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Fig. 10. Typical capacitive discharge oscillogram

Fig. 11. Waveform of the capacitive current impulse

Figure
No.

Beam X Beam Y

Horizontal ! Vertical
axis

fxsjcm V/cm

Horizontal
ax

ms/cm

Vertical
is

V/cm

4 2000 2 2 75
5 20 0,5 - -
6 2000 5 2 150
7 20 0,5 - -
8 2000 5 2 150

9 20 0,5 — —
10 2000 5 2 150

11 20 0,5 — —

Calibration table of the quadratic net for the oscillograms in Figs 4—11.
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A  d ischarge vessel can  be re g a rd e d  as th ree  condensers co nnec ted  in  
series giv ing a re su lta n t cap ac ity  of

_ 2 Cp Cq

2 CF -j- Cq
(19)

where

Cp — capacity between the external electrode and the internal wall of the discharge vessel
(Cp i~~i 100 /i/iF in the given case);

Cq —  capacity of the gas space ( > ~  10 p / iF ) .

B efore th e  beg inning  of a d isch arg e  th e re  is a cap ac itiv e  c u rre n t w hich  
flow s in  th e  load  res is to r circu it R MCer a n d  is de te rm in ed  b y  th e  app lied  v o lta g e  
an d  im p ed an ce . W hen  a d ischarge is s ta r te d  gas space c a p ac ity  m ay  be  co n 
sidered  to  be  sh o rted  b y  th e  d ischarge  as a f irs t ap p ro x im atio n . A c u rre n t 
ju m p  ap p ea rs  th e n  in  th e  circu it w ith  th e  am plitude

1 \  • (20bmp — Ed  I
1

■Rm +
icoC„

1

i co 2 Cr

This p ic tu re  fails to  p resen t tim e  v a r ia tio n  for a c u rre n t im pulse. To do th is , 
le t us consider th e  f irs t  im pulse (F ig . 5) w ith  th e  a ssu m p tio n  th a t  no charges 
h av e  been  accu m u la ted  on th e  w alls as y e t. In  th is  ap p ro x im a te  “ p ic tu re ”  
im pulse  rising  tim e  is d isregarded  an d  i t  is assum ed th a t  th e  c u rre n t a t  t =  t 0 
-)- öt (im m ed ia te ly  follow ing th e  d ischarge) m ay  be ch a rac te rized  b y  i imp 
d e te rm in ed  b y  th e  ex te rn a l c ircu it a n d  geom etry  (20). C u rren t d e n s ity  j  
co rrespond ing  to  th is  c u rren t in te n s ity  i imp can be w ritte n  in  te rm s of m ic ro 
p a ra m e te rs  as

where 

E r

J = b E r (21)

resultant field intensity between the internal walls of the discharge vessel; 
mobility characterized by the gas parameters.

W ith  th e  charges accu m u la ted  on th e  walls ta k e n  in to  acco u n t, th e  
r e s u lta n t  fie ld  in te n s ity  E L can  be  w r itte n  as

E x  =  E 0 sin (cot +  x)  - -1— f  i dt
:G d  J o

( 22 )

t0 =  0, i.e ., a t  th ew here % is th e  in itia l phase angle of th e  applied  fie ld  a t  t 
m o m en t of d ischarge (E crjt . =  E 0 sin  %).

B y using  E q s  (21) an d  (22), tim e  v a ria tio n  of th e  c u rre n t d e n s ity  is 
g iven  b y  th e  in teg ra l equation

i — e n b E 0 sin  (wt +  y)
id  J o 7

dt (23)

w here F  designates th e  w all area  u n d e r  th e  electrodes.
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O bviously, r is in g  tim e  is excluded  fro m  th is  fo rm ula , th a t  is,

|!=0+M Jimp (24)

is assum ed , w here j imp depends on th e  e x te rn a l c ircu it.
S u b sequen t im p u lses  are c h a ra c te riz e d  in  th e  sam e w ay  excep t th a t  

s ta t ic  fields caused  b y  th e  charges w h ich  h a v e  been  ca rried  to  th e  walls b y  
p reced in g  im pulses sh o u ld  also be ta k e n  in to  acco u n t an d  th e  in itia l p h ase  
ang le  of th e  app lied  f ie ld  will be a lte red  acco rd ing ly . Shifts o f th e  in itia l phase  
ang le  can be fo llow ed in  Figs 4, 6, 8 a n d  10. T he f irs t im pulse  appears near- 
th e  m ax im um  o f th e  ap p lied  field  (n o t reach in g  i t  because th e  f irs t  im pulse 
fo llow ing a b rea k d o w n  gives rise to  a s ta t ic  fie ld  a lte rin g  th e  phase  angle of 
th e  f i r s t  cu rren t im p u lse  appearing  in  th e  fo llow ing h a lf  cycle of th e  sam e p o la r
i ty )  as is to  be seen in  F ig . 4, while in  F ig . 10 i t  occurs in  a n eg a tiv e  h a lf cycle 
o f  th e  applied fie ld .

T hese sim ple “ p ic tu re s”  will suffice  to  c learly  show  th a t ,  in  add ition  to  
th e  c ritica l b reak d o w n  fie ld  in ten s ity  o f  th e  cap ac itiv e  d ischarge  (th e  apppear- 
ance  of th e  f irs t c u r re n t  im pulse), th e  v o lta g e  (field s tre n g th ) giving rise to  
su b seq u en t im pulses also  provide som e in fo rm a tio n  on th e  gas space m icro 
p a ra m e te rs .

To sum  up , i t  c a n  be seen th a t ,  w ith  a g iven  ex te rn a l e lectric  circu it an d  
d ischarge  geom etry , besides th e  c ritic a l b reak d o w n  fie ld  s tre n g th , in itia l 
p h a se s  of su b seq u en t c u rre n t im pulses, th e  correspond ing  fie ld  in tensities as 
w ell as tim e  d ep en d en ce  of cu rren t im pu lses p rov ide  in d ep en d en t in fo rm ation  
on th e  gas space p a ra m e te rs .

3. P rac tica l aspects

On th e  basis o f  d e ta iled  th eo re tica l a n d  ex p erim en ta l investig a tio n s of 
cap ac itiv e  d ischarges a g as-p u rity  te s tin g  m e th o d  has been  developed  b y  using 
m easu red  critical b rea k d o w n  field in te n s itie s  [17]. B y dete rm in in g  th e  firing  
v o lta g e  U1 of th e  f i r s t  c u rre n t im pulse as w ell as th a t  o f th e  second im pulse 
( U 2) an d  th e  e x tin c tio n  vo ltage  U10 of th e  f ir s t  im pulse th re e  connected  p a ra 
m e te rs  have  been fo u n d  to  constru c t c a lib ra tio n  curves b y  th e  use of w hich a 
q u a n ti ta t iv e  gas an a ly s is  can  be th e n  p e rfo rm ed  [18].

A  detailed  d esc rip tio n  of the  e q u ip m e n t used  in  th ese  investig a tio n s is 
g iven  in  Section 2 o f  th e  p resen t p ap er. B y  using  a special filling  system  cali
b ra tio n  curves show n in  Figs 13 —16 h a v e  been  co n stru c ted  fo r som e ty p es of 
im p u ritie s  m ost f re q u e n tly  encountered  in  th e  gas space of a fluo rescen t lam p 
su ch  as a ir, carbon  d io x id e , w ate r v ap o u r, oil v ap o u r. T hese cu rves show th e  
d ependence  of th e  th r e e  selected  p a ra m e te rs  u p o n  th e  p a r tia l  p ressu re  of th e  
im p u ritie s  in tro d u ced  in to  argon a t 2,5 m m  H g and  m ercu ry  v a p o u r  a t  2 X 10~3
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m m  H g in th e  p ressu re  ran g e  of in te re s t fo r th e  in d u s try . I n  th ese  figures, “ o”  
designates p a ra m e te rs  re la tiv e  to  a f lu o re scen t lam p  w ith  “ p u re ”  gas space .

In  Section  2.3, a t te n tio n  h as  d raw n  to  a re la tio n sh ip  betw een  th e  m eas
u rab le  v o lt-am p ere  c h a rac te ris tic s  of a cap ac itiv e  d ischarge  an d  th e  m icro-

Fig. 13. First firing voltage Uv  second firing voltage U2 and first extinction voltage U10 as 
functions of the partial pressure of air in a mixture of 2.5 mm Hg A +  2 x lO '3m mHg

mercury vapour.

Fig. 14. First firing voltage Uv  second firing voltage U2, and first extinction voltage Ul0 as 
functions of the partial pressure of carbon dioxide in a mixture of A (2.5 mm Hg) and mercury

vapour (2x 10-3 mm Hg)

Fig. 15. First firing voltage U1, second firing voltage U2, and first extinction voltage U10 as 
functions of the partial pressure of water vapours introduced into a mixture of A (2.5 mm Hg) 

and mercury vapour (2x  10-3 mm Hg)
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p a ra m e te rs  of a gas space . T he rev ea led  re la tionsh ip  suggests a n u m b er of 
p a ra m e te rs  allowing th e  co n stru c tio n  of ca lib ra tio n  curves usefu l in  p rac tice . 
T h e  choice of th e  th re e  p a ra m e te rs  p roposed  for in d u s tr ia l purposes ( U v  U 2 
a n d  U 10) was ju s tif ie d  b y  th e  fac t th a t  th e y  could be  reg is te red  sim ply  an d  
ra p id ly .

Fig. 16. First firing voltage Uv  second firing voltage t /2, and first extinction voltage U10 as 
functions of the partial pressure of oil vapour introduced into a mixture of A (2.5 mm Hg) 

and mercury vapour (2x  10 ~3 mm Hg)

( H 1 Û O Û Û Û O Û Û Û D Û 3 Û Û Q Û Û O Û O O O Û Û Ô C

Fig. 17. Integrated record of current impulses within half a cycle as a means for determining 
the amount of charges accumulated on the walls

T he oscillogram  u sed  in  la b o ra to ry  in v estig a tio n s is th a t  show n in Fig. 
17, w h ich  shows an  in te g ra te d  form  of th e  c u rren t im pulses as a fu n c tio n  of 
v o lta g e . In  th is  fig u re , th e  fo rm a tio n  an d  decay  of a cap ac itiv e  d ischarge 
o b ta in e d  w ith  a reco rd e r are  show n. U p to  p o in t X  o f th e  h o rizo n ta l axis, an  
in c rease  of vo ltage (field  in ten s ity )  gives rise  to  a sequence of c u rren t ju m p s , 
th e  a rea  of w hich in te g ra te d  over a h a lf  cycle is o b ta in ed  in th is  case in  a lo g a
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r ith m ic  scale. F ro m  p o in t X ,  th e  v o ltag e  (field  in ten s ity )  decreases an d  th e  re 
co rd e r reveals an  ex tin c tio n  ch a ra c te ris tic . B y know ing  th e  cu rren t ju m p s  cor
resp o n d in g  to  d iscre te  vo ltages an d  th e ir  a reas th e  am o u n ts  of charges on  th e  
w all can  be de te rm in ed . F rom  th is  p o in t of v iew , th e  reco rd  corresponds to  an  
im p ro v e m e n t on  th e  old m e th o d ; i t  gives m ore d e ta iled  in fo rm atio n  on  th e  gas 
space com position .
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Eine kapazitive Entladungsmethode für die quantitative Bestimmung von Gasverun
reinigungen. Die Verfasser stellen das von ihnen ausgearbeitete statistische Modell vor, mit 
dessen Hilfe die kritische Durchschlagsfeldstärke theoretisch bestimmt werden kann. Die 
Anwendbarkeit der Methode wird für Argon vorgeführt. Die auf Grund des Modells berechneten 
und die versuchsweise erhaltenen kritischen Durchschlagsspannungen stimmen gut überein. 
Im Besitz der aufgedeckten mikrophysikalischen Zusammenhänge wird eine gut verwendbare, 
schnelle, quantitative Methode zur Gasanalyse angegeben. Die Verfasser verweisen auf die 
Möglichkeiten für die Verfeinerung des Modells, welches die Grundlage der theoretischen Be
trachtungen bildet, und zeigen so die Bedeutung der auf diesem Wege erhältlichen weiteren 
Informationen.

Метод емкостных газовых разрядов для количественного определения газовых 
примесей. Описывается разработанная нами статистическая модель, при использовании 
которой теоретическим путем можно определить критическую напряженность поля при 
пробое. Применимость метода демонстрируется в случае аргона. Между значениями крити
ческой напряженности поля при пробое, вычисленными на основе модели и полученными 
экспериментальным путем, установлено удовлетворительное совпадение. Располагая 
вскрытыми микрофизическими зависимостями, авторами приводится отлично применимая 
на практике скоростная методика количественного газового анализа. Вскрывая возмож
ности усовершенствования модели, служащей в качестве теоретических соображений, 
дастся ссылка на значение дальнейших информаций, которые можно получить таким путем.
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EIN NEUES VERFAHREN ZUR LÖSUNG 
DER DOPPELPUNKTEINSCHALTUNG 

DURCH STRECKENMESSUNG

Z. BUOCZ und J. JANOSITZ 

[Eingegangen am 10. September 1971]

Die Arbeit bringt eine neuartige, von der herkömmlichen abweichende Behand
lung des Problems der Doppelpunkteinschaltung durch Streckenmessung. Der wahr
scheinlichste Wert einer Strecke wird von zwei gemessenen und berechneten Abständen 
bestimmt. Ein in der Fachliteratur bereits mitgeteiltes numerisches Beispiel dient zur 
Darstellung der Vorteile des Verfahrens.

Zeichenerklärung

s i (î — 1, 2 ,. 5) genaue Werte der Strecken [m]
St (» =  1, 2 ,. 5) wahrscheinlichste Werte der Strecken [m]
St ( * = 1 , 2 , . 5) gemessene Werte der Strecken [m]
S/ (* =  1 , 2 , . 5) berechnete Werte der Strecken [m]
s ;  (i =  l ,  2 , . 5) die in der Fachliteratur [2] ermittelten Werte der Strecken [m]
S/” (i =  1 , 2 . . . ., 5) die in der Fachliteratur [3] ermittelten Werte der Strecken [m]

Vo Mittelfehler der Längeneinheit [jm 2/m]
/1st (i = 1 , 2 , . . 5) Mittelfehler der Strecken werte §/ |/i0]
ßsi (i =  1, 2, . . 5) Mittelfehler der Streckenwerte S\ [/<„]
M  (i =  1, 2 ,.  .. . . 5) Mittelfehler der Streckenwerte SJ [/in]

*ß> XD ) 
У Bi УС: y’D J bekannte Koordinatenwerte der Punkte А, В, C, D [m]

yNi Koordinatenwerte, berechnet aus den Streckenwerten S3, S4 und den 
bekannten Koordinaten der Punkte C und D [m]

x Mii У Mi Koordinatenwerte, berechnet aus den Strecken werten S 2, S5 und den 
bekannten Koordinaten der Punkte В und [m]

M0, N 0 (bezw. Жд4 , ii У Mi У n) Werte dieser Koordinaten als Endergebnis [m] 
die in der Fachliteratur [2] ermittelten Endergebnisse für die Punkte 
M  und N  [m]

M*,N*

M**, N** die in der Fachliteratur [3] ermittelten Endergebnisse für die Punkte 
M  und N  [m]

D er A ufsa tz  b e fa ß t sich m it dem  P ro b lem  d e r D o p p e lp u n k te in sch a ltu n g , 
w orüber in  der F a c h lite ra tu r  [2, 3] be re its  b e r ic h te t w urde . A ufgrund  d e r 
B ezeichnung  des B ildes 1 lä ß t  sich das P ro b lem  fo lgenderm aßen  au fste llen :
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8 8 BUÓCZ — JANOSITZ

E s seien die K o o rd in a ten  der P u n k te  A ,  B ,  C u n d  D  gegeben . W ir 
w ollen  die A b stän d e

S v  S v  S3, S 4 u n d  Ss

in  g leicher W eise u n d  m it denselben  M eß g erä ten  e rm itte ln . M it den  e rh a lten en  
W e rte n  sollen die w ahrsch e in lich sten  W e rte  der K o o rd in a ten  d er P u n k te

M  u n d  N
b e s tim m t w erden.

D as P rinz ip  d er h ier en tw ick e lten  L ösungsm ethode w eich t von  jenem  
d e r  E m p feh lungen  der z itie r ten  F a c h a rb e ite n  [2, 3] n ich t ab , w ie dies auch  aus 
d en  E ndergebn issen  ersich tlich  is t. D och  g lauben  w ir, daß  u n se re  M ethode 
d e n  V orte il einer e in facheren  P ro g ram m ie ru n g  fü r die R echenm asch ine  b ie te t.

Z ur B erechnung  der K o o rd in a ten  d er P u n k te  M  u n d  N  so llen  die 
h ö ch stw ah rsch e in lich en  W erte  d er A b s tä n d e  Sj (i — 1, 2 , . . . ,5 ) , b e s tim m t 
w erd en . A u f G ru n d  d er in  der F a c h a rb e it  [1] dargeleg ten  A b le itu n g  steh en  
u n s  fü r  den  W ert S t zwei v o n e in an d er u n ab h än g ig e  In fo rm atio n en , Sj u n d  Sj', 
z u r  V erfügung. H ierau s e rg ib t sich d e r w ahrschein lichste  W ert von  S,-, n ä m 
lich  S , i

S , =
s;k - +  sj'K- 

!/<“ !; +  11/4;
( 1 )

wo p  die be tre ffen d e  m ittle re  A bw eichung  (S treuung) b e d e u te t. E s  w urde  b e 
w iesen, daß  in  K e n n tn is  der W erte  Sj u n d  S"  der «beste», also d e r m it dem  
k le in s ten  m ittle re n  F eh le r b e h a fte te  W e rt fü r  S (- du rch  Sj (1) e rh a lte n  w ird, 
w obei der k le in ste  m ittle re  F eh le r p- sich  folgenderw eise b e rech n en  lä ß t:

=  l / ^  +  l /p L . • (2)
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F ü r  d en  a u f B ild  1 d argeste llten  F a ll ergeben  sich  fo lgende W erte:
S'/ d ie sich  aus der M essung des i A b stan d es ergebende In fo rm a tio n ,
S Ï  d e r i A b s ta n d , b erechne t aus den A b stan d sw erten  Sj 

w obei j  =  1, 2, . . .  , 5, jedoch  m it j  ^  i.
M it R ü ck s ich t darau f, daß  S; als M eßergebnis e rh a lten  w urde u n d  d u rch  

E in b ez ieh u n g  d e r  Form eln

(X C ~  X N>) 2  +  ( j C  —  j N i ) 2 =  S ' j j ,

(xD -  xNl)2+ ( j d  — y Nlf  =  S ’l
(3 )

Xtf1 und  y Nl b e s tim m t w erden kö n n en , ergeben sich  die Form eln :

(xNl — x Ml)2+ ( y Nl — y Mlf  =  S'?,

(x B — * m i)2+ ( > b — J m i)2 =  S ' | ,

u n d  aus diesen lassen  sich die K o o rd in a te n  des P u n k te s  M1 bestim m en . 
M it d iesem  W ert erh a lten  w ir den  A b stan d

S[ =  Ä M ~

(4)

; 5

u n d  in äh n lich er W eise e rh ä lt m an  die b e rech n e ten  W erte  fü r

•%, S3 , S 4 u n d  S's.

V orausse tzu n g sg em äß  w urden die M essungen n ach  ein- u n d  dem selben P rin z ip  
u n d  m it genau  denselben  M eßgeräten  d u rch g e fü h rt, u n d  so erg ib t sich fo lgende 
B eziehung:

MÏ' =  S; (X% , (6)

wo ^(0 den  m ittle re n  F eh le r der L än g en e in h e it b e d e u te t. 
N ach  dem  F eh le rfo rtp flan zu n g sg ese tz  g ilt:

5

j =  1
i *

3S"; \ 2 

3  S j
( 7 )

I n  der F a c h li te ra tu r  [1] finden  w ir den  Beweis d a fü r, daß  m an im  F a lle  d e r  
V ern ach lässig b ark e it d er Glieder zw e ite r O rdnung  — übrigens einer V o ra u s
se tzu n g  des F eh le rfo rtp flanzungsgese tzes — in  d er R eihenen tw ick lung

s t =  S; (Sj) (j  =  1 , 2 , . . ., 5; j  ^  i), (8 )

die F o rm el au fsch re iben  kann :

e s I _ _  s t -  s; 
3 Sj ~  sj -  s ;

(9)
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A us dem  Besagten, g eh t hervor, d aß  zu r B erechnung  des A b stan d sw ertes  
S( d ie  K en n tn is  des m itt le re n  Fehlers ц 0 d e r L ängeneinheit n ich t erfo rderlich  
is t. D ie  B ew eisführung  gem äß der F a c h li te ra tu r  [1] e n th ä lt noch  fo lgende 
F e s ts te llu n g :

F a lls  die K o o rd in a te n  der P u n k te  M 0 u n d  N 0 aus den W erten  S ;- berech 
n e t  w erd en , so k a n n  zw ischen  den, aus d en  K o o rd in a te n  von  zwei b e n a c h b a rten  
P u n k te n  b erech en b aren  A b stan d sw erten  u n d  den  diesen zu g eo rd n e ten  S t 
W e r te n  kein  W id ersp ru ch  bestehen .

Z um  besseren  V ers tän d n is  sei h ie r das num erische  B eispiel gem äß  der 
F a c h li te ra tu r  [2, 3] d a rg es te llt.

E s  seien die gegebenen  K o o rd in a ten  d e r g en an n ten  P u n k te  А ,  В ,  C u n d  
D  (W erte  in  [m ]):

А В С D

X +  7 6 6 ,6 6 +  6 3 9 ,5 5 +  1 8 1 6 ,3 8 +  2 1 3 4 ,1 2

У +  2 0 3 6 ,8 5 +  1 3 1 9 ,5 6 +  7 5 2 ,5 3 +  1 672 ,81

N u n  folgt die T afe l m it den gem essenen  und  den b e re c h n e ten  W erten , 
w ozu  b em erk t sei, d aß  die W erte  S f  d e r Q uelle [2] und  die W erte  Sf*  der 
Q uelle  [3] en tn o m m en  w urden .

E s soll d a ra u f  h ingew iesen w erden , d a ß  die E in h e it [/4] fü r  die G rößen 
jufj u n d  /4? der 2. u n d  4. R eihe  sich aus den  Z usam m enhängen  (6 ) u n d  (7) e rg ib t.

G röße und Einheit 1 2 3 4 5
•

S 'i  [m ] 5 8 5 ,9 7 461 ,41 5 6 1 ,0 7 7 1 3 ,6 0 576 ,21

5 8 5 ,9 7 461 ,41 5 6 1 ,0 7 7 1 3 ,6 0 5 7 6 ,2 1

s"  [ m ] 5 8 5 ,3 7 0 8 8 4 6 0 ,4 9 2 8 9 5 6 0 ,5 3 2 5 7 7 1 2 ,7 3 6 5 9 5 7 5 ,7 1 7 9 7

V s'i Ш 2 0 9 2 ,1 2 4 0 5 8 1 3 ,9 4 3 7 1 5 9 3 ,8 9 2 8 4 8 4 8 ,4 2 1 4 1 2 3 0 ,0 2 7 3

S i  [ m ] 5 8 5 ,8 3 8 9 1 4 6 1 ,3 4 2 5 7 5 6 0 ,9 3 0 0 7 7 1 3 ,4 8 9 2 2 5 7 6 ,0 5 3 4

St [ m ] 5 8 5 ,8 3 5 4 6 1 ,3 5 3 5 6 0 ,9 2 8 7 1 3 ,4 8 7 6 7 6 ,0 4 6

S * ‘  [ m ] 5 8 5 ,8 3 8 5 6 4 6 1 ,3 4 3 6 6 5 6 0 ,9 3 1 3 9 7 1 3 ,4 8 9 2 8 5 7 6 ,0 4 9 5 0

E s fo lg t die T afe l die die aus den  W e rte n  S,- b erechne ten  K o o rd in a ten 
w e rte  u n d  zum  V erg leich  die k o rresp o n d ie ren d en  W erte  fü r  M * u n d  N * aus 
Q uelle  [2] u n d  fü r  M * *  u n d  N**  aus Q uelle [3] (W erte  in  [m ]) e n th ä lt
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м. м* К *

X 1052,41252 1052,421 1052,4140

У 1525,42773 1524,438 1524,4885

ÍV, К N * *

X 7558,79999 1558,803 1558,7985

У 1250,62216 1250,824 1250,8234

Z ur num erischen  K on tro lle  w ollen w ir die D ifferenzen  bzw. A bw eichun
gen m ite in an d e r verg le ichen , indem  w ir die drei D ifferenzw erte  an füh ren , die 
sich ergeben, w enn  m a n  von  der S trecken länge M 0N 0, d ie  aus den P u n k t
k o o rd in a ten  d er P u n k te  JVf0 u n d  N 0 e rfo lg t, den  k o rresp o n d ieren d en  W ert S5 

ab z ieh t:
M^W0 s5 =  0,00053 [m] ,

M * N *  -  S 5 =  0,006 [m] ,

M * * W *  ~  S 5 =  0,00017 [m ].

Diese Ziffern bew eisen, daß  die G enau igkeit der d rei V e rfah ren  n u r  u n w esen t
lich v a riie rt.
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A New Method of the Double-point Insertion on the Basis of Distance Measurement"
In this paper a new estimation method is described in order to find, in a certain way that 
deviates from the accustomed, the solution of the problem of how to carry out a double-point 
insertion on the basis of distance is defined by two independent informations, the latter being 
obtained from measured and calculated values. The numeric example, already published in 
the literary sources serves to demonstrate the advantages of the new method.

Новый метод решения проблемы двойной привязки точки, основывающейся на 
данных измерения расстояния- В работе проблема двойной привязки точки, основываю
щейся на данных измерения расстояния, рассматривается отличным от обычного решения 
образом. Наиболее вероятное значение определяется на основе двух независимых друг 
от друга информаций, а именно с помощью значений измеренных и рассчитанных расстоя
ний. Преимущества данного метода иллюстрируются с помощью числового примера, 
сообщенного также в специальной статье по теме.
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AN APPROXIMATE METHOD FOR THE ANALYSIS 
OF ELASTIC TORSION OF ROUND BARS 

OF VARIABLE DIAMETERS

I. ECSEDI'

[Manuscript received 21 October, 1971]

An approximate method for the analysis of round bars with variable diameter 
is being reported. The differential equation

9s Ф 3 9Ф 81 Ф
9rl r 9r 8z2 (a)

defining the stress function of torsion by taking into account the appropriate boundary 
conditions, is solved according to the method of the partial discretization with respect 
to z.

Notation

The following symbols are used in this paper: 

polar coordinates of point P  (Fig. 1),

unit vectors of the system of polar coordinates r, <p, z,

Cartesian coordinates of point P,

unit vectors of the system of coordinates x, y , z,

r =  xi +  y j  +  zk ,
о2 stress vector acting in point P, in the plane perpendicular to z, 

R =  xi +  y j  , r =  R  +  zk ,

V stress of direction 4 acting in point P in plane normal to er

V V
M c torsional moment acting on the cross-section К  of the bar,

Fs resulting dual vector of the system of internal forces acting on the cross-section К, 
■jjj reduced to the centre of gravity S of the cross-section K.

q intensity vector of the system of external forces distributed through the volume, *

*1. E c s e d i, Franklin u. 17, 3528 Miskolc, Hungary.

Acta Technica Academiae Scientiarum Hungaricae 76, 1974



9 4 ECSEDI, I.

Ф =  Ф(г, z) stress function of the torsion, 
Ф£ =  Ф£(г) =  Um Ф(т, z) ,

Ф» =  ФА Г) =  I'm Ф(г, г) ,
Z —  —  00

characteristic-co-ordinates z

h step distance at the difference quotients with respect to z,
G shear modulus of elasticity of the bar material,
A, V, Л  quadratic matrices,
Ф, u ,f ,  V ,  . . . column vectors, 
y> coefficient of deformation,
V tangential displacement,
Cj j, Cj 2 integration constants,
gj, y> auxiliary variables,
other variables are explained in the text.

1. In tro d u c tio n

B y w ay o f p re lim in a ry  le t us su m m arize  th e  m a jo r find ings re la tin g  to  
th e  elastic  to rs io n  o f p rism atic  b a rs  o f  c ircu la r cross-section  w ith  v a ria b le  
d ia m e te r .

T he cross-section  К  of th e  p r ism a tic  b a r  is su b jec ted  to  to rs io n  in  th e  
case w here th e  re su ltin g  dual v ec to r o f th e  sy stem  of th e  in te rn a l forces ac tin g  
on th e  cross-section , reduced  to  th e  cen tre  o f g rav ity  S  o f th e  cross-section
(F ig . 1):

Fs =  I qz x A  =  0 , (1 )
J(/t)

=  Г R  X p d Л =  M c к . (2 )
J ( A )

In  th e  case o f p u re  to rsion , in  a n y  P  p o in t of th e  b a r , in  th e  sy stem  of 
p o la r  coo rd inates (r, cp, z) th e  form  of th e  m a tr ix  of th e  stress ten so r is as follows

- 0 0  '
F  = V 0 V

0 rz9 0 .

I t  is wrell know n  th a t  in th e  case in  q u es tio n , th e  govern ing  eq u a tio n s o f  th e  
th e o ry  of e la s tic ity  are satisfied  u n d e r  th e  cond ition  q =  0 , if  th e  sca la r 
co -o rd in a tes  of th e  stress ten so r d iffering  from  zero, will be derived  from  a so- 
called  stress fu n c tio n  Ф =  Ф(г, z), acco rd ing  to  E qs (5) an d  (6 ), w h ich , above 
th e  region d ep ic ted  in  Fig. 2 sa tisfies th e  p a r tia l  d iffe ren tia l eq u a tio n

8 2 Ф 3 ЭФ Э2 Ф
~8 ^ ~  r dr +  8 z2

( 4 )
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Since in  th e  case of th e  prob lem  in  q u estio n , th e  m an tle  of th e  in v es tig a ted  b a r 
is n o t su b jec ted  to  an y  load , th e re fo re , [3] th e  v alue  o f Ф a long  th e  m erid ian  
line  — w hich  is th e  d e linea tion  of th e  b a r  — is co n stan t. A to rs io n a l m om ent 
ac tin g  on an y  cross-section if  th e  fu n c tio n  Ф =  Ф(г, z) is k n ow n , m ay  be ex
p ressed  as follows [3]:

М с =  2тг[Ф [Я (*),*] Ф (0 ,* )] . (7)
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F rom  th e  v a lid ity  of th e  e q u a tio n

*rv(r, z)\r_0 =  0

follow s th a t  Ф =  Ф(г, z) a t th e  p o in t r  =  0 — on th e  z-axis — is con stan t- 
S ince th is  c o n s tan t does n o t affect th e  m ag n itu d e  of th e  stresses, its  v a lue  will 
co n seq u en tly  be chosen  to  be equal to  zero.

2. Solution of the  problem

T he m erid ian  lines of ro u n d  b a rs  w ith  va riab le  d ia m e te r  discussed in  
th is  p a p e r (Fig. 2) m a y  be given in  th e  follow ing form :

R  =  R(z)  =
i?j z ^  z*,
h{z), if  z l  <  z < ; zf ,  
R 2 z  f >  z S .

(8 )

H ere  i t  will be a ssu m ed  th a t  th e  m erid ian  line does n o t c o n ta in  sharp  en ta ils , 
a n d  no a b ru p t an d  s ign ifican t v a r ia tio n  of th e  rad iu s  o f c u rv a tu re  of th e  
envelope  along th e  z-d irection  occurs.

F o r d e te rm in in g  th e  stress fu n c tio n , S a in t-Y en an t’s p rin c ip le 1 w ill be 
u tiliz ed . A ccording to  th is  p rincip le , in  th e  case of a su ffic ien t high v a lu e  of 
I z I (z <[ z f , i.e ., Z ^  z2+) i t  can  be assum ed  th a t  Ф is in d e p e n d e n t of z. T hus, in  
th e  case of a p p ro p ria te ly  selected  z f  o r z^~, th e  fu n c tio n  Ф(г, z) will ta k e  th e  
fo rm s Ф ;(г) or Ф ;(г ) . Ф ~(г) and  Ф+(г) m ay  be w ritte n  in  th e  form s

Ф» =  Ф~Лг) = Me  r .
( 0  ^ r < f R f ) (9)

2 л  R f

Ф+ =  ф+(г) = Me  и
( 0  < r ^ R 2) ( 1 0 )

2 л  R 2
respective ly .

A ccordingly, th e  follow ing ex trem e  value p rob lem  should  be solved 
ab o v e  th e  d e lim ited  reg ion  T  d ep ic ted  in  Fig. 3.

1 Thereby it will be avoided that the partial differential equation (4) should be solved 
above the region (shown in Fig. 2) extending to the infinity both in -|-z and in —z direction, 
with the boundary conditions

lim Ф(г, z) =  Ф* (r) ,
Z - *  CO

lim <P(r,z) = Ф ~ ( г ) ,  (8a)
z-+ — 00

Ф(0, z) =  0 and 0[R(z), z] =  Мс/2л — const .
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T he fu n c tio n  Ф =  Ф(г, z) shou ld  be d e te rm in ed  w hich is con tinuous 
w ith in  an d  a t  th e  b o u n d a ry  of reg ion  T  an d  w ith in  th is  region satisfies th e  
hom ogenic second o rd er, e llip tic -type  p a r tia l  d iffe ren tia l equation

Э2Ф

3r2

3 ЭФ 32 Ф

r dr  9 z2
( 11)

an d , a t  th e  b o u n d a ry  o f  region T, th e  b o u n d a ry  co n d ition

( 12)

T he problem  of ex trem e  v a lu e  se t up  b y  (11) an d  (12) m a y  be solved b y  th e
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m e th o d  of th e  p a r t ia l  d isc re tiza tio n  w ith  resp ec t to  z. T he p a r tia lly  d iscretized  
v a r ie ty  of th e  b o u n d a ry  v alue  p rob lem  is th e  set of eq u a tio n

Э2 Ф _3_ 0Ф

r dr

8 2 Ф 

0  z2

(i =  1 , 2 , . . n  — 1 )

(13)

a n d  th e  set of b o u n d a ry  conditions

0 , r =  0 , Z“  ^  2 ,- ^  2 +,

2 л ri =  R (Zi)’ *1 < zi <  *2 >

M ,
2 л  ’

r =  jR4, S\ <  Zi <  zï,

if

2n
r =  B 2, *2 Zi Z2 •>

M '  j.i 
2л  R* ’

Ih**II**

r4
2 л  R i

**II 0 < r ^ R , .

(14)

L e t us a p p ro x im a te  th e  d e r iv a tiv e  Q2Ф/Эг2 in  E q . (13) b y  a change ra tio . 
This ap p ro x im a tio n  b y  m ak in g  use in  2 of th e  d isc re tiza tio n  of s tep  

r a te  h — leads, b y  th e  ap p lica tio n  o f  th e  cen tra l differences, to  th e  following 
re su lt  (see e.g. [1 ]):

82 ф  =  ф ( г 1 z i + 1) -  2 ф ( г 1  zi) — 0 ( r i  z‘~i) 4. о (h2)
0 2 2 h2 ' K

(15)

B y  app ly in g  th e  a p p ro x im a tio n  (15) con ta in ing  an  error of 0 (/i2) o rder of 
m a g n itu d e , th e  E q . (13) will be

w here in

£ * ! _ _  A  d 0 ,  , Ф , + 1  -  2Ф, +  Ф ,.г
dr2 r dr h2

Ф, =  Ф(г, z,)

d0 j  ЭФ(г4 2 ) 
dr Qr

=  ф М  ,

=  П г ) ,

(16)

(16a)
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d 2 ф, д2 Ф(Г1 g)
Щ г ) ,

dr2 3 r2

(i =  1 , 2 , . . re — 1) .

B y  using  these  sym bols th e  se t of b o u n d a ry  conditions (12) m a y  be w ritten  
in  th e  form

a ) Ф/(°) =  o,

b) Ф ( й , ) = ^ ,
2 n

c ) Ф0 =  Ф -(г) =

d) Фп =  Ф±(г) =

(17)

h ere in

2 л  R f

Me  r ,
2 л  R \  ’

Kj  =  R (z t) , (i =  1, 2 , .  . n —  1) .

T he p roblem  of b o u n d a ry  v a lu e  se t b y  (16) and  (17), b y  in tro d u c in g  th e  
co lum n vectors

Ф

Г  Фх 
Фо

Фп- i J

/  =

Фо_
h2

О

О

Ф

h 2

(17а)

an d  th e  m a tr ix  of c o n tin u an ce -ty p e

Г -  2

h2

1 О
1 —  2 1

О 0  0 . . .
1 -  2

1 — 2 J

(17Ь)

m a y  be  condensed in to  th e  v e c to r-sc a la r  d ifferen tia l eq u a tio n

Ф = / .
dr2 r dr

( 1 8 )
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100 ECSEDI, I.

Now le t th e  m a tr ix  tran sfo rm in g  th e  m atrices  be  V a n d  A b y  s im ila rity  
tran sfo rm a tio n  in to  th e  d iagona l m a tr ix  Л

Л  =  VAV“ 1 ,

d 2 \ Ф  3 d \ 0
— —  -  —  — —  + У Ф  =  V /.

dr2 r  dr

L e t us in troduce  th e  v e c to r  va riab le

V  =  У Ф

a n d  th e  know n v e c to r
d = \ f .

W ith  these n o ta tio n  (16) w ill he

d2 V 3 dv

dr2 r dr
+ At> =  d.

A s is know n, th e  Л  is th e  follow ing d iagonal m a tr ix  (see e.g. [4]):

Л  =  A2, • • •> • • • ^n—ù
w herein

, 4 . „ for
A k = —  —  sim  ——  , 

h2 2  n

(k — 1 , 2 , . . .  n  — 1 )

(19)

( 20)

(21)

(2 2 ;

(23)

(24)

(25)

a n d  V  m ay  be b u ilt  u p  in  th e  follow ing form  from  th e  e ig envec to rs of A:

У =  K ,  o 2, . . . ak, . . ., an_ J  (26)
w here in

a k  —

. к л
s in -----

n

2 к л
s in ------ -

( n — 1 ) к л

(27)

( * =  1 , 2 , . . . , n - l ) .

V - 1  — th e  inverse o f  V — being  aw are o f У m ay  be  o b ta in e d  b y  tran sp o sitio n

Y “ 1 =  V T. ( 2 8 )
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By m aking  use of (24) to  (27) th e  follow ing sca la r eq u a tio n s  are o b ta in ed  
being  eq u iva len t to  (23)

d 2vk
dr2

3

r

dvk , , ,
- 7 -  + h  vk =  dk, 

dr
(29)

(к =  1 , 2 , . . n  — 1 ) .

T he general so lu tion  to  th is  com m on, second o rder, lin e a r  inhom ogénie d if
fe ren tia l equation  will be found  b y  sum m ing  u p  th e  g enera l so lu tion  o f th e  
hom ogenic d ifferen tia l eq u a tio n

d 2vk
dr2

dvk
dr

(k — 1 , 2 , . . n — 1 )

(30)

an d  one of th e  p a r tic u la r  so lu tions of th e  inhom ogénie d iffe ren tia l equation  (29).
T he d is tu rb in g  te rm  of th e  inhom ogénie d iffe ren tia l eq u a tio n  evo lved  

in  de ta il:

d k =
2  " - 1 . skn

—  ^  fs  sin------- =
n  s= i n

[ T
1

!  n h2

M c

2  h2 1 n

, . к л  , ,  . (n — 1 ) к л
Ф0 s i n --------УФП sm  —---------------

n n

1 . к л  1  . (re — 1 ) к л
----- s m ---------- 1--------s in -------------------
R 4 n R i  n

(31)

=  ~ D k r \

(k =  1, 2, n  1 ) .

H ere  th e  n o ta tio n

D k =
M c
2 h2

2
n

1 . к л  1 . (n — 1 ) к л----- sin-------1------- sm-5-----------—
R* n R* n

(* =  1 , 2 , . . . , » - 1 )

lias been  in tro d u ced . T he p a r tic u la r  so lu tion  of (29) is so u g h t for in th e  fo rm

Vkp =  r4 , (32)

(k =  1 , 2 , .  . n — 1 )
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102 ECSEDI, I.

w here in  Cki for th e  m o m en t is an  u n k n o w n  co n stan t. B y  rep lac ing  (32) in to  
(29) i t  will be fo u n d  th a t  such a fu n c tio n  can  be th e  so lu tion  o f th e  d ifferen tia l 
eq u a tio n  only in  th e  case, if

t h a t  is,
^k Ck — ~ D k (32a)

C * = - D k

К  ’
(33)

1 , 2 , . . ., n  1 ) .

T h u s , a p a r tic u la r  so lu tion  to  th e  inhom ogén ie  d iffe ren tia l eq u a tio n  (29) is 
e.g . th e  function

(k =  1 , 2 , . . n  — 1 ) .

(34)

T he hom ogenic d iffe ren tia l eq u a tio n  (30) w ith  th e  v a riab le

Qk =  VК  r »

(k =  1 , 2 . . . , n  -  1 )

w ill be  th e  d iffe ren tia l eq u a tio n  of th e  follow ing form

Ü Í Í L  _  ±  + „  _  0 ,
del  f t  do,

(* =  1 , 2 , . . .  , n  1 ) .

S eeking  for th e  gen era l so lu tion  to  E q . (36) in  th e  form

4  =  <PkV>k »

(k =  1 , 2 , .  . ., n  1 )

(35)

(36)

(37)

th e  following d iffe ren tia l eq u a tio n  m a y  be w ritten  dow n fo r th e  functions 
<pk a n d  щ :

<Pk V k + < P k  p f k ----- — W k \  + < P k  W ' k ------— W k + V k ]  =  0, (38)
V Q k  l Q k  I

(* =  1 , 2 , .  . ., n  -  1 ) .

L e t  us select th e  fu n c tio n  ipk in  such  a w ay , th a t  th e  coeffic ien t of th e  
fu n c tio n  <pk be eq u a l to  zero. In  th is  case, fo r exam ple,

f k  =  QT- (39)

(к — 1 , 2 , .  . ., n  — 1 ) .
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TORSION OF ROUND BARS 1 0 3

B y rep lac ing  (39) in to  E q . (38), th e  d iffe re n tia l eq u a tio n  defin ing  cpk will be  
o b ta in ed :

14 1 1
1 ---- f —  U = 0 ,  (40)

4 Ql I

F ro m  th e  form

<Pk+

(* =  1 , 2 , . . . , n  -  1 ) 

3 3

9>* + 1 -
+ 1

e l
<Pk =  0 > (41)

w herein Л ( е )

k i n d .

( * = 1 , 2 , n  1 )

o f E q . (40), b y  m ak in g  use  of [2] th e  so lu tio n  to  (40) m a y  be  easily o b ta in ed :

<Pk — Y 9k [C'l./í'-Me/J +  Q .k ^ ÍÉ h c)]’ (42)
(к =  1 , 2 , . . ., n  -  1 )

re p re se n t a B essel-function  of second o rd e r and  of th e
1У2\9)i

f ir s t  
second

O n th e  basis o f  E q s  (35), (36), . . ., (42), th e  g enera l so lu tion  to  th e  
hom ogenic d iffe ren tia l eq u a tio n  (30) m a y  be g iven in  th e  form :

vkh — Aft7"2 [Ql,kJг(У^к r ) ~Ь C2'k Л г([Дк r )] » (43)
( * = 1 , 2 , . . . , n  1 ) .

T herefo re , th e  g en era l so lu tion  to  th e  inhom ogén ie  d iffe ren tia l eq u a tio n  (29) 
w ill be:

D„ - r ' + h  r2 [ChkJ 2 (Vxk r )+ C 2'kN 2 ( T O ] ,
Ak

(k =  1 , 2 , . . ., n  -  1 )  .

F rom  th e  b o u n d a ry  cond itio n  (17a) i t  follow s th a t

^2,к ~  0  ,
(* =  1 , 2 , . . ., n  -  1 )

fo r Ф5(0 ) is of f in ite  — zero — va lu e , th u s

(44)

(45)

Щ =
2 n~} ,  . k s n

----- ^  Ф г S i n  -------------
Tl 5 =  1 Tl

also is fin ite  in th e  p la c e  r  =  0 , w hich can  only  be fu lfilled , if

^ 2,к ~  0  •>
( * = l , 2 , . . . , u  1 ) .
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T he c o n s ta n ts  Cx k m ay  only be  d e te rm in ed  w ith  th e  aid  o f  th e  b o u n d a ry  
co n d itio n  (17b), from  th e  se t o f  e q u a tio n s

2  МУХRk) .̂Rl s in
— 1

ksn
C i , .=

h

2л
П  л *  I D s  r , A  ■ k s n

—  m c +  £  8in —2  s = l  A, n
1 , 2 ..........n -  1 )

(46)

fo u n d  b y  th e  fu lfilm en t of th e  b o u n d a ry  condition .
F in a lly  b y  in v e rtin g  E q . (21), one m a y  o b ta in  from  vk th e  v a lu e  o f Ф ,:

2  n - 1

n k= 1
Ф ,=

(s =  1 , 2 , . . ., n

ksn

! ) •

(47)

R ep lacing  th e  p a rtia lly  d isc re tized  s tre ss  function  in to  E q s (5) an d  (6 ), 
one fin d s  th e  follow ing rela tions fo r th e  stresses rrv and rrZ:

_ _T /_ ; -tv 1 фт ( 0  -  ф1-Лг)Trf Trf{r,Z l + l h ) -
rL 2  h

(48)

1 d 0 i(r)
V  =  v ( r’ *i + lh) =  ,  ,

t ~ d r
(49)

(i =  0, 1, 2 , . . ., n -  1 , n) .
Here

an d
Ф—i  =  Ф{г, i f  -  h) =  Ф - ( г ) (50)

ФП+ 1 =  ф(г, Z2+ +Л) =  4>t(r). (51)

Being aw are o f th e  stress fu n c tio n  we can  de te rm ine  th e  v a lu e

V
V — — (52)

r

u sed  in  analysing  th e  d isp lacem en ts; i.e ., th e  re la tive  angle o f to rs io n  of an  
e le m e n ta ry  ring  of u n it  leng th  an d  of a rad iu s  r (see, fo r exam ple , [3]), on 
th e  b asis  of th e  d iffe ren tia l eq u a tio n

^■+i =
2h
G

d<I>,

dr
(i =  0 , 1 , 2 , . .  ., n  — 1 )

(53)

e stab lish ed  on th e  basis of th e  re la tio n

„  , э ф  аФ
Grs ——  = -----

dz 8 r
( 54 )
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H erein
^ о  =  0 ,  (55)

2  M
V>-1 =  w{r,  *r — h) = -------- — A, (56)

л  G «i

if  th e  to rs io n  is considered  w ith resp ec t to  th e  cross-section  designated  b y  “ 0 ” , 
hav in g  th e  co o rd in a te  z =  zj~2

3. N ote

I f  th e  b o d y  of revo lu tion  of th e  considered  m erid ian  cu rve  is sy m m etric  
w ith  respect to  th e  p lane  z =  0 , th e n  th e  re la tio n

<Pi =  <Pn-/. (57)
(i — 0 , 1, . . re)

will be used . A n d  from  th is,
£•1, / =  Ci, n—i , (58)

(i =  1, 2 , . . re — 1)

will be o b ta in e d  fo r th e  in teg ra tio n  c o n s tan ts .
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Eine Annäherungsmethode zur Analyse der elastischen Verdrehung von Rundstäben mit 
veränderlichen Durchmessern. E ine N äh eru n g sm eth o d e  zu r A nalyse d e r e lastischen  V erd reh u n g  
von  R u n d s tä b en  m it v e ränderlichen  D u rch m essern  w ird  b eh an d e lt. Die D ifferen tia lg le ichung

Э2 Ф 3 ЭФ 82 Ф
8r2 r 8r 8z2

die die S p a n n u n g sfu n k tio n  der V erd rehung  d e f in ie r t, w ird  bei den  en tsp rech en d en  R a n d 
bed ingungen  d u rc h  p a rtie lle  D isk re tisa tion  n a ch  z  gelöst.

Приближенный метод исследования упругого кручения круглых стержней пере
менного сечения. В работе описывается приближенный метод анализа упругого кручения 
круглых стержней переменного сечения. Дифференциальное уравнение

д ‘ Ф  3 ЭФ 82 Ф Л
~ër2 V Ü T  +  8zz — ’

определяющее функцию напряжения кручения, при соответствующих краевых условиях 
решается методом дискретирования по частному производному z.

2 In  a s tr ic t  sense, n o t a cross-section is d e a lt  w ith  b u t w ith  a su rface  of a c o n s ta n t angle 
o f to rsion . Such  su rfaces, being a t  a  suffic ien tly  g re a t  d istan ce  to  th e  seg m en t o f axis o f v a r ia b le  
d iam ete r, m ay  b e  assu m ed , w ith  a reasonab le  a p p ro x im a tio n , to  be p lanes, p e rp en d icu la r to  
th e  axis o f re v o lu tio n .
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DIMENSIONING OF STRUCTURES FOR FLOOD 
DISCHARGE ACCORDING TO THE THEORY 

OF PROBABILITY

E. MISTÉTH*
CAND. OF TECHN. SC.

[Manuscript received 22 November, 1971]

The flood discharge capacity of structures is treated depending on the geometric 
proportions, discharge factor and random variables. Also an arbitrary probable value 
of the flood discharge in connection with the service life of the structure might be de
termined with the aid of one of the extremal distributions. The purpose of the new 
method of dimensioning is to ensure that the flood discharge capacity should, by a 
given probability, be higher than the design discharge. The risk incurred may, depending 
on the amount of damages caused by accidental failure, be established by only econom
ical considerations.

Notation

The following symbols are used in this paper:

=  R - Q
G (|t, ( n)

V

V№  ч(0. C(t)
a =  M (í)
« =  m )

í i = M { [ f  -  m s m  
f  =  /U s3
c =  p js*  — 3
1 It
F(x)
f(x)
m =  (I — a) fs 
t
T
C(r)
D

L(r)
q

flood discharge capacity of structure, 
discharge to be led through structure, 
discharge reserve to led through structure,
function established from geometric proportions of structure and
characterizing flood discharge,
discharge factor,
random variables,
stochastic processes,
mean value,
dispersion,
variation factor, relative dispersion,
jth order central moment,
asymmetry,
kurtosis,
risk incurred,
probability distribution function, 
probability density function,
independent variable of standardized distribution function, 
time,
durability of structure, 
rebuilding cost of structure,
total amount of damages caused by failure of structure, profit 
loss included,
maintenance cost of structure, 
rate of interest.

* Dr. E. M iS T É T H , 1085 Budapest Csepreghy u, 2, Hungary.
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1. Introduction

A g rea t n u m b e r  o f bridges b u ilt  o v e r sm all rivers, w a te r courses, are  
b e in g  d estro y ed  b y  th e  dem olishing effect o f floods. T he question  arises: W hy  
does th is  h ap p en  ? W h y  are  th e y  n o t d am ag ed  u p o n  th e  effect o f loads ? W h y  
only  s tru c tu re s  o v e r m ino r w a te r courses overba lance  an d  bridges of la rg e  
riv e rs  rem ain  f irm ly  s ta n d in g ?  To answ er th e se  questions, th e  sa fe ty  o f passing  
dow n flood d ischarges should  be in v e s tig a te d .

T he m e th o d  d ed u c te d  h e rea fte r  does n o t w a n t to  p resen t e ith e r  new  
h y d ra u lic  [1, 2] or new  hydrologic [3, 4 ] th eo rem s, only in  consequence o f th e  
s c a tte r  of th e  p a ra m e te rs  com prised b y  th e  ex isting  fu n c tiona l re la tio n s — 
defines th e  econom ically  op tim al cross-sec tional a rea  w ith  th e  aid of s to ch as tic  
re la tio n s based  on th e  th eo ry  of p ro b a b ility . F in a lly  a defin ition  o f flood 
sa fe ty  is given, b a sed  on p ro b ab ility  th e o ry .

2. Discharge capacity of the structure

T he d ischarge  c a p a c ity  of th e  s tru c tu re  show n in  Fig. 1 m ay  be c h a ra c te r 
ized b y  th e  fo llow ing dete rm in is tic  fu n c tio n :

R  =  vG (^ , | 2...........£„) ( 1 )

Herein, for example,

fj, f  2 , . . . — geometric dimensions,
i n_! — tailwater elevation,
£n — critical headwater surface,
V — discharge factor.

T he c ritica l h e a d w a te r  surface is th e  w a te r  level a t  w hich th e  s tru c tu re , 
u p o n  th e  effect o f th e  a rriv in g  d ischarge, w ill h y d rau lica lly  fail. D escrip tion  of 
th e  d iffe ren t w ays o f h y d rau lic  failure (b ack w ash  of th e  founda tions, ad jo in ing  
d y k es, w ashing  aw ay  o f su p e rs tru c tu re , e tc .) will n o t be discussed here.

T h e  questio n  is, w h e th e r th e  d is tr ib u tio n  p ro b ab ility  fu n c tio n  F r(R)  
or th e  p ro b ab ility  d e n s ity  fu n c tio n  f p ( R )  o f  th e  d ischarge cap ac ity  (R ) m ig h t 
be d e te rm in ed , i f  th e  d is tr ib u tio n  of th e  in d e p e n d e n t geom etrical d im ensions 
is n o rm a l: w ith  a m ean  value a,, a d ispersion  sh a d en sity  fu n c tio n

fi(Xi) exp

an d  w ith  a d ischarge  fa c to r  v being in d e p e n d e n t of th e  geom etric d im ensions 
th e  p ro b a b ility  d e n s ity  fu n c tio n  of w hich , fo r exam ple , according to  P earso n  I I I

Л И  =  iv -  voГ -1  exp  [ -  A(r -  „ „ ) ]
M “ )
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th e n , th e  density  fu n c tio n  of th e  d ischarge  capacity  will be

/ * ( * )  =  ■

X exp

A*

V (2тг)п Г(х)  sx, s2, . . . , s n ±i  ••• f
R

G{xv  x 2, . . . ,  *„)
X

G(*l» ^ 2’ ' * ’ ’ ^n)

(*n — «п) 2+
2 s2„

X

2 sf

d x 1 dx2. . . dxn 

IG(xv  x 2,.

2 s |

( 2 )

Fig. 1. A structure and its discharge gates

A lthough th e  above a ssu m p tio n s  are  th e  sim plest possib le , expression (2), 
i.e ., th e  d ensity  fu n c tio n  of th e  d ischarge  cap ac ity  leads, how ever, to  an  in 
t r ic a te  defin ite  in te g ra l on ly  to  be solved num erically .

I f  th e  p ro b a b ility  ch a rac te ris tic s  o f th e  discharge fa c to r  v : th e  m ean  
v a lu e  av, d ispersion sv, th e  a sy m m e try  f v, th e  kurtosis cv a n d  th e  p ro b ab ility  
ch a rac te ris tic s  of th e  geom etric  d im ensions of norm al d is tr ib u tio n  a,-, s,- are  
g iven  an d  th e ir  re la tiv e  d ispersion  t?(- <[ 0.07, th e n  th e  p ro b a b ility  ch arac teris tics  

a Ri sri f n  an£l cr are  as follow s:

aR =  Щ Щ  — R  =  a vG(ax, a 2, . . ., an) +  . . . ,

4  =  Щ Е )  =  sl[G(ai, o2, . . ., an) f  +  al £  Gf *? +  ■ • •,
;=i

f p = f , \ —  [C i« !,« * .- .

e 4SR
(c„ +  3 )s;|[G (ax, а 2, . . . , а п)]4+ 3 а ?  j ? G f s f -

1=1

+  6 а 2 s,2 [G(ax, a 2, . . . ,a n ) ] 2 ^  Gf  +  К  ^  G? Cj *f -  3.
i= i i= i

7=1

(3)

T he expression (3) m a y  be o b ta in ed  from  expression (1) b y  expend ing  
th e  second te rm  of th is  la t te r ,  th e  fu n c tio n  G(£x, £2, . . ., | n) in to  T ay lo r’s
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series a t th e  p lace (a 1? a 2, . . an). Since v t <  0.07, i t  is su ffic ien t only to  ta k e  
th e  te rm s of th e  f ir s t  degree in to  accoun t. H ereafter, th e  f ir s t  four m om ents o f 
th e  polynom ial a lgeb ra ic  expression  consisting  of te rm s  o f th e  f irs t deg ree  
sh o u ld  be d e te rm in ed , w herefrom  expression  (3) m ay  b e  com puted . S h o u ld  
Vj 7> 0.07, th en  also th e  te rm s of h ig h er o rd er m igh t be  req u ired . I f  \ f R I <  0 . 1

Fie. 2. Time sequences of discharge capacity and maximum discharges 
R =  R(t) and Q =  Q(T)

a n d  I cR I < 7  0 .2 , so th e  d is tr ib u tio n  of th e  flood d ischarge  cap ac ity  m ay  b e  
reg a rd ed  as norm al.

In  th e  expression  (3)

C , =
QG

3 £,
li = öi 
£n=ûn

( i  =  1 ,  2 , .  . . ,  n ) .

T h e  inaccuracy  of th e  ca lcu la tio n  m u st be involved  in  th e  d ispersion sv of th e  
d ischarge  fac to r v.

As a m a tte r  o f fa c t, th e  flood d ischarge cap ac ity  fo rm s a tim e sequence 
R  =  R(t)  -J- y]{t) because  th e  riv e r varies its  geom etric  d im ensions (the  d i
m ensions of th e  bed) in  d ependence  on tim e . In  F ig . 2a rea liza tio n  is re p re 
se n te d  (the tim e -d e p e n d e n t d ischarge cap ac ity  of a c e r ta in  s tru c tu re  of th e  
riv e r). I f  th ere  ex ists a period ica lly  rep e a te d  m a in ten an ce , so R(t) =  constans;, 
a n d  7](t) is a s ta tio n a ry  an d  ergodic sto ch astic  process, so th a t  M[r;(t)] =  0 .

Should th e  m a in te n a n c e  of th e  s tru c tu re  be d ispensed  w ith , so th e  flood  
d ischarge  cap ac ity  w ould  also be m o n o tonously  decreasing  (F ig . 2) during  th e  
serv ice  life of th e  s tru c tu re . In  th is  case, R(t)  m igh t be described , for ex am p le , 
b y  a trend -like  decreasing  ra tio n a l fu n c tion .
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DIMENSIONING OF STRUCTURES 111

I f  th e  d ischarge cap ac ity  c an n o t be described  w ith  th e  expression (1),
i.e ., th e  discharge fa c to r  does n o t d ep en d  on th e  g eo m etric  d im ensions, th e  
expression  R  =  B ( | 15 f 2, . . | П(„) sh o u ld  be ex p an d ed  in to  T ay lo r’s series a t
th e  p lace  a x, a 2, . . ., a , ,  av and  th e  f ir s t  fo u r m om ents of th e  po lynom ial pow er 
series should  be d e te rm in ed  for each te rm .

A ccording to  th e  foregoing, a n y  p ro b ab ilis tic  low er lim it o f th e  flood  
d ischarge  cap ac ity  o f  a n y  s tru c tu re  m ig h t be d e te rm in ed

R H — R  — ms
i f  \ (4)

m  =  m ( j R ’ CR1 H-

T he value of m  in  expression (4) depends on th e  d is tr ib u tio n  described  
in  (2 ) an d  on th e  p resc rib ed  1 /r  p ro b a b ility .

3. D esign durab ility

T he s tru c tu re s  m a y , from  th e  v iew p o in t o f th e ir  d u ra b ili ty  co n v en ien tly  
be  classified  in to  tw o  groups: p e rm a n e n t s tru c tu re s  a n d  te m p o ra ry  co n 
s tru c tio n s . The p e rm a n e n t s tru c tu re s  m a y  be designed fo r  a service life o f 
T — 50 years and  th e  te m p o ra ry  ones fo r  т =  5 y ea rs ; e x tra o rd in a rily  la rg e  
s tru c tu re s  should  be designed  for a d u ra b ili ty  of t  =  100 to  160 years. W h ils t 
a flood  re tu rn  period  o f  50 years m ig h t b e  considered  in  th e  case o f a p e rm a n e n t 
s tru c tu re , fo r exam ple , as a m ean v a lu e , in  th e  case o f a prov isional flood  
d ischarge  clearance, th is  is to  be considered  as an  e v en t o f 1 0  p e r cen t en 
c o u n te r  p ro b ab ility . I f

P ro b  [QiTJ <  X x] =  P ro b  [Q(T2) <  X 2]
an d

Tt >  T2
th e n

X x >  X 2 (5 )

E xpression  (5) s ta te s  th a t  th e  flo o d  d ischarge of th e  sam e p ro b ab ility  o f 
a s tru c tu re  of longer serv ice life is la rg e r th a t  th a t  of a s tru c tu re  of sh o rte r  
d u ra b ility .

4. The design flood  discharge

F o r  th e  w a te r s tag es  of rivers a n d  th u s  for th e  d ischarges to  be ca l
cu la ted  from  th em , reco rds form ing a tim e  sequence o f sev era l decades are 
ava ilab le . I t  m ay  be assum ed  th a t  th e  y ea rly  m ax im a o f th e se  records con
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s t i tu te  a rep re sen ta tiv e  hom ogeneous a n d  in d ep en d en t se t. F rom  th is  se t an  
a rb i t r a ry  p ro b ab ilis tic  flood  d ischarge  shou ld  be d e te rm in ed  b y  tak in g  in to  
a c c o u n t th e  service life o f th e  s tru c tu re .

I f  th e  o b se rv a tio n  perio d  w as long  enough an d  fu rn ish ed  a se t con
s is tin g  of a g rea t n u m b e r o f e lem en ts , th e n  th e  d is tr ib u tio n  f i t te d  to  th e  
y e a r ly  m ax im a T x shou ld  be  o f th e  sam e  co n stru c tio n  as t h a t  f i t te d  to  th e  
y e a r ly  m ax im a T 2. O bv iously , b o th  d is trib u tio n s  shou ld  be derivab le  to  th e  
y e a r ly  m ax im a, or, from  th e  d is tr ib u tio n  draw n on one o f  th e ir  m ono ton ie  
fu n c tio n s  and  i t  m ig h t be p o sited  t h a t  all th e  th ree  d is tr ib u tio n s  are  u p p e r  
e x tre m a  of th e  sam e c h a ra c te r . Be th e  d is tr ib u tio n  f i t te d  to  th e  y ea rly  m ax im a

P ro b  [Q(T0 =  1) < , X ]  =  F 0(x) 

th e  d is trib u tio n  f i t te d  to  th e  m a x im a  o f years  1 \

P ro b  [<?(7\) <  X ]  =  В Д  

t h e  d is trib u tio n  f i t te d  to  th e  m ax im a  o f years T 2

P ro b  [Q(T2) < x ] =  F 2(x) .

T h u s , th e  follow ing re la tio n  shou ld  be tru e  betw een  th e  d is trib u tio n s

i \ ( * )  =  [ П ( * ) Г -  =  F o H T J x  +  b(T0 ] ,

F 2(x ) =  [ F 0( * ) f ‘ =  F 0[a(T2)x +  b (T2) ] .

(6)

(7)

(8)

(9 )

E x p ress io n  (9) s ta te s  th a t  an y  one of th e  u p p er e x tre m a  is derived  from  th e  
b a s ic  d is trib u tio n  by  lin ea r  tra n s fo rm a tio n . The c o n s tra in t expressed  in  re 
la tio n s  (9) is, for th e  d is tr ib u tio n s  so u g h t for, a fu n c tio n a l eq u a tio n . T h is 
fu n c tio n a l eq u a tio n  w as solved b y  F ré c h e t [5] in  1927 a n d  b y  F ish e r an d  
T ip e t t  [6 ] in  1928. In  th e  case a t  h a n d , from  th e  th re e  e x trem a l so lu tio n s 
g iv en  by  th em , only  tw o  can be ta k e n  in to  account, i.e ., th e  so lu tions ty p e  I  
a n d  ty p e  I I I .

T ype I  ho ld ing  tru e  fo r all v a lu es  o f x  is

Fo.{x) =  exp  { — ex p  [ — q ( x  —  *„)]}

—  o o  < ^ X  < ^ o o

( ? > o

a n d  ty p e  I I I  ho ld ing  tru e  on ly  fo r th e  values x  >  x g is

F - k(x)  =  exp {— [р(х — * 0)~ Ä} , if  x  >  x 0 

F _ k(x) =  0 if  x  <Ç x 0 , к >  0 , p > 0

( 10)

( И )
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DIMENSIONING OF STRUCTURES 1 1 3

To w hich a t t r a c t io n  region o f  e x tre m a l d is tr ib u tio n  a riv e r s tre tc h  
belongs can  only  b e  decided  by  d e te rm in in g  th e  a sy m m etry  an d  th e  k u rto s is . 
F o r th e  d e te rm in a tio n  o f  th e  a t tra c tio n  reg ion  R u y  A guiar da Silva L em e [8 ] 
se t u p  th eo re tic  m a th e m a tic a l cond itions.

T he u p p e r e x tre m u m , ty p e  I  c o n ta in s  tw o  p a ra m e te rs : th e  form  p a ra m 
e te r  Q an d  th e  p o s itio n  p a ram ete r x 0. I f  th e  serv ice life o f th e  c o n s tru c tio n  is 
T,  so th e  d is tr ib u tio n  fu n c tio n  of th e  e x tre m a l s to ch as tic  process is

F „ ( x ,  T )  =  exp ( ex p  { - q(T)[x  -  * 0(Г )]}) . (12)

T h e  cen tra l m o m en ts  of the  d is tr ib u tio n  ty p e  I  figu rin g  in  expression
( 1 2 ), are  as follows:

Ы Т )  =  Q(T) = х о('П+-
0,57722

e(T) ’

A (T ) =  [«e (T)]« =
1,64493

Ш У

F3(T)  =

Ы Т )  =

2,40411

Ш У

14,6136

[q(t )Y

*o (T) =  *o+

e(T) =  e •

In г
e(T) ’

(13)

T he v a lu e  of q an d  x 0 m a y  be dete rm in ed  from  th e  basic d is tr ib u tio n  f i t te d  to  
th e  y ea rly  m ax im a, fro m  th e  first, second  an d  f if th  line of th e  se t o f expressions
(13).

T he a sy m m etry  a n d  th e  kurtosis o f  th e  d is tr ib u tio n  will be

f Q(T) = /h (T)
Ы Т ) ] 3'2

c q ( T )  —
M T )

Ы Т ) } 2

=  1 ,13955,

3 =  2,4000.

(14)

F ro m  expression (14) i t  is ev iden t, t h a t  th e  a sy m m etry  and  k u rto sis  o f  
th e  d is tr ib u tio n  is a c o n s ta n t figure in d e p e n d e n t o f d u ra b ility . These tw o  
c o n s ta n t figures form  a  co n stra in t in  d e fin in g  th e  rivers w hose d is trib u tio n  o f  
flood d ischarge belongs to  th e  upper e x tre m a l d is tr ib u tio n  ty p e  I . C om m only, 
for th e  case of q u ie t w a te r  flows (as fo r  ex am p le , th e  D an u b e), /  <" 1,14, 
w hile in  th e  w ith  d isq u ie t flows of a w ide  s ta g e -flu c tu a tio n  ran g e  (as, fo r
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ex am p le , th e  r iv e r  T isza) 1,14. T h e  d e te rm in a tio n  o f a flood  d ischarge  
QM(T)  o f a rb itra ry  p ro b a b ility  100/r p e r c e n t, consists in  ca lcu la tin g  th e  v a lu e  
o f X  of th e  e q u a tio n

F „ ( x )  =  1 -  —  .

T h e  so lu tion  o f th e  above equa tion  is

Qm (t ) —[х,т](100/гуА =  Aa A _ _ Al T_  + *0,

In + 1

In 1 --------
r ,

lim  A =  0,5  .

(15)

In  expression (15) th e  b o u n d a ry  tra n s i t io n  m ay  be carried  ou t by  a tw ice  
re p e a te d  ap p lica tio n  o f  L ’H o p ita l’s ru le .

The q u es tio n  arises: if  f a 1.13955 an d  ca ^  2,4, how  shou ld  one 
p ro ceed ?  I f  0,1 < / a <C 1,14, th en  th e  d is tr ib u tio n  m ay  be expressed  w ith  th e  
a id  o f th e  f irs t e x tre m a l d is trib u tio n  as follow s:

FM{x, T)  =  exp -  exp — 0 lnT)lx n x 0
1 6 ) \

(16)

F rom  expression  (16), a flood d isch arg e  of a rb itra ry  100/r p ro b a b ility  
p e r  cen t, th e  design  d ischarge will, fo r exam ple , be

Qm (T)  — [X, T ] (100/r)% — 0,57722 (17)

In  expression  (17) th e  value of A  is th e  sam e as th a t  de te rm in ed  in  ex 
pression  (15;. T h e  v a lu e  of n  should be de te rm in ed  from  th e  expression (17; as 
follow s.

T he new  ra n d o m  variab le  r] =  -  M (£") should  be estab lished .

[M (D  =  0, M ( ? )  =  g 2, . . ., M ( |‘) =  . . . (i =  1, 2 , .  . . n).

F rom  eq u a tio n
/4Я)

[/4n)) 3/2

1,13955

th e  value o f n  m ay  be  calcu lated  b y  ap p ly in g  th e  tr ia l-a n d -e rro r  m e th o d . O n 
th e  basis o f th e  th u s  o b ta ined  value o f n  th e  new ran d o m  variab le  shou ld  be
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dete rm in ed  in  re sp ec t of w hich th e  cen tra l m om ents sh o u ld  d irec tly  be d e fin ed ; 
a f te r  rep ea ted ly  checking  th e  values o f /  an d  c, th e  exp ression  (16) gives th e  
d is trib u tio n , w hile th e  expression y ields th e  flood d isch arg e  of an a rb itra ry  
p ro b ab ility .

T he ch a rac te ris tic s  a —t , s„— t, f„—t  an d  c -  t o f  th e  random  v a riab le  
Tj are  given b y  expression  (13). T he p ro b a b ility  ch a ra c te ris tic s  Uq, Sq, f g ,  Cq of 
th e  random  v a riab le  |  to  be ca lcu la ted  from  i t  m ig h t b e  sim ilarly  d e te rm in ed  
to  th e  expression (3). I f  f a >  1,14 an d  ca >  2,4, fu r th e r  x  >  x0, th en  th e  d i
s tr ib u tio n  fu n c tio n  of th e  ex trem al s to ch as tic  process o f  ty p e  I I I  is

F _ k(x ,T)  =  e x p (~ { 6(T)  [x - * 0( T ) ] } - k. (18)

T he cen tra l m om en ts  of th e  d is tr ib u tio n  in  expression  (18) are

/*x(T) =  Q(T) =  x 0( T ) + - ± -
Q(T )

/*г(Т) = [5д(Т)]г
Ш У  ’

Из(Т)

VÁT)

[ р ( л ] 3 ’

Ш У

*о(Г) =  * 0  1

е т = - г г .
ут

(19)

T he values of k,Q an d  x 0 figu ring  in  expression (19) sh o u ld  be calculated  from  
the basic d is tr ib u tio n  to  be f i t te d  to  th e  y ea rly  m ax im a

/ # )
f a j T )  _ х з

N t ) ] 3/2 “  К ] з /2 ’

Cp(*)
Ы Т ) ] 2 [cc2]2

( 20 )

F rom  expression (20) i t  is ev id en t, th a t  th e  a sy m m etry  an d  kurtosis o f th e  
d is tr ib u tio n  m ay  be  ca lcu la ted  from  th e  basic  d is tr ib u tio n  and  th ey  are  in 
d ep en d en t of th e  d u ra b ility  of th e  co n stru c tio n . T he a sy m m e try  and k u rto s is  
is p lo tte d  aga in st к  in  Fig. 3. T he values of a in  expression  (20) are as follow s
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( 2 1 )

Fig. 3. The asymmetry and kurtosis of extremal distribution III depending on the exponent 
paraméteri;, f  = f ( k )  and c =  c(k)

T he values of a  o f th e  expression  (21) are p resen ted  in  T ab le  I.
n(z)  =  z ! is th e  G aussian  fu n c tio n .
T he p a ram e te rs  o f  th e  d is tr ib u tio n  shou ld  be d e te rm in ed  from  th e  basic 

d is tr ib u tio n  f i t te d  to  th e  y ea rly  m a x im a , w ith  th e  a id  o f  F ig u re  3 an d  T ab le  
I .  F irs t , th e  v alue  o f к  an d  in  th e  second  step  th a t  o f q sh o u ld  be ca lcu la ted . 
I n  th e  ca lcu lation , th e  co n d ition  th a t  th e  d ispersions of th e  v a lu es  a, (i =  2 ,3 , 4) 
a re  n o t equal shou ld  be  ta k e n  in to  acco u n t. F inally , th e  v a lu e  of x 0 shou ld  be 
d e te rm in ed  from  th e  f ir s t  line of th e  expression  (19).

T he d is tr ib u tio n  accord ing  to  th e  expression (18) is a  flood  d ischarge 
v a lu e  of an  a rb itra ry  p ro b a b ility  o f 1 0 0 / r  p e r  cent, fo r ex am p le , th e  determ i-
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Table I

Characteristics of the extremal distribution I I I  (Formulas 20 and 21)

к «1 «3
IO“ 2

« •
1 0 - •

a «
1 0 -«

f  “ ■ c =  7 -  3
1  (« .)■ '*

- 1 0 0 1 ,0 0 5 9 0 ,0 1 6 9 0 ,0 0 2 6 0 ,0 0 1 6 1 ,2 0 1 2 ,6 7 2

-  90 1 ,0 0 6 5 0 ,0 2 0 9 0 ,0 0 3 6 0 ,0 0 2 5 1 ,2 0 7 2 ,7 7 9

—  80 1 ,0 0 7 4 0 ,0 2 6 6 0 ,0 0 5 3 0 ,0 0 4 1 1 ,2 1 6 2 ,7 9 9

—  70 1 ,0 0 8 4 0 ,0 3 4 9 0 ,0 0 8 0 0 ,0 0 7 1 1 ,2 2 7 2 ,851

-  60 1 ,0099 0 ,0 4 7 8 0 ,0 1 3 0 0 ,0 1 3 5 1 ,2 4 3 2 ,9 2 9

-  50 1 ,0119 0 ,0 6 9 4 0 ,0231 0 ,0 2 9 2 1 .2 6 4 3 ,0 4 5

-  45 1 ,0133 0 ,0 8 6 3 0 ,0 3 2 4 0 ,0 4 5 7 1 ,2 7 9 2 ,1 2 4

-  4 0
1 ,0151 0 ,1 1 0 0 0 ,0 4 7 3 0 ,0 7 5 4 1 ,2 9 7 3 ,2 2 9

-  35 1 ,0173 0 ,1 4 5 2 0 ,0731 0 ,1 3 4 2 1 ,3 2 1 3 ,3 6 8

-  30 1 ,0 2 0 4 0 ,2 0 0 3 0 ,1 2 1 3 0 ,2 6 3 2 1 ,3 5 4 3 ,5 6 2

-  28 1 ,0219 0 ,2 3 1 4 0 ,1 5 2 6 0 ,3 5 7 1 1 ,3 7 0 3 ,6 6 4

-  26 1 ,0237 0 ,2 7 0 6 0 ,1 9 5 6 0 ,4 9 6 8 1 ,3 9 0 3 ,7 8 3

-  24 1 ,0258 0 ,3 2 0 6 0 ,2 5 6 4 0 ,7 1 2 2 1 ,4 1 2 3 ,9 2 9

-  22 1 ,0284 0 ,3 8 5 8 0 ,3 4 5 2 1 ,0 5 8 2 1 ,4 4 0 4 ,1 0 8

-  20 1 ,0315 0 ,4 7 3 3 0 ,4 7 9 9 1 ,6 4 2 6 1 ,4 7 4 4 ,3 3 3

-  19 1 ,0333 0 ,5 2 8 6 0 ,5 7 4 1 2 ,0 8 7 3 1 ,4 9 4 4 ,4 7 0

—  18 1 ,0353 0 ,5 9 4 2 0 ,6 9 4 6 2 ,6 9 3 5 1 ,5 1 6 4 ,6 2 8

-  17 1 ,0 3 7 6 0 ,6 7 2 9 0 ,8 5 1 2 3 ,5 3 7 0 1 ,5 4 2 4 ,8 1 1

-  16 1 ,0402 0 ,7 6 8 4 1 ,0 5 8 4 4 ,7 3 8 9 1 ,5 7 1 5 ,0 2 6

-  15 1 ,0 4 3 2 0 ,8 8 5 8 1 ,3383 6 ,4 9 8 9 1 ,6 0 5 5 ,2 8 2

—  14 1 ,0466 1 ,0 3 2 4 1 ,7257 9 ,1 6 0 0 1 ,6 4 5 5 ,5 9 4

13 1 ,0507 1 ,2 1 8 8 2 ,2 7 7 3 1 3 ,3 3 8 6 1 ,6 9 2 5 ,9 8 0

-  12 1 ,0555 1 ,4 6 0 8 3 ,0 8 9 6 2 0 ,2 0 6 3 1 ,7 5 0 6 ,4 6 8

-  I l 1 ,0 6 1 4 1 ,7833 4 ,3 3 5 5 3 2 ,1 4 4 0 1 ,821 7 ,1 0 8

-  1 0 ,0 1 ,0686 2 ,2 2 6 2 6 ,3 4 5 5 5 4 ,4 1 1 4 1 ,9 1 0 7 ,9 7 9

9 ,5 1 ,0729 2 ,5 1 2 7 7 ,8 2 6 4 7 2 ,8 7 7 9 1 ,9 6 5 8 ,5 4 3

-  9 ,0 1 ,0778 2 ,8 5 8 7 9 ,8 0 2 0 9 9 ,9 3 7 2 2 ,0 2 8 9 ,2 2 9

8 ,5 1 ,0833 3 ,2 8 1 9 12 ,4961 1 4 0 ,8 9 9 1 2 ,1 0 2 10,081

—  8 ,0 1 ,0897 3 ,8 0 7 4 1 6 ,2 6 4 8 2 0 5 ,3 5 7 7 2 ,1 8 9 1 1 ,1 6 6

-  7 ,5 1 ,0971 4 ,4 7 1 3 2 1 ,6 9 7 9 3 1 1 ,6 7 7 1 2 ,2 9 5 1 2 ,5 9 0

7 ,0 1 ,1 0 5 8 5 ,3 2 7 2 2 9 ,8 1 7 8 4 9 7 ,5 9 6 3 2 ,4 2 5 1 4 ,5 3 4

—  6 ,5 1 ,1162 6 ,4 5 7 7 4 2 ,5 0 0 3 8 4 7 ,9 7 5 2 2 ,5 9 0 1 7 ,3 3 4

6 ,0 1 ,1 2 8 8 7 ,9 9 5 8 6 3 ,4 3 2 5 1 5 7 7 ,7 3 3 2 ,8 0 6 2 1 ,6 7 8

—  5 ,5 1 ,1 4 4 4 1 0 ,1 6 6 3 1 0 0 ,5 3 4 0 3 3 3 0 ,1 9 0 3 ,1 0 1 2 9 ,221

5 ,0 1 ,1642 1 3 ,3761 1 7 2 ,9 3 9 6 8 6 0 4 ,5 9 0 3 ,5 3 5 4 5 ,0 9 2

-  4 ,5 1 ,1 9 0 2 1 8 ,4 2 5 6 3 3 5 ,2 5 8 7 3 3 5 4 3 ,4 6 4 ,2 3 9 9 5 ,8 0 1
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n a t io n  o f design d isch arg e  is, as a m a t te r  o f fac t, th e  c a lc u la tio n  of th e  
v a lu e s  of x  of th e  eq u a tio n

(*) =  1 — 1 /г  .
к ______ 1_

Qm (T)  =  [x, T ] aoo/r)%=  x 0+  i (r q A ) T  • (22)

T h e  value Л o f th e  expression  (22) is equal to  th a t  o f  expression  (15). 
F ro m  expression (21) i t  m a y  be concluded  th a t  к 4, o r else, 1 /к,  2/fc, 3/fc 
o r 4 Ik  m ight be n eg a tiv e  in teg ra ls  an d  th e  function  has a po le, th u s , some of 
th e  va lu es  of th e  m o m en ts  рДг =  2, 3, 4) to  be ca lcu la ted  from  th em  are in 
f in i te ly  high.

F o r the  ex trem al d is tr ib u tio n  ty p e  I I I  i t  can  be p ro v e d  th a t

lim  f  =  1,13955, 

lim  c =  2 ,4000 .
(23)

E x p re ss io n  (23) s ta te s  t h a t  th e  th ird  ex trem a l d is tr ib u tio n  te n d s  to  th e  ex
t r e m a l  d istribu tion  ty p e  I  w ith  th e  increase  of k.

5. A new method of dimensioning

T he new d im ension ing  m e th o d  t re a ts  in  C hap te r 2 th e  p ro b a b ility  ch ar
a c te ris tic s  of th e  d isch arg e  c a p a c ity  o f th e  s tru c tu re  a n d , in  C hap ter 4, 
th o se  of the  flood d ischarge  c a p ac ity  o f th e  cross-section  in  question . The 
s t ru c tu re  is designed a d e q u a te ly  if

P r o b { [ E( f ) - <? ( T) ] >0 } 2 >l — (24)

0 < t ^ T

In  expression (24) th e  tim e  sequence is com bined of tw o  p a r ts , one of them  
b e in g  th e  trend  c h a ra c te r , an d  th e  o th e r, a s tochastic  p rocess

P rob  ( {[R( t)  -  Q(T)] +  [V(t) - f ( T ) ] } >  0) >  1 -  —  . (25)
r

In expression (25) th e  second p a r t  b e tw een  th e  square  b ra c k e ts  is also a s teady  
s t a te  and in th e  second o rd er an  ergodic sto ch astic  process

Ç(t,T) =  ф )  -  |(T )
th e  m ean  value of w h ich  is

M[C(t ,T )] =  0 .
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T he s tru c tu re  shou ld  be so d im ensioned  th a t  th e  flood  discharge cap ac ity , 
during  its  service life, should , b y  a p re -d e te rm in ed  p ro b ab ility , be h igher th a n  
th e  flood  discharge flow ing  th ro u g h  th e  s tre tch  of riv er d im ensioned and  re la ted  
to  th e  d u rab ility  o f  th e  s tru c tu re . T he above re la tio n  m a y  be seen in  F ig . 2. 
I t  m ig h t also be s ta te d , th a t  th e  reserve of d ischarge w hich can  be led th ro u g h  
th e  s tru c tu re  d u rin g  th e  designed w orking life could be equal to  zero o n ly  a t 
a v a lue  low er th a n  a p re -d e te rm in ed  p ro b ab ility .

T he p ro b a b ility  ch a rac te ris tic s  of expression  (24), in  case i t  is in d ep en d 
e n t of R ( t )  and  Q ( T )  are

aY(t,T)  =  Y ( t , T )  =  R(t)  -  Q(T),

=  M O ] 2 +  Ы Т ) ] \

- f Q(T)

Cy(t, T)  — [сд(«) +  3] Sr( 0  l 4

Sy(t,  T)
+  [c<?(^) +  3]

+ 6 М О ]  ЫТ)]  V

[sy( t ,T)]2 I
- 3 .

~ sq(T)  1* 
Sy(í, T)

I f  I f y ( t ,T)  I < 0 , 1  an d  I cY(t,T)  I <C 0 ,2 , so, one could ca lcu late  w ith  a 
norm al d is trib u tio n . I n  th is  case

W  =  ( ? ( T ) + m f [ iQ( T ) ] 4 W 0 ] a-

o < t < T ,  (27)

m — m ( r ) .

T he expression (27) holds tru e  also in  th e  case, w here th e  d is tr ib u tio n  o f 
Y(t ,T)  is n o t n o rm al, how ever, th e n  m  =  m ( f Y,cY r), i.e ., th e  v alue  o f m  does 
n o t depend  only on  th e  risk  in cu rred , h u t  also on th e  ty p e  of th e  d is tr ib u tio n , 
as well as on th e  a sy m m e try  and  on th e  k u rto sis . T he question  arises: how  is 
Y( t ,T )  d is tr ib u te d ?  In  fac t, Y( t ,T )  is th e  convo lu tion  of th e  d is trib u tio n s (R(t)  
and  Q(t). I ts  d en sity  fu n c tio n  is

f y ( Y )  =  ? _ J r (R ) M R  -  Y ) d R . (28)

T h e  den sity  fu n c tio n  of f r (R)  m ig h t be o b ta in ed  from  expression  (2), 
w h ilst th e  d ensity  fu n c tio n  fq{Q)  is th e  f irs t d e riv a tiv e  of th e  expression (1 2 ) 
or (18), w ith  respect to  x  ta k in g  also th e  expressions (13) an d  (19) in to  co n sid er
a tion . As long as th e  d e n s ity  fu n c tio n  f v(y) is n o t c larified  b y  a su ffic ien t n u m 
b e r  of te s ts , for d e n s ity  fu n c tio n  f Y{ Y )  th e  P ea rso n ’s I I I  or IV  m igh t be p ro 
posed in s te a d  of th e  expression  (28).
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In  th is  case one o f  th e  P earso n ’s d is trib u tio n s  should , w ith  th e  aid  o f th e  
m e th o d  of m om en ts, b e  f i t te d  to  th e  p ro b a b ility  ch a rac teris tic s  (aY, sY, f Y, cY) 
ca lcu la ted  from  ex p ressio n  (26).

In  th e  case w h ere  th e  failure o f th e  s tru c tu re  is ch a rac te rized  b y  th e  
c ritic a l am oun t of w a te r , th e  y ea rly  m a x im a  of th e  w a te r  q u a n ti ty  shou ld  be 
estab lish ed  and  n o t  th e  m ax im a o f th e  y e a rly  d ischarge. T he fo rm er being  
im p o r ta n t  in  th e  case o f  earthw orks, d ikes, m ay  be de te rm in ed  in  such a w ay 
t h a t  in  th e  p ro x im ity  o f  th e  yearly  m ax im a  o f discharges, d ischarges associated  
w ith  th e  w a te r level ab o v e  th e  foo t o f th e  dam  should  be  estab lished  and  
sum m arized  accord ing  to  th e  con tinuous period.

6 . The o p tim al risk

In  connection  w ith  expression (27) on ly  one p roblem  rem ain ed  unso lved , 
i.e ., th e  selection o f th e  v a lu e  of m.  O n th e  basis of w h a t w as said  in  th e  p re 
ced ing  ch ap te r, th e  v a lu e  of m  depends on ly  on th e  risk  ta k e n . T he risk  ta k e n  
m a y  be  prescribed b y  a code ru le , th e  v a lu e  of w hich, depend ing  on th e  signif
ican ce  of th e  s tru c tu re  m a y  v a ry  be tw een  5 • 10 - 2  and  2 • 10~3.

Be th e  reb u ild in g  cost of th e  s tru c tu re  C(r), th e  risk  in cu rred  in  respect 
to  th e  design d u ra b ili ty  of th e  s tru c tu re  1 /r , an d  th e  in te re s t ra te  of th e  allow 
an ce  for deprecia tion  q, th e n , th e  an n u a l dep rec ia tion  ra te  is

i
qT( q - 1 )

qT- 1
C(r).

I f  th e  s tru c tu re  fails a f te r  a period t <  T , so th e  allow ance fo r dep rec ia tio n  
o f  th e  sum  j ( T  — t) w ill fall off. T his sum  — cap ita lized  a t  th e  m o m en t o f  
fa ilu re  — will be

g<r - ‘> -  1 

фТ-t)  _  i )

I f  from  th e  p reced ing  expression th e  d ep rec ia tio n  ra te  w ill be  rep laced  in to  
th is  la t te r  one, th e  rem ain in g  allow ance fo r dep rec ia tion  fo r th e  s tru c tu re , 
cap ita lized  a t th e  m o m e n t of fa ilu re , w ill be

D  designates th e  a m o u n t of dam ages arising  a t  th e  m o m en t o f fa ilu re  of th e  
s tru c tu re  th e  p ro f it loss included. T he to ta l  cost (first cost plus th e  allow ance 
fo r  deprecia tion  fa llen  o ff plus th e  r th  p a r t  o f th e  am o u n t of dam ages):
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K (r)  =  C ( r ) +  —
T

C (r) 1 + +  D (29)

T h e m in im um  cost m igh t occur a t  th e  p o in t w here th e  f irs t  d e r iv a tiv e  
of th e  cost fu n c tio n  w ith  respect to  r is equal to  zero.

A ccord ing  to  expression  (27), th e  d ischarge  cap ac ity  varies linearly  i f  th e  
in d ep en d en t v a r ia b le  is m , an d  th u s  R  =  Q -f- ms. T he d ischarge c a p a c ity  
grow s p ro p o rtio n a lly  w ith  th e  in crease  of th e  cross-sectional a rea  o f th e  w a te r  
flow  R  <pX. B e tw een  th e  cost o f th e  s tru c tu re  an d  th e  cross-sectional a rea
in  a n a rro w  reg ion  — th e re  is a lin e a r  in te rd ep en d en ce : C(r) A  -f- B § .  I n  
th e  case of f i x e d /  a n d  c, m  =  y>0 -f- щ  log r if  r >  0. W ith  th e  help  of regression  
ca lcu la tio n  i t  m a y  b e  estab lished  th a t ,  fo r exam ple , in  th e  case of P e a rso n ’s 
I I I  d is tr ib u tio n , i f  /  =  1,0, m  =  0,04 -f- 1,48 log r in  th e  reg ion  of 20 <  г <  
< / 10 000. T he d ivergence  from  th e  p reced in g  lin ear re la tio n  is a t m ost 4 p e r  
cent.

R ep lac ing  th e  above expressions in to  each o ther,

C(r) —
BQ  Bs  у,,

<p <p

+ Ä l o g r (30)

and  w ith  new  sym bo ls th e  re la tio n

c (r) =  C0(b0 +  b1 log r) (31)

m ay  be  w ritte n  dow n. R egression ca lcu la tio n  has also been  carried  ou t in  a 
num erica l exam ple , ju s tify in g  th e  usefu lness of re la tio n  (31) w ith  ab o u t 3 p e r  
cen t d ivergence. T h e  m ost con v en ien t v a lu e  o f C0 is th e  rebu ild ing  cost a s 
socia ted  w ith  th e  1/e =  0.3679 tim es  th e  o p tim a l risk  r0. A fte r deriv ing  th e  
fu n c tio n  (29) an d  m ak in g  th e  find ings equal to  zero, one o b ta in s

r(t) =
Ь0+ Ь г log r/e 

b1 log e

D

C0(b0+ b 1 log r/e)
(32)

In  th is  expression , b e tw een  th e  sq u a re  b rack e ts , th e  m ax im um  o f th e  second 
te rm  — in  th e  case o f t =  0 — is eq u a l to  2. I f  th e  m a in ten an ce  of th e  s tru c tu re  
and its  en v iro n m en t is con tinuous, th e  d is tr ib u tio n  of t is, fo r exam ple, un ifo rm  
and  M (t) =  T/2 th e n :

and  in  th e  case if  q — 1.06 and  T  =  50,
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In  consequence of th e  conven ien tly  se lec ted  v alue  of C0 th e  v alue  of th e  
n u m e ra to r  is equal to  1. H ence

rmax
1

0,4343 b1
(33)

T h e  v a lu e  of r is v a r ia b le  depending on  th e  am o u n t o f dam ages resu ltin g  from  
th e  in c id e n ta l fa ilu re  a n d  on the  s ign ificance  of th e  trav e rs in g  s tru c tu re , 
b e tw een  20 and  500. I t  is to  be seen t h a t  th e  risk  in cu rred  varies be tw een  
5 • 10—2 an d  2 ■ 10- 3 . T h e  upper lim it is va lid  for th e  sm aller b ridges of 
seco n d a ry  roads, in  g enera l, for s tru c tu re s  of m ino r im p o rtan ce , w hile th e  
low er lim it holds fo r b ridges of im p o r ta n t  roads, s tru c tu re s  of m a jo r sign if
icance .

T h e  second c o n s tra in t is th a t  th e  y e a rly  ra te  of th e  allow ance fo r de
p rec ia tio n

f ( q ! )

4T -  1

a n d  th e  to ta l  of th e  m ain ten an ce  costs p e r  y e a r should  be th e  so-called to ta l  
m in im u m  cost. I t  is assum ed  th a t  th e  v a r ia tio n  of th e  m ain ten an ce  cost is 
g iven  b y  th e  re la tio n

L(r) =  L 0
b2

log r
(34)

T h e  expression (34) is no t verified , i t  is only analogous to  expression (31). 
T h e  con v en ien t v a lu e  o f  L 0 is the  m a in te n a n c e  cost associa ted  w ith  th e  op tim a l 
risk ; in  th is  case, th e  va lu e  of th e  te rm  betw een  th e  b rack e ts  is equal to  1 . 
T h e  re la tio n  (34) re flec ts  a stochastic  con n ec tio n  and  in  th e  p rac tice  of m ech an 
ica l engineers, w here  one should reckon  w ith  s ign ifican t m ain ten an ce  costs, it  
h as  b een  ad o p ted  [9]. O n th e  basis o f th e  m in im um  of th e  y early  costs, th e  
co n d itio n

(35)

shou ld  be  sa tisfied . I f  T  ~  50 years a n d  q — 1 == p ,  so

r
Lobt 

Cobi p (36)

F rom  b e tw een  th e  conditions (33) an d  (36) th is  is th e  critical one w hich 
g ives th e  la rg e r v a lu e  of r. F rom  th e  co m b in a tio n  of th e  tw o  expressions one has

D  0,85 Í / - »
—  >  0,4343 6 , 1 0  ‘ c.b,p — 2

' - 'О

(37)

B y  sa tisfy ing  th e  expression  (37) th e  v a lu e  of r shou ld  be de te rm ined  w ith  th e
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aid  of th e  expression (33). I f  th e  am o u n t of dam ages caused  b y  th e  fa ilu re  of 
th e  s tru c tu re  is low er th a n  th a t  g iven b y  expression  (37), th e n  th e  value o f r 
is  given by th e  expression  (36). Since n ea r th e  o p tim u m , th e  cost fu n c tio n  to  
h e  described b y  expression  (29) h a rd ly  varies, in  d e te rm in in g  th e  values of r 
one m ay  proceed, on a ce rta in  large scale, by  ro u n d in g  th e  v a lu e  upw ards.

7. Numerical example

T he dim ensioning  of th e  riv e r b a rrag e  a t  K isköre  fo r flood  has been 
carried  ou t w ith  th e  help  of th e  new m eth o d  as follows.

The arrangement of the discharge openings of the barrage are shown in Fig. 4. The 
first task was to determine the discharge capacity of the barrage. The height of the dams of 
the storage reservoir above the main construction was 93.20 m. The highest water level at

96,20

- ^ 78,00

^7 98,80

24.0 1 1 I g 24,0 r I I < 24,0 24,0

River bed barrage Shiplock

94,70_______________MWL 9370

Flood-plain  barrage

Fig. 4. Outlines of the river barrage at Kisköre

which the structure could pass the flood without being damaged, was 93,70 m (critical head
water level) which means that the water level dammed up over the lower edge of the structure 
by 0.60 m just does not endanger the stability of the structure. This is the mean value of the 
critical water level at which the structure hydraulically comes into limit state. In this case* 
the storage dams should be elevated by an emergency-dam of 1.0 m height.

According to the data of the discharge curve verified by the model-test, at the level 
93.20 m, the discharge capacity was R =  6840 m3/sec; the probability characteristics of the 
above discharge were

Sr =  500 m3/sec ,

Л  =  o-8 -
CR =  1-0 •

The statistical characteristics of the yearly maxima between 1901 and 1960 of the gauge near 
Taksony were

Ç(l) =  1778 m3/sec aq =  1.0 ,
SQ =  0Д558 ,
/M3 =  0.0814 , 
p , =  0.1041 , 
vq =  0.3947 ,
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fQ =

CQ =  0.15582

0.0814
0.1558 • 0.3947 

0.1041 _

1.324 ,

1.288

The risk taken in respect of the hydraulic failure of river and flood-plain barrages of 
different dimensions was investigated for design durability of T =  100 years and T  =  50 years. 
The results of these investigations are summarized in Table II. In Fig. 5, the conjugate points 
are shown. With the aid of regression calculation the cost functions have been determined for 
a durability of T =  100 years

C(r) =  14.7(0.2401 +  0.5253 log r) • 106 $ ,

C.106 $

Fig. 5. First costs in dependence on the risk incurred 
C =  C0 (60 +  6, log r) Table II

Table II

Cost and risk data of different designs of the river barrage at Kisköre

No.

D enomination
head
water 

rising, cm

cross- 
section 

area, m2

r
Cost
10’$River bed

bar
m

flood-plain
rage

m
T =  50
years

T =  100
years

l 6 x 2 4  =  144 1 4 x 1 5  =  210 3 6 ,0 2 870 2 7 5 ,8 119 ,1 2 0 ,0 7

2 5 x 2 4  =  120 1 2 x 1 5  =  180 5 0 ,6 2 433 1 9 3 ,0 8 2 ,7 18 ,07

3 4 x 2 4 =  96 1 0 x 1 5  =  150 7 2 ,7 1 992 113 ,0 5 0 ,7 16 ,07

4 3 x 2 4 =  72 7 x 1 5  =  105 112 ,7 1 488 4 2 ,8 2 0 ,6 13 ,95
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i.e., for a durability of T =  50 years

C(r) =  12.4(0.1339 +  0.5869 log r) • 10° $

In connection with the amount of damages caused by the failure of the structure, the 
following list gives information.

Other parts of the main construction failed 40.106 $
Demolition prior to rebuilding 8.106 $
Loss of electric energy for six years 20.106 $
Standstill in irrigation for six years 137.106 $
Bridge over the river Tisza and damages caused by

traffic loss 8.106 $
50 human lives 50.0Д4.106 7.106 $
Flood protection, other damages 5.106 $
Total D =  225.106 $

Handling human life as money value might be objectionable: herein, the evaluation of 
the insurance companies has been used.

T  =  100 years, 
bt =  0.5253 ,

D 225 
C, 14.7

2.303
0.5253

=  15.3 , 

(15.3 +  2) 75.9; in the case of five spans; r =  82.7 ,

T =  50 years, 
bl =  0.5869 ,

D
Co

rmax =

225
12.4
2.303

0.5869

18.1 ,

(18.1 +  2) =  79; for five spans; r =  113 .

From the data of the Table it is evident that the flood gates of the spillway in the 
barrage at Kisköre should be built for 5X24 m river barrage spans and 12X15 m flood-plain 
spans for a durability of T =  100 years. Would the durability be T  =  50 years, so would 4 X 24 m 
river barrage spans and 10X15 m flood-plain barrage spans be sufficient.

8. C onclusions

On th e  basis o f th e  above d iscussion an d  th e  n u m erica l exam ple p re 
sen ted , th e  questions p u t  in  th e  in tro d u c tio n  m ay be answ ered. T he flood  
d ischarge sa fe ty  of b ridges ta k in g  also in to  acco u n t th e  design d u ra b ility , is 
n o t sa tis fac to ry  because  th e  low est edge o f th e  s tru c tu re  should  be designed  
in  th e  flood level o f 5 to  10 years, and  n o t  above th e  100 y e a r  flood b y  0.5 to  
1.0 m . T he low est edge of th e  s tru c tu re , show n in th e  num erica l exam ple  
w ould  be designed  — if one d isregards n av ig a tio n  above th e  1 0 0  y e a r  
flood  by  1.0 on th e  level 92.26 m . T he b rid g e  positioned  a t  th is  level w ould
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— in  all p ro b a b ility  — h y d rau lica lly  fail. T he  e levation  of th e  low est edges o f  
s tru c tu re s  erected  o v er n av igab le  riv ers  fu rn ish es  conven ien t h y d rau lic  sa fe ty  
fo r floods to  pass. T h is  is w hy  th e  h y d rau lic  fa ilu re  endangers only b ridges 
b u ilt  over u n n av ig ab le  rivers.

In  th e  case o f b ridges w ith  spans n a rro w er th a n  15 m , w here f la t  fo u n d 
a tio n s  have been  c o n s tru c te d  by  one or tw o  m eters u n d e r th e  b o tto m  o f th e  
r iv e r  bed, th e  d an g e r of h y d rau lic  fa ilu re  is increased . T he fo u n d a tio n s o f  
su ch  bridges in d e p e n d e n t o f th e  q u a lity  o f th e  bed rock  — shou ld  alw ays be  
designed  on pile fo u n d a tio n , to  ensure a s tab le  su p p o rt for th e  in f ra s tru c tu re  
o f th e  bridge a g a in s t acc id en ta l w ash -o u ts . F u r th e r , it  is adv isab le  to  co n n ec t 
th e  su p e rs tru c tu re  o f th e  bridges o f u n n av ig ab le  rivers to  th e  su p p o rts  in  
accordance  w ith  th e ir  deadw eigh t. In  o rd e r to  o b ta in  a m ore fav o u rab le  d is
ch arg e  fac to r, n o t on ly  th e  p iers, b u t  also th e  ab u tm e n ts  shou ld  be designed  
w ith  an  arched  p ro file .

T he flood sa fe ty  of th ese  s tru c tu re s  as was also verified  b y  th e  
n u m erica l exam ple  is ab o u t 1 to  10 p e r  cen t. The m echan ical sa fe ty  on th e  
effect of th e  loads is 0.2 to  0.05 p er cen t 10, b y  tw o  or th ree  orders of m a g n itu d e  
h ig h er th a n  th e  flo o d  sa fe ty . F in a lly  th e  d efin itio n : B y flood sa fe ty  a c a p a c ity  
is m e a n t w hich, d u rin g  th e  design perio d  m ay  be m easured  w ith  th e  en co u n te r  
p ro b a b ility  of all o f th e  m ost u n fa v o u ra b le  s im u ltaneous h y drau lic  an d  
m étéorologie effects causing  th e  fa ilu re  o f th e  s tru c tu re .

The follow ing s ta te m e n ts  m ay  be concluded:
1. The flood sa fe ty  of th e  s tru c tu re s  is only  defin ite ly  defined  b y  th e  p re 

e s tab lish m en t o f th e  design d u ra b ility . I t  is adv isab le  to  g ive d ifferen t perio d s 
o f  d u rab ility  fo r s tru c tu re s  accord ing  to  th e ir  design ch a ra c te r , i.e., te m p o ra ry , 
p e rm a n e n t or la rg e  s tru c tu re s  of g re a t significance.

2. F o r th e  d e te rm in a tio n  of flood  d ischarge  th e  e x tre m a l d is tr ib u tio n  I 
or I I I  m ight he p o sited . T hese d is tr ib u tio n s  also p e rm it th e  conclusion from  
tim e  sequences o f  in su ffic ien t len g th  to  th e  discharge d is trib u tio n s  b y  also 
ta k in g  in to  acco u n t th e  design d u ra b ility .

3. F o r th e  d e te rm in a tio n  of th e  d ischarge  cap ac ity  a su ffic ien t n u m b e r  
o f sm all m o d e l-te s ts  are to  be p e rfo rm ed , for being able to  define th e  p ro b 
a b ility  c h a rac te ris tic s  of th e  d ischarge  fa c to r  and  flood d ischarge (i.e ., th e  
m ean  value, d ispersion , a sy m m etry , k u rto s is ) .

4. I t  is p ra c tic a b le  to  use th e  above p ro ced u re  for d im ensioning  of h y d ro - 
logieally  an a ly sed  w a te r  flow s, fo r th e  d is tr ib u tio n  of th e  discharge reserves 
P e a rso n ’s I I I  d is tr ib u tio n  m ig h t te m p o ra r ily  be used.

P e rm a n e n t s tru c tu re s  of h y d ro lo g ica lly  unexp lo red  w a te r  courses shou ld  
be d im ensioned fo r  a flood d ischarge o f 500 to  1000 y ea rs ; th e  c learan ce  
sa fe ty  should be 0.3 to  0.5 m. In  such  cond itions i t  is enough to  design te m 
p o ra ry  s tru c tu re s  fo r a 1 0 0 -year flood  d ischarge  and  i t  is conven ien t to  design 
th e  low est edge o f th e  s tru c tu re  b y  0.3 m  above th e  100-year flood line.
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Bemessung von Bauwerken für Hochwasserableitung aufgrund der Wahrscheinlich
keitstheorie. Die Hochwasserschluckfähigkeit der Bauwerke wird in Abhängigkeit der geo
metrischen Abmessungen und des Durchflussfaktors als Zufallsgrössen dargelegt. Ein beliebiges 
Maß der Wahrscheinlichkeit kann auch unter Berücksichtigung der vorgesehenen Lebensdauer, 
mit Hilfe irgendeiner extremalen Verteilung ermittelt werden. Das Wesentliche der neuen 
Bemessung besteht in der Sicherung einer Schluckfähigkeit, die um eine bestimmte Wahr
scheinlichkeit höher als der maßgebende Durchfluss ist. Dieses Risiko kann, in Abhängigkeit 
von dem Schaden, verursacht durch die zufällige Zerstörung des Bauwerkes, auch nur auf
grund von wirtschaftlichen Erwägungen ermittelt werden.

Расчет технических сооружений на основе теории вероятности на отвод паводковых 
вод. В работе описывается способность технических сооружений отводить паводковые 
воды в функции от переменных вероятности, а именно геометрических размеров и фактора 
расхода. Некоторый произвольный вероятный масштаб расхода паводковых вод может 
быть определен также с учетом запроектированного срока службы данного технического 
сооружения, с помощью какого-нибудь экстремального распределения. Новым методом 
расчета является то условие, что необходимо обеспечить, чтобы водопоглощающая способ
ность была бы с некоторой определенной вероятностью больше размерного расхода павод
ковых вод. Этот взятый риск, в зависимости от ущерба, вызванного возможным разруше
нием, может быть определен также на основе только экономических соображений.
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ROLE OF THE CENTRE PLATE AND SIDE BEARING  
IN THE SAFE RIDING OF RAIL VEHICLES

P. K E R E S Z T Y *

[M anuscrip t rece ived : 1 F e b ru a ry , 1972]

In  the  c o n stru c tio n  technique o f  ra il veh ic les, th e  design of th e  su p p o rt o f th e  
veh ic le  u n d erfram e  on  th e  bogie b y  a c e n tre  p la te  has been applied  fo r n e a rly  a  c en tu ry . 
T h is so lu tion  has th e  ad v an tag e  of a llow ing  th e  rock ing  of th e  vehicle b o d y  on  its  tw o  
bogies. H ow ever, if  th is  m otion  becom es to o  in ten se , an d  causes osc illa tion  of th e  bo d y , 
th is  w ill a lread y  be u n favourab le . A s to n ish in g ly  th e  R IV  and  R IC -s ta tu te s  re g u la tin g  
th e  change of ra ilw a y  cars on in te rn a tio n a l lev e l do n o t co n ta in  a n y  p re scrip tio n s in  
th is  connection ; in  tu rn ,  in the  P P Y -reg u la tio n  th e re  a re  to  be fo u n d  som e in d ica tio n s 
in  re sp ec t to  th is q u estio n  which, h o w ev er, c an  on ly  be  considered  as a  f ir s t  step  in  
p ro p o sin g  a reg u la tio n .

In tro d u c tio n

U p to  th e  early  fo rties, for rea liz in g  a su itab le  connection  betw een  tlie  
rail veh icle  an d  its  bogie a sim ple cen tre  p la te  or p iv o t was app lied . Since th e n , 
a n u m b er of designs h a v e  been suggested  to  rep lace  these  tra d itio n a l devices, 
how ever, w ith  co m p ara tiv e  success. T he defic iencies of such new  schem es w hich  
did n o t w ork  in  th e  p rac tice , u sually  re v e a lin g  them selves on ly  a fte r  a few  
years in  th e  ra ilw ay  w ork ing  which m a y  be  considered  as a m a t te r  o f course, 
because new  designs shou ld  only be te s te d  in  serv ice a fte r  th o ro u g h  p re lim in a ry  
th eo re tica l in v es tig a tio n .

I n  th e  ra ilw ay  o p e ra tio n  a vehicle  is su b m itte d  to  a g rea t m a n y  effects, 
w hich m a y  also ac t in  a num ber o f d iffe re n t com binations. C arry ing  o u t 
superv iso ry  in v es tig a tio n s  for every  possib le  com bination , w ould  req u ire  
p re te rh u m a n  effort, n o t to  m ention th a t  th is  w ork  should  be done d u ring  th e  
period of designing th e  vehicle, th o u g h , i t  is com m only  know n  th a t  in  o rd er 
to  reaso n ab ly  sa tisfy  th e  com m and on veh ic les, th is  period  shou ld  be lim ited  
to  a re la tiv e ly  sh o rt te rm e , a t m ost to  one  o r one and  a h a lf  y ears . In  such  
cases, th e  designer is on ly  dependen t on  his in tu itio n  w hich m ay  be called  
co n s tru c to r’s in sp ira tio n .

A fte r  a ce rta in  w o rk ing  tim e w hen  defic iencies on th e  new  co n stru c tio n  
are b eg inn ing  to  occur, th e  practice  i ts e lf  show s th e  effects p ro v in g  th e m 

* P . K e h e s z t y , Z irzen J .  u. 8, 1125 B u d a p e s t,  H u n g a ry .
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selves decisive. U n fo rtu n a te ly , th ese  experiences are  s till ra th e r  in d is tin c t, 
a n d  therefo re , th o ro u g h  investiga tion  w o rk  should  be  carried  o u t in  o rd e r to  
th ro w  ligh t on th e  causes of th e  o ccu rred  deficiencies beg inning  w ith  th e  
co llection  of ex periences ob ta ined  d u rin g  th e  service, co n tin u ed  by  th e ir  e v a lu a 
tio n  and  concluded  b y  estab lishm en t o f d iffe ren t th eo re tica l processes, i.e ., 
b y  th e  selection  o f  th e  m ost p robab le  one  o f th em . T h is w ould be a r a th e r  
le n g th y  w ork, ta k in g  also in to  acco u n t t h a t  fo r th is  tim e  — as has a lre a d y  
b e e n  m en tio n ed  — th e  p rac tice  itse lf  so r te d  o u t th e  fa c to rs  w hich, in  th e  co u rse  
o f  th e  superv iso ry  in v estig a tio n  need  n o t  be considered . As good ex am p les  
fo r  th o se  said  ab o v e , th e  supporting  dev ice  o f  th e  bogies o f th e  cars series Cak  
m ig h t be m en tio n ed  as well as th e  fa c ility  rep lac ing  th e  cen tre  p la te  o f th e  
f iv e  axle m o to r coaches series Bbmot.

T he fa c t th a t ,  in  rea lity , how  fa r  from  sim ple th e  re la tionsh ips a re , is 
verified  by  th e  p re se n t paper. Such a p a r tic u la r  phenom enon  will be in v e s ti
g a te d  in  th e  fu lle s t d e ta il as th a t  o ccu rrin g  on th e  cen tre  p la te  e q u ip m e n t, 
t h a t  is, on th e  s im p le s t support im ag in ab le  and  w hich  so-far was u n k n o w n  
b y  th e  designers a n d  opera to rs o f th e  ra il vehicles.

1. Selection of th e  type o f  cen tre  p la te

Two k inds o f  cen tre  p la te  designs are  in  use in  g enera l [1]; th e  sp h erica l 
bogie  cen tre  an d  th e  f la t  cen tre  p la te , th e  con cep tu a l schem es of w h ich  a re  
d ep ic ted  in  F ig . 1. C erta in  railw ays as, fo r exam ple , a re  also th e  H u n g a r ia n  
S ta te  R ailw ays, m a in ly  apply  th e  sp h e rica l cen tre  p la te  on th e ir  v eh ic les, 
w hile  on th e  fre ig h t cars of o th e r com pan ies (U .S .S .R ., U .S.A ., B R ), a lm o s t 
exclusively  f la t  c e n tre  p la tes are to  be  fo u n d  [2], [3], [4].

In  th e  sp h e rica l cen tre  p la te  th e  p o sition  o f th e  vehicle b o d y  is n o t  
a ccu ra te ly  de fin ed , therefo re  th e  b o d y  can  freely  t i l t  to w ard s b o th  sides, 
w h ils t in  th e  case o f  f la t  cen tre  p la te , no  tiltin g  can  occur. A ccord ingly , th e  
com m on b elief is t h a t  if  spherical c e n tre  p la te s  are  app lied  as su p p o rts , th e  
b o d y  tak es  an  u n s ta b le  position  b ecau se  i t  can  t i l t  b o th  to  th e  le f t-h a n d  side  
a n d  to  th e  r ig h t-h a n d  side, as m uch as is allow ed b y  th e  side pads. On th e  o th e r  
h a n d , owing to  th e  p lan e  su pporting  su rface , i t  seem s th a t  th e  vehicle b o d y  
rem ain s stab le , t h a t  is, in  a defin ite ly  d e te rm in ed  position .

H ow ever, in  th e  case of a few  ta n k  w agons, h av in g  f la t  c en tre  p la te  
su p p o rts , th e  p o s itio n  of th e  ta n k  becam e  m ore u n s ta b le  th a n  in  th e  case o f  
th e  spherical c e n tre  p la te  support. Such  ta n k  w agons freq u en tly  dera iled  on 
p o o rly  m a in ta in e d  tra c k s , and it  w as rem ark ab le  th a t  m uch  m ore d e ra ilm e n ts  
occurred  w ith  lo ad ed  th a n  w ith  u n lo ad ed  vehicles, a lth o u g h , as is co m m o n ly  
know n , em p ty  w agons are m ore liab le  to  th e  d an g er o f d era ilm en t. T his p h e n o m 
enon  m ade a d e ta ile d  investiga tion  n ecessary  in  connection  w ith  th e  s u p p o r t 
o f  th e  vehicle u n d e rfram e  on th e  bog ie  cen tre .
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1.1. Role o f  the centre plates

T he cen tre  p la te  of th e  bogie vehicles has a n u m b er of fu n c tio n s:
— tran sfe rs  th e  w eight o f th e  bo d y  to  th e  bogie;
— p erm its  th e  ro ta tio n  o f th e  bogie in  th e  h o rizo n ta l p lan e  u n d e r th e  

vehicle  u n d erfram e  (a t th e  cost of fr ic tio n  causing  a resis tin g  fo rce  as l i t t le  as 
possib le):

— realizes th e  design p o sition  of th e  vehicle  body  in  th e  design vehicle 
gauge;

— b y  th e  fric tio n  betw een  th e  to p  an d  b o tto m  spherica l p la te s  h inders 
th e  t i l t in g  of th e  vehicle bo d y  ab o u t its  lo n g itu d in a l axis or, in  th e  case o f a 
f la t  c e n tre  p la te , b y  th e  fa c t th a t  th e  veh icle  b o d y  can t i l t  a b o u t th e  edge 
o f th e  cen tre  p la te  only  u n d e r th e  effect of a tu rn in g  m o m en t h ig h er th a n  a 
g iven  one;

— b y  th e  m echan ical connection  be tw een  th e  m asses of th e  bogie fram e 
a n d  veh ic le  bo d y  dam ps th e  h a rm fu l m o tio n s of th e  bogie, an d

a t  th e  sam e tim e , also th e  dam ag in g  oscillation of th e  vehicle body .
B o th  k inds of th e  cen tre  p la te s  m ay  m ore  or less fu lfil th e  above fu n c

tio n s.

1.2. Conditions o f  f i t t in g  o f  the centre plates

B o th  during  m an u fac tu rin g  an d  period ica l m a in tan en ce  of th e  ra il 
veh icles th e  bogies an d  th e  vehicle b o d y  are  m ade an d  re p a ire d  sep ara te ly , 
re sp ec tiv e ly . H erea fte r, th e  bogies are  s itu a te d  one a fte r  th e  o th e r, an d  th e  
veh ic le  b o d y  or ta n k  is low ered on to  th em . T h e  tw o bo lsters of th e  tw o bogies 
will n e v e r lie in  th e  sam e p lane , because n e ith e r  are th e ir  su p p o r t sp rin g s .o f  
th e  sam e heigh t, n o r th e ir  specific deflec tion  is exac tly  id en tica l, fu rth e r-
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m o re , th e  s tru c tu ra l h e ig h ts  of th e  p a r ts  of th e  su p p o rte d  co n stru c tio n  are 
n o t  equal, in  sh o rt, th e re  are  to le ran ces of m a n u fa c tu re  everyw here to  be 
fo u n d  w hich, on th e  w hole, cause th e  tw o  bo lsters  to  incline a t an  angle a 0 

(F ig . 2). In  Fig. 2, th e  b o ls te rs  of tw o bogies are to  be seen in fro n t e lev a tio n , 
th e  n e a re r  one being  d raw n  w ith  a fu ll line , an d  th e  re a r  one w ith  a d ashed  
line.

T he springs d raw n  a t  b o th  ends of th e  b o ls te r a t  a basic spacing  b, 
re p re se n t th e  re su ltin g  sp rin g  suspension  on  b o th  sides o f th e  bogie, w ith  a 
sp rin g  r a t e / .  T he h a lf  o f th e  body  w eight (P) shou ld  a c t on each of th e  ho ls te rs ; 
le t us assum e th a t  th is  lo ad  is sy m m etrica lly  d is tr ib u te d , therefo re  i t  ac ts 
e x a c tly  a t  th e  bogie cen tre s . In  th e  fig u re , th e  tw o side p ad s , ly ing  a t a d is tan ce  
e fro m  each o th e r are  also to  be seen.

To change th e  o b liq u ity  of th e  tw o  bo ls te rs , a tu rn in g  m om ent M  shou ld  
be  im posed  on each o f th e m , b o th  of th e  sam e v a lu e  b u t  of opposite  signs. 
U n d e r  th e  effect of th e  m o m en ts  -\-M  a n d  —M, th e  ang le  <x0 changes b y  A x, 
th e  v a lu e  of w hich can  be  de te rm in ed . T h e  ad d itio n a l force a tta c k in g  th e  sp rings 
is eq u a l to  ±M/b;  th e  deflec tions of th e  springs being eq u a l to  Mjb, th e re 
fo re , th e  bo lster ro ta te s  b y  a value

. x  2 f M  A x
sin  A  —  =  - J-----^ ------ .

2 62 2

A s w ill be show n la te r , in  th e  n u m erica l exam ples, a c tu a lly , v e ry  sm all an g u la r 
d isp lacem en ts  occur, th e re fo re , th e  sines an d  ta n g e n ts  o f th e  angles m ay  be 
assu m ed  to  be eq u a l to  th e  len g th s  o f th e  arcs. A ccord ingly , th e  angle a 0 

chan g es u n d er th e  effect o f th e  m o m en t M  b y  a v a lu e

A x ^ ^ L m
b°-

a n d  it  will be fo u n d  th a t
a =  a 0 — A x.

L et us now  see th e  vehicle  b o d y  a t  w hich to le ran ces of m an u fac tu re  also 
e x is t, in  consequence o f w hich th e  to p  p a r ts  of th e  cen tre  p la tes do n o t lie 
in  a com m on p lan e , b u t  th e ir  p lanes a re  inclined  a t  an  angle ß 0. In  F ig . 3, 
o n ly  th e  tw o cross-sections of th e  veh ic le  bo d y  a re  dep ic ted  in  w hich i t  is 
su p p o rte d  on th e  tw o  bo lsters .

T he angle o f to rs io n  ß 0 of th e  vehicle  bo d y  or, in  th e  case in  q uestion , 
o f  th e  ta n k , is n eg a tiv e  accord ing  to  th e  d irec tion  o f x 0 rep resen ted  in  Fig. 2.

If, s im ilarly  to  th e  case of th e  bo ls te rs , also on th e  ta n k , a p a ir  of m om en ts 
A zM  are ac ting , also th e  angle ß 0 w ill v a ry  b y  a v a lu e  Aß.

ß  =  ( - ß 0)  л - m
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L e t us d en o te  th e  specific to rs io n a l cap ac ity  of th e  ta n k  b y  ip m m /k p  
w hich  is u su a lly  m easured  a t  th e  basic  spacing  e of th e  side p ad s. T h is fa c to r  
show s th a t  u n d e r  th e  effect o f 1 k p  lif tin g  force, ac ting  on one o f th e  b ea rin g  
p ad s , th e  co rn er ho isted  b y  how  m a n y  m m s will be lifted  above th e  p lan e  
defined  b y  th e  o th e r  th ree  su p p o rts  [5]. As a m a tte r  of course, th e  1 kp  lif tin g

force is an  a d d itio n a l force above th e  re a c tio n  force induced  a t  th e  p o in t o f 
su p p o rt o f th e  ta n k . A ccordingly, u n d e r  th e  effect of th e  m o m en t M  a c tin g  
w ith  an  a rm  e, th e  ta n k  will be tw is te d  b y  an  angle Aß, th e  va lu e  o f w hich  is

sin  A ß  =

L e t us p u t  th e  ta n k  show n in  F ig . 3 up o n  th e  tw o bo ls te rs  sk e tch ed  in  
F ig . 2. T h en , th e  su p p o rt will be rea lized  a t  th e  tw o edges of th e  to p  cen tre
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p la te s  deno ted  b y  P ;  t h a t  is, th e  eccen tric  forces P  are  ac tin g  a t  these  p o in ts , 
a n d  induce  th e  m o m e n ts  d eno ted  w ith  M . A lso th e  reac tin g  m om ents o f th e  
tw is tin g  m om ents a tta c k in g  th e  b o ls te rs  an d  ta n k  b o d y  are  equal, on ly  of 
opposed  signs; th e y  c o n s titu te  th e  in te rn a l m o m en t o f th e  vehicle constru c tio n  
an d  tw is t th e  ta n k  o r th e  vehicle b o d y .

B y  p u ttin g  th e  b o d y  in to  positio n  th e  angle fo rm ed  b y  th e  bo lsters a re  
chan g in g  to

a =  [a0 — ( +  zla)],

w hile  th e  angle fo rm ed  b y  th e  tw o m ain  cross-beam s (bo lste r beam s) u n d e r th e  
ta n k  will be

ß =  к - ß c )  -

T h e  to p  and  b o tto m  c e n tre  p la te s  e x a c tly  f i t  to g e th e r  in  th e  case w hen a  =  ß. 
A ccordingly

Xo- ^ M i  =  ( - ß 0) +  \ м , ,
bz ez

a o ~\~ßo —
4 /  , W_
b2 e2

M , .

B y th e  m o m e n t has been  d en o ted  w hich , in  th e  case of th e  f la t  sea tin g  
o f  th e  cen tre  p la te s  p a r t ly  tw ists  th e  ta n k  b o d y , p a r tly  raises u n eq u a l lo ad  
d is tr ib u tio n  on th e  tw o  su p p o rts  of th e  b o ls te rs  on th e  bogies.

1.3. M easurem ent results obtained on two vehicles

O n th e  le f t-h a n d -s id e  of F igu re  4 , th e  v a r ia tio n  of th e  angles of a a n d  ß  
a re  illu s tra ted  w ith  th e  num erica l c h a rac te ris tic s  o f a v e ry  s tiff  ta n k  w agon, 
v e rsu s  th e  m o m en t M .  A t th e  rig h t-h an d -s id e  o f th e  sam e fig u re , th e  v a ria tio n s  
o f  th e  angles c a lc u la ted  w ith  th e  d a ta  o f a fou r-ax le  p assenger car of a less 
s t if f  s tru c tu re  are  p re se n te d . In  b o th  cases, i t  h as  been  assum ed th a t  b e tw een  
th e  tw o  ends o f  th e  b o ls te rs  1 0  m m  of local h e ig h t difference ex ists (m easu red  
a t  th e  basic spacing  2 0 0 0  m m  of th e  springs) a n d  also 1 0  m m  h e igh t d ifference 
occurs in  th e  veh ic le  b o d y  or ta n k , how ever, th is  la t te r ,  a t  th e  basic spacing  
o f  1500 m m  of th e  side  b earin g  pads. T h e  ang les a 0 an d  ß 0 a re  assum ed to  cause 
o p p o site  to rsions as is  also rep resen ted  in  F igs 2 an d  3. T hus a t  th e  le ft-h an d - 
side  an d  r ig h t-h an d -s id e  of th e  fig u re , b o th  o f th e  vehicle  construc tions are  
i llu s tra te d  w ith  th e  id en tica l in itia l tw is t

10
2000

10
1500

=  0,005 = t a n a 0 ; a o c ^ 0 ° 1 7 ',  

=  0,0067 =  t a n /?0 ; /30 ^ - 0 ° 2 3 ' .
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T h e eq u a lity  a. — ß  ev id en tly  occurs w here th e  tw o  inclined  s tra ig h t  
lines in te rsec t. T he abscissa asso c ia ted  w ith  th is  p o in t o f in te rsec tio n  defines 
th e  m o m e n t M l

M i =
ao +  ßp 

4 /  , V»
( 1 )

6 2

T his p o in t o f in te rsec tio n  is fo und , in  th e  case o f th e  passen g er cars a t  M x =  
=  0,55 M pm, w hile in  th e  case of th e  ta n k  w agons th is  p o in t lies fa r o u ts id e  
th e  a rea  of Fig. 4 w hich m ay  also b e  seen from  its  c a lcu la ted  value

_  0,005 +  0,0067

1 ~~ 0,001 +  0,000445
8,1 M p  m .

H ow ever, th e  dead  load  of th e  veh ic le  bo d y  can  induce a m o m en t a t  m o st of 
a m a g n itu d e

M „ =  P y  (2)

a n d  if  th e  bo lsters w ould  im pose a la rg e r an g u la r d isp lacem en t since th e  a rm  
o f th e  force can n o t increase, th e  v eh ic le  b o d y  can n o t follow  th e  an g u la r d is
p lacem en ts  of th e  bo lste rs , i t  w ill o n ly  be su p p o rted  b y  th e  edges of th e  to p  
c e n tre  p la te s . A ccord ingly , th e  v a lu e  o f M 0 rep resen ts th e  lim iting  case w here  
th e  p la te s  can  ex ac tly  f i t  to g e th e r.
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In  Fig. 4, also  th e  m ax . M 0 m o m en ts  are rep re sen ted , and  here  is to  
he  seen  th a t  in  th e  case of th e  passen g er ca r iWj <  M 0. T herefore, here , th e  
f la t  c en tre  p la te s  f i t  to g e th e r. H ow ever, in  th e  case o f th e  ta n k  w agon th e  
tw o  inclined s tra ig h t  lines do n o t in te rse c t w ith in  th e  m o m en t-co o rd in a tes  
i  M 0, consequen tly , th e  ta n k  will on ly  be su p p o rted  a t  tw o p o in ts  on th e  
bogies. T herefore, th e  ta n k  m ay easily  becom e tilte d .

T hus, an  e m p ty  t a n k  will be su p p o rte d  only a t  one p o in t on each bogie 
a n d  go t in to  an  u n s ta b le , tiltin g  p o sitio n  a ro u n d  th e  line connecting  th e se  
p o in ts . This c ircu m stan ce  is u n fav o u rab le  because of th e  u n ce rta in  positio n  
o f  th e  ta n k  in  th e  d esign  gauge of th e  veh ic le , and  m ain ly , because th e  vehicle 
b o d y  m ay  come in to  a n  undesirab le  osc illa tion  in  ru n n in g , and  th is  oscilla tion  
c a n n o t be dam ped  b y  a n y  effect. L as tly , n e ith e r  th e  lo ad  m ay  be tra n sfe rre d  
sy m m etrica lly  to  th e  fo u r wheels if  th e  load  is always tran sfe rred  to  th e  edge 
o f  th e  cen tre  p la te , a n d  th u s , also th e  sa fe ty  of rid in g  will becom e w orse.

In  tu rn , in  th e  case of a loaded  veh ic le , th e  force P r ac tin g  on th e  cen tre  
p la te  is g rea te r w h ich , in  th e  case of th e  vehicle  in v es tig a ted , w as ab o u t P r =  
=  34 Mp. This can  a lread y  exert a m o m en t M q =  34,0 - 0 , 1 5 = 5 , 1  M pm if 
th e  w eigh t of th e  b o d y  rests  on th e  edge of th e  f la t  cen tre  p la te . H ow ever, 
a lso  in  th is  case th e re  is M r0 =  5,1 M pm  M 1 =  8,1 M pm . T h a t is w hy one 
m a n  alone can sw ay  th e  ta n k  of a veh ic le  of such a h igh  gross w eigh t w ith  
o n ly  th e  w eight o f h is ow n body w hich is a lto g e th e r a b o u t 80 kp. T he exam ple  
o f  th e  ta n k  w agon also c learly  shows th a t  an  un lo ad ed  vehicle  body  gets sooner 
in to  th is  tiltin g  p o s itio n , th a n  th e  lo ad ed  one, because M gmpty <  Mo°aded.

Such u n fav o u rab le  conditions c a n n o t occur in  th e  case of th e  ap p lica tio n  
o f  a spherical c e n tre  p la te  because h e re , th e  u p p e r an d  low er surfaces f i t  
to g e th e r  in  every  p o s itio n  a t any  va lu es  o f th e  angles a  an d  ß.

1.4. The vehicle body under which it is desirable to a p p ly  spherical centre p la te

A ccording to  t h a t  said  above, in  th e  w ork ing  cond itio n  of th e  f la t  c en tre  
p la te  su p p o rt a ch an g e  will be caused if  th e  tw istin g  m o m en t M l will be au g 
m e n te d  above th e  v a lu e  of M n, because in  th e  case of M 1 >  M 0 t i l tin g  of th e  
v eh ic le  body  m ay  occur. F rom  th e  e q u a lity  M t =  M 0

D
2¥  ,

L 9 90 - e~

a n d  from  th is, th e  follow ing d esid e ra tu m  m ay  be derived :

( 3)
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P ro v id ed  th a t ,  due to  th e  inaccu racies o f th e  m an u fac tu re  and  assem bling , 
th e  v a lu e  of (a0 -)- ß 0) m igh t be h ig h er th a n  th e  rig h t-h an d -sid e  o f th e  eq u a tio n , 
th e n , to  avoid  tiltin g , in  lieu of th e  f la t  cen tre  p la te  spherica l one shou ld  co n 
v e n ie n tly  be applied . H ow ever, th e  ap p lica tio n  of th is  ru le  is also desirab le  
below  th e  v alue  of th e  rig lit-h an d -sid e  o f th e  equation  in  o rd e r to  m ake allow 
ance  fo r  th e  dynam ic  effects w hich m ay  c o n trib u te  in  b ring ing  th e  vehicle  
b o d y  in to  sw ay. N am ely , th e  in v es tig a tio n s  carried  ou t so fa r, w ere on ly  o f a 
s ta t ic  ch a rac te r .

T h e  spherica l c en tre  p la te , th e  co n stru c tio n  cost of w hich  is h ig h er th a n  
th a t  o f  th e  f la t  c en tre  p la te , is in  such  cases m ore ad v an tag eo u s th a n  th e  la t te r  
becau se , as was a lread y  m en tio n ed , in  ap p ly in g  it, th e  d ifference b e tw een  th e  
ang les a 0 and  ß n is ind iffe ren t.

1.5. R u n n in g  on track tw ist

W hen  a ra ilw ay  vehicle conies to  a tw isted  tra c k  sec tion , fo r exam ple , 
over d ip p ed  sleepers or ru n -o ff o f su p ere lev a tio n , th e n  th e  tra c k  u n d e r th e  
bogies is n o t level, as is ex h ib ited  in  F ig . 5. In  th is  figure, fo r sim p lifica tio n ’s

sake , tw o  w heel sets are  rep resen ted  in  th e  fro n t e levation  in  th e  p lan e  o f th e  
c e n tre  p la te s , th e  angle  y  fo rm ed  b y  th e  axles of w hich charac terizes th e  tw is t 
o f th e  tr a c k  m easu red  a t  a spacing  of bogie  cen tres 2(S/2) =  S. B y  th e  angle  
y, th e  ang le  a fo rm ed  b y  th e  bo lsters  has b een  changed; only th e  question  arises: 
to  w h a t e x te n t ? W h en  th e  vehicle is ru n n in g  th ro u g h  such  a tra c k  tw is t, 
its s tru c tu re  will be to rsioned  m ore an d  m ore.
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T he spring  load s are  aug m en ted  b y  a couple

A  s
c 4f + y

[5], an d  th e  tw is tin g  m o m en t of th is couple

S ___

4 / +  y>
(4 )

will be  added  to  tb e  in te rn a l m om en t M x tw is tin g  th e  ta n k . W ith  th e  in 
crease of S, accord ing  to  th e  eq u a tion , p ro p o rtio n a lly  increases also th e  v a lu e  of 
M t. T herefore, i t  is to  be  feared  th a t  th e  b o d y  of th e  p assenger car considered  
to  be  of very  fav o u ra b le  beh av io u r m ay  also ge t in to  a t i ltin g  position  w hen  
th e  ca r ru n s on such  a tw isted  track .

T he m o m en t M 1 tw is tin g  th e  s tru c tu re  of th e  veh icle  m ay  increase from  
its  in itia l v a lue  — as h a s  a lready  been  s ta te d  only  u p  to  reaching  th e  v a lu e  
+  M 0 o r —M 0. A ccord ing ly , th e  value  of th e  tw is tin g  m o m en t ± M t in d u ced  
b y  th e  tra c k  tw is t m u s t  n o t be allow ed to  su rpass th e  v alue

\ ± M t\ ^ \ ± M 0 - M 1\ \m 0\ -  \m ,\ ^ —
c 4f  +y>

th a t  is,

P D a o “b ßo ^  6 2 S

2 i / ,  J L
b2 e2

c 4 f  -\- f

T his re la tio n  is rep resen ted  in  F ig . 6  w hich, ca lcu la ted  w ith  th e  d a ta  
o f th e  passenger c a r  tre a te d  above, show s th e  reg ion  a t  th e  shaded  areas in  
w hich th e  vehicle b o d y  is su p p o rted  only  on tw o po in ts  an d  th u s , com es in to  
a ti l t in g  position . I n  th e  figure, only th e  values of th e  m om en ts m ay  be re a d  
off b u t ,  w ith  th e  h e lp  of E q . (4) th e  a m o u n t of th e  tw is t S  of th e  tra c k  m a y  
easily  be d e te rm in ed  w hich, in  th e  case of a p assenger ca r of bogie cen tres  
t =  17,2 m  co rresponds to  tra c k  tw ists  (a t 1 : 590 an d  (a t —M t) th ro u g h
th e  ru n o ff of th e  su p ere lev a tio n  1 : 273.

T hus, as is seen , also th e  body  of a p assenger car m ay  come in to  a t i l t in g  
positio n , since t r a c k  tw ists  to  th is  e x te n t freq u en tly  occur. H ow ever, such  
tr a c k  tw ists  are  fo r tu n a te ly  sh o rt, th e  vehicles qu ick ly  ru n  over th em  an d , 
h e re a fte r , th e  veh ic le  body  will re s t again  on stab le  su p p o rts .

H ow ever, th e se  num erica l d a ta  d raw  th e  a tte n tio n  to  th e  p ra c tic a b ility  
of rem ain ing  w ith  th e  value  of th e  m o m en t as m uch  as possible below  
th e  value of M Q.
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Fig. 6

2. Side bearing  pads

A ccording to  th e  tra d itio n a l design o f th e  ra ilw ay  bogie vehicles th e  
vehicle body  is su p p o rte d  a t  th e  cen tre  p la te s  on th e  bogies an d  on each bogie 
side p ad s  p re v e n t i t  in  t iltin g  sidew ays to o  fa r. T his t i l t in g  is p e rm itte d  b y  
th e  la rg e r or sm aller ^-clearances b e tw een  th e  vehicle u n d er-fram e  an d  side 
pads. T he m ain  p u rp o se  o f such a vehicle co n s tru c tio n  design is to  in te rp o se  
betw een  th e  vehicle b o d y  an d  tra c k  a sep a ra te  s tru c tu re  — th e  bogie — w hose 
ta s k  is to  accep t th e  im p ac ts  an d  o th e r u n d esirab le  effects from  th e  tra c k  
and  tra n sfe r  th em  a lread y  in  a dam ped  co n d itio n  to  th e  vehicle bo d y  as m uch  
as possible. T his req u ires  a connection  be tw een  th e  vehicle  u n d erfram e  an d  
bogie as loose as possib le invo lv ing  th e  re q u irem en t th a t  th e y  shou ld  h av e  a 
single c o n ta c t p o in t. T h is, how ever, w ould allow  th e  t i ltin g  of th e  car b o d y  
w hich shou ld  be p re v e n te d  f irs t in  o rder to  assure  th e  bo d y  of rem ain ing  
w ith in  th e  design gauge of th e  vehicle, fu rth e rm o re , to  p re v e n t i t  from  ta k in g  
up a la te ra l m o tio n  w ith  to o  large am p litu d es d u rin g  ru n n in g .

I t  m ig h t be said , if  th is  la te ra l m o tion  is dam ag ing , no  clearances shou ld  
be le f t be tw een  th e  vehicle  u n d erfram e an d  side p ad s  (v =  0 ). T h a t k in d  
of su p p o rt also ex ist — nam ely  th e  cen tre  p iv o t design w here th e  p iv o t 
app lied  in s tead  of th e  cen tre  p la te , serves only  fo r axis o f  rotation  of th e  bogie
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in  com parison  w ith  th e  vehicle body , w hile th e  load  tra n s fe r  is realized  b y  th e  
side bearings.

H ow ever, th is  design can n o t be app lied  on an y  k in d  o f vehicle, as it  
w ill be seen below. In  fa c t, th e  m o vem en ts o f th e  vehicle u n d e rfram e  an d  bogie 
a re  too  m anifold, th e ir  co n stru c tio n  shou ld  sa tisfy  a n u m b e r of req u irem en ts , 
an d  n o t only p e rm ittin g  th e  few m otio n s tre a te d  in  th e  foregoing.

2.1. Tw isting  o f  the vehicle

The rail tra c k  consists, in  general, of tw o rails w hich  define a p lan e . 
A lso th e  underframe o f th e  vehicle is co n s tru c te d , in  general, as a p lan e  s tru c 
tu re ,  th e  po in ts of su p p o rt of th e  w heels on th e  rails also lie in  a com m on p lan e .

Fig. 7

O n such a tra c k  w ith  such  vehicles, th e  m o st fav o u rab le  co n d itio n  ta k e s  p lace, 
w here  th e  gross w eig h t of th e  vehicle is sy m m etrica lly  d is tr ib u te d , th e  w heels 
b ea rin g  th e  a p p ro x im a te ly  iden tic  m a g n itu d e  of load.

This ideal s ta te  in  p lane  is i llu s tra te d  in  Fig. 7 w here above th e  p lane o f  
the track tw o bogies spaced  a t  bogie cen tre s  “ a ”  and  above th em  th e  p rin c ip a l 
cross-sections I a n d  I I  of th e  vehicle b o d y  ta n k  — are  d ep ic ted  in  ou tlines.

As soon as th is , id ea lis tic  in  p lan e  design, is changed  th a t  is, th e  vehicle 
goes over a tra c k  tw is t , fo r exam ple, over a ru n -o ff of su p er-e lev a tio n  — th e  
id ea l load of th e  w heels w ill change, som e o f th em  will decrease, o thers increase. 
N am ely , also th e  veh ic le  s tru c tu re  m u st be d is to rted  in  o rd er to  h av e  th e  w heels 
f i t te d  to g e th e r w ith  th e  rails of th e  tw is te d  track .
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T he s tro n g e r th e  tra c k  tw is t, th e  la rg e r is th e  change in  th e  w heel load . 
Is  th e  tra c k  tw ist ex trao rd in a rily  stro n g , so i t  m ay  occur th a t  no w eight falls 
on  one of th e  w heels a t all, m oreover, a w heel m ay  be raised  from  th e  rail 
head  or, as som etim es one says, th e  rail is ru n n in g  o u t from  u n d e r th e  wheel.

In  th is  w ay , th e  tw ists  in  th e  tra c k  red u ce  th e  safe running  of th e  w heels; 
th e  tw ists  an d  asy m m etry  in  th e  vehicle co n stru c tio n  have th e  v e ry  sam e 
consequence  [6 ].

L e t us consider in  place of th e  cross-sections I and  I I  in  Fig. 7 a con tinuous 
s tif f  ta n k  o f a len g th  “ a ” w hich does n o t allow  th e  tw o cross-sections (th e  tw o 
bogies) to  ro ta te  in  com parison  to  each o th e r, th a t  is, does no t allow th e  w heels 
to  f i t  to g e th e r  w ith  th e  rails. H ow ever, if  th e  cross-sections I  an d  I I  are co n n ec t
ed , b y  an d  la rge , b y  a f la t  underframe  th e n  th e  tw o bogies can  f i t , so to  say , 
w ith o u t d ifficu lty  to g e th e r w ith  th e  tra c k  fo r, to  tw is t a long f la t  p la te  only 
a  l i ttle  e ffo rt is needed .

T his exp la in s th e  phenom enon  th a t  th e  sam e bogies show  a more p ro 
nounced tendency to derailment u n d e r a tank  th a n  u n d e r a f la t  underfram e.

2.2. L iquidation  o f  the disadvantage

T he d isa d v a n ta g e  of th e  s tiff  vehicles is u su a lly  e lim inated  b y  p rescrib ing  
a clearance be tw een  th e  side pads  th e  w ider th e  m ore stiff  th e  vehicle is. 
N am ely , th is  c learance , v a t th e  side pad s p e rm its  th e  tw o bogies to  ro ta te  
free ly , as co m p ared  to  each o th er, in  opposed  d irections (deno ted  b y  -}- M  
an d  — M  in  F ig . 8 ) u n d e r th e  vehicle b o d y , leav in g  th e  vehicle body w ith o u t 
to rs io n . A lth o u g h , th e  w hole vehicle structure  w ill be tw isted  in  such  cases, 
th e  bo d y  rem ain s u n tw is ted .

T his fav o u rab le  process lasts  u n til  th e  side bearing pads  come in to  co n tac t. 
S u b seq u en tly , th e  w hole vehicle co n stru c tio n  is ag a in  as stiff, as i t  w as in itia lly  
w hen  th e  c learance  betw een  th e  side bearing pads  d id  n o t y e t ex is ted  [7]. 
A s a m a t te r  o f course, th e  s tiffer such  a vehicle  b o d y  is aga in st to rs io n , th e  
la rg e r c learance  shou ld  be prescribed  as a m in im um  for th e  ty p e  of vehicle 
in  question . B esides, th e  to p  lim it of th e  c learance  should  also be estab lished , 
because th e  am plitude  o f th e  oscillation  of th e  vehicles should  be  lim ited  an d  
n e ith e r  shou ld  one go bey o n d  th e  design gauge o f  the vehicle.

C onsidering th e  above v iew poin ts, th e  p u rp o se  is to  m a in ta in  a clearance 
be tw een  th e  side pads  w hich will fall be tw een  a p rescrib ed  m ax im um  an d  m in i
m um . As a m a t te r  of course th e  m ain ten an ce  of th e  clearance should  be checked 
b y  o p e ra tio n  an d  shou ld  be carried  ou t on a p lan e  tra c k  s tre tc h  w here th e  
s tru c tu re  of th e  vehicle is n o t in  a tw isted  s ta te  and  th u s , th e  m ag n itu d e  of 
th e  clearance b e tw een  th e  side pads  w ill n o t change. In  th e  case of such  a 
co n d itio n  of su p p o rt, th e  s ta te  of th e  vehicle b o d y  is only s tab le  in  tw o  ex trem e 
positions w hen  th e  body , besides th e  cen tre  p la te s  is also su p p o rted  a t  one or
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th e  o th e r  side by  its  side pads. T hus, th e  m a g n itu d e  of th e  c learance  m ay  
ch an g e  a t  one o f th e  side pad s from  zero u p  to  its  w hole v alue  accord ing  to  
w h ich  w ay  th e  vehicle  b o d y  rests , fo r th e  m o m en t, on its  bogies. H ow ever, 
th e  sum  of th e  tw o  side-pad clearances rem ains alw ays th e  sam e w ith in  one 
bogie.

A ccord ingly , i t  is conven ien t to  superv ise  th e  sum  of th e  c learances 
because , in  th is  w ay , th e  check m easu rem en t is m ade in d ep en d en tly  on th e  
u n s ta b le  positio n  o f th e  vehicle b o d y  [8 ].

I n  F ig . 8 , a fram e  of a vehicle s ta n d in g  on a tra c k  tw is t is to  be  seen 
w h ere  th is  tw is t d is to r te d  th e  vehicle co n stru c tio n  tow ards th e  d irec tio n s 
show n b y  th e  arrow s -f-M  and  - M .  T he  to rs io n  to o k  place easily , even  so 
to  say  w ith o u t a h itc h , as long as a c learance ex is ted  betw een  th e  side pads. 
A t th e  m o m en t w h en  th is  clearance d isap p eared , th a t  is, one of th e  ex trem e  
p o sitions h ad  been  reached , as i t  is dep ic ted  in  Fig. 8 , th en , from  th a t  m o m en t 
on , th e  side p ad s  on th e  d iagonal В  — D  of th e  vehicle  will lim it th e  to rs io n  
w hich  to o k  place u p  to  th is  m om en t softly . In  tu rn ,  on a tra c k  tw is t opposite 
to  th a t  rep re sen ted  in  th e  figure, th e  d irec tions -\-M  an d  M  will in te rc h a n g e , 
an d  in  th is  la t te r  case, th e  sum  o f th e  c learances to  he found  on th e  o th e r  d iag 
o n a l o f th e  veh ic le  m ark ed  w ith  A  C w ill define th e  possible e x te n t of th e  
so ft to rsion . A ccord ingly , to  m ake su re  th a t  th e  vehicles will ru n  over tra c k  
tw is ts  or an y  d irec tio n  w ith  th e  sam e sa fe ty , th e  sum  of th e  clearances b e tw een  
th e  side pads on th e  d iagonals of th e  vehicles s ta n d in g  on a level t r a c k  sh o u ld
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be la rg e r th a n  a g iven  m in im um , how ever, th is shou ld  be  re la ted  to  both 
diagonals.

T hereby , th e  significance of th e  clearance betw een  th e  side pads in  th e  
safe  rid ing  of th e  s tif f  vehicles has b een  verified . Two im p o r ta n t  rules in  con
n e c tio n  w ith  th is  c learance  h av e  also  been  estab lished:

1 ) th e  sum  of tw o  clearances w ith in  a bogie should  be h igher th a n  a re 
q u ire d  m in im um  V , an d  low er th a n  a g iven  W  m ax im u m ;

2 ) th e  sum  o f  tw o  clearances to  b e  found  on th e  diagonals o f  the vehicle 
sh o u ld  also be h ig h e r th a n  a g iven V  m in im um .

2.3. M anufacturing  and supervision

T he s ta te m e n ts  m ade in conn ec tio n  w ith  a p rac tica l in s tan ce  of a ta n k  
w agon , are well rep re sen ted  in  Fig. 9. T h e  m agn itudes of V  a n d  W  th eo re tica lly  
e s tab lish ed  are considered  as th e  lim itin g  values to  th e  reg ion  o f to le rances. 
F o r  th e  ta n k  w agon  selected  as an  ex am p le , th e  values V  — 15 m m  an d  W  =  
20 m m  will be a d o p te d . T he sam e v a lu es  are also app lied  b y  th e  railw ays. 
T h is p roved  to  b e  necessary  due to  th e  e x tra o rd in a ry  stiffness of th e  ta n k  
b o d y , as well as to  th e  ch a rac te ris tic s  o f th e  tra c k  to  be  covered  [9]. T hese 
lim itin g  values o f th e  sum  of th e  c learances will sy m m etrica lly  be d is tr ib u te d  
b e tw een  th e  side p a d s , th u s , th e  v a lu e  v  =  8,75 i  1,25 m m  w ill be o b ta in ed . 
H e rew ith , i t  shou ld  be  n o ted  th a t  fo r  vehicle  s tru c tu re s  of to rs io n a l stiffness 
th e  sym m etric  c o n s tru c tio n  alw ays h as  a decisive sign ificance.

In  Fig. 9, a t  th e  cen tre , th e  to p  v iew  of a four-ax le  t a n k  w agon is to  be 
seen  w ith  th e  fo u r side p ad s, d en o ted  w ith  th e  cap ita ls  A - B  C —D. To th e  
le f t, th e  possible v a lu es  of th e  sid e-p ad  clearances of th e  bogie A  D  are  to  
be  seen  and  to  th e  r ig h t, those  of th e  bogie В  C. T h e  abscissas rep resen t 
th e  d iffe ren t positions o f th e  bo d y  b e tw een  th e  tw o possib le  ex trem e cases 
w h ere  th e  body  is su p p o rte d  e ith e r  on  th e  side pads D  an d  C or on those  of 
A  a n d  B . The ta n k , as w as m en tio n ed , is so stiff  th a t  its  tw is t  caused b y  th e  
fr ic tio n  on th e  c e n tre  p la te  can  be  neg lec ted . These tw o  figu res rep resen t 
th e  ru le  1) in  C h ap te r 2.2. T h a t one u n d e r  2) is illu s tra te d  b y  th e  rec tan g le  
below  in  Fig. 9, w hich  has been  o b ta in e d  b y  th e  sim ple su p erp o sitio n  of th e  
tw o  figures.

I n  th is  superposed  d iagram  a n y  possib le position  o f th e  vehicle bo d y  
is re p re se n te d  b y  a com m on o rd in a te  because  th e  s im u ltan eo u s values of th e  
fo u r c learances b e tw een  th e  side p ad s  m a y  alw ays be re a d  o ff from  a single 
o rd in a te . Be, for ex am p le , th e  vehicle  b o d y , for th e  m o m en t, in  th e  position  
m a rk e d  in  th e  fig u re  w ith  z —z. T h en , th e  values of th e  c learances m igh t be

a t  A  an d  В  6  ~  11 m m ,

a t  C an d  D  14 ~  9 m m .
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CENTRE PLATE AND SIDE BEARING OF RAIL VEHICLES 1 4 5

T hese c learances d iffer from  a m ean  v a lu e  v a t  m o st, on ly  b y  a to le ran ce  
va lu e  w hich can  be  d e te rm in ed  as follows,

W  +  V
and г =

W  -  V

T he questio n  m ay  b e  ra ised  if  due to  th e  reasons a lread y  m entioned  
th e  values v =  8,75 m m  i | t |  =  1,25 m m  can n o t be m easu red  in  th e  sym m etric  
p o sitio n  of th e  ta n k  a n d  there fo re  th e  sum  of th e  tw o  side-pad  clearances 
shou ld  be m easu red  th e n  th is  cond ition  does rep re sen t d ifficu lties from  th e  
v iew p o in t o f th e  m a n u fa c tu rin g  tech n iq u e  or superv ision  o f  th e  m an u fac tu re .

B y  som e ra ilw ays, in te rn a l ru les, v a lid  w ith in  th e  co m p an y  itse lf  p re 
scribe th e  cond ition  t h a t  ^4 =  B  =  C =  jD =  ï J= t . L e t us assum e such  a 
m an u fac tu rin g  te c h n iq u e  w here a fte r  p u ttin g  in to  p o sitio n  th e  tan k s  up o n  
th e ir  bogies fo r th e  f i r s t  tim e  th e  above given c learance  values m igh t h av e  
been  com plied w ith  a 8 6  p e r cen t p ro b ab ility . This m eans a sc a tte r  a  =  r  
in  th e  case of a G aussian  d is trib u tio n .

A ccording to  th e  suggestion  of th e  a u th o r , only  th e  v a lu e  of th e  sum s  
shou ld  be checked in  th e  follow ing w ay :

A  +  В  =  2v ± 2 t =  2(v ±  t), 

В  C =  2v ±  2 t  =  2(v i  r),

A  -f- C >  2v — 2t =  2(v — r),

D  -f- В  >  2v — 2x =  2{y — t).

A ccording to  one fam ilia r th eo rem  of th e  th e o ry  of p ro b a b ility  [10] th e  sc a tte r  
o f th e  sum  o f th e  ran d o m  v ariab les  (here A , B , C, D) com es to

ot =  а У2 <  2т •

T his m eans th a t  in  th e  case o f a m an u fac tu rin g  tech n iq u e  fu lly  iden tica l w ith  
th e  above one, th is  new  p rescrip tio n  re la tin g  to  th e  sum  of th e  clearances 
m ay  be  observed  w ith  a  p ro b a b ility  of 95 p er cen t. T h ereb y , besides th e  p ra c 
tic a b ility  o f th e  m e th o d  o f d e te rm in a tio n  o f th e  clearances b y  m easuring  th e ir  
sum s, th e  m a n u fac tu re  o f  th e  vehicles becom es fa r m ore econom ical because 
from  am ong a h u n d red  vehicles only  in th e  case of five  shou ld  th e  body  be 
rem oved  again  a fte r th e  f ir s t  assem bly , in  o rd er to  co rrec t th e  side p ad  c lear
ance.

(In  th is  connection  i t  shou ld  be no ticed  th a t  th e  described  considera tion  
of th e  th e o ry  of p ro b a b ility  is only  valid  in  connection  w ith  th e  in d ep en d en t 
ran d o m  v ariab les. H ow ever, i t  m ay  be assum ed th a t  th e  c rite rio n  of th e  in d e 
pendence  is fu lfilled  w ith  reasonab le  app rox im ation .)
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3. Co-operation of the centre plate and side pads

In  inv estig a tin g  th e  cen tre  p la te , th e  cond ition  o f th e  f i t t in g  to g e th e r 
o f  th e  to p  and  b o tto m  cen tre  p la te s , i t  w as ou r en d eav o u r to  clarify , w hilst 
in  th e  ch ap te r  dealing  w ith  th e  side p a d s  th e  c learance a n d  i ts  d is tr ib u tio n  
b e tw een  th em  w ere rev ea led . H ow ever, th e  tw o eq u ip m en ts  are  m o u n ted  
on  th e  m ain  cross-beam  o f th e  veh icle  u n d erfram e  an d  on  th e  b o ls te r of th e  
bog ie , th u s , th e y  are  com pelled  to  co -o p era te  to  a c e r ta in  degree.

As th e  cond ition  o f  f i t t in g  to g e th e r  th e  to p  an d  b o tto m  cen tre  p la tes 
i t  w as found  in  C h ap te r 1 th a t  th e  u n e q u a lity  M 1 M 0 shou ld  be fulfilled. 
T h is is a fac t, o therw ise  th e  vehicle b o d y  com es in to  a t i l t in g  position . In  tu rn , 
t i l t in g  occurs only in  th e  case w hen th is  is p e rm itte d  b y  th e  c learance  v be tw een  
th e  side pads. Fig. 10 show s th e  level o f th e  side pad s d u rin g  m an u fac tu rin g  
b efo re  th e  bogies m ig h t be  co n n ec ted  u n d e r  th e  vehicle  body . Should  such 
su p erv ision  n o t be ca rried  o u t o r shou ld  i t  be m ade carelessly , so i t  m igh t 
o ccu r th a t  th e  h e ig h t va lu es  d en o ted  w ith  A r an d  B r w ould  equal zero. In  th is  
case, th e  vehicle bo d y  c a n n o t t i l t  to w ard s  th a t  side a b o u t th e  edge of th e  cen tre  
p la te  b u t, a t  m ost, o n ly  a b o u t th e  edge of th e  side p a d ; to  w hich , how ever, 
th e  m om en t

is req u ired .
E v en  m ore d isad v an tag eo u s  w ould  be th e  s itu a tio n  w hen  one of th e  

v a lu e s  A r and  B r w ou ld  be n eg a tiv e  an d , in  ad d ition , A r -f- B r w ould  be less 
th a n  zero. In  such cases, th e  cen tre  p la te s  never f i t  to g e th e r , and  th e  body  
w ill alw ays be in  a t i l t in g  position  w ith  resp ec t to  th e  edge.

T he in v es tig a tio n s  p ro n o u n ced ly  show ed th ree  th re sh o ld  values of th e  
tw is tin g  m om ent, w hose num erica l m a g n itu d e  in  th e  case of th e  tw o vehicles 
in v es tig a ted  in  S ection  1.3 a re  as follows

Table I

Symbol 
of the 

moment
Passenger car Empty tank Loaded tank

M 0 1,5 M pm 1 ,3 0 5  M pm 5 ,1 3 4  M p m

M l 0 ,5 5  M p m 8,1  M pm 8,1  M p m

M cs 7 ,5  M pm 6 ,5 2  M pm 2 5 ,7  M p m

T hese values show  how  th e  th re e  vehicles ch a rac te rized  b y  th em  will 
b eh av e  in  service. I n  ad d itio n , le t us im ag ine  th a t  th e  vehicle  body  is alw ays 
p laced  upon  th e  bogies w ith  th e  aid  o f cranes. On th is  occasion, th e  bogie
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te n d s  to  form  th e  position  of th e  tw o  bolsters g rad u a lly  to  its  own sh ap e  (ß ) 
w hile , in  tu rn , th ese  perfo rm  a tw is tin g  effect on th e  b o d y .

T h is process
— discontinues in  th e  case o f passenger cars a lread y  a t  a tw istin g  m o m en t 

M 1 — 0,55 M pm because a t  th is  tim e , th e  cen tre  p la te s  lie in  a com m on p lane
a =  ß ;

th e  em p ty  ta n k  w agon w ill, in  tu rn , only be su p p o rte d  on th e  edge 
o f th e  cen tre  p la tes, th a t  is, i t  w ill t i l t  if  th is  w ould be  allow ed b y  th e  size of 
th e  c learance  left betw een  th e  side p ad s, because M-, >  M 0;

o r if  th e re  is no su ffic ien t c learance betw een  th e  side pads w hen  
i t  is su p p o rte d  on th e  edges o f th e se  la t te r  an d  is tiltin g . In  fac t, М г ]> M cs 
and  th u s  tiltin g  m ay  occur;

th e  loaded  ta n k  w agon w ill be supp o rted  on th e  edges and  t i l t  ab o u t 
th e m  because  >  M 0;

b u t if  no suffic ien t c learance  has been left a t  side th e  pads, th e  b o d y  
will be su p p o rted  on th e  side bearin g s, how ever, w ith o u t t iltin g  because M 1 <  
< M CS.

B y th e  rig h t d e te rm in a tio n  o f th e  clearance betw een  th e  side pad s ac 
cord ing  to  C hap te r 2 a v e ry  s ig n ifican t o th e r ad v an tag e  offers. H ere to fo re , it
has b een  assum ed th a t  th e  tra c k  s tre tc h  un d er th e  vehicle w as form ed b y  tw o 
paralle l rails. N ow  considering  th e  w heel-loads of th e  veh icle  ac tin g  on th e  ra ils  
of th e  tw is ted  track , i t  should  be  ta k e n  in to  account th a t  th e  d is to rted  tra c k  
ten d s  to  tw is t th e  s tru c tu re  of th e  vehicle, as was m en tio n ed  in  Sections 
1,5 an d  2,1. A ccordingly, a new tw is tin g  m o m en t is a c tin g w h ich  e ith e r au g m en ts  
or reduces th e  tw istin g  m om en t to  w hich  th e  vehicle s tru c tu re  was su b jec ted  
up  to  th a t  m om ent. I f  one in v e s tig a te s  th e  safe rid ing  th e n  only  th a t  case is 
in te re s tin g , w here th e  m o m en t tw is tin g  th e  vehicle s tru c tu re  increases. As a 
consequence of th e  tw ist, th e  w eigh t o f one or th e  o ther w heel decreases, th e re b y
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also  th e  safe ty  of ru n n in g  will be reduced , th u s , th e  p ra c tic a l value of th e  
in v e s tig a tio n  p erfo rm ed  so fa r, m igh t be d em o n stra ted .

I t  w ould go b e y o n d  th e  scope of th is  p a p e r to  discuss th e  m ethod  of 
ca lcu la tio n  of th e  w h ee l-lo ad ; th e  questio n  is tre a te d  in  d e ta il in  [5], [6 ], 
[7] a n d  [9]. F o r c a rry in g  o u t th e  ca lcu la tio n s th e  follow ing fu r th e r  d a ta  are  
re q u ire d  re la ting  to  th e  passenger and  fre ig h t cars t r e a te d  in  th is  paper.

Denomination Passenger car
Tank wagon

empty loaded

Gross weight of the
vehicles . . . 32 000 kp 25 552 kg 76 648 kp

Ideal wheel-load 4 000 kp 3194 kp 9 581 kp
Bogie centres 15 200 mm 7 800 mm 7 800 mm
Bogie wheel-base 2 950 mm 1 800 mm 1 800 mm

T h e m ain  cross-d im ensions (basic spacing  o f side p ad s , basic spacing 
o f  sp rin g  supports, e tc .)  o f  th e  d ifferen t cars h a rd ly  differ, th e re fo re , th e y  have 
b e e n  ta k e n  to  he id e n tic a l. The num erica l d a ta  of T ab le  I I  w hich  sum m arizes 
th e  re su lts  of the  in v e s tig a tio n s  were o b ta in e d  in  th is  w ay .

T he second line  o f  th is  tab le  gives in fo rm a tio n  a b o u t th e  m agn itude  of 
th e  tw is tin g  m om en t M x w hich depends on th e  care of m a n u fa c tu re  in re la tio n  
to  th e  m om ents M 0 a n d  M Cs. In  th e  th i rd  line, tw o p a irs  of ex trem e cases 
a re  considered. In  th e  case o f every vehicle  i t  w as assum ed  fo r th e  m ost u n 
fav o u ra b le  case th a t  o n  o f th e  d iagonals, no clearances are  a t  disposal betw een  
th e  side pads. T he c o n tra ry  of th is  is th a t  th e  clearances be tw een  th e  side pads 
a re  sy m m etrica lly  d is tr ib u te d .

In  lines IY , V , V I  favourab le  p h en o m en a  are  d en o ted  b y  th e  “ no” - 
sq u a re s , w hilst th o se  con ta in ing  “ y es”  designate  u n fav o u rab le  cases. The 
m o s t favourab le  is th e  passenger car w ith  sy m m etrica lly  d is tr ib u te d  side-pad  
c learances. H ow ever, th e  s tiff  ta n k  — if  i ts  car has been  m ade insensible to  
t r a c k  im perfections — is alw ays in  t i l t in g  position  an d  th e re fo re , th e  vehicle 
m a y  b ehave u n fa v o u ra b ly  from  th e  v iew p o in t of th e  dynam ics of rid ing. 
F o r  th e  e lim ination  o f  th is  u n favourab le  phenom enon , in  lieu of th e  f la t  
c e n tre  p la te  th e  a p p lic a tio n  of th e  spherica l one m igh t be  suggested .

R eduction  of th e  w heel-load is m ark ed ly  show n in  lines I X  and X . T rack  
a n d  bo d y  tw ists  cau se  q u ite  insign ifican t changes in th e  w heel-loads of th e  
p assen g er car, a cco rd in g ly , th e y  are th e  sa fest in  rid ing. H ow ever, th e  p roblem  
o f th e  ta n k  w agons is  a lread y  no t so sim ple.

3.1.1. L et us ro ll th e  ta n k  w agon s tep  b y  step  u p o n  a tra c k  tw is t an d  
assum e th a t  on a le v e l tra c k  clearances a re  a t d isposal a t  each  side pad . In  
su ch  cases as a lre a d y  m entioned  th e  tw o bogies m a y  w ith o u t an y  d iffi
c u lty  f i t  to g e th er w dth th e  deform ed tra c k , th u s , only  th e  in itia l defo rm ation
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tw ists  th e  vehicle  body . As a m a tte r  o f course, th e  w heel-load will accord ing ly  
be reduced . L e t us call th is  s ta te  “ p r im a ry  ti ltin g  p o sitio n ,”  th a t  is, w here  
th e  ta n k  is ti l t in g  ab o u t th e  edge o f th e  c e n tre  p la te . R olling th e  w agon u p o n  
a m ore an d  m ore  tw is te d  tra c k  i t  will com e to  such  a p o rtio n  of th e  tra c k  w here  
th e  c learance  b e tw een  th e  side pads ly ing  on one o f th e  d iagonals of th e  vehicle

Table II

I. Characteristics of the  vehicle Passenger car
Freight wagon

loaded tare

II . Order of m agnitude of the  tw isting moments M 0< M 1< M CÄ M 0<  < M j

III. Sum of the clearances between 
the side bearing pads lying on a 
diagonal of the vehicle

VA + VC 0 4 0 13 0 13

VB JT VD 8 4 26 13 26 13

IV. Is the vehicle body supported on 
the edge of the centre plate (or 
side pads)? yes no yes yes yes yes

V. Is the vehicle body resting in a 
tilting position? no no no yes yes yes

VI. Is the vehicle sensitive to track 
imperfections ? yes no yes no yes no

VII. due to initial deformations (kp) 183 183 2700 1712 2175 435

VIII.
d «  
.2 £
9  'ЧЗ

due to 1 : 300 track twist (kp) 713 631 4060 420 2170 420

IX.
_2 «  -Ö 43<D >
t ó ^ Total:

(kp) 896 814 6760 2132 2170 855

X. ( % ) 22,4 20,4 70,5 22,2 68,1 26,8

XI.
Sum of the clearances between 

the side pads on a diagonal of 
the vehicle (mm)

”A + VC - - - 8 - 8

V ß  +  VD - - — 8 - 8

XII.
t-Mо -o 
-  я 
5 -2

due to 1 : 300 track twist — — - 1820 - 1820

XIII. о 43 
2 2

Total
(kp) — — — 3532 . - 2170

XIV. tó
<%) - — - 36,8 - 68,1

d isappear. T h ereb y , th e  “ p rim ary  ti l t in g ”  d iscon tinues and  su b seq u en tly , 
th e  tra c k  tw is t causes th e  ta n k  to  d is to r t as fa r  as th e  v alue  of M cs will be 
reached . In  th e  case of an  em p ty  vehicle  th is  equals 2170 k p  ( th a t  is, 6 8  p e r  
cent) w heel-load red u c tio n . H ereafter, th e  “ secondary  tiltin g  p o sitio n ”  w ill
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a lre a d y  ta k e  p lace a b o u t th e  edges o f  th e  side pads. H ow ever, th e  w heel-loads 
c a n n o t be reduced  an y  m ore on a tra c k  o f  an y  s tro n g  tw is t because th e  ta n k  
a g a in  becam e in d e p e n d e n t on th e  tw o  bogies dancing  u n d e r it. T his is w hy 
in  th e  colum n la s t b u t  one o f th e  line I X  on ly  th e  w heel-load red u c tio n  co r
resp o n d in g  to  th e  m o m e n t M cs in s tead  o f th e  sum  stan d s.

3.1.2. I f  no c learan ce  w ould ex ist, n e ith e r  in itia lly , betw een  th e  side pad s 
th e n , in  th e  process described  in  S ection  3 .1 .1 . only  th a t  change w ill ta k e  p lace 
t h a t  th e  “ p rim ary  ti l t in g  position”  w ill n o t  occur and  th e  “ secondary  t iltin g  
p o s itio n ”  will ta k e  a lread y  place on a m o d e ra te  tra c k  tw is t. T he m ax im u m  
w heel-load  red u c tio n  also rem ains in  th is  case as 2170 kp. H ow ever, i t  shou ld  
b e  n o te d  th a t ,  n ev erth e less , th e  sa fe ty  o f  r id in g  will still be red u ced  because  
th e  sam e red u c tio n  in  th e  w heel-load occurs on a less accentuated, t r a c k  tw is t.

3.2. L e t us lo ad  th e  sam e ta n k  w ag o n  to  its  fu ll c ap ac ity  an d  ro ll i t  also 
in  th is  s ta te  to  th e  tr a c k  tw is t t r e a te d  ab o v e , jo in in g  to  a level section . Also 
n o w  tw o  cases m a y  occur.

3.2.1. I f  in itia lly  no  clearance ex is ted  b e tw een  th e  side p ad s th e n  th e  
ta n k  will n o t t i l t  as f a r  as a tw istin g  m o m e n t, h igher th a n  M cs in c reased  b y  
th e  effect of th e  lo ad  ca rried  by  th e  veh ic le , does n o t ac t. T herefo re, th e  w heel
lo ad s  w ill be m ore a n d  m ore reduced  as th e y  are  ru n n in g  on a m ore a n d  m ore  
tw is te d  tra c k  as fa r  as th e  red u c tio n  b y  89,5 p e r  cen t w ill be reached . T h is is 
th e  “ second ti ltin g  p o sitio n .”

3.2.2. In  tu rn ,  i f  som e clearance ex is ted  betw een  th e  side pad s , th e n  as 
w as to  be  seen in  S ec tion  3.1.1. a p r im a ry  ti ltin g  position  ta k e s  p lace w hich  
w ill be  follow ed b y  th e  free to rsion  o f th e  bogies an d  only h e rea fte r , b y  th e  
“ second  tiltin g  p o s itio n .”  T hus, in  th is  l a t te r  case, th e  second tiltin g  p o sitio n  
occurs on a s tro n g e r tr a c k  tw is t w h e reb y  th e  ru n n in g  sa fe ty  o f th e  vehicle  
is increased .

3.3. In  th e  lines IX  and  X  of th e  ta b le , th e  dev ia tions expressed  in  p e r
ce n ta g e  are n o t so acc e n tu a te d  (on ly  68,1 p e r  cen t in  com parison  w ith  89,5 
p e r  cen t) because in  th e  tab le  a tra c k  tw is t  1 : 300 is in d ica ted  as a specified  
m ax im u m  value . H ow ever, i t  is w ell k n o w n  from  th e  p rac tice  [9] t h a t  a c tu a lly  
m u c h  sh a rp e r tr a c k  tw is ts  occur.

O therw ise, from  th e  lines IX  a n d  X  o f th e  ta b le  i t  is obvious t h a t  b y  
th e  tw is ts  of th e  vehicle  body  an d  tr a c k  q u ite  in sig n ifican t changes in  th e  
w heel-loads of th e  p assen g er car are  caused . T hus, th is  vehicle is th e  sa fes t in  
rid in g .

I n  tu rn , th e  r id in g  sa fe ty  of a rig id  ta n k  w agon is sa tis fa c to ry  if  th e  
s id e -p ad  clearances on a d iagonal a re  sy m m etrica lly  d is tr ib u te d . B esides, 
also  th e  m ag n itu d e  o f th e  clearance is o f im p o rtan ce  because, if  in s te a d  of 
6,5 -j- 6,5 m m  (lines I X  and  X ) on ly  4 + 4  m m  w ould  be p ro v id ed  fo r, th e n , 
acco rd ing  to  th e  v a lu e s  in  lines X I I I  a n d  X IV  th e  em pty  ta n k  w agon w ould  
becom e dangerous to  dera ilm en t.
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4. Conclusions

T he p a r tic u la r  b eh av io u r of th e  s tiff  ta n k  w agons in  being  m ore inclined  
to  dera ilm en t in  loaded  s ta te  th a n  in  ta re , has been  exp la ined . (Sections 3.1. 
an d  3.2.). F o r securing  th e  safe ru n n in g  o f  th e  vehicle, th e  follow ing m easures 
should  be fu lfilled ;

Select co n v en ien tly  th e  m ag n itu d e  o f th e  c learance  betw een  th e  
side pads and

d is tr ib u te  i t  as sy m m etrica lly  as possible,
— m ake p e rcep tib le  th e  effect of th e  angles of a 0 an d  ß 0 depend ing  

on th e  accu racy  of m an u fac tu re .
T he in v estig a tio n s h av e  ju s tif ie d  th a t  from  th e  v iew p o in t of th e  sa fe ty  

o f rid ing , th e  fa c t th a t  if  th e  ta n k  could freely  t i l t  on th e  bogies or th e  bogies 
could m ove as free ly  as possible u n d e r th e  s tiff  vehicle b o d y , w as fav o u rab le . 
H ow ever, i t  shou ld  n o t be le ft o u t o f consid era tio n  th a t  th e  in v estig a tio n s 
w ere on ly  of q u a s is ta tic  ch a rac te r. T ak ing  also th e  dy n am ics o f rid in g  o f th e  
vehicles in to  accoun t, a veh icle b o d y  free ly  tiltin g  m ay  easily  ge t in to  oscillation  
w hich , from  th e  v iew p o in t o f safe rid ing  should  a t  all m eans be avoided . F o r 
th is  reason  v ib ra tio n  d am p ers  should  be in se rted  b e tw een  th e  vehicle bo d y  
an d  bogies w hich, besides th e  costliness, is r a th e r  u n d esirab le  in  th e  fre ig h t 
ca r service. A m uch  sim p ler so lu tion  w ould be th e  ap p lica tio n  of spherica l 
cen tre  p la te  in s tead  of th e  f la t  one. T he fric tio n  in  th e  spherica l cen tre  p la te  
realizes on th e  one h a n d  th e  req u ired  d am p in g  effect an d  on  th e  o th e r as was 
seen earlier — e lim ina tes th e  u n fav o u rab le  effects of th e  d ifference betw een  
th e  angles a 0 and  ß 0.

REFERENCES

1. W a l m s l e y : Non Metallic Liners for Rolling Stock Bearing Surfaces, Railway Gazette
(1970), May 15

2. V in o k u r o v : Vagony, Moscou 1959. Transeldorisdat
3. Car Builders Cyclopedia. 21st edition. Simmons — Bordman Publ. Corp. New York 1961
4. K o f f m a n : Limitations of the Three-Piece Bogie, Railway Gazette 15 (1970), 5
5. K e r e s z t y : La capacité de gauchissage des véhicules. Acta Techn. Hung. 26. (1959)
— — Moyens propres à assurer la circulation normale des wagons sur des voies présentant des 

gauches. Question B 55/RPI. UIC —ORE. Utrecht octobre 1964.
K o f f m a n : Torsional Stiffness of Wagons, Railway Gazette 15 (1963), 2

6. K e r e s z t y : Role of Twist of Rail Vehicles in the Process of Derailment. Közlekedéstudományi
Szemle (1967), No. 1. (In Hungarian)

7. K e r e s z t y : Some Problems in Analysing the Derailment of Railway Vehicles. Járművek,
Mezőgazdasági Gépek (1960), April (In Hungarian)

8. PPV-Regulation. 5. Annex III.
9. Moyens propres à assurer la circulation normale des wagons sur des voies présentant des

gauches. Question ORE, B. 55. Bulletin de VORE. Utrecht, No. 24. Janvier, 1967

Rolle des Drehtellers und der Gleitstütze in der Fahrsicherheit der Schienenfahrzeuge.
Beinahe seit einem Jahrhundert ist im Schienenfahrzeugbau die Bauweise bekannt, wo das 
Untergestell des Wagens durch Drehteller auf den Drehgestellen unterstützt wird. Diese 
Lösung bietet dem Wagenkasten eine günstige Möglichkeit über den beiden Drehgestellen eine
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schwankende Bewegung vollführen zu können. Wird aber dièse Bewegung übertrieben, so 
wird der Wagenkasten in eine schädliche Schwingung gebracht. Die die Wagenaustauschung 
im internationalen Verkehr regulierenden Vorschriften RIV und RIC enthalten in dieser 
Hinsicht interessanterweise keine Verordnungen. Jedoch kann man in den PPV Vorschriften 
eine Hinweisung finden, die aber nicht mehr als ein Anfangsschritt betrachtet werden kann.

Роль вагонного подпятника и боковой опоры в надежности движения железнодо
рожного подвижного средства. В области техники железнодорожного движения уже 
приблизительно в течение одного века известно то решение, при котором рама подвижного 
средства опирается на поворотную тележку через вагонный подпятник. Такое решение 
является выгодным для кузова, чтобы кузов мог качаться между двумя своими поворот
ными тележками. Однако, если такое движение возрастает слишком сильно и достигнет 
колебательного состояния, то такое явление будет уже вредным. Правила RIV и RIC, 
систематизирующие в международном отношении обмен вагонами, интересным образом 
по данному вопросу не содержат никаких указаний. В правилах PPV же можно найти 
определенную ссылку по данному вопросу, что, конечно, можно считать только начальным 
шагом. В работе дается числовой анализ данного вопроса; этот анализ может служить 
основой в сборнике условий для более точного урегулирования данного вопроса.
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HERMETICALLY SEALED SILVER ZINC RATTERIES 
OPERATING IN THE SILVER (I) OXIDE (Ag20) PHASE
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The paper briefly reviews the characteristics of the hermetically sealed miniature 
silver—zinc storage cells enhancing the problems resulting primarily from their 
hermetic sealing. It deals in detail with the problem of gas formation in sealed silver — 
zinc cells, and particularly with the factors which permit to influence the amount of 
gas formation. The influence of the silver structure on the size of the Ag20  (silver 
monoxide) phase developing during the charging is analysed, then the design and ex
perimental work is reviewed which enabled the development of hermetically sealed 
miniature silver—zinc cells working exclusively in the Ag20  phase. Information is 
given on the electrical and storing characteristics and the life of such cells, finally they 
are compared to other cells, pointing out in what direction further research and develop
ment should proceed on the base of the very positive results obtained so far.

1. Introduction

T h e fu n d a m e n ta l problem  of m in ia tu rized  p o rta b le  in s tru m en ts  and  
te leco m m u n ica tio n  engineering  devices is th e  re la tiv e ly  large w eight an d  
vo lum e o f th e ir  su p p ly  sources. T he h igh  specific energy  storage c a p ac ity  
sealed  m in ia tu re  s ilv e r-z in c  b a tte r ie s , p ro d u ced  in  series b y  th e  H u n g a ria n  
M edicor W ork s severa l years ago, an d  th e  p ro d u c tio n  of w hich  has been s ta r te d  
recen tly  b y  th e  jo in t  H u n g arian  B ritish  com pany  M edicharge, fea tu re  th e  
a d v an tag es  offered  b y  th e  s ilv e r-z in c  system  die, ex ac tly , to  its  high specific  
energy  s to rag e .

E a rlie r  p u b lica tio n s  by  au th o rs  [1], [2] rep o rt in  d e ta il on th e  e ssen tia l 
fea tu res  a n d  dev e lo p m en t of th e  s ilv e r-z in c  b a tte ry  sy stem . T hus here  on ly  
th e  specific energy  s to rag e  cap ac ity  w ill be com pared  in  T ab le  1, w hich c learly  
illu s tra te s  th e  a d v a n ta g e s  of th e  s ilv e r-z in c  system . A n o th e r im p o rta n t a d v a n 
tag e  of th e  s ilv e r-z in c  system  is th e  h igh  lo ad ab ility , how ever, w ith  a r a th e r  
sh o rt perio d  o f tim e  (s ta r te r  ch a rac ter).

T hese tw o  ad v a n ta g e s  h av e  m ad e  th e  s ilv e r-z in c  b a tte r ie s  as p ow er 
sources n o n p a re il in  m a n y  fields of ap p lica tion . T he h e rm etica lly  sealed s ilv e r -  
zinc m in ia tu re  b a tte r ie s  produced  b y  M edicor W orks in  m e ta l casing m a y  
be o p tio n a lly  lo ca ted  in  th e  consum er devices, due ex ac tly  to  th e  h e rm etic  
seal, e ith e r  as in d iv id u a l cells, or as b a tte r ie s  consisting  of such cell u n its .
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In  add ition  to  th e ir  ad v an tag eo u s ch a rac te ris tic s , th e  s ilv e r-z in c  b a tte rie s  
h a v e , how ever, ce rta in  d isad v an tag es  as well.

O ne such d raw b ack  is th e  re la tiv e ly  h ig h  w orld m a rk e t p rice  of th e  silver, 
re p re se n tin g  th e  basic  m a te r ia l of th e  p o s itiv e  electrode an d , th e reb y , th a t  
o f  th e  b a tte rie s  p ro p er. T rue , in  th e o ry  o n ly  2,02 g silver is req u ired  fo r th e  
p ro d u c tio n  of 1 A h, b u t  in  p rac tice  th e  m u ltip le  of th is  q u a n t i ty  is used . T he

Table I

Comparison of the energy densities of conventional and up-to-date silver—zinc accumulators

No. System Ah/kg Wh/kg Ah/dm* Wh/dm«

l Acidic lead accu. Юч-15 204-30 20 4-30 404-60
2 Alkaline nickel-cadmium accu.

О•I*Ю
 

r—1

Tf<<M•I’CO 304-50 364-60
3 Silver-zinc accib 404-60 604-75 80-4-100 1204-150

silv e r w ill n o t be a n n ih ila ted  by  th e  d e s tru c tio n  of th e  b a t te ry ,  an d  can  be 
reco v ered  in  th e  form  o f p u re  silver w ith  m ino r losses, s till th e  user is only 
in te re s te d  in  th e  p u rch ase  p rice  o f th e  new  b a tte ry .

In  add itio n  to  th e  re la tiv e ly  h igh  p rice  th e  cycle life of even th e  b est 
q u a li ty  s ilv e r-z in c  b a tte r ie s  is only a b o u t 60 to  100 cycles [3], assum ing  fu ll 
d isch arg e  an d  su b seq u en t recharge in  ev e ry  cycle. T hus, even  if  th e  to ta l  
a m o u n t o f A h or, m ore  precisely , W h v a lu es  th a t  can  be recovered  d u rin g  
th e  life  of a s ilv e r-z in c  b a t te ry  is considered , th e  cost p e r W h is s till h igh.

A s for th e ir  t re a tm e n t, if  th e  spec ifica tions of use are  ad h ered  to , th e re  
is no  essen tia l d ifference b e tw een  s ilv e r-z in c  an d  o th e r (lead , n ick e l-cad m iu m , 
e tc .)  b a tte rie s . A tte n tio n  m u s t he d raw n , how ever, to  th e  increased  sen s itiv ity  
o f  th e  s ilv e r-z in c  b a tte r ie s  to  overcharge, as well as re p o la riza tio n  if  th e y  re 
p re s e n t b a tte rie s  consisting  o f series co n n ec ted  cells.

O n th e  basis o f th e  fac ts  described  above, th e  re sea rch  te a m  u n d e r th e  
d ire c tio n  of au th o rs  h a s  focussed its  a c tiv ity , as a f ir s t  s tep , on th e  w ork  
to  e lim in a te  reverse  p o la r ity , th e  re su lts  w here  of have a lread y  been  rep o rted  
o n  in  d e ta il elsew here [1], [2]. In  C h ap te r  6  o f th e  sam e p u b lica tio n , au th o rs  
o u tlin e  th e  prom ising efforts in  p ro d u c in g  a h erm etica lly  sealed  m in ia tu re  
s ilv e r-z in c  b a tte ry  w here , b y  using  th e  sam e silver w eight, th e  charge co rre 
sp o n d in g  to  th e  ra te d  c a p ac ity  can  be p ro v id ed  for a t a p o te n tia l  level conform 
in g  to  silver(I)ox ide (A g 20 ) . S ilv e r-z in c  accum ula to rs of a charge  of th is  
ty p e  h av e , u n d o u b ted ly , g rea t ad v a n ta g e s  as against a n o rm a l accu m u la to r 
[1], [2]. P rac tica l rea liza tio n  of th e  possib ilities th u s  exp lo red  obviously  
d em a n d e d  sy stem atic  re search  and  d ev e lo p m en t for th e  p o u rp o se  of c larify ing  
a ll th e  re lev an t p rob lem s. In  th is  p a p e r a u th o rs  rep o rt in  d e ta il on th e  research
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and  d ev e lopm en t ac tiv ities d irec ted  to  p ro d u ce  a sealed  m in ia tu re  s ilv e r-z in c  
accu m u la to r o p e ra tin g  in  th e  pu re  s ilver(I)ox ide  phase , on th e  basis o f w hich 
th e  p ro d u c tio n  o f  such accum ula to rs is ca rried  o u t in  a serial scale to d a y .

2. Gas formation in the sealed silver—zinc accumulator

Processes ch a rac te ris tic  of th e  o p e ra tio n  of accum ulato rs, ta k in g  p lace 
in th e  course of energy  consum ption  (sto rage) an d  pow er supp ly , w hich  h av e  
been described  in  d e ta il b y  th e  p u b lica tio n s  re ferred  to  [1 ], [2 ], are  a c tu a lly  
chem ical reac tions w here, th eo re tica lly , no gas is p roduced . R eference w as 
m ade in  th ese  p ap ers  to  th e  several seco n d ary  processes sim ilarly  c h a ra c te ris tic  
of th e  system  u n d e r  opera tiona l cond itions. T hese processes, som e o f w hich  
being associa ted  w ith  gas p ro d u c tio n , a re  d e tr im e n ta l to  th e  h e rm e tica lly  
sealed system . So here  only  th e  seco n d ary  reac tio n s associated  w ith  gas fo rm a 
tio n  w ill he d iscussed  w hich are due, e ssen tia lly , to  one of tw o reasons:

( 1 )  raw  m a te r ia l p roperties, and
(2 ) th e  o p e ra tio n a l conditions of th e  accu m u la to r.
T he m o st d e tr im e n ta l are th e  gas fo rm in g  processes due to  raw  m a te r ia l 

ch arac teris tics , since th e y  are “ sp o n tan eo u s”  w hich m eans th a t  th e y  occur 
du ring  sto rage  a f te r  assem bly , th a t  is, w hen  th e  accu m u la to r is a t s ta n d s till , 
and  because in  ex trem e  cases m ay  lead  to  th e  com plete  d e s tru c tio n  o f th e  h e r 
m etic  seal.

I n  s ilv e r-z in c  accum ula to rs (b u t, w e believe , th is  applies to  every  e lec tro 
chem ical source), ex am in a tio n  of th e  ac tiv e  agen ts of th e  charged  s ta te  is 
o f c ritica l im p o rta n c e , n o t only because  th e y  are  to  be stab le  in  th is  co n d i
tio n  to  m ee t th e  p recond itions of use, b u t  also because in  an  essen tia lly  id e n 
tica l e lec tro ly te  — th ro u g h  a m ore or less com ple te  sep a ra tio n  tw o  energe
tica lly  en tire ly  d iffe ren t substances are  p re se n t: m ix tu re  of th e  silver oxides, 
an d  m e ta l zinc.

T he s ta b ility  of silver oxides in  basic  e lec tro ly tes w as s tu d ied  b y  a n u m b e r 
of research  w orkers in  recen t years  [4], [5].

I d  general, so lu b ility  is n o t assoc ia ted  w ith  gas fo rm atio n  and  th e  silver 
oxides form , u su a lly , colloid solu tions. I f  th e  e lec tro ly te  con ta in s a su ffic ien t 
q u a n tity  of reduc ing  ag en t (such as th e  po lybasic  alcohol p lastic izers o f cello
ph an e  sep a ra to rs), th e n  th e  oxides are  red u ced , an d  th e  silver w ill be reso lved  
in  th e  form  of a m e ta l colloid. T here  is no  gas p ro d u c tio n  in  th e re  cases since 
th e  reducing  ag en t w ill b in d  th e  oxygen .

T he s itu a tio n  is en tire ly  d ifferen t w hen , in  o rder to  u tilize  th e  silver to  
a m ax im um  e x te n t, th e  positive  electrodes of th e  accu m u la to rs  are  d im ensioned  
in  such a m a n n e r as to  m ake th e  use o f th e  so-called  perox ide  ph ase  (AgO) 
ind ispensab le  fo r o p e ra tio n  a t  th e  ra te d  c ap ac ity . I n  such cases th e  silver oxide
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m ix tu re  m ay c o n ta in  in  a considerab le q u a n t i ty  ce rta in  h igher o rd er ox ides 
w h ich  discharge oxygen  in  th e  course of sp o n tan eo u s decom position , e .g .:

A g 20 3 =  2A g0  +  1/2 0 2 . (1)

T h is phenom enon  is in  co rre la tion  w ith  th e  p u r i ty  of th e  basic  silver m a te ria l. 
I f  th e  silver co n ta in s  co n tam in a tio n s decreasing  th e  overvo ltage o f oxygen  
se p a ra tio n  from  th e  ac tiv e  m a te ria l, th e n  th e  silver can n o t reach  th e  a d e q u a te

KOH electrolyte

___  0 H ‘ _  K*

Fig. 1. Detrimental effect of contamination on the zinc electrode

specific  charge (no A gO /A gaO m ix tu re  of a d e q u a te  ra tio  can  be p roduced ) 
since  th e  oxide m ix tu re  is usually  p roduced  b y  anodic  ox idation  in th ese  cases, 
a n d  in  th e  course o f  th is  process oxygen p ro d u c tio n  can a lread y  be  observed .

A ccording to  T v a r u s h k o , th ese  m e ta l im p u ritie s  are m ain ly  Co, N i, 
Z r, Ce, P d , and  W , w here th e  sequence o f th e  en u m era tio n  re flec ts  th a t  o f th e  
o x y g en  overvo ltage  reduc tion . A t a ce rta in  co n cen tra tio n  of im p u ritie s  an d  
an o d ic  c u rren t d e n s ity , AgO can n o t even  be  p roduced  b u t  only th e  low er 
o rd e r A g20  oxide.

As for th e  b e h a v io u r of th e  ac tiv e  ag en t, th is  is re la ted  to  th e  o p e ra tio n a l 
(charge  or d ischarge) conditions w hich  will be  discussed la te r  on.

T he b e h a v io u r of zinc electrodes in  K O H  elec tro ly te  is less fav o u ra b le  
th a n  th a t  of silver, as in  th e  fo rm er case serious gas fo rm atio n  m u st be reckoned  
w ith . A ccording to  th e  w ell-know n reac tio n

Zn +  2 K 0 H  +  2 H ,0  =  K ,Z n (O H )} +  H , (2)

th e  zinc will be d issolved by  th e  e lec tro ly te , an d  th is  process is in  connection, 
w ith  th e  zinc im p u ritie s . A bsolu tely  p u re  zinc could nev er be d isso lved . 
Im p u ritie s  w hich are , in  general, m ore e lec tro p o sitiv e  th a n  th e  zinc, form  w ith
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th e  la t te r  a sh o rted  galvanic  cell w ith in  th e  e lectrode, w here th e y  ac t as th e  
c a th o d e  an d  th e  zinc will be an od ica lly  dissolved.

E ssen tia lly , th is  is an  e lec trochem ical corrosion of th e  zinc. T he ra te  of th e  
p rocess depends on th e  q u a lity  o f th e  c o n tam in a tio n s . The m ore e lec tropositive  
th e  c o n ta m in a tio n  is as co m p ared  to  th e  zinc in  th e  so lu tion , th e  h igher is th e  
speed  of th e  process. The d ependence  of th e  d ifferen tia l ra te  of d isso lu tion  
on th e  im p u ritie s  w as s tu d ied  b y  m eans of a sim ple ex p erim en t:

F o u r  zinc p la te  sam ples o f  id e n tic a l g eo m etry  and  w eigh t used  as basic  
an o d e  m a te ria ls  of d ifferen t iro n  c o n ten ts , a lth o u g h  w ith  a p p ro x im a te ly  id e n 
tica l o th e r  im p u ritie s  w ere p laced  in to  th e  e lec tro ly te  and , a f te r  an  id en tica l 
p e rio d  of tim e , th e  volum e of th e  gas tra p p e d  b y  th e  hyd rogen  gas collector 
b u re t te  lo ca ted  above th e  vessel, used  fo r th e  d isso lu tion  process, w as m eas
u red . D urin g  th e  exp erim en t th e  te m p e ra tu re  w as m a in ta in ed  a t  co n s tan t, 
w hereas th e  p ressu re  was co rrec ted  accord ing  to  th e  b aro m etric  p ressu re  va lue .

Iron
contamination,

%

H2 (in mm3) produced 
within an identical 

period of time

0,0004 80
0,001 155
0,0018 195
0,0025 280

W ith  resp ec t to  th e  easier sep a ra tio n  of th e  H 2 gas th e re  is a n o th e r fac to r  
p lay in g  a d e tr im e n ta l role w h ich  c an n o t be  neg lected , e ither. T he m a jo rity  
of im p u ritie s  w ill reduce th e  o v erv o ltag e  o f H 2 sep a ra tio n  in  zinc, and  th e re  
is h a rd ly  an y  excep tion  am ong th e  m ost com m on im p urities from  th is  aspect. 
T h is process dem ands, th ere fo re , th e  possib ly  m ax im um  p u r ity  o f basic  anode 
m a te ria ls  as a com pulsory  sp ecifica tion . G enera lly , all th e  co n tam in a tio n s  
m ore e lec tropositive  th a n  zinc a re  d e tr im e n ta l, includ ing  F e , Cr, N a, Cu, P t  
a n d  C. T he v e ry  few excep tions increase  th e  p o te n tia l  of H 2 sep a ra tio n  in  th e  
zinc.

A  special ac tio n  is ex e rted  b y  m ercu ry  w hich, in  ad d itio n  to  th e  above 
effect, fo rm s an  am algam  w ith  th e  e lec tro p o sitiv e  im p urities an d  w ill d isperse 
th e m  in th e  ac tive  anode as a g a in s t th e  ch a ra c te ris tic  n a tu re  of F ig . 1 w here 
th e  c o n ta m in a n t is co n cen tra ted , w hereby  th e  p ro d u c tio n  of a surface of th e  
sam e p o te n tia l is p rom oted . T h u s , an increased  p o ten tia l hom ogeneity  m ay  
reduce  th e  process. This is w h y  m ercu ry  is d e lib era te ly  em ployed  in  m ost 
pow er sources using  zinc anodes to  co m p en sa te  for th e  effect of im p u rities . 
T his possib ility , how ever, shou ld  n ev e r a llev ia te  th e  req u irem en ts  se t to  high- 
p u r i ty  anode m ateria ls . As an  ex am p le , th e  c ritic a l c o n tam in an t co n cen tra tio n s
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of th e  zinc anodes in  sealed s ilv e r-z in c  accu m u la to rs  do n o t exceed 1 0 - 3  

p er c en t and , in  ad d itio n , am alg am atio n  of th e  residua l im p urities is b y  2  to  
4 p e r  c en t m ercu ry .

B y-processes associa ted  w ith  th e  o p era tio n a l cond itions of accu m u la to rs  
m a y  also lead  to  gas fo rm atio n . O p era tio n a l cond itions m ean  here, ab o v e  all, 
how  charge  and  d ischerge are  perfo rm ed .

I f  th e  fu n d a m e n ta l c u rren t p ro duc ing  or accu m u la tin g  process is assum ed  
to  ta k e  place as described  earlier b y  a u th o rs  [1 ], [2 ], th is  m ay  ho ld  tru e  only 
w ith  th e  s tip u la tio n  th a t  th e  efficiency o f th e  tra n sfo rm a tio n  betw een  electric  
a n d  chem ical energies is increasing  w ith  a reduced  cu rren t d en sity  in  th e  
case o f b o th  charge an d  d ischarge. Since, on th e  o th e r h an d , cu rren t d en sity  
c a n n o t he  reduced  in fin ite ly , as th is  w ould  e lim inate  th e  pow er source ch a ra c te r , 
a com prom ise is necessary  w ith  re sp ec t to  efficiency. A lthough  th e  efficiency 
c f th e  s ilv e r-z in c  sy stem  is one of th e  v e ry  b es t p a r t  o f th e  energy difference 
d e te rm in ed  b y  th is  efficiency is s till w asted  fo r secondary  processes lead in g  
to  gas p rod u c tio n .

As m en tio n ed  earlie r in  th e  case of b o th  charge an d  discharge th e  o x id a 
tio n  an d  red u c tio n  of th e  ac tiv e  su b stan ces shou ld  be spoken  abou t. In  ad d itio n , 
as show n b y  th e  fu n d a m e n ta l processes, th e  oxygen  u p ta k e  of th e  red u ced  
a c tiv e  ag en t (Ag) is perfo rm ed  in d irec tly , b y  th e  in te rm e d ia ry  of th e  e lec tro ly te , 
from  th e  oxidized ac tiv e  su b stan ce  (ZnO ). In  charge, for exam ple, th e  zinc 
o x ide  tran sfe rs  i ts  oxy g en  th ro u g h  a tran sm issio n  process to  th e  silver (w hich 
g ives silver oxide an d  zinc), w hile in  d ischarge  a vice v ersa  process is com pleted . 
W h en  charg ing  w ith  an  ex trem ely  sm all c u rren t den sity , th e  oxygen q u a n ti ty  
in  th e  silver oxides th u s  p roduced  will be ex ac tly  equal to  th e  Coulom b n u m b er 
u sed  fo r  charging. I f , on  th e  o th e r h a n d , charg ing  is still accep tab le  in  p rac tice  
w ith  a f in ite  c u rre n t d e n s ity  th en , in  ad d itio n  to  th e  useful

ZnO +  2Ag =  A g 20  +  Zn (3)

process an o th e r process p roducing  oxygen  gas, th a t  is,

2 0 H -  =  H 20  +  1/2 0 2 +  2e~ (4)
will also ta k e  p lace.

B ecause o f  th e  d iffusive an d  b o u n d a ry  la y e r  inh ib itions th is  process 
can  be observed  m ain ly  on th e  positive  electrode w hile, due to  sim ilar reasons, 
h y d ro g e n  m ay  be p ro d u ced  on th e  n eg a tiv e  e lectrode.

Since oxygen tra n s p o r t  is b y  e lec tro ly te  ions, a t  a h igh c u rre n t d en sity  
th e  К  + ions m ay  be  n eu tra lized  an d  h y d ro g en  p ro d u ced  in stead  of th e  usefu l 
reac tio n  (sep ara tio n  of th e  oxygen a tom  from  th e  ZnO m olecule) a t  th e  zinc 
ox ide  electrode:

2K +  +  2 H 20  +  2 e -  =  2K O H  +  H 2,

2H 20  +  2 e - =  20H  +  H 2. (5)
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N atu ra lly , it w ould  be  a m istake to  be lieve  th a t  a charge q u a n ti ty  co rrespond ing  
to  th e  to ta l  a m o u n t of energy d ifference, d e te rm in ed  b y  th e  efficiency o f th e  
energy  or even b y  th e  cu rren t e ffic iency , m ig h t be used  fo r gas p ro duc ing  
secondary  reac tio n s. T h is would re su lt in  th e  p ro d u c tio n  of such g rea t gas q u a n 
titie s , even in th e  ex trem ely  high c u r re n t  effic iency  s ilv e r-z in c  accu m u la to rs , 
w hereby  sealing w ould  he prec luded .

Gas p ro duc ing  process co nnec ted  to  th e  o p era tio n a l cond itions w ill 
accom pany  every  use  w here the  o v erch arg e  or overd ischarge o f th e  ac tive  
sub stan ces is inv o lv ed . H ere th e  tw o  te rm s , re ferred  to  above, m ean  th a t  th e  
ac tiv e  agents h av e  been  tran sfo rm ed  q u a n tita tiv e ly  in  th e  d irec tion  o f th e  
desired  reaction , th e re  is no more a c tiv e  m a te r ia l to  he  tran sfo rm ed  (oxidized 
or reduced) and , th e re fo re , a by-process asso c ia ted  w ith  gas p ro d u c tio n  (w a te r 
decom position) w ill ta k e  place.

In  o rder to  avo id  such consequences, th e  q u a n ti ty  of ac tiv e  su b stan ces 
in  each accu m u la to r system  will he  d im ensioned  to  m ore th a n  th e  nom inal 
c a p ac ity  of th e  accu m u la to r, and th e  charge  as well as d ischarge cond itions 
will h av e  to  sa tisfy  ce rta in  req u irem en ts  (u ltim a te  vo ltage) w hich, depend ing  
on th e  cu rren t d e n s ity , enable in b o th  th e  “ ch arg ed ”  an d  “ d isch arg ed ”  s ta te  
o f th e  accu m u la to r th e  m ain tenance  o f a su ffic ien t q u a n ti ty  of ac tiv e  m a te ria l 
reserve  conform ing to  th e  opposite s ta te .  T h is tech n ica l know -how  is p a r t ic 
u la rly  im p o rta n t in  sealed  system s.

Gas fo rm a tio n  m u s t he av o id ed  in  h e rm etica lly  sealed system s n o t 
only  because th e  p ressu re  increase m a y  lead  to  m echan ical dam ages, d e fo r
m atio n s, and  th e  d es tru c tio n  of th e  h e rm e tic  seal, b u t  also because th e  gases 
th u s  p roduced  w ould  c rea te  inclusions in  th e  ac tiv e  m a te ria l u sua lly  of h igh 
p o ro sity , even if  th e  construc tion  cou ld  resis t all th e  above effects. Inc lusions 
w ould  th e n  “ sh ie ld”  p a r t  of th e  ac tiv e  su rfaces b y  d isp lacing  th e  e lec tro ly te  
th e re fro m . This, in  tu r n ,  leads to  th e  re d u c tio n  of th e  ac tu a lly  ac tiv e  su rface , 
w h erea fte r th e  c u rre n t in ten s ity  sp ec ified  as a p reco n d itio n  of use crea tes 
an  increased  c u rre n t d ensity  over th is  red u ced  surface. F in a lly , th is  will 
enhance  all th e  consequences b ro u g h t a b o u t b y  th e  gas p ro duc ing  processes 
ta k in g  p lace u n d e r o p era tio n a l co n d itions as described  above. T his is w hy  gas 
fo rm a tio n  w ould increasin g ly  accelera te  th e  d es tru c tio n  of an y  accu m u la to r.

All th e  possib ilities (m ateria l p u r i ty ,  precise specification  of th e  o p era 
tio n a l conditions, d im ensioning) av a ilab le  to  m inim ize gas p ro d u c tio n  (it 
c an n o t be com ple te ly  elim inated) a re  m ad e  good use of th e  h erm etica lly  
sealed  s ilv e r-z in c  m in ia tu re  accu m u la to rs  m a n u fa c tu red  by  M edicor W orks.

In  th e  ap p lica tio n  of the  dual d ep o la rize r p rev en tin g  reverse  p o la riza 
tio n , as described in  [1 ] an d  [2 ], one o f th e  p reco n d itio n s w as to  fin d  a m a te ria l 
w hich , if  n o t as its  m a in  requ irem en t, cou ld  red u ce  gas fo rm atio n  a t  th e  positive  
elec trode . This is a c tu a lly  accom plished, in d eed , by  cadm ium  oxide finally  
em ployed  for th e  p u rp o se .
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A ccording to  th e  m easu rem en t re su lts  of T varushko  [4], th e  gas p ro d u c 
t io n  of a silver oxide electrode m ad e  o f ab so lu te ly  p u re  (99,99 p e r cen t) silver 
is 23 p l/g /day , w h ereas  th a t  of a cad m iu m  alloyed  silver e lectrode is on ly  16 
p l/g /d ay .

T he m ost in te re s tin g  is th a t  th e  red u ced  sp o n tan eo u s gas fo rm a tio n  as 
describ ed  above w as associated  w ith  a sim ilarly  reduced  gas p ro d u c tio n  in  th e  
a c c u m u la to r  used . F u r th e r  red u c tio n  in  th e  gas fo rm a tio n  was ach ieved  b y

Table II

Comparison of the gas quantities produced in conventional double depolarizer 
and lead additive type accumulators

Construction Condition
Gas quantity (mm8)

-f- electrode — electrode

I. Conventional After charge 150 50
After 60 cycles 200 500

II. Double depolar. After charge 50 50
After 100 cycles 200 200

III. Lead additive After charge 35 35
After 150 cycles 35 50

Note: Data represent the average of at least 6 cells, each. The initial deformation of the cells 
(a few tenth of a mm) begins at a gas quantity of about 500 or 600 mm3.

u sin g  a n o th e r m a te r ia l again, n o t p rim a rily  for th is  pu rpose , b u t  to  p ro m o te  
b e t te r  silver u tiliz a tio n , nam ely  a lead  ad d itiv e . R ed u c tio n  of th e  gas q u a n t i ty  
p ro d u ced  in  h e rm e tica lly  sealed accu m u la to rs  is illu s tra te d  b y  T ab le  II w here  
d a ta  of co n v en tio n a l, dual d ep o la rizer, an d  lead  ad d itiv e  accu m u la to rs  are  
co m p ared  (average  d a ta  of 6  cells).

T he v alue  o f th ese  resu lts is fu r th e r  increased  by  th e  fac t th a t  an  in creased  
cycle n u m b er could  be achieved in  th e  sequence of en u m era tion .

E lec trochem ica l re fin em en t, am a lg am a tio n , and  th e  high p u r ity  o f th e  
b asic  m a te ria ls  are  th e  fac to rs in  th e  n eg a tiv e  e lectrode w hich red u ce  gas 
fo rm a tio n  to  an  accep tab le  level. S till, fu r th e r  research  can n o t be considered  
as superfluous a lth o u g h  sp ec tacu la r re su lts  of severa l o rders of m a g n itu d e  
in fluence  are  n o t to  be expected .

3. Effect of the silver structure on the Ag20  phase size

L ite ra ry  d a ta  an d  our own experiences confirm  th a t ,  if  th e  g ra in  size 
o f  th e  silver ac tiv e  agen t can  he decreased  w hile th e  necessary  v a lu e  (50 to  
60 p e r cent) o f th e  electrode p o ro sity  is m a in ta in ed , th e  q u a n ti ty  read ily  ch a rg ed
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w ith in  th e  A g20  phase will increase a t  an  id en tica l c u rren t d en sity . T his 
is a n a tu ra l consequence of th e  fa c t th a t  th e  ac tu a l c u rren t d en sity  will decrease 
w ith  th e  red u c tio n  of th e  ac tive  g ra in  size (surface increase).

I t  was experienced , how ever, th a t  th e  q u a n ti ty  w hich  could be charged  
in  th e  A g20  p h ase  d id  n o t p ro p o rtio n a lly  increase w ith  th e  red u c tio n  o f th e  
silver d u s t g ra in  size, b u t th a t  th e  red u c tio n  o f th e  average  gra in  size to  40 o r  
50 p er cen t w ould  p e rm it only a 10 to  15 p e r  cen t h igher charge in  th a t  phase .

A ccord ingly , in  our a c tiv ity  s tu d ies  a b o u t 140 m A h/g  q u a n titie s  of 
silver d u s t, s lig h tly  dependen t on g ra in  size h av e  been  observed , th a t  could  
he charged  in  th e  A g20  phase. T he p ressing  p a ra m e te rs  of th e  te s t  e lec trodes 
w ere k e p t c o n s ta n t.

T he s itu a tio n  is en tire ly  d iffe ren t in  th e  case of ac tiv e  silver developed  
over an  in ta c t  s ilver w ire core [6 ], [7], w here  th e  ac tiv e  su b stan ce  is n o t self- 
pressed b u t  has a d ensity  co rrespond ing  to  its  deve lopm en t (ch lo rination). 
T he specific charge  in  th e  A g20  ph ase  w ith  th is  ac tiv e  silver ty p e  is 157 m A h/g , 
th a t  is, essen tia lly  g rea te r th a n  th e  sam e fig u re  fo r pow der.

As is well k n o w n , in  s ilv e r-z in c  sy stem s th e  red u c tio n  of th e  s ilver(I)ox ide  
cap ac ity  du ring  th e  silver electrode cycles is due m ain ly  to  th e  agg lom eration  
(specific surface reduc tion ) of th e  ac tiv e  grains.

T h is process depends on th e  c u rre n t d e n s ity  [8 ] as well as on th e  ad d itiv es . 
T est resu lts  o b ta in e d  w ith  silver o f lead  c o n te n t rev ea led  th a t ,  a f te r  re p e a 
te d  cycle s tu d ies, th e  q u a n tity  w hich could  be charged  in itia lly  in  th e  A g 20  
phase could n o t  be  m a in ta in ed  if  e lectrodes p ressed  from  active  pow der 
h av e  been  used  (th is  q u a n tity  decreased , o f course), w hereas in  th e  case o f 
ac tive  silver fo rm ed  on wire e lectrodes i t  d id  n o t change as com pared  to  th e  
in itia l va lu e , even  if  a n u m b er o f cycles h ad  been  com pleted . L ite ra tu re  
explains th is  ph en o m en o n  [9] b y  th e  fo rm a tio n  of silver p lu m b a tes  over th e  
surface of th e  s ilver grains as early  as d u rin g  th e  fo rm a tio n  process p ro p er 
w hich, th e n , as a “ p ro tec tiv e  film ”  p re v e n ts  th e  agg lom eration  of th e  grains, 
an d  ensures a p e rm a n e n t specific su rface  fo r a long period  of tim e .

A ra th e r  in te re s tin g  fea tu re  o f th e  ph en o m en o n  is th a t ,  in itia lly , th e  lead  
add itiv e  w ill n o t necessarily  im p ro v e  th e  specific va lues. On th e  c o n tra ry , 
it. will s ligh tly  im p a ir  these  figures d u rin g  th e  fo rm a tio n  cycle (Fig. 2, curves 
a and  b). F ig  2 p re sen ts  th e  life te s t  re su lts  of accu m u la to rs  in  a co m p ara tiv e  
illu s tra tio n . C urve “ a ”  rep resen ts th e  d a ta  o f accu m u la to rs  w ith  lead  ad d itiv es , 
while curve “ b ”  in d ica te s  th e  sam e w ith o u t such  an  ad d itiv e , in  th e  fu n c tio n  
of cycle n u m b er. I n  o th e r  w ords, th is  is th e  charge in  th e  A g20  phase.

T he n e x t ta rg e t  w as to  d e te rm in e  th e  lead  co n cen tra tio n  ensuring  th e  
m ost fav o u rab le  effect. A pplica tion  o f th e  suggested  [10] 1 p e r cen t P b  as 
re la ted  to  ac tiv e  s ilv e r w as found  to  cause increased  d am age in  th e  cellophane 
sep a ra to r  as co m p ared  to  cells w ith o u t an  ad d itiv e , w hereas an  ad d itiv e  of 
0,5 p e r cen t could  n o t  exert th e  desired  effect. S u b seq u en t experim en ts, th e re 
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fo re , have been p erfo rm ed  w ith  a P b  a d d itiv e  o f 0,8 p er cen t ac tiv e  silver 
w e ig h t. This, f in a lly , h as  led  to  a c o n s tru c tio n  w hich, a t  a reduced  silver 
q u a n ti ty , m akes th e  p ro d u c tio n  o f accu m u la to r  cells o p e ra tin g  in  th e  A g.,0  
p h a se  possible.

Fig. 2. Comparison of the charge of accumulators with and without a lead additive,
via the positive electrode

4. Experimental

P rio r to  th e  beg inn ing  of th e  ex p erim en ta l w ork  th e  co n stru c tio n a l 
p rinc ip les h ad  to  b e  e lab o ra ted  accord ing  to  th e  th e o ry  described  above, 
w h ereb y  th e  m in ia tu re  s ilv e r-z in c  accu m u la to rs  opera tin g  in  th e  silver (I)ox ide  
p h ase  could th e n  be  p ro d u ced  in  series w ith  su ffic ien t safe ty . T hese fu n d a m e n ta l 
p rinc ip les w ere as follow s:

(a) No basic  c o n tru c tio n a l m o d ifica tio n  w as needed  w hich w ould h av e  
m e a n t a s ign ifican t change as co m p ared  to  th e  accu m u la to rs  series p ro d u ced  fo r 
sev era l years. T h is app lied  to  b o th  th e  m a in  com ponen ts o f th e  in d iv idua l 
cell ty p es (housing, cover, sealing  ring , s e p a ra to r , etc), an d  th e  m ain  te c h n o 
logical processes.

(b) A n e v e n tu a l m od ifica tion  o f th e  co n stru c tio n  w as n o t to  cause 
su rp lus cost in  th e  m an u fac tu re  o f  th e  p ro d u c ts . T his app lied , above all, to  
th e  silver q u a n ti ty  used  w hich, u p  to  a ce rta in  lim it, w ould h av e  increased  
th e  ra tio  of th e  silver(I)ox ide  phase  b u t  th is  should  have  resu lted  in  a con sid er
ab le  ex tra  cost.

(c) A co n stru c tio n a l m o d ifica tion  w as to  re su lt n o t only  th e  possib ility  
o f  charging in to  th e  accu m u la to rs  th e  q u a n ti ty  corresponding  to  th e ir  ra te d  
cap ac ity  ac tu a lly  w ith in  th e  s ilver(I) phase , an d  m ak e  th e  accu m u la to rs

Acta Technica Academiae Scientiarum Hungaricae 76, 1974



HERMETICALLY SEALED SILVER—ZINK BATTERIES 163

m a in ta in  th is  a d v a n ta g e o u s  ch a rac te ris tic  p rac tica lly  along th e ir  en tire  life, 
b u t  also to  im prove  th e ir  o th e r p a ra m e te rs  as well, u p  to  th e  feasible degree. 
T his app lied  to  b o th  cycle life figures.

(d) N o c o n s tru c tio n a l m odifica tion  shou ld  affect th e  v e ry  good resu lts  
of earlier dev e lo p m en t ( th e  un ique  co n s tru c tio n  and  techno logy  of th e  silver

„ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ £ И _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ J

^____________________ i_25______________

Fig. 3. Sectional view of the B —300 DP lead additive type miniature accumulator

electrode, fav o u rab le  p ro p ertie s  of th e  zinc e lectrode, th e  effect of th e  second
a ry  depo larizer e lim in a tin g  reverse p o la riza tio n , etc .) w hich  have  m ade th e  
p rem o d ifica tio n  accu m u la to rs  nonpare il in  th e ir  field .

B y  ta k in g  th e se  fu n d am en ta l p rinc ip les in to  considera tion , th e  new  
co n stru c tio n  design h as  m ade use of th e  c o n s tru c tio n a l p rincip les of th e  accu
m u la to rs  equ ipped  w ith  a secondary  depo la rizer inc lud ing , how ever, th e  
su p p lem en ta tio n s  a im ing  a t th e  accom plishm en t o f th e  f in a l ob jectives as 
well. In  o rder to  v e r ify  th e  p rac tica l a d a p ta b ili ty  of th e  system atic  research  
efforts, le t us deal in  de ta il w ith  th e  p ra c tic a l fea tu res  of th e  constru c tio n  
design.

E v e ry  s ilv e r-z in c  accu m u la to r is ch a rac te rized  b y  th e  fa c t th a t  th e  
q u a n ti ty  o f  ac tive  ag en ts  th eo re tica lly  req u ired  for its  o p e ra tio n , is consider
ab ly  overd im ensioned . P rac tica lly  th e  sam e p rincip le  w as followed in  th e  
p ro d u c tio n  of th e  s ilv e r—zinc accum ula to rs m a n u fa c tu red  b y  M edicor. O ver- 
d im ensioning  th e  q u a n t i ty  of active ag en ts  is all th e  m ore  ju s tif ied  here , as 
o p era tio n  u n d e r h e rm e tica lly  sealed co n d itions dem ands th e  p rev en tio n  of 
appreciab le  gas fo rm a tio n  a t  th e  electrodes regard less of th e  c ircum stances 
(see Section  2).

D eta ils  of th e  c o n stru c tio n  will he illu s tra te d  b y  th e  exam ple of a 300 
m A h ra te d  c a p ac ity  m in ia tu re  accu m u la to r cell (F ig . 3). T he schem atic  
illu s tra tio n  in  th is  F ig u re  whore, n everthe less, all th e  m ain  dim ensions an d  
th e  tw o  electrode space  volum es can be  c learly  seen, rep resen ts th e  con-
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s tru c tio n  of a cell o p e ra tin g  in  th e  p u re  silver(I)ox ide  phase . I n  a cell of n o rm al 
c o n s tru c tio n  th e  po sitiv e  e lectrode a reas  3/a and  3/b co n ta in  a to ta l  o f 2,95 g 
p u re  silver w eight a c tiv a te d  [6 ], [7] silv er electrodes m ad e  o f 0,14 m m  silver 
w ire . In  reduced  s ta te  th e  average  p o ro s ity  of th e  silver e lectrodes is

p  =  1 , -  ^apparent =  1  ~  3  7  =  Q.645 =  64.5 %
f a c tu a l  1 0 . 4

w here
2.95 _  о 7  , 3

/ a p p a r e n t  _ _ 3.7 g/cm
U.o

У  ac tu a l =  Ю , 4  g / c m 3

I t  will h av e  to  he  n o ted  h ere  t h a t  th e  average po ro sity  a f te r  th e  e lec trode  
h as  been  in sta lled , th a t  is, wdien a b o u t 56%  of th e  2,95 g to ta l  silver w eigh t 
is a lread y  oxidized in  AgO s ta te , w ill decrease to  ab o u t 57 p e r  cen t. In  th is  
s ta te  th e  charge q u a n ti ty  th a t  can  b e  recovered  from  th e  s ilver e lectrode is 
a b o u t 780 m A h. A d d itio n  o f th e  seco n d a ry  depolarizer m ad e  th e  e lim ina tion  
o f  th e  o v ercap acity  of th e  silver e lec tro d e , as com pared  to  th a t  of th e  zinc 
e lec tro d e  possible. T his, in  tu rn , h as  led  to  th e  redu c tio n  o f th e  w ire e lec trode  
w e ig h t w hich, to g e th e r  w ith  th e  ex p erim en ts  [6 ], [7] a im ed a t  an  increased  
specific  silver u tiliz a tio n , an d  co n tin u ed  s im ultaneously  w ith  th e  o rig inal 
re sea rch  p ro jec t, en ab led  us to  em p lo y  a 2,05 g w eight silv er w ire e lec trode  
o f  an  average  c a p a c ity  o f 650 m A h (ap p r. 65%  u tiliza tio n ). R ed u c tio n  in  th e  
w e ig h t o f th e  w ire e lectrode p e rm itte d  its  com pression to  a sm aller v o lu m e  
a t  p ra c tic a lly  th e  sam e p o ro s ity  w h e re b y  room  was m ad e  ava ilab le  fo r th e  
se c o n d a ry  depo larizer.

In  th e  d e te rm in a tio n  of th e  re q u ire d  secondary  depo la rizer q u a n titie s  
th e  aspects  s tu d ied  in  d e ta il d u rin g  p rev io u s research  [1 ], [2 ] h a d  to  be ta k e n  
in to  considera tion . T h e  CdO ac tiv e  a g e n t h a d  to  be em ployed  in  such a q u a n ti ty  
as to  be capab le  of ensuring  a vo ltag e  o f  a b o u t 0,4 У for 3 or 4 ho u rs , and  to  h av e  
a s ilver d u st q u a n ti ty  ac ting  as c o n d u c to r ad d itiv e  enough  to  su p p lem en t, 
as a silver easy to  charge  in  th e  A g 20  p h ase , th e  A g20  phase of th e  w ire e lec trode  
u p  to  th e  ra te d  c a p a c ity  of th e  cell, in  ad d itio n  to  p ro v id ing  fo r th e  co n d u c tiv 
i ty  needed.

T he CdO q u a n ti ty  still p ro v id in g  fo r o n e-th ird  (100 m A h) of th e  no m in a l 
cell c ap ac ity , w ith  th e  ab o u t 75 %  electrochem ical efficiency know n in  th e  
re d u c tio n  of CdO ta k e n  in to  acco u n t, is

0,100
0,75 0,418

0,32 g

w h ere  0,418 A h/g is th e  th eo re tica l eq u iv a len t of CdO. A CdO q u a n ti ty  o f 
0,35 g w as selected  fo r sa fe ty  reasons, co rresponding  p ra c tic a lly  to  110 m A h.
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E a rlie r  research  confirm ed  th a t  if, as a co n d u c to r ad d itiv e , ac tiv e  
silver d u s t is m ixed  to  th e  CdO in  a ra tio  of 30 : 70 or 40 : 60 p er cen t, th is  
will a lre a d y  p rov ide  fo r th e  desired  c o n d u c tiv ity . T hus, in  o u r case th e  p rob lem  
w as to  f in d  th e  ac tiv e  silver d u s t q u a n ti ty  w ith in  th e  above  ra tio  range w hich 
could  com ple te , in  th e  course o f  charg ing , th e  A g20  p h ase  o f  th e  w ire e lec trode  
to  th e  ra te d  cap ac ity . P rev io u s in v es tig a tio n s  co n d u c ted  w ith  silver w ire 
e lec trodes revea led  in  good ag reem en t w ith  lite ra ry  d a ta  th a t ,  in  th e  course  
of th e  f ir s t  cycles, a b o u t 1/3 of th e  to ta l  electrode cap ac ity  or, m ore p recisely , 
on th e  av erag e  its  31,4 p e r  cen t could  be  charged  in to  th e  e lec trode  w ith in  th e  
A g20  p h ase . A gain  on th e  av erag e , th e  31,4 p e r cen t as re la te d  to  th e  to ta l  
c a p a c ity  o f th e  silver w ire e lec trode  m eans a cap ac ity  of

0,314 • 650 =  205 m A h

th a t  can  be recharged  in  th e  A g20  p h ase , w ith  a 650 m A h to ta l  w ire e lec trode  
c a p a c ity  in  m ind.

A lth o u g h  th e  c a p ac ity  t h a t  can  be  charged  in to  th e  ac tive  silver d u s t 
in  th e  silver(I)ox ide  ph ase  is s lig h tly  d ep ed en t on th e  A g : CdO ra tio , i t  is 
a b o u t 140 m A h/g  in  th e  ran g e  o f th e  ra tio s  reckoned  w ith .

A gain  fo r sa fe ty  reasons a silver d u s t q u a n tity  of 0,75 g w as selected  
w hich w ould  p rov ide , th e o re tic a lly , fo r an  A g20  phase of

0,75 • 140 =  105 m Ah.

T hus, th eo re tica lly , th e  c a p a c ity  th a t  c an  be charged  in  th e  silver(I) p h ase  is

A g20  =  205 +  105 =  310 m Ah.

T he p o w d er m ix  th u s  o b ta in ed  co n ta in s  6 8  p e r cen t silver and  32 p e r cen t 
CdO. I t s  ca lcu la ted  specific w eig h t is 9,5 g/cm 3, w hereby  th e  po ro sity  of th e  
second depo larizer com pressed  to  th e  g iven volum e (2 b) w ill be:

w here

second
^ _____ У app  __  ^  5  Д  5

У а с 1  9 , 5

У aPP

Г  1 1^ se c o n d  ____  x , >±

^second 0 ,2 6 5

=  0,565 =  56,5 %  

=  5,15 g /cm 3

T hus, th e  p o ro s ity  of th e  seco n d ary  depo larizer is seen to  be p ra c tic a lly  id en tica l 
to  t h a t  o f  th e  oxidized w ire e lec trode , w hich  m eans th a t  th e  average  p o ro s ity  
of th e  p o sitiv e  e lectrode a rea  rem ain ed  un ch an g ed  as co m p ared  to  th e  orig inal 
co n stru c tio n .

I n  th e  m odified  co n s tru c tio n  th e  ac tive  ag en t co n ten t o f th e  zinc e lectrode 
too , h a d  to  be changed . M ore prec ise ly , i t  h ad  to  be increased  to  such a degree
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w h ereb y  th e  m e ta l zinc co n te n t o f th e  e lec trode  could m ak e  th e  to ta l red u c
tio n  o f  b o th  th e  s ilver w ire electrode in c lu d ed  in  an  ox id ized  form  an d  th e  
CdO ac tiv e  su b stan ce  possib le. In  th e  red u c tio n  o f th e  zinc e lectrode em ployed 
[1 2 ] its  electrochem ical efficiency w as, accord ing  to  our ea rlie r in v estiga tions, 
a t  le a s t  95 per cen t, th u s  a zinc e lec trode  of

650 +  115 
0,95

1,22 =  975 mg

av e rag e  zinc c o n te n t cou ld  be realized . D u rin g  th e  so-called “ zero d ischarge”  
o f  th e  to ta l  zinc q u a n t i ty  of th e  new  cells, th a t  is, w hen  on ly  th e  cap ac ity  
o f  th e  silver w ire e lec tro d e  in sta lled  in  ox id ized  s ta te  w ould  be d ischarged, 
n o t  m ore  th a n  85 p e r  c e n t w ould be tra n sfo rm e d  to  Z n (O H )2, w hereas 15 p er 
c e n t w ould  rem ain  in  m e ta l zinc form . D u rin g  th e  n e x t charge  th is residual 
m e ta l  zinc will a c t as a re tra n sfo rm a tio n  core and , accord ing  to  experience, 
im p ro v e  th e  o p era tio n  o f  th e  zinc elec trode .

E x p e rim en ta l cells p roduced  accord ing  to  th e  co n stru c tio n  described 
ab o v e  could ta k e  u p  a charge  of 280 or 290 m A h in  th e  A g 20  phase  as early  as 
d u rin g  th e  v e ry  f i r s t  charge  following th e  “ zero d isch arg e”  and , th ere fo re , 
s t i l l  rep resen tin g  p a r t  o f  th e  p ro d u c tio n  process. T his increased  during  th e  
n e x t  few  cycles to  300 or 310 mAh h u t,  in  th e  su b seq u en t cycles, each cell 
e x h ib ite d  a considerab le  decrease as fa r  as th e  q u a n tity  th a t  could be charged  
in  th e  A g20  phase  w as concerned  (line “ b ”  in  F ig . 2). T h u s , th e  experim en t 
uneq u iv o ca lly  v e rified  th a t ,  in  th e  case o f a ra tio n a l co n stru c tio n , th e  ra te d  
c a p a c ity  m igh t he  ch a rg ed  in to  th e  doub le  depolarizer ty p e  cells p rac tica lly  
w ith in  th e  s ilver(I)ox ide  phase , a lth o u g h  th e  sam e cells p ro v ed  th a t  during  
su b se q u e n t cycles, b ecau se  o f th e  silver s tru c tu re  changes described  in  d e ta il 
in  S ection  3, th e  q u a n t i ty  th a t  m ig h t be charged  in  th e  A g 20  phase w ould 
n ecessarily  decrease.

T he effect ex e rte d  b y  th e  lead  a d d itiv e  on  th e  silver s tru c tu re  as descirbed  
s im ila rly  in  Section  3 m ade , on th e  o th e r  h an d , i t  ev id en t to  a tte m p t th e  
co m pensa tion  o f th e  u n fav o u rab le  s tru c tu re  v a ria tio n  ta k in g  place along th e  
successive cycles b y  th e  action  of a co rrec tly  selected  lead  add itiv e  in  such 
a m a n n e r  as to  keep  th e  in itia l ad v an tag eo u s A g20  phase  m a in ta in e d  p rac tica lly  
d u rin g  th e  en tire  life o f  th e  cell.

D e te rm in a tio n  o f  th e  necessary  lead  ad d itiv e  q u a n ti ty , an d  th e  m eth o d  
o f i ts  add ition  to  th e  po sitiv e  electrode w as described  in  S ection  3.

Since in  th e  le ad  ad d itiv e  q u a n titie s  reckoned  w ith  here , th e  lead  can 
b e  safely  dissolved in  th e  e lec tro ly te , a n d  its  s tru c tu re  affecting  influence 
is caused  b y  th e  lead  se p a ra te d  from  th e  so lu tion  over th e  silver surface, th e  
le ad  h a d  to  be a d d ed  to  th e  secondary  depo larizer p o w d er m ix in  th e  form  
o f lead  oxide (PbO ), a n d  to  m ix  th e  tw o  m ate ria ls  in a hom ogeneous m anner.
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T he q u a n ti ty  w as d e te rm in ed  in  ou r case w ith  re sp ec t to  th e  ra tio  of th e  a c t i
v a te d  silver of th e  seco n d ary  depo larizer an d  th e  a c tiv a te d  p a r t  o f th e  w ire 
e lectrode; i t  w as fo u n d  to  be, in  p rac tice , 0 , 8  p e r  c en t o f  th e  to ta l  active silver. 
As an  in te rs tin g  fe a tu re  o f  th e  cells w ith  ad d itiv e , in  th e  cycle follow ing 
th e  “ zero d ischarge”  th e  charg ing  q u a n tity  w as red u ced  as com pared  to  th e  
cells w ith  no a d d itiv e  su p p lem en ta tio n  in  th e  A g20  p h ase  (F ig . 2). In  th e  sub-

Table III

Quantity of charging in the Ag20  phase with conventional, double depoliarizer and lead additive 
B —300 type accumulators, in the function of the cycle number

Cycle Conventional Double depolar. Lead additive

I 130 290 280
10 125 247 273
20 125 229 293
30 115 234 281
40 105 235 304
50 100 192 290
60 80 205 293
70 204 290
80 195 305
90 193 304

100 194 290
130 291
150 300

seq u en t cycles th e  A g 20  phase  co rrespond ing  to  th e  r a te d  cap ac ity  could  
still be reach ed  a t  a r a th e r  slow ra te , a lth o u g h  i t  w as s tab ilized  la te r  on, a t  
a round  th e  v alue  o f th e  nom ina l cap ac ity , an d  no s ig n ifican t redu c tio n  to o k  
place like tho se  a f te r  20 or 30 cycles w ith  th e  earlier cells w ith o u t ad d itiv e , 
w hich p e rm itte d  an  A g 20  ph ase  charge  of only  200 to  220 m A h a fte r such  an  
o p e ra tio n a l period .

All th is  is m ad e  ev id en t b y  T ab le  I I I  w here th e  co n v en tio n a l, double d ep o 
larizer an d  lead  ad d itiv e  cells are  com pared  w ith  resp ec t to  th e ir  A g20  phase  c h a r
ges in  th e  fu n c tio n  o f  th e  cycle n u m b er. T he T ab le  c learly  show s th a t  th e  A g20  
u tiliza tio n  was v e ry  low  in  th e  tra d itio n a l accu m u la to rs  because , in  o rder to  
prov ide an  effic ien t h e rm e tic  seal, th e  c a p ac ity  of th e  cell h a d  to  be o v er
dim ensioned  in  silver.

U tiliza tio n  is m u ch  b e tte r  in  th e  case of double  dep o la rizer cells, since 
here th e  cap ac ity  o f th e  n eg a tiv e  (zinc) e lectrode exceeds th a t  of th e  silver, 
w hereby  th e  la t te r  w ill alw ays be  com pletely  d ischarged  an d , w hen  charg ing ,
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th e  en tire  A g20  p h ase  w ill fu n c tio n . T h is in  itse lf  w ould lead  to  a considerab le  
su rp lu s  cap ac ity  in  th e  A g20  p h ase , a lth o u g h  th e  c a p a c ity  decrease due  to  
agg lom eration  m ig h t ag a in  be s im ila rly  considerable.

T he s itu a tio n  is en tire ly  d iffe ren t in  th e  case of accu m u la to rs  con ta in in g  
le a d  ad d itiv e , as th e  excessive A g20  p h ase  developed d u rin g  th e  f ir s t  few

1,50-

1,00

1 2 3 4 5 6 7 0 9  1Ö time (hour)

Fig. 4. Characteristics of lead additive type accumulators

cy c les  w ill rem ain  c o n s ta n t along th e  w hole life of th e  cell. T he  charge and  
d isch a rg e  ch a rac te ris tic s  of such an  accu m u la to r o p e ra tin g  in  th e  s ilver(l) 
o x id e  phase are  p re sen ted  in  Fig. 4.

5. E lectric, life, and  s to rage  properties o f s ilv e r-z in c  accu m u la to rs  opera ting
in  the  silver(I)ox ide  phase

As a re su lt of th e  resea rch -d ev e lo p m en t p ro jec t described  in  d e ta il 
in  th e  f irs t Section , to d a y  th e  M edicor W orks and  th e  jo in t  H u n g a r ia n -B r itis h  
u n d e r ta k in g  M edicharge (w ith  h e a d q u a r te rs  in  th e  U .K .) m a n u fa c tu re  a w hole 
fa m ily  of he rm etica lly  sealed  m in ia tu re  accum ulato rs.

T able IV  illu s tra te s  th is  a ccu m u la to r  fam ily  w ith  th e ir  m o st im p o r ta n t 
e lec tric  and  m echan ica l d a ta .

B o th  m a n u fa c tu re rs  assem ble h ig h er vo ltage  an d  c a p a c ity  agg regates 
b y  using  these  m in ia tu re  accu m u la to r cells. Because of th e ir  w ide asso rtm en t 
th e y  can n o t he described  in  d e ta il here .

E v e r since th e  in tro d u c tio n  of th e  research  an d  d ev e lo p m en t resu lts  
re fe rred  to  here an d  earlie r [1 ], [2 ] in to  th e  fie ld  of p ro d u c tio n , th e  he rm etica lly  
sea led  m in ia tu re  silv e r -z in c  accu m u la to rs  have  acqu ired , in  a d d itio n  to  th e
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Table IV
Hermetically sealed silver—zinc miniature accumulator family produced by Medicor Works

Type
Rated

voltage
У

Rated
capacity

mAh
Diameter

mm
Height

mm

В - 3 0 0 1,5 300 25,0 6,4

В - 2 0 0 1,5 200 20,0 7,0
В —150 1,5 150 20,0 6,3
В - 8 0 1,5 80 15,5 7,0
В - 5 0 1,5 50 11,5 6,4

m ain ten an ce  of th e ir  excellen t o rig inal p roperties (high specific  s to rage  c a p a c 
i ty ,  s ta r te r  ch a ra c te r , e tc .), a n u m b e r of new  o u ts ta n d in g  ch arac te ris tic s .

T he h aza rd s  o f reverse  p o la riza tio n , ch a rac te ris tic  o f an y  accu m u la to r 
sy s tem , an d  p roduced  in th e  course o f discharging h ig h er v o ltag e  accu m u la to rs  
developed  b y  using  series co n n ec ted  cells, have been  p ra c tic a lly  e lim in a ted  
b y  th e  secondary  depolarizer

T his does n o t m ean  of course th a t  if, e ither d e lib e ra te ly  or b y  negligence, 
an  accu m u la to r is fo rg o tten  in  th e  d ischarge circu it fo r a long tim e  a f te r  fu ll 
d ischarge  (up to  th e  u ltim a te  d ischarge  vo ltage specified), th e re  should  n o t 
be an y  ev en tu a l dam ages to  be  reck o n ed  w ith . J u s t  as in  th e  case of an y  h e r
m e tica lly  sealed  pow er source, th e  p rim ary  hazard  of rev erse  p o la riza tio n  
is rep re sen ted  here  by  th e  gas fo rm a tio n  to  an  im perm issib le  e x te n t in  th e  cell. 
O p e ra tio n  of th e  accu m u la to r exclusively  in  the  A g20  p h ase  is of u tm o s t 
im p o rtan ce , because of th e  reasons described in  deta il in  S ection  2, w ith  re 
sp e c t to  th e  gas p ro d u c tio n  w ith in  th e  cells. Since the  accu m u la to rs  co n stru c ted  
on th e  basis o f th e  above resea rch  resu lts  can  be ch a rg ed  w ith  th e  q u a n ti ty  
co rrespond ing  to  th e  ra te d  ca jia c ity  in  th e  silver (I) ox ide p h ase , no gas fo r
m a tio n  w h a tso ev er is possible in  th e  silver electrode a rea  d u rin g  charge, an d  
on ly  to  a lim ited  e x te n t in  th e  zinc e lectrode space, ow ing to  th e  h igh h y d ro g en  
ov erv o ltag e  b ro u g h t ab o u t b y  th e  m ercu ry  co n ten t o f th e  zinc.

T he p o ssib ility  of charg ing  th e  ra te d  capacity  in  th e  A g 20  phase  leads 
to  a n u m b er o f e lec tro techn ica l ad v an tag es . If, w hen ch arg in g , no silv e r(II)  
oxide (AgO) is p roduced  a t  all th e n , w hen  discharging a f te r  charge, th is  d is
charge  will be a t  a p rac tica lly  c o n s ta n t vo ltage  (Fig. 4). T h is ch a rac te ris tic  
fe a tu re  is d isp layed  only by  th is  ty p e  of silver-z inc  accu m u la to rs . The c o n s ta n t 
v a lu e  o f te rm in a l v o ltage  is one of th e  m ost im p o rta n t q u a lity  ch a rac teris tic s  
o f th e  electric  energy  supp lied  b y  th e  pow er source. O n th e  o th e r h an d , w hen  
d ischarg ing  an  accu m u la to r th a t  can  also be charged in  th e  silver(II)ox ide  
ph ase , p a rtic u la r ly  if  d ischarge is w ith in  a sh o rt period  o f tim e  a fte r charge, 
a h ig h er v o ltag e  ch a rac te ris tic  o f th e  AgO com pound m u s t also be reckoned 
w ith  in  th e  f irs t p a r t  of th e  d ischarge  period . This v o ltag e  exceeding th e  ra te d
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v o lta g e  of the  cell b y  a b o u t 2 0  p e r cen t is h a rd ly  to le ra te d  b y  th e  m ost up-to - 
d a te  devices of th e  in te g ra te d  c ircu it ty p e , i f  a t  all. A fter th e  q u a n ti ty  charged 
in  th e  silver(I) ph ase  cou ld  be  successfully  a d ju s te d  to  a ro u n d  th a t  correspond
in g  to  th e  ra te d  c a p a c ity , an d  since th e  cells m a in ta in  th is  fe a tu re  p rac tica lly  
a long  th e ir  w hole life , i t  has becom e feasib le  to  c o n s tru c t chargers whose 
sim p le  bu ilt-in  a u to m a tic  sensor will d e te c t th e  ab o u t 0,3 У  ju m p  in th e  te r 
m in a l vo ltage  of th e  cell a t  th e  b o u n d a ry  o f th e  silver(I) ox ide  an d  silver(II)- 
ox ide  phases, w h e rea fte r  no charg ing  c u rre n t will be sup p lied . A s th e  b o u n d ary  
o f th e  tw o phases is rep re se n te d , in  p rac tice , b y  th e  ra te d  c a p a c ity  of th e  cell, 
th e  m o st ad v an tag eo u s o p e ra tio n a l m e th o d  fo r th e  a ccu m u la to r  can  be ad ju sted  
if  th is  ty p e  of a ch a rg e r is em ployed , in  such  a m an n e r as to  h av e  i t  used for 
d isch arg e  (as th e  pow er source in  a consum er a p p a ra tu s )  on ly  according to  
th e  conditions of use  an d , in d ep en d en tly  of th e  q u a n ti ty  d ischarged , sw itch 
i t  over to  charge ag a in . I n  th is  case th e  ch a rg e r will again  charge  up th e  ac
cum ulato r to  th e  r a te d  c a p a c ity , th u s  i t  w ill be  availab le  fo r th e  n e x t discharge 

p e rio d  as such. I f  th e  accu m u la to r w as co rrec tly  se lec ted  fo r  th e  consum er 
ap p lian ce , th is  o p e ra tio n  w ould  rep re sen t th e  op tim um  m e th o d  o f use.

R esults ach ieved  in  th e  fie ld  of cycle life deserve d e ta ile d  discussion. 
So fa r, th e  cycle life o f th e  h ighest q u a lity  s ilv e r-z in c  accu m u la to rs  [3] was 
e s tim a te d  to  be m a x im u m  60 to  1 0 0  cycles, w ith  full ch a rg e  an d  discharge 
assum ed . A ccording to  all th e  know n l i te ra ry  d a ta  an d  a u th o rs ’ experience, 
th e  m o st ty p ica l cause  of s ilv e r-z in c  accu m u la to r b reak d o w n  is th e  failure of 
th e  sep a ra to r  em ployed . P rio r , th e re fo re , to  p resen tin g  th e  life resu lts  achieved, 
th e  sep ara tio n  p ro b lem s of s ilv e r-z in c  accu m u la to rs  shou ld  be dealt w ith  in  
genera l.

As m en tioned  earlie r [1], [2], experiences show  a d ifference in  th e  b e 
h a v io u r  of th e  s e p a ra to rs  depend ing  on th e  silver o x id a tio n  phase , th e  u n it 
h a d  been  charged u p  to . A n u m b er of s tu d ies  in  li te ra tu re  a n d  several H u n g a 
r ia n  p ilo t ex p erim en ts  revea led  th a t ,  o f all th e  foils k n o w n  a t  p resen t, th e  
p lastic izer-free  ce llpohanes and  a c e ta te  cellulose foils o f th e  longest cellulose 
ch a in , th a t  is, of th e  h ig h est p o ly m eriza tio n  degree, w ould  be b o th  th e  m ost 
su ita b le  and  m ost com m only  used m a te r ia ls  fo r th is  p u rp o se .

M edicor W orks use p lastic izer-free  cellophane b ecau se  a num ber of 
ex perim en ts verified  th a t  th e  use of an y  o th e r foil, p a r tic u la r ly  of th e  p lastic  
b ase  types, w ould re su lt in  an  inadm issib le  increase o f th e  com pactness or 
low  porosity  of th e se  m a te ria ls , w ith o u t an y  considerab le  im p ro v em en t in  
life , com pensating  fo r  th e  above d raw back .

So it  w as se lf-ev id en t to  assum e th a t  if  a c o n s tan t low er ox idation  grade 
s ilver can be p ro v id ed  fo r in  th e  o p e ra tio n  of th e  accu m u la to r , th is  should 
e x e rt a favourab le  in fluence  on se p a ra to r  s ta b ility  an d , th e reb y , th e  new 
accum ula to rs m ig h t be expected  to  ex h ib it a s ig n ifican tly  longer life. This 
assu m p tio n  has b een  con firm ed  as follows.
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F o r qu ite  som e tim e , as th e  b reakdow n  index  o f sep a ra to rs  th e  silver 
m g  reduced  in  th e  se p a ra to r  layers a fte r  a certa in  cycle n u m b e r has been  used, 
as de te rm in ed  b y  p e r  lay e r an a ly sis . T he rea lis tic  c h a ra c te r  of th is  in d e x  is 
su p p o rte d  b y  tw o find ings:

(1) T he silver o f reduced  s ta te  in  th e  sep a ra to r w ill oxidize th e  m a te ria ls  
o f th e  la t te r ,  th u s  open  u p  th e  saccharose rings of th e  cellulose molecule*, and 
lead  to  chain  ru p tu re s  (depo lym erization).

Fig. 5. Silver penetration into the separator layers after 140 cycles

(2) In  th e  o th e r  layers fa r th e r  aw ay  from  th e  silver electrode, i t  will 
increase  th e  possib ility  of slow sh o rts  as th e  se p a ra to r  s a tu ra te d  w ith  silver 
ac ts  like a m eta llic  co n d u c to r, an d  w ill lose its  sep a ra tin g  possib ility .

E x am in a tio n s  invo lved  th e  d ism an tlin g  of accu m u la to rs  of d iffe ren t 
age an d  prev ious s to rag e  figures, an d  th e  analysis o f th e ir  sep a ra to r  layers
(F ig . 5).

T h e  d iagram  show s th a t ,  in  th e  accum ula to rs o p era ted  only in  th e  Ag20  
p h ase , each se p a ra to r  lay e r co n ta in s  a g rea te r  q u a n tity  o f silver th a n  in  tho se  c h a 
rged  up  in  th e  AgO p h ase  as well. H ow ever, opening u p  th e  cells confirm ed th a t  
th e se  sep ara to rs  w ere m uch m ore s tab le  m echanically , d id  n o t ex h ib it any  
dam ages and , w h a t w as still m ore im p o rta n t, reached  a m uch longer life. 
In  genera l, th e y  h av e  becom e “ co n d u c tiv e”  or “ leak in g ,”  w hich favours fa il
u re , b u t  w ith o u t gas p ro d u c tio n  an d  cell defo rm ation , u su a lly  a fte r  1 2 0  to  
150 cycles.

In  th e  sto rage  te s t  th e  accu m u la to rs  were opened  a fte r  2, 4, 6 , a n d  9 
m o n th s  of sto rage , re spec tive ly , an d  th e  silver co n ten t of th e ir  sep a ra to rs  is

Acta Technica Academiae Scientiarum Hungaricae 76, 1974



1 7 2 HAJDÚ -  ZAHORÁN

p re se n te d  in  Table У . T h ese  d a ta  show  th a t  silver p e n e tra tio n  d u ring  sto rage  
is m u c h  less th a n  in  o p e ra tio n , and  th a t  th e  “ s a tu ra tio n ”  o f th e  ind iv idual 
la y e rs  w ith  silver is a t im e  process, w here dam ages to  th e  second lay e r will

Table V

Silver content of the separator layers in the function of the storage period, mg Ag/layer

Storage period
L a y e r s

l 2 3 4 5 Total

N ew  cells 0,06 0,01 0 0 0 0,07
A fte r  2 m onths 2,50 0,20 0,20 0,01 0 2,71
A fte r  4 m onths 9,00 0,50 0,15 0,05 0,01 9,71
A fte r  6 m onths 9,40 0,37 0,09 0,05 0,01 9,92

A fte r  9 m onths 8,10 1,90 0,14 0,03 0,01 10,18

Cells te s ted  after 150 cycles 15,70 2,15 0,14 0,05 18,04

s t a r t  only after th e  s a tu ra t io n  of th e  f irs t one. S ign ifican t s ilver en richm ent o f 
th e  f ir s t  layer will ta k e  p lace betw een  th e  2nd  an d  4 th  m o n th , while th a t  o f 
th e  second layer d u rin g  th e  sto rage  period  of th e  6 th  to  9 th  m onths.

To sum up th e  experiences collected in  se p a ra to r  te s tin g , i t  m ay  be said  
t h a t  th e  elim ination  o f  th e  h igher o x id a tio n  degree silver oxide (AgO) has 
so m ew h a t increased th e  h aza rd s  of silver m ig ra tio n  (due to  th e  several o rders 
o f m ag n itu d e  b e tte r  collo id  so lub ility  of A g 20 )  b u t, a t  th e  sam e tim e, th e  
o x id a tiv e  dam ages to  th e  sep ara to rs  w ould be considerab ly  reduced  w hich 
h a s  led  to  an u n eq u iv o ca lly  sign ifican t life ex tension . This w as obvious because 
th e  d estru c tiv e  effect ex e rte d  b y  A g20  on th e  se p a ra to r  h a d  b een  of a consider
a b ly  lesser degree th a n  th e  sim ilar AgO effect.

T he storage p a ra m e te rs  of th e  A g20  phase  charged  accu m u la to rs  are  
r a th e r  favourable. A s fo r th e  n u m b er of cycles com pleted , th e  life indices 
o f  new  accum ulators d id  n o t differ ap p rec iab ly  from  th e  figures show n b y  
u n its  sto red  a lread y  fo r  9 m o n th s (T able V I).

Table VI

Cycles up to 
breakdown

N ew  cells 156

A fte r  2 m o n th s of sto rage 159

4 147

6 162

9 151

N ote : T he cycle num ber rep re sen ts  in each storage phase  th e  average o f 6 В — 300 D P  type cell -
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6 . S um m ary

As a re su lt of th e  research -d ev e lo p m en t p ro jec t described  in  d e ta il, 
a fam ily  of h e rm e tica lly  sealed m in ia tu re  silver—zinc accum ulato rs could  be 
p roduced  w hich, as com pared  to  th e  s ilv e r-z in c  accum ula to rs rep resen tin g  
th e  w orld  s ta n d a rd  (3), w ould rev ea l a n u m b e r of fu r th e r  advanced  fea tu re s .

T he e x te n t o f specific sto rage  c a p a c ity  m ay  be illu s tra te d  b y  th e  fo llow 
ing com parison : th e  nom inal d im ensions of th e  LR-2 ty p e , 1,5 V, 2 Ah c a p a c 
i ty  non-sealed  cell p roduced  b y  th e  Y a rd n e y  (USA) com pany  in  a p la s tic  
housing, inc lu d in g  th e  shoes, a re  15 X 43,5 X 64 m m , w hich m eans a vo lu m e 
o f 41,66 cm 3. T h u s, th e  specific ra te d  charge  cap ac ity  p e r  cm 3 is

2 0 0 0  I Q  a L / 3---------- =  48 m A h /cm 3
41,66

(W ith o u t th e  clam ps th e  dim ensions a re  1 5 x 4 3 x 5 5  m m , m eaning  a vo lum e 
o f 35,89 cm 3 an d  a specific s to rag e  c a p a c ity  of 56 m A h/cm 3.)

T he no m in a l dim ensions of th e  B-300 D P  ty p e  1,5 V, 0,3 A h cap ac ity  
m in ia tu re  a ccu m u la to r  m a n u fac tu red  b y  M edicor are 0  2 5 x 6 ,4  m m , w ith  
a co rrespond ing  vo lum e of 3,14 cm 3. So th e  specific ra te d  sto rage  cap ac ity  
p e r cm 3 is

- —  =  95,5 m A h c /m 3 .
3,14

This p ra c tic a lly  doub led  specific s to rag e  c a p ac ity  is p a rtic u la r ly  rem ark ab le , 
if  we ta k e  in to  co n sid e ra tio n  th a t  th e  ra tio  of housing  to  th e  in te rn a l ac tiv e  
vo lum e of th is  0,3 A h cap ac ity  a c c u m u la to r  is ce rta in ly  g re a te r  th a n  th a t  of 
a 2Ah c a p a c ity  accu m u la to r. T he c rite r io n  of herm etic  seals, accord ing  to  
w hich no gas m u s t be p roduced  in  th e  course of e ith e r charge or d ischarge , 
ju s tify  th e  low er u tiliz a tio n  of th e  ac tiv e  ag en ts  as ag a in st th e  open sy stem  
accum ula to rs. In  th is  c o n te x t th e  h ig h  specific sto rage  cap ac ity  ach ieved  
w ith  th e  m in ia tu riz e d  accu m u la to rs  seem s to  be of a still g rea te r  significance.

H erm etic  sealing  offers p a r tic u la r ly  im p o r ta n t ad v an tag es  in  a n u m b e r 
of fie lds of ap p lica tio n . H ow ever, i t  req u ires  a t  th e  sam e tim e  th e  in co rp o ra tio n  
of th e  ac tiv e  in g red ien ts  in  a “ re a d y -to -u se ”  form , and  th e  ad d itio n  of th e  
e lec tro ly te  q u a n ti ty  necessary  fo r o p e ra tio n  in  th e  course of m an u fac tu re . 
T his, in  tu rn , has th e  a d v a n ta g e  th a t  i f  such  an  accu m u la to r ty p e  is to  be used , 
th e re  is no need  to  p erfo rm  th e  u n p le a sa n t an d  in co n v en ien t opera tions of 
e lec tro ly te  fill-up  an d  “ fo rm a tio n ”  cycles, as th e  u n it can  be used n o rm ally  
as soon as i t  has been  u n p ack ed . Since th e  m a n u fa c tu re r  supplies th e  accu m u 
la to rs  in  a charg ed -u p  cond ition , th e ir  use  will s ta r t  w ith  im m ed ia te  in s ta lla tio n  
an d  d ischarge (pow er p ro duc ing  process).
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In  p rac tice , th e  secondary  depo la rizer h as  solved th e  prob lem  of rev e rse  
p o la riz a tio n  in  th e  case of series connected  accum ulato rs. E x ten s io n  o f th e  
s ilver(I)ox ide  p h ase  p ra c tic a lly  to  th e  ra te d  cap ac ity  has led to  th e  follow ing 
p a r t ic u la r  a d v a n ta g e s :

(a) i t  will p re v e n t  an y  gas fo rm a tio n  a t  th e  silver e lectrode if  charged  
to  th e  ra ted  c a p a c ity ;

(h) since s ilv e r(II)o x id e  will n o t develop  a t  all, th e  s tress on th e  se p a ra to r  
is g re a tly  reduced  w h ich , beyond an  in c reased  n um ber of cycles, will in c rea se  
th e  sto rage  perio d  as well;

(c) it  m akes th e  em ploym ent o f sim ple au to m atic  chargers feasib le  
w h e reb y  th e  accu m u la to rs  can safely be  ch arg ed  up  to  a lm o st th e  ra te d  cap ac
i ty ,  in d ep en d en tly  o f  th e ir  charge p rio r  to  re-charge.

O n the  basis o f th e  various in v es tig a tio n s  conducted  w ith  a g rea t n u m b e r  
o f accu m u la to rs  ev e r since th e ir  series p ro d u c tio n  has been  s ta r te d , a u th o rs  
a re  convinced th a t  fu r th e r  efficient re sea rch  m ig h t lead , b ey o n d  th e  a d v a n ta g e s  
a lre a d y  achieved, to  th e  accom plishm ent o f th e  old ob jec tive , th a t  is, ex tension  
o f th e  life of silver—zinc accum ula to rs to  severa l h u n d red  cycles.

This, how ever, req u ires  m uch p e rs is te n t w ork  in  o rder to  im prove se p a ra 
t io n  an d  the  re v e rs ib ility  of th e  zinc elec trodes. R esearch p ro jec ts  have  a lread y  
b een  s ta r te d , b u t  th e ir  efficiency can on ly  be  assessed in  th e  fu tu re  th ro u g h  
th e  expected  s ig n if ic a n t increase of th e  cycle life.

REFERENCES

1. H a jd ú , L. —dr. Za h o r á n  J . :  L a tes t R esearch  R esu lts  in  th e  F ie ld  o f H erm etica lly  Sealed
M iniature  S ilv e r— Z inc A ccum ulators, Műszaki Tudomány 45 (1972) (in  H u n g arian )

2. H a jd ú , L. —dr. Za h o r á n J . :  R ecen t R esea rch  R esu lts  in  th e  F ie ld  of H erm etica lly  Sealed
M iniature Z in c— Silver S torage B a tte rie s , Acta Techn. Hung. 73 (1972)

3. Service and O p e ra tin g  In s tru c tio n s  for th e  Y a rd n ey  S ilvercell—Y ard n ey  E lec tric  Corp.
(N.Y. 1970)

4. T v aru shk o , A.: T h e  D ecom position  of AgO in  A lkaline  So lu tion , Journal of the El. Chem.
Soc. 116 (1969) 61, 62

5. Ga in e s , L.: S eco n d ary  Silver — Zinc B a tte ry  T echnology , Journal of the El. Chem. Soc. 116
(1969), 61,02

6. H e g y essy , L .: A c tiv a tio n  of th e  Silver E lec tro d es o f B a tte rie s  I ,  Magyar Kémikusok Lapja
3 (1970) (in  H u n g a rian )

7. H eg y essy , L .: A c tiv a tio n  of th e  Silver E lec tro d es o f B a tte rie s  I I ,  Magyar Kémikusok Lapja
3 (1970) ( in  H u n g a rian )

8. D ir k s e , T. P .: T h e  C athodic  B eh av iour o f AgO in  A lkaline S o lu tion , Journal of the El.
Chem. Soc. 9  (1969)

9. R u e t s c h i, P .: U SA  P a te n t  No. 3.085.186
10. B ritish  P a te n t  N o. 905.603
11. H u n g a rian  P a te n ts  N o. H A —1386 an d  H A  —1459
12. H u n g a rian  P a te n t  N o. H A —662

In der ( Ag O-Phase von Silber (I)-Oxyd funktionierender gasdicht verschlossener Silber-
Zink-Akkumulator. Die Arbeit faßt kurz die Eigenschaften des gasdicht verschlossenen 
Miniatur Silber — Zink-Akkumulators zusammen mit nachdrücklicher Betonung der Probleme, ‘ 
die sich in erster Reihe aus dem gasdichten Verschluß ergeben. Eingehend behandelt die
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Arbeit die Frage der Gasbildung bei Luftdicht verschlossenen Silber-Zink-Akkumulatoren, 
wobei die Faktoren besonders hervorgehoben werden durch welche das Ausmaß der Gasbildung 
beeinflußt werden kann. Der Einfluß der Silberstruktur auf die Größe der sich beim Laden 
entwickelnden Ag20-Phase (Silbermonoxyd) wird untersucht, und dann wird die experimen
telle und konstruktive Arbeit besprochen, durch die es gelungen ist, einen ausschließlich in 
der Ag20-Phase funktionierenden hermetisch verschlossenen Miniatur Silber-Zink-Akku
mulator zu entwickeln. Über die elektrischen und Lagereigenschaften sowie die Lebensdauer 
solcher Akkumulatoren wird informiert, und schließlich werden diese mit anderen Akku
mulatoren verglichen, unter Hervorhebung der Richtung, in welcher auf Grund der bisherigen 
sehr positiven Ergebnisse weitere Forschung und Entwicklung benötigt sind.

Герметизированный серебряно-цинковый аккумулятор, работающий в фазе одно
валентного серебра (Ag20). Данное сообщение является как бы продолжением прежних 
публикаций [1], [2] авторов и в нем сначала обобщаются свойства герметизированных 
миниатюрных аккумуляторов серебряно-цинковой системы, особо рассматривая те про
блемы, которые вытекают в первую очередь из герметизации. В связи со сказанным детально 
разбирается вопрос газообразования в герментизированных серебряно-цинковых акку
муляторах, особо подчеркивая те факторы, которые могут быть использованы для влияния 
на масштабы газообразования. Примыкая к б-ой главе уже упомянутой выше работы 
[1], [2], детально анализируется воздействие структуры серебра на величину фазы Ag20  
(окись серебра), формирующейся во время процесса заряда. После выяснения теорети
ческих основ авторы в связи с конкретным примером описывают ту конструкторскую 
и экспериментальную работу, с помощью которой удалось оформить герметизированные 
миниатюрные серебряно-цинковые аккумуляторы, работающие чисто в фазе Ag20 . В сооб
щении дается подробная информация относительно электрических свойств, свойств хра
нения и срока службы таких аккумуляторов, которые с точки зрения потребителей 
являются наиболее интересными. В заключение на основе имеющихся достижений сооб
щается сравнение с прочими аккумуляторами, подчеркивая то, что на основе достигнутых 
до сих пор очень положительных результатов — в каком направлении считают авторы 
необходимым продолжать дальнейшие исследовательские работы по развитию этих типов 
аккумуляторов.
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A SIMPLE SAMPLE HOLDER AND CRYOSTAT FOR 
MEASURING THERMOELECTRIC POWER OF 

SEMICONDUCTORS IN THE TEMPERATURE RANGE
OF 8 0 -4 0 0  К

К. SOMOGYI* and В. PÖDÖR**

[Manuscript received 4 August, 1972]

A simple sample holder and cryostat system is described, suitable for measuring 
the temperature dependence of the thermoelectric power of semiconductors in the 
temperature range of 80 — 400 K.

T he m easu rem en t of th e rm o e lec tric  pow er (T E P ) of sem iconducto rs 
invo lves m an y  w ell-know n ex p e rim en ta l d ifficulties, th o u g h  in  p rinc ip le  th e  
m easu rem en t is qu ite  sim ple. S everal designs of th e  sam ple  ho lders and  c ry o s ta ts  
w ere a lread y  described in  th e  l i te ra tu re  [1  6 ] em phasizing  d iffe ren t aspects
o f th e  m easu rem en t. In  th e  p re sen t p a p e r  a m easuring  system  is described  
w hich  w as co n stru c ted  on th e  be low -m entioned  genera l p rincip les. I t s  m ain  
d ifference from  o th e r designs is th a t  th e  ends of th e  sam ple  are  fix ed  inside 
th e  copper blocks, w hich in  tu rn  a re  h e a te d  from  inside an d  th e  sam ple  is 
in  th e  v a p o u r  of boiling n itrogen . T h is system  is easy  to  han d le  an d  v e ry  
u sefu l fo r serial m easu rem en ts  a ffo rd ing  high accuracy .

In  F igs 1 and  2 th e  schem atic  ou tlines and  th e  pho to s  of th e  re lev an t 
p a r ts  o f th e  sam ple ho lder are  show n, respectively . T he m ost im p o r ta n t p a r ts  
are  th e  copper blocks 1 an d  2, each  one f i t te d  w ith  a T -sh ap ed  m ovab le  
p iece 3, f ix ed  b y  b rass screw s 4 an d  sp rings 5. The ends o f th e  sam ple 6  are  to  
be  a tta c h e d  betw een  th e  copper b locks an d  th e  T -sh ap ed  p a r ts . T he term o- 
couples 7 go th ro u g h  th e  copper b lock , th e n  th ro u g h  a hole in to  th e  T -sh ap ed  
m ov ing  p a r t ,  touch ing  th e  sam ple. I n  th is  w ay  th e  h e a t co n d u c tio n  th ro u g h  th e  
th e rm o co u p les  is m inim ized. T he m a te r ia l of th e  therm o co u p les  is chrom el- 
a lum el, hav in g  a d iam ete r of 0.4 m m , there fo re  th e  effects of possible inhom o
geneities in  th e  therm ocoup le  w ires are  ru led  ou t [4]. T h e  ends of th e  th e r 
m ocouples are  soldered to  th e  m oving  T -shaped  p a r ts  o f th e  sam ple  ho lder.

T he copper blocks are  h e a te d  b y  h ea te rs  8  p laced  inside th e  blocks. 
I n  th is  w ay  th e  h e a t tra n s fe r  to  th e  su rro u n d in g  m edium  ta k e s  p lace  th ro u g h  
th e  sam ple  blocks, m in im izing  b o th  th e  h e a t tra n sfe r  to  th e  n itro g en  gas an d

* K . S o m o g y i, Research Institute for Technical Physics of the Hungarian Academy 
of Sciences 1325 Budapest, P. O. Box 76.

** B . P ö d ö r , Research Institute for Technical Physics of the Hungarian Academy 
of Sciences 1325 Budapest, P. O. Box 76.
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Fig. 1. Schematic outline of the sample holder (See text)

Fig. 2. Photo of the sample holder
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th e  convection  o f  th e  la t te r .  M oreover, th e  m ax im um  te m p e ra tu re  o f th e  su r
ro u n d in g  m ed ium  does n o t exceed th e  te m p e ra tu re  o f  th e  copper b locks.

T he tw o  co p p er blocks are co n n ec ted  b y  te x tile -b a k e lite  rods 9 an d  
b rass  rods 1 0  in  such  a w ay  th a t  w ith  th e  aid  of screw  1 1  th e  d is tan ce  betw een  
th em  can  be v a ried , w hile spring 1 2  assu res th e  e lastic  connection  betw een

Fig. 3. The Dewar system. 1 — liquid nitrogen, 2 — Dewar, 3 — rods of low conductivity 
material, 4 — glass tube, 5 — top of the Dewar, 6 — top of the sample holder, 7 — sample

holder, 8 — sample

th e  copper blocks. T he sam ple ends can  be  clam ped be tw een  th e  m oving  an d  
fix ed  p a r ts  o f th e  copper blocks, or if  necessary , th e y  can  be sim ply  pressed  
betw een  th em . T hose p a r ts  of th e  co p p er blocks w hich m ake d irec t c o n ta c t 
w ith  th e  sam ple  are  covered  b y  a 20 — 30 /лп th ick  gold foil to  ensure good 
e lec trical and  th e rm a l co n tac ts  as well. T h e  sam ple h o ld e r system  is m o u n ted  
on tw o  rods o f low h e a t co n d u c tiv ity  13. T h e  sam ple h o ld e r is in  a th ick  w alled 
(1.5 —2 m m ) glass tu b e , w hose low er end  an d  th e  w hole assem bly  is low ered 
in to  a D ew ar co n ta in in g  liquid  n itro g en  (F ig. 3). L iqu id  n itro g en  is p o u red
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in to  th e  glass tu b e , to o , up  to  th e  m idd le  of th e  low er co p p er b lock. In  th is  
w ay  th e  sam ple h o ld e r and  th e  sam ple  are  in  th e  v a p o u r o f boiling n itro g en . 
W ith o u t sw itch ing  on th e  h e a te r  o f th e  low er b lock, its  te m p e ra tu re  reaches 
77 K , an d  n ea rly  th e  sam e te m p e ra tu re  can  be m easu red  on  th e  low er end 
o f  th e  sam ple. W ith  th e  o th e r h e a te r  a con v en ien t te m p e ra tu re  g rad ien t can  
be estab lished  an d  m a in ta in e d  du ring  th e  m easu rem en ts  s im u ltan eo u sly  re g u la t

ing. 4. Typical results of measurements on a Ge sample with a donor concentration 
Nd =  3 .6 x l0 14 cm 3. Theoretical curves without phonon drag contribution for donor con

centrations l x  1014, 3.6X 1014 and l x  1015, respectively

in g  th e  in p u t p ow er o f th e  tw o h ea te rs . D urin g  th e  h ea tin g  th e  n itrogen  c o n 
te n t  of th e  glass tu b e  boils off. A t m easu rem en ts  above room  te m p e ra tu re  
th e  o u te r  D ew ar can  be filled w ith  w a te r.

T he convec tion  o f th e  n itro g en  gas does n o t in fluence  th e  m easu rem en t 
p ro ced u re  because th e  therm ocoup les go p a r tly  th ro u g h  th e  copper b locks 
[2], [5], and  on th e  o th e r  h an d , th e  b ig  copper b locks ensure an  effective th e rm a l 
sc reen ing  of th e  sam p le .

T he te m p e ra tu re  g rad ien t on th e  sam ple  can  he v a ried  betw een  w ide 
lim its . A ccording to  our experience th e  m ost su itab le  te m p e ra tu re  g ra d ie n t 
w as 5 — 10 K .In  th is  case th e  low est lim it of m easu rem en ts  w as a b o u t 80 85 К
(th e  average te m p e ra tu re  of th e  sam ple). T he u p p e r te m p e ra tu re  lim it is 
in flu en ced  b y  th e  co n tac tin g  m a te r ia l used  fo r m ak in g  e lec trical co n ta c ts  
to  th e  sam ple, e tc ., a n d  in  our case i t  w as ab o u t 400 K .

T he accu racy  o f th e  m easu rem en ts  is b e tte r  th a n  10% . N ear an d  above  
room  te m p e ra tu re  i t  m ig h t even be b e tte r . I n  o rder to  con tro l th e  set u p  we 
m a d e  m easu rem en ts  o f T E P  on p u re  Ge sam ples. In  F ig . 4 a ty p ica l re su lt 
o f  such  a m easu rem en t is show n an d  com pared  w ith  th e o re tic a l curves, n o t 
ta k in g  in to  acco u n t th e  phonon d rag  effect w hich p red o m in a tes  a t low tern -
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p e ra tu re s . O ur ex p e rim en ta l re su lts  favourab ly  com pare  w ith  tho se  found  
in  th e  l ite ra tu re  [7] an d  n e a r an d  above room  te m p e ra tu re  w ith  th e  th eo re tica l 
ones, too , w here th e  neg lec t of th e  ph o n o n  drag  effects is ju s tif ie d .

REFERENCES

1. Ge b a l l e , T. H . - H u l l , G. W .: Phys. Rev. 94 (1954), 1134
2. M id d l e t o n , A. E . — Sca nlon , W . W .: Phys. Rev. 92 (1953), 219
3. Фистуль, В. И., Черкас, К. В.: Ф Т Т  4 (1962), 3288
4. Go la nd , А. N. — E w a l d , A. W .: Phys. Rev. 104 (1956), 948
5. Som o g yi, К. —Sz id ja k in , Y. G.: Híradástechnika. Budapest, 20 (1969), 262
6. Давиденко, H. И., Факидов, И. Г.: П Т Э  Но. 5 (1967), 254
7. Sm it h , R. A.: Semiconductors, University Press Cambridge 1959

Ein einfacher Probeiihalter und Kryostat für die Messung der thermoelektrischen 
Spannung von Halbleitern im Temperaturbereich 80 ̂ 400K. Ein einfacher Probenhalter und 
Kryostat für die Messung der Temperaturabhängigkeit der thermoelektrischen Spannung von 
Halbleitern im Bereich 80 — 400 К werden beschrieben.

Простой держатель образца и криостат для измерения термо э. д. с. полупроводни
ков в интервале температур от 80 до 400 К. Описывается простая система измерения для 
термо э. д. с. полупроводников в зависимости от температуры в интервале температур от 
80 до 400К.
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DETERMINATION OF THE THERMAL BREAKDOWN 
VOLTAGE FOR D.C. AND A.C. VOLTAGES

J. PATKÓ

and

M. YAJTA Jr.*

After the definition of the conceptions “thermal breakdown” and “thermal 
instability” a short survey of the history of the thermal breakdown theories is given. 
After writing up the general instability equations for D.C. voltages the expression of 
the thermal breakdown voltage for a specified temperature dependence of the resistivity 
is derived, then the same derivation for A.C. voltages is performed in a similar way. 
The individual temperature distributions are calculated for both cases, the obtained 
results tabulated by a computer are presented and the effects of some parameters on 
the value of the thermal breakdown voltage are investigated.

1. In tro d u c tio n

T h e  p rob lem  o f th e rm a l b re a k d o w n  a t ta in s  ev e r g re a te r  im p o rta n c e  
due to  th e  p e rm a n e n t increase o f  th e  n om ina l v o ltag es  an d  o p e ra tio n a l 
te m p e ra tu re s . T he h ig h e r no m in a l vo ltag es  and  o p e ra tio n a l te m p e ra tu re s  
o f th e  in su la tio n  m a te r ia ls  are econom ically  ju s tif ie d .

T h e  su ita b ility  o f th e  in su la tio n  m a te r ia l is m o stly  de te rm in ed  — from  
am ong th e  g rea t n u m b e r  of th e  e lec trica l an d  n on-e lec trica l p a ram e te rs  — 
b y  th e  b reak d o w n  v o ltag e . T he b reak d o w n  vo ltage , — u n like  th e  o th e r e lectrical 
ch a rac te ris tic s , — is no in te g ra te d  v a lu e , b u t  alw ays th e  b reakdow n  v o ltag e  
of th e  w eak est p o in t in  th e  in su la tio n , or th e  in su la tin g  m ate ria l.

T h e  b reak d o w n  processes can genera lly  only  be described  in  a q u a lita tiv e  
m anner. T h e  re la tio n sh ip s  betw een  th e  m acroscopic an d  th e  m icroscopic 
ch a rac teris tic s  m a y  in  m a n y  cases b e  described  w ith  a  good ap p ro x im a tio n , 
especially fo r c ry s ta llin e  an d  hom ogeneous s tru c tu re d  m a te ria ls  [1—6 ]. B u t 
in  th e  case o f th e  p ra c tic a lly  m ost f re q u e n t am orphous m a te ria ls  o f no h o m o 
geneous s tru c tu re  on ly  em pirical re la tio n sh ip s , es tab lish ed  b y  m easu rem en ts  
are av a ilab le  [7 —15].

T h ree  ty p e s  o f b reak d o w n  in  solid  d ielectrics are  genera lly  d is tin g u ish ed :
a) p u re  e lec trical b reakdow n,
b) b reak d o w n  b y  in te rn a l or su rface  ion iza tion ,
c) th e rm a l b reakdow n .

* Ifj. dr. V a jt a  M ik l ó s , 1041 Budapest, Dessewffy u. 41, Hungary.
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T he in d iv id u a l ty p e s  of b reak d o w n  are  n o t sh a rp ly  se p a ra te d : d u ring  
th e  com plete  b rea k d o w n  process tw o , o r even  all th ree  ty p e s  m ay  ap p ear. 
T h e  f irs t  tw o ty p e s  a re  n o t dealt w ith  h e re , only references are  m ade in  th is  
con n ec tio n  to  th e  l i te ra tu re  [16—20].

In  th e  th e rm a l b reakdow n  an  im p o r ta n t  role is p lay ed  b y  th e  losses 
occu rrin g  alw ays in  th e  in su la tion  m a te r ia ls , causing th e  w arm ing  u p  of th e  
m a te r ia l. T he te m p e ra tu re  has a d ecided  effect on th e  b reak d o w n  due to  th e  
n o n -lin ea r te m p e ra tu re  dependence o f  th e  electrical ch a rac te ris tic s  of th e  
m a te ria ls . This is w h y  th e  th e rm al b re a k d o w n  is also called “ h igh te m p e ra tu re  
b re a k d o w n .”  In  th e rm a l b reakdow n a b re a k d o w n  v o ltage , th e  so-called th e rm a l 
b reak d o w n  v o ltag e  m a y  be defined, w hose  ch a rac teris tic s  are:

1) — its  v e ry  low  dependence on th e  electrical fie ld  hom ogen ity ,
2) its  h ig h  dependence on th e  d u ra tio n  of th e  v o ltage  ap p lica tio n ,
3) its  v e ry  h ig h  dependence on  th e  am b ien t te m p e ra tu re , i.e.,
th e  te m p e ra tu re  rise and  th e  h e a t  tra n sfe r  cond itions, respective ly . 

A lth o u g h  th e  th e rm a l breakdow n can  be  d istingu ished  from  th e  electrical 
b reak d o w n  b y  th e  p ro p e rtie s  lis ted  ab o v e , y e t i t  seem s to  be im p o r ta n t to  
p o in t o u t th e  v e ry  essen tia l difference b e tw een  th e  th ick n ess  dependence o f 
th e  b reak d o w n  v o ltag es  in  b o th  cases. I n  e lectrical b reakdow n  th e  b reakdow n  
fie ld  s tre n g th  is specified  as a c h a ra c te r is tic  v a lu e  of th e  m a te ria ls  p e rm ittin g  
th e  ca lcu la tion  of th e  b reakdow n v o lta g e  for th e  given a rra n g e m en t alw ays 
in  th e  sam e m an n e r. I n  th e  case o f hom ogeneous fields a lin ea r re la tio n sh ip  
p rev a ils  be tw een  th e  b reakdow n  v o lta g e  a n d  th e  th ickness of th e  d ielectric  
m ed iu m . This re la tio n sh ip  is fu n d a m e n ta lly  m odified  in  th e  case of th e  th e rm a l 
b reak d o w n ; n am ely  w ith  increasing th ick n esse s  th e  b reakdow n  vo ltag e  in creas
in g ly  falls sh o rt o f th e  lin ear rise w ith  th e  th ickness an d  te n d s  to w ard s a 
lim it  va lue . I t  is im p o r ta n t  to  em phasize  th is  dev ia tion , reg a rd in g  th a t  one 
o f  th e  fu n d a m e n ta l a im s of th e  th e rm a l b reak d o w n  theo ries w as to  clear u p  
th e  th ick n ess  d ep en d en ce  of th e  th e rm a l  b reak d o w n  vo ltage .

2. The conception of the therm al instability , the therm al breakdown voltage

F rom  th e  above  i t  is to  be seen t h a t  non -lin ear te m p e ra tu re  dependence 
o f th e  e lectrical p a ra m e te rs  has a fu n d a m e n ta l p a r t  in  th e  d eve lopm en t and  
ap p ea ran ce  of th e  th e rm a l b reakdow n . T h e  losses occurring  p e rm a n e n tly  in  
th e  d ielectric , g en era lly  depend  on th e  te m p e ra tu re  an d  th e  local fie ld  s tre n g th  
in  th e  follow ing form  [21 22]:

qb(», U) =  K - e b(9- &°) -E°- (1)
where — loss pro unit volume [W/m3]

E  — electrical field strength [V/m]
&0 — reference temperature [°C]
b temperature coefficient characterizing the temperature dependence [1/°C]
К  — constant, depending on the layout and the material characteristics [A/m • V]
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A ccordingly  th e  occuring  losses d epend , in  general, ex p o n en tia lly  on th e  te m 
p e ra tu re , b u t  th e  h e a t q u a n tity  ava ilab le  for tra n sfe r  to  th e  en v iro n m en t (n o t 
reg a rd in g  rad ia tio n ) v a rie s  only in  a lin ear w ay [23]:

Qlr =  oc-F(&s - & a) (2)

where Qir — heat quantity available for transfer [W] 
a — heat transfer coefficient [W/m2 °C]
F  — heat transfer surface [m2]
>}s ■— surface temperature [°C]
&a — ambient temperature [°C]

Fig. 1. The heat quantities developing in the dielectric (Qd3 >  Q,(2 >  Qdi) aI1<l those available 
for transfer to the environment (Qir) versus temperature

F ro m  th e  above i t  d irec tly  follows th a t  a lim it s ta te  m u s t ex ist, beyond  w hich 
a g rea te r  h ea t q u a n ti ty  is fo rm ed  th a t  can  be tra n s fe rre d  an d  so a h e a t in 
s ta b ility  appears. F ig . 1 show s th e  fo rm ing  an d  th e  tra n sfe ra b le  h e a t q u a n titie s  
versus th e  te m p e ra tu re . This re la tio n sh ip  p e rm its  to  w rite  u p  th e  cond itions 
o f th e  th e rm a l in s ta b ility  in  th e  follow ing form :

n  n  л QQd QQtr i o \Qd =  Qir an d  — — =  — —  (3)
d& 8#

w here

Qd -  Г qd d v  [W]
J  V

is th e  h e a t q u a n tity  fo rm ed  in  th e  to ta l  vo lum e o f th e  d ielectric .
A lthough  th e  above cond itions seem to  be tr iv ia l, th e ir  ca lcu la tion  is 

ra th e r  com plicated , especially  if  th e  th ickness dependence o f th e  te m p e ra tu re  
is also to  be allow ed fo r in  eq u a tio n  (1). B etw een th e  electric  p o te n tia l an d  th e  
fie ld  s tre n g th  th e re  ex ists an  unequ iv o ca l re la tio n sh ip  [24], w hich m ay  be 

in  m an y  cases, — m a th e m a tic a lly  com plicated . W ith  th e  aid  of th is  
re la tio n sh ip  a Qd(F) —- cu rve  can  be p lo tte d  for each v o ltag e  va lue . T he v o ltage
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p ro d u c in g  exac tly  th e  h e a t q u a n tity  Qd w hich corresponds to  th e  in s ta b ility  
is called , according to  th e  d e fin ition , th e  th e rm a l b reak d o w n  v o ltage . In  
th e rm a l b reakdow n th e  b reakdow n  v o ltag e  is alw ays u n d e rs to o d  to  be the  
th e rm a l b reakdow n v o ltag e , in  sp ite  o f th e  fa c t th a t  in  p rinc ip le  th e  th e rm al 
b reak d o w n  should  o ccu r only  in  an  in fin ite  tim e  period  a t  th e  in stab ility  
( th e rm a l b reakdow n-) v o ltag e , b u t a t  h ig h er vo ltages th a n  th is  va lu e  i t  occurs 
w ith in  a fin ite  tim e  p e rio d  in  any  case.

3. Differential equation, the applied model

B y th e  in s ta b ility  co n d itio n  (3) i t  is c lear th a t  for its  a c cu ra te  ca lcu lation  
th e  te m p e ra tu re  d is tr ib u tio n  developing  in  th e  d ielec tric  u n d e r  th e  given 
b o u n d a ry  conditions m u s t be know n. T h e  general th e rm a l s ta te  of th e  m ate-

X

Fig. 2. Plane model 1. — dielectric, 2. — electrode

ria ls  h av in g  an  in te rn a l h e a t source is g iven  for th e  s ta tio n a ry  case b y  th e  so- 
ca lled  K irc h h o ff-F o u rie r  eq u a tio n  [25]:

d iv  (Ях g rad  #) -f- qb (ft) =  0 (4)

w h ere  X1 — th e rm a l c o n d u c tiv ity  (o f th e  dielectric  in  th is  case) [W /m °C]. 
T h e  genera l so lu tion  o f  th is  e q u a tio n  in  a closed fo rm u la  is unknow n . The 
ap p lica tio n  of a m odel w ith  only one-d im ensional h e a t flow  seem s to  be adv is
ab le  (concerning th e  th ree -d im en sio n a l so lu tion  B ellmann [26] m ade a v a lu 
ab le  s ta tem en t) . O ur p la n e  m odel is show n in  Fig. 2. T h e  a rra n g e m en t co rre
sp o n d s  e.g. to  a coil in su la tio n  w here th e  coil leng th  exceeds th e  th ickness b y  
sev e ra l orders of m a g n itu d e . T he form  o f ou r d ifferen tia l eq u a tio n  is consider
ab ly  reduced  in  th is  w ay :

d2d  , gat#) =  0
dx1 Л1
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T h e b o u n d a ry  co n d itions requ ired  for th e  so lu tion  of th is d iffe ren tia l e q u a tio n  
m ay  be w ritten  u p  on th e  basis of th e  follow ing co n sid era tio n s. T he p o in t x = 0  
is a sy m m etry  ax is, th ere fo re  th e  m ax im um  te m p e ra tu re  is developing here  
an d  th e  h ea t flow  in  th is  p lane is zero. A t th e  b o u n d a ry  su rface  betw een  th e  
e lec trode  and th e  d ie lec tric  (x =  h) th e  te m p e ra tu re  is id en tica l, b u t  th e  tem -

Fig. 3. Thermal breakdown voltage versus the thickness. 1. According to Wagner’s theory; 
2. according to intermediate theories; 3. according to the exact theory

p e ra tu re  d is tr ib u tio n  show s an  inflec tion  p o in t due to  th e  c o n tin u ity  of th e  
h e a t flow. W e assum e th a t  h ea t is tra n sfe rre d  from  th e  su rface  of th e  o u te r  
e lec trode  to  th e  c o n s ta n t tem p e ra tu re  en v iro n m en t. B ased  on th e  above we 
h av e  [25]:

X - Ú

=  0 ,

( d ê
=  До • F

d&

l dx  Jx=h -0 dx

1 dê
m2 - F  —  

1 dx
=  a

x=h+m

(7)

( 8 )

where
m

the thermal conductivity of the electrode [W/m °C] , 
thickness of the electrode [m] .

T he d ev e lo p m en t o f th e  in d iv id u a l th e rm a l b reak d o w n  theories is u n 
equ ivocally  connected  w ith  th e  increasing ly  m ore  a c cu ra te  so lu tion  of th e  
d ifferen tia] eq u a tio n  (5). T he p rim ary  aim  o f th e  research  is th e  expression of 
th e  th e rm a l b reak d o w n  vo ltage  as a fu n c tio n  o f  th e  p a ra m e te rs  of th e  dielec
tr ic . A ccording to  th e  experim en ts th e  th ick n ess-d ep en d en ce  o f th e  th e rm a l 
b reak d o w n  vo ltage  is as show n in  Fig. 3. T h e  increasing ly  m ore accu ra te  
th eo rie s  reflect th e  d ev e lo p m en t from  th e  lin e a r  ap p ro x im a tio n  to  th e  accu ra te  
fu n c tion .
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4. The ap p ro x im atio n  theories

A tten tio n  w as focussed on th e  phenom enon  of th e  th e rm a l b reak d o w n  
a t  th e  tu rn  of th e  c en tu ry  an d  th e  f ir s t  com m ents an d  o b se rv a tio n  on th e  
b reak d o w n  also o rig ina te  from  th is  p e rio d . M. W a l k e r  [27], K . W . W a g n e r  

[28] and  E . H . R a y n e r  [15] w ere am ong  th e  f irs t to  in v e s tig a te  th is  p h en o m 
en o n  m ore th o ro u g h ly . K . W . W a g n e r  e lab o ra ted  a n  especially  in te re s tin g  
th e o ry  s ta r tin g  from  th e  em pirical fa c t th a t  th e  b reak d o w n  does n o t a p p ea r 
in  th e  w hole m a te ria l, b u t only  along  a narrow  channel. H e app lied  severa l 
ap p ro x im a tio n s  in  his th eo ry , th e re fo re  his resu lts, show ing th a t  th e  th e rm a l 
b reak d o w n  v o ltage  is d irec tly  p ro p o rtio n a l w ith  th e  th ick n ess  of th e  d ie lec tric , 
w ere  only of an a p p ro x im a tiv e  n a tu re , b u t  nevertheless had  a g rea t s ign ificance 
in  crea tin g  th e  fo u n d a tio n  o f th e  th e rm a l b reakdow n  th eo ries. H is re su lts  
w ere  criticized b y  several a u th o rs , am ong  o thers b y  W .  R o g o w s k y , D r e y f u s , 

T . K a r m a n , A. G e m a n t , S. W h i t e h e a d , etc. [29 — 34]. U nlike W a g n e r  

th e y  set out from  a m odel of a u n ifo rm ly  hom ogeneous d ielectric . A ltho u g h  
th e y  w ere u n ab le  to  derive th e  gen era l expression of th e  th e rm a l b reak d o w n  
v o lta g e , y e t th e y  succeeded in  e x ten d in g  th e ir  resu lts  to  tw o ex trem e  cases. 
T h e y  have  show n th a t  for v e ry  l i t t le  th ick n ess  th e  th e rm a l b reak d o w n  v o ltag e  
v a r ie s  b y  th e  sq u are  ro o t as a fu n c tio n  o f th e  th ickness, i.e.

Uth (h я« 0) =  const. \ h (9)

w h e re  Uth is th e  th e rm a l b reak d o w n  v o ltag e  [V].
T heir resu lts  agreed  well w ith  th e  ex p erim en ta l d a ta . T he o th e r ex trem e  

case th e y  s tu d ied  w as th a t  of v e ry  th ic k  d ielectrics an d  th e y  estab lish ed  th a t  
th e  th e rm a l b reak d o w n  vo ltage  te n d s  to  a m ax im um  w ith  th e  increase  of th e  
th ic k n e ss , i.e.,

Uth (h~KX>) =  Uthm =  const. (10)

U n fo rtu n a te ly  th e y  w ere u n ab le  to  es tab lish  th e  th ick n ess  dependence  o f 
th e  th e rm a l b reak d o w n  vo ltage  b e tw een  b o th  th e  ex trem e  cases. T hese in itia l 
th e o rie s  m ay  also be illu s tra ted  b y  th e  in itia l ta n g e n t (W agner’s th eo ry ), 
o r  th e  in itia l sec tion  of th e  accu ra te  Uth =  f(h) curve to  be  described  fu r th e r  
o n  as show n in  F ig . 3.

5. G eneral instab ility  equa tions for D. C. voltages

An a b ru p t change in  th e  th e rm a l b reakdow n  theo ries cam e a b o u t w hen  
th e  R ussian  p h y sic is t Y. A. F o k  succeeded  in  solving th e  d iffe ren tia l eq u a tio n  
(5) w ith  specified b o u n d a ry  co n d itio n s an d  in ad ap tin g  th is  to  th e  in s ta b ili ty  
co n d itio n  [35]. S im u ltaneously  w ith  F o k  sim ilar re su lts  w ere o b ta in ed  b y
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o th e rs , b u t  n o b o d y  m anaged  to  derive th e  in s ta b ility  equ a tio n s for th e  gen era l 
te m p e ra tu re  d ependence  of th e  resistance . As we are dealing  now w ith  a D .C . 
v o ltag e  case (4), o u r d ifferen tia l eq u a tio n  is;

d iv  (Ax grad  Û) -f- y(grad<p)2 =  0 (11)

w here <p — elec trical p o ten tia l and  у  th e  electric  co n d u c tiv ity . F o r  th e  
electric  p o te n tia l we can  w rite  dow n th e  follow ing eq u a tio n :

div (у  g rad  cp) =  0. (12)

I t  can  be  show n th a t  th e  iso th erm al p o in ts  of th e  te m p e ra tu re  d is tr ib u tio n  
curves rep re sen tin g  th e  solu tion  of th e  eq u a tio n s (11) an d  (12) coincide w ith  
th e  p o te n tia l  levels. L e t us in tro d u ce  th e  follow ing v a riab le :

и =  -  2 J  Ax (tf) • p(tf) • dtf (13)

w here Ax($) an d  q(û ) m ay  be perfec t genera l te m p e ra tu re  functions a n d  q 
th e  e lec tric  re s is tiv ity  in  [ ß  m ]. F o r ou r one-d im ensional m odel th e  eq u a tio n s  
are  con sid erab ly  reduced :

d

dx

dû dcp
^  +  r ' 9 ^ )

=  0,

d_

dx
=  0 .

(14)

(15)

F o r th e  elec tric  p o te n tia l  th e  follow ing cond itions m ay  be  given in a d d itio n  
to  th e  th e rm a l b o u n d a ry  conditions (6) — (8):

(p =  —f- [70 if  дс =  Л an d  <p =  — U 0 if  X  =  —h. (16)

F rom  eq u a tio n  (15) th e  cu rren t d en sity  J  flow ing in  th e  d ielectric m a y  b e  
d irec tly  o b ta in ed  b y  in teg ra tio n . W ith  th e  aid of (13) th e  following in te g ra l 
m ay  be defined :

Г&т
? 2 = -  2 À1 (û)-Q(û) d û  =  u ( û ) - u { û m) .  (17)

J в
By in te g ra tin g  eq u a tio n  (14), expressing  th e  p o te n tia l w ith  th e  aid of (17) 
and  in te g ra tin g  again  w ith  th e  su b s titu tio n  x  =  h we o b ta in :

j  h =  Çùm ■ dû
J  e, Yu(Û)  — и (û m)
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T h e  te m p e ra tu re  d is tr ib u tio n  in  the  e lec tro d e  will be lin ear (as i t  has no  in te rn a l 
h e a t  source) and  b y  ta k in g  th e  b o u n d a ry  conditions in to  acco u n t i t  can  be 
w r it te n  in  th e  fo llow ing form :

■& =  & ! — g  ■ X - - — (0J — -d'à) and  g = -----a h (19)
h a  • m +  /  2

w h ere  is th e  te m p e ra tu re  a t p o in t x  — h.
B y  ta k in g  th e  b o u n d a ry  conditions in to  co nsidera tion  an d  b y  e lim ina ting  th e  
u n k n o w n  cu rren t d e n s ity  from  (18) th e  follow ing tw o equ a tio n s are  o b ta in ed :

' Jo , I:u(&)— u(&mj
g-  =

U n

Р Л К  =  - Р т ) - Щ  =  0.

( 20)

(21 )

B y  b o th  these eq u a tio n s th e  te m p e ra tu re  an d  p o ten tia l d is tr ib u tio n  re la tio n s 
in  th e  dielectric  cou ld  be  expressed b y  th e  pa ram ete rs  &1 an d  # m. I t  can  be 
seen  b y  these  equ a tio n s th a t  w ith in c reasin g  voltage  (w ith  th e  o th e r p a ra m e te r  
v a lu es  unchanged) r&1 a n d  m ust in c rease . In  th e  case w hen  no real so lu tions 
fo r  th e  equations (20) a n d  (21) can be g iv en  an y  longer, we sp eak  of th e  c ritica l 
v o lta g e , th a t  we h av e  defined  as th e  th e rm a l b reakdow n v o ltage . T he m a th e 
m a tic a l condition  fo r th e  d isappearance  o f  th e  real so lu tions o f th ese  eq u a tio n s 
is th e  d isappearance  o f  th e  co rrespond ing  Jaco b i d e te rm in a n t, i.e .,:

d e t J a c o b i =

■ QF, 8 F i
d&1 3 К

3 f 2

ьГCD

d'&1 9&m

(22)

T h is  equa tion  is in d eed  th e  m a th em a tica l fo rm u la tio n  of th e  in s ta b ility  cond i
t io n  (3) in  a d ifferen t fo rm . The eq u a tio n  o f  th e  in stab ility  co n d ition  is o b ta in ed  
b y  developing th e  d e te rm in a n t and  b y  e lim in a tin g  th e  d iffe ren tia l q u o tien ts , 
(35 —36] as:

w h ere

& m ) = g - Ai(#i) • g ( ^ )
y(&) d&

=  0

d y(ë)

d ê

(23)

T h e  th e rm a l b reak d o w n  voltage can be  ca lcu la ted  w ith  th e  know ledge of th e  
g eo m etrica l and  cooling conditions, b y  th e  e lim ination  of th e  p a ram e te rs  

a n d  § m, b y  th e  eq u a tio n s  (20), (21) a n d  (23). The g rea t v ir tu e  of th e  re su lt
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is th a t  i t  is va lid  for th e  te m p e ra tu re  dependence an d  th e  th e rm a l co n d u c tiv ity  
dependence  of th e  gen era l re s is tiv ity  fo r th e  given m odel. In  p rac tice  th e  
expressions are reduced  to  sim pler form s, as th e  th e rm a l c o n d u c tiv ity  of th e  
d ielectrics m ay  he assum ed  to  be te m p e ra tu re -in d e p e n d e n t in  ce rta in  te m 
p e ra tu re  ranges [23].

6. D ete rm in a tio n  o f the  th e rm a l b reakdow n voltage fo r D. C.
voltages

T he expression o f th e  th e rm a l b reak d o w n  v o ltage  is easily  derived  from  
th e  genera l in s ta b ility  eq u a tio n s  in  ch arac teriz in g  th e  te m p e ra tu re  dependence 
of th e  re s is tiv ity  b y  th e  follow ing fu n c tio n  re la tionsh ip  [16 18] :

»

т  =  Уо-еТ . (25)

B y  perfo rm ing  th e  in te g ra tio n  of (13) we o b ta in :

u ( # ) =  2 - V ß o - T - e  T (25)

w here T  — is th e  te m p e ra tu re  coefficient ch a rac teriz in g  th e  te m p e ra tu re  
dependence  of th e  e lec trical c o n d u c tiv ity . L et us in tro d u ce  th e  following 
dim ensionless q u an titie s :

V =  ■
U th

( 2 - K-Qo T  ’
(26)

W ith  these  n o ta tio n s  th e  eq u a tio n s (20), (21) and  (23) m ay  be b ro u g h t to  tin- 
follow ing form s:

d e
c  ( e

Y е~в —  е~вт
У1-'

V

-  г;2

Г®”1 e0 d e c

Je, \ie ~ e  — e®” V

i -  0 a) =  o ,  

=  o ,

e01 =  0 .

(27)

(28) 

(29)

A lthough  th e  above in te g ra tio n s  can be perfo rm ed  in  p rin c ip le  [36 — 37], 
it seem s to  be m ore adv isab le  to  in tro d u ce  a new p a ra m e te r:

cos2 f  =  e01 0m, 0 <  £ <  .
2

(30)
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B y  perform ing  th e  in te g ra tio n s  w ith  th is  new  p a ra m e te r  an d  a f te r  reducing  
th e  equations, th e  th e rm a l b reak d o w n  v o ltage  m a y  be  expressed  as:

da
Uth =  / 2  • A, • É?0 • T  • e 2T - m (31)

w here
f-tanl

^ ( c )  =  sin £ • e c , (32)
a n d

c =  —-——  (£ A  sin £ • cos £). (33)
cos3 £

T h e  func tion  (32) is called  F o k -fu n c tio n  a fte r  F o k , w ho d e riv ed  i t  for th e  f irs t 
tim e . T he ranges o f  in te rp re ta t io n  o f th e  fu n c tio n s can  easily  be d e te rm in ed  as:

0 <] c <  со , 0 ^  f  <  —  , 0 <  Wie)  <  1.
2 —

W ith  our resu lts  (31), (32) and  (33) we m anaged  to  express th e  th e rm a l b re a k 
dow n vo ltage th ro u g h  th e  au x ilia ry  p a ra m e te r  exclusively  as a fu n c tio n  of th e  
geom etrica l and  h e a t  tra n s fe r  re la tio n s  of th e  d ielectric . T he expression (31) 
is in  harm ony  w ith  th e  p rev ious expositions, i.e ., w ith  increasing  th ickness 
(c increases) th e  th e rm a l b reak d o w n  v o ltag e  te n d s  to  a m ax im um  v a lu e :

Utbm =  1,414
K - T

r(#a)
(34)

W e h av e  ta b u la te d  th e  fu n c tio n s ^ (c )  an d  c( £) w ith  th e  aid  o f a d ig ita l com pu ter. 
T h e  resu lts  are p re se n te d  in  F igs 4 and  5 on th e  basis o f th e  ta b le  found  in  
th e  A ppendix . T he s te p p in g  in te rv a l of th e  tab le  is so dense th a t  th e  in te rm e d i
a te  values m ay  b e  in te rp o la te d  w ith  an  accu racy  sa tisfy in g  all p ra c tic a l 
dem ands. Fig. 4 show s th e  fu n c tio n  ¥y(£) versus th e  au x ilia ry  p a ra m e te r  £, 
w hile  Fig. 5 gives th e  fu n c tio n  ^ (c )  versus th e  p a ra m e te r  c. T his la t te r  F igu re  
i l lu s tra te s  well th e  s a tu ra tin g , i.e ., lim ited  n a tu re  o f ^ (c ) .

T he te m p e ra tu re  d is tr ib u tio n s  developing  in  th e  d ielec tric  can  also be 
ta b u la te d . The re su lts , w ith o u t d eriv ing  th em  (see [36] fo r th e  deriva tions) 
a re :

0 m —  0 1 =  —  # l)  = —  2 -In [C O S  I ] ,  (35)

& 1 - в а = - ± -  (§x -  &a) =  2 A — ^  . (36)
I c

e m - Q a =  I  (#m -  &a) =  2 ^ - ta n l  -  2 • ln [cos I ] . (37)
1 c
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T h e in d iv idua l te m p e ra tu re  d is tr ib u tio n s  w ere also ca lcu la ted  b y  a co m p u te r  
an d  th e  resu lts  a re  show n in  F igs 6, 7 an d  8. As i t  is seen in  Fig. 6, th e  in 
s ta b ility  te m p e ra tu re  rise is n o t lim ited , in  p rincip le  i t  m a y  increase ind eed  
ad  in fin itu m , c o n tra ry  to  th e  te m p e ra tu re  rise a t  A.C. vo ltages. T his agrees

Fig. 4. The function y(f) for D.C. voltage

C
Fig. 5. The function ip(c) for D.C. voltage

w ith  th e  evidence o f  several au th o rs  [6], [18], [22], an d  its  cause is, on  th e  
one h an d , th a t  th e  e lectrical f ie ld  d is tr ib u tio n  a t D.C. v o ltages is p rim a rily  
d e te rm in ed  b y  th e  co n d u c tiv ity , w hereas a t  A.C. vo ltag es  i t  is de te rm in ed  b y  
th e  p e rm ittiv ity ; an d  on  th e  o th e r  h a n d  a t  D.C. vo ltages th e  cu rren t d e n s ity  
w as assum ed to  be  co n tinuous, w hile  a t  A.C. v o ltages th e  fie ld  s tre n g th  is 
assum ed  to  be con tinuous.

1 3 Acta Technica Academiae Scientiarum Hungaricae 76, 1974



1 9 4 PATKÓ -V A JT A

Fig. 6. Relative instability temperature-rise of the dielectric.............at D.C. voltage;
at A.C. voltage

Fig. 7. Relative instability temperature difference between the dielectric and environment. 
- -------at D.C. voltage;---------- at A.C. voltage

C

Fig. 8. Relative instability temperature difference between the dielectric and ambient tem
perature. - - - - -  at D.C. voltage; --------- at A.C. voltage
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7. Determination of the thermal breakdown voltage at A.C. voltages

I f  an  A.C. v o ltage  is app lied , th e  p rev ious d e riv a tio n  is som ew hat m o d i
fied , because  th e  losses are h igher a t  A.C. vo ltag es , fo r w hose in te g ra te d  c h a r 
a c te riz a tio n  th e  so-called vo lum e loss n u m b e r h as  been  in tro d u ced  [16], [22]:

p ' ( 0 )  =  p ' ( 0 o) ' eb(#“ *o) =  PÓ ■ =  Pa • e . (38)

I t  m u s t be  n o te d  th a t  th e  v a lid ity  o f th is  expression  applies to  a n o t v e ry  
w ide te m p e ra tu re  range and  in  th e  case of ta n  <5 curves w ith  local m in im a  i t  is 
only v a lid  b ey o n d  th e  local ex trem e  v a lue . L e t us again  in tro d u ce  re la tiv e  
u n its :

0  — b(ê — -&a) an d  z =  —  . (39)
h

O ur d iffe ren tia l eq u a tio n  for th e  m odel show n in  Fig. 2 has now  th e  fo llow ing 
form :

w here

<Рв
dz2

+  £ - e e =  0

B =  Pa-b  W - E *

К

(40)

(41)

B y in te g ra tin g  th e  equation , w ith  th e  d e te rm in a tio n  o f th e  in te g ra tio n  co n 
s ta n t  from  th e  b o u n d a ry  cond ition  (6) an d  re in teg ra tin g , an  inverse fu n c tio n  
z =  g (0 )  o f th e  fu n c tio n  0  =  f ( z )  is o b ta in ed . L e t us in tro d u ce  th e  a u x ilia ry  
p a ra m e te r:

(42)

W ith  th e  aid  of th is  aux ilia ry  p a ra m e te r  an d  th e  local te m p e ra tu re  o f th e  
p o in t z =  0 (w hich is th e  m ax im u m  te m p e ra tu re  too) as a p a ra m e te r, th e  
te m p e ra tu re  d is tr ib u tio n  m ay  be expressed  as:

6>(z, 0 m) =  0 m — 2 • In [cosh (ßz)].  (43)

The re la tiv e  te m p e ra tu re  of th e  b o u n d a ry  su rface  b e tw een  th e  e lectrode an d  
th e  d ielec tric  can  be determ ined  b y  su b s titu tin g  z =  1 in to  th is  expression . 
T ak in g  th e  lin ea r  tem p e ra tu re  d is tr ib u tio n  developing  in  th e  e lectrode in to  
acco u n t an d  also b y  sa tisfy ing  th e  b o u n d a ry  cond itions (7) and  (8) we o b ta in  
th e  follow ing im p lic it function  re la tio n  b e tw een  th e  electrical fie ld  s tre n g th  
(E)  an d  th e  m ax im u m  te m p e ra tu re  rise  ( 0 m), (w hich is now  th e  in s ta b ili ty  
te m p e ra tu re  rise):

F ( E ,  0 m) =  0,5 • In f 2 -  In [cosh {ß)] -  ^  t a n h ^  =  0 . (44)
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I f  th e  fu n c tio n  F ( E , 0 m) exists an d  is d iffe ren tiab le , th e n  th e  in s ta b ility  con
d itio n  m ay  be re fo rm u la ted . In  th e  equ ilib riu m  s ta te  of th e  system  d 0 m/d E  > 0 ,  
w h ereas  in  th e  s ta b le —in stab le  lim it s ta te  d 0 m/d E  —*■ oo, m ean ing  th a t  
b y  increasing  th e  fie ld  s tre n g th  (d ev ia tin g  only  b y  a c o n s ta n t from  th e  
v o lta g e  in  th e  case o f hom ogeneous fie lds) a c ritica l fie ld  s tre n g th  is reached , 
w h ere  th e  te m p e ra tu re  o f th e  dielectric  increases  m onotonously  an d  in  prin-

F i g .  9 .  T em p era tu re  o f  th e  d ielectric  v ersus th e  f ie ld  stren g th . SL. — in s ta b ility  p o in t

cip le  i t  m ay  becom e in fin itiv e , i.e., m ore losses occur in th e  d ielectric  in  th e  u n it 
tim e  th a n  can be tra n s fe r re d  to  th e  en v iro n m en t. This cond ition  is show n in  
F ig . 9. T he in s ta b ility  c rite rio n  m ay  also be  fo rm u la ted  in  th e  follow ing w ay : 
d E / d  O m =  0. As E  a n d  0 m are in te rre la te d  b y  F (E ,  0 m) an d  E  is co n ta in ed  
in  i t  b y  w ay  of th e  a u x ilia ry  p a ra m e te r  ß,  i t  is easily adm issib le th a t  th e  con
d itio n  d F /d  ß  =  0 is eq u iv a len t w ith  th e  co n d itio n  dE/d  0 m =  0. B y  p e rfo rm 
in g  th e  d iffe ren tia tio n  th e  following fu n c tio n  re la tionsh ip  b e tw een  c an d  ß 
is o b ta in e d :

/S(/3+sinh ß ■ cosh  ß) 
cosh2 ß  (1 — ß ■ ta n h  ß)

(45)

T h e  in s ta b ility  fie ld  s tre n g th  or in  th e  case o f hom ogeneous fie lds th e  th e rm a l 
b re a k d o w n  vo ltage , resp ec tiv e ly , m ay  b e  exp ressed  from  (44) as:

w here

U tb —
2-A t

Ь  P a
■ 9>(c),

9?(c) = ß

cosh ß
• e

ß  tanh ß

с

(46)

(47)

T h e  fu n c tio n  9?(c), as in  th e  D.C. v o ltag e  case, is called F o k -fu n c tio n . F o r 
d e te rm in in g  th e  in te rp re ta t io n  range of th e  au x ilia ry  p a ra m e te r  ß  th e  e q u a tio n  
1 — ß  t a n h  ß  =  0 m u s t b e  solved. W e h a v e  so lved  th is  eq u a tio n  b y  th e  N ew ton
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Fig. 10. The function <p(ß) for л.С. voltage

m e th o d  w ith  th e  aid  o f a d ig ita l co m p u te r [38] an d  o b ta in e d  th e  re su lt o f 
=  1,19967864. On th is  basis th e  in te rp re ta t io n  ranges are  as follow s:

O ^ c ^ c o ,  0 < ; / ! < ;  1,19967864, 0 < ; <p(c) <,  0,6627434 .

W ith  th e  know ledge of th e  in te rp re ta tio n  ran g es th e  fu n c tio n s w ere ta b u la te d  
w ith  th e  aid  of th e  co m p u ter. T he resu lts  a re  p re sen ted  b y  th e  A p p en d ix  
a n d  in  Figs 10 an d  11. I t  is v e ry  in te re s tin g  th a t  s im ilarly  to  th e  D.C. v o ltag e

Fig. 11. The function <p(c) for A.C. voltage
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case , th e  th e rm a l b reak d o w n  v o ltag e  te n d s  to  a m ax im u m  va lu e  w ith  th e  
in c rea se  of c also h e re :

Utiim =  Uth{c-+oo)  =  0,937226
I

I
h

Ь -Pa
(48)

This resu lt is r a th e r  rem ark ab le , as i t  reflects th e  fa c t th a t  th e  in s ta b ility  
v o lta g e  can n o t be  increased  u n eq u iv o ca lly  (and  un ifo rm ly) b y  increasing  
th e  th ickness of th e  in su la tin g  m a te r ia l or th e  in te n s ity  of th e  cooling. This 
is  im p o r ta n t for th e  p rac tice , as i t  p o in ts  o u t th e  possib le an d  econom ical 
m e th o d s  of increasing  th e  s ta b ility  v o ltag e ; such  as e.g ., th e  p a r ti t io n  of th e  
in su la tio n  and  th e  in se rtio n  of a cooling canal, etc.

N a tu ra lly  th e  in d iv id u a l te m p e ra tu re  differences can  be ca lcu la ted  for 
A .C . vo ltages as w ell, as given below , w ith o u t th e  d e riv a tio n s  [36]:

Om =  b(êm -  0 e) =  2 • In [cosh ß ] + 2  ß ' — h ß  (49)
С

Om — G1 =  b(&m — =  2 • In [cosh (3] (50)

6)1 =  b{ä1 - ö a) =  2 - ? ' t *n h ß  (51)
c

T h e  re la tiv e  te m p e ra tu re  d ifferences versu s  th e  p a ra m e te r  c a re  show n in 
F ig s  6, 7 and  8. T h e  resu lts  w ere o b ta in e d  w ith  th e  a id  o f th e  co m p u te r  in 
th is  case, too. T he fa c t th a t  accord ing  to  th e  expression (49) th e  re la tiv e  in 
s ta b il i ty  te m p e ra tu re  rise has a lim it v a lu e :

0 m( c — oo) =  1,186842

is v e ry  in te re s tin g  a n d  rem ark ab le . T h e  observed  low values o f th e  te m p e ra tu re  
rise  do no t m ean  to  say  th a t  b reak d o w n  occurs a t  such  low  values, b u t  only  
t h a t  th e  dielectric  is in  th e  stab le—u n sta b le  b o u n d a ry  s ta te  u n d e r  th ese  te m p e ra 
tu r e  rise values. A t D .C. vo ltages th e  s itu a tio n  is essen tia lly  d iffe ren t, as we 
h a v e  seen and  also th e  reasons g iven.

8. Com parison betw een  th e  cases o f D.C. and  A.C. vo ltage app lica tion

Two defin itio n s: (31) an d  (46) w ere derived  for ca lcu la tin g  th e  th e rm a l 
b reak d o w n  v o ltage . O n com paring  th e  o b ta in ed  resu lts  a su rp ris in g  — th o u g h  
n o t  un ex p ec ted  — ag reem en t can  be  n o te d . This is n a tu ra lly  n o t acc id en ta l, 
a s  th e  fu n d am en ta l p h ysica l co n ten ts  o f th e  processes h av e  m uch  in  com m on 
a n d  th e  deviations a re  caused  only  b y  th e  d iffe ren t origins of th e  lossess occu rring  
in  th e  dielectric. B o th  expressions are  of a sim ilar n a tu re : th e  th e rm a l coeffic ien t 
1 /T  ch aracteriz ing  th e  te m p e ra tu re  d ependence  of th e  losses w hen  D.C. v o ltag e
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is app lied  lias its  c o u n te rp a r t b in  th e  case w hen  A.C. v o ltag e  is used. A sim ilar 
correspondence p revails  b e tw een  th e  co n d u c tiv ity  in  th e  case o f th e  D .C. 
vo ltages an d  th e  vo lum e loss n u m b er in  th e  case o f th e  A.C. vo ltages, b o th  
dete rm in in g  th e  developing  losses. Also th e  a m b ie n t an d  th e  reference te m p e ra 
tu re s , re spec tive ly , in fluence  b o th  expressions o f  th e  th e rm a l b reak d o w n  
v o ltage  in  th e  sam e w ay. T h e  o b ta in ed  d a ta  a re  in te re s tin g  also b y  th e  fa c t 
th a t  th ese  sim ilar re su lts , b ased  on deeper p h y sica l reasons, — w ere o b ta in ed  
b y  d iffe ren t m a th e m a tic a l ap p a ra tu se s .

T h e  expressions (31) a n d  (46) show  th e  g re a te s t difference in  th e ir  fac to ria l 
func tions У (с) an d  cp(c), re spec tive ly . B u t on co m p arin g  Figs 5 an d  11 i t  can  
be seen th a t  p rac tica lly  b o th  fu nc tions agree u p  to  th e  v a lu e  c =  2 (n o t m ean 
ing n a tu ra lly  th e  n u m erica l ag reem en t of th e  th e rm a l b reak d o w n  vo ltages as 
well). B u t in  th e  cases o f c >  2 b o th  func tions d e v ia te  increasing ly  from  each 
o th e r an d  also th e ir  lim it va lu es  are  d ifferen t.

T he h e a t tra n sfe r  re la tio n  an d  th e  d a ta  of th e  geom etrical la y o u t are 
rep resen ted  b y  th e  fac to r  c. I t  is w orthw ile in v e s tig a tin g  how  th e  v a ria tio n s  
of th ese  in d iv id u a l fac to rs  a ffec t th e  value of th e  p a ra m e te r  c. T he m ost in te re s t
ing  is n a tu ra lly  th e  effect o f th e  v a ria tio n s  of th e  h e a t  tra n sfe r  coefficient, 
illu s tra te d  by  th e  follow ing ta b le :

Table I

The c parameter versus the heat coefficient (atj

a[W/m” C] 5 10 20 30 50 100 500 oo

C 0,31249 0,62493 1,2497 1,8774 3,1232 6,243 31,077 5625

T h e m ain  d a ta  of th e  d ie lec tric  are : Ax =  0,16 [W /m 2 °C ], A3 =  180 [W /m 2oC], 
m =  0,002 [m ], h =  0,01 [m ].
V ery  rem ark ab le  is th e  fa c t t h a t  in  th e  case o f  a  =  oo, i.e ., of ideal cooling 
(w hen th e  te m p e ra tu re  o f  th e  d ielectric  equals th e  am b ien t te m p e ra tu re )  
th e  va lu e  o f c is a fin ite  n u m b e r an d  is id en tica l w ith  th e  q u o tie n t o f th e  th e rm a l 
resistances of th e  d ielec tric  an d  th e  electrode, re sp ec tiv e ly :

1 / 1 Л  ------ ^  I ------

m ■

This m eans th a t  th e rm a l b reak d o w n  m ay occur even  u n d e r  ideal h ea t tra n sfe r  
cond itions, as W(c) an d  tp(c) are  lim ited  fu n c tio n s.

T he va lu e  of th e  p a ra m e te r  c is inverse ly  p ro p o rtio n a l w ith  th e  th e rm a l 
co n d u c tiv ity  of th e  d ielectric . T he effect of th e  e lec trode  th ickness is observ 
ab le only  w hen  th e  th e rm a l co n d u c tiv ity  is v e ry  h igh .
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Table II.

Fok-function for D.C. voltage and relative instability temperature rise

i f ] C V(c)
0 m - ® i  =

=  - P j T  ( & m  —  & a )
ß c ©m =

=  b(*m-d.)

0,0 0,000000 0,000000 1,000000 0,0000 0,000000 0,000000 1,000000
0,5 0,000152 0,005293 1,000025 0,0050 0,000050 0,003033 1,000008
1.0 0,000609 0,010586 1,000102 0,0100 0,000200 0,006065 1,000033
1.5 0,001372 0,015881 1,000229 0,0150 0,000450 0,009098 1,000075
2,0 0,002440 0,021176 1,000406 0,0200 0,000800 0,012130 1,000133
2,5 0,003815 0,026473 1,000635 0,0250 0,001250 0,015162 1,000208
3,0 0,005498 0,031772 1,000915 0,0300 0,001801 0,018193 1,000300
3,5 0,007491 0,027074 1,001247 0,0350 0,002451 0,021224 1,000408
4,0 0,009795 0,042378 1,001630 0,0400 0,003202 0,024255 1,000533
4,5 0,012413 0,047686 1,002064 0,0450 0,004053 0,027285 1,000674
5,0 0,015348 0,052997 1,002551 0,0500 0,005004 0,030314 1,000832
5,5 0,018600 0,058312 1,003090 0,0550 0,006056 0,033342 1,001006
6.0 0,022175 0,063632 1,003681 0,0600 0,007209 0,036370 1,001197
6,5 0,026075 0,068956 1,004325 0,0650 0,008462 0,039397 1,001405
7,0 0.030303 0,074286 1,005023 0,0700 0,009816 0,042423 1,001628
7,5 0,034864 0.079621 1,005774 0,0750 0,012271 0,045447 1,001868
8,0 0,039763 0,084962 1,006579 0,0800 0,012828 0,048471 1,002125
8,5 0,045002 0,090310 1,007439 0,0850 0,014485 0,051493 1,002397
9,0 0,050589 0.095665 1,008354 0.0900 0,016244 0,054514 1,002686
9,5 0,056527 0,101026 1,009325 0,0950 0,018105 0,057534 1,002991

10,0 0,062823 0,106396 1,010352 0,1000 0,020067 0,060553 1,003312
10,5 0,069482 0,111773 1,011435 0,1050 0,022132 0,063570 1,003649
11,0 0,076512 0,117159 1,012676 0.1100 0,024299 0,066585 1,004003
11,5 0,083919 0,122553 1,013776 0,1150 0,026568 0,069599 1,004372
12,0 0,091709 0,127957 1,015033 0,1200 0,028941 0,072611 1,004756
12,5 0,099892 0,133370 1,016351 0,1300 0,033994 0,078630 1,005573
13,0 0,108474 0,138793 1,017729 0.1400 0,039462 0,084641 1,006453
13,5 0,117465 0,144226 1,019168 0,1500 0,045347 0,090644 1,007394
14,0 0,126874 0,149670 1,020668 0.1600 0,051651 0.096638 1,008396
14,5 0,136710 0,155125 1,022232 0,1700 0,058376 0,102624 1,009459
15,0 0,146982 0,160592 1,023860 0,1800 0,065528 0,108599 1.010581
15,5 0,157702 0,166071 1,025552 0,1900 0,073107 0,114565 1,011761
16,0 0,168881 0,171561 1,027310 0,2000 0,081119 0,120520 1,013000
16,5 0,180531 0,177064 1,029134 0,2100 0,089567 0,126464 1,014295
17,0 0,192662 0,182581 1,031027 0,2200 0,098455 0,132397 1,015646
17,5 0,205290 0,188110 1,032988 0,2300 0,107787 0,138318 1,017052
18,0 0,218426 0,193653 1,035020 0,2400 0,117569 0,144226 1,018512
18,5 0,232085 0,199210 1,037123 0,2500 0,127806 0,150122 1,020024
19,0 0,246283 0,204782 1,039298 0,2600 0,138503 0,156005 1,021589
19,5 0,261034 0,210368 1,041548 0,2700 0,149665 0,161874 1,023023
20,0 0,276355 0,215969 1,043872 0,2800 0,161300 0,167730 1,024867
20,5 0,292263 0,221586 1,046274 0,2900 0,173413 0,173572 1,026578
21,0 0,308777 0,227218 1,048753 0,3000 0,186012 0,179399 1,028337
21,5 0,325914 0,232867 1,051312 0,3100 0,199105 0,185212 1,030141
22,0 0,343696 0,238532 1,053952 0,3200 0,212699 0,191010 1,031988
22,5 0,362142 0,244214 1,056675 0,3300 0,226803 0,196793 1,033879
23,0 0,381276 0,249913 1,059482 0,3400 0,241426 0,202561 1.035811
23,5 0,401118 0,255629 1,062375 0,3500 0,256578 0,208313 1,037782
24,0 0,421695 0,261363 1,065356 0,3600 0,272269 0.214050 1,039793
24,5 0,443030 0,267115 1,068427 0,3700 0,288510 0,219770 1,041840
25,0 0,465150 0,272885 1,071589 0,3800 0,305313 0,225475 1,043922
25,5 0,488083 0,278674 1,074845 0,3900 0,322690 0,231164 1,046039
26,0 0,511859 0,284482 1,078196 0,4000 0,340654 0,236837 1,048187
26,5 0,536507 0,290309 1,081645 0,4100 0,359220 0,242493 1,050367
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Table II. continued

-P(e) fl C <p(c)

0,296155 1,085193 0,4200 0,378402 0,248133
0,302021 1,088843 0,4300 0,398216 0.253757
0,307907 1,092597 0,4400 0,418679 0,259365
0,313813 1,096458 0,4500 0,439810 0,264957
0,319740 1,100427 0,4600 0,461626 0,270532
0,325688 1,104508 0,4700 0,484149 0,276091
0,331656 1,108703 0,4800 0,507400 0,281634
0,337645 1,113014 0,4900 0,531403 0,287162
0,343656 1,117445 0,5000 0,556181 0,292673
0,349688 1,121998 0,5100 0,581761 0,298169
0,355742 1,126675 0,5200 0,608172 0,303649
0,361817 1,131481 0,5300 0,635442 0,309114
0,367915 1,136418 0,5400 0,663604 0,314563
0,374035 1,141488 0,5500 0,692692 0,319998
0,380177 1,146697 0,5600 0,722742 0,325418
0,386341 1,152046 0,5700 0,753793 0,330824
0,392528 1,157539 0,5800 0,785887 0,336216
0,398737 1,163131 0,5900 0.819068 0,341594
0,404969 1,168974 0,6000 0,853383 0,346958
0,411223 1,174922 0,6100 0,888885 0,352309
0,417501 1,181030 0,6200 0,925627 0,357647
0,423800 1,187301 0,6300 0,963669 0,362973
0,430123 1,193740 0,6400 1,003075 0,368287
0,436468 1,200351 0,6500 1,043912 0,373589
0,442836 1,207138 0,6600 1,086255 0,378880
0,449226 1,214106 0,6700 1,130182 0,384160
0,455639 1,221259 0,6800 1,175779 0,389429
0,462074 1,228603 0,6900 1,223139 0,394689
0,468531 1,236143 0,7000 1,272362 0,399939
0,475010 1,243883 0,7100 1,323557 0,405180
0,481511 1,251830 0,7200 1,376842 0,410413
0,488033 1,259988 0,7300 1,432345 0,415637
0,494577 1,268364 0,7400 1,490206 0,420855
0,501142 1,276963 0,7500 1,550577 0,426065
0,507728 1,285792 0,7600 1,613624 0,431268
0,514334 1,294856 0,7700 1,679531 0,436466
0,520960 1,304163 0.7800 1,748496 0,441659
0,527606 1,313718 0,7900 1,820739 0,446846
0,534271 1,323530 0,8000 1,896503 0,452030
0,540955 1.333604 0,8100 1,976053 0,457210
0,547658 1,343950 0,8200 2,059686 0,462386
0,554378 1,354573 0,8300 2,147728 0,467561
0,561115 1,365483 0,8400 2,240543 0,472733
0,567868 1,376687 0,8500 2,338538 0,477905
0,574638 1,388195 0,8600 2.442167 0,483075
0,581423 1,400014 0,8700 2,551938 0,488246
0,588222 1,412154 0,8800 2,668426 0,493417
0,595034 1,424625 0,8900 2,792277 0,498589
0,601860 1,437436 0,9000 2,924227 0,503763
0,608697 1,450598 0,9050 2,993495 0,506351
0,615546 1,464121 0,9100 3,065111 0,508940
0,622404 1,478016 0,9150 3,139197 0,511529
0,629271 1,492294 0,9200 3,215885 0,514120
0,636147 1,506968 0,9250 3,295318 0,516711
0,643028 1,522049 0,9300 3,377647 0,519303
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Table II. continued

c -P(c)
-  ®i =

ß C ç>(c)

5 ,9 2 0 0 1 6 0 ,6 4 9 9 1 6 1 ,5 3 7 5 5 1 0 ,9 3 5 0 3 ,4 6 3 0 3 7 0 ,5 2 1 8 9 6
6 ,2 0 6 6 7 6 0 ,6 5 6 8 0 7 1 ,5 5 3 4 8 6 0 ,9 4 0 0 3 ,5 5 1 6 6 4 0 ,5 2 4 4 9 1
6 ,5 1 0 2 4 1 0 ,6 6 3 7 0 2 1 ,5 6 9 8 6 9 0 ,9 4 5 0 3 ,6 4 3 7 1 9 0 ,5 2 7 0 8 7
6 ,8 3 1 9 7 2 0 ,6 7 0 5 9 8 1 ,5 8 6 7 1 3 0 ,9 5 0 0 3 ,7 3 9 4 0 7 0 ,5 2 9 6 8 4
7 ,1 7 3 2 4 3 0 ,6 7 7 4 9 4 1 ,6 0 4 0 3 4 0 ,9 5 5 0 3 ,8 3 8 9 5 1 0 ,5 3 2 2 8 2
7 ,5 3 5 5 5 4 0 ,6 8 4 3 8 9 1 ,6 2 1 8 4 7 0 ,9 6 0 0 3 ,9 4 2 5 9 2 0 ,5 3 4 8 8 2
7 ,9 2 0 5 4 7 0 ,6 9 1 2 8 1 1 ,6 4 0 1 6 9 0 ,9 6 5 0 4 ,0 5 0 5 9 2 0 ,5 3 7 4 8 3
8 ,3 3 0 0 2 0 0 ,6 9 8 1 6 8 1 ,6 5 9 0 1 7 0 ,9 7 0 0 4 ,1 6 3 2 3 5 0 ,5 4 0 0 8 6
8 ,7 6 5 9 4 5 0 ,7 0 5 0 4 9 1 ,6 7 8 4 0 7 0 ,9 7 5 0 4 ,2 8 0 8 3 1 0 ,5 4 2 6 9 1
9 ,2 3 0 4 8 7 0 ,7 1 1 9 2 2 1 ,6 9 8 3 6 0 0 ,9 8 0 0 4 ,4 0 3 7 1 8 0 ,5 4 5 2 9 8
9 ,7 2 6 0 3 0 0 ,7 1 8 7 8 4 1 ,7 1 8 8 9 3 0 ,9 8 5 0 4 ,5 3 2 2 6 5 0 ,5 4 7 9 0 6

1 0 ,2 5 5 1 9 7 0 ,7 2 5 6 3 6 1 ,7 4 0 0 2 7 0 ,9 9 0 0 4 ,6 6 6 8 7 8 0 ,5 5 0 5 1 7
1 0 ,8 2 0 8 8 5 0 ,7 3 2 4 7 3 1 ,7 6 1 7 8 3 0 ,9 9 5 0 4 ,8 0 8 0 0 1 0 ,5 5 3 1 2 9
1 1 ,4 2 6 2 9 5 0 ,7 3 9 2 9 4 1 ,7 8 4 1 8 4 1 ,0 0 0 0 4 ,9 5 6 1 2 2 0 ,5 5 5 7 4 4
1 2 ,0 7 4 9 7 0 0 ,7 4 6 0 9 8 1 ,8 0 7 2 5 2 1 ,0 0 5 0 5 ,1 1 1 7 8 2 0 ,5 5 8 3 6 0
1 2 ,7 7 0 8 3 9 0 ,7 5 2 8 8 1 1 ,8 3 1 0 1 2 1 ,0 1 0 0 5 ,2 7 5 5 7 5 0 ,5 6 0 9 7 9
1 3 ,5 1 8 2 7 1 0 ,7 5 9 6 4 2 1 ,8 5 5 4 8 9 1 ,0 1 5 0 5 ,4 4 8 1 6 3 0 ,5 6 3 6 0 1
1 4 ,3 2 2 1 2 5 0 ,7 6 6 3 7 8 1 ,8 8 0 7 1 0 1 ,0 2 0 0 5 ,6 3 0 2 8 0 0 ,5 6 6 2 2 4
1 5 ,1 8 7 8 2 3 0 ,7 7 3 0 8 7 1 ,9 0 6 7 0 4 1 ,0 2 5 0 5 ,8 2 2 7 4 4 0 ,5 6 8 8 5 1
1 6 ,1 2 1 4 2 4 0 ,7 7 9 7 6 6 1 ,9 3 3 4 9 9 1 ,0 3 0 0 6 ,0 2 6 4 6 9 0 ,5 7 1 4 7 9
1 7 ,1 2 9 7 1 3 0 ,7 8 6 4 1 3 1 ,9 6 1 1 2 7 1 ,0 3 5 0 6 ,2 4 2 4 8 2 0 ,5 7 4 1 1 1
1 8 ,2 2 0 3 0 7 0 ,7 9 3 0 2 4 1 ,9 8 9 6 2 2 1 ,0 4 0 0 6 ,4 7 1 9 3 7 0 ,5 7 6 7 4 5
1 9 ,4 0 1 7 7 4 0 ,7 9 9 5 9 8 2 ,0 1 9 0 1 7 1 ,0 4 5 0 6 ,7 1 6 1 3 8 0 ,5 7 9 3 8 2
2 0 ,6 8 3 7 7 4 0 ,8 0 6 1 3 2 2 ,0 4 9 3 5 1 1 ,0 5 0 0 6 ,9 7 6 5 6 1 0 ,5 8 2 0 2 2
2 2 ,0 7 7 2 2 9 0 ,8 1 2 6 2 2 2 ,0 8 0 6 6 1 1 ,0 5 5 0 7 ,2 5 4 8 9 0 0 ,5 8 4 6 6 5
2 3 ,5 9 4 5 1 4 0 ,8 1 9 0 6 5 2 ,1 1 2 9 8 9 1 ,0 6 0 0 7 ,5 5 3 0 4 8 0 ,5 8 7 3 1 1
2 5 ,2 4 9 6 9 1 0 ,8 2 5 4 5 9 2 ,1 4 6 3 7 9 1 ,0 6 5 0 7 ,8 7 3 2 4 2 0 ,5 8 9 9 6 0
2 7 ,0 5 8 7 8 5 0 ,8 3 1 8 0 0 2 ,1 8 0 8 7 7 1 ,0 7 0 0 8 ,2 1 8 0 2 2 0 ,5 9 2 6 1 2
2 9 ,0 4 0 1 0 7 0 ,8 3 8 0 8 5 2 ,2 1 6 5 3 4 1 ,0 7 5 0 8 ,5 9 0 3 4 7 0 ,5 9 5 2 6 7
3 1 ,2 1 4 6 4 6 0 ,8 4 4 3 1 1 2 ,2 5 3 4 0 1 1 ,0 8 0 0 8 ,9 9 3 6 6 9 0 ,5 9 7 9 2 6
3 3 ,6 0 6 5 3 8 0 ,8 5 0 4 7 5 2 ,2 9 1 5 3 7 1 ,0 8 5 0 9 ,4 3 2 0 4 1 0 ,6 0 0 5 8 8
3 6 ,2 4 3 6 2 8 0 ,8 5 6 5 7 2 2 ,3 3 1 0 0 0 1 ,0 9 0 0 9 ,9 1 0 2 6 0 0 ,6 0 3 2 5 4
3 9 ,1 5 8 1 5 6 0 ,8 6 2 6 0 0 2 ,3 7 1 8 5 6 1 ,0 9 5 0 1 0 ,4 3 4 0 3 4 0 ,6 0 5 9 2 3
4 2 ,3 8 7 5 8 7 0 ,8 6 8 5 5 4 2 ,4 1 4 1 7 4 1 ,1 0 0 0 1 1 .0 1 0 2 1 9 0 ,6 0 8 5 9 5
4 5 ,9 7 5 6 2 1 0 ,8 7 4 4 3 2 2 ,4 5 8 0 2 9 1 ,1 0 5 0 1 1 ,6 4 7 1 2 0 0 ,6 1 1 2 7 2
4 9 ,9 7 3 4 4 8 0 ,8 8 0 2 2 9 2 ,5 0 3 5 0 1 1 ,1 1 0 0 1 2 ,3 5 4 8 9 1 0 ,6 1 3 9 5 2
5 4 ,4 4 1 2 7 8 0 ,8 8 5 9 4 1 2 ,5 5 0 6 7 9 1 ,1 1 5 0 1 3 ,1 4 6 0 8 9 0 ,6 1 6 6 3 6
5 9 ,4 5 0 2 6 1 0 ,8 9 1 5 6 5 2 ,5 9 9 6 5 5 1 ,1 2 0 0 1 4 ,0 3 6 4 1 9 0 ,6 1 9 3 2 4
6 5 ,0 8 4 8 7 3 0 ,8 9 7 0 9 7 2 ,6 5 0 5 3 3 1 ,1 2 5 0 1 5 ,0 4 5 7 9 3 0 ,6 2 2 0 1 6
7 1 ,4 4 5 9 2 2 0 ,9 0 2 5 3 2 2 ,7 0 3 4 2 4 1 ,1 3 0 0 1 6 ,1 9 9 8 3 9 0 ,6 2 4 7 1 2
7 8 ,6 5 4 3 5 3 0 ,9 0 7 8 6 7 2 ,7 5 8 4 4 9 1 ,1 3 5 0 1 7 ,5 3 2 1 1 0 0 ,6 2 7 4 1 2  1
8 6 ,8 5 6 1 0 3 0 ,9 1 3 0 9 7 2 ,8 1 5 7 4 3 1 ,1 4 0 0 1 9 ,0 8 7 4 0 3 0 ,6 3 0 1 1 7  ;
9 6 ,2 2 8 3 4 1 0 .9 1 8 2 1 8 2 ,8 7 5 4 5 0 1 ,1 4 5 0 2 0 ,9 2 6 9 0 0 0 ,6 3 2 8 2 5

1 0 6 ,9 8 7 5 4 7 0 ,9 2 3 2 2 6 2 ,9 3 7 7 3 3 1 ,1 5 0 0 2 3 ,1 3 6 4 1 6 0 ,6 3 5 5 3 8
1 1 9 ,4 0 0 0 8 4 0 ,9 2 8 1 1 8 3 ,0 0 2 7 7 0 1 ,1 5 5 0 2 5 ,8 4 0 1 7 9 0 ,6 3 8 2 5 6
1 3 3 ,7 9 6 1 3 2 0 ,9 3 2 8 8 7 3 ,0 7 0 7 5 9 1 ,1 6 0 0 2 9 ,2 2 5 0 3 3 0 ,6 4 0 9 7 7
1 5 0 ,5 8 8 2 7 1 0 ,9 3 7 5 3 0 3 ,1 4 1 9 2 1 1 ,1 6 5 0 3 3 ,5 8 5 5 8 3 0 ,6 4 3 7 0 4
1 7 0 ,2 9 6 4 9 6 0 ,9 4 2 0 4 4 3 ,2 1 6 5 0 2 1 ,1 7 0 0 3 9 ,4 1 4 9 6 0 0 ,6 4 6 4 3 5
1 9 3 ,5 8 2 3 2 4 0 ,9 4 6 4 2 2 3 ,2 9 4 7 8 1 1 ,1 7 5 0 4 7 ,6 0 5 9 3 9 0 ,6 4 9 1 7 0
2 2 1 ,2 9 5 8 3 4 0 ,9 5 0 6 6 1 3 ,3 7 7 0 7 2 1 ,1 8 0 0 5 9 ,9 5 8 6 5 1 0 ,6 5 1 9 1 1
2 5 4 ,5 4 1 4 8 4 0 ,9 5 4 7 5 7 3 ,4 6 3 7 3 4 1 ,1 8 5 0 8 0 ,7 2 5 9 4 4 0 ,6 5 4 6 5 6
2 9 4 ,7 7 1 5 3 3 0 ,9 5 8 7 0 5 3 ,5 5 5 1 7 5 1 ,1 9 0 0 1 2 2 ,9 4 8 7 8 4 0 ,6 5 7 4 0 6
3 4 3 ,9 2 0 8 3 5 0 ,9 6 2 5 0 0 3 ,6 5 1 8 6 7 1 ,1 9 0 5 1 2 9 ,7 0 1 0 5 9 0 ,6 5 7 6 8 1
4 0 4 ,6 0 4 7 8 6 0 ,9 6 6 1 3 8 3 .7 5 4 3 5 8 1 ,1 9 1 0 1 3 7 ,2 3 1 3 5 4 0 ,6 5 7 9 5 7
4 8 0 ,4 1 5 7 9 3 0 ,9 6 9 6 1 5 3 ,8 6 3 2 8 6 1 ,1 9 1 5 1 4 5 ,6 8 2 3 6 1 0 ,6 5 8 2 3 2
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T able  I I .  con tinued

i[° ] « *4«)
©m -  »1 =  

=  - -  (»m  -  » a)
ß C ?(')

©* =
=  b(a„ -  a.)

82,0 576,377016 0.972926 3,979409 1,1920 155,233938 0,658507 1,186824
82,5 699,653840 0.976067 4,103627 1,1925 166,116053 0,658783 1,186826
83,0 860,700200 0.979034 4.237027 1,1930 178,627540 0,659058 1,186829
83,5 1075,163120 0.981822 4,380935 1,1935 193,163966 0,659334 1,186831
84,0 1367,149708 0.984427 4,536997 1,1940 210,260213 0,659610 1,186832
84,5 1775,147509 0.986845 4,707287 1,1945 230,657736 0,659885 1,186834
85,0 2362,945624 0.989071 4,894469 1,1950 255,414945 0,660161 1,186835
85,5 3241,603582 0.991103 5,102054 1,1955 286,096829 0,660437 1.186837
86,0 4615,772752 0.992936 5.334791 1,1960 325,119230 0,660713 1:186838
86,5 6890,348918 0.994566 5,599337 1,1965 376,418037 0,660988 1,186839
87,0 10942,014960 0.995989 5,905439 1,1970 446,867860 0,661264 1,186840
87,5 18908,291320 0.997202 6,268207 1,1975 549,654228 0,661540 1,186841
88,0 36930,895700 0.998201 6,712948 1,1980 713,672445 0,661816 1,186841
88,5 87540,815650 0.998984 7,287100 1,1985 1016,849398 0,662092 1,186842
89,0 295451,812800 0.999547 8,097158 1,1990 1766,767918 0,662369 1,186842
89,5 2363618,345200 0.999880 9,482925 1,1995 6714,610780 0,662645 1,186843
90,0 C O 1.000000 C O 1,2000 O C 0,662743 1,186853

T he com m on effect of th e  a m b ie n t te m p e ra tu re  an d  b , th e  te m p e ra tu re  
coeffic ien t m ay  be de te rm in ed  b y  th e  in s ta b ility  expression . W ith  th e  above 
va lu es  and  99(c) =  0,63, for s im p lic ity ’s sake , we h ave:

52,3

V b

-  4  <*.-*•)
e

O u r ca lcu la tion  resu lts  a re  seen in  F ig . 12 showing c learly  th e  value of th e  
th e rm a l b reakdow n  v o ltag e  g rea tly  decreasing  w ith  th e  v a r ia tio n  of b o th  fta

«ta CO
F i g .  1 2 .  T h erm al b reak d o w n  vo ltag e  versus th e  am b ien t te m p e ra tu re  w ith  th e  p a ram e te r b
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a n d  th e  p a ram e te r  b. W e n o te  th a t  a t  D.C. vo ltages th e  effect o f th e  v a ria tio n s  
o f fia and  T, re sp ec tiv e ly , is pe rfec tly  sim ilar, only  n u m erica lly  d ifferen t.

9. S um m ary

Two expressions w ere derived  on th e  basis of th e  in s ta b ility  cond ition  
fo r  ca lcu la ting  th e  th e rm a l b reakdow n  v o ltag e  a t D.C. a n d  A.C. vo ltage  ap p li
ca tio n s , respective ly . B o th  expressions show  a q u a lita tiv e  ag reem ent, giving 
o n ly  num erica lly  d iffe re n t values. As th e  losses are  a lw ays h igher a t  A.C. 
v o ltag es , th e  n u m erica l v a lu e  of Ufh is alw ays low er th a n  th a t  of U ^ .  T he 
ch a rac te ris tic  te m p e ra tu re  d is trib u tio n s  ca lcu la ted  fo r b o th  cases show  a 
fu n d a m e n ta l d ifference. W e h av e  s tu d ied  som e fac to rs  in flu en c in g  th e  v a lu e  
o f  th e  th e rm al b rea k d o w n  v o ltage . T he effect o f th e  in d iv id u a l p a ram e te rs  
can  be  ta k e n  in to  co n sid e ra tio n , if  th e y  increase th e  v a lu e  of th e  th e rm a l 
b reak d o w n  v o ltag e , e.g ., b y  choosing in su la tio n  m ate ria ls  o f low er te m p e ra tu re  
coeffic ien ts , etc.

F inally  we n o te  t h a t  th e  d iffe ren tia l eq u a tio n  of th e  th e rm a l conduction , 
w h ich  is of e ssen tia l im p o rtan ce  in  th e  b reakdow n  th eo ries , m ay  be solved 
fo r  v a rio u s b o u n d a ry  co n d itions w ith  th e  aid  of th e  d ig ita l co m p u ter. In  ad d i
tio n  to  th e  ab o v e-m en tio n ed  b o u n d a ry  conditions also th e  possible ex te rn a l 
h e a t  inflow  m ay  be  easily  allowed for. A possible so lu tio n  o f th e  d ifferen tia l 
eq u a tio n  for la y o u ts  o f p lan e  geom etry  w ith  th e  aid o f th e  co m p u te r is found  
in  [39]. A m ore g enera l process for th e  ca lcu la tio n  o f th e  th e rm a l b reakdow n  
v o ltag e  w ith  th e  a id  o f th e  co m p u ter, th a n  those  m en tio n ed  above, can  also 
be  g iven  [40]. T he ab o v e  d e riva tions are  nevertheless usefu l, as th ey  p e rm it 
in m a n y  p rac tica l cases th e  fa s t e s tim a tio n  of th e  va lu e  o f th e  th e rm a l b re a k 
dow n voltage.
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A ppendix

The derived relationships and functions were tabulated with the aid of a computer. 
The calculation program was prepared in the ALGOL —60 language and run on the computer 
type RAZDAN 3 of the Computation Centre of the Technical University of Budapest. The 
results are contained in the previous tables.
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Bestimmung der Wärmekippspannung für Gleich- und Wechselspannung. Nach Definition 
der Begriffe: Wärmedurchschlag und Wärmeinstabilität bringt die Arbeit einen kurzen Über
blick über die Literatur, die sich mit der Theorie des Wärmedurchschlags beschäftigt. Für 
Gleichspannung wird der Ausdruck für die Wärmekippspannung nach Anschreiben der 
allgemeinen Labilitätsgleichungen auf die Temperaturabhängigkeit eines gegebenen spezifischen 
Widerstands angewendet, und dann wird in ähnlicher Weise der Ausdruck für die Wärmekipp
spannung auch für den Fall der Wechselspannung abgeleitet. In beiden Fällen wurden auch 
die einzelnen Temperaturverteilungen berechnet, die Ergebnisse tabelliert und die Wirkung 
von einigen Parametern wurde untersucht, die die Wärmekippspannung beeinflussen.

Определение напряжения лабильности при постоянном и переменном токах.
В статье после изложения понятий теплоэлектрического пробоя и тепловой нестабиль
ности дается краткое обобщение о формировании теорий теплоэлектрического пробоя. 
После вывода общих уравнений лабильности для постоянного тока выражение напряже
ния лабильности выводится для тепловой зависимости данного удельного сопротивления, 
после чего, аналогично приведенному выше, и для случая переменного тока выводится 
выражение напряжения лабильности. В обоих случаях вычисляются также отдельные 
распределения температур, а полученные результаты использовны для изготовления 
таблиц на ЭВМ и, далее, исследовано влияние некоторых параметров, воздействующих 
на величину напряжения лабильности.
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AN INFINITE ELASTIC PLATE UNDER TENSION 
WITH A CRACK AND A CIRCULAR INCLUSION
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In this paper, a procedure is presented for computing the stresses and dis
placements which arise in the body named in heading. Functions of complex variable 
are used. As starting-point, differential equations occurring in the two-dimensional 
theory of elasticity are applied. The results of a numerical example refer to the cases 
where the ratio of the elasticity constants of inclusion and matrix is 1/3, 1 and 3.

1. Introduction

T he w orks on fra c tu re  and  cracks w ere f irs t  s ta r te d  b y  I nglis in  1913
[1] . B u t th e  in te re s t  in  such  problem s w as stem m ed  frofti G r if f it h ’s p ap e r
[2] in  1921. T he cases o f  s tra ig h t crack, c ircu la r crack , s ta r  c rack  and  p e n n y 
sh ap ed  crack  h av e  been  in v estig a ted  b y  m an y  in v es tig a to rs . F o r fu r th e r  
references see [3].

T h e  inc lusion  p rob lem s w ere in tro d u ced  in  1940 b y  Mott [4] b u t a sy s
te m a tic  in v es tig a tio n  o f  e llipsoidal inclusion w as u n d e rta k e n  in  1957 by  E s h e l - 
b y  [5]. L a te r  th e  case o f tw o-d im ensional inclusion  p rob lem  was d iscussed 
b y  J asw on  an d  B hargava  [6]. Since th e n  a n u m b er o f  p ap ers  have  ap p eared  
[7], [8] w here m ore references can be fo und .

A n effort of com bin ing  th e  above tw o ty p e s  of p rob lem s form s th e  su b jec t 
m a t te r  o f th e  p re se n t p ap er.

This p ap e r deals w ith  problem  of an  in fin ite  iso trop ic  elastic  m a te ria l, 
called  th e  m a trix , c o n ta in in g  a s tra ig h t c rack  and  a c ircu la r inclusion. T he 
m a tr ix  is sub jec ted  to  load  a t  in fin ity . T he so lu tion  is o b ta in ed  b y  an  app roach  
based  upon  com plex v a ria b le  form alism . T he prob lem  reduces to  find ing  ou t 
tw o  sets of com plex p o te n tia ls  {Ф(з), Т '(г)}; one for th e  m a tr ix  and  a n o th e r 
for th e  c ircu lar inclusion .

* Indian Institute of Technology, Bombay — 76, India.
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2. Complex va riab le  form alism

F o r  th e  case o f tw o  d im ensional th e o ry  of e las tic ity , th e  s tress com ponen ts 
P u (i, j  =  X, y)  are  m o st co n v en ien tly  ca lcu la ted  from  th e  re la tio n s

Pyy +  P xx =  2 [Ф (* )+ Ф ф ],

Pyy -  i  P Xy =  Ф(*) +  Ф )  +  +  n * )

w here  0(z ) ,  W(z) are  a n a ly tic  fu n c tio n s  of com plex v a riab le  z — x  iy. 
A b a r  in d ica tes  th e  com plex  co n ju g a te  o p era tio n  and  dash  signifies d iffe ren tia 
t io n  [9]. S im ilarly , d isp lacem en t co m p o n en ts  m ay  be  fo u n d  from

{ux,x +  i  uyiX) =  к 0(z )  — z Ф'(г) +  0(z)  — W{z) (2)

w h e re  x =  3 — 4v u n d e r  co n d itions o f p lan e  s tra in , an d  x =  (3—v)/(l-\-v)  
u n d e r  cond itions o f genera lized  p la n e  stress , v being th e  P o isso n ’s ra tio  and  
/I th e  sh ea r m odulus. T h e  com m a a f te r  th e  fu n c tio n  s tan d s  fo r p a r tia l  d iffer
e n tia t io n  w ith  re sp ec t to  su b sc rip t fo llow ing it.

As th e  geo m etry  u n d e r  co n sid e ra tio n  is circle, it  is m o st co n v en ien t to  
in tro d u c e  p o la r co -o rd ina tes r, 0 b y  z - -  re,e. T he stress an d  d isp lacem en t
co m p o n en ts  in  p o la r co -o rd ina tes can  th u s  be w ritte n  as

* Р гг +  Р >в =  2 [ 0 ( г) + Щ ] ,

P rr +  i P re =  0(z )  +  Щ  =  Z0'jz) -  ( z I z ) W )  (3)
a n d

2M u.x,e +  * Uu,e) =  iz [«Ф(г) — 0{z)  +  z 0 ’(z) +  (i/z ) Ф (г)] . (4)

I t  is m ore  useful to  in tro d u c e  th e  p o te n tia l  Q{z) as follows:

Q{z) =  0{z)  +  z0 ' ( z )  +  W(z).  (5)

T h e  re la tio n s  (1)2 an d  (2) m a y  th u s  be  w ritte n  in  te rm s of 0(z )  an d  Q(z) as 

Pyy — i P Xy =  Ф(2) +  ■ö(z) +  (z — z) 0 ' ( z )  . (6)

2М«х.х +  i Ыу,х) =  *ф {2) — Щг) — (z — z) 0 ' ( z ) . (7)

3. F o rm u la tio n  of th e  problem

W e choose th e  reference  fram e  in  accordance w ith  F ig . 1. T he m a tr ix  
o f  an  elastic  iso trop ic  an d  hom ogeneous m a te ria l co n ta in s  a s tra ig h t crack  
L  fro m  (a, о) to  (6, o) an d  a hole of ra d iu s  R  and  w ith  cen tre  a t  D  (D  m a y  he 
com plex). T he c rack  an d  th e  hole do n o t  overlap . T he elastic  c ircu lar inclusion  
o f  a d iffe ren t elastic  m a te ria l an d  of sam e rad iu s  R  as th a t  o f th e  hole is w elded
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along th e  circum ference o f th e  hole. T h e  b o u n d a ry  cond itions of th e  p rob lem  
can  th u s  be  s ta te d  as follows:

(i) T h e  rim s o f th e  crack  are fre e  fro m  stresses i.e ., P ^ ~ i P ^ y =  0. 
T h e  su p ersc rip ts  + ,  — in d ica te  th e  l im itin g  values from  po sitiv e  у -p lane  an d  
n eg a tiv e  у -p lane resp ec tiv e ly .

(ii) A t in fin ity  th e  form  of th e  p o te n tia ls  is 

0(z)  =  r o +  0 ( 1

w(z)  =  A  +  o

w here

Г 0 =  4 -  (^ 1  +  N Ù  r i = - ~ ( N l -  N 2) ^  • 4 2

T h e  p rin c ip a l stresses a t  in f in ity  are N x a n d  IV2 an d  a  is th e  angle betw een  th e  
*-axis an d  N v  R o ta tio n  a t  in fin ity  is n eg lec ted .

(iii) A long th e  inc lusion  b o u n d a ry  r =  R ,  w hen  orig in  is considered
a t  D,

{ P r r  '  Г  i  P r o ) m atrix  { P r r  “ f i  -P re)inc lu sion  ’

( u x  ~f" 1 w v )m atrix  —  ( u x  “ b  i  w y )inc lu slon  <

1 4 Acta Technica Academiae Scientiarum Hungaricae 76, 1974
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4. Solution of the problem

T he co n d ition  (i) -when w ritte n  in  te rm s  of th e  p o te n tia ls  Ф(г), ß (z )  
u sin g  (6 ) y ields d u a l hom ogeneous H ilb e r t p roblem .

<2>+(t) - f  Q~(t)  =  0; Ф~(0 +  ß +(t) — 0 . (8 )

S u p e rsc rip ts  + ,  — h a v e  th e  sam e m ean in g  as defined  above and  t is an y  p o in t 
on  th e  crack  L  o th e r  th a n  end p o in ts . T h e  so lu tion  of th ese  equ a tio n s m a y  
b e  w ritte n  d irec tly  ( tak in g  in to  acco u n t th a t  th e  p o ten tia ls  h av e  poles o f 
v a r io u s  orders a t  z — D  an d  considering  cond ition  (ii) as

w here

T h e  co n s ta n ts  ^4„s an d  B 'ns are  u n k n o w n .
T he origin o f co -o rd ina te  sy stem  is now  sh ifted  to  D. T he fu n c tio n s  

(Ф (г), P (z ) }  tra n sfo rm  to  new fu n c tio n s (Ф 1(г1), Ф 1(а1)}. W e drop  th e  su ffix  
1 fo r  convenience b u t  rem em ber th ese  are  th e  p o ten tia ls  o b ta in ed  a fte r  s h if t 
in g  th e  origin to  D. T he  p o ten tia ls  Ф(г), Ф(г) m ay  be  expanded  b y  L a u re n t 
series in  th e  reg ion  0 <  |2| <  \D\
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ôm n is u su a l K ro n eck e r d e lta . T he c o n s ta n ts  P „ ’s are  k n o w n  q u an titie s  d e te r 
m ined  from  th e  re la tio n

^ P nzn =  { z + D  -  a )- 1/2 (z+ Z ) -  6)-V 2 . (15)
0

T he p o te n tia ls  ФДг) an d  P i(z ) for inclusion  are  an a ly tic  fu n c tio n s for th e  reg ion  
\z\ <[ P ,  hence can  be w ritte n  as

Ф М  =  2  Gn В Д  =  2 H n*n - ( 16 )
о о

T he su b sc rip t i in d ica te s  th a t  these  fu n c tio n s re la te  to  th e  inclusion. B o u n d a ry  
cond itions

(i) w hen  w r itte n  in te rm s of p o ten tia ls

(Ф (г), W(z)} an d  {Ф,-(г), ¥((z)} give 

Ф (Р е '9)+ Ф (Р е ''9) -  Р е - '» Ф '(Р е '» )  -  e“ 21'9 PCRe7*) =

=  Ф ,(Р е ,9) +  Ф Д Р ?9) -  Re~ie ФДРе») -  e- 2i9 У ,(Ре") ,
and

^  [иФ (Ре'9) -  Ф (Ре'9) +  Р е '9 Ф '(Р е '9) +  е~ 2''9 Ф (Р е*)] =
Ц (1^)

=  и, Ф, (Р е 19) -  Ф, (Р е '9) + P e í9 Ф( (P eí9) + e ~ 2í* P p i " )  .

14* Лс*а Technica Academiae Scientiarum Hungaricae 76, 1974



2 1 2 BHARGAVA MISS BHARGAYA

S u b s titu tin g  th e  va lu es  from  (12) an d  (16) in to  (17) an d  co m p arin g  various 
pow ers o f e '9 we get

R" D n+ ( n  +  l )  R - "  D _ n -  R ~ n~ 2 É _ n_ 2 =  R " G n +  G0 <30>n, (18a)

—  x R n D n ~ —  ( n + 1 )  R ~ n 0 - n +  R ~ n~ 2 E _ n_ 2 =  x, Д" Gn -  G0 d0>n

re ;> 0 ,
(18b)

Ä -"  D _ „  - ( »  -  1) Л" D n -  R n~ 2 E n_ 2 =  - ( r e - 1) Д» GB-  ß n- 2 H n_ 2 X ( l - d lin) ,

(19a)

ж К-" D _ n +  -£2- (n  -  1) Ä" D„ +  -Í2- Л п" 2 Æ„_2 =  (n 1) Я" G„ +
H H H

Ht J±L R»~  2 д
i“

я п- 2 я „ _ 2 (1 - d lin) ,
(19b)

re )>  1.

W hen (18) and  (19) are  so lved, th e  fo llow ing  expressions a re  o b ta in ed

Gn =

A  +  i
H

Hi - 1 Hi - 1

an d

D„ -  ^ , (»+ 1 ) R~2n D _n +  - g  Л -2"-2 E_„_2,
* i + l  n —(-1 x, +  l

(20a)

H n =  E n -  (n + 2 ) ^ - 2" - 2 D _ „ _ 2+ ( n + l ) r 2" - * £ _ „ _ 4, (20b)

re > 0

D - i  =  o, (21a)
i“«

D - n = -
Hi X 4 -  1

[(re -  1) Я 2П D n +  JR2" - 2 E „ _ 2], re ^ 2 ,  (21b)

£ _ !  =  0 (22a)

Hi ( к - ! ) - ( * , - ! )

R —n—2 —
2 —  +  Xj -  1

-  R 2(D0 +  D 0) ô 0tn

+

Hi
X  —  X i

Ä 2n + 2D n  +  ( n + i ) Ä 2 ö _ n ( l - e 0.n), (22b)

re >  0.
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B y  (13)2 and  (21) 2

J±L
Z2

-  1

T he equa tions (21a) and  (22b) are  tran sfo rm ed  as

and

C om paring  (14b) an d  (22b)

2 [ ( P k + P k) B n+k+2 - ( D - D )  (n +  1) { P k B n+k+1 (1 -  <50,п) -
л=о

_Zb
Z2 n^>  0
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T h e  co n stan ts  B t 's  a re  de te rm in ed  from  th e  equa tions (24), (25) and  (26) 
b y  assigning values to  Г 0, Г х, p ,/p , x, x h D,  a, b, R.  T he v a lu es  o f  А п' s are d e te r
m in ed  from  (23) using  th e  values of s d e te rm in ed  earlier. T h u s  th e  p o ten tia l 
{Ф(г), *P(z)) are co m p le te ly  know n.

T he coefficients Gn’s an d  ff„ ’s a re  de te rm in ed  b y  (20) w ith  th e  help 
o f  th e  values of A ^ s  a n d  B n’s d e te rm in ed  prev iously . H ence  (Ф,(г), Ф,(г)} 
fo r  inclusion  is also k n o w n . T he stress f ie ld  fo r m a trix  an d  inclusion  can notv 
h e  dete rm in ed  w ith  th e  help  of (1).

5. Some n u m erica l w ork

T he len g th  of th e  c rack  is ta k e n  as u n ity  from  ( - 0 , 5 ,  0) to  (0,5 ,0), along 
ж-ax is. T he cen tre  o f  th e  c ircu la r inc lusion  is ta k e n  a t  ( 0 , - 2 ) .  T he rad ius of 
c ircu la r inclusion is g ra d u a lly  increased  from  0,5 to  1,75. A s a lready  s ta te d  
jUj a n d  Ц are th e  sh e a r  m oduli o f th e  inclusion  and m a tr ix ; th re e  cases have

b een  considered i.e ., w h en  p (/p =  1/3, 1, 3. T h e  m a tr ix  is su b je c te d  to  a un iform  
te n s io n  cr0 in  th e  y -d ire c tio n . T he s tress in te n s ity  fa c to r  a t  th e  crack tip  is 
ca lcu la ted . The cu rv es  in  th e  g raph  a re  d raw n  for th e  th re e  ra tio s of sh ear 
m o d u li (Fig. 2). A long  th e  у -axis, is show n th e  (stress in te n s ity  factor)/(T0; 
a n d  along ж-axis th e  ra d iu s  of inclusion. F o r  a c o n s ta n t le n g th  of th e  crack , 
i t  m a y  be seen t h a t  as th e  rad ius o f  inc lusion  increases, th e  stress in te n s ity  
fa c to r  also increases, as expected . A lso w hen  th e  rad iu s  o f th e  inclusion is
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sm all, th e  stress in te n s ity  fac to r is also sm all. This is ex p ec ted , because th e  
c ircu la r inclusion is fa r  aw ay from  th e  c rack  tip . I t  m ay  be ve rified  from  th e o 
re tic a l resu lts  g iven in  th is  p ap er t h a t  w hen  p ,/p  =  1, we re v e r t  to  th e  case of 
m a tr ix  w ith  a single c rack , u n d e r ten s io n  a t  in fin ity . Also w hen  th e  le n g th  
of th e  crack  is zero, we get th e  re su lts  of c ircu la r inclusion in  an  in fin ite  p la te  
u n d e r  tension .
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Zug einer unendlichen Schreibe, die einen geraden Einschnitt und eine kreisförmige 
Einbettung besitzt. Ein Verfahren wird entwickelt zur Berechnung der Spannungen und 
Verschiebungen, die in dem im Titel angegebenen Körper entstehen. Die aus der zweidimen
sionalen Elastizitätstheorie bekannten Differentialgleichungen bilden den Ausgangspunkt zu 
den Erörterungen. Funktionen von komplexer Veränderlichen werden benützt. Ein Zahlen
beispiel wird für die Fälle angeführt, wo das Verhältnis der Elastizitätskonstanten der Scheibe 
und Einbettung 1/3, 1 und 3 ausmacht.

Вытяжка бесконечной по размерам плоской пластины. Авторы описывают метод 
пригодный для вычисления напряжений и сдвигов в случае формы, указанной в заглавии. 
Они при своем способе используют тот метод плоскостной теории упругости, который 
основывается на использовании функций с комплексными переменными. Результаты 
числового примера на графике показаны для того случая, когда отношение числа упру
гости включений и плоской пластины равно 1/3, или 1 или 3.
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И Т Е Р А Ц И О Н Н Ы Й  М Е Т О Д  Д Л Я  Р Е Ш Е Н И Я  
К О Н Т А К Т Н О Й  З А Д А Ч И  У П Р У Г И Х  СИСТЕМ  

С О Д Н О С Т О Р О Н Н И М И  С В Я З А М И

ИШТВАН ПАЦЕЛЬТ*
КА Н Д . Т Е Х Н . НАУК

(Поступило 20 декабря 1971 г.)

В работе предлагается развитие метода В. М. Фридмана и В. С. Черниной 
для решения контактной задачи упругих систем с односторонними связями, причем 
предполагается, что между телами отсутствуют трение и сцепление. Этот метод, 
подобно основному методу, также основан на проверке выполнения условий кон
такта — отрыва в конечном числе точек. В такой постановке задача сводится к 
системе алгебраических уравнений — неравенств и к дополнительным уравнениям. 
Дополнительными уравнениями могут являться статические и кинематические урав
нения (например: нулевое значение относительных смещений и углов поворота в 
точках сопряжения конструкций). Для решения этой системы предлагается цикли
ческий итерационный метод, основанный на градиентном методе. Минимизируется 
квадратичный функционал с ограничением на знак контактного усилия (т. е. они не 
могут быть отрицательными). Доказано, что существуют единственные решения кон
тактных задач, которые могут быть найдены как предел последовательности, постро
енной по правилу итерации.

Введение

В настоящее время в практике машиностроения и строительства часто 
встречаются конструкции, представляющие собой пластины, балки и обо
лочки. Эти элементы, ко тактируются друг с другом или лежат на упругом 
основании.

Решение задачи о контакте упругих тел с произвольной поверхностью 
при произвольной нагрузке осложняется тем, что область контакта рассмат
риваемых тел заранее неизвестна. Это существенно затрудняет построение 
аналитического решения, однако разные приближенные методы — благодаря 
использованию ЭВМ — позволяют решить некоторые задачи.

Приближенный метод типа В. М. Фридмана—В. С. Черниной [5], [6] 
позволяет решить контактные задачи, возникающие в обширном классе упру
гих систем с предположением, что между контактирующими телами отсут
ствуют трение и сцепление.

При методе [б] относительное жесткое смещение** имеет только жесткое 
поступательное перемещение сх, являющееся одной допольнительной вели
чиной.

* Dr. P á c z e l t  I., Győri kapu 37, 3531 Miskolc, Венгрия.
** Под относительным жестким смещением понимается такое перемещение, при кото

ром проникнование одного из контактирующих тел в другое, а именно твердого, сопровож
дается сопротивлением.
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Работа [3] позволяет учитывать между контактирующими телами не 
только относительное поступательное смещение, но и поворот (например, 
контакт балки, пластины на упругом основании для любого случая нагруз
ки). Предполагается, что в ненагруженном состоянии те части контактиру
ющих поверхностей, вдоль которых могут возникать относительные жесткие 
смещения, являются плоскостями или слабо искривленными поверхностями.

Данная работа занимается дальнейшим развитием вышеуказанных 
методов [5], [6], [3]. Предполагают, что рассматриваемые системы являются 
упругими, имеют небольшие перемещения и деформации, а трение и сцепление 
между контактирующими телами отсутствуют. Таким образом, имеется 
возможность решить контактную задачу не только (на основе обычной 
механической схемы) одномерных, двумерных (балка, пластина, оболочка), 
а таких трехмерных упругих тел, при которых относительное жесткое сме
щение может быть любым, далее, рассчитать неизолированные системы, по
строенные из тел, имеющих относительно жесткие смещения (например: 
балки, пластины, лежащие на одной и той же упругой среде)* или решить 
такие задачи, в случае которых дополнительными уравнениями являются не 
обязательно только статические, но и кинематические уравнения, происходя
щие из построения конструкции (например, в данном месте перемещение, 
угол поворота равны нулю, или в месте соединения частей конструкции от
носительное смещение и угол поворота отсутствуют).

Как основной метод, так и этот метод основаны на проверке выполнения 
условий контакта — отрыва в конечном числе точек. В такой постановке 
задача сводится к системе алгебраических уравнений — неравенств и до
полнительных уравнений. Для решения этой чистемы предлагается цикличес
кий итерацонный процесс, основанный на градиентном методе. Минимизи
руется квадратичный функционал с ограничением на знак контактных уси
лий, т. е. они не могут быть отрицательными. Доказано, что существуют един
ственные решения всех сводящихся к системам алгебраических уравнений — 
неравенств (17)—(19) контактных задач, которые могут быть найдены как 
предел последовательности (37)—(41).

1. Вывод системы основных разрешающих уравнений — неравенств для
упругих контактных задач

Возникающие в практике упругие системы очень разнообразны, часто 
резко отличаются друг от друга. Составить таким образом общую схему труд
но и нецелесообразно. В данной работе будет показан принцип составления 
основной системы алгебраических уравнений — неравенств для нескольких 
конкретных упругих систем.

* Влияние одной из балок на другую перенесено общим основанием.
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1.1. Задача о контакте балки с упругим слоем, лежащим на жестком 
основании

Предполагается, что пространственный стержень соответственно тех
нической теории можно заменить его осью, т. е. задачу можно редуцировать 
к одномерной; нагрузка располагается в плоскости оси балки и одной из

Р и с .  7

главных осей поперечного сечения, далее, контактирующие в ненагруженном 
состоянии поверхности являются плоскостями (по использованной модели 
соответствующие плоские кривые являются прямыми) (рис. 1). Построим 
систему координат х, у, z по рис. 1.

Пусть у (или s) обозначает одномерную координату точек, поверхности 
2 =  0 тела 2, а также оси балки. Балка перемещается в координатной плос
кости yz. Степень свободы балки, как жесткого тела, Атах =  2.

Пусть 0 <  у  <  L будет область Q, а —L2 <  у  <  О, L <, у  <Г£3 — Q2.
Приложим теперь к балке нагрузку

Pi(y) У £ Q,
а к упругому слою нагрузку

Pi{y) У € Дг •

Вследствие этого между балкой и верхней границей упругого основания 
возникнут перпендикулярные к границе контактные усилия (трением пре
небрегаем).

Прогиб по направлению оси z будем считать положительным.

Введя следующие обозначения:
w 4 y )  — вертикальное перемещение края а =  0 упругого основания, 
w\y)  — вертикальное перемещение (прогиб) оси балки с жестким на левом краю защем

лением,
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q ( y )  — контактное давление (кг/см),
с, — вертикальное перемещение балки в точке у  =  О, 
с2 — угол поворота балки, как твердого тела вокруг оси х ,  

d ( y )  — перемещение, возникающее из-за движеня балки, как твердого тела, 
й 0 — область отрыва, зазора,

Ü q  — область контакта,

условия отрыва — контакта можно записать в следующем виде (рис. 2)*:
если

w4y) ~wl(y)-  d(y) >  0, то q(y)  =  0 

У 6 û o
(i)

и если
w \ y )  — w 1(y)  - ,  d ( y )  =  0, то q{y)  >  0

y  £ ü q
(2)

где
d(y) =  cl +  c 2У\ ü  =  A> + (3 )-(4 )

и области Q0, Qq заранее неизвестны.
Введем функцию влияния К'(у, s) для прогиба точки координатой у  

оси балки от единичной нагрузки, действующей в точке координатой s (бал
ка на левом краю жестко защемлена), а также подобно определенную функ
цию влияния К \у , s) для края z =  О тела 2. Далее, обозначим через

/Ч у) — вертикальное перемещение от известной нагрузки, действующей на защемлен
ную левом конце балку,

Р ( У )  — перемещение вдоль оси г края тела 2 от нагрузки р2(у)

В этом случае вертикальные перемещения будут (рис. 2а, б)

мН у )  =  -  J(o) К Ч у >  «) q{s) d s + P i y ) ,  (5)

™ЧУ) =  J(ű) к Чу,s) q ( s ) d s + f 2( y )  ■ (6)
Введя обозначения

K (y ,  s) =  К Ц у ,  s ) + K * ( y ,  s ) , f ( y )  = Р ( У )  P ( y )  (?)

no (1) и (2) получим**

Iw  K (y-> *) g(s)d s -  d ( y )  - f ( y )  >  0 ’ q ( y )  =  °

J(o) K ( y ,  s ) q ( s )  d s -  d{y) -  f ( y )  =  0 , q(y) >  0 ^

y  ÉA?

* Здесь и в дальнейшем цифрой, стоящей около букв вверху и внизу, подразуме
вается индекс. Наличие скобки указывает на возведение в степень, например: (с,)2.

** Здесь используем предположение о малости перемещения, т. е. w1(y)-cosc2Êàj«1(y)

Acta Technica Academiae Scientiarum Hungaricae 76, 1974



К О Н Т А К Т Н Ы Е  З А Д А Ч И  У П Р У Г И Х  СИСТЕМ 221

В данной задаче дополнительными уравнениями являются записанные для 
тела 1 уравнения статики, т. е.

F 1 - I « )  ?(s) ds =  0 (10)
-  j(0) î ( s ) - s - ds  =  о ,  (11)

где
p i _  p i  £  5 ç(s) =  _  q ( s ) k

Ш = М 1 1 , q ( 8 ) ^  0

[F',M y — дуальный вектор, вычисленный относительно начала системы координат. Его 
составляющими являются главный вектор и момент от известной нагрузки, действующей на 
тело 1.
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Таким образом, контактная задача сводится к интегральному уравне
нию — неравенству первого рода (8)—(9) и допольнительным уравнениям 
(10)—(11) для определения неизвестных контактных усилий с интенсивностью 
q(s) и компонентов относительного жесткого смещения clt с2, причем области 
й 0 и Qq заранее неизвестны.

Полученное интегральное уравнение — неравенство приближенно 
заменим системой алгебрических уравнений — неравенств. Для этого раз
обьем область Q на к участков длинной As. В пределах каждого малого участ
ка выберем точку с координатой Sj /  =  1, . . . ,  к или на другом участке 
независимо от нее, точку с координатой у, i =  1, . . ., к, причем у,- =  s,-. 
Распределенное усилие q(s) заменим усилием =  q(Sj)- As(sj), далее K(y,s), 
f(y), d(y) определим* во внутренней точке рассматриваемого малого участка, 
т. е.

x ij =  K { y i i  Sj ) , f i  —  f ( j i ) , ( 12)

d ( ï i )  =  d ,  =  c i +  c2 '  J i -

Тогда получим следующую систему алгебраических уравнений — нера
венств для некоторых значений индекса i

2  Xjj ■ Qj di f  >  0 ; Qi =  0 i 6 ü 0 (13)
7 = 1

и для остальных значений индекса i

J 4 r < 2 ;  d, / /  =  ° ;  Qi7>0 , (14)
7 =  1

и сверх этого, уравнения статики 1-ого тела (дополнительные условия)

F 1 - 2 Q j =  ° ;  M h - j p y r Qj =  0 .  (15)
7 = 1  7 = 1

Здесь заранее неизвестны номера i, при которых удовлетворяется условие 
зазора (отрыва) (13), или условия контакта (14).

Если ввести вектор неизвестных

х ’г  =  [<?i, • • • > Qk» «о с2]

* В тех случаях, когда при построении функций влияния под силой перемещение 
имеет бесконечное значение, сосредоточенную силу необходимо заменить распределяю
щейся по малой поверхности нагрузкой, являющейся статически эквивалентной единич
ному усилию.

Если имеется упругое основание типа Винклера ( щ  =  а  и - Q i ,  а  у  =  0  если i  ^  j )  и 
d(v) =  0, то вместо интегрального уравнения первого рода получается уравнение второго 
рода. Тогда оценку для приближения можно дать по методу Л. В. Канторовича [2].
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(Т — знак транспонирования) 
и вектор известных величин

ет =  If i ----- /*, F' M i ] ,

то систему (13)—(15) можно переписать в следующую матричную форму

Итак, контактная задача сведена к решению матричного уравнения — нера
венства

> 0 Qt =  о i £ Q0
A x  e = 0 Q i>  о i € ( 1 6 )

= 0 i = f c - j - A ,  A  = 1,2

ex t  О

причём области Û0 и ÜQ заранее неизвестны.

1,2 Модифицированная задана о контакте балки с упругим слоем

Изображенная на рис. 3 задача отличается от изображенной на рис. 
1 только тем, что в точке у г есть заделка, обеспечивающая нулевое переме
щение , т. е. w(уг) =  0. Для того, чтобы использовать заранее введенные
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величины, функции влияния xjj  и перемещение fj  будут определены для 
защемленной на левом конце балки. Итак, новым неизвестным является опор
ное усилие Fr^ 0, и кроме уравнений статики, кинематическое уравнение

м2(уг) ™Чуг) d(yr) =  О

также является дополнительным уравнением. Здесь

d (j /)  =  сх+ с 2 ■y t + F r • xjn

R уоавнении — неравенстве (16) матрица А имеет размер (к +  3) • (к +  3).

1.3 Задача о контакте цилиндрического резервуара с упругим основанием

Тонкостенные конструкции обычно построены из разных элементов. 
Трактовка контактной зачади этих систем возможна и так, что функции влия
ния xfj и перемещения будут определены для несопряженной системы, а 
только для отдельных частей конструкции. Таким образом, предварительное 
определение неизвестных внутренних усилий в точках сопряжения (напри
мер, в случае оболочек усилия и моменты) упускается столько раз, сколько 
имеется предпологаемых контактных точек. Вычисление внутренних усилий 
производится одновременно с определением контактных усилий. В этом слу
чае дополнительными уравнениями, относящимися к вышесказанному, 
являются кинематические уравнения (например, в точке сопряжения частей 
конструкции относительное смещение и угол поворота имеют нулевые зна
чения). Ниже для демонстрации сказанного будет показан простой пример.

Пусть цифры 1,2,3, обозначают соответственно цилиндрическую обо
лочку, плоское донышко и упругую среду (рис. 4). Нагрузка и деформация 
считаются осесимметричными.

Итак, неизвестными будут усилие Q0 и момент М0 в точке сопряжения 
цилиндрической оболочки с плоским донышком, контактные усилия /  =  1, 
. . ., к, возникающие между телами 1 и 3, а также 2 и 3, и далее, смещение сг 
тел 1 и 2, как твердых тел, вдоль оси z.

Для определения неизвестных кроме контактных усилий Q0, М0, с1 в ка
честве дополнительного уравнения используем равенство перемещения ци
линдрической оболочки w1 =  w \z  =  L) перемещению плоского донышка 
и2 =  и2(р =  R) в направления вектора eß и равенство углов поворота #хи &2 
в точке сопряжения 1-ого тела с 2-ым, далее уравнение статики, выражающее 
равновесие тела 2 вдоль оси г.

Положительное направление нормальных для отдельных тел пере
мещений wf р — 1,2,3 показано на рис. 4 в. Если предположить, что удовле
творение условий отрыва — контакта будет проверено между телами 1 и 3 в
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точках i Ç. Qx(i =  1, . .  е), а между телами 2 и 3 в точках i £ Q \i — е +  1, 
. .  к), то решение контактной задачи можно получить по матричному урав
нению — неравенству Ах—е ^  0, полученному из следующих уравнений — 
неравенств: 
если

wf—wj^>0,  то Qi =  0 i £ Q \ ,
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w j —w} =  0 ,  ТО

Ulf — w j  -  d,  >̂ 0, то 

wf — wf—di =  0, то 
# 1 - ^ 2  =  0 >

u 4 - u 2 =  0 ,

2  Q j + F  =  0 ,
]—•+ 1

где di =  clt F =  Fk собственные 

Í21 =  í3J-)-í2q ,
вес -f- вес содержания резервуара, 

Q* =  Q \+ Q % .

1.4. Матричное уравнение — неравенство Ах—е ;> 0, являющееся основной 
системой для контактной задачи

Подобно как и изложенные в пунктах 1.2 и 1.3 примеры, множество 
задач сводится к такой системе уравнений — неравенств как (13)—(15).

Основная система задач такого типа может быть записана в следую
щем виде: если

и если

к

Q  — & о ~ \ ~ Q q  , * — 1 ,  к

и дополнительные уравнения

Нр =  Нр(й ,[¥ ‘,Ш‘0], (?i, ci, . . . , <: , ) = О (19)

Р =  1, • • - , l ,  t<_l .

Здесь [Ff,M' ] — дуальный вектор, определяющийся известной нагрузкой, действующей на 
тело-t. Его составляющими являются главный вектор и момент, вычисленный относительно 
начала системы координат.

с„ . . . . ,  Ci — неизвестные кроме контактных усилий (компоненты вектора относи
тельного жесткого смещения, внутренние усилия в точке сопряжения частей конструкции 
и. т. д. (связь является двухсторонней),

d j  — дополнительное смещение, значение которого зависит от с1( . . . ,  c t .

(Остальные обозначения совпадают с введенными ранее обозначениями.) 
Если ввести вектор неизвестных*

* 1. F  у ,  А =  1, . . I  — известные члены в дополнительных уравнениях
к

2 ■ d i  =  -  g  a i M X  • сх
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X7' [(?!, . . . , Q k , C v  . С,] (20)

и вектор известных величин

eT =  [fl , . . . , f k,F1, . . . , F l] ,  (21)

то контактная задача в широком классе упругих систем с односторонними 
связями сводится к решению следующего матричного уравнения — нера
венства с ограничением на знак усилия

1 к к + 1

т. е.

с\  §  0

где матрица А имеет размер (к +  I) (к - f  I), при строках i к заранее
неизвестны условия отрыва (неравенства) и условия контакта (равенства); 
при строках i =  к +  1, . . к +  I в силу уравнения (19) имеется только 
равенство.

2. Решение матричного уравнения — неравенства Ах — е ]> 0 с помощью 
циклического итерационного процесса, основонного на градиентном

методе

2.1. Введение квадратичного функционала

Решение системы алгебраических уравнений — неравенств (17)—(19), 
или в более сжатом виде (22) — (23) можно найти следующим образом:

Q i  =  Q i + 2 c k - Q h  i  =  h . . . , k  (24)
A = 1
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2 2 8 П А Ц Е Л Ь Т , И.

где Q*i есть решение приведенной ниже системы алгебраических уравнений:

к
y x i j -Q Î , j+ x i,k+\ =  о 

j f i  * =  1, . . . .  К  Я =  1,

Подставляя (24) в (17)—(19) или в (22)—(23) и, далее, учитывая, что

I
d i  —  ^  x i, к  + Х '  сх 

7 = 1

получим, с одной стороны,

хц • - / г  > 0 ,  (?, =  О, I Э Û 0
7 =  1

2 « , j - Q j - f t =  -о, <2,-> o , i ) ö Q
7 = 1

где

а с другой
а /7 —' x i j i l x i i  ■> f i  —f i l x ii »

7=1

'7  '7

/
>

7=1
H  P =  x k + p ,j '  | ( ? y +  c 7 ' (?7 j |  +  x k+p,k+X ' CX ^p  —  ^  >

(25)

(26)

P  --  1 .
(27)

Введем no [5]* квадратичный функционал от переменных 

Qji j  =  1 » • • • ?  ̂ и A =  1, . . Z:

G(ë,C) =  i - J ( ë / - 0 , ) -  | i ’*/7<?7 /«I +  (28)
2 i = i  j = i  j p = i

где 0, есть решение системы алгебраических уравнений

2  xij Qi fi =  0 ,  i =  l , . . . , k ,
7 = 1

Значение выражения Нр =  Нр (Q, С); р =  1, . . ., I можно вычислить по фор
муле (27) (оно в начале расчета имеет не нулевое значение), ур положитель-

* В этой пункте используем обозначения функционального анализа (см. например 
[1]). Q  и С есть векторы Q  =  (Ql t . . Q,-, . . Q/(); С  =  (с15. . ся с,).
В работе [5] в выражении G(Q) член

4 - 2 ур(и р)>* р*=»1
отсутствует, так как там рассматриваются такие контактные задачи, где дополнительных 
уравнений нет. Из упругих систем следует, что матрица [cty] положительно определена.
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ное число (р — 1, . . I). Размерность ур изменяется с размерностью Нр.
Чтобы вычислительная программа стала более универсальной, стоит в даль
нейшем придерживаться констант ур.

2.2. Использование градиентного метода для минимализации функционала
G (Q ,C )

Для определения неизвестных сЛ и Q,- =  Qt(Q(, съ Q*J) строится цикли
ческий итерационный процесс, основанный на градиентном методе. Миними
зируется квадратичный функционал (28) с ограничением на знак Q, О

Итерационный процесс сгруппирован в циклы и состоит из последо
вательных приближений (шагов).
В некотором этапе обозначим через

s — номер цикла, 
п — номер приближения.

Под п -ым приближением определенного по (20) искомого решения х 
системы уравнения — неравенства (23) подразумевается

где

Q? =  Q? +  i  =
Д-1

Qn =
(29)

Один цикл состоит из
к числа приближений типа а,
I числа приближений типа б, 

т. е. всего к +  I шагов.
Под п подразумевается порядковый номер приближения. Если n* =  (s— 1) •
• (к +  /), то в s-ом цикле при приближениях типа а имеем л* <  п <, л , +  к, 

а при приближениях типа б имеем л* +  к <  п <, л* +  к - f  I.
Пусть при (л +  1)-ом приближении типа а (л* л л* +  к — 1):

C?+1 =

Q?+1 =

с? ,Я = 1

Q? и Q r ' - Q ? при i  71-- 71,4-1,

Q l+1= Q l + e l - § - \ при i  =  П — 77,4-1
9 Q i (q=q”

т. е. учитывая также (29)

<?7+1 =  Ql+1 +  2  c?+1 ' G û  =  Q?
Л =1

при î = ti—n,-f-l,
Q=Qn

(30)

(31)
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далее при (п +  1)-ом приближении типа б

(n * + k < ,n < ,n m+ k + l  1): 

c nx + 1  =  С? при Я ^  п (га*+&)-|-1 
QG

3°), с = сп
Сд+1 = при Я =  п  (n*-f fc) +  l ,  (32)

О'Г 1 0? i =  l ,  . . . , к

т. е. учитывая также (29) и (32)

Qn+1 =  Qn+1+  2  с" /1 • <??,, =  +
Д=1 Эсд

(33)
С=СП

к ,  Я =  п  — (n*-f-Л) +  1 •

Производные функционала G =  G(Q, С), которые имеются в выражени
ях (30), (31) и (32), можно вычислить с помощью выражений (24), (25) и (27):

9G

щ

9G

=  А?+А? (34)
<?=<?"

Эс,
— Лп— •>

с=сп

где величины А", И" и A4 =  находятся в выражениях (69).
Введя обозначения

X  =  (Х15 . . ., X ft, Х к+1, . . ., Х л+;) =  ((), С) — (Çlf . . . ,  Qk, Су, , С/),

значения коэффициентов е", имеющиеся в формулах (31)—(32), определя
ются по тому условию, что квадратичный функционал

_  _  к+ 1  э G
G(X"+!) =  G(Xn) +  V — ^

Ä  3X U 
I л+/ *+/ а2 с

2 u=i y=i ЭХиЭХ„ 

должен иметь минимальное значение, т. е.

g G ÍX ^ 1)

( X £ w - x » )  +

• ( х г 1 - х й ) - ( х г +1- х ? )

(35а)

Эе?

9G (Хп+!)

=  0 i =  1, . . . ,  к, 

=  О Я =  1, . .
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На основе вычислений, детально приведенных ниже, независимо от 
порядкового номера приближения имеем:

при приближениях типа а е ?  =  £,• i =  1, . . ., к, 
при приближениях типа б Я =  1

(Величины находятся в выражениях (67).)
Действительно, принимая во внимание выражения (34), (69), (27) и третье 
уравнение (67), можно записать следующие зависимости

82 G
QQiQQi

а 2 g

Эся. Эсх

а -  1
+  =  1 +  ^  У р  • ( x k + p ,i ) 2,

QQi р=1

3 № »  =  2 У р ' ( 0 р. ^Э сv k  р = 1

и далее из соотношения (35-а) с учетом также (30), при приближениях типа а 
следует

G(X"+!) -  G (X ")+ef-(zlf+H '/.)2 +

1

+  т 1 +  2  У р - ( х к + р . ‘ У
Р = 1

.(£?)2 - (И ? + Д '') 2 ;

а при приближениях типа б, учитывая и выражение (32)

G(X"+i) =  G(X")+^-(zl(S>s)2 +  

1
У ур(

Lp=i
I2

р Л > № - W , s ) \

откуда правильность нашего утверждения сразу же оказывается доказанной.
Подытоживая все сказанное выше, можно определить: в каждом цикле, 

при выполнении к приближений типа а при зафиксированном значении с" 
изменяются одно за другим усилия Q", определенные в конце предыдущего 
цикла, т. е. согласно выражениям (31) и (34) имеет место следующее правило

Q?+1 =  # + « , ■ =  V,
i =  1, . . . , к ,  и =  и*

( 3 6 )

1,

и далее при I приближениях типа б изменяются одно за другим определен
ные в конце предыдущего цикла значения с" по правилу, полученному на 
основе выражений (32), (33) и (34):

cX+l =  cn+ # x . A n= c n+ ßn

Я — 1, . . . ,  I, п  =  п ^ - \ -к —1 + Я
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и вместе с тем, исходя из полученных в конце приближений типа а усилий 
Q"*+Ic, все контактные усилия Q?:

Q?+1 =  Q l+ h  ■ A l ■ Qt>t =  ■ Ql,
i =  1, . . ., к, Л — n (га*4“&) +  1

(При приближениях типа б усилия Q, не изменяются!)
Принимая во внимание, что величины с" изменяются только при при

ближениях типа б, а именно в рамках одного цикла только один раз, вместо 
уравенний (37а —б) можно записать

cX,s+1 — ck,sJrß ls (37в)

Q?+1 = Q ? + ß ls -Q b Д =  1, (37г)

ß b  =  A -A ls =  ß?, n =  n^-\-k-\-j1 — 1, 
i =  1, . .  ., к

где cí(S+1, c í s  соответственно получены в s-ом и  ( s —  1 )-о м  циклах (П " >5, ß " >s см. 
(69)). Если еще учесть, что величины Q" не изменяются при приближениях 
типа б, то условие (35а) можно записать в виде*

— при приближениях типа а

G (Qn+1t Cs) =  m in , n =  n * + i  1, i = l , . . . , k ,  (356)

— при шагах типа б

G (Qn', c”+1) =  m in , n' =  n ^ k ,  n =  п щ4-к-\-Х—1 , A =  1 , (35b)

Минимизирующая последовательность (36), (37) для функционала (28) 
все же не дает правильного решения контактной задачи, так как найденные 
в ходе вычислений усилия могут быть отрицательными. Поэтому при каждом 
шаге итерационного процесса надо учитывать ограничения, налагаемые на 
решение задачи о контакте с отрывом Q, 0.

Для этого выберем
Qi >  0, * =  1.......... *  (38)

и поскольку Q7—б" ^>0, то вычисляем Q?+I по формуле (36) или же предпо
лагаем Q"+1 =  0, если окажется, что Q? — д" <, 0. Таким образом, уже на 
каждом шагу итерации (приближении типа а) не реализуется условие 
G(Qn+i, Cs) =  m in , а обеспечивается лишь G(Qn+1, Cs) < . G(Qn, Cs). (Это утвер-

* Cs =  ( c J S , c2jS, . . . ,  c ĵS, . . . ,  C/iS)  — значение использованного при приближениях 
типа a  s - ого цикла вектора С \
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ждение будет доказано в следующем пункте.) Такое же рассуждение имеет 
место при приближениях типа б.

Если ищем (п +  1)-ое приближение усилия при итерации типа а в 
следующем виде

Q j +1 =  Q j + K i  47 =  (3 9 )

то согласно вышесказанному

K i =  0 при i ^ j и при i =  j

K i =  K  = — K i  если Ql >  K i (40)

K i =  «? = Q1, если Ql <  К  ■

При приближениях типа б вычисления по формулам (37) будут сделаны 
с удовлетворением условия

Ql+1 >  0 (41)

2.3. Теорема о циклической итерации (37)—(41)

Теорема: Существуют единственные решения контактных задач рас
сматриваемых типов (22), которые могут быть найдены с удовлетворением 
условия (47), как пределы последовательностей, построенных по правилу 
(37)—(41).

Доказательство: Учитывая (33), (39) и (40), изменение функционала 
(28) при итерации типа а между (п +  1) и л-ми приближениями будет (А", 
Â?, ь  см. (69), (67))

G(Qn+ \  С,) -  G(Q", Cs) =  в? • ( A ^ + ^ D + j X Â K ) 2

или

G(Qn+1,Cs) G(Q",CS) = ± - X i - № ? - à ? + ( m -

Согласно полученной итерации (40)

G(Q"+\CS) G(Qn, Cs) 

где
Так как* >  1,

1/2 z, -(-3?)2 при Q? >  О 
l\2 X riQ lY '^ ß l 1] при

(42)
(43)

* Qn =  «?г......в ? , .... <m,
ôn =  (0 ,..., О, őf, О , 0),

Qn+1 =  Qn+6n,
Qn+1 =  №?, - ,

=  ( < ? r + 1 , < ? " + 1 , Qnk+1), n =  11, + i - l ,
1 =  1 , k.
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G(Qn+\ C s)^G (Q ",C s)

п — — 1, i  =  1, . .  , , к .

l(ő")2 =  G(<r,Cs)--l|í< ? " + i- №  (44)
Z Z

Если имеется приближение типа б, то после подстановки выражения 
(33), (37) в функционал (28) получается, что в некоторых точки i =  i’ из-за 
члена ß1s • Q*, усилия Q"+1 могут быть отрицательными. Они должны быть 
скорректированы на нуль вследствие односторонних связей, т. е. Q"+1 =  0.

Таким образом, при номерах приближений п =  л* +  к +  А— 1 прираще
ние функционала (28) с учетом (41) равно:

G(Qn+1, C«+i) G(Q", С") =  -  \  ь  • (ß1,sY +  i -  Мх
Z Zi

(45)

где*
Mx =  M.k{Q \C\H "p, ß l s) .

Если имеет место**
(46)

(47)

то

G(n+T C » + i) -  G«?", С») ^  -  i - i x  • (&",s)2

где
Хь = Хк-Ль, 0 < я Л^ 1 , (48)

и =  и* Ä: —|—А — 1,  А =  1, . . .,

Из (44) и (48) видно, что значение функционала на каждом шагу итерации 
уменьшается.

Введя новую величину у>х, удовлетворяющую условиям

%  =
к
i

получим неравенство

G(Gn+1, Cn+1) -

если 1 ^ > к >  О, 
если i x> l ,

G(Q",C") < , - ~ fK-(ßls)z.
Z

(49)

Последовательность этих итерационных приближений дает следующее 
приращение функционала

G(Q"'+', с-'+о -  g ( Q ” , С") { ß t T - 1?
* А = 1 (50)

п' =  п^+к,  я =  1
где у> -  min грк

*  Н р  —  есть значение р-ого дополнительного уравнения при л-ом приближении
** Если введение новой константы 0<; < ,  \ ß " t S \ обеспечивает в выражениям

(37) неравенства Ç;+1 2> 0, то М к  =  0.
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При приближениях типа а имеет место 

G(Qn+m, Cs) G(Q",Cs)<

— {||ő"||2 +  l|ó'1+1||2 +  - - - +  ||^  + m- 1||2} =  -  (?1 2,
2 2

при m ;> 1, так как ôn ■ дп+т~1 =  0, если

п * п  +  т — 1 ^  1 .

(51)

Из (50) и (51) следует, что в одном цикле

О <  G(Q"*+k+l, Cn'+k+l) ^  G(Ç"*, Сл*) -

1
||<?п-+А-  Qn- F + 2 m.+fc+í—1\2 (52)

Так как значение функционала при каждом шаге итерации уменьща-
ется, то при номере — приближения л =  л* °o следует

lim jl!(?n+m- ( ) ' , ||2+  ^ ’($ 1+т+Л_1)2} =  0
л=л. ( í f t  ■ ■ J

(53)

и существует
lim Qn =  Q =  (Qlf Qk),
n

(54)

а также

Hm ß l s =  #* • 4 ? ,. =  • J ?  y p ■ в рЛ -H"p =  0
p=i

(55)

X =  1 , . . т. е.

Щ  =  0 p  =  1, . . 1 (56)

lim Cn =  C (57)
П

и, кроме того, согласно (42) и (43) в пределе

либо б,- =  0 при Qi ;>  О i Ç Ü q 
либо Qi =  0 при <5,- >  0 г £ Q0

далее, согласно (56) дополнительные уравнения удовлетворены.
Таким образом доказано, что алгоритм (37)—(41) дает решение контакт

ной задачи (22) (или (17)—(19)) с учетом односторонних связей.
Можно доказать, что это решение является единственным. Действитель

но, предположим, что существует два решения контактной задачи
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Q h c l Q h c l

я =  1 .........../,i  =  1, . . , ,k,  

или, используя обозначение (20)

X} и X? i =  l , . . . , k + l

Тогда системы алгебраических уравнений-неравенств (17), (18), (23) имеют 
следующий вид:

(58)

и далее

Если введем величины

Y i =  Q} ~Qh
=  с) — cf ,

(59)

(60)

(61)

(62)

то в силу уравнения-неравенства (58) и (60) при различных значениях ин
декса i возможны только следующие соотношения:

к
У  Xjj Yj  — а, =И= о при У, =  О

1=1 
к

У  Y j  —  о ,  >  0 при у , <; о
1=1

(63)
к

4  а,- j Y  j  — а,- <  0 при У,- >  О
j= i
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к
^  « ,7  У ,- -  а ,  =  0  п р и  У ,  =И= О 

i= 1

Далее, из уравнений (59), (61) получим равенство

^  x k+p,j  Y j  +  х к+р, к + \  Z*. — 0 • (64)
j —1 Л=1

С одной .стороны, из теоремы взаимности для упругих систем, а с другой 
стороны, из подобия между уравнениями статики и уравнениями перемеще
ний жестких тел следует, что

x k+p,j  x j ,k+p
1

1
(65)

В силу (62), (65), (64)

J a / У/
I I

^  .S ’ */,+>., к+х z x z x < [ о
* = 1  Л= 1

так как матрица [ал+д, *+х] неотрицательно-определена. (Если дополнитель
ные уравнения (59), (61) не содержат уравнений статики, то матрица 
[а„+л, /í+х] положительно-определена, так как в этом случае полученная 
квадратичная форма выражает, получаемую при разборке конструкции, 
работу внутренних усилий в местах сопряжений частей конструкции.)

Теперь из (63) получаем

2  2  * ' У  Y i Y J +  Лк+Х, к+х Z XZ X О
i= l  j = l  *=1 Д=1

что возможно только при У, =  0, i =  1, . .  ., к поскольку матрица [а,у] поло
жительно-определена. Тогда из соотношений (63) следует, что а, =  0 / =  1, 
. . ., к, т. е. Zx =  О, А =  1,. . ., /. Таким, образом теорема доказана полностью.

Отметим, что приведенное в работе [5] докозательство для контактной 
задачи первого типа (относительное жесткое смещение между контактирую
щими телами отсуствует) является частным случаем данного выше доказа
тельства.

При веденном выше доказательстве было предложено удовлетворение 
условия (47).Проверка этого в ходе итерации принципиально возможна,однако 
как расчеты показывают практически ее не стоит делать, поскольку при 
итерации всегда обеспечиваются условия Q, ;> 0, i =  1 . . ., к и итерация 
будет прекращена только тогда, когда дополнительные уравнения также 
будет удовлетворены. Так как было доказано, что решение единственно, мы 
получим это решение для контактной задачи.
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3. Основные шаги решения контактных задач, сводящихся 
к матричному уравнению неравенству Ах — е ;> О

Для того, чтобы легче осуществить практические расчеты, кратко поды
тожим проделанные шаги.

3.1 Первая последовательность шагов

После выбора расчетной схемы в первую очередь надо определить 
элементы матрицы А и вектора е, т. е. построить матрицу функций влияния 
[ « / / ]  с размером ( / с х / с ) ,  затем вычислить коэффициенты ^  i .к -  х i  —  1, ■ ■ ■, /с, 

А =  1 находящиеся в перемещении d,, а, далее определить коэффици
енты дополнительных уравнений a.k+pj  р =  1 , =  1 , . .  к +  I, и окон
чательно можно вычислить перемещения fii =  1,. . ., к и величины Fv . . ., Fi.

Тот факт, что в наших расчетах имеются дополнительные уравнения, 
выражается через коэффициент ур >  0.

3.2 Вторая последовательность шагов

Если имеется хотя бы один коэффициент у р ¥= 0, то в рамках второй 
последовательности шагов решаем следующую систему алгебраических 
уравнений относительно Q'kj\

к

2 x u Q h + x
f=i

i,k+X = 0 , ( 66)

3.3 Третья последовательность шагов

Здесь будут вычислены неизменяющиеся в ходе итерационного процесса 
величины:

_________1

! +  J ? y p - {<*k+p,iY
p = l

Уp • ( 0 р д ) 2
P= 1

x k+ p , j  ' Qx,]~\~Kk+p,k+k  1
1 = 1

P  =  T

i — 1. . ., к

Я = 1 (67)

Я = 1 , . . . , / .
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3.4 Осуществление циклического итерационного процесса (п—номер 
приближения, s-номер цикла)

На каждом этапе итерации осуществленные шаги повторяются и при 
каждом шаге изменяется хотя бы одна величина. Необходимое условие 
сходимости итерации, чтобы в нулевом приближении все первые к проекции 
вектора х были не отрицательными, т. е.

0 i =  l , . . . , k ,  (68)

причем члены сь  . . .,  Ci могут иметь любое значение*
Пусть номер приближения в начале s-oro цикла л* — (s—1) • (к +  /) 

(при этом (s— 1) полное число пройденных циклов; каждый цикл содержит 
к +  I приближений; под л-ым приближением понимается х^-ое приближение 
вектора х).

При итерации всегда вычисляются следующие величины**

или

(69)

* Нулевое приближение x° целесообразно получить по решению х системы (23), как 
уравнения, таким образом, что в тех местах, где Q i  <  0, изменяем его значение на нуль, 
т. е. Q i  =  0.

** При вычислениях можно поступать так, что величину д " ,  которая находится 
в ö t ,  определяется при приближении с номером л , в начале s-oro цикла, и в дальнейшем ее 
неизменяем при итерации типа а .

Щ  =  Н р (Ö , [Г ,М '] ,х " ) .

s-ый цикл осуществляется с помощью последовательности приближе
ния следующего типа: а, б.

Приближение типа а

При выполнении приближения типа а (к приближений) при фиксиро
ванном значении «дополнительных» неизвестных cÀ S, определенных на (s—1)-
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ом цикле (индекс указывает на то, что ся будет использовано на s-ом цикле), 
проверяются в области Ü (в точках / — 1,. . ., к) условия контакта или отры
ва (зазора). Далее, в зависимости от того, как удовлетворялись эти условия, 
изменяются усилия только в /-ой точке (номер приближения зависит от зна
чения /).

По вышесказанному найдем (п +  1)-ое приближение в виде (39), (40).
С учетом (40) соотношение (39) можно представить в следующем век

торном виде:
q'!+1 = q'M-6n,

где
Ю т = [ Q Ï , . . . ,
(8'1 2)т  =  [0, . .  . ,  0, <5?, О, . . . ,  0],

(q"+1)r =  [Ç?. • • - , Q1-1. Q?+àl, Q?+1, =
=  [(?ri . . . , ,(? r 1, . . . ,< й +1]-

Приближение типа б

При выполнении приближения типа б проверяется степень удовлетво
рения дополнительных уравнений Нр (р =  1, . . ., /). При этом согласно (37) 
изменяются неизвестные величины с", а также контактные усилия с усло
вием* Ç7 + 1 ;> о.

После выполнения к +  / шагов начинается новый (s +  1)-ый цикл.
Итерационный процесс можно считать завершенным, если максимальное 

значение невязки

m a x  Ю,(s) ( ? /( s -1 ) | < ; #  i = l , . . . , k ,

где ê  есть впредь заданный предел. Здесь Ç,(s) есть усилие, определенное в 
конце s-oro цикла в /-ой точке.

* Если при конкретных вычислениях из-за члена ß%,s • Q*a в некоторых точках i по
лучаются Ç?+1 <  О, то в этих точках условие (?"+1 ;> 0 обеспечим подстановкой Ç"+1 =  0.

3.5 Определение напряженного состояния

Определение напряженного состояния можно осуществить двояким 
образом.

1 Используется деформированная форма тела, полученная после итерации (т. е. 
после учета влияния одного тела на другое). При определенных видах тонкостенных эле
ментов напряженное состояние можно получить путем дифференцирования деформиро
ванной формы.

2 При построении функций влияния одновременно вычисляются напряжения, а 
затем на основе принципа суперпозиции определяется напряженное состояние частей 
упругой системы при помощи известных после итерации контактных усилий, внешней 
системы усилий и т. д.
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Iteration Method Applied to the Solution of Contact Problems of Elastic Systems Having 
Elements in Unilateral Relation. By the modification of the calculation process elaborated by 
У. M . F r ie d m a n n  and V. S. T c h e r n j in a , an expanded method is discussed which can be applied 
to contact problems of constructional systems having unilateral relation in elements. Adhesion 
and friction between the contacting elements are disregarded. In the same way, as is done in 
the original process, the new method is reduced to the principle of an analysis, to find whether 
conditions of a contact or of a separation at a set of finite points are fulfilled. This process of 
reasoning leads to a system of equalities and inequalities including supplementary equations 
of equilibirium and kinematical conditions (e. g. zero-value of relative displacements between 
contacting elements, and/or of angular rotations.) A solution is found by a cyclic iteration applied 
on the basis of a gradient method. Essentially, a quadratic functional is minimized for which 
the sign of contact forces must be positive. It is clearly demonstrated that this solution is u- 
nique. Besides, it represents the limit value of a series formed in compliance with the iteration 
rule.

Iterationsverfahren zur Lösung der Kontakt-Fragen von elastischen Systemen mit 
einseitigem Anschluß. In diesem Aufsatz handelt es sich um eine Weiterentwicklung der 
durch W. M. F r ie d m a n n  und W. S. T s c h e r n j in a  ausgearbeiteten Lösungsmethode der Kon
takt-Probleme von Konstruktionen mit einseitigem Anschluß. Reibung und Adhäsion bleiben 
hiebei außer acht. Im Einklang mit dem originalen Verfahren bildet auch hier die Analyse der 
Bedingungen der Entstehung des Kontaktes oder der Separation an einer endlichen Zahl von 
Punkten die prinzipielle Grundlage der Lösung. Die Ausarbeitung des Verfahrens führt zur 
Aufstellung eines Systems aus Gleichheiten und Ungleichheiten und ergänzenden Gleichungen. 
Die letzteren Gleichungen erscheinen als Gleiehgewichtsbedingungen bzw. als kinematische 
Zusammenhänge. (Nullwert der relativen Verschiebungen, Winkelverschiebungen). Als Lö
sung des Systems ergibt sich eine zyklische Iteration aufgrund der Gradienten-Methode. Das 
Wesentliche darin ist das Minimalisieren eines quadratischen Funktionais, mit der Beschrän
kung, daß Kontaktkräfte nur mit positivem Vorzeichen figurieren können. Erwiesenermaßen 
ist dies die einzig mögliche Lösung uzw. als Grenzwert der nach Iterationsregeln gebildeten 
Wertreihe.
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R E P R E S E N T A T IV E  A R C H IT E C T U R A L  IS S U E  O F  ACTA T E C H N IC A

T he n e x t issue N o. 77 o f A cta  T echnica will be especia lly  rich  and  v a rieg a ted  

in co n ten ts. O u ts ta n d in g  th eo re tica l and h is to rica l p ro b lem s o f a rch itec tu re  

will be considered w ith  th e  sam e conceptions, to  be assim ila ted  to  tho se  o f 

h is to rica l epochs. A copious re p o rt on a sym posium  h e ld  in  R u d ap est b y  

U N E SC O ’s special fo rtre ss  co m m ittee  (IR I) to  w hich  is connected  by  László 

Gerő’s su rvey  of th e  d ev e lo p m en t of fo rtresses in  E u ro p e . E rnő Marosi w ill 

give a rep o rt up o n  p ecu lia r “ tenden c io u s”  changes in  p lan s of th e  go th ic  

a rch itec tu re  p o in tin g  to  social roo ts. Mrs. R ózsa F e u e r , née R ózsa Tóth 

considers ex cava tions fo r localizing king M ath ias’- h an g in g  garden  p rov ing  

th e  ex istence of eng ineer a rc h ite c tu re  in  H u n g a ry  a lre a d y  in  th e  ea rly  

renaissance  period . J olán Ralogh discusses a n o th e r  h ith e r to  neglec ted  

m a jo r problem  o f th e  ren a issan ce , th e  analyses o f re g u la r  p lan n ed  fo rtresses 

as evidenced b y  ex ten siv e  u n k n o w n  design m a te r ia l b o th  from  H u n g ary  an d  

ab ro ad . H u n g arian  p a r tic u la r itie s  in  ro m an tic  a rc h ite c tu re  are  show n b y  D é 

nes K omárik in  connection  w ith  th e  com petitio n  c o n d u c ted  for th e  co n stru c 

tio n  o f th e  P a rlia m e n t, w hereas a rc h ite c tu ra l p rinc ip les o f  th e  secession s ty le  

an d  its  H u n g arian  t r a i t s  a re  p resen ted  b y  Mihály  K u bin szk y  sum m ariz ing  

th e  resu lts  on th is  su b je c t a t  an  in te rn a tio n a l sy m posium  held  in P rag u e . 

M u tu a l im plica tions o f te ch n ica l and  h is to rica l p rob lem s are  analyzed  b y  

Zoltán Szentkirályi w ith  an  o rig inal ap p ro ach , an d , f in a lly , a new th e o ry  

o f m ass shaping  an d  space in  a rch itec tu re  is e s tab lish ed  b y  Gyula  H a j 
nóczy . In  th is  w ay  th is  vo lum e can  be looked a t  as a re p re se n ta tiv e  ep itom e 

of h is to rica l and  th e o re tic a l research  in a rc h ite c tu re  in  o u r own days.

Redaction o f  the Acta Technica



RAUMGEOMETRIE IN DER TECHNISCHEN PRAXIS

von I. PÁL

Der fünfhundert Anaglyphen erhaltende Band bietet, nach Bereinigung der allgemeinen 
Grundbegriffe, einen Überblick über die raumgeometrischen Probleme der einzelnen Industrie
zweige. Namentlich die Raumprobleme der Maschinenindustrie (technische Zeichnung, 
charakteristische Kurven, Technologie der Spanabhebung), der Bauindustrie (Schalen- und 
Fachwerkkonstruktionen, Statik), der chemischen Industrie (Raumgitter, Kristallsymmet
rien) sowie die auf diesem Gebiet erzielten Ergebnisse sind im Werk eingehend behandelt. 
Abschließend befaßt sich das Buch mit einigen im Grenzgebiet der Geometrie und der Mathe
matik gelegenen Problemen (Koordinatensysteme, Kurven, Flächen) sowie mit der Praxis 
entnommenen Fragen (Flächen zweiter Ordnung in der spanabhebenden Bearbeitung, 
Gewichtskurvenblatt, die empirische Funktion usw.). Die Auswahl der behandelten Probleme 
gestalten das Buch zu einem wichtigen Hilfsmittel der technischen Praxis.

In deutscher Sprache • Etwa 180 Seiten • Ganzleinen

DIMENSIONIERUNGSFRAGEN DER ZAHNRAD
PLANETENGETRIEBE

von Z. TERPLÁN

Das Zahnrad-Planetengetriebe ist eine spezielle Art der Zahnradgetriebe, das in den letzten 
anderthalb Jahrzehnten eine große Entwicklung durchgemacht hat. In diesem Buch werden 
in erster Linie die vom Verfasser oder von seinen Mitarbeitern beantworteten Fragen zusam
mengefaßt. Das Werk ist kurz gefaßt und komprimiert, dem leichteren Verständnis dienen 
zahlreiche Abbildungen und ein umfangreiches Tabellenmaterial. Ein reichhaltiges Literatur
verzeichnis ergänzt das Buch.

In deutscher Sprache • Etwa 270 Seiten • Ganzleinen

AKADÉMIAI KIADÓ

Verlag der Ungarischen Akademie der Wissenschaften 
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THE NITROGEN INDUSTRY I—II

edited by Gy. Honti

This work is both a monograph and an indispensable handbook for those working in the field 
of nitrogen industry and the various branch industries. It includes all the subjects of the 
ndustry; e.g. thermodynamics, technology, energetics, engineering design, construction and 
industrial practice, power and water supply. It treats also the question of most recent results, 
uch as, e.g. the ammonia synthesis based on high-capacity, single stream, hydrocarbon steam
reforming. The historical background and prospects for the future are outlined so that a ful] 
picture of an impetous young branch of industry is provided.

In English • Approx. 1360 pages • Cloth

2nd INTERNATIONAL SYMPOSIUM 
ON INFORMATION THEORY

Tsahkadsor, Armenia, USSR 
September 2 — 8, 1971

edited by B. N. Petrov and F. Csáki

The 2nd International Symposium on Information Theory held in 1971 was organized by 
Soviet scientific organs in cooperation with the International Union of Radio Science (URSI). 
The lectures delivered by eminent scientists and researchers coming from 15 countries comprise 
the recent results of the modern information theory. The main topics were: general methods 
of information theory; coding theory and complexity estimates of encoders and decoders; 
feedback systems; algebraic methods of encoding; source encoding; statistical methods and 
learning systems.

In English • Approx. 350 pages • Cloth

AKADÉMIAI KIADÓ 
Budapest



UNGARISCHE LOKOMOTIVEN UND 
TRIEBWAGEN
von K .  Kopasz, M .  K ub inszky ,  B . M a n n d o r f f  und  B . Varjú

In  d iesem  W erk  w ird  je d e r  D am pf-, D iesel- und  E le k tro -L o k o m o tiv ty p  d e r 

125 J a h re  um fassen d en  G eschichte d e r  un g arisch en  E isen b ah n  au sfü h rlich  

b e h a n d e lt. Bei je d e r  G a ttu n g  w erden  die techn ischen  A ngaben  m it c h a ra k te r 

is tisch en  E in ze lh e iten  des B etriebes e rg ä n z t. Es w erden  die in  U n g arn  h e r

g este llten  L okom otive  ausfüh rlich  b e h a n d e lt u n d  die B esp rechung  m it T y p e n 

sk izzen  und  P h o to g ra p h ie n  e rg än z t, w obei die m eisten  P h o to g rap h ien  S e lten 

h e itsw e rt besitzen . B esonders die B e h an d lu n g  der T riebw agen  von  G anz — 

Je n d ra ss ik  und  d e r e lek trischen  L o k o m o tiv en  des S ystem s K an d ó  is t seh r a u s 

fü h rlich , da  es sich  h ier um  spezielle ungarische  E rru n g en sch a ften  h a n d e lt. 

D as B uch  b e sc h ä ftig t sich auch m it v o m  A u sland  b esch a fften  L ok o m o tiv en  

d e r  U ngarisch en  E isen b ah n en . D as W erk  is t m it b io g raph ischen  A ngaben  

b e rü h m te r  u n g arisch er L o k o m o tiv k o n s tru k te u re , dem  N u m m ern p lan  d er 

MÁY u n d  T y p e n ta b e lle n  e rg än z t.
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A K A D É M IA I K IA D Ó
V erlag  der U n g arisch en  A kadem ie d e r  W issenschaften  
B u d a p e s t



Wedig, W.: Conditions of Stability for a System Random Parametric 
Excitation.

The stability of a parametric excited system, the motions of which can 
be described by a differential equation with stochastic coefficients, is 
investigated by using the Fokkjer — Planck equation. The conditions 
of the mean stability for the equilibrium position are approximately 
derived by applying a perturbation method. In case of stochastic coeffi
cients, the spectral densities of which are distributed upon a broad fre
quency band, the critical spectral densities are giving instability regions, 
the lowest point of which is situated near twice the natural frequency 
of the system. In case of narrow band excitations one has to specify as 
first approximation the root of the critical exxcitation variance as a 
function of the mean excitation frequency.

Acta Techn. Hung. 76 ( 1974) , 1—19

Acta Techn. Hung. 76 (1974), 2 1 -3 8

K ozarov, M. — Ivanov, Ts. P.: Wave Propagation in an Infinite Trans
versely Isotropic Cylinder of Elliptical Cross-Section

The propagation of harmonic waves in a transversely isotropic clyinder 
of elliptical cross-section on the basis of the linear theory of elasticity 
was inevstigated. The result was obtained by Mathieu’s function. The 
condition that the cylindrical surface is stressfree is given in the form of 
an infinite determinant which is equal to zero. From the general result 
it is possible to obtain two special cases: wave propagation in an isotropic 
cylinder of elliptical cross-section and wave propagation in a transversely 
isotropic cylinder of circular section.

Acta Techn. Hung. 76 (1974), 3 9 -5 2

Schatt, W.: Basic Phenomena in Structure Development

The author describes the most important phenomena of the structure 
development of metallic materials in solutions: edging with hydrogen 
development by reduction of an oxydizing agent and with formation 
of a complex. Subsequently the causes for the physical and chemical 
inhomogeneity of the real surface are discussed, which causes the struc
tural components to be attacked selectively by the edging agent, so that 
they can be observed under the microscope.
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Kollár, L.: Continuum Method of Analysis for Double-Layer Space 
Strusses with Upper and Lower Chord Planes of Different Rigidities

A general method has been presented for determining equivalent continua 
of double-layer space trusses with two different, arbitrary chord plane 
meshes. Differential equation system and boundary conditions of the 
equivalent continuum are derived. In addition to the deflection functions 
describing the plate deformation, a stress function is still needed to de
scribe the internal force system of the substituting continuum, similarly 
as for ribbed plates.

Acta Techn. Hung. 76 ( 1974), 53-63

Acta Techn. Hung. 76 (1974), 65—85

Bitó, J. F. — A ntal, K. G.: A Capacitive Discharge Method for Determin
ing Gas Impurities Quantitatively

An original statistical model allowing theoretical determination of the 
critical breakdown field strength is presented. The applicability of the 
method is shown for argon. A good agreement has been found between 
the values of the critical breakdown field strength calculated by means 
of the proposed model and obtained experimentally. The revealed micro
physical relationships lead to a quick quantitative method of gas analysis. 
By showing the possibilities of improving the model underlying theoretical 
considerations the importance of further information available is empha
sized in this way.

Acta Techn. Hung. 76 (1974), 87—91

Buócz, Z. — J anositz, J.: A New Method of the Double-point Insertion 
on the Basis of Distànce measurement.

In this paper a new estimation method is described in order to find, in a 
certain way that deviates from the accustomed, the solution of the problem 
of how to carry out a double-point insertion on the basis of distance is 
defined by two independent informations, the latter being obtained from 
measured and calculated values. The numeric example, already published 
in the literary sources serves to demonstrate the advantages of the new 
nethod.





Ecsedi, I.: An Approximate Method for the Analysis of Flexible Torsion 
of Round Bars of Variable Diameters

An approximate method for the analysis of round bars with variable 
diameter is being reported. The differential equation

Acta Techn. Hung. 76 ( 1974) , 93 — 105

агФ 3 эф э2Ф
Эг2 г Эг Эг2 (а)

defining the stress function of torsion by taking into account the appro
priate boundary conditions, is solved according to the method for the 
partial discretization with respect to z.

Acta Techn. Hung. 76 (1974), 107-128

Mistéth, E.: Dimensioning of Structures for Flood Discharge According to 
the Theory of Probability

The flood discharge capacity of structures is treated depending on the 
geometric proportions, discharge factor and random variables. Also an 
arbitrary probable value of the flood discharge in connection with the 
service life of the structure might be determined with the aid of one of 
the extremal distributions. The purpose of the new method of dimensioning 
is to ensure that the flood discharge capacity should, by a given prob
ability, be higher than the design discharge. The risk incurred may, 
depending on the amount of damages caused by accidental failure, be 
established by only economical considerations.

Acta Techn. Hung. 76 (1974), 129 —152

K ekeszty, P.: Role of the Centre Plate and Side Bearing in the Safe Riding 
of Rail Vehicle

In the construction technique of rail vehicles, the design of the support 
of the vehicle underframe on the bogie by a centre plate has been applied 
for nearly a century. This solution has the advantage of allowing the 
rocking of the vehicle body on its two bogies. However, if this motion 
becomes too intense, and causes oscillation of the body, this will already 
be unfavourable. Astonishingly the RIV and RIC-statutes regulating 
the change of railway cars on international level do not contain any pre
scriptions in this connection; in turn, in the PPV-regulation there are to 
be found some indications in respect to this question which, however, 
can only be considered as a first step in proposing a regulation.





Ha jd ú , L. — Zahoran, J.: Hermetically Sealed Silver—Zinc Batteries 
Operating in the Silver (I )  Oxide (A g.fi) Phase

The paper briefly reviews the characteristics of the hermetically sealed 
miniature silver—zinc storage cells enhancing the problems resulting 
primarily form their hermetic sealing. It deals in detail with the problem 
of gas fromation in sealed silver—zinc cells, and particularly with the 
factors which permit to influence the amount of gas formation. The 
influence of the silver structure on the size of the Ag.O (silver monoxide) 
phase developing during the charging is analysed, then the design and 
experimental work is reviewed which enabled the development of hermet
ically sealed miniature silver —zinc cells working exclusively in the 
AgjO phase. Information is given on the electrical and storing character
istics and the life of such 'cells, finally they are compared to other cells, 
pointing out in what direction further research and development should 
proceed on the base of the very positive results obtained so far.

Acta Techn. Hung. 76 ( 1974), 153-175

Acta Techn Hung. 76 (1974), 177-181

Somogyi, К. —Pödör, В.: A Simple Sample Holder and Cryostat for 
Measuring Thermoelectric Power of Semiconductors in the Temperature 
Range of 80— 400 К

A simple sample holder and cryostat system is described, suitable for 
measuring the temperature dependence of the thermoelectric power of 
semiconductors in the temperature range of 80 — 400 K.

Acta Techn. Hung. 76 (1974), 183 -2 0 6

j Patkó, j7| —ifj. Vajta, M.: Determination of the Thermal Breakdown 
Voltage for D. C. and A. C. Voltages

After the definition of the conceptions “thermal breakdown” and “ther
mal instability” a short survey of the history of the thermal breakdown 
theories isjgiven. After writing up the general instability equations for 
D.C. voltages the expression of the thermal breakdown voltage for a 
specified temperature dependence of the resistivity is derived, then the 
same derivation for A.C. voltage's is performed in a similar way. The 
individual temperature distributions are calculated for both cases, the 
obtained results tabulated by a computer are presented and the effects 
of some parameters on the value of the thermal breakdown voltage are 
investigated.
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B hargava, H- D. — Miss Bhargava, R. R.: An Infinite Elastic Plate 
Under Tension with a Crack and a Circular Inclusion

In this paper, a procedure is presented for computing the stresses and 
displacements which arise in the body named in heading. Functions of 
complex variable are used. As starting-point, differential equations 
occurring in the two-dimensional theory of elasticity are applied. The 
results of a numerical example refer to the cases where the ratio of the 
elasticity constants of inclusion and matrix is 1/3, 1 and 3.

Acta Teckn. Hung. 76 ( 1974), 207 -215

Acta Techn. Hung. 76 .(1974), 217 -  241

P á c z e l t ,  1 . :  Iteration Method Applied to the Solution of Contact Problems 
of Elastic Systems Having Elements in Unilateral Relation

By the modification of the calculation process elaborated ”by У. M. 
Friedmann and V. S. T schernjina, an expanded method is discussed 
which can be applied to contact problems of constructional systems 
having unilateral relation in elements. Adhesion and friction between 
the contacting elements are disregarded. In the same way, as is done in 
the original process, thè new method is reduced to the principle of an 
analysis, to find whether conditions of a contact or of a separation at 
a set of finite points are fulfilled. This process of reasoning leads to 
a system of equalities and inequalities including supplementary equations 
of equilibrium and kinematical conditions (e.g. zero-value) of relative 
displacements between contacting elements, and/or of angular rotations). 
A solution is found by a cyclic iteration applied on the basis of a gradient 
method. Essentially a quadratic functional is minimized for which 
the sign of contact forces must be positive. It is clearly demonstrated 
that this solution is unique. Besides, it represents the limit value of a 
series formed in compliance with the iteration rule.
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J. A. VERŐ 70 JAHRE

E in  besonderes E rlebn is w urde  a llen  jen en  Teil, die am  26. J a n u a r  d . J .  
das B u d a p e s te r  E isen fo rsch u n g sin s titu t b e tra te n . Schon beim  E in g an g  um - 
w äh te  den  E in tre te n d e n  eine u n fa ß b a re  A tm o sp h äre , die m an  n u r  bei sich  zu 
F e ie rlich k e iten  v o rb e re iten d en , g roßen  F am ilien , beim  u n e rw a rte te n  E in tre ffen  
s p ü r t . J e d e r  b e g rü ß te  im  In s t i tu t  au fs h e rz lich ste  Jó zse f V e r ő , den  M enschen, 
das B eispiel, den  F reu n d , den W issen sch aftle r u n d  den am tlich en  Chef.

Jó zse f  V e r ő  w urde b eg rü ß t, das m it dem  K o ssu th -P re is  zw eifach au s
gezeichnete  o. M itg lied  der U ngarisch en  A kadem ie der W issen sch aften , das 
B eispiel seiner zahllosen Schüler, d en n  seine a lltäg liche T ä tig k e it u n d  sein 
ganzer L eb en slau f bew eist, daß  von  B eg ab u n g  beg le ite te r F le iß  u n d  le id en 
schaftlich e  L iebe zum  F ach g eb ie t n ic h t n u r  offizielle A n erk en n u n g , sondern  
au ch  ausgeglichene Z ufriedenhe it m it sich  b ringen  können . D ies zeigen alle 
E reign isse  der vergangenen  70 J a h re . J e tz t ,  da an läß lich  des freudenvo llen  
F e ie rtag es  alle B ek a n n te n  zu w eite ren  E rfo lg en  das B este  w ünschen , w ollen 
w ir einige w esentliche S ta tio n en  jen es  L ebenslaufes ü b erb lick en , d u rch  die 
der G efeierte  zu einem  der h e rv o rra g e n d s ten  P e rso n a litä ten  des u ngarischen  
w issenschaftlichen  Lebens w urde.

P ro f. V e r ő  k am  in  Sopron, im  J a h re  1904 a u f  die W elt. Sein V a te r  w ar 
F a c h a rb e ite r  in  einem  kleingew erb lichen  B e trie b . E r  abso lv ie rte  die E lem en ta r-  
u n d  die M itte lschu le  ebenfalls in  S opron , wo er auch  sein A b itu r  m it A uszeich
n u n g  b e s ta n d . D an ach  w urde er an  d e r d am a ls  in  seiner H e im a ts ta d t  seßhaf-
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te n  H ochschule  fü r B erg -, H ü tte n - u n d  F o rstw esen  im m a tr ik u lie r t. Im  E isen- 
h ü tte n -F a c h  s tu d ie r te  er so erfolgreich, d aß  er 1926 als Beweis der A n e rk en 
n u n g  seiner P ro fessoren  n ic h t n u r sein »vorzüglich« q ua lifiz ie rtes D iplom  e r
h ie lt , sondern  zur Z e it des Ü berre ichens des D iplom es schon A ssisten t am  
L e h rs tu h l fü r E ise n h ü tte n k u n d e  w ar. N ach  k u rze r, e in jäh rig e r A rbeit s tu d ie r te  
er a ls S tip en d ia t an  d e r T echnischen H ochschu le  B erlin  M etallographie  u n d  
M ate ria lp rü fu n g . N a c h  seiner H eim kehr erh ie lt er von  der S oproner H ochschu le  
d en  L eh rau ftrag , »M etallographie« u n d  »Technologie d er M etalle« zu  lesen . 
W ä h re n d  seiner H o ch sch u l- bzw. U n iv e rs itä ts -T ä tig k e it w urde  er 1934 zum  
O b erass is ten ten , 1940 zum  D ozen ten , 1943 zum  a. o. P ro fessor u n d  end lich  
1947 zum  o. P ro fesso r e rn a n n t.

D ie L e h r tä tig k e it u n d  die pädagog ische  A rb e it h a t  P ro f. V erő nie u n te r 
b ro c h e n , bis er im  J a h r e  1968 seine bis d ah in  schon lä n g s t n ach  M iskolc ü b e r 
s ied e lte , zur T echn ischen  U n iv e rs itä t u m g e s ta lte te , e rs te  A rbeitsste lle  verließ . 
S e it 1928 u n te rr ic h te te  er G enera tionen  der z u k ü n ftig en  H ü tten in g en ieu re . O b
w oh l ihn  die R eg ie ru n g  als Pädagogen  m ehrm als ausze ich n e te , b e d e u te t seine 
g rö ß te  A nerkennung  eher die T a tsach e , daß  seine S chü ler n ich t n u r  den  
W issenschaftle r in  ih m  eh ren , sondern  ih n  liebevoll um geben , als einen ä lte re n  
F a c h m a n n , den sie au c h  Ja h re  n ach  dem  E rw erb en  ih re  D iplom e, m it a llen  
ih re n  P roblem en g e tro s t  au fsuchen  kö n n en . Im m er f in d e t er Zeit fü r seine 
S ch ü le r und  M ita rb e ite r , um  m it ihnen , iin m itte n  seiner ä u ß e rs t großen I n a n 
sp ru ch n ah m e, b e s te h e n d e  Schw ierigkeiten  zu  besp rech en , u n d  ihnen  zu helfen , 
die Schw ierigkeiten  zu  überw inden . V ielleich t e inz igartig  is t seine E ig en sch aft, 
d a ß  seine im m er o b je k tiv e  K ritik  den ih n  A ufsuchenden  n ich t v e rs tim m t, 
so n d e rn  e rm u tig t. J e d e r  fü h lt in  seiner zum  A u sd ru ck  g eb rach ten  M einung  die 
H ilfsb e re itsch a ft u n d  die uneigennü tz ige  U n te rs tü tz u n g .

E ine w eitere A n erk en n u n g  seiner L e h r tä tig k e it  is t die E hre , m it d e r ih n  
n ic h t  n u r  die L e h rk rä f te  der H ü tte n m ä n n isc h e n  F a k u l tä t ,  sondern  alle L e h r
k rä f te  der ganzen M iskolcer T echnischen  U n iv e rs itä t fü r  S chw erindustrie , au ch  
h e u te  noch, nach  J a h r e n  seines A bschiedes um geben .

W ährend  se in e r ganzen  L e h rtä tig k e it b e fa ß te  sich  P ro f. Verő  am  lie b 
s te n  m it M eta llograph ie  u n d  m it M ate ria lp rü fu n g , obw ohl er m itu n te r  au ch  ü b e r 
a n d e re  F ach g eb ie te  v o rlas . Zur Zeit seiner e rs ten  A ssis ten ten jah re  w a r die 
M etallograph ie  n u r  ein  H aufw erk  phenom enolog isch  b eo b a c h te te r  K e n n tn isse . 
D iese K enn tn isse  e rw e ite rte  er n ich t d u rch  eigene M eß- u n d  F o rsch u n g se r
gebnisse , sondern  e r su ch te  von  A nfang  an  au ch  die e rfah ru n g sm äß ig en  T a t 
sach en  m ite in an d er zu  v e rb in d en  u n d  die n a tu rw issen sch a ftlich en  U rsach en  zu  
f in d e n . In  unserem  L an d e  w ar er der B eg rü n d er je n e r  M eta llkunde, die m it ih re n  
g u t fu n d ie rten  G ese tzen  u n d  Z usam m enhängen  ein n a tü rlic h e s  Z ubehör un seres  
s ich  a u f  M etalle u n d  a u f  L egierungen bezüg lichen  W eltb ild es  ist.

In  seiner p äd ag o g isch en  T ä tig k e it b e to n te  er n ic h t n u r , sondern  v e rw irk 
lic h te  auch seinen S ta n d p u n k t, n ach  dem  ein h o ch steh en d er U n iv e rs itä ts 
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u n te rr ic h t n ich t o h n e  zeitgem äße, w issenschaftliche  F o rschung  b e s te h e n  
k a n n . D eshalb  a rb e ite te  er im m er au ch  an  F o rsch u n g sau fg ab en . Es is t  seh r 
schw er, aus d ieser A rb e it etw as h e rau szu h eb en , d enn  alle  E rgebnisse  s ind  eng  in  
den n a tu rw issen sch aftlich en  B eg rü n d u n g sv o rg an g  d er M etallographie  e in g e
la g e rt. P ro f. V erő a rb e ite te  zah lre ich e  Züge d er Z u s tan d ssch au b ild e r d e r 
te rn ä re n  C u—N i— S n-, der Cu—P b  — Sn-, d er C u—P  — Sn- u n d  der C u—M n — 
Sn-L eg ierungsre ihen  aus, fo rsch te  ab e r auch  hei L eg ierungen  m it k o m p li
z ie rte s ten  P h asen v e rh ä ltn issen  des Cu — S n-S ystem es n a c h  E inze lhe iten  d e r 
G leichgew ich tsbed ingungen .

Im  In te resse  des besseren V erstän d n isses  d er P h asen v e rh ä ltn isse  d e r 
m eh rk o m p o n en tig en  L eg ierungssystem e u n te rsu c h te  er die K ris ta llisa tio n s 
bed ingungen  der S chm elzen , und  d e u te te  sie th e o re tisc h . E r  wies die a u f  d ie  
K ris ta llisa tio n  zu rü ck zu fü h ren d en  U rsachen  der W arm risse  und  der S eige
ru n g en  nach . E r e rk a n n te  n ich t n u r , sondern  bewies au c h  die k o rn v erfe in e rn d e  
W irk u n g  der in  die Schm elze e in g efü h rten  k ü n stlich en  K eim e, und  s te llte  die 
S ta b ili tä t  dieser K eim e fest.

E r  e rk an n te , w elche große R o lle  jen e  U m w an d lu n g en  bei der B e s tim 
m ung  der E ig en sch a ften  der M etalle u n d  d er L eg ie rungen  spielen, die in  d en  
M etallen  w ährend  des V erarbe itens , infolge der T em p e ra tu rän d e ru n g e n  v o r 
sich gehen. E r  fü h r te  q u a n tita tiv e  U n te rsu ch u n g en  ü b e r  die T em p era tu r- u n d  
ze itliche A b h än g ig k e it d ieser V orgänge d u rch , u m  sie als In g en ieu r, den te c h n o 
log ischen  U m stän d en  en tsp rech en d  in  der H a n d  h a lte n , u n d  nach  M öglichkeit 
au ch  beein flußen  zu  k ö n n en . Eng zum  W esen dieser A rb e it geh ö rt der U m sta n d , 
daß  im  S tah l — in  d iesem  in g rö ß te r  M enge h e rg e s te llte n  K o n s tru k tio n s 
m a te r ia l — die w ä h re n d  des A bküh lens v o r sich g eh en d en  U m w and lungen  die 
m echan ischen  E ig en sch aften  festlegcn . Zum  K en n en le rn en  dieser V erhältn isse  
w urden  von  ihm  jen e  F o rschungen  in  die W ege g e le ite t, als deren E rgebn isse  
er fe s ts te llte , in  w elche V erteilung u n d  M enge die v e rsch iedenen  P h asen  im  
S tah l en ts teh en . E r  fo rsch te  die A u sb ild u n g  der p r im ä re n  u n d  sek u n d ä ren  
G efügebestand teile  in  A bhäng igkeit v o n  der W an d d ick e  u n d  von der W ä r
m ebeh an d lu n g , im  In te re sse  der Q u a litä tsv e rb e sse ru n g  der gegossenen M a te 
ria lien . D ie M eßergebnisse w urden  v o n  ih m  n a tu rw issen sch a ftlich  g e d e u te t.

P ro f. Verő s te llte  fe s t, wie der K o h len sto ffg eh a lt des un leg ie rten  S tah les  
w äh ren d  der W ärm eb eh an d lu n g  in  A b h än g ig k e it von  d e r T e m p e ra tu r  u n d  v o n  
der G lü h d au er a b n im m t. U m  die Q u a li tä t  der S ch n e lla rb e itss täh le  verb essern  
zu kö n n en , e rfo rsch te  er die V erfe inerung  der eu te k tisc h e n  K arb id e  w äh ren d  
des Schm iedens.

Obige F o rsch u n g en  w aren se in e rze it bei W eitem  n ic h t m it solchen m o 
dernen  M itte ln  v e rseh en , wie dies h e u tz u ta g e  ziem lich  se lb s tv e rs tän d lich  is t. 
M eistens en tw ickelte  er deshalb  die M eth o d en , m it denen  er d an n  die gew ünsch
te n  V ersuche d u rc h fü h re n  konn te . So en tw ick e lte  er eine ganze R eihe m eta l-  
jO graphischer V e rfah ren , u n te r  A n d eren  zu r q u a n ti ta t iv e n  G efügeanalyse
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u n d  eine  T echn ik  der M essung der K o rn g rö ß e . E r  b rach te  ein  V erfah ren  zum  
N ach w eis  der R e su lta te  d e r in  gegossenen  G efügen m it D iffu sion  v o r sich 
g eh en d en  H om ogen isierungsvorgänge z u s ta n d e . Als E rs te r  im  L an d e  v e r
w e n d e te  er das e lek tro ly tisch e  P o lie ren  bei m eta llo g rap h isch en  U n te rsu c h u n 
gen , u n d  b ra c h te  dieses V erfah ren  d er in d u s tr ie lle n  A nw endung  n ä h e r . E rfo lg 
re ich e  F o rschungen  fü h r te  er auch  im  Z u sam m en h an g  m it d er Q u a lifiz ie ru n g  der 
E in sch lü sse  bei S täh len  d u rch . E in  d ila to m e trisch es  V erfah ren  w u rd e  von  ihm  
zum  F e s ts te lle n  der S o lid u s te m p e ra tu r  d e r Z u stan d ssch au b ild e r e n tw ick e lt; usw .

E s  k o n n te  n u r  e in  A uszug je n e r  w issenschaftlichen  u n d  tech n isch en  
F o rsch u n g s- bzw . E n tw ic k lu n g sa rb e it an g e d e u te t w erden , d er sich P ro f. 
V erő im m er m it so g ro ß er L iebe w id m ete , u n d  m it der er au ch  A n d eren  L u st zur 
w issenschaftlichen  A rb e it m ach te . L e tz te re s  e rre ich te  er n ic h t n u r  d u rch  diese 
E rfo lg e , die seinen w issenschaftlichen  V erö ffen tlichungen  einheim ische  u n d  
in te rn a tio n a le  A n erk en n u n g  sich e rten , so n d e rn  auch  d u rch  seine A nschauung , 
m it d e r  seine N achfo lger die n a tu rw issen sch a ftlich en  E rg eb n isse , im  D ienste  
u n se re r  In d u s tr ie , ü b e r die L a b o ra to rie n  h in au sg eh en d , au ch  bei g ro ß in d u strie l-  
len  V orgängen  in  im m er b re ite rem  K re ise  verw erten .

U nvergäng licher D ien st P ro f. V eros is t  das Z u s ta n d e b rin g e n  einer e in 
h e im isch en  m eta llo g rap h isch en  bzw . m e ta llk u n d lich en  S chu le , n ic h t  n u r  d u rch  
se ine  U n iv e rs itä tsv o rlesu n g en , so n d e rn  au ch  dadurch , d aß  b is je tz t  a ch t 
B ü c h e r von  ihm  ersch ienen  sind . In  d iesen  B ändern  is t die jew eilige E n t 
w ick lu n g  der M eta llk u n d e  k la r  zu v erfo lg en , denn  er gab in  ih n en  im m er die 
Z usam m enfassung  d e r m o d ern s ten  E rgebn isse .

Ü b er seine w issenschaftliche  T ä tig k e it  b e rich te te  er b is j e tz t  — au ß e r 
in  se in en  a ch t B üchern  — , in  m ehr als 140, in  einheim ischen u n d  in te rn a tio n a le n  
Z e itsc h rif te n  ersch ienenen  M itte ilu n g en . E r  h ielt an läß lich  v e rsch iedener 
K o n fe ren zen  E u ro p as zah lreiche V o rträ g e . O bw ohl seine B ü c h e r g rö ß ten te ils  
a ls L e h rm a te ria l h erausgegeben  w o rd en  sind , können  sie n ic h t  n u r  in  der 
B ib lio th e k  der S tu d e n te n  der H ü tte n m ä n n isc h e n  F a k u ltä t  au fg e fu n d en  w erden , 
so n d e rn  auch  bei je d e m  p ra k tiz ie ren d e n  H ü tte n in g e n ie u r u n d  bei jed em  an d e 
re n  F ach m an n , der irgendw ie  e tw as m it d er Technologie d e r m eta llischen  
W erk sto ffe  zu tu n  h a t .  D ies m ach te  se inen  N am en a llgem ein  b e k a n n t, u n d  
b ra c h te  ihm  die au frich tig e  A n e rk en n u n g  bei. In  seinen B ü c h e rn  d e u te t u n d  
b e to n t  er k la r das W esen  der in n e ren  Z u sam m enhänge , u n d  das is t fü r uns d er 
b e s te  L e itfad en  im  L a b y r in th  der K e n n tn is se  u n d  der T echno log ien  der M etalle.

P ro f  Jó zse f V erő w urde v o n  d e r  U ngarischen  A kadem ie  der W issen
sc h a fte n  im  J a h re  1948 zum  k o rre sp o n d ie ren d en , im  J a h re  1949 zum  o rd e n t
lich en  M itglied g ew äh lt. Bei der A k ad em ie  nahm  u n d  n im m t er bis h eu te  die 
v e rsch ied en sten  P o s te n  ein, u n d  is t  d e r  angesehenste  u n d  geb ild e teste  S ach
v e rs tä n d ig e  der sich  m it den M etallen  u n d  den  T echnologien  befassenden  A us
sch ü sse .

J .  Prohászka
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5. Általános metallográfia (Allgemeine Metallkunde) Bd. I. und II. Akadémiai Kiadó, Budapest
1955, 1956.

6. Az ipari vasötvözetek metallográfiája (Metallkunde der industriellen Eisenlegierungen) Bd.
I. und II. Akadémiai Kiadó, Budapest 1960, 1964.

7. A vasötvözetek fémtana (Metallkunde der Eisenlegierungen) Műszaki Kiadó, Budapest 1966
und 1971 (zwei Auflagen). (Gemeinsam mit M. K á l d o r ).

8. Fémtan (Metallkunde). Tankönyvkiadó, Budapest 1969, 1970 und 1973 (drei Auflagen).
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T he d ea th  of A n d o r MÁNDI is a g re a t loss for th e  science of h e a v y -c u rren t 
e lec tric  engineering a n d , p a rtic u la rly , fo r th e  field o f e lec tric  m achines. H e w as 
one of th e  m ost o u ts ta n d in g  re p re se n ta tiv e s  of th e  “ second g en era tio n ”  follow 
ing  th e  B lá th y , D é r i , an d  Zip e r n o w s k y  tr io , dealing  successfully  w ith  b o th  
th e  th e o ry  and  p ra c tic e  of th e  e lec tric  m ach in e ry  a rea . H is engineering con
s tru c tio n s , th e o re tic a l ex p lan a tio n s, ingenious p rob lem  solvings, all c h a ra c 
te riz e  th is  excellen t engineering  sc ien tis t. A nd he e x h ib ite d  sim ilarly  v a lu ab le  
h u m a n  fea tu res . H is associates, fr ien d s , an d  ad m ire rs  loved  him  as a ju s t  
m an .

A ndor MÁNDI w as born  in B u d a p e s t, on th e  23rd  o f  S ep tem ber, 1891. 
H e has g ra d u a te d  fro m  th e  T ech n ica l U n iv e rs ity  of B e rlin -C h arlo tten b u rg , 
a n d  w on his d ip lo m a o f m echanical engineering  in  1914.

In  th e  F irs t W o rld  W ar he jo in e d  th e  a rm y , an d  as a w ounded  S erb ian  
P O W  w as released  o n ly  in  1916. H e  w as h o n o rab ly  d isch arg ed  in  1918 as 
a f ir s t  lie u te n a n t o f th e  signal corps.

In  1919, d u rin g  th e  Councils’ R ep u b lic , he w as te le g ra p h  official of th e  
D is tr ic t H e a d q u a rte rs , th e n  m an ag er o f  a coder shop.

H e w as w ork ing  as a designer in  th e  M anfred  W eiss Co., Csepel, in  1920, 
b u t  in  1921 he jo in ed  th e  G anz E lec tric  E ng in eerin g  en te rp rise  w here he s tay ed  
u n til  1959.

F irs t, he w as assigned  to  th e  tran sm iss io n  d e p a r tm e n t, th e n  to  th e  
m ach in e  design an d  ca lcu la tio n  sec tio n  w hich  he was lead in g  from  1933 on, 
a t  th e  beg inning  as sen io r engineer a n d  su b seq u en tly  as d irec to r. S im u lta 
n eously , from  1950 on, h e  w as a pro fessor of th e  B u d ap est T ech n ica l U n iv e rs ity , 
an d  w as lec tu rin g  on “ Large-size e lec tric  m ach ines” .

Ac я designer, k e  h a s  dealt w ith  th e  ca lcu la tion  a n d  co n stru c tio n  o f all 
th e  e lec tric  m ach in e ry  ty p e s ; he w as a n  in n o v a to r in  ev e ry  fie ld . W hile w ith  
th e  G anz W orks, he  h a s  d irected  th e  p ro d u c tio n  an d  dev e lo p m en t of new  
m ach in e  fam ilies, such  as th e  m ed ium  o u tp u t  in d u c tio n  m o to rs , or th e  dis- 
tr ib u te d -p o la r - ro to r- ty p e  synchronous g en era to rs  an d  th e  synch ron ized  a sy n 
ch ro n o u s m o to rs dev e lo p ed  from  th e  ab o v e  in d u c tio n  m o to rs . H e was th e  f irs t
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one to  derive  from  th e  c o m m u ta tio n  co n d itio n s of DC m ach in es  th e  p ro p o r
t io n a l i ty  o f o u tp u t to  ro to r  d iam ete r. H e has e lab o ra ted  th e  d im ensioning 
sp ec ifica tio n s  of s in g le -a rm atu re  co n v erte rs , on w hich basis th e  1000 — 1500-kW  
s tre e t-c a rs  have been th e n  p roduced . Som e of th em  are s till in  opera tion .

H e  has solved in d e p e n d e n tly  a n u m b e r o f th eo re tica l p rob lem s w ith o u t 
a n y  s ta r t in g  p o in t av a ilab le  e ith e r hom e or ab ro ad . T hus, fo r exam ple , he h as  
co m p o sed  and  pub lished  a s tu d y  u n d e r th e  t i t le  “ A sym m etries and  overtones 
in  e lec tr ic  m ach inery”  w here  he suggested  en tire ly  new  specifica tions fo r th e  
co iling  tech n iq u e  to  be  u sed  w ith  c e r ta in  m achine ty p es . I n  1930 he has 
s tu d ie d  th e  Scherbius p u m p  m otors an d , b y  in tro d u c in g  a special connection , 
h e  co u ld  elim inate th e  o sc illa tion  o f th e se  m achines.

I n  1940 he has m od ified  th e  old D a h lan d e r connec tion  o f insu ffic ien t 
u t i l iz a t io n  possib ility , a n d  suggested  a new  1 : 2 pole change-over. This so lu
t io n  w as described in  th e  H u n g a ria n  an d  foreign  period icals in  d e ta il, ju s t  like 
in  th e  vo lum es b y  N ü r n ber g  and  Seq u en z , w ell-know n all o v e r th e  w orld , who 
em p h asized  th e  a d v a n ta g e  o f th e  new  so lu tio n  in its m ak in g  possib le a m uch  
b e t te r  u tiliza tio n . In  th e  P reface  of h is vo lum e, N ürnberg  m ade a special 
m e n tio n  on A ndor Má n d i .

I n  1929 Mándi jo in e d  th e  effo rts to  develop ra ilw ay  e lec trifica tio n . T he 
G an z  W orks en tru s ted  to  O tto  B láthy  th e  superv ision  o f th e  p h ase  co n v e rte r 
c a lc u la tio n s , and to  A n d o r Má n d i t h a t  o f th e  m ain  d riv in g  m o to r. K á lm án  
K a ndó  accepted  th e  suggestions su b m itte d  b y  Má n d i, an d  th e  m otors h av e  
b e e n  p ro d u ced  w ith  th e se  m od ifica tions. S ubsequen t eng ines em ployed  th e  
s in g le -d riv e  techn ique . T h e  tw o  ex p e rim en ta l engines h ad  sq u irre l cage ro to rs , 
w h e re  s ta r tin g  th e  m o to r w ith  a low' freq u en cy  rep resen ted  a d ifficu lt p rob lem . 
T h is , how ever, was recogn ized  and  successfully  overcom e b y  Má n d i, as early  
as in  th e  design stage .

A fte r th e  Second W orld  W ar th e  engines of th e  H u n g a ria n  R ailw ays 
h a v e  b een  p roduced  w ith  a freq u en cy  co n v e rte r  o f no se p a ra te  d riv ing  m o to r 
b u t  d ire c tly  connected  to  slip -ring  m o to rs  and  phase  co n v e rte r , accord ing  
to  M án d i’s p a te n t.

E v e r  since 1930 A n d o r Má n d i w as th e  p u p il an d  closest a ssoc ia te  o f  
O tto  B láthy in  th e  ca lcu la tio n  an d  co n stru c tio n  o f sy n ch ro n o u s m ach in es , 
p a r t ic u la r ly  tu rb o g e n e ra to rs . In  1938, a f te r  B láthy’s d e a th , th e  need  o f 
in c rea s in g  th e  lim it o u tp u t  ach iev ed  b y  h igh  o p e ra tio n a l sa fe ty  tu rb o ro to rs  
o f  th e  paralle l slo t ty p e , and  th e  necessity  of th e ir  b e t te r  u tiliz a tio n , h av e  
em erg ed . T he so lu tion  suggested  b y  M Á n p *5 th a t  2S. tliB  o r o c c . о oil lO tO f. ill“ 
c rea sed  th e  o u tp u t l im it  to  50 MW  m ain ta in in g , a t th e  sam e tim e , all th e  
a d v a n ta g e s  of th e  p a ra lle l slot ro to r  o f  B láthy , an d  e n h an ced  m ach ine u t i l i 
z a tio n  b y  25 to  40 p e r  cen t. G anz W orks still p ro d u ce  tu rb o g e n e ra to rs  up  
to  50 M W . The cross-coil sy stem  w as described  in  th e  p e rio d ica l Elektrotechnika, 
a n d  th e  H u n g arian  E le c tro te ch n ica l A ssociation  aw ard ed  th is  p u b lica tio n
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w ith  th e  “ Z ip ern o w sk y  A n n iv e rsa ry  P rize” . T he Engineers Digest pu b lish ed  
an  artic le  on M án d i’s tu rb o sy s te m  in 1947.

Ma n d i h a s  le ft th e  G anz W orks in  1959, an d  s ta r te d  w orking  fo r th e  
U n ited  E lec tr ic  M ach inery , dea lin g  m ain ly  w ith  th e  o v e rh ea t o f  large-size  
closed m o to rs, in  w hich  c o n te x t he  has e lab o ra ted  a com plete ly  new  m easu re 
m en t m ethod . T h e  new  m e th o d  was h ig h ly  ap p re c ia ted  as it  has ex ten d ed  
th e  ind irec t (id ling  and  sh o rt)  te ch n iq u e  u su a lly  a d o p ted  for synch ronous 
m achines also to  in d u c tio n  m o to rs , b y  u sing  red u ced  vo ltage  m easu rem en t 
in s tead  of sh o rtin g . T h ereby , th e  m easu rem en t o f w arm ing  up  could  be p e r 
fo rm ed  w ith  m o to rs  o f a c a p a c ity  m u ltip le  o f th a t  o f th e  te s t  room  a n d , a t  
th e  sam e tim e , th e  a d d itio n a l losses could  be de te rm in ed  w ith  a h igh  
accuracy .

Mandi h a s , fu rth e rm o re , com posed s tud ies fo r th e  R esearch  I n s t i tu te  
of A u to m a tio n , H u n g a ria n  A cad em y  of Sciences, on th e  a u to d y n e  d im en sio n 
ing problem s.

H is te x tb o o k  “ Large-size E lec tric  M achines” , p rep a red  to  su p p lem en t 
h is techn ica l u n iv e rs ity  le c tu re s , h a d  tw o  ed itions, an d  its  ch a p te r  on o v e r
h e a t w as a d o p te d  b y  Jó zse f L iska  fo r h is vo lu m e “ E lec tric  M ach inery” .

In  1969, u p o n  th e  com m ission of th e  S ta te  Office for T echn ical D eve lop 
m e n t, MÁNDI w ro te  a com prehensive  s tu d y  u n d e r th e  t i t le  “ P ossib ilities 
p rov ided  fo r b y  h e a t- re s is ta n t in su la to rs  in  th e  p ro d u c tio n  of e lec tric  
m ach ines” .

H e w!as m em b er for life o f  th e  H e a v y  C u rren t E lec tric  C om m ittee  o f 
th e  H u n g a rian  A cad em y  of Sciences, an d  w as ac tiv e  in  th e  B u d ap est T echn ica l 
U n iv e rsity  even  a f te r  he w as pensioned , p a r tic ip a tin g  m ain ly  in in v es tig a tio n s  
on o v erh ea t p ro b lem s.

T he o u ts ta n d in g  a c tiv ity  a n d  th e  re su lts  o f h is long life h av e  been  
aw arded  by  th e  E m b lem  o f E x c e lle n t W o rk e r, S ta c h a n o v is t, 5 th  Class o f  
th e  O rder o f  th e  H u n g a rian  P eo p le ’s R ep u b lic , 2 n d  Class of th e  K o ssu th  
P rize , and  th e  O rd e r of th e  R ed  B an n e r of W ork .

On th e  occasion  of his 8 0 th  b ir th d a y  th e  D e p a r tm e n t of E lec tric  M achines 
of th e  B u d ap est T ech n ica l U n iv e rs ity , th e  G anz W orks an d  th e  U n ited  E lec tric  
M achinery , h is frien d s , associa tes, p u p ils , e tc . o rgan ized  a h e a r ty  ce leb ra tion . 
T he H u n g a rian  E lec tro tech n ica l A ssociation  elec ted  h im  h o n o ra ry  p re s 
id en t.

D uring  th e  an n iv e rsa ry  ce leb ra tio n  he  s till a t t e m p t e d  to  conceal w ith  
good sp irit, s tro n g  w ill, an d  h is o ld  sense o f  h u m o u r th e  sym p to m s of to rm e n t
ing  pain s  caused  b y  th e  fa ta l d isease , a lth o u g h  he m u s t h av e  fe lt th e  ap p ro a c h 
ing end .

W e all h a v e  escorted  h im  on  his la s t  t r ip  to  th e  F a rk a s ré t C em etery  
on th e  2 8 th  A u g u s t. A t his g rave  th e  re p re se n ta tiv e s  o f  th e  H u n g a rian  E le c tro 
tech n ica l A sso c ia tion , th e  U n ited  E lec tric  M ach inery , th e  G anz W orks, and
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th e  T ech n ica l U n iv e rs ity  D e p a rtm e n t o f  E lec tric  M achines h id  a 
A n d o r MÁNDI, w ith  th e  firm  in te n tio n  o f n ev er fo rg e ttin g  his 
c a ree r, c rea tive  a c tiv ity , an d  ex cep tio n a l h u m a n  ch a rac te r.

K .

farew ell to  
ex em p la ry

P. Kovács

Scientific publications by Andor Mándi

1. Pole Conversion, 1 : 2 (modified Dahlander connection) — Elektrotechnika, 1940, No 4
2. New Development in the Structure of Turbogenerators — Elektrotechnika, 1946, No 1 — 5
3. Urgent Problems of Electric Railway Traction — Elektrotechnika, 1947, No 1
4. Aluminium Application in Electric Machinery, Transformers and Appliances (co-author:

M. Go h ér) — M TI Aluminium Yearbook, 1948
5. Asymmetries and Overtones in Electric Machines — M TI 1952 — 53 Lecture Series, No

2080
6. Overheat and Cooling of Synchronous Machines (in J. L is k a : Electric Machines, Yol III,

Chapter XXV, 1955)
7. Asymmetries and Overtones in Electric Machines — Hung. Acad. Sei., Dept. Eng. Sei.,

23, 1959, No 3 - 4
8. In Commemoration of Ottó Bláthy — Hung. Acad. Sei., Dept. Eng. Sei., 28, 1961, No

1 — 4
9. In Memory of Ottó Titus Bláthy — Acta Techn. Hung., 34, (in English), 1961 No 1 — 2

10. A New Method for Testing Induction Motors — Elektrotechnika, 1961, No 1 — 2
11. Measuring the Overheat of Induction Motors with an Indirect Method — VK Bulletins,

Dec. 1962, No 2
12. Special Measurements in Electric Machines — VK Anniversary Yearbook: The 50 Years

of the Electrice Machinery and Cable Works in the Development of the Hungarian 
Electric Industry, 1913 —1963

13. Measurement of the Additional Losses of Induction Motors — EVIG Bulletins, 1964,
No 1

14. Lamination Build-up for up-to-date Motors — Elektrotechnika, 1965, No 2 — 3, and EVIG
Bulletins, 1965, No 2

15. Crane Motor Speed Control by Braking Mechanism — Elektrotechnika, 1963, No 11 —12
16. Theoretical Problems of Autodyne Dimensioning — Hung. Acad. Sei., Res. Inst. Aut.,

1965, No 7
17. Development of the Four-pole Autodyne Family — Hung. Acad. Sei., Res. Inst. Aut.,

1965, No 9
18. Overheat and Cooling of Synchronous Machines, 1966 (2nd ed. of Chapter XXY under

(6); J. L is k a : Electric Machines, Vol III)
19. Large-size Electric Machines (Manuscript, Tankönyvkiadó, Budapest 1968; 2nd revised

ed. of author’s textbook for the Budapest Technical University, 148 pp.; 1st ed. in 
1951)

20. Possibilities Provided for by Heat Resistant Insulators in the Production of Electric
Machines — Elektrotechnika 1969, No 2 — 3 (part of a study by the State Office of 
Technical Development on a similar subject)

21. Pole Conversion, 1 : 2 — EuM  1941 (in English)
22. New Development in the Design of High-speed Turbogenerators — Engineers Digest

1947, 1 (in English)
23. Wicklung für Polumschaltung 1 : 2, nach Má n d i — N ü r n b e r g : Die Asynchronmaschine,

Springer Verlag, 1952, 316 — 3 1 0  (in German)
24. Schaltung von Ganz und Co, nach Andor Má n d i -S e q u e n z : Die W ick lungen  e le k tri

scher Maschinen, III, 48 — 49, Springer Verlag 1954 (in German)
25. Liquid-cooled Rotor for Electric Machines — CIGRÉ 1956 (page 3, para. 5)
26. Ein Vorschlag zur Bestimmung des Wirkungsgrades und der Erwärmung von Induk

tionsmotoren — EuM  1962 August (in German)
27. Contribution to the Paper by Dr. M. Se id n e r : “Water-cooled Turbogenerator Rotors”

— Elektrotechnika 1955, No 4
28. “Dr. Mihály Se id n e r ”  — Elektrotechnika 1968, No 12
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Patents by A. Mándi

1. Pole Conversion, 1 : 2 (modified Dahlander connection) — Hungarian Standard No
123828, 3 Febr. 1939

2. Cross-coiled Turbogenerator — H.S. 131868, 27 Dec 1941
3. Electric Engine with Mechanically Switched Phase and Frequency Converter — H.S.

142132, March 1946 (descriptions in the 1947 issues of the periodicals Elektrotechnika, 
Magyar Technika, and Nehézipar)

4. Electric Machine with a Coil of p : 2p : 3p Convertible Pole Number (improvement of
the patent under (1), 27 Sept 1954)

5. Liquid-cooled Rotor for Electric Machines, 20 Nov. 1954 (a new arrangement for the
improvement of the heat transfer, as applied in the phase converter; introduced at 
the 1956 CIGRÉ session: Essais d’amélioration du refroidissement des turbo-alter- 
nateurs)

M. Gohér — K. P. Kovács
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CRITICAL SUMMARY OF THE DESIGN METHODS 
OF FORM-INDEPENDENT THIN TRIPLET SYSTEMS*

P. KALLÓ**

[Manuscript received January 18, 1974]

T h e c rea tio n  o f th e  v e ry  f irs t ob jec tiv es , as a re su lt  o f  d e lib e ra te  ca l
c u la tio n s , shou ld  be a t t r ib u te d  to  Jó z se f  P etzvál an d  H a ro ld  D enis T a y lo r , 
in  th e  la te  19 th  c e n tu ry . P etzvál designed  his ob jec tive  so m ew h at earlier, 
w hereas th e  co n stru c tio n  b y  T aylor  h a d  a b e tte r  concep t, a n d  w as m u ch  m ore 
su ita b le  fo r g en era liza tion . T aylor  p a te n te d  his tr ip le t  a b o u t 80 years ago, 
an d  th is  co n stru c tio n  has been re p e a te d ly  su b jec t to  an a ly s is  ever since, b e 
cause  o f  its  s im p lic ity  a n d  diverse  a d a p ta b ilitie s . H ow ever, th e  t r ip le t  th e o ry  
c a n n o t be considered  as se ttle d  as y e t, p a r tic u la r ly  i f  s tr ic te r  re q u ire m e n ts  are  se t 
to  th e  in itia l phase  o f design th a n  was so fa r, ju s t  like th e  d e fin itio n  a n d  so lu tion  
o f  th e  prob lem s re la te d  to  th e  fo rm -in d ep en d en t th in  sy s tem  o f th e  tr ip le t .

As a s ta r tin g  p o in t, th e  spec ifica tion  or a ssu m p tio n  o f  on ly  th e  d a ta  
co n cern in g  th e  w hole o f th e  t r ip le t’s th in  system  (focal le n g th , o v e ra ll len g th , 
re la tiv e  ap e rtu re , im age d istance) is considered  as perm issib le . O u r aim  is to  
d e te rm in e  th e  values of m in im um  o b jec tiv e  len g th  an d  th e  m ax im u m  focal 
le n g th  o f th e  com ponen ts for w hich a new  m eth o d , en tire ly  d iffe ren t from  th e  
s ta r t in g  m ethods a n d  p rocedures fo u n d  in  th e  l ite ra tu re  t h a t  we w ere in  a 
p o s itio n  to  review , w ill be described . T h e  s im p lic ity  an d  h ig h  speed  o f th e  new  
m e th o d , as well as its  c a p a b ility  to  rev ea l all th e  re la tions o f  th e  w hole p rob lem  
w ill be  illu s tra tre d  b y  a n u m erica l exam ple .

T he new  m eth o d  to  be described  is o f conceptional im p o rta n c e , its  v a lid 
i ty  goes fa r  b eyond  th e  tr ip le ts , as i t  is su itab le  for th e  e x p lo ra tio n  o f th e  
p o ssib ilities  h idden  in  tr ip le t  m od ifica tions as well (T essar, H e lia r  e tc .), an d  
i t  has a co n stru c tio n  w hereby , on th e  basis of th e  p rom ising  resu lts  o f th e  
p re lim in a ry  research , i t  appears to  be a d a p ta b le  for gen era liza tio n  in  te s tin g  
o p tic a l system s en tire ly  d iffe ren t from  th e  tr ip le ts , too . F in a lly , in  ou r opinion 
an  ind isp en sab le  p reco n d itio n  of th e  fu lly  au to m a tic  design o f  c e r ta in  o p tica l 
sy s tem  ty p es  is th e  ap p lica tio n  of a new  a lg o rith m  like th e  one described  above, 
o r s im ila r  th e re to .

*) Preliminary Report.
**) P. Kalló, Кару. u. 266, 1025 Budapest, Hungary.
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EXAMINATION OF THE STRUCTURE OF FUNCTIONAL 
RELATIONS AMONG PHYSICAL QUANTITIES AND  

SOME APPLICATION THEREOF IN DISCHARGE
PHYSICS
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Theorem 71, the basis of the dimension theory, and starting from the same, the 
structure of functional relations among physical quantities, are being analyzed. The 
practical application of the theorem n is demonstrated on a classical mechanical example 
and its field of application is later extended to discharge physics. The dimension theory 
which is methodically simple hut at the same time suitable for the deduction of useful 
conclusions may be advantegeously applied in discharge physics. The analysis of the 
function systems, requiring great mathematical apparatus and solvable only by the 
application of approximative methods, further the analysis of the working hypotheses 
is facilitated and accelerated by the application of theorem n.

1. In tro d u c tio n

T h e  physica l ru les de te rm in ed  in  a th e o re tic a l or ex p e rim en ta l w ay , m a y  
b e  ch a rac te rized  b y  th e  in te rac tio n s  a n d  connections, c h a ra c te r is tic  o f th e  
sing le  processes. T he v a lu e  of th e  in v e s tig a te d  physica l q u a n titie s  dep en d s on 
th e  chosen  and  app lied  u n it  sy stem , h u t  th e  exam ined  ru le  is, of course, n o t 
in flu en ced  th e reb y . C onsequen tly , th e  p h y s ica l rules being  in d ep en d en t o f th e  
chosen  co -o rd in a te  sy stem  h av e  a spec ia l s tru c tu re . T h a t fa c t  p e rm its  th e  ex 
p lo ra tio n  of th e  general in te rac tio n s  am o n g  th e  p a ra m e te rs , or g roup  of p a ra m 
e te rs  re flec tin g  th a t  ru le  [1].

2. The s tru c tu re  o f fu n c tiona l co n n ec tio n s am ong physical q u an tities

A q u a n tity  o, th e  d im ension of w h ich  is given, m ay  be p ro d u ced  as th e  
fu n c tio n  of p a ram e te rs  av  a 2, a 3, . . . , a n, th is  also h av in g  a d im ension , b u t  
be ing  in d ep en d en t of each  o ther:

« =  /  K >  a 2> «з> • • • * an) C1)

* Dr. J. F. B i t ó , Korompai u. 22/a, 1124 Budapest, Hungary 
** K. G. A n t a l , Vécsey ltp. 4. ép. fsz. 3, 1204 Budapest, Hungary
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T he in d ep en d en ce  of p a ram e te rs  av  o 2, a 3, . . . , an m eans, in a g iven  
case, p hysica l in d ep en d en ce  an d  n o t t h a t  o f th e  m easu rin g  u n its ;  som e o f th e m  
m a y  s ta n d  in  th e  g iv en  process as a c o n s ta n t (e. g. in  c ircum stances o n  th e  
E a r th ,  th e  value o f th e  g ra v ita tio n  in  ce rta in  physica l m odels).

E s tab lish in g  th e  s tru c tu re  o f th e  fu n c tio n  (1), we p resuppose  t h a t  th e  
sam e is c h a ra c te ris tic  o f a physica l ru le , i.e ., i t  is in d e p e n d e n t of th e  ap p lied  
u n it  system .

L e t us reg a rd  th e  case w hen am ong th e  p a ra m e te rs

а 1 9  ® 2 ’  a 3 r  •  •  * 9 ^ k  + 1 ’  *  •  •  9 Q ' n  ( ^ )

h a v in g  dim ension, th e  f ir s t  к p a ra m e te rs  (fe < / n) are  in d e p e n d e n t in  d im ension  
of each  o ther.

In  th e  analysis  o f  th e  s tru c tu re  o f fu n c tio n a l connections th e  su b s id ia ry  
th e o re m  m ay  be ap p lied  th a t  th e  d im ension  o f w h a te v e r physica l q u a n t i ty  
m a y  be u n am b ig o u sly  given b y  th e  m o nom ia l pow er fu n c tio n  of th e  b asic  
d im ensions of th e  chosen  g round  sy s tem  o f u n its . In  th e  sy stem  CGS, e.g., a n y  
d im ension  D  can  be  g iven  b y  th e  follow ing pow er fu n c tio n :

D =  L l M m T l (3)

w here L dim ension o f len g th ,
M  dim ension o f m ass,
T dim ension o f t im e , 
l, m, t ex p o n en ts .

B y  th e  a p p lic a tio n  of th is  su b s id ia ry  th eo rem  it  becom es ev id en t t h a t  
d im ensions of le n g th , ve lo c ity  an d  energy , L , L /T  an d  M L 2/T 2 are in d e p e n d e n t 
o f  each  o th er, in  c o n tra d ic tio n  to  th is , th e  dim ensions o f len g th , v e lo c ity  a n d  
en erg y , L , L /T ,  resp . L /T 2, do n o t  fo rm  an  in d ep en d en t system . A m ong th e  
m ech an ica l q u a n tit ie s , in  general, th e re  a re  to  be fo u n d  n o t m ore th a n  th re e  
d im ensions in d e p e n d e n t of each o th e r.

T he d im ensions o f th e  above m en tio n ed  к  p a ra m e te rs , being  m em b ers  o f  
th e  p a ra m e te r  series (2) m ay  be re p re se n te d  in  th e  u su a l w ay :

K ]  =  ^ 19  [a 2 ] =  ^ 2’ [а з] =  ^ 3 ’ • • • ’ [a /i] =  (4 )

In  th is  case, in  accordance  w ith  th e  p rev ious s ta te m e n ts , th e  d im en sio n  
o f  each  p a ra m e te r  a t, fo r th e  in d ex  i o f w h ich  th e  one e q u a lity

к  < / i < / n (5)

is v a lid , m ay  be p ro d u c e d  as a pow er fu n c tio n  of th e  d im ension  of p a ra m e te rs  
p e r ta in in g  to  n u m b e r  k, w ith  an  in d e p e n d e n t d im ension . A ccord ingly , th e
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d im ension  of q u a n ti ty  a m ay  be p ro d u c e d  w ith  th e  a id  o f th e  pow er fu n c tio n , 
co n ta in in g  th e  basic  dim ensions:

K + i ]  =  ^  Л ?  A § - . . .  A £*

K ]  =  A '  A f  A f  . . .  A ?  (6)

[a] =  A ?1 A?* A™' . . .  A?*
w here

Pi, q„ m, [ l < , i < k ]
a re  th e  exponen ts.

L e t us change th e  m easu ring  u n i t  o f th e  f irs t, d im en sio n a lly  in d e p e n d e n t 
к  p a ra m e te rs  in  th e  (2) p a ra m e te r  series w ith  th e  fac to rs  ocv  tx2, ■ ■ ■ , x k, re 
sp ec tiv e ly . In  th a t  case th e  n u m erica l v a lu e  o f a, ak+l . . . an m a y  be exp ressed  
in  th e  new  m easu ring  system  as fo llow s:

a\ =  a ia i?
CI 2  —  0 6 2 ^ 2 ?

ak =  Xk ak i a'n =  « I 1 Xt  ■ ■ ■ xk an ■

a,,A+l

=  ОС?' « Г - Г/тк* * a /c

=  < a f ’ . . r/Pk' *

a ,

A' +  l  » ( 7 )

T he ju s tif ic a tio n  of th e  p ro d u c t m a y  be p roved  b y  th e  follow ing su b sid 
ia ry  th eo rem :

у  =  g(x1, . . . , x n) is a q u a n t i ty ,  h av in g  a ce rta in  d im ension . L e t us 
ch an g e  th e  m easu ring  u n it  o f p a ra m e te rs  % , . . . ,  xn w ith  th e  fac to rs  a 2, . . . , 
a n, resp ec tiv e ly . I t  m ay  be s ta te d  t h a t  fo r th e  q u o tien t o f th e  so a t ta in e d  y '  
a n d  o f th e  q u a n ti ty  у  experessed in  th e  o rig in a l system  of u n its , th e  follow ing 
re la tio n  is va lid :

У

У
7  -  <P К ’ a 2’ • ,« „ )  =  « Г ( 8 )

T he su b sid ia ry  th eo rem  is p ro v e d  in  a m ore sim p le  case, w hen  у  
m ean s such  a geom etric  q u a n tity , w h ich  is only  th e  fu n c tio n  of d is tan ces  aq, 
. . . , x n. T he va lu e  of th e  sam e fu n c tio n  y ,  expressed  in  a n o th e r  a rg u m e n t sy s
te m , m a y  be given b y  y ' . B o th  th e  у  a n d  th e  y '  depend  on th e  m easu ring  u n it  
o f p a ra m e te rs , b u t  accord ing  to  th e  p rev io u s  com m ents, th e  p h y sica l c o n te n ts  
o f q u a n ti ty  are n o t in fluenced  b y  th e  tw o  d ifferen t p a ra m e te r  sy stem s. B y  
ch an g in g  th e  va lu e  of th e  d istances fo r  x x, th e  follow ing re la tio n  is v a lid :

У_    g { x n  x2i ■ ■ •_> xn)   ё(х1 xl ’ x2 ^11  ■ ■ • 1 xn x \)
У g(xl’ x2’ • • • 1 xn) ëixl xli X2 xl’ • • • 1 xn xl)

( 9)
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i.e ., t h e y 7 j 'i s c o n s ta n t ' 11<lc p e iid e n t of th e  chosen  x v  On th e  basis  of re la tio n  (9) 

g(x i x i , * 2 a 2’ • • •>x n ai) g (x [x 1,a&x1, . . . , x ’n <x1)

t h a t  is to  say
g(*a» x 2, . . . ,  x n)

y ( x  i) =  y ' ( x i)

j ( ! )  Г (!)

g(x  1» x2l ■ ■ ■ •> x n)

y ( x i )

( 10)

( 11)

th e  q u o tie n t of th e  ex am in ed  q u an titie s  depends on the  q u o tie n t of th e  app lied  
m easu rin g  u n its  o f len g th .

F u rth e rm o re , th e  se ttin g  u p  of fu n c tio n  y  m ay  be ta k e n  in to  ac c o u n t, 
in  w hich  case th e  e x te n t  o f th e  d is tan ce  is changed  b y  th e  fa c to r  a 2. In  th is  
case, according to  re la tio n  (1 1 )

y ( x  i) , . y { x 2) , .
- =  <P(X i) — 7—  =  Ч > Ы  

j ( l )  J ( l )

is v a lid , from  w hich  follow s th a t

Ф  l)

if

=  <P

X i  —  X-t CL0 4  Xn  —  X n cl1 1* 2 ’  л 2 —  Л/2 ^ 2 ’  • • • •> K ft (X,2

tra n sfo rm a tio n  is c a rr ie d  o u t, on th e  basis o f fo rm ula  (1 1 ) i t  is clear th a t

уЫ  _ yixilxi) 
j ( « 2) j ( i )  U 2)

D eriving e q u a tio n  (13) according to  x v  an d  using

a , =  x n =  a
we o b ta in  th e  fo llow ing:

1 d(p dcp(x)

. dx  ) x=95(a) d x  X

B y  th e  in teg ra tio n  o f eq u a tio n  (17) we o b ta in  th e  re la tio n

<p =  C a m

As in  th e  case o f a  =  1 9 ?  =  1 an d  acco rd ing ly  C =  1, so

( 12 )

(13)

(14)

(15)

(16)

(17)

(18)

(p =  CL ( 19)
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I t  can  easily  be  un d ersto o d  t h a t  in  such a m an n e r we g e t th e  re la tio n  
we looked  for also in  a m ore general case b y  th e  th e  tra n s fo rm a tio n  w ith  
oca, x 2, . . x n, in  th e  follow ing form  :

(p =  X™1 x2 * . . . x™n (20)

O u r su b sid ia ry  th eo rem  is proved  th e re b y , p ro duc tion  (7) is co rrec t.
A ccord ingly , th e  o rig inal fu n c tio n  g iven in  eq u a tio n  (1) ta k e s , in  th e  

n e u  system  of u n its  (7), th e  follow ing fo rm :

x ^  . . .  < *  a =  x x ^  . . .  < * / ( « ! ,  « 2, 

=  /(ос-,«!, • • • , x k ak, x[' ociа . . . a£A ak+1, . . . x qï * Ÿ  • • •** a n)
(21)

w h ich  is ev id en tly  hom ogenous re fe rr in g  to  tra n sfo rm a tio n  fac to rs  a , ,  x 2, 
. . . , x n w hich a re  o therw ise  op tional. T h e ir  a rb itra ry  se lec tion  allow s th e  ap p li
c a tio n  of th e  follow ing tra n s fo rm a tio n  fac to rs :

« 1  =  —  , « 2  =  —  , x k =  —  , (22)
a1 a 2 ak

so each  of th e  f irs t  k, a rg u m en tu m  of fu n c tio n  (1) m igh t be  rep laced  b y  a fix ed  
c o n s ta n t, e.g., b y  1.

In  th is  new  sy stem  th e  n u m erica l v a lu es  of p a ra m e te rs  a, ofc+1, . . . , an 
a re  d e te rm in ed  b y  th e  follow ing fo rm u la s :

П  =
i f '  a T ‘ ;ГПк

l k

П  ! = *A+1

i f 1 a f 2. r.Pkl k
(23)

n „
an

aV a4i2 • • aЯк
к

w h ere  a , a x, a 2, . . . , an a re  th e  n u m erica l va lu es  of th e  ex am in ed  p a ra m e te rs , 
ta k e n  in  th e  o rig inal m easu rin g  sy s tem . I t  is easily u n d e rs ta n d a b le  th a t  th e  
n u m e ric a l va lues П ,  I J V . . . , П п_ к a re  in d ep en d en t o f th e  sy stem  of u n it  
ap p lied  a t  th e  s ta r tin g  p o in t, i.e ., th e y  a re  m em bers of zero o rd e r — co m p ared  
to  d im ensions A v  A 2, . . . , A k. A cco rd ing ly , th e  q u a n titie s  П , П 15 . . . , П п_ к 
a re  considered  as being  w ith o u t d im ension . B y  th e  ap p lica tio n  o f th e  tra n s fo rm 
ed sy s tem  of u n its , fu n c tio n  (1) m ay b e  tra n sc r ib e d  to  th e  fo llow ing fo rm :

П  = / ( 1 , 1 , . . . ,  1 ,7 7 , •> П п~к). (24)
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T h ereb y  we h a v e  a rr iv ed  a t  th e  so-called  th eo rem  /7 , accord ing  to  w hich  
th e  re la tio n  ex isting  b e tw een  q u a n titie s  a , a v  a 2, . . . , an a n d  possessing d i
m ension  n  -f- 1, m a y  be  rep laced  in d e p e n d e n tly  o f th e  chosen  system  of m eas
u rin g  u n its  b y  th e  re la tio n  am ong n  -j- l  k  q u a n t i ty  w ith o u t d im ension , 
w here  77, 77j, . . . , 77„_ft re su lt from  th e  co m b in a tio n  o f th e  q u a n tity , disposing 
of d im ension  n  +  1.

In  th a t  case, if  o u t o f th e  f ir s t  к  a rg u m en ts  o f fu n c tio n  (I) one is 0 or 
in fin itiv e  an d  th e  fu n c tio n  is a t  th o se  va lu es  n o n -co n tin u o u s , th e  tra n s fo rm a 
tio n  fo r 1 can n o t b e  c a rr ie d  o u t. In  such  cases th e  n u m b e r of argum en ts m a y  
even  exceed n —k.

T h e less th e  n u m b e r  of p a ra m e te rs , d e te rm in in g  th e  q u a n tity  u n d e r  
ex am in a tio n , th e  m o re  re s tr ic te d  th e  fu n c tio n a l re la tio n , a n d  accordingly , m ore  
sim ple is th e  analysis to o . I f  th e  n u m b e r o f th e  basic  d im ensions of th e  basic  
u n it  sy stem  is th e  sam e  as th a t  o f th e  p a ra m e te rs  w ith  in d e p e n d e n t d im ension  
d e te rm in in g  th e  p h y s ic a l process, i.e .,

th e n  th e  fu n c tio n a l re la tio n  m ay  be  d e te rm in ed  u p  to  a c o n s ta n t fac to r, on 
th e  basis  o f th e  th e o ry  o f m easure. C onsequen tly , in  th e  case of n =  k, i t  is 
im possib le  to  se t u p  a co m b in a tio n  w ith o u t a d im ension  b e tw een  p a ra m e te rs  
ox, a 2, . . . , an, i .e ., on  th e  basis of eq u a tio n  (23)

re la tio n  is va lid , w h ere  П  is, in  t h a t  case, a c o n s ta n t w ith o u t a d im ension a n d  
th e  ex p onen ts m v  m 2, . . . , m n m ay  be  o b ta in ed  on th e  basis of th e  e x p o n en ts  
of th e  basic  d im ensions, c h a ra c te ris tic  o f q u a n ti ty  a, b y  th e  so lu tion  o f an  
a lg eb ra ic  eq u a tio n  sy stem .

S um m ariz ing  w h a t has been  reg is te red  so fa r : each  connection  am ong  
p h y s ica l q u a n titie s , h av in g  a d im ension , m ay  be exp ressed  b y  a co n n ec tio n  
am ong  p a ra m e te rs  w ith o u t d im ension , fo rm ed  o f th e  co m bina tion  of th o se  
q u a n titie s .

W ith  th e  an a ly sis  o f th e  ph y sica l process i t  is su ita b le  to  exam ine f i r s t  
th e  basic  p a ra m e te rs  de te rm in in g  t h a t  w hich  is e ssen tia lly  im p o rta n t fo r  
th e  ex am in a tio n  q u a n titie s , i.e ., th e  m odels fo rm ed  on th e  basis of p r im a ry  
co n sid e ra tio n . T h e  p ro p e r  choice o f th e  m odel, be ing  th e  f ir s t  cond ition  fo r  
th e  r ig h t so lu tion  of th e  w hole ta sk , is o ften  d ifficu lt. In  m a n y  cases th e  n eces
s ity  o f an  a lte ra tio n  o f th e  basis or e v e n tu a lly  o f th e  s ta r t in g  hypo theses b e 
com es ev iden t on ly  a f te r  th e  so lu tio n  o f th e  f irs t  ta s k  [1].

n =  к (25)

(26)

3. Indications of application
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T he system  to  be exam ined  m a y  be described b y  th e  c h a ra c te r iz a tio n  
o f each  physica l process on ly  re s tr ic te d  to  th e  phen o m en a , in te re s ts  u s; b y  
p a ra m e te rs  hav ing  a fin ite  n u m b e r of dim ensions an d  b y  p a ra m e te rs  w ith o u t 
d im ension . In  accordance w ith  th e  prev ious s ta te m e n ts  all p a ra m e te rs  w ith  
d im ension  m u s t be ta k e n  in to  acco u n t, in d ep en d en tly  o f th e ir  being  c o n s ta n ts  
o r v a riab les  in  a given process. B y  such  an  a d a p ta tio n  o f th e  th e o ry  of m easu re  
less d a ta  are  needed  th a n  b y  th e  re p re se n ta tio n  of th e  fu n c tio n a l re la tio n  describ- 
lin g  th e  exam ined  process, b u t  th e  above p resen ted  m e th o d  is m ore  re
s tr ic te d  an d  does n o t give an y  in fo rm a tio n  regard ing  th e  concre te  form  o f th e  
fu n c tio n s.

F o r th e  selection  of th e  p a ra m e te rs  de term ing  th e  ph y sica l process, tw o 
possib ilities are  a t  h an d :

a)  In  th a t  case i f  th e  ta sk  is m a th em a tica lly  d e te rm in ed , all chang ing  
a n d  c o n s ta n t p a ram e te rs , w ith  a n d  w ith o u t d im ension in  th e  eq u a tio n s  and  
in  th e  s ta r tin g  an d  b o u n d a ry  co n d itions as well, m u st be  ta k e n  as d e te rm in in g  
p a ra m e te rs .

b) In  th e  o th e r case, in  lack  o f m a th em a tica l re la tio n s, th e  assem bly  
o f th e  dete rm in in g  p a ra m e te rs  m u s t be  chosen on th e  basis o f th e  h y p o th esis  
reg a rd in g  th e  phenom ena.

T he ap p lica tio n  of th eo rem  П  helps, on th e  one h a n d , in  th e  c h a ra c te r 
iz a tio n  of a q u a n tity  occurring  in  an  eq u a tio n , w ith o u t th e  so lu tio n  of th e  sam e, 
on th e  o th e r, i t  helps in  con tro lling  o u r supposition  reg a rd in g  a ce rta in  p h ysica l 
process. In  th e  follow ing, som e m echan ica l an d  d ischarge-physical exam ples are  
p re sen ted  fo r th e  d em o n stra tio n  o f th e  ad v an tag es re su ltin g  from  th e  ap p lica 
tio n  of th is  m ethod .

4. A mechanical example

T heorem  77 has so fa r  been  ap p lied  only  for a deeper analy sis  of th e  p h e 
n om ena , occurring  in  m echan ica l sy stem s an d  flow ing m ed ia  [1].

In  th e  following, th e  ap p licab ility  is d em o n stra ted  on a classical m ech an 
ica l exam ple, on th e  m a th e m a tic a l equ ilib rium  (case “ a” ).

L e t us consider a m a th e m a tic a l equilib rium  o f p en d icu lu m  le n g th  l, 
a n d  o f m ass m, fo r w hich th e  follow ing equations of m o tio n  m ay  be g iven , in  
th e  case o f p lane  m o v em en t:

d2 q> 
dt2

■ sin  (f .

m №  
dt ,

N mg cos (p

(27)
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w ith  th e  following s ta r t in g  considera tions:

dw
t =  0; <p =  <p0 ; —  =  0 (28)

where çp angle of deflection, 
t time,
N  force effecting the direction of the pendulum,
(p0 angle of deflection at the moment t =  0, 
g acceleration of gravitation-

In  th e  follow ing, th e  eq u a tio n s are n o t ap p lied , in  th e  know ledge of th e  
sam e , how ever, th e  p a ra m e te rs  d e te rm in in g  th e  m o v em en t o f  th e  p endu lum  
m a y  b e  given as fo llow s:

t, /, g, m, (p0 (29)

T h e  p a ram e te rs  m a y  be de te rm in ed , how ever, also w ith o u t eq u a tio n
(27) or prem ises (28), b y  th e  ap p lica tio n  of p r im a ry  concep tions. Theorem  M 
m ay  be  app lied  now  fo r th e  d e te rm in a tio n  o f th e  d u ra tio n  o f oscillations.

P a ram e te rs  (29) u n am b ig u o u sly  de te rm in e  th e  m o v em en t o f th e  pendu lum  
a n d  also  th e  angle of d e flec tio n  w hich is ch a rac te rized  b y  th e  follow ing fu n c tio n :

<P =  / ( « ,  ?>u, h  g ,  m )  (30)

w here  f  is a fu n c tio n  w ith o u t d im ension.
B y  th e  a p p lica tio n  o f  system  CGS we ta k e  th e  d e flec tio n  of th e  angle as 

b e ing  w ith o u t d im ension . As in an im plic ite  p re se n ta tio n  (30) th e re  are four 
p a ra m e te rs  w ith  d im en sio n s, owing to  th e  th re e  basic  d im ensions of system  
CGS, one com bina tion , w ith o u t d im ension m a y  be p ro d u ced . W e p resen t, e.g., 
a co m b in a tio n  of tim e  p a ra m e te rs  w ith o u t d im ension  in  acco rdance  w ith  th e  
p rev io u s com m ents, in  th e  follow ing form :

n = - ------*--------  (31)
lm! m m- gm‘

w here  th e  d im ensions o f  th e  d e te rm in ing  p a ra m e te rs  are:

[<] =  T; [l ] =  L;  [m] =  M ; [g] =  L T ~ 2 (32)

A pply ing  ex p ressio n  (31) fo r th e  d im ensions we o b ta in  re la tion

T  =  ZÆ ( L T ~ 2)m‘ (33)

T h e  ex p onen ts m ay  be  in te rp re te d  b y  eq u a tio n s

m , -f- m 3 =  0,
m 2 =  0, (34)

2m 3 =  1,
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w ith  th e  so lu tion  o f w h ich , by  su b s titu tio n  in  eq u a tio n  (31), we get re la tio n

П  = (35)

The req u ired  fu n c tio n  m ay be expressed  in  acco rdance  w ith  th e  prev ious 
com m ents b y  p a ra m e te rs  w ith o u t d im ension  in  th e  fo rm :

< P = f 9V (36)

D efin ing th e  p e rio d  of th a t  tim e  d u rin g  w hich  th e  p endu lum  re tu rn s  
from  d ev ia tion  <p0 to  its  position  c h a ra c te r iz e d  b y  d e v ia tio n  <p0 on th e  sam e 
side, we get b y  s u b s titu tio n  func tion  =  ij>0

4° = /|<?v T If - j  ■

T herefrom  it follows th a t  re la tion

т = У — V W  \ 8

(37)

(38)

charac terizes, in genera l cases, th e  perio d  looked for. R e s tr ic tin g  ourselves to  
sm all d ev ia tions an d  ta k in g  in to  acco u n t th e  fa c t th a t  fu n c tio n  (p(<pn) is even, 
m ak in g  an ex tension  w ith  it in th e  am b ien cy  o f <p 0 — 0, we o b ta in :

<f —  a o  ~b  a l  <Po 4 "  a 2<P o  +  • • • ( 3 9 )

a n d  ta k in g  in to  a cco u n t on ly  th e  m em b er o f zero o rd e r of th e  ex tension , we 
get th e  w ell-know n re la tio n :

T  = (40)

T he c o n s ta n t a„ m ay  be  d e te rm in ed  e x p e rim en ta lly  or on th e  basis of o th e r 
assu m p tio n s, its  v a lu e  is equal to  2л .

T hus we ge t th e  p e rio d  up  to  th e  ex ac tn ess  o f one c o n s ta n t b y  th e  ap p li
ca tio n  of th eo rem  П  w ith o u t th e  so lu tio n  o f  th e  d iffe ren tia l eq u a tio n s, w ith  
th e  a id  of e lem en ta ry  calcu lations.

5. Applications in discharge physics 

a) Plasma frequency

T he p lasm a freq u eu cy  plays a v e ry  im p o r ta n t role in  th e  in v es tig a tio n  
o f th e  d ifferen t o sc illa tio n  p henom ena an d  in  th e  d iagnostic  tech n iq u es in
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d isch a rg e  physics [2]. F o r  th e  d e te rm in a tio n  of th e  sam e up  to  one co n stan t 
— also  w ith o u t th e  so lu tio n  o f th e  P o isson  e q u a tio n  th eo rem  П  is su itab le  
(case “ b ” ). On th e  basis  o f p r im a ry  consid era tio n s i t  m ay  be assum ed  th a t  th e  
p la sm a  frequency  m ay  be p ro d u ced  as a fu n c tio n  of charge e, o f m ass m  and  
c o n c e n tra tio n  n:

w u = / ( e> m -> n )  • (41)

M ak ing  o u r calcu la tions in  th e  CGS sy s tem , th e  dim ensions o f p a ra m e te rs  are ;

[co0] =  T " 1; [e] =  L 3'2 M 1,2T _1; [m] =  M ; [n] =  L ~ 3 (42)

I n  o u r case th e  n u m b e r of p a ra m e te rs  is th e  sam e as t h a t  o f th e  basic  
d im en sio n s. C orresponding  to  th e  p rev io u s fac ts , re la tio n

co„ (43)aem' m nu n m‘ 

is to  b e  de te rm in ed , from  w hich  follows

T - 1 =  (L3/2M 1'2T - 1)miM m’ ( L ~ 3)m‘ (44)

F ro m  th e  above fo rm u la  th e  fo llow ing  eq u a tio n s are  g iven fo r th e  e x p o n en ts :

3/2 m 1 — 3m 3 =  0
1/2 m 1 -(- =  0

— m l =  — 1

b y  so lu tio n  of w hich  we o b ta in  re la tio n

(45)

(On (46)

w h ich  gives th e  w ell-know n p la sm a-freq u en cy  fo rm ula  u p  to  th e  ex ac tn ess  of 
one c o n s ta n t fac to r.

b ) Electron mobility

T heorem  П  m ay , how ever, be  app lied  also in  m ore co m p lica ted  cases 
co rresp o n d in g ly , i t  m ak es a v e ry  th o ro u g h  analysis possible.

L e t us consider th e  case w hen  th e  charge  carrie rs  of th e  p lasm a  of th e  
d isch arg e  space c a n n o t be c h a ra c te riz e d  b y  th e  M axw ell-B o ltzm ann  d is tr i
b u tio n  o f ve locity  [3, 4 ]. Such is th e  s itu a tio n , e.g., in  th e  ca th o d e  spaces o f  th e  
d isch arg es, w here th e  d is tr ib u tio n  of th e  ve lo c ity  is p e r tu rb a te d  b y  th e  local
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elec tric  field  s tre n g th  to  such  an  e x te n t th a t  th e  d e te rm in a tio n  and  c h a ra c te r 
iza tio n  of th e  sam e w ould  be possible on ly  b y  th e  so lu tio n  of a com p lica ted  
in teg ro -d iffe ren tia l e q u a tio n  system . O ne of th e  m o st im p o r ta n t m icroscopic 
p a ra m e te rs  of th o se  special p lasm as is th e  m o b ility , w h ich  a t  th e  sam e tim e  
form s a tra n s itio n  b e tw een  th e  m icro- an d  m a c ro p a ram e te rs . T h a t p a ra m e te r  
co n ta in s , n am ely , on th e  one h an d , th e  m ic ro p a ram ete rs , on th e  o th e r h a n d  i t  
is in  connection  w ith  th e  co n stru c tio n , caused  b y  th e  d r if t  m ovem ents of th e  
p lasm a, o therw ise n e u tra l  in  th e  s ta te  w ith o u t p e r tu rb a tio n . T he la t te r  m a y  
be m easu red  in d ire c tly  an d  i t  is a w e ll-d e te rm in a ted  fu n c tio n  of th e  p e r tu rb a 
tio n  field  s tre n g th . T he analysis of th e  s tru c tu re  of t h a t  fu n c tio n  m ay  fu rn ish  
u sefu l in fo rm atio n s fo r ex p erim en ta l purposes.

O ur p u rpose  is th e  p re se n ta tio n  o f th e  p o ssib ility  o f such  an a d a p ta t io n  
o f th eo rem  П , since th e  necessity  of s im ila r analysis o ften  em erges in  d ischarge  
physics. The ad v a n ta g e s  of th e  ap p lica tio n  of th eo rem  П  ap p e a r ex p lic itly  b y  
th e  ex tension  an d  s im p lifica tion  of th e se  analysis. B y its  ap p lica tio n , a possib il
i ty  is given fo r th e  com parison  b y  ex p erim en ts  and  co rrec tio n  of th e  th e o re ti
ca lly  designed m odels.

T he m o b ility  is d e te rm in ed  by  re la tio n :

b =  u/e (47)

w here b  m ob ility
и  d rift v e lo c ity  
E  electric  fie ld  s tre n g th .

On th e  basis  of p rim a ry  considera tions (case “ b ” ) i t  m a y  be assum ed  th a t  
th e  m ob ility  depends on charge e, m ass m,  an d  collision freq u en cy  v of e lec trons, 
a n d  accord ingly  th e  re la tio n

b =  /( e ,  m, v) (48)

m ay  be  given. S im ilarly , ta k in g  th e  sy stem  CGS as basis , b y  th e  a p p lica tio n  
o f th eo rem  I I  we o b ta in  fo r th e  m o b ility  re la tio n :

b --- a —— — . (49)
m  v

F o r a m ore th o ro u g h  analysis of th e  sam e th e  collision frequency  shou ld  
be  exam ined , w hich  m a y  be ch a rac te rized  b y  q u o tien t

(50)

w here X  m ean free p a th  o f th e  electrons 
v  average \e lo c ity  o f electrons.
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In  th e  case of carry ing  on  th e  analysis th e  dependence of th e  average  velo c ity  
in  c e r ta in  cases up o n  c e r ta in  p a ra m e te rs  m u s t be ex am in ed . H ow ever, fo r 
t h a t  p u rp o se  th e  sim ple considera tions are  n o t enough an y  longer. In  th e  fo l
low ing , th e  previously  se t ob jec tiv e  m a y  be reach ed  in  a m a th e m a tic a lly  exp res
sed  case b y  th e  ap p lic a tio n  of s ta tis tic a l m e th o d s a n d  th eo rem  П  (case “ a” ).

T h e  case being ex am in ed  is, w hen th e  e lectrons, to  be ch a rac te rized  b y  an  
a rb i t r a ry  d is trib u tio n  fu n c tio n  o f v e lo c ity , are  m oving in  a w eak electric  
f ie ld . In  describing th e  p h enom enon  we s ta r t  from  th e  B o ltz m a n n -V la so v  
e q u a tio n :

dt Э r  m e dv
(51)

where f e distribution function of electrons,
V velocity of electrons, random velocity,
r coordinates,
me mass of the electron,
F  external forces,
S collision integral.

In  general cases, th e  ex te rn a l force m ay  be given in  th e  follow ing fo rm :

F  = e E  -(-
1

C
V X H (52)

I n  o u r case, how ever, th e  in fluence  of an  e x te rn a l m ag n etic  fie ld  is n o t ex p eri
enced .

T he d is tr ib u tio n  fu n c tio n  is so u g h t fo r on th e  basis o f th e  L o ren tz  ex 
te n s io n , m aking  use o f its  f irs t m em b er on ly  in  th e  follow ing fo rm :

/ »  =  / o W  +  1 A W
V

(53)

where /„ symmetric part of the distribution function f e
/ j  asymmetric part of distribution function f e perturbated by a field, 
u drift velocity.

S u b s titu tin g  th e  d iv ision , given b y  eq u a tio n  (53) in to  eq u a tio n  (51) 
a n d  app ly ing  th e  D a v id o v  ex tension  o f  th e  collision in te g ra l [5], we o b ta in  
th e  fu n c tio n  system :

eE

3v2 m„

in  th e  case, if

dt

1
d f

v* kT g  0f 0
c2 dv [ Àe m g dv

eE d f0 —  — f .
77lg dv X J

=  0; E  — const
3 г

+
v*m

' - f o
(54)

( 5 5 )
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are  va lid . The signs of th e  coup led  eq u a tio n  sy stem  (54) a re  as follows:

к B o ltzm an n  c o n s ta n t 
T„ gas te m p e ra tu re  
Xe m ean  free p a th  of th e  elec trons 
m a m ass of th e  gas a tom s.

T he d rift v e lo c ity  and , th ro u g h  it ,  th e  c u rre n t c a rr ie d  b y  th e  elec trons 
m a y  be given b y  th e  so lu tio n  o f fu n c tio n  system  (54). I n  t h a t  case re la tio n

m a y  be o b ta in ed  on th e  basis o f e q u a tio n s  (54) b y  th e  ap p lic a tio n  of th e  re la 
tiv e ly  com plica ted  ap p ro x im a tio n  m eth o d s , know n so fa r . F o r  th e  sake o f m ore 
ex ac t expression, also th e  form  o f f x m u s t be d e te rm in ed  b y  th e  ap p lica tio n  of 
eq u a tio n s  (54).

In  th e  follow ing, th e  analysis  u n d e r d ifferen t con d itio n s o f equ a tio n s (54) 
w as carried  ou t w ith  th e  aid  of p rim a ry  m ethods by  th e  ap p lic a tio n  of th eo rem  
П  an d  a fte r  hav in g  solved th e  ta s k  given in  a m a th e m a tic a lly  closed fo rm , 
th ro u g h  th e  d e te rm in a tio n  of v m ean  v e lo c ity  up  to  th e  ex ac tn ess  of one con
s ta n t  fac to r, th e  d r if t v e lo c ity  a n d  th e  m o b ility  w ere given.

B y  th e  analysis of eq u a tio n s  (54), th e  discussion is t r e a te d  in  th e  follow 
ing cases:

a) I f  th e  p e r tu rb a tio n , caused  by  fie ld  s tre n g th  E  is v e ry  sm all, i.e ., in  
th e  g iven eq u a tio n  i t  m ay  fo rm ally  be equal to  zero.

In  such  a case in  th e  ca lcu la tio n  o f th e  m ean  v e lo c ity  in  e q u a tio n  (54) 
th e  follow ing p a ra m e te rs  w ith  in d ep en d en t d im ension are  to  be found :

к • T g an d  m e

w here  к • Tg has in  th e  CGS system  — chosen  also here  as b asis  — an  energy- 
d im ensioned  q u a n tity . W ith  th e se  p a ra m e te rs  th e  fo llow ing form  m ay  be  
g iven  :

v = f  (k T g, m e) (57)

w herefrom  th e  m ean  velo c ity  v is w ith  th e  ap p lica tion  o f th e o re m  П:

d e te rm in ed  up  to  th e  exactness of a c o n s ta n t fac to r a.

(58)
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b) I f  th e  gas te m p e ra tu re  m ay  be neg lec ted  co m p ared  to  th e  e lec tro n  
te m p e ra tu re , i.e., th e  fo rm al su b s ti tu tio n  T„ =  0 m a y  b e  ca rried  ou t in  th e  
e q u a tio n , th e  m ean  free  p a th  o f th e  e lec trons is ta k e n  as b e in g  in d ep en d en t o f 
th e  velocity , w hich is adm issib le  w ith  a good a p p ro x im a tio n  in  th e  case o f  
so m e gases, e.g., n eo n  gas.

T he d e te rm in ing  p a ra m e te rs  w ill be as follows:

m e, m g, e, E ,  X

L e t us form  th e reo f th e  p a ra m e te r  series

m e
----- , m e’ e, E , X

o n e  m em ber of th e  sam e has no d im ension . The ex istence  o f th e  series ju s t i 
fie s  th e  extension b y  th e  in tro d u c tio n  of a c u rre n t d im ension  o f th e  CGS sy stem , 
a p p lie d  so far, n am e ly , in  th is  w ay  th e  occurring  fo u r d im ensions becom e 
in d e p e n d e n t basic  d im ensions. B y th e  ap p lica tio n  th e  th eo rem  П  for th e  
m e a n  velocity  we g e t an  expression

V — П
m e

■ m s>
(59)

w h ere  th e  in accu racy  m a y  be e lim in a ted  b y  th e  co rrec tio n  of th e  c o n s ta n t 
d e riv in g  from  th e  co m b in a tio n  of m elm g b y  a n o th e r m e th o d . T he o b ta in ed  
re la tio n  (59) is th e  av e rag e  ve lo c ity , calcu lab le  from  th e  D ru y v e s te y n  d is tr i
b u tio n  function , w ell-know n in  d ischarge physics.

c) K eeping th e  co n d itio n  m ade in  case b),  fo r gas te m p e ra tu re  Tg, th e  
fo llow ing case is m o re  g enera l in  t h a t  sense, th a t  th e  m e a n  free p a th  of th e  
e lec trons is ta k e n  as d ep e n d e n t on th e  ran d o m  v e lo c ity . F o r  th e  m a jo rity  of 
gases th is  case is v a lid . In  th e  follow ing, we shall deal w ith  gases b y  w hich th e  
dependence m ay  be  g iven  in  th e  form :

X =  A V

T h is  is valid  also fo r  m ercu ry  an d  helium .
The d e te rm in in g  p a ra m e te rs  in  th a t  case are  as follow s:

m e, m„, е , Е , Л

T ak in g  again th e  CGS system  of u n its  ex ten d ed  b y  th e  c u rre n t u n it as basis , 
a n d  in  view of th e  fa c t  th a t  /1 is a c o n s ta n t and  has a tim e  dim ension, we get, 
b y  th e  app lica tion  o f th eo rem  77, th e  follow ing re la tio n  fo r  th e  average ve lo c ity :
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V =  П
me еЕЛ 
mg me

(60)

T he in accu racy  resu ltin g  from  th e  ap p lica tion  o f th e  m eth o d  itse lf  
ap p ea rs  also in  t h a t  case in  th e  fo rm  o f a co n stan t, p ro d u ced  as th e  co m b in a
t io n  of m elm a. T he  ex am in ed  th re e  cases form  a line o f an a ly sis  becom ing  su c 
cessively  m ore an d  m ore  refined . I f  th e  average velocities o b ta in ed  in  th is  
w ay  are su b s ti tu te d  in to  re la tio n  (50) an d  successively in to  re la tio n  (49), we 
o b ta in  th e  expressions of th e  so u g h t fo r m obility , v a lid  fo r th e  ana lyzed  cases:

II e
m e

I  kT./ --- —
me

b = n
me

Í—m g l me

II S3 me
em g me

3 / 2  £ 1 / 2

1

~X  '

(61)

(62)

(63)

T he re la tions o b ta in e d  by  th e  ap p lica tio n  of th eo rem  П  an d  b y  p rim a ry  
m eth o d s, offer a p o ss ib ility  for d eep er analysis  and  m ay  b e  d ire c tly  con tro lled  
b y  ex p e rim en ta l m e th o d s  an d  th e  c o n s ta n ts  occurring  in  th e m  m ay  be  d e te r 
m in ed  in  th e  course o f exam in a tio n s.

A ccordingly , th e  app lied  sy s tem  m ade th e  analysis easier in  th e  given 
case an d  b ro u g h t th e  sam e re su lt w h ich  m ay  be o b ta in e d  in  a m ore com pli
c a te d  w ay, b y  th e  m a th e m a tic a l so lu tio n  of equa tion  sy stem  (54).
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Die Struktur von funktionellen Zusammenhängen zwischen physikalischen Größen und 
die Anwendung derselben in der Entladungsphysik. Das Я-Theorem, das die Grundlage 
der Dimensionstheorie ist, wird analysiert und aufgrund dieser Theorie wird die Struktur der 
funktionellen Zusammenhänge zwischen den physikalischen Größen erläutert. Die praktische 
Anwendung des Theorems wird an einem klassisch-mechanischen Modell dargestellt und dar
auffolgend wird sein Anwendungsbereich auf die Entladungsphysik ausgedehnt. Die methodisch 
einfache, zugleich aber für wertvolle Folgerungen geeignete Dimensionstheorie kann vorteil
haft in der Entladungsphysik angewendet werden. Bei Analyse von Gleichungssystemen, die 
oft einen großen mathematischen Aufwand erfordern und nur durch die Anwendung von appro
ximativen Methoden lösbar sind, wie auch bei der Analyse von Arbeitshypothesen bedeutet 
die Anwendung des я-Theorems eine Erleichterung und Beschleunigung.
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Исследование структуры функциональных зависимостей между физическими вели
чинами и ее применение для газовых разрядов. Анализируется теорема П, являющяся осно
вой для теории размерности, и, исходя из этой теоремы, рассчитывается структура функ
циональных зависимостей между физическими величинами. На одном классическом при
мере демонстрируется практическое применение и дается пример использования метода в 
области газовых разрядов. Простую в отношении методики и в то же время ценную для 
практики теорию размерности можно хорошо использовать в физике газовых разрядов. Для 
систем уравнений, которые решаются только приближенно, и для анализа рабочей гипо
тезы — использование теоремы П облегчает решение.
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ANALYSIS OF DOUBLE-LAYER SPACE TRUSSES 
WITH DIAGONALLY SQUARE MESH 

BY THE CONTINUUM METHOD

L. KOLLÁR*
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[Manuscript received June 11, 1972]

A double-layer space truss is examined with both chord planes being of square 
mesh but at 45° to each other. The mode of supporting to provide rigidity, and num
ber of redundacies are determined. A differential equation system of the substituting 
continuum as well as relationships for the calculation of the truss bar forces from conti
nuum internal forces are established.

1. Generals on double-layer space trusses

T russes co n sisting  of tw o grids in  p a ra lle l p lanes (ch o rd  p lanes) connected  
b y  d iagonal b a rs  a re  called  d o u b le-lay er space  trusses.

F o r th is  s tru c tu re  w ith  tw o c h o rd  p lan es consisting  o f b a rs  in  three d irec 
tio n s  an  eq u iv a len t p la te  can  be fo u n d , w ith  bend ing  a n d  tw istin g  rig id ities 
equal to  those  of th e  tru ss , hence dev e lo p in g  equal in te rn a l  forces (stresses). 
T h u s, from  th e  a sp ec t of stress d e te rm in a tio n , th is  s tru c tu re  is a h y p e rs ta tic  
one. In  case of ch o rd  planes co n sis tin g  o f e q u ila te ra l tr ian g le s  and  rods of 
un ifo rm  cross-section , th is  s u b s titu tin g  p la te  w ill be iso tro p ic  [8], in an y  o th e r  
case i t  will be o r th o tro p ic  or aeo lo tro p ic  [4]. A n o th e r fe a tu re  of th is  tru ss  
w ith  chord  p lanes consisting  of b a rs  in  th re e  d irec tions is t h a t  ch o rd -b ar forces 
can  be dete rm in ed  from  system s of th re e  p u re  s ta tic a l (equ ilib rium ) equ a tio n s 
an d  only  from  th e  s tresses, w ith o u t an a ly s in g  s tra in s . T h u s , d e te rm in a tio n  of 
th e  b a r  forces is a statically determinate problem.

I f  b a rs  in th e  ch o rd  planes are p a ra lle l to  more than three d irections, th e n  
a su b s titu tin g  p la te  w ith  eq u iva len t r ig id itie s  can  be fo u n d , ju s t  as for th e  tr i-  
d irec tio n a l grid , th o u g h  b a r  forces can  on ly  be d e te rm in ed  from  stresses b y  
ana lysing  also s tra in s  [2]. H ence, d e te rm in a tio n  of b a r  forces is a hyperstatic  
problem.

F in a lly , if  b a rs  in  th e  chord p lan es  are  paralle l to  less th a n  th ree  d irec
tio n s , th e n  h y p e rs ta tic ity  of th e  g rid , o f im p o rtan ce  fo r th e  d e te rm in a tio n  of 
stresses in  th e  e q u iv a le n t p la te , is re d u c e d , since ce rta in  rig id ities  are lost. If, 
fo r in stan ce , each ch o rd  p lane consists  o f rods p ara lle l to  on ly  tw o d irections

* D r .  L. K o l l á r , Karap u. 9, 1122 Budapest, Hungary
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X J_ y  (Fig- 1) th e n  n one  o f th e  chord  p lan es w ill be ab le to  re s is t sh ear n xy, 
hen ce , th e  s tru c tu re  as a w hole w ill be so ft to  to rq u e  тпхУ. T h u s, th e  s u b s titu tin g  
p la te  w ill be of zero to rs io n a l r ig id ity  an d  stresses (for an  iso tro p ic  s tru c tu re )  
a n d  c a n  be  de te rm ined  acco rd in g  to  [7]:

m>iv + h>:: =  —  , ( la )
В

in s te a d  o f th e  e q u a tio n  fo r th e  o rd in a ry  solid  p la te

w lv  -j- 2 w " " - \ -w :: =  —  . ( l b)
В

T h e  tru s s  will, how ever, n o t  be rig id  to  a n y  stress, ju s t  b ecau se  of th e  m issing  
to rs io n a l rig id ity . I f  th e  tw o  chord  p lanes a re  re la tiv e ly  sh if te d  in  p lan , as seen 
in  F ig . 1, and  co n n ec ted  b y  space d iagonals, th e n  th e y  w ill be soft on ly  to  
to rq u e  affecting  th e  e n tire  tru ss , th u s , th e  tru ss  w ill u n d e rg o  d e fo rm atio n  
w ith o u t resistance as seen in  Fig. 2a. T h u s , i t  has to  be  su p p o rte d  in  a t  le a s t 
fo u r  po in ts  (e.g. co rners) t h a t  w ould  d isp lace  v e rtic a lly  d u rin g  tw is tin g  show n 
in  F ig . 2a. If, how ever, b a rs  of th e  tw o ch o rd  planes are  ab o v e  each o th e r  an d  
co n n ec ted  b y  tw o g rid s of diagonals in  v e rtic a l p lan es, th e n  th e  tru ss  m a y  
d efo rm  in its  p lan  acco rd in g  to  F ig . 2b, to o . This also has to  be p re v e n te d  b y  
th e  su p p o rts .

I f  th e  tru ss  is designed  so th a t  th e  tw o  d irections o f th e  rods in  th e  u p p e r  
c h o rd  p lane include 45° w ith  those  in  th e  low er p lane (“ d iag o n a l-sq u are  m esh ” , 
F ig . 3), th e  re su ltin g  s tru c tu re  w ill h av e  n e ith e r  f lex u ra l n o r  to rs io n a l r ig id ity  
in  i tse lf  (w ithou t su p p o rts ) , th u s , i t  h as  no  eq u iv a len t p la te -lik e  co n tin u u m  
in  th e  usual sense o f th e  w ord. N am ely , th e  u p p er ch o rd  alone can  ab so rb
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Fig. 2

only  sh ea r nxy, w hile th e  low er one on ly  n o rm a l forces nx an d  ny, these  la t te r  
do n o t, how ever, c o rre sp o n d  to  nxy in  th e  u p p e r  ch o rd , an d  so th e ir  co m bina tion  
develops no m om ents. T h u s , th e  tru ss  can  re s is t b en d in g  m om en ts only  if  a ided  
by  th e  supports .

In  th e  follow ing i t  is s tip u la te d  th a t  th e  tw o  sy stem s of d iagonals co n n ec t
ing  th e  low er an d  u p p e r  cho rd  p lane are  in  th e  v e r tic a l p lane , an d  p ara lle l to  
th e  b a rs  in  th e  low er ch o rd  p lane  (Fig. 3). H ence , th e  s tru c tu re  m a y  be consider
ed as com posed of p y ra m id s  stand ing  on th e ir  p eak s . L en g th  of u p p e r  rods w ill 
be l /y ü  tim es th a t  o f th e  low er ones.
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T his s tru c tu re  is ad v an tag eo u s b y  th e  b u ck ling  len g th  of u p p e r, co m p res
sed  b a rs  being  ]/2 tim es less th a n  t h a t  o f th e  low er, ten sile  ones, an d  b y  th e  
p o ss ib ility  of assem bly  from  p re fa b ric a te d  p y ram ids.

K a to , T a k a n a sh i, T su sh im a  a n d  H ir a t a  [3] h av e  been  th e  f ir s t  to  a n a 
lyze a p p ro x im a te ly  th e  in te rn a l forces in  a d iagona l-square  space tru s s  as a p 
p ro x im a te d  b y  a co n tin u u m . A n e x a c t so lu tio n  has been  p u b lish ed  b y  So are  
[5], [6] b u t  n o t as a con tin u u m  b u t  as a h y p e rs ta tic  space tru s s , ap p ly in g  th e  
m e th o d  of fin ite  d ifferences for a specia l case.

In  w h a t follow s, th e  d iag o n a l-sq u are  tru ss  w ill be exam ined  in  d e ta il, 
d e te rm in in g  f irs t th e  k ind  of su p p o rt need ed  for r ig id ity , th e n  th e  co n d itio n  of 
m a k in g  th e  s tru c tu re  s ta tic a lly  d e te rm in a te , an d  th e  d e te rm in a tio n  o f th e  degree 
of h y p e rs ta tic ity  w ill be se ttled , fo llow ed b y  p resen tin g  th e  m e th o d  o f d e te r 
m in a tio n  of stresses of th e  su b s ti tu tin g  co n tin u u m  from  its  p ecu lia ritie s , in te r 
p re tin g  th e  n o tio n  “ su b s titu tin g  c o n tin u u m ” . A t la s t, th e  d e te rm in a tio n  of 
b a r  forces from  stresses of th e  c o n tin u u m  will be described.

T he co n tin u u m  m ethod  is a d v a n ta g e o u s  as com pared  to  o th e r  m e th o d s , 
p a r t ly ,  b y  offering an  illu s tra tiv e  p ic tu re  of th e  in te rn a l forces, fa c ilita tin g  
design , p a r tly , b y  o ften  reducing  th e  p ro b lem  to  a lread y  solved p la te  p ro b lem s, 
a n d  p a r tly , if  th e  prob lem  has no p la te  so lu tion  availab le  because of v a ria b le  
r ig id ity  or else, th e n  e ith e r th e  s tresses m a y  be expressed  in  a closed fo rm , or 
th e  m esh  of th e  difference m e th o d  can  be  assum ed in d ep en d en tly  o f th e  g rid  
n o d es , th u s  m uch  reducing  th e  co m p u tin g  w ork.

2. D egree o f  hypersta tic ity  
of the  d iag o n a l-sq u are  space tru ss

L e t th e  d iagona l-square  space tru s s ,  F ig . 3 ,b e  su p p o rte d  a g a in s t v e r tic a l 
d isp lacem en ts  a t  all th e  b o u n d a ry  p o in ts  of th e  u p p e r cho rd  p lan e  ( in d ic a te d  
b y  circles in  F ig . 4). To p re v e n t h o riz o n ta l d isp lacem ents th ree , h o riz o n ta l b ra c 
ings (w ith  no com m on in te rsec tio n  p o in t)  are  needed , in  co n fo rm ity  w ith  th e  
k n o w n  law  o f s ta tic s  (bars 1, 2, 3 in  F ig . 4). O bviously , how ever, th e  s tru c tu re  
w ill even so be liab le  to  a d is to rtio n  in  h o rizo n ta l p lane  w here th e  p y ra m id s  are  
h o rizo n ta lly  d isp laced  an d /o r ro ta te d  a ro u n d  a v e rtic a l axis w ith o u t d e fo rm a
tio n , an d  th e  squares betw een  th e m  becom e d iam onds (F ig . 4). T h is is to  be  
opposed  b y  a fo u r th  bracing .

L e t us see now  if  th e  s tru c tu re  su p p o rte d  a t  its  b o u n d a ry  p o in ts  b y  v e r t i 
cal rods and  fou r h o rizo n ta l b rac in g s is s ta tic a lly  d e te rm in a te  or in d e te rm in a te .

The n u m b e r X  o f s ta tic a l re d u n d a n c ie s  is o b ta in ed  from  th e  k n o w n  ex 
p ressio n :

X = S - f R - 3 C  (2)
w h ere  S n u m b er o f b a rs

R  n u m b er o f reac tio n  co m p o n en ts  (b racings)
C n u m b er o f hinges.
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о 9

m
Fig. 4

D en o tin g  th e  n u m b e r  of py ram id s in  x  an d  y  d irec tions b y  m  an d  n, re sp ec tiv e ly  
(F ig . 4), th e  n u m b e r  o f bars is:

in  th e  u p p er ch o rd  p lane 
in  th e  lower ch o rd  p lane 
connecting  d iagona ls

to ta llin g

N u m b er of b rac in g s : 
v e rtica l 
ho rizon ta l

to ta ll in g :

N u m b er of nodes:
in  th e  u p p e r  cho rd  p lane (m  -f- l)re -f- m (n  1)
in  th e  low er cho rd  p lane m n

to ta ll in g  C =  3 m n  -f- m  -f- n

A ccord ingly , th e  degree o f h y p e rs ta t ic i ty  is:

X  =  m n  +  4 — 2 (m  -f- n ) . (3)

N um erical v a lu es  are; com piled  in  T ab le  I :

4 m n
(m  - l ) n  -)- m (n  — 1)
4 ran

5  =  10 m n  — m  — n

2 m  -f- 2 n 
4

l? =  2 m - ( - 2 n - j - 4
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Cases of m  =  1 a n d  n  =  1 h av e  b een  o m itte d  from  th e  ta b le  since th e n  
th e  n u m b e r  of h o riz o n ta l b rac in g s to  p ro v id e  rig id ity  a re  to  be  d e te rm in ed  
u p o n  special co n sid e ra tio n s, cases to  be ig no red  now.

Table I

m
n 2 3 4 5 6 7

2 0 0 0 0 0 0

3 0 1 2 3 4 5

4 0 2 4 6 8 10

5 0 3 6 9 12 15

6 0 4 8 12 16 20

7 0 5 10 15 20 25

F ro m  th e  ta b le  i t  ap p e a rs  t h a t  fo r  m  =  2 and /o r n  =  2, th e  s tru c tu re  is a 
s ta t ic a l ly  d e te rm in a te  one, o therw ise  i t  h as  as m an y  red u n d an c ie s  as i t  has 
“ in te rn a l”  py ram ids.

3. In te rn a l forces in  a d iag o n a l-sq u are  space tru ss

3.1. General features o f  the force system

F o r th e  tim e  b e in g , th e  effect o f su p p o rts  w ill be o m itte d  an d  th e  
sp ace  tru ss  exam ined  in  itse lf.

F o r  th e  sake o f s im p lic ity , on ly  grids w here u p p e r a n d  low er b a rs  are  of 
id e n tic a l c ross-sectional a rea  each  will be  considered . N am ely , th e n  th e  su b s ti
tu t in g  con tinuum  is u n ifo rm  rig id ity .

T he s tru c tu re  is im m e d ia te ly  seen to  be  of zero to rs io n a l rig id ity  (in th e  
a ssu m ed  x, y  co -o rd in a te  sy stem ). N am ely , th e  low er ch o rd  p lan e  — lack ing  
skew  b ars  — can n o t re s is t sh ea r nxy, besides, th e  p lane  o f conn ec tin g  d iagonals 
b e in g  v e rtica l, th e  to rs io n a l sh ea r flow  c a n n o t close below . A ccord ingly , th e  
p la te  eq u a tio n  w ill be o f  th e  sim ple fo rm  ( la ) .

B esides, force co m p o n en ts  in  th e  u p p e r  cho rd  p lan e  sh o u ld  be in  a re la 
tio n sh ip  such as n o t to  d is to r t  in to  d iam o n d s th e  u p p e r sq u a re  p lanes o f th e  
p y ra m id s , because th e  u p p e r  chord  p lan e  could  n o t res is t th e se  forces.

S ta b ility  (rig id ity ) o f one sq u are  is assu red  if  forces ac tin g  a t  th e  co rner 
p o in ts  do n o t p erfo rm  a n y  w ork  d u rin g  a v ir tu a l d is to rtio n  o f  th e  sq u are  in to  
d iam o n d . In  th is  in v e s tig a tio n  a n y  p o in t o f th e  sq u are , am ong  th em  m id 
p o in t  0  of th e  sq u are  show n in  F ig . 5, c an  be  considered  as fix ed . N am ely , an y  
o th e r  p o in t ta k e n  as fix ed , th e  co rresp o n d in g  d isp lacem en t is o b ta in ed  b y  a d 
d ing  to  th a t  in  F ig . 5 a rig id  b o d y  d isp lacem en t an d  d u rin g  th is  la t te r ,  eq u i
lib riu m  equations p ro v id e  fo r p erfo rm in g  zero w ork.
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Thus, zero w o rk  (i.e. cond ition  o f r ig id ity  o f th e  square) is exp ressed  b y

i.e ., by
( N * - N B + N C - N ° ) A  =  0 ,

N ? + N °  =  N $ + N f

a n d  since (using th e  ap p ro x im a tio n  u su a l in  su b s ti tu t in g  th e  tru ss  b y  a c o n ti
n u u m )

N J+ N l
2

N° =  2  cn° = N £ + N $

2
=  N °  =  2cn° , (4a)

E q . (4a) can  be  w r i t te n  as:
n x — My« (4b)

I t  follows also  t h a t  th e  u p p e r ch o rd  p lan e  undergoes defo rm ation  a cco rd 
ing  to  th e  re la tio n sh ip  ex =  — wi t h o u t  re s is tan ce . T h u s , no rm al forces nx, 
ny w ill be in  no u n am b ig u o u s  re la tio n sh ip  b u t  to  th e  m ean  v alue  of th e  tw o  
s tra in s  (ex +  ey)/2.

3.2. Rigidities o f  the space truss

T he lower ch o rd  p lan e  has ten s ile  r ig id ity  A i  in  th e  d irec tions of th e  tw o  
b a r  d irections (F ig . 6). T ensile  r ig id ity  re fe rred  to  u n i t  w id th  will be v a lid  in  
b o th  d irections, d u e  to  th e  id e n tity  o f  b a r  cross-sec tions:

A ,= e f l

2c
(5)

T he u p p er p lan e  h as  no com pressive r ig id ity  A  b u t  to  com pressions eq u a l 
in  d irections x  an d  y ,  to  b e  w ritte n , w ith  n o ta tio n s  in  F ig . 7a  as:
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_  ЛГ/(2с) 

£ _  2 e / (2 c )
(6a)

T h e  e v a lu e  is m ost s im p ly  o b ta in e d  b y  m ean s o f th e  energy  th e o re m  (b a r forces 
b e ing  S  =  N /У2):

4>Ne — 4
{ N * /2 ) -V 2 c

E F
i.e.

hence

N c

у 2 E F  ’

(6b)

1 2c I
1 1

Fig. 6

a)

Fig. 7

\ ‘  \ ‘  \
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T he sh ea r r ig id ity  of th e  u p p e r  cho rd , A xy, accord ing  to  F ig . 7b, is:

*xy N J ( 2 c )
(7a)

У 2 //c

A gain , t l ie f  v a lu e  can  be o b ta in e d  from  tlie  energy  th e o re m : (S =  zbiVxy/y 2)

( N l yß ) - ) r2 c
A N  f  —  4
* J ~  E F

r   Ary ' c
~  ] [ 2 E F  ’

A F F
2 ] A 2 c  ‘

(7b)

T hus, th e  low er and  u p p e r ch o rd  p lanes have  b o th  q u a n tita tiv e ly  an d  
q u a lita tiv e ly  d iffe ren t rig id ity  c h a ra c te ris tic s . This is w h y  — a lth o u g h  th e re  
a re  less red u n d an c ies  th a n  fo r o th e r  space  tru sses  — it  is m ore in tr ic a te  to  
ana lyse . The fo rce  system  is som ehow  sim ila r to  th e  p la te  tw o -w ay  r ib b ed  on 
one side [1].

3.3. S tra in  state and  equations o f  the space truss o f  constant rigidity, considered
as a continuum

S tra in  s ta te  o f  a space tru ss  is ex p ed ien t to  describe b y  com posing i t  from  
tw o  p a r ts :

L et us igno re  f ir s t  th e  a b ility  o f th e  u p p e r chord  p lan e  to  deform  w ith o u t 
force effect of th e  k in d  ex — —ey ( th a t  is, assum e th e  cho rd  p lan e  to  be rig id  to  
d efo rm ations like ex =  ~ e y), besides, assum e i t  to  h av e  o n ly  rig id ities like 
th o se  of th e  low er ch o rd  p lane (hence , on ly  ten sile  rig id ities in  d irections x  an d
y ) ,  an d  be th e  r ig id itie s  of th e  u p p e r  cho rd  p lan e  к tim es th o se  o f th e  low er one, 
th u s , in  th is  case, ten s ile  rig id ity  k A i  in  b o th  d irec tions x  and  y . T his coefficien t 
of p ro p o rtio n a lity  к  is chosen a rb itra r ily , as i t  w ill fall o u t in  th e  d eductions 
an d  leaves th e  f in a l re su lt u n a ffec ted . R ig id ities k A i  o f th e  u p p e r  chord  p lane , 
ta k in g  p a r t  in  b en d in g , are only in tro d u c e d  to  help  i l lu s tra tiv e ly  expressing  
th e  force system  in  tw o  p a rts .

Now, we can  define  th e  b en d in g  r ig id ity  В  of th e  e n tire  space tru ss , also 
d epend ing  on th e  a rb itr a ry  p a ra m e te r  k:

В  =  h‘l A l — - — (8a)
1+fc
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a n d  th e  d istance of th e  u p p e r  an d  low er cho rd  p lanes o f th e  bend in g  n e u tra l  
ax is  (F ig . 8), to  be fo u n d  in  th e  g ra v ity  cen tre  of b o th  ch o rd  p lane rig id ities :

F o r  к  =  1,

a n d

(9a)
1 + k

h[ h k  . (9b)
1 +  k

Ьи =  К  =  —
Zt

(9c)

h 2
В  =  —  A ,  . 

2
(8b)

T his m od ifica tio n  o f  th e  u p p e r ch o rd  p lan e  rig id ities causes th e  d e fo rm a
tio n  to  consist of on ly  b e n d in g  — n am ely , in  general, no o u te r  forces p a ra lle l to  
th e  m idd le  p lane a c t on  doub le-layer tru sse s  — described  b y  th e  b en d in g  d e 
fle c tio n  function  w v  In  th e  tw o  chord  p lan es, th is  bend ing  d e fo rm atio n  p roduces 
s tra in s  s“ and  e[ as w ell as an g u la r d is to r tio n  yÿ an d  y[, resp ec tiv e ly , (see th e  
c o n tin u o u s  skew line in  F ig . 8), in  co n fo rm ity  w ith  th e  fo llow ing know n re la 
tio n sh ip s  [4]:

eix  =  hu iv'y , (10a)

ely  =  h u • 4  ) (10b)

У1 4  • (10c)

(S u b sc rip ts  и are to  be  rep laced  b y  l fo r  th e  low er ch o rd  p lane).
I t  should be s tre s se d  th a t  Wy is on ly  a p a r t ,  due to  p u re  bend in g  of th e  

f in a l  defo rm ation , r a th e r  th a n  a d e fo rm a tio n  to  be ca lc u la ted  from  th e  eq u i
lib r iu m  of th e  tru ss  o f  m od ified  r ig id ity  an d  to  be co rrec ted  la te r  in  v iew  of 
th e  rea l rig id ity  co n d itio n s.

^ 4 -
Fig. 8

Acta Technica Academiae Scientiarum Hungaricae 76, 1974



DOUBLE-LAYER SPACE TRUSSES 2 8 3

The re su ltin g  s ta te s  of d e fo rm a tio n  in th e  u p p e r  (an d  lower) chord  p lanes 
a re  com patib le  (being  derived  fro m  a single d e fo rm atio n  fu n c tio n  nq), n e v e r th e 
less, in  th e  u p p e r  ch o rd  p lane s till  a co m p lem en ta ry  p lan e  defo rm ation  s ta te  
has to  develop, d u e  to  th e  fo llow ing reasons:

a)  Up to  now , th e  r ig id ity  to  shear of th e  u p p e r  cho rd  p lane has been  
ignored  (it being in e x is te n t in  th e  lo w er one). T he a n g u la r  d is to rtio n  develop ing  
accord ing  to  E q . (10c) causes no  s h e a r  n lxy in  th e  low er cho rd  p lane  b u t  does 
so in  th e  u p p e r one. In  co n fo rm ity  w ith  th e  p lan e  equ ilib riu m  eq u a tio n s, th is  
could  only be b a la n c e d  b y  th e  in c rem en ts  of forces nlK an d  niy in th e ir  p ro p e r 
d irec tions. In c re m e n ts  of bend ing  forces nlx an d  n iy a re , how ever, b a lan ced  b y  
f le x u ra l shear dev e lo p in g  in  c o n n ec tin g  d iagonal b a rs  a long  x  an d  y , resp ., th u s , 
th e re  is n o th in g  to  b a lan ce  n lxy. (T his p roblem  does n o t  arise  fo r th e  low er ch o rd  
p lan e , th e  rig id ities  being  th e re  a ssu m ed  rea lis tica lly .)

b)  The u p p e r  ch o rd  p lane  ca n  only  re sis t com pressions equal in  d irec 
tio n s  x  a n d y , t h a t  is, eq u a lity  nx =  ny has to  be m e t, a cond itio n  f ru s tra te d  b y  
f le x u ra l d efo rm atio n  nq estab lished  accord ing  to  p ro p e rtie s  of th e  low er cho rd  
p lane .

c)  F ina lly , th e  u p p e r cho rd  p la n e  has no f le x u ra l rig id ity  kA i  a long x  
a n d y ,  b u t  only th e  m ean  of s tra in s  in  b o th  d irec tions is know n  to  be p ro p o rtio n 
al to  nx =  ny, w ith  th e  in te rm e d ia ry  of com pressive r ig id ity  (6). In  ad d itio n , 
how ever, th e  u p p e r  ch o rd  p lane can  undergo  d e fo rm atio n s o f ty p e  sx — — ey 
w ith o u t developing forces.

These th re e  c o n trad ic tio n s  a re  to  be e lim in a ted  b y  th e  co m p lem en tary  
p lan e  defo rm ation , th e  com ponen ts o f w hich w ill be  m a rk e d  b y  su b sc rip t 2. 
T h e  d iagonals c o n n ec tin g  th e  tw o c h o rd  planes do n o t t r a n s m it  th is  d e fo rm ation  
to  th e  low er chord  p la n e . T hus, th is  p la n e  d efo rm atio n  re su lts  in  ro ta tio n  (tw ist) 
o f th e  cross-section  show n w ith  a d a sh e d  line in  F ig . 8:

Pu„ _ _  fc2x w2 --  9
h

(11a)

Fu ь2 уW2 = - f ~ ,  
h

( l i b )

2w£  =  Л  .
h

(11c)

H ence, in  sp ite  o f th e  a t tr ib u te  “ p la n e ” , th e  c o m p le m e n ta ry  defo rm ation  2 
causes also bend ing  d efo rm atio n . T h e  overall b en d in g  deflec tio n  will be th e  
sum  of b o th  p a r tia l  deflec tions (îtq a n d  wq):

w =  w 1 -f- itq . (12)
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T h ese  tw o p a r ts  o f  d e fo rm a tio n  can  on ly  be  d e te rm in ed  a t  once. L e t us 
ex p ress  f ir s t  th e  in te rn a l forces o f th e  u p p e r  chord  p lane  from  nq  an d  p lane 
d e fo rm a tio n  2.

R em em bering  th a t  th e  ten sile  a n d  shearing  rig id ities  o f  th e  u p p er 
c h o rd  p lan e  are kA i  a n d  A xy, resp ., f le x u ra l d e fo rm ation  w t  b rings abou t 
m e m b ra n e  forces

a n d  b e n d in g  m om ents

«IX — kA[ elx ,

«1У = k  A  1 si y ,

«lxy — A  xy у  1 ,

m x = B w ' l ,

m y = B w i  .

(13a)

(13b)

(13c)

(14a)

(14b)

T h e  su b sc r ip t и has b een  o m itte d  from  th e  fo rm ulae. T he n e g a tiv e  sign serves 
to  d is tin g u ish  m om en ts, considered  p o sitiv e  i f  causing ten sio n  in  th e  low er chord  
p la n e .

I n  conform ity  w ith  fo rm ulae  (8a), (9a), (10a —b), (1 3 a —b) an d  (14a — 
b ), i t  can  be w ritten  t h a t

(14c)

« ly = (14d)

fo llow ing  also from  th e  d e fin itio n  o f n lx an d  n iy.
F ro m  th e  co m p lem en ta ry  p lan e  d e fo rm atio n  n o th in g  b u t  th e  m em brane 

sh e a r  force can be sim p ly  w ritte n  dow n:

n2xy =  A xyy 2. (15a)

T h is tim e, forces n 2x an d  n.iy a re  n o t d irec tly  re la te d  to  s tra in s  e2x and  
e2y h u t  only  th e ir  sum s w ith  forces relx a n d  n iy are  know n to  be  eq u a l in  b o th  
d ire c tio n s :

n lx +  n 2x =  n iy +  n 2y, (15b)

a n d  to  be p ro p o rtio n a l to  th e  av erag e  o f th e  to ta l  s tra in  in  b o th  d irec tions:

« 1 X + « 2 X  =  A
( € 1X  +  e 2 X  ) +  (ely +  g2y)

2
(15c)

T hereby  all has b een  done to  e s tab lish  equa tions g o v ern in g  th e  system  
o f in te rn a l forces.
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F irs t, eq u ilib riu m  betw een  v e r tic a l load  p  an d  tw o-w ay  b en d in g  m om ents 
can be w ritte n  as:

m x -\-my =  — p .  (16)

These m om ents m x an d  m y are  d u e  to  d e fo rm atio n  nq alone (8a b), since
in te rn a l forces o f co m p lem en ta ry  d e fo rm a tio n  2 are  n o t m a tc h e d  in  th e  low er 
chord  p lane , an d  besides — th o u g h  th e y  a re  eccen tric  w ith  re sp ec t to  th e  n e u 
tr a l  axis of th e  tru s s  — ra th e r  th a n  b y  v e r tic a l (bending) sh ears , th e  m om ents 
due to  th e ir  e c c e n tr ic ity  are v a ried  b y  h o riz o n ta l (m em brane) shears u n fit to  
ba lance  v e rtic a l loads.

E q u ilib riu m  eq u a tio n s of th e  co m p lem en ta ry  p lane  d e fo rm a tio n  have  to  
inc lude  also m em b ran e  shears n Lxy due  to  d efo rm atio n  nq, since forces w ith  
su b sc rip t 2 w ere n ecessary  to  b a lan ce  th e  fo rm er ones:

n'2x +  (n lxy +  п2хуУ =  0, (17a)

(« I x y  +  « 2 x y ) ' +  П 2 У  =  0  • ( 1 7 Ь )

Now, all v a riab le s  in  E qs (16) an d  (17a -b) m ig h t be  expressed  b y  nq 
an d  w 2 m ak ing  use o f E q s  (14a b) a n d  (11a c), (13a — c) (15a c). N ev erth e 
less, i t  is in ex p ed ien t to  hand le  p a r t ia l  deflec tions nq an d  w 2 sep a ra te ly , since 
b o u n d a ry  cond itions can  only be se t up  fo r th e  en tire  d eflec tio n  w =  nq nq. 
T hus, E qs (16) a n d  (17a b) w ill be  re w ritte n  so as to  inc lude  n o th in g  b u t th e  
en tire  deflec tion  iv a n d  a stress fu n c tio n  Ф. T h is la t te r  w ill be defin ed  as u sua l:

Ф = п 2х, (18a)

Ф" =■ n 2y , (18b)

Ф" =  — (n lxy+ n 2xy). (18c)

T hus, Ф a u to m a tic a lly  m eets e q u ilib riu m  equ a tio n s (17a —b ), th e  b u t  com 
p a tib il i ty  of th e  co rrespond ing  d e fo rm atio n s  rem ains s till to  b e  assured .

R em em ber t h a t  defo rm ations in  th e  u p p e r  cho rd  p lane  due  to  nq are  com 
p a tib le , so i t  w ould  b e  su ffic ien t to  in c lu d e  com ponen ts o f d e fo rm a tio n  2 in  th e  
co m p a tib ility  eq u a tio n . T his is, how ever, im possib le , since E q . (18c) a lready  
includes n lxy. H ence, also th e  tw o s tr a in  co m p o n en ts  e h av e  to  inc lude  s tra in s  
due  to  nq. T hus, th e  co m p a tib ility  e q u a tio n  shou ld  be w ritte n  fo r th e  en tire  
d e fo rm ation :

(eix +  e2x) +  (eiy +  e2>)" ~  (Vi +  YíY — 0 • (19)

F o r changing  to  th e  new  v a riab le s , le t us consider F ig . 8 aga in . R o ta tio n  
due  to  th e  en tire  d eflec tio n  w is show n b y  a d o tte d  line (para lle l to  th e  dashed  
one). As a m a tte r  o f fa c t, th is  d e fo rm atio n  o u g h t to  be increased  b y  th e  defor-
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m a tio n  (exk, eyk, y kj2)  o f th e  n e u tra l  p lan e , y e t its  A/Au-fold, i.e. d e fo rm atio n  2 
o f  th e  u p p er cho rd  p la n e , th a t  can  b e  expressed  b y  Ф, w ill be  app lied  in s te a d .

L e t us exp ress d efo rm atio n  com ponen ts 1 b y  m ean s of w  an d  d e fo rm a
tio n s  2. F rom  (10a to  c), accord ing  to  (12) an d  (11a to  c):

eiy — hu

Yi =  К

a n d  sim ilarly  re w ritin g  (14a,b):

w "— W'') =

w e2y !
h j

2w'
h

w и c2x

mx — в

m y =  — B  \w

c2x
II

e2y
h

(20a)

(20b)

(20c)

(21a)

(21b)

E xpress now  defo rm atio n s 2 b y  Ф m ak ing  use  o f E q s (15b,c), s u b s t i tu t 
in g  th e  n lx an d  n iy v a lues expressed  from  (13a,b), th e n  e lim in a tin g  elx an d  
ely b y  m eans o f (20a ,b ):

n2x =  - k A , h u \w" h
2x

/igy — k A  J кц
c2y

+  A

+  A

h u \w" C2x + g 2y
+  e 2x +  £ 2y

2

£ 2 X + e 2 y
+  £ 2X  +  £2y

, (22a)

. (22b)

T herefrom  e 2 x  a n d  e 2 y  will be ex p ressed , m ak ing  use o f (18a,b):

' A

9̂ y   '
+  A i

A [ A
Ф ---------hu w  —

2
—  - k A ,

2 'J
h u w"

k A , ( A + A , )
1 + k

A_
2

A A

1---
-- О Г —  - k A ,

2 'J
hu w ------- hu w"

2
k A ^ A + A , )

1 + k

(23a)
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A A  , A ~

2
Ф -------- h tv —

2
-------- kA,

2
hu w"

° 2 y
k A , ( A + A , )

l + k

+

у - + Л ,  ф" _ _  k A , \ h uw~

+

- h,. w"

k A , ( A + A , )
l + k

(23b)

B y m eans of E qs (13c), (15a) an d  (18c) th e  e n tire  a n g u la r  d is to rtio n  can 
b e  expressed  b y  Ф:

-Ф '-
У1+ У 2 =  — — ■ ■ (24)

Now, all v ariab les  in  th e  b a s ic  equ a tio n s (16) a n d  (19) can  be expressed  
b y  Ф an d  w such  as:

S u b s titu tin g  (21a,b) an d  (2 3 a ,b ) in to  (16):

fi2 A A ,
2 A + A ,

h A

(wi v + 2 w "  ' + t v  ") -f-

2 A + A ,
ф\У  о Л + 2 А ,  л „..ф " - + ф -

(25)

a n d  su b s titu tin g  (20a, b), (23a, b ) an d  (24) in to  (19): 

h A
2 A + A ,

ív  n A +  2A ,  „.. ...w  — 2 ------------- iv -j-w +

1 A + 2 A ,

2 A , ( A + A , )
Ф 1

A + 2  A ,
Ф "-+Ф 'л

ф " -
+  —  =  0 . (26)

l x y

P ro p o rtio n a lity  coefficient к  is seen to  fall ou t from  th e  eq u a tio n s. T hus, 
i t  is u n im p o r ta n t how  th e  fic titio u s  r ig id ity  of th e  u p p e r ch o rd  h a d  been assum 
ed  fo r  th e  system  of bend ing  forces, since anyhow , in  th e  su b se q u e n t steps th is  
p a r t  h as  been  co rrec ted  so as to  ach iev e  th e  rea l sy stem  o f fo rces in  th e  s tru c 
tu re .  In  o th e r w ords, how  to  d iv ide  th e  force system  is o f  n o  m a tte r ,  p rov ided  
th e ir  sum  yields th e  rea l system  o f forces.

T h u s, tv an d  Ф a re  to  be d e te rm in e d  from  Eqs (25) a n d  (26).
I f  th e  cross-sectional area  o f  th e  low er chord  b a rs  is ]/2 tim es  th e  u p p er 

one  ( F, =  У2 F )  th e n  A , — A  a n d  E q s  (25) and  (26) s im p lify  in to :
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—  A ( w lv +  2 w " "  +  w ::) +  —  ( 0 IV - 6 Ф " ' + Ф ::) = p ,  (27)
4 4

-  —  (irIV 6 w " “+ w ::) +  —  (ЗФ1У- 2 Ф " " + З Ф ::) +  —  = 0 .  (28) 
4 4M Mx3,

3.4. B oundary  conditions

F o r su pporting  co n d itio n s in  item  2 (freely  su p p o r te d  edges), b o u n d a ry
co n d itio n s  of d iffe ren tia l eq u a tio n s  (25) an d  (26) are :

A long b o u n d aries  p a ra lle l to  th e  x  axis:

zero  deflection: w =  0; (29a)
zero  bending  m o m en t n o rm a l to

th e  b o u n d a ry : m y =  0; (29b)
zero  horizon ta l (m em b ran e) force

norm al to  th e  b o u n d a ry  in  th e
u p p er chord  p la n e : ny =  n ly -f- n 2y —  0; (29c)

z ero  (m em brane) sh e a r  force in
th e  upper ch o rd  p lan e , i.e ., in
conform ity  w ith  (18c): Ф' =  0 . (29d)

Conditions (29b) a n d  (29c) are  to  be  expressed  b y  w  a n d  Ф. M aking use 
o f  (14d), (29b) y ie ld s n ly =  0, hence from  (29c) ta k in g  (18b) in to  considera tion :

Ф" =  0 . (29c)*

By m eans o f (21b) an d  (23b), a n d  ta k in g  in to  c o n s id e ra tio n  th a t  iv" — 0 
a lo n g  th e  b o u n d a ry  in  d irec tio n  x  an d  th a t  Ф" =  0 b ecau se  o f (29c)*, (29b) 
y ie ld s :

w"  H----------Ф" =  0 . (29b)*
A , h

For boun d aries  p a ra lle l to  y ,  d iffe ren tia tio n s  w ith  re sp e c t to  x  an d  у  
h a v e  to  be exchanged .

Because of c o n d itio n s  (29d) an d  (29b)*, th e  so lu tio n  c a n n o t be given as a 
sine  series even fo r  a q u a d ra tic  g ro u n d  p lan , b u t  in  a c tu a l cases, some n u m e r
ic a l m ethod  has to  be  invo lved .

3.5. Relationship between truss bar forces and internal forces o f  the equivalent
continuum

w and Ф d e te rm in e d  from  d iffe ren tia l eq u a tio n s (25) an d  (26) d irec tly  
y ie ld  internal forces o f  the continuum .  E q s (21) an d  (23) d e liv e r specific b en d in g
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m o m en ts . D e riv a tio n  o f E q s (21) leads to  th e  specific (flexu ra l) sh ea r forces:

В ь 2 х

t y  =  m'y =  —  В  \ i v —  2y

(30a)

(30b)

(y)
Fig. 9

S h ear force in  its  p o sitiv e  sense is show n in  F ig . 9. F in a lly , ap p ly ing  E q s  (18) 
to  th e  stress fu n c tio n  Ф, y ie ld s th e  co m p lem en ta ry  (m em brane) in te rn a l forces 
o f th e  u p p e r chord  p lan e .

F o r  th e  d e te rm in a tio n  of th e  bar forces o f  the space truss, th e ir  co rre la 
tio n  to  th e  in te rn a l forces o f th e  co n tin u u m  has to  be estab lish ed . T his is m o st 
sim ply  found  fo r th e  low er chord  p lane  since its  b a r  forces m u ltip lied  b y  th e  
tru ss  d e p th  h y ie ld  th e  b en d in g  m o m en t ac tin g  on th e  w id th  2c. (In  con fo rm 
i ty  w ith  th e  co n sid e ra tio n s in tro d u c in g  item  3.3, in  th e  low er chord  p lan e  
on ly  in te rn a ] forces n lx a n d  n ly develop.) W ith  n o ta tio n s  in  Fig. 3:

e 2 cm®
E F ~  h

(31a)

and
2 c n iy

& E H
п

(31b)

F orces in  co n n ec tin g  d iagonals are  due  to  f lex u ra l sh ea r forces. V ertica l 
equ ilib riu m  yields in  d irec tio n  x:

5  _  o c . j D E  . 1 С“ + Л" 
—  Ac lx д (32a)

an d

5  _  о с . ( Е В .  Ус2 +  ̂ “
— zc h ’ (32b)

and  in  d irec tion  y :

_  oc . ( CE . V C2 +  /l" 
Д С Е — z c  t y  . (32c)
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and

S EA =  — 2c • f®A •
f c 2+ A 2

h
(32d)

C onnecting  d iag o n a l forces h av e  to  be  ca lcu la ted  from  th e  sh ea r force 
t v a lid  in  th e  v e r tic a l sec tio n  going th ro u g h  th e  m id -bar.

U p p e r ch o rd -b a r forces are so m ew h at m ore  com plex to  ca lcu la te . F o r  th e  
sake  o f illu s tra tio n , F ig . 10 shows th e  fo u r possib le  force sy stem s m eetin g  r i 
g id ity  co n d itio n  (4a) a n d  th e re b y  ac tin g  as equ ilib rium  force system  a t  th e

3.

p4 A

Fig. 10
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corners of th e  u p p e r  sq u are  p lanes of th e  p y ra m id s . To determ ine  th e  u p p e r  
ch o rd -b a r forces, forces ac ting  a t  th e  corners o f each  square  are a d v isa b ly  
decom posed  in to  th e se  fo u r force sy stem s:

F o rce  sy s tem  1 essen tia lly  co rresponds to  th e  forces nx =  ny re fe rre d  to  
th e  sq u a re  c e n tre  0 .  A ccording to  E q s (21), (23) a n d  (18):

2c
ml ...__Ï__ Ф =  2c

ni®
—Z__ Ф"

h h
(33a)

F o rce  sy s tem  2 is m ost sim ply  o b ta in e d  from  th e  in c rem en t nxy in  
d irec tio n  y .  M aking  use o f E q . (18c):

P2 =  2c П*у =  c 0Ф'с-  Ф'к) , (32b)

an d  s im ila rly , from  in c rem en t nxy in  d irec tio n  x:

Р3 =  с(Ф 'о~Ф 'в ) .  (33c)

F o rce  sy s tem  4 is o b ta in ed  b y  av erag in g  th e  nxy ac tin g  a t th e  fo u r  c o r
ners:

-Pi =  — c  (Ф 'а ^ Ф ' с ) =  с (Фд + Ф д ) . (33d)

U p p e r c h o rd -b a r forces re su ltin g  from  th ese  fo u r  fo rce  system s are  show n  
in  F ig . 10.
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Berechnung zweischichtiger, im Grundriß diagonal-viereckiger Raumfachwerke mit 
dem Kontinuumverfahren. Ein zweischichtiges Raumfachwerk mit beiden Gurtebenen aus Vier
ecknetz aber zu 45° zueinander wird untersucht. Es werden die die Steifigkeit gewährleistende 
Stützungsart bzw. der Grad der statischen Unbestimmtheit festgestellt. Das Differential-
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gleichungssystem des mit dem Raunifachwerk gleichwertigen Kontinuums und die Zusammen
hänge für die Berechnung der Fachwerk-Stabkräfte aus den Schnittkräften des Kontinuums 
werden ermittelt.

Расчет двухслойных пространственных решеток с диагонально-квадратным планом 
методом континуума. В работе рассматривается двухслойная пространственная конструк
ция решеток, оба поясных листа которой имеют квадратно-сетевой вид, но повернуты 
по отношению друг к другу на 45°. Определяется способ опоры, необходимый для жесткости, 
а также степень статической неопределенности. Устанавливаются система дифференциаль
ных уравнений континуума, равнозначного решетчатой конструкции, и зависимости для 
вычисления стержневых усилий из разрезных усилий континуума.
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A COMPARATIVE STUDY OF SOME CREEP-RUPTURE  
EXTRAPOUATING FORMULAE

J. S. MURTY*

[Manuscript received July 20, 1972]

A comparative study of some creep-rupture extrapolating formulae is made. 
The basic differences between the different parametric formulae are discussed. It is 
shown that the basic differences between the parametric formulae lie in the rate-con- 
trolling mechanisms which are different in the different parametric formulae and this 
is impl i ed in the assumptions made by different authors while deriving their parametric 
formulae. Using the creep-rupture data of a Cr-Mo-V steel, the various formulae are 
compared for their extrapolating ability by the standard deviation. It is found, in gen
eral, that the iso-thermal relations have a better correlation with the rupture data. 
All the parametric formulae, which are considered, have given the standard deviation 
of the same order of magnitude. Rupture stresses were predicted for rupture times of 
104 and 10“ hours by the different methods.

1. Introduction

The lo n g -tim e  h ig h -te m p e ra tu re  s tre s s - ru p tu re  s tre n g th  of engineering  
m a te ria ls  is g en e ra lly  p re d ic te d  b y  v a rio u s e x tra p o la tio n  fo rm ulae . I n  th e se  
fo rm u la e , th e  s tre ss , te m p e ra tu re  an d  ru p tu re  tim e  a re  re la te d  b y  an  e q u a tio n . 
C u rre n tly , tw o ty p e s  of th ese  fo rm u lae  are  in w ide use . In  th e  f irs t ty p e , th e  
t im e  an d  te m p e ra tu re  are  in c o rp o ra te d  in  a p a ra m e te r  w h ich  is e q u a te d  to  a 
fu n c tio n  o f s tre ss , w hile in  th e  o th e r  ty p e , th e  ru p tu re  tim e  an d  app lied  s tre ss  
a re  re la te d  b y  an  iso -th e rm a l re la tio n sh ip . The ch ie f p a ra m e tr ic  fo rm u lae , in  
p re se n t d ay  use , in c lu d e  th e  L a rs o n —M iller [1], th e  O rr, S h erb y  an d  D o rn  [2], 
th e  C onrad  [3], th e  M a n so n —H a fe rd  [4] an d  th e  M u rry  [5]. Tw o iso - th e rm a l 
re la tio n sh ip s , w h ich  a re  in  w ide p ra c tic e  p re sen tly , th e  R u ss ian  m eth o d  [6] a n d  
th e  K rish m e th o d  [7], a re  co m p ared  w ith  th e  p a ra m e tric  fo rm u lae  an d  th e ir  ex 
tr a p o la t in g  a b ility  is d e te rm in ed . T h is co m p ara tiv e  s tu d y  is m ad e  b y  usin g  th e  
c re e p -ru p tu re  d a ta  o f a C r—Mo —У  stee l, w hich is m o s tly  u sed  in  th e  c o n s tru c 
tio n  of p o w er-p lan t eq u ip m en t.

2. Creep-rupture formulae

L arson  an d  M iller [1] w ere th e  f irs t  persons to  p ro p o se  a p a ram e tric  fo r
m u la , w hich th e y  h a v e  suggested  on th e  lines of H o llo m a n  an d  Ja ffe ’s re la tio n

* J. S. M u h t y , Aspirant, Department of Electrical Engineering Material Technology, 
the Institute of Mechanical Technology and Metal Research, Technical University, 1111 
Budapest, Hungary
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[8] be tw een  tem p erin g  tim e  and  te m p e ra tu re . T hey  sugg ested  th e  re la tio n :

/ i ( 0') ~  T (C  +  log  tr) ( 1 )

w h ere  f ^ o )  is a fu n c tio n  o f stress, T  is te m p e ra tu re  in  ab so lu te  degrees, tr is 
r u p tu re  tim e  an d  C is a  c o n s ta n t. A lth o u g h  L arson  an d  M il l e r  proposed  a 
c o n s ta n t  value of 20 fo r  C, o th ers  [9, 10] o b ta in e d  a b e tte r  f i t  w ith  th e  L arson  — 
M iller m e th o d  b y  usin g  a n  op tim ized  v a lu e  fo r C. The L arson  —M iller p a ra m e te r  
is d e riv ed  basically  fro m  th e  A rrhen ius r a te  eq u a tio n :

-L  =  Me-C?/*7- (2)
tr

b y  assum ing  th a t  th e  a c tiv a tio n  energy , Q, is a fu n c tio n  of s tre ss  a n d  te m p e ra 
tu re .  T h e  equa tion  (2) can  be  reduced  to  e q u a tio n  (1) b y  w ritin g  in  logarithm ic  
fo rm  an d  su b s titu tin g  C  a n d  fx(a) fo r log  A  a n d  (1/2, 3R , re sp ec tiv e ly . In  th is  
p a ra m e te r  i t  is im p lied  t h a t  th e  iso-stress p lo ts  o f log i versus 1 /T  are  lin ear an d  
in te rs e c t th e  axis, 1 /T  =  0, a t  log t =  —C. T h e  slope of these  p lo ts  is a fu nc tion  
of s tre ss . S tress d ep en d en cy  of th e  a c tiv a tio n  energy is fo llow ed w hen cross
slip  is th e  ra te -c o n tro llin g  m echan ism  fo r creep , according to  Schoeck  an d  
Se e g e r  [11]. I t  su g g ests , th e re fo re , t h a t  th e  L arson  M iller p a ra m e te r  shou ld  
b e s t f i t  th e  d a ta  o b ta in e d  in  th e  te m p e ra tu re  and  stress ra n g e  w here  cross
slip  is ra te -co n tro llin g .

Manson  an d  H a f e r d  [4], on a p u re  em perica l basis, h a v e  p roposed  th e  
p a ra m e te r :

m =
T ~ T a 

lo g t  lo g ta
(3)

w h ere  / 2(0 ) is a fu n c tio n  o f stress, T a a n d  log ta are m a te ria l c o n s ta n ts  w ith o u t 
a n y  p h y sica l s ign ificance . T he iso -stress p lo ts  of log tr ve rsu s  T  a re  im plied  to  
b e  lin e a r  and  m eet a t  th e  p o in t (log ta, T a) a n d  th e  slopes of th e  p lo ts  are  a fu n c 
t io n  o f stress. A c o m p a ra tiv e  s tu d y  b y  G o l d h o ff  [9] show ed th a t  th e  M anson — 
H a fe rd  p a ra m e te r, in  g enera l, is su p erio r to  o thers and  th e  m o st accu ra te  an d  
co n se rv a tiv e  one am o n g  th e  v a rious e x tra p o la tin g  m ethods. T h is eq u a tio n  is 
(2) re c e n tly  [12] d e riv ed  from  th e  basic  e q u a tio n  (2) by  assum ing  t h a t  th e  a c tiv 
a tio n  energy be a fu n c tio n  of stress an d  te m p e ra tu re :

Q =  T » .  T  -  F 2(o) ■ Г - (4)

B u t  so far, such a b e h a v io u r  has n o t b een  re p o rte d  ex p erim en ta lly .
O r r , Sh e r b y  a n d  D orn  have o b ta in e d  th e  re la tio n :

/з(о ) =  log tr — Q
2,3 R T

( 5)
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from  th e  basic  e q u a tio n  (2) b y  assum ing  th a t  th e  a c tiv a tio n  energy, Q, is co n 
s ta n t  an d  equal to  th e  ac tiv a tio n  energy  fo r self-d iffusion  an d  th e  p re -e x p o n e n 
tia l  te rm , A , is a fu n c tio n  of stress. T his im plies th a t  th is  p a ra m e te r  is ap p licab le  
w hen  th e  d iffu sion -con tro lled  m echan ism s, such  as, d islocation  clim b [13], 
m o v em en t of jo g g ed  screw  d islocations [14], d iffusion  creep  [15] etc. a re  r a te 
con tro lling . T he iso -stress p lo ts , in  th is  p a ra m e te r , a re  lin ea r and  p a ra lle l to  
one a n o th e r a n d  th e ir  in te rcep ts  w ith  th e  ax is, 1 /T  =  0, a re  a fu nc tion  o f s tre ss .

Conrad  [4] p ro p o sed  th e  fo rm u la :

B e  =  C, +  A  +  log tr (6)

w here В  is a te m p e ra tu re -d e p e n d e n t c o n s ta n t an d  Cx a n d  C2 are  co n stan ts  in d e 
p e n d e n t of s tress a n d  te m p e ra tu re . T h is e q u a tio n  is d e riv ed  from  th e  basic  
eq u a tio n :

—  =  C 3 e B ' a - e - Q I R T  (7)
tr

w here C 3is a c o n s ta n t. As in  th e  O rr, S h erb y  an d  D o rn  p a ra m e te r , in  th is  p a ra m  - 
e te r  also, th e  a c tiv a tio n  energy, Q, is c o n s ta n t a n d  eq u a l to  th e  a c t iv a tio n  
en erg y  fo r self-d iffusion , th e re b y  im p ly ing  th a t  th e  d iffusion-based  m ech an ism s 
are  ra te -co n tro llin g . T h e  ex p o n en tia l dependence  on s tress of creep ra te  is 
believed  to  be fo llow ed in  th e  liigh-stress range  [16] an d  th ere fo re  th e  p a ra m 
e te r  is expected  to  f i t  well th e  d a ta  o b ta in e d  in  th e  h ig h -stre ss  range w here th e  
ra te -co n tro llin g  m ech an ism  is d iffusion-enhanced  by  th e  in te rsec tio n  vacan c ies .

M urry  [5] d e riv ed  th e  fo llow ing fo rm u la :

Ш  =  T (f,(o )  +  log tr) (8)

from  th e  basic  e q u a tio n  (2), assum ing th a t  b o th  th e  p re -ex p o n en tia l te rm , A  ’ 
a n d  th e  ac tiv a tio n  energy , Q, are fu n c tio n s of stress. In  th is  p a ra m e te r, th e  
iso-stress p lo ts  of log  tr versus 1/T  are  lin e a r  an d  th e ir  slopes, as well as th e ir  
in te rc e p ts  w ith  th e  ax is , 1 /T  =  0, a re  d ep en d en t on s tre ss . S uch  a b eh av io u r is 
ex p ec ted  w hen th e  ra te -co n tro llin g  m echan ism  is a d is lo ca tio n  glide [17].

K r ish  [7] p ro p o sed  th e  follow ing iso -th e rm al re la tio n  betw een  ru p tu re  
tim e  an d  stress:

log a =  a +  b (log t r f  (9)

w here a and  b are te m p e ra tu re -d e p e n d e n t.
T he Rvissian m e th o d  [8] is a n o th e r iso -th e rm al re la tio n  betw een  s tress 

an d  ru p tu re  tim e :

log a =  cq +  a 2 log t (10)

Acta Technica Acadcmiae Scientiarum Hungaricae 76, 1974



2 0 6 MITRTY, J . S.

w here  а г an d  а 2 are  te m p e ra tu re -d e p e n d e n t a n d  are o b ta in ed  b y :

2 у I ~ “ г 2 x‘
1 =  1 i= l

n 2  (y ,)2
1=1

n

i= i
n 1 n 2

" 2 ^ \ 2 ' x t
i =  l u = l

w here  y ( an d  x t are th e  lo g arith m s o f s tre ss  an d  ru p tu re  tim e , re sp ec tiv e ly , of 
th e  i th  specim en an d  n  is th e  n u m b e r o f  specim ens te s te d  a t  each  te m p e ra tu re .

3. Materials and methods

T h e  chem ical com position  o f th e  s tee ls  in v es tig a ted  in  th e  p re se n t s tu d y , 
is g iv en  in  T ab le  I .  T hese steels a re  u se d  in  m ak ing  s team -co n v ey in g  pipes. 
T h o u g h  th e  basic  com position  of th e  fo u r  s tee ls  are  of th e  sam e s ta n d a rd , th e y  
a re  in  d iffe ren t h e a t- tre a te d  con d itio n s d u e  to  th e  d ifference in  th e  th ickness 
o f  th e  tu b e s . C o n stan t load  c re e p -ru p tu re  te s ts  w ere c o n d u c ted  b y  E rőkar on 
th e  ab o v e  steels; m o st of th e  te s ts  w ere co n d u c ted  a t 540 °C, a n d  580 °C, w hile 
a few  w ere con d u c ted  a t  550 °C, 565 °C a n d  570 °C also.

Table I

Chemical composition of the steels

Steel
Per cent

C Si Mn P S Cr Mo V Ni Cu

I 0,13 0,27 0,61 0,008 0,019 1,07 0,33 0,20 — 0,13
и 0,13 0,27 0,69 0,012 0,017 1,15 0,33 0,20 — 0,16

i n 0,12 0,25 0,61 0,008 0,019 1,09 0,32 0,19 0,23 0,12
IV 0,13 0,26 0,69 0,009 0,017 1,09 0,33 0,19 0,17 0,15

4. Results and discussion

T he ex p erim en ta l d a ta  are  f i t te d  in to  th e  various fo rm u lae  considered  
ab o v e , b y  th e  least squares m e th o d  a n d  th e  coefficients d e riv ed  are  p re sen ted  
in  T a b le  II. U sing th e se  coeffic ien ts , th e  stresses are reca lcu la ted  b y  each  m e th 
o d  a t  th e  given ru p tu re  tim e  a n d  te m p e ra tu re . T he ca lc u la ted  stresses an d  
th e ir  d ev ia tio n  from  th e  app lied  stre sses  are  given in  T ab le  III, along w ith  th e
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Table II
Values of the coefficients of various formulae 

a) Larson— Miller parameter

Equation: a +  blog a =  [C +  log tn\

Steel a b C

I 23,92 —4,892 19,05
и 25,77 — 5,527 20,55

h i 31,49 —4,423 26,50
IV 31,93 —4,796 27,80

b) Manson — Haferd parameter 

Equation: a +  6 a =  X 10*
j  —  l a

Steel a 6 T a [og ta

I 1 ,3 3 3 6 4 9 ,4 2 0 1 4 3 8 6 ,5 7 ,76

и 1 ,8 0 4 7 1 3 ,2 7 9 5 8 4 2 5 ,0 6 ,6 5

h i — 3 ,7 7 4 5 4 1 0 0 ,9 0 1 0 8 6 1 8 ,0 1 ,34

IV —  0 ,8 7 8 7 4 6 5 ,8 4 3 8 3 7 7 6 ,0 — 7 ,4 0

c) Orr, Sherby and Dorn parameter
Q

Equation: a +  b log a =  log tr -----=-

Steel a b C

I 9,9626 7,60438 17,81672 XlO3
h 14,6528 6,79941 21,00163 ХЮ3
h i 24,4741 9,50545 32,77425 XlO3
IV 18,45625 6,47750 24,87240 XlO3

d) Conrad parameter 
Q

Equation: В a =  Ct -1— =£- +  log tr

Steel
В

c, c,
540 °C 580 °C

I 0,219225 0,28197 1,32584 4,22786 XlO3
h 0,212060 0,28468 3,43347 2,39150X 103

h i 0,357580 0,17364 —89,37195 81,16080 XlO3
IV 0,268800 0,23871 —30,88360 32,47600 XlO3
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e) Murry parameter

Equation: a +  blog a =  -y  ■ -  [c +  d log a +  log tr]

Steel a b C d

I 24,998 — 5,8793 20,173 —  1,0288
i l 61,737 +  76,0950 —83,400 +  97,0000

h i 226,107 — 160,6700 258,000 — 185,0000
IV 143,170 — 94,3780 160,000 — 106,5000

f )  Krish isothermal relation 

Equation: log a =  a -f- b (log ir)2

Steel
a b

540° 560° 580° 540° 560° 580°

I 7,53512 7,11958 6,70405 3,0779 3,17713 3,2764
II 7,27318 7,02690 6,78062 2,9445 3,19905 3,4536

h i 13,62525 9,90991 6,19468 6,1020 4,14225 2,1825
IV 11,57759 10,09293 8,60828 4,6793 4,15620 3,6331

g) Russian isothermal relation 

Equation: log a =  at +  a2 log tr

Steel
«2

540° 560° 580° 540° 560° 580°

I 1,63601 1,57133 1,50660 0,14205 0,14542 0,14880
i l 1,66672 1,56161 1,45651 0,15280 0,14590 0,13900

h i 1,50921 1,62762 1,74603 0,06333 0,12271 0,18210
rv 1,57673 1,58019 1,58365 0,07557 0,09488 0,11420

c re e p -ru p tu re  d a ta . T he F igs 1 to  5 show  th e  p a ra m e tric  re la tio n s  a n d  th e  F ig s  
6 a n d  7 show  th e  iso -th e rm a l re la tio n s. In  T ab le  IY , th e  v a rio u s  m eth o d s are 
co m p ared  b y  th e ir  s ta n d a rd  d ev ia tio n , w hich  is c a lcu la ted  b y  th e  follow ing 
fo rm u la :

S  =
i = i

1/2

(И )

w here  S  is th e  s ta n d a rd  d ev ia tio n , n  is n u m b e r of te s t  po in ts  a n d  d is th e  d e v ia 
t io n  a t  each te s t  p o in t. In  T ab le  У , th e  p re d ic te d  ru p tu re -s tre ss  v a lu es  for r u p 
tu re - tim e s  of 104 an d  10s h o u rs  a t  560 °C are  p resen ted .
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Table III

A comparison of experimental and predicted

Steel Temp. Rupture time
Larson -Miller Manson--Haferd

°C hrs
<rp deviation

0//о
crp deviation

%

I 13,0 5 4 0 474 5 1 3 ,0 1 +  0 ,1 1 2 ,8 9 —  0 ,8 8

15,0 5 4 0 1729 1 5 ,3 9 +  2 ,6 1 5 ,0 3 +  0 ,1 7 9

7 ,6 5 6 5 18292 7 ,91 +  4 ,0 2 7 ,6 1 +  0 ,1 8 2

10,0 5 6 5 2922 10 ,82 +  8 ,2 2 1 0 ,9 8 +  9 ,7 6

8 ,0 5 8 0 9345 7 ,5 0 —  5 ,8 0 7 ,6 2 —  4 ,7 4

11,0 5 8 0 209 2 9 ,7 9 — 1 1 ,0 2 1 0 ,1 4 —  9 ,8 2

13,0 5 8 0 341 1 3 ,4 3 +  3 ,3 3 1 3 ,1 9 +  1 ,48

и 13 ,0 5 4 0 4 1 5 2 1 2 ,8 2 —  1 ,37 12 ,94 —  0 ,4 4 0

14,0 5 4 0 254 8 1 3 ,7 8 —  1 ,5 8 13 ,92 —  0 ,5 7 2

11,0 5 5 0 362 6 1 1 ,8 3 +  7 ,5 4 11 ,82 +  7 ,4 5 4

7 ,6 5 6 5 2 8 4 2 0 7 ,4 5 +  2 ,0 7 ,51 —  1 ,1 8 5

8,5 5 75 4 8 7 4 8 ,8 0 +  3 ,4 8 ,81 +  3 ,6 4

8 ,0 5 8 0 920 4 7 ,5 8 —  5 ,3 7 ,6 4 —  4 ,5 1 3

13 ,0 5 8 0 332 1 2 ,6 6 —  2 ,6 2 12 ,45 —  4 ,2 3 1

15,0 5 8 0 95 1 5 ,3 6 +  2 ,4 0 14 ,97 —  0 .2 0

h i 17,1 5 4 0 19273 1 5 ,5 2 —  9 ,3 0 16 ,73 —  2 ,1 2 0 2

19,0 5 4 0 59 5 0 18 ,51 —  2 ,5 8 18 ,47 —  2 ,8 1 5

2 1 ,0 5 4 0 782 2 5 ,0 9 +  1 9 ,4 0 2 1 ,4 6 +  2 ,1 7

9 ,5 5 65 2 9 1 9 0 10 ,47 +  1 0 ,2 11 ,11 +  1 7 ,0 3 1

15,1 5 65 10 2 0 1 7 ,6 3 +  1 6 ,7 0 18 ,39 +  2 1 ,8 0

17 ,0 5 7 5 711 1 6 ,4 6 —  3 ,2 1 17 ,42 +  2 ,4 5 2

11,5 5 8 0 439 1 1 1 ,4 9 —  0 ,0 6 10 ,68 —  7 ,1 1 4

13 ,0 5 8 0 4 2 7 3 1 1 ,6 6 — 1 0 ,3 1 10 ,76 — 1 7 ,2 0

15 ,0 5 8 0 2 0 8 8 1 3 ,0 5 — 1 3 ,0 0 12 ,93 — 1 3 ,7 5

17 ,0 5 8 0 4 9 9 16 ,35 —  3 ,8 5 17 ,26 +  U 6

I V 17,1 5 4 9 2 1 7 9 4 1 6 ,3 9 —  4 ,2 0 1 8 ,3 3 +  7 ,1 8

2 1 ,0 5 4 0 6 1 9 9 2 0 ,2 8 —  3 ,5 2 0 ,9 6 +  3 ,6 2

2 3 ,0 5 4 0 4 2 8 3 1 ,6 4 +  3 7 ,5 2 9 ,3 4 +  2 7 ,5 6

10,4 5 5 0 282 1 2 1 3 ,4 4 +  2 9 ,2 15 ,2 5 8 6 + 4 6 ,7 2

9 ,5 5 6 5 2 9 1 9 0 1 0 ,5 9 +  1 1 ,0 10 ,94 +  2 3 ,5 4

16 ,0 56 5 2851 1 5 ,9 0 —  0 ,7 0 16 ,48 +  2 ,9 8

13 ,0 5 8 0 12148 9 ,8 1 — 2 4 ,5 2 8 ,25 — 3 6 ,5 5

15 ,0 5 8 0 460 1 1 1 ,6 6 — 2 2 ,7 10,7 — 2 8 ,6 8

1 8 ,0 5 8 0 4 5 6 17 ,6 —  6 ,9 1 16 ,53 — 1 2 ,5 8

ere =  experimental stress; op — predicted stress
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rupture-stress values (stress in kp/mm2)

Orr, Sherby — Dorn Conrád Murry Krish Russian

ap deviation
%

a-p deviation
%

ap deviation
%

ap deviation
%

ap deviation
%

1 2 ,2 6 —  5 ,7 4 1 3 ,0 0 1 2 ,9 5 —  0 ,4 1 3 ,1 7 +  1,31 13 ,0 0

1 4 ,0 0 — 6 ,7 1 5 ,0 0 1 5 ,2 4 +  1,6 1 5 ,2 0 1,33 15 ,0 0

8 ,4 2 +  10 ,7 8 ,1 6 +  10 ,736 7 ,9 7 +  4 ,8 7 ,6 0 7 ,6 0

10 ,72 +  7 ,15 1 1 ,2 4 +  12 ,42 1 0 ,8 2 +  8 ,2 2 1 0 ,0 0 10 ,0 0

8,21 +  2 ,6 0 8 ,2 0 +  2 ,25 7 ,6 0 —  5,1 8 ,1 9 +  2,38 8 ,2 4 +  2 ,9 6

1 0 ,0 0 — 9 ,1 0 1 0 ,5 0 — 4 ,5 0 9 ,8 6 — 10 ,4 1 0 ,4 — 5,45 1 0 ,3 9 —  5 ,5 3

12 ,69 —  2 ,3 7 1 3 ,3 0 +  2 ,3 0 1 3 ,3 6 +  2 ,7 4 1 3 ,4 4 +  3 ,38 1 3 ,4 8 +  3 ,6 9

1 2 ,9 4 —  0 ,4 4 1 3 ,0 0 0 1 3 ,4 9 +  3 ,7 7 1 3 ,0 0 1 3 ,0 2 +  0 ,1 5

1 3 ,9 2 — 0 ,5 5 1 4 ,0 0 1 5 ,5 8 +  1 1 ,3 0 1 3 ,9 5 — 0 ,3 6 1 4 ,0 4 +  0 ,3 6

11 ,82 +  7 ,4 7 1 2 ,0 8 +  9 ,78 1 1 ,5 6 +  5 ,1 3 1 2 ,0 5 +  9 ,55 12 ,09 +  9 ,9 4

7 ,51 —  1 ,2 0 7 ,1 2 — 6 ,3 0 7 ,1 0 —  6 ,5 3 7 ,4 7 — 1 ,71 7 ,8 7 +  2 ,8 9

8 ,81 +  3 ,6 0 9 ,3 1 +  9 ,52 8 ,9 3 +  5 ,0 9 ,2 2 +  8 ,47 9 ,2 0 +  8 ,2 0

7 ,6 0 — 4 ,6 0 7 ,9 8 — 0 ,2 0 8 ,0 6 +  0 ,7 8 ,0 0 8 ,0 5 +  0 ,5 6

12 ,45 — 4 ,2 3 1 3 ,0 5 +  0 ,41 1 2 ,3 9 —  4 ,7 0 1 2 ,9 — 0 ,77 12 ,77 —  1 ,7 7

14 ,97 — 0 ,2 0 1 4 ,9 6 — 0 ,2 7 14 ,51 — 3 ,2 4 1 5 ,1 1 +  0 ,73 15,2 +  0 ,3 3

16 ,42 —  3 ,9 6 1 7 ,2 6 +  0 ,94 1 7 ,1 4 +  0 ,2 3 1 7 ,2 7 +  0 ,9 9 17 ,29 +  1 ,01

1 8 ,5 8 — 2 ,2 4 1 8 ,6 9 —  1,65 18 ,8 — 1 ,0 1 8 ,6 5 — 1 ,84 18 ,63 —  1 ,9 5

2 3 ,0 1 +  9 ,5 0 2 1 ,1 5 +  0 ,72 2 2 ,5 +  7 ,1 4 2 1 ,2 +  0 ,95 2 1 ,1 8 + 0 ,8 6

1 1 ,7 5 +  2 3 ,6 1 2 ,4 2 +  3 0 ,7 4 1 1 ,3 6 +  19 ,5 9 ,5 0 9,5 0

16 ,72 +  10 ,72 1 8 ,4 2 +  2 2 ,80— 18 ,7 +  2 3 ,8 4 15,1 0 15,1 0

1 5 ,5 3 —  8 ,6 5 1 7 ,7 2 +  4 ,2 4 5 1 8 ,1 7 +  6 ,9 1 7 ,1 2 +  0 ,71 16 ,52 —  2 ,8 2

1 2 ,1 4 +  5 ,5 6 1 2 ,2 8 +  6 ,8 8 ,8 5 — 2 3 ,0 1 2 ,0 6 +  4 ,8 7 12,1 +  5 ,2 2

1 2 ,1 7 — 6 ,3 6 1 2 ,3 5 — 4 ,9 8 8 ,9 2 — 3 1 ,3 8 1 2 ,1 3 —  6 ,6 9 12 ,16 —  6 ,4 8

1 3 ,1 3 — 1 2 ,4 9 1 4 .1 4 —  5 ,7 1 1 ,0 4 — 2 6 ,4 1 4 ,0 5 —  6 ,3 13 ,85 —  7 ,6 5

18 ,35 +  7 ,91 1 7 ,7 2 +  4 ,2 5 1 6 ,9 — 0 ,5 9 1 8 ,4 4 +  8 ,47 17 ,98 +  5 ,7 6

1 6 ,0 0 — 6 ,4 7 1 7 ,5 7 +  2 ,77 1 6 ,9 —  1 ,17 1 7 ,5 3 +  2 ,51 17 ,74 +  3 ,7 2

1 9 ,4 2 —  7 ,6 1 9 ,6 1 — 6 ,6 4 1 9 ,2 3 — 8 ,4 3 1 9 ,4 6 —  7 ,3 19,5 —  7 ,1 4

2 6 ,5 6 +  15 ,47 2 3 ,9 2 +  4 ,1 0 2 5 ,4 0 +  1 0 ,4 3 2 4 ,1 4 +  4 ,9 6 2 3 ,8 7 +  3 ,7 8

1 3 ,4 8 + 2 9 ,4 9 1 5 ,8 0 +  5 1 ,8 7 1 4 ,5 6 +  4 0 ,0 1 5 ,2 0 + 4 6 ,2 13 ,70 +  3 1 ,7 3

1 1 ,0 5 +  1 6 ,3 0 1 3 ,6 3 + 4 3 ,4 1 1 ,0 2 +  16 ,0 9 ,5 4 +  0 ,4 9 ,51 +  0 ,1 0

15 ,83 — 1 ,07 1 7 ,6 6 +  1 0 ,3 9 1 6 ,1 2 +  0 ,7 5 1 6 ,0 0 0 16 ,0 0

10 ,51 — 1 9 ,2 0 1 3 ,0 0 8 ,8 — 3 2 ,3 0 1 3 ,0 6 +  0 ,4 6 13 ,08 +  0 ,5 8

12 ,2 — 18,7 1 4 .7 7 —  1,53 10 ,21 — 3 1 ,9 0 1 4 ,7 — 2 ,0 14 ,63 —  2 ,4 4

17 ,45 — 7 ,7 0 1 8 ,9 8 +  0 ,4 1 7 ,8 4 — 5 ,6 0 1 0 ,9 5 +  0 ,7 9 19 ,05 +  0 ,7 9
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Table IV

Standard deviation

Method
Steel

I II III IV

Larson & Miller 0,0566 0,0383 0,1074 0,1993
Orr, Sherby & Dorn 0,0675 0,0371 0,1071 0,1755
Manson & Haferd 0,0480 0,0524 0,1152 0,2366
Conrad 0,0662 0,0533 0,1268 0,2298
Murry 0,0542 0,0580 0,1806 0,2144
Krish 0,0279 0,0456 0,0431 0,1579
Russian 0,0305 0,0484 0,0513 0,1102

Table V

Extrapolated rupture-stress values at 560 C°

Steel

Method Time I 11 III IV
hrs. (Stress in kp/mm2)

Larson & 104 9,22 9,20 13,22 13,66
Miller 105 6,23 6,49 9,28 9,15
Orr, Sher- 104 9,47 9,22 13,92 13,90
by & Dorn 105 7,00 6,57 10,93 9,73
Manson & 104 9,40 9,06 14,58 14,87
Haferd 105 5,46 4,96 10,01 9,60

Conrad
104 9,58 10,87 15,29 16,17
105 5,59 6,15 11,52 12,23
104 9,29 8,62 15,75 14,40

Murry
10s 6,34 5,73 11,76 10,25
104 9,79 9,55 15,65 16,25

Krish
105 6,56 6,25 12,27 12,80
104 9,77 9,51 13,00 15,87

Russian
105 6,99 6,80 10,33 12,76

A com parison  of th e  s ta n d a rd  d e v ia tio n  for th e  d iffe ren t steels w ith  
v a rio u s  fo rm ulae  show  th a t  no single m e th o d  gives th e  m in im u m  v a lu e  of 
s ta n d a rd  dev ia tio n  fo r all th e  fou r steels. T h e  iso -therm al re la tio n s  h av e  a b e t 
t e r  co rre la tio n  w ith  th e  ex p erim en ta l d a ta  w h en  com pared  w ith  th e  p a ra m e tr ic  
m e th o d s . H ow ever, th e se  m ethods h a v e  th e  d isad v an tag e , t h a t  fo r b e tte r  
re lia b ili ty  th e  te s ts  are to  be con d u c ted  a t  th e  te m p era tu res  a t  w hich  th e  m a te 
r ia l is p u t  to  use. T he la rg e r dev ia tio n s o f som e of th e  te s t  p o in ts  in  steels I I I
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PARAMETER (c .d  |0g 5 ,  |og tr )

Fig. 5

Fig. 6

a n d  IV  m ay  be p a r t ly  because o f th e  te rm in a tio n  o f th e  te s ts  before ru p tu re . 
T h e  low est s ta n d a rd  d e v ia tio n  is g iven b y  th e  K rish  m e th o d  for steels I  an d  
I I I ,  w hile th e  O rr, S h e rb y  an d  D orn  m e th o d  an d  th e  R u ss ian  m eth o d  h av e  given 
th e  m in im um  s ta n d a rd  d ev ia tion  fo r steels I I  a n d  IV , respective ly . T his 
show s th a t  for b e t te r  co rre la tio n  no  single m e th o d  is to  be  relied  upon . A m ong 
th e  p a ram e tric  m e th o d s , th o u g h  th e re  is a s lig h t difference in  th e  s ta n d 
a rd  d ev ia tion  g iven  b y  d iffe ren t m e th o d s, th e ir  o rd e r of m ag n itu d e  is th e  
sam e.
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5. C onclusions

Som e m eth o d s w h ich  are  c u rre n tly  in  p ra c tic e  fo r e x tra p o la tin g  th e  creep- 
ru p tu re  d a ta , are  o u tlin ed  an d  th e ir  a b il i ty  to  co rre la te  an d  e x tra p o la te  th e  
c ree p -ru p tu re  d a ta  is com pared  by  s ta n d a rd  d ev ia tio n . N o single m e th o d  is 
fo u n d  to  give th e  m in im u m  value of s ta n d a r d  d ev ia tio n  fo r all fou r steels. In  
general, th e  iso -th e rm a l re la tions h av e  th e  b e t te r  co rre la tio n  w ith  th e  creep- 
ru p tu re  d a ta  th a n  th e  p a ra m e tric  m e th o d s . A m ong th e  p a ra m e tric  m e th o d s, 
all th e  m e th o d s h av e  g iven  th e  s ta n d a rd  d e v ia tio n  o f th e  sam e o rder of m ag n i
tu d e , even  th o u g h  th e re  a re  sligh t d ifferences in  th e  s ta n d a rd  d ev ia tio n  v a lu es .
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Vergleichende Untersuchung einiger Extrapolationsformeln für die Auswertung von 
Zeitdauern. Im Beitrag wird über die vergleichende Untersuchung einiger Extrapolations
formeln der Zeitmessungen berichtet. Die grundlegenden Unterschiede zwischen den verschie
denen Parameterformeln werden behandelt. Es wird nachgewiesen, daß der Grund für diese 
in den die Geschwindigkeit bestimmenden Mechanismen liegt, die in den verschiedenen Para
meterformeln unterschiedlich sind und durch die die von verschiedenen Verfassern bei der Ab
leitung ihrer Parameterformeln gemachten Annahmen zum Ausdruck kommen. Anhand der 
bei Dauerprüfungen von Cr-Mo-V-Stahl erhaltenen Meßwerte werden mit Hilfe der Standard
abweichung die Extrapolationsmöglichkeiten verschiedener Formeln verglichen. Es ergab 
sich, daß in der Regel die isothermischen Beziehungen mit den Dauerprüfungsergebnissen 
besser korrelieren. Alle hier behandelten Parameterformeln ergaben Standardabweichungen 
gleicher Größenordnung. Es werden nach verschiedenen Verfahren die zu Zeitdauern von 10* 
und 105 gehörenden Bruchspannungen angegeben.

Сравнительное исследование некоторых экстраполяционных формул для оценки 
продолжительностей. В работе дается обзор сравнительной проверки некоторых экспра- 
поляционных формул измерения времени. Излагаются основные различия между разными 
параметрическими формулами. Доказано, что причина этих основных различий заключа
ется в определяющих скорость механизмах, которые различаются друг от друга в отдель
ных параметрических формулах, и это выражает предположения, сделанные различными 
авторами при выводе своих собственных параметрических формул. Используя данные, 
полученные при измерении времени для хромомолибденованадиевой стали, сравнивается 
экстраполяционная способность формул стандартного отклонения. Получено, что в об
щем данные измерения времени имеют лучшую корреляцию с изотермическими зависи
мостями. Каждая из приведенных параметрических формул дала стандартное отклонение 
аналогичного порядка. Для продолжительностей в 104 и 105 час задается разрушающее 
напряжение путем различных методов.
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SPHERICAL GRIDS OF TRIANGULAR NETWORK

T. TARNAI*

(Manuscript received March 28, 1971)

The network of single-layered spherical grids consisting of triangles is geometri
cally analysed. The answer sought for is how a sphere surface might be divided into the 
greatest possible number of spherical triangles with a small number of different side- 
lengths in such a way that the division be as uniform as possible. With the aid of regu
lar or semi-regular solids approximately uniform triangular division is produced on the 
surface of the sphere from which the densest network should be selected. A new method 
of division is suggested and the resulting configurations are compared to those obtained 
by Fuller’s metlxods of subdivision.

1. Sym bols

T h e  follow ing sym bols are u se d  in  th is  p ap er:

c number of all vertices of a polyhedron, 
ck number of different solid angles of a polyhedron, 
e number of all edges of a polyhedron, 
e/c number of different edges of a polyhedron,
Éj (i — 1, 2, . . . , в/)) ith differing edge of a polyhedron or corresponding side of a spheri

cal triangle,
l number of all faces of a polyhedron,
lj, number of different faces of a polyhedron,
Lj (i =  1, 2, . . .  , /;.) ith different face of a polyhedron or a corresponding spherical triangle, 
Lj mirror image related to the plane of a great circle of face Lj or a spherical triangle, 
n fineness grade of network meaning in most cases into how many parts the side of a

spherical triangle of the basic configuration has been subdivided,
Sj. number of different dihedral angles of a polyhedron.

2. In tro d u c tio n

In  th e  p a s t tw o  decades a n u m b e r  of spherica l cupolas h av e  b een  con
s tru c te d  of m etallic  fram e  m o u n ted  in  s itu  fro m  p re fab rica ted  u n its . I n  p la n 
n ing  th e  s tru c tu re s , th e  designers s tro v e  to  assem ble th e m  fro m  as m a n y  u n i
fo rm  elem ents as possible.

T he o b jec t of co n stru c tin g  a sp h e ric a l n e tw o rk  from  a n u m b e r o f e lem ents 
as sm all as possib le w as o rig inated  b y  F uller  [9]. O n th e  basis of his concep
tio n s  a n u m b e r of spherica l te n ts  [5] a n d  dom es [9, 8, 2] h av e  b een  b u ilt .

* T. T a k n a i, Klauzál tér 2, 6720 Szeged, Hungary
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H ow ever, th e  g eo m e try  of th e  n e tw o rk  of th ese  spherica l grids is only  
p a r t ly  know n . F u l l e r  d iv id ed  th e  surface o f th e  sphere  in to  spherica l triang les 
w ith  th e  aid of geodesic lines, i.e. th e  g rea t circles. A geom etric  system  (th e  
so-called  energe tic—sy n erg e tic  geom etry) developed  by F u l l e r  served as 
basis  fo r th e  ne tw o rk  co n stru c tio n . Tw o basic  ty p e s  o f F u lle r’s geodesic sy s
tem s are  know n [5, 6, 3] for w hich as basic  co n fig u ra tio n  of d iv ision  th e  
re g u la r  icosahedron  a n d  th e  convex p o ly h ed ro n  consisting  o f reg u la r p y ram id s 
p laced  up o n  th e  faces o f  th e  regu lar p e n tag o n d o d ecah ed ro n , i.e ., th e  spherica l 
p ro je c tio n  of th e  n e tw o rk  of th e ir  edges h av e  been  chosen.

A  special ty p e  o f th e  spherical grids w as also an a ly sed  b y  T u po lev  [10].
In  th is  p ap er th e  geom etric  analysis of th e  n e tw o rk  of sing le-layered  sp h e r

ical grids will be d e a lt w ith . The purpose  is to  e s tab lish  w h e th e r an  in scribed  
co n v ex  po lyhed ron  co n fin ed  b y  tr ia n g u la r  faces or a spherica l ne tw ork  confi
g u ra tio n  consisting  o f sp h erica l triang les ex ists o r n o t to  a given sphere w hich  
m ig h t be  selected fo r a  f in e r  ne tw ork  b y  su b d iv id in g  th e  spherical triang les of 
th e  n e tw o rk  c o n fig u ra tio n , like th a t  o b ta in ab le  b y  re fin ing  th e  ne tw o rk  of th e  
sp h erica l icosahedron  o r com pleted  d o d ecah ed ro n  w ith  th e  re se rv a tio n  th a t  th e  
n u m b e r  of th e  d iffe ren t ty p e s  of faces or edges of th e  o rig ina ting  po lyhedrons 
shou ld  he th e  sam e. A n o th e r  purpose is th a t ,  if  F u lle r’s p rinc ip le  is n o t r ig o r
ously  followed (acco rd ing  to  w hich, w ith in  a spherica l tr ian g le  o f a spherica l 
n e tw o rk  co n figu ra tion  serv in g  as basis fo r th e  d iv ision , a d iv id ing  line is a lw ays 
an  a rc  o f a g rea t circle w hose end p o in ts  fa ll on th e  tw o  sides of th e  spherica l 
tr ia n g le ) , in some cases a defin ite  m e th o d  shou ld  be  given fo r ca rry ing  o u t th e  
d iv ision .

L astly , th e  d a ta  o f  th e  co n stru c ted  p o ly h ed ro n s (spherical ne tw orks) 
w ill be  confron ted  w ith  th e  d a ta  of F u lle r’s fam ilia r po lyhed rons (spherical 
n e tw o rk s ) .

3. Basic concepts1

In  th e  p ap e r c e r ta in  geom etrical basic  concep ts are  used. A m ong th e se  
th e  m ost e lem en ta ry  ones are: th e  polygon; side, vertex, angle o f  the polygon; the 
polyhedron; face, edge, vertex, edge angle, dihedral angle o f the polyhedron; the 
great circle o f  the sphere; th ese  will n o t be defined  here , th e y  on ly  will be re fe rred  
to  in  [7], w here th e  m ean ings of th ese  concep ts a re  exp la ined .

Som e im p o r ta n t, p a r t ly  com m only  fam ilia r  concep ts w ill be in te rp re te d  
as follows:

3.1. A configuration is convex if all points of a straight segment connecting any two 
points of the configuration belong to the configuration.

3.2. A convex polygon is regular if all of its sides and angles are equal. In the plane 
there is only one single point whose distances to the vertices, respectively sides of the regular 
polygon are equal. This is the centre of the regular polygon.

1 Those discussed below are detailed, for example, in [7, 1, 4].
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3.3. If to the points of a region of polygons from a point outside the plane of the poly
gon half-lines are drawn, an infinite pyramid  is obtained. The polyhedron which is produced by 
intersecting the infinite pyramid by the plane of the polygon, is called pyramid. The polygon 
is the base-face of the pyramid. The other faces are triangles and they are the side-faces of the 
pyramid. The side-faces together constitute the mantle of the pyramid. The edges confining 
the base-face are the base-edges of the pyramid, the rest are the side-edges of this latter. The 
origin of the half-lines partaking in originating the pyramid is the vertex of the pyramid. The 
half-lines in the side-faces from the origin to the base-edges are the generatrices of the 
pyramid.

The pyramid is regular if its base-face is a regular polygon and its vertex lies in the ver
tical line standing in the centre of the base-face normal to it.

3.4. An infinite pyramid which is confined by regions of angles adjoining through their 
legs, are called solid angles (solid angle ranges). The confining solid angle ranges are the sides 
of the solid angle, the adjoining half-lines are the edges of the solid angle and the dihedral 
angles formed by the adjoining solid angle ranges are the angles of the solid angle. The common 
origin of the edges is the vertex of the solid angle. The convex solid angle region is called tri
hedron. A solid angle is regular if its faces and angles are equal. If a polyhedron is singly 
connected, and in all of its edges only two faces meet, than to each vertex of the polyhedron 
only one solid angle may be adapted whose vertex is the same as that of the polyhedron, its 
edges comprise the edges of the polyhedron which converge in the vertex, its faces are the 
edge angles of the polyhedron, and the angles are the dihedral angles of the polyhedron. This 
solid angle is the solid angle of the polyhedron.

3.5. A convex polyhedron is a regular solid if all of its edges, angles formed by the 
edges (edge angles), and dihedral angles are equal. In the space there is only one single point 
which lies at equal distances from the vertices, respectively faces of the regular solid. This 
point is the centre of the regular solid.

The faces and solid angles of the regular solid are regular and congruent.
3.6. If in the case of a convex polyhedron regularity is required for the faces and congru

ence for the solid angles or conversely, then a semi-regular solid is obtained. In order net to 
classifyby this definition the regular solids among the semi-regular solids, it should be stated 
that regularity and congruence cannot be simultaneously fulfilled in respect to the faces and 
solid angles. Accordingly, the semi-regular solids may be grouped into two classes:

In class 1 the convex polyhedrons are included whose faces are all regular polygons and 
all of their solid angles are congruent but not regular.

In class 2 the convex polyhedrons are comprised whose faces are all congruent but not 
regular, and all of their solid angles are regular.

To each of the polyhedrons belonging to class 1, another one may be found in class 2 
which has as many vertices as that in class 1 has faces and vice versa. This polyhedron of the 
2nd class is the dual of that of class 1. The semi-regular solids included in class 1 are called the 
Archimedean polyhedrons. All edges of the Archimedean polyhedron are equal. For the desig
nation of the Archimedean polyhedrons a set of numbers will be used on the basis of [4]: 
( i, j ,  . . .  , m). The meaning of the numbers in this set is: a set of numbers consists of as many 
numbers, as many polygon-faces meet in one vertex, and the numbers i, j ,  . . . , m mean 
that each polygon has i, j ,  . . . , m angles. For example, (4, 6, 8) means that in every vertex 
three polygons meet, among these there is a tetragon, a hexagon and an octagon. The Archi
medean polyhedrons are shown in Figs 5 to 19 with heavy lines.

3.7. A configuration cut out from a spherical surface by a trihedron, is called the 
spherical triangle, if the vertex of the trihedron is identical with the centre of the sphere.

3.8. If a surface of a polyhedron having an inscribed sphere (all of the faces of the poly
hedron touches a sphere) or a circumscribed sphere (all of the vertices of the polyhedron lie 
on the surface of a sphere) will be projected from the centre to the surface of the sphere, then 
the projection of the edges of the polyhedron on the sphere will be a system of lines consisting 
of arcs of great circles which is called the spherical network of the edges ( network) of the poly
hedron.

The surface of the sphere subdivided by the spherical network which is the spherical 
projection of the polyhedron, is called the entire spherical network configuration ( spherical 
network configuration).

3.9. By the term density of the spherical network of edges the ratio of the length of the 
network and the diameter of the sphere is meant. If a network configuration such as is merely 
consisting of spherical triangles and the triangles are approximately equilateral, and approxi
mately equiform, the density of the network is fairly well characterized by the numbers of the 
sides of the spherical triangles (that is, those of the polyhedron edges corresponding to the 
spherical configuration) or by the numbers of the spherical triangles (that is, the corresponding
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p o ly h ed ro n  faces). In  fa c t, th e  po lyhedron  co rre sp o n d in g  to  th e  spherical n e tw o rk  configu
ra tio n  is confined  b y  tr ia n g le  faces, and  in th is  case

3.10. T he sh o rte s t lin e  on  a surface c o n n ec tin g  tw o  p o in ts  o f th is  su rface  is th e  g e o d e s i c  

l i n e .  T h e  geodesic lines o f a  spherica l surface  a re  th e  g re a t circles. T he sp h erica l cupolas con
s tru c te d  on  th e  basis o f  th e  spherica l n e tw o rk  co n sistin g  of arcs o f g re a t circles, a re  called  
g e o d e s i c  d o m e s .

4. A pproxim ate po lyhedrons o f the  sphere

I f  a spherical s tru c tu re  —  fo r ex am p le , a dom e —  is to  be  co n stru c ted  
from  p re fab rica ted  u n its , th en , from  th e  v iew p o in t of m an u fa c tu rin g  an d  
assem bling , i t  seem s to  be  conven ien t t h a t  th e  u n its  w hose lo n g itu d in a l, or 
lo n g itu d in a l and  la te ra l  dim ensions are  la rg e  in  com parison  to  th e  o th e r  d im en
sions do n o t possess lo n g itu d in a l a n d  la te ra l  cu rv a tu re , t h a t  is, th e se  u n its  
shou ld  be e ith er s tra ig h t  b a rs  or p lane  p la te s . W ith  th e  help  o f such  s tru c tu ra l 
u n its , as a m a tte r  o f course, a spherica l su rface  can n o t be p ro d u ced  b u t  only  
an  ap p ro x im a tin g  p o ly h ed ro n  of th e  sphere .

I t  is s ta te d  t h a t  a po lyhed ron  ap p ro ach es  a sphere o f ra d iu s  r  up  to  a 
degree e if  all po in ts  of th e  surface o f th e  p o ly h ed ro n  lies w ith in  th e  region con
fin ed  b y  th e  concen tric  spherical su rfaces  o f r -f- g, r —  g rad ii.

A m ong th e  d iffe ren t k inds of p o ly h ed ro n s  it  is conven ien t to  select tw o 
ty p e s  easy  to  t r e a t :

a )  a p o ly h ed ro n  w hich  is an  in sc rib ed  convex  p o ly h ed ro n  o f th e  sp h ere ,
b) a po ly h ed ro n  w hich is a c ircu m scrib ed  p o lyhed ron  of th e  sphere.
I n  th e  case of a g iven sphere a n  in sc rib ed  or c ircum scribed  p o ly h ed ro n  

ap p ro ach es th e  sphere  closer th a n  a n o th e r  one if  its  edges a n d  faces are  of 
sm alle r dim ensions.

F o r  ce rta in  v a lu es  of g also th e  re g u la r  an d  sem i-regu lar solids m ay  be 
considered  as th e  a p p ro x im a tin g  p o ly h ed ro n  of th e  sphere. T he reg u la r solids 
be long  to  b o th  ty p e s , th e  A rch im edean  po lyhedrons belong to  ty p e  a );  th e  
d u a ls  of th e  A rch im ed ean  po lyhed rons belong  to  ty p e  b).

I f  a s tru c tu re  consists of b a rs  a n d  n o d a l e lem ents con n ec tin g  th e  b a rs , i t  
is called  a bar structure. I f  a s tru c tu re  consists of p l a n e  slabs an d  elem ents 
co n n ec tin g  th em  a long  th e ir  edges, i t  is called  a plate structure.

In  a bar structure  b u ilt  up on a n  edge n e tw o rk  of a p o ly h ed ro n , th e  n oda l 
e lem en ts  assure th e  d ih ed ra l angles o f th e  p o lyhed ron  an d  w hen  assem bling , 
th e  faces of th e  p o ly h ed ro n  will be  a u to m a tic a lly  developed b y  th e  tw o  k inds 
o f th e  elem ents (bars an d  nodal e lem en ts).

I n  a plate structure  b u ilt up  on  a n  edge n e tw o rk  o f a p o ly h ed ro n , th e  
e d g e  e l e m e n t s  assure  th e  d i h e d r a l  a n g l e s  of th e  p o ly h ed ro n , an d
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w hen  assem bling , th e  solid angles o f th e  po lyhed ron  will be a u to m a tic a lly  
dev e lo p ed  b y  th e  tw o ty p es of e lem ents ( f a c e s  a n d  e d g e  e l e m e n t s ) .

T he edge angles of th e  p o ly h ed ro n  are  au to m atica lly  assu red  b y  th e  nodal 
e lem en ts  an d  faces, respective ly , a t  b o th  ty p es  of s tru c tu res .

T h e  b a r  s tru c tu re s  are w ell-know n. F o r th e  p la te  s tru c tu re s  F ig . 1 show s 
an  ex am p le , here  th e  faces are  c o n s titu te d  o f tr ia n g u la r  fram es. In  F ig . 2, th e  
con n ec tio n  of th e  faces, th e  e lem ents a ssu rin g  th e  d ihed ra l angles a n d  th e  node 
(solid  angle) developed  are to  be seen . T h e  vertices of th e  p o ly h ed ro n  serv ing

Fig. 1. Spherical grid assembled of triangular frames

Fig. 2. A joint of the grid
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as basis  o f th e  c o n s tru c tio n  of tlie  s tru c tu re  are  lo ca ted  on a sphere su rface 
of a d ia m e te r  of 15 m ; th e  n u m b er o f th e  con fin ing  faces is 240. T he s tru c tu re  
w as designed  b y  I . K á d á r .

5. T he problem  o f subdiv ision

I f  a spherical co n fig u ra tio n  of a g iven rad iu s  shou ld  be co n stru c ted  from  
s tra ig h t  b a rs  and  n o d a l e lem ents as a sing le-layered  grid , th a n  th e  follow ing 
re q u ire m e n ts  should  be  fu lfilled :

a)  T he  form  o f th e  g rid  should  ap p ro ach  th e  sp h ere  as closely as possible. 
T he n e tw o rk  of th e  g rid  shou ld  correspond  to  th e  edge ne tw ork  of one of th e  
a p p ro x im a tin g  p o ly h ed ro n s  of th e  sphere.

b)  T he  n e tw o rk  o f  th e  grid  shou ld  m ere ly  consist of trian g les  because  
am o n g  th e  grids enclosing  th e  p a r t  o f space sing ly  connected , only a g rid  
b u ilt  u p  o f triang les is rig id .

c)  T he  g rea te s t d im ension  of th e  e lem en ts shou ld  n o t su rpass th e  lim it 
of tra n s p o r ta b il i ty  a n d  m o u n ta h ility . T he b u ck lin g  w ave- len g th  of th e  b a rs  
sh o u ld  be as sh o rt as possib le.

d )  T he  s tru c tu ra l  m em bers shou ld  be  of th e  sam e dim ensions so th a t  th e y  
shou ld  be su itab le  fo r  m ass p ro d u c tio n  a n d  to  be  un ifo rm  and  a ttra c tiv e  in  
ap p e a ra n ce .

C ondition  a )  c a n  b e  sa tisfied  in  sev era l w ays. In  section  4, am ong th e  
feasib le  w ays, th e  tw o  m o st s ign ifican t ones h a v e  b een  m entioned . In  the fo llo w 
ing , the case will be dealt w ith where the approaching polyhedron is the inscribed  
convex polyhedron o f  the sphere.

L e t us now  see w h ich  po lyhed rons m ee t th e  above requ irem en ts.
T h e  reg u la r so lids com ply  w ith  re q u ire m e n ts  a )  an d  d ) ,  in  fac t, th e  in 

sc rib ed  convex  p o ly h ed ro n s  of th e  sphere  a n d  a ll th e ir  edges an d  solid angles 
a re  eq u a l. A m ong th e  f iv e  k inds of reg u la r solids on ly  th ree  fulfil th e  re q u ire 
m e n t b) :  these  are  th e  te tra h e d ro n , (c =  4, e —  6, l — 4, in  a v e rte x  th re e  
edges m ee t); th e  o c ta h e d ro n  (c =  6, e =  12, / =  8, in  a v e rte x  fo u r edges m eet); 
a n d  th e  icosahed ron  (c =  12, e =  30, l =  20, in  a v e rte x  five edges ad jo in ).

L e t us fix  th e  d im ension  p rescribed  in  p o in t c)  w hich gives th e  u p p e r  
lim it o f th e  edge le n g th  an d  le t us increase  th e  rad iu s  of th e  sphere. C onsider 
now  th e  above th re e  po ly h ed ro n s. I n  th e  case o f th e  te tra h e d ro n , th e  edge len g th  
ra p id ly  reaches th e  g iven  lim it.

L e t us consider now  th e  o c tah ed ro n . T h e  rad iu s  of th e  sphere m a y  be 
a u g m e n te d  in  o rd e r to  keep  th e  edge le n g th  below  th e  given lim it. H ow ever, 
b y  fu r th e r  au g m en tin g  th e  rad ius of th e  sp h ere , also th e  edge len g th  o f th e  o c ta 
h e d ro n  surpasses th e  lim it and , in  th is  case o n ly  th e  icosahedron  (Fig. 3) could  
be ta k e n  in to  a cco u n t. T h u s, i t  can  be s ta te d  th a t ,  as long as th e  rad iu s  o f  th e  
sp h ere  does n o t su rp ass  th e  l/l,0 5 1 5 fo ld  v a lu e  o f th e  given lim it, b u t  is l/J /2
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tim es g re a te r  th a n  th is  lim it, am ong  th e  reg u la r solids on ly  th e  icosahed ron  
sa tisfies co n d itio n  c).

H ow ever, if  th e  ra d iu s  o f th e  sphere  is large, th e n  also th e  edges o f  th e  
in scribed  icosahedron  w ill be  large a n d  m ig h t exceed th e  lim it defined  b y  con
d itio n  c);  th e re fo re , such  po ly h ed ro n s shou ld  be found , th e  edge n e tw o rk  of 
w hich  is m ore  refined  an d  acco rd ing ly , its  edges are sh o rte r.

Fig. 3. Regular icosahedron

P o ly h ed ro n s  of th is  k in d  m ay  be  fo u n d  am ong th e  sem i-regu lar solids, 
f  or exam ple , th e  A rch im edean  solid (3, 4, 5, 4) has 60 v ertices , 120 edges, an d  
62 faces. T h e  A rch im edean  po ly h ed ro n s sa tis fy  th e  req u irem en ts  a )  an d  d ) ,  
be ing  th e  in scribed  convex  po ly h ed ro n s o f th e  sphere, an d  th e ir  edges an d  
angles are  equa l. T hey  also fu lfil th e  co n d itio n  c)  for spheres of n o t v e ry  large 
rad ii to  w hich  th e  ico sah ed ro n  does n o t  f i t  an y  longer. H ow ever, th e  A rch i
m edean  po lyhed rons are  confined  b y  polygons o f 3, 4, 5, 6, 8 an d  10 angles 
an d  no po lyh ed ro n s are confined  m erely  b y  triang les. T herefo re , these  p o ly 
hedrons do n o t  sa tisfy  co n d itio n  b). B u t on th e  faces of th e  A rch im edean  p o ly 
hedrons w h ich  a re  n o t tr ian g le s , reg u la r p y ram id s  m ay  be lo ca ted  so th a t  th e  
base-face o f  th e  p y ram id  is th e  face o f th e  po lyhed ron  an d  th e  v e r te x  o f th e  
p y ram id  is on th e  surface o f  th e  sphere  c ircum scribed  a b o u t th e  po lyhed ron .

T h e reb y  i t  is a tta in e d  th a t  all o f th e  faces of th e  new  p o ly h ed ro n  th u s  
developed  are  triang les an d  th e  side-edges of th e  p y ram id s give one or m ore 
new  edge len g th s  w hich d iffe r from  th e  edge len g th  of th e  A rch im edean  p o ly 
h ed ron  defin ing  th e  base-edges of th e  p y ram id s . Since am ong  th e  inscribed  
convex  po lyh ed ro n s of th e  sp h ere  th e re  are  no o th e r p o lyhed rons excep t tho se  
d iscussed  above, th e  edge len g th s  of w hich  w ould be equal, a n d  since th e  edge 
n e tw o rk  o f th e  A rch im edean  po ly h ed ro n s does n o t consist m ere ly  of trian g les ,
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th e  re q u ire m e n t th a t  a ll o f th e  edges o f th e  po ly h ed ro n  should  be equal, could  
n o t he  fulfilled.

In  lieu  of th e  co n d itio n  d )  one could  ta k e  in to  acco u n t th e  following tw o 
co n d itio n s v a lid  s im u ltan eo u sly :

d . l )  T he s tru c tu re  should  consist o f m an y  equal, b u t  only  o f a few d iffe r
e n t ty p e s  of u n its , fo r  assu ring  th e  econom y o f th e  p ré fab rica tio n .

d .2 )  T he d im ensions of th e  u n its  shou ld  d iffer from  each o th e r on ly  
l i ttle  fo r  assu ring  th e  ap p earan ce  of u n ifo rm ity  of th e  u n its  an d  to give a p leas
ing  a sp ec t o f th e  s tru c tu re , fu rth e r , w ith  th e  p u rpose  t h a t  th e  s tru c tu re  could 
be c o n s tru c te d  from  b a rs  of id en tica l le n g th  in  a w ay  th a t  th e  differences in  
le n g th  could  he  a ssu red  w ith  th e  aid o f th e  nodal connections.

T hose m en tio n ed  above concerned  th e  b a r  s tru c tu re s . C om parable  co n d i
tio n s could  be e s tab lish ed  in respect to  p la te  s tru c tu re s  b y  ta k in g  p la te s  in  
lieu o f b a rs  an d  c o n n ec tin g  m em bers a lo n g  th e  edges in  lieu  o f nodal u n its . In  
th e  case of p la te  s tru c tu re s  in  cond ition  b)  o th e r  po lygons th a n  triang les could  
be  se lected . The p la te  s tru c tu re  consisting  o f solid p la te s  is, as a m a tte r  o f fac t, 
a su rface  s tru c tu re , how ever, if  only th e  edges of th e  p la te s  p a rtic ip a te  in load  
b ea rin g , th e n  th e  p la te  s tru c tu re  becom es a sp a tia l fram ew o rk . I f  th e  fram e n e t 
w ork  consists o f tr ia n g le s , th e n  a g rid  is o b ta in ed . In  th e  follow ing, w hen  dealing  
w ith  p la te  s tru c tu re s , o n ly  those  c o n s tru c te d  from  trian g le s  w ill he considered  
fo r  w hich , essen tia lly , th e  very  sam e co n d itio n s will he  v a lid  as for those  of th e  
b a r  s tru c tu re s .

I t  is easy  to  u n d e rs ta n d  th a t  th e  in sc rib ed  convex  po ly h ed ro n  of a sphere  
confined  b y  tr ia n g u la r  faces m igh t rec ip ro cally  u n eq u iv o ca lly  be co rre la ted  
w ith  its  spherica l n e tw o rk  con fig u ra tio n  if  fo r each spherica l trian g le  o f th e  
n e tw o rk  co n fig u ra tio n  th e  follow ing co n d itio n  (the condition o f  reciprocally 
unequivocal correlation)  is fulfilled: th e  c a lo tte  covering  th e  spherical tr ia n g le , 
th e  base  circle o f w h ich  passes th ro u g h  a ll th e  th ree  v e rtices  of th e  spherica l 
tr ia n g le , does n o t cover an y  m ore v e rtic e s . H av in g  m ade th is  s ta te m e n t, in  th e  
case o f accom plish ing  cond ition  a ) ,  th e  req u irem en ts  b to  d .2 could be su m m a 
rized  as follows ( problem  o f the su bd iv ision )  :

L e t us d iv ide  a sphere of g iven  ra d iu s  w ith  th e  a id  o f g rea t circles in to  
sp h erica l trian g les  in  a w ay  th a t

u )  also th e  lo n g est side o f th e  sp h erica l trian g le  shou ld  be sh o rte r  th a n  
a g iven  len g th ,

ß )  as few  d iffe re n t ty p es o f sides o f  th e  spherica l trian g les  an d  sp herica l 
tr ian g le s  them selves shou ld  occur as possib le; th e  sides o f equal len g th  of th e  
sp h erica l trian g les  a n d  th e  congruen t sp h erica l trian g les  be as m an y  as possib le,

y )  th e  sides o f  th e  spherical tr ian g le s  an d  th e  sp herica l triang les shou ld  
d iffer as little  as possib le , th a t  is, th e  subd iv ision  shou ld  be as un ifo rm  as 
possib le. I t  is re q u ire d  th a t  th e  co n d itio n  o f rec ip rocally  unequ ivocal co rre la 
tio n  should  be fu lfilled .
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To th e  sp h erica l netw ork  c o n fig u ra tio n  sa tisfy ing  th e  cond itions o f th e  
p rob lem  of su b d iv is io n  a p o lyhed ron  is asso c ia ted  w hich satisfies th e  co n d itio n s 
o f th e  p r im a ry  p rob lem .

T h e  in v es tig a tio n s  should  be  c a rr ie d  o u t on th e  sphere of u n it  rad iu s .
A m ong th e  reg u la r and  sem i-reg u la r solids th e re  a re  such as th o se  s a tis 

fy ing  in  in v a ria b le  form  or b y  p y ra m id  com pletion  th e  conditions ex cep t th o se  
to  be fo u n d  u n d e r  p o in t c) and  cr.). I n  o rd e r to  fu lfil also th e  co n d itio n s c) 
an d  th e se  p o ly h ed ro n s or th e ir  sp h erica l p ro jec tions should  fu r th e r  be  s u b 
d iv ided  as long  as th e  lengths of th e  edges a n d  sides do n o t come u n d er th e  g iven 
lim it.

I t  shou ld  be  inv estig a ted  in  th e  case o f ek =  1, 2, 3 (for p la te  s tru c tu re s  
lk = 1 , 2 )  w h ich  are  th e  po lyhedrons in  th e  case of w hich  th e  ra tio  o f th e  lo n g 
est an d  sh o r te s t  edges is th e  low est. T h e  spherica l n e tw o rk  o f th e  p o ly h ed ro n s 
developed in  th is  w ay  will be refined  b y  su b d iv is io n  an d  from  th e  n e tw o rk  con
fig u ra tio n s  so o b ta in ed  th e  densest n e tw o rk s  shou ld  be  selected.

In  p rin c ip le , i t  should still fu r th e r  be in v es tig a ted  w heth er a c e r ta in  
d en sest tr ia n g u la r  subdiv ision  of a sp h ere  su rface  has been  p roduced  fro m  an  
earlie r sp h erica l co n figu ra tion  (for ex am p le , fro m  spherica l icosahedron) b y  a 
ce rta in  fu r th e r  subd iv ision  (all ve rtices  o f th e  earlier con fig u ra tio n  w ill also 
becom e v e rtices  o f  th e  subd iv ided  co n fig u ra tio n ), how ever, th is  in v es tig a tio n  
will n o t be d e a lt w ith  here.

6. The regular solids and their pyramid completions

L e t us now  ignore th e  cond itions c)  an d  a.) of S ection  5.
In  th e  case o f b a r  s tru c tu re s , th e  p o ly h ed ro n s in  resp ec t to  w h ich  th e  

cond ition  ek =  1 a n d  also th e  o th e r co n d itio n s  are  fulfilled , are  som e k in d s  of 
reg u la r solids. A m ong  th em  — as has b een  seen —  it  is th e  icosahedron  w hich  
sa tisfies th e  co n d itio n s best.

In  th e  case o f p la te  s tru c tu re s  fo r  lk =  1, th e  p o ly h ed ro n  sa tisfy in g  th e  
o th e r  co n d itions b e s t m ay  be derived  in  th e  follow ing w ay :

C onsider th e  reg u la r  dodecahed ron  in sc rib ed  in  th e  sphere. T he faces o f 
th e  d o d ecah ed ro n  are  reg u la r p en tag o n s  (a t  a v e r te x  th re e  edges m eet). L e t us 
p ro je c t th e  cen tre s  of th e  faces from  th e  cen tre  o f th e  dodecahed ron  on  th e  
sphere  su rface . C onnect these  p ro jec ted  p o in ts  b y  s tra ig h t line segm ents w ith  
th e  p o in ts  o f edges confin ing  each of th e  faces. T hus, on each face of th e  d o d e 
cah ed ro n  a re g u la r  p y ram id  has been  p o sitio n ed  w hose v e r te x  lies in th e  sp h ere  
surface. T he m a n tle s  o f th e  py ram id s give a n  inscribed  convex  p o ly h ed ro n  of 
th e  sphere  (F ig . 4), w hich  is d esigna ted  b y  (5, 5, 5)?. [(5, 5, 5) designates th e  
dodecahedron . T h is  n o ta tio n  is in ag reem en t w ith  th a t  given for th e  A rch im e
dean  p o ly h ed ro n s in  Section  3.8. T he su b sc r ip t g  refers to  th e  fac t th a t  th e
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F i g .  4. (5, 5, 5)g

p o ly h e d ro n  was o b ta in e d  from  (5, 5, 5) b y  p y ra m id  com pletion]. T he p o ly h e 
d ro n  (5, 5, 5)g is con fined  b y  60 co n g ru en t isosceles triang les. T he ra tio  o f len g th  
o f th e  tw o  kinds o f edges is 1,11. The d im ension less ch a rac te ris tic  d a ta  a re  to  be 
fo u n d  in  T ab le  V a t  re =  1. A t th e  v e rtices  o f th e  (5, 5, 5)„, five  an d  six  edges 
m ee t.

7. The A rch im edean  polyhedrons an d  th e ir  pyram id  com pletions

I f  from  th e  solids (4, 4, re) and  (3, 3, 3, re) only  those  defined  b y  a g iven  re 
(for exam ple , re =  5) a re  considered, th e n  15 k inds of sem i-regu lar solids of 
c o n g ru e n t solid angles a re  ob ta ined .

T h e y  are as follow s:

(3, 6, 6) (3, 3, 3, re) (3, 3, 3, 3, 4)
(3, 8, 8) (3, 4, 3, 4) (3, 3, 3, 3, 5)
(3, 10, 10) (3, 4, 4, 4)
(4, 4, re) (3, 4, 5, 4)
(4, 6, 6) (3, 5, 3, 5)
(4, 6, 8)
(4, 6, 10)
(5, 6, 6)

C onsider now  each  of th e  15 k in d s o f  A rch im edean  po lyhed rons in scrib ed  
in  th e  sphere of u n i t  rad iu s  and  p u t  on  each  polygonal face w ith  m ore th a n  
th re e  vertices, re g u la r  py ram id s in  th e  w ay  show n in S ection  6. In  th is  w ay  
p o ly h ed ro n s  are  o b ta in e d  w hich will be  d en o ted  as (i, j ,  . . ., m )a.
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Fig. 11. (4, 6, 10) ? Fig. 12. (5, 6, 6)g
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T he su b sc rip t g  again  refers to  th e  new  po ly h ed ro n  being  ob ta in ed  from  
th e  A rch im ed ean  po ly h ed ro n  ( i , j ,  . . ., m) b y  p y ram id a l com pletion .

T he po ly h ed ro n s now  com pleted  an d  confined  o n ly  b y  trian g les , are  
show n in  F igs 5 to  19. T he d im ensionless ch a rac te ris tic s  o f th e  po lyhed rons 
are  lis ted  in  T ab le  I .  F ro m  am ong  these  po lyhed rons th o se  should  be se lec ted  
fo r d iffe ren t ek-s, w hose netw o rk s are  th e  d ensest an d  w h ich  sa tisfy  th e  co n 
d itio n s of S ection  5, excep t tho se  given u n d e r  c) an d  oc), respective ly .

A m ong th e  com pleted  po lyhed rons th e re  is on ly  one in  th e  case o f w hich  
ek =  1. T his is th e  p o ly h ed ro n  (3, 3, 3, 5)? w hich is id en tica l w ith  th e  icosahe
dron .

H ow ever, on  th e  basis o f th e  d a ta  to  be found  in  T ab le  I , for th e  h ig h er 
va lu es  of ek i t  c a n n o t be decided  w hich p o ly h ed ro n  sa tisfies th e  cond itions of 
S ection  5 b e s t a n d  th e  n e tw o rk  of w hich p o ly h ed ro n  is m ore  refined , because it  
m ay  h ap p en  t h a t  a t  tw o po lyhed rons ck, c, ek, e, lk, l, sk a re  iden tica l as, fo r 
exam ple , in  th e  case o f (3, 10, 10)g an d  (3, 3, 3, 3, 5)„. T herefore, th e  edge-

ТаЫ е I

Dimensionless characteristic data of the Archimedean polyhedrons completed by regular
pyramids

Polyhedron c* C ek e i t l s k

* (3 ,6 ,6 )? 2 16 2 42 2 28 3

(3 , 8 , 8 )g 2 30 2 84 2 56 3

(3 , 1 0 , 10)^ 2 72 2 21 0 2 140 3

(4 , 4 ,n )? , n  =  5 3 17 3 45 2 30 4

(4 , 6 , 6 ) , 3 32 3 10 8 2 72 4

(4 , 6 , 8)g 4

(5 )

74 4 2 1 6 3 144 6

(4 , 6 , 10)g 4

(5 )

182 4 54 0 3 360 6

* (5 , 6 , 6 ) g 3 92 3 2 7 0 2 180 4

* (3 , 3 , 3 , n )g , n  =  5 1 12 1 30 1 20 1

(3 , 4 , 3 , 4)^ 2 18 2 4 8 2 32 2

(3 , 4 , 4 , 4)g 2 42 2 1 20 2 80 3

(3 , 4 , 5 , 4 )g 3 102 3 3 0 0 3 200 4

* (3 , 5 , 3 , 5)^ 2 42 2 120 2 80 2

(3 , 3 , 3 , 3 , 4)g 2 30 2 84 2 56 3

* (3 , 3 , 3 , 3 , 5 ) g 2 72 2 2 1 0 2 140 3

Starred polyhedrons satisfy the requirements in Section 5, point d. 2.
Cyphers in brackets are valid in that case if two elements of the same size, which can only be 
brought into congruence by mirroring, are considered to be different.
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le n g th s  o f each p o ly h ed ro n  shou ld  be d e te rm in ed  and  th e  ra tio  of th e  longest 
a n d  sh o r te s t  edges fo r  each  p o ly h ed ro n  p ro d u ced . In  th e  case of th e  p o ly h e 
d ro n s  a t  w hich th is  ra tio  is n o t m uch  h ig h er th a n  1, th e  co n d itio n  d .2 o f S ection  
5 w ill be  considered  to  be  sa tisfied . T he po lyh ed ro n s will b e  selected  o u t an d  
e s ta b lish e d  for w hich  o f  th e m  th e  re q u ire m e n t d .l  o f S ection  5 is fu lfilled . T he 
re su lts  o f th e  ca lcu la tio n  a re  lis ted  in  T ab le  I I .  In  T ab le  I I  th e  edge-leng th  of 
th e  A rch im edean  p o ly h ed ro n  is d en o ted  b y  It an d  th e  edge-leng ths o f th e  d if
f e re n t  reg u la r p y ra m id s  app lied  on th e  faces, b y  av  a2, a 3.

Table II

Edge-lengths of Archimedean polyhedrons completed by regular pyramids inscribed in the
sphere of unit radius

No. ( M ...........m )u
niax(fe, a lt a 2, a 3)
min(fc, ctj, a 2, a 3 )

l *(3, 6 ,  6)g 0,8528 0,9775 — — 1,15
2 (3, 8, 8)g 0,5622 0,8017 — — 1,43
3 (3, 10, 10)g 0,3363 0,5675 — — 1,69
4 (4, 4, 5)g 1,0135 0,7778 0,9932 — 1,30
5 ( 4 ,  6 ,  6 ) g 0,6325 0,4595 0,6714 — 1,46
6 (4, 6, 8)g 0,4315 0,3088 0,4424 0,5900 1,91
7 ( 4 ,  6 ,  1 0 ) g 0,2630 0,1868 0,2653 0,4360 2,33
8 *(5, 6, 6)g 

*(3, 3, 3, 5)g 
icosahedron

0,4035 0,3486 0,4124 — 1,18

9 1,0515 1,0515 1

1 0 (3, 4, 3, 4)g 1 , 0 0 0 0 0,7654 — — 1,31
1 1 (3, 4, 4, 4)g 0,7148 0,5237 — — 1,36
1 2 (3, 4, 5, 4)g 0,4478 0,3208 0,3883 — 1,40
13 *(3, 5, 3, 5)g 0,6178 0,5465 — — 1,13
14 (3, 3, 3, 3, 4)g 0,7724 0.5698 — — 1,36
15 *(3, 3, 3, 3,5)g 0,4638 0,4028 — — 1,15

Starred polyhedrons satisfy the requirements in Section 5, point (1.2.

I t  m ay he s ta te d  th a t  from  am ong  th e  15 k inds of p o ly h ed ro n s on ly  in  
th e  case of five is th e  cond ition  fu lfilled  t h a t  th e  ra tio  o f th e  longest an d  s h o r t
e s t  edge is low er th a n  1,2. In  th e  case o f  th e  o th e r p o ly h ed ro n s th is  ra tio  is
1,3 o r h igher. T h u s , th e  five  p o ly h ed ro n s in  th e  case o f  w hich  th e  re q u irem en t 
d .2) is fu lfilled, a re  as follows: (3, 6, 6)g (F ig. 5), (5, 6, 6)g (Figs 12 an d  20), 
(3, 3, 3, 5)g (Figs 3 an d  13), (3, 5, 3, 5)g (Figs 17 and  21) an d  (3, 3, 3, 3, 5)g 
(F igs 19 and  22).

•At th e  v e rtic e s  of these  p o ly h ed ro n s five  or six edges m eet. F ro m  am ong  
th e s e  five po ly h ed ro n s —  since th e re  c a n n o t be found  am ong  th e m  tw o  poly-
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Fig. 21. (3, 5, 3, 5)g

h ed ro n s in  th e  case o f w hich c, e, l, w o u ld  be  th e  sam e -— th e  p o lyhed ron  defined  
b y  th e  values ek =  2 and  ek =  3, c o n s is tin g  of th e  g rea te s t n u m b er o f faces 
m ig h t be selected .

T hese a re :
in  th e  case o f ek =  2: (3, 3, 3, 3, 5)g, an d  
in  th e  case o f ek =  3: (5, 6, 6)„.
T he p o ly h ed ro n  (3, 3, 3, 3, 5)g co n sis ts  of tw o k inds of tr ia n g u la r  faces. 

O ne o f th em  is reg u la r, th e  o th e r one  is a n  isosceles trian g le . T he p o ly h ed ro n  
(5, 6, 6)g consists o f tw o k inds of isosceles trian g le  faces.

Fig. 20. (5, 6, 6)g
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Fig. 22. (3, 3, 3, 3, 5)?

8. Methods of refinement of the network and 
subdivision of the spherical triangles

I t  w as seen in  S ec tions 6 and  7 t h a t  in  th e  case of po lyhed rons for w h ich  
th e  re q u irem en t d .2 )  o f  S ection  5 is fu lfilled  a n d  w hich  have  m ore faces th a n  th e  
o c ta h e d ro n , a t each  v e r te x  five or six  edges m eet. The icosahedron , th e  (5, 
5, 5)„, th e  (3, 3, 3, 3, 5)g an d  th e  (5, 6, 6)g w ill be considered  as th e  basic co n fig 
u ra tio n s  of the  su b d iv is io n  and  th e ir  sp h erica l n e tw o rk  will he refined ac c o rd 
ing  to  ce rta in  p rin c ip les , b y  tak in g  care  t h a t  also a t  each v e r te x  of th e  p o ly 
h e d ro n  p roduced  b y  fu r th e r  subd iv ision , fiv e  or six  edges m eet.

T h e  re fin em en t o f  th e  spherical n e tw o rk  o f th e  basic  co n fig u ra tio n  is 
c a rr ie d  o u t by  th e  su b d iv is io n  of th e  con fin in g  spherica l tr ian g les  in to  sm alle r 
sp h e ric a l ones. Som e o f th e  m ethods o f su b d iv is io n  are  described  below.

8 .1 . M ethods o f  subd iv ision  also applicable to general spherical triangles 
( R efinem ent o f  a network consisting  o f  different triangles)

8.1.1. Procedure o f  side bisection. C onnect th e  m ed ian  p o in ts  o f th e  sides 
of th e  spherical tr ia n g le s  b y  arcs of g re a t circles. T hus, th e  given sp h e rica l 
tr ia n g le  has been d iv id e d  in to  fou r sp h erica l tr iang les. T he m edian  p o in ts  o f  
th e  sides of th e  sp h e ric a l triang les o b ta in e d  shou ld  again  be connected  b y  a rcs  
o f g re a t circles, a n d  so on. T he subd iv ision  m ay  be co n tin u ed  up to  o p tio n a l 
d e n s ity . W ith  th e  a id  o f th is  p rocedure  th e  su b d iv ision  of th e  sides of th e  o rig 
in a l spherica l tr ia n g le s  in to  equal p a r ts  (o f 2k) is achieved.

8.1.2. R efin em en t by the centre o f  the circle circumscribed about the sp h eri
cal triangle. C onsider a spherical trian g le  o f a spherica l con fig u ra tio n  o f a n y
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k in d  of spherica l tr ian g les . L e t us co n n e c t th e  cen tre  o f th e  circle c ircum scribed  
a b o u t th e  spherica l tr ia n g le  b y  arcs o f  g re a t circles w ith  th e  th re e  vertices  o f 
th e  spherica l trian g le  a n d  w ith  th e  c e n tre  o f  th e  circle c ircum scribed  a b o u t th e  
th re e  spherica l trian g les  each  h av in g  a com m on side w ith  th e  sp h erica l tr ia n g le  
in  q uestion . B y  ca rry in g  o u t th is p ro c e d u re  fo r ev ery  spherica l tr ian g le , a new  
n e tw o rk  is o b ta in ed  th re e  tim es fin e r th a n  th e  o rig inal one.

8.2. F uller's method o f  d ivision  o f  isosceles spherical triangles

D ivision o f th e  isosceles spherica l tr ian g le s  re su ltin g  in  th e  low est n u m b e r 
o f d iffe ren t side-leng ths, o rig inates f ro m  F u ller . H is m e th o d  is described  on th e  
basis o f [3].

C onsider an  isosceles acu te -an g led  spherica l tr ian g le . I ts  spherica l sy m 
m e try  line p erp en d icu la rly  halves th e  b ase  an d  also b isec ts th e  edge angle 
со o f  th e  spherica l tr ian g le . T hen  d iv id e  th e  segm ent o f th e  sy m m e try  line 
w ith in  th e  trian g le  in to  n  p a r ts  of eq u a l le n g th s  (Fig. 23a). A t th e  p o in ts  o f divi-

Fig. 23a. Fuller’s method of division of isosceles spherical triangle
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sión d ra w  th e  g rea t circles w hich are  p e rp en d icu la r  to  th e  sy m m e try  line. T hese  
in te rse c t th e  legs o f th e  spherica l tr ian g le . S ta r tin g  from  th e  v e r te x  o f th e  sp h e ri
cal tr ia n g le , a t th e  ang le  o f th e  legs, co n n ec t th e  p o in ts  o f in te rsec tio n  o b ta in e d  
on b o th  legs, w ith  th e  help  of arcs o f g re a t circles w ith  every  second p o in t o f 
d iv ision  on  th e  sy m m e try  line. T hus, one can  p roceed  o n ly  u p  to  th e  h a lf  o f th e  
leg. T here fo re , ro ta te  th e  segm ent o f th e  sy m m e try  line d iv id ed  in to  eq u a l p a r ts  
on th e  sphere , a b o u t th e  m id p o in t o f th e  base  b y  180 degrees an d  b y  m ak in g  
use o f  th e  po in ts  o f  d iv is io n  so o b ta in e d , co n tin u e  th e  p rocedure . T h ereb y  th e  
isosceles spherical tr ia n g le  has been  d iv ided  in to  re2 spherica l tr iang les. I n  th e  
d ire c tio n  o f th e  sy m m e try  line u n d e r each  o th e r  spherica l trian g les  are  to  b e  
fo u n d  w hich  can be b ro u g h t in to  congruence b y  m irro ring . B y  th is  p ro c e d u re  
th e  leg  o f th e  sp h erica l tr ian g le  w ill be  d iv id ed  in to  re segm en ts o f arcs o f  d if
fe re n t len g th s  o f g re a t circle, an d  th e  base  in to  re/2 or (re -f- 1)/2 segm ents o f  
arcs o f  g rea t circle, d ep en d in g , w h e th e r re is an  even  o r odd  n u m b er. O n th e  
f irs t  d iv id ing  g rea t c irc le  above th e  b ase  n/2 or (re —  l) /2  a rc  segm ents o f d if
fe re n t len g th s  of g re a t circle are p ro d u ced , depend ing , w h e th e r re is an  even  o r  
odd n u m b er.

T h u s, th is  d iv is io n  o f an  isosceles spherica l tr ian g le  re su lts  in
2re d ifferen t s id e -leng ths,
n  or 2re —  1 d iffe ren t spherica l tr ian g les  (depend ing , w h e th e r tw o s p h e r

ical tr ian g le s  of id e n tic a l dim ensions w hich  can  on ly  be  b ro u g h t in to  c o n g ru 
ence b y  m irro ring , m ig h t be considered  as id en tica l or n o t) , an d

re2 spherical tr ia n g le s .
T he resu lt o f th e  d iv ision  is i llu s tra te d  in F igs 23b an d  23c fo r th e  case 

w h e re  re is an  even  n u m b er.

8.3. Subdivisions o f  equilateral triangles

8.3.1. F uller's method o f  d ivision  o f  equilateral spherical triangles. F u l le r ’s 
m e th o d  will be describ ed  on th e  basis  o f [5] an d  [6]. In  su b d iv id ing  th e  e q u i
la te ra l  spherical tr ian g le s , F u lle r sets o u t essen tia lly  from  tw o  basic  cases:

a)  C onnect th e  m idpo in ts  o f th e  sides of th e  e q u ila te ra l spherica l t r i 
an g le  b y  arcs of g re a t circles. T h e reb y  th e  spherica l tr ian g le  has been  d iv id ed  
in  su ch  a w ay t h a t  w ith in  it  a new  eq u ila te ra l spherica l tr ian g le  h as  b e e n  
p ro d u c e d  whose v e rtic e s  are  th e  m id p o in ts  o f th e  sides o f th e  given e q u ila te ra l 
sp h e rica l trian g le .

b)  D raw  th ro u g h  th e  cen tre  o f th e  eq u ila te ra l spherica l tr ian g le  a rcs  of 
g re a t  circle p e rp e n d ic u la rly  to  th e  sy m m e try  lines.

These define six  po in ts  o f in te rsec tio n  w ith  th e  sides. Tw o po in ts  o f in te r 
sec tio n  being  n e a re s t  to  th e  v e rtices  of th e  spherica l tr ia n g le  co n n ec tin g  in  
p a irs  b y  arcs o f g re a t circles, a su b d iv ision  is o b ta in ed  w hich , w ith in  th e  o rig i
n a l spherica l tr ia n g le , resu lts in  a reg u la r spherica l hexagon .
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I f  a f in e r  subdivision  is re q u ire d  th a n  th e  eq u ila te ra l sp h erica l tr ia n g le  
o b ta in ed  b y  th e  subdivision  a)  sh o u ld  be subd iv ided  b y  one o f th e  a )  or b)  
b asic  m eth o d s. T he po in ts o f su b d iv is io n  o b ta ined  o u ts id e  th e  in n e r reg u la r 
spherica l tr ian g le  are  defin ite ly  d e te rm in e d  b y  th e  g rea t circles p e rp en d icu la r  
to  th e  sy m m etry  line.

Fig. 24. Fuller’s method of division of a triangle of the spherical icosahedron

T he subd iv ision  to  n  =  2 is g iven  b y  th e  basic  version  a)  w hereas to  n — 3, 
i t  is o b ta in ed  b y  version  b) ;  th e  su b d iv is io n  to  n =  4 an d  n =  6 is show n in Fig. 
24. In  th e  fig u re , th e  cyphers den o te  th e  d iffe ren t sides a n d  th e  cap ita ls  den o te  
th e  d iffe ren t spherica l triangles.

8.3 .2 . The method o f  subdivision suggested by the author. L e t us su b d iv id e  
th e  th re e  sides of th e  eq u ila tera l sp h e ric a l trian g le  in to  n  arcs o f eq u a l len g th s . 
A t each  v e r te x  o f th e  spherical tr ia n g le  co n n ec t th e  p o in ts  of d iv ision  n e a re s t 
to  th e  vertices  w ith  th e  aid of a rc s  o f  g rea t circles. C onsider th e  sp h erica l 
a lt i tu d e  line (sy m m etry  line) in te rse c tin g  th e  v e rte x  o f th e  sp h erica l tr ia n g le  
a n d  th e  second segm ent counted  fro m  th e  v e r te x  on th e  su b d iv id ed  side o f th e  
tr ia n g le  as well as th e  p e rp en d icu la r m id line  o f th is  segm en t. T h is one in te r 
sec ts  th e  a ltitu d e  line o f th e  tr ian g le . B y  connecting  th e  p o in t o f in te rsec tio n  
w ith  th e  f irs t  an d  second p o in t of su b d iv is io n  coun ted  from  th e  v e rtic e s , isos
celes spherica l trian g les  are p ro d u ced . L e t  us p u t  on th e  sides o f th e  o rig inal 
sp h erica l tr ia n g le  on each of th e  o th e r  segm ents th e  sam e k in d s o f isosceles 
sp h erica l tr ian g les . H ith e rto  th ree  d iffe re n t s ide-leng ths w ere o b ta in e d . T he 
v e rtices  o f th e  isosceles triang les a t  th e i r  leg angles w ill lie a t  eq u a l sp h erica l 
d is tan ces  from  each  o th e r along a side o f  th e  orig inal sp herica l tr ia n g le  because  
th e se  vertices  lie on th e  sphere also on  a p lan e  para lle l to  t h a t  o f th e  side o f th e  
sp h erica l tr ian g le . C onnect these  v e r tic e s  w ith  th e  help  o f arcs o f g rea t circles. 
T h u s , th e  fo u r th  k in d  of side-length  h a s  b e e n  o b ta ined . T h ereb y  a co n fig u ra tio n  
h as  b een  fo rm ed  w ith in  th e  o rig inal spherica l tr ian g le , resem bling  th is  
la t te r ,  w hose “ sides”  (which are now  sp h e ric a l b roken  lines) are  d iv id ed  th ro u g h  
th e  b re a k  p o in ts  in to  n— 2 equal seg m en ts .
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T h e procedure sh o u ld  be rep ea ted  as long  as a p o in t or spherica l triang le  
h as  b e e n  o b ta in ed , d ep en d in g , w h e th e r n  cou ld  be  d iv id ed  b y  th ree  or n o t.

I n  app ly ing  th is  m e th o d , th e  sp h erica l tr ian g le s  o b ta in e d  are  all o r all 
b u t  one, isosceles (th is  one being  a reg u la r  tr ia n g le  o f  c e n tra l position ), d ep en d 
ing , w h e th e r n could b e  d iv ided  b y  th re e  o r n o t.

9. Polyhedrons produced by network refinement

I n  Section 8, w ith  th e  exception  of 8 .1 .2 , som e im p o r ta n t  p rocedures have  
b een  p resen ted , show ing  how  one single sp h erica l tr ia n g le  o f a n e tw o rk  configura
tio n  consisting  of sp h e rica l trian g les , could  be  so su b d iv id ed  th a t  b y  th e  
su b d iv is io n  as few n ew  side-lengths as possib le  shou ld  be o b ta in ed . Now, b y  
m a k in g  use of th e  m e th o d s  of subd iv ision , all o f th e  spherica l triang les of th e  
sp h ere  ne tw o rk  co n fig u ra tio n  should  be  d iv id ed . T h e reb y , a fin e r spherical n e t 
w o rk  con fig u ra tio n  co n sis tin g  o f sp h erica l tr ian g le s  w ill be  p roduced . In  th is  
sec tio n  th e  ch a ra c te ris tic s  o f th e  p o ly h ed ro n s  asso c ia ted  w ith  th e  spherica l 
n e tw o rk  con figu ra tions (Sections 3.8 an d  5) w ill be analysed .

9.1. R efin em en t o f  the network o f  the spherical icosahedron

T h e subd iv ision  o f  th e  icosahedron  acco rd ing  to  Section  8.1.1. in  a second 
s tep  —  if  th e  ico sah ed ro n  itse lf  is assum ed  to  be  th e  f ir s t  one —  yields th e  con
f ig u ra tio n  (3, 5, 3, 5)„. Som e f irs t s tep s  o f th e  re fin em en t of th e  ne tw ork  are  
sh o w n  in  T able I I I ,  p o in t  a ) .  B y th e  second s tep  of th e  re fin em en t of th e  n e t 
w o rk  according to  S ec tio n  8.1.2 th e  c o n fig u ra tio n  (5, 5, 5)? is o b ta in ed . T he 
d a ta  o f  th e  co n fig u ra tio n s  o b ta in ed  fo r th e  fu r th e r  va lu es  of n a re  to  be fo u n d  
in  T a b le  I I I ,  p o in t h ).

T he subd iv ision  described  in  S ection  8.3.1 w as developed  b y  F u l l e r , 

espec ia lly  for th e  sp h e ric a l icosahedron . T he re g u la r ity  invo lved  in  th is  m e th o d  
o f subd iv ision  also a s se r ts  itse lf  in  th a t  fo r  n =  2 a n d  n  =  3, th e  con fig u ra tio n s 
(3, 5 , 3, 5)„ and  (5, 6, 6)„, respective ly , w ill be o b ta in e d  (earlier, these  co n fig u 
ra tio n s  were d e riv ed  from  th e  A rch im ed ean  p o ly hed rons). T hus, F u lle r’s 
su b d iv is io n  of th e  ico sah ed ro n  fo r c e r ta in  va lu es  o f n  also y ields a t  th e  sam e 
tim e  th e  division o f  th e  spherical c o n fig u ra tio n  (5, 6, 6)^.

F o r  th e  h ig h er v a lu es  of n a m ore a d v a n ta g e o u s  subd iv ision  th a n  th e  fo r
m er ones is assu red  b y  th e  p rocedure  sugg ested  in  S ection  8.3.2. B y  m ak in g  
use o f th is  m eth o d , in  th e  case of sub d iv is io n  of a side in to  n p a r ts , th e n :

ck = n’
c =  10 n2 +  2, 
e k  =  n ,  
e =  30 n2, 
l =  20 n2.
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T ab le  II I

Refinement of the network of the spherical icosahedron 

a) Method of side bisection

No.
n c* C ek e h l s k

2 2 42 2 120 2 80 2

3 4 162 5 480
5

(6)
320 5

4
10

(12)
642 15 1920

15
(22)

1280 20

b) Method by centres of circles circumscribed about triangles

No.
n ck c ek e h l *Ä

2 2 32 2 90 1 60 2
3 3 92 3 270 2 180 4

4 6 272 6 810
4

(5)
540 10

c) Method of division suggested by the author

No.
n 4 C e k e h l • k

1 1 12 1 30 1 20 l
2 2 42 2 120 2 80 2
3 3 92 3 270 3 180 4
4 4 162 4 480 5 320 6
5 5 252 5 750 6 500 7

6
6

(7)
362 6 1080 7 720 9

7
7

(8)
492 7 1470 9 980 11

8
8

(9)
642 8 1920 10 1280 12

9
9

(11)
812 9 2430 11 1620 14

10
10

(12)
1002 10 3000 13 2000 16

Cyphers in brackets are valid if two elements of the same size which can only be brought into 
congruence by mirroring, are considered to be different.
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Fig. 25. Refinement of the network of the spherical icosahedron in the cases of n — 1, 2, 3,4,5

T h e f irs t five  s tep s  of th e  re fin em en t o f th e  n e tw o rk  w ith  th is  m eth o d  
a re  show n in F ig . 25. T h e  d ifferen t cy p h ers  d en o te  th e  d iffe ren t sides an d  
th e  d iffe ren t le tte rs  d es ig n a te  th e  d iffe ren t sp h erica l trian g les . T he d a ta  of th e  
o b ta in e d  co n fig u ra tio n s are  listed  in  T ab le  I I I ,  p o in t c).

9.2. R efinem ent o f  the network o f  the spherical configuration (5 , 5, 5 ) g

T he spherica l co n fig u ra tio n  (5, 5, 5)g could  be subd iv id ed  in  th e  m ost 
successfu l w ay  b y  m ak in g  use of th e  m e th o d  described  in  Section  8.2. T his 
m e th o d  w as used  b y  F u l l e r , in  p a r tic u la r  fo r th e  re fin em en t of th e  spherica l 
n e tw o rk  o f th e  co n fig u ra tio n  (5, 5, 5)?. I f  a side has been  su b d iv id ed  in to  n  p a r ts , 
th e n  th e  ch a ra c te ris tic  d im ensionless d a ta  o f th e  p o lyhed ron  will be as follows:

ck =  2 re, 
c =  30 re2 +  2, 
ek =  2 re, 
e =  90 re2,
lk =  re (2re— 1, if two faces of the same size which could only be brought into congruence 

through mirroring, are considered to be different), 
l — 60 re2, 
sk — 3 re—1 .
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T he subd iv isions for th e  cases n =  1, 2, 3, 4, 5 are  show n in  F ig . 26. T he 
p o ly h ed ro n s o b ta in ed  fo r n =  2, m ay  b e  seen in  F igs 1 an d  27. T he c h a ra c te r 
istic  d a ta  are  also lis ted  in  T ab le  IV .

Fig. 26. Division of the network of the spherical configuration (5, 5, 5)  ̂ with the aid of
Fuller’s method
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Table IV

Fuller’s method for network refinement of a spherical configuration (5, 5, 5),

No.
n c * C ek e h l 4

1 2 32 2 90 1 60 2

2 4 122 4 360
2

240 5
(3 )

3 6 272 6 810
3

(3 )
540 8

4
4 8 482 8 1440

CO
960 11

5 10 752 10 2250
5

1500 14
(9 )

Cyphers in brackets are valid if two elements of the same size which can only he brought into 
congruence by mirroring, are considered to be different.

9.3. R efinem ent o f  the netw ork o f  the spherical configuration (3 , 3, 3, 3, 5 )g

T h e spherical n e tw o rk  of th e  p o ly h ed ro n  (3, 3, 3, 3, 5)g, as w as seen, 
consists  o f isosceles a n d  eq u ila te ra l spherica l tr ian g les . B o th  th e  isosceles an d

Fig. 28. Refinement of the network of the spherical configuration (3, 3, 3, 3, 5)„ in the cases
of n =  1. 2, 3, 4, 5
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th e  e q u ila te ra l sp h erica l tr ian g les  are  congruen t. To th e  isosceles spherica l 
tr ian g le s  a t  th e  legs again  isosceles spherica l trian g les  a re  ad jo in ing , to  th e  
base  an  e q u ila te ra l spherica l tr ia n g le  is a tta c h e d . T he re fin em en t of th e  n e t 
w ork  has been  ca rried  o u t as follow s:

L e t us d iv id e  th e  isosceles sp h erica l tr ian g le  acco rd ing  to  those  m en tio n ed  
in  S ection  8.2. T h is d iv ision  o f tr ian g le s  induces a sy m m etrica l d iv ision  on 
th e  basis of th e  isosceles spherica l tr ian g le . T he sam e d iv is io n  should  b e  t r a n s 
fe rred  to  th e  o th e r  tw o sides of th e  eq u ila te ra l spherica l tr ian g le . T hen  le t us 
a p p ly  th e  m e th o d  described  in S ection  8.3.2. Since th e  side has n o t been  
d iv ided  in to  e q u a l segm en ts, an d  th u s , on th e  segm ents co n g ru en t sp h erica l

Table У

Network refinement of the spherical configuration
(3, 3, 3, 3, S)g

a) Method of side bisection

No.
n C e k e h l s k

l 2 72 2 210 2 140 3
5

2 5 282 5 840
(6)

560 7

b)  Method by centres of circles circumscribed about triangles

No.
n c k C <* e h l s k

1 2 72 2 210 2 140 3

2 5 212 5 630
3

(4)
420 7

c) Method of division suggested by the author

No.
" Ck C ek e h ' s k

l 2 72 2 210 2 140 3
4

2 5 282 5 840
(5)

560 7

6
3 8 632 8 1890

(8)
1260 13

9
4 12 1122 11 3360

(12)
2240 18

Cyphers in brackets are valid in that case if two elements of the same size which can be 
brought into congruence only by mirroring, are considered to be different.
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tr ia n g le s  can n o t be p o sitio n ed , 8.3.2 shou ld  be  m odified in  a w ay  th a t  th e  leg- 
le n g th  o f  th e  isosceles tr ian g le s  p laced  on th e  segm ents sh o u ld  be iden tica l. 
T h e  f i r s t  steps of th e  su b d iv is io n  are  show n in  F ig . 28. T he d a ta  o f th e  p o ly h e
d ro n s associa ted  w ith  th e  co n fig u ra tio n s are  in d ica ted  in  T ab le  У u n d e r p o in t c). 
F o r  th e  sake of com parison , also th e  d iv isions accord ing  to  Sections 8.1.1 an d  
8.1.2 h a v e  been carried  o u t  for n — 2 (T able  У , po in ts  a )  a n d  b)).

9.4 . R efinem ent o f  the network o f  the spherical configuration (5 , 6, 6) g

As was seen in  9 .1 , th e  subd iv ision  o f th e  spherica l n e tw o rk  of th e  p o ly 
h e d ro n  (5, 6, 6)? w ith  th e  aid  of geodesic lines is, in  fa c t, th e  consequence of 
th e  d iv ision  of th e  sp h e rica l ico sah ed ro n  accord ing  to  8.3 .1 .

T h e  spherical n e tw o rk  of th e  p o ly h ed ro n  (5, 6, 6)g consists o f tw o k inds of 
isosceles spherical tr ia n g le s . Two d iffe ren t spherica l tr ian g les  are  connected  b y  
th e ir  bases. H av ing  d e a lt  w ith  isosceles spherica l trian g les , th e  m eth o d  of su b 
d iv is io n  p resen ted  in  S ec tion  8.2 m ay  b e  em ployed . This m a y  be done w ith o u t 
a n y  change for n =  2. H ow ever, in  th e  case o f n ]> 2, th e  p ro ced u re  should  be 
m od ified .

L e t us divide th e  f ir s t  k in d  of th e  isosceles spherica l trian g les  accord ing  
to  t h a t  m entioned  in  S ec tio n  8.2. T his d iv ision  of th e  spherica l trian g le  resu lts

Fig. 29. Refinement of the network of the spherical configuration (5, 6, 6)„ in the cases of
n =  1, 2, 3, 4, 5
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on th e  base  in  a sy m m etrica l div ision . T he second k in d  o f th e  isosceles trian g le  
shou ld  be so d iv id ed  th a t  th e  p o in ts  o f d iv ision  o b ta in ed  on  th e  b ase , a re  th e  
sam e as th o se  o b ta in e d  earlier. A ccordance  o f th e  po in ts  o f d iv ision  o f th e  base  
y ie lds th a t  fo r h ig h er va lues of n th is  p ro ced u re  is no longer su itab le , th e  values 
o f ek an d  lk w ill —  a t  th e  sam e d e n s ity  —  be h igher th a n  th o se  o f th e  p o ly h e 
d ro n s o b ta in ed  w ith  th e  aid of th e  p rev ious m ethods. T he p ro ced u re  an d  d a ta  
o f th e  co n fig u ra tio n s are  in d ic a te d  in  F ig . 29 an d  T ab le  V I, resp ec tiv e ly .

Table VI

Network refinement of the spherical configuration
(5, 6, 6)R

N o .
n Cjfc c eк e Ih l sk

1 3 92 3 270 2 180 4
4

2 6 362 7 1080
(6)

720 9

7
3 10 812 11 2430

(И)
1620 16

Cyphers in brackets are only valid if two elements of the same size which can be brought into 
congruence only by mirroring, are considered to be different.

10. C om parison an d  evaluation

B esides th e  con figu ra tions k n o w n  from  th e  special l i te ra tu re  [icosahe
d ro n , (5, 5, 5)g, th e ir  F u lle r d iv isions, as w ell as (5, 6, 6)ff] a n u m b e r of con figu 
ra t io n s  could  be  c o n stru c ted  —  p a r t ly  b y  m ak in g  use o f F u lle r’s m e th o d  —  
acco rd in g  to  t h a t  m en tio n ed  above. T h is p e rm its  to  se t th e  co n fig u ra tio n s of 
th e  d en ses t n e tw o rk  o b ta in ed  b y  th e  new  d iv isions to g e th e r w ith  th o se  kn o w n  
so fa r , in  a ran g e  accord ing  to  th e  in c reasin g  values of ek an d  lk b y  ta k in g  in to  
a cco u n t th e  re q u ire m e n ts  ra ised  in  S ection  5. F ro m  th e  p o ly h ed ro n s tre a te d , 
th o se  o f th e  den sest n e tw o rk  are  lis ted  fo r th e  b a r  s tru c tu re s  in  T ab le  V II , fo r 
th e  p la te  s tru c tu re s  in  T ab le  V I I I ,  p o in ts  a )  an d  b).

F ro m  th e  re su lts  o b ta in ed  i t  is c lear t h a t  in  th e  case o f p la te  structures, 
if  th e  faces o f  th e  trian g les  of th e  sam e size b u t  o f opposed en co m p assm en t are 
consid ered  to  h e  id en tica l, th e n  th e  d en sest edge-ne tw ork  is p ro d u ced  m erely  
b y  th e  c o n fig u ra tio n  (5, 5, 5)g an d  its  p o ly h ed ro n s derived  b y  F u lle r’s m eth o d  
o f d iv ision  8.2. I f  th e  trian g le  faces of th e  sam e s iz e ,b u t o f opposed  encom pass
m en t, a re  n o t considered  to  be id en tica l, th e n  th e  co n fig u ra tio n  (5, 5, 
an d  its  F u lle r ia n  po lyhed rons, as well as th e  co n fig u ra tio n  (5, 6, 6)„, th e  con
fig u ra tio n  (3, 3, 3, 3, 5)g an d  th e  p o ly h ed ro n s  o b ta in ed  b y  th e  su b d iv ision  o f 
th is  l a t te r  w ill a lte rn a te ly  be th e  po lyh ed ro n s o f th e  densest n e tw o rk .
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Table VII

Polyhedrons of densest network for bar structures

C o n f ig u ra t io n c* C eк e h /

Icosahedron 1 12 l 30 1 20
(3,3,3,3,5)? 2 72 2 210 2 140
(5,6,6)g 3 92 3 270 2 180
icosahedron division 

n =  4
4 162 4 480 5 320

(3, 3, 3, 3, 5)„ division 
n =  2

5 282 5 840
4

( 5 )
560

icosahedron division 
n =  6

6

( 7 )

362 6 1080 7 720

icosahedron division 
n =  7

7

(8)
492 7 1470 9 980

icosahedron division 
n =  8

8

( 9 )

642 8 1920 10 1280

icosahedron division 
n =  9

9

(11)
812 9 2430 11 1620

Cyphers in brackets are valid if two elements of the same size which can be brought into con
gruence only by mirroring, are considered to be different.

Table VIII

Polyhedrons of densest network for plate structures

a) If two triangular faces of the same size — which can be brought into congruence only by 
mirroring — are considered to be the same

Configuration ct C e k e h l **

(5, 5, 5)g 2 32 2 90 1 60 2

(5, 5, 5)g Fullerian division, n =  2 4 122 4 360 2 240 5
(5, 5, S)g Fullerian division, n =  3 6 272 6 810 3 540 8

(5, 5, 5)„ Fullerian division, n =  4 8 482 8 1440 4 960 11
(5, 5, 5)„ Fullerian division, n =  5 10 752 10 2250 5 1500 14

In  th e  case o f  th e  bar structures, be ing  fro m  th e  v iew p o in t o f th e  p ra c tic e  
o f g re a t im p o rta n c e , considering  th e  increasing  va lu es  o f  n, a fte r th e  p o ly h e 
d rons derived  fro m  th e  icosahedron  an d  from  th e  tw o sem i-regu lar solids 
[(3, 3, 3, 3, 5)g a n d  (5, 6, 6)ê], th e  p o lyhed rons g iv ing th e  densest edge n e tw o rk  
a re  th o se  p ro d u ced  fro m  th e  icosahedron  b y  th e  su b d iv ision  suggested  in  th is
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b) If two triangular faces of the same size — which can be brought into congruence only by 
mirroring — are considered to be different

Configuration ck C ek e h 1 sk

(5, 5, 5)^ 2 32 2 90 1 60 2
(5, 5, 6)g 3 92 3 270 2 180 4
(5, 5, 5)0 Fullerian division, n = 2 4 122 4 360 3 240 5
(3, 3, 3, 3, 5)? refined by centres of 

circles circumscribed about triangles, 
n = 2 5 212 5 630 4 420 7

(3, 3, 3, 3, 5)g division, n =  2 5 282 5 840 5 560 7
(5, 5, 6)g division, n =  2 6 362 7 1080 6 720 9
(5, 5, 5)g Fullerian division, n =  4 8 482 8 1440 7 960 11
(3, 3, 3, 3, 5)g division, n =  3 8 632 8 1890 8 1260 13
(5, 5, 5)g Fullerian division, n =  5 10 752 10 2250 9 1500 14

p a p e r , in  S ection  8.3.2. T hus, i t  can  be  estab lished  th a t  th e  p o lyhed ron  (3, 3, 
3, 3, 5)g an d  th a t ,  o b ta in e d  b y  its  su b d iv is io n  as well as th e  po lyhed rons p ro d u c 
ed w ith  th e  a id  o f th e  subd iv ision  o f  th e  spherical icosahed ron  suggested  in  
S ection  8.3.2, fu lfil fo r n  2, n =j= 3 th e  conditions p resc rib ed  in  Section  5 in  a 
m ore  sa tisfy in g  w ay  th a n  an y  o th e r  po lyhedrons d id  so fa r.
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Sphärische Dreiecksfachwerke. Die Geometrie des Dreiecksnetzes von einschichtigen 
sphärischen Fachwerken wird untersucht. Auf die Frage: auf welche Weise eine Kugelfläche 
in soviel sphärische Dreiecke wie möglich mit wenigen unterschiedlichen Seiten aufgeteilt 
werden kann, daß die Aufteilung möglichst gleichförmig sei, wird eine Antwort gesucht. Mit 
Hilfe von regelmäßigen und halbregelmäßigen Körpern wurden auf der Kugelfläche annä
hernd gleichförmige Dreiecksaufteilungen hergestellt, von denen dieselben von dichtesten 
Netzen ausgewählt werden können. Es wird eine neue Aufteilungsmethode vorgeschlagen 
und die durch Anwendung dieser Methode als Ergebnis erhaltenen Konfigurationen werden 
denselben, die durch die Fullerschen Aufteilungen erhalten wurden, entgegengestellt.
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Сферические решетчатые конструкции с треугольной сеткой. Работа занимается гео
метрическим анализом сетки однослойных сферических решетчатых конструкций с тре
угольной сеткой. В работе поставлена цель, найти ответ на вопрос, каким образом можно 
сферическую поверхность с небольшим числом различных по длине сторон разбить на 
максимально наибольшее количество сферических треугольников так, чтобы разбивка по 
возможности была бы равномерной. С помощью тел правильной и полуправильной формы 
на сферической поверхности создается приближенно равномерная разбивка на треугольни
ки, из которых выбирают те, которые имеют наиболее густую сеть. Предлагается метод раз
бивки, и формы, получающиеся в результате разбивки на треугольники, сравнивают с 
формами, полученными при разбивке по Фулеру.
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L’APPROVISIONNEMENT EN EAU 
DES VILLES ET CHÂTEAUX-FORTS

L. ZOLNAY*

[Manuscrit reçu le 5 mai 1969]

1. Introduction

L ’ap p ro v is io n n em en t en eau  p o tab le  p u re  e t sa lu b re  a v a it  é té  l’une  des 
p réo ccu p a tio n s m a jeu res  des h a b ita n ts  des villes m éd iévales, décim ées p a r  
les ép idém ies. B ien que  les anciens h a b ita n ts  de la  rég ion  sud -ouest de la  
H ongrie , les R om ains de P an n o n ie  nous a ien t laissé leu rs aq u ed u cs, b rillan ts  
souven irs de leu r c iv ilisa tio n  m atérie lle , rien  ne  p ro u v e  que  leu rs condu ites 
d ’eau  a v a ie n t su rv écu  p e n d a n t les siècles de la  m ig ra tio n  des peup les e t que 
l’hom m e d u  m oyen-âge  a p u  les u tilise r. T o u t un  m illénaire  d ev a it s’écouler 
a v a n t que  le  m oyen-âge  e û t a t te in t  le degré de d év e lo p p em en t de la  c iv ilisa
tio n  ro m ain e , m ais dès q u ’il l ’a a t te in t ,  il Ta a u ss itô t dépassé.

T o u t en se s e rv a n t de l ’eau  des sources e t des p u its , u tilisés de to u t  
tem p s à la  cam p ag n e , les h a b ita n ts  de nos villes e t c h â te a u x -fo rts  o n t m is 
au  p o in t de bonne h eu re  une  n ouve lle  tech n iq u e  d ’ad d u c tio n  d ’eau  qui d ev a it, 
dès le X V e siècle, d ép asse r p a r  son n iv eau  les aq u ed u cs de l ’a n tiq u ité . Si Ton 
pense à la  m ag n ifiq u e  c ite rn e  du  pa la is  roya l d ’E sz te rg o m  co n s tru ite  au  X I I e 
siècle e t à celle de la  c itad e lle  de Y isegrâd des X I I I e— X IV e siècles, ou si 
Ton reg a rd e  le p u its  d ’E sz te rg o m  creusé dans la  roche , il a p p a ra ît  a u ss itô t 
év id en t que l ’eau  de p lu ie  recueillie  dans des c ite rn es  e t le ren d em en t des 
p u its  n ’a v a ie n t p o in t d û  su ffire  a u x  agglom érations de m o n tag n e  m édiévales.

L ors de la  fo n d a tio n  de la  v ille  de m on tag n e  de B u d a , l ’ap p ro v is io n n e
m en t en eau  é ta i t  u n  fa c te u r  d é te rm in a n t de l ’im p la n ta tio n . D ans le choix  
de l’em p lacem en t, les av en s a u x  eau x  ab o n d an te s  de la  p a r tie  sep ten trio n a le  
du  m o n t d u  ch â te a u  e n tra ie n t  en ligne de com pte to u t  com m e l’eau  du  D an u b e , 
p roche de l ’ex tré m ité  sud  de la  m on tag n e  où d e v a it se co n stru ire  le  c h â 
te a u  roya l.

Le p rob lèm e de l ’eau  se p o sa it dans to u te  son ac u ité  a u x  h a b ita n ts  du  
m o n t d u  c h â te a u  au  X I I I e siècle. O u tre  la  p ro x im ité  d u  D an u b e , la  p résence 
de sources th e rm ales  situées su r  le v e rsa n t n o rd  d u  m o n t G ellért e t au  côté 
sud -est de la  colline R ózsadom b a v a ie n t sep en d an t allégé leu rs soucis. L a  
sa tis fac tio n  des beso ins en eau  des prem iers h a b ita n ts  se tro u v a it  fac ilitée ,

* Z o l n a y , L., Nagymező u. 3, 1065 Budapest, Hungary
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de p lu s , p a r  les eaux  a b o n d a n te s  p ro v e n a n t d ’une couche d ’arg ile  sous-jacen te  
a u  t u f  calcaire du  m o n t d u  C h âteau . M ais ces eaux  n ’é ta ie n t p as  superficielles. 
L e m o n t d u  C hâteau  n ’a que d eu x  sources, d o n t l ’une  su rg it d ans la  cour 
d u  n° 8 de la  rue H u n fa lv y  e t l ’a u tre  en con tre -bas d u  B astio n  des P êcheurs, 
l ’u n e  e t l ’au tre  é ta n t  d é jà  d ’u n  trè s  fa ib le  déb it. D ans la  p a r tie  n o rd  du  m ont, 
u n  v a s te  systèm e de c av ité s  so u te rra in es  accu m u la it les eau x  de p ré c ip ita 
t io n  e t  il sem ble p lau sib le  de sup p o ser que  l’ex p lo ita tio n  de ces avens av a it 
d û  com m encer dès le  X I I I e siècle. D an s les diplôm es du  m oyen-âge  on tro u v e  
m êm e m en tion  des p u its  e t  salles d ’eau  d u  m o n t du  C hâteau .

E v lia  T chelebi (1660— 1664) énum ère , p o u r le  q u a r tie r  de la  fo rte 
resse , so ixan te-qu inze  p u its  com m uns e t q u a ra n te  p u its  p riv és  creusés dans 
la  ro ch e , a jo u ta n t que  c e n t so ix an te -d ix  citernes so u te rra in es  recu e illen t les 
ég o u ts  des to its  de m aisons. D ans les q u a tre -v in g t cavernes a u jo u rd ’hui 
co n n u es du  m on t d u  C h â teau , H e n rik  H orusitzky a d éco u v e rt a u x  années 
1920 tre ize  avens to u jo u rs  u tilisab les , d o n t le n iv eau  d ’eau  v a  de 150,65 à 
158,47 m  au-dessus d u  n iv e a u  de la  m er.

D ans un  a u tre  t r a v a i l  j ’ai m o n tré  que la  cour ro y a le  n ’a v a it  q u itté  la  
v ille  fo rtifiée  fondée p a r  A d a lb e rt IY  (1235— 1270) que sous le règne de Louis 
le  G ran d  (1342—1382), dan s la  seconde m oitié  du  X IV e siècle, p o u r ven ir 
s’é ta b lir  sur l ’em p lacem en t de l ’ac tu e l c h â te a u  roya l. D epuis l’époque d ’Adal- 
b e r t  IY  ju sq u ’au x  an n ées 1350, la  résidence  royale  se tr o u v a i t  au  no rd  du  
m o n t d u  C hâteau , su r l ’em p lacem en t d u  n° 9 de la  ru e  M ihály  T áncsics. C’est 
co n firm é  d ’ailleurs p a r  l ’absence  de couches géologiques aqu ifères au  sud de 
la  p lace  D ísz, sur le v e rs a n t  m érid io n a l d u  m o n t. Sur la  p a r tie  n o rd , la  couche 
su p é rieu re  est un  re c o u v re m en t en calca ire  d ’eau  douce, de quelques m ètres 
d ’ép a isseu r, disloqué p a r  en-dessous p a r  les sources th e rm a le s  d ’au trefo is. 
C’e s t leu r reste  q u ’il f a u t  vo ir dans l ’énorm e systèm e de cav ern es, riche en 
p u its ,  qu i s’étend  d an s  les p a r tie s  cen tra le  e t sep ten tr io n a le  du  m o n t du  
C h â te a u . Au n iv eau  de la  p lace D ísz, ce reco u v rem en t en calca ire  d ’eau  douce 
d is p a ra î t ,  tan d is  que  d an s  la  p a r tie  sud  du  m o n t, au -dessous du  ch â teau  
ro y a l, la  couche m arn eu se  p rim itiv e  qu i form e, dan s la  p a r t ie  n o rd , le sol 
des cavernes, ré a p p a ra ît  en su rface . O r c e tte  couche m arn eu se  de B u d a  est 
e n tiè re m e n t dépo u rv u e  d ’eau . A lors que le systèm e des cavernes du  v e rsa n t 
n o rd  co n stitu e  une  v ra ie  c ite rn e  n a tu re lle , le v e rsa n t sud  ne  possède com m e 
resso u rces , pour son ap p ro v is io n n em en t en eau, que le D an u b e  ou les sources 
g roupées au  pied du  m o n t G ellért. P lu s  au  sud de la  p lace D ísz, le systèm e n a 
tu r e l  de cavernes e t ses c ite rn es  n a tu re lle s  d isp a ra issen t avec  la  n ap p e  calcaire.

Lors de la c o n s tru c tio n , au  X IY e siècle, du  c h â te a u  ro y a l d u  sud, on 
é ta i t  p a r t i  sans d o u te  de la  concep tion  que la  p a r tie  sud  de la  forteresse, 
te r ra in  dépourvu  d ’eau , d e v a it co u v rir  ses besoins p a r  les ea u x  d u  D anube. 
S an s ses bastions f la n q u a n ts  d o n n a n t su r le fleuve , le c h â te a u  ro y a l ne p o u 
v a i t ,  en cas de siège, a ssu re r  son ap p ro v is io n n em en t en eau  que p a r  ses citernes.
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E n  com paraison  du  bourg  s itu é  su r le v e rsa n t n o rd , le c h â te a u  a v a it donc 
le do u b le  d ésav an tag e  d ’ê tre  s itu é  p rès de qu inze m ètres  p lus bas e t de ne 
p o in t d isposer de ressources en eau  n a tu re lle  su r son p ro p re  te rr ito ire . C’est 
à c e t in co n v én ien t que d e v a it rem éd ier la  re la tiv e  p ro x im ité  d u  D an u b e . 
L ’h is to ire  nous m o n tre  que les d eu x  bastio n s f la n q u a n ts  d o n n a n t su r le fleuve  
d e v a ie n t jo u e r  u n  rôle décisif d ans le so rt du  ch â te a u . (E n  1541, R o se tti , 
am b a ssa d e u r de F e rra ra  à B u d a  ra p p o r te  que les forces im péria les assiégean t 
B u d a  o n t p rivé  d ’eau  les h a b ita n ts  du  ch â te a u , en d é tru isa n t les chem ines e t 
escaliers p a r  lesquels les gens de la  fo rteresse  a lla ie n t p ren d re  de l ’eau  au  
D anube .)

J u s q u ’au  to u rn a n t du  X IV e e t du  X V e siècle, le c h â te a u  roya l e t le 
b o u rg  de B u d a  ne m o n tre n t au cu n e  tra c e  de condu ites artific ie lles. L ’a p p ro 
v is io n n em en t en eau p o tab le  d u  b o u rg  e t du  c h â te a u  ro y a l é ta i t  assuré  p a r  
des c ite rn es , des p u its  e t des p o rte u rs  d ’eau (W asserträg er) p u isa n t l ’eau  
dans le fleuve .

Les im p o rta n ts  tra v a u x  d ’ag ran d issem en t que le roi S igism ond a v a it 
fa it  fa ire  au  ch â te a u  e t au x  fo rtif ic a tio n s  du  m o n t —  p a rm i lesquels f ig u ra ie n t 
la  c o n s tru c tio n  d ’un  b astio n  au  b o rd  du  D an u b e  e t la  fab rica tio n  d ’une chaîne 
a tta c h é e  à ce m êm e b as tio n  p o u r b âc le r le fleuve  —  é ta ie n t d é jà  les ré su lta ts  
de nouvelles considéra tions ta c tiq u e s . A quoi é ta ie n t destinés le b as tio n  de 
B u d a  c o n s tru it  su r l’em p lacem en t de l’actuelle  p lace M iklós Y b l e t celui de 
P e s t, avec  la  chaîne ten d u e  e n tre  les deux , se rv a n t à b âc le r le f leu v e?  Ils 
é ta ie n t év id em m en t destinés à p ro tég e r B u d a  regia ou B ud a  imperialism a insi 
que le  b a s tio n  a b r ita n t la  c o n d u ite  d ’eau , ce p o in t n év ra lg iq u e  du  c h â te a u  
ro y a l. A p rès  N icapolis e t G alam bóc, l ’a r t  m ilita ire  hongro is d e v a it dé jà  te n ir  
com pte  de la  nouvelle arm e, ju sq u e -là  ignorée, des forces o tto m an es , à savo ir 
de la  f lo t te  tu rq u e  du D an u b e .

Ce n ’est p o in t p a r  h a sa rd  que  les prem iers d o cu m en ts  re la tifs  au x  con
d u ite s  d ’eau  artific ie lles du  m o n t d u  ch â te a u  de B u d a  p ro v ien n en t du  X V e 
siècle, de l ’époque m êm e des v a s te s  tr a v a u x  de reco n stru c tio n  de la  fo r te 
resse. L a c ra in te  des a tta q u e s  tu rq u e s , le dév e lo p p em en t du  B u d a  en une 
g ran d e  v ille  eu ropéenne e t les exigences p lus élevées é m a n a n t de la  cour roya le  
e t im p éria le  fa isa ien t n a ître  ensem ble le besoin de co n stru ire  des condu ites 
d ’eau .

M on tra v a il  en trep ris  il y  a une  qu inzaine  d ’années p o u r éclaircir le 
sy stèm e tech n iq u e  de d is tr ib u tio n  d ’eau de nos villes e t c h â teau x -fo rts  du  
m oyen-âge ne  p o u v a it s’ap p u y e r que  su r un  nom bre  b ien  ré d u it  de recherches 
p ré lim in a ires  hongroises. E n  ce qu i concerne m êm e les a u te u rs  é tran g ers  
classiques, Y iollet-le-D uc p a r  ex ., n ’ex am in éa ien t que les condu ites d ’eau  des 
m aisons d ’h a b ita tio n  e t les t r a v a u x  d ’h is to ire  te ch n iq u e  de F eldhaus f ra n 
ch issen t to u t  le m oyen-âge avec  des pas de géan t. (P o u r l ’E u ro p e  occiden tale, 
F eldh aus m en tio n n e  com m e p rem iè re  co n d u ite  d ’eau  après les aqueducs de
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l ’A n tiq u ité , le réseau  de tu y a u x  de fo n te  de V ersailles, de l’époque de Louis 
X IV . O r ces c o n s ta ta tio n s  o n t pu  ê tre  dépassées m êm e p a r  la  recherche  arch éo 
log iq u e  hongroise, r e ta rd é e  p o u r ta n t, d ans ce sens, p a r  sa fo rte  o rien ta tio n  
es th é tiq u e .)

S ándor GarÁd y  a v a it  m is à jo u r  e t re levé, a u x  années tre n te , de n o m 
b re u x  restes de c o n d u ite s  d ’eau m édiévales su r le te rr i to ire  de B u d ap est. 
I l  e s t à re g re tte r  q u e  sa m o rt su rv en u e  p e n d a n t la  g uerre  l ’a it  em pêché de 
fa ire  la  m onograph ie  q u ’il a v a it p ro je té  d ’écrire su r l ’h is to ire  des condu ites 
d ’ea u  m édiévales e t con tem p o ra in es  de B u d ap est. Des ré su lta ts  im p o rta n ts  
o n t é té  égalem ent o b te n u s  p a r  les in g én ieu rs  d u  Service des E a u x  de la  Ville 
de B u d ap est. Au cours de poses de tu y a u x , ils o n t d éco u v e rt de nom breuses 
co n d u ite s  plus an c ien n es, trouva illes qu i o n t é té  réun ies au  m usée du  Service 
des E a u x  qui fu t d é t ru i t  en 1944— 45. D e nos jo u rs , q u a n d  la  d is tr ib u tio n  
d ’eau  dans la  c a p ita le  rem o n te  à c inq  siècles e t dem i en a rriè re , il p a ra ît  
a c tu e l d ’affirm er, u n e  fois de p lus, la  nécessité  d ’écrire  l’h is to ire  de n o tre  
ap p ro v is io n n em en t en eau .

2. Les types de distribution d’eau au  m oyen-âge

A b strac tio n  fa ite  des p u its , av en s, c ite rnes e t sources, les m odes de 
d is tr ib u tio n  d ’eau a u  m oyen-âge p e u v e n t se classer en tro is  catégories te c h 
n iq u es . Les tro u v a ille s  archéologiques p ro u v e n t —  en acco rd  avec les docu
m e n ts  écrits —  que n o u s  avions:

a)  des co n d u ite s  de d is tr ib u tio n  d ’eau ap p a re n te s , fo n c tio n n a n t p a r  
g ra v ita tio n , sem blab les a u x  aqueducs de l ’A n tiq u ité ;

b)  des co n d u ite s  de d is tr ib u tio n  d ’eau  p a r  p ression , fo n c tio n n a n t sur 
le p rin c ip e  des vases co m m unican ts;

c) des pom pes ac tionnées p a r  m oulin  à m anège ou cab estan .
B u d a , c ap ita le  d u  pays e t c e n tre  de ra y o n n e m e n t de n o tre  cu ltu re

m éd iéva le , joue  au ssi u n  rôle de p rem ie r p lan  dans l’h is to ire  de n o tre  te c h 
n iq u e . On p e u t d é m o n tre r  la  p résence , à B u d a , de nos tro is  systèm es de 
d is tr ib u tio n  d ’eau  u tilisés  au  m oyen-âge.

a)  Conduites de d istribu tion  p a r  gravitation

Ce ty p e , le p lu s  fré q u e n t e t le  p lus sim ple, d u  p o in t de v u e  tech n iq u e , 
de nos systèm es de d is tr ib u tio n  d ’au tre fo is , co n d u it l ’eau  des sources situées 
à u n  n iv eau  su p é rie u r à l’ag g lom éra tion , à des fo n ta in es  p lacées p lus bas. 
D es conduites fo n c tio n n a n t su r ce p rin c ip e  a v a ie n t assuré  l’ap p ro v is io n n e
m e n t en eau de B á r tfa  (la p rem ière  m en tio n  écrite  d a te  de 1426), K ö rm ö c
b á n y a  (1442) e t d ’a p rè s  les livres de com pte  m u n ic ip au x  d u  X V e siècle, des 
v illes d ’E perjes, K a ssa , B esz te rceb án y a , Ú jb á n y a , Lőcse, B rassó  e t Pécs.
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L a p lus g ran d e  p a r tie  de nos m o n u m en ts  éc rits  du  m oyen-âge , — e t 
s u r to u t  les docu m en ts  d ’arch ives de la  H ongrie  c e n tra le  —  a v a ie n t é té  dé
t r u i t s  p e n d a n t la  d o m in a tio n  tu rq u e  e t c e tte  lacune n ’a p as  p u  ê tre  com blée 
in té g ra le m e n t p a r  les archéologues. A ussi b ien , dans la  p rem ière  m o itié  de 
n o tre  siècle, on a a t t r ib u é  encore à l ’époque rom aine  des tu y a u x  de p o te rie  
p ro v e n a n t du  m oyen-âge (leur «m arque énigm atique»  s’av é ra it  ê tre  celle des 
p o tie rs  m éd iévaux  de V ienne e t de T u lln ). E t  a v a n t que  ne  so ien t fa ite s  des 
ana lyses p lus app ro fond ies des m a té r ia u x , le ch e rch eu r ne  p o u rra  p o in t se 
p ro n o n cer s’il fa u t a t t r ib u e r  ce rta in s  é lém ents de c o n d u ite  à l’a n tiq u ité , au  
m oyen-âge, à l’époque de la  d o m in a tio n  tu rq u e  ou à l’âge m oderne.

P a rm i les m a ître s  a y a n t  exécu té  le canal de B â r tfa , d eu x  nous son t 
connus p a r  leurs nom s. I l  s’ag it de M ichel (1434) e t de N icolas de Cracovie 
(1436), venus de Po logne. D u fo n ta in ie r (R o eren m aiste r) M ichel, on s a it q u ’il 
a v a it , à une  époque a n té rie u re , c o n s tru it le canal de C racovie e t le b a in  des 
Ju ifs  de ce tte  ville.

P a rm i nos agg lom éra tions d u  b o rd  du  D an u b e , c’est l ’ancien  b o u rg  
d ’E sztergom  qui p a ra î t  avo ir été ap p rov isionné  en eau  au  m oyen de c e tte  
c o n d u ite  en tu y a u x  de p o te rie  qui p a r ta i t  du  p u its  S a in t-J e a n  e t d o n t les 
re s te s  o n t été enlevés il y  a quelques années p a r  des écoliers tro p  zélés. U ne 
a u tre  co ndu ite , la  p ie rrée  p a r ta n t  du  v e rsa n t sud d u  m o n t d u  C h â teau  de 
V iseg rád , ab o u tissa it au  pa la is  de c e tte  ville . E lle d e v a it sans d o u te  a ssu re r 
le d é b u t des fo n ta in es  go th iques e t rena issance , a insi que celui des bain s  
genre  sau n a  du  roi M ath ias . A B u d a , on tro u v e  ég a lem en t u n  bon  n o m b re  
de re s te s  de condu ites —  s u r to u t en tu y a u x  de p o te rie  —  a y a n t u tilisé  le 
p rin c ip e  de la  g ra v ita tio n . De te ls é lém en ts o n t é té  m is à jo u r  ru e  V ára lja , 
a u  I er a rro n d issem en t p a rm i les ru ines du  couven t de la  ru e  B u g á t, e t dan s 
les rues K iscelli e t G y ű rű , au  I I I e a rro n d issem en t de la  c ap ita le . Sur l ’em p la 
cem en t de l ’ancien m o n a s tè re  p au lis te , au  voisinage de l ’ac tu e l S ág vári-lige t 
(n° 91— 93 ru e  B ud ak esz i, au  X I I e a rrond issem en t) on a d é te rré  u n e  p ie rrée  
destinée  à conduire  l ’eau  p a r  g ra v ita tio n , d o n t le c o n s tru c te u r  d e v ra it ê tre  
cherché  —  d ’après des données de la  f in  d u  X V e siècle —  en la  p e rso n n e  du  
p r ie u r  p au lis te  Ján o s  K ám án cz i, m a ître  d ’œ u v re  de sa pro fession  (au x  en v i
rons de 1490— 1492).

Les tu y a u x  de p o te rie  re tro u v és  su r les te rra in s  situ és  e n tre  le m o n t 
S zab ad ság  e t le m o n t d u  C hâteau , à B u d a  ne  son t p as , com m e nous allons 
le v o ir, les frag m en ts  d ’u n e  sim ple c o n d u ite  p a r  g ra v ita tio n , m ais les re s te s  
d ’u n  systèm e de d is tr ib u tio n  fo n c tio n n a n t su r le p rin c ip e  des vases co m m u 
n ic a n ts , co n s tru it sous le  règne du  ro i M ath ias.
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b) L e systèm e de distribution  fonctio n n a n t 
sur le p rinc ipe  des vases com m unicants

Le systèm e é ta i t  p e u t-ê tre  le p lus im p o r ta n t des b iens assurés p a r  le 
ro i M ath ias (1458— 1490) a u x  h a b ita n ts  de la  cap ita le .

D es q u a tre  sources de ja d is  des m o n ts  de B u d a , qu i p re n a ie n t naissance  
su r le  v e rsa n t est de l ’a c tu e l m o n t S zabadság , les hy d ro tech n ic ien s du  roi 
a v a ie n t choisi tro is  (fig u re  1), d o n t les eau x  réun ies é ta ie n t refoulées ju s q u ’au  
m o n t d u  châ teau  de B u d a .

P a rm i les édicules qu i p ro tég ea ien t les sources, celu i de la  F o n ta in e  
de v ille , m agn ifique  co n s tru c tio n  g o th iq u e  d u  X V e siècle, ex iste  to u jo u rs ; 
sa re s ta u ra tio n  p ro je té e  e s t appelée à en rich ir la  fa ib le  série  de m onum en ts 
te ch n iq u es  d o n t on d ispose.

Fig. 1. Levé de plan des trois conduites d’eau médiévales de Buda

Les eaux  de la  F o n ta in e  de ville de l’av en u e  du  roi B éla, au  X I I e a r ro n 
d issem en t (354 m  au -d essu s d u  n iv eau  de la  m er), réun ies à celles de la  F o n ta in e  
d u  ro i B éla (348 m ) e t  de la  Source d ite  des Souabes de la  ru e  D iana ( X I I e 
a rro n d issem en t) que des tra v a u x  de can a lisa tio n  o n t fa it d isp a ra ître  depu is, 
é ta ie n t  conduites p a r  des tu y a u x  de p lom b e t de p o te rie  e t accum ulées a u x  
a len to u rs  de l’ac tu e l V érm ező, d ’où le u r p ro p re  p e sa n te u r  les a v a it fa it m o n 
te r , selon le p rin c ip e  des vases co m m u n ican ts , ju s q u ’a u  p a rv is  de l ’église 
N o tre -D am e appelé  a u jo u rd ’hui S zen th á ro m ság  té r  (p lace  de la T rin ité ). 
L a  d ifférence de n iv e a u  en tre  les sources e t la  fo n ta in e  c e n tra le  de la fo r te 
resse de B uda est de 160 à 190 m ètres. Les bassins de ré te n tio n  e t de re fo u le 
m e n t se tro u v a ie n t au  vo isinage de l’ac tu e lle  p lace O rb án  e t o n t été d é tru its  
a u  cours de la  c o n s tru c tio n  du bassin  m o d ern e  d u  Serv ice des E au x .

D e la c iterne  c e n tra le  de la  G rande  P lace  de B u d a , l ’eau  des sources 
de m o n tag n e  a v a it  é té  am enée p a r  des tu y a u x  a u x  fo n ta in es  du c h â te a u  
ro y a l e t du  bourg  de B u d a  e t à l’ancien  p u its  de tro p -p le in  de l’ac tu e l V ízi
v á ro s . L a  citerne  c e n tra le  située d e v a n t l’église N o tre -D am e de M ath ias é ta i t  
su rm o n tée  d ’une fo n ta in e  décora tive . Le frag m en t en m arb re  b lanc  d ’un
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écusson au  co rbeau , qui fu t  re tro u v é  au  siècle d e rn ie r, non loin de là , d an s la  
cour du  n° 14 rue O rszágház , a p p a r te n a it  p ro b ab lem en t à c e tte  fo n ta in e  
cen tra le . A u jo u rd ’hui, il e s t exposé au  L ap id a ire  du  Musée des B eau x -A rts .

L ’u sag e  fréq u en t de condu ites de d is tr ib u tio n  p a r g ra v ita tio n  e s t d é 
m ontrée  p a r  le  g rand  n o m b re  de tro u v a ille s  archéologiques d o n t on d ispose. 
Des é lém en ts de co ndu ites, des tu y a u x  de p o te rie  e t de bois, accom pagnés 
d ’au tres  tro u v a ille s  p ro v e n a n t du  m oyen-âge o n t é té  m is à jo u r à E sz te rg o m , 
à Pécs, au  c h â te a u -fo r t de F ü lek , à la  lim ite  de G ödöllő, au  v illage de P á ty  
dans les en v iro n s de B u d a , à P ilisszen tk eresz t, au  ch â teau -fo rt de INógrád, 
au c h â te a u -fo r t de M unkács, à K őszeg e t à G yu lafehérvár.

U ne p o rtio n  plus lo n g u e  d ’une co n d u ite  fa ite  en mélèze se tro u v e  in  
situ  dans la  p a r tie  est de la  galerie d ’o b se rv a tio n  sou te rra ine  d u  c h â te a u - 
fo rt d ’E g er. Y ido  P ataki a d ém o n tré  que c e tte  p a r tie  du c h â te a u -fo r t a v a it  
été  b â tie  p a r  l ’ingén ieur m ilita ire  O ttav io  B a ld ig a ra , a u x  a len tou rs de 1568 — 
70. B a ld ig a ra  a v a it c o n s tru it d ’ailleurs u n e  c o n d u ite  d ’eau sem blab le  dan s 
les casem ates du  c h â te a u -fo r t de Pozsony

Les co n d u ite s  du te m p s  du  roi M ath ias, d é tru ite s  à l’époque de la  d o m i
n a tio n  o tto m a n e , av a ien t é té  rénovées en 1718 p a r  K o n rád  K ersch en ste in e r, 
un  a rc h ite c te  jé su ite  de B u d a , après quoi elles re s ta ie n t en service ju s q u ’à 
la  seconde m o itié  du  X I X e siècle, époque de la  constru c tio n  du  serv ice  de 
d is tr ib u tio n  m oderne  de B u d a p e s t.

Ces co n d u ite s  de d is tr ib u tio n  p a r  g ra v ita tio n  de la  H ongrie m éd iév a le  
p ré sen ten t c e p e n d a n t, du p o in t de vue  de l ’h is to ire  de la  techn ique, u n  in té rê t  
m oindre que

c)  Les sta tions de pom page actionnées p ar m oulin  à manège ou cabestan

E n  1416 Sigism ond, ro i de H ongrie  e t de B ohêm e e t em pereur d u  S a in t- 
E m p ire , qu i s iéga it à B u d a , a v a it  fa it  p a y e r  au  «R ohrschm idt» (en t r a d u c 
tio n  l i t té ra le :  b a t te u r  de tu y a u x )  H a r tm a n n  de  N urem berg , m ille  d u c a ts  
rh én an s p ré lev és sur les im p ô ts  de la  v ille  de N u rem b erg . M aître H a r tm a n n  
«vor Z eiten  d as  W asser in  O fen den  B erg  g e le ite t hat»  (av a it a n té r ie u re m e n t 
condu it l ’eau  su r le m on t de B uda). D ’ap rès c e tte  donnée, B uda é ta i t  n o tre  
prem ier c h â te a u -fo r t e t v ille  de m on tag n e  fo rtifiée  p ossédan t des co n d u ite s  
d ’eau. Ce sy s tè m e  de d is tr ib u tio n  d ’eau de B u d a , c o n s tru it au  tem p s d u  roi 
S igism ond, s’in té g re  bien d ’a illeu rs dans le ta b le a u  européen  général, les p re 
m ières m en tio n s  re la tives a u x  cana lisa tions d ’eau  de Leipzig et d ’A u gsbourg  
d a ta n t  re sp e c tiv e m en t de 1412 e t 1450.

Les co n d u ite s  d ’eau  de  B u d a , co n s tru ite s  d an s la  p rem ière  décenn ie  
des années 1400 p a ra issen t av o ir  é té  u tilisées sans in te rru p tio n . E n  1424, 
un d iplôm e ém is à D iósgyőr p a r  le roi S ig ism ond e n jo in t à la ville de K assa  
de payer, su r les im pô ts de la  v ille , q u a ra n te  flo rin s  à m a ître  P ierre , fo n ta in ie r
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du  ro i (aq u ed u c to ri n o s tro ) . E n  1417, A m brosio  T raversari m en tio n n e  les 
é tan g s  créés à B u d a , su r le  cô té  ouest d u  ja rd in  du  ch â teau , é tan g s  qu i d e 
v a ie n t  ê tre  a lim en tés, év id em m en t, p a r  des co n d u ites . C’est de m êm e a u x  
c o n d u ite s  d ’eau  de l’époque  de S igism ond q u ’il co n v ien t de r a t ta c h e r  le f ra g 
m e n t d ’u n e  fo n ta in e  g o th iq u e  qu i, selon la  reco n s titu tio n  de M m e Is tv á n  
F e u e r , a v a it  décoré la  p e t i te  cour sud  d u  c h â te a u  royal.

C erta ines sources éc rite s  d ’une  d a te  u lté r ie u re , com plétées en  p a r tie  
p a r  des tro u v a ille s  a rchéo log iques, nous a u to r is e n t  à penser que la  s ta tio n  
de p o m p ag e  co n stru ite  p a r  le m a ître  H a r tm a n n  a v a it fo n c tio n n é  dan s le

Fig. 2. Levé de plan des conduites d’eau médiévales de Buda

b a s tio n  circu laire  d u  b o rd  d u  D an u b e , qu i se r a t ta c h a it  à la  co u rtin e  sud  
f la n q u a n t  le ch â teau  ro y a l en d irec tion  d u  f le u v e  (figure 2), e t que c e tte  pom pe 
a c tio n n é e  p a r  cab es tan  ap p ro v is io n n a it, av ec  l ’eau  du  D anube, le c h â te a u  de 
S ig ism ond . (Le b a s tio n  c ircu la ire  a é té  dém oli dans la  p rem ière  décade d u  
X I X e siècle; la  galerie d u  can a l ex iste  to u jo u rs  dans la  co u rtin e  su d  du  ch â 
te a u .)

U n e  a u tre  p o m p e analogue, ac tio n n ée  p a r  cabestan , a é té  co n s tru ite  
a u x  an n ées 1440 su r l’o rd re  d u  roi U lad islas I er, po u r sa tisfa ire  a u x  beso ins 
n o n  p lu s  du  ch â teau , m ais de la  ville. L ’env e lo p p e  de la  p o m p e, située  su r 
le b o rd  d u  D anube , se tr o u v a i t  su r l ’e m p la c e m en t du  n° 3 —5 ru e  F ő . L a  fo n 
ta in e  (figu re  3) é ta i t  à l ’ouest de l’ac tu e l th é â tre  du q u a rtie r  d u  ch â teau , 
su r l’em p lacem en t d u  b â tim e n t en ru in es  de  l ’ancien  M inistère de la  D éfense 
N a tio n a le . J ’ai p u  re tro u v e r , en 1950, la  galerie  sou terra ine  qu i les re lia it
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ensem ble e t qui a v a it  é té  rénovée a u  X V II Ie siècle (figure 4). C ette  galerie 
so u te rra in e , p ra tiq u é e  dans le f lan c  de la  m o n tag n e  e t s’é te n d a n t de la  rue 
S zínház à l’avenue Já n o s  H u n y ad i, a é té  rem b lay ée  depuis.

Les deux  pom pes du  XVe siècle d u  c h â te a u  de B u d a  fo n c tio n n a ien t 
ju s q u ’au  d é b u t de l ’occupation  tu rq u e  (1541—1686). Le d éb it de la  s ta tio n  
de pom page é ta it  em m agasiné dans des réservo irs  d ’eau  en p lusieu rs po in ts

Fig. 3. Trace du puits de la pompe médiévale conduisant à l’ancien couvent franciscain de
Buda

Fig. 4. Puits du temps moderne et du moyen-âge sous l’ancien couvent franciscain de Buda

de la  fo rte resse  de B u d a  (dans la  c ite rn e  située  p rès  de la  m aison  de l ’a rg en 
t ie r  —  dom us tav e rn ica lis  —  a p p a r te n a n t au  c h â te a u  roya l, ainsi que dans 
les réserv o irs  de la  p lace  D ísz, de la  p lace  S zen th á ro m ság  e t de la  p lace A ndrás 
H ess). Le déb it co n tin u , enrich i depuis le tem p s d u  ro i M ath ias p a r  les eau x  
de source du  m o n t S zabadság , av a it é té  am ené en p a r tie  dans les ja rd in s  du  
c h â te a u  roya l. Le tro p -p le in  des eau x  a lim e n ta n t la  v ille  se tro u v a it  dans 
le q u a r tie r  V íziváros, a u x  alen tours de l ’ac tu e lle  ru e  Isko la .
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U ne sta tio n  de p o m p ag e  analogue à celle de B u d a  fo n c tio n n a it à E sz te r 
gom . D selalzade, rh is to r io g ra p h e  d u  g ran d  Solim an en parle  dans ces te rm es, 
v e rs  les années 1540: «en c e r ta in  en d ro it de la  ville basse, ils o n t fa it u n  rése r
v o ir  d ’eau ; un ce rta in  v o lu m e  d ’eau s’y  déverse depuis le D an u b e . Ils o n t 
m o n té  une  roue au -dessou  du  réservo ir e t fab riq u é  d ’é tro its  tu y a u x  de cu ivre  
p ra t iq u é s  dans les m u ra ille s , q u ’ils co n d u isa ien t ju s q u ’en h a u t  d u  ch â teau . 
L a  ro u e  —  tournée  a rtific ie llem en t —  refoule l’eau  p a r  ces tu y a u x  ju s q u ’au  
ch â teau -fo rt.»

Les restes a rc h ite c tu ra u x  de la  s ta tio n  de pom page d ’E sz te rg o m , qui 
a t te n d e n t  tou jou rs d ’ê tre  m is au  jo u r  e t exposés au  pub lic , e x is te n t a c tu e lle 
m e n t sous form e d ’un  an c ien  «château  d ’eau» au  n °  20 ru e  Zsigm ond B erény i, 
d ’u n e  galérie voû tée  so u te rra in e  p ra tiq u é e  dans le f lan c  de la  m o n tag n e  et 
d u  p u its ,  resp . de la  c ite rn e  d u  b as tio n  circu la ire  n o rd  de la  fo rteresse .

E n u m ére r to u s nos c h â teau x -fo rts  e t villes fortifiées b â tis  en m o n tag n e  
où fo n c tio n n a ien t ja d is  des s ta tio n s  de pom page analogues à celle de B u d a  
n o u s  m èn era it p e u t-ê tre  tro p  loin. P a rm i nos c h â teau x -fo rts  c o n s tru its  au  
b o rd  d u  D anube, celu i de P ozsony  a v a it  reçu  du  roi S ig ism ond, en 1434, 
s ix  cen ts  florins en ch iffres ronds p o u r son in s ta lla tio n  de pom page. P lu s  en 
a v a l, E sztergom , V iseg rád  e t, a u x  confins sud  du  p ay s , N á n d o rfe h é rv á r —  
a u jo u rd ’hu i B elgrade —  a v a ie n t recours à u n e  so lu tion  sem blable . E n  1521, 
a p rè s  la  chu te  de N án d o rfe h é rv á r, le ch ro n iq u eu r éc rit: «La cause de la  p e rte  
de  N án d o rfeh érv á r é ta i t  que l’eau d u  canal v e n a it à ê tre  co m p lè tem en t ép u i
sée». D e m êm e en 1543, E sz te rgom  p assa  au x  m ains des T urcs à cause de 
l ’o ccu p a tio n , p ar ces d e rn ie rs , d u  «château  d ’eau» du  b o rd  du  D an u b e .

D u p o in t de v u e  de l’h is to ire  de la  tech n iq u e , l ’u tilisa tio n  du  m oulin  
à  m anège e t du c a b e s ta n  com m e sources d ’énergie de ce systèm e à pom pe 
e s t u n e  conquête m éd iév a le  im p o rta n te . De 1416, année  d ’ém ission d u  d o cu 
m e n t re la tif  au  m a ître  H a r tm a n n , une  a u tre  donnée nous a p p re n d  que le 
ro i Sigism ond a re n d u  ob liga to ire , p o u r les fu ta in ie rs  hongrois, de m arch er 
d a n s  les m oulins à m an èg e  qu i a c tio n n a ie n t les m étiers. L a pom pe à eau  e t 
le  m é tie r  à tisser é ta ie n t donc ac tionnés d ’après le m êm e p rinc ipe  m écan ique. 
L es pom pes reço iven t u n e  im p o rtan ce  encore p lus g rande dans l’ép u isem en t 
des eau x  des m ines de la  H au te -H o n g rie .

Ce qui p récède f a i t  donc to m b er c e tte  h y p o th èse , adm ise au tre fo is  dans 
la  l i t té ra tu re , que les in s ta lla tio n s  de nos c h â teau x -fo rts  de m o n tag n e  a u ra ie n t 
é té  analogues au x  ch a în es  à godets u tilisées ac tu e llem en t p o u r le d ragage  
des lits  de fleuve. Si l ’on  considère, en effet, que le cab estan  u tilisé  p o u r élever 
l ’ea u  du  D anube au  m o n t de la  fo rteresse  de B u d a , à so ix an te  m ètres  de 
h a u te u r ,  é ta it ac tio n n é  p a r  des ch ev au x , si l ’on observe les couloirs des co n 
d u ite s , creusés dan s le  f lan c  de la  m o n tag n e  (leur h a u te u r  in té rieu re  v a  de 
1,5 à 1,7 m en m oyenne) e t que l’on tien n e  com pte  d u  tra c é  ob lique e t b risé  
des conduites, c e tte  h y p o th èse  to m b e  d ’elle-m êm e. Des godets p u iseu rs
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n ’é ta ie n t u tilisés q u e  p o u r l’ex h au re  dans les m ines, où la  m ach ine  h y d ra u liq u e  
fo n c tio n n a n t à la  su rface  en levait les eau x  d ’in f il tra tio n  su iv a n t un  p a rco u rs  
v e rtic a l.

A K ö rm ö c b á n y a , ville a y a n t  ja d is  a p p a rte n u  à la  H a u te  H ongrie , le 
cap ita in e  des m ines C onrad  R ollner a v a it co n s tru it, d an s les années 1440—41, 
la  p rem ière  pom pe d ’exhausse. E n  1462, les m ines d ’or e t d ’a rg en t de K ö rm ö c 
possèd en t déjà six  in s ta lla tio n s  de pom page . E n  1475 Já n o s  T hurzó , s é n a te u r  
de Cracovie e t te c h n ic ie n  rép u té  des m ines de c e tte  époque , passe un  c o n tra t  
avec la C ham bre hongro ise , aux  te rm e s  d u q u e l il s’engage à épuiser les e a u x  
des m ines de Selm ec avec ses in s ta lla tio n s  d ’é lév a tio n  d ’eau . E n  c o n tre 
p a r tie , il reço it u n  six ièm e du m é ta l p réc ieu x  e x tra i t ,  p lus un  flo rin  o r p a r  
sem aine e t p a r  m a c h in e . C ette en tre p rise , qui d ev a it d ev en ir l ’une des bases 
d u  consortium  T h u rz ó — Fugger réa lisé  en 1495, é ta it  cou ronnée  d ’un  te l succès 
que  le roi M ath ias n e  ta rd a it  pas à é ten d re  l’ac tiv ité  de T hurzó  à to u te s  les 
m ines de la  H a u te  H ongrie , fa isan t p a y e r  à T hurzó  q u a tre  flo rin s or p a r  m arc  
d ’a rg e n t e x tra it.

E n  1518, u n  nom m é H an s, «K unstm eister»  de B esz te rceb án y a , fa it  
fo nc tionner dan s c e t te  ville sa m ach in e  à élever l ’eau x . N o tre  l i t té ra tu re  
spéciale a bien n e t te m e n t  é tab li le fa i t  que les m ines de K örm öc et de Selm ec 
d ev a ien t à ces p o m p es  à eau leu r f lo ra iso n  de la fin  d u  X V e siècle. Dès que 
ces in s ta lla tio n s  fu re n t  d é tru ites  p a r  un  incend ie , au  d é b u t du  X V Ie siècle, 
la  p ro d u c tio n  des m in es de la H a u te  H ongrie  s’en tro u v e  au ss itô t p a ra ly sée .

Les deux  p o m p es  à eau du b o rd  du  D an u b e , à B u d a , co n stru ite s  p a r  des 
m a ître s  du  X V e siècle , fu ren t d é tru ite s  en 1686 lors d u  siège qui se te rm in a  
p a r  l’expulsion des T u rc s . La ville aussi b ien  que la  p o m p e  du  ch â teau  ro y a l 
o n t é té  rénovées a u  X V II Ie siècle. F a rk a s  K em pelen , l ’é m in e n t c o n s tru c te u r  
du  systèm e de d is tr ib u tio n  d ’eau de  S ch ö n b ru n n  a v a it  lu i-m êm e pris p a r t  à 
la  reco n stru c tio n  de c e tte  dernière (1777).

3. Fontainiers du moyen-âge

A l’époque m éd iév a le , la c o n s tru c tio n  des can a lisa tio n s  d ’eau o ccu p a it 
les spécialistes de nom breuses b ran ch es  de la  te ch n iq u e  e t de l’in d u s tr ie , 
depuis les a rc h ite c te s  —  comme L éo n a rd  de V inci, ou C him enti Cam icia qu i 
tra v a illa it  aussi en H o n g rie  — ju s q u ’au x  a rtisan s  des m é tie rs  les plus d iv e rs .

M aîtres d ’œ u v re s , po tiers, tu il ie rs , a rm u rie rs , m eu n iers , serru riers e t 
ch a rp en tie rs  tra v a il la ie n t  ensem ble à la  co n stru c tio n  des ouvrages. Le fa i t  
q u ’on n ’a p o in t m éco n n u  l’im p o rtan ce  de leu rs tr a v a u x  n o u s est bien p ro u v é  
p a r  la  rém u n é ra tio n  de  leurs a c tiv ité s .

D ans la  p rem iè re  m oitié du  X V e siècle, les p o rte u rs  d ’eau (W asser
träg e r)  de B u d a , gens de bas é tage d an s  la  société locale , qu i tra n sp o r ta ie n t
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l ’eau  d a n s  des h o tte s , d e v a ie n t m o n te r  2240 litres d ’eau  à la  forteresse de 
B u d a  p o u r  gagner une  p ièce d ’or. Le m a ître  H a rtm a n n , lu i, re cev a it en 1416 
du  ro i Sigism ond m ille f lo rin s  or p o u r son ouvrage a ssu ra n t l ’app ro v is io n n e
m e n t en  eau  du c h â te a u  de B u d a , som m e qui éq u iv au t, en chiffres ro n d s, 
au  t r a n s p o r t  de deux  m illions e t q u a r t  de litre s  d ’eau !

L e m a ître  H a r tm a n n  est appelé « b a tte u r  de tu y au x »  e t «cylindreur» 
p a r  le ro i Sigism ond. Le m a ître  P ie rre , son con tem pora in  d ’orig ine française , 
é g a le m e n t au  service d u  ro i, est a rc h ite c te  e t fo n ta in ie r —  a rc h ite c to r, sive 
a q u e d u c to r . Les d eux  fo n ta in ie rs  c racov iens de B á r tfa  é ta ie n t nom m és, 
com m e nous l ’avons v u , «R oerenm aister» . U n  a u tre  fo n ta in ie r  v iv a n t  à B á rtfa , 
é ta i t  in v ité  p a r  Já n o s  D ru g e th  à v e n ir  d an s son c h â te a u -fo r t de Jessen a , 
p o u r  y  constru ire  une  in s ta lla tio n  d ’é lév a tio n  d ’eau. L a  m êm e année, le 
fo n ta in ie r  H ans de B esz te rceb án y a  en c o n s tru it  une, à son to u r ,  po u r la  ville 
de Selm ec. E n  1525, le fo n ta in ie r  de B u d a  a u  service du  ro i L ou is I I ,  le m a ître  
O rb á n  p o rte  le signe de son m étier d an s son surnom : on l ’appelle , en effet, 
O rb án -d es-can au x . C’est lu i qui rep a re  le  canal du c h â te a u -fo r t de B u d a , 
d é té rio ré  p a r  le gel d ’h iv e r.

Le fon ta in ie r d ’E sz te rg o m  du  te m p s  de la  d o m ina tion  o tto m a n e  s’ap p e 
la i t  Im a n u e l Uveiss e t son m étie r é ta i t  «kouïodchi», ce qu i signifie ch au 
d ro n n ie r .

E n  dehors des m a ître s  m éd iév au x  m entionnés, il es t à supposer que 
l ’a rc h i te c te  e t ingén ieu r m ilita ire  ita lien  P ao lo  San tin i di D uccio , qui t r a v a i l 
la i t  à B u d a  au x  années 1430— 1440, a v a i t  lu i aussi p a rtic ip é  à la  co n stru c 
t io n  de l’in sta lla tio n  h y d ra u liq u e  de B u d a . Il est ce rta in , d ’a u tre  p a r t ,  que 
la  c o n s tru c tio n  de la  p o m p e du  c h â te a u -fo r t d ’E sztergom , au  X V e siècle, e t 
celle de  la  g rande in s ta lla tio n  de po m p ag e  que fa isa it réa lise r le roi M ath ias, 
s ’a sso c ien t au  nom  d u  m a ître  flo ren tin  C him enti Cam icia qu i tra v a illa it  en tre  
1470 e t  1490 à B u d a  aussi bien  qu ’à E sz te rg o m . V asari, ce g ra n d  ch ro n iq u eu r 
de la  R enaissance, n o te  l’ép itap h e  de C am icia, d o n t il re sso rt que le m a ître  
a v a i t  s u r to u t c o n s tru it, a u  cours de sa v ie , des in s ta lla tio n s  h y d rau liq u es, 
e t q u e  la  m o rt elle-m êm e le su rp r it en H ongrie  lors d ’u n  voyage  en b â te a u , 
au  m o m en t où il t r a v a il la i t  au  p ro je t de co n stru c tio n  d ’u n  m oulin .

Les données d o n t on dispose n o u s  a p p ren n en t q u ’en p lus des m a ître s  
h o n g ro is , des m aîtres a llem ands, p o lona is, ita liens e t fran ça is  a v a ie n t con
c o u ru  à la  co n stru c tio n  des in s ta lla tio n s  h y d rau liques de la  H ongrie  m éd ié
v a le . L ’«aqueductor» ou le «W asserkünstler»  du m oyen-âge é ta i t  un  m a ître  
au ss i recherché e t app réc ié  dans la  co n stru c tio n  des c h â teau x -fo rts  e t des 
v illes que les ta illeu rs  de p ierre , les m a ître s  d ’œ uvres ou les ch a rp en tie rs .
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4. T rouvailles archéologiques

B ien peu  de chose nous re s te  des in s ta lla tio n s  h y d rau liq u es  m e n tio n 
nées. N ous avons d é jà  p a rlé  de l ’em p lacem en t de nos ré seau x  de d is tr ib u tio n  
p a r g ra v ita tio n  e t de n os pom pes. La co n s tru c tio n  des ré seau x  de d is tr ib u tio n  
m odernes d ev a it c au se r la  d e s tru c tio n  n o n  seu lem en t d ’une  g ran d e  p a r tie  de 
nos in s ta lla tio n s  d u  m oyen-âge , m ais aussi de la  to ta l i té  de celles co n stru ites  
au  X V II Ie siècle.

Le d ern ier m ou lin  à m anège se rv a n t à l ’é léva tion  des eau x  a été v u  p a r  
K orné l D ivald en 1910, au  c h â teau -fo rt de Z ólyom -L ipcse.

Com m e m a té r ia u  de leurs condu ites d ’eau , nos m a ître s  du  m oyen-âge 
a v a ie n t u tilisé  le p lo m b , la  p o te rie  e t le bois de sap in . C’est le plom b que 
m en tio n n e  B onfin i, com m e m a té ria u  des tu y a u x  d o n t é ta i t  c o n s tru it le canal 
de m o n tag n e  du  ro i M ath ias . Ces tu y a u x  é ta ie n t com binés avec des tu y a u x  
de p o te rie  ou de bois de  sap in . Le p lom b é ta i t  te llem en t p réc ieu x  q u ’au  d é b u t 
du X I X e siècle encore, la  ville de B u d a  a v a it  d û  faire  g a rd e r les tu y a u x  de 
p lom b posés à u n  m è tre  de p ro fo n d eu r env iro n , de p eu r q u ’on ne les vole, 
ce qu i a u ra it  p riv é  la  v ille  de son eau p o tab le . Les données de B onfin i se 
tro u v e n t confirm ées p a r  u n  tro n ço n  de tu y a u  de p lom b d u  X V e siècle, m un i 
d ’un  ro b in e t de b ro n ze , que nos archéologues o n t d éco u v ert au-dessous de 
l ’aile sud -ouest du  c h â te a u  ro y a l de B u d a  (M usée H is to riq u e  de B u d ap est).

A p a r t ir  de 1823, les tu y a u x  de p lo m b , de p o te rie  e t  de bois, d ’un  
c a rac tè re  m éd iéval, o n t  é té  rem placés à B u d a  p a r  des tu y a u x  de fon te  que 
l’on fa isa it v en ir de M ariazell. E n  1828, le conseil m u n ic ip a l de la  ville de 
B uda a fa it v en d re  a u x  enchères les tu y a u x  de p lom b enlevés.

U ne p a r tie  des tu y a u x  de p o te rie  de B u d a  p ro v e n a n t d u  X V e siècle 
p o r te n t les signes de p o tie rs  de V ienne e t de T u lln , m ais il est ce rta in  que 
la  m a jeu re  p a r tie  de nos tu y a u x  de p o te rie  d u  X V e siècle a v a ie n t é té  fab riqués 
p a r  des po tie rs  hong ro is . Nos m aîtres d u  m oyen-âge a v a ie n t raccordé  leurs 
tu y a u x  de p o te rie  de 40 à  70 cm de long e t d ’u n  d iam ètre  d ’en trée  de 8 à 12 
cm, en e m b o îta n t le b o u t  ré tréc i d ’un  é lém en t dan s le b o u t p lus large de 
l ’au tre  e t en les c o u v ra n t, au  p o in t de racco rd em en t, de m o rtie r  à ch au x  e t à 
sable ad d itio n n é  d ’hu ile .

Les tu y a u x  de p o te r ie  é ta ie n t su p p o rté s  p a r  en d ro its , dan s le sol m euble, 
p a r  des lits  de p ierres jo in te s  avec du  m o rtie r . E n  1951, u n  te l tro n ço n  de 
co n d u ite  a été m is à jo u r  avenue Is ten h eg y i, à B u d a , p a r  les co llabo ra teu rs 
du  M usée H isto riq u e  de B u d ap est.

D ’après une  d esc rip tio n  de l ’époque, à B u d a  on u til is a it  la  po terie  
vern issée, le bois e t le p lo m b , ta n d is  q u ’à V iseg ràd  on re c o u ra it m êm e à l’usage 
du b ronze  p our la  fa b r ic a tio n  des tu y a u x .

Les tu y a u x  de bo is, fa its  en m élèze, é ta ie n t f ro tté s  de p o ix  à l ’ex té rieu r. 
Le racco rd em en t se fa is a it  au  m oyen d ’a n n e a u x  de fer (fig. 5). On cerclait
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à  le u rs  ex trém ités les tro n c s  de bois percés, p ou r les p ro tég e r con tre  l ’éc la te 
m e n t ,  pu is en in te rc a la n t l ’an n eau  de jo in tu re  e t de racco rd em en t fo rm a n t 
a rê te  dans les deux  sens, on b a t ta i t  le n o u v eau  tu y a u  su r celui dé jà  posé. C ette  
o p é ra tio n  s’ap p e la it b a t ta g e  des tu y a u x , expression qui a su rvécu  ju s q u ’à nos 
jo u rs . Les b ran ch em en ts  des tu y a u x  de bois é ta ie n t fa its  en fer. I l es t in té re s 
s a n t  de no te r que L é o n a rd  de V inci a v a it  co n stru it une  m ach ine  p o u r p e rce r  
les tu y a u x  de bois, d o n t le dessin ex iste  encore. Q u an t a u x  tu y a u x  de p lom b , 
ils  é ta ie n t fa its de feu illes pliées e t ferm ées p a r  soudure  avec  du  p lom b fo ndu .

Fig. 5. Tuyaux de bois raccordés au moyen de cerceaux de fer (reconstitution de Á . J a k a b )

5. Conditions techniques de l’approvisionnement en eau au moyen-âge

Les descrip tions co n tem p o ra in es  d o n n e n t u n e  idée des possib ilités e t de 
l ’é ta t  de l’ap p ro v is io n n em en t en eau  au  m oyen-âge.

L ’ap p aritio n  des tu y a u x  de fo n te  se situe selon to u te  v ra isem b lan ce  à 
la  p rem ière  m oitié d u  X V e siècle, p u isq u ’on sav a it d é jà  couler le fer au  to u r 
n a n t  des X IV e e t X V e siècles. E t  selon le liv re  de co m p te  c h â te a u -fo r t de 
D illenbourg  on y u ti l is a it ,  en effet, dès l’an  1455, des tu y a u x  de fo n te .

L ’app lica tion  de tu y a u x  de fo n te  en H ongrie  n ’e s t é tab lie  p a r  des d o n 
n ées q u ’à p a r tir  d u  X V I I I e siècle. E n  1777, le conseil m un ic ipal de B u d a  
env o ie  le fo n ta in ie r de  la  ville en S ty rie , po u r y  é tu d ie r  la  fab rica tio n  des 
tu y a u x  de fon te . C ep en d an t, les p rem iers tu y a u x  de fon te  n ’a v a ie n t été 
posés à B uda q u ’en  1823. Ils n ’é ta ie n t  pas de fab rica tio n  hongro ise; on les 
im p o r ta i t  de M ariazell, d ’A u triche .

P o u r l’é lév a tio n  des eaux , on a v a it  dé jà  la  pom pe. D ’après F . W . R o b in s , 
les in sta lla tio n  h y d ra u liq u e s  des v illes anglaises d u  m oyen-âge c o m p o rta ie n t 
so u v e n t des pom pes. Celles-ci é ta ie n t généra lem ent fa ites  en bois (fig . 6) 
av ec  cerclage en fe r; le cy lindre  é ta i t  so u v en t en m é ta l; la  g a rn itu re  é ta n c h e  du

Cuir

Fig. 6. Pompe à tuyau de bois et cylindre métallique
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p is to n  d e v a it ê tre  un  m anchon  de cu ir graissé. A u d éb u t, les pom pes n ’é ta ie n t 
que des pom pes é lévato ires qu i d év e rsa ien t l ’eau  à l ’e x tré m ité  des cy lindres 
pro longés ju s q u ’à la h a u te u r  vou lue .

D ans le m an u sc rit tech n ico -m ilita ire  illu stré  de K o n ra d  K y e s e r  von  
E ic h s tä d t, in ti tu lé :  «Bellifortis», qui d a te  de 1405, on tro u v e  c e p e n d a n t des 
so lu tions in d iq u a n t sans d o u te  possib le , q u ’il d e v a it ex is te r d é jà  des m éca
n ism es qu i p e rm e tta ie n t l ’é lév a tio n  des eau x  ju s q u ’au x  c h â te a u x -fo r ts  co n 
s tru its  en h a u t  des m on tagnes. Si l ’u n e  des figu res ne laisse que  p résu m er leu r 
ex istence  p ra tiq u e , la seconde (fig. 7) m o n tre  avec évidence q u ’il s’ag it d ’u n e

Fig. 7. Pompe actionnée par roue hydraulique de Konrad K y e s e r  von Eickstadt, 1405 
(peut être considérée comme le modèle de la pompe construite à Buda vers 1410)

pom pe fo u lan te . L ’e n tra în e m e n t se fa it  p a r  roue  h y d rau liq u e  e t le m o u v e
m e n t rec tilig n e  des p istons est assu ré  au  m oyen de balanciers.

D eu x  m an u scrits  an té rieu rs  a u x  années 1430, conservés dan s une  b i
b lio th è q u e  de M unich, co n tien n en t des schém as qu i p ré su p p o sen t la  co n n a is
sance de l ’a rb re  à m anivelle . Le p rin c ip e  de fo n c tio n n em en t des pom pes est 
id e n tiq u e  à celui de la  pom pe de N u rem b erg  co n stru ite  à u n e  époque p o s té 
rieu re  (fig . 8). Les possib ilités tech n iq u es  e x is ta ien t donc, au  d é b u t du  X V e 
siècle, p o u r  élever les eaux  à des h a u te u rs  p lus im p o rta n te s . T o u t ceci ren d  
év id en t que des in sta lla tio n s analogues d ev a ie n t aussi fo n c tio n n e r à  B u d a . 
I l  es t, en effet, peu  p robab le  que la  cour d u  roi e t em pereu r S igism ond se fû t
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co n ten tée  d ’un  c o n fo rt in férieu r à celui d o n t elle a u ra i t  pu  jo u ir  dans les 
v illes e t c h â te a u x -fo rts  d ’A llem agne. E n  ra ison  des f lu c tu a tio n s  du  n iv eau  
d ’eau  du  D an u b e , on  ac tio n n a it les pom pes du  c h â te a u -fo r t de B u d a  non  
p as  p a r  des roues h y d ra u liq u e s , m ais au  m oyen  de cab es tan s  à tra c tio n  a n i
m ale , ce qui a s su ra it u n  ren d em en t c o n s ta n t, in d é p e n d a n t des c irconstances 
ex té rieu res . D ans les tu y a u x  de bo is, la  h a u te u r  d ’é lév a tio n  ne p ro v o q u a it 
p a s  une  tension  p o u v a n t  causer des d ifficu ltés te ch n iq u es , grâce à la  g rande 
épa isseu r de p a ro i e t  a u  calibre re la tiv e m e n t fa ib le  des tu y a u x . E t  l’élév a
t io n  de la  q u a n tité  d ’eau  nécessaire à l’a lim e n ta tio n  d ’u n e  ou de d eu x  fo n 
ta in e s  p o u v a it ê tre  assu rée  p a r  le tra v a il  de d eu x  ch ev au x , m algré la  faib le 
efficience du c a b e s ta n  en bois.

Fig. 8. Pompe (Manuscrit, Munich, 1430.)

Ce qui p récède  p e u t p a ra ître  p lu tô t  u n  cu rieu x  d é ta il de l ’h is to ire  de 
la  civilisation  q u ’u n  enseignem ent p o s itif  in té re s sa n t l ’ingén ieu r de nos jo u rs .

Nous n ’avons ce rte s  pas donné réponse  à des questions fo n d am en ta les . 
O n ne sait p o in t q u e l é ta i t  le d éb it des pom pes de B u d a  ou celui des con
d u ite s  de m o n tag n e , co n stru ites  au  m oyen-âge, e t l ’on ignore de m êm e la  
consom m ation  d ’eau  jo u rn a liè re  dan s le B u d a  m édiéval.

Ces q u estions r e s te n t fo rcém en t irréso lues, p u isq u ’on ignore ju s q u ’au  
nom bre  d ’h a b ita n ts  de nos villes m éd iévales, com m e B u d a , E sz te rgom  ou 
P ozsony  (B ra tis la v a ).

N éanm oins, l ’an a ly se  de n o tre  c iv ilisa tion  tech n iq u e  d ’au trefo is  fa it  
p rogresser nos conna issances. Des h y p o th èses  e t  d a ta tio n s  anciennes p e rd e n t 
le u r va lid ité , ta n d is  que  certa ins fa its  d u  passé , p lu s proches de la  ré a lité ,
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s’ex p liq u en t. A ussi est-il à so u h a ite r  que les recherches d ’h isto ire  de la  te c h 
n iq u e  qui p re n n e n t seu lem en t le u r essor, é tu d ie n t p lus à fond , p a r  des m é
th o d es p lus m o d ern es, les vestiges de la  cu ltu re  m atérie lle  des tem p s passés.
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Les dessins ont été exécutés par Mme S. Kiss, en partie d’après les reconstructions 
de M. Á .  J a k a b  et les levés de M. A .  V i r á g h .

Water Supply of Mediaeval Hungarian Towns and Fortresses. As was proved by the 
evidence of Hungarian diplomatics and archeology, the towns of Hungary — Transylvania 
and Northern Hungary (Slovakia) included — were equipped in the 14th and 15th centuries 
with gravity watermains. The pumps for the water supply of mountain fortresses represented 
a considerable progress in comparison with these aqueducts, well-known already in antique 
Pannónia. According to written records, the first pump was installed in Buda in 1416. In 
the 15th century the fortresses of Pozsony (Bratislava), Visegrád and Belgrade were equipped 
with similar pump works by the Kings of Hungary. Still more important was the water- 
conduit of King Mathias Corvinus. Based on the law of communication vessels, this conduit 
carried the water of the Buda mountain sources down into the valley and from there on up 
to the castle hill. The architect was probably Chimenti Camicia of Firenze. Most of Hungary’s 
important monuments of technical history were destroyed during the Turkish occupation 
(16 —17th century).

Wasserversorgung mittelalterlicher ungarischer Städte und Burgen. Funde aus dem 
Bereich ungarischer Diplomatik und Archäologie lassen erkennen, daß die ungarischen Städte 
— sowohl in Siebenbürgen als auch im Oberland (Slowakei) — im Laufe des 14 —15. Jh. 
mit Gravitations-Wasserleitungen verseben wurden. Im Vergleich zu diesen Wasserwerken, 
die bereits im antiken Pannonien wohlbekannt waren, bedeuteten die Pumpenanlagen zur 
Wasserversorgung der Bergfestungen einen bedeutenden technischen Fortschritt. Die erste 
Pumpe wird aus dem Jahre 1416 in Buda (Ofen) schriftlich erwähnt. Ähnliche Einrichtungen 
ließen die Ungarnkönige im 15. Jh. auch in den Festungen von Preßburg (Bratislava), Vise
grád und Belgrad anlegen. Noch bedeutender war die Wasserleitung des Matthias Corvinus 
in den Budaer Bergen. Nach dem Gesetz der kommunizierenden Gefäße wurde das Wasser 
der Budaer GebirgsqueJlen in das Tal geleitet und von dort auf den Burghügel. Der Architekt 
war vermutlich Chimenti Camicia aus Florenz. Die bedeutenden technischen Denkmäler 
Ungarns wurden größtenteils während der Türkenzeit (16 —17. Jh.) zerstört.
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TESTING THE PLASTIC PROPERTIES 
OF COHESIVE- AND INTERMEDIATE-TYPE SOILS

BY EXTRUSION

A. TÍMÁR*

[Manuscript received January 27, 1972]

The author describes a simple apparatus designed on the extrusion principle, 
a technique widely used in cold-plastic working of metals, and suggests its use for 
testing the plastic properties of soils. A comparative study of the extrusion technique 
has verified a new concept of the liquid limit and plastic limit of soils, on an energy 
theory basis, as one truly reflecting physical behaviour. The suggested method per
mits liquid limit and plastic limit to be determined within a single bar-extrusion test. 
As the procedure is fully mechanized, test results are relatively free from subjective 
errors. A statistical evaluation of a large number of tests has revealed a fair correla
tion between results furnished by conventional and extrusion methods. In order to 
clarify certain details, further investigations are suggested.

1. In te rp re ta tio n  o f th e  liquid  lim it

In  soil m echan ics, th e  te rm  liq u id  lim it is u sed  as defined  b y  th e  fu n d a 
m en ta l re sea rch  w ork  o f A t t e r b e r g , A. [1] an d  la te r  e lab o ra ted  b y  Ca sa - 
GRANDE, A. [2], an d  i t  m eans th e  w a te r  c o n te n t w F a t  w hich  a groove o f 
s ta n d a rd  d im ensions in  a specim en co n ta in ed  by  th e  C asagrande d ish  will 
ju s t  close over a le n g th  o f 10 m m  u p o n  25 blow s, u n d e r  s ta n d a rd iz e d  co n d i
tio n s. A rb itra ry  as th e y  are, te s t  re su lts  th u s  o b ta in e d  can  be excellen tly  used  
fo r a p ra c tic a l c lassifica tion  of soils a n d  fo r th e  e v a lu a tio n  o f th e ir  b e h av io u r 
w ith  re sp e c t, fo r exam ple , to  fro s t h a z a rd , an d  h av e  been  generally  a d o p te d  
all over th e  w orld  fo r such  purposes w ith o u t, how ever, an y  ex ac t d e fin itio n  
of th e  p h y sica l fu n d a m e n ta ls  o f th e  liq u id  s ta te .

S im ila rly , an  a rb itra ry  te s t  is u sed  fo r th e  d e te rm in a tio n  of th e  p la s tic  
lim it wP, w hich  m eans th e  w a te r c o n te n t a t  w hich  th e  soil w hen  ro lled  in to  
th re a d s  o f 3 m m  d iam e te r  begins to  crum ble . T he p h y sica l basis and  e x p la n a 
tio n  o f th is  te s t  an d  its  co rre la tio n  w ith  th e  liq u id  lim it h av e  n o t been  c la ri
fied y e t.

A m ong the  au tho rs studying th e  p lastic properties of soils, Yasiliev  [3] 
and Oh de  [4] should be m entioned firs t who a ttem p ted  to  elaborate new m e th 
ods. O thers tried  to  reduce the  subjective errors of th e  Casagrande te s t to
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an acceptable degree b y  statistical or m athem atical m ethods (Casagrande  
[6 ], N orman [5], P esti [7]).

R ecen tly  th e  m ech an iza tio n  o f m e th o d s , fo rm erly  u sed  fo r th e  d e te r
m in a tio n  of th e  liq u id  lim it, was also a t te m p te d , for exam ple , b y  K aiser  and  
Ga y  [8]. A t th e  sam e tim e , in  th e  ra p id ly  developing  colloid chem ica l-rheo 
log ica l research  new  devices designed on  th e  ex tru sio n  (p lasto m etric ) p rinc ip le  
h a v e  been  in c reasing ly  ad o p ted  fo r th e  d e te rm in a tio n  o f v isco sity  (shear 
s tre ss).

E x p e rim e n ta l re su lts  o b ta in ed  b y  th e  m eth o d  described  below  are , owing 
to  th e  in s tru m e n te d  c h a ra c te r  of th e  te s t ,  co m p ara tiv e ly  free from  erro rs th a t  
d ep en d s  on th e  in d iv id u a l ru n n in g  th e  te s t .  T he m ethod  also m akes it feasible 
fo r th e  consistency  lim its  and th e  p la s tic ity  in d ex  to  be d e te rm in ed  from  th e  
d a ta  o f a single te s t .

K ezdi [9] h a s  show n th a t  a c e r ta in  ac tiv a tio n  energy  is n eeded  to  
in i t ia te  viscous y ie ld  in  soils w hich m ay  be  considered as m acro m eritic  liqu ids. 
H e fo u n d  th a t  th e  en e rg y  “ s to red ”  in  th e  soil (i.e., th e  energy  req u ired  d u ring  
se d im e n ta tio n  to  p ro d u ce  a given d e n s ity  o f th e  soil) w ould  depend  n o t only  
on  d e n s ity  itself, b u t  also on th e  sh ap e  an d  size of th e  g ra in s, an d  on th e  
fre q u e n c y  d is tr ib u tio n  o f th e  d ifferen t g ra in  sizes; th a t  is, i t  w ould  be d iffe ren t 
fo r cohesive and  in te rm e d ia te  soils even  i f  th e ir  densities w ere th e  sam e. T his 
m ean s th a t  th e  sam e “ sto red ”  en erg y  level m ay  co rrespond  to  d iffe ren t 
d en sitie s  depend ing  on th e  soil ty p e . R esu lts  ob ta in ed  b y  th e  C asagrande 
a p p a ra tu s  reveal t h a t  th e  “ s to red ”  en erg y  o f a soil w ith  h igh  liq u id  lim it 
m u s t be reduced  to  a re la tiv e ly  g rea te r  e x te n t  b y  rem ould ing  th e  soil o r o th e r
w ise increasing  its  w a te r  co n ten t in  o rd e r to  s ta r t  viscous y ie ld  b y  th e  tra n s fe r  
o f  som e a rb itra r ily  chosen  co n stan t a c tiv a tio n  energy (in fluenced  b y  th e  m ass 
o f th e  d ish  p lus th e  soil cake in  it, b y  th e  d rop  h e ig h t, an d  b y  o th e r fac to rs).

A t th e  sam e tim e , th e  w ork sp en t on rem ou ld ing  an d  increasing  th e  w a te r 
c o n te n t, i.e ., on loosen ing  th e  soil, c a n n o t be m easu red , on ly  its  e v e n tu a l 
d ifference.

I t  follows th a t  a lth o u g h  th e  den sitie s  of sand  an d  of h ig h ly  cohesive 
c lay  u n d e r  n a tu ra l cond itions can be id en tica l in th e o ry , a re d u c tio n  o f th e  
“ s to re d ”  energy  level to  th a t  o f th e  C asag rande a p p a ra tu s  w ill req u ire  d if
fe re n t w ork  acco rd ing  to  th e  soil ty p e .

In  o rder to  p ro v id e  for a basis o f  co m p arab ility , th e  C asag rande te s t  is 
a lw ays perfo rm ed , th eo re tica lly , w ith  tw o -p h ase  (sa tu ra te d ) soil sam ples. In  
su ch  a s ta te  th e  w a te r  co n ten t can  be re g a rd ed  as an  in d ex  o f d en sity . W ith  
th e  sym bols (s, v , Ï). in tro d u ced  b y  K ezdi [10] to  n u m erica lly  express th e  
p h a se  com position , th e  w a te r c o n te n t m a y  be w ritte n  as

V 7 vu) =  ——  ,
S7s

( 1 )
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or, in  th e  s a tu ra te d  s ta te  (v — 1 — s)

(2 )

(3)

where j is the volume per cent of the solid part, 
ys is the specific gravity of the soil, and 
yv is that of the water.

w hence

(1 — s )y v 

S7s 

1

1 + w 7s

On th e  basis o f E q . (3), th e  liqu id  lim it could  be expressed  b y  th e  vo lu m e p e r 
cen t (s) of th e  solid p a r t  in stead  o f th e  w a te r  co n ten t, as th e  fo rm er is d ire c tly  
re la te d  to  th e  d e n s ity  of th e  soil an d  is, th ere fo re , in  closer co rre la tio n  w ith  
th e  id ea  o f  th e  “ s to re d ”  energy, ex p ressin g  i t  im p lic itly  in  a n u m erica l fo rm .

T his co n cep t is reflec ted  b y  F ig . 1, th e  g raph ic  illu s tra tio n  o f E q . (3). 
T he “ s to re d ”  energy  level of h ig h ly  cohesive soils is h ig h er th a n  th a t  o f  th e  
in te rm e d ia te  soil ty p e s , so a re d u c tio n  o f th e ir  energy  to  som e a rb itra r ily  
p red e te rm in ed  level trig g erin g  v iscous y ie ld  (neglecting  here , fo r th e  sake  of 
illu s tra tio n , th e  o therw ise  sign ifican t su rface  effects) w ould  req u ire  fa r  m ore 
w ork , rem o u ld in g , or loosening ( th e  w F an d  wp va lu es  h av e  been  se lec ted  
on th e  basis  o f em pirica l d a ta ) .

8* Acta Technica Academiac Scientiarum Hungaricae 76, 1974



3 5 8 t í m á r , a .

I t  shou ld  be n o te d  h e re  th a t  th e  p la s t ic i ty  in d ex  w hich is genera lly  used  
to d a y  ( I p =  wp — Wp) to  describe  th e  p la s tic  b e h av io u r o f soils, an d  to  serve 
as a b as is  fo r soil c la ss ifica tio n , m igh t be exp ressed  in  th e  form

S P  ' S F  Vs

is p ro p o rtio n a l to  th e  loss o f  energy c h a ra c te r is tic  of th e  p las tic  dom ain .
I n  th e  process o f  rem o u ld in g  an d  o f  v iscous flow  i t  is th e  m ost like ly  

t h a t  n o t  th e  lu b rica tin g  e ffec t of th e  w a te r , b u t  its  ac tio n  as an  energy  level 
s ta b iliz e r  b y  m a in ta in in g  th e  phase com po sitio n  will m an ifest itse lf, so i t  can  
re a d ily  be  u n d ers to o d  w h y  co nsistency -lim it te s ts  m u st he perfo rm ed  w ith  
tw o -p h a se  s a tu ra te d  soil sam ples.

A ccord ing ly , s a tu r a te d  soils w ill s ta r t  o u t as b eh av in g  like viscous 
liq u id s , w hen  th e  m o lecu la r forces o f a t t r a c t io n  am ong th e  pa rtic le s  h av e  
d ec rea sed  to  a ce rta in  c r itic a l th re sh o ld  v a lu e  because o f th e  s tru c tu ra l r e a r 
ra n g e m e n t, th a t  is, p e rm a n e n t d isp lacem en t o f  th e  grains. T he pa rtic le s  of 
g ra n u la r  soils h av e  re a c h e d  th is  s ta te , an d  can  be d istingu ished  from  cohesive 
an d  in te rm e d ia te  soil ty p e s  precisely b y  th e ir  fusib le ch a rac te r .

T h e  m olecular fo rces o f a ttra c tio n  am ong  th e  partic les  of in te rm ed ia te  
an d  cohesive soils can  be  reduced  to  th e  c ritica l v a lue  b y  a forcib le rea rran g e 
m e n t o f th e  grains (w a te r  co n ten t increase , loosening). T h is again  m ay  be 
ex p ressed  num erica lly  in  th e  m ost c o n v en ien t w ay  (a lth o u g h  som ew hat in a c 
c u ra te ly )  b y  ce rta in  d e n s ity  ch a rac te ris tic s  (s, e, n). In  o th e r  w ords, th e  liqu id  
lim it a n d  th e  p lastic  lim it m ig h t be ex p ressed , in s tead  of using  th e  sa tu ra tio n  
w a te r  c o n ten ts , by  liq u id  an d  p lastic  p o ro s ity  (or liqu id  and  p lastic  void ra tio ) 
in d ic a tin g  a c o n v en ien tly  selected  energy  level m easu red  in  th e  s a tu ra te d  
s ta te . Such  an energy  leve l is easy to  d e te rm in e .

E x p e rim en ts  co n d u c te d  in  th e  G eo techn ica l D e p a rtm e n t of th e  B u d ap est 
T ech n ica l U n iv e rsity  re v e a le d  (K e z d i—V a r g a —T ím ár  [11]) th a t  th e  sh ear 
s t r e n g th  o f in te rm e d ia te  soil ty p es  w as d e p e n d e n t on th e  ph ase  com position  
to  a deg ree  read ily  ex p ressed  num erica lly . T h e  follow ing co rre la tio n  was fo u n d :

log au =  A s  4 -  B v  +  C (5)

w h ich , u n d e r  s a tu ra tio n  cond itions, m ay  be  re w ritte n  as

log au — A 's  -T B ';  A '  =  A  — В  (6)
В ' =  В  +  C

W ith  th e  liqu id  lim it o f  th e  ex p erim en ta l soils de te rm in ed  b y  th e  C asagrande 
a p p a ra tu s , th e  sh ear s tre ss  a t  th e  liq u id  lim it defined  b y  Casagrande  can  be 
c a lc u la te d  b y  m ak in g  use  o f E qs (3) a n d  (6):

T =  —К =  0 ,1 0 - 0 ,1 5  kp /cm 2
2
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(p rov ided  th a t  no vo lum e change occurs, an d  th u s  Ф =  0 d u rin g  th e  w hole 
load ing  period). T h is ex p erim en ta l re su lt, how ever, does n o t agree w ith  s ta te 
m en t of Szilv á g y i [12] w ho c laim ed  th a t  th e  v a lu e  o f th e  C asagrande liq u id  
lim it w ould be eq u a l to  th e  w a te r  co n te n t a t  w hich  th e  sh ea r stress is 101 d in  
p er cm2 =  0,01 k p /cm 2. T hese la t te r  resu lts  h av e  been  d e te rm in ed  for soils 
in  th e  liqu id  lim it s ta te , b y  using  a to rs io n a l v iscosim eter. T he d isc rep an cy  
m ay  obviously  be due  to  th e  d iffe ren t exp erim en ta l m e th o d s.

I f  th e  ideas accep ted  in  p rac tice  a b o u t 40 y ea rs  ago are  to  be m a in ta in e d , 
th e n  th e  p o ro s ity  (void  ra tio ) of th e  s a tu ra te d  g ran u la r  m ass ex h ib itin g  v iscous 
y ie ld  u n d e r th e  ac tio n  of a sh ea r stress of т  =  0,1 — 0,15 k p /cm 2 m ig h t b e  
te rm e d  as y ield  p o ro s ity  (void ra tio ) , an d  th e  w a te r c o n te n t w hich  can  s ti l l  
be ca lcu la ted  (m easured) in  th is  s ta te  as th e  liqu id  lim it.

2. Extrusion

E x tru s io n  is a te ch n iq u e  k n o w n  fo r qu ite  som e tim e  for m e ta l fo rm ing , 
an d  accep ted  increasing ly  in  re c e n t years. D uring  e x tru s io n , a p u n ch  ex erts  
on a cy lind rica l b lock  lo ca ted  in  a sim ilarly  cy lindrica l ch am b er, th e  so-called

punch receiver I. II.

to-b .  .b

Ip

Fig. 2
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rece iv e r, such a p ressu re  t h a t  th e  m a te ria l in  th e  la t te r  w ill flow  th ro u g h  th e  
c o n to u re d  orifice of th e  rece iv e r’s b o tto m  cover (th e  die), see F ig . 2a. T he 
m a te r ia l  flow ing th ro u g h  th e  orifice h a s  a b a r  shape , w ith  a cross-section  
id e n tic a l to  th a t  of th e  orifice .

A s Ge l e ji  [13] p o in te d  o u t, a lth o u g h  m an y  a t te m p ts  h a v e  been  m ade 
to  d e te rm in e  th e  forces p ro d u c e d  b y  ex tru s io n , no ex p e rim en ta l in v es tig a tio n  
c o n d u c te d  so fa r has led  to  accep tab le  re su lts . Y e t th e  on ly  w ay  to  o b ta in  
sa tis fa c to ry  corre la tions in  th e  field o f  e x tru s io n  seem s to  be  ex p e rim en ta tio n .

F ig . 2b illu s tra te s  th e  v a r ia tio n  o f th e  ex tru sio n  force w ith  th e  p u n ch  
t r a v e l ,  so th is  m ay  be re g a rd e d  as th e  w ork  d iag ram  o f ex tru s io n , w hich m ay  
be  d iv id e d  in to  3 p a r ts . F ie ld  A 3 signifies th e  expansion  w ork  req u ired  for 
m a k in g  th e  block fill u p  th e  receiver. F ie ld  is th e  d e fo rm a tio n  w ork  needed 
to  tra n s fo rm  th e  block o f cross-section  F  in to  a b a r  o f a c ro ss -se c tio n /. F ina lly , 
fie ld  A  2 is equal to  th e  w o rk  necessary  to  overcom e in te rn a l m a te ria l d isp lace
m e n ts  an d  th e  receiver w all fric tion .

L ite ra tu re  on m e ta l w ork ing  offers ca lcu la tio n  tec h n iq u e s  fo r th e  d e te r
m in a tio n  of forces P 0, P l5 an d  P 2, so th e se  w ill n o t be d e a lt w ith  here. F ro m  
m e ta l w ork ing  (m achine design) asp ec ts , b y  th e  w ay , th e  d e te rm in a tio n  of 
th e  P 0 an d  P 2 forces is th e  m ost im p o r ta n t, w hereas ou r ex p erim en ts  are 
p r im a r ily  aim ed a t th e  d e te rm in a tio n  o f force P x an d  th e  d e fo rm atio n  w ork.
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The am o u n t o f  en e rg y  stored  in  solids depends on p ressu re  an d  te m p e ra 
tu re . B y using  th e  ex am p le  of th e  m e ltin g  p o in t of m ix tu re s , K ezd i [9] p ro v ed  
th a t  th e  te m p e ra tu re  o f  solid bodies a n d  th e  p o ro sity  o f  g ran u la r assem blies 
w ere analogous n o tio n s . In  m eta l e x tru s io n  th e  d e fo rm a tio n  w ork, o r force 
P 0, depends c ritica lly  on  th e  pressing  te m p e ra tu re  (F ig . 3) an d , th eo re tica lly , 
i t  can  be rea lized  th a t  if  th e  m elting  p o in t T ° of th e  m a te r ia l  and  the  ex tru s io n  
te m p e ra tu re  t° are  id e n tic a l, th e n  th e  d e fo rm atio n  w o rk , o r th e  value o f force 
P l5 w ill be zero, t h a t  is, th e  value o f  fu n c tio n

P a = f ( t ° )

will he 0 w hen  t° =  T °. H ow ever, l i te ra tu re  d iscussing m e ta l w orking does 
n o t co n ta in  an y  in fo rm a tio n  on th e  sh ap e  o f th is  fu n c tio n .

In  m eta l e x tru s io n , w hen p ressing  is a t  th e  sam e te m p e ra tu re  b u t  a t 
d iffe ren t ra te s , th e  speed  does n o t a ffec t th e  d e fo rm atio n  force P x (Ge l e j i  [13]), 
see F ig . 4.

A ccording to  G e l e j i , th e  effect o f  th e  red u c tio n  in  cross-section from  
F  to  f  m ay  be ta k e n  in to  accoun t as fo llow s:

T he m ean  m o u ld in g  resistance  in  th e  ta p e re d  d raw in g  zone fo rm ed  
b eh in d  th e  p u n ch  w ill be

к  к
hr

( F - f )  +  QHi 1
2 F

*/__________
( F - Я к  /х,-

2 F  s in  a

( ? )
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where ht — the moulding strength of the extruded material, kp/cm2
F  — cross-section of the receiver, cm2 
/  — cross-section of the extruded bar, cm2
Q =  (F  —/ ) / sin a  — internal surface of the tapered drawing zone 

formed in the material, cm2 
a — angle of the blind corner 

fij — coefficient of internal friction.

In  th e  opening  of th e  s ta m p  die (cross sec tion  I I  in  F ig . 2), th e  m ould ing  
re s is ta n c e  is zero in  th e o ry . A ccord ing ly , th e  sam e in  cross-section  I  will eq u a l 
k j — 2 k k.

T h e  axial s tress in  cross-section  I  read s

a =  p a =  2 k k — kf  . (8)

O n th e  basis of e x p e rim e n ta l re su lts , m e ta l techno logy  assum es th a t  th e  ax ia l 
a n d  ra d ia l  stresses in  cross-section  I  a re  ap p ro x im a te ly  eq u a l (p a =  p r).

E q . (8) helps in  ca lcu la tin g
— th e  force or s tre ss  passing  th e  m a te ria l th ro u g h  th e  orifice, if  th e  

m a te r ia l  ch arac teris tics  are  know n ,
— th e  m ateria l ch a ra c te ris tic s , a f te r  th e  force of d e fo rm a tio n , has been  

e x p e rim en ta lly  d e te rm in ed .
I n  th e  ex tru sion  o f soils th e  la t te r  p rocedure  is follow ed. I f  i t  is assum ed  

t h a t  in  th e  sa tu ra te d  soil a t  a su d d en  s tre ss  increase Ф =  0 an d  kj =  con st 
(c h a ra c te ris tic  of th e  soil), — th e se  assu m p tio n s are ju s tif ie d  b y  th e  sh ear 
s t r e n g th  p a ram ete rs : Ф ^ О ,  an d  c =  co n st, ob ta in ed  fro m  th e  u n d ra in e d , 
q u ick  tr ia x ia l com pression  te s ts , — th e n  th e  d e fo rm ation  s tre ss  ra tio s  can  be 
c a lc u la te d  by  su b s titu tin g  th e  d a ta  o f th e  th re e  s tam p in g  dies we have  used  
in  o u r w ork in E qs (7) an d  (8):

F x aá 2,5 cm 2

CO1—1II£

F 2 ш  4,2 cm 2 /  =  1,0 cm 2 Pi2  — 2,22 kj
F 3 ш  7,1 cm 2 P m  =  2,56 kf

Pa ïlPal =

Pail Pal = 1 , 4
(if f ^ F ,  th en  p 1 ->  kj).

T h u s a receiver o r die of an y  c o n v en ien t d im ensions could  be used  fo r 
e x tru s io n  since th e  re su lts  can  be e v a lu a te d  in  a u n ifo rm  w ay.

In  soil ex tru sio n , th e  w ork v a lu es  ch a rac te ris tic  of m e ta l ex tru sio n  m ay  
be  in te rp re te d  in  a s im ila r m an n er. F o rce  P l5 or th e  d e fo rm a tio n  w ork , dep en d s 
on  th e  d ensity  of th e  soil, an d  will eq u a l zero w hen th e  p o ro s ity  of th e  soil 
is e q u a l to  th e  y ield  p o ro s ity . I t  follow s th a t  th e  y ield  p o in t or liqu id  lim it  
co u ld  be  defined as

th e  w ater c o n te n t o f a s a tu ra te d  soil sam ple h av in g  such  a d en sity  t h a t
th e  m oulding s tre ss  in  th e  e x tru s io n  te s t  is zero, i.e ., р г =  0.
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In  p ra c tic e , how ever, since th e  soils n ev er b e h av e  ex ac tly  in  th e  sam e 
w ay  as v iscous liq u id s , th e  th e o re tic a l m ould ing  s tress p ± p e rta in in g  to  th e  
liqu id  lim it shou ld  be considered as h ig h e r th a n  0, such  as 0,1 kp /cm 2 in order 
to  ensure a b e tte r  ag reem en t w ith  th e  re su lts  h ith e r to  u sed  in  p ra c tic a l w ork.

In  th is  case, a f te r  hav in g  e stab lish ed  th e  em pirica l re la tio n sh ip s

P a  =  f ( s )  o r  P a  =  / И

th e  liqu id  lim it o f in d iv id u a l soils could  be d irec tly  de te rm ined .
T he course o f th e  fu n c tio n  could  be  ex p ec ted  to  ch arac terize  th e  b e h a v 

io u r of th e  re sp ec tiv e  soil in  th e  p la s tic  dom ain .
J u s t  as th e  liq u id  lim it is associa ted  w ith  a ce rta in  m ould ing  stress va lu e , 

th e  p lastic  lim it an d  som e o th e r m ou ld ing  stress v a lu e , say , th e  h u n d red fo ld  
o f th a t  p e rta in in g  to  th e  liqu id  lim it, t h a t  is, p x =  10,0 kp /cm 2, m ig h t also 
be  re la te d  to  each  o th e r. T he follow ing p a ra g ra p h s  describe  th e  ex p erim en ta l 
re su lts  su p p o rtin g  th e  above th e o re tic a l s ta te m e n ts .

3. Testing equipment

The soil ex tru s io n  te s ts  w ere ca rried  o u t b y  usin g  th e  a p p a ra tu s  show n 
in deta il in  F igs 5, 6, an d  7, m ou n ted  o n to  a m o to r-d riv en  shear-box  a p p a ra tu s . 
E x tru s io n  ra te  w as 7,5 m m /m in , th e  cross-sec tional a rea  o f th e  circu lar rece iver 
F  =  4,2 cm 2, an d  t h a t  o f th e  circu lar open ing  ty p e  d i e /  =  1,0 cm2. T he n a tu ra l  
soil sam ple w as th o ro u g h ly  m ixed w ith  d istilled  w a te r , s a tu ra te d , th e n  filled  
in to  th e  receiver. A fte r  th e  die was p laced  in to  th e  sh e a r- te s t m ach ine , th e  
m o to r was s ta r te d  an d , from  th e  v e ry  b eg inn ing  of th e  ex tru s io n  of th e  soil 
b a r , d ial read in g s w ere ta k e n  a t  c e rta in  e x tru s io n -p a th  in te rv a ls  (or, assum ing  
a un ifo rm  ra te , a f te r  c e r ta in  tim e  in te rv a ls ) . T he te s t  w as con tin u ed  u n til  
th e  ex tru sio n  force w as decreasing , th e n  its  m in im um , th a t  is, th e  d e fo rm atio n  
force P x w as d e te rm in ed . W hen  th e  p u n c h  ap p ro ach ed  th e  cross-section  I  
(F ig . 2), a sam ple  o f a b o u t 10 to  20 g w as co llected  from  th e  e x tru d e d  soil 
b a r  in to  a w atch -g lass , an d  its  w a te r c o n te n t w as d e te rm in ed .

A fte r th e  co m p le tio n  o f th e  ex p e rim en t th e  rece iv e r and  th e  die w ere 
w ashed  an d  d ried , th e n  th e  te s t  w as sev era l tim es re p e a te d  w ith  g rad u a lly  
increased  w a te r  c o n te n ts , b u t  o therw ise as described  ab o v e , u n til th e  m in im um  
of th e  ex tru s io n  s tre ss  assum ed a v a lu e  a p p ro x im a tin g  zero.

T he te s t  d a ta  (P a/ F  =  p a ; w) en ab led  us to  d e te rm in e  th e  fu n c tio n

P a  =  / И

so u g h t for.

Acta Technica Academiae Scientiarum Ilungaricae 76, 1974



3 6 4 t ím á r , a .

F i g .  6



PLASTIC PROPERTIES OF SOILS 365

Fig. 7

4. Evaluation of the experimental results

In  th e  la b o ra to ry  of th e  G eo techn ical D e p a rtm e n t o f th e  B u d ap est 
T echnical U n iv e rs ity  ab o u t 50 soil sam ples, m a in ly  cohesive, a few in te r 
m ed ia te  ones, w ere u sed  for m ore th a n  250 ex tru s io n  te s ts .

These in v e s tig a tio n s  inc luded  th e  m easu rem en t o f th e  m in im um  e x tru 
sion force, an d  o f th e  w a te r  c o n te n t o f  th e  e x tru d e d  sam ples, as well as th e  
ca lcu la tion  of th e  vo lu m e per cen t o f  th e  solid phase (s) from  th e  w a te r con
te n t  (w ith  com plete  sa tu ra tio n  assu m ed ).

F ig . 8 p resen ts  a ty p ic a l e x p e rim e n ta l re su lt. T he c h a ra c te r  of th e  ex p eri
m e n ta l curves w as s im ila r to  th a t  i l lu s tra te d  in  th is  fig u re  w ith  each te s te d  
sam ple.

A ssum ing th a t  th e  C asagrande re la tio n

^(impact no) =  ag -bw (Ю ^  N  < ,  40) (9)

has th e  form

^(minimum forming stress) __ ag—bw ĵ

in  th e  case of e x tru s io n , th e  v a lid ity  o f th is  a ssu m p tio n  h a d  to  he and  w as 
checked. U sing th e  m e th o d  of least sq u a re s  rev ea led  th a t  th e  assum ed  expo-
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n e n tia l  curve f i t te d  v e ry  well th e  te s t  d a ta ,  w ith  an  av erag e  co rre la tio n  coeffi
c ie n t o f ra =  0 ,980, fo r 42 te s te d  sam ples. T hus, acco rd ing  to  ou r check -up  
te s ts ,  th e  co rre la tio n  o f  th e  d a ta  p a irs  o b ta in ed  w ith  th e  C asag rande liq u id  
l im it  a p p a ra tu s  is th e  sam e as for th e  ex p o n en tia l fu n c tio n . In  ad d itio n , th e  
b coefficients are o f th e  sam e o rd er o f  m ag n itu d e .

All these  p ro v e  th e  a d a p ta b ili ty  o f th e  ex tru s io n  ex p e rim en t fo r te s tin g  
th e  p lastic  p ro p e rtie s  o f  soils. W ith  th e  exp erim en ta l re su lts  p lo tte d  in  a sem i- 
lo g a rith m ic  co -o rd in a te  sy stem , th e  b e s t f ittin g  line can  be  read ily  o b ta in e d
(F ig . 9).

A ssum ing th e  w xF v a lu e  of th e  liq u id  lim it a t p i =  0,1 kp /cm 2, an d  th e  
Wp va lu e  of th e  p la s tic  lim it a t p x =  10 k p /cm 2 on th e  basis  o f th e  th e o re tic a l 
considera tions ex p la in ed  above, th e se  ch a rac te ris tic s  can  be d e te rm in ed  fo r 
each  soil, if  th e  fu n c tio n  p a =  f(u>) is know n.

B ased on th e  d a ta  o f n — 40 sam ples, th e  lin ea r  co rre la tio n  coeffic ien t 
b e tw een  th e  C asag rande  liqu id  lim it w F an d  th a t  o b ta in e d  b y  e x tru s io n  w F

Acta Technica Academiae Scienliarum Hungaricae 76, 1974



PLASTIC PROPERTIES OF SOILS 3 6 7

Acta Technica Academiae Scientiarum Hungaricae 76, 1974



3 6 8 t í m á r , a .

is г =  0,586 (a =  26,2 an d  b =  0 ,49), w hile th a t  b e tw een  wP d e te rm in ed  b y  
ro llin g -o u t te s t  and  wp o b ta in e d  b y  e x tru s io n  will be r =  0,591 (a =  8,8 and  
b =  0 ,49). B o th  cases e x h ib it a s ig n if ican t d ifference from  zero w hich  verifies 
th e  ex istence  of th e  re la tio n .

C onsequen tly , e x tru s io n  as an  e x p e rim e n ta l m e th o d  m ay  be in tro d u ced  
w ith o u t changing  th e  liq u id  lim it co n cep t used  a t p re sen t in  soil m echan ics.

C alcu lations w ere also m ad e  to  p ro v e  w h e th e r th e  v alues q u ick ly  o b ta in ed  
from  a sem ilogarithm ic p lo t m ig h t be accep ted  to  rep lace  th e  e x a c t va lues, 
to  o b ta in  w hich w ould req u ire  le n g th y  ca lcu la tions in  th e  absence  o f a com 
p u te r .

B ased  on th e  d a ta  o f n =  45 sam p les , th e  lin ear c o rre la tio n  b e tw een  th e  
a c c u ra te  values ca lcu la ted  b y  a H e w le tt-P a c k a rd  co m p u te r, a n d  th o se  o b ta in ed  
g rap h ica lly : icp and  wxP, p ro v ed  to  be  v e ry  close (r =  0,891 a n d  r  =  0,936, 
re sp .) w hich  confirm s th e  accep tab le  accu racy  of th e  rap id  g rap h ic  ev a lu a tio n .

I n  o rder to  s tu d y  th e  e ffec t o f  th e  r a te  of e x tru s io n  soil sam ples of 
id e n tic a l w a te r co n te n t w ere e x tru d e d  a t  d iffe ren t ra te s  (7,5; 4; 2, an d  1 m m  
p e r  m in). The resu lts  o f  such  a c o m p a ra tiv e  te s t  series are  show n in  F ig . 10.

A s seen in  th is  fig u re , th e  exp erien ce  in  m e ta l w o rk in g , n am e ly , th a t  
th e  ex tru s io n  ra te  does n o t s ig n if ican tly  affect th e  force o f d e fo rm a tio n , as 
i t  w ill on ly  change th e  a m o u n t o f w ork  req u ired  to  overcom e in te rn a l re s is t
ances an d  wall fric tio n , will ho ld  t ru e  also for s a tu ra te d  soils.

To s tu d y  th e  effect o f v a ry in g  receiver/d ie  cross- section  ra tio s , s a tu ra te d  
soil sam ples of an  id en tica l w a te r  c o n te n t w ere e x tru d e d  w ith  th e  sam e  die 
in  th e  th re e  d ifferen t rece ivers d esc rib ed  u n d e r 2 (F 1 =  2 ,5 , jF 2 =  4 ,2 , F 3 =  
—  7,1 cm 2, and  f  — 1,0  cm 2). E x p e rim e n ts  com pleted  so fa r , a lth o u g h  sm all 
in  n u m b e r, revealed  th a t  th e  ra tio s  in  m eta l w orking (see u n d e r  2) can n o t 
be  ap p lied  to  soils w ith o u t m o d ifica tio n . C larification  of th is  p ro b lem  req u ires  
fu r th e r  in v es tig a tio n .

6. S um m ary  an d  recom m endations

T he ex trusion  te c h n iq u e  describ ed  above offers a new  soil te s tin g  m eth o d , 
in  ad d itio n  to  th o se  a lread y  a d o p te d  in te rn a tio n a lly , w ith  th e  e x tra  m e r it  
o f  p e rm ittin g :

— d irec t m easu rem en t o f th e  w ork  sp en t on th e  p la s tic  d e fo rm a tio n  
o f  soils;

— d e te rm in a tio n  of th e  liq u id  a n d  p lastic  lim its  w ith in  a single te s t ;  
•— elim ination  o f th e  su b je c tiv e  erro rs from  th e  m e asu rem en t re su lts . 
T he te s tin g  eq u ip m en t is in e x p e n s iv e  to  p ro d u ce , an d  can  be  o p e ra te d

b y  a n y  ex isting  sh e a r- te s t m ach in e . A ssum ing  an  ex tru s io n  ra te  o f a 4,0  to
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8,0 m m /m in , th e  d u ra tio n  o f  th e  te s t  does n o t exceed th a t  of th e  C asagrande 
liq u id  lim it te s t  and  th e  p la s tic  lim it te s t  to g e th e r.

T he in te rp re ta tio n  o f th e  “ y ield  p o in t”  or liq u id  lim it o f  soils as m acro- 
m eritic  g ra in  assem blies, on an  energy  th e o ry  basis, w hich  b e tte r  re flec ts  
p h ysica l re a lity , h as  been illu s tra tiv e ly  and  conv incing ly  v e rified  b y  ex tru sio n  
te s ts .

T hus i t  is fu lly  ju s tif ie d  to  con tinue  th ese  ex p e rim en ts , m ain ly  to  com 
p a re  th e  re su lts  o b ta in ed  w ith  co n ven tiona l and  e x tru s io n  tech n iq u es, an d  
to  com pletely  c larify  th e ir  in te rre la tio n . I f  th e  in itia l p rom ising  resu lts  are  
verified  on a la rg e  scale, th e  m e th o d  m ay , in  fu tu re , ga in  genera l accep tance  
a s  a ro u tin e  te s t .
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Untersuchung der plastischen Eigenschaften von bindigen und Übergangsbödcn mit 
Hilfe von Stangenpressung. Der Autor schlägt eine einfache, beim Kaltformen der Metalle 
angewandte und nach dem Prinzip der Stangenpressung wirkende Vorrichtung zur Unter
suchung von bindigen und Ubergangsböden vor. Mit Hilfe der Stangenpressungsverfahren 
wird bewiesen, daß die aufgrund der Energietheorie erfolgende Beurteilung der Fließ- und 
Plastizitätsgrenzen der Bodenarten als makrometrischen Körnerhaufwerken, die physische 
Realität gut widerspiegelt. Die Fließ- und Plastizitätsgrenzen des Bodens kann mit einem 
einzigen Versuch ermittelt werden, der von den subjektiven Meßfehlern nur geringfügig belastet 
ist. Durch zahlreiche Versuche wird die Übereinstimmung zwischen den durch die her
kömmliche Versuchsmethode und durch die Stangenpressung erhaltenen Werten mit Hilfe 
der Korrelationsrechnung nachgewiesen. Zur Untersuchung der noch ungeklärten Teil
probleme werden weitere Versuche vorgeschlagen.
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Исследование пластических свойств связанных и переходных грунтов прессованием 
прутков. Автор предлагает для исследования пластических свойств связаных и пере
ходных грунтов простой прибор, работающий по принципу прессования прутков, исполь
зуемому при холодной обработке металлов. При помощи метода прессования прутков автор 
подтверждает хорошо отражающую физическую действительность трактовку пределов 
текучести и пластичности грунтов, как макрометрических множеств зерен, на энерготеоре
тической основе. Пределы текучести и пластичности грунтов могут быть определены 
при помощи одного единственного опыта прессования прутков, на который только в неболь
шой степени воздействуют субъективные ошибки измерения. На основе большого числа 
проведенных опытов с помощью корреляционного вычисления доказывается зависимость 
между результатами, которые получаются с помощью обычно применяемого эксперимен
тального метода и метода прессования прутков. Для изучения еще невыясненных деталей 
автор предлагает выполнение дальнейших серий опытов.
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DISPLACEMENT FUNCTIONS OF ORTHOGONALLY 
ANISOTROPIC CYLINDRICAL SHELLS

L. VARGA*

[Manuscript received December 20, 1971]

Displacement functions describing the stress state of orthotropic, anisotropic 
cylindrical shells are analysed and determined on the assumption of homogeneous 
anisotropy. By introducing the displacement functions, the exact and approximate 
solutions of the set of differential equations derived from the equilibrium conditions 
are presented. The relation between the displacements and displacement functions 
rendering general solutions to the homogeneous part and performing particular solutions 
to the non-homogeneous system are detailed. The differential equations furnishing the 
establishment of the displacement functions are reported. Last, the relations existing 
between the displacements caused by the membrane forces and the displacement 
functions, as well as the differential equation including the displacement functions 
and its solution are shown.

In trod u ction

In v es tig a tio n s  on d e te rm in in g  th e  stress s ta te  of shell s tru c tu re s  was 
in i t ia te d  b y  L ove [1]. In  connection  w ith  cy lindrical shells also th e  w orks of 
T im o sh en k o  [2], F lügge  [3], W la sso w  [4], D o n n el  [5], N ovozhilov  [6], 
an d  G o l d e n v e iz e r  [7], m ay be co nsidered  as of fu n d a m e n ta l im p o rtan ce  
am ong  w hich [4] an d  [7] deserve spec ia l a tte n tio n  due to  th e ir  m eth o d s of th e  
d iscussion  of th e  prob lem . N am ely , th e  s tre ss  functions g iv ing  th e  ap p ro x im a te  
so lu tio n s of th e  iso trop ic  cy lindrical shells are  dealt w ith  in  th e se  w orks, th e  
te rm s  analogous to  w hich and  re la tin g  to  th e  o rth o tro p ic  shells, are called d is
p lacem en t fu nc tions b y  th e  a u th o r o f  th is  paper.

In  th e  in v estig a tio n s of p ressu rized  reservoirs, th e  d e te rm in a tio n  of th e  
s tre ss  s ta te  of cy lindrica l shells b y  in tro d u c in g  th e  d isp lacem en t fu n c tio n  re 
p re se n tin g  th e  d isp lacem ents of th e  m id d le  surface of th e  shell show s itse lf  to  
he  especially  ad v an tag eo u s. In  fa c t, to  th e  cylindrical m a n tle  of th e  shell, 
f i t t in g s  of d ifferen t form s and  of d iffe re n t rig id ity  (closing su rfaces lim itin g  th e  
ex trem itie s , su p p o rtin g  devices t r a n s m itt in g  th e  forces e tc .), are  connected . 
T h e  s tress p a tte rn  developed a t th e  connections and  in  th e ir  ne ighborhood  
w ill be d e te rm in ed  b y  sa tisfy ing  th e  co n s tra in ts  of fittin g . T he f i t t in g  co n s tra in ts  
describ ing  th e  id e n tity  of th e  d e fo rm atio n s , m ay  d irec tly  be expressed  b y  th e  
d isp lacem en t functions. T he d isp lacem en t functions being  fam ilia r, as a 
m a t te r  of course, also th e  in te rn a l fo rces m ay  read ily  be ca lcu la ted .

* Dr. L. V a r g a , Gábor Áron u. 42, 1026 Budapest, Hungary
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T h e adop tion  o f th e  d isp lacem en t fu nc tions p rov ides fu r th e r  ad v an tag es 
in  h an d lin g  and  easily  u n d e rs ta n d in g  th e  p rob lem  o f such  shells w hich m ig h t 
be  considered  as hom ogeneous, an iso trop ic  s tru c tu re s . S tru c tu re s  of th is  ty p e  
are , fo r exam ple, shells o f  p la s tic  m a te ria l re inforced  w ith  fib reg lass (fibreglass- 
sk e le to n  shells) w hich , d u e  to  th e  g rea t n u m b e r of fib res  em bedded  in to  th e  
p la s tic  m a te ria l, m ay  b e  considered  as un ifo rm ly  d is tr ib u te d  and  tre a te d  as a 
hom ogeneous an iso tro p ic  m a tte r . D ue to  its  e lastic  p ro p e rtie s  in th e  range  
of d efo rm atio n  p erm issib le  from  th e  v iew p o in t o f sa fe ty  — follow H ooke’s 
law  w ith  a close ap p ro x im a tio n .

Also th e  cy lin d rica l shells are co n stru c ted  from  such  s tru c tu ra l m a te 
r ia l, an d  i t  is c h a ra c te ris tic  th a t  th e ir  w all-th ickness — in  com parison  to  th e  
o th e r  dim ensions an d  to  th e  rad ius of c u rv a tu re  — is re la tiv e ly  small.

H ence, for th e  th in  shells, th e  follow ing assu m p tio n s and  neglections 
m a y  be m ade:

1. S tra ig h t lines being  norm al to  th e  m idd le  su rface  rem ain  s tra ig h t  
lines also a fte r d e fo rm a tio n  an d  norm al to  th e  m idd le  su rface  of th e  shell.

2. T he stresses a c tin g  p e rp en d icu la rly  to  th e  m idd le  su rface  of th e  shell, 
m a y  be d isregarded  in  com parison  to  th e  stresses ac tin g  w ith in  the  p lane  of 
th e  m iddle  surface or in  layers para lle l to  it.

3. The specific defo rm atio n s developing  p e rp en d icu la rly  to  th e  m idd le  
su rface  m ay  be d isreg a rd ed .

A ccordingly, th e  stresses and  defo rm ations in d u ced  a t  a p o in t P (x 1,x 2x 3) 
of th e  shell, m ay  be  rep re se n te d  by  th e  follow ing sy m m etric  tenso rs:

© =  K )
® =  Ы

(», к  =  1, 2) (a)

As th in -w alled  s tru c tu re s  sa tisfy ing  th e  above co n d itions are to  be con
sidered  according to  references [2] an d  [3], th e  cy lin d rica l shells h av in g  a 
th ick n ess  to  th e  ra d iu s  o f cu rv a tu re  ra tio  s jR  — 1/10, an d  according to  re 
ference  [6], those , h a v in g  a th ickness to  rad iu s  ra tio  s jR  1/20. By v ir tu e  of 
th e  above assu m p tio n s th e  cy lindrical shell m ay  be an a ly sed  as an  an iso trop ic , 
hom ogeneous s tru c tu re . F o r th e  p rin c ip a l d irec tions o f th e  o rth o tro p y , th e  
d irec tion  of th e  g e n e ra tr ix  and  th a t  of th e  circum ference  m ay  be ad o p ted . 
T h e  ch arac teris tics  o f  e la s tic ity  in re sp ec t to  th e  p rin c ip a l d irections m ay  be 
m easu red  or ca lcu la ted .

T he d isp lacem en t functions of cy lindrica l shells to  be considered o r th o 
gonally  an iso trop ic  hom ogeneous, m ay , in  th e  s im p lest w ay , be derived  b y  
so lv ing  th e  set o f d iffe ren tia l equations describ ing  th e  equ ilib rium  cond itions, 
b y  m ak ing  use of th e  o p e ra to r  calculus. T he p a p e r t re a ts  th e  ac tu a l fu n c tio n a l 
re la tio n s betw een  th e  d isp lacem ents an d  d isp lacem en t functions rep resen tin g  
th e  ex ac t and  a p p ro x im a te  solutions of th e  se t o f eq u a tio n s  in  case of d iffe ren t 
loads. The d iffe ren tia l equations fu rn ish in g  th e  d e te rm in a tio n  of th e  dis-
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p lacem en t fu n c tio n s and  th e  so lu tions of th e  se t o f equ a tio n s are described . 
H ow ever, th e ir  so lu tion  will n o t be d iscussed here. T he so lu tion  w as tre a te d  
in  an  earlie r p a p e r of th e  a u th o r  [10] in  w hich th e  in tro d u c tio n  an d  d e fin ition  
of th e  d isp lacem en t fu n c tio n  inc lud ing  th e  ap p ro x im a te  so lu tions of th e  se t of 
hom ogeneous equ a tio n s m ay  be found .

1. R elations between the in ternal forces and deformations

T h e re la tio n s  betw een  th e  stresses developing in  th e  p rincipal d irec tions 
of r ig id ity  of th e  o rth o tro p ic  shell an d  th e  defo rm ations accord ing  to  
H ooke’s law  — m ay  be w ritte n  dow n as follows:

O ' ] !  =  —  -  ( £ n  +  * 1 2  £ 2 г )

1  *12  *21

E 2 , ,
°22 — -, (£22 ~Ь *21 eil)

1 -  *12 *21

<Tj2 =  u 2i Ge^ 2 =  Ge 2i

( l a — c)

E x p ress in g  th e  specific d efo rm ations by  th e  d e fo rm ations of th e  m idd le  
su rface  y ields

bn
u'

h R 2

w
c22

9 --

R R  R + x 3
+

w

R + x  3
+  R ± X* v■

R 2

R + x 3 

w 1' 
R

d I ____d_
R  R + x  3

(2a — c)

T h e  m ean ings of n o ta tio n s  d en o tin g  th e  d iffe ren tia tio n  are  as follow s:

j * J - = a Q  =  ()1

Q __L 9*i
R

9( ) _  8( )
(b )

8- Q x 2
=  ( У-

R

B y  m ak in g  use of re la tio n s ( l a —c) an d  (2 a —c) th e  section  forces an d  
m o m en ts  m a y  be p roduced  depend ing  on th e  d isp lacem ents. U sing th e  n o ta tio n s
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Fig. 1. Interpretation of the stresses, sectional forces and moments as well as external loads

of F ig . 1, th e  follow ing m a y  be w ritte n :

" S / 2

N 1 = ffll 1 +  —
- S/2 ß

rsl2 n .
A 2 = (f 22 „

J — s / 2 R
rs/2 Xr,II °'l2 1 +  -=?-

J -s/2 ß

rs/2 Г>_
a 21= o',! — _

J -s/2 ß

A
R

dx  a =  - ^ r ( u '+ v 12v + v 12w ) ------- — w 11
ß 3

D 3 , „1ч , В ^ , , л  _.„p4 (3 a—d)= -----(w’-f-г;1) -|------ — (г;1 -it;1*)
л  ß 3 1 ;

(u’+ V 1) H----- — (ы.'-(-г«1')
R 3
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w here

are  th e  elongation  and  f le x u ra l rig id ities w ith  respect to  th e  p rin c ip a l d irections 
o f r ig id ity .

2. The differential equations o f  the stress state

T h e d ifferen tia l eq u a tio n s  as is know n — m ay  be  e stab lish ed  by  
w ritin g  dow n th e  equ ilib rium  eq u a tio n s . T he equ ilib rium  o f th e  forces an d  
m o m en ts  ac tin g  on an  e lem en t of th e  shell, as is to  be seen in  F ig . 1, a re  re p re 
sen ted  b y  th e  follow ing re la tio n s :

N[  +  N 2l =  X , R  

N 2 +  1V{2 -  <?2 =  X 2R

+  (?i +  (?2 =  X 3R  (5 a —f)
Mj + M i l - R Q 1 =  0
m 2 -f- M [2 — R Q 2 z о

M 2i +  R N 12— R N 21 =  0

E x p ressin g  th e  tra n sv e rsa l forces from  form ulas (5 d —e) an d  su b s titu tin g  
in to  E q s (5b —c) yields:

N [  +  N 21 =  X , R
R N 2 +  R N [2 -  M 2 -  M j2 =  X 2R 2 (6 a —c)

M 2 +  M j2 +  M 21 +  M i1 +  R N 2 =  X 3R 2
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L e t us now  replace th e  expressions (З а —h) o f th e  sec tio n a l forces and  m om ents 
in to  E q s  (6 a —c) th e n , a f te r  red u c tio n , we a rriv e  a t  th e  req u ired  d ifferen tia l 
eq u a tio n s:

w here

T h e  solution  o f th e  se t o f d iffe ren tia l eq u a tio n s  (7a — c) rep resen tin g  th e  
s tre ss  s ta te  m ay  he  c a rr ie d  ou t as described  in  th e  follow ing ch ap te r.

3. Solution to the differential equations by introducing the displacement 
function

E q s (7a — c) d escrib in g  th e  s tress s ta te  of th e  o rth o tro p ic  cy lindrical shell 
m a y  be  hand led  as a  non-liom ogeneous se t of lin ea r  eq u a tio n s whose so lu tions 
— as is know n — are  com posed of th e  g enera l so lu tions o f th e  hom ogeneous 
p a r t  an d  of th e  p a r tic u la r  solu tions o f th e  non-hom ogeneous system . T hus, th e  
d isp lacem en ts giv ing th e  so lu tion  m ig h t he w ritte n  in th e  following form :

и =  u0 +  up
V =  v0 +  vp (8 a —c)

w =  w 0 w p

T he so lu tions m a y  be re la tiv e ly  s im p ly  o b ta in e d  b y  in tro d u c in g  th e  d is
p lacem en t function

IF =  x 2) (9)
in  such  a w ay th a t  th e  d isp lacem ents shou ld  be so u g h t in  th e  form

и =  U (§)
V =  F(oF) (10a —c)

w =  IF(oF)
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I t  is p rac ticab le  and  reasonab le  to  d iv ide th e  d isp lacem ent fu n c tio n  in to  
tw o p a r ts , i.e ., to  w rite  i t  dow n as th e  follow ing sum :

* 2) =  * o (* i. * 2) +  1» 2*) ( H )

in  such  a w ay  th a t  th e  so lu tions to  th e  hom ogeneous p a r t  are  inc luded  in  th e  
fu n c tio n  of0, an d  th o se  of th e  non-hom ogeneous system  in th e  fu n c tio n  ofp. 
F o r th e  sake of lu c id ity  and  easy h an d lin g  also th e  d isp lacem ent fu n c tio n  ofp 
should  co n v en ien tly  he considered, as a sum

X2) — З ' X2) -j- X 2)  d 13 (^ 1? ^ 2) (1^)

w here о?г f irs t  d isp lacem en t fu n c tio n  inc lud ing  d isp lacem ents и р v L a n d  w 1 
caused  b y  load ing  X j,

g?2 second d isp lacem en t fu n c tio n  com prising  d isp lacem ents u 2, v 2 and  
гс2 caused  b y  lo ad  X 2,

of3 th ird  d isp lacem en t fu n c tio n  inc lud ing  d isp lacem ents u 3, v 3 an d  w 3 
caused  b y  load  X 3.

O n th e  w hole, th e  d isp lacem ents m ay  be w ritte n  in  th e  form

11 =  uo +  u i +  u 2 +  u 3 — В Д 0) +  L/’1(oFL) -f- U 2( § 2) +  U 3( § 3) 

v =  vo +  v i  +  v 2 +  v 3 — V M  +  Vi(&  1) +  V 2) +  V 3{§  3) (13a —c) 

w — wo ~b w i +  w 2 +  w 3 =  ^0(^1 0) ~b x) +  W  2(qF 2) +  W  3(ot 3)

T he effec tive  re la tio n  betw een  th e  d isp lacem en ts an d  d isp lacem en t 
fu n c tio n s w ill be d e te rm in ed  in  th e  follow ing ch ap te r.

4. The relation between the displacem ent o f  the m iddle surface and d is
placement fu n c tio n s

T h e re la tio n  b e tw een  th e  d isp lacem en t of th e  m idd le  surface and  d is
p lacem en t fu n c tio n s  m ay  he de te rm in ed  b y  th e  ap p lica tio n  of th e  o p e ra to r  
calculus. T re a tin g  th e  re la tio n s (7a —c) as an  algebraic  se t o f eq u a tio n s, th e  
d e te rm in a n t p ro d u ced  from  th e  coefficients of th e  desired  n, v an d  w  can  be 
w ritte n  as follows

d n <fl2 ^13
^21 ®22 d 23
^31 ^32 ^33

(14)

T he m ean ings of th e  coefficients dtj are  given b y  th e  d ifferen tia l o p e ra to rs  
in d ica ted  in  T ab le  I.

Acta Technica Academiae Scientiarum Hungaricae 76, 1974



3 7 8 VARGA, L.

Table I

Operators denoting the coefficients of displacements

d u
£ ,  a2 , G (i +  k )  a2 
E o  Qx\ 1 E *  dx \

d  i2 =  d  2i
(  g  ч a2
[ e * + V 2 l ) d x 1dx.,

d i3  =  d  3i
a r G  a2 £ ,  a3 \  

21 a i j  ^  I, E *  d x tdx \  É 2 a i  1 )

d 22
G( 1 +  3fc) a2 a2

E *  a i f  1 a i 2

d  23 =  d  32
a , f ,  G 1 a3 

a i 2 h  l 3 E *  +  v - ' )  a i 2a i 2

^33
, , r ,  JE, a* „ л  G 1 a* a* „ a2 l
1 +  k  l 1 +  Е г a i}  +  2 ( 2 je .  +  ' 21J a i f a i l  +  a i*  +  2 a i 2 J

T he solutions o f th e  set o f eq u a tio n s (7a —c) are  sough t in  th e  follow ing
fo rm :

u =  Mo +  up — ® ii(y? +  У?) +  ® 1г(У2 +  У?) +  ® 1з(Уз +  Уз)

V =  ®о +  vp =  ® 2i(y î +  У?) +  ® 2 2  (У°2 +  Уг) +  ® 2з(Уз +  Уз) (15а—с)

w — 1vo +  wp +  ®3t(yî +  У?) +  ®зг(У2 +  У?) +  ®зз(Уз +  Уз)

S u b s titu tio n  of th e se  so lu tions in to  th e  se t of d ifferen tia l eq u a tio n s  — on 
th e  basis  o f th e  th e o ry  o f  th e  lin ea r a lgeb ra ic  equ a tio n s — yields th e  se t of 
hom ogeneous an d  non-hom ogeneous eq u a tio n s:

=  0

®Уг =  0 (16a — c)

®y°3 =  0
a n d

®yP =  X*
®y% =  X *  (17a—c)

®yf =  X*

T o derive th e  so lv ing  eq u a tio n  com prising  th e  general so lu tion  o f th e  set 
o f  hom ogeneous eq u a tio n s , i t  is co n v en ien t to  select th e  roo ts in  th e  form

У°1 =  У°2 =  0, =  ( 1 8 a - c )
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T h u s, th e  so lu tions are  inc luded  in  th e  equ ivalen t d iffe ren tia l eq u a tio n

w herein

@*IF0 =  0 (19)

( 20)

T he p a r tic u la r  so lu tions of th e  non-hom ogeneous system  can be w ritte n  
in  th e  form

У§
E f  _—^ IF„ (21a - c )

p Щ  et
r f  =  — ^

T h e  d isp lacem en t fu n c tio n s in c lud ing  th e  solutions w ill be  given as th e  p a r tie  
u la r  so lu tions of th e  d ifferen tia l eq u a tio n s

@ *  §=1 =  X *

@* <f2 =  X* (2 2 a—c)

@ *  |F 3 =  X*

In  accordance w ith  w h a t has been  sa id  above, th e  re la tio n  betw een  th e  d is
p lacem en ts  and  d isp lacem en t fu n c tio n s  is rep resen ted  b y  th e  equations

u  =  @ *  IFj +  @*2 IF 2 +  @ ?з (oF3 +  IF„)
V =  ®* +  @?2 áF2 +  @2*3 (áF3 +  áF0) ( 2 3 a - c)

W =  @*, IFj -f- @32 IF2 4" @33 (^3 +  *о)

In  consequence o f  t h e  above m en tio n ed  facts, th e  d isp lacem en t fu n c tio n s 
can  be  considered as p o te n tia l fu n c tio n s , whose d e ta iled  analysis is to  be 
fo u n d  in  th e  c h ap te rs  follow ing h e rea fte r .

5. The displacem ent fu n c tio n  com prising the solution o f  the homogeneous 
system

O n th e  basis o f  re la tio n s (23a — c) deduced in  th e  p reced ing  c h a p te r  — 
ta k in g  in to  acco u n t th e  te rm s of th e  o p era to rs  in d ica ted  in  T able I , an d  th e  
in te rp re ta tio n  b y  (20) th e  effec tive  functional re la tio n  betw een  th e  d is
p lacem en ts  solving th e  hom ogeneous system  and th e  d isp lacem en t fu n c tio n  
ta k e s  th e  form :
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T h e term s of th e  coeffic ien ts are in d ic a te d  in  T ab le  I I .

Table II

Coefficients of the homogeneous solutions

T he d ifferen tia l e q u a tio n  [19] fu rn ish in g  th e  d e te rm in a tio n  of th e  d is
p lacem en t function  ta k e s  th e  form

K "  +  a 01 W  +  ° 0 2 ‘̂ 0V" +  a 0 3 ^ o " '  +  a 0 4 ^ 0 " '  +  ° 0 5 ^ VI +  ^ 5 )

+  a 0 6 ^ 0 V’ +  ° 0 7  “ ^ 0"  +  “b  ° 0 9  ° >'oV +  a 010°*'üL +  ° 0 1 1  ^ 0  =  0

T he coefficients a re  as show n in  th e  re la tio n s lis ted  in  T ab le  I I I .
T he d isp lacem en t fu n c tio n  in  case of given b o u n d a ry  condition  — 

can  be  calcu lated  from  th e  general so lu tions o f E q . (25).
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Table III

Expressions furnishing the exact determination of the coefficients

I n  connec tion  w ith  th e  th in  shells in v es tig a ted  h ere in , R/s  10, th e re 
fore к <  0,001  a n d  th u s , neglection  of к  in  com parison  to  th e  u n it  is ju s tif ied . 
T his neg lection  p e rm its  an  accu racy  in  th e  ca lcu la tio n  being  sa tis fac to ry  for 
th e  p rac tice , b y  u s in g  th e  coefficients in d ic a te d  on T ab le  IV .

A fu r th e r  s ig n ifican t s im p lifica tion  can  be m ad e  b y  in tro d u c in g , on th e  
basis of th e  above co n sid era tio n , th e  a p p ro x im a tio n s

(1 к) и и

(1  +  M)v" л *  t;"

(2 6 a—b)
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Table TV

Expressions furnishing the approximate determination of the coefficients

« 0

« 0 1

*№Г

‘K b it)

« 0  2
E „ (  1 E 2 4 g  4 л

4 1  ̂ I'C V21_Ï£?’,!_ÏV,2% )

« 0 3

« 0 4
(ír

« 0 5 2»i*

« 0 6
Е г ( 1 Ej 4 G 4 4 

6 E ,  i 1 +  3 G "2I 3 E* ”12 3 2,12 1,21j

« 0 7 2 í f ( 4 ^ r  +  ‘ G ' _ V l2 )

« 0 8
«№Г

« 0 9

« 0 1 0
í ( ‘í + í - 4

« 0 1 1
(ír

N am ely , in  th is  case, th e  coeffic ien ts will be

CO II t / 07 = £7os = 0

^03 = 0

сл II IICO
&Г OIIГ»

a n d  E q s  (24a—c) ta k e  th e  form

«о =  U 01&" +  U o t SF': +  fc(t/0X  +  U 05 gFqI: +  Uw  aFj,::) 

®o =  r 01 К  +  V02 &Ï +  Ц  V0i K '  +  Vos &o') (27a-
1vo — Wn S ”  +  W02&"- +  W03$ ï
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T h e d iffe ren tia l eq u a tio n  (19) serv ing  for th e  d e te rm in a tio n  o f th e  d isp lacem en t 
fu n c tio n  can be w ritte n  as

+  “ o l ^ o ' "  +  ° 0 2 ° H V"  +  a 03 ° ^ o ' ' +  «04 ® o "  +  «05 ^ o '  +

+  a 0 6 ^ ( |V’ +  ®07 +  « 0 8 ^ " '  +  a 0 9 ^ 0 V +  «010 ^ o '  +  a 011 °*o' = 0   ̂ ^

T h e coefficients can  be ca lcu la ted  accord ing  to  T ab le  IV  from  th e  re la tio n s

« ou  —  

«010

1
+

E*
e 2

к E ,

e 2 { E 2 2vj
E ! l G

6. The displacem ent fu n c tio n  com prising the particular solutions o f  the non- 
homogeneous equations

T h e p a r tic u la r  so lu tions of th e  se t of non-hom ogeneous d iffe ren tia l 
eq u a tio n s  as is know n  rep re sen t th e  effect o f th e  u n ifo rm ly  d is tr ib u te d  
forces ac ting  on th e  shell surface. In  th e ir  d e te rm in a tio n  s im plify ing  assu m p 
tio n s m a y  be m ade [5] b y  app ly in g  th e  follow ing neg lec tions:

T h e  te rm s m u ltip lied  b y  Bj, in  th e  expression o f th e  sec tiona l forces 
{N v  N 2, N 12, N 2l) can  be  neg lec ted  in  com parison  to  th o se  m u ltip lied  b y  D (.

In  th e  expression o f th e  m om en ts  (M v  M 2, M 12, M 21) th e  f irs t d e riv 
a tiv es  of и and  V (v \ V , i t 1,  it ) can  be d isregarded  beside th e  second  de riv a tiv es  
of w  (i<iM, w , to1 ).

In  th e  eq u a tio n  describ ing  th e  p e rip h era l equ ilib rium  of th e  forces, th e  
co m p o n en t of th e  tra n sv e rse  force Q 2 sm aller th a n  th is  l a t te r  itse lf  be ing  
re la tiv e ly  insign ifican t.

T he m ag n itu d e  of th e  e rro r due to  th e  neglections dep en d s on th e  coef
fic ien t k. In  case of shells com m only  used  (w here к <C 0,001), th e  e rro r m ay  be 
d isreg a rd ed  [8], [9].

As a consequence o f  th e  neg lections, th e  set of d iffe ren tia l eq u a tio n s 
(7a -c )  tak es  th e  form

E , „ G G \
1 u" + и + „  +  v21 U 1 +  V2l M)1 —  X f

e 2 e * E* )

( G

Ь г Н “
+  v" + — vn+ w ' =  x :  

E*
(29a

v21 u '-f-f’-j-ic-l- к
E ,

f  iolv-(- 2 2 — — \-v.
E'2

21 M)ll: -)- ML =  X*

c )
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T h e  expressions co m p ris in g  th e  p a r tic u la r  so lu tions o f th e  non-hom oge- 
neous se t o f equa tions (2 9 a — c) can be in tro d u ced  acco rd ing  to  th e  m eth o d  
describ ed  in  C hap ter 4 , b y  ta k in g  in to  acco u n t th e  d e te rm in a n t

(30)

Table V

Approximating operators representing the coefficients of displacements

fo rm ed  from  th e  coeffic ien ts  of th e  d isp lacem en t. M eanings of th e  coefficients 
dfj a re  now  given b y  th e  d iffe ren tia l o p e ra to rs  in d ic a te d  in  T ab le  V.

B ased on th e  re la tio n s  (20), (22a — c) an d  (23a —c), th e  follow ing re la tio n s  
se rv e  fo r the  d e te rm in a tio n  of th e  d isp lacem en t fu n c tio n s  as well as fo r ex
p ressing  th e  co n n ec tio n  b e tw een  th e  d isp lacem en ts an d  d isp lacem en t fu n c tio n s:

=  X *

®P*§2 =  X*
® p* § 3 =  X *

an d

a  =  Uy -)- u 2 -f- u 3 =  j -f- @f*aF2 +  J

V  =  V l  +  V 2 +  V 3  =  +  ® £ * & 3

w =  w1 +  ic2 +  w 3 =  +  Щ*®2 +  ® ? 3* ^ 3

O n th e  basis of th e  re la tio n s  (32a— c) — b y  ta k in g  in to  acco u n t th e  expression  
o f th e  operators co m p rised  in  T ab le  V — th e  d isp lacem en ts  can  be w ritte n  as

(31a —c)

(3 2 a—c)
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Table VI

Coefficients of the non-homogeneous solutions

j v „ v „  =  v „ H ^ i /  =  Uij  =  I / o / 1  K 2 /

i
fII

iTII

I F . Í  =  W 4

1

2

1 - 1
- * * 1

E y
G

E y
9 « — g ~

E y
Е г

E ,

E t

( E t . E t )~ tЖ  +  v ” ~ g )
1 1 - 1

- 2 ^

3
l t  +  i ~ E * + 2 V i l - Ы +  +  4 E *  E y

~ G ~ 1 ^
1

4 E *
2 ^ 2 1 - ^ -  +  5

5 ~ t  +  2 v * ' l t

5 E }
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follow s:

(33a — c)

fu r th e r

a n d
мз =  ^31^3" +  U  з2о?з

V 3 =  +  ^ 3 2 ^ 3

M’s =  ^ 3 # 3 V +  W7 32^ 3 ' +  Й733°̂ 3

(35a — c)

T h e  coefficients Ujj, V tj an d  IF,y can  be  ca lcu la ted  from  th e  re la tions 
g iven  in  T ab le  V I.

T h e  d isp lacem en t fu n c tio n s expressing  th e  d isp lacem ents are  fu rn ish ed  
b y  th e  p a rtic u la r  so lu tio n s of th e  d iffere tia l eq u a tio n s  estab lished  on th e  basis 
o f  re la tio n s  (31a — c):

T h e  coefficients can  be  ca lcu la ted  accord ing  to  T ab le  IV , an d  from  th e  re la tio n

I t  is in te re s tin g  to  n o te  [8], [9], [10] th a t  th e  stress s ta te , fo rm ed  u n d er 
th e  effect of th e  edge lo ad s m ig h t be an a lysed  w ith  su itab le  accu racy  b y  solving 
th e  hom ogeneous p a r t  o f th e  set of e q u a tio n s  (29a c). In v e s tig a tio n s  of
s im ila r  ch a rac te r — in  connection  w ith  o rth o tro p ic  cy lind rica l shell — m ay  
be  fo u n d  in  a p rev ious p a p e r  [10] of th e  a u th o r .

7. D isplacem ent fu n c tio n s  relating to the membrane-stress state

In  p rac tica l ca lcu la tio n s th e  d e te rm in a tio n  of m em b ran e  stresses and  
co n seq u en t d e fo rm atio n s developed  in  cy lin d rica l shells has a special im p o r
ta n c e . T herefore, i t  w ill be in te re s tin g  to  p re se n t th e  d isp lacem en t fu n c tio n  
asso c ia ted  w ith  th e  m em b ran e-stress  s ta te .

X f .  (36)
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T h e analysis can  en tire ly  be carried  ou t b y  m ak in g  use of th e  re la tio n s  
a lread y  p re sen ted  b y  assum ing  th a t  =  0 an d  к =  0 , being ch a rac te ris tic  
fo r th e  m em b ran e -s tress  s ta te . T h u s, b y  m ak in g  use  o f th e  re la tions (33a—c), 
(3 4 a—c) an d  (3 5 a—c), th e  d isp lacem ents caused  b y  th e  m em b ran e  forces can  
be w ritte n  in  th e  form

fu r th e r

an d

(37 a —c)

(38a c)

(39a c)

an d  th e  d iffe ren tia l eq u a tio n  (36) fu rn ish in g  th e  d e te rm in a tio n  of th e  d is
p lacem en t fu n c tio n s w ill be reduced  to  th e  follow ing sim ple  form :

(« =  1, 2 .3 )  . (40)

B y  in tro d u c in g  th e  in te rp re ta tio n  of th e  lo ad  fu n c tio n

=  (41)
E i

th e  so lu tio n  of th e  d iffe ren tia l fu n c tio n  (40) w ill be  o b ta in e d  in  th e  fo rm

^■m =  S0i +  2 Cn f e K “ 1 (42)
n  =  l

w here $ oi can  be ca lc u la ted  from  th e  re la tio n

% - ! ) , - =  I  ^ i d x ,  (k =  1, 2, 3 ,4 ) .  (43)

In  th e  know ledge o f th e  d isp lacem en t fu n c tio n s, besides th e  d isp lacem ents, as 
a m a t te r  of course, also th e  m em b ran e  forces can  be  d e te rm in ed .
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Notation

The following symbols are used in this paper:

.s =  shell thickness (cm)
u, u0, Up, ut, u2, u3 =  displacements in the direction of the generatrix (cm)
V, r0, Vp, vl9 v2, v3 =  displacement in the peripheral direction (cm)
w, iv0, ívp, w14 ic2, w3 =  radial displacements (cm)
xx =  co-ordinate of the direction of the generatrix (cm)
x2 =  co-ordinate in the peripheral direction (cm)
x3 =  co-ordinate in the radial direction (cm)
x t =  xJR , x2 =  x2IR =  dimensionless co-ordinates
B Y =  flexural rigidity in respect to the direction of the generatrix (kp/cm)
B 2 =  flexural rigidity in respect to the direction of the periphery (kp/cm)
B 3 =  torsional rigidity (kp/cm)
D t =  elongation rigidity in respect to the direction of the generatrix (kp/cm)
D 2 =  elongation rigidity in respect to the direction of the periphery (kp/cm)
D 3 =  shear rigidity (kp/cm)
E t =  Young’s modulus in respect to the direction of the generatrix (kp/cm2)
E2 =  Young’s modulus in respect to the direction of the periphery (kp/cm2)
<P\ gF0, gFp, gFj, gF2, g? 3 =  displacement functions (cm)
G =  Young’s modulus of shear (kp/cm2)
JVft, M 2 =  specific bending moments (cm kp/cm)
M 12, M 21 =  specific torsional moments (cm kp/cm)
iV1, No =  normal forces (kp/cm)
N 1 2? A 2 i — shear forces (kp/cm)
R =  radius of curvature of middle surface (cm)
Qi, Q2 — radial shear forces (kp/cm)

X l9 X 2, X 3 =  uniformly distributed external forces applied to the shell surface (kp/cm2) 
en =  specific elongation in the direction of the generatrix 
e 2 2  =  specific elongation in the direction of the periphery 
ei 2 ’ £2 i — specific rotations
vi 2-> v2 i == Poisson’s ratio (first subscript denotes direction of deformation, the second one 

that of force)
aw>Pi2 =  normal stresses (kp/cm2)
<7i2, c721 =  shear stresses (kp/cm2)

Meanings of other symbols are to be found in the text.

Verschiebungsfunktionen von ortogonal-anisotropischen zylindrischen Schalen. Be
handelt werden die Untersuchung und Ermittlung von zylindrische Schalen kennzeichnenden 
Verschiebungsfunktionen unter der Voraussetzung der Anisotropie. Durch Einführung der 
Verschiebungsfunktionen werden sowohl die exakten als auch die Näherungslösungen des 
Differentialgleichungssystems dargestellt, das sich aus den Gleichgewichtsbedingungen ergibt.
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Der Zusammenhang zwischen den Verschiebungen, die die allgemeinen Lösungen des homo
genen Teils und die partikularen Lösungen des inhomogenen Systems bedeuten, und den Ver
schiebungsfunktionen wird eingehend erörtert. Ferner werden die Differentialgleichungen zur 
Ermittlung der Verschiebungsfunktionen vorgelegt. Abschließend werden die Zusammen
hänge zwischen den durch die Membrankräfte hervorgerufenen Verschiebungsfunktionen ent
haltende Differentialgleichung und deren Lösung erörtert.

Функции смещение ортогональных анизотропных цилиндрических оболочек.
Работа при предположении гомогенной анизотропии занимается анализом и определе
нием функций смещения, характерных для напряженного состояния ортотропных цилинд
рических оболочек. Введением функций смещения излагается строгое и приближенное 
решение системы дифференциальных уравнений, получающейся на основе условий равно
весия. Детально рассматривается связь между функциями смещения и смещениями, отра
жающими общие решения гомогенной части и партикулярные решения и ингомогенной 
системы. Далее сообщаются дифференциальные уравнения, служащие для определения 
функций смещения. Наконец, описываются зависимости между смещениями от мембран
ных усилий и функциями смещения, далее дифференциальное уравнение, содержащее 
функции смещения, и его решение.

10* A da  Technica Academiae Scientiarum Hungaricae 76, 1974
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THE EFFECT OF THE CROSS-SECTION DIMENSIONS 
ON THE DUCTILITY OF CONCRETE
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A test program was carried out to investigate the effect of the cross-sectional 
dimensions on the ductility of concrete. 60 axially and eccentrically loaded concrete 
prisms of various cross-sectional dimensions as well as 14 r.c. beams with variable 
dimensions of compression zone (depth and breadth) under pure bending were tested. 
The investigations proved, that the stress-strain curve of concrete is depending on 
the type of loading (centric or eccentric compression, bending). The ultimate strain 
in the extreme compressed fibers of the axially compressed concrete prisms increased, 
but that of the eccentrically compressed concrete prisms and of the compressed zone 
of the r.c. beams decreased with the increase of the depth of the compressed concrete. 
These changes were due to the corresponding changes in the plastic parts of the ultimate 
concrete strains.

Symbols

a, c 
Ь0» *o

f  2’ Уз

C

, P  2

X

e

ece» £cp ’ ecu

e el. ecc. 
eel. cent. 
f  max 
emax. el. 
£max. pi. 
emax. cen. 
£max. ecc.

<7

°max
^cube

— constants
— the exact measured breadth and depth of the prism cross-section, respectively
— the measured eccentricity of the applied load
— the secant modulus of elasticity of concrete 
=  P/(b0x) — average stress according to load
— the measured deflections in the beam tests at the applied loads and at the 

mid span (mm) resp.
=  Ml(b0x2) — average stress according to moment
— bending moment, in general,
— the calculated internal moment
— number of the loading steps for each specimen
— applied load, in general,
— the applied concentrated loads in the beam tests
— calculated internal force
— depth of the neutral axis, in general,
— strain, in general,
— the elastic, plastic and the ultimate concrete strain at the extreme fibers 

in the tested beams
— the elastic part of strain in the eccentric prisms
— the elastic part of strain in the centric prisms
— the max. concrete compressive strain
— the elastic part of the max. concrete compressive strain
— the plastic part of the max. concrete compressive strain
— the max. concrete compressive strain in centric prisms

— the max. concrete compressive strain at the extreme fibers in the eccentric 
prisms

— stress
— max. stress
— the cubic strength of concrete

* M e g a h id  A h m e d , A., Assuit University, Civil Engineering Department, Egypt
** Dr. P. L e n k e i , Szakasits Árpád u. 4., 1119 Budapest, Hungary
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a l
a2

Ф
Фи
Ф„

e el. ecc./£el. cent
— £pl. ecc./EpI. cen t.
— ( m ax. ecc. em ax . cent.

"m ax . ecc. " in a x . cen t.
— curvature, in general,
— the ultimate curvature
— the plastic part of the ultimate curvature

Note: i =  index refers to the number of the loading step

1. In tro d u c tio n

T h e  idea to  u tilize  th e  p la s tic  b eh av io u r o f re in fo rced  concre te  s tru c tu re s  
fo r design  purposes o r ig in a te d  som e 50 y ea rs  ago. T h is p ro b lem  w as and  is 
o b je c t o f  extensive re sea rch  a c tiv ity  in  a w ide ran g e  of co u n trie s . B o th  th e o re t
ica l a n d  exp erim en ta l in v es tig a tio n s  p ro v ed  th e  p la s tic  design  hypo theses.

P rogress in p las tic  design  of s ta tic a lly  in d e te rm in a te  r .c . lin ea r s tru c tu re s  
o ffe red  th is  m ethod  to  be  a d o p ted  as one o f th e  design c rite r ia  b y  various 
codes o f p ractice .

I n  th e  p lastic  design  o f r.c . lin ea r  s tru c tu re s  th e  co m p a tib ility  cond itions 
sh o u ld  be  fulfilled on e q u a l te rm s  along w ith  th e  eq u ilib riu m  cond itions [4]. 
T h e  c o m p a tib ility  co n d itio n s  m ean  th a t  fo r full re d is tr ib u tio n s  of m om en ts 
th e  re q u ire d  p lastic  ro ta t io n s  should  n o t exceed th e  so-called  p las tic  ro ta tio n  
c ap ac itie s  in th e  fo rm ed  p las tic  h inges.

T h e  plastic  ro ta t io n  c a p a c ity  o f a b a r  su b jec ted  to  b en d in g  largely  
d ep en d s  on th e  p la s tic  p a r t  o f th e  u lt im a te  concrete  com pressive  s tra in  in  
th e  ex trem e  fibers. In  a d d itio n  to  th is , u su a lly  th e  v a lu e  o f  th e  m ax . concrete  
com pressive  s tra in  is a basic  d a ta  in  an y  code p re sc rip tio n s  on th e  design 
o f r .c . cross-sections.

T h e  value of th e  u l t im a te  co n cre te  com pressive s tra in  an d  its  p lastic  
p a r t  a t  failure have  b een  assum ed  as in d ep en d en t v a lu es  on th e  cross-sec
t io n a l dim ensions. R ecen t in v es tig a tio n s  [1, 2, 5, 6] show ed co n tra d ic to ry  
re su lts  concerning th e  effect o f th e  cross-sectional d im ensions on th e  u l t i
m a te  concrete  com pressive  s tra in  developed  in  r.c . f le x u ra l m em bers. H ence, 
th e  effect of th e  c ross-sec tional d im ensions, or ra th e r  th e  d im ensions of th e  
com pression  zone in r .c . b eam s, on th e  d efo rm atio n  c a p a c ity  is n o t q u ite  clear 
a n d , th ere fo re , th is  p ro b lem  is still in  need  of fu r th e r  c la rifica tio n  [4].

To clarify  th is  p ro b lem , a te s t  p ro g ram  was ca rried  o u t in  tw o  p a rts . 
I n  th e  f irs t p a r t  o f th e  p ro g ram , ax ia lly  an d  eccen trica lly  loaded  concrete 
p rism s  o f various c ross-sec tional d im ensions w ere in v es tig a ted . In  th e  second 
p a r t  o f th e  te s t p ro g ra m  r.c . beam s w ith  va riab le  d im ensions o f th e  com 
p ressio n  zone (d ep th  a n d  b re a d th ) w ere in v es tig a ted  in th e  p u re  bend ing  
le n g th .
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2. Tests on Prism s
2.1. The test prgram

C entric  an d  eccentric  p rism s w ere m ade from  a concre te  com position  
h av in g  th e  sam e p ro p o rtio n a lity . B o th  th e  techno logy  o f castin g  an d  cu ring  
w ere id en tica l. 60 p rism s w ere c a s t in  th e  form  o f 10 v a riab le  cross-sec tional 
d im ensions g roups o f 6 rep lica te  from  each group . T he b re a d th  v a ried  b e tw een  
15 an d  30 cm , th e  d e p th  betw een  10 an d  25 cm  in in c rem en ts  of 5 cm . T he 
len g th  o f th e  p rism s w ere so chosen as to  avoid  b o th  th e  b u ck lin g  and  in flu en ce  
o f th e  load ing  p la te s . The cross-sec tional d im ensions w ere selected  to  co r
resp o n d  w ith  th e  com pression zone of rea l r.c . beam s. F ro m  each group  3 spec i
m ens w ere te s te d  ax ia lly  and  th e  o th e r  3 w ere te s te d  eccen trica lly .

T he age of th e  p rism s a t  th e  d a te  o f th e  te s t  w as betw een  62 an d  
327 d ay s , th e  p rism  s tre n g th  w as b e tw een  400 an d  575 k p /cm 2, b u t  th e re  
w as no sign ifican t d ifference in  th e  m echan ical ch a rac te ris tic s  co n n ec ted  
w ith  th e  age of th e  specim ens.

T he lo n g itu d in a l an d  tra n s v e rs a l defo rm atio n s of th e  p rism s w ere 
m easu red  b y  e lec tric  re s is ta n c e -s tra in  gages of 6 cm  len g th  (p ro d u c tio n  of 
O rion-E M G ) 4 lo n g itu d in a l an d  4 tra n sv e rsa l gages w ere m o u n ted  on th e  
m idd le  h e ig h t o f th e  each surface in  th e  case of ax ia lly  lo ad ed  p rism s. H o w 
ever, in  case of th e  eccen tric  p rism s, 10 lo n g itu d in a l an d  12 tra n sv e rsa l gages 
w ere m o u n ted  on th e  surfaces o f th e  specim ens. F igs 1, 2, 3 show  th e  m o u n t
ing  o f s tra in  gages as well as th e  sh ap e  o f th e  failu res.

Fig. 1. Eccentric prism in the testing machine with the adjustable loading plates used
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Fig. 2. Eccentric prism in the testing machine after failure showing the mounting of the
strain gages on one side

Fig. 3. Centric prism after failure showing the mounted gages
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2.2. The testing

T he cen tric  an d  eccen tric  specim ens o f th e  sam e dim ensions w ere te s te d  
one a fte r  th e  o th e r in  succession. T he ax ia l lo ad  w as e stab lish ed  and  a d ju s te d  
on th e  basis o f th e  s tra in -g ag e  read ings. In  case of eccen trica lly  loaded  p rism s 
from  th e  beg inn ing  o f th e  te s t  u p  to  fa ilu re , th e  e c c e n tr ic ity  was m a in ta in e d  
b y  m eans of specially  developed  a d ju s ta b le  u p p e r an d  low er load ing  p la te s  
specially  m ade fo r th is  pu rpose . T he eccen tr ic ity  a t  each  s tep  o f load ing  w as 
v a ried  so as to  h a v e  zero s tra in  on one su rface  of th e  p rism . In  th is  w ay  th e  
n e u tra l axis w as m odeled . T he eccen tric ity  w as m easu red  b y  tw o special scales, 
m o u n ted  on b o th  sides o f th e  load ing  p la te s . T he lo ad  w as app lied  to  conform  
w ith  th e  in te rn a tio n a l recom m endations on sh o rt- tim e  s ta tic  loading. A t each  
load ing  step  th e  lo n g itu d in a l s tra in s  w ere d e te rm in ed  as an  average o f th e  
read ings of th e  fo u r lo n g itu d in a l gages in  case of ax ia lly  loaded  specim ens, 
how ever, in  case o f eccen trica lly  loaded  specim ens i t  w as b ased  on th e  av e rag e  
read ings o f th e  tw o  lo n g itu d in a l gages on th e  m ax . an d  m in . stressed su rfaces.

2.3. Evaluation o f  the test data

T he P o isson ’s ra tio s  fo r each  load ing  s tep  w ere d e te rm in ed  b y  m ean s 
o f th e  lo n g itu d in a l an d  tra n sv e rsa l s tra in s , to  check th e  m echan ical cond itions 
of th e  specim ens. T he specim ens found  to  be n o t reach in g  its  p lastic  s ta te  a t  
th e  fa ilu re  w ere excluded  from  fu r th e r  ev a lu a tio n .

T he s tra in  d is tr ib u tio n  a long  th e  d e p th  o f th e  eccen tric  specim ens w ere 
d raw n  to  be able to  check  th e  p lane-sec tion  h y p o th es is  an d  fo r th e  d e te rm in a 
tio n  of th e  ex ac t positions of th e  n e u tra l ax is. T he p lan e-sec tio n  h y p o th es is  
w as valid  for all th e  eccen tric  specim ens w ith  a m ax . d ev ia tio n  of % 1 5 % .

T he s tre ss -s tra in  cu rves w ere p lo tte d  fo r b o th  th e  ax ia l an d  eccen tric  
specim ens. In  case o f  eccen tric  specim ens th e  s tre ss -s tra in  d iagram  fo r each  
specim en w as in d irec tly  d e te rm in ed  from  th e  m easu red  te s t  d a ta , as well as 
a coefficient called  “ m odified  coefficient o f v a r ia tio n ” , ц ,  w hich  is analogous 
to  th e  te rm  “ s ta n d a rd  e rro r o f e s tim a te ”  o ften  used  in  connec tion  w ith  reg re s
sion analysis, w as also ca lcu la ted . T he va lu e  o f  g, ran g ed  b e tw een  1,48%  an d  
5 ,23%  w hich seem s to  be q u ite  sm all (see A ppend ix ).

T he co rrespond ing  defo rm atio n s w ere se p a ra te d  in to  th e ir  elastic  a n d  
p lastic  p a r ts  in  case o f cen tric  an d  eccen tric  specim ens on th e  basis o f th e  
ca lcu la ted  in itia l m odu lus o f e lastic ity .

D ue to  th e  large  d ispersion  o f th e  m easu red  s tra in s  a t  failure, th e  one 
before th e  la s t read in g  w as ta k e n  in to  acco u n t (9 4 -^9 7 %  of th e  m ax. lo a d 
ing step ).

T he e v a lu a ted  te s t  d a ta  o f th e  specim ens in  g roups are ta b u la te d  in  
T ab le  I.
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Table I

Data of prisms in groups

Group
No.

Type
Dimensions

[cm]
Max. strains 

10-6
strength
[kp/cms] ffmax. ле1.есс. emax. ecc. spl.ecc. ^max.ecc.

of
loading Xi'

xb К fmax* emax. el* emax. pi.* °"cube °”тах.
^  cube £el.cen.

(«0
emax.cen.

M
cpl.cen.

(*,)
CTmax.cen.

iß.)

l + +
+

21,0
19,90

19,9
20

1836
1460

1340
1160

496
300

588
588

709.0
562.0

1,207
0,956 1,155 1,238 1,653 1,262

оЛл + +
+

15,4
15

15
14,9

1694
1177

1284
1032

410
145

682
682

647.0
483.0

0,944
0,708 1,244 1,438 2,828 1,340

3 +  +  
+

9,925
10

19,95
20

1770
1143

1285
1033

485
110

555
450A

568.0
463.0

1,023
1,029 1,243 1,541 4,409 1,226

4 +  +  
+

9,925
9,83

15
14,95

2303
1156

1362
914

941
242

450A
589

634,0
463,3

1,407
0,786 1,490 1,992 4,091 1,367

5 + + 14,43
15

20,1
19,95

1849
1362

1182
1041

667
321

508
601

545.0
508.0

1,973
0,845 1,135 4,358 4,084 1,073

6 +  + 19,5
19,9

25
25,04

1690
1291

1257
970

433
320

672
632

568,0
470

0,877
0,743 1,296 1,331 1,300 1,209

7 + +
+

25
25,04

20,2
19,9

1496
1291

1106
970

392
320

633
632

570,0
470

0,900
0,743 1,1.40 1,177 1,177 1,212

8 +  +  
+

14,43
15,2

25,3
25

1646
1125

1082
901

564
224

621
640

520
427

0,837
0,667 1,201 1,463 2,518 1,212

9 +  +  
+

24.5
25

30
30

1513
1287

1068
988

445
299

649
675

531
500

0,818
0,740 1,080 1,175 1,343 1,063

10 +  +  
+

15,05
15,1

29,8
30,1

1789
1327

1196
987

593
340

697
704

574
524

0,823
0,744 1,211 1,346 1,744 1,095

* This value at a level equal to 94 — 97% of the max. load 
A Only one cube from this mix had been prepared.

4  +  Eccentric specimens 
-f- Centric specimens
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T he u ltim a te  overa ll an d  p la s tic  s tra in s  w ere p lo tte d  w ith  respect to  th e  
p rism  dim ensions or r a th e r  th e  d e p th  o f th e  n e u tra l axis (x,), as well as a m a th e 
m a tica l expression fo r th ese  re la tio n s  w ere also d erived , as show n in  F ig . 4.

2.4. Discussion on pr ism s

1. In  case of th e  ax ia lly  loaded  specim ens th e  u lt im a te  s tra in s  s lig h tly  
in crease  w ith  th e  increase  o f th e  cross-sectional d im ensions (d e p th  an d  b re a d th ) , 
w h ich  values are  in d ica ted  b y  x 0 in  F ig . 4. T h is increase  is m a in ly  due to  th e  
increase  of th e  p la s tic  p a r t  o f th e  s tra in s .

T h is re su lt can  be m o tiv a te d  b y  th e  p h enom ena  th a t  th e  average p la s tic  
d e fo rm atio n s are  less sensitive  to  th e  local defects in  case o f la rger cross-sec
tio n a l d im ensions, w here th e  in d iv id u a l fibers h av e  b igger p o ssib ility  for th e  
re d is tr ib u tio n  of s tresses an d  s tra in s . T here  is also a n o th e r  ex p lan a tio n  b ased  
on th e  m icrocrack ing  concep t for th is  re su lt [3].

Fig. 4. The overall and the plastic strains versus the cross-sectional dimensions relationships
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2. In  case of th e  eccen trica lly  lo ad ed  specim ens th e  u lt im a te  s tra in  has 
a la rg e r  abso lu te  v a lu e  th a n  in  th e  case o f ax ia lly  load ed  p rism s of th e  sam e 
d im en sio n s, b u t th e  v a lu e  of th e se  s tra in s  decrease w ith  th e  increase o f th e  
d e p th  o f  th e  n e u tra l ax is , th e  va lu es  o f  w hich are in d ic a te d  b y  x i in  F ig . 4. 
T h is  decrease is m a in ly  due  to  th e  decrease  of th e  p la s tic  p a r t  o f th e  s tra in .

T h is  resu lt can  be  in te rp re te d  b y  th e  p h enom ena  t h a t  in  case o f sm aller 
d im en sio n s th e  less s tra in e d  fibers are  closer to  th e  m o st s tra in ed  ones, and , 
co n seq u en tly , th e re  w ill he a g re a te r  p o ssib ility  for re d is tr ib u tio n  of stresses 
a n d  s tra in s  betw een  th e  fibers. Also fo r th is  re su lt th e re  is a n o th e r  ex p lan a tio n , 
b a se d  on  th e  concep t t h a t  th e  s tra in  g rad ien t re ta rd s  th e  m icrocrack ing  
p h e n o m e n a  [8].

F ro m  th e  e x tra p o la tio n  o f th e  above resu lts  i t  can  he  assum ed  th a t  
th is  increasing  te n d e n c y  in  case o f ax ia lly  loaded  p rism s an d  th e  decreasing  
te n d e n c y  in case o f eccen trica lly  lo ad ed  p rism s h av e  th e o re tic a lly  a com m on 
v a lu e  (asy m p to te ) w h en  x t —>  o o ,  i.e ., th e  eccentric  lo ad  becom es ax ia l. T h is 
a s y m p to te  was d e te rm in e d  on th e  a ssu m p tio n  of th e  in te rse c tio n s  of th e  linear 
re la tio n sh ip  of th e se  tw o  p h en o m en a  (F ig . 4).

3. T he b re a d th  o f  th e  specim en  h as  no sign ifican t effect on b o th  th e  
p la s tic  and  overall s tra in s  in  case o f eccen tric  p rism s in  com parison  w ith  th e  
e ffec t o f th e  d ep th .

4. I f  th e  overall s tra in s  an d  th e  associa ted  elastic  an d  p las tic  d e fo rm a
tio n s  o f  th e  eccen tric  specim ens are  co m p ared  w ith  th e  co rrespond ing  s tra in s  
o f  th e  cen tric  specim ens o f th e  sam e d im ensions in  th e  fo rm  o f a 0, a 1? and  oc2 
ra t io s  re spec tive ly , w here

„  ®el. ecc. _  e m ax. ecc.
«1 =  -----—  5 «0 =  ------------

® el.cent. ®m ax.cent.

e pi. cent.

th e n  th e  following co n d itio n  is fu lfilled :

«2 >  «0 >  «1*

G enerally , all th e  a  ra tio s  a re  b igger th a n  one a n d  decrease w ith  th e  
in crease  of th e  d e p th  o f  th e  cross-section .

5. T he ra tio  o f  th e  m ax . co n cre te  stresses deve loped  in  th e  eccen tric  
p r ism s  to  th a t  d ev e lo p ed  in  th e  a x ia l p rism s o f th e  sam e d im ensions, i. e., ß 0 
r a t io ,  decreases w ith  th e  increase  o f th e  size d im ensions, n am e ly , b y  th e  b re a d th  
o f  th e  cross-section.
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3. Test o n  beam s 
3.1. The test program

T h e te s t  of 14 u n d er- an d  over-re in fo rced  concrete  b eam s w ere c o n d u c ted  
as sim ple sp an  b eam s loaded  w ith  tw o  co n c e n tra ted  loads.

T h e  concrete  com position  an d  tech n o lo g y  were th e  sam e as th o se  in  
p rism s.

T h e  beam s w ere w ith o u t s tir ru p s  o r b e n t b a rs  an d  w ith o u t an y  co m 
pression  re in fo rcem en ts . To avoid  sh ea r fa ilu re , th e  beam s w ere s tre n g th e n e d  
b y  tw o  o u tside  rem o v ab le  co n stra in ed  stee l casing f ittin g s  along  th e  sh ea r 
sp an  len g th s  (Fig. 5).

T he p u re  b en d in g  len g th  an d  th e  o v era ll d e p th  of th e  beam s w ere co n 
s ta n t  (2,45 m  and  35 cm , respective ly ). T h e  w id th  and  th e  d e p th  o f th e  n e u tra l

2,50 m [ Io=2,A5 m 250m

T -
effective span (l) ~ Ж

in (A) (B ) and (E) series

Fig. 5. The test-beams geometry and details
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axis o f  th e  te s te d  b eam s w ere variab le . T h e  la t te r  w as m a in ta in ed  b y  v a ry in g  
th e  a m o u n t of te n s io n  re in fo rcem en ts. T h e  d a ta  of th e  b eam s’ descrip tio n  is 
lis ted  in  T able I I ,  an d  show n in Fig. 5.

T he beam s w ere in s tru m e n te d  in th re e  m ain  gaged sections in  th e  p u re  
b e n d in g  region, to  m easu re  th e  follow ing:

— th e  s tra in s  o f  concre te  a t  th e  ex trem e  com pression  fibers and  a long  
th e  d e p th  of th e  com pression  zone b y  m ean s o f 28 e lec trical re s is tan ce -s tra in  
gages, 10 of th ese  gages w ere m o u n ted  on th e  to p  su rface  of th e  b eam ;

— th e  steel s tra in s  a t a level as n e a r  as possib le  to  th e  cen tro id  o f th e  
u sed  stee l in th e  lo n g itu d in a l d irec tion  b y  m eans of a m echan ical d e fo rm ete r 
over eleven base le n g th s  d is tr ib u te d  all a long  th e  p u re  bend ing  len g th ;

— th e  deflec tio n s n ea r th e  ap p lied  load s an d  a t  th e  m idspan  b y  m ean s 
of in d u c tiv e  d isp lacem en t p ick -ups;

— th e  loads ap p lied  to  th e  te s te d  b eam  m o n ito red  b y  m eans o f tw o  
lo a d  cells;

— th e  in c lin a tio n s  close to  th e  ap p lied  loads an d  a t  th e  m id sp an  w ith  
th e  a id  of 3 m ech an ica l clinom eters.

T he in s tru m e n ta tio n  of th e  b eam s w as in s ta lled  and  e stab lish ed  to  
m easu re  and  reco rd  th e  loads a t  an y  s tep  o f lo ad in g , th e  s tra in s  in  co n cre te  
an d  th e  deflections u n til  failure.

3.2. The testing

T he a rra n g e m en t o f a specim en u n d e r  te s t ,  as w ell as th e  in s tru m e n ta tio n s  
can  be show n b y  F igs 6, 7, 8. T he lo ad  w as ap p lied  f ir s t  u n d er th e  w eig h t 
o f th e  u p p er steel g ird e r w hich tra n s m its  an d  d is tr ib u te s  th e  load  from  th e  
lev e r o f th e  m ach in e  to  th e  te s te d  b eam . T he loads, a f te r  th a t ,  w ere ap p lied  
in  a ra te  equal to  1 0 -y l5 %  of th e  p ro b ab le  m ax . lo ad . T h e  ra te  o f lo ad  w as 
m a in ta in e d  a t c o n s ta n t all over th e  b eam  te s ts . A t each  step  of lo ad in g  th e  
lo ad  w as m a in ta in ed  fo r 20 m in u tes  to  reg is te r  th re e  tim es all th e  read in g s. 
A lso th e  cracks d ire c tly  visible to  th e  n ak e d  eye w ere m arked  an d  m easu red  
b y  m eans of a h a n d  m icroscope. T he sh ap e  of fa ilu re  o f som e beam s is show n 
in  F igs 9, 10.

3.3. Evaluation o f  the test data

T he age o f th e  te s te d  beam s w as b e tw een  45 a n d  170 days. T h ere  is no 
g re a t dev ia tio n  b e tw een  th e  average  s tre n g th s  o f th e  3 ( 1 5 x 1 5 x 6 0  cm ) 
p rism s m ade specia lly  from  th e  sam e m ix  an d  cu red  alongside th e  beam s.

T he v alue  o f  th e  concrete  com pressive  s tra in  a t  th e  ex trem e fib e rs  w ere 
ta k e n  to  be th e  av e rag e  of th e  read in g s o f th e  10 s tra in  gages m o u n ted  on  th e  
to p  surface of th e  b eam . T he steel s tra in s  w ere b ased  on th e  average  o f th e  
e leven  defo rm eter read ings.
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Table II

Beam descriptions

Series
No

Beam
No

Overall
depth
[cm]

Effective
span
[m]

Tension reinforcement
Cube

strength
[kp/cm*]

Prism
strength
[kp/cm*]

Type 
of beam

Age of 
beam at 

date of test 
in days

Breadth
[cm] depth

[cm] Bars 
in mm

Area
[cm*]

% of
reinforc.

Yield
strength
[kp/cm*]

l 10 32 35 7,35 2020 6,28 1,96 4400 453,3 392,29 + 97
A 2 10 32 35 7,35 2020 6,28 1,96 4400 523,3 446,66 + —

3 10 32 35 7,35 2020 6,28 1,96 4400 475,6 419,33 + 125

4 10 30 35 7,35 4020 12,56 4,18 4400 506,6 438,51 + + 132
В 5 10 30 35 7,35 4020 12,56 4,18 4400 531,5 453,32 + + 135

6 10 30 35 7,35 4020 12,56 4,18 4400 555,8 461,47 + + 141

7 20 32 35 7,35 4020 12,56 1,96 4400 532,3 488,88 + 165
c 8 20 32 35 7,35 4020 12,56 1,96 4400 440,6 364,41 + 167

9 20 32 35 8,85 4020 12,56 1,96 4400 458,0 404,44 + 163

10 20 30 35 7,35 8020 25,12 4,18 4400 530,8 459,25 + + 165
D 11 20 30 35 7,35 8020 25,12 4,18 4400 531,6 408,58 + + 166

12 20 30 35 7,35 8020 25,12 4,18 4400 480,8 425,18 + + 167

E 13 10 32,5 35 6,00 2012 2,26 0,70 4400 433,2 337,77 + 45
14 10 32,5 35 6,00 2012 2,26 0,70 4400 391,2 248,88 + 45

+  U nder =  reinforced beam s. 
-+-+ O ver =  reinforced beam s.
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Fig. 6. The instrumentation of the beam
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Fig. 7. The used instruments

Fig. 8. The set-up of the beam before testing
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Fig. 10. The shape of failure of beam No 11
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Fig. 9. The shape of failure of beam No 9
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depth  of the neutral axis

Fig. 11. The plastic part of the curvature versus the neutral axis-depth relation in the tested
beams

depth of the  neutral axis

Fig. 12. The plastic part of the ultimate concrete compressive strain versus the neutral 
axis-depth relation in the tested beam
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Table III

Data of the tested

Sériée Beam
No

Loads and deflections at ultimate Moments and curvatures at ultimate

aTjM P
[kP]

/ .
[mm] f,[mm]

fa
[mm]

Curvature 
Ф [cm-1] • 10 -в

Mu [kp ■ cm]
ф. Фр Фи

l 290 0 2 8 5 0 7 4 ,0 7 3 ,0 8 5 ,7 0 7 0 4  3 7 5 ,0 102 6 0 ,6 0 1 6 2 ,6 0

3 2 9 5 0 2 9 6 5 8 6 ,0 86 ,0 9 9 ,0 0 72 4  5 8 7 ,5 111 6 2 ,2 0 1 7 3 ,2 0

4 3625 3 6 5 0 5 5 ,0 54 ,0 6 1 ,2 0 8 91 1  8 7 5 ,0 113* 1 1 ,0 0 * 1 2 4 ,0 0 *

в 5 4 2 5 0 4 1 0 0 6 4 ,0 6 2 ,0 7 1 ,2 0 1 0 2 2  8 7 5 ,0 123 1 2 ,5 0 1 3 5 ,5 0

6 4 0 0 0 3 9 2 0 6 4 ,0 59 ,5 7 0 ,1 0 1 0 1 9  7 0 0 ,0 110 2 8 ,0 0 1 3 8 ,0 0

7 60 5 0 5 8 5 0 7 7 ,0 7 8 ,0 8 6 ,7 0 1 5 8 0  2 5 0 ,0 113 3 9 ,0 0 1 5 2 ,0 0

с 8 5 7 5 0 5 7 6 0 7 0 ,5 6 7 ,0 7 7 ,7 0 1 4 0 9  9 7 5 ,0 110 3 5 ,9 0 1 4 5 ,9 0

9 57 7 5 5 7 7 5 7 1 ,0 6 8 ,0 7 9 ,1 0 1 4 1 4  8 7 5 ,0 111 4 7 ,7 0 1 5 8 ,7 0

10 8 6 5 0 8 7 2 5 6 8 ,5 67 ,5 7 6 ,3 0 2 128  4 3 7 ,5 116 2 1 ,2 0 1 3 7 ,2 0

D 11 8 7 0 0 8 6 7 5 6 7 ,5 67 ,5 7 6 ,2 0 2 128  4 3 7 ,5 120 2 3 ,8 0 1 4 3 ,8 0

12 9 5 0 0 9 5 0 0 6 8 ,0 7 2 ,0 7 8 ,5 0 2 327  5 0 0 ,0 117 2 3 ,5 0 1 4 0 ,5 0

13 157 0 1 5 7 6 8 4 ,9 8 4 ,0 9 9 ,3 1 2 7 9  9 5 2 ,5 104 1 4 1 ,6 0 2 4 5 ,6 0

14 147 0 1 4 6 2 8 2 ,6 83 ,4 9 8 ,0 2 2 5 9  2 3 5 ,0 122 1 2 6 ,2 0 2 4 8 ,2 0

* One before the last loading level.
1 This value is the average of three prisms.
*This value corresponds to only one individual prism.

T h e m o m en ts  w ere ca lcu la ted  as th e  average  o f th e  m om en ts p ro d u ced  
from  th e  e x te rn a l forces along th e  p u re  b en d in g  len g th .

T h e  c u rv a tu re  w as ca lcu la ted  on  th e  assu m p tio n  of lin ear s tra in  d is
tr ib u tio n  along th e  o vera ll d ep th  of th e  beam .

T h e  s tre s s -s tra in  curves of th e  co n cre te  a t  th e  com pression zone w ere 
e v a lu a te d  follow ing an  ap p ro ach  s im ila r to  t h a t  u sed  in  case o f  eccen tric  
p rism s. H ow ever, th e  m odified  coeffic ien t o f v a r ia tio n  w as m uch  la rg e r th a n  
th a t  in  th e  case o f eccen tric  prism s due  to  th e  n eg lec tion  of th e  s tra in -h a rd e n 
in g  effect o f th e  re in fo rc in g  steel in  an a ly sis , (fi w as ran g ed  b e tw een  4 ,6 %  an d  
16 ,88% .)

T h e  m o m e n t-c u rv a tu re  as well as th e  load -deflec tion  d iag ram s w ere 
p lo tte d  from  zero lo ad in g  level u n til  u l t im a te  load .

T he elastic  a n d  th e  p lastic  p a r ts  o f th e  o b ta in ed  curves of b o th  stress- 
s tra in  an d  m o m e n t-c u rv a tu re  d iag ram s w ere sep a ra ted .

T h e  m easu red  a n d  ev a lu a ted  d a ta  a re  given in  T ab le  I I I .
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beams at failure

Stresses and strains at ultimate

Depth of the 
neutral axis 

x M [cm]
Concrete in extreme compression fiber prisms 15 X 15 X 60 

[cm] Max. steel 
strain 

eiM ■ 10-*e,. • 10-* e „  10-* ecu ■ 10-* ^mai flex , 
[kp/cm']

Max.1 strength 
[kp/cm*]

Max.*
strain
10-*

1376 599 1975 400 392,29 1784 3227 12,149
1437 548 1985 432 419,33 1624 3658 11,250

1023* 988* 2011* 388* 438,51 1930 1760* 15,998*
1197 770 1967 531 453,32 1258 2100 14,509
1230 868 2098 510 461,47 1522 2042 15,200

1270 571 1841 499 488,88 1805 3024 12,110
1275 595 1870 436 364,44 1448 2797 12,822
1037 1023 2060 375 404,44 1598 3016 12,986

937 1282 2219 443 459,25 1869 1896 16,177
1005 1286 2291 426 408,58 1305 2022 15,935
1264 900 2164 509 425,18 1490 2050 15,405

1128 1264 2392 348 337,77 1820 5590 9,730
1111 924 2035 275 248,88 1852 6030 8,200

3.4. D iscussion on beams

1. T h e  d u c til i ty  o fr .c . sec tio n s defined  b y  th e  u lt im a te  c u rv a tu re  decreases 
b y  in c reasin g  th e  d ep th  of th e  n e u tra l  ax is. T h is decrease is m a in ly  due  to  th e  
p la s tic  p a r t  o f  th e  m o m e n t-c u rv a tu re  re la tio n sh ip  as show n in  F ig . 11. T h is 
agrees w ith  R ef. [5].

2. T h e  u ltim a te  com pressive s tra in  a t  th e  ex trem e  fib ers  developed  in  
r .c . b eam s su b je c te d  to  p u re  b e n d in g  depends m ain ly  on th e  ty p e  o f th e  beam  
(under- or over-reinforced  b eam ).

3. In  under-re in fo rced  b eam s, th e  la rg e r th e  n e u tra l  ax is d e p th , th e  
sm aller w ill be  th e  expected  u lt im a te  concre te  com pressive s tra in , th e  decrease 
of w hich  is a t t r ib u te d  to  th e  p la s tic  p a r t  o f th e  s tra in , as is c lear from  F ig . 12. 
T h is agrees w ith  th e  resu lt fo u n d  in  case o f eccentric  p rism s.

4. T h e  b re a d th  o f th e  b eam  h a s  no  sign ifican t effect on th e  u ltim a te  co n 
c re te  com pressive  s tra in  on a n y  ty p e  o f beam s as w as fo u n d  in  th e  case of 
eccen tric  p rism s.

5. T h e  m echan ica l b eh av io r o f  th e  concre te  in  th e  com pressed  zone o f 
r .c . b eam s su b je c te d  to  b en d in g  is q u ite  d ifferen t from  t h a t  in  th e  cen tric  
p rism s as su p p o rte d  in  Ref. [8].
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6. T h e  stresses a sso c ia ted  w ith  m ax . concre te  com pressive s tra in s  a t  th e  
e x tre m e  fibers are n o t  sig n ifican tly  a ffec ted  b y  th e  d im ensions of th e  com 
p re sse d  zone as in  th e  case of th e  eccen tric  p rism s.

4. Concluding rem ark s

T h e  following conclusions can be  su m m arized :
1. F o r given c ross-sec tion  d im ensions th e  s tre ss-s tra in  d iag ram  of th e  

com pressed  concrete d iffe rs  accord ing  to  th e  ty p e  o f load ing , i.e ., th e  stress- 
s tra in  cu rve  o f an eccen tric  specim en is n o t th e  sam e as th a t  in  th e  com pressed 
zone o f  r .c . beam s su b je c te d  to  flexu re  or as th a t  o f a cen tric  specim en o f th e  
sam e  d im ensions, a lth o u g h  these  cu rves, in  case o f th e  eccen tric  load ing  and  
f le x u re , are  qu ite  sim ila r.

2. In  th e  cen tric  p rism s th e  increase o f th e  cross-section  d im ensions te n d s  
to  in crease  th e  u l t im a te  com pressive s tra in . H ow ever, in  case o f eccentric  
specim ens and in u n d er-re in fo rced  b eam s th e  u lt im a te  concre te  com pressive 
s t r a in  in  th e  ex trem e  fib e rs  considerab ly  increases w ith  th e  decrease o f th e  
d e p th  of th e  com pression  zone. T h e  increase  o f  s tra in  is m ain ly  due to  th e  
in c rease  of th e  asso c ia ted  p lastic  p a r t  o f  th e  s tra in . H ow ever, th e  b re a d th  
h as  no  sign ifican t e ffec t up o n  th e  p la s tic  an d  u p o n  th e  m ax . concrete  com 
p re ss iv e  s tra in s  in  com p ariso n  w ith  th e  effect o f th e  d e p th .

3. T he stresses assoc ia ted  w ith  th e  m ax . concre te  com pressive s tra in s  
are  n o t sign ifican tly  a ffec ted  b y  th e  com pressed  zone d im ensions.

I t  should be em p h asized  th a t  th e  above fin d in g s refe r on ly  to  th e  te s te d  
r .c . b eam s w ith o u t a n y  ty p e  of co n fin em en t an d  w ith o u t com pression re in 
fo rcem en ts , su b jec ted  to  p u re  bend in g  a n d  to  th e  p la in  concre te  p rism s in  th e  
in v e s tig a te d  range o f  cross-sectional d im ensions u n d e r  sh o rt-tim e  load ing , 
a n d  th e y  do no t in c lu d e  th e  effect of creep  or o th e r  lo ng -tim e  processes.

APPENDIX

Determination of the stress-strain relationship of the concrete in eccentric specimens

The determination of the a — e diagram followed the approach given in ref. [7] with 
some modifications.

Assumptions

— Equilibrium of both internal and external forces and moments should be main
tained.

— Sections plane before loading, remain plane under and after loading.
— The stress-strain function in tension of concrete is assumed to be the same as that 

in compression up to that strain at which the concrete cracks in tension.
At each step of loading the available data were the load Р/, the average extreme fiber 

compression strain, emax*, the average extreme fiber minimum strain (tension or compres-
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sión), £  min,- and the eccentricity, e,-, using the notation in Fig. 13, the equilibrium condition 
can be expressed as follows*

load =  P  =  j e f(y)b0 dy -  J o f (y )b 0 dy (1)

moment =  M  =  p |e  +  x — -y -j  =  J  /(y )y  b0 dy +  ' / ( у )у  b0dy (2)

where the moment is taken about the neutral axis and 
a =  f(y) is the unknown function of the stress.

The compatibility of plane sections can be expressed as

then

and

Fig. 13. Notations for the analysis of the eccentric prisms

* Use (+ )  if s is smaller than zero (see Fig. 13).
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The depth of the neutral axis may be determined from the measured strains, i.e.,

* =  *o * fmax
£max fmin

(6 )

Substituting the above values in equations (1) and (2) then**

M  = [ [ " "/(г) • e ■ de + Г ml° / ( f )  • e • fiel (8)
fcm a x  L J u j o  j

where о = f ( e )  is the desired stress-strain function.
To facilitate the calculations, the second two terms in equations (7) and (8) were 

neglected as a result of the small values of fmjn. (The max. measured value of em|n in all the 
specimens at any step of loading did not exceed 150 • 10 _6 cm/cm.) So the equations (7) 
and (8) will be

Г emax •
/ ( f ) de  ,

£max J
J o * 2
c2emax

Г emax __, v
| o f ( e ) e d e .

( 9 )

( 10)

Putting P/b0X = f 0 and Mlb0x2 =  m0 and assuming the depth of the neutral axis as constant 
between two successive steps of loading, and differentiating these equations with respect to 
the variable £max, we can obtain:

°  fo +  emax 

о =  2 m о -f- fmax

dfo
^£max

dm0
d^max

( И )

( 12)

The last terms in the above equations (11) and (12) can be approximately determined by 
evaluating the change in the values of f 0 and m0 over small increments of strains. Accordingly, 
equations (11) and (12) can be set down in the following form:

<7

о

It was found that if the results obtained from the tests were directly applied to these 
equations, a very large scatter in the calculated values of a would he obtained. This is due 
to the sensitivity of the equations to any slight inaccuracy in determining the incremental 
terms beside the experimental error involved in calculating the m0 value. The numerical 
error in the differential terms can be minimized by rearranging the equations (13) and (14) 
in the form of the secant modulus of elasticity Ec instead of a:

E  . « fo + /I/o (15)
fmax fmax /lfmax

F ° 2 m0
+  •

Am0 (16)
fcmax fmax ^fmax

— fo + 4fo
Ae„cmax

о I Jm o
2 m ° H----- -----------  * em a x •‘•'max

(13)

(14)

The average value of Ec according to the equations (15) and (16) was taken into con
sideration and, therefore, the Ec and f:max relation was represented b y  a straight-line equa
tion in the form of

Ec =  a +  cfmax , (17)

and hence the constant values a and c can be determined. Accordingly, the stress function 
can be easily determined, i.e.

=  «  f max +  « 4 а х  • (1 8 )

** Use (+ )  when í mjn <  0. (See Fig. 13.)
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To check the equilibrium conditions, a coefficient called modified coefficient of varia
tion, /I was computed, following that developed by ref. [8] using the following expression:

where
P j  and M i  are the measured values for the loads and moments respectively;
Pci and M cj are the calculated load and moment from the determined stress-function equa

tion (18) after substituting it in equations (7) and (8) respectively; 
n is the number of the data points for each specimen individually, i.e., n is equal to the num

ber of the loading steps for each specimen individually.
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Einfluß der Querschnittsdimensionen auf die Verformungsfähigkeit des Betons. Im Rah
men eines Versuchsprogrammes wurde die Wirkung der Querschnittabmessungen auf 
die Verformungsfähigkeit des Betons untersucht. Es wurden 60 mittig und außermittig 
gedruckte Prismen von verschiedenen Durchmessern und 14 auf reine Biegung beanspruchte 
Stahlbetonträger mit Druckzonen von verschiedenen Dimensionen (Längen, Höhen) geprüft. 
Die Versuche bewiesen, daß das Spannungs-Verformungs-Diagramm des Betons von der 
Art der Belastung (mittiger oder außermittiger Druck, Biegung) abhängig ist. Die Bruchver
formung des mittig gedruckten Betonprismas nimmt zu, während die Bruchverformung des 
Randfasers der Druckzone des außermittig gedruckten Betonprismas und des auf Biegung 
beanspruchten Stahlbetonträgers mit der Zunahme der Querschnitthöhe des gedruckten 
Betons abnimmt. Diese Veränderungen werden durch die entsprechenden Änderungen des 
plastischen Teiles der Bruchverformung des Betons verursacht.

Влияние поперечных размеров на предельные деформации бетона. Разработана 
экспериментальная программа для исследования влияния поперечных размеров на пре
дельные деформации бетона. Было исследовано 60 центрально и внецентренно нагружен
ных бетонных призм различного поперечного сечения и 14 изгибаемых ж. б. балок с различ
ными размерами сжатой зоны (ширины и высоты) на участке чистого изгиба. Исследования 
показали, что кривая напряжения — деформации бетона зависит от рода прикладываемой 
нагрузки (центральное или внецентренное сжатие, изгиб). Предельные деформации в крайнем 
сжатом волокне в случае центрально сжатых бетонных призм возрастали, а в случае вне
центренно сжатых призм и изгибаемых ж . б. балок уменьшались с ростом высоты сжатого 
бетонного сечения. Эти изменения являлись результатом соответствующих изменений 
пластической части предельных деформаций.
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NUMERICAL ALGORITHM 
TO DETERMINE THE DIFFERENCE OPERATORS 

OF BOUNDARY-VALUE PROBLEMS

D. HOLNAPY*
CAND. OF TECHN. SC.

[Manuscript received October 26, 1972]

The present paper suggests an algorithm for the determination of the linear 
equation systems for solving of boundary-value problems by means of the finite dif
ference technique. The method involves the production of the difference operator, 
and enables the interpolation polynome approximating the solution area to satisfy 
such conditions that can be specified by the linear combination of the derivatives. 
Thus, the process includes the most frequently employed methods based on the La
grange interpolation. The plurilocal method (Mehrstellenverfahren) satisfying the 
differential equation at a number of points may be considered as a special version 
of this technique.

1. In trodu ction

In  th e  m a th e m a tic a l m odels o f  engineering  prob lem s th e  b o u n d a ry -v a lu e  
p rob lem s of p a r tia l  a n d  o rd inary  d iffe ren tia l eq u a tio n s are  o ften  encoun tered . 
A m ong o thers, d e te rm in a tio n  of th e  in te rn a l forces o f p la te s  an d  shells also 
d em an d s  th e  so lu tio n  o f a b o u n d a ry -v a lu e  prob lem .

Solution  o f a second-order b o u n d a ry -v a lu e  p rob lem , w ith  respect to  th e  
D irich le t con d itio n , is re la tiv e ly  easy  an d  accu ra te , b y  m ak in g  use of th e  fin ite  
d ifference tech n iq u e  b ased  on th e  tra d it io n a l  L agrange in te rp o la tio n . In  a d d i
tio n  to  several com prehensive  p a p e rs , th e  so lu tion  of su ch  prob lem s h as  been  
d e a lt w ith  in  d e ta il, b y  B erezin a n d  Zhidkov  [2], a n d  la te r  b y  Soare [9], 
so th e  m ech an iza tio n  o f th e  ca lcu la tio n s invo lved  can  now  be d irec tly  carried  
o u t. H ow ever, b y  ta k in g  in to  acco u n t th e  b o u n d a ry  va lu es  expressed  b y  th e  
lin ea r co m bina tion  o f  h igher-o rder d e riv a tiv e s  (as th e  m om en t-free  cu rv ed  
p la te  edge in th e  engineering  p rac tice ), s till no genera lly  a d a p ta b le  num erica l 
a lg o rith m  can be fo u n d .

A lthough  th e  ca lcu la tions o f Collatz [3, 4] an d  Zurmühl  [12] are  of 
a general ch a ra c te r , th e ir  final conclusions reckon  only  w ith  th e  aspects o f 
increased  accu racy  a n d  th e  sim p lest b o u n d a ry  co n d itions, w hereas for th e  
d e te rm in a tio n  o f  th e  d iffe rence-opera to r w eigh ts th e y  su p p ly  in d iv idua l 
d e riv a tio n s  in s tead  o f  an  a lgorithm .

N evertheless, b y  m aking  use an d  a d o p tin g  th e  n u m erica l m ethod  of 
F ekete  [6], it  is possib le  to  develop a te c h n iq u e  easy to  p ro g ram  in a general

* D. H o l n a p y , Öv u. 150, 1147 Budapest, Hungary

Acta Technica Academiae Scientiarum Hungaricae 76, 1974



114 HOLNAPY, D.

m a n n e r  [7], and  th e  p re se n t p a p e r  dea ls  w ith  th e  ex ten sio n  o f its  ap p lica tio n  
possib ilities .

W ith o u t th is  m e th o d , each p ro b lem  w ould req u ire  th e  bu ild -u p  o f a 
sy s te m  like th a t  e la b o ra te d  b y  B alas a n d  H a nuska  [1], a n d  also b y  Z u r 
m ü h l  [13].

T h e p resen t p a p e r , in  genera l, describes th e  in te g ra tio n  o f th e  ex p res
sions fo rm ed  b y  th e  lin e a r  co m b in a tio n  o f th e  d e riv a tiv es  in to  th e  difference 
o p e ra to r , w ith  p a r tic u la r  re sp ec t to  th e  m echan iza tion  possib ilities o f th e  
m e th o d .

T h e  difference o p e ra to r  is fo rm ed  b y  th e  d e te rm in a tio n  o f th e  d e riv a tiv es  
o f  a n  in te rp o la tio n  su rface . I n  a d d itio n  to  th e  fu nc tion  v a lu e s  an d  d e riv a tiv es , 
th e i r  lin ea r co m bina tions a re  also m ad e  use of in  o rd er to  o b ta in  th e  in te r 
p o la tio n  surface to  be  em ployed . C on seq u en tly , an y  such  lin e a r  co m b in a tio n  
m a y  be added  to  th e  u n k n o w n s o f th e  d ifference o p e ra to r .

As an  a d v a n ta g e  o f  th e  m a th e m a tic a l m ethod  describ ed  below , th e  d if
fe ren ce  opera to rs can  be  p ro d u ced  b y  m eans of th e  sam e a lg o rith m  system  
u n d e r  d ifferen t co n d itions, an d  th e  a d a p ta b il i ty  of th e  m e th o d  is n o t re s tr ic te d  
b y  th e  irreg u la rity  of th e  m esh , e ith e r . A t th e  b o u n d a ry  a n d  th e  in te rm ed ia te  
p o in ts  th e  m ethod  p e rm its  th e  c o n sid e ra tio n  of such seco n d ary  cond itions 
t h a t  consist of th e  lin e a r  co m b in a tio n s  o f fu n c tio n  va lu es  an d  de riv a tiv es .

W ith  th is  m e th o d  th e  b o u n d a ry  cond ition  system s consisting  o f  firs t- , 
second- an d  th ird -o rd e r d e riv a tiv e s  o r th e ir  linear co m b in a tio n s, o ften  en co u n 
te r e d  in  th e  engineering p rac tice , c an  b e  read ily  m a n ip u la te d , even  in  th e  case 
o f  cu rv ed  edges. In  a d d itio n , th e  m e th o d  h as  generalized  th e  p lu rilo ca l m e th o d  
(M ehrste llenv  e rfah ren ).

D iscussion will cover o rd in a ry  an d  p a r tia l (single a n d  tw o -v ariab le ) 
d iffe ren tia l eq u a tio n s. D e ta iled  d iscussion  o f th e  o rd in a ry  d iffe ren tia l e q u a 
tio n s  is only in ten d ed  to  fa c ilita te  u n d e rs ta n d in g . T h e  m e th o d  applies to  th e  
fo rm a tio n  of th e  d ifference  o p e ra to rs  u sed  w ith  7i-variable fu n c tio n s as well, 
a n d  rep resen ts  a basis  fo r g en e ra liza tio n  includ ing  also th e  p a r t ia l  d iffe ren tia l 
e q u a tio n  system s.

2. O rd inary  d iffe ren tia l operators

L e t us have  th e  follow ing d iffe ren tia l eq u a tio n  to  be  solved:

2  [/(* )] =  d o( * ) / (0)(*) +  di.(* ) / '(* )  +  • • • +  dn{x ) f (n\ x ) =  p (x )  (1)

w h ich , if  w ritten  in  th e  form  o f a sca la r  p ro d u c t, m u ch  easier to  t r e a t ,  will 
re a d :

£  [ / ( * ) ]  =  ido( X )  dl(X) •  •  •  dn{X)] - / (0)(a T

/ ' ( * )

p (x ) ( 2)

- / (n)(*)-
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H ere d^x)  is a k n o w n  fu n c tio n , th e  coeffic ien t o f th e  d iffe ren tia l eq u a tio n  
te rm  con ta in in g  th e  i- th  derived  fun c tio n . In  eng ineering  p rac tice , m a n y  of 
th e  d,(x) fu n c tio n s o f such  d ifferen tia l e q u a tio n s  eq u a l zero. T ak in g  now  th e  
X =  x 0 su b s titu tio n  v a lu e  of (2), and  using  a condense  expression fo rm , we 
o b ta in

£ [ /(* ) ] (  =  d * (x o) • 1 (*o) =  P ( x o)- (3)
|x=x, lx(n-fl)  (n + l )x l

N ow  le t  us a p p ro x im a te  th e  so lu tion  su rface  w ith  a n  n - th  degree po lynom e. 
L et th e  cond itions re q u ire d  for th e  d e te rm in a tio n  o f  th e  in te rp o la tio n  su rface  
o f th e  form  be

f ( Xu) =  Cv k f (k\ X v) ■ 
k =0

T hese cond itions c o n ta in  th e  L agrange in te rp o la tio n  w hen  cvk is selected  as 1, 
if  к  =  0, an d  as zero in  a n y  o th e r case. W ith  th e  ab o v e  cond itions th e  fo llow 
ing expression  m a y  be w ritte n , w hich is of a fa r  m ore  general c h a ra c te r  th a n  
th o se  suggested  b y  Collatz [3, 4] or Soare [10]:

p  ^  2 SA 2  ^ f (k)M
k =0

- £ [ / ( * ) ]  = 0
|X = X ,

(4)

where V is the index of the conditions to be satisfied by the interpolation surface, 
sv means the weight of the v-th linear condition (“generalized function value”, 

the unknown in the differential equation of the difference method), and 
cv£ indicates the coefficient of the term containing the k-th derivative in the v-th 

linear condition.

In  (4), th e  te rm f ^ k\ x v) m ay  be su b s titu te d  b y  th e  fe-th d e riv a tiv e  of th e  T ay lo r 
polynom e from  th e  га-th  degree in te rp o la tio n  p o lynom e p e rta in in g  to  p o in t x 0. 
T h e rea fte r  w h a t (4) w ill express is th a t  th e  w eighed  sum  o f th e  lin ear co n d i
tio n s associa ted  w ith  th e  r- th  p o in t will d e te rm in e  th e  d ifferen tia l o p e ra to r  
va lue  in  p o in t x 0 b y  m ean s o f th e  erro r due  to  th e  neg lec tion  of th e  h ig h er 
o rd e r T ay lo r te rm s. O ur n e x t ta s k  is to  d e te rm in e  th e se  w eights.

W ritte n  in  a m a tr ix  form , (4) will re ad :

( n + l )

*■0 III r—
n

3

A0
*•0

(n + l)x l

- [  <lo ]
lx (n  +  l) *0

(R + l ) x l

m )

=  0 e rro r

/о
m  X 1

(5)
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w here

l x ( n + l ) H

an d

lx(n+l)
r ,  x v ~ x o ( x v -  х„)г ( x v x 0)n 

1!

0 1

0 0

L i

2 ! n !

xv xo (xv~xo)n 1 
1 (re — 1)!

1 (■ху -хо)П~г
(re —2)!

i

(6)

«* ’ fo =  /(*„)■
lx(n-fl)  ( n + l ) x l

(7)

V ec to r s* con ta in in g  th e  w eights, c an  be o b ta in ed  b y  solving th e  e q u a tio n
1 X m

So =  d ; \ +
1 x m  l x ( n + l )  (n-fl)xm ( 8 )

In  (8), th e  sym bol A 0 in d ica tes  th e  generalized  inverse o f m a tr ix  A 0 [5]. 
H o w ev er, th e  A ^ in v erse  can only  be accep ted  if  th e  eq u a tio n

So A 0 =  dS (9)
1 x m  m x ( n - j - l )  l x ( n  +  l )

is sa tis fied . This is n ecessary  to  m ak e  th e  colum ns o f m a tr ix  A* c o n ta in  all 
th e  lin ea rly  in d e p e n d e n t vecto rs w hose lin ea r co m b in a tio n  d can  be th e n  
o b ta in e d  from .

N ow , by  m eans o f th e  d iffe ren tia l o p e ra to r, th e  d iffe ren tia l eq u a tio n  
m a y  be  a p p ro x im a ted  as follows:

£ [ / (* ) ] [  s* A 0 t0 =  s *  f 0 = /> (* „ ) . (10)
|x=x0 1 xm mx(n-fl) (n + l ) x l  1 xm mxl

E a c h  line of m a tr ix  A 0 co n ta in s  a re s tr ic tio n  (condition) fo r th e  in te rp o la tio n  
a rea . I n  o rder, for ex am p le , th a t  E q . (7) shou ld  express a fu n c tio n  v a lu e , th e  
lin e  in  questio n  of m a tr ix  A 0 m u st be  com posed b y  m ak in g  use o f v ec to r

I f
c* •= [1 0 0 . . . ] .  

c* =  [0 0 . . .  1 . . .  0]

is u sed , th e n  th e  i- th  d e riv a tiv e  can  be  considered  as unknow n . N a tu ra lly , in  spe
c ia l cases c* =  d* m a y  also be se lec ted , w hich rep resen ts  th e  basic  id ea  o f  th e  
p lu rilo ca l m eth o d . In  th is  case th e  co rresp o n d in g  elem ent in  th e  r ig h t-h a n d  side of 
E q . (7) is n o t an  u n k n o w n , h u t  eq u a ls  th e  r ig h t-h a n d  side o f  th e  d iffe ren tia l 
e q u a tio n , w hereby  th e  n u m b er o f u n k n o w n s w ill n o t he increased  in  (10).

As an  ex am p le , le t us exam ine  th e  d ifference o p e ra to r  re la te d  to  th e  x 3 
b o u n d a ry  p o in t (F ig . 1) o f th e  d iffe ren tia l eq u a tio n

-у т Л х) =  P ( x )dxl
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X

sa tisfy in g  th e  b o u n d a ry  cond itions

d2
dx2

an d
й 3

: / ( *  s) =  g 2(x 3) ■

T he req u irem en ts  v =  1, 2 and  3 a re , th a t  th e  in te rp o la tio n  area m u st re ly  
on an  unknow n fu n c tio n  va lu e , th e  fo u rth  co n d itio n  is th e  sa tisfac tion  of 
Г ( х 3) =  gi(*3), w hile th e  f if th  t h a t  o f  f""(x3) =  g 2(x3). I n  th e  case of v =  1, 
2 an d  3, vecto rs

<  =  [1 0 0 0  0 ] ,
1 x 5

<  =  [0 0 1 0 0 ] ,
1 x 5

<  =  [0 0 0 1 0 ] .
1 x 5

T h e system  b u ilt u p  b y  lines co rrespond ing  to  (7) w ill in  th is  case be

T he d iffe ren tia l e q u a tio n  w ritte n  for p o in t л;3, w ith  th e  w eigh ts s f  ob ta in ed
1 x 5

b y  m ak in g  use of th e  in v erse  of m a tr ix  A 0 th u s  com posed , and  vec to r

d*(x3) = [ 0  0 0 0 1 ]
1 x 5

rep re sen tin g  th e  d iffe ren tia l o p e ra to r t h a t  co n ta in s  th e  fo u r th  d eriv a tiv e , will
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assu m e  th e  following fo rm : 

s *(x3) f ( x 3) = d * ( x 3) A + f ( x 3) =
1 x 5  5 x 1  1 x 5  5 x 5  5 x 1

=  [ + l , 7 U f ( Xl) -  3 ,428 f ( x 2) +  l ,7 1 4 / ( * 3) -  1,714/ " ( * 3) +  1,714 f " ' { x 3) ] .

F ig . 2 illu s tra te s  th e  w eigh ts w ith  th e  u su a l difference a s te risk  in d ica tio n . 
T h e  n e x t  exam ple app lies to  th e  “ M eh rste llen v erfah ren ”  o p e ra to r  fo rm atio n .

о- - - - - - - - - - о  @
♦  1,714 - 3,428 *  1,714

- 1,714 
♦  1,714

Fig. 2. Function-value weights. Second derivative weights. Third derivative weights 

L e t u s  express th e  d ifference o p e ra to r  o f  d ifferen tia l eq u a tio n

y { x )  +  (1 +  *2M *) =  - 1  (13)

fo r  th e  locus X  =  0 ( l i te ra tu re  h a s  re p e a te d ly  given th is  e q u a tio n  as a classical 
ex a m p le , see [3], [11]). C ond itions 1, 2 a n d  3 (Fig. 3) defin ing  th e  in te rp o la tio n  
su rfa c e  should  be fu n c tio n  v a lu es , w hile th e  fo u rth  an d  f if th  co n d itio n s th e  
d iffe re n tia l eq u a tio n  E q . (13), in te rp re te d  fo r th e  re le v a n t p o in t.

Fig. 3

M atrix  A 0 consisting  o f lines accord ing  to  (7) b y  m ak in g  use o f  vec to rs

a n d

d*{x0) =  [ ( 1  +  * Í D  0  1  0  0  0 ]  =  [ 1  0  1  0  0  0 ]
1x6

c♦ 5 1
—  0 1 0 0 0  
4

— © — -------о
.4,925 -8,600 ♦ 4,925
-0.1 -0,1

Fig. 4. Function-value weights. Differential-equation weights
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w hich m eans th e  sa tisfac tion  o f co n d itio n s (4) an d  (5), w ill ta k e  th e  follow ing 
form :

(14)

T h e  final re su lt o b ta in ed  b y  m ean s  o f  E q . (8 ) is illu s tra te d  in  F ig . 4.

3. P a rtia l d iffe ren tia l operators

In  th e  case  o f  p a rtia l d iffe re n tia l o p e ra to rs  a p rocess sim ilar to  th a t  
described  for th e  o rd in a ry  d iffe re n tia l eq u a tio n s  is follow ed. In  th e  m ost 
fre q u e n t b iv a r ia te  cases th e  sca la r p ro d u c t fo rm  of th e  d iffe ren tia l eq u a tio n  is

£ № . y ) ]  =  K i ( x , y )  d n (x ,y )  d 12[x ,  y )  . . . dnM+1(x ,y )  
l X r f x ( X’ У )

fy{x -> у )

fxx(x, у )  

fxy(X, у )  

fyy(x ’ у )

P (*» y)

(15)

w here

Jy..~{x ->y)
r X l
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W e ig h t d e te rm in a tio n  m ay  again  be used  b y  eq u a tio n s  o f  th e  ty p e  (8).
W ith  th e  above  m eth o d  th e  b ih a rm o n ic  o p e ra to r , r a th e r  f req u en t in  

eng ineering  p rac tice , w ill lead  to  th e  d ifference as te risk  show n in  F ig . 5, 
i f  th e  f irs t de riv a tiv es  a re  tre a te d  a t  th e  in te rn a l p o in ts  as unknow ns.

Лх=Ду=1

Fig. 5

X

T h e  possibilities w ill be  illu s tra te d  b y  p resen tin g  v e c to r  c*, an d  ana lyz ing  its  
eng ineering  co n ten ts :

(a) T ak ing  in to  consid era tio n  th e  b o u n d a ry  co n d itio n

9 f ( x , y )  

3 у
g(x , У)

(c lam ping , w ith  a p re d e te rm in ed  tu rn in g  ro u n d ):

c* =  [0 0 1  0 0 0  0 0 0 0  0 0 0 0  0 ].

(b) T ak ing  in to  co nsidera tion  th e  b o u n d a ry  co n d itio n

—  K ( f y y ( X -> y) +  r f x x ( x ’ y) =  m y

Acta Technica Academiae Scientiarum Hungaricae 76, 1974
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(g iven  m om ent a t  th e  b o u n d ary ):

c* =  [0 0 0 —p K  0 - K  0 0 0 0 0 0 0 0 0].

(c) T aking  in to  considera tion  th e  b o u n d a ry  co n d itio n

—  K ( f y y y  ( * . y )  +  ( 2  -  P ) f y x x  ( * j ) )  =  <?*

(g iven  su b s titu tin g  s tre ss  re su lta n t) :

c* =  [0 0 0  0 0 0  0 — K ( 2 - p )  0 — K  0 0 0 0 0].

(d) T aking in to  considera tion  th e  b o u n d a ry  co n d itio n

a
d n

g(x , У)

a t  a p o in t of th e  n o rm a l

(ob lique  clam ping):

n =  (cos a , sin x)

c* =  [0 cos x  sin X 0 0 0  0 0 0 0  0 0 0 0  0].

(e) T aking  in to  co nsidera tion  th e  b o u n d a ry  co n d itio n

- К ( / п п ( х ’ У )  +  У )  =  m n

(g iven m om ent a t an  ob liq u e  p la te  edge):

c* =  [0 0 0 — K ( cos2 X +  p  sin2 x)  —2K(1 — /i)cos x  sin  x  —K (sin  ** +

+  fi cos2 a) 0 0 0 0  0 0 0 0  0]

(f) W hen so lv ing  th e  b ih a rm o n ic  eq u a tio n , v e c to r  c* fo r an  increased  
accu racy  by  th e  p lu rilo ca l m ethod  w ill be

c* =  [0 0 0  0 0 0  0 0 0 0  1 0 2 0  1].

N ew  equations m u s t be ad d ed , w hen th e  lin e a r  c o m b in a tio n  of th e  
d e r iv a tiv e s  in troduce  new  unknow ns (F ig . 5). T hese new  eq u a tio n s  can be  
o b ta in e d  b y  d e riv a tin g  th e  d iffe ren tia l eq u a tio n . I n  th e  case o f  b e n t p la te s , 
th e re fo re , in  add itio n  to  eq u a tio n

Э4
a*4

+  2
Э4

8x2 ay 2
+ w(x, y ) p(x >y)

K { x , y )
(17)
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e q u a tio n s

a n d

_9_

dx
Э4

8л:4
+  2

_ a4 _
Эл:2 Эу2

w(x, у ) Э p ( x , y )  
Эл: K ( x , y )

_Э_

ду
2 Э4

8л:2 ду2
w(x,  у) Э Р{х, у)

Эу К (х ,  у )  ,

(18)

(19)

m u s t  also be reckoned  w ith , if  th e  tw o  ta n g e n ts  of co -o rd in a te  ax is  d irec tion  
o f  t h e  w (x ,y )  so lu tion  fu n c tio n  a re  a lso  considered as u n k n o w n  a t  th e  p o in t 
in  q u es tio n , besides th e  fu n c tio n  v a lu e . A ll these  rev ea l t h a t  th e  possib ility  
d e sc rib e d  above h ides th e  H e rm ite  a p p ro x im a tio n  of th e  lo ad  fu n c tio n  as well.

T h is m ethod  can  be  app lied  w ith o u t an y  d ifficu lties to  p a r t ia l  d ifferen tia l 
e q u a tio n s  of op tio n a l v a riab les .
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Numerischer Algorithmus zur Ermittlung der Differenzenoperatoren von Randwert
aufgaben. E in  A lg o rith m u s w ird  gegeben z u r  E rm ittlu n g  des lin e a re n  G leichungssystem s d e r  
m it  H ilfe der M ethode d e r end lichen  D ifferenzen  d u rch g efü h rten  R a n d w ertau fg ab en lö su n g . 
D a s  V erfahren  b ez ieh t sich  a u f  d ie B ild u n g  des D ifferen zen o p erato rs u n d  erm ög lich t, d a ß  
d a s  der Lösungsfläche sich  n ä h e rn d e  In te rp o la tio n sp o ly n o m  B ed in g u n g en  befried ige, die du rch  d ie 
lin e a re  K o m b in atio n  d e r  D e riv ie rte n  an g eg eb en  w erden k ö n n en . D em g em äß  e n th ä lt  d a s  
V e rfah ren  auch  die am  h äu fig s ten  a n g ew a n d ten  u n d  au f die L ag ran g esch e  In te rp o la tio n  
au fg eb a u te n  V erfah ren . A uch  die m it d e r  a u f  m ehreren  P u n k te n  d u rc h g e fü h rten  B efried i
g u n g  der D ifferen tia lg le ichungen  a rb e ite n d e  M ehrste llenm ethode  k a n n  als ein  Spezialfall des 
o b en  beschriebenen  V erfah ren s b e tr a c h te t  w erden .
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Численный алгоритм для определения разностных операторов задач краевых 
значений (Д- Хольнапи). В настоящей работе автор дает алгоритм для определения сис
темы линейных дифференциальных уравнений решения задачи краевых значений с по
мощью метода конечных разностей. Метод действителен для образования разностного опера
тора и допускает, чтобы интерполяционный полином, приближающий поверхность реше
ния, удовлетворял бы таким условиям, которые можно задавать линейной комбинацией 
производных. Таким образом, метод охватывает также наиболее часто применяемые и 
основанные на интерполяцию Лагранжа методы. Также в качестве специального случая 
описанного метода можно принять многоточечный метод, основанный на уравнении диффе
ренциального уравнения во многих точках.
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RATIONAL ASSUMPTION OF INTERPOLATION 
REFERENCE POINTS IN THE CASE 

OF RIVARIATE LAGRANGE INTERPOLATION
K IS , s.*

[M anuscrip t rece iv ed  O ctober 26, 1972]

The p a p e r deals w ith  th e  b iv a r ia te  L agrange in te rp o la tio n  w ith  re sp ec t to  th e  
u n ic ity  of th e  in te rp o la tin g  po ly n o m e. Such an in te rp o la tio n  (reg u la r) p o in t p a tte rn  
is defined w here th e  in te rp o la tio n  can  be unequivocally  pe rfo rm ed . T he p roperties 
o f regu lar p o in t p a tte rn s  are s tu d ied , an d  a p ractica l m e th o d  is in tro d u c ed  for th e ir 
p roduction . F in a lly , som e reg u la r in te rp o la tio n -p o in t p a tte rn s  are  p re sen te d  as ex
am ples for th e  ap p lic a tio n  of th e  m eth o d  described.

1. Introduction

In te rp o la tio n  is an  im p o r ta n t a id  in  num erical m a th e m a tic s . I f  a func
t io n  is su b s titu te d  b y  its  in te rp o la tin g  polynom e, it  w ill be m uch  easier to  
dea l w ith  from  c a lcu la tio n  eng ineering  or com pu ter a sp ec ts  (d e te rm in a tio n  
o f  th e  su b s titu te  v a lu e , d e riv a tio n , in teg ra tio n , e tc). T h is  is how  i t  can  be 
re d u c e d , for exam ple, to  th e  so lu tio n  o f a d ifferen tia l eq u a tio n . L ite ra tu re  
h a s  d iscussed  th is  m e th o d  in  d e ta il fo r o rd in a ry  and  p a r t ia l  d iffe ren tia l eq u a 
tio n s , an d  for in te rp o la tio n  a t re g u la r , as well as ir re g u la r  g ra tin g s  [2 —4,
6 - 9 ] .

T h e  success o f  th is  ap p ro ach  g rea tly  depends on  th e  ad v an tag eo u s  
a ssu m p tio n  of th e  in te rp o la tio n -re fe ren ce  po in ts (hence p o in t p a tte rn ) . I t  is 
k n o w n  from  li te ra tu re  th a t  in  th e  case of an in te rp o la tio n -p o in t p a tte rn , 
o p tio n a lly  selected fo r func tions o f a single variab le , th e re  will he only  one 
m in im um -degree  L ag ran g e  in te rp o la tin g  polynom e ex is tin g , w hereas for 
b iv a r ia te  in te rp o la tio n  th is  u n e q u iv o c a lity , from  a n u m b e r  o f asp ec ts  very  
a d v a n ta g e o u s , is n o t ensu red  a t all.

I t  follows th a t  th e  d ifference m e th o d  applied  to  p a r t ia l  d iffe ren tia l 
e q u a tio n s  w ould ra ise  s ta b ility  p ro b lem s in  the  case o f o p tio n a lly  selected  
p a t te rn s  [4, 6], an d  cou ld  n o t lead  to  success, except w ith  th e  so-called  reg u la r 
p o in t p a tte rn s .

In  th e  firs t p a r t  o f  th e  p resen t p a p e r  th e  d e fin ition  o f  th e  reg u la r  p o in t 
p a t te r n  will be given, an d  in te rp re te d  for in te rp o la tio n s o f a single, as well 
as tw o  variab les . As a consequence, th e  close co rre la tion  b e tw een  th e  s ta b ility

* K is , S., Ú jv idék  u . 66/b, 1145 B u d a p e s t,  H ungary
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o f th e  difference m e th o d  a n d  th e  L agrange in te rp o la tio n  w ill seem to  be 
q u ite  obvious.

I n  th e  second p a r t  c e r ta in  p ro p erties  o f th e  reg u la r  p a t te rn  o f b iv a ria te  
in te rp o la tio n  will be d e te rm in e d  w hereby  th e  su ffic ien t co n d itio n  o f reg u la rity  
can  th e n  be defined.

W ith  th is  cond itio n  k n o w n , th e  th ird  p a r t  o f th e  p a p e r  offers a m ethod  
fo r p lo tt in g  regular p a t te rn s .  T h e  cond ition  of re g u la r ity  c o n ta in s  geom etrical 
s tip u la tio n s , th u s , b ecau se  o f  i ts  illu s tra tiv e  c h a ra c te r , i t  can  be  successfully 
em p lo y ed  for p rac tica l p lo t t in g .

F in a lly , some e x am p le s  on p a tte rn  a ssu m p tio n  will be  show n w hich, 
in  a d d itio n  to  those  a t  r e g u la r  rec tan g u la r an d  tr ia n g u la r  g ra tin g s , include 
th e  so-called  “ m ost g e n e ra l”  p a t te rn  as well.

2. Definition of the regular point pattern

L e t th e  linear sp ace  R  he  th e  set {u} o f th e  и fu n c tio n s  o f a ce rta in  
co m m o n  p ro p erty . To a n y  o f  th e se  u func tions a rea l o r com plex  num ber can  
b e  assigned  by  th e  sy m b o l L (u ) .  T he assignm ent w ill he  lin ea r , if  th e  eq u a lity

L ( x u  +  ßv) =  xL(u)  -f- ßL(v)

is t r u e  fo r any  u, v £ R  a n d  a , ß  real or com plex  p a ir  o f n u m b ers .
T h e  set {L}  o f th e  L  lin ea r  assignm ents is also a lin e a r  space, called 

th e  co n ju g a te  space o f R , a n d  ind ica ted  b y  R*.  I f  space R  is n -d im ensional, 
th e n  R *  is sim ilarly  ra-dim ensional (see th e  p ro o f  in  [5]).

I f  a base of R  is re p re se n te d  b y  r l5 r 2, . . ., rn, an d  t h a t  o f R*  b y  L lt 
L 2, . . .  , L n, th en  th e  fo llow ing  d e te rm in an t w ill su re ly  n o t eq u a l zero:

A =  IL,(rj) И  0, (2.1)

a n d  v ice  versa : if  A =A 0, th e n  {L,} and  {r,} are  bases (p ro v ed , for ex am p le , 
in  [3] an d  [5]).

In  th is  case R  w ill h a v e  such an  Il5 l 2, . . ., ln b ase , w hose vectors are  
o r th o g o n a l to  th e  L x, L 2, . . . , L n vec to rs in  th e  follow ing sense:

Li(lj) =  ôu
1, if  i =  j ,  
0, if  i ^  j .

( 2 .2)

H ere  {L,-} and {/,•} are  ca lled  recip rocal bases, w hich  can  be defined  as follow s: 
L e t xlik, « 2,ft, . . . , xriik be th e  co -o rd inates of v e c to r  lk as re la te d  to  

b a se  {r,-}. Now, on th e  b as is  o f  (2.2), th e  follow ing co n d itio n  system  m ay  be
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w ritte n  for th e  d e te rm in a tio n  of th e  above  co-o rd inates:

(2.3)

Since th e  d e te rm in a n t o f th e  e q u a tio n  system  (A) is n o t zero , th e  Xjk 
co -o rd in a tes  can  be unequ iv o ca lly  d e te rm in ed .

T h e  co rre la tio n  o f  w h a t h as  b een  sa id  above to  th e  L ag range in te r 
p o la tio n  will seem  to  be q u ite  obv ious, if  th e  v ec to rs  in v o lved  are in te rp re te d  
as in  th e  follow ing tw o  exam ples:

(a) In  the f i r s t  example R  is th e  lin ea r  space o f th e  m ax im um  k p -th  
degree po lynôm es o f a single v a riab le . T h e  d im ensional n u m b e r o f th is  space 
is: ti =  p  -f- 1. N ow  le t us select b ases  {r,} and  {L,-} as follow s:

т-i = 1 ,  r 2 =  X, r3 =  X2, . . . , rn =  xn- \

L f u )  =  u(xx), L 2(u) =  u(x2), . . . , L n(u) =  u(xn)
(2.4)

w here x u x 2, . . . , xn are  op tio n a l b u t  h av in g  d iffe ren t va lues.
In  th is  case th e  d e te rm in a n t acco rd ing  to  (2.1) w ill be th e  so-called 

V an d erm o n d e  d e te rm in a n t:

(2.5)

As is k n o w n , th e  V an d erm o n d e  d e te rm in a n t does n o t d isap p ea r a t  d iffe ren t 
Xj v a lu es , so {L(} an d  {r,} a re  a c tu a lly  bases. T he v ec to rs  o f th e  rec ip rocal 
base  {/,} o f  b ase  {X,-} are , in  th is  case, th e  L agrange in te rp o la tin g  base  p o ly 
nôm es:

4 l j )  =  Ij '(*,) =  <5,7- (2.6)

A ny fu n c tio n  (po lynom e) u can  he w r itte n  as th e  lin ea r  co m b in a tio n  o f th e  
base  v ec to rs :

и =  x ^  +  . . . + ■  xnln.

F o r th e  d e te rm in a tio n  o f th e  co -o rd in a tes , le t us m ake use o f th e  L t lin ea r 
ass ig n m en t w ith  re sp ec t to  u:

L f u )  =  u(Xj) =  L ,(x j x +  . . . +  ccnln) =  L ^ x f )  =  xt,

th a t  is

w =  u i x j l i  +  . . . +  u(xn)ln. (2.7)
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(b) In the second example R  is th e  lin ea r space o f th e  m ax im um  p - th  
degree b iv a ria te  p o lynôm es. T he d im ensional n u m b er o f th e  space is : re =  
=  1/2 (p +  1 )(p  +  2). T h is  is easy  to  rea lize , if  we rem em b er th a t  a p - t l i  
degree polynom e h as m ax im u m  a n u m b e r o f l /2 (p  -f- l ) ( p  -f- 2) coefficients 
assu m ed  op tionally . N ow  le t us assum e in th e  ran g e  o f in te rp re ta tio n  a p a t te rn  
co n sis tin g  of re p o in ts : Р ъ P 2, . . . , P n, an d  select th e  {r,} an d  {L,} bases 
as follow s:

r i  =  1, r 2 =  X, r 3 =  y ,  r 4 =  X2, r5 =  xy,  r e =  У2, . . . , rn =  y p,

а д  =  u ( P i.)» L Á U )  =  и ( р г ) 5 • • • - L Á U) =  u ( p n)-

Since {r,} is obv io u sly  a base  o f R,  v ec to rs  L lf L 2, . . . , L n can obviously  
be  lin ea rly  in d e p e n d e n t, only  if  th e  A d e te rm in a n t p ro d u ced  accord ing  to  
(2.1) is n o t zero:

(2.9)

H ence th is  is ca lled , a f te r  (2.5), b iv a r ia te  Vandermonde determinant , 
an d  in d ica ted  b y  W ( x 1, y 1 ;  x 2, y 2; . . . x n, y n) .

I f  W  ф  0, th e n  th e  rec ip rocal base  {/,■} can  be p ro d u ced  u n equ ivoca lly , 
a n d  an y  и e lem ent o f th e  space R  m ay  be w ritte n  in  th e  form

re =  u iP O h  +  ■■■ +  u (P n)ln. (2.10)

T h e  va lu e  of th e  b iv a r ia te  V an d erm o n d e  d e te rm in a n t c an n o t be expressed  
exp lic ite ly , and  its  be ing  o th e r th a n  zero will n o t be en su red  in th e  case of 
a n y  p o in t p a tte rn .

Definition

A  pattern consisting of points  P j ,  P 2, . . . , P n where the associated deter
minant W  is other than zero, is called a p-th-degree regular po int pattern.

In  th e  tw o above exam ples an  o p tio n a l elem ent (polynom e) of space R  
h a s  been  p roduced  as th e  lin ea r co m b in a tio n  o f th e  L ag ran g e  base polynôm es. 
I n  an  in te rp o la tio n  p ro b lem  th e  fu n c tio n  to  be a p p ro x im a ted  is genera lly  n o t 
a po lynom e, so it  is n o t an  e lem ent o f R,  an d  th u s  th e  co n stru c tio n  u n d e r (2.7) 
a n d  (2.10) gives on ly  th e  “ p ro je c tio n ”  o f th e  fu n c tio n  as re la te d  to  R.  I t  fo l
low s th a t  th e  ap p ro x im a tio n  m ay  be considered  as co rrec t or inco rrec t on ly
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as fa r as it can  be  co rrec tly  or in c o rre c tly  su b s ti tu te d  b y  its  p ro jec tion  re la te d  
to  th e  R  space (from  th is a sp ec t, R  shou ld  be reg a rd ed  as th e  h y p e rp la n e  
o f th e  linear space  p erta in in g  to  th e  c o n tin u o u s  functions).

T he tw o  ab o v e  exam ples le a d  to  th e  follow ing conclusions: a fu n c tio n  и 
can  be u n eq u iv o ca lly  produced o r  a p p ro x im a te d  in  th e  form  (2.7) or (2 .10), 
if  th e  v ec to r sy s te m  L,- expressing  th e  in te rp o la tio n  cond itions is l in e a r ly  
in d ep en d en t, t h a t  is , if  th e  in te rp o la tio n  p a t te rn  is reg u la r  in  th e  sense o f 
th e  d e fin ition  g iv en  above.

L et us now  ex am in e  how th e  re g u la r ity  o f th e  p a t te rn  could be p ro v id e d  
for in  th e  case o f  b iv a ria te  fu n c tio n s.

3. Properties of regular point patterns

In  th e  fo llow ing  p a rag rap h s  th re e  p ro p e rtie s  o f th e  p -th -d eg ree  re g u la r  
p o in t p a tte rn s  w ill be  discussed o n  th e  basis o f w hich th e  following p a t te rn  
ty p e s  can be c o n s tru c te d :

1°. Determinant W  pertaining to a given pattern is invariant as against  
co-ordinate transformation

V alid ity  o f th e  above s ta te m e n t can  be rea lized  if  we consider t h a t  th e  
tra n sfo rm a tio n  o f  th e  co -ord inate  sy s te m  can  be ch a rac te rized  b y  v a riab le s  
V, 2, an d  ip, of w hich  v m eans the  « -d ire c tio n  d isp lacem en t, z th e  sam e in d ire c 
tio n  y ,  and  ip th e  an g le  of ro ta tio n .

L e t us s tu d y  th e  vario u s m o v e m e n ts  se p a ra te ly , an d  d e riv a te  W  a c c o rd 
ing to  th e  su b se q u e n t variab les. T h e  d e r iv a tiv e  o f an  re-th-order d e te rm in a n t 
is equal to  th e  sum  o f n  d e te rm in an ts , w here  a line is derived  in each. I t  is 
easy to  realize t h a t ,  ow ing  to  th e  spec ia l s tru c tu re  o f W ,  an y  derived  line w ill 
coincide w ith  a n o th e r  non-derived  one, o r one o f th e ir  lin ear com b in a tio n s 
or, again , i t  will be  zero , w hereby

d W
dv

=  0,
d W

dz
=  0, (3.1)

The th re e  equ a lities  p re sen ted  above  are  e q u iv a le n t to  th e  s ta te m e n t 1°.

I I 0. In  a p-th-degree regular pa ttern  m a x im u m  p  1 points  can be f i t t e d  
to a straight line.

In  order to  p ro v e  th e  above s ta te m e n t,  le t u s  express th e  L agrange b ase  
po lynôm es o f v a r ia b le s  x  and y :

h (* p y j)  =  àtj (3 .2)
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w h ere  Xj, y j are th e  co -o rd in a te s  of p o in t P j  (i , j  — 1, 2, , n). L e t u s  h a v e
p o in ts  P vl* ’ Pvk on  th e  s tra ig h t lin e  y  =  otx +  ß, an d  th e n  le t u s
co n sid e r th e  p - th -d e g re e  po lynom e z  =  lvi(x, <xx +  ß) o f a single v a r ia b le  
w hose zero  loci a re  xvl, . .  . ,  x vi + 1, . . . , xvk, and  a t  x — x vi we h a v e
z =  1. S ince th e  p o ly n o m e is o f a p-th  deg ree  in  z , th e  n u m b er o f th e  d iffe ren t 
re a l ro o ts  o f x vj  is m a x im u m  p .  W e m u s t h a v e , therefo re ,

k ^ p  +  1 (3 .3)

w h e re b y  th e  above s ta te m e n t has been  p ro v e d .

I I I 0. I f  a number o f  p  1 points on a straight lineare omitted from  a p-th-
degree regular pattern, then the remaining po in ts  will form  a (p  — l)-th-degree 
regular point pattern.

W e shall now  d e m o n s tra te  th a t  th e  d e te rm in a n t can  be o b ta in e d
as th e  p ro d u c t o f a d e te rm in a n t o th e r th a n  zero, and  th e  d e te rm in a n t 
o f  th e  le fto v er (p  — l ) - th  degree p a t te rn .

L e t th e  p o in ts  P lf P 2, . . . , P p+ i  b e  on  a s tra ig h t line : ax is X .  T h is  
co n d itio n  is all th e  m ore  perm issib le  as th e  n u m b erin g  of th e  p o in ts  is o p tio n a l 
a n d , on  th e  o th e r h a n d , th e  reference sy s te m  can also be assum ed  o p tio n a lly  
a cco rd in g  to  1°. N ow  le t  u s  rea rran g e  th e  lines o f d e te rm in a n t W acco rd in g  
to  th e  increasing  pow ers o f  co -o rd ina tes y  an d  x  th e re in , w hile th e  n u m b e r  
o f  lin e  exchanges is tp. I n  th is  case W p w ill assum e th e  follow ing fo rm :

T h e  low er left b lock  will be  zero because  o f  th e  cond ition  se t. U sing th e  L ap lace
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ex p an sio n  ru le  we o b ta in

(3.5)

w here  hW  =  F (x l4 x 2, ■ • • , x p), t h a t  is, th e  V an d erm o n d e  d e te rm in a n t. W e 
can  now  fac to r  o u t y k from  th e  d e te rm in a n t M V-1) p e r  co lum n (k — p  +  
—J— 2, . . . , n). w h erea fte r JFW m ay  be w ritte n  as

WO) =  ( -  1 y ,  V ^ y p+2y p+3 . .  . y n ( -  I)'»-* W(p- ' )  . (3.6)

I f  we in tro d u ce

th e n

(3.7)

G(p) is n o t zero as th e  V an d erm o n d e  d e te rm in a n t does n o t d isap p ear a t  th e  
d iffe ren t va lues an d  since, accord ing  to  o u r c o n d itio n , th e  y k co -o rd inates 
are  also o th e r th a n  zero if  p  +  2 к  <[ га. T h e re b y  th e  s ta te m e n t I I I 0 h as  
also been  verified .

4. C onstruction  of a reg u la r p o in t p a tte rn

I f  a p a t te rn  inc ludes, a f te r  th e  om ission o f a  p  -(- 1 n u m b e r o f p o in ts , 
p  p o in ts  on a s tra ig h t line , th e n  th e  process described  u n d e r  I I I 0 m ay  be 
co n tin u ed : le t us assum e a p a t te rn  s tru c tu re  w here  each  “ resid u a l”  r-th -  
degree p a t te rn  co n ta in s  r  —(- 1 p o in ts  read ily  f i t te d  on a s tra ig h t line. In  th is  
case th e  W™  d e te rm in a n t is

W {p) =  GW G(p-1) . . . G(1) 1F(0) (4.1)

a n d  i t  is obvious t h a t  W =  1.
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R ev ertin g  th e p rocess, and sta rtin g  from  a O -th-degree regu lar p a ttern  
c o n s is t in g  o f  a single p o in t, a p -th -d eg ree  regular p o in t p a ttern  can  be ob ta in ed  
in  p  -f 1 step s. The gen era l (fc-th) step  o f  th is  process w ill b e  to  assu m e a 
s tr a ig h t  lin e  (hk), and a n u m b er o f  к p o in ts  th ereon  (к =  1, 2 , . . . , p  +  l ) .

T h e straight lin es a ssu m ed  in th e  in d iv id u a l step s m u st o b v io u sly  differ, 
and th e  p o in ts assum ed in  th e  p rev iou s step s certa in ly  ca n n o t be f it te d  to  th e  
lin es  assu m ed  in th e  n e x t  step s.

F ig . 1 illu stra tes a fou rth -d egree p a ttern  ob ta in ed  w ith  th e  m ethod  
d escr ib ed  ab ove, in  th e  ca se  o f  an irregular gratin g . F ig s  2 and 3 sh ow  fifth  
an d  six th -d egree  p a tter n s , r e sp ec tiv e ly , ob ta in ed  w ith  regular gratin gs.
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Zweckmäßige Festlegung der G rundpunkte für die Lagrangesche Interpolation bei zwei 
V ariablen. Die A rb e it u n te rsu ch t d ie L ag rangesche  In te rp o la tio n  fü r  zwei V eränderliche  vom  
S ta n d p u n k t de r U n iz itä t  des in te rp o lie ren d e n  Polynom s. D e r B egriff eines solchen P u n k t 
sy s tem s w ird d e fin ie rt (reguläres P u n k tsy s te m ), fü r  welches die In te rp o la tio n  e in d eu tig  d u rc h 
g e fü h rt  w erden k a n n . D ie E ig en sch aften  des reg u lä ren  P u n k tsy s te m s  w erden u n te rs u c h t 
u n d  ein p rak tisch es V erfahren  fü r  d ie  D a rs te llu n g  eines solchen P u n k tsy s tem s  w ird  gezeig t. 
A ls Beispiele fü r  die A nw endung d e r  M ethode w erden einige reg u lä re  In te rp o la tio n sp u n k t-  
sy s tem e  gezeigt.

Целесообразное принятие интерполяционных опорных точек в случае интерполяции 
Лагранжа с двумя переменными. В работе интерполяция Лагранжа с двумя переменными 
исследуется с точки зрения иницитивности интерполирующего полинома. Определяется 
понятие такого точечного отображения (регулярное точечное отображение), на котором 
можно однозначно произвести интерполирование. Анализируются свойства регулярных 
точечных отображений, и описывается практический метод получения таких точечных 
отображений. В качестве примера применения метода приводится несколько регулярных 
интерполяционных точечных отображений.
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CIRCULAR PLATE FOUNDATIONS 
OF SPHERICAL GAS TANKS ON POINT SUPPORTS

GY. M Á R K U S*
CA ND ID ATE OF TECH N . SCIENCES 

[M anuscrip t rece ived  D ec. 8, 1971]

T h e  p a p e r  gives th e  so lu tio n  fo r a  fu n d a m e n t c ircu la r p la te  on th e  u n d e rso il, 
w hich  is lo ad ed  by  an  eccen tric  force. T h e  re su lts  m ay  be used  for th e  c a lcu la tio n  
o f c ircu la r g ro u n d  p la tes o f  b u ild ings, ta n k s , to w ers , re s tin g  on colum ns, o r  p o in t 
su p p o rts , a lso  in  th e  case w hen  th e  a rb itra r ily  s itu a te d  colum ns pass on to  th e  p la te  
forces o f  d iffe ren t m ag n itu d es resu ltin g  fro m  w ind  p ressu re .

S pherica l steel gas ta n k s  are  v e ry  o ften  su p p o rte d  by  bars s i tu a te d  in  
planes ta n g e n tia l  to  th e  m idd le  su rface  o f  th e  shell. I t  is p rac tica l to  t r a n s m it  
th e  load  o n to  th e  b a rs  by  in se ttin g  a fu n d a m e n ta l c ircu la r p la te  o f re in fo rced  
concrete on th e  underso il (F ig . I) . T he su p p o rts  p a ss  on to  th e  g ro u n d  p la te  
forces o f d iffe ren t m ag n itu d es re su ltin g  from  w ind  p ressure .

F i g .  1

W e m ay  consider as so lved th e  p la y  o f forces on th e  p la te  if  we k n o w  
th e  in te rn a l forces o f th e  c ircu la r p la te  u n d e r  one co n c e n tra ted  load. W e m u s t 
app ly  su p erp o sitio n  in  case of som e lo ad s. W e assum e th e  d is tr ib u tio n  o f  th e  
g round  re a c tio n  as v a ry in g  lin e a rly  (F ig . 2).

T he p rob lem  o f  a circular p la te  u n d er a co n cen tra ted  load  w as so lv e d  
b y  A. Clebsch  [1]. The sim p ly  su p p orted  and clam p ed  circular p la te s  w ere  
treated  b yA .F Ö P P L  [2]. The p rob lem  w hen  a circular ring p la te  is c lam p ed  
along th e  inner ed ge and load ed  b y  a co n cen tra ted  force at th e  outer b o u n d a ry  
w as w orked o u t b y  H . R eissner  [3 ]. W e fo llow ed  th e  ab ove-nam ed  a u th o rs

* D r. Gy . M á r k u s , Süveg u . 4 /a , 1112 B u d a p es t, H u n g a ry
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in th e  solution of our ta sk  and will discuss th e  problem  in the  polar co-ordinate 
system  r and cp. The final resu lt obtained in  such a system m ay be program m ed 
m ore sim ply on an electronic com puter — assuming the  determ ination  of 
stress conditions in  several points — th a n  in bipolar coordinates, in which 
th e  problem  is also solved by  E. Melan  [4], W . F lügge [5] and H . Schmidt 
[6 ].

W e composed th e  circular p late as hav ing  radius a of an inner circular 
p la te  having radius b and  an outer circular ring  plate of radii 6, a. The con
cen tra ted  force P  is applied  at distance b from  the  centre a t th e  angle cp =  0. 
W e will give its rep resen ta tion  in form of an  infinite Fourier’s series w ritten  
along th e  dividing circle:

1

2
-j- ^  cos mcp

m=l
1, 2, 3, . . . ). ( 1 )

The ground reac tio n  p  consists of a uniform ly d istribu ted  m em ber p 0 
and  a linearly vary ing  antisym m etrical load  p l5 depending on th e  p lace of 
th e  concentrated  force P :

w here

P =  P о P i — cos cp 
a

P о =
P

а2 л
and  p-y

4 bP

ahi

(2 )

(3)

The differential equation of th e  circu lar p late  of uniform  th ickness m ay 
be w ritten  in polar co-ordinates in th e  following well-known form :

A Aw 32 t 1 
0r2 r Эг

+  ■
8 r
8 T

8ic 1 8 w

8 r2 8r
1 d2w

r2 8<p2
P
К

(4)

w here К  is the  so-called flexural rig id ity  of th e  plate as follows:

K  =
Eh3

12(1 — P2)
(5)
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T h e genera l so lu tion  o f th e  abov e-m en tio n ed  inhom ogeneous eq u a tio n  
o f th e  o u te r  c ircu la r ring  p la te  can  be ta k e n  in  th e  fo rm  o f th e  follow ing series:

w =  w 0 +  w 1 +  ^ W m , (m  =  2, 3, 4 . . .),
m = 2

in  w hich , in s te a d  of r an d  b, w ith  d im ensionless q u a n titie s

e = - ^ i  ß =  - ,a a

(6)

(7)

IV 0 =  + Ao+ Bo62 + Co 1п в  +  DoQ2 l n  Q »
64 К

V1 =  I t l a l  +  ^ l P  +  3  " t“  ^ l P  1  +  ^ l P  Pl LyZK.
COS (p ( 8)

=  H m Pm +  -Bmpm+2 +  Cmp - m +  D mg~m+2) cos m < p  .

T h e  c o n s ta n ts  А ,  В ,  C, D  in  these  expressions m u s t be d e te rm in ed  from  
th e  b o u n d a ry  cond itions. I t  m a y  he seen in  th e  fo rm ulas th a t  from  th e  foo t 
indexes

0 s ig n ify  t h e  s y m m e try ,
1 t h e  a n t i s y m m e t r y  a n d  

m  th e  p e r io d  a b o v e  o n e

o f th e  p erio d ica l fun c tio n . N ow , w ith  th e  deflec tion  w  we can  express th e  slopes 
# r an d  th e  bend in g  a n d  tw is tin g  m om en ts  M r, M 9, M rv; th e  shearing  
force Qr; an d  th e  reac tiv e  fo rce  V r w ith  th e  aid  of th e  c u s to m ary  re la tio n s:

r =

&Г0 =

' n  —

=  -

^ o = 0 ,

— is
a 9 в

1 " Poai e3
a 1 6  к

1 " O4 £>4
a 192 iC

1
m A m gm~

a

m Cm

1
«Р dtp

m=2

+  2 B 0 p +  C 0 p 1 +  D  q p (l +  2 ln  g) 

+  A i  +  ^ B iQ2 — CiQ ~2 +  D ^ l  +  In o) cos q> ,

-m+1 COS n u p

m=2
<pm ■

(9a)

1 3 * Acta Technica Academiae Scientiarum Hungaricae 76, 1974



4 3 8 MÁRKUS, GY.

K i  =
1 P i а4 Q*
a 192 К

дут =
TU . .

----(^m &
a

M r =  -
к ' d2w
a2 . эе2

- +  A x +  B i g2 +  Cj g 2 +  D 1 lnp j sin f  ,

" - 1 +  в т +  Cm Q-m~' +  D rn Q-n+1) sin mcp ,

1 Qw 1 d2 w \

Q dQ Q2 dq>2 j

M,

M ,rO“ (!  -  P) Сов

M ,r l ~

+  M n  4- М гт ,
т = 2

4 ( ( з + m) ■f f - + 2 ( i + i i )B 0 -  (1 -
а1 ( lo  /ч.

+  [3 +  P +  2(1 +  ц) ln  р ]В 0| ,

(5 +  v )  p ) t S ~  +  2 (3 +  p ) b i e +  2(1 -  /0 С ,48 л

+ ( i  +  p) e-

_K

a2

К
M rm = ------ - { i 1 -  p )m (m  -  1 ) A m gm 2 +  (m +  l) [m  +

az

+  2 — M m  — 2 )]B m +  (1 — fi)m(m +  1) Cm Q~ m~2 +

+  (m — l) [m  — 2 — ju(m +  2)]£)m £~m} cos rrup ,

M f = -
K 1 Qw 1 82 ic , 8z *c

--------------1------------------ b p -------
, 5  3e Q2 8<p2 8ß2

- M ,0 +  M f  x - f  M fm •
m  =  2

M a0 =
90 o2 (

K  ((1 +  3,u) Po a4 e2 +  2(1 +  f i ) B о (1 — p)C 0É? 2 +
16 К

+  [1 +  3/i +  2(1 +  fi) ln  p] D 0 \ ,

M f l= -
a-1 (1 +  ^  +  2(1 +  3^  -  2(1 -  48 К

+  (1 +  Iх) Di Q 1 cos cp ,
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К
M y m= ----- - {  —(x ~  P ) m ( m  —  lMm£m 2 +  (m +  l ) x

X [/i(m +  2) — m  +  2 ] B mgm — (1 — /t) m (m +  1) X

x C m g~m~ 2 +  (m — — 2 ) — m — 2 cos nup,

М г = - { 1 - ц )
К 1 8 2 w  1  Qw

q  d q  d(p q 2 Э<p

о =  0,

M r f l = (  l - p )

M ripo +  M r<pi +  ^  M rvm ,
m = 2

к P i  « 4 G3

48 К
+  2 B 1 q — 2Сгд 3 -f- D j g 1 sin 9? ,

М гч,т= ( 1 - ц ) - ^ -  m  t(m -  !M m  gm 2 +  (m +  1) B m gm -

(m  +  1) Cm q m 2 — (m  — 1 )D m g m] sin nup ,

1 d3wK l 8 3 u> +  1 d2u> 1  Qw 2 8 2 m>
a 3 l a e 3

r

Q Qq2 g2 3e G3 0 <p2 q2 0 r  d<p2

QrO +  Q r l  +  ^  Qrm >
m=2

Qro —
к P o «  G

2 К
+  4 Ö 0 g 1

Q n  =  - ~  ( - - ! ■?* g-  +  +  2 D i G~28 K
COS (p ,

Qrm —
4 K

m [(m  +  l ) B m ßm 1 +  (m  — l ) D mg m 3] cos nup ,

(9c)

-s К  I d3u> 1 Э2 ív 1 0 n; t 2 — pi 8 3w
' r H Г  I : ;  I ~  ;  r

0ß3

3 — /ti 8 2 te

0tp2 ,

q 0 Г  ß 0 ß 

=  ^ o +  F n + i ’ Г л т ,
m = 2

d q d c p 2

V r 0 = ±

V n = ±

К

К

P o « 4 G
2 K

+  4^ oG 1

(17 +  /I) +  2(3 +  li)B 1 +  2(1 -  /и)Сг e-*
48K

(3 -  ц) D 1 g~2 COS çp ,
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К  т= ± ^ Г т  { “ С1 — р) т(тп— 1) А т çm 3 +  (m  +  1) X

X [4 — (1 — fj,)m]Bmom~1 4- (1 — /л)т(т +  l)CmQ~m~3 +
+  (m  — 1)[4 +  (1 — (j,)m]Dm q~ m_1} cos mcp .

W e have found  doub le  signs in  th e  expression of th e  re a c tiv e  force. T he 
u p p e r  sign refers to  th e  b o u n d a ry  fo rm  fa r th e r  off th e  c e n tre , th e  low er one 
to  th e  n earer, n am ely , we call th e  reac tio n  force o p e ra tin g  u p w ard s  form  
to  b e  below  positive . S im ilar exp ressions m ay  be w ritte n  fo r th e  in n e r p o rtio n  
o f  th e  circu lar p la te  o f ra d iu s  b, to o . T h ere  we app ly  an  as te risk  foo t index  
in  a ll fo rm ulas for th e  sake  of d is tin c tio n . F rom  th e  co n d itio n  th a t  th e  deflec
t io n , th e  slope an d  th e  m o m en ts  m u s t be fin ite  a t th e  c e n tre  o f  th e  p la te , 
we o b ta in

Сто — о —
C*! =  B .r  =  0, (10)
C,m =  D , m =  0.

O ur n ex t ta s k  is to  d e te rm in e  th e  m issing six  in te g ra tio n  co n stan ts . 
T h e  six  equa tions n eed ed  fo r th is  d e te rm in a tio n  can  be  o b ta in ed  from  th e  
b o u n d a ry  cond itions a t  th e  edge o f  th e  p la te  and  from  th e  c o n tin u ity  cond i
tio n s  along th e  circle o f ra d iu s  b. T h e  o u te r  edge o f th e  p la te  is assum ed  to  
b e  free , th erefo re  th e  co rresp o n d in g  b o u n d a ry  co n d itions are :

1. • .  ( Щ ' - i  =  0 ; 2 . . .  ( F r)e=1 =  0.

A ccord ing ly , th e  co n d itio n s  a re  in  d e ta il:

( И )
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T he edges o f th e  circu lar a n d  a n n u la r  p la te s  co n n ec ted  along th e  circle 
o f rad iu s  b u n d e rg o  th e  sam e d e fo rm a tio n , co n seq u en tly , th e  b o u n d a ry  co n d i
tio n s are:

Since th e re  a re  no  ex te rn a l m o m e n ts  app lied  along  th e  circle o f ra d iu s  b, 
th e  second-grade d ifferen tia l q u o tie n ts  m u s t he id en tica l a long  th e  n e igh 
b o u rin g  edges

(15)
1 Q2w d2t l \

1 0e2 e=ß a e2 e=/>
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T he last e q u a tio n  is o b ta in ed  from  th e  co n sid e ra tio n  th a t  th e  difference 
o f  th e  shearing  fo rces along th e  d iv id in g  circle rep re sen ts  th e  ex te rn a l con
c e n tra te d  load  P :

— (Qr)e=ß +  (Qr*) e=ß :
aßn

2  cos nup 
1

(16)

L et us w rite  th e  f if th  and  s ix th  b o u n d a ry  co n d itio n s also in  th e  form  
o f  equa tio n s:

W e h av e  fo u n d  a fte r  th e  su b s ti tu tio n  o f p 0 an d  P l , th e  execu tion  o f 
ab b rev ia tio n s  an d  a rra n g e m en t o f th e  e q u a tio n s , th a t  each  tw o  o f th e  p re se n t 
eq u a tio n s id e n tify  th e  m em bers w ith  foo t indices 0 an d  1, a n d  accord ing  to  th e  
g iven cond itions, a re  n o t suffic ien t fo r d e te rm in in g  th e  in te g ra tio n  c o n s ta n ts . 
W e can o b ta in  a fu r th e r  e q u a tio n  for th e  in te g ra tio n  c o n s ta n ts  w ith  foo t 
indices 0 an d  1 if  we s tip u la te  t h a t  th e  b o u n d a ry  o f th e  p la te  o f ra d iu s  a
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c a n n o t deflect in  case of sy m m e tric a lly  an d  a n tisy m m e tric a lly  d is tr ib u te d  
load s (rigid body  d isp lacem en t):

7 - • • (M»o)e=i =  ° ;  ( » i U i  =  0. (18)

T his m eans a fte r  all th a t  th e  p la te  has no in itia l d eflec tio n . W e o b ta in  
th e  follow ing eq u a tio n s a fte r d e ta ile d  in scrip tion :

7 • • • “ +  A 0 +  B 0 —  0 ;
64K

(19)
P i g 
192K

A 1 -f- B l -j- C1 — 0

H ereupon  th e re  is no d ifficu lty  in  solving th e  eq u a tio n s  o f cond itions. 
T h e  o b ta in e d  in te g ra tio n  co n stan ts  are :
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W e can ca lcu la te  ev e ry  s ta tic a l q u a n ti ty  w ith  th e  aid  of th e  in te g ra tio n  
c o n s ta n ts .

W e had  a c o m p u te r  p rog ram m e m ade to  o b ta in  n u m erica l re su lts  an d  
to  s tu d y  th e  k in d  o f  convergence  o f th e  series. W e p resc rib ed  to  get a c e r ta in  
a c c u ra cy  in  th e  re su lts . I f  th is  accu racy  w as n o t a t ta in a b le  a t  th e  p o in ts  n e a r  
th e  d iv id ing  circle, w e to o k  no m ore th e n  f if ty  m em b ers  o f th e  series in to  
co n sid era tio n .

T ab le  I  an d  th e  F ig . 3 show  th e  b en d in g  m o m en ts  belonging to  th e  
ra t io  ß  — 0,7 in  case o f  ц  =  1/6. Such a c ircu la r p la te  is especially  su itab le  
fo r  found ing  a b u ild in g  w hich  s ta n d s  on six  b a rs  a t  an  eq u a l d is tan ce  from  
each  o th e r (Fig. 4 ), n a m e ly , th e  n eg a tiv e  an d  p o sitiv e  fie ld  bend ing  m o m en ts  
h a v e  th e  sam e o rd e r  o f  m ag n itu d e . T ab le  I I  a n d  th e  F ig . 5 give th e  m o m en ts  
in  th is  case.
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Table I

3 =  0,7 M, :
l Л  T  .

P a* 
К  

P  
P  
P

Q
r p  : n

0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1,0

- 0 ,0 0 1 4 +  0,0002 + 0 ,0 0 2 7 + 0 ,0 0 6 3 + 0 ,0 1 0 9 +  0,0162 + 0 ,0221 + 0 ,0 2 8 0 + 0 ,0327 +  0,0371 + 0 ,0 4 1 9

0 - 0 ,0 8 1 3 - 0 ,0 8 5 4 -0 ,0 8 4 7 -0 ,0 7 7 7 -0 ,0 6 1 2 -0 ,0 2 9 8 +  0,0333 + 0,3411 + 0 ,0492 +  0,0052 0

+ 0 ,0 5 5 4 +  0,0640 +  0,0763 + 0 ,0 9 4 0 +  0,1193 + 0 ,1 5 7 6 +  0,2249 + 0 ,4 0 1 4 + 0 ,2395 + 0 ,1875 + 0 ,1 6 5 6

0 0 0 0 0 0 0 0 0 0
0

- 0 ,0 0 1 4 +  0,0001 + 0 ,0 0 2 4 +  0,0056 +  0,0095 + 0 ,0 1 4 0 + 0 ,0 1 8 6 + 0 ,0231 + 0 ,0271 + 0 ,0 3 1 0 +  0,0349

l - 0 ,0 7 2 2 -0 ,0 7 4 1 - 0 ,0 7 0 9 -0 ,0 6 0 7 —0,0404 -0 ,0 0 6 2 + 0 ,0 3 9 3 +  0,0642 + 0 ,0350 + 0 ,0092 0

12 + 0 ,0 4 6 2 + 0 ,0 5 2 3 +  0,0606 +  0,0711 + 0 ,0828 + 0 ,0 9 2 6 + 0 ,0 9 4 4 +  0,0986 + 0,1021 + 0,1021 + 0 ,0 9 7 3

0 + 0 ,0 0 3 9 +  0,0089 +  0,0153 + 0 .0 2 3 4 +  0,0321 + 0 ,0 3 4 6 +  0,0198 +  0,0070 + 0,0081 + 0 ,0 1 3 0

- 0 ,0 0 1 4 -0 ,0 0 0 2 + 0 ,0015 +  0,0036 + 0 ,0 0 6 0 + 0 ,0 0 8 5 + 0 ,0 1 0 9 +  0,0130 +  0,0149 +  0,0167 + 0 ,0185

2 -0 ,0 4 7 1 —0,0444 -0 ,0 3 6 7 -0 ,0 2 3 4 —0,0052 +  0,0136 + 0 ,0 2 5 0 +  0,0267 + 0 ,0 1 3 4 + 0 ,0040 0

12 +  0,0212 + 0 ,0215 + 0 ,0213 +  0,0198 + 0 ,0161 +  0,0108 + 0 ,0067 +  0,0099 + 0 ,0 0 8 4 +  0,0094 + 0 ,0 0 9 3

0 + 0 ,0 0 6 5 + 0 ,0141 +  0,0224 + 0 ,0298 +  0,0337 + 0 ,0318 +  0,0262 +  0,0219 + 0 ,0 2 0 9 + 0 ,0 2 2 1

— 0,0014 - 0 ,0 0 0 6 + 0 ,0 0 0 3 + 0,0011 + 0 ,0 0 1 7 + 0 ,0 0 2 0 + 0 ,0021 + 0 ,0018 + 0 ,0 0 1 3 +  0,0007 -0 ,0 0 0 1

3 -0 ,0 1 3 0 - 0 ,0 0 6 3 +  0,0028 + 0 ,0127 + 0 ,0208 +  0,0241 +  0,0213 + 0 ,0165 +  0,0065 + 0 ,0 0 1 0 0

12 - 0 ,0 1 3 0 - 0 ,0 1 8 0 -0 ,0 2 4 1 -0 ,0 3 1 1 -0 ,0 3 7 8 -0 ,0 4 2 7 -0 ,0 4 5 0 - 0 ,0 4 3 0 -0 ,0 4 4 5 - 0 ,0 4 3 4 -0 ,0 4 2 0

0 + 0,0071 + 0 ,0 1 4 3 + 0,0205 + 0 ,0 2 4 4 + 0,0251 +  0,0232 +  0,0206 +  0,0189 +  0,0184 +  0,0186

- 0 ,0 0 1 4 —0,0010 —0,0010 -0 ,0 0 1 5 —0,0024 — 0,0038 -0 ,0 0 5 6 -0 ,0 0 7 7 -0 ,0 1 0 1 - 0 ,0 1 2 6 -0 ,0 1 5 3

4 + 0 ,0 2 1 2 + 0 ,0281 + 0 ,0338 + 0 ,0 3 6 4 +  0,0347 + 0 ,0 2 9 0 +  0,0208 +  0,0129 +  0,0047 +  0,0004 0

12 -0 ,0 4 7 1 - 0 ,0 5 3 8 —0,0603 -0 ,0 6 5 7 -0 ,0 6 9 3 —0,0709 -0 ,0 7 0 9 -0 ,0 6 9 0 -0 ,0 6 8 4 - 0 ,0 6 6 4 -0 ,0 6 3 9

0 +  0,0056 + 0 ,0102 +  0,0130 +  0,0138 + 0 ,0 1 2 8 + 0 ,0 1 1 0 + 0 ,0 0 9 4 + 0 ,0 0 8 7 + 0 ,0088 +  0,0090

I

■446 
M

Á
R

K
U

S, G
Y

.



A
cta 

Technica 
Academ

iae 
Scicntiarurn 

H
ungaricae 

76, 
1974

- 0 ,0 0 1 4 -0 ,0 0 1 5 -0 ,0 0 2 1 - 0 ,0 0 3 4 - 0 ,0 0 5 3

5 + 0 ,0462 + 0 ,0 4 9 6 +  0,0492 -0 ,0 4 5 0 +  0,0375

12 - 0 ,0 7 2 2 -0 ,0 7 6 2 -0 ,0 7 8 9 - 0 ,0 7 9 9 —0,0794

0 +  0,0026 +  0,0038 +  0,0035 +  0,0020

—0,0014 -0 ,0 0 1 8 -0 ,0 0 2 8 -0 ,0 0 4 5 -0 ,0 0 6 7

6 + 0 ,0 5 5 4 + 0 ,0 5 3 4 + 0 ,0 4 7 9 + 0 ,0401 +  0,0311

12 - 0 ,0 8 1 3 -0 ,0 8 0 5 -0 ,0 7 8 4 -0 ,0 7 5 4 — 0,0721

0 —0,0009 —0,0029 -0 ,0 0 5 6 —0,0084

- 0 ,0 0 1 4 —0,0020 —0,0031 -0 ,0 0 4 7 -0 ,0 0 6 6

7 + 0 ,0 4 6 2 +  0,0402 + 0 ,0327 +  0,0252 +  0,0182

12 - 0 ,0 7 2 2 - 0 ,0 6 7 2 - 0 ,0 6 2 0 -0 ,0 5 7 1 -0 ,0 5 2 7

0 - 0 ,0 0 4 0 -0 ,0 0 8 3 -0 ,0 1 2 3 - 0 ,0 1 5 7

-0 ,0 0 1 4 -0 ,0 0 2 1 -0 ,0 0 3 1 -0 ,0 0 4 1 -0 ,0 0 5 3

8 + 0 ,0 2 1 2 + 0 ,0 1 4 4 + 0 ,0088 + 0 ,0 0 4 6 + 0 ,0 0 1 9

12 -0 ,0 4 7 1 -0 ,0 4 1 0 -0 ,0 3 5 5 - 0 ,0 3 0 9 - 0 ,0 2 7 0

0 -0 ,0 0 6 0 - 0 ,0 1 1 4 -0 ,0 1 5 8 - 0 ,0 1 9 2

—0,0014 —0,0022 —0,0027 —0,0031 - 0 ,0 0 3 4

9 - 0 ,0 1 3 0 -0 ,0 1 6 8 -0 ,0 1 8 1 -0 ,0 1 7 2 -0 ,0 1 4 8

12 - 0 ,0 1 3 0 - 0 ,0 0 9 0 -0 ,0 0 5 7 -0 ,0 0 2 8 - 0 ,0 0 0 3

0 - 0 ,0 0 6 4 -0 ,0 0 1 7 -0 ,0 1 5 8 —0,0187

- 0 ,0 0 1 4 -0 ,0 0 2 2 - 0 ,0 0 2 4 -0 ,0 0 2 1 - 0 ,0 0 1 4

10 -0 ,0 4 7 1 -0 ,0 4 6 0 -0 ,0 4 2 0 -0 ,0 3 6 1 - 0 ,0 2 8 9

12 + 0 ,0 2 1 2 + 0 ,0 2 1 0 + 0,0211 +  0,0216 +  0,0224

0 - 0 ,0 0 5 4 -0 ,0 0 9 5 -0 ,0 1 2 6 - 0 ,0 1 4 7

-0 ,0 0 7 7 -0 ,0 1 0 5 -0 ,0 1 3 7 -0 ,0 1 7 1 -0 ,0 2 0 6 - 0 ,0 2 4 3

+  0,0283 + 0 ,0188 + 0,0102 +  0,0041 +  0,0005 0

- 0 ,0 7 7 9 -0 ,0 7 6 0 -0 ,0 7 3 9 -0 ,0 7 1 4 -0 ,0 6 8 8 - 0 ,0 6 6 0

+  0,0001 -0 ,0 0 1 7 -0 ,0 0 2 9 -0 ,0 0 2 9 -0 ,0 0 2 3 - 0 ,0 0 1 7

- 0 ,0 0 9 3 -0 ,0 1 2 3 -0 ,0 1 5 6 -0 ,0 1 9 0 -0 ,0 2 2 6 - 0 ,0 2 6 3

+  0,0222 + 0 ,0 1 4 3 + 0 ,0 0 7 0 +  0,0033 + 0 ,0006 0

-0 ,0 6 8 8 —0,0657 -0 ,0 6 3 7 —0,0600 -0 ,0 5 7 2 - 0 ,0 5 4 3

—0,0108 -0 ,0 1 2 5 —0,0133 -0 ,0 1 2 8 -0 ,0 1 1 7 -0 ,0 1 0 7

-0 ,0 0 8 8 -0 ,0 1 1 2 -0 ,0 1 3 7 -0 ,0 1 6 4 -0 ,0 1 9 2 - 0 ,0 2 2 0

+  0,0123 + 0 ,0077 +  0,0031 +  0,0020 +  0,0006 0

-0 ,0 4 8 9 -0 ,0 4 5 5 -0 ,0 4 3 7 -0 ,0 4 0 0 -0 ,0 3 7 5 - 0 ,0 3 5 2

-0 ,0 1 8 2 -0 ,0 1 9 7 -0 ,0 2 0 2 -0 ,0 1 9 4 -0 ,0 1 7 9 - 0 ,0 1 6 7

- 0 ,0 0 6 3 -0 ,0 0 7 8 -0 ,0 0 9 1 -0 ,0 1 0 5 -0 ,0 1 1 9 - 0 ,0 1 3 3

+  0,0004 - 0 ,0 0 0 0 - 0 ,0 0 0 9 +  0,0004 + 0 ,0005 0

- 0 ,0 2 3 6 -0 ,0 2 0 7 -0 ,0 1 9 2 -0 ,0 1 6 1 - 0 ,0 1 4 4 - 0 ,0 1 3 0

- 0 ,0 2 1 5 -0 ,0 2 2 7 —0,0229 -0 ,0 2 1 9 - 0 ,0 2 0 4 - 0 ,0 1 9 0

-0 ,0 0 3 5 - 0 ,0 0 3 4 -0 ,0 0 3 3 -0 ,0 0 3 1 -0 ,0 0 2 9 —0,0027

-0 ,0 1 1 4 -0 ,0 0 7 7 -0 ,0 0 4 5 -0 ,0 0 1 3 + 0 ,0 0 0 2 0

+ 0 ,0 0 1 9 +  0,0040 + 0 ,0 0 5 3 + 0,0071 +  0,0080 + 0 ,0 0 8 4

-0 ,0 2 0 5 -0 ,0 2 1 4 -0 ,0 2 1 5 -0 ,0 2 0 6 -0 ,0 1 9 2 - 0 ,0 1 7 9

- 0 ,0 0 0 4 + 0 ,0008 + 0 ,0 0 2 3 +  0,0039 +  0,0055 + 0 ,0 0 7 2

-0 ,0 2 1 3 - 0 ,0 1 4 0 —0,0074 -0 ,0 0 2 8 -0 ,0 0 0 0 0

+  0,0225 + 0 ,0 2 4 6 + 0 ,0258 +  0,0263 +  0,0265 +  0,0260

- 0 ,0 1 6 0 -0 ,0 1 6 5 - 0 ,0 1 6 5 -0 ,0 1 5 8 -0 ,0 1 4 7 - 0 ,0 1 3 8
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/3 = 0 ,7

P a ■
"  : ~ ~ K ~ ~  

M r  : P 
М»: P 
м ;у: P

< p : л 0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1,0

— 0,0014 —0,0021 —0,0021 -0 ,0 0 1 3 - 0 ,0 0 0 0 +  0,0018 +  0,0039 + 0 ,0062 +  0,0088 +  0,0114 +  0,0141

и — 0,0722 - 0 ,0 6 6 6 -0 ,0 5 8 4 — 0,0487 —0,0383 -0 ,0 2 7 9 -0 ,0 1 8 2 -0 ,0 0 9 2 -0 ,0 0 3 7 —0,0002 0

12 + 0 ,0 4 6 2 + 0 ,0 4 2 0 +  0,0395 + 0,0381 + 0 ,0 3 7 6 +  0,0378 +  0,0382 + 0 ,0 3 9 4 + 0 ,0389 + 0 ,0 3 8 6 +  0,0375

0 - 0 ,0 0 3 0 -0 ,0 0 5 3 -0 ,0 0 6 9 -0 ,0 0 8 0 -0 ,0 0 8 7 - 0 ,0 0 9 0 -0 ,0 0 8 9 -0 ,0 0 8 5 - 0 ,0 0 8 0 -0 ,0 0 7 5

- 0 ,0 0 1 4 -0 ,0 0 2 1 -0 ,0 0 1 9 -0 ,0 0 1 0 + 0 ,0005 +  0,0025 +  0,0050 +  0,0077 +  0,0105 +  0,0136 +  0,0166

12 - 0 ,0 8 1 3 - 0 ,0 7 3 9 -0 ,0 6 4 3 -0 ,0 5 3 2 —0,0416 -0 ,0 3 0 2 -0 ,0 1 9 7 -0 ,0 0 9 8 -0 ,0 0 4 1 -0 ,0 0 0 3 0

12 +  0,0554 +  0,0496 + 0 ,0 4 6 0 + 0 ,0 4 3 9 +  0,0430 +  0,0428 +  0,0430 + 0,0441 +  0,0433 + 0 ,0428 + 0 ,0415

0 0 0 0 0 0 0 0 0 0 0
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Table II

ß  =  0,7

P a '
“  : ~7Г

M ,  : P 
: P 

M , f :  P

( p  : n
0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1,0

-0 ,0 0 8 6 - 0 ,0 0 8 3 - 0 ,0 0 7 4 - 0 ,0 0 5 9 -0 ,0 0 4 0 — 0,0018 - 0 ,0 0 0 4 +  0,0020 +  0,0021 + 0 ,0 0 1 7 +  0,0013

0 —0,0778 -0 ,0 7 4 2 -0 ,0 6 4 0 -0 ,0 4 9 0 —0,0296 +  0,0010 +  0,0550 +  0,3554 +  0,0553 +  0,0065 0

- 0 ,0 7 7 8 -0 ,0 7 6 0 -0 ,0 6 9 4 - 0 ,0 5 5 4 -0 ,0 3 0 3 +  0,0114 +  0,0847 +  0,2693 + 0 ,1136 +  0,0686 +  0,0533

0 0 0 0 0 0 0 0 0 0 0

— 0,0086 - 0 ,0 0 8 3 -0 ,0 0 7 4 - 0 ,0 0 5 9 —0,0041 -0 0 ,0 0 2 2 - 0 ,0 0 0 5 +  0,0004 +  0,0006 + 0 ,0 0 0 4 - 0 ,0 0 0 0

l — 0,0778 -0 ,0 7 4 1 -0 ,0 6 2 7 -0 ,0 4 3 8 —0,0169 +  0,0192 +  0,0612 + 0 ,0 8 0 4 + 0 ;0425 +  0,0113 0

12 —0,0778 -0 ,0 7 6 1 -0 ,0 7 0 7 -0 ,0 6 1 8 -0 ,0 4 9 8 — 0,0372 —0,0300 —0,0173 -0 ,0 0 7 7 -0 ,0 0 0 9 +  0,0003

0 + 0 ,0 0 0 0 + 0 ,0 0 0 3 +  0,0017 + 0 ,0 0 6 0 +  0,0134 + 0 ,0 1 6 8 + 0 ,0044 -0 ,0 0 7 5 -0 ,0 0 5 9 -0 ,0 0 1 1

- 0 ,0 0 8 6 -0 ,0 0 8 3 -0 ,0 0 7 3 -0 ,0 0 5 9 -0 ,0 0 4 2 - 0 ,0 0 3 3 -0 ,0 0 1 2 -0 ,0 0 0 6 -0 ,0 0 0 5 -0 ,0 0 0 8 - 0 ,0 0 1 3

2 -0 ,0 7 7 8 - 0 ,0 7 4 0 - 0 ,0 6 1 5 —0,0387 — 0,0060 +  0,0291 + 0 ,0 5 0 5 +  0,0526 +  0,0279 + 0 ,0092 0

12 -0 ,0 7 7 8 —0,0761 -0 ,0 7 2 0 —0,0680 - 0 ,0 6 7 0 -0 ,0 6 9 1 -0 ,0 6 8 8 -0 ,0 5 5 9 -0 ,0 5 0 6 -0 ,0 4 2 6 - 0 ,0 3 7 8

0 0 0 0 0 0 0 0 0 0 0
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Kreisplatten-Fundamente von Kugelgasbehältern mit punktförmigen Abstützungen.
D er A rtik e l g ib t die L ö su n g  e iner a u f  den  U n te rg ru n d  geleg ten  K re isp la tte , w elche e in e r 
e x zen trisch en  E in ze llas t u n terw o rfen  w ird . D ie  E rgebn isse  k ö n n en  bei de r B erechnung  von
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K re isg ru n d p la tte n  an g ew en d e t w erd en , w elche au f Säu len  o d er p u n k tfö rm ig e n  S tü tz u n g e n  
liegende G ebäude, B e h ä lte r  o d er T ü rm e  trag e n , se lbst im  F a lle  w en n  die n ach  B elieben  ge
ste llten  Säu len  zufolge de r W in d b e las tu n g  versch iedene K rä f te  a u f  d ie P la tte  ausüben .

Круглая плита фундамента шарового газгольдера, покоящегося на точечных опорах.
В статье дается решение круглых покоящихся на грунте, плит, на которые действует экс
центричная сосредоточенная сила. Результаты работы распространяются на решение за
дачи о расчете круглых плит в случае передачи на плиту нагрузки от колонн, а также со
оружений, покоящихся на точенных опорах (резервуары, башни). Результаты работы также 
дают возможность рассчитывать круглые фундаментные плиты и при случае, когда вслед
ствие ветровой нагрузки произвольно расположенные колонны передают на фундамент
ную плиту различные по величине силы.

14 Acta Technica Academiae Scientiarum Hunharicae 76, 1974
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RAUMGEOMETRIE IN DER TECHNISCHEN PRAXIS

von I. PÁL

Der fünfhundert Anaglyphen erhaltende Band bietet, nach Bereinigung der allgemeinen 
Grndbegriffe, einen Überblick über die raumgeometrischen Probleme der einzelnen Industrie
zweige Namentlich die Raumprobleme der Maschinenindustrie (technische Zeichnunng, 
charakteristische Kurven, Technologie der Spanabhebung), der Bauindustrie (Schalen- und 
Pachwerkkonstruktionen, Statik), der chemischen Industrie (Raumgitter, Kristallsymmet
rien) sowie die auf diesem Gebiet erzielten Ergebnisse sind im Werk eingehend behandelt. 
Abschließend befaßt sich das Buch mit einigen im Grenzgebiet der Geometrie und der Mathe" 
matik gelegenen Problemen (Koordinatensysteme, Kurven, Flächen) sowie mit der Praxis 
entnommenen Fragen (Flächen zweiter Ordnung in der spanabhebenden Bearbeitung 
Gewichtskurvenblatt, die empirische Funktion usw.). Die Auswahl der behandelten Probleme 
gestalten das Buch zu einem wichtigen Hilfsmittel der technischen Praxis.

In deutscher Sprache • 1974 • 176 Seiten • 555 Abbildungen • Ganzleinen 
Ш

DIMENSIONIERUNGSFRAGEN DER ZAHNRAD- 
PLANETENGETRIERE

von Z. TERPLÁN

Das Zahnrad-Planetengetriebe ist eine spezielle Art der Zahnradgetriebe, das in den letzten 
anderthalb Jahrzehnten eine große Entwicklung durchgemacht hat. In diesem Buch werden 
in erster Linie die vom Verfasser oder von seinen Mitarbeitern beantworteten Fragen zusam
mengefaßt. Das Werk ist kurz gefaßt und komprimiert, dem leichteren Verständnis dienen 
zahlreiche Abbildungen und ein umfangreiches Tabellenmaterial. Ein reichhaltiges Literatur
verzeichnis ergänzt das Buch.

In deutscher Sprache • 1974 • 304 Seiten • 114 Abbildungen • 9 Tabellen • Ganzleinen
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THE NITROGEN INDUSTRY I—II

edited by Gy. Honti

This work is both a monograph and an indispensable handbook for those working in the field 
of nitrogen industry and the various branch industries. It includes all the subjects of the 
ndustry; e.g. thermodynamics, technology, energetics, engineering design, construction and 
ndustrial practice, power and water supply. It treats also the question of most recent results, 
uch as, e.g. the ammonia synthesis based on high-capacity, single stream, hydrocarbon steam- 
reforming. The historical background and prospects for the future are outlined so tht ' .a  
picture of an impetous young branch of industry is provided.

In English • Approx. 1360 pages • Cloth

2nd INTERNATIONAL SYMPOSIUM 
ON INFORMATION THEORY

Tsahkadsor, Armenia, USSR 
September 2 — 8, 1971

edited by B. N. Petrov and F. Csáki

The 2nd International Symposium on Information Theory held in 1971 was organized by 
Soviet scientific organs in cooperation with the International Union of Radio Science (URSI). 
The lectures delivered by eminent scientists and researchers coming from 15 countries comprise 
the recent results of the modern information theory. The main topics were: general methods 
of information theory; coding theory and complexity estimates of encoders and decoders; 
feedback systems; algebraic methods of encoding; source encoding; statistical methods and 
learning systems.

In English • 451 pages • Cloth

AKADÉMIAI KIADÓ 
Budapest



UNGARISCHE LOKOMOTIVEN UND 
TRIEBWAGEN

121

von K . K opasz, M . K u b in szk y , B . M a n n d o r ff und B . V arjú

In  d iesem  W erk  w ird  je d e r  D am p f-, Diesel- u n d  E le k tro -L o k o m o tiv ty p  d er 

125 J a h re  um fassenden  G esch ich te  d er ungarischen  E ise n b a h n  ausfü h rlich  

b e h a n d e lt. Bei jed e r G a ttu n g  w erden  die techn ischen  A ngaben  m it c h a ra k te r 

s tisch en  E inzelheiten  des B e trieb es  e rg än z t. Es w erd en  die in  U n g arn  h e r

g es te llten  L okom otive au sfü h rlich  b e h a n d e lt u n d  die B esp rech u n g  m it T y p e n 

sk izzen  u n d  P h o to g rap h ien  e rg ä n z t, w obei die m eisten  P h o to g ra p h ie n  S e lten 

h e itsw e rt besitzen . B esonders die B eh an d lu n g  der T riebw agen  von  G an z— 

Je n d ra s s ik  und  der e lek trisch en  L ok o m o tiv en  des S ystem s K an d ó  is t  seh r a u s 

fü h rlich , da  es sich h ie r u m  spezielle ungarische  E rru n g e n sc h a ften  h an d e lt. 

D as B u ch  besch äftig t sich auch  m it vom  A usland  b esch a fften  L o k o m o tiv en  

d e r U ngarischen  E isen b ah n en . D as W erk  is t m it b io g rap h isch en  A ngaben  

b e rü h m te r  ungarischer L o k o m o tiv k o n s tru k te u re , dem  N u m m ern p lan  d e r 

MÁV u n d  T y p en tab e llen  e rg ä n z t.

In  d e u tsch e r S prache • E tw a  380 S eiten  • Z ahlreiche A b b ildungen  u n d  

T ab e llen  . G anzleinen

A K A D É M IA I K IA D Ó
V erlag  d er U ngarischen  A kadem ie  d e r W issenschaften  
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T H E  T H E O R Y  O F G R IN D A B IL IT Y  A N D  TH E 
C O M M IN U T IO N  O F BINARY M IX TU R ES

by K. Reményi

This book deals with the theory as well as the experimental aspects 
of the grinding behaviour of various materials. A critical evaluation 
of the most important theories and procedures of comminution is fol
lowed by examination of the behaviour of the components of mixtures 
during grinding. In this part, the author clarifies the fundamental physical 
law of the grindability of mixtures. Several conclusions can be drawn 
from the author’s investigations .'changes of the grinding time of mixtures 
involve changes in the proportional amount of the crushing energy in 
relation of the different components; in case of grinding mixtures, the 
size distribution curves of the components follow either a regular log
normal or an RRB distribution, hence, the resulting ground product of 
the compounds will have neither lognormal nor RRB distribution; the 
value of the relative grindability index is not of an additive character.

In English • Approx. 130 pages •  Cloth

-  ISBN 963 05 0231 3

AKADÉMIAI KIADÓ 
Budapest



B itó , J .  F.— An t a l , K. G. Examination of the Structure of Functional 
Relations Among Physical Quantities and Some Application thereof in 
Discharge Physics

Theorem n, the basis of the dimension theory, and starting from the same, 
the structure of functional relations among physical quantities, ;are being 
analyzed. The practiced application of the theorem л  is demonstrated on a 
classical mechanical example and its field of application is later extended 
to discharge physics. The dimension theory which is methodically simple 
but at the same time suitable for the deduction of useful conclusion may 
be advantageously applied in discharge physics. The analysis of the 
function systems, requiring great mathematical apparatus and solvable 
only by the application of approximative methods, further the analysis of 
the working hypotheses is facilitated and accelerated by the application 
of theorem n.

Acta Techn. Hung. 7 6  (1 9 7 4 ) ,  257—272

Acta Techn. Hung. 76 (1974, 273—292

K o llár , L.: Analysis of Double-Layer Space Trusses with Diagonally 
Square Mesh by the Continuum Method

A double-layer space truss is examined wit both chord planes being of 
square mesh but at 45° to each other. The mode of supporting to provide 
rigidity, and number of redundacies are determined. A differential equa
tion system of the substituting continuum as well as relationships for the 
calculation of the truss bar forces from continuum internal forces are 
established.

Acta Techn. Hung. 76 (1974), 293—306

MuRTY, J. S.: A Comparative Study of some Creep-rupture Extrapolating 
Formulae

A comparative study of some creep-rupture extrapolating formulae is 
made. The basic differences between the different parametric formulae are 
discussed. It is shown that the basic differences between the parametric 
formulae lie in the rate-controlling mechanisms which are different in the 
different parametric formulae and this is implied in the assumptions made 
by different authors while deriving their parametric formulae. Using the 
creep-rupture data of a Cr-Mo-V steel, the various formulae are compared 
for their extrapolating ability by the standard deviation. It is found, in 
general, that the iso-thermal relations have a better correlation with the 
rupture data. All the parametric formulae, which are considered, have 
given the standard deviation of the same order of magnitude. Rupture 
stresses were predicted for rupture times of 104 and 105 hours by the 
different methods.





A d a  T e c h n .  H u n g .  76 (1974), 3 0 7 — 3 3 6  

T á r n á i, T .: S p h e r i c a l  G r i d s  o f  T r i a n g u l a r  N e t w o r k

The network of single-layered spherical grids consisting of triangles is 
geometrically analysed. The answer sought for is how a sphere surface 
might be divided into the greatest possible number of spherical triangles 
with a small number of different side-lengths in such a way that the 
division be as uniform as possible. With the aid of regular or semi-regular 
solids approximately uniform triangular division is produced on the 
surface of the sphere from which the densest network should be selected. 
A new method of division is suggested and the resulting configurations are 
compared to those obtained by Fuller’s methods of subdivision.

A c t a  T e c h n .  H u n g .  76 (1974), 3 3 7 — 3 5 3  

Z olnay , L.:

Water Supply of Mediaeval Hungarian Towns and Fortresses. As was 
proved by the evidence of Hungarian diplomatics and archeology, the 
towns of Hungary — Transsylvania and Northern Hungary (Slovakia) 
included — were equipped in the 14th and 15th centuries with gravity 
watermains. The pumps for the water supply of mountain fortresses 
represented a considerable progress in comparison with these aqueducts, 
well-known already in antique Pannónia. According to written records, 
the first pump was installed in Buda in 1416. In the 15th century the 
fortresses of Pozsony (Bratislava), Visegrád and Belgrade were equipped 
with similar pump works by the Kings of Hungary. Still more important 
was the water-conduit of King Mathias Corvinus. Based on the law of 
communication vessels, this conduit carried the water of the Buda moun
tain sources down into the valley and from there on up to the castle hill. 
The architect was probably Chimenti Camicia of Firenze. Most of Hungary’s 
important monuments of technical history were destroyed during the 
Turkish occupation (16—17th century).

A c t a  T e c h n .  H u n g .  76 (19744), 3 5 5 — 3 7 0

T ím á r , A.: T e s t i n g  t h e  P l a s t i c  P r o p e r t i e s  o f  C o h e s i v e - a n d  I n t e r m e d i a t e - T y p e  
S o i l s  b y  E x t r u s i o n

The author describes a simple apparatus designed on the extrusion 
principle, a technique widely used in cold-plastic working of metals, and 
suggests its use for testing the plastic properties of soils. A comparative 
study of the extrusion technique has verified a new concept of the liquid 
limit and plastic limit of soils, on an energy theory basis, as one truly 
reflecting physical behaviour. The suggested method permits liquid limit 
and plastic limit to be determined within a single bar extrusion test. As the 
procedure is fully mechanized, test results are relatively free from subjective 
errors. A statistical evaluation of a large number of tests has revealed a fair 
correlation between results furnished by conventional and extrusion 
methods. In order to clarify certain details further investigations are 
suggested.





Acta Techn. Hung. 7 6  (1 9 7 4 ) , 371 — 389

V arga , L. : D i s p l a c e m e n t  F u n c t i o n s  o f  O r t h o g o n e l l y  A n i s o t r o p i c  C y l i n o t r i c a l  
S h e l l s

Diplacement functions describing the stress state of orthotropic, aniso
tropic cylindrical shells are analysed and determined on the assumption 
of homogeneous anisotropy. By introducing the displacement functions, 
the exact and approximate solutions of the set of differential equations 
derived from the equilibrium conditions are presented. The relation 
between the displacement and isplacement functions rendering general 
solutions to the homogeneous part and performing particular solutions 
to the non-homogeneous system are detailed. The differential equations 
furnishing the establishment o) the displacement functions are reported. 
Last, the relations existing between the displacements caused by the 
membrane forces and the displacement functions, as íveli as the differen
tial equation including the displacement functions and its solution are 
shown. ' .

A c t a  T e c h n .  H u n g .  76 (1974), 3 9 1  — 4 1 1

Meg a h id  Ah m e d  A .— L e n k e i, P.: T h e  E f f e c t  o f  t h e  C r o s s - S e c t i o n  D i m e n 
s i o n s  o n  t h e  D u c t i l i t y  o f  C o n c r e t e

A test program was carried out to investigate the effect of the cross- 
sectional dimensions on the ductility of concrete. 60 axially and eccentri
cally loaded concrete prisms of various cross-sectional dimensions as well 
as 14 r.c. beams with variable dimensions of compression zone (depth and 
breadth) under pure bending were tested. The investigations proved, that 
the stress-strain curve of concrete is depending on the type of loading 
(centric or eccentric compression, bending). The ultimate strain in the 
extreme compressed fibers of the axially compressed concrete prisms 
increased, but that of the eccentially compressed concrete prisms and of the 
compressed zone of the r.c. beams decreased with the increase of the 
depth of the compressed concrete. These changes were due to the corre
sponding changes in the plastic parts of the ultimate concrete strains.

A c t a  T e c h n .  H u n g .  76 (1974), 4 1 2 — 4 2 3

H oln apy , D.: N u m e r i c a l  A l g o r i t h m  t o  D e t e r m i n e  t h e  D i f f e r e n c e  O p e r a t o r s  
o f  B o u n d a r y - V a l u e  P r o b l e m s

The present paper suggests an algorithm for the determination of the 
linear equation systems for solving of boundary-value problems by 
means of the finite difference technique. The method involves the produc
tion of the difference operator, and enables the interpolation polynome 
approximating the solution area to satisfy such conditions that can be 
specified by the linear combination of the derivatives. Thus, the process 
includes the most frequently employed methods based on the Lagrange 
interpolation. The plurilocal method (Mehrstellenverfahren) satisfying the 
differential equation at a number of points may be considered as a special 
version of this technique.





K is ,  S.: R a t i o n a l  A s s u m p t i o n  o f  I n t e r p o l a t i o n  R e f e r e n c e  P o i n t s  i n  t h e  C a s e  
o f  B i v a r i a t e  L a g r a n g e  I n t e r p o l a t i o n

The paper deals with the bivariate Lagrange interpolation with respect 
to the unicity of the interpolating polynome. Such an interpolation 
(regular) point pattern is defined where the interpolation can be unequi
vocally performed. The properties of regular point patterns are studied, 
and a practical method is introduced for their production. Finally, some 
regular interpolation point patterns are presented as examples for the 
application of the method described.

Acta Techn. Hung. 7 6  (1 9 7 4 ) , 425—433

A c t a  T e c h n .  H u n g .  7 6  (1974), 4 3 5 — 4 5 1

MÁRKUS, Gy .: C i r c u l a r  P l a t e  F o u n d a t i o n s  o f  S p h e r i c a l  G a s  T a n k s  o n  P o i n t  
S u p p o r t s

The paper gives the solution for a fundament circular plate on the under
soil, which is loaded by an eccentric force. The results may be used for the 
calculation of circular ground plates of buildings, tanks, towers resting on 
columns, or point supports, also in the case when the arbitrarily situated 
columns pass onto the plate forces of different magnitudes resulting from 
wind pressure.
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