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CALCULATION OF WATER HAMMER PHENOMENA  
BY AUTOMATIC SEQUENCE CONTROLLED 

DIGITAL COMPUTERS*
P A R T  I :  BA SIC P R IN C IP L E S , E Q U A T IO N S  A N D  F O R M U L A E

I. ВАТТА

ENTERPRISE FOR ESTABLISHMENT OF POWER STATIONS, BUDAPEST 

[Manuscript received M ay 24, 1962]

The m ethods which have generally been applied up to now for the determ ination of  
the hydraulic transients o f pipe works of water and oil supply and hydraulic power u tilization  
are n ot satisfactory. This paper wishes to  present, especially  for designers, a general m ethod  
based on M assau’s characteristic theory. The m ain poin t o f this first part is given b y  various 
sets o f form ulae. Som e of the boundary value problem s elaborated here are: junction  o f pipes, 
m ultip le branches, throttling and volum etric dam ping elem ents, power failure of pum ps, 
turbine load failure under action of a speed governor. The present paper illustrates, how  to  
begin solving a problem  and how to  design a com puter program. The second part to  be 
published in  the near future, will contain the com plete program of an actual problem , the  
f in a l results o f calculations and com parative experim ental results.

List of symbols

a w ave velocity;
d internal diam eter of the pipe; 
f  cross sectional area of the pipe; 
g  acceleration due to gravity;
h len gth  spacing, address o f to ta l head, loss head (A’); 
i tim e spacing point;
j  length  spacing point;
m dim ensionless deviation of the adjusting piston of the governor; 
n  speed, po ly  tropic exponent;
q address o f discharge;
t tim e;
w adjustm ent of the desired value on th e  governor;
X  length , dim ensionless deviation  o f speed; 
y  variable leve l difference;
z  address o f  Z\
A  atm ospherical pressure head;
F  cross sectional area of the surge ta n k , or that o f the air cham ber;
G lim it value of the throttling param eter;
H  to ta l head;
J  m om entum  of inertiae;
L  hom ogeneous linear ordinary d ifferential expression;
M  torque;
N  num ber of the longitudinal spacings on a pipe section;
Q discharge;
T  constant o f tim e-dim ension;
Y  constant leve l difference;
z  =  Q\ Q I ;
Í, 7] generalized loss factors; 
г throttling parameter.

* Presented in a concise form at the Conference of H ydraulic M achinery held on 
January 11 —13, 1962, b y  the Society o f M echanical Engineers in  B udapest.

Acta Techn. Hung. 51 (1965)



4 I. ВАТТА

I. Introduction

A n o n -stead y  flo w  phenom enon ta k in g  place in  long pipelines is called 
w a te r  ham m er. T h e  p re se n t paper deals w ith  th e  ph en o m en a , in  w hich i t  m u st 
be considered th a t  th e  v alue  of th e  velo c ity  o f th e  p ro p ag a tio n  of th e  changes 
is fin ite . E x a m in a tio n  o f  th e  w ater h am m er p h en o m en a  is f irs t of all necessary  
in  th e  case of w a te r  an d  oil lines an d  th e  d ischarge  tub es o f h y d ro 
electric  pow er s ta t io n s  hav ing  g rea t h ead . T he co m p u tin g  m ethod  to  be 
discussed perm its  th e  d e te rm in a tio n  o f  th e  tim e  course o f  th e  p ressu re  an d  
th e  velocity , as w ell as o f all q u an titie s  co nnec ted  w ith  th e  phenom enon  a t  
a n y  p o in t o f th e  p ip e  line, w ith  th e  com ple te  ex p lo ita tio n  of th e  accu racy  
assu red  by  th e  e le m e n ta ry  hydrau lic  re la tio n sh ip s , w ith o u t th e  ap p licab ility  
o f th e  procedure b e in g  lim ited  by  th e  co m p lex ity  o f com pu ting  p rob lem  — 
opposite  to  th e  g ra p h ic a l and  num erical m e th o d s know n  h ith e rto . In  a p p li
ca tio n s of checking, o r  ite ra tiv e  n a tu re , th e  p rocedure  gives assistance , b y  
using  exp erim en ta l d a ta  if  necessary  or possib le , to  th e  design an d  o p e ra tio n  
w o rks, p e rm ittin g  e.g . to  avo id  th e  d e tr im e n ta l p ressu re  peaks and  th e  b reak in g  
o f  th e  w ate r co lum n . F u r th e r  i t  allows th e  precise analysis  o f e.g. govern ing  
o r pow er failure processes and  th a t  o f  com plex  pipew orks. T hus, it  discloses 
th e  m ain  com p o n en ts  o f  sa fe ty , th e  econom ical design an d  th e  p ro p er o p e ra 
tio n . I t  is to  be em p h asized  th a t  a given co m p u te r  p ro g ram  m ay  m an y  tim es  
be ru n  b y  v a r ia tin g  th e  several basic d a ta , w hereby  th e  m ost su itab le  va lu es  
o f th e  respective d a ta  can  be chosen.

B y th is  p ro c e d u re  th e  num erical a n d  g rap h ica l m ethods, re sp ec tiv e ly  
so fa r  used are n o t  su perfluous, nam ely , on th e  one h an d , th e y  are in c lu d ed  
as a degenera ted  case an d , on th e  o th e r h a n d , th e  m ore sim ple m e th o d s are  
ev id en tly  su ited  fo r so lv ing  m ore sim ple p rob lem s la te r , besides, for p re lim i
n a ry  investig a tio n s a n d  to  exam ine th e  e ffec t o f  ce rta in  secondary  co m p o 
n e n ts , adop tion  o f  th e  m ethods used up  to  now  is o ften  ad v an tag eo u s. T he 
com pu ting  m eth o d  to  be p resen ted  is based  on one o f th e  classical so lu tions 
o f  p a r tia l d iffe ren tia l eq u a tio n s  and  m akes possible to  ta k e  in to  consid era tio n  
th e  p ipe fric tion  losses d is tr ib u ted  co n tin u o u sly  a long  th e  p ipeline. T he losses 
m a y  be tak en  in to  a cco u n t, in case o f a n y  flow  p a tte rn ,  co rrespond ing  to  
s te a d y  conditions. T h is  w ay  of considering  th e  pipe fr ic tio n  losses is, in  p r in 
cip le, n o t sa tis fa c to ry , b u t  — especially  in  case o f re la tiv e ly  slow changes — 
c an n o t be o b jec ted  to  from  a p rac tica l p o in t o f view . In  ad d itio n  th e  b e h av io r 
o f  th e  non s tead y  v isco u s and  tu rb u le n t flow  is n o t p ro p erly  cleared u p  as y e t, 
f in a lly  th is  sim ple co n sid e ra tio n  of th e  p ipe fr ic tio n  obv iously  m eans a p rogress 
as aga in st th e  c a lc u la tio n  o f the  losses in  a c o n c e n tra ted  form .

The p resen t c o m p u tin g  m ethod  m ay  be  ap p lied  in  th e  p rac tice  — p re 
c ise ly  in  the  p ro b lem s i t  is in ten d ed  fo r — ow ing to  th e  h igh  n u m b er o f  th e  
necessary  a r ith m e tic  o p era tio n s, can be done only  b y  com puter.
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CALCULATION OF WATER HAMMER PHENOMENA 5

T he f irs t  p a r t  o f th e  s tu d y  now  being  p u b lished  clears up  th e  bases of 
p rincip le  o f  th e  p rocedure  includ ing  v a rio u s sets o f  fo rm ulae.

II. Basic equations o f  the water ham m er

E q u a tio n  o f m o tion :

1 ;
Z ,H x +  —  Qt = --------- —

fg  2 d f - g

Z — Q\Q\.

( ! )

I n  th e  r ig h t side of eq u a tio n  (1) th e  p ipe  fric tio n  loss is expressed. B y d iffe
re n t fu n c tio n s X =  X(Re) an y  flow  p a t te r n  m ay  he  considered. A m ong th e  
variab les th e  rig h t-s id e  o f th e  eq u a tio n  depends on Q.

E q u a tio n  o f c o n tin u ity :

H, +  ^ - Q x =  0 . (2)
f g

E q u a tio n s  (1) a n d  (2) form  a hyp erb o lic  system  o f tw o  p a r tia l d iffe ren tia l 
eq u a tio n s o f th e  f irs t  o rder, w hich m a y  be solved b y  th e  th eo ry  o f c h a ra c 
te ris tics .

III. Solution o f the fundam ental equations, grid equations, 
internal points o f  the pipeline

T he fu n d a m e n ta l equa tions (1) a n d  (2) form  fo r th e  unknow ns H x, H,\  
Qx, Qt an  in d efin ite  sy stem , b u t  co m p le ted  by  th e  s trip e  conditions

and

d H
dx

dQ

dx

=  H X +  H *
dx

=  QX +  Q , ~
dx

(3)

(4)

th e  sy stem  becom es defin ite .
T he c h a ra c te ris tic  p ro jec tio n  lines t =  l(x) a re  th o se , along w hich, in  

know ledge o f  th e  line deriva tives d H /d x  an d  dQ/dx  th e  p a r tia l d e riv a tiv es  
H x, H t ; Qx, Qt can  n o t  be d e te rm in ed  un iv o ca lly  fro m  th e  system  fo rm ed  
b y  th e  fu n d a m e n ta l eq u a tio n s an d  th e  s trip e  cond itions. A ccording to  th is  
cond ition  — th e  so-called cond ition  o f  d irec tion  — th e  d e te rm in a n t o f  th e  
coefficients a long  th e  ch a rac te ris tic  p ro je c tio n  line shou ld  van ish .
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t h a t  is

I. ВАТТА

1 0 0
1

f g

0 1
a 2

f g
0

1
dt
dx

0 0

0 0 1
dt
dx

dt
dx =  ±

1
9

a
(5)

th u s ,  th e  sets o f th e  c h a ra c te ris tic  p ro jec tio n  curves are sets o f  s tra ig h t lines 
o f  slope i l /а.

The change in  H  a n d  Q a long th e  p ro jec tio n  ch a rac te ris tic s  x, t re su lts  
f ro m  th e  so-called co n d itio n  o f co m p a tib ility . N am ely , th e  sy s tem  consisting  
o f  th e  fu n d am en ta l e q u a tio n s  an d  s trip e  cond itions m ay  o n ly  be solved, if  
th e  ra n k  of th e  e x te n d e d  m a tr ix  is eq u a l to  th a t  o f th e  m a tr ix  o f th e  coeffi
c ien ts . A ccordingly

t h a t  is

Я
7 0 0

1

2 d p g fg

0 1 J * .
fg

0

d H
dx

A  0
dx

0

dQ
0 1

dt
dx dx

a dQ Я1 7 —

±  f g dx 2 d f  2 g
( 6)

This eq u a tio n , ex p ressin g  th e  change in  H  an d  Q a long  th e  p ro jec tion  
ch a rac te ris tic s  is M assau ’s form  o f th e  ch a rac teris tic s  H , Q. T he sign -j- 
be longs to  th e  slope - f - l /a , while th e  sign — to  th a t  o f — l /а . A  sim ilar eq u a tio n  
w as pub lished  b y  Gr a y , ASCE 1953, how ever using  th is  e q u a tio n  for m od i
fy in g  th e  g raph ica l p ro ced u re  an d  especially  for co n stru c tin g  th e  lam in a r 
w a te r  ham m er.

I t  is to  be o b se rv ed  th a t  w ith  Я == 0 th e re  exists ch a rac te ris tic s  i f ,  Q 
w h ich  are in d e p e n d e n t o f  th e  p lane x , t an d  th ese  are p recisely  th e  equ a tio n s
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CALCULATION OF WATER HAMMER PHENOMENA 7

o f  th e  w ell-know n shock  lines. T h e  independence  of x , t o f  th e  shock  lines 
p e rm its  th e  shock  lines to  sp an  over a n  a rb itra ry  d istance a n d  tim e , re sp ec tiv e ly , 
a n d  in  th is  case to  c o n s tru c t a g rid  o f  ch arac teris tics  co n sisting  o f in fin ite s im a l 
e lem en ts  becom es u n n ecessary , a n d  th e  m esh  sizes m ay  also be  f in ite . N e v e rth e 
less, in  case o f Я 0 ta k e n  as th e  basis  of these ca lcu la tio n s, th e  p ro b lem  is 
p recisely  th e  n u m erica l d e te rm in a tio n  o f  th is  grid, co n sisting  o f in fin ite s im a l 
e lem en ts . To solve a p rob lem  n u m erica lly , one m u st a lw ays h av e  a recourse  
to  fin ite  e lem en ts, co n seq u en tly , th e  above discussions m ean  th a t  p ra c tic a lly  
in  case o f Я =  0, i f  allow ed b y  th e  b o u n d a ry  conditions, th e  len g th - a n d  tim e  
u n its  o f th e  g rid  m a y  be chosen to  be considerably  g re a te r  as co m p ared  to  
th e  case Я =f= 0.

A ssum ing Я =  co n st., w ith  f ix e d  len g th - and  tim e  u n its  A x  =  h, At — h:a 
e q u a tio n  (6) m ay  he solved b y  th e  tra p e z e  rule (Fig. 1). T he only  im p o r ta n t  
re s tr ic tio n  is th e  necessity  o f use o f th e  trap eze  ru le:

3

-  Q J  4- — ^ — (Z 3 +  Z 1) =  0 ,  (7)
f g  4 d f -  g

t f 2 - H a — f  (<?a - < ? s) +  - ^ - ( Z 2 +  Z 3) =  0 . (8)
f g  4 d p  g

T hese  eq u a tio n s m ay  be se p a ra te ly  u sed  for ca lcu la ting  th e  b o u n d a ry  cond i
tio n s , i f  th e  p o in t m a rk e d  3 is a r ig h t-  or left-side b o u n d a ry  p o in t. In  in te rn a l 
p o in ts  i f 3 a n d  Q3 i t  m ay  be ca lcu la ted  from  th e  know n (in itia l) va lues b e lo n 
g ing to  th e  p o in ts  1 an d  2 b y  th e  fo rm u lae  o b ta ined  b y  e lim in a tio n  from  E q s
(7) an d  (8):

я з =  V  «?1 -  Q*) +  (Z i  -  Z 2) , (9)
2 2 f g  8 d p  g

Q» =  ^ ( Q i  +  Q t ) +  - i ^ ( H l - H 2) - - ^ — ( z 1 +  2 Z 3 +  z 2) ( io )
2 2 a  8 adj

F ro m  (9) H 3 m a y  d irec tly  be co m p u ted , (10) yields th e  v a lu e  o f Q3 e.g. b y  
ite ra tio n . T he ra p id ity  o f th e  convergence  of th e  ite ra tio n  is in fluenced  b y  th e  
m esh  size h.
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IY. Initial conditions

The in itia l c o n d itio n s  correspond to  a s te a d y  m o tio n  o r a h y d ro s ta tic  
s ta te .  The h y d ro s ta tic  s ta te  is tr iv ia l, b u t  th e  d e te rm in a tio n  of th e  s te a d y  
flo w  dem ands g rea t c a re , especially  in  th e  case o f a com plex  system  of lines. 
T h e  in itia l values m a y  be  ca lcu la ted  w ith  w ell-know n m eth o d s. One m u st 
a v o id  inconsistency b e tw e e n  th e  in itia l va lu es  an d  th e  shock  equations an d  
th e  boundary  e q u a tio n s . As a s ta rtin g  co n d ition  also an  in te rm e d ia te , m om en
t a r y  s ta te  of the  c a lc u la tio n  m ay  figure. A co m p u tin g  p ro b lem  like th is  m ay  
a p p e a r  e.g. in co n n ec tio n  w ith  a check-w alve closing or, fo r exam ple, if  th e re  
is a sudden change in  th e  cross sectional a rea  of a surge ta n k .

5  I . ВАТТА

Y. Boundary conditions

The b o u n d ary  v a lu e  problem s given do n o t lay  cla im  to  com pleteness, 
b u t  due to  th e ir d iv e rs i ty  th e y  elucidate  a lm o st th e  to ta l  fie ld  o f th e  w a te r  
h a m m e r com puting p ro b lem s. The b o u n d a ry  value e q u a tio n s  m ay  be a d o p ted  
w ith o u t any a lte ra tio n  ev en  i f  — in case o f  a sh o rt line sec tion  — th e  x, t 
g r id  consists p u re ly  o f  b o u n d a ry  points.

1. Junction  o f  tivo p ip e  sections

The pipe sec tio n s m a y  have d iffe ren t d iam ete rs , be o f  d ifferen t w ave 
velocities and pipe f r ic tio n  loss coefficients. A t th e  ju n c tio n  a d ifferen tia l 
th ro t t l in g  m ay ex is t.

1

On the basis o f  c o n tin u ity

Qi — ön =  Q1 Z\ — Z\\ -  Z  .

T h e  flow  loss ap p e a rin g  a t  th e  ju n c tio n

H i  — H u =  ÇQ2 -)- r jZ , (11)
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CALCULATION OF WATER HAMMER PHENOMENA 9

w here f  a n d  r] are loss fac to rs o f  su itab le  dim ensions, w ith  signs if  necessary . 
A ccord ing  to  (7) an d  (8), re sp ec tiv e ly

= H i +  ~ { Q i  — (?) (Z  +  Z J ,
f i g  4 d i f ! g  (12)

H n  =  H 2 - - ^ ( Q 2 - Q )  +  - £ ± - ( Z  +  Z J .
f i g  4 d j l g

F ro m  e q u a tio n s  (11) an d  (12) H i  a n d  Н ц  m ay  be e lim in a ted  an d  from  th e  
eq u a tio n  so o b ta in ed  Q m ay  be d e te rm in ed . A fter ca lcu la tin g  Z ,  also th e  
values H i  a n d  Н ц  m a y  be o b ta in e d  from  E q . (12).

2. Junc tion  o f  m a n y  lines in  a single po in t

All th e  p ipelines o f n u m b er P  m a y  h av e  d iffe ren t d iam ete rs . T he w ave 
velocities, th e  pipe fric tio n  loss coeffic ien ts m ay  also be d iffe ren t.

I n  th e  p re sen t eq u a tio n s th e  m easu rem en t of th e  v e lo c ity  an d  th e  p ipe 
len g th  is a p o sitiv e  value  to w ard s  th e  ju n c tio n  po in t.

I n  th e  ju n c tio n , a t  th e  in s ta n t  (,• — a t  th e  end  of all jo in in g  pipelines — 
th e  p ressu re  h ead  H  is a com m on v a lue .

T he va lu es  of th e  k -th  p ipeline belong ing  to  th e  in s ta n t  t , _x an d  to  th e
n e tw o rk  node  beside th e  ju n c tio n  are  desig n a ted  b y  k, w hile th e  q u a n titie s  
o f  th e  ju n c tio n  p o in t re fe rring  to  t,- a re  d eno ted  b y  K .

A t th e  sam e in s ta n t  f,- th e  c o n tin u ity  in  th e  b ra n c h  p o in t p revails

y Q K =  o . (13)
K = 1

T he shock  eq u a tio n s  for th e  p ipe lin e  sections o f n u m b e r P  n e x t to  th e  
ju n c tio n  p o in t are as follows:

H = H k +  {Qk _  q k)  _  J £ - ( Z ,  +  Z K) (14)
f k  g 4dkf-kg

к, К  =  1 ,2 ,  . . . ,  P .

T he n u m b e r  o f th e  eq u a tio n s  (13) a n d  (14) is a lto g e th e r P  -f- 1, th is  
n u m b e r is e x a c tly  id e n tic a l to  th a t  o f th e  unknow ns H  a n d  QK, conseq u en tly , 
th e  u n k n o w n s m ay  be d e te rm in ed .
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1 0 I. ВАТТА

3. The case, when the wave times are incommensurable w ith in  a pipeivork

In co m m en su rab ility  is th a t  case, w hen  th e  p ipe sections o f  th e  p ipew ork  
c a n n o t for co m p u tin g  purposes be d iv id ed  b y  len g th  u n its  hk in  such  a w ay  
th e  g rid  tim e u n it  A t  =  hklak should  be com m on for all line sections.

A t such tim es  th e  tim e  u n it m u s t be chosen to  co rrespond  to  th e  line 
sec tio n  p robab ly  fu rn ish in g  th e  p re p o n d e ra n t w a te r  h am m er effect. To th e  
ch a rac te ris tic  g rid , h ow ever, of all lines sections, w hich  a re  in com m ensurab le  
w ith  th e  m ain line sec tio n  from  th e  p o in t o f  view  of th e  w ave tim es, th e  irre g u 
la r  m esh  elem ents i l lu s tra te d  in  F ig . 3 m u s t be p ressed  in .

9 Ю

From  th e  v a lu e s  o f po in ts 1 a n d  2 those  belong ing  to  p o in t 3 m ay  be 
c a lcu la ted  w ith  e q u a tio n s  (9) and  (10) b y  su b s titu tin g  h =  h* . T h erea fte r tw o  
w ays m ay  be chosen . E ith e r  th e  p o in t 4 m u s t be lin ea rly  in te rp o la te d  b e tw een  
0 a n d  3 and  so th e  p o in ts  9 and  10 m ay  be ca lcu la ted  from  po in ts  7 a n d  8 
b y  E q s. (7) an d  (8) — su b s titu tin g  w ith  p o in t 9 th e  v a lu e  o f h =  h* in to  (8) 
a n d  w ith  10 th a t  o f  h — h* in to  (7) — or th e  po in ts  5 an d  6 m u st be in te r 
p o la te d  betw een 1 — 3 an d  2 — 1, re sp ec tiv e ly , w h ereb y  p o in ts  5 ,7 —9 an d  
6,8 — 10 form  re g u la r  n e tw o rk  elem en ts. In  p rincip le  th e  in te rp o la tio n  is p e r
m itte d  only if  th e re  a re  no d isco n tin u ities  o f 0 th an d  1st o rd er in  H  a n d  Q 
on th e  line sec tion  g iven . F rom  a p ra c tic a l p o in t o f v iew , com prom ise m ay  
be  m ade in  th e  l a t t e r  case. C alcu lation  b y  p o in t 4 seem s to  be m ore co rrec t 
as ag a in st 5 an d  6.

4. Closing device at the line end

The closing dev ice  e ith er closes, or opens th e  p ipeline. I f  th e  closing, 
o r opening is ra p id , a su itab ly  sh o rt tim e  u n it is to  be chosen.

A ccording to  th e  condition  o f d ischarge in to  th e  a tm o sp h ere , H 0 is a 
c o n s ta n t value e q u a l to  th e  geodetic h e ig h t o f d ischarge. W ith o u t lim itin g  
th e  generality , H 0 =  0 m ay  be w ritte n .
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CALCULATION OF WATER HAMMER PHENOMENA 11

T he th ro ttl in g  curves of th e  closing device m ay  be su m m arized  in  th e  
follow ing fo rm ulae:

н з =  H 3 ((?3, r 3) , 1 ^  r  ;>  G ;

Q3 =  Q3 (H 3, r 3) , G г  0 .

T he th ro ttl in g  p a ra m e te r  т is a fu n c tio n  o f tim e . I t  can  be observed  th a t  
fo rm u lae  (15) inc lude  b o th  th e  free d ischarge an d  th e  full closing.

I t  is p rac ticab le  to  ap p ly  th e  shock  eq u a tio n  in  tw o  fo rm s, too :

Q* =  Q i -  —  (H3
a

- B J -
Xh

(Z 3 +  Z x),
4 a d f

fg
-Q i)

Xh
■ ( Z ,  +  Z j ) .

4 d p  g

1 > t ^ > G;

G >  r  0.

(16)

Fig. 4

T he sy stem  consisting  o f eq u a tio n s (15) an d  (16) m ay  be so lved  e.g. b y  i te ra 
tio n . T he value o f G m u s t be so d e te rm in ed  th a t  th e  ite ra tio n  sh o u ld  he conver
g en t in  b o th  phases.

G m ay  be, d ep en d in g  on th e  n a tu re  o f th e  prob lem , also  a fix ed  value, 
b u t  i t  is p rac ticab le  to  b u ild  in  a p re lim in a ry  te s t  o f convergence in  th e  com 
p u tin g  p rog ram  — correspond ing  to  th e  ap p ro x im ate  m e th o d  a d o p ted  — 
an d  accord ing ly  to  choose b e tw een  th e  tw o  com pu ting  m e th o d s . T he th ro ttl in g  
curves — sim ilarly  to  o th e r em piric  fu n c tio n s — m ay  be g iven  ta b u la r ly , 
w hen  th e  ca lcu la tio n  m u s t be p erfo rm ed  b y  in te rp o la tio n , o r — in  a w ider 
sense o f  in te rp o la tio n  — b y  a n a ly tic  or sectionally  a n a ly tic  ap p ro x im a te  
fu n c tio n s.

5. Closing device in  the line 

A ccording to  th e  c o n tin u ity  .

<?I =  <?.! =  <?•
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12 I. ВАТТА

T h e  th ro ttlin g  cu rves o f  th e  closing device:

=  r ) ,  l ^ r ^ G ;

Q =  Q ( H 1 — H u , r ) , G >  T > 0 .

T h e  shock eq u a tio n s b e tw een  I  — 1:

Q =  Qx

ОГ

a n d  betw een I I  — 2:

or

T h a t

Q =  Qz +  —  (Hn -  H 2) +  — ^ 7-  (Z +  Z t)
a 4 adj

Hn =  H2+  - f  - (0 <?2) +  — +  Z2).
Ä  4rf/ 2^

Zj Z CL

-  Ж  (Я . -  Я „ )  -  — ( Z,  -  Z 2) 
2 a  8 a d f

H\ -  Я„ = H 1 - H 2 - ^ ± Q  +  ^ - ( Q i -  Q2) -
f g  f ë

Xh

4 d p  g
(Z ,  +  2 Z  +  Z 2)

(17)

(18)

^ - ( t f . - t f , ) -
a

Xh
- ( Z + Z f ) (19)

4 a d f

f g

Xh
(Z  +  Z J , (20)

4 d p  g

( 21)

( 22)

(23)

(24)

Fig. 5

T h e calcu lation  m u s t be perfo rm ed  in  tw o p a r ts  s im ila rly  to  th e  fo rm er sec tion .
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CALCULATION OF WATER HAMMER PHENOMENA 13

I f  1 г  G, fro m  (17) an d  (23) one m u st d e te rm in e  Hi  — Н ц  a n d  
a t th e  sam e tim e  fro m  (23) th e  value o f Q, f in a lly  from  (20) th a t  o f H i  a n d  
from  (22) t h a t  o f Н ц .

I f  G >  t  0, one has to  ca lcu la te  from  (18) an d  (24) th e  value o f Q, 
fu rth e r from  (20) t h a t  o f  H i  and  from  (22) Н ц .

6. A i r  chamber at the line end

The a ir  ch am b er w orks alone in  th e  line  a fte r  closing th e  closing device 
m oun ted  a f te r  th e  p u m p .

C o n tin u ity :

У з — Ti +  "r — (@3 +  @i)- (25)
1 a r

Pressure eq u a tio n :

H 3 =  H ( y 3). (26)

The sy stem  (25) — (26) is m ade com plete  b y  th e  shock -equation  b e tw een  
po in ts 3 a n d  2.

Schem e o f th e  ite ra tio n  cycle:
a)  F ir s t  a p p ro x im a tio n  of y 3 b y  Q3 =  Qv  from  (25);
b) f ir s t  ap p ro x im a tio n  of H 3 from  (26);
c)  f ir s t  a p p ro x im a tio n  of @3 from  th e  shock eq u a tio n .

7. A ir  chamber with differential throttling in  line 

C o n tin u ity :

Уъ — У a +  — — [(@11 — Ql) +  (Qii — @i)] • 
l  a r

(27)
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14 I. ВАТТА

The p ressu re  eq u a tio n  is o b ta in e d  b y  ta k in g  p o ly tro p ic  ex p ansion  in to  
acco u n t, also h y d ro s ta tic  considera tions a n d  d ifferen tia l th ro ttl in g :

To

.Уь
Hb= Y - Ä - y b +  (H0 +  A - Y + y 0)

— [£ (Qn ~  Q\) +  V Qu ~  @il] (Qu ~ Q i ) '

Shock e q u a tio n s  betw een  I  — 1 :

(28)

<?! =  < ? ! - —  (H b -  H x) -  — (Z,  +  Z J  , (29)
a 4 a dj

a n d  betw een  I I  — 2:

Qv =  Q> +  —  (H b - H 2) +  — ^ _ ( z n +  z 2) .  (30)
a 4 a d j

Schem e o f th e  ite ra tio n  cycle:
a)  A ssum ing  H b to  be c o n s ta n t, th e  f irs t  ap p ro x im atio n  o f Q\ a n d  Q t [ 

m a y  be ca lcu la ted  fro m  (29) an d  (30);
b) f irs t ap p ro x im a tio n  of y b is g iven  b y  (27);
c)  f irs t ap p ro x im a tio n  of H b m u s t be ca lcu la ted  from  (28).
The cycle is re p e a te d  u n til  a t ta in in g  suffic ien t accu racy .

8. Reservoir, surge tank  

The d ischarge  is co n stan t. C o n tin u ity :

F dy
dt

Q +  Qo — о î

Acta Techn. Hung. 51 (1965)
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t h a t  is

Уз = У г ------^7 <?o +  «?з +  Qz) ■ (3 ] )ah 1 a l1

P ressu re  h ead  a t  th e  e n tra n c e :

H 3 =  y 3 +  - ~ ( z 3 - Q D -  (32)
4 / “ g

T he unknow ns H 3, Q3, J 3 are  d e te rm in ed  b y  (31) an d  (32) an d  by  th e  shock  
eq u a tio n  betw een  p o in ts  3 — 1.

V ariab le  Q0(t), or y( t) ,  m ay  be p rescribed , fu r th e r  th e  w a te r h a m m e r 
m a y  also be considered  in  th e  flow -o ff b ran ch .

9. Surge tank  considered rigid at the end o f  a closed p ipe

W hen neg lec ting  th e  forces o f in e r tia e , the  surge ta n k  behaves as a 
s ta tic  v o lu m etric  d am p in g  device s im ila r to  an  air cham ber.

T he overflow  r e tu rn  surge ta n k s  changing  th e ir  cross sectional a rea  
b y  s tep  or b reak in g , m a y  be  co m p u ted  accord ing  to  sections. C onsidering th e  
forces o f  in e rtia e  — n eg lec tin g  th e  e la s tic ity  — th e  fo llow ing eq u a tio n s are  
o b ta in ed :

Acta Techn. Hung. 51 (1965)
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Continuity:

У3 — У1 г ~ г ( ( ? з  +  Qi)-
Z а г

(33)

Pressure e q u a tio n :

# з = У з  •
a F g

(34)

T h e  system  (33) — (34) is m ade com p le te  b y  th e  shock  e q u a tio n  be tw een  
p o in ts  3—2.

For ch a ra c te riz in g  th e  in itia l s te a d y  s ta te , у  a n d  Q — 0, the  values 
corresponding  to  th e  c o n s ta n t free w a te r  level are m em orized  th ro u g h o u t 
a n  in te rva l o f su ita b le  len g th  as belong ing  to  som e e q u id is ta n t, or n ea rly

e q u id is ta n t tim e v a lu e s , to g e th e r w ith  th e  respective  tim e  va lu e  are ta b u la te d  
m a n y  tim es.

In  the  fu r th e r  course of ca lcu la tio n  th e  re la ted  va lu es  of y ,  Q; t are  
o b ta in ed  and  m a y  be  a tta c h e d  to  th e  en d  o f th e  tab le . T he calcu la tion  a d v a n c 
in g , the  beg inning  o f  th e  tab le  g rad u a lly  becom es superfluous, 

y, t c h a ra c te r is tic  betw een J  — I :

10. Elastic surge tank  in  line

и

Fig. 10

t j  =  t , ~ a ' y j , (35)

y ie ld in g  th e  v a lu es  t j ,  у j  and  Qj.
y ,  t c h a ra c te r is tic  betw een  I  — I I :

ги  — */ +  a ' У и - (36)
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Shock eq u a tio n  betw een  J  — I  n eg lec tin g  th e  fric tio n :

=  (37)
f g

Shock eq u a tio n  betw een  I — I I  n eg lec ting  th e  fric tio n :

У п - И г  = -----— <?.)- (38)
f g

F u rth e r  th e  shock  eq u a tio n  betw een  p o in ts  1 '— 3 ' an d  1"— 3" m a y  be  se t 
dow n.

C o n tin u ity  in  p o in t I  == I '  =  I" :

Qi =  Q l - Q i -  (3 9 )

A pproach ing  fro m  an y  d irec tion , th e  p ressu re  h ead  a t th e  ju n c tio n  is
alw ays id en tica l.

Schem e of th e  i te ra tio n  cycle.
a )  T he change m ay  ta k e  place e ith e r  from  th e  d irec tion  of p o in t 1 ', 

or from  p o in t 1” . T he shock eq u a tio n  w ritte n  along th e  line, assum ing  H \  
to  be un ch an g ed , y ields th e  f irs t a p p ro x im a tio n  o f Q[ an d  Qp,

b)  th e  c o n tin u ity  eq u a tio n  (39) leads to  th e  f irs t  ap p ro x im a tio n  o f Q\;
c)  th e  f irs t  a p p ro x im a tio n  of Д ) m u s t be co m p u ted  from  th e  shock 

e q u a tio n  (37).
T he cycle is re p e a te d . A fter a tta in in g  a su itab le  accu racy , th e  q u a n titie s  

belonging to  p o in t I I  m u st be co m p u ted . F o r th is , an  eq u a tio n  o f second 
degree re fe rring  to  Ç n , o b ta in ed  from  th e  eq u a tio n  of c o n tin u ity

Ап Уи — ~ z r  (@n +  Qa) (*п — *(() (40)
1 r

of th e  w a te r  level, fro m  (36) an d  (38), i.e. a c tu a lly  th e  system  (36) — (38) — (40) 
m u st be solved.

11. P u m p  at the line end

T here  is no closing device or i t  does n o t w ork. T he level o f th e  p u m p  
well is c o n s ta n t, th e  losses of th e  d ra f t p ipe  an d  all f ittin g s  an d  a rm a tu re s  
are inc luded  in to  th e  p u m p  charac te ris tic s . T he speed o f th e  p u m p  reduces 
because o f pow er fa ilu re .
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C h arac te ris tics  of the  p u m p :

H  =  H (Q , n), (41)

M  =  M (Q , n). (42)
In e r t ia  eq u a tio n :

=  +  (43)
n  a j

T h e equa tions (41), (42), (43) a n d  th e  shock  eq u a tio n s betw een  p o in ts  3 — 2 
de te rm ine  th e  u n k n o w n s Q3, n3, H 3, M 3.

I t  can  be  o bserved  th a t  th e  ch a ra c te ris tic s  o f th e  p u m p  given b y  (41) 
a n d  (42) p e rm it th e  ca lcu lation , due  to  th e  one v a lu ed  an d  con tin u o u s n a tu re  
o f  th e  fu n c tio n s, o f  all o p era tio n a l co n d itions of th e  pu m p  (tw o p u m p -, tw o  
tu rb in e - an d  fo u r b rak e  dom ains).

I f  in  th e  fie ld  of c h a rac te ris tic s  dH/dQ a/fg th e re  occurs a ju m p  
in  th e  flow  a long  th e  shock-line, th e  va lu e  of th e  speed rem ains u n ch an g ed . 
F o rtu n a te ly , th is  s ta te m e n t is o n ly  o f  th eo re tica l im p o rtan ce .

12. P u m p ,  air chamber at the end o f  the pipeline

C h arac te ris tics  of th e  p u m p :

Щ  =  H (Q m , n 3), (44)

M 3 =  M (Q 1U, n 3). (45)
E q u a tio n  o f in e r tia e :

15 Ä /TI/Г 1 Т1/ГЧ 7l3 — n1 (M 3 +  ^ i ) *  
7i a j

(46)

C o n tinu ity :
2 n F

Qui =  Q3 +  Q l — Qi — - т -  (Уз -  r i )  •n
(47)

P ressure  e q u a tio n  o f th e  a ir ch am b er:

Л = # з ) . (48)

Ada Techn. Hung. 51 (1965)



CALCULATION OF WATER HAMMER PHENOMENA 19

T he sy stem  (44) — (48) is com pleted  b y  th e  shock  equa tions be tw een
3 - 2 .

T he e lem en ts  o f  th e  ite ra tio n  cycle: n 3 e.g. b y  M 3 =  M 1 from  (46), 
H 3 b y  (44), Q3 b y  H 3 from  th e  shock eq u a tio n , y 3 from  (48), Qm from  (47), 
f in a lly  M s from  (45).

Fig. 12

I f  dH/dQ  =  0, th e  flow  is b roken , t h a t  is, i t  ru n s  over th e  b rak e -b ran ch  
o f th e  curve o f u n ch an g ed  speed. This case dem ands a  special tre a tm e n t b u t  
does n o t d is tu rb  th e  c o n tin u ity  of th e  w a te r  h am m er.

13. P u m p , closing device at the end o f  the line

C h arac te ris tics  o f th e  pum p:

# i i i  =  H(Q3, n 3), (49)

Mg =  M(Q3, rig). (50)
In e r tia  e q u a tio n :

n 3 =  n i - - - - ( M j  +  M J .  (51)
тс a j

T h ro ttlin g  curves o f th e  closing device:

t f , „  -  t f 3 =  h'(Q3, t3), 1 >  T >  G; (52)

<?3 =  Q(HIII -  Hg, T3) ,  G >  г  ^  0. (53)

The sy s tem  becom es com pleted  b y  th e  shock  e q u a tio n  se t down b e tw een  
p o in ts  3 —2. T h e  shock  eq u a tio n  is to  be so lved  as is need ed  for Q3 an d  H 3.

T he c o m p u ta tio n  is to  be perfo rm ed  in  tw o  p a r ts  b y  th e  judicious a p p li
ca tio n  o f th e  fo regoing . The calcu la tion  — in  th e  sam e w ay  as before — d iv ides
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th e  system  in tw o  p a r ts  a fte r co m p le te  closing. N evertheless, a f te r  com plete  
c losing  it  is possib le to  ca lcu late  s e p a ra te ly  th e  closed en d  p ipe  section  a n d  th e  
c lo sed  pum p. T h is se p a ra te  ca lcu la tio n  — especially i f  th e  com plete  closing 
does n o t follow a t  a tim e  spacing p o in t — m ay  also becom e necessary .

S chem atica lly , th e  com pu ting  cycles consist of th e  fo llow ing e lem en ts. 
Beginning o f  closing:
a )  The f ir s t  ap p ro x im a tio n  o f n 3 b y  M 3 =  M x is y ie ld ed  b y  (51);
b)  th e  f irs t  ap p ro x im a tio n  o f  Н щ  b y  the  f irs t a p p ro x im a tio n  o f  n 3

is  g iven  by  (49);
c )  th e  f irs t  a p p ro x im a tio n  o f  H 3 m a y  be ca lcu la ted  from  (52);
d )  the  f irs t  ap p ro x im a tio n  o f Q3 is yielded b y  th e  shock  e q u a tio n ;
e)  th e  f irs t  ap p ro x im a tio n  o f  M 3 is fu rn ished  b y  (50).

The second phase  o f  the closing:
a )  The f ir s t  ap p ro x im a tio n  o f  n 3 b y  M 3 =  M x from  (51);
b)  th e  f irs t a p p ro x im a tio n  of Ç3b y  r  =  r 3, by  H 3 =  H x an d  b y  Н щ — H i  

fro m  (53);
c)  th e  f ir s t  ap p ro x im a tio n  o f H 3 from  the  shock e q u a tio n ;
d )  th e  f irs t  ap p ro x im a tio n  o f Н щ  from  (49);
e) the  f irs t  a p p ro x im a tio n  o f M 3 from  (50).

14. P u m p ,  closing device, air chamber at the end o f  the line 

C harac te ristics o f  th e  pum p:

Н щ  =- II(Qin,  n.j), (54)

M 3 = : M (Q  Щ, n 3). (55)
In e rtia  e q u a tio n :

n 3 =  ^ - ^ ( М з  +  М ^ . (56)
ti a j

T h ro ttlin g  cu rv es:

Н щ  — н3 = h'iQiu,  т3), 1 ^  T ^  G; (57)

Qm — Q(H[u — H 3, t 3), G >  r  )> 0. (58)
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Qm =  <?S +  <?1 -  Qi -  “  (Ja -  J i) , (59)
h

У з = У 1 — ”г —=- [«?,,, -  <?3) +  «?, -  (?i)] • (60)
Z a r

P ressu re  e q u a tio n  of th e  a ir ch am b er:

y 3 =  y (H 3), (61)

tf3 =  Я (Уз)- (62)
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Continuity:

T he sy stem  (54) — (62) becom es d e te rm in e d  by  th e  shock  eq u a tio n  w ritte n  
for p o in ts  3 —2.

Schem e o f th e  ite ra tio n  cycle:

1 ^  r > G

n3 e.g. b y  M., =  М г from  (56), H щ  from  (54), H 3 from  (57), Q3 from  th e  shock 
eq u a tio n , y 3 from  (61), QiU from  (59), M 3 from  (55).

G >  г  ^  0

y 3 e.g . b y  Qm  =  0 an d  Q3 =  Ql from  (60), H 3 from  (62), n 3 e.g. by  M 3 =  M i 
from  (56), Q3 b y  H 3 from  th e  shock  e q u a tio n , Qm from  (58), M 3 from  (55).

In  v iew  o f th e  fac t th a t  a t  a g iven  in s ta n t  to  w hich  a g iven  value т 
belongs, th e  p u m p  w ith  th e  closing device m ay  be reg a rd ed  as one u n it, th e  
s ta b il i ty  o f th e  flow  in  th is  case is en su red  b y  th e  cond ition  9 ( i f  — h')/dQ  <  0.
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Continuity:

15. P u m p  with a long suction line

Qi = Qu — Qa'i Qi =  Qn — Qb-

C harac te ristics o f  th e  p u m p , th e  in fluence o f  th e  su c tio n  h ead  n eg lec ted :

A H  =  H(Q, n),

M  =  M (Q, n).
In e r t ia  equa tion :

15 h , , ,  .
п ь =  п а ------------ -- ( M b +  M a) .

n a j

F ro m  th e  shock eq u a tio n s:

H u — H x — H  (Qb, nb) =  H 2
J l 8  J i g

a.,
+

f i g  f i g

+
К  h 2 

* g
Z  2 +

Qb 4 -

К  К
4 d J ï g

Z 1 +
K K

+
K  K

4 d i f i g  4 d J f  g

(63)

( 64 )

(65)

( 66)

Schem e o f th e  i te ra tio n  cycle:
re3 e.g . by  Мь  =  M a fro m  (65), Н ц  — H\  from  (63), Qb from  (66), M b from  
(64). F in a lly  H n a n d  H \  m ay  be co m p u ted  on th e  basis o f th e  sep ara te  shock  
eq u a tio n s .

16. P u m p  with a long suction line and closing device 

C h aracteristics o f  th e  pu m p :

Acta Techn. Hung. 51 (1965)
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M  -= M (Q,  re).

(67)

(68 )



In e r tia  eq u a tio n :

n b = n a - ^ - ( M b +  M a). (69)
л  a j

T h ro ttlin g  curves o f th e  closing dev ice :

H bb -  H bbb =  h' (Qb, r b) ,  rb^ G ;  (70)

Qb =  Q(Hbb Hbbb’>r b)i (71)

Хь7> G
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Schem e o f th e  co m p u tin g  cycle:
n b e.g . b y  M b =  M a from  (69), H bb from  (67), H bbb from  (70), Qb from  th e  
shock  e q u a tio n  b e tw een  p o in ts  b b b —2, M ftfrom (68), Л), from  th e  shock e q u a 
tio n  be tw een  1—-b.

г <  G

n b e.g. b y  M b =  M a from  (69), Qb b y  t b leav ing  H bb a n d  H bbb u n ch an g ed  
from  (71), H b an d  H bbb from  th e  shock  eq u a tio n s  betw een  po in ts  1 — b  an d  
b b b  — 2, H bb from  (67), M b from  (68).

17. Turbine load failure

I t  is p rac ticab le  to  give th e  fie ld  o f  tu rb in e  ch a rac te ris tic  — as a g a in s t 
th e  p u m p  ch a rac te ris tic s  — the  form  o f

Q =  Q (H , n, m), (72)

M  =  M ( H , n, m); (73)

fo r in  th e  opera tio n  dom ain  of th e  fie ld  these fu nc tions are one v a lu ed , 
th e  possib ility  o f th e  com plete  closing inc luded .

T he shock  eq u a tio n  betw een  p o in ts  1 — 3 is to  be se t dow n.
E q u a tio n  of th e  governor:

L f m )  =  L2(x) +  L 3(w). (74)
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L 3, L 2 and  L 3 are  l in e a r  d ifferen tia l ex p ressions, m  is th e  dim ensionless d ev ia tio n  
o f  th e  ad ju s tin g  p is to n  being an  o u tp u t  q u a n tity ;  x  =  (re — n 0): re0 d im en 
sionless speed d e v ia tio n , in p u t q u a n t i ty ;  w  a d ju s tm e n t o f th e  desired v a lu e , 
in p u t  q u a n tity .

The load  fa ilu re  should ta k e  p lace  w ith  an  u n ch an g ed  a d ju s tm e n t, 
t h a t  is, L 3(w) =  0.

I f  th e  g o v e rn o r has only a ta c h o m e te r  b u t  no accelerom eter, th e n  
generally

Ь г(х) =  T x '  +  x .  (75)

This tim e  th e  in e r tia  e q u a tio n  o f  th e  tu rb in e -a lte rn a to r  ro to r y ie ld s :

«* =  »* +  - ^ г ( М 3 +  М2). (76)
л  a j

3

Scheme of th e  i te ra tio n  cycle:
a )  F irs t a p p ro x im a tio n  of re3 b y  M 3 =  M 2 from  (76);
b)  f irs t a p p ro x im a tio n  of L 3(x) b y  a linear fu n c tio n  w ith  th e  f i r s t  

ap p ro x im atio n  o f  n 3 as per (75);
c)  f irs t a p p ro x im a tio n  of m 3 b y  so lv ing  (74);
d )  f irs t a p p ro x im a tio n  of Q3 f ro m  (72) b y  H 3 =  H 2, w ith  th e  f i r s t  

ap p ro x im atio n  o f  n 3 a n d  m 3;
e) co m p u tin g  th e  f irs t a p p ro x im a tio n  of H 3 b y  ap p ro x im atin g  @3 from  

th e  shock e q u a tio n ;
f )  f irs t a p p ro x im a tio n  of M 3 f ro m  (73) on th e  basis  of th e  fo regoing .
A fter re p e a tin g  th e  cycle u p  to  su ffic ien t accu racy , th e  derivatives o f

m  belonging to  p o in t  3 m ust be co m p u te d  u p  to  th e  o rd er needed, for th e  
follow ing in s ta n t.

W ith  g o v ern o rs  p rov ided  w ith  an  accelerom eter, L 2(x) is a d iffe ren tia l 
expression of h ig h e r  o rder. As an  ex am p le , L z should  be o f th e  fo u rth  o rd e r. 
I n  th is  case L 2(x), t h a t  is, л; or re m u s t be  a p p ro x im a ted  in  th e  in te rv a l 2 — 3 
b y  a po lynom ial, th e  degree of w hich  is eq u a l to  th e  o rd e r of L r  In  view  o f
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th e  fac t th a t  m u lti-n o d e  d iffe ren tia ting  fo rm ulae  m ay  n o t be applied  genera lly  
in  th e  case of hy p erb o lic  d ifferen tia l eq u a tio n s , an  in te rp o la tio n  b y  tw o m u ltip le  
nodes is to  be m ade.

The in e r tia  eq u a tio n  of th e  ro ta tin g  sy stem  is as follows:

dn  30

dt n j
(77)

In  th e  eq u a tio n  (77) M  is to  he g iven w ith in  th e  in te rv a l <,_г =  0 a n d  
i, =  h a b y  a po ly n o m ia l of th e  th ird  degree. A ssum ing  b o th  lim it va lu es  
to  be know n, th e  lim it po in ts  are double nodes:

an d

M 2 =  M (H , ,  n2, m2);

Э M д М 30 „ ЭМ
M'2 = — — (H 3 — H 2) —---- 1- —  м 2 +

ЭЯ 2 Л Зп 2 n j дт

M 3 — М (Я 3, n 3, т 3);

R/Vf a з м зо  „ З М
M'3 = ( Я 3 — я 2) —— - м 3+

dH з h дп з T tJ дт

(78)

(79)

B y  ad o p tin g  a H e rm ite a n  in te rp o la tio n  fo rm ula

He

th a t  is,

M ( t ) = M 2 1

+  M 3

+  м ;

h ,
a .2

h

t2 +  2 

t2 — 2

+

+

a
t -  2 - t2 +

h
t3 +  M ' *2 +

a

30 Г1
n =  n 2 -f - ------ Af(t) d t ,

Л J  Jo

30 i hla
Щ =  п 2 -\-------- M (t) dt =  n 2 +

n j  Jo

+  ■
15 h

n  a j
M2 +  M3 +  4 - ( M ' +  M')

6 a

(80)

(81)

(82)

C orresponding  to  th e  aforesaid :

L 2(x ) =  x 2 +  U i ) M 2 +  f 2( t )M 3 +  / 3(t)M ' +  / 4(t)M i, (83)
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w here  f p(t) (p  =  1, 2, 3, 4) are fu n c tio n s to  be p red e te rm in ed  for th e  governor. 
T he ite ra tio n  s tep s  m ay  be s im ila r to  th e  above ones.
E xpression  (75) m a y  also be solved accord ing  to  (83) b y  a lin ea r a p p ro x i

m a tio n  o f M(t)  b y  a fu n c tio n  of second o rder.

V. Viewpoints of principle o f the calculation

1. Preparation

F o r com pu ting  th e  w a te r h am m er, th e  hyd rau lic  m odel of th e  sy stem  
m u s t be de te rm ined .

F o r th is  th e  follow ing are needed :
a)  Schem e o f th e  system  of lines, inc lud ing  th e  co rre la tions a n d  con

s tru c tio n a l e lem ents in s ta lled ;
b)  p ipe leng ths developed ;
c )  geodetic d a ta ;
e)  w ave velocities;
f )  pipe fric tion  loss fac to rs ;
g )  h y d rau lic  an d  m echan ical ch a rac te ris tic s  of th e  c o n s tru c tio n a l ele

m e n ts  involved .
S ta r tin g  o u t from  th e  given d a ta , a ll im p o rta n t ch a rac te ris tic s  o f  th e  

in it ia l  cond itions m u s t be ca lcu la ted . T h e re a fte r , w ith  th e  a id  o f an  a p p ro x i
m a te  m e th o d , th e  ru n  o f th e  p h en o m en o n  m u st be s ta te d . A lread y  a t  th e  
a p p ro x im a te  d e te rm in a tio n  o f th e  ph en o m en o n  — b u t even  m ore w ith  th e  
a c c u ra te  ca lcu la tion  — an  ite ra tio n  p rocess m ay  be a d o p ted , n o t w ith  th e  
p u rp o se  of d e te rm in in g  th e  in d iv id u a l n u m erica l values, b u t  consisting  o f th e  
re p e a te d  calcu la tion  o f th e  in d iv id u a l sections. In  one s tep  of th e  ite ra tio n  
m e th o d  m en tio n ed  ab o v e  th e  c h a rac te ris tic s  o f a group o f th e  sections o f  th e  
sy s te m  is to  be co m p u ted , while th e  v a r ia tio n  in  th e  ch a rac te ris tic s  o f th e  
re m a in in g  group on th e  basis of a p reced in g  step  m u st be considered . In  a 
fo llow ing  step  th e  e lem en ts o f th e  g roup  in  tu rn  will differ from  th e  foregoing 
ones. T he q u an titie s  o b ta in ed  in  th e  course of th e  p rocedure  m a y  converge 
to  th e  system  o f so lu tio n  co rrespond ing  to  th e  h y d rau lic  an d  m a th e m a tic a l 
m odel chosen. T his idea  p erm its , how ever, to  bu ild  in  ap p ro x im a te  m eth o d s 
fo r considering  seco n d ary  effects. T his p rocedure  m ay  be ap p lied  especially  
w hen  v o lu m etric  d am p in g  e lem ents are  b u ilt  in to  th e  p ipew ork .

A fte r p re lim in ary  es tim a tio n s , th e  tim e  u n it is to  be fix ed  in  ag reem en t 
w ith  th e  losses, r a p id ity  of th e  convergence an d  co m p u ter d a ta , an d  possib ly  
w ith  th e  co m m en su rab ility  of th e  sec tions in  view  of w ave tim es. F in a lly  
a ll g rid - an d  b o u n d a ry  eq u a tio n s  are  to  be se t dow n w ith  th e  n u m erica l su b s ti
tu t io n  o f th e  reference d a ta . T he c o m p u te r  p ro g ram  m u st be b ased  on th ese  
e q u a tio n s .

Acta Techn. Hung. 51 (1965)



CALCULATION OF W A TER HAM M ER PHENOM ENA 27

2. M achine program

As an  in tro d u c tio n , th e  schedule for th e  ca lcu la tion  o f th e  m ach ine p ro 
gram  m u s t be de te rm in ed , t h a t  is, th e  spacing- an d  lim it p o in ts  o f  th e  in d i
v id u a l sections of th e  p ipew ork  m u st be re a so n ab ly  n u m b ered  a n d  th e  p rog ram  
m u st be so estab lished , t h a t  th e  m achine sh o u ld  w ork  accord ing  to  th e  sequence 
of th e  n u m b erin g . I f  th e re  is a fix ed -p o in t m ach in e , th e  basic  d a ta ,  v ariab les 
an d  eq u a tio n s  m u st be tra n sfo rm e d  b y  su ita b le  scale fac to rs . T h e  in itia l line 
o f co m p u ta tio n  is n o t n ecessarily  a c o n s ta n t tim e  line, b u t  m a y  be  e.g. a c h a r
ac te ris tic  line ; the  e ssen tia l is m erely  th a t  i t  shou ld  be o u t o f  th e  dom ain  of 
th e  in fluence  o f th e  changes o f th e  b o u n d a ry  values, b u t  i t  m a y  even  a t ta in  
th e  lim it o f th e  dom ain  o f  in fluence i f  th e  changes are c o n tin u o u s .

T he la y o u t of th e  p ro g ram  can  be i l lu s tra te d  b y  a sim ple  exam ple. T he 
p ipeline shou ld  consist o f a single section . T h e  co n stru c tio n a l e lem en ts a t  th e  
ends (I, I I )  o f th e  p ipeline  rep re sen t a b o u n d a ry  cond ition  each .

L e t h  -f- j  (j  =  0, 1, 2, . . ., N )  be th e  ad d ress  of th e  to ta l  h ead  ex isting  
m o m en ta rily  in  p o in t j  o f th e  p ipeline, th a t  is (h -f- j )  =  Hj, s im ila rly  (q -j- j )  =  
=  Qj a n d  (z +  j )  =  Zj.

L e t fu r th e r  hv  h2; qv  q2; zv  z2 be th e  add resses for th e  te m p o ra ry  sto rage  
of th e  in itia l values, a n d  h',  q', z' th e  add resses for th e  t r a n s i to ry  storage o f 
th e  in te rm e d ia te  re su lts . T he sim bol ■=> m ean s tran sfe r, or se ttin g . In  th e  
p resen t exam ple  th e  n u m erica l values c o m p u te d  in  succession betw een  th e  
tw o ends o f th e  line belong  to  an  id en tica l tim e  t,. The schem e o f th e  p ro g ram  
is as follow s:

a )  P re p a ra tio n .
b)  C alcu lation  o f th e  b o u n d a ry  v a lu es  I :

H\ =  H 0 => h \  Ql =  Q0 => q', Z , =  Z 0 => z'
p rin tin g .

c)  S e ttin g  of th e  tra n s fe r  o rders co rrespond ing  to  j  =  1.
d )  (h +  j  — 1 ) =*• hv  (h +  j  +  1 ) =* hi-> (h ') =* A +  j  — sim ilarly  

for Q a n d  Z , too .
e) A s p e r form ulae  (9) an d  (10) th e  va lu es  belonging  to  th e  p o in t i, 

j  m u st be com p u ted  an d  th e y  m u st be s u ita b ly  se tted  in  h ' , q', z ' ; p rin tin g .
f )  I f  j  <  N  — 1, a f te r  increasing  j  b y  1, ju m p  to  d )  i f  j  =  N  — 1 

co m p u tin g  is con tin u ed  on  g) .
g )  C om puting  th e  b o u n d a ry  v alues I I :  Н ц  => h -f- N ,  Qn  => q +  N ,

Z n  ^  z -f- N ;  p rin tin g .
h)  U p to  th e  ru n  o f  a com plete w ave, or u n til  a p re d e te rm in ed  a rb itra ry  

tim e , a f te r  increasing  i b y  1, ju m p  to  b).  A fte r  reach ing  th e  co n d itio n  signing 
th e  en d  o f  th e  to ta l  c o m p u ta tio n , ju m p  to  a s to p  order.

T he n u m b er o f th e  orders o f th e  p ro g ram  an d  th a t  o f  th e  opera tions 
to  be perfo rm ed  depend  on th e  o rd er sy s tem  o f th e  co m p u te r.
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W ASSER STO SSBERECH NU NG  MIT H IL F E  E IN E R  PRO G R AM M G ESTEU ERTEN, 
DIG ITA LEN  REC H EN M A SCH IN E; I. T E IL

I. ВАТТА

ZUSAM M ENFASSUNG

Jene M ethode, die bisher zur B estim m ung von hydraulischen Transienten von D ruck
leitungen der W asser- und Ölversorgung und der W asserturbinen verbreitet angew andt 
werden, sind nicht befriedigend. Diese A bhandlung ste llt eine sich auf dem M assau’schen  
Charakteristikenverfahren gründende, allgem eine M ethode hauptsächlich  den K onstrukteuren  
zur Verfügung. Der H au p tte il des vorliegenden ersten A bsatzes is t  eine ziem lich v ielfä ltige  
Form elsam m lung. E ine Auswahl aus den ausgearbeiteten Randwertaufgaben; Anschluß  
von  zwei Rohren, m ehrfache Abzweigung, Drosselorgane, Ausgleichsvorrichtungen, T rieb
kraftausfall von P um pen, Lastabwurf von  geregelten Turbinen. D ie  vorliegende A bhandlung  
veranschaulicht, w ie m an die Lösung einer Aufgabe in A ngriffnehm en und ein B erechnungs
program m  zusam m enstellen  kann. Der zw eite A bsatz, der in der nächsten Zukunft erscheinen  
wird, wird das ganze Program m , dessen Berechnungsergebnisse und (zum  Vergleich) V ersuchs
resultate einer konkreten  Aufgabe enthalten .

CALCUL D U  COUP D E  B É L IE R  P A R  CALCULATRICE ÉLECTRO NIQ UE  
DIGITALE A PROGRAM M E; I™ P A R T IE

I. ВАТТА

RÉSU M É

Les procédés largem ent em ployés jusqu’à présent pour la déterm ination des transitions 
hydrauliques des systèm es de distribution d’eau et d’utilisation  des forces hydrauliques, ainsi 
que des pipe-lines, ne son t pas satisfaisants. L ’auteur se propose d’offrir une m éthode générale  
basée sur le procédé des caractéristiques selon Massau, à l’usage surtout des constructeurs. 
L ’essentiel de cette prem ière partie est form ée par un recueil de form ules varié. Les problèm es 
des valeurs lim ites étud iés par l’auteur se rapportent aux su jets suivants: raccordem ent 
des tubes, em branchem ent m ultiple, soupapes et robinets, élém ents de com pensation, arrêt 
de la force m otrice des pom pes, arrêt de fonctionnem ent des turbines avec réglage. L’auteur  
expose la façon d’aborder un problème et de construire un program m e de calcul. La deuxièm e  
partie à paraître prochainem ent contiendra le programme to ta l d ’un problème concret, les 
résu ltats des calculs e t  les résultats expérim entaux com paratifs.
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РАСЧЕТ ВОДЯНОГО УДАРА ПРИ ПОМОЩИ ЦИФРОВОЙ ЭЛЕКТРОННОЙ- 
ВЫЧИСЛИТЕЛЬНОЙ МАШИНЫ ПРОГРАММНОГО УПРАВЛЕНИЯ, I

И. БАТТА

РЕЗЮМЕ

Широко применявшиеся до сих пор методы определения гидравлических переход
ных процессов, возникающих в системах трубопроводов водоснабжения и утилизации 
гидроэнергии, а также в нефтепроводах, являются неудовлетворительными. Данная 
работа желает дать общий метод, основывающийся на характеристическом методе Мас- 
сау, главным образом для проектантов. Основой данной первой части является довольно 
разнообразный комплекс уравнений. Разработаны следующие задачи: соединение труб, 
многократные разветвления, дросселирующие органы, уравнивающие элементы, выпад 
привода насосов, выпад нагрузки турбин при регулировании. Работа дает ответ на 
вопрос, каким образом необходимо приступить к решению какой-либо задачи и разработать 
программу расчета. Публикуемая в ближайшем будущем вторая часть будет содержать 
полную программу некоторой конкретной задачи, конечные результаты расчета и сравни
тельные опытные результаты.
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THE INFLUENCE OF THE BLADE-BREADTH ON THE 
CHARACTERISTICS OF CENTRIFUGAL PUMPS 

WITH OPEN TYPE IMPELLERS

F. STV RTEC ZK Y and Á. SZABÓ

DEPARTMENT OF HYDRAULIC MACHINES TECHNICAL UNIVERSITY, BUDAPEST 

[M anuscript received Decem ber 22, 1962]

E xperim ents were carried out on im pellers having the sam e size but w ith different 
blade breadth. Curves show ing the functions of H  versus Q and r\ versus Q respectively, and 
further curves relating to  dim ensionless characteristics are p lo tted  in  order to reveal the  
influence of blade breadth . As seen from  m easuring results m ade in connection w ith efficiency  
m axim a, as compared w ith  international standards, an outstanding value could be reached  
even in  the case o f deceleration of the average speed at the flow -section  preceding the in let 
edge o f the im peller. As far as a better arrangem ent of the p lotted  poin ts is concerned, rem ark
able influence of an im aginary area, calculated  at the breadth belonging to  the gravity centre, 
could be stated.

I. In tro d u c tio n

T he sc ien tific  cow orkers o f th e  D e p a rtm e n t o f H y d rau lic  M achines 
w o rk ing  in  th e  f ie ld  o f pu m p  resea rch  h av e  devo ted  a g re a t deal of th e ir  a c t iv 
i ty  to  th e  ca lcu la tio n  o f pu m p  im pellers based  on singu la rities  [1 — 6 ]. All 
th e se  ca lcu la ting  m e th o d s  are ch a ra c te riz e d  b y  th e  a ssu m p tio n  th a t  th e  flow  
in  an  im peller is tw o-d im en sio n a l. In  o th e r w ords, in  th e se  m ethods th e  th ree - 
d im ensional effects, v a ry in g  w ith  th e  im peller b re a d th  b are  no t ta k e n  in to  
acco u n t.

T he m easu rem en ts  as d ea lt w ith  in th is  p ap er w ere carried  ou t in  o rd er 
to  exam ine  b y  ex p e rim en ts  th e  sa id  in fluence of d im ension  b, i.e. the  im peller 
b re a d th  upon th e  ch a rac te ris tic s  o f th e  pum p .

To ca rry  o u t m easu rem en ts , th e  ex perim en ts w ere m ad e  w ith  an  im peller 
(m ark ed  W 1 3 )  o f  th e  Y У  series developed  by  th e  sc ien tific  w orkers o f th is  
D e p a rtm e n t. B y  tu rn in g  on a la th e  th e  im peller b re a d th  h a d  been m od ified  
s tep  b y  step . D oing  so, tw o k in d s  o f b lades were fo rm ed : one ty p e  was m ade 
w ith  a c o n s tan t b re a d th  (b =  co n st.) , th e  o th e r one decreasing  from  th e  in le t 
to  th e  o u tle t edge, (bx >  62) show ed a conical form  (see F ig . 1).

II . Symbols

(  See Fig . 2 )
D 0 diam eter o f the suction pipe before the inlet edge of the impeller; 
Dj in let d iam eter o f the im peller;
D 2 outlet d iam eter of the im peller;
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Fig. 1

y í l —  Z)j t i A ;̂
A ls =  D x n b;
H  head of delivery;
P  power input;
Q rate o f flow; 
b im peller breadth;
A, blade breadth at in let circle;
A2 blade breadth at o u tle t circle; 
bav — 1/2 (A, +  A2) average breadth;
As =  A, +  1/3 (A, — A2) central breadth (measured 

at the gravity centre o f th e  conical blade  
surface, see Fig. 8);

r rounding-off of the pum p-cover at the suc
tion  side ;

X  clearance between im peller blade and easing 
(m easured in axial direction); 

r\ pum p efficiency; 
t?max effic iency  m axim um ;
Q d en sity  o f water delivered; 
г power ratio;
<p capacity  ratio; 
у  head ratio; 
a) angular velocity.
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III. Description o f the m easuring method

The ra te  o f flow  w as dete rm in ed  b y  v o lu m etric  m easu rem en ts . The h ead  
w as d e te rm ined  b y  th e  in d ica tio n  o f a d iffe ren tia l m ercu ry  m an o m e te r in se r
te d  betw een  th e  su c tio n  side an d  pressure  side, fu r th e r  b y  th e  resistance  o f 
tu b e  pieces s itu a te d  betw een  p ressu re -tak e -o ff po in ts  a n d  th e  p ipe-ends on th e  
p u m p , fin a lly  b y  th e  d ifference of ve lo c ity  head s a rising  from  th e  dev ia tio n  
betw een  th e  d iam e te r o f suc tion  pipe an d  p ressu re  p ipe re sp ec tiv e ly . The speed 
w as checked b y  m eans o f a J a q u e t- in d ic a to r . T he d im ensions o f th e  im peller 
used  for these  ex p erim en ts  were: D., =  154 m m , D y =  70 m m , w ith  3 b lades 
o f  lo g arith m ic-sp ira l sh ap e  o f 15°, m ade o f a 2 m m  shee t.

The orig inal b re a d th  of b lade  w as 30,40 m m , consecu tiv e ly  tu rn e d  dow n 
to  5.04 m m . M erid ional sections are show n in  F ig . 1, n u m erica l b re a d th  values 
are  given in  T ab le  I. B lades w ith  c o n s ta n t b re a d th  are show n on th e  u p p e r 
p a r t ,  conical b lades on th e  low er p a r t  of F ig . 1. C iphers w hich are  encircled  
re fer to  n u m era l sym bols of th e  im pellers accord ing  to  T ab le  I  (and  T able I I ) .

Table I

Impeller dimensions, mm

Identification 
mark of 

the impeller
ь, b2 bay b,

l 30.40 30.40 30.40 30.40

2 30.40 20.50 25.45 23.80

3 19.85 19.85 19.85 19.85

4 19.75 9.90 14.82 13.18

5 9.87 9.87 9.87 9.87

6 9.80 6.60 8.20 7.70

7 5.04 5.04 5.04 5.04

F or each  one o f  th e  im pellers, a special sh ro u d -p la te  E  w as p rep ared . 
In  Fig. 2, th e  pump assem bly  is show n, in c lu d in g  th e  c learance x  an d  th e  d istance  
A  from  th e  sh ro u d ; in  ad d itio n , in  T ab le  I I  th e  values o f th ese  are  given.

T he c learance x  w as m easured  w ith  an  accu racy  o f 1/100 m m , b y  m eans 
o f th e  in d ica to r  gauge Z ; th e  average v a lu e  o f m easu rem en ts  on 4 d ifferen t 
po in ts  was considered  as re lev an t.

In te n tio n a lly , th e  d istance  A  shou ld  be k e p t in v a riab le , in d ep en d en tly  
o f  v a ria tio n s  of x;  th u s , th e  values of th e  im p e lle r-b read th  an d  o f th e  shroud-
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Table II

Assem bly dimensions, mm

Identification 
mark of 

the impeller

Assembly dimensions

X A r

l 0.080 48.98 3.5

2 0.035 48.14 4.5

3 0.045 48.00 2.8

4 0.040 47.84 4.5

5 0.055 48.03 3.2

6 0.044 49.34 2.8

7 0.054 48.19 4.5

b re a d th  w ere specified  accord ing ly . I n  sp ite  of th is , due to  m ach in ing  in accu 
rac ies th e  A  va lues in  T ab le  I I  v a ry . F o r  th e  sake o f a possib ly  g rea te r  u n ifo r
m ity  of th e  ex p erim en ts , an  ax ia l sh if t o f th e  im peller up  to  ab o u t 1 m m  w as 
to le ra te d  ra th e r  th a n  h av in g  v a r ia tio n s  o f th e  c learance  o f  say  0.1 m m . To 
th is  end, sh im s В  o f ad eq u a te  th ic k n e ss  were p ro v id ed  b e tw een  ax le -co lla r
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and  w heel-hub  b y  m eans o f which a m in im u m  clearance of 0.5 m m  could  be 
a rriv ed  a t .

In  th e  la s t co lum n o f Table I I ,  v a lu e s  o f th e  rou n d in g -o ff ra d iu s  o f  th e  
sh ro u d  a re  given. A ccord ing  to  m e a su re m e n t re su lts  as re p o rte d  below , 
v a ria tio n s  o f th is  rad iu s  do no t m uch b e a r  u p o n  th e  ch a rac te r o f th e  curves.

As illu s tra te d  in  F ig . 2, th e  e n d -p o in t o f  th e  conical p rofile  on th e  in n e r 
surface o f  th e  sh ro u d -p la te  a t  suction  side coincides w ith  th e  o u te r  d iam e te r  
of th e  b lad e  an d  from  here  th e  profile c o n tin u es  as a s tra ig h t line p e rp en d icu la r 
to  th e  ax is . W hen  te s tin g  th e  im peller m a rk e d  2  (accord ing  to  T ab le  I), a n o th e r 
a lte rn a tiv e  ex p erim en t w as carried  o u t w ith  a sh ro u d -p la te  h a v in g  th e  form  
(and  m ark ) 2a, accord ing  to  th a t  d e ta iled  in  F ig . 2, as show n a long  th e  d ashed  
line C. T h e  ch a rac te ris tic  curves H  v e rsu s  Q are  de lin ea ted  in  F ig . 3, b y  p lo t
tin g  th e  p o in ts  com ply ing  w ith  th e  re su lts  o f m easu rem en ts  m ade on b o th  
a lte rn a tiv e s . T he difference betw een  th e  tw o  cases does n o t exceed th e  n o rm al 
m easu ring  dev ia tions.

M easurem ents w ere m ade a t  a sp eed  o f 2000 an d  a geodetic  suc tion  
head  H gs o f 1.0 ^  0.1 m .

IV. M easuring results obtained on an impeller with  
constant blade breadth

In  F ig . 4, th e  cu rves H  versus Q a n d  rj ve rsu s  Q are  show n.
As w as expected , th e  d im inu tion  o f  th e  b lad e  b re a d th  b, th e  delivered  

q u a n ti ty  Q decreases. L ikew ise, w ith  h e a d  belong ing  to  zero -delivery  an d  th e  
in p u t-e n e rg y  decrease to o . E fficiency ag a in  increases w ith  th e  decreasing  
b re a d th  a t  th e  f irs t period , and  i t  decreases a fte rw ard s ; th u s , effic iency  rj, 
as a fu n c tio n  of th e  b re a d th  b, shows a  m ax im u m  value .

T he im peller N o. 3 shows a special fe a tu re  ch a rac te rised  b y  an  effic iency  
of 8 0 % . A t th is  p o in t (r?max=  80% ) th e  co rrespond ing  values a re : Q =  10 1/s; 
H  =  10.3 m ; n =  2000 r .p .m ., and  th e  specific  speed  nq =  35. In  th e  p a p e r  
b y  H a j d ú  [7] dealing  w ith  th e  b est ty p e s  o f p u m p s p ro d u ced  in  th e  w hole 
w orld , th e  h ig h est “ s ta n d a rd ” effic iency  re p o r te d  for these  d a ta  is eq u a l to  
78 .5% . T h u s , th e  efficiency of th is im p e lle r N o. 3 su rpasses th is  level b y  1 ,5%  [7].

F o r  a m ore conspicuous illu s tra tio n  o f  changes occurring , cu rves of th e  
follow ing dim ensionless q u an titie s  are  p lo tte d  in  F ig . 5.
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A1 these  fu n c tio n s are  d im ensioned  b y  using  th e  m .k p .s . u n its  sy stem .
As can  be seen, th e  d im inution  o f  th e  b lade  b re a d th  b genera lly  re su lts  

in  decreasing  values o f  y> an d  in  in c reas in g  values of t .  T hese in creased  v a lu es  
of T are so to  say  self-ev iden t, because  th e  values o f losses in d e p e n d e n t o f  
de livery  as com pared  to  th e  useful o u tp u t  will increase w hen  th e  b lad e -w id th  
values b decrease. T he sam e effect c a n  be  observed  b y  th e  su d d en  decrease 
of efficiency tow ards th e  sm aller v a lu e s  o f  b. T he s tro n g  decrease o f cu rv e  
y> (F ig . 5) o f th e  im pelle r hav ing  th e  le sse r  b lade  b re a d th  6 , can  be reg a rd ed  
as being  connected  w ith  an  im p o rtan t d e te r io ra tio n  of th e  h y d rau lic  efficiency . 
The sloping dow n o f th e  y> curves n e a r ly  p ro p o rtio n a l to  th e  b re a d th  a t  sm all 
(ps v a lues m ay  be asc rib ed  to  some e ffe c t e x e rte d  b y  th e  sp ira l casing.

V. Measuring results obtained on an impeller o f conical shape

B y p lo ttin g  th e  va lu es  Q, H  a n d  r) as ca lcu la ted  from  m easu rin g  re su lts  
th e  cu rves H  versus Q, an d  rj versus Q a re  o b ta in e d  accord ing  to  F ig . 6 .

E x p e rim e n ts  w ere carried  ou t o n  conical sh ap ed  im pellers in  o rd er to  
com pare th e  o b ta in ed  curves w ith th o se  belonging  to  im pellers o f c o n s ta n t 
b lade b re a d th . As seen from  Fig. 1, th e  m erid io n a l sec tion  o f a conical im peller 
is o b ta in e d  b y  trac in g  a stra ig h t line fro m  th e  ex tre m e  in le t p o in t to  th e  
ex trem e o u tle t p o in t o f th e  blade b e lo n g in g  to  th e  im peller m ark ed  w ith  th e  
n e x t n u m b er. (D ue to  tu rn in g  o p era tio n s, som e u n im p o r ta n t  d ev ia tio n s aro se  
as seen from  th e  values given in T ab le  I  a n d  in  F ig . 1.) O dd n u m b ers  be lo n g  
to  im pellers w ith  c o n s ta n t b la d e -b re ad th , even  n u m b ers  serve to  m a rk  conical 
im pellers. I t  follows fro m  w hat has b e e n  said  above, th a t  th e  m erid ional 
section line o f each conical im peller is lo c a te d  b e tw een  th e  m erid io n a l sec tio n  
lines of tw o  im pellers, m ark ed  w ith  a n  o d d  n u m b e r, h a v in g  a c o n s ta n t b lad e  
b re a d th .

I t  is adv isab le  to  exam ine any  g ro u p  o f th re e  a d ja c e n t im pellers s e p a 
ra te ly . T h e  respective  cu rves belonging to  each  g roup  are i l lu s tra te d  in  F ig s . 
7 - 1 1  , as ch a rac te ris tic s  o f the d im ensionless q u a n tit i te s .

In  o rd e r to  e s tab lish  a d im ensionless re la tio n , th e  b lad e  b re a d th  bs as 
m easu red  a t  th e  g ra v ity  cen tre  of th e  co n ica l b lad e  su rface  w ill be in tro d u c e d  
here. In  F ig . 8 , in  w hich  th e  im pellers n u m b e re d  3, 4 a n d  5 can  be co m p ared , 
th e  t re n d  o f curves show s th a t  th is d im ension less re la tio n  is su ita b le  to  o b ta in  
a co o rd in a tio n  of th e  cu rv es  of bo th  th e  o d d -n u m b ered  a n d  th e  e v e n -n u m b e red
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b lad es . N am ely , in  th is  d iag ram , th o se  re s id ts  are p lo tte d  th a t  were o b ta in ed  
fo r  th e  curve гр((р) belong ing  to  th e  con ica l im peller n r. 4 in due considera tion  
o f  va lu es  ca lcu la ted  on  th e  basis o f th e  in le t b re a d th  bv  th e  o u tle t b re a d th  b2, 
th e  cen tra l b re a d th  bs as well as th e  av e rag e  b re a d th  bav. F ig . 8  show s full 
le n g th  curves; th e  cu rves in  th e  fo llow ing F igures are  d raw n  b y  o m ittin g  
th e  values belonging  to  (p >  0.5 as p o in ts  h av in g  no in te re s t for our in v e s ti
g a tio n s.

F ro m  th is re m a rk a b le  re su lt o b ta in e d  b y  th e  d im ensionless re la tio n  
b a se d  on bs i t  seem s ju s tif ie d  to  in fe r  t h a t  th e  b lade  b re a d th  m easu red  
a t  th e  g rav ity  cen tre  m ig h t be reg a rd ed  as responsib le  for th e  w a te r q u a n ti ty  
de livered . Such a s ta te m e n t is in  s tr ic t  o pposition  to  th e  genera lly  a d o p te d  
v iew , accord ing  to  w h ich  th e  d e te rm in a tio n  o f th e  w a te r  q u a n ti ty  de livered  
dep en d s upon  in le t cond itions.

As can be seen from  Fig. 7 —10, th e  values (p o b ta in ed  w ith  a conical 
im p e lle r, and  co n seq u en tly , th e  v a lu es  o f  r  too , are  genera lly  sm aller th a n  
th o se  belonging to  im pellers w ith  a c o n s ta n t w id th .
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E fficiency  co rre la tions are show n in  F ig . 11. O bviously , th e  efficiency 
curve  o f  a conical im peller runs closely in  betw een  th e  tw o  curves o f th e  
a d ja c e n t im pellers of c o n s tan t w id th , w ith  th e  only  ex cep tion  of th e  im peller 
N o. 6 .

In  th e  designing p rac tice  fo r p u m p s, th e  genera lly  follow ed tre n d  is 
ch a rac te rised  b y  ad o p tin g  a value o f 0.95 — 1 for th e  ra tio  of th e  areas А ^ А 0 
accord ing  to  F ig . 2. As fa r  as flow  co n d itio n s are  concerned , th is  ra tio  is re-

F ig. 11

sponsib le  fo r a m in u te  accelera tion  o f  th e  m ean  flow  speed v alue  in  th e  cu rved  
sec tion  p reced ing  th e  in le t edge o f th e  im peller.

B y  p lo ttin g  th e  values of effic iency  m ax im a r]max in  fu n c tio n  o f th e  
ra tio  A J A q, accord ing  to  Fig. 12, th e  single values show , as com pared  w ith  
th e  d ash ed  line, a d ev ia tio n  of a b o u t ^  3 % . In  an y  case, as seen from  th e  d ia 
g ram , th e  ra tio  А 1/ А 0 th a t  belongs to  th e  m ax im um  efficiency, assum es th e  
v a lu e  o f a b o u t. 1.5 or, generally  speak ing , th is  value is to  be found  betw een  1 

an d  2 ; in  o th e r w ords, th e  efficiency o f rj =  80% , o u ts ta n d in g  in  com parison  
w ith  in te rn a tio n a l records, could be reach ed  even in  connection  w ith  th e  
dece le ration  of th e  average  speed a t  th e  flow -section  p reced ing  th e  in le t 
edge.
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F ig. 13

A tten tio n  is to  be  p a id  to  th e  fa c t th a t  th e  su rv ey  d a ta  are b e tte r  a r ra n 
ged , w hen th e  im a g in a ry  surface

^ is  =  - h ) * bs

is  su b s titu te d  for th e  o rig inal area A v  T h e  curve o f th e  fu n c tio n  rjmax(^4i/A  0) 
is p lo tte d  in F ig . 13.
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E IN FL U SS D E R  SC H A U F E L B R E IT E  A U F  D IE  G ESTALTUNG  D E R  C H AR AK 
T E R IST IK -K U R V E N  VO N Z E N T R IFU G A L PU M PE N  MIT O FFE N E M  L A U FR A D

F. STVRTECZKY und Á. SZABÓ

ZUSAM M ENFASSUNG

Messungen wurden an 7 (darunter 3 kegelförm igen) Laufrädern durchgeführt, welche 
m it gleichen D im ensionen, aber m it verschiedenen Schaufelbreiten verfertigt worden waren. 
D ie gewonnenen K urven zeigen die Förderhöhe und den W irkungsgrad als Funktionen der 
W asserm enge, und w eitere K urven zeigen den Verlauf der dim ensionslosen K ennzahlen, 
aus welchen der E influß der Schaufelbreite klar hervorgeht. Aus einer Analyse der Meßer
gebnisse bzw. der daraus erhaltenen W irkungsgrad-M axim a ist es ersichtlich, daß es m öglich  
war, einen den internationalen  Standard-W ert übertreffenden W irkungsgrad auch bei einer 
Verlangsam ung der m ittleren  Ström ungsgeschwindigkeiten vor dem  Laufradeintritt zu er
zielen. In der Anordnung der K urvenpunkte konnte m an die ausgezeichnete Rolle der fik tiven  
Fläche konstatieren, die durch die Schwerpunktschaufelbreite definiert worden war.

L’IN FL U E N C E  D E  LA LAR G EU R D ’A U B E  SU R  LES CARACTÉRISTIQUES  

DES POM PES CENTRIFUG ES A RO UE O UVER TE

F. STVRTECZKY et A. SZABÓ

RÉSUM É

Les auteurs ont effectué des mesures sur des roues de m êm es dim ensions ayant des 
largeurs d’aubes différentes. Les courbes m ontrent la hauteur d’élévation  et le rendem ent 
en fonction du débit. D ’autres courbes ind iquent les caractéristiques sans dim ensions, qui 
font apparaître clairem ent l’influence de la largeur d’aube. L’analyse des résultats des m esures 
et des m axim a du rendem ent montre qu’il é ta it possible d’obtenir un rendem ent dépassant 
la norme internationale, m êm e quand la v itesse  d’écoulem ent m oyenne avant l’entrée de la  
roue éta it réduite. Q uant à une meilleure d isposition  des points relevés, on pouvait constater  
l’influence d’une surface im aginaire, en tenant com pte de la largeur d’aube tracée à travers 
le centre de gravité.
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ВЛИЯНИЕ ШИРИНЫ РАБОЧЕГО КОЛЕСА ЦЕНТРОБЕЖНЫХ НАСОСОВ 
С ПОЛУОТКРЫТОЙ ЛОПАСТНОЙ РЕШЕТКОЙ НА ВИД 

КРИВЫХ ХАРАКТЕРИСТИК 
Ф. Ш ТВРТЕЦ К И  и  А. САБО 

РЕЗЮМЕ

Проведены замеры семи рабочих колес идентичных размеров (среди них трехкони
ческих), но с различной шириной лопаток. Полученные кривые показывают высоту напора 
и кпд в функции количества воды, а также безразмерные показатели. По этим данным 
видно влияние ширины лопаток. Анализ максимумов кпд, полученных на основе данных 
измерений, показал, что можно было достигнуть кпд, превосходящий международный 
стандарт, даже при замедлении средней скорости перед входом в рабочее колесо. В рас
пределении точек измерения фиктивная поверхность лопаток, определенная шириной 
лопаток в центре тяжести, играет основную роль.
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SOLUTION OF KÁRMÁN’S DIFFERENTIAL EQUATION 
FOR ROLLING WITH THE AID OF INFINITE 

POWER SERIES
L. TÓTH

TECHNICAL UNIVERSITY FOR HEAVY INDUSTRIES, MISKOLC 

and
E. VINCZE

TECHNICAL UNIVERSITY FOR HEAVY INDUSTRIES, MISKOLC 

[Manuscript received January 17, 1963]

After dealing with the basic assumptions of the essential theories concerning the 
computation of the pressure existing in the rolling process throat, it was pointed out that 
Kármán’s equation describes the static equilibrium of the plastic material. The essence of 
rolling is the motion of the material processed. The excess force due to motion is interpreted 
by the properties of the material processed. The solution of Kármán’s fundamental equation 
of the rolling process is given as an infinite power series. In the last part of the treatise the 
practical application of the solution is shown.

I. Introduction

The f irs t e q u a tio n  used  for the  c o m p u ta tio n  o f forces by  rolling, as well 
as th a t  a ccu ra te  fro m  th e  p o in t of v iew  o f m echan ics w as estab lished  b y  
KÁRMÁN [1]. U n d e r th e  conditions given b y  h im , th is  e q u a tio n  a d e q u a te ly  
describes th e  eq u ilib riu m  of th e  m a te ria l s ta n d in g  in  th e  roll th ro a t , while 
i t  was assum ed, t h a t  th e  m ateria l in v o lv ed  w as of a perfec t p lastic  ty p e . 
S ie b e l  [2], Ze l ik o v  [3] an d  N á d a i [4] h a v e  so lved  th is  eq u a tio n  u n d e r d if
fe ren t cond itions a n d  w ith  fu r th e r  sim p lifica tio n s. T his is th e  reason  w hy  
applied  u n d er id en tica l conditions the ir fo rm u lae  gave resu lts  considerab ly  
d iffering from  each  o th e r  and  so i t  is n o t possib le  to  te ll to  w h a t e x te n t th e  
single resu lts  d iffer from  th e  theo re tica l v a lu e . B l a n d  an d  F ord  [5] co rrec ted  
th is  fau lt. T heir so lu tio n  rep resen ts a fa irly  good ap p ro x im atio n  w here cold 
rolling  is concerned . T h ey  were able to  give th e  e x te n t o f th e  m ax im um  p e r
centile  d ifference. T h in k s  [6 ], Sims [7] a n d  Or o w a n  [8 ] have  w orked  o u t 
g raph ica l in te g ra tio n  m eth o d s to  solve K á rm á n ’s eq u a tio n .

T here are a n u m b e r of rolling p h en o m en a  n o t covered by  K á rm á n ’s 
eq u a tio n ; th e re fo re  sev era l new m ethods w ere a tte m p te d  b y  o th e r in v e s ti
ga to rs. Oro w an  [8 ] h a s  estab lished  a g enera l eq u a tio n  o f eq u ilib rium ; based  
on an analogy  he assu m ed  a d is trib u tio n  o f s tresses in th e  ro lled  body , n am ely , 
th a t  o f N á d a y  fo r a m a te ria l pressed b e tw een  p lane p la te s  th a t  w ith  one 
a n o th e r close a sm all angle , while an  a d d itio n a l a ssu m p tio n  as to  th e  ex istence 
o f h y p o th e tica l adh esiv e  planes in  th e  case a slip  w as m ade. He fu r th e r  e x te n d 
ed th e  v a lid ity  o f  th e  equa tions w hich he  th o u g h t to  cover n o t only  th e
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flo w  occurring  to w a rd  th e  orifice b u t  for th e  one tak in g  place in  th e  opposite  
d irec tio n . T he th e o ry  o f Mica n  [9] w as b ased  on sim ilar fu n d a m e n ta l p r in 
cip les. K n e sc h k e  estab lish ed  his th e o ry , beside th e  theories o f eq u ilib riu m  
also  on eq u a tio n s describ ing  s tresses b u ilt  up  in  th e  viscous m a te r ia l due  to  
m o tio n . Ge l e ji [11] assum es th a t  besides th e  in te rn a l forces w a rra n tin g  s ta tic  
e q u ilib riu m , also excess w ork  h as  to  be done, i.e. a d d itio n a l forces m u s t be 
p re se n t to  b rin g  a b o u t th e  m o tio n  b e tw een  th e  rolls an d  inhom ogeneous 
com pression . A ccord ing  to  ou r op in ion  th e  m echan ism  o f ro lling  is exp ressed  
th e  m o st lu c id ly  an d  persp icu o u sly  b y  th e  la s t th eo ry .

II. The fundam ental equation of rolling

T he d e te rm in a tio n  of stresses em erg ing  in  th e  roll th ro a t  are to  be  e x am 
in ed  u n d e r th e  follow ing cond itions:

a )  th e  ro led  p iecel does n o t becom e w ider, th u s  a p lan a r d e fo rm atio n  
s ta te  evolves;

b) th e  ro ll does n o t defo rm ;

c) th e  fo rm ed  m a te ria l is hom ogeneous, w ith  negligible e las tic  d efo r
m a tio n .

U n d er these  cond itions th e  s tre ss  d is trib u tio n s  are described  b y  th e  
fo llow ing eq u a tio n s o f equ ilib rium  (1 ) a n d  (2 ) an d  d e te rm in ed  b y  th e  p las tic  
co n d itio n  (3):

0T^  - o , ( 1 )dx dy

5 b .  +  í a  =  o , ( 2 )
8у  Эл:

( ffx —  ayY +  xly =  fe2- (3 )
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A ccording to  F ig . 1 th e  sym bols com prised  in  th e  form ulae are as 
follows:

ax is the normal stress in direction x;
Oy is the normal stress in direction y;
rxy is the stress causing slip;
к is a constant, depending on the nature of the material involved.

In  a concrete  case th e  solu tion  m a y  be fo u n d  w ith  th e  a id  of th e  ex te rn a l 
forces ac tin g  on th e  su rface  of co n tac t, as m arg in a l va lu es  o f  th e  d ifferen tia l 
eq u a tio n s. T he so lu tion , how ever, causes g re a t m a th e m a tic a l difficulties even

in  th e  case w hen  m arg in a l conditions a re  v e ry  sim ple. F o r  th is  reason th e  
ap p ro x im a te  eq u a tio n s su itab le  for p ra c tic a l engineering  a re  given u n d e r 
m arg ina l cond itions th e se  being m ore a d e q u a te  to  re a l i ty  b y  th e  a p p ro x i
m ation :

t xy = 0 .  (4)

T his m eans, th a t  th e  axes x  a n d  у  are a t  th e  sam e tim e  m ain  stress 
d irec tions, th u s  th e  v o lu m e  un its ax =  cr3 an d  ay =  a 1 a re  in  an  u n ax ia l 
stress s ta te .

As m a y  be seen in  F ig . 2, no e x te rn a l  force acts u p o n  th e  volum e u n it  
in  th e  d irec tio n  of th e  ax is  y ,  th u s  e q u a tio n  (2 ) m ay  be w r itte n  as

04 Ny — 0 ,  ( 5 )
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w hile  in  th e  d irec tion  o f  axis 2  an  e x te rn a l force does act, the re fo re  e q u a tio n  
( 1 ) can  be tran sfo rm ed , th u s

d (a3h) 

dx
+  2 N 3 =  0 ( 6 )

w here  th e  q u an titie s  com prised  in  th e  equ a tio n s are as follow s accord ing  to
F ig . 2:

iVj is th e  s tress co m p u ted  fro m  th e  com ponen t o f  th e  e x te rn a l forces 
a c tin g  on the  vo lum e u n it  in  d irec tio n  1;

N 3 is th e  s tress co m p u ted  fro m  th e  com ponen t o f th e  e x te rn a l forces 
a c tin g  on th e  vo lum e u n it  in  d irec tio n  3; 

while eq u a tio n  (3) will be sim plified  to

crx — cr3 =  k. ( ? )

F u rth e r  on th e  ex istence  o f a so-called  n e u tra l cross section  m u s t be 
a ssu m ed , th a t  ad v an ces to g e th e r  w ith  th e  roll. The cross sec tion  ly ing  b ey o n d  
th is  p a rtic u la r  one, e ith e r  lags b eh in d  th e  ro ll — in  t h a t  case w hen  th e y  
are  in  dom ain  I  or forge ahead  o f sam e — if th e y  are  in  dom ain  I I .  As th e  
fr ic tio n a l force is in v e rse ly  d irec ted  to  th e  re la tiv e  m o tio n , th e  values fo r 
N 1 a n d  N., have to  be in d iv id u a lly  d e te rm in ed  for b o th  dom ains I  an d  I I  
as well.

A ccording to  F ig . 2 in  do m ain  I  fo r N ±

in  do m ain  I I

iVx =  (p  cos cp +  г  sin  cp) 

iVj =  (p  cos cp —  T sin  cp)

1

cos cp

1

m a y  be w ritten .
A nalogously to  dom ain  I  th e  re la tio n sh ip

cos cp

fo r dom ain  I I

N 3 =  (p  sin cp — г cos cp)

N 3 =  (p  sin cp 4 - г  cos cp)

1

cos cp

1

cos cp

( 8 )

( 9 )

( 10 )

( И)

c a n  be p u t dow n.
B y  com bining eq u a tio n s  (8 ), (9) respective ly  (10) a n d  (11) th e  fo rm u lae

N x =  (p  cos cp г  sin cp)--------  ,
cos cp

N 3 =  (p  sin cp T cos cp) —-—
cos cp

( 12)

(13)
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re su lt. T h u s, in  these  fo rm u lae  — an d  th is  w ill also be th e  case fu r th e r  on to  
dom ain  I ,  th e  u p p e r o p e ra tio n  sym bol, to  do m ain  I I  th e  low er one will app ly . 
A ccording to  fo rm ulae  (5) and (12)

^  =  P  i  r  ta n  <F» (14)

while re ly in g  on fo rm u lae  (6 ) and  (13) a n d  ta k in g  in to  consid era tio n  th e  
re la tionsh ip

dx =  r  cos cpdcp,

d  ( g 3 _  2 r cos <p (p  ta n  g? -p  т) (15)
dcp

m ay be w ritte n . A cco rd in g  to  Fig. 2

p represents the radial pressure acting on the roll;
г the pressure computed from the frictional force acting on the roll.

A ssum ing  th a t  C ou lom b’s fric tio n a l law  applies for th e  dom ain  u n d e r 
in v es tig a tio n , w ith  th e  fric tiona l fa c to r  k eep in g  co n stan t

T =  ц р .  (16)

F ro m  eq u a tio n s  (7), (14), (15) a n d  (16) th e  fo rm ula

k)h] = ; то.
sin  <p /л cos <p 

1 i  ^ t a n  f
(17)

is o b ta in ed  su itab le  fo r th e  d e te rm in a tio n  o f  av
I f  к  is c o n s ta n t, th is  equation  describes th e  equ ilib rium  o f th e  m a te ria l 

being  in  a p las tic  s ta te  during  the  com pression  of th e  s ta tio n a ry  rolls, i.e . 
one w hich m akes no ro ta ry  m ovem en t, w herefrom  w ith  ad e q u a te  sim pli
fica tions K á rm á n ’s e q u a tio n  m ay be o b ta in e d . To enable  th e  m a te ria l to  
m ove in  th e  ro ll th ro a t ,  th e  roll, i.e. th e  a c tin g  e x te rn a l forces in  a d d itio n  m u s t 
also overcom e th e  re s is ta n c e  of th e  m a te r ia l  ag a in s t m otion . B y  ta k in g  th is  
fac t in to  co n sid e ra tio n  a  d istinc tion  can  be  m ad e  betw een  th is  ro lling  o p era tio n  
an d  e.g. th e  m a te ria l com pression  p rocess ca rried  o u t b y  tw o  ro lls, as eq u a tio n  
(17) eq u a lly  describes th e  p lastic  e q u ilib riu m  also in  th is  case.

T he a ssu m p tio n  m a d e  under (4) in v o lv es , as has a lread y  been  m en tioned , 
th e  hom ogeneous com pression  of th e  m a te r ia l. N um erous ex p e rim en ta l d a ta  
have  p ro v ed  th a t  b y  su ch  unax ia l s tre ss  o f th e  m a te ria l th e  s tre n g th  p ro p 
erties d ep en d  on th e  te m p e ra tu re , th e  e x te n t  of th e  shap ing  an d  th e  ra te  of 
defo rm ation .
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In  F ig . 3 as an  exam ple  th e  a c tu a l stress n eeded  to  shape a s tee l w ith  
0 .17%  C co n ten t a t  1000° C is show n as a fu n c tio n  o f th e  degree o f sh a p in g  
a n d  ra te  of d e fo rm atio n  [1 2 ].

On th e  basis o f th e  figure th e  m a th e m a tic a l fo rm u la tio n  describ ing  th e

[1/sec]

£

10 20 30 4 0  50
--------- £ C%]

F ig . 3

re sis tan ce  d isp layed  b y  th e  m a te r ia l ag a in s t u n ax ia l s tress as a fu n c tio n  o f  
th e  d e fo rm ation  ch a rac te ris tic s  is m ad e  possible

or' =  <y'o +  -He +  N s .  (18)

T he sym bols in  th e  figu re  a re  as follows:

cr’ represents the actual stress;
£ the degree of shaping;
£ the rate of deformation;
JV, M  are given paraméteres typical for the material processed.

E q u a tio n  (18) can  be used  o n ly  i f  th e  degree an d  ra te  of d e fo rm a tio n  
as a fu n c tio n  o f cp is de te rm in ed .

F ro m  F ig . 4 fo r th e  degree o f sh ap in g  th e  fo rm ula

Aj — A A, — A2 — 2 r (1 — cos <p) 

h l A,
(19)
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for th e  ra te  of d e fo rm a tio n  th e  re la tio n sh ip

i  =  r ------------- ---------------------
[К  +  2  r ( l  — c o s ? ) ) ]2

is o b ta in ed .

( 20)

The sym bols in  th e  form ulae an d  in  F ig . 4 h av e  th e  follow ing m ean ing :

h t is the starting height of the rolled piece; 
h., is the height of the rolled piece after rolling;
h3 is the height in the neutral cross section;
h is the height of the rolled piece at angle <p;
r is the radius of the roll;
V is the rate of the rolled material;
r2 is the discharge rate of the material rolled;
v/c is the rate of the rolled material in the neutral cross section;
V  is the quantity of the material passing through the individual cross sections 

of the roll during a unit of time namely:

V  =  h3 Vfr cos <p3 =  h2 v 2.

A ccording to  th e  th e o ry  of H u b e r—Mises fo r th e  p la n a r  defo rm ation  
s ta te  also th e  fo rm ula

к =  a '  =  yor' (2 1 )

applies. E q u a tio n  (17) — o f course, to g e th e r  w ith  th e  e q u a tio n s  (18), (19)» 
(2 0 ), (2 1 ) p e r ta in  to  sam e — th e  fu n d a m e n ta l re la tio n sh ip  o f rolling.

III. Solution o f the fundam ental relationship o f rolling

The so lu tion  of th e  fu n d am en ta l e q u a tio n  (17) o f ro llin g , in  genera l, 
m eets w ith  g rea t m a th e m a tic a l d ifficu lties. P a r t ly  к  (a c o n s ta n t  ty p ica l o f 
th e  used  m ateria l) in  e q u a tio n  (17) is, as a ru le  d ep e n d e n t u p o n  q>, th e  a c tu a l
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d e te rm in a tio n  o f th e  fu n c tio n  is possib le  only by  m easu rem en ts  an d  show s 
considerab le  d ifferences for each m a te r ia l. On the  o th e r h a n d  th e  d iffe ren tia l 
e q u a tio n  canno t — ev en  in  case t h a t  k(q>) =  co n stan t — be so lved  in  a closed 
fo rm . On accoun t o f th e se  d ifficu lties th e  following m e th o d  is used : A ccord ing  
to  F ig . 3, w ith  th e  a id  o f eq u a tio n s  (18), (19), (20), (21) th e  value  o f  к  as a 
fu n c tio n  of <f  is d e te rm in ed . F ro m  th e se  d a ta  th e  so-called  h a rd en in g  g ra p h  
co u ld  be p lo tted . I f  e x p e rim e n ta l d a ta  w ere availab le , th e  h a rd en in g  g ra p h

Fig. 5

m ig h t n a tu ra lly  be ta k e n  on th e  basis o f  these . I t  m u st be n o te d  th a t  th e  va lu es  
o b ta in e d  w ith  th e  a id  o f  F ig . 3 th ro u g h  th e  co m p u ta tio n  fo r cold ro lling  d iffe r 
fro m  those of th e  e x p e rim en t. T his is p a r t ly  due to  ro lling  n o t being  an  u n a x ia l 
fo rm in g  process. F u r th e r  to  th e  fa c t  t h a t  as generally  th e  p las tic  eq u ilib riu m  
o f a volum e p a r t  is o n ly  possible in  case th a t  the  e lastic  zones ex ist, a c e r ta in  
f ra c tio n  of th e  single e lem en ta ry  p rism s is in  a p las tic  s ta te , th e  re s t  in  a n  
e la stic  one. N ow  th e  so lu tions fo r th e  equations (15) a n d  (17) on the  b asis  
o f  F ig . 5 such sec tio n s are  so u g h t fo r in  w hich th e  a lte ra tio n  o f к =  k((p) 
m a y  approximately  be considered linear, i.e. for w hich
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k  =  k(q>) =  k t +  cj (£,■ — <p) ( 2 2 )

applies. In  th is  fo rm u la

i t  is the coordinate of the starting point of the examined section;
ct is the directional tangent of the hardening graph in the examined section;

fcf+1 " 7̂

£i — £<■+!

F ro m  th e  e q u a tio n s  (17) and (22) th e  fo rm ula

d

d<p ( K - k i +  Ci(<p -  I,-)] h) 2  r au
sin (p^p fl cos <p 

1 {̂r fi ta n  <p
(23)

follows. B y  th e  d iffe ren tia tio n  of th e  le f t  p a r t  o f  e q u a tio n  (23) a n d  also ta k in g  
in to  considera tion  th e  relationsh ip

h  =  h2 -)- 2 r  (1  — cos (p)

th e  d ifferen tia l e q u a tio n

— СТУ- [k2 2 r ( l  — cos 99)] +  et [h2 +  2  r ( 1  — c o s 95)] - f
d<p

, , , „ sin w 4 -  ß  cos 99
+  2  r sin  <p — ki +  c, (99 — £,■)] — 2  r  (T1 ;------------------------

1 rb  Iм ta n  f

is ob ta in ed . W here fro m , after re a rra n g e m e n t th e  fo rm ula

(a - f -  1 — CO S <p) (cos 99 4 ; fx sin  99) <hi
dcp

±  РУ1 +

+  aj sin 99 (cos 99 (Л sin 99) (<p — f,) +

+  a,- (a +  1  — cos 99) (cos 9» j ; / !  sin <p) — 

— bj sin 99 (cos 99 i  /М sin  99) =  0

(24)

em erges. T he sym bols u sed  have been  as follow s:

r — ^ LJl --  , ’ (25)
К

h 2a = ------, (26)
2  r

ciai — —— , (27)
*1

6 , = i . (28)
k l
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T h e d ifferen tia l e q u a tio n  (24) m ay  be w ritte n  in an  even  sim pler an d  m ore 
persp icuous fo rm :

A(<p) 4 т 1  +  В Ы  у  I +  С Ы  (93 — £<) +  D (< p )= 0 .  (29)
dcp

F o r th e  coefficients in  question  th e  com parison  of eq u a tio n s  (24) a n d  (29) 
gives th e  follow ing form ulae

A(cp) — (a -f- 1 — cos cp)(cos qj ^  /i sin q;;), (30)

-В Ы  =  ±  ^  (31)

C(cp) =  at sin  cp (cos cp zh p  sin cp), (32)

D(cp) =  a ,(a  1 — cos cp)(cos q> zb M sin  Ç9) ~  6 , sin  (cos qs zh sin  q?)?

D (< P ) =  a i A ( < p ) - — -C(<p). (33)
a i

In  th e  fo llow ing th e  coefficients (30), (32) an d  (33) m ay  be e x p a n d e d  
in to  series p roceed ing  accord ing  to  th e  increasing  pow ers o f (cp — |/ ) .  As th e  
fu n c tio n s sin cp a n d  cos cp th ro u g h o u t ex p an d  u n ifo rm ly  co nvergen t pow er 
series an d  th e  coeffic ien ts in  q u estio n  are  po lynôm es o f th e  fu n c tio n s sinq> 
a n d  cos cp th e  re a rra n g e m e n t an d  su m m a tio n  o f these  series [an d  la te r  on th e  
fu r th e r  o p era tio n s in  eq u a tio n  (29) p e r tin e n t to  sam e] w ill a c tu a lly  be p er- 
fo rm able  in  th e  m a n n e r s ta te d  below . The fo rm u lae  for these  co m p u 
ta tio n s  are so chosen  that they m ay  readily be programmed fo r  electronic com
puters.

For th e  coeffic ien t (30) th e  eq u a tio n s

A(cp) =  (1 +  a — cos cp) (cos cp -j- pi sin cp) —

— ( 1 + a )  cos cp zj— /г (1  -f- a ) sin cp — —------- — cos 2  q>
2 2

-p- p  sin 2  cp — (1  -f- a) [cos £,■ cos (cp — £,) — sin  £, sin (cp — f ()] -j-

ifc f* (1 +  a ) [sin £ ;cos i f  —  f i)  +  cos sin (<P — £,)] —

------------- — [cos 2  Çj cos 2  (cp — £,-) — sin  2  f,- sin 2  (cp — £,)] =p
2 2
1

“F —  P [sin  2  cos 2{(p — St) +  cos 2 Si sin 2  (cp — £,)] =  
2

=  (i +  ®) (cos h  ±  /*sin %i) 1 +  2
t=\ (2  re)!
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oo /_ 1 \Л+1
+  (1 +  a) ( ±  cos £t — sin I ,)  —--------—  (9  — £i)2 n -1  -

n=i (2 1 1 - 1 )!

------------- — (cos 2  £t ^  ft sin 2  £t)
2  2

00 ( — IV2 22n
n = l

1 oo  /   1 \П  +  1 2 2 n —1

-  V  ( ±  И cos 2 £, -  sin 2  f ,) 2  ~ r ------77, (V ~  ^ Г ' 1 =
2 n=i (z  M — 1)!

=  (1  +  a) (cos ^  //s in  Hi)-----— (1  -f- cos 2  j7/ — /x sin  2  f,) - f
2

OO / __ 1\M +  1

+  2  ~77-----— 7~r K 1  +  “ )(=h i“ cos f , -  sin £,) +
n = 1 ( 2  n  — 1 )!

+  2 2n~ 2 (sin  2  f,- =f /I cos 2  f,)] (99 — | , ) 2n_1  +

S  ( - 1 )" [ ( 1  +  a) (cos £, i  /М sin I,.)
„TÍ ( 2 n)!

— 2 2" - 1 (cos 2 £ i ± /г sin 2  f ,•)] (99 — | , ) 2n,

i.e. th e  eq u a tio n

A 9 )  =  A  (Si) +  2  A n - i ( M  ( <P -  f / ) 8" - 1 +  J ̂ ( f , )  (?  -  f,)*» (34)

m a y  be w ritten , w here th e  coefficients can  by  e lem en ta ry  rea rran g em en t be 
tran sfo rm ed  in to  th e  sim p ler form ulae

A (£,) =  ( 1  +  а — cos £/) (cos £ / ±  ft sin £t) ,

( _  1 )" + 1
A 2n-ltf t)  =  ----- —Г77 [ ( ±  /“ CO S f ,  -  sin f ,)  (1 +

(2n -  1)!
+  a  — 2 2n_1  cos £j) ±  ft 2 2n_2],

A 2n(£i) =  V. [(cos £f ±  ft sin  £ t) ( 1  +
(2 в)!

+  a -  2 2n cos £f) +  2 2n_1],

(n = 1,2,3, ...)•

(34a)

(34b)

(34c)

A nalogously

C{(p) — a,- sin  99 (cos 9> i  ft sin 99) =  —  at (sin 2  <p ft cos 2 <p ^  ft) =
2

1

=  7 a '

0 0 / 1  \n+ 1 92^-1
cos 2 f t  2  - 7 Г ------7 7 7 ~  (V  ~  i i ) 2”-1  +

+  sin 2  f  ,•

Ä  ( 2 n  — 1 )!

( _  I p  2 2"
1 +  5  !  - - . (9» -  £ , Г

/ 1=1 (2  и)!
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=P /г cos 2
o o  / __  1 \ n  9 2 П

1 + , № " ч 'Г = t

OO / ___ -I \n + l  92П—1 )

±  sin 2  f , 2  ------— —  (<p -  í , ) 2" “ 1 ± / u \  =
n = 1 ( 2 n -  1)! J

=  —  a, (sin 2 fi cos 2  f,- +  /л) +
2

OO C___ 1 \r t+ l  92П—2

+  “ í 2  ' “Ti,-------- T7T“  (cos 2 f< ±  <“ sin 2 1/) (95 — f i)2"“ '"  (2 re — 1)!
OO /■___ J \n  22^—1

«/ -----TiT î----- (sin 2 fí T  <“ cos 2 fi) — fi)2'(2 re)!

t h a t  is to  say

C(p) =  З Д )  +  ^  С2гг_г(|,.) (у -  I,.)2"“1 +  2  c 2n(fi) (? -  fi): 
/1 =  1 /1 =  1

2П (35)

w here  th e  coefficients a re  g iven  b y  th e  form ulae

C0(fi) =  a,- sin  I,- (cos I,- ^  /< sin f , ) ,

(_ iv h -i  22n—2
C2n - i( f i)  =  «, — ~ -------ГГ—  (cos 2 Ç j ± ( i  sin 2  f , ) ,

(2  n  — 1 )!
( _ l ) n  2 2 Л—1

C2n(fi) =  «:•------^ r— :-------  (sin 2  £,-=(= /г cos 2  £,-),
(2 re)!

(re =  1,2,3, . . .)■

(35a)

(35b)

(35c)

F rom  the  re la tio n sh ip s  (33), (34), (34a) —(34c), (35), (35a) —(35c) th e  
coeffic ien t D(q>) can  also he co m p u ted .

O n th e  basis o f  th is  c o m p u ta tio n  i t  can be seen th a t ,  in s tead  o f th e  
d iffe ren tia l eq u a tio n  (29), th e  e q u a tio n

2 A m(Hi) { < p - t iy dy'i
d<p

=b /ОТ + 2 с * Ш < р - Ы
m = 0

(<p

+  2  a i A m( i , ) -------Cm(£j)
m =0 L a i

{<p -  =  0
(3 6 )

m a y  be w ritten  an d  th e  c o n s ta n ts  in v o lv ed  m ay  be in te rp re te d  accord ing  to  
th e  equa tions (34a) — (34c), (35a) —(35c), (26)—(28). N ow  th e  d ifferen tia l 
e q u a tio n  (36) should  be  so lved  b y  th e  in fin ite  pow er series

OO

y í =  Ш )  +  2  E ^ i )  (?  -  f ,)m • (37)
m = 1
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T he in itia l cond ition  cp =  y  ,■(£,) =  J , 0 involves th a t

E0( i i ) = y i0. (38)

L e t us now  su b s titu te  th e  fu n c tio n  (37) in to  (36)

'Л . ( ^ ) (  < Р - Ь ) П У  m E, (£,) (cp -  f,)m 1
m =  1

+

± /*  ^  I,)"1 +  2 Cm&)(<P-ti)m+1

+  2
m = 0 _ a,

(<p -  £,-)m =  o

hence , b y  th e  com parison  o f th e  coefficients o f th e  pow ers w ith  id en tica l expo
n e n ts  th e  form ula

{<P — £i)°: Л№ ) £ i(£<) i  РЕо(%д +  ai Ao(£t) — —  Co(f/) =  0
«<

an d  generally  speaking

m + l
(<? -  f ,)m= ^  ^ m+1- , ( W  В Д )  ±  ^ f , )  +

V=1

+  Ст_ ^ )  +  a, A m(ii)  -  A  Cm(f,-) =  0 (m =  1, 2, 3, . . .  )
ai

is o b ta in ed .
R ely ing  upon  th e  afore s ta te d , fo r th e  co n stan ts  _Ет (|,- )(m =  1,2,3, . . .) 

d e te rm in in g  th e  so lu tion -func tion  (37) th e  form ulae

E A i , ) =

Em+i(fi) =

A 0m

6 ,
± f i E 0(S,) +  at A 0( S , ) ~ - L C0(Sl) (39)

1

(m +  1 ) A 0(ii)
2 v A m + i- v ( £ i ) E v($i)  ±  l u E J i i )
V = 1

Cm_ 1(Çi) +  a i A m( ï i) - ~ C m( t i)
«/

(m =  1, 2, 3, . . . )

(40)

su ita b le  for re c u rre n t co m p u ta tio n s  a re  o b ta in ed . T h erefo re , th e  so lu tion  
o f  th e  ro lling  eq u a tio n  is b ey o n d  any interval ( | f, ! i+1) a fu n c tio n  rep resen ted  
b y  an  in fin ite  pow er row  (37), w here th e  coefficients in  q u es tio n  m ay  be 
co m p u ted  from  th e  form ulae (38) — (40), (34a) — (34c), (35a) — (35c), (26) — (28).

Acti Techn. Hung. 51 (1965)



5 8 L. TÓ TH  and E . VINCZE

F ro m  am ong th e  do u b le  signs in  th e  form ulae  th e  u p p e r  one concerns dom ain  
I ,  th e  lower one d o m a in  I I .  R ely ing  upon  these  th e  so lu tio n  m ay alw ays be 
fo u n d  w ith  th e  re q u ire d  accu racy .

The convergence o f  th e  in fin ite  pow er row  o b ta in e d  as th e  so lu tion  is 
n o t  a m a tte r  to  be th o ro u g h ly  d ea lt w ith  here , b u t  i t  m u s t be no ted  th a t  th e  
p ow er row  converges r a th e r  rap id ly , so th a t  even in  case t h a t  the  m em bers 
fo llow ing th e  q u a d ra tic  ones are o m itte d , th e  re su lt is s till ex ac t enough to  
m ee t p rac tica l r e q u ire m e n ts , w ith  an  ex a c titu d e  w hich e x te n d s  to  tw o decim al- 
figu res.

IV. A pplication o f the  solu tion

The c h a ra c te ris tic  d a ta  of ro lling  can be d e te rm in e d  only w ith in  th e  
m easu ring  accu racy . I n  a d d itio n  sam e h av e  a ce rta in  d ispersion  due to  th e  
in h o m ogeneity  o f th e  m a te r ia l processed. This is also su p p o rte d  b y  th e  ro lling  
pow er m easu rem en t, as n o t only  th e  m easuring  m eth o d s , h u t  also th e  forces 
in v o lved  have som e d ispersion . T herefo re , i t  is n o t n ecessa ry  to  strive  a f te r  
a n  ex trem e accu racy  in  th e  fo rm ula  o f th e  so lu tion . T h e  degree of exac tness 
so u g h t for in  th e  so lu tio n  o f in d iv id u a l ta sk s  m ay  be g iven  com plying w ith  
th e  given c ircu m stan ces ju s t  p revailing .

H erea fter w ell ap p licab le  a p p ro x im a te  “ q u a d ra tic ”  form ulae are g iven 
su itab le  for h an d lin g  tw o  im p o r ta n t p rac tica l cases; th e  re la tio n sh ip s  m ay  he 
o b ta in ed  by  ta k in g  th e  f irs t  th ree  m em bers o f th e  in f in ite  series th a t  em erged  
from  th e  p receding  c o m p u ta tio n s  in to  considera tion  a n d  b y  m aking  use o f th e  
ap p ro x im atio n s

X
< p ^ — ; 

r

sm  a a > ; cos af- /u  sin a ^ l  ;

cos 2 а ± / х  sin 2 a ? ^ l .

a)  A ssum ing “ fc”  to  be c o n s ta n t (th is is p ra c tic a lly  th e  case w ith  h o t 
ro lling) fo r  domain I  th e  eq u a tio n

y  =  l + K 1 (la - x )  +  K i (ld - x ) *  (41)

i s va lid , w here th e  sy m bo ls h av e  th e  follow ing m ean ing :

1

r

K ,  =
2

X
( X --------- s -

r

Ko = (A l  +  /t) к , -
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ho i

while fo r domain I I :

, l ' \ß  — ■
2  r

h  =  К»- (/»! — fe2) ;

V =  1 +  -Ri л:

applies w ith  th e  sym bols

* i  =
2 /л

(42)

K 2 = hí
( ^ + 1 ) - ^ - + / ^

2  r

b) I f  a lin ear h a rd en in g  is co n sid ered  ( th a t  is a p p ro x im a te ly  th e  case 
w ith  cold rolling) for dom ain  I  the  re la tio n sh ip

m ay  be u sed , where
J  =  K o +  K l ( l d  —  x )  +  K 2(/d — x f

T s  ____ -I ^ b r e a k i n g

0 ~~ К

Ko =  —
К

l.

/Ж 0 +  б А _ А .
2  r r

( A  / л ) К 1
r

A  + - S -
r

+

ho
A = — + ~ W -

b =
r ?r

-
to 1

h 1 * 1
i  .

id =  b ( . K - h 2)

an d  for domain I I  the  fo rm ula

У  =  R 0 +  R i x  +  R 2 x 2

is va lid  w ith  th e  sym bols:

ko
R  =

fei

R ,
К

^ d r a w i n g

r*R 0 - b £  | ,

(43)

(44)
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r 2 =
К

/ í ( a - f l )  -f- bju

=  K_
2  r

2  r2
+  A

In  Fig. 6  th e  e x p e rim e n ta l m easu rem en t process o f  S ie b e l  and  L u e g  is 
show n. The d a ta  o f  th e  p ilo t rolling are  as follow s:

r =  90 m m , hy =  2 m m , h, =  1 .1  m m , ц =  0.4,
к , =  28.6 k g /m m 2, /с: =  16.8 k g /m m 2

0 1 2 3 4 5 6 7 8 9
--------► X [m m j

Fig.  6

G ra p h  b in Fig. 6  is a th e o re tic a l d iag ram  p lo tte d  w ith  th e  d a ta  given above. 
T h is  o f course v a lid  b e in g  only till adhesion  begins. As th e  figure show s in  
th e  case in question  th e  te s t  re su lt is in  good acco rdance  w ith  th e  value o b 
ta in e d  from  th e  f i r s t  3 m em bers of th e  in fin ite  series.

B y the  in te g ra tio n  of equa tion  (43) a n d  (44) re la tiv e ly  sim ple eq u a tio n s  
describ ing  the  pow ers a n d  m om ents o f th e  ro lling  p rocess m ay  be o b ta in ed .
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D IE  LÖSUNG D E R  K ÁRM ÁN SCH EN D IFF E R E N T IA L G L E IC H U N G  
D E S W ALZVORGANGES D U RCH  U N E N D L IC H E  P O T E N Z R E IH E N

L. TÓTH und E. VINCZE

ZUSAM M ENFASSUNG

N ach Schilderung der den w ichtigsten Theorien zur Berechnung des im  W alzspalt 
auftretenden Druckes zugrundegelegten Grundannahm en wird auf den U m stand hingewiesen, 
daß die Gleichung von K árm án das statische Gleichgewicht des bildsam en Materials b e 
schreibt. W esentlich für den W alzvorgang is t  die Bewegung des W erkstoffes zwischen den 
rotierenden W alzen. D ie als Folge der B ew egung auftretende zusätzliche K raft wird auf 
die Beschaffenheit des verarbeiteten  M aterials zurückgeführt. D ie Lösung der F undam ental
gleichung von Kármán über den W alzvorgang wird in  Form einer unendlichen Potenzreihe 
angegeben. Im  Schlußteil der Abhandlung w ird die praktische Anw endung der Lösung er
örtert.

RÉSOLUTION, PA R  SÉ R IE S DE PUISSAN CES IN FIN IE S, D E  L’ÉQUATION  
D IFF É R E N T IE L L E  D E  K ÁRM ÁN SE R A PPO R T A N T  AU  PROCESSUS D E  LAM INAGE

L. TÓTH et E. VINCZE

R É SU M É

Après un aperçu des hypothèses fondam entales des principales théories se rapportant 
au calcul de la pression produite dans l’em prise, l’étude montre que l ’équation de K árm án  
décrit l ’équilibre statique de la matière p lastique. Le processus de lam inage consiste essen ti
ellem ent dans le chem inem ent de la matière entre les cylindres anim és d’un m ouvem ent de 
rotation . La force supplém entaire se produisant par suite du m ouvem ent s’explique, selon  
l’auteur, par les propriétés de la matière. La résolu tion  de l’équation fondam entale de Kárm án  
se rapportant au lam inage e st présentée sous form e d’une série de puissances infinie. La der
nière partie de l’étude tra ite  des applications pratiques de cette  solution .
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РЕШЕНИЕ ДИФФЕРЕНЦИАЛЬНОГО УРАВНЕНИЯ ПРОКАТКИ ПО 
КАРМАНУ С ПОМОЩЬЮ БЕСКОНЕЧНЫХ ЭКСПОНЕНЦИАЛЬНЫХ РЯДОВ

Л. ТОТ и Е. ВИНЦЕ

РЕЗЮМЕ

Работа после изложения основных предположений важнейших теорий расчета 
давления, возникающего в калибре, показывает, что т. н. уравнение Кармана 
описывает статическое равновесие пластичного материала. Суть процесса прокатки за
ключается в движении материала между вращающимися прокатными валками. Допол
нительные силы, возникающие в процессе движения, объясняются свойствами самого 
материала. Решение уравнения прокатки по Карману дается в форме бесконечных экспо
ненциальных рядов. В последней части работы рассматривается практическое приме
нение решения.
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THE DETERMINATION OF THE DISTRIBUTION 
COEFFICIENT OF ZINC WITH RADIOISOTOPE Zn65 

BY THE ZONE MELTING OF ALUMINIUM

E. BUJDOSÓ,* - E .  CZOBOLY** —F. MAGYARY* 

[Manuscript received January 30, 1963]

Aluminium bars of 99.99% purity alloyed with Zn65 radioisotope were zone refined 
by various velocities and melted zone length conditions. The distribution of activity in the 
material originally containing 0.0044% Zn65 radioisotope was examined by means of contin
uously registering measuring equipment. On basis of the observed activity distribution 
curves both the effective distribution coefficient of the zinc as well as the value of Ô/D valid 
for the given equipment were established. Finally data of the optimal zone melting process 
were determined in respect to zinc and to contaminations having similar distribution coef
ficients.

I. Introduction

S everal p u b lica tions h av e  ap p e a re d  in  th e  la s t years dealing  w ith  th e  zone 
m eltin g  m eth o d  developed  b y  W . G. P f a n n  [1] [2] an d  his co llab o ra to rs , an d  
gave an  acco u n t of th e  re su lts  o b ta in ed  b y  em ploying  th is  m e th o d . S till th e re  is 
r a th e r  a g rea t gap be tw een  th eo re tica l considera tions an d  p ra c tic a l rea lisa tio n . 
T he g re a te s t d ifficu lty  in  th is  case is th e  prev ious d e te rm in a tio n  o f th e  d is tr i
b u tio n  o f  im purities a f te r  zone m e ltin g , i.e. th e  d e te rm in a tio n  o f th e  n u m b er 
o f passes requ ired  for p ro duc ing  th e  desired  sep ara tio n . A ccord ing  to  p re fe r
ence th e  d is trib u tio n  passes of zone m eltin g  m ay he d e te rm in ed  b y  severa l 
m e th o d s . T he m ethod  o f ca lcu la tion  w as  e lab o ra ted  b o th  b y  N. W . L o r d  [3] 
an d  H .  R e i s s  [ 4 ]  w hile J .  L . B i r m a n  [ 5 ]  a n d  R .  W .  H a m m i n g  [ 6 ]  proposed  
a p p ro x im a tin g  m ethods. H ow ever, a ll th e se  calcu lations a re  v e ry  co m plica ted  
a n d  le n g th y . M oreover, a ll eq u a tio n s a re  on ly  valid  u n d e r  th o se  cond itions 
w hich  m a y  h a rd ly  be fu lfilled  in  m a n y  cases.

F o r  exam ple, a com ple te ly  u n ifo rm  d is tr ib u tio n  o f  th e  im p u ritie s  in  th e  
liq u id , i.e . a perfect d iffusion  in th e  m e lte d  zone is assum ed . M oreover, i t  is 
assu m ed  th a t  fc0 is a c o n s ta n t th is  b e in g  v a lid  only in  th e  case of lin ea r  liqu id - 
so lid  cu rves o f th e  eq u ilib riu m  d iag ram . F in a lly , in  th e  case o f m eta ls  h av in g  
good th e rm a l co n d u c tiv ity  th e  u n ifo rm ity  of th e  zone le n g th  can  on ly  be 
en su red  w ith  d ifficu lty  because th e  le n g th  o f  th e  zone is sh o rte r  in  th e  m iddle 
o f  th e  b a r  th a n  a t th e  tw o  ends due to  th e  tw o d irec tiona l red u c tio n  o f h e a t.

* Research Institute for Non-Ferrous Metals, Budapest.
** Institute of the Mechanical Technology on the Technical University, Budapest.
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To conclude, th e  g re a te s t  d ifficu lty  arises from  th e  fa c t th a t  the  к d is tr i
b u tio n  coefficient w h ich  serves as th e  base o f th e  ca lcu la tions is u n k n o w n . 
B y  reason of th e  a d v a n c e  o f th e  c ry sta llisa tio n  fro n t th e  im p urities a t  th e  
in te rface  are en rich ed  a n d  th e  co n cen tra tio n  o f th is  lay e r m ay  exceed th e  
av erag e  C1 c o n c e n tra tio n . In s te a d  of th e  ideal s ta te  as show n b y  d o tte d  
lin e  in  Fig. 1 th e  s ta te  in d ica ted  b y  th e  u n b ro k en -lin e  shall be realised . T h u s

c ;  =  fcoQ >  c s =  k 0c v

T h is  re la tion  m ay  also  be given as follows

C' =  kC t

w here к >  k 0. A cco rd in g  to  th e  th e o ry  suggested  b y  B u r t o n — P r i m —  

S L IC H T E R  [7]

*o +  (l -  K )e -v3‘D

Fig.  1. D is t r i b u t io n  o f  so lu te  in  a  p a r t l y  zo n e  m e l te d  sp e c im en . 
I d e a l i s e d  ca se : d o t t e d  lin e ; t r u e  ca se : u n b ro k e n  lin e

w here к is th e  rea l d is tr ib u tio n  coefficient, v is th e  v e lo c ity  o f th e  c ry s ta llisa tio n  
fro n t advance, b is th e  th ickness of th e  lay e r w here m a te r ia l tra n sfe r  ta k e s  
p lace only by  d iffu sio n , w ith o u t flow , D  is th e  d iffusion  coefficient. The va lu es  
o f  ô and  D  are u su a lly  u n k n o w n , th o u g h  for a g iven m a te ria l an d  eq u ip m en t a re  
n e a rly  co n stan t. I n  th e  d ifferen t so lu tions D  =  10 ~ 5 4- 10 - 1  cm 2/sec, w hile 
b  — 10 - 3  -г 10” 1 cm , d ep en d en t on th e  m ix ing . C onsequen tly  th e  v alue  o f  
к  depends on th e  sp eed , too . A t sm all velocities th e  v alue  of к increases, 
th u s  th e  zone m e ltin g  process is less effective. T he o p tim a l value can  on ly  
be  determ ined  b y  c ircu m sp ec t ca lcu la tions w here th e  u n c e r ta in ty  of som e 
ran g es — w hich re su lt  from  th e  fa c t o f n o t h a v in g  th e  b j D  value — is n o t  
perm issible.
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T he purpose o f  o u r in v estig a tio n s w as th e  ex p e rim en ta l d e te rm in a tio n  
of Ô/D v a lue  for one o f  th e  im p u ritie s  o f a lum in ium  w ith  th e  zone m e ltin g  
e q u ip m e n t w hich is th e  p ro p e rty  o f th e  I n s t i tu te  of th e  M echan ical T echnology  
a t  th e  T echn ical U n iv e rs ity  of B u d a p e s t. In  add itio n  o u r a im  w as to  ca lcu la te  
th e  o p tim a l p a ram e te rs  o f  zone re fin in g  in  reg ard  to  th is  e q u ip m e n t, assisted  
b y  th e  above given v a lu e .

O u r m easu rem en ts  w ere p e rfo rm ed  sim ilarly  to  th o se  o f  D . G e l l i  a n d  
N. R o b b a  [12] w it h a llo y ed  Z n 65 rad io iso to p e . This m e th o d  has th e  follow ing 
a d v a n ta g e s :

a)  T he im p u rity  d is trib u tio n  c a n  be co n tinuously  d e te rm in ed  in  th e  
w hole len g th  of th e  b a r;

b)  th e  process is o f  n o n -d e s tru c tiv e  ty p e , th u s  in  case o f  severa l m eltings 
th e  im p u r ity  d is tr ib u tio n  can be d e te rm in e d  a fte r each  p ass ;

c)  a rad io iso tope  o f  h igh specific  a c tiv ity  enables th e  e x a c t d e te rm in a 
tio n  o f  tra c e  im p u ritie s  w hich  could h a rd ly  be perfo rm ed  b y  chem ical analysis  
o r sp ec tro m etry .

II . E xperim en ta l equipm ent a n d  m ethod of m easu rem en ts

1. Activity  m easuring assembly

T he m easuring  e q u ip m e n t c o n s tru c te d  in  th e  Iso to p e  L a b o ra to ry  o f th e  
R esea rch  In s t i tu te  fo r N on-F errous M eta ls com prises th e  follow ing p a r ts  
(F ig . 2): lead-sh ield ; sca ler of 64; fa s t-c o u n tin g  ra te m e te r ;  tim e r; M AW  
com pensograph ; d riv in g  equ ip m en t fo r  m oving  th e  A l-bar.

To determ ine  th e  d is trib u tio n  o f  a c tiv ity  a con tinuous m eth o d  b y  m eans 
o f th e  d riv in g  e q u ip m e n t, th e  ra te m e te r , th e  lead-sh ield  a n d  th e  com penso
g rap h  w as used. H o w ev er, th e  re su lts  w ere also con tro lled  b y  m easu rem en ts 
a t  1 0  m m  steps, d u rin g  th e  p re lim in ary  ex p erim en ts, w ith  a scaler.

In  o rder to  red u ce  th e  b a c k g ro u n d  as well as to  m easu re  th e  im pulses 
o rig in a tin g  only in  a n a rro w  section o f  th e  A l-bar a lead -sh ie ld  p ro v id ed  w ith  
3 0 x 1 6  m m  ap e rtu re  (F ig . 3) was ap p lie d . T he CTC-5 ty p e  G M -tube o f 375 У 
o p e ra tin g  p o in t was p laced  in  the m id d le  o f th e  lead-sh ie ld . I t s  o p tim al posi
tio n  w as de term ined  b y  m easu rem en t series. T he tu b e  jo in s  th e  base w ith  d rive  
screw s. T he pulse n u m b e r was m easu red  b y  d ifferen t sp ac ing  o f th e  G M -tube 
a p e rtu re . A fter o p tim a l position  h a d  b een  de term ined  th e  tu b e  rem ained  in  
th is  sam e position  d u rin g  all fu rth e r  m easu rem en ts . T he b a r  w as m oved  a t  a 
c o n s ta n t un iform  speed  before the  a p e r tu re  b y  m eans of th e  d riv in g  eq u ip m en t. 
T he resu ltin g  im pulses w ere in te g ra te d  b y  th e  ra te m e te r  w h ich  gave a signal 
p ro p o rtio n a l to  th e  c o u n tin g  ra te  (p p s) a t  th e  o u tp u t  o f th e  in s tru m e n t. 
T his a lte re d  from  0 to  80 У conform  to  th e  0 —100 p p s , t h a t  was red u ced  
b y  m eans of voltage d iv id e r to  50 mV. T h e re a f te r  i t  w as ca rr ied  to  th e  com pen-

5 Acta Techn. Hung. 51 (1965)
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Fig. 2. O utline and photograph of the activ ity  m easuring equipm ent

Fig. 3. Sectional v iew  of the lead-shield

Acta Techn. Hung. 51 (1965)
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Fig. 4. Photograph of the zone m elting equipm ent

T he h igh  frequency  g en e ra to r su p p lie s  th e  energy req u ired  for th e  zone 
m elting . T he d a ta  of th e  h ig h  frequency  g en era to r used in  th e  process w ere 
as follow s:

anode c u r r e n t ....................................... 1.2 A;
v o l t a g e .....................................................  4 —4.5 kV;
fr e q u e n c y ................................................  400 kH z.

T he m e ta l placed in to  a g rap h it b o a t  was p u t in  a tr a n s p a re n t  q u a rtz  
tu b e  h av in g  a 50 m m  d ia m e te r  and  1 m  len g th . This w as filled  w ith  argon  
gas in  o rd e r to  avoid  o x id a tio n . The tu b e  w as su rro u n d ed  b y  th e  h igh  freq u en cy  
coil m o v ab le  b y  th e  d riv in g  eq u ip m en t a t  v a ry in g  speed. D iffe ren t coils w ere 
used  to  p ro d u ce  m elted  zones of d iffe re n t leng th ; th e ir  d a ta  are g iven in  
T ab le  I .

sograph  w here th e  values o f  a c tiv ity  d is tr ib u tio n  were o b ta in e d  as reg is te red  
on a s tr ip  25 cm in w id th . T h e  tim e c o n s ta n t  o f th e  ra te m e te r  w as 20 sec, th e  
speed  o f th e  driv ing  e q u ip m e n t was 1332 m m /h  and  th e  speed  o f th e  s tr ip  
on th e  com pensograph  w as 1 2 0 0  m m /h .

T he s ta tis tic a l p e rc e n tu a l error o f  th e  in s tru m e n t as a fu n c tio n  of c o u n t
ing  speed  was also d e te rm in ed . H ereby  i t  becam e possible to  select a co u n tin g  
ra te  a t  w hich  th e  error o f  m easu rem en ts  w as less th a n  5 p er cen t.

2. Zone melting equipment

T he eq u ip m en t (F ig . 4) consists o f  3 u n its : high freq u en cy  g en e ra to r; 
th e  m a te ria l to  be refined w ith  the  g ra p h it  b o a t and  q u a rtz  tu b e ; th e  d riv ing  
eq u ip m en t.

5* Acta Techn. Hung. 5 (1965)
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Table I

Characterist ic measurements o f  coils used in zone melting

i
Mark of coil d

[mm]
D

[mm] n
b

[mm] Note

I 7.5 50 3.5 7.5 Flat, spiral coil
и 7.5 50 3.5 35

in 7.5 70 6.5 120
Multiturn cylindrical coil

Where c diam eter o f  copper tube as conductor, 
d inside diam eter of coil, 
n number o f  turns, 
b length o f  coil.

III . E xperim en ts

1. D eterm ination o f  p u r i ty  o f  the Z n 65 radioisotope

Before b eg in n in g  our zone m elting  ex p erim en ts  we exam ined  th e  p u r i ty  
o f  th e  Z n 85 rad io iso to p e .

Fig. 5.  G am m a-spectra of Cr51 and Z n65 standard isotopes

Acta Techn. Hung. 51 (1965)
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T he rad io ac tiv e  p re p a ra tio n s  o ften  co n ta in  m ore or less ac tive  or inac tive  
co n tam in a tio n s  w hich  o rig ina te  to g e th e r  w ith  th e  rad io iso to p es an d  th e ir  
sep a ra tio n  can n o t be perfecly  ach ieved . T hough  th e  m ass o f these  im p urities 
is v e ry  low y e t  th e ir  a c tiv ity  m ay  be considerab le . T hese ac tiv e  im p urities 
could  falsify  th e  m easu rem en ts  o f o u r ex p erim en ts , i f  e.g. th e ir  behav iou r 
differs from  th a t  o f zinc. T herefore, especia lly  g rea t care  is to  be paid  w hen 
an a ly sin g  th e  ac tiv e  im p u ritie s  o f th e  zinc iso tope used. G am m a-spec trom etric

m easu rem en ts w ere p erfo rm ed  fo r t h a t  p u rp o se . T he m easu rem en ts  w ere 
ca rried  o u t b y  m eans o f Siem ens GS — DM Z one ch an n e l g am m a-sp ec tro m ete r 
w ith  a N aJ(T I) c ry s ta l o f 44 m m  d ia m e te r  an d  44 m m  h e ig h t.

F irs t  o f all th e  G am m a-sp ec tra  o f  Cr51 an d  Z n 65 s ta n d a rd  iso topes were 
d e te rm in ed , increasing  th e  vo ltage  o f  th e  d isc rim in a to r p e r v o lt (F ig. 5). 
T he values o f th e  d isc rim in a to r w ere c a lib ra te d  b y  th e  0.325 MeV p h o to p eak  
o f  th e  Cr51 iso tope , th e  1.118 MeV p h o to p e a k  of th e  Z n 65 iso tope  as well as 
th e  0.512 MeV gam m a line o f th e  Z n 65 iso tope . The la t te r  o rig inates from  th e  
an n ih ila tio n  o f p o sitro n s of 0.325 MeV energy .

Arta T ech ti. H u n g . 51 (1 9 6 5 )

Fig. 6. Gamma-spectra of the Zn65 isotope used
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The Z n 65 rad io iso to p e  used  fo r th e  in v estig a tio n s w as com pared  w ith  
th e  s ta n d a rd  sam ple . T he form  o f th e  cu rve  o b ta in ed  is a lm o st ex ac tly  th e  
sam e (Fig. 6 ) as th e  en erg y  d is tr ib u tio n  o f th e  s ta n d a rd .

The observed  m in im al d ev ia tio n  m ay  be due to  th e  difference in  th e  
geom etry  an d  size o f  b o th  sources.

On th e  basis  o f  th e s  eresu lts we m a y  s ta te  th a t  th e  rad io iso topes used  fo r 
o u r investig a tio n s w ere  free from  ac tiv e  co n tam in a tio n s . So in  re a lity  i t  w as 
th e  d is trib u tio n  o f zinc th a t  w as fo llow ed in  our ex p erim en ts .

2. Preparation o f  the alloy

The alloying o f  th e  iso tope w as carried  ou t accord ing  to  th e  re su lts  o f 
th e  p re lim inary  in v es tig a tio n s . T he specific  a c tiv ity  o f th e  rad io iso tope  used  
w as 197 m c/g. T he m a s te r  alloy co n sis ted  of 306.6 g a lu m in iu m  of 99 .99%  
p u r i ty  and 0.187 g Z n 65 iso tope. T h is w as added  to  3920.0 g a lu m in iu m  o f 
99 .99%  p u rity . T h u s  th e  co n c e n tra tio n  o f rad io ac tiv e  zinc was 0 .0044% . 
F ro m  th is  m ass a lto g e th e r  we o b ta in e d  9 bars  su itab le  fo r zone m elting , each  
con ta in in g  a b o u t 3.1 m e Z n 65 rad io iso to p e  on th e  d ay  w hen  p repared .

3. Zone refining

The aim  of o u r s tu d y  was to  ex am in e  th e  effect o f th e  m ain  fac to rs w hich  
influences th e  success o f zone re fin in g  as well as to  d e te rm in e  th e ir  o p tim a l 
va lu es  on th is  b ase . T hese fac to rs  a re  th e  leng th  o f th e  zone and  th e  tra v e l 
r a te  — th e ir  e ffect on th e  im p u r ity  d is tr ib u tio n  becom es ev id en t from  th e  
a fo re-m en tioned .

The f irs t series o f  m easu rem en ts  concerned  th e  in fluence  of zone len g th . 
E a c h  of th e  specim ens w ere m elted  3 tim es b y  m eans o f th e  coils specified  in  
T ab le  I. The zone le n g th  p rov ided  b y  th e  coils, th e  v e lo c ity  and  o th e r d a ta  
a re  collected in T ab le  I I .  I t  is to  be m en tio n ed  th a t  it  w as im possib le to  assure  
a co n stan t zone le n g th  as a consequence of th e  good th e rm o c o n d u c tiv ity  o f 
a lum in ium , an d  so th e  zone w as sh o rte r  in  th e  m iddle of th e  specim en th a n  
a t  its  ends. T herefo re , th e  leng th  an d  positio n  of th e  zones w ere m easured  every  
15 m inu tes d u rin g  th e  m elting  tim e  a n d  th e  d a ta  w ere rep re sen ted  in  tim e- 
len g th  coord inate  sy s tem s. One o f th e se  d iagram s is rep re sen ted  for exam ple  
in  F ig . 7, th is  b e in g  d e te rm in ed  d u rin g  th e  f irs t m elting  o f specim en N o. 2. 
(See d a ta  in  T ab le  I I .)  U sing these  d iag ram s i t  w as possib le to  estab lish  t h a t  
b o th  the  m ean zone le n g th  an d  th e  rea l zone len g th  a t  ev e ry  position  as well 
as th e  real ra te  o f so lid ifica tion  f ro n t advance  b y  g raph ica l d iffe ren tia tio n  o f 
th e  curve a. T his show s considerab le  dev ia tio n  from  th e  velocity  o f th e  coil 
(cu rve d ); th a t  can  also  be seen from  th e  figure.

The la te r  ca lcu la tio n s w ere b ased  on th e  rea l ve lo c ity  o b ta in ed  from  th e  
d iag ram .

Acta Techn. Hung. 51 (1965)
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D uring  th e  fo llow ing  experim en ts th e  tra v e l  ra te  o f th e  coil was a lte red , 
while th e  m ean  zone le n g th  rem ained  u n v a rie d . D a ta  of these  series are also 
show n in  T able I I .

Table II
Data o f zone m elting process, app lied  in  refin ing the various specimens

Mark of 
Al-bar Mark of coil Time of zone 

melting, h
Velocity of coil, 

mm/h
Mean zone 
length, cm

l I 7 50 60

2 i l 7 50 80

3 h i 7 50 140

4 и 14 25 80

5 i l 3 116 80

4. M easurem ents o f  activ ity

The d is tr ib u tio n  o f  a c tiv ity  w as d e te rm in ed  a fte r  each  pass b y  th e  con
tin u o u s  m eth o d  describ ed  above. T hese d a ta  a re  g iven in  F igs. 8 a —e.

The a c tiv ity  d a ta  o f  one b a r, u sed  as a s ta n d a rd  sam ple , w ere d e te r
m ined by  m easu rem en ts  la s tin g  h a lf  an  h o u r in  ad d itio n  to  th e  d iag ram  of each  
b a r. T hus, we succeeded  in  com pensa ting  th e  a lte ra tio n s  of th e  in s tru m en ts  
w hich could have  fa lsified  th e  resu lts o f  th e  m easu rem en ts  o f th e  ex p erim en ta l 
w ork  lastin g  several m o n th s . The curves re p re se n te d  in  th e  figu re  are  norm al-

Acta Techn. Hung. 51 (1965)

Fig. 7. Change of zone len gth  depending on the p osition  in  the specim en. Curve “ C” repre
sents the velocity  o f freezing versus d istance, determ ined by graphical m ethod
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ized  to  th e  m ost f re q u e n tly  occurring  a c tiv i ty  levels (I0) b y  m u ltip ly in g  th e  fa c to r

w here  I m is th e  in te n s ity  o f the  s ta n d a rd  o b ta in ed  b y  each  m easu rem en t. 
T h is  co rrection  also e lim inates th e  decrease of in te n s ity  re su ltin g  from  th e  
half-life .

C onsidering th a t  d u ring  th e  ex p e rim en ts  only  th e  d is tr ib u tio n  a n d  n o t 
th e  q u a n ti ty  o f th e  in d ic a to r  h a d  ch an g ed , we used  th is  fac t to  c o n tro l th e  
acc u ra cy  an d  re lia b ility  of our m easu rem en ts . In  ev e ry  case th e  a reas  u n d e r 
th e  a c tiv ity  d is tr ib u tio n  curves an d  u n d e r  th a t  of th e  s ta n d a rd  w ere de te rm in ed  
w ith  a p lan im ete r. T he m easu rem en ts  are  ex ac t on ly  in  th a t  case w hen  th e  
r a te s  o f  these  values are  co n stan t. T h e  values of ( T  d is tr ib u tio n )/(T  s ta n d a rd )  
a re  g iven in  T able  I I I  a n d  as can be  seen th e y  are  n ea rly  c o n s tan t.

Table III

The ratio o f  the areas under the activity  distribution curves o f  zone refined specimens to that o f
the standard after various passes

Mark 
of bar

Number of passes

1 2 3 4

I 10.9 9.3 9.4 _
2 10.0 9.8 8.5 —

3 10.5 9.1 9.3 —

4 9.8 11.2 9.3 —

5 10.7 9.2 9.4 9.6

IY. D iscussion of the resu lts

A com parison  o f F igs. 8 a, b  an  dc show s th a t  coil I I I ,  w hich p ro d u ces th e  
lo n g est m elted  zone, is th e  m ost e ffec tive  as can  be ex p ec ted  b ased  on th e  
re la tio n sh ip s  know n from  th e  l i te ra tu re . Curve 3 in  F ig . 8 c — w hich  m a y  he 
w ell ap p ro ach ed  b y  a s tra ig h t line — how ever, show s th a t  th e  m ax im a l 
p u r i ty  o b ta in ab le  w ith  th is  coil is genera lly  a tta in e d  a fte r  3 passes. T h u s  a 
coil p roducing  a sh o rte r  zone is necessary  for fu r th e r  refin ing .

W e dete rm in ed  b y  every  single pass th e  re la te d  values o f к  a n d  v  a t 
3 — 3 places. This w as done w ith  th e  a id  o f th e  in te n s ity  curves (see F ig . 8 b, 
d a n d  e) an d  curves rep resen tin g  th e  r a te  of c ry s ta llisa tio n  in  fu n c tio n  o f 
le n g th  (see Fig. 7).

O n th e  tim e-len g th  d iagram  o f th e  n 1 pass we assigned th re e  in te rse c ts : 
х г, x 2, x 3. The len g th  o f  m elted  zones (i15 Z2, l3) as well as th e  ra te s  o f c ry s ta llisa -

Acta Techn. Hung. 51 (1965)
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Fig. 8a — e. Distribution o f Zn65 isotope determ ined by a ctiv ity  m easurem ents after each pass. 
The mark of coil used, the tim e of one pass and number of passes are given in the figures

tio n  (t>t , v2 and  v3) re fe rr in g  to  th e  in te rse c ts  w ere d e te rm in ed  (see F ig . 7). 
Fo llow ing  th is th e  x 1 +  lv  x 2 +  h  an d  x 3 -f- l3 in te rsec ts  w ere assigned on th e  
nth in te n s ity  curve o b ta in e d , b y  m easu rin g  before th e  pass an d  th e  areas 
below  these  values w ere de te rm ined  b y  p lan im etry , n am ely ,

J 0X‘ I n + l ( x ) d x -

S im ilarly  th e  areas below  th e  curve n -f- l m easured  a f te r  th e  pass were p lan i- 
m e te red  betw een lim its  0  to  x 2, x2 an d  x 3 in te rsec ts

|0X' h + M d x -

T he difference b e tw een  th e  tw o a reas  d iv ided  b y  th e  len g th  of th e  m elted  
zone gives the  m o m e n ta ry  co n cen tra tio n  of th e  liq u id  (С,^. D iv id ing  th is  
v a lue  w ith  the  c o n c e n tra tio n  of th e  th e n  crysta lliz ing  phase  [(Cs =  I n+i(xj)] 
th e  soug h t for fac to r к  can  be o b ta in ed :

K  =  __________ l - h + j X i ) __________

Ci J** ' I n( x ) d x  -  J 0* ! I n+i(x) dx

T he B u rto n —P r im —Slich ter e q u a tio n  re a rra n g ed  an d  logarithm ized  
gives th e  following:

Acta Techn. Hung. 51 (1965)
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i.e . th e  log ( l / к — 1 ) v a lu e  p lo tte d  ag a in s t ve locity  (v ) a s tra ig h t  line is to  be 
o b ta in e d  th e  slope o f w h ich  is — bjD  log e an d  w hich in te rse c ts  a t  log (1  j k 0 — 1 ) 
v a lu e  th e  o rd ina te  (v =  0 ).

T he values o f log (1 jk  — 1) re fe rrin g  to  th e  d iffe ren t ones o f ve locity  (v) 
a re  show n in Fig. 9. R eg ard in g  th e  d ev ia tio n  of th e  p o in ts  th e  line was d e te r 
m in e d  b y  the  m e th o d  o f le a s t sq u ares . T hus th e  value o f k0 an d  b/D ta k in g  
th e  p robab le  erro r in to  co n sid e ra tio n  is

k 0 =  0.55 ±  0.12, 

b/D =  (446 90) sec • c m -1 .

T he corre la tion  coeffic ien t o f  th e  m easu rem en ts w as 0.88 show ing a 
r a th e r  good connection  b e tw een  th e  m easured  values.

B y  m eans o f th e se  values th e  к  in  fu n c tio n  o f b o th  vbjD an d  v w ere 
p lo t te d  (Fig. 10) acco rd in g  to  W . G. P f a n n  [6 ]. A pp ly ing  th ese  as well as 
th e  nom ogram  re p o rte d  b y  P f a n n  (F ig. 11) we d e te rm in ed  th e  n u m b er of 
p asses  required  to  ach ieve  re la tiv e  so lu te  co n cen tra tio n  0 .2  a t  d ifferen t 
к  v a lu es , th a t  is to  say  th e  tra v e l  ra te  referring  to  th ese  values.

O n the  basis o f  th e se  d a ta  th e  d e te rm in a tio n  o f th e  tim e  necessary  for 
th e  w hole process, is also possible (see T ab le  IV).

Table IV
Various times required to reduce the relative concentration at the 

beginning o f  the specimen to 0.2 when choosing different travel rates

Real
distribution,
coefficient

к

Number 
of passes, 

n
Travel rate 

[mm/hr]

Time of one 
pass, t  =  L/v 
(L =  350 mm) 

[hour]

Refinement
time,

I  =  n  • t 
[hour]

0.55 3.7 0 oo oo

0.6 4.7 17 20.6 — 97
0.65 6.3 37 9.4 — 60

0.7 8.6 56 6.5 — 56

0.75 12.5 76 4.6 — 57
0.8 18.0 103 3.4 — 61

As can be seen from  th e  ta b le  th e  o p tim a l ve lo c ity  to  o b ta in  th e  re la tiv e  
so lu te  co n cen tra tio n  o f  0.2 is 60 m m /h . In  th is  case к  =  0.7, th e  n u m b e r  
o f  passes requ ired  is n  =  9 an d  th e  process tim e  is a b o u t 56 hours.
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DETERM IN A TIO N  OF TH E  D ISTRIBU TIO N  COEFFICIENT OF ZINC 77

Fig. 9. The m easured values of log [(1/fc) — 1] p lotted  against the v e lo c ity  o f solidification

Fig. 10. The true distribution coefficient as a function of freezing velocity
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The optim al v e lo c ity  depends on th e  e q u ip m en t, to o . N evertheless th e  
r e s u l t  ob ta ined  is in  good  ag reem en t w ith  th e  d a ta  (70 m m /h) pub lished  b y  
D . G e l l i  and  M. R o b b a  [12] who e s tim a te d  th e  o p tim a l ve locity  from  th e  
sh a p e  of the  in te n s ity  cu rves.

Fig. 11. Relative solute concentration at the beginning of the specim en as a function of the  
number of passes, for various values o f the distribution coefficient [6]

V. Conclusions

Sum m arizing i t  m a y  be s ta te d  th a t  th e  o p tim a l p a ram e te rs  o f zone 
re f in in g  w ith  th e  u se d  eq u ip m en t from  th e  v iew po in t o f Zn co n tam in a tio n  
as well as from  th o se  o f  th e  alloy ing  com ponen ts, w hose d is tr ib u tio n  coeffi
c ie n t (k 0) is n o t v e ry  d iffe ren t from  th a t  o f zinc (i.g. Cu, Si, Ca, Li) is th e  
fo llow ing:

T hree passes w ith  coil I I I ,  su b seq u en t passes w ith  coil I I .  T he n u m b er 
o f  passes requ ired  d ep en d s  on th e  desired  p u r ity . I t  is adv isab le  to  a d ju s t 
th e  tra v e l ra te  o f th e  coil so as to  assure a c o n s ta n t c ry s ta llisa tio n  v e lo c ity  
o f  60 m m /h.
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D ETERM IN A TIO N  OF TH E D IST R IB U T IO N  COEFFICIENT OF ZINC 7 9

BESTIM M UNG D E S V E R T E IL U N G SK O E F F IZ IE N T E N  V O N  ZINK  
M ITTELS DES RADIOISOTOPS Zn*5 BEIM  ZO NENSCH M ELZEN  

DES ALUM INIUM S

E. BUJDOSÓ, E. CZOBOLY und F. MAGYARY

ZUSAM M ENFASSUNG

M it Zn65 Radioisotop legiertes R einstalum m ium  (99,99%  Al) wurde m it dem Zonen
schm elzverfahren bei verschiedenen G eschwindigkeiten und Zonenlängen gereinigt. D ie  
A ktivitätsverteilung des ursprünglich 0,0044%  Zn65 Radioisotop enthaltenden M aterials 
wurde m it kontinuierlich m essendem  Meßgerät geprüft. Auf Grund der beobachteten A k ti
vitätsverteilungskurven wurde der wahre V erteilungskoeffizient des Zinks und der für die 
gegebene E inrichtung gültige Ô/D W ert bestim m t. W eiterhin wurde der optim ale Param eter  
des Zonenschm elzverfahrens in  Bezug auf Zink und andere Verunreinigungen m it ähnlichen  
Verteilungskoeffizienten fe stg este llt .

DÉTERM INATION D U  COEFFICIENT D E  DIST R IB U T IO N  D U  ZINC AVEC ISOTOPE  
Zn65, A U  R A FFIN E M E N T  PAR ZO NE F O N D U E  DE L ’ALUMINIUM

E. BUJDOSÓ E .CZOBOLY et F MAGYARY

RÉSUM É

Des barres d’alum inium  d’une pureté de 99 ,99% , alliées avec l ’isotope radioactif Zn65 
ont été raffinées par la m éthode de la zone fondue à différentes v itesses et longueurs de zone 
en fusion. La distribution de l ’activ ité  dans la m atière ayant contenu originalem ent 0,0044%  
d’isotope radioactif Zn65 a été  étudiée avec un appareil d’enregistrem ent continu. A la base  
des courbes d’activ ité  obtenues, les auteurs ont calculé le coefficient de la distribution effec
tive du zinc, ainsi que la valeur ô/D  valable pour l ’appareil donné, et déterm iné enfin les 
conditions optim a de raffinem ent par la m éthode de la zone fondue pour le zinc et autres 
im puretés de coefficient de distribution sim ilaire.

ОПРЕДЕЛЕНИЕ КОЭФФИЦИЕНТА РАСПРЕДЕЛЕНИЯ ЦИНКА ПРИ 
ПОМОЩИ ИЗОТОПА Zn65 В ПРОЦЕССЕ ЗОННОЙ ПЛАВКИ АЛЮМИНИЯ

Э. БУЙДОШ О, Э. Ц О БО ЛЬ и Ф. М АДЬЯРИ

РЕЗЮМЕ

Алюминиевые стержни чистотой 99,99 %, меченные радиоактивным изотопом 
Zn65, подвергались зонной плавке с различной скоростью продвижения зоны и различной 
длиной расплавленной зоны. В стержне, содержащем 0,0044 % Zn65, непрерывно регистри
ровалось распределение активности. По полученным кривым распределения были вычи
слены истинный коэффициент распределения примеси Zn, значение ô/D, характерное для 
данной установки, и определены наиболее оптимальные технологические данные 
зонной очистки алюминия от примесей, коэффициенты распределения которых равны 
или близки к коэффициенту распределения цинка.
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THE PHENOMENA ARISING WITH THE 
CAVITATION PROCESSES

F. VASVÁRI
TECHNICAL UNIVERSITY, BUDAPEST 

[M anuscript received February 14, 1963]

The revision and developm ent of the results obtained w ith  m aterial structure 
te s ts , discussed in literature, seem  to prove the id e n tity  o f the dam age in  the inception period  
(early phase) caused b y  w ater im pact, cavitation  and spark m achining. Comparing these  
experiences w ith the theory  of the form ation of ligh tn ing strokes and of spark m achining  
seem s to prove that at th e  beginning of the in itia l destructions also electric phenomena have  
a role, both in  the case o f water im pacts and w ith  cavitation.

I. Introduction

In  th e  course o f  fu r th e r  e lab o ra tin g  th e  series o f  ex p erim en ts  [1 — 3] 
re c e n tly  realized , new  observ a tio n s could be m ade b y  co m p arin g  th e  colloid- 
rep lica  electron  m ic ro g rap h  of p h o to m ic ro g rap h  m ade on surfaces eroded b y  
j e t  im p a c t an d  m a g n e to s tr ic tio n  eq u ip m en ts  in  th e  in itia l s tage  of th e  de
s tru c tio n .

II. Initial destructions produced by jet impact equipment 
on m etal specim ens

( Duration o f  the stress exposure 5 — 20 seconds, number o f  impacts 5 0 0 —1 0 0 0 )

To begin w ith , an  in te re s tin g  m icroscopic  com parison  can be m ade 
b e tw een  th e  reco rds m ad e  on th e  guide v an e  o f  a m ine p u m p  dam aged  w ith  
c a v ita tio n  (Fig. 1) a n d  on th e  specim ens e ro d ed  b y  je t  im p a c t eq u ip m en t 
(F ig . 2). The e ro d ed  ch arac te ris tic s  o f th e  guide vane  caused  b y  cav ita tio n  
in  th e  pum p  service a n d  those  o f th e  j e t  im p a c t specim ens m ade on d iffe ren t 
m eta ls  — cast iro n , b ra ss , copper — are n e a r ly  th e  sam e. F igs. 3 and  4  are 
p h o to m icrog raphs o f  th e  cross section  o f specim ens eroded  b y  je ts  show ing 
a ty p ica l c a v ita tio n  dam age.

On Fig. 3 th e  d ev ia tio n  of th e  c ry s ta llite s  p a r tly  to w a rd s  th e  inner p a r t  
o f  th e  m ateria l, p a r t ly  o u tw ard ly  seem s to  ju s t ify  th e  phenom enon  of a l te r 
n a tin g  pressure a n d  su c tio n  assum ed b y  R e i n e r  [ 4 ] .  O n reco rd  4  one recognizes 
th e  in te rn a l m a te ria l s c a tte r  caused b y  flu id  p e n e tra tio n  o bserved  by  P o ü l t e k  

[5]. T he records 5 a n d  6  v e rify  th e  fo ld ing  a n d  c ry s ta llite  g lid ing phenom ena 
observed  b y  P l e s s e t  a n d  E l l i s  [6 ], as w ell as b y  N o v o t n y  [7], w hich m ay  be 
seen b o th  w ith  specim ens eroded b y  m a g n e to s tr ic tio n  a n d  also  b y  je t  im p ac t.
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Fig. 1. Cross-section o f a guide vane part (cast iron) 12.5 X

F ig .  2. Cross-sections of specim ens eroded by je t im pact (cast iron, Al, Sr, Br) 1.5 X

III. Observations made on specimens 
eroded by a m agnetostriction ecjuipment

( B y  a frequency o f  6500  and  an amplitude o f  0 .084  m m )

In  Fig. 7 specim ens slig h tly  e ro d ed  by  a m a g n e to s tric tio n  eq u ip m en t a re  
i l lu s tra te d , show ing  annealing  co lours caused  b y  h ea t. T h e  specim ens w ere 
m ad e  o f e lec tro ly tic  copper, a lre a d y  p resen ting  annealing  colours a t  120 °C. 
A tte n tio n  w as called  to  th e  h e a t  p h en o m en a  arising w ith  th e  c a v ita tio n  te s ts  
b y  E r d m a n n — J e s n i t z e r  [8 ] an d  W h e e l e r  [9].
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Fig. 3. Crater of a specimen eroded b y  je t  im pact (Sr 67) 500 x

Fig. 4. Internal ruptures o f a specimen eroded b y  je t im pact (Sr 67) 500 x

6* Acta Techn. Hung. 51 (1965)



8 4 F. VASVÁRI

Fig. 5. Crystallite fold due to je t impact (Sr 67) 500 X

Fig. 6. Crystallite glidings caused by jet im pact (Sr 67) 500 X

The m icroscopic records 8  an d  9 show  cra ters  an d  m e ltin g  p h en o m en a  
d u e  to  d estru c tio n  b y  m ag n e to s tric tio n  o f pure gold a n d  e le c tro ly tic  co p p er, 
ju s tify in g  C r e w d s o n ’s  [10], R a y l e i g h ’s [11], P . d e  H a l l e r ’s [12] and  K r e e n ’s 

[13] calculations a n d  assu m p tio n s, re sp ec tiv e ly , as well as o u r own c a lc u la tio n s  
[2 ], [3 ] referring  co n seq u en tly  to  th e  h igh  tem p era tu res .
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Fig.  7. Surfaces o f specim ens eroded by m agnetostriction w ith  annealing colours (Cu) 1.5 X

Fig. 8. Crater of a surface eroded by m agnetostriction  (gold) 7 X

IV. Test on the initial phase o f the jet inm pact and 
m agnetostrictive attack based on colloid-identation and 

electron-m icroscopic records

T he records 10 a n d  11 illu s tra te  th e  fo rm a tio n  o f c ircu la r cracks caused  
b y  je t  im p a c t on c a s t  iron  specim ens. C h arac te ris tic  are  th e  shell-like holes.

F ig . 12 is a m icroscopic reco rd  on th e  in itia l perio d  of je t- im p a c t 
erosion o f a copper specim en, an d  Fig. 13 th a t  o f  a specim en  for a sh o rt 
tim e  eroded  b y  m ag n e to s tr ic tio n ; one m a y  observe id en tica l, circular c rack

Acta Techn. Hung. 51 {1965)
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Fig. 9. Crater surface eroded by m agnetostriction w ith phenom ena due to heat (Cu) 7 X

Fig. 10. Surface eroded by je t  im pact w ith  bubble traces (cast iron) 4800 x
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Fig. 11. Surface eroded b y  je t  im pact w ith crysta llite  periphery indentations (cast iron)
4800 X

Acta Techn. Hung. 51 (1965)

Fig. 12. Surface eroded by jet im pact w ith  circular cracks (Cu) 10 000 X
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Fig. 13. Surface eroded b y  m agnetostriction w ith circular cracks (Al) 10 000 x

Acta Techn. Hung. 51 (1965)
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Fig. 15. Surface eroded by m agnetostriction w ith  crack- and bubble-traces (Cor 5) 10 000 x

Fig. 16. Indentation in the concentric crater of hardened steel (0.5%  C) surface eroded b y
m agnetostriction, 12 600 X
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Fig. 17. Surface eroded by je t im pact w ith  cold shut lines and bubble traces
(B r) 12 600 X

tra c e s . The cracks are  nearly  th e  sam e as illu s tra te d  in  F igs 14 (Al) an d  15 (Cor 5) 
on  m e ta l surfaces som ew hat m ore e roded . On th e  reco rds one recognizes well 
t h a t  th e  in itia l c ircu la r cracks are  increasin g  an d  w iden in to  ro u g h e r cracks. 
T h e  reco rd  (Fig. 16) on th e  h a rd e n e d  stee l (0 .5%  C) eroded  w ith  m a g n e to 
s tr ic tio n , w here a series of co n cen tric  cu rves can be seen in  th e  m idd le  o f a 
c ra te r  ab o u t to  b re a k  off, is in te re s tin g , too .

T he e lec tro n -m icro g rap h  o f F ig . 17 c learly  shows th e  cold d e fo rm a tio n  
o ccu rrin g  due to  a je t  im p ac t. N ev erth e less , in  th e  corners o f th e  lines re fe rrin g  
to  th is  c ircu m stan ce , also c ircu la r b u b b le  traces  are p re se n t [14].

I f  th e  cracks are  com pared  in o rders o f m ag n itu d e , th re e  k inds o f p h e n o m 
e n a  m ay  be observed  b o th  w ith  th e  je t- im p a c t an d  w ith  th e  m a g n e to s tr ic 
t iv e  d es tru c tio n :

a )  W ith  je t  im p ac ts , we fin d  on th e  surfaces e ro d ed  c ircu la r cracks 
o f  0 .2  -a- 2 .0  m icrons d iam ete r a n d  o th e r  c rack  trace s  o f 0 .1  m icron  w id th ;

b)  w ith  m alleab le  m a te ria ls  one m ay  observe co rru g a tio n  a n d  slip
lines;

c)  w ith  g re a te r  tensile  s tre n g th  m a te ria ls  one m ay  see cracks on th e  c ry s
ta l l i te  grains (follow ed la te r  b y  th ro u g h -c ra c k s  on th e  c ry s ta llite s).

W ith  th e  specim ens e ro d ed  b y  m ag n e to s tr ic tio n :
a )  th e re  a p p e a r  c ircu lar c racks o f a b o u t 0.05 -A 1-0 m icron  d iam e te rs  

o n  th e  eroded  su rfaces and  th e  m a te r ia l  cracks a ro u n d  th e  c ra te r  to  a b o u t 
0 .05 m icron  caused  b y  local h e a tin g  a n d  rep ea ted  im p ac ts .
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b)  These local cracks becom e u n if ie d  along th e  ch ry s ta llite  peripheries 
to  c racks of ab o u t 0 .1  m icron  w id th , fu r th e r  stresses increase  these  cracks 
to  0 .6  -f- 1 .0  m icron.

c)  W ith  th e  m ag n e to s tric tiv e  d e s tru c tio n  th e  d im ension of th e  cracks 
in  th e  m ore re s is ta n t m a te ria ls  is less th a n  0.01 m icron. T he m ore re s is ta n t 
th e  m a te ria l is, th e  sm aller cracks a p p e a r , w hich in  some m a te ria l s tru c tu re s  
m ay  even  be seam ed on a la te r  h e a t effec t.

As a re su lt o f a com parison  of reco rd s  12, 13, 14 a n d  15, ju s tif ie d  b y  
id e n tic a l ch a rac teris tic s  o f th e  cracks, th e  fo rm a tio n  of th e  in itia l stage  of th e  
d e s tru c tio n  m ay  p rim arily  be a t t r ib u te d  in  case o f j e t  im p a c ts  an d  m a g n e to 
s tr ic tiv e  d estru c tio n , to  th e  collapse o f b u b b les . T his phenom enon  is analogous 
b o th  w ith  the je t  im p ac ts  and  th e  m a g n e to s tr ic tiv e  dam age.

A t th e  sam e tim e  a g rea t d ifference ap p ears  b y  th e  d ev ia tio n  in  th e  
o rders of m agn itu d e  o f th e  pow er im p u lse  effects. This m ay  be exp la ined  b y  
th e  c ircum stance  th a t  w hile w ith  th e  m a g n e to s tr ic tiv e  d e s tru c tio n  th e  collapse 
o f th e  b u b b le  a fte r su c tio n  tak es  p lace a t  an  increased  p ressu re , in  th e  case 
of th e  je t  im p ac t th e  w hole surface is c o n s ta n tly  stressed  b y  th e  im p a c t 
p ressu re , consequen tly , th e  collapse o f  th e  bu b b le  ensues q u ick er th a n  w ith  
th e  m ag n e to s tric tiv e  d estru c tio n .

T he m echan ical im pu lse  effect a ris in g  w h en th e  bubb le  collapses has been  
m a n y  tim es ca lcu la ted  since R a y l e i g h . T he m a jo rity  o f th e  ex p erts  are  in  
ag reem en t ón th e  questio n  th a t  for e ro d in g  alloys o f ex trem ely  h ig h  c a v ita tio n a l 
re s is tan ce , th e  m echan ica l effect alone is n o t  su ffic ien t. C onsequen tly , o th e r a d d i
tio n a l effects also h av e  a role. The ex p erien ce  th a t  by  cathodic protection 
d e s tru c tio n  is de layed  (increasing  th e  in c u b a tio n  tim e), b u t  n o t com plete ly  
h in d ered , sup p o rts  th is  supposition .

Y. Summary of the m echanism  of the cavitation  
destruction

In  th e  lite ra tu re  m a n y  ideas e x p la in in g  th e  m echanism  o f th e  d es tru c tio n  
w ere pub lished . The m a jo rity  of th ese  is v a lid , w hen p o in tin g  to  th e  single 
fac to rs  h av in g  an  erod ing  effect.

On th e  basis of th e  m a g n e to s tr ic tiv e  an d  je t  im p ac t d e s tru c tio n  te s ts  
effec ted  on ab o u t 600 specim ens, in v o lv in g  also hardness te s ts  w ith  sm all lo ad  
stresses on th e  eroded surfaces and on th e ir  cross-sections before  an d  a fte r  
th e  d e s tru c tio n , for c learing  up  th e  chan g es ta k in g  place in  h a rd n ess  due to  
d e s tru c tio n , th e  fac to rs to  be considered m u s t be com pleted  b y  th e  follow ing. 
(N o te  th a t  th e  specim ens were of d iffe ren t surface fineness.)

a)  The high te m p e ra tu re s  to  be o b se rv ed  on th e  surfaces o f th e  m a te ria l 
(records 8 , 9);
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b) id e n tity  o f  d estru c tio n  on th e  surface of th e  m a te ria l caused  b y  j e t  
im p a c ts  an d  m a g n e to s tr ic tio n  (Figs. 14, 15);

c)  shape o f th e  eroded cav itie s : th e  conic, deep  c ra te rs , in d ic a tin g  
th e  presence o f a p o w er im p ac t e ffec t d irec ted  fro m  inw ards to  o u tw ard s
(F ig . 3);

d)  th e  c ross-sec tiona l shape o f th e  d e s tru c tio n s , w here th e  c a v ity  fo r
m a tio n  m ay  be d e m o n s tra te d  below  th e  eroded  su rface  (F ig . 4).

T ak ing  in to  a c c o u n t th e  afo resa id  an d  th e  experiences p u b lish ed  in  
l i te ra tu re , th e  m e c h a n ism  of th e  je t  im p a c t an d  m ag n e to s tric tiv e  d e s tru c tio n  
m a y  be ta k e n  as fo llow s:

T he d e s tru c tio n  is estab lished  as a re su lt of th e  m u tu a l effect o f th e  
so lid  m a te ria l, f lu id  a n d  gas w hich is p re se n t, so t h a t  th e  following phases 
o f  th e  process a re  s im u ltan eo u sly  p roceed ing , too :

A )  W ith  th e  m ag n e to s tr ic tiv e  d e s tru c tio n  th e  b u b b les  fo rm ed  b y  th e  
f lu id  surface cau sed  b y  th e  pressure d ifference an d  co llapsing  u n d er th e  effect 
o f  th e  pressure, a re  p e n e tra te d  b y  th e  acce lera ting  j e t  above th e  b u b b les , as 
a  re su lt o f w hich  gas (steam ) is p ressed  betw een  th e  w a te r  an d  th e  su rface  
o f  th e  m a te ria l. T h e  m ore  eroded th e  su rface  is, th e  m ore  in tense  a n d  g re a t 
is th e  d e s tru c tio n . I n  case o f a je t  im p a c t th e re  is also  a ir  in  th e  je t  w hich  
is s im ila rly  p ressed  in  betw een  th e  m a te r ia l an d  th e  f lu id  a t  th e  m o m en t o f 
im p a c t.

B )  D ue to  th e  ra p id  decrease in  th e  bubb le  d ia m e te r  (th is be ing  th e  
fu n c tio n  of th e  p re ssu re ), i t  is so in te n s iv e ly  h e a te d  th a t  th e  w a te r  s te a m  
(gas) invo lved  decom poses, w hich can  re su lt  in  a fu r th e r  h e a t d ev e lo p m en t 
(a to m o u s oxygen  a n d  hydrogen  m a y  be  p resen t).

C)  On th e  co m m o n  effect of th e  h o t  gas and  w a te r  im p ac t, re sp ec tiv e ly , 
th e  surface of th e  m a te r ia l becom es lo ca lly  h ea ted , co n sequen tly , th e  ion ized  
gas p resen t m a y  p e n e tra te  m ore in te n s iv e ly  in to  th e  c ry s ta l la ttic e  o f  th e  
m a te r ia l  s tru c tu re .

D )  The c ry s ta l  s tru c tu re  s tre ssed  b y  th e  m ag n e to s tric tiv e  je t  im p a c t 
is su b jec ted  to  an  e la s tic  defo rm ation . W ith  th e  je t  im p a c t a cold d e fo rm atio n  
also  appears.

E )  U nder th e  e ffec t of th e  gases th e re  ( В ) ,  th e  su rface  of th e  m a te r ia l 
is also su b jec ted  to  a  chem ical re d u c tio n  p ro m o ted  b y  th e  h igh te m p e ra tu re  
a n d  th e  ionic a c tio n , to o  ( C).

F )  The te m p e ra tu re  difference be tw een  th e  c ry s ta l grains (C ) ,  th e  
m echan ica l s tress d ifference ( D )  an d  chem ical d ifference ( E ) ,  re sp ec tiv e ly , 
to  w hich  is also c o n tr ib u te d  th e  c ry s ta l  la ttic e  a n d  th e  in h o m ogeneity  o f 
o th e r  c o n ta m in a tio n s , lead  to  a p o te n tia l  difference on th e  surface o f  th e  
a t ta c k e d  m a te ria l, as a re su lt o f w hich  galvan ic  c u rre n ts  are  s ta r tin g  th ro u g h  
th e  w a te r lead in g  to  th e  fu rth e r  chem ical corrosion o f  th e  m a te ria l. T his m ay  
be delayed  b y  c a th o d ic  p ro tec tion .
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G )  T he chem ical change ( E )  r e s u lts  in  th e  h a rd en in g , e m b rittle m e n t 
of th e  su rface , c racked  on th e  effect o f  th e  re p e a te d  im p ac ts  (C ) ,  a t  th e  sam e 
tim e  th e  gases on th e  b o rd e r of th e  t in y  c rack s are pressed b y  th e  je t  im p a c t 
in to  th e  a lread y  ex isting  cracks. T he h ig h -p ressu re  gas se p a ra te s  th e  h a rd  
p a r ts  o f  th e  surface eroded  b y  th e  c ra c k s , th is  being p ro m o ted  b y  th e  elastic  
re a c tio n  o f th e  in te rn a l c ry s ta l s tru c tu re  w hich  was p ressed  ( D ) .

B elow  th e  sep a ra tin g  crystals th e  m a te r ia l s tru c tu re  becom es looser, 
in te rn a l  cav ities m ay  be form ed, th is  b e in g  b y  th e  carb ide  se p a ra tio n , or 
-so lu tio n  caused  b y  th e  h e a t  in  th e  m a te r ia l  s tru c tu re , le av in g  b eh in d  cracks 
a long  th e  c ry s ta l p e rip h e ry , or — in  th e  w ords of A k i m o v  [ 1 5 ]  an d  W e a v e r  

[16] — caves (m icro -cav ities, un itin g  in to  c racks).
T h ro u g h  th e  a lread y  b roken  su rface  along  th e  c ry s ta llite  peripheries 

an d  th ro u g h  th e  h e a te d  u p  c ry s ta llite s , respective ly , th e  gas m a y  p e n e tra te  
m ore  in ten s iv e ly  upon  th e  eff ec to f th e  w a te r  im pac t. The gas p e n e tra te d , i.e. 
th e  gas ex p an d in g  b e tw een  th e  g ra in s, le ad s  on th e  effect o f  h e a tin g  to  th e  
c iy s ta l  s tiu c tu re s  ra p id  sp litting-off.

H )  W ith  m ateria ls  o f n o n -o x id a tin g  surface, on th e  e ffec t o f rep e a te d  
im p a c ts , th e  ch ry sta llite s  s ta r t  sw ing ing  e lastica lly , th is  le ad in g  to  fa tigue  
fa ilu res . T h rough  th e  cracks caused b y  fo rm er, th e  gas p e n e tra tio n  ensues 
acco rd in g  to  phase (G ) .

I )  W ith  inhom ogeneous m a te ria ls , th e  gas p en e tra te s  th ro u g h  th e  so fte r 
co n n ec tiv e  tissues an d  causes the  c ra te r- lik e  explosion o f th e  m ore rig id  
g ran u les .

T h e  circum stance  th a t  w here air is le d  in to  th e  cav ita tio n  p lace , th e  d e s tru c 
tio n  becom es reduced , seem s to  c o n tra d ic t  th e  effect o f th e  gas p ressu re  
d ire c tin g  to  th e  m a te ria l s tru c tu re . P ro b a b ly , in  case of cavitation  th e  in tro 
du ced  a ir  pock e t decreases th e  d im ension  o f th e  bubble  an d  a t  th e  sam e tim e  
its  h e a tin g , too , so i t  c an n o t press so in te n s iv e ly  th e  gas in to  th e  less h e a te d  
su rface . N evertheless, w ith  je t  impacts  th e  m ag n itu d e  o f th e  im p a c t is alw ays 
c o n s ta n t (ind ep en d en t o f th e  a ir q u a n ti ty ) .

T h e  phases of th e  d estru c tio n  m ech an ism  ap p ear w ith  d iffe ren t in ten sitie s  
in  th e  d iffe ren t m a te ria ls  an d  th is  is th e  reaso n , w hy th e  m easu rin g  values 
re fe rr in g  to  th e  in te n s ity  o f th e  d e s tru c tio n  can n o t be u n a m b ig u o u sly  co rre la 
te d  e ith e r  w ith  th e  tensile  s tren g th , o r w ith  th e  endurance  lim it, w ith  th e  
su rface  m icro- or m acrohardness, w ith  th e  degree of fineness o f th e  c ry s ta l 
s tru c tu re , n o r w ith  corrosion resis tan ce , th e  electric and  th e rm a l c o n d u c tiv ity  
an d  w ith  th e  gas p e n e tra b ility  as th e se  in flu en ce  th e  re s is tan ce  to  d e s tru c tio n  
to  d iffe ren t degrees depend ing  on th e  ty p e  o f th e  m ateria l. I t  shou ld  be m en 
tio n e d , how ever, th a t  w ith  th e  in d iv id u a l m ateria ls  one cou ld  fin d  re la tio n s 
b e tw een  th e  m easure of d estru c tio n  a n d  th e  B rinell-hardness a n d  th e  erosion, 
as w ell as th e  en d u ran ce  lim it, b u t  th e se  re su lts  are valid  on ly  fo r som e m a te 
ria ls. So e.g. in  case o f  sta in less stee ls , w ith  th e  ty p e  1 8 / 8 ,  C o l o m b i e r  an d

Acta Techn. Hung. 51 (1965)



9 4 F. VASVÁRI

H o c h m a n n [ 1 7 ]  fo u n d  as th e  m ost a p p ro p ria te  th e  fe a tu re s  of a and  y  sh ap es  
a u s ten itic  crysta ls . T h e  excellent c a v ita tio n  res is tan ce  o f the  w ell-know n 
sta in less  steel 18/8 is, ow ing to  th e  precise observance  o f  th e  alloying e lem en ts , 
fo r a sligh t change in  th e  p ercen tage  value  o f these  e lem en ts  causes an u n b a la n c 
in g  in  th e  eq u ilib ru m  o f  th e  tw o phases (а -phase a n d  y-phase, resp ec tiv e ly ) 
re su ltin g  in th e  loss o f  th e  steel te n a c ity  an d  lead in g  to  b rittleness. T he p re 
sence of the  m ic ro cav itie s  o rig inating  from  th e  so lu tio n  a t  th e  c ry s ta llite  
peripheries is also a consequence o f th e  fo rm er.

A ccordingly, th e  reaso n  for th e  precise a lloy ing  em phasized  in  l i te ra tu re , 
m a y  be exp lained  b y  th e  h ea t effect an d  b y  th e  consequences ex p erien ced  
w ith  cav ita tio n ; th is  m ak es i t  necessary  a t  th e  sam e tim e  also to  consider th e  
h e a t  effect.

VI. Further statem ents and conclusions

E v a lu a tin g  th e  re su lts  of th e  series of ex p e rim en ts  and  su m m ariz in g  
th e m  w ith  those a lre a d y  know n, th e  follow ing m ay  be s ta te d :

A )  The m acro sco p ic  te s ts  are n o t su itab le  for an a ly z in g  the  m echan ism  
o f d estruc tion . As fo r th e  s ta r tin g  of th e  d e s tru c tio n  an d  clearing up  its  
m echanism , th e  e lec tro n -p h o to m ic ro g rap h  gives a b e t te r  exp lanation .

B )  The cavitation  a t ta c k  resu lts  in  a change o f th e  local hardness o f th e  
m a te ria l. The su rface  o f  th e  m a te ria l in  general, on th e  effect of a m a g n e to 
s tr ic tiv e  d es tru c tio n  becom es m ore m alleab le  b u t  below  th e  surface lay e r a 
h a rd en in g  process m a y  be observed, re fe rrin g  to  th e  presence of H e r t z ’s 

stresses [18]. W ith  a d e s tru c tio n  b y  w a te r  j e t  im p a c t a harden ing  is b e in g  
fo rm ed  on th e  su rface  a n d  u n d er th e  su rface , too . T hese tw o  kinds of b e h a v io u r 
m a y  be explained  b y  th e  d ifferen t stresses.

C)  The b eg in n in g  o f th e  d e s tru c tio n  on th e  m a te r ia l surface a fte r  th e  
in c u b a tio n  tim e h as  id e n tic a l qualities b o th  w ith  th e  w a te r  j e t  im pact an d  th e  
m ag n e to s tric tiv e  d e s tru c tio n . Also th e  origin of th e  m icro-cracks is th e  sam e.

D )  The w a te r  j e t  im p a c t and  m ag n e to s tr ic tiv e  d e s tru c tio n  differ from  each  
o th e r  only in  th e  o rd e r o f m agn itude . As a g a in s t th e  id ea  accepted  h ith e r to , 
w ith  th e  w ate r im p a c t d estru c tio n  th e  ap p earan ce  o f a ca v ita tio n  p h enom enon  
cou ld  be verified . N ev erth e less , w ith  th e  w a te r  j e t  im p a c t, th e  m ore in te n se  
cold  w orking in creases  th e  defo rm ation .

E )  W ith  th e  w a te r  im p ac t and  m ag n e to s tr ic tiv e  d estruc tion , sev e ra l 
phases  of the  d e s tru c tio n  m ay  be d isting u ish ed :

a)  The su rface  c rack s of th e  m a te ria l w ith o u t loss o f w eight;
b)  fo rm atio n  o f  sm all, surface cav ities;
c)  d es tru c tio n  u n d e r  th e  surface o f th e  m a te ria l;
d)  to ta l d is in te g ra tio n  of th e  m a te ria l surface.
On the  w hole, i t  m ay  be s ta te d  th a t  th e  m ag n e to s tric tiv e  d es tru c tio n  

is alw ays s ta r te d  b y  a  series of m icro-cracks an d  cav itie s  form ing on th e
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su rface , be ing  estab lished  f ir s t  of all b y  m echan ica l stresses an d  h e a t e ffec t, 
fu r th e r  b y  th e  elec trochem ical p h en o m en a  connected  w ith  fo rm er. To th e  
seco n d ary  im p o rtan ce  o f th e  e lec trochem ical phenom ena refers also th e  fa c t 
th a t  th e  ca th o d ic  p ro tec tio n  can in fluence  th e  in cu b a tio n  tim e  only.

T he te s ts  exp la in , w h y  th e  re la tiv e  resistances of th e  m a te ria ls  to  th e  
c a v ita tio n  show  th e  sam e o rder, b o th  in  th e  m ag n e to stric tiv e  and  w a te r  
im p a c t te s ts . The w ork  o f th e  w ate r im p a c t  te s t  is g rea te r  b y  an  o rder o f  
m a g n itu d e  th a n  th a t  o f th e  m a g n e to s tr ic tiv e  te s t ,  w ith in  a tim e  u n it it  erodes 
a g re a te r  q u a n tity  of m a te r ia l, b u t th is  does n o t influence th e  re la tiv e  re s is t
ance succession of th e  m a te ria l.

S u rvey ing  in  th e ir  co rre la tio n  th e  fac to rs  in fluencing  th e  d es tru c tio n , 
we o b ta in  a basis for se lec ting  th e  m eta llic  m a te ria ls  w hich re s is t to  c a v ita tio n  
well. W e expec t these  m a te ria ls  to  m ee t th e  following req u irem en ts :

F in e , hom ogeneous g ra in  te x tu re ;
th o u g h n ess;
h igh  chem ical re s is tan ce ;
good hea t-resis tan ce  (h igh s tre n g th  also a t high te m p e ra tu re s );
w ith  alloyed m a te ria ls  n e ith e r so lu tio n , no r segregation  should  arise  

on h e a t effects.

I t  is w orth  of fu r th e r  reflections, ho w  th e  h e a t effect is to  be estab lished . 
F o r th is  purpose , le t us com pare  the  m e ta l surfaces eroded b y  m ag n e to s tric 
tio n  w ith  those  processed w ith  sp a rk  m ach in in g . In  F ig . 18 th e  collodion 
im press o f th e  surface of copper eroded  b y  m a g n e to s tric tio n , in  Fig. 19 th e  
su rface o f sta in less steel t r e a te d  w ith  sp a rk  m ach in ing , in  F ig . 20 th e  im p ress  
of copper eroded  b y  m a g n e to s tric tio n , f in a lly  in  Fig. 21 th e  a lum in iu m  surface  
t re a te d  w ith  sp a rk  m ach in ing , are show n. C om paring  these , th e  co n fig u ra tio n s 
of th e  m a te r ia l d estru c tio n s are very s im ilar .  T his s im ila rity  is su p p o rted  ev en  
m ore b y  com paring  th e  e lec tro n  m icroscopic  records on th e  surfaces of gold 
s lig h tly  eroded  b y  m ag n e to s tric tio n  w ith  th o se  of sta in less stee l Cor 5 t r e a te d  
w ith  sp a rk  m achin ing  (F igs. 22 an d  23). A t f irs t  sigh t th e  tw o  m eta l surfaces 
d e s tru c te d  d ifferen tly  can  h a rd ly  be d is tin g u ish ed , th e  ch a rac te ris tic s  o f 
th e  in itia l d es tru c tio n  b e ing  so sim ilar (c ircu la r s ta rtin g  o f th e  cracks).

B eside th e  in te re s tin g  analogies i t  rem ain s an open q uestion , w h a t is 
th e  cause o f th e  id en tica l fe a tu re  of th e  in it ia l  d es tru c tio n ?

1. Is  i t  th e  c o n c e n tra ted  m ech an ica l im p ac t o f sm all w a te r d ro p s, 
w hich  estab lish  circu lar fa tig u e  cracks d u e  to  rep ea ted  s tresses?

2. Is  i t  caused b y  th e  sh rinkage o r ig in a tin g  from  th e  h e a te d  e lem en ta ry  
p a rtic le s  cooling dow n?

3. O r b y  b o th  to g e th e r  ?
4. O r b y  the  local im p a c t o f th e  io n ized  steam  (gas) partic les  on to  th e  

su rface?
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Fig. 18. Collodion im press of a surface eroded by m agnetostriction (Cu) 460 X

F ig . 19. Collodion im p re ss  of a surface p rocessed  by  sp a rk  m ach in ing  (Cor 5) 235 X
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F ig. 20. Collodion impress o f a surface eroded by m agnetostriction, showing hardness test
im presses (Cu) 235 X

F ig . 21 . Collodion im p ress o f a surface p ro cessed  b y  spark  m ach in in g  (Al) 235 X
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Fig. 22.  Surface eroded by m agnetostriction (G old) 16 600 X

Fig. 23. Surface processed by spark m achining (Cor 5) 21400  x
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C om paring  th e  in itia l d estru c tio n  w h ich  w as form ed u p  till now  w ith  
th e  in itia l d estru c tio n  of sp a rk  m ach in ing , in te re s tin g  conclusions m ay  be 
d raw n . A b o u t th e  p h enom ena  of spark  m a c h in in g  i t  is know n  th a t  th e y  are  
th e  e lec tric  discharges, sp a rk s  contro lled  perio d ica lly  in  p e tro le u m  (flu id) 
b a th , t h a t  loosen, explode th e  e lem en ta ry  pa rtic le s  in  p laces, w here th e  
process o f h e a tin g  and  cooling changes w ith in  a sh o rt tim e. As fo r th ese , re fe r
ence is m ad e  to  L a s a r e n k o ’s [19] te sts .

I t  is an  obvious idea , w h e th e r th is  is n o t  th e  sam e phen o m en o n , w hich  
arises w ith  cav ita tio n  an d  w a te r  im pac t, to o ?

A ccord ing  to  our considera tions th is  is possible. O n K o r n f e l d ’s  an d  
o th e r e x p e r ts ’ observations, th e  surface o f  th e  bubb le  a b o u t to  collapse on 
th e  m e ta l surface is su b jec ted  to  d e fo rm atio n  oscillations, w hich  b u b b le  is 
th e n  p e n e tra te d  b y  the  f lu id  j e t  from  ab o v e  i t .  W hen  th e  flu id  je t  ap p roaches 
th e  m e ta l surface th ro u g h  th e  bubb le , i t  becom es fric tiona l in  a h ig h -p ressu re , 
h ig h -te m p e ra tu re  gas. W h en  observing th e  p ro p ag a tio n  o f th e  lig h tn in g  
strokes, L é n Á r d  [ 2 0 ]  d e m o n s tra te d  th a t  th e  su rface  of the  ra in  d rop  fric tio n ed  
in  th e  gas becom es ionized an d  obtains a n  e lec tric  charge on th e  effect o f th e  
gas fric tio n . Is th is  no t p a r t ly  possible a lso  w ith  th e  c a v ita tio n  processes?

W h en  th e  w ate r d ro p  charged  e lec trica lly  is ap p ro ach in g  th e  m e ta l 
surface th ro u g h  th e  b u b b le , i t  becomes e lec tric  charged , co n seq u en tly , from  
th e  e le m e n ta ry  p a r t  o f th e  m e ta l s tru c tu re  a n  electric  arc is passing  to w ard s  
th e  flu id  above it, s im ilarly  erod ing  the  m a te r ia l  to  th a t  o f sp a rk  m ach in ing . 
T his is show n b y  th e  c ircu la r traces an d  e le m e n ta ry  b ro k en  o u t p a rtic le s . 
I t  is assum ed , th a t  th e  trace s  w ith  cracks to  be  seen on th e  reco rds, are caused  
b y  electric discharges an d  also  electric h e a t  p u n c tu re s  b o th  on th e  su rfaces 
eroded  b y  w a te r  im p ac t, m ag n e to s tric tio n  a n d  b y  sp a rk  m ach in ing .

M any te s ts  have p ro v ed  th a t  if  an  e lec tr ic  charge is im posed  o n to  th e  
m e ta l surface (cathodic p ro tec tio n ), th e  in c u b a tio n  tim e  becom es longer, 
p ro b a b ly  because an  im p o r ta n t  p a r t o f th e  sp a rk s  can n o t be estab lish ed . 
N everthe less, owing to  th e  d iffe ren t charges o f th e  flu id  d ro p , one p a r t  o f 
th em  is still fo rm ed and  th e re  is always one t h a t  begins to  erode th e  m a te ria l 
surface and  once th e  d es tru c tio n  h ad  been  s ta r te d , even th e  ca th o d ic  p ro te c 
tio n  is n o t effic ien t enough a g a in s t the  fu r th e r  ra p id  d es tru c tio n . T h u s, i t  is 
obvious t h a t  th e  s ta rtin g  o f th e  surface d e s tru c tio n  can only  be delay ed  b y  
th e  ca th o d ic  p ro tec tion , b u t  c an n o t be h in d e re d .

I t  w as rep o rted  severa l tim es  in  the  l i te r a tu r e  th a t  cav ita tio n  is a p h en o m 
enon accom pan ied  by p ressu re  d iffe ren tia l [13], th e rm ic  p h enom enon  [8 ], 
[14], lu m inous phenom enon  [23], electric ch a rg e  [19], [10], [22], [23], io n i
za tio n  [30], [12], and  also no ise  [29] follow ed b y  a m echan ical e ffect [24—28]. 
T hese h av e  also been ve rified  in  detail b y  a  g re a t n u m b er o f te s ts  e ffec ted  
h ith e r to . I f  th e  incipience, th e  discharge o f  th e  a tm o sp h eric  lig h tn in g  is e x a m 
ined , e n tire ly  iden tica l p h en o m en a  are m e t w ith . A ssum ing th a t  th e  s ta r t in g
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Fig. 24. Cold cathode of the electron m icroscope (V2) 0.75 X

Fig. 25. Collodion im press o f the cold cathode surface subjected to ion bom bardm ent o f  the
electron m icroscope 250 X
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F ig. 26. Crystallite periphery cracks on the cold cathode of the electron m icroscope 21 400 x

Fig. 27. Surface processed b y  spark m achining of the electron m icroscope cold cathode
with circular cracks 21 400 X
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o f th e  cav ita tio n  d e s tru c tio n  is n o th in g  b u t  an  e lec trica l phenom enon of 
m icro -thunder ta k in g  p lace in  th e  flu id .

The resu lts  o b ta in e d  com plete  ou r know ledges o b ta in e d  u p  to  now sa tis 
fac to rily  and  also an sw er th e  q uestion , w hy th e  e lastic  in su la tin g  m ateria ls 
(coatings) th a t  c a n n o t he  t r e a te d  w ith  sp a rk  m ach in ing , show  a good cav ita tio n  
resistance  (ru b b er, s y n th e tic  ru b b e r , e tc .). These c a n n o t be  a tta c k e d  b y  cav i
ta t io n , no t even w ith  an  e lec tric  sp a rk  an d  th e  m a te r ia l is stressed  only b y  
th e  m echanical e ffec t o f  c a v ita tio n ; th e  above m a te ria ls  can  avoid  the  la t te r  
e lastica lly  even re d u c in g  th e  m echan ical effect s ig n ifican tly .

F inally  i t  is w o r th  com paring  th e  d estru c tio n s fo u n d  in  the  foregoing 
a n d  on the  cold c a th o d  o f an  elec tron  m icroscope (F ig . 24, 0.75-tim es m agn i
tu d e ) , from  the  b o tto m  o f w hich  a specim en for sp a rk  m ach in in g  was w orked 
o u t. On the  su rface o f  th e  cold ca th o d e  one can recognize well, on the  one 
h a n d , the  concen tric  an n ea lin g  colours caused  b y  h e a t, a n d , on th e  o ther h a n d , 
in  th e  m iddle o f  th e  an n ea lin g  colours th e  electric  h e a t  p u n c tu red  cra te rs  
caused  by  ion b o m b a rd m e n ts .

Fig. 25 show s th e  collodion im press of th e  c ra te r  b o rd e r.W h en  com paring 
th is  record w ith  th e  m a g n e to s tr ic tio n  an d  w a te r im p a c t one, the  devia tion  
from  the  m a g n e to s tr ic tiv e  d es tru c tio n  m ay  be observed . Flere the  form  of 
d estru c tio n  is an  o x id a tio n  m eta llic  ev ap o ra tio n  due to  ion  b o m b ard m en t, 
( th is  being n a tu ra l  w ith  v a cu u m  tubes) and  th is  is ju s tif ie d  even m ore by  
tra c e s  due to  o x id a tio n  a t  th e  c ry s ta llite  peripheries, to  be  seen on the  e lectron  
m icroscope reco rd  o f  F ig . 26.

For m ak ing  a com p ariso n  betw een  th e  sam e m a te r ia ls , checking u p  on 
th e  record of a specim en  su b jec ted  to  sp a rk  m ach in in g  (F ig . 27), one m ay  
a g a in  observe th e  c irc u la r  c rack -traces .

F inally  i t  m a y  be  m en tio n ed  th a t  th e  te s ts  a n d  id eas  discussed in  th e  
foregoing also s u p p o r t  W e a w e r ’s [16], C o l o m b i e r ’s a n d  H o c h m a n n ’s [17] 
s ta te m e n ts , acco rd in g  to  w hich  even  th e  steels ty p e  N im onic  80 and  a u s te n ite  
Cr. Ni show good h e a t  re s is tan ce  on ly  in  case of a p rec ise ly  determ ined  co m 
positio n  and a t  th e  sam e tim e  fea tu res  resisting  c a v ita tio n .
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KAVITATIO N ALS E L E K T R ISC H E  E R SC H E IN U N G

F. VASVÁRI

ZUSAM M ENFASSUNG

Die Ergebnisse der W iederholung und W eiterentw icklung der im  Schrifttum  m it
geteilten  U ntersuchungen der W erkstoffstruktur scheinen zu bestätigen , daß die vom  A uf
treffen  eines W asserstrahls, von  der K avitation  und von der Funkenerosion hervorgerufenen  
anfänglichen Zerstörungen identisch  sind. D iese Erfahrungen, im  Verein m it den Theorien  
der E ntstehung des B litzes und der Funkenerosion, scheinen zu bestätigen , daß in der Her- 
vorrufung der anfänglichen Zerstörungen, ebenso wie beim  Aufprallen eines W asserstrahls, 
bei der K avitation  die elektrischen Erscheinungen ebenfalls eine Rolle spielen.

Acta Techn. Hung. 51 (1965)



1 0 4 F. VASVÁRI: PHENO M EN A  A R ISIN G  W IT H  TH E  CAVITATION PR O C ISSES

LA CAVITATION COMME PHÉNOMÈNE ÉLECTRIQUE
F. VASVÁRI

RÉSUMÉ

Les résultats obtenus au cours de la répétition  et du développem ent des essais de m até
r ia u x  publiés sem blent ju stifier  l’identité des destructions in itiales causées par l ’im pact du  
j e t  d ’eau, la cav itation  e t  l’électro-érosion. La confrontation de cette  expérience avec les 
th éories relatives au phénom ène de l’éclair e t à l ’usinage par électro-érosion semble confirm er 
q u e, dans la production des destructions in itia les, les phénom ènes électriques jouent un rôle  
a u ssi bien dans l’im pact des je ts d’eau que dans la cavitation .

КАВИТАЦИЯ КАК ЭЛЕКТРИЧЕСКОЕ ЯВЛЕНИЕ
Ф. ВАШ ВАРИ

РЕЗЮМЕ

Результаты повторения и развития встречающихся в литературе исследова
ний структуры материалов подтверждают идентичность начальных разрушений, 
вызванных ударом водяной струи, кавитацией и электроискровой обработкой. Сравни
вая эти результаты с теорией образования молнии и теорией электроискровой обработки, 
как бы подтверждается, что в появлении начальных разрушений электрические 
явления играют роль также, как и при ударе водяной струи и при кавитации.
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DIE BERECHNUNG DES VERFORMUNGS 
WIDERSTANDES PRISMATISCHER KÖRPER BEIM 

ZUSAMMENDRÜCKEN IHRER PARALLELEN FLÄCHEN

L. TÓTH
TECHNISCHE UNIVERSITÄT FÜR DIE SCHWERINDUSTRIE, MISKOLC 

[E ingegangen am 19. März 1963]

Die Arbeit befaßt sich m it der annäherungsweisen Berechnung jener K räfte, die zum  
plastischen Zusam m endrücken des M aterials zwischen parallelen Flächen nötig sind. Die 
annähernden Lösungen der Gleichungen werden behandelt. Die W irkung der Oberflächen
beschaffenheit wird untersucht, und eine neue Versuchsm ethode wird zur Bestim m ung des 
R eibungsfaktors vorgeschlagen. D ie Berechnung der Kräfte wird sow ohl für ebene Verfor
m ung als auch für Quellungen an Körpern m it endlichen A bm essungen untersucht, und 
eine neue Annäherungsm ethode wird vorgeschlagen.

1. Z eichenerk lärung

К m m

h m m

2 a mm
b m m

c mm
d mm
a l <j3

Txy kg/m m ; 
r kg/m m 2

Abm essungen des gedrückten Körpers in R ichtung der Kraftwirkung vor 
der plastischen Verform ung,
Abm essungen des gedrückten Körpers in R ichtung der K raftwirkung wäh
rend der p lastischen Verform ung,
Abm essungen des gedrückten Körpers in R ichtung der ebenen Verformung, 
Abm essungen des gedrückten Körpers senkrecht zur R ichtung der ebenen 
Verformung,
Grenze der H aftungszone,
Grenze der „elastisch en” Zone,

»JSpannungen in den P unkten des gedrückten K örpers,

г kg/m m 2 äußere G leitspannung, die den gedrückten Flächen entlang auf den Körper 
wirkt,

p  kg/m m 2 äußere Norm alspannung, die den gedrückten F lächen entlang auf den 
Körper wirkt,

k j  kg/m m 2 V erform ungsfestigkeit des Materials, 
kfc kg/m m 2 Verform ungswiderstand bei ebener Verformung, 

kg/m m 2 Verfor m ungs wider st and bei räumlicher Verform ung, 
fi Der an der gedrückten Fläche bei relativer Verschiebung der Druckfläche

und des W erkstückes auftretende Reibungsfaktor, 
vy m m /sec G eschwindigkeit des Druckwerkzeuges,
vx m m /scc G eschwindigkeit in der ^-R ichtung eines beliebigen Punktes des gedrückten, 

Körpers, der sich unter dem  Druckwerkzeug befin d et,
Ô m m  durchschnittliche Stärke des Schmierfilms zu B eginn der plastischen Ver

formung,
öfj m m  durchschittlicEe Stärke des Schmierfilms bei der W erkstückstärke Л, 

rj kg. sec/m m 2 dynam ischer V iskositätsfaktor des Schm ierm ittels,
X Faktor zur B ezeichung der Größe der an der Grenze der »elastischen« Zone

auftretenden G leitspannungen,
£ Form faktor.

Ada Techn. Hung. 51 (1965 )



1 0 6 L. TÓTH

2 . E in le itung

Bei einer g ro ß en  A n zah l p lastisch er V erfo rm ungsvorgänge h a t  m an es 
in  der P raxis m it e in em  ebenen  V erfo rm ungszustand  zu tu n . Bei den P reß- 
u n d  W alzverfahren , be i denen  die sich än d ern d e  H au p ta b m e ssu n g  in  der 
V erfo rm u n g srich tu n g  im  V erh ä ltn is  zu der A bm essung, die sich n u r w enig 
ä n d e r t  (Breite), seh r k le in  is t, t r i t t  eine ebene V erfo rm u n g  auf. A uch bei 
a n d e re n  W alz- u n d  P re ß v e rfa h re n  m uß  eine ebene V erfo rm u n g  angenom m en 
w erd en , wo dies n u r  eine grobe A n n äh eru n g  is t. Dies aus dem  G runde, weil 
s ich  fü r  diese F älle  k e ine  geeigneten  B erech n u n g sm eth o d en  ausgeb ildet haben .

D er e infachste  p ra k tisc h e  F a ll b e s te h t in  der Z u sam m en d rü ck u n g  von  
S tü c k e n  großer B re ite  zw ischen para lle len  rau h e n  F läch en . A u f G rund von  
p ra k tisc h e n  D a ten  u n d  V ersuchen  k an n  festg este llt w erd en , daß  die G röße 
u n d  V erteilung d er a u f  die D ru c k p la tte n  w irkenden  K ra f t  von  den A usgangs
m a ß e n  des S tückes, v o n  d er Q u a litä t des M ateria ls, v o n  d en  E igenschaften  
d e r  D ruckflächen , v o m  A usm aß  der V erfo rm ung , v o n  d er G eschw indigkeit 
d e r  F orm w andlung  u n d  von  der V e rfo rm u n g stem p era tu r a b h ä n g t. Im  In n e rn  
des W erkstückes is t d e r S p an n u n g szu stan d  u n d  d er V erfo rm ungszustand  
inhom ogen.

U ber die e inen  E in flu ß  a u f  die G röße u n d  V erte ilu n g  d er D ru ck k ra ft 
au sü b en d en  F a k to re n  k a n n  a u f  G rund  von  V ersuchen  fo lgendes festgeste llt 
w erd en : M ateria lgü te , das A usm aß  der V erfo rm ung  u n d  die V erform ungs
geschw indigkeit b e s tim m e n  bei gegebener T e m p e ra tu r  die V erform ungs
festig k e it.

Die M ateria lgü te  u n d  die E igenschaften  der D ru ck fläch en  defin ieren  
e in e n  R eibungsfak to r, w o d u rch  eine äußere  G le itsp an n u n g  an  den D ru ck 
flä c h e n  bestim m t w erd en  k an n .

G eom etrisch äh n lich e  S tücke  m it anderen  A bm essungen  v erh a lten  sich
u n te r  gleichen U m stä n d e n  ähn lich .

D em gem äß k ö n n e n  die im  g ed rü ck ten  W erk stü ck  sich  abspielenden 
P rozesse  wie fo lg t e rk lä r t  w erden :

Im  W erk stü ck  b ild e t sich ein inhom ogener S p an n u n g szu stan d  aus, der 
v o n  den A usgangsabm essungen  u n d  von  den  G le itsp an n u n g en  an  der O ber
fläch e  abhäng t. M an gew in n t diesen S p an n u n g szu stan d  du rch  p a rtik u la re  
U ösung der p a rtie llen  D ifferen tia lg leichungen , die aus den  G leichgew ichts
g le ichungen

Qax +  8Uy
Эя; Эу

=  0 , а Оу_ Этху 
ду  _ Эя;

=  0 (1.1)

u n d  den P la s tiz itä tsb ed in g u n g en  (nach  H u b e r  u n d  M i e s e s )
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gebildet w erden , w enn  m an  die an  den B erü h ru n g sfläch en  a u ftre te n d en  G le it
spannungen  k e n n t.

B ild 1 v e ra n sc h a u lich t die L ösung d er D iffe ren tia lg leichungen  (1.1) u n d  
(1.2) in dem  im  B ild  gezeigten Fall [1]. D as B ild zeig t, d aß  im  p lastischen  
K ö rp er auch  e lastische  Zonen e n ts teh en , die ab er frei v o n  G leitlin ien  sind . 
B ild 2 zeigt d iesbezügliche Y ersuchsergebnisse von  M e y e r  u n d  N e h l  [2].

Die Y erfo rm ungsfestigke it von  M etallen  b ild e t eine m ono ton  v e rä n d e r
liche F u n k tio n  des V erfo rm ungsausm aßes u n d  der V erfo rm ungsgeschw ind ig 
k e it, was also b e d e u te t, d aß  M etalle bei d er V erfo rm ung  h ä r te r  w erden.

Druck

W ird  das M aß der H öh en v errin g eru n g  größer, d a n n  v e rä n d e r t  sich die 
S p an n u n g sv erte ilu n g , u . zw. deshalb , w eil d u rch  die In h o m o g e n itä t der S p a n 
n u n g  u n d  der d a m it zu sam m enhängenden  V erfo rm ung  au ch  das M ateria l 
seine H o m o g en itä t v e rlie r t. D as b e d e u te t, d aß  die V erfo rm ungsfestigkeit sich  
im  Q u ersch n itt v o n  P u n k t  zu P u n k t ä n d e rt. In  dem  n u r  e las tisch  v e rfo rm ten  
Teil w ird sie ih re n  u rsp rü n g lich en  W ert b e h a lte n , w äh ren d  sie im  p lastisch  
v e rfo rm ten  Teil g rößer w ird . D em en tsp rech en d  geh ö rt zu  den  G leichgew ichts
gleichungen (1.1) die P la s tiz itä tsb ed in g u n g  (1.3)

К  -  °y?  +  4 т*у=: y ( fe/ ( * ’V))2- (L 3 )

F ü r die angegebenen  D ifferen tia lg leichungen  sind  b ish er noch keine 
L ösungen gefunden  w orden , jed o ch  k a n n  a u f  G ru n d  von  V ersuchen  festg este llt 
w erden , daß  sich  eine solche S p an n u n g sv erte ilu n g  a u sb ild e t, die eine D efo r
m atio n  der b ish e r n u r  w enig oder ü b e rh a u p t n ich t v e rfo rm te n  M ateria lte ile  
zu r Folge h a t.

B ild 3 ze ig t eine versuchsm äßige D ru ck p ro b e . Bei den  V ersuchen w urde  
der in  der M itte  en tzw eigeschn ittene  u n d  an  der g e sch n itten en  O berfläche m it 
einem  N etz b eze ichnete  P rü flin g  so e iner ebenen  V erfo rm ung  u n te rw o rfen , 
d aß  seine M a ß än d e ru n g  der B re ite  n a c h  v e rh in d e rt w u rd e . D as B ild  zeig t, 
d aß  im  Q u ersch n itt zwei gesonderte Teile ausg eb ild e t w u rd en . In  dem  im  
B ild  m it I I  beze ich n eten  Teil w ar das A usm aß  der V erfo rm u n g  beinahe  kon-
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s ta n t  u n d  stim m te  m it dem  A usm aß  d er V erform ung des P rü flin g s übere in . 
I n  dem  m it I beze ich n eten  Teil jed o ch  w a r das A usm aß der V erfo rm ung  k leiner. 
M an s ieh t au ß erd em , d aß  die V erfo rm u n g  an  der G renzlin ie be ider Zonen 
g rö ß er is t als die d e r Zone II .

3. Bestim m ung der a u f die Druckfläche wirkenden 
äußeren Gleitspannungen

K o r b e r  u n d  E i c h i n g e r  [3] h a b e n  festgeste llt, d aß  das M ateria l n u r  
so w eit a u f  der D ru ck fläch e  g le ite t, b is  die äußere G le itsp an n u n g  die k ritisch e

a )  b )

B i ld  2

G le itsp an n u n g  des M ateria ls  erre ich t. B ei sch lech ten  O b erfläch en v erh ä ltn issen  
k a n n  sich  das H a fte n  au c h  au ß erh a lb  d e r e lastisch  v e rfo rm ten  Teile ausb ilden  
[4]. M an kann  also a u f  G rund  von  B ild  4 eine G leitzone u n te rsch e id en , in  der 
das M ateria l die D ru ck fläch en  e n tla n g  g le ite t u n d  eine H aftzo n e , in  der sich 
das M ateria l im  V erh ä ltn is  zur D ru ck fläch e  n ich t v e rsch ieb t.

I n  Ü b ere in stim m u n g  m it den  V ersuchsergebn issen  m üssen  die G le it
sp a n n u n g en  in beiden  Zonen g eso n d ert b e s tim m t w erden .
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a) H aftzone:

A uf der G renzfläche der ganzen Zone w irk t die k o n s ta n te  äußere  G le it
spannung

*  =  TmaX =  - ^ >  w o b e i  V>==yf- ( 2 Л )

E ine größere S p an n u n g  k an n  n ich t a u f tre te n , weil die innere M a te ria lv e r
sch iebung das v e rh in d e rt.

B ild  3

Ь) G leitspannung :

D en E ig en sch aften  der D ruck flächen  en tsp rech en d  können zwei F ä lle  
un te rsch ied en  w erden .

Trockene R eibung

A u f diesen  F a ll k a n n  das C oulom b’sche R eibungsgesetz  als g ü ltig  v o r
ausgesetz t w erden .

T = f i p .  ( 2 .2)

D er tro ck en e  R e ib u n g sfak to r h ä n g t v o n  d er O b erfläch en rau h h e it der D ru c k 
p la tte n  u n d  des g ed rü ck ten  K örpers ab , v o n  der O x y d sch ich t an  den b e rü h re n 
den O berflächen  bzw . v o n  dem  A dsorb tionsfilm , d er V erfo rm ungsgeschw ind ig 
k e it, der T e m p e ra tu r  u n d  dem  M aß d er V erfo rm ung . Z ur B estim m ung  des 
R e ib u n g sfak to rs  k ö n n en  zwei g rund legend  versch iedene M ethoden an g ew en d et 
w erden. B ei der e inen  M ethode w ird  d er V erfo rm ungsw iderstand  gem essen 
u n d  der R e ib u n g sfa k to r w ird  aus einem  A u sd ru ck  b e rech n e t, der den  V erfo r
m u n g sw id erstan d  u n d  den  R e ib u n g sfak to r e n th ä lt . D iese M ethode h a t  den
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F e h le r , daß  der W ert des R e ib u n g sfak to rs  von  dem  zur B erech n u n g  b e n u tz te n  
A u sd ru c k  a b h ä n g t. B ei der an d eren  M ethode w ird der P rü f lin g  g es tau ch t 
u n d  gleichzeitig  m it e iner D y n am o m e te rv o rrich tu n g  in  e iner R ich tu n g  ve i - 
sch o b en . Diese M ethode m iß t infolge d er b e im  S tauchen  a u ftre te n d e n  F o rm 
v e rä n d e ru n g  die K o m p o n en te  der e le m e n ta ren , in  versch iedenen  R ich tu n g en  
w irk en d en  R e ib u n g sk rä fte , die in  die V ersch ieb u n g srich tu n g  fä llt. T ro tzd em  
s te h t  diese M ethode d er P rax is  n äh er, weil sie a u f  der D efin ition  des R eib u n g s
fa k to rs  b e ru h t. In  K e n n tn is  der M ängel v o rig er M ethoden soll eine V ersuchs
m e th o d e  vorgeschlagen  w erden , die v o rau ss ich tlich  rich tige E rgebn isse  lie fe rt 
u n d  die von der A rt des p lastisch en  V erfo rm ungs vor ganges u n ab h än g ig  is t.

P 
' r

P

B ild  5

B ild  5 zeigt, d aß  der P rü flin g  in  die B ohrung  des m it 1 beze ich n eten  
S tü ck es  e in g ep aß t w ird . A u f G rund  d er zu r p lastischen  V erfo rm ung  nö tigen  
K ra f t  P  t r i t t  eine n ah ezu  k o n s ta n te  D ru ck sp an n u n g  auf. Die O b erfläch en 
p u n k te  des P rü flin g s sind  an  ih re r V ersch iebung  b eh in d ert (die äu ß e rs ten  
P u n k te  ausgenom m en). D as m it 1 b eze ich n e te  S tück  w ird  m it e iner D y n am o 
m e te rv o rr ic h tu n g  verschoben . Die zum  V erschieben  nötige K ra f t  S  is t  gleich 
d e r Sum m e der R e ib u n g sk rä fte  an  d er O berfläche. D er R e ib u n g sfak to r b e trä g t

(2.3)

D ie G enau igkeit k a n n  g este igert w erden , w enn  der Spalt zw ischen E in sp a n n 
s tü c k  u n d  P robefläche  v e rrin g e rt u n d  w enn  der D urchm esser des P rü flings 
v e rg rö ß e rt w ird.

Flüssigkeitsreibung

Soll w ährend  der p lastisch en  V erfo rm u n g  an  der O berfläche eine F lüssig 
k e its re ib u n g  a u ftre te n , so m uß  zu B eg inn  d er V erform ung zw ischen D ru c k 
flä c h e  u n d  W erk stü ck  ein S ch m ierm itte lfilm  vo rh an d en  sein, d er die B e la 
s tu n g  bis zum  B eginn d er p lastischen  V erfo rm u n g  trä g t. Bei ebener V erfo rm ung
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zw ischen s ta rre n  P ara lle lfläch en  b e trä g t  die B elastung  des S ch m ie rm itte l
film s [5]:

P  =
8 rj vy a 3

(2 .4 )

Die p lastisch e  V erfo rm ung  b eg in n t d a n n , w enn  die B elastung

P  =  2a .l.fefc (2.5)

b e trä g t. A us den G leichungen (2.4) u n d  (2.5) e rg ib t sich fü r die m ittle re  S treck e  
des S chm ierm itte lfilm s

4 r/vy - a-
I ( 2 . 6 )

Ä hnlich  wie oben b e trä g t  die n ö tig e  m ittle re  S tä rk e  des S c h m ie rm itte l
film s be i end lichen  A bm essungen  des W erk stü ck es  [5]:

l f 1 0  •
1 r/Vy-a2

/  3  1 +
2  a 2 кКк
b

(2 .7)

D er m it den F o rm eln  (2.6) u n d  (2.7) bestim m bare  S ch m ierm itte lfilm  
m uß  s tä rk e r  sein als die Sum m e d e r B au h h e itsw erte  der D ru c k p la tte  des 
g ed rü c k te n  M aterials. T riff t dies n ic h t zu, d a n n  t r i t t  gem ischte R e ib u n g  auf. 
Die F o rm e ln  erm öglichen auch  die B estim m u n g  der V isk ositä t des fü r h y d ro 
d y n am isch e  S chm ierung  nö tig en  S chm ierm itte ls .

D ie G le itsp an n u n g  b e trä g t  vom  B eg inn  der p lastischen  V erfo rm ung  bei 
k le inen  S tä rk e n , der N ew to n ’schen B eze ichnung  en tsp rechend

dv„ v„
T =  rj ( 2 . 8 )

a y  oh

D en  B ed ingungen  d er G leichung (2.8) en tsp rechend  v e r te ilt  sich d ie  
G eschw ind igkeit in  R ic h tu n g  der y -A chse  lin ea r  an  Stelle der th e o re tisc h e n  
p arab o lisch en  V erte ilung . A n H a n d  v o n  B ild  6  k ann  die G eschw ind igkeits-
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V erteilung in  R ic h tu n g  d er я;-Achse b e s tim m t w erden . A us der K o n stan z  des 
R au m in h a lte s  eines belieb igen  Teiles des g ed rü ck ten  K örpers b ek o m m t m an  
m it den B ezeichnungen  des Bildes 6

(2.9)

W eil die an fän g lich e  S chm ierm itte lm enge  w äh ren d  des P ressens n u r  
w enig  v e rb ra u c h t w ird , v e rr in g e rt sich die m ittle re  S tä rk e  des S ch m ie rm itte l
film es du rch  die V erg rö ß eru n g  von Ah. A u f G ru n d  von  B ild  7 k an n  m an  d u rch  
die K o n stan z  der S chm ierm itte lm enge  fo lgende G leichung aufstellen:

àh =  ô ~ .  (2 . 1 0 )
К

A u f G rund  d er F o rm eln  (2.8), (2.9) u n d  (2.10) b e trä g t  die G le itsp an n u n g  
au  der D ruckfläche des M aterials, w enn noch  zu E n d e  des P reßvorganges 
hy d ro d y n am isch e  S chm ierung  b es teh t:

т __ УУу К  
h°-ô

( 2 . 11)

4. A nnähernde  B estim m ung der a u f  die D ru ck fläch e  w irk e n d e n  
S pannungs V e rte i lu n g

Die Lösung d er G leichgew ichtsg leichungen  u n d  d er P la s tiz itä tsb e d in g u n 
gen m it den im  v o rig en  A b sc h n itt angegebenen  R an d b ed in g u n g en  is t fü r  die 
P ra x is  zu kom pliz ie rt. U m  eine le ich te r zu  b eh an d e ln d e  Form el zu gew innen , 
s ind  en tsp rechende  V ere in fachungen  n ö tig . E ine  bei den  p rak tischen  B erech 
n u n g en  allgem ein v e rb re ite te  M ethode is t , d aß  m an  im  In n e rn  des g ed rü ck 
te n  S tückes einen  e inachsigen  S p a n n u n g szu stan d  v o rau sse tz t:

rx y = 0 .  (3.1)
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D am it können  die G leichgew ichtsg leichungen  u n d  die P la s tiz itä tsb ed in g u n g en  
in  e in facher F o rm  au fgeschrieben  w erden. Ih re  L ösung fü h r t  zu einfachen  
G leichungen, jed o ch  zeigen die V ersuchs- u n d  M eßergebnisse, d aß  diese Glei
chu n g en  in  gewissen F ä llen  k o rrig ie rt w erden  m üssen.

A n H an d  des B ildes 3 is t e inzusehen, d aß  der G ru n d  fü r  solche K o rrek 
tu re n  in  e rs te r L inie aus d er b ed eu ten d en  A bw eichung  der S p an n u n g szu stän d e  
in  den  Zonen I u n d  I I  h e r rü h r t ,  w eshalb in  diesem  F a ll die A nnahm e eines 
e inachsigen  S p an n u n g szu stan d es  n u r eine grobe A n n äh e ru n g  is t.

D ies e rk an n te  zu e rs t U n s z k o v  [ 4 ] ,  in d em  er fü r  die Zone I  die S pannung  
besonders b erech n e te . E r  rech n e te  auch  in  d iesem  A b sc h n itt m it der A nnahm e 
eines S p an n u n g szu stan d es  in  einer R ich tu n g , n ah m  ab er an , d aß  die äußere 
G le itsp an n u n g  von  d e r G renze der Zone I bis zu r M itte  des S tü ck es der Achse 
e n tla n g  linear bis a u f  N ull abfiel. M it dieser A n n ah m e b ek am  er fü r  die D ru ck 
v e rte ilu n g  E rgebn isse , die form ell m it den V ersuchsergebn issen  ü b ere in stim m 
te n . Diese M ethode w u rd e  v o n  G e l e j i  [ 1 ]  w e ite ren tw ick e lt, d er in  der ganzen 
H aftzo n e  m it einer lin ea ren , ab e r in  der M itte  a u f  den W ert Я • Tmax abfallenden  
S p an n u n g sv e rte ilu n g  re c h n e t. D am it d rü ck te  er aus, d a ß  diese S pan n u n g s
v e rte ilu n g  n u r an g en o m m en  w urde, u n d  es is t  deshalb  zw eckm äßig , sie aus 
rech n u n g stech n isch en  G rü n d en  in  der e in fach sten  F o rm  anzugeben .

A us Bild 3 fo lg t, d aß  die D ru ck k ra ft n u r  fü r  die Z one I I  b erech n e t 
w ird , weil in  d iesem  Teil ein  S p a n n u n g szu stan d  e in h e itlich  angenom m en 
w erden  k an n , dessen H a u p tr ic h tu n g e n  m it den  R ich tu n g en  d er S y m m etrie 
achsen  des W erk stü ck es zusam m enfallen . Die a u f  die G renzlin ie  der Zone I I  
w irkende äußere G le itsp an n u n g  k an n  th eo re tisch  b e g rü n d e t angegeben  w erden. 
Die G le itspannung  an  d er G renzlinie der Z onen I u n d  I I  is t  die k ritische  
G le itsp an n u n g  d er d o rt b efind lichen  M ateria lte ilchen . Die H ä r tu n g  des M ate- 
tia ls  is t der G renzlinie e n tla n g  d u rch  die g rößere V erfo rm ung , dem  M aß der 
H ö h en v erän d eru n g  e n tsp rech en d  größer als in n e rh a lb  d e r Zone I I ;  dem 
gem äß  w ird  die an  d er G renzlin ie au ftre ten d e  äußere  G le itsp an n u n g

* = ^ m a x -  (3-2)
Die B erechnung  w urde  a u f  G rund von  B ild  8  vo rgenom m en . D as 

beliebige F läch en e lem en t in  der Zone I I  b e trä g t  2y d x .  D as G leichgew icht 
der in  R ich tu n g  x  a u f  das F lächene lem en t w irk en d en  K rä f te  b e trä g t:

d  (2 y ff3) =  2 p  sirup
dx

cos <p
2 T cos (p

dx

cos <p
d a ra u s :

d x
(2 -y -o '3) = :  2 p  ta n  cp — 2 t . (3.3)

In  R ich tu n g  y:
dx . d x

a i dx  =  p  cos cp---------- f- т sin cp-------- ,
cos cp cos 9?
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d a ra u s :

D ie P lastiz itä tsb ed in g u n g :
p  =  a1 — т ta n  су. (3 .4)

al ~  a3 — tpkf,  w obei . (3-5)

B erü ck sich tig t m an  aus den  F o rm eln  (3.3), (3.4) u n d  (3.5), das ipkj bei gegebe
n e r  H ö h en v erm in d eru n g  k o n s ta n t is t  u n d  dyjdx =  ta n  <y:

B ild  8

(3 .6)

D ie D ifferen tia lg leichung  (3.6) is t  bei den  oben besch rieb en en  B ed ingungen  
die V orausse tzung  des p lastisch en  G leichgew ichtes fü r  eine beliebige äußere  
G le itsp an n u n g  m it belieb iger G renzfläche , die an  der G renzfläche w irk t.

A uf G rund  des im  A b sc h n itt 2 G esag ten  m üssen  die F älle  der F lü ssig 
k e its re ib u n g  u n d  d er tro ck en en  R e ib u n g  gesondert b e h a n d e lt w erden .

Flüssigkeitsreibung
W eil y  =  h / 2  is t, b ek o m m t m an  aus der D iffe ren tia lg leichung  (3.6) m it 

V ernach lässigung  der S tä rk e  des S chm ierm itte lfilm s n eb en  der H öhe des 
P rü flin g s

da  j 2  г

dx  h
(3 .7)

A u f G rund  der G leichungen (3.7) u n d  (2.11):

dax _  _  2  rjvy 

dx  Öh3
(3 .8)
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W erden  die V eränderlichen  g e tre n n t u n d  w ird  die G leichung von  x  bis a 
in te g r ie r t, w obei be rü ck sich tig t w ird , d aß  fü r  x  =  a ax =  xpkj is t, so is t

aix =  Vkf +  ~ J ° -  (“2 -  *2) • (3-9)oft*
Trockenreibung

B ild  9 v e ran sch au lich t den a llgem einsten  Fall. M it den  B ezeichnungen  
des B ildes is t d er A b sch n itt I l /a  die g le itende  Zone, der A b sc h n itt II /c  is t die 
H aftu n g szo n e  u n d  A b sc h n itt I l / d  is t  d ie  elastische Zone die keine F o rm 
v e rän d e ru n g  e rle id e t. F ü r  alle drei A b sc h n itte  m uß  die S p an n u n g sv erte ilu n g  
besonders b e s tim m t w erden , weil die G renzflächen  und  die äu ß eren  G le itsp an 
n u ngen  in  allen  dre i F ällen  versch ieden  sind.

Abschnitt  I I /a

A us den G leichungen (2.2) u n d  (3.7) is t

(3.10)

N ach  der T ren n u n g  der V erän d erlich en  in teg rie rt m an  von  x  bis a u n d  
b e rü ck sich tig t, d aß  fü r  x  =  a ax =  y>kf is t:

Abschnitt I I /c

alx =  ipkj- =  y) kj  exp
2  Ц

(« -  *)

A us den  G leichungen (3.7) u n d  (2.1):

dffj tpkf

dx h

(3.11)

(3.12)

N ach  der T ren n u n g  der V erän d erlich en  w ird  die G leichung von  x  b is 
c in te g r ie r t u n d  m an  be rü ck sich tig t, d a ß  aic aus der G leichung (3.12) b e rech n e t 
w erden  k a n n :

<Gx =  a lc +  # /  C X . (3.13)
h

Abschnitt  I I / d

Die L ösung h ä n g t von der G le ichung  der K urve  y  =  f ( x ) ab , die die 
e lastische  Zone b eg ren z t. Die G ren zk u rv e  k an n  du rch  V ersuche bzw. d u rch  
th eo re tisch e  B erechnungen  festgeleg t w erden ; sie is t im  allgem einen eine 
G erade u n d  k a n n  au ch  in  abw eichenden  F ä llen  annäherungsw eise als G erade 
angenom m en w erden . Die P a ra m e te r  d er G eraden hängen  w ahrschein lich  
von  den  geom etrischen  A bm essungen u n d  von  den  äußeren  G le itsp an n u n g en  
des g ed rü ck ten  S tückes ah . Die G ren zk u rv e  k a n n  allgem ein du rch  fo lgende
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G leichung angegeben  w erden:

y  =  у  о * ta n  а-

A us den  G le ichungen  (3.6) und  (3.14):

^ 1- =  ipltj --------- -----------  t a n  а — — (1  +  ta n 2 a) .
dx y 0 4  x  ' ta n  a  2

(3.14)

(3.15)

N ach  der T re n n u n g  der V erän d erlich en  in te g rie r t m an die G leichung 
von  x  bis d u n d  b e rü ck s ich tig t, daß  axd aus der G leichung (3.13) b e rech n e t 
w erden  k ann :

CT1X =  +  V>kf 1 -  1 1 4 - ta n 2 а 
2  ta n  а

(3.16)

5. B e rech n u n g  der au f die D ru ck fläch e  w irkenden  K raft

E s ist a llgem ein  gebräuchlich , die D ru c k k ra f t aus dem  V erfo rm ungs
w id e rs tan d  zu b e rech n en . D er V erfo rm u n g sw id erstan d  b e d e u te t eine d u rc h 
sch n ittlich e  S p an n u n g , m it der die a u f tre te n d e  D ru c k k ra f t berechne t w erden  
k a n n :

P  =  2a • 1 ■ kk (4.1)
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Die G e sa m tk ra ft is t a u f  G rund  des vorigen  A b sch n itte s  bei tro ck en er 
R eibung die Sum m e d er drei T e ilk rä fte  in  den einzelnen  Zonen. A b schn itt 
I l /a :  U n te r  B en u tzu n g  d er G leichung (3.11) b ek o m m t m an

Pn l a = l < T l x d x =  2 f i Wkf
2,x

0a-c) (4.2)

A b sch n itt II /c : M it B en u tzu n g  der G leichung (3.11)

P Il lc  — Г alx dx  = к + « *
J J h

(c -  d)
y>kf c2 — d 2 

h 2
(4.3)

A b sch n itt I l /d :  M an b e rech n e t d u rch  In teg rie ren  der G leichung (3.16) die 
a u f  die Zone I  w irkende  D ru c k k ra f t, die aus G leichgew ich tsg ründen  der a u f  
die O berfläche w irk en d en  D ru c k k ra f t gleich is t:

4 l l d =J>d x  =  ad ■ d  -f- rpkf 1 - Я
1 -f- t a n 2 a

У о

ta n  а
1 -  ln

2  ta n  а

2 y 0

(4.4)

2  ta n  а

G leichung (4.4) is t  bei y 0 =  0 n ic h t gü ltig . In  d iesem  F a ll w ird  die au f die 
O berflächen  w irkende D ru c k k ra f t m it H ilfe der R egel von  L ’H o sp ita l b e s tim m t:

Pllld — d +  V kf
1 ta n 2 а 

2  ta n  а
(4.5)

M it H ilfe der G le ichungen  (4.2), (4.3) u n d  (4.4) is t be i tro ck en e r R eibung  
ganz allgem ein der Y erfo rm u n g sw id erstan d  la u t G leichung (4.1):

kк —  — ( P i / / a  +  P j i l c  +  P n l d )  • (4-6)
а

In  den G le ichungen  (4.2), (4.3) u n d  (4.4) sind  sow ohl y 0 als auch ta n  и 
u n b e k a n n t, ih re annäherungsw eise  B estim m u n g  k a n n  m it H ilfe des P rinz ips 
der m in im alen  A rb e it d u rc h g e fü h rt w erden . D ieses P rin z ip  w ird  bei dem  
h ier b eh an d e lten  V erfo rm ungsfa ll annäherungsw eise  d a n n  befre id ig t, w enn 
sich die G renze der e las tisch en  Zone so au sb ild e t, d aß  die a u f tre te n d e n  V erfor
m ungsk räfte  die k le in s ten  sind  [6 , 7]. F ü r  а/h ^> 0,5 k a n n  m an  au f G rund  
von  V ersuchen v o rau sse tzen , daß  y 0 =  0 is t, w om it die B ed ingung  fü r das 
k leinste  A rb e itsm in im u m  [6 , 7] fo lgenderm aßen  la u te t :

8  ( tan  а)

D er E in fach h e it h a lb e r b ra u c h t  m an  sich n u r  m it dem  F a ll zu  beschäftigen , 
bei den sich auch  die H aftzo n e  ausb ild e t. In  diesem  F a ll k a n n  die V erfor
m u n g sk ra ft m it der G leichung (4.6) b e s tim m t w erden . S e tz t m an  die Sum m e

(4.7)
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d e r G leichungen (4 .2), (4.3), (4.4) u n d  (4.5) in  den  A u sd ru ck  (4.7) ein , so 
e rh ä lt  m an:

8  ( (c —  d f  c —  d  1 +  ta n  2a

Э ( ta n a )  I 1 2 h ’ h 1 L 2 ta n  а
=  0 . 

(4.8)

Pb Probekörper Щ=1, 2 ,4 ,6  
p —0/2 n

-A
V /Y

■ 7 / Y 7 S~7~~>

Т/7Г/
У / /

777}
V / /

0,1 0,2 0,3 0,4- 0,5 0 ,6  07  0,8 0,9 1
____ 2a

b
B ild  10

S e tz t  m an  nun  in  die G leichung (4.8) fü r  d =  h /(2 ta n  a) e in  u n d  fü h r t  die 
p a r tie lle  D iffe ren tia tio n  du rch , so b ek o m m t m an  n ach  K ü rzu n g  fü r  die 
B ed in g u n g  der m in im alen  A rbeit

ta n  n =  Я — 0,5. (4-9)

G leichung  (4.9) sa g t au s , daß  zu B eg inn  der p lastischen  V erfo rm ung  (Я =  1) 
d ie elastische Zone v o n  G eraden  m it d er N eigung а =  30° b eg ren z t w ird. 
D ieser W ert w ird d u rc h  die V ersuche b e s tä tig t , wie es B ild  3 zeig t.

I s t  [л >  0,3, so b e e in f lu ß t die G leitzone in  geringem  M aß die a u f tre te n 
d en  K rä fte , w eshalb  m a n  annährungsw eise  der ganzen  D ru ck fläch e  en tlan g  
m it  H a fte n  rechnen  k a n n . F ü r  d en  V erfo rm ungsw iderstand  b ek o m m t m an  
d a n n  u n te r  B en u tzu n g  d er G leichungen  (4.3), (4.5), (4.6) u n d  (4.9)

4  — y k j  I 1 - f  0,25 — +
2(A —  0,5) 8 (A —  0,5)

1_

4 4 (Я— 0,5)2
h I
а )

(4.10)
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Im  A u sd ru ck  (4.10) ä n d e rt sich Я als F u n k tio n  der spezifischen V erfo rm ung . 
Z u  B eginn  d ieser V erform ung is t Я =  1 u n d  d am it w ird  der V erfo rm u n g s
w id e rs tan d :

xpkÁ 1 +  0,25 — — 0,25 —  
h а

(4.11)

D e r W ert des m it der F orm el (4.11) b e s tim m te n  V erfo rm u n g sw id e rs tan d es  
ze ig t gu te  Ü b ere in stim m u n g  m it den  V ersuchsergebn issen  von  0 .  G eorg  [8 ], 
d esha lb  e rg ib t die R echnung  m it den  G leichungen  (4.10) u n d  (4.11) im  F a lle  
jLi >  0,3 u n d  a/h  )>  1 rich tige E rgebn isse .

Beim Q uellen  p rism atischer K ö rp e r m it end lichen  A bm essungen  is t 
die A n n ah m e eb en er V erform ung n u r  eine grobe A nnäherung . B e rü ck sich tig t 
m an  die räu m lich e  V erform ung, so k ö n n te  m an  die D ru ck sp an n u n g  d u rch  
S um m ieren  d e r S pannun g sv erg rö ß eru n g en  von P u n k t zu P u n k t b estim m en , 
w enn die R ic h tu n g e n  der M ateria lv ersch ieb u n g  b e k a n n t sind . E s em p fieh lt 
sich  desh a lb , bei der B erechnung  vom  ebenen  F o rm v e rä n d e ru n g sz u s ta n d  
auszugehen . A u f G rund  ähn licher B erechnungen  k an n  m an  folgendes v o ra u s
se tzen :

k'k =  £ k k . (4.7)

D er in  d er G leichung (4.7) v o rk o m m en d e  F a k to r  £ h ä n g t von  dem  
V erh ä ltn is  d e r B re ite  zur Länge des W erk stü ck es ab , w ird  ab er auch  in  k le i
nerem  M aße vom  R e ib u n esfak to r u n d  vom  A usm aß der V erfo rm ung  b ee in 
flu ß t.

A u f G ru n d  von  U n tersu ch u n g en  von  P rü flin g en  aus Blei w urde  die im  
B ild  10 gezeig te  K urve  k o n s tru ie r t. Im  L aufe der U n te rsu ch u n g en  w urde  
neben  dem  V erh ä ltn is  а/h  auch  das V erh ä ltn is  a/b g eän d ert.

Im  A b sc h n itt  4 w urde besch rieb en , wie die beim  p lastisch en  D rü ck en  
p rism a tisch e r K ö rp er a u ftre ten d en  K rä f te  b erech n e t w erden  kö n n en , w äh ren d  
bei zy lin d risch en  K örpern  die beim  D ru ck  a u ftre te n d en  K rä fte  u n te r  V er
w end u n g  d e r G leichungen fü r ebene V erfo rm ung  sinngem äß  b e s tim m t w erden  
können .

D as in  d ieser A rbeit vo rgesch lagene B erech n u n g sv erfah ren  m uß  noch  
e rg ä n z t w erd en . Die konkre te  B estim m u n g  des O b erfläch en re ib u n g sfak to rs  
e rfo rd e rt noch  w eitere F o rsch u n g sa rb e it. D ie B estim m ung  der G renzlin ie des 
Teiles, dessen  V erfo rm ung  b eh in d e rt is t  sowie die G röße der an  d er G renzlin ie 
a u f tre te n d e n  G le itspannungen  u n d  ih re  A b h än g ig k e it vom  M aß der V er
fo rm u n g  e rfo rd e rn  w eitere F o rsch u n g sa rb e iten . Schließlich m uß  noch  der V er
fo rm u n g sw id e rs tan d  u n te rsu ch t w erden , der beim  Q uellen p rism atisch er K ö rp e r 
a u f t r i t t  sow ie sein  Z usam m enhang  m it dem  V erfo rm u n g sw id erstan d  bei ebener 
V erfo rm ung  m u ß  g ek lä rt w erden.
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CALCULATION OF T H E  DEFO RM ATIO N RESISTANCE OF PRISMATIC BO D IE S  
COMPRESSED B Y  P A R A L L E L  PLATES

L . TÓ TH

SU M M A R Y

The paper deals w ith  the approxim ate calculation of the forces needed for the p lastic  
com pression of m aterial b y  parallel p lates. Cases o f approxim ate solution for the equations, 
giv in g  the exact so lution , are discussed, as w ell as the influence of the qualities of the surfaces. 
For the determ ination o f  the coefficient o f  friction  author suggests a new  experim ental m ethod, 
and for the com putation  o f the force he proposes a new  approxim ate m ethod for plane defor
m ation, as well as for th e  swelling of bodies having fin ite  dim ensions.

LE CALCUL D E  LA RÉSISTANCE A LA DÉFORM ATION D E S CORPS 
PRISM ATIQ UES COMPRIMÉS P A R  PL A Q U E S PARA LLÈLES

L. TÓTH

R ÉSU M É

L’auteur étudie le calcul approché des forces nécessaires pour la com pression plastique  
d’une m atière se tro u v a n t entre des plaques parallèles. Il traite des cas de solution approchée  
des équations donnant la  solution exacte , ainsi que de l ’influence des caractéristiques des 
surfaces. Pour la déterm ination  du coefficient de friction , une nouvelle m éthode expérim entale  
est proposée par l’auteur qui préconise, d ’autre part, une nouvelle m éthode approchée pour 
le calcul de la force, va lab le  en cas de déform ation plane aussi bien que pour le gonflem ent 
des corps finis.

РАСЧЕТ СОПРОТИВЛЕНИЯ ДЕФОРМАЦИИ ПРИ СЖАТИИ ПРИЗМАТИЧЕСКИХ 
ТЕЛ МЕЖДУ ПАРАЛЛЕЛЬНЫМИ ПЛОСКОСТЯМИ 

л. тот

РЕЗЮМЕ

Работа занимается приближенным расчетом сил, необходимых для пластичного 
сжатия материала, размещенного между параллельными плоскостями. Рассматри
ваются случаи приближенных решений уравнений, служащих для точного решения. 
Исследуется действие свойств поверхности. Для определения коэффициента трения 
предлагается новый опытный метод. Для расчета силы как в случае плоской деформации, 
так и расковки тел с конечными размерами автор предлагает новый приближенный 
метод.
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THE PROBLEM OF THE QUADRATIC WEIR
PRO PO RTIONAL FLOW  M E A SU R E M E N T  W ITH O UT DISTU R BA N C E  

OF T H E  W ATER SUR FA CE

O. H ASZPRA

RESEARCH INSTITUTE FOR WATER RESOURCES, BUDAPEST 

[M anuscript received March 19, 1963]

A w ide v a r ie ty  of m eth o d s h as  so fa r been developed for m easu ring  flow  
vo lum es (i.e., for in teg ra tin g  th e  d ischarge passing  p er u n it  tim e  over a g iven 
period). H igh ly  a ttra c tiv e  from  am ong  th ese  because of its  in h e re n t sim p lic ity  
is th e  proportionate method o f  f lo w  measurement  in  a b y -pass [1 ], w hich can  be 
ap p lied  d irec tly  in  clear w a te r, w hile in  po llu ted  ones p ro p er f i l tra tio n  m u s t 
be re so rte d  to , i.e ., a su itab le  f i l te r  eq u ip m en t m u st be used.

T he p re req u is ite  for th e  a p p lic a b ility  of th e  p ro p o rtio n a te  m easu rem en t 
o f flow  is th a t  th e  d ifferen tia l h ead  across, an d  a c tu a tin g , th e  m e te r shou ld  
be in  an  ap p ro x im a te ly  q u a d ra tic  re la tio n sh ip  w ith  th e  d ischarge conveyed  
in  th e  m ain  b ran ch . The flow  passing  th ro u g h  th e  b y -pass is in  th is  case o v er 
th e  en tire  d ischarge range, i.e ., regard less of th e  m ag n itu d e  of d ischarge , 
p ro p o rtio n a te  to  th e  to ta l  flow . In  o th e r  w ords, th e  to ta l  flow  volum e fo r a 
g iven  period  can be o b ta in ed  from  th e  flow  volum e passing  th ro u g h  th e  b y 
pass d u rin g  th e  sam e period, an d  reco rd ed  b y  th e  m eter, sim ply  b y  m u ltip ly in g  
th e  la t te r  value w ith  a p ro p o rtio n a lity  coefficient. M eters hav in g  th e  d ial 
scaled  to  re a d  th e  to ta l  flow  vo lum e d irec tly  are also conceivable.

D evices c rea tin g  a d iffe ren tia l h ead , w hich is p ro p o rtio n a te  to  th e  
sq u are  o f  th e  d ischarge, in a closed p ipe line ,  or by  m eans o f a closed section 
in s ta lled  in  an  open channel, a re  know n  in large n u m b ers , in  fa c t th e  
n u m b e r o f possible a lte rn a tiv e s  is, in  p rinc ip le , in fin ite ly  large. W here it  is 
essen tia l n o t to  d is tu rb  th e  free w a te rsu rface  of an  open channel b y  th e  in 
s ta lla tio n  o f a closed section  — e.g ., because of th e  desire to  ensure u n o b 
s tru c te d  passage for flo a tin g  deb ris  — th e  erec tion  of a so-called quadratic weir 
m ay  offer th e  necessary  so lu tion .

W ith  th e  n o ta tio n s  accord ing  to  F ig . 1 th e  shape of th e  q u a d ra tic  w eir 
is governed  b y  th e  in teg ra l eq u a tio n :

Q =  2 p f 2 g  \ * f ( x ) Y h  - x d x  =  В  }fh ( 1 )

w herein  Q is th e  discharge, p  is th e  d ischarge coefficient, w hich is assum ed  
to  be c o n s ta n t, g  is g ra v ita tio n a l acce lera tion , f ( x )  is th e  h a lf-w id th  o f th e
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w eir a t  he igh t x  above  th e  low er edge o f th e  w eir, h is th e  w eir head  p e rta in in g  
to  th e  discharge Q a n d  В  is a p ro p o rtio n a lity  coefficient.

T he m ethod  o f in s ta lla tio n  of th e  p ro p o rtio n a l m e te r is revealed  b y  F ig . 1 
as w ell as by  Fig. 2, th e  la t te r  illu s tra tin g  th e  o p e ra tin g  p rincip le  o f th e  system  
m ore  clearly . As is to  be  seen, th e  b y -p ass  is b ran ch ed  off som ew here from  
below  th e  p rev a ilin g  h e a d w a te r  level, a n d  th e  flow  passing  th ro u g h  i t  is

Fig. 1. N o ta tio n s used in deriving the shape of the quadratic weir

re tu rn e d  in to  th e  m a in  channel over a free d ischarge, w ith  its w ate rsu rface  
f lu sh  w ith  th e  low er edge of th e  w eir. C onsequen tly  th e  d ifferen tia l head  
a c tu a tin g  the  m e te r  is th e  prevailing  w eir h ead , w hich, be ing  in  a q u a d ra tic  
re la tio n sh ip  w ith  th e  d ischarge, is su itab le  for o p era tin g  th e  p ro p o rtio n a te  
m e te r . As th e  re s is ta n c e  of th e  la tte r  is also p ro p o rtio n a te  to  th e  second pow er 
o f th e  d ischarge p a ss in g  th ro u g h  it, th e  ra tio  o f th e  tw o discharges will rem ain  
c o n s ta n t.

A few so lu tions o f  th e  in teg ra l eq u a tio n  (1), am ong these  tw o p ra c 
tic a lly  feasible so lu tio n s , could be derived  earlie r an d  m en tio n  has been m ade 
o f  these  resu lts  in  ea rlie r  pub lica tions [1, 2]. The general so lu tion  of th e  
e q u a tio n  is due to  M r. E . D u x .
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A m odified version  o f th e  general so lu tion  is p re sen ted  in  th e  following, 
and  th e  tw o p rac tica l so lu tions re fe rred  to  above are  d eriv ed  th ere fro m .

The solu tion  is p re fe rab ly  w ritte n  in  th e  follow ing fo rm :

/ ( * )  =
В  )'h

2/Л ]/2 g Yh — X
g(x h ( 2 )

w here besides th e  n o ta tio n s  in tro d u ced  p rev iously , g(x) is an  a rb itra ry  fu n c 
tio n , th e  defin ite  in te g ra l of w hich  in  th e  (0 , h) in te rv a l is e q u a l to  u n ity , i.e.,

\ * g ( x ) d x  =  1 . ( 3 )

Fig. 2. D iagram m atical arrangem ent of the quadratic weir and the flow  m eter on the profile
of the watercourse

In  fac t, on su b s titu tin g  E q . (2) in to  E q . (1) we o b ta in

2<« f2g J ' 2 d x =  B l//l j £(*) d x ■

W ith  E q . (3) th is  becom es

Q =  B } / h \ ho g ( x ) d x = B ] f h ,  (5)

i.e ., th e  specified r ig h t-h a n d  side o f E q . (1) is a c tu a lly  o b ta in ed .
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Inasm uch  as th e re  is an  in fin ite ly  large n u m b e r o f  g(x) fu n c tio n s, th e  
in te g ra l of w hich in  th e  (0 , h) in te rv a l is u n ity , an  in fin ite ly  large n u m b er 
o f  solu tions can be o b ta in ed  for E q . (1).

In  the  follow ing i t  is p roposed  to  develop severa l fu n c tio n s an d  to  ex a 
m ine  th e  p rac tica l ap p licab ility  o f th e  solu tions p ro d u ced .

Case 1.

g(x) =  —  fo r о <; * < ; c, 
c

( 6 )

g(x) =  0, fo r c <i X <^h.  (7)

On su b s titu tio n  in to  E q . (3),

rh rc J rh
g(x) d x = \  ---- dx  +  0 d* =  1 +  0  =  1 .

Jo Jo c Jo

The eq u a tio n  o f th e  w eir c rest is th u s  accord ing  to  E q . (2)

В  ]fh
/ ( * ) 2fi |^2 g  с У h — X

, for 0 X  <C c  , ( 8 )

respective ly ,
f ( x )  =  0, for с <  X  h. (9)

As is to  be perceived  from  E q . (8 ) th is  c rest sh ap e  depends on th e  p re 
v a iling  weir h ead  h, an d  th u s  c a n n o t be used in  p rac tice . F u rth e rm o re , th e  
configura tion  o b ta in e d  is an  orifice r a th e r  th a n  a w eir.

Acta Techn. Hung. 51 (1965)



T H E  PROBLEM  OF T H E  QUADRATIC W EIR 125

T he lim it value of th is  so lu tion  m ay  p e rh ap s also p ro v e  in te re s tin g  for 
p rac tica l purposes. L e t th e  lim it v a lue  f ( x )  he deno ted  b y  f 0(x), for c —* 0.

f 0(x) =  lim
В  ]fh

=  lim
В

о 2 / t ] /2 g c \ h  — X c—*o 2 [i][2gc
, for 0  <C X c; (1 0 )

f 0(x) =  0, for c <  X  < ;  h. ( П )

T he firs t te rm  o f f 0(x) ten d s  obv iously  to w a rd  in fin ity  as c ten d s to w ard s 
0, b u t  becom es in d ep en d en t o f h. T he “ w eir”  is th u s  e ssen tia lly  an  in fin ite ly  
w ide, in fin ite ly  low orifice, th ro u g h  w hich  w a te r flows u n d e r obeyance to  th e  
law  re la tin g  to  orifices, i.e ., in  a m a n n e r ch arac terized  b y  th e  expression
Q =  в у н .

T his “ w eir” co n figu ra tion  is an  in te re s tin g  m arg inal co n d ition  o f th e  
fam ilia r series of w eir con figu ra tions (F ig . 4) described b y  th e  eq u a tio n

Q =  ahn (12)

an d  p e rta in in g  to  d iffe ren t n values. A m ong these  the  p arab o lic  w eir obeying 
th e  eq u a tio n  Q — ah2 reveals no p a r tic u la r  fea tu res  w h a tso ev er an d  is su ffi
c ien tly  described b y  th e  nam e “ p a rab o lic” . T he te rm  quadratic  can th u s  
ju s t ly  be ap p ro p ria ted  for weirs follow ing th e  eq u a tio n  Q =  B]]h-

T h e “ w eir” -ty p e  derived  can be rea lized  in  p rac tice  in  th e  form  o f a 
long h o rizo n ta l orifice, th e  h e igh t c o f w hich  is in sign ifican t re la tiv e  to  th e  
low est w eir head occurring .

Case 2. (13)

T he expression itse lf  rep resen ts  an  in fin ite ly  large n u m b e r of so lu tions. 
T he v a lu e  of n is a rb itra ry , w ith  th e  c o n s tra in t th a t  n =f= — 1, in  w hich case 
th e  fu n c tio n  g(a:) an d  to g e th e r w ith  i t  i ts  d efin ite  in teg ra l becom e zero. In d eed , 
for o th e r  n values, in  keeping  w ith  E q . (3)

/ ft я _1_ 1
g(x) dx  =  — —  (h -  x)n d x

0 J o

n 4 - 1

hn+1

(h -  x )n+1 V1 

— (n  +  1 ) . о

n —{— 1 — /tn + 1

hn + 1 — ( n +  1 )

(14)
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The shape o f  th e  w eir crest is o b ta in ed  by  su b s titu tio n  in to  E q . (2) as

/ ( * )  =
В  ]fh

2/л, Y%g Yh — X
n  - f  1

hn+1
(h — x )n =

B (n  +  1) (h  -  X)"-*/«

2 ц \ 2 g  hn+1l2

( 1 5 )

F or an y  g iven  c o n s ta n t n value a d ifferen t c re s t shape by  th is  se t of 
so lu tions is o b ta in e d  fo r every  h v a lue . T h u s an y  p ra c tic a l rea liza tion  w ould

n -  5 / 2  n = 2

S Z L

n - 3 / 2

n= 7/2

F ig .  4. Familiar weir shapes

be senseless, even  a lm o s t im possible. T he solu tion  p e r ta in in g  to

1
n — -------

2
is an  excep tion  to  th is :

/ И
В / 2 (h -  x y В

V * g h n У 2/i h  — X
(16)

The weir c re s t specified  by  th e  eq u a tio n  is one h av in g  a co n stan t sh ap e , 
b u t  o f a position  w h ich  changes w ith  th e  weir head . E v e n  th is  v a ria tio n  is
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a very  sim ple one, in asm u ch  as th e  h o riz o n ta l a sy m p to te  o f th e  h y p erb o la  
is alw ays a t  th e  h e ig h t h, i.e., i t  is b o u n d  to  th e  h e a d w a te r  level and m oves 
to g e th e r w ith  th e  w ate rsu rface . F o r th is  reaso n , w ith  th e  y  ax is o f th e  coo rd i
n a te  system  coincid ing  w ith  th e  h ea d w a te r  level, an d  w ith  th e  x  axis p o in tin g  
dow nw ard , E q . (16) assum es th e  follow ing sim plified  fo rm  (F ig . 5):

/ ( * )  =
В

4 fi 1/2 g x
(17)

A tta c h e d  to  su itab le  flo a ts  th is  weir c rest could  be used  in  p rac tica l ap p lica 
tions as well. A fu r th e r  problem  is due to  its  in fin ite  h o rizo n ta l ex tension .

F ig. 5. Hyperbolical, m ovable quadratic weir

T his d ifficu lty  can , how ever, be read ily  overcom e b y  assign ing  a certa in  f in ite  
va lue , ra th e r  th a n  zero, to  th e  sm allest d ischarge  to  be m easu red . The feasi
b ility  o f th is  w ill be perce ived  if  iti s rem em b ered  th a t  th e  sen s itiv ity  o f th e  
m e te r app lied  is also lim ited . In  fac t, th e re  is in  p rac tice  a ce rta in  m in im um  
d ifferen tia l h ead  below  w hich  th e  m e te r rem ain s in o p e ra tiv e , or fails to  in d i
ca te  th e  accu ra te  v a lu e . This va lue , exp ressed  as h e ig h t o f  w a te r  colum n is  
of th e  o rder of 1 — 2 cm . T he to p  1 — 2 cm  h ig h  section  o f th e  h yperbo la  m a y  
th u s  safely be rep laced  b y  a re c tan g u la r  w eir c rest c o n fig u ra tio n , of w hich  
n o t only  th e  h e ig h t, b u t  also th e  d ischarge is id en tica l w ith  th e  u p p er section  
o f th e  h y p erb o la . U sing  th e  n o ta tio n s  acco rd in g  to  F ig . 6  th e  w id th  b of th e  
re c tan g u la r  sec tion  can  be ca lcu la ted  fro m  th e  m in im um  w eir head , w h ich , 
in  tu rn  is d e te rm in ed  b y  th e  sen s itiv ity  o f th e  m eter, or o th e r  c o n sid e ra tio n s .

The d ischarge th ro u g h  th e  u p p er sec tio n  o f  th e  h y p e rb o lica l weir crest is

Qm\n = B Vhmin ( 1 8 )

a n d  m u st be eq u a l to  th e  discharge passing  th e  re c ta n g u la r  section :
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(?min =  2 /“  ï f ï g b  I /Amin —  *  d x  =  ^  f* Ÿ 2 g b  h*J?in.
Jo à

(19)

T h e  w id th  b of th e  re c ta n g u la r  sec tio n  is ob ta ined  b y  com bin ing  E q s . (18) 
a n d  (19):

6 = _____

o r, expressed  in te rm s  o f  Çn
Y2g  Amin

( 20)

( 21)

Ё
■e

Fig. 6. M ovable hyperbolical weir com bined w ith a fin ite  m easuring range

The m ax im um  h o rizon ta l d im ension  of th e  f in ite  hy p erb o lica l w eir 
c a n  be reduced  fu r th e r  b y  realizing i t  w ith  a cylindrical r a th e r  th a n  a p lane  
fo rm . The circum ference o f th e  cy lin d er is, in  princip le, eq u a l to  2b. T he  over- 
fa ll section  is p re fe rab ly  com posed o f  tw o , or more u n ifo rm ly  spaced  h y p e r 
b o lica l slots, so as to  m ake th e  r e s u lta n t  o f the  la te ra l th r u s t  on th e  cy lin d er 
e q u a l  to  zero in  o rd e r to  p re v e n t th e  cy linder fro m  jam m in g . A d ia 
g ra m m a tic a l d raw ing  o f th is  so lu tio n  in  o rthogonal a x o n o m e try , a n d  w ith  
a w ate rsu rface  idealized  to  a ce rta in  e x te n t  is given in  F ig . 7. T he w eir 
sh ie ld  is carried  b y  f lo a ts , w hich h a v e  been  o m itted  fo r th e  sake o f c la r ity . 
I n s te a d  of a cy lin d rica l surface p r ism a tic  surfaces com posed  of p lanes can , 
n a tu ra l ly ,  also be u sed .

3. The se t o f fu n c tio n s
g(x) =

n  -f- 1 

h n+1
( 22)
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y ields in  a m anner s im ila r to  th e  fo rm er, and  w ith  th e  co n d itio n  n =f= 1 , an  
in fin ite  n u m b er o f so lu tio n s. H ow ever, since th e  sh ap e  o f th e  w eir c rest 
rem ain s alw ays a fu n c tio n  o f h, th is  so lu tio n  is of no p ra c tic a l significance. 
S o lu tions o f likewise p u re ly  m a th e m a tic a l ch a rac te r can  be  p roduced  in  u n 
lim ited  q u a n tity . A ny fu n c tio n  h av in g  a fin ite  in teg ra l o v e r an y  a rb itra ry

F ig. 7. H yperbolical weir w ith  a fin ite  m easuring range in cylindrical arrangement

sec tio n  x v  x 2 can be tran sfo rm ed  b y  su itab le  d isto rtions a n d  tra n s la tio n s  along 
th e  tw o  coord inate  axes in to  a g(x) fu n c tio n  satisfy ing  th e  co n d itio n  fo rm u la ted  
in  E q . (3). I t  should  be p o in ted  o u t b y  w ay  of an ex am p le  t h a t  th e  in te g ra l 
o f th e  trigonom etric  fu n c tio n  y  — sin  x  over th e  sec tion  (0 , я /2 ) is equal to  
u n ity . T he function

Я  . Л  X
у = ----- s i n -------

2  h 2  h

m ay  ind eed  be reg a rd ed  as g(x), because  its  defin ite  in te g ra l betw een  0  and  
h is u n ity .
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E xam ple. L e t us d e te rm in e  th e  dim ensions of a q u a d ra tic  weir h av in g  
th e  following design  c r ite r ia :  @max =  0,1 m 3/sec, hmax =  1 m , p  =  0,6, 
Qmin =  0,02 m 3/sec, a n d  c a lcu la ted  th e re fro m  hmin =  0,04 m .

Coefficient В  f ro m  E q . (1) is o b ta in ed  as:

0,1
1

0, 1 .

The w id th  b o f th e  u p p e r re c ta n g u la r  section is from  E q . (19)

3 -0 ,1
b =

4 -0 ,6 -4 ,4 3 -0 ,0 4
=  0 , 7 0 5  m ,

The eq u a tio n  d esc rib in g  th e  shape  o f th e  h y p e rb o lica l section is a c 
co rd ing  to  E q. (17)

0,1 0,0094
/(*) =

4 • 0,6 • 4,43 X

A draw ing to  scale  o f th e  w eir is g iven in  Fig. 8.
I t  m ay be fo u n d  m ore  p rac ticab le  to  realize th e  above w eir in  a cy lin 

d rica l form  sim ilar to  t h a t  show n in F ig . 7. The d iam e te r  o f th e  cylinder is, 
p ro v id ed  th a t  th e  o v erfa llin g  nappe is n o t in te rru p te d  b y  rib s:
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d =
2 - 0,705

71
0,449 m .

A general th eo re tica l so lu tion  has been p resen ted  above fo r th e  shape  
of th e  q u a d ra tic  w eir, an d  tw o con fig u ra tio n s of p o ten tia l p ra c tic a l significance 
h av e  also been  developed.

A sy m m etrica l w eir shape  has been  ta c i t ly  assum ed in  th e  d e riv a tio n , 
b u t  n a tu ra lly , o th e r a rran g em en ts  m a y  eq u a lly  be ad o p ted . In  th e  sim plified  
d e riv a tio n s com m only  used  in  h y d rau lic s  th e  role p layed  b y  th e  sy m m etry  
o f th e  w eir opening  is neg lec ted , th e  on ly  te rm s  en te rin g  in to  th e  ca lcu la tions 
being  th e  w id th  of th e  opening  above th e  low est p o in t of th e  c re s t, resp ec tiv e ly  
below  th e  h ead w a te r  level. W ith in  th ese  lim its  th e  d e p th  w here w id th  is 
m easu red  is a rb itra ry . In  th e  p re se n t case th is  is 2f (x ) .  The d e riv a tio n s  ap p ly  
to  a sy m m etrica l w eir openings as w ell, b u t  th e n  / ( x) m u st be defined  an d  
in te rp re te d  accord ing  to  F ig . 9.

REFERENCES

1. H a s z p r a , O.: The Theory and A pplications of Proportionate Flow M easurem ent (in H un
garian). Vízügyi Közlemények  (H ydraulic R eview ), N o. 4, (1954).

2. H a s z p r a , O.: Scale Model T ests Serving the D evelopm ent of Irrigation (in Hungarian).
Paper presented at the Sym posium  on M odel T ests in  W ater Resources D evelop
m ent, held by the H ungarian A cadem y of Sciences on the 24th  October, 1962. 
A z  M T A  M űszaki Tudom ányok Osztályának Közlem ényei 33 (1964).

9* Acta Techn. Hung. 51 (1965)



13 2 0 .  H ASZPRA

DAS P R O B L E M  DES Q U A D R A T ISC H E N  Ü B E R FA L L S.
W A SSE R M E N G E N M E SSU N G  O H N E  U N T E R B R E C H U N G  D E R  F R E IE N

O B E R F L Ä C H E

0. HASZPRA

ZUSAM M ENFASSUNG

D ie Arbeit b esch ä ftig t sich m it der Berechnung einer Form  des Überfalls, dessen  
W asserschluckfähigkeit der Gleichung Q =  B  / h  genügt. D iese Form  des Überfalls erm ög

l ic h t  die Verwendung einer m it ihm  parallelgeschalteten Nehenstrom -W asseruhr, d. h. die 
ein fache Summierung der über den Überfall ström enden W asserm enge während einer be
lieb ig en  Zeit.

L E  P R O B L È M E  D U  D É V E R SO IR  Q UAD RATIQ U E.
M ESURE D E  D É B IT  PAR CO URANT D É R IV É , SA NS R U PT U R E  

DE LA SU R FA C E  L IB R E

O. HASZPRA

RÉSUM É

L’auteur se propose la  déterm ination d’une forme de déversoir dont la capacité satisfait 
à l ’équation Q — B  Yh- C ette forme de déversoir perm et l’application d’un débitm ètre à 
dérivation  m onté p arallè lem ent au déversoir, c’est-à-dire la to talisation  sim ple du débit, 
p assan t par ce dernier pend ant une période donnée.

ПРОБЛЕМА КВАДРАТИЧНОГО ВОДОСЛИВА.
ЗАМЕР КОЛИЧЕСТВА ВОДЫ ПОБОЧНОГО ПОТОКА БЕЗ НАРУШЕНИЯ 

СВОБОДНОЙ ПОВЕРХНОСТИ

О. Х А С П РА

РЕЗЮМЕ

Исследование занимается определением такой конфигурации водослива, водо
пропускная способность которого удовлетворяла бы уравнению Q — В  Yh- Такая конфи
гурация водослива позволяет применить водомер, установленный параллельно водосливу, 
то есть осуществить простое суммирование потока воды, протекающей по водосливу за 
любой промежуток времени. Конфигурация водослива по обозначениям рис. 1 и 2 опре
деляется интегральным уравнением (1). Решение имеет вид (2), в котором содержится 
функция Дх), которая должна удовлетворить условию (3). Таким образом, получается 
бесконечное множество решений.
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STRUCTURAL ANALYSIS OF BUILDINGS 
WITH VERTICAL, THIN WALLED LOAD CARRYING 
ELEMENTS, AFFECTED BY HORIZONTAL FORCES
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[M anuscript received April 23, 1963]

The paper deals w ith  the structural analysis o f buildings th e  vertical load carrying  
elem ents o f w hich are th in  walled m embers. The horizontal arrangem ent, thickness and  
occasional jo in ts o f the vertical walls o f the building in question, furtherm ore, the distribution  
o f the acting horizontal forces are storeyw ise identical, but otherw ise quite optional. I t  is 
assum ed that the floors in  their own plane constitute in fin ite ly  rigid disks, while perpendi
cularly to sam e th ey  are perfectly  flexible. Based on the above assum ption and utilizing th e  
equations o f equilibrium , the distribution of external forces affecting the building, am ong  
the wall elem ents constitu ted  b y  the vertical w alls, can be determ ined. In the com putation  
th e  effect exerted b y  the openings in the wall can also be taken approxim ately  into considera
tion . After the distribution  of the load w ith  the aid of form ulae (7), (9), (13) and (15), the  
individual w all elem ents can be regarded as being vertical cantilevers independent o f each  
other, the dim ensioning o f w hich can be performed b y  using the m ethods of the elem entary  
Theory of the Strength  of Materials.

1. In tro d u c tio n

W hen  c o n s tru c tin g  liv ing  houses an d  p ub lic  b u ild in g s, recen tly  fram ed  
s tru c tu re s  are  ev er m ore fre q u e n tly  rep laced  b y  th in  w alled  load  ca rry in g  
e lem ents sim p ly  called  walls in  th e  follow ing. I t  is c h a ra c te r is tic  th a t  th e se  
w alls, in  a d d itio n  to  th e  ta s k  of space b o rdering , co m p le te ly  fu lfill th a t  of lo ad  
ca rry in g  too .

R e la ted  to  th e  s tru c tu ra l analysis o f fram ed  s tru c tu re s  a g rea t v a r ie ty  
o f generally  v a lid , a c cu ra te  or ap p ro x im a te  ca lcu la tiv e  m eth o d s have been  
w orked  o u t, b u t  no genera lly  va lid  m e th o d  can  be fo u n d , w ith  th e  aid  o f 
w hich th e  p la y  o f  forces developing in  an  o p tio n a lly  a rra n g e d  and  lo ad ed  
bu ild ing , h a v in g  lo ad  c a rry in g  w alls, could be d e te rm in ed . T he stud ies re la te d  
to  th is  su b jec t p u b lish ed  in  th e  lite ra tu re  m erely  deal w ith  th a t  m ost sim ple 
case, w hen  th e  v e r tic a l w alls are s itu a te d  in  tw o , to  each  o th e r  p e rp en d icu la r 
d irec tions, an d  are  n o t jo in ed  along th e ir  v e rtic a l edges. E a c h  floor c o n stitu te s  
a rig id  d isk  su b je c te d  to  a h o rizo n ta lly  ac tin g  lo ad  (w ind p ressu re , h o rizo n ta l 
m ass pow er due  to  e a r th q u a k e )  [1, 3, 7, 8 ]. H ow ever, in  designing p rac tice  
such bu ild ings m ig h t also be m et w ith , w here a t  le a s t a p a r t  o f th e  lo ad  
carry in g  w alls a re  skew  to  each o th e r in  th e  g ro u n d -p lan . F o r th e  sake o f 
increasing  th e  h o riz o n ta l stiffness o f tow er-like bu ild in g s, i t  m igh t s im u lta -
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n eo u sly  occur th a t  w alls jo in in g  each  o th e r  in th e  tra n sv e rsa l d irec tion  should  
he  s tiffly  connected w ith  each o th e r a long  th e ir  v ertica l edges. O w ing to  th is  
th e  jo in ed  walls fo rm  irreg u la rly  sh a p e d  u n in te rru p te d  w all e lem ents, th e  
s t ru c tu ra l  analysis o f  w hich  can n o t be perfo rm ed  b y  th e  m eth o d s used  up  
till  now .

In  th e  following a new  m eth o d  o f ca lcu la tio n  will be d e a lt w ith . P ro v id ed  
c e r ta in  sim plifying a ssu m p tio n s  are  sa tis f ied , th e  m e th o d  in  questio n  is a p 
p ro p r ia te  to  m ake th e  s tru c tu ra l an a ly s is  of build ings h av in g  load  c a r
ry in g  walls even fo r th e  a fo rc -m en tio n ed , m ore general cases possible. The 
n ew  m eth o d  is based  on  th e  general p rinc ip les applied  b y  L. P a l o t á s  in  th e  
c a lc u la tio n  of w ate r to w ers  [10]. B y  u s in g  th is  m ethod  th e  d is tr ib u tio n  of th e

Fig. 1

h o riz o n ta l load, a c tin g  on th e  b u ild in g , am ong the  in d iv id u a l v e rtic a l load 
c a rry in g  walls, can be de te rm in ed . T h e  p a p e r  does no t deal w ith  th e  d im ension 
in g  o f th e  walls in  q u es tio n .

2. Assumptions and fundam ental principles o f the calculation

T he load c a rry in g  s tru c tu re  o f th e  liv ing  house or p u b lic  bu ild ing , w hich 
is th e  sub jec t of th e  in v es tig a tio n , co n sis ts  of ho rizon ta l floors an d  of vertica l 
w alls  p laced betw een  th e m . The w alls a re  form ed in  such  a w ay  th a t  th e y  are 
a p p ro p ria te  for load  ca rry in g  (Fig. 1). L o ad  carry ing  w alls fix ed  to  each o th e r 
a lo n g  th e ir  edges, so as to  sa tisfy  th e  req u irem en ts  o f th e  T h eo ry  o f S tren g th  
o f  M ateria ls, c o n s titu te  one single wall element, how ever, i f  th e re  is no jo in t 
w h ich  w ould sa tisfy  th e  above c o n d itio n , th e n  each w all is to  be reg a rd ed  as 
a se p a ra te  e lem ent.
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T he follow ing calcu la tions are b ased  on th e  assu m p tio n s given h e re u n d e r:
a)  T he  e x te rn a l load  is h o riz o n ta l a n d  is tra n s fe rre d  to  th e  b u ild in g  

in  th e  p lan e  of th e  floors. A lthough  th e  lo ad  in te n s ity  m ig h t change in  th e  
v e rtica l d irec tio n , a t  all floor levels i t  is h o rizo n ta l an d  id en tica lly  a rra n g e d .

b)  T he  floors form  in th e ir  ow n p lane  in fin ite ly  rig id  d isks, w hile  
p e rp en d icu la rly  to  sam e th e y  are p e rfe c tly  flex ib le. T his m eans th a t  in  th e  
p lane o f th e  floors a ll w all e lem ents are  fo rced  to  a d isp lacem en t an d  ro ta t io n  
of th e  sam e degree, while in th e  p e rp en d icu la r  d irec tio n  th e y  can d efo rm  
in d e p e n d e n tly  of each  o th er. E x p ressed  in  o th e r  w ords, th e  floors tra n s fe r  
only h o riz o n ta l forces to  th e  walls.

c)  T he  h o riz o n ta l a rran g em en t, th ick n ess  an d  occasional jo in t o f  th e  
wall e lem en ts  are id en tica l a t  all floor levels o f th e  bu ild ing , b u t  o therw ise  
qu ite  o p tio n a l. T he co-w orking of w alls an d  floors as well as th a t o f w alls 
an d  foo tings is, ow ing to  th e  load ing  e ffec t o f v e rtic a l loads an d  due to  jo in ts  
be tw een  th e  jo in in g  w alls, ensured , th u s  th e  walls s ta n d in g  above each o th e r  
c o n s titu te  v e rtic a l can tilevers.

d )  I n  com parison  to  th e  b en d in g  stiffness of th e  single w all e lem en ts  
th e ir  to rs io n a l stiffness can be neg lected .

I f  th e  in d iv id u a l w all e lem ents fo rm  an  open p rofile , th e n  th e ir  to rs io n a l 
stiffness is in com parison  to  th e ir  b en d in g  stiffness rea lly  v e ry  low, th e re fo re , 
th e  a ssu m p tio n  u n d e r d)  is perfec tly  ju s tif ie d . On th e  o th e r h an d , if  th e  p ro file  
form ed b y  th e  w all e lem ents is a closed one, th e  neg lec t o f th e  to rsiona l s t if f 
ness in fluences th e  re su lts  to  a g rea te r  degree.

A ccord ing  to  th e  above assu m p tio n s th e  s ta tic a l b eh av io u r of th e  w hole 
s tru c tu re  can  be o u tlin ed  as follows: T he floors d is tr ib u te  th e  h o rizo n ta l lo ad  
am ong th e  can tilev e rs , fo rm ed by  th e  w all e lem en ts, p ro p o rtio n a te ly  to  th e ir  
stiffness, w hile th ese  can tilevers tra n s fe r  th e  forces fa lling  to  th e ir  sh a re  to  
th e  foo tings by  ben d in g . The d is tr ib u tio n  o f th e  load  m eets w ith  in c rea sed  
d ifficu lties, because ow ing to  th e  g enera l a rra n g e m en t of th e  walls th e  d irec tio n  
of th e  e x te rn a l force, d isp lacem ent o f  floors an d  forces falling  to  th e  sh a re  
of th e  single w all e lem en ts are, in  g en era l, n o t p ara lle l to  each o ther, a n d  in  
ad d itio n  th e  floor also undergoes a ro ta t io n  in  its  own p lane . F o r these  v e ry  
reasons th e  co m p u ta tio n  conduces to  m ore  co m p lica ted  resu lts  th a n  th o se  
o b ta in ed  in  th e  case o f th e  so fa r e la b o ra te d  special p roblem s. 3

3. The stiffness fac to rs o f  th e  w all elem ents

T he fac to rs  ch arac teriz in g  th e  stiffness o f can tilevers c o n s titu te d  
b y  th e  w all e lem en ts, f irs t of all th e  shear centre (C) o f th e  cross sec tio n  
of w all e lem en ts, th e  m ain moments o f  inertia ( J v  J.,) referring  to  th e  
cen tre  o f g ra v ity  (S) an d  th e  slope angle o f  the m a in  direction o f  inertia
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(a) should  be d e te rm in e d  (Fig. 2). K n o w in g  these  q u a n titie s  we suppose  
t h a t  a cross-section o f  th e  in v es tig a ted  can tilev e r, s i tu a te d  a t  th e  h e ig h t 
h  is displaced p a ra lle l to  th e  m ain  d irec tio n s  of in e r tia  1 a n d  2  b y  A x 
a n d  A 2. To give rise to  th is  d isp lacem en t, in  th e  cen tre  o f g ra v ity  o f th e  cross 
se c tio n  forces P l a n d  P 2 m u s t be set in to  a c tio n  para lle l to  th e  m a in  d irec tio n s 
o f  in e r tia  1 an d  2. T h e  m ag n itu d e  o f th e se  forces d e te rm in ed  on th e  basis  o f 
t h e  e lem en tary  T h e o ry  o f  th e  S tren g th  o f  M ateria ls is eq u a l to  th e  values

Pi = ~ A i an d  P2 =  Jy ~ A 2- ( ! )
JJ jL

►  X

l

F ig . 2

T h e  le tte r  sym bol L  f ig u rin g  in  the  above fo rm u la  is o b ta in ed  from  th e  fo rm u la

sh3
■Lj --  9

3 E
w h ere

E  is the m odulus o f  elastic ity  of the m ateria l o f the wall, and  
s is a factor expressing the effect o f  door and window openings in  the w all (see also  

paragraph 6).

In  the  fo llow ing le t us com pute th e  m ag n itu d e  of th e  e x te rn a l force 
to  be  se t in to  ac tio n  a t  th e  shear cen tre  o f  th e  cross sec tion  in  q u estio n , so 
as to  give rise to  a h o riz o n ta l b u t o th erw ise  op tio n a l x  d irec ted  u n it  d isp lace
m e n t. As th e  x  ax is genera lly  does n o t  coincide w ith  a n y  of th e  tw o  m ain  
d irec tio n s  of in e r tia , th e  force soug h t fo r  can  be ch a rac te rized  b y  th e  co m 
p o n e n ts  pxx an d  pxy w h ich  are paralle l to  th e  x  and  y  axes an d  p e rp e n d ic u la r  
to  each  o ther (F ig . 2). T he a fo rem en tio n ed  лг-d irec ted  u n it  d isp lacem en t can  
b e  d iv ided  in to  tw o  com ponen ts ac tin g  in  th e  d irection  o f th e  1 an d  2  axes, 
th e  m agn itudes o f  w h ich  are cos a a n d  sin  a , re spec tive ly . To b rin g  th ese  
d isp lacem en t co m p o n en ts  in to  ex istence  — accord ing  to  fo rm ulae  (1 ) — th e  
fo rces

( 2 )
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Q x l =  ~ Y ~  C0S a  and &2 =L
J l sin a ( 3 )

ac tin g  in  th e  d irec tions 1 an d  2  a re  req u ired . T he q u a n titite s  p xx an d  p xy 
sough t fo r are  o b ta in ed  as th e  sum  o f th e  x  an d  y  d irec ted  p ro jec tio n s o f 
forces d e te rm in ed  from  fo rm ulae  (3), i.e .,:

Pxx =  <?xi cos a — 

Pxy =  Qxi sin a —

Qx2 s in  a = -----( J x s in 2 a -f- J 2 cos2 a ) ,
L

_ cos a • sin a , T _ .
Vx2 cos a  = ------------, {J i  — J i )

(4)

T he d e te rm in a tio n  o f forces p yy an d  p yx a c tin g  p ara lle l to  th e  y  an d  x  
axes, w hich  forces are  req u ired  to  cause an  y  d irec ted  u n it d isp lacem en t, h as  
to  be p erfo rm ed  in  a q u ite  sim ilar w ay  a n d  conduces to  th e  follow ing re su lts :

p yy =  — -  ( Л  cos2 a +  J 2 sin2 a ) , 
Jj

cos a ■ sin a ( T T \ _
Pyx =  T ( J i  J 2) =  Pxy •

( 5 )

T he above d e te rm in ed  q u a n titie s  p xx, p yy a n d  p xy =  p yx in  th e  fo llow ing 
will be called  th e  stiffness factors o f  the wall element.

4. The stiffness characteristics o f  a building 
having load carrying walls

C u ttin g  th ro u g h  th e  bu ild ing  to  be in v e s tig a te d  in  th e  im m edia te  v ic in ity  
of one o f  th e  floors, th e  cross sec tion  o f th e  b u ild in g  is o b ta ined . T his cross 
section  is ch a rac te rized  b y  th e  com position  o f  th e  cross sections o f th e  d e ta c h e d  
wall e lem en ts. T hough  these  e lem ents do n o t change th e ir  m u tu a l positio n  
in  th e  p lan e  o f th e  cross section , p e rp en d icu la rly  to  sam e th e y  are ab le to  
deform  in d e p e n d e n tly  of each  o th e r. In  th e  cross sec tion  o f th e  b u ild ing  such  
a p o in t is also to  be found  w hich  is ch a rac te rized  b y  th e  fa c t th a t  if  th e  re su ltin g  
force o f e x te rn a l forces affecting  th e  floor ru n s  th ro u g h  th e  p o in t in q u estio n , 
th e n  th e  cross sec tion  (i.e., th e  floor) m ere ly  d isp laces, b u t  does n o t ro ta te .  
I f  th e  cross sec tion  (i.e., th e  floor) is su b jec ted  to  a tw is tin g  m o m en t, th e n  
th e  ro ta t io n  occurs a ro u n d  th is  p o in t. In  th e  follow ing th e  p o in t in  q u estio n  
is called  th e  shear centre o f  the cross section o f  the building  (i.e., t h a t  o f  th e  
floor).
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F o r th e  sake  o f d e te rm in ing  th e  sh e a r cen tre  p e rta in in g  to  th e  cross- 
se c tio n  of th e  b u ild in g  a floor ly ing  a t  th e  h e ig h t h should  be su b jec ted  to  
a n  ^ -d irec ted  h o riz o n ta l force Rx =  1 M p, p u t  in to  action  a t th e , for th e  tim e  
b e in g , unknow n  sh e a r cen tre  of th e  cross section . Owing to  th e  effect of th is  
fo rce  th e  cross-section  (floor) does n o t  ro ta te ,  i t  m erely  undergoes a d isp lace
m e n t o f Axx in  th e  X d irec tion , an d  in  th e  y  d irec tion  of Axy. As acco rd ing  to  
a  p rev ious e s ta b lish m e n t th e  rem a in in g  floors do n o t in fluence th is  m otion , 
th e re fo re , u tiliz ing  th e  stiffness fac to rs  d e a lt w ith  in  th e  p rev ious p a ra g ra p h , 
th e  follow ing p ro je c tio n  eq u a tio n s  re la te d  to  th e  x and  y  d irec tions can  
b e  se t up :

n n
bx\ ^  Pi X X  Ч- ^ xy Pixy ==

i = 1 1 = 1
n n

^ X X  ^  Piyx “I“ ЛХу Piyy =  0 .
1=1  1 =1

In  the  above eq u a tio n  p ,xx, p /yy a n d  p /xy =  p ,yx deno te  th e  stiffness 
fa c to rs  of th e  i- th  w all e lem ent, w hile th e  su m m atio n  ex ten d s over all n  
w a ll elem ents.

In tro d u c in g  th e  sym bols

П
 ̂ Piy.x 1

1=1

n
C 7 ^  Pixy ’

1=1

f ro m  th e  above s im u ltan eo u s eq u a tio n s  fo r th e  d isp lacem ent of th e  floor th e  
fo llow ing  resu lts  a re  a rriv ed  a t:

■ В , . C
ZirY = — • a n d  zlvv = -------- .

В y D

K n o w in g  these th e  p a r ts  o f force Rx =  1 Mp falling  to  th e  share  o f th e  i- th  
Avail e lem ent an d  a c tin g  in  th e  x  an d  у  d irec tions can sim ply  be co m p u ted :

В — ^  Piyy ’ 
1 = 1

D =  AB — C- ,

( 6 )

rixx X̂X PÍ X X  “b ^Xy Pixy   Ĵ  (BPixx Cpixy) 1

r ixy ^ X x P i x y  bxv P i v y  ( B p i x y  ( ‘Piyy)  •

( 7 )

T h ese  forces are in  eq u ilib riu m  w ith  th e  e x te rn a l load , th e  sum  o f th e ir  m o
m e n ts  referring  to  th e  cen tre  o f th e  sy s tem  o f coord inates is eq u a l to  th e  
m o m e n t of th e  force Rx =  1 Mp re la te d  to  th e  sam e p o in t (Fig. 3):
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У (*í ri x y - y ' i r ixx) =  y'c-
1 = 1

S u b s titu tin g  equ a tio n s (7) in to  th e  above re la tio n  th e  re su lt is 

, В
Ус I) >  y'iPixx — x'iPixy 

1 = 1  1=1

c_
D yx'iPiyy — J^y'iPixy 

1=1 1=1
( 8 )

T he so o b ta in ed  d istance  y'c equals th e  d is tan ce  of force R x from  th e  ax is x ' , 
th u s , i t  is id en tica l w ith  th e  o rd in a te  of th e  sh ear cen tre  C o f th e  cross-section

o f th e  bu ild ing  re la ted  to  th e  sy stem  o f coord inates ( x ' , y ' ) .  In  fo rm ula  (8 ) 
x'i a n d  y'j deno te  th e  co o rd in a tes  o f th e  sh ear cen tre  С,- p e r ta in in g  to  th e  i- th  
w all e lem ent re la te d  to  the sy s tem  o f coord inates (x ' , y ' )  (F ig . 3).

S im ilarly  th e  x  an d  у  d irec ted  p o rtio n s o f force R y — 1 Mp falling  to  th e  
sh a re  o f th e  i- th  w all e lem ent are  o b ta in ed  from  fo rm ulae

' iyy   (APiyy " CP,xy) ‘D
( 9 )

riyx   ( ̂ P ixy Bpjxx),

w hile th e  abscissa of th e  sh ea r cen tre  p e rta in in g  to  th e  w hole cross section  
o f th e  bu ild ing  can be co m p u ted  from  fo rm ula

D 2 x ' i P i y y - 2 y ' i P i y *;=i i=i
+

D
y y ' .P ix x  — 2  X'iPiyx 

1=1 i= 1
(10)
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F inally , le t u s  a ssum e th a t  th e  in v e s tig a te d  floo r is su b jec ted  to  a 
tw is tin g  m om ent M  =  1 m M p acting  in its  ow n p lane . O w ing to  th e  effect 
o f  th is  m om ent th e  f lo o r ro ta te s  a round  th e  sh ea r cen tre  b y  th e  angle <y. In  
th is  case th e  shear c e n tre  o f th e  i- th  wall e lem en t is d isp laced  in  th e  x  d irec tion  
b y  — (pyi and  in  th e  y  d irec tio n  b y  qsxj, co n seq u en tly , in  th is  shear cen tre  
th e  x  an d  y  d irec ted  forces rirpX an d  ri(iy arise , th e  m a g n itu d e  o f  w hich can  be 
co m p u ted  from  fo rm u lae

rlvx =  9 (*/ Pixy — yiPixx) - ri9y =  9 ixi Piyy — Уl Pixy) • (11)

I n  th e se  form ulae Xj =  x \  — x'ç an d  у,- =  y \  — y'c  deno te  th e  coo rd inates o f 
th e  sh ear centre p e r ta in in g  to  th e  i- th  w all e lem en t re la tin g  to  th e  system  
o f  co -ord inates th e  c e n tre  o f  w hich  coincides w ith  th e  sh ear cen tre  of th e  floor 
(F ig . 3). The sum  o f m o m en ts  o f th e  above forces re fe rring  to  th e  shear cen tre  
o f  th e  cross section  is e q u a l to  th e  ex te rn a l tw is tin g  m o m en t, th u s

X,  ri '  iipy ' ^  У  i P ix x  2  ^  X j у i P ix y  +  y*  X iP iy y
i= l i = 1

=  1 .

In tro d u c in g  th e  n o ta t io n

F  =  y 2i Pixx - 2  x, y , p ixy +  2 ? x f p iyy, ( 1 2 )
1=1 <=i í=i

th e  m agn itude  o f th e  ro ta t io n  o f th e  floor is qs =  l j F ;  an d  b y  u tiliz ing  fo rm ula  
( 1 1 ) th e  x  and  у  d ire c te d  forces arising  due to  th e  ac tio n  o f a tw is tin g  m o m en t 
M  =  1 mM p, w hich  a ffec t th e  i- th  w all e lem en t, can  be co m p u ted  from  th e  
fo llow ing  form ulae:

r itpx =  (x iP ix y  y i P i x x )  1

\  (13)

r iq>y —  {X iP iy y  y i P i x y )  •
r

The values r lxx, riyx a n d  r , ,x, fu rth e rm o re  rixy, riyy a n d  ri<py figu ring  in  
fo rm u lae  (8 ), (9) a n d  (13) d e te rm in e  th e  m ag n itu d es  o f x  an d  у  d irec ted  forces, 
w h ich  arise owing to  th e  effect o f an  x  an d  у  d irec ted  u n it  force ac tin g  a t  
th e  sh ear cen tre  o f  th e  cross section an d  a u n it  tw is tin g  m o m en t. The above 
fo rces affect th e  single w all e lem ents a t  th e  sh ea r cen tres an d  are called th e  
force  an d  moment d istribution factors o f  the building.

I t  follows fro m  th e  m ean ing  of th e  in d iv id u a l fac to rs  a n d  cond itions o f 
eq u ilib riu m  as well, t h a t  in  th e  case of a p ro p e r ca lcu la tio n  th e  d is tr ib u tio n  
fa c to rs  have to  sa tis fy  th e  follow ing eq u a tio n s:
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n n
r ixx = 2

i'=l i= 1 (14)
n n n n

2 i  TijX ~  ^  r ixy ~  r i<px ~  ^  r itpy =  0  •

1 = 1 ( = 1 1 = 1 1 = 1

A nalysing  fo rm ulae  (7), (9) an d  (13) i t  can  be e stab lish ed  th a t  th e  force 
and  m o m en t d is tr ib u tio n  fac to rs are  in d e p e n d e n t o f th e  h e ig h t h a t  w hich  
th e  floor is s itu a te d .

5. The ru n  o f  th e  calcu lation

T he f irs t s tep  o f ca lcu lation  in c lu d es th e  d e te rm in a tio n  of th e  geo
m e trica l an d  stiffness charac teris tics  o f th e  single w all e lem ents an d  o f  th e  
w hole b u ild ing  u tiliz in g  th e  deduced fo rm u lae  for th is  p u rpose . T h erea fte r th e  
e x te rn a l load  is to  be d is tr ib u ted  am o n g  th e  w all e lem en ts. A ccording to  
our a ssu m p tio n , th e  a rran g em en t of th e  e x te rn a l load  is id en tica l a t  all s to rey - 
levels. S im u ltan eo u sly  i t  has been e s tab lish ed  th a t  th e  force and  m o m en t 
d is tr ib u tio n  fac to rs o f  all floors coincide w ith  each  o th e r. T herefo re , a floorw ise 
perfo rm ed  sep ara te  d is tr ib u tio n  of lo ad s is unnecessary , an d  i t  is su ffic ien t 
to  c a rry  o u t th e  ca lcu la tio n  for the  re su ltin g  force a ffec ting  th e  whole b u ild in g  
as described  h ereu n d er.

F ir s t  o f all th e  re su ltin g  force o f  h o riz o n ta l forces a c tin g  on th e  b u ild in g  
is to  be d e te rm in ed  a n d  reduced  to  th e  sh ea r cen tre  p e rta in in g  to  th e  cross 
section  o f th e  b u ild ing . H ereafter, th is  re su ltin g  force is d iv ided  in to  tw o  
com ponen ts ac tin g  in  th e  x  and  y  d irec tio n s . Now, th e  b u ild in g  is loaded  b y  
forces R x a n d  R y a c tin g  a t  th e  sh ea r c e n tre , fu rth e rm o re , b y  th e  tw is tin g  
m o m en t M  =  R t  (F ig . 4). K now ing th e  force an d  m o m en t d is tr ib u tio n  fac to rs  
from  forces R x, R y a n d  m om ent M  th e  x  a n d  y  d irec ted  forces, falling to  th e  
share  o f  th e  i- th  w all e lem en t and  a c tin g  a t  th e  sh ear cen tre  of sam e, can  
be d e te rm in ed

Ffx =  r ixx R x  I r iyx R y  “b r i<px M  ’ (15)

P ly  ~  r ixy R x  “b r lyy R y  Ti f y  ^  ■

F orces o b ta in e d  from  form ulae (15) a re  th e  re s u lta n t  forces of th a t  p a r t  
o f th e  to ta l  load  a c tin g  on th e  bu ild in g , w hich  falls to  th e  share  of th e  i- th  
w all e lem en t. H ow ever, th e  single w all e lem en ts  ac tu a lly  b e a r  th e  load  d is tr ib 
u te d  a t  th e  h e ig h t o f th e  floors. K n o w in g  th e  re su lta n t force an d  ta k in g  th e  
d is tr ib u tio n  o f e x te rn a l forces in to  co n sid e ra tio n , forces a ffec ting  th e  single 
floors can  be d e te rm in ed  by  a sim ple p ro p o rtio n in g .

In  th e  fu r th e r  c o m p u ta tio n  th e  single w all e lem ents can  be tre a te d  as 
se p a ra te d  can tilev ers , in d ep en d en t o f  th e  floors, w hich a t  th e  single flo o r
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lev e ls  are a ffec ted  b y  th e  p rev io u sly  d e te rm in ed  h o rizo n ta l forces. T ak in g  
in  a d d itio n  to  th e se  forces th e  v e rtic a l load s also in to  co n sid era tio n , th e  w alls 
c a n  be d im ensioned  b y  m eth o d s w hich  a re  u su a l for b e n t beam s.

6 . R em ark s

W hen dealing  w ith  th e  ca lcu la tio n  o f th e  stiffness fac to rs  o f w all e le
m e n ts , i t  has a lre a d y  been  in d ica ted  th a t  th e  effect o f openings on th e  stiffness 
o f  Avail elem ents is ta k e n  in to  co n sid e ra tio n  w ith  th e  aid  o f th e  fac to r s fig u rin g

\

in  th e  co n stan t L . D en o tin g  th e  ra tio  o f  th e  w id th  o f th e  opening to  th e  
w id th  of the  w all b y  e, th e n  accord ing  to  te s t  resu lts  th e  fa c to r  s is to  be d e te r 
m in ed  as follows [9]:

fo r  £ < [0 .5 5 ,  s  =  3 .4 6 e - ) -1 ,

fo r 0.55 <  e <C 0 ,7 0 , s =  —- .

A wall e lem en t a c tu a lly  consists o f severa l walls, each  o f these  fu rn ish ed , 
in  general, w ith  d iffe ren tly  sh ap ed  a n d  sized openings. In  such  a case th e  
fa c to r  s ch a ra c te ris tic  for th e  w hole w all elem ent m ig h t ap p ro x im a te ly  be 
ta k e n  as being id e n tic a l w ith  th e  av e rag e  value of fac to rs  p e rta in in g  to  th e  
sing le  walls c o n s titu tin g  th e  elem ent.

I f  th e  open ings to  be found  in  th e  w all are v e ry  large  (г >  0.70), o r th e  
s tru c tu re s  in  q u es tio n  a re  m ore special ones, th e n  the effect o f openings should  
b e  ta k e n  m ore a c c u ra te ly  in to  co n sid e ra tio n . One m e th o d  w hich m ig h t be 
a p p ro p ria te  for th is  p u rp o se  is th a t  th e  w all e lem ent c lam ped  in to  th e  fo o tin g  
a n d  w eakened b y  open ings is reg a rd ed  as being  a Y ierendeel g irder, an d  th e

(16)
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stiffness fac to rs  d ea lt w ith  in  p a ra g ra p h  3 are d e te rm in ed  accord ing ly  to  
th a t  a ssu m p tio n  [4, 6 , 7].

T he m ethod  d ea lt w ith  can be u sed  only  for th e  in v e s tig a tio n  of b u ild 
ings, th e  w alls o f w hich  an d  th e  load s ac tin g  on th e  b u ild in g  a re  iden tica lly  
a rran g ed  on all floors. In  a m ore g enera l case th e  in v e s tig a tio n  m ig h t be p e r
fo rm ed  b y  app ly ing  th e  fu n d a m e n ta l p rinc ip les of th e  d e fo rm atio n  m ethod  — 
w hich is w ell-know n from  th e  analy sis  o f  b a r  s tru c tu re s  — or tho se  o f th e  
m o m en t d is tr ib u tio n  m e th o d . In  th is  case all floors o f th e  b u ild in g  are  im agined  
as be ing  fixed  in  th e  h o rizo n ta l d irec tio n . T h en  th e  floors are  g ra d u a lly  re leased  
an d  th e  force an d  m o m en t d is tr ib u tio n  fac to rs  p e rta in in g  to  th e  single floors 
are  c o m p u ted  by  using  th e  p rev io u sly  d ed u ced  fo rm ulae. T h e re a fte r , know ing 
th e  e x te rn a l loads, forces an d  tw is tin g  m om en ts a c tin g  on th e  floors are  
d e te rm in ed , w hile th e ir  d is tr ib u tio n  is perfo rm ed  b y  d isp lac ing  th e  floors one 
b y  one in  th e  succession of s to rey s. T he force and  m o m en t d is tr ib u tio n  has 
to  be co n tin u ed  as long  as th e  v a lu es  o f  u n b a lan ced  forces a n d  m om ents 
becom e on all floor levels so sm all as to  be negligible.

7. N um erica l exam ple

The building shown in  F ig. 5 is a ten-storeyed  one having load carrying walls. The  
building is subjected to  a horizontal w ind load the in ten sity  o f w hich is p  =  0.105 Mp/m2. 
The horizontal arrangem ent o f the load carrying walls can be seen in th e  section . The walls 
intersecting each other are s tiffly  joined to  one another, th is ensures their со-working so 
that th ey  form  a wall elem ent. The th ickness o f these load carrying walls is 25 cm , the average 
values o f factors s expressing the effect o f openings related to the single w all elem ents are 
in turn st =  2.85, s2 =  3.42, s3 =  2.55.

a )  M oments o f inertia  pertaining to  the single wall elem ents:

W all elem ent 1 Л  =  12.19 m4,

J 2 =  2.37 m4,
W all elem ent 2 =  26.30 m \

J 2 =  8.40 m4;

W all elem ent 3 J i =  3.30 

J 2 0.

m4,

b) W hen com puting the stiffness factors the factor h3/3 E  is taken as being equal 
to the unit. Then according to formulae (4) and (5):

W all elem ent 1

(a0 =  45°)

W all elem ent 2

(«о =  0 »)

W all elem ent 3 

(«о =  0 0 °)

Pixx =  Piyy =  2.55, 

Pixy =  1.72;

Pixx — 2.45,

Piyy =

Pixy =  0 ;
Рзхх =  1-29,

Рзуу ~  Рзху =  0.
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c) Constants needed  for the determ ination of the shear centre o f the building, as w ell 
as for that of force and m om ent distribution factors were com puted and the results are given  
in  Tables I and II.

Table I

i ,
xi y'i Pixx Pim Pixy y'iP xx xiPiyy xiPixy ViPixy

1 0 0 2.55 2.55 — 1.72 0 0 0 0
2 10.80 5.40 2.45 7.70 0 13.25 83.20 0 0

3 2.70 10.80 1.29 0 0 13.90 0 0 0
V — — 6.25 10.25 — 1.72 27.15 83.20 0 0

Table II

4 yi xi yl ЧУ1 x iPiyy y lP iz z W iP ix y

1 - 7 .7 3 — 2.19 59.80 4.80 16.90 153.0 12.3 —  29.1
2 3.07 3.21 9.40 10.30 9.90 72.4 25.2 0
3 — 5.03 8.61 25.30 74.00 43.30 0 32.7 0

V — — — — — 225.4 70.2 — 29.1

According to  form ulae (6):

A  =  6.29, В  =  10.25, C — — 1.72, D  =  61.60. The location  of the shear centre com puted  
from  formulae (8) and (10)

10 25 ( — 1 721
*  =  « Ж (27'50 -  0) +  - S r e i T -  (83-20 -  °) =  2Л9 m’

6 29 (   1 721
*  =  - 6Т Ж (8 3 -20 -  °> +  - Н т Ж 2- (2 7 Л 5  -  °) =  7ЛЗ m-
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d )  According to  formula (12):

F  =  70.2 -  2 ( -  29.1) +  225.4 =  353.8.

The force and m om ent distribution factors were com puted from form ulae (7), (9) and  
(13), and the results are given  in Table III.

Table III

i Чхх riyP rixy Чух ri<px 4<py

1 0.377 0.224 — 0.214 —0.104 0.0537 — 0.0667
2 0.408 0.776 0.214 0.068 — 0.0223 0.0667
3 0.215 0 0 0.036 — 0.0314 0
V 1.000 1.000 0 0 0 0

e) M agnitude o f the windload acting on the building:

R  =  10.8 • 32.0 • 0.105 =  36.3 Mp.

R x = 0 ,  Ry =  36.3 Mp, M  =  — 2.33 • 36.3 =  — 84.6 Mp.

The force and m om ent distribution is perform ed b y  utilizing form ula (15) as given
below:

p lx =  — 0.104 • 36.3 +  0.0537 ( - 8 4 .6 )  =  — 8.31 Mp

P 2X =  - f  0.068 • 36.3 -  0.0223 ( - 8 4 .6 )  =  +  4.35 Mp

P 3X =  +  0.036 • 36.3 -  0.0314 ( - 8 4 . 6) - +  3.96 Mp

£ P ix =  0.00 Mp.

P ly =  0.224 • 36.3 -  0.0667 ( - 8 4 .6 )  =  13.77 Mp

P 2y =  0.776 • 36.3 +  0.0667 ( - 8 4 .6 )  =  22.53 Mp

P3y =  =  0.00 Mp

Z P iy =  36.30 Mp.

The above results give the x and y  directed com ponents o f the resultant load acting  
on the ind iv idu al w all elem ents. These com ponents are to  be distributed in com pliance w ith  
th e  d istribution  o f the external load (in the present case a uniform  one) into  concentrated  
forces actin g  at the single floor levels. K now ing the la tter  forces the w all elem ents can be 
dim ensioned.
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STATISCHE B E R E C H N U N G  Y O N  D U R C H  H O R IZO NTAL K R ÄFT E  
B E L A ST E T E N  G E B Ä U D E N  MIT T R A G W Ä N D E N

S. KALISZKY

ZUSAM M ENFASSUNG

Der Aufsatz befaß t sich m it der statischen  Berechnung von Gebäuden, deren W ände  
tragfähig  sind. Die grundrißliche Anordnung der vertikalen W ände, deren W andstärke und  
fa llw eise Verbindung, ferner die Anordnung der horizontalen Lasten sind für alle Stockw erke  
bzw . Deckenniveaus die gleichen, im  übrigen aber vollkom m en beliebig. Die V oraussetzung, 
daß die Decken in  ihrer eigenen Ebene vollkom m en starre Scheiben bilden, während sie sen k 
recht zu ihr vollkom m en biegsam  sind, erm öglicht die B estim m ung der Verteilung der auf 
das Gebäude wirkenden Außenkräfte zw ischen den durch die vertikalen W ände gebildeten  
W andelem enten m it H ilfe von  G leichgew ichtsgleichungen. Bei der Berechnung kann die 
W irkung der in den W änden befindlichen Ö ffnungen ebenfalls annähernd berücksichtigt 
w erden. Nach der m it H ilfe  der Gleichungen (7), (9), (13) und (15) erfolgten Verteilung der 
L ast können die einzelnen W andelem ente als voneinander unabhängige, vertikale Kragträger  
behandelt werden, w odurch  ihre Bem essung nach den R egeln der elem entaren F estigk eits
lehre ermöglicht wird.

CALCUL STATIQ UE DE BÂTIM ENTS A M URS PO R TEURS  
CHARGÉS PAR DES FORCES VERTICALES

S. KALISZKY

R É SU M É

L’auteur se propose l ’exam en statique de bâtim ents à murs porteurs, chez lesquels  
la d isposition du plan, l ’épaisseur et la jonction  éventuelle  des murs verticaux, ainsi que la 
disposition  de la charge horizontale sont identiques pour chaque étage, mais peuvent être  
par ailleurs entièrem ent arbitraires. En supposant que les planchers form ent un disque in fi
n im ent rigide dans leur p lan  propre et sont en revanche parfaitem ent flexibles en direction  
norm ale à ce plan, on p eu t déterminer, à l ’aide d’équations d’équilibre, la répartition de 
la charge extérieure ag issan t sur le bâtim ent entre les élém ents de murs formés par les murs 
verticau x . Dans le calcul, on peut aussi tenir com pte, d’une façon approchée, de l ’influence  
des ouvertures des m urs. Après la distribution de la charge à l’aide des formules (7), (9), (13) 
e t (15), les élém ents de m urs peuvent être traités com me des consoles de plan vertical indé
pendantes les unes des autres, et leur dim ensionnem ent peut s’effectuer selon la résistance  
des m atériaux élém entaire.
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СТАТИЧЕСКИЙ РАСЧЕТ ЗДАНИЙ С НЕСУЩИМИ СТЕНАМИ, 
ПОДВЕРЖЕННЫМИ ГОРИЗОНТАЛЬНЫМ НАГРУЗКАМ

Ш . К А Л И С К И

РЕЗЮМЕ

В работе дается анализ таких зданий с несущими стенами, у которых план распо
ложения вертикальных стен, далее их толщина и взаимосвязь, а также расположение 
горизонтальных нагрузок одинаковы по отметкам, а в остальном совершенно произвольны. 
Предполагая, что перекрытия в собственной плоскости образуют бесконечно жесткие 
пластины, а перпендикулярно к собственной плоскости совершенно гибки, при помощи 
уравнений равновесия можно определить, каким образом распределяется внешняя на
грузка по элементам стен, образованным вертикальными стенами. При расчете можно 
приближенно принять во внимание также влияние имеющихся в стенах отверстий (прое
мов). После распределения нагрузки при помощи формул (7), (9), (13) и (15), отдельные 
элементы можно рассматривать независимо друг от друга, как расположенные верти
кально консоли. Их расчет можно производить на основе элементарной теории сопро
тивления материалов.
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THE COMPUTATION OF THE FORCES 
OF THE COMMUTATOR RISER
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The task  of the com m utator riser is to  ensure a conductive connection betw een the  
com m utator segm ents and the winding ends. From  a m echanical point o f view  its load is  
determ ined by the assem bly circum stances, b y  the power effects arising during rotation , 
fin a lly  b y  the forces arising from  warm ing-up during operation. The first factor depends on 
production; the tw o la tter  can also be follow ed in a q u antitative  w ay. The power relations  
of the riser as of a structural elem ent of indeterm inate incorporation, arising during rotation  
and w arm ing-up, are trea ted  w ith  approxim ate com putation .

I. In tro d u c tio n

T h e  ta s k  o f th e  co m m u ta to r rise r, as o f a s tru c tu ra l  e lem en t, is to  secure 
a p ro p e r con d u c tiv e  connection  be tw een  th e  c o m m u ta to r  segm ent an d  th e  
w inding  ends (F ig . 1). A t th e  sam e tim e , a m echan ically  safe shap ing  o f th e  
rise r in  resp ec t to  th e  o p era tio n a l sa fe ty  o f  th e  e lec trical m ach ine  is ab so lu te ly  
necessary .

T he co m m u ta to r , th e  riser an d  th e  w ind ing  ends to g e th e r  form  a s ta t ic a l
ly  in d e te rm in a te  sy s tem . T herefore, th e  ta s k  o f s tre n g th  con tro l is fa ir ly  
com plica ted . This d ifficu lty  is increased  b y  th e  co m p lex ity  o f opera tiona l lo ad . 
O n th e  one h an d , c e r ta in  pow er effects arise  a lread y  d u rin g  assem bly , — on th e  
o th e r, ce rta in  stresses develop d u rin g  ro ta tio n , fin a lly  in  connection  w ith  
w arm ing-up  d u ring  o p era tio n  [1 — 3].

In  th e  course o f th e  assem bly  o p e ra tio n s , th e  risers m u st be a d ju s te d  
to  a ce rta in  e x te n t to  th e  w inding h ead , p a r t ly  b y  p e rm a n e n t, p a r tly  b y  e lastic  
d efo rm atio n . This d efo rm atio n  becom es th e  source o f an  u n aw aited  s tre ss . 
A fu r th e r  residual s tre ss  is caused b y  th e  b an d ag in g  o f  th e  heads a fte r  th e ir  
f ix a tio n  in  th e  rise r. A lthough  th e  assem b ly  c ircu m stan ces , resp . th e  stresses 
a rising  can n o t be fo llow ed accu ra te ly  w ith  ca lcu la tio n s, b u t  a q u a lita tiv e  ju d g e 
m en t of th e  stresses th u s  arising  can  be  fo rm ed . T he accu racy  of m a n u fa c 
tu r in g  can  accord ing ly  be p rescribed  a n d  th e  o p e ra tio n a l p lans of a ssem bly  
fo rm u la ted . F o r th e  load s arising  from  ro ta t io n  an d  w arm ing-up , c o n s titu tin g  
a considerab le  p a r t  o f th e  overall lo ad , i t  is possible to  develop an  a p p ro x i
m a tio n  p rocedure . T he deta iled  ca lcu la tio n s are  p re se n te d  here. T here  is  
app lied  th e  p rincip le  o f  th e  su p erposition . T he loads are  considered  sep a ra te ly ,
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a n d  th e  re su ltin g  s tresses are o b ta in ed  b y  th e  algebraic ad d itio n  o f th e  ind i 
v id u a l loads.

II. Calculation of the loads resulting from rotation

The loads a ris in g  from  ro ta tio n  a re  rad ia l. H ow ever, w ith  reg a rd  to  th e  
s ta tic a lly  in d e te rm in a te  ta sk  th e  forces can  be co m p u ted  on ly  w ith  th e  
a id  o f s tren g th  re la tio n s , nam ely , b y  m ean s of a so lu tion  for c larify ing  th e  
d e fo rm atio n  of th e  sy s tem  [4]. I t  is ad v isab le  to  su b s titu te  th e  in d iv id u a l e lem en ts 
b y  springs. The a p p ro x im a te  sp ring  sy s te m  is p resen ted  in  F ig . 2. In  d raw in g  
th e  system , th e  c o m m u ta to r  hub  on w h ich  th e  co m m u ta to r is pressed , fu r th e r  
th e  lam in a tio n  are  ta k e n  to  be rig id . O n ly  th e  co m m u ta to r (A), th e  riser (0 )  
a n d  th e  w inding  h e a d  (B) are considered  as elastic.

D uring  ro ta t io n , the  in d iv id u a l e lem en t w ould se p a ra te ly  m ove b y  
v a lu e s  y A(U, Уст. J bo>- Since, how ever, th e y  are connected , an  in n e r force Qm 
arises betw een  th e m , on th e  e ffec t o f w hich a d efo rm atio n  0 д >  0 , 
Sq >  0, Őb <  0 w ill develop. F ro m  a force Qml affecting  a single riser, th e  
in n e r  force ac tin g  in  th e  system  is d e fin ed  b y  th e  re la tio n

Qa =  KQa , ,

w h ere  К  is th e  n u m b e r  of riser (c o m m u ta to r  segm ents). A ccording to  th e  
fig u re , the  fo llow ing re la tio n  of th e  d e fo rm a tio n  m ay  be w ritte n :

Tab +  J ob +  =  J bb +  ■

In  g rea te r d e ta il, in tro d u c in g  th e  force and  th e  sp ring  co n stan ts .

J ab +  Jo e  +  Qa CA +  Qo cO — J bb +  ( — Qo) cв •
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H ence, the  force sough t for is

Q   У Вт УАш УОю 

СА +  с О +  СВ

L e t us tak e  th e  in d iv id u a l q u a n titie s  one b y  one inc luded  in  th e  re la tio n  
of Qm.

y  Ba> is th e  ra d ia l  d isp lacem en t o f  th e  free -s tan d in g  w inding  h ead  d u rin g  
th e  ro ta tio n  w ith  an  an g u la r v e lo c ity  «>. In  a p p ro x im a tio n , th e  w inding  h ead

is reg a rd ed  as a ro ta t in g  copper rin g  o f  specific w eig h t ycu- T hus, th e  specific 
e longa tion  from  th e  ta n g e n tia l s tress arising  in  th e  head  (F ig. 3) is

=  ^  =  J -
■̂ Cu T!Cu S

w here g is th e  g ra v ita tio n a l acce lera tion , E Cu is th e  e la s tic ity  coefficient o f 
copper. The d isp lacem en t sought fo r, in  ra d ia l d irec tion , is accord ingly

У Bo e ,  r ,  = У Си 

£ Cug

У Km is th e  ra d ia l  d isp lacem ent o f  th e  c o m m u ta to r  n o t connected  to  th e  
w ind ing  head , in  a sp o t a during ro ta t io n  (F ig . 4).

T he d e fo rm ation  consists of fiv e  p a rts :

J a« =  У A c  +  У Km +  JÀ" +  yk Z  +  У A m -
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у \ш  is th e  ra d ia l  d isp lacem en t o f  th e  g ra v ity  cen te r o f th e  c lam p in g  ring , 
w h ich  can he s im ila rly  ca lcu la ted  to  у  вш:

Ук = g - E

w h ere  у  is th e  specific  w eigh t o f s tee l, E  is th e  e lastic  coeffic ien t o f  steel, 
r  is th e  g rav ity  c e n te r  ra d iu s  o f  th e  c lam ping  ring  section .

F ig . 3

у дш is th e  ra d ia l  d isp lacem en t aris in g  in  connection  w ith  th e  ro ta tio n  
o f  th e  co m m u ta to r c lam p in g  ring , as an  effect o f th e  ra d ia l force R m ap p ea rin g  
o n  th e  oblique su rface  a n d  a tta c k in g  a rm  s [5]:

и _  R 0 srg v 

Ja<" 2 n I y E  '

H e re , Iy  is th e  m o m e n t o f in e r tia  o f th e  clam ping  rin g  ca lcu la ted  fo r th e  axis 
y ;  R UJ rep resen ts  th e  re s u lta n t  c o m p u tab le  w ith  th e  re la tio n  =  K R lui
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from  th e  force ИШ1 fa llin g  on a single segm en t, b u t  on ly  th e  force increase as 
re la te d  to  th e  assem bly .

УаЙ is th e  d e fo rm a tio n  of th e  seg m en t-en d  u n d e r th e  e ffec t o f its  own 
cen trifu g a l force:

v i i i  _JAm
Pa 1*0

8 / s E Cu

w h e re /><„ is th e  ro ta tio n a l d is tr ib u te d  lo a d  of th e  seg m en t-en d , lz0 is th e  length  
o f th e  segm ent-end , I s is th e  m o m en t o f in e rtia  o f  th e  single segm ent-end  
ta k e n  fo r console.

is the  d e fo rm a tio n  from  th e  c o n cen tra ted  force co rrespond ing  to  
th e  cen trifu g a l force Qzi o f a single r ise r . N am ely , b y  p lac in g  th e  cen trifugal 
force a ffec ting  th e  r ise r  in to  p o in t a, th e  force Cn  can  be s u b s titu te d  b y  a 
force e q u a l to  Cn  a n d  b y  a m om en t CZ1 (lz — lzo)

v IV -  JA«.
Cz A

3 L E ,Cu
V

У Aa is f ina lly  th e  defo rm ation  develop ing  on th e  e ffec t o f  th e  bending  
m o m en t orig inating  fro m  th e  tra n sp o s itio n  of th e  cen trifu g a l force Ca -

J a«,
Czl (lz -  1га) II

2  I . E Cu

у 0m is the  e lo n g a tio n  of th e  r ise r  on th e  effect o f th e  cen trifu g a l force. 
I t  consists  o f tw o p a r ts ,  nam ely  (F ig . 5):

УОа У О а  “b Jo«.'

y b «, is the  e lo n g a tio n  of th e  v e r tic a l section . T he s tre ss  arising  in  any
sp o t X ,  in  th e  rad ia l d irec tio n , is

„  C(x) l
ab ab

г — JCu (аЬх) ,

co n seq u en tly  th e  u n it  e longation  is

r ---- —] xa>2.
2 j

T he e longation  of th e  v e r tic a l size o f th e  riser, su b s ti tu tin g  th e  low er p a r t  by  
an  ap p ro x im atio n  w ith  th e  p a r t  in d ic a te d  by  a d o tte d  line :

E r
У Cu 

sEr..

J Í3^ 1
У Си

g E Cu

X

2 ,
X d x  =  w 2 У Cu _ 

gEcu
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fu g á i
y Q(„ is the  d isp lacem en t o f th e  h o rizo n ta l p a r t  on th e  effect o f th e  cen lri- 
force C:

v n -JOoi
C zi’i

3 I ZE Cu

a g a in  ap p ro x im atin g  th e  cu rv ed  p a r t  b y  a s tra ig h t sec tion .
H ere, I z is th e  m o m en t o f in e r tia  o f th e  fix ed  cross sec tion  o f th e  rise r

o n  th e  axis z.

F ig  5.

Сд is th e  ra d ia l sp rin g  c o n s ta n t o f the  segm en t-end  w ith  th e  riser, th a t  
is, th e  defo rm ation  occu rrin g  in  case o f Qm =  1 ac tin g  on  th e  rise r  sy stem  on 
i ts  r ig h t upper end  a n d  can be co m p u ted  in a sim ple w ay  from  th e  re la tio n  
b \  =  Q,0C\. In  de ta il:

= y'ÁÍ

T h u s , finally ,

Q<o 1 + Q, Уао- n  -
Czl

yZ>

к
1 УАи Q(o I у\(о

Cn к + С„ к  R a

С д = Уа'ш
R„

y Z
K C n

УАс

К С „

Q„

с0 is the  sp rin g  c o n s ta n t o f  th e  riser-system  in  th e  ra d ia l d irection  to  
be  com p u ted  from  th e  sp ring  c o n s ta n t c1 of a single riser. B y  considering  th e  
v e r tic a l section o f th e  rise r as a d raw n  elem ent, its  h o riz o n ta l sec tion , on th e  
o th e r  h an d , as a b e n t e lem en t (F ig . 5):

ab • E,
+

Cu 3 I z E Cu

Acta Techn. Hung. 51 (1965)



COM PUTATION OF TH E FORCES OF TH E  COMMUTATOR R ISE R 155

T he sp ring  c o n s ta n t o f th e  riser sy s tem , acco rd in g  to  th e  para lle l jo in t ,  is

Cb is th e  sp ring  c o n s ta n t of th e  w ind ing  en d  in  th e  rad ia l d irection . T he 
w inding ends are a p p ro x im a te ly  su b s titu te d  b y  a so lid  rin g  o f id en tica l section . 
F rom  th is  cond ition , th e  th ickness v t o f th e  ring  can  be d e te rm in ed  (Fig. 3). 
The sp ring  c o n s tan t is [6]

sinh  2 fÁSt — sin 2 /ust

2 n r t m'z E Cuvf fj? cosh  2 ц s. -f- cos 2 fis, —  2
diere.

Ц =
m°- v'{ i f

H erea fte r, th e  force Qm can be d e te rm in ed  acco rd in g  to  (1). F u r th e r , 
th e  load  on a single r ise r , decisive fro m  th e  p o in t o f view  o f sizing, is:

Q —
Val К

III. Computation of loads originating from warming-up

O n th e  effect o f w arm ing-up , ra d ia l  an d  ax ia l d e fo rm ations develop. 
The forces arising  fro m  th e se  will be d iscussed  one b y  one.

1. I n  the radial direction

T he spring  sy s tem  u sed  for th e  c o m p u ta tio n  is th e  sam e here  as in  th e  
foregoing section , since th e  d irection  o f th e  forces is th e  sam e in  b o th  cases 
(Fig. 6). A ccording to  th e  Fig. 6

n  _  У в г Г  ~  У  Air —  У о о  

Vir — : ; •
CA +  c O +  CB

Н е г е ,у В0 ,у д 0 ,у о #  is th e  d isp lacem en t o ccu rrin g  on th e  effet o f w arm ing- 
up  in  th e  case w hen th e  in d iv id u a l p a r ts  are n o t im p ed ed  in  th e ir  expansion . 
Qor e x a c tly  signifies th e  force developing  in  th e  in te rc o n n e c ted  system . The 
spring  co n stan ts  are , o f  course, th e  sam e as in  th e  case o f ro ta tio n .

y B# is th e  ex p an sio n  o f th e  copper rin g  s u b s ti tu t in g  th e  w inding  ends. 
T ak ing  in to  co n sid e ra tio n  th e  steel-w ire b an d ag in g  o f  th e  w inding  ends, th e

( 2)

Acta Techn. Hung. 51 (1965)
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ra d ia l  expansion o f th e  su b s ti tu te  co p p er ring  is c a lcu la ted , w ith  th e  th e rm a l 
ex p an sio n  coefficient o f  stee l (F ig . 3) <xpe.

J b t> =  a Fe r t & t

w h ere  &t is the  d ifference  o f  th e  w o rk ing , resp . assem bly  te m p e ra tu re s  of th e  
w in d in g  end.

y A& is th e  v e r tic a l d isp lacem en t o f  th e  segm ent end  w ith  rise r. One p a r t  
is g iven  b y  th e  ra d ia l ex p an sio n  of th e  c o m m u ta to r  on th e  effect o f te m p e ra tu re  
in c rease  #pe (Fig. 4 ):

J À î  =  a Fe r g  $ F e  •

T h e  o th e r p a r t  is o b ta in e d  from  th e  tip p in g  o f th e  rin g  because o f th e  rad ia l 
fo rces increasing on th e  effect o f te m p e ra tu re :

I I  _  R jS r g v 
УAi „ J _2 я  I  у Е

w h ere  R $ =  K R &1 sign ifies th e  increase  o f th e  rad ia l force as co m p ared  to  
th e  assem bly, #pe is th e  d ifference b e tw een  th e  w orking , resp . a ssem bly  te m 
p e ra tu re s  of the  c lam p in g  ring . F in a lly ,

Ул» =  У м  +  Уао •

у  о# is the  e lo n g a tio n  o f th e  rise r because of te m p e ra tu re .

У оо  =  a Cu h  # г

w h ere  h is th e  len g th  o f  th e  riser, a n d  # г is th e  increase o f th e  te m p e ra tu re  
o f  th e  riser.
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S u b s titu tin g  th e  co m p u ted  y  a n d  c d a ta  in  th e  fo rm u la  of in te rn a l 
forces, th e  load of th e  rise r, resp ec tiv e ly , o f a single rise r is o b ta in e d :

Qùn —
Q,irr
к

2. I n  axial direction

T he system  fo rm ed  b y  th e  c o m m u ta to r , th e  risers an d  th e  w inding ends, 
can  be su b s titu te d  in  th e  ax ia l d irec tio n  b y  th e  sp rin g  sy stem  de linea ted  above 
(F ig . 7). L e t us d en o te  th e  free d e fo rm atio n s  caused  b y  te m p e ra tu re  in  suc
cession b y  r)B0 , r]oá- On acco u n t o f th e  connection  ex is tin g  betw een
th e  e lem ents of th e  sy s te m , how ever, a force Q9a develops. T h e  deform ations 
ap p ea rin g  on its  e ffect a re , on th e  o th e r  h a n d , 0д#, ôg#, à о#. A ccord ing  to  th e  
fig u re , i t  can be w r itte n  th a t

+  Jo =  +  V.M +  +  Jß +  Vbv +  B̂t> +  Аэ +  Vox) +  .

F rom  th is , on th e  basis  of

=  ( - Q t a ) ca <  0 ,

Vm  +  Vb» +  Voi =  — — ôot — Qia cAa -f- Qia cBa -f- Qfa cQ.

T h u s, th e  effect o f  th e  forces a c tin g  on th e  rise r sy s tem  is

n _  ^ a í  +  Vbo +  Vöt
v»a — ; ; •

CA a +  cBa +  cOa

T h e force ac tin g  u p o n  a single r ise r  is

Q*aQoal —
К

O ne of th e  c o m m u ta to r  c lam ping  rings is su p p o rte d , n am ely , on th e  
c o m m u ta to r  hu b , i.e . i t  c a n n o t m ove as co m p ared  to  th e  ax is . H ow ever, from  
th e  p o in t of view  o f th e  forces of th e  ab o v e  sy stem , i t  is n o t in d iffe ren t, w hich 
o f th e  rings is cau g h t; th e re fo re , th e  c o m p u ta tio n  w ill be m a d e  fo r b o th  cases.

a) The commutator rests upon the c lamping ring on the riser side. rjA#, 
th e  d isp lacem en t o f th e  segm ent-end  o f th e  c o m m u ta to r  on th e  effect o f 
te m p e ra tu re  change $ Cu consists o f tw o  p a r ts . O ne is th e  th e rm a l expansion o f 
th e  segm en t-end  w ith  r ise r:

V m  — a Cu h o  ^Cu •
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T h e  o th e r p a r t  is th e  d isp lacem en t o f  th e  end of th e  c o m m u ta to r  because o f 
a x ia l force increase T e =  K T dl cau sed  b y  the  tip p in g  o f  th e  c lam p in g  rin g  
(F ig . 4):

A ccord ingly ,

% a r g у 
M  2 n I y E

Vа» — Va » +  Va»-

lAAA/VA/WWVA/WVi
%

- A W v \ A ^
I a a a a / - * - ^  a r f

Vofr

■Qfra

^ л л л 4

м -

t ó
Fig. 7

The axial ex p an sio n  o f th e  co p p e r ring  su b s titu tin g  th e  w ind ing  ends 
(F ig . 3) is:

V m = a c u  s i  & t -

The th e rm a l ex p an sio n  of th e  rise r in  the  ax ia l d irec tio n  (F ig . 8) is:

V o »  =  a c u  r a & z -

b) The commutator rests upon the outer clamping ring.  N ow  th e  d isp lace
m e n t o f the  seg m en t-en d  to w ard s  th e  w inding h ead s w ill be la rg e r th a n  in
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case a) ,  i.e. also th e  e lon g a tio n  ?.K of th e  w hole c o m m u ta to r  w ill be ad d ed . 
Thus,

У м  ~  У  A t  +  У м  +  ■

The co m m u ta to r, h ow ever, m ay  be considered  as a sp ring  sy stem  consisting  
of th e  sec to r crow n, o f  c lam ping  ring  and  of b o lts . O n th e  effect o f te m p e ra tu re , 
one p a r t  o f th e  ex p an sio n  of th e  system  can  be a p p ro x im a te d  b y  th e  th e rm a l 
e longation  of th e  b o lts :

XK =  a Fe W c ,

w here #c is th e  d ifference of th e  w orking, resp . p re-w ork ing  te m p e ra tu re s  o f 
th e  fix in g  bo lts , / is th e  size visib le in  Fig. 1. T h e  o th e r p a r t  o f th e  e longation  
is th e  s tre tch in g  o f th e  b o lts  caused  by  th e  a ris in g  in te rn a l forces. N am ely  
th e  th e rm a l ex p an sio n  o f  copper is la rger th a n  th a t  o f iro n ; co n sequen tly  th e  
in te rn a l force o r ig in a tin g  from  th e  various d e fo rm atio n s causes a s tre tc h in g  
of th e  bo lts :

1 и _

w here A c is th e  sum  o f th e  ac tio n  areas of th e  bo lts . 
T hus

=  PK +  PK-

T he spring  c o n s ta n ts  in  th e  cases a)  an d  b)  are  id en tica l. T h e ir d e ta iled  
calcu la tion  is p re sen ted  in  th e  following.

Сда is th e  ax ia l sp ring  c o n s ta n t o f th e  c ircu la r ring  fo rm ed  by  th e  end  
of th e  segm ent w ith  rise r, since only  th is  ta k e s  p a r t  in  th e  force p lay :

bka ‘
AE,Cu

where Z20 is th e  len g th  o f th e  segm en t end  w ith  rise r, A  is th e  cross-section  o f 
th e  c ircu la r ring . In  fa c t,  in  case b ) , c A(J s lig h tly  d ev ia tes  from  th is , since полу 
th e  defo rm atio n  o f th e  en tire  c o m m u ta to r  sy s tem  on acco u n t of th e  u n it  
axial force, should  be  c o m p u ted . H ere, how ever, th is  is d isregarded .

cla is th e  sp rin g  c o n s ta n t o f a single rise r in  th e  ax ia l d irec tio n , c o m p u t
able accord ing  to  th e  p rin c ip  o f C astigliano. T he d isp lacem en t in  th e  d irec tion  
of P  (F ig . 8) is:

/  =
Э P

l m ^ z p C u

-1 „  э м  „M -------dl
я 3 P

T he d e te rm in a tio n  o f th e  m om en t on th e  in d iv id u a l sections:

1—2 section M 12 =  Р У ’
ЭМ,

ЭР
=  У :

dl  =  d y .
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2 — 3 section M 23 =  P (h  +  ro sin <P)’

9 M ,

9 P
=  h  +  ro sin <p, 

dl — r0 d<p .

A fter in te g ra tio n , an d  su b s titu tin g  P  =  1 kp  for P ,  th e  sp rin g  c o n s ta n t 
o f  one riser is o b ta in e d :

bla
I , Ez-^Cu L

- |  +  г<Л2у  +  2 /1г 1 +

The resu ltin g  sp rin g  c o n s tan t o f  th e  riser sy stem  is th e n :

^1 n
bO a

К

cBa is th e  sp rin g  c o n s ta n t o f th e  w in d in g  end in  th e  ax ia l d irec tio n  (F ig . 3):

Ba — "Г -  •
2 rt n v t E Cu

T h e  above t re a te d  co m p u ta tio n  clears u p  th e  forces co rresp o n d in g  to  th e  
w o rk in g  conditions o f  th e  c o m m u ta to r  rise r, serv ing , in  th is  w ay , fo r th e  basis 
o f  sizing. Since, h o w ev er, th e  re la tio n s  app lied  w ere d eriv ed  w ith  a  ce rta in  
deg ree  of a p p ro x im a tio n , also th e  p ro ced u re  itse lf  fu rn ish es  an  ap p ro x im a te  
r e s u l t  only. T he co rrec tn ess  of th e  ap p ro x im a tio n  can  be checked  b y  s tre n g th  
m easu rem en ts .
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B E R E C H N U N G  D E S K R Ä F T E SP IE L S E IN E R  K O M M UTATO RFAH NE

I. HUSZÁR und J. BODOR

ZUSAM M ENFASSUNG

Die Aufgabe der K om m utatorfahne is t  die Sicherung einer L eitverbindung zwischen  
den  K om m utatorlam ellen und den W icklungsenden. Vom  m echanischen Standpunkt gesehen  
is t  ihre Belastung durch die M ontierungsverhältnisse, ferner durch die R otations-K raft
e ffek te , endlich durch K räfte , die in Zusam m enhang m it der Aufwärm ung während des 
B etriebes auftreten, bestim m t. Der erste F aktor is t  von der H erstellung abhängig, die zwei 
letzteren  können aber auch zahlenm äßig erfaßt werden. D ie während der R ota tion  und der 
Erwärm ung auftretenden K räfteverhältnisse der Fahne eines M aschinenelem enten von 
sta tisch  unbestim m tem  E inbau, sind durch Annäherungsrechnung geklärt.
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CALCUL D U  J E U  D E  FORCES D E S TALONS D E  COMMUTATEURS

I. HUSZÁR et J. BODOR

RÉSUM É

Le ta lon  du com m utateur sert à assurer la  connexion conductive entre les lam es du  
com m utateur e t  les extrém ités de l’enroulem ent. Au point de vue m écanique, sa charge e st  
déterm inée par les circonstances du m ontage, par le systèm e des forces survenant au cours 
de la rotation , enfin  par les forces produites par l’échauffem ent pendant la m arche. Le prem ier 
de ces facteurs dépend du procédé de fabrication , les deux derniers peuvent être aussi su iv is  
num ériquem ent. U n calcul approché perm et d’expliquer le jeu  des forces du ta lon  envisagé  
com m e élém ent structurel encastré statiquem ent indéterm iné, forces qui se produisent au  
cours de la rotation  et de l ’échauffem ent.

РАСЧЕТ РАБОТЫ КОЛЛЕКТОРНОГО ПЕТУШКА 
И. ХУСАР И Я. БОДОР 

РЕЗЮМЕ
Коллекторный петушок служит для того, чтобы создать электрическую связь 

между коллекторными пластинами и концами обмоток. С механической точки зрения 
действующую на коллекторный петушок нагрузку определяют условия сборки, силовые 
воздействия в процессе вращения и, наконец, силы, возникающие от нагрева, происходя
щего во время работы машины. Первый фактор зависит от производства, а последние два 
фактора можно выразить численно. Силовые условия петушка, являющегося статически 
неопределенным установочным конструкционным элементом, при вращении и нагреве 
выяснены приближенными расчетами.

»
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ANALYSIS OF THE EFFECT EXERTED  
BY A VARIABLE HEAT-TRANSFER COEFFICIENT 

UPON THE HEATING PROCESS CARRIED OUT 
WITH A CYLINDRICAL BODY. PART I.

A. H O FFM A N N

TECHNICAL UNIVERSITY BUDAPEST 

[M anuscript received J u ly  17, 1963]

The temperature d istribution in  a long cylindrical body is determ ined for the case 
o f  a stress-relieving anneal.The heat transfer coefficient a is considered as a function  of tem per
ature, Further, the influence o f both  radiation and convection are taken  into account. The 
character o f the boundary va lue proposition is  inhom ogeneous and non-linear. The solution  
is found b y  linearizing the curve section b y  section on the basis o f a resulting formula which  
had already been developed and published b y  the author.

In tro d u c tio n

G enerally , th e  p a ra m e te rs  o f h e a t conduction  are  a ssu m ed  — accord ing  
to  c lassical th eo re tic  co n sid e ra tio n  — as c o n s tan ts ; th is  p ro v e d  to  be an  ex ag 
g e ra te d  id ealisa tion  o f  p h y sica l re a lity . F ro m  a m ore rea lis tic  v iew po in t, 
th e se  p a ra m e te rs  v a ry  — as is s ta te d  b y  concrete  p h y sica l m easu rem en ts  — 
in  d ependence  on th e  w hole p hysica l cond itions an d  show , in  m an y  cases 
o f  p ra c tic a l experience, considerab le  v a r ia tio n . This ag a in  a c ts  effectively  on 
th e  te m p e ra tu re  d is tr ib u tio n  in  th e  h e a t  conducting  b o d y .

In  th is  p aper, th e  follow ing p ro b lem  will be so lved: how  will th e  h e a t 
d is tr ib u tio n  in  th e  bo d y  be in fluenced  b y  th e  v a ria tio n  o f  th e  h e a t tra n s fe r  
coeffic ien t a in  th e  case w hen  th e  b o d y  an d  fu rnace  are h e a te d  s im u ltaneously . 
T h is h e a tin g  process is f re q u e n tly  p ra c tise d  in  in d u s try . E .g . th is  m e th o d  is 
ap p lied  in  o rder to  avo id  fissu res p ro b a b ly  caused b y  g re a t in n e r stresses of 
th e rm ic  origin, w hen a r a th e r  vo lum inous cylinder o f a llo y ed  steel is h e a t-  
t r e a te d .

P rac tica lly , th e  h e a t- tra n s fe r  coeffic ien t is com posed o f  tw o fu n c tio n s. 
O ne o f  th e m  is th e  re su lt o f th e  h e a t ra d ia tio n  theo rem , th e  second one re su lts  
from  th e  convectional h e a t  tra n sfe r:

a  [k cal/m 2 h  °C] =  as +  ac.

T h e  tw o m em bers are  func tions o f th e  te m p e ra tu re  o f  b o th  th e  su rface 
an d  th e  su rround ings ( th e  fu rnace), i.e.
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a s (&Ki  & f ) —  S ^ s

( f tK(t) +  273 )4 Í ftp  +  273
l 100 J [ 100 J

w h ere  th e  ra d ia tio n  co e ffic ien t o f an  ab so lu te ly  b lack  b o d y  Cs — 4.96. e is a 
c o n s ta n t  depending  on th e  h e a t ra d ia tio n  coefficient o f  th e  h e a t delivering  
a n d  e2 o f th e  h e a t rece iv in g  surface resp ec tiv e ly , an d  on  th e  dim ensions o f  
b o th  surfaces (F 1 a n d  F 2). P rac tica lly , in  ou r la te r  c a lcu la tio n s  as 6 =  0.87.

T he h ea t co n v ec tio n  coefficient ac can  be ex p ressed  b y  m eans o f an  
ex p o n e n tia l fu n c tio n :

N u  =  C Grn

w h ere  Gr is the  d im ension less G rashof n u m b e r in  ex p lic it fo rm :

G r = g F M ß _

vz

w h ere  / is th e  c h a ra c te r is tic  d im ension o f h e a t flow  (in th is  case th e  d iam e te r 
o f  th e  cylinder), v is th e  k in e tic  v iscosity , ß  == 1 /T  is th e  d ila ta tio n  coeffic ien t, 
Aft  is th e  h ea t d ifference  betw een  th e  b o d y  surface an d  th e  am b ien t gas.

In  our special case , a f te r  due sim p lifica tions, we o b ta in  th e  follow ing 
fo rm u la :

ac =  a{A&)43 (Aft — ftK — ftF)
w h ere  я  я« 1.7

C ontrary  to  w h a t h a s  been described  in  [5], fo r th e  h ea tin g  process in  
o u r  special case, b o th  m em b ers  o f th e  h e a t- tra n s fe r  coeffic ien t are to  be ta k e n  
in to  accoun t (cf. T ab le  V I).

1. Solution o f  the differential equations by the linearization 
of the tw o members of the heat-transfer coefficient

In  view  of th e  re la tiv e ly  g rea t len g th  o f th e  stee l b a r , as com pared  w ith  
i ts  d iam ete r, one can  c a lc u la te  b y  assum ing  a b a r  of in f in ite  len g th . The d ifferen
t i a l  eq u a tio n  is a d im ension less form  a n d  for a co -o rd in a te  system  p e rta in in g  
to  th e  cylinder goes as follow s:

02 ft 1 Qft

Эр2 Q 3 Q
A —  {#} =  0 ,

0t

T h e  in itia l co n d ition  is
o ^ e < i

( la )

( lb )
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a n d  th e  th ird  b o u n d a ry  cond ition :

d&

3 e F
Я у [ # к ( 0 - < 4 -

Fig.  1. Furnace-temperature as function of time

( lc )

B y  p u tt in g  th e  fu nc tion :

we o b ta in

а в
R

=  —  £ c sA

« =  as (# K, &F) +  a c (# K, &F) ,

&K(t) +  273 14 ( ê F +  273 14
100 100

R
+  — a [ # K(t) tfF]4/3.

A d o p tin g  th e  designations

R ( &K(t) +  273
■ ec.

a n d
R

- E C .

100

flF +  273 14 
100 =  S i W f ) .
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th e  la t te r  one sha ll b e  lin ea rized  w ith in  th e  d e te rm in e d  in te rv a l. T hus,

g l ( #  f )  **> W f )  =  # F  +  C0 •

T he function

А о [ а д _ ^ ]  4/3

w ith  tw o  variab les sh a ll be d esigna ted  as g 2 (&K, &F), a n d  now , b y  choosing  a n  
accep tab le  in te rv a l fo r  th e  v ariab les  &K, &F, th is  fu n c tio n  will be eq u a lized  
b y  p u ttin g  a p lane

f i F) ^  ^ f ) =  ^2 & F  +  •

Acta Techn. Hung. 51 (1965)
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T h e su itab leness o f th e  eq u a liza tio n  w ill be s tre n g th e n e d  w hen  th e  “ zone o f 
h e a tin g ”  o f  th e  p lan e  (#к , ) is considered  as th e  ran g e  o f equa liza tio n .

On th is  basis , th e  b o u n d a ry  co n d itio n  ta k e s  th e  fo rm :

—— — ^Kl(*) ~  C1 ftp  —  C0 +  ̂ 2 #*(*) +  k l +  k o — ®k A 1) ~  ß®F
3 Q p

F ig . 3. Linearization of the auxiliary function g,(& p)

w here
=  # k i(0  +  k2 -  co +  » ß =  c1 — k1,

a n d  th u s :

+  / W „ « L  { * } „ = * * ,(* ) .  (2)
F

In  follow ing th e  D uham el th eo rem , as th e  so lu tion  fo r th e  d iffe ren tia l 
eq u a tio n  w ill be  chosen as follows:

9#

0p

r )  d r . (3)

F o r th e  fu n c tio n s # 15 #2 th e  follow ing p ropositions will a p p ly :
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D {# ,}  =  0 ,

d {# 2} =  0 ,

W > )  = /(< ? ) ,

4 e ,  0) =  о ,
L { 0 1}f  =  O; 

L {^г}р =  1 •
(4)

W ith  th ese  s tip u la tio n s , th e  fu n c tio n  &( q, t) as th e  so lu tion  fo r th e  
d iffe ren tia l e q u a tio n  w ill com ply w ith  b o th  th e  orig inal d iffe ren tia l eq u a tio n  
a n d  th e  in itia l co n d itio n s. The fu n c tio n  <p(t) m u st now  be de te rm in ed  so as 
to  reach  co n fo rm ity  w ith  th e  b o u n d a ry  cond ition . T ak in g  in to  acco u n t (2),
(3) and  (4), th e  fo llow ing  equa tion  will re su lt:

L =  l | í?i  + J '  — T ) d r |  =  L +

+  L i f  ~T~ 4 q, 1 — r ) dT|  = L Í Í  — ^)dT\ =( J t = o  dr J p IJ r=o dr J p

=  f  ~  - r ) ) F d r  =  [ ^ - d r = & K2( t ) .
J  i= o  d r  J  T=o d r

A ssum ing
— ^Кг(О) +  4 ) ,

th e  fu n c tio n  d(p/dr sh a ll be de te rm in ed  as follows:

È L  =  ô(r)&K2(0 ) +  ^ - ,
d r  d r

because

w here  ô(r) is th e  d e lta  o f D irac. W ith  all th ese  assu m p tio n s, th e  so lu tion  (3) 
o f  th e  d iffe ren tia l e q u a tio n  (1) will ta k e  th e  form :

â(e, t) =  (g, t) +  &K2(0) 4 q, t) - f  f  d / 4 q, t r ) d x  . (5)
J T=o dr

I n  (4) th e  fu n c tio n  g, t) can  be d e te rm in e d  — b y  re ly ing  on th e  B ernoulli- 
F o u rie r  m eth o d  — as follows:

CO
4 q, 0  =  °"  Jo(vn 9) exp

n =  1

w here J 0 s tan d s  as th e  f irs t  k ind  o f B essel fu n c tio n  o f zero o rder. T he eigen
v a lu e  series {vn} c an  b e  com puted  b y  ap p ly in g  th e  e igenvalue e q u a tio n
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"n- l̂W =  ß j 0(*n) (n ^  !) (6)
o b ta in ed  on th e  basis  o f th e  b o u n d a ry  cond ition  (4). T he coeffic ien ts an will 
be d e te rm in ed  — b y  considering  th e  o rth o g o n a l re la tio n s  o f th e  Bessel- 
fu n c tio n s  — on th e  basis  o f  th e  in itia l p ro p o sitio n  (4).

In  o rd er to  fo rm  th e  fu n c tio n  #2(p, t) we m a y  m ake analogous steps as 
w ere m ade for W e th e n  sh a ll o b ta in  th e  fo llow ing eq u a tio n s :

C O  P . / t e W o K e )  d Q

&i(q, t) =  2 Js’ ж------------  J 0{vn Q) exP
n= 1 1+ ß 2 Jfcn)

- - T - *  .

#2fe, t) =  —  - 2  J ? ------Jo(vn6)----
ß  t ä  +  P ) M * n )

exp

C onsequen tly , b y  using  th e  above functions, th e  so lu tio n  for th e  d ifferen
tia l  eq u a tio n  (1) w ill be :

щ , 1) =  - в к  2(0  +  2 ^
P n = 1

2 # k2( 0 ) 2

Г  J ( e ) Q J 0(vn e ) d Q , V
Je Jo(vn в) ex p ------ 7 - 1

1 + ß 2

Jo(vn É?)

~  K  +  ß2)Jo(*n)

Л ( У п )

exp í —

- 2  V . M vn q)

&  0* +  m
i — r
0 (Vrt) Jr  = 0

dZl(r) 

dr
exp - f  ( * - * )

л
d r .

(7)

A t th e  beg in n in g  o f  th e  process one m ay  assum e th e  h e a t  d is tr ib u tio n  
to  be c o n s tan t

ÂQ) =  d a-

C onsequen tly  b y  considering  th e  eigenvalue acco rd in g  to  (6), th e  in teg ra l in  
th e  second m em ber o f (7) can  be p u t  as follows:

Í e J 0(vn Q)de =  , 
e==o vn

F in a lly , b y  using  th e  above expressions, th e  so lu tio n s o f (7) will be:

P  n = l № + P ) J 0( v n )
е Х р | - - ^ * | -

- 2 2
Jo(vnQ)

; ! = Ж + т
â - f
o W  Jr-o

dA(r)

d r
exp — — r ) |  d r .

( 8 )

(9)
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N ow  the  lin e a riz a tio n  (2) o f th e  b o u n d a ry  cond itio n  as g iven  u n d e r  ( lc ) , 
c a n  be  considered as v a lid  (i.e. as a q u ite  good ap p ro x im a tio n ) o n ly  in  a p re 
d e te rm in e d  in te rv a l.

A t the  very  m o m e n t, w hen  th e  te m p e ra tu re  0  exceeds th is  p red e te rm in ed  
in te rv a l ,  th e  whole fu n c tio n  o f lin ea riza tio n  has to  be m odified . In  o rder to  
f a c il i ta te  th e  ca lcu la tio n  o f  0/£2(t) th is  fu n c tio n  will be a p p ro x im a te d  b y  m eans 
o f  a  2nd  grade p o ly n o m ia l in  ev e ry  one o f th e  sections. T h u s , p rin c ip a lly  we 
w ill o b ta in  tw o d iffe re n t series o f sec tions w ith  n o n -id en tic  d iv isions. H ow ever 
i t  seem s to  be rea so n ab le  to  m ake th e  lim it p o in ts , o rig in a tin g  from  lin eariza
t io n  (2), com m on fo r b o th  sec tio n in g  steps. T hus a new  fu n c tio n  ^ ^ ( i)  can 
a lw a y s  be in serted  w ith o u t fu r th e r  d ifficu lties.

N ow  th e  b o u n d a ry  co n d itio n  (2) can  be d e te rm in ed  in  e v e ry  one of th e  
se c tio n s  as follows:

90 

9 о
+  ^ 0 F =  L; {0}F =  0&(t);

j  =  0 , 1 , 2 , . . .  N ,  

i =  0 , 1 , 2 , . . .  M .

H e re  th e  v aria tions o f  j  a n d  i are  q u ite  in d ep en d en t o f each  o th e r , b u t  only 
a co u p ling  of b o th , w ith  th e  above m en tio n ed  physica l co n d itio n s , is valid . 
(F o r  fu r th e r  details see [5]). F o r th e  sake  o f  s im p lifica tion , i t  is ad v isab le  to  
lin ea rize  along a la rg e r  sec tion , w hile th e  fu nc tions 0*̂ (t) m a y  be form ed 
fo r  sh o rte r  sections w ith o u t causing  fu r th e r  d ifficu lties in  o u r ca lcu la tion . 
T h e re fo re :

$ к г ( 0  —  ^ к г ( 0  ^  °2 i *2 +  a u t  +  a oi ?

( ^  t ^i,;+i) 1 fio =  0 1 i =  0 , 1, 2, . . .  IV ,
ял

and L{0}f = L ; {0}f = —  + ß j ü F
э e и

( , h j < t < t  2J+1) ,  f20 — 0 , j  =  0 , 1 , 2 , . . .  M .

I f  every  one o f  th e  d iv id ing  p o in ts  i2J- coincides w ith  one o f  th e  t2,-s 
p o in ts  (assum ption  t h a t  seem s to  be — from  w h a t h as  been  sa id  above — 
m o s t useful) sim ply th e  sy m b o 1 t,- can  read ily  be s u b s ti tu te d  fo r t2i a n d  only 
th e  com m on d iv id ing  p o in ts  shou ld  be alw ays borne in  m ind .

T he solution  fu n c tio n  0( o, t) w hen  considered in  ev e ry  one o f  th e  sections,^ 
m a y  be  designated  as 0'(@, t) an d  th u s , th e  solu tion  fo r th e  f ir s t  sec tio n  will be:

0O)(e, t) -  2 [ # $ ( 0 )  -  ß 0&a]
Po

У Jofae)
ê i  (? l+ ß D J o (v n)

exp

2 A J 0(yn в)
2«2o 1 + 1 — exp

V2 \ \ i

4
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Л<°> =  а10- 2 а 20- 4 - ,  (< > < * < * ! ) .

The second sec tion  h a s  to  he de te rm in ed  b y  m ain ta in in g  th a t  L 0j$} is v a lid , 
h u t  w ith  a lre a d y  changing.

A t th e  b eg in n in g  w hen th e  te m p e ra tu re  division is chang ing , i.e . th e  
m o m en t tj

# (0)(< M i)= /i( i? ) -

B y  using  th is  fo rm u la  for (7) and  considering  (8), fu r th e r  on th e  basis o f  th e  
o r th o g o n a lity  o f B essel functions, an d  a p p ly in g  th e  eigenvalue eq u a tio n  (6), 
we o b ta in :

I'J  Q =  0
QJl(vn (?) dS =  —  J 2o(vn) 

&
1 + ( 10)

an d  th e  so lu tio n  fo r th e  second section  — (t1 t t2) — w ill be:

&W (Q, t) =  -  2  [ # $ ( 0 ) -
P 0

О  Q  1  J 0  ( v n  9 )
P 0 " aJ

2 A  2

(v2n + ßo)Jo(Vn)

Jo(»n e)
n=lV2n(Vn +  ßo)Jt>(Vr)

vl

exp

2 <*20 *1 “Ь

~ A l ~

+  ^n 0) 1 — exP I -  - J  h ex p ---- fA

+  2 a 21(t — *i) ~b 1 — exp  I — - j -  (i — t2)

=  2 a 21 fj +  a u  — 2 a 2 * $ (* i)  =  #&(*)•

F o r th e  n e x t  sec tion  —, because o f  th e  changed lin ea riza tio n  fu n c tio n  
in  th e  b o u n d a ry  co n d itions (2), in  th e  e igenvalue  eq u a tio n  (6) th e  e q u a lity  
ß  =  ß1 w ill h o ld  t ru e . F rom  th is  a new  series of values o f {vm} " i l l  follow . 
As for th e  h e a t d is tr ib u tio n  a t  th e  b eg in n in g  o f th e  th ird  sec tio n  we m a y  w rite :

t-i) —fïiQ) 1 (*21 =  *12 —  *2) '

B y s u b s titu tin g  th is  in to  so lu tion  (7) an d  considering  th e  e q u a lity  in
(8), an d  because o f th e  d iv e rs ity  b e tw een  th e  eigenvalueseries {»»„} an d  {vm} 
th e  eq u a lity

f  M V n  s)Jo(vm 9) dQ =  ßl  ~  ßl2 - j 0(vn) J 0(vm)
JQ—0
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h a s  to  be ap p lied  in s te a d  o f  th e  o r th o g o n a lity  o f B essel-function . O n th is  
b as is  th e  so lu tion  in  th e  th ird  sec tio n  w ill be:

Pi

■ *$(* .) 2

ßi
- Г -  "К 2\Ч
ßo

Jo(vmQ)

h )  -

I  m = l (v2m + ß l ) J 0(vm) 

- * № ( 0 ) - ß o * a H ß o - ß i ) -

exp

со  CO Jo (vm 9) exP (— h  — (l ~  h)

ßl
m=1 n = 1  1  +  W  -  *m) К  +  ßo2) Л Ы

22
m= l n=l

Jo  (vm e) exP | — (f -  h)

1  +  4 - 1  v2n(v2n -  vm) (Vn +  ßl) J 0(vm)

4 A (ß 0 — ß L)

2 a 20 -f-

+  ( i -  ex p  j -  - J -  tjj ex p  ( t i - 1 2)

+  A W 1 — exp - J - i h - ' z )А
— 2 A  у --------2 / 2

2 o21 (t2 -

Jo(vm 9)

= 1 +  ß l)J o (vm)

2 a №{ t - t t ) +  A % 1 — exp
Л

2. E s tim a tio n  o f  e rro r

In  e lab o ra tin g  th e  so lu tion , th e  b o u n d a ry  co n d ition  (1) was lin ea rized  
a n d  th u s  e q u a tio n  (2) w as o b ta in ed . T h e  e rro r  o f  th is  ca lcu la tio n  can be so 
e s tim a te d  th a t  th e  fu n c tio n s  th a t  sh o u ld  be linearized  w ill be confined  b e 
tw e e n  2 paralle l s tra ig h ts  or p lan es, re sp ec tiv e ly , an d  th e  new  b o u n d a ry  co n 
d itio n  will be co n sid ered  as th e  basis  o f th e  c a te n a tio n . T hus th e  u p p e r a n d  
low er lim its o f th e  so lu tio n  co rresp o n d in g  to  th e  lin ea riza tio n  are o b ta in e d , 
a n d  th e  difference b e tw een  these  lim its  rep resen ts  th e  m ax im um  e s tim a te d  
e rro r .

T herefore, th e  fu n c tio n $ я 2(0  on th e  r ig h t side o f (2) w ill be s u b s ti tu te d , 
fo r  th e  u p p er lim it, b y  an d , fo r th e  low er lim it, b y  # (̂ 2(i).

Acta Techn. Hung. 51 (1965)



E F F E C T  E X E R T E D  BY A VARIA BLE H EA T-TRA N SFER CO EFFICIENT 17 3

C onsequen tly , th e  e s tim a ted  e rro r as a fu n c tio n  o f  place an d  tim e  w ill
be expressed  as follows:

E(g, t) =  \  Ä  -  0 & )  -  2 [ ^ ( 0 )  -  0& (O ) -  ß K \  ■
P

■ 5, -------J M -------  f _ j i , ] _ 2 J . ------- J M ----------
Á  К  +  Й Л ( > . )  I A I „-Й и +  « « » . )

Г f -  П г exp

'P1

151'i

J t = o  d r A

B ecause o f th e  assum ed  p a ra lle lity  th is  m e th o d  is ad v an tag eo u s , as th e  e igen 
values (v n) rem a in  th e  sam e; co n sequen tly , th e  e rro r fu n c tio n  can be o b ta in e d  
d irec tly  from  th e  so lu tio n  of the  d iffe ren tia l eq u a tio n , re su ltin g  from  th e  
linearized  b o u n d a ry  cond itio n .

The e s tim a tio n  can  be m ade m ore a c c u ra te  w hen  th e  division in  sec tions 
is app lied ; besides, th is  m e th o d  o f e s tim a tio n  can  easily  be followed.

3. A pplication

Object o f th e  present exam ination is th e  annealing heat treatm ent of a long steel 
bar having a diam eter o f 8 cm  as described in  [5]. Variations o f the furnace tem perature  
are shown in Table I. According to  Fig. 1, the p lo tted  points o f measured values* form  for  
th e  first 10 . . .  15 m inutes — contrary to  the calculated  curve — a convex line, w hen seen  
from  below. This seem s to  be probable, because, in  a furnace heated b y  m eans o f electric  
resistance, the heat w hich w as developed during th e  first period of tim e, serves to  heat th e  
wires. In our case, th is could be disregarded, since it  does not bear upon the heat distribution  
in  the m aterial. Besides, one w ill not m eet w ith  an y  d ifficu lty  when taking it  into account.

The approxim ating polynom ials are for follow ing:

&K(t) ^  -  0.176 l2 +  17.101 ( +  20 

bK (I) ^  4.286 t +  246.429  

&Kl (t ) «=< 0.005 t2 +  0 .094 t +  0.318 

&Kl (t) 0.257 t -  0.095

h  (&F) =  0.0134 &p -  0.1222  

l2 (ftK &F) =  0.0102 -  0.0108 » p +  0.0121

(0 <  t ^  t,)

(i, <  i ^  i,)

(o <: t ^  it)

(h <  t ^  «..)
(0 ^  &p ^  300) 

(0 <  »P  ^  300).

(For Tables I, II , III, IV  and the Figures 1, 2 and 3;

g2 =  0.017 (# K — # f )4/3; t =  t [m in].

W ith the polynom ials as established above, th e  obtained constants are:

ß 0 =  0.0242, q  =  30, i2 = 6 0 ,  R  =  0.04 [m].

* M easurem ents have been carried out in th e  Laboratory of the Departm ent for Meehan' 
ical T echnology o f the Technical U niversity B udapest.
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Table I

Furnace tem perature as function 
o f  tim e

t [min] » K m  [°C] Ox [°C] * K i

0 20 20 0.312

2 30 53.5 0.490

4 50 85.6 0.714

6 80 116.3 0.991

8 110 145.6 1.325

12 190 200 2.160

14 225 225 2.654

16 250 248.7 3.197

20 300 291.8 4.391

24 335 329.3 5.679

28 365 361.2 6.981

30 375 375 7.609

35 400 396.4 8.664

40 425 417.8 9.827

45 445 439.3 11.108

50 465 460.7 12.505

55 485 482.1 14.029

60 505 503.6 15.696

65 525 525 17.499

70 545 546.4 19.453

75 565 568 21.587

80 580 589.3 23.858

85 595 610.7 26.316

C onstants referring to  th e  material:

Table II

The auxiliary functions g l and f  respectively, 
depending on the surface temperature

0,[°C] i tf r )

20 0.318 0.146

30 0.364 0.280

40 0.414 0.414

60 0.531 0.682

80 0 670 0.950

100 0.835 1.218

120 1.029 1.486

140 1.255 1.755
150 1.382 1.889
160 1.517 2.023

180 1.817 2.291

200 2.160 2.559
220 2.549 2.827

240 2.989 3.095

250 3.229 3.229

260 3.483 3.363

280 4.036 3.631

300 4.652 3.899

320 5.336 4.167

340 6.093 4.435

360 6.928 4.704

380 7.846 4.972

400 8.852 5.240

450 11.791 5.910

500 15.407 6.580

y  =  7700 [kg/m 3], A =  40 [kcal/m  h  °C], C =  0.115 [kcal/kg °C],

T he variation of the heat transfer coefficient a  during the heating process is relevant (F ig . 5, 
T able VI); therefore, resu lts calculated w ith  a =  constant greatly differ from  values obtained  
b y  more accurate calculations taking the variab le a  into  account (Table V II, F ig. 6).

The heat d istribution  on the cylinder surface and along the center line is p lotted  in 
F ig . 4 in  accordance w ith  Table V.

An approxim ate estim ation of the d ev ia tion  betw een the two m ethods o f calculation  
can easily  be obtained b y  introducing a w ell defined average value o f the tem perature, on 
th e  basis o f the follow ing equation:

Г 2 n  r*l Г 2я  Cl
d ( p , t )  Q d o d t p  =  0 ( t )  I Q d  Q d  cp ,

J  <p =  0  J  o =  0 J  < p = 0  J  q  =  0
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Table III Table IV

The auxiliary function  g2 depending The auxiliary  functions g2 and 1г
on the temperature difference with two variables

i>A-<M0C] gsOfo Of ) Ok  [°C] * F  [°C] gs (Ok , 0 F  ) 1 , ( 0 k ,  Of )

20 0 .0923 200 50 1.355 1.509

40 0 .2 3 3 200 100 0.789 0.970

60 0 .3 9 9 200 200 0 0 .109

80 0 .5 8 6 300 100 1.988 1.988

100 0 .7 8 9 300 150 1.355 1.449

150 1.355 300 200 0 .789 0 .910

200 1 .988 300 300 0 0 .169

250 2 .677 400 100 3.414 3.006

300 3 .414 400 200 1.988 1.928

350 4 .193 400 300 0 .789 0.849

400 5 .010 400 400 0 — 0 .229

450 5 .862 500 100 5.010 4 .024

500 6 .746 500 200 3 .414 2.946

500 300 1.988 1.868

500 400 0.789 0.789

500 500 0 — 0.289

600 100 6 .746 5.042

600 200 5.010 3.964

600 300 3.414 2.886

600 400 1.988 1.807

600 500 0.789 0 .729

600 600 0 0.349

and the defined average va lue  o f tem perature is

& ( t ) =  2 I &(Q,l) Q d  Q.
Je=o

Carrying out the in tegration  on both  sides o f  the differential equation relating to  
the cross-section o f the cylinder (local average calculation according to д)

г  Г С“ ],*,*Jv=o Je=o L Эр V dg J Q Эр J
ü ( p ,  t )  Q d o  d tp .

After integrating the le ft side, and by introducing the average tem perature on th e  
right side, we obtain:

8#  I A  dj)
Эр |e= i  2 dt
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B y making use of th e  boundary condition  (2), the equation is obtained:

In  substituting #  for i ) f ,  the approxim ating differential equation fo r e r u n s  as follows:

'djft
dt

For various va lues o f the heat-transfer coefficient a,  the num erical results o f  the solved  
differentia l equation are gathered together in  Table YII and plotted  in  F ig . 6.

W e made sim plifications only to  fa c ilita te  the com puting process. N evertheless, the 
devia tion s between the tw o  calculating m eth ods are obvious. The tem perature distribution  
ca lcu lated  w ith a variab le a  according to  F ig . 6 assum es the sam e values as obtained w ith  ä 
on ly  after a period o f tim e o f  aht. 56 m in, and in the continuation the first surpasses the second  
one. This is rather in  conform ity  w ith the equalization of the effect o f the heat-transfer coef- 
ic ien t a when considered differently.

Acta Techn. Hung. 51 (1965)
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Table У Table VI

Distribution o f temperature Heat-transfer coefficient a as function o f the furnace temperature
in the body and surface temperature

t  [min] ■>. ГО O r  [°C] i[°C] t  [min] Ы °С ] <M°C] «С a 8
a

[kcal/m2 h °C]

0 20 20 20 0 20 20 0 0 0
2 20.7 21 20.8 2 53.5 21 5.423 5.165 10.588
4 22.3 22.9 22.6 4 85.6 22.9 6.749 6.106 12.855
6 25 25.8 25.4 6 116.3 25.8 7.631 7.150 14.781
8 28.6 29.8 29.2 8 145.6 29.8 8.282 8.307 16.589

10 33.3 34.7 34.1 10 172.8 34.7 8.787 9.541 18.328
15 49.3 51.3 50.5 15 236.9 51.3 9.697 13.144 22.841

20 71.6 74.3 73.2 20 291.8 74.3 10.224 17.692 27.916

25 100.2 103.6 102.3 25 337.3 103.6 10.470 21.900 32.370
30 135.1 139.2 137.7 30 375 139.2 10.503 26.983 37.486
35 174.2 178.6 177.5 35 396.4 178.6 10.227 31.540 41.767
40 216.2 220.8 219.8 40 417.8 220.8 9.892 36.856 46.748
45 260.3 265.2 264.2 45 439.3 265.2 9.493 43.010 52.503
50 306.4 311.4 310.4 50 460.7 311.4 9.019 50.043 59.062
55 354.2 359.4 358.4 55 482.1 359.4 8.447 58.083 66.530

60 403.5 408.8 407.9 60 503.6 408.8 7.752 67.209 74.961
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Fig. 5. The heat-transfer coefficient a  as a function o f surface temperature

Table VII

A pproxim ate values o f the average temperature as function  of time, calculated with various values o f a

t [min] fi'a—a.tfK'ÙF)
га

$ 5  = 49
г а

$a=81
га t [ m i n ] $a=a(i>/r,t>F)

cC
$a=49

° C

$ a« 8 1
°C

0 20 20 20 25 102.3 161.1 210.5

l 20.3 20.4 20.6 30 137.7 201.5 257.3

2 20.8 21.5 22.4 35 177.5 239.4 298.2
4 22.6 25.7 29.2 40 219.8 274.0 332.9
6 25.4 32.4 39.4 45 264.2 305.8 363.5
8 29.2 41.1 52.4 50 310.4 335.5 391.1

10 34.1 51.5 67.6 55 358.4 363.5 416.8
15 50.5 83.5 112.1 60 407.9 390.2 441.1
20 73.2 121.0 161.1
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'  t [min]

Fig. 6. Approxim ate course of the average temperature o f the body
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A N A L Y SE  DES E IN F L U SS E S E IN E S V E R Ä N D E R L IC H E N  W Ä R M EÜ BER G A N G S
K O E F F IZ IE N T E N  A U F  D E N  ANW ÄRM EVO RG ANG  B E IM  ERH ITZEN  

E IN E S  Z Y L IN D R ISC H E N  K Ö R PE R S

A. HOFFMANN

ZUSAM M ENFASSUNG

Bestim m t wird die T em peraturverteilung in  einem langen zylindrischen Körper für 
den  Fall einer G lühentspannung. Der W ärm eübergangskoeffizient w ird als Funktion der 
Z eit betrachtet, ferner wird dem  Einfluß der W ärm estrahlung und auch dem  der K onvektion  
R echnung getragen. D ie  R andw ertbedingung is t  inhom ogen und nicht-linear. Zur Lösung  
der Differentialgleichung w ird eine vom  Verfasser früher abgeleitete Form el herangezogen.

E X A M E N  DE L’E F F E T  D U  COEFFICIENT VA R IA BLE D E  LA TRANSMISSION  
D E  CH ALEU R D A N S LE C H AU FFAG E DES CORPS CY LIND RIQ UES

A. HOFFMANN

RÉSUM É

L’étude déterm ine la  répartition des tem pératures de corps cylindriques longs, en  
cas de traitem ent therm ique élim inant les tensions. L’auteur considère le coefficient de trans
m ission  de chaleur com m e fonction  de la tem pérature, et tien t égalem ent compte des term es 
produits par le rayonnem ent e t  par la convection.

Le problème de la  va leur au contour est inhomogène et non-linéaire. La linéarisation  
par étapes et l’app lication  d’un résultat antérieur de l’auteur (5) perm ettent d’obtenir la  
solution .

ИССЛЕДОВАНИЕ ВЛИЯНИЯ ПЕРЕМЕННОГО КОЭФФИЦИЕНТА 
ТЕПЛОПЕРЕДАЧИ ПРИ НАГРЕВЕ ЦИЛИНДРИЧЕСКОГО ТЕЛА, 1

А. ХОФФМАНН

РЕЗЮМЕ

В работе определяется распределение температур в длинном цилиндрическом 
теле при термообработке для снятия напряжений. Коэффициент теплопередачи а прини
мается за функцию температуры и учитывается как член, выражающий радиацию, так и 
член, выражающий конвекцию.

Задача определения крайних значений неоднородна и нелинейна. Решение отыски
вается при помощи приведения к прямой отдельных участков и с применением ранее 
опубликованного результата автора (5).
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HEAT TRANSFER RY LAMINAR FORCED 
CONVECTION IN MULTIPLY CONNECTED REGIONS

U . A. SASTRY

REGIONAL ENGINEERING COLLEGE WARANGAL (ANDHRA PRADESH), INDIA 

[M anuscript received Septem ber 16, 1963]

In  th is paper the heat transfer b y  lam inar forced convection in  a pipe whose outer 
cross-section is a circle and inner section a square w ith  rounded corners (w ith a coincident 
centre) w as studied b y  using Schw arz—N eum ann’s A lternating M ethod [3]. R esu lts for 
section bounded b y  concentric circles, confocal ellipses and eccentric circles can be deduced  
b y  m apping the cross-section on to  the region bounded b y  concentric circles. To illustrate  
the m ethod the heat transfer b y  lam inar forced convection  in a tube bounded b y  concentric  
circles has been treated .

I. Introduction

T he h e a t tra n s fe r  b y  la m in a r forced  convection  in  tu b es  has been  
s tu d ied  b y  a n u m b er o f in v es tig a to rs . U sing com plex  v a riab le  m e th o d  L. N. 
T ao [1] has o b ta in ed  th e  so lu tion  o f th e  forced convection  prob lem s o f fu lly  
developed  lam in a r flow  in  tu b e s  o f e q u ila te ra l tr ia n g u la r  an d  e llip tic  sections 
w ith  h e a t  sources a n d  lin ea rly  v a ry in g  w all te m p e ra tu re . In  a n o th e r p a p e r 
L. N . T ao [2] o b ta in ed  th e  so lu tio n  o f th e  h e a t  tra n s fe r  b y  la m in a r forced 
convection  in  a d u c t o f P a sc a l’s lim açon  sec tion  b y  con fo rm al m ap p in g  te c h 
niques.

II. Basic Equations

C onsider a s te a d y  fu lly  developed  lam in a r flow  w ith  h e a t  sources in  a 
p ipe o f cross-section  D  b o u n d ed  b y  a closed curve D 0. L e t th e  axis o f th e  
p ipe be in  th e  Z -d irec tion  a n d  th e  ax ia l w all te m p e ra tu re  g rad ien t be con
s ta n t .  T he m o m en tu m  an d  energy  eq u a tio n s  o f c o n s ta n t p ro p e r ty  non-d issipa- 
tiv e  flu id  in ca rte s ian  co o rd ina tes (x , y ,  Z )  are

Э*2 

Э2 t*
8*2

T he b o u n d a ry  cond itions are

82 и  82 u
1" “  ~  1

+

8y2

Э2 1*
~ Q f

=  C2 u — C3 .

и  =  0,

( 1 )

( 2 )

t* -  t*l --  »U;*
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on  D 0, where

и local v e loc ity ,
l* local tem perature,
t|* wall tem perature,
p  C, =  dp/dZ, 
к C2 — g c„dt*/dZ ,
C3 ‘ =  Q/k, 
p  pressure,
f l  viscosity,
о density,
c„ specific heat a t  constant pressure, 
к thermal co n d u ctiv ity ,
Q heat source in ten sity ,
Cj, C., and C3 are constan t param eters.

Using com plex  v a riab le s  z =  x  -(- i y , z =  x  — iy, an d  new  te m p e ra tu re  
v a ria b le  T  =  (t* — t*) th e  so lu tions o f (1) an d  (2) can  be deduced  in  th e  
fo rm  [2]

и =  C, zz/4 +  4[X (z) +  X(z)]/C2, (5)

T  =  Я * * )2 -  - ^ - z z  +  2 R e ГгФ(г) +  Y(z)l 
64 4

chere

— C[ C2.
d0

Х ( , ) = Ф '( . ) = - *  ,

Y  (z) =  V ( 4  +  Ф„ (z),
Re =  real part,

Ф (2), y) (z) and Ф0 (z ) are holom orphic in the region D.

( 6)

The average v e lo c ity  um, th e  average  te m p e ra tu re  T m and  th e  m ixed 
m e a n  tem p era tu re  T m  a re  given by

A u m =  \ \ u d x d y  , (7)

A T ,n =  j  j  T  d x  d y , (8)

A u m TM =  j" j u T  d x  d y . (9)

The h ea t tra n s fe r  ra te  q can be o b ta in ed  from  th e  h e a t balance e q u a tio n

<1 =  (ecp um — C3) A . (10)

T h e  h e a t tran sfe r coeffic ien t h an d  th e  N usse lt n u m b er N u  are given b y

Acta Techn. Hung. 51 (1965)



H EA T TRA N SFER BY LAM INAR FORCED CONVECTION 183

h = - q ! S T M , (11)

N u =  h D J k  . (12)
w here

S is the circum ferential length,
D e is  the equivalent hydraulic diam eter.

T h e a rea  cross-section  A  is g iven  b y

2 i A  =  j  z dz  . (13)

III. Form ulation o f the problem for doubly connected regions

F o r th e  prob lem  u n d e r s tu d y  we h a v e  to  determ ine th e  ve lo c ity  and  
te m p e ra tu re  fields su b je c t to  th e  co n d itio n s

и =  0, on th e  o u te r  b o u n d a ry ; (14)

и =  0 on th e  in n e r  b o u n d a ry  (1 5 )
and

T  =  0, on th e  o u te r  b o u n d ary ; (16)

T  =  T 0, on th e  in n e r  b o u n d a ry  (17)

where и  and T  are given b y  (5) and (6).

IV. Cross-section bounded externally by a circle and internally  
by a square w ith rounded corners

1. Determination o f  the velocity f i e ld

L e t us d e te rm in e  th e  velocity  su b je c t to  th e  condition

и — 0, on th e  circle S2;

u =  0, on th e  sq u a re  S v

A ssum e th e  rad iu s  o f th e  circle be ß 2 a n d  t be a variab le p o in t on S v  S2. T hen  
on th e  circle S 2 we h a v e  ti  — ß\.  U sing  th e  above b o u n d ary  co n d itio n s in  (5) 
we o b ta in

X ( t )  +  X (t) =  -  Cßll 16, on S2 ;

=  — C tt/1 6 , on S j.
p
To d e te rm in e  th e  fu n c tio n  X  we use Schw arz  — N eum ann’s A lte rn a tin g  M ethod . 
Now d en o te  (20) an d  (21) by

L ( X )  =  g .  (22)

( 20 )

( 21)

(18)

(19)
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a) First approx im ation .  L et Х^1* be th e  f irs t ap p ro x im a tio n  to  X  to  be  
de te rm ined  in  th e  in f in ite  region e x te rio r  to  th e  sq u are  S x so th a t

L ( X V ) \Sl =  g\Sl. (23)

b) Conformal M a p p in g .  The fu n c tio n

z =  a(£ +  m /£3) (24)

a >  0, [m[ <  1/3, £ =  ßcr, a =  ew a p o in t on th e  u n it  circle (ß  =  l) con fo rm ally  
m ap s the  region e x te r io r  to  square Sx on to  th e  reg ion  ex terio r to  th e  u n i t  
circle in  th e  £ -p lane . A lso we have

l =  a (a  +  m ja 3). (25)

U sing  (25), (21) in  (23) we o b ta in

______  r n a
X f ( o )  +  XW(ff) =  -  (1 +  m 2 +  m a 4 +  m/<x4) . (26)

16

w here X ^ \ t )  — X j' ^ ct). M ultip ly ing  th e  ab o v e  e q u a tio n  b y  da (2ni(a  — £) 
w here £ is a p o in t o u ts id e  th e  u n it circle an d  in te g ra tin g  we ob ta in

XW(C) =  -  Ca2( l  +  m2)/32 -  Ca°- m / 16 £4 . (27)

This eq u a tio n  is to  be expressed in  te rm s  o f z, u s in g  (24). For th is  we ta k e

w here

C = d z  +  J ?  cn/zn ,
1
oo

1 /f3 =  2 E »lz n ’

oo oo oo

E n =  2  Gn -r  br ,  <?„ =  2  b" - r  br . H in 2  Gir - r  Ц .
y =  1 y =  1 y= 2

U sing (28) in  (24) a n d  com paring  like pow ers o f z we fin d

(28)

(29)

d =  l /а, c3 =  — т а3, c7 =  — 3 rn1 a 7, cn  =  — 15 m 3 a11 

c15=  — 91 m 1 a 15, c19 =  — 712 m 5 a29, . . . e tc . 

b% =  a, b. =  т а 5, 69 =  4 m2 a9, b13 =  22 m 3 a13, i»17 =  140 m4 a17, ... 

H4=  a4, H s =  4 m a 8, f f 12= 22 m 2 a 12, JTl6 =  140 m 3 a16, . . .  e tc .

(30)
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Now eq u a tio n  (27) can be p u t  dow n in  th e  form

Cn% C.a% 00

х<1)(г) =  ~ M { 1  +  m 2) ~ i 6 ~ m i ?  H J z
(31)

c) Second approximation.  L e t X <2) be th e  second ap p ro x im a tio n  w hich  is 
to  be d e te rm in ed  in  th e  region in te rio r to  th e  circle S2, so th a t

Ц *(2>)к =  g\s, -  L(X (l))\s,

U sing (31) in  (32) we o b ta in

X<2 *>(t) +  X<2>(t) =  -  C ß ll  16 +  Ca2( l  +  m 2)/16 +  

Ca- 00

1 б  !

(32)

(33)

+ m У  H i n ( l l t ^  +  t^ Iß T )

M ultip ly ing  th is  e q u a tio n  b y  d t/2n i( t  — z) w here z is a p o in t inside 
th e  circle S2, we o b ta in  a fte r  in teg ra tio n

* (2)(*) = - f -  +  V (l +  m2) +  i r m^  Zin,ßT •ÓZ ÓZ lo
(34)

F o r th e  f irs t  tw o  a p p ro x im a tio n s  we get

Г  ft* r n 2 00

X (z) = ------— I— —-  m J ?  H in ( z ^ l ß r  -  1/**").
«32 lo  1

(35)

The velo c ity  a n d  th e  average  te m p e ra tu re  a re  given by

u =  C1 (zz -  №  -  m Re У  H i n { 1/z*" -  z ^ ß T )  ■
2  1

Au,„ =
л С . ß \  4 . a 4 ( !  _  4  m 2 _  3  m4 ) _  2  a2 ß l( l  -  3 m2)

4 m 2 a 4 +  4 a- m  У
“  H inm nain+2

(4re + 1 )  ß ln

4 n - f l

n
— 3 m 2

í4n -f-1

n +  l

(36)

(37)

2. Determination o f  the temperature f ie ld

L et us d e te rm in e  th e  te m p e ra tu re  f ie ld  su b jec t to  th e  cond ition

T  =  0, on th e  circle S ?; (38)

T  — T 0. on the square S x. (39)
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U sing  th e  above re la tio n s  in  (6) we fin d

t Ф(1) +  t ЩГ) +  Y ( t )  + Y(t) =  C3 ßi/4  -  Cßl/64 ■ on S 2 ; (40)

=  T0 +  C3 t't/4 -  C(tiy-164 • on S j . (41)

F o r  convenience th e  above  eq u a tio n s will be d eno ted  b y

Ц Ф ,  Y )  =  g0. (42)

a) First approxim ation  L e t Ф(1\  Y ^  be th e  f irs t a p p ro x im a tio n  to  be 
d e te rm in ed  in  th e  reg ion  ex te rio r to  S x so th a t

Ц Ф (1\  Y (1))|Sl =  golsi- (43)

Since dí>/dz =  .X(z), we o b ta in  from  (31)

Cri1 Cn2 °°
Ф(1) =  - ( l + m * ) *  +  — -  m  J ?  H inj(4 n  — 1 ) zin _1. (44)

Ő Z  10 !

F ro m  (41), (43) an d  (44) we get

Yj(<r) +  Y^ff) =  T0 +  C 3 a 2 ( 1 +  m'-)/4 +  C a4(3 +  2 m 2 +  3 m 4)/64 +

1 Ca4
+  (C3 a2 m l4 -(- Co3 m  (1 4- m2)/32} <r4 -|------- -|------------m 2 os -j- -

a4 64
f a 2 °°

2  H 4n (4n  -  l ) - 1 a2~ 4n {(1 +  ret2) +  m /a4 +  m  о4} X

oo

16
m

(45)

X \2(v = 0

П = 1
00 1— 4 n m r ff4(n +  r)

У

4 n

У

M ultip ly ing  th e  above e q u a tio n  b y  dal2ni((r — ц) w here z is a p o in t 
o u ts id e  th e  u n it circle a n d  in te g ra tin g  we easily  o b ta in

YX(C) =  TJ2  +  C3 a 2 (1 +  m°-)/8 +  C a4(9 - 2 m 2 +  9 m 4)/384 +

+  {C3 a 2 m /4 +  Ca4 m (l +  m2)/32}/C4 +  Ca4 m2/64 £8 -

m rpi(n + r) _|_
(46)

Ca2 m " C O

у H 4n( l  +  m 2) O O

V — 4 re

16 = 1 (4 re -  l ) a 4" - 2 y=o У .

, у  H in m  “
n =  1 (4 re —  1) a 4"-2

+  2
H i n m

Í— 4 re 

—ol У 

4 re

(4 re — 1) a 4

m r / £ 4 ( n  +  r +  l )  _f_  

mr/ ri(.n +  r- l )

y = 0l У
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b) Second approximation.  Let Ф<2\  Y (2> be th e  second ap p ro x im atio n  to  
be d e te rm in ed  so th a t

Ц Ф Ч  Y<2>)Is, =  g o k  -  -Ц Ф Ч  y (l))\Si • (47)

Since d<P/dz =  _X(z) we o b ta in  from  (34)

С  C.a* °°
Ф<2> = - = - [ a * ( l  +  i n * ) - / ^ ] *  + —  - m H ir, 24n+ 1/ ( 4  n -f- 1) ß?,n . (48)

32 16 ]

U sing  (48), (46), (44), (42), (40) in  (47) an d  th e n  m u ltip ly in g  th e  re su ltin g  
eq u a tio n  b y  d t/2 ni(t  — z) w here z is a  p o in t inside th e  circle S 2 we o b ta in  
in te g ra tio n

Y<2>(z) =  3 C ß ü  128 +  C3ß h 8  -  C«2( l  +  m2) /32/16 -

-  [TJ2 +  C3 a 2( l  +  m2) /8  +  C a4(9 -  2  m 2 +  9 m 4)/384] -

Cn- m ° °
-  — -----  У  H w z4" (4 n2 — l ) - 1 ß?~8n -  C o4 m 2 Z f/64 -

2  1

-  {C3 a 2 m/4 -f- C a4 m (l -f- w 2)/32} Z t -j-

m r Z "+r +
Ca2 m OO

V
H i n ( l  +  m-) X'

у = 0 — 4 n

16 - /7=1 (4 в  -  l ) a 4n- 2 У
(49)

w here

OO i  i  j г. ^  ^

+  y ________________
(4 »  — 1) a4n~2

— 4 n l
j m r Z ? +r+1  +

oo U  [ Hi П1 ^
V ’ _________ y=0

/1=2 ( 4 n  — 1) a 4

- 4 n

У .
i r Z 1 +r~ x

H t n Z *
ß f

U sing Ф =  Ф(1) +  Ф<2), Y  =  Y(1) +  Y (2> in  (6 ) we o b ta in  th e  te m p e ra tu re  
fie ld  fo r th e  f irs t tw o ap p ro x im atio n s. T h en  th e  average  te m p e ra tu re  can  be 
ca lcu la ted  from  fo rm ula  (8 ). The a rea  o f  th e  d o ub ly  co n n ec ted  cross-section 
is g iven  b y

A  =  л [ / ? 2  —  e2 (1 — 3 m2)]. (50)
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3. Num erica l E xam ple

F o i  convenience let us take m  — — 1/6 in the transformation formula (24). The size 
of the square depends on a.  The area of the doubly connected region is given by

A  =  n { ß \ -  l l a !/12). (51)

Substituting the above value of m  in the equation (37) we find after simplification
a )  for n  — 1

A u m =  -  ~  [ ß i  +  a1 (335/432 -  11 bg/6 +  5 bg/54)] (52)

b) for n — 2 we find

A u m = - ^ ~  [ ß i  4- a 4 (3 3 5 /4 3 2  -  11 bg/6 +  5 bg/54 +  ^ - ) ]  (5 3 )

c )  for n =  3 we obtain +  2299

A u m =  -  [ ß i  +  a4 (335/432 -  11 bg/6 +  ( и )
+  5 bg/54 +  29 bge/729 +  2299 bg4/69984)]

where A  is given by (51) and bg =  (a2//?f).
For m =  — 1/6 and re =  1 the average temperature is given by

(A T m 71) =  -  14075 ae/15552) ~ ^ f ( ß i ~  383 a4/432) -

C
32

+  { 4 ? я  +  х - " < 1 +  " * » | « -

_  Сав[ 39  1 273  ь» 493  1
L 62208 1 373248 0 3359232 J '

+

(55)

In  deducing this form ula Z\  has been retained in  the formula (49). R esults for re =  2, 3 
are h igh ly  com plicated. I f  w e take m — 1/6 the square will be rotated through an angle o f я /4 .

У. Cross-section bounded by concentric circles

1. Determination o f  the velocity f i e ld  

U sing th e  co n d ition

и =  0 , on th e  o u te r  circle L 2; 

и =  0 , on th e  in n e r circle L, 

in  th e  form ula (5) we get

X (z) +  X( z )  =  — Czz/16 • on L 2 ; (58)

=  — Czz/16 • on L j . (59)

(56)

(57)
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a) Conformal transformation. T h e  fu n c tio n  z =  £ (60)

f  =  ßa , a  =  ew con form ally  m aps th e  sec tio n  o f th e  p ipe on to  th e  r in g  
<  I £ J <  ß2 in  th e  Ç-plane. ßv  ß2 a re  th e  rad ii o f th e  concen tric  circles 

L'i, L \  co rrespond ing  to  th e  concentric  c irc les L v  L 2 in  th e  «-plane. U sing  (60) 
in (58) a n d  (59) we o b ta in

X f O  +  X j f )  =  -  C/31/16, on L ; ; (61)

=  — C ß l l l6 ,  on L [ , (62)

w here X ( z )  =  X 1 (£). To determ ine X t (£) we ta k e  in  general

C O

X f Ç )  =  B \ n Ç +  ^ B n C-. (63)

S u b s titu tin g  (63) in  (61), (62) a n d  co m p arin g  th e  like pow ers o f  a  on 
e ith e r  side o f th e  eq u a tio n s  we can d e te rm in e  th e  co n stan ts  В  an d  B n. I n  th is  
sim ple p ro b lem  we fin d

X 1(C) =  B l n C  +  B 0 , (64)

w here B 0 =  C(ß\ ln  ß i — ß l  In  /?2)/32 ln  ( ß j ß j  ; (65)

В  =  — C(ßl — ^ i) /3 2  In  ( ß j ß i )  • ( 6 6 )

U sing (64) to  (6 6 ) in  (5) we o b ta in  a f te r  sim plifica tion

и  — — Cr
(ß l -  ß 2) +

( ß l - ß j ) l n ( ß l ß 2)

M / V A )
(67)

F rom  (67) an d  (7) we fin d

Au„, — —
n  C4

( ß \ ~ ß i ) ~
(ßl -  ßl)2

1П /У &
( 68 )

These a re  w ell know n  resu lts .

2. Determination o f  the temperature f ie ld  

U sing  th e  b o u n d a ry  conditions

T  =  0 , on  L 2; (69)

T  =  T 0, on  L 4, (70)
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in  (6 ) we find

2 Re [zí>(z) +  Y (z)] =  ^ 3- z z ----- —  (zz)2 , on circle L ;
4 64

=  Tn -I----- 5- z z --------- (zz)2 on th e  inner circle L..
4 64 1

(71)

(72)

Since d 0 /d z  =  X ( z )  =  (Ç) we o b ta in  fro m  (64)

0( z )  =  B C ( l n ß - l )  +  B o C. (73)

T h e  co n stan t o f in te g ra tio n  was chosen in  such  a w ay th a t  th e  fu n c tio n  Ф(г) 
is single valu ed  in  th e  d o ub ly  connected  reg ion .

U sing (73) a n d  (60) in  (71), (72) we fin d

+ Y t ö = C g _ - ^ ß l - 2  ß 'i (B0 -  В  +  В  ln ß j  on L', (74)
64 4

Гв* С
=  T(I +  ^ - ^ ß l - 2 ß i ( B „ - B  +  B l n ß 1) on L í (75) 

64 4

w here Y(z) =  Y ß £ ) .  T o  fin d  the  value o f  Yßtß) we tak e

Y ß C ) = E  1 п С +  2 Е ^ П- (7 6 )

S u b s titu tin g  (76) in  (74), (75) and co m p arin g  like pow ers of a on e ith e r  side 
we can  determ ine  th e  co n stan ts  E  an d  E n. In  th is  p roblem  we find

Y ß O  =  E  ln  C +  E 0. (77)
w here

2E 0 ln  ß j ß 2 =  f 0(ßz) ln ß,  ~  [ f ß ß ß  +  T n] ln  ß2, (78)

2E  ln ß j ß l =  f ß ß ß  -  [ f ß ß ß  +  T0], (79)

Г /?4 f
fo(ß) =  { л-------- f  ß 2 -  2 ß \ B 0 -  В  +  В  ln ß ) . (80)

64 4

S u b s titu tin g  (77), (73) and  (60) in to  (6 ) we o b ta in  th e  te m p e ra tu re  
fie ld  in the form

re *  r
T  =  Z T  -  -V - ß 2 +  2  [£ o +  E In ß  +  ß*(B 0 - B  +  B  ln ß)].  (81)

64 4
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<  ß  <  ß2). U sing  (81) in  th e  fo rm u la  fo r th e  average  te m p e ra tu re  (8 ) w e 
o b ta in  a fte r  s im p lifica tion

(A T m,n )  =  C(ßl -  ß l ) / l9 2  +  (B 0 -  C J 8 ) (ß* -  ß{) +  

+  2 E 0(ßl  -  ßl)  +  2 E  Г(ßl ln  ß 2 -  ß \  ln  ßß) -  

+  В  [{ßl  b  ß 2 -  ßl ln  ßß> -  5(ßi  -  ß \ m .

In  th is  exam ple
A  =  n {ß l  -  ß\).

{ßl -  ßl)
+ (82)

(83)

( 10).

W e can  easily  ca lcu la te  th e  T m, h  an d  q using  th e  form ulae  (9), (11) a n d
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W Ä R M E Ü B E R T R A G U N G  BEI E R Z W U N G E N E R  L A M IN A R E R  K ON VEK TIO N  
IN  M EH R FA C H  Z U SA M M E N H Ä N G E N D E N  B E R E IC H E N

U. A. SASTRY

ZUSAM M ENFASSUNG

E s wird m it H ilfe der A lterationsm ethode von S c h w a r z  — N e u m a n n  die W ärm eüber
tragung durch erzwungene laminare K onvektion  in  einem  Rohr behandelt, wobei der A ußen
querschnitt des Rohres ein K reis und Innenquerschnitt ein Quadrat m it abgerundeten Ecken  
(m it gem einsam em  M ittelpunkt) ist [3]. E rgebnisse für von konzentrischen Kreisen, kon- 
fokalen E llipsen und exzentrischen Kreisen begrenzte Q uerschnitte können durch A bbildung  
des Querschnitts auf den von  konzentrischen K reisen begrenzten B ereich abgeleitet w erden. 
Um  die M ethode zu illustrieren, wurde die W ärm eübertragung durch erzwungene lam inare 
K onvektion  in einem  von  konzentrischen K reisen begrenzten Rohr behandelt.
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TRANSM ISSION D E  LA CH ALEUR P A R  CONVECTION LAM INAIRE FORCÉE  
DA NS D E S DOMAINES M ULTIELEM ENT CONNECTÉS

U. A. SASTRY

R ÉSU M É

L’auteur utilisant la m éthode alternante de Schwarz—Neum ann [3], traite de la trans
m ission  de la chaleur dans un tube dont la section  extérieure est circulaire et la section in té 
rieure présente un carré au x  angles arrondis (avec centres coïncidants). Pour les sections  
lim itées par des cercles concentriques, des ellipses confocales et des cercles excentriques, 
les résultats peuvent être déduits par représentation de la section sur le dom aine lim ité  par 
des cercles concentriques. Pour illustrer la  m éthode, la transm ission de la chaleur par con
v e ctio n  laminaire forcée a été étudiée pour un  tube lim ité par des cercles concentriques.

ПЕРЕДАЧА ТЕПЛА ПРИ ЛАМИНАРНОМ ПРИНУДИТЕЛЬНОМ 
ДВИЖЕНИИ ПОТОКА В МНОГОКРАТНО ЗАВИСЯЩИХ ОБЛАСТЯХ

У. А. ШАСТРИ

РЕЗЮМЕ

В работе при помощи альтернирующего метода Шварца и Неймана [3] теплопере
дача рассматривается в такой трубе, наружное сечение которого представляет собою 
круг, а внутреннее округленный на углах квадрат (с совпадающими центрами). Резуль
таты, относящиеся к концентрическим кругам, конфокальным эллипсам и эксцентри
ческим кругам, можно вывести путем проекции на область сечения, ограниченную кон
центрическими кругами. В целях демонстрации метода автором выведена теплопередача 
при ламинарном принудительном движении потока для случая трубы, ограниченной 
концентрическими кругами.
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AUSBILDUNG ACHSENSYMMETRISCHER BELASTUNG 
IN DER UMGEBUNG VON STRECKEN 

MIT RUNDPROFIL

J. H O R VÁTH
FORSCHUNGSINSTITUT F Ü R  B ER G B A U , BUDAPEST 

[Eingegangen am  5. N ovem ber 1963]

Die A bhandlung befaßt sich m it den Spannungen der ungestützten  runden Strecken. 
Der Verfasser hat die G esteinskennzeichen der N ebengesteine vom  Mecseker L ias-B ergbau  
durch Versuche bestim m t. Es kann festgestellt w erden, daß die Mehrzahl der N ebengesteine  
ein e lastisches B ereich besitzt. Hier ist die Poissonziffer konstant. Wenn die G esteine w eiter  
belastet werden, so strebt die Poissonziffer nach 0 ,5 . N ach  dem  Beweis der Versuche haben  
die N ebengesteine allgem ein ein elastisches und p lastisches Bereich.* Der Verfasser h at das 
P lastiz itä tsgesetz  im  Falle runder ungestützter Strecken abgeleitet. Es wurden m it H ilfe des 
P lastiz itä tsgesetzes die kritische Teufe, die A bm essung des plastischen Bereichs und die 
elastischen und plastischen Spannungen festgeste llt. D ie R esu ltate wurden an einem  Zahlen - 
beispiel dargestellt.

F orm elzeichen

H
b
V
V
E

r ,  <p
a r i °<p> °z  r r<p 
f frfc a rpb azk 
o'r alp, O'z

'Sf  s(pi sx» sy> sz. sk 
ex, Sy, ez

Уху Vyz. Vzx en  e<p 
Уг 
° F

fc2 =  a f t  3

Q

Teufe;
Radius der un gestü tzten  Strecke;
Raum gewicht;
Poissonziffer;
Young-M odul;
Polarkoordinaten;
Spannungen in Zylinderkoordinaten;
Spannungen im  p lastischen  Bereich;
Spannungen im  elastischen  Bereich nach der A usbildung des 
plastischen Bereichs;
Spannungsdeviator-K om ponenten ;
F orm änderungs-K om ponenten ; 
Form änderungsdeviator-K om ponenten;
Zweite Invariante des Spannungsdeviators;
Fließspannung;
Zweite Invariante des D eviators des einachsigen Spannungs
zustandes;
Radius des p lastischen Bereichs.

I. E lastische  Spannungen in  der U m gebung  runder S trecken

E s soll in  der Teufe ein a u sg ed eh n te s  S treckenne tz  zum  A b b a u  des 
M inera lschatzes au fgefahren  w erden.

M an n im m t an , daß  der H a lb ra u m  iso tro p  u n d  elastisch  is t . V o ra u s
g ese tz t, d aß  v o r dem  A uffahren der S treck en  die senk rech ten  S p an n u n g en

* Darum  kann man sie als K onstruktionsm aterialien behandeln.
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H y  u n d  die w aag e rech ten  S pannungen  v jl  — v • H y  sind , [3] is t der M itte l
p u n k t  der k re is ru n d en  S trecke von  der E rd o b e rfläch e  in  der Teufe H  (B ild  1).

D as V erh ä ltn is  des S trecken rad ius b zu r T eufe H  is t b/H  =  0,01 -7- 0 ,001, 
d a ru m  können w ir die Ä nderung  von  H y ,  bei u n se ren  U n tersu ch u n g en , in  der 
U m gebung  von  d e r S trecke v ern ach lässig en . D ie S p an n u n g sk o n zen tra tio n  
e rw eck t ebene F o rm än d eru n g en  nach  dem  A uffah ren  der S trecken . D ie S p a n 
n u n g sk o m p o n en ten  sin d  in der U m gebung  d er n ich t u n te rs tü tz te n  k re is ru n d en  
S treck en  — n ach  K i r s c h  — die fo lgenden  [ 2 ]

B ild  1. Aufgefahrene Strecke in bergbaulicher Teufe

O y

а<p

Tr<p

H y 1 1
2 1 — V r2

H y 1
1 +

+

2 1 — V r2

H y 1 — 2  v t
-  2

2 1 — V \

1 — 2 v

1 — v 

1 — 2 v  

1 — v

, . b1 „ b*1 — 4 ------ b 3 —
,2  ,4

1 +  3

cos 2  99

cos 2  (p

sin 2  99. ( 1 )

In  der F a c h li te ra tu r  sind die Z u sam m en h än g e  der S p an n u n g szu stän d e  
im  H alb rau m  in  d er Teufe H ,  in  der U m g eb u n g  der S trecke b e k a n n t [7]. 
W en n  w ir diese Z usam m enhänge  b /H  — 0,01 - 7  0,001 verein fachen  u n d  die 
d u rc h  die T e u fen än d eru n g  v e ru rsach ten  S p an n u n g sän d eru n g en  in  d er U m 
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gebung  der S trecke  u n b e a c h te t lassen , e rh a lte n  w ir die e in facheren  G le ichun

gen (!)•
Die s tö ren d e  W irkung  der S p an n u n g sk o n zen tra tio n  v e rsch w in d e t im  

e lastisch en  B ereich  be i: 6 /r  =  1/8 (B ild  2).
Die G röße der S p an n u n g sk o m p o n en ten  h ä n g t vom  R ad ius der S trecke , 

von  der E n tfe rn u n g  u n d  Lage des S tre c k e n m itte lp u n k te s , von  der T eufe, 
vom  R aum gew ich t u n d  von der Po issonziffer ab .

t t t t t t t t i 1

B ild  2. Spannungen in der U m gebung einer Strecke

Die S p an n u n g sk o m p o n en ten  k ö n n en  te ils  aus geodetischen , teils aus 
G este inskennzeichen  b e rech n e t w erden .

In  K en tn is  der g en an n ten  D a te n  sind  die F o rm än d eru n g en  u n d  die 
V ersch iebungen  b es tim m b ar.

Die G ü ltig k e it d er G leichungen (1) w u rd en  bei M etallen d u rch  M essungen 
festg este llt, ab e r im  F alle  der G esteine k en n en  w ir solche M essungen n ich t.

II. Die Bestim m ung der Gesteinskennzeichen

Die G esteinskennzeichen  w erden  m it L aborm essungen  b e s tim m t. D ie 
B estim m u n g  des R aum gew ich ts w ird  e in fach  u n d  p ü n k tlich  m it G ew ichst
m essungen  d u rch g e fü h rt.

13* Acta Techn. Hung. 51 (1965)
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Die B e s tim m u n g  der Poissonziffer w ird  m it einachsigen  D ru ck v ersu ch en  
d u rch g efü h rt, wo m a n  auch die F o rm ä n d e ru n g e n  m essen m uß . D ie P o isso n 
ziffer

( 2)

is t  das V erh ä ltn is  d e r  K reuzd eh n u n g  zu  der L än g szu sam m en d rü ck u n g . D ieses 
V erh ä ltn is  is t b e i e lastischen  u n d  iso tro p e n  G este inen  k o n s ta n t. D ie an d ere  
w ich tige G este in sk en n zah l is t der Y oung-M odul. E r  is t ein P ro p o r tio n a litä ts 
fa k to r  bei der S p a n n u n g  und  F o rm än d e ru n g :

( 3 )

Die V ersuche w urden  an  solchen G este in szy lindern  d u rch g e fü h rt, hei 
denen  das V e rh ä ltn is  des D urchm essers zu r H öhe 1 : 1,5 w ar. D ie M essungen

B ild  3a-3b. Mit Dehnungsm eßstreifen versehene und m it einachsigen Versuchen u n ter 
su ch te  Gesteinsprobekörper (B ild  3c-3d siehe auf Seite 197)
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B ild  3c-3d M it Dehnungsm eßstreifen versehene und m it einachsigen Versuchen untersuchte  
G esteinsprobekörper (B ild  3a-3b s ieh e  a u f  S e ite  196)

der F o rm ä n d e ru n g e n  erfo lg ten  m it M eßuhren  von  1 — 10 A blesegenau igkeit. 
Die fe s tg e s te llten  G este inskennzah len  w aren  n ic h t genau .

W ir fingen  an , seit dem  Ja h re  1959, in  d er A b te ilu n g  fü r G eb irgsm echan ik  
des F o rsc h u n g s in s titu ts  fü r B erg b au  in  B u d a p e s t D eh n u n g sm eß stre ifen  zu 
b en ü tzen . D ie a u f  den  P ro b ek ö rp ern  g ek leb ten  M eßstreifen  erleiden  dieselben  
F o rm än d e ru n g en  wie die P ro b ek ö rp er. D ab e i v e rä n d e r t  sich ihre e lek trische  
L e itfäh ig k e it. D ie F o rm än d eru n g  is t  d u rc h  die W id e rs ta n d sä n d e ru n g  zu 
m essen,

AL^ _  J _  A R  

L  к  R
(4)

E s w erden  a u f  den P ro b ek ö rp er in  d e r S ym m etrieebene  in  der R ic h tu n g  
des D ruckes u n d  sen k rech t d a ra u f  zw ei, zu sam m en  v ie r D eh n u n g sm eß stre ifen  
au fg ek leb t (B ild  3 a —d). Die sy m m etrisch  au fg ek leb ten  D eh n u n g sm eß stre ifen

Ac'X Techn. Hung. 51 (1965)
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B ild  4. Diagramm eines Versuchs von Sandstein m it Schiefereinlagerungen (Siehe auch Tafel II)
Form elzeichen der B ild e r  4 —9: I  erster Versuch; I I  zweiter Versuch; 1 Formäiiderungsdiagramm senkrecht zur Druck

richtung; 2  Formäiiderungsdiagramm parallel zur Druckrichtung; 3  Diagramme der Poissonziffer; 4  Diagramme des 
Y oung-Moduls.

B ild  5. Diagram m  eines Versuchs von grobkörnigem  Sandstein (Siehe auch T afel II)
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Tafel I

Nr.

Labor-Nummer 2488/530

Benennung Sandstein m it Schiefer
einlagerungen

Fundort K om ló—Zobák

M ächtigkeit der Schicht

Lage zur Kohlenschicht

Richtung des Druckes zur 
Schichtung

Form und Abmessung des 
Probekörpers

Zylinder
d =  47,95 mm  
h -- 72,05 mm  
F  =  18,0 cm2

Poissonziffer

Young-Modul

Fließspannung

Druckfestigkeit

Tabellen-Nummer

Bemerkungen

Tafel II

Nr.

Labor-Nummer 2427/6

Benennung Grobkörniger Sandstein

Fundort K om ló—Zobák Quer
schlag am II. Horizont

Mächtigkeit der Schicht

Lage zur Kohlenschicht

Richtung des Druckes zur 
Schichtung

Form und Abmessung des 
Probekörpers

Zylinder
d =  50 mm  
h =  74,3 mm  
F  =  19,62 cm-

Poissonziffer

Young-Modul

Fließspannung

Druckfestigkeit

Tabellen-Nummer

Bemerkungen

соto

A
U

SBILD
U

N
G

 A
CH

SEN
SY

M
M

ETRISG
H

ER BELA
STU

N
G
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B ild  6. Diagram m  eines Versuchs v o n  einer A ndesit-Intrusion (Siehe auch Tafel III)

Acta Techn. Hung. 51 (1965)

B i ld  7. Diagramm eines Versuchs von  einer Trachidolerit-Intrusion (Siehe auch Tafel IV )
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Tafel III

Nr.

Labor-Nummer 2479/521-11.

Benennung Andesit Intrusion

Fundort K om ló— Zobák

M ächtigkeit der Schicht

Lage zur Kohlenschicht

Richtung des Druckes zur 
Schichtung

Form und Abmessung des 
Probekörpers

Zylinder
d — 48,75 mm  
h =  71,43 mm  
F  =  18,6 cm2

Poissonziffer

Young-Modul

F  ließspan nung

Druckfestigkeit

T abellenNummer

Bemerkungen

Tafel IV

Nr.

Labor-Nummer 2498/241

Benennung Trachidolerit Intrusion

Fundort K om ló—Zobák

M ächtigkeit der Schicht

Lage zur Kohlenschicht

Richtung des Druckes zur 
Schichtung

Form und Abmessung des 
Probekörpers

Zylinder
d =  47,56 mm  
h =  70,98 mm  

F  =  17,8 cm2

Poissonziffer

Young-Modul

Fließ-spannung

Druckfestigkeit

T abellenNummer

Bemerkungen

о

A
U

SB
ILD

U
N

G
 A

CH
SEN

SY
M

M
ETRISCH

ER B
ELA

STU
N

G
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B ild  8. Diagramm eines Versuchs von einer Sandsteinschicht (Siehe auch Tafel V)

B ild  9. Diagramm eines Versuchs von lichtgrauen Sandstein m it Schiefereinlagerungen
(Siehe auch Tafel VI)

A da  Techn. Hung. 51 (1965)



A
cta Techn. H

ung. 51 (1965)

Tafel V

Nr.

Labor-Nummer 2483/525

Benennung Sandsteinschicht

Fundort K om ló— Zobák

Mächtigkeit der Schicht

Lage zur Kohlenschicht

Richtung des Druckes zur 
Schichtung

Form und Abmessung des 
Probekörpers

Zylinder
d =  49,3 mm  
h — 74,09 mm  
F  =  19,1 cm2

Poissonziffer

Young-Modul

Fließspannung

Druckfestigkeit

Tabellen-Nummer

Bemerkungen

Tafel VI

Nr.

Labor-Nummer 2491/533-1.

Benennung Lichtgrauer Sandstein m it 
Schiefereinlagerungen

Fundort K om ló— Zobák

M ächtigkeit der Schicht

Lage zur Kohlenschicht

Richtung des Druckes zur 
Schichtung

Form und Abmessung des 
Probekörpers

Zylinder
d =  47 mm 
h =  71,025 mm 
F =  17,6 cm2

Poissonziffer

Young Modul

Fließspannung

Druckfestigkeit

T abellen-Nummer

Bemerkungen

A
U

SB
ILD

U
N

G
 A

CH
SEN

SY
M

M
ETRISCH

ER B
ELA

STU
N

G
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e rle ic h te rn  in  d er P rü fm asch ien e  d u rch  H in- u n d  H ersch ieben , daß  der 
sy m m etrisch e  S p a n n u n g sz u s ta n d  h e rg e s te llt w erde.

D ie M essung e rfo lg t in  k le in en  L as ts tu fen  n ach  einem  vorgeschriebenen  
M eß p lan . Bei je d e r  B e la s tu n g ss tu fe  w erden  die F o rm ä n d e ru n g e n  abgelesen, 
u n d  die G este in skennzah len  b e re c h n e t. Bei den  D iag ram m en  w erden  die 
e la s tisch en  K en n zah len  in  der M itte  d er S tu fen  d a rg es te llt.

D ie V erän d eru n g  d er F o rm än d e ru n g en  u n d  der G este in skennzah len  k an n  
v o n  A nfang  bis zu m  B ru c h  in  A b h än g ig k e it von  d er S p an n u n g  b eo b ach te t 
w e rd en .

Die im  B ilde 3 a — d gezeigten  P ro b ezy lin d er sind  aus den  N ebengeste inen  
des ungarischen  M ecseker-L iasbergbaus. Die R e su lta te  d e rV ersu ch e  zeigen die 
D iag ram m e von d en  B ild e rn  4 — 9 u n d  den  T afe ln  I -V I .

A us den E rg eb n issen  der V ersuche können  w ir fe s ts te llen :
a)  E in  Teil d e r u n te rsu c h te n  G esteine b e s itz t e in  e lastisches B ereich, 

w o die Poissonziffer k o n s ta n t  is t;
b)  die Po issonziffer s tre b t  n a c h  0,5,
i )  der Y oung-M odul b le ib t im  elastischen  B ere ich  k o n s ta n t.
W ir können  au s den  V ersuchen  die allgem eine T a tsa c h e  fests te llen , daß 

b e i den  G esteinen e in  e lastisches u n d  p lastisches B ereich  zu  u n te rsch e id en  ist.

III . F ließgrenze in  der U m gebung der k re isfö rm ig  
au fg e fah ren en  Strecke

M an b e n ü tz t k e in en  A usbau  in  solchen S treck en , wo die N ebengesteine 
n a c h  der A uffah rung  e lastisch  geb lieben  sind. W enn  die N ebengeste ine  p la s
tis c h  gew orden sin d , d a n n  m uß  m an  einen  kostsp ieligen  A u sb au  e inbauen .

N ach der H u b e r— M ise s— H en cky  Theorie k a n n  m a n  die F ließgrenze in 
d e r  U m gebung der S treck e  den  aus S p an n u n g sk o m p o n en ten  der G leichung (1) 
b erech n en , w enn w ir die zw eite In v a r ia n te  des D ev ia to r-T enso rs b ilden  [5, 6 ].

•J 2 — „ (S s, s,V + +  =  k o n st. ( 5 )

M an k an n  an  — au s N ebengeste inen  he rg este llten  — P ro b ezy lin d ern  m it 
e inachsigen  V ersuchen  die zw eite In v a r ia n te  des D ev ia to rs  ausm essen. Die 
zw ei In v a ria n te n  s in d  e in an d er gleich. Aus einachsigen  V ersuchen  is t  die 
F ließ sp an n u n g  b e k a n n t:

л  = ( 6)

Die zw eite In v a r ia n te  is t d er V erzerrungsteil d er F o rm än d e ru n g sa rb e it. 
M an  k an n  die Po issonziffer gleich 0,5 in  der N ähe des p lastisch en  B ereichs in
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d er e lastischen  Zone annehm en  [4, 5]. N ach  G leichung (5) k a n n  m a n  m it diesem  
W e rt die zw eite In v a r ia n te  berech n en :

[(7 )

D ie h ergeste llten  zwei In v a r ia n te n  s ind  e inander gleich. M an k an n  a u f  
G ru n d  e inachsiger D ruckversuche  m it G este in sp robekörpern  d ie zw eite In v a 
r ia n te  des D ev ia to rs des S p an n u n g szu stan d es  angeben, w eil d o r t  v —*■ 0,5.

E s g ilt hei d er F ließgrenze:

( 8)

W enn w ir die übliche B enennung : n Fj]f^ =  k  b en ü tzen , können  w ir G leichung (8 ) 
in  fo lgender F o rm  schreiben:

( 9 )

W enn  am  M antel der S trecke das F ließen  a u f t r i t t ,  d ann  ist r =  b u n d  d a ru m  is t

( 10)

Die T eufe , bei d er das F ließen  am  M an te l d e r u n g e s tü tz te n  S treck e  a u f t r i t t  
nennen  w ir k ritische  Teufe:

H Mt  =  —  • ( 1 1 )
У

D as G estein  b le ib t e las tisch , w enn die S trecke  über d er k ritisc h e n  Teufe 
au fg e fah ren  w ird. In  diesem  F alle  w ird  — theo re tisch  — a u f  d en  A u sb au  kein  
D ru ck  au sg eü b t.

D ie u n te r  der k ritisch en  T eufe au fgefah rene  S trecke w ird  von  einem  
kre isfö rm igen  p lastischen  M an te l m it R ad iu s  q um geben.

In  diesem  F alle  la u te t  das p lastisch e  G esetz:

ПУ- =  Л 1 . ( 12)
к Ь'*

D ie S trecke  w ird  d u rch  die p lastisch e  Zone vom  e lastisch en  B ereich  
g e tre n n t.
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D arum  m üssen  w ir zu r B erechnung  der e la s tisch en  S pannungen  den 
f ik tiv e n  W ert von  R ad iu s  b'  ben ü tzen .

In  solchen S treck en  w ird  der A usbau  durch  die p lastisch e  Zone b e la s te t.

IV. D ie Spannungen des p lastischen  B ereichs

Das p lastische  B ereich  soll m an als n ich t zu sam m en d rü ck b ar an n eh m en :

u n d

das h e iß t

er +  ev =  0

az -  —  К  +  a<f) ,

ff* =  — К +  *,.)•

(13)

(14)

(15)

M an k an n  das K rite riu m  der U n zu sam m en d rü ck b ark e it au f e inen  Teil 
des elastischen  B ere ichs ausdehnen .

Im  p lastisch en  B ere ich  is t d ie -d e ie h g e w ich tsg le ic h u n g  auch g ü ltig :

dar 

Э r
4- =  0 . (16)

In  der p la s tisch en  Zone bis zum  R an d e  des e la stisch en  B ereichs g ilt das 
P la s tiz itä tsg ese tz  :

ar — af  =  2 k .  (17)

W eil im  p la s tisch en  B ereich

dor 2  к 

8  г ~  r
(18)

so sind  die p lastisch en  S pannungen  in  einem  gegebenen  Z e itp u n k t;

— 2  к  ln

— 2 fc ln ---------2 k ,
b 2

= 2  к l n - ------k.
b

( 19)
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V. D er R adius des p lastisch en  B ereichs

M an k a n n  den R a d iu s  des p las tisch en  B ereichs aus der B edingung 
berechnen , d aß  an  der G renze der p la s tisch en  Zone die S pan n u n g en  der nach  
unserer A nnahm e ax ia lsym m etrischen  p las tisch en  u n d  e lastischen  Bereiche 
in  G leichgew icht sind.

Die S pannungen  des e lastischen B ere ichs sind  n ach  d er A usb ildung  der 
jilastischen  Zone die fo lgenden :

Hy

Hy

- H y .

1

1 +

b' l
r 2

b '2
r2

( 20 )

A n der G renze des p la s tisch en  und  e lastisch en  B ereichs, bei r =  q, sind die 
m ittle ren  H a u p tsp a n n u n g e n  der beiden Zonen e in an d er gleich:

sk =  H y .  (2 1 )

D er A b so lu tw ert der D ev ia to rk o m p o n en ten  von R ad ia l- u n d  R ingspannungen  
im  p lastischen  B ereich s in d  m ite in an d er id en tisch  u n d  besitzen  den W ert к :

aber
K !  =  K J  =  k ,

s, =  0 .

( 22)

D aru m  k an n  die G leichgew ichtsgleichung (16) in  fo lgender F o rm  geschrieben 
w erden:

Qar 3s 2 k 

dr dr r

D arau s folgt fü r den W e rt sk der Z u sam m en h an g :

sk =  2k ln r +  / ( p ) .

A n der G renze des p las tisch en  Bereichs is t

Sfc =  H y  =  ln  Q +  / (  q),
u n d  so e rg ib t sich

Л  e) =  H r  — 2k  ln  o.

(23)

(24)

(25)

(26)
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D aru m

sk =  H y  +  2 к \ п - Г-  . (27)
e

I n  der p lastischen  Zone u n d  am  R a n d e  desselben g ilt:

=  s — k, (28)
u n d  so ist

<Jrk =  H y  -)- 2 fc ln  — ------ к . (29)
9

A m  M antel der S treck e  bei r =  6  i s t :  ark =  0. M it der B e n ü tz u n g  d er ob igen  
G renzbed ingung  k a n n  m an  den R a d iu s  der p lastischen  Zone berechnen :

Q =  be2^ k (30)

VI. Die e lastisch en  Spannungen

A us dem  v o rau sg ese tz ten  G leichgew icht am  R an d e  des e la stisch en - 
p las tisch en  B ereichs m u ß  m an  e n tla n g  q die I d e n t i tä t  d e r R ad ia lsp a n n u n g e n  
an n eh m en :

2 b in  =  H y  
b

K l
92

(31)

W en n  w ir fü r q an  beiden  S eiten  d e r obigen G leichung die G leichung (30) 
e in se tzen , e rh a lten  w ir:

fe' 2 =

Hy
b*<

H y
(32)

So sind  die e las tisch en  S p an n u n g en  n ach  der A usb ild u n g  des p la s tisc h e n  
B ereichs:

Hy

o ' r = - H y 1 —
b*e

к ,

a,n =

<J, =

- H y

- H y .

r'-Hy

»  Й Ч  ^
1 + — ------к ,

r°- H y  )

(33)
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Die m o m en tan en  W e rte  der S pannungen  k ö n n en  m it H ilfe ob iger Z u sam m en 
hänge u n te r  B e n ü tz u n g  folgender D a te n  v e ra n sc h a u lich t w erden  (B ild 10):

H  =  100 000 cm ,

V =  0,0025 k p /cm 3, 

b =  2 0 0  cm ,

<jp =  1 0 0  k p /cm 2.

B ild  10. E lastische und plastische Spannungen in der Um gebung einer kreisrunden Strecke

Die an g e d e u te ten  A rb e itsh y p o th esen  u n d  M eßverfah ren  geben eine M öglichkeit 
zu r D im en sio n ie ru n g  v o n  s ta rren  k re is ru n d e n  M auerungen  u n d  s ta rren  S ta h l
rin g en  in  A b h än g ig k e it von  der T eufe u n d  den G este inskennzah len .
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TH E DEV ELO PM EN T OF C E N T R A L L Y  SYMMETRIC LOADS 
A R O U N D  M INE EN T R IE S OF CIRCULAR CROSS SECTION

J. HORVÁTH

SU M M AR Y

The paper deals w ith  the state  o f stress arising around m ine entries o f circular cross- 
section . The m ineralogical characteristics o f th e  accom panying rocks of the Lias m ines in  
th e  Mecsek were investigated  in the laboratory. A  great part o f the rocks has an elastic range 
w here P oisson’s ratio is constant. W hile increasing the load, P oisson’s ratio tends tow ards 
0 .5 . According to the experim ents, the m inerals have generally an elastic and a p lastic range, 
therefore th ey  can be dealt w ith  like structural m aterials. Author has deduced the law  o f  
p la stic ity  for unsupported circular mine workings. Using the law  of p lastic ity , the critical 
depth , the dim ensions of the plastic range develop ing around the entry  and the elastic and 
p lastic  stresses were determ ined. The results o f the experim ental and theoretical in v esti
gation s are shown by an exam ple.

LA FORMATION D ’ÉTATS D E  CONTRAINTES SYM ÉTRIQUES PA R  R A PPO R T  
A L’A X E  AUTOUR D E  GALERIES D E  M INE DE SECTION CIRCULAIRE

J. HORVÁTH

RÉSU M É

L’étude traite de l ’éta t de contraintes se produisant autour des galeries de m ine  
de section  circulaire. L’auteur a déterm iné, par des essais de laboratoire, les caractéristiques 
des roches encaissantes liassiques de l’exp lo ita tion  minière de M ecsek. Il constate qu’une 
grande partie des roches a un dom aines élastique où le nombre Poisson est constant. Si la 
charge augm ente, le nom bre Poisson converge vers 0,5. D ’après les données expérim entales, 
les roches ont en général un dom aine élastique et plastique, et peuvent donc être envisagées  
com m e des m atériaux de construction. La lo i de plasticité est déduite pour des galeries de 
section  circulaire non supportées. En u tilisan t la loi de plasticité, l ’auteur déterm ine la pro
fondeur critique, les dim ensions de la zone p lastique se produisant autour de la galerie et  
les contraintes élastiques et plastiques. Les résu ltats des recherches expérim entales et théori
ques sont illustrés par un exem ple term inant l ’étude.

ВОЗНИКНОВЕНИЕ ОСЕСИММЕТРИЧНЫХ НАГРУЗОК ВОКРУГ ГОРНЫХ 
ВЫРАБОТОК КРУГЛОГО СЕЧЕНИЯ

Й. ХОРВАТ

РЕЗЮМЕ

В работе рассматривается напряженное состояние, возникающее вокруг горных 
выработок круглого сечения. Автор путем лабораторных опытов определил характерис
тики горных пород, сопровождающих лиасовые выработки Мечека. Можно установить, 
что большинство пород имеет эластичную зону; в этой зоне число Пуассона постоянно. 
С ростом нагрузки число Пуассона стремится к 0,5. По опытным данным горные породы 
вообще имеют эластичные и пластичные зоны, то есть могут рассматриваться как кон
струкционные материалы. Автор вывел закон пластичности для некрепленных выработок 
круглого сечения. Используя закон пластичности, определяются критическая глубина, 
размеры образующегося вокруг выработки пластичного пояса, а также пластичные и 
эластичные напряжения. Результаты опытов и теоретических исследований продемонст
рированы на примерах.
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DIE STANDZEITSFRAGEN DER SCHLEIFSCHEIBEN*

A. H O R N U N G

DOKTOR DER TECHNISCHEN WISSENSCHAFTEN 

[E ingegangen am 16. D ezem ber 1963]

Die B estim m ung der S tan dzeit der Schleifscheiben ist in der Fachliteratur sehr wenig 
aufgeklärt. Der m eistens angegebene Gütegrad oder die W irtschaftlichkeit der Schleifscheiben  
geben sehr wenig Aufklärung über die Standzeit. A ußerdem  hängt der Gütegrad und auch  
die Standzeit sehr stark von der chemischen Z usam m ensetzung des zu bearbeitenden Stahl
m aterials oder m it anderen W orten von der Schleifbarkeit des M aterials ab. Nach den Ver
suchen des Verfassers gibt es eine Möglichkeit für d ie B estim m ung der Standzeit durch eine 
Verhältniszahl s, welche das abschleifbare M aterialvolum en durch die W irkflächen-Einheit 
der Schleifscheibe angibt. D iese Verhältniszahl ist unabhängig  von dem  verbrauchten Schleif
scheibenvolum en durch Selbstschärfung und durch A brichten, aber sie hängt von den Para
m etern der Schleifbarkeit und auch von  den E igenschaften der Schleifscheiben ab. Im  weiteren  
gibt der Aufsatz eine B erechnungsm ethode für die A usnutzung der A ntriebsleitung der Schleif
m aschine an, durch welche die H auptzeit der A rbeitstücke bestim m bar ist. Durch die ange
gebenen Versuchswerte der Verhältniszahl £ kann m an die Standzeit der Schleifscheibe be
rechnen.

I. E in le itung

Bei der S ch le ifarbeit is t  am  w enigsten  die S ta n d z e it oder die S ta n d 
h aftig k e it der Schleifscheiben  aufgek lärt. D ie  F a c h li te ra tu r  g ib t g röß ten te ils  
den  G ü teg rad  oder die W irtsch a ftlich k e it d e r  Schleifscheiben  an , das b e d e u te t, 
d aß  m an  m it a b g en u tz tem  K u b ik in h a lt d e r  Schleifscheiben m al K u b ik in h a lt 
M etall a b a rb e ite n  k an n . D ie T afel I  v e ra n sc h a u lich t eine solche Z usam m en
ste llu n g  ü b er versch iedene W erkzeugstäh le .**

Diese Z u sam m en ste llu n g  gib t die so g en an n te  S ch le ifb a rk e it der v e r
schiedenen W erk zeu g stäh le  in  V erhältn is, w elche fo lgenderm aßen  b estim m t 
w urde: A u f e iner F lächenschleifm aschine m it  a lte rn ie ren d  bew egtem  A rb e its
tisch  w urden  die P ro b estü ck e  au fgespann t. D ie Sch leifsp indel w ar ho rizo n ta l, 
m it einer Schleifscheibe v o n  2 0 0 x 1 3 x 3 2  m m  E d e lk o ru n d , K orngröße 46, 
H ä rte  I , S tru k tu r  8 , ke ram isch e  B indung; U m fan g sg esch w in d ig k e it 30,5 m /sec; 
V orschub p ro  T ischhub  1,27 m m ; Z uste llung  0,025 m m ; T afelgeschw ind igkeit 
18,3 m /m in ; K ü h lu n g : Ö lem ulsion. U n te r  d iesen  B ed ingungen  w urden  die

* Vortrag auf der Schleifm ittelkonferenz in  Prag, 16. O ktober 1963.
** Cl i f t o n , C .— N i c k e r s o n : H o w  to Select W heels for Grinding Tool Steels. American  

M achinist (1955), May 9.
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Tafel I

Schleifbarkeit von Werkzeugstählen

Stahlbeschreibung Analyse Härte Schleif-
(Angaben n Prozent) (H RC) berkeit

Reiner K ohlenstoffstahl c 1,0 Si 0,3 Mn 0,3 63 über 40

Niedrig legierter, ver- c 0,9 Si 0,25 Mn 1,6 58 über 40zugsarmer Ölhärter Cr 0,85 Mo 0,5 Ni 1,5 V 0,25

Chrom-Nickel-Stahl C
Cr

0,75
0,85

Si
Mo

0,25
0,5

Mn
N i

0,7
1,5 61 über 40

Verzugsarme Stähle 
liufthärter 59 über 40

Niedrig legierter Stahl 59 über 40

Gesenkstahl 59 über 40

Stahl für Schlagwerk- c 0,5 Si 1,0 Mn 0,4 60 über 40zeuge Mo 0,4 V 0,25

W armarbeitsstahl für C 0,35 Si 1,0 Mn 0,3 50 über 40
Matrizen und Gesenke Cr 5,0 Mo 1,5 Y 0,4

Verzugsarmer m ittel- C 1,0 Si 0,25 Mn 0,6 60 20legierter Lufthärter Cr 5,25 Mo 1Д V 0,4

W armarbeitsstahl c 0,32 Si 0,2 Mn 0,3 53 20Cr 3,25 Y 0,4 W 9,0

Gesenk- und Schnittstähle
Hochchromlegierter

Ölhärter
c
Cr

2,15
12,0

Si
Mo

0,35
0,8

Mn
N i

0,35
0,5 V 0,8 W 0,75 62—64 3,5

Hochchromlegierter C 1,5 Si 0,4 Mn 0,4 Со 3,5 59 3,5Lufthärter Cr 12,0 Mo 0,9 V 0,8

Hochvanadiumlegierter
Stahl c 3,0 Cr 1,0 Mo 1,0 V 12,0 61 0,4

Graphitischer Stahl,
Ölhärter c 1,45 Si 1,0 Mn 0,75 Mo 0,25 63 über 40

Schnellstähle au f w 18 Cr 4 V 1 64 6 4- 12
Wolframbasis w 18 Cr 4 V 2 63 4

w 18 Cr 4 V 2 Со 12 63 3
w 18 Cr 4 V 3 62 1,1
w 18 Cr 4 V 4 64 0,4
w 14 Cr 4 V 2 63 6
w 10 Cr 4,5 V 2 ,5 - 3 63 2 -h 3
w 14 Cr 4 V 3 63 0,6
w 13 Cr 5 V 5 Со 5 67 0,8

Schnellstähle auf w 2 Mo 8 Cr 4 V 1 64 7
Molibdänbasis Mo 8 Cr 4 V 2 64 3,5

w 6 Mo 5 Cr 4 V 1 Со 1 64 7
w 6 Mo 5 Cr 4 V 2 64 4
w 6 Mo 6 Cr 4 V 2,5 65 1,0
w 6 Mo 6 Cr 4 V 3 64 1,0
w 6 Mo 5 Cr 5 V 4 65 0,7
w 6 Mo 4 Cr 4 V 5 Со 5 65 0,8
w 6 Mo 3 Cr 5 V 5 Со 5 66 0,6
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P ro b estü ck e  solange geschliffen, bis es ü b e rh a u p t g eh t, abgesehen  davon , ob 
die Scheibe b re n n t o d e r Schleifrisse h e rv o r ru f t ,  oder die O berfläche ganz 
ra u h  w ird .

A us dem  obigen fo lg t, daß die S c h le ifb a rk e it gleich d er V erh ä ltn iszah l 
des ab g ea rb e ite ten  M etallvo lum ens z u  dem  S cheibenversch leiß  is t. D iese 
S ch le ifbarke it k an n  m a n  n ic h t ohne w e ite re s  fü r  die B estim m u n g  der Schleif
sch e ib en stan d zeit b e n u tz e n , m it Hilfe d e r  S ch le ifb a rk e it k a n n  m an  ab er die 
S tan d ze it von  einer S ta h lso rte  u n te r b e k a n n te n  S ch leifbedingungen  a u f  eine 
andere  S tah lso rte  u m rech n en .

Z um  Beispiel n e h m e n  wir an , d a ß  m a n  eine O berfläche  irgendeines 
A rb e itss tü ck es von  g e h ä rte te m  W erk zeu g stah l m it Z u ste llu n g  von  0,025 m m  
so abschleifen  k an n , d a ß  das V o lu m en v erh ä ltn is  d er Schleifscheibe zu dem  
S tah l 1 : 20 is t. W enn  m a n  noch w eite r sch le ift, d an n  fä n g t die O berflächen 
güte  an , so m in d erw ertig  zu sein, daß  d as  W e rk s tü c k  u n b ra u c h b a r  w ird. (In  
dem  v e rb ra u c h ten  Scheibenvolum en is t  d u rc h  das feine A b rich ten  das a b 
g ea rb e ite te  S cheibenvo lum en  auch e in g e rech n e t.)

Die Z eit, die fü r  d as  Abschleifen des S tah lv o lu m en s n o tw en d ig  is t, k a n n  
m an  aus d er Z u ste llung , dem  S che ibenvorschub , der W erk stü ckgeschw ind ig 
k e it u n d  von  den A bm essungen  des W e rk s tü c k e s  u n d  der Scheibe e rm itte ln . 
Die d u rch  diesen W eg b estim m te  Z eit w ird  die S ta n d z e it d e r Schleifscheibe 
u n te r  den  vorigen Schleifbedingungen  se in .

W enn  m an  ein W e rk s tü c k  aus g e h ä r te te m  n o rm alem  S chnellstah l u n te r  
den vo rigen  Sch leifbed ingungen  schleifen w ill, so w ird  die S ta n d z e it a n n äh e rn d  
aus der T afe l I  e rm itte l t  u n d  ist 1/4.

A us T afel I  is t e rsich tlich , daß d ie  n ied rig leg ie rten  S täh le  sehr gu t u n d  
m anche hoch leg ierte  S täh le  sehr sch lech t sch le ifb a r sind . V on dem  E rs te n  
k an n  m an  m it einem  K u b ik in h a lt der S chleifscheibe ü b e r 40 K u b ik in h a lt d er 
g e h ä rte te n  S täh le  a b a rb e ite n , aber v o n  d em  Z w eiten  k a n n  m an  n ich t e inm al 
einen K u b ik in h a lt d er S täh le  abschleifen .

W enn  w ir a n n eh m en , daß w ir v o n  d e r a b a rb e ite n d en  U m fläche d er 
Schleifscheibe eine D icke  von 0,05 m m  d u rc h  S e lb stsch ärfu n g  u n d  d u rch  
A b rich ten  ab tren n en , d a s  bedeu te t, d a ß  w ir eine 40 • 0,05 =  2 m m  D icke 
von den  g u t sch le ifbaren  S täh len  a b a rb e ite n  k ö n n en , w enn die U m flächen  d er 
Schleifscheibe u n d  des zu  b ea rb e iten d en  W erk stü ck es  gleich sind .

In  d er P rax is  v e r la n g t m an d u rch  Schleifen  genaue M aße u n d  a n n eh m 
bare  O berflächengü te  o hne  Schleifrisse u n d  ohne B ren n en . D iese können  w ir 
n u r  d u rch  en tsp rech en d es A brich ten  d e r  Scheibe erzielen . In  diesem  F a ll 
können  wir n ich t die in  T afe l I  angegebene S ch le ifb a rk e it als G ü tegrad  erre ichen , 
weil da  m a n  au ß er d e r S elbstschärfung  o d er a u ß e r dem  Scheibenversch leiß  
auch  m it dem  d u rch  A b rich ten  a b g e tre n n te n  S che ibenvo lum en  rechnen  m u ß . 
Dieses k a n n  sehr v ersch ied en  sein u n d  d a d u rc h  k ö n n en  w ir fü r  die S chleif
sch e ib en stan d ze it seh r abw eichende D a te n  bekom m en .
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A us dem  v o rau sg eh en d en  is t es k la r , daß  die r ich tig e  S ch le ifscheiben 
s ta n d z e it  aus d er fo lgenden  Y erh ä ltn iszah l b e s tim m b ar is t :  e K u b ik in h a lt  
M etall k an n  m an  m it einer a rb e ite n d e n  U m fläch en -E in h e it d er Scheibe a b 
schleifen:

e [m m 3/m m 2] ,

wo Vw abgeschliffenes M etallvolum en des W erkstückes w ährend der Standzeit; 
A s die arbeitende Um fläche der Schleifscheibe bedeutet.

Die D im ension  dieser Y e rh ä ltn iszah l is t m m 3/m m ‘2, ab e r die S ta n d z e it  
soll M inute oder S ekunde sein. S e lb s tv e rs tän d lich  m u ß  m an  d u rch  d iese V e r
h ä ltn isz a h l au ch  die M inu ten  au srech n en , ebenso wie es im  v o re rw ä h n te n  
B eispiel geschehen ist.

Die V erh ä ltn iszah l e is t  u n a b h ä n g ig  von  dem  v e rb ra u c h te n  S ch le if
scheibenvo lum en  d u rc h  S e lb stsch ärfu n g  u n d  du rch  A b rich ten . D iese V e r
h ä ltn isz a h l is t  au ch  c h a ra k te ris tisch  fü r  die P a ra m e te r  d er S ch le ifa rb e it u n d  
au ch  fü r die E ig en sch aften  d er Schleifscheiben u n d  zw ar: S c h le ifk o rn a rt, 
K o rn g rö ß e , B indung , H ä rte , S tru k tu r  (P o ro sitä t) u n d  n ic h t m in d er fü r  d ie  
Q u a litä t  der Schleifscheiben. D iese le tz te  B em erkung  is t  n ic h t ü b e rflü ss ig , 
w eil Schleifscheiben m it denselben  E ig en sch aftsan g ab en  ab e r von  v e rsch ied en en  
F a b r ik a te n  ganz versch iedene L e is tu n g en  ergeben.

II. Die Bestim m ung erzielbarer Leistungen beim  Schleifen

Beim  Schleifen soll m an  eine M ethode finden , d u rch  die m an  die H a u p t 
ze it oder M aschinenzeit d er S ch le ifa rbe it eines W erkstückes b es tim m en  k a n n . 
I n  den folgenden Zeilen w ird  eine solche M ethode v o rg e fü h rt. W enn  die H a u p t 
ze it eines W erk stü ck es b es tim m t w u rd e , so is t es sehr e in fach , die V e rh ä ltn is 
zah l e aus den A bm essungen  des W erk stü ck es u n d  der Schleifscheibe zu  e rm it
te ln . W enn m an  diese V erh ä ltn iszah l au s  vorigen V ersuchen  k e n n t, d a n n  is t  
seh r einfach zu b estim m en , bei w iev ieltem  A rb e its tü ck  s e rre ic h t w ird . So 
b ek o m m t m an  die S tan d ze it der Schleifscheibe in M inu ten .

Bei e iner S ch le ifarbeit k en n en  w ir das ab zu a rb e iten d e  M eta lv o lu m en . 
D ieses wollen w ir in  zwei Teile au fte ilen , u n d  zw ar S ch ru p p  vo lu m en  u n d  
S ch lich tvo lum en . D as E rs te  h ä n g t h au p tsäch lich  von  d er A n trieb s le is tu n g  d e r  
S chleifm aschine, v o n  den  E ig en sch aften  u n d  Q u a litä t d er Schleifscheiben  u n d  
n ic h t zu le tz t v o n  d er A rt des A b rich ten s  ab.

B eim  S ch lich tsch leifen  soll m an  h au p tsäch lich  a u f  M aßgenau igke it u n d  
a u f  die O berflächengü te  ach ten , da die A n trieb sle is tu n g  der S ch leifm asch ine 
n ic h t m aßgebend  is t.
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F ü r  B estim m u n g  des in  e in er M inute  ab sch le ifbaren  M etallvo lum ens 
nehm en  w ir die G rundg leichung  d er S p an u n g :

oder

w oraus

P  =

P  =

kV
— 4500

kV

6120

PS

kW ,

4500 P
cm 3/m in ,

P  die n etto  Spanungsleistung an dem  Schleifscheibenum fang in  PS oder k W  ist  
к is t  der spezifische Schnittw iderstand oder die spezifische Schnittkraft in  kp /m m 2 

und
V  is t  das in  einer Minute m it P  abschleifbare M etallvolum en in cm*.

V  k a n n  m a n  
S e itenvorscbub):

bestim m en  bei L än g s-R u n d sch le ifen  (R undsch le ifen  m it 

V  =  vw as cm 3/m in  ,

«ц, is t  die W erkstückgeschw indigkeit in  m /m in; 
a is t  die Zustellung in m m  pro Längshub;
s ist der Seitenvorschub der Schleifscheibe in  m m /W erkstückum drehung.

V  is t  be im  E in stech ru n d sch le ifen

V  =  vw ab cm 3/m in  ,

hier ist a die Z ustellung in m m /W erkstückum drehung; 
b die Sch leif breite in mrr\.

F lächensch le ifen  m it am  U m fan g  an g re ifen d er Schleifscheiben u n d  au ch  
In n en ru n d sch le ifen  is t ebenso wie der L ängs-R undsch le ifen .

F lächensch le ifen  m it s tirn se itig  an g re ifen d er T opfscheibe oder S egm enten :

V  =  vwab cm 3/m in .

In  der R e c h n u n g  m uß m an  in  K a u f  neh m en , d aß  das w irklich  a b g e a rb e i
te te  M eta llvo lum en  im m er k le iner is t  als die d u rch  obigen F o rm eln  au sg erech 
n e ten  W erte . N äh m lich  die ab geschliffene M eta lld icke  is t  im m er w eniger als 
die Z uste llung . D ie U rsache lieg t in  d er E la s t iz i tä t  der Schleifm aschine u n d  
in  der W erk stü ck e in sp an n u n g  sowie im  S ch le ifkornversch leiß . A us d iesem  
G runde m uß  m a n  V  in  den obigen F o rm eln  m it dem  F a k to r  #  m u ltip liz ie ren . 
Die W erte  von  & liegen zw ischen 0 ,7 0 —0,90, w elche W erte  von  der S ta r rh e it  
d e r M aschine u n d  der W e rk stü ck e in sp an n u n g  sowie auch  von  den  E ig e n 
sch aften  u n d  v o n  d er Q u a litä t d er Schleifscheiben  abhängen .
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Die B estim m u n g  der W erte  von  к  sind  n u r  du rch  V ersuche m öglich, 
w eil die S ch le ifarbeit seh r ve rw ick e lt is t .  D ie W erte  von  к  w erd en  k le iner, 
w en n  die m ittle re  S pand icke  g rößer w ird , also größere Z u ste llu n g , größere 
K orngröße , g rößere W erk stü ck g esch w in d ig k e it u n d  k leinere S che ibenum fangs
geschw ind igkeit geben  k leinere W erte  v o n  к  u n d  u m g ek eh rt. A u ß erd em  k ö nnen  
w ir  n u r m it dem  m ittle re n  W erte  v o n  к  rech n en , weil w ir so fo rt n a c h  dem  
A b rich ten , w enn  die Scheibe noch  griffig  is t, n iedrigere  W erte  b em erk en  
k ö n n en . A ber w enn  die Scheibe gegen E n d e  der S tan d ze it schon a b g e s tu m p ft 
i s t ,  w erden h ö h ere  W erte  gem essen.

N ach den  V ersuchen  des V erfassers sind  die W erte  von  к  fü r  Schleif
scheiben  von m ittle re r  Q u a litä t u n d  fü r  K o rn g rö ß e  von  46 bei v e rsch iedenen  
S ch le ifa rten  in  d er T afe l I I  angegeben .

Die E ig en sch aften  der Schleifscheibe w äh len  w ir fü r die d u rch zu fü h ren d e  
S ch le ifa rbe it n a c h  den  E rfa h ru n g s ta b e llen  u n d  auch  die W erk stü ck g esch w in 
d ig k e it und  den  S eiten v o rsch u b . A us d e r re inen  S p an u n g sle is tu n g  P , bei 
B erü ck sich tig u n g  des W irkungsg rades des A n trieb es  der S chleifspindel b e rech 
n e n  w ir die Z u ste llu n g  aus

4500 P
а = ------- —-  m m ,

k v w s

wo P  in PS angegeben ist.

Tafel II

D ie  Werte der mittleren spezifischen Schnittwiderstände km bei verschiedenen Schleifarten ,
Korngröße  46, Struktur 5

Schleifart Werkstückmaterial Zustellung 
a [mm]

k/n
[kp/mm2]

Gehärteter Stahl 4 500
Längs-Rundschleifen Ungehärteter Stahl 0,015 -f- 0,02 4 000

Gußeisen 4 000

Gehärteter Stahl 3 600
Einstech-Rundschleifen U ngehärtet Stahl 0 ,015-4-0,02 3 000

Gußeisen [mm/Umdrehung] 3 000

Gehärteterer Stahl 5 000
Flächenschleifen Ungehärteterer Stahl 0,015 -4- 0,02 4 000

Gußeisen 4 000

Innen- D =  10 4- 15 mm 0,002 -4- 0,003 15 000
schleifen D  =  154- 25 mm Gehärteter Stahl 0,002 -4- 0,003 12 000

D  =  2 5 4 - 5 0  mm Ungehärteter Stahl 0,003 -4- 0,005 10 000
D =  504-100 mm Gußeisen 0,005 -4- 0,01 8 000
D  =  100“ 250 mm 0,005-4-0,01 7 000
D  >  250 mm 0,01 -4-0,015 6 000

Gehärteter Stahl 4 050
Spitzenlose's Schleifen Ungehärteter Stahl 0 ,015-4-0,025 3 600

Gußeisen 3 600
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In  der B estim m u n g  d er M aschinenzeit bei der S ch le ifa rbe it soll m an den 
F a k to r  $  au ch  b e rü ck sich tig en . W enn die M ateria lzugaben  fü r  Schruppschleifen  
h  m m  is t, so bek o m m en  w ir beim  L ängs-R undsch le ifen  die H ub zah l i oder 
beim  E instechsch le ifen  die W erk stü ck u m d reh u n g szah l:

B eim  S ch lich tsch le ifen  n im m t m an  m anche H ü b e  oder U m drehungen  
m it feiner Z uste llung , u m  das genaue M aß zu bekom m en u n d  einige H ü b e  
oder U m drehungen  ohne Z uste llung , um  bessere O b erflächengü te  zu erzielen 
(also ausfunkeln ).

Die H a u p tz e it des Schlich tsch leifens k a n n  m an  ähn lich  wie beim  S ch ru p p 
schleifen bestim m en .

III . Die B estim m u n g  der S tandzeit der Schleifscheiben

In  o b en an g e fü h rte r  W eise kann  m an  die M aschinen- oder H a u p tz e it fü r 
S chrupp- u n d  S ch lich tsch le ifen  bestim m en . A ber in der G esam tze it der Schleif
a rb e it nehm en  die A b ric h tz e ite n  einen b ed eu ten d en  A n te il der N ebenzeiten  
in  A nspruch . M an m u ß  n äh m lich  die Schleifscheiben bei sehr sch lech t schleif
b a ren  S täh len  so o ft a b r ic h te n , daß  die A b rich tze iten  die H a u p tz e ite n  a n 
n äh ern , wie es aus d er T afe l I  ersich tlich  is t. D ie S ch le ifb ark e it is t die E igen 
sch aft der zu  sch le ifenden  M aterialien . D aru m  is t es w ich tig , die S tan d ze it 
der Schleifscheiben zu b estim m en .

Die S ta n d z e it d e r Schleifscheiben h ä n g t von  sehr v ielen  V ariab len  ab  
u n d  davon , ob die E ig en sch a ften  der Schleifscheibe, h a u p tsäch lich  die H ä rte , 
fe rner die W erk stü ck g esch w in d ig k eit en tsp rech en d  fü r die S chleifarbeit ge
w äh lt w urden .

In  dem  B eu rte ilen  d e r  S ch le ifscheibenstandzeit is t  es w ich tig , die M erk
m ale des E n d es der S ta n d z e it  beim  Schleifen zu e rk en n en .

In  der W e rk s ta t tp ra x is  sind  die ü b lichen  M erkm ale beim  Schleifen von  
S täh len : Die W erk stü ck o b e rfläch e  w ird  v ieleckig, u n d  m an  h ö h r t  ein M urm eln; 
die Scheibe b re n n t. D iese E rscheinungen  kom m en  beim  Schleifen von  G u ß 
eisen auch  vor. D as V ieleck igw erden  h ä n g t m it der V erg rößerung  der Schw in
g u n g sam p litu d en  auch  zusam m en , wie es d u rch  die V ersuche von  VUOSO 
in  P rag  au sg ew erte t w u rd e .

D er V erfasser h a t  au c h  V ersuche d u rch g e fü h rt, w elche die E rscheinungen  
des S tan d ze iten d es bei versch iedenen  Scheibeneigenschaften  in  F u n k tio n  d er 
V erän d eru n g  der S pan u n g sle is tu n g en  anzeigen.

B ild  1 v e ra n sc h a u lic h t die V erän d eru n g  der S p an u n g sle is tu n g  beim  
L ängs-R undsch le ifen  in  F u n k tio n  der H u b zah l, w enn die H ä rte  der Schleif
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scheibe , die W erk stü ck g esch w in d ig k e it u n d  der S e itenvorschub  en tsp rech en d  
fü r  die Schle ifarbeit gew ählt w u rd en . M an sieh t, daß  die S panun g sle is tu n g  
a m  A nfang , w enn die Scheibe n o ch  griffig  is t, n ied rig  is t. S p ä te r, w enn  die 
S ch le ifkörner a b g e s tu m p ft sind , is t  die S p anungsle istung  höher. A m  E n d e , 
w en n  die ab g estu m p ften  S ch le ifkö rner von  der B in d u n g  sich  auslösen  u n d  
d as  W erk stü ck  v ieleck ig  w ird , also die S tan d ze it b een d e t is t, v e rm in d e rt sich 
die S p an ungsle istung . In  B ild 1 is t  d e r m ittle re  W ert d er S p an u n g sle is tu n g

1 2 3 4 5 6 7 8 9  7 0  

H ub zahl
B ild  1. D ie Veränderung der Spanungsleistung beim Längs-Rundschleifen in F unktion der 
H ubzah l, wenn die H ärte der Schleifscheibe richtig gewählt wurde. D ie Schleifbedingungen- 
Schleifscheibenum fangsgeschw indigkeit vs =  30,5 m /sec; W erkstückum drehungszahr  
n lv — 43/m in; Zustellung a =  0,02 m m  pro H ub; Seitenvorschub s =  20 m m /W erkstückum drer  
hung; W erkstücklänge L  «=< 800 mm; W erkstückdurchm esser d 100 mm; W erkstückm aterial:

gehärteter Kugellagerstahl

au c h  eingezeichnet, aus w elchem  d er m ittle re  spezifische S c h n ittw id e rs ta n d  
b e re c h n e t w urde. S onst folgen die W erte  des m o m en tan en  spezifischen S c h n itt
w id e rs tan d es  den  W e rte n  der S p an u n g sle is tu n g en . Es soll b e m e rk t w erden , 
d a ß  der F a k to r  {7 am  E n d e  der S ta n d z e it  sich auch  v e rm in d e rt.

Die S tan d ze it w ar hei d iesem  V ersuche 10 M inu ten , w elche aus den 
A n g ab en  des V ersuches m it 860 m m  G esam tvorschub  pro  H u b  b e s tim m b a r ist.

B ild 2 zeig t die V erän d eru n g  der S p anungsle istung  in  F u n k tio n  der 
H ubzah len , wie in  B ild  1, aber die H ä r te  der Schleifscheibe is t n ich t e n tsp re 
ch en d  hoch, also die Scheibe is t  zu  w eich. Die S p an u n g sle is tu n g  fä n g t an , 
s ich  rasch  zu v e rm in d e rn , die S ta n d z e it  is t b e trä c h tlic h  k ü rze r als im  B ild  1. 
D er F a k to r  & v e rm in d e rt sich v iel ra sch e r als bei en tsp rech en d er H ä r te  der 
Scheibe.

D ie S tan d ze it w ar n u r 5 M in u ten , also rund  die H ä lfte  des vorigen  V er
suches. A ber hei noch  w eicheren Schleifscheiben k a n n  die S ta n d z e it sich  um  
5 — 10%  h erab sin k en , w ie andere  V ersuche es bew iesen h ab en .

B ild  3 v e ran sch au lich t die V erän d eru n g  der S p an u n g sle is tu n g  wie in 
B ild  1, aber bei e in er zu h a r te n  Schleifscheibe. Die S p an u n g sle is tu n g  zeig t 
eine ste igende T endenz  u n d  am  E n d e  der S tan d ze it, w enn die Scheibe schon
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b re n n t, ze ig t dieselbe eine rap id e  S te igung . A uch der F a k to r  ■& v e rm in d e rt 
sich  seh r s ta rk  in  diesem  F a ll.

D ie S ta n d z e it w ar bei d iesem  V ersuche 7 M inuten , also 70%  des e rs ten  
V ersuches.

1 2  3  4  5  6  7  8  9  1 0  

H u b z a h l

B ild  2. D ie Veränderung der Spanungsleistung in  Funktion der H ubzah bei zu hart gewählter  
Schleifscheibe. D ie Schleifbedingungen sind wie bei B ild  1

1 2 3 4 5 6 7 8 9  10 
Hubzahl

B ild  3. D ie Veränderung der Spanungsleistung in  Funktion der H ubzahl bei zu weich gew ählter  
Schleifscheibe. Schleifbedingungen sind wie bei B ild  1

A us dem  o b en an g efü h rten  fo lg t, d aß  die V orbed ingungen  d er rich tig en  
S ta n d z e it die W ah l der e n tsp re c h e n d en  E igenschaften  der Schleifscheibe sowie 
die rich tig e  W ah l der P a ra m e te r  des Schleifens fü r die S ch le ifa rbe it sind .

A u ß erd em  b ee in flu ß t au ch  die A rt des A brich tens die S ch leifscheiben
s ta n d z e it. D ie griffig ab g e rich te te  Schleifscheibe g ib t eine längere  S ta n d z e it, 
ab e r sie e rzeu g t eine e tw as ra u h e re  O berflächengü te .

D as A b rich ten  der griffigen  Schleifscheibe erfo lg t m it scharfem  D ia m a n t 
u n d  die S te igung  des d u rch  A brichten- erzeug ten  G ew indes an  d er Schleif- 
sche ibenum fläche  is t 0 ,10—0,25 m m , ab h än g ig  von der Sch leifkorngröße. D as 
A b rich ten  m it einem  ab g e s tu m p fte n  D ia m a n t u n d  m it k le in ere r G ew inde
s te ig u n g  g ib t eine w eniger griffige Schleifscheibe, w elche n iedrigere  S ta n d z e it 
a b e r  bessere O b erflächengü te  e rz ie lt.
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Die m it s ta rk  a b g es tu m p ftem  D ia m a n t ab g e rich te te  Schleifscheibe g ib t 
eine s ta rk  v e rm in d e rte  S tan d ze it u n d  g u te  O b erfläch en g ü te , aber fä n g t an  
z iem lich  rasch  zu b re n n e n .

D r. Ing . S t a d e  g ib t in  seinem  B uch : »Technologie des Schleiferis« (H an se r 
V erlag , M ünchen 1962) A ngaben fü r  S ch le ifsch e ib en stan d ze it, welche sehr 
w ertv o ll sind, b eso n d ers  fü r  G ew indcschleifen. E r  rech n e t m it e iner m m  Schleif
sche ib en b re ite  a b a rb e itb a re m  S chleifvolum en. D ies is t  r ic h tig , w enn m an  m it 
Schleifscheiben g le ichen  D urchm essers a rb e ite t , wie es im  G ew indeschleifen 
g rö ß ten te ils  der F a ll i s t .  A ber w enn m a n  m it e iner V erh ä ltn iszah l a rb e iten  
w ill, w elche fü r S chleifscheiben  m it seh r v e rsch iedenen  D urchm essern  gü ltig  
is t ,  is t  es rich tiger, d ie S ch le ifsche ibenstandze it a u f  das m it einer a rb e iten d en  
S ch le ifsch e ib en u m fläch e-E in h e it absch le ifb are  M eta llvo lum en  zu beziehen.

S t a d e  g ib t in  se inem  Buche Beispiele fü r  E instechsch le ifen  fü r M otor- 
k u rb erlw ellenzap fen  a n , da m an eine V erh ä ltn iszah l von  0,6 m m 3/m m 2 bei 
Schruppsch le ifen  b e re c h n e n  kann . Die n ä h e re n  A ngaben  fü r  die O berflächen 
g ü te  fehlen, so d aß  diese m it V ersuchsergebn issen  des V erfassers von  einer 
V erh ä ltn iszah l 0,9 m m 3/m m 2 bei Sch lich tsch leifen  im  großen  und  ganzen g u t 
ü b ere in stim m en . N ä h m lic h  beim  S chruppsch le ifen  sind  die Schleifkörner m ehr 
b e a n sp ru c h t u n d  es g ib t  eine n iedrigere V erh ä ltn iszah l e. D iese bezieh t sich 
a u f  eine Schleifscheibe: E d e lk o ru n d , K o rn g rö ß e  60/70, H ä r te  L, geküh lt m it 
Ö lem ulsion, die geschliffene K urbelzap fen  w u rd en  g e h ä rte t. Bei V ersuchen des 
V erfassers h a t  die Schleifscheibe die fo lgenden  E ig en sch aften : E d e lk o ru n d , 
K o rn g rö ß e  46/60, H ä r te  M , geküh lt m it e iner Sodalösung . Die geschliffene 
K u rb e lzap fen  w u rd en  au c h  g eh ärte t.

Bei den V ersu ch en  des V erfassers w ar die Q u a litä t der Schleifscheibe 
eine m ittle re , a b e r es s te h e n  A ngaben  zu r V erfügung , d aß  m an  m it Schleif
scheiben  von sehr g u te r  Q u a litä t u n g efäh r die do p p e lte  V erh ä ltn iszah l s =  1,8 
m m 3/m m 2 erreichen  k o n n te . Dies k a n n  von  der besseren  Schleiffähigkeit der 
Schleifscheibe von  b esse re r  Q u a litä t s tam m en . D ie S chleiffäh igkeit is t die 
E ig e n sc h a ft der Schleifscheibe.

Z ur V o lls tän d ig k e it fehlen noch w eitere  V e rsu ch sd a ten  fü r F lächen- u n d  
In n e n ru n d sc h le ifen  m it  Schleifscheiben v o n  versch ied en en  E igenschaften  u n d  
S ch le ifa rbe it von  v e rsch ied en en  M eta llso rten .

U m  fü r die P ra x is  b rau ch b are  V ersu ch san g ab en  zu  geben, m uß m an  bei 
d en  V ersuchen  die A r t  u n d  W eise des A b rich ten s  sehr gen au  festste llen .

TH E PR O BLEM  O F T H E  DETER M IN A TIO N  OF T H E  TOOL LIFE  
OF G RIN DIN G  W H E E L S

A. HORNUNG

SUM M ARY

Few data can be foun d  in the literature on the tool life o f grinding wheels. M ostly  
such data on their grinding ratio are published which give very  little  inform ation on the  
to o l life o f the tool. M oreover, the grinding ratio as well as the endurance of the tool depend
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to a high degree on the chem ical com position of the steel m aterial or, in other words, on the  
grindability o f the m aterial.

According to  the author’s experim ents, the ratio e ind icating the volum e of m aterial 
that can be ground o ff the wheel per unit working surface, perm its to  sta te  the tool life o f  
the grinding wheel. This ratio  is independent o f the self-sharpening of the wheel and of 
the volum e loss caused b y  its  dressing, but it  does depend on the param eters of the grinding 
work and on the data characterizing the qu ality  o f the wheel.

Furtherm ore, the paper presents a m ethod for calculating the utilization of the driving  
power of the grinding m achine as well as experim ental data of the ratio £, by  the aid of w hich  
the m achining tim e of the workpiece and the too l life of the w heel can be calculated.

LES PRO BLÈM ES D E  LA DÉTERM INATION D E  LA D U R É E  DES M EULES

A. HORNUNG

RÉSUM É

Les données relatives à la déterm ination de la durée des m eules sont peu nom breuses 
dans la littérature. La plupart du tem ps, c’est le rendem ent de la rectification  qui est com m u
niqué, mais cette  donnée n’offre que très peu d’inform ations sur la durée des m eules. En  
outre le rendem ent et aussi la durée dépendent fortem ent de la com position chimique de 
l’acier à usiner, ou en d’autres m ots, de son usinabilité à la m eule.

Su ivant les essais de l ’auteur, la durée de la  m eule peut être définie par le rapport e, 
qui indique le volum e de m atière pouvant être enlevé par unité de surface active de la m eule. 
Ce rapport est indépendant de la perte de volum e due à l’auto-affutage et au dressage de la  
meule, m ais dépend des param ètres du travail de m eulage et des caractéristiques qualitatives 
de la m eule.

L’auteur présente aussi une m éthode de calcul pour l ’utilisation  de la puissance de la 
rectifieuse, ainsi que des données expérim entales relatives au rapport e, à l’aide desquelle- 
on peut déterm iner les tem ps d’usinage principaux des pièces et la durée de la meule.

ВОПРОСЫ ОПРЕДЕЛЕНИЯ СРОКА СЛУЖБЫ ШЛИФОВАЛЬНОГО КРУГА

А. Х О РН У Н Г

РЕЗЮМЕ

В технической литературе имеется очень мало данных относительно методики onpes 
деления срока службы шлифовальных кругов. В большинстве случаев указывают степень 
добротности или экономичность шлифовального круга, которые однако в отношении срока 
службы дают очень мало сведений. Кроме того, как степень добротности, так и срок служ
бы очень сильно зависят от химического состава обрабатываемого стального материала, 
или же, другими словами, от шлифуемости материала. На основе проведенных автором 
опытов в отношении определения срока службы шлифовального круга открывается воз
можность при использовании показателя е, который показывает объем материала, могу
щий быть обработанным единицей действующей поверхности шлифовального круга. 
Этот показатель независим от потерь объема шлифовального круга, образующихся при 
самозаточке и правке, но зависит от параметров шлифовальной работы и качественных 
характеристик шлифовального круга. В дальнейшем в работе показан новый метод рас
чета использования приводной мощности шлифовального станка и приведены экспери
ментальные данные значений показателя е, при помощи которых можно рассчитать основ
ное машинное время обрабатываемых заготовок и срок службы шлифовального круга.
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PROBLEMS OF DEAERATION IN HEAT EXCHANGERS 
CONSISTING OF STEAM-HEATED PARALLEL TUBES

L. FORGÓ

CAND. OF TECHN. SC. 
INSTITUTE FOR ENERGETICS, BUDAPEST

[M anuscript received May 5, 1964]

The output o f heat exchangers in operation , consisting of steam -heated  parallel tubes 
dim ensioned and built according to modern technical literature, freq uently  fall short o f the  
rated  therm al output. The reason for it  lies in difficulties of deaeration, due to non-uniform  
therm al load on the heat transfer surface or to  non-uniform  flow resistance on the steam  side. 
Such heat exchangers operate either w ithout steam  loss but at lower therm al output, or at 
their rated output, ye t w ith steam  loss. Loss in efficiency is higher if  the heat transfer surface 
is bu ilt up of finned tubes and lower if  it  is bu ilt up of plain ones. Further factors increasing  
loss are the relatively  short and wide tubes, the horizontal arrangem ent o f the tubes and the  
low  flow  velocity  o f the external m edium . The paper recommends m ethods for the calculation  
o f  the drop in outp ut and for its partial or com plete elim ination.

Symbols

A
- L I

- 1

- ■ )
[ k g  s 2/ m 4] ;

4 =  1 +
Е 1

A \ Ь щ # П Ф1 ’

4 =  1 +
Е 1

b w v # 1 , Ф 2 ’

4 =  1 +
Е 1

SJ 3 Ь W 1 #11 Ф з ’

в
=  0 Л 1 Ч “

Ld- 5/4 „1/4 [k g  S1

в , -  1 ( А
E 1 U

А г { Ь » 1  # u  J ’

ß . _  1 [' А E 1

А3 \ b W l û n

В 3 1 ( А E . 1 A
А3 {

^*3 b w i )

C =  Lg (g g — g) cos ô [kg/m 2];
D  =  Lg gg cos ô [kg/m 2];
E  =  2826 dr z g g  r [kcal/m ];
F  external heat transfer surface, [m2];
F \ the external heat transfer area of the first tube row, [m2]; 
Ff, internal heat transfer surface, [m2];
L  length of the tubes, [m];
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2 A  +  0.875 В  
A  + 0 . 5  В

exponent;

Pr =  Prandtl num ber; 

Re =  R eynolds num ber;

b =
0.5

j j i ' В  +  0,5 С
0.5 В

у  /я
I — *

[s/m ];

d  inside diam eter o f  the tubes, [m ]; 
e basis of the natural logarithm ;
/  approach steam  cross-section, [m2];
/ [  tube cross-section , [m2]; 
g gravitation con sta n t, [m /s2];
к  over-all coefficient of heat transfer, [kcal/m 2h °C];
ki the over-all coefficient o f heat transfer o f the first tube row , [kcal/m2h°C]; 
l, the active tra ct o f  the first tube row, [m];
n the num ber o f  rows in  the direction o f the flow  o f the external medium; 
p  pressure drop, [kg/m 2]; 
p 0 pressure in  th e  m anifold, [kg/m 2];
/). pressure in  th e  condensate-collecting m ain, [kg/m2]; 
q thermal o u tp u t o f  the heat exchanger, [kcal/h];

4

Я

4  ( Ж в г 3 ) • 0  +  В> +  В> В 2
1 -  в " ~ г )

1 -  В, ) ' п ^  3;

q , thermal ou tp ut o f the first tube row, [kcal/h];
9max m axim um  therm al output o f the heat exchanger, [kcal/h ]; 
r evaporation h eat o f  steam , [kcal/kg]; 
l tem perature, [°C];
Г,I tem perature o f heating steam , [°C];
(, inlet tem perature of external m edium , [°C];
V[ inlet ve lo c ity  o f  steam  in the tub e, [m /s];

V in 2 [m /s]

b ■

1

f  ^ ____
1, в ,  B 2 B ^ 3

3 [m/g];

vz outlet v e lo c ity  o f  steam  from  the tube, [m /s];
the water equ iva len t o f the external heat-carrying m edium , [kcal/(h °C)]; 

z number of th e  tubes norm al to  the flow  of the external medium; 
a f í / f  contraction  factor;
a L surface coefficient o f the heat transfer o f the first tub e  row , [kcal/(m3 h °C)] 
о density o f th e  heat-carrying m edium , [k g s2/m 4];
Og density o f non-condensing gases, [k g s2/m 4];

Ф, =  1 — e~ k'Fdw‘
Ф2 =  1 — e~ K+ * lwi 
Ф,  =  1 — 
в, =  1 -  Ф,;
V =  k inem atic v isco sity  of steam , [m2/s];  
со =  E/wt ,d'n  [h /m ].
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I. Introduction

I t  freq u en tly  h a p p e n s  in  p rac tice  th a t  th e  a c tu a l h e a t  o u tp u t  o f steam - 
h e a te d  h e a t exchangers falls sh o rt o f th e  v a lu e  d e te rm in ed  in  th e  designer’s 
p re lim in ary  ca lcu la tions. A m ong such cases on ly  th o se  are  o f in te re s t  in  w hich  
th e  h e a t o u tp u t below  th e  ra te d  v alue  can n o t be  tra c e d  to  som e erro r in  th e  
ca lcu la tio n  or to  som e fa u lt in  co n struc tion .

In  th is  p ap er we in te n d  to  th ro w  lig h t u p o n  ce rta in  p henom ena th a t  
occur in  h e a t exchangers consisting  o f s te a m -h e a ted  p ara lle l tu b e s  w hich m ay  
cause low  ac tu a l h e a t o u tp u ts  of h e a t exchangers, designed a n d  b u ilt  accord ing  
to  th e  la te s t  p rincip les pu b lish ed  in  m odern  tech n ica l lite ra tu re .

II. Deaeration of heat exchangers

I t  is a know n fa c t t h a t  one of th e  basic c rite r ia  of th e  a p p ro p ria te  fu n c 
tio n in g  of v a p o u r-h e a ted  h e a t exchangers (n o t on ly  w a te r  v ap o u r) is th e ir  
perfec t “ d eae ra tio n ”  v iz . th e  rem oval of all k in d s o f non-condensing  gases 
from  th e  steam -filled  space. D eaera tio n  is e ssen tia l n o t on ly  w hen  th e  eq u ip 
m en t is s ta r te d  u p  b u t  also d u rin g  its  o p e ra tio n , since th e  h ea tin g  steam  
alw ays con ta in s a ce rta in  am o u n t of im p urities in  th e  form  o f non-condensing  
gases, on th e  one h a n d , an d  a ir  m ay  p e n e tra te  th ro u g h  leak y  spo ts in to  th e  
s team -h ea ted  space in  eq u ip m en ts  o p era tin g  u n d e r  v acu u m , on th e  o th e r. 
I f  th e  steam  p ressu re  is above th e  a tm o sp h eric , such  gases can  easily  be 
rem oved  b y  blow ing th e m  o u t in to  th e  a tm o sp h ere , b u t  w ith  steam  pressures 
below  a tm ospheric , v a c u u m  pum p s are req u ired . In  each  case, how ever, th e  re 
m oved non-condensing  gases w ill sweep steam  — in  a q u a n ti ty  accord ing  to  th e ir  
m o m en ta ry  p a r tia l p ressu re  — w ith  th em  in to  th e  a tm o sp h ere . To p rev en t 
th e  loss o f considerab le q u a n titie s  of s team , s im u ltan eo u sly  w ith  th e  rem oval 
o f  condensate  an d  n o n -condensing  gases, v a rious devices, m ore or less su itab le  
fo r th e  purpose , h av e  been  app lied  in  te ch n ica l p rac tice  (a u to m a tic  steam  
tra p s ) . H av in g  no in te n tio n  to  go in to  p a rtic u la rs  a b o u t th ese  devices, we shall 
assum e th a t  th e  h e a t exchangers to  be d ea lt w ith  are  eq u ip p ed  w ith  p e rfec t 
s team  tra p s  or w ith  v a c u u m  p u m p s, w hich le t pass th e  co n d en sa te  an d  th e  
non-condensing  gases accu m u la ted  in  th e  h e a t exchangers, b u t  p reclude th e  
escape o f steam . A ccord ing ly , th e  possib ilities o f rem ov ing  non-condensing  
gases from  steam -h ea ted  h e a t  exchangers will be  in v e s tig a te d  on th e  a ssu m p 
tio n  o f such  “ idea l”  s team  tra p s .

W h a t is m e a n t u n d e r  “ id ea l” steam  tra p s  is il lu s tra te d  in  F ig . 1 w hich  
show s a conven tiona l ra d ia to r  in to  th e  u p p er h o rizo n ta l m an ifo ld  of w hich 
s team  (for th e  sake o f sim p lic ity  w a te r v ap o u r) is in tro d u c e d  a t  th e  p o in t 
m ark ed  b y  an  arrow . F ro m  th is  m anifold  v e rtic a l tu b es  b ra n c h  off to  lead
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in to  a lower h o rizo n ta l co n densa te -co llec ting  m ain . To th e  low er m ain  o f th e  
r a d ia to r  a ba lls lo a t t r a p  o f co n v en tio n a l ty p e  is connec ted , w hich  carries 
a w a y  th e  condensate  in  th e  d irec tion  o f th e  arrow  m a rk e d  К  in  th e  draw ing . 
I f  th is  device op era tes  p e rfec tly , th e  f lo a t-a c tu a te d  cock w ill pass o n ly  flu id , 
a n d , to  dispose o f th e  n o n -condensing  gases w hich accu m u la te  in side  th e  
r a d ia to r ,  an o th e r m ech an ism  is re q u ire d  — likew ise show n in  th e  d raw in g  — 
w h ich  ex trac ts  th e  gases a t  th e  p o in t m ark ed  G. T his la t te r  is p ro v id ed  w ith  
a th e rm o s ta t  w hich, acco rd in g  to  its  se ttin g , keeps th e  o u tle t v a lv e  closed 
u n t i l  th e  te m p e ra tu re  in  th e  e x h a u s t tu b e  a tta in s  th e  s a tu ra tio n  te m p e ra tu re

F ig . 1

t h a t  corresponds to  s team  pressu re . Should , how ever, non -condensing  gases 
cause  th e  te m p e ra tu re  to  d rop , th e  sensor will open th e  valve an d  keep i t  
o p en  u n til  th e  gases escape  a n d  th e  te m p e ra tu re  resum es th e  value o f sa tu ra te d  
s te a m . C onsequently , th e  q u a n ti ty  o f steam  escaping from  th e  h e a t  ex ch an g er 
w ith  th e  non-condensing  gases, d epend ing  on its p a r tia l p ressu re , w ill be v e ry  
sm all an d  th e  h e a t e x ch an g e r o p era te  p rac tica lly  w ith o u t losses.

I f  ad eq u a te  und erco o lin g  is ap p lied  ahead  of th e  v acu u m  p u m p , n o n 
co ndensing  gases can  be co m ple te ly  e x tra c te d  also from  h e a t exchangers 
h e a te d  w ith  vacuum  s te a m .

III. D ifficulties in deaeration due to non-uniform  
therm al load on the heat transfer surface

1. Operation o f  steam-heated heat exchangers

L et us now  look  in to  th e  o p e ra tio n  o f a s team -h ea ted  h e a t ex ch an g er 
eq u ip p e d  w ith  th e  ab o v e -d e te rm in ed  “ ideal s team  t r a p ” . L et us assum e, for 
ex am p le , a h e a t e x ch an g e r o f co n v en tio n a l design — as th e  one show n in 
F ig . 2 — consisting  o f a m an ifo ld  above, a collecting m ain  below , an d  v e rtic a lly
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a rran g ed  sm oo th  or fin n ed  ra d ia to r  tu b e s  in  be tw een . S team  a t  a p ressu re  
above th e  a tm ospheric  flow s inside th e  m an ifo ld , collecting  m ain  an d  tu b es , 
w hile a ir  s tream s a t  th e  outside, in  th e  d irec tio n  m ark ed  in  th e  d raw ing  by  
arrow s. F o r th e  p roblem  in  h an d  the  n u m b e r  o f tu b e  row s in  th e  h e a t ex ch an g er 
p a ra lle l to  th e  sheet o f th e  paper are e n tire ly  ind iffe ren t, so, fo r s im p lic ity ’s 
sake , we m a y  as well assum e th a t  th e  w ho le  se t consists o f th e  fou r tu b es  as 
show n in  Fig. 2.

As a fu r th e r  sim plification  le t u s  assum e also th a t  b o th  th e  u p p er an d  
th e  low er headers have  v e ry  large cross-sec tions, co n seq u en tly  th e  velocity

o f s te a m  an d  condensate  flow  is very  lo w , re su ltin g  in  a neglig ib le pressu re  
d rop  in  th e  m ains.

L e t us exam ine now  w hether u n d e r  su ch  sim plify ing  co n d itio n s th e  h ea t 
ex ch an g er show n in F ig . 2 still y ields p e rfe c t opera tio n . (P e rfec t o p era tio n  
m eans th a t  each v e rtica l tu b e  is filled w ith  s team  in its  full len g th  an d  th a t  
on th e  a rro w -m ark ed  p a r t  o f the co llec tin g  m ain  only  co n d en sa te  an d  th e  
a p p ro p ria te ly  undercoo led  non-condensing  gases can escape b u t  no s team  a t  
s a tu ra t io n  te m p e ra tu re .)

W h en  in tro d u c in g  s team  — m ore o r  less co n tam in a ted  b y  gases (C 02, 0 2, 
N2) — in to  th e  u p p er m an ifo ld  of th e  h e a t  exchanger accord ing  to  Fig. 2 a t  
th e  p o in t m ark ed , and  rem oving  the  re s id u a l gases a fte r  th e  co n d en sa tio n  of 
s team , v ia  th e  low er co llecting  m ain, s te a m  will fill th e  en tire  in te r io r  space 
o f th e  tu b e  system  an d  a ir  flow ing n o rm a l to  th e  tu b es will he h e a te d  up  from  

to  i5. U n d e r such cond itions of h e a t t ra n s fe r  i t  is obvious th a t  th e  th e rm a l 
o u tp u t  o f  th e  f irs t tu b e  — being in  c o n ta c t  w ith  th e  co ldest a ir  — will be th e  
h ig h est (m ore steam  w ill condense in  i t  t h a t  in  th e  o thers) an d  th a t  th e  h e a t 
o u tp u t  o f  tu b e  4 will be th e  low est. H a v in g  assum ed  v e ry  large m an ifo ld  and  
co llector cross-sections in  w hich pressures a re  p rac tica lly  iden tica l, th e  pressure  
d rop  be tw een  th e  tw o ends of each tu b e  w ill also be id en tica l. T he question
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wall n a tu ra lly  arise , h o w  d ifferen t s te a m  q u a n titie s  can  flow  in  th e  in d iv id u a l 
tu b e s , w ith  id en tica l p ressu re  d ro p ; th e  answ er is g iven  in  F ig . 3.

As Fig. 3 in d ic a te s , a flow p a t te rn  co rrespond ing  to  th e  above co n d itio n s 
w ill evolve if  th e  f i r s t  tu b e , w hich consum es th e  la rg e s t q u a n tity  of s team , is 
fed  from  below, th ro u g h  th e  in te rm e d ia ry  of th e  b o tto m  collecting  m a in  
w ith  som e a d d itio n a l s team  passing  th ro u g h  th e  re a rm o s t tu b e  o f th e  ro w . 
C onsequen tly , m ore s te a m  flows th ro u g h  th e  re a rm o s t tu b e  th a n  i t  can  c o n 
dense, and  the  b a la n c e  is d is tr ib u te d  am ong  th e  th re e  tu b e s  ah ead  of i t .  T h e

f ir s t  gets the  m o st, th e  succeeding ones g rad u a lly  less. The spo t in  tu b e s  
1 to  3, w here th e  s te a m  flows com ing  from  above a n d  from  below  m ee t, is 
in d ic a te d  in  th e  d raw in g . The p ressu re  cond itions re su ltin g  from  such  a flo w  
p a t te rn  are show n in  th e  r ig h t-h a n d  side o f F ig . 3 (n o t tru e  to  scale). In  th is  
p a r t  o f th e  d raw ing  each  tu b e  is re p re se n te d  b y  a v e rtic a l line. S ta r tin g  fro m  
th e se  lines, th e  loca l s team  p ressu re  p rev a ilin g  inside  th e  tu b es h as  b e e n  
p lo tte d  h o rizo n ta lly . Since accord ing  to  ou r a ssu m p tio n  no pressure  g ra d ie n ts  
e x is t in  th e  m an ifo ld , th e  abso lu te  p ressu re  p 0 in  each  tu b e  a t  th e  b ra n c h in g  
p o in t is iden tica l. T h e  s itu a tio n  is s im ila r a t  th e  low er collecting  m ain  w ith  
re sp e c t to  th e  p re ssu re  p g. The p ressu re  d rop  p 0 — p g along th e  la s t  tu b e  
occurs in  such a w a y  th a t  m ore s te a m  flow s th ro u g h  i t  th a n  is condensed . 
T h e  pressure drop  A p 0 m ark ed  a t  th e  la s t  tu b e  is b ro u g h t ab o u t b y  th e  acce le 
r a t io n  of the  s team  flow  on its  e n try  in to  th e  v e r tic a l tu b e .

Such p ressu re  g rad ien ts  m an ife s t them selves also in  th e  re s t of th e  tu b e s . 
T h e  sam e h ap p en s in  th e  low er co llec to r m ain  w ith  th e  sole d ifference t h a t  
th e  pressure d rop  A p g m arked  a t  th e  f ir s t  tu b e  becom es considerab ly  lo w er 
in  tu b e s  2 and  3 (because of th e  decreasing  q u a n t i ty  of steam  com ing fro m  
below ). A t th is  p o in t o f th e  la s t tu b e  th e  p ressu re  increases an d  slows dow n  
th e  velocity  of s te a m  a t  th e  e n try  fro m  th e  tu b e  to  th e  co llecting  m ain . A s t r ik -
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ing  th in g  in  th e  figure is th a t ,  accord ing  to  th e  p a t te rn  of pressure d is tr ib u tio n , 
a low er p ressu re  p revails  a t  th e  p o in ts  m a rk e d  b y  rings on th e  f ir s t  th re e  tu b e s  
th a n  in  th e  collecting  m ain . A lth o u g h  th e  p h y sica l possib ility  th e re o f  e x is ts , 
even  a sh o rt consid era tio n  w ill show  th a t  such  flow  p a tte rn  a n d  p ressu re  
d is tr ib u tio n  can n o t be s tead y . S team  flow ing  in  a h e a t  exchanger p ra c tic a lly  
a lw ays co n ta in s  non-condensing  gases sw ep t a long  b y  still unco n d en sed  s te a m . 
T hese gases, w ith  th e  flow  cond itions in d ic a te d  in  th e  draw ing, w ill u ltim a te ly  
collect a t  th e  po in ts  m ark ed  w ith  rings, to  w hich  steam  a rriv es  from  tw o

opposite  d irec tions. N on-condensing  gases, a ccu m u la tin g  a t  th e se  p o in ts  in  
increasin g  q u a n titie s , c a n n o t leave u n til  th e y  com plete ly  fill o u t th e se  spaces 
b e n e a th  th e  c ritica l p o in ts . A ccord ingly , th e  flow  p a tte rn  o f F ig . 3 is n o t 
s te a d y  an d , soon a fte r  th e  h e a t ex ch an g er h as  b een  p u t  in to  service, is follow ed 
b y  a n o th e r , th is  tim e  s te a d y , flow  p a t te rn  w hich  is show n in  F ig . 4.

A ccord ing  to  F ig  4, w hich is s im ilar to  F ig . 3 b o th  in  s tru c tu re  an d  
d en o ta tio n s , th e  flow  p a t te rn  evolves in  a w ay  th a t  p ressure in  th e  to p  m an ifo ld  
is p g, in  th e  b o tto m  co llector p g th ro u g h o u t. U n d e r th e  pressure  d ifference 
p о — Pg, ap p ro x im a te ly  th e  sam e q u a n ti ty  o f s te a m  w ill en te r in to  each  tu b e . 
B ecause o f th e  flow  of cold a ir  o u tside  th e  tu b e s , a h ig h est ra te  o f co n d en sa tio n  
will ta k e  p lace  in  th e  f irs t  tu b e , th is  one w ill h a v e  th e  sh o rtes t s te a m -h e a ted  
(active) t r a c t  — as in d ic a te d  in  th e  d raw ing  b y  a s trong  b lack  line . I n  th e  
s te a d y  s ta te  th e  tu b e  sec tion  b e n e a th  th is  ac tiv e  p a r t  is filled o u t b y  n o n 
condensing  gases. T he s te a m -h e a ted  t ra c ts  o f  th e  re s t  of th e  tu b e s  w ill be 
g rad u a lly  longer, th e  ra te  o f increase co rrespond ing  to  th e  ra te  o f th e  w arm in g  
up  o f th e  a ir, u n til th e  re a rm o st tu b e  is co m p le te ly  filled  w ith  s team . T he 
p ressu re  d ifference p 0 — p g occurs w hen  th e  la s t  tu b e  is filled  w ith  s team , 
b u t  no s team  flow s in  th e  collector m ain  since a perfec t s team  t r a p  w ill n o t
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le t  s team  pass in to  th e  a tm osphere . S hould  s te a m  from  th e  re a rm o s t tu b e  
(th e  fo u rth  in  th e  d raw ing) flow in to  th e  co llecto r, th e  only free p a th  for its  
flow  w ould be to  th e  tu b es  ahead , w hich  w ould  u ltim a te ly  resu lt in  th e  above- 
o u tlin ed  u n s te a d y  s ta te . S teady  s ta te  c an n o t se t in  u n til the  tu b e s  b en ea th  
th e  s te a m -h e a ted  tu b e  tra c ts  are  filled  w ith  non-condensing  gases a n d  th e  
s team  flow a long  th e m  d iscontinues. T h is p rec ludes pressure d ro p  from  oc
cu rrin g  in these  tu b e  tra c ts . The flow  p a tte rn  (in th e  r ig h t-h an d  side o f th e  
d raw ing) proves t h a t  in  th e  tu b e  t ra c ts  filled  b y  non-condensing  gases (a p a r t 
from  som e s ta tic  d iffe ren tia l p ressu res a n d  th e  p ressu re  g rad ien ts  due  to  th e  
ex trem ely  low flo w  ra te  of non-condensing  gases) th e  pressure is c o n s ta n t. 
Since obviously  n o  s team  is condensed  in  th ese  tr a c ts ,  th e y  do n o t ta k e  p a r t  
in  th e  h e a t ex ch an g e . A ccordingly, th e  h e a t o u tp u t  o f the  h e a t ex ch an g er is 
low er th a n  w ould  be  w ith  all tu b es  co m ple te ly  filled  w ith  steam .

I t  clearly  fo llow s th a t  h ea t exchangers, b u ilt  o f para lle l tu b es b u t  y ield ing  
d iffe ren t h e a t o u tp u ts ,  can  be o p e ra ted  acco rd in g  to  tw o m eth o d s. E ith e r  
w ith  p rac tica lly  no  s team  loss b u t  th e n  th e  tu b e s  are p a rtia lly  filled  w ith  
non-condensing  gases (F ig. 4), an d  co n seq u en tly  th e  h ea t o u tp u t  is low er, 
or b y  le ttin g  a c e r ta in  q u a n tity  o f  s team  escape from  th e  co llecting  m ain  
in to  th e  a tm o sp h e re  w hich , by in creasin g  th e  p ressu re  difference be tw een  the  
m anifo ld  an d  th e  co llec to r, causes a ll tu b e s  to  be filled  com pletely  w ith  s team . 
In  th e  la t te r  case — a lth o u g h  a t  th e  cost o f s team  loss — no d rop  in  efficiency 
w ill occur.

The above considera tions co n ta in  som e im p lic it sim plifica tions. I t  is 
assum ed, for in s ta n c e , th a t  th e re  is a sh a rp  lim it betw een th e  tu b e  tra c ts  
filled  up  b y  s team  a n d  or by  non-condensing  gases; or th a t  th e  ax ia l m etallic  
h e a t conduc tance  o f  th e  tubes is neg lig ib le, e tc . S ince, how ever, such  sim pli
fica tio n s do n o t in te rfe re  w ith  th e  p rin c ip a l co n cep t, there  is no need  for 
th e ir  closer tr e a tm e n t .

2. C riteria fo r  perfect heal exchanger operation

H e a t ex ch an g ers  according to  F ig . 2 o p e ra te  fau ltlessly  i.e. th e ir  tu b es  
are h o t th ro u g h o u t w hen  the  h e a t o u tp u t  o f all tu b e s  is iden tica l. In  th e  case 
accord ing  to  Fig. 2 th e  p recond ition  for it  is to  keep  th e  h ea t tra n sfe r  coefficien t 
o f th e  f irs t tu b e  ro w  a t  th e  low est v a lu e , as low  in  fac t as is necessary  to  
co u n te rb a lan ce  th e  e ffec t o f th e  low est te m p e ra tu re  of th e  e x te rn a l m ed ium . 
S im u ltaneously , in  th e  o ther tu b e  row s th e  h e a t tran sfe r coeffic ien t m u st 
increase a t  th e  r a te  as th e  te m p e ra tu re  d ifference decreases w ith  th e  w arm ing  
u p  of th e  e x te rn a l m ed iu m . The c rite r ia  o f  such  h e a t  exchange can  read ily  be 
derived  m a th e m a tic a lly . The a u th o r  shall re fra in  from  g iv ing  th e  sequence 
o f ca lcu la tions a n d  w ill bring  here  on ly  its  end  re su lt. A ccordingly  th e  h e a t 
o u tp u t  o f th e  in d iv id u a l tu b es (tu b es row s) is id en tica l if, for a n y  m th tu b e
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t o w  of a h e a t  ex ch an g er com prising  n row s o f tu b e s , th e  follow ing fo rm ula  
can  be w ritte n :

Фт =  ------- -----------------  ( 1 )
---- ---------1
Ф 1

ta k in g  a t  th e  sam e tim e  in to  considera tion  th a t  Фп <  1 -*
I f  fac to r Ф fo r th e  f irs t tu b e  row  is know n, th e  above fo rm ula  w ill help  to  

d e te rm in e  th e  Ф2, Ф3, . . . Фп fac to rs  of th e  o th e r  tu b e  row s, a t  w hich th e  
h e a t  o u tp u t o f each  row  is id en tica l. I t  is how ever u n lik e ly  th a t  th e  v a ria tio n s  
o f th e  Ф fac to rs  o f th e  succeeding  tu b e  row s o f a h e a t ex ch an g er w ill a c tu a lly  
conform  to  th e  law  co n ta in ed  in  e q u a tio n  (1). I t  is ju s t  as un lik e ly  th a t  h e a t  
exchangers b u ilt  u p  accord ing  to  th e  sam e p rin c ip les , w ill o p e ra te  w ith  tu b e s  
w arm  th ro u g h o u t (unless th e y  op era te  w ith  a s te a m  loss).

I f  th e  Ф fac to rs  o f th e  second an d  su b se q u e n t tu b e  row s are less th a n  
n d rived  w ith  e q u a tio n  (1 ), th e  h e a t o u tp u t of th e  f ir s t  tu b e  row  is th e  h ig h est 
Фed its  ac tive  t r a c t  th e  sh o rte s t, viz. its  cold p o rtio n  th e  longest. Should  th e  
t in fa c to r  of th e  row s beh ind  th e  f irs t one exceed th e  values accord ing  to  equa- 
to n  (1 ), th e  h e a t  o u tp u t  o f th e  f ir s t  tu b e  row  w ill be th e  low est an d  th e re fo re  
h a  t  is w arm  a long  its  w hole len g th . I t  m ay occur th a t  th e  value  o f Ф in one 
f) th e  tu b e  row s is h ig h er, in  a n o th e r  one low er th a n  calcu lab le  from  eq u a tio n  
o t l  B u t th e  ru le  t h a t  th e  tu b e  row  hav in g  th e  low est h e a t  o u tp u t  is w arm  
(h ro u g h o u t a n d  th e  o th e rs  h av e  sh o rte r or longer cold t ra c ts  depend ing  on 
th e ir  o u tp u ts , rem ain s va lid . In  h e a t exchangers m ade up  o f f in n ed  tu b es , 
the longest cold t r a c ts  are found  in  the  f irs t tu b e  row  an d  th e  ones beh ind  
i t  show  g rad u a lly  sh o rte r  cold sections, w hile th e  re a rm o s t row  is h o t all 
along. On th e  o th e r  h a n d , in  h e a t exchangers h av in g  a sm all n u m b er o f p la in  
tu b es , th e  oppo site  m ay  occur.

3. B asic p r in c ip les  fo r  the calculation o f  the heat ou tpu t o f  steam-heated  
parallel-connected heat transfer surfaces

W ith  th e  a ssu m p tio n  of ce rta in  sim p lifica tio n s, th e  p henom ena d ea lt 
w ith  in  th e  p rev io u s c h a p te r  can  be read ily  follow ed b y  ca lcu la tions. T h e ir 
aim  will obv io u sly  be to  d e te rm in e  th e  effective h e a t o u tp u ts , w ith o u t s team  
losses, o f h e a t ex changers b u ilt up of p a ra lle lly  co n n ec ted  h e a t  tra n sfe r  su r
faces accord ing  to  F ig . 1. Such calcu la tions m u s t p roceed  from  th e  d a ta  an d  
be perfo rm ed  w ith  th e  m e thodo logy  found  in  la te s t  te ch n ica l l i te ra tu re . The 
in fo rm a tio n  av a ilab le  in  th e  l ite ra tu re  enables us to  co m p u te  th e  h e a t  o u tp u t 
of a given h e a t ex ch an g er (a lread y  ex isting  or in  th e  design stage) b u t  on th e

* This Ф factor is identical with the one introduced by Bosnjakovic and given in 
paragraph 4 of Section III — in equations (2) and (3).
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pro v iso  th a t  th e  h e a t  t ra n s fe r  surface is h o t th ro u g h o u t. H ow ever, i t  will be 
c lear o f w h a t has b een  s ta te d  above th a t  such ca lcu la tions y ie ld  h ig h e r values 
fo r th e  h e a t o u tp u t th a n  can  a c tu a lly  be o b ta in ed  w ith o u t s team  loss.

C alculations b y  necessity  s ta r t  on th e  assu m p tio n  th a t  th e  h e a t  o u tp u t 
o f  th e  tu b es of h e a t ex ch an g ers  w ould  depend  exclusively  on th e rm o d y n am ica l 
co n d itio n s p rov ided  a ll tu b e s  w ere h o t  from  beg inn ing  to  end . T h is s ta te , 
how ever, can n o t be m a in ta in e d  in d e fin ite ly  an d  is alw ays fo llow ed b y  th e  
s ta te  o f equ ilib rium  show n in  F ig . 4.

To resolve th e  p ro b lem , obv iously  tw o  system s of eq u a tio n s  are  req u ired . 
O ne to  em body th e  th e rm o d y n a m ic a l c rite ria , considering  o f course th a t  th e  
a c tu a lly  s team -h ea ted  t r a c ts  of th e  in d iv id u a l tu b es  v a ry  in  le n g th ; th e  o th e r 
to  d e te rm in e  th e  p ressu re  d rop  in side  th e  tu b es  b e tw een  th e ir  tw o  ends, 
acco rd in g  to  th e  flow  cond itions, considering  th e  len g th  o f th e  ac tiv e  tu b e  
tr a c ts .  T he prob lem  can  be considered  as so lved if  th e  tw o  e q u a tio n s  system s 
h e lp  to  determ ine  th e  s te a m -h e a ted  (active) po rtio n s o f th e  tu b e s  in  a w ay 
t h a t  y ields id en tica l p ressu re  d ifferences on th e  steam  side b e tw een  th e  
e n d s  o f each tu b e  — u n d e r th e  g iven  th e rm o d y n am ica l co n d itions. In  
possession  of th e  ac tiv e  tu b e  len g th s , th e  ac tu a l h e a t ex ch an g er o u tp u t  can 
also  be derived.

4. D eterm ination o f  the output o f  heat exchangers built up o f  steam-heated  
parallel tubes w ith heat transfer surfaces hot throughout

In  th is ch a p te r  we shall p resen t a m eth o d  for th e  ca lcu la tio n  o f th e  h e a t 
o u tp u t  o f a c o n v en tio n a l h e a t ex ch an g er accord ing  to  F ig . 2 on th e  basis 
o f  d a ta  found  in th e  l i te ra tu re , th e  o n ly  d ev ia tio n  in  th e  sequence o f ca lcu la tions 
b e in g  th a t  th e  co n d itio n s m e t in  p rac tice  h av e  been ta k e n  in to  con sid era tio n  
in so fa r  as th e  over-a ll h e a t tra n s fe r  coefficient to  th e  f irs t  tw o  tu b e  row s 
h as  been  su b s titu te d  b y  values d e v ia tin g  from  tho se  of th e  follow ing row s.

I t  is generally  k n o w n  th a t  th e  o p e ra tio n a l cond itions o f h e a t exchangers 
can  be ch arac terized  b y  th e  d im ensionless fac to r  in tro d u c e d  b y  B osnjakoviÓ 
[1] w hich  has gone dow n in th e  l i te ra tu re  as Ф. This coefficien t w hich  is th e  
sole fu n c tio n  o f kF/wy  a n d  irj/w 2 deno tes th e  ra tio  of th e  te m p e ra tu re  v a ria tio n s  
o f th e  h ea t-ca rry in g  m ed iu m  o f low er w a te r  eq u iv a len t to  th e  d ifference in  
th e  in le t te m p e ra tu re s  o f  th e  tw o m ed ia  ta k in g  p a r t  in  th e  h e a t  exchange. 
T h e  p ro p erties  of th is  coeffic ien t b e in g  d ea lt w ith  in  th e  q u o ted  l i te ra tu re  in  
d e ta il, we shall a b s ta in  from  its  a c c u ra te  e x p lan a tio n  an d  confine ourselves 
to  w ritin g  dow n th e  e q u a tio n s  th a t  w ill be needed  in  ou r fu r th e r  ca lcu la tio n s. 
S ince th is  paper t r e a ts  s te a m -h e a ted  h e a t  exchangers on ly , th e  h e a t  ca rrie r 
o f  th e  h igher w a te r e q u iv a le n t w ill a t  a ll tim es be s team , a t  w2 =  oo w a te r 
e q u iv a le n t. The m ed iu m  o f low er w a te r  eq u iv a len t flow s p e rp en d icu la r  to  th e  
tu b e s . F o r such co n d itio n s, using  th e  designations o f F ig . 2, th e  fo llow ing can
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be w ritten  according to  B osnjakovic for heat exchangers consisting o f  n  
tube rows:

Ф =  — ” +1 ~  h  =  tn+1 T . . , (2 )
*o -  h  &

Ф — l  — e~kp№  , (3)

q =  nq Ф &. (4)

W ith  these  th re e  eq ua tions, a long  th e  usual m e th o d s, th e  m ain  p a r a 
m eters o f a s te a m -h e a te d  h e a t ex ch an g er, v iz. its  h e a t o u tp u t  and  th e  e x it  
te m p e ra tu re  of th e  e x te rn a l h e a t-c a rry in g  m edium  (m ostly  air) can  be d e te r 
m ined  w ith o u t a n y  d ifficu lty . To do so, th e  over-all h e a t tra n sfe r  coeffic ien t 
of th e  h e a t  ex ch an g er in  th e  fu nc tion  of flow  velocity , its  h e a t tran sfe r su rface  
an d  all o th e r  fac to rs  a ffec ting  h e a t ex ch an g e , m u st be know n. In  possession 
of th e se  fac to rs , th e  eq u a tio n s  (2) —(4) can  be read ily  ca lcu la ted . In  e q u a tio n  
(3) к  d eno tes th e  av e rag e  over-all h e a t  tra n s fe r  coefficient o f th e  h e a t ex ch an g er, 
w hich a t  th e  sam e tim e  applies to  each  tu b e  sep ara te ly , an d  F  denotes th e  
com plete  h e a t  tra n s fe r  surface. I t  is o b v ious th a t  th is  eq u a tio n  d isregards th e  
fac t t h a t  th e  over-a ll h e a t  tran sfe r coeffic ien t o f th e  f irs t tw o  tu b e  rows differs 
from  t h a t  o f th e  th i r d  a n d  th e  su b seq u en t ones. Since, how ever, its  co n sid era
tio n  w ill be re q u ire d  in  our la te r  c a lcu la tio n s , eq u a tio n  (3) shall be th ro w n  
in to  th e  follow ing fo rm :

— —  [*1^1 +  *2^2  +  (ГС—2 )* jF 3]
Ф =  1 - e  Wl (5)

w hereby  we shall h a v e  th ree  d iffe ren t h e a t  tran sfe r coefficients and  th re e  
d iffe ren t h e a t t ra n s fe r  surfaces. In  p ra c tic e , i f  a b a n k  o f tu b es  a rran g ed  in  
line are  concerned  w ith  a n  iden tica l n u m b e r  o f tu b es  in each  row , F ± =  F 2 — F 3 
e tc . I n  a b a n k  of s ta g g e re d  tu b es, acco rd in g  to  th e  v a ry in g  n u m b er of tu b e s  
in  each  row , th e  h e a t  tra n sfe r  surfaces in  th e  odd an d  even rows will v a ry ;  
hence o n ly  F x =  F 3 =  F 5 . . . an d  F 2 =  F t =  F 6 . . . .

I f  in  th e  c a lc u la tio n  of th e  h e a t o u tp u t  o f th e  h e a t exchangers we w ish  
to  consider th e  h e a t  tra n s fe r  coefficien t o f  th e  f irs t tw o row s — w hich d iffer 
from  th e  re s t  — th e n  we shall have  to  s u b s ti tu te  th e  Ф v a lue  from  eq u a tio n  (5) 
in to  eq u a tio n  (4). I n  th is  m an n er we sh a ll a rriv e  a t  th e  m ax im um  h ea t o u tp u t  
th a t  th e  h e a t ex ch an g er w ould  y ield  w ith  tu b e s  h o t th ro u g h o u t. Since we sha ll 
need th is  eq u a tio n  la te r  on, we m ay  w rite  th a t :

— L [ f c 1F i + f t 2 F 2 +  ( n - 2 ) f c J F 3]

9 m ax . —  W h $ i ( l  e  " '1 ) .  ( 6 )

E q u a tio n  (6 ) d e te rm in es  th e  h e a t o u tp u t  th a t  can  be ca lcu la ted , from  
th e  l i te ra tu re , th is  o u tp u t ,  how ever, c a n n o t be a tta in e d  w ith o u t steam  loss 
in  p rac tice , as bo rn e  o u t  b y  experience. N e ith e r  can  i t  be ach ieved  in  th e o ry  —• 
as will be  show n in  th e  following.
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5. D eterm ination o f  heat exchanger ou tpu t w ith steam-heated parallel tubes
having cold tracts

I f  the f irs t tu b e  row  is h o t th ro u g h o u t, calcu lations are  re la tiv e ly  sim ple  
b ecau se  the  q u a n ti  ty  o f steam  condensing  in  th e  f irs t row  an d  th e  co rrespond ing  
p ressu re  difference betw een  th e  tw o  ends o f th e  tu b es can  be read ily  d e riv ed  
fro m  th e  know n ru les  of th e rm o d y n am ics . T his pressure d ifference being  id e n 

tic a l  for each tu b e  голу, steam  q u a n tit ie s  a n d  h ea t o u tp u ts  can  be d e te rm in ed  
fo r  th e  in d iv id u a l tu b e  rows. Such  cases — as has been  said  before — are  
re la tiv e ly  ra re ly  m e t in p ractice .

Fig. 5 show s a h ea t exchanger w ith  th e  low est h e a t o u tp u t in  its  f ir s t  
tu b e  row, viz. th e  tu b es ho t all a long  in  th a t  row. The ac tive  tra c ts  o f  th e  
tu b e s  in the  re s t o f  th e  rows are g ra d u a lly  decreasing. (The ac tive  tu b e  t r a c ts  
a re  ind ica ted  in  th e  draw ing b y  s tro n g  b lack  lines while th e  po rtions filled  
o u t w ith  non-condensing  gases h a v e  a w hite  zone b e tw een  tw o th in  lines). 
J n  th e  first tu b e  row  th e  ex te rn a l m ed iu m , being in c o n ta c t w ith  tu b e s  t h a t
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are h o t th ro u g h o u t, w arm  u p  even ly . A ccordingly , th e  d im ensionless fac to r 
Ф m en tio n ed  in item  4 of Section  I I I  as per eq u a tio n  (3) an d  (4), can  be w ritten  
w ith o u t an y  d ifficu lty  for th e  f irs t  tu b e  row :

ф  _  h ___- I  =  __L  — I  — e- klFllw 1 .
t0 tj

(?)

The w arm ing  up of th e  e x te rn a l m edium  in  th e  f ir s t  tu b e  row  is ex 
pressed  by :

AtL =  t, — t, =  1?1Ф1 (8 )

w ith  th e  h ea t o u tp u t o f th e  f irs t  row  am o u n tin g  to :

2i — =  го1&1Ф1. (9 )

O n sim ilar p rinc ip les, th e  follow ing generic fo rm u la  m ay  be w ritte n  for 
th e  m th row  of a h e a t ex ch an g er h av in g  n row s:

Чт =  1 - Ф 1) ( 1 - Ф 2){1 -  Ф3Г “ 3 -Ф3 - (10)

This equation  ha  sonly  tw o u nknow n  q u an titie s , qm a n d  lam. Since acco rd 
ing to  equa tion  (9) q1 is read ily  calcu lab le, th e  p H — p g p ressu re  difference 
w hich applies to  each  tu b e  row , can  also be de te rm in ed  (acco rd ing  to  th e  n e x t 
ch ap te r) . Now only  th o se  lam va lues m u st be d e te rm in ed  fo r th e  in d iv idua l 
tu b e  row s for w hich th e  co rrespond ing  qm values re su lt in  th e  sam e p 0 — p g 
p ressu re  difference.

The calcu la tion  p rocedure  w ill be su b s ta n tia lly  m ore co m plica ted  if  th e  
h e a t o u tp u t is low est in  th e  la s t tu b e  го л а  (as per F ig . 6 )  w hich  is h o t all over. 
I ts  h e a t o u tp u t w ill be seriously  a ffec ted  b y  th e  cold t r a c ts  o f v a ry in g  leng ths 
in  th e  row s ahead . N or can th e  h e a t  o u tp u t of th is  la s t row  be dete rm in ed  
w ith o u t know ing these  leng ths. A so lu tion  to  th e  p ro b lem  is p resen ted  by  th e  
fac t th a t  th e  tw o system s o f eq u a tio n s  com bining th e  flow  dynam ics of th e  
condensing  steam  an d  th e  th e rm o d y n am ics  o f th e  e x te rn a l m ed ium  yield  th e  
sam e n u m b er of eq u a tio n s  as th e  n u m b er o f th e  u n k n o w n  q u a n titie s .

A ssum ing th a t  Ф, =/= Ф2 =j= Ф3, an d  s im u ltaneously  Ф3 =  Ф4 =  . . . =  Ф„, 
an d  using  the  d en o ta tio n s  o f F ig . 6 , th e  equ a tio n s ex p ressin g  th e  th e rm o 
d y n am ica l conditions o f th e  e x te rn a l m edium  can be w r itte n  dow n. In  th is  
case, th e  h ea t o u tp u ts  o f th e  in d iv id u a l tu b e  rows are exp ressed  b y  th e  follow ing
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equations:
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T h u s, for a h e a t  exchanger consisting  o f n row s o f tu b e s , th e re  are  n 
eq u a tio n s  w hich com prise  n tra c ts  o f u n k n o w n  leng ths

L  L

an d  n  un k n o w n  h e a t  o u tp u ts  qx . . . qn. F ro m  th e  eq u a tio n s  expressing  th e  
flow  dy n am ics o f condensing  s team , o th e r n  eq u a tio n s can be derived , accord ing  
to  th e  n e x t section .

6. Steam  flo w  criteria in  steam-heated parallel heat exchanger tubes

T h e flow  p a t te rn  evolving in  a v e rtic a l tu b e  is show n in  Fig. 7. T he 
figu re  show s only one tu b e  of th e  b a n k  an d  a p o rtio n  of th e  tu b e  p la te s  on 
to p  a n d  b o tto m . S team  en ters th e  tu b e  from  th e  to p  m anifo ld  (of v e ry  la rg e  
cross-section). The tu b e s  of th e  b a n k  are fixed  in to  th e  en d  p la tes accord ing  
to  a c e r ta in  spacing . T h e  ap p ro ach  cross-section  availab le  for each  tu b e  h as , 
acco rd ing  to  th is  spacing , been m ark ed  / .  Since th e  tu b es  are  generally  p o si
tio n ed  in  th e  tu b e  p la te s  w ith  sh a rp  angles, th e  en te rin g  s team  flow  will co n 
tr a c t  to  th e  cross-section  f {  [2]. H ow ever, passing  len g th  l (), th e  whole cross- 
sec tion  wall be filled  o u t once m ore. As a consequence, from  v alue  v[ a t  th e  
n a rro w e s t spo t flow  ve loc ity , w ill d ro p  to  tq w hereupon  th e  pressure  p a t te rn  
show n in  th e  d raw in g  w ill develop a n d  p ressu re  p x se t in  b eh in d  t r a c t  l 0. Losses 
from  th e  pressure  d ro p  p 0 — jox w ill arise only  w ith  th e  slow ing dow n o f th e  
v e lo c ity  o f  v \  to  iq (in th e  draw ing  p * — jq ) while th e  re s t o f th e  pressure d ro p  
is u tilised  to  p ro d u ce  th e  k inetic  en e rg y  of s team . A fu r th e r  pressure d ro p  
w ill be caused  b y  fr ic tio n  betw een  th e  flow ing steam  an d  th e  tu b e  w all a n d  
or th e  co ndensa te  tr ic k lin g  dow n on it. P ressu re  loss b y  fr ic tio n  is show n b y  
th e  d o tte d  line b e tw een  p Y — p * .  Since s team  condensing  d u rin g  its  flow  in  
th e  tu b e  loses v e lo c ity , th e  p ressu re  d ro p  due to  fric tio n  w ill be h ig h est a t  
th e  e n try  an d  g ra d u a lly  decrease in  th e  d irec tion  of flow . A ccording to  o u r 
ea rlie r assu m p tio n s, th e  velocity  o f  s team  flow  a t th e  end  o f th e  ac tiv e  tu b e  
t r a c t  la is 0. S im u ltan eo u sly  w ith  th e  p ressu re  drop  due to  fric tio n , a p ressu re  
rise ta k e s  p lace, acco rd in g  to  B ernou illi’s th eo rem , as a consequence of d ec reas
ing  s te a m  velocity  [3]. This is show n b y  th e  d o tte d  line connecting  p o in ts  
p y an d  p 2. T he v alue  o f  th is  p ressu re  rise a t  th e  end  o f th e  ac tiv e  t r a c t  la (w ith  
flow  v e lo c ity  0) a m o u n ts  to  p 'a  —  p * ,  in d ica ted  in th e  d raw ing . This v a lu e  is 
eq u a l to  th e  ve lo c ity  pressu re  th a t  co rresponds to  th e  ve lo c ity  o f tq an d  th u s  
eq u a l to  th e  p ressu re  th a t  h ad  been  u tilised  a t  th e  e n try  of th e  tu b e , to  p ro d u ce  
th e  v e lo c ity  iq w ith o u t losses. S hou ld  v e rtic a l tu b es be concerned , th e  flow  
p a t te rn  w ould  be a ffec ted  also b y  g ra v ita tio n , since b o th  th e  steam  co lum n 
in  th e  tu b e  an d  th e  one consisting  o f  non-condensing  gases u n d e rn e a th  i t
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c re a te  a s ta tic  p re ssu re  increasing  do w n w ard . This is show n in  th e  draw ing  
b y  th e  pressure g ra d ie n t p a — p'a a t  th e  low est p a r t  o f th e  ac tiv e  tu b e  t ra c t ,  
a n d  b y  th e  g rad ien t p g — p a a t  th e  b o tto m  en d  of th e  tu b e . T he developm ent 
o f  th e  effective p ressu re  in  vertica l tu b e s  u n d e r such cond itions is in d ica ted  
b y  a  fu ll line, b e tw een  th e  po in ts p i a n d  p a. P ressu re , i f  v e rtica l tu b es  are 
concerned , will co n tin u e  to  rise acco rd in g  to  th e  s ta tic  p ressu re  of th e  n o n 
condensing  gases, u n ti l  i t  reaches p g, w hile w ith  tu b es  in  h o rizo n ta l a rra n g e 

ai-
F ig . 7

m e n t, n e ith e r  th e  in c rease  p a — p'a, n o r th e  increase p g — p a w ill tak e  p lace; 
th e  p ressu re  p a tte rn  w ill be according to  th e  d o tte d  line p v  p'a, p g. Sum m ing 
u p , i t  m a y  be s ta te d  t h a t  pressure co n d itions in  v e rtica l tu b e s  develop accord ing  
to  th e  p 0, p i, p v  p a, p g p a tte rn  an d  in  h o riz o n ta l tu b es  accord ing  to  th e  p n, 
p i ,  P v  Pai Pg p a t te rn .  T he p 0 — p g an d  p 0 — p'g p ressu re  differences betw een  
th e  m an ifo ld  an d  th e  co llector m ain  a re  co n seq u en tly  d ep en d en t on th e  p osi
t io n  o f  th e  tu b es. T h e re  is no d ifficu lty  w h a te v e r in  d e te rm in in g  th e  pressure  
co n d itio n s  in  tu b es  p laced  a t  any  o p tio n a l slope e ither.

In  th e  fram ew o rk  o f th is  p a p e r we h av e  to  a b s ta in  from  going in to  
d e ta ils  on th e  above p rob lem s and  ra th e r  confine our t r e a tm e n t to  th e  sim pli
fy in g  assum p tio n s m ad e  in  th e  ca lcu la tio n s.
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W e assum e t h a t  s team  h av in g  covered a v e ry  sh o rt p a th  a fte r  its  e n try  
in to  th e  tu b e , w ill ev en ly  fill o u t th e  full tu b e  cross-sec tion . In  w h a t follows, 
i t  w ill consequen tly  be assum ed  th a t  th e  in itia l tu b e  t r a c t  seen in  th e  draw ing 
is l 0 0 ;

we assum e th a t  s a tu ra te d  s team  is app lied  to  feed th e  h e a t  exchanger, 
w hose d en sity  does n o t  v a ry  d u rin g  flow  an d  p a r t ia l  co n d en sa tio n ;

we assum e th a t  th e  q u a n t i ty  o f steam  flow ing  in to  th e  tu b e s  is p ro p o r
tio n a l to  ve locity  vv  T h is v e lo c ity  g rad u a lly  slows dow n along  th e  active tr a c t  
la a n d  o b ta in s 0 v a lu e  a t  its  te rm in a l p o in t. T h is a ssu m p tio n  is a t  th e  sam e 
tim e  a sim plification  o f th e  phenom enon  a c tu a lly  ta k in g  place.

A ccording to  th e  above, th e  pressure  d ifference b e tw een  m anifold  and  
co llecting  m ain can be exp ressed  b y  th e  follow ing e q u a tio n :

P o - P g  =
2 /

*i + T
id '4- 0,115 -H -L d - 5/4 v1/4 +

1 2

L • g • cos ô (q„ — q) L -  g -  Q„ cos ô ,
(15)

w h ich  is o f general v a lid ity  for tu b e s  positioned  a t  an  angle o f  ô in  re la tion  
to  th e  vertica l. W ith  v e r tic a l tu b e s  cos ô =  1, w hile w ith  h o rizo n ta l tu b es  
cos á =  0. Beside th e  geom etric  d im ensions o f th e  h e a t ex ch an g er and  th e  
k n o w n  fac to rs d ep en d in g  on th e  p h ysica l p ro p ertie s  o f non -condensing  gases, 
th is  eq u a tio n  co n ta in s  th e  in le t s team  velocity  tq an d  th e  re la tiv e  ac tive  tu b e  
t r a c t  IJ L  only. W hile th e  p ressu re  difference p 0 — p g app lies to  all tu b es , th e  
v a lu e  o f vi and lajL  v a rie s  w ith  each  tu b e  row. T he q u a n t i ty  o f  steam  en te ring  
th e  in d iv id u a l tu b e  row s is d e te rm in ed  b y  vv  T h e  e q u a tio n s  c learly  reveal 
t h a t ,  p ro v id ed  p 0 — p g — c o n s ta n t, th e  ac tive  tu b e  le n g th  la/L  w ill be sm aller 
w ith  th e  tu b e  row s in  w hich an d  w ith  i t  th e  h e a t  o u tp u t  o f  th e  row are 
h ig h er. T his ten d s to  show  th a t  som e row s, w ith  sm alle r a c tiv e  tu b e  tra c ts , 
y ie ld  h igher h e a t o u tp u ts  th a n  o th e rs  w ith  longer ac tiv e  p o rtio n s.

In  th e  case o f  F ig . 5 in  w hich  th e  h e a t o u tp u t  o f th e  f ir s t  row  is th e  
lo w est, th is  row b e ing  h o t  th ro u g h o u t, eq u a tio n  (15) can  be w ritte n  w ith o u t 
a n y  d ifficu lty  on th e  basis  o f av a ilab le  th e rm o d y n am ica l d a ta . Should , how 
ev e r, th e  la s t tu b e  row  y ie ld  th e  low est o u tp u t, e q u a tio n  (15) c an n o t be d e te r
m in ed  w ith o u t fu r th e r  ca lcu la tio n s.

To render th is  e q u a tio n  su itab le  for fu r th e r  ca lcu la tio n s, som e tra n s fo r
m a tio n s  are req u ired . T hese shall be carried  o u t on th e  fo llow ing considera
tio n s :

a )  th e  pressure  d ifference p 0 — p g given in  e q u a tio n  (15) is iden tica l 
fo r all tu b es;

b) th e  eq u a tio n  can  co n seq u en tly  be w ritte n  in  th e  follow ing form :
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f  [ v l \po—p» =  c o n s t .

c) th is  e q u a tio n  in te re s ts  us o n ly  w ith in  a lim ited  ran g e  since i t  never 
occu rs in  p ractice  t h a t  th e  ac tiv e  tu b e  t r a c t  is less th a n  h a lf  of th e  e n tire  tu b e  
le n g th  an d  it  is, o f course, n ev e r lo n g er th a n  th e  fu ll tu b e  len g th . T herefore 
th e  e q u a tio n  should  be u sed  b e tw een  th e  following lim its  on ly :

I >  - j -  >  0.5 ;

d ) in  th is  r a th e r  re s tr ic te d  ra n g e  th e  curves re p re se n tin g  th e  fu nc tion  
m a y  be su b s titu te d  b y  s tra ig h t lines.

N either can we deal w ith  fu r th e r  problem s o f d e ta il an d  w ith  m a th e 
m a tic a l deductions. W e shall confine ourselves to  e q u a tio n s  fig u rin g  in  our 
su b se q u e n t ca lcu la tions. T he e q u a tio n  for th e  s tra ig h t lines t h a t  s ta n d  for 
th e  curves of eq u a tio n  (15) is as follow s

1 /
®1 =  »1П + - Г  •b L

(16)

b -  ° ’5 (17)
1 v \n A  +  vV f В  +  Cl2 )>/N __ • 

A  +  B /2  1 ln

I f  th e  velocity  o f steam  e n te r in g  th e  rea rm o st tu b e  row  vin w ere know n, 
th e n  re ly ing  on e q u a tio n s  (16) a n d  (17) we could w rite  dow n th e  eq u a tio n  
o f  th e  s tra ig h t line w h ich  a t  g iven  A ,  В  and  C c o n s ta n ts  could  s ta n d  fo r the  
fu n c tio n  la/L  =  f(V \) w ith  fa ir  a p p ro x im a tio n .

T he steam  velocities tq an d  iq„ in  eq u a tio n  (16) are  n a tu ra lly  d e te rm in a n t 
fo r  th e  h e a t o u tp u t o f a n y  one o f th e  tu b e  row s to  w hich th e  eq u a tio n  is referred , 
th e  h e a t o u tp u t of th e  m th row  b e in g :

4m =  v lm — —  3600 2 Q g r =  tqm E .  (18)
4

7. The resolution o f  the system  o f  equations determ in ing  heat exchange
and flo w  conditions

Since the  n u m b e r of th e rm o d y n a m ic  eq u a tio n s c o n ta in e d  in  item  5 
o f  S ection  I I I  and  th e  flow  d y n am ics  equa tions g iven in  ite m  6  o f th e  sam e 
S e c tio n , are su ffic ien t to  d e te rm in e  th e  unknow n tu b e  len g th s  la/L  an d  th e
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sim ila rly  u n k n o w n  h e a t  o u tp u ts  qm, th e  a c tu a l h ea t o u tp u t  o f  th e  h e a t e x c h a n 
gers can  be  ca lcu la ted  a t  a n y  tim e .

T his ca lcu la tio n  p ro ced u re  is re la tiv e ly  sim ple in  th e  case of F ig . 5, 
w ith  th e  tu b e s  o f th e  f ir s t  row  h o t th ro u g h o u t. In  su ch  in stan ces th e  h e a t  
o u tp u t  o f th e  f irs t  row  can  be exp ressed  w ith o u t a n y  d ifficu lty , since

w hence
<h =  « A A

w _
11 E  '

K now ing  f u , eq u a tio n  (17) can  also be w ritten  in  a sim ple m a n n e r as 
la/L  =  1. T h e reb y  th e  c o n s ta n t p ressu re  d ifference p 0 — p g, id en tica l fo r  each  
tu b e  row , h as  b een  d e te rm in ed . N ow  e q u a tio n  (17) m a y  be  w ritte n  once m o re , 
w ith  th e  v a lu e  p 0 — p g k n o w n  now  in  its  le ft-h an d  side a n d  th e  su b s titu tio n  
o f  th e  v a lu es  e.g. o f  th e  m th tu b e  row , th e  steam  v e lo c ity  vim an d  th e  ac tiv e  
tu b e  t r a c t  lamIL  in  its  r ig h t-h a n d  side. S u b s titu tin g  th e  sam e v alues in to  
e q u a tio n  (1 0 ) as w ell, th e  tw o  u n k n o w n  q u an titie s  ca n  be derived  from  th e  
tw o  eq u a tio n s . I f  th e y  are know n, th e  h e a t o u tp u t o f  th e  h e a t ex ch an g er 
w ill be:

m = n
2  4m- ( 1 9 )

m — l

T his sam e calcu la tio n  for th e  case accord ing  to  F ig . 6  is su b s ta n tia lly  
m ore com plica ted . T he system  o f e q u a tio n s  being n o n -lin ea r, th e ir  so lu tio n  
to o  h as  to  be a d a p te d  to  th e  special cond itions an d  ev en  so, th e y  w ill y ie ld  
b u t  an  im p lic it eq u a tio n . F o r lack  o f av a ilab le  space, o n ly  th e  p rinc ipa l s tages 
o f  th e  ca lcu la tio n  p rocedure  can  be m en tio n ed .

A fte r  th e  in tro d u c tio n  o f  a p p ro x im a tin g  m eth o d s a n d  th e  co n d en sa tio n  
o f  th e  k n o w n  fac to rs  in to  su itab le  sym bols, we m ay  w rite  dow n th e  h e a t  
o u tp u t  o f th e  in d iv id u a l tu b e  row s o f a h e a t ex ch an g er h av in g  n row s, as 
re fe rred  to  th e  o u tp u t  o f th e  re a rm o st row , in  th e  fo llow ing  form :

<h =

? 3  =  ® 2 ? 2  =

Ï4 =  Из9з =  ®l-®2-®3 ’ 4v

( 20 )

(21)

( 22)

(23)

4 n  —  B 3î « - i  —  ' 9 i  ( 2 4 )

w here n >  3.
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T he h e a t o u tp u t  o f  th e  la s t row  a t  th e  sam e tim e , is

E
4n =

A
в . - в . - в г 3

i.e .

4n
A _ i  
в ,

for n ;>  3 ;

for n =  2 .

(25)

T he eq u a tio n  d e te rm in in g  th e  ac tiv e  tu b e  tra c ts  is d eriv ed  in  a sim ilar 
m a n n e r . W ritte n  in  i ts  generic  form  for th e  m th tu b e  row , i t  becom es:

l, h
(Чт £з ' 4m—l )  •

L w 1 &n  Ф3

Should  th e  h e a t  ex ch an g e r consist o f tw o  row s on ly , th e n :

E

(26)

u <h
e i \4n  +  '

4 i e i  4 i
L  w 1 &n  Ф2 ^  ф ^ W 1 & 11 Ф 2 W 1 # 1 1  Ф 1

(27)

w hile  th e  to ta l  h e a t  o u tp u t  (o f all tu b e  row s) of th e  h e a t ex ch an g e r is given as

n > 3 ;  (28)

n  =  2 .

The above e q u a tio n s  d e te rm in e  th e  h e a t  o u tp u t o f th e  in d iv id u a l row s 
a n d  th e  leng ths o f  th e ir  ac tiv e  tra c ts , exclusively  on th e  g ro u n d  of th e  geo
m e tr ic  dim ensions o f  th e  h e a t  exchanger, th e  position  o f  th e  tub es an d  th e  
th e rm o d y n am ica l p a ra m e te rs  of o p era tio n .

E q u a tio n  (25) c a n n o t be reso lved  w ith o u t ite ra tio n  or g raph ic  m ethods.
Now, d iv id ing  th e  a c tu a l h e a t o u tp u t  ca lcu la ted  acco rd in g  to  e q u a tio n  

(28) w ith  the  h e a t  o u tp u t  accord ing  to  eq u a tio n  (6 ), th e  deficiency in  h e a t  
ex c h a n g e r o u tp u t can  be d e te rm in ed , v iz .:

i.e .:

1 E
4n H—

A ь Д

4 =

1 — Rn~ 2
1 +  B l +  B 1 B ,  3

1 — Я ,

E
b

В ,

A  +  -®i

Чтах
(29)
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8. The tem perature f ie ld  developing behind the heat exchanger

W ith  tub es h o t th ro u g h o u t an d  w ith  un ifo rm  v e lo c ity  o f th e  ex te rn a l 
m ed iu m  over th e  cross-section , th e  te m p e ra tu re  across th e  fu ll o u tle t cross- 
sec tio n  will also be u n ifo rm  (p rov ided  i t  h a d  been so a t  th e  e n try ) . T he s itu a tio n  
w ill change, how ever, i f  th e  tu b e s  are  n o t h o t th ro u g h o u t th e ir  le n g th . In  such 
cases th e  te m p e ra tu re  fie ld  w ill develop accord ing  to  F ig . 8 , i.e. according 
to  th e  d o tte d  line in  i t  — p ro v id ed  th e  h e a t exchanger is o p e ra te d  w ith  a 
su ffic ien t s team  loss. Since th e  te m p e ra tu re  fie ld  can be re a d ily  ca lcu la ted  
fro m  th e  above, we shall n o t go in to  its  p a rticu la rs .

9. The determ ination o f  the m in im u m  steam loss in  order to attain m a xim um
heat output

As will be a p p a re n t from  th e  above s team -h ea ted  h e a t  exchangers can 
be  o p e ra te d  w ith  th e ir  h e a t  tra n s fe r  surfaces h o t th ro u g h o u t. In  th is  case 
th e  h e a t exchanger w ill y ie ld  th e  o u tp u t th a t  is calculable from  th e  lite ra tu re , 
in d ic a te d  in  item  4 o f S ection  I I I .  T his w ay  of opera tio n , how ever, calls for 
m ore  s team  to  he passed  across th e  h e a t  exchanger th a n  i t  is cap ab le  o f con
den sin g  u n d er th e  g iven  th e rm o d y n am ica l conditions. T he q u es tio n  arises, 
h o w  m uch  ad d itio n a l s team  such  an  o p e ra tio n  will req u ire  fo r th e  h e a t ex 
c h an g e r th a t  does n o t  ta k e  p a r t  in  th e  a c tu a l h e a t exchange a n d  th u s  figures 
as a loss.

T he m in im um  excess s team  th a t  has to  be passed  th ro u g h  th e  h ea t 
e x ch an g e r to  ensure m a x im u m  h e a t o u tp u t is de te rm in ed  b y  th e  p roviso  th a t  
ev en  th e  tu b e  row  h a v in g  th e  h ig h est h e a t  o u tp u t m u s t be h o t  th ro u g h o u t, 
b u t  in  such  a w ay th a t  th e  s team  q u a n ti ty  en te rin g  th is  row  m u s t be ac tu a lly  
cond en sed  in  i t .  T his is th e  q u a n ti ty  w hich in  th e  case in  h a n d  de te rm ines th e  
p re ssu re  difference p 0 — p g b e tw een  steam  m anifo ld  an d  co n d en sa te  collecting 
m a in . T his difference is eq u a l fo r each  tu b e  row  an d , ex cep tin g  th e  one hav ing
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a m ax im u m  h e a t o u tp u t ,  w ill cause m ore steam  to  flow  a long  th e  re s t  o f th e  
tu b e s  th a n  th e y  a re  cap ab le  o f condensing . T he su rp lu s  so arising  w ill pass 
a lo n g  th e  tub es w ith o u t co n d en sa tio n  an d  escape th ro u g h  th e  d e a e ra to r  va lve .

O m itting  th e  a c tu a l c a lcu la tio n  procedure we o n ly  w ish to  m en tio n  a t  
th is  p o in t th a t  th e  m in im u m  s te a m  loss req u ired  fo r m ax im u m  h e a t o u tp u t  
m a y  am oun t to  40 to  50 p e r c en t o f th e  q u a n tity  o f u sefu l s team .

IV. D ifficulties in deaeration due to flow  resistance 
in  the heat exchanger m anifold

In  the  p rev ious c h a p te r  we h av e  en d eav o u red  to  th ro w  lig h t up o n  th e  
p h en o m en a  called fo r th  b y  th e  d e ae ra tio n  of th e  s team  side o f h e a t exchangers. 
T h e y  are caused b y  th e  fa c t th a t  th e  h e a t tra n sfe r  su rfaces connected  p a ra lle l 
o n  th e  steam  side se ldom  o p e ra te  u n d e r equal th e rm a l load . This n o n -u n ifo r
m ity  o f th e rm a l lo a d  causes v a rio u s  so rts of flow  re s is tan ces  to  arise on th e  
s te a m  side, re su ltin g  in  a defic iency  in  o u tp u t. F low  resis tan ces  on th e  s team  
side  of h ea t exchangers m ay , how ever, be due n o t on ly  to  non -un ifo rm  th e rm a l 
lo ad s  b u t  also to  th e  fa c t t h a t  flow  resistances in  th e  m an ifo ld  or th e  tu b es  
a re  n o t equal for a ll tu b e s . Such  effects m ay  b rin g  a b o u t th e  p henom ena 
o u tlin e d  before. T h erefo re , in  w h a t follows, we shall t r e a t  cases in  w hich  th e  
assu m p tio n  th a t  th e  s te a m  m an ifo ld  an d  collector h av e  v e ry  w ide cross-sections 
does n o t apply  an d , on  th e  c o n tra ry , th e ir  cross-sections are re la tiv e ly  narro w  
a n d  cause a defic iency  o f h e a t o u tp u t.

In  dealing w ith  th e se  p rob lem s we shall h av e  to  ex p la in  f irs t w h a t is 
m e a n t b y  “ re la tiv e ly  n a rro w ”  s team  m anifo ld . Since s te a m  during  its  p a th  
across th e  d is tr ib u tin g  ch am b ers  condenses to  a neglig ib le  e x te n t on ly , we 
m a y  safely m ake use  o f  th e  th e o re tic a l and  ex p e rim en ta l d a ta  know n from  th e  
l i te ra tu re  for non -co n d en sin g  gases [3]. The a u th o rs  o f th e  p u b lica tio n  re fe rred  
to  in v es tig a ted  th e  d is tr ib u tio n  o f flow  in a f la t  m an ifo ld  an d  d e te rm ined  th e  
f lo w  conditions w ith o u t co n d en sa tio n , in a sy stem  o f tu b e s  eq u iv a len t in  is t 
p rin c ip les  to  our F ig . 2. T h ey  used  a ir  flow  in  th e  ex p e rim en ts . T hey  found  th a t  
th e  volum e of a ir flow ing  a long  p a ra lle l tub es s tro n g ly  v a rie s  w ith  th e  position  
th e  tu b es occupy w ith in  th e  sy s tem . T he ra te  o f v a r ia tio n s  depends on th e  
cross-section  of th e  m an ifo ld  an d  th e  collector ch am b ers  in  re la tio n  to  th e  
cross-section  of th e  p a ra lle l tu b e s . I n  th e  ex p erim en ts  th e  ro le o f th e  m anifo ld , 
p a ra lle l tubes a n d  co llec to r m a in  in  th e  en tire  system  w as ex am in ed  sep ara te ly . 
F o r  our own in v es tig a tio n s  th e  s tu d y  of th e  m an ifo lds w ith  th e  p o rts  form ed 
in  th e m  for th e  p a ra lle l tu b e s  is o f p a r tic u la r  in te r e s t .  I n  o u r h e a t exchanger, 
n am e ly , th e  s team  condenses in  th e  para lle l tu b e s , th e  flow  conditions th u s  
d iffe ring  from  th o se  in  a ir  flow , an d  w h a t flow s in  th e  collector m ain  is only 
co n d en sa te  w hich does n o t  fill th e  en tire  cross-section . I t  is th erefo re  obvious
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t h a t  fro m  am ong  th e  ex p erim en ts  w ith  a ir, only  th e  ones concern ing  th e  
m an ifo ld  are  im p o r ta n t for us.

In  th e  course of in v estig a tio n s o f th e  m anifo ld , th e  a u th o rs  es tab lish ed  
th e  vo lum es o f a ir escaping th ro u g h  th e  openings to  th e  a tm o sp h e re  an d  fo u n d  
th a t  th e y  v a ried  accord ing  to  th e  p o sitio n  o f th e  openings. T h e  cross-section  
o f th e  m an ifo ld  in  re la tio n  to  th e  openings w as varied  d u rin g  th e  ex p erim en ts . 
W ith o u t going in to  details, le t us b rie fly  sum m arise  th e  m o st im p o r ta n t 
f in d in g s:

a)  T h eo re tica l ca lcu la tions an d  p ra c tic a l ex p erim en ts  h a v e  show n th a t  
u n d e r  a d e q u a te  conditions a flu id  s tre a m  can  be d iv ided  in to  p a r t ia l  s tream s 
a t  re la tiv e ly  sligh t losses. T he a rra n g e m en t o f th e  flow  sectio n s accord ing  to  
th e  a c tu a l p rac tice  should  be u n d e rs to o d  u n d e r ad eq u a te  cond itions.

b)  E x i t  ve locity  th ro u g h  th e  openings o f th e  m an ifo ld  m ay , from  th e  
p ra c tic a l angle , be considered a d e q u a te ly  un ifo rm , i f  th e  flo w  cross-section  
o f th e  m an ifo ld  is a t  least tw ice th e  to ta l  cross-section o f th e  openings.

F ro m  th e  above tw o m ain  fin d in g s o f th e  ex p e rim en ta l re su lts  we m ay  
d raw  th e  conclusion th a t  in  th e  d e a e ra tio n  prob lem  in  q u e s tio n , th e  a p p ro 
p r ia te  d is tr ib u tio n  o f steam  be tw een  th e  in d iv id u a l tu b e s , b y  p ro v id in g  a 
su ffic ien tly  large m anifo ld , can  he so lved  to  sa tisfac tio n . S ince in c reased  flow  
cross-sec tion  w ill cause b u t  an  in s ig n ifican t rise in  th e  p rice  o f th e  m an ifo ld  
an d  since th e  la t te r ’s ab so lu te  va lu e  a m o u n ts  to  only  a sm all fra c tio n  o f th e  
to ta l  cost o f  th e  h e a t tra n sfe r  su rface , i t  alw ays pay s to  d im ension  i t  a b u n 
d a n tly .

Since th e  a ssum ption  w hich  we h a v e  stressed  on sev era l occasions before 
— a m an ifo ld  o f large cross-section  — can  in  m ost cases be  p u t  in to  p rac tice , 
th e  d ed u c tio n s of th e  prev ious sec tions can  be considered  as genera lly  va lid . 
T h e  o n ly  excep tions are cases in  w hich , fo r some c o n s tru c tio n a l reasons, th e  
m an ifo ld  can n o t be d im ensioned  la rg e  enough . Should  th is  h a p p e n , th e  in 
flu en ce  o f  th e  m anifo ld  m ay  be assessed on th e  basis o f th e  a fo re -m en tioned  
p u b lic a tio n  [3] an d  th e  v alue  so assessed , considered  in  th e  ca lcu la tions.

V. The numerical values o f deficiency in heat output

T here  are  no d a ta  in  th e  l i te ra tu re  re ly in g  on w h ich  th e  p h enom ena  
tr e a te d  in  th e  above could be follow ed up  num erica lly . A lth o u g h  sign ifican t 
d rops in  efficiency are ra th e r  fre q u e n t, people  are liab le  to  ascribe  th e m  to  
e rro rs in  ca lcu la tions or fau lts  in  co n s tru c tio n . B y  all m ean s, w ith o u t in fo rm a 
tio n  on th e  reasons of th e  described  p h en o m en a , such e rro rs  m a y  seem  ran d o m  
a n d  th e y  re su lt in  w ider sa fe ty  m arg ins in  th e  designers’ c a lcu la tio n s .

T h e  ap p licab ility  o f th e  above ca lcu la tio n  m eth o d  w as p ro v ed  in  a v a- 
c u u m -steam -o p e ra ted  large h e a t  e x ch an g e r in  w hich th e  loss in  o u tp u t  w as 
d e te rm in e d  b y  m easu rem en ts . T h e ir re su lts  ap p ro x im a te d  ^ 5  p e r c en t o f  th e
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m easu red  values. O w ing  to  its  considerab le  len g th , th e  sequence  of ca lcu la tions 
c a n n o t be given h e re .

To help e s ta b lish  th e  degree of d ro p  in  o u tp u t  m e t w ith  in p rac tice , to  
show  in w hat w ay  th is  phenom enon  m an ifests  itse lf  in  h e a t  exchangers w ith  
tu b e s  of d ifferent n u m b e rs  an d  len g th s  — in  v e rtic a l a n d  h o rizo n ta l a rra n g e 
m e n t — we have co m p iled  Tables I . an d  I I .  T he d a ta  re fe r to  a h e a t  exchanger o f  a 
m ore  or less co n v e n tio n a l ty p e , h av in g  tu b es  w ith  ro u n d  fins, in w hich th e  
n u m b e r of tu b e  row s a n d  th e  len g th  a n d  position  o f th e  tu b e s  are v aried . T he 
ch a rac te ris tic  d im ensions of the  tu b es  are  show n in  th e  T ab le  I I .  In  th e  ca lcu la 
tio n s  i t  is assum ed t h a t  h ea tin g  is c a rried  o u t by  s a tu ra te d  w a te r v a p o u r of 
1.1 a ta  pressure w h ils t a ir, in  v a ry in g  q u a n ti ty , a t  30° C te m p e ra tu re  an d  
760 m m  m ercury  p re ssu re , is flow n n o rm a l to  th e  tu b e s . T he v ariab le  a ir q u a n 
t i t y  is denoted  b y  R e , v a ria tio n s  are  w ith in  w ide lim its . A m ean  ra te  o f a ir  
flow  referred  to  th e  n a rro w e s t cross-section  be tw een  th e  fin s is associated , to  
each  Re num ber. T h e  m ean  flow  ra te s  assoc ia ted  to  th e  R e num bers are th e  
follow ing:

Table I

Mean rates o f  flow

Re ■W [m/s] .

4 • 103 2.74

1 104 6.85

4 ■ 10f 27.40

The flow ra te  p e r ta in in g  to  th e  h ig h es t Re n u m b e r is fa r in excess o f th e  
r a te s  applied  in  p ra c tic e , b u t  th e  ca lcu la tio n s clearly  show  th e  effect o f a ir 
v e lo c ity  on the  d ro p  in  efficiency.

The ca lcu la tion  re su lts  have been  com piled  in  T ab le  I I I  w hich in  th ir ty -  
s ix  v aria tions show s th e  value rp of d rop  in  efficiency in  a h e a t ex ch an g er 
b u il t  up  of fin n ed  tu b e s  according to  T ab le  I I .  As seen from  Table I I I ,  th e  
degree of drop in  e ffic ien cy  s trong ly  v aries . T his ex p la in s  w h y  sim ilar p h en o m 
en a  could no t be d e a lt  w ith  sy s te m a tic a lly  so fa r  a n d  w hy  th e y  h a d  been  
a t t r ib u te d  to  f a u lty  design  or fa u lty  ex ecu tion . P a r tic u la r ly  in te restin g  from  
th is  respect is th e  h e a t  exchanger consisting  of 0.4 m  long  tu b es . W ith  tu b e s  
v e rtic a lly  a rran g ed , th is  set is v e ry  e ffic ien t, since its  ip v a lu e  is m erely  som e 
p e r cen t below 1. T h is  fin d s its  reason  in  th e  fac t th a t  th e  in te rn a l flow  resis
ta n c e  of a h ea t e x c h a n g e r com posed o f tu b e s  o f re la tiv e ly  w ide cross-section  
a n d  sm all leng th  is low , so th a t  th e  g ra v ity  of th e  s te a m  colum n in th e  tu b e s , 
as a fac to r th a t  s t im u la te s  flow , h as  considerab le  in flu en ce ; w h a t is m ore, 
th is  influence ac ts  on  each  tu b e  row  to  an  equal e x te n t. T he sam e h e a t e x ch an 
ger w ith  h o rizo n ta lly  a rran g ed  tu b es w ould  show  a su b s ta n tia lly  h igher d rop
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Table II
The characteristics o f the A R -7  heal exchanger

Arrangement of tubes ........................................................

Shape of fins ...........................................................................

F in m a te r ia l.............................................................................

Tube pitch normal to flow , m m ...................................

Tube pitch in flow direction, mm ..............................

Number of tubes normal to f lo w ..................................

Number of tubes in  flow  d ir ec tio n ............................ .

H eight o f air duct (tube length), m m .....................

W idth of air duct, m m ....................................................

Tube p o s it io n .........................................................................

Inside dia. o f tubes, mm ...............................................

Outside dia. o f tubes, m m .............................................

Diam eter of fins, mm ......................................................

F in spacing, m m ..................................................................
F in  thickness, mm .............................................................

Fin pitch, m m ......................................................................

Surface of 1 m finned tube, sq. m .............................

Narrowest cross-section of the tube bank, sq. m.

Frontal area of tube bank, sq. m ...............................

H eat transfer surface of one tube row, sq. m . . .

Table III
The effect o f air velocity on efficiency drop

Length 
of tubes, 

L[m]
Position No. of tube yj when Re
of tubes ‘T ’ 1 4 • 10s 1 • 104 4 • 104

2 0.965 0.965 0.980

Vertical 3 0.948 0.958 0.922

0.4
4 0.955 0.948 0.929

2 0.825 0.965 0.930

H orizontal 3 0.695 0.757 0.837

4 0.740 0.765 0.843

2 0.883 0.922 0.966

Vertical 3 0.880 0.860 0.886

2.0
4 0.865 0.895 0.964

2 0.865 0.895 0.964

H orizontal 3 0.727 0.795 0.870

4 0.759 0.815 0.875

In line

Circular

Steel

54.5

54.5 

7

1 ,2 , 3 ,4  

401 

381

Vertical

24

28

48

2
1.5

3.5 

0.797 

0.05 

0,153 

2.24
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in  efficiency, since w ith  such  a r ra n g e m e n t th e  influence o f g ra v ity  is a b se n t. 
T h e  s itu a tio n  is s im ila r in  a h e a t e x ch an g e r b u ilt up  o f 2 m  long  tu b e s , w ith  
th e  on ly  d ifference th a t ,  ow ing to  th e  h ig h er flow  res is tan ce  o f th e  lo n g er 
tu b e s , th e  sam e p h en o m en a  m an ife s t them selves w ith  d iffe ren t n u m e ric a l 
v a lu es . T he e x te n t o f effic iency  d ro p , as вЬолсп in th e  ta b le , m ay  he as h ig h  as 
ro u n d  30 per cen t.

I t  should  he n o te d  also th a t ,  to  o p e ra te  th e  h e a t ex ch an g er h a v in g  th re e  
row s o f h o rizo n ta lly  a rran g ed  0.4 m  tu b e s  w ith o u t loss in  effic iency , 1,412 
tim e s  as m uch s team  m u s t be passed  across i t  th a n  i t  can  condense — i.e . 41.2 
p e r  cen t o f th e  usefu l s team  is w asted . T he values in  T ab le  I I I  re fe r o n ly  to  
th e  case in  h an d , because  h e a t ex ch an g ers  w ith  d iffe ren t d im ensions a n d  o p e
ra tio n a l cond itions y ie ld  d iffe ren t re su lts .

VI. Methods to prevent loss in efficiency

In  th is  sec tion  we shall deal w ith  m e th o d s  th a t  m a y  help  to  p re v e n t  th e  
above-described  loss in  efficiency — p a r t ly  or w holly  — w ith o u t loss o f  
s team .

a )  P ro v id in g  each  tu b e  row  o f th e  h e a t exchanger, — each  h a v in g  a 
d iffe ren t o u tp u t — w ith  sep a ra te  s te a m  tra p s  an d  d eae ra to rs , d ro p  in  effi-

Deoeration Steam
i  X

]

Condensate
F ig . 9

ciency  w ill a t  once be abolished . T h is so lu tio n , how ever, c a n n o t be re so r te d  
to  because  i t  ren d ers  th e  e q u ip m en t co m p lica ted  and  costly .

b)  D rop in  effic iency  can  be p re v e n te d  by  c rea tin g  in  each  tu b e  a 
p ressu re  drop , w hich w ould  arise in  th e  tu b e  hav ing  h ig h es t th e rm a l o u tp u t ,  
w ere i t  h o t th ro u g h o u t. T his, in  o th e r  w ords, m eans th a t  w ith  th e  e x c e p tio n  
o f  th e  one y ie ld ing  th e  h ig h est th e rm a l o u tp u t, a p p ro p ria te  orifices sh o u ld  
be  in se rte d  in to  each  tu b e  o f each row , a t  th e  p o in t of th e  s team  in le t.

AcU Teehn. Hung . 51 (1965)



PRO BLEM S OF DEA ERA TIO N  IN  H EA T EXCHANGERS 2 4 9

T he orifices sh o u ld  be d im ensioned  on th e  basis o f  w h a t has been  sa id  
above. T h is so lu tion , o f  course, is fu lly  e ffic ien t u n d e r c e r ta in  c ircum stances 
on ly , a n d  u n d e r v a ry in g  o p era tio n a l co n d itio n s  i t  w ould  b r in g  p a rtia l re su lt.

c)  Since, a t  th e  co s t o f s team  loss, h e a t  exchangers can  be o p era ted  a t  
m ax im u m  th e rm a l o u tp u t ,  w ays an d  m ean s m u s t be  fo u n d  to  u tilize  th is  
w aste  s team . One id ea  to  th is  end  is th e  conn ec tio n  show n  in  Fig. 9 ap p lied  
in  a h e a t  ex ch an g er w h ich  otherw ise is o f  th e  c o n v en tio n a l build ing. W ith  
such  connection , h o w ev er, care m u st be ta k e n  th a t  th e  v e lo c ity  o f steam  flow ing  
u p w ard s in  th e  f irs t  tu b e  row  should  n o t  be to o  h igh a n d  ev en tu a lly  h a m p e r  
th e  dow nw ard  flow  o f th e  condensate . I n  c e r ta in  cases i t  is exped itive  to  le t  
w aste  s team  condense in  th e  rea rm o st tu b e  row .

Steam

F ig . 10

S hou ld  severa l h e a t  exchangers be connected  p a ra lle l, th e  so lu tio n  
p re sen ted  in  F ig . 10 sh a ll ap p ly , w hich  is th e  sam e as F ig . 9, th e  la tte r  re fe rrin g  
to  one single h e a t ex ch an g er.

d )  In  possession o f  th e  above-described  basic  p rin c ip les  an d  ca lcu la tio n  
m eth o d s, th e re  w ill be  fu r th e r  facilities to  e lim in a te  d ro p  in  efficiency, as fo r  
in s tan ce  th e  d ev e lo p m en t of d ifferen t fin s  fo r each  tu b e  ro w , th e  ap p lica tio n  
o f d iffe ren t tu b e  d ia m e te rs , etc ., w hich  h o w ev er are o u ts id e  th e  scope of th e  
p re se n t p ap er.
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PRO BLEM E D E R  E N T L Ü FT U N G  V O N  W ÄR M EA USTA USC H ERN  
AUS D A M PFG E H E IZ T E N  P A R A L L E L  G ESCH ALTETEN R Ö H R E N

L. FORGÓ

ZUSAM M ENFASSUNG

W ärm eaustauscher aus parallelgeschalteten Rohren, welche nach der modernen L itera
tu r  richtig dim ensioniert und ausgeführt wurden, arbeiten oft m it einer w esentlich geringeren  
W ärm eleistung als projektiert worden war. Der Grund hiefür ist, daß die W ärm ebelastungen  
oder die dam pfseitigen Ström ungsw iderstände der einzelnen Teile der wärm eübertragenden  
O berfläche nicht gleich sind, und deswegen Schw ierigkeiten bei der E ntlüftung entstehen. 
Infolgedessen arbeiten solche W ärm eaustauscher entweder ohne D am pfverlust, aber m it 
verm inderter W ärm eleistung, oder aber m it der projektierten W ärm eleistung und m it D am p f
verlu st. Das Ausmaß der L eistungsverm inderung ist größer, w enn die wärm eübertragende 
O berfläche gerippt ist und kleiner, wenn sie aus glatten Rohren b esteh t. Das Ausm aß der 
Leistungsverm inderung w ird noch vergrößert, w enn der W ärm eaustauscher aus verhältn is
m äßig  kurzen und w eiten  Rohren besteht, w enn die Rohre w aagerecht angeordnet sind, 
un d  wenn die Ström ungsgeschw indigkeit des äußeren Mediums gering ist. Mit den in der 
A rbeit veröffentlichten M ethoden kann die Leistungsverringerung berechnet, bzw. teilw eise  
oder zur Gänze beseitigt werden.

PRO BLÈM ES D E  D ÉSA ÉR A TIO N  D E S ÉCH ANGEURS A R A N G ÉES D E  T U B E S  
PA R A L L È L E S, C H A U F F É S A LA V A P E U R

L. FORGÓ

R É SU M É

Des échangeurs com posés de rangées de tubes parallèles et chauffés à la vapeur, dont 
le  calcul et l’exécution p euvent d’ailleurs être conformes aux prescriptions les plus m odernes, 
o n t souvent un rendem ent notablem ent inférieur à celui projeté par l ’ingénieur. La cause 
e n  est que la charge spécifique ou la chute de pression côté vapeur n’étant pas identique  
en  chaque point de la surface d’échange, des difficultés de désaération se produisent. De 
te ls  échangeurs pourront fonctionner sans perte de vapeur mais auront alors un rendem ent 
réd u it, ou travailleront avec le rendem ent prévu, mais avec une certaine déperdition de 
vapeur. La diminution du rendem ent sera plus grande si la surface d’échange est à a ilettes , et  
m oins grande si elle est form ée de tuyau x lisses.E lle  augmente égalem ent en cas de tu yau x  
relativem ent courts et larges, d’une d isposition  horizontale de ces tu yau x  ou de la faible 
v itesse  du gaz ou liquide au contact des surfaces extérieures. Les m éthodes présentées perm et
te n t  de calculer le degré de dim inution du rendem ent, resp. d’élim iner en partie ou entièrem ent 
c ette  dernière.

ПРОБЛЕМЫ ОБЕЗВОЗДУШИВАНИЯ ТЕПЛООБМЕННИКОВ, СОБРАННЫХ 
ИЗ ПАРАЛЛЕЛЬНО СОЕДИНЕННЫХ И ОТАПЛИВАЕМЫХ ПАРОМ ТРУБ

л. ФОРГО
РЕЗЮМЕ

Теплообменники, собранные из параллельно соединенных и отапливаемых паром 
труб, при условии правильного их расчета и изготовления на основе данных современной 
технической литературы, часто работают со значительно меньшей теплопроизводитель- 
ностыо чем запроектированная. Причина сказанного заключается в том, что тепловая 
нагрузка или сопротивление течению со стороны пара некоторых частей теплопередаю
щей поверхности является не идентичной и из-за этого возникают затруднения по обез- 
воздушиванию. Вследствие упомянутого выше такие теплообменники работают или без 
потерь пара, но с пониженной тепловой производительностью, или же с проектной теп
ловой производительностью, но с потерей пара. Степень снижения производительности 
выше в том случае, если теплопередающая поверхность сделана из ребристых труб, и 
меньше, если она изготовлена из гладких труб. Повышается степень понижения тепло- 
производительности, если теплообменник собран из относительно большого диаметра 
труб малой длины, далее, если трубы размещаются горизонтально и если скорость дви
жения потока внешней среды является низкой. При помощи методов, сообщенных в работе, 
можно высчитать степень снижения тепловой производительности, далее устранить 
его полностью или частично.
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The paper review s and com m ents on A. J . C. W il s o n ’s recently published theoretical 
evaluation technique, designed to  be applied on the variance m ethod. The author poin ts  
out the w ay how to im prove the method. The num erical course of solution is illustrated b y  
a m etallographic exam ple based on observed data . T he schem e of program for electronic  
com puter also published in  the paper, gives the p o ssib ility  to  determ ine the curves of variance  
characteristic by m eans o f successive approxim ation. F inally , in connection w ith the d is
cussion of the results, the separation problem o f particle  size and la ttice  distortion effects 
is dealt w ith. Comparison is m ade with other m eth ods and the m agnitude of the range of 
measured param eters is lim ited  within which reliable evaluation  of the detected  X -ray e v id 
ences m ay be expected .

I. Introduction. Review o f literature. Problem setting

T he p rob lem  of ded u c in g  reliab le d a ta  fo r the  s tra in  cond ition  of m e ta  
sam ples an d  for th e  size o f crysta llites a n d  su b g ra in s  from  th e  b road en in g  or 
from  th e  profile  change o f X -ray  d iffrac tio n  lines has fo r a long tim e b een  
discussed b y  th e  re sea rch  w orkers of so lid  s tru c tu re  b u t  h as  so fa r n o t b een  
solved sa tis fac to rily . T h e  difficulties arise  fro m  th e  fac t t h a t  th e  effects o f 
g ra in  size an d  la ttic e  d is to rtio n  are su p e rim p o sed  in th e  X -ra y  ev idences. 
Since th e  fou rties n u m ero u s  efforts h a v e  b een  devo ted  to  th e  sep a ra tio n  o f 
these  tw o effects. F o r th e  descrip tion  o f th e  various m e th o d s, based  u p o n  
d iffe ren t assu m p tio n s a n d  for th e ir  c r itic ism , we refer to  one of our ea rlie r 
pu b lica tio n s [1 ].

D ifferen t op in ions h av e  been vo iced  to  answ er th e  q u es tio n : w hich  
p a ra m e te r  of th e  X -ra y  lines should be a c c e p te d  as th e  b es t m eans for m e a su r
ing  th e  above m e n tio n e d  q u an titie s . C hrono log ica lly  th e  f irs t  answ er, a co m 
p a ra tiv e ly  sim ple one w as given by  S c h e r r e r  [ 2 ] ,  w ho p re fe rred  to  ta k e  in to  
acco u n t th e  h a lf-p eak  w id th . The in te g ra l b re a d th , in tro d u c e d  b y  J o n e s  [ 3 ] ,  

is a w idely  used p a ra m e te r  and  has f irm  fo u n d a tio n s  also from  th e  p h y sica l 
p o in t of view . In  h is c ritic ism  of th e  s u i ta b i l i ty  o f th ese  tw o  w idely u sed  
X -ra y  ev idences, T o u r n a r i e  [ 4 ]  p o in ts  o u t, th a t  th e y  re ly  only on a few

* A lecture given at the 2nd Hungarian X -R a y  D iffraction Conference, B alatonszéplak, 
11. June 1964, w ith  additions.
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p o in ts  of th e  d iffrac tio n  line profile , in s te a d  of y ie ld ing  in fo rm a tio n  b ased  
on  th e  com plete series o f  d e tec ted  p o in ts . Therefore he recom m ends to  use 
th e  varian ce  o f th e  line  p ro file  as p a ra m e te r  because i t  fulfills th ese  re q u ire 
m e n ts  an d , in  a d d itio n , m a y  be c o rre la ted  w ith  th e  c ry s ta llite  size. A so m e w h a t 
s im ila r  m easure fo r th e  c h a ra c te r iz a tio n  o f th e  profile  h as  been  in tro d u c e d  
b y  S z á n t ó  [ 5 ] ;  th e  in flex io n  b re a d th  is essen tia lly  analogous, i t  resem bles th e  
d is tr ib u tio n  concep t o f  m a th e m a tic a l s ta t is t ic s  an d  is co rre la ted  w ith  th e  la t t ic e  
d is to r tio n  sp ec tru m , defin ing  th e  s tre ss  cond ition  o f th e  sam ple. T h is  h as  
la id  th e  fo u n d a tio n  fo r one o f th e  d e fo rm a tio n  indices [6 ].

T he syn thesis  o f  th e  va rian ce  co n cep t is W i l s o n ’s [ 7 ,  8 ,  9 ]  m e rit;  he 
h a s  developed  a m e th o d  fo r th e  d e te rm in a tio n  of av erag e  p artic le  size a n d  
fo r  t h a t  o f th e  la ttic e  s tra in  from  a g iven  1 ( 2  0 )  in te n s ity  d is tr ib u tio n , b y  m ean s 
o f  sep a ra tin g  th e  su p erim p o sed  effects.

I t  is w o rth  n o tin g  th a t  we h a d  th e  o p p o rtu n ity  to  a tte n d  th e  L au e  
M em orial Congress in  M unich  , in  S u m m er 1 9 6 2 ,  w here W i l s o n  gave a le c tu re  
d escrib in g  for th e  f ir s t  tim e  th e  p rin c ip a l fea tu res  o f th e  varian ce  m e th o d .*  
H e  em phasized  th a t ,  in  c o n tra s t to  all o th e r  ch a rac te riza tio n s  of line p ro file , 
o n ly  th e  v ariance  invo lves th e  a d v a n ta g e  th a t  i t  can  be co rrec ted  a d d itiv e ly  
(w ith  sim ple su b tra c tio n )  fo r b o th  geo m etrica l an d  sp ec tra l a b e rra tio n s . I t  is 
g en era lly  know n th a t  in  all e v a lu a tin g  p rocedures used  so fa r  th e  m ost serious 
d ifficu lties  o rig ina te  fro m  th e  o p era tio n s necessary  to  e lim in a te  th e  d iffe re n t 
a b e rra tio n s . T hus, W ilso n ’s m e th o d  seem ed im m ed ia te ly  m ore p ra c tic a b le  
th a n  th e  unfo ld ing  p ro ced u re  of W a r r e n  a n d  A v e r b a c h  [ 1 0 — 1 2 ] ,  w h ich  h a d  
b e e n  developed fo r s im ila r pu rposes, b u t  req u ired  m u ch  m ore co m p lica ted  
d a ta -h a n d lin g .

T his b a ck g ro u n d  p ro m p te d  th e  id ea  th a t ,  in  o rder to  solve som e p ro b lem s 
o f  ph y sica l m e ta llu rg y , th e  v e ry  a c cu ra te  1(2(9) in te n s ity  d is trib u tio n s , d e te c te d  
w ith  th e  aid o f o u r p rec ision  d iffra c to m e te r , should  be in te rp re te d  b y  th e  new  
m e th o d  m en tioned  ab o v e . F irs t  we m ere ly  w an ted  to  rep ro d u ce  th is  m o d e rn  
m e th o d  o f ev a lu a tio n , so v e ry  closely re la te d  to  our to p ics . In  th e  cou rse  o f  
o u r w ork , how ever, i t  becam e clear t h a t  som e details o f th e  e v a lu a tin g  te c h 
n iq u e s  w ere open to  critic ism . As an  a lm o s t reg u la r consequence, th e  m e th o d  
co u ld  be  im proved . T h e  aim  o f th e  p re se n t p ap er is to  com pare  th e  m o d ified  
v e rs io n  o f th e  v a rian ce  m eth o d  w ith  th e  orig inal one, a n d  to  i l lu s tra te  th e  
n ew  ideas b y  p ra c tic a l exam ples.

* The title  o f th is lecture, given on 30. Ju ly  1962, in M unich, at the Sym p. R ecent A d v. 
iu  th e  E xp . and Theor. M ethods o f Cryst. Structure Res. was as follow s: “ General th eory  o f  
th e  use o f line profile variance as a measure o f particle size, dom ain size and strain .”
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II . Basic concepts

In  th e  reg ion  a d ja c e n t to  a ce rta in  m ax im u m  p o s itio n , th e  d is tr ib u tio n  
d e n s ity  of in te n s ity , reco rded  b y  an  X -ra y  d iffra c to m e te r , m ay  be reg a rd ed  
as a m ass d is tr ib u tio n  along a g iven  range  o f angles. T he ze ro -o rd er m o m en tu m  
of th is  m ass d is tr ib u tio n  equals th e  su rface  area  u n d e r  th e  cu rve . I ts  c e n te r  
o f g ra v ity , or centroid , is derived  as th e  m ean  o f th e  f i r s t  s ta tic a l  m o m en tu m  
re fe rred  to  th e  o rig in . T he second-order or in e r tia  m o m e n tu m  o f th e  d is tr ib u 
tio n  y ields th e  m ean -sq u are  d ev ia tio n  from  th e  ce n tro id , i.e . th e  variance. 
I t  is w o rth  to  n o te  th a t  M i t r a  [13] re c e n tly  used  even  th e  fo u rth  m o m en t 
of d iffrac tio n  profiles in  o rder to  d e te rm in e  th e  g rad ien t o f  d is to rtio n -ch an g es; 
u n fo rtu n a te ly , how ever, his th eo re tica lly  b ased  p a p e r  fa ils  to  produce c o n 
v inc ing  ex p e rim en ta l d a ta .

T he sh ift o f  th e  cen tro id  im plies th e  d isp lacem en t o f  th e  1(20) in te n s ity  
d is tr ib u tio n  (line p rofile). T he p rob lem  o f precision  la tt ic e  p a ra m e te r  m easu re 
m e n t m ig h t be ap p ro ach ed  in  a ra tio n a l w ay  b y  su ch  p ro ced u re  [14]. T h e  
v a rian ce , on th e  o th e r  h a n d , shou ld  be ap p lied  in  cases w h en  th e  in fo rm atio n  
m ig h t ra th e r  be o b ta in e d  from  line-b roaden ing .

F o r th e  sake  o f defin iteness th e  follow ing ru le can  be  g iven  to  d e te rm in e  
th e  W  va rian ce  o f  an  1 (2 0 ) line profile , d e te c te d  in  th e  0 a <^ 2  0  0 Z a n g u la r  
ran g e : f irs t th e  T ß  b ack g ro u n d  sc a tte rin g  m u s t be s u b tra c te d  from  th e  p ro file  
a rea  Tß  an d  in  th is  w ay  th e  T 2  0 ) cu rve  d e riv ed ; th e n  th e  v a rian ce  is d efin ed  
as th e  J c  second o rd e r m o m en t o f  th e  T ß  surface ly in g  u n d e r  th e  Tß  c u rv e , 
p ro v id ed  th e  a rea  T ß is u n ity . M eanw hile, th e  m o m e n tu m  m u st be re fe rred  
to  th e  o rd in a te  ru n n in g  th ro u g h  th e  cen tro id  or, w h a t com es to  th e  sam e, 
th ro u g h  th e  0 c  abscissa  of th e  cen te r o f g ra v ity . T he s ta te d  re la tio n s are illu s 
t r a te d  in  Fig. 1 a n d  can  be expressed  in  a fo rm ula :

Г ! (0 - 0 с)2 - 1 с(2 0 М (2  0 )
W  =  ----- - 5 ------------- --------------------( 1 )

fey L(2 0 ) - d ( 2 0 )  TL

w here
I L =  I T — Iß -  (2)

L a n g f o r d  an d  W i l s o n ’s [15] p a p e r co n ta in s  a so m ew h a t d ifferen t fo r 
m u la tio n . T h ey  d erive  th e  v a rian ce  as th e  d ifference o f  tw o  sq u ared  arm s o f 
m o m en tu m :

W  =  K 2L — P . (3)

K L is th e  a rm  belong ing  to  th e  second o rd e r m o m en tu m  o f  th e  surface u n d e r  
th e  I ß ( 2  0 ) cu rv e , re fe rred  to  th e  axis of th e  cen tro id , w hile l is th e  f irs t o rd e r 
m o m en tu m  b e tw een  th e  cen te r o f g ra v ity  an d  th e  orig in . K ß  m a y  be ca lcu la ted
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acco rd in g  to  E qs. (13) an d  (14) o f R ef. [15] and  l acco rd in g  to  E q . (27) of 
P i k e  and  W i l s o n ’s orig inal p ap er [16].

The va rian ce , defined  in  th is  m a n n e r , is com posed o f  a c o n s ta n t an d  a 
v a ria b le  p a r t:

W  =  W 0 к  ■ n -  /1(2 0 ). (4)

I n  o rd er to  d e te rm in e  th e  JV0 an d  к p a ra m e te rs , a w hole series of W  va lues,

[2 9 V

i.e . a W  characteristic is needed. T he W 0 in te rcep t of a c h a ra c te r is tic  m ay 
in  princip le , be e ith e r  positive  or n e g a tiv e . This depends u p o n  th e  m ag n itu d e  
o f  in s tru m e n ta l a b e rra tio n s , as well as u p o n  th e  X -ra y  in te n s ity  e m itte d  in  
th e  p rim ary  b eam  o f ra d ia tio n , b u t  f ir s t  o f all upon th e  specific  value o f  th e  s 
e la s tic  la ttice  d is to rtio n . The o th e r p a ra m e te r  of a p a r tic u la r  W  ch a ra c te ris tic  
is th e  ta n g e n t of its  slope: k. This in d ic a te s , besides th e  e ffec t o f th e  em ission- 
p ro file  shape, th e  size o f th e  co h eren t p a rtic le s , occurring  in  th e  te s te d  speci
m en . This co rre la tio n  is, how ever, n o t so s tra ig h tfo rw ard  as th e  exclusive 
in flu en ce  of s on th e  m ag n itu d e  o f th e  W 0 in te rcep t. W e sh a ll e luc ida te  th is  
r a th e r  com plica ted  com pound  re la tio n  in  a la te r  sec tio n  on th e  p ra c tic a l 
ap p lica tio n  of th e  m e th o d .

The W  cu rves are  ob ta in ed  d u rin g  th e  sym m etrica l sh o rten in g  of th e  
( O a, 0 Z) in te rv a l o f th e  line profile . F in a lly , th e  n • A(2 0 )  ran g e  of in te g ra tio n  
is reduced  to  th e  v e r tic a l, passing  th ro u g h  th e  cen tro id . In  each  s tep  of c o n s tr ic 
t io n  th e  W  values m u s t be d e te rm in ed  an d  th e  gained  d a ta  p lo tte d  vs. th e  
in te rv a l  w id th . T h is p rocedure  re su lts  g raph ica lly  in  th e  va rian ce -ran g e
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ch arac te ris tic  belong ing  to  th e  profile concerned . T he schem e of opera tions 
is show n in  F ig . 2.

In  th is  m an n er one can  ob ta in  sev era l W  cu rves w hich  have  a m ore or 
less sim ilar ap p earan ce  (F ig . 3). E ach  o f  th em  belongs to  a selected  background  
level B.  The w ay  of se lec tin g  th is b ack g ro u n d  va lu e  w ill be discussed below . 
F o r th e  d e te rm in a tio n  o f W 0 and  к we shall ta k e  in to  acco u n t th e  physically  
tru e  curve, w hich e x h ib its  quasi-linear b eh av io u r in  th e  longest section of th e  
g iven 2 0  range , i.e. th e  slope of w hich is a p p ro x im a te ly  c o n s tan t.

[20°]

Os п< Птаж

A ( 2 Q )  =  1

Fig. 2
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T hus, one can  conclude th a t  th e  second te rm  o f E q . (4) v a rie s  p ro p o r
tio n a lly  w ith  th e  le n g th  o f in te g ra tio n  in te rv a l. W here th e  change is n e a re s t 
to  lin ear, th e  g ra d ie n t к  w ill be th e  re a l in d ica to r o f p ,  th e  av e rag e  size o f  
p a rtic le s , i.e. d o m ain s. B esides, s till a n o th e r  cond ition  m u s t be  fu lfilled : th e  
in te rv a l  of in te g ra tio n  m u s t be w ide en o u g h , nam ely  in  case o f  CuK a  ra d ia tio n , 
i ts  le n g th  m u st be  a t  le a s t te n  tim e s  t h a t  of th e  in te rsp a c in g  o f  th e  p eak s 
K a l — K a ,  sep a ra te d .

III. Technics o f evaluation

I t  seems superflu o u s to  describe h ere  th e  physica l bases an d  th e o re tic a l 
consid era tio n s re g a rd in g  th e  ap p lic a tio n  o f the  variance  m eth o d . A  m o n o g rap h  
re c e n tly  pub lished  b y  W i l s o n  [17] c o n ta in s  am ple m a te ria l a n d  gives d e ta iled  
d e riv a tio n s  for th o se  in te re s te d  in  th is  top ic . The p ra c tic a l a cco m p lish m en t
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of th e  e v a lu a tio n  is, how ever, w o rth y  o f  d e ta iled  ex am in a tio n , and  our com 
m en ts  re fe r also to  th is  problem .

T he in te rp re ta tio n  o f th e  o b serv ed  1(2 0 )  d is tr ib u tio n  is in tro d u ced  b y  
su b jec tiv e  opera tions b o th  in  th e  v a ria n c e  ca lcu la tio n  a n d  in  th e  case o f 
o th e r  m e th o d s:

1. T he reg is te red  line profile has to  be confined  b y  h o rizo n ta l and  v e rtic a l 
lim its , th e n  th e  p a r t  so conserved for th e  w ork  of e v a lu a tio n  m u s t be d iv ided  
in to  in te rv a ls , sections.

a)  F irs t  th e  0 a a n d  0 2 lim its a re  a d m itte d  a long  th e  h o rizo n ta l ax is  
of th e  d iag ram . T hese m u s t be in tro d u c e d  in  p rin c ip le  a t  th o se  sites w here 
th e  d is tr ib u tio n  curve  co n tac ts  th e  b a c k g ro u n d  a t  b o th  sides of th e  peak . 
T he assig n m en t of th e se  po in ts  is re n d e re d  m ore in tr ic a te  b y  th e  fa c t th a t  in  
th e  co rrespond ing  reg ion  th e  sp read  o f  in te n s ity  read in g s is re la tiv e ly  la rge . 
I t  is recom m ended  in  th e  lite ra tu re  [14] to  “ t ru n c a te ”  th e  profile  b y  c u ttin g  
aw ay  th e se  lim iting  sec tions. In  our op in ion  i t  is n o t w ise to  d isregard  th ese  
p a r ts  of th e  d is tr ib u tio n , because th e y  c o n tr ib u te  con sid erab ly  to  th e  to ta l  
in fo rm a tio n . I t  is well kn o w n  th a t  th e  use of th ese  tw o  ta ils  h as  an  a d v a n ta g e  
also fo r th e  sake of co rrec t e s tim a tio n  o f th e  b a c k g ro u n d  level. In  th e  course 
of our ex p erim en ta l p ra c tic e  we have o b ta in e d  sa tis fa c to ry  re su lts  b y  sm ooth ing  
th e  reco rd ed  curves in  th e  critical ra n g e  w ith  th e  a id  o f le a s t squares.

T he ( 0 O, 0 Z) a n g u la r  range is d iv id ed  in to  n sections o f /1(2 0 )  w id th , 
w here n  is a positive in teg e r. A ccord ing  to  th e  re q u ire d  accu racy , th e  va lu e  
o f n  va ries  u su a lly  b e tw een  30 and  120. T he h ig h er th e  n, th e  fin er de ta ils  o f 
th e  p ro file  can  be ta k e n  in to  accoun t d u rin g  e v a lu a tio n . T hus

_  2 (0 2 - 0 o)

/ 1 ( 2  0 )
where

@a the beginning o f the angular range,
/ 1 the  in ten sity  in th is point,
0 Z the end point o f  the range,

I n ll the  corresponding intensity.

b)  T he v e rtic a l p a r ti t io n  of th e  profile  m eans th e  m ark in g  ou t o f th e  
b ack g ro u n d  level — in  f ir s t  a p p ro x im a tio n  on ly  in  a su b jec tiv e  m an n er — 
w hich  re su lts  in  th e  T L a n d  T B a reas , to  be seen in  F ig . 1.

T he to ta l  surface a rea  under th e  cu rve  m ay  be w ritte n  as:

Tt =  Tl +  Tb. (6 )

I t  is a logical consequence th a t  th e  to ta l  in te n s ity , be longing  to  a c e r ta in  
abscissa  o f th e  profile , m a y  be sim ila rly  d iv ided  in to  tw o p a r ts . This can  be 
ta k e n  from  E q . (2) w h ich  is fo rm u la ted  in  co n fo rm ity  w ith  F ig . 1.
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T hus, in  a p a r t ic u la r  in te rm e d ia te  an g u la r p o s itio n  0,-,

■^Ti —  ^ l i  +  -^Bi* ( 7 )

I n  th e  case of a c o rre c t ass ig n m en t o f th e  lim itin g  p o in ts  o f th e  a n g u la r  
ra n g e

-^l=  (*b)i ^n + i =  (-^в)п+1 an(l (^l)i =  (^lW i =  0 (8)

w h en ce  th e  m ean  b a c k g ro u n d

B = ^ - [ ( I b)1 +  ( I bU i ] (9)

a n d  th e  area u n d er th e  b a c k g ro u n d  level

TB =  B n  • /1 (2 0 ) .  (10)

H av ing  fin ished  th e  d iscussion o f steps I .  a )  an d  b) o f th e  p ro ced u re , 
w e believe i t  necessary  to  p o in t o u t one im p o r ta n t a d v a n ta g e  o f th e  m e th o d  
a lre a d y  a t  th is s tage . T h e  a rb itra ry  h o riz o n ta l an d  v e rtic a l p a r ti t io n s  m en tio n ed  
a b o v e  m ay  be co rrec ted  in  th e  la te r  course of th e  ca lcu la tio n  b y  m eans o f  
o b je c tiv e  operations. C o n seq u en tly , th e  fin a l re su lt does n o t d ep en d  on th e  
c ircu m stan ce  w h e th e r th e  in itia l d iv isions w ere chosen in  a co n v en ien t w ay  
o r n o t.

2. The position  o f  th e  cen tro id  h as  to  be d e te rm in ed  w ith in  th e  g iven  
ra n g e  o f th e  line p ro file . T his affo rds a crite rion  fo r th e  co rrec tness of th e  
h o riz o n ta l division. T h e  ( 0 a, 0 Z) a n g u la r  range  is chosen a p p ro p ria te ly  i f  th e  
an g le  co-ord inate  o f i ts  c en te r  a p p ro x im a te ly  m atches th e  ca lcu la ted  abscissa  
o f  th e  cen ter of g ra v ity . I t  can  be p rescrib ed  th a t :

1 ^  . A ( 2 & ) - l \ ^ ± - . A ( 2 0 ) .  (11)
\ Z j 4

I f  th is  condition  is n o t m e t, th e  0 a a n d  0 Z lim its  m u s t be m odified  b y  co n 
v e n ie n t  sh ifts, accom plished  b y  th e  a id  of successive ap p ro x im a tio n . T h e  
v a r ia t io n  can be ca rr ied  o u t b e s t on e lec tron ic  co m p u te r m ach ines, ju s t  as th e  
d e te rm in a tio n  of th e  c e n tro id  is also th e  m ost econom ic in  th is  w ay . T he 
c o m p u te r  tests  a u to m a tic a lly  th e  (1 1 ) c rite rion  an d  d istin g u ish es  be tw een  
tw o  k in d s of d ev ia tions. I f  th e  difference is a m u ltip le  o f Zl(2 0 ) ,  i t  e x tra p o la te s  
th e  1 (2  0 ) curve in  th e  r ig h t d irec tio n , s im u ltan eo u sly  increasin g  th e  v a lu e  
o f  n. If , how ever, th e  d ifference is a frac tio n  o f Zl(2 0 ) ,  th e  m ach ine  m odifies 
th e  I Ti d a ta  to  I  Vi b y  in te rp o la tio n .

3. Now w ith in  th e  co rrec t ( 0 a. 0 Z) lim its , th e  second m o m en t of th e  
su rface  area  under th e  p ro file  shou ld  be ca lcu la ted , an d  W  d e te rm in ed  from
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th is  m om ent in  th e  w ay  described  in  connec tion  w ith  re la tio n  (3). The p roce
dure is ca rried  o u t co n tin u o u sly ; m eanw hile n  is d im in ished  successively to  
(n  — 2), (n  — 4), e tc . In  th is  w ay  a ce rta in  W (n)  c h a ra c te r is tic  is o b ta in ed  to  
w hich an  a rb itra r ily  a d m itte d  В  level belongs. A fte rw ard s th e  ca lcu la tion  
of th e  ch a rac te ris tic  is re p e a te d  several tim es fo r В  va lu es  decreasing  stepw ise.

I t  m u st be n o te d  th a t  th e  Л В  e rro r, w h ich  arises from  th e  inco rrec t 
ra tio  of th e  a reas T l  a n d  Tg, is e lim in a ted  d u rin g  th is  series o f opera tions. 
The rea l В  v a lu e  w h ich  is physica lly  co rrec t, is se t free from  th e  ad d itio n a l 
“ b ackground  no ise”  due  to  th e  a tm ospheric  rad io a c tiv e  co n tam in a tio n s . T he 
search  a fte r  th is  v a lu e  is fac ilita ted  by  th e  fa c t, t h a t  th e  W  ch a rac teris tic s  
m ay  be concave w hen  looked  upon  from  below  (if th e  chosen В  level is h ig h er 
th a n  i t  oug h t to  be), o r convex w hen looked  u p o n  from  below  (if th e  chosen 
В  value in v o lved  in  th e  ca lcu la tions, is low er th a n  i t  o u g h t to  be) (Fig. 3). 
As a lready  m en tio n ed  ab o v e , th e  co rrect В  v a lu e  co rresponds to  th e  W  ch a rac 
te r is tic  w hich h as  a sec tio n  closest to  lin ea r in  th e  ty p ic a l ran g e  betw een  
0,5 to  0,95 • nmax. A ccord ing  to  physical in te rp re ta tio n : in  th e  a r ra y  of curves

17* Acta Techn. Hung. 51 (1965)



2 6 0 I .  S. SZÁNTÓ

th e  d istingu ished  W  c h a ra c te ris tic , b e long ing  to  th e  a p p ro p ria te  level o f  b a c k 
g ro u n d  sca tte rin g , w ill be th e  one w h ich  is quasi-linear in  th e  v e ry  an g u la r 
ra n g e  w here th e  p ro file  van ishes in to  th e  b ack g ro u n d  level, in  accordance  
w ith  th e  local re g u la r ity  of in te n s ity  decrease.

4. Fig. 4 show s a d is tin g u ish ed  W  ch a rac te ris tic . T he W () in te rc e p t can  
be  o b ta in ed  by  m eans o f  e x tra p o la tin g  th is  ch a rac te ris tic ; th e  к  coeffic ien t of 
p ro p o rtio n a lity , fro m  th e  slope of i ts  lin e a r  section ; W 2@ (th e  q u a n ti ty  c h a ra c 
te r iz in g  th e  grain  size) is o rdered  to  th e  end  p o in t o f  th e  in v e s tig a te d  range  
a n d  can  be ca lcu la ted  w ith  th e  aid o f  re la tio n  (4). B eing aw are  o f th e  n u m erica l 
v a lu es  o f th e  g eo m etrica l an d  sp e c tra l ab e rra tio n s  concerned , th e  co rrec tions 
co rrespond ing  to  A W 0 a n d  Ak  are  c a rr ie d  o u t. T hus we o b ta in  q u a n ti ta t iv e  
d a ta  referring  to  th e  p h y sica l p a ra m e te rs  o f th e  in v e s tig a te d  specim en (specific 
la t t ic e  d isto rtions, d e n s ity  of d is lo ca tio n s, partic le  size). T h a t is th e  so lu tio n  
o f  th e  problem .

IV. C ritical rem arks

T he above-described  m eth o d  seem s to  be q u ite  co rrec t. N everthe less, 
w h en  th e  p rac tica l ca lcu la tio n s are p e rfo rm ed , some sources of e rro r em erge, 
w h ich  deserve c ritic ism . N am ely :

a )  The w eigh ting  system  of in te n s i ty  d a ta  is im p rac tica l. T he I T v a lues 
m u s t  be m u ltip lied  b y  th e  longest n • / 1(2  0 ) arm s in  th e  reg ion  o f b ack g ro u n d  
le v e l w here th e  m ea su re m e n t is th e  m o s t u n ce rta in . T his m e th o d  in tro d u ces  
th e  sq u are  of th e  in te n s i ty  m e a su re m e n t’s erro r in to  th e  va rian ce  ca lcu la tio n  
(fro m  one side) a n d  so th is  gains p red o m in an ce .

b)  The l an d  K L va lues, m easu red  from  th e  0 a or 0 Z lim itin g  a n g u la r  
p o sitio n s, are com m ensurab le ; m o reo v er, th e y  are eq u a l n o t only  in  o rd e r of 
m a g n itu d e , b u t  are  a lso  id en tica l u p  to  1 —’2 decim als. A fte r th e  su b tra c tio n , 
re q u ire d  b y  E q . (3), th e  possible e rro r o f  th e  th ird  an d  fo u r th  decim als ap p ears  
in  th e  re su lt in  an  en la rg ed  form .

c)  W hile c a lc u la tin g  th e  W  c h a ra c te r is tic , th e  0 Z lim itin g  v a lu e  — w hich  
is th e  basis o f reference  — m oves a w a y  ow ing to  th e  sy m m etric  stepw ise  re 
s tr ic tio n  of th e  a n g u la r  range. T h erefo re  d ifferen t n • /1(2 0 )  arm s h a v e  to  be 
a p p o in te d  re p e a te d ly  to  u n ch an g ed  I n  va lues and  th is  im pedes th e  re p e a te d  
use  o f th e  su b resu lts , a n d  so th e  c o m p u te r  p rog ram  is ren d e red  m ore  com 
p lica ted .

V. Im provem en ts o f the m ethod

T he lis ted  sources o f  errors h a v e  b een  e lim ina ted  as follow s. T he c en tro id  
p o sitio n  should be re fe rred  to  an  ax is  o f  g rav ity  a d m itte d  accord ing  to  p re 
lim in a ry  estim a tio n  o f  th e  0 C angle a n d  n o t to  th e  ax is o f th e  0 Z lim itin g  
v a lu e . B etw een — n/2 a n d  -(-ra/2 we fo rm  th e  I 77 (re,-/2) • /1(2 0 )  p ro d u c ts  ( th e
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sign m u s t be  re sp ec ted , to o ), th en  th e se  p ro d u c ts  a re  reduced  an d  d iv id ed  
b y  Z I -п. T his o p era tio n  provides a d is tan ce

|Z| =  | < 0 _ 0 C > | (12)

w hich m ay  be in te rp re te d  like the  one occu rrin g  in  E q . (1).
I f  I / I tu rn s  o u t to  be ap p ro x im a te ly  zero, or does n o t  exceed zl(2 0 ) /4 ,  

th e n  th e  assig n m en t o f 0 C is correct. I f , h ow ever, th e  c rite r io n  is no t fu lfilled , 
th e  p o s tu la te d  position  o f th e  cen tro id  m u s t be sh ifted  in  th e  a p p ro p r ia te  
d irection  b y  tw ice th e  d is tan ce  of th e  d ev ia tio n , a n d  th e n  th e  ca lcu la tio n  
is re p e a te d . E x perience  show s th a t  a th i r d  t r ia l  is u su a lly  n o t needed . T h e  
re su lt p ro v id ed  b y  th e  second m od ifica tion  will a p p ro ach  zero up to  a 1 0  “ 3 

difference m ax im u m .
A fte r th e  d e te rm in a tio n  of the  c e n tro id  w ith in  th e  prescribed  degree o f 

accu racy , th e  second m o m en t of the  A (2 Q )  sections is ca lcu la ted  a b o u t th e  
o rd in a te  passing  th ro u g h  th e  cen ter o f g ra v ity  from  b o th  sides. Since in  th is  
case l £=d 0, E q . (3) w ill be sim plified to

W a i K l .  (13)

The tra n s fe r  o f  th e  ax is, to  be found in  L angford a n d  W ilson’s p a p e r [15], 
an d  co n seq u en tly  th e  ap p lica tio n  of St e in e r ’s th eo rem  becom e u n n ecessa ry . 
T he su b tra c tio n  o f q u a n titie s  of th e  sam e  o rd er o f m ag n itu d e , a possib le  
source o f e rro rs, is also elim inated .

As th e  m o m en t o f th e  bands ( in te n s ity  groups) is ca lcu la ted  for th e  rea l 
m ean , th e  m u ltip lica tio n  b y  arm s re p re se n ts  a n a tu ra l  w eigh ting  system  b o th  
in  th e  cases o f f ir s t  an d  second m om en ts, a n d  th e re fo re  th e  errors of m e a su re 
m en t are  equa lized  w hen  ta k in g  the  av e rag e . I t  is to  be n o te d  th a t  the  d is tan ces  
o f th e  arm s, co rrespond ing  to  each I n  in te n s ity , re m a in  u nchanged ; th u s , 
th e  su b p ro d u c ts , once av a ilab le , m ay be u se d  again  in  th e  rep ea ted  o p e ra tio n s  
follow ing th e  re s tr ic tio n  o f th e  range. As a n  a d v a n ta g e , th e  com puter p ro g ra m  
becom es m ore sim ple.

A fu r th e r  re fin em en t o f the  p ro ced u re  can  be ach ieved , if th e  second  
m o m en t is c a lcu la ted  a b o u t th e  p roper a x is  o f g ra v ity  o f each  Zl(2 0 )  sec tio n , 
an d  th e  a d d itio n a l te rm s derived  in  th is  w ay , are  su m m arized  too . A ccord ing  
to  th e  sym bols o f F ig . 5, th e  second m o m e n t o f a sec tio n  w ill be

J i = I Ti + (14)

p ro v id ed  th e  v a lu e  of z1(2 0 )  is tak en  fo r  u n ity . T his is a p rac tica l a n d  u su a l 
co n v en tio n  in  ca lcu la tio n  techniques.
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T ak in g  in to  acco u n t th e  ab o v e -m en tio n ed  facts, th e  in v e s tig a te d  a n g u la r  
ra n g e  m ay  be d iv id ed  in to  w ider A ( 2 0 )  sec tio n s, and  th u s  th e  e v a lu a tio n  is 
a b b re v ia te d  w ith o u t ren d erin g  th e  v a ria n c e  m eth o d  less a c c u ra te  on a c c o u n t 
o f  th e  coarser d iv isions.

C onsidering all these  m od ifica tions, th e  basic fo rm ulae , used  b y  us in  
o rd e r to  de te rm ine  th e  cen tro id  an d  v a ria n c e , can  be given w ith o u t an y  d e ta iled  
re fe rence  to  th e ir  d e riv a tio n , as follows:

W  ш  K~L =

+
M , Ô

В
(n +  1)

1 2  n

1 ^  , 1 , r r w n (n 2 )
( TT ' 12 1 -  r [ T t 1 2

A ( 2 0 ) ^ O ,

И 2 6 » ] 2 ,

(15)

(16)

f i n  =  n max an d  111 <Ç 0,25 • A (2 0 ) .
T he sym bols occurring  in  these  e q u a tio n s  and  those n o t y e t used  in  th e  

p re se n t p ap e r are :
n /2

M T =  I T i ‘ i ,  (17)
i =  — n/2

7T =  J T1 - f / Г 2- f  J r 3 -f  . . .  +  ( J T)n+i , (18)

I B =  { n +  1 ) B ,  (19)

г =  - у - >  (2° )
1 T

à — ( I B)n + 1 — ( I B)l »
n/2

v =  2  I T f i i ■
i = - n j 2
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I t  is n o te w o rth y , th a t  th e  basic e q u a tio n s  (15) an d  (16) are  sh o rte r, each  b y  
one te rm , th a n  th e  o rig inal ones p u b lish e d  in  [15]. O ur ca lcu la tio n s, p erfo rm ed  
on th e  M —3 elec tro n ic  d ig ita l c o m p u te r  fo r th e  sake o f  con tro l, e x h ib ited , 
how ever, u p  to  fo u r decim als no d iffe rence  in  any  case b e tw een  th e  re su lts  
o b ta in e d  b y  th e  tw o  d iffe ren t fo rm u lae  a n d  b y  th e  sam e a r ra y  of observed  
d a ta .

VI. A p p lic a tio n

Finally we demonstrate the application of the advanced method by an example taken 
from our laboratory practice. Fig. 6 shows the (200) line profile of a drawn W-wire taken from 
the ADG diffractogram as registered on a Hilger apparatus. The operational conditions were: 
47 kV, 3 mA; slit dimensions: 0,3; 0,8; 0,2 mm; speed of registration =  1/32 (2 0 °  per min.); 
time constant: т =  16 sec. Amplification: ж 5; mean value of 2 © range =  58,473°; C uK a  
radiation) (A =  1,54 Â).

The line profile was divided horizontally into sections A (2 ©) =  1 minute (arc) wide, 
and the corresponding pairs of ( I j j ,  2 ©,) values (n =  50) were fed onto the punched input 
tape of the M-3 computer. The machine transferred these, in turn, to its memory unit. The 
program, containing the commands necessary to accomplish the prescribed operations is
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stored in the same memory. The program is similarly coded to the input data. Without describ
ing in detail the orders translated into “machine language”, we want to show the theoretical 
scheme of the program of operations (Fig. 7).

F i g .  7
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I t  is to m entioned th a t, beside the described operations, the computer program includes 
also an additional one. The calculation of 2JGj involves the point-by-point investigation  of 
the curvature of the variance characteristics and the sum m arization of the findings. The 
quasi-linear characteristic, corresponding to  th e  optim al В  va lue, is selected best by the com 
puter, which ind icates, in  an objective m anner, the W  characteristic having an in flex ion  in  
the investigated  range. For this sake the A B  steps m ust be chosen adequately. The change  
in the curvature direction of the characteristics is displayed b y  the derivated function in the  
form of a steep  fall. S tarting from  the curve w ith  a param eter B max, the first derived curve 
exhibiting steep changes y ields, in most cases, m ore accurate inform ation than can be gained  
from  a graphical plot o f reasonable dim ensions. On the other hand, it  is not worth to perform  
the extrapolation b y  the m achine, because after  the selection of the distinguished W  charac
teristic, it  can be accom plished graphically w ith  sufficient precision. Fig. 8 shows som e data

?  -  3 / 1  -  / 2 С О /

B1 = 4-3 + 1 3 4 4 9 9 9  

t  -  - 0  -2 5 2 0 0 9 5

B2 *  +3 + 1244999
f  = - 4  + 1 0 7 6 4 2 2 t  -  - 0  -2 4 2 7 3 4 1

W50 = -1  + 1 5 7 0 7 2 8  n  = 50 w50 = - 1  + 1 7 33238
-1  + 1 5 7 0 7 2 9 - 1  +17151OO
-1  + 1 5 7 0 4 5 0 - 1  + 1693865
-1  + 1 5 6 5 1 4 0 - 1  + 1663723
-1  + 1 5 5 4 1 0 0 -1  + 1640577
-1  + 1 5 3 5 5 8 0 -1  + 1607094
-1  + 1 5 0 6 3 3 6 -1  + 1564630
-1  + 1 4 6 6 6 4 3 -1  + 1513456
-1  + 1 4 1 3 8 7 4 -1  +1456034
-1  + 1 3 6 2 4 0 9 -1  +1390965
-1  + 1296781 -1  +1317792
-1  + 1 2 2 3 2 9 3 -1  + 1233323
-1  + 1 1 4 2 0 2 2 -1  + 1152356
-1  + 1053421 - 1  + 1059925
-1  + 0 9 5 6 8 3 6 -1  +0959996
-1  + 0 3 54861 - 1  + 0354543
- 2  + 7 4 9 1 7 2 0 - 2  + 7 4 76538
- 2  + 6 3 7 7 0 6 9 - 2  + 6355314
- 2  + 5 2 5 7 1 4 8 - 2  + 5236010
- 2  + 4 1 4 4 6 0 5 - 2  + 4114157
- 2  + 3 1 0 2 0 8 2 - 2  + 3079813

W8 = - 2  + 2 1 7 3 3 6 4 ;78 = - 2  + 2 1 63733

T G i = - 2  + 4 0 4 3 2 4 0 £ Ga = - 2  + 3394803

F ig . 8
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on  a strip , printed autom atically  b y  the com puter according to the program . F inally  F ig . 9 
sh ow s how  an array o f  variance characteristics can be produced w ith the help o f these data . 
A fter  selecting the curve which belongs to  th e  background В  true, one can determ ine th e  
param eters o f the straight line corresponding to  E q . (4) (Fig. 10).

In  our case th e  result was: W  — 10,45 • 10-3  [(2© °)2]; к =  8,0 • 10~ 3[2© °]. A fter  
th e  sim ple subtraction  o f the correction term s A W 0 =  2,5 • 10-3  and A к  =  5,5 • 1 0 ~ 3 
(th ese  constants are ty p ica l for the given  experim ental layout), we obtain  th e  form  of th e  
varian ce function, characteristic o f the g iven  line profile:

W ,e  =  [7,95 -f- 2,5 n A (2 0 ) ]  in [ (2 0 ° )2] dim ension. For the entire w idth  o f range: 
2 0 z — 2© a =  50 m inute (arc) 0,835 (2 ® )°. This y ields the value

W'i e  =  10,04 • 1 0 - 3 [(2 © 0)2]

W[(2Q°)3]  P 3/1 (200)

F ig . 9

w h ich  m ust be converted  into  radian un its in  order to  be able to fin ish  th e  operations.
In  the last stage o f the calculations th e  form ulae given by Tournarie [4] and W ilson  

[9 ], are used. A ccordingly, the average linear dim ensions of the coherent la ttice  dom ains 
(particles) occurring in  th e  wire m ay he determ ined b y  solving the follow ing relation for p :

=  А К  (2©г — 2 ©0) _  A2L
20 2 я 2 p  c o s©  4  я 2 p 2 cos2 © ' '

w here К  and L  are dim ensionless, and their role is to  account for the dependence o f true and  
apparent particle size upon the crystal’s shape and upon the particular (hkl) fam ily  o f reflect
in g  la ttice  planes. The num erical values o f К  and L  m ay  be found in Table 2 o f R ef. [7], as 
w ell as in  Table N o. 19.2 o f  the m onograph [17].
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In our exam ple we have investigated  th e  (200) reflexion of a cubic crystal. For these  

K =  1 and L  =  0.

The m ean square strain , characteristic o f  th e  m agnitude of lattice distortions, m ay be cal
culated from

e = 4 " ' ŸWÔheCrt © -102 Ш  (24)

where (IU0)2e =  7,95 • 10 “ 3 [(2 0 ° )2] is su b stitu ted  in  our case.
U sing the g iven  observed data we obta in  as the result o f calculations 
p  a*; 450 A for th e  linear dim ension of particles and 

=  0,139%  elastic  lattice strain.

W.m3 [(26°f ]  p  3 /1 (2 0 0 )

D iscussion

A s the result o f several series o f experim ents it  has been established that the above- 
described m ethod of evaluation generally y ields a higher degree of relative accuracy than  
do the classical m ethods of line profile analysis m entioned in the introduction. Compared 
to the convolution m ethod, the present tech nique o f calculation has the advantage o f being  
more straightforw ard, furthermore, the handling o f  its  additive corrections seem s to  be easier. 
Its  drawback is th a t in  th e  technically im portant 0,1 fi +  10 p. range o f particle sizes it  is not 
sensitive for the increase o f grains. Ju st as in  a n y  other measuring m ethod of line broadening, 
this zone is a “ no m an’s land” from  the poin t o f  v iew  of grain size determ ination. T hus, in  
th is respect it  is neither superior, nor inferior to  other evidences. An im portant argum ent 
speaks, how ever, in favour of the variance m eth od . B y  using a single line profile, one can
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separate the effects o f  la ttice  distortion and particle size. And th is can be done w ith  m ore 
reliab ility  than the resu lts obtained e. g. b y  the H a l l  [18] procedure, although the la tter  
requires the evaluation  o f the data of at least three, or rather f iv e , reflexions.

The author w ishes to  express his thanks to  Mr. L. V a r g a , who has contributed to  
th e  advancem ent o f the variance m ethod w ith  num erous valuab'e com m ents and b y  so lv 
ing  several details o f  the problem. Thanks are due to  Mr. B . U h r i n , Fellow of th e  Com 
pu ter Centre of the H ungarian A cadem y o f Sciences, who prepared the com puter program s 
and directed the actu a l calculations w ith  great com petence.
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Ü B E R  E IN E  N E U E  M ETH O DE D E R  L IN IE N P R O F IL A N A L Y SE  
IN  D E R  R Ö NTG EN-M ETALLO G RAPH IE

I. S. SZÁNTÓ

ZUSAM M ENFASSUNG

In dem vorliegenden A ufsatz wird die R echentechnik der von  A. J . C. W il s o n  
theoretisch  entw ickelten  und in letzter Zeit m itgete ilten  M ethode der Y arianz-Bew ertung  
beschrieben und einer K ritik  unterzogen. Der Autor w eist darauf h in , wie die M ethode w eiter  
entw ickelt werden kann. U nter Heranziehung von  experim entellen D aten  wird der num erische  
G ang der Lösung an e in em  m etallographischen B eispiel illustriert. A uch das B lockschem a der 
Programmierung der elektronischen R echenm aschine wird m itgete ilt, m it dessen H ilfe die 
charakteristischen K urven  der Varianz durch eine Reihe von  Approxim ationsoperationen  
sukzessiv  bestim m t w erden können. Z uletzt wird als D iskussion der Ergebnisse das P roblem  
der Trennung der E ffek te  von  Gitterverform ung und Korngröße behandelt, wobei die M ethode  
m it anderen Verfahren verglichen und die G rößenordnung des Bereiches der zu m essenden  
Param eter bestim m t w ird, innerhalb dessen die detektierten  R öntgen-E videnzen zu ver
lässig  ausgewertet w erden können.
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U N E  N O U V E L L E  M ÉTHODE D ’A N A L Y SE  R A D IO G R A PH IQ U E  
D E  LA DISTRIRUTIO N DE L’IN TENSITÉ D IFFR A C T É  E N  M ÉTALLURGIE

I. S. SZÁNTÓ 

R É SU M É

L’auteur expose et discute la technique de calcul de la m éthode d’évaluation de la  
variance, publiée dernièrem ent par A. J .  C. W il s o n , qu ren  a aussi élaboré la théorie. L’auteur  
explique le développem ent possible de la procédure. Par un exem ple m étallographique utilisant 
des résultats d’essais, l’auteur illustre la marche du calcul. Il com m unique égalem ent le schém a  
synoptique du calculateur program me, dont l’application  perm et de déterm iner les courbes 
de la variance par une su ite d’opérations correspondant à des approxim ations successives. 
En discutant ensuite les résu ltats, l’auteur exam ine le problème de la séparation des e ffets  
de la distorsion de réseau et des mesures des particules en com paraison des autres m éthodes. 
Il indique enfin l’ordre de grandeur du domaine des param ètres à m esurer, à l’intérieur duquel 
les signes radiographiques détectés peuvent être interprètes correctem ent.

О НОВОМ МЕТОДЕ АНАЛИЗА ПРОФИЛЕЙ ЛИНИЙ В РЕНТГЕНОВСКОМ
МЕТАЛЛОВЕДЕНИИ

и. с. САНТО 

РЕЗЮМЕ

В работе изложена и подвергнута критике техника расчета теоретически разрабо
танного и недавно опубликованного А. Дж. С. Вильсоном метода оценки расхождения 
(варианции). Автор предлагает методы, с помощью которых способы расчета могут полу
чить дальнейшее развитие. На конкретном металлографическом примере, основанном 
на данных эксперимента, иллюстрируется нумерический ход решения. Публикуется 
групповая схема программы для электронной вычислительной машины. С помощью схемы 
характеристические кривые могут быть определены операционным рядом последующего 
приближения. Наконец, автор, оценивая свои результаты, обсуждает проблематику раз
деления эффектов деформации решетки и величины частиц. Сравнивает свой метод с дру
гими и указывает пределы порядка величин измеряемых параметров, в рамках которых 
зарегистрированные рентгеновские сигналы могут быть надежно оценены.
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IMRE RÁZSÓ

1904 — 1964

Im re  RÁzsó w urde am  14. O k to b e r 1904 in K assa geboren . D as D iplom  

eines M aschineningenieurs e rw arb  er 1927 an  der T echn ischen  H ochschule 

B u d a p e s t u n d  das D ip lom  d er L an d w irtsch a ftlich en  A kadem ie  an  der L a n d 

w irtschafts-A kadem ie  M agyaróvár, im  J a h re  1931.

Im  Ja h re  1929 b eg an n  er seine T ä tig k e it  als A ssis ten t am  L eh rs tu h l fü r  

M asch inenkunde der L an d w irtsch a fts -A k ad em ie  M agyaróvár; sp ä te r  be te ilig te  

er sich  auch  an  den A rb e iten  der d o r ts e lb s t  befindlichen F o rschungsste lle  fü r  

lan d w irtsch a ftlich e  M aschinen. Von se in en  d o rt d u rch g e fü h rten  U n te rsu c h u n 

gen seien  die F o rsch u n g sa rb e iten  ü b e r B iogas-A nlagen, fe rn e r ü b e r K o rn 

v erlu ste  beim  D reschen  hervo rgehoben .

1946 w urde er L e ite r des L eh rs tu h ls  fü r L an d w irtsch aftlich e  M aschinen

b a u k u n d e  an  der n eu  o rg an is ie rten  U n iv e rs itä t  für A grarw issenschaft u n d  seit 

1949 w ar er P rofessor des L eh rstu h ls  fü r  L an d w irtsch aftlich e  M asch inenbau

k u n d e  an  der T echn ischen  U n iv e rs itä t B u d ap est.

Im re  RÁzsó sp ielte  a u f  dem  G eb ie t des lan d w irtsch aftlich en  M aschinen

w esens eine h e rv o rrag en d e  Rolle. M it seinem  N am en s in d  U n te rsu ch u n g en  

v e rk n ü p ft, die sich a u f  die S tab ilitä tsV erh ä ltn isse  von T ra k to re n , A bro llver

h ä ltn isse  von  R äd ern , a u f  die e ingehende W irkung sg rad fo rsch u n g  des T ra k 

to ren zu g es beziehen. A u f G rund  von  e ingehenden  th eo re tisch en  S tu d ien  w u r

d en  v o n  ih m  der A u fb au  u n d  die B em essungsg rundsätze  v o n  G rabenzieh

m asch inen  zum  A usheben  von  tie fen  u n d  steilw andigen G räb en  en tw ick e lt. 

E in e  erhebliche A rb e it le is te te  er a u c h  bei der Schaffung eines ungarischen  

M ähdreschers u n d  bei d er A u sa rb e itu n g  eines geeigneten S ystem s zur E rn te 

e in b ringung . In  der le tzen  Z eit b e sc h ä ftig te n  ih n  Problem e d e r  M echanisierung 

der B ea rb e itu n g  von  sand igen  B öden , u n d  seine D irek tiv en  g ru n d sä tz lich e r 

A rt k o n n te n  auch  h ie r a k tiv  m itw irk en .

l Acta Techn. Hung. 51 (1965)
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A n dem  w issen sch aftlich en  L ehen in  U n g arn  u n d  im  A usland  n ah m  e r 

reg en  A nteil. Seit 1949 w ar er k o rrespond ierendes M itg lied  der U ngarischen  

A kadem ie der W issen sch aften . F ü r  seine im  W issenschaftlichen  Verein fü r  

M aschinenbau  e n tfa l te te  A k tiv i tä t  w urde er m it d er go ldenen  B ánki D onát  
Medaille  ausgezeichnet.

Die u ngarischen  In g en ieu re  b ew ahren  Im re  R Á zsó, dem  G elehrten u n d  

M enschen ein eh ren d es A ndenken .

Gy. S itké i

Acta Techn. Hung. 51 (1965)



FERENC RATKOVSZKY

1900— 1965

D er A kadem iker u n d  K o ssu th p re is träg e r F erenc  Ratkovszky v e rs ta rb  
am  9. M ärz 1965. E r  w a r eine d er h e rv o rra g e n d s ten  P ersö n lich k e iten  d e r 
u n g arisch en  S ta rk s tro m te c h n ik  u n d  g a lt als P ion ier d er m odernen  S ta rk 
s tro m tech n ik . Sein T o d  b e d e u te t e in en  schw eren  V erlu st fü r  diesen W issen 
schaftszw eig .

F eren c  Ratkovszky  w urde am  18. M ai 1900 in  S opron  geboren. E r  
ab so lv ie rte  seine S tu d ien  an  der T ech n isch en  H ochschule  in  B u dapest. E in ige 
M onate v o r seiner D ip lo m p rü fu n g , t r a t  e r in  den D ienst d e r Ganz Elektrizitäts  
A.G .  ein . Seine T ä tig k e it begann  im  P rü fra u m  der F a b rik ; b a ld  w urde er h ie r 
s te llv e r tre te n d e r  L e ite r  u n d  g leichzeitig  u n m itte lb a re r  M ita rb e ite r von  O tto  
T itu s  B láthy . Im  J a h r  1924 w urde e r  zum  O beringen ieur e rn a n n t, u n d  i. J .  
1925 w urde  ihm  die L e itu n g  des B üros fü r  die B erechnung  u n d  K o n s tru k tio n  
von  T ran sfo rm a to ren  ü b e rtra g e n .

Im  J a h r  1929 is t  e r bereits d er s te llv e rtre te n d e  D ire k to r  der F a b rik ,
i. J .  1935 w urde er ih r  D irek to r u n d  e rh ie lt den A u ftrag  zu r L eitung  sä m tli
cher A b te ilungen  fü r  B erechnung , E n tw u rf , V ersuch  u n d  tech n isch -k au f
m änn ische  F ragen . Im  J a h r  1939 w urde  er zum  gesch äftsfü h ren d en  D irek to r  
e rn a n n t.

D ie F a b rik  G anz h a t  von  1927 a n  e tw a  50 P a te n te  von  Ratkovszky 
an gem elde t bzw . v e rw irk lich t. Die v o n  ih m  en tw orfenen  T ran sfo rm a to ren  
w aren  sow ohl h in s ich tlich  d er L eistung  (i. J .  1927 von  42 MVA, i. J .  1928 v o n  
110 kV  E in h e iten ) als au c h  h insich tlich  des geringen  G ew ichtes von  fü h re n 
dem  W eltn iv eau . E r  t r u g  auch  zur M odern isierung  von  H o ch sp an n u n g se in 
ric h tu n g e n  bei. E r b e s tim m te  die tech n isch e  E n tw ick lu n g  d er ganzen S ta rk 
s tro m in d u s tr ie  und  n a h m  a k tiv  an  d en  A rb e iten  d er E lek trifiz ie ru n g  des 
L andes te il. In sbesondere  a u f  dem  G eb ie t d er S p an nungsreg le r en tw ickelte  er 
neue K o n s tru k tio n e n . E n tsp rech en d  d en  zu r V erfügung s teh en d en  S ch a lt
e in rich tu n g en  löste er d ie  R eg e lungsscha ltung  a u f  der Seite m it der geringeren 
S p an n u n g . Sein V erte ilu n g s-N e tzsp an n u n g sreg le r, sein se lb sttä tig e r V er
b rau ch er-S p an n u n g sreg le r, in sbesondere die dazugehörende  A u to m atik  h a t  
auch  im  A usland  große A n erkennung  gefunden . Zu den  v o n  ihm  erz ie lten
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b e d e u te n d e n  E rgebn issen  k a n n  au ch  g ezäh lt w erden, d aß  er im  W eltm aß stab  
als e rs te r  das System  d er K a n d ö ’schen  E lek tro lo k o m o tiv e  im  R ahm en  d er in  
U n g a rn  e ingefüh rten  E isen b ah n e lek tr ifiz ie ru n g  m it 5 0 -F requenz  w e ite r
e n tw ic k e lt h a t.  D as von  ih m  en tw o rfen e  F ah rzeug  vom  F req u en zw an d le r- 
S y s te m , das sich fü r beliebige L e is tu n g  u n d  G eschw indigkeit e ignet, u n d  dessen 
G eschw ind igkeit s te tig  geregelt w erden  k a n n , w urde au ch  bei den F ra n z ö s i
sch en  S taa tsb ah n en  v erw en d e t.

A n der T echnischen  H ochschu le  in  B u d ap est, im  J a h r  1932, u n d  sp ä te r  
a n  d e r  T echnischen u n d  W irtsch aftsw issen sch aftlich en  U n iv e rs itä t, i. J .  1939, 
e r la n g te  er die W ürde  eines P r iv a td o z e n te n . Die U ngarische  A kadem ie 
d e r  W issenschaften  ze ichnete  ih n  i. J .  1939 m it dem  B erzev iczypre is au s .

A u f E rsuchen  der H a u p ts ta d t  v e rz ic h te te  er a u f  die in  der G an z -F ab rik  
b e k le id e te  S tellung  u n d  ü b e rn a h m  die L eitu n g  der E le k tr iz itä tsw e rk e  der 
H a u p ts ta d t  B u d ap est. N ach  d er B efre iu n g  n ah m  er seine A rb e it m it e rn e u te n  
K rä f te n  auf. U n te r  B e ib eh a ltu n g  d er L e itu n g  der E le k tr iz itä tsw e rk e  fo lg te  
e r  e in e r A ufforderung  d er R eg ie rung  u n d  nahm  als te ch n isch e r L e ite r an  
d e n  E le k trifiz ie ru n g sarb e iten  des L an d es , in  den J a h re  1948—1960, te il. 
A u ß e rd e m  w ar er als te ch n isch e r R a tg e b e r  der Ganz Elektrowerke  le iten d  b e te i
l ig t  a n  den  w ich tigsten  E n tw u rfsa rb e ite n . A n h an d  seiner V orschläge sind  z a h l
re ic h e  neue bzw. w irtsch aftlich e re  L ösu n g en  en ts ta n d e n . E in e r  d er w ich tig sten  
V orsch läge  b e tra f  die E rh ö h u n g  d e r S p an n u n g  des L an d esn e tzes  von  100 kV  
a u f  120 kV. Diese M aßnahm e ergab  in  10 Ja h re n  eine E in sp a ru n g  v o n  200 
M illionen  F o rin t, u n d  e rle ich te rte  w esen tlich  die Ü b e rtra g u n g  der e rfo rd e r
lic h e n  großen E nerg iem engen . Die n a c h  seinen P a te n te n  au sg e fü h rten  H o c h 
sp a n n u n g s tra n s fo rm a to re n  u n d  R eg e lungse in rich tungen  v o n  großer L e is tu n g  
b e d e u te te n  gleichfalls erheb liche  E rsp a rn isse . In  A n erk en n u n g  seiner h e rv o r
ra g e n d e n  w issenschaftlichen  V erd ien ste  im  Z usam m enhang  m it der E rh ö h u n g  
des S pannungspegels im  G ru n d n e tz  u n d  m it der G esta ltu n g  von  großen T ra n s 
fo rm a to re n , ferner u n te r  B e rü ck sich tig u n g  seiner v ie lse itigen  schöpferischen  
T ä tig k e it ,  zeichnete ih n  die R eg ie rung  1952 m it dem  K o ssu th p re is  aus. Die 
U n g arisch e  A kadem ie d er W issen sch aften  e rn an n te  ih n  i. J .  1951 zum  k o rre 
sp o n d ie ren d en  M itglied, u n d  i. J .  1954 w urde  er zum  o rd en tlich en  M itglied  
g ew äh lt.

Die w issenschaftlichen  B e iträg e  v o n  Ferenc Ratkovszky  geben  n u r  
u n v o lls tä n d ig e  A u sk u n ft ü b e r seine T ä tig k e it. Sowohl seine th eo re tisch en  als 
a u c h  seine k o n s tru k tiv e n  u n d  w irtsch a ftlich en  B erechnungen  k o n zen tr ie rte  e r 
im m e r  a u f  die Lösung der ta ts ä c h lic h  a u ftre te n d en  w ich tig sten  A ufgaben . E r  
w a r  b e m ü h t, unsere S ta rk s tro m in d u s tr ie  s tän d ig  zu en tw ick e ln  u n d  ih r  ein  
ze itg em äß es  N iveau  zu sichern .

R atkovszky besaß  zwei P a te n te , die n ich t n u r  k o n s tru k tiv , so n d ern  
a u c h  th eo re tisch , im  W e ltm a ß s ta b , vo llkom m en  N eues b ra c h te n : d en  i. J .  
1935 k o n stru ie rten  a u to m a tisc h e n , d ezen tra lis ie rten  S p an n u n g sreg le r v o n

Acta Techn. Hung. 51 (1965)
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kleiner L e is tu n g , u n d  die i. J .  1937 h e ra u sg e b ra ch te  L okom otive  m it F re q u e n z 
w andler. D er le tz te re n  folgte die erste  p ra k tis c h  an w en d b are  50 H z K a n d ó ’sche 
L okom otive. D ie A usb ildung  der n eu ze itlich en  T y p en  v o n  H o ch sp an n u n g s
und  H o ch le is tu n g stran sfo rm a to ren  n a c h  seinen  eigenen P a te n te n  b e d e u te n  
ebenfalls ein  B eispiel seiner h e rv o rrag en d en  w issenschaftlichen  und  te c h n i
schen L e istungen .

E r  b e fa ß te  sich  m it v ielen  F ra g e n  d er e lek trisch en  E n e rg iew irtsch aft. 
Mit seinen schöpferischen  V orschlägen  t r u g  er in  erheb lichem  M aß zu r E n t 
w icklung des e lek trisch en  E n erg iesy stem s bei. Im  R ah m en  seiner a u ß e r 
o rden tlich  v ie lse itigen  T ä tig k e it k am en  n eb en  den  techn ischen  K e n n tn isse n  
und  der g eeigneten  Q ualifika tion  au ch  seine w irtsch a ftlich en  F äh ig k e iten  zu r 
G eltung. Zw ischen den  w eitverzw eig ten  A ufgaben  k o n n te  er sich im m er a u f  
das W esen tliche  k o n zen trie ren .

W enn  w ir seine L eb en sarb e it ü b e rb lick en , so k ö n n en  w ir fe s ts te llen , 
daß  die u n g arisch e  E le k tro in d u s tr ie , die u n g arisch e  E n erg iew irtsch aft in  se in e r 
Person einen  ih re r  h e rv o rrag en d s ten  P e rsö n lich k e iten  verlo ren  h a t.  Seine 
schöpferische, an  E rfo lgen  reiche T ä tig k e it s te h t  als M usterbeispiel v o r u n s . 
W ir w erden ihm  ein p ie tä tv o lle s  G edenken  bew ahren .

K . S zendy
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MASS SPECTROMETRIC STUDIES 
OF ADDITIVE MATERIALS 

EVAPORATING FROM TUNGSTEN 
PRODUCED BY POWDER METALUURGICAU TREATMENT

P. ROBOZ
RESEARCH I VS HTUTE FOR TECHNICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES, BUDAPEST

A. KOVACH
INSTITUTE OF NUCLEAR RESEARCH OF THE HUNGARIAN ACADEMY OF SCIENCES, DEBRECEN 

[M anuscript received Decem ber 3, 1962]

The reason of arcing, observed when heating tungsten  wires in  noble gases at near 
atm ospheric pressure, can be assum edly the space charge destroying effect o f m aterials evapor
ating from  the filam ent itself. In  order to  verify  th is assum ption, com parative m easurem ents 
were carried out w ith a mass spectrom eter on th e  additive m aterial em ission of tw o different 
tungsten  types used by the vacuum  industry, and that o f a tun gsten  wire produced b y  a 
m odified technology. The m ost im portant part o f additive em ission was found to  be th at of 
sodium  and potassium . The tim e and tem perature dependence of atom ic and ionic em ission  
of N a and К  was investigated  for all three tun gsten  types. T ungsten produced b y  the m odi
fied  technology em its m uch less sodium  and potassium  as com pared w ith  the em ission of 
tungsten  types used until now, so a decrease in  th e  probability o f arcing can be expected  b y  
using th is tungsten  as filam ent e.g. in  incandescent lam ps.

I. In troduc tion

A rcing is a p h enom enon  often  o b serv ed  in  th e  fu n c tio n in g  o f tu n g s te n  
w ires p ro d u ced  b y  pow der m e ta llu rg ica l t re a tm e n t an d  h e a te d  in  noble  gases 
a t  n ea r a tm o sp h eric  p ressu re . This e ffec t is m ore m ark ed  in  th e  case o f an  
in s ta n ta n e o u s  increase o f  th e  f ilam en t v o ltage . T . Z. Szelenyi h as been  
in v es tig a tin g  th is  a rc ing  effect caused  b y  th e  a lte ra tio n  o f  h e a tin g  vo ltage  
[1, 2]. The conclusion w as d raw n  th a t  th e  cause o f a rc ing  m ig h t be th e  cease 
of th e  lim itin g  effect o f space charge ex is tin g  in  th e  e n v iro n m e n t o f a h e a te d  
tu n g s te n  wire [3]. The p rim a ry  reason  w hich  is d e s tro y in g  th is  lim itin g  space 
charge w as unknow n.

E . W inter  proposed  to  exp la in  th e  cease o f th e  lim itin g  effect o f space 
charge an d  th u s  th e  a rc in g  in  noble gases a t  e lev a ted  p ressu re  b y  th e  space 
charge d estro y in g  effect o f co n ta m in a n ts  e v a p o ra tin g  from  th e  h e a te d  f ilam en t, 
especially  if  th e  e v a p o ra tio n  occurs in  a n  ionic fo rm . B ased  on th is  idea th e  
p rim a ry  reason  o f arcing  could  be th e  presence  o f a d d itiv e  m a te ria ls  in tro d u c e d  
in to  th e  tu n g s te n  w ire b u t  a p p ro p ria te ly  u n rem o v ed  th e re fro m .

T he p ro d u c tio n  techno logy  o f tu n g s te n  w ires u sed  a t  p re se n t b y  th e  
v acu u m  in d u s try  an d  consisting  of g re a t tu n g s te n  c ry s ta ls  w as e la b o ra te d  in  
th e  R esearch  L a b o ra to ry  o f th e  T u n g sram  C orpora tion  [5, 6 ]. In  th e  course 
o f p ro duc ing  tu n g s te n  rods used  in  w ire-d raw ing , a d d itiv e  m a te ria ls  as N aCl, 
KC1, S i0 2, A120 3, F e 20 3 a re  in te rm ix ed  to  th e  tu n g s te n  tr io x id e  pow der used
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as a s ta rtin g  su b s ta n c e  in  well defined  p ro p o rtio n s . M etallic  tu n g s te n  is p ro 
d u ced  from  th is b ase  m a te r ia l b y  red u c tio n  in  th e  h y d ro g en  flow . R ods are  
p re ssed  from  the  re d u c e d  tu n g s te n  pow der an d  s in te red  in  th e  h y d ro g en  flow , 
w h ils t th e  g rea test p a r t  of th e  a d d itiv e  m a te ria ls  leave  th e  tu n g s te n  rod , th e  
n u m erica l c o n cen tra tio n  o f th e  re s id u a l im p u ritie s  u su a lly  being  in  th e  o rd er 
o f  1 0 ~ 5. The te m p e ra tu re  o f rec ry s ta lliz a tio n  an d  th e  c ry s ta l sizes depend  on 
th e  add itiv e  m a te ria ls  in tro d u c e d  in to  th e  basic su b stan ce . A ccord ing  to  th e  
re fe rences quo ted , th re e  d iffe ren t a d d itiv e  m a te ria ls  are  n ecessary  an d  su f
f ic ie n t to  allow for th e  d ev e lo p m en t o f g rea t-c ry s ta llin e  s tru c tu re . A fte r s in 
te r in g  only a sm all p a r t  o f th e  re sid u a l a d d itiv e  m a te ria ls  is b u ilt  in to  th e  
tu n g s te n  la ttice , th e  g re a te r  p ro p o rtio n  being  p laced  as in te rc ry s ta llin e  cen tres .

Three types o f tu n g s te n  w ere co m p ared  in  course o f our m easu rem en ts , 
d iffe ring  from  each  o th e r  in  q u a lity  an d  q u a n ti ty  o f  a d d itiv e s , as well as in  
le n g th  and  te m p e ra tu re  o f th e  s in te rin g  process. T u n g sten  N o. 1 w as p ro d u ced  
b y  ad d in g  Na, К  a n d  Si, tu n g s te n  N o. 2 b y  th e  a d d itio n  o f  N a, K , Si, A1 a n d  
F e  in  ap p ro p ria te  a m o u n ts . T u n g sten  No. 3 is s im ilar, in  re sp ec t to  its  com 
p o s itio n , to  tu n g s te n  N o. 2, b u t  d iffers in  th e  p ro d u c tio n  tre a tm e n t. The 
rec ry s ta lliza tio n  o f tu n g s te n  No. 1 occurs a t  a b o u t 2000 °C, w hile th a t  o f 
tu n g s te n  No. 2 an d  N o. 3 follows th is  a t  a b o u t 2300-1-2400 °C. In  o rd er to  
d eve lop  tung sten  N o. 3, T . Millner  a n d  J . N eugebAuer  in tro d u c e d  a m odified  
s in te r in g  technology  to  ach ieve a m ore p e rfec t e lim in a tio n  o f a d d itiv e  m a te ria ls . 
T h e  descrip tion  o f th e  p ro d u c tio n  tech n o lo g y  o f th e  d iffe ren t tu n g s te n  ty p e s  
c a n  be found in th e  re ferences a lread y  cited  [5, 6 ] a n d  in  p a te n t  d escrip tions 
re fe rr in g  to  th is  s u b je c t [7—9].

As tu n g sten  N o. 3 p re su m ab ly  invo lves less am o u n ts  o f im p u ritie s  as 
co m p ared  e ither to  tu n g s te n  No. 2 or No. 1, i t  is h ig h ly  p ro b ab le  th a t  th e  
em ission  of positive ion s from  a w ire m ade of tu n g s te n  No. 3 w ould  be less as 
co m p ared  to  th a t  o f  w ires N o. 1 a n d  No. 2, an d  co n seq u en tly  th e  p ro b a b ility  
o f  a rc ing  could be re d u c e d  b y  using  w ires m ade o f tu n g s te n  No. 3 as filam en ts .

To verify  th is  a ssu m p tio n , we h a d  to  exam ine th e  em ission of im p u ritie s  
fro m  h ea ted  tu n g s te n  w ires, w ith  p a r tic u la r  a t te n tio n  p a id  to  ionic em ission. 
T h ese  m easurem ents cou ld  be m ade m ore p ra c tic a l b y  using  a m ass sp e c tro 
m e te r , as our aim  w as n o t to  d e te rm in e  im p u ritie s  q u a n tita tiv e ly , b u t  on ly  
to  com pare the  em ission  p ro p ertie s  of v a rious tu n g s te n  ty p es .

II. E xperim en ta l M ethods

Conical coils o f  4 m m  base d iam e te r an d  o f 5 m m  h e ig h t w ere m ade o f 
tu n g s te n  wires 0 ,2  m m  d iam ete r, h e a te d  to  700 °C d u rin g  coiling. To assure 
re g u la r  p itch  and  c o n s ta n t space betw een  th e  tu rn s , th e  w ires w ere p ro v id ed
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w ith  a m o lybdenum  a rm o u r. To ensure  a p e rm a n e n t sh ap e  th e  coils w ere 
h ea ted  for 5 m inu tes a t  1000 °C in a h y d ro g en  fu rn ace , fo llow ed b y  dissolving 
th e  m o lybdenum  a rm o u r in  an  acid m ix tu re  of one p a r t  n itr ic  acid in  th re e  
p a r ts  su lphuric  acid . F in a lly  the  coils w ere e lec trica lly  polished .

O ur m easu rem en ts  w ere m ade a t  th e  In s t i tu te  o f  N uclear R esearch of 
th e  H u n g arian  A cadem y  o f Sciences w ith  an  M I  1305  ty p e  m ass spec trom eter. 
C onsidering ou r in te n tio n  to  exam ine th e  em ission o f ions as well as 
th a t  o f n e u tra l a to m s, th e  crucible source of th e  m ass sp ec trom eter w as 
a d a p te d  to  our pu rposes. T he furnace a n d  its  h ea tin g  coil h av in g  been rem oved  
th e  sam ple coils were m o u n te d  onto th e  p lace of th e  h e a tin g  coil. The schem atic  
draw ing  of th e  ion source  an d  the  p lac in g  of th e  sam ples are  show n in Fig. 1.

Fig. 1. Schem atic v iew  o f the ion source indicating the placing of the samples

The c u rre n t- te m p e ra tu re  ch a rac te ris tic s  o f th e  tu n g s te n  wires w ere 
m easu red  w ith  an  o p tic a l py ro m eter in  h igh  v acu u m . T h e  ca lib ra tin g  curves 
w ere found  to  be lin e a r  in  th e  te m p e ra tu re  range  o f 800 — 1800 °C, b u t gave 
ap p ro p ria te  accu racy  a t  h ig h e r te m p e ra tu re s , too . A s tab iliz ed  cu rren t su p p ly  
was n o t availab le , a n d  f lu c tu a tio n s  in  th e  coil te m p e ra tu re  to o k  place occa
sionally . A ccording to  th is  and  to  th e  in accu racy  o f th e  p y ro m ete r itse lf, 
te m p e ra tu re  d a ta  are  g iven  th ro u g h o u t th is  p a p e r  w ith  an  inaccu racy  of
± 2 5  °C.

P rio r to  th e  m easu rem en ts  th e  v a cu u m  sy stem  w as h ea ted  for severa l 
hours u n d er h igh  v a c u u m , th e  probe coils w ere o u tg assed  b y  h ea tin g  to  1000 °C. 
As a re su lt of th is  t r e a tm e n t  the  v acu u m  in  th e  an a ly z in g  sy stem  of the  m ass 
sp ec tro m eter never ex ceed ed  a value o f  4 • 10 7 m m H g . M easurem ents w ere 
m ade only by  ra is in g  coil te m p e ra tu re s , th e  reso lv ing  pow er of th e  m ass 
sp ec tro m ete r being  a b o u t 250 7 300.
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III. E x p e rim en ta l Results

1. Mass spectrum  o f  evaporating materials fro m  heated tungsten

T he m ass sp e c tru m  of e v a p o ra tin g  m ateria ls  from  each  tu n g s te n  sam ple  
w as ta k e n  a t  d iffe ren t b u t  c o n s ta n t te m p e ra tu re  values in  th e  m ass ran g e  o f 
1 6 ^ -6 2 . The reco rd  o f  one sp e c tru m  n eed ed  ab o u t 35 m in u te s , a n d  d u rin g  
th is  tim e  th e  shape  o f  th e  sp e c tru m  d id  n o t essen tia lly  a lte r , ex cep t a t  th e  
h ig h e r te m p e ra tu re s , w here some p e a k s  (N a, K) show ed a no ticeab le  decrease 
w ith  tim e.

Fig. 2.  Mass spectrum  o f residual gases and o f  m aterials evaporating from  tun gsten  N o. 2 at 
1800 °C the residual pressure in the m ass spectrom eter being 2,5 • 10-7 m m H g. Background

spectrum  is sh ow n b y  full lines

T he m ass sp e c tru m  ta k e n  w ith  tu n g s te n  No. 2 a t  1800 °C is show n on 
th e  d iag ram  of F ig . 2, th e  pressure  in  th e  analyzer sy stem  h a v in g  been  a b o u t 
2,5* 10~ 7 m m H g. T h e  p e a k  in ten s itie s  a re  given in  m illivo lts m easu red  a t  th e  
o u tp u t  o f th e  D . C. m easu ring  am p lifie r, as th e y  are g iven ev ery w h ere  in  th is  
p a p e r. One m illivo lt m easured  a t  th e  o u tp u t  of th e  am p lifie r co rresponds to  
a b o u t 2 • 10 “ ls A  io n  c u rren t. On F ig . 3 one can see th e  m ass sp ec tru m  ta k e n  
w ith  tu n g s te n  No. 3 h e a te d  to  1800 °C a t  a background  p ressu re  o f  2,7 • 10 ~ 7 

m m H g . In  b o th  cases th e  h e ig h ts  o f  b ack g ro u n d  peaks — m easu red  w ith  
cold  probes — are in d ica ted  b y  fu ll lines.

The shapes o f  sp ec tra  show n in  F ig . 2 and  Fig. 3 a re  v e ry  sim ilar a n d  
th e  g rea te r p a r t  o f  th e  peaks is due  to  h y d ro carb o n s. T he d ifferences in  b a c k 
g ro u n d  peak  h e ig h ts  correspond to  th e  difference in re s id u a l p ressu re  in  th e
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v acu u m  system . I t  is in te re s tin g , how ever, to  n o te  th a t  a t  m ass n u m b ers  
23 (N a) an d  39 (K) th e re  is a rem ark ab le  d ifference in  p eak  h e ig h ts , in d ica tin g  
th a t  tu n g s te n  N o. 3 em its  less sodium  an d  p o tassiu m  as co m p ared  w ith  
tu n g s te n  No. 2.

The sp ec tru m  ta k e n  w ith  tu n g s te n  N o. 1 is s im ilar to  th e  sp ec tra  show n 
on Figs. 2 an d  3, i t  is how ever to  be n o te d  th a t  th e  in ten s itie s  o f peaks due to  
im p u ritie s  are  th e  h ig h es t in  th e  case o f tu n g s te n  No. 1.

Fig. 3. Mass spectrum  of residual gases and of m aterials evaporating from  tungsten  N o. 3 at 
1800 °C the residual pressure in  the m ass spectrom eter being 2,7 • 10~7 m m H g. Background

spectrum  is shown by full lines

2. Tim e dependence o f  sodium and potassium  emission

In  o rder to  ex am in e  th e  em ission of sod ium  an d  p o ta ss iu m , th e  changes 
in  th e  p eak  in ten s itie s  o f  m ass n u m b ers  23 a n d  39 w ith  tim e  w ere in v es tig a ted . 
I t  is obvious, th a t  besides p o ta ss iu m  an d  sod ium  th e  presence an d  em ission 
o f silicon, a lu m in iu m  an d  iron  w ould be ex p ec ted , to o . I t  can  he in fe rred , 
how ever, from  Figs. 2 a n d  3 th a t  th e  em ission o f th ese  m e ta ls  (especially  th a t  
o f iron) m u st be v e ry  low . O n th e  o th e r h a n d , th e  re la tiv e ly  poor reso lv ing  
pow er of our m ass sp ec tro m e te r  d id  n o t allow  us to  reso lve a n  ev en tu a l Si28 

p eak  from  th e  b ack g ro u n d  peaks due to  N 2+, C O + an d  C2H /  ions, sim ilarly , 
to  sep a ra te  A l27 a n d  Si29 p eak s from  h y d ro ca rb o n s  occurring  a t  th e  sam e m ass 
n um bers. T he tim e  d ependence  o f p eak  in ten sities  w as th e re fo re  m easu red  only  
a t  m ass num bers 23 a n d  39, a t t r ib u te d  to  sodium  an d  p o ta ss iu m , resp ec tiv e ly . 
T here is no h y d ro c a rb o n  b a ck g ro u n d  a t  m ass n u m b er 23 a t  all, C3H ^  ions 
are p resen t a t  m ass n u m b e r 39, b u t  do n o t essen tia lly  in fluence  th e  accu racy  
of ou r m easurem ents.
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T he sam ples w ere h e a te d  fo r 15 m inu tes a t  1500 °C so as to  be well 
o u tg assed , following th is  th e  te m p e ra tu re  was ra ised  to  1800 °C, a n d  peaks 
d u e  to  po tassium  an d  so d iu m  were reco rd ed  a t each  10 m in u tes . The ev a lu a tio n  
w as m ade m ore d ifficu lt b y  th e  fac t, th a t  a t  m ass n u m b e r 39 a double peak  
a p p e a re d , th e  p a r tia l  p e a k  w ith  a s lig h tly  g rea te r a p p a re n t m ass being  sm aller 
in  in te n s ity . The rea so n  fo r th e  dev e lo p m en t of th is  double  p eak  is, th a t  th e  
io n  source d iscrim inates d ire c tly  e m itte d  ions from  th e  p ro b e  an d  ions gener
a te d  b y  electron im p a c t in  th e  ion source. P o ta ss iu m  ions e m itte d  th e rm a lly

Fig. 4. Time dependence o f potassium  em ission at a constant tem perature of 1800 °C in the  
case o f the three tun gsten  types investigated

from  th e  probe o b ta in  a n  a d d itio n a l energy  b y  crossing a p a r t  o f th e  elec tron  
acce le ra tin g  region, a n d  th u s  e n te r  th e  analyzing  m ag n etic  fie ld  w ith  a sligh tly  
g re a te r  average en erg y  as co m p ared  w ith  th e  energy  of p o tassiu m  ions gener
a te d  b y  electron im p a c t, a n d  e m itte d  o rig inally  in  an  a to m ic  form . T hus, th e  
p a r t ia l  peak  w ith  a s lig h tly  h ig h er a p p a re n t m ass is due to  p o tassiu m  ions 
e m itte d  from  the  p robe . T he lu m in o sity  of th e  ion  source, o f course, is n o t 
th e  sam e for b o th  g ro u p s o f ions, so one can n o t conclude from  th e  peak  
in te n s i ty  ra tio  as to  th e  em ission ra tio  o f ions an d  n e u tra l  a tom s.

On Fig. 4 is show n th e  tim e  dependence o f em ission a t  m ass n u m b er 
39 (K 39) for th e  th re e  tu n g s te n  ty p e s . S im ilarly , one can  see on Fig. 5 th e  
tim e  dependence o f so d iu m  em ission, m easured  a t  m ass n u m b er 23. T here 
a re  tw o  groups of cu rv es  on F ig . 4, one g roup  w ith  th e  h ig h er in te n s ity  values 
re fe rs  to  K 39 em ission in  a to m ic  fo rm  (including  C3H 3 b ack g ro u n d ), th e
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o th e r w ith  sm aller in te n s ity  values describes ionic em ission o f po tassiu m . 
F ro m  cu rves given in Figs. 4 an d  5 one can  conclude th a t  a t  th e  given te m 
p e ra tu re  th e  po tassium  an d  sodium  em ission of wires m ade o f  tu n g s te n  No. 3 
is less b y  a b o u t one order o f m ag n itu d e  as com pared to  t h a t  o f w ire N o. 1 
w ith in  a b ro a d  tim e  in te rv a l, tu n g s te n  No. 2 hav ing  a m ed iu m  em issiv ity  
b e tw een  th e  o th e r tw o ty p es.

I t  is w o rth  n o ting , th a t  th e  changes w ith  tim e are  v e ry  sim ilar fo r 
tu n g s te n  N o. 2 an d  No. 3 — especia lly  in  th e  case of p o ta ss iu m  em ission.

Fig. 5. T im e dependence of sodium em ission at a constant temperature of 1800 °C in the case 
of the three tungsten  typ es investigated

This is, as was to  be expec ted , because o f th e  s im ila rity  in  th e  p ro d u c tio n  
techno log ies o f these  tw o ty p es.

3. Thermal ion emission

As i t  was assum ed, th e  lim itin g  e ffec t against a rc ing  a n d  a t t r ib u te d  to  
th e  space charge su rro u n d in g  th e  h e a te d  tu n g s te n  filam en t m ig h t be d estro y ed  
by  ions e m itte d  b y  th e  filam en t itse lf. A ccord ing  to  th is , th e  p rim a ry  aim  of 
th ese  m easu rem en ts  was to  com pare  th e  sodium  and  p o ta ss iu m  ion em ission 
o f v a rio u s ty p es  of tu n g sten s .

T h e  h e a tin g  pow er of th e  f ila m e n t supp ly ing  the  ion iz ing  elec trons for 
th e  ion  source as well as th e  e lec tron  b eam  accelerating  v o ltag e  w ere sw itched  
off. In  th is  w ay  th e  cond itions o f e lec tro n  im p ac t ion iza tio n  w ere e lim in a ted
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a n d  i t  was g u a ra n te e d  th a t  ions e m itte d  from  th e  tu n g s te n  probe w ould  
reach  th e  ion co llec to r on ly . U nder th e se  c ircu m stan ces peaks appeared  o n ly  
a t  m ass num bers 23 (N a) an d  39 (K ). A  little  p e a k  w as observed a t  m ass 
n u m b e r 41 re p re se n tin g  th e  K 41 iso tope , w ith  a re la tiv e  p eak  in te n s ity  co r
respond ing  to  th e  r a t io  o f po tassium  iso tope  ab u n d an ces .

The change o f K t9  io n  peak in te n s ity  is show n on F ig . 6 , m easured  w ith  
a ll th re e  tu n g sten  ty p e s  a t  1800 °C a n d  su b seq u en tly  fo r tu n g s te n  No. 1 a n d

Fig. 6. Time dependence of potassium  ion em ission at 1800 °C and 2100 °C tem peratures

N o. 3 a t  2100 °C. O n F ig . 7 one can see th e  change w ith  tim e  in  th e  in te n s ity  
o f  sodium  ion c u rre n t u n d e r  the  sam e cond itions. E x c e p t fo r th e  in itia l p o rtio n s  
o f  th e  curves, th e  c h an g e  o f em ission c u rre n t w ith  tim e  is n ea rly  ex p o n en tia l.

The curves c h a ra c te riz in g  th e  v a rio u s  tu n g s te n  ty p e s  su p p o rt our p re 
v io u s s ta tem en t t h a t  tu n g s te n  No. 3 em its  fa r  less ad d itiv es  th a n  e ith e r  
tu n g s te n  No. 1 or N o. 2 . T he ra tios of ion  em ission va lu es  a re  ab o u t 1̂  : f 2 : I 3 =  
=  9 : 3 : 1  where I x, 7 2 an d  I 3 ind ica te  th e  m easu red  em ission cu rren t fo r th e  
in d iv id u a l tu n g s te n  ty p e s .

I t  is to  be m e n tio n e d , th a t  the  ion  em ission c u rre n t som etim es increased  
un sy stem atica lly , w hile  th e  average in te n s ity  co n tin u e d  to  decrease, u n a f 
fec ted  by  the  c u rre n t pu lses no ticed  occasionally  a n d  la s tin g  only for a v e ry
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sh o rt tim e  w ith  v a ry in g  in ten sitie s . T h is phenom enon  is due to  th e  fa c t,  
th a t  th e  f ila m e n t does n o t em it th e  ions con tin u o u sly , b u t  som etim es th e  
m a te ria l o f an  in te rc ry s ta llin e  cen tre  su d d e n ly  b u rs ts  o u t o f th e  su rface  o f 
th e  w ire, re su ltin g  in  an  in s ta n t  increase  in  th e  ion  c u rre n t in te n s ity . T h e  
phenom enon  o f ion  b u rs ts  is well k n o w n  [1 0 ] an d  — accord ing  to  o u r o p in 
ion  — i t  is o f g re a t im p o rtan ce  in  e x p la in in g  th e  a rc ing  phenom enon .

T he q u a n ti ta t iv e  s tu d y  o f th ese  io n  b u rs ts  w as n o t  rendered  possib le

Fig.  7. T im e dependence of sodium therm al ion  em ission at 1800 °C and 2100 °C tem peratures

because o f th e  g re a t tim e  c o n s ta n t o f  th e  D . C. am plifier. As a q u a lita tiv e  
o b se rv a tio n  i t  can  be m en tioned , th a t  th e  le a s t ion b u rs ts  were n o ticed  in  
th e  case o f tu n g s te n  No. 3 an d  those  w ith  th e  sm allest am plitudes.

4. Temperature dependence o f  emission

A ccord ing  to  th eo re tica l co n sid era tio n s as well as to  our p re lim in a ry  
in v es tig a tio n s  one could  expec t a s tro n g  dependence  o f ad d itiv e  em ission on 
te m p e ra tu re , in  so fa r  as a t  h igher te m p e ra tu re s  h igher em ission values m ig h t 
be ex p ec ted ; so i t  w as found  necessary  a n d  advisab le  to  s tu d y  th e  te m 
p e ra tu re  dependence  o f ad d itiv e  em iss iv ity  as well.
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T he te m p e ra tu re  w as varied  in  th e  ra n g e  of 1000 — 2200 °C. Fig. 8  a n d  
F ig . 9 show the  te m p e ra tu re  dependence o f  p o tassiu m  resp . sodium  em ission . 
As a conclusion one ca n  s ta te , th a t  th e  le a s t  a m o u n t of ions is e m itte d  in  th e  
w ho le  tem p e ra tu re  ra n g e  in v estig a ted  fro m  tu n g s te n  N o. 3, w ith  th e  ra t io  
o f  io n  em issiv ity  o f th e  in d iv id u a l tu n g s te n  ty p e s  increasing  w ith  te m p e ra tu re . 
A t 2000 °C the  ion  e m iss iv ity  of tu n g s te n  N o. 3 is b y  n ea r one order of m a g n i
tu d e  less th a n  th a t  o f  tu n g s te n  No. 1, N o . 2 hav in g  an  in te rm e d ia te  v a lu e .

Fig. 8. Temperature dependence of potassium  em ission in case of the three tungsten typ es
investigated

I t  is to  be m e n tio n e d  th a t  a r a th e r  g rea t sc a tte r  w as no ticed  in  re su lts  
o b ta in e d  in para lle l ru n s  in  th e  course o f  th ese  m easu rem en ts. The cu rv es o f 
F ig s . 8  and  9 co rre sp o n d  to  the  av e rag e  b eh av io u r of th e  in d iv id u a l ty p e s , 
b u t  th e  d a ta  o b ta in e d  d id  no t allow us to  ev a lu a te  e x a c tly  th e  bond  energ ies 
o f  th e  tu n g s te n -a d d itiv e  m ateria l sy stem s.

In  these m e a su re m e n ts  as well as in  m easu rem en ts rep o rted  in  th e  
p rev io u s chap te rs a t  le a s t th ree  paraU el ru n s  were m ade , w ith  re su lts  n o t 
d iffe ring  from  each  o th e r  b y  more th a n  2 0 % . The differences observed  b e tw een  
th e  various tu n g s te n  ty p e s  in  th e ir  a d d itiv e  em issiv ities seem  th u s  to  be  sig 
n if ic a n t.
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IV. Conclusions

A general conclusion  can  be d raw n  from  th e  m easu rem en ts  re p o rte d  
here , th a t  tu n g s te n  N o. 3, m ade w ith  a m odified  tech n o lo g y  em its m uch less 
ad d itiv e  m a te ria ls  in  th e  te m p e ra tu re  range  in v es tig a ted  (1000 — 2200 °C) th a n  
tu n g s te n  No. 1 a n d  N o. 2, genera lly  used  in  v acu u m  in d u s try . A t lower te m 
p e ra tu re s  th e  em ission  o f  tu n g s te n  N o. 3 p ro v ed  to  be less b y  one o rder o f 
m ag n itu d e  as co m p ared  to  th a t  o f tu n g s te n  No. 1, th e  em iss iv ity  of tu n g s te n  
No. 2  being an  in te rm e d ia te  va lue . A t e lev a ted  te m p e ra tu re s  th e  difference

Fig. 9. T em p sn ta re  dependence of sodium  em ission in case o f the three tungsten typ e
investigated

in  ad d itiv e  m a te ria l em ission  betw een  tu n g s te n  No. 1 a n d  N o. 3 is som ew hat 
less th a n  one o rd er o f  m ag n itu d e .

The m easu rem en ts  o f tim e  dependence  lead  to  th e  conclusion th a t  
— ex cep t for th e  in it ia l  p e rio d  o f h e a tin g  — th e  em ission decreases exponen
tia lly . A t e lev a ted  te m p e ra tu re s  th is  e x p o n en tia l decrease follow s only a fte r  
a som ew hat longer tim e  a n d  th e  h a lf  period  o f th e  ex p o n e n tia l decrease is 
essen tia lly  longer as co m p ared  to  th a t  m easu red  a t  low er te m p e ra tu re s . This 
m ig h t in d ica te  t h a t  th e  ro le of diffusion c a n n o t be n eg lec ted  even in  th e  
te m p e ra tu re  range  in v e s tig a te d .
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I t  is to  be n o te d  th a t  as o p posed  to  our ex p e c ta tio n s , a len g th y  p re 
h e a tin g  of wires in  h ig h  v acu u m  does n o t im prove th e  em ission re la tio n s. 
P re h e a tin g  for 100 h o u rs  a t  1850 °C causes an  essen tia l decrease  in  ion  in te n s ity  
o n ly  in  th e  in itia l p e rio d  o f h e a tin g  a t  h ig h er te m p e ra tu re s  as com pared  w ith  
w ires  n o t tre a te d  b y  p re h e a tin g . T h e  difference in  io n  em ission in te n s ity  
b e tw een  p reh ea ted  a n d  n o t p re h e a te d  w ires decreases g ra d u a lly  w ith  tim e  and  
a f te r  som e hours th e  em issiv ity  o f  p re h e a te d  and  u n tre a te d  wires w ill he 
e sse n tia lly  th e  sam e.

T he conclusion can  be d raw n  on th e  basis of th e  in v es tig a tio n s  re p o rte d  
h e re , th a t  so fa r as th e  e v a p o ra tio n  o f  residual a d d itiv e  m a te ria ls  h av e  an  
e ffec t on arcing to  be observed  in  n ob le  gases of n ea r a tm o sp h e ric  p ressu res, 
th e  p ro b ab ility  of a rc in g  w ould  decrease b y  app ly ing  tu n g s te n  No. 3 as filam en t 
in s te a d  o f tu n g s te n  N o. 1 a n d  N o. 2 u sed  so far. O f course , th is  could  be 
p ro v e d  only b y  ex p e rim en ts  ca rried  o u t u n d er a p p ro p ria te  conditions.

*  *  *

A uthors w ish to  express th e ir  th a n k s  to  dr. E . W inter  for p roposing  
th e  idea  of th e  ex p erim en ts  a n d  fo r p ay in g  co n stan t a t te n tio n  to  th e ir  w ork, 
as  w ell as to  P rof. d r. A. Szalay re n d e rin g  possible to  c a r ry  o u t th e  m easu re 
m e n ts  rep o rted  here  in  th e  in s t i tu te  u n d e r  his d irec tion .

T hanks are due  to  d r. Millner  w ho k ind ly  p ro v id e d  us w ith  sam ples 
o f  tu n g s te n  No. 3 m ad e  w ith  th e  m o d ified  technology  e la b o ra te d  by  h im  an d  
h is co-w orkers.
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M ASSENSPEK TRO M ETRISCH E U N T E R SU C H U N G  
VON AUS PULV ER M ETA LLU R G ISC H  HERG ESTELLTEM  W O LFR AM 

V E R D A M P F E N D E N  ZUSÄTZEN

P. ROEOZ—А. КОЛАСН

ZUSAM M ENFASSUNG

Reim Glühen von  W olfram spiralen in  edelgashaltiger Atm osphäre unter annähernd  
atm osphärischem  Druck kann eine der U rsachen der von therm ischen Elektronen bewirkten  
Lichtbogenbildung die raum ladungverringernde W irkung der aus dem  Glühfaden verdam pfen
den  Stoffe sein. Um  diese Frage zu klären, haben die Verfasser unter Verwendung des Massen
spektrom eters vergleichende U ntersuchungen über die Em ission der Zusätze von zwei in der
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Vakuum industrie gebräuchlichen W olfram werkstoffen, sowie einem m ittels einer m odifizierten  
Technologie hergestellten W olfram  angestellt. Sie ste llten  fest, daß in der E m ission  der Zusätze 
die bedeutendste Rolle die Em ission des K alium s und des Natrium s sp ielt, und zwar haupt
sächlich  in  der Form von  Ionenem ission. D ie Zeit- und Tem peraturabhängigkeit der atom aren  
und der ionischen E m ission des K alium s und des N atrium s wurden für alle drei W olfram sorten  
untersucht. Das nach der m odifizierten Technologie hergestellte W olfram  em ittiert w esentlich  
weniger K alium - und N atrium ionen bzw. A tom e als die bisher verw endeten W olfram sorten, 
w esw egen zu erwarten ist, daß durch seine Verw endung die W ahrscheinlichkeit der L icht
bogenbildung, z. B. in G lühlam pen, verringert werden kann.

E X A M E N  P A R  LE SPECTROM ÈTRE D E  M ASSE DES A D D IT IFS S’ÉVA PO RA NT  
D U  TUNGSTÈNE PRO DUIT P A R  LA M ÉTALLURGIE D E S PO U D R E S

P. ROBOZ—A. KOVÁCH

RÉSU M É

A u chauffage des spirales de tungstène sous une pression à peu  près atm osphérique, 
dans un espace contenant des gaz rares, des arcs se form ent sous l’action  des électrons therm i
ques. L’une des causes de ce phénom ène peut être la détérioration des charges spatiales par 
les m atières s’évaporant du filam ent. Pour élucider la question, les auteurs ont fa it des recherches 
com paratives à l’aide d’un spectrom ètre de m asse, sur l’émission des add itifs de deux sortes 
différentes de tungstènes utilisés dans l’industrie du vide, et sur un tun gstène produit par une 
technologie m odifiée. Dans l ’ém ission des additifs, le rôle prépondérant est joué par l’ém ission  
du potassium  et du sodium , surtout par sa form e ionique. Pour les trois sortes de tungstènes, 
les auteurs ont exam iné les ém issions atom ique et ionique du potassium  e t du sodium  en fonc
tion  du tem ps et de la tem pérature. Le tungstène produit par la m éthode m odifiée ém ettant 
beaucoup m oins d’ions et d’atom es de potassium  et de sodium  que les tun gstènes généralem ent 
utilisés, on peut s’attendre à voir dim inuer par son em ploi la probabilité de la  form ation d’arcs, 
par exem ple dans les lam pes à incandescence.

МАСС-СПЕКТРОСКОПИЧЕСКИЙ АНАЛИЗ ДОБАВОК, ИСПАРЯЮЩИХСЯ 
ИЗ МЕТАЛЛОКЕРАМИЧЕСКОГО ВОЛЬФРАМА

П. РОБОЗ— А. КОВАЧ

РЕЗЮМЕ

Одной из причин образования дуги, наблюдаемой при накале вольфрамовых спи
ралей в атмосфере, содержащей нейтральный газ при давлении близком к нормальному 
атмосферному, может быть эффект ухудшения заряда пространства веществами, испаряю
щимися из нити накала. Для выяснения этого, используя масс-спектроскоп, проводились 
сравнительные исследования двух различных вольфрамовых материалов, применяемых 
в вакуумной технике, а также анализ эмиссии добавок вольфрама, полученного по изме
ненной технологии. Установлено, что в отношении эмиссии добавок наибольшую роль 
играет эмиссия натрия и калия, в основном ее ионная форма. Исследовались атомная и 
ионная эмиссии натрия и калия в функции времени и температуры для всех трех иссле
дованных видов вольфрама. Вольфрам, полученный по измененной технологии, эмитти- 
рует значительно меньшее количество натрия и калия, чем использованные до сих пор 
виды вольфрама, поэтому можно ожидать, что с использованием этого модифицирован
ного вида вольфрама можно будет уменьшить вероятность образования дуги, например, 
в лампах накаливания.
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STATIONARY TEMPERATURE DISTRIRUTION 
IN THERMOMETER PROTECTING TUBES

A. HAAS
CENTRAL MEASUREMENT RESEARCH LABORATORY, BUDAPEST 

[M anuscript received April 29, 1963]

Sheated therm om eters are the m ost im portant sensors o f industrial therm om etry. 
H eat equilibrium  equations for therm om eter protecting tubes are very  im portant from  the  
point o f view  of analysis o f errors caused by disturbing param eters. T he article contrasts the  
equations of Cl o St e r h a l f e n  w ith  the more precise equations deduced b y  the author, reflecting  
the actual relations and param eters more adequately. The comparison is also backed by m eas
urem ents which ju stify  the theoretical presum ptions. The new equations are free from  any  
arbitrary assum ptions and are valid  for plane or slightly  curved walls o f fin ite  heat resistance  
and also the cooling effect o f the outside parts o f the protecting tube are taken into account.

I. In troduction

The te m p e ra tu re  co n tro l is one of th e  la rg es t an d  m ost im p o r ta n t te r r i to ry  
in  a u to m a tio n , fo rm ing , accord ing  to  foreign s ta tis tic s , n e a rly  50%  o f th e  whole 
a u to m a tio n . T herefo re, th e  unso lved  prob lem s o f th is  n o w ad ay s less fav o u red  
a rea , w hich is reg a rd ed  b y  m istak e  as closed, shou ld  n o t be overlooked.

T he sensors o f co n tin u o u s te m p e ra tu re  m easu rem en t a n d  con tro l based  
on various princip les, h av e  a lm o st in  every  case to  he p laced  in to  p ro tec tin g  
tu b e s , th a t  th e  p ressu re , th e  co rroding  or so iling  effects o f  th e  m ed ium  to  be 
m easu red  shou ld  n o t a ffec t th e  stead iness an d  s ta b ility  o f th e  sensor an d  th e  
p robe . H ence, th e  sensor does n o t in  fac t m easure  th e  te m p e ra tu re  of th e  m ed ium  
to  he m easu red  b u t  th a t  o f th e  p ro tec tin g  tu b e . In  case o f  u n su ita b le  m o u n tin g  
or in  u n fav o u rab le  c ircum stances th e  te m p e ra tu re  of th e  p ro te c tin g  tu b e  an d  
th a t  o f th e  sensor m ay  differ even  b y  20-b-30 p e r cen t fro m  th e  m ed ium  to  be 
m easu red . P e rh ap s  th is  p rob lem  could  still be tack led  b y  a p p ro p ria te  ca lib ra tio n , 
b u t  because o f th e  v a ria tio n s  o f th e  a m b ie n t p a ra m e te rs , th e  re p e a ta b ility  
accu racy  of th e  p robe  m ay  d e te rio ra te  to  such  an  e x te n t t h a t  th e  te m p e ra tu re  
o f th e  con tro lled  m ed ium  coidd  n o t be k e p t be tw een  p resc rib ed  e rro r lim its. 
T herefore  i t  is im p o r ta n t  t h a t  th e  in fluence o f th e  n u m ero u s  p a ram ete rs  
d e te rm in in g  th e  h e a t equ ilib riu m  o f th e  p ro te c tin g  tu b e  sh o u ld  be num erica lly  
know n, so th a t  te m p e ra tu re  con tro lling  an d  m easu ring  sy stem s of p rescribed  
e rro r an d  re p e a ta b ility  accu racy  m ig h t be designed , m o u n te d  an d  ca lib ra ted .

S everal researchers h av e  a lread y  in v e s tig a te d  th e  h e a t  eq u lib riu m  o f 
th e rm o m e te r  p ro te c tin g  tu b es  using  sim plified  m odels [1 — 7]. Y e t these  m odels
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in c o rp o ra te  such s im p lific a tio n s  w hich  do n o t allow th e  e x a c t an d  fo r ev e ry  
d is tu rb in g  p a ram e te rs  e x te n d in g  t r e a tm e n t  o f p ro te c tin g  tu b es .

As a consequence o f  th is  as th e  m easu rem en ts  ca rried  o u t b y  th e  a u th o r  
a lso  te s tified , th e  k n o w n  e q u a tio n s  fo r p ro te c tin g  tu b es  are  in a d e q u a te  if  th e  
coo ling  effects o f th e  o u te r  p a r ts  o f th e  p ro te c tin g  tu b e  w hich  influence  th e  
te m p e ra tu re  of th e  sen so r can  n o t be neg lec ted . T herefo re , i t  is n ecessary  to  
ded u ce  such eq u a tio n s , w h ich  im p lica te  th e  a c tu a l a m b ie n t c ircu m stan ces , too .

II. Heat-equilibrium  o f a Protecting Tube 
not Protruding beyond the Space of Measurement

T he sim plified  th e o ry  o f th e rm o m e te r  p ro te c tin g  tu b e s  fo r tech n ica l 
p u rp o ses  was developed  a f te r  th e  f ir s t  a tte m p ts  of R e i h e r  an d  C l e v e  [1] 
b y  Т е  w e s  [2, 4] a n d  C l o s t e r h a l f e n  [3].

In  th e  li te ra tu re  fo r th e  a p p ro x im a te  tre a tm e n t o f th e  p ro te c tin g  tu b e  
i t  is n o t em phasized t h a t  in  o rd er to  he ab le to  proceed  fro m  th e  eq u a tio n  of 
co n v ec tio n , in c o rp o ra tin g  v e lo c ity  an d  fric tio n  te rm s to  th e  sim plified  eq u a tio n , 
th e  follow ing co n d itions sh o u ld  be o bserved  [8 ].

a )  The velo c ity  o f  th e  m ed ium  a long  th e  th e rm o m e te r  an d  in  th e  space 
o f m easu rem en t m u s t be  p ra c tic a lly  c o n s ta n t w ith  a know n  m ean v a lu e ;

b)  th e  te m p e ra tu re  o f th e  m ed iu m  along th e  th e rm o m e te r  an d  in  th e  
sp ace  o f m easu rem en t m u s t be p ra c tic a lly  c o n s tan t w ith  a know n m ean  value . 
F ig . 1 shows th e  p ro te  tin g  tu b e  m odel o f  C l o s t e r h a l f e n .

I f  th e  w all-th ickness re la te d  to  th e  Zx len g th  of th e  p ro te c tin g  tu b e  is th in , 
th e n  th e  te m p e ra tu re  d is tr ib u tio n  in  th e  cross-sec tional a rea  o f th e  tu b e  m ay  
b e  reg a rd ed  as u n ifo rm , hence  o n ly  th e  one d im ensional ax ia l te m p e ra tu re  
d is tr ib u tio n  rem ains to  be an a ly sed .

T he s ta tio n a ry  h e a t  e q u ilib riu m  o f an  in fin ite s im a l p ro te c tin g  tu b e  
v o lu m e  of dx h e ig h t a n d  t te m p e ra tu re  is de te rm in ed  b y  th e  to ta l  o f th e  h e a t, 
flow in g  in  an d  o u t o f th e  v o lum e:

T he volum e o b ta in s  b y  co n d u c tio n

q =  — X f  d t/dx (1)

h e a t ,  w here A is th e  th e rm a l c o n d u c tiv ity  an d  f  th e  cross-sectional area  o f th e  
tu b e . The volum e loses b y  co n d u c tio n :

Я +  dq =  — Xf (d t/dx) X f ----- (df/dx) dx
dx

h e a t.
F rom  th e  m ed iu m  to  be m easu red  to  th e  volum e flow s 

dgx =  at (d n  dx) (tm — t)

( 2 )

(3)
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h e a t, w here a< is th e  coeffic ien t o f co n v ec tio n , and  tm is th e  te m p e ra tu re  to  be 
m easured .

To th e  wall of tw te m p e ra tu re

dg. =  c" {dn  d*) (T J -  T l )  10 - 8 (4)

tm tem perature of the space to  be measured; 
tw wall tem perature; 
ta am bient tem perature; 
ij tip tem perature of the protecting  tube.

h e a t is tra n sfe rre d  from  th e  surface o f  th e  in fin ite s im a l vo lu m e e lem en t, w here 
c" is th e  m u tu a l h ea t ra d ia tio n  coeffic ien t. As is know n

1 /c" =  1 /с +  F / F w (1/C„ -  1ICS) (5)

w here c a n d  F  are th e  h e a t ra d ia tio n  coefficien t an d  su rface  o f th e  tu b e  
resp ec tiv e ly . The F w a n d  Cw are re sp e c tiv e ly  th e  su rface  a n d  h e a t ra d ia tio n  
coeffic ien t of the  su rro u n d in g  walls a n d  Cs is th e  h e a t r a d ia tio n  coeffic ien t o f th e  
b lack b o d y .
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In  view  o f th e  F / F w <g 1 cond itio n  w hich is g en era lly  sa tisfied , th ere fo re ,
th e

C" C (6 )
a p p ro x im a tio n  is ju s tif ie d .

F o r p roperly  m o u n te d  p ro te c tin g  tu b es , if

T  >  T w an d  T  >  273° C

\ T - T W\ < T  (7)

u n e q u a lity  holds, t h a t  is E q u . (4) can  be linearised

d <h =  ols (d л  d*) (t — tw) (8 )

w h ere  th e  coefficient o f h e a t  ra d ia tio n  is

as =  c • 10~ 8 ~  T "  e* 4 • 10~ 8 • C T l  (9)
t  tw

a n d  th e  m ean te m p e ra tu re  o f th e  tu b e  is

Tb = - - [  T ( x ) d x .  (10)
/ J  o

T h e  h e a t equ ilib rium  o f  th e  in fin ites im al p ro tec tin g  tu b e  vo lum e is

i  +  d 9 i =  4 +  àq  +  dg2 . ( 1 1 )

S u b s titu tin g  E qus. (1), (2), (3) an d  (8 ) in  E q u . (11) a n d  w ith

a n d

designations

#  —  (a s +  at) t — (as tw +  a, tm)

m.2 =  л  d (as +  at) j X f

( 12)

(13)

(d2 &/dx2) — m~{) - 0  (14)

e q u a tio n  is o b ta in ed . T h e  well know n so lu tion  o f th is  e q u a tio n  y ields, w ith

X =  0 

d û jd x  =  0

an d
X =  l

t =  tu

b o u n d a ry  cond itions, as discussed in  d e ta ils  b y  a u th o r  [3], th e  te m p e ra tu re  
d is tr ib u tio n  o f th e  p ro te c tin g  tu b e :

(as +  «( ) <— +  at tm) _  cosh m x
(as +  a,) tw — (as tw +  at tm) cosh  m l

(15)
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F ro m  E q u . (15) w ith  (t)x= 0  == h  th e  t ip  tem p e ra tu re  o f th e  p ro te c tin g  tu b e  
is expressed  by  th e  C losterhalfen  su p e rp o sitio n  princip le

w here

an d

(tm  hv )  .—  (J j (p yfp2 "b  <P2  —  tP

cpy =  1 /cosh  (ml)

<P2 =  asl(as +  at) .

(16)

(17)

I f  tw w all te m p e ra tu re  is k n o w n , E q u . (16) yields th e  re la tio n  b e tw een  
ty th e  te m p e ra tu re  o f  th e  p ro te c tin g  tu b e  tip  and  tm th e  te m p e ra tu re  to  be 
m easured .

t m  ^ i f 1 0* 2 f

i
V

ta

Fig. 3

As th e  m easu rem en t of tw w a ll te m p e ra tu re  is cum bersom e, th ere fo re  
i t  is m ore conven ien t to  specify th e  w all te m p e ra tu re  as a fu n c tio n  o f tm an d  
ta te m p e ra tu re s , w here ta s tands for th e  am b ien t te m p e ra tu re .

In  case of p lane  o r sligh tly  c u rv e d  m eta l walls i f  th e  con d u c tiv e  h e a t 
re s is tan ce  of the  w all can  be o m itte d  beside th e  inner a n d  o u te r  surface h e a t 
tra n s fe r  resistance , th e  w all te m p e ra tu re  tw m ay  be w ritte n  as

tw — (aiftm -|- -f- 0.2f) . (1 $)

T he cond ition  for th e  use of E qu. (18) m ay  be expressed for p lane  or slig h tly  
cu rv ed  w alls, as

al f ^ y V  o r a2f  <§ У- j j V ,

w here cq^and cq^are th e  in n e r and  o u ts id e  w all surface h e a t  t ra n s fe r  coefficients 
o f  th e  w all of th e rm a l co n d u c tiv ity  a n d  V  th ickness.

B y  E q u . (18) th e  E q u . (16) m a y  be rew ritten  as

(tm t\)!(tm i-a) — a2f<pl(Oyf -|- а2р) (19)

w here th e  te m p e ra tu re  o f  th e  p ro te c tin g  tu b e -tip  is exp ressed  b y  th e  tm an d  
ta te m p e ra tu re s , w hich  can  be well m easu red .
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III. The Criticism of the Tewes-Closterhalfen Model

The a u th o r  c a rr ie d  o u t m easu rem en ts  on p ro te c tin g  tu b e s  w ith  geom etries 
resem bling  th a t  o f  th e  C losterhalfen  m odel, an d  th e  m easu rem en ts  show ed 
a n  agreem ent w ith  th e  ca lcu la tio n s w ith in  a 2-f-4%  m arg in . Y e t w ith  p ro te c tin g  
tu b e s  differing fro m  th e  m odel h av in g  p ro tru d in g  e x te rio r  p a r ts  w ith  a cooling 
effec t, no such a g re e m e n t could even  be found .

The te m p e ra tu re  o f  th e  sensor w ith in  th e  t ip  of th e  tu b e  an d  the  te m p e ra 
tu re  a t  th e  tip  o f  th e  tu b e  were g en era lly  d ifferen t. O nly  in  th a t  special case 
w h en  th e  h e a t c o u p lin g  betw een  senso r a n d  tip  w as close enough did  th is  
d ifference becom e neg lig ib le . T hough  b y  th e  re p e titio n  o f  th e  C losterhalfen  
m e th o d  th e  te m p e ra tu re  o f the  sensor w as co m p u tab le  in  each  case. In  th is  
second  co m p u ta tio n  th e  m ean  v alue  o f th e  te m p e ra tu re  d is trib u tio n  of th e  
p ro tec tin g  tu b e  a lo n g  th e  sensor d id  i t  f igu re  as fmi.

The know n l i te r a tu r e  on th is  su b je c t d id  n o t rev ea l th is  c ircum stance.
On g round o f  th e  above m en tio n ed  experiences, th e  follow ing critic ism s 

a g a in s t the  T ew es-C losterhalfen  m odel a re  ju s tif ied .
a)  The a c tu a l te m p e ra tu re  o f th e  em p lacem en t w all is n o t un iform  b u t  

h as  a rad ia l d is tr ib u tio n  since th e  h e a t  res is tan ce  of th e  w all is n o t zero b u t  a 
f in ite  q u a n tity ;

b) th e  te m p e ra tu re  d is trib u tio n  o f th e  p ro te c tin g  tu b e  is no t in d ep en d en t 
o f  th e  te m p e ra tu re -c o n d itio n s  of th e  sections p ro tru d in g  beyond  th e  w all 
o f  em placem ent.

Therefore th e  T ew es-C losterhalfen  m eth o d  c a n n o t be applied  for such  
p ro tec tin g  tub es w h ich  h av e  ap p reciab le  p ro tru d in g  p a r ts  ou tside  of th e  m eas
u rem en t space. T h u s , in  th e  p rac tice  th e  C losterhalfen  m eth o d  does n o t give 
sa tis fac to ry  re su lts  fo r m ost o f th e  p ro te c tin g  tu b es . T he p re se n t p ap er th e re 
fore  uses a n o th e r  m o d e l w hich ap p ro ach es m ore closely th e  rea l b o u n d a ry  
cond itions of p ro te c tin g  tubes.

IV. H eat Equilibrium o f Protruding Protecting Tubes 
with outside H eat-transfer

Some a u th o rs  [6 , 7] discussed th e  h e a t  equ ilib riu m  o f p ro tru d in g  p ro te c t
in g  tubes w ith  sp ec ia l assum ptions fo r th e  sake o f sim plified  m a th em a tica l 
tre a tm e n t. N am ely  th e y  assum e th a t  th e  rad ia l h e a t  res is tan ce  of th e  w all 
o f em placem ent is e i th e r  zero or in fin ite ly  g rea t. The em ergence of such b o rd e r 
cases are in  p ra c tic e  generally  seldom  a n d  on ly  ap p ro x im a te  an d  th e  re a l 
heat-coup lings b e tw e e n  p ro tec tin g  tu b e  an d  th e  d is ta n t p a r ts  o f th e  w all are  
m a in ta in ed  by  h e a t  resistances h av in g  fin ite  va lues. T he geom etric m odel 
o f th e  p ro tru d in g  p ro te c tin g  tu b e  is show n in  Fig. 4.
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1. Temperature distribution in  the wall o f  emplacement

T he w all in  th e  new  m odel is a ssu m e d  to  he p lane a n d  ex ten d in g  to  th e  
in fin ite . T his assum ption  is o n ly  an  a p p ro x im a tio n  for ex ten d ed  p lane or s lig h tly  
cu rv ed  w all surfaces. T he m easu red  a n d  com p u ted  te m p e ra tu re  d is tr ib u tio n s  
in  m e ta l walls are in good ag reem en t in  th e  v ic in ity  o f  th e  p ro te c tin g  tu b e . 
F o r cases w here th e  above cond itions a re  n o t fulfilled s e p a ra te  t r e a tm e n t  is 
req u ired . T he searched  fo r w all te m p e ra tu re  d is tr ib u tio n  shou ld  h av e  t 0 va lu e  
a t  th e  s tem  of th e  tu b e  a n d  th e  va lu e  tw, defined in  E q u . (18) if  r  —► o o .  B y 
in v e s tig a tin g  th e  h ea t b a lan ce  o f an  in fin ite s im a l ring  vo lum e o f dr th ick n ess  
c u t o u t o f  th e  w all th e  t =  f ( r )  te m p e ra tu re  d is tr ib u tio n  is o b ta in ed  [1 0 ].

T he rin g  receives dQx h e a t from  th e  space to  be m easu red  an d  tra n s fe rs  
dQ2 h e a t to  th e  su rround ings. The rin g  o b ta in s  by  ra d ia l co n d u c tan ce  Qr h e a t
an d  loses Qr +  dQr h ea t. F ro m  these th e  expression of h e a t  b a lance  is

Qr +  dQv =  Qr +  dQr +  dQo . (2 0 )

W ritin g  each  te rm  in ex p lic it form :

Qr =  — 2 n  г V (dt/dr) , (21)

Qr dQr =  — Xj 2 nrv(dtldr)  — Xf(2 nv) (dt/dr) -f- r(d2i/dr2) dr; (22) 

d Qi =  «1/(2  nr dr) (tm — t) , (23)

dQz =  a ,f(2 nr dr) (t — ta) . (24)
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Fig. 5

designa tions, th e  d iffe re n tia l eq u a tio n  o f Bessel is o b ta in e d :

(d2&/dr-) +  1 /r(d&ldr) -  m p  =  0 .  (27)

T h e  general so lu tion  o f  E q u . (27) is

#  =  Ci J 0 ( m f  r) +  c ^ K ^ n i f r )  (28)

w here  J 0 (rrif, r) is th e  Bessel fu n c tio n  o f zero o rder o f th e  firs t k ind  a n d  
K 0(mf , r) is th e  m o d ified  Bessel fu n c tio n  o f zero o rder o f th e  second k ind . T h e  

a n d  c2 co n stan ts  o f  in te g ra tio n s  m ay  be d e te rm in ed  b y  th e  b o u n d a ry  co n 
d itio n s. For

th ere fo re
Cj =  0 .

Acta Techn. Hung. 51 (1965)
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T he second  b o u n d a ry  cond ition  is

A da Techn. Hung. 51 (1965)

B y E q u . (25) an d  E q u . (32):

T he so u g h t for te m p e ra tu re  d is tr ib u tio n  is

w hich  gives

I t  is easy  to  show  on g ro u n d  of E q u s . (18) an d  (30) th a t  E q u . (33) satisfies th e  
f ir s t  b o u n d a ry  co n d ition  th a t  is

A t r 0, q0f  h e a t flows ra d ia lly  in to  th e  w all

F ro m  E qu .

B y  th e  know n

re la tio n , w here K ^rtiji ) is a m odified B esse l fu nc tion  of f ir s t  o rd e r o f th e  second 
k in d , a n d  from  E qus. (25), (35) and  (37)

As is to  be seen from  (38) th e  sign q0j  d ep en d s  on the  in e q u a lity
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2. Temperature distribution o f  the protecting tube section 
in  the space o f  measurement

The m odel o f  th e  p ro tec tin g  tu b e  sec tion  in  th e  space  of m easu rem en t 
is  show n b y  Fig. 6 .

The dedu c tio n  o f  h e a t  equ ilib rium  o f th e  p ro te c tin g  tu b e  does n o t d iffer 
u p  to  a p o in t from  t h a t  o f Closterhalfen . A ccording to  o u r supposition  th e  
ex ten s io n  of th e  w all o f  em placem en t is la rge  com pared  to  th e  tu b e  d iam e te r,

a n d  therefo re , p a r ts  o f  th e  wall su rfaces w ith  te m p e ra tu re s  differing from  tw 
w h ich  tak e  only  a neg lig ib le  p a r t in  th e  h e a t  exchange. T h u s  th e  h ea t ra d ia te d  
to  th e  wall m ay  be ap p ro x im a te d  as m en tio n ed  earlie r b y  E qu . (8 ).

The te m p e ra tu re  d is trib u tio n  o f th e  tu b e  is in  fo rm  th e  sam e as in  th e  
eq u . deduced from  E q u . (14) th a t  is

& =  cosh  (m y X) .

O n th e  o ther h a n d , th e  stem  te m p e ra tu re  o f th e  p ro te c tin g  tu b e  is now  t 0 
in s te a d  of tw:

â 0 =  ê 1 cosh  (mx I f  . (39)

B y  E q u . (39) th e  so u g h t for d is tr ib u tio n  in  c o n tra s t to  th a t  of Tew es-C loster- 
h a lfen  is

d  =  &0 cosh (m, a:)/cosh (mx I f
or expressed  b y  t

(as i  +  a q) * — (« а  +  « a  U  _  cosh (m , x)
(a s i  +  ati) *o -  K i tw +  « a  tm) cosh  (m x I f

(40)

(41)
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w here  t 0 is th e , for th e  tim e  be in g , u n k n o w n  te m p e ra tu re  o f  th e  s te m  o f th e  
tu b e .

T he ax ia l hca tflo w  a t  th e  s te m  is

4n =  — K f i  (dt/dx)x=u

=  m 1 th  (m, If) ( a s l  К  +  « /1  l m )  -  (« 5 1  +  « i l )  to

«S1 +  a t:

(42)

3. The temperature distribution in  the head o f  the protecting tube

M ost fre q u e n tly  th e  shape o f th e  h ead  is cy lind rica l or tu b e lik e . T he 
d iscussed  m odel of th e  h ead  is show n  in  Fig. 7. The h e a t in c re m e n t o f th e

dq7Wdqs

i t
q + dq

177 V

d y

in fin ite s im a l rin g  o f dy  h e ig h t from  th e  received  q an d  th e  de livered  q -j- dq 
co n d u c tiv e  h ea t is

dq =  - y i f d W )  dy  . (43)

B y  su rface  h e a t tra n s fe r  th e  rin g  loses to  th e  su rround ings

d(h  =  (at2 +  a s2)d2 — ta) dy  (44)
h e a t.

T he h e a t o b ta in ed  b y  ra d ia tio n  fro m  th e  w all o f th e  em p lacem en t

dq2 =  a'sz d2(tw — t)dy (45)

m a y  be o m itted  because o f th e  o rd e r  o f th e  (tw — t)a'sl, te rm  co m p ared  to
(a,о +  as2) (t — tk).
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T he h e a t e q u ilib r iu m  becom es:

dqx +  dq ^  0 (46)

B y  co lla ting  E q u s (43), (44), (45), (46) a n d  in tro d u c in g  th e  follow ing s u b s ti tu 
tions

& =  t - t a (47)
a n d

=  d; n ß j ,  \atl +  asi ] (48)
th e

(d2&/dy2) — m\ & =  0 (49)

d iffe ren tia l e q u a tio n  is o b ta in ed .
T ak ing  also in  a c c o u n t th e

<h =  (a 3d 2 л /4) (*з — la) (50)

h e a t  lo st by  th e  e n d  face  of th e  h ead  an d  b y  E q u . (49) w ith  th e  b o u n d a ry  
cond itions

У  =  ° |  . У =  h  I

»  =  я«) 1 <h =

th e  tem p e ra tu re  d is tr ib u tio n  of th e  h ead  is

i d iV 4  .

t ta — (f0 ta)
cosh  [m2 (y  - l2) ] ------ '! - - -  sinh  [m., ( у  — /2)]

K f i  m 2
. r I -i . a„ d |  jt/4 . , r , , 

cosh [m2 t2J -|-----— ------sinh  [m2 i2J
Kf i  m2

T he h e a t en tering  th e  h e a d  a t  th e  b o tto m  is

K f i  ”h

Ч02 — — K f i  № /d y ),,„u =  L , f ,  m., {t0 -  ta)

1 ------ -----------  t a n J1 /m  ̂ M
a3 d% n j4

ta n h  (m2 /2) -f- m >

a3d2 я/4

(51)

(52)

4. The heat balance o f  the stem o f  the protecting tube

In  the  deduced  fo rm u la s  the  t 0 te m p e ra tu re  o f th e  p ro te c tin g  tu b e  s tem  
w as n o t know n a n d  th e  fo rm er equ a tio n s gave no p o ssib ility  for its  d e te rm in 
a tio n .

T herefore, a f u r th e r  eq u a tio n  is req u ired  fo r th e  d e te rm in a tio n  of t 0.
Such an e q u a tio n  is o b ta in ed  from  th e  h e a t  ba lan ce  of th e  p ro tec tin g  

tu b e  stem .
Tow ards th e  s te m  o f th e  tu b e  qi h e a t  flow s. T his h e a t is d iv ided  an d  

q0f  h e a t  flows to w ard s  th e  w all an d  qtíí to w ard s  th e  head .
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As h as a lre a d y  been s tressed  th e  sign  o f  qof th a t  is th e  d irec tio n  o f th e  
flow  dep en d s on th e  t 0 ^  tw in e q u a lity . P resu m in g  th a t  t 0 >  tw th e  h e a t  
eq u ilib riu m  is expressed  b y  th e

Яп — Яоf  +  Я 02 (53)
eq u a tio n .

B y  su b s titu tin g  in to  E q u . (53) th e  v a lu es  o f (38), (42), (52) f 0 th e  s tem  
te m p e ra tu re  becom es

tn --
В

w here

A  =  Д ,/ ,  m 1 ■ ta n h  (m 1 lv) ал * « + ап  *" +
asl +  ati

+  X, 2 n r 0 v m ,  K ‘ a^ tfl
K 0 (mf r0) alf  +  a :2/

+  K  L  m i

1 -|----- ta n h  (m2 l2)
a3 d |  тг/4

ta n h  (m , L)  1_
2 a2d \ n \  4

В  =  m1 • ta n h  (m1 lt) -f- Xs 2 n v 0 v m / ^ 1 V°-
K 0 (mf v 0)

A2/ 2 m ,

a 3 d |  я /4
4~ A'2 /2

1 +  ' 2 ' ! ' 12. ta n h  (m 2 Z2)

ta n h  (m2 Z2) К  m if> 
a3d 2 я/4

?

(54)

B y  E q u . (54) th e  im p lic it fo rm ulas for w all p ro tec tin g  tu b e  sec tion  an d  h ead  
te m p e ra tu re s  are  num erica lly  calcu lab le  from  E q u s. (33), (41), (51) resp ec tiv e ly .

3 Acta Techn. Hung. 51 (1965)



3 0 4 A. HAAS

T h e fo rm ula  re sem b lin g  E qu . (16) for ty te m p e ra tu re  o f  th e  p ro tec tin g  tu b e  
t ip  is

6m Jo) =  Td 9W 2 "I" Ф2 =  Ç9 • ( 5 5 )

F ro m  E q u . (55) b y  u s in g  E qus. (54) a n d  (18) ty m ay  be num erica lly  d e te rm in ed .
In  c o n tra s t to  th e  eq u a tio n  o f C losterhalfen , b y  E q u . (54) all g eo m etrica l 

a n d  h e a t k in e tica l p a ra m e te rs , in fluenc ing  th e  te m p e ra tu re  d is tr ib u tio n  o f  th e  
p ro te c tin g  tu b e  w ere ta k e n  in  accoun t.

H ence th e  in flu en ce  of each d is tu rb in g  p a ra m e te r  causing  te m p e ra tu re  
d ev ia tio n s  in  ty m a y  b e  analysed . F o r in s tan ce , th e  in fluence  of ta th e  a m b ie n t 
te m p e ra tu re  is ca lcu lab le :

w ith  dty =  (p d t(i is

л 9i0
Ah =  <P—^ A t a. 

dta

S im ilar analysis is feasib le  for th e  s tu d y  o f h e a t- in su la tio n  effects on ty or fo r 
th e  change of a n y  h e a t  conductance.

V. Collation o f  Computed and  M easured T em peratu re  D istributions

T he ex ac tn ess  o f  th e  d is tr ib u tio n s  co m p u ted  b y  th e  deduced  fo rm u las  
m a in ly  depend  on  th e  exactness o f  th e  ap p lied  c o n s ta n ts .

The coeffic ien ts o f h ea t co n d u c tio n  an d  surface h e a t  tra n sfe r  are  g iven  
b y  tab le s  an d  n o m o g ram s. H ence, i t  is obvious t h a t  i t  w ould be in  v a in  
to  ex p ec t accuracies in  th e  1%  m arg in . I t  seem s, co lla tin g  m easu rem en t a n d  
co m p u ta tio n  re su lts , t h a t  th e  erro rs fall in to  th e  5%  m arg in .

F o r in stan ce  F ig . 9 shows th e  sim plified  schem e o f an  exam ined  p ro te c tin g  
tu b e  an d  th e  re su lts  found . The m a te r ia l o f th e  tu b e  w as MSZ Cr Mo 2.

A t th e  t ip  a n d  s tem  an d  a t  e x te rio r  end  of th e  h e a d  of th e  tu b e  d ia . 
0.4  m m  Fe — Co th e rm o co u p les  w ere p ressed  in  to  sm all bores.

T he ju n c tio n s  o f  these  therm o co u p les  do n o t e x a c tly  a tta in  th e  te m p e ra 
tu re s  o f th e  bores, b u t  as a consequence o f  th e ir  h e a t t ra n s fe r  w ith  th e  su rro u n d 
ings th e y  are on a h ig h e r or low er value .

I f  th e  a c tu a l m easu red  v alue  for th e  tip  o f th e  tu b e  is ty =  85° C th e n  th e  
d e v ia tio n  from  th e  t ru e  value m ay  be ap p ro x im a te d  b y  th e

A t =  (bn *.)

0 ,0 2  Ax л 2
8  A2

1 + 0 ,0 2  At л 2 
8 A2

(57)
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expression , w here Aj is th e  th e rm a l co n d u c tiv ity  of th e  th e rm o co u p le  a n d  A 
t h a t  o f th e  tu b e . W ith  Ax =  30 k ca l/m , h , CC and  A =  45 k c a l /m ,h , CC a t  
tm =  125 °C E q u . (57) y ields At =  ^  0.77 °C. A t th e  o u te r  e x tre m ity  o f th e  
h e a d  th e  d ev ia tio n , o f th e  a c tu a lly  m easu red  60° C, from  th e  v a lu e  is ag a in  
At  0.77° C.

R egard ing  th e  e x p e c te d  5%  e rro r  m arg in  and  t i e  o rd e r o f th e  above 
fo u n d  dev ia tions th e  a c tu a lly  m easu red  values can be accep ted  w ith o u t a n y  
co rrec tion .

Fig. 9
t m temperature to be measured;
1 computed according to Closterhalfen;
2 computed according to the author;
3 corrected by measurements;
+  points measured;
ta =  20 °C.

T he exam ined  p ro te c tin g  tu b es  f i t te d  w ith  th e  th e rm o co u p les  w ere 
m o u n te d  in  an  u ltra th e rm o s ta t  th ro u g h  a w all m ade o f a stee l p la te  o f 5  m m  
th ic k n e ss . In  th e  p la te  a p ro p e rly  f i t te d  F e —Co therm o co u p le  m easu red  tw. 
I n to  th e  space o f m easu rem en t an  u n a rm e d  F e — Co th e rm o co u p le  a n d  a m er
cu ry  in  glass con tro l th e rm o m e te r , g rad ed  in to  te n th  o f °C, w ere f i t te d .

T he th e rm o  e. m. f.-es w ere reco rd ed  on a six coloured re g is tra tin g  in s tru 
m e n t. T ak in g  also cold p o in t te m p e ra tu re s  in to  accoun t, s im u ltan eo u s t,, t0, 
t3, tw, tm a n d  ta te m p e ra tu re  sets w ere o b ta in e d .
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The m easu red  p o in ts  an d  th e  d is tr ib u tio n s  c a lcu la ted  according to  th e  
a u th o r ’s m ethod  v e rsu s  th e  C losterhalfen  m eth o d  an d  d is tr ib u tio n s , co rrec ted  
b y  m easu rem en ts, a re  show n in Fig. 9.

The te m p e ra tu re  o f  th e  t ip  com pu ted  acco rd ing  to  Closterhalfen d e v ia t
ed  b y  -j-7.7°C fro m  th e  85.5°C m ean  v a lu e  o f th e  m easu red  tip  te m p e ra tu res . 
T h e  a lte rn a tiv e  m e th o d  o f th e  a u th o r  re su lted  on ly  in  + 0 -7 °  dev ia tion , w hich 
is b e tte r  by  one o rd e r.

The c o n s ta n t tw w all te m p e ra tu re  d is tr ib u tio n  o f  Closterhalfen is 
also  co n tras ted  in  F ig . 9 w ith  th a t  of th e  a u th o r.

The d e v ia tio n  show n  a t  th e  o u te r  e x tre m ity  o f th e  head  o rig ina tes 
c e rta in ly  from  its  id ea lized  geom etry . A ltho u g h  th is  d ev ia tio n  is a b it  sm aller 
th a n  6 °C, th e  e ffec t o f  th is  rem ains in sig n ifican t on th e  tem p e ra tu re  o f th e  
senso r an d  on th e  sec tio n a l te m p e ra tu re  d is tr ib u tio n  in fluencing  th e  te m 
p e ra tu re  of sensor.

VI. Sum m ary and  Conclusions

The a u th o r  d e d u c e d  a new  fo rm ula  o f increased  accu racy  re la tin g  to  
th e rm o m ete r p ro te c tin g  tu b es  p ro tru d in g  from  th e  space  o f m easu rem en t.

The p resen t a r tic le  d id  n o t aim e e ith e r  a t  a d e ta iled  discussion o f all 
th e  m easu rem en ts c a rr ie d  ou t or for en u m e ra tio n  o f th e  m ethods for th e  
im p ro v em en t o f  accu rac ie s  w hen m easu rin g  w ith  tu b e d  th e rm o m ete rs .

U sing th e  e q u a tio n s  p resen ted , th e  design of such  m ethods becom es 
m ore  reliable c o m p a re d  to  th e  use o f o th e r  know n m eth o d s.

B y e lim in a tin g  th e  defficiencies of th e  o lder m e th o d s  th e  effects o f all 
d is tu rb in g  p a ra m e te rs  ac tin g  on th e  p ro te c tin g  tu b e  w ere in co rp o ra ted  in  
th e  deduced re la tio n s .

As our m e a su re m e n ts  were ca rried  o u t in  a m b ie n t air of ^  20 °C a t  
re s t , i t  is ju s tif ie d  to  expec t th a t  th e  te m p e ra tu re  v alues com pu ted  by  
th e  C losterhalfen  m e th o d  w ould  s till con sid erab ly  d ev ia te  from  m easu red  
ones, a t less fa v o u ra b le  am b ien t cond itions.

The com p ariso n  o f m easured  an d  co m p u ted  te m p e ra tu re s  ju stifies th e  
new  form ulas.
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D IE  STA TIO NÄ RE T E M PE R A T U R V E R T E IL U N G  
IN  SC H U T Z R O H R E N  V O N  TH ERM O M ETERN

A .  H A A S

ZUSAM M ENFASSUNG

Die in Schutzrohren untergebrachten Therm om eter sind die w ichtigsten Fühler der 
industriellen Tem peraturm essung. Die Gleichungen des W ärm egleichgewichts von S ch u tz 
rohren sind für die A nalyse der M eßgenauigkeit und des E influsses des Störparameter sehr  
w ichtig. In der Arbeit werden die von Cl o s t e r h a l f e n  abgeleiteten  Gleichungen den vom  
Verfasser ausgearbeiteten genaueren Gleichgewichts-G leichungen gegenübergestellt, die die 
wirklichen Verhältnisse und Param eter besser w iedergeben. Daß die Gegenüberstellung b e
rechtigt ist, wird auch durch Messungen nachgewiesen. Die neuen Gleichungen sind frei 
von jeder willkürlichen, au f die Wurzel des Therm om eters bezüglichen Annahm e und  
sind auch für eine ebene oder wenig gekrüm m te W and m it größerem Wärme widerstand  
als Null gültig. Sie berücksichtigen auch die vom  Schutzrohrkopf verursachte Abkühlung.

LA DISTR IBU TIO N  STATIO NNAIRE DES T EM PÉR A TU R ES  
D A N S LES G AINES PROTECTRICES DES TH ERM O M ÈTRES

A .  H A A S

RÉSUM É

Les therm om ètres à gaine protectrice sont les plus im portants récepteurs utilisés dans la 
mesure industrielle de la tem pérature. Les équations d’équilibre de la température sont très 
im portantes pour l’analyse de la précision des m esures et de l’influence des paramètres per
turbateurs. Dans l’étude, l’auteur oppose les équations déduites par C l o s t e r h a l f e n  aux  
équations d’équilibre déduites par lui-même, plus précises et représentant m ieux les conditions 
et les param ètres réels. Des mesures prouvent qu’il est justifié  d’opposer les deux m éthodes. 
Les nouvelles équations, valables aussi pour des parois planes ou peu courbées, à 
résistance therm ique finie différente de zéro, n ’im pliquent pas de suppositions arbitraires 
quant à la base du therm om ètre. Elles tiennent com pte aussi du refroidissem ent causé par la 
tê te  de raccordem ent.
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РАСПРЕДЕЛЕНИЕ УСТАНОВИВШЕЙСЯ ТЕМПЕРАТУРЫ ЗАЩИТНЫХ 
ТРУБОК ТЕРМОМЕТРОВ

А. ХААС

РЕЗЮМЕ

Термометры с защитными трубками являются важнейшими средствами при изме
рении температуры в промышленности. Уравнения терморавновесия защитных трубок 
с точки зрения анализа точности измерения и воздействия мешающих параметров играют 
очень важную роль. В статье приводятся и сравниваются выведенные Клостергальфеном 
и выведенные автором уравнения равновесия. Последние являются более точными и 
лучше отражают действительные условия и параметры. Справедливость сравнения под
тверждается также измерениями. Новые уравнения (независимо от всякого рода пред
положений самовольного характера, касающихся основы термометра) действительны 
для плоских стен или стен небольшой кривизны с бесконечным или выше нуля термо
сопротивлением и, кроме того, учитывают охлаждение от головки защитной трубки.
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BERECHNUNG DER VOM SCHWINDEN DES BETONS 
H ERRÜHRENDEN KRÄFTE 

IN STAHLBETONELEMENTEN
GY. BALÁZS

K A N D I D A T  D E R  T E C H N I S C H E N  W I S S E N S C H A F T E N ,

T E C H N I S C H E  U N I V E R S I T Ä T  F Ü R  B A U -  U N D  V E R K E H R S W E S E N ,  B U D A P E S T

[E ingegangen am  22. Mai, 1963]

D ie w ichtige R olle, w elche dem  Schw inden im  Kräftespiel des B etons und der Spann
betonkonstruktionen zukom m t sowie die schwinderhöhende W irkung des Chlorkalziums 
ließen es angebracht erscheinen aufzuzeigen, in welchem  Maße die inneren K räfte durch die 
Annahm e, daß die Schwind- und K riechkurven nicht affin sind, Änderungen erfahren. Es hat 
sich gezeigt, daß das gehem m te Schw inden seinen H öchstwert nicht zu dem  Zeitpunkt t =  
erreicht, vielm ehr kann dieser in A bhängigkeit von dem  unterschiedlichen zeitlichen V erlauf 
des Schwindens bzw. K riechens, den M aterialien und Abm essungen des Trägers, der Außer
m ittigk eit der Bewehrung, dem  E ndw ert des K riechfaktors und dem  B ew ehrungsprozentsatz  
beträchtlich  schneller eintreten . Aus diesem  Grund ist  es zweckm ässiger, bei der Berechnung  
des Spannungszustandes, in  dem  sich der vorgespannte Träger während des Transports be
fin d et, den vollen W ert des Schw indens zu berücksichtigen. Im  F all von aus F ertigteilen  
zusam m engebauten, nachträglich gespannten Trägern, wenn das Spannen nicht unm ittelbar  
nach der Fabrikation vorgenom m en wurde, braucht ein Teil des Schw indens n icht berück
sichtigt zu werden.

I. E in le itung

Schw inden  u n d  K riech en  lösen im  B eton  — w enn sie u n b e h in d e rt v o r 
sich gehen kö n n en , u n d  die B e to n s tä rk e  im  Vergleich m it den  anderen  A bm es
sungen  geringfügig  is t — keine S p an n u n g en  aus. W enn  m an  ab e r d u rch  
E in leg u n g  der B ew ehrung  die sp o n ta n e  F o rm än d eru n g  des B etons b e h in d e rt, 
w ird  in  dem selben eine A n fan g ssp an n u n g  en ts teh en , w elche von  der D ru c k 
sp an n u n g , wie sie in  d er B ew ehrung  a u f t r i t t ,  ausgeglichen w ird. (D ad u rch  
e n s te h t eine gehem m te F o rm ä n d e ru n g  im  B eton.)

B ed ing t d u rch  das S chw inden  w erden  im  B e to n trä g e r bere its  im  u n b e 
la s te te n  Z u stan d  sow ohl B eton - als auch  B ew ehrungsspannungen  im  W ege 
in e in an d erg re ifen d er Theologischer P rozesse au fg eb au t.

D ie genaue B erech n u n g  w ird  se lb st in  den e in fachsten  F ällen  seh r d u rch  
den  U m sta n d  e rschw ert, d aß  m an  eine V ielzahl von  V ariab len  zu b e rü c k 
sich tig en  h a t. M an p fleg t d ah e r, w enn  es sich um  die B erech n u n g  der in n e ren  
K rä f te  v o n  S ta h lb e to n k o n s tru k tio n e n  u n d  V e rb u n d träg e rn  h a n d e lt, d ie z e it
b ed in g te  V erän d eru n g  des K riechens d er B ew ehrung u n d  die des B e to n 
e lastiz itä tsm o d u ls  m eistens u n b e rü c k s ic h tig t zu lassen. D a rü b e r h in au s  w ird  
au ch  angenom m en , d aß  d er ze itliche V erlau f vom  Schw inden  u n d  K riech en  
des B etons affin  sei. D iese V ernach lässigungen  w urden  von  D ischinger  einge
fü h r t  [1, 2], u n d  die B erech n u n g  w urde  auch  seither n u r  d u rch  M itberück -
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sich tig u n g  der ze itlich en  Ä nderung  des B e to n e la s tiz itä tsm o d u ls  ve rfe in e rt. 
B ei d er D ischinger’sch en  B erechnungsm ethode  t r a t  die vom  Schw inden h e r
rü h re n d e  H ö ch stsp a n n u n g  im  Z e itp u n k t t =  oo ein.

Die an der U n iv e rs i tä t  zu Illinois [3] an  b ew eh rten  B e to n träg e rn  v o r
genom m enen  S chw indm essungen  h ab en  die A u fm erk sam k e it a u f  den U m stan d  
g e len k t, daß  die H ö c h tsw e rte  an  S chw indspannungen  n ic h t bei ( =  oo auf- 
t r e te n .  Ä hnliche R e s u lta te  gingen auch  aus den  am  L e h rs tu h l fü r B austoffe  
d e r  T echnischen U n iv e rs i tä t  fü r B au- u n d  V erkehrsw esen , B u d ap est d u rc h 
g e fü h rte n  V ersuchen h e rv o r  [4]. Die U rsache  h ie rfü r lieg t darin , daß  die 
K u rv e n  des S chw indens u n d  die des K riechens n ich t a ffin  sind.

Die das S ch w in d en  erhöhende W irk u n g  des C hlorkalzium s u n d  die 
w ich tige  Rolle, w elche d as  Schw inden im  K rä fte sp ie l d er B eton- u n d  S p an n 
b e to n -  sowie V e rb u n d sk o n s tru k tio n e n  sp ie lt, d ü rfte n  eine genaue U n te r
su ch u n g  dieses P h ä n o m e n s  rech tfe rtig en , es is t also aufzuzeigen , w elche 
Ä nderu n g en  in  den  in n e re n  K rä fte n  die A n n ah m e m it sich b rin g t, d aß  die 
S chw ind- und  K rie c h k u rv e n  als n ich t-a ffin  angesehen  w erden .

Im  folgenden soll d as  innere K rä fte sp ie l eines asy m m etrisch  b ew ehrten  
S tah lb e to n fe rtig te ils , u n te r  E in w irkung  des B etonschw indens, als äußere  
B ew egung u n te rsu c h t w erden . A u f die P rü fu n g  der kom plexeren  Fälle  (die 
d e r  V e rb u n d sk o n s tru k tio n en ) w ird h ier n ic h t e ingegangen , da eine d e ta illie rte  
B eh an d lu n g  dieser F ra g e n  allzu  w eit fü h ren  w ürde.

A ngesichts d e r ä u ß e rs t  verw ickelten  P ro b le m a tik  v e rm ag  auch die v o r
liegende A b h an d lu n g  k e in e  endgültige L ösung  zu  geben, jedoch  d ü rfte  sie 
d a z u  beitragen , d aß  d ie  u n te r  W irkung  des Schw indens s ta ttf in d e n d e  K rä f te 
u m lag eru n g  w irk lich k e itsg e treu e r b e rech n e t w erden  k an n .

E b„ [kp/cm2] 

E bl [kp/cm2] 

E t [kp/cm2]
ni
*t [°AJ

[%.]
<Pt

<Pn
F v [cm2] 
Fb [cm2] 
F
h  [cm'l
I v [cm1]

II. B ezeichnungen

E lastizitä tsm od ul des B etons m it dem  Anfangsw ert Null bei beendig
ter Dam pfbehandlung
E lastizitä tsm od ul des B etons in einem  Z eitpunkt t nach der D am pf
behandlung
E lastizitä tsm odul der Stahleinlage
Ev/EbP
Schw inden des ungehem m ten (nicht bewehrten) Betons in einem  
Z eitpunkt t nach Beginn des Schwindens 
Schw inden des ungehem m ten B etons im  Zeitpunkt t =  «> 
plastische Formänderung : elastische Form änderung =  Kriechbei-
w ert des Betons in einem  Z eitpunkt t nach B eginn des Schwindens 
K riechbeiw ert des B etons im  Zeitpunkt t =  ©°
Q uerschnittsfläche der Stahleinlagen  
Q uerschnittsfläche des B etons 
100 Fy/Ffj Bewehrungsprozentsatz
das au f seine eigene Schw erpunktachse bezogene Trägheitsm om ent 
des B etonquerschnittes
das a u f seine eigene Schwerpunktachse bezogene Trägheitsm om ent des 
Stahlquerschnittes

Acta T  echn. Hung. 51 (1965.)



BERECHNUNG D ER VOM SCHW INDEN DES BETONS H E R R Ü H R E N D E N  KRÄFTE 311

III. Die der Berechnung zugrundegelegten Annahmen

a )  B eton  u n d  S tah l sind  hom ogen u n d  iso trop .
b) N ach  der U n te rsu ch u n g en  von  W h i t n e y  h a t  das H ooksche G esetz  

auch fü r  die langsam e F o rm än d eru n g  G ü ltigke it.
c)  D ie Q u ersch n itte  b le iben  auch  n ach  der F o rm än d e ru n g  E b en en , es 

w urde also d er G ültigkeitsbere ich  der B enoulli — N avierschen  H y p o th e se  
e rw eite rt.

d)  D er E la s tiz itä tsm o d u l des B etons is t z e itu n ab h än g ig  g leichb le ibend .
Еы — E l0

e)  D as K riechen  der S tah le in lage  w ird  w egen seines geringfügigen W erte s  
vernach lässig t.

f )  A n d er B erüh rungsfläche  der S tah le in lage  u n d  des B etons g eh t k e ine  
re la tiv e  V ersch iebung  vor sich, das Z usam m en w irk en  is t  also e in w an d fre i, 
die V erb in d u n g  s ta rr .

g )  D ie spezifische V erform ung, wie sie d u rch  das Schw inden des B e to n s 
b ed in g t is t, lä ß t  sich du rch  die Form el

f/ =  e„(l — e~ß>) (1)
beschreiben .

h)  D as K riechen  des B etons is t sow ohl fü r  Zug als auch  fü r D ruck  gleich , 
u n d  die ze itliche V erän d eru n g  des K riechbe iw erts  lä ß t  sich durch  die F o rm e l

<pt = ■  <Pn( 1  —  e ~ ai) ( 2 )
kennzeichnen .

i )  D er B eton  is t riß fre i, es k an n  also der volle B e to n q u e rsch n itt als 
w irksam  angesehen  w erden.

j )  D ie B iegesteifigkeit der S tah le in lag en  k a n n  im  Vergleich m it d er 
des B etons v e rn ach läss ig t w erden .

IV. Die Bedingung der Formänderung 
und die Differentialgleichung der inneren Kräfte

Im  Z e itp u n k t t nach  B eendigung der B e to n ie ru n g  w irken  au f den  B e to n  
des F e rtig te ils  als Folge des Schw indens u n d  K riechens die Z u g k ra ft IVM 
u n d  das B iegem om en t M bt, diese w erden d u rch  die D ru c k k ra f t N vt u n d  d as  
B iegem om ent M„t, die in  d er S tah le in lage  a u f tre te n , ausgeglichen (B ild  1).

Die Ä n d eru n g  der in n e ren  K rä fte  lä ß t  sich m it H ilfe der G le ichungen  
e rm itte ln , die das G leichgew icht u n d  die V erfo rm ung  besch re iben . Die B ed in g u n g  
der V erfo rm u n g  b esag t, d aß  die V erfo rm ung  d er S tah le in lage  u n d  die des 
B etons a u f  die B erüh rungsfläche  gleich sind , u n d  zw ischen ihnen  keine re la tiv e
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V ersch iebung  s ta t t f in d e t ;  das h e iß t:

d s vt

dt
deht
d t  ’

wo

u n d

is t.

d e bt

d t
а ы d(Pt 1  d a bi   d e t

EfjQ dt E  bQ dt dt

d£vt   1 d  ̂ vt
dt E v d t

,___ Ml

Ы
' 'Belastung währenü
Ц  W ïe it U (dt-1)

B ild  1

( 3 )

(4)

( 5 )

D as erste  G lied d e r rech ten  Seite d e r G leichung (4) d rü c k t die p lastisch e  
D e h n u n g  aus, die u n te r  E in w irkung  d er Z u g k ra f t JVM u n d  des B iegem om ents 
М ы  v o r sich g eh t, w äh re n d  das zw eite G lied  die in  der Schw erlin ie d er S ta h l
e in lag en  e in tre te n d e  elastische D eh n u n g  b esch re ib t, w elche als Folge der 
Z u g k ra f t dNbt u n d  des B iegem om ent d M bt, wie sie w äh ren d  d e r v o n  d er Z eit 
t a n  b erech n e ten  Z e itsp an n e  dt Z u stan d ek o m m en  e n ts te h t, w ä h re n d  das d r i t te  
G lied  das in der Z eit dt v o r sich gehende u n g eh em m te  B etonschw inden  b e d e u te t. 
D ie  rech te  Seite d er G leichung (5) d rü c k t d ie  Z u sam m en d rü ck u n g  aus, wie sie 
au s  d e r K rä fte z u n ah m e  d N Vf der S tah le in lag e  w ährend  d er Z eit dt re su ltie r t .

Soll der W ert d e r  in n eren  K rä f te  in  d ie  G leichung (3) e in g ese tz t u n d  die 
V erfo rm u n g  a u f  die Z eitd ifferenz dt =  1 bezogen  w erden, d a n n  e rh ä lt  m a n  die 
fo lgende G leichung:

d M vl a

К  I 0 

+

dNyt __ ' Nbt _|_ J V M
E VFV < E b0. F b E b о

{ dNbt , d M bt a  1 1
— det

1 П  + Ib 1 E b о

äcpt +

( 6)

Die Z ahl d e r U n b e k a n n te n  w ird  ab n e h m e n , w enn die G leichgew ich ts
bed in g u n g en

N u  =  N vl (I)
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u n d
M bl +  M vl =  a N bt (8 )

b e rü ck s ich tig t w erden.
F ü r  sch laffbew ehrte  S ta h lb e to n k o n s tru k tio n e n  k an n  die u n te r  j )  an g e 

fü h r te  A nnahm e als e rfü llt angesehen w e rd e n . E s is t also

M vt =  0 .
I n  d iesem  F a ll is t

M bl =  a N  bt (8 a)

W erden  in  der G leichung (6 ) die S u b s titu tio n e n , wie sie die G leichungen 
(7) u n d  (8 a) erm öglichen , v o rgenom m en  u n d  die B ezeichnungen

K b =  E bо Fb , 

K v =  E VFV, 

Bb =  E b0 I b ,

K h K h
(9)A  -  1 +  h +  « 2 - ,

K v S b

В  -  1 +  a 2 Kb ( 1 0 )

e in g efü h rt, e rh ä lt m an  n a c h  U m g ru p p ie ru n g  die folgende D iffe rene tia lg le ichung :

A d N bt +  B N btd(pt =  K bdet . (11)

B e rü ck sich tig t m an  n och  daß

d(pt =  cpn a e ~ at dt

det =  sn ß e~ ßt dt
u n d

so e rh ä lt  m an  nach  M ultip liz ierung  m it 1 /(A d t) ,  fe rner d u rch  E in se tzu n g  d er 
W erte

„  в
Q =  —7-<Pn 

А
und

K = K h £n ß
<Pn В

( 12)

(13)

die D iffe ren tia lg leichung  in  einer zu r L ö su n g  geeigneten  F o rm :

d N
^ i -  +  Q a N bte - at =  K Q e - ßt. (14)

dt
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V. Lösung der D ifferen tia lg leichung

Die zu lösende D ifferen tia lg leichung  s te llt eine inhom ogene D iffe ren tia l
g leichung  e rs te r  O rd n u n g  dar.

D ie Lösung des hom ogenen  Teiles is t  wie fo lg t:

N bl =  C ( t)eQ '-n1- (15)

Z ur a llgem einen  L ösung der D iffe ren tia lg le ichung  gelang t m an  d u rc h  
V aria tio n  der K o n s ta n te n . W ird n u n  die u n te r  (15) an g efü h rte  F u n k tio n  
d e riv ie rt u n d  in  die G leichung (14) e in g ese tz t, e rh ä lt  die geordnete  G le ichung  
n ach  D u rch fü h ru n g  d e r V erein fachungen  die fo lgende F o rm :

d9 ^ L  =  e - Q ' - at . K Q e-i*. (16)
dt

Z ur E rle ic h te ru n g  der In te g ra tio n  sollen  in  der re c h te n  Seite der G leichung  
fo lgende S u b s titu tio n e n  vorgenom m en w erden :

V =  Q e~at

ß 1 .

(17)

(18)

H ier s te llt n eine p o sitiv e  ganze Z ahl d a r . D ad u rch  w ird  die F u n k tio n  (16) die 
fo lgende F o rm  e rh a lte n :

vn ,
dv a Qn

Die F u n k tio n  C(t) h a t  die F orm :

К  Í n n'
C(t) = — —  y -  -  - « ?  e- at)(n~k !

(19)

aQn
! 9 4- n !

k= 1 (n  — ^ +  1 )!
Qe-at _j_ Ci

u n d  du rch  E in se tzen  w ird  die G leichung (15)

JVW =  e -Q e~at Í К

aQn

n nlV 1 -
k+i (n — k - j-  1 )!

(Qe u,)(a t ) ( n - k + l )  _|_ n \ ■e Qe "' +  C, .(2 0 )

Die In te g ra tio n sk o n s ta n te  C1 k an n  m an  a u f  G ru n d  d er A usgangsbed ingungen  
t =  0, N bt =  0 e rh a lte n . Folglich

0 =  eQ
К

aQn
V

fc=i (n — к +  1)!
|(n-fc+l) _|_ n | Q+ c A .
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A us d ieser B edingungsgleichung lä ß t  sich 

К  Í n 71 î
C , =  е - Ч  V

aQn

au sd rü ck en  und  schließlich

К

íT i  (n - k +  1)!
Q(n -k+1) +  n!

aQn

Q ( l _ e - o i )

Г :  ( n - k  +  1 )!

( « 7  * +  1 )!

(Çe_a,)(n_A+1> -f- n! 

^(n-Ä+l) _|_ n ;

Im  Falle einer sym m etrisch  b e w e h rte n  B e to n stü tze  s ind

A  =  1

B  =  l ,

<Pn

K b _ 1  +  l*n \ î
K„  re.

В
<Pn

Pn i

K  =  E bFb

]^ы — E b Fh (re 1) ~ ~
<Pr, Qn

А  1 +  fm 1

G  

<Pn
re!> ’ —

~ î (re — к  +  1 )!
- a < \ ( H - f c + l )(Q e -^ Y 1

- Q ( l — e ~ a t ) n\

k= 1 (n к 4“ 1 )!
Ç ( n - * + l ) +  „ I

( 21 )

(2 1 a)

W enn  es sich um  eine a sy m m etrisch  bew eh rte  B e to n s tü tz e  h a n d e lt, w ird  
die G leichung (21) u n te r  der A n n ah m e, d aß  zw ischen der K u rv e  des S chw in
dens u n d  der des K riechens eine A ff in itä t b e s te h t (a =  ß, das h e iß t re =  0 ) 
die fo lgende Form  annehm en:

N bt =
К ,-ça-e~ai) (2 1 b)

D ies is t aber die F o rm  der F u n k tio n  N bl, wie sie aus dem  F a c h sc h rif ttu m  
b e k a n n t is t [1], [2], [5]. W ird d a rü b e r  h in au s noch an g en o m m en , d aß  die 
B ew ehrung  eine sym m etrische  is t, e rh ä l t  m an  den Z usam m en h an g :

N h E„ Fh
<Pn

e
№i

1
i -e~ atU

(2 1 c)
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V I. U ntersuchung  der F u n k tio n . F orm  der K urve  fü r  das gehem m te Schw inden 
bzw . zeitliche Ä n d eru n g  der vom  Schw inden h e rrü h ren d en  inneren  K räfte

Schw inden u n d  K riech en  einer B e to n s tü tz e  s in d  u n z e rtren n b are  u n d  
g leichzeitig  vor sich gehende Prozesse, die a u fe in a n d e r einw irken  u n d  sich  
gegenseitig  b e trä c h tlic h  beeinflussen. Die im  B e to n  befind liche  S tah le in lage  
w id e rse tz t sich dem  S chw indvorgang , w o d u rch  in  der S tah le in lage  eine D ru c k 
k ra f t  au ftx itt, die v o re rs t  s tän d ig  größer w ird . Z ur g leichen  Z eit t r i t t  im B e to n  
eine Z u g k ra ft au f, die h in sich tlich  ih re r  G röße n  i t  d e r in  der S tah le in lage  
a u ftre te n d en  D ru c k k ra f t  ü b e re in stim m t. D ie im  B e to n  en ts teh en d e  Z u g k ra ft 
w echselnder G röße is t  m it  einer D au e rla s t g le ich b ed eu ten d .

U n te r  der W irk u n g  der D au erlast t r i t t  im  B e to n  K riechen  auf. D iese 
fü h r t  zu einer V erfo rm u n g , welche der d u rch  das S chw inden  ausgelösten  e n t 
gegengesetz t is t. U n te r  d er W irkung  dieses K riechens n im m t das gehem m te 
Schw inden  ab. Info lge d e r  en tgegengesetzten  W irk u n g en  e rre ich t das gehem m te 
Schw inden  einen H ö c h s tw e rt, w elcher z u n ä c h s t ra p id e r , sp ä te r lan g sam er 
a b n im m t, um  sich e in e r A sym pto te  zu n ä h e rn . D ie S chw indkurve  e rre ich t ih r  
M axim um , w enn die G eschw indigkeit d er d u rch  das Schw inden b ed in g ten  
K o n tra k tio n  der d er A usdehnung , die vom  K riech en  h e r rü h r t ,  gleich w ird . 
D ies h ä n g t von den  M a te ria lk o n stan ten  u n d  v o r a llem  von  der S tä rk e  d er 
B ew ehrung  ab u n d  t r i t t  bei einem  größeren  B ew eh ru n g sp ro zen tsa tz  schneller 
als bei einem  k leineren  ein.

D er E x tre m w e rt d e r V erform ungskurve k a n n  m it H ilfe der G leichung

n 1 n 1
■V____ t _____ (Qe- at) (n~k) — y _______- ______  Q <n-k+1> 4- 1

k t \  (n  — k)l "  (n — k +  1 )!
-Q ( l - e - at)e =  0  

(23)
e rh a lte n  w erden.

W ie aus d ieser G leichung  h erv o rg eh t, h ä n g t die S telle  des M axim um s v o n  
d er Z ahl n ab, die b e sa g t, inw iew eit sich d er ze itliche A b lau f des Schw indens 
von  dem  des K riechens u n te rsch e id e t, ab e r au ch  d er B e iw ert Q sp ielt dabei m it, 
le tz te re r  t r ä g t  der B iegesteifigkeit des T räg ers , dem  B ew eh ru n g sp ro zen tsa tz , 
d er V erhä ltn iszah l d e r E la s tiz itä tsm o d u ln , dem  E n d w e rt des K riech fak to rs  
u n d  der A u ß e rm ittig k e it der B ew ehrung R ech n u n g .

Die G leichung (23) lä ß t  sich jed o ch  in  ex p liz ite r F o rm  nach  t n ich t lösen . 
Z u r E rle ich te ru n g  d e r B erechnung  is t die F u n k tio n  a t  — Q rech ts im  B ild  2 
angegeben ; dieser k ö n n e n  die Stellen der M axim a fü r  die Fälle , wo n  den W e rt 
v o n  ganzen Zahlen  h a t ,  en tnom m en w erden . A n d er A b b ildung  lä ß t  sich d e r 
W e rt von  a t ab lesen , zu  dem  der H ö ch stw ert an  K ra f t  gehört.

B ild 2 is t fü r  die B estim m ung  der S telle  des m ax im alen  Schw indens, u n d  
zw ar sowohl fü r S tah lb e to n fe rtig te ile  m it sy m m etrisch e r als auch fü r solche 
m it asy m m etrisch er B ew ehrung , geeignet; m an  b ra u c h t  n u r  den W ert v o n  Q 
m it  H ilfe der e n tsp re c h e n d en  Form el zu berechnen .
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N ach E rm ittlu n g  der Stelle des H ö ch stw ertes  g ilt es nun  die M ax im a  
d er in n eren  K rä f te  zu  bestim m en . Zu d iesem  Zw eck soll unsere  G leichung in  
der folgenden F o rm  aufgeschrieben  w erd en :

К

x  =  У  —
k= 1 (и — к  -(- 1 )

N hl= - - : - x ,

,г\

aQn

( Ç e -a < ) (/1-fc+l)

- Q ( l - e - ai) n
V

d

k=i {n — к  +  1 )!
Q ( n - k  +  l ) _ |_ n !

(24)

(25)

N un  w erden  fü r  die versch iedenen  W erte  von  n  die von  X  b e s t im m t, 
w elche zu den v e rsch ied en en  W erten  v o n  a t gehören , die die S tellen der M ax im a  
anzeigen . Die X -W e rte  sind  links im  B ild  2 angegeben .

Im  einzelnen  w ird  die B erechnung  fo lg en d erm aß en  vorgenom m en:
a )  In  K e n n tn is  des Q u ersch n itts  — bzw . M ateria lkennzah len  u n d  d e r  

F u n k tio n e n , w elche d en  Prozeß  des S chw indens u n d  K riechens b esch re ib en , 
w erden  die Z u stan d sg rö ß en  n bzw. Q u n d  K /(aQ u) e rm itte lt .

b)  D em  B ild  2 e n tn im m t m an die zu  den  b e rech n e ten  W erten  n  u n d  Q 
gehörenden  G rößen  a(t), und  nun  w ird  m it diesen in  K enn tn is  von  a d e r 
Z e itp u n k t t b e s tim m t, d e r die Stelle, wo das M axim um  is t , anzeigt.

c)  D em  B ild  2 w erden  von links die X -W erte , die zu den W erten  v o n  n 
u n d  a t gehören, en tn o m m en .

d )  M it H ilfe d e r Form el (23) w ird  der W ert von  N bmax b e rech n e t.
Es is t zu b em erk en , daß  w äh ren d  B ild  2 eine genaue E rm ittlu n g  des 

A ufbaues der v o m  S chw inden  h e rrü h re n d e n  m ax im alen  inneren  K ra f t e rm ö g 
lich t, e rh ä lt m an  fü r  die Größe der in n e ren  K ra f t n u r  einen  an n äh ern d en  W e rt. 
D a das M axim um  d e r d u rch  das S chw inden  b ed in g ten  inneren  K rä f te  v o m  
E n d w e rt n u r un w esen tlich  abw eich t, k a n n  m an  die G röße der inneren  K ra f t  
ohne B edenken  m it H ilfe  der e in facheren  D isch ingerschen  Form el e rm itte ln , 
w äh ren d  der Z e itp u n k t des A u ftre ten s d er H ö c h s tk ra f t m it Hilfe des B ild es  
2  b e s tim m t w ird.

V II. Die R echnung  der Spannungen

Die S p an n u n g en  sind  aus den G leichungen

u n d

zu  berechnen .
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V III. Z ahlenbeispiel

a) Querschnitts- und M aterial-K ennzahlen und andere Ausgangsdaten

Es seien nun beispielsweise die innere K räfte berechnet, die im  m ittleren A bschn itt 
eines gespannten Betonträgers als Folge des Schwindens des B etons auftreten. Bild 3 zeigt 
den untersuchten Q uerschnitt des Trägers. In  diesem  Abschnitt laufen die Achsen der K abel 
der statischen  Achsen des Trägers parallel. D er K abelkanal wurde nach dem  Anspannen injek- 
tiert.

B etongüte: В 400; E bo =  365 000 kp /cm 3; F b =  4488 cm2; 1Ь =  737 000 cm1.
Stahlgüte: K B 150 ( 0  5 mm). In den  unten befindlichen K abelkanälen sind 18, in  

denen in der oberen P latte des K astenquerschnitts 6 Kabel untergebracht.
E v =  2 100 000 kp/cm 2, F v =  30,6 cm 2, а =  46,7 cm, e„ =  0,25°/00, <pn =  2, а =  0,006.

Querschnitt

B ild  3. Der untersuchte Spannbetonträger

b) Berechnung der, vom Betonschwinden verursachten Spannkraftverlust 

L aut der Gleichung (9) ist

А  =  169,8217 • 10-10 1/kp.

L aut der Gleichung (10) ist

В  =  14,2117 ■ 1 0 ~ 10 1/kp.

L aut der Gleichung (12) ist

Q = 0,167.

U n te r  H eranz iehung  dieser H ilfsg rö ß en  w urden die in n eren  K rä f te  
in  A b h än g ig k e it von  der Z eit, die se it d er S pannung  v e rs tr ic h e n  is t, fü r  die 
F ä lle , d a ß  n =  1, 2, 3 bzw . 4 is t, b e re c h n e t;  die e rh a lten en  F u n k tio n e n  sin d  
im  B ild  4 zusam m engefaß t. Diese K r a f t  t r i t t  in  den S p an n k ab e ln  des S p an n 
b e to n trä g e rs  als S p a n n k ra ftv e rlu s t in  E rsch e in u n g .
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Aus Bild 4 g e h t k la r  h e rv o r, d aß , w enn der angenom m ene zeitliche 
V e rla u f  des K riechens u n d  Schw indens an  den  w irk lichen  P rozeß  nahe h e ra n 
k o m m t, der H ö c h s tw e rt d er inneren  K rä f te  von  dem  Schw inden  h er zw ar 
keine  nennensw erte  Ä n d e ru n g  e rfä h rt, jed o ch  w ird  diese in n e rh a lb  einer ganz 
k u rz e n  F ris t das M ax im u m  erre ich t h ab en . Diese B erech n u n g  is t also geeignet, 
d en  zeitlichen V e rla u f d e r du rch  das Schw inden  b ed in g ten  inneren  K rä fte  
w ah rh e itsg e treu e r zu  erfassen .

M an sieh t au ch , d a ß  falls n  gleich 2 bzw . 3 gew ählt w ird  — A nnahm en  die

B ild  4. Die vom  Schw inden herrührenden Spannkraftverluste bei verschiedenen W erten von  n

d en  ta tsäch lich en  V erh ä ltn issen  ziem lich g u t en tsp rech en  — die K urven  n ah e  
e in a n d e r verlau fen .

Bei der U n te rsu c h u n g  des S p an n u n g szu stan d es w äh ren d  des T ra n sp o rts  
w ird  das Schw inden  g ew ohnheitsgem äß  m it h a lb em  W e rt in  die B erechnung  
des K räftesp iels des v o rg esp an n ten  T rägers e in g este llt. D ie hier an g efü h rte  
R ech n u n g  leg t die F o lg e ru n g  nahe , d aß  es auch  bei d ieser U n tersu ch u n g  r ic h 
t ig e r  is t, das S chw inden  m it vollem  W ert zu berü ck sich tig en .

Bei einem  au s F e rtig te ile n  zu sam m en g eb au ten  g e sp an n ten  T räger w irken  
sich  die in  die E le m e n te  eingeleg ten  sch laffen  S tah le in lag en  dahingehend  aus, 
d a ß  der H ö ch stw ert a n  K riech m aß  schneller e rre ich t is t ;  u n te r lä ß t m an es also , 
d as  Spannen  u n m itte lb a r  nach  der F e rtig u n g  v o rzu n eh m en , k ann  bei d e r 
B erechnung  das S chw inden  g rö ß ten te ils  oder zu r G änze u n b erü ck sich tig t 
b le iben .

H an d e lt es sich  u m  eine S p a n n b e to n k o n s tru k tio n , wo durch  n a c h trä g li
ches S pannen  d er K a b e l eine M öglichkeit zu r R eg u lie ru n g  der K ab e lv e rlu ste
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gegeben  is t, k ö n n en  a u f  G rund  d e r h ie r an g e fü h rten  B e rech n u n g sm eth o d en  die 
a u f  das Schw inden zu rü ck fü h ren d en  K a b e lk rä ftev e rlu s te  b in n en  einer k u rzen  
F r is t  p rak tisch  en tfallen .

IX. Versuche an m ittig bewehrten Betonprismen

U m  die Berechnungsm ethode zu überprüfen, wurden an m ittig  bewehrten B e to n 
prism en m it den Abm essungen 10 cm  X 10 cm  X 50 cm Schwindm essungen durchgeführt. 
D ie Stoffe des B etons waren wie fo lgt: 600 p. c. von  Tatabánya 7  275) 450 kg/m 3, W asser
zem entfaktor: 0,4, das Feinheitsm odul der Z uschlagstoffe von etw a 5, Chlorkalzium 0 bzw . 2% . 
In die Achsenlinie der Prismen wurden Stahleinlagen m it unterschiedlichen Durchm essern

B ild  5. K räfte aus dem  Schwinden in  den Stahleinlagen m ittig  bew ehrter B etonprism en

Tafel I
Der Berechnung der den vom Betonschwinden herrührenden inneren K räften  zugrundegelegten

Abmessungen bzw. Materialkennzahlen

Zeichen
des

Versuchs

Durchmesser Querschnitts- 
f lache

Ebo E 0
•Pnder Stahleinlage Mp/cin! Mp/cm2 0/00 ß

mm F v/cm2

3 2,5 0,0491 300 1900 0,44 0,024 2,5
4 2,5 0,0491 340 1900 0,55 0,030 3,0

29 15,95 2,00 300 2100 0,44 0,024 2,5
30 15,95 2,00 340 2100 0,55 0,030 3,0
35 14,15 1,58 300 2100 0,44 0,024 2,5
36 14,15 1,58 340 2100 0,55 0,030 3,0

F b =  100 cm2
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B ild  6. K räfte aus dem  Schwinden in den Stahleinlagen m ittig  bewehrter B etonprism en

B ild  7. K räfte aus dem  Schwinden in den Stahleinlagen m ittig  bewehrter Betonprism en

und O berflächenausbildung eingelegt. Für У ergleichszwecke wurden zur gleichen Zeit auch  
unbewehrte B etonprism en angefertigt. Der B eton  wurde bei einer Temperatur von  70 °C 
einer östündigen D am pfbehandlung unterzogen, darauffolgend langsam  abgekühlt und etw a  
für 7 Tage m it einem  nassen Tuch abgedeckt. Von diesem  Z eitpunkt an wurden die Prism en  
in  einer K lim atisierungskam m er, wo die um gebende L uft einen Feuchtigkeitsgehalt von  etw a  
60 bis 70%  aufw eist, bei Temperaturen zwischen 16 und 20 °C gelagert.

Die Stah leinlagen der bewehrten Prism en und die Form änderung des Betons der Pris
m en ohne Bewehrung w urden m ittels einer A m sler’schen Schwindm eßvorrichtung bestim m t. 
D ie K räfte bzw. Spannungen , wie sie aus den im  Laufe des Versuchs gem essen Schw ind
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werten berechnet wurden, sind in den B ildern 5 bis 7 zusam m engefaßt. In denselben sind auch  
die unter Verw endung der Formel (21a) berechneten K raft- bzw. Spannungsfunktionen einge
zeichnet. Die der Berechnung zugrundegelegten M aterialkennzahlen sind in der Tafel 1 zu  
finden . D ie W erte ß und en, welche das ungehem m te Schwinden betreffen, wurden auf Grund 
von den unbew ehrten Prism en erm ittelten  Schwindm eßwerten berechnet. D ie Größen  
n — ß/a — 1 wurden in allen Fällen zu 2 angesetzt. Der Wert von <pn wurde gleichzeitig  
durch M essungen der langsam en Form änderung, w ie sie Betonprism en gleichen M aterials 
aufw eisen, bzw. au f Grund früher durchgeführter Versuche schätzungsweise erm ittelt.

D ie Versuche haben gezeigt, daß die Berechnungsm ethode richtig war.

X. B em erkungen  zu den der B erechnung  zugrundegelegten A nnahm en

D ie a n g ew an d te  B erech n u n g san n ah m en  u n te rsche iden  sich von  d e n je 
n igen  D isch ingers n u r  darin , d aß  die Schw ind- und  K riech k u rv en  als n ic h t
affin  angesehen  w urden . H ied u rch  h a b e n  die B erech n u n g san n ah m en  eine 
V erfe inerung  e rfah ren . T ro tzdem  e rsch e in t es an g eb rach t, in  K ürze  zu u n te r 
su ch en , w ann  u n d  in  w elchem  M aße dies z u tr iff t.

a)  O bzw ar die hom ogene u n d  iso tro p e  B eschaffenheit des B etons n ic h t 
e in w an d fre i fe s ts te h t, m üssen w ir sie h ie r vo rausse tzen . N ach  W h itn ey  h a t  
das H ooksche G esetz bei e rh ä r te te n  B eto n en  in  bezug a u f  das K riech en  
G ü ltig k e it, m ag  es sich nun  um  eine, die v o m  Zug oder um  eine solche, die v o m  
D ru ck  h e r rü h r t ,  h an d e ln . Als B eto n e  d ieser A rt sind die sich im m er m eh r 
d u rch se tzen d en  k ü n stlich  e rh ä r te te n  B eto n e  anzusehen; diese h ab en  b e re its  
be i B eginn  des A ufbaus der d u rch  das Schw inden b ed in g ten  S p an n u n g en  
ih re n  E n d fe s tig k e itsw ert so gu t wie e rre ic h t. Bei diesen is t  die A n n äh e ru n g  
E b0 =  Ем  als seh r g u t anzusprechen , in sb eso n d ere  da die K riech k u rv e  ü b lich e r
weise an  B e to n en  aufgenom m en zu  w erden  p fleg t, deren E la s tiz itä ts fa k to re n  
in  d er Z w ischenzeit Ä nderungen  e rfah ren . I n  solchen F ällen  t r ä g t  die K rie c h 
fu n k tio n  dem  A nste igen  des E la s tiz itä ts fa k to rs  w ährend  der Z e it der B e las tu n g  
b e re its  B echnung .

S ch lech te r is t es hingegen u m  die a u f  n a tü rlich em  W eg e rh ä r te te n  B e to n 
a r te n  b e s te llt, da  m an  ihre Kriech fu n k tio n e n  n u r in  groben Z ügen zu  v e ra n 
sch lagen  v e rm ag ; h ie r sollte m an  die Z usam m enhänge  u n te r  e iner lan g sam  
vom  N u llw ert aus anste igenden  B e la s tu n g  an  einem  B eton  au fn eh m en , dessen 
F es tig k e itsw ert in  der Zw ischenzeit ebenfa lls von  N ull ausgehend  a n s te ig t.

U n te r  den  B edingungen , wie sie die D isch inger’sche F o rm el s te llt, w urde  
die B erechnung  auch  m it einem  v e rän d e rlich en  E la s tiz itä ts fa k to r  vorgenom  m en ; 
diese fü h rte  zu  dem  E rgebnis, daß  die B erücksich tigung  der V e rän d erlich k e it 
des E la s tiz itä ts fa k to rs  keinen w esen tlich en  E in flu ß  a u f  die in n e ren  K rä f te  
a u sü b t. D ies d ü rf te  ohne w eiteres e in leu ch ten , da in  der A nfangsperiode  die 
B e to n fe s tig k e it sp ru n g h a ft a n s te ig t, w obei eine noch rap id e re  E rh ö h u n g  
des W ertes  des E la s tiz itä ts fa k to rs  v o r sich  geh t.

b)  D er zeitliche V erlauf sowohl des Schw indens, wie au ch  des K riechens 
h ä n g t v o n  v ie len  F a k to re n  ab . Die w ich tig s ten  u n te r  ihnen  ste llen  der F e u c h 
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tig k e itsg e h a lt der u m g eb en d en  L uft u n d  die A bm essungen  des u n te rsu c h te n  
B eto n k ö rp ers  dar. D ie A usw irkungen  d ieser F a k to re n  im  einzelnen w erden  im  
F a c h sc h rif ttu m  n ic h t b e h a n d e lt.

A us unseren  V ersu ch en  ging h e rv o r, d a ß  in  e iner K am m er, wo der F e u c h 
tig k e itsg e h a lt der L u f t  g leichbleibend  is t , das Schw inden  n ach  v ier M onaten  
b e re its  abgeklungen  w a r , w ährend  n a c h  in- [6 ], [7] u n d  ausländ ischen  [8 ],
[9] V ersuchen  sogar n a c h  V erstreichen  eines J a h re s  ein  b e träch tlich es  A nsteigen  
des K riechens b e o b a c h te t w erden k o n n te . N ach  R o s g e h t diese erst in n e rh a lb  
zeh n  Ja h re n , nach  S a u g e r  in zwei J a h re n  zu  E n d e .

Bei B e to n a rte n  m it  CaCl2-Z usatz  w u rd en  K riechm essungen  n u r  bei 
geringzah ligen  E x e m p la re n  d u rch g e fü h rt. E s is t a b e r an zu n eh m en , d aß
—  ähn lich  wie dies b e im  Schw inden d er F a ll is t —- das C hlorkalzium  kein en  
w esen tlichen  E in flu ß  a u f  den zeitlichen  V e rla u f des K riechprozesses a u sü b t. 
I n  A n lehnung  an  die V ersuche, die am  L e h rs tu h l fü r  B austo ffe  der T echnischen  
U n iv e rs itä t fü r B au - u n d  V erkehrsw esen, B u d ap est, d u rch g efü h rt w u rd en , 
k a n n  ausgesagt w erd en , d a ß  sich die Z ah l n  — g le ichgültig , wie die L ag eru n g s
u m s tä n d e , die B e to n zu sam m en se tzu n g  u n d  die A bm essungen  beschaffen  w aren ,
— zu  2 bis 3 ergab . D e r  U ntersch ied  zw ischen  den  zwei W erten  h a t  —• wie aus 
d em  Beispiel h e rv o rg in g  — keinen w esen tlichen  E in flu ß  a u f  die H erau sb ild u n g  
d e r inneren  K rä fte  a u sg e ü b t.

c) D er zeitliche  V erlau f des K riechens u n d  Schw indens in  S ta h lb e to n 
fe rtig te ilen , die a u f  d e r  B austelle e in g e b a u t w erden , lä ß t  sich im  F all, d aß  
d e r  F e u c h tig k e itsg e h a lt der L uft s ta rk e n  S chw ankungen  u n te rlieg t, n ic h t 
im m e r m it einer ex p o n en tie llen  F u n k tio n  beschreiben . M an verm ag  jed o ch  
d e r F u n k tio n  Nbt au ch  in  diesem  F a ll H inw eise ü b er die T endenz des A ufbaues 
d e r inneren  K rä fte  zu  en tnehm en .
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A N A L Y SIS OF FORCES D U E  TO SH R IN K A G E

GY. BALÁZS

SUM M ARY

The im portant role p layed by concrete shrinkage in the cowork played between concrete  
and prestressed concrete structures and the increasing effect that calcium  chloride exerts on  
shrinkage justify  the showing to what degree th e  internal forces are changed if it is assum ed  
that the curves for shrinkage and creep are not affine. In this case the hindered shrinkage is not 
to reach its m axim um  at t =  °o, but this will happen m uch earlier depending on the fact, to  
what exten t the tem poral process of shrinkage and th at o f the creep differ from one another, 
depending on the m aterials and dimensions of th e  beam , on the excentricity  of the reinforce
m ent and on its percentage. Therefore it seem s desirable th a t shrinkage be considered in  its  
full value when the stress state  as is prevailing during transportation is to  be calculated . 
In case of posttensioned structures built up from  prefabricated elem ents — assuming th a t  
posttensioning does not follow  im m ediately after préfabrication — the bulk of shrinkage need  
not to be taken into account.

CALCUL DES CO NTRAINTES IN T É R IE U R E S D U E S A U  R ETR AIT D U  RÉTON

GY. BALÁZS

RÉSU M É

Le retrait joue un rôle im portant dans le jeu  de forces des constructions en béton et  
béton précontraint, et l’em ploi de chlorure de calcium  influence à son tour le retrait. Pour ces 
raisons, l’auteur a cru nécessaire d’examiner en quelle mesure les contraintes intérieures se 
m odifient si l’on suppose que les courbes de retrait, resp. de fluage ne sont pas affines. La 
résolution des équations différentielles établies par l ’auteur perm et de constater que ce n ’est 
pas au tem ps t =  oo, m ais bien avant que le retrait retardé arrive à sa valeur m axim um . 
Cette différence de tem ps dépend de l’écart entre la v itesse des deux processus de retrait et de 
fluage, du m atériau et des dim ensions de la poutre, enfin du pourcentage d’acier et de l’ex 
centricité de l’armature.

Sur la base de ces observations, il paraît recom m andable de tenir com pte de la valeur  
totale du retrait lors du dim ensionnem ent des élém ents préfabriqués ou le calcul ds l’état de 
transport et de m ontage. En cas de constructions postcontraintes faites d’élém ents préfabriqués, 
une grande partie du retrait peut déjà être négligée, à condition que la postcontrainte ne 
s ’effectue pas directem ent après la préfabrication des élém ents.

РАСЧЕТ ВНУТРЕННИХ СИЛ БЕТОНА, ВОЗНИКАЮЩИХ ОТ ЕГО УСАДКИ

Д. БАЛАЖ

РЕЗЮМЕ

Усадка играет важную роль в работе бетона и напряженных бетонных конструк
ций, а применение хлорида кальция воздействует на усадку бетона; эти причины заста
вили автора изучить проблему, что в какой мере изменяются внутренние силы в том 
случае, если предположить, что кривые усадки и деформации являются не аффинными. 
На основе решения выведенных дифференциальных уравнений можно установить, что 
тормозимая усадка достигает наибольшей своей величины не за время t =  оо, а значи
тельно раньше. Это опережение зависит от того, что в какой мере отличаются друг от друга 
протекание во времени процессы усадки и деформации, далее от материала балки и раз
меров последней, а также от процента армирования и эксцентричности его.

На основе проведенного изучения вопроса можно сделать вывод, что желательно 
учитывать усадку полной ее величиной — при расчете сборных элементов, далее при 
расчете состояния поставки — сборки. В случае сборных элементов с последующим на
пряжением, — предполагая, что последующее напряжение производится не непосред
ственно после изготовления сборных элементов, — большую часть усадки уже не сле
дует учитывать.
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DIE WIRKUNG DES SCHMIERENS 
BEIM STAUCHEN VON METALLEN

L. TÓTH
TECHN ISCHE UNIVERSITÄT D ER  SCH W ERIN D U STRIE, MISKOLC 

[Eingegangen am 14. Juni, 1963]

Es wird in  dieser Arbeit das Stauchen zwischen parallelen F lächen von Körpern behan
delt, deren Stirnfläche geschm iert ist. Zur Erklärung der E ntstehung eines Diabolo-Körpers 
wird die Deform ation der Stirnfläche als Ursache angegeben. Es werden num erische Zusammen
hänge zwischen D ruckverteilung an der Stirnfläche, der wirkenden Druckkraft und der A b 
weichung des Verform ungswiderstandes von der V erform ungsfestigkeit bekanntgegeben. D ie  
Angaben betreffs W irkung des Ausm aßes der Verform ung entsprechen den praktischen  
B eobachtungen. D iesbezüglich wird festgestellt, daß sow ohl die m onoaxiale Deformation als 
auch der m onoaxiale Spannungszustand jeweils nur von  einem  einzigen Verformungsgrad 
bedingt wird. Es wird noch ein Rechnungsgang zur annähernden B estim m ung dieser Verfor
m ungsm aßwerte angegeben.

I. E in leitung

B eim  b ild sam en  F o rm en  von M etallen  is t das S chm ieren  eines d er 
w ich tig sten  A ufgaben . M it dem  Schm ieren b ezw eck t m a n  die H erab se tzu n g  
der R eibung  an  der B erüh rungsfläche  zw ischen W erkzeug  u n d  W erkstück . 
Dieses V erfahren  is t geeignet, zweierlei V orteile  zu b ie te n ; e inerseits w ird  d er 
L e is tu n g sb ed arf h e ra b g e se tz t, da durch  V erm in d eru n g  d er R e ibungsk räfte  
au ch  die F o rm u n g sk ra ft k le iner w ird, an d erse its  w eist das E n d p ro d u k t eine 
e rh ö h te  H o m o g en itä t au f, da infolge h e rab g ese tz te r  R e ib u n g sk rä fte  sich auch  
d er S p an n u n g szu stan d  gleichm äßiger g e s ta lte t, also die F o rm  V eränderung 
b r in g t eine M äßigung der In h o m o g en itä t m it sich.

Aus diesem  F rag en k o m p lex  wollen w ir als g rund legendes Beispiel u n d  
e infachen  F all das S tau ch en  zw ischen para lle len , ebenen  F läch en  behandeln . 
D ies sp ielt in  der P rax is  beim  Pressen u n d  in  v ie len  S chm iedeopera tionen  
eine b ed eu ten d e  Rolle.

U m  die m a th em a tisch e  B ehand lung  e in facher zu g e s ta lte n , sollen folgende 
B ed ingungen  u n d  V erein fachungen  v o rau sg ese tz t w erden :

a)  das dem  S tau ch en  un terw orfene  M ateria l is t hom ogen , m it b ek an n ten  
F estigkeitse ig en sch aften ;

b)  beim  b ild sam en  F o rm en  k an n  ein D e fo rm a tio n szu stan d  in  der E bene 
v e rw irk lich t w erden;

Acta Techn. Hung. 51 (1965)



3 2 8 L. TÓTH

c)  die D ruckfläche  des W erkzeuges is t  eine E bene  m it n u r  e lastischen  
D efo rm atio n en , deren  W irk u n g  im  fo lgenden  v e rn ach lässig t w erden  soll;

d )  die V erfo rm ungsgeschw ind igkeit b le ib t k o n s ta n t;

e)  die B ew egung des S chm iersto ffes is t lam in ar;

f )  die G eschw indigkeit des Schm ierstoffes in  rech tw in k e lig e r R ic h tu n g  
z u r  D ruck fläche  k a n n  gegenüber d e r G eschw indigkeit p a ra lle l zu rse lben  ver- 
n a c h lä ß ig t w erden;

g )  die V iskositä t des S chm iersto ffes b e trä g t einen  k o n s ta n te n  W e rt, 
w elch er der M itte lte m p e ra tu r  u n d  d em  M itte ld ruck , die an  der D ruck fläche  
a u f tre te n , en tsp rich t.

D ie theo re tisch en  B ed in g u n g en  m it w om öglich k le in s tem  F eh le r k ö n n en  
n a tü r l ic h  n u r im  L aufe eines im  L a b o ra to riu m  a u sg e fü h rten  S tau ch v ersu ch es

[P

~*j Meßsignal der Deformation

Probekörper

I
Т77777У77Я(77777&7Г.
Dynamometer Perstärker Registrierapparat 

Bild 1

v e rw irk lic h t w erden. D ie B ed eu tu n g  e iner versuchsw eise au sg e fü h rten  S ta u c h 
o p e ra tio n  is t n ich t zu u n te rsc h ä tz e n , da  sie als eine der w ich tig s ten  tech n o lo 
g ischen  P roben  gilt. D er S tau ch v e rsu ch  soll sehr g enau  sein, u n d  unsere  
U n te rsu ch u n g en  sollen gerade fü r  d iesen  F a ll d u rch g e fü h rt w erden . M an k an n  
in  a llen  anderen  F ä llen  die d e ra r t  e rh a lten en  R esu lta te  d u rch  en tsp rech en d e  
V ere in fachungen  bzw . du rch  B e a c h tu n g  der g eän d erten  U m stän d e  rich tig  
an w en d en .

Z ur B estim m ung  des zu r D u rch fü h ru n g  jedw eder p las tisch en  F o rm u n g s
o p e ra tio n  b en ö tig ten  K ra ftb e d a rfe s  is t  die V erfo rm ungsfestigkeit des zu  b e a r
b e ite n d e n  M etalles die r ich tig e  G ru n d lag e . D eshalb is t  die m öglichst genaue 
B estim m u n g  der V erfo rm u n g sfestig k e it als F u n k tio n  d er bee in flu ssenden  
F a k to re n  u n en tb eh rlich . Im  B ild  1 is t das prinzip ielle Schem a d er M eßvorrich 
tu n g  darg este llt. D ie zum  S tau ch en  des zw ischen para lle len  F läch en  einge
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k lem m ten  P ro b ek ö rp ers  notw endige K ra f t  w ird  vom  D y n am o m ete r (1) in  
ein  e lek trisches S ignal tra n sfo rm ie rt, d u rc h  den  V ers tä rk e r (2) v e rs tä rk t  u n d  
in  dem  R e g is tr ie ra p p a ra t (3) v e rm e rk t. V on dem selben w ird  auch  das die 
D efo rm atio n  des P ro b ek ö rp e rs  anzeigende Signal au fgenom m en . B ei e iner 
b e s tim m te n  T e m p e ra tu r  u n d  gegebener V erfo rm ungsgeschw ind igkeit k a n n  
m an  a u f  G rund  des re g is tr ie r te n  D iag ram m s die zum  Z u sam m en d rü ck en  des 
P ro b ek ö rp e rs  effek tiv  ben ö tig te  S p a n n u n g  (den V erfo rm u n g sw id erstan d ) 
als F u n k tio n  des V erfo rm ungsgrades e rrech n en .

E s soll der in  d er eben  g esch ild erten  W eise gem essene V erfo rm u n g s
w id e rs ta n d  als der a n n ä h e rn d e  W ert d e r  V erfo rm ungsfestigke it des M etalles 
angenom m en , also v o rd e rh a n d  die W irk u n g  der R e ib u n g  a n  den  D ru c k 
fläch en  v e rn ach lässig t w erden . Aus d iesen  E rö rte ru n g e n  fo lg t n a tü r lic h e r
weise das B estreben  d ie  B ed ingungen  d e r V erfo rm un g sw id erstan d m essu n g  
d e ra r t  zu  g esta lten , d aß  die A bw eichung zw ischen dem  M eßw ert u n d  dem  w irk 
lichen  V erfo rm u n g sfestig k e itsw ert m ö g lich st k lein  g eh a lten  w erden  soll. E in e  
im m erh in  a u ftre ten d e  A bw eichung m u ß  den n o ch  in  B e tra c h t gezogen w erden . 
Dieses P rin z ip  fü h rte  zu dem  Schm ieren d e r D ruck flächen , u m  einen  m onoax ia len  
S p an n u n g szu stan d  zu  erre ichen .

Im  S tau ch v o rg an g  lassen  sich zw ei v o n e in an d er u n te rsch e id b a re  Z e it
a b sc h n itte  fe s tste llen ; in  dem  e rsten  w ird  d er S c h n ie rs tc f f  h e ra u sg e d rä n g t, 
bzw . ein  trag fäh ig e r S chm ierfilm  w ird  g eb ild e t; im  zw eiten  erfo lg t die b ild sam e 
D efo rm atio n  des P ro b ek ö rp ers .

II . Bildung des Schm ierfilm s

U m  die m a th em a tisch e  B eh an d lu n g  einfacher zu g es ta lten , w ird  noch  
v o rau sg ese tz t, daß  die D icke des Schm ierfilm s gegenüber dem  F lä c h e n h a lb 
m esser v ern ach lässig b ar is t . B ild 2 ze ig t den  P la n sc h n itt des Schm ierfilm s. 
L a u t d ieser Z eichnung g ilt fü r das G leichgew icht eines R au m elem en tes  
2 r л  • dr ■ dy:

w onach

ist.

2 r 5T • dr ■ d t  — 2 r  л  ■ dy  • dp =  0 ,

dp Эт

dr d y

( 1 )

( 2 )

F ü r  die als Folge d e r V ersch iebung  d er F lü ss ig k e itsp a rtik e l en ts teh en d e  
S ch eerspannung  gilt n a c h  N ew ton’s T h eo rie :

r  — Г}
dvr
8у

( 3 )
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A us den  G leichungen (2) u n d  (3) e rg ib t sich die D ifferen tia lg leichung  d er 
D ru ck v erte ilu n g  :

dp  d 2vr
— —  —  r j -------  .

0 r d y 2
(4)

M it Hilfe d e r G leichung  (4) is t es m öglich , die V erte ilu n g  des G eschw in
d ig k e it vr en tlan g  y  a n  e iner beliebigen S telle r  zu b es tim m en . A u f G rund  d er 
P rä lim in arien  is t  dp/dr  fü r  einen  gegebenen W ert von  r k o n s ta n t. M it d ieser

У

Vy=konst.

A nnahm e e rh ä lt m a n  n ach  zw eifacher In te g ra tio n  d er G leichung (4) als 
G eschw ind igke itsfunk tion :

® r = —  ^ - ^ -  +  Ci y  +  c 2. (5)
r\ Qr 2

Die B estim m u n g  der In te g ra tio n sk o n s ta n te n  erfo lg t a u f  G rund  der 
G renzflächen. U n te r  B erück sich tig u n g  d er B ed ingung  d er A dhäsion  des 
Schm ierstoffes u n d  gem äß  B ild  2 ergeben  sich folgende G ren zw ertep aare :

bei у  =  0 , is t  vr =  0 ; 

bei y  — ô, is t vr =  0  .

D ah e r ergib t sich au s d er G leichung (5):

vr 1 QP  2

2  rj 8  r

1

2  rj
( 6 )

Man e rh ä lt die D ifferen tia lg leichung  der S tröm ung  a u f  G rund  der K o n 
tin u itä tsb e d in g u n g . D ie an  einer Z y linderfläche  vom  belieb igen  H albm esser
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r u n d  H öhe ô h e rau ss trö m en d e  Schm iersto ffm enge is t g leich  der M enge, die 
in fo lge der sich e in a n d e r n äh e rn d en  D ru c k p la tte n  h e ra u sg e d rü c k t w ird:

Vy‘ г2 n  —  2 r n  J  ovrd y .  (7)

N ach  E insetzen  der W erte  aus G le ich u n g  (6 ) und  n ach  e rfo lg te r In te g ra tio n  
d e r G leichung (7) e rg ib t sich:

dp _  6  fjrVy

dr (53

M it R ü ck sich t d a ra u f, d aß  bei ru =  a 0 d e r D ruck  p  =  0 is t ,  e rh ä lt m an  fü r die 
D ru ck fu n k tio n  :

P =  (a o ro) ’ (9)

(wo a den  größten  H albm esser des P ro b e s tä rk e s  b ed eu te t) .
D er m axim ale D ru c k  erg ib t s ich  be i r 0 — 0; p  s te ig t, w en n  die E n tfe r 

n u n g  ö0 zwischen den  D ruck flächen  a b n im m t. In  dem  M om en t, wo das D ru ck 
m a x im u m  den der F ließgrenze des M ateria ls  gleichen W e r t  e rre ich t, n im m t 
die S ch m iersch ich ts tä rk e  n ich t m e h r  a b , u n d  es b e g in n t die D efo rm ation  
des P robekörpers. D a h e r  e n ts te h t a n  d er D ruckfläche e in  Schm ierfilm , bei 
w elchem  an  jedem  P u n k t  der F läch e  d e r D ruck  p  den  W e r t  k f  e rre ich t. D ie 
S chm ierfilm stä rke  ög e rg ib t sich au s G leichung (8 ) fü r  d en  F a ll p  =  kp.

3

( 10)

N ach  U m stellung  e rh ä lt  m an

w obei

à00

[  3 Г]УУ щ

( 11)

( 12)

die S chm ierfilm stä rke  bei r =  0 b e d e u te t.
M it R ücksich t a u f  die durch  d ie  m echanische B e a rb e itu n g  a u f  der 

D ru c k p la tte  und  a n  den  P ro b e s tü c k e n  v e ru rsach ten  m ik rogeom etrischen
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U n eb en h eiten , k a n n  d e r  Z u s ta n d  ô0 =  0 n iem als e in tre te n  (d. h . das restlose 
H e rau sd rän g en  des S chm iersto ffes). W ie dies aus d er Z e ichnung  im  B ild  3 
e rs ich tlich  is t, k a n n  a n  den  S tellen  in  en g ste r R an d n äh e  a m  P ro b estü ck  d er 
z u r  b ildsam en V erfo rm u n g  no tw end ige  D ru ck  im  S chm ierfilm  n ich t m eh r 
a u f tre te n , da der Z u s ta n d  e iner m echan ischen  B erü h ru n g  zw ischen  D ru ck p la tte  
u n d  P robestück  b e re its  e rre ich t is t, noch  b ev o r d ieser D ru ck w ert e n ts teh en  
k ö n n te . Es sollen die O b e rfläch en rau h e its -K en n w erte  m it hq u n d  hq bezeichnet 
w erd en , die also d ie  Ö lm enge bestim m en , w elche zw ischen  den  U nebenheiten

P la tz  finden k a n n , u n d  d a m it e rh ä lt m an  aus den G le ichungen  (11) und  (12):
d0 =  h'q -\- hq

rqo — «o (13)

M it diesem W ert rqo w ird  die F läche in zwei Teile g e te ilt, uzw : der F läch en te il 
0  <  r  <  rqo is t das G eb ie t der F lüssigke itsschm ierung  u n d  der F lächen te il 
fqo <  г <  a0 is t  d as  G eb ie t d er gem isch ten  R eibung.

I I I .  B ildsam e F orm änderung  des P robestückes

Zur m a th e m a tisc h e n  D arste llu n g  der b ild sam en  D eform ation  sollen 
D ru ck k ra ftw erte  bzw . die an  der D ruck fläche  e n ts te h e n d e n  D ru ck v erte ilu n g  
— allenfalls als F u n k tio n  des D efo rm ationsg rades — herangezogen  w erden . 
V o r allem  is t es also  n o tw en d ig , die D ifferen tia lg leichung  der D ru ck v erte ilu n g  
aufzustellen .

Aus allem , w as im  e rs ten  K ap ite l gesagt w urde, g e h t es k la r hervor, d a ß  
d em  eigentlichen S tau c h v o rg a n g  zw ischen p ara lle len  E b en en  ein solches
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P ro b e s tü c k  un te rw o rfen  is t, dessen O b erfläch e  m it den  G leichungen  (11) u n d  
(12) b e s tim m t wird. D iese F es ts te llu n g  s tim m t m it den w irk lichen  U m stän d en  
u n m itte lb a r  überein , d a  die g ed rü ck te  S tirn fläch e  eine m eß b a re  D efo rm atio n  
e rle id e t, u n d  die Ü b ere in stim m u n g  i s t  d a d u rc h  erw iesen, d aß  die m ögliche 
E n ts te h u n g  der D iab o lo -G esta lt m it H ilfe  e in er rich tig en  S chm ierung  an d ers  
n ic h t zu  erk lären  w äre .

B ild  4 zeigt — e tw as v e rz e rr t — den  P la n sc h n itt des zy lind rischen  
P ro b estü ck es . Das R au m elem en t is t  v o n  den  zwei Z y lin d erfläch en  m it dem

U m fan g  2 гя  bzw. 2 (r +  dr)n  u n d  den  zw ei S tirn fläch en  b eg ren z t. D as 
G leichgew icht der a u f  d as  R au m e lem en t in  R ich tu n g  r w irk en d en  K rä f te  
lä ß t  sich  wie folgt an sch re ib en :

u n d  d ah e r

d  ( 2  y a 3) 2  rn  =  (2 p  sin  <p — 2  r  cos cp) 2  r n
dr

COS cp

~7 ~ (Уаз) — P  ' t a n  f  ~~ T- dr

(14)

(15)

D ie G leichgew ichtsbedingung in  R ic h tu n g  y:

u n d  d ah e r

2  rn  • dr  — (p ■ cos (p -f- t • sin  cp) 2  г л

p  =  o1 — г  • ta n  cp .

d r

cos cp
(16)

(17)
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E s g ilt als B ed in g u n g  d er B ild sam keit n a c h  H u b e r — M i s e s :

Oi  — o3 =  y)kf‘, y> =  1,15 . (18)

M it ta n  cp =  dyjdr  u n d  aus den G leichungen (15), (17), (18) e rg ib t sich:

M it R ü ck sich t a u f  die Z w eiteilung d er S tirn fläch e  in  F lächen te ile  m it 
versch iedenen  R e ib u n g su m stän d en  m u ß  m an  fü r  je d e n  F läch en te il eine 
eigene Lösung d er D ifferen tia lg leichung  (19) finden .

U m  die D iffe ren tia lg le ich u n g  (19) zu  lösen, m uß  m a n  die F u n k tio n e n  y  
u n d  <5 kennen . G em äß  B ild  4 u n d  aus den  G leichungen (11) u n d  (12) e rg ib t 
s ich :

F ü r  X is t die G le ichung  (3) m aßgebend .
Mit dem  fo rtsc h re ite n d en  P reß v o rg an g  än d ern  sich  die W erte  ö u n d  r ;  

dem nach  is t y  =  / x(r, e); u n d  г — f 2 (r ; e) [wo e, la u t  Gl. (26), die re la tiv e  
F o rm än d eru n g  b e d e u te t] .  Z ur E n tw ick lu n g  dieser F u n k tio n e n  m uß  v o ra u s 
gese tz t w erden, d a ß  w äh ren d  des S tau ch en s die Schm ierstoffm enge zw ischen 
D ru c k p la tte  u n d  P ro b e s tü c k  k o n s ta n t b le ib t, d aß  also  eine A bnahm e der 
S chm ierfilm stärke  n u r  e inem  A nw achsen d er S tirn fläch e  zugeschrieben  w erden  
k a n n . Im  Sinne d ieser V orausse tzung  w ird  also die w äh ren d  des S tau ch en s 
v e rd rä n g te  S chm iersto ffm enge und  au ch  die W irk u n g  eines A nsteigens d er 
V erfo rm ungsfestigkeit vernach lässig t. D ies w ird  an sch e in en d  auch d u rch  die 
p rak tisch en  E rfa h ru n g e n  [3] g e rech tfe rtig t.

Die äußere  S c h u b sp an n u n g  ka n n  aus G leichung (3) b e s tim m t w erden , die 
h ie r  vo rkom m ende G röße k an n  aus G leichung (5) e rre c h n e t w erden. D ie In te g 
ra tio n sk o n s ta n te n  ergeben  sich w iederum  aus den  A d h äsio n sbed ingungen  des 
Schm ierstoffes; be i у  =  0 is t vr =  0, u n d  bei у  =  <5 is t  vr =  vrd. D em gem äß  
is t

D er Satz über die B e stän d ig k e it des R au m in h a lte s  des P ro b estü ck es b e s tim m t 
zugleich die G eschw ind igkeit vrd der O berfläche in  R ic h tu n g  r,

(19)

1. Flächenabschnitt der Flüssigkeitsreibung

( 20 )

( 21)

d. h. г2 л  h rd л  h =  k o n s t . ( 22)
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D ifferenzieren  wir n ach  h :

w egen

is t

dr
dh 2 h

dr
dh

dr  ’ dt 

dt dh
vrd '

vrd =  — vy 2 h

(23)

(24)

E s fo lg t fü r die äußere  S ch u b sp an n u n g  aus den G le ichungen  (3), (21) u n d  
(24) n a c h  d u rch g efü h rte r D iffe ren tia tio n  u n d  E inse tzung :

dp  ô tj r

~  dr 2 ö 2 h '

Z ur B estim m ung  der F u n k tio n  Ö =  fz(%, e) s tü tzen  w ir u ns a u f  B ild  5.
D er In d ex  0, wie b isher v e rw e n d e t, w eist au f den F a ll h =  h 0 h in . Im  

fo lgenden  soll auch das M aß der F o rm ä n d e ru n g  in  B e tra c h t gezogen w erden . 
Diese b e trä g t:

e = ( 26 )
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u n d  daher:
h =  h 0 ( 1  — s) .

A us den G leichungen (22) u n d  (27) e rh ä lt  m an :

1

336 L. TÓTH

0 VT

(27)

(28)

D a n u n  3Ő/0Í n ic h t k o n s ta n t  is t, la u te t  die K o n tin u itä tsg le ic h u n g  wie fo lg t:

(29) 
z

dô dô dh dö

9  9,5 J  9  dr \l  T7í-----dr =  2 г л ------о —
Ql dt 2

W eite r ist:

dt dh dt dh

dr dr dh dr

dt dh d t  dh

A us G leichungen (29) u n d  (30) e rg ib t sich:

dô dr ô
r -----dr =  r — • ■—

о dh dh  2

(30)

(31)

E s w ird die G leichung  (31) n ach  der oberen  In te g ra tio n sg re n ze  d ifferenziert, 
u n d  m an e rh ä lt m it H ilfe der G leichung (23) in  g eo rd n e te r  F o rm :

dô - J_ i
dh 4 h \

20 +  r
dô

dr
(32)

B ei B erücksich tigung  d er G leichung:

dô dô dr
dh  dr dh

u n d  m it Hilfe d er G leichungen  (32) u n d  (23) e rg ib t s ich :

dô
dr

2 ô

3 r
(33)

N ach  T rennung  d e r V eränderlichen  u n d  e rfo lg ter In te g ra t io n  der G leichung 
(33) von r0 bis r, bzw . <50 bis ô e rh ä lt m an :

(34)
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M an e rh ä lt fü r  die S chm ierfilm stä rke  aus den  G leichungen (11), (12), (15) 
u n d  (34):

<5 = 1 — Г 2
( I - * ) - (35)

D ie D iffe ren tia tio n  d er G leichung (19) erfo lg t m it H ilfe d e r G leichungen  
(25) u n d  (35); v o re rs t e rh ä lt  m an  aus G leichungen (19) u n d  (25):

der, r  . 1 I d v
---- к =  wk f — \ —
[d r  1 y  \ dr

dp ô r/rHy
dr  2  ~2~hö~ 4 Î J

(36)

M it R ü ck sich t d a rau f, d aß  <p k lein  is t, k a n n  m an  als A n n äh e ru n g : da^/dr ~  
~  dp/dr  u n d  1 -f- (dy/dr)2 ~  1 v o rau sse tzen ; h iedu rch  e rg ib t sich  aus G leichung 
(36):

dr y
d y 1 da l ô

U U - r 1 1

dr l y dr  2 ! <5 2  h у  У\
(37)

D a 6 neb en  h/2 v e rn ach lässig b ar is t, e rg ib t sich aus G leichungen (20) u n d  (37):

(38)- ^ - j l  +  — \ = ~
dr  I 2  y

, 2 dô rtr
г р к , --------------1----- -—  v v .

h dr öh2

M it 1 -j- Ô/2h ~  1 e rh a lte n  w ir aus G leichung (38)

der, , 2  dô rjr

dr
, , 2  dô ...
-  =  — y>kf--------------1----------v y .

h dr öh2
(39)

D u rch  In te g ra tio n  der G leichung (39) v o n  r 0 b is r4 e rg ib t sich:

o .  — a = — rpkf 2  (sg — ô) , r«  yr
+ V dr .

Г Öh2 y
(40)

F ü r  die S p an n u n g sv erte ilu n g  e rh ä lt m an  aus G leichung (40) m it H ilfe d er 
G leichungen  (25), (27) u n d  (35)

o'  =  a  — # / 2 000 ( Х - Х Л -

1 ^оо \ 2 

4 h , )  ' ( 1 -

Л0 ( 1  — е)*

Ц - ( * 2 - * ? ) ] •-«)* J

(41)
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E s is t zu b em erk en , d a ß  h ier

2. Abschnitt der gemischten Reibung

M it R ü ck s ich t d a ra u f , daß  im  B ereiche rq <  r <  a die m etallische B e rü h 
ru n g  e in tr i t t ,  is t

(42)

Bei A nnahm e d e r C oulom bschen R eibungssa tzes

is t r  == f ta  , (43)

w obei noch zu b em e rk e n  is t, daß  der R e ib u ngskoeffiz ien t auch  von  vr a b h ä n g t. 
A us den G le ichungen  (19), (42) u n d  (43) e rg ib t sich:

d a l 2

dr h
( 4 4 )
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N ach T re n n u n g  d er V eränderlichen  u n d  d u rch  In te g ra tio n  der G leichung (44) 
von  r b is a e rh ä lt m a n  fü r  die D ru ck v e rte ilu n g :

2r
er" =  y>kj e («—r). (45)

Also is t die D ru c k v e rte ilu n g  a u f  die e inzelnen  F lächengeb ie te

fü r  0 <  r <  Tq n ach  Gl. (41); 

fü r  rq <  r <  a  n a c h  Gl. (45)

zu b es tim m en , w obei gem äß  (13) u n d  (15)

( К  +  h" 3

V ^00 )

Ip ip

Bild 7

(46)

IV. Praktische Anwendung der Druckverteilung

D ie oben  ab g e le ite te  B erech n u n g sm eth o d e  der D ru ck v e rte ilu n g  is t  
geeignet, andere , m it  d em  D ru ck v ersu ch  v e rk n ü p fte  F rag en  zu lösen hzw . k lä 
ren . V or allem  sin d  w ir in  der L age, die U rsache  der E n ts te h u n g  der D iabo lo - 
G esta lt anzugeben . W ie dies aus dem  B ilde 7 ersich tlich  is t , w ird  u n te r  dem  
E in flu ß  e iner e inzigen  R e ib u n g sk ra ft S 2, w elche gegen den M itte lp u n k t des 
K örpers g e rich te t is t ,  d u rch  S tau ch en  n u r  ein  faß fö rm ig  defo rm ierte r P ro b e 
k ö rp er en ts te h e n . I n  d e r Zeichnung a u f  B ild  7b is t  ein  F a ll zu  sehen, wo sich  
an  d er O berfläche e in  trag fäh ig e r S chm ierfilm  gebildet h a t. U n te r so lchen  
U m stä n d e n  w irk t a u f  die S tirn fläche  eine d er B ew egungsrich tung  e n tg eg en 
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s e tz te  u n d  zum  K ö rp e rm itte lp u n k t g e ric h te te  K ra f t, h erv o rg eru fen  d u rch  die 
Ö lre ib u n g  S t, u n d  die gem ischte  R e ib u n g  S 2. Vom  M itte lp u n k t n ach  au ß e n  
g e r ic h te t w irk t infolge d e r O b erfläch en k rü m m u n g , in  Ü bere in stim m u n g  m it der 
B ew egungsrich tung , die K ra f t R r  I s t  n u n  d ie  R e su lta n te  der drei K rä fte  n a c h  
d em  M itte lp u n k t g e r ic h te t , so e n ts te h t e in  faß fö rm ig er K örper; is t die R e su lta n te  
g leich  N ull, so b e h ä lt  d e r  K örper seine gerad e  G esta lt; w irk t die R e su lta n te  
n a c h  au ß en , so e rh ä l t  d e r K örper die D iab o lo -G esta lt. D er gesam te V erlau f 
is t  se lb stred en d  z iem lich  kom pliz iert, d a  w äh ren d  des S tauchvorganges die 
R ic h tu n g  der R e s u lta n te  sich än d ern  k a n n .

F ern e r k a n n  m a n  n u n  m it Hilfe d e r D ru c k v e rte ilu n g  die W erte  der w irk en 
d en  D ru ck k ra ft, d ie re la tiv e  A bw eichung w äh ren d  der M essung der V erfo r
m ung sfestig k e it u n d  d ie  B edingungen  des m onoax ia len  S p an n u n g szu stan d es  
b estim m en .

1. Die wirkende Druckkraft

M an e rh ä lt die D ru c k k ra f t du rch  In te g ra t io n  der die D ru c k k ra ft b e s tim 
m e n d en  G leichungen;

и

P  =  2 r n a 'd r  -f- j" 2 r n a " d r . (47)

D as e rs te  In teg ra l-G lied  lä ß t  sich m it H ilfe  der G leichung (41) au sd rü ck en :

Г7*2 r n a f dr =  r~a n  (aq -f- A x) — a2 nipkj
Jo

4 á°° 1

ho (1  — e)!
Ci +

+  —
1 / dnn 1

2  \ К  ) (1  -  e)*
2 /i

aq — f k } e
( a - T q )

A x =  y k j  I 2 ̂ ----------------X q -  -------------x-q
f l  h0 ( 1 - #  9 4 U 0 J (1  — e)* 9

c 1 =  Г -
Jo  а

Г Y d l  Г

* = Г т 1 Г - ( т Г Н т - ) -

(48)

(48a)

(48b)

(48c)

(48d)

Die obigen W e rte  Cx u n d  C2 e rgeben  sich  also du rch  In te g ra tio n . Im  B ilde 
8  f in d e t m an diese W erte  als F u n k tio n  des Q u o tien ten  (h'q +  л; ) /й00. A u f
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G rund  von  (45) lä ß t  sich  das zw eite In teg ra l-G lied  in  G leichung (47) au sd rü ck en :

2  rn a ' dr  =  y’k f  а2 л
h r

fi2 ar

ßr„
+  - r \ ‘

/га l  
h 1 2

• (49)
h 2

Also e rg ib t sich die to ta le  D ru c k k ra f t als die Surryne d e r T e ilk rä fte  gem äß

(48) u n d  (49). A uch  lä ß t  sich die to ta le  D ru c k k ra f t m it H ilfe des U m form 
w iderstandes k ^  a u sd rü ck en :

P  =  о2 л к к  , (50)

wobei sich der V erfo rm u n g sw id ers tan d  aus den  G le ichungen  (48), (49) u n d  
(50) m it H ilfe v o n  (27) u n d  (28) folgenderw eise an sch re ib en  lä ß t :

k K =  ( - ^ - j2 К  +  А )  -  v>kf 4 Ô°° ■ С , +

+

X

Í  â ( ) 0 2 1 c l + f k f K  \

1 к (i-e)* 2J P a 0  !

K  ( 1 - « ) *

: (1  -  e ) 3 X

/ла0 rq

1 К  а (1  е р  

Мао 1

.  2 чь  1
_)_ _ Н е л» (1- e)3/‘ V « / _

К  ( l - < 0 * + '2

(51)
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N u n  is t der A u sd ru ck  ő00/ft0 <  1 0 _1, u n d  folglich k a n n  dessen Q u a d ra t u n b e 
a c h te t  b leiben, u n d  so e rh ä lt  m an  aus den  G leichungen (48b) u n d  (51) nach  
en tsp rech en d en  U m o rd n en :

k K =
К  ( 1 +  «)■/■

+

2ра„ 1 ( j e )
e К (1 — I a)

LICIq

e)3 1 -
LI к  « (1 -- £)1/г

2/̂ До 1 / ,__ Гд\
К  (1 —е)8/* V а ) Ма0 1

о (1  -  Ф
(52)

Die Sum m e aus dem  zw eiten  u n d  d r itte n  G liede der G leichung (52) 
is t  gleich der H öhe eines zy lind rischen  K örpers, dessen V olum en dem  V olum en 
des im  Bilde 9 d a rg e s te llte n  räu m lich en  S pannungsgeb ildes e n tsp r ic h t. In  
W irk lich k e it is t d er R e ib u ngskoeffiz ien t als F u n k tio n  v o n  r u n b e k a n n t, dessen 
W e r t  n u r  nach gew issen V ere in fachungen  g esch ä tz t w erden  k an n . S e tz t m an 
a lso  an  Stelle d er G leichung (48a) die en tsp rech en d e  T ay lo rsche  R eihe, u n d  
z ie h t m an  davon  n u r  die ers ten  zwei G lieder in  R ech n u n g , so e rh ä lt m an  fü r 
d ie  S p an n u n g sv erte ilu n g  zw ischen rq <  r <  a einen ann äh eru n g sw eisen  A us
d ru c k . In  dieser W eise e rh ä lt m an  fü r  den V erfo rm u n g sw id erstan d  (m it Hilfe 
d e r  la u t Bild 9 g ü tig en  m ittle re n  H öhe):

k K =  y>kj J 1 2 00

J ^ a 0

2  hn (1  +  e)

К  (1

b е)гЬ \ а I

2 C 1 - X q

(53)

r 12 'ч

c ,

w obei fü r Cs u n d  C4 die F u n k tio n sw e rte  aus Bild 10 en tn o m m en  w erden  können .

2. Die relative Abweichung des Verformungswiderstandes  
k K von der Verformungsfestigkeit k f

Die re la tiv e  A bw eichung  is t:

k f  k f
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M it H ilfe der G le ichung  (53) e rh ä lt m a n  aus (54):

2  d°° 1 c  j__L ^ a°_____L __Q
h0 (1  -  e)'/. 3 2  Л0 (1  — е)Ч> 4 '

(55)

3. Grundbedingung des monoaxialen Spannungszustandes

W ie dies aus d em  Sinn der G le ichung  (55) h e rv o rg eh t, is t die re la tiv e  
A bw eichung eine F u n k tio n  des M aßes d e r D efo rm atio n . W enn m an  also  die 
u n te r  gleichen U m stä n d e n  d u rc h g e fü h rte n  S ta u c h p ro b e n  in  B e tra c h t z ieh t, 
so m u ß  m an  sich d a rü b e r  k la r  sein, d a ß  sich  die m onoax ia le  S p an n u n g  n u r  
be i einem  b e s tim m te n  M aß der V e rfo rm u n g  e in s te llt. D a aber die re la tiv e  
A bw eichung so lange e inen  n ega tiven  W e rt a n n im m t, b is schließlich d er d u rch  
G leichung (47) b e s tim m te  V erfo rm ungsg rad  e rre ic h t w ird , so m uß d er P re ß 
k ö rp e r bei d er d e r m onoax ia len  S p a n n u n g  e n tsp rech en d en  (p ro zen tu a len ) 
D efo rm ation  im m er in  eine D iab o lo -G esta lt u m g efo rm t w erden. D ies e n t 
sp r ic h t v o llau f d en  ex p erim en te llen  E rfa h ru n g e n .

M it V =  0 e rg ib t sich  aus G leichung (55):

wo

is t.

C,
1

(1  -  £)V.

(56)

W enn n u n  d e r D efo rm atio n sg rad  g este ig e rt w ird , e rh ä lt die re la tiv e  
A bw eichung e inen  p o s itiv en  W ert, d er P ro b e k ö rp e r b e g in n t die D iabo lo -F orm  
zu verlieren  u n d  a llm äh lich  in  eine faß äh n lich e  G es ta lt zu übergehen.

Die G ru n d b ed in g u n g  dafü r, d a ß  d e r P ro b e k ö rp e r bei einem  gew issen 
D efo rm atio n sg rad  die gerade G esta lt b e ib e h a lte n  soll, lä ß t  sich a n n ä h e ru n g s
weise fo lgenderw eise bestim m en : V(e=o)— v(e)-

A us G leichung  (55) w ird  der P ro b e k ö rp e r  bei e inem  gewissen e%  seine 
gerade G esta lt b e h a lte n , falls:

is t , wo

is t.

Ce
1 H---------------

(!  — Ф

1 +  -------1------
( 1  -  Ф

(57)
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Die Größe C4/C 3 is t  aus dem  Bilde 10 als F u n k tio n  v o n  (h'q +  K )lb 0 о 
zu en tn eh m en ; die G rößen  C5 u n d  Ctí lassen sich  aus B ild  11 als F u n k tio n e n  
von  e%  bestim m en . B ei B en ü tzu n g  des D iag ram m es im  B ilde 10 m uß  m a n  
in  B e tra c h t ziehen, d aß  an  d er S telle , wo (h'q -f- h q) den  W ert N ull a n n im m t, 
d er R echnungsgang  d er F u n k tio n  CJC 3 einer B e rich tig u n g  (K o rrek tion ) u n te r -

B ild  11

zogen w erden m u ß , da m an  in  diesem  Falle in  G leichung (48) das Glied m it 
d er F u n k tio n  C2 n ic h t m ehr vernach lässigen  k an n .

So geh t es aus den  G leichungen (56) und  (57) k la r  h e rv o r, d aß  bei e inem  
gegebenen V erfo rm ungsg rad  der m onoaxiale S p a n n u n g sz u s ta n d  und  die gerade 
G esta lt des P ro b ek ö rp ers  n iem als gleichzeitig V orkom m en können .
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T H E  IN F L U E N C E  OF LUBRICANTS  
ON TH E DEFO RM ATIO N OF A COM PRESSION TEST PIECE

L. TÓTH

SUM M ARY

The problem of deform ation of a com pression test piece is discussed on the basis of 
lub ricated  parallel faces. The phenom enon o f a te st  piece when its originally cylindrical shape 
is  changed into a convex one (form ing tw o inverted  tapers like a “ diabolo” ) is ascribed to  
p la stic  deformation of the faces under pressure. A uthor gives a system  of form ulae relating  
to  th e  interdependence betw een  the pressure distribution on the face, the effective com pressive 
force and the deviation observed betw een shaping strength and shaping resistance. The influ
ence o f the shaping grade is g iven  in accordance w ith  practical observations. In th is connection  
it  is sta ted  that m onoaxial deform ation as w ell as m onoaxial stress condition is bound to only 
a specia l grade of shaping. Form ulae are found in order to determ ine the approxim ative value 
of th e  deform ation grades in  question.

L ’IN F L U E N C E  DE LA L U B R IFIC A T IO N  D A N S LE GONFLEM ENT D E S M ÉTAUX

L. TÓTH

RÉSUM É

L ’auteur traite du gonflem ent par plaques parallèles des corps lubrifiés sur leur surface 
frontale. La formation d’éprouvettes en forme de deux cônes superposés par leur som m et est 
expliquée par la déformation de la surface frontale du m atériau comprimé. Pour la distribution  
des pressions agissant sur la surface frontale, la force de pression effective et l ’écart existant 
entre la résistance à la déform ation et la tension de déformation, des relations numériques 
son t présentées par l’auteur. L’influence du degré de déformation est donnée en accord avec 
les données pratiques. A  ce propos, l ’auteur constate que la déform ation m onoaxiale aussi 
bien que l’état de contraintes m onoaxial ne se produisent qu’à des degrés de déform ation déter
m inés. La déterm ination approchée de ceux-ci peut se faire par les relations présentées en fin 
de l’étude.

ВЛИЯНИЕ СМАЗКИ ПРИ ВЫСАДКЕ МЕТАЛЛОВ 

л. тот  

РЕЗЮМЕ

Работа занимается вопросом высадки смазанных на лобовых поверхностях тел 
между параллельными плоскостями. Деформацией лобовой поверхности сжимаемого 
материала объясняется образование образцов в форме сдвоенного гиперболоида. Даются 
числовые зависимости распределения давления, действующего на лобовую поверхность, 
возникающего усилия сжатия и масштаба отклонения сопротивления деформации от 
прочности по отношению к деформации. Влияние степени деформации даются в согласии 
с практическими данными. В связи с этим устанавливается что как одноосная дефор
мация, так и одноосное напряженное состояние возникают только при одной определен
ной степени деформации. В работе приведены зависимости для приближенного опреде
ления этих степеней деформации.
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MOMENT CALCULATION
OF CONTINUOUS REINFORCED CONCRETE REAMS 

ON THREE SUPPORTS
BY INTRODUCING ECONOMICAL CONDITION

Z. VIS Y
M INISTRY  OF HOU SING  AND PUBLIC CONSTRUCTION,

OFFICE FOR T H E  COORDINATION OF TH E  R ESEA R C H ES

[Manuscript received September 2, 1963]

Developing J. P e l i k á n ’s method of moment distribution [1—4] the method described 
in the present paper extends the possibility of the application of the same over the field of 
continuous reinforced concrete beams on three supports, too. The precise solution of the problem 
is obtained by solving the system of nonlinear equations with four unknowns given under (2), 
(3), (4) and (5) or (8). From the view-point of practice the solution of the system of linear 
equations consisting of equations (21), (22), (23) and (24) or (25) also gives a satisfactorily 
approximate result. The as final result obtained extreme moment diagram makes the determi
nation of the most economic reinforcement of the investigated reinforced concrete beams 
possible.

I. In tro d u c tio n

F or th e  ca lcu la tio n  o f co n tin u o u s  reinforced  co n cre te  beam s su b jec ted  
to  a c o n s ta n t lo ad  J . P e l ik á n  [ I —4] in tro d u ced  th e  co n d itio n

ds  =  M in. (1)

w here M  deno tes th e  bend ing  m o m en t affecting  th e  b eam , h th e  d e p th  of th e  
cross-section  o f th e  beam , w hile ds th e  line e lem ent o f  th e  b eam  axis. S ub
seq u en tly , for th e  in v es tig a tio n  o f  d e ta ils  an d  general re la tio n s  of th e  g roup  of 
problem s in  question , in  H u n g a ry  researches on a w ider ra n g e  w ere com m enced. 
On th e  re su lt o f sam e a n u m b er o f  sc ien tific  p u b lica tio n s  issued  d u rin g  recen t 
years  are  re p o rte d  [5—'9].

The in v es tig a tio n  o f can tilev e r beam s on tw o  su p p o rts  an d  h inged  con
tin u o u s  beam s, fu rth e rm o re , o f a rches su b jec ted  to  a c o n s ta n t a n d  occasional 
load , p erfo rm ed  on th e  base o f s im ila r princip les w as also d ea lt w ith  by  
A. Guerrin  in  1950 [10], w here he also re p o rte d  on in te re s tin g  econom ic co m p a
risons. W ith in  th e  scope o f th is  p a p e r  th e  a u th o r  co m p ared  a c tu a lly  carried  
o u t b ridge  s tru c tu re s  ( 1 ), w ith  c u s to m a ry  s tru c tu re s  b u ilt  fo r sim ilar purposes, 
a n d  e stab lish ed  s ign ifican t sav ings to  th e  b enefit of th e  fo rm er ones.

T here  is a fu n d a m e n ta l d ifference betw een  P e l ik á n ’s a n d  Gu er r in ’s 
t ra in  o f th o u g h ts , nam ely  :

r  J M !

J h
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a )  Pelikán in  addition  to  conditions o f equilibrium  introduces, instead  
o f  conditions of e la stic ity  the condition of econom y (1), and dealing with the  
problem  in generality  takes the loads and the reinforced concrete structure 
as a given whole excep tin g  reinforcement.

b)  Guerrin on th e  other hand, upholding conditions o f  equilibrium  and 
e la stic ity  only deals w ith  such individual cases for which the change o f loads 
or occasionally o f certa in  further im portant param eters o f the beam  (supports, 
location  of hinges e tc .) , accidentally  b y  changing both, a solution  also satisfying  
condition  (1) m ight be arrived at.

Based on P e l ik a n ’s sequence of thoughts and tak ing  conditions intro
duced  by him in to  consideration, the present paper gives the solution of  
continuous reinforced concrete beam s on three supports, loaded hy constant 
and occasional loads. For the beam s in question the p ossib ility  o f a partial 
load  within the single spans can be disregarded. C onsequently, the determ i
n ation  of the m axim um  m om ent diagram m erely requires to  subject the  
single spans, either on ly  to the constant, or only to the total (constant and 
occasional) load.

The generalization of the m ethod in question makes the solution of beams 
d eviating  from the introduced typ e o f beam and loading on th e  base of a similar 
train  o f thought possib le, too.

II. Determination o f the Problem, Initial Conditions and Notations

The set ta s k  sh o u ld  be th e  d e te rm in a tio n  of th e  m o m en t d iag ram  of th e  
co n tin u o u s re in fo rced  concrete  b eam  on th re e  su p p o rts  show n  in  Fig. l a .  
T h e  m om ent d iag ram  soug h t fo r is p resen ted  in  Fig. lb .

In  respect to  th e  in v e s tig a te d  rein fo rced  concre te  b e a m  th e  follow ing 
a re  assum ed:

a )  The o u te rm o s t su p p o rts  o f  sam e do n o t h in d e r th e  free ro ta tio n  o f th e  
b e a m  ends.

b) F u rth e rm o re , th e  b eam  has a re c ta n g u la r  cross sec tion  th e  w id th  
o f  w hich  is c o n s tan t a lo n g  its  w hole len g th , w hile its  d e p th  (h) is c o n s ta n t w ith in  
th e  single spans.

c)  F inally , th e  c o n s ta n t loads (g) an d  occasional lo ad s (p ) ex ten d  over 
th e  w hole length  o f  th e  b eam  a n d  h av e  w ith in  th e  single spans th e  sam e in te n s ity
[gv> gл  P v  p ú 

in  connection  w ith  th e  m ax im u m  m o m en t d iag ram  to  be p roduced  
s tip u la tio n s  given h e re u n d e r  are  to  be sa tisfied :

a )  R egard ing  th e  d iag ram  as a whole i t  shou ld  sa tis fy  th e  econom ic 
co n d itio n  (1 ) a long  th e  whole le n g th  o f th e  beam , i. e., th e  a re a  o f  th e  d iag ram  
re d u c e d  by  th e  v a lu e  h shou ld  be m inim al.
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b)  F u rth e rm o re , ex cep tin g  th e  case of a p a r t ia l  lo ad  w ith in  th e  single 
sp an s , am ong th e  in n u m erab le  m o m en t d iagram s se p a ra te ly  belonging  to  all 
possib le  load ing  cases, an d  se p a ra te ly  sa tisfy ing  co n d itio n s o f  equ ilib rium  along 
th e  w hole leng th  o f th e  beam , fo r each  loading  case a t  le a s t one m om ent d iag ram  
sh o u ld  rem ain  inside th e  a rea  o f th e  d iag ram  o f m ax im u m  m om en ts in  q uestion .

F o r th a t  p a r tic u la r  jo in t o f b eam  and  load ing  d a ta ,  in  th e  case o f  w hich 
th e  enveloping cu rves of th e  d iag ram  o f th e  m ax im u m  m o m en t (curves I  an d  
I I  in  F ig  lb )  do n o t in te rse c t th e  closing line o f th e  m o m en t d iag ram  or in te r 

nig. 1

se c t each o ther below  sam e, th e  m e th o d  to  be d ea lt w ith  is, in  its  p resen t form  
n o t  u tilizable.

In  conform ity  w ith  J .  Pe l ik a n ’s quo ted  p ap er [3], in  th e  following in v es
tig a tio n s  n o ta tio n s  show n in  F ig . 1 are to  be used.

III . Precise Solution of the  P roblem

To o b ta in  a n  a c cu ra te  so lu tio n  o f the  prob lem  acco rd ing  to  cond itions 
specified  in  the  p rev ious p a ra g ra p h , i t  is sufficient to  ta k e  load ing  cases I  an d  
I I  — show n in  F igs. 2a a n d  2b — in to  co n sid era tio n . N am ely , if  m o m en t 
d is tr ib u tio n s  com ply ing  w ith  th e se  tw o loading  cases se p a ra te ly  sa tis fy  th e  
con d itio n s of eq u ilib riu m  along  th e  w hole len g th  o f th e  beam , th e n  to  an y  
o th e r  load ac ting  on th e  in v e s tig a te d  con tinuous beam  on th ree  su p p o rts , a t  
le a s t one m om ent d is tr ib u tio n  can  be a tta c h e d  w hich sa tisfies th e  cond itions 
o f  equ ilib rium  an d  rem ain s inside th e  enveloping curves o f  th e  d iagram  of th e  
m a x im a l m om ent e s tab lish ed  on th e  base of m o m en t d is tr ib u tio n s  p e rta in in g
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to  lo a d  cases I  an d  I I .  I n  th e  case in  questio n  th e  above s ta te m e n t can  also be 
p ro v e d  b y  o b se rv a tio n . N am ely , th e  p o in t o f in te rsec tio n  o f cu rves I  an d  I I  
ly in g  in  the  v ic in ity  o f  th e  in te rm e d ia te  su p p o rt and  above sam e, falls e ith er 
ab o v e  th e  le ft-h an d  o r th e  r ig h t-h a n d  sp an , or in to  th e  v e r tic a l ru n n in g  th ro u g h  
th e  in te rm ed ia te  su p p o rt. O w ing to  th is , th e  curve p e rta in in g  to  th e  to ta l  load 
c a n  be draw n —- in  th e  ex trem e  case — e ith e r  on th e  le f t-h a n d  or th e  rig h t- 
h a n d  side, and  m ay  be on b o th  sides w ith in  th e  area  of th e  d iag ram  of m ax im um

9 i + P i 92
л ----------

/ .  loading case

9 i 92 + P,

II. loading case

m o m en ts . In  Fig. 2c th is  cu rve  is d en o ted  b y  a d o tted  line . A ccord ing  to  th e  
ab o v e  in te rp re ta tio n  th e  en ve lop ing  curves belonging to  th e  to ta l  load  are 
in  th e  le ft-hand  sp an  cu rv e  J , w hile in  th e  r ig h t-h a n d  sp an  th e  p a rab o la  d raw n 
w ith  a d o tted  line. T he jo in t  o f th ese  tw o  curves sa tisfies th e  cond itions of 
eq u ilib riu m  along th e  w hole len g th  of th e  beam .

In  th e  in v es tig a tio n s  to  com e th e  d istances b e tw een  th e  zero-poin ts o f 
m o m en ts  and  th e  in te rm e d ia te  su p p o rt belonging to  b o th  lo ad in g  cases, i. e., 
d is tan ces  Х / , Х ц , у 1 a n d  у  и  (see F ig . 1) are  reg a rd ed  as u n k n o w n . W ith  th e  aid  
o f  th e se  d istances th e  so-called  load equations (L; an d  Ь ц )  can  be sep ara te ly  
s e t  u p  for b o th  lo ad in g  cases. T hese eq u a tio n s express th e  e q u a lity  o f su pport- 
m o m en ts  set up  as fu n c tio n s  o f th e  position  of zero po in ts  s i tu a te d  on th e  left-
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h a n d  a n d  r ig h t-h a n d  side o f  th e  in te rm e d ia te  su p p o rt. A ccord ing ly , th e  lo ad  
fu n c tio n  L j  p e rta in in g  to  th e  load ing  case I  is:

T — Si +  Pi I r  — Si j
b j -------  —  —  2  l 2 X I 9 ( 2 )

w hile th e  eq u a tio n  p e rta in in g  to  th e  lo ad in g  case I I  is

r ___ 8 i  I .. _ 8i ~t-  Pi 1 „
I' l l  =  ~T  *1УII —  ~  *2 Xll  • ( 3 )

In  th e  follow ing th e  sa tis fac tio n  o f  cond itio n  (1) shou ld  he ensu red  w ith  
reference  to  th e  en tire  m ax im u m  m o m en t d iag ram . T hus, in  co n fo rm ity  w ith  
th e  closing line as well as w ith  each o th e r  th e  tw o curves shou ld  be p laced  in  
su ch  a w ay  th a t  th e  a rea  enveloped  b y  th e se  curves red u ced  b y  th e  beam  d e p th  
(.ft) shou ld  be th e  sm allest.

I f  th e  m ax im u m  m o m en t d iag ram  sa tisfies th e  above cond itions, th e n  
b o th , th e  d isp lacem en t o f th e  closing line b y  an y  in fin ite ly  sm all value d M  
a n d  th e  d isp lacem en t o f th e  su p p o rt m o m en ts  b y  an y  in f in ite ly  sm all va lue  
d M  in  re la tio n  to  each  o th e r  increases a n d  dim inishes th e  a rea  of th e  red u ced  
m o m en t d iag ram  to  th e  sam e degree, i. e ., th e  am o u n t o f th e  so p roduced  
in c rem en ts  an d  d im in u tio n s coincides w ith  each o ther. T hese cond itions can 
also  be se t up  in  th e  fo rm  o f eq u a tio n s. As th e se  re la tions a re  in d ep en d en t of th e  
lo a d  ac tin g  on th e  b eam  a n d  express c e r ta in  form al dem ands, th e y  can ex p ed i
e n tly  be called fo rm  equations (F z an d  F M).

S h ifting  th e  closing line a t  th e  p lace  o f th e  in te rm e d ia te  su p p o rt dow n
w ard s b y  d M , th e  a rea  o f  th e  m ax im u m  m om en t d iag ram  decreases b y  th e  
n eg a tiv e  a rea  p o rtio n s a n d  increases b y  po sitiv e  ones as is in d ic a te d  in  F ig . 2d. 
T h e  m ag n itu d e  o f these  a rea  po rtio n s can  be expressed  b y  using  n o ta tio n s  to  be 
fo u n d  in  F ig . 1, an d  can  be red u ced  in  th e  case of th e  le f t-h a n d  span  b y  ft15 

w hile for th e  r ig h t-h a n d  sp a n  b y  ft2. T ak in g  th e  so reduced  m in u te  area  p o rtio n s 
in to  co n sid era tio n , fo rm  e q u a tio n  F z can  be  se t up  as follow s:

d M 1 d M  (lj_ — y , ) УI d M ^ - y , , ) *

L К
r

h  К 2 2  ly h l

Г d M
+

d M  (Z2 — X,,) x i i d M  (l2 — x j f  0

hi h  hi 2 2 1, ft.

On th e  o th e r h a n d , a lte rin g  th e  position  of the  tw o  m o m en t d iagram s 
p e rta in in g  to  th e  tw o lo ad in g  cases an d  re la te d  to  each o th e r, e.g., b y  lessening 
th e  value o f th e  su p p o rt m o m en t М ц  b y  th e  value d ili , th e n  ta k in g  Fig. 2c 
a n d  th e  in te rp re ta tio n  g iven in  connec tion  w ith  th e  se ttin g  u p  of fo rm  eq u a tio n
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F z in to  co n sid e ra tio n , th e  form  e q u a tio n  F *j will ta k e  th e  following fo rm :

d M  ( f  -  y n ) d M (lx — z f )  1 y/f -  zx _  0
ij Л, /x 2

In  th e  above e q u a tio n

* i =  — ( y i  —  У и ) + У 1 -  (6)
Pi

The tw o load equations {L: an d  L n ) se t u p  u n d e r (2) a n d  (3) as well as th e  
tw o  fo rm  equations ( F za n d  F ] f)  se t up  u n d e r  (4) an d  (5) are  n ecessary  an d  e x a c tly  
su ffic ien t to  m ake th e  so lu tion  o f th e  p rob lem  in  q u es tio n  possible, i f  th e  
p o in t of in te rsec tio n  o f  pa rab o las  I  a n d  I I  is s itu a te d  e ith e r  accord ing  to  F ig . 2, 
i.e ., above th e  le f t-h a n d  span  or ab o v e  th e  in te rm e d ia te  su p p o rt. E x p re ssed  
in  o th e r w ords th e  so lu tio n  o f th e  sy s tem  o f eq u a tio n s in  q u es tio n  is r ig h t i f  th e  
v a lu e  z 1 com p u ted  fro m  re la tion  (6 ) sa tisfies the cond ition

F t ,  =  d M j f i 41 Г
2  l, h.

( ? )

I f  th is  co n d itio n  is no t fu lfilled  th e  p o in t of in te rsec tio n  in  questio n  
is  s itu a te d  above th e  r ig h t-h a n d  sp an . In  com pliance w ith  th is  fac t eq u a tio n
(5) figuring  in  th e  sy s te m  of eq u a tio n s , has to  be rep laced  b y  th e  eq u a tio n  
g iven  hereunder, w h ich  expresses th e  a c tu a l s itu a tio n :

F * * _  d M ( h — y i Y  . 
2 f  hx

In  th e  above e q u a tio n

d M  (l2 —  X j )  d M ( l 2 — z 2) X j  — z2

/ > k,

Z 2  =  —  ( X l l  -  X l )
Pi

k ,
=  0 .

VJI .

( 8 )

( 9 )

T hus, th e  c o n d itio n  m aking  th e  u tiliza tio n  of th e  fo rm  eq u a tio n  F%f 
se t up  under (8 ) p ossib le  is th a t  th e  d is tan ce  s2 co m p u ted  from  re la tio n  (9) 
shou ld  sa tisfy  th e  re la tio n

z2 > 0 .  (10)

Sum m ing u p  th e  prev ious d ed u c tio n s, th e  a c cu ra te  so lu tion  o f th e  se t 
p rob lem  is su p p lied  b y  th e  follow ing system s o f n o n lin ea r eq u a tio n s w ith  fo u r 
v a riab les: for zx >  0  b y  s im u ltaneous eq u a tio n s  L i ,  L jj, F z, F m, while for 
z2 ^ 0  b y  s im u ltan eo u s  equa tions L n  L u , F z, F ^ f .

K now ing th e  d is tan ces  o f th e  m o m en t zero p o in ts  from  th e  in te r 
m ed ia te  su p p o rt o b ta in e d  as f in a l re su lt, th e  su p p o rt m o m en ts  M j  an d  М ц
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so u g h t for are o b ta in ed  from  th e  fo llow ing eq u a tio n s:

м ,  =  - -8-1 + -g l- V ? /  =  -  - f 4 • * / • ( i i )z z

M u  = - ~ - h  ■У и  =  -  к  • *17 • ( 1 2 )
Z Z

Particular case 

In  th e  special case if

к  =  к  — к  h1 =  hi — h,

g l = g l = g ,  P l = P 2 = P ,

th e  accu ra te  so lu tion  o f th e  p rob lem  in  question  is given 
g iv en  he reu n d er:

к  +  1 -  ][2k ,
yi  =  * n =  fea +  1—

У и  —- x i =  k - y j  =  k - x n .

I n  th e  above re la tions

=  P  . (15)
g

b y  th e  sim ple re la tio n s

(13)

(14)

IV. A pproxim ate So lu tion  of the P rob lem

As regards com plica tions co n n ec ted  w ith  th e  so lu tio n  o f non linear 
e q u a tio n s  th e  ap p lica tio n  o f th e  p re v io u s ly  described a c c u ra te  m e th o d  gener
a lly  m eets w ith  d ifficu lties. T herefo re , i t  is exped ien t to  in tro d u c e  an  ap p ro x i
m a te  m e th o d . This m e th o d  based  on  th e  lineariza tion  o f  th e  lo ad  an d  form  
e q u a tio n  m akes possible th e  o p tio n a lly  accu ra te  so lu tio n  o f th e  p rob lem  b y  
u s in g  e ith e r  tra d itio n a l m ethods o r an  electronic c o m p u te r  fo r th is  purpose.

F o r th e  sake o f th is  p u rpose  le t  us replace th e  u n k n o w n s (я;,-, у ,) b y  
th e ir  ap p ro x im ate  values (дг„ у ,) , a n d  th e  dev ia tions o f  th e se  a p p ro x im a te  
v a lu es  from  th e  accu ra te  ones (Ax(, Ayf), and  d isreg a rd  th e  p ro d u c ts  an d  
sq u a re s  of these  dev ia tions as sm all q u a n titie s  of th e  second  o rd e r. A ccordingly , 
u tiliz in g  th e  relations

Xi =  Xi +  A x t a n d  у,- =  у,- +  A y t ,
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fu rth e rm o re ,

fin a lly
x 2i ^  x 2i +  2 Xi A x t an d  y } s d y }  +  2 y r A y t , 

x iVt e* * tÿ t  +  x t AJ i  +  J i  A x  I

th e  linearized lo ad  e q u a tio n s  (L) a n d  form  eq u a tio n s  (F )  c an  be w ritten  as 
follows:

£ /  =  &  • к  • A x ,  — (g i +  P l) l ,  • A y i  =  (gl +  P l ) h - ÿ t  — g i  - h - x , ,  (16)

£ / /  =  gi • h • Ay, /  -  (g2 +  p 2) h  ■ Ax, ,  =  (g2 +  p 2)l2 ■ x„  -  gx-lx-yu , (17) 

F z =  2 l, h,  [(Z2 — X, ) z1*;7 +  (Z2 — * 7;) Ллс77] +

+  2  l2 h2 [(l, — ÿ 7) 4 y 7 +  (Zx -  ÿ j j )  A y , j \  =

=  h ' K i ( l2 — x ,Y — (2 J2—* / / ) x n ] + h h2[(h—ÿi)2 — (2 l i — ÿn)ÿii\>  ( 18

П *  -  - 1*1{k  — 7/)- -  2 Z2 h2 {[Zx -  Cl (ÿ 7 -  ÿ „ )  -  ÿ , ]  A y ,  -
1 - f  Ci

-  [ 'i  -  «1 (ÿ, -  y  и) -  y ,  Л Лу„)  =  _
1 + < ч

-  Z2 ho [Ci(5q — ÿ 77)2 + У /  — ÿ b  — 2  *i (ÿ / — ÿ //) ]  » (19)

F%* 2 f2 ^ ( / l ~ y /)  Л у7 -  2  Z, *! {[Z2 -  c2 ( x „  -  * 7) -  ï 77] A x , ,
1 +  C2

-  [Z, -  c2 ( * 77 -  Xj) -  ï 7] Лл;7} =  h b S k ----- Ï À ------
1 +  c2

~ h  K  [ ° 2  ( * n  — x i T  +  x] ,  — XI -  2 U (x , j  — ï 7) ] . (20)

In  th e  above e q u a tio n s

с. =  a n d  с» =  .
Pi Pi

The cond itions re fe rrin g  to  th e  possib ility  o f u tiliz in g  fo rm  equations 
F ^  and  F coincide w ith  th o se  g iven in  th e  d esc rip tio n  o f  th e  accu ra te  
m ethod .

In  th e  f irs t s te p  i t  is e x p e d ie n t to  assum e th e  a p p ro x im a te  value of th e  
d istances betw een  th e  zero p o in ts  a n d  th e  in te rm e d ia te  s u p p o r t as in  b o th  
spans being eq u a l to  th o se  d is tan ces  w hich in  th e  case o f  a beam  firm ly  
clam ped  a t th e  in te rm e d ia te  s u p p o r t w ould  sa tisfy  th e  in it ia l  cond itions se t u p  
in  respect to  th e  d ia g ra m  o f m ax im u m  m om en ts. As ow ing to  th e  above 
assu m p tio n  th e  eq u ilib riu m  o f su p p o r t m om ents re la te d  to  th e  whole b eam
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is n o t  a d em an d  an y  longer, an d  as in  th is  case cond ition  (1 ) c an  be sa tisfied  
in d e p e n d e n tly  of th e  lo ad  in te n s ity  [1—4 ], th e  a d v a n ta g e  also arises t h a t  
tw o  b y  tw o  of th e  assum ed  a p p ro x im a te  values being id e n tic a l, th e  sy s tem  
o f  e q u a tio n s  in  question  can  be se t u p  in  an  exceedingly  sim p le  form .

In tro d u c in g  on th e  basis o f th e  ab o v e  ex p lana tions th e  ap p ro x im a te  
values

x n  — x u i  —
2 — f2

h

a n d

Ун
2  — ) /2

=  У i n  = ---- s-------h

e q u a tio n s  (16), (17), (18), (19) an d  (20) ta k e  th e  follow ing fo rm :

=  A x i  -  ( f t  +  P i )  h  • А У /  =

=  2 ~ J *  [ ( f t + P ^ f - f t J l b  ( 2 1 )

£ //i  =  f t  k  АУ п  -  ( f t  +  Pi) h  A x n  =

=  l ( g i + P 2 ) 4 - g J l )  ( 2 2 )

F & =  К  (А х / +  A x n )  +  ( Ay j  +  A y n ) =  0  , (23)

F%i =  K A x n  — K { 1 +  ci ) ( A y i  -  АУ п ) =  , (24)

^M i =  K  A y  J -  M l  +  ft)  (А х п  -  A x i) =  Y y = -  ■ (25)

M erely  th e  so lu tio n  of th e  above sy s tem  o f eq u a tio n s g ives, reg a rd ed
fro m  th e  v iew  p o in t o f p rac tice , in  genera l, a su ffic ien tly  accu ra te  re su lt. 
T he so o b ta in e d  values A x j ,  A x n , A y l  a n d  A y n  h av e  to  be a lg eb ra ica lly  a d d ed  
to  th e  assum ed  ap p ro x im ate  values x 1, x I I , y I , y IJ an d  th en  th e  su p p o rt m om ents 
are  to  be  com p u ted  from  re la tio n s (1 1 ) a n d  (1 2 ), tak in g  th e  rec tified  va lu es  
x i =  x i +  Axj  e tc. in to  considera tion .

O f course, th e re  is no obstacle  in  ta k in g  th e  zero p o in t d is tan ces  o b ta in ed  
in  th e  ab o v e  described w ay  as f irs t  ap p ro x im a tio n  again  as a p p ro x im a te  v a l
ues, a n d  to  solve again  an d  ag a in  th e  sy s tem  of linear e q u a tio n s  consisting  
o f  e q u a tio n s  (16), (17), (18) an d  (19) o r (20). B y  so do ing  th e  accu racy  o f  
th e  co m p u ta tio n  can  be increased  to  th e  desired  degree.
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Y. Comments on the Practical Application

In  th e  p rev io u s discussions th e  p o ssib ility  re fe rrin g  to  th e  selection  o f 
th e  p ro p er eq u a tio n  b e tw een  e q u a tio n  F * , an d  F ^  w as n o t d ea lt w ith  y e t. 
T h is  is im p o rta n t b ecau se  a b ad ly  chosen  selection  m ig h t m ake a re p e titio n  
o f  th e  whole c o m p u ta tio n  necessary . To e lim inate  th is  d an g e r i t  is ex p ed ien t 
to  t r y  — before th e  beg in n in g  of th e  co m p u ta tio n  — to  d raw  th e  d iag ram  
o f  reduced  m om ents in  such  a w ay th a t  th e  to ta l  a rea  o f  th is  d iag ram  shou ld  
be  seem ingly  m in im al. O n th e  basis o f such  a d iag ram  a n  eq u a tio n  close to  th e  
r ig h t  one can be in tro d u c e d  a lread y  a t  th e  beg inn ing . In  such a case, b u t  
ev en  if  th e  a fo rem en tio n ed  p re p a ra tio n s  w ere n eg lec ted , th e  c o m p u ta tio n  
sh o u ld  be d irec ted  so t h a t  f irs t th e  v a lu es  y ,  an d  y , ,  (if  Using e q u a tio n  F ^ )  
o r  th e  values x ,  a n d  x , ,  (if using e q u a tio n  F*ff) a re  d e te rm in ed . N am ely , 
know in g  these v a lu es  th e  sign of or z2 can  be s e tt le d , th u s , th e  necessity  
o f  an  occasional “ re v e rs io n ”  m igh t becom e p e rcep tib le  in  due tim e.

W hen ap p ly in g  th e  m eth o d  d e a lt w ith  in  p ra c tic e , th e  princip le to  be 
k e p t  in  m ind  is t h a t  th e  d iagram  o f m ax im u m  m o m en ts  being th e  base  of 
d im ensioning  in  th e  v ic in ity  of th e  po sitiv e  m ax im u m  m om en t shou ld  n o t 
conduce  to  th e  d e v e lo p m en t of p rim a ry  p lastic  zones.

VI. Numerical Example

The task  should be th e  determ ination o f the diagram o f m axim um  m om ents o f the  
continuous reinforced concrete beam  on three supports shown in F ig . 3a, by using the approxi
m ate m ethod dealt w ith  for th is purpose.

The data referring to  the beam  and load acting on same can be substituted into relations 
(21), (22), (23) and (25) because owing to the reduced m om ent diagram  outlined on the base 
o f  previous trials, the in tersection  of parabolas I and II above th e  right-hand span becam e 
probable. Accordingly:

E /! =  1 • 4 • A x ,  — (2 +  2)4 • A y , =  2 - J 2 [(2 +  2)4* -  1 • 4*] , 

Llh  =  2 • 4 • A y „  -  (1 +  1)4 • A*„ = ~ -  г- [(1 +  1)42 -  2 • 4*] ,

F zl — 2 (AxI +  A x ,,)  +  1 (A y , 4- A y ,,)  — 0 ,

T m* =  1 ■ A y , 2 (1 +  1) (A x „  -  A x ,)  =  .

Solving the above system  of equations:

A x, Oá 0.478 m , A y , a :  —0.760 m  ,

A x ,,  a i  —0.066 m  , A y ,,  a  —0.066 m  .
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p,=2 t/m

g,= 2 t/m
p2= 7 t /m
g2=1 t/m

Ä  7

----------------- / , “ 4/0/77 ---------
Л, ■■ h2= 2'-1

Fig.  3

Algebraically sum m ing up the above values and the approxim ate values in the system  
of equations taken into consideration:

X, Qrf - r 2 ~  4 +  0.478 =  1.650 m  ,

х ц  a :  —— ^  4 — 0.066 =  1.106 m  ,

у I aá 2 ~  ^  4 -  0.760 =  0.412 m ,

y  H ta  2 ~ ^ 2 4 -  0.066 =  1.106 m .

Checking the sign of z2 b y  usign the above values:

z2 =  - j — (1.106 — 1.650) +  1.106 =  -J-0.562 m  , 

thus, our assum ption proved to  be right.
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K nowing the zero point distances th e  va lues o f support m om ent com puted from  relations 
(11) and (12) are in  the first approxim ation:

M i = ----------- 4  ■ 0.412 = -------------------^— 4  ■ 1.650 s í  3.300 tm  ,

M n  — ------^ - 4  • 1.106 = ----- *  ̂ 4 • 1.106 a: —4.424 tm.

The diagram o f m axim um  m om ents o f the investigated beam  is shown in F ig. 3c.
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D IE  B E R E C H N U N G  D E R  M OM ENTE V O N  ST A H L B E T O N -D U R C H L A U FT R Ä G E R N
A U F  D R E I STÜTZEN

U N T E R  D E R  E IN F Ü H R U N G  D E R  W IR TSC H A FTLIC H K EITSBED IN G U N G

Z. VISY

ZUSAM M ENFASSUNG

Die im  Aufsatz behandelte M ethode bedeutet eine W eiterentw icklung des P e l ik á n - 
schen M om entenberechnungsverfahrens, wodurch dessen A nw endungsm öglichkeit auch auf 
das Gebiet der durch ständige und veränderliche Belastungen beanspruchten Stahlbeton- 
Durchlaufträger auf drei Stützen ausgebreitet wird. Die genaue Lösung des Problem s liefert 
das nichtlineare G leichungssystem  m it vier U nbekannten das aus den Gleichungen (2), (3),(4) 
und (5) oder (8) besteht. E ine vom  G esichtspunkte der Praxis aus betrachtet befriedigende  
Annäherung liefert auch die Lösung des aus den Gleichungen (21), (22), (23) und (24) oder (25) 
bestehenden linearen G leichungssystem s. D as als Endergebnis erhaltene Diagram  der M axim al
m om ente erm öglicht die B estim m ung des w irtschaftlichsten Stahlbedarfes der untersuchten  
Stahlbetonträger.
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CALCUL D E S MOMENTS D E S PO U T R E S A TROIS A PPUIS  
AVEC INTRO DUC TIO N D E  LA CONDITION D ’ÉCONOMIE

Z. VISY

RÉSUM É

La m éthode décrite développant le procédé de calcul des m om ents de J . P elikán  
(1— 4), en élargit le dom aine d’application aux poutres en béton arm é à trois appuis soum ises 
à des charges réparties perm anentes et accidentelles. La solution exacte du problème est donnée 
par le systèm e d’équations non linéaires à quatre inconnues (2), (3), (4) et (5) ou (8). U ne  
approxim ation pratiquem ent satisfaisante est fournie égalem ent par la solution du systèm e  
d’équations linéaires form é des équations (21), (22), (23) et (24) ou (25). Le diagramme des 
m om ents extrêm es obtenu  comme résultat d éfin itif perm et un m axim um  d’économie dans 
l’utilisation de l ’acier pour les poutres en béton arm é exam inées par l’auteur.

РАСЧЕТ МОМЕНТА ТРЕХОПОРНЫХ ЖЕЛЕЗОБЕТОННЫХ 
БАЛОК, НАГРУЖЕННЫХ ПОСТОЯННОЙ И ВРЕМЕННОЙ НАГРУЗКАМИ,

С ВВЕДЕНИЕМ УСЛОВИЯ ЭКОНОМИЧНОСТИ

з. виши

РЕЗЮМЕ

Излагаемый в работе метод усовершенствует метод Й. Пеликан, касающийся рас
чета момента (1—4), расширяет его применимость к трехопорным железобетонным бал
кам, нагруженным постоянными и временными распределяющимися нагрузками. Точное 
решение задачи дают системы нелинейных уравнений с четырьмя неизвестными, приве
денные в (2), (3), (4) и (5) или же (8). Удовлетворительное с точки зрения практики прибли
жение дает решение системы линейных уравнений, состоящих из уравнений, обозначен
ных через (21), (22), (23) и (24) или (25). Полученная в результате крайняя эпюра моментов 
позволяет осуществить наиболее экономичное использование арматуры железобетонных 
балок.
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UNTERSUCHUNG
DES MASSSTABEFFEKTES D ER KAVITATIONSEROSION*

J . VARG A GY. SE B E ST Y É N
TECHNISCHE UNIVERSITÄT BUDAPEST

K. K. SC H A LNEW  B. A. T SC H E R N A W SK IJ
INSTITUT FÜR MECHANIK DER AKADEMIE DER WISSENSCHAFTEN DER UDSSR, MOSKAU 

[Eingegangen am  23 . N ovem ber, 1963]

D ie  vorliegende Studie gibt außer der D arstellu ng  der bisherigen E rgebnisse eine Ü ber
sicht über die Fragen der M ethodik, auf deren Grund die Untersuchung des M aßstabeffektes 
der K avitationserosion im  R ahm en eines gem einsam en Forschungsprogram m s im M echani
schen In stitu t der Akadem ie der W issenschaften der Sowjetunion und von der Ström ungs- 
technischen Arbeitsgem einschaft der Ungarischen Akadem ie der W issenschaften am Lehrstuhl 
für W asserkraftm aschinen der Technischen U n iv ersitä t Budapest, durchgeführt wird. Es wird 
eine kritische B eleuchtung der prinzipiellen G rundlagen der auf den energetischen Param eter  
des M aßstabeffektes fußenden M ethoden der Forschungsarbeiten im Laboratorium  gegeben. 
D ie Studie beschreibt die V ersuchseinrichtungen und erläutert die B edingungen, m it deren  
H ilfe die Bestim m ung des energetischen P aram eters und der Kriterien der Ä hnlichkeit erfolgt. 
E s werden die möglichen Fehler der M eßwerte und der Fehlereinfluß im  H inblick auf die 
Endergebnisse der Versuche analysiert. Es w ird geze igt, daß die Ergebnisse der an der T echni
schen U n iversitä t B udapest durchgeführten V ersuche die früher gewonnenen V ersuchsergeb
n isse bestätigen , und dam it die Gültigkeit des Zusam m enhanges der M aßstabeffekt-B eschrei
bung auch für einen breiteren Bereich aufzeigen.

I. E in fü h ru n g

W ä h re n d  des B etrieb s  von W asse rk ra ftm asch in en  u n d  h y d rau lisch en  
E in r ic h tu n g e n  k an n  o ft ein  Z u stan d  e in tre te n , bei dem  sie eine längere  oder 
k ü rzere  Z eit in  einem  K a v ita tio n s z u s ta n d  im  B etrieb  geh a lten  w erden  m üssen , 
oder be i dem  in der M aschine lokale K a v ita t io n  a u f tr i t t .  Sofern  m an  diesen 
U m sta n d  be i der A usw ahl des K o n s tru k tio n sm a te r ia ls  n ic h t genügend  b e rü c k 
s ic h tig t, so kön n en  schw ere B esch äd ig u n g en  au ftre ten , die au ch  die Z erstö ru n g  
d er gan zen  M aschine v e ru rsach en  k ö n n e n . Info lge dieser E rk e n n tn is  w u rd en  
viele th eo re tisch e  u n d  v ersu ch sm äß ig e  F o rsch u n g sa rb e iten  zu r K lä ru n g  der 
E rsch e in u n g en  der K av ita tio n se ro s io n  d u rc h g e fü h lt, um  die F a k to re n , die fü r 
die In te n s i tä t  der Z e rs tö ru n g  b e s tim m e n d  sin d , ken n en zu le rn en . W esen tlich  
w en iger A u fm erk sam k e it w urde je d o c h  d e r  K läru n g  des M aß stab effek tes  der 
K a v ita tio n se ro s io n  g eschenk t. O hne ih re  K en n tn is  kön n en  jed o ch  die F o r
schungsergebn isse  bei d er K o n s tru k tio n  v o n  M aschinen n u r  in  b e sc h rä n k te m  
M aß n u tz b a r  gem ach t w erden .

* Der Inhalt obigen A ufsatzes ist zum T eil in  der unter [29] des Schrifttum s registrier
ten  Arbeit in russischer Sprache erschienen.
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In  den fo lgenden  A usführungen  w erden  jene  E rfah ru n g en  zu sam m en 
g e faß t, die w ährend  d e r  V ersuche gew onnen w urden , d e ren  Zw eck die B eo b ach 
tu n g  des E rosionsein flusses von  K av ita tio n szo n en  h in te r  K reiszy lindern  w ar. 
D ie V ersuche w u rd en  u n te r  B erücksich tigung  des h yd rom echan ischen  M odell
gesetzes d u rch g e fü h rt, m it  dem  Zw eck, den  M aß stab e ffek t der K a v ita tio n s 
erosion a u f G rund  v o n  V ersuchen  zu k lä ren , die m it M odellen von v e rsch ie 
denen  geom etrischen  A bm essungen  u n te rn o m m en  w u rd en .

II . Die Forschungsm ethode

1. Intensität der Erosion

Zur Untersuchung der W iderstandsfähigkeit von  W erkstoffen gegen die K a v ita tion s
erosion werden verschiedene M ethoden verw endet [1].

Im  Flüssigkeitsstrom  durchgeführte Versuche; bei diesen wird der aus dem zu un ter
suchenden Material angefertig te  Probekörper dem  K avitationseinfluß  ausgesetzt; die K a v ita 
tion bildet sich hinter den in  den F lüssigkeitsstrom  eingetauchten Körpern.

Vibrations- und Schallmethoden. Diese betreffen m agnetostrik tiven  Schwingungen aus
gesetzte Probekörper oder m it Schall- und U ltraschallw ellen bestrahlte Probekörper.

Drehscheiben-M ethode. Der Probekörper wird aus dem  zu untersuchenden Stoff ange
fertig t, und auf der O berfläche einer Scheibe, die in F lüssigkeit rotiert, befestigt. A u f der 
Scheibenoberfläche wird ein  hervorspringender Teil angebracht, oder eine Vertiefung erzeugt; 
dahinter entsteht eine K a v ita tio n , und ihrer W irkung setzt m an den Probekörper aus.

Flüssigkeilsstrahl-Schlagmethode. A uf einer Drehscheibe sind Probekörper b efestig t; 
diese werden periodisch dem  Schlag eines m it großer G eschwindigkeit auftreffenden freien  
Strahles ausgesetzt. Es is t  anzunehm en, daß der in dieser W eise verursachte Zerstörungsvor
gang m it dem Z erstörungsvorgang übereinstim m t, der durch K avitation  erzeugt wird [2]. 
Da diese Annahme nicht als eine allgemein anerkannte angesehen werden kann, erschien es 
zweckm äßig, Versuche zu  bevorzugen, die im F lüssigkeitsstrom  von  unmittelbarer W irkung  
ausgeführt werden.

Bei der W ahl der U ntersuchungsm ethoden scheint die Bestrebung gerechtfertigt zu  
sein, das den praktischen Verhältnissen am besten angenäherte Verfahren zu verwenden, und  
zwar ein Verfahren, bei dem  der K avitationsangriff, der durch W irbelbildung in der A blösungs
zone entsteht, untersucht werden kann [3]. D ie dieser Forderung entsprechende und den  
natürlichen Verhältnissen am  besten nahekom m ende M ethode b esteh t darin, daß die W irkung  
der K avitation untersucht w ird, die hinter den Körpern en tsteh t, die durch einen F lüssigkeits
strom  um ström t werden. D er  Angriff der W erkstoffe durch K avitationserosion erfordert 
eine gewisse Energiem enge; daher ist es zweckm äßig, bei U ntersuchungen im F lü ssigk eits
strom  Verhältnisse zu schaffen , bei denen zwischen der In ten sität der Erosion und dem W ider
stand des in F lüssigkeit getauchten  Körpers, bzw. der zur Überwindung des Körperwider
standes aufgewendeten E nergie, die einfachsten B eziehungen bestehen. Daher wurde als erste  
Annäherung ein K reiszylinder-M odell gewählt, und dieses Modell wurde in den M eßkanal 
des hydrodynam ischen K anals eingesetzt (B ild 1 und 2). D iese W ahl ist auch aus dem  Grund  
vorteilhaft, weil die Ström ung als eine zweidim ensionale betrachtet werden kann, und w eil die 
Ström ung um einen K reiszylinder bisher eingehender untersucht wurde als bei allen anderen  
M odellen [4—6].

Es gibt Param eter, die die Intensität der Erosion anzeigen und die m it den hydrodyna
m ischen Parametern der Ström ung in keiner B eziehung stehen [7]. Die E rosionsintensität 
kann näm lich auf Grund nachfolgender Kennzeichen gem essen werden:

a) Tiefe und A usbreitung der Erosionshohlräum e [8, 9];
b) G ew ichtsverlust der Etalons nach einer bestim m ten Zeitdauer [10, 11];
c) Raum verlust, bezogen  auf die E inheit von  Fläche und Zeit [1];
d)  dasselbe wie vorher, jedoch in Gewicht ausgedrückt [12];
e) Anzahl der a u f der Flächeneinheit während der Z eiteinheit entstandenen E rosions- 

H ohlräum e [13];
f )  Raum verlust des E talons, bezogen a u f die kennzeichnenden Abmessungen des 

Körpers [14];
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g )  Verm inderung der Strahlungsintensität von  Isotopen, aufgebracht auf die Ober
fläche des Probekörpers, die dem  A ngriff ausgesetzt is t  [15];

h)  Zeit, die erforderlich ist, um  einen gegebenen und visuell verfolgbaren Zerstörungs
zustand zu erreichen [16].

Die Mehrzahl der aufgeführten Param eter kann man durch M essungen, die an den  
E talons vor und nach den Versuchen durchgeführt werden, bestim m en. D ie Bedingungen und  
Zweckm äßigkeitsgründe beeinflussen im  allgem einen die W ahl der Param eter. So z. B. wurden

B ild  1. Aufnahm e einer hinter einem  K reiszylinder erzeugten K avitationszone; das B ild  
wurde aufgenom m en im  K avitationskanal des Lehrstuhls für W asserkraftm aschinen an der

Technischen U niversität B udapest
x  =  0,85; Re  =  6.6 • 105; A — 198x200 m m 2; d =  48 mm; B elichtungszeit: ( =  5 • 10-5 s

Bild 2. Bild einer hinter einem K reiszylinder erzeugten K avitationszone, aufgenom m en im  
K avitationskanal des Lehrstuhls für W asserkraftm aschinen an der Technischen U niversität

B udapest
я  =  1,23; Re =  6,35 • 105; A  =  198x200 m m 2; d =  48 m m ; B elichtungszeit: 1 =  2 -  10-6  s
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die Versuche m ittels Iso tope  für die K avitationsuntersuchungen an Francis-Turbinen ange
w andt. Außer den obengenannten hat R ata  [17] die Änderung des ohm ischen W iderstandes 
von  E talons infolge von  E rosion gemessen und verband diese Änderung m it dem R aum verlust. 
G o V I V I ) A  R ao [18] schlug für die K ennzeichnung der K avitationserosion dim ensionslose  
Param eter vor. Dieser Param eter ist im  wesentlichen eine V erhältniszahl, die das Verhältnis 
zw ischen der zur Zerstörung eines bestim m ten W erkstoffvolum ens erforderlichen Energie  
und der Energie der zusam m enbrechenden Blasen ausdrückt. D ie Berechnung der Energie 
von  zusam m enbrechenden B lasen kann unter Verwendung der Theorie von  R a y l e ig h  [19] 
nur bei gewissen V oraussetzungen — z. B. die B lasen müssen von einer hom ogenen F lüssigkeit 
um geben sein, ferner m uß eine isotherm ische K om pression vorausgesetzt werden — durch
geführt werden und daher is t  sie unsicher. B ei den Versuchen von  G o v in d a  R ao , die als 
G rundlage für die B estim m ung des Param eters d ienten, bestand die K avitationszone aus 
einer V ielzahl von B lasen, und in dieser W eise is t  eine hom ogene F lüssigkeitsum gebung der 
B lasen nicht gesichert. Der G ovinda R ao’sche Param eter für die K avitationserosion ist von  
einer spezifischen E igenschaft, er hängt näm lich vom  Maß der K avitationsentw ick lung und  
von  der Zeitdauer der K avitationsw irkung ab.

2. Der energetische Parameter

U n te r dem  en erg e tisch en  P a ra m e te r  d er E rosion  [7] v e rs te h t m an  die 
V e rh ä ltn iszah l von  dem  e rod ie rten  V olum en u n d  von  e inem  b es tim m ten  T eil 
des K a v ita tio n sw id e rs ta n d e s  des M odells. D ie M aßeinheit des energetischen  
P a ra m e te rs  b e s te h t au s  dem  rez ip roken  W e rt der B ruchenerg ie  des W e rk 
sto ffes von  einem  E in h e itsv o lu m en . D ieser P a ra m e te r  — im  G egensatz  zu 
allen  in  den v o rh e rg eh en d en  A usfüh rungen  au fg e fü h rten  P a ra m e te rn  — h ä n g t 
n ic h t von  einem  gegebenen  K a v ita tio n sz u s ta n d  ab , u n d  im  F a ll eines gege
b en e n  W erkstoffes w ed er von der S tröm u n g sg esch w in d ig k e it, noch  v o n  den 
M odellabm essungen , u n d  auch  n ich t v o n  den  R eyno lds’schen  u n d  W eb er’schen  
Ä h n lich k e itsk rite rien . D er reziproke W e rt des energetischen  P a ra m e te rs  e rg ib t 
d en  w irk lichen  K a v ita tio n sw id e rs ta n d  des W erkstoffes, d er e iner K a v ita tio n s 
erosion  u n te rw orfen  is t , im  G egensatz zu  den  anderen  P a ra m e te rn , m it deren  
H ilfe  lediglich der re la tiv e  E ro sio n sw id erstan d  des S toffes b e s tim m t w erden  
k a n n , m it anderen  W o rte n , m an k a n n  n u r  den  W id e rs ta n d  des e inen  Stoffes 
m it dem  des an d eren  vergleichen.

Im  E in k lan g  m it V ersuchen , die ü b e r  die B ru c h a rb e it bezogen a u f  das 
E in h e itsv o lu m en  v o n  M etallen  d u rc h g e fü h rt w urden  — d e ra rtig e  V ersuche 
h a b e n  G i l l e m o t  u n d  S i n a y  u n te rn o m m en  [ 2 0 ]  — w onach  die B ru c h a rb e it 
u n ab h än g ig  is t v o n  d e r A rt der m echan ischen  K rä f te , die den  B ru ch  v e r 
u rsa c h e n  u n d  sie is t  au c h  p rak tisch  u n a b h ä n g ig  d av o n , w ieviel au fe in an d er 
fo lgende B ean sp ru ch u n g en  die B ru c h a rb e it ergeben , au ß e rd e m  is t sie fü r  jed en  
S to ff  v o n  k o n s ta n te m  W e rt — erm ö g lich t der energetische  P a ra m e te r  ein  
gegenseitiges V e rh ä ltn is  zw ischen d er B ru ch a rb e it, d ie aus K a v ita tio n s-  
K rä ftew irk u n g en  s ta m m t u n d  der aus m echan ischen  K ra ftw irk u n g e n  sich 
e rg eb en d en  B ru c h a rb e it. Bei M etallen, die se lb st im  K a v ita tio n sz u s ta n d  keine 
N eigung  zur chem ischen  K orrosion aufw eisen , w ird  die B ru c h a rb e it aus 
K a v ita tio n sb e a n sp ru c h u n g en  h e rrü h re n d  h ö ch stw ah rsch e in lich  id en tisch  sein 
m it d er B ru ch a rb e it, d ie sich aus den  m echan ischen  K rä f te n  e rg ib t. Sofern 
a n  d e r Z erstö ru n g  v o n  M etallen  im  V e rla u f  der K a v ita tio n  au ch  K orrosions-
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W irkungen b e te ilig t s in d , m uß die m it  H ilfe  des energe tischen  P a ra m e te rs  
b e s tim m te  B ru c h a rb e it noch um  diese  W irk u n g en  e rh ö h t w erden, u n d  in  
d ieser W eise e rh ä lt m a n  das neue K en n ze ich en  der ph y sik a lisch -m ech an isch en  
E ig en sch aften  von  M etallen : den K a v ita tio n sw id e rs ta n d .

Im  Sinne der D efin itio n  von S c h a l n e w  [7] k an n  d er energetische P a r a 
m ete r d u rch  fo lgende B eziehung a u sg e d rü c k t w erden:

A K
A V  107

36 ACx hdqœ v„ y
[ /a3 k p  1 n t  1] ;

/j л  2
A V  = ---- —  [m m :i ft“ 1] ; qm == —“ [m ] ;

7s*  2 g

ACX =  Cxc - C x +  \AC' I .

( 1 )

In den G leichungen bedeuten: A V  das Volum en der erodierten Stoffm enge; AG G ew ichtsverlust 
des der K avitation  ausgesetzten  Etalons während der Zeitdauer t ; ys spezifisches G ew icht des 
E talon-Stoffes; d Durchm esser des Zylinders; h H öhe des Zylinders; vm Ström ungsgeschw indig
keit im  durch den Zylinder verengten Q uerschnitt; y  spezifisches Gewicht der F lüssigkeit; 
CxW iderstand des Zylinders ohne K avitation; Gxc W iderstand des Zylinders im K a v ita tio n s
fall; ACÍ ein gewisser A n teil des K avitationsw iderstandes, den m an durch die B eziehung  
Cxc — Cx = / (  W ), d. h. durch das E xtrapolieren der Weber’sehen Zahl bis zum W ert W  =  0 
erhält. D ie Weber’sche Zahl lautet: W  =  gv2a>d /a  w obei p die F lüssigkeitsdichte, er die Ober
flächenspannung bedeuten.

3. Der M aßstabeffek t

D er energetische P a ra m e te r  e rm ö g lich t die B estim m u n g  des M a ß s ta b 
effek tes, d . h . a u f  G ru n d  des M odellversuches k a n n  m an  den  V o lum enverlu st 
des M ateria ls , der am  W erkstück  m it d en  w irk lichen  A bm essungen  a u f t r i t t ,  
fests te llen . Sofern die K a v ita tio n sv e rh ä ltn is se  geom etrisch  ähnlich  u n d  au ch  
die F lü ssig k e iten  id en tisch  sind, d a n n  e rh ä lt  m an  beim  V ergleich des A u s
d rucks, bezogen a u f  das Modell u n d  a u f  die w irk lichen  A bm essungen (1), 
folgende B eziehung:

AVn =  AV m L a V ß, (2)

wobei L  ein auf die linearen Abmessungen des M odells und auf die K avitation  bezogener M aß
stabwert ist, und V  einen M aßstabwert, bezogen auf die Ström ungsgeschwindigkeit, bedeutet.

D ie B eziehung (2) g ib t die B e d in g u n g en  an , die bei der D u rch fü h ru n g  
von  M odellversuchen  ü b e r K av ita tio n se ro s io n  b e rü ck s ich tig t w erden m üssen . 
Bei den  d er G leichung (1) en tsp rech en d  d u rch g e fü h rte n  V ersuchen e rg ab en  
sich die E x p o n e n tw e rte  a =  3 u n d  /3 =  5.

D iese W erte wurden auch durch die V ersuche anderer Autoren bestätigt. K n a p p  [13]  
führte Versuche aus an achsensym m etrischen M odellen und an Turbinen wirklicher Abm essung  
[2 1 ], wobei er die In ten sität der K avitationserosion a u f Grund der Zahl der entstandenen H oh l
räume abschätzte, und w obei der Wert von /3 4 4 - 6  betrug. A uf Grund ihrer Versuche, die 
von K e r r  und R o s e n b e r g  unter Anwendung von  Isotopen im  M aßstab 1 : 1 durchgeführt 
wurden, nehm en sie an [1 5 ], daß der w ahrscheinlichste W ert / 3 = 5  sei. R a t a  stellte bei seinen
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Tafel I

r, AV„ A V „ AV,„ AV„. AVlt
m/s mm8/h mm*/h mm3/h mm3/h AV,

14 0,18 1,74 — 73,4 9,7 3,28

17 0,76 4,50 48,2 — 6,0 2,58

20 1,78 15,42 101 — 8,5 3,09

23 2,56 19,2 — — 7,4 2,89

a mittl. 2 ,96

Versuchen [17], die m it voneinander nicht allzu sehr abweichenden G eschwindigkeiten durch
geführt wurden, E xponentenw erte für ß  =  4 -h 8 fest. G o v in d a  R a o  [18] fand bei seinen m it 
Zylindern angestellten V ersuchen die W erte ß — 5,3 -j- 8, und bei den Versuchen m it rech t
eck igen  Prismen ß  — 4 8 E xponentw erte.

D er au f G ru n d  u n se re r  V ersuche festg este llte  E in flu ß  der M odellab 
m essungen  w urde in  d e r  T afel 1 d a rg e s te llt . In  dieser T afel sind  fo lgende 
W e rte  angegeben: das V olum en der e ro d ie r te n  S toffm enge bei v ie r Z y lin d ern  
v o n  versch iedenen  A bm essungen , u n d  die h ie rau s  geb ildeten  zehn V e rh ä ltn is 
zah len  bei v ier v e rsch ied en en  G eschw ind igkeitsw erten . A us diesen D a te n  k a n n  
d e r  E rfah ru n g sw ert v o n  a  b estim m t w erden . D ie m ittle ren  W erte  der V o lu m en 
v e rh ä ltn isse  ergeben  e in en  W ert von  a —  2,95, der dem  th eo re tisch en  W e rt 
v o n  a =  3 n a h e s te h t.

Mit der in dieser W eise durchgeführten U ntersuchung des E influsses der A bm essungen  
haben  sich andere noch n icht beschäftigt. K n a p p  [13] bestreitet den E influß der A bm essungen  
a u f die Intensität der E rosion. D ie Streuung der Ergebnisse weist vor allem  darauf hin , daß  
m an sehr sorgfältig die B estim m ung von allen jenen  W erten an der Versuchsanlage vornehm en  
m uß , die kennzeichnend für die Intensität der E rosion sind.

I I I . V ersuchseinrich tungen

1. Die Wasserkanäle

Die V ersuche ü b e r die K av ita tio n se ro s io n  w erden in  den  m it G T —3 u n d  
G T —2 b ezeichneten  W asse rk an ä len  des M echanischen  In s t i tu ts  (IM) der W is
senschaftlichen  A k ad em ie  der S ow je tun ion  u n d  in  den  W asse rk an ä len  d e r 
A kadem ie  der W issen sch aften  in  U n g a rn , die sich am  L e h rs tu h l fü r  W a sse r
k ra ftm asch in en  d er T echn ischen  U n iv e rs itä t  B u d ap est b e fin d en  [22], au sg e 
fü h r t .  Alle die h ie r au fg e fü h rte n  K anäle  h a b e n  einen geschlossenen W asse r
k re is lau f, und  die W asse rz irk u la tio n  e rfo lg t durch  P u m p e n b e tr ie b . D ie 
R egelung  der S tröm ung sg esch w in d ig k e it w ird  a u f  dem  W ege der R ege lung  
des e lek trischen  A n trie b s  d u rch g efü h rt. D er D ru ck  k an n  u n ab h än g ig  v o n  d e r
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AV „ a
A V 2i

a A Vf g 
A V ь a A V ,,

a
A V . A V 12 A V "

— — — - 4 0 8 2 ,8 9 4 2 ,3 2 ,7 0

6 3 ,5 2 ,9 9 1 0 ,7 3 ,4 2 — — — —

57 2 ,9 2 6 ,6 2 ,7 2 — — — —

— — — — — — — —

2 ,9 6 3 ,0 7 2 ,8 9 2 ,7 0

E  «m it t l .  =  2 , 9 5

G eschw indigkeit g eregelt w erden. Im  K a n a l der T ech n isch en  U n iv e rs itä t 
B u d a p e s t b e trä g t die h ö c h s te  erreichbare G eschw ind igkeit in n e rh a lb  der M eß
strecke  von  der G röße 2 0 0 x 4 8  m m 2 d en  W e rt von  18 m /s. In  den K an ä len  
des IM  k a n n  die G eschw ind igkeit in  den  M eßkanälen  v o n  versch iedenen  
A bm essungen  in  den G ren zen  von 0—25 m /s v e rä n d e r t  w erden . D en  Q u e rsch n itt 
des M eßkanals vom  K a n a l d e r T echnischen U n iv e rs itä t B u d a p e s t zeigt das B ild  3.

B ild  3. Der M eßkanal m it eingebrachtem  E ta lon  im  K avitationskanal des Lehrstuhls für  
W asserkraftm aschinen an der Technischen U n iversitä t Budapest. D ie Q uerschnittsm aße der 

M eßstrecke sind: A  =  48x200 m m 2; Durchm esser des Kreiszylinders: d =  48 mm
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2. Der K onfuser

D er K onfusor is t zw ischen dem  D ru c k b e h ä lte r  u n d  d e r M eßstrecke u n te r 
g e b ra c h t. D en in  den  K a n a l e in g eb au ten  K onfuso r h a t  m an  seh r große F o rd e ru n 
g en  zu  ste llen , da d er C h a rak te r d e r S trö m u n g  in  dem  M eßkana l von  ih m  b e 
s t im m t w ird. D er K o nfuso r m uß  d a h e r  so ausgeb ildet w erd en , d aß  er im  v o llen  
Q u e rsc h n itt  des M eßkanals die g rö ß tm ö g lich ste  G leichm äßigkeit sichere, d . h . 
d ie  G eschw ind igkeitsänderungen  in  L ängs- u n d  Q u errich tu n g  m in im al seien . 
D iese r U m stan d  k a n n  du rch  die e n tsp rech en d e  A u sfü h ru n g  des S trö m u n g -

B ild  4. Konfusor vor dem  M eßkanal im  K avitationskanal des L ehrstuhls für W asserkraft
m aschinen der Technischen U niversität B udapest. Abm essungen des A ustrittsquerschnitts:

A  =  48x200 m m 2

q u e rsc h n itte s  e rre ich t w erden . D as У erengungsV erhältn is vom  E in- u n d  A u s
t r i t tq u e r s c h n i t t  des K onfusors w urde  a u f  G ru n d  der einsch läg igen  U n te rsu c h u n 
gen  von  P r an dtl  [23] festg este llt. D as L ängsprofil des K onfusors b e s te h t  
a u s  zwei K u rv en . Die a u f  der E in tr i t ts s e i te  befindliche K u rv e  sich ert e in en  
en tsp re c h e n d en  A nsch luß  fü r die a u s tr itts se itig e  K urve  des K onfusors, d e ren  
P ro f il n ach  W it o sz y n sk i [24] b e re c h n e t w urde (B ild 4).

U m  die E n ts te h u n g  einer W irbelzone zu verm eiden , h ab e n  w ir die L än g e  
des zw eiten  Teiles vom  K onfusor, d e r sich  in  der M eßstrecke b e fin d e t, im  W e rt 
v o n  1 =  3 d  au sg efü h rt. D en K o n fu so r verw enden  w ir — n ach  der E ich u n g  — 
z u r  M essung der d u rch  die M eßstrecke strö m en d en  F lüssigkeitsm enge hzw . 
d e r  G eschw indigkeit.
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3. M e ß k a n a l

Bei den  e rw äh n ten  drei W asse rk an ä len  w u rd en  zu r D u rch fü h ru n g  d er 
V ersuche ü b e r  K av ita tio n se ro s io n  M eß streck en  m it v ie r versch iedenen  Q u er
sch n itten  v e rw en d e t. Die Q u ersch n ittsab m essu n g en  der M eßstrecken  b e tra g e n :

a) In  den  K an ä len  des M echanischen  In s t i tu ts :  6 x 2 5 ;  1 2 x 5 0 ;  
2 4 x 1 0 0  m m 2;

b) Im  K a n a l der T echnischen U n iv e rs itä t  B u d ap es t: 4 8 x 2 0 0  m m 2.

Die weiteren Ausführungen geben über den M eßkanal m it dem  Querschnitt 48 X 200 
mm2, die in den K avitationskanal des L ehrstuhls für W asserkraftm aschinen an der BM E  
eingebaut ist, A uskunft. Das Gerüst des M eßkanals wird von zwei Stahlrahmen gleicher A b
messung gebildet; diese Rahm en werden durch an Ecken angebrachten vier E insatzstücken  
voneinander in einer Entfernung von 48 m m  gehalten . Der Profilquerschnitt, begrenzt durch  
die E insatzstücke und die Rahm enkanten, beträgt 48 X 200 mm2. D ie beiden Enden des M eß
kanals sind m ittels Flanschverbindungen an einen Teil, der auch den Konfusor en thält, bzw . 
an den D iffusor angeschlossen. Die Stahlrahm en lassen Öffnungen frei, in denen entsprechende  
Schließstücke angebracht werden können. Zwecks visueller B eobachtung und zum F otogra
fieren sind drei Seiten m ittels P lexiglas, und die v ierte  Fläche m it einer, eine weitere Öffnung 
enthaltenden V ollscheibe abgeschlossen. In die Ö ffnung der letztgenannten Vollscheibe kann  
der für die U ntersuchungen angefertigte E talon sam t Etalonhalter eingeführt werden. In dieser 
W eise kann das E in- und Ausmontieren der E ta lons einfach durchgeführt werden.

Der für die Durchführung der M essungen verw endete E talon besteht aus zwei T eilen, 
aus der sog. Tragscheibe und aus der gewalzten B leip latte , die der Erosion ausgesetzt wird. 
Die Bleiplatte wurde m it Hilfe eines M etallklebers a u f der G rundplatte, die aus einer A lum inium 
legierung besteht, befestigt. In dieser Grundplatte befinden sich Bohrungen, um sie am E ta lo n 
halter befestigen zu können.

Der K reiszylinder wurde aus Bronze m it großer M aßgenauigkeit angefertigt, und die 
Oberfläche sehr sorgfältig bearbeitet. Das eine E nde des K reiszylinders ist, wie aus dem  Bild  
ersichtlich, im  E talonhalter befestigt, das andere Ende dagegen ragt in die für diesen Zweck  
angefertigte Bohrung des auf der gegenüberliegenden Seite vorhandenen Plexifensters hinein.

4. Die Gestaltung des Diffusors

Die G estaltung des Diffusors wurde m it großer Sorgfalt vorgenom m en, m it R ücksicht 
darauf, daß vom  Standpunkt der K avitation der D iffusor der em pfindlichste Punkt des W asser
kanals ist, wobei er gleichzeitig die Q ualität des K anals bestim m t. Von diesen Überlegungen  
ausgehend haben wir den Öffnungswinkel des D iffusors m it 7° gew ählt, also kleiner als er bei 
W indkanälen em pfohlen wird. Um den D iffusor leicht hersteilen zu können, besteht er aus 
mehreren T eilen, m it R ücksicht darauf, daß ein Übergang vom  Vierkantprofil in ein K reis
profil sta ttfind en  m uß.

IV. B estim m ung der grund legenden  W erte

1. B estim m ung  der Geschwindigkeit im  Meßquerschnitt

Die m ittlere Geschwindigkeit der Ström ung bestim m t m an im  allgem einen im  Quer
schnitt vor dem  M odell auf Grund der durchgeström ten W asserm enge, die in verschiedener  
Weise (m ittels M eßflansches, mit Venturim esser) gem essen werden kann. Die G eschwindigkeit 
kann man auch m it H ilfe des Druckwertes bestim m en, den man in einer Bohrung erhält, die 
in der Ström ungsachse am Zylinder ausg^führt ist. Im  W asserkanal kann die Bestim m ung der 
G eschwindigkeit auf Grund folgender Überlegungen vorgenom m en werden. Bezeichne man 
m it p, den am  E in tr itt des Konfusors herrschenden Druck, 

p 2 den am  A u stritt des Konfusors meßbaren Druck, 
p 3 den Druck am E intritt der Meßstrecke,
p 4 den an der W and der Meßstrecke in einem  der M ittellinie des Zylinders entsprechenden  

Punkt m eßbaren Druck, wenn der Zylinder n icht in den M eßkanal eingesetzt ist.

7* Acta Techn. Hung. 51 (1965)



3 7 0 J . VARGA u. M itarb.

Bezeichnet m an den Druck, der am vorderen Punkt der M ittellinie des in die Ström ung  
ein gesetzten  Zylinders m eßbar ist, m it p f, dann m uß man die Beziehungen

Рз — Pi =  f (P l — Pi)
oder

Рз — P i =  f (P i — Рз)

( p 3 — Pc)  — (Рз — Pi)  =  4 =  f(P i — Рз)

experim entell erm itteln, wobei q =  v%/2g ist, und dann m it Hilfe eines graphischen Verfahrens

«o =  f (P i — Рз) . «о =  У2ёЧ
[25] bestim m en.

Bei Berücksichtigung der Q uerschnittsverengung, verursacht durch den Zylinder, 
ergibt sich

b

w obei b die Breite der M eßstrecke bedeutet. B ei der Auswertung der Versuchsergebnisse  
verw enden wir folgende Geschwindigkeiten: v ist die M ittelgeschw indigkeit vor dem  M odell; 
rro die unter Berücksichtigung der Q uerschnittsverengung der Ström ung erhaltene m ittlere  
G eschwindigkeit; v0 die in der M ittellinie der Ström ung vorhandene G eschwindigkeit; v „ 0 die 
in der M ittellinie der Ström ung, unter Berücksichtigung der K analverengung, sich ergebende 
G eschwindigkeit. D ie genaue Bestim m ung der G escbwindigkeitswerte bedeutet eine sehr 
w ichtige Aufgabe, denn das Volum en der erodierten Stoffm enge hängt von der Potenz ß =  5 ab.

2. Die Druckbestimmung im  Meßquerschnitt

Der Druck im  M eßquerschnitt p 4 kann nicht unm ittelbar bestim m t werden. Im  V erlauf 
der Versuche wird m ittels M essung der Druck p 3 vor dem  Modell bestim m t. Unter Verwendung  
der Beziehung

Рз -  Pi = f ( P i  — Рз) >

die wir bereits vorher in  der M eßstrecke, im  Falle der Ström ung ohne eingesetzten Zylinder, 
gefunden haben, ergibt sich der genannte Druck aus der Gleichung p 4 =  j>3— (p3 — p 4) und 
dam it wurde die Druckverm inderung zwischen den Punkten 3 — 4 der M eßstrecke berück
sich tigt.

3. Bestim m ung  der Kavitationszahl ( к )

Die Erm ittlung der K avitationszahl ist für Bestim m ung von ACX erforderlich. D iesen  
W ert kann man m it oder ohne Berücksichtigung der Verengung bestim m en. Im  ersten F all ist

УЧп

w obei Poo =  p 4, qn die G eschwindigkeitshöhe bedeutet, die nach der oben angeführten M ethode 
(s. IV . 1) gefunden wurde. p d ist  der Druck des W asserdam pfes bei der gegebenen Tem peratur, 
und у  das spezifische G ew icht des Wassers.

4. Länge der Kavitationszone

Die Länge der K avitationszone m ißt m an m ittels der Entfernung, die von der M ittel
lin ie  des Zylinders bis zum  Ende des zusam m enhängenden Teils reicht, und die m it lc bezeichnet 
wird. In dim ensionsloser Form  ausgedrückt ergibt А =  IJd  die sog. relative Zonenlänge, 
w obei d  den Zylinderdurchm esser bedeutet.
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5. Die B estim m u n g  von ACX

Für die Bestim m ung von ACX verw endet m an die Beziehungen Cx(Re , x) und K(x). 
Darüber fin d et man mehr in  [4] und [7] (B ild  5 und 6). Es ist w ünschenswert, die dort ange
gebenen D aten sowohl aus dem  Bereich der großen als auch der kleinen Reynolds 'sehen Zahlen 
zu erweitern, dam it wir für die Werte von Cx m öglichst zuverlässige Zahlen erhalten. Die

B ild  5. E influß der Reynoldschen Zahl und der K avitationszahl auf 
den Zylinderw iderstandszahl 

Re =  4-^8 • 104, d =  5 ,10 m m ; Re =  1 1 -M 6 -1 0 4, 
d — 20 mm; Re =  18-Í-23 • IO4, d =  30 mm;

Re =  25-1-30 • 101, d =  40 mm;
Re =  30-Í-43 • 104, d =  50 mm.

B ild  6. E influß der K avitationszahl und des Zylinderdurchmessers auf die Länge
der K avitationszone

einfachste, und gleichzeitig auch die genaueste M ethode für die B estim m ung von Cx besteht 
in der E rm ittlung der Druckverteilung im  M ittelquerschnitt des M odells. Bei B estim m ungen, 
die in anderer W eise vorgenom m en werden, w ie  z. B. bei der unm ittelbaren K raftm essung, 
führen die in der E inrichtung notw endigerw eise vorhandenen Spalte zur Verzerrung der 
Ström ung.
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Die Funktionen Cx =  CX(W) und Cxc =  Cxc(W ) (B ild 7) können auf Grund der B ezie
hungen Cx(Re, x) und /■('') dargestellt werden. Im  Sinne der B eziehung (1) muß man zwecks 
B estim m ung des W ertes v o n  ACX auch das Glied AC'X bestim m en, das identisch ist m it dem  
absoluten  Wert einer G röße, die dadurch gew onnen wird, daß m an als Funktion von W  die 
D ifferenzen Cxc(W ) — G'x( W) bildet, und daraus durch Interpolation die Gerade erhält, d ie  
dann durch E xtrapolation  b is W  =  0 im  n egativen  Bereich der Ordinate Cx die genannte  
Größe abschneidet.

Bild  7. D ie  W erte von Cx, Cxc, ACX und A V  in Abhängigkeit 
von der W eberschen Zahl (IV)

6 . Die B estim m ung  von A V

Das Volum en des erodierten Materials kann m an aus dem  G ew ichtsverlust AG, ferner  
aus der Zeitdauer г  des V ersuches erm itteln, d. h.

A V = - ^ ~  [m m 3 h - 1] ,
Vsr

w obei y s das spezifische G ew icht des E talonm aterials bedeutet. Zwecks Vermeidung von Irr- 
tüm ern ist es w ünschensw ert, die Beziehung A V  : / (  11) bereits vorher, auf Grund von  V er
suchen zu bestim m en, u n ter  Gewinnung einer entsprechenden A nzahl von W erten für A V .  
A us den M ittelwerten der gewonnenen A V  W erte kann die B eziehung A V  — / ( W)  konstruiert 
werden (s. Bild 7).

7. Die B estim m ung  von AG

Die im  V erlauf der Versuche am E talon entstehende Gewichtsverm inderung kann durch  
— m it entsprechender G enauigkeit durchgeführten — W ägung vor und nach dem  V ersuch  
bestim m t werden. D ie  G enauigkeit der W ägung hängt vom  W ert AG  ab. Die annehm bare  
G enauigkeit der W ägung kann — im Vergleich zur Bestim m ungsgenauigkeit von anderen  
W erten — eine Toleranz v o n  ± 1 %  aufweisen, wir konnten jedoch  im  Verlauf der V ersuche, 
insbesondere bei E ta lons großer Abmessung, die Bestim m ung m it einer wesentlich größerer 
G enauigkeit vornehm en (+ 0 ,1 % ).
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8 . Die B estim m ung  von t

D ie Versuchsdauer wird von  dem  Versuchszw eck und von den Faktoren bestim m t, die 
die G enauigkeit der Versuchsergebnisse beeinflussen (s. K apitel V). Sofern man Versuche  
ausführt, bei denen, hei konstanten W erten von d und Ä, die Geschwindigkeit verändert w ird, 
dann wird die Zeitdauer der Versuche von  der Zeit bestim m t, die zum  Erreichen des gleichen  
G ew ichtsverlustes erforderlich ist. In dem  Fall jedoch, wenn auch die Abm essungen des 
M odells verändert werden, wird die Zeitdauer der Versuche von der B eziehung AGn/AGm L 3 
bestim m t.

9. Die W assertem peratur

D ie W assertem peratur wird m it einem  Quecksilbertherm om eter gem essen, das sich  
in einer m it Öl gefüllten Bohrung des K onfusorflansches befindet.

10. Weitere Werte

Der barom etrische Druck wird m ittels eines Q uecksilberbarom eters gem essen. D ie 
jenigen W erte, die zur Berechnung der Beziehungen (1) und (2) erforderlich sind, wie z. B . 
das spezifische Gewicht des W assers y ,  das spezifische Gewicht des Etalonm aterials y  s. der 
Druck des W asserdam pfes p^, die O berflächenspannung a,  die kinem atische V iskosität des 
W assers v, werden aus Tabellen, die die entsprechenden physikalischen K onstanten  enthalten , 
entnom m en.

V. F ak to ren , die die G enauigkeit der E rgebnisse beeinflussen

1. E in f lu ß  des Luftgehaltes

M it m agnetostriktiven E inrichtungen wurden K avitationsversuche m it verschiedenen  
W assersorten durchgeführt ( N o v o t n y  [26]); die Ergebnisse zeigen, daß der L uftgehalt des 
W assers einen erheblichen E influß auf die In ten sität der Erosion ausübt. In destilliertem  
W asser is t  der Erosionsverlust um  etw a 80%  größer als im  Leitungswasser. D ie im  L eitungs
wasser sich ergebenden E rosionsverluste verm indern sich etwa um  30% , wenn im  W asser  
Luft durchgelassen wird. Aus diesen Erfahrungen fo lgt, daß man die U ntersuchungen über 
K avitationserosion m it einem  W asser von  unverändertem  L uftgehalt durchführen m uß. 
Daher ist die K onstruktion der für die Versuche verw endeten W asserkanäle so ausgeführt, 
daß im  Druckbehälter die W asseroberfläche in keine unm ittelbare Berührung m it der L uft 
kom m t, und das W iederauffüllen des K anals m it W asser erfolgte im m er m it einem  W asser  
von kon stan ten  E igenschaften.

2. E in f lu ß  der Tem peratur

Im  V erlauf unserer Versuche [3], als wir die Abm essung und den Zustand der K a v ita 
tionszone, ferner die Ström ungsgeschwindigkeit au f konstanten W erten hielten , konnten wir 
festste llen , daß bei der Schwankung der W assertem peratur zwischen den Grenzen von 10 26
°C die In ten sitä t der Erosion sich um  0 4 - 7%  verm inderte (B ild 8). In Fällen, bei denen wir 
die Schw ankungen der W assertem peratur auf W erte zwischen 1 -r-8 °C beschränkten, war der 
E influß der Tem peraturerhöhung vollkom m en belanglos. Im  Verlauf unserer Versuche haben  
wir Tem peraturschw ankungen von  ^ 5  °C zugelassen.

3. E in flu ß  des K avita tionszustandes

N ach unseren U ntersuchungen [3] zeigt sich das M axim um  der E rosionsintensität im  
Falle der K avitation  hinter einem  Kreiszylinder bei einem  Wert von Я =  3 der Zonenlänge 
der K avitation  (Bild 9). D ie E rosionsintensität verm inderte sich etwa um  25%  bei Änderung  
der W erte von  Я =  3 bis zu Я =  2, und bei Änderung des Я-W ertes bis zu Я =  4 m indestens 
um  16% . D iesen U m stand berücksichtigend kann bei der Bestim m ung von  AG  ein m axim aler  
Fehler von  Öq =  ± 5 %  auftreten.
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4. E in f lu ß  der Abm essungsverhältnisse des Modells

Bei unseren Versuchsbedingungen ist der E influß des Größenverhältnisses von l /d  im  
wesentlichen identisch m it dem  Einfluß der B reite des M eßkanalquerschnittes. Aus unserer 
Forschungsarbeit geht hervor [1], daß die In ten sitä t der Erosion ihren m axim alen W ert bei 
einem  Größenverhältnis von  l /d  =  1 erreicht (B ild  10). Die In ten sität der Erosion verm indert

t[°C]

B ild  8. Die ausgeglichenen Funktionen des relativen  Volum ens der Erosion [z1F//1Fmax] bzw. 
der relativen O berfläche der Erosion [ f / /m a x ]  und der W assertem peratur (t °C)

B i ld  9. Die ausgeglichene Funktion des relativen  Volum ens der Erosion [zl F/zl Fmax] und der 
relativen Länge der K avitationszone (A)

1. Bei der G eschwindigkeit v0 =  14 m /s,
2. bei der G eschwindigkeit v() =  17 m /s,
3. bei der G eschwindigkeit v0 =  20 m /s.

sich  plötzlich m it der Erhöhung der Proportion von l/d.  Bei der Vergrößerung des Verhältnisses 
von  l /d  um 10% verm indert sich die In tensität der Erosion gleichfalls um 10%; erhöht man 
dagegen den W ert der Verhältniszahl von l /d  um 30% , so geht die Intensität auf ein D rittel 
oder ein Viertel ihres W ertes zurück. Im V erlauf unserer Versuche konnten wir die V erhältnis
zahl l /d  m it einer G enauigkeit von ^ 1 %  einhalten , und in dieser W eise entstand bei der B estim 
m ung von zIF höchstens ein  Fehler, der geringer als 1% war.
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5. E in f lu ß  der Zeitdauer des Versuches

W enn man die B eziehung \ G ( t ) für versch iedene Metalle bestim m t, so kann man fe s t
stellen, daß bei den elastischen Metallen in der Anfangsperiode des Angriffs eine sog. Inkuba
tionsperiode zu beobachten is t , und während dieser Periode findet lediglich eine Deform ation  
der Oberflächenschicht ohne Gewichtsverm inderung (K altverfestigung) sta tt. Eine derartige 
G ewichtsverm inderungskurve zeigt das Bild 11. B ei den verw endeten Bleietalons w ächst der 
Wert AG als Funktion der Zeit bis zu einem gew issen  Grad ungefähr linear. In diesem Z eitab
schnitt bilden sich auf der M aterialoberfläche ausgeprägte erodierte Oberflächen, im  allge
m einen in  Form von kreisrunden Vertiefungen. D a angenom m en werden kann, daß in  der 
U m gebung der Vertiefungen, die durch K avitationsangriff aufgetreten sind, weitere örtliche

0 Qfl 7,6 / f d

Bild 10. D ie ausgeglichene F unktion des relativen  V olum ens der Erosion [.z1F/zlFmax] und der 
relativen  Abm essungen des M odells [I/d]

K avitation  sich m eldet, erscheint es erforderlich, im  Interesse der Vergleichbarkeit der V er
suchsergebnisse, aus der Z eitdauer der Versuche den Z eitabschnitt herauszugreifen, während  
dem  sich nur noch die W irkung der K avitationserosion, verursacht durch das ursprüngliche 
Ström ungsbild, zeigt.

6 . E in f lu ß  der Oberflächengüte der E talons

E influß der O berflächengüte der Etalons wurde bereits im  V erlauf der früher durchge
führten Versuche geklärt [7]; bei diesen Versuchen wurden Vergleichsuntersuchungen m it 
E talons von  verschiedener Oberflächenrauhigkeit durchgeführt. N ach den so gewonnenen E r
fahrungen muß man im  In teresse der Vergleichbarkeit der Versuchsergebnisse diese Versuche  
immer m it Etalons von der gleichen Oberflächengüte durchführen.

7. E in flu ß  des Versuchsbereiches

W ie bereits vorher erw ähnt, wurde von verschiedenen Forschern der E xponentenw ert 
des M aßstabfaktors im  B ereich  von / 3 = 4 4 - 8  erm ittelt. Die D aten  der ausgedehnten V er
suche von  GoviNDA R a o  [27] verwendend, kann m an zu dem Ergebnis gelangen, daß sowohl 
im  Fall des in die Ström ung eingesetzten Zylinders als auch bei den im  Venturirohr ausgeführ
ten  Versuchen sich ein E xponentenw ert von / 3 = 5  ergibt, wenn man die extrem  kleinen  
Geschwindigkeitswerte vernachlässigt. Einige V ersuche wurden lediglich bei drei Geschwindig
keiten ausgeführt — was offensichtlich  zu wenig ist — unter B erücksichtigung des U m standes, 
daß die Beziehung AF(ti) graphisch bestim m t w urde. Der aus den K alaschen Versuchen sich  
ergebende sehr breite B ereich  / 3 = 4 4 - 8  des E xpon en ten  kann gleichfalls m it den zufälligen  
Fehlern erklärt werden, denn bei diesen V ersuchen lagen die Geschwindigkeiten den W erten  
V =  30 4 -  40 m /s nahe.
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8 . Der größte mögliche Fehler bei der B estim m ung von A  V0 und  A V n

E ine annähernde Berechnung verw endend [28] kann man bei der B estim m ung v o n  
A V 0 für den dabei sich ergebenden größten m öglichen Fehler folgenden Ausdruck anschreiben:

fü r  A V „
ö0 =  Öq +  <5T ±  ôçx +  <5/i +  +  3<5j, +  <5g +  öy  ;

ön =  öm +  3<5l +  50v  =  Öm +  3 • 2d, +  5 • 2 <5„0 .

D ie  Indizes bezeichnen die m axim al m öglichen Fehler der in Frage stehenden W erte. B ei der 
B estim m ung von Öq darf m an nicht nur aus der Genauigkeit der E talonw ägung a u sgeh en ,

B ild  11. Die Versuchsfunktionen des erosiven G ewichtsverlustes AG  und der Zeitdauer der
Erosionsuntersuchung (r)

sondern auch davon, w iew eit 7, l /d  und andere, oben genannte Faktoren einen konstanten  W ert 
beibehielten . A uf Grund dieser Überlegungen kann man folgendes errechnen:

<5„ =  0,05 +  0,01 +  0,05 ±  0,005 +  0,005 +  3 • 0,02 +  0 +  0 =  0,18 ^  ± 1 8 %

und
<5„ =  0,06 +  3 ■ 2 • 0,005 +  5 • 2 • 0,02 =  0,29 ^  ± 3 0 %  .

B ei diesen relativ hohen W erten der m öglichen Fehler wird die in dem  Bild A V 0( W )  darge
ste llte  Streuung der Versuchswerte von A V 0 verständlich  [7]. Besonders groß kann der Fehler  
bei der Bestim m ung der E rosionsintensität w erden, wenn die Versuche an wirklichen M aschinen  
ausgeführt werden.
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VI. Fo lgerungen

Bei der U n te rsu ch u n g  des M aß stab effek tes  d er K av ita tio n se ro s io n  h a t  
m an  besondere A u fm erk sam k eit zu r ic h te n  auf:

a)  die G en au ig k e it der B estim m u n g  des K a v ita tio n sw id e rs ta n d e s  u n d  
der S tröm ungsgeschw ind igkeit, fe rn er a u f  die E rm ittlu n g  des V o lu m en v er
lustes du rch  die E rosion ;

b) das E in h a lte n  der I d e n t i tä t  des K a v ita tio n sz u s ta n d e s  u n d  d e r A b 
m essungsverhältn isse  der v e rw en d e ten  V ersuchsm odelle ;

c) die ric h tig e  F estlegung  d er V ersu ch sd au er. F ü r  V erm inderung  d er 
F eh lerg rößen  s ind  die V ersuche in  einem  b re iten  G eschw ind igkeitsbere ich  bei 
einer großen Z ah l an  V aria tionen  v o rzu n eh rren .

Die E rgebn isse  der an  der T echn ischen  U n iv e rs itä t B u d ap est d u rc h 
g e fü h rten  V ersuche b es tä tig en  die f rü h e r  gew onnenen  V ersuchsergebnisse , 
sie b e s tä tig en  fe rn e r die G ü ltigke it d er fü r  den  M aß stab effek t angegebenen  
B eziehung fü r  e inen  noch b re ite ren  B ereich .
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INVESTIGATION OF T H E  IN F L U E N C E  OF T H E SCALE EFFEC T  
ON T H E  EROSION B Y  CAVITATION

J .  V A R G A ,  G Y .  S E B E S T Y É N ,  К .  К .  S H A L N Y E V  a n d  B .  A .  T S H E R N I A V S K Y

SUM M ARY

The paper presents results achieved up to  date and surveys the m éthodologie problem s 
w h ich  are the bases o f research on the scale effect o f cavitation erosion w ithin the com m on  
research program of the M echanical Institu te o f the Soviet Academ y of Sciences and the Fluid  
M echanical Working Group of the H ungarian A cadem y of Sciences at the D epartm ent of 
H ydraulic M achines, B udapest Technical U n iversity . The theoretical bases o f the laboratory  
research m ethods for investigatin g  the scale effect, based on an energetic param eter, are 
critica lly  dealt w ith . The authors describe the experim ental gear and the conditions w ith  
th e  aid of which the energetic parameter and the sim ilarity criterion of the erosion are deter
m ined. The possible errors o f the measured va lues and the influence of the errors on the  
f in a l experim ental results are analyzed. It is show n th a t the results o f the experim ents carried 
o u t at the Budapest Technical U niversity confirm  the earlier experim ents, and thus the  
v a lid ity  of the relation describing the scale effect is proved for a still larger range.

EXAM EN D E  L’E F FE T  D ’ÉCH ELLE D E  L’ÉROSION D E  CAVITATION

J .  V A R G A .  G Y .  S E B E S T Y É N ,  K .  K .  S H A L N Y E V  e t  B .  A .  T S H E R N I A V S K Y

RÉSU M É

Un aperçu des résultats déjà atteints accom pagne l’exposé des m éthodes qui servent de 
base à l’étude de l’effet d’échelle de l’érosion de cavitation . Cette étude se fait dans le cadre 
d’un programme com m un de recherces entreprises par l’Institut de M écanique de l’Académ ie  
des Sciences de l’URSS et une équipe de spécialistes de l’Académie des Sciences de H ongrie, 
don t les recherches sur l’écoulem ent se poursuivent à la Chaire des M achines H ydrauliques de 
l’Université Technique de Budapest. L’étude envisage d’un point de vue critique les principes 
des recherches de laboratoire sur l’effet d’échelle, basées sur le para être énergétique. Les 
auteurs font aussi connaître l ’installation et les conditions dans lesquelles sont déterm inés les
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critères de sim ilitude du param ètre énergétique e t  de l’érosion. Les erreurs possibles des valeurs 
m esurées et leur influence sur les résultats d éfin itifs des essais sont analysés. Les auteurs m on
trent enfin que les résultats des essais faits à l ’U niversité Technique de B udapest confirm ent 
ceux des essais antérieurs. Le domaine de la v a lid ité  de la relation exprim ant l’effet d’échelle se 
trouve ainsi considérablem ent élargi.

ИССЛЕДОВАНИЕ ВОЗДЕЙСТВИЯ НА МАСШТАБ КАВИТАЦИОННОЙ ЭРОЗИИ

Й .  В А Р Г А , — Д .  Ш Е Б Е Ш Т Ь Е Н  и К .  К .  Ш А Л Ь Н Е В  —  Б .  А  Ч Е Р Н Я В С К И Й

РЕЗЮМЕ

В работе, наряду с показом достигнутых до сих пор результатов, дается обзор тех 
методических вопросов, на основе которых исследование воздействия на масштаб кави
тационной эрозии проводится в рамках совместной программы исследований в Механи
ческом институте Академии наук СССР и на Кафедре гидромашин Будапештского поли
технического института. В критическом освещении излагаются теоретические основы 
лабораторных исследовательских методов, основанных на энергетическом параметре 
воздействия масштаба. Описываются опытное устройство и те условия, при помощи кото
рых производится определение энергетического параметра и критерия подобия эрозии. 
Дается анализ возможных ошибок измеренных данных и воздействия ошибок на опытные 
результаты. Показано, что результаты опытов, проведенных в Будапештском политехни
ческом институте, подтверждают предыдущие опытные данные и этим действительность 
зависимости, описывающей воздействие масштаба, подтверждается для еще большей 
области.
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THREE-DIMENSIONAL PHOTOELASTIC INVESTIGATION
OF A TWISTED BAR

I. H U SZ Á R
C A N D I D A T E  O F  T E C H N I C A L  S C I E N C E S  

and

L. CSIZM ADIA

[Manuscript received Septem ber 3, 1963]

As a first application of three-dim ensional photoelasticity  in H ungary, the stresses, resp. 
stress-concentration factors o f a tw isted prism atic, resp. of a grooved circular section bar were 
m easured. The characteristics of the resins P olikon ES (m anufactured in H ungary) and 
Araldit D , further the m odelling, the freezing-in o f stresses and the evaluation are discussed  
in  detail.

I. In trod u ction

A m ong th e  m e th o d s  of th e  e x p e rim e n ta l stress analysis, in c reasin g ly  
m ore g ro u n d  is gained  b y  p h o to e la s tic ity . In  H u n g a ry , how ever, th is  m e th o d  
w as app lied  u p till now  on ly  for th e  case  o f p lane s tress con ition  [1 ].

In  a general case, for the  d e te rm in a tio n  of th e  stress  c. nditi< n , th e  co m 
p u ta t io n  of six  stress com ponents for e a c h  p o in t is u n d ersto o d . In  those  cases, 
how ever, w here th e  p rin c ip a l stress d ire c tio n s  are know n or ce rta in  e lem en ts  
o f  th e  stress ten so r are  zero, th e  e v a lu a tio n  of th e  m easu rem en ts  becom es 
s im p ler. Such a case is, fo r exam ple, th e  to rs io n  o f a p rism atic  b a r  o f  co n 
s ta n t  cross-section , ch arac terised  b y  th e  ten so r

0 0 rxz
0 0 ryx
Tzx T xy 0

F o r th e  tim e  being , as a m ore m odest a im  th e  in v estig a tio n s of to rsion  w as 
se t b y  th e  au th o rs .

In  case o f a th ree-d im ensiona l m o d e l, th e  p rin c ip a l d irections an d  th e  
stresses them selves v a ry  from  p o in t to  p o in t. T herefo re , th e  p a tte rn  o b ta in e d  
from  th e  en tire  th ree-d im en sio n a l m odel c a n n o t he e v a lu a te d . In  th is  case 
th e  m odel m u st he red u ced  to  such slices fo r  w hich, w ith  a good a p p ro x im a tio n , 
a long  th e  th ick n ess  o f th e  slice, ax — <x2 =  const a n d  also th e  p rin c ip a l 
d irec tio n s are  c o n s ta n t. H ere , an d  a2 a re  th e  socalled secondary  p rin c ip a l 
s tresses, to  be exp la ined  in  m ore d e ta il  la te r . B y th is  th e  th ree -d im en sio n a l 
in v e s tig a tio n  is red u ced  to  a plane one.

Acta Techn. Hung. 51 (1965)



3 8 2 I. HUSZÁR -  L. CSIZMADIA

The p h o to e la s tic ity  in  a th ree -d im en sio n a l case consists o f th e  follow ing
step s :

a )  A m odel o f  th e  m achine p a r t  h a s  to  be m ade.
b)  Loading th e  m odel according to  th e  o rig inal load , a p e rm an en t d e fo r

m a tio n  has to  he p ro d u c e d ; th e  stresses a re , so to  say , frozen  in to  th e  m odel.
c)  The m odel h a s  to  he cu t in to  th in  slices.
d)  The slices a re  to  be p h o to g rap h ed .
e)  B y e v a lu a tin g  th e  p h o to g rap h s, th e  stress cond ition  a t  th e  po in ts  o f  

th e  m odel can  be d e te rm in ed .

II. M aterial and Preparation  o f  the M odel

W ith  reg ard  to  a p roper shap in g  o f th e  m odel, th e  m ost a p p ro p ria te  
ra w  m ateria l is c a s tin g  resin , since i t  can  be m oulded  an d  also glued in to  a n y  
w a n te d  form .

The re q u ire m e n ts  for the  m a te ria l o f th e  m odel are:
1. Slow h a rd e n in g  a fte r m ould ing , w ith  on ly  a sligh t sh rinkage;
2 . p roper h a rd n e s s  an d  s tre n g th  a t  ro o m  te m p e ra tu re ;
3. m ach in ab ility  a t  room  te m p e ra tu re ;
4. th e rm o p la s tic ity ;
5. tra n sp a re n c y ;
6 . sufficient o p tic a l sensitiv ity ;
7. e lastic ity .
The ex p e rim en ts  were m ade w ith  tw o  k inds of m a te ria ls : H u n g a ria n  

m ad e  Polikon E S  a n d  Swiss m ade A ra ld it D sy n th e tic  resins. A ccording to  
th e  experim en ts, b o th  resins m eet th e  re q u ire m e n ts  described  u n d e r 1 — 7 w ell. 
F o r com parison, th e  follow ing can be sa id :

The o p tica l se n s it iv ity  of th e  A ra ld it used  is h igher, i.e. a m uch h ig h e r  
m ax im al fringe v a lu e  belongs to  th e  sam e defo rm ation . T he sh rinkage  o f  
A ra ld it is less, th is  is a  g rea t a d v a n ta g e  in  th e  casting  of m ore co m p lica ted  
fo rm s. The a d v a n ta g e  o f Polikon is on th e  o th e r h an d , th a t  i t  can  be u sed  
fo r stress te s ts  im m e d ia te ly  a fte r m o u ld ing , while A ra ld it m u st f irs t he h e a t-  
t re a te d . A rald it so ften s  a t  a te m p e ra tu re  som ew hat low er th a n  Polikon  does, 
th e re fo re , the  te m p e ra tu re  of freezing-in  m ay  be low er. As to  m a c h in a b ility  
— w hen com paring  th e  tw o m ateria ls  — i t  m u st be s ta te d  th a t  A ra ld it is 
m ore durab le . T h is is also proved b y  th e  tensile  te s ts  m ade on these  m a te r ia ls  
(F igs. 1 and  2).

In  the  te c h n o lo g y  of m odel p rocessing , th ree  d iffe ren t m ethods can  b e  
follow ed:

a )  R eady  m o u ld in g ;
b) m ach in ing  a f te r  m oulding;
c) gluing a f te r  m oulding.
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T he f irs t  one is w orth  ap p ly ing  i f  th e  m odel consists of sim ple geom etric  
fo rm s. W ith  sm aller, m ore com plica ted  fo rm s, th e  second, — w ith  la rg e r, 
fe a tu re d  geom etrica l shaping , th e  th ird  p rocedure  is adv isab le .

T he castin g  of th e  sy n th e tic  resin  is th e  f irs t op era tio n . T he ca s tin g  is 
m ade in  a cold  s ta te , a f te r  h av in g  m ixed  th e  a p p ro p ria te  com p o n en ts  well. 
T he p e rfec t m ix ing  o f th e  com ponen ts is v e ry  im p o r ta n t. Inh o m o g en eities  as

well as im p ro p e r p ro p o rtio n s of th e  com p o n en ts  cause an  u n ev en  h a rd en in g  
o f th e  m odel. T his, on th e  o th e r h a n d , p roduces p e rm a n e n t stresses, fa lsify ing  
th e  m easu rem en ts  (Fig. 3).

C onsidering th a t  these sy n th e tic  resins are  good adhesives w hen  in  a 
liq u id  s ta te , th e  m ould  before castin g  has to  he sm eared  w ith  silicon grease 
on th e  su rfaces co n tac tin g  w ith  th e  m odel. I f  th is  is o m itted , th e  m odel will 
becom e stu ck . A tte n tio n  m ust also be p a id  to  th e  slow pouring  in  of th e  
sy n th e tic  resin . I f  th e  casting  is m ade qu ick ly , sm aller or la rg e r a ir  bub b les  
w ill be confined  in  th e  casting , causing  th e  m odel to  lose its  h o m o g en e ity .
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A n ex p erim en t w as m ad e , in o rder to  p re v e n t th e  con finem en t o f a ir bubb les, 
b y  ca s tin g  in  a v a c u u m  furnace. T h is led  to  m uch  b e tte r  re su lts , since an  
a p p ro p r ia te  degree o f  v acu u m  (660 H g  m m ) sucks o u t th e  a ir  bubb les from  
th e  m ateria l.

A fte r 24 h o u rs  d ry in g  the  m odel can  be ta k e n  o u t o f th e  m ould . A t th is  
t im e , th e  Polikon  c a s tin g  can be ta k e n  as re a d y , its  s tre n g th  a t  a te m p e ra tu re  
o f  2 0  °C, a tta in in g  th e  degree su ffic ien t fo r th e  m a ch in ab ility  of th e  m odel, 
w hereas th e  A ra ld it m odel can easily  be sh ap ed , in  th is  s ta te , even b y  h a n d . 
In  o rd e r to  stop  th is  p rocedure th e  m odel m u s t be h e a t- tre a te d . I t  ra p id ly  
h e a ts  u p  to  90 °C, th e n  is cooled — a f te r  h av in g  been  k e p t a t  th is  te m p e ra tu re  
fo r  4 h ou rs — a t  a  r a te  of 5 °C /hour. In  th is  w ay , a well m ach inab le  m a te ria l

Fig.  3

o f a s tre n g th  s im ila r to  th a t  of P o likon  is o b ta in ed , b u t  m uch m ore d u rab le  
th a n  Polikon.

I f  th e  m odel is c as t and  h e a t- tre a te d , th e  above m en tio n ed  can  im 
m e d ia te ly  be fo llow ed b y  the  freezing in  o f th e  stresses. In  m ost cases, how ever, 
c a s tin g  is follow ed b y  m achin ing . W h en  ap p ly in g  a n y  k in d  o f m ach in ing , th is  
m u s t  be  done w ith  u tm o s t care. O ne m u s t be care fu l n o t to  allow  too  large 
p o w er effects arise fu r th e r  th a t  th e  m odel shou ld  n o t becom e h ea ted . T hese 
w o u ld  lead , n am ely , to  a p e rm an en t d e fo rm atio n  of th e  m odel: th a t  is, stresses 
d is tu rb in g  from  th e  p o in t of v iew  o f analysis  w ould  freeze in.

In  b o th  s y n th e tic  resins, m odel p a r ts  can  be a tta c h e d  to  each o th e r 
w ith  th e ir  ow n m a te r ia l. The m o st adv isab le  is to  glue before th e  castin g  
p ieces are fully  d ry ; g lued  in  th is  s ta te , n am ely , th e  sp o t o f gluing w ill be n ea rly  
e q u iv a le n t to  th e  rem ain in g  sections of th e  m odel in  respect to  b o th  s tre n g th  
a n d  optics. H ow ever, in  th is p ro ced u re , a tte n tio n  m u st 'be p a id  to  th e  even 
d is tr ib u tio n  of th e  liq u id  resin u sed  for g lu ing, on th e  surfaces glued. T he so 
o b ta in e d  connection  will no t a lte r  th e  s tress conditions.
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III. Freezing in  o f  the Stresses

As th e  n e x t s tep , th e  model is lo a d e d . T he loaded  m odel w ill be w a rm e d  
u p , th e n  th e  defo rm ed  m odel will be  a g a in  cooled. T hus, la t te r  w ill h a rd e n  
in  th is  shape  defo rm ed  a t  a higher te m p e ra tu re .

A fte r  severa l t r ia ls ,  h e a t- tre a tm e n ts  ca rried  o u t accord ing  to  th e  fo l
low ing descrip tio n  p ro v e d  to  be sa tis fy in g .

W ith  P o likon , th e  m odel under lo a d  is w arm ed  u p  a t  a ra te  of 10 °C /h o u r 
to  130 °C; th e n , a f te r  h a v in g  k ep t i t  h e a te d  for h a lf  an  h o u r, cooled to  70 °C 
a t a r a te  of 5 °C /hour f in a lly , i t  is le f t  in  th e  fu rnace  to  fin ish  cooling.

W ith  A ra ld it, i t  is sufficient to  re a c h  100 °C a t  th e  sam e ra te  a n d  to  
le t cool from  th is  te m p e ra tu re  — a f te r  h a v in g  k e p t th e  m odel h e a te d  fo r  h a lf  
an  h o u r  — sim ila rly  to  Polikon, a t  a r a te  of 5 °C/hour.

A tte n tio n  m u s t be  p a id  esp ec ia lly  tw o  th in g s w hen  freezing  in  th e  
stresses. One is a p ro p e r  selection o f lo a d  e x te n t, th e  o th e r is slow cooling . 
A cooling m ade w ith o u t p roper care m a y  easily  lead , on acco u n t of u n e v e n  
sh rin k in g , to  a c rack in g  o f th e  m odel.

IV. Slicing o f  th e Model

T he stress co n d itio n s o f th e  m odel, w h ich  was m ade b ire frac tiv e ly  in  th e  
w ay  described , c a n n o t be  ev a lu a ted , s ince  th e  stress co n d ition  a n d  th u s  also 
th e  o p tica l fac to rs  p ro p o rtio n a l to  i t  v a r y  from  p o in t to  p o in t along th e  th ic k 
ness o f  th e  m odel. F o r  th is  v e ry  reason , th e  m odel is c u t in to  slices lim ite d  b y  
p a ra lle l p lanes. In  th e  slices o b ta in ed , th e  ev a lu a tio n  can  be m ade as if one 
w ere co n fro n ted  b y  a p lan e  stress c o n d itio n . A t a given p o in t of th e  s tru c tu re , 
th e  s tre ss  co n d itio n  c a n n o t be d e te rm in ed  b y  ev a lu a tin g  th e  p lane stress co n d i
tio n  o f a single slice p assin g  th ro u g h  th is  p o in t. T herefo re, slices m u st be c u t 
o u t in  severa l d irec tio n s, o r th e  p ro b lem  ap p ro ach ed  b y  som e o th e r m e th o d .

In  case o f a th ree-d im en sio n a l s tre ss  d is tr ib u tio n , th e  stress co n d itio n  a n d  
th e  p rin c ip a l d irec tions also  v a ry  along  th e  th ickness of th e  slice, th e  analysis  
fu rn ish in g  th ere fo re  an  average  value fo r  th e  stresses. T herefore  i t  is adv isab le  
to  choose th e  th ick n ess  o f  th e  slices to  be  as sm all as possible. A ccord ing ly , 
th e  decrease o f th e  th ick n ess  increases th e  accu racy  o f th e  analysis. O n th e  
o th e r  h a n d  again , i t  m ak es th e  e x p e rim e n t m ore d ifficu lt, since th e  o rd e r o f 
th e  iso ch ro m atics  w ill decrease w ith  th e  decrease of th e  th ickness o f th e  slice. 
C o n sequen tly , if  th e  th ic k n e ss  is chosen to o  sm all, on ly  a re s tr ic te d  n u m b e r 
of m easu rin g  p o in ts  w ill s ta n d  a t  o n e ’s d isposal from  th e  loose n e t o f iso 
ch ro m atics  along each  sec tio n ; th a t  is , th e  decrease o f slice th ick n ess  is a t  
th e  expense  o f  accu racy . A ccording to  experiences, th e  o p tim a l slice th ic k 
ness m ay  v a ry  b e tw een  3 an d  6  m m .
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T he slicing m u s t  be done v e ry  care fu lly , in  o rder to  p rev en t re s id u a l 
s tre sse s , i t  is e v id e n t th e  la t te r  w ill fa ls ify  th e  m easu rem en ts . I t  is ad v isab le  
to  m ak e  th e  slicing  on  a m illing m ach in e  w ith  a s littin g  saw . No p e rm a n e n t 
s tre sses  caused b y  m ach in in g  w ere o b serv ed  in  a m odel sliced in  th e  d esc rib ed  
w ay .

Y. P hotograp h ic R ecording o f  th e Isochrom atics and Isoclin ics

In  th e  slices, isoch rom atic  a n d  isoclinic lines can  be observed . B y s e t t in g  
A/4 p la te s  also b e tw e e n  th e  p o larizers th e  isoch rom atics can  be ex am in ed  
se p a ra te ly  too. F o r  th e ir  reco rd ing , p h o to g ra p h y  is th e  m ost su itab le . I t  is  
w o r th  co n stru c tin g  a  device for th e  f i t t in g  o f  th e  slices, revo lv ing  a ro u n d  th e  
v e r tic a l axis an d  a d ju s ta b le  to  c a lib ra te d  accu racy . L a te r  i t  will be seen t h a t  
th is  is needed, b ecau se  i t  is ad v isab le , in  ce rta in  cases to  m ake records o f  
th e  slices a t severa l d iffe ren t illu m in a tio n  angles.

V I. E valuation  o f  th e M easurem ents

The aim  o f th e  ev a lu a tio n  is to  d e te rm in e  th e  stress co n d ition  a t  e v e ry  
p o in t of the  m odel.

L e t us in v e s tig a te  the  stress co n d itio n  frozen-in  u n d er th e  effect o f a fo rce  
sy s te m  a t an y  p o in t P  o f th e  m odel. I f  a slice is to  be c u t o u t of th e  m odel 
ac ross po in t P  a n d  p a ra lle l to  a p lan e  x y  (F ig . 4) an d  th is  slice is tra n s il-  
lu m in a te d  by  p o la rized  lig h t (к ') passin g  in  th e  p lane  xz, w ith  th e  n o rm a l k  
a t  an  angle th e n  th e  fringe v a lu e  o f th e  isoch rom atics is o b ta in ed  fo r th e  
p o in t in  question . T h is  order of th e  fringes n a tu ra lly  is re la te d , even in  th is  
case , to  th e  stress co n d itio n  of p o in t P . M ore s tr ic tly  ta k e n , how ever, i t  is re la te d  
to  th e  so-called seco n d a ry  stresses. T he n o tio n  o f secondary  stress is e x p la in e d  
b y  th e  following. L e t us draw  a v e ry  sm all cubic  e lem ent a t  a p o in t P  in  th e  
sy s te m  I  y] L, of co o rd in a tes  (Fig. 5). H ere  th e  s tress co n d ition  can  be c h a ra c te rise d

Qry> Qi re sp ec tiv e ly  b y

riv r U
F  = r vi r vi

- TCÍ r iv a i

U n d e r secondary  stresses, th e  co m p o n en ts  o f th e  stress vec to rs Qt a n d  Qn 
fa llin g  in to  th e  p lan e  p e rp en d icu la r to  th e  d irec tion  of th e  ligh t

a n d

are  understood .

Qè — ai 1 +  rirJ 

Qn —rvt i "f" °rJ
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F o r th e ir  d e te rm in a tio n , le t us p ro d u c e  F  as th e  sum  o f tw o  tenso rs:

r i v 0 0 0 r u  '

F  =  F '  - f  F* = a v
0 + 0 0 T Г)

^ 0 0 0 - T « -

u

t T

F ro m  th is  expansion , one can a t once see th a t  th e  ten so r describ ing  th e  
secondary  stresses w ill be F ' .

T he o rd er of th e  isochrom atics m e a su re d  in  p o in t P  is p ro p o rtio n a l to  
th e  d ifference of th e  secondary  p rin c ip a l stresses calculable from  te n so r  F ' 
in te rp re te d  in  th is  w ay  [2 ].

m ' =  K d '(a [  — a '2) ,
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w h ere  К  is th e  o p tic a l co n s tan t, d' — th e  p a th  o f th e  ligh t in  th e  slice. 
O m ittin g  th e  d e ta iled  ca lcu la tio n s:

a[ — «rá =  Y(oy— o\ccos2 y ~ 2 T xss i n ^ c o s ^  —az sin 2 y»)2-)-4 (тух cos +  тгу sin  y )2.

V II. Solution o f  T orsional Problem s

As an ex am p le , le t  us in v es tig a te  th e  m easu rin g  of the  d is tr ib u tio n  o f  
s tre sses  arising  d u rin g  th e  to rsion  o f a p rism a tic  b a r . L et us cu t a slice o u t o f  th e

m o d e l a t  an  angle a  to  th e  axis, acco rd ing  to  F ig . 6 ; th e n , t ra n s il lu m in a tin g  
th e  slice th u s  o b ta in e d , s im ilarly  a t  an  angle  yi m easured  from  th e  ax is o f th e  
b a r , w ith  th e  lig h t passin g  in  th e  p lane  * 0z0, le t us ap p ly  th e  above s ta te d .

T ak ing  an  e le m e n ta ry  p rism  o f th e  tw is te d  b a r  (Fig. 7), th e  stress  te n s o r  
b e long ing  to  th e  sy s te m  # 0y 0z0 of co o rd in a tes  can  be w ritten  in  th e  form

Q x  0 6 y 0 Ú zo

0 0 L e z

K  = 0 0 T vz

- L x L y 0

L et us d e te rm in e  th e n  th e  ten so r o f th e  secondary  stresses F '  be lo n g in g  
to  th e  system  o f coo rd inates b o u n d  to  th e  d irec tion  of illu m in a tio n  ( f  lies
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in  th e  p lane x 0z 0,rj =  y 0). The n o rm a l s tress be longing  to  e( ly in g  in  th e  p lan e  
p e rp en d icu la r to  th e  d irection  of th e  lig h t is:

0 0 Txz cos гр0~
ai =  ei Feç =  [cos y 0 ; 0  ; sin v0] 0 0 ryz 0

- r zx rzy 0 _sin ^ 0_
an d  th e  sh ea r s tre ss  is:

=  r zx sin  2  Vo >

0 0 Txz 'cos Vo
Tsv =  ev F e £ = [ 0 ; l ; 0 ] 0 0 r yz 0

-Fzx XZy 0 sin Vo.

t  T

fin a lly  th e  n o rm a l stress belonging to  en is:

=  0 .

A ccord ing  to  th ese , ten so r F '  is :

r 2X sin  2  ip0 ryz sin Vo

ryz sin  Vo 0

D raw ing  M ohr’s circle d iag ram  th e  d ifferences o f  th e  seco n d a ry  p rin c ip a l 
s tresses are  easily  o b ta in ed  accord ing  to  F ig . 8 :

o'x -  =  20Я =  2 1/ ( ^ 2 р  +  т ^  •

S u b s titu tin g  th e  values o f (Xi a n d  Tit), a f te r  re d u c tio n :

a[ — a'2 =  2 sin  V o  K T zx  c o s2  Vo +  r zy ■
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T he th ickness o f  th e  m odel in  th e  d irec tio n  o f th e  lig h t is easily  calcu lab le  
fro m  th e  geom etrica l cond itions acco rd in g  to  Fig. 9:

sin  (a +  y>0)

A ccording to  th is , finally :

m' =  2 K d  - 7 -  -Ш у 0— - Ы х  cos2 Vo +  rfy. 
sin (a  +  %p0)

I t  is adv isab le  to  in v estiga te  th e  s tre ss  d is tr ib u tio n  a long  an  — a rb itra r ily  
chosen  — axis y .  B y  considering th a t ,  a long  th e  у -ax is, t zy =  0, th e  above 
exp ression  becom es sim p ler:

m ' — K d
sin  2  ip0

ZX *
s i n ( a + ^ 0)

This is th e  re la tio n  on the  basis  o f  w hich i t  is possible to  com pute  th e  
stre sses  from  th e  p a t te r n  ob ta ined  in  th e  p h o to e la s tic  in v es tig a tio n , w ith  th e
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a id  o f  th e  in d iv id u a l m' fringe va lu e  o f th e  isochrom atics. L e t us exam ine 
th is  m ore deta iled .

T he m easuring  po in ts  can  be densified  — sim ilarly  to  p lan e  in v es tig a tio n s  
— b y  p h o to g rap h s m ade in  p a ra lle l a n d  cross se ttin g  of th e  po larizers. In  th is  
w ay , n am ely , besides th e  o rd er: 1, 2, 3, . . ., also th e  iso ch ro m atics  o f  o rders 
0 ,5 ; 1,5; 2 ,5 ; . . . are o b ta in e d . T here  is a n o th e r  m ethod  w ith  w hich one can 
increase th e  m easuring  accu racy , i.e. to  densify  th e  m easu rin g  p o in ts . I ts  
essence is, th a t  b y  chan g in g  th e  tra n s illu m in a tio n  angle also th e  o b ta in e d  
fringe p a tte rn s  will change acco rd in g  to  th e  above exp la ined  re la tio n .

Choosing a p o in t on th e  у -ax is, le t us exam ine, how  th e  va lu e  of th e  o rd er 
m ' w ill change w ith  th e  v a r ia tio n  o f angle y>0. I f  гр0 =  a,

m'a =  K d  t zx .

A pply ing  th is  n o ta tio n , on th e  o th e r  h a n d , in  case of an  a rb i t r a ry  angle ip0:

m ' — m'a X ,
if  th e  fa c to r  . „sin 2  wa

к — ------------ ------
sin  (a  +  щ )

is in tro d u ced . If, for ex am p le , th e  p a t te rn  illu m in a ted  a t  an  angle y>0 =  a 
is ta k e n  as a basis, an d  ev e ry  w a n te d  o rd e r to  be given is th e  sam e, th e  iso 
ch ro m atics  o f th e  in tegers m  =  0, 1, 2, 3, . . . w ill align on th e  p a t te rn  o b ta in e d  
in  th is  w ay . The orders o f th e  fringes ap p ea rin g  in case of a reco rd  illu m in a ted  
a t  a n y  o th e r angle гр0 =  a can  be co n v e rted  to  th e  form er b y  m u ltip ly in g  th e ir  
fringe values ta k e n  for in teg e rs  0, 1, 2, 3, b y  1/x.

C hoosing in  th is  w ay , fo r  ex am p le , th e  value a — 30° a n d  m ak in g  th e  
records w ith  exposures a t  y>0 =  30°, 45°, 60° (w ith  para lle l a n d  c ro ss-se ttin g  
po larizers), th e  isochrom atics o f  th e  o rders 0; 0,48; 0,5; 0 ,575; 0,96; 1; 1,15; 
1,44; 1 ,5; 1,725; 2; . . . w ill s ta n d  a t  d isposal.

T h is was th e  w ay th e  iso ch ro m atics  w ere recorded  h a v in g  a p rism a tica l 
b a r  o f c ircu la r cross sec tion  (F ig . 10), th e n  th e  d iag ram  o f th e  va lu es  m ' 
d raw n  a long  th e  у -axis (F ig . 11). I t  is c learly  visible th a t  th e  m easu rin g  p o in ts  
lie, w ith  a v e ry  sligh t d ispersion , on a s tra ig h t line. In  th is  case, how ever, also 
th e  s tre ss  t zx =  т (p) p ro p o rtio n a l to  th e  above re la tion  is lin ea r. In  case o f a 
c ircu la r cross section , how ever, th e  d is tr ib u tio n  of th e  t  s tresses is e x a c tly  
th e  sam e, i.e. th e  m easured  v a lu es  agree well w ith  th e  ca lcu la ted  ones. T his 
can  he se t dow n as a co n tro l fo r th e  m easu rem en t. T here is no  o b jec tio n , o f 
course, to  d raw , in s tead  o f th e  m ' d iag ram , th e  curve o f th e  t  s tresses. N am ely , 
in  th e  know ledge o f а, гр0, d, o n ly  th e  m a te r ia l c o n s tan t К  has to  be d e te rm in ed ; 
th is , how ever, can  be easily  done w ith  th e  a id  of a s im p ly  b e n t  or d raw n  
specim en.
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F  ig. 10

Besides, th e  re su lts  can  be d irec tly  u tilized  in  th e  course of th e  th ree -  
d im ensional p h o to e la s tic ity , precisely fo r th e  d e te rm in a tio n  of th e  m a te r ia l 
c o n s ta n t.

In  th is case, n a m e ly , th e  value Tmax on th e  b o u n d a ry  can  be co m p u ted  
in  an  ex ac t w ay. W ith  th e  m eth o d  discussed p rev io u sly , on th e  o ther h a n d , th e  
v a lu e  o f mmax in  th e  b o u n d a ry  p o in t co rrespond ing  to  Tmax in  case o f y>0 =  а
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Fig. 10 (continued f ro m  page 392)

s ta n d s  a t  ou r d isposal. W ith  these ,

A fte r re d u c tio n :

t m n v  ------
M e
K n K j

K = ^ m a x  K p
M cd
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h o

H aving  ca rried  o u t th e  ca lcu la tio n s, th e  value К  =  1,61 cm /kp w as 
o b ta in e d  for th e  o p tic a l c o n s tan t o f A ra ld it acco rd ing  to  th e  d iag ram  p resen ted .

V III. The Stress C oncentration F actor o f  a Grooved T w isted  Bar

N ex t, ap p ly in g  th e  p rev iously  described  m eth o d , th e  d e te rm in a tio n  o f th e  
m a x im u m  stress in  th e  case of to rs io n  o f  grooved  bars  w as se t as our ta sk . 
In  th e  ev a lu a tio n , b a sed  on a l ite ra ry  ex am p le  [2], no considera tion  is g iven 
to  th e  fac t th a t  th e  p rocedure  q u o ted  is, on acco u n t o f th e  groove, n o t s tr ic tly  
v a lid . F irs t th e  sem ic ircu la r groove w as in v e s tig a te d . T hree  stress c o n c e n tra 
tio n s  o f th ree  d iffe ren t rad iuses r w ere d e te rm in ed , assum ing  th a t  th e y  w ere 
p ro d u c e d  a t the  b o u n d a ry  poin ts o f th e  sm allest d iam ete r cross section . (A posi-
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Fig. 13

tiv e  s ta te m e n t as to  th is  w ould req u ire  fu r th e r  in v es tig a tio n s , since i t  is 
possible th a t  th e  c ritica l po in ts  o f the  tw is te d  b a r  are no t in  th e  p laces m en tioned .)

K now ing  th e  sizes o f th e  so in te rp re te d  m ax im um  stresses , th e  values 
of th e  fo rm  fac to rs ak can  be de te rm in ed .

Tw o slices w ere c u t o u t of th e  fro zen -in  m odel a t  an  angle a =  30°. 
One w as c u t in such a w ay  th a t  th e  in c is io n  w as in  th e  cen te r  o f  th e  slice, th e
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tp = 60° о

1Ро-60°

K -45‘

Fig. 13 (continued from  page 395)

o th e r one was ta k e n  fro m  th e  u n d is tu rb e d  p a r t  o f th e  b a r  (Fig. 12). R ecords 
w ere tak en  of b o th  slices a t  angles o f y>0 =  30°, 45° a n d  60° — a t  p a ra lle l a n d  
cross settings. A cco rd in g  to  the  isoch rom atic  p a tte rn s  (in case of r =  3,6 m m  
a n d  r =  4,6 m m , all records are show n b y  Figs. 13 an d  14), the  m '(y )  cu rv es  
along th e  у -axis w ere  d raw n  (Figs. 15, 16 an d  17) accord ing  to  th e  m e th o d  
p resen ted  above. F lere, m '(y )  is p ro p o rtio n a l to  th e  fu n c tio n  г (у) re p re se n tin g  
th e  stress d is tr ib u tio n . F rom  th e  d iag ram s, the  m'max va lu es  referring  to  th e
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30°

- 45”

30°

Fig. 14

incision an d  m'0 re fe rrin g  to  th e  u n d is tu rb ed  sec tion  can  be read , and , w ith  
th e ir  aid , th e  s tre ss  co n c e n tra tio n  fac to r a d ire c tly  de te rm in ed .

The average  sh ea r stress , nam ely , accord ing  to  a sim ple ca lcu la tion  is:

Tк __M£ _  
D :i я / l  6

The m axim al sh e a r s tre ss , on th e  o th e r h a n d , on th e  basis o f th e  m easure
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Fig. 14 (continued fro m  page 328)

m e n t, is:
/

__^ m a x
Tm ax _ •

r i d

A t th e  sam e tim e , on th e  u n d is tu rb e d  p a r t ,

T  =  m 'o  __ _  M c____

0 K d  '  D 30 n / 1 6  ’
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hence
1 _  ___M c

K d  m \D l  л /1 6
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L et us in te rp re t th e  form  fac to r  in  th is  w ay:

„ __ ^maxa k —  --------------  .

4
A cco rd in g  to  th e  ab o v e  s ta te d , th e n :

„  __ m max ^(Xr. ---  ----------- -----------.
m '0 Dg

u s in g  th e  re la tio n s o b ta in e d  for Tmax a n d  xk, fu r th e r  fo r 1 /K d . In  th is  w ay  was 
th e  v a lu e  of ak for th re e  d ifferen t r v a lu es , keep ing  th e  ra tio  h/r  =  1 , d e te rm in ed  
a n d  d raw n  as d iag ram  in  th e  fu n c tio n  o f  r/D . The resu lts  w ere com pared  to  th e  
s im ila rly  defined  ak d iag ram  o f Peter so n , pub lished  in  h is p u b lica tions lis ted  
in  th e  l ite ra tu re  [3] a n d  based  on th e  co m p u ta tio n s  o f N euber  [4] (F ig . 18). 
A t th e  place of th e  m ax im u m  stress o f  th e  groove th e  tra n s m itte d  lig h t b eam  
p asses  on acco u n t o f  th e  ob liquely  c u t  m odel, places o f d iffe ren t stress s ta te s .

T h ere fo re , th e  o rd e r o f  th e  iso ch ro m atics  p resen tin g  its e lf  th e re  gives a k in d  o f  
av e ra g e  of th e  s tre ss  conditions ly in g  in  th e  p a th  o f th e  lig h t, an y w ay  low er 
t h a n  th e  one co rrespond ing  to  th e  m a x im u m  stress va lue . T h u s, ak va lues low er 
th a n  th e  a c tu a l ones are fu rn ish ed  b y  th e  m easu rem en t. C om paring th is  to  
v a lu e s  o b ta in ed  in  o th e r  w ays (see F ig . 18), th e  d ev ia tio n  is less th a n  10% .

L e t i t  be f in a lly  rem ark ed  t h a t  i t  w ould  be m ore sensible to  in te rp rè te  
th e  fo rm  fac to r accord ing  to

_ __ Gr max
a k —  ----------------- 1

a rk

w h ere  o> max is th e  reduced  m ax im al s tre ss , ark — th e  red u ced  average s tre ss . 
T h is  k in d  o f co m p u ta tio n  w ould  be ju s tif ie d , because an  im peded  to rs io n  
is p ro d u ced  a t  th e  incision , co n seq u en tly  also norm al stresses arise beside sh ea r 
stre sses .
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RÄUM LICH E PHO TO ELASTISCHE U N T E R SU C H U N G  E IN E S V E R D R E H T E N  STABES

I. HUSZÁR— L. CSIZMADIA

ZUSAM M ENFASSUNG

Als eine erstm alige Anwendung der räum lichen Spannungsoptik in  Ungarn wurden die 
Spannungen bzw. Form faktoren eines verdrehten prismatischen bzw. eingekerbten Stabes m it 
K reisquerschnitt von den Verfassern ausgem essen. Im Aufsatz werden die Eigenschaften der 
Gießharze Polikon ES (hergestellt in  Ungarn) und Araldit D , die A nfertigung des M odells, das 
Einfrieren des Spannungen und die A usw ertung ausführlich behandelt.

PHOTOÉLASTICIM ÉTRIE T R ID IM E N SIO N N E L L E  D ’U N E  B A R R E  T O R D U E

I. HUSZÁR— L. CSIZMADIA

RÉSUM É

Une première application de la photoélasticim étrie tridim ensionnelle en H ongrie a été  
fa ite  par les auteurs ayant m esuré les tensions, resp. les facteurs de form e d’une barre tordue 
prism atique ou de section circulaire incisée. Dans l’article, les propriétés des résines syn thé
tiques Polikon ES (faites en H ongrie) et Araldit D,  ainsi que la production du m odèle, l ’en
raidissem ent des tensions et l’évaluation  sont discutés en détail.

ИЗУЧЕНИЕ КРУЧЕННОЙ ШТАНГИ ПРОСТРАНСТВЕННЫМ ОПТИЧЕСКИМ
ПУТЕМ

И. ХУСАР— Л. ЧИЗМАДИА

РЕЗЮМЕ

Метод пространственного оптического изучения напряжения был использован в  

Венгрии впервые для определения напряжений и коэффициентов формы крученной штанги 
с призматическим или надрезанным круговым сечением. В настоящей работе подробно 
описаны свойства типов литейной смолы венгер жой Поликон ES и Аралдит D, способы 
изготовления моделей, замораживание и дается оценка.
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The measuring of a d istance protection is distorted by several factors. I t  is possible th at  
the operation of protection is n o t selective or the protection does not work at all because of  
these distortions. The authors try  to specify the general equation of d istance relay and the  
deviation  from  the precise m easuring, respectively, tak ing all distortion factors into account. 
The relation of universal v a lid ity  is applied to  a typ ica l protection and in tw o  cases o f typ ica l 
faults. A fter that th ey  dem onstrate w ith som e exam ples the practical application  of the m ethod  
in  som e special cases.

I. Introduction

T he d istance  p ro tec tio n s  ap p lied  in  h igh -v o ltag e  sy stem s m ay  fo rm  a 
se lective p ro tec tio n  ex ce llen t in  p rinc ip le , even  on double  c irc u it lines fed  from  
tw o sides an d  fo rm in g  p a r t  o f an  in te rc o n n e c ted  sy stem . T h e ir im pedance  
m easu ring , due to  th e  su itab le  deve lo p m en t, is in d e p e n d e n t o f  th e  m ag n itu d e  
o f c u rre n t an d  so rt o f  fa u lt  an d  i t  is p ro p o rtio n a l to  th e  d is tan ce  betw een  th e  
in s ta lla tio n  place o f th e  re lay  an d  th e  fa u lt  loca tio n . T he p u re  d istance  e v a l
u a tio n  is, how ever, d is tu rb e d  b y  th e  follow ing fac to rs :,

a )  R esistance  a t  th e  fa u lt lo ca tio n ;
b)  L oad  (overload) c u rre n t;
c)  C urren t- a n d  v o ltage  v a ria tio n s  due to  osc illa tions;
d )  Z ero-sequence in te ra c tio n  be tw een  p ara lle l lines.

In  case of lines t h a t  inside th e  basic  p ro te c tin g  section  h a v e  also an  in te r 
m ed ia te  feed-in (b ran ch , T -b ran ch , e tc .) , th e  d isto rsion  cau sed  b y  th e  in te r 
m ed ia te  feed-in  ap p e a rs , too . T hus, th e  line a rran g em en ts  o f t h a t  k ind , i.e. 
th e  phenom enon , w ill n o t be d ea lt w ith  in  ou r fu r th e r  d iscussions.

T he effects occu rrin g  th ro u g h  p o in ts  a ) ,  b), c)  an d  d )  w h ich  d is tu rb  th e  
ex ac t o p e ra tio n  of re la y s , are  described  in  m a n y  s tud ies a n d  artic les. These 
papers ta k e  as a basis  a lm o st exclusively  th e  s im u ltan eo u s ap p ea ran ce  o f one 
or a t  le a s t tw o p h en o m en a . The p re sen t p a p e r trie s  to  develop , considering  all 
th e  fo u r d is tu rb in g  fa c to rs  sim u ltan eo u sly  th e  fo rm ulae  to  he  a d a p te d  in  th e  
p rac tice .
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II. Definitions

All problem s re la te d  to  th e  s e tt in g  o f d istance  p ro te c tio n  m ay  be red u ced  
to  th e  correct e v a lu a tio n  o f an  im p ed an ce  seen b y  th e  re la y  w hen a fa u lt is 
p re se n t a t th e  fa r en d  o f  th e  o v erh ead  line p ro tec ted , in side  th e  p ro tec tio n  zone, 
r e a r  th e  opposite  side. N am ely  th e  tr ip p in g  m u st be se t in  th e  f irs t stage  w ith  
s a fe ty  below th is  v a lu e , an d  th e  second  one above th is  va lu e . T ho u g h  th e  
in d iv id u a l p ro tec tio n s  are  realized  as i f  th e  fau lts  o f d iffe ren t ty p e s , b u t  arising  
a t  id en tica l d istan ces  (locations) sh o u ld  be seen a t  id e n tic a l d istances, a ll th e

Fig. 1. N etw ork “ C” links to  the other parts o f the network

sam e th is  is o ften  h in d e red  b y  th e  d is tu rb in g  fac to rs  m en tio n ed  in  c lause I . 
A ccordingly , th is  a r tic le  has to  ex am in e , w h a t does th e  re la y  see a t  a sh o rt-  
c irc u it on th e  line en d , ta k in g  all d is tu rb in g  fac to rs in to  acco u n t.

The n e tw o rk  show n in  Fig. 1 m a y  be su b s titu te d  b y  th e  d iag ram  o f F ig . 2. 
Z vt involves th e  r e s u l ta n t  zero-sequence im pedance o f  th e  double c ircu it o v e r
h e a d  line, while Z er is th e  re s is tan ce  a t  th e  fau lt lo ca tio n  an d  e v e n tu a lly  th e  
co m bina tion  of th e  re s u lta n t im p ed an ces of the  n eg a tiv e- an d  zero-sequence 
n e tw o rk s, re sp ec tiv e ly  (Table I). T he im pedance  seen b y  th e  re lay  V m ay  be 
d e te rm in ed , i f  th e  v a lu e  of th e  v o ltag es  ( Ux), cu rren ts  (J x), as well as sy m m e t
ric a l com ponents a t  th e  in s ta lla tio n  p lace of re lay  У  are  know n.*

F or d e te rm in in g  I x an d  Ux som e ch a rac te ris tic  im p ed an ce  v alues o f th e  
sy s tem  m ust be k n o w n . Below  th e  sym bols an d  th e  in te rp re ta tio n s  are  given 
(in  th e  system  th e  lo ad s are  in c lu d ed , too ). The defin itio n s refer to  th e  system  
fro m  which the  f a u lty  overhead  line (one- or doub le-c ircu it) itse lf  is ta k e n  o u t.

The positive sequence  (50 c/s) d riv in g  p o in t im p ed an ce  a t  p o in t x,  w ith  
a ll vo ltage sources, as well as n —у  a re  sh o rt-c ircu ited  m a y  be expressed  by

Z XX1 =  ^ .  (1 )
*X1

* Indexes x and у  denote the quantities corresponding to points x  and у  (see the Figures). 
The sym m etrical com ponent values refer alw ays to  the reference phase A .
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T he positive sequence  d riv ing  p o in t im p ed an ce  a t  p o in t y ,  w ith  a ll 
vo ltag e  sources, as w ell as n — x  are  sh o rt-c ircu ited :

Z -  U *^ y y i ----- r
1yl

( 2 )

T ran sfer im pedance  b e tw een  po in ts  x —y ,  i f  a ll v o ltag e  sources, as w ell 
as n —y  are  sh o rt-c irc u ite d :

7
( 3 )7  — Z xi^xy\ —

1yi

Ha

H r t Iyi

",
positive-sequence network 
(it contains the generators 
and the loads as well)

uyi

_____________________ I

Fig. 2. E quivalent circuit ('/.lc : in case of double-circuit line the resultant im pedance)

or, if  all vo ltage  sources, as well as n — x  are sh o rt-c irc u ite d :

z x.vi =  z v .u  =  . (4)
*X1

T he values re fe rrin g  to  th e  negative- an d  zero-sequence system  m a y  
also be  de te rm ined  w ith  th e  help  o f form ulae (1), (2), (3) a n d  (4), in stead  o f  
in d e x  1 s ta n d  2  an d  0 .

The im pedances o f  th e  overh ead  line: Z tv, Z lv0 are th e  re su lta n t positive  
(negative) and zero-sequence im pedances of th e  o v erh ead  line discussed, or, in  
case o f a double c ircu it line , those  o f th e  tw o lines to g e th e r .

In d e x  V  deno tes th e  q u a n titie s  a t  th e  in s ta lla tio n  p o in t o f th e  p ro tec tio n .

III. Determ ination o f the Current and Voltage o f the Relay

T he voltages a t  p o in ts  x  an d  y  a t  th e  in s ta n t  im m ed ia te ly  before th e  
sh o rt-c ircu it, fu r th e r  th e  v o ltages on th e  b u sb a r u n d e r n o rm al o p era tio n a l 
cond itions, or u n d e r sw ing ing  conditions:*

U'x1 ,

U n -

* Values o f pre-fault sta te  are denoted by com ma.
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H ence the c u rre n t on th e  line d iscussed , in  th e  s ta te  p reced in g  th e  short- 
c ir c u it  is:*

u xl +  U'T'  —    J '  —
1 x i   - » y l  

У1
( 5 )

UX1,F ro m  th e  th ree  va lu es  (U xv Uÿv  I X1) tw o  m u st be kn o w n  (e.g. Uÿv  I X1)
U'yx a n d  Г* i are po sitiv e  sequence va lues.

T he positive sequence  n e tw o rk  m a y  be com pleted  in  th o u g h t w ith  Z er 
(F ig . 2) to  determ ine la te r  th e  c u rre n t d is tr ib u tio n  b y  su p e rp o sitio n : in  fau lt- 
fre e  cond itions th e re  p rev a ils  a t  p o in t h th e  vo ltage U'yl, as th e re  is no c u rren t 
f lo w in g  on im pedance  Z er\ sh o rt-c ircu itin g  all g en era to rs  a n d  im posing  on 
p o in t  h a voltage o f  — Uÿv  th e  v a lu e  o f  I X1 (and  IyX) m a y  be d e te rm in ed . 
T h u s , th e  positive-sequence c u rre n t flow ing  on th e  o v erh ead  line is

L‘ x l —  T '  4- T "—  -» X I  4 ^  * x i ( 6)

a n d  th e  positive-sequence c u rre n t of th e  re lay  of one line , in  case of a doub le
c ircu it-n e tw o rk  is e v id e n tly  h a lf  o f  (6 ):

^ 1  =  —  (?)

a n d  a t  a single-circuit line:
I  Vi — I  xl- (7a)

A ccording to  th e  a fo rem en tio n ed , sh o rt-c ircu itin g  o f  a ll g en era to rs  an d  
a p p ly in g  to  p o in t h  a v o ltag e  o f — U'yl th e  following re la tio n s  m a y  be w ritten  
(F ig . 3):

Un ~~ I'zi Zer +  U’n  =  0,
_  U"y l +  U'yl (8)

SO 1  Z l —  -------- -- ---------  •

SO

U"^  xl T" 71  x i  ÍV U'n 0 ,

J"1 Xl
77"
U  X l Т Гu  У1

T"  __  T"  I T"
1 Z l  —  J x i  T  J y i ’

U"x 1 TT"u  X l

Tryl 7 x̂xl

U"x 1 7 7 "u yi
z z^ xyl ^yyl

( 9 )

( 10)

( 11)

( 12)

* The capacitive and the leakage currents are neglected in the overhead line, so the 
resu lts refer to lines, where th is causes no considerable error.
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F ro m  th e  five u nknow ns o f E q u s . (8 ) — (12) expressions I Xi a n d  l £ i  [as 
p e r  (10), fo rm ula  I yl\ are needed . A fte r som e m an ip u la tio n  o f  th e  eq u a tio n s

7"1  X I 14- %tv +  Z e,

4- 7" т У1

■‘xyl

z„

+

■'xyl

II ч 4: 
" f 1 _

. Z xxi

У p ------о

tó» Zer

4/,

Fig. 3. P ositive-sequence network

-'xyl

(13)

f « ( -
Ztv +  Z e

yyl

+  i n | l  +

'xyl
z .

+

yyi -'xyl
-  V 'yi

-'yyi -'xyl

th e  so lu tio n  of th e  eq u a tio n s

7" —J xl —
u yi ■ Z xy1 z y n  (Z xyl Z xxl)

‘n

w here

Un-l(Z*x>i(Zxa +  Z tv) — Z xxlZ yyl(Z xvl - f  Z tv)\ 
a

a =  Z xyl (Z xxl 4- Z tv) (Z yyl 4 - Z er) +

4- Z er Z yyl (Z xyl — 2 Z xxl Z xyl Z /v Z xxl)

(th e  va lu e  o f  Z er seen in  T ab le  I) an d

I" z i =  I 'x i +  l y i  ■

(14)

(15)

(16)

T he positive-sequence  c u rre n t flow ing  a t  th e  re lay  u n d er co n sid e ra tio n  [E q u s. 
(5), (6 ), (7), (7a) an d  (15)]:

I Vl =  d I xl =  d ( I 'xl +  r xl) (17)
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w here  d — 1 in  case o f  a sing le-c ircu it-overhead  line;
d  =  1 /2  in  case o f  a doub le -c ircu it ov erh ead  line.

T he positive-sequence  co m p o n en t o f th e  sh o rt-c irc u it cu rren t is:

h i  — h i  +  h i -

As in  fau lt-free  co n d itio n s Z er is cu rren t-free ,

h  =  о ,

th u s , on th e  basis o f  (15) an d  (16)

i Z i =  h i  =  h i  +  i ; i ,  ( i s )

co n seq u en tly , th e  lo a d  (oscillation) c u rre n t does n o t figu re  in  th e  expression .
T he above e q u a tio n s  w ould  be su ffic ien t for d iscussing a th ree -p h ase  

sh o rt c ircu it. F o r th e  case of a sy m m etrica l fau lts , how ever, th e  d e te rm in a tio n  
o f th e  negative- a n d  zero-sequence c u rre n ts  is necessary , too .

The cu rren ts  I 2 a n d  7 0 of F igs. 4 a n d  5 m ay  be d e te rm in ed  in  a genera lly  
know n  w ay  d epend ing  on th e  so rt o f fau lt. T ab le  I  invo lves th e  v alues. T he
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values Z 2 an d  Z 0 in d ic a te d  in  th e  ta b le  are  th e  re s u lta n t im pedances o f th e  
sy s tem  to  be seen in  F igs. 4 an d  5 b e tw een  p o in ts  n —h. A t th e  sam e tim e  T ab le  I  
inc ludes th e  values o f  Z er figu ring  in  e q u a tio n s  (15) an d  (16).

Table I

J2 and 10 function o f  the fault  type

Three-phase 
short-circuit 

3 F

Line-to-line 
short-circuit 

2 F

Double line-to-groimd 
short-circuit 

2 F N

Single line-to-ground 
short-circuit 

F N

Negative-sequence
current I 2 =  0 г г  z »

2 1Zl Z2 +  Z 0

II sT

Zero-sequence
current J 0 =  0 о II О Г I  Z *

ÍZl Z 2 +  z 0

IIh-f

Zer as per (15) and 
(16), as well as 
(4) and (5)

II. ^ 
N

z er —  Zhl +  Z2 Z — Z 4-er Ali_z 2+ z 0
Zer — Z h l  +  Z2 +
+  Z 0

K now ing  th e  c u rre n ts  I 2 an d  7 0, re sp ec tiv e ly , th u s  th e  c u rre n t of th e  
p ro tec tio n  te s te d  m a y  be dete rm in ed  as follow s.

A ccording to  F ig . 4:
U2 =  - I 2Z 2 (19)

w here I 2 m ay  be o b ta in e d  in  th e  basis o f  T ab le  I.
I f  in  F ig . 4 U2 is rep laced  b y  re la tio n  (19), I X2 m ay  be d e te rm in ed . T he 

a rran g em en t is id e n tic a l to  th a t  o f Fig. 3, so I X2 can  be o b ta in e d  b y  E q u . (15). 
The difference is m ere ly  th a t  indexes 2 com e in s te a d  of in dexes 1 (im pedances 
re fer to  th e  n eg a tiv e  sequence system ), a n d  in s te a d  o f Uyv th e  v alue  J 2Z2, 
in s tead  o f Z er th e  v a lu e  o f Z /,2 are w ritte n . C onseq u en tly  I x2 y ie lds:

w here

1x2 — 12
В 2 +  C2

-d2 =  z 2 Z xy2 Zyy2 (Z Xy2 ^ххг)’

B 2 — Z xy2 (Z xx2 +  Z „ )  ( Z yy 2+  Z /l2) ,

B2 — z h2 Zyy.2 (Z xy2 2  Z XX2 Z xy2 Z tv Z xx2).

( 20 )

Sim ilar re su lts  a p p e a r on th e  basis  o f F ig . 5 as

U 0 — I 0 Z 0 , ( 2 1 )

I  — I  ^ 0 
° -B 0 +  Co

( 2 2 )
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w here
Ло =  Z 0 Z xy0 ZyyQ ( Z xy0 Z xx0) ,

Bo — Z'xyo (Z xxо -f- Z lv0) (Z yy0 4- Z h0) ,

Co — Z w  ZyyQ

In  E qu . (22) Ztvо is th e  re su lta n t, zero-sequence im p ed an ce  of th e  o v e rh ead  
lin e , in  case of a d o u b le  c ircu it th e  zero-sequence m u tu a l im p ed an ce  m u s t be 
considered , too . T h o u g h  w hen ca lcu la tin g  positive- a n d  n eg a tiv e -seq u en ce  
c u rre n ts , if  one c irc u it o f  a d o u b le -c ircu it line is d isconnec ted , one m a y  p ro ceed  
as in  case of a single c ircu it line. T he decrease of th e  zero-sequence im p ed an ce  
m u s t  be considered a t  th e  zero-sequence system , if  th e  d isco n n ec ted  c irc u it 
is g ro u n d ed  an d  sh o rt-c irc u ite d , a n d  th is  reduced  v a lu e  m u s t be s u b s ti tu te d  
fo r  E q u . (22). H ow ever, th e  c u rre n t o f  th e  p ro tec tio n  m u s t be ca lcu la ted , also 
in  th is  case sim ilarly  to  th a t  o f th e  sing le-c ircu it line, co n seq u en tly  in  E q u s . 
(17), (20) and  (24) d  =  1.

The negative- a n d  zero-sequence cu rren ts  o f th e  p ro te c tio n  y ie ld :

h 2 =  d ■ I x2 , (23)

Ivo  — d  • I xо (24)
w h ere  d  is fu rn ish ed  b y  (17).

This perm its  th e  d e te rm in a tio n  o f th e  cu rren ts  flow ing  th ro u g h  th e  p ro 
te c tio n  in  case o f a n y  k in d  o f fau lt. W ith  th e  aid  o f F igs. 3, 4 an d  5, as w ell 
as b y  relations o f th is  ch a p te r , know ing  th e  c u rre n t d is tr ib u tio n , th e  v o ltag es  
p rev a ilin g  a t  th e  in s ta lla tio n  p lace o f p ro te c tio n  m a y  sim p ly  be d e te rm in e d  
(U X1, UX2, Uxo). T a k in g  in to  acco u n t, how ever, th e  v o ltag es  a n d  c u rre n ts  
im p o sed  on th e  p ro te c tio n  m easu ring  e lem en t, as w ell as th e  m ag n itu d e  o f  th e  
zero-sequence w eigh ing  fac to r, fu r th e r  o th e r  fac to rs  in fluenc ing  th e  w ay  o f  
im p ed an ce  m easu ring , th e  im pedance  m easu red  m ay  be d e te rm in ed .

F o r in tro d u c in g  th e  m e th o d , in  c h a p te r  IV  d e riv a tio n  of th e  gen era l 
re la tio n s  is given, fo r  p ro tec tio n s  w ith  eq u a tio n  for u n iv e rsa l use, re g a rd in g  
th e  tw o  m ost c h a ra c te ris tic  k inds o f fa u lts : for 3F  a n d  F N .

(Zly о 2 Zxxо ZXyо Zlv0 Zxxq) .

IV. Presentation o f the Method for a Typical Protection, 
in Case o f Faults 3F and FN

1. Three-phase ( 3 F )  short-circuit

In  case of a th re e -p h a se  sh o rt-c irc u it I 2 — 1 0 =  0, U2 =  U 0 =  0. T he 
positive-sequence  v o lta g e  — w hich is id en tica l w ith  th e  phase  v o ltage  — m a y  
be  d e te rm ined  on th e  basis  o f Fig. 2 considering  th a t  as p e r T able I  Zer — Zfry :

Zx 1 — Ixi z tv — IZi z h 1 =  о ,
Cxi — Ixi Ztv +  h i  Zfa ■

Acta Techn. Hung. 51 (1965)



IMPEDANCES SEEN  BY  DISTANCE RELA Y S 411

A t th e  m a jo r ity  o f  d istance  p ro tec tio n s , in  case o f  a fa u lt  3 F, th e  line 
vo ltage  an d  th e  d ifference o f th e  tw o  p h a se -c u rren ts  a re  connected  to  th e  
m easuring  e lem en t, e.g . fo r phase q u a n titie s  A —В :

Ua - U b

I a - I b

W e m ay  w rite  because  o f  th e  sy m m etry :

(26)

U a - U b __ ( 1  ~ a 2) U A ^  U A

I a ~  I В (  1 —  ° 2 ) I  A  1 A

th u s , th e  im pedance  m easu red  is th e  ra tio  o f  th e  p h ase  v o ltag e  an d  th e  ph ase  
c u rre n t (a =  e *120 ).

A ccordingly , th e  im pedance  seen [(17), (25) a n d  (26)]:

Z m  —
Uy_

h

Ux
d l X I

2 _ I xi Z tv +  IZ l Zhl
d I n

+ h i
d b  i

■‘hi- (27)

The f irs t te rm  o f E q u . (27) is the co rrec t a n d  precise im p ed an ce  of th e  o v e r
h ead  line seen b y  th e  re lay . N am ely, a t  a s in g le -c ircu it lin e , w hen d =  1, th e  
f ir s t  te rm  is Z vt. A t a doub le-c ircu it line, considering  (17), th e  f irs t te rm  y ields

2  Z,ÍV 5

i.e. th e  double of th e  re s u lta n t  im pedance o f  th e  d o u b le -c ircu it lines, i.e. th e  
im pedance  of one sy stem .

The second te rm  o f E q u . (27) is th e  d is to rtio n  p a r t

ZA Z hi
h i

d h  1

T ak in g  E qus. (15), (16), (17) and  (18) in to  acco u n t:

у  _ 7  ^xyi ( Z XX1 Z tv) Z xxl Zyyy (Z m  -j- Z /v) -f- Z xyl Z yyl (Z xyi Z xxl)
t'A — ^hl ~ ---------------

J- Yd Z xy 1 Z yyl (Z xyl — Z xxl) - f  ~ ~ - d  [Zxyl ( Z xxl +  Z tv) (Zyyl -f- Z hl) -f-

+  Z hl Z yyl (Z lyl
и yi

th a t

-'/a
В

9 7 7^xxl "xyl

I ' l
■L Y

Ztv Zxxl)}
(28)

(29)

U ’yl
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w here  th e  values o f th e  co n s tan ts :

A

В

C

Zxyl (Zxxl 4- Ztv) Zxx1 Zyyi (Zxyl +  z lv) Zxyl Zyyl (Zxvl-‘x y l  '

— d Z Xy1 Z yyl (Z xyy Z xxi) ,

=  d [Ziyi (Zxxl+ Z tv) (Z yyl-\-Zhl) +  Z hl Z yyl (Z~yl 9 7 7" ^xxl ^xyl

z xxl) 1

~ Ztv Zxxl)] ■

(30)

R ela tio n  (29) gives a p ra c tic a lly  good expression fo r  th e  im p ed an ce  
p erce iv ed  b y  th e  d is tan ce  re lay  fo r  th e  case of a fa u lt 3 F ,  considering  all 
fa c to rs  of d is to rtion .

2. S im ple  line-to-ground short-circuit

T he g reat m a jo r ity  of th e  d is ta n c e  re lay  m easu ring  e lem en ts  m easures 
a t  th e  appearance  o f a fau lt F N  a cco rd in g  to  the  e q u a tio n  g iven  below :

Z m  —
_  U v f  
I y f  к I vo

(31)

w here  U y f  phase v o ltag e  o f ph ase  A ,

I Vf  phase c u rre n t o f ph ase  A ,

I y о zero sequence c u rre n t re fe rr in g  to  the  re ference  ph ase  A  a t  th e  
in s ta lla tio n  place o f th e  p ro te c tio n  and

к  =  ^ v0 ~ ^ vl
Zv1

is a c o n s ta n t to  be a d ju s te d  on th e  p ro te c tio n  according to  th e  d a ta  o f th e  o v e r
h e a d  line p ro tec ted .

The phase v o ltag e  v alue  m a y  be dete rm in ed  as fo llow s:

UVJ =  Ux l -\- Ux2 +  Ux0.

A s  a t  a sh o rt-c ircu it F N ,  a t  th e  fa u lt  location

(32)

U  hi +  u  h2 +  U h о — 0 ,

U X1 I xi Z tv I Zl Z hl -)- U xi I x2 Z tv - J 2 Z hi -f- Uxо I x0 Z lv0 J 0 Z ll0 — 0

a n d
U  V/  —  I xi Ztv +  -1x2 Ztv +  I xo Z t„о +  Izi  Z h (33)
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w here

%h ~  Zhi +  %h2 +  Z h0 (34)
a n d  as p er T ab le  I

1 7.1 ~  1 2 =  I q ■

In  th e  foregoing  i t  was s tip u la te d , b u t  now  i t  shou ld  again  be p o in te d  
o u t, th a t  Ztv an d  Z lv0 a re  betw een p o in ts  л; a n d  y ,  in  case o f tw o o v erh ead  
lines, th e  resultant im pedance  values o f  th e  tw o  system s !

H ence, th e  im p ed an ce  perceived a t  a fa u lt F N  [(31), (33)]:

U y f  _  _____ U y f  _ IXI %tv +  1x2 Ztv +  I x0 Z lv0 4- J-zx
I v f  4- k l vо d  ( lx  +  k/xo) d  [I xl -j- I x2 +  ( 1  +  k ) I xo]

%tv . Ix i  +  I X2 +  I xo ( l +  t y  ho{Ztvo — Ztv ~  k Z tv) -f- I z i  Z h

d I xl +  I x2 +  / » ( 1  +  *0  d  [ Ixl +  I X2 +  ( 1  +  ho]

T 7 I ^ lv0 ^ tv k\ \ T 71x0 ^tv\ K i -  1ZlZjh
t̂v _|_____________ ' _____________ '______________

d d  [ I xl +  I x2( l  +  k)  I x0]

T he f irs t  te rm  o f E q u . (35) is th e  sam e as in  th e  E q u . (27) i.e. th e  co rrec t a n d  
precise  v alue  o f th e  im pedance  of th e  o v e rh ead  line p erce ived  b y  th e  re lay . 
T h e  second te rm  o f E q u . (35) is th e  d is to r tio n  p a r t:

T  r, I Z lv0 Z tv 1 7
-‘ xO^'fe -  K \ ~ r 1 Z l Zj h

7  _____________ Zjl___________________
A d [ I xi +  / x 2 + ( l  f  4x0]

The f irs t te rm  o f th e  n u m era to r  m a y  alw ays be m ade equal to  zero in  
case o f a sing le-c ircu it line, if  к is a d ju s te d  accu ra te ly , co rrespond ing  to  th e  
o v erh ead  line d a ta  [ th e  p a r t  in  b rack e ts  w ill be zero; see also (32)]. In  case o f  a 
d o u b le -c ircu it line th is  is no t possible, as th e  value o f к  o u g h t to  be m ade 
d ep en d en t on th e  o p e ra tio n a l co n d itio n s. A d ju s tm e n t o f d ifferen t к  va lu es  
w ould  be n ecessary  w ith  each of th e  fo llow ing  cases: p a ra lle l o p e ra tio n ; a t  th e  
d isconnection  of one line  w ith  th e  s im u ltan eo u s  g round ing  o f  th e  d isconnec ted  
line on b o th  ends, f in a lly  one-side d isco n n ec tio n  o f one sy stem  a t  a sh o rt-  
c ircu it a rising  in  th e  v ic in ity  of th e  d isco n n ec ted  end . I t  is an  a g g ra v a tin g  
c ircu m stan ce  th a t  from  each of the  fo u r o p e ra tin g  cond itions m en tioned  above 
th e re  m ay  also follow  a u to m a tic  tra n s i t io n  to  th e  o th e r one (e.g. b y  fa u lt  
d isconnection). T ho u g h  in  th e  in te re s t o f a c cu ra te  m easu ring  d ifferen t m e th o d s 
a re  know n from  li te ra tu re , th is p a p e r  assum es th e  m ost freq u en tly  ap p lied  
p ro tec tio n . I ts  eq u a tio n  o f m easuring is th e  (31), an d  so in  case o f doub le-c ircu it
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line  th e  firs t te rm  o f th e  n u m e ra to r  in  E q u . (36) is genera lly  n o t zero (choosing 
th e  value  of k,  i t  m a y  be  m ade eq u a l to  zero in  one o f th e  above fo u r eases).

The o th e r te rm  o f  th e  n u m e ra to r  in  E q . (36) depends on th e  fau lt lo ca tio n  
im pedances.

C onsidering th e  E q u s . (15), (16), (17), (18), (20), (22), (23) an d  (24), as 
w ell as Table I ,  th e  d is to r tin g  p a r t  m ay  be w ritte n  up  as follow s:

Z A = ---------- (37)
Я  +  М - 7 Я -

Щ1
w here

F  = Ztv0 Ztv
к  I Z t V E 0 +  Z h ■A ;

h ere

H  — d  ■ Z xyl Z yyl (Z xyl — Z xxl) -f- d  [E 2 +  (1  +  k)  E 0] A  ;

M  =  d  ■ [ z xyl ( z xxl -(- z tv) (Z yyl z hl 4- z 2 +  z 0) -f-

+  (Zhl +  Z 2 +  Z 0) Z yyl (Z xyl — 2 Z xxl Z xyl — Z lv Z xxl)] ;

к  =  zero-sequence w eighing fa c to r  a d ju s te d  to  th e  p ro tec tio n  
(referring  to  I 0) see also (32);

E 2 = Z j  Z xy i  Z y y i  ( Z xy2 Z XX2 )

Zxyi (Z xx2A -Z tv) ( Z yy2 -)- Z h2 )A~Zhl Zyyi(Zxy 2 Z xx2 Z xy2 Z tvZ xx2)

E 0 =
Zo Z xy0 Z yyg ( Z xy0 Z xxo)

Z*xyo(Z xx0+ Z lv0)(Zyy0+Z ho)+ Z  ho Z yy o(Zx>0 2  Z xx0 Z xy0 Z M  Z xx0) 

Zh  — Z hl +  Z h2 -f- Z h0

(38)

th e  v alue  of A  m a y  be fo u n d  in  re la tio n s  (30).
R ela tion  (37) is s im ila r to  (29), b e ing  also tre a ta b le  in  p rac tice  fo r th e  

gen era l case of m easu ring .
The fin a l re su lts  [(29), (37)] o f th e  m e th o d  p re sen ted  give a p ra c tic a lly  

tr e a ta b le  re la tio n  fo r th e  ca lcu la tio n  o f th e  w ay  o f m easu ring  of d istance  re lay s 
in  a rb itra ry  cond itions. One recognizes q u ite  well th e  in fluence o f th e  v o ltag e  
( Uy j : a t  p o in ty  in  a fa u ltfre e  s ta te )  a n d  th a t  o f th e  load  c u rre n t an d  th e  c u rre n t 
o rig in a tin g  from  o sc illa tion  ( I xl is th e  lin e -cu rren t in  case o f a sing le-c ircu it 
line  an d  is th e  sum  o f th e  tw o  lin e -cu rren ts  in  case o f doub le-c ircu it line) v a lu e  
m easu red  by  th e  re lay .
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V. A dap tation  o f th e  R esults to M ore Sim ple Cases, Conclusions 

1. Role o f  the shunt branch

The above discussions gave resu lts  fo r a genera l sy s tem . In  th e  p rac tice , 
how ever, assum ing  a m ore sim ple system  a rra n g e m en t, o r c e r ta in  neglections, 
th e  general p ic tu re  m a y  be  sim plified . Such a g enera l p o ss ib ility  o f  sim plification  
is th e  om ission o f th e  sh u n t b ran ch .

The ov erh ead  line in  question  is genera lly  n o t th e  sole in te rco n n ec tio n  
betw een  th e  pow er s ta tio n s . N evertheless, i t  m a y  be assu m ed  som etim es, o r i t  
m a y  be even an  a c tu a l case t h a t  th e  sh u n t b ra n c h  does n o t  ex is t p rac tica lly . 
In  th e  equations th is  m ean s th a t  th e re  is no im p ed an ce  Z xy, Z xy —*■ o o .

D ividing th e  E q u . (28), v a lid  for fau lt 3JF1, th ro u g h o u t b y  Z xyl and  fo rm ing  
a lim it value (Z xyl —*■ o o ) ,  re su lt in  th e  follow ing re la tio n :

Z A =  Z,‘hi
d Z vv. -f-

Zxxi 4~ Z tv Z yyi

Л 17 7

T h u s, th e  re la tio n  becom es considerab ly  sim plified .
I f  a t  th e  sam e tim e  no  c u rre n t is flow ing on th e  o v e rh ead  line before th e  

fa u lt, so th a t  I k  —  0 , we o b ta in

Z a — Z hl
Zxx 1 +  z.tv

dZ,yyi

1

+  7
(40)

Z xyi —*■ o o  w hich m eans s im u ltan eo u sly  t h a t  Z XX1 an d  Z yyl, re spec tive ly , be ing  
th e  im pedances o f th e  n e tw o rk  (w ithou t line) b eh in d  s ta tio n s  x  an d  y , m ay  be 
ca lcu la ted  d irec tly  from  th e  sh o rt-c ircu it pow er o f  th e  s u b s ta tio n  w ithou t line.

P erform ing  th e  lim it tra n s fe r  Z xyl -*■ o o ,  Z xy2 -> o o  a n d  Z xyo -*■ o o , fo r 
th e  case of a fa u lt F N  [E qus. (37) and  (38)]

w here

(41)

ß = Ztv Itv o

Z„
- к

7 7'-‘n ^yy  0
(Z xxо +  Z m ) (Z yy0 Z h0) -j- Z h0 Z

+
yyo

[Zxx 1 +  Z lv -f- Z yyl)
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у  — d  Z yyl d \Z XX1 +  Z /v -f- Z yyl]

+ (1 + Щ

7 7Zj2 ^yy2
_(Zxx2+Z tv) ( Z yy2 -|- Z h2) -(- Z h2 z yy2

+

-  +

7 7■^o *-•yyo
(Z Xxo +  Z lv0) (Z yyQ -)- Z J  +  Z h0 Zyy  0

+  d  [{Zxxl +  Z tv) ( Z yyl +  Z hl +  Z 2 4 - Z 0) H
U yx

+  (Zhx +  Z 2 +  z 0) Z yyl] .

T h e  re la tio n  has becom e sim plified  h e re , too .

2. Role o f  the F a u l t  Location Impedance

I f  in  th e  case o f a 3 jF  fa u lt th e  im p ed an ce  a t th e  fa u lt  lo ca tio n  is zero , th e  
re la y  can  m easure w ith o u t d is to r tio n , t h a t  is

Zhi —  0 ,
th e n

Z A =  0 . (42)

I f  a sim ple lin e-to -g ro u n d  sh o rt-c irc u it (F N ) occurs, th e  s itu a tio n  is n o t alw ays 
th e  sam e.

I f  th e  value o f th e  zero-sequence w eighing fac to r is p rec ise ly  a d ju s te d , 
so t h a t  к co rresponds to  re la tio n  (32) a n d  Zh =  z hx =  Z h2 — Z ho =  0 ,

Z „  =  0 .  (43)

N o t su ita b ly  a d ju s tin g  k, th e  b a d  co m p en sa tio n  m ay  cause  an  erro r.
I t  is w o rth  m en tio n in g  th a t  th e  e rro r due to  co m p en sa tio n  m a y  be a 

n e g a tiv e  value , to o  ! T h is p e rm its  in  c e r ta in  cases to neutralize the deforming  
effect o f  the fa u l t  location impedance by an over-compensation. The co n d itio n  of 
th is ,  b ased  on E q u s . (37) an d  (38) (Z xy be ing  of fin ite  v a lu e  !) is

Zu, о Z tv

Jtv
+

_j_ Z h Z xy0 (Z xx0 - f  Z lv0) (Z yyQ +  Z hq) Zho Zyyo (Z\yo_
ZfV 

w here

(44)

^ Z xxо Z xyp Z h0 Z xxo)

Z  о Z xy 0 Z VV() (Z xy0 Z xxo)

Zhi +  z f,2 -(- z,■'ЛО'

The value of к  m u s t be chosen  correspond ing  to  E q u . (44). I t  m ay  be n o ted  
t h a t  th e  a d d itio n a l te rm  w ith  re sp e c t to  (32) depends on th e  sy stem  la y o u t 
v a r ia tio n  !
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T he necessary  m easu re  of o v e rco m p en sa tio n  expressed  b y  c u rre n t ra tio n s  
[E q u . (36)] is as follows:

k  =  ^ tv0 ~  ^ Z1 ^ h
 ̂ Z lv I x0 Z lv

N a tu ra lly , th e  c u rre n t values are  to  be  su b s titu te d  fo r th e  case o f a fa u lt  
F N  occu rring  on th e  oppo site  end. N ev e rth e le ss , th e  big d ev ia tio n s  in  th e  fa u lt  
loca tio n  resistances a rising  along th e  o v e rh e a d  line — th e  en d  s ta tio n  (y  side) 
in c lu d ed  — m ay  m ake th e  above m e th o d  in effic ien t.

A m ong th e  values k,  as p er E q u . (45), be long ing  to  th e  d iffe ren t possib le 
w ork ing  cond itions, th e  low est one m u s t be chosen in  such  a w ay  th a t  th e  
o p era tio n  o f th e  p ro tec tio n  should  re m a in  selective.

T he o v ercom pensa tion  does n o t a ffe c t th e  m easuring  co n d itions of th e  
re lay  in  case o f fau lt 3F .

3. Feed-in f ro m  One S ide  Only

I f  from  th e  side o f  s ta tio n  y  th e re  is  no  feeding, th e  con d itio n s becom e 
con sid erab ly  sim plified.

In  th is  case, i f  a fa u lt  3 F  ex ists, th e  v a lu e  o f

Z yyl — Z 1l o a d i (46)

i.  e. th e  im pedance  is to  be su b s titu te d  in to  exp ression  (28) an d  (29), re sp ec tiv e ly  
o f Z A co rrespond ing  to  th e  end -po in t lo ad in g .

C onsidering th a t

Z l o a d i  — (47)

as in  th e  case of an  en d -p o in t feed in  o n ly  one c u rren t, co rrespond ing  to  th e  
im pedance  Z loadl, is flow ing  on th e  o v e rh e a d  line , fu r th e r  t h a t  in  th is  case 
th e re  is no  sh u n t b ra n c h  (Zxyi—>■ с о ) ,  Z A c a n  be go t, i f  in  E q u . (39) th e  v a lu e  
o f E q u s. (46) an d  (47) is used :

Z A — Zhi '

'Moadi

(48)

T his re la tio n  m eans t h a t  in  case o f  a n  e n d -p o in t feed in  th e  value  of th e  
fa u lt lo ca tio n  im pedance decreases an d  th e  la rg e r th e  load  ( th e  sm aller Z[oadl) 
th e  g re a te r  th is  decrease becom es. The p h y s ic a l e x p lan a tio n  o f th is  is th a t  th e  
re lay  m easures to g e th e r w ith  th e  p a ra lle l co n n ec ted  values o f  th e  fa u lt  lo ca tio n
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a n d  th e  load ing  im p e d a n c e  a g rea te r im p ed an ce , th a n  th e  im pedance  o f  th e  
o v erh ead  line.

In  case o f a f a u l t  F N ,  considering t h a t  Z xyl —>- oo, Z xy2 —»■ oo, Z xyo —* oo, 
see re la tion  (41), w e o b ta in

Z A =  —  i (49)
e

w here

S = Z  { ^ ,v0 ~~ ^ ,v k  I ________________Z o ^УУ°__________________ I 2
l  Z tv ) (Z xx0 +  Z tv0) ( Z yy0 +  Z h0) +  Z hQ Z yy0

^yy2
+

Ьуу2(Z Xx2 +  Z tv) ( Z yy2 - f  Z h2) -f- z h2 z
+  ( 1  +  k ) -----------------------h b o n -------------------

(Z xxо +  Z tvo) (Z yy0 -f- Z h0) - f  Z hо Z.

Zh1 + Z2 + z0
+

'yyo

+ 1 +
J l o a d i

N a tu ra lly , i t  is to  h e  ta k e n  in to  a c c o u n t th a t  th e  v a lu e  Z yy2 is eq u a l to  th e  
nega tive-sequence  v a lu e  of the  lo ad , w hich  is a lw ay s sm aller th a n  Z |0adl:

Zyyi —  Z\l o a d j < 2 ,l o a d i (50)

a n d  th a t  Zyyo is o f te n  fu rn ished  m erely  b y  th e  tra n sfo rm e rs  of e a r th e d  n e u tr a l  
p o in t a t  th e  у  side.

4. The Feed-in  at One Side is o f  a Very  H igh  Value ( In f in i te  B u s )  

R ealiza tion  o f  th is  fac t for e.g. th e  у  side yields

Zyyi — Z yy2 =  Z yy0 aid 0 . (51)

In  case o f th e  f a u l t  3 F  the  a d d itio n a l im pedance  m easu red  [E q u . (28)] is :

1 U '
(52)

® -*X1

T his surprising  re s u lt  m a y  he exp la ined  b y  th e  c ircu m stan ce  th a t  because o f  th e  
v e ry  g rea t feed-in  a t  th e  y  side no sh o rt-c irc u it c u r re n t ( I xl) flow s from  th e  x  
side , b u t  th e  p re - fa u lt  c u rre n t I k -  D ue to  th e  in fin ite  b u s  a t  th e  y  side b u s b a r  
v o ltag e  y  rem ains Uyl, th a t  is, on th e  fa u l t  loca tio n  (an d  loading) im p ed an ce  
th is  vo ltage p rev a ils . I t  can  also be q u ite  sim ply  p ro v ed , th a t  in  th is  case th e  
a>side re lay  m easu re s  beside th e  o v e rh e a d  line im p ed an ce , also th e  v a lu e
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d e te rm in e d  in  E qu . (52), th a t  is, e sse n tia lly  th e  “ ap p a re n t у -side load ing  im p éd 
a n ce”  (or th e  double of th is) co rresp o n d ig  to  th e  loading- a n d  sw ing c u rre n t 
o f th e  overhead  line before th e  fa u lt . In  th is  case th e  я -side p ro te c tio n  p resu m 
a b ly  w orks only a f te r  th e  у -side c irc u it b re a k e r have d isco n n ec ted  (cascade 
o p e ra tio n ). This case occurs v e ry  ra re ly  in  th e  p rac tice  !

In  case of a sh o rt-c ircu it F N  [(37), (38) an d  (51)]:

Z  Z o 1 Un
%hi +  Z 2 +  Z Q d I X1

T he re su lt is sim ilar to  E qu.(52).T he я -side re lay  is also seen h e re  as an  a d d itio n a l 
im p ed an ce  correspond ing  to  th e  o v e rh e a d  line load  (sw ing) c u rre n t, th o u g h  
a v a lu e  co rrec ted  b y  a certa in  m o d ify in g  fac to r. The я -side p ro te c tio n  is also 
ab le  in  th a t  case to  w ork  in  a cascad e  o p e ra tio n , as a ru le . B esides, i t  is t ru e  
t h a t  th is  case is lik e ly  to  occur v e ry  ra re ly  in  th e  prac tice .

I f  th e  я -side feed-in  is o f e x tre m e ly  h ig h  value, so t h a t

7  __ 7
x x l  ^  XX2 — Z xx0 — 0 » (54)

th e n , in  case of a fa u lt 3 .F :

Z tv +  Z
J h l

УУ1
i :d  Z yyl - f  *l d  [ Z tv (Z xxl+ Z hl) -j- Z hl Z yyl\
и yl

(55)

To d raw  a d irec t conclusion fro m  th e  re su lt is d iff icu lt. N evertheless, 
one recognizes th a t  th e  value Z A is d ec reased  (if Zyy is su ffic ien tly  h igh , so th a t  
from  th e  o th e r side th e re  is no g re a t feed -in  e ith er). For th e  case o f th e  fa u lt 
F N ,  a s im ilar re su lt m ay  be o b ta in e d .

*

O ne can see from  th e  special cases p re sen ted  in  C h ap te r У  th a t  th e  re su lts  
o f  th is  p a p e r  are usefu l in  th e  m a jo rity  o f  cases o ccu rrin g in  p ra c tic e , an d  ac tu a l, 
as w ell as fu rth e r, generizable re su lts  m a y  be o b ta in ed  (e.g. 2 . o v erco m p en sa tio n ,
4. cascade  opera tion , e tc .).
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D E R  ALLG EM EINE FA L L  D E R  DISTA N ZER FA SSU N G  D U R C H  SCHUTZRELAIS

P. O. GESZTI— GY. PÓKA

ZUSAM M ENFASSUNG

Die D istanzerfassung durch Schutzsystem e wird durch m ehrere Faktoren verzerrt, 
und es kann Vorkommen, daß deswegen das Ansprechen nicht se lek tiv  erfolgt oder ganz aus
b leib t. Die Verfasser versuchen unter Berücksichtigung aller verzerrenden Einflüsse die a llge
m eine Gleichung für die D istanzm essung durch D istanzschutzeinrichtungen bzw. für die 
Abweichung von der genauen D istanzerfassung zu bestim m en. D er allgem ein gültige Zusam 
m enhang für einen typ ischen  Schutz wird auf zw ei charakteristische Arten von K urzschlüssen  
angewendet; dann wird m it H ilfe von speziellen Fällen die praktische Anwendung des 
Gerätes beispielsweise dargelegt.

LE CAS GÉNÉRAL DE LA PERCEPTION PAR LES PROTECTIONS A DISTANCE
P. O. GESZTI— GY. PÓKA

RÉSUMÉ

La perception par les protections à distance est faussée par plusieurs facteurs et il peut 
arriver que leur fonctionnem ent soit non-sélectif ou qu’il y  ait arrêt du fonctionnem ent. Les 
auteurs tenant com pte de tou tes les influences perturbatrices essaient d’établir l’équation  
générale de la perception par les protections à distance, c’est-à-dire de déterminer les écarts 
par rapport à la m esure précise de la distance. La relation générale est appliquée à une 
protection typique pour d eux  genres caracté ristiques de court-circuits et la discussion de cas 
spéciaux illustre ensuite l ’application pratique de l’instrum ent.

ВОСПРИЯТИЕ ДИСТАНЦИОННЫХ ЗАЩИТ В ОБЩЕМ СЛУЧАЕ 
П. О. ГЕСТИ—Д. ПОКА 

РЕЗЮМЕ

Восприятие дистанционных защит искажается рядом факторов, и возможно, что 
из-за этого произойдет не селективное срабатывание или отказ срабатывания. Авторы 
делают попытку определить общее уравнение восприятия дистанционных защит при 
учете всех искажающих факторов, и соответственно величину отклонения от точного 
дистанционного восприятия. Общая зависимость применяется для типичной защиты, 
для двух характерных видов замыканий, а затем путем демонстрации специальных 
случаев дается пример практического применения прибора.
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ПРОБЛЕМА ОПРЕДЕЛЕНИЯ ГОРИЗОНТОВ В ГОРНО
ПРОМЫШЛЕННЫХ ПРЕДПРИЯТИЯХ

Я. ЗАМБО
ЧЛ. KOPP. А Н . ВЕНГРИИ

[Поступило 19. марта 1964.]

Автор исследует оптимальную высоту этажей в функции расходов, зависящих от 
этой высоты. Наиболее значительными расходами являются расходы по движению, капи
тальные вложения и постоянные затраты. Амортизационные затраты, происходящие от 
капитальных вложений, вводятся в расчет на основе принципа процентной амортизации. 
Записывается функция затрат, отыскивается место минимума функции, и тем самым 
определяется оптимальная высота этажа. На основе теоретических зависимостей могут 
быть сделаны практические выводы, а) Параметры функции расходов следует опреде
лить на основе регрессивной теории множества данных, б) Графическое решение кажу
щихся сложными математических зависимостей вполне удовлетворительно, в) Вполне 
достаточно выделение одного интервала, внутри которого для определения высоты этажа 
решающими являются горно-технические условия.

Правильный выбор расстояний между горизонтами уже давно привле
кает внимание проектировщиков и строителей горно-промышленных пред
приятий. В рудниках прошлых столетий эта проблема не играла зчанитель- 
ной роли, так как при более низкой производственной мощности горизонты 
требовали много более промтого оформления. Требовались погрузочные 
площадки гораздо меньших размеров, корридоры отдельных горизонтов, 
как правило, располагались по самой жиле и служили для подготовки за
боев, то есть не представляли собой высокопроизводительных направляю
щих штреков. Таким образом, естественно, возросли капитальные затраты 
по отдельным этажам. Из этого следует, что вообще стремятся увеличить 
высоту этажей.

Высота этажа зависит от целого ряда обстоятельств. Некоторые стре
мятся увеличить высоту, а другие — уменьшить. Противоречивые стремле
ния приводят к оптимальному компромиссу. Мы ставим перед собой задачу 
— найти это компромиссное решение и исследовать его, чтобы сделать прак
тические выводы.

Чем больше высота этажа, тем меньше удельный амортизационный 
расход от капитальных вложений, при большей высоте этажей использо
вание рудничной подъемной машины становится более выгодным, чем 
больше высота этажа, тем меньше число одновременно поддерживаемых 
этажей, большая высота этажа требует меньшего числа нарезанных в пустой 
породе направляющих и поперечных штреков, теоретически снижается 
число выбросов газа, а также снижаются потери угля или руды.
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Чем меньше высота этажа, тем проще движение между двумя этажами. 
Под движением подразумевается, с одной стороны, перевозка людей, а с 
другой — транспорт продукции, пустой породы, крепежных материалов, 
воздуха, воды, энергии. Чем меньше расстояние между этажами, тем легче 
выработать шахтные пространства, связывающие два этажа (скаты, склизы, 
штольни), и содержать их.

За основу возьмем принцип, что высота этажа является оптимальной, 
если удельные затраты по этой высоте будут оптимальными. Естественно, в 
математической формуле невозможно учесть всех условий, но самые важные 
факторы можно учесть.

а) Капитальные затраты тесно связаны с запланированной произ
водственной мощностью поля разработки. Эту зависимость хорошо выра
жает функция

K bs — o q 0 ,

где Kbs — капитальные затраты на разработку;
Ч„ — производственная мощность горизонта, т/сутки;

V — показатель, вообще меньше единицы.

Суточная же производительность, в свою очередь, является функцией 
высоты горизонта h для некоторого данного месторождения, то есть

qa =  bhf‘,

где показатель р, как правило, меньше единицы. Из этого следует:

K bs=  а (bhiiy  =  aliœ .

Отношение ожидаемой глубины шахты Н  к высоте горизонта — дает 
число горизонтов. Все вырабатываемое на данной шахте количество иско
паемого обозначим через Q. Тогда простые удельные амортизационные рас
ходы можно записать в следующем виде:

, H  ahm

Наиболее значительная часть капитальных затрат K bs падает на на
чальный период существования горизонта, амортизация же — в более или 
менее равномерном распределении — на все время существования горизонта.

Согласование проводится на основе правил расчета сложных процен
тов или же правил расчета прибыли. Необходимо определить такие соответ
ственно измененные капитальные затраты (К Ьг), из которых расчетный амор
тизационный расход (K brjn), в виде суммы прибыли через п лет, получился 
бы равным первоначальным капитальным затратам (K bs) с процентами за
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п  лет. Стало быть:

откуда

К Ьг Рп ~  1 
п р — 1

=  K bsPn>

K br =  n J t r ^ T p " K bs,
р "  —  1

где р  — показатель процентов;
п  — продолжительность жизни горизонта в годах; 
п  лет могут быть выражены в функции h:

п = №  =
Qh

H zq0

Qh
H zbh"

ß h 1-» .

Теперь уже можно выразить удельный амортизационный расход от 
капитальных затрат:

Cl р 0Л * ^
cha~i‘

p ßh 1—**

/ л 1“ " - !  '

б) Второй важный фактор расходов, это — так называемые постоян
ные расходы. Пусть суточные постоянные расходы некоторого горизонта 
составят K ns, тогда получим удельный расход:

, . К „ , K ns

ns î„  bh'

в) Также просто могут быть выражены удельные расходы по дви
жению в пространстве между двумя горизонтами. Обозначим расходы, 
падающие на м расстояния и на т вырабатываемых минералов, через к 
[фор/м.т], причем сюда входят перевозка грузов, транспортировка людей, 
откачка, вентиляция, ремонтные работы, а также разработка пластов между 
двумя горизонтами, удельные расходы по потерям энергопроводов (напр. 
сжатый воздух).

Расстояние между двумя горизонтами по центрам тяжести может 
быть просто выражено через

h

2  sin  at

и тогда удельные расходы по движению составят:

к р —
2  sin  at

Z  к , ,
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где at — средний уклон пласта в градусах.
В то же время удельные расходы по движению в стволе составят:

h  =  H t h S h -
•"«С

При сложении основных факторов расходов получим:

К„
К  — kbr +  k ns +  kf  +  kA =  Ch"*» — у  +

+
2 sin a, ■Sh

p "

я +  h

bk11

S h -

Исходя из выражения

dkr

dh
=  0 ,

получим следующий результат:

ißh'
(со — /л) hu—я—1 |9 (1 -А О

hm- 2lt
jßh _  I ln p

PK ns
bh'l+í

1

2
S h
sin  a t

+  S h ) : 0  .

Практическое решение данной зависимости не представляет трудностей.

Зададимся следующими данными:

Н  =  600 м, Q — 54 • 106 тп, z — 300 суток/год, р  =  1,1,
Кт =  7500 Фор,1сутки, 2  к, =  0,036 Фор/м.т, 2  Ка =

=  0,014 Фор/м.т, а, =  30°, а =  95 000 Фор/т/сутки, 
у  =  0,7, b =  50 Фор/м.сутки, р =  0,9, со =  0,63.

Расчетные постоянные будут:

а =  95 000 • 509-7 

54- 10е
ß = 600 • 300 • 50

=  1,469- 10е,

=  6 ,

С =  — 0 1 =  9 79 300-50 ’ ’

Функцию же можно записать в следующем виде:

<p(h) =  -  9,79
1 1  6ft0,l

1,1 6/10,1 _  1

1 0,27
{ Л1.27

+
0,0572 
(1,1 «Л»,i _  I

135
Л1-9

+  0,043.
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Произведем подстановки: h =  100, h — 90, h =  80 и полученные таким образом 
значения у>(100), <р(Щ, <р(Щ отложим на графике в системе h, (/(h) (рис. 1). Кривая >p{h) 
сечет абсциссу h, и точка пересечения дает ту величину h, при которой функция кр имеет 
минимум (hunr =  92 м).

+ 0 ,0  7

Можно рассчитать также суточную производительность соответствующую опти
мальному делению горизонтов

q0 =  =  bh'‘ =  50 • 92°>9 =  2927 т/сутки.

На рис. 2 изображено изменение функции kr. Видно, что оптимальное деление 
горизонтов (h„„r =  92 м) не сопровождается значительным изменением функции kr, то 
есть в этом интервале удельные расходы, зависящие от высоты этажей, возрастают лишь 
незначительно, если отклонение от оптимальной высоты незначительно.
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Приведенный числовой пример служил только для иллюстрации ме
тода. Выцор данных или калькуляция их в каждом отдельном случае явля
ется трудоемкой и требует тщательной работы. Чтобы избежать повторения, 
здесь не уделено внимания подробному описанию этой работы; дана лишь 
ссылка на опубликованные ранее в этом журнале работы. Это относится в 
первую очередь к калькуляции удельных расходов X  kf и X ка; указанный 
метод подробно изложен ранее.

. Определение расходов K ns и K bs как и прежде основано на регрес
сивном методе.

Определение постоянных суточных затрат K ns регрессивным методом 
осуществляется относительно просто. При горной добыче, как известно, 
часто открывают новый горизонт. Расходы, возникающие при разработке 
горизонта, известны с самого начала разработок до полного их развития. 
Если изобразить эти расходы в функции суточной производительности, то 
можно легко отделить постоянные затраты (рис. 3) или же задать уравнение 
регрессивной прямой (K s =  о3 î 0 +  K ns).

В данном случае используется уравнение регрессивной прямой гори
зонта или горизонтов, работающих при сходных условиях, оттуда и берется 
значение K ns.

Уравнение капитальных вложений можно также определить регрес
сивным методом (K bs =  aqő) (рис. 4). Опыт показывает, что принятая фор
мула дает очень хорошее совпадение, плотность удовлетворительна. Показа
тель г меняется в пределах 0,65-^0,75, в то же время коэффициент а зависит 
от характера месторождения. Поскольку в горном деле образование новых 
горизонтов является довольно частым явлением, для точного построения 
регрессивной кривой в распоряжении имеется, как правило, достаточное 
количество данных.

Зависимость q0 — bh'‘ также хорошо выражает связь между высотой 
этажей и суточной производительностью горизонтов. Показатель [л меньше 
единицы, коэффициент же Ь является функцией производительности место
рождения (т/м2). Регрессивный метод и в этом случае служит для опре
деления как показателя /л, так и коэффициента 6.

Определение зависимостей

K s и ^ ns ’
K bs =  aq0 -,

И
?u =  bh '‘

регрессивным методом само собой представляет интересную область иссле
дования. В этой области еще нигде не произведено более подробного иссле
дования вопроса. В Венгрии, в Университете тяжелой промышленности в 
Мишкольце на Кафедре горного дела проводились такие исследования, в
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первую очередь, на основе имеющихся в распоряжение советских данных. 
Эти исследования относятся главным образом не к полю одного горизонта, 
а ко всему горному предприятию. Можно было, например, установить, что 
зависимость между капитальными вложениями и производственной мощ

ностью описывается формулой K bs — aq’0 удовлетворительным для прак
тических целей образом.

На основе изложенного можно сделать следующие выводы.
1. Прежде чем записать зависимость, определяющую оптимальное 

деление на горизонты, с помощью регрессивного метода необходимо иссле
довать множество данных. Насколько верен регрессивный метод, настолько 
верно можно определить оптимальную высоту этажей. Установленные
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регрессивные зависимости дают не только верную основу для определения 
параметра или параметров, но сами по себе могут быть использованы для 
расчета предварительных показателей планирования производства.

2. Упрощенное графическое решение кажущихся сложными мате
матических зависимостей вполне удовлетворяет требованиям, так как, с 
одной стороны, неопределенность данных намного больше, а с другой, из
менение удельных затрат в районе оптимума невелико.

3. Вполне достаточно выбрать один интервал, в который попадает 
оптимальное расстояние между горизонтами. Целесообразно, стало быть, 
изобразить функцию, чтобы можно было бы определить границы интервала. 
Внутри интервала, при определении действительной высоты этажа, в ка
честве решающих факторов могут учитываться также прочие горно-техни
ческие и горно-технологические условия
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T H E P R O B L E M  OF DIVISION INTO STAGES IN  M IN IN G  PLANTS

J. ZAMBÓ

SUM M ARY

The author exam ines the optim um  stage lev e l as a function  o f the costs related to  it . 
The m ost im portant costs are those of m ovem ent and of transport, the investm ent costs and  
the permanent costs. The am ortization costs due to the in vestm en t costs are taken into  
account according to  th e  principle of am ortization w ith  an interest. The cost function is estab 
lished, its m inim um  is determ ined and thus th e  optim um  stage leve l can be found. From  
th e  theoretical relations, practical conclusions can he drawn: a)  The parameters o f  the  
cost function m ust be determ ined on the basis o f the regression theory  of the set o f data.
b)  Graphical solution o f  th e  apparently com plicated m athem atical relations is sufficient.
c)  I t  is com pletely su ffic ien t to  determine a range on ly , w ithin w hich the technical requirem ents 
o f m ining are decisive for th e  determ ination of stage level.

DAS PROBLEM  D E R  A U FT E IL U N G  A U F  SO H L E N  IN  B E R G B A U B E T R IE B E N

J. ZAMBÓ

ZUSAM M ENFASSUNG

Der Verfasser untersucht die optim ale Sohlenhöhe als F unktion der m it der Sohlenhöhe 
zusam m enhängenden K osten . D ie wichtigsten K osten  sind die T ransportkosten, die In vestition s
kosten  und die ständigen K osten . Die aus den In vestitionskosten  stam m enden A m ortisations
kosten  werden auf Grund des Prinzips der verzinsbaren A m ortisation in die Rechnungen einge
führt. Die K ostenfunktion wird angeschrieben, das Minimum der Funktion wird berechnet 
und auf diese W eise w ird die optim ale Sohlenhöhe bestim m t. A u f Grund der theoretischen  
Zusammenhänge können praktische Folgerungen gezogen werden: a)  D ie Parameter der K os
tenfunktion müssen a u f Grund der Regressionstheorie der D atenm engen  bestim m t werden. 
b)  D ie graphische Lösung der kom pliziert scheinenden m athem atischen Zusammenhänge ge
nü gt. c) Es genügt vollkom m en , einen Bereich abzugrenzen, innerhalb dessen die berg
bautechnischen B edingungen  für die B estim m ung der Sohlenhöhe entscheidend sind.
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LE PR O B L È M E  D E  LA DIVISIO N EN É TA G ES DA NS LES E XPLO ITAT IO NS M INIÈRES

J. ZAMBÓ

R É SU M É

L’auteur examine la hauter optim um  en  fonction  des frais dépendant de la hauteur  
des étages. Les plus im portants de ces derniers son t les frais de m ouvem en t et de transport, 
les frais d’investissem ent et ceux d’un caractère constant. Les frais d’am ortisatiou  résultant 
des frais d’investissem ent figuren t dans les ca lcu ls suivant le principe de l ’am ortisation à 
in térêts. La fonction des frais une fois écrite, l ’au teur recherche le m inim um  de cette  fonction  
e t déterm ine par là la hauteur optim um  de l’é tage.

Sur la base des relations théoriques, les conclusions pratiques su ivan tes peuvent être 
tirées: a°) Les paramètres de la fonction des frais doivent être déterm inés selon la théorie de la  
régression des ensembles de données. b°) Il su ffit de résoudre graphiquem ent les relations m athé
m atiques qui paraissent être trop com pliquées. c°) Il est entièrem ent su ffisant de déterminer 
un seul dom aine, à l’intérieur duquel les conditions de l’exploitation m inière interviennent 
d’une m anière décisive dans la déterm ination de la  hauteur d’étage.
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SOIL STABILIZATION EXPERIMENTS WITH PLASTICS

G. PETRASOVITS
CANDIDATE OF TECHNICAL SCIENCES 

TECHNICAL UNIV ERSITY  OF BU ILD ING  AND TRANSPORT ENG.. BUDAPEST

[Manuscript received February 2, 1965 ]

Possibilities o f stabilizing silty  and pure sand soils w ith syn th etic  resins were in v e sti
gated in  the laboratory. A variety  of syn thetic  resin com pounds and catalytic  agents were 
used w ith adm ixtures ranging from 5 -f- 10 15% by weight o f soil.

The effect o f silt grains and lim e present in the soil the ex ten t o f stabilization atta ined  
was studied experim entally, together w ith  the relationship between in itial m oisture content 
and strength developm ent, the significance of therm al effects and freezing, as well as their  
influence of strength, i.e. all effects to which stabilized soil m ay be exposed under natural 
conditions.

As revealed by the results obtained, syn thetic  resins are superior to  sodium  silicate in  
soil stabilization both  as far as strength and range of effectiveness are concerned. At the sam e  
tim e cost o f stabilization (F t/cu . m) are com parable to  those of the m ethod involving the use 
of sodium  silicate.

I. Chem ical M ethods for Soil S tabilization

Surface forces bon d in g  soil pa rtic le s  can  be p e rm a n e n tly  increased , a n d  
th e  p e rm eab ility  o f th e  soil can  be red u ced  b y  a v a r ie ty  o f chem ical m e th o d s . 
Soils h av in g  poor load  bearin g  p ro p ertie s  an d  a h igh degree of p e rm e a b ility  
can  b y  these  procedures be given m echan ical an d  p h ysica l p ro p erties  w hich  
m ake th e m  su itab le  to  m eet th e  req u irem en ts  an d  c rite ria  e s tab lish ed  b y  th e  
designer. A w ide v a r ie ty  of soil s ta b iliz a tio n  m ethods w ere developed  as a 
response to  p rac tica l req u irem en ts . I t  is th e  ta s k  of th e  designer to  select from  
am ong  these  th e  m e th o d  b y  w hich  a n y  p a r tic u la r  p ro b lem  could be so lved  
in  th e  m ost sou n d  an d  econom ical m anner.

A m ong chem ical m eth o d s i t  is soil s tab iliz a tio n  w ith  sodium  silica te  
th a t  com prised  th e  m ost w idesp read  ap p lica tio n . T he correc tness in  u sin g  
sod ium  silicate (N a20 n S i0 2) w as co rro b o ra ted  b y  s tu d ies  in to  cem en ta tio n  
processes in  n a tu re , i.e ., th e  fo rm a tio n  o f san d sto n e . I t  could be es
ta b lish e d  th a t  colloidal S i0 2 p lays a sign ifican t role in  n a tu ra l  cem en ta tio n . 
R ecogn ition  of th is  fac t h a d  an  ap p rec iab le  in fluence on fu r th e r  re sea rch  
an d  w as responsible for th e  t re n d  th a t  for a long tim e  th e  g rea te s t in te re s t  
was co n cen tra ted  on th e  selection  o f a su itab le  reac tin g  ag en t. As a re su lt o f th e  
chem ical reac tio n  w hich tak es  p lace b e tw een  th e  sodium  silica te  so lu tion  an d  th e  
reac tin g  ag en t, a silicic acid  (S i0 2) gel is p re c ip ita ted  w hich is inso luble  in  
w ate r. T herefore th e  p rob lem  w as to  select an  e lec tro ly te  p roduced  w ith  a
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sod ium  silicate so lu tio n , th e  gel of w hich h a d  th e  h ig h est q u a lity . The s im u lta 
neous co nsidera tion  o f  s tre n g th  p ro p ertie s  a tta in e d , an d  th e  econom ic aspec ts  
le d  to  th e  w id esp read  ap p lica tio n  of ca lcium  chloride (CaCl2) [9].

U nconfined  com pressive  s tre n g th  from  a =  10 -4- 30 kg/sq .cm  was 
o b ta in e d  w ith  san d  soil, s tab ilized  w ith  so d ium  silicate h av in g  a co n cen tra tio n  
o f  30 to  35 B e0. O w ing  to  th e  h igh v isco s ity  of th e  sodium  silicate so lu tion  
th e  ap p lica tio n  o f th is  m e th o d  is re s tr ic te d  to  san d  soils show ing  a p e rm eab ility  
coeffic ien t к  =  1 0  “ 2 —  1 0 _ 3  cm/sec.

M ethods in v o lv in g  th e  use of sodium  silica te  could  n o t y ield  sa tis fac to ry  
re su lts  above th e  a fo re -m en tio n ed  lim it a n d  co n seq u en tly  th e ir  field  of a p p li
c a tio n  was g rea tly  re s tr ic te d . The q u est fo r new er s ta b iliz a tio n  m ate ria ls  was 
th e re fo re  resum ed  in  th e  fo rties, w ith  th e  a im  o f develop ing  a m eth o d  w hich 
h as  an  app rec iab ly  b ro a d e r  range o f ap p lic a tio n  th a n  t h a t  invo lv ing  th e  use 
o f  sodium  silica te  a n d  a m a te ria l, w hich could  be in je c te d  in to  fine-g ra ined  
soils, p roducing  a h ig h e r  s tre n g th  an d  do ing  th is  a t  a low er m a te ria l co n su m p 
tio n . S ignifican t p ro g ress  w as ach ieved  in  th e  U n ited  S ta te s  a n d  in  th e  Soviet 
U n ion , and  a g re a t n u m b e r  of m ateria ls  w ere d e tec ted  w hich  m eet th e  fu n d a 
m e n ta l req u irem en ts  co n tro llin g  th e  success o f soil s tab iliz a tio n  [1—4, 10, 11].

The m ain  re q u ire m e n ts  in  u p -to -d a te  soil s tab iliz a tio n  m a y  be sum m arized  
as follows:

1. The s tab iliz in g  m a te ria l shou ld  be cheap .
2. The n ecessa ry  a m o u n t of s tab iliz in g  m a te ria l to  be added  should  

n o t  exceed 5 to  10 p e r  c en t b y  th e  w eig h t o f  soil to  be s tab ilized .
3. The s tab iliz in g  m a te ria l shou ld  h a v e  a v iscosity  ap p ro ach in g  th a t  o f 

w a te r.
4. S tab iliza tio n  sh o u ld  resu lt in  a g re a tly  increased  s tre n g th  an d  red u ced  

p e rm eab ility  o f th e  soil, a f te r  th e  co m p le tio n  o f th e  chem ical reac tio n .
5. B onding tim e  shou ld  be a d ju s ta b le  w ith in  b ro ad  lim its  as req u ired  

b y  constru c tio n  tech n o lo g y .
6 . The m a te r ia l  sh o u ld  be su itab le  fo r th e  s tab iliz a tio n  o f several ty p es  

o f  soil, regardless o f  soil m oistu re .
7. E q u ip m e n t in v o lv ed  should be sim ple an d  shou ld  he easy  to  h an d le .
8 . The s tab iliz in g  m a te ria l shou ld  be harm less reg a rd in g  o p era to rs  an d  

eq u ip m en t.
A v a r ie ty  o f o rg an ic  m ateria ls  o f th e  resin  ty p e  p ro v ed  to  be th e  m ost 

successful in  sa tis fy in g  th e  crite ria  o u tlin ed  above. These m a te ria ls  are availab le  
in  large q u a n titie s  as b y -p ro d u c ts  o f th e  chem ical in d u s try , in  in d u s tr ia lly  
developed  co u n trie s . I t  is fo r th is  reaso n  th a t  soil s tab iliz a tio n  b y  p lastic  
m a te ria ls  has becom e p o p u la r  p rim a rily  in  coun tries w here th e  chem ical 
in d u s try  was in  th e  p o sitio n  to  supp ly  th e se  m a te ria ls  a t  a re la tiv e ly  low  price 
to  th e  co n stru c tio n  in d u s try  (U n ited  S ta te s  o f A m erica an d  th e  Soviet U nion) 
[ 5 - 7 ,  12, 13, 16].
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T he m ain  a d v a n ta g e  o f soil s ta b iliz a tio n  w ith  p la s tic  m a te ria ls  over o th e r  
chem ical m ethod  of soil s tab iliz a tio n  is t h a t  th e  resin  so lu tio n s lend  them selves 
re a d ily  to  grouting  even  in to  soils h a v in g  a low  p e rm eab ility , w ith  p e rm e a b ility  
coeffic ien ts o f к =  10 ~ 5 cm /sec o rd e r o f  m ag n itu d e . D ep en d in g  on th e  gra in  
size d is tr ib u tio n  and  m inera log ica l com position  of th e  soil, u n co n fin ed  com 
pressive  s tren g th s  ra n g in g  from  a =  15 to  100 kg /sq .cm  w ere a tta in e d  w ith  
th e  re sin  m ethod  of s ta b iliz a tio n  in  fin e  g ra ined  soils, th is  be ing  su itab le  to  
m ee t th e  m ost exac tin g  fo u n d a tio n  specifica tions [14, 15, 17].

Som e of the  re c e n tly  developed  m eth o d s y ie lded , from  th e  eng ineering  
p o in t o f v iew , highly  sa tis fa c to ry  re su lts , b u t  th e  re su ltin g  costs o f  soil s ta b ili
za tio n  are  as y e t excessively  h igh ow ing to  th e  high price o f  chem icals. P ra c tic a l 
d o m estic  applications a re  th erefo re  co n fin ed  to  cases w here  no  o th e r  a lte rn a tiv e  
can  be found  for so lv ing  a given p ro b lem . Im p ro v ed  m a te r ia l su p p ly  an d  
su b se q u e n tly  the  considerab le  w id en in g  of th e  fie ld  o f ap p lica tio n  o f soil 
s ta b iliz a tio n  w ith p lastics are  ex p ec ted  to  ensue w ith  th e  g ro w th  o f th e  chem ical 
in d u s try  in  H ungary .

B efore passing on to  th e  d esc rip tio n  an d  ev a lu a tin g  d iscussion  o f e x p e ri
m e n ta l s tud ies a few w ords on th e  th e o re tic a l aspects o f s ta b iliz a tio n  m ig h t 
be o f  in te re s t.

As revealed  by  in v es tig a tio n s  c a rr ie d  o u t so far, th e  success o f s ta b iliz a tio n  
p r im a rily  depends on th e  g rad a tio n  o f  th e  soil. A ny re d u c tio n  o f p a rtic le  size 
is acco m p an ied  by  an  in c rease  of th e  specific  surface a n d  co n seq u en tly  o f th e  
n u m b e r o f bonds per u n i t  vo lum e. I n  v iew  of th e  fa c t t h a t  besides th e  s tre n g th  
o f in d iv id u a l bonds, th e  s tre n g th  o f  th e  stab ilized  soil m ass is also governed  
b y  th e  n u m b er of b o n d s , h igher s tre n g th s  are  h o u n d  to  occur in  th e  case 
o f  sm alle r partic le  sizes. S ince, on th e  o th e r h an d , th e  to ta l  p a rtic le  surface 
is la rg e r  in  th is  case, a g re a te r  q u a n t i ty  o f stab iliz ing  m a te r ia l  is ab so rbed  
on th is  surface, leav ing  less to  c re a te  bonds. C onsequen tly  th e  o p tim u m  
a m o u n t o f stabilizing  m a te r ia l  to  be  ad d e d  w ill v a ry  w ith  g ra in  size d is tr i
b u tio n .

S tab iliz in g  m ate ria ls  o f  su itab le  q u a lity  an d  q u a n ti ty  w ill fa il to  produce  
a b o n d  o f sa tisfac to ry  s tre n g th  w ith  soil p artic les — c lay  m inera ls  — w hich 
a d so rb  w a te r  on th e ir  su rface . In  fa c t,  adhesion  of th e  chem ical is p rev en ted  
b y  w a te r  bonded  to  th e  su rface . In  soil s tab iliz a tio n  th e  s tab iliz in g  effect is due 
to  th e  h a rd en ed  chem ical, an d  th e  d esired  degree o f s ta b iliz a tio n  c an n o t he 
ach iev ed , unless a s tro n g  b o n d  be tw een  soil partic les a n d  chem ical is ensu red .

I n  chem ical soil s ta b iliz a tio n  h a rd e n in g  o f th e  chem ical m a y  occur b y  one 
o f th e  follow ing processes: 

p rec ip ita tio n , 
io n  exchange, 
po lym eriza tion , a n d  
ox id a tio n .
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The tw o la s t m e n tio n e d  processes p la y  th e  m ost im p o r ta n t  p a r t  in  soil 
s ta b iliz a tio n . U nder c e r ta in  cond itions severa l sub stan ces d u rin g  po lym eriza tion  
fo rm  g ian t molecules h a v in g  g rea t m olecular w eigh t. In  th e  case o f  po lym eriza tion  
b y  condensation  w a te r , alcohol, or am m onia  is lib e ra te d  d u rin g  th e  reac tio n  
o f  substances, calling  fo r  th e  use of acids, or bases as ca ta ly z in g  agen ts. 
C oupled  po lym eriza tio n  does n o t re su lt in  such a p re c ip ita tio n . S ubstances 
acce le ra tin g  th e  re a c tio n , re spec tive ly , oxyd iz ing  reag en ts  m u s t in these  in 
s ta n c e s  be added  as c a ta ly z in g  m ateria l.

Soil s tab iliza tio n  e x p e rim e n ts  using  p lastics ca rried  o u t u n d e r  the  gu idance 
o f  th e  au th o r will be d esc rib ed  sub seq u en tly .

II. Experiments with Different Resins
2.1. Properties o f  resins used in  the experiments

Soil s tab iliz a tio n  ex p erim en ts  using  p las tic  resins w ere begun a t  th e  
I n s t i tu te  for G eo techn ics, T echn ical U n iv e rs ity  for B u ild in g  an d  T raffic  E n g ., 
B u d a p e s t, in 1962. A fte r  a th o ro u g h  su rv ey  an d  analysis  o f rep o rts  pub lished  
a b ro a d , resin co m pounds en su rin g  the  desired  m echan ical, as well as phy sico 
ch em ica l p roperties w ere  selected . The cheapness an d  re a d y  av a ilab ility  of th e  
m a te r ia ls  on th e  d o m estic  m a rk e t was one o f th e  fu n d a m e n ta l considerations. 
R esin s  were th e n  p re p a re d  on th e  basis o f fo rm ulae  d e te rm in ed  in  th is  m an n er 
a n d  p a r tly  com ple ted  b y  th e  D e p a rtm e n t fo r P lastic s  In d u s try , T echn ical 
U n iv e rs ity , B u d ap est. U rea- an d  m elam ine-base resins w ere selected . As is 
w ell know n, resins m a y  be p roduced  from  pure  u rea , or m elam ine  w ith  fo rm a l
d eh y d e , h u t th e  p ro p e rtie s  o f these  p ro d u c ts  can  be in flu en ced  b y  com bin ing  
u re a  an d  m elam ine in  d iffe ren t p ro p o rtio n s, an d  can be m odified , or a d ju s te d  
b y  th e  add itio n  o f single- or m u lti-fu n c tio n  com pounds. R esin  p roperties m ay  
b e  con tro lled  to  a co n sid erab le  degree an d  m ay  be ap p re c ia b ly  im proved  b y  
v a r ia tio n s  and  m o d ifica tio n s.

Aside from  good m echan ical p ro p ertie s , low  v isco sity , p e rm a n e n t 
s ta b i l i ty  a t  n o rm al te m p e ra tu re s  (20 °C), res is tan ce  to  h e a t an d  no s tre n g th  
lo ss  in  aggressive m ed ia  w ere also considered  im p o r ta n t  req u irem en ts .

The follow ing re s in  com pounds w ere te s ted :
a) Urea resin ( K F — \ )

Urea: form aldehyde ratio =  1 : 1.5
The resin can be blended w ith  unlim ited quantities o f water.
Solids content o f th e  resin: 47.3% .
V iscosity at 20 °C: 6.63 cSt.

b) Urea resin ( K F —2)
Urea: form aldehyde ratio = 1 : 2 .
The resin can be blended w ith  unlim ited quantities of water.
Solids content o f th e  resin: 43.6% .
V iscosity at 20 °C: 7.08 cSt.

c) Melamine resin ( M F  — 3)
Melamine: form aldehyde ratio =  1 : 2.5.
The resin can be blended w ith  unlim ited quantities of water.
Solids content o f  th e  resin: 47.08% .
V iscosity at 20 °C: 9.02 cSt.
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d) M e la m in e  resin ( M P —4)
M elamine: form aldehyde ratio =  1 : 2 .5 .
The resin can be b lended w ith a lim ited  qu antity  (1 : 7) o f w ater.
Solids content o f  the resin: 51.9%.
V iscosity  at 20 C°: 156 cSt.

As can  be seen fro m  th e  fo rego ing  a ll resins w ith  th e  ex cep tio n  o f M P-4 
h av e  a n  ex trem ely  low  v iscosity , n e a r in g  th a t  c f  w ater. V iscosity  o f th e  re sin  
M F-4 is 156.1 cSt, so t h a t  i t  c an n o t be  recom m ended  fo r g ro u tin g  p u rp o ses , 
b u t  u sing  a m ix ing  p rocess i t  can  b e  m ade su itab le  fo r  soil s tab iliz a tio n . 
E ach  o f th e  four resin s can  be w ell s to re d  an d  rem ain  s tab le  even d u rin g  
ex te n d e d  sto rage . U n d e r norm al co n d itio n s  an d  a t  20 °C te m p e ra tu re  th e  
resins can  be s to red  fo r 2 -f- 4 w eeks w ith o u t th e  d e te rio ra tio n  o f its  q u a lity . 
W ith  re frig e ra tio n  s to ra g e  th is period  can  be ex tended  fro m  4 to  5 tim es th e  
above value .

O n th e  ad d itio n  o f  th e  c a ta ly tic  a g e n t th e  resin  h a rd e n s  an d  assum es 
a ce llu lar foam  s tru c tu re . E xposed  to  th e rm a l effects th e  resins assum e th is  
ce llu la r s tru c tu re  a n d  h a rd en in g  ensues even  w ith o u t th e  a d d itio n  o f re a c tin g  
ag en ts . F o r th is  rea so n  th e  resins a f te r  a ce rta in  period  becom e u n su ita b le  
fo r s tab iliz a tio n  p u rp o ses . The ra te  o f h a rd e n in g  is g rea tly  co n tro lled  b y  te m p e r
a tu re , inasm uch  as a rise  of ab o u t 1 0  °C increases th e  r a te  o f h a rd en in g  to  
a b o u t its  tw ofold . As th e  h ea t c o n d u c tiv ity  of resin  is low  th u s  in  th e  case 
o f  la rge  resin  m asses — i f  h e a t c an n o t b e  rem oved  — th e  ra te  o f h a rd en in g  is 
g re a tly  accelera ted . I n  soil-resin  m ix tu re s , how ever, a s im ilar acce lera tion  o f th e  
re a c tio n  ra te  does n o t occur any  longer.

K f-2 an d  M F-4 resin s  are less se n s itiv e  to  heat.
H a rd en ed  resins a re  h ea t re s is ta n t up  to  te m p e ra tu re s  b e tw een  100 an d  

200 °C.
H a rd e n e d  resins a re  insoluble in  ac ids.
B efore h a rd en in g  th e  resins are re a d ily  soluble in  b ases, b u t  a f te r  h a rd e n 

in g  th e  d issolving e ffec t o f  bases is v e ry  low . A lkalin ity , re sp ec tiv e ly  th e  c a rb o n 
a te  c o n te n t of th e  soil is a  fac to r r e ta rd in g ,  or even p re v e n tin g  h ard en in g , so 
th a t  a p re tre a tm e n t o f  s im ila r soils b ecom es a necessity .

R esins K F -1 , K F -2  an d  MF-3 a re  re a d ily  soluble in  w a te r , b u t  so lu b ility  
o f  resin  M F-4 in  w a te r  is lim ited .

H ard en ed  resins are  insoluble in  w a te r , b u t  sligh t a m o u n ts  of m ono- 
a n d  oligom ers — n o t exceed ing  som e p e r  cen ts — m ay  be leach ed  b y  flow ing  
g ro u n d w a te r .

O f th e  above resin s b o th  urea a n d  m elam ine are co m p o u n d s co n ta in in g  
n itro g en , an d  are th u s  harm less to  p la n t  a n d  an im al o rgan ism s. S light am o u n ts  
o f fo rm ald eh y d e  m ay  be  leached  from  th e  h a rd en ed  resin , b u t  th ese  are n e u tra -  
ized  b y  organic su b stan ces  p resen t in  w a te r . U rea an d  m elam ine  resins are  
du rab le .
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2.2. H ardening  o f  resins

H arden ing  o f  th e  above resins w as accom plished  b y  th e  ad d itio n  o f  
hyd ro ch lo ric  acid , a m m o n iu m  chloride a n d  oxalic  acid  o f  d iffe ren t co n cen tra 
t io n s . Changes in  h a rd e n in g  tim e  w ere reco rd ed  to g e th e r w ith  s tre n g th  a tta in e d  
b y  ad d in g  ca ta ly tic  a g e n ts  o f d ifferen t c o n cen tra tio n  in  q u a n titie s  of 5, 10, 
15, 20 an d  25 p er c e n t b y  w eight. T he m o st su itab le  c a ta ly tic  ag en t and  m ix ing  
ra tio s  of the  la t te r  w ere selected  for each  resin  com pound  on  th e  basis o f th e se  
ex p erim en ts . H a rd e n in g  tim e  should  be a d ju s te d  to  p re v e n t com m encem ent 
o f  th e  h arden ing  p ro cess  before th e  re sin  is in tro d u c e d  in to  th e  soil. On th e  
o th e r  h an d , th e  p e rio d  o f  g rou ting  shou ld  n o t be ex te n d e d  over 4 to  6  h o u rs , 
since  th e  resin so lu tio n  m a y  be d ilu ted  ap p rec iab ly  u n d e r  g ro u n d w ater level, 
a n d  in  flow ing g ro u n d w a te r  some of th e  u n h a rd en ed  re s in  m ay  be w ashed  
a w a y , th e  consequence  o f  w hich is t h a t  poorer s ta b iliz a tio n  resu lts will be 
a t ta in e d . For th is  re a so n  a s tab iliz a tio n  techno logy  p e rm ittin g  th e  use o f a 
c a ta ly tic  agen t w h ich  ensu res a sh o rte r  h a rd e n in g  period  sh o u ld  p re fe rab ly  be  
a d o p te d  for soil s ta b iliz a tio n  [8 ].

E v a lu a tio n  o f  ex p e rim en ts  p erfo rm ed  w ith  in d iv id u a l resin  com pounds 
can  be sum m arized  as follow s:

a) H ardening o f  resin K F -1 . F o r p ra c tic a l a p p lica tio n s  th e  use of h y d ro 
ch lo ric  acid o f 7 %  c o n c e n tra tio n , as w ell as a 1 : 1 b le n d  o f 7%  am m o n iu m  
ch lo ride  and  3 .5%  h y d ro ch lo ric  ac id  w as fo u n d  to  be th e  m o st successful fo r 
h a rd e n in g  resin  K F -1 .

W hen a d d in g  th is  ca ta ly tic  a g en t a t  2 0  p e r cen t b y  w eight h a rd en in g  
ensues w ith in  a p e r io d  o f 4 hours.

b) H ardening o f  resin K F -2 . T he m o st su itab le  fo r h a rd en in g  resin  K F -2  
w as found  to  be h y d ro ch lo ric  acid o f 1 0 %  c o n cen tra tio n  a n d  sodium  chloride 
o f  12%  co n cen tra tio n . W hen  add ing  th e  ca ta ly tic  a g e n t in  a q u a n tity  o f  10 
p e r  cen t b y  w e igh t, h a rd e n in g  was a t ta in e d  w ith in  6  h o u rs .

c) H ardening o f  resin M F -3 . O n th e  basis o f e x p e rim e n ta l resu lts  fo r 
h a rd en in g  resin M F-3 th e  use of 10%  h y d ro ch lo ric  acid , or th e  1 :1  b lend of 24 %  
am m o n iu m  ch lo ride  a n d  1 0 %  h y d ro ch lo ric  acid can  be  recom m ended.

I t  shou ld  be n o te d  th a t  a h a rd e n in g  period  sh o rte r  th a n  5 hours c a n n o t 
be  a t ta in e d  even i f  th e  re a g e n t su b stan ce  is ad d ed  in  la rg e r q u an titie s . H a rd e n 
in g  o f the  resin  is re la tiv e ly  slow, how ever pow erfu l th e  c a ta ly tic  agen t m a y  be, 
b u t  o th e r fav o u rab le  p ro p ertie s  m ake i t  w ell su ited  fo r p ra c tic a l ap p lica tio n .

d) H ardening o f  resin M F -4 . As in d ic a te d  b y  e x p e rim e n ta l resu lts , 10%  
c o n c e n tra tio n  h y d ro c h lo ric  acid, or 1 2 %  am m onium  ch lo ride  are su itab le  fo r 
h a rd en in g  resin  M F-4 . W hen  ad d in g  10%  b y  w eig h t ca ta ly tic  a g en t, a 
h a rd en in g  period  o f  4 h o u rs  was observed .

The h a rd e n in g  p e rio d  can be e x te n d e d  b y  using  h y d ro ch lo ric  acid o f 5 %  
co n cen tra tio n .
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2.3 . Properties o f  hardened resins

T h e four types o f  re s in  h a rd e n e d  w ith  d ifferen t c a ta ly tic  agen ts w ere 
te s te d  fo r volum e s ta b ili ty , s tre n g th  a n d  p e rm eab ility , a n d  th e  follow ing 
resu lts  w ere ob ta ined :

N o volum e changes o f  h a rd en ed  K F -1  an d  M F-4 resin s could  be observed  
d u rin g  s to rag e  u n d er a tm o sp h e ric  co n d itio n s , while sam ples o f  K F -2  an d  M F-3 
resins show ed appreciab le  sh rinkage  u n d e r  such  cond itions o f  s to rage . Shrinkage 
of K F -2  resin  was espec ia lly  p ro n o u n ced .

F la rd en ed  resins show ed  a loss in  w eig h t even w hen  s to re d  u n d e rw a te r . 
T his loss is due to  tw o fa c to rs : un d er th e  in fluence  of in te rn a l stresses develop
in g  in  th e  resin  p a r t  th e  w a te r  is ex p e lled  from  th e  sam ple , a n d  w ater-so lub le  
co m p o n en ts  are  leached  b y  w ater.

T he unconfined  com pressive s tre n g th  o f h a rd en ed  resin s v a ried  from  30 
to  60 kg /sq . cm , th e y  sh ow ed  a dense s tru c tu re  an d  w ere com ple te ly  im p e r
vious.

III. Soil Stabilization Experiments 

3 .1. E xperim en ta l procedure

S evera l series of ex p e rim en ts  w ere p erfo rm ed  w ith  th e  resin  com pounds 
describ ed  in  th e  foregoing w ith  th e  a im  o f stab iliz ing  a n d  w a te rp ro o fin g  two 
types o f  soil (F ig . 1).

a )  One of th e  soils w as a fine s a n d  soil, w ith  80%  b y  w eigh t belonging
to  th e  2 —  0.1 m m  fra c tio n , th e  re s t to  th e  0.1 0.025 m m  frac tio n . T he
u n ifo rm ity  coefficient o f  th e  soil w as U  =  5.5, its  p e rm e a b ility  coeffic ien t 
к =  1 0 - 2  cm /sec. The soil co n ta in ed  5 %  C aC 0 3.

b)  T he second soil w as a yellow  s i l ty  fin e  sand . The g ra in  size d is tr ib u tio n
w as: 1 0.1 m m  frac tio n  7 2 % , 0.1-4- 0 .02 m m  frac tio n  2 3 % , a n d  silt frac tio n
from  0 .0 2  to  0.08 m m  th e  rem ain in g  5 %  o f th e  soil. (All p e r cen ts b y  w eight.) 
T he u n ifo rm ity  coeffic ien t w as d e te rm in e d  as U  =  2 .5 , th e  p e rm eab ility  
coeffic ien t w as к =  3 • 10 - 3  cm /sec. T he soil co n ta in ed  1 .5 %  C aC 0 3.

Soils t re a te d  w ith  d iffe re n t resins w ere a d ju s te d  befo re  each  ex p erim en t 
to  h a v e  a m oisture  c o n te n t o f  w  =  0.5 a n d  w — 10% .

Soil cylinders of 40 m m  d iam eter a n d  60 m m  h e igh t w ere p rep a red  for each  
e x p e rim e n t uniform ly . F o r  each  sam ple 120 gram s a ir-d ry  soil w as used, to  
w hich  w a te r  was added to  a t ta in  1 0  p e r c e n t m oistu re  in th e  case o f m oist-soil 
te s ts .

Soil sam ples p re p a re d  in  th is  m a n n e r  w ere th e n  t r e a te d  w ith  5, 10 a n d  
15 p e r c e n t b y  w eight re s in  com pounds.

F o r  resin  K F-1 , K F -2 , M F-3 a n d  M F-4 th e  ra tio  re s in  : c a ta ly tic  ag en t 
w as 9 : 1 .
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C ataly tic  ag en ts  u se d  w ere 12%  N H 4C1 so lu tion  a n d  10%  HC1 so lu tio n .
Soil sam ples m ad e  w ith  w et soil (w  =  10% ) b y  re s in  tre a tm e n t w ere 

s to re d  in  hum id  a ir  s a tu r a te d  to  h av e  1 0 0 %  m oistu re , w hile tho se  m ade w ith  
a ir -d ry  soil (w =  0 .5 % ) w ere s to red  a fte r  resin  t r e a tm e n t  u n d e r  a tm o sp h eric  
co n d itio n s . H a rd en ed  soil sam ples w ere te s te d  in  21 d ay s  fo r p e rm e a b ility  
a n d  s tre n g th  and  th e  re la tio n sh ip  o f these  p roperties w ith  resin  and  c a ta ly z e r 
ty p e , as well as w ith  s to rag e  cond itions w as estab lished .

B y  changing  one o f  th e  above p a ra m e te rs  a t  a tim e  — tw o typ es o f  soil, 
tw o  m oistu re  c o n te n t v a lu es , tw o  ty p e s  of c a ta ly tic  a g e n t, added  in  th re e  
d iffe re n t q u an titie s , fo u r ty p e s  of resin  — a lto g e th e r 96 h a rd en ed  te s t  soil 
sam p les  were m ade.

log D mm

Fig. 1. Grain size distribution curves o f  soils used in the experim ents: 
a — lim e-sand; b — finesand

3.2. Results o f  soil stabiliza tion  and waterproofing tests and discussion thereof

F ro m  th e  re su lts  o f  te s ts  perfo rm ed  on soil sam ples p re p a re d  as p rev io u sly  
d esc rib ed  the  fo llow ing conclusions could  be a rriv ed  a t  on th e  e x te n t o f s ta b ili
z a tio n  an d  on changes in  p e rm eab ility  a tta in e d .

3.21. Stabilization and  w aterproofing attained w ith resin K F -1 .  resu lts o b ta in e d  
in  th e  series of te s ts  a re  com piled  in  F igs. 2 an d  3. N o n o te w o rth y  s tre n g th  
p ro p e rtie s  were re v e a le d  b y  sam ples m ade w ith  soil a t  w =  1 0 %  m o is tu re  
a n d  s to red  in  h u m id  a tm o sp h ere . H ig h est s tre n g th  re su lte d  from  using  10 %  
h y d ro ch lo ric  acid  as c a ta ly tic  ag en t, b u t  even  th is  va lu e  w as no m ore th a n  1.5 
k p /sq .cm , a lthough  15 %  b y  w eight o f th e  c a ta ly s t w as added .

Low s tren g th s  m a y  be exp la ined , p rim arily  w ith  th e  volum e ra tio  o f  
9 : 1 o f resin : c a ta ly tic  ag en t. The resin  com pound , in c lu d in g  resin  and  c a ta ly tic  
a g e n t alike, was d ilu te d  b y  soil m o istu re  to  th a t  e x te n t, w here  th e  c o n c e n tra tio n  
o f  th e  ca ta ly s t w as n o t  a n y  longer su ffic ien t to  produce  h a rd en in g  of th e  resin . 
T h is  phenom enon is m o re  p ronounced  in  th e  case of lim e-san d , w here th e  h y d ro 
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chloric acid reag en t p ro d u ced  p ra c tic a lly  no h a rd en in g  a t  all. L im e sa lts  
p re se n t in  th e  soil in  th is  case n e u tra liz e d  a considerab le p o rtio n  o f h y d ro 
ch loric  acid added  an d  no  ca ta ly tic  a g e n t  w as left for h a rd e n in g  th e  resin .

Sam ples m ade w ith  soil co n ta in in g  w  =  0 .5%  m o is tu re  a n d  s to red  u n d e r 
a tm o sp h e ric  cond itions a t  room  te m p e ra tu re  (22 -F  25 °C) show ed  an  ap p rec i
ab le  ga in  of s tre n g th  — from  22 to  38 k p /sq .cm  — w ith  b o th  ty p e s  o f soil 
a n d  w ith  b o th  resin  com pounds a d d e d  a t  th e  ra te  of 15%  b y  w eight o f soil. 
H ow ever, upon  im m ersion  in to  w ate r th e  m a jo rity  of th ese  sam ples d e te rio ra ted

Resin compound added to soil in % by weight
Fig. 2. Strengths developed b y  soil samples 
stored in  m oist atm osphere, p lotted  vs. quan
t ity  o f K F-1 resin com pound added. Initial 

m oisture content of soil w  =  10%.

Resin compound added to soil in % by weight
Fig. 3. Strengths developed b y  soil sam ples 
stored under atm ospheric conditions plotted  
v s. quantity of K F-1 resin added. In itial 

moisture content o f soil w =  0.5%

a n d  fell a p a r t  because som e of the  re s in  fa iled  to  re a c t ow ing to  th e  lack  of 
a d e q u a te  ca ta ly tic  ag en t.

U n h ard en ed  resin  is dissolved a n d  leach ed  b y  w a te r.
N e ith e r s tre n g th , n o r p e rm e a b ility  o f soils t r e a te d  w ith  resin  K F-1 

show ed a n y  im p ro v em en t a t  th e  g iven  resin  : c a ta ly s t ra t io  (9 : 1) an d  th is  
com p o u n d  was there fo re  classified u n su ita b le  for p rac tica l a p p lica tio n s . H ow 
ever, i t  w ould  be p re m a tu re  to  condem n th e  q u a lity  o f th e  resin , in  v iew  of 
th e  fav o u rab le  resu lts  o b ta in e d  in s ta b iliz a tio n  ex p erim en ts  perfo rm ed  w ith
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p u re  resin. W ith  a re s in  : c a ta ly s t ra tio  o f  3 :1  s a tis fa c to ry  resu lts  could  be  
expec ted .

3.22. S tabiliza tion  and  waterproofing a ttained w ith  resin  K F -2 .  S tab iliza tio n  
re su lts  are p re sen ted  in  F igs. 4 an d  5. S tab iliz a tio n  o f  m o is t soil gave re su lts  
s im ila r to  those o b se rv ed  w ith  resin  K F -1 . A s ligh t ga in  in  s tre n g th  o ccu rred  
w h en  th e  resin  c o m p o u n d  w as ad d ed  a t  th e  ra te  o f 15%  b y  w eigh t to  th e  soil 
( 1  kp/sq .cm ).

F ig. 4. Strengths developed  by soil samples 
stored in moist atm osphere p lotted  vs. quan
t i ty  o f KF-2 resin added . In itia l m oisture 

content o f so il mi =  10%

Fig. 5. Strengths developed by soil sam ples  
stored under atm ospheric conditions p lo tted  
vs. quantity  o f resin K F-2 added. In itia l 

m oisture conten t o f soil tv =  0.5%

Low s tre n g th s  deve loped  b y  resin  K F -1  are  a t t r ib u te d  to  fac to rs id e n tic a l 
to  those lis ted  in  th e  prev ious p a ra g ra p h  in  co n n ec tio n  w ith  resin  K F -1 . 
S tab iliza tion  o f a ir -d ry  soil p roduced  resu lts  w hich , a lth o u g h  low er th a n  th o se  
o b ta in ed  w ith th e  re s in  K F -1 , m ay  s till be considered  sa tis fa c to ry  an d  s tre n g th s  
developed w hen th e  resin  com pound  w as a d d ed  a t  15%  b y  w eight to  th e  soil 
ran g ed  from  12 to  25 kp /sq .cm .

The change in  th e  p e rm eab ility  o f th e  soil w as s lig h t and  reduced  to  
к =  10“ 3 to 7 .  1 0 _ 3 cm /sec. On th e  basis o f p re lim in a ry  ex p e rim en ts  p erfo rm ed  
w ith  pure resin  a p p re c ia b ly  b e tte r  re su lts  m ay  be ex p e c te d  from  using a co m 
p o u n d  w ith  a re s in : c a ta ly s t  ra tio  ra ised  to  3 : 1.
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3.23. Stabiliza tion  and  waterpoofing attained w ith  resin  M F -3 .  R esu lts  o f 
ex p e rim en ts  perfo rm ed  w ith  resin  M F-3 are su m m arized  in  F igs. 6 an d  7. 
Sam ples m ade w ith  m o ist lim e-sand soil an d  sto red  in  h u m id  a tm o sp h ere  show ed 
a su b s ta n tia l gain  in  s tre n g th . T he u n co n fin ed  com pressive s tre n g th  was found  
to  be 16 k p /sq  . cm  w hen  ad d in g  15%  b y  w eight o f th e  re s in  com pound  to  th e  
soil. T he com pound  w as m ixed  w ith  12%  co n cen tra tio n  am m o n iu m  chloride. 
Sam ples m ade w ith  a com pound  in  w hich  10%  HC1 w as u sed  as c a ta ly tic

Resin compound added to soil in % by weight
Fig. 6. Strengths developed b y  soil sam ples 
stored in m oist atm osphere p lotted  vs. quan
t ity  o f M F-3 resin added. In itia l m oisture  

content o f soil ív =  10%

Resin compound added to soil in % by weight
Fig. 7. Strengths developed by soil sam ples 
stored under atm ospheric conditions p lotted  
v s. quantity  o f M F-3 resin added. In itial 

moisture conten t o f soil tv =  0.5%

a g e n t show ed a s tre n g th  as h igh  as 20 kp /sq .cm . T he s tre n g th  developed  
w hen  th e  com pounds w ere ad d ed  a t  10%  b y  w eight o f soil decreased  to  3 an d  
4 k p /sq .cm , re sp ec tiv e ly .

A side from  a tta in in g  h igher s tre n g th  w ith  sam ples m ad e  w ith  a ir-d ry  
lim e san d  a n d  s to red  in  d ry  a tm o sp h ere , in  th is  case i t  w as th e  12%  N H 4C1 
re a g e n t w hich  p ro d u ced  h ig h er s tre n g th  values. C ond itions u n d e r  w hich th e  
chem ical re a c tio n  ta k e s  p lace can  be a n  ex p lan a tio n  o f th is  fa c t,  inasm uch  as 
th e  re a c tio n  d u rin g  h a rd e n in g  is u n d is tu rb e d  if  gases d ev e lop ing  are  given 
o p p o r tu n ity  to  escape, re sp ec tiv e ly  th e re  is d irec t c o n ta c t b e tw een  soil an d  air.
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S tab iliza tion  o f  fine-M o to  m ed iu m  san d  soil in  m o is t cond itio n  resu lted  
in  ap p rec iab ly  low er s tre n g th  p ro p e rtie s  (1  -f- 1 .8  k p /sq .cm ) th a n  th e  sam e in  
d ry  s ta te , w here v a lu es  fro m  16 to  19 k p /sq .cm  w ere a t ta in e d . Low er s tre n g th  
v a lu es  a tta in e d  w ith  th is  ty p e  o f soil are obv iously  a t t r ib u ta b le  to  th e  h igher 
finesse  o f th e  gram  c o n te n t. A ccord ing  to  foreign li te ra ry  re p o r ts  a clay  frac tio n  
exceed ing  3%  m ay  e x e r t  a p ro n o u n ced  adverse  effect on s tre n g th . This loss of 
s tre n g th  m ay  be t ra c e d  b a c k  to  th e  h y d ro p h ile  p ro p ertie s  o f  th e  finesse. Con
sid e rab le  s tren g th s  a t ta in e d  w ith  th is  ty p e  o f soil ran g ed  fro m  16 to  19 kp /sq .cm  
regard less of th e  c a ta ly tic  a g en t used. A n ap p reciab le  change in  th e  p erm eab ility  
o f  th e  stab ilized  sam p le  cou ld  be observed . The p e rm e a b ility  coefficient к 
decreased  from  th e  in it ia l  v a lu e  o f 2 • 10 “ 3 to  к =  6  • 1 0 _ e cm /sec. On th e  
b as is  o f resu lts  o b ta in e d  w ith  sam ples s to red  in  m oist a tm o sp h e re  for p rac tica l 
ap p lica tio n s resin  M F-3 sh o u ld  be ad d ed  a t  th e  ra te  o f  10 to  15%  b y  w eight 
o f  soil. R equ irem en ts o f  th e  c o n s tru c tio n  in d u s try  are  fu lly  m e t b y  th e  re su lting  
s tre n g th  and  p e rm e a b ility  p ro p ertie s . Im p ro v ed  s tre n g th s  a re  ex p ec ted  from  
m odify ing  the  resin : c a ta ly tic  a g en t ra tio  to  1 : 3 an d  w hen  th e  ca ta ly tic  ag en t 
u sed  is 1 0 %  HC1, su ffic ien t a m o u n ts  th e re o f  are  like ly  to  rem a in  in  th e  soil 
ev en  a fte r  the  n e u tra liz in g  effect o f sa lts  p resen t to  p ro d u ce  h a rd en in g  of th e  
resin . W here th e  re sin  : c a ta ly tic  a g en t ra tio  is m a in ta in e d  a t  1 : 9 ,  th e  p re 
t r e a tm e n t of th e  soil w ith  3 -f- 5 %  h ydroch lo ric  acid  so lu tio n  m ay  produce 
ben efic ia l effects.

3.24. Stabiliza tion  and  waterproofing attained w ith resin M F -4 . R esu lts of 
ex p erim en ts  p e rfo rm ed  w ith  resin  M F-4 are  sum m arized  in  F igs. 8  an d  9. 
S tab ilized  soil sam ples m ad e  w ith  m oist lim e-sand  soil a n d  s to red  in  m oist 
a tm o sp h ere  y ie lded  consid erab le  s tre n g th  values w hen  th e  resin  com pound 
w as added  a t  a r a te  o f  15%  b y  w eigh t o f  soil, regard less w h e th e r of 10%  
hyd ro ch lo ric  acid , o r 12%  NH,C1 w as u sed  as c a ta ly tic  a g e n t. In  th e  case of 
h yd roch lo ric  acid th e  s tre n g th  developed  b y  th e  sam ple  w as 2 1  kp /sq .cm , 
w hile w ith  am m onium  ch lo ride i t  w as 17 k p /sq .cm . W hen  th e  resin  com pound 
w as ad d ed  to  th e  lim e-san d  a t  th e  ra te  of 1 0 %  b y  w eigh t, th e  s tre n g th  observed 
w as 5 to  6  kp /sq .cm . T h e  sam e ty p e  o f soil s tab ilized  in  a ir -d ry  condition  an d  
s to re d  under a tm o sp h e ric  co n d itions developed  a s tre n g th  as h igh  as 36 —  46 
k p /sq .cm . F rom  am o n g  th e  sam ples s to red  u n d er a tm o sp h e ric  cond itions those 
t r e a te d  w ith  12%  N H 4C1 developed  h ig h er s tren g th .

F ine to m ed ium  sand  soils s tab ilized  in  m oist co n d itio n  w ith  15%  b y  
w eig h t resin co m p o u n d  y ie ld ed  s tre n g th s  from  4 to  5 k p /sq .cm , regardless 
w h ich  of the  tw o c a ta ly tic  ag en ts  w as used. W hen  th e  re s in  com pound was 
a d d e d  to  the  soil a t  th e  ra te  o f 1 0 %  b y  w eigh t, s tre n g th s  o f  no m ore th a n  2  

to  3 kp /sq .cm  w ere observed . A pprec iab ly  low er s tre n g th s  a tta in e d  in  
th e  case of fin e -to -m ed iu m  san d  soil are due to  th e  h ig h e r finesse co n ten t o f 
th is  ty p e  of soil. W hen  s tab ilized  in  d ry  cond ition  using  10 a n d  15%  by  w eight
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resin  com pound, s tre n g th s  observed  w ere 18 -f- 20 an d  28 32 k p /sq .cm ,
respective ly . T he p e rm eab ility  coefficien t o f stab ilized  soils v a ried  from  
к  =  10~6 to  9 • 10~5 cm /sec.

U  U  t u  IsJ  /О

Resin compound added to soil in % by weight
Fig. 8. Strengths developed b y  soil sam ples 
stored in  m oist atm osphere plotted vs. quan
t ity  o f M F-4 resin added. In itia l moisture 

content o f soil w =  10%

Fig. 9. Strengths developed by soil samples 
stored under atm ospheric conditions, plotted  
vs. quantity  o f MF-4 resin added. Initial 

m oisture content o f soil w — 0. 5%

3.3. Stabiliza tion  and waterproofing by sprayed resin

In  glass vessels o f  10 cm  d iam e te r 4 cm  th ic k  layers w ere sp read  from  th e  
lim e-sand  and  fin e -to -m ed iu m  sand  soils used  in  these  ex p erim en ts .

M oisture c o n te n t of th e  soils w as w =  0 .5% . On b o th  ty p es  of soil, 
m ix tu re s  consisting  o f  various co m bina tions o f resins M F-3 an d  MF-4 as 
well as 10%  hyd ro ch lo ric  acid an d  12%  NH,C1 w ere ap p lied  b y  sp ray ing . 
T he q u a n tity  of m a te r ia l used for sp ray in g  co rresponded  to  10%  b y  w eight 
o f a 3 cm  th ick  soil lay e r. T his q u a n ti ty  w as used  in  tw o  p a r ts  w ith  a period 
o f one h o u r betw een  th e m . A well s tab ilized  lay e r o f 1.5 to  4 cm  th ickness 
developed  in th is  m an n e r an d  a co h eren t con tinuous resin  c ru s t was form ed 
over th e  surface. In  14 days b o th  soils s tab ilized  w ith  resin  com pounds con
ta in in g  12%  N H 4C1 developed  a h igh  degree of im p e rm eab ility , h igh  s tren g th  
an d  a resistance o t w a te r.

R ely ing  on th e se  exp erim en ta l re su lts  i t  can  be estab lish ed  th a t  th e  
sp ray in g  m ethod  is su p erio r to  th e  m ix ing  one for w a te rp ro o fin g  th e  surface.
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The th ickness o f th e  stab ilized  soil lay er can  he re d u ced  b y  in tro d u c in g  
su ita b le  techn iques o f  ap p lica tio n . B y  sp ray ing  th e  c a ta ly tic  ag en t f irs t on 
th e  soil, th e  h a rd en in g  tim e  of th e  re s in  can be sh o rten ed  to  5 to  10 m inu tes. 
I n  th is  m anner a n y  d eep er in f iltra tio n  o f th e  resin  co m p o u n d  in to  th e  soil can  
be  p rev en ted . S hou ld  a n y  d elay  in  th e  hard en in g  o f th e  resin  he observed , 
a d d itio n a l sp ray in g  o f  p u re  c a ta ly tic  a g e n t m ay be re c u rre d  to  for acce lera ting  
th e  h ard en in g  process.

3.4. Resistance o f  resin-stabilized soils to water and  freezing

3.41. Resistance o f  resin- stabilized soil to water. T he in fluence  o f in it ia l  w a te r 
c o n te n t on th e  gain  in  s tre n g th  h as  a lread y  been d iscussed  in  th e  p reced ing  
p a ra g ra p h . H ow ever no  m en tio n  h as  been  m ade o f th e  changes occu rring  on 
su b se q u e n t subm ergence . T h eo re tica lly  b o th  s tre n g th  a n d  im p e rm eab ility  of 
th e  soil stab ilized  w ith  resin  sh o u ld  rem ain  u n a lte re d  even  a f te r  ex ten d ed  
u n d e rw a te r  sto rage . D iscrepancies ■— w hich are n o t re la te d  to  th e  p roperties 
o f  th e  resin  — m ay  be due to  im p e rfec t m ixing, o r s a tu ra t io n  of th e  soil w ith  
re s in , i.e., to  th e  in su ffic iency  o f th e  resin  com pound fo r c rea tin g  a con tinuous 
re s in  film  a ro u n d  a ll partic les.

F ig. 10. Strengths developed by sam ples stored for 14 days after hardening., plotted vs. 
quantity o f M F-4 resin added. In itia l moisture content o f soil w =  0.5%

Type of soil: lime-sand
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T he p rim ary  aim  in  th e  series o f ex p e rim en ts  to  he described  below  w as 
to  s tu d y  th e  influence o f  th e  in te n s ity  o f  n ix in g . In  th is  series soil cy linders 
m ad e  o f lim e-sand  w ith  re sin  M F-4 w ere cu red  for 14 d ay s u n d e r  a tn  ospheric  
co n d itio n s , followed b y  14 day s of u n d e rw a te r  sto rage . T e s t specim ens w ere 
h e re a f te r  te s te d  for s tre n g th  an d  p e rm e a b ility . R esu lts o b ta in e d  are  p resen ted  
in  F ig . 10. As revealed  b y  a com parison  o f  th ese  resu lts  w ith  th o se  i llu s tra te d  
in  F igs. 8  an d  9, th e  loss o f  s tren g th  su ffe red  b y  stab ilized  soil sam ples su b 
m erged  a f te r  com pleted  h a rd e n in g  is sm a lle r  th a n  th a t  o f  sam ples orig inally  
s tab iliz ed  underw ater, o r a t  a high soil m o istu re  co n te n t. D iscrepancies ob 
se rv ed  are  especially p ro n o u n ced  in  th e  case o f  sam pies m ade  w ith  low er resin- 
c o m p o u n d  adm ix tu res a m o u n tin g  to  no  m ore  th a n  5 to  10%  b y  w eight. The 
m ain  reaso n  for th is  is t h a t  in  soils h a v in g  a h igh  m o istu re  c o n te n t, th e  resin  
co m p o u n d  is d ilu ted  befo re  th e  chem ical re a c tio n  could ta k e  p lace an d  poorer 
s tre n g th s  an d  im perv iousness are o b ta in e d  in  consequence thereo f. The 
s tre n g th  loss re la tive  to  sam ples s to red  u n d e r  a tm o sp h eric  cond itions is due 
to  th e  d isso lu tion  of u n h a rd e n e d  resin  a n d  to  th e  lack  o f a con tin u o u s resin  
film  a ro u n d  th e  partic les.

In  cases w here e x p e rim e n ts  were s ta r te d  b y  add ing  h y d ro ch lo ric  acid  of 
10%  co n cen tra tio n  a t  th e  r a te  of 5%  b y  w eig h t o f soil to  lim e san d , an d  th e  
soil th u s  p re tre a ted  w as su b seq u en tly  s tab iliz ed  b y  f irs t  a p p ly in g  1 0 , th e n  
15%  re s in  com pound, th e  stab ilized  soil sam ples m a in ta in ed  th e ir  s tre n g th  a t  
a p p ro x im a te ly  the  sam e lev e l, regard less w h e th e r  i t  was s to red  u n d e r  atm o sp h er
ic co n d itio n s , or subm erged  th e re in  for 28 d ay s . M axim um  differences observed  
were 10 -r- 15%  order o f m ag n itu d e .

3.42. Resistance o f  resin  stabilized soils to freezing. L im e-san d  soil sam ples 
s tab iliz ed  w ith  MF-4 re s in  com pound  w ere su b jec ted  to  th e  freezing te s ts  
req u ired  b y  s ta n d a rd  spec ifica tio n  for soil s tab iliza tio n . F o r cohesionless soils 
a w eig h t loss of 14%  re la te d  to  th e  o rig inal w eigh t is specified  in  th e  s ta n d a rd  
as perm issib le . C om m only accep ted  d im en sio n  of te s t  sam p les  are 10 cm  
d ia m e te r  a t  13 cm heigh t. D im ensions o f t e s t  sam ples used  in  th e  te s ts  described  
below  w ere d iam eter I) =  40 m m  an d  h e ig h t H  =  60 m m . T he p rocedure  
a d o p te d  fo r th e  freezing te s ts  was as fo llow s:

I n  21 days the  soil sam p le  was su b m erg ed  for 1 -f- 2 h o u rs  u n til  s a tu ra tio n  
could  be  determ ined .

T h e re a fte r  it  was k e p t  a t  —23° C te m p e ra tu re  fo r 12 h o u rs  a n d  its  
w eigh t w as subsequen tly  de te rm in ed .

A fte r  storage for 12 h o u rs  a t  room  te m p e ra tu re  i t  w as a g a in  w eighed an d  
th e  su rface  lay er se p a ra te d  fro m  th e  su rface  w as rem oved  b y  lig h t b rush in g . 
H e re a f te r  th e  sam ple w as w eighed re p e a te d ly .

Sam ples s tirred  u n d er a tm o sp h eric  co n d itio n s  (le fthand  sam ple) an d  those  
su b je c te d  to  1 2  cycles o f  freez ing  and  th a w in g  (rig h th an d  sam ple) are show n
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in  F igs. 11a, b , c a n d  d. Sam ples consisted  o f lim e-san d  soil s tab ilized  w ith  
re s in  M F —4, b u t  u s in g  d iffe ren t c a ta ly tic  agen ts. T he resin  com pound w as 
a d d e d  a t  a ra te  o f 10 -f- 15%  by  w eight o f soil. A fte r 12 cycles of freezing a n d  
th a w in g  stab ilized  soil sam ples revealed  a w eigh t loss fro m  4.5 to  5 .5%  re g a rd 
less w heth er th e  soil w as p re tre a te d  or n o t w ith  h y d ro ch lo ric  acid , an d  w h e th e r  
1 2 %  am m onium  ch lo rid e , o r 1 0 %  hyd ro ch lo ric  acid  w as a d d ed  to  th e  re s in  as 
c a ta ly tic  agent. T h e  w eig h t loss observed  w as fa r below  th e  value p e rm itte d

F ig . 11 a — d. Fine lim e sand stabilized w ith M F-4 resin and different catalytic agents (left  
sam ple: stored under atm ospheric conditions, righthand sample: after 12 cycles of freezing and

thaw ing)

b y  th e  s ta n d a rd  fo r stab ilized  soils. These resu lts  m ay  be  considered  esp ec ia lly  
fav o u rab le  in  v iew  o f th e  fac t, th a t  th e  low  w eigh t loss was o b ta in ed  w ith  
sam ples su b s ta n tia lly  sm alle r th a n  specified b y  th e  s ta n d a rd , w hich h a d , c o n 
seq u en tly , a m uch  la rg e r specific surface.

S treng ths o b se rv ed  on sam ples a fte r  th e  freezing  te s t  are  i l lu s tra te d  in  
F ig . 12. As will be  p erce ived  th e  s tre n g th  of soil sam ples is co n sid e rab ly  
red u ced  to  a b o u t 15%  o f tho se  sto red  u n d e r a tm o sp h e ric  cond itions, i.e ., to  
a b o u t 4 -1 -6  k p /sq .cm  b y  rep e a te d  freezing an d  th a w in g . The re m a in in g  
s tre n g th  is s till su ffic ien t fo r m ost p ra c tic a l a p p lica tio n s . The p e rm e a b ility  
coefficient of sam ples a f te r  th e  freezing te s t  w as к =  8.5 • 1 0 ~ 5 cm /sec, w h ich  
com pares fa v o u ra b ly  w ith  th e  к =  6  • 1 0  ~e cm /sec v a lu e  o b ta in ed  w ith  c o n tro l 
sam ples.
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R e s in  MF-4
---------1-

iv=0i5%

^ y ^ '^ F r e e z in g  te s t o f stabilized

Lim e sa n d

nte

N o t e :

1. )S ta b ilized  soil sample stored
fo r 27 days under atmospheric 
conditions

2. )  Subjected subsequently to  12
cycles o f freezing and thckvhg

NHtCI Tested fo r  freezing

+ 10 ° /°
HO

75 20 %

Fig. 12. Resistance of stabilized lime-sand soil to  freezing plotted vs. q u an tity  o f M F-4 resin  
com pound added. Initial m oisture content of soil w  =  0.5%

IV. D iscussion o f  E xperim en ta l R esu lts  O btained w ith  D iffe ren t R esins

Ow ing to  th e ir  o u ts tan d in g  en g in eerin g , as w ell as p hysica l-chem ica l 
p ro p e rtie s , p lastic  resins are  gain ing w id esp read  ap p lic a tio n  for a v a r ie ty  o f 
eng ineering  purposes in c lu d in g  s ta b iliz a tio n  an d  w a te rp ro o fin g  o f soils. P la s tic  
resins a re  capable o f h a rd en in g  a t  low  te m p e ra tu re s , in  th e  presence  of o rgan ic , 
as w ell as inorganic ac ids an d  sa lts, a n d  becom e inso lub le  in  w a te r.

T he m ateria l s tru c tu re  of resins is n o t clearly  u n d e rs to o d  as y e t,  a n y  
in v e s tig a tio n  th e reo f b e in g  m ade e x tre m e ly  d ifficu lt on th e  one h a n d  b y  th e  
v a ria b le  conditions o f  th e  m a n u fa c tu r in g  process, a n d  on  th e  o th e r b y  th e  
in so lub le  sp a tia l s tru c tu ra l  p a tte rn  o f  th e  h a rd en ed  resin .

T he successful ap p lica tio n  of re s in s  fo r th e  s ta b iliz a tio n  and  w a te r 
p ro o fin g  o f soils is in flu en ced  by  a n u m b e r  o f fac to rs, m o st im p o r ta n t  o f w hich  
are  th e  grain-size d is tr ib u tio n  of th e  so il, co n cen tra tio n  o f th e  resin , th e  p e rio d  
o f gel fo rm ation , a n d  th e  p H  value o f  th e  m edium  in  w h ich  th e  h a rd e n in g  
process tak es  place.

T he effect of grain-size  d istribu tion  on th e  success o f  soil s tab iliz a tio n  
has been  ex p erim en ta lly  d em o n stra ted . A  resin  a t  any  p a r t ic u la r  c o n cen tra tio n
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p ro d u ces higher s tre n g th  values in  fine  g ra in ed  soils th a n  in  coarse ones. T h is 
m a y  be a t tr ib u te d  to  th e  la rg e r specific su rface  of f in e r  p a rtic le s . H ow ever, 
as soon as th e  fin e  p a rtic le s  be long  to  th e  c lay  frac tio n  (kao liné , b e n to n ite ), 
th e  h arden ing  p e rio d  o f  san d  soil is de layed , a n d  th e  gain  in  s tre n g th  is reduced . 
C lay contents exceeding  3%  were in  general fo u n d  to produce an appreciable 
strength loss, for w h ich  th e  h y d ro p h ile  p ro p e rtie s  of clay  m in era ls  can be offered  
as an  ex p lana tion . T h e  dev e lo p m en t of a s tro n g  bond  b e tw een  th e  soil p a rtic le  
a n d  th e  resin is p re v e n te d  b y  w a te r  ad so rb ed  on th e  surface o f  th e  clay m inera l.

The effect o f  v a rio u s  m ed ia  w as in v e s tig a te d  a n d  soil, re spec tive ly , 
g ro undw aters h a v in g  p H  values higher than  7 -f- 8  w ere fo u n d  to  have  an  
ad v e rse  effect on b o th  gain  in  s tre n g th  a n d  w ate rp ro o fin g . E x p erim en ts  p e r
fo rm ed  a t hom e a n d  a b ro a d  alike d e m o n s tra te d  p o s itiv e ly  th e  d e tr im e n ta l 
e ffec t of carbonates p re se n t in  th e  soil. A c a rb o n a te -c o n te n t h igher th a n  3 %  
is  capable  of n e u tra liz in g  acid ic c a ta ly tic  ag en ts , or sa lts  g iv ing an  acid ic 
h y d ro lysis , and  th u s  o f  p rev en tin g  th e  h a rd e n in g  of th e  re sin . E v en  in  th e  case 
o f  ca rbona te  c o n te n ts  below  th e  above fig u re , i t  w as fo u n d  advisab le  to  
m inim ize ca rb o n a te  e ffec t b y  reduc ing  — before th e  s ta b iliz a tio n  p ro p er — 
th e  p H  value o f th e  soil, fo r w hich p u rp o se  hyd ro ch lo ric  a c id  o f 3 5%  co n 
c e n tra tio n  m ay  be  in tro d u c e d  in to  th e  soil. A h y d ro g en  ion  co n cen tra tio n  
necessary  for th e  h a rd e n in g  o f resin  can  be ensu red  in  th is  m an n er.

Soils s tab ilized  w ith  u rea  resins w ere fo u n d  to  m a in ta in  th e ir  s tre n g th  
in  p rac tica lly  all aggressive  m edia (0.1 N aO H , 0.1 H 2S 0 4, 0.1 N a2S 0 4, d u rin g  
a ir-  an d  w ater s to ra g e , or a lte rn a tin g  a ir-w a te r  s to rag e). A n in sig n ifican t 
s tre n g th  loss o f a b o u t 1 0 %  w as observed  a fte r  s to rag e  o f  one y ear u n d e r  
a tm o sp h eric  co n d itio n s , resp ec tiv e ly , in  a m ed ium  c o n ta in in g  su lphuric  ac id .

The s tre n g th  a n d  e x te n t o f w a te rp ro o fin g  a t ta in e d  are  also sig n ifi
c a n tly  in fluenced  b y  th e  m e th o d  a d o p te d  for in tro d u c in g  th e  resin  in to  th e  
soil. The s tre n g th  o b ta in e d  b y  m ixing  th e  resin  w ith  th e  m o ist soil to  be 
s tab ilized  is low er th a n  th a t  re su ltin g  if  th e  resin  co m p o u n d  is grouted in to  
th e  soil. In  th e  course o f  g rou tin g  th e  b u lk  o f w a te r  p re se n t in  th e  gaps of th e  
so il is displaced b y  th e  resin  com pound , ow ing to  th e  h ig h e r specific g ra v ity  
o f  th e  la tte r , a n d  th e  w a te r  has little  o p p o r tu n ity  d u rin g  th is  period  to  d ilu te  
th e  resin. As a consequence  s tre n g th , as w ell as p e rm e a b ility  p roperties su p erio r 
to  those  o b ta in ed  b y  th e  m ix ing  m eth o d  can  be observed . In  th e  case of th e  
g ro u tin g  m eth o d  th e  e x te n t of s tab iliz a tio n  is b u t  l i t t le  in fluenced  b y  th e  
o rig in a l m oisture  c o n te n t o f th e  soil.

S tabilized  soils w ere found  to  be re s is ta n t to  co rrosion  an d  to  m a in ta in  
h ig h  s tren g th  for e x te n d e d  periods of tim e .

Owing to  th e  v isco s ity  o f th e  resin  com parab le  to  t h a t  o f w ate r, th e  re sin  
c a n  be in tro d u ced  ev en  in to  fine g ra in ed  soils using  p ressu res  ap p rec iab ly  
low er th an  tho se  com m on  in cem ent g ro u tin g . Since p la s tic  resin  is soluble in  
w a te r , the  c o n c e n tra tio n  of th e  g ro u tin g  m a te ria l can  be co n tro lled  in ad v an ce .
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No shrinkage o f s tab ilized  soil cou ld  be de tec ted , since in  th e  case o f a 
p ro p e r m ixing ra tio  o f re s in  an d  soil, in te rn a l stresses d eve lop ing  w ith in  th e  
re sin  rem ain  sm all, ow ing to  th e  s lig h t th ick n ess  of th e  re s in  film  enveloping  
th e  p a rtic le s . U sing th e  m o st fav o u rab le  m ix ing  ra tio  th e  s tre n g th  o f th e  resin  
s tab iliz ed  soil m ay  a t ta in  even  th e  s tre n g th  show n b y  th e  p u re  resin .

In  th e  ex p erim en ts  described a lim e-san d  co n ta in in g  5 %  C aC 0 3 a n d  a 
f in e  san d  con ta in ing  5 %  s ilt frac tio n  w ere used. B o th  ty p e s  developed  th e ir  
h ig h e s t s tre n g th  a fte r t r e a tm e n t  w ith  resin s M F-3 and  M F-4. T he low  v isco sity  
o f re s in  M F-3 m akes i t  especially  su ita b le  for g ro u tin g  p u rposes. H igh  
m ech an ica l s tren g th  can  be a tta in e d  w ith  resin  M F-4, b u t  i ts  use fo r g ro u tin g  
is p re v e n te d  b y  its  h ig h  v iscosity . R esins K F-1  an d  K F -2  show  low  v iscos
i ty  a n d  so lend  them selves read ily  to  g ro u tin g  an d  p ro d u ce  h igh  s tre n g th s  in  
ca rb o n a te -free  soils. S ince b o th  resin s K F -1  an d  K F -2  develop  s tre n g th s  
a t  a h ig h  ra te  even on th e  ad d itio n  o f s lig h t q u an titie s  o f  th e  c a ta ly tic  ag en t, 
soils co n ta in in g  C aC 0 3 in  m in im al q u a n tit ie s  (1% ) are to  he p recu red  w ith  
h y d ro ch lo ric  acid of 3 4 - 5 %  co n cen tra tio n , in  order to  p re v e n t n e u tra liz a tio n  
o f th e  ca ta ly tic  ag en t b y  th e  lim e p re se n t in  th e  soil.
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B O D E N V E R FE ST IG U N G SV E R SU C H E  MIT K U N ST H A R Z E N

G .  P E T R A S O V I T S

ZUSAM M ENFASSUNG

Im  Laboratorium  wurden die M öglichkeiten für die V erfestigung von schlam m haltigem  
und schlammfreien B oden m ittels K unstharz untersucht. Verschiedene K unstharzgem ische 
und K atalysatoren w urden verw endet, m it Zusätzen von  5 — 10 — 15 Gewichtsprozent.

Bei den V ersuchen wurde die W irkung der Schlam m körner und des im Boden befind li
chen Kalks auf das A usm aß der V erfestigung untersucht, sowie der Zusam m enhang zwischen  
dem  anfänglichen W assergehalt und der erhaltenen F estigkeit, die B edeutung des Frostes 
und der W ärm eeinwirkung und ihre E inflüsse auf die F estigkeit, das heißt, es wurden die 
Einwirkungen untersucht, denen der verfestigte Boden unter natürlichen Um ständen ausge
se tz t  ist.

Die Ergebnisse zeigen, daß die K unstharze höhere F estigk eit ergeben als das W asser
g las, auch ist der Ausbreitungshalbm esser größer, und dabei übertreffen die K osten der Ver
festigung (F t/m 3) n ich t die K osten des W asserglas-Verfahrens.

ESSAIS D E  STA BILISATIO N D U  SOL P A R  R É SIN E S SY N T H É T IQ U E S

G .  P E T R A S O V I T S

RÉSUM É

Des recherches de laboratoire ont étudié les possibilités de stabilisation des sables 
lim oneux et m eubles par des résines synthétiques. D ifférents m élanges de résines et ca ta ly 
seurs ont été utilisés avec des dosages de 5, 10 et 15% .

Au cours des essais ont été exam inés l’influence que le lim on et la chaux contenus dans 
le  sol exercent sur le degré de stab ilisation , le rapport entre le contenu in itia l en eau et la résis
tan ce  obtenue, l ’im portance et l’influence du gel et de l ’action therm ique sur la résistance, 
c ’est-à-dire toutes les actions pou vant s’exercer sur le sol stabilisé dans les conditions naturelles.

Les résultats ont égalem ent m ontré que les résines syn thétiques assurent une résistance  
e t un rayon d’action  plus grands que le procédé de sylicatisation , alors que les frais de stab ili
sation  (Ft/m 3) ne dépassent poin t ceux de ce dernier.

ОПЫТЫ УКРЕПЛЕНИЯ ГРУНТА ИСКУССТВЕННЫМИ СМОЛАМИ

Г .  П Е Т Р А Ш О В И Ч

РЕЗЮМЕ

Лабораторные исследования были направлены на распознание возможности укреп
ления илистых и свободных от ила песчаных грунтов искусственными смолами. Были 
применены различные смеси искусственных смол и разные катализаторы, в количестве
5— 10—15% от веса.

По ходу опытов исследовались влияние частиц ила и присутствующей в грунте 
извести на меру укрепления, зависимость между начальным содержанием воды и достиг
нутой прочностью, значение и влияние на прочность заморозков и теплового фактора, то 
есть то влияние, которое может затронуть укрепленный грунт в естественных условиях.

Результаты, впрочем, показали и то, что искусственные смолы дают большую проч
ность грунта чем укрепление жидким стеклом, радиус распространения больше, и в то же 
время расходы по укреплению грунта (Фор/м3) не превышает расходов на укрепление 
жидким стеклом.
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[Manuscript received  March 1, 1965]

In case of com m unication among several subscribers on a com m on channel, inform ations 
concerning destination (address) and content o f the message, m ust be transm itted . In the  
classical PCM the address is transm itted b y  th e  tim e position (serial num ber) o f the codewords, 
and the contents by the codewords them selves. H owever, it  is possible th a t — sim ilarly to 
the m ethod used in the com puter technique — both  address and contents are carried b y  the  
codewords. A further possib ility  is by the reverse o f the classical PCM where the contents is 
transm itted  by the position of the codewords and the address by the codeword itself. The paper 
deals w ith  these last two m ethods, i.e. using codes carrying address and contents or address only. 
A review  o f the fundam ental principles is g iven  and possibilities o f elim inating transm ission  
errors, as well as means o f band compression offered in the case o f th e  studied m ethod are 
dealt w ith.

I. In trodu ction

A ny in fo rm atio n  e lem en t of th e  t im e  div ision  m u lti-ch an n e l tran sm issio n  
sy stem  is de te rm ined  b y  tw o d a ta  w h ich  are  in d ep en d en t o f  each  o ther. The 
f ir s t  o f these  ch arac terizes  th e  a m p litu d e  va lu e  o f th e  sam ple  ta k e n  from  th e  
signal fu nc tion  an d  th e  second defines th a t  o u tp u t (add ress) o f th e  m u lti
ch an n e l transm ission  line w here th e  sam p le  should  a rriv e .

F ro m  these tw o d a ta  th a t  concern ing  th e  am p litu d e  m a y  be tra n sm itte d  
in  analogous or q u a n tiz e d  form , a n d  t h a t  one defin ing  th e  address on ly  in  
q u a n tiz e d  form , since th e  addresses o f  th e  o u tp u ts  are  in teg e rs .

T he classical synch ronous tim e d iv is io n  system s, w ith  th e  excep tion  of 
th e  ad d ress  code sy s tem  th a t  we a re  d ea ling  w ith  he re , seek to  ensure th e  
q u a n tiz a tio n  of th e  ad d re ss  b y  th e  sy n ch ro n iza tio n  o f  sam p lin g  m om en ts 
d e te rm in ed  for the  sing le channels w ith  th e  tran sm it-rece iv e  sw itches. Since 
th e  u n ifo rm ity  of th e  sam pling  m o m en ts  an d  th e  sy n ch ro n iza tio n  o f th e  
tran sm it-rece iv e  sw itches can  be rea lized  on ly  ap p ro x im a te ly  th e  q u a n tiz a tio n  
of th e  address can n o t be  done a t  p re se n t b ey o n d  24-y28 channe ls, an d  in  case 
o f free space p ro p ag a tio n  a su b s ta n tia l increase of th e  n u m b e r of channels 
c a n n o t be expected  because  of ph y sica l reasons.

T he requ ired  a c c u ra cy  in  th e  tra n sm iss io n  of th e  in fo rm a tio n  e lem ent 
is considerab ly  d iffe ren t fo r am p litu d e  a n d  address. W hile in  th e  transm issio n  
o f am p litu d e  an u n c e r ta in ty  even o f  ld - 3 %  does n o t cause an  appreciab le  
d e te rio ra tio n  of q u a lity , a t  th e  sam e tim e  in  PCM tran sm iss io n , for in stan ce , 
even  in  a 24 channel sy s tem  a sy n ch ro n ism  b e tte r  th a n  0 .1 %  is req u ired .
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I t  is th ere fo re  e v id e n t, t h a t  a m o d u la tio n  sy stem  sh o u ld  be developed  
w h ich  allows th e  q u a n tiz a tio n  free o f ad d ress  sy n ch ro n iza tio n , th e  increase o f 
th e  n um ber of ch an n e ls  com prised  in  a fram e , an d  a t  th e  sam e tim e  offers th e  
p o ss ib ility  of th e  q u a n tiz e d  or analogous am p litu d e  tran sm iss io n  depend ing  
o n  th e  requ ired  a c c u ra c y  o f am p litu d e .

In  the  fo llow ing th e  princip les for b o th  possib ilities a re  described , th a t  is, 
w h en  besides th e  q u a n tiz a tio n  of th e  add ress th e  a m p litu d e  also is q u an tized  
o r  th e  am plitude  tra n sm iss io n  is ensu red  b y  m o d u la tin g  th e  position  of th e  
ad d re ss  code in  tim e . T h e  tim e  in te rv a l depend ing  on th e  am p litu d e  equals 
p ra c tic a lly  the  w hole sam p lin g  period , say  125 yts, irre sp ec tiv e  of th e  n u m b e r 
o f  channels.

As in  th e  ad d re ss  code system  th e  channels do n o t h av e  fixed  position  
in  tim e , th a t  is, no  sam ples are  tr a n s m itte d  from  th e  in a c tiv e  line, th e  b an d  
w id th  is d e te rm in ed  b y  th e  n u m b e r of codes to  be a c tu a lly  tra n sm itte d  a n d  
th is  fac t d im inishes th e  code tra ff ic  b y  a 1/3 or 1j i fa c to r  w ith  respect to  th e  
PCM  transm ission . W ith  th e  address code m u lti-ch an n e l tran sm issio n  sy stem  
in te g ra te d  te lep h o n e  n e tw o rk s  can  be m ade u p , i f  i t  is en su red  b y  control, 
t h a t  th e  am p litu d e  v a lu e  en te rin g  a t  som e in p u t can  be p ro v id ed  w ith a n y  
ou tp u t address. W ith  re g a rd  to  its  m ain  fu n c tio n , th e re fo re , th e  te lephone e x 
ch an g e  opera ting  on  th e  add ress code p rinc ip le  is a tim e  d iv ision  m u lti-ch an n e l 
tran sm issio n  sy s te m  p ro v id e d  w ith  a con tro l. The ta lk in g  p a th s  in  such an  
exchange are m ade u p  o f  th e  elem ents of th e  m u lti-ch an n e l com m unication  lin k .

I t  follows fro m  th e  p rincip le  of th e  sy s tem  th a t  id e n tic a l am plitudes m a y  
sim u ltan eo u sly  a p p e a r . T his m ay  lead  to  th e  congestion  of addresses, o r 
to  sam ple loss re sp e c tiv e ly . B y  th e  use o f bu ffe r reg iste rs  a n d  design th e  d is 
to r tio n s  due to  th is  c an  be k e p t w ith in  given to lerances.

II. C om m unication  w ith  Code M odulation

In  lo ng -d istance  m u lti-ch an n e l links th e re  are g en era lly  a g rea t n u m b e r 
o f  rep ea te r s ta tio n s , b ran ch in g s , m o d u la tin g  an d  d em o d u la tin g  circu its in  
w h ich  noises an d  d is to r tio n s  can  occur. T hese effects, w hich  h av e  an  u n w a n te d  
in fluence  on th e  q u a li ty  of tran sm issio n  (even on th e  in te llig ib ility  of speech) 
in crease  w ith  grow ing  d is tan ce . T herefo re, th e  a tte n tio n  h as  becom e m ore a n d  
m ore  focused on m e th o d s  w hich are  in sensitive  to  th e  le n g th  of th e  t r a n s 
m ission p a th . F o r  th is  pu rpose  th e  w ell-know n m eth o d s o f  a m p litu d e -q u a n ti
z a tio n  serve to g e th e r  w ith  th e  pulse-code m o d u la tio n  (PCM ).

The pulse-code m o d u la tio n  can ensure  a tran sm issio n  p rac tica lly  free o f  
noise w ith  v e ry  sm a ll d is to rtio n  w hen som e, b y  no m eans h a rd , conditions are  
fu lfilled , even on a lo n g  tran sm issio n  p a th  inc lu d in g  a g re a t n u m b e r of re p e a te rs  
a n d  branchings. T h is  o u ts ta n d in g  fea tu re  is due to  th e  fa c t th a t  th e  codes
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tra n s m itt in g  th e  in fo rm a tio n  can be re g e n e ra te d  if  th e y  a re  th re a te n e d  as 
being  unrecognizable  b y  th e  sup erim p o sed  noise. C onsequen tly , it can  be s t a t 
ed  in  ad v an ce  th a t  th e  pulse-code m o d u la tio n  can  be m ade p e rfe c tly  noiseless, 
i f  a co m m unica tion , w ith  reg a rd  to  no ise , can  be said  to  be p e rfe c t, w hen o n ly  
one or tw o  clicks due to  false codes o ccu r w ith in  a period  longer th a n  th e  
average ho ld ing  tim e o f a call (three m in u te s ) . The tran sm iss io n  p a th  does n o t 
ad d  c o n s ta n t hissing noise to  th e  m a te r ia l  to  be tra n sm itte d .

As to  th e  d is to rtio n s, th e y  also ca n  be decreased to  a p ra c tic a lly  n eg li
gible degree, only th e  s tep s  used  for sam p lin g  m u st be chosen so as to  be s u i t 
ab ly  sm all. The fac t th a t  th e  n u m b er o f  th e  q u an tiza tio n  s tep s  is fin ite  — 
p ra c tic a lly  i t  is be tw een  64 4-128 — le a d s  to  a ce rta in  d is to r tio n , b u t  in  th e  
case o f q u an tiz in g  th e  channels one b y  one th e  q u a n tiz a tio n  e rro r  does n o t 
cause d is tu rb an ce  (noise) in  th e  signal in te rv a ls .

L e t us now  consider in  som ew hat m ore deta iled  m a n n e r th e  noise a n d  
d is to rtio n  problem s o f th e  PCM  sy stem s. A false code a t  th e  receiver o u tp u t  
arises if  a n y  of th e  pulses m aking  u p  th e  code fails due to  noise, or on th e  
c o n tra ry  th e  receiver perce ives a noise p e a k  as a pulse. I f  th e  noise has a G au s
sian  d is tr ib u tio n , th en  p ro b a b ly  th is h a p p e n s  m ore or less, d ep en d in g  on th e  
ra tio  o f  th e  pulse m ag n itu d e  to  the  e ffec tiv e  value of noise, t h a t  th e  values o f  
som e noise peaks exceed th e  h a lf  pulse m a g n itu d e . L et us assum e th a t  th is  is 
th e  c ritica l s ta te  lead ing  to  th e  d isap p earan ce  o f th e  pulse c o n ta in e d  in  th e  code 
or to  th e  appearance  of a false pulse. L e t X 0 be th e  ra tio  of th e  observed  va lu e  
o f th e  noise to  th e  effective va lue , an d  JV yX a) th e  p ro b a b ility  t h a t  th e  noise 
am p litu d e  exceeds a c e r ta in  value X 0. F o r th is  p ro b a b ility  we th e n  o b ta in

W ( X U) =  Г е - П Ч х .  (1)
\ ^ 71 ' x„

I f  we ta b u la te  th e se  p ro b ab ilities  in  te rm s  of th e  pu lse  a m p litu d e  — to  
effective v a lu e  of noise ra tio  i t  can  be  seen  th a t  by  im p ro v in g  th e  signal-to - 
noise ra tio  e.g. from  19.6 db  to  23 db  th e  e rro r p ro b ab ility  can  be decreased  
from  10 - 6  (which is sm all enough a lre a d y )  to  10~ 12. In  T ab le  I  th e  e rro r 
figure e m eans how  m a n y  false pulses a n d  consequen tly  clicks or crashes 
ap p e a r d u rin g  th e  o b se rv a tio n . The e r ro r  figures were d e te rm in ed  assum ing  a 
b in a ry  code of seven e lem en ts . As in  a second  eigh t th o u sa n d  sam plings a re  
m ade, th is  m eans 7- 8  000 =  56 000 b its /s , an d  m u ltip ly ing  th e  p ro b ab ilitie s  in  
th e  W ( X 0) colum n b y  56 000 we o b ta in  th e  n u m b er of clicks fo r a ce rta in  
period  (sec., m in., h o u r, d a y , year). I f  som e specified v alue  o f  th e  signal-to - 
noise ra tio , say  23 db , is referring  to  one re p e a te r  section  a n d  a v e ry  long  
tran sm iss io n  p a th  is assu m ed  w ith , sa y , 1 0 0 0  rep ea te r s ta tio n s  th e n  a lth o u g h  
th e  e rro r  p ro b ab ility  d e te rio ra tes  from  1 0 -1 2  to  1 0 ~9, even  in  th is  case o n ly  
a fte r  severa l hours can a click  Ьз e x p 3c ts d  in  th e  tra n s m itte d  m essage, fo r th e
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Table I

Binary bound 
Effective value of noise = 2X„

Probability of 
error,
Щ Х . )

Error figure =  
=  56 000 W ( X 0)

Np dB

4.65 1.54 13.4 1 0 -2 560/s
7.44 2.01 17.4 i o - 4 5.6/s
9.51 2.25 19.6 10-e 3.4/min

11.2 2.45 21.0 io -* 2/h
12.7 2.54 22.1 10-10 0.5/day

14.1 2.64 23.0 i o - 12 2/year

r e s t  th e  tran sm iss io n  is perfec tly  noiseless or does n o t  co n ta in  m ore noises 
th a n  would arise  in  a n y  case in  th e  sections e x te rn a l to  th e  PCM sy stem , 
in d ep en d en t o f th e  m e th o d  of tran sm issio n .

I t  shall he m e n tio n e d  here a n o th e r  o f th e  in te re s tin g  ad v an tag es  o f  
th e  PCM tra n sm iss io n , n am ely , th a t  i t  p u ts  low  re q u irem en ts  on th e  ch an n e l 
f ilte rs . In  c o d e -m o d u la ted  system s n e ith e r  in tellig ib le  n o r  un in tellig ib le  cross
ta lk ,  i.e. noise w ill e v e r get over from  one ch an n e l in to  th e  o th e r if  th e  
a t te n u a tio n  b e tw een  th e  tw o channels is no  less th a n  le t  us say , 1 2  db w hich  is 
a v e ry  low re q u ire m e n t. N am ely , in  th is  case th e  noise en te rin g  th e  receiver has 
n o  longer a n o rm a l d is tr ib u tio n , b u t gives a c o n s ta n t level, de term ined  b y  th e  
q u a lity  of th e  f i l te r , w hich  can be m ad e  w holly  ineffec tive  b y  m eans o f th re s h 
o ld  stages. T he re q u ire m e n ts  concern ing  th e  filte r  h o w ev er, m ust be s t r e n g th 
en e d  if  fad ing  m ig h t also be expec ted . N am ely , i t  m a y  h a p p e n  th a t  th e  lev e l 
o f  th e  signal d ecreases in  th e  d is tu rb ed  ch an n e l b u t  a t  th e  sam e tim e n o t in  th e  
d is tu rb in g  one.

Now le t us n o w  confine our a t te n tio n  to  th e  p rob lem  of th e  q u a n tiz a tio n  
d is to  tion .

As m en tio n ed  ab o v e , w hen signal tran sm iss io n  does n o t go on (in a 
s ig n a l in te rv a l) th e  tran sm iss io n  is p ra c tic a lly  noiseless. The physio logical 
e ffec t of th e  q u a n tiz a t io n  d is to rtio n  can  be e v a lu a ted  on  th e  basis of su b jec tiv e  
ex p erim en t only .

Libois [2] m a d e  su b jec tive  ex p erim en ts , n am ely  b y  m ixing w hite-no ise  
to  th e  m essage in  th e  percen tages show n in  T able I I .  T he transm ission  w ith  
a d is to rtio n  o f 5 %  is ch a rac te rized  b y  h im  as “ v e ry  good” . This s ta te m e n t 
c a n  o b ta in  a p p ro v a l reg a rd in g  th e  fa c t t h a t  in  rep ro d u c in g  devices (m agnetic- 
ta p e  recorder, g ram o p h o n e  etc.) th e  d is to r tio n  o f a few  p e r cen ts, even in c lu d in g  
5 p e r  cent, can  be p e rm itte d  as i t  does n o t  con sid erab ly  d e te rio ra te  th e  a r tis t ic  
q u a lity  of the  re p ro d u c tio n .

W. R. B en n ett  [3] dem onstrated th at in case o f  six-digit codes and a 
sam pling repetition o f  8000 c/s a distortion corresponding to  4 per cent (28 db)

Acta Techn. Hung. 51 (1965)



COMMUNICATION METHODS USING CODES 455

can  be  a tta in e d , a n d  using  an  e ig h t-d ig it code th e  d is to r tio n  will he 42 db  
(cc. 1 pci cent).

T he six-d ig it b in a ry  code, as is k n o w n , gives 64 a n d  th e  e ig h t-d ig it code 
256 un ifo rm  am p litu d e  steps b e tw een  0 an d  th e  m ax im u m  v a lu e  o f th e  in fo r
m a tio n  to  be tra n sm itte d . (The m ax im u m  is ta k e n  to  be a b o u t 12 db above th e  
e ffec tive  value of th e  signal.)

W e do n o t w ish to  e n te r  here  in to  a d iscussion on m a tte rs  concern ing  
th e  use o f m o du la tion  com pression a n d  expansion , i t  shall be only  s ta te d  th a t  
ta k in g  also th is  possib ility  in to  co n sid e ra tio n  th e  tran sm iss io n  w ith  cc. 60 — 1 2 0  

a m p litu d e  steps m ay  be looked u p o n  in te lep h o n y  as o f v e ry  good q u a lity .

Table II

Quality of conversation
Approximate ratio of the 

effective values of distortion
and speech signal, %

Tolerable ....................... 15
Good............................... 10
Very good ................... 5

Sum m ing up  th e  above, th e o re tic a lly  a t  an y  ra te  i t  seem s ju s tif ie d  (also 
re fe rred  upon  b y  experiences from  p rac tice ) th a t  th e  PCM  system  designed  
w ith  a m in im um  of p recau tio n  g u a ran tee s , as m ay  be ex p ec ted , p e rfec t t r a n s 
m ission  from  th e  v iew poin ts of noise a n d  d is to rtio n , p ra c tic a lly  w ith  a n y  large  
n u m b e r o f rep ea te r  s ta tio n s  an d  b ranch ings.

H ow ever, i t  c an n o t be concealed  th a t  th e  free space PCM  tran sm iss io n  
invo lves a ch a rac te ris tic  req u irem en t, n am ely  th a t  th e  signal-to -no ise  ra tio  
on  th e  receiver in p u t shou ld  never fall below  17 db , o therw ise  th e  tran sm iss io n  
b reak s  dow n (see T able I) w hich m eans th a t  in  a h ig h -q u a lity  rad io  lin k  a 
m in im u m  signal-to-noise ra tio  of a b o u t 2 0  db an d  on each  rad io  tra c k  a fad in g  
reserv e  of 40 db (i.e. to ta lly  a signal-to -noise  ra tio  o f 60 db) are req u ired . 
T he prob lem s connected  w ith  deep fad in g  can  be d im in ished  b y  using  d iv e rs ity  
sy stem s (e.g. space or freq u en cy  d iv e rs ity ) [4, 5].

In  every  tim e-d iv ision  tran sm iss io n  system  (also in  th e  PCM sy stem ), 
especia lly  in  case o f a w idesp read  n e tw o rk , th e  d ifficu lties o f sy n ch ro n iza tio n  
a p p e a r  w hich should  n o t he u n d e re s tim a ted .

T here  are various obstacles in  m ak in g  u p  a la rg e  or la rger n u m b e r 
(severa l h u n d red s or th o u san d s) of channels. The high degree o f sy n ch ro n iza tio n  
o f  th e  sam pling  sw itch  a t  th e  tra n s m ittin g  end  an d  th e  line sw itch  a t  th e  
rece iv in g  end  th a t  could enable us to  m ake up  a single tim e  fram e from  a large  
n u m b e r o f channels can n o t be a t ta in e d  y e t. B ecause o f th e  tim e  j i t te r  o f th e  
sy n ch ro n iz in g  signals th e  p e rfec t synch ron ism  of th e  sam p lin g  sw itch  a n d  th e  
line sw itch  betw een  tw o sy nch ron iz ing  signals is a v e ry  d ifficu lt p ro b lem .
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E v e n  in case o f a co m m u n ica tio n  w ith  no m ore th a n  120 channe ls, th e  codes 
co n sis t o f pulses h a v in g  a len g th  of a b o u t 0.05 /лsec an d  th e  g a ting  o f such 
pu lses a t  the  recep tio n , so t h a t  no false code m ay  occur, gives to  th e  receiver a 
g a tin g  ta sk  of th e  o rd e r  o f 10 nanosec a t  m in im um . A  sim ila r u n ifo rm ity  is 
d esirab le  in  th e  g e n e ra tio n  o f synch ron iz ing  pulses on th e  tra n s m itte r  side.

W hile th e  la t te r  c a n  be realized  in  a re la tiv e ly  sim ple w ay , th e  fo rm er is, 
in  case of w idesp read  n e tw o rk s, th e o re tic a lly  an d  p ra c tic a lly  u n rea lizab le , 
b ecau se  the  pulse a lw ays h as  a tran sm issio n  d e lay  d epend ing  on th e  am plifiers 
u se d  on th e  p a th , on  th e  a tm o sp h eric  co n d itions an d  e v e n tu a lly  on th e  m o tio n  
o f  th e  tra n s m itte r  o r rece iv e r w ith  re sp ec t to  each  o th e r. T he ran d o m  in s ta n 
ta n e o u s  f lu c tu a tio n s  o f  th e  tran sm issio n  d e lay  w hich c a n n o t be in fluenced  
m a y  considerab ly  exceed  th e  requ ired  o rd e r o f  m ag n itu d e  in  sec, especially  in  
th e  case of w id esp read  netw orks.

This is p e rh ap s  th e  m ain  reason w hy  th e  PCM sy stem  is n o t y e t m ore 
w id e ly  used, a lth o u g h  a p a r t  from the  p rob lem s of sy n ch ro n iza tio n , th e  pulse 
eng ineering  prob lem s can  be considered to  be p ra c tic a lly  so lved , n o t only  in  
v a lv e  b u t in  sem ico n d u c to r electronics, too . J u s t  for th is  reason , from  th e  
v iew p o in t of fu r th e r  dev e lo p m en ts  in  com m u n ica tio n  a t te n tio n  m u st be paid  
to  th e  code-m o d u la tio n  m eth o d s th a t  a re  insensib le  or on ly  a v e ry  little  
sensib le  to  th e  sy n ch ro n ism  of th e  t r a n s m itte r  an d  rece iv er sides. In  th e  
fo llow ing, th is p ro b lem  w ill be ta k e n  in to  considera tion .

III. C om m unication  w ith Codes C arrying A ddress an d  Contents

L et us consider a tim e-d iv is io n -m u lti-ch an n e l PCM  tran sm issio n . I f  we 
co u ld  observe th e  codes passing  in  succession, th ro u g h  th e  channel we m igh t 
m ak e  tw o s ta te m e n ts  concern ing  th em . In  th e  f irs t p lace , each code w ord 
ca rrie s  in fo rm atio n  concern ing  an  am p litu d e  va lue , a n d  second each o f th e  
codes following each  o th e r  is assigned to  a p a r tic u la r  o u tp u t , th e  assignm ent 
b e in g  de term ined  in  a d v an ce , i.e. th e y  also ca rry  a n o th e r in fo rm atio n  concern 
in g  th e  o u tp u t th e y  are  assigned  to ; th e  add ress of th e  o u tp u t .

In  the  tim e  d iv is io n  system  th e  fo rw ard in g  of th e  in fo rm atio n  e lem ent 
to  a given address can  be  ensured  in  th e  fo llow ing w ay ; th e  in p u t channels are 
scan n ed  in  tu rn  b y  th e  sam pling  u n it, a n d  th e  line sw itch  a t  th e  receiv ing  end  
se lec ts  th e  co rresp o n d in g  single channel in  th e  o rder of scann ing , th a t  is, th e  
tran sm iss io n  is en su re d  b y  th e  sy n ch ro n iza tio n  of th e  e lectron ic  sw itches 
o p e ra tin g  a t  th e  tra n s m it t in g  and  receiv ing  ends. In  case o f n -channel t r a n s 
m ission  i t  can  be m ad e  u n d e rs tan d ab le  b y  using  an  ad m in is tra tiv e  exam ple. 
L e t us assum e th a t  we h a v e  n item s, w hich  are  observed  one a fte r  th e  o th e r, 
to  be tra n sm itte d , a n d  in  o rder to  ca rry  i t  o u t we w rite  th e se  item s dow n on 
se p a ra te  sheets o f p a p e r , p u t  th em  in  o rd e r an d  d is tr ib u te  th e m  in  th e  sam e 
o rd e r a t  th e  o u tp u t. I n  th is  w ay  we fo rw ard  in fo rm atio n  b y  m eans of le tte rs
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w ith o u t addresses, th e  m issing  address b e in g  rep laced  b y  th e  o rder. This k in d  
o f tran sm issio n  alw ays invo lves the  r isk  t h a t  ow ing to  tran sm iss io n  errors a 
p a r t  of th e  in fo rm a tio n  reaches the w ro n g  add ress. I f  th e  sy n ch ro n iza tio n  in  
th e  tim e  div ision  sy s tem  goes wrong, se rio u s  erro rs occur in  th e  tran sm issio n .

In  p rincip le  i t  is possible to  h a v e  a tim e-d iv is io n  tran sm iss io n  w ith  a 
n u m b er o f channels g re a te r  b y  m any  o rd e rs  o f m a g n itu d e , w hich does n o t 
req u ire  th e  sy n ch ro n iza tio n  of the t r a n s m it te r  an d  receiver p a r ts ;  n am ely  
w hen a t  th e  tr a n s m ittin g  end  a code (p f) ,  co rrespond ing  to  th e  f - th  o u tp u t to  
w hich th e  coded sam ple  is sen t to , to  th e  coded  sam ple (rk) o f th e  fc-th t r a n s 
m itte r  o u tp u t  is ad d ed .

T his code, th e  ad d re ss  code, will o p e ra te  on ly  one of th e  o u tp u t  sw itches 
(the  n u m b e r of w hich m a y  be a rb itra ry ) , th e  one th e  code is assigned to , so 
th e  am p litu d e  sam ple can  reach  only th e  req u ired  o u tp u t .

A ccord ing  to  th is , each  code-w ord w ould  be log ica lly  de te rm in ed  b y  
co n ten ts  an d  address:

4 t = rk + P f  ( 2 )

w here ikj  m eans an y  code-w ord. (The fo llow ing  analysis  will be re s tr ic te d  to  
th e  case o f b in a ry  codes a n d  code-w ords o f eq u a l len g th . I t  is assum ed th a t  
ev ery  code-w ord consists  o f r  -f- p  b its .)

2 r — 1 =  s, w here  s is the  n u m b e r o f  q u a n tiz a tio n  s tep s ;
2P — 1 =  n, w here  n is the n u m b e r o f  channels com prised  in  a fram e.
T he use of code-w ords carry ing  a d d re ss  an d  c o n te n ts  m eans th e  a p p li

ca tion  a n d  ex tension  o f  a principle k n o w n  in  th e  co m p u te r  tech n iq u e  to  th e  
problem s o f m u lti-ch an n e l transm issio n  a n d  exchange engineering .

F ro m  th e  given re la tio n s  the v a lu e s  o f r an d  p  can  be com pu ted .
T he case /  =  к  ( th a t  is the fc-th in p u t  is alw ays co n n ec ted  w ith  th e  fe-th 

o u tp u t) , corresponds to  th e  ord inary  t im e  div ision  m u lti-ch an n e l tran sm issio n , 
while f  ф  к  ( th a t is , w h en  the  k-th  in p u t  m a y  be co n n ec ted  to  an y  of th e  
o u tp u ts )  is ch a rac te riz in g  th e  m ain fu n c tio n  o f th e  tim e  d iv ision  e lectron ic  
exchange.

T he leng th  of th e  b in a ry  syllable p f  c a rry in g  th e  add ress depends on th e  
n u m b er o f channels in  th e  m u lti-ch an n e l co m m u n ica tio n  link .*  T h a t is, e.g. 
in  th e  case of 1023 ch an n e ls  th e  address c a n  be d e te rm in ed  b y  10 b in a ry  d ig its. 
T hen  a code-w ord is d e te rm in ed  b y i  =  r  +  J> =  8 - | - 1 0  =  18 b in a ry  d ig its. 
As a t  th e  receiv ing e n d  th e  code-w ords m u s t be c learly  d istingu ishab le  from  
each  a n o th e r, a fu r th e r  pulse m ust be  a d d e d  to  th e  beg in n in g  of each code 
w ord, a n d  th ere fo re , th e  b in ary  co d e-w o rd  o f 1023 ch anne ls inc lud ing  th e  
address also m ust co nsist of 19 b in a ry  d ig its .

* In view of the novelty of this subject it seems convenient to demonstrate the conditions 
of orders of magnitude in numerical examples.
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A lthough  th e  n u m b er of h its  to  be tra n sm itte d  h a d  been increased  b y  
th e  fac to r  19/8 =  2.4 w ith  re sp ec t to  th e  synchron ized  sy s tem , how ever, th e  
p ro b lem  o f sy n ch ro n iza tio n  w hich  acco rd ing  to  o u r know ledge h as  b e e n  
un so lv ab le  up  to  now  is e lim in a ted .

L e t us now  consider th e  n u m e ric a l va lues:

gc 2 B  ■ n(r  +  p  +  1) =  8000 • 1024 • 19 =  1.56 • 108 (3)

w h ere  gc is th e  n u m b e r of b its  to  be  tra n s m itte d  in  one second, an d  В  is th e  
sam p lin g  freq u en cy  in  c/s. F o r th e  e v a lu a tio n  of one b it ,  sep a ra tio n  o f  codes 
e tc . we have  on ly  a few  nanoseconds. W ith  th e  a c tu a l e lec tro n  v a lv e  c ircu its  
o f  pu lse  tech n iq u e  i t  is possible to  c a r ry  o u t these  ta sk s  th o u g h  th e  sem ico n 
d u c to r  devices ( tran s is to rs , tu n n e l d iodes, diodes) are  develop ing  so ra p id ly  
t h a t  w ith in  a rea so n ab ly  sh o rt tim e  th e y  will also be ab le to  solve th e  p ro b lem s. 
A t a n y  ra te , th e  a c tu a l s ta te  o f d ev e lo p m en t of th e  pulse te ch n iq u e  concerns 
o n ly  th e  m ax im um  n u m b er of ch anne ls w hich can be rea lized  b u t  th is  h a s  no  
b e a r in g  on th e  a p p licab ility  of th e  sy stem .

T he ap p lica tio n  o f codes c a rry in g  b o th  address a n d  c o n ten ts  avo ids th e  
d iff ic u lty  of sy n ch ro n iza tio n  h u t  in v o lv es  th e  increase o f th e  b a n d  w id th  o f  
tra n sm iss io n  ch anne ls w ith  resp ec t to  th e  sim ple PCM tran sm issio n .

H ow ever, in  case o f using  codes c a rry in g  address a n d  co n ten ts , th e re  is 
a sim p le  possib ility  o f app ly ing  e ffec tive  m ethods of b a n d  com pression . T h is 
p o ss ib ility  m u st also be considered  w h en  com paring  th e  b a n d  w id th  re q u ire 
m e n ts  of th e  synch ronous an d  asy n ch ro n o u s  m ethods.

The possib ilities o f b an d  com pression  will he d ea lt w ith  la te r .

IV. T he A pplication o f  Codes C arrying A ddress Only

T he ap p lica tio n  o f code-w ords c a rry in g  b o th  ad d ress  an d  co n ten ts  in 
v o lv es  th e  b ro ad en in g  o f th e  tran sm iss io n  b an d . A tr iv ia l  w ay  o f d im in ish in g  
th e  b a n d  re q u ire m e n t w ould be to  tr a n s m it  th e  ad d ress  encoded  an d  th e  
in fo rm a tio n  in  th e  fo rm  o f an  am p litu d e -m o d u la te d  pu lse . In  th is  case th e  
a sy n ch ro n o u s o p e ra tio n  w ould be en su re d  an d  th e  in fo rm a tio n  e lem en t w ould  
be  sh o rten ed  b y  a b o u t 64-7  b its  b u t  th e  tran sm issio n  w ould  rem ain  a t  th e  
PA M  level an d  w ould  n o t a tta in  th e  q u a lity  of th e  PCM. A n y w ay  i t  w ould  b y  
no  m eans be easy  to  realize w ith  code-w ords a system  m ade u p  of PCM a n d  
PA M  pulses.

A n o th e r so lu tio n  is also possib le w hich  ensures a noise sa fe ty  eq u a l to  
t h a t  o f m ethods o p e ra tin g  w ith  a m p litu d e  q u an tiza tio n  w ith o u t tra n s m itt in g  
th e  sam ple  ta k e n  from  th e  am p litu d e  o f  th e  in fo rm atio n  to  be tra n s m itte d  b y  
m ean s o f a special signal on th e  ch an n e l.
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In  th e  know n  PCM  transm issio n  th e  sw itches of th e  t r a n s m itte r  a n d  
receiver sides o p e ra te  synchronously  a n d  in  th e  ch an n e l connec ting  th e se  
sw itches th e  codes o f  th e  am plitude sam p les  are  tra n s m itte d . In  o th e r w ords, 
in  th e  PCM  tran sm iss io n  th e  address id e n t i ty  o f th e  p a irs  of in p u ts  an d  o u tp u ts  
is en su red  b y  sy n ch ro n ism , while th e  tra n sm iss io n  o f  th e  am p litu d e  is p ro v id e d  
b y  th e  code t r a n s m itte d  on the ch an n e l.

I t  seem s lo g ica lly  possible to  ch an g e  th e  te rm s  address an d  a m p litu d e , 
th a t  is to  use a com m unication  sy s tem  in  w hich th e  am p litu d e  id e n ti ty  o f  th e  
pairs o f in p u ts  a n d  o u tp u ts  is en su red  b y  syn ch ro n ism  an d  th e  tran sm iss io n  
of ad d ress  is p ro v id ed  b y  the code t r a n s m it te d  on th e  channel.

To c larify  th e  above m en tio n ed  fac ts  in  a m ore d e ta iled  form  le t  us 
com pare  th e  PCM  sy stem  w ith th e  m e th o d  w hich w ill be described  he re . 
In  th e  PCM  tran sm iss io n  a la ten t v a lu e  w hich is th e  num erica l v a lue  o f  th e  
o u tp u t is assigned  to  each am p litu d e , i.e . its  add ress.

T h is la te n t  v a lu e  is the  tim e in te rv a l e lapsing  from  th e  beg in n in g  o f 
th e  sam p lin g  period  to  th e  end of th e  sam pling . T h u s to  th e  sam ple ta k e n  a t  
th e  Zc-th in p u t of th e  transm ission  w ith  n  channels belongs th e  tim e

n

w here T  is th e  sam p lin g  period, e .g . 125 /isec. I f  a t  th e  beg inn ing  o f  each  
sam pling  period  th e  tra n s m itte r  em its  a sy n ch ro n iz in g  signal, tk also in d ic a te s  
th e  tim e  a f te r  w hich  th e  code of th e  fe-th am p litu d e  sam ple  follows th e  sy n c h ro n 
izing signal. I f  th e  line sw itch of th e  o u tp u t  (receiver) s ta r ts  a t  th e  sy n c h ro n 
izing signal, an d  sw itch in g  the lines one a f te r  th e  o th e r, i t  com es to  th e  Zc-th 
line e x a c tly  a fte r  th e  tim e  tk, the  sam p le  w ill, as is k now n , reach  th e  re q u ire d  
o u tp u t.

I n  th e  tran sm iss io n  of codes c a rry in g  th e  ad d ress  on ly , th e  codes t r a n s 
m itte d  in  succession determ ine th e  n u m e ric a l va lu e  (address) o f th e  o u tp u ts  
ra th e r  th a n  th e  a m p litu d es , th ere fo re , th e  la te n t  va lu es  assigned to  th e  codes 
m u st co n ta in  th e  m essage to  be tr a n s m it te d . T hus in  th is  case, to o , i t  be longs 
to  th e  code going fro m  th e  k-th  in p u t  to  th e  к -th  o u tp u t  a t  th e  tim e  tk w hich  
now  d e te rm in es, o f course, an a m p litu d e  to  be fo rw ard ed  to  th e  Zc-th o u tp u t . 
F rom  th is  th e  re su lt is th a t  the m a n n e r  o f th e  “ sam p lin g ”  will be v a rie d  w ith  
re sp ec t to  th e  PCM , nam ely , the  seq u en ce  o f th e  scan n ed  in p u t w ill n o t  be 
1, 2, 3, . . .  k , . . .  n  a s  i t  usually  is in  tim e-d iv is io n  tran sm issio n  b u t  i t  w ill be 
d e te rm in ed  b y  th e  v o ltag e  values fo u n d  m o m en ta rily  a t  th e  in p u ts :  ep -< 
<  e2 <  e/j <  ey e tc . (The am plitudes, in  th e  in te re s t  o f  one-to-one assig n m en t, 
are scan n ed  acco rd ing  to  a law  m o n o to n e  in  tim e .) T h u s, th e  sequence w ill be  
p , 2, Ze, n, y .

T he Zc-th in p u t a t  th e  m om en t tk s ta r ts  a code (address) to w ard s  th e  
o u tp u t if  th e  in s ta n ta n e o u s  voltage ek o f  th e  m -th  in p u t is in  th e  specified
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n e ig h b o u rh o o d  o f th e  in s ta n ta n e o u s  v o ltag e  E(t) o f a local g en e ra to r , th a t  is

E (t) =  ek (4)

a n d  o th e r in p u ts  do n o t fulfil th e  sam e co n d itio n . [If  th e  cond ition  (4) is fu lfilled  
a t  th e  sam e tim e  b y  m  in p u ts  th e  s im p les t w ay  is to  fo rb id  th e  m  — 1 in p u ts  to  
g ive addresses.]

E(t) is a period ic  fu n c tio n  o f tim e . T he re p e titio n  freq u en cy  is eq u a l to  
th e  sam pling  freq u en cy . W ith in  each  p e rio d  th e  possible a m p litu d e  values are

scan n ed  in  a m o n o to n o u sly  increasin g  o rd er. A t th e  beg inn ing  a n d  end  of th e  
scan n in g  period  th e  va lu e  E(t) is k e p t as a c o n s ta n t level for th e  tim e  d u ra tio n  h :

E (t) =  — E 0 , if  0 =  i  < ; h  ;

E (t) =  E 0 , i f  T  =  h < t < , T  .

E 0 is a little  g re a te r  th a n  th e  m ax im u m  allow able m od u la tio n  o f th e  in p u ts .
In  Fig. 1 th e  v o ltage  s ta te  o f th e  lo ad ed  in p u ts  1, 3, 4, li, к is show n fo r 

th e  in te rv a l (0, T )  o r m ore e x a c tly  (h , T  — h). 2 an d  m  are  u n lo ad ed  lines. 
A t th e  m om en t t =  0 th e  synch ro n iz in g  signal an d  a t  th e  m o m en ts  t4, tv  tk, 
t3, tn address codes are  s ta r tin g  from  th e  in p u ts .

To avoid  u n n ecessa ry  co incidences, in  th e  b an d  А Н /2 ro u n d  a b o u t th e  
zero  am p litu d e , no address is sen t. T he fu n c tio n  E (t) m u st be em p irica lly  co n 
s tru c te d  so th a t  th e  send ing  of addresses m a y  go on as u n ifo rm ly  as possible
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in  th e  tim e  in te rv a l 0, T , b u t  a t the  sam e  tim e  th e  tran sm iss io n  should n o t be 
too  sensitive  to  v a r ia tio n s  in  tim e. T h is is e v id e n tly  possib le i f  th e  p ro b a b ility  
d is tr ib u tio n  of g rea te r  a n d  sm aller a m p litu d e s  is know n.

A n o th e r in te re s tin g  featu re  of th is  m e th o d  is th a t  i t  uses only v o ltag e  
com parison . N am ely , th e  in s tan tan eo u s  v o ltag e  o f th e  in p u t u n d er te s t  a n d  
th a t  o f th e  local g e n e ra to r  are co m p ared . T he com parison  resu lts  only  in  a 
co d e-s ta rtin g  com m and .

F in a lly , a t th e  o u tp u t  side th e  fu n c tio n  E (t) is re g e n e ra te d  synchron ized  
from  th e  in p u t. A t su ita b le  m om ents th e  o u tp u t  sw itches con tro lled  b y  th e  
address codes, sw itch  th e  local g en e ra to r to  th e  lines one a f te r  th e  o th e r a n d  
th e  in p u t m essages w ill th u s  be t r a n s m it te d  to  th e  o u tp u ts . The m essage 
tr a n s m itte d  is, o f course , no t co n tin u o u s in  tim e  b u t  i t  consists of d iscre te  
vo ltage  va lues. I f  we do n o t  consider th e  e rro rs  o f com parison  a n d  synchron iz ing  
w hich can  be th e o re tic a lly  m ade zero a n d  p ra c tic a lly  neglig ib le, we can s ta te  
th a t  th e  d iscrete  v a lu es  agree Math th e  v a lu e s  of in p u t v o ltage  exac tly , r a th e r  
th a n  on ly  ap p ro x im a te ly .

In  th e  case o f th e  transm ission  o f  ad d ress  codes alone a t  th e  in p u t side 
th e  m essage to  be tra n s m it te d  is d esc rib ed  b y  e(t), th e  v o ltag e  values (d iscre te  
in  tim e) a rriv in g  a t  th e  o u tp u t d e m o d u la to r  b y  th e  fu n c tio n  F(t) an d  th e  
com parison  freq u en cy  is v () (say 8000 c/s). T h en , th e  tw o  fu n c tio n  values agree 
e x a c tly  v0-tim es each  second. The in te rv a ls  be tw een  th e  d iscrete  values are  
filled  in  b y  th e  d e m o d u la to r  by  m ean s o f  a su itab le  in te rp o la tio n  m eth o d .

L e t <p(t) be th e  d em odu la ted  s ig n a l. In  p rinc ip le , th e  fu n c tio n  F(t) g ives 
th e  sam ples d iscrete in  tim e  exactly , o n ly  in  th e  fu n c tio n  cp{i) does d is to rtio n  
ap p ear, depend ing  p a r t ly  on the  m eth o d  o f sam pling , p a r t ly  on th e  rea liza tio n  
o f  th e  dem o d u la to r.

T he signal t ra n s m it te d  to  th e  rece iv e r in p u t is am p litu d e -m o d u la ted , 
b u t  in  th e  sim ple case show n in Fig. 1, th e  single sam ples do n o t follow each  
o th e r a t  reg u la to r  in te rv a ls . H ow ever, a lso  in  th is  case th e  th eo re tica lly  p e rfec t 
rep ro d u c tio n  of th e  in p u t  signal can be  en su re d  if  T  =  1/2 B . W h e th e r sam p lin g  
is rea lly  m ade a t ir re g u la r  in tervals  a cco rd in g  to  Fig. 1 or from  th e  value o f th e  
speech signals fixed  a t  th e  m om ent { =  0 , is n o t a p ro b lem  o f princip le b u t  is 
co nnec ted  w ith  th e  re a liz a tio n  of th e  c o m p a ra to r  a n d  dem o d u la to r.

T he com parison  can  be m ade, a t  le a s t  in  p rinc ip le , w ith  zero e rro r, as 
th e  pulses tr a n s m itte d  a re  n o t q u an tized  q u a n titie s  an d  so q u an tiz in g  d is to rtio n  
does n o t occur. On th e  o th e r  hand , o n ly  a n  address code ra th e r  th a n  a speech  
sam ple is tra n sm itte d  a n d , therefore, th e  pu lse  tra n s m itte d  c an n o t ta k e  up  noise  
on th e  tran sm issio n  p a th .

T he ad eq u a te  s a fe ty  of the  ad d ress  can , in  th e  case o f su itab le  signal-to - 
noise ra tio , be s im p ly  ensured .

H ow ever it  m ay  o ccu r, th a t  th e  im p o rta n c e  o f th e  m essage to  be t r a n s 
m itte d  req u ires  a h ig h e r degree of sa fe ty  o f  th e  addresses. T he com m unica tion
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m e th o d  described  h ere  places e v id e n t possib ilities a t  o u r d isposal fo r th is  
p u rp o se .

F o r e v a lu a tin g  th e  errors c o n n e c te d  w ith  th e  addresses co rrec tly  le t  us 
f i r s t  s ta te  th a t  th e se  erro rs can  cause  tw o  k inds of tro u b le . N am ely , th e  co d e 
w o rd  does n o t a rr iv e  a t  th e  w a n te d  ad d re ss , or a t  addresses som e u n w a n te d  
s igna ls  a rrive .

The fa c t t h a t  as a consequence o f  fa ilu re  of th e  ad d ress  code th e  ad d re ss  
does n o t reach  th e  co u n te r-s ta tio n , re su lts  in  sam ple loss on ly . T he tro u b le  
d u e  to  th is  effect is u n im p o rta n t ev en  i f  sev e ra l successive sam ples are  m issing .*  
A  co n sid e rab ly  g re a te r  tro u b le  is i f  a n  ad d ress  receives code-w ords from  som e 
fo re ign  source, b ecau se  these  l a t te r  c a n  cause tro u b le  a t  th e  o u tp u t in  th e  
s ig n a l in te rv a ls .

T he p ro b a b ility , how ever, t h a t  a code-w ord  goes to  a w rong  address ca n  
b e  d im in ished  b y  o rders of m a g n itu d e  i f  th e  code-w ords are  m ade of m ore b its  
th a n  necessary , t h a t  is if  re d u n d a n c y  is app lied . I t  can  be a tta in e d  w ith  s u i t 
ab le  design th a t  th e  failu re  of th e  ad d re ss  codes causes o n ly  sam ple loss a n d  
p ra c tic a lly  i t  does n o t p roduce false signals  in  foreign channels.

A fte r th is  b r ie f  digression on th e  sa fe ty  of th e  add ress le t  us now  re tu rn  
to  th e  analysis o f  th e  basic  fea tu re s  c h a rac te riz in g  th e  com m u n ica tio n  m e th o d  
d e a lt  w ith  here .

I t  is a p e c u lia r ity  of th e  m e th o d  an a ly sed  th a t  th e  sy s tem  is, as a m a t te r  
o f  fa c t, p o s itio n -m o d u la ted  since th e  p o sitio n  of th e  add ress code w ith in  th e  
t im e  in te rv a l (0,T )  depends on th e  v o ltag e  am p litu d e  a t  th e  in p u t a t th e  
m o m e n t w hen  e m ittin g  th e  code. H o w ev e r th e  su b s ta n tia l difference am o n g  
th e  know n sy stem s is th a t  w hile in  th e se  la t te r  in  th e  case o f a tra n sm iss io n  
on  n channels fo r th e  p o sitio n -m o d u la tio n  a tim e of T /n  is ava ilab le , in  th e  
sy s te m  tra n s m itt in g  on ly  th e  ad d ress  th is  tim e  is equal to  T.

F or th is  v e ry  reason , the  s tu d ie d  m e th o d  does n o t need  special re q u ire 
m e n ts  concern ing  th e  accu racy  o f  th e  positio n  of th e  a rr iv in g  add ress codes.

I f  a t  th e  sam e m om ent th e  in s ta n ta n e o u s  v o ltages o f severa l speech  
ch anne ls fa ll in  th e  v ic in ity  of th e  lo ca l g en era to r v o ltag e , th e n , of course, a n  
ad d re ss  can  be im m ed ia te ly  fo rw ard ed , b u t  from  one source. In  th is  case w e 
allow  th e  su rp lu s  add ress to  s im p ly  g e t lo s t or we m ake its  tra n sm iss io n  
possib le  w ith  som e delay . I t  is im p o r ta n t  th a t  in  b o th  cases th e  co incidence 
does n o t cause e rro r  in  th e  signal in te rv a ls . The ap p earin g  d is to rtio n  can  be  
e lim in a ted  b y  th e  su itab le  choice o f  th e  sy stem  p a ram e te rs .

I t  m ay  also  be ta k e n  in to  c o n s id e ra tio n  th a t  in  th e  case o f tra n s m itt in g  
ad d re ss  codes alone no pulse m o d u la to r  a n d  analo g u e-d ig ita l co n v e rte r a re  
necessa ry , c o n tra ry  to  all o th e r tim e-d iv is io n  system s.

* This error, if  necessary, can su b stan tia lly  (by  orders of m agnitude) be dim inished b y  
parallel connecting o f channels or by repeating addresses.
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L et us again  consider th e  p rincip le  of tran sm issio n  in te rm s of F ig . 2. 
In  th e  up p er p a r t  is show n th e  tra n s fo rm a tio n  o f th e  con tinuous fu n c tio n  f ( t )  
of th e  m essage to  be tra n sm itte d  in to  th e  fu n c tio n  F(t) con ta in ing  th e  v a lu es  
for com parison  a n d  its  com pletion  in  th e  d em o d u la to r in to  func tions cp(t). 
The fu n c tio n  E(t) for sim p lic ity ’s sake is show n as saw to o th ed  osc illa tion . 
(The dead  tim es an d  th e  ex ac t law  o f scan n in g  are  n o t considered.) O n th e  
low er p a r t  of th e  figu re  th e  block d ia g ra m  of th e  fc-th channel of th e  m u lt i
channel tran sm issio n  a p p a ra tu s  an d  th a t  of th e  com m on c ircu it are show n. 
The o u tp u t  o f th e  tran sfo rm er belonging  to  th e  k -th  ch an n e l is connected  w ith  
co m p ara to r  1. W ith  th e  la t te r  also g en e ra to r  2 is connected  w hich p roduces

fu n c tio n  E(t). G en era to r 2 a t  the  b eg in n in g  of each com parison  period s ta r ts  
th e  address code tra n s m itte r  3, w hich sends th e  synch ron iz ing  code P s over 
channel 10. A t m om en ts w hen E(t) =  e(f) ho ld  (t,, t2, i3 e tc .). The c o m p a ra to r  1 
o pera tes th e  add ress code tra n s m itte r  4, w hich  also sends th e  address code P k 
given b y  in p u t к over channel 10. T he tim e  betw een  th e  em ission of th e  codes 
P s and  P k is tk. T he  code P s a rriv in g  a t  th e  o u tp u t  opera tes th e  ad d ress  
sw itch  5, w hich s ta r ts  g enera to r 6  o f th e  fu n c tio n  E(t).

T he code P k s ta r ts  th e  address sw itch  7. This op era tes  sw itch  8  w h ich  
connects g en era to r 6  to  th e  in p u t o f d e m o d u la to r  9. T h u s, to  th e  in p u t o f th e  
d em o d u la to r arrives a pulse tra in  m o d u la ted  in am p litu d e  accord ing  to  fu n c tio n  
F(t) a n d  a t  th e  o u tp u t  of th e  d em o d u la to r  ap p ears  th e  con tinuous fu n c tio n  
q>(t) o b ta in ed  by  tim e  in te rp o la tio n  o f th e  form er.
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Y. Possib ilities of B and C om pression in  the  Case 
of the T ransm ission  of Codes C arrying Address and  Contents

F irs t of all, i t  m a y  be s ta te d  t h a t  w ith in  th e  te lep h o n e  exchange th e  
p ro b le m  of b a n d  w id th  is less c ritic a l th a n  those  concern ing  m icrow aves 
b ecau se  i t  is s e p a ra te d  from  th e  ou ts id e  w orld  an d  th ere fo re  is n o t su b jec ted  
to  freq u en cy  re s tr ic tio n s . In  th e  m u lti-c h a n n e l com m unication  lin k , how ever, 
th e  use of th is  m e th o d , beyond  th e  p ossib ilities  o f realiz ing  th e  coding  a p p a 
r a tu s ,  also involves th e  p rob lem  o f b a n d  w id th . As is know n, th e  needed  b a n d  
w id th  is p ro p o rtio n a l to  th e  n u m b er o f th e  b in a ry  dig its m ak in g  up  th e  code. 
T h u s , if  the  code g ro u p  to  be tra n s m itte d  consists of 19 b its , in  an  ideal case, 
fo r  th e  tran sm issio n  o f  a speech ch an n e l a 19-fold b a n d  w id th  is n ecessary  
co m p ared  to  th e  u su a l b a n d  w id th  o f 4000 c/s o f th e  m u ltip lex  system .

I t  should  also be  n o te d  th a t  in  th e  case of PCM (and  code-w ords o f  8  

b its  len g th  w ith in  i t)  th is  m u ltip lica tio n  fa c to r  is equal to  8  an d  in  FM  system s 
o f  h ig h  cap ac ity  to  2 ~  3. T hus, for th e  jo in t  tran sm ission  o f add ress an d  co n 
te n t s  a m ethod  fo r n a rro w in g  th e  b a n d  m u s t be applied . H ow ever, for th is  
case  re la tiv e ly  sim ple  possib ilities are  av a ilab le .

In  th e  fo llow ing th re e  possib ilities w ill be ou tlined .
L et th e  b a n d  n a rro w in g  fac to rs o f th e  single m ethods he cq, a2. ( I f  severa l 

m e th o d s  of b an d  n a rro w in g  are jo in tly  u sed  we can , u n d er th e  c ircum stances 
co n sid e red  here, c a lc u la te  w ith  th e  p ro d u c t o f th e  b a n d  n a rro w in g  fac to rs .)

1. The speech channels are ex p lo ited  u p  to  50 p er cen t for speech in  th e  
f i r s t  rough  a p p ro x im a tio n  since h a lf  o f th e  tim e  is used  for lis ten in g  to  th e  
re sponses. In  a d d itio n , th e  w ords, even  th e  sounds are se p a ra te d  b y  in te rv a ls  
a n d  som etim es a th in k in g  tim e  is also in c lu d ed  betw een  th e  w ords or sounds. 
T h ere fo re , i t  seem s ju s tif ie d  to  assum e th a t  in  th is  sense th e  a c tiv ity  o f a chan n e l 
is  re s tr ic te d  to  a q u a r te r  of th e  tim e : cq =  1/4.*

2. The co n d itio n  o f good u n d e rs ta n d a b ili ty  is th e  tran sm iss io n  of th e  
fo rm a n ts . H ow ever, th e ir  needed freq u en cy  is n o t alw ays 3400 c/s. L e t us, fo r 
in s ta n c e , consider, th e  w ord  “ a llover” . A ll sounds of th is  w ord ex cep t h av e  
th e i r  frequencies, ev en  th e ir  fifth  h a rm o n ics  below  1500 c/s, if  p ronounced  
b y  th e  average voice o f a m an . The “ t>”  needs a h igher freq u en cy  b u t  has a v e ry  
s h o r t  d u ra tio n  w ith  re sp ec t to  th e  w hole w ord. In  various languages th e  
f re q u e n c y  an d  tim e  req u irem en ts  o f th e  fo rm an ts  are, of course, d iffe ren t 
b u t  i t  is perhaps perm issib le  to  assum e th e  m ean  tim e v alue  o f frequency  fo r 
th e  average speech to  be  ab o u t 1 2 0 0  c/s, t h a t  is a 2 =  x/3.

3. I t  is a psycho log ica l fac t (we a re  accustom ed  to  it)  th a t  in  p eak  h o u rs  
th e re  are ce rta in  d ifficu lties, tro u b les , inconven iences in  th e  s tre e t a t  p e a k  
t r a f f ic  tim e, c u rre n t su p p ly , shopp ing  e tc . I t  is easy  to  p resum e th a t  th e  te le 
p h o n e  com m u n ica tio n  w hich generally  g u a ra n te e s  th e  tran sm issio n  o f a b a n d

* [2], p. 37.

Acta Techn. Hung. 51 (1965)



COMMUNICATION M ETH O DS USING CODES 465

w id th  o f 3400 c/s w ill d e te rio ra te  in  th e  p eak  hours to  o n ly  a sm all degree . 
A ssum ing  th a t  a n e tw o rk  w ith  a g re a t n u m b e r of chan n e ls  is designed so t h a t  
w ith  a  2/ 3 load  i t  w ill s t i l l  tra n sm it th e  freq u en cy  of 3400 c/s b u t  a t  a g re a te r  
tra ff ic  i t  can  reac t o n ly  b y  band  com pression .

C onsidering o n ly  th e  firs t tw o  possib ilities

a =  ага2 =  1 /1 2  .

T he factors b a sed  on  assu m p tio n s m u st o f course be  ana ly sed  th e o re ti
ca lly  a n d  ex p erim en ta lly .

I n  th e  following w e shall b riefly  su rv e y  th e  m o d u la tio n  m ethods allow ing 
th e  b a n d  com pression.

In  case 1 the  f i r s t  cond ition  o f th e  exp lo ita tio n  o f speech pauses is th a t  
no sam p lin g  from  th e  s ile n t lines occur. I n  th e  case o f u sing  codes tra n sm ittin g  
ad d ress  a n d  co n ten ts (b u t  sim ilarly  a lso  in  th e  sy stem  tra n s m ittin g  address 
only) th is  is possible since  th e  lines m issed  in  th e  sam p lin g  do n o t in fluence 
th e  receiv ing  of th e  in fo rm a tio n  to  th e  r ig h t address.

F o r  th is  pu rpose  in  th e  case o f  u s in g  codes c a rry in g  b o th  address a n d  
c o n te n ts  a code-tim e tra n sfo rm e r m u s t be  applied . T his tra n sfo rm e r len g th en s 
th e  b r ie f  codes acco rd in g  to  the  av e rag e  tra ffic . E sse n tia lly , i t  is a pulse 
am p lifie r leng then ing  th e  pulses p assin g  over i t  as w ell as th e  pulse in te rv a ls  
an d  h e rew ith  the  codes b y  l /а. T his is a sim ple ta s k  o f  c ircu it design. T his 
req u ires  a buffer re g is te r , know n in  th e  com pu ter te c h n iq u e , an d  a read e r 
c ircu it whose read ing  freq u en cy  is sm a lle r  b y  th e  fa c to r  th a n  th e  freq u en cy  
o f th e  orig inal code p u lse . The buffer re g is te r  m ust also be  su itab le  for s to rin g  
a  ce rta in  n um ber of p u lses  for a sh o rt tim e . The code c a p a c ity  o f th e  reg is te r 
m u s t be designed to  a specified  in fo rm a tio n  loss in  te rm s  o f  p ro b a b ility  ca l
cu la tio n .

T he fac to r a 2 ( th e  average b a n d  need) can he rea lized  w ith  th e  t r a n s 
fo rm a tio n  o f th e  sam p lin g  circuit. T h is tra n sfo rm a tio n  can , fo r in stan ce , con
sis t in  t h a t  th e  c ircu it ta k e s  a sam ple o n ly  w hen th e  a b so lu te  va lue  of th e  f ir s t  
d e riv a tiv e  of the  s ig n a l function  exceeds a ce rta in  th re sh o ld  value. This is 
s im ila r to  th e  delta  code m odu la tion  in a sm u ch  as in fo rm a tio n  is t r a n s m itte d  
on ly  in  th e  case of a spec ified  v a ria tio n  o f  th e  signal fu n c tio n , h u t  in  c o n tra s t 
to  th e  case of delta  m o d u la tio n , th e  tra n s m it te d  signal is th e  w hole am p litu d e  
sam ple  ra th e r  th a n  o n ly  a step.

T he m ethod  d esc rib ed  here a t th e  sam e tim e  also reso lves th e  m ore dense 
g ra d u a tio n  of th e  low  leve l signals s ince  i t  equally  e v a lu a te s  th e  signals o f 
la rge  o r sm all a m p litu d e  i f  th e ir  d e r iv a tiv e s  are equal.

F in a lly , i t  sh o u ld  be  m en tioned  t h a t  th e  sy stem  T A SI uses a sim ilar 
p rin c ip le  for b an d  com pression . H o w ev er, th e  m eth o d  o f in se rtin g  sy llab les 
(TA SI is an  analogous sy stem ) used th e re  is less effec tive, d e te rio ra tes  u n d er- 
s ta n d a b ili ty  to  a h ig h e r degree an d  re q u ire s  a m ore co m p lica ted  a p p a ra tu s .

13* Acta Techn. Hung. 51 (1965).
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V E R F A H R E N  D E R  N A C H R IC H T E N Ü B E R T R A G U N G  MIT K O D ÉN , 
W E L C H E  DIE A D R E SSE  U N D  D E N  IN H A L T , O D E R  N U R  D IE  A D R E SSE  TR A G E N

E. ÁCS

ZUSAM M ENFASSUNG

Bei der N achrichtenübertragung zwischen mehreren T eilnehm ern sollen im  K anal 
Inform ationen über den B estim m ungsort (d. h. die Adresse) der N achricht sowie über ihren 
In h a lt übertragen w erden. B ei dem  klassischen PCM-Verfahren wird die Adresse durch die 
Z eitlage (Nummer) der K odegruppen, der Inhalt aber durch die K odegruppen selbst über
tragen . Es ist jedoch m öglich , daß — ähnlich w ie bei dem in der R echenm aschinentechnik  
verw endeten Verfahren — sow ohl die Adresse w ie auch der Inhalt von den K odengruppen  
getragen werden. E ine w eitere M öglichkeit wird durch das U m gekehrte des klassischen PCM- 
Verfahrens gegeben, näm lich  durch das Verfahren, bei dem der In h a lt durch die Lage der 
K odegruppen, die Adresse aber durch die K odegruppe selbst übertragen wird. Die Arbeit 
befaß t sich mit den beiden letzten  Verfahren, d. h. m it der Verwendung für Nachrichtenüber
tragung von Kodén, die Adresse und Inhalt oder nur Adresse tragen. E s wird eine Übersicht 
der Grundsätze gegeben, ferner auf die M öglichkeiten der E nthebung von Übertragungs
fehlern und auf die bei den erörterten Verfahren zur Verfügung stehenden Methoden der 
Bandverringerung hingew iesen.

M ÉTHODES D E  COMMUNICATIONS AVEC CODES A D R ESSES  
ET IN FO RM ATIO N S OU CODES AD RESSES SE U L E M E N T

E. ÁCS

RÉSUM É

Si des com m unications entre plusieurs abonnés s’effectuent par des canaux com m uns, 
on doit transmettre des inform ations relatives à la destination (adresse) et au contenu du m essage. 
D an s les systèm es PCM classiques, l’adresse est transm ise par la position  dans le tem ps  
(n° d’ordre) des codes, et l’inform ation par les codes eux-m êm es. N éanm oins, il est possible de 
faire porter par les codes l’adresse aussi bien que l’inform ation, par une m éthode pareille à 
celle  employée dans la technique des m achines à calculer. Une autre possib ilité  est offerte par le 
renversem ent du principe appliqué dans le systèm e PCM classique, l ’inform ation étant trans
m ise par la position chronologique des codes et l’adresse par le code m êm e. L’auteur traite de 
ces deux dernières m éthodes, c’est-à-dire de l’usage des codes-adresses et inform ations ou des 
codes-adresses seulem ent. L’auteur donnant un aperçu des principes fondam entaux et des 
possib ilités d’élim ination des erreurs de transm ission, envisage égalem ent les possibilités de la 
com pression de bande préconisée pour le systèm e exam iné dans l’étude.
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М Е Т О Д Ы  С В Я З И  С  И С П О Л Ь З О В А Н И Е М  К О Д О В ,  Н Е С У Щ И Х  А Д Р Е С  

С О Д Е Р Ж А Н И Е  И Л И  Т О Л Ь К О  А Д Р Е С

Э. A 4

Р Е З Ю М Е

В  с л у ч а е  с в я з и  м е ж д у  н е с к о л ь к и м и  а б о н е н т а м и  п о  к а н а л у  д о л ж н ы  п е р е д а в а т ь с я  

и н ф о р м а ц и и ,  о т н о с я щ и е с я  к  м е с т у  н а з н а ч е н и я  ( т .  е .  к  а д р е с у )  и  с о д е р ж а н и ю  с о о б щ е н и я .  

П р и  о б ы ч н о й  к о д о и м п у л ь с н о й  м о д у л я ц и и  а д р е с  п е р е д а е т с я  в р е м е н н ы м  п о л о ж е н и е м  

( н о м е р о м )  к о д а ,  а  с о д е р ж а н и е  с а м и м  к о д о м .  О д н а к о ,  в о з м о ж н о ,  ч т о б ы  ( п о д о б н о  к а к  в  т е х 

н и к е  Э М  В )  к о д ы  н о с и л и  к а к  а д р е с ,  т а к  и  с о д е р ж а н и е .  Д а л ь н е й ш а я  в о з м о ж н о с т ь  д а е т с я  

о б р а щ е н и е м  о б ы ч н о й  к о д о - и м п у л ь с н о й  м о д у л я ц и и ,  к о г д а  с о д е р ж а н и е  н о с и т  п о л о ж е н и е  

к о д о в ,  а  а д р е с  с а м  к о д о м .  В  р а б о т е  р а с с м а т р и в а ю т с я  п о с л е д н и е  д в а  м е т о д а ,  т .  е .  и с п о л ь з о 

в а н и е  д л я  с в я з и  к о д о в ,  н е с у щ и х  а д р е с  и  с о д е р ж а н и е  и л и  т о л ь к о  а д р е с .  Д а е т с я  о б з о р  

о с н о в н ы х  п р и н ц и п о в .  У к а з ы в а ю т с я  в о з м о ж н о с т и  у с т р а н е н и я  о ш и б о к  п е р е д а ч и  и  м е т о д ы  

с у ж е н и я  п о л о с ы  ч а с т о т .
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CALCULATION OF FACTORS INFLUENCING  
THE OUTPUT CHARACTERISTICS OF FLUID COUPLINGS

L. KISBOCSKÓI— F. STVRTECZKY
TECHNICAL UNIVERSITY BUDAPEST 

[Manuscript received  June 8, 1964]

Authors succeeded in  finding a new and more exact way of calcu lation  of the dim ensions 
of flu id  couplings, as com pared to already k n ow n m ethods. The new form ula goes as follows:

N  =  D$ nsp (1 -  В 2) y  - | - 7 P  A  .

As to  the calculated va lues o f the loss factor  S  according to the equation below, th ey  
proved to be in com pliance w ith  experim ental results:

S’ = (Vâ + V à ( l  +  c ^ f )  +  Vu .

The w hole calculating m eth od  is based on consideration of the in fluence of the following  
factors: geometric form, blade thickness, b lades num ber, shape of the blade tip , speed, diam eter, 
and in addition, the physical properties o f th e  operating fluid.

T he ta sk  of p ro je c tin g  flu id  co up lings is, in  m ost o f th e  cases, d e te rm in ed  
b y  a g iven  o u tp u t N ,  a given engine sp eed  np and  a m a x im u m  o f slip (s% ). 
G enera lly , a fu rth e r  s tip u la tio n  is a d d e d  according to  w h ich  th e  tre n d  of th e  
ch a ra c te ris tic  curve is p rescribed  as a fu n c tio n  of tim e  a n d /o r  o f slip.

W ith  these p re lim in aries , th e  d es ig n er is com pelled to  f in d  som e a u x ilia ry  
in fo rm atio n s from  sc ien tific  a u th o ritie s  whose w ork is n o w ad ay s  rep re sen ted  
b y  a w ide and  ram ified  lite ra tu re . W h e n  we t ry  to  o b ta in  som e o rie n ta tio n  
in  th is  fie ld , we m ay  s ta te ,  on th e  w ho le , th e  following g ro u p s o f papers m en 
tio n ed :

a)  D escrip tion  o f  an  ac tu a l c o n s tru c tio n  or an  ex am p le  o f ap p lica tio n , 
a t  b e s t w ith  some a d d itio n a l in fo rm a tio n  concern ing  m easu rem en ts  a n d  
d im ensions.

b)  T heoretic  co n sid e ra tio n  fo llow ed  b y  some s ta te m e n t  of p rincip les 
b u t  n o t qu ite  su itab le  fo r find ing  n u m e ric a l re la tions or p ra c tic a l s tip u la tio n s .

c)  The exposition  o f  a ra th e r  n a rro w , p a r tia l p ro b lem , som etim es c a re 
fu lly  e lab o ra ted  an d  w ell founded , b y  p resen tin g  th e  d e ta ils  o f ex p erim en ts  
an d  te s tin g  results.

d )  Collection o f ex p e rim en ta l re su lts  o b ta in ed  b y  te s ts  a n d  m easu rem en ts . 
A t the  firs t g lance , th e  la s t ty p e  o f s tu d y  seems to  be  th e  m ost usefu l

for th e  p ro jec ting  designer. As w ill b e  seen, th is  op in ion  h o ld s  tru e  on ly  in
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ex cep tio n a l cases. R e g re tta b ly , a u th o rs  used  to  co m m u n ica te  some d iam ete r 
v a lu es  and  th e  sh ap e  o f th e  m erid iona l section , pow er, speed  and  th e  slip 
v a lu e , b u t one fin d s  o n ly  in  a few cases fu r th e r  d a ta  co n cern in g  th e  n u m b er 
o f  b lades and  th e  e x a c t d en o m in a tio n  o f  th e  o p e ra tin g  flu id , perhaps its  
p h y sica l ch a ra c te ris tic s ; an d  as fa r as d a ta  reg ard in g  b lad e  th ickness, surface 
co n d itio n s, form  o f th e  b lad e  t ip  are  concerned , th e  re a d e r  can  seldom  get tru e  
in fo rm atio n s. (M ay we here  refer to  th e  cu rves o f F öttinger fo r w hich th e  b lade  
n u m b e r  varies acco rd in g  to  th e  b lad e  ty p e  “ c a s t”  or “ w e ld ed ” .) N either th e  
a d o p te d  usage to  s im p lify  in fo rm atio n s b y  giving som e ra tio -fo rm ulas can 
be  w elcom ed b y  designers (such as N /n ,  N / n 2 etc.).

In  the  l i te ra ry  resources re fe rred  to , one m ay  f in d , g enera lly , tw o ty p es  
o f  form ulae th a t  a re  considered  as u sefu l for th e  c a lc u la tio n  of th e  m ain  
d im ensions. These a re  o f th e  form :

or

N  =  Df) n3 s y C N , (1)

N  =  Dft (  I k .  ( la )\ 100 I

(N B . Please fin d  th e  ex p lan a tio n  o f sym bols in  th e  A n n ex  a t  th e  end of th is  
p ap e r.)

C oncerning th e  o u tp u t  fac to r CN as used in e q u a tio n  (1), some fu r th e r  
s tip u la tio n s  are u su a l: e.g. its  v a lid ity  is b o u n d  to  slip lim its  be tw een  0  -r- 1 0 % , 
o r else the  values o f CN are lim ited  be tw een  3 —  8 - 10 ~8.

R eferring to  fo rm u la  ( la ) , th e  va lu e  of th e  “ c o n s ta n t k "  is de te rm in ed  
e .g . as follows:

“ Value lim its  o f к are 0.7 4 -  1.6, a n d  these  are  ap p licab le  w hen using  
lig h t  liquid  oils o f a d e n s ity  у  -  800 -j- 900 k p /m 3 a n d  w h en  th e  slip v a lue  is 
o f  a b t. 3 % .”

The quo ted  e q u a tio n s  (1) an d  ( la )  are  genera lly  fo llow ed b y  a re m a rk  
t h a t  th e ir  ap p lica tio n  alw ays needs fu r th e r  co n sid e ra tio n , especially  as fa r as 
th e  values to  be chosen  depend  on special ex p e rim en ta l re su lts , or on som e 
o th e r  p rac tica l in fo rm a tio n s .

F u rth e r  s im ila r ity  re la tio n s assum ed  for tu rb o -m a c h in e s , e.g. as q u o ted  
herebelow  u n d er (2 ) can  be app lied  to  th e  ca lcu la tion  o f f lu id  couplings on ly  
w hen  the  g eom etrica l an d  h y d rau lic  cond itions are s im ila r:

N  _  D 3 n3
JX[ Г)5 « 3

m I y 0 m n m

I t  can easily  be p ro v ed  th a t  m o d el-sim ila rity  is m u ch  m ore d ifficu lt to  
be  assum ed w ith  coup lings th a n  i t  w ould  be w ith  u su a l h y d ra u lic  m achines.
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A n o th er source o f errors is th e  m islead ing  — th o u g h  p re fe rred  — con
s id e ra tio n , b y  some a u th o rs , accord ing  to  w hich th e  fo rm u la :

Re
nD,,

V
( 3 )

can  be considered for flu id  couplings, as th e  ap p ro p ria te  exp ression  o f R eyno lds, 
n u m b e r Re.

N am ely , none o f th e  au th o rs  cares fo r tru e  in fo rm atio n , how  th e  a p p lic a 
tio n  o f th e  fo rm ula (2) m ig h t be in flu en ced  b y  th e  follow ing fac to rs : 

V a ria tio n  of th e  n u m b er of b lades, 
v a r ia tio n  o f th e  b la d e ’s th ickness, 
geom etrical form  o f th e  b lade t ip ,
v a r ia tio n  of d en sity  an d  v iscosity  o f  th e  opera ting  flu id , 
dependence  of th e  w hole re la tio n s (2) on speed v a r ia tio n  or on change 

o f  g eom etrica l ra tio s , o r on th e  p o ssib ility  how  th e  p robab le  d ev ia tio n s  could 
be e s tim a ted .

In  o rd er to  e lim ina te  all these  u n c e rta in tie s  and  to  p ro m o te  som e nea re r 
e lu c id a tio n  of th e  prob lem s a ffec ted , we th o u g h t i t  u sefu l to  co m m u n ica te  
th e  re su lts  of our experiences.

T he ta s k  was to  design a flu id  coup ling  for in d u s tr ia l p u rp o ses , for a 
g iven o u tp u t. D im ensions w ere d e te rm in ed  b y  m aking  use o f  th e  fo rm ula  ( la )  
w hereas fo r choosing th e  v alue  of к we re lied  upon our fo rm er experiences. 
T ak in g  o u r p ro to ty p e  as a basis, we h av e  suggested  to  choose th e  v alue  к equal 
to  1.67. — F or an  im p ro v ed  sa fe ty , we assu m ed  in our ca lcu la tio n s th e  v a lu e  
к  =  1.5. — D im ensions a n d  ch a rac te ris tic s  o f th e  coupling designed  are show n 
in  F igs. 1 and  2.

Acta Techn. Hung. 51 (I9b5)
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The couplings once b u ilt , check ing  m easu rem en ts  were carried  o u t. 
T h e  resu lts  show ed, to  o u r g rea te s t a s to n ish m e n t, a к  v a lue  n o t exceed ing  
0.519.

Of course, we h a d  to  look  for an  accep tab le  rea so n  w hy  th is  d e v ia tio n  
fro m  th e  ca lcu la ted  v a lu e  h ap p en ed . A fte r  d isassem b lin g  th e  coupling, th e  
reasons were fo und . In  sp ite  of ou r s tr ic t  p re sc rip tio n s  to  have  b lades m ade 
in  accordance to  th e  v a r ie ty  No. I  in  F ig . 2, th e se  b lad es corresponded  to  th e  
N o. I l l ,  i.e. b lades o f  r a th e r  poor castin g  p erfo rm an ce. T he b lades’ th ick n ess  
w as 4 m m , in s tead  o f  th e  p rescribed  2.5 m m , th e y  h a d  irreg u la rly  co rru g a ted  
su rfaces in stead  o f  sm o o th  ones, a n d  th e  t ip  o f th e  b lad es h ad  a b lu n tish  
en d in g  in stead  o f a w ell ro u n d ed  shape. W e succeeded  in  m ak ing  th e  b e s t o f

Fig. 2. B lade cross-sections of the various im peller types: I, II and III

th e se  facts. We h a d  on  h a n d  th e  o p p o r tu n ity  to  te s t  6  ty p e s  of couplings, i.e . 
te s ts  w ith  3 ty p es  o f  b lad es accord ing  to  F ig . 2, a n d  ev e ry  ty p e  of o p e ra tio n  
w ith  w ate r an d  oil.

O ur resu lts  a re  i l lu s tra te d  in  F ig . 3, show ing  th e  m easu rem en ts w ith  
oil, an d  Fig. 4, c o n ta in in g  th o se  o b ta in e d  b y  using  w a te r  as tr a n s m itte r  f lu id .

The 3 ty p es o f  b lad es are:
Type I I I  : co u p lin g  w ith  o rig inal b lades;
Type  I I  : co u p lin g  w ith  b lades, m ach in ed  to  p rescrib ed  d im ensions, 

w ith o u t round ing  o ff th e  tips;
Type I  : co u p ling  h av in g  b lades t ru e  to  design (e x a c tly  form ed b lades).
As seen from  th e  cu rv es, in  th e  course o f m easu rem en ts  m ade w ith  w a te r  

as an  opera ting  f lu id , an  effect of m o m en t b re a k  dow n was observed  w ith  
T y p e  I , in  sp ite  o f  th e  fa c t th a t  th e  coup ling  w as te s te d  w ith  100%  fillin g  
(equa l to  0.9 p a r t  o f  th e  free vo lum e). O f course, th is  sec tion  was n o t ta k e n  
in to  consideration  in  o u r ca lcu la tions. T ab le  I  show s th e  m easu ring  resu lts  a t  a 
slip  value of 3% .

In  Figs 3 a n d  4, a re  th e  d iag ram s show ing th e  o u tp u t  N  ag a in st slip  s 
as m easured, an d  th e  re la tiv e  flow  v e lo c ity  w,  in  th e  m erid ional sec tio n  
a g a in s t slip s, as c a lc u la te d  accord ing  to  th e  fo rm u la  g iven in  the  follow ing.

A cta Techn. Hung. 51 (1965)
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F lu id  ch a ra c te ris tic s :
T he w a te r  used  is considered as h a v in g  a ru n n in g  te m p e ra tu re  o f 35 4 -

50° C.
T he o p e ra tin g  oil h a d  a d ensity  o f  y  =  865 k p /m 3 w ith  a v isco sity  

fac to r V  =  18 • 10 - 6  m 2/s , according to  a  te m p e ra tu re  o f a b t . 60° C.
T he d isc-fric tion  t h a t  occurs b e tw een  th e  o u te r  casing  an d  th e  im p e lle r 

has been  in te n tio n a lly  d isregarded  since th is  p o rtio n  o f m o m en t-tran sm iss io n  
is negligible a n d  has no  b earin g  on p ra c tic a l ly  e s tim a te d  resu lts .

Table I

Type Operating fluid Speed, r. p. m. Output, HP Slip, % Factor, к

Designed Oil 1440 2.32 3 1.5 (assumed)

I oil 1440 1.45 3 0.94

i l oil 1440 1.25 3 0.812

in oil 1440 0.8 3 0.519

I water 1440 2.2 3 1.425

i l water 1440 1.85 3 1.2

in water 1440 1.2 3 0.778

To s ta r t  w ith , th e  v a lu e  of th e  o u tp u t  N ,  c a lc u la ted  w ith  a speed  o f 
1440 rp m , was ta k e n  as th e  basic v a lu e :

j y _  w f H y V

75
(4)

F rom  th is , th e  re la tiv e  flow  velocity  w  in  th e  m erid ional sec tion  is o b ta in e d :

w =
N 1 5

f H p y  ’
( 5 )

where the values f  (the active sectional area) and H p (pum p delivery head) 
were assum ed on the condition th at flo w  characteristics are obtained b y  
considering a central stream  line and an average flow  v e lo c ity ; this assum ption  
is m aintained through the entire course o f our investigations.

The active sectional area ( /)  is ca lcu lated  according to  H eldt and T imm 
as follows:

f = V ‘ F ,  (6 )
where

F  =  ^ D l { \ ~  Б 2). (7)
О
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Further, for the surface at the entry circumference of the turbine, by m aking  
allow ance for the surface ratio determ ined by the blade’s thickness

<pK  =  1
Z b  ( l  —

D o n_
2 2

l /( l  +  B 2)/2) 

( 1 - ß 2)
(8a)

Fig- 3. Characteristics o f im pellers o f types I, II and III, as measured on oil-filled couplings

a n d
<Fb =  1 -

Z b ( V ( l  +  B 2)/2 -  в )

further, for the pum p delivery head:

и  _  ^ Pe w p
n p — -

g
P \

(8b)

( 9 )
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w here th e  head  co rrec tio n  factor XPe is ta k e n , accord ing  to  [3] and  [4] from :

1

3 .6  1 '
— ( 10)

1

Fig. 4. Characteristics of im pellers of types I, II and III, as m easured on water-filled couplings

In  th is  eq u a tio n  Z  d en o tes  the  n u m b e r o f  b lades

an d
T — ( ~ T

'  Qt 1
f u r t h e r

Qi =
A ,/2

and
o 2 =

r 2

D J 2

( И )

( 1 2 a )

( 1 2 b )
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A g ain , th e  values o f ^  an d  a re  to  be ca lcu la ted  b y  u sin g  th e  d ed u c tio n  
acco rd in g  to  [1 ], as follows:

& =

3

[(1 +  Д 2)/2] -  B '
4 ([/(I +  B-)/2~— B )  ’

e2 = Í  !  — [( !  +  B 2)/2]2 

4 (1 — K(1 +  B 2)/2 )

W ith  th e  d en o ta tio n s used  in  F ig . 1, we h av e :

в

0

a n d , accord ing  to  eq u a tio n  (9 ),

w here

U  =  Kei —(1 —-)el

(13a)

(13b)

(14)

(15)

(16)

ex p ressed  w ith  th e  geom etrica l d im ensions an d  th e  slip.
Pow er losses can  be exp ressed , as seen from  eq u a tio n  (4), as h ead  losses 

in  th is  form :
2 h '  =  s H p . (17)

T h is  loss, occurring  in  th e  coup ling , can  be expressed  as th e  fu n c tio n  o f th e  
re la tiv e  velocity  w  in  th e  m erid io n a l sec tio n  w hich is assum ed  to  be c o n s ta n t:

2  h ’ =  (18)
2  g

w here  th e  loss fac to r  S2 is c a lcu la ted , accord ing  to  [5]:

S 2 =  f 0 | l  +  C^ ( +  F„. (19)

H ere, the member сы2/гс stands as the expression of the effect o f the so-called  
“ super-turbulence” (Überturbulenz) explained by F öttinger [6] andSEEHG [7]. 

W ith due consideration o f the results found in [5] we can assume:

c =  0 . 18 ,

Acta Techn. Hung. 51 (1965)
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w hich p ro v ed  a good co n fo rm ity  w ith  o u r  e x p e rim e n ta l resu lts . As to  th e  
value o f f 0, th is  consists o f tw o d is tin c t p a r ts  as follow s:

f o =  K + K ,  (20)
w here th e  m em ber

vá =  v% +  VI (21)

since th is  shock  loss is, o f  course, com posed  o f  tw o p a r ts  : is th e  loss o ccu rrin g
a t  th e  p u m p  e x it an d  tu rb in e  en try , a n d  occurs a t  th e  tu rb in e  e x it a n d  
th e  p u m p  e n try . C a lcu la tion  of these q u a n ti t ie s  is b a sed  on th e  d iag ram  to  
be found  in  [8 , (P a r t  V II I ,  diagram s 9 -r- 10)].

In  co n fo rm ity  w ith  o u r research ex p erien ces, we found  for

V„ = ( 22 )

The loss caused  b y  th e  f lu id  friction is:

IZIC1

Т Г  ■
(23)

T he va lu e  A is d e te rm in ed  b y  m eans o f th e  com m only  know n curves as fu n c 
tions of R ey n o ld ’s n u m b e r Re,  where fo r th e  la t te r  th e  eq u a tio n

Re =
w f  4

Z K ^ v
(24)

is to  be u sed . O nly th is  Re  value canno t be  c o n s ta n t, a n d  th is  value obv iously  
does n o t coincide w ith  th a t  one ca lcu la ted  accord ing  to  (3), th e  la t te r  b e in g  
assum ed as co n stan t.

The (average) v a lu e  o f th e  w e tted  p e rim e te r  K x o f th e  flow  ch an n e l is 
ca lcu la ted :

K x =  i? ° -  
2

(1  - B * )  +
л ( 1  +  В )

-  b. (25)

In  eq u a tio n  (23) th e  v alue  of l is th e  len g th  (in m) o f th e  m ean s tre a m  
line as ta k e n  from  th e  m erid ional sec tion .

In  consid era tio n  o f equa tions (5), (9), (17) and  (18), we can w rite :

2 ' ft' 2  g _  зЯРе ы-р P 2

S 2 ~  ~g
2  g
S 2

P 2
=  2 sAPe со2 ------ .

P S 2
(26)
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or, th ere fro m  we can  derive:

w = У2 sAPe (27)

N ow , m aking  use o f  th e  values o f N ,  tv, H p an d  /  as o b ta in e d  from  th e  re -

Fig. 5. Characteristics of impeller typ e  I, calculated and measured values of an
oil-filled coupling

sp ec tiv e  eq u a tio n s  (4), (27), (9) a n d  (6 ), so th e  form  of eq u a tio n  (4) w ill b e : 

N  =  Dl  n i  (1 -  В») у  У  л  3 У 2 Щ , . A  . (28)
О

B y  ad o p tin g  th e  u su a l system  of u n its  (m , k p , s, H P  and  rpm ) an d  in  co n sid e rin g  
th e  g rav ita tio n a l acce lera tion  g , th e  v a lu e  of A  will be:

A  =  7.67 • 10~"8 m /s2 .

In  Figs. 3 an d  4 th e  tv values, as c a lc u la ted  according to  eq u a tio n  (5) a re  
also  p lo tted .
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F o r ex am p le’s sak e , in  Fig. 5, th e  ch a rac te ris tic s  o f  an oil flu id  coupling  
of T ype I  are  show n. W e can s ta te  t h a t  th e  resu lts  o f m easu rem en ts and  th e  
va lu es  ca lcu la ted  acco rd in g  to  th e  h ere  developed  m eth o d  are in  fu ll co in 
cidence. R e g re tta b ly , th e  im m ense vo lu m e of research  d a ta  does n o t allow  
for a d e ta iled  com m u n ica tio n  even in  tab les .

N ow , b y  eq u a tio n  (28) designers a re  a ided  in  ta k in g  in to  accoun t th e  
effect o f all th e  in flu en c in g  fac to rs w ith  a g rea te r  accu racy  th a n  i t  wo old  
be possib le b y  re ly in g  on the  genera lly  know n  fo rm ulae  (1 ) an d  ( la ) .

T his (28) e q u a tio n  also m akes possib le  to  d e te rm in e  th e  p robable  pow er 
to  he tra n sm itte d  b y  a flu id  coupling m a n u fa c tu red  by  m eans of given te c h 
nological m ethods, h a v in g  know n d im ensions and  b u ilt  w ith  a given n u m b e r 
o f b lades.

A fu r th e r  a d v a n ta g e  of th is  e q u a tio n  is th e  possib ility  of ta k in g  loss 
v a ria tio n s  caused b y  th e  various form s o f  b lades in to  acco u n t, an d  to  p lo t 
th e  cu rve  of th e  fu n c tio n :

N = f ( s ) .

A N N E X

F in a lly , here are  en u m era ted  d e fin itio n s of te rm s, w ith  th e ir  sym bols 
and  u n its  used  in  th is  p a p e r , and  as an  an n e x , th e  d e ta iled  course of calcu la tion  
of th e  loss value Vü acco rd ing  to  e q u a tio n  (2 1 ) is given in  detail.

I. Symbols

Л  7.67 ■ 10 ~8 [m /sI. 2], obtained by the cum ulation of constants out o f (28); 
b blade thickness (entry and exit), [m];
В D ß /D 0 ratio number characterising the form  of the meridional section; 
e 0.18 an experim ental constant for Equ. 19;
CN power factor;
D 0 nom inal diam eter, [m ];
D ß  inner diam eter of b lades, [m ];
/  active  surface, [m2];
F  ha lf o f the whole ring surface, [m2]; 
g 9.81 m /s2 gravitational acceleration;
Eh' to ta l head loss o f the coupling, [m];
Hp pum p delivery head, [m ];
I; power factor;
К ! the  w etted  perim eter o f  one blade channel (as average) [m ], see Equ. (23) and (24); 
n r. p. m ., [1/m in];
N  power, [H P];
P  J t V J  2 ;
K  Q D J 2  radius, [in];
Ke  R eynold’s number; 
s slip;
S2 loss factor Equ. (18) and (19);
u2 R 2 ojp tangential v e lo c ity  at the radius R.,, [m /s];
Vá F f  т  F f  shock loss com ponent [confer herebelow , and Equ. (20)];
Vu s2(D 0/2 )2o, C0p/g 2g/te2 loss com ponent, according to Equ. (22);
Vi  friction loss com ponent according to E qu. (23);
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w  relative ve lo c ity , [m /s];
Z  (Zp +  Zt) 1/2 num ber of blades; 
y  specific w eight, [kp/m 3];
Г() К,; +  Vy loss com ponent;
À flu id  friction factor, Equ. (23);
).pe head correction factor, Equ. (10);
<p f / F  area ratio;
V factor of k inetic  v iscosity , [m2/s];
I I  / — (1 — s)g f factor depending on the geom etric form and the slip Equ. (16); 
со га/9.55 angular v e lo c ity , [1/s];
в R/DJ2-,
г (Pi/Рг)2’ according to  Equ. (11);
I, II , III type designations for blades w orkm anship , according to Fig. 2.

II. Subscripts

0, 1, 2 according to  F ig. 1;
В  quantities related  to  the radius R l ;
К  quantities related  to  the radius R.,;
m  values referred to  the sm all model;
p  values referred to the pump im peller;
t values referred to  the turbine.

H ere below  we will develop ih e  m e th o d  of calcu la tion  of th e  shock loss 
v a lu es  based  on th e  d iagram s in  [8 ]

К =  V? +  VI
a n d  for ca lcu la tion  purposes

Va =  a 2
“o
Sr

(29)

T o th is  end, th e  va lu es  of Oq are  ta k e n  from  the  tab le  a as fu n c tio n  of th e  
b lad e  tip  and  th e  flow  d irection  a°. V alues of cr2 are ta k e n  from  th e  ta b le  b, 
e q u a lly  as fu n c tio n  o f a° and  th e  ra tio  a0/ S v  F u rth e r  eq u a tio n s:

ta n  a K
w

ta n  aB --- Uls ---— •
w

61 . •>
Qi

(30a, b)

an
_  R, ,n  

~  Z
b , a B —

R x л

z b ; (3 1 a ,b )

R 2n
s f  =

R x л
(32a, b)

Z Z
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B E R E C H N U N G  DES E IN FL U SSE S D E R  L E IST U N G SV E R Ä N D E R N D E N  FAK TO R EN  
A U F D IE  K E N N W E R T E  D E R  H Y D R O D Y N A M ISC H EN  K U P P L U N G E N

L. KISBOCSKÓI-F. STVRTECZKY

ZUSAM M ENFASSUNG

Autoren haben eine B erechnungsm ethode ausgearbeitet, m ittels welcher die Abm es
sungen von hydrodynam ischen K upplungen m it einer, gegenüber der bisher üblichen größeren 
G enauigkeit bestim m t werden können. Der Berechnung liegt folgende Form el zu Grunde:

N  =  D%n> (1 -  R2) y _ |_  f j 3  y ^ sP p 'A -

D ie laut der hier folgenden G leichung berechneten Werte des V erlustfaktors S  wurden 
von den Versuchsergebnissen vo llau f gerechtfertigt:

S* - ( V ä +  F , ) ( l + C ^ ) +  Vu .

In dieser Berechnung wird die W irkung folgender Faktoren in R echnung gezogen: geom etrische 
Ausbildung, Schaufelstärke, Schaufelzahl, Schaufelnasform, Drehzahl, Durchm esser, physi
kalische Eigenschaften der A rbeitsflüßigkeit.

CALCUL D E  L’IN F L U E N C E  DES D IFFÉ R E N T S FACTEU RS  
SU R  LA PUISSANCE D E  L’ACCOUPLEM ENT H Y D R O D Y N A M IQ U E

L. KISBOCSKÓI-F. STVRTECZKY

RÉSUM É

Les auteurs donnent une relation pour le calcul plus précis de l’accouplem ent hydro
dynam ique, qui peut s’écrire sous la forme:

N =  П % пЦ \ - -  B - ) y  ,ps  ГР Ÿ2s~FPeA .

Les valeurs calculées des coefficients des pertes S

S ° - = ( V à +  Fx) ( l  + c - ^ - ] +  Vu

ont été vérifiées par des m esures de laboratoire. La méthode de calcul considère aussi l’inf
luence de la forme géom étrique, l’épaisseur et le nombre des pales, le point d’entrée de ces 
dernières, le nombre de tours, le diam ètre et les caractéristiques physiques du fluide utilisé.
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Р А С Ч Ё Т  Ф А К Т О Р О В ,  В Л И Я Ю Щ И Х  Н А  П А Р А М Е Т Р Ы  Х А Р А К Т Е Р И С Т И К И  

М О Щ Н О С Т И  Г И Д Р О М У Ф Т

Л . КИШ БОЧКОИ— Ф. Ш ТВРТЕЦКИ

Р Е З Ю М Е

В  р а б о т е  а в т о р о в  п р и в е д е н а  з а в и с и м о с т ь ,  п р и м е н я е м а я  д л я  б о л е е  с т р о г о г о  ч е м  д о  

с и х  п о р  р а с ч ё т а  г и д р о д и н а м и ч е с к и х  м у ф т .  Э т у  з а в и с и м о с т ь  м о ж н о  з а п и с а т ь  в  в и д е :

N  =  Df, п 3 (1 —  В2) у  Я 3 А  .О

Р а с ч е т н ы е  в е л и ч и н ы  з н а ч е н и я  к о э ф ф и ц и е н т а  п о т е р ь  S  п о д т в е р ж д е н ы  э к с п е р и м е н т а л ь н о .

S2 = ( K d +  K*)(l + с  "^ ~)+  V u .

М е т о д  р а с ч ё т а  у ч и т ы в а е т  в л и я н и е  г е о м е т р и и ч е с к о г о  о ф о р м л е н и я ,  т о л щ и н ы  п о п а с т е й ,  

ч и с л а  л о п а с т е й ,  о ф о р м л е н и е  н о с о в о й  ч а с т и  л о п а с т е й ,  ч и с л а  о б о р о т о в ,  д и а м е т р а  и  

ф и з и ч е с к и х  п а р а м е т р о в  р а б о ч е й  ж и д к о с т и .
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