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Abstract. In this paper, the authors introduce the generalization of Hermite-Hadamard inequality

by using (Mg, My )-convex functions and getting some other theorems with (Mg, My,)-convex
functions. Some natural applications to special means of real numbers are also given.
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1. INTRODUCTION AND PRELIMINARIES

It is well known in mathematical analysis that a function f: I CR — R, I # @ is
said to be convex on [ if the inequality

f(Ax + (1 =21)y) < Af(x) + (1 = MF(y) (1.1)
holds for all x,y € [ and A € [0, 1] [25] .

Definition 1 ([4, 12]). A function f: I — [0,0) is said to be AG-convex or log-
convex or multiplicatively convex if logf is convex, or equivalently if for all x,y € 1
and A € [0,1] one has the inequality:

FOoe+ (1 =1)y) < M) (1.2)
Definition 2 ([16]). Let I C R\ {0} be an interval. Then a real-valued function

f: I — R is said to be harmonically convex if

Xy
f (M—i—(l—k)y) < M)+ (1 =2)f(x) (1.3)

holds for all x,y € I = [¢,d] and A € [0, 1].

© 2026 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
BY 4.0.
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Definition 3 ([4, 12]). A functionf: [CR — J C R\ {0} is called AH-convex on
the convex set C if the following inequality holds

B f0)f ()
IR =) = T050) + 4709 9

for any x,y € Cand A € [0, 1].

Definition 4 ([4]). Let I C (0,) be an interval; a real-valued function f: I — R
is said to be GH-convex on [ if

1A flx)f(y)
I = 0800 + 2509 (-

forall x,y € I and A € [0, 1].

Definition 5 ([4, 12]). Let I C (0,0) be an interval; a real-valued function §: I —
J C R\ {0} is said to be GA-convex on [ if

Fa ) < (1= )i + 2500 (1.6)
forall x,y € I and A € [0, 1].

Definition 6 ([4, 12]). The function §: I C (0,00) — (0,0) is called GG-convex on
the interval / of real numbers R if

Pl <)t (17)
forall x,y € I and A € [0, 1].

Definition 7 ([4, 12]). We say that the function §: I C R\ {0} — (0,0) is HG-
convex or harmonically convex if

f(fony) <3 i) (1.8)
forall x,y € I and A € [0, 1].

Definition 8 ([4, 12]). We say that the function §: I C R\ {0} — (0,c0) is HH-
convex or harmonically convex if

i F)f()
f((l—l)y—i—lx) = (1=0)f(y) +Af(x) (1.9)

forall x,y € I and A € [0, 1].

Definition 9 ([18,28]). Let I C (0,0) be areal interval and p € R\ {0}. A function
f: I — R is said to be p-convex, if

(Do + (1= 2)y7)7 ) < M)+ (1= R)j() (1.10)
forall x,y € I and A € [0, 1].
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Definition 10 ([27]). Let I C (0,0) be a interval, ¢@: I — R be a continuous and
strictly monotonic function. f: I — R is said to be MyA convex, if

P (hp(x) + (1 =1)@(y))) < Af(x)+ (1 =1)f(») (1.11)
forall x,y € I and A € [0, 1].

A number of inequalities have been written for convex functions but the most
famous is the Hermite-Hadamard inequality which is stated as follows (see, e.g.,
[22]):

If f: [c,d] — R is a convex function, then the following inequality is known as
Hermite-Hadamard inequality:

C d ¢

Note that some of classical inequalities for means can be derived from (1.12) for ap-
propriate particular selections of the mapping §. Both inequalities hold in the reversed
direction if f is concave. For some results which generalize, improve and extend the
inequality (1.12) we refer the reader to the recent papers (see [2,3,5-7,14,15,17,19—

,23,24).

A convex (or concave) function f is bounded on every compact subinterval [u, v] of

its interval of definition. If f: / C R — R is convex, then f is continuous on interior /°
of I [26].
Let A(c,d;\) = A+ (1 —N)d, G(c,d;\) = c*d' ™, H(c,d;\) = cd /(Ac + (1 — M)d)
and M, (c,d; L) = (Ac? + (1 —L)d”)'/P be the weighted arithmetic, geometric, har-
monic, power of order p means of two positive real numbers ¢ and d with ¢ # d
for A € [0, 1], respectively. The most used class of means is quasi-arithmetic mean,
which is associated to a continuous and strictly monotonic function @: I — R by the
formula

1 0lx)+ oy
e = (221590
Weighted quasi-arithmetic mean is given by the formula

Mo (x,y:%) = 97" (Ao(x) + (1 =A)9(y)), forx,y € 1, A € [0,1].

) , forx,y eI

Here A € (0,1) and x <y always implies x < My(x,y;A) < y. The function is called
Kolmogoroff-Naguma function of M. Of special interest are the power means M), on

R, defined by
xP, p#0,

For p =1, we get the arithmetic mean A = M|, for p = 0, we get the geometric mean
G = My and for p = —1, we get the harmonic mean H = M_;.
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Definition 11 ([1]). For any two quasi-arithmetic means M, N (with Kolmogoroff-
Naguma function @,y defined on I, J, respectively), a function §: I — J can be called
(Mg, My)-convex if it satisfies

f(Mo(x,y:1)) < My (§(x), f(v); 1) (1.13)

for all x,y € I and A € [0, 1]. If the inequality in (1.13) is reversed, then f said to be
(Mg, My)-concave.

Ify: R =R, y(x) =ux, (i.e., My(f(x),f(y);A) = A(c,d;A)), then we just say that
f is MpA-convex. Let f be MyA-convex.
(1) If we take @: I C R — R, @(x) = x, then MyA-convexity deduces usual con-
vexity.
(2) If we take @: 1 C (0,00) = R, @(x) = Inx, then MyA-convexity deduces GA-
convexity.
(3) If we take @: 1 C (0,00) = R, @(x) =x"!, then MyA-convexity deduces har-
monically convexity.
(4) If we take @: I C (0,0) = R, @(x) = x”, then MyA-convexity deduces p-
convexity.
If y: (0,00) = R, y(x) = Inx, (i.e., My(f(x),f(y);A) = G(c,d;\)), then we just
say that § is MyG-convex. Let § be MyG-convex.
(1) If wetake @: I C R — R, ¢(x) = x, then My,G-convexity deduces logarithmic
convexity.
(2) If we take @: 1 C (0,00) — R, @(x) = Inx, then My,G-convexity deduces GG-
convexity.
(3) If we take @: I C (0,0) — R, @(x) = x~!, then MG-convexity deduces
harmonically G-convexity.
(4) If we take @: I C (0,0) = R, ¢@(x) = x”, then M,G-convexity deduces pG-
convexity.
Ify: 1 CR\ {0} = R, y(x) =x1, (e, My(F(x),F(y); ) = H(c,d; L)), then we
just say that f is MoH-convex. Let f be MoH-convex.
(1) If we take ¢@: I C R — R, ¢(x) = x, then MyH-convexity deduces AH-
convexity.
(2) If wetake @: I C (0,00) = R, ¢(x) = Inx, then MyH-convexity deduces GH-
convexity.
(3) If we take @: I C (0,00) — R, @(x) = x~!, then MyH-convexity deduces
HH-convexity.
(4) If we take @: 1 C (0,00) = R, @(x) = x”, then MyH-convexity deduces pH-
convexity.
If y: (0,00) = R, y(x) = x”, then we just say that § is Myp-convex. Let | be
Mg p-convex.
(1) If wetake @: I C R — R, ¢(x) = x, then My, p-convexity deduces p-convexity.
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(2) If we take @: I C (0,0) = R, @(x) = Inx, then Myp-convexity deduces Gp-
convexity.

(3) If we take @: I C (0,00) = R, @(x) = x~!, then Myp-convexity deduces har-
monically p-convexity.

(4) If we take @: I C (0,00) — R, @(x) = x”, then Myp-convexity deduces pp-
convexity.

Lemma 1 ([1]). Let ¢ and ¥ be two continuous and strictly monotonic functions
on intervals I and J respectively and let §: [ — J is a function.

If y is strictly increasing , then § is (Mg, My)-convex (concave) if and only if
yofo@! is convex (concave) on ¢(I) in the usual sense.

If v is strictly decreasing , then § is (Mg, My)-convex (concave) if and only if
yofo@~! is concave (convex) on ©(I) in the usual sense.

The main purpose of this paper is to introduce the generalization of Hermite-
Hadamard inequality by using (M, My,)-convex functions and getting some other
theorems with (M, My,)-convex functions.

2. MAIN RESULTS

Theorem 1. Let ¢ and y are two continuous and strictly monotonic functions
on intervals I and J respectively and let §,g: I — J are two functions. If f and g
(Mg, My)-convex functions, then | @y g is a (Mg,My)-convex function, where

(f by 8) (x) 1= f(x) By g(x) =¥ (W(j(x)) + w(g(x))), x € L.

Proof. Firstly, let y be strictly increasing, then y~! is also strictly increasing.
Since f and g are (Mg, My,)-convex functions, we have

f(Mo(x,y:1)) < My (§(x),f(y); 1) 2.1)
and
9(Mo(x,y;1)) < My(g(x),8(y); 1), 2.2)
for all x,y € I and A € [0, 1]. Then, since y and y~! are strictly increasing, with (2.1)
and (2.2), we have

(F @y 8) (Mo (x,y: 1)) = W~ (W(§(Mo(x,7:1))) + W(g(Mg(x,y:1))))
<y WMy (7). F0): 1)) + WMy (8(x), 8(9); 1))
=y (M) +w(g(0))) + (1= M) (W) +w(g()))
=y (W ((F @y 0)(@) + (1= My((F By 9)()
= My((FDy9)(x), Sy 0)(v): ),
which completes the proof. g

Remark 1. In the above theorem, it reduces to geometric and arithmetic inequalit-
ies when special choices are made.
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Theorem 2. Let ¢ and  be two continuous and strictly monotonic functions on
intervals I and J respectively. If | (Mg, My)-convex function on [u,v] C I, then § is
bounded on [u,v).

Proof. Since fis (Mg, My)-convex function on [u, v], if @ is strictly increasing (¢ is
strictly decreasing), then yofo@~! is convex (concave) on @([u,v]). Thus yofo@~!
is bounded on @([u,v]). Therefore , with the continuity of y~!, fo@~! becomes
bounded on ¢@([u,v]) which gives us that f is bounded on [u,v]. This completes the
proof. g

Theorem 3. Let ¢ and y be two continuous and strictly monotonic functions on
intervals I and J respectively. If f (Mg, My)-convex function on I, then § is a continu-
ous function on I°.

Proof. Since fis (Mg, M)-convex function, if y is strictly increasing ( is strictly
decreasing), then yo§o@~! is convex(concave) on @(I). Thus yofo@~! is continu-
ous on @(I?) = (@(I))? (this equality is satisfied because @ is a homeomorphism).
Therefore, with continuity of y~!, fo @' becomes continuous on ¢(/°) which gives
us that f is continuous on /°. This completes the proof. O

Theorem 4. Let ¢ and y be two continuous and strictly monotonic functions on
(0,00) and let §: (0,00) = R is a function. If c,d € (0,00) with ¢ < d and § is (Mg, My)-
convex then the following inequalities hold:

(o1 (595%9)) = e L, veree o
(YD wGan), 03

<y !
The above inequalities are sharp.

Proof. Firstly, let y be strictly increasing. Since f: (0,00) — R is a (Mg, My)-
convex function, yofo @~ ! is convex on ¢((0,)). So, by the inequalities (1.12) we
have

vioo-!) (@) +e(d) ! Y otoo-"(x
wofoq ) (L) <L [ yooq
(Wofoe ") (9(c))+ (Wofoo ') (9(d))

IN

5 :
ie.
c (d)
(\uofo@‘l)<¢( )J;(p(d)) < (P(d)i(p(c) /((P) (Wofoo ") (x)dx
< (yof)(c) + (yof)(d)
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Since y~! is strictly increasing, we have (2.3).
Secondly, let y be strictly decreasing. Since §: (0,00) — R is a (M, My)-convex
function, Wyofo@~! is concave on @((0,)). So, by the inequalities (1.12) we have

oion-! o(c)+0(d) 1 () ofoo-1)(x
<wf<p>< )> [ wereo s

2 — 9(d) = 9(c) Jo(o)
o (Wofoe )(e(c)) + (wofoe™)(0(d))
-_ 2 )
Le.
oton-! (P(C)+(P(d)> > o(d) 08001 (x)dx
wofoq ) (HUTHD) > ot [ woron o)
< (Wef)(e) +(yof)(d)
> > .
Since y~! is strictly decreasing, we have (2.3). 0
Remark 2. (1) If we choose @(x) = x and y(x) = x in Theorem 4, our result

deduces to (1.12).

(2) If we choose @(x) = Inx and y(x) = x in Theorem 4, our result deduces to
Hermite-Hadamard inequality for GA-convex functions in [9].

(3) If we choose @(x) = x~! and y(x) = x in Theorem 4, our result deduces to
Hermite-Hadamard inequality for Harmonic functions in [16].

(4) If we choose @(x) = x” and y(x) = x in Theorem 4, our result deduces to
Hermite-Hadamard inequality for p-convex functions in [13, 18].

(5) If we choose @(x) = x and y(x) = Inx in Theorem 4, our result deduces to
Hermite-Hadamard inequality for Logaritmic convex functions in [12].

(6) If we choose @(x) = Inx and y(x) = Inx in Theorem 4, our result deduces to
Hermite-Hadamard inequality for GG-convex functions in [10].

(7) If we choose @(x) = x~! and y(x) = Inx in Theorem 4, our result deduces to
Hermite-Hadamard inequality for HG-convex functions in [8].

(8) If we choose @(x) = Inx and y(x) = x~! in Theorem 4, our result deduces to
Hermite-Hadamard inequality for GH-convex functions in [11].

3. CONCLUSION

The aim of this study is to make a generalized proof with this function that can
reach more specific results for the algebraic properties of many convexities in the
literature or for the Hermite-Hadamard inequality. This function will give us more
general results and its special cases will be reduced to the literature.
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Abstract. The present study uses differential subordination in conjunction with Janowski-type
functions to establish the particular class F (m,n,\,q,D, E) of holomorphic functions in the open
unit disk. This class is associated with the g-analogue multiplier transformation. Using both the
Keogh-Merkes and Ma-Minda’s inequalities and the well-known Carathéodory’s inequality for
functions with positive real parts, an upper bound for the first two initial coefficients of the
Taylor-Maclaurin power series expansion is derived. Also, for the functions in this family, an
upper bound on the Fekete-Szegd functional is provided. Furthermore, for the function G -1 a
similar conclusion is derived for the Fekete-Szego inequality and the first two coefficients when
G € F (m,n,\,q,D,E). Properties regarding partial sums, necessary and sufficient conditions
for functions to be part of ¥ (m,n,\,q,D,E), radii of close-to-convexity and starlikeness for this
class, as well as distortion bounds are also established. The novelty of the results consists in
the investigation of the basic properties of the new class of functions using simple methods, and
the fact that the class is connected with the new above-mentioned g-operator and the Janowski
functions.
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1. INTRODUCTION

The set of functions G of the type

oo

Gm)=n+)Y am”, (1.1)

n=2
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That are holomorphic on the open unit disk U := {n € C: |n| < 1} of the complex
plane are denoted by A4, and the subclass § of 4 refers to functions that are univalent
in U.

Given G, F € A4, the function G is referred to as subordinate to  if there is a func-
tion w(n) € U satisfying w(0) =0, |w(n)| < 1,m € U, known as Schwarz function,
and G(m) = F(w(n)) for all M € U. The mathematical sign used for subordination
is:

G=<F or Ggm)=<FMm).

The following inclusion equivalency holds if the function F € §:
GMm)<Fm) < G0)=7%(0) and §G(U)C F(U).

The starlike and convex functions in U, respectively, are the subfamilies of .S:

S ::{geﬂl:Re{ng/(n)}>0,ne‘u}

Gm)

and
K::{geﬂ:Re{mg,((T?)))/}>0,n€‘U},

respectively. Similarly,

ey .G (n) _ .G ()’

where

_14n
wm—Tg;

Janowski defined in [19] the Janwoski class of functions &* [D,E], an extended
function family of starlike functions. A function G € A is said to be in the family
S*[D,E]if

’ 1+D
ngMm  1+2n (Cl<E<D<1).
gm) 1-Zn

We mention that the above subordination could be written as:

ng (M) _ (D+Dpm)—(D-1) (-1<E<D<),

gm) (E+hpm)—(Z£-1)
where p(1) is an analytical function with a positive real part in U.
The Janowski convex and Janowski starlike functions are obtained by reducing
the above-described classes to the requirement —1 < £ < D < 1. The starlike and
convex functions of order ¥ (0 < ¥ < 1) are obtained for the special cases when
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D:=1-28and E := —1, where 0 <O < 1. These functions were earlier defined
by Robertson in [26], and were considered as:

“(8) Red NG (M)
S(ﬁ).{geﬂl.R { G }>ﬁ,ne‘u},

G M)
= :Red ———~+— .
K (9) {geﬂl e{ Gm) }>ﬂ,ne‘u}

Considering the well-known inclusions $*(8) C § and K (9) C S, it follows from
the familiar Alexander’s duality relation that G € X (9) if and only if T]g/ (m) €
S*(9) for each 0 <9 < 1. Geometric Function Theory (GFT) has been developed
substantially based on the aforementioned families, and several key properties of §
have been examined considering various perspectives.

When 0 < g < 1, [n]q! represents the g-factorial described as (see [18]):

nlgn—1]g---[2]41]4, ifn=1,2,3,...,

1, ifn=0,

The applications of g-calculus across various mathematical fields, as well as in
physics and engineering, are widely recognized.
Jackson [ 18] proposed the g-derivative operator D, of a function G as follows:

G)—G(gm)

9,6G(M) = (1—g)M

(0<g<1;,m#0).
It is clear that
Jim Dy6(m)=g'(n) and D,G(0) = G'(0).

For additional information on the g-derivative operator’s theory D, one can refer
to[l1-13].

The relationship between g-calculus and the theory of univalent functions was
made clear by Ismail et al. [17] who introduced and investigated a specific class of g-
stalike functions. It was Srivastava who established the foundational principles for the
applications of g-calculus within the realm of geometric function theory, as presented
in the book chapter that appeared in 1989 [29]. A recent study [!] highlights some
aspects of the application of quantum calculus in geometric function theory, while
Srivastava’s review from 2020 [30] highlights other breakthroughs.
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The introduction of new g-analogue operators led to a multitude of applications
of g-calculus on univalent functions. Convolution was used by Kanas and Rédducanu
[20] to establish the g-analogue of the Ruscheweyh differential operator. Further
research on the use of this differential operator was conducted by Mahmood and
Sokét [24] and Mohammed and Darus [6]. The same pattern led to the emergence
of the g-analogue of the Séldgean differential operator [ 14], which sparked a number
of applications among very recent ones being [106,22]. Other interesting very recent
studies involving g-analogue operators can be seen in [4, 5, 7].

Recently, Shah and Noor [27] defined the g-analogue multiplier transformation
I"™G:4— Aby

oo

rrGm) :=n+ Y [@Ng)]"am", Me U, (1.2)
n=2
where
[+,
D,(A,q) = R A>—-1,4q€(0,1),meR, ne U (1.3)

Motivated by the recent new studies involving g-analogue operators like [2, 15,32,
], in this article, using the g-analogue multiplier transformation defined in (1.2),
we define a new subclass of 4 given by:

(1.4)

m\
f(m,n,x,q,@,ﬂ:{geﬂ: ligm) ”@“},

rgm) 1+En

where -1 <E<D<I1,A>—-1,g€(0,1) and m € R.
Specializing the parameters D and ‘£, one can obtain the particular cases

f(m7n77")(171_2a7_1) = f(m,n,l,q,oc),

and
F (m,n,h,q,1,—1) = F (m,n,A,q,0).

The study described in this paper focuses on investigating several coefficient proper-
ties of this subclass. The study starts in the next section with the assessment of the
Fekete-Szego problem. In addition, the following sections establish the outcomes of
partial sums, specific properties, and coefficient estimates.

2. THE FEKETE-SZEGO FUNCTIONAL BOUNDS FOR THE CLASS
j-—(m’ n? ?\" q? QD? f)

In order to assess the Fekete-Szego type inequality for G € F (m,n,A,q, D, E) the
next already established results will be employed (the first part is due to Carathéodory

[9D:
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Lemma 1 ([21,23]). If P(M) = 14 pin + pon? +--- € P where P the class of
functions P € 4 withRe P(n) > 0 and P(0) = 1, then

Ipa] <1,n>1, 2.1)
and for h € C we have
|p> — hpi| < 2max {1;]1 —2h|}. (2.2)
Ifh e R, then
—4h+2, ifh<0,
|p2—Tpt| < {2, ifO<h<1, (23)

4h—2, ifh>1.

or one of its

If h>1o0r h <0, (2.3) remains valid if and only if Pi(n) =

rotations. 5
1
When 0 < h < 1, then the equality (2.3) remains valid if and only if P,(1) = i tgz

or one of its rotations.
When h = 0, equality equality (2.3) remains valid if and only if

14+c¢\ 1+n I1—c\ m+1
= <c<
Ps(m) ( 2 )—n+1+< 2 ) 1+m (0<e<l)
or one of its rotations.

Theorem 1. If G € 4 has the form (1.1) and G € F (m,n,\,q,D,E), then

|D—E|
az| < m R (2.4)
= g @ahag)

D%
S S @) @3 ) @)

{ 25— p  (D—F) ([ @2k )"~ [@2(0,q)") }
x max | 1; )

D—_—E ([®2(A, q)]™ — [q>2(7v7Q)]n)2

and for a complex number T, we have

[@3(A ;)(]m@—_[iz(x K max {1;|0(t, D, E)[}, (2.6)

‘a3 —‘Ca%‘ <

where
112z (D—F) ((@:2(hq)" "~ [@2(0q)")
D—E ([@2(0.))" ~ (@20 q)]")?
2D~ ) (D31 )" = [@3(2,))")
([P2(A,q)]" = [@2(A,q)]")

O(t,D,E):=

)
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and ®,(\,q) is given by (1.3).

Proof. Our aim is to demonstrate that the relations (2.4), (2.5) and (2.6) remain
valid for G € F (m,n,A,q,D,E). Considering G € F (m,n,A,q, D, E), we have:

1" Gn) _ 1+Dn
p*Ggm) 1+EN

which yields

L Gm) _ 1+ Dw(n)
tem) 1+EwM)

Since w (M) can be written as:

1-h(M)  pMm+pm*+psn’+--

—Gwm), (-1<E<D<1).

win) = 1+h(M) 24 pm+pm?+pm>+---
we get:
1 1
Gwm) =143 (D=E)pm+ 3 2(D-E)p=(1+E)pi) 0+, 27)
and therefore
Im)»
GO (@ahg)]" — [@2(hg)
I;"G(M)
+ (([P3(2,q)]" = [@3(R,9)]") a3
(@200 "~ (@2 )" ) @)W 28
If we compare the first coefficients of (2.7) and (2.8) we have:
D—E
= m n Y 29
= @ @ahg)) 22
4= @_f[ (2.10)

2([®3(A, )" = [@3(M,9)]")

2 liee  [(@-5) (@000~ [@2009))
X |\ p2——= - m 2 )
2 ([@2(A,9)]" = [®2(,q)]")
and by using (2.1) in (2.9) and (2.2) in (2.10) we get:
|D—Z|
[@2(A,q)]" = [@2(X )]
D%
([@3(A,q)]" = [@3(A,q)]")

laz| < 2

|Cl3|§2
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xmax{l; }

122D (D-E) ([@2(hq)"" ~ [@2(hg)])

D-E ([@2(h,q)]" ~ [@2(,q)]")°
In addition, from (2.9) and (2.10), we have
2 |D—E| 2
— = - - — ,D,E)|, 2.11
= @ g P2 PP B @D

where

vz (D=5 (@00 - [@:009)")
R ™ (g~ eha)])
L D) (@30 )" - [@3(h)]")
([@2(A,q)]" — [@2(A,q)]")°

The necessary results are now obtained if we apply (2.2) in (2.11). Furthermore,
we obtain our inequality for real T by applying (2.3) to the previously mentioned
(2.11). g

Theorem 2. If G € A is given by (1.1) and G € F (m,n,\,q,D,E), then for any
T € R we obtain:

(2.12)

1_2K(T7@7 Z:)7 l..fT S Oy,
1, ifor <1<0y,
27((17 Q)’E) - 17 l:f’C > (O

D E|
[@3(2,q)]" = [@3 (A, q)]"|

‘a3 —Ta%‘ <

where K (t,D,E) defined by (2.12) and

_ ([@a(h )" — [@a(h )"’
(D—E) ([®3(h,q)]" — [@3(A.)]")

(2D (@091 - @:000)) 1
(@200, 9))" — [®2(2,q)]")° D—E |’

and

([@2(2,q)]" — [®2(A9)]")’
(D—E) ([@3(A q)]" = [@3(A. q)]")

((Q) ) ([cpz(x, g)"" - [Cbz(?»,q)]z”) D—2F — 1)
y :

Oy =

([®2(A, q)]" = [@2(A, q)]")? oz

Proof. For real 1, using Lemma 1 and equation (2.12), we get:
2
2|[®3(R,q)]" — [P3(M.q

a3 —ta3| = T |p2 = P1K (1, D, E)]
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2@ ()] — (@3 (g if0< K (D) <1,

1D E| —4%K (t,D,E)+2, if K(1,D,E) <0,
47((17@,2:)—2 1f_‘]((f5’@’¢z;)21

D—E —2%K(1,D,E)+1, if KX(1,D,E)<0,
= |’"7 | iyl if0<17(( JE) <
(@3 (A, q)]" — [®3(A,q)]"| 2K (t,D,E)—1 if h> K (t,D,E).

where X (T, D, E) defined by (2.12).

If
K (t,D,E) <0,

then

1+ (D-E) ([Cbz(?» Q)" = [ @21, ‘1)]2")
D, E
K (v, )= D_E ([@2(h, )" — [@2 (M, q)]")?
KDl [20a))
([P2(2,q)]" — [@2(A,9)]")

and we have

([@2(Aq)]" = [@2(X,9)]")°
(D—E) ([®3(A,q)]" —[®3(X, 9)]")
(D—E) ([@2(L))" " —[@2 (M) 1+E
( ( : c ) _ ) =0j.

1<

(@20 )" (@2 ()]") D—E
If
K(t,D,E) > 1,
then
vz (D) (@000~ (@200, q>]2")
KX,D,E
DB g (@200 )" = [ @201, 9)]")?
L U2=B) ([0 — [Ps(Mq)])
([@2(0,q)]" — [@2(hq)]")?
and we get

([@2(19)]" — (@200 9)]")’
) ([P3(Mq )]m [@3(2.q)]")
E)

(D—
(D—E)([@2(Lg) "~ [@2(M))") | D—=2FE—1Y\
X< (@ z(x o %M)]) tp_g )T
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3. CHARACTERIZATION PROPERTIES

We will introduce some characteristic properties of the functions G € F (m,n,
A,q,D,E) by using the techniques that Silverman introduced in [28]. These prop-
erties include partial sums results, necessary and sufficient conditions for functions
to be part of F (m,n,\,q,D,E), radii of close-to-convexity and starlikeness for this
class as well as distortion bounds.

Theorem 3. If G € 4 has the form (1.1) and G € F (m,n,\,q,D,E), then

Y (1-E)[@;(q)" + (D~ 1) [ @) au| < D~ E|, (1)

=2
where ® (A, q) is given by (1.3).
Proof. Letting G € F (m,n,A,q,D,E), by (1.4) we deduce that

L"Gm) 1+ Dw(n)

- ) T] € ﬂ?
Lhgm) Tl
with w (1) a Schwarz function, meaning that:
LM -irGm) | g
DI G ()~ E15*G(n)

Thus, the above relation leads us to
1" Gm) — I G(n) '
DIGFGM) LI G)
_ | Yo ([ q)]" = [®;(A.q)]") an’
(D—E)N+L7, (D[P, q)]" — E[@;(Aq)")am/
i (@A q))" = [@(A.q)]") |a; | K~
T D E| - L7 (D@ q)]" — E[@; (M q)]") |a;| ki~

<1,

and taking k — 17, a simple computation yields (3.1). O

Example 1. For
|D—E]|

GO =Nt L BB g+ (0 D@ P

such that E l; =1, we get
j=2
Y ((1-E)[@;(hg)]" + (D 1) [@;(h)]") |

J=2
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=Y (1 - 2) [, (L))" + (D— 1) [®;(hq)]")

j=2
|D—E| S
X o —~li=|D—-E|) {;=|D—-E|.
DRt @ DEagn. P EHL =P
Then G () € F (m,n,A,q,D,E).
Corollary 1. Consider G € F (m,n,\,q,D,E) described by (1.1). We have:

|D—E|
1-E)[@;(Aq)]" +(D—1) [@;(A,q)"’
where ® (A, q) is defined by (1.3).

|aj| < ( forj>2,

Theorem 4. For G € F (m,n,\,q,D,E), then
D —E|
=B @l + o= D@tgr =19
<r+ |D—T| r.
— (1-E)[ @A )" +(D—1) [@2(A,q)]"

For the function defined by

Sy D -

GO ) s )+ (D~ 1) g

the approximation is sharp.

r—

N5 Inl=r<1, (.2

Proof. For [n| =r < 1 we have

oo

n+ Y amn’
=2

j=

G| = <ml+Y gl =r+ Y ajlrl’.
=2 =2

J

J

Moreover, since for || =r < 1 we get ri < 12 for all J > 2, the above relation implies
that

Gm)| <r+r7Y |aj]. (3.3)
j=2
Similarly, we get
GO =r—=r"Y |a;]. (34)
j=2

From the relation (3.1) we have

L (1= £) @) + (D~ D) [#,0.9)) o] <97

J
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but
(1= E) [@2(M,q)]" + (D —1) [q)z(k’q”n)g‘“f‘
< (1= 22,00 0)" + (D~ DI q)]) o] <D
Therefore, " 3 o
j;zaj < (1—E) [@2(x,q)|]m+(g|;_ D@l (3.5)
and using (3.5) in (3.3) and (3.4) we get the desired result. 0

The next distortion theorem for the family F (m,n,A,q, D, E) could be similarly
obtained:

Theorem 5. If G € F (m,n,\,q,D,E), we have:

2|D—E| ,
1- m nk < n
(=B @:ta)+ (- Bt = 19 V]
21D - | )

(1-E) [@2(A,q)]" + (D —1)[P2(A,q)]"

The equality holds if the function is E given by (3.2).

<1+

Proof. We shall skip the proof since it closely resembles the arguments presented
in Theorem 4. 0

The next result deals with the fact that a convex combination of functions from the
class F (m,n,\,q, D, E) belongs to the same class, as follows:

Theorem 6. Consider G; € F (m,n,\,q,D,E) having the form:

Gm=n+Yam, i=123.. m (3.6)
=2

j
Then H € F (m,n,\,q,D,E), where

H(m):= Z{cig,-(n), and ;ci =1

Proof. Applying the outcome of Theorem 3 we write:

oo

Y (1=E)[®;Aq)]"+(D—1)[®@;(A,q)]") |a;| < |D— ],

=2
and, in addition,

Hm =Y (n Y, ai.m’) ) (z) .
=2 j=2 \i=1

i=1 j
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Therefore

(1-E)[®;(Aq)]" +(D—

N agki

T
[\

IN
™=
s

I
—
~.
U
(S}

(1=E)[@;(A,@)]" + (D= 1) [@; (A, q)]") \a,,j]] Ci

[
s
@
ﬁ
S

=|D— Z]ch—\@—f\,

thus H(n) € F (m,n,\,q,D,E). O

Regarding the arithmetic means of the functions of the family ¥ (m,n,A,q, D, E)
the next result holds:

Theorem 7. When G; € F (m,n,\,q, D, E) have the form seen in (3.6), we obtain:

g(n) _THL Z (Zazm ) m nv)\'qu D’E)a (37)

with function G being the arithmetic mean of G;, i =1,2,3,...,m.

Proof. Using (3.7) we get
1 m

f’,fl Z(n+2aljn>n+;<;iai,j>n’}

i=1 1:1

_1
m
and to prove that G () € F (m,n,\,q, D, E), according to the Theorem 3, it suffices
to demonstrate that:

Y (1= ) [0, q))" + (D~ 1) [0 q)]") (;ZH) <|p-z)

j=2 i=1

A quick calculation reveals that:

Y ((1- %) [@;(h )" + (D 1) [, (1 iw)

=

Z(Z E) [@; (A, q)]" (@—1)[<I>j(7»,q)]”)}au!)
<1i|@ E| = D E|,

therefore G € F (m,n,\,q,D,E). O
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Theorem 8. When G € F (m,n,\,q,D,E), we have that G € $*(9) (0< 9 < 1),

| <A,
o (=) (1= )@, )" + (D= 1) [, )] 77
= (j—0)|D—E| '
Proof. Consider G € F (m,n,\,q,D,E). Then G € S*(9) if:
ng’'m)
-1l <1-%.
G(m)
By applying a simple calculation, we deduce:
(L0 4!
§<1_6> lay| P < 1. (3.8)

Since G € F (m,n,\,q,D,E), considering (3.1) we have:

i (1-E)[®;Aq)]"+(D-1)[®;(A q)]"
D —E|

|Clj| < 1.
=2

Inequality (3.8) is true when:
= j—ﬂ> laj| ™!
Tg ) el
;2(1—19 /

(1-)[@,hg)]"+(D-D[®,(ha)" |
<,-_Z‘2 D— @

)

which implies that

(1= (1-B) (@, )] + (D 1) [, ()]
mf << D () >

or, equivalently

< (OB Ra 2 DRG0l )

|D—E|(j ")
hence, the family is starlike. O

Theorem 9. Any function G € F (m,n,\,q,D,E), is a close-to-convex function
of order & (0 <9 < 1), n| <k,

<(1 —9)((1=2)[*;(g)]" +(D—1) [d>,~<x,q>1n>> :
J1D—E] :

Proof. Let G € F (m,n,\,q,D,E). If G is a close-to-convex function of order ¥,
then we can write:

k> = inf
j>2

G'(M)—1| <1,
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equivalently written,
- J ‘ ‘ | j—1
——la;|mf < L.
J._Zg 1-9"/
Since G € F (m,n,\,q,D,E), using (3.1) we obtain:
i (1-E)[®;A.q)]" +(D-1)[®;(X.q)"
D - E]|

{Clj‘ < 1.
j=2
Inequality (3.8) is true when:

oo

: S (1=E) @)+ (D —1)[®;(hq)"
jgliﬂ|aj|m‘j 1<j_z:2( ) [P ( Q)|]@‘f_‘(£| )[®P;(A,q)] ‘aj

Y

which implies that

! < <(1—ﬁ) [(1-Z) [‘bj(}g)_] E:T(@—l)[‘bj(%,q)] ]>7

or, equivalently

n| < <(1 —9)[(1-E)[®;(1, )"+ (D— 1) [®; (A q)]" ) -

J1D—E|
which yields the desired result.

4. THE COEFFICIENT INEQUALITIES FOR G~ € F (m,n,\,q, D, E)

1
According to the "Koebe one quarter theorem” [10], there is a disk with radius 1

in the image of U through any function G € S. Consequently, an inverse function

G ! for each G € § exists and satisfies:

67 (Gn)=n (e G(g'0m) = (vl < (G n() >y ).

When both G and G~! are univalent in U, a function G € 4 is referred to as bi-
univalent in U. It is important to remember that the set of bi-univalent functions is
not empty. The bi-univalent function family includes, for instance, the functions 1,

Ln’ —log(1—n), and llog sl

but the Koebe function is not included.
1— 2 1—m

oo

Theorem 10. Considering G € F (m,n,\,q,D,E) and G~ '(w) =w+ ¥ dn",

n=2
we have:

1D - |
[@2(7\,, Q)]m - [CDZO\'a Q)]n ’
1D - Z|
[CI)3(}\’7 Q)]m - [q)g(x, Q)]

|da| =

|| = 7 max{1;| X (2,D,E) -1},
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and for any h € C, obtain:
|D—E|

52
45 =] < T = st
- [1; K (2,0,2) 1= EL @)l ~ ahoa)) ] |
([(I)2(}‘7 Q)]m - [(I)Z(}Vv Q)]n)
where
vz (D) (@) - [‘1’2(7»61)]2")
2,D,E
R ) ™ (st — Baha))
L UD=E) (@31 0)]" = (@52 ")
(D200 )" — [@2 (A, q)]")?

Proof. Since

G 'w)y=w+ i d,w",

n=2
is the inverse of the function G, it can be seen that
n=6"(GM)=6(G"'m), Ml <r(g). 4.1)

From (1.1) and (4.1), we obtain that

n=g"' (n+Zann”>, M| <ro(G), (4.2)
n=2

therefore from (4.1) and (4.2) we get:

T]+(a2+d2)n2+(a3 +2a2d2—|-d3)n3+... =1, n|<rn(G). 4.3)
Equating the corresponding coefficients of the relation (4.3), we conclude that

d2 = —dajy, (4.4)

d3 = 2d5 — as. (4.5)
First, from the relations (2.9) and (4.4) we have
D—E

e @ g @)

To find |d3|, from (4.5) we write:
|d3] = |as — 23],
hence by using (2.11) for real T = 2 we deduce that:
|ds| = {ag —2a%‘
B |D— E|
2([@3(2, q)]" — [®3(X.q)]")

p2
P2 — 717((27 Q)va)
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- 1D~ E| max {1; _
" 2([@3 (A, )" = [@3(Mq)]") (1K (2,D,E) 1]},

where

g (D=5 (@) - (@22 )™
D) ™ T (ot — Batha))
2D~ ) (D31 g)" ~ (@301, 0)]")
([@2(A, )" — [@2(A,q)]")°

For any complex number £, a simple computation gives us that:

D—E 3
b= = S T — gl (”2 —Z K@ E)
—h (D2 pi
4([@a(h )" — [@2(hq)]")
D—E
T2 (@)~ B (Mg (0
P g0 )0 p (P BN (@300 0)" [¢3<x,q>1">]> |
" <p2 2 [K( DB ([@2(A, q)]" — [@2(,q)]")°

After using Lemma 1 and (2.1), and considering modulus on both sides of (4.6), we
D -
@3(X,9)]" — [®P3(A, q)]"
(D-E) ([P3(A 9)]" = [@3(A,q)]")

determine:
X max { 1; p ) }
([@2(2,9)]" — [®2(X,9)]")

and this completes our proof. O

|d3 — hdj | < [

K(2,D,E)+h -1

5. CONCLUSIONS

The study on the generalized differential operator I A given by (1.2), used for
introducing the new subclass of 4 given by (1.4), contains information that may
serve as a basis for future research efforts on introducing other new classes of analytic
functions.

Furthermore, we hope that this study will inspire other researchers to develop this
concept further for new families that can be obtained by applying the concept of
subordination with connection to specific probability distribution series [3,31] or
with generalized telephone numbers[8, 25].
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Abstract. In this paper, we establish a novel theorem pertaining to symmetric and generating
functions. Utilizing this theorem, we derive new generating functions for products of k-Fibonacci
numbers and Fibonacci polynomials with certain (p,g)-numbers, such as (p,q)-Fibonacci and
(p,q)-Jacobsthal-Lucas numbers. Furthermore, we examine the bifurcation and chaotic beha-
vior of the generating functions associated with (p, ¢)-Jacobsthal numbers for specific parameter
values of p and q.
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1. INTRODUCTION AND PRELIMINARIES

The Fibonacci sequence, denoted by (F;,),>0, is one of the most well-known and
intriguing numerical sequences due to its numerous properties and connections to
various fields [15]. It is defined by the recurrence relation F,., = F,1+ + F, for
every n > 2, with initial values Fp = 0 and F; = 1. Many generalizations of this
sequence have been proposed, some by modifying the initial conditions and others
by preserving the recurrence relation.

The k-Fibonacci sequences, denoted by {Fy,}, are defined recurrently for any
positive real number k by the relation Fy ,, = kFj ,—1 + Fj ,—2, with initial conditions
Fro=0and F;; =1 [7,10]. Using this recurrence, it is possible to calculate the
k-Fibonacci sequence both forward and backward. Substituting n with —n yields the
relation Fy —, = Fy _(n—1) + Fi,—(n—2)- The characteristic equation x> —kx—1=0of
this sequence has two roots, denoted by o and . Consequently, the Binet formula
leads to

Fon=(-1)"""F,, foralln>0, (see[l9]), (1.1)

© 2026 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
BY 4.0.
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demonstrating a close relationship between the positive and negative indices of the
Fibonacci numbers.

On the other hand, the generalized Fibonacci sequence {vaqﬁn}neN, referred to as
the (p,q)-Fibonacci sequence, is defined in [25] by

Fp,q,O =0, Fp%] =1, and Fp,q,n = pr,q,n—l —|-qu_’,1_’"_2, forn > 2.

Each term of the (p, g)-Fibonacci sequence is called a (p,q)-Fibonacci number.
It is well known that the (p,q)-Lucas, (p,q)-Pell, (p,q)-Pell-Lucas, (p,q)-Ja-
cobsthal, and (p, g)-Jacobsthal-Lucas numbers, denoted respectively by {L, 4. }nen,

{Pp.gntnens {Qpgntnes {Ipgntnen, and {jp 4 ntnen, are defined by the following
recurrence relations for any positive real numbers p and ¢ (see [5, 14,22,24,26]):

Lyjo=2, Lygi=p, and L,,,=pLygn-1+qLpgn2, forn > 2,
Pyg0=0, P,y1=1, and P,,,=2pPy4n1+9Ppgn2, forn > 2,
0pg0=2, QOpg1=2p, and Qpgn=2p0pgn-1+90Qpgn—2, forn>2,
Jpgo0=0, Jpg1=1, and Jp4n=pJpgn-1+2qJpgn—2, forn > 2,
Jpa0=2, Jpg1=p, and  j,en=DPjpgn-1+2qjpgn-2, forn > 2.

The generating function for the (p, g)-Jacobsthal numbers is given by
Tpq(z) =

Large classes of polynomials can be defined by Fibonacci-like recurrence rela-
tions. One such class, known as Fibonacci polynomials, was studied in 1883 by
Catalan and Jacobsthal. These polynomials, denoted by F;(x), are defined by the
recurrence relation

Z

_ 1.2
e (1.2)

F,(x) =xF_1(x)+ F,—2(x), forn>2,
Fo(x) = 1, F1<x> = X.

For more details about this sequence, the reader is referred to [&].

In their seminal work [4], Berry, Lewis, and Nye pioneered the study of fractal
structures by establishing the self-similarity of the Weierstrass—Mandelbrot function.
Building upon this foundation, Benbernou et al. [3] derived regularity conditions
for the three-dimensional magnetohydrodynamic equations, while Guariglia and Sil-
vestrov [13] extended wavelet theory through the introduction of fractional wave-
lets. Subsequent research by Guariglia [11] further demonstrated the significance
of fractality in primality theory and image analysis. More recent advancements in-
clude the development of Chebyshev wavelet techniques by Guariglia and Guido [12]
and the establishment of novel integral inequalities for generalized convex functions
by Akdemir et al. [2]. Etemad et al. [9] contributed to this evolving landscape by
proving existence results for solutions to multi-order g-difference fractional boundary
value problems. Collectively, these studies underscore the growing interplay between



SYMMETRIC AND GENERATING FUNCTIONS FOR CERTAIN NUMBERS AND POLYNOMIALS 37

fractals, wavelet theory, and analytic inequalities, highlighting their unifying role
across pure and applied mathematics.

Now, we present certain essential information and outcomes concerning symmet-
ric functions.

Definition 1 ([ 1, Definition 2.1]). Consider A and B as two alphabets. We define
S.(A—B) as
1-b =
HbGB( Z) — ZSn(A_B>Zn,
[Moca(l—az) =

with the condition S,(A —B) =0 for n < 0.

Definition 2 ([23, Definition 1.5]). Let k be a positive integer and A = {a;,a,} be

a set of given variables. The k" symmetric function S;(A) = Si(a; + ay) is defined
by

G g
Sk(A) = S(a1 +az) = ﬁ
with
So(A) =So(a1+a2) =1,
S1(A) =S1(a1 +a2) =a; +ay,
$2(A) = Sy (ay 4+ az) = a2 + ayar + a3,

Now, we give some definitions from [17] that will be useful in the sequel.

Definition 3. Assume that {a;,a,...,a,} is an alphabet and k and n are two pos-

itive integers. The kth elementary symmetric function, denoted as ex(ay,az,...,ay),
is the sum of the products of k distinct elements selected from the set {a;,a,...,a,},
ie.,
e,(c):ek(al,az,...,an): Z atay...ay (0<k<n),
i1+ir+...+ip=k

where iy,ip,...,i, € {0,1}.

Remark 1. By convention, ey(ay,az,...,a,) = 1, and we set ex(aj,az,...,a,) =0
fork <Oork > n.

Definition 4. Assume that {a;,a,,...,a,} is an alphabet and k and n are two
positive integers. The k™ complete homogeneous symmetric function, denoted as
he(ay,az,...,ay,), is given by

h]({n) =h(ar,az,...,a,) = Z alllalzz"'azl (k=>0), (1.3)
ij+ir+...4in=k
where iy, ia, ... i, > 0.



38  C. ARROUD, N. SABA, A. BOUSSAYOUD, S. BOULAARAS, B. ALOUI, AND N. HARROUCHE

Remark 2. By convention, ho(aj,az,...,a,) = 1, and we set hg(ay,az,...,a,) =0
for k < 0.

For n = 2, the k™ complete homogeneous symmetric function (1.3) is given by
k1 k1

a; —a
h,(cz) = (a1, az) = Sp(a1 +ay) = +——2—, forall k € Np.
ay —ap
Proposition 1 ([19, Proposition 2.1]). The generating function for the elementary
symmetric function based on the alphabet A = {ay,ay, ... ,a,} is given by
Z ek(al7a27 cee 7an)zk = H(l —I—az).
k=0 acA
Proposition 2 ([19, Proposition 2.2]). The generating function for the complete
homogeneous symmetric function based on the alphabet A = {ay,ay, ... ,a,} is given
by
i hi(ay,az,. .. ,an)zk = ;
k=0 HaeA (1 - az)

A fundamental relationship exists between elementary symmetric functions and
complete homogeneous symmetric functions:

k

Z(—l)jej(al,az,...,an)hk,j(al,az,...,an) =0, Vk>0.
=0

Definition 5 ([6, Definition 2]). Given an alphabet A = {a;,a,}, the symmetrizing
operator & , is defined by
k ok
8 o (f) = difla) =afla) - pocall ke Ny = NU{0} = {0,1,2,...}.

a) —ap

In this paper, we apply the operator 821_[112 to derive generating functions for cer-

tain generalized products of numbers and polynomials. Additionally, we explore
the bifurcation and chaotic behavior exhibited by the generating function for (p,q)-
Jacobsthal numbers.

This paper is structured as follows: In Section 2, we present our main theorem,
which establishes a connection between the symmetric functions defined in the pre-
ceding section and the symmetrizing operator. This theorem unifies various previ-
ously established generating function results into a single framework. It is used in
Section 3 to find the generating functions of the products of (p, ¢)-numbers with Pell
polynomials and k-Fibonacci numbers at positive and negative indices. This section is
divided into two parts: Part 1 focuses on calculating some ordinary generating func-
tions of the products of (p,q)-numbers with k-Fibonacci polynomials, while Part 2
focuses on calculating some ordinary generating functions of the products of (p,q)-
numbers with Fibonacci polynomials. In Section 4, we investigate the behavior of
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the family of maps (1.2) corresponding to different values of the parameters p and
q. These maps serve as generating functions for sequences of generalized Jacob-
sthal numbers. It is observed that as the parameters vary, the behavior of these maps
evolves from periodicity, through bifurcation, to chaos. Studies on bifurcation and
chaotic behavior in nonlinear dynamical systems have become increasingly signific-
ant. Numerous studies have focused on chaos in various sequences and polynomials.
In [18], the authors studied the bifurcation of Fibonacci generating functions asso-
ciated with the golden mean. A novel approach involving a chaos-based generating
function for Chebyshev polynomials has been explored in [16]. We have analytically
determined a new generating function for the Jacobsthal numbers. Furthermore, the
chaotic behavior of this generating function is verified through the examination of the
bifurcation diagram and the Lyapunov exponent.

2. MAIN RESULTS

In this section, we establish the main theorem of this paper. This result provides a
unified framework that encapsulates all previously established results, enabling them
to be interpreted as special cases, such as those found in [20].

Theorem 1. Assume that A and B are two alphabets, denoted by {ay,az, ... ,ar}
and {by,b,} respectively, then we have

oo

Y hu(ar,az,...a) hui43 (b1, b2) 2"
n=0

_ h3—; (b1,b2) — ey (a1,aa,. .. ,ax) bibaha—; (b1,b2) 2
(nio(—l)"en (a1,a2,...,ak)b'llzn> (nio(_l)nen (al,az,...,ak)bgzn>
ez (ai,ay, ... a) bib3hy_y(b1,b2)2
(50(_1)"6" (al,az,...,ak)b’l’zn> (Eo(_l)ne” (al,az,...,ak)b32”>
—e3(ay,az,...,ar) bib3h_y(b1,by)2>

<§ (—1)"e, (al,ag,...,ak)b’fz”> <§, (—1)"e, (al,az,...,ak)bgz”>

n=0 n=0

_l’_

2.1)

oo B
b by ZO (—1)" e, yis(ar,an, ... ax) hy (b1, b2) 2"
n=

( ZO(—I)"en (al,az,...,ak)b’l’z"> ( ZO(—I)"e,, (al,az,...,ak)bgz”>
n—= n—

foralln, ke Nypandl € {0,1,2,3,4}.
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Proof. By applying the operator 82 blz to the series

1
oo

f(b]Z) - Z h}’l (ahaZ?' i 7ak) Iilzn’

n=0
we have
b ):Ohn(al,az,...,ak)b7z" —bi! ):Ohn(al,az,...,ak)bgz"
4] n= n—=
8,5, [ (b12) = b — by
oo bn71+4 o bn71+4
= Zhn(al,az,...,ak) A2
n=0 bl - b2
=Y mlar,az,...,a)hy113(b1,b2)7".
n=0

On the other hand, by applying the operator 521_1;12 to the series

1
ZO(—I)"en (ar,az,...,ax) biz"
—
we obtain
1
4] 4]
6b1b2 (blz) :Sblbz pos ;
ZO(—I) en(ai,ar,...,ax) bz
n—=
by by !
ZO(—I)"en (ar,az,...,ax) bz ZO(—l)"en (ar,az,... ax) biz"
__ n= n=
- by —by

b‘ltfl Y (—1)"e, (al,az,...,ak)bgzn—b;‘*l Y (—1)"e,(ai,az,...,ax) b}

n=0 n=0

(b1 —Dby) (i (—1)"en (al>a27-'-7ak)brfzn> (i (—=1)"e, (a1,az,... ar) biz"

n=0

i (—1)"e,(ay,az,. .. ak)b”b"wz"
=0 ) ) ) 1¥2 b1—by

n=0

<§ (—1)"en(al,az,...,ak)b{‘z") <§ (—1)"en(al,az,...,ak)bgz”)

)
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~+oo

;0(—1)’18” (al,az,...,ak)b{‘bghg,n,l (bl,bz)z”
T [t n - n

<ZO(—1) e (al,az,...,ak)b'l’z”> (ZO(—I) e (al,az,...,ak)bgz”>
3—1 n
;0(—1) e, (a1,a2,...,ak)b’fb’21h3_n_1 (bl,bz)z”

( ;0(—1)'16” (al,az,...,ak)b’l’z"> ( ;O(—l)"en (ay,az, ... ax) b’gz”>

Y (=1)"e,(ai,an,...,ar) bibsh3_p—; (b1,b2) 2"

n=5-1

+ oo oo

( ;0(—1)’16” (al,az,...,ak)b'l’z”> ( ;0(—1)"6,, (al,az,...,ak)bgz">

3—1 n
Y (—1) e, (a1,a2,...,ak)b’1’b’21h3_n_l (bl,bz)z”

n=0

( ZO(—I)"en (al,az,...,ak)b’l’z"> ( ZO(—I)"en (ay,az,...,ax) b’gz”>
n—= n—=

©0 B - bn+l—4_bn+l—4
nz%_l(—l)"en(al,az,...,ak)b? b3 1(7‘ T )Z"

( Z (_l)nen (alya%' . 7an)brllzn> ;0(—1)’16” (01,612,. . aan)bgzn)

)

accordingly,
8,4/ (b12)
_ h3,[ (bl,bg) —e] (al,az, e ,ak) blbzl’lz,[ (b],bz)z
( E,O(—l)"en (ar,az,. ..,ak)b’fz"> < )Oio(—l)"e,, (al,az,...,ak)bgz”>
n= n=
e (al,az,...,ak)b%b%hl,[(bl,bz)z2
< )050(—1)”6,1 (al,az,...,ak)b’l‘z”> < EO(—I)"e,, (al,ag,...,ak)bgzn>
n= P

—e3(a1,az,...,a;) b3b3h_;(b1,b2)7>

(f (—1)"en (al,azv-'wak)b'l’Z”) <§ (—1)"en (al,az,---,ak)b32”>

n=0 n=0

b1 b3 ZSLl(—l)”en(al,az,...,ak)hn+l,5(b1,b2)z”
W

(zo<—1>"en<a1,az,...,ak>b7z"> (zo<—1>"en<a1,az,...,ak>bsz")
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_ hs—i (b1,b2) —ei (a1, az,. .., a) bibaha—; (b1,b2)z
< Y (—1)"e, (al,az,...,ak)b’{zn) < Y (—1)"e, (al,az,...,ak)bgz”>

n=0 n=0
() (al,az, e ,ak) b%b%hl_l(bl,[h)ZZ

<§: (—1)"en(a1,a2,...,ak)b’]’z"> (i (—1)"e, (aljazj...,ak)bgz”>

n=0 n=0
es(ar,az,...,ar) bib3h_i(by,b2)2

()Of (—1)"e, (al,az,...,ak)brl‘z”> <§ (—1)"e, (al,az,...,ak)bgz">

n=0 n=0

+

by by Z (1) e, 1is(an,az, ... ax) by (b1, b2) "

n=0

(E (—1)"e, (al,ag,...,ak)b’l’z"> <§ (—1)"e, (al,az,...,ak)bgz”>

n=0 n=0

Therefore,
ihn (ar,a2,...;ax) hy—143 (b1,b2) 2"
_ h3—; (b1,by) — ey (a1,az,...,ax) bibyha—; (b1,b2) 2
<n§0(—1)"en(a1,a2, ai) b'{7" ) <§ (—1)" en(al,az,...,ak)b’z’z")
e2 (a1, ;... a) bibyh - 1<b1,b2)z2

(Z (_1) en(alaa27 - a brllz > < en (al>a27"'aak)b’212n>

n=0

+

B e3(ar,az,...,ar) bib3h_y(by,b2)2
<Z (_1)nen (alvaZv""ak)bqun) <Z (_l)nen (a17a27.,,,ak)bgzn>

n=0 n=0

b?ilbgilzsfl Zo (_1)11—l+5 €n—|+5 (a1 ,az, ... ,ak) hn (b] ,bz) Zn
n=

<§ (—1)"6';1(611,@2,---,ak)bﬁlZ") (E (=1)"en (01,02,---,01()1731")

n=0 n=0
Thus, this completes the proof. O

For A = {ay,a,}, B={b1,b2}, | =3 and =4 in Theorem 1, we deduce the
following lemmas.

Lemma 1. Given two alphabets A = {ay,a,} and B = {by,b,}, then we have

oo

Z hn(ay,az)h,(b1,b2)7"

n=0
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1 —ayarb1byr7>

= _ (2.2)
< ;O(—l)" en (al,ag)b’l’z”> < ;0(—1)"6,, (al,az)bgzn>
Based on relationship (2.2), we get
Y huoi(ar,az)hn1(b1,b2)2"
n=0
_ 3
z—a1ab1byz (2.3)

— <)°“: (—=1)"en (al,az)b'fz"> (EO(_l)nen (al,az)bﬁz”>

n=0 n—
Lemma 2. Given two alphabets B = {by,b,} and A = {ay,a,}, then we have

(=

Y hular,a2)hy 1 (b1,b2)7"
n=0

(a1 +a2) z—ajaz(by + by)7?

= —— — . 24
< ZO(—I)” en (al,az)b’fz”> < ):0(—1)" en (a ,aﬁbﬁz”)
From (2.4), we get
Y huoi1(ar,a2)ha(by,b2)7"
n=0
_ 2
_ (b1 +Db2)z—b1by(a1 +a2)z @25

()o:ol (—=1)"en (Cll,az)b'fzn) <§ (=1)"e, (al,az)b’;z">

n=0 n=0

3. GENERATING FUNCTIONS FOR PRODUCTS OF (p,q)-NUMBERS WITH
FIBONACCI POLYNOMIALS AND k-FIBONACCI NUMBERS AT POSITIVE AND
NEGATIVE INDICES

In this section, we derive new generating functions for products of (p, ¢)-Fibonacci
numbers, (p,q)-Lucas numbers, (p,q)-Pell numbers, (p,q)-Pell-Lucas numbers,
(p,q)-Jacobsthal numbers, and (p,q)-Jacobsthal-Lucas numbers with k-Fibonacci
numbers and Fibonacci polynomials.

For the case where A = {a;,—ay} and B = {b;, —b; }, substituting a, with (—ay)
and b, with (—by) into Egs. (2.2), (2.3), (2.4), and (2.5) yields

oo

1 —ajarb1brz>
ha(ay,[—ax))hn (b1, [—ba))7" = .
,;) n(al [ aZ]) n( : [ 2])Z (1—a1b1z)(1+a2b1z)(l+a1bzz)(1—azbzz)
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oo

Y i (ar,[—az))ha1(by, [—b2])2"

n=0
o Z—a1a2b1b223 (3 1)
(1 —a1b1z)(1+axb12)(1 +a1baz)(1 —azbaz) )
Z hn(ay,[—az])hp—1(b1,[—b2])Z"
n=0
_ (a1 —a2)z+arar (b — by)2? 62

(1 —ayb1z)(1+ash1z)(1+aybaz)(1 —azbsz)

(b] —bz)Z—l—b]bz(al —a2)12
(1—a1b1z)(14+abiz)(1 +a1brz)(1 — azbz)

Y o1 (a1, (=] a b, [—ba])2" =
n=0

3.1. Ordinary generating functions of the products of (p,q)-numbers with k-Fibo-
nacci numbers

This case consists of three related parts.
First: By making the substitutions

ai—ay=p bi—by=k
{ ajay =q and { bib, =1 ’

in Egs. (3.1) and (3.2), we obtain

i hn—1(a1,[—az])hu—1(b1,[—b2])7"

n=0
_ 3
- 2 : q22 2 34 G
1 — pkz — (gk* +2q + p*)2*> — pgkz® + ¢°z
Y hnlar, [=a2)) b1 (b1, [=b2))2"
n=0
k 2
pZ+qkz (3.4)

1= phke— (a2 429+ p*)2 — pgke® + 2+
respectively, and we have the following results.

Proposition 3. For n € N, the new generating function of the product of
(p,q)-Fibonacci numbers with k-Fibonacci numbers is given by

oo

S FyynFin? — 2—q2’
g TP T ks — (g2 42 + p?) 2 — pakd + 22

with Fp,q,an,n =h, (Cll, [—az})hn,I (b], [—sz

(3.5)
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Theorem 2. For n € N, the new generating function of the product of
(p,q)-Lucas numbers with k-Fibonacci numbers is given by

i L F o pz+2qkz* + pgz’
 Tpanthon 1 — pkz— (gk* +2q+ p?)2* — pgkz® + ¢*z*

Proof. By [21], wehave L, ; , = 2hy,(ay,[—az]) — phy—1(ai,[—az]). Then,
we can see that:

(3.6)

oo

i LpgnFind" =Y (2hy(ar,[—az]) — pha_i(ar,[—az))) hu_1 (b1, [—b2])Z"
n=0 n=0

=2 i ha(ar, [—az])hn—1 (b1, [—b2])"
n=0

oo

—p )} hni(ar,[—a2])hn—1 (b1, [~b2])Z",
n=0
by using the relationships (3.3) and (3.4), we obtain
i . 2 (pz+ qkz?)
Z LpgnFin” = 1 2 ) 3, 2.4
= — pkz— (qk* +2q+ p*)2* — pgkz’ + ¢*z
B p(z—q2®)
1 — pkz — (qk* +2q + p*)2* — pgkz® + ¢°z*
_ pz+2qkz* + pgz’
|- pkz—(qk* +2q+ p*)2 — pgka® + ¢*z*
This completes the proof. O

Proposition 4. By using the change of variable 7z = —z in Egs. (3.5) and
(3.6) and according to relation (1.1), we give the following new generating

Sfunctions
(e} 3
7—qz
FponFi_n7' = . 3.7
ng) panthon 1+ pkz — (gk* + p> +2q) 2 + pgkz® + ¢*2* G-
> pz—2qkz* + pgz’
Ly gnFr_,7" = . 3.8
r;) pogntk—n 1 + pkz — (gk® + p? +2q) 22 + pgkz® + ¢*Z* 5-8)

By putting £ = 1 in relationships (3.5), (3.6), (3.7) and (3.8), we obtain the
following new generating functions. The calculation results are indicated in
Tab.1.

Second: By making the substitutions

ay—a=p bl—bzzk
{m@:m am{mle ’
in Egs. (3.1) and (3.2), we obtain
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TABLE 1. New generating functions for the products of some sequences.

Coefficient of " | Generating function

FpynF; o

pgnn 1=pz=(3q+p* )22 —pq+q°2
L. F pz+2q22+pgz’

p.g,n-n 1—pz—(3q+p2)2—pg+¢°<*
FpynF T

L 1+pz—(3q+p*)22+pgz’+4°<*
L F p7z—2q2°+pgz>

poan” 14pz—(3q+p*) 2 +pgz’+4°2*

iohn—l (a1, [=az]) hn—i (b1,[=b2]) 2"

_ 7—2q7°
1 — pkz — (2qk> + p* +4q)2* — 2pgkz3 + 4¢>z*

oo

Y i (ar, [=az]) by (b1, [=b2]) 2"
n=0
pz+2qkz?

1 pkz— (2qk2 + p* +4q)2% — 2pgksd + 4q7"

respectively, and we have the following results.

Proposition 5. For n € N, the new generating function of the product of
(p,q)-Jacobsthal numbers with k-Fibonacci numbers is given by

—2g73
i i (3.9)

Z JpgnFind’ = 2. 2 2 3 2,40
o 1 — pkz — (2gk* + p?> + 4q)z> — 2pgkz® +44°z

with Jp,q,an,n - hnfl (ala [—Clz]) hnfl (bla [_b2D .

Theorem 3. For n € N, the new generating function of the product of
(p,q)-Jacobsthal Lucas numbers with k-Fibonacci numbers is given by

Y JpgnFind = P2t 49k’ +2pqz . (3.10)
e 1 — pkz — (2qk*> + p*> +4q)2> — 2pgkz® + 4¢*2*
Proof. We know that
Jpan =2hy (a1, [—az]) — phn—1 (a1,[—az]), (see [21]).
So
Y JpgnFind" = 2% (2hy (a1, [—a2]) — phn—1 (a1, [—a2])) hn—1(b1, [—b2])"

=2 i hu (a1, [—az]) hn_1 (b1, [—b2])Z"
n=0
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oo

—p ) hn-i(ar,[—a2]) hy1(b1,[=Db2])Z"
n=0
B 2 (pz + 2qkz2)
1 pkz— (2qk? + p? +4q)2 — 2pgkz? + ¢
p(z—242)

1 — pkz— (2gK* + p* +4q)22 — 2pgk’ + 4q*2*
_ pz+4gkz? + 2pq7
1 pkz— (2qk% + p? +4q)2? — 2pgkz® +4q?z*

This completes the proof. g

Proposition 6. By using the change of variable 7z = —z in Egs. (3.9) and
(3.10) and according to relation (1.1), we derive the following new generat-

ing functions
- 7—2q7°
Ip.qnFic—nZ" = . 3.11
,;) p.g.nt'k,—n 1"‘ka— (quz +p2 +4q)22 +2quz3 +4q224 ( )
> pz—4qkz* +2pqz’
Frn?" = . 3.12
n:().]l’-,%n k,—n 1+ka— (qu2+p2+4q)zz+2quz3 +4q224 ( )

By setting k = 1 in relationships (3.9), (3.10), (3.11) and (3.12), we obtain
the following new generating functions. The calculation results are indicated
in Tab. 2.

TABLE 2. New generating functions for the products of some sequences.

Coefficient of 7" Generating function
J F 297
p.g,n-n 1—pz—(6q+p2)z2—2pqz3+44%*
. F pzt+4q+2pq7
Ip.anTn 1—pz—(69+p*)2° —2pgz’ +44°2
J F 7—2q7°
P 1 1+pz—(69+p*)z2+2pqz’ +4¢%2*
R pz—4q2°+2pq7
Ip.gnTn 1+pz—(6g+p?)22+2pgz* +44%2

Third: the substitutions of

ai—a;=2p b —by =k
{ ajay =q and{ bib=1 "~

in Egs. (3.1) and (3.2) we obtain

Y ot (@1, (a2 s (b, b)) 2
n=0
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7—q7°
- 2 2 2 s 4 G13)
| —2pkz — (qgk? + 4p? +2q)z> — 2pgkz® + ¢°z
Z hy (a1, [—a2]) hy—1 (b1, [—b2)) 2"
n=0
B 2pz+ gk (3.14)
1 —2pkz — (qk* +4p> +2q)2* — 2pgks’ +¢*z*"
respectively, and we have the following results.
Proposition 7. For n € N, the new generating function of the product of
(p,q)-Pell numbers with k-Fibonacci numbers is given by
oo 3
7—qz
Py gnFin?" = ) 3.15
n;o PanThI® T~ 2pkz — (qk® +4p2 +24)2% — 2pakad + g2 G12)

with Pp,q,an,n = hn,1 (Cl], [—Clz]) hnfl (b], [—bz]) .
We have the following theorem.

Theorem 4. For n € N, the new generating function of the product of
(p,q)-Pell Lucas numbers with k-Fibonacci numbers is given by

2pz+2qkz* +2pqz’
k> +4p* +2q)2 = 2pgks’ +¢°2H

o , ,an‘nZn = (3.16)
,;) Pant 1 —2pkz — (

Proof. By referred to [21], we have

OQp.gn = 2hy (a1, [—az]) —2ph, 1 (a1, [—a2]).
We see that

(=

i QpgnFind' =Y, (2ha (a1, [=a2]) = 2phy—1 (a1,[~a2])) hu—1 (b1, [~b2])2"
n=0 n=0

=2 hn (Cl],[_02])hn—1(b17[_b2])zn
n=0
—2p Y hui (a1, [—az]) b1 (by, [=b2])2".
n=0
Using relationships (3.13) and (3.14), we obtain
iQ F. .- = 2(2pz+qkz2)
it bl o pkz— (g2 + Ap? +29)2 — 2pgkad + 22
2p(z—q2%)

1 2pkz — (qgk? +4p* 4+ 2q)7% — 2pgkz’ + ¢*7*
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B 2pz+2qkz? +2pgz’
1 —2pkz — (gk* +4p? +2q)z* — 2pgkz3 + >+

This completes the proof. U

Proposition 8. By using the change of variable z = —z in Egs. (3.15) and
(3.16) and according to relation (1.1), we give the following new generating

functions:
oo 3
i—qz
Py ynFind' = RNCAY
n;) panlnt ke — (@R T AP+ 20) 2 1 2pd t e )

2pz —2qkz? +2pq7’

Fo ot = . (a8
ngb Cranfent = ke @2+ 4 1202+ 2pgkd + 2 OO

By taking k = 1 in relationships (3.15), (3.16), (3.17) and (3.18), we obtain
the following new generating functions. The calculation results are indicated

in Tab.3

TABLE 3. New generating functions for the products of some sequences.

Coefficient of 7" Generating function
Py yuF, =gz
pignn 1-2pz—(3g+4p*)> —2pgz® +¢*2*
0y onF 2pz+292°+2pgz>
p,q,n-n 1—2pz—(3q+4pH)2—2pq+4*2*
P F. —q2
poan” —n 1+2pz—(3¢+4p?)2+2pg +¢°2*
0 F 2pz—2q7>+2pq7
pign” —n 14+2pz—(3g+4p*)22+2pgz® +¢%2*

3.2. Ordinary generating functions of the products of (p,q)-numbers with Fibon-
acci polynomials

This part consists of three cases.

. o ayi—a;=p bi—by=x .
Case 1: The substitutions of { 410y = g and { biby = 1 in Egs. (2.1)

and (2.4), gives

hy (ay, [—az]) hy (by, [—b2]) 2" = ,
n;) n(ar; [=azl) hn (b, [=b2]) 1 — pxz— (gx* +2q+ p?)2? — pgxz3 + ¢>z*

oo xz~l—pz2
o1 (a1, [—az)) hy (by,[—b2)) " = )

respectively, and we deduce the following results.
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Proposition 9. For n € N, the new generating function of the product of
(p,q)-Fibonacci numbers with Fibonacci polynomials is given by:

= xz+ pz?
FponF,(x)7" = )
ngb panfu(x) 1 — pxz — (gx* +2q + p?)2% — pgxz3 + ¢*2*

with FpgnFy (x) = a1 (a1, [=a2]) by (b1, [=D2]).

Theorem 5. Let n be a natural number. Then we have the following new
generating function for the product of (p,q)-Lucas numbers with Fibonacci
polynomials

°° " 2—pxz—(2q+p2)Z2
ZLp,q,nFn(x)Z 1 2 2\.2 3 24"
o — pxz— (qx*> +2q+ p?)2* — pgxz> + q°z

Proof. By [21], wehave L, ,, = 2h, (ai,[—az]) — pha—1 (a1,[—az]). Then,
we can see that

oo

i Ly gnFn ()2 =Y (2ha(ar,[~a2]) — pha—i (a1, [—a2])) hu(br,[~b2])Z"
n=0 n=0

=2 i hy(ar,[—az])h,(b1,[—b2])Z"

n=0
—P Z hn— (ala [_aZ])hn (b17 [_bz])zn
n=0
B 2(1—gz%)
1= pxz—(qx? +29+ p?)2® — pgxz® + g2
p (xz+4 pz?)

1 pxz— (g + 29+ p)2 — pgxd® + 472
after simple calculations, we obtain
> " 2—pxz—(2q—|—p2)22
Y LpgnFu(x)2" = 2 2\,2 3 2.4
o 1 — pxz—(gx* +2q + p*)z*> — pgxz’ + q°z

So, the desired result is achieved. O

. . . ay—a=p bl—bzzx .
Case 2: The substitutions of{ a1ar = 2g and { biby = 1 in Egs. (2.1)

and (2.4), gives:

oo

Y iy (ar, [~az]) o (b1, [b2]) 2"
n=0

B 1—2g7%
1= pxz— (2qx* +4q+ p?)2? — 2pgxz® + 4¢*zY
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ioh”—l (alv [_aQ])hn (b1, [_b2])Zn

B xz+ pz?
I — pxz— (2qx* +4q + p*)2* — 2pqxz’ +4q7z*
respectively, and we deduce the following results.

Proposition 10. For n € N, the new generating function of the product of
(p,q)-Jacobsthal numbers with Fibonacci polynomials is given by

i xz+ pz?
J F, =
Z panfn ()2 1 — pxz — (2gx% + 4q + p?)2?> — 2pgxz® + 442
with ]p’%nFn (x) =h,_1 (Cl], [—azD h, (bl, [—bz]) .

Theorem 6. Let n be a natural number. Then, we have the following new
generating function for the product of (p,q)-Jacobsthal Lucas numbers with
Fibonacci polynomials

i ) o 2—pxz—(4q+192)z2
Ipan 1 — pxz— (2gx* +4q + p?)2> — 2pgxz® + 4¢°2*

Proof. By [21], wehave j, ., = 2h, (a1,[—az]) — pha—1 (a1,[—az]). Then,
we can see that

ijqn "

n(a1,[=az]) = phpi (a1, [=az])) ha(by, [=D2])2"

(a1, [—az]) by (b1, [—b2])Z"

i

—p Z hn—1 (ar,[—az]) ha (b1, [~ b2])"

n=0
B 2(1—2¢2%)
11— pxz— (2gx% +4q + p?)z2% — 2pgxz3 + 4¢P
p (xz+ pz?)

1= pxz— (2qx2 +4q+p?)Z —2pgxzd +4g7
after simple calculations, we obtain
> n 2— pxz— (4q+p?) 22
X Jranfa(1)2" = 1 — pxz— (2gx% + 4q + p?)2? — 2pgxz® +4q°2*+
As required. U
b1 —b,=x
biby =1

Case 3: The substitutions of { = =2p and { in Egs. (2.1)
aiaz =4q

and (2.4), gives
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oo

Z I (al ) [_aZ]) hy, (bl s [—bz]) z

n=0
_ 1—q2
1 =2pxz— (qx? +2q +4p?)2% — 2pgxz® + g

i hy—1 (a1, [—a2]) by (b1, [—b2]) 2"
n=0

B Xz + 2p7?
1 —2pxz— (gx* +2q +4p*)2> = 2pgxz + ¢?z*’
respectively, and we deduce the following results.

Proposition 11. For n € N, the new generating function of the product of
(p,q)-Pell numbers with Fibonacci polynomials is given by:
xz+ 2p7?

P, . .F =
n;) pantn ()2 1 —2pxz— (g2 +2q+4p>) 22 — 2pgxz® + ¢*F*’
with Pp:q’nFn (x) =h,_1 (al, [—612]) h, (bl, [—bz]) .

Theorem 7. For n € N, the new generating function of the product of
(p,q)-Pell Lucas numbers with Fibonacci polynomials is given by

> " 2 —2pxz— (2q—|—4p2) 2

ZQP#L”F”(X)Z “ 1.2 2 2\.2 3 24"

= —2pxz— (qx* +2q +4p*)2* — 2pgxz® + ¢*z
Proof. By referred to [21], we have

Op.gn = 2hy (a1,[—az]) — 2phy—1 (a1,[~az]) .
Then, we see that

Y QpgnFu ()" =
n=0

gk

(2hy (a1, [—az]) = 2phy—1 (a1, [—az])) hn (b1, [—D2]) 7"

n

s &

=2) hy(ar,[—a2]) hu(br,[-b2])Z"

0

n

20 Y e (an, [—az]) (b1, [—ba])2"
n=0

2(1-42%)
1—2pxz— (gx* +2q +4p*)2 — 2pqxz’ + ¢*2*
2p (xz + 2pz2)
1 —2pxz— (g% +2q +4p?) 22 —2pgxz® + ¢*2
2 —2pxz— (2q +4p2) 2
1 —2pxz — (qx* +2q +4p*)2* — 2pgxz® + ¢*z*
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This completes the proof. g

4. CHAOTIC BEHAVIOR AND BIFURCATION ANALYSIS OF GENERALIZED
JACOBSTHAL NUMBERS

In this section, we examine the dynamical behavior of the proposed generating
function and investigate the chaotic nature of the recurrent form of the generalized
(p,q)-Jacobsthal numbers (1.2)

Xn—1

“4.1)

Xy = .
"= pxy 2902

The suggested generating function (4.1) is a discrete-time dynamical system that
exhibits sensitive dependence on initial conditions and non-periodic behavior. Through
numerical simulations and analysis of the map’s iterates, we explore the parameter
space where chaos emerges and examine key properties such as bifurcations and
period-doubling cascades. These two parameters, p and g, make the study import-
ant and unusual. When giving some values to this two parameters, the sequence of
iterates generating from the function change the behavior and give transition from
periodic to chaotic behavior of the parameter.

4.1. Bifurcation diagram

Our study identifies regions of stability and observes the emergence of bifurca-
tion points. The numerical bifurcation diagram provides valuable insights into the
transition from stable periodic orbits to chaotic behavior, as shown in Figure.1. For
p=2.7and —2 < g < —1, the bifurcation diagram shows that the system undergoes
a series of bifurcation.

Stable fixed point
078 : T

FIGURE 1.

For g between —2 and approximately —1.8, the system exhibits a stable fixed
point, which corresponds to a single vertical line in the diagram. At g = —1.8, this
fixed point undergoes a period-doubling bifurcation, splitting into two stable fixed
points see Figure.2. As q increased further, the system exposes additional period-
doubling bifurcation, producing periodic orbits of periods 4,8, 16 and so on.

Finally, for —1.3 < g < —1, the system enters a region of chaotic behavior where
the attractor is a strange attractor with a fractal structure, as depicted in Figure.3.
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Period-doubling bifurcation
13 T T T T T

FIGURE 2.

Bifurcation Diagram for xn = Xn-1 /(1 - p Xn-1 - 2q Xn-12)

FIGURE 3.

4.2. Lyapunov Exponent

To verify the presence of chaos in the proposed generating function, we analyze
the Lyapunov exponent. This quantity measures the rate of exponential divergence or
convergence of nearby trajectories in a dynamical system. A positive Lyapunov expo-
nent indicates exponential divergence of trajectories, which is a hallmark of chaotic
behavior.
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The Lyapunov exponent is computed using the formula:

_131330*21 ( > 4.2)

which represents the limit, as N approaches infinity, of the average logarithmic de-
rivative of the map over a trajectory of N points.

To evaluate (4.2), we first generate a trajectory of N points using the generating
function (4.1). The expression then becomes:

A= lim — ) In
¥

To demonstrate that the Lyapunov exponent is positive in certain parameter re-
gions, we compute its values numerically. We used MATLAB to compute both the

bifurcation diagram and the Lyapunov exponent; the results are presented in Figure
4.

dx, i1
dx;,

1 +2gx2
(1= px, —2gx2)

Lyapunov Exponent vs q (p = 2.7)

- D [

Lyapunov Exponent A

T T T T T T
-2.0 -1.8 -16 -1.4 -1.2 -1.0

FIGURE 4.

So, the corresponding plot of the Lyapunov exponent provide clear visual evid-
ence of chaotic behavior in the proposed generating map and the chaotic regimes
corresponding to the regimes of the bifurcation diagram.
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NONLOCAL INTEGRAL BOUNDARY VALUE PROBLEMS FOR
SEQUENTIAL DIFFERENTIAL EQUATION INVOLVING A
FRACTIONAL MIXED DERIVATIVES
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Abstract. The study of fractional differential equations occupies an important place in various
fields of science. In this paper, we investigate the existence result for a nonlocal integral boundary
value problems for a sequential differential equation involving a fractional mixed derivatives.
Our method consists to define an extended space on which we can apply the Monch fixed point
theorem via the noncompactness measure. In addition, the compactness of the solution set is
studied using the sequential method. Finally, an example is given to illustrate the results obtained.

2010 Mathematics Subject Classification: 26A33; 34A08; 47HOS; 47H10

Keywords: measure of noncompactness, Banach space, fixed point theorem, -Hilfer fractional
derivative

1. INTRODUCTION

The aim of this paper is to study the existence and the compactness of the solution
set for a sequential fractional differential equation with nonlocal integral boundary
value conditions. More precisely, we consider the following problem:

DR (Dry(E) () = A(E3E@)CTIE)), Ee@F, (LD

LD (ET) = L LD, (8)=0 (12)

where:

e ¥ is areal number,
o Q)gf’x denotes the y-Hilfer fractional derivative of order p and parameter ¢
such that 0 < p<land0 <o <1,

. C’Dg;x is the x-Caputo fractional derivative of order Y= p + ¢ — op,

© 2026 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
BY 4.0.
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e E is a Banach space and hi: (§,&] x EZ — E is a function that satisfies certain
conditions (see Section 3), 7
o x € C'([,&],R) such that (&) > 0 for all € [£,&],

o DX = X,gé)d%,g, Ec R, with§ <Eand§; € (§,€),i=1,...,n such that

n

L) # Y Gu(&) —x @),

i=1 B
where I is the gamma function defined by I'(x) = [;"#* le~'dt (x> 0).

The domain of fractional differential equations becomes a very important tool for
understanding many physical phenomena. Moreover, their contributions to math-
ematical analysis help us to obtain certain appreciable results in the economic and
engineering fields. For details, we refer the reader to [3,4,6, 14,17,20,22,23].

On the other hand, fractional differential equations with nonlocal conditions are
of great importance in several branches of applied analysis. For example, in [13],
the author claimed that the nonlocal conditions can be more effective than others to
describe some physical situations. Furthermore, there is an extensive literature that
focused on the study of the existence, uniqueness and stability for nonlocal fractional
differential equations involving Riemann and Hilfer derivatives [7, 8,26]. In the ref-
erences [5, 10, 11], the authors studied the topological properties of some fractional
differential equations, especially the compactness and the stability.

Recently, in [24], the authors studied the following nonlocal boundary value prob-
lems of sequential y—Hilfer-type fractional differential equations:

(HQ)“’B"VJrkHQ)“*LB*")x(t) = f(t,x(t)), t € [a,b],

m

x(a) =0 and x(b) = Zu JACECIE N

Jj=

where 7 D%BV is the y-Hilfer fractional derivative of order o, 1 < o < 2 and para-
meter B, 0 <PB <1, keR, f:[a,b] xR — R is a continuous function, a > 0,
ui, 8; € R, ¢, &; € (a,b] and v is a positive increasing function on (a,b], which
has a continuous derivative y/(¢) on (a,b). See also the work discussed by Ragusa
[21], on the inclusion of the commutators of fractional integral operators to vanish-
ing Morrey spaces. For other interesting papers which consider fractional differential
problems, we mention [1,12,15,16,19].

The present work is organized as follows: In Section 2, we give some general
results and preliminaries. The Section 3 presents two important results concerning
the existence of solutions and compactness of (1.1)-(1.2) applying the fixed point
theorem. An example to reinforce our work in Section 4.
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2. BASIC RESULTS AND BACKGROUND

In this section, we will give some concepts and notations about the functional
spaces, fractional calculus, noncompactness measure which are used throughout this
paper. we denote by C([€,E]) (resp. by L' ([€,E]) ) the space of E-valued continuous
functions (resp. the space of E-Bochner’s integrable functions) with the following
norm

el = sup { Ju(®)ll, & € (8.} ( resp. fullp = / (88 ).

Let (14([§,&]) be the Banach spaces of functions from (&, £] into E which is defined
as:

Cion([8.8) = {we C(EED: ()~ (@) () € CEELE)}.

with his norm |[|u||y,, that is given by

lullyz = sup (x(&) —x (&))" lu(@)]-
te(&d

Next, we denote by Cllfy,x((é, E]) the space of functions (y,%) - continuously differ-
entiable defined as follows

Clyy (&8 = {u: (B8 = E: u() € C(EE]) and DAu(.) € Ciyy (&) }-

We note that the space C|_,,((§,€]) with the norm |
Banach space.

In the following, for all n > —1, we put Wy (r,s) = (x(r) — x(s))", for all s,r €
[€,€] with > s and ¥y, = (x(8) — x(8))".

First, we introduce the notions of x-fractional derivative according to the Riemann-
Liouville and Hilfer concept and their properties.

llyy = lluelloo + [1D%ullyy is 2

Definition 1 ([17,25]). Let £ € L'([,&]) and x € C'([§,&]) such that '(§) > 0,
forall € € [£, €],

(1) the x-Riemann- Liouville fractional integral of order p > O of the function ¢

is defined by
1 €
~P X
PHE) = prgy [, KO Fo (G )0(0)0s
(i1) the y-Riemann- Liouville fractional derivative of order p > 0 of the function
¢ is defined by

e - ot (e ) ( [ >e<s>ds),
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where n = [p] 4 1 such that [p] represents the integer part of the real number

p.
Definition 2 ([17,25]). Lety € C'([€, &],R) be a function satisfying 3/ (€) > 0, for

all € € [€, &]. The y-Hilfer fractional derivative of a function £ of order 0 < p < 1 and
type 0 < o < 1is given by

H yP-0:% _ ~o(l=p)x 1 d (1 o)(1-p)x _ ~I=YXRLyYX

where ’Y:p+6(l—p).
Lemma 1 ([17]). Letp, y €RY and & > &, then
(i) JH¥, 1 (8,8) = p+,, ‘Ppﬂ, 1€.9).
(i2) RL’DpX‘Pﬂ 1(8,6) = Wp— 1(?7 £),0<p <1, u>1,inthe case when
p =, we get " DY le,u 1(& )=

We consider the followmg auxiliary spaces

Ly ([6.8) = {u: (6.8 = E/ue Gy (1&8), "Dltue Cioyy(8.E) .
(68D = {u: (6.8 — Efue C(EE), Due ¢, (&8} and
f F;;qa g)={u: €E - Efue C(EE). Dru, "DLMDrue Gy, (188

it is clear to see that C11 (s gca p o 5 (5 E).

Lemma 2 ([18]). Let 0 < p < 1, Ogcg land y=p+oc—po. Ifo(.) €
Cl (& &), then

Syt0ita= e
and o)
Q)g}”g}w QD&( Po.

Lemma 3 ([18]). Suppose that f(.,y(.)) € Ci _y,x([ég])for ally(.) € CY,YX([QE])
Ify(.) € CIY—Y-,X(@’E])’ then, y(.) is a solution of the fractional differential problem:

HOPTEE) = ENE). 0<p<10<o<l;
~1 =X (§+) o, 'Y: p+(5—907

if and only if 'y satlsﬁes the following integral equation:

oy 1 e
Y8 = = gy o X O Fo (G (5 y(s)s
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Next we give the notion of the noncompactness measure in the sense of Kuratowski
and its properties which will be used in the next section, for this purpose, we denote
by Set,(E) the set of all bounded subsets of Banach space E.

Definition 3 ([9]). Let D € Set,(E). The Kuratowski noncompactness measure %
of the subset D is defined as follows:

B(Q) = inf{e > 0: Q admits a finite cover by sets of diameter < e}.

Lemma 4 ([9]). Let A,B € Set,(E), we have the following properties
(i1) O(A) =0 if and only if A is relatively compact,
(i) 9(A) = 9(A), where A denotes the closure of A,
(i3) B(A+B) <V(A) +9(B),
(is) A C Bimplies O(A) < 9(B),
(is) O(a.A) =l|a|.0(A) forall a € R,
(ic) O({a}UA) =0(A) foralla € E,
(i7) O(A) =9(Conv(A)), where Conv(A) is the smallest convex that contains A.

Lemma 5 ([9]). If D is a equicontinuous and bounded subset of C([§, &), then

O(D(.) € C([&:8]Ry)

3 3
0c(D) = max 9(D(E)), & ({ G D}) < [ o)

where D(§) = {w(&): w € D} and O is the noncompactness measure on the space

(58D

Theorem 1 ([2]). Let E be a Banach space and D a closed and convex subset of E
such that D is bounded and contains 0, and let N: D — D be a continuous mapping.
If the following implication:

V=N({V)U{0} or V=comwN(V) = y(V)=0,
is satisfied for every subset V of D, then N has at least one fixed point.
3. MAIN RESULTS
3.1. Integral equation

In the content of Lemma below, we will illustrate the equivalence between the
problem at hand (1.1)-(1.2) and the following integral equation

e i e )]
)= Cy+1) = v, GWy-1(8.8) !

:
+ r(le) /é X/(s)wp(i,s)h(s, ¥(s). @ggcy(s))ds. (3.1)

€
(&8 +x /é ¥ (5)y(s)ds
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Lemma 6. Let y=p+0c—po with0 <p <1and 0 <o <1, we assume that

the function h: (§,] x E* — E satisfies h(., (L), C@g} y(. )) € Ciyy([E,8]), for all
y(.) e CL%X([QE]). Ifye Cll"_ym([é,g]). Then, y is a solution of the problem (1.1)-
(1.2) if and only if y satisﬁes the integral equation (3.1).

Proof. Let y € C ([§ &]) be a solution of the problem (1.1)-(1.2), since
h(.,y( ), C@g} (. )) € lemx([é, &]), from Lemma 3 we have
Ié_ YaXny(éJr)
Diy(E) = =g 168 +0©) + £Fh(10©) S DINE). ()

Next, we substitute & by &; into the above equation, we get
1y,
L. Y,Xny(éJr)

Diy(&) = = o (& 8) (&) + 127 (55(6) S DI (E) ).

By utilizing the second condition (1.2), we obtain

vty e e DOED

§+ "DYy(E") = W;Ciwv—l(gh@

C , Py (€, DY 7
+ R G[0@)+ 120(50(E).C 21E) )]

this implies

T X G 08 + 12 (83(8) € DEA(E) ) |

I=vx +\
e DYE) = )~ X G 1 (5 E) 63
By substituting (3.3) to (3.2), we deduce that
Ye [Ky@w”h(a,, (&).C D& |
ny(g) = ( ) B CI‘P'Y— (&l;é) IPYfl(&vé) +Ky(§)
+ Fi / L (5)%p1 & (5,30 S Dr(s) ) . (3.4)

Next, applying Ig+ to both sides of (3.4), we obtain

I Go) + 2 (80(&) S DI (E) )|
B F(Y+ 1) 'YZ?:l CIIP“{*l (&lvé) o
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o [ O I (505 D) ).

Conversely, let y € Cl‘ﬁyx([g,é]) be a function verifies equation (3.1), it is clear that
y(0) = 0. By applying DX to both sides of (3.1), we obtain equation (3.4), using
Lemma 3, we can easily establish that the function y satisfies the second condition
(1.2). O

3.2. Existence and compactness

In this subsection, we will prove that the solution set (denoted SS) of the problem
(1.1)-(1.2) is nonempty and compact, we necessarily assume the following hypo-
theses

(Hy) Suppose that the function h: (§,&] x E* — E verifies h(.,u(.),v(.)) €

Cl yx ([& &]) for all u(.),v(.) € C([&n ])’ h(.,0,0) € C([E.: ]7E) and there
exists a, B € R, such that

(Hy-1) Forallu,vu,v € E :
178, u,v) — A(E,u,V)|| < ouffu—ul| + Bllv—V]|.

(H;y_2) For each nonempty, bounded set Q C C},m([;,é]), forall § € (§,E], we
have

8(n(e.2@). ‘D)) < wd(Q(E) +Bo( D)),

where

Q(E) = {3(€), y€ Al 4, (&)} and “DIFQ(E) = {DL*y(®), y€ Gy (B }-

(Hz)

(KF(p+2)+(p+1)Ao) (17|c*n(ql;+y)+xp7_y> I (A()+Kr(p+2)>q,T - F(p2+ 2)7

where

1
Cy+1) —vXi, &¥y-1(8,8)

Define the operator Z: Cf,m([g,é])} — Cll,%x([é, &])} by
d 3
=T Y6 [0E) + (8 &) D)) P& 8 x [ A (615

1
L(p+1)

and Ag = ((x + BF(V)>\|1’5.

_|_

[ X I (5205 D) ).
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and the operator DXZ: (i _yy([E, E])} — —yx([§7a)} by

DrEy(E) =17 [ 0(E) + 12 (5006 C D& [ #11 6 2) + 1000

5 [ G (5305 D) ).

In this part, we will present the result concerning the existence of solutions of the
problem (1.1)-(1.2). First, we will give some useful lemmas to demonstrate this
result.

Lemma 7. We assume the hypotheses (Hy) and (H1_1) hold. Then

(1) E is bounded and continuous. B
(2) E(B) is equicontinuous for all bounded subset B of Cllfm([é, &)).

Proof. Let us show condition (1); we begin to prove that = is a bounded operator.
Letye Cllfm([é, E]), itis clear to see that Ey € Cllfm([é, €]). Using (H;) and (Hy_1),
forally € B, = {y € C{_,,([&,&]): [IVll{_y, <} and & € (&,&], we have

IEx@) < mim [K|ry<ai>u+z”uh(@, (6.5 DI(E) ) || #4(6.8)

+1</x )y(s) +1 /x lPp(&,s)||h(s,y() fog; ())Hds,

< | TIC sy [+ hl{p‘; ot BT
n Kr

N LT+ (p+1) T(p+1)
W, s, L)Y,

L(p+2) T(p+2) T(p+2)
We also have, for each § € (g,E]

]—i—K‘P*

+

9146 ODEE) | <VT| Y6 (&) + 1240 (5,360, D48 )]
i=1

P48 (&, 7
bt /g X/(5)¥p-1(&,9)h (5.5(5).C DIy (s) ) ds

o rBF(y)‘P;}
I'lp+1) TI'(p+1) T(p+1)

+ KW 4(8,8)¥(8) +

< (T[S n+Wi_y) [xr+
So,
e
I'(p+1) T(p+1)

IS5+ 109y < (ITICny+5)+ %1, ) [+
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rBr(v)¥; P [ SR (0 SO rBF(y)‘P;; 1
C(p+1) """ T(p+2) T(p+2) TL(p+2) °

_l’_

Now we will show that E is continuous. Let {y,}nen — y in C! ., ((§,&]), from

(Hy—1) and Lemma 1 we can easily prove that Zy,(.) — Ey(.) in C([§,&]) and

DXEy,(.) = DXEy(.) in Ci—yy([§,E]), that implies Zy,(.) = Ey(.) in ¢!, (& &),
then E is continuous.

Let us show the second condition (2), it is enough to show that E(B,) (resp.
DXZ(B,)) is equicontinuous in C([§,&]) (resp. in C1_yy([§,&])). Let y € B, and

£1,6 € (é,a with & < &, from (Hj_1), we have

1Zy(&2) —Zy (&)l

= [K”r?;i;l) rzsli) rrﬁ(i)(f‘f)é] (w8 )
. F(plﬂ) / ) ¥ (Ear) ~ W B 5 (5,5(5).C DI%y(s) )ds
< e F?;fgn rﬁn rﬁ(l;fﬁlf);] (#1889 - i.9)
- +1£E§1 E)F(v)) [®p11(62.8) ~ Four (€1,8) + Bp1 (2.8
h +;E31123>F(v))%“@2@1)+Kr\p1(§2,g1).

As &, tends to &, the right-hand side of the last inequality tends to 0. Therefore

E(B,) is equicontinuous in C([§,&]).
And, we also have

I¥1-4(82,§)D*EY(82) — ¥1-4(81,§)D*EY(G1) |

< K1y B () - W1y B D)
W (60 E) o
+‘ S [0 1509 (0
LG
Ilp—1)

< K(P14(82,8) — ¥1-4(&1,8) ) IV + K% 4(81,E) Iy(E2) — (&)

/: X (5)¥p 1, S)h<s,y(s),c @g;xy(s)) ds
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¥ 4(E1,E) & |
* Fy(p) /é x(s) {‘Pp—l (&1,8) =¥pi (&275)} Hh<S,y(s),C Q)g}y(s)) |ds
Y- ’ -¥_ 5 &1
I 1 Y(&Z ﬁl)_‘(oc) 1 “{(Eal E")/é x’(S)‘Pp_l(éz,S)Hﬁ<s,y(S)7C Q%ﬁy@)) ||dS

Wi y(2,8) &
= 13((5)2 ) 61 G (560 P )) s

A S
<K(W1y(&.8) - Fil&,8) )b — (G 6

(n*+rlat+Bren]) W1 4&1.8) 2
L(p) /g x () [Tp“(él”)_q'p—l(&z,S) ds

(1 -+ rloct Br]) (¥14(82.8) ~¥14(61.8)) s
I(p) 5

(h*+r[Oc+BF(y)])‘P1,Y(E)27§) -
I'(p) ‘ X' (5)¥p—1(&2,5)ds

rK‘I‘]_Y
<K(W1y(&.8) ~ Fi(G,8))r b (G B)

(1 + rloc+ O] Wi,

Ay

_l’_

+ X/(S)‘Pp—l(gbs)ds

+

+ T(p+1) [\Pp(g%é)—Tp(élaé)—FZ‘Pp(ngl)}
(h* +rlo+ BF(Y)D\IJS
' () 91 4(62,8) — 1 4(E1,8)]

By taking &, tends to &;, the right-hand side of the last inequality tends to 0, and

hence D*Z(B,) is equicontinuous in Ci_yy([,&]), thus, Z(B,) is equicontinuous in

Clyy ([6:8))- O

We denote by ¥., 0y and 1911( the Kuratowski noncompactness measure defined

respectively on C([&,&])), Ci-yy([&.&])) and C_y, (18,E])).
Lemma 8. Let B be a bounded subset of C]1_77X([§,E])), we have
0y(B) < B(B) +Oy(D*B) < 20y(B). (3.5)

Proof. Let B be a bounded subset of CL%X([Q E])) and let € be a strictly positive
real number. So, there exists a finite partition B;, i = 1,...m, such that

Diamy(B;) <e+0y(B), i=1,...m.



NIVB FOR SEQUENTIAL DIFFERENTIAL EQUATION 69

Then for all y1,y; in B; and § € (&,&], we have

ly2(8) = y1(E)| < &+0y(B) and [|DAy2(§) = D*y1(8)]| < &+0(B), i=1,...m.
So,
Diam(B;) < €+ 9y(B) and Diamy(D*B;) < e+ 0y(B), i=1,...m.
Thus,
O(B) +0y(D*B) < 2e+20,(B).
Since € is arbitrary, this means that we arrive at

O(B) + 9y(D*B) < 20y(B). (3.6)

Conversely, we want to prove that 1911( (B) < O(B) +9y(D*B), from the definition of
Kuratowski noncompactness measure, we have, for each € > 0, there are a finite
partitions {B;}i—i . m of Band {D;};—i __m, of DXB such that

.....

Diam(B;) < &+ 9(B), and Diamy(D;) < €+ 0y(D*B).
It is clear that the partition {B; ﬂIéD ;}i,j belongs to Cllfm([é,g])) and verifies the
following inequality: -

Diam(B; N Ié&D ;) + Diamy(D*(B; mg&D 1)) < 2e+9(B) + 0y(DXB).

As ¢ is arbitrary, we obtain

ﬁl

1(B) < O(B) +0,(D*B). 3.7)

From (3.6)-(3.7), we get

ﬁl

1(B) < 8(B) +0y(D*B) < 20, (B).

From Lemma 5 and Lemma 8, we easily show the following inequality

0y(D) < sup B(D(E))+ sup B(¥)4(§,E)D*D(E)) <20y(D),  (3.8)
35143 Eel8.8]

where D is a bounded and equicontinuous subset of Cll_yvx( €.€)),

D(E)={y(&):yeD} and D'D(E)={D*(&): ye D}.
Let
Br = {y € Gy ([8,ED): I¥llyy < R}.

We are about to present our main result which is as follows.
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Theorem 2. Assume that the hypotheses (Hy) — (Ha) are satisfied and that R
verifies the following inequality

1_Tl+2)- (KT(p+2)+ (p+1)40 ) (1716 n(W; +9) + %7,
(p+ 1) (ITICn (%) +7) + Wi, ) ¥ahe + %5 7

3.9)

(Ao +xI(p +2)>‘P“{
(p+ 1) (ITIC (%) +1) + W1, ) ¥ahe + W5 0

Then, the problem (1.1)-(1.2) has at least one solution in Cl’_m([é, E]) In addition,
the solution set SS of the problem (1.1)-(1.2) is compact in Cllfyﬁx([é,g]).

Proof. From the definition of = and Lemma 6, it is clear that the solutions of (1.1)-
(1.2) is equivalent to the fixed point of Z. For this reason, we want to verify that &
satisfies the assumptions of Monch fixed point theorem. First, we will prove that &
is well defined from Bg to Bg, indeed, let y € Bg. By using the condition (Hy_;) and
after some calculations, for each & € (§,&] and y € Bg, we get

IZ5@)ll + 1214(8. 8D 2y @)
<|fr|z|cl [ly& ||+1”||h(a, (&), @”y@))u]w

wx [AOOls hs / X (5)%p(6.) 1 (5,3(5). DEAy(s) ) s

+TIY G+ fmn(ai,y(& ) Coli >)} FRE ()

Wit
Fop . X601 (& 9)A(s5.(5).  TIEy(s)) s

< (p+1) (\cr|§*n(w;+y) +‘P’{_y>‘Pgh* W B

- C(p+2)
(kTP +2)+ (p+ 1)) (ITICn(¥5 +9) +%,)  (A0+KT(p+2)) ¥
* T(p+2) K Te+2)

From (H3) and the inequality (3.9), we obtain

Vy € Bg: HEy]H(X <R.
Note that Bg is bounded, convex and closed subset of Cll_m( [£,€])) and Z is continu-
ous on Bg. Next, it is enough to show the following implication:

V Cconv{N(V)U{0}} = ﬁ;(V) =0, forany V C Bg.
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Let V be a subset of Bg such that V C conv{N(V)U{0}}. By using Lemmas 4 and 5,
we obtain

ﬁ(EV(&))+ﬁ(wlfy<a,§>mz<v<&>>)
<imye [m( &») + o (n(v @) V) )y

+x / X(s ))ds + (pl+ 3 /g ix/(S)‘Pp(i,s)ﬁ@(s,V(S),CQ)g;XV(S)»ds

+v|¢\;c*[m(v<a,->) 249 (h(8.V(E).CDIV(E)) ) |+ ¥ 0(VE)

T 0016000 (s V1612V (9) ).

From Lemmas 5, 7 and 8 and the hypotheses (H;_») — (Hz) and inequality (3.8), we
arrive at

9)(2V) < sup B(EV(E))+ sup B (w1,egDE(V(E)))
Sel&gl gele g
2(0(p+2)+ (p+ Do) (ITIC (%5 +) + %7 ,) |
- C(p+2) By(EV)
2(A0 +xT(p +2))‘P’1‘ o
rpT2) 9y (EV).
By the condition (Hy), we get ﬂ;(EV) = 0, that means ﬁ;(V) = 0. From Theorem 1,

the operator = has at least one fixed point y € Bg. By using Lemma 6, we conclude
that the problem (1.1)-(1.2) has at least one solution. Let us prove that solution

set SS of (1.1)-(1.2) is included in Cffm( §.E)), Letwe {ue ., ([58): Zu=

u and D*Eu = D*u}, we need to show that DXw € C;{,%X([é, €]), so, forall € € (€,&],
we have

Dhw(E yrrzcl[ (&) + 127 (8 w(€).C DEw(E) ) | Wy-1 (6.8) + (€

Fp)/g X'(s)‘Pp—l(ﬁ,s)h( w(s), Q)g; w(s ))ds.

RL Q)'Y

By using e

on both sides the last inequality, from Lemmas 1, 2 we obtain

(1= )" Dhy(r) =R @él};ﬂxh(s w(s).C DL ())
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-
= DV h (& w(®).CDLEw(E)).

So, from (Hy), we have RLQ)g+DXw( )€ cffy([g,é]), that means w € lem([é,i]).
Finally, the solution set SS of problem (1.1)-(1.2) is included in Cll‘jm([é, E)).

We show now that the solution set SS of the problem (1.1)-(1.2) is compact subset
0 Cllfm([é, E]). Let {y,}nen be a sequence of the solution set, as Cllfm([é, g]) is
compact space, there exists a subsequence of {y, },en (still denoted {y, },en ) con-

verges to y*, it is enough to demonstrate that y* is a solution of (1.1)-(1.2), for each
€ € (€], we have

:Tégi[m( szh(a,yn@) §+y,1<al>)}wy<a,§>

[ Ao+ (5,30(5).€ D2, (5)) b
and )
D) =17 1 [ (&) z“h(&z,yn@z) D3, (8)) | #y-1(6.8) + 100 E)
FL [ (8.5)1 (5.3 (). DLy (s) ) ds.

From (Hy), we have A(.,y,(.), C@g} 2(.)) converges to A(.,y*(.), @gx *(1)) as

n— +oo, let & € (§,&], form (Hy_1), for all n € N, we have
X/ (52 (&) 1 (s.30(5). DI, (s) ) | < (h*+<a+ﬁr<v>>M)x'<s>‘Pp<a,s> and
X/ (5)¥p-1 (&)1 (5.3 ().C DLy () )| < (" + (- BUC)M ) (5) ¥

3

Using Lebesgue’s dominated convergence theorem, for each & € ( E] we obtain

3 :fr;ci [0 () + B2 n (v (8).C DY (&) | #4(8.)

é !/ * 1 !/ * *
Tk /é K6 )5+ gy /é /(5 (&) (5.5" (). DIy () ds
and

) =1 Y60 &)+ 124(5 (@) 2 @) [ £ D)+ )
1
Lol

$)%p-1(&,9)h (5,37 (5).C DI (5) ) ds.
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So, the solution set of Problem (1.1)-(1.2) is a compact subset of | w88 O

4. EXAMPLE
We take W(r) = 43eans £ — 0§ =05, E=1, 6=p =025 k=5 E the
Banach space defined by

E= {(yl,yz,--.,yn,---)i sup [y < °°},
with the norm ||y|| = sup,, |[y.|, we define the function /: (0,1] x E? — E by
n(&5(©). D) = (m (E31@. DN E)) oo (E30(8)C DI (B)) o)

where

Q)Y:}yn(&)
(O L) = g+ e

We easily see that i: (0,1] x E? — E is continuous and

Ee(0,1].

1
1A(&,u,v) — (&, )| < 40Hu—u|\+40|! — V|, forall§ € (0,1] and u,v,u,V € E.

Next, for all Q a bounded subset of ;| _%X([O, 1]), we have

o(n(za@cnra®)) < 5 (v(@E) +o(1a®) ). e 0.1
So, (Hy), (Hy-1) and (H;_) are satisfied. A quick calculation gives us

(KT(p+2)+ (p+ Ao ) (715" n(%5 +1)+ Wi ) + (Ao +KT(p+2) ) ¥ < F(F’;z)_

So, (Hy) holds. Therefore, Theorem 2 ensures that the solution set of Problem (1.1)-
(1.2) is nonempty and compact.
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1. INTRODUCTION

Many papers have been devoted to studying the properties of different classes of
operators in Banach lattice theory. Some of them introduced some operators in-
volving demi criteria, for instance in [10, 11, 15, 18], the notion of demi KB operators
using the definition of KB operators from [9] is defined. They also showed that demi
KB and b-weakly demicompact operators are the same.

In the present paper we consider the classes of (quasi)-KB and (quasi)-Levi oper-
ators as they were introduced in [4, 16]. For alternative versions of the definitions we
refer to [6,9,11,20]. The main motivation of this paper is to explore the demi version
of operators using the study from [12—14]. We then expand our approach by defining
the concepts of demi quasi Levi operators and demi Levi operators. The goal of this
paper is to examine these newly defined operators.

The paper is organized as follows. In Section 2, we will address demi quasi Levi
operators and study their basic properties depending on order convergence. We char-
acterize Banach lattices on which all operators are demi quasi Levi operators. Section
3 is devoted to demi Levi operators. In the last section, the demi version of KB and
quasi KB operators are studied depending on the definition given by [13].

Throughout this paper, E denotes real Banach lattices, Bg is the closed unit ball
of E, I is the identity operator on E. The set of all bounded linear operators on E

© 2026 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
BY 4.0.
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is denoted by L(E). The positive cone of E is denoted by E4 :={x € E 0 <x}. A
Banach lattice E is called a KB space if every increasing, norm bounded sequence in
E_ converges in norm. A Banach lattice is called an abstract L;-space (AL-space),
whenever its norm is additive in the sense that ||x+ y|| =||x|| + ||y|| holds for all x,y €
E, with x Ay = 0. A normed Riesz space is called a Levi lattice if each increasing
norm bounded sequence in £, has a supremum in E. For more information, see
[1,2,17].

According to [11], an operator 7 : E — E is a demi KB operator if for every
positive increasing sequence x, € Bg such that (x, — Tx,) is convergent to some
x € E, there is a convergent subsequence of (x,). Moreover, T : E — E is called a
weak demi KB operator if for every positive increasing sequence x, € Bg such that
(x, — Tx,) is weakly convergent to x € E, there is a weakly convergent subsequence
of (x,). Recall that a subset A of a Banach lattice E is said b-order bounded if
there exists some 0 < x € E such that x| < x' forallx € A. An operator 7" from a
Banach lattice E to a Banach space X is said to be b-weakly compact if the image of
every b-order bounded subset of E under 7 is relatively weakly compact. An operator
T : E — E is said to be b-weakly demicompact if for every b-order bounded sequence
in E; such that x, — 0 in 6(E,E’) and ||x, — Tx,|| — 0, we have ||x,|| — 0. The
definiton of demicompact operators was firstly given by [18]. T:D(T) CE — E,
where D(T) is a subspace of E, is said to be demicompact if, for every bounded
sequence (x,) in the domain D(T') such that (x,, — T'x,) converges to x € E, there is a

convergent subsequence of (x,). For the other necessary definitions, see [3, 5—8].
We provide four fundamental definitions given in [4, 13, 14], which form the basis
of this paper.

Let E be a normed Riesz space. An operator T : E — E is called a quasi Levi
(o-quasi Levi) operator if T takes increasing norm bounded net (sequence) in E
to an order Cauchy net (sequence). The collection of the quasi Levi (G-quasi Levi)
operators is denoted by Ly(E) (Ly(E)). An operator T : E — E is called Levi (c-
Levi) operator if for every norm bounded increasing net (sequence) in E, such that
Txq = Tx, x € E. The collection of the Levi (G-Levi) operators is denoted by L;(E)
(L7 (E).

Let T be an operator from a Banach lattice £ to Banach space Y. T is a quasi
KB (c-quasi KB) operator if (Txy) converges in the norm for every increasing norm
bounded net (sequence) in E. The collection of quasi KB (c-quasi KB) operators
is denoted by Lykg(E,Y) (L7xp(E,Y)). T is a KB (6-KB) operator if for every in-
creasing norm bounded net (sequence) in E, || Txq — Tx|| — O for some x € E. The
collection of the KB (6-KB) operators is denoted by Lxg(E,Y) (Lg(E,Y)). In [4],
Proposition 1.2 shows that Ly (E,Y) = Lgkg(E,Y). In the following we study the
demi version of such operators.
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2. DEMI QUASI LEVI OPERATORS

In this section, demi quasi Levi operators are introduced and their properties are
studied. Since the ideas of the general proofs in most cases are similar to the G-case,
we only restrict to sequences.

Proposition 1. Let E be a normed Riesz space. Ly (E) is a vector space. Moreover
every quasi Levi operator T : E — E is 6-order bounded.

Proof. The proof is directly from [20, Theorem 2.2]. U

Definition 1. Let £ be a normed Riesz space. An operator T: E — E is called
a demi quasi Levi (o-demi quasi Levi) operator if for every increasing and norm
bounded net (sequence) in E; such that (xq — T'xq) is order Cauchy, there exists a
subnet (subsequence) of (xy) that is order convergent. The collection of the demi
quasi Levi (6-demi quasi Levi) operators is denoted by Lpg(E) (Lp,,(E)).

Lemma 1. Let E be a Dedekind complete normed Riesz space. Then M is a demi
quasi Levi operator for every A # 1.

Proof. Let0 <x, 1, x, € Bg and (x, — AMl(x,)) be order Cauchy. We have
(xn — ML () — (%m — M (x))) = 0.
Then there exists yi | 0 such that |x, — Al(x,) — X + Al(x)| < yx. Therefore we get

X — Xm| < “y_ikMa A#1,

and so (x,) is an order Cauchy sequence. Hence (x,) is order convergent. O

Proposition 2. Let E be a Dedekind complete normed Riesz space. Every quasi
Levi operator T : E — E is a demi quasi Levi operator.

Proof. Let T be a quasi Levi operator and 0 < x,, T, x,, € Bg such that (x, — T'x,) is
an order Cauchy sequence. Therefore (I —T') is a quasi Levi operator. Since Ly (E)
is a vector space, we have I = (I — T) + T that the identity operator is a quasi Levi
operator. It follows that (x,) is order convergent. g

Demi quasi Levi operator need not to be quasi Levi as the following example
shows.

Example 1. Let E = coo and consider the operator 2/: E — E. 2 is not a quasi
Levi operator but from Lemma 1, it is a demi quasi Levi operator.

Proposition 3. Let E be a normed Riesz space and T,S: E — E be two operators.
If T is a demi quasi Levi operator and S is a quasi Levi operator, then T 4 S is a demi
quasi Levi operator.
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Proof. Let 0 < x, 1, x, € Bg be such that (x, — (T + S)x,) is an order Cauchy
sequence. Since S is a quasi Levi operator, (Sx,) is an order Cauchy sequence. We
can write

(0 — Txp) — (X — Txp) = (X — Txyy = Sx) — (X — TXpy £ Sxy)
= (X — (T4 8)x) — (xm — (T 4+ 8)xm) + (Sxp, — Sxy)-

Since (x, — (T +S)x,) and (Sx,) are order Cauchy sequences, then (x,, — Tx,) is order
Cauchy. Hence there exists an order convergent subsequence (x,, ) as 7' is demi quasi
Levi. Therefore T + S is a demi quasi Levi operator. U

Theorem 1. Let E be a Banach lattice with c-order continuous norm. Then the
following statements are equivalent.

(i) E is a KB space.
(if) Every G-order continuous operator T : E — E is a G-quasi Levi operator.
(iii) Every o-order continuous operator T: E — E is a G-demi quasi Levi
operator.
(iv) The identity operator of E is a G-demi quasi Levi operator.

Proof. (i) = (ii) Let E be a KB space and 0 < x,, T, x, € Bg. Since E is a KB
space, (x,) is norm convergent. There exists a subsequence (x,,) of (x,) such that
Xn, = x. If x,, 1 and x,, > x, then x, % x. Therefore Tx, % Tx as T is a 6-order
continuous operator.

(ii) = (iii) and (iii) = (iv) From Proposition 2.

(iv) = (i) Let I be a 6-demi quasi Levi operator and 0 < x, T, x,, € Bg. (x, —I(x,)) is
an order Cauchy sequence. Since / is a 6-demi quasi Levi operator then there exists
order convergent subsequence (x, ). Since E has a 6-order continuous norm, (x,, )
is norm convergent and (x,) is increasing, then (x,) is a norm convergent sequence
which means that E is a KB space. U

In Theorem 1, it is important that the space E must be a KB space. For example, let
E not be a KB space. The operators T = 2] and S = —/ are demi quasi Levi operators
by Lemma 1. However the operator 7+ S = [ is not a demi quasi Levi operator
by Theorem 1. Additionally, the collection of operators Lpg (E) is not closed under
multiplication and does not form a vector space structure. For instance, let E = cqg
and consider the operator (—I) € Lpy(E). Since E = ¢ is not a KB space, by
Theorem 1, the operator (—1)(—I) =1 is not a demi quasi Levi operator.

Moreover, on AL space, more generally on KB space, every operator 7: E — E
is demi quasi Levi.

The following theorem demonstrates that the domination property holds for demi
quasi Levi operators. In the following proofs ¢ version is only considered. However
net version is the same.
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Theorem 2. Let E be a normed Riesz space and T be a positive demi quasi Levi
operator. Then every operator S satisfying 0 < § < T < I is a demi quasi Levi oper-
ator.

Proof. Let (x,) be a sequence such that (x, — Sx,) is a Cauchy sequence, where
0 <x, 1 and x, € Bg. Since S is a central operator, we can write |x, — Sx,| =
|(I—S)xn| = |I — S||x,|- Hence we have,

[(1—8) (%0 — %m)| = [T = S|[xn — Xm| = (I = 8) |xp — x| 2 0.
On the other hand from the inequality 0 < S < T <[, we get (I — T )|x,| < (I —S5)|x,]|
and (I — T)|x, — x,,| 2 0. By the assumption that T: E — E is a demi quasi Levi

operator, there exists a subsequence (x,, ) such that x,, 25 y. Consequently S: E — E
is also a demi quasi Levi operator. U

The collection of Lpy (E) is closed under order convergence.

Proposition 4. Let E be a Banach lattice and Ty € Lpy(E). If Ty = T, then
T € Lpy(E).

Proof. Let 0 <x, T, x, € Bg be such that (x, — T'x,) is an order Cauchy sequence.
From assumption when 7y 2 T, we have I,—-T 25 0. This implies that the sequence
(Ty—T) is order Cauchy. For each (x,) in Bg, the sequence (7yx, — T'x,) is also order
Cauchy. We can write x, — Tyx,, = x, — TX, + Tx, — Tyx,,. Since both (x, — Tx,) and
(Tyx, — Tx,) are order Cauchy, it follows that (x, — Tyx,,) is an order Cauchy sequence.
Given that 7y € Lp, (E), there exists a subsequence (x,, ) such that x,, % y. Therefore
T: E — E is a demi quasi Levi operator. U

The other important question is whether demi quasi Levi operators satisfy the
modul property. Even E is a Dedekind complete Banach lattice and T is order con-
tinuous, |T| is not necessarily to be demi quasi Levi. For instance —I: ¢y — c¢o is
demi quasi Levi but | — I| = I is not demi quasi Levi by Theorem 1.

3. DEMI LEVI OPERATORS

In this section the new operator class called demi Levi operators are introduced.
Since the ideas of the general proofs in most cases are similar to the 6-case, we only
restrict to sequences.

Every Levi operator is quasi Levi. For the converse, necessary conditions are given
in [14, Theorem 3.3] as the following.

Theorem 3 ([14]). Let E be a Banach lattice with order continuous norm. The
followings are equivalent.

(i) E is a KB space.
(i) Ly(E) = L. (E).
(i) Lo+ (E) = L. (E).
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Definition 2. Let E be a normed Riesz space. An operator 7: E — E is called a
demi Levi operator if for every increasing and norm bounded net (sequence) in E
such that x4 — Txq = Tx and x € E, there exists an order convergent subnet (sub-
sequence) of (x¢). The collection of the demi Levi operators is denoted by Lp;(E)

(L (E))-

Lemma 2. Let E be a normed Riesz space, M is a demi Levi operator for every

AA L

Proof. Let0 <x, 1, x, € Bg and x,, —AI(x,) % M(x), x € E. Since (1 —A)x, 2 Ax,
x € E, so there exists order convergent subsequence x;,, of x;. O

In case A = 1, the identify operator is not necessarily demi Levi. Consider the
operator I: ¢y — co and the sequence

1, m<n,
X = () = 0,m>n

It is clear that 0 < x,, T ve ||x|| = 1. Hence (x, —I(x,)) is an order convergent but

(xp) is not.
The natural question is the following. Is Lp;(E) a vector space? The answer is
negative. Consider, T = —[ and S = 2/ on ¢g. From Lemma 2, 7" and S are demi Levi

operators. But 7'+ S is not a demi Levi operator. Therefore Ly, (E) is not closed with
respect to addition. Also, consider (—I) € Lpi(E). (—1)(—I) =1 ¢ Lp;(E). Hence
Lp;(E) is not a vector space.

Proposition 5. Let E be a normed Riesz space. Every Levi operators T: E — E
is a demi Levi operator:

Proof. Let 0 <x, T, x, € Bg and consider x,, — Tx;, 2 Txy, x; €E. Since T is a
Levi operator, there exists x, € E such that T'x, 2 Tx,. We can write
Xy = Txpy — Txpy + X, 2 Txi+ Txy,
and so operator 7 is a demi Levi operator. 0

Lemma 3. Let E be a normed Riesz space. If T: E — E is a demi quasi Levi
operator, then T is a demi Levi operator.

Proof. Let 0 < x,, T, x, € Bg such that x, — Tx, 2 Tx, x € E. Since an order
convergent sequence is order Cauchy, (x, — T'x,) is order Cauchy. So there exists
order convergent subsequence (x,, ) of (x,). O

[14, Example 3.4] is the example for the strict inclusion of L;(E) C Lp;(E). This
example is quasi Levi but it is not Levi. So it is demi quasi Levi by Proposition 2.
Therefore by Lemma 3, it is demi Levi.
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Before the following theorem, the definition of a Levi lattice should be given. A
normed Riesz space E is called a Levi lattice if every increasing norm bounded pos-
itive sequence (x,) in E has a supremum. Every Levi lattice is Dedekind complete.

Theorem 4. Let E be a normed Riesz space. The followings are equivalent:

(i) E is a Levi lattice.

(if) Every order continuous operator T : E — E is a Levi operator.
(iii) Every order continuous operator T : E — E is a demi Levi operator.
(iv) The identity operator of E is a demi Levi operator.

Proof. (i) = (ii) Let 0 < x, 1, x,, € Bg. Since E is Levi lattice, supx, = x. (x,) is
order convergent to x € E as x,, T and supx, = x. It is clear that Tx; 2 Tx, x e E as
T is order continuous. Hence T is Levi.

(i) = (iii) From Proposition 5.

(iii) = (iv) Obvious.

(iv) = (i) Let 0 < x, T, x, € Bg. We have to show that (x,) has a supremum in
E. Tt is obvious that (x, —I(x,)) order convergent. Since [ is a demi Levi operator,
there exists an order convergent subsequence of (x,) such that x,, %y, yEE. x, 1
and x,, 25 y implies x, 2 y, hence supx, =y, y € E is satisfied and so E is a Levi
lattice. n

Since every KB space is a Levi lattice with an order continuous complete norm,
it follows from Theorem 4 that every order continuous operator is a demi quasi Levi
operator if and only if it is demi Levi.

It is an important topic to examine whether the same properties hold for the modul
of operators. The modulus of a demi Levi operator is not necessarily a demi Levi
operator. For example, the operator —/: co — ¢ is a demi Levi operator, but the
operator | — I| = I is not a demi Levi operator, as ¢y is not a Levi lattice by Theorem
4.

4. DEMI KB AND DEMI QUASI KB OPERATORS

In this section, demi KB and demi quasi KB operators are introduced and their
relations are discussed. We restrict ourselves to the sequence case.

Definition 3. Let 7 be an operator from a Banach lattice £ to £E. We say that:

(1) T is a demi quasi KB (o-demi quasi KB) operator if for every increasing
norm bounded net (sequence) in E; such that (xq — Txq) is norm Cauchy
net (sequence), there is a norm convergent subnet (subsequence) of (xg).
The collection of demi quasi KB (6-demi quasi KB) operators is denoted by
Loks(E) (Lgxp(E)).

(i1) T is a demi KB (o-demi KB)operator if for every increasing norm bounded

net (sequence) in £ such that xo — Txq M> Tx and x € E, there exists a
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norm convergent subnet (subsequence) of (xy). The collection of the demi
KB (c-demi KB)operators is denoted by Lpxg(E) (L x5(E)).

Lemma 4. Let E be a Banach lattice and T : E — E be an operator. Every KB
operator is demi KB, and every quasi KB operator is demi quasi KB.

Lemma 5. Let E be a Banach lattice. If T: E — E is a demi quasi KB operator,
then T is a demi KB operator.

Proof. Let 0 <x, T, x, € Bg and for x € E, x,, — Tx, M> Tx. Since the norm

convergent sequence is norm Cauchy, (x, — Tx,) is norm Cauchy. So there exists
norm convergent subsequence (x,,) of (x;). O

Example 1 in [13] is the example of an operator that is quasi KB but not KB. By
Lemma 4, it is demi quasi KB. This operator is also demi KB by Lemma 5. Therefore
it is considered for demi KB operator not necessarly to be KB.

Lemma 6. Let E be a Banach lattice. Al is a demi KB operator for every A - 1.
Hence M € Lpyks(E) for every A # 1.

Proof. Let0<x, T, x, € Bg and x,, — M (x,) LN I(x). Since (1 —A)x, LN x, there
exists a norm convergent subsequence of (x;,). g

The following corollary gives an important fact on Banach lattices that b-weakly
demicompact operators, demi KB operators and weak demi KB operators of [1 1] and
the demi quasi KB operators coincide. For the proof, see [19].

Corollary 1. Let E be a Banach lattice and T : E — E be an operator. The fol-
lowing statements are equivalent.

(i) For every b-order bounded sequence (x,) in E such that x, — 0 in 6(E,E’)

and ||x, — Txy|| — 0 as n — oo, we have ||x,|| — 0 as n — oo.

(ii) For every positive, increasing sequence (x,) in Bg such that (x, — Txy,) is
convergent to some x € E, there is a norm convergent subsequence of (x,).

(iii) For every positive, increasing sequence (x,) in Bg such that (x, — Tx,) is a
norm Cauchy sequence, there is a norm convergent subsequence of (x,).

(iv) For every positive, increasing sequence (x,) in Bg such that (x, — Tx,) is
weakly convergent to some x € E, there is a weakly convergent subsequence

of (xn).

Therefore, if a b-weakly demi-compact operator fulfills certain properties, then
any demi quasi-KB operator inherently satisfy those same properties. Consequently,
we can restate the following theorem.

Theorem 5. Let E be a Banach lattice. Then, the following statements are equi-
valent.

(i) E is a KB space.
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(ii) Every operator T : E — E is a quasi KB operator.
(iii) The identity operator of E is a demi quasi KB operator.

Proof. (i) = (ii) from Proposition 2.13 [9]. By Lemma 4, (ii) implies (iii). (iii)
implies (i) is obtained directly by KB space definition. O

The following two propositions examine the relationships between different oper-
ators.

Proposition 6. Let E be a Dedekind complete Banach lattice.

(i) Every quasi KB operator T : E — E is demi quasi Levi.
(ii) Every quasi KB operator T : E — E is demi Levi.

Proof. (i) Let 0 <x, 1, x, € Bg and (x, — Tx,) be order Cauchy sequence. Since
E is Dedekind complete, then x, — Tx, — x, x € E. Since T € Lyks(E), (Txy) is

norm Cauchy. Hence, Tx, I, ¥, ¥ € E. Then there exists subsequence (x,, ) of (x,)

such that Tx,,, % y. We can write
X, = Txp, — TXyp + X, i>x—i—y, x+yekE,

and so 7 is demi quasi Levi.
(ii) Since every demi quasi Levi operator is demi Levi by Lemma 3, the proof is
completed. g

Proposition 7. Let E be a Banach lattice with order continuous norm. Then the
followings are valid.

(i) Every demi quasi KB operator T : E — E is demi quasi Levi.
(ii) T: E — E is a demi KB operator iff T : E — E is demi Levi.
(iii) Every quasi Levi operator T : E — E is quasi KB.
(iv) Every Levi operator T : E — E is quasi KB.

Proof. (i) Let 0 <x, 1, x, € Bg and (x, — Tx,) be order Cauchy. We aim to show
that x,, N y, y € E. Since E has an order continuous norm, (x, — 7x,) is norm
Cauchy. Since T is a demi quasi KB operator, there exists subsequence (x,,) of
(x,) such that (x,, ) is norm convergent. Then there exists an order convergent sub-
sequence (xnk,)- As (xnk,) is increasing and order convergent, we can write

Xy 2y, y € E. Therefore, T is demi quasi Levi.

(ii) (=) Let 0 < x, T, x, € Bg and x,, — Tx, 2 Tx, x € E. Since E has an order con-

tinuous norm, x, — T'x, M) Tx, x € E. From assumption 7 is a demi KB operator,

we obtain x,, M> Y, SO Xy M> y. Therefore x,, Loy It implies that 7 is a demi Levi

operator.

(ii) (<) Let 0 < x, T, x, € Bg and x,, — Tx, M Tx, x € E. We know that,
Xn, — Txy, % Tx. Since T is a demi Levi operator, a subsequence (X, ) exists and
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it converges to y € E in order. As (x,,) is increasing and x,, Zs y, then we obtaing

Xn, — y. On the other hand, since E has an order continuous norm, then x,, LN .

Therefore, T is a demi KB operator.
(iii) Let 0 < x, 1, x, € Bg. From the assumption (7'x,) is order Cauchy. Since E is

Dedekind complete, Tx,, — y and E has order continuous norm, we obtain T'x,, M> Y.
So (Tx,) is norm Cauchy. Therefore, T is a quasi KB operator.
(iv) Since every Levi operator is quasi Levi, the proof is completed. U

Items (iii) and (iv) of the above proposition are also mentioned in [4, 16].
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Abstract. In this paper, all lattices are complete modular lattices with the greatest element 1 and
the smallest element 0. Let L be a lattice, a € L and a < r(L). If a < r(L) /0, then a is called
an r-small (or r-superfluous) element of L and denoted by a <, L. In this work, some properties
of these elements are investigated. This concept is a generalization of an r-small submodule of
any module. It is clear that every r-small element is small. But the converse of this statement is
not true in general. Let L be a lattice, a € r(L) /0 and r (L) be a supplement element in L. Then
a < Lif and only if a <, L. Let L be a lattice, a € L and b <, L. Then a <, L if and only if
avb <, 1/b.

2010 Mathematics Subject Classification: 06C05; 06C15

Keywords: lattices, radical, small elements, supplemented lattices

1. INTRODUCTION

In this paper, all lattices are complete modular lattices with the greatest element 1
and the smallest element 0. Let L be a lattice and a,b € L with a < b. A sublattice
{x € Lla<x<b} is called a quotient sublattice and denoted by b/a. Let L be a
lattice and a,b € L. If aVb =1 and a Ab =0, then a is called a complement of b in
L and denoted by 1 = a® b (here we also call a and b are direct summands of L). L
is called a complemented lattice if every element of L has at least one complement in
L. Let L be a lattice and a € L. a is called a compact element of L if every subset X
of L with a < VX there exists a finite subset /' of X such that a < VF. L is said to
be compact if 1 is compact in L. L is said to be compactly generated if each element
of L is a join of compact elements in L. Let L be a lattice and a € L. If b =1 for
every b € L with aV b = 1, then a is called a small (or superfluous) element of L and
denoted by a < L. The meet of all maximal (# 1) elements of a lattice L is called
the radical of L and denoted by r(L). If L have no maximal (# 1) elements, then the
radical of L is defined by r (L) = 1. Let L be a lattice and a,b € L. If a is minimal for
1 =bVa, then ais called a supplement of b in L. a is a supplement of b in a lattice L if
and only if | =bVaand bAa < a/0. Alattice L is said to be supplemented if every

© 2026 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
BY 4.0.
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element of L has at least one supplement in L. L is said to be hollow if every element
with distinct from 1 is small in L, and L is said to be local if L has the greatest element
(#£1). We say an element a € L has ample supplements in L if for every b € L with
aV b =1, ahas a supplement x in L with x < b. L is said to be amply supplemented
if every element of L has ample supplements in L. Let L be a lattice. It is defined [,
relation on the elements of L by xf.y with x,y € L if and only if for each ¢ € L such
that xVt =1 then yV¢ =1 and for each k € L such that yVk=1thenxVk=1. We
say that an element y of L lies above an element x of Lif x <yandy < 1/x.

More information about (amply) supplemented lattices are in [1,5,7]. More results
about (amply) supplemented modules are in [4, 6, 12]. The definition of B, relation
on lattices and some properties of this relation are in [8]. This relation is a generaliz-
ation of B* relation on modules. The definition of B* relation on modules and some
properties of this relation are in [3].

Lemma 1. Let L be a lattice and a,b,c,d € L. Then the followings hold.
(i) Ifa<band b < L, then a < L.
(ii) Leta<b. Ifa< Land b < 1/a, then b < L.
(i) Ifa < b/0, then a < t/0 for everyt € L with b <t.
(iv) Let a < b and b be a supplement element in L. Then a < b/0 if and only if
a< L
v) Ifa<< b/0, thenaVc < (bVc)/e.
(vi) Ifa < L, then aV b < 1/b.
(vii) Ifa<b/0and c < d/0, then aV c < (bVd))O0.
(viii) Ifa < Land b < L, then aV b < L.
(ix) Ifa < L, then a < r(L).
(x) Ifais compactin L and a < r(L), then a < L.
(xi) If L is compactly generated, then r (L) = V x.

XKL
(xii) If L is compact, then r (L) < L.
Proof. See [5]. O

— — —

2. r-SMALL ELEMENTS IN LATTICES

Definition 1. Let L be a lattice, a € L and a < r(L). If a < r(L) /0, then a is
called an r-small (or r-superfluous) element of L and denoted by a <, L. (See also

[2D.

This concept is a generalization of an r-small submodule of any module. The
definition of r-small submodules and some properties of these submodules are in
[O-11].

Proposition 1. Let L be a lattice, a € L and r (L) = 1. Then a <, L if and only if
a<< L.

Proof. Clear from definitions. ]
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Lemma 2. Let L be a lattice and a € L. If a <, L, then a < L.
Proof. Since a <, L, a < r(L) /0. Then by Lemma 1, a < L, as desired. O

The converse of this lemma is not true in general. (See Example 1, Example 2 and
Example 3).

Lemma 3. Let L be a lattice and a € L. If a < L and r (L) is a supplement element
inL, then a <<, L.

Proof. Since a < L,by Lemma 1, a < r(L). Since a < r(L) and r(L) is a supple-
ment element in L, by Lemma 1, a < r(L) /0 and a <, L, as desired. O

Corollary 1. Let L be a lattice, a € r(L) /0 and r (L) be a supplement element in
L. Then a < L if and only if a <, L.

Proof. (=) Clear from Lemma 3.
(«<=) Clear from Lemma 2. O

Corollary 2. Let L be a lattice, a € r (L) /0 and r(L) be a direct summand of L.
Then a < L if and only if a <, L.

Proof. Clear from Corollary 1. U
Proposition 2. Let L be a lattice and aB.b inr(L) /0. If b <, L, then a <, L.

Proof. Since b <, L, then b < r(L) /0. Since aP.b in r(L) /0, by [8, Theorem 2],
a < r(L)/0. Hence a <, L, as desired. O

Lemma 4. Let L be a lattice, a < L and r (L) be a supplement element in L. If
ber(L)/0and aP.bin L, then b <, L.

Proof. Since aP.b in L and a < L, by [8, Theorem 2], b < L. Since b < r (L) and
r(L) is a supplement element in L, by Corollary 1, b <, L. O

Corollary 3. Let L be a lattice, a < L and r(L) be a direct summand of L. If
ber(L)/0and aP.bin L, then b <, L.

Proof. Clear from Lemma 4. U

Proposition 3. Let L be a lattice and a <, L. Then a < ¢/0 for every maximal
(# 1) element c of L.

Proof. Let ¢ be a maximal (# 1) element of L. Since a <, L, a < r(L) /0 and
since (L) < ¢, by Lemma 1, a < ¢/0, as desired. O

Lemma 5. Let L be a lattice, a,b € Land a < b. If a <, b/0, then a <, L.

Proof. Since a <, b/0, a < r(b/0)/0. Then because of r(b/0) < r(L), by
Lemma 1, a < r(L) /0. Hence a <, L, as desired. O

Proposition 4. Let L be a lattice, a,b € Land a < b. If b <, L, then a <, L.
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Proof. Since b <, L,b < r(L) /0. Since a < b, by Lemma 1, a < r(L) /0. Hence
a <, L, as desired. O
Lemma 6. Let L be a lattice and a,b € L. If a <, L, then a\V/ b <, 1/b.

Proof. Since a <, L, a < r(L) /0 and by Lemma 1, aV b < (r(L)V D) /b. Then
by r(L)Vb <r(1/b) and Lemma 1, aVb < r(1/b) /b. Hence aVb <, 1/b, as
desired. U

Lemma 7. Let L be a lattice and a,b € L. If b <, Land aV b <, 1/b, then a <, L.

Proof. Since b <, L,b < r(L) /0. Then b < r(L). Here we can see that r (1/b) =
r(L). Since aVb <, 1/b,aVb < r(1/b)/b=r(L)/b. LetaVt=r(L) fort e
r(L) /0. Here (aVDb)V (bVt)=r(L)and since aVb < r(L)/b,bVt=r(L). Since
b<r(L)/0,t=r(L). Hence a < r(L) /0 and a <, L. O

Corollary 4. Let L be a lattice, a € L and b <, L. Then a <, L if and only if
aVb<,1/b.

Proof. Clear from Lemma 6 and Lemma 7. ]

Lemma 8. Let L be a lattice and a,b,c,d € L. If a <, b/0 and ¢ <, d/0, then
aVe <, (bVvd))O.

Proof. Since a <, b/0 and b < bV d, by Lemma 5, a <, (bVd) /0 and a <
r((bVvd)/0)/0. Similarly we can see that ¢ < r((bVd)/0)/0. Since a <
r((bvd)/0)/0and c < r((bVd)/0)/0,by Lemma 1,aVc < r((bVd)/0)/0 and

aVe <, (bVd) /0, as desired.

Corollary 5. Let L be a lattice and a,b € L. Ifa <, Land b <, L, thenaV b <, L.
Proof. Clear from Lemma 8. O

Corollary 6. Let L be a lattice and ay,as,...,a, € L. If a; <, L for every i =
1,2,....,n, thena;VayV---Va, <, L.

Proof. Clear from Corollary 5. O
Proposition 5. Let L be a lattice and a <, L. Then a < r(r(L) /0).

Proof. Since a <, L, a < r(L) /0. Then by Lemma 1, a < r(r(L) /0), as desired.
O

Lemma 9. Let L be a lattice and a < r(r(L) /0). If a is compact in r (L) /0, then
a <, L

Proof. Since a is compact in r(L) /0 and a < r(r(L)/0), by Lemma 1, a <
r(L) /0. Then a <, L, as desired. O

Corollary 7. Let L be a lattice and a < r(r(L) /0). If a is compact in L, then
a<, L.
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Proof. Clear from Lemma 9. g
Lemma 10. Let L be a lattice and r (L) /0 is compactly generated. Then
L)/0)= V a.
r(r(1)/0)= Y ja
Proof. Since r(L) /0 is compactly generated, by Lemma 1(xi),

r(r(L)/0) = a<<r\(/L)/0a.

Hence r(r (L) /0) = vV aas desired. O
a<,

Corollary 8. Let L be a compactly generated lattice. Then r(r(L) /0) = V -
a<ky

Proof. Clear from Lemma 10. ]
Proposition 6. Let L be a lattice. If r (L) is compact, then r(r(L) /0) <, L.
Proof. Clear from Lemma 1 (xii). O

Remark 1. Let L be a compact lattice and r(L) # 0. Then r(L) < L, but not
r(L) <, L.

Example 1. Consider the lattice L = {0,a,b,c, 1} given by the following diagram.

1
e N
b c
N e
a
/l\
0

Here a < L, but not a <, L.

Example 2. Consider the lattice L = {0,a,b,c,d, 1} given by the following dia-
gram.

1
e N
c d
S N s
a b
N e
0

Here r(L) = b < L, butnot b <, L.
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Example 3. Consider the lattice L = {0,a,b,c,d, e, 1} given by the following dia-
gram.

1
/‘ N
e d
N a
/‘ N
b a
N a
0

In this lattice r (L) = ¢. Here a < L, but not a <, L. Here also b < L, but not b <, L.
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Abstract. In the current work, we define multi-quadratic-quartic mappings as a system of k quad-
ratic and n — k quartic functional equations and then present them as an equation. In continuation,
we establish the (Hyers-Ulam, Rassias and Gévruta) stability and hyperstability of the mentioned
mappings, by applying the direct (Hyers) method in the setting of Banach spaces. Using a char-
acterization result, we illustrate an example for the case that a multi-quadratic-quartic mapping
in the singularity case can not be stable.
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1. INTRODUCTION

Let (G,+) be a commutative group, W be a linear space, and n > 2 be a natural
n—times

——
number. Throughout this paper, for a set X, we denote X x X X --- XX by X". A
multivariable mapping f: G" — W is called multi-quadratic [17] if f satisfies the
quadratic functional equation

0(g1+82) +0(g1 —g2) =20(g1) +20(g2) (1.1)

in each component (see also [11]). Moreover, f is defined as multi-quartic if it satis-
fies the quartic functional equation

(21 +82)+2(281 — g2)
=49Q(g1 +&2) +4Q(g1 — 2) +24Q(g1) — 6Q(g2). (1.2)

in each variable. For more details we refer to [1] and [16].

H. Dutta is supported by NBHM, DAE, India research grant (Sanction No.
02011/19/2023/NBHM(RP)/R&D-11/5949.
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Zhao et al. [21] proved that a mapping f: G" — W is multi-quadratic if and only
if the relation

Y f@iHsh)=2" Y (%1, B)
se{-1,1}n Jireine{1,2}

is valid, where 9; = (9;1,...,9j,) € G" with j € {1,2}. Then, various versions
of multi-quadratic mappings (with unification each of them as an equation) were
studied in [5, 8, 12, 19]. Moreover, Abbasbeygi et al. [1] presented a characterization
of multi-quartic mappings. In fact, they illustrated that every multi-quartic mapping
can be described as a equation and vice versa; see also [7] for a different class.

Let us recall that the stability theory has been pioneered by Ulam [20] concerning
a question stability of of homomorphisms on groups. Hyers [15] reacted positively
to the mentioned query for more groups, assuming that Banach spaces are the groups
and homomorphisms are the linear mappings. Recall that a functional equation § is
said to be stable if any approximate solution ¢ of § is near to an exact solution. If
¢ is an exact solution of §, then § is hyperstable [9]. Next, Aoki [3] (resp. Th. M.
Rassias [18]) solved the Ulam problem for additive mappings (resp. linear mappings)
by an unbounded Cauchy difference. After that, many Hyers-Ulam stability problems
for various functional equations and mappings were introduced and investigated by
authors; see for instance [11, 13, 14] and other resources. Some stability results for
multi-quadratic and multi-quartic mappings in various spaces are available in [7, 10,

, 19].

Motivated by the discussion above, in this study, we define multi-quadratic-quartic
mappings and investigate their structure. In other words, we provide a characteriza-
tion of such mappings. In fact, we show that every multi-quadratic-quartic mapping
can be presented as an equation. we bring some Hyers-Ulam, Rassias and Gavruta
stability results for multi-quadratic-quartic mappings in Banach spaces through the
direct method. Finally, we bring an example to show that a multi-quadratic mapping
is non-stable in the case of singularity.

2. PRESENTATION OF MULTI-QUADRATIC-QUARTIC MAPPINGS

Throughout this paper, for any t € Ng = N{UJ{0},n € N, s = (s1,---,5,) € {—1,1}"
andv= (v, --,v,) € V", where V is a linear space. We write tv:= (tvy,...,tv,) and
SV = (SIVlyeeeySpVn)-

Definition 1. Given n € N and k € {0,---,n}. Suppose that V and W are linear
spaces. A multivariable mapping f: V" — W is called k-quadratic and n — k-quartic
(briefly, multi-quadratic-quartic) if v — f]#(v) satisfies (1.1) for all j € {1,...,k} and
fulfills (1.2) for all j € {k+1,...,n}, where f*(v) = f(u1,...,uj—1,V,Ujs1,... ),
in which uy,...,u; y,uj1,...,u, are fixed and arbitrary elements in V.
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It is clear that for k = n (resp. kK = 0), we arrive at the multi-quadratic (resp. the
multi-quartic) mappings. It is easily Veriﬁed that the mapping f: R" — R defined
through f(uy,- - ,u,) = H, I | L u 4 is multi-quadratic-quartic.

In this section, we assume that V and W are vector spaces over the field Q.
Moreover, we consider v = (v,...,v,) € V" with (v[k],v["*k}) e VEx vk where
vkl = (vi,...,v) and yin=k .= (Vks1,---,Vn). Put vl[»k] = (vi1,...,vit) € V¥ and vl[n_k]

= (Vikt1---,Vin) € V"=* where i € {1,2}. Furthermore, for v[ln},v[zn] eVv", we set

A= {Ay = (Ak1,--,An)| Aj € {vij £ v2j,v1j,v251 }

where j € {k+1,...,n}. Let p; e Ng with0 < p; <nandi € {1,2}. Consider ,q(np kpz)

of A4 as follows:
/qn—k = {an S /'Zl‘ Card{Aj : Aj :V,'j} =pi, i€ {1,2},j < {k—l—l,...,n}}.

(P1:p2)
where CardX is the cardinality of the set X.
From now on, we use the following notations:

and

¥ (ul,...,uk,ﬂ("p_]]fpz)> = Y Flueu,2). 2.1)

Proposition 1. If a mapping f: V" — W is k-quadratic and n — k-quartic map-
ping, then f satisfies the equation

Z Z f( —i—sv2 ,2v[" k] [Zn_k])
se{-1,1}kte{-1,1}n*

n—k n—k—p
2 FIY L e o (A ). @
p1=0 p2=0 ji,....jre{1,2} 7

for all vV = (vir,.. vie) € VAT = (gt via) € VR with i € {1,2}, where
f(vjlh V]kk,le("_ ) ) is deﬁned in (2.1).

Proof. 1t is known that for k € {0,n}, our result concludes from [21, Theorem 3]
and [1, Proposition 2.2] and hence it is assumed that k € {1,...,n—1}. Let v["H ¢
VK be a fixed and arbitrary element. Define the mapping D -y VK — W through
D s (v[k}) =f (v[k],v[”_k]) for vl € V¥, By hypothesis, D, -4 1s k-quadratic, and
[21, Theorem 3] necessitates that

Z D - ( —I—sv[k])

se{—1,1}¥
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=2k Z D (Vits s Vik) s (v[lk]’v[zk] c Vk) ‘

By the definition of ®, the above equality implies that
Z f (v[lk] +sv§,v[”_k]) =2k Z f (lel, e ,vjkk,v["_k]) (2.3)
se{—1,1}k Jtoesjk€{1,2}

for all v[lk},v[zk] € V¥ and vI" K ¢ v"*_ Similar to the above, for any vkl e vk,
define the mapping A,y : V'"F — W via Wy (V' M) = f (v yln=H]) yln=k] ¢
V"=* which is n — k—quartlc and so we figure out from [, Proposmon 2.2] that

Z W (2v[n k]—i—tv[n k])

re{-1,1}n*k
n—k n—k—pi . .
— Y Y 4k ey (ﬂ("pl pz)) (2.4)
1=0 p=0

for all v/ ¥yl ¢ =k 1t follows from (2.4) that

Z f( 2v1 —i—tv[zn H)

re{-1,1}n*
n—k fl—k—pl ¢ X
_ Z Z grk=pi=pagr(— )sz( ’ r;?l pz)) 2.5)
p1=0 pr=0
for all v[ln_k],v[zn_k] e V' *and M e V¥, Plugging (2.3) and (2.5), we get
Z Z f( [k]—l-sv[z] 2v[" k]—l—tv[ H)
se{—1,1} kre{-1,1}n*
n—k n—k—pi
= Z Z 4"*k*p1*17224171(_6)172f (V[k] [k] gn—k )
1 > p1p2)
p1=0 p>=0
= k
=2 Z Z ArTREPITPAPY (—6)P2 | Z f(vj117""vjkk"q€lp717p2)>
p1=0 pr=0 lem]ke{laz}
for all vl[.k] = (vit,...,vix) € VF and vl[."fk] = (Vika1 ... vin) €V, O

Definition 2. We say a mapping f: V" — W satisfies (has) the quartic condition
in the jth variable if the mapping f7: V — W defined by

f].(bl) :f(ul,...,MJ',I,M,MJ'JFI?...,M”)

that has the property f7(2u) = 24fj'(u) forall je{l1,...,n}, whereuy,...,uj_1,uji1,
., Uy are fixed and arbitrary elements in V.
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In the following result, we show that if every mapping f satisfies (2.2), then it is a
multi-quadratic-quartic under the condition which is given in Definition 2.

Proposition 2. Given a mapping f: V" — W. Suppose that f satisfies equation
(2.2) and moreover has the assumption (H1) as follows:
(H1): f has the quartic condition in the last n — k variables.
Then, f is a multi-quadratic-quartic mapping.
Proof. We first note that similar to proof of [4, Lemma 2.5], one can show that
(H2) is true, where

(H2): f (v["}) = 0 for any v/ € V" provided that at least one component of v!"!

is zero.
n—k—times

I | P~ . . .
By putting v, ~ =(0,...,0) in (2.2) and using the hypothesis, the left side of (2.2)
will be

2n—k > 24(n—k) Z f (vl +SV2 ’ [ *k])

se{—1,1}¥
—250k Y f( i ”) : (2.6)
se{—1,1}k
for all v[l}, [ € VK and v[lnfk] € V"=k_ Moreover, under the above replacement, the

right side of (2.2) converts to

n—k
o M e T Y | COTIRUPR' el

p1=0 Jtyeik€{1,2}
S VLA LR M (TTRERY iy
p1=0 Jiyenik€{1,2}
= 25”741{ Z f (Vj117 <oy Vicks V[]nik]> b (27)
jlﬁ'“vjke{lvz}

for all vV v¥ € vk and 2" € vk It follows from (2.6) and (2.7) that
Z f<v1 +sv2 ) 1 }) =2 Z f(lel, ijk7v[1n k])’

se{—1,1}k Jieik€{1,2}
for all v[lk],vgd € Vkand v[lnfk} € V"% By [21, Theorem 3], we find that f is quadratic

in each of the k first components. In addition, replacing v[zk} by (0,...,0) in (2.2), we
get

2K Z f(v1 , [” k]—f-tv[z" k])

re{-1,1}n*
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n—k n—k—pj

Y- —k—p1— k
=2 Z Z grk=pi=pogpi(_g)P2 f (Vl 7/qnpl pz))
p1=0 pr=0
for all v[ ] e Vkand v[" 4 [2" 4 € V'K _Tt follows from [, Proposition 2.2] that f is
multi-quartic in the n — k last variables and now it completes the proof. U

3. STABILITY OF (2.2)

For a given mapping f: V" — W, for simplicity, we use the difference notation
qu( v, [2’1]) Y Y f("i +svy) 2 ki)
se{—1,1} kre{—1,1}n*
' n—k n—k—p . .
XY Y Y a4k (vjll,...,vjkk,ﬂ("pl m)
p1=0 p2=0 j,....jxe{1,2}
for all Vi‘ I = (vit,...,vix) € VK, vlinfki = (Vigt1---,Vin) € V"% and i€ {1,2}, where
f (v JilyeeesV J'kk”q(np_.i(pz)) is defined in (2.1). From now on, we assume that all mul-
tivariable mappings f have the condition (H2).
Theorem 1. Let V and W be a linear space and a Banach space, respectively.
Let also f: V" — W be a mapping in which there exists a function y: V"' x V" —»
[—Qt, 00) s0O that

" " > 1 B-1.g: [n] ABZ1aBi [n
V) = B sy (20 2R ) <)
0

HBqu(vhvz)HSa(B; >+w( b [”]), (3.2)

for all v[ln],v[;] € V", where a. € [0,00) and B € {—1,1}. Then, there exists a solution
Q: V" — W of (2.2) such that

() = ()

1 a>=3k)Bg, B+1 ] [
< 2B+1(5n 3) [(a(5n—3k)[5_]) ( > >+W<V1 V1 70> ) 3.3)

n—k—times
[l ._ n T 0 . .
forallvi" :=v" € V", where 0 = (0,...,0). Moreover, if Q has assumption (H1),
then it is a unique multi-quadratic-quartic mapping satisfying (3.3).

Proof. Putting v[ = v[zk] and v[zn_k] =0in (3.2), we have

|7 (2v1") =7 (o) | < (BH) +y (o vf0), (34)
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for all v!"! € V in which

—k

S — 22]( nz ( n ) 2n—k—p14n—k—p124p1f (v[]l’l}> .
p1=0 p1

It is not hard to show that § = 2°"=%)_ For the rest of proof, we set v[ln} by vl unless

otherwise stated explicitly. It concludes from relation (3.4) that

b o)) 2o () s

and so the equation above can be rewritten as

< B“(i v [a(6;1>—|—¢<2B21v[’l]’2[521v[k]’0):|,
AV

f(aﬁv[n]) iy (v["}>

2 (5n—3k)p
(3.5)
for all vl € V7. Replacing v by 2Py in (3.5), one can obtain
P 7 <v[n]>
2(5n—3k)mp
) 1 1"« m—1\f (2%“%[’4,2%“%["],0) e
= e | 2 JEO 2Gn—308; T Jga 2Gn30B; » (3.6)
for all vl € V. On the other hand, we can use induction to find
f (zﬁmv[n}) f (zﬁlv[n])
2 (5n—3k)mp 2 (5n-3k)IB
1 [prie a +W4w(f?+mw¢z%wmw&o) .
= 2B (5n-3k) 2 ]Z:l 2(5n—3k)B JZ:z 2(5n—3k)B » 37
for all v/ € V7, and m > 1 > 0. By applying (3.1) and (3.7), we deduce that the
prm, [n]
sequence 2(52”7% is Cauchy. The completeness of W necessitates that there

exists a mapping Q: V"' — W so that

S (2[5mv[n]) [n] [n] n
fim S = (), (Mev?). 69
By letting m — o in (3.6) and using (3.8), the validity of inequality (3.3) is now

shown. By switching v[ln],v[zn] into 2’"v[1"] , va[Z"], respectively in (3.2) and dividing to
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2(5n73k)m[3’ we get

<2Bm ] 2Pmy, H)H

o 1y (2Pl o))
— 2(5n=3k)mP 2 + 2(5n—3k)mp ’

2(5n— 3k>mB Hg‘ff

Taking the limit as m — oo in the last relation, and applying (3.1) and (3.8) we obtain
QqQ(v[ln},v[zn}) =0, (v[ln],v[zn] € V”)
and so Q is a solution of (2.2). Assume now that Q has (H1), then it is a multi-

quadratic-quartic mapping by Proposition 2. Let now Q’: V" — W be another
multi-quartic-quadratic mapping with (3.3). Then, we find

() = ()]
- ﬁ e (@) - @ (e
< e ([ () =1 (@) |+ [ (2) - @ ()

2 5n 3k) B(X B+1
Bm_ [n] ~Bm
Sz(sn—3k)mﬁ[ (5n— 3k[3_1< >+\u 2 v 2 []0>
B 2 5(5n-3k)B B+1
—0n- 3k)mB 7(5n—3k B 1
+ Z Gn30B ( +(]+m)[3 [’l] +(j+m)[3 (k] 0)1|

B 2 2(5n—3k)B (X B+1
~ (5n=3k)mp [2(5:173/{);3 1 )

L (5n-3k)mp i - —13k)[3jw (z%ﬂ'ﬁv[n]?z%ﬂﬁv[k] ’ 0) } ’

for all vi"l € V. Taking m — oo in the above inequality, we have Q = Q' and hence
it is shown the uniqueness of solution. O

In the next results, it is assumed that V is a normed space and W is a Banach space.
The upcoming (Rassias) corollary is a consequence of Theorem 1, which investigates
the Hyers-Ulam stability of (2.2).



SOME APPROXIMATIONS ON A SYSTEM OF FUNCTIONAL EQUATIONS 105

Corollary 1. Given o, 8,r € Rwithr# 5n—3kand 8,0.€ [0,%0). Moreover, rij >0
with Y2, Yi_1rij # 5n—3k. Let a mapping f: V" — W satisfies

H@JQq»ﬂM<a+szzmwu+rUIWAw
i=1j i=1j

for all v[ln],v[zn] € V. Then, there exists a mapping Q: V" — W as a solution of
(2.2) such that

() =)

5
< zsn%,l + 59— (L= ’I\{Vlj||r+21}:1 vijll”) e (0,5n—3k),
ssew (Lot vl + X viill”) r € (Sn—3k,e),

(3.9)

for all V" = v[ln] € V. Furthermore, if Q has (H1), then it is a unique multi-
quadratic-quartic mapping fulfilling (3.9).

Proof. Setting
2 n
\p(vl ,v2 ) ZZ [[vijlI” +HH||VUH
i=1j=1 i=1 j=

in Theorem 1, we reach to the desired results. O

Remark 1. Considering = 1 and putting ¥ := 0 in Theorem 1, we conclude that
there exists a mapping Q : V" — W as a solution of (2.2) such that

I () = (M) < smmmey

for all vl € V. In addition, if Q has (H1), then it is a unique multi-quadrati-quartic
mapping satisfies the last inequality. In the case that n = k, with the above assump-
tions, there exists a multi-quadratic mapping Q : V" — W such that

()= ()] < =

for all vl € V. Furthermore, in the case that k = 0 and Q has the quartic condition
in each component, there exists a multi-quartic mapping Q: V" — W such that

() =) < 5

for all vl € V. Furthermore, if o0 = & = 0 in Theorem 1, then f satisfies (2.2).
Furthermore, if it has assumption (H 1), then it is a multi-quadratic-quartic mapping.

The next merged proposition was proved in [2] and [6]. We use it to constract a
counterexample.
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Proposition 3. Given a function p: R" — R. If it is continuous n-quadratic
(resp. n-quartic), then p has the form

n
p(riy...,r —cHr (resp p(ry,.. ,n):cHr;!),
=1

where c is a constant in R.
Applying the above proposition, we have the following characterization.

Theorem 2. Let p: R" — R be a continuous k-quadratic and n — k-quartic func-
tion. Then, it has the form

pr17 5T :CHHI"TI,

J=1I1=k+1
forallry,...,r, € R, where c € R is a constant.
Proof. We firstly identify r = (rq,...,r,) € R" with (#¥ r=H) € Rk x Rk,
where r¥ := (r,..., ) and " ¥ := (ri41,..., 7). For any r" ¥ € R"*, consider

the mapping 7, : R¥ — R defined by
’T[n k(l’l, ) p(rl,...,rk,r[”_k]).

By assumption, 7, 4 is k-quadratic. It follows from Proposition 3 that there exists a
constant ¢; € R such that

k
Tiwi(riy...,re) =p (rl,...,rk,r["fk]> = Hrf (3.10)
Jj=1
Note that ¢; depends on r"=* In fact,
=T (r["—"J) . G.11)
Putting r; = --- =, = 1 in (3.10) and applying (3.11), we get
el :T(r[”_k]):p(l,...,l,r[”_k]). (3.12)
Once again, for any rX € R¥, define the mapping iy : R" % — R through
Sr[k](rk+1,...,rn) = p(l,...,l,rk+1,...,rn).
Since S, is n — k-quartic, by Proposition 3 there exists a constant ¢, € R such that
n
St (i1, sT) =P (1,...,1,#”*"1) —o ] A (3.13)
I=k+1

It is obvious that ¢, depends on ¥ and hence

=S (r[k]> . (3.14)
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Letting o] = --- =r, = 1 in (3.13) and using (3.14), we get
k—times n—k—times
—N —
ca=p(1,...,1,1,...,1). (3.15)
The result now follows from (3.10), (3.12), (3.13) and (3.15). ]

In the following, we show the assumption r # 5n — 3k is necessary and can not
be eliminated in Corollary 1 when o0 = 0. This means that a multi-quadratic-quartic
mapping can be non-stable example; see [0, Example 1] and [13]). In view of the

proof of Theorem 2, we observe that by removing the continuity condition of p, the
n—times

. . . . ,HR
result remains valid when the domain of p is replaced by Q", where ¢ = p(1,...,1).

Example 1. Let § > 0 and n € N. Consider the function 1: Q" — R whose range

. Sn—3k .
is the constant 1. Put u = ﬁﬁ, where S is grater than or equal to

Z Z 1( [k]—i-sv” 2v[" k]+tv[” k])

se{—1,1}kte{-1,1}n*

n—k n—k—pi
D D M LR OIS, S
p1=0 p>=0 ji,... jrc{1,2}

see the definition of ©, f (v[ln] , v[2 ]> Consider the function y: Q" — R defined via

k .
_ S Tyt rj with ] < 1,
Y(ri,...,m) = .
u otherwise.

According the function above, consider the function p: Q" — R defined by

W rlv 27‘)
p(r1,- Z 2 (5n—3k)l G (HER).

It is clear that p is a non-negative and even function in all components. Moreover, Y
is bounded by y, and so p is bounded by %y, and additionally

‘@qp <v1 ],v[{’])‘ < Zsfz,zlys, (3.16)

where vl[-"] = (Vi1y...,vin) € Q" fori € {1,2}. We show that

NS}

n

Dgp (v1,v2)| <8Y Y i, (3.17)

i=1j=1
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n—times
[n] n [l _ Il _ o ._ ( N : :
for all v, ,v2 € Q". Clearly, forv" =v, =0:=(0,...,0), inequality (3.17) is true.
Let v[]"]7 n ¢ Q" with

n e 1
ZV,JP ¥ < e (3.18)

HM[\J

It concludes from (3.18) that there is M € N such that

1 1

5 3k
SE ) < 212 viil™ ™ < SEmsmr (3.19)
i=1j

and hence |v;;|" 3% < Y2 1 X |vi |3k < w. Now, the last relation neces-

sitates that 2¥|v;;| < 1 forall i = 1,2 and j = 1,...,n. Hence, 2"~ 1}y;;| < 1. Let
ur,up € {vij|i=1,2, j=1,...,n}. Then

{2M*11u1 —ua |, 2Y uy 4 2un|} € (—1,1)

foralll € {0,1, — 1}. Since y is multi-quadratic-quartic function on (—1,1)",
we find D,y (21\/[1 ],2’ n ]> =0foralll €{0,1,2,...,M —1}. It follows from the last
equality and (3.19) that

D (22| e gy (20 20))

Zi:]Zj:1|VU|5" 3k _[ZMZS" 31‘122 IZ 1|vl.j‘5n73k
us

= (n =30 (1) Y2 X [y

1 S n5n—3k 22(5n—3k)
n— — —
< '“SZ Gl <2 s TS = O

<

for all v[ln],v[zn] € Q". Hence, (3.17) holds for the case (3.18). Assume that
Y2, Yoy vi Pk > ﬁ A direct consequence of (3.16) shows that

‘Zqu (2lv[1”],21v["]> ’ L, 253k
2
Z ]ZJ 1|Vz |5n 3k — 25n—3k _ |

uS =290.

Thus, p satisfies in (3.17) for all v[ln],v[zn] € Q". Now, suppose the assertion is false,
that there exist a multi-quadratic-quartic mapping Q: Q" — R and 1 > 0 such that

n k
‘p(rlw'-;rn)_Q,(r],...7rn)’ Sn (Z |Vj‘5n3k+2|r1\5"3k> .
=1

j=1
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Since 5n — 3k is a fixed number, one can find a number A € [0,0) as large enough

such that
ZFSn 3k+2r5n 3k <7‘HHF”I’
j=1l1=k+1
and so
Ip(riy...,mm) — Q(ry,.. \<7\,H H rrl
j=11=k+1
On the other hand, Theorem 2 and the paragraph before this example imply that there
is a constant o € R such that Q(ry,...,r,) = ocl'[’]‘.:1 || G- rfr? and hence
51 2.4
p(riy..or) < (laf+M T [T 37 (3.20)
j=li=k+1

holds. In addition, take M € N such that Mu > |o| +A. Take r = (ry,...,r,) in Q" in
which rj € (0, 35r) forall j € {1,...,n}, then2'r; € (0,1) forall [ =0,1,...,M—1.
Therefore

w 1 ~(5n—3k) Tk 2 4
v (2, 20m) Mo 2GSRI T

P(rise-rm) = Z 2 (5n-3k)1 ZH 2 (5n-3k)1
1=0 1=0
k n k n
=mu[] [1 r ”l (I +M) T r rl
J=1i=k+1 J=1i=k+1

The relation above contradicts inequality (3.20).
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Abstract. This paper examines the existence and stability of mild solutions for initial value prob-
lems associated with hybrid fractional semi-linear evolution equations. The existence of mild
solutions is established using Dhage’s fixed point theorem. Additionally, we investigate four
distinct types of Mittag-Leffler-Ulam-Hyers stability to analyze the behavior of solutions under
perturbations. To demonstrate the applicability of our theoretical findings, we provide a con-
crete example. These results contribute to the advancement of fractional evolution equations and
their stability theory, with potential applications in various fields of applied mathematics and
engineering.

2010 Mathematics Subject Classification: 34A08; 26A33; 34K37

Keywords: p—Caputo fractional integral, p—Caputo fractional derivative, Mittag-Leffler-Ulam-
Hyers

1. INTRODUCTION

Fractional differential equations (FDEs) have garnered significant attention across
various scientific fields, including economics, engineering, chemistry, aerodynamics,
and the control of dynamical systems. The primary appeal of fractional calculus lies
in its ability to capture the complex behaviors of systems that traditional integer-order
derivatives fail to represent. By incorporating memory effects and non-local interac-
tions, fractional models provide a more accurate depiction of phenomena, offering
deeper insights into the dynamics of systems such as spring pendulums, particle mo-
tion in circular cavities, and the spread of epidemics.

The interest in fractional calculus is driven by its capacity to model real-world
processes more effectively. Researchers have increasingly recognized its advant-
ages, including the ability to uncover hidden dynamics that are not observable using
integer-order derivatives. In this context, Almeida [2] extended the classical Cap-
uto fractional derivative by introducing dependencies on an auxiliary function, which

© 2026 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
BY 4.0.
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improved model adaptability and accuracy. Recent advancements have also intro-
duced new techniques for solving FDEs, such as the generalized Laplace transform
developed by Jarad and Abdeljawad [10], which simplifies the resolution of frac-
tional differential equations in the framework of generalized Caputo derivatives. In
parallel, significant progress has been made in understanding the mathematical struc-
ture of fractional differential equations. For instance, the study of commutators of
fractional integral operators on vanishing-Morrey spaces has revealed new insights
into the behavior of these operators [13]. Additionally, the application of fractional
calculus to the Lerch zeta function has provided a deeper understanding of the con-
nections between fractional calculus and special functions [9]. The study of hybrid
fractional differential equations with fractional proportional derivatives, which com-
bine fractional derivatives with proportional terms, has further enriched the field [1].
Furthermore, investigations into fractional calculus, zeta functions, and Shannon en-
tropy have opened new avenues for research in applied mathematics and information
theory [8]. Numerical methods also play a crucial role in solving fractional differen-
tial equations. High-order numerical techniques, such as those developed for solving
two-dimensional Riesz space fractional advection-dispersion equations, have proven
effective in addressing complex dynamical systems [3]. Additionally, the study of
fractional derivatives in complex planes has contributed to the advancement of both
theoretical and computational aspects of fractional calculus [8]. This growing body
of research not only enhances our theoretical understanding of fractional calculus
but also expands its applicability to a wide range of real-world problems. As the
field continues to evolve, fractional differential equations are poised to provide more
precise models for complex systems across multiple disciplines, offering promising
solutions to long-standing scientific and engineering challenges.

Inspired by the research presented in [0], we delve into the analysis of the existence
and different classifications of Ulam-Hyers stability outcomes for mild solutions for
the semi-linear fractional hybrid differential equations that include the p—Caputo
fractional derivative of order 0 < < 1.

B? u _ u
“Dy? (g(t’g()t))) =1 (%) +h(t,u(t)) t€[0,T] 0<B<I,
u(0) =0.

(1.1)

Where T > 0, 4 is the infinitesimal generator of (p—semigroup (7'(¢));>0 on a
Banach space X, g € C([0,T] x X,X\ {0}) and h € C.([0,T] x X, X).

2. PRELIMINARIES

We provide initial context that will be referenced throughout this paper.
Let X be a Banach space and C([0,7T],X) be the Banach space of continuous

functions from [0, 7] to X with the norm ||u|| = sup ||u(?)]|.
t€[0,T)
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Definition 1 (p—Riemann-Liouville fractional integral [4, Definition 2.1]). Let
B >0, f be an integrable function defined on [a,b] and p: [a,b] — R that is an in-
creasing differentiable function such that p’(¢) # 0, for all 7 € [a, b].

The p-Riemann-Liouville fractional integral operator of order 3 of a function f is
defined by

55/ PORO=p() o)

Definition 2 (p—Rlemann—LlouVﬂle fractional derivative [4, Definition 2.2]). Let
neN, k,p € C"(|a,b]) be two functions such that p is increasing with p’(¢) # 0, for
allt € [a,b].

p-Riemann-Liouville fractional derivative of order B of a function f is defined by

2000 = g () POI00 =01 a5

where n = [B] 4 1 and [B] denotes the integer part of 3.

Definition 3 (p-Caputo fractional derivative [4, Definition 2.3]). Letn € N, f,p €
C"(|a, b)) be two functions such that p is increasing with p’(z) # 0, for all ¢ € [a, b].
p-Caputo fractional derivative of order  of a function f is defined by

DL = gy | P00 =P P A )

where n = [B]+1. for p ¢ N. And /3 (1) = (p/z) 4)" £ onfa,b).

Remark 1.
(1) Ttis clear that when f = n € N, we have

COPP (1) = £ (1),

(2) If f € C"([a,b]) and B > 0. The relation between the two types of fractional
derivatives is given by

n—1 f[k}(a)
COLPf(r) = DY (f(t)—Z o (p(r)—p<a>>k).

k=0

Theorem 1. Given f € C"([a,b]) and B > 0. Then we have

Bp Cop = £ a)
Iajrp @aff(t):f(t)_z A
k=0 :

(p(r) —p(a))*.

In particular, if B € (0,1) we have:
102 D) = (1) ().
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Now, we present a generalized integral transform introduced by Jarad and Abdel-
jawwad [ 10] which can be used to solve linear FDEs involving p—Riemann-Liouville
and p—Caputo fractional derivatives.

Definition 4. Let v,p: [a,o0) — R be e a real-valued function and p be a non-
negative increasing function such that p’(0) > 0. Then the Laplace transform of v
with respect to p is defined by

L {0} =B(0) = [ exp{=2(p(0) —p(0)}p'()v(r)ar

for all A € C such that this integral converges.
Here L, denotes the Laplace transform with respect to p, which we call a general-
ized Laplace transform.

Theorem 2. Let B > 0 and let v be a function of p—exponential order ¢ > 0,
piecewise continuous over each finite interval [a,T]. Then

L{(I5Pv) (1)} = Lp{xVB(fﬂ

Next, we present some information regarding the semigroups of linear operators.
These findings are documented in references [7, 12].

For a strongly continuous semigroup, often denoted as (j)—semigroup, represented
by (T'(t)):>0, the infinitesimal generator of (7'(¢));>o is defined as follows:

T _
Ax— ljm LEx—x

t—0+t X

The domain of 4, denoted as D(A4), is such that

xeX.

t—0t

T(t)x—
D(A) = {x €X: lim Tlx—x exists}.
x

Theorem 3 ([14, Lemma 2.24]). Let be (T (t));>0 be a Co—semigroup then there
exist constants w € R and M > 1, such that

||T(t)|]| < Mexp{wt}  0<t< oo,

Theorem 4 ([14, Lemma 2.25] (Hille-Yosida)). A linear operator A is the infin-
itesimal generator Cy—semigroup of contraction (it means ||T(t)|| <1 t>0)if
and only if:

(1) A is closed and D(A) = X.
(2) The resolvent set of A, p(A) contains R} and for every A >0

1
R,(}Vu _,‘Zl) S X?

where R (A, A) := (AP — 2)~' = [ exp{—APs}T (s)xds.
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Throughout this paper, let 4 denote the infinitesimal generator of a (H—semigroup
of uniformly bounded linear operators (7'(r));>o on the Banach space X. Con-
sequently, there exists M > 1 such that M = sup ||T(¢)]].

1€[0,00)
Definition 5 ([ 14, Definition 2.13]). The Wright type function is defined by
= (s = (—)'T(B(k+ 1)) sin(n(k+ 1)B)
o(s)= ), KC(—Bk+1—PB) )3 k! ’
k=0 k=0 :

forO<B<1landseC.

Proposition 1 ([ 14, Proposition 2.14]). The Wright function {g is an entire func-
tion and has the following properties:

(1) ¢g(8) >0 for 8> 0and [ dg(8)dd = 1;
) J5" 0p(8)87dd = L) for p> —1;
(3) [y ¢p(8)exp{—s58}dd = Eg(—s), s € C,

where Eg(s) = Y, Wkﬂ) is Mittag-Leffler function with one parameter

forse CandB > 0.

Theorem 5 (Gronwall’s inequality [ 14, Theorem 2.11]). Let u,Vv be two integrable
functions and K be a continuous function on |a,b]. Let p € C'([a,b]) be an increasing
function such that p'(t) # 0 for all t € [a,b]. Assume that

(1) u and v are nonnegative;
(ii) K is nonnegative and nondecreasing.

If
p(t) < (1) +x(t) / (p(t) = p(s))P~ u(s)p'(s)ds,

then
LB s e a
W) v+ [ Y00 -0l Vo) 1€ lad]

Corollary 1. Under the hypotheses of Theorem 5, let Vv be a nondecreasing func-
tion on [a,b]. Then we have

u(t) < V(O Ep(x()T(B)[p(1) —pla)]P),
forallt € [a,b).

Theorem 6 ([5, Corollary 2.1]). Let S be a closed, bounded and convex subset
of the Banach algebra X. We consider the two operators I: X — X and J: § - X
such that

(1) I is Lipschitzian with a lipschitz constant o,
(1) 7 is completely continuous;
(i) u=IuJjv=ucs ves;
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(iv) oK < 1, where K =||7(S)||.
Then the operator function u = IuJu has a solution on S.

3. EXISTENCE RESULTS

According to Definition 3 and Theorem 1 it is suitable to rewrite the Cauchy prob-
lem in the equivalent integral equation

o) =g.00) { g P00 o)A (e

1, _
i r(Ls)/O P(5)(p) =p(s)° 1h<s,u<s>>‘“}'
Proof.
Bocpp [ u) _ /Bp u(r) u
deent? (i) = 2012 Gy ) 20}
then

u(t) B u(0) _ B u(r) Bo )
g(t,u(t))  g(0,u(0)) ’0+“q<g(t,u(t)))+lo h(t,u(t))-

Lemma 1. If (3.1) holds, then we have

() {B [ [ o@u0)p() )" 700~ pls)0)
xh(s,u(s))p'(s)d6ds} .

Proof. Let A > 0. Applying the generalized Laplace transforms to (3.1), we have

40) = 55 (A0) + ()

where

400 = [ exp (-Mp(x) ~p0)) 0 )

94 = [ exp{-M(p(R) - p(0)} (5, u()p (D)
It follows that
U = /O " exp{—ABsIT(s)H(N)ds = /0 " BB exp{— () PYT (wP) 5 (W) dw:
Taking w = p(t) — p(0), we get
1= [ B~ p(0) ! exp(~A(p1) —p(O)PIT((p(1) ~p(0) )5 (1P (1

- / / “Lexp{—A(p(r) —p(0)P}T((p(r) — p(0))P)
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x exp{—A(p(s) —P(0)) }a(s,u(s))p’ (s)p'(t)dsdr.
We consider the following over-sided stable probability density in [11]

Pp(0) = ;i(—l)i‘le—ﬁi—lw

i=1

sin(inf) 0 € (0,00),
whose integration, is given by

/0 “exp{—A0}ps(0)de = exp{—2P}  Be(0,1). (3.2)
Using (3.2), we get

M= [ [ Bop®)p) ~p(0)F exp{-A(p(r) —p(0))8}
< T((ple) ~p(0 >>B>exp{ Mp(s) —p(0)) Hh(s.(s))p'(s)p'(r)dOdlcl

0 ))P-1
[ [ Begste exp{—M(p(r) +p(s) ~2p(0))}
_ B
T (W) h(s,u(s))p'(s)p' (1)d0dsds
w oo poo _ B—1
= 77 [ pop@) P RO expt-aiote) - p(0))
7 ((p(t) —p<o>>ﬁ>
0B

< h(p~" (p(t) — p(t) +p(0)),u(p~" (p(t) —p(t) +p(0))))
x p'(t)p’ (t)d6drdz,

by Fubini’s theorem, we have

= [ wexp{ Mp(v) — p(0)))

))B-1 — B
{ [ [ Boo ~0(0) T((p(t) eﬁp«))))

x h(p~ ! (p(t) = p(t) +p(0)),u(p~" (p(t) — p(r) +p(0))))p’ (r)d6dz } p'(T)dr
= [ exp{=2(p(x)—p(0))}

{// Pry(®) eﬁ o

o(s))B
% T (W) h(s,u(s))p/(s)deds} o' (t)dr.
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Now, we can invert the Laplace transform to get
u([) /t /oo -
) 06 (0)(D(1) —
s~ Pl ) 0@ P —p(s)

X T((p(t) —p(s))P8)h(s, u(s))p'(s)dds,
1 1

where 05(0) = ée* “Fpp(0 F) is the probability density function defined in (0,o0).

)= stra) {B [ [ 005(0)(p10) - p(s)

XT((p(1) ~ p(5))P8)h(s, u(s))p'(5)d8ds }.
O

For any u € X, define the operator mg (t,s) by

b (t,5)u = B/OOQGQ)B(B)T((p(t) —p(s)PO)udd  0<s<r<T.

Lemma 2. The operator (z)g has the following properties:

(1) For any fixedt > s >0 mg(t,s) is bounded linear operator with
DAl = oo
u =
r(1+p) I'(B)

(2) The operator (DE' (t,5) is strongly continuous for allt > s > 0, that is for every
ueXand0<s<t; <ty <T we have

lopP(2,5)(@)]| <

[|ull ueX.

o (2, 5)u—b(,s)| — 0,  as 5 —n.
Proof. The proof of this lemma is similar to the one given in [15]. O

Definition 6. A function u € C(]0,7],.X) is called a mild solution of (1.1) if satis-
fies

()= slra) { [ 610) - p(s)* a1 (s, u(6)p 51 .

Before starting and proving the main result, we introduce the following hypothesis
(Cy) T(t) is compact operator for every ¢ > 0.
(C2) For any r > 0, there exists a function &, € L*(]0,T], X ) such that

sup [|A(e,u)]| < (1) 1€ 0,T],

el <r
and there is a constant { >0 such that

he(2)||L=
limsup [ (0)]]2- =L
r—o0 r
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(C3) The function g € C.([0,T] x X, X\ {0}) is bounded and there exist constants
>0 and L > 0 such that for all u,v € X and ¢ € [0,T], we have
|8(r,u) —g(t,v)| <plu—v| [g(t,u)] <L.
Theorem 7. Assume that condition (Cy) — (C3) hold. Then the problem (1.1) has
at least mild solution provided that
uM ||k ||
C(p+1)
LM ||h, ||
Proof Let ¥V ={ue X, |lul| <b}  b="0 (p(2) — p(0))P.
We have

()= sttt { [/ (600) - p(6)P P15 h(s,u(5)p (51 .

Then we can transform into u(t) = Tu(t)Ju(t) t€10,7T].
Now we prove that all conditions of Theorem 6 are satisfied.

Step 1: Let u,v € X then

| Tu(t) = Iv(t) | =] g(t,u(t)) — g(t,v(1)) |
<ulu(t)—v(r) t€[0,T].

(p(T) —p(0))P < 1.

Step 2: Firstly, we prove that 7 is completely continuous.
Let u,,u € V with liril ||un — u|| = 0. Then
n——foo

h(s,un(s)) — h(s,u(s)), as n — oo.

Therefore
! M
I90,) = 7)) < [ (00) ~p)P~' s

Via Lebesgue dominated convergence theorem, we get

(s, 102(5)) = (s, (5)) |0 (s)dss.

| Jun(t) — Ju(t)|| — 0 as n— oo.
7 (/) is uniformly bounded.

Letuec v,
1961 < [ (p(0)=p(s)™! Fs i ()ds
TS0 -pO)®  0<i<T
Ml
< Tpgn PO —PO)F

¢ (V) is equicontinuous.
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Lett,f, €[0,T] witht; <f, andu € V.

I9utey) ~ gute)l| < | " (o) —p(s))P! 1(” 5

+ [ 1Bl (m) )P = (p(r1) = p(s))P s, u(s)) ' (5)ds

+ / (1) — ()P | (@B (22,5) — @B (11, )| x ||A(s, u(s))][p/(s)ds

< #ﬁ”ﬂ'? (p(1) ~p(e)P+ = { Pl ~ PO — (plr) (1) P

||| |=p" (s)dis

= (p() ~p(0)P 1+ P (p(1) — p(0)P 0flr25) — 0, )L

Thus
H]u(tz)—]u(tl)H —0 ast — 1.
Step 3: Letu € X and v € V such that TuJv = u, prove that u € V.
u(t)| = [Tugv| = |g(t,u(r))| x |Tv(t)]

M|
T 1) (P —PO)F.

Step 4: Suppose that S = sup{||Ju||,u € V} < b. Then

<L x

uxS<uxb<l.

4. MITTAG-LEFFLER-ULAM-HYERS STABILITY

For g € C([0,T] x X,x\{0}),he C.([0,T] x X, X),y € C([0,T],R") and € > 0.
We consider the equation

cpypp () _ u(t) .
Do <g(t,u(t))) =4 (g(t,u(t))> +h(t,u(r))  t€[0,T] 0<B<1. (41)

And the inequalities

Cpbp u(t) B u(t) B . |
Por <g(%u(i))> (g(t,u(t))> htu@)|<e 10T 42
Cpbp u(t) _ u(t) B . |

Po: <g<r,u<t>>> ﬂ<g<z,u<t>>> @) <y 1€0,T: (43)

Dbt ()~ (st~

<ey t€0,T]. (44
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Definition 7. We said that the equation (4.1) is Mittag-Leffler-Ulam-Hyers stable
with respect to Ej, if there exists a real number 8 > 0 such that for each € > 0 and
for each solution v € C'([0,T],X) of inequality (4.2) there exists a mild solution
ue C([0,T],X) of equation (4.1) with |v(¢) —u(t)| < deEg(t),t € [0,T].

Definition 8. We said that the equation (4.1) is generalized Mittag-Leffler-Ulam-
Hyers stable with respect to Eg, if there exists u € C(R™,R™) with u(0) = 0 such

that for each solution v € C'([0, 7], X) of inequality (4.2) there exists a mild solution
u € C([0,T],X) of equation (4.1) with |[v(z) —u(t)| < Cu(t)Eg(t),C>0andt € [0,T].
Definition 9. Equation (4.1) is Mittag-Leffler-Ulam-Hyers-Rassias stable with re-

spect to WEg, if there exists a real number Cy > 0 such that for each € > 0 and

for each solution v € C!([0,T],X) of inequality (4.4) there exists a mild solution
u € C([0,T],X) of equation (4.1) with |v(r) —u(t)| < CyeEg(t),t € [0,T].

Definition 10. Equation (4.1) is generalized Mittag-Leffler-Ulam-Hyers-Rassias
stable with respect to WEg, if there exists a real number Cy, > 0 such that for each solu-
tion v € C'([0,T],X) of inequality (4.3) there exists a mild solution u € C([0,T], X)
of equation (4.1) with [v(r) —u(r)| < Cyy(r)Eg(z), 1 € [0,T].

Remark 2. A function u € C'([0,T], X) is a solution of inequality (4.2) if and only
if there exists a function @ € C!([0,T],X) (which depend on u) such that
M lo(r)|<e  1€[0,T].

Bv u _ u
@) <pbP (g(,_ggt))) .y (g(,jjg,))) Fh(tu(t) o) 1e[0,T].

Lemma 3. Ifv € C'([0,T],X) is a solution of (4.2), v is a solution of the following
integral inequality

v~ stev) { [ (60~ p)P e nts. v 6)as |

LMe
m(P(T) —p(0))P.

<

Proof. By the previous remark, we have

cppo (M) N\ _ g _ul) .
Do <g(t,u(t))> ﬂ(g(t,u(t))>+h(t’ ) +o()  1€]0,T].

And from Theorem 7, we get

v~ lev0) { [ (00) - pls)P R0 s, (o) (510

<Lxex Fffm{pm —p(0)},
]
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Theorem 8. Assume that h € C([0,T] X X, X) and there exists L, > 0 such that
|h(t,u1) —h(t,u2)| < Ly|luy — ua|, for all ¢ € [0,T] and uy,u; € X.
Then equation (4.1) is Mittag-Leffler-Ulam-Hyers stable.

Proof. Letv € C!([0,T],X) be a solution of inequality (4.2) and let us denote by
u € C([0,T],X) the unique mild solution of the cauchy problem

{Cpgf (qr7) = A (g5 ) +hle,u)) — 1€fo.7),
1(0) = v(0) = 0.
We have
v =0 < V) =tV | [ p0) = p(6)P a5 (s v(5)p () |

0900 [ (9(0) P61 a5 (5 v6))p )
— gle.v(@) [ (006) —p(s))P e, 5)hls.u(s))p'(5)ds

|90 [ (01061 a5 hGs6))p )
— g(0,u() [ (006 = p(s))P~ 0B(1,5)A,u)p(5)ds

0

LMe LL,M [ - )
< Fp ey P ~PODP+ T [0 =p(5)P! V() (o) (s

+ A (p(T) ~p(0)P1v() —ul0)

Late - P l LLM " —p(s))P s)—u(s)|p’(s)ds
< Fpe Dy P ~PONP < g s [ () =P~ vis) (o)l ().
with
d=1- %(p(ﬂ —p(0))P > 0 (under the hypothesis of Theorem 7).

By Gronwall’s inequality, we get

Vi) )| < g % g (0T~ p(0)

s b5y (X2 000 - p(0)) (0> 0)

0

Theorem 9. Assume that the following conditions hold:
(i) he C([0,00) x X, X);
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(ii) the function y € C([0,o0],RT) is increasing and there exists X > 0 such that

LMe
L(B+1)

(iii) u(t) is nonnegative, nondecreasing continuous function defined on t € [0, o)

(P(T)=p(0)P <hy(r)  1€[0,0);

and |h(t,uy) —h(t,uz)| < p(t)|uy —up|, forallz >0and uj,u; € X.

Then, equation (4.1) is generalized Mittag-Leffler-Ulam-Hyers-Rassias stable with
respect to YEg.

Proof. Letv € C'([0,T],) be a solution of equation (4.3). Then, we get

t
)= v | [/ (010~ p(5)P 0. 5)(s.v()p ()5 |
LMe
L —
STB+D)
Let us denote by u € C([0,T], o) the unique mild solution of the cauchy problem

{CDB,p< ft ) ( >+h(t u(t)) € 1[0, o),

(P(T)—p(0)P <Ay(r)  1€[0,00).

u(0) =v(0
We have

)= stra) { [ 66) -0l aBlr. s (o) 0)as) 1€ 0)
It follows that

[v(t) —u(t)] <

)= sy { [/ (00~ p(5)P o, (sv())p ()05 |

+elev ) [ (60~ pls))P 0.5 v(s))p'(5)ds

~ gleue)) [ (0(6) ~p(5))P Ble,5)h(s.u(5)p (5
< 2p0)-+ (0.0 [ (Pl0) = p(s))P " @hle,5) (. v(s)) — s u(s)) I (5)ds
+1g(1.9(0) = 8(00) | il 5 (UT) — 5P
H6 ) GO =p)P V() ~uls) o' (5)s

@) Jo
+ulv(e) —u<r>|||hr|err(BM+1)<p<T> —p(0))P

< M (r) + L x u(t)
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< w0+ 0 00~ p0)P V) —as)p0)as, o
By Gronwall’s inequality, we get
V() o) < w0y (5 () -p0)F )
with d = 1 —pl ||| ey (P(T) — p(0))P. D

5. AN ILLUSTRATIVE EXAMPLE

Let X = L*([0,7]) equipped with the norm and inner product defined respectively,
for all u,v € L*([0,7]) by

] = (/On|u(x)|2dx>é <y >= /Onu(x)v(x)dx.

Consider the following initial-boundary value problem of tire fractional parabolic
partial differential equation with nonlinear source term

CofP (Hs) = & () + detulnr) (1) €[0.1]x[0,7]
u(0,1) =u(m,1) =0 t€10,1]
u(x,0)=0 x € [0,m].

WhereB:% T=1 p=rt.
We define an operator 4 : D(A4) C X — X by
D(A) := {v € E; v,V are absolutely continuous and v, v(0) = v(x) = 0},

and
2
=t

It is well known that 4 has a discrete spectrum, the eigenvalue are —j2, j € N, with

Au

corresponding normalized eigenvectors e;(z) = \/% sin(jz). Then

Ax=Y —j* <xej> e xeDA).

=1
Thus, A4 generates a uniformly bounded analytic semigroup {7 (¢) };>0 in X and it is

given by

T(t)x:Ze_jzt <x,ej>e; xeX
j=1
with
|T@)]| <e’ vt > 0.

Hence, we take M = 1 which implies that sup ||T(¢)|| =1 and () is satisfied.
1€[0,00)
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Then for all € [0, 1], we have

And

1A(t,u)]] = 3 e []ul],
sup ||a(r,u)|| < 3¢ ri=hi(1),
[l <r
limsupw = % :=L.
F—yo0

lg(t,ur) —g(t,ua)|| < lur —ua|  wr,u2 € X.

Therefore () and ((G3) are satisfied, which is given us

My |y ||

o= o
T(B+1) (p(T)—p(0))F = 2F(§) ~0.45137 < 1.

According to Theorem 7. The problem (5) has a unique mold solution on [0, 1].
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ALGEBRAS AND VARIETIES WHERE SASAKI OPERATIONS
FORM AN ADJOINT PAIR

IVAN CHAJDA AND HELMUT LANGER
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Abstract. The so-called Sasaki projection was introduced by U. Sasaki on the lattice L(H) of
closed linear subspaces of a Hilbert space H as a projection of L(H) onto a certain sublattice
of L(H). Since L(H) is an orthomodular lattice, the Sasaki projection and its dual can serve
as the logical connectives conjunction and implication within the logic of quantum mechanics.
It was shown by the authors in their previous paper [5] that these operations form a so-called
adjoint pair. The natural question arises if this result can be extended also to lattices with a unary
operation which need not be orthomodular or to other algebras with two binary and one unary
operation. To show that this is possible is the aim of the present paper. We determine a variety of
lattices with a unary operation where the Sasaki operations form an adjoint pair and we continue
with so-called A-lattices and certain classes of semirings. We show that the Sasaki operations
have a deeper sense than originally assumed by their author and can be applied also outside the
lattices of closed linear subspaces of a Hilbert space.

2010 Mathematics Subject Classification: 06C15; 06B05; 06C05; 06C20; 06E20; 06B75; 16Y60;
16Y99

Keywords: Sasaki operation, adjoint pair, modular lattice, complemented lattice, orthomodular
lattice, A-lattice, ordered semiring, orthomodular pseudoring, Boolean ring

1. PRELIMINARIES

Consider a bounded complemented lattice L = (L,V,A,’,0,1) where the unary
operation’ is a complementation, i.e. L satisfies the identities x VX' ~ 1 and x Ax’ ~ 0.
L is called orthomodular (see [1]) if the complementation ’ is an antitone involution
and L satisfies the orthomodular law, i.e. the identity

(OM) xV ((xVy)AX)=xVy.
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Apparently, the class of orthomodular lattices forms a variety.

A projection is a mapping f from a set M to M satisfying f o f = f. In such a case
f is called a projection from M onto f(M). Let P = (P,<) be a poset, ' an antitone
involution on P and f: P — P. Then the dual of f is the mapping f: P — P defined
by f(x) := (f(x)) for all x € P. If f is a projection or a monotone mapping then
f has the same property, respectively. Now let (L,V,A,’,0,1) be an orthomodular
lattice and a € L. The following mapping p,: L — L was introduced by U. Sasaki
[9], see also [1]:

Pa(x):=(xvd)Aa

for all x € L. This mapping is a monotone projection from L onto [0, a] and is usually
called the Sasaki projection from L onto [0,a]. The dual p, of p, is defined by

Pa(x) := (pa(x')), = ((x'vd) /\a)/ =(xAa)Vd

for all x € L and it is a monotone projection from L onto [@’, 1]. For more information
on Sasaki projections cf. [7]. In what follows we will call binary operations defined
in a similar way Sasaki operations.

Let (P, <) be a poset and f,g binary operations on P. We introduce the following
statements:

(A1) If f(x,y) < zthen x < g(,2),

(A2) if x < g(y,z) then f(x,y) <z
for all x,y,z € P. Recall that f and g are said to form an adjoint pair if they satisfy
both conditions (A1) and (A2). In such a case we say that f and g are connected via
adjointness. If f and g form an adjoint pair then each of the two operations f and g
determines the other one. Namely, for every x,y € P, f(x,y) is the smallest element z
of P satisfying the inequality x < g(y,z), and for every y,z € P, g(y,z) is the greatest
element x of P satisfying the inequality f(x,y) < z.

It is easy to prove that if the binary operations f and g form an adjoint pair on a
given poset (P, <) then f is monotone in the first variable and g in the second one.

Lemma 1. Let (P, <) be a poset, a,b,c € P with a < b and f,g binary operations
on P forming an adjoint pair. Then f(a,c) < f(b,c) and g(c,a) < g(c,b).
Proof. Any of the following assertions implies the next one:
F(b,¢) < f(b,c),
b<g(c,f(bc)),
a<g(c,f(bc)),
f(a,e) < f(b,0).
Moreover, any of the following assertions implies the next one:
g(c,a) < g(c.a),
f(glc,a),c) <a,
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0

The classical example of an adjoint pair are the operations A and — on a Boolean
algebra (B,V,A,’, 0,1) where x — y := x’ Vy for all x,y € B or, more general, the
operations A and — on a relatively pseudocomplemented meet-semilattice (S, A, *)
where x — y := xxy for all x,y € S and x *y denotes the relative pseudocomplement
of x with respect to y. Recall that for two elements x and y of a meet-semilattice (S, )
the relative pseudocomplement of x with respect to y is the greatest element z of §
satisfying x A z < y. The meet-semilattice is called relatively pseudocomplemented if
any two of its elements have a relative pseudocomplement, see [2] for details.

It was shown by the authors in [5] that if L = (L,V,A,’,0,1) is an orthomodular
lattice then the Sasaki operations on L defined by the aforementioned projections, i.e.

(S1) xOy:=(xVy)Ay and x—y:=xV(xAYy)
for all x,y € L, form an adjoint pair. Note that for the Sasaki operations defined

by (S1) we have x®y = py(x) and x — y = px(y) for all x,y € L. In case of (S1),
conditions (A1) and (A2) read as follows:

(Al) IfxOy<zthenx<y—z,
(A2) if x<y—zthenx®y <z

for all x,y,z € L. However, such conditions hold also in the case when L is not an
orthomodular lattice. Namely, in order to prove adjointness we only used (OM), but
not the fact that ’ is an antitone involution. In fact, in a modular lattice with com-
plementation, the choice of ' even determines whether L is orthomodular or not. For
example, consider the complemented modular lattice L = (L,V, A,’,0, 1) depicted in
Fig. 1: If we choose ’ as follows:

Fig. 1

Complemented modular lattice

X
x"

0 a b cde fgh i j 1
1 h i j g f e b c d a0
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then L is not an orthomodular lattice since ’ is not an involution. However, also in
this case one can introduce ©® and — by Sasaki operations on L in such a way that
these operations form an adjoint pair (cf. Proposition 2 (iii)).

Hence the natural question arises when two binary operations » and — on a set
form an adjoint pair. In general, we need not consider even a complemented lat-
tice, we ask only an algebra with two binary operations and one unary operation, for
example a semiring (S,+,-,0,”) with an additional unary operation ’. We need not
assume - to be distributive with respect to +, i.e.

(X—i—y)z ~ xz+yzor Z(x+y) ~ 7x + 2y,

but we need that a partial order relation < is defined on our algebra. An example
of such an algebra may e.g. be a so-called A-lattice, see [4]. However, if the Sasaki
operations on a bounded lattice with a unary operation ’ form an adjoint pair then ’
must be a complementation, see the following result.

Lemma 2. Let L = (L,V,\,’) be a lattice with a unary operation’ and ® and —
denote the Sasaki operations on L defined by (S1). Then the following holds:
(1) IfL has a top element 1 and ® and — satisfy condition (A1) then L satisfies
the identity x\Vx' ~ 1,
(1) if L has a bottom element 0 and ©® and — satisfy condition (A2) then L
satisfies the identity x N\x' = 0,
(iii) if L is bounded and & and — form an adjoint pair then' is a complementa-
tion on L.

Proof. Leta € L.
(i) Because of 1 ®a <1 wehave 1 <a—1=d V(aA1l)=d Va and hence

avad =1.
(i) Because of 0 < a — 0 we have @ Aa= (0Vd')ANa=0®a <0 and hence
and =0.

(ii1) This follows from (i) and (ii).

2. LATTICES

In this section we investigate the Sasaki operations on lattices with a unary oper-
ation ’. We are going to present some classes of lattices, in fact varieties, where the
Sasaki operations form an adjoint pair.

For lattices (L,V,A,") with a unary operation ' we define the following identities:

B1) yV((xVy)Ay)=xVy,

(B2) (X' V(xAy))Ax=xAy.

We study the Sasaki operations in the variety of lattices satisfying identities (B1) and
(B2). Observe that if ’ is an antitone involution then any of the identities (B1) and
(B2) implies the other one.
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Proposition 1. Identities (B1) and (B2) are independent.

Proof. Let (L,V,A,0,1) be a non-trivial bounded lattice. If we define a unary
operation’ on L by x' := 1 for all x € L then (L,V, A,’) satisfies identity (B1) since

YV((xVy)Ay) =1V ((xV1)Ay)m1rxVIzxVy,
but does not satisfy identity (B2) since
(I'V(1IA0)AT=1V0=1#0=1A0.

If we define a unary operation’ on L by x’ := 0 for all x € L then (L,V,\,’) satisfies
identity (B2) since

(X' V(xAY)) Axm (0V (xAy)) Axa (xAy) Ax = x Ay,
but does not satisfy identity (B1) since
0'V((1VO)A0)=0v0=0#£1=1v0=1V0.
O

The following theorem shows when the Sasaki operations ® and — satisfy condi-
tion (A1) or condition (A2), respectively, depending on the aforementioned identities.

Theorem 1. Let L = (L,V,A,’) be a lattice with a unary operation’ and © and
— denote the Sasaki operations on L defined by (S1). Then the following holds:

(1) If L satisfies identity (B1) then ©® and — satisfy condition (A1),
(1) if L satisfies identity (B2) then ©® and — satisfy condition (A2),
(iii) if L satisfies identities (B1) and (B2) then ® and — form an adjoint pair.

Proof. Leta,b,c € A.

(1) If a® b < c then using identity (B1) we obtain

a<aVvb' =b'V((avb)rNb)=b'V (bA((aVD)AD))
=b'V(bA(a®b)) <bH'V(bAc)=b— c.
(i1) If a < b — c then using identity (B2) we obtain
a®b=(aVb)Nb< ((b—c)VD)Ab=((b'V(bAC))VE)AD
=@'V(bAc)Ab=bAc<c.
(ii1) This follows from (i) and (ii).
g

If the lattice with a unary operation is even modular, we can simplify our assump-
tions essentially, i.e. we need not assume identities (B1) and (B2) a priori, see the
following result.
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Proposition 2. Let L = (L,V,\,") be a modular lattice with a unary operation’
and ® and — denote the Sasaki operations on L defined by (S1). Then the following
holds:

(i) If L has a top element 1 and satisfies the identity x\/ X' ~ 1 then L satisfies
identity (B1) and hence © and — satisfy condition (A1),

(i1) if L has a bottom element 0 and satisfies the identity x \x' ~ 0 then L satisfies
identity (B2) and hence ® and — satisfy condition (A2),
(iii) if L is complemented then ©® and — form an adjoint pair.

Proof.
(i) Assume L to have a top element 1 and to satisfy the identity xVx’' ~ 1. Then

YV ((xVY)Ay) =y V(A EVY)) = (V) AEVY)RTA(xVY)mxvy

and hence L satisfies identity (B1) and therefore ® and — satisfy condition
(A1) according to Theorem 1 (i).

(ii) Assume L to have a bottom element 0 and to satisfy the identity x Ax’ = 0.
Then

(X' V(xAy)) Axm (xAy) VY ) Axr (xAy)V (X Ax) = (xAy) VO XAy

and hence L satisfies identity (B2) and therefore ® and — satisfy condition
(A2) according to Theorem 1 (ii).
(ii1) This follows from (i) and (ii).

Concerning Proposition 2 we make the following remark.

Remark 1. Recall that a meet-semilattice (S, A\,0) with bottom element 0 is called
pseudocomplemented if for every x € S there exists a greatest element x* of S satisfy-
ing x Ax* = 0. It is clear that every finite distributive lattice is pseudocomplemented.
Hence we can apply Proposition 2 (ii) to finite distributive lattices in order to see
that the Sasaki operations defined by (S1) satisfy condition (A2). Recall that a join-
semilattice (S,V, 1) with top element 1 is called dually pseudocomplemented if for
every x € S there exists a smallest element x? of S satisfying xVx? = 1. It is clear that
every finite distributive lattice is dually pseudocomplemented. Hence we can apply
Proposition 2 (i) to finite distributive lattices in order to see that the Sasaki operations
defined by (S1) satisfy condition (A1l).

For the next result, recall the following concepts.
A lattice (L,V,A,’) with a unary operation ' is called weakly orthomodular re-
spectively dually weakly orthomodular (cf. [6]) if it satisfies the identity

x~ (xAy)V (xA(xAy)') or
x& (xVy) A (xV (xVy)),
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respectively. Hence, weakly orthomodular as well as dually weakly orthomodular
lattices form a variety. Let us note that the unary operation ’ need neither be a com-
plementation nor an antitone involution.

Proposition 3. Let L = (L,V,A,’) be a lattice with a unary operation’ and ® and
— denote the Sasaki operations on L defined by (S1). Then the following holds:

(i) If L is weakly orthomodular and ' is an involution then L satisfies identity
(B1) and hence ® and — satisfy condition (A1),
(1) if L is dually weakly orthomodular then L satisfies identity (B2) and hence
® and — satisfy condition (A2),
(iii) if L is orthomodular then ® and — form an adjoint pair.
Proof.

(i) Assume L to be weakly orthomodular and ’ to be an involution. Then
YV (e Vy)Ay) =y vV (VYY) AY') =xvy
and hence L satisfies identity (B1) and therefore ® and — satisfy condition
(A2) according to Theorem 1 (i).
(i) Assume L to be dually weakly orthomodular. Then
(X' V(xAY)) AxmxA ((xAy)VY) =xAy

and hence L satisfies identity (B2) and therefore ® and — satisfy condition
(A2) according to Theorem 1 (ii).
(ii1) This follows from (i) and (ii).

O

However, a lattice satisfying identity (B1) need not be modular, see the following
example.

Example 1. Consider the non-modular lattice N5 = (N5, V, A) visualized in Fig. 2:
where the complementation ’ is defined as follows:

1

0
Fig.2

Non-modular lattice N5
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X b ¢ 1
x"

a
b b b 0

0
1

with &' € {a,c}. Then’ is not an involution since ¢’ = b’ = a # ¢ in case b’ = a and
a’" =b'=c#aincase b’ = c. Abbreviate (Ns5,V,A,’) by N5 and let ® and — denote
the Sasaki operations on Ns defined by (S1). In case b’ = ¢ the algebra N5 satisfies
identity (B1) and hence also condition (A1). In case b’ = a the algebra N’5 does not
satisfy condition (A1) since

coOb=(cVH)ANb=(cVa)Ab=cAb=0,

but

cfa=av0=bV(bANO)=b—0.
and hence N does not satisfy identity (B1). In any case, N5 does not satisfy condition
(A2) since

a<l=bVa=cdV(cAha)=c—a,
but

a®c=(aVd)Nc=(aVb)Ac=1Ac=c%a

and hence N does not satisfy identity (B2).

3. A-LATTICES

Other ordered algebras with two binary and one unary operation where the Sasaki
operations can be studied are the so-called A-lattices.
For every poset (P, <) and any a,b € P we define the upper cone U (a,b) of a and
b by
U(a,b):={x€A|a<xand b <x}
and the lower cone L(a,b) of a and b by
L(a,b):={x€A|x<aandx<b}.

Let us recall the concept of a A-lattice introduced by V. Snasel [10], see also [4]. A
A-lattice is an algebra (A, L, 1) of type (2,2) satisfying the following identities:

xUy~ylUx, xMy~yllx,
xU((xUy)Uz) = (xUy)Uz, xM((xMy)Mz) = (xMy)Mz,
xU(xMy) = x, xM(xUy) =~ x.

It is evident that the class of A-lattices forms a variety. It is immediate to check that
it satisfies the idempotent laws

xUx~xand xMx ~ x.

In a A-lattice a partial order relation <, the so-called induced order, can be introduced
by
x<yifandonlyif xUUy=yifand only if xMy=x



ALGEBRAS AND VARIETIES WHERE SASAKI OPERATIONS FORM AN ADJOINT PAIR 135

(x,y € A), see [4] for details. Every poset (A, <) having the property that any two
elements have at least one lower bound and at least one upper bound can be converted
into a A-lattice by defining binary operations LI and M as follows:

Ifa<bthenalb=>blUa:=bandalb=>bMNa:=a.

If a || b then allb = bUla is an arbitrary element of U(a,b), and al1b =bMa is
an arbitrary element of L(a,b). It is elementary to verify the identities of a A-lattice.
Of course, every lattice is a A-lattice, but not vice versa. Fig. 3 shows a A-lattice that
is not a lattice:

ri
M
\\({/

A A-lattice

3

For A-lattices (A,LJ,1,”) with a unary operation’ we introduce the following iden-
tities and conditions (which could be rewritten in the form of identities) being variants
of the identities (B1) and (B2) from the previous section:

(CH yU((xUy)My)=xUy,

(C2) (XU (xMy))Mxaxy
for all x,y € A, or, in the form of inequalities,

(D) xUy <y'U((xUy)My),

(D2) (XU (xMy))Mx<xMy
for all x,y € A. Obviously, identity (C1) implies condition (D1) and identity (C2)
implies condition (D2). In A-lattices (A,LJ,M,”) with a unary operation, the Sasaki
operations can be defined by

(S2) xOy:=(xUy)My and x—y:=xU(xMy)
for all x,y € A.

Similarly as in the case of lattices, we can prove the following result.

Lemma 3. Let A = (A,U,1N,") be a A-lattice with a unary operation’ and ® and
— denote the Sasaki operations on A defined by (S2). Then the following holds:

(1) If A has a top element 1 and ® and — satisfy condition (A1) then A satisfies
the identity xx' =~ 1,
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(i1) if A has a bottom element 0 and ® and — satisfy condition (A2) then A
satisfies the identity xMx' = 0,

(iii) if A is bounded and ® and — form an adjoint pair then' is a complementa-
tion on A.

Proof. Leta € A.
(i) Because of | ©@a <1 wehave ] <a— 1=d U(aM1)=d Ua and hence

alld =1.
(ii) Because of 0 < a — 0 we have @' Ma = (0Ud')Ma=06a <0 and hence
and =0.

(ii1) This follows from (i) and (ii).

Consider the following bounded poset P = (A, <,’,0, 1) with involution :

Fig. 4

A bounded poset with involution

This poset P can be converted into a A-lattice in several ways. The converse of
Lemma 3 (iii) does not hold, see the following A-lattice. If (A,LJ,M) is a A-lattice
with involution corresponding to P then the Sasaki operations ® and — on A defined
by (S2) do not form an adjoint pair, independent from the fact how LI and M are
defined within this A-lattice. Suppose ® and — form an adjoint pair. Then we have

b<aUb=all(ad'Mb)=d — band hence bOd' < b,
b<alUc=alU(dTc)=d — candhence b®d <c,
bfa=all0=al(dM0)=d —0andhence b®d £0,ie. b&d #0

which is a contradiction.
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But there is another essential difference from the case of lattices. It is known
(see e.g. [4]) that the A-lattice operations LI and M need not be compatible with the
induced order. For example we have a < ¢ in the A-lattice depicted in Fig. 3, but
allb=d £ c=cUb. Moreover, a A-lattice is a lattice if and only if LI and M are
compatible with the induced order, see e.g. [10] or Theorem 2.14 in [4]. We consider
a weaker version of compatibility expressed by the following conditions (E1) and
(E2). These conditions are not trivial, they do not imply that the A-lattice in question
is a lattice.

For A-lattices (A,L,M,”) with a unary operation we define the following conditions
(which could be rewritten in the form of identities):

(E1) x <yimplies 7 U (zMx) <7 U(zMy),

(E2) x <yimplies (xUZ)Mz < (yUz7) Mz
Moreover, we consider also a weaker version of these conditions, namely

(F1) x@y < zimplies y U (yM(x®y)) <y U (yMz),

(F2) x <y — zimplies (xUy )My < ((y = z)Uy) My
for all x,y,z € A. Obviously, condition (E1) implies condition (F1) and condition (E2)
implies condition (F2).

Proposition 4. Let A = (A,U,1N,") be a A-lattice with a unary operation’ and ©®
and — denote the Sasaki operations on A defined by (S2). Then the following holds:

(1) If A satisfies conditions (D1) and (F1) then © and — satisfy condition (A1),
(i1) if A satisfies conditions (D2) and (F2) then & and — satisfy condition (A2).

Proof. Leta,b,c € A.
(1) If A satisfies conditions (D1) and (F1) and a ® b < ¢ then we obtain
a<aUb' <bB'U((aub)Nb)=b'U(bN((aLd')Nb)) =b"LI(bM(a®b))
<bUbne)=b—c.
(i1) If A satisfies conditions (D2) and (F2) and a < b — ¢ then we obtain
a®b=(aUb)Nb< ((b—c)ub) b= ((b'U(bMNc))Ub)Nb
= (b’l_l(bl_lc))ﬂbgbﬂcgc.
O

In the next example we present a A-lattice whose Sasaki operations defined by (S2)
satisfy condition (A1), but not condition (A2).

Example 2. Let A = (A,U,1N,") denote the A-lattice from Fig. 3 with the unary
operation ' defined by

x‘Oabcdl
X1 1 1d ¢ 0
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and ® and — denote the Sasaki operations on A defined by (S2). If y # ¢,d then
condition (C1) clearly holds. If y = ¢ then condition (C1) reads d U ((xUd)Mc¢) =
xUd which holds since xd > d. If, finally, y = d then condition (C1) reads c L
((xUc)Md) = xUc which holds since xLIc > ¢. Now assume x,y,z € A and x <y. If
7 # ¢,d then clearly

(0) ZU(zMNx) <Z'U(zMy).
If z = ¢ then (0) holds since

, - | d ifx<d,
¢ U(eNx) =dU(cMx) = { 1 otherwise.
If, finally, z = d then (0) holds since
c ifx<c,

, B _
ZU(zMx) =cU(dMNx) = { 1 otherwise.

Hence A satisfies also condition (E1) and by Proposition 4 (i) ® and — satisfy con-
dition (A1). But ® and — do not satisfy condition (A2) since

0<d=dUu0=c"U(cn0)=c—0,

but

0Gc=(0Ud)Nec=dMec=b%0.
However, the unary operation ' on A cannot be defined in such a way that both con-
dition (D2) and condition (E2) are satisfied. This can be seen as follows: Suppose
there exists some unary operation’ on A satisfying both condition (D2) and condition
(E2). Putting x = ¢ and y = 0 in condition (D2) yields

dMe=(U0)Me=(U(cM0))Mec<cM0=0
whence ¢/ = 0. Because of a < d we have according to condition (E2)
a=(aUd)Nec<(dUd)Ne=drMec=b,
a contradiction.

We now present an example of a A-lattice whose Sasaki operations defined by (S2)
satisfy condition (A2), but not condition (A1).

Example 3. Consider the following bounded poset P = (4, <,’,0, 1) with involu-
tion ’:

Define a bounded A-lattice A = (A,LU,M,”,0,1) with involution corresponding to
P in the following way: Put B := {a,b,c,d} and B' := {d’,b', ¢’ ,d'} and for different
x,y € B assume xUy € B\ {x,y'} and put X' My := 0. Let ® and — denote the
Sasaki operations on A defined by (S2). Evidently, ' is a complementation as well as
an antitone involution. We show that for all x,y,z € A we have

(A2) x<y—z=y U(yMNz) implies x®Oy = (xUy )My <z
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L=k

A bounded poset with involution

First observe that A satisfies the identities x LUx' ~ 1 and xMx' =~ 0. If x =0 or
y € {0,1} then condition (A2) holds. If x =1 and x < y' LI (yMMz) then y' LI (yMz) =1
and hence yMz =y, i.e. y <z showing (xUy" )My =y < z. Now let e, f be different
elements of B.
If(xy) (e,f) then (xUy )My = (el f)Mf=0<g,
(e,€') then (xUy )My = (ele)Me =0<z,
(e,f) then (xUy ) My=(eUf)Nf =0<z,
(¢/,e) then (xUy ) My=(Ue)Me=0<z,
= (¢, f’) then (xLJy’)l‘ly:(e’uf)l_lf’:ng,

if (x,y) =
if (x,y) =
if (x,y

if (x,y) = (e,e) and x <y LU (yMz) then e < €' LI (eMz) and hence eMz =, i.e.
e < zshowing (xUy' )My = (eUe)Me=e <z,

if (x,y) = (¢, f) and x <y U(yMz) then ¢’ < f'LI(fTMz) and hence fMz=f, i.e.
f <zshowing (xUyMy= (U f)Nf=f<z

if, finally, (x,y) = (¢/,¢’) and x <y’ (yMMz) then ¢’ <ell(e'Mz) and hence ¢ Mz =
¢, ie. ¢ < zshowing (xUy )My = (' Ue)Me = ¢’ <z This shows that ©® and —
satisfy condition (A2). However, ® and — do not satisfy condition (A1) since

ao®d =(aUc)nid e {p'nc,d' N’} ={0}
and hence a ® ¢’ <0, but
atc=cU0=cU(/MN0)=c—0.
Moreover, A does not satisfy identity (C2) since by putting (x,y) = (a’,b) we obtain
(XU xny))Nx= (aU(ad'Mb))Nd = (aUb)Md =0#b=d Mb=xMy.

Remark 2. As shown in Example 3, identity (C2) is not a necessary condition for
Sasaki operations in a A-lattice to satisfy condition (A2).
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We are going to derive a characterization of A-lattices satisfying conditions (D1)
and (D2) in which the Sasaki operations defined by (S2) form an adjoint pair.

Theorem 2. Let A = (A,U,1,") be a A-lattice with a unary operation’ satisfying
conditions (D1) and (D2) and ® and — denote the Sasaki operations on A defined
by (S2). Then the following are equivalent:

(1) The operations © and — form an adjoint pair,
(ii) the A-lattice A satisfies conditions (E1) and (E2),
(iii) the A-lattice A satisfies conditions (F1) and (F2).

Proof. Leta,b,c € A.

1) = (i):

If a < b then according to Lemma 1 we have
dU(cna)=c—a<c—b=cU(cMb),
(aUd)Me=a®c<b®c=(bUc)lMc.

(i) = (iii):

This is clear.

(iii) = (1):

This follows from Proposition 4. O

A A-lattice as described in Theorem 2 which is not a lattice is presented in Ex-
ample 5 below.

It is worth noticing that we do not know an example of a A-lattice (with a unary
operation /) not being a lattice, but satisfying identities (C1) and (C2) whose Sasaki
operations ® and — defined by (S2) form an adjoint pair. This indicates that the
identities (C1) and (C2) are too strong for A-lattices despite the fact that their lattice
versions work well for lattices, see the previous section. This can be explained by
the next theorem showing that a A-lattice satisfying identities (C1) and (C2) where ®
and — form an adjoint pair is very close to a lattice.

Theorem 3. Let A = (A,UU,1N,") be a A-lattice with a surjective unary operation’
satisfying identities (C1) and (C2) and assume that the Sasaki operations on A defined
by (S2) form an adjoint pair. Then A is a lattice.

Proof. Leta,b,c € A with a < b. Since '’ is surjective there exists some d € A with
d’' = b. Using identities (C1) and (C2) as well as Lemma |1 we obtain

aUc=aUd =d U((abd)Nd) =d'U(dN ((aLid')1d))
=d— (a®d)<d— (bod)=d U(dr((bud)nd)) =d' U ((bud)Nd)
=bUd =bUc,
cfa=('U(cMa))Ne=((cU(cMa))Ucd)Ne=(c—a)@c<(c—b)Oc
= ((du(cnb))ucd)ne=(U(cnb))rc=cnb.
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This means that LI and M are monotone and according to Theorem 2.14 in [4], A is a
lattice. ]

We now present a A-lattice whose Sasaki operations satisfy identities (C1) and
(C2), but neither condition (A1), nor condition (A2).

Example 4. Put B := {a,b,c,d,e, f,g} and B' := {xX' | x € B}, assume B, B’ and
{0,1} to be pairwise disjoint and put

C:={{a,b,c}.{a,d, f},{ae,8},{b,d, g}, {b:e, f}.{c,d e} {c, frg}}-

Then to any two different elements x and y of B there exists exactly one element
F(x,y) of B satisfying {x,y, F(x,y)} € C. (C is the set of all “lines” of the Fano plane
with the set B of points.) We illustrate this construction by the following diagram:
Put A:=BUB'U{0,1} and let x,y € A. We definex <yifx=0ory=1orx=yor

The Fano plane

ifxeBandy € B\ {x'}. Then (A, <) is a poset. If x and y are different elements of
B then we define xLy := (F(x,y))". In all the other cases we define xLy := max(x,y)
provided x and y are comparable with each other and x LIy := 1 otherwise. If x and
y are different elements of B then we define X' My := F(x,y). In all the other cases
we define xMy := min(x,y) provided x and y are comparable with each other and
xMy:= 0 otherwise. Then (A,LJ,M) is a A-lattice that is not a lattice. We extend the
mapping ’ from B to B’ to a unary operation’ on A by the following table:

x |0 d bV ¢ d ¢ f g1
X1 a b c d e f g 0

Put A := (A,U,M,’). Tt is easy to see that ' is an antitone involution and a comple-
mentation and that A satisfies the identities (xLly)" ~ x'1y" and (xMy)" ~x'Uy’. Let
h and i be different elements of B and put j := F(h,i). We prove that A satisfies the
identity

() (xuy)my' =xmy'.
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If x,y € {0,1} or y € {x,x'} then (1) holds.
If (x,y) = (h,i) then (xUy) My = (hUi) M = j/Ni{ =h=hNi =xny'.

If (x,y) = (h,7') then (xUy) My = (hU/)Mi=i'Mi=0=hMNi=xMNy.
If (x,y) = (W,i) then (xUy) My = (W Ui)Ni' =K 11" =xMy'.
If (x,y) = (W,{) then (xUy) Ny = (WU Ni=1Ni=i=KNi=xny.

By duality we obtain that A satisfies the identity
(2) (xMy)uy ~xUy'.
Now we have
Y U((euy)My) =y U (xmy) = xUy,
(X' U(xMy)) Nx~ (X' Uy)Nx~xMy
showing that A satisfies the identities (C1) and (C2). Now let k € B\ {h,i, j} and put

l:=F(i,k) and m := F(h,k). Then m = i would imply j = F(h,i) = F(h,m) =k, a
contradiction. Hence m # i and h < 7, but

kU(K'Th)=kUh=m' £i =kUl=ku(K'Mi)

showing that A does not satisfy condition (E1). By duality, A does not satisfy condi-
tion (E2). Let ® and — denote the Sasaki operations on A defined by (S2). According
to Theorem 2, ® and — do not form an adjoint pair. Because of (1) and (2) we have

xOya (xUy) My~ xMy,
x—y~xU(xMy)~x'Uy.
Now /' o =W Ni'=j<k,buth £k' =ik =i — Kk showing directly that ®

and — do not satisfy condition (Al). But ® and — do not satisfy condition (A2),
too, since

k<j=hUi=huWni)=h —i,
but
kO = (kUh) MK =m'nh =k £ i.

Although the A-lattices visualized in Figures 4 and 5 are complemented and the
complementation is an antitone involution, the corresponding Sasaki operations defined
by (S2) do not form an adjoint pair without regard how the LI and I are defined.

However, there exist A-lattices with a unary operation not being lattices, but whose
Sasaki operations defined by (S2) form an adjoint pair. At first, consider the following
example.

Example 5. Consider the A-lattice A = (A, LJ,M,") with the unary operation’ defined
by the following table:

x
x"

0 a b ¢ d 1
1 b a d c O
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1=alb
c d
a b
O=clNd
Fig. 7
A A-lattice

Then the operation tables of the Sasaki operations ® and — on A defined by (S2)
look as follows:

®l0 a b ¢ d 1 —10 a b ¢ d 1
0/0 O OO OO 01 1 1 1 1 1
al0 a 0 0 O a alb 1 b 1 1 1
b0 0O b 0 0 b bla a 1 1 1 1
c|0 a b ¢ 0 ¢ cld d d 1 d 1
d|0 a b 0 d d d|lc ¢c ¢ ¢ 1 1
110 a b ¢ d 1 110 a b ¢ d 1

It can be easily verified that for all x,y € A, x ©y is the smallest element z of A
satisfying x <y — z. Hence ©® and — form an adjoint pair. It is interesting and not
hard to prove that A satisfies conditions (D1) and (D2), but according to Theorem 3
cannot satisfy both identities (C1) and (C2). Indeed, A satisfies neither identity (C1)
nor identity (C2) since

dU((cud)na) =buU((cub)Ma)=bU(cMa)=bUa=1#c=cUb=clUd,
(U(cMa))Ne=(dUa)MNc=dMc=0%#a=cMNa.

There exist infinitely many of A-lattices the Sasaki operations of which defined by
(S2) form an adjoint pair. Namely, for every positive integer n consider the direct
power A" of the A-lattice A (with unary operation) from Example 5. Since the op-
erations on A" are defined componentwise, every such A" satisfies both conditions
(A1) and (A2) and is not a lattice. Moreover, A is subdirectly irreducible. Consider
the variety 7/(A) of A-lattices (with unary operation) generated by A. According to
Theorem 4.15 in [4] this variety is congruence distributive. Hence the only finite sub-
directly irreducible members of this variety are homomorphic images of subalgebras
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of A. Because A is simple, all finite subdirectly irreducible algebras in V/(A) are sub-
algebras of A. Up to A itself, these are only the subalgebras with universes {0, 1},
{0,a,b,1} and {0, c,d, 1} which are lattices, in fact Boolean algebras. Because every
algebra in V/(A) is a A-lattice (with unary operation) which is a subdirect product of
subdirectly irreducible members, i.e. a subalgebra of a direct product of an arbitrary
number of these four algebras, their Sasaki operations form an adjoint pair again.

Of course, the A-lattices (with unary operation) mentioned before are not the only
A-lattices (with unary operations) the Sasaki operations of which form an adjoint
pair, other such examples are e.g. direct products of A with orthomodular lattices
(considered as A-lattices with a unary operation).

4. ORDERED SEMIRINGS AND RING-LIKE STRUCTURES

In this section we investigate so-called ordered semirings with a unary operation,
i.e. ordered sixtuples (S,+,-,0,’, <) where (S,+,-,0) is a commutative semiring (see
e.g. [8]),” a unary operation and < a partial order relation on S satisfying the identity
xx' =~ 0. Recall from [8] that a commutative semiring is an algebra (S,+,-,0) of type
(2,2,0) such that the following holds:

(S,4+,0) is a commutative monoid,
(S,-) is a commutative semigroup,
x0 =~ 0,
the operation - is distributive with respect to +.
We can transform the Sasaki operations from (S1) by replacing VV and A with + and
-, respectively. In this way we obtain the Sasaki operations on S defined by
(S3) xOy:=(x+))y and x—y:=x+xy
for all x,y € S. Observe that in our case
xOy~ (x+Y)y~xy+yy~xy+0=xy.
We investigate when the Sasaki operations on S defined by (S3) form an adjoint pair.
We introduce the following conditions:
(3) x <y +xyy,
(4) x <yimplies 7/ +zx <7 +zy,
(5) x <yimplies xz < yz,
(6) xy <x.
Using of these conditions, we can state and prove the following result.
Theorem 4. LetS = (S,+,-,0,’, <) be an ordered semiring with a unary operation

and ® and — denote the Sasaki operations on S defined by (S3). Then the following
holds:

(1) If S satisfies conditions (3) and (4) then ©® and — satisfy condition (A1),
(ii) if'S satisfies conditions (5) and (6) then ® and — satisfy condition (A2),
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(iii) if S satisfies conditions (3) — (6) then ® and — form an adjoint pair.
Proof. Leta,b,c € 8S.
(i) If S satisfies conditions (3) and (4) and a ® b < ¢ then we obtain
a<b +abb="b"+b(ab) =b"+bla®b) <b' +bc=b—c.
(i1) If S satisfies conditions (5) and (6) and a < b — ¢ then we obtain
a®b=ab < (b— c)b= (b'+bc)b=>b'b+bch=0+c(bb) = c(bb) <c.
(ii1) This follows from (i) and (ii).
g
Example 6. Consider a unital Boolean ring R = (R,+,-,0,1) and define a unary
operation ' and a binary relation < on R by X' := x+ 1 and x < y whenever xy = x
for all x,y € R, respectively. Then R := (R, +,-,0,’,<) is an ordered semiring with

a unary operation satisfying conditions (3) — (6). Namely, let a,b,c € R. Then we
have:

ad =and =0,

a<b'Va=(bNd) =(bd) =bla+1)+1=b+1+ab=>"+abb,

a<bimpliesc +ca=c+1+ca=cla+1)+1=(cAd) <(cAP) =c(b+1)+1=
=c+1+cb=c +cb,

a<bimpliesac=aANc<bANc=bc,

ab=aNb<a.

According to Theorem 4 (iii) the Sasaki operations on a Boolean ring R defined by

(S3) form an adjoint pair.

Finally, we are interested in algebras similar to semirings in which also Sasaki
operations forming an adjoint pair can be defined.
In [3] the first author introduced the following notion:

Definition 1. An orthomodular pseudoring is an algebra (R,+,-,0,1) of type
(2,2,0,0) such that (A,+,0) is a commutative groupoid with neutral element 0,
(A,-,1) is a semilattice with neutral element 1 and the following identities are sat-
isfied:

x+x=0,
x0 =~ 0,
(x+1)+y=x+(1+y),
(14 xy)x =~ x+ xyx,
(I4+x)(1+xy) = 1+x,
(T4+x(1+y) (1+y(1+x)) =~ 1+ (x+y),
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(x+xy) +xy ~ x.
Orthomodular pseudorings are closely related to orthomodular lattices in a similar
way as Boolean rings are related to Boolean algebras.
Theorem 5. (cf. [3]) If (L,V,A,’,0,1) is an orthomodular lattice and
x+y:=(xAY)V(EAy),
Xy :=xAN\y

for all x,y € L then (L,4+,-,0,1) is an orthomodular pseudoring. If, conversely,
(R,+,-,0,1) is an orthomodular pseudoring and

VY= 1+ (14x)(1+),
XAy =Xy,
Xi=1+x
for all x,y € R then (R,V,N,’,0,1) is an orthomodular lattice. This correspondence

between orthomodular lattices and orthomodular pseudorings is one-to-one.

We can translate the Sasaki operations defined by (S1) for orthomodular lattices
into the operations + and - of the corresponding orthomodular pseudoring (R, +,-,0, 1)
as follows:

(84) xOy:=(1+(1+x)y)y and x—y:=1+x(1+xy)
for all x,y € R.

Example 7. Consider the following orthomodular pseudoring (R,+,-,’,0,1) with
R={0,a,b,c,d,1} and

~

+10 a b ¢ d 1 10 a b ¢ d 1 x| X
010 a b ¢ d 1 0/0 00O OO 011
ala 0 01 0 ¢ al0 a 0 0 0 a alc
b|/b 00 0 1 d b0 O b 0 0 b bld
clc 1 0 0 0 a c|l0O 0 0 ¢ 0 ¢ cla
dld 01 0 0 b dl0o 0 0 0 d d d|b
111 ¢ d a b 0 110 a b ¢ d 1 110
The Sasaki operations on R defined by (S4) read as follows:
®©l0 a b ¢ d 1 —10 a b ¢ d 1
0/0 O OO OO 0(1 1 1 1 1 1
al0 a b 0 d a alc 1 ¢ ¢ ¢ 1
b0 a b ¢ 0 b bld d 1 d d 1
c|0 0 b ¢ d c cla a al a 1
d|0 a 0 ¢ d d d|b b b b 1 1
110 a b ¢ d 1 110 a b ¢ d 1
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Using Theorem 5 and the result in [5] on orthomodular lattices mentioned in the
beginning we immediately obtain

Theorem 6. If (R,+,-,0,1) is an orthomodular pseudoring then the Sasaki oper-
ations on R defined by (84) form an adjoint pair.
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Abstract. An R-module M is said to be a semisimple-continuous, if it is weak CS (i.e., every
semisimple submodule of M is essential in a direct summand of M) and semisimple-direct inject-
ive (i.e., if A and B are isomorphic semisimple submodules of M such that A is a direct summand
of M, then B is a direct summand of M). It is proved that any semisimple-continuous module is
decomposed as a direct sum of a semisimple module and a module with square-free socle. We
investigate when the finite exchange property implies full exchange property for the former class
of modules. Moreover, we explore the notion of the semisimple-continuity for Abelian groups.
We also characterize right Noetherian right V-rings in terms of semisimple-continuous modules.
Examples are delimit our results.

2010 Mathematics Subject Classification: 16D10; 16D40; 16P20; 16P60

Keywords: continuous module, extending module, exchange property, semisimple-direct inject-
ive module, V-ring

1. INTRODUCTION

In this paper, all rings are associative with unity and all modules are unital right
R-modules. We use M to denote such a module. Recall that a module is extending
(or CS), if every submodule is essential in a direct summand, and a module is a C2-
module, if every submodule isomorphic to a direct summand is a direct summand, in
addition a module is a C3-module, if the sum of any two direct summands with zero
intersection is again a direct summand.

In [5], the “simple” versions of C2 and C3-modules are introduced and analyzed.
The authors in [5] call these modules simple-direct injective. Then M is simple-
direct injective, if every simple submodule isomorphic to a direct summand is itself
a direct summand, or equivalently if the sum of any two simple direct summands
with zero intersection is again a direct summand. In [1], the authors explore the
“semisimple” version of C2 and C3-modules. They call a module M semisimple-
direct injective, if whenever S and T are semisimple submodules of M with S = T and
T is a direct summand of M, then S is a direct summand of M, or equivalently, for any

© 2026 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
BY 4.0.
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semisimple direct summands S and 7 of M with SNT =0, S® T is a direct summand
of M. The class of simple-direct injective modules properly contains semisimple-
direct injective modules. Extending modules play an important role in rings and
categories of modules, their generalizations and related modules have been studied
extensively. In [19], the concept of simple-continuous modules is defined by a kind
of extending condition with simple-direct injectivity. A module is said to be simple-
continuous, if every simple submodule of M is essential in a direct summand of M,
and M is simple-direct injective. This module class has already been known in the
literature as min-continuous modules in [16].

The motivation of this paper comes from the studies in [1, 5, 19]. Our goal is
to introduce and investigate semisimple-continuous modules. We call a module M
semisimple-continuous, if it is both weak CS (i.e., every semisimple submodule of
M is essential in a direct summand of M [17]) and semisimple-direct injective. The
class of semisimple-continuous modules is a proper subclass of simple-continuous
modules. We start by presenting some results which are related to the notions of
weak CS and semisimple-direct injectivity in Section 2.

In Section 3, we introduce semisimple-continuous modules and provide several
examples. Observe that it is unknown whether the direct summand of a weak CS-
module is weak CS or not. We examine when the semisimple-continuous module
property is inherited by direct summands. As a result of this fact, we underline
when the direct summand of weak CS-modules enjoys this property. It is shown that
semisimple-continuous modules are not closed under direct sums. Hence, we also
deal with when the direct sums of semisimple-continuous modules are semisimple-
continuous.

We obtain decomposition results in Section 4. We show that if M is semisimple-
continuous, then M can be decomposed as M = A S B @ K where A= B, A® B is
semisimple, and K, which is (A @ B)-injective, has a square-free socle. As a con-
sequence, we show that if M is semisimple-continuous with the finite exchange, then
M has the full exchange. Moreover, we characterize right Noetherian right V-rings in
terms of semisimple-continuous modules.

For a nonempty subset X of M, X <M, X <% M and X <% M denote X is a
right R-submodule of M, X is an essential right R-submodule of M and X is a direct
summand of M, respectively. For notation we use Soc(M), Rad(M), End(M) and
E (M) the socle, the radical, the endomorphism ring and the injective hull of a module
M, respectively. Note that M, (R), T,,(R) and Ig(M) stand for the n-by-n matrix ring
over R, the n-by-n upper triangular matrix ring over R, and left annihilators of M in
R, respectively. Other terminology and notation can be found in [13] and [14].
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2. MORE PROPERTIES OF WEAK CS MODULES AND SEMISIMPLE-DIRECT
INJECTIVE MODULES

Recall that a module M is called weak CS [17], if every semisimple submodule
of M is essential in a direct summand of M. A ring R is right weak CS provided
that Ry is a right weak CS-module. In this section, we investigate the behavior of
weak CS rings with respect to the generalized upper triangular matrix rings. Let R
and S be rings with unity and M be a (R, S)-bimodule. Then T = <I(§ A;) denotes
the generalized upper triangular matrix ring. Recall from [12, Proposition 1.17] that

N
( Jp | is the right ideal of T such that J; is a right ideal of R and J; is a right
0

S-submodule of M & S with J1M C J,. For this notation, we refer to [15].

Lemma 1 ([10, Exercise 3]). Let T be a generalized triangular matrix ring. Then

~ (Soc(lr(M)) Soc(Ms)
SOC(TT)_( 0 Soc(SSS)>'

Proposition 1. Let T be a generalized triangular matrix ring. Then Tr is weak
Ji

CS if and only if for any semisimple right ideal (
0

Jz) of T, there exists an idem-

potent <(e) ?) of T such that Jy <®* [eRNIg(M)] and J, < (eM + V), where
ms
V_{(fs> .VseS}.
Ji

Ji
Proof. Let T be a right weak CS-ring and ( J2> < Soc(Tr). Then ( Jz>
0 0
e m . e m
<€SS
< <0 f> T for some idempotent <0 ¥
J, <% (eM + V) as right S-modules, where V = { ’}f) Vs € S} and [J1 NIg(M)]

<% [eRNIg(M)] as right R-modules. However, by Lemma 1, [J; Nlg(M)] = Ji, so
as desired. The converse is clear. O

> of T. Now by [15, Lemma 2.2],

Corollary 1. Let T be a generalized triangular matrix ring and gM is faithful.
Then Ty is a weak CS-ring if and only if for any right S-module

(b )= (6 ).
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there exists an idempotent (0 ) of T such that J, <®*V, where

m
0 f

v={()wes}

Let M and N be right R-modules. Recall from [2] that M is called socle-N-
injective, denoted soc-N-injective, if any R-homomorphism f: Soc(N) — M extends
to N. M is called soc-injective, if M is soc-R-injective. In case, M is soc-N-injective
and N is soc-M-injective, then M and N are called relatively soc-injective.

Proposition 2. Let T be a generalized triangular matrix ring. If T is a right weak
CS-ring, then the followings hold:

(i) Ssis weak CS, and if IR(M) = R, then Ry is weak CS.
(ii) My is a soc-injective module.
(iii) Ig(M) (without identity) is a weak CS-module.

Proof. (i) If Ig(M) = R, then by Proposition 1, R is a right weak CS-ring. To see

that S is right weak CS, let X < Soc(Ss). Then (8 2) < Soc(Tr), so there exist

idempotent o = <6 T) of T such that (0@ X) <** aT. Then for x € X, write

i= 8 g) , 50 we have oif = %, this implies that x = sx. Thus X < sS, where s> = s.

rm\ (0 0\ [0 ms . .
Let 0 # ss1 € sS. Then <O s) <0 S1> = <O Ssl) #0. Thus (0@ X) is essential

. . rn mp 0 ms; . mp
in oT, so there exists <0 s2> € T such that 0 # (O ss1> <0 Sz) € (0®X).

Hence, 0 msisz) _ (0 0, for some x’ € X, and so 0 # ss150 = x’ € X. It shows
0 55152 0 x
that Xg <¢ sSg.
(ii) Let X < Soc(Ss). Consider the S-linear map ¢: X — M. Write

F:{(g q’gj‘)) :xEX}.

Then F < Soc(Tr). Therefore, F <°* (T for some t> =t = <8 T) of T by [18,

Lemma 3.87]. Hence, foreacha € F, o0 = <8 ¢§Cx)> for some x € X. Thus oo =t

s0 0(x) = mx, as required.
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(iii) Let B=Ig(M) and X < Soc(Bg). Then }é 8> < Soc(Tr). So there exists
2 e k ess (€K
an element 0° = o = 0 f € T such that X < ¥ Tr. Observe that f =
e k(0 O 0 k e k
0. Assume 0 # k € M. Then05£<0 0)\lo 1 _<0 0 €<0 f>T' So

. (1 m 0 k\(rn mi\ [0 ks X 0
there is (O sl)eTsuchthatO;é<o O> <O s1>—<0 0)€<0 0>,a
e

contradiction. So, k =0. Then X <¢ 8 Tr. By Proposition 1, X <’ (eRNB)

and eM = 0. It follows that ¢ € B, and hence eRNB = eB, so Xg <®* ¢Bp. Therefore
Bjp is weak CS. ]

Proposition 3. If T is a right weak CS-ring, then (M @© S)s is a weak CS-module.

0

Proof. Let X < Soc(M & S)s. Then < X) < Soc(Tr). Hence there exists

0
0

o = o = <e m> € T such that X | <" af. Note that T' = <(€) m> re

0 f

<(1 66) (1—_mf)> T and oT = [eé? eg/l] + K, where K = { (8 ’}1;) (Vs € S}.

Now by [15, Lemma 2.2], X <®* (eM + V) where V = { <’;ZSS> (Vs € S}. Hence
—ms

(eM+V)s[(l-eyMBU|=(M&S)s, where U = { <(1 —f)s) Vs € S}. Thus

(M®S)g is weak CS. O

Recall from [9] that a ring extension T of R is said to be right intrinsic over R, if
X NR # 0 for each nonzero right ideal X of T, denoted by R <" T.

Proposition 4. If R gi’” S and Rg is a weak CS-module, then Sg is a weak CS-
module.

Proof. Let Y be a semisimple submodule of S and X = RNY. Then X is a
semisimple submodule Rg. Thus there is e = €? € R such that Xz <®* eRg. Let
y€Y. Theny=-ey+ (1l —e)y. If (1 —e)y+# 0, then there exists r € R such that
0# (1 —e)yr e RNY =X C eR, a contradiction. Therefore (1 —e)y = 0. So
Y <eS. Let 0 # es € eS. Then 0 # esr; € RNeS < eR, for some r; € R. Hence
RNY <RNeS < eR. It follows that 0 # es(r1r;) € RNY <Y, for some r, € R. Thus
Ys <% eSg which gives that Sg is a weak CS-module. O

Corollary 2. Let S be an essential overring of a ring R. If Rg is weak CS, then so
is SR.
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Proof. It is a consequence of Proposition 4. 0

Theorem 1. (i) Let R be a ring such that R = ReR and S = eRe for some > = ¢ € R.
Then My is weak CS if and only if the right S-module Me is weak CS.

(ii) Let R be a ring such that R = ReR for some ¢* = e € R. Then Ry, is weak CS if
and only if the right eRe-module Re is weak CS.

Proof. 1t is clear from [18, Propositions 2.77, 2.78]. ([l

Corollary 3. M, (R) is a right weak CS-ring if and only if the free right R-module
R" is weak CS.

Proof. Note that M,,(R) = M,,(R)eM, (R), where e is the matrix unit with 1 in the
(1,D)th position and zero elsewhere. Then the result follows from Theorem 1. ]

Observe that for any ring R, the polynomial ring R[x| has zero socle. Thus M, (R[x|)
is also a weak CS-module by Corollary 3.

Corollary 4. (i) If T, (R) is weak CS, then so is M, (R).
(ii) If T,(R) is weak CS, then the free right R-module R" is weak CS.

Proof. (i) Note that T,,(R) is an essential overring of M,,(R). Thus Corollary 2
yields the result.
(ii) It follows from part (i) and Corollary 3. O

In the rest of this section, we deal with some structural properties of semisimple-
direct injective modules.

Proposition 5. Let M = @,.; M; for some M; < M, and consider one of the fol-
lowing conditions are satisfied:

(i) For each semisimple direct summand D of M, D C M; for some i € I.
(if) For each direct summand D of M, D = @,c;(DNM;).
(iii) Each direct summand D of M is fully invariant.
Then M is semisimple-direct injective if and only if M; is semisimple-direct injective
foralliel.

Proof. Assume M is semisimple-direct injective and let U and V be semisimple
submodules of M; such that U =2V <% M;. Then we have V <% M and hence U <%
M. Then U <% M;, so M; is semisimple-direct injective. Conversely, suppose M;
is semisimple-direct injective for all i € I. Observe that (iii) implies (ii), and (if)
implies (i). Thus it is enough to complete the proof for condition (i). Now, let A
and B be semisimple direct summands of M with ANB = 0. By (i), A C M, and
B C M; for some j,k € I. Note that A <® M; and B <% M;. Assume j # k. Then
A®DB<"M; oM <" M. If j =k, then A® B <% M;, as M; is semisimple-direct
injective. Hence A @ B <% M. Therefore M is semisimple-direct injective by [I,
Proposition 2.1]. O
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The conditions (i), (if) and (iii) in Proposition 5 are not superfluous. Consider
the Z-module M = 7, ® Z(p™) for a prime p. Since M is not simple-direct injective
by [! 1, Lemma 2.5], M is not semisimple-direct injective. Let X = (1,a)Z, where
0 # a € Z(p™) such that pa = 0. Then X ®Z(p*) =M. But X ¢ Z,®0and X ¢
0@ Z(p~). Note that T,(M) = {x € M|xp* = 0 for some non-negative integer k} is
a submodule of M which is called the p-primary component of M. It is well-known
that every torsion R-module is a direct sum of its p-primary components.

Corollary 5. Let R be a Dedekind domain and T a torsion module over R. Then
T is semisimple-direct injective if and only if the T,(M) is semisimple-direct injective
for each prime p.

Proof. Note that T,(M) is fully invariant. Now, it follows from Proposition 5. [

Proposition 6. Let M be an R-module. If M & M is a semisimple-direct injective
module, then M is a semisimple-direct injective module.

Proof. Let M & M be a semisimple-direct injective module and S be a semisimple
submodule of M such that § = §' <% M. Clearly, §’ is a semisimple submodule of
M. We need to show that S <® M. Write M =S5 & T for some T < M. Since
MeM=(SeT)doM =5 ®(M®T) is a semisimple-direct injective module, and
if we take T: S — ' as the preceding isomorphism, t=!: &' — M = (' © T) splits by
[1, Proposition 2.1(4)]. Hence S <% M. O

Theorem 2. Let M = A& B, where A and B are relatively soc-injective. Then M
is a semisimple-direct injective module.

Proof. Let X and Y be any two semisimple direct summands of M with X NY = 0.
We will show that X &Y <® M. We have submodules X', Y’ of M such that M =
X®X' and M =Y &Y. By the hypothesis, X and X’ are relatively soc-injective and
so also Y and Y'. Hence by [2, Theorem 2.2 (4)], X (respectively, Y) is soc-(X & X')-
injective (respectively, soc-(Y @ Y’)-injective). Then the semisimple module X &7 is
soc-M-injective by [2, Theorem 2.2 (1)]. Therefore X ®Y <% M. O

3. SEMISIMPLE-CONTINUOUS MODULES

In this section, the class of semisimple-continuous modules is introduced and in-
vestigated. Module theoretical properties such as direct summands and direct sums
of the former class of modules are examined and examples are given to illustrate the
results.

Definition 1. A module M is called semisimple-continuous, if M is both weak CS
and semisimple-direct injective. A ring R is called right semisimple-continuous if the
module Ry is semisimple-continuous.

Example 1. (i) Semisimple, uniform and (quasi-)continuous modules are semi-
simple-continuous modules.
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(i) Semisimple-continuous modules are simple-continuous, but not vice versa:

(1) Consider R =< @ F;, 1= r > as a subring of [[2, F; generated by ©7 | F;
and I, F, where F; = Z; for any i € N. Then R is a commutative, non self-injective
V-ring and Soc(R) is essential in R. It implies that R is not Noetherian. Therefore we
can infer from Theorem 6 or [19, Theorem 3.1] that there exists a simple-continuous
module over R which is not semisimple-continuous.

(2) Let V be an infinite-dimensional vector space over a field F. Let Q = Endp(V),
J={x€ Q:dimp(xV) < oo} and R = F +J. Then R is a right V-ring and R is not
right Noetherian. By Theorem 6 and [19, Theorem 3.1], there is a simple-continuous
right R-module which is not semisimple-continuous.

(3) Let L = End(VF) be the full right linear ring of an infinite dimensional right
vector space V over a field F, let S be the ideal consisting of linear transformations
of finite rank, and let R = S+ F be the subring generated by § and the subring F
consisting of scalar transformations (sending every v — va for some a € F'). Then
R is a right V-ring such that R/Soc(R) is a field, hence a simple right R-module. Now
it is easy to see that Rg is not weak CS. For this write Soc(R) = A @ B, where A and B
are infinitely generated semisimple right ideals. If Rz were weak CS, A and B would
be essential in some direct summands A’ and B’, respectively. It is clear that A and B

are proper submodules of A’ and B’. But then, % - ﬁ}m, a contradiction since
fxggl is not simple. Note that Ry is simple-continuous by [19, Theorem 3.1].

As an application of Proposition 1, we construct the following example.

Example 2. LetT = (1; Ag) be a generalized triangular matrix ring, where R =

M =7, and S = Z. Then gM is a faithful module and Soc(Tr) = <8 ZOZ) Clearly,

10
0 0
by Corollary 1. Moreover, Tr is right semisimple-direct injective by [1, Theorem
2.21], so T is right semisimple-continuous.

Soc(Tr) essential in T, where 0> = o = ( > € T. Hence Tr is right weak CS

Proposition 7. M is a semisimple-continuous module if and only if the followings
hold:

(i) Let X < Soc(M). Then there exists a closed submodule K in M such that
X < K and any homomorphism ¢: K &L — M can be extended to M for some
complement L of K.

(ii) For X,Y < Soc(M) with X =Y <% M, every homomorphism 6: X — M can
be extended to M.

Proof. Let M be a semisimple-continuous module. Then (i) and (ii) hold clearly.
For converse, condition (i) implies that K is a direct summand of M by [!8, Lemma
3.97]. Hence X <®5 K <% M for all X < Soc(M). Thus M is weak CS. By condition
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(if), X is a direct summand of M by virtue of [18, Proposition 2.85]. Hence M is
semisimple-direct injective, so M is semisimple-continuous. O

Proposition 8. Let R be a Dedekind domain. If the component T,(M) is semisimple-
direct injective for every prime p, then every finitely generated R-module M is a
semisimple-continuous module.

Proof. Let M be a finitely generated module, then by [17, Theorem 1.16] M is a
weak CS-module. To see that M is semisimple-direct injective, note that M has a
decomposition M = M & M, for some torsion module M; and torsion-free module
M,. Note that, if S is any semisimple submodule of M, then S C M. Hence M is a
semisimple-direct injective module by Corollary 5. 0

Consider the Z-module M = Zg & Zj. It is clear that M is finitely generated
module over Dedekind domain. But it is not a semisimple-continuous module by
Example 3(1). The following results are related to the direct summand of semisimple-
continuous modules.

Proposition 9. Let M be a semisimple-continuous module module and X a fully
invariant direct summand of M. Then X is semisimple-continuous.

Proof. Let X be a fully invariant direct summand of a semisimple-continuous
module M. Then X is semisimple-direct injective by Proposition 5. Assume A is
a semisimple submodule of X. Then by hypothesis, A <®5Y <% M for some Y < M.
Then A is essential in ¥ N X and clearly, ¥ NX is a direct summand of X. Thus X is
weak CS. Therefore X is semisimple-continuous. U

Recall that M is called a UC-module, if every submodule of M has a unique essen-
tial closure.

Proposition 10. (i) Let M be a semisimple-continuous and UC module. Then any
direct summand of M is semisimple-continuous.

(ii) Let M be a semisimple-continuous module satisfying C3. Then any direct
summand of M is semisimple-continuous.

(iii) Any direct summand of a nonsingular semisimple-continuous module is semi-
simple-continuous.

Proof. The proof follows from Proposition 5 and [ 18, Propositions 4.7-4.9, Corol-
lary 4.8]. O

Corollary 6. Let M be a semisimple-continuous module. If M is a duo, or M
has an Abelian endomorphism ring, then every direct summand of M is semisimple-
CONntinuous.

Proof. It follows from [7, Theorem 4.4] and Proposition 10. O

Proposition 11. Let R be an Artian serial ring with J(R)*> = 0. Then any direct
summand of semisimple-continuous R-module is semisimple-continuous.
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Proof. By Proposition 5, any direct summand of semisimple-direct injective R-
module is semisimple-direct injective. Hence [|, Theorem 2.10] implies that every
semisimple-continuous R-module has C3. Thus the proof follows from Proposition
10. 0

Proposition 12. Let M = M| & M, be a semisimple-continuous module and M,
be a semisimple fully invariant submodule of M. Then M| and M, are semisimple-
CONntinuous.

Proof. M, is a semisimple-continuous module by Proposition 9. Let X be a
semisimple submodule of M,. Then M| & X is a semisimple submodule of M. Then
there exists a direct summand N of M such that M; & X < N. Note that M| C
M; ®X C N, so by modular law, N = NN (M & M,) = M; & (NNM;). Since
M;®X C N, we have My N (M ©X) <% NN M,. Notice that X =M, N (M; ®X)
by modular law. Thus, X <** NN M,;. It is enough to show that NN M, is a dir-
ect summand of M,. Observe that M = N@®W = M| & (N NM,) @ W, and hence
My=MNM=MN(M; & (NNMy)BW) = (NNM)&[MyN (M, & W]. There-
fore NN M, is a direct summand of M,. Thus M, is a weak CS-module. Note that
M, is semisimple-direct injective by Proposition 5. Therefore M, is semisimple-
continuous. ]

Recall that a module M has the summand intersection property, SIP, in case the
intersection of any two direct summands is again a direct summand of M.

Proposition 13. Assume M is semisimple-continuous with SIP. Then any direct
summand of M is semisimple-continuous.

Proof. Assume M = D @ D’ for some D,D’ < M. To see D is weak CS, let A <
Soc(D). Then A @ Soc(D') < Soc(M). By hypothesis, A @ Soc(D') <** K, for some
direct summand K of M. Now clearly, DN (A & Soc(D')) <** DN K. By modular
law, DN (A @ Soc(D')) = A. Hence A <** DN K. But then M has SIP and so DNK
a direct summand of M. Observe that DN K is a direct summand of D. Thus D is
weak CS. Note that SIP condition implies semisimple-direct injectivity, hence M is
semisimple-continuous. O

Proposition 14. Let M be an R-module. If M & M is a semisimple-continuous
module, then M is semisimple-continuous.

Proof. In view of Proposition 6, we only show that M is a weak CS-module. Let
S be a semisimple submodule of M. Then S = S @ 0 is semisimple in M & M. So by
hypothesis, S <®* D, where D <% (M & M). Consider T = 7, (D) where Tt;: M &
M — M is the first projection on M. Then 7 is a summand of M and clearly, S is
essential in 7. O

The next example shows that the direct sum of any two semisimple-continuous
modules may not be semisimple-continuous.
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Example 3. (1) Let M = 7 /27. @ 7./87Z be a Z-module. Clearly, Z /27 and Z/87Z
are semisimple-continuous Z-modules. However, M is not a semisimple continu-
ous Z-module, because the simple non-summand 0 & Z(4 + 8Z) is isomorphic to the
simple summand Z /27 & 0.

(2) Let R be the trivial extension of Z4 with the Z4-module 2Z4, such that

a 2b
e {2 ) upen).

LetX =274®0,Y =0®2Z4,and A =R/X and B=R/Y. Then A and B are uniform,
and hence semisimple-continuous. Since A @ B is not weak CS from [18, Example
4.3], A B is not semisimple-continuous.

Proposition 15. Let M = A ® B, where A is weak CS-module such that Soc(A) <
Rad(A) and B is fully invariant semisimple submodule of M. Then M is a semisimple-
continuous module.

Proof. M is a weak CS-module, by [17, Lemma 1.10]. We show that M is a
semisimple-direct injective module. Consider semisimple submodules X and Y of
M such that X Y and Y <® M. Then Y is not contained in A because each simple
module of A is small in A. This shows that 7t,(Y) # 0, where , : M — B is the projec-
tion. Since B is semisimple, 7, (Y) is a direct summand of B. So X 2Y = m,(Y) <® B
which implies that there exists f € End(Mpg) such that f(n,(Y)) = X. Since Soc(B)
is fully invariant in M, then X C Soc(B). As above X is not small in B, X <% B.
Hence X <% M. O

The fully invariant condition in Proposition 15 is not superflous. For example,
let M7, = A® B, where A = 7 /87 and B = 7 /27 as Z-modules. Then A is a weak
CS-module such that 4Z/8Z = Soc(A) < Rad(B) = 2Z/8Z and B is a semisimple
module but B is not fully invariant in M. Indeed, take © = io f o, where i: (4Z/8Z @
0) — M is the inclusion map, f: (0D Z/27) — (4Z/8Z@0) is the isomorphism and
n: M — (0®Z/27) is the natural projection map. Then clearly 8 € End(M) and
0(B) = (4Z/8Z®0) £ B. By Example 3, M is not a semisimple-continuous module.

Theorem 3. Let M = @,; X;, where each X; is a fully invariant submodule of M
for all i € I, and all semisimple submodules of M are fully invariant in M. Then X;
is semisimple-continuous for all i € I if and only if M is a semisimple-continuous
module.

Proof. (<) It s clear from Proposition 9.

(=) By Proposition 5, M is semisimple-direct injective. Now we show that M is
a weak CS-module. Let S be a semisimple submodule of M. By hypothesis, S is
fully invariant. Then S = ®;c;(SNX;). As X; is weak CS, there is D; <% X; such that
(SNX;) < D; for all i € I. Hence S = @ (SNX;) < (BieiDy) < (®ic1X;) =
M. O
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Theorem 4. Let M = A® B be a UC-module such that Soc(A) <®* A and Soc(B) =
0. Then M is semisimple-continuous if and only if A and B are semisimple-continuous.

Proof. (=) Assume M is semisimple-continuous then both A and B are semisimple-
continuous by Proposition 10.

(<) Let X,Y be semisimple submodules of M with X =Y <% M. Then Y is
not contained in B because Soc(B) = 0. Then Y < A, so Y <% A but then A is
semisimple-direct injective and so X <% A which in turn implies that X <% M. Thus
M is semisimple-direct injective. [0, Corollary 1.1] yields the result. O

4. DECOMPOSITIONS

Recall that any submodules A and B of M, A is superspective to B, if for any
submodule X <M, M =A@ X if and only if M = B& X. Two modules are orthogonal,
if they have no non-zero isomorphic submodules. For any class % of modules, K+
denotes the class of modules orthogonal to all members of K. A pair of classes 4
and B are called an orthogonal pair, if A+ = B and B+ = 4.

Proposition 16. Let A4 and B be an orthogonal pair of classes of modules:

(1) If M is weak CS which is closed under direct summand, then M = A® B
with semisimple A € 4 and B € ‘B. In fact, in this case, M is necessarily
semisimple.

(2) Every semisimple-continuous module M which is closed under direct sum-
mand, has a decomposition such that M = A ® B with semisimple A € 4 and
B € B unique up to superspectivity.

Proof. (1) By Zorn’s Lemma, M has a semisimple submodule A maximal w.r.t.
A € 4. Since A4 is closed under essential extensions, A is a closed submodule of M;
hence A <% M, as M is weak CS. Then M = A @ B for some B < M. Applying the
same argument to B, we get B = C ® D where C is maximal semisimple submodule
such that C € B. Assume that D # 0. Since D ¢ ‘B, D contains a non-zero semisimple
submodule Z € 4; which is a contradiction to the maximality of A € 4. Hence D =0
andsoM =A@ BwithA € 4 and B € B.

(2) Let M =A, ®&B; =A,® By with A; € 4 and B; € B for all i = 1,2. Assume
that M = A; & X. Then X = By, hence X € B and therefore A, "X = 0. By hypo-
thesis, A X <P M, and soM =A, ®XBY. Then A, PY =2 A; and X DY = B,.
Consequently Y € ANB =0, soM =A,®X. This proves that A; and A, are super-
spective. Similarly one can prove that B; and B, are superspective. O

We provide the decomposition theorem for the semisimple-continuous modules.

Theorem 5. If M is a semisimple-continuous module, then M = A @ B® K, where
(1) A=B,
(2) AP B is semisimple,
(3) Soc(K) is a square-free module, and
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(4) K is (A® B)-injective.

Proof. Let F = {(A,B, f) | A, B are semisimple closed submodules in M such that
ANB=0, and A =/ B}. Define an order on F' as follows:

(A,B,f) < (A1,B1,f1) & A <Ai,B<Bj,and f; extends f.

Clearly, F is a non-empty partially ordered set and every chain of elements of F
has an upper bound in . Then by Zorn’s Lemma, F' has a maximal member, say,
(A,B, f). Since M is weak CS, there exist Aj,B; < M such that A <®* A} <% M,
B <* B; <% M. Note that A; N B; = 0. But A and B are closed in M, so (A,B, f) =
(A1,B1, f). By semisimple-direct injectivity, we have A ® B <% M. Write M = (A ®
B) @K for some K < M. Since A @ B is semisimple with A = B, we prove (1), (2) and
(4). To show that condition (3) holds, let X and Y are submodules of Soc(K) such
that X =°Y and XNY =0. Then (A,B, f) < (A®X,B&Y, f ®0). By maximality of
(A,B, f), we have (A,B,f) = (A®X,B®Y,f®G). Hence A=A® X and B=BDY
which yield X =Y = 0. Thus Soc(K) is a square-free module. O

Proposition 17. Let G be an Abelian group. Then G is semisimple-
continuous ifand only if G=T @ F, where F is torsion-free and T is a torsion Abelian
group with each p-component, T,(M), a direct sum of a bounded Abelian group
and a divisible Abelian group. Moreover, T,(M) is semisimple or Soc(T,(M)) C
Rad(T,(M)), for each prime p.

Proof. (=) Assume G is semisimple-continuous. Then G = T & F, where
Soc(G) <** T such that F is torsion-free and T is a torsion Abelian group with each
p-component, 7),, a direct sum of a bounded Abelian group and a divisible Abelian
group by [18, Corollary 5.98]. Note that Soc(G) = Soc(T') and Soc(F) =0. Now T
is semisimple-direct injective and so T is simple-direct injective, then by [3, Theorem
2 (iv)], for each prime p, T}, is semisimple, or Soc(7},) C Rad(T,(M)).

(«<=) Suppose G =T @ F, where F is torsion-free and 7 is a torsion Abelian group
with each p-component, T}, a direct sum of a bounded Abelian group and a divisible
Abelian group. Then G is weak CS by [18, Corollary 5.98]. Now we will show that G
is semisimple-direct injective. Firstly, if for each prime p, T), is semisimple, then T is
semisimple-direct injective by Corollary 5. Also, Soc(F) = 0 so it is straightforward
to see that 7 @ F is semisimple-direct injective. Now if Soc(7T},) < Rad(T,(M)), then
Soc(T) < Rad(T) and Soc(F)NRad(F) = 0. Let A, B be semisimple submodules of
G with A =2 B <% G. Then B is not contained in T because each simple module of T
is small in 7. This shows that m(B) # 0, where n: T & F — F is the projection map.
But Soc(F) =0, so m(B) = 0, a contradiction and hence A = B = 0. This shows that
G is semisimple-direct injective. O

Recall that an R-module M is said to be a C4-module [8], if B=A <® M, B <
M and ANB =0, then B <% M. Clearly, C4 condition implies semisimple-direct
injective, but not vice versa. For instance, let Mz = Z @ 2Z. Since Soc(M) = 0, M is
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semisimple-direct injective. However it is not a C4-module. Note that a module M is
called pseudo- N-injective if every monomorphism f: K — M, where K < N, can be
extended to a homomorphism from N into M.

Proposition 18. Let M = A ® B be a weak CS and C4-module, then A is pseudo-
Soc(B)-injective and B is pseudo-Soc(A)-injective.

Proof. We only show that B is pseudo- Soc(A)-injective. In a similar manner, it
can be shown that A is pseudo- Soc(B)-injective. Let A’ < Soc(A) and consider a
monomorphism ¢: A" — B. Then K = {d' — ¢(d): ' € A’} < Soc(M). Also KNA =
KNB=0. Hence K <¢* D <% M by weak-CS condition. Now consider T: M — A.
Then B&D = B@&n(D). Hence we have D = n(D) and DN n(D) = 0. Since M
has C4, n(D) <% M. So n(D) <% A. Write A = n(D) ¢ D’ for some D’ < A. Then
M=B®A=Bon(D)®D' =B® (D& D'). Now take the canonical projection
n: B® (D@ D') — B. Then we have the restriction map 7|4 : A — B. Hence n(d’) =
n(d —¢(d")) +m(d(da’)) = 0(d’). This shows that 7|4 extends 0. O

Corollary 7. (i) Let M = A@ B be a weak CS and C4-module, then A is min-B-
injective and B is min-A-injective.

(if) Let R be a commutative ring. If R® R is semisimple-continuous as an R-
module, then R is mininjective.

Proof. It follows from Proposition 18. O

Proposition 19. If M is weak CS and a C4-module and A <% M, then A is pseudo-
Soc(B)-injective for any submodule B of M with ANB = 0.

Proof. Write M = A@ A’ for a submodule A’ < M and consider the natural pro-
jection y: M — A’. Clearly, the restriction of y on B is a monomorphism and so
B=v(B) <A’. Since M is weak CS and C4, A is pseudo-soc-A’-injective by Propos-
ition 18. Consequently, A is pseudo-soc-Y(B)- injective which in turn gives that A is
pseudo-soc-B-injective. O

In the following result, we examine when the finite exchange property implies full
exchange property for the related module classes.

Proposition 20. (i) Let M be a weak CS module and every submodule of M is
a C4-module. If M has the finite exchange property, then M has the full exchange
property.

(ii) Let R be a semiartinian ring and M be an R-module. If M is a semisimple-
continuous module with the finite exchange property, then M has the full exchange

property.
Proof. (i) Let M be a weak CS module and every submodule of M be a C4-module.

Clearly, M is semisimple-continuous. Then, by Proposition 5, M = (A® B) ® K,
where A @ B is semisimple and K has square-free socle. [8, Proposition 2.20] yields
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that K is square-free. Since direct summands and finite direct sums of modules with
the (finite) exchange property also have the (finite) exchange property, M has the full
exchange property.

(i) By Proposition 5, we have M = (A @ B) ® K, where A @ B is semisimple and
K has square-free socle. Now by [8, Proposition 2.21], K is square-free. Hence the
proof follows from similar arguments in the proof of part (i). O

Lemma 2. If M is semisimple and M @& E(M) is semisimple-continuous, then M is
injective.

Proof. Let M be semisimple and i: M — E(M) be the inclusion map. Hence
i(M) =M <% E(M) by [, Proposition 2.1(4)]. Therefore M = E(M) and M is in-
jective. O

Proposition 21. The following assertions are equivalent for a ring R:
(i) Every projective semisimple right R-module is injective.
(ii) Every nonsingular right R-module is semisimple-continuous.

Proof. (i) = (ii) It is known from [10, Corollary 1.25] that any nonsingular
semisimple right R-module is projective. Let M be a nonsingular module with
semisimple direct summands A,B < M such that ANB = 0. Then A and B are in-
jective by (i). Hence A@® B <% M. Thus M is semisimple-direct injective. To show
that M is weak CS, let S be a semisimple submodule of M. Then S is also injective
by hypothesis. Therefore § <% M, so clearly M is weak CS. Thus, (ii) holds.

(ii) = (i) Let P be a projective semisimple right R-module. By [13, p. 269], P is
nonsingular and hence E(P) and P @ E(P) both are nonsingular. By assertion (ii),
we have P @ E(P) is semisimple-continuous. Thus, P is injective by Lemma 2. [

Theorem 6. The following conditions are equivalent for a ring R.
(i) Ris a right Noetherian right V-ring.
(ii) Every right R-module is a semisimple-continuous module.
(iii) The direct sum of any two semisimple-continuous right R-modules is semi-
simple-continuous.
(iv) Every semisimple-continuous module is strongly soc-injective.

Proof. (i) = (ii) It is clear because R is right Noetherian right V-ring if and only
if every semisimple R-module is injective by [4, Proposition 1].

(ii) = (iii) It is clear.

(iif) = (i) Let M be a semisimple module. By the hypothesis, M @ E(M) is a
semisimple-continuous module. By Lemma 2, M is injective. Therefore, R is a right
Noetherian right V-ring.

(i) < (iv) This part follows from [ !, Proposition 2.15]. O

Corollary 8. A ring R is semisimple Artinian if and only if all semisimple-continuous
right R-modules are injective.
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Corollary 9. Let R be a right V-ring. Then R is right Noetherian if and only if
every simple-continuous right R-module is semisimple-continuous.

Proposition 22. The followings are equivalent for a regular ring R:
(i) Ris aright V-ring.
(if) Every cyclic right R-module is semisimple-continuous.

(iii) Every cyclic right R-module is simple-continuous.

Proof. It follows from Example 1(ii) and [19, Proposition 3.3]. O
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Abstract. We propose Vallée-Poussin theorem in form of three equivalent assertions for Katugam-
pola fractional functional differential equation. Choosing corresponding function, we obtain
explicit test of negativity of Green’s function in form of algebraic inequality. We discuss par-
ticular cases of functional equation such as equations with deviation to illustrate application of
our technique. Further, we demonstrate applications of Katugampola derivatives as it general-
izes previous inequalities available in literature for Riemann—Liouville fractional boundary value
problem and Hadamard fractional boundary value problem.
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1. INTRODUCTION

In this paper, we consider the following fractional functional differential equation

(D x)(6) + (Tx)(6) = (1), 1€ [a,b], (1.1)
with boundary condition
x(a) =x(b) =0, (1.2)

where 1 < a <2 and Dgf is Katugampola derivative which depends on extra para-
meter p and generalizes the Riemann—Liouville and Hadamard fractional derivative.
If p =1, then it reduces to Riemann—Liouville fractional derivative, and if p — 0,
it becomes Hadamard fractional derivative [ 14, 15]. The operator T : C — L., are lin-
ear continuous operators acting from the space of the continuous functions C to the
space of essentially bounded functions L. and f € L... The operator T can be of the
forms (7x) (1) = q(1)x(t—(t)), x(§) =0, if § # [a,b], (Tx)(r) = [, O(t,5)x(8(s))ds,
or (Tx)(t) = [ abx(s)dsQ(t,s). The conditions describing assumptions about all their
coefficients are explained in [5], which allows acting of these operators 7" : C — L.

© 2026 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
BY 4.0.
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For the application of fractional differential equations in various fields of sci-
ence and engineering one can refer to the known monographs [16, 23]. In the last
few decades, analysis of positive solutions and investigation of various inequalities
for fractional differential equations has been an active area of research. Qualitat-
ive theory for fractional differential equations such as oscillation theory, zeros of
solutions, disconjugacy and comparison theory for fractional differential equations
can be studied and many results were obatined on the basis of various inequalit-
ies, for example, Lyapunov-type inequalities, De La Vallée-Poussin inequalities and
Hartman—Wintner-type inequalities (see, for example [1,20,25]). There are various
methods such as different fixed point theorems, topological methods, coincidence de-
gree theory, upper and lower solution method and different numerical methods which
are used to study fractional differential equations with different fractional derivatives,
to mention some of them one can see articles for Riemann—Liouville [13,24], Caputo
[25], Hadamard [1 1], Caputo-Hadamard [3], y-operators [18], along with relevant
references therein.

Let us note some of the recent work using Katugampola fractional derivatives.
In [20], Lupinska and Odzijewicz obtained Lyapunov inequality for Katugampola
fractional differential equation. In [9], authors used Guo-Krasnoselskii and Banach
fixed point theorems to study the existence and uniqueness of solutions for nonlinear
Katugampola fractional differential equation

{Dg‘fx(z) =Bf(t,x(1)), 1<a<2, t€[0,T],
x(0) =x(T) =0,

where f € R and f: [0,T] X [0,00) — [h,0o0) is a continuous function with finite pos-
itive constants &, 7. In [22], Lupinska and Schmeidel by proving the Lyapunov-type
inequality deduced the conditions for the existence, and non-existence of the solu-
tions for fractional differential equations under fractional boundary conditions with
the Katugampola derivative.

DgPx(1) +g(1)x(r) =0,
x(a) = DYPx(b) = 0.

In [4], authors studied existence and uniqueness theorem for a fractional equation
with Caputo—Katugampola derivative. Some other analysis work for equations with
Katugampola derivatives can be found in [19,21].

Investigation of equations with Katugampola fractional derivatives is seldom in
literature. It looks very natural in mathematical modeling to consider memory effects
not only in the left-hand (i.e., in the “derivative part”), but also in another term. This
leads us to equation (1.1). Another motivation presents a corresponding new step in
the studying system: using representation of solution for one of the components of the
solution vectors of the system to come to a scalar functional differential equation for
another component of the solution-vector. For functional differential equation with
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classical derivatives this idea was formulated in [2]. It should be stressed that even in
the case of ordinary differential system, an equation for a corresponding component
is an integro-differential (i.e., the functional differential equations). This motivates
us to study problem (1.1)—(1.2). In this article, we apply Vallée-Poussin theorem
about differential inequality to study problem (1.1)—(1.2). We obtain explicit tests of
negativity of Green’s function in the form of algebraic inequalities. For n-th order
functional differential equations, an analog of the Vallée-Poussin theorem and results

on sign-constancy of Green’s functions on its basis were obtained in [6—8, 10]. Recent
work for fractional functional differential equations with operator T of the general
form using Vallée-Poussin theorem can be found in [11-13,24].

Theorem 1 ([20]). Let 0 <a<b <o, 1 <o <2, p>0andq:la,b] = R bea
continuous function and x be a solution of the boundary value problem

(DZx)(1) +q(1)x(r) =0, (13)
x(a) =x(b) =0. '
If x(t) # 0 for all t € (a,b), then we have the inequality
’ (o) 4p
> . 1.4
/a 4)lds 2 @ T, 5o 1 (bp—ap> (14
Note that in [20], it was not assumed that x(7) # 0 for ¢ € (a,b). We have (1.4) in
the form
. I'o) 4p 1
> . .
min alt) = T, b1y (bp—ap> (b—a> (15)

From Corollary 3, obtained below in Section 4 (see Remark 1), we get that the in-
equality
o INo+1

q(t) < o—1 52— ) ’

(00— 1)%~1 p2=%(bP —aP)

guarantees that the problem (1.3) has only the trivial solution and its Green’s function
is negative for (¢,s) € (a,b) x (a,b). Note that inequality (1.6) we have constructed
for a more general problem (4.1) in which we have x(h(t)) instead of x(¢) compared
to problem (1.3). Inequality (1.6) means that in the case of zeros of solution x(¢) at
the points a and b, we obtain that

(1.6)

1.7

' o F(a‘l‘ 1)
>
D0 G e~y

since in the case of the coefficient g satisfying inequality (1.6) we exclude the exist-
ence of zero at the points a and b, i.e., one does not have the x(a) = x(b) = 0. Let us
compare (1.5) and (1.7), computing the right-hand sides (RHS) in them, we obtain

values estimating n[lin]q(t) in Table 1 and graphical representation in Figure 1. We
tela,b

see that our estimate of g in right-hand side of inequality (1.5) gives sharper values
of min,¢[, 4 () in compared to previous Lyapunov inequality (1.7).
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o RHS in inequality (1.5) | RHS in inequality (1.7)
2 4 8
1.9888 3.91993 7.85644
1.95 3.65704 7.37800
1.9 3.34906 6.80198
1.88 3.23840 6.58362
1.85 3.07229 6.62682
1.8 2.82342 5.773238

TABLE 1. Comparing our results with the known ones.

—=— Inequality (1.5)
—e— Inequality (1.7)

84 /./o

Inequalities
(1.5)&(1.7)

FIGURE 1. Describing that our inequality (1.7) is more exact than (1.5)

2. PRELIMINARIES

In [14], to define the generalized fractional derivative Katugampola considered the
space X/ (a,b) (where ¢ € R, 1 < p < ) of those Lebesgue measurable functions f
on [a, b] for which || f||x» < co, where the norm is defined by

1
b dt\ »
||f||xg’:</a It‘f(t)lpt) <o, (CCR, 1< p<e)

and for the case p = oo

171l = ess supace<y 1| £ (1)), ¢ € R

In particular, when ¢ = %, (1 < p < o) the space X/ (a,b) coincides with the classical

L,(a,b)-space. In this article, we consider the case when p — oo, which brings us to
the classical L., space.
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Definition 1 (see [9,20]). Let o >0, p >0, 0 < a < b < oo, f(t) € L. The
operator

1—o t ,Cpfl
p =P / T)dt
a+ F(OC) g (tp_,cp)]_(xf( ) ’
fort € (a,b) is called left-side Katugampola integral of fractional order a.
Definition 2 (see [20]). Letaa>0,p >0, n=[0]+1,0<a <t <b<oo, f € L.

The operator

(03 — d " n—o.
DY £(1) = (rl "dt> 17 (1)

pocfnJrl I p d n /t ’Cpil
=—- (1t P— —————f(1)dr
I'(n—o) dt) Ja (1P —1P)o—n+l /()
fort € (a,b) is called left-side Katugampola derivatives of fractional order .

Lemma 1 (see [20]). Let a,p > 0, n = [&t] + 1, where o] is the integer part of Q,
f € Le. The fractional differential equation

(Dgfx)(1) = £ (1)

has the general solution of the form

where c; are real constants.

Lemma 2 (see [20]). Assume 1 < o <2 and f € L. Then the unique solution to
the problem

(DgPx)(1) = f(1) .1
with boundary condition (1.2) is given by
b
(1) = / G(t,5)f (s)ds 2.2)
a
where G(t,s) is the Green's function given by
—a | — sp’]] (zp—ap)(xfl_i_ s"’l1 a<s<t<bhb
R IV O
_m@p:‘;p) , a<t<s<b

Now, in the following lemma we use the technique of [20], where authors proved
the sign-constancy of Green’s function.

Lemma 3. Green’s function represented by (2.3) is negative for s,t € (a,b).
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Proof. Fora <t <s < b, itis clear that G(t,s) < 0. Fora <s <t < b,

= () o ((222))]
e () e
+ <bp = (ap+ i _?:)_(ZZ;) —ap>>] ‘

(P — ) )
P — aP

Observing that

< bP,

P <aP +

because of the fact that

P _ 4P Py _ 4P p_ 4P Py _ 4P
(sP—aP)(bP) —a >0 and (sP—aP)(bP) —a
P —af P —af

— )

we get G(z,s) < 0 also for s < ¢. Hence, G(t,s) <0 fort,s € (1,e). O

3. MAIN RESULTS

Let us define the operator K : L., — L., by the equality

(K2)(t) = —T [ / ’ G(-,s)z(s)ds} (0). 3.1)

We use here and below the notation 7'[y(7)] meaning that the operator T acts on the
continuous function v, i.e., T[y(t)] = (Ty)(z). We assume in this paper the positivity
of operators in the standard sense, i.e., the operator K is positive if (Kz)(r) > 0 for
t € [a,b] for every nonnegative z € L.

The following assertion can be considered as an analog of the Vallée-Poussin the-
orem on differential inequality [6].

Theorem 2. Let T : C — Lo, be positive operator, 1 < o < 2. Then the following
assertions are equivalent:
1) there exist a positive number € and a function v € X (a,b) N C such that
v(t) > 0 fort € (a,b), v(a) =0, v(b) =0 and
(DgPv) () + (Tv) (1) = w(t) < —e <0 for t € (a,b); (3.2)

2) the spectral radius r(K) of the operator K : Loe — Lo is less than 1;
3) problem (1.1)—(1.2), is uniquely solvable for any f € L. and its Green’s func-
tion G(t,s) is negative for (t,s) € (a,b) x (a,b).
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Proof. 1) = 2). The function v in condition 1) satisfies the boundary value prob-

lem
(DX0)(1) = (),
{W) =0, x(b) = v(b), (3.3)

where z from L., is z(t) = y(¢) — (Tv(t)). Thus, there exists & > 0 such that z(¢) < —8
fort € (a,b). It is clear that

x(t) = /ab G(t,5)z(s)ds+u(t), (3.4)

where u is a solution of the homogeneous equation

(DgPu)(t) =0, t€[a,b],
{u(a) =0, u(b)=0. 3-5)
Substituting this representation in the place of v into (3.2) yields
b
Z(t)+T [/ G(t,s)z(s)ds} + (Tu)(r) = y(1), (3.6)
and
2(1) = (K2) (1) = w(t) = (Tu)(1), 1 € (a;b). 3.7

Let us prove that u(z) = 0 for ¢ € (a,b). From condition 1) of Theorem 2 we have
v(a) =0 and v(b) = 0. It is clear that u(t) = 0 for ¢ € (a,b] according to Lemma 2.
Thus, ¥(1) = y(7) — (Tu)(t) < —e < 0. The function w = —z satisfies the inequalities

w(t) — (Kw)(t) = —¥(1) > 0,
and
w(t) > (Kw)(1).
According to [17, Theorem 5.8 on p. 84], we obtain r(K) < 1.
This completes the proof of the implication 1) = 2).

Let us prove now the implication 2) = 3). Consider the boundary value problem
(1.1). Let us use the substitution

b
x(1) = / Golt,5)z(s)ds, (3.8)
a
where Gy(t,s) is Green’s function of the problem consisting of the equation
(DgPx)(1) =2(1) (3.9)

with the boundary conditions (1.2). Substituting representation (3.8) into (1.1), we
get (3.7), where y(¢) = f(¢) and u(t) =0 for t € [a,b]. If r(K) < 1, then (3.7) is
uniquely solvable and its solution is

2(t) = —K) 'y(t) = (I+K+K*+ K +..)w)(1). (3.10)
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We obtain that the solution x defined by (3.8) exists and is unique, and this proves
that the problem (1.1) is uniquely solvable. We see also that (I — K)~! is a positive
operator if K is positive. The assumption about positivity of the operator T : C — Lo,
and Lemma 2 imply that K : L., — Lo is positive. Then from y(¢) < 0, it follows that
z(t) <O fort € [a,b]. Thus, if f(t) <O, then z(t) <0 for r € [a,b]. If z(¢) <0, then
from the fact of nonpositivity of Green’s function G(¢,s) in the formula (3.8), we get
x(t) > 0 fort € [a,b]. This is possible only in the case when Green’s function G(z, s)
of problem (1.1)—(1.2) satisfies the inequality G(,s) < 0. From the inequalities

(1) = / ' Golt.5)2(s)ds = / " Golt.5)(1— K)~1w(s)ds

b
:/ Golt,s) [+ K+ K>+ K3+ .. Jy(s)ds

and the fact that Gy(z,s) < 0, it follows that G(¢,s) < Gy(z,s) < O for z,s € (a,b).
This completes the proof of the implication 2) = 3).
In order to prove the implication 3) = 1), we set

v(t) = —/ab G(t,s)ds.

Since G(t,s) < 0 for (z,s) € (a,b), we get v(t) > 0 for t € (a,b). It is clear that
v(a) =v(b) =0, y(r) = —1. This completes the proof of the implication 3)=-1).
The proof is now complete. O

Corollary 1. If 1 < o < 2 and the following inequality is fulfilled
T [p* (P —aP)* ' [(b° —aP) — (1P —aP)]] <T(o+1) (3.11)

then problem (1.1)—(1.2) is uniquely solvable for any f € L. and its Green’s function
G(t,s) is negative for (t,s) € (a,b).

Proof. For 8 > 0, consider the auxiliary equation

{(Dfi‘fv)(r) - -3,
v(a) =v(b) =0,

Using Lemma 1, we write

PP\ ! P —aP\* 2 pl- o gp-l
v(t):c1< 5 > —i—cz(p > —i—r(a)/a(tp_rp)la(—ﬁ)dr

for some real constants ¢; and c¢;. Applying boundary condition, we obtain ¢; =0

and so, |
P —aP\* plm -1
v(t)—cl< ; > +r(a)/a O

We have to “connect” ¢; with d to guarantee the inequality
v(t) >0 (3.12)
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In order to continue the proof, let us describe in more detail an idea of this “con-
nection”. It is clear that condition (3.12) is fulfilled for sufficiently large ¢, but to
achieve inequality (3.2), we need sufficiently small ¢;. Thus, we have to choose a
minimal possible ¢ such that inequality (3.12) is fulfilled.

PP\ ! Spl—a [t -1
w=a () T [ et
p_p\ o1 2—a
= <t a > _L(Ip_ap)“

p C(a+1)
Using the boundary condition v(b) = 0, we obtain
Sp
= — 1 (P —gP
= a4

putting this ¢; back in v(z), we get

W) = Sp)(bp ) <tp _ap)al % (1P — aP)*

(o4 1 p Ia+1)
_8‘)27_&([9_ p)ocfl[(bp_ Py — (P — )]
“Ta+n ¢ ¢

Now, considering (D3v)(t) = —& and obtained v(¢), we get (3.11). Using now the
equivalence of the assertions 1) and 3) of Theorem 2, we obtain negativity of Green’s
function G(¢,s) of problem (1.1), (1.2). O

Let us consider the equation with deviations
a+x +qu f(t)7 te(avb)v (313)

where
X(&) =0, g ¢ (aab)a (3.14)

qj,f € Le, his a measurable function. We obtain the following assertion.
Corollary 2. Let gj(t) >0, 1 < & < 2 and assume
m
Z a < hj(t) < b)g;(t)p* *(hj(1)? —a®)* H(bP —aP) — (h;(1)P —aP)]

J:
<T(a+1), 1€ (a,b)

where
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Then the problem consisting of equation (3.13) and the boundary conditions (1.2)
is uniquely solvable for any f € L. and its Green’s function G(t,s) is negative for
t,s € (a,b).

4. REMARKS AND EXAMPLES

Consider the particular case of (1.1) given as

(D*Px)(1) +q(0)x(h(2)) = f(1), 1€ (a,b), @1
x(a) =x(b) = 0. '
Corollary 3. If 1 <a <2, ¢(t) > 0fort € (a,b) and
{ess sup,c(o ()10 *((h(1))P — aP)* H(BP —a®) — ((h(1))P —aP)]
<T(a+1), te€(a,b) (4.2)
is fulfilled, then problem (4.1) is uniquely solvable for any f € L., and its Green’s
function is negative for (t,s) € (a,b) x (a,b).
Remark 1. Taking into account
o — l)ocfl

2—0(p _ pyO—1 P P\ __ (4P _ P\ — 2O p_pa(
max > —a?) (0P —aP) — (1° —a?)] = p (B0 —a?)* = o

, (4.3)
which is achieved at the point 1P = aP + %(bp —aP), we get
o INo+1)
1)< .
N S )

Remark 2. Inequality (4.4) cannot be improved. Actually, assume that

B (a—1)
(h(1))P =P + == (59 — o)

in (4.1) and consider the equation

(O % _Terl) x<(ap+<°”><bp_ap>>">

(0 — 1)1 p>=(bP —aP) a

“4.4)

=0, t€(ab), l<a<?2. 4.5)

The function x(t) = p>~*(tP —aP)* ' [(bP — aP) — (P — aP)] satisfies (4.5) and indeed
(4.5) has an infinite number of solutions of the form c(p>~*(tP —aP)*~![(bP — aP) —
(1P — aP))) for every real number c.

Corollary 4. If 1 <a <2, h(t) <efora=0,b=1, fort € (0,1), then the
inequality (4.4) becomes
INo+1)
< ——————
a(t) (1 —g)er!

and implies the unique solvability for any f € L. of the problem (4.1).

(4.6)
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Example 1. If we take € = 0.1, 0.001, 0.0001, o = 1.5 in inequality (4.6) of Co-

rollary 4, then particular bounds of inequalities calculated in Table 1 and represented
in Figure 2.

e T'(a+1)
(1—g)eo!
0.09 4.869379
0.05 6.257885
0.009 14.139736
0.005 18.8941829
0.0009 | 44.351262
0.0005 59.47964

N Anna TAA A AP~~~

140 4
120 4
100
80
60

]
\

204

RHS of (1.5)

FIGURE 2.

Corollary 5. In the case of superposition of integral and deviation operators

() = [ k(5
we get to
/bk(t,s)[pzo‘(s—ap)[(bp —aP)— (I — aP)||ds < T(ot+1).

Using estimate of (4.3), we get to

b 1
/ k(t,s)ds <

max {Pz_“(bp —aP)™ (a_o:o)guil } ’

which implies that problem
(D“Px)(1) + [ k(e )x(h(s))ds = f(1). 1 € (aD),
x(a) =x(b) =0.

is uniquely solvable for any f € L. and its Green’s function is negative for (t,s) €
(a,b) x (a,b).



178 A. DOMOSHNITSKY, O. KUPERVASSER, S. PADHI, AND S. N. SRIVASTAVA

5. APPLICATIONS

If we take p = 1 in Definition 2, then we obtain the Riemann—Liouville fractional
derivative [16,23]

D0 = D210 = (5) T | e

Now, for p =+ 1, a =0 and b = 1, problem (1.1)-(1.2) becomes a Riemann—
Liouville fractional boundary value problem which coincides with the problem stud-
iedin [13] for k=0,

G.D

{(RLD&x) (1) + (Tx)(1) = £(2),
x(0) =x(1) =0,

where (*-D, ) is Riemann-Liouville fractional derivative.

Corollary 6. Forp — 1 and a=0, b =1, we get inequality (3.11) as [ 13, Corol-
lary 6]
T[t*'(1-1)] <T(a+1)

Similarly, if we take p — 0 in Definition 2, then we get the Hadamard fractional
derivative [16, 23]

) o o 1 d no ot n—o—1 d
lim lef(t) _H D1+f(t) = m (tdt) /a (log%) f(r)l.

p—0* T

Next, for p — 04, a =1 and b = e, problem (1.1)—(1.2) becomes a Hadamard frac-
tional boundary value problem which coincides with the problem studied in [11]
{(HD?‘+X) (1) + (Tx) (1) = £(0),

x(1) =x(e) =0, ©2)

where (D, ) is Hadamard fractional derivative.

Corollary 7. For p — 04 and a =1, b = e, we get inequality (3.11) as [/],
Corollary 3.2]

T [(In)* (1 —Int)] <T(a+1)
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Abstract. In this note, we extend Datko’s result in the paper [4, 1972]. In particular, the expo-
nential stability of evolutionary families is characterized by its pointwise trajectories in which
the norm mapping of each pointwise trajectory lies in a Banach function space.
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1. INTRODUCTION

The concept of an evolutionary family arises naturally from the well-posed
theory of non-autonomous abstract differential equations on R or R, it is also a
quite natural generalization of strongly continuous semigroups. Readers can refer to
Engel and Nagel [0], Chicone and Latushkin [2], Pazy [15], Daleckii and Krein [3]
for this topic. In this note, X is a real or complex Banach space with a norm || - || and
Iiseither Ror R,.

Definition 1. A family of bounded linear operators (U (¢,s)),>s on a Banach space
X is an (strongly continuous and exponentially bounded) evolutionary family on /
(means t,s € I) if

(i) U(t,t) =Id and U(t,r)U(r,s) =U(t,s) forallt > r>sandt,r,s € 1.
(ii) The map (¢,s) — U(t,s)x is continuous for every x € X.

(iii) There are constants K¢ > 0 such that ||U (¢, s)x|| < K% ||x|| for all £ > s and
xeX.

This research has been done under the research project QG.23.02 of Vietnam National University,
Hanoi and was funded by the Simons Foundation Grant Targeted for Institute of Mathematics, Vietnam
Academy of Science and Technology.

© 2026 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
BY 4.0.
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Notice that a strongly continuous semigroup (7'(¢));>o naturally gives rise to the
evolutionary family U (¢,s) = T'(t —s) for t > s and t,s € I. Among the many inter-
esting types of stability of evolutionary families, of interest in this note is the expo-
nentially stable evolutionary families because such families are very useful when we
study nonlinear problems associated with those families.

Definition 2. An evolutionary family (U (t,s)),>s on I will be called exponentially
stable if there exist constants K7, 0 > 0 such that ||U(t,5)x|| < Kje=®*=%)||x|| for all
xeXandr > s.

By properties of (i) and (iii) from Definition 1, the exponential stability of evolu-
tionary families is equivalent to the uniformly asymptotic stability of those families,
see [4, Lemma 1]. To study the exponential stability of evolutionary families, there
are two basic approaches. One is based on Perron’s method, for instance [14]. The
other is based on Datko’s result, for example [18]. In [4], Datko pointed out that an
evolutionary family (U(t,s)),>s is exponentially stable on R, if and only if for each
X € X there exists a constant M(x) > 0 such that

/ U (¢, 10)x]de < M(x) forall 70> 0.
fo

In case the evolutionary family (U(,s));>s>0 is a strongly continuous semigroup
that means U(t,s) = U(t —s,0) fort > s >0 or U(t,s) = T(t —s) with (T())r>0
is a strongly continuous semigroup, this result was extended by Pazy in [15] for the
Lebesgue spaces L”(R..) with p € [1,e) and by Neerven in [18]. Neerven’s result
covers a wide class of function spaces. However, it only holds for strongly continuous
semigroups. In addition, another limitation in Neerven’s result is that it only offers
a sufficient condition for exponential stability of strongly continuous semigroups,
and his result is valid only for complex Banach spaces. In this case, we mention
[19, Theorem 1.1] as an interesting application for Datko’s result and Pazy’s result.

Using the idea of replacing the squared function in the integral with a function
of two variables that satisfies some certain conditions, Rolewicz [16, Theorem 2]
had generalized Datko’s result. With that same idea, Megan et al. extended Datko’s
result for linear skew-product semiflows and skew-evolution semiflows on Banach
spaces in [ 11, Theorem 3.4] and [17, Theorem 1], respectively. In [13, Theorem 4.1
and Theorem 4.2], Megan et al. characterized the uniform exponential stability of
periodic evolution families by the belonging of the associated trajectories to Banach
sequence spaces and Banach function spaces having unbounded fundamental func-
tions. In [12], Megan et al. characterized the uniform exponential stability of general
evolution families on the half-line by the ownership of their associated trajectories to
Banach function spaces that belong to a broad class of function spaces.

In[!, Theorem 0.1], Buse used normed function spaces, which were the same as in
[18], to give a more general result for the evolutionary family on the half-line. More
precisely, this result improves Theorem 4.2 in the paper [18]. Furthermore, Datko’s
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result was also extended to nonuniform behavior of evolutionary family in papers [5]
and [9].

Follow the second approach in studying the exponential stability of an evolution-
ary family, our purpose is the generalization of Datko’s result for an evolutionary
family on the line or the half-line and a broader class of function spaces. To accom-
plish this task, we introduce the concept of Banach function space in Subsection 2.1.
Using the concept of Banach function space, we get the expected results which are
stated in Subsection 2.2. Our results hold for both Banach spaces over complex and
real fields. Because we provide both necessary and sufficient conditions for the ex-
ponential stability of the evolutionary family, the class of Banach function spaces in
this note is smaller than the class of function spaces in [18]. However, it is still very
wide and most of the known function spaces belong to the class of Banach function
spaces that we define in this note.

2. BANACH FUNCTION SPACES AND MAIN RESULTS
2.1. Banach function spaces

In the monograph book [10, Chapter 2], Massera and Schiffer introduced several
classes of function spaces that play a fundamental role in studying differential equa-
tions. Based on the concepts of function spaces given by Massera and Schiffer, we
have collected some basic properties to give the notion of Banach function space.
This definition method is also similar to that in [7, Section 2].

Definition 3. Let B be the Borel c-algebra and let u be the Lebesgue measure on
R. A vector space E of real-valued measurable functions on R is called a Banach
function space if

(E,|l-||g) is a Banach space and || - || g guarantees the property: if @, € E and ¢,
is real-valued measurable function such that | (7)| < | ()| almost everywhere
on R then @; € E and H(Pl HE < H(szE,

ii. the characteristic function ), € E for all [a,b] C R and inficg [|X}; 4411/l > 0;

iii. there is a constant M > 1 such that

/|(p )|dr < HX”("”|E for all ¢ € E and [a,] C R; @.1)
[a,b] | E

iv. the function A, @ defined by (A19)(¢) = f”l ¢(t)dt belongs to E foreach ¢ € E;

v. E is Tr-invariant and there exists a constant N > 0 such that ||7¢|| < N for all
T € R, where T is shift operator on E defined by (7:¢)(t) = ¢(¢ + 1) forr € R.



184 T. V.DUOC

Denote by Lj joc(R) space of real-valued locally integrable functions on R. A
family of seminorms defining the topology of L joc(R) is given by

{pn: n € Zand p,(9) = /nn+1 |(p(t)|dt} _

Then, L; joc(R) is a Fréchet space. Therefore, by (2.1) then E < Lj joc(R).

By direct inspection, it can be easily seen that class of Banach function spaces
includes the Lebesgue spaces L?(R) with p € [1, ], the Lorentz spaces L(R) with
P,q € [1,00], the Orlicz spaces, etc, and the space

t+1
M(R) = {<P € Ly 1oc(R): sup lp(7)]dt < oo}
teR J1
with the norm |||y := sup,cg [ |@(t)|dt. By (2.1) and the item ii. in Definition
3, we have the estimate
lpllm < e, (2.2)

infyer (| X1l
for all ¢ € E. Thus, E — M(R).
Throughout this note, function X p(¢) @ has the domain R and defines as follows:

o(r), ifreD(9),
(Xp(e)®) (1) =
0, otherwise,

where D(¢@) C R is the domain of the function @.

2.2. Main results
Let (U(t,s)):>s be an evolutionary family on /. For 7y € I and x € X, put
8rox(t) = ||U(2,10)x|| for t > 1.

Because the evolutionary family is strongly continuous, X, «)8,x IS measurable
function. By the properties of the Banach function space, the exponential stability
of the evolutionary family will now be characterized by its pointwise trajectories.
First, we give the necessary condition.

Theorem 1. Let E be any Banach function space. If (U(t,s));>s is exponentially
stable on I, then for each x € X the function X .8 x belongs to E and there is a
constant M(x) > 0 such that

HX[zo,oo)gtO,xHE < M(x),
forallty €l
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Proof. First we show el € E. Put

t o0
v(t) :/ efa(tfr)X[o,l}(T)dT‘*‘/ efa(rft)X[OJ](T)dT
t

Then,
e M (e*—1) .
— if t>1,
_ ) (1= .
V(1) =4 —5—, if 1 <0,
e @ L 1e 0 g e (0,1).

Therefore, ¢*/ ( ) > 1=¢ for all r € R. On the other hand,

e t+k+1

T)dt+ —o(t1) T)dt
k+1 o) k;) o © X(0,11(7)
& [TF t+k+1
sre / Tdt+ ) e / T)dt
k;) 1—(k+1) Xio.) (7 Z %j0.1)(7)
= Ze (T k1 (Arxpa) () + Y e (Ti(Aixo,) (1) =: 9().
k=0
This implies that
—oft] e < o
e 1< 1_e,mv(t) < l_eia(p(t) forall t € R.

We also have the following estimates.

Y e T (Mg lle+ Y e ™ Tk(Axgo. ) e < Z e 2N | Arxo e
k=0 k=0 =0
2N

=1_ — 1A X0, |-

So, function series @ is absolutely convergent in the Banach functlon space E. There-
fore, p € E and

2N A1xpo,lle
<
ol < Ao

By the item i. in Definition 3, we get el € E and
2N Ao lle
(1—e )2~
Because (U(t,s))> is exponentially stable on /,
(Xt o0)&0.) (1) < K1y (1) 471
< Ki |[X[(T-pe ) (1), (2.3)

le ]| <
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for all # € R. By the items i., v. in Definition 3 and (2.3), we obtain X[ «)8s.x € E

and )
2N“Kal|Arxjo.lle
%0,00) 0.6l E < (1—e—a)[2 LR

forallzy € 1. ]

In sufficient condition, we need to add a constraint of Banach function space.

Theorem 2. Let E be a Banach function space such that tlir+n %[0l = . If for
oo ’

each x € X, the function X, «)81,x belongs to E and there exists a constant M (x) >0
such that

HX[zo,oo)gtO,xHE < M(x),
for all ty € I, then the evolutionary family (U (t,s)),>s is exponentially stable on I.

Remark 1. Tt is easy to see that the Lebesgue spaces LP(R) with p € [1,e0) and
the Lorentz spaces L”4(R) with p € [1,00),g € [1,0] satisfy the constraint above.
Thus, Theorem 1 and Theorem 2 are an extension for Datko’s result in the paper [4,
Theorem 1]. This constraint is not to be missed; moreover, it also appears naturally
in the proof of the theorem. On the other hand, we can give a simple example below
to see that the condition IETOO %[04/l = e can not be omitted.

In R?, consider E = L= (R) and the evolutionary family (U (t,s));>s on I, in which

Ult,s) = <cos(t—s) —sin(t—s)>.

sin(t —s)  cos(t—s)

Obviously, the evolutionary family (U(z,s));>s is not exponentially stable on /. For
each x € R? and #y € I, we have

8ix(1) = IU (2, 0)xl[p2 = [Ixl[g2, ~ for 7 >1o.
Therefore, ||X[t0,oo)gto,x”L°°(R) = ||x||g2 for all 7y € I.

Proof. For tg € I and t > 19, for each x € X then mapping @, . is defined as
follows:

HU(&ntO)va if &E [t()vt]v

t.to.x i =
Prao(5) 0, if &¢ [to,1].

Then, @4« € E and
1910612 < [ X100 810,21 E < M (x). 2.4)
We now construct a family of functions {®; ,, } determining by
¢l‘,l() . X — R Wlth @[JO (.x) - H(‘Pt-,[vaHE'

It is easy to see that &; 4, is a seminorm on X. On the other hand, we have

Pri0x(8) < Kec(tit())X[to,t] &)1,
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for all € € R. Thus, ®; ;, (x) < Kel~0) 1Xt0.1 | E]1x]|- S0, @1 44 is @ continuous seminorm
on X. Moreover, by (2.4), the family of continuous seminorms {®; ;, :to € I, > to} is
pointwise bounded. Applying uniform boundedness principle (see Appendix), there
exists a constant C > 0 such that

D 4 (x) < Cllx]], (2.5)
forallx e X and ty € 1,1 > 1.
For £ € [19,t], we have
eS| U (t,00)x]| = e IU (1,E)U (& t0)x]] < KU (&,10)x]-
Therefore,
Lo (e INU (1, 10)x]| < Ky (8,
forall & € R. So,
i.ge™ £ NU (2, 00)x]| < KC|lx]).

By (2.2),
KCM

—C(t—-)
e Ult,tg)x|| < -
||X[IOJ] ||M|| ( 0) H 1nf‘c€R||X[r;c+l]||E

I,

foralltg € I and t > 1y.
Fort >ty + 1, we have
1
o™ > [ e =
t—1

1—e¢

C

Thus,
KCMc

(1 - e_c) infregr HX[T,‘H—]] HE
forall fp € I and r > to + 1. Because the evolutionary family (U (¢,s)),>s is exponen-
tially bounded, there exists a constant C; > 0 such that

1U (2, 20)x]| < C|x]],

1U(#,20)x]| < [l

forallxe X and g € I,t > 1.
For § € [to,t], we have ||U(t,t0)x|| < C1||U(&,0)x||. Therefore,
Xlto.] @)U (#,20)x]| < C19r1x(8),
forall & € R. So,
X1 lENIU (2, 20)x]| < CiClx]],
for all 7y € I and ¢ > ty. On the other hand,

X[0,t—10] (€)= Xlto.1] (E+10) = (TloX[to,t])(é)-
Therefore, [|X[0,—1)llE < N[ X[ l|l£- So,
NC,C

U (2,10)x]| < ———|Ix]],
1X0.1—10) 1 E
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for all o € I and t > f5. Because of tliT |X0,qllE = oo, the evolutionary family
—> o0

(U(t,s)):>s is exponentially stable on /. O

The following corollaries are a minor weakening of Theorem 2 for special evolu-
tionary families.

Corollary 1. Let E be a Banach function space such that tliT %[0, llg = oo and
—>+too 7

(T (t))i>0 be a strongly continuous semigroup. If function Yo ..go.x belongs to E for
each x € X then (T (t));>0 is exponentially stable, where g (t) = ||T (t)x|| fort > 0.

Remark 2. This corollary is more general than Pazy’s result in [15, Chapter 4,
Theorem 4.1].

Proof. For 1y € Rand x € X, we have g, (t) = ||T (t —t9)x|| for ¢ > t,. Therefore,
(Xitg.00)810.0) (1) = (X[0.0)80.6) (t = 0) = (T4 (X[0,0)80.x) ) (1),
fort € R. By the item v. in Definition 3, we get X[, «)81,.» € E and
1 Xjto,00) 8102 |E < N[ X[o.00)80x /|, forall 7o € R.
By Theorem 2, (T'(¢));>0 is an exponentially stable semigroup. O

Next, we will give the exponentially stable characterization for a periodic evolu-
tionary family.

Definition 4. An evolutionary family (U(z,s));>s is said to be periodic with a
period T >0ifU(t+T,s+T)=U(t,s) forallt > sandt,s € I.

Corollary 2. Let E be a Banach function space such that tET %[0, |lg = o and

(U(t,s))>s be a periodic evolutionary family with period T > 0. If the function
X[T,0)8T.x belongs to E for each x € X, then the evolutionary family (U(t,s));>s is
exponentially stable on I.

Proof. By the periodicity of the evolutionary family (U(z,s));>s on I so we just
need to consider 7o > 0. We will repeat manner of the proof in Theorem 2 to obtain
(2.5) as follows.

Replace #y with T and discuss the same as in the first paragraph in the proof of
Theorem 2, there exists a constant D > 0 such that

D7 (x) < Dl|x]|,
forallx € X andt > T. Forty € [0,T) and ¢ € (t,T], we have
Pri0(8) < Xjo,] (€)Ke x|,
for all § € R. Therefore, ¢ s« € E and || @ ,/[z < Ke" ||x0. 71|l x]|. Fort > T,

Prio,(8) < Xjo,71 (E)Ke ™ [lx|| + X7, (B)|U (&, T)U (T 10)x]],
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for all £ € R. Thus, ¢, » € E and
19100, < KeT 0.7yl [|¥]| + @1 7 (U (T 10)x) < Ke™ (|07l + D) 1.
Forty > T and t > 1y, we can write fo = nT + T withn € Nand T € [0,T). Then,
1U(&,t0)x[| = |U(&,nT +1)x|| = |[U(§ —nT,0)x|| = [|U(E —to+7,7)x[],
for § € [to,t]. Put

_ U@, if E€ [t —to+1],
We(8) = {o, if &¢ [t,r—19+1).

Then, @4, +(§) = (T-ty+tWrx)(E) for all & € R. Because of T € [0,T) so Y € E,
hence @, « € E and

110,412 < NKeT ([[xj0,11]l + D) 1.
So, for all #p > 0 and 7 > 1, then @4, € E and

19e0.xllE < NKe™ ([l xpo.71ll2 +D) x|

Therefore,
D, 4, (x) < NKe" (|07l + D) |«

for all x € X and #y > 0,¢ > #9. The next step, by the same discussions as in the proof
of Theorem 2 we deduce that the evolutionary family (U(t,s));>s is exponentially
stable on /. O

APPENDIX

For completeness, we restate here the boundedness principle for a family of con-
tinuous seminorms.

Let X be a Banach space over the field K (K =R or C). A mapping p: X — R is
a seminorm on X if p(6x) = |0|p(x) and p(x+y) < p(x) + p(y) for all x,y € X and
0 € K. As is known, a seminorm p is continuous on X if and only if p is continuous
at 0. Moreover, if A is a bounded linear operator on X then p4(x) = ||Ax|| for x € X
is a continuous seminorm on X.

Let A be an index set. A family of continuous seminorms {p): A € A} on X is
called

e pointwise bounded if for each x € X there exists a constant M(x) > 0 such
that py (x) < M(x) for all A € A;

e uniformly bounded if there is a constant M > 0 such that p; (x) < M||x|| for
alAe Aand x € X.

A similar proof to the uniform boundedness principle for a family of bounded
linear operators (see Kreyszig [8]), we get a version of the uniform boundedness
principle for a family of continuous seminorms.
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Uniform boundedness principle. Lez {p) : A € A} be a family of continuous seminorms
on X. If this family is pointwise bounded then it is also uniformly bounded.

Obviously, this version is more general than the old version in functional analysis.
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Abstract. Bourgain initially introduced a specific instance of Bourgain-Morrey spaces to invest-
igate the restriction and multiplier problems in R3. Following this, the concept of Bourgain-type
function spaces garnered considerable attention among researchers. In the paper, we aim to
introduce Bourgain-Lebesgue spaces, and delve into the embedding properties, the Young in-
equality, dilation properties in the spaces. Additionally, we explore the boundedness properties
within Bourgain-Lebesgue spaces concerning local Hardy-Littlewood maximal operators and
their vector-valued counterparts.
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Keywords: Bourgain-Lebesgue space, Banach space, local Hardy-Littlewood maximal operator

1. INTRODUCTION

Letv € Z and in = (my,my,...,my,) € Z". A dyadic cube Qyj; is defined by

" mp omi+1
va::H[ZV’ v )7

i=1

denote Dy :={Qym: meZ"} and D :=yez Dy. Let 0 < p < g <ocand 0 < r < oo
The Bourgain-Morrey space M, .(D) is the set of all f € L]  (R") satisfying
1
11 » P
o = | ol ([ 110017 ) <.

VEL MEL! or

Here |-||,- is the norm of discrete Lebesgue space .

In [2], Bourgain introduced a function space to study the restriction and multiplier
problems in R3. The function space can now be viewed as a special case of Bourgain-
Morrey spaces. In [4], Hatano et al studied the Bourgain-Morrey space from the per-
spectives of harmonic analysis and functional analysis. They obtain some classical
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No. 12161022) and the Science and Technology Project of Guangxi (Guike AD23023002).
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results related to the spaces, such as approximation properties in the spaces, interpol-
ation properties between the spaces and the boundedness of operators in the spaces,
as well as the dual of the spaces. Besides, there are some general spaces related
to Bourgain-Morrey spaces, such as Triebel-Lizorkin-Bourgain-Morrey spaces [5]
and Besov-Bourgain-Morrey spaces [ 1]. The Bourgain-Morrey spaces are import-
ant in partial differential equations, for more details we refer the reader to references
[1,6-9] and the references therein.

Our interests are successfully attracted by Example 2.9 in [4]. The example shows
that the Bourgain-Morrey space M,/ (D) is not trivial if and only if 0 < p < g < r < o
or 0 < p < g<r=co Inthecase of 0 < p < g < r = oo, the Bourgain-Morrey space
M (D) coincides with the Morrey space M,/ (R") which is defined by

MIR") = { f € LR : | fllagreny <}

and
1
11 Z
Il 1= sop 015 ([ 1 ay)
Q€D 0

It is well know that M (R") = LP(R") when p = ¢, so the Bourgain-Morrey space
M} (D) is identical with LP (R").

While in the case of 0 < p < g < r < oo, the Bourgain-Morrey space M, (D) can
not be reduced to the Lebesgue space. In the setting, an interesting question is that
how to introduce a corresponding space in the case 0 < p =g < r < co. We try to
answer this question in the paper.

Inspired by the above works, in Section 2, we aim to introduce the Bourgain-
Lebesgue space and delve into the embedding properties of the spaces. Besides, there
are some examples show that Lebesgue spaces and the Bourgain-Lebesgue space
are not contained within each other. In Section 3, the Young inequality and dila-
tion properties are obtained in the Bourgain-Lebesgue space. Section 4 contains the
boundedness and weak boundedness of local Hardy-Littlewood maximal operators in
Bourgain-Lebesgue spaces. In Section 5, we obtain the boundedness of vector-valued
local Hardy-Littlewood maximal operators in Bourgain-Lebesgue spaces.

At the end of the section, we need to explain some conventions on notations. The
C is a positive constant and independent of the main parameters in the formula, but
may vary from line to line. The symbol f < g means f < Cg. The symbol f > g
means f > Cg.

2. THE BOURGAIN-LEBESGUE SPACE AND ITS BASIC PROPERTIES

In order to introduce the Bourgain-Lebesgue space, we have to throw the large
cubes in D away (for more details see Example 1). Let N be the set of nonnegative
integers, B := Uyen Dv. So B contains all the cubes in 2 with the length less than or
equal to 1.
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Definition 1. Let 0 < p < r < oo, the Bourgain-Lebesgue space is defined by

B'LP(R") = {f €L, R"): |fllLr@) <},
where

<Z ||f| 21’(Q)> , re (0700)7
| fll oy = \QcB

su F=oo,
QEI%HfHLP(Q)v
It is easy to know that L”(R") and L (R") are subspaces of B<L? (R"). B~LP(R")
is equivalent to the Wiener amalgam space W (L?,¢) (R") which is important to
consider the problems related to multidimensional summation [10]. We also mention
that the space B~L* (R") is not contained in the Definition 1, because the norm of
B=L>* (R") is equal to the norm of L= (R").
Next example means that the condition “p < r” is needed in Definition 1.

Example 1. Let 0 < p < oo and 0 <r < oo. Then ¥, € B'LF (R") if and only if
0<p<r<oo,

Next two embedding properties are obvious of Bourgain-Lebesgue spaces.

Proposition 1. Let 0 < p < r; < rp < oo. Then B"LP (R") C B2LP (R") with
continuous embedding.

Proof. The proposition is due to ["' C I"”? with r; < rp. O

Proposition 2. Let 0 < p; < py < r < oo Then B'LP2 (R") C B'LP! (R") with
continuous embedding.

Proof. The proposition is obtained by || f|| s (g) < || f|lze () for Q € B. O

The following three examples show that Lebesgue spaces L”(R") and Bourgain-
Lebesgue spaces B"L” (R") do not contain each other for 0 < p < r < eo.

Example 2. Let0 < p <r <eo,a€ (n,) and f(x) = ]x]ilfpl -XR,,\B@I)(x), xeR™
Then f € LP(R"), but f ¢ B'LP (R").

Let x € R", we use x; € R to denote the i-th coordinate component of x, then
X = (X1,X2, ..., %p).
_1
Example 3. Let 0 < p < r < oo, f(x) = x; " (Lrez+ X s+1)"(x)), x € R". Then
feBLl(RY), but f ¢ LP(R").

Example 4. Let0 < p <r<e,a€ (0,1) and

fx) = (1—0)"Hx,-“] Y Apksy (), xeR™
i=1

keZ+
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Then
(1) f¢LP(R") and f ¢ B'LP (R"), a € (0, L];
(2) f¢LP(R") but f € B'LP(R"),a € (£,1];

(3) feLP(R") and f € B'LF (R"),a € (1,1).

S =

At the end of the section, we show Bourgain-Lebesgue spaces are complete.
Theorem 1. Let 1 < p < r < oo. Then B"LP (R") is a Banach space.

Proof. We only prove the theorem for 1 < p < r < o because the proof is similar
to the theorem for 1 < p < r = co. The fact is obvious that || - ||z is a norm.
Let { fin}mez+ C B'LP (R") be a Cauchy sequence, it can deduce that { f;, } uez+ is a
Cauchy sequence in L”(Q) independent of Q € B. So, there exist {gp }ges C L7 (R")
such that

Wlll_lgo | fm — &ollLr (@) = 0, uniformly for Q € B,
and

go(x) = 80 (x) a.e., x € O,
where Q) is a k-th subgeneration of Q.

Let Q € Dy and
go(x), x€Q,
folx) =140
0, x¢ 0,
we denote f by
fx):="Y folx), xeR"
0Dy
Now we prove that f € B"L” (R"). Due to the fact

1 1
£l 3o ey = <Z Hé’QHZn(g)) = [Z (nli_l}goHﬁnHu(QO ]

Q€eB QcB
= lim || fnl| grrr (),
there exist a constant C such that
I £l 3rLr(me) < C.
It means f € B"L? (R"). Besides,

5 [|fon = fllartoien = [Z (fim, in =Tl ] -

Q€B

To sum up, B"L” (R") is a Banach space. O
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3. THE CONVOLUTION OPERATION IN BOURGAIN-LEBESGUE SPACES

In the section, some convolution inequalities are obtained in Bourgain-Lebesgue
spaces. We begin with the translation properties in the spaces.

Lemmal. Let 1 < p <r <oo Then

ﬁ 1l grLr@ery < NFC =Ygy < 2" f 1l grrrn » y €R™

Proof. Letv € Nandy € R”, there exist i1 (V,y),m2(V,Y), ..., (V,y) € Z" such
that

on

Ovin =¥ C | Oviinsinn(vy)

k=1
for each m € Z". Let z =x—y, then

VEN mezn Qv(m+mk (v.y)

On the other hand, by a similar way,

rfwm:[ r (/ ‘+y\f(x—y)!"dX>p] <2~z O

veNmeZ"

I
~ =

The following theorem states that convolution operation is well defined in Bourga-
in-Lebesgue spaces.

Theorem 2. Let 1 < p <r < oo, f € B'LP(R") and g € L'(R"). Then
8% fllgrir@ny < 2" fllmrer e 18l ey -
Proof. 1t is easy to know that

1

* [l ey pron — d '
I Fllariren LGB(/ 1763l le0)] y)]
/ (Z 1FC =)o )rlg(y)! dy,

QcB

where the penultimate inequality is due to the Minkowski inequality for the L”-norm

and the last inequality is because of the Minkowski inequality for the ¢"-norm. By
Lemma 1, we have

&% fllgrro () </RnHf('*Y)||QZ’LP(R")|8()’)| dy < 2" fll ey llgllo oy O3
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By the next lemma, we will show that the Young inequality is true in Bourgain-
Lebesgue spaces. Let a > 0, Q be a cube, denote aQ by the dilation of Q around its
centre by a.

Lemma 2. Let 0 < p <r < ooand a > 0. There exists a positive constant C,

related to a and n such that
1

r

( Y ||f||IiP(an,h)> < Canllfllgror@n)-
veN,nezZn

Proof. Leta € (0, 1], the lemma is obviously correct because aQy;; C Qi forv €
Nand i € Z". Let a € (1,00), there exists B, € Z* such that 2B«~! < g < 2B, For any
Oyii € Bwithv € {0,1,...,B, — 1} and /it € Z", there are at most t(a) := (2P + l)n
cubes in Dy, for example Qu;i, , Qoiy s - - - » Qoﬁ%(a), such that

©(a)
aQvin C | Qoi,-
i=1
So

1
-

<l

( Y ’f‘zﬂ(aQW;l)>
veN,ReZ!

| x ([, rere)

ve{ovla"wﬁafl}
mezZ"

:
oy (e e)
VEN\{0,1,...Bo—1} \/ Qi
meZl

1

(a) »
<Y| X (/ |f<x>|pdx] + 2" f g
i=1 | ve{o,1,....pa—1} \/ Qo
mezZ"
< (Ya@)Ba+2") [| £l grer rr)- O

Now, we state Young’s inequality for Bourgain-Lebesgue spaces.

Theorem 3 (The Young inequality). Let 1 < p <r <oo, 1 < pg<rg<oo 1<
p1 < rp < oo and
1 1 1 1 1 1
—+l=—+4+—, —+1=—+—.
p pPo D1 r nn n
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Then, for f € BLP(R") and g € B LP'(R"), there exists

1f * gllsrrrn) S Nl groreo e gl 3 L1 (r)-

Proof. Let Oy € ‘B, by the Minkowski inequality and the Young inequality for
the LP-norm,

||f*g”LP(QW;l) < Z H (fXQV,ﬁ/) * (gXQwh*wa) HLP(R”)
e

< Y fre.

m ez

where Qv — Qv = {x_x, D X E QuipyX' € Qvﬁz’}-
Due to the fact that Qv — Qvir C 30y (i), We have

‘gXva Oy }Lm (R)

|LP0 R")

1

1 rl
Y rgliom ) S| X [ L el [95ewmmn],, ..
mez" mez" \in' €z L (Rr)

1 1
o n
( Z HfXQ\/mHLPO Rn ) ’ < Z “gX:”vaﬁ“ZPl(R"))

meznr mez"

1 1

r
(Z HfHLpo (Ovit) ) (Z ”é’HLm (30vi) > )
mez" meznr

where the second inequality is due to the Young inequality for the discrete Lebesgue
space ¢". Then

1

( Z Hf*gHIrf(va)>

e veNllgr
L L
0 r
< ( Z HfXvaHLPo R > ( Z ||gHL171 (30vi) )
meznr ven|lpr mezr venN || g
0 0
< Z HfXva LPO(R") Z ”gHLm (30vin) )
el veNII/o el veNli/m

where the last inequality is due to the embedding properties of the discrete Lebesgue
space ¢". By Lemma 2, we obtain

||f*g||r3ru(Rn) S Hf”fzsfou’o(w)”8H£B*ILP1 (R7)- U

Finally, we consider the dilation properties in Bourgain-Lebesgue spaces.
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Theorem 4. Let 0 < p <r < e andt € (0,1]. Then

1 () | grir ey < 2707 || f | 3o geen)-

Proof. The theorem is correct when ¢ = 1, so we only need to prove the case when
t € (0,1). For such ¢, there exists v, € N such that 27V~! <t <27V, So there are
(V4 Ve, t), i (V4 V1), ... e (V+ Vg, t) € 7" such that

Tlmp omi+1 ?
ITI [IZ\:,I lzv ) C kU Ov v, it (VAV 1)
= =1

for each m € Z. Let x =ty, y € Qyjz, then
1

[

14

el <t | X (], £ dx
Ui=1 Qv-tvp ity (v+vi 1)

veN,meZ"
<27 || fll g ey O
The dilation properties become complicated in the spaces when 7 € (1,0).

Theorem 5. Let 0 < p <r <coandt € (1,00). Then there exists a positive constant
C,,; related to n and t such that

1 (t) | grier) < Cost ™7 || f | 3o geen)-

Proof. Fort € (1,), there exists v, € Z* such that 2V~! <t < 2%, Let x =ty,

y € Oy, then
v, —1 i
P d
Yy </Qm|f(ty) y) ]

v=0 mezZ"

Y ¥ (f e dy)’:]

V=V mezZ"

T

@) rrrmey <

T

+

When v € N\{0,...,v; — 1}, similar to the proof of Theorem 4, there are 77 (v —
Vi, 1), (V—Vy,1), ... e (V —Vy,t) € Z" such that

el omp omi+1 '
H [tz\ﬁ?t 12v > - U QV—V,,r?l+171k(V—Vt,t)7
k=1

i=1
for each m € Z". Then

[i ¥ ([ o dy);]

V=V, ez mn

1
y

<=

<o [i L (f irwr dx);]

v=0meZ"

L2 7| fll grorwe)-
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When v € {0,...,v, — 1}, we know that

n |
Vvl gy (H [t’;’,tm’; )) <2V,

i=1

So, there are at most Y(z) := (2" +1)" cubes in Dy, for example Quz,, Qojys - - -
,Qomy(,>, such that

i=1

(0

nmp mi+ 1\

H{tzv,t w— ) < U Qo
i=1

YOVt || fll o )-

1F ) | mrao ey < OVEVe+27) 2|1l gz ey O

4. THE BOUNDEDNESS OF LOCAL HARDY-LITTLEWOOD MAXIMAL OPERATORS
IN BOURGAIN-LEBESGUE SPACES

The Hardy-Littlewood maximal operator and its local versions are important in the
theory of function spaces. In the section, we investigate the boundedness and weak
boundedness of local Hardy-Littlewood maximal operators in Bourgain-Lebesgue
spaces. Let f € Lioc(R") and Q C R”" be a cube, the Hardy-Littlewood maximal
operator M is as follows

1

(M)W= swp o [0l xeR
QCR" xeQ ’Q‘ o

Let £(Q) be the length of Q, we restrict £(Q) to be less than or equal to one, then the

local Hardy-Littlewood maximal operator M, is defined by

1
(Moe) )= swp = [ |fO)| v xe R,
ocrxeo |0l Jo
0(0)<1
In addition, the definition of the Hardy-Littlewood maximal operator associated with
B, denoted by Mz, is

1 n
(M) (@)= s /Q FO)ldy,  xeR"

QeBxeQ
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It is easy to know that
(Mz[) (x) < (Mioef) (x) < (M[f)(x),  ae xeR",

so Mg is a bounded sublinear operator in L? (R"),1 < p < oo.
Next, we prove that Mg is bounded in B"LP(R") for 1 < p < r < co.

Theorem 6. Ler 1 < p < r < . The Hardy-Littlewood maximal operator Mg is
bounded in B"LP(R").
Proof. Let Q € B,
J1:= %o, f2:= fXrn0-
Then f = f1 + f» and
HMrBfIHLP(Q) 5 ||f1||LP(R”) = HfHLI’(Q)

It means
1

BrLr(R") S <Z ”f‘&(g)) = ”f”@"LP(]R”)‘

QB

195 11|

Let x € Q, k € Z, Qy be the k-th dyadic parent of Q, then |Qy| = 2"%|Q| and

I - Y
My fo) (x) < sup —— dy< Y g, (= .y
(363)5) < sup 5 [ 110 < o (1g7) Wlwran

where Iy, = 1if Or € B, Ip, = 0if Qx € D\ B. So we have

19 £3]| g < X2 I f v
k=1

Let Q:={Qx € B: Q€ B}, then

nk __ nk

1
woan < L2 0 Y 10y | S 1Al
=) k=1 oeQ

where the penultimate inequality is due to the fact that there are at most 2% dyadic
cubes in B such that their k-th dyadic parent is Q.
To sum up, we obtain

HM’Bf‘ BrLP(R") S HM@fl‘ BrLP(R") + HMf?f2|
Thus we finish the proof. 0

19412

s < 1f 3@

Denote o € {0,1,2}" by o := (01, 002,...,0,), o; € {0,1,2},j=1,2,...,n. Let

n

v =11

Jj=1

mi+% mi+1+%
P Y ’
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DY :={0%, : meZ'}, and By := Uyeny DY, as well as Dy := Uyez DY By the
notations we know that B o) = B and Dy, . o) = D.

The notation Mgz, means the Hardy-Littlewood maximal operator associated with
By, and is defined by

(M f) (¥) = sup fQ, Lirola.  cer.

Q€ By x€Q
By a similar methods of Theorem 6, we have

ansy

Corollary 1. Let 1 < p < r < . The Hardy-Littlewood maximal operator Mg, is
bounded on BLLP (R").

To establish the boundedness of the Hardy-Littlewood maximal operator Mg, in
the space B"LP(R"), it is essential to demonstrate the norm equivalence between the
spaces B"LP(R") and ‘BLLP (R").

Lemma 3. Let 1 < p <r <ooand o€ {0,1,2}". The norms of ‘B"LP(R") and
By LP (R™) are equivalent.
Proof. Let QY- € By, there exists 7 (v, ), 2(V, ), . .., 7iton (V, ) € Z" such that
2)1

0% € | Qv (v.)-
k=1

Then we have

1
on v
”f”%w<R"><k_Zl< L "f"ZP(QVWM)) <2l lgiree).

veN, ez

By a similar way,
[ flzrr ey < 2" fll By (Re)-
Thus
%Hf”@&m(ﬂv) < g ey < 2°1F | 3yee ey -
Thus we finish the proof. g
Based on Lemma 3, we state the following theorem.

Theorem 7. Let 1 < p < r < co. The Hardy-Littlewood maximal operator Mg, is
bounded in B"LP (R").

Local Hardy-Littlewood maximal operators can be dominated by a sum of a se-
quence of Hardy-Littlewood maximal operators { Mg, }c {0,1,2}» as follows

Mocf ,S Z M’Baf .

ae{0,1,2}"
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This fact leads to the conclusion that the local Hardy-Littlewood maximal operator is
bounded in B"LP(R").

Theorem 8. Let 1 < p < r < oo. The local Hardy-Littlewood maximal operator
Moc is bounded in B'LP (R™).

We now aim to prove the local Hardy-Littlewood maximal operator M, is bound-
ed from Bourgain-Lebesgue spaces to weak Bourgain-Lebesgue spaces.

Definition 2 (The weak Bourgain-Lebesgue space). Let 0 < p < r < oo, the weak
Bourgain-Lebesgue space B"LP>(R") is defined as

BLI=(RY) 1= {f € Ll (R") : ||flarwrm(an) <}

loc

where
1

11l o eny 2= (Z Hsz‘*""(Q)) !
QcB
1£llzr=(g) = inf{C>0: A" |[{x € Q: | f(x)| > A} < C"}.

It is easy to see that || f|
following theorem.

#rire=®r) < || fl|#r1r(rn). By Theorem 8 we can state the

Theorem 9. Let 1 < p < r < oo. The local Hardy-Littlewood maximal operator
Moc is bounded from B'LP (R") to B"LP=(R").

We proceed to prove the Hardy-Littlewood maximal operator M is bounded from
B'L'(R") to B"LY>(R") for 1 < r < oo

Lemma 4 (see Lemma 2.1.5 in [3]). Let {Q1,0>,...,0k} be a finite collection of
open cubes in R". Then there exists a finite subcollection {Qj,, ..., Qx.iz} of pairwise
disjoint cubes such that

k 1
Uai|<3"Y 19l
i=1 r=1

Inspired by Theorem 2.1.6 in [3] and with the help of Lemma 4, we obtain the
following lemma.

Lemma 5. Let f € L'(R") and Q C R", then

n

3
xeQ: ()W) >af[ < [ 170 d.
‘ { } ‘ o {xEQ: (Mf)(x)>(x}
Proof. The proof is similar to Theorem 2.1.6 in [3], so we omit it here . ([l

By Lemma 5 we know that the Hardy-Littlewood maximal operator M is bounded
from B"L' (R") to B'L'>(R").
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Theorem 10. Let 1 < r < . The Hardy-Littlewood maximal operator M is
bounded from B'L' (R") to B"L!=(R").

Proof. Let Q € B, by Lemma 5, we have

n

3
{xeo: (N >a}[ < [

3n
fO)dy < —=|flloio)-
feo (Mf)(x)m}\ 2l a” L1(0)

Thus
1M || 1) < 3" 1AMt )

which means

1211

BrLL=(R?) < 3an”$fL1 (R")-
Thus we finish the proof. U

By the fact that (Mo f) (x) < (M f) (x) for a.e. x € R” and Theorem 10, we have
the following corollary.

Corollary 2. Let 1 < r < oo. The local Hardy-Littlewood maximal operator My
is bounded from B'L' (R") to B"LY>(R").

By the way, the constant 3” in Lemma 5 can be replaced by 1 if we only focus on
the Hardy-Littlewood maximal operator M.

Corollary 3. Let f € L' (R") and Q € ‘B, then

1
x€Q: (Mpf) () >a}| < [ 70 d
i J 0 J{xeQ: (Maf)(x)>a}
Remark 1. The method used in Theorem 6 fails to prove the boundedness of the
Hardy-Littlewood maximal operator M in B"L?(R"). We do not know whether the
Hardy-Littlewood maximal operator M is bounded on B"L?(R").

5. THE BOUNDEDNESS OF VECTOR-VALUED LOCAL HARDY-LITTLEWOOD
MAXIMAL OPERATORS IN BOURGAIN-LEBESGUE SPACES

In the last section, we focus on the boundedness of vector-valued local Hardy-
Littlewood maximal operators in Bourgain-Lebesgue spaces.

Theorem 11. Let | < p <r <o, 0 < g < oo and {fi}icz+ be an sequence of
functions contained in Lf, (R"). Then

(i r%ﬁw) < (iw)
i=1 i=1

BrLr(R) BrLP(R)
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Proof. LetQ € B,ic 7",

Ji1 = fixo, fiz = fiXgmo-

Then f = fi 1+ fi2. By the Fefferman-Stein vector valued inequality, for example see

(5.6.25) in [3], we have
o o 0 o 0
(Z | Mz fi1 }q> < (Z | fi1 |q> = (Z ’fi\q>
- vie) 1IN ZEON i)

< (;w)

Let k € Z*, Qi be the k-th dyadic parent of Q, then |Qy| = 2"¥|Q|. For all x € Q,
1 Y §
& / fi(v)] dy,
Ok

(Mzfi2) (x) = sup —= i)l dy <
l 0ies |0l Jono ™ \k;l | Okl

where Ip, = 1if Qx € B, Iy, = 0if O € D\ B. By the Minkowski inequality and the
Holder inequality, we have

1

=

So

eI

o)

BrLr(RY) BrLr (R

1

- ) X q % - IQk % . ) ‘
(i_ZIMMgfl,z)( )\) §;<Qk\> (;!ﬁ\q>

Lr(Qk)

¥ [Mafia]? <y () (L)
i=1 7 k=1 | Okl i=1

So

<=

LP(Qx)
It means

1 r r

(Z‘Mﬂfi,z‘q> 522%7% Y I, (Z ’fi\q>
=1

— k=1 0eQ i=1

< (;w) |

BrLP(R")

Lr(Qk)

where the inequalities are due to Q := {Q € B : Q € B} and the fact that there are
at most 2% dyadic cubes in B such that their k-th dyadic parent is Qy.
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By the fact | M3z fi| < |Mzfii|+|Mzfi2|, we have

1

oo q oo
Y M il S LAl : m
= B Lr(R") = BrLr(RY)
By the similar argument in the proof of Theorem 11 and the equivalent norms of
B'LP(R") and BLLP (R"), we have the following corollary.

Corollary 4. Let 1 < p <r <o, 0 < g <o and {fi}icz+ be an sequence of

functions contained in L, .(R"). Then

oo q oo
) | My, fil S| LA
i=1 i=1

BrLr(R?) BrLr (R

q

Then we have the boundedness of vector-valued local Hardy-Littlewood maximal
operators on B"LP(R").

Theorem 12. Let 1 < p < r < oo, 0 < g < o and {f;}icz+ be an sequence of
functions contained in L .(R"). Then

loc
1 1
(=) q oo q
Y (Mo fi]? S X 1A
=1 BrLp(RN) = BrL(RY)
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EXISTENCE OF SUPER-SOLUTIONS OF A DISCRETE EQUATION
OF WOLFF TYPE
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Abstract. In this paper, we are concerned with the Wolff-type equation
1
oo Z T i up =1 dt
u,-=/ (W —, u; >0 forieZ",
0 t”*BY t

where n > 1, min{B, p} > 0, y> 1 and By < n. Such an equation is related to the study in the
theory of nonlinear PDEs and mathematical physics. Here we study the existence of positive
super-solutions and obtain the critical exponent of the Serrin type.

2010 Mathematics Subject Classification: 45G05; 40B05; 45M20

Keywords: Wolff-type equation, existence, Serrin exponent

1. INTRODUCTION
Let u = (u;);czr be a nonnegative sequence. The Wolff potential of u is (cf. [4])

1
© (T o iil<tli\ 7T d
Wﬁ,y(l/t)(l') :/O < JEZL,|j <t”j) ! l, (1.1)

=By t

where n > 1, B > 0, and v > 1. In this paper, we study the existence of positive
super-solutions of the equation

w = Wy (u?) (i), i€, (1.2)

where n > 1, min{B, p} >0, y> 1 and By < n. A sequence u = (u;);cz» is called a
positive super-solution of (1.2), if u satisfies

(1.3)

ui >0 for all ieZ",
u;i < oo when |i| <R for any R>0,

and (1.2) with ‘=" replaced by ‘>’ holds.

© 2026 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
BY 4.0.
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Recently, the authors in [ 1 1] obtained an optimal summability of positive solutions
of the equation (1.2) by means of regularity lifting lemma and a Wolff-type inequality.
Then, they also derived the decay rate of u; when |i| — eo.

It is easy to see that (1.1) is one of the discrete forms of the Wolff potential of a
locally integrable nonnegative function f

= dy] ™
Wey(f)(x) ::/0 [W] ﬂ

t

This potential can be used to study nonlinear PDEs, such as 4-harmonic equations
and k-Hessian equations. According to results in [0, 7, 15], if infr- u = O, there exists
C > 1 such that some positive solution u of the Lane-Emden equation

Lu=u’, u>0in R"

satisfy
C™ "Wy (uP) (x) < u(x) < CWpy(uP)(x), xR (1.4)

Here B = 1 and Y= g when Lu = —div(A(x,u,Vu)) or Lu = —div(|Vu|7~>Vu), and
B=2k/(k+1)and y=k+1 when Lu = 6;(D*(—u)). In view of (1.4), the following
Wolft-type integral equation

u(x) = K(x)Wa(u”(y))(x), u>0 on R" (1.5)

comes into play in those work. Here, a function K(x) is called double bounded, if
there exist positive constants ¢ and C such that ¢ < K(x) < C for all x € R".
When K(x) =n—o, y=2and B = /2, (1.5) is reduced to

i(y)d
u(x):/ m, u>0 on R" (1.6)
R Jx—y|" ¢
In addition, (1.6) is the Euler-Lagrange equation satisfied by the extremal functions
of the Hardy-Littlewood-Sobolev inequality (cf. [3, 12, 13]).
For the coupling system

u(x) = W (v7) (x)
{ v(x) = W;;J(up)(x), (1.7)

Chen and Li [2] proved the radial symmetry for the integrable solutions. Afterward,
Ma, Chen and Li [14] used the regularity lifting lemmas to obtain the optimal integ-
rability and the Lipschitz continuity. Based on these results, [16] obtained the decay
rates of the integrable solutions when |x| — oo.

The main result in this paper is the following theorem.

Theorem 1. The Wolff-type equation (1.2) has a positive super-solution if and

. n(y—1)
only if p > By -
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Remark 1. When § = /2 and y = 2, the discrete form of (1.7) is reduced to

q
V.

u; = N .Jn_aa
jezn itj ’l - J‘
4

Vi= i i
jetmizi 1= 11

This system is associated with the best constant of the discrete Hardy-Littlewood-
Sobolev inequality (cf. [5]). Theorem 1 is consistent with Theorem 1.3 in [10].
Although Corollary 2.1 in [14] provides a Wolff-type inequality, the Euler-Lagrange
equation corresponding to this extremum function is not (1.2). In fact, we have not
found the Euler-Lagrange equation that satisfies the extremum function of the in-
equality corresponding to (1.2) at present.

Remark 2. The existence results and the critical exponents of integral equations
(1.5), (1.6) and (1.7) can be seen in [, 8, 9].

Remark 3. Another discrete Wolff potential of a nonnegative Borel measure ® is

(cf. [4])

[ o(Q) }

Wﬁ,y("))(x) = Z W

0eD
where D = {Q} and Q = 2/(k+[0,1)"), i € Z, k € Z". The corresponding discrete
equation of the Wolff type is
u(x) = Wpy () (x) + f (x),

where f € L] (R") is a nonnegative function. The existence results and the critical
exponents can be seen in [15].

Xo(x),

Clearly, the discrete equation of (1.5) is

1
=)
°° Br-n dt
i =Ci ) ? tvt—, ieZ” 1.8
u c/0< uj> T , (1.8)

jEZ’lv‘j_i‘<l

where c; is a double bounded sequence. Namely, there is a constant C > 1 such that
C'<¢ <CforallieZ".
Theorem 1 is a corollary of the following two lemmas.

Lemmal. Ifp > HFETB}{), (1.8) has positive solutions for some double bounded c;.

Lemma 2. [f0<p < "’ETB;) (1.8) has no positive solution satisfying (1.3) for any
double bounded c;.
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2. PROOF OF THEOREM 1
Proof of Lemma 1.
Let 0 be a positive constant which will be determined later. Inserting
vi=(1+i*)° 2.1
into Wp y(v”)(i), we obtain

DY/ /2 .12\ —p0,By—n 1 dt
Woo (7)) = [ 1L (1 1Ry rer
L !

= 1 dt

+ [T (el e

/2 ,-ZM t

=1 (l) +12(i).

When |i| < R for some R > 0, then u; is proportional to Wg ,(u”)(i). So we also only
consider suitably large |i|.

Clearly, when r € (0,i|/2), |j —i| <t implies |i|/2 < |j| < 3]i|/2. Therefore, we
can find positive constants ¢ and C such that

c /2 sy dt . C /2 By dt
7])9/ tY*l—Sll(l)Sipe/ -t —,
el i

(1+i? ! (1+1il? !
Namely,
c(1+1iP) 375 < 1 (1) < o1+ [i2) 575 22)
Take the slow rate
- PT 2.3)
p—Y+1
There holds By < 2p6 < nby p > "ﬁa) In addition, when ¢ > |i| /2,
{jez|j—il<t} c{jeZ"|j| <3t}
Therefore, ]
o/ n—2pBN\ T _
Thus,
c(1+ i3 < 1)+ B < (1 +1iP) 50 (2.4)
Set
ci o= (1+ i) 57 (1 (0) + (0]

Then [, (i) + L (i) = ¢;v; in view of (2.1) with (2.3). In addition, (2.4) implies that c;
is double bounded. Thus, v; is a solution of (1.8).
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Similarly, we also find a fast decaying solution. In fact, taking

n— Py

20 —
0 y—1

I

n(y=1)
n—By

from p > , we also have
2p06 > n,

and

Py—n _ Br—2p0
yv—=1 " y=1
When ¢ > 2]i|, there holds

{jezh|j—il<t}>{jezZ|jl <1}
Therefore,
. © .zfeLBY*"dt ©° ﬁ“{;”dl‘ '27117]37
OEY IS MIRETORE Py e RO
20l 325 t 2lil t
On the other hand,

Y a+ih™<s Yy

LiI<1,]j—il<t ljI<1

and by (2.6), there holds
Y o+ < Y a+iH) P <c
[iI>1,]j—il<t [jI>1
Therefore,

1
hii _/°° Zji<n i< L D) PP+ o e (L D)7\ 7 de
iz n—PBY p

n—pBy

gC/ A o1 4Py
lil/2 t

Combining with (2.8), we get

_ Py _ by
c(1+ i) 301 < B(i) < C(1+[i?) %D
This result, together with (2.2) and (2.7), implies

213

(2.5)

(2.6)

Q2.7)

(2.8)

_ n=By _ n=By
c(1+ i) 720 < (i) + B(i) < C(1+]i?) 0. 29

Set
n—py

ci = (14 i) 0 [1(i) + L (i)].

Then, there also holds

_ Py
L)+ L) =ci(14]i]?) 200 = ¢,
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in view of (2.1) with (2.5), and ¢; is bounded in view of (2.9). Thus, v; is also a
solution of (1.8).

Proof of Lemma 2.

Suppose that u solves (1.8). We will deduce a contradiction.
Step 1. Let

n(y—1)
0 — 7 2.10
<p< n—By (2.10)

By ndt c
upzc | v —=-—r,
2i i

From (1.8) it follows

n—fy
v—1

1
) . _li 1| —Pado ld ©  By—pa dl,
ch/ (ng|b\ ) A—ZC/ o di o1
2| =By t 2l t

When “{%1 € (0, n%y], we have By— pag > 0. Eq. (2.11) implies u; = . This

contradicts with (1.3).

Next, we consider the case = He( Bﬁy, - BY> Now (2.11) leads to

> &
ui_Wa

since Z‘j|<1u? > ¢, where ap = . By this estimate, we have

where a; = Y “opa0— ﬂ Write

L 1YEYI k=12, (2.12)

We claim that there must be ko > 0 such that a;, < 0. This leads to u; = oo, which is

impossible.
k—1
1+‘p—H~+<lj> ] br_
y—1 v—1 v—1

In fact, by (2.12) we get
If %1 =1, then we can find a large k¢ such that

ay =

k
_ p
ap=|——1| ap—
(1)
Y

If Y—Ll € (1,.” [3“{) then using ag — 5 BH_] < 0 which is implied by (2.10), we can find
a large kg such that

p oo GEDR L By
Ak = v—1 ao —
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ko
p By By
= = - <0.
(Y—1> <a0 p—v+l)+p—v+1_

Ify%le(O,l),lettingk—>oo,weget
()t
ay = % ap— _'YLI l:i'Y — _BY < 0.
v—1 1 Yy—-1 p—vy+1

v—1
Thus, there must be ko such that a;, < 0.

Step 2. Let p= "r(li_ﬁ;) We deduce the contradiction if u is a positive solution of
(1.8).
Let R > 0. Clearly, when 7 € (R/2,R) and |i| < R/4, there holds

{jezhlj—il <t} D {jeZ%]jl <R/4}.

From (1.8), it follows that

R By—n
uiZc/ ( Z ug)ﬁtg—lg

R/2 |j—il<t ’ t
1
R By-—n n-p !
ZC/ ( Z uf)Yl]tYy‘dthvaY< Z uf) )
R/2 | ji<k/4 ! <R/4
Therefore, we get
By=n r
W >RV (Y ul)i (2.13)
ljI<R/4
Summing for |i| < R/4 and noting p = ”IEZ_B;), we get
By—n p
W RTT(Y DY a)TT e Y )
lil<Rr/4 liI<R/4  |jl<R/4 lil<Rr/4

Here ¢ > 0 is independent of R. Letting R — oo and noting p > 7Y— 1, we have
Y uf <o (2.14)
jezr
Summing (2.13) for R/8 < |i| < R/4 yields
By—n 2
R (Y DY Wl
R/8<|i|<R/4 R/8<[i|<R/4  |j|<R/4

By p= ”lg“fﬁ;), it follows

P 2%
u; > C( Z Mj)y b
R/8<|i|<R/4 |jI<R/4
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where ¢ > 0 is independent of R. Letting R — oo, and noting (2.14), we obtain
Z uﬁ-’ =0,
jezn

which contradicts with (1.3).

Proof of Theorem 1.

Necessity. Replacing (1.8) by (1.2) in the proof of Lemma 2, we easily see that
(1.2) has no super-solution when p € (0, "iﬁ_ﬁ;)]

Sufficiency. By Lemma 1, we assume that v; solves (1.8) for some ¢;. Since c; is
double bounded, we can find a constant by > 0 such that ¢; > by for all i € Z".

Set u; = Av;, where A > 0 will be determined later. Thus, by (1.8),
uj > AboWp y(A"Pul) (i) = bohl*%WM(up)(i).

Take A = b(l)/[p/(y_l)_l]. Then bokl_Y*Ll = 1 and hence u; is a super-solution of (1.2).
The proof is complete.
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Abstract. In this study, we aim to investigate the existence results for a general class of fractional
nonlinear integral equations with order o € (0,1) in a continuous function space (Cla, ], ||-||).
We use the Schauder fixed point theorem as a tool with providing a compact integral operator
from a subset of the Banach space (Cla,b], |-||) into itself. Furthermore, we present an example
to illustrate and support the work.
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1. INTRODUCTION

In many applications, nonlinear fractional integral equations play a considerable
role in mathematical physics and engineering due to their ability to model complex
phenomena in real-world problems, particularly in fields such as fluid mechanics,
engineering, and chemical reactions [1,2,7,9]. Nonlinear fractional and weakly sin-
gular integral equations naturally arise in a wide range of applications across many
other fields, including physics, biology (involving population dynamics), chemical,
mechanical engineering, thermal explosions, nuclear physics, chemical kinetics, and
control theory [1-3,7]. We consider the following general nonlinear fractional integ-
ral equation:

3
u(€) =g(&)+ /to (&— p)“_l‘l’(p, u(p),DYu(p))dp, (1.1)

where o € (0,1), g is a given continuous function on [t, 7], ¥: [tp,T] x RxR — R
is a function satisfying specified regularity conditions, and u is unknown solution of
(1.1), while DY is the Riemann-Liouville fractional integral operator of order y > 0. It
is important to emphasize that the operator DY in (1.1) can be switched to other differ-
ential or integral operators with changing the relative continuous space (C[a,b], ||-||).

© 2026 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
BY 4.0.
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The kernels in numerous real modeled integral equations are not smooth so this
makes challenging to determine the exact and numerical solutions in such type of
problems. Existence and uniqueness of solutions for nonlinear modeling for example
nonlinear singular integral equations are crucial because it is impossible to accom-
plish analytic solutions to almost mathematical models of real-world problems. Ex-
istence and uniqueness results are the theoretical principle for effective numerical
methods to establish approximate solutions.

Our goal in this work is to use the Schauder fixed point theorem as a main tool to
achieve an existence of solution u to the proposed problem (1.1) in a subset of the
Banach space (C[to,T],|-||)-

In regard to previous study on existence and uniqueness of solutions to different
type of singular integral equations, we recommend [2,4—7, 9] as references related to
the subject in this work.

In 2023, existence and properties of travelling-wave solutions for a family of sin-
gular Volterra integral equations:

X(t) =TF(r)+ /Ot ;33((?) dt, where P € (0,00) andz > 0.

have been studied by Garriz [4]. Matoog and Abdou [7] have worked on the exist-
ence and uniqueness of solutions for the nonlinear integral equation of the following
problem:

aas((x)®(s,u) — F(su)) = AE(s) /0 k()0 (5,v, 0(1.v))dv

in the Banach space L*[0, 1] x C[0, T]. Aghajani, Banas, and Jalilian [ |] demonstrated
the existence of solutions for the following singular integral equations using the fixed
point theorem of the Darbo type:

F(x) =F;(x,F(x),F(a(x))) + GF(x) /OXk(x, 5)/(x—s)! " QF (s)ds.

In 2023, Alhazmi, Mahdy, and Mohamed [?] studied stability and error analysis
for the symmetric singular kernel mixed integral equations with discussing existence
and uniqueness of solution for the following problem:

g
0(5.80(%.8) = 5.8 +1 [ [ (6= FE 900 s)ias,

subject to the boundary conditions; O(1,&) = ©(—1,§) =0, for all £ € [0,a] and
a<l.

2. PRELIMINARY NOTATION

In this section, we recall some fundamental concepts and definitions, which are
used as supplementary in this paper.
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Definition 1. Lety > 0 and let R be a continuous function on [ag,<). Then
1 /C L

== | (E=&)" R(E)dE, 2.1)

T (E=8)" R(E)

is said to be the Riemann-Liouville fractional integral operator of order .

DIR(() =

Definition 2. [8]] Let —eo < g < b < oo, and let (X [fg, 5], |-||) be a Banach space.
Let W be a subset of X[to, b] with the following conditions:
e W is bounded set,
e W is equicontinuous. That is, for every positive €, there corresponds a posit-
ive d such that

‘w(t) —w(t)| <€ when|r—1| <8, and forall w € W. (2.2)
Then W is a relatively compact subset of X [y, b].

Definition 3 (8, Definition 11]). Let (Xi,|||) and (X2,]-||) be Banach spaces
over K (K =R or K = C). The operator

A:WCX =X,

is said to be compact if and only if
1) A is continuous;
2) A maps bounded sets into relatively compact sets.

Theorem 1 ([8]). Let —o0 <ty < b < oo, and let (X[to,b),||-||) be a Banach space.
Let W # & be closed, bounded, and convex subset of X|ty,b]. Then any compact
operator B: W — W has at least one fixed point. This is Schauder’s fixed point
theorem.

3. EXISTENCE OF SOLUTIONS

The main findings of the existence of a solution for general nonlinear singular
integral operators are discussed and illustrated in this section. Let I = [1y, T] x R x R
and assume that the following hypotheses are true for W:

(H1) ¥: I — R is a measurable function and uniformly bounded by some positive

constant M on each compact subset of I;
(H2) For each compact interval [—6,0] C R, there corresponds a positive constant
L such that:
“P(O),Q)] 7(P1) —‘P((D, ¢27(P2)‘ <L (M)l — 0 | + ‘q)Z _(‘)ZD’ forallm e [t(), T]’
and all 01,92, 91,92 € [-6,6].

Let y be a function in C[ty, T] and let its supremum norm be denoted and defined

by:

Wl = sup {l¥()1},
t€(to,T|

for simplicity in this paper, we use ||-|| sometimes for ||-||sup-
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Lemma 1. The fractional integral operator D¥g is continuous.

Proof. Let g, be a sequence of continuous functions on [fo, 7] that converges to a
function g. That is, for each € > 0, there is N > 0 such that ||g, — g||< EYF( ; for all
n>N.

&
D79, (8) —DYg(&)|| < sup (i—T)Yfllgn(T)—g(T)!dT

T(Y) el 1) s
L ool s [ (€07 e

— g, u _

=T gelio. 7] /o
1 fo i

ool 710
0 ¥
<€
for all n > N. Thus, D¥g is continuous on [to, 7. O

Lemma 2. Leta,b € [0,00) and 6 € (0, 1). Then the following inequality holds
b® —ab < ‘b—a‘e.

Proof. Since, 0 < 0 < 1 and for all u,v > 0. Then
] )
= (i) ()

u+v H+V

(u+v)°® < +V0.

implies that

Let y=b—a and v = a implies that

P<b-a+d® = B -a®<(b-a)’<[b-d

For any fix f € C[tp, T] and define an operator A as:
n
Au(n) = f(n)+ [ (n—p)*~"¥(p,u(p),D"u(p))dp,
0
for all u € Clt, T] and m € [to, T].

Theorem 2. Ifu € Clty,T] and o € (0,1). Then Au belongs to Clty, T].

Proof. Let u; be a convergent sequence of functions in C[ty, T] that converges to u.
That is, for any € > 0 there is a sufficiently large N > 0 such that for all kK > N then,
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oe
o =ull = sop, les 0 =V <37y
and it follows from Lemma 1 that
Y., TY o Y _NnY L
HD u,—D uH —nes[ltl(JI?T] ’D Mk(ﬂ) D M(T])‘ <2L(T—t0)a ’

Implies from hypothesis (H2) that

| Aur(m) — Au(m)||

/t ) (m—p)*! (‘P(p, uk(p), D¥u(p)) — ¥ (p,u(p), Dvu(p)>) dp’

0

= sup
nelto, 7]

< sup ”(n—p)‘*-‘\wp,uk(p),nvuk(p))—w<p,u<p>,DYu<p>>]dp

neln,T] Yo
n
<z swp ["0=p) file) - u(p)| + [Dc(p) D) ) o
neln,T] o
n
< 2] + [0t ) sup [ p)eTap
nelt,T] Y
o o n
<L + su / —p)*d
(2L<T—ro>a 2L<T—ro>a>ne[,fn , (P
o n 1
= g sup [ (M—p)* dp
<T_t0)0C nelt, T o
oe (T —19)* .
- (T—l‘())oc o -
Therefore, Au is continuous on [fy, T]. O

Let o € (0, 1) and for any fix v € C[t, T], there corresponds a constant K > 0 such
that K = maxce, 71 [v(T)|. We define a subspace Y[1,T] = {y € Clto,T] such that
[yl < r}, where r is some positive constant. It is easy to observe that ¥ [fy, T] is closed,
bounded, and convex subset of the Banach space (Cl[to, T, ||||). For simplicity, in the
rest of the paper we use ¥ sometimes instead of Y |1y, T'].

Now, we want to show that A(Y) C Clto, T| is relatively compact. To do this, we
state the following Lemmas and Theorem.

Lemma 3. A(Y) is a bounded set.
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Proof. For any continuous function f in [f9,T] and any u € Y. It follows from
(H1) that; there is a constant M > 0 so that:

T
awl| = sup |rx)+ [ (2= p)® (o, u(p),Dlu(p))dp
t€(ty,T] to
T
< sup [f(0)]+ sup [ (x—p) ! ¥(p.u(p).D'ulp))|dp
t€(to,T] €10, T] 7 10

T
<K+M sup (t—p)* tdp

t€lty,T] V1o

T
< K+Msup/ (t—p)*dp
T fo

T
<K+M sup [ (t—p)* ldp

t€lty,T]7 0

T —1ty)*
cxim T—0)°*

=r,
where r = K + M is a positive constant. Hence, A(Y) is bounded. O
Lemmad. IfucY. Then AucY.
Proof. The proof is followed by using Theorem 2 and Lemma 3. ([l
Theorem 3. The operator A: Y — Y is equicontinuous.

Proof. Let {ux};"_, be a sequence of functions in ¥ and let o € (0, 1). Without loss
of generality, let 7p < T < & < T, and since from hypothesis (H1); ¥ is uniformly
bounded function by a positive number M. Assume f belongs to Y then for any

€ > 0, there is 8 = (%)l/a, whenever [§ — t| < & implies | f(§) — f(t)| < § for all

T,& € [to, T]. Then,
g
| Aug (&) — Aug()| < !f(f.-)—f(T)H’/to E—p)* " (p,ur(p), D'ux(p))dp

- [ ) (o). D))

fo

€
< -+

g
S| [ €= p (e, uk(p). Due(p))dp

fo

- [ ) (o). D))

fo

IN

: +/mr ((i— p)* = (t- p)al) (P, x(p), DYk (p)) |dp
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5 =
+/T (E—p)" [®(p.u(p), D'u(p)) |dp.
It follows from boundedness of ¥ in (H1) that

|Auk — Aug(7)
< —(t—p)* 1>dp+M/ (&—p)* 'dp.
{—<a—r>“+<&—zo>“—<«:—zo>°‘+<a—r>°‘}

SRR (LR

Since |§ — 1| < & and applying Lemma 2 yields to

M
M
+ —
o

m N m N\

| Aug(€) — Aug ()| <

for all t,& € [fo, T]. Therefore, A(Y) is equicontinuous. O

Theorem 4. Let 0 <1ty < T < oo, let ¥ satisfy hypotheses (H1) — (H2), and f
belongs to Y. Then there is at least a solution u belongs to Y for problem (1.1).

Proof. We note that u — Au maps Y into itself for all # and all f in Y. Clearly, Y is
bounded, closed, and convex subset of the Banach space (Clto,T],||-||). In addition,
it follows from Theorem 2, Lemma 3, and Theorem 3 that A is continuous, A(Y) is
bounded and equicontinuous, respectively. Hence, by the Arzela-Ascoli Theorem,
A(Y) is a relatively compact set in Clfp,T]. As a result, A: Y — Y is a compact
operator because Y is closed. In conclusion, the Schauder fixed point theorem guar-
antees that problem (1.1) has a fixed point. That is, there is some u* € Y so that
u' = Au*). O

4. APPLICATION

In this section, we provide an example to support our work. It is clear that determ-
ining the true solution to such kind of nonlinear fractional problem (1.1) especially
with non smooth kernel is either quite difficult or impossible unless for a simple case.
For this matter, we consider the following example.
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Let oo =y = 1/2 and we consider the space Y = {u € C[0,1]: ||u||< r}. Then the
following problem

&
u(®) = &)+ [ E=p) 2 (p.ulp). Du(p) ) dp. @

where g(&) = &'/2 — 2/n&¥/? — in& with ‘P(p,u(p),DYu(m): u(p) + D' 2u(p).
We observe that ¥ satisfy the hypotheses (H1) — (H2) and its easy to see that g €

Y[0,1] where r=K+M W ~ 5.5. It follows from Theorem 4 that problem (4.1)
has a solution « in Y[0,1]. In this example, we used the Adomian decomposition

method with noise terms phenomenon to get the exact solution and the true solution
isu(€) =&/2inY|0,1].

CONCLUSIONS

In this work, we demonstrated that the integral operator (1.1) is compact and maps
a closed, bounded, and convex subset of the Banach space (C[to, 7], |-||) into itself.
Consequently, Schauder’s fixed point theorem guarantees the existence of at least one
solution. Moreover, the illustrative example further verifies the applicability and ef-
fectiveness of the theoretical results. These findings contribute to the broader study of
fractional integral equations and provide a framework that can be extended in future
work to more complex models arising in applied mathematics and related fields.
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Abstract. This article investigates the dynamical behavior of a two-dimensional asymmetric sys-
tem of fractional difference equations given by

v
:un+1:1+hv‘l;7n7 Vn+1:1+h 2” ) I’lEN,

n—1 n—1

where /i > 0 is a parameter and the initial values y;,v; (i = —1,0) are positive real numbers. By
employing linear stability analysis and eigenvalue localization within the unit disk, we rigorously
establish the existence and stability of equilibrium points. For 0 < h < %, the system exhibits a
unique symmetric equilibrium (&, &) that is globally asymptotically stable. When % <h<1,two
distinct asymmetric equilibria emerge, both of which retain local and global asymptotic stability.
Furthermore, the boundedness and persistence of the solutions are demonstrated for all 0 < h < 1
using induction and comparison principles. The convergence rate of solutions toward equilibrium
is quantified through error term linearization, revealing the dependence on the spectral radius of
the system’s Jacobian. Numerical simulations validate the theoretical findings, illustrating bi-
furcation phenomena and stability transitions as A crosses the critical thresholds. This work
extends the existing models by incorporating asymmetric interactions, offering insights into the
qualitative behavior of nonlinear discrete dynamical systems with delayed feedback. The res-
ults contribute to broader applications in population dynamics, epidemiology, and other fields
governed by coupled difference equations.
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1. INTRODUCTION

Difference equations or systems of difference equations have been widely utilized
across various disciplines, including physics, economics, ecology, and infectious dis-
ease dynamics. These include population growth, HIV/AIDS and tuberculosis trans-
mission, and influenza prevention and control (refer to [1-5,21,22]). Thus, they play
a crucial role in applied mathematics. In particular, numerous academics have con-
ducted thorough investigations into the dynamics of difference equations owing to
their theoretical and practical relevance. The examination of the dynamic properties
of ordinary or partial difference equations and systems of difference equations has
emerged as a prominent research focus over the last decade (refer to [6—17]). With
the behavior qualitatively examined through various methods and numerically solved
using different techniques, the solutions to these equations were determined. Con-
sequently, the study of difference equations has developed rapidly. Subsequently, a
detailed discussion of the research background of the equation under investigation in
this study was presented.

Gumus [ 18] focused on the qualitative behavior of discrete difference system

m m
Xt 1 :OC—FM, Yt 1 :B_F@’ neN,
Yn Xn
where o, € (0,00), m is a positive integer, both x_; and y_; are positive real numbers
fori€{0,1,2,...,m}.

Khan [19] researched the global dynamics of asymmetric difference, which in-
clude boundedness and persistence, existence and local dynamics of fixed points,
and global dynamics of asymmetric difference systems and convergence rates.

X
Xn+1 :A+B§7n7 Yn+1 = C+D27na ne Na
n—1 Xn—1
where A, B,C, D, are positive and x;,y;, (i = —1,0) may be positive or negative.
Okumus and Soykan [20] explored asymptotic stability, periodicity, and bounded-
ness of a nonlinear three dimensional system of difference equations

Zn—1

Xn— _
Xn+1 :A—i_l;il?yn-ﬁ-]:A—"_yZilaZn-‘rl:A_'_ 7”6N7

n n yl’l
where the parameter A € (0,c0) and the initial values x;,y;,z; € (0,00), (i = —1,0).
After examining several equations explored by other researchers, we will now
focus on the equation we have studied, aiming to analyze the solutions of a fractional
difference system represented by the following equations. At the same time, we will
modify Khan’s model [19] by incorporating asymmetric terms to obtain the following
model:

A%
i1 =1+ h" vy =1+h5", neN, (1.1)
vnfl Hy—1

where the parameter /2 > 0 and initial values y;, v; € (0,00), (i = —1,0).
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2. PRELIMINARIES

In this section, we recall some definitions and theorems that will be used in system
(1.1).
Consider the following discrete dynamical system:
.Un:P(,Um/Jn—laVn,Vn—l)a I’lGN,
Vn:P(,Um/Jn—laVn,Vn—l)a neN.

Here, p and p are continuously differentiable functions. The solution (uy,V,) of
system (2.1) is determined by the specified initial values.

2.1

Definition 1.

(i) If there exist positive real numbers M and N such that suppx, € (0,M] and

suppyn € (0,N], then we say that the sequences {x, } and {y, } are bounded.

(ii) If there exist positive real numbers m and n such that suppx, € [m,e) and

suppyn € [n,o0), then we say that the sequences {x,} and {y, } are persistent.

(iii) If there exist positive real numbers M, N, m,n such that suppx, € [m, M| and

suppy, € [n,N], then we say that the sequences {x,} and {y,} are both
bounded and persistent.

Definition 2 ([13]). Assume that p and p are continuously differentiable at the
equilibrium point (&,&) and that this point is also an equilibrium point of the mapping
[, such that the linearized system about the equilibrium point (§,&) is given by

D,y =F (D) =YD,

where
Hn
o Mn—1
D, = v,
Vi—1
and the Jacobian matrix of system (2.1) about the equilibrium point (&,&) is denoted
as Y.

Theorem 1 ([13]). Let
P, = F(‘bn), neN
be a difference system. Assume (&,§) is a fixed point of F . An equilibrium point (&,)
is locally exponentially stable if and only if all eigenvalues of the Jacobian matrix of
[ evaluated at (&,8) reside within the open unit disk (i.e., |\| < 1. Conversely, if at
least one eigenvalue exceeds 1 (i.e., |A| > 1), the system is unstable.

This paper presents a solid theoretical foundation for comprehensively analyzing
the boundedness, persistence, and stability of the positive solution of system (1.1).
These results carry significant implications for comprehending the dynamic charac-
teristics of system (1.1) and addressing relevant practical problems.
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3. RESULTS

: dont; (0 9) — (F £ — (1V/ITEAR 14V/TTAR
In this study, we have identified that the point (&, V) = (€,&) = ( Y L>
is a fixed point of system (1.1) for 0 < i < %. For (% < h < 1), system (1.1) exhibits
additional equilibrium points

h+li/Ahi—3 h—h/ah—3\ _ _
< 2(1—-h) = 2(1—h) >—(I~11,V1),
<h—ﬁvqﬁ—3 h+hy/Ah—3

2(1—h) 2uh):>:W“my
ness.

(1) If 0 < h < 1, every positive solution of system (1.1) is persistence and bounded-

(2) If0 < 7 < 2, (&) is globally asymptotically stable.

3) If % < h<1,(1,v1) and (V1,11 is globally asymptotically stable.
3.1. Boundedness

Theorem 2. The following two statements are true:

(1) Both yu, > 1 and v, > 1 for all n > 1, independently of the initial conditions.
(2) If0 < h < 1, then for all values of k > 3, we obtain the following inequality:

e <My + 7,
k>3,
VkSMZ—i_ﬁa

> G.1)
2 2
whereM1:1+vﬁ+Vrévﬁg)l,M2:1+% #%H\g)l-

Proof. Inference (i) is evidently true. We now assess the validity of inference (ii).
Utilizing (1.1) and inference (i), we derive the following expressions for k > 3:

U = l—l-ﬁ? < 14 hyy—y,
Vi

Vi—
Vk=1+ﬁ% <14 hvi_q.

3.2)
M2
Here, let {x;} and {wy} be the solutions of the following system.

=14 hxy_
Be= 1Mt s g (3.3)
Wy = 1 + hwk_l,
such that
M2 =2X2, V2=ws. (3.4)
We prove by induction that
M <Xk, Ve <wg, k>3

(3.5)
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Assume i, < x,,, and v,,, < wy, for k = m > 3. Then from (3.2) we get
U1 < 1+hy < T+ X = Xy,

3.6
Vm+1§1+hvm§1+hwm=wm+1. ( )
Therefore, t; < x; and vy < wy for k > 3. (3.5) holds.
From (3.3), we have the following inequalities:
xkéli"‘z_{_hk 2x— ﬁk2_|_hk 2#2’ a7
wkglléh + FE 2y, 711522 Br—2y )
From (1.1), we get
v Y
—1+h L —1+h“ Va=l4+h—2 vi=1+h—,
v§ v Ho M-y
where u_1,up,V_1,Vq are arbitrary positive numbers.
Since 0 < i < 1, k > 3 we have i¥ 2 < 1, that is
< M+ L
HEEMIT T s, (3.8)
Vi < Mo+ 1=,

where M| = 1+% v2v2 ,
and (3.6), (3.1) can be proven
According to Definition 1, system (1.1) is bounded and persistent. O

M, =1 + h uﬁ Yo Afterward, by utilizing (3.2), (3.5),

3.2. Linear stability

This section will explore the stability of system (1.1), first analyzing its local sta-
bility and then extending the discussion to global stability.

Theorem 3. For0 < h < %, the unique positive equilibrium point of system (1.1) is
(£,€) = ( I+ V21+4h’, I+ VZHM”) and exhibits local asymptotic stability. ~ When

2 < h < 1, system (1.1) possesses two distinct positive equilibrium points (fi,V1) =

(M?@’ h- W? ) and (Vy, i) = <ﬁj(wl A3 M _4;})*3), both of which demon-

strate local asymptotic stability.

Proof of Theorem 3. (i) When x = y = £, the steady-state equation for system (3.1)
is
h
E=1++.
g

This equation can be solved to yield & = 1£v1+4h 1+4 , thus the unique positive equilib-
rium point of system (3.1) is

(8 = (1+\/21+4h’ 1+\/21+4h) .
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In accordance with Definition 2, the linear equation for system (1.1) about the equi-
librium point (&,&) is

q)n+1 = Yq)n» (39)
where
Yn 0 —Z = 0
Yn—1 0 0 1 0

The characteristic equation of (3.9) is

n\? n\?
2
(a) When A < gﬁz, (3.10) simplifies to:

then

h 2h

From this, we can calculate:

2
bey/(4) -84
Moo= : (3.11)

[\

According to Theorem 1, for the equilibrium point (§,&) of system (1.1) to be locally
asymptotically stable, we need |A| < 1, leading to:

1. 3.12
> < (3.12)

Since 1 (ﬁ)z _ 82 >0, it follows that:
2\ & g >0, '

2 2
B-\(@ -sal<lg@ -sal<2 (3.13)

2
If (%) —8% > 0, then g € (—o0,0) U (8,4o0). However, given that equation

(3.13) holds, it follows that iﬁz < 2, which precludes any solutions in this case.



DYNAMICAL BEHAVIOR OF A TWO DIMENSIONAL DIFFERENCE EQUATION SYSTEM 235

(b) When A > E_% equation (3.10) can be rewritten as

h 2h
2
Voghtew

At this point, we can calculate the eigenvalues:

Mg = . (3.14)

We set [A34| < 1:

> < 1. (3.15)
Similarly, based on (3.15), we have
ghz— <§2>2+8§2 < ghz—k <;>2+8§2 <2 (3.16)
From (3.16), we deduce that when g < 2
O

Solving (3.17) gives us g < % Substituting § = 1£vI1t4h VZIME yields 0 < h < %. When
é% > 2, (3.16) does not hold. In summary, when 0 < h < %, the unique positive

equilibrium point (&,&) of system (1.1) is locally asymptotically stable.
(il) When the equilibrium point is (f, V), system (1.1) can be transformed into

_ _ <1 1>2
p=14+hu(-—=) . (3.18)
h &
Solving equation (3.18), we obtain
_ hE+hV/4R-3
H="20-n)
Similarly, we can find
o hEnAR=3
2(1—-h)

Since uy,, v, are non-negative real numbers, we have % < h < 1. Notably, when h = %,
we find i =V = 1.5 =&. Because it # V, system (1.1) has two different positive
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equilibrium points:

o (h+hVAR=3 h—hV/Ah—3
(“1"’1)_( 20-h)  2(1-h) >

. (h—hV4h—3 h+hV/4h—-3
(V1,.U1)—< 2(1—h)  2(1—h) >

In system (1.1), the Jacobian matrix at the equilibrium point (f1, V) is given by:

n _ 2hin
e o o
T= 0 2% h 0
mo A

0 0 1 0

Let the eigenvalues of matrix Y be Ay, A, A3,A4. Define ® as a 4 x 4 diagonal matrix
with elements dy,d,,ds3,ds, where di =d3 =1 and dy =1 —2¢ and dy = 1 — 4e.
Furthermore, we have

0<e<min{i(1—(h+\/4h—3)(1—h)>,1 (1— (l_h)2>}.

4 h

It is evident that matrix @ is invertible. To show this, we can compute @Y®~!:

v"; 0 0 —%’ldldgl
_ dod;! 0 0 0
oYe ! =
0 ”W' dady ! #ﬂ% 0
0 0 dady! 0

Since d; > d> > 0 and d3 > d4 > 0, we have
dod ' <1, dydy' <1

Additionally, we have

S B = L B = Lo

viov Vi Vi Vi 1—4e (3.19)

<7(1+@) 1 1 (h+\/4hi)(1— o, '
v? Vi '1—de 1—4e 2m2—h—am —3m2

EZ 2HVId3dz —Thz( %dﬂz) Eg(l‘i‘@)a@dz

Hy /11 My Hi Hy Hi (3.20)

1 3h—2K2+ V4R 312 2(1—h)? o
l—4e 212 —h+ /43 —3h2 2h% — h+\/4h3 — 312




DYNAMICAL BEHAVIOR OF A TWO DIMENSIONAL DIFFERENCE EQUATION SYSTEM 237

From (3.19), we have
(h—l—\/4h 3)(1—h)
— AR — 3R
When % < h < 1, it follows that 2h2 —h—+/4h3 —3h%? < h—+/4h3 — 3h?, leading to
(h+\/4h 3)(1—h) - (h++v4h—3)(1—h)
VAR -3~ h— AR - 312 3.21)
h \/471— 1—
> ( * - H(=h) > (h+V4h—3)(1—h).

1—4e >

1—4e>

Thus, we establish that & < 1(1— (h+v4h—3)(1 —h)).
From (3.20), we obtain
3h 252 +\V/4R3 =312 2(1 — h)?

1—4¢e> .
—h++V4h3 —3h2 2h2—h+\/4h3—3h2

3.22)

If 3 <A <1, then

—h+V/4h3 —3h2 < 3h—2h* + /43 —3h2, 2h* — h++\/4h3 —3k2 < 2h,
3h 2h2+\/4h3 302 2(1 — h)?

L VAR 3R 2R ht AR 3R
3h 2h2+m 2(1—h)* (3.23)

—h+ VA3 — 3R 3h—212+ 4R — 32

2(1 — h)? .20 ~hn?  (1-h)

—h+ VAR —3R ~ 2h ho

From (3.23), we conclude that € < (1 — (- h) ).
Since Y and ®Y®~! have the same elgenvalues, we obtain

max A < [[©YO !
1<i<4

_ 4 h 2/.11 h 2V1
= max ddl,ddl,_<1+_dd )( —dsd; >}
{21 4045 V% v, 144 ,L_l% x| 3d,y

< 1.

So the equilibrium point (g, V) of system (1.1) is locally asymptotically stable for
% < h < 1. The local asymptotic stability of system (1.1) at the equilibrium point
(V1,/1) is similar to that of (@, V), so we omit that proof.

Thus, the proof of Theorem 3 is complete. g

Theorem 4. The equilibrium point (1, V) of system (1.1) is globally asymptotically
stable if h €(0,1).
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Proof of Theorem 4. If we take into account that (u,,V,) serves as a positive solu-
tion to system (1.1), we can deduce that

limu, =@,  limv, = V. (3.24)

n—oo n—soo
By applying Theorem 2, we derive this
't = lim supy, < oo, I = limsupv, < oo,
n—oo n—yoo

Y1 = liminfu, > 1, Y2 = lim infv,, > 1. (3.23)
n—soo n—soo
Then from system (1.1) and (3.25), we get
I I Y1 Y2
Ti<l+ha, To<l4h—, 112140, p>1+hs. (3.26)
" " 3 i
Now we set o0 = 1!—21 B= %’ then from (3.26) we have
1+hs  14he 1
o> o= e (3.27)
1+ h?z 1+ hocTz 1+

Then the following relationship holds:
o+h>1. (3.28)

If 0 < A < 1, then it follows that o > 1, which implies y, > I';. Similarly, when
0 < h < 1, it follows that y; > I';. Therefore, when 0 < h < 1, we have the following
relationship:

Y>>y >1h. (3.29)
Based on (3.25) and (3.29), we obtain the following results:
IN=yn=Ih="7. (3.30)

Hence from system (1.1) and (3.30), there exist the limu,, limv,, as n — oo,

limy, =p, limv,=V.

n—yoo n—oo
The proof is fully established when the point (z, V) is identified as a positive equilib-
rium within system (1.1) if 0 < A < 1. O

4. RATE OF CONVERGENCE

In this section,we will discuss the rate of convergence result of the solution that
tends to (f1, V). Consider the system

Enit = (14 x(n))En. 4.1)

Here, L, represents an n-dimensional vector, 1 denotes a constant matrix, and K sig-
nifies a constant matrix transformation satisfying the condition:

|k(n)]] =0 as n— oo, 4.2)

In this context, || - || represents any chosen matrix norm associated with a vector norm.
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Theorem 5. Assuming condition (4.2) holds, 0 < h < 1 and {£,} serves as a
2381

1 Il
or A =lim,_,o(||£||)7" exists and A is equal to the modulus of an eigenvalue of the
matrix 1.

solution for equation (4.1), then either L., = 0 for all large n or A = lim;_

Theorem 6. Assume that the solution (uy,V,) of system (1.1) converges to (i, V).
Then, the error vector

1

6;11 Hn —H
o | @ || w1 TR
T e S vV

> b

€, Vy—1—V

_ . 1 _
=hi3al(@ V), I ([£]])7 = A1 254X (@ V),

where A 2 34Y (@1, V) are the characteristic roots of Y (i1, V).

Proof of Theorem 6. The error terms can be expressed as follows:

it =R =14 RS — (140 ),
i‘l 5 (4.3)
Vor1 —V=1+hA-"——(1+h=).
! T i
(4.3) can be transformed into
_ h _ h,L_l A —i—\_’) _
Hnt1 — M= T(Iin —R) - (—zniz(vnfl V),
anl v anl (4 4)
__h o V(U _ '
Vi1 =V =—5—(V, = V) — W(qu — i)
n—1 Mo,

Let e,ll =u, — A, e,ll,l = Up—1—H, eﬁ =V,—V, 3371 =V,_1—V, system (4.4) can be
expressed as

€1 = ny+bne 1, €piy = Cney+dney i, (4.5)
where
h hia(Vy—1 +V h hv(up—1 +
an = 5> bn= —%7 Cn= "5 dn= —W- (4.6)
anl v anl M1 o,y
By taking the limits of (4.6) to obtain
2hi h 2hv
lima, = =, limbn:—_—'u, lime, ==, limd, =——. 4.7
n—oo V2 n—oo V3 n—oo ,uz n—oo ‘u3
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That is
h 2hu h 20V
= o5 +Kay by == . = K =Tk, @)
where K, Kp, K., Kz — 0 as n — oo, Thus,we get the system of the form (4.1)
Lo = (+x(n))k,, 4.9)
where
L oo o -Z Ke 00 K
1 0 0 0 1 0 0 O
1= 0 % ‘E% 0 s K(I’l) = 0 K, K 0 s (410)
0 0 1 0 0O 0 1 0

and when n — oo, ||k(n)|| — 0. Therefore, the limiting system of error terms can be
formulated as follows:

e,ilH Vf—lz 0 0 —? e,}
e 1 0 0 0 e
eg - 0 v h 0 eg_1 @.11)
AR e 3
€, 0 0 1 0 €, 1
O

5. FIGURES

To validate the theoretical findings, we present numerical simulations of system
(1.1) under distinct parameter regimes. The initial conditions are chosen as u_; =0.5,
to =1.0,v_; = 0.6, and vo = 1.2 for all cases unless specified otherwise.

Dynamics of T8 and v,
351

25

Values
L&

T

0.5

I I . . \ . . . I |
0 10 20 30 40 50 60 70 80 90 100
Iteration n

FIGURE 1. Behavior of system (1.1) at h = 0.6
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Case 1: h=0.6 (0 < h <3/4). Figure | illustrates the trajectories of u, and
v,,. Both variables converge monotonically to the symmetric equilibrium (§,§) =
(1.366,1.366), consistent with Theorem 3. This confirms the global asymptotic sta-
bility of the unique equilibrium in this parameter range.

Dynamics of TR and v,

Values
-

0 10 20 30 40 50 60 70 B8O 90 100
lteration n

FIGURE 2. Behavior of system (1.1) at h =0.9

Case 2: h=0.9 (3/4 < h < 1). As shown in Figure 2, the system exhibits bista-
bility. Depending on initial perturbations, solutions converge to either (i;,V;) =
(2.12,0.48) or (v, ) = (0.48,2.12). This bifurcation aligns with the emergence of
asymmetric equilibria predicted in Section 3.

«©10% Time Series, h=1.1
T T T T T T
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o N £ [} ]
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i L L B R s 8 L L

0 10 20 3 40 50 60 70 80 90 100
n

i <1012 Phase Plot, h = 1.1

IR ‘ H ‘

0 2 4

L
n
o

124
iy <10

FIGURE 3. Behavior of system (1.1) at h =1.1
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Case 3: h=1.1 (h > 1). While our theoretical analysis focuses on 0 < h < 1,
Figure 3 demonstrates oscillatory divergence when h exceeds 1. This highlights the
critical role of A in maintaining system stability.

6. CONCLUSION

This paper investigates a two-dimensional asymmetric fractional difference equa-
tion system that reveals rich dynamic properties. A unique symmetric equilibrium
(€,8) is globally asymptotically stable for 0 < / < 3, whereas two asymmetric equi-
libria emerge, and are stable for % < h < 1. Solution boundedness and persistence
were proven using the induction and comparison principles. Numerical simulations
confirmed monotonic convergence for i = 0.6, bistability for 2 = 0.9, and oscillat-
ory divergence for & > 1. This study highlights the threshold effect of & on stability,
offering insights for discrete dynamical modeling in fields such as population dy-
namics and epidemiology. Future studies may explore higher-dimensional systems
or specific applications.
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ANALYTICAL SOLUTIONS TO THE DOUBLE-CHAIN DNA
SYSTEM BY TWO COMPUTATIONAL TECHNIQUES
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Abstract. In this article, two algebraic techniques are employed to analyze the double-chain
model of deoxyribonucleic acid, a crucial component in the realm of biology. The solutions ob-
tained by these methods include the trigonometric function solution, hyperbolic function solution
and rational solution. These methodologies demonstrate significant effectiveness in obtaining ex-
act solutions for many nonlinear differential equations.

2010 Mathematics Subject Classification: 35XX; 35A20

Keywords: exact solutions, double-chain model of DNA, algebraic methods

1. INTRODUCTION

Deoxyribonucleic Acid (DNA), is a genetic material that contains all the evolu-
tionary and functional information of living organisms that they need for their repro-
duction and life. Friedrich Miescher first discovered DNA in the 1800s. But it took a
long time for scientists to discover its structure and realize its importance in biology.
Structurally, DNA consists of two strands that are parallel and anti-parallel to each
other, each filled with numerous nucleotides. These two strands are held together
by hydrogen bonds between the bases of each nucleotide pair, keeping them side by
side. The physical structure of the two DNA strands as a double helical ladder was
first discovered using X-rays in 1953 by James Watson and Francis Crick and was ac-
cepted and expanded by scientific communities. This structure allows it to carry bio-
logical information. During the last several decades, the structure of DNA has been
extensively studied by many scientists. DNA has a complex structure and has many
longitudinal, transverse and torsional motions. For this reason, a mathematical model
with all its characteristics has not yet been presented. However, to study the structure
of DNA, we must provide suitable nonlinear mathematical models. Some scientists
have attempted to present some models to describe it, such as the property of the

© 2026 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
BY 4.0.
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open state in long polynucleotide double helices and possibility of soliton excitations
[5], soliton excitations in DNA double helices [22], a coupled base-rotator model for
structure and dynamics of DNA [7], two-dimensional discrete model: denaturation
and longitudinal wave propagation for DNA dynamics [14], nonlinear dynamics in
a new double-chain model of DNA [3], solitary wave solutions for longitudinal and
transverse movements of DNA [2, 17], explicit solutions of double-chain DNA dy-
namical system [12], simulation of the coupled DNA nonlinear dynamical equation
bell-shaped [16] and so on.
In this paper, we investigate the double-chain DNA system [18]:

Qu = cfQu = MQ+NQ +mQ° + QT
Iy — C%Fxx = 7\,21—‘ + ’Yz.Q.Z +y2Q2F+ Bzr3 -+ ¢p,

where
X1 X2 —2u —2u 24/ 2uly
ci . e oM pch( 0): A2 o’ Y1 =27, YT
—2uly 4uly V2u
M=t = B1 =P ol = o (h—1lo)

Here Q and I' indicate the difference in the longitudinal and transverse displacements
of the top and bottom strands. This model with two long strands, homogeneous and
elastic, demonstrates two polynucleotide chains of the DNA molecule. where ; and
X2 are the Young’s modulus and the tension density of each strand, p and ¢ denote the
mass density and the area of transverse cross-section. Also, u, [y and / are the stiffness
of the elastic membrane, the height of the membrane in the equilibrium positive and
the distance between the two strands, respectively. Exact solutions of nonlinear par-
tial differential equations (NLPDEs) play a critical role in better realizing qualitative
features and physical interpretations of many occurrences. Many complicated events
can be described by these solutions. For this purpose some techniques have been
suggested, such as Kudryashov method [11], tan(¢(&)/2)-expansion method [10],
exp(—@(&))-expansion method [19], first integral method [8], sine-Gordon method
[21], Legendre wavelets [6], %—expansion method [9], and so on. Many scientists
have been applied some methods to study the double-chain DNA system. For ex-
amples, Riccati parameterized factorization method [2], %-expansion method [12],
¢®-model expansion approach [18], improved generalized Riccati equation mapping
method [13], Lie transformation method [20], exp(—@(&))-expansion method [1],
¢*-expansion method [4] and so on. Our purpose in this article is to obtain exact
solutions to the double-chain DNA system using two algebraic methods.

The remaining parts of this article are constructed as follows. In section 2, we de-
scribe the first algebraic method and its application to the double-chain DNA system.
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The application of g—;—expansion method for the double-chain DNA system is presen-
ted in section 2.2. Graphical representations of some solutions is shown in section 4.
In the last section, the conclusion is given.

2. THE FIRST ALGEBRAIC METHOD
2.1. Description of the first method to look exact solutions of NLPDEs

In this section, we consider the following NLPDE

R(0,0.,0s, Oxx, Oxr, 0s1,...) =0, (2.1)

where ¢ = ¢(x,#) is an unknown function in two variables x and ¢. Substituting the
travelling wave transformation

& = xx + o, (2.2)
into (2.1), it can be reduced to the following ODE
R(®,d' " @ ..)=0. 2.3)

Here ®) = ‘22‘,1,). The solution of Eq. (2.3) can be written:
1,4,0
q)(&) _ ZEO J (a)’
Lj20BO()
where the positive constants 1; and My can be calculated by considering the ho-
mogeneous balance between the highest order derivatives and the highest nonlinear

terms of ®(&) in equation (2.3), and A; (0 < j <m;), B; (0 < j <m3) are constants
to be found later and Ay, , By, # 0. Here ® = O(&) satisfies the following ODE

®'(&) =p+0*(E) (2.5)

where p is a constant and which has the following special solutions [15].

2.4)

Case 1: When p <0,

®,(§) = —v—ptanh(v/=pg), (2.6)
®,(€) = —v/—=pcoth(v—p&), 2.7
@3(8) = —/—ptanh(2y/—p&) +iy/— psech(2y/—p&), (2.8)
04(8) = —v/=pcoth(2y/=p&) +v/=pesch(2v/=pg), (2.9)

05(8) =1 <¢—7ranh<\/j”a> ¥ \/—T)coth(*/jpi)> )
Case 2: When p >0,
0(&) = /ptan(y/pf), (2.11)

07(§) = —v/peot(yv/pg), (2.12)
®3(8) = —v/ptan(2y/p§) +/p sec(2y/pf), (2.13)
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Oo(E) = —/Feot(2y/FE) & /P escl2y/FE), .14
O1o( xi) = % <\/13tan(\/2ﬁ§) - ﬁcot(?&)) . (2.15)

Case 3: When p=0,
911({5):—&_’1_6[ (2.16)

Where d is a constant.

The exact solutions for NLPDEs can be obtained by following these steps:

First, We substitute in (2.3) the (2.4) with Eq. (2.5). After making this substitution,
we obtain a polynomial that involves @(&). We then collect the terms with the same
powers of ®(&) and set all the coefficients of the resulting polynomial to zero. This
operation yields a set of algebraic equations in terms of A; (j =0,1,2,....,m1),B; (j =
0,1,2,...,m2), X and ®. Solving this system, it gives solutions of equation(2.3).

2.2. Application
Consider the double-chain DNA system
Qi — Q= MQ+1 QT + 1 Q3 + B QI2, (2.17)
Ly — A0 = ME4+71Q% + 1 Q2T+ Bl + ¢o. (2.18)

By using the transformation
I'=aQ+0b, (2.19)

where a and b are constants, Egs. (2.17)-(2.18) can be converted into the following
form

Qi — c1Qu = Q@ (11 + P1a*) + Q% (2B1ab +11a) + Q (M + by +Bib?),  (2.20)

b
Q — Qe = Q@ (1 + Poa®) + Q7 <3[32ab + % + ”Z) +Q (A +3Bob?)

+ =+ -+ —, (2.21)
Egs. (2.20) and (2.21) are similar for

h
b=—, %1 =2 2.22
\/E X1 X2 ( )
Now Egs. (2.20) and (2.21) can be reduced to a single equation as
Qi —clQu=KQ+LQ*+MQ (2.23)

where
m(4a® —2) I 6v/2am

K== 2

S
|
7 N
|
H
+
H
N———
|
|5
—1

X1
=" 224
[
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For obtaining exact solutions of (2.23), We take the travelling wave transformation
Qx,t) =¥(&), &=xx+or, (2.25)

where x and ® are constants that should be determined later. Substituting (2.25) into
Eq. (2.23), we have

(0 =1 2P — K — LY —M¥ =0, o’ -k #0. (2.26)
By balancing ¥ with 3 in (2.26) along with (2.4), we get the below:
M-—M+2=3M1—M)=m=m+1 (2.27)

Therefore, the exact solution of Eq. (2.26) can be written in the following forms.
Type 1: ny=1andn, =0,
_ Ao t+AI0()

(g =

where @® is the solution of equation (2.5). Substituting Eq. (2.28) along Eq. (2.5)
into Eq. (2.26) and equating all of the same powers @(§) to zero, we obtain a sys-
tem of algebraic equations for Ag,A1, B, p,k and ®. Solving obtained system using
Mathematica, we obtain

(2.28)

1 3K
Ag=Ag, Ay = ———=Ap, Bo = —

7A07
VP L
) 2 212
M = —4p(0* —>c?), K=o p<0. (2.29)
By using (2.28), (2.29) and cases (2.6)-(2.10) respectively, we get
Wy (1) = — (1 —i—tanh(\/;II;(Kx—i-O)t)))L,
1 h(y/— L
W, (x,1) = ~ (I+cot (,/311;(Kx+wt))) ’
Wa(n,r) [1+4tanh(2\/—p(kx+ ot)) Fisech(2\/—p(xx+ot))|L
3L = — )
3K
Wy (r.0) [14coth(2\/—p(kx+ot)) F csch(2y/—p(kx+ot))]L
4\X, 1) = — ’
3K
[1 4 (tanh (52 (kx + o)) + coth (Y2 (kx + o)L
‘PS (x,t) = .
3K
Type2: Mmy=2andm, =1,
Ag+410(8) +4,0°()
YE) = ) 2.30
Substituting Eq. (2.30) along Eq. (2.5) into Eq. (2.26), same as before, we obtain
2V5 1 12K
Setl: Ag=Ap, Al = ———=Ap, Ao =——Ap, Bp=——-A
e 0 0713\/_72})0,2 3po,0 57 20
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6v/5K 217
By = —————Ag, M = —16p(0* —*c}), K = —
=75 N, 0, M p( c1), oM
By using (2.30), (2.31) and cases (2.6)-(2.10) respectively, we get

1 — [0 — Ltanh(\/=p(kx + or))] tanh (/= p(icx + o))
2K+ S5 tanh(y/=p(icr + o)) ’

W, (1) = 1— [@ 1 coth(y/=p(kx+ @r))] coth(y/=p(ikx + wr))

12K 4+ = coth(y/=p(ix + o))

() = [~ 20 4 L (— tanh(2/=p(icx + 1)) i sech(2y/=p(kx+or)))]
e o+ 6 =(—tanh(2,/=p(kx+ @r)) £ isech(2\/=p(kx+ t)))
X (—tanh(ZF(K;H—OJt))iisech(Zij(m+wz)))

1
152% + %(—tanh(2\/jp(l<x+ ot)) £isech(2y/—p(kx+wt))) ’
A VIO 41— coth(2y/=p(icx + o)) + esch(2y/=p(ix -+ or))]
T lszLKJF\ﬁ( coth(2/=p(kx+ ot)) £ csch(2/—p(kx+ ot)))

x (—coth(2/—p(kx+ or)) & csch(2y/—p(kx+ ot)))
1

B coth(2y/ (e + o) & eseh(2y/plxr + o))

([f+ (tanh(F(Kx—i-O)t))—i-coth(F(Kx—i—cot)))])
lP5(x7t):

UK 4 22 (qanh(Y;” (1cr + 1)) + coth(Y (kx + 1))

X (tanh( \/27(

,p<0. (231

‘P](X,l‘):

W=

ﬂ\

+

Kx + r)) + coth(
1

T + &5 (tanh (Y32 (1cx + 1)) + coth (V52 (kx + @)))

?(Kx—l—ﬁ)l)))

Set2: Ag=A A—OA—IA By = 2A B = 6 A
eSet?2: =Ag, A1 =0, Ay = —Ag, By = —=——A¢p, B; = ,
0 0, A1 2 0, Do 0 P R

M = _4p(0)2 —KZC%), K=K, p>0. (2.32)

By using (2.30), (2.32) and cases (2.11)-(2.15) respectively, we get

1+ tan?(,/p(kx+ ot))

— 357 + YAk tan(y/p(ix + o))

T@(X,f) =
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Wy (x,1) = Lteot(yplratan)
— 3 — YL cot(/p(x+ o))
Wy (x,1) = 1+( tan(2,/p(kx+ r)) £sec(2,/p(kx+ or)))> |
2L KL tan(2,/pir+ ) £ see(2y/x+ 1))
ey e o) sl )
7R \/W( cot(2/p(xkx+ 1)) £ csc(2,/p(rx+wr)))
Wio(x,1) = L+ (tan( (x + 1) — cot(* (x + @1))?
7 —%+%(tan(f(m+wz)) cot(*Z (kx+ )
oSet3: Ag=Ag, A =0, AZZ;AO, BO:_%KAO, B, — \/\/_S;II;AO’
M = —4p(e’ —’ct), K = EA; p<0. (2.33)

By using (2.30), (2.33) and cases (2.6)-(2.10) respectively, we get

Bo() = l—tanhz(ﬁ(m+mt))
11Xy _%_Ttanh(\/jp(m+mt))’

) - 1o/l an)
P - 3K coth(y=p(ir+or))

W(ar) — L (Canh@y=plert on) Eisech(2y—ple + w)))?
A — 3 = 3F(~tanh(2y/=p(kx + 1)) £ isech(2y/~p(x+ar)))’

(x.1) = 1 — (—coth(2/—p(kx+ t)) £ csch(2y/—p(kx+ot)))?
e kK _ %(—COth(ZH(KX—i—(Dt)) + csch(2y/—p(kx+ o))’

1 — 4 (tanh (Y52 (ex+ o)) + coth (2 (kv + 1))

3K Z\—F(tanh(F(Kx+wt))+00th(r(m+wt)))
31/2(@? —k2c?) 6(0? — K2c2)
eSetd: Ag=Ag, A = Ag, Ay = =22 Q,
VM M
K 6K \/2(0? —K2c?) 2

By=—""Ao, Bi =~ (2.34)

Ao, K= p=0.
LM 0 am P
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By using (2.30), (2.34) and case (2.16), we get
2 2
1+<3\f+6\/(x)1< )\/((DK)

” VM (kx+ot+d) | VM (x+ord)
l6(-x7t) K 6K /7(0)2 ) :
L L M(xx+ot+d)

3. THE SECOND ALGEBRAIC METHOD

3.1. Description of extended g—;-expansion method

In this section, we employ the ——expansmn method to obtain the exact solutions

of NLPDEs.
For the following NLPDE

R(q)vq)xvq)tvq)xxaq)xtvq)th'") =0,

3.1

where ¢ = ¢(x,7) is an unknown function in two variables x and 7. Substituting the

following transformation
£ =xx+ o,
into (3.1), it can be transformed to the following ODE
R(®,®',®" @",...)=0.

Here &) = We assume the exact solution of Eq. (3.3) as follow

o= Ea(SF).

where A; (A,, # 0) are constants and G(&) satisfies the following ODE:

dgn

G"(8)G*(8) —2G(8) G*(§) = pG*(§) +qG'(§) G*(§) +rG?(8).

We know the Eq. (3.5) has the following special solutions:
Case 1. If pr >0 and g =0,

G \/pr [Cicos,/pr&+Cysin/pr
G*  p \Cisin,/pr&—Cycos,/pr& )’
Case 2. If pr <0 and g =0,

G _ Ve <C1 sinh2m§+czcosh2\/fmg+cz>

G p  \ Cicosh2,/—pr&+ Cysinh2,/—pr —
Case 3. If p=¢g=0and r#0,
G C

G r(CE+G)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
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Case 4. If g # 0 and ¢> — 4pr > 0,
G q \V/q* —4pr(Cy sinh(Y i 4pr)§+Czcosh( Ve 41”)&)

— = . (39
2
=2 27(Cy cosh(YLSPNE 1 Cysinh (VL 420)¢)
Case 5. If g £ 0 and ¢> — 4pr < 0,
G q V4pr—q*(—C; sinh(Y—5— V4pr i )&+ C; cosh( pr e )€) (3.10)

G 2 2r(Cy cosh(@)ﬁ‘i’c2 Smh(@)&)

Where C; and C;, are arbitrary constants. The following steps can be used to obtain
the exact solutions of NLPDE:s.

First, substitute (3.4) into (3.3) using (3.5). Next, collect the terms with the same
powers of > in the resulting polynomial. Then, set all the coefficients of this poly-
nomial to zero to obtain a system of algebraic equations in terms of A;(—m < j <
m), p, q and r. Finally, solve this system to obtain the solutions of (3.3).

3.2. Application
For the double-chain DNA system

Qi — Q0 = MQ+YQ0 + 1 Q° + B QT2 (3.11)
[y — Al = Ml 479 4+ 10,0 + ol + co, (3.12)

similar to the first method, we can obtain
(0 = 2P — K — L¥? —M¥ =0, o —k*c] #0. (3.13)

Balancing ¥ with Y3 in (3.13) gives n=1. Therefore, the exact solution of Eq. (3.13)
can be written in the form:

G/ G/ -1
Y(E)=Ao+A, <G2> +A_ (G2> , A1 #0. (3.14)
Therefore, we have
L 2L 4
oSetl: Ap=—o| e 1), A= o | 52— 41,4, =0,
3K q*> —4pr 3Kq \| g* —4pr
2 2 .22 2L 2
M= (@ —4pr)(@ — ), K = 20 > —4pr £0,.q £ 0,7 o
(3.15)

By using (3.15), (3.14) and case (3.9), we get the general hyperbolic function solu-
tions

L q L 4pr
Yixt)=—| ——=-1 oA/ |-
1) 3K< 2 —4pr >+3Kq q2—4pr+ l 4
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P —dpr {cl sinh(YE" (x4 r)) + Gy cosh(VL 42" (Kx—i—cot))]

C1 cosh( YL (iex + o)) + Gy sinh (YL (x0x + o))

In particular, if we choose C; = 0, then this solution gives the solitary wave solution

L q L 4pr
Yxut)=—| ——-1 — = +1
2()0 ) 3K < /7q2—4pr ) + 3KC] q2—4pr+
Vqg*—4
X [—q— g* —4prtanh (M(m+wt)>

By using (3.15), (3.14) and case (3.10), we get the general hyperbolic function solu-
tions

+1|—g+

L q L 4pr
¥, S S - -
T («/4prq2 > T 3Kq\ apr—g?
\Aapr—gq {Cl sinh (W(Kx—i—mt)) Cycosh <V4prq(1oc+(ot))]
C cosh(iﬂprq(m—i-wt)) +C smh(iﬂprq(m-i-wt))

In particular, if we choose C, = 0, then this solution gives the solitary wave solution

L q L 4pr
Wy(x,t — 1 — | —+1
(1) = 3K <«/4pr—q2 >+3Kq 4prfq2+

—q+ /4pr— 2tanh< Varr—q (K’x—i—(nt))

2

L _ VMr A _ VMp

Set2: Ag=——=—, A1 = LA =~ ’
*o¢ 0T T3 M Tk TN T UK
212
M = —4pr(0® —x*c?), K = 9M,q:0,p7éo, r#o. (3.16)

By using (3.16), (3.14) and case (3.6), we get the general trigonometric function
solutions

‘Ps(x,t) = —

L VMr [(Cl cos(\/ﬁ(lcx—i—wt))—&-Cgsin(\/ﬁ(m—&—wt))ﬂ

3K 2y/Kp [\ Cisin(y/pr(xx+t)) — Cycos(,/pr(kx+ot))

N VMp [(Cl sin(\/ﬁ(Kx+wt))—Czcos(\/ﬁ(loﬂ—wt))ﬂ
2VKr [\ Cicos(y/pr(xx+t))+Cysin(\/pr(kx+or)) ) |
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In particular, if we choose C, = 0, then this solution gives the solitary wave solu-
tion

We(x,1) = —% + 2%; cot(y/pr(kx+wr)) + %tan(\/ﬁ(er ot)).

By using (3.16), (3.14) and case (3.7), we get the general trigonometric function
solutions

Balx) =~
7\WX,1) = _3?
_V-Mr (C] sinh(2y/=pr(kx+ or)) + Cy cosh(2/— pr(Kx+0.)t))+C2>
2vKp \Cicosh(2\/—pr(kx+t)) + Cysinh(2\/—pr(kx+ot)) — C

R

N vV—Mp <C1 cosh(2,/=pr(kx+ ot)) + C; sinh(2\/—pr (Kx—l—wt))—Cz)
2+/Kr \ Cisinh(2\/=pr(xx+ot)) + Cycosh(2y/—pr(kx+ or)) + C;

In particular, if we choose C; = 0, then this solution gives the solitary wave solution

We(x,1) = —% — %tanh(2@(xx+mﬂ) V—Mp coth(2y/—pr(kx+ot)).

T
2L 26L 26L
eSet3: Ay=—, 1:4,,471:71’7
7K 21Kq lqu
12
M = —16pr(0® —*c?), K = ,q;éo pFo,r#o.

3.17)

By using (3.17), (3.14) and case (3.9), we get the general hyperbolic function solu-
tions

[\J

Wy (1) = 2L - 1L ( VZ[C sinh(YZ (x + @) + C; cosh (Y2

7K 21Kq C cosh(‘f(Kx—l-(ot))—l-Cz sinh(g

_ 26Lp <q . VZ[Cy sinh(¥Z (icx+ o)) +Cs cosh( Z(Kx+cot))]>
2r

(m+m¢))]>

Kx+r))

& 2

2
11Kq 2r(Cy cosh(¥Z (kx + 1)) + Ca sinh(YZ (kx + wr) )

In particular, if we choose C; = 0, then this solution gives the solitary wave solution

2L 13L VZ
Wio(x,t) = 7K 21Kq <q+ﬁtanh(2(m+mt))>

_ 26Lp ( VZ f
2r

-1

Where Z = ¢ — 4pr.



256 N. KADKHODA, N. S. HAMZEHKOLAEI Y. KHALILI, AND SH. ESHAGHI

By using (3.17), (3.14) and case (3.10), we get the general hyperbolic function
solutions

lP“(x t)

2L 13L <  VZ[Crsinh (5 (e + @r)) — Czcosh(\/;(Ker(m))})
7K 21Kg C cosh(Y5Z (kx + o)) + Cy sinh (Y52 (kx + o))

26Lp< V=Z[Cy sinh(YZ (kx + or)) — czcosh(f(m+mt))}>
2r

11Kq 2r(Cy cosh(Y5Z (1cx+ o)) + Gy sinh(Y5Z (kx + wr) )

In particular, if we choose C, = 0, then this solution gives the solitary wave solution

Yo (x,t) = 72112 2113151( Ftanh(C(Kerwt)))
~1
—ﬁ(i—\/ftanh(\/?(m—i-wt))) .

Where Z = ¢ — 4pr.

4. GRAPHICAL PRESENTMENTS OF SOME SOLUTIONS

In figures 1-4 and 5-7, we plot 2D and 3D graphics of some obtained solutions to
Eq. (2.23) in the first and second methods respectively, which denote the dynamics

of solutions with appropriate parameters selection.

FIGURE 1. The 3D and 2D surfaces of ¥ (x,7) (Set 1) for the values
p=-05%x=020=07K=-0.05L=-39,andr=0.4.

5. CONCLUDING REMARKS

The purpose of this paper is to study the double-chain DNA. A travelling wave
transformation has been utilized on this model to convert it into an ordinary differ-
ential equation. In this paper, two algebraic methods were successfully used to study
the double-chain DNA system. The exact solutions obtained include the trigono-
metric function solutions, rational solutions and hyperbolic function solutions. This



ANALYTICAL SOLUTIONS TO THE DOUBLE-CHAIN DNA SYSTEM 257

L L L L L L
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FIGURE 2. The 3D and 2D surfaces of W4 (x,7) (Set 1) for the values
p=-05%x=02,0=07,K=-0.05L=-39,andr =0.4.

-30 -20, 20
—os[
-1.0

FIGURE 3. The 3D and 2D surfaces of Wg(x,7) (Set 2) for the values
p=05%x=02,0=01,K=-2,L=1,M=0.06and r = 0.4.

L L L
-30 -20 -10 10 20 30

FIGURE 4. The 3D and 2D surfaces of W;¢(x,7) (Set 4) for the values
p=0,x=02,0=07,K=025L=1,M=1,¢1=0.2,d = -2 and
t=04.

research illustrates the high effectiveness and practical utility of these methods in ob-
taining exact solutions for various types of nonlinear differential equations. We used
Mathematica for computations.
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FIGURE 5. The 3D and 2D surfaces of W (x,7) (Set 1) for the values
p=-05¢g=3r=-2k=020=07K=2L=1,M=1,C; =1,
Cy=2andt=0.4.

FIGURE 6. The 3D and 2D surfaces of Ws(x,7) (Set 2) for the values
p=05g=0r=2%k=020=07,K=2L=1,M=1,C; = 2,
Cy=1andtr=04.

-30 -20 -10 - 10 20 30

FIGURE 7. The 3D and 2D surfaces of Wio(x,#) (Set 3) for the values
p=—-054¢=3,r=-2,x=02,0=07,K=2,L=1,M=1,C; =1,
C,=0andt=0.4.
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Abstract. We give a more general form of the Mercer inequality by replacing some constants
by positive operators. As some consequences, our results produce a Jensen operator inequal-
ity for superquadratic functions. Moreover, we present some Mercer inequalities of Hermite—
Hadamard’s type.
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1. INTRODUCTION

Mercer [11] proved a variant of the Jensen inequality for convex functions as fol-
lows: If f: [m,M] — R is a convex function, then

Jj=1

f(M—l—m—Xn:?u]xj) Sf(M)—i—f(m)—i?»]f(x]) (1.1)
=

forallx; € [m,M] and all A; € [0,1] with }}_; A; = 1. An operator extension of (1.1)
has been presented in [10]:

f<M+m—zn:‘1’j(Aj)> Sf(M)“‘f(m)_iq)j(f(Aj)) (1.2)
=1

Jj=1

in which (®,...,®,) is a tuple of positive linear maps on B(H) with Y'I' | ®;(1) =1
and A;’s are self-adjoint operators with spectra in [m,M]. Here we denote by B(H)
the algebra of all bounded linear operators on a Hilbert space H and [ is the iden-
tity operator. When f: [m,M] — R is a continuous function and A is a self-adjoint
operator with spectrum in [m,M], the operator f(A) is defined by the well-known
Gelfand’s mapping. This is called the continuous functional calculus, see [4].

© 2026 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
BY 4.0.
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Utilising the famous Hermite—Hadamard inequality, the first author and Mosle-
hian [7] presented a variant of the operator Mercer inequality (1.2). Some reverse
Mercer operator inequalities have been given in [2]. The authors of [9] introduced
logarithmic superquadratic functions. In [12], some sub-additivity inequalities for
this class of functions have been presented.

In [14], Moslehian, Mic¢i¢, and the first author extended the operator Mercer in-
equality (1.2) by replacing the scalars m and M by operators and showed that with
some conditions on the spectra of operators, the inequality

f(@(C)) + f(P(B)) < @(f(A)) +D(f(D)) (1.3)
holds.

Superquadratic functions are introduced in [1] as modifications of convex func-
tions. Since then, this class of functions has been utilised to improve many results
concerning convex functions. A function f: [0,00) — R is called superquadratic if
for all x > O there exists a constant C, € R such that

fO) 2 f(&)+Cely—x) + f(ly—x)

for all y > 0. These functions enjoy a Jensen type inequality as

fOx+(1=2)y)
<A )+ =MF@) =Af((A=AM)x=y)) = (T =M f(Alx—y]) (14
for all x,y > 0and A € [0, 1], see [1,9].
The authors of [3] proved a variant of the operator Mercer inequality (1.2) for

superquadratic functions: If f: [0,e0) — R is a continuous superquadratic function
and m, M are positive scalars, then

fM+m—®(A)) —B(P(A)) < f(m)+ (M) —D(f(A)) —P(B(A))  (1.5)

holds for every positive operator A € B(H) with spectrum in [m, M| and every posit-
ive linear map ® on B(#), when we set the notation

t—m M—t
= — —f(t— t Mj). 1.6
B) =~ f(M 1)+ flt—m),  (t€[mM). (16
Recall that an operator A € B(#) is called positive if (An,m) > 0 for every n € #.
The importance of (1.2), (1.3) and (1.5) is that they are available without the re-
strictive condition of being operator convex for the function f. Recall that a function

f: [m,M] C R — R is operator convex, when
fMA+(1=M)B) <Af(A)+(1-1)f(B)

holds for all self-adjoint operators A and B with spectra in [m,M] and every A €
[0,1]. It is known that if f: [m,M] — R is operator convex, then the Jensen operator
inequality

f(P(A)) < D(f(A)) (1.7)
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holds for every self-adjoint operator A € B(H) with spectrum in [m, M| and every
unital positive linear map ® on B(#). However, if f is convex, but not operator
convex, then (1.7) does not hold in general. However, (1.2) is valid for every convex
function ((1.5) is valid for every superquadratic function).

In this paper, we study the Mercer inequality and its operator extension for super-
quadratic functions. In particular, we extend (1.5) by replacing scalars m, M by oper-
ators. As applications, a Jensen operator inequality has been presented for superquad-
ratic functions. Moreover, we present a Mercer inequality of Hemite—Hadamard’s
type. The Hemite—Hadamard inequality asserts that

x+y L fE)+f0)
< — Hdr < 2272
holds for every convex function f on [x,y]. The reader can refer to [5, 6, 13] for

operator versions of this inequality.

2. RESULTS

We begin by presenting a Mercer inequality of Hemite-Hadamard’s type for su-
perquadratic functions. We need the following lemma. For simplicity, we use the
notation xV,y for the A-weighted arithmetic mean Ax+ (1 —A)y of x and y.

Lemma 1. Let 0 <m < M and let f: [0,00) — R be a superquadratic function.
Then

f(m+M—xVyy)+2B(x)VaB(y)
< Sf(m)+ f(M) = fF)Vaf () = F(1T =M x=y[)Vaf (Ax—y]))
for all x,y € [m,M] and every A € [0, 1].
Proof. For any x € [m,M], we put y =m+ M — x so that y+x = m+ M. There

exists A € [0, 1] such that y = Am+ (1 —A)M. Since f is superquadratic, we cal apply
(1.4) to write

f(M+m—x)= f(Ahm+ (1 -=1)M)
SAf(m) + (1 =A)f(M) = Af (1 =A)|m = M) = (1 = 1)/ (Am —M]|)
=f(m)+f(M) 2.1
= A (M) + (1= 1) f (m) +Af (1 = V)M —m|) + (1 = A) f (MM —m])).
On the other hand, x =m+M —y =AM + (1 —A)m and so we have
fx) = fFAM + (1 —A)m)
< MF(M) + (1= N Fm) ~ A (1= )M —m]) — (1= R FIM —m]). 22)
It follows from (2.1) and (2.2) that

f(M+m—x)
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< flm) +fM) = f () =2(Af (1 =AM —m|) + (1 =) f(AIM —m])).  (2.3)

X—m

Applying (2.3) with A = i we obtain

M +m—x) < f(m)+ f(M) = f(x) - 2B(x), (2.4)

in which B is defined as (1.6). Now, for every x,y € [m,M] and every A € [0, 1], using
(1.4) we have

FM+m—(Ax+(1—-A)y))=f(Mm+M—x)+(1—A)(m+M—y))
<Af(m+M—x)+(1—N)f(m+M—y) (2.5)
—Af((1=M)x=y[) = (1 =) f(Ax—y])
as f is superquadratic. Now, by applying (2.4) we get
Af(m+M—x)+(1—=A)f(m+M—y)
SAMf(m)+ f(M) = f(x) =2B(x)) + (1 =A)(f (m) + f (M) — £ (y) = 2B(v))
= f(m)+ f(M) = (Af(x) + (1 =2) £ (y)) = 2(MB(x) + (L =A)B(y)). (2.6)
It follows from (2.5), (2.6) that
fm+M—(Ax+(1-=2N)y)
< f(m)+ f(M) = (Af(x) + (1 =A)f(y)) = 2(AB(x) + (1 = A)B(y))
— M =M)x=y))+ (1 =2 f(Mx—y]),

as required. U

In the next result, we present a Mercer inequality of Hermite—-Hadamard’s type for
superquadratic functions. The reader may compare it to [/, Theorem 2.1]. Also refer
to the paper [12].

Theorem 1. Let 0 < m < M and let f be a superquadratic function on [m,M].
Then

X+y 1/2
f<m+M—2)+2/o S (ulx—yl[)du

1

<= / Flm+M—u)du 2.7
x 1

< smy 4500 =TI ) 4 p0)) 2 [ (1w plade sl
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and
/
(=252 ) 2 [ by
< f(m)+ £0) — —— [ () + 2(u))du 2.8)

Sf(m)+f(M)—Jy’Ex;y>

forall x,y € [m,M].

1/2
[ Bdu=2 [ ey

y—x

Proof. Assume that x,y € [m,M] and put a =M +m—x and b =m+M —y.
Without loss of generality we assume that x < y. It follows from (1.4) that

f< M- ;y) f<(m+<1_tﬂ’);((l—f)aﬂb))
- f(za+(1—t)b)42rf((l—t)a+tb) _f< 2:2—1 ’a_b’)7

since f is superquadratic. Integrating both sides of the above inequality with respect
to ¢ over [0, 1] yields

(memt =52 < [t (1= /01f<2t2_1 a—bl) o

1/2
y x/fm—l—M—u du—2 S (ulx—yl|)du (2.9)

where in the las equality, we employ change of Varlables in both integrals. On the
other hand, it follows from Lemma 1 that
fm+M—(tx+ (1—1)y))
< flm)+f(M) = (tf(x) + (1 =1)f(¥)) (2.10)
—2(tB(x) + (1 =1)B(y)) — (f (A =1)|x —y[) + (L = 1) f(t]x = ¥])).

Noting that

1 1
[t =ole=yhar= [ (1= sr—yha
and integrating both sides of (2.10) with respect to ¢ over [0, 1] we get
1
/Of(m+M—(tx+(1—t)y))dt .11

< som) 500~ PEIOL ) 1 py) -2 [ (1 0ty

Combining (2.9) and (2.11), we reach (2.7).
Next, it follows from Lemma 1 that
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e
<)+ 50n) - LI  gaypon - (|37]) @212

holds for all a,b € [m,M]. Lett € [0, 1] and x,y € [m,M]. Replacing a and b, respect-
ively, by tx+ (1 —¢t)y and (1 —¢)x+1¢y in (2.12), we obtain

f(m+M— tx+(1 —t)y42—(1 —l‘)x—l-ty)
< flm)+ fony - L0 —t)y);rf((l —1)x+y)

tx+(1—t)y—(1—t)x+ty
2

(Bt (1 —r>y>+B<<1—r>x+ry>>—f(

or equivalently, we get

f <m_|_M_x+y) <f(m)—|‘f(M) _ f(tx+(1 _t)y);f«l _t)x+ty) (213)

2
= (Bl (1) B((1 — ) ()

Note that

/Olf(IXJr(l_t)y)dt:/olf((l_Z)XJF[y)dt:xiy/xyf(u)du’

and

1 1 1
/ Blrx+ (1 —1)y)dt = / B((1—x+1y)dt = —— [ B(u)du.
0 0 X—YJx
Consequently, the first inequality of (2.8) follows by integrating both sides of (2.13)
over ¢ € [0, 1]. To obtain the second inequality, we write

f<x—2Fy> :f<(tx+(1 —t)y)—zk((l—t)x_uy))
< flx+(1=1)y)+ f(1—t)x+1y) _f<’1_2t
2 2

=)

Integrating both sides with respect to 7 over [0, 1] we get

1 Y 1/2
f(x—;J’> < el f(u)du—Z/O S ulx—y|)du.

This completes the proof.
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In a particular case, the Mercer type inequality presented in Theorem 1 concludes
a Hermite-Hadamard inequality for superquadratic functions. The next corollary
follows from Theorem 1, when we consider m = x and M = y.

Corollary 1. If f: [0,00) — R is a superquadratic function, then

f (”y> +2/1/2f(u|xy|)du < %/yf(z)dz

NCES U 2/ PR

forall 0 <x <y.

The power functions f(z) = t” and g(¢) = —t? are superquadratic, when p > 2 and
g € [1,2]. Hence, the next result follows.

Corollary 2. Let 0 <m < M and let x,y € [m,M]. If p > 2, then

xX+y 1
<m—|—M ) ) —I—m\x—y\p
(M+m—x)P*t — (M +m—y)PH! (2.14)
(p+1)(y—x)
< mP 4+ MP — x+y — (By(x) +B,(y)) — eyl
- Y P A D (pt2)
in which B,(x) = =20 (v =1y (x—m)P1). If p € [1,2), then (2.14) is

reversed.

Let f(¢) = 2. Then f is superquadratic as well as subquadratic. This fact together
Corollary 2 produce an equation as

x—+ 1
(U= .

2
 (M+m—x)?—(M+m—x)?
B 3(y—x)
242 x—vy|?
== () )y —m)) - 2

2
The next proposition gives a generalization of [12, Theorem 2.8].

Proposition 1. Let f: [0,00) — R be a superquadratic function and let 0 < y; <
x1 <x2 <yz. If x1 +x2 = y1+y2, then

1)+ 52) < £00)+ £02) = 22 g =) 222

fla=y1). (2.15)
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Proof. Applying (1.4) with A = % we obtain

f(X1) —f <)’2 *xlyl i X1 Y1y2>

y2—y y2—y1
Y2

Y2—Xx1 X1 —Y1 — X1 X1 —Y1
< fOn)+ fO2) —=——f(x1 —y1) —
y2—y1 y2—y1 y2—y1 y2—X1

fy2—x1).

o ca v
Similarly with A = oy e get

Y2 —X2 X2 —Y1 y2—Xx2 X2 —Y1
flx) < fon) + f2) = —=—=f(x2—y1) - f(2 —x2).
y2—y1 Y2—n Y2 =i y2—y1

The desired inequality now follows from summing two last inequalities. 0

Corollary 3 ([12, Theorem 2.8]). Let f: [0,00) — R be a superquadratic function.
Then

bf(a)+af(b) 016

fla)+ 1) < fla+b) - 27HE

for all a,b > 0. In particular, if f is positive, then f is super-additive. If f is non-
positive, then — f is sub-additive.

Proof. Without loss of generality we may assume that a < b. Considering y; =0,
X1 =a, xy = b and y, = a+ b, Proposition 1 concludes the desired result. . O

Now we present our main result. It is an operator extension of (2.15). It also gives
a generalization of the operator Mercer inequality for superquadratic functions, see

[3].

Theorem 2. Let f: [0,00) — R be a continuous superquadratic function. Let
A,B,C,D be positive operators on a Hilbert space H such that A+ D = B+ C and
0<A<ml <B<C<LMI LD for some positive scalars m,M. If ® is a unital
positive linear map on B(H), then

f(@(B)) +f(P(C)) +B(®(B)) +B(P(C))
PA-D)+M—m
M—
¢ PV 0y

in which B(t) is defined by (1.6).

Proof. As f is continuous, the function B is continuous too. Moreover, B(¢) =
B(M +m —1t) for every t € [0,00). Hence, we can apply the functional calculus to
define B(X) for every positive operator X.
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If0< s ¢ (m M), then s € (0,m]U[M, o). First we assume that s € [M, ) and we
put u = S=" € [0, 1]. Applying (1.4) we obtain

fM) = f(us+ (1 —p)m)
<M_mf(s)+s_M M—m s—M

T os—m s—m s—m s—m

or equivalently,

M — M — _
F(9) = fls=M) ++— > f(M—m) > e ;f(m)—F;[ M. (2.18)
If s € [0,m), then a similar argument yields
f(s) *f(m*SH%f(Mfm) > __:1 (m)+;l__n;f(M). (2.19)

As A <ml and D > MI, we can apply functional calculus to (2.18) and (2.19), re-
spectively, with s = D and s = A to derive

M—-D M—-D D—
f(D) —f(D—M)‘f‘ﬂf(M—m) > M—mf(m) ﬁf(M)
and
A A A—
FA) = Fom—A) 4 = ) > 2 fm)+ 2 )
Applying the positive linear map & to both sides of the last two inequalities we reach
@(7(D) - (7D~ M)+ PP g
M —®(D) ®(D)—m
Z M —m f(m)+ﬂf(M) (2.20)
and
P(F(A)) @ Fm )+ T ()
M—®(A) DP(A)—m
> ﬂf(m)+rf(M)- (2.21)
Next let € [m,M] and put A = #=L It follows from (1.4) that
F6) = F ot (1=0)M) < S flm) + M) —B0), (2.22)

where () is defined by (1.6). Since @ is unital and positive, the spectra of operators
®(B) and ®(C) are contained in [m,M]. Accordingly, we can apply the continuous
functional calculus to (2.22) with t = ®(B) and t = (C) to get

F(@(B)) + B(@(B)) < T=2B) iy DB =m

T (M) (2.23)
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and

M—&(C)

F@(0) +B@(C)) < == ) + 2

Summing (2.23) and (2.24) we get
F(@(B)) + f(®(C)) +B(P(B)) +B(P(C))
< 2M ;/I(b_(ijC)f(m) n CID(B; S)m— 2mf(M)
= M RAED) i PALDI 2 ) by atD=B10)
S O(f(A) +D(f(D)) —P(f(m—A)) —D(f(D—M))
PA-—D)+M—m

M —

+ ZE I v - m)

where the last inequality follows from summing (2.20) and (2.21). This completes
the proof. [l

The next corollary gives another variant of (2.17). We omit the proof as it is similar
to the proof of Theorem 2.

Corollary 4. With the hypotheses as in Theorem 2:
D(f(B))+ f(P(C)) +P(B(B)) +B(P(C))
< ®(f(A) +f(®(D)) = ®(f(m—A)) - f(P(D) - M)
PA-D)+M—m
+ ( i )7 - f(M—m).
As a consequence, the Jensen-Mercer operator inequality for superquadratic func-
tions holds:

Corollary 5 ([3, Theorem 1]). Let f: [0,00) — R be a continuous superquadratic
Sfunction and let 0 < m < M. If C is a positive operator, whose spectrum is contained
in [m,M]|, then

fM+m—2(C))+B(P(C)) +£(0) < f(m) + f(M) —P(B(C)) - f(0).

Proof. Let C be a positive operator with spectrum in [m,M]. Apply Corollary 4
withA =ml, B= (M +m)I —C and D = MI. O

As another consequence, we have the following Jensen operator inequality.

Corollary 6. Let f: [0,00) — R be a continuous superquadratic function and let
0<m<M. Then

; <A+D> B (A+D> L SA)+FD) _ fm—A4)+f(D—M)

2 2 2 B 2

.. . A+D
Jfor all positive operators A and D satisfying A < ml < == < MI < D.
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Remark 1. If the superquadratic function f is positive, then f is convex and Co-
rollary 6 provide an improvement of [14, Corollary 2.7]. For example, if f(¢) = ¢”
with p > 2, then

A+D ”+B A+D\ _A'+DP (m—A)P +(D—-M)?
2 2 -2 2

holds for all positive operators A and D satisfying A < ml < # <MI <D. The

existence of scalars m, M are necessary in Corollary 6. For example, it is known that

the function f(¢) = ¢3 is not operator convex and so one can find positive operators A
and D such that the operator

(2.25)

A3+D3 [A+D\’
2 2

is not positive. Accordingly, (2.25) does not hold in general, while the function
f(t) = £3 is superquadratic.

Moreover, if f is a non-positive superquadratic function, then Corollary 6 gives a
reverse of [14, Corollary 2.7].

Remark 2. An operator version of (2.16) also follows from Theorem 1 as follows:
f(B)+f(C)+B(B)+B(C) < f(B+C)— f(B+C—M) (2.26)

for all positive operators B, C satisfying 0 < B,C <M < B+ C with M > 0. To see
this apply (2.17) with A = m = 0 and D = B+ C and note that £(0) < 0 for every
superquadratic function f. It is known that (see e.g. [8]) if f: [0,00) — [0,00) is an
increasing convex function with f(0) = 0, then

1F(B)+ (Ol < [lf(B+C)]l (2:27)

for all positive operators B and C and every unitarily invariant norm || - ||. We note
that every positive superquadratic function f is convex and satisfies f(0) = 0. Hence,
inequality (2.26) gives an stronger result than (2.27). However, the existence of pos-
itive scalar M with B,C < M < B+ C is necessary for (2.26). We give an example of
such operators. Let f(¢) = > and put

2 -1 30
B:{_1 2] and C:{O 2]

so that B,C < 31 < B+ C. We calculate

f(B)_[ i zﬂ and f(c)—{g 207] and B(B) =5/3 B ”
and
b0 =2 [0 s sim 1= [ 7, 2 wnasioecomn - [ 1]
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Accordingly, we have

—11.33  42.67 —54 126

f(B)+ f(C)+PB(B) +B(C) ~ [ 27 —11.33} < [72 _54]
= f(B+C)~f(B+C—M).
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Abstract. In this work, all lattices are complete modular lattices with the greatest element 1 and
the smallest element 0. Let L be a lattice and a,b € L. If aVb=1and a\b < L, then b is called a
weak g-supplement of a in L. If every element of L has a weak g-supplement in L, then L is called
a weakly g-supplemented lattice. In this work, some properties of these lattices are investigated.
Let L be a lattice and a,b,c € L. If ¢ < L, then b is a weak g-supplement of a in L if and only if
b is a weak g-supplement of a V¢ in L. Let L be a lattice and 1 =a; Vay V---Va, witha; € L
(1<i<n). If a;/0 is weakly g-supplemented for every i = 1,2,...,n, then L is also weakly
g-supplemented. Let L be a weakly g-supplemented lattice. Then 1/a is weakly g-supplemented
for every a € L. If L is a weakly g-supplemented lattice, then 1/rg (L) is complemented. Let L
be a lattice. Then L is weakly g-supplemented if and only if for every a,b € L with 1 =aV b,
a has a weak g-supplement ¢ in L with ¢ < b. Let L be a lattice and a.b in L. If a and b have
weak g-supplements in L, then they have the same weak g-supplements in L.

2010 Mathematics Subject Classification: 06C05; 06C15

Keywords: lattices, small elements, g-small elements, g-supplemented lattices

1. INTRODUCTION

In this paper, every lattice is complete modular lattice with the smallest element
0 and the greatest element 1. Let L be a lattice, x,y € L and x < y. A sublattice
{a € LIx < a <y} is called a quotient sublattice and denoted by y/x. An element y
of a lattice L is called a complement of x in Lif x Ay =0 and xVy = 1, this case we
denote 1 = x@y (in this case we call x and y are direct summands of L). L is said to
be complemented if each element of L has at least one complement in L. An element
x of L is said to be small or superfluous and denoted by x < Lif y=1foreveryy € L
such that x Vy = 1. The meet of all maximal elements of the poset L — {1} is called
the radical of L and denoted by r(L). If L— {1} have not any maximal elements, then
the radical of L is defined by r(L) = 1. An element a of L is called a supplement of
b in L if it is minimal for a Vb = 1. a is a supplement of b in a lattice L if and only
ifavb=1and aAb < a/0. A lattice L is called a supplemented lattice if every

© 2026 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
BY 4.0.
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element of L has a supplement in L. L is said to be ©—supplemented if every element
of L has a supplement that is a direct summand in L. Let L be a lattice and a,b € L. If
aVb=1and aAb < L, then a is called a weak supplement of b in L. L is said to be
weakly supplemented if every element of L has a weak supplement in L. We say that
an element y of L lies above an element x of L if x <y and y < 1/x. L is said to be
hollow if every element distinct from 1 is superfluous in L, and L is said to be local
if L— {1} has the greatest element. We say an element x € L has ample supplements
in L if for every y € L with xVy = 1, x has a supplement z in L with z < y. L is said
to be amply supplemented if every element of L has ample supplements in L. It is
clear that every amply supplemented lattice is supplemented. Let L be a lattice and
ke L. If t =0 for every t € L with kAt =0, then k is called an essential element
of L and denoted by k < L. Let L be a lattice and a € L. If b =1 for every b J L
with aV b =1, then a is called a generalized small (briefly, g-small) element of L
and denoted by a <, L. Let L be a lattice and a,b € L. If 1 =aVband 1 =aV?t
with # < b/0 implies that r = b, then b is called a g-supplement of a in L. b is a
g-supplement of @ in L if and only if 1 =aVb and aAb <, b/0. If every element
of L has a g-supplement in L, then L is called a g-supplemented lattice. Let L be a
lattice and ¢ be a maximal element of L — {1}. If + < L, then 7 is called a g-maximal
element of L. The meet of all g-maximal elements of L is called the g-radical of L
and denoted by r, (L). If L have not any g-maximal elements, then we call r, (L) = 1.
Let L be a lattice. If every element of L distinct from 1 is g-small in L, then L is called
a g-hollow lattice.

More details about (amply) supplemented lattices are in [1, 2,5, 10]. More results
about (amply) supplemented modules are in [6, 9, 15]. More details about weakly
supplemented lattices are in [1]. More details about g-small elements and g-supple-
mented lattices are in [14]. More details about g-small submodules and g-supple-
mented modules are in [7, 8, 12].

Lemma 1. Let L be a lattice and a,b,c,d € L. Then the followings hold.
(i) fa<band b <4 L, then a <, L.
(if) Ifa <4 b/0, then a <, t/0 for everyt € Lwithb <t.
(iit) Ifa <, L, thenaV b <4 1/b.
(iv) Ifa <y b/0and c <4d /0, then aV ¢ <, (bVd) /0.
(v) Ifa; <g bi/0 fora;,b; € L (i=1,2,...,n), then
arNVayV---Va, L (b1 Vb V---Vby) /0.
(vi) Ifa<bandb <, L, thenb <4 1/a.
(vii) Ifa <g L, then a < r,(L).
(viii) ry(a/0) <ry(L).

Proof. See [14, Lemma 1, Lemma 6 and Lemma 7]. O

Lemma 2. Let L be a lattice and a,b,c € L. IfaVb =1 and (aAb)V c = 1, then
aV(bhec)=bV(aNc)=1.
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Proof. See [11, Lemma 2]. ]

2. WEAKLY G-SUPPLEMENTED LATTICES

Definition 1. Let L be a lattice anda,b € L. If ] =aVband aNb <, L, then b is
called a weak g-supplement of a in L. If every element of L has a weak g-supplement
in L, then L is called a weakly g-supplemented lattice. (See also [13])

Every g-supplemented lattice is weakly g-supplemented. But the converse of this
statement is not true in general (see Example 1). Hollow, local and g-hollow lat-
tices are weakly g-supplemented. Every weakly supplemented lattice is weakly g-
supplemented.

Example 1. Consider the Z—module 7Q. Let L be the set of all submodules of 7Q.
Then L is a complete modular lattice with the greatest element Q and the smallest
element O by the operation C. By [6, Example 20.12], zQ is weakly supplemented
but not supplemented. Hence L is weakly supplemented but not supplemented. Since
L is weakly supplemented, it is weakly g-supplemented. Since every nonzero element
of L is essential in L and L is not supplemented, L is not g-supplemented.

Example 2. Consider the lattice L = {0,a,b,c, 1} given by the following diagram.
1
e N
b c
N /

a

/I\
0

Then L is weakly g-supplemented but not g-hollow.

Proposition 1. Let L be a weakly g-supplemented lattice. If every nonzero element
of L is essential in L, then L is weakly supplemented.

Proof. Clear from definitions. ]

Proposition 2. Let L be a lattice and a,b,c € L. If c < L, then b is a weak g-
supplement of a in L if and only if b is a weak g-supplement of aV c in L.

Proof. (=) Since b is a weak g-supplement of ain L, 1 =aVband aAb <, L.
Here l =aVb=aVcVb. Let ((aVe)Ab)Ve=1witht JL. Since | =aVcVband
((ave)Ab)VE=1,byLemma2,aVcV(bAt)=1.Thenby c < L,aV (bAt)=1.
Since bVt =1, by Lemma 2, (aAb)Vt =1 and since aANb <, Landt L, t=1.
Hence (aVc¢) Ab <, L and b is a weak g-supplement of a V ¢ in L.

(«<=) Since b is a weak g-supplement of aVcin L, 1 =aVcVb and (aVc)A
b<gL. Since l=aVcVbandc <L, 1=aVb. Since aNb < (aVec)Ab and
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(aVe)ANb <, L, by Lemma 1(i), a ANb <, L. Hence b is a weak g-supplement of a
in L, as desired. O

Proposition 3. Let L be a lattice, a,b,c € Land b J L. If c <4 L, then b is a weak
g-supplement of a in L if and only if b is a weak g-supplement of aV c in L.

Proof. (=) Since b is a weak g-supplement of ain L, 1 =aVband aAb <, L.
Here 1 =aVvb=aVcVb. Let (aVe)Ab)Ve=1witht JL. Since l =aVeVb
and ((aVe)Ab)Vt=1,by Lemma?2,aVcV(bAt)=1.Sinceb<Landt <L, we
have bAt ALandaV (bAt) JL. Thenby ¢ <, L,aV (bAt)=1. Since bVt =1, by
Lemma?2, (aAb)Vt=1andsinceaAb <, Landt <L,t=1. Hence (aVc)Ab <, L
and b is a weak g-supplement of aVV ¢ in L.

(<=) Since b is a weak g-supplement of aVcin L, 1 =aVcVband (aVc)Ab <,
L. Since b I L, we have aVh I L. Thenby 1 =aVcVband c <z L, 1 =aVb.
Since aAb < (aVc)Aband (aVc)ANb <, L, by Lemma 1(i), a Ab <, L. Hence b
is a weak g-supplement of a in L, as desired. U

Lemma 3. Let L be a lattice and a,b € L. If aV b has a weak g-supplement x in L
and (aV x) Ab has a weak g-supplement y in b/0, then x\'y is a weak g-supplement
ofain L.

Proof. Since xis a weak g-supplementof aVbin L, 1 =aVbVxand (aVb) A\x <,
L. Since y is a weak g-supplement of (aVx)Ab in b/0, b = ((aVx)Ab)Vy and
(aVx)Ay=(aVx)AbAy<,b/0. Thenl =aVbVx=aVxV((aVx)A\b)Vy=aV
xVyand by Lemma 1(iv), a A (xVy) < ((aVx)Ay)V ((aVy)Ax) < ((aVx)Ay)V
((aVvb) Ax) <4 L. Hence x Vy is a weak g-supplement of @ in L. O

Corollary 1. Let L be a lattice and a,b € L. If aV b has a weak g-supplement in
L and b/0 is weakly g-supplemented, then a has a weak g-supplement in L.

Proof. Clear from Lemma 3. O

Lemmad. Let 1 =aVbwitha,b € L. Ifa/0 and b/0 are weakly g-supplemented,
then L is also weakly g-supplemented.

Proof. Let x be any element of L. Then 0 is a weak g-supplement of xVaV b
in L and since /0 is weakly g-supplemented, by Corollary 1, xV a has a weak g-
supplement in L. Since a/0 is weakly g-supplemented, again by Corollary 1, x has a
weak g-supplement in L. Hence L is weakly g-supplemented. ([l

Corollary 2. Let 1 =a;VayV---Va, witha; € L (1 <i<n). If a;/0 is weakly
g-supplemented for everyi = 1,2,...,n, then L is also weakly g-supplemented.

Proof. Clear from Lemma 4. O

Lemma 5. Let L be a lattice and a,b,c € Lwith ¢ < a. If b is a weak g-supplement
of ain L, then bV c is a weak g-supplement of a in 1/c.
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Proof. Since b is a weak g-supplement of ain L, 1 =aVb and aAb < L. Since
aNb <, L, by Lemma 1(iii), (aAb)Vc <, 1/c. Hence l =aVb=aVbVcand
aN(bVc)=(aNb)Vc<g1/cand bV cis a weak g-supplement of a in 1/c. O

Corollary 3. Let L be a weakly g-supplemented lattice. Then 1/a is weakly g-
supplemented for every a € L.

Proof. Clear from Lemma 5. O

Lemma 6. Let L be a weakly g-supplemented lattice. Then 1/r, (L) is comple-
mented.

Proof. Let x be any element of 1/r, (L). Since L is weakly g-supplemented, x has
a weak g-supplement y in L. Here 1 = xVy and x Ay <, L. Since x\y <, L, by
Lemma 1 (vii), x Ay <rg(L). Hence 1 =xVyVry(L)andxA(yVrge (L)) = (xAy)V
rq (L) =rg (L). Therefore, y\ r, (L) is a complement of x in 1/r, (L) and 1/ry (L) is
complemented. O

Corollary 4. Let L be a weakly g-supplemented lattice. Then 1/rq(L) is &—
supplemented.

Proof. Clear from [3, Definition 1] and Lemma 6. O

Lemma 7. Let L be a lattice and a,b € L. If 1 =aV b and a \b has a weak
g-supplement x in b /0, then x is a weak g-supplement of a in L.

Proof. Since x is a weak g-supplement of a Abinb/0,b = (aAb)VxandaAx =
aNbANx<gb/0. Thenl =aVb=aV(aAb)Vx=aVxandaAx <, L. Hence x is
a weak g-supplement of a in L. g

Corollary 5. Let L be a lattice, a,b € L and 1 = aVN b. If b/0 is weakly g-
supplemented, then a has a weak g-supplement in L.

Proof. Clear from Lemma 7. ]

Lemma 8. Let L be a lattice, a,b € Land 1 =aV b. If L is weakly g-supplemented,
then a has a weak g-supplement c in L with ¢ < b.

Proof. Since L is weakly g-supplemented, a A b has a weak g-supplement x in
L. Here | = (aAb)Vxand aAbAx <z L. Since 1 = (a/Ab)Vx, by modularity,
b=bAN1=bA((aND)Vx)=(aNb)V (bAx). Letc=bAx. Thenl =aVb=
aVv(anb)V(bAx)=aV(bAx)=aVcandaAc=aAbAx <, L. Hence cis a weak
g-supplement of a in L. Moreover, ¢ < b. Hence the desired result is obtained. U

Corollary 6. Let L be a lattice. Then L is weakly g-supplemented if and only if for
every a,b € Lwith 1 =aV b, a has a weak g-supplement c in L with ¢ < b.

Proof. Clear from Lemma 8. ]
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Let x,y € L. A relation B, is defined on the elements of L by xPB.y if and only if
for every t € L with 1 =x V¢ then 1 =y V¢ and for every k € L with 1 =y V k then
1 =xVk. (See [11, Definition 1]). More information about 3, relation are in [11].
More information about B* relation on modules are in [4].

Lemma 9. Let L be a lattice and aP.b in L. If a and b have weak g-supplements
in L, then they have the same weak g-supplements in L.

Proof. Let x be a weak g-supplement of @ in L. Then 1 =aVx and a Ax <, L.
Since 1 =aVx and af.b, we have 1 =bVx. Let | = (bAx) V¢ witht < L. Then
by Lemma 2, 1 = bV (xAt) and since af.b, we have | =aV (xAt). Since | =x V¢
and 1 =aV (xAr), by Lemma 2, I = (aAx)Vt. SinceaAx <gLandt <L, t=1.
Hence b A\ x < L and since 1 = bV x, x is a weak g-supplement of b in L. Similarly,
interchanging the roles of a and b we can prove that each weak g-supplement of b in
L is also a weak g-supplement of @ in L. O

Corollary 7. Let L be a lattice and let a lie above b in L. If a and b have weak
g-supplements in L, then they have the same weak g-supplements in L.

Proof. By [11, Theorem 3], af.b and by Lemma 9, the desired result is obtained.
i

Lemma 10. Let L be a lattice. If every element of L is B.—equivalent to a weak
g-supplement element in L, then L is weakly g-supplemented.

Proof. Let a € L. By hypothesis, there exists a weak g-supplement element x in L
such that af.x. Let x be a weak g-supplement of b in L. Then by definition, b is a
weak g-supplement of x in L. Since af.x, by Lemma 9, b is a weak g-supplement of
ain L. Hence L is weakly g-supplemented. U

Corollary 8. Ler L be a lattice. If every element of L lies above a weak g-
supplement element in L, then L is weakly g-supplemented.

Proof. Clear from [11, Theorem 3] and Lemma 10. O

Example 3. Let L be a nonzero complemented lattice. Here 1 <, L, butnot 1 < L.
1 is a weak g-supplement of 1 in L, but 1 is not a weak supplement of 1 in L.

Example 4. Consider the lattice L = {0,a,b, 1} given by the following diagram.

1

a N
a b

N
0

Then L is g-hollow but not hollow. Here 1 <, L, but not 1 < L. 1 is a weak g-
supplement of 1 in L, but 1 is not a weak supplement of 1 in L.
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Abstract. Let d be a fixed positive integer with d > 3 is square-free, and let #(—d) denote the
class number of the imaginary quadratic field Q(+/—d). Further, let p and ¢ be odd primes such

that p > 3, p # g and p{ h(—d). In this paper, we give a sufficient and necessary condition for the

Lebesgue-Nagell equation () dx? + p?"'¢*" = 4yP to have positive integer solutions (x,y,m,n)

with ged(x,y) = 1. It can be seen from this condition that if g Z +1 (mod 2p), then () has no
positive integer solutions (x,y,m,n) with ged(x,y) = 1.

2010 Mathematics Subject Classification: 11D61; 11D41

Keywords: polynomial-exponential Diophantine equation, Lebesgue-Nagell equation, prime di-
visor of Lucas-Lehmer number

1. INTRODUCTION

Let Z,N,Q be the sets of all integers, positive integers and rational numbers, re-
spectively. Let d be a fixed positive integer with d > 3 is square-free, and let h(—d)
denote the class number of the imaginary quadratic field Q(v/—d). Further, let p and
g be distinct odd primes such that p > 3 and p{h(—d). As we all know, the Lebesgue-
Nagell equation is a class of polynomial-exponential Diophantine equations with a
long history and rich content (see [1-5, 8—16, 18,22-24] and the references of [19]).
Recently, K. Chakraborty and A. Hoque [8] discussed in detail a Lebesgue-Nagell
equation of the form

dx* + p*"g? = 4yP, x,y,m,n € N, ged(x,y) = 1. (1.1)
They proved that if one of the following conditions is satisfied, then (1.1) has no
solutions (x,y,m,n).

(i) d=1lor2 (mod 4).

The second author was supported by the Research Fund of Bursa Uludag University under Project
No: FGA-2023/1545.

© 2026 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
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(ii) d=3 (mod 4) and ¢" # +1 (mod p).

) d
(iii) q
(iv) h(— )—1p>41q d+pandn=p
(v) h(—d) €{1,2,4,8,16,32},q = 3andn—

Clearly, if (x,y,m,n) is a solution of (1.1), then the general equation

X2 4+dy? =47 XY €Z, ged(X,Y)=1,ZeN (1.2)
has a solution
(X,Y,Z) = (p"q",x,y) (1.3)
with p | X. In this paper, we first start with (1.2) to prove that
Theorem 1. If (X,Y,Z) is a solution of (1.2) with p | X, then
(p1) /2 a’+db? i
X = 7\4161 Z |::|al7 2!1(4)7
(p—=1)/2 ) a2+db2 i
Y = MAab Z [ ] (—db?) P~/ (4) , (1.4)
a’ + db?
7= 1 a,beN, ged(a,b) =1, 2tab, pla, M, A € {1,—1},
where
-1
P (1.5)

pl _(p—i=D!p .
NPT )Py i=0,1,..., P
H 2t =~ T

By Theorem 1, we can obtain the following results from the relation (1.3) for (1.1).

Theorem 2. A sufficient and necessary condition for (1.1) to have solutions (x,y,m,n)
is that there exist positive integers b, r,s which make

(p=1)/2 p:| Hp—2i-1) <p2r+db2>i

2] : (16

)

rq =

i=0
where [];] is defined as in (1.5). Moreover, if (1.6) holds, then (1.1) has the solution

p2r + de

) 4 ?r+1’s

(p=1)/2 2r 2\ !
Pl 2\p-1)j2—i (PT +db
3 (1] e (B

i L!

(x,y,m,n) = (b

Corollary 1. If g # £1 (mod 2p), then (1.1) has no solutions (x,y,m,n).
— (iv) in [2].

Obviously, Corollary 1 covers and expands on the results (i)
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2. PRELIMINARIES

Lemma 1 ([20, Formula 3.76]). For any positive integer t and any complex num-
bers € and €, we have

e+&=) (-1)

TE [t
i=0

where

H :(t(t_—i;i)l!)i!!teN’ i:o,...,H,

t
b} is the integer part of t /2.

Lemma 2 ([17, Theorem 3.3], [21, Chapter 8]). For any positive integer t, let F;
and L, denote the t-th Fibonacci and Lucas numbers, respectively. Then we have
(i) F, and Ly are positive integers satisfying L> — SF* = (—1)'4.
(ii) The equation
Fy =52, k,zeN 2.1)
has only one solution (k,z) = (5,1).

Let o, B be algebraic integers. If o+ B and af are nonzero coprime integers, and
o,/ is not a root of unity, then (a, ) is called a Lucas pair. If u = o+ and w = a8,
then we have

@= (A, b= (u—AVR), he {1,-1}, 2.2)

where v = u? — 4w.

Lemma 3 ([7]). Let (o, B) be a Lucas pair with (2.2), and let ¢ be an odd prime.
If 0 | u, then (af +PB%) /Lu is a nonzero integer and its prime divisor q satisfies ¢ = +1
(mod 2p).

Let & and B be algebraic numbers. If (a+ B)2 and & are nonzero coprime integers
and @/ is not root of unity, then (&, 3) is called a Lehmer pair. If i = (o.+ ) and
w = iif}, then we have

1 % ~ 1 % %
a:i(\/hkﬁ), Bzi(ﬁ—kﬁ),ke{l,—l}, (2.3)
where 7 = ii — 4w. For any positive integer ¢, let
~t Rt
el T
L(a.p) = (2.4)
& — Bz

——— if2 ]z
OCZ—BZ
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Then, L, (6,B) (r=1,2,...) are called the corresponding Lehmer numbers of Lehmer
pair (&, ). It is well known that Lehmer numbers are nonzero integers. A prime g is
called a primitive divisor of L, (&, B) (t > 2) if ¢ | L,;(&, ) and

—1 ~
qtav[JLi(a,B).
=1
Lemma 4 ([0]). For any Lehmer pair (&,B), if t > 30, then L,(&,B) has primitive
divisors.

3. PROOF OF THEOREM 1
Let (X,Y,Z) be a solution of (1.2). Since d > 3 and p{h(—d), by Lemma 1 of [£],

we have )
X+Yv—d Aab/—d
e (“22) ho € {1,-13, (3.1
2 dbl
- %, a,b €N, ged(a,b) =1, 2f ab. (3.2)
Further, let
Aby/—d — by —d
=M\ (Hz> E= (“) (3.3)
2 2
Then we have
2 dbl
e+E=Na, e—E=MbV—d, eE =2 Z . (3.4)
Since )
X-Yv—d Y <a—k2b\/—d> (3.5)
2 2
by (3.1), we get from (3.1), (3.3), (3.4) and (3.5) that
X =g+ (3.6)
and -
el —¢
Y= . 3.7
ey (3.7)
By Lemma 1, we obtain from (3.4), (3.6) and (3.7) that
(r=1)/2 2 2\ ¢
_ i || p—2ic1 (@ Fdb
X =M\a ;0 (-1) Ha ( n , (3.8)
and
(r—1)/2

2 A
Y = MAob Z [117] (_de)(P—l)/Z—i (‘lt{‘lb> ’ (3.9)
i=0
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where [IZ] is defined as in (1.5). By (1.5), we have

p p| . p—1
=1 . =1,...,—. 3.10
[0:| ) p ‘ |:J:| ) .] 9 ) 2 ( )
When p | X, by (3.8) and (3.10), we have 0 = X = Aja” (mod p), whence we get

p | a. Thus, by (3.2), (3.8) and (3.9), we obtain (1.4). The theorem is proved.

4. PROOF OF THEOREM 2

The sufficiency of the theorem is obvious, and we will prove its necessity below.
Let (x,y,m,n) be a solution of (1.1). Since gcd(x,y) = 1 and d is square free, by
(1.1), we have

ptd, pfx, pty. 4.1
Then, it is well known that (1.2) has the solution (1.3) with p | X. Hence, by Theorem
1, we get from (1.3) and (1.4) that

(p—1)/2 . . a2+db2 i
p'g"=a| ), (=1) m a2 <4 > : (4.2)
i=0
(r—1)/2 2 o\ ¢
_ Pl 2p—1)2—-i (@ +db
x=b ;0 H( db*) (4 (4.3)
and 5 )
db
y= %, a,beN, ged(a,b) =1, 24ab, p|a. (4.4)
Since p | a, we have
a=p'f,nfeEN, r<m, ptf. (4.5)

Substitute (4.5) into (4.2) yields

(p=1)/2 2r 2 2\
m—r _n i r —2i— +db
P =Y, (1) m (p'f)r? l(pf4> : (4.6)
i=0
Further, by (1.5), we have )
P
=p, 4.7
_<p—1>/2} P @D
and by (4.1), (4.4) and (4.5), we have p{ p* f> +db*. Hence, by (4.7), we get
(p=1)/2 r 2r 2 2\ !
i r e\ p—2i— +db
p‘ Y (=1 ’i’] (> 1<”f4) (4.8)
i=0 L

Therefore, by (4.5), (4.6) and (4.8), we have m > 1,
r=m—1 4.9)
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and
(p—1)/2 2m—2 £2 2\ ¢
i m—1 ¢\ p—2i— +db
Y, (=1) H (Pt (p];) . @10
i=0
Since ged(a,b) = 1, by (4.1) and (4.5), we have

(p=1)/2 - i
ged (f, pZ (—1)’ [p] (p" ! ppa] (pzsz> ) =1. (41D

i=0 ! 4

If f > 1, since pt f, then from (4.10) and (4.11) we get f = ¢" and

(p=1)/2 2m—2 2n 2\ !
i|P|  m—1 _nyp—2i-1[ P q™" +db
= —1)" | p —_— ] . 4.12
P Eé (=1) H(p q") ( 1 4.12)
Let
—db? 2m—2,2n —db? — 2m—2 ,2n
g V= +v/p" g 752\/ W @13)
2 2
Then we have
(6+B)> =—db?, a—P=p"'q", af = —db* — p*" ™" (4.14)

We see from (2.3), (4.13) and (4.14) that (&, B) is a Lehmer pair. Further, let L, (6, B)
(r=1,2,...) denote the corresponding Lehmer numbers. By Lemma 1, we get from
(2.4), (4.12), (4.13) and (4.14) that

Ly (6. B)| = p. (4.15)

Hence, we find from (4.14) and (4.15) that the Lehmer number L, (&, B) has no prim-
itive divisor. Therefore, by Lemma 4, we have p < 30. Based on the results in [25],
we can prove that p does not satisfy 6 < p < 30. So we have p =5, by (4.12), we
have

( _52m72q2n 4 db2

2
5 > —5(5"" ") = +4. (4.16)

However, by Lemma 2, (4.16) is false. Thus, we get

f=1, 4.17)

and by (4.3), (4.4), (4.5), (4.9), (4.10) and (4.17) we obtain (1.6) and (1.7). The
theorem is proved.
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5. PROOF OF COROLLARY 1

By Theorem 2, if (x,y,m,n) is a solution of (1.1), then it can be expressed as (1.7)
with (1.6). Let

m—1 m—1
+bv—d —bv—d
R e (5.1)
Then we have
pZm—Z +db2
a+B=p"" a—B=bvV—d, ap="———. (5.2)

4
It implies that (a., B) is a Lucas pair. By Lemma 1, we see from (1.6), (1.7), (5.1) and
(5.2) that

n

of +f3F
Pg =\~

o+ B
Therefore, Lemma 3, we get from (5.2) and (5.3) that ¢ = £1 (mod 2p). Thus, the
corollary is proved.

. (5.3)
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SANDOR’S INEQUALITY FOR RIEMANN-LIOUVILLE
FRACTIONAL INTEGRALS
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Abstract. The Sandor inequality is a highly significant result in both pure and applied mathem-
atics, providing an upper bound for the mean square of a positive convex function. This paper
presents an extension of the Sandor inequality to the case of fractional integrals in the sense of
Riemann-Liouville, as well as a generalization for any positive power r.

2010 Mathematics Subject Classification: 26D10; 26D15; 26A51

Keywords: Séandor’s inequality, Hermite-Hadamard inequality, convex functions, Riemann-Liou-
ville fractional integrals

1. INTRODUCTION

Let I be an interval of real numbers. A function G: I — R is said to be convex, if
forall §,geIandall s € [0, 1], we have

G g+ (1-1)8) <1G(¢)+(1—1) G(&).

The renowned Hermite-Hadamard inequality (refer to [3,4]) is a fundamental res-
ult for the class of convex functions, stated as follows:

Theorem 1. Let G: [¢,E] — R be a convex function. Then, we have

g
g €+§ ﬁ/g Z< G )zg(é)‘ (1.1)
S

Fractional calculus extends classical calculus to non-integer orders, capturing me-
mory and non-local effects. It is widely used to model complex phenomena like
anomalous diffusion, viscoelasticity, and heat conduction, offering a more accurate
description of systems with hereditary properties. In recent decades, this field has
experienced significant development. In particular, in approximation theory, several

© 2026 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
BY 4.0.
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famous inequalities, already crucial in the classical case, have been extended to the
fractional setting (see [1,2,6,9]).
In [7], Sandor proved the following result connected with (1.1).

Theorem 2. Let G: [¢,E] — R be a non-negative convex function. Then

L0+ 6060 +67®).

W |

g
ﬁ/gz(z)dzé
S

The Sandor inequality is a mathematical inequality that connects different special
functions, particularly convex functions, within the framework of inequality analysis.
It plays a crucial role in both pure and applied mathematics, especially in optimiz-
ation and inequality theory. This inequality is used to establish precise bounds and
estimates, providing powerful tools for solving various problems in number theory,
real and complex analysis, and mathematical physics. Its significance lies in its ability
to generalize and unify several classical results. In this note, we generalize Sdndor’s
inequality to the case of Riemann-Liouville fractional integrals.

2. PRELIMINARIES

Definition 1 ([5]). Let G € L'[¢,E]. The left- and right-side Riemann-Liouville
fractional integrals J G and ]g G of order o > 0 are defined by

K60 =l [0 G0 @ xog

respectively, where I'(at) = [e~'t*~! dt is the gamma function and
0

1.G(x) = 92 G(x) = G).
Definition 2 ([5]). The beta function is defined by

1

&1 8! go - TEOTE)
B8 = [ (1-9%" ds= NS,
0

where ¢,& > 0 and I'(.) is the Euler gamma function.
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Definition 3 ([5]). The incomplete beta function is given by
S

Bs(s.8) = [5 1 (1-9"" as

0
where g, >0and 0 < d < 1.

Definition 4 ([10]).

oo

(x+y)" =) @ﬂ"‘yk ,

!
= k!

(r), is the Pochhammer symbol.

3. MAIN RESULTS

Theorem 3. Let G: [¢,&] — R be a non-negative convex mapping. Then, we have

e (162 + £ 6Y9)
< ﬁ [(2+a(a+1)(67(9)+G2(©) +40G (2) G &)

where o > 0.

Proof. Using the convexity of G on [¢,&], we have

G <ELG+EEG(E). (3.1)

Since G is non-negative, from (3.1) we deduce

3 2
G2 (1) < (é ;g< >+f—€g<&>)
el (=0 ~2
Multiplying both sides of (3.2) by ( ) (&— t)“_l, then integrating the resulting in-
equality with respect to ¢ over [g,&], we get

: :
_ o+l
e / sy [ 6 QU [ S0 60w
S S

<

:
AV SN |
+ 15 / G (®)ar (3.3)
S

e (629 + 2169 G &) + 52167 @)
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Similarly, multiplying both sides of (3.2) by =t

o) (t—¢)*', then integrating the res-
ulting inequality with respect to ¢ over [¢,&|, we obtain

&

- ot (@06 + 60 GE) +6°0)).

34
where we have used
g & +2
JE—0ta= [a—gan= 5
S S
3 g
[E-0"t-9d = [ (-9 &= = ey G- 9"
S S
and
g
Je=92E=0""ar= [€=1 (-9t = gy -9
S S
Finally, summing (3.3) and (3.4), then multiplying the resulting inequality by ﬁ,
we get the desired result.

Remark 1. In Theorem 3, if we take oo = 1, we obtain Theorem 2.

Theorem 4. Let G: [¢,E] — R be a non-negative convex mapping. Then we have

e (16 ® 6
[’] r i o
<=2-) ()" (6 TG En”

k=0

x (B(Oc—kr—%,%—i—l)+B(0H—f‘7r],r—ﬁ+l>>,
where 0. > 0 and r > 1.
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Proof. Since G is non-negative and convex, from (3.1) we deduce

G (1< (FEL60+£60)

L A (=) I (1—c) 1 p—kr i
<2 'y ()T S (G gE)E . 6)

where we have used the following algebraic inequality (a+b)" < 2"~ (a" +-b") for

a,b>0and h > 1and (a+b)" < (a" +b") for 0 < h < 1 with [r] denoting the integer
part of r.

Multiplying both sides of (3.5) by % (6 —1)*!, then integrating the resulting
inequality with respect to 7 over [¢,&|, we get

L )dt

._J

g T b ok o
S (GQ) F(GENTB(atr—f 5+1). (6

=]

Similarly, multiplying both sides of (3.5) by ﬁx) (t—¢)® !, then integrating the res-
ulting inequality with respect to ¢ over [¢,&], we obtain

1
Iy R
G
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2[r] _ A\ Izl rikr kr . .
=T R () TG0 @@ B (arfr-frn). 6D

_ [r] T
1 e—o)® ; r—
<2y ()G (G @E)T
k=0
kr kr
x(B(Oc+r—m,m+1> <a+[r],r—ﬂ+l>) (3.8)
Multiplying both sides of (3.8) by ﬁ, we get the desired result. U

Corollary 1. For r =1, Theorem 4 gives

re (9260 + 92 6(0)) < €498,

which is the fractional version of Hermite-Hadamard inequality obtained by Sarikaya
etal. in [8].

Moreover, if we take 0. = 1, then we get the second inequality given in Theorem 1.

Corollary 2. For r =2, Theorem 4 gives

T (1267 ®) + 92 6%(9))

<%((B(l,a+2)+B(3,0)) G*(c) +4B (2,04 1) G (c) G (§))
+ (B(3,a) +B(1,0+2)) G*(&))

= e L2+ a(e+1) (67 () + G2 (€) +4aG (g) G (§)],

which is the same result obtained in Theorem 3.
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4. CONCLUSION

In conclusion, this paper successfully extends the Sandor inequality to the context
of Riemann-Liouville fractional integrals, offering new insights into the application
of this important inequality in fractional calculus. By generalizing the inequality for
any positive power r, we have expanded its utility in both pure and applied math-
ematics, particularly in areas such as optimization and inequality theory. The results
presented not only build upon classical findings but also provide a broader framework
for addressing complex problems in number theory, real and complex analysis, and
mathematical physics. This work highlights the continued relevance and versatility
of the Sandor inequality in modern mathematical research.
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Abstract. In this work, all lattices are complete modular lattices with the smallest element 0 and
the greatest element 1. Let L be a lattice. If every essential element of L has a weak supplement
in L, then L is called a weakly essential supplemented (briefly, weakly e-supplemented) lattice.
In this work, some properties of these lattices are investigated. The concept of weakly essential
supplemented lattice is a generalization of the concept of essential supplemented lattice. Let L be
a weakly e-supplemented lattice. Then 1/r (L) have no essential elements with distinct from 1.
Let L be a lattice, aj,ap,...,ap € Land 1 =a; Vap V- Vay,. If a;/0 is weakly e-supplemented
foreveryi=1,2,...,n, then Lis also weakly e-supplemented. Let L be a weakly e-supplemented
lattice and a € L. Then the quotient sublattice 1/a is weakly e-supplemented. Let L be a lattice.
Then L is weakly e-supplemented if and only if every essential element of L is B, equivalent to a
weak supplement in L.

2010 Mathematics Subject Classification: 06C05; 06C15

Keywords: essential elements, small elements, radical, supplemented lattices

1. INTRODUCTION

Throughout this paper, all lattices are complete modular lattices with the smallest
element O and the greatest element 1. Let L be a lattice, a,b € L and a < b. A sub-
lattice {x € L|a < x < b} is called a quotient sublattice, denoted by b/a. An element
a’ of alattice L is called a complement of ain LifaAd =0 and aVda' = 1. In this
case we say a and a’ are direct summands of L and denoted by 1 = a®d’. A lattice
L is said to be complemented if each element of L has at least one complement in L.
An element ¢ of L is said to be compact if for every subset X of L such that ¢ < VX
there is a finite F C X such that ¢ < VF. A lattice L is said to be compact if 1 is
compact. An element a of L is said to be small or superfluous in L and denoted by
a << LifaVb # 1 holds for every b # 1, or equivalently, b = 1 for every b € L with
aVb=1. An element a of L is said to be essential if a A\ b # 0 holds for every b # 0
and denoted by a < L. This equivalent to a A b = 0 implies that b = 0. The meet of all

© 2026 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
BY 4.0.
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maximal elements (# 1) of a lattice L is called the radical of L and denoted by r(L).
An element ¢ of L is called a supplement of b in L if it is minimal for bV ¢ = 1. a is
a supplement of b in a lattice L if and only if aVb =1 and a Ab < a/0. L is called a
supplemented lattice if every element of L has a supplement in L. If every element of
L has a supplement that is a direct summand of L, then L is called a &—supplemented
lattice. L is called an essential supplemented (briefly, e-supplemented) lattice if every
essential element of L has a supplement in L. We say that an element b of L lies above
an element a of Lif a < b and b < 1/a. L is said to be hollow if every element (# 1)
is superfluous in L, and L is said to be local if L has the greatest element (# 1). An
element a of L is called a weak supplement of bin LifavVb=1andaAb < L. Lis
called a weakly supplemented lattice if every element of L has a weak supplement in
L. An element a € L has ample supplements in L if for every b € L withaV b =1,
a has a supplement »’ in L with " < b. L is called an amply supplemented lattice
if every element of L has ample supplements in L. L is called an amply essential
supplemented (briefly, amply e-supplemented) lattice if every essential element of L
has ample supplements in L. It is clear that every supplemented lattice is weakly sup-
plemented and every amply supplemented lattice is supplemented. Let L be a lattice.
It is defined B relation on the elements of L by af.b with a,b € L if and only if for
eachr € L such that aVVt =1then bVt =1 and for each k € L such that bVk =1
thenaVk=1.

More information about (amply) supplemented lattices are in [5, 1 1]. More de-
tails about weakly supplemented lattices are in [1]. More information about &—
supplemented lattices are in [2]. More details about (amply) essential supplemented
lattices are in [14, 19]. More information about (amply) supplemented modules are
in [4,7-10]. More information about weakly supplemented modules are in [6]. More
details about (amply) essential supplemented modules are in [16, 17]. More details
about weakly essential supplemented modules are in [12]. The definition of B, re-
lation on lattices and some properties of this relation are in [13]. This relation is a
generalization of * relation on modules. The definition of f* relation on modules
and some properties of this relation are in [3, 1 8]. More details about lying above on
lattices are in [5, 1 1, 13]. More details about lying above on modules are in [9, 10].

Lemma 1. Let L be a lattice. The following assertions hold.

(1) Ifa,b€ Land a < b, then a < L ifand only ifa <b/0 and b < L.

(2) Leta,b€ Landa <b. Ifb<1/a, then b < L.

(3) Let a,b,c,d €L, a<cand b<d. Ifa<c/0and b <1d/0, then aNb <
(cAd) /0.

(4) Ifa<Landb <L, thenaNb < L.

(5) Ifa< L, thenaNb<b/0 forevery b € L.

(6) Ifa< L, thenaVb<Ljforeveryb € L.

Proof. See [5]. O
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2. WEAKLY ESSENTIAL SUPPLEMENTED LATTICES

Definition 1. Let L be a lattice. If every essential element of L has a weak supple-
ment in L, then L is called a weakly essential supplemented (briefly, weakly e-supple-
mented) lattice. (See also [15]).

Clearly we can see that every essential supplemented lattice is weakly essential
supplemented, but the converse of this statement is not true in general. (See Example
2). The concept of weakly essential supplemented lattice is a generalization of the
concept of essential supplemented lattice.

Definition 2. Let L be a lattice and x € L. If x is a weak supplement of an essential
element of L, then x is called a weak e-supplement element in L.

Proposition 1. Let L be a weakly e-supplemented lattice. If every element of L
with distinct from 0 is essential in L, then L is weakly supplemented.

Proof. Clear from definitions. O

Lemma 2. Let L be a weakly e-supplemented lattice. Then 1/r (L) have no essen-
tial elements with distinct from 1.

Proof. Let k be any essential element of 1/r(L). Since k < 1/r (L), by Lemma
1, kK < L and since L is weakly e-supplemented, k has a weak supplement ¢ in L.
Then 1 =kVrand kAt < L. Since 1 =kVe, 1 =kV (tVr(L)). Since kAt <L,
by [5, Lemma 7.6], kAt < r(L). Then kA (tVr(L)) = (kAt)Vr(L)=r(L) and
l=k&(tvr(L))in 1/r(L). Since | =k& (rVr(L)) in 1/r(L) and k < 1/r(L),
k= 1. Hence 1/r(L) have no essential elements with distinct from 1. O

Corollary 1. Let L be a weakly e-supplemented lattice. If r (L) = 0, then L have
no essential elements with distinct from 1.

Proof. Since r(L) =0,L=1/0=1/r(L). Then by Lemma 2, L have no essential
elements with distinct from 1. O

Corollary 2. Let L be a weakly e-supplemented lattice, k < L and kV r (L) # 1.
Then k\ r (L) is not essential in 1/r(L).

Proof. Clear from Lemma 2. ]

Corollary 3. Let L be a weakly e-supplemented lattice, k < L and r (L) < k. Then
k is not essential in 1/r (L).

Proof. Clear from Corollary 2. O

Corollary 4. Let L be an essential supplemented lattice, k I L and r (L) < k. Then
k is not essential in 1/r (L).

Proof. Clear from Corollary 3, since every essential supplemented lattice is weakly
essential supplemented. O
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Example 1. Consider the lattice L = {0,a,b,c, 1} given by the following diagram:

Here r(L) =a,b dLbutb #1/r(L). Here also ¢ I Lbutc A 1/r(L).

Lemma 3. Let L be a lattice and r (L) < L. If aV r(L) is a direct summand of
1/r (L) for every essential element a of L, then L is weakly e-supplemented.

Proof. Let a < L. By hypothesis, aV r(L) is a direct summand of 1/r(L) and
there exists x € 1/r(L) such that aV r(L)Vx=1 and (aVr(L)) Ax=r(L). Here
l=aVr(L)Vx=aVxandaAx<(aVr(L))Ax=r(L). Since r (L) < L,aAx < L.
Hence x is a weak supplement of a in L and L is weakly e-supplemented. n

Corollary 5. Let L be a compact lattice. Ifa\ r (L) is a direct summand of 1/r (L)
for every essential element a of L, then L is weakly e-supplemented.

Proof. Since L is compact, by [5, Lemma 7.8 (iii)], (L) < L. Then by Lemma 3,
L is weakly e-supplemented, as desired. U

Corollary 6. Let L be a lattice and r (L) < L. If a is a direct summand of 1/r (L)
for every essential element a of L with r (L) < a, then L is weakly e-supplemented.

Proof. Letx <L. By Lemma 1, xVr (L) < L and by hypothesis, x\V r (L) is a direct
summand of 1/r(L). Then by Lemma 3, L is weakly e-supplemented, as desired. [

Corollary 7. Let L be a compact lattice. If a is a direct summand of 1/r (L) for
every essential element a of L with r (L) < a, then L is weakly e-supplemented.

Proof. Since L is compact, by [5, Lemma 7.8 (iii)], 7 (L) < L. Then by Corollary
6, L is weakly e-supplemented, as desired. U

Lemma 4. Let L be a lattice and r (L) < L. If aV r(L) is a direct summand of
1/r (L) for every a € L, then L is weakly supplemented.

Proof. Similar to proof of Lemma 3. O

Corollary 8. Let L be a compact lattice. If a\V/ r (L) is a direct summand of 1/r (L)
for every a € L, then L is weakly supplemented.

Proof. Since L is compact, by [5, Lemma 7.8 (iii)], (L) < L. Then by Lemma 4,
L is weakly supplemented, as desired. O
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Corollary 9. Let L be a lattice and r(L) < L. If every element of 1/r(L) is a
direct summand of 1/r (L), then L is weakly supplemented.

Proof. Letx € L. By hypothesis, x\V r (L) is a direct summand of 1/r(L). Then by
Lemma 4, L is weakly supplemented, as desired. g

Corollary 10. Let L be a compact lattice. If every element of 1/r (L) is a direct
summand of 1/r (L), then L is weakly supplemented.

Proof. Since L is compact, by [5, Lemma 7.8 (iii)], r (L) < L. Then by Corollary
9, L is weakly supplemented, as desired. g

Lemma 5. Let L be a lattice, x be an essential element of L and m € L. If m/0
is weakly e-supplemented and x\ m has a weak supplement in L, then x has a weak
supplement in L.

Proof. Lety be a weak supplement of x\Vm in L. Then 1 =xVmVyand (xVm) A
y < L. Since x <L, by Lemma 1, (xVy) <L and (xVy) Am <m/0. Since m/0
is weakly e-supplemented, (xVy) Am has a weak supplement z in m/0. This case
m=((xVy)Am)Vzand (xVy)Az= (xVy)AmAz < m/0. Then 1 =xVmV
y=xV((xVy)Am)VzVy=xVyVzandxA(yVz) < ((xVy)Az) V((xVz)Ay) <
((xVy)Az)V((xVm)Ay) < L. Hence yV z is a weak supplement of x in L. O

Corollary 11. Let L be a lattice, x < L and my,mp,...,m, € L. If x\NVm; VmyV
---V my has a weak supplement in L and m;/0 is weakly e-supplemented for every
i=1,2,...,n, then x has a weak supplement in L.

Proof. Clear from Lemma 5. O

Lemma 6. Let L be a lattice, aj,a, € L and 1 = a;V ap. If a1/0 and a,/0 are
weakly e-supplemented, then L is also weakly e-supplemented.

Proof. Let x < L. Then 0 is a weak supplement of x\ a; V a; in L. Since a3 /0 is
weakly e-supplemented and xV a; < L, by Lemma 5, xV a; has a weak supplement
in L. Since a;/0 is weakly e-supplemented and x < L, by Lemma 5, x has a weak
supplement in L. Hence L is weakly e-supplemented. g

Corollary 12. Let L be a lattice, a,as,...,ap € Land 1 =a;VayV---V ay,.
If a;/0 is weakly e-supplemented for every i = 1,2,...,n, then L is also weakly e-
supplemented.

Proof. Clear from Lemma 6. ]

Lemma 7. Let L be a weakly e-supplemented lattice and a € L. Then the quotient
sublattice 1/a is weakly e-supplemented.

Proof. Letx <1/a. Then by Lemma 1, x < L and since L is weakly e-supplemented,
x has a weak supplement y in L. Since a < x, we can easily see that aVy is a weak
supplement of x in 1/a. Hence 1/a is weakly e-supplemented. U
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Corollary 13. Ler L be a weakly e-supplemented lattice. Then a/0 is weakly e-
supplemented for every direct summand a of L.

Proof. Let a be a direct summand of L. Then there exists b € L such that a &
b=1. By Lemma 7, 1/b is weakly e-supplemented. Then by 1/b = (aV D) /b =
a/(aAb)=a/0,a/0is weakly e-supplemented. O

Lemma 8. Let L be a lattice and a,b,c € L. IfaVb =1 and (a AD)V ¢ = 1, then
aV(bANc)=1landbV (aNc)=1.

Proof. See [13, Lemma 2]. O

Lemma 9. Let L be a lattice. Then L is weakly e-supplemented if and only if every
essential element of L is B, equivalent to a weak supplement in L.

Proof. (=) Let L be a weakly e-supplemented lattice and a be any essential
element of L. Since L is weakly e-supplemented, a has a weak supplement b in L.
Then a is also a weak supplement of b in L. Since af.a in L, a is B, equivalent to a
weak supplement in L.

(<=) Let every essential element of L is .. equivalent to a weak supplement in L.
Let a be any essential element of L. By hypothesis, there exists a weak supplement
element b in L with aP,b. Let b be a weak supplement of ¢ in L. Then c is a weak
supplement of b in L and since aP.b, by [13, Theorem 4], ¢ is a weak supplement of
ain L. Hence L is weakly e-supplemented. O

Corollary 14. Let L be a lattice. Then L is weakly e-supplemented if and only if
every essential element of L lies above a weak supplement in L.

Proof. (=) Let L be a weakly e-supplemented lattice and a be any essential
element of L. Since L is weakly e-supplemented, a has a weak supplement b in L.
Then a is also a weak supplement of b in L. Since a lies above a in L, a lies above a
weak supplement in L.

(<=) Clear from Lemma 9. But we prove this part as follows:

Let every essential element of L lies above a weak supplement in L. Let a be any
essential element of L. By hypothesis, a lies above a weak supplement b in L. Let b
be a weak supplement of ¢ in L. Since b is a weak supplement of cin L, bVc =1
and b\ ¢ < L. Since a lies above b in L, b < a and a < 1/b. Since b < a and
bVe=1,aVec=1.Let (aAc)Vt=1fort € L. By Lemma 8, aV (cAt) = 1. Then
aV(cAt)Vb=1andsincea < 1/b, (cNt)Vb=1.ByalsoLemma3g, (bAc)Vt=1.
Since (bAc)Vt=1and bAc < L,t = 1. Hence c is a weak supplement of a in L.
Thus L is weakly e-supplemented. O

Corollary 15. Let L be a lattice. Then L is weakly e-supplemented if and only if
every essential element of L is a weak supplement in L.

Proof. Clear from Lemma 9. ]
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Corollary 16. Let L be a lattice. If every essential element of L is B, equivalent to
a weak e-supplement element in L, then L is weakly e-supplemented.

Proof. Clear from Lemma 9. O

Corollary 17. Let L be a lattice. If every essential element of L lies above a weak
e-supplement element in L, then L is weakly e-supplemented.

Proof. Clear from Corollary 16. 0

Lemma 10. Let L be a lattice. If every element of L has a weak supplement that
is a supplement element in L, then L is supplemented.

Proof. Let a € L. By hypothesis, a has weak supplement b that is a supplement
element in L. Here aVb=1and a Ab < L. Since aAb < L and b is a supplement
elementin L, by [1 |, Lemma 10],a Ab < b/0 and b is a supplement of a in L. Hence
L is supplemented, as desired. O

Corollary 18. Let L be a lattice. If every element of L has a weak supplement that
is a direct summand of L, then L is &—supplemented. (See also [2, Proposition 2]).

Proof. Clear from Lemma 10. ]

Lemma 11. Let L be a lattice. If every essential element of L has a weak supple-
ment that is a supplement element in L, then L is essential supplemented.

Proof. Similar to proof of Lemma 10. g

Corollary 19. Let L be a lattice. If every essential element of L has a weak sup-
plement that is a direct summand of L, then L is essential supplemented.

Proof. Clear from Lemma 11. ]

Example 2. Let I be a family all submodules of the Z—module 7Q. It is clear that
I" is a lattice by the operation C. Here for A, BcI',AVB=A+BandAANB=ANB.
By [4, Example 20.12], zQ is weakly supplemented but not supplemented. Hence
the lattice I" is weakly supplemented but not supplemented. Since every nonzero
element of I" is essential in I, I' is weakly essential supplemented but not essential
supplemented.
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STRONG ALMOST CONVERGENCE WITH RESPECT TO AN
ORLICZ FUNCTION
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Abstract. In this paper, using an Orlicz function we extend the concept of strong almost con-
vergence and show that strong almost convergence, uniform statistical convergence and strong
almost convergence with respect to an Orlicz function are all equivalent on bounded sequences.
The main tool in proving the result is to consider ideals in bounded sequences.
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1. INTRODUCTION

Convergence methods such as statistical and uniform statistical convergences,
strong almost convergence are of some interest in mathematical analysis (see, e.g.,
[1,5-7,16-18,20,21]).

In the present paper, motivated by those of Demirci [7] and Sahin Bayram [6] we
introduce the concept of strong almost convergence with respect to an Orlicz function
and show that uniform statistical convergence, strong almost convergence and strong
almost convergence with respect to an Orlicz function are all equivalent on bounded
sequences.

We first collect some basic concept and notation.

Let E C N, where N is the set of all natural numbers. By E(m,n) we denote the
cardinality of the set of natural numbers i so that m <i < n, where m,n € N. We now
consider the numbers

E(l,n) - E(1
a(E) = timint Z1" 4 (£ = timsup £
n

— n n n

d(E) and a(E ) are respectively called the lower and upper densities of the set E.

If d(E) = d(E) then the common value d (E) is called the asymptotic density of E.
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The lower and upper uniform densities of £ C N have been respectively introduced
in ([2],[3]) as follows;
E(i+1,i+n) - E(i+1,i+n)

u(E) =limmin ————, u(E) =limmax ———.
- n >0 n n o ix0 n

If u(E) :=u(E) = u(E) then u(E) is called the uniform density of E. It is known
[1] that

u(E) <d(E) < d(E) <u(E).

Let x := (x,) be a sequence of real numbers and let
Ke={neN: |x,—L|>¢}, (¢>0).

If, for every € > 0, d(K¢) = O then x is said to be statistically convergent to L
(see, e.g., [81,[111,[22]); and u(Ke) = O then x is said to be uniformly statistically
convergent to L (see, e.g., [1],[21]).

By S and S, we respectively denote the spaces of all statistically convergent and
uniformly statistically convergent sequences. A connection between strong conver-
gence, statistical convergence may be found in [4] (see also [13],[14]) and strong
convergence with respect to a modulus function is also made in [5].

There is also a close connection between statistical convergence and almost con-
vergence [19],[23]. Recall that a sequence x = (xi) is almost convergent to L if and
only if

1 i+n
lim — Z xx =L, (uniformlyini)
Ly S|
(see [16]). If
Ly
lim — ]xk — L‘ =0
Ly S|

then x is said to be strongly almost convergent to L (see, e.g., [11,[10],[17]).

By ¢, f, [f], [f]y, [” we respectively denote the spaces of convergent, almost
convergent, strongly almost convergent, strongly almost convergent to 0 and bounded
sequences then we have the inclusions [17] that

cClflcfcrl .
Combining this inclusion result with Theorem 2 of [1] we have the following
[f] = S.NI~. (1.1)

Some inclusion relations between strong almost convergence and lacunary statistical
convergence is considered in [12]. Later on Pehlivan [21] gave inclusion results
between uniform statistical convergence and strong almost convergence with respect
to a modulus function.
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Motivated by those of Demirci [7] and Sahin Bayram [6] we establish relationships
between uniform statistical convergence and strong almost convergence with respect
to an Orlicz function.

We collect some basic concepts and notation.

Let F : [0,00) — [0,00) be a continuous, nondecreasing and convex function with
F(0)=0, F(x) > 0forx>0and F(x) — e as x — oo.

Such a function is called Orlicz function [15]. If the convexity condition of F
is replaced by F(x+y) < F(x)+ F(y) then F is called modulus function (see, e.g.,

[18]).

Throughout the paper let e denote the sequence which is identically 1 and let
w = {all real valued sequences} .

Given an Orlicz function F we introduce the following sequence spaces;

1 i+n
[f,F]O:{wazlim Z F(|xx]) =0, uniformlyini},
Ly S

[f,Fl={xew:x—Le€ |f,F|, for someL}.
Note that when F(x) = x then we get that

[fsFlo = flo and [f,F] = [f].

If x € [f, F] we say that x is strongly almost convergent to L with respect to an Orlicz
function F.

Recall that x = (x;) is uniformly statistically convergent to L if X (y_rc;) is con-
tained in [f], for every € > 0 where Xk (v.¢) is the characteristic function of the set

K(x;e) ={keN: |x| >¢€}.
Let F be an Orlicz function. If there is a constant H > 0 such that
F(Q2u) <HF(u), (forall u>0)

we say that the Orlicz function F satisfies A, —condition. This condition is equivalent
to the fact that
F(tu) < HtF (u), (1.2)

for all # > 0 and for r > 1 (see, e.g., [15]).

2. MAIN RESULTS

In this section we are concerned with some inclusion results among the spaces
[f], [f,F] and S,; and show that strong almost convergence, uniform statistical con-
vergence and strong almost convergence with respect to a modulus function F are
equivalent on bounded sequences provided that F' satisfies A, —condition.

In order to prove our first result we use the idea given by Parashar and Choudhary

[20].
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Proposition 1. Let F be an Orlicz function satisfying Ap—condition. Then we
have the inclusions

[flo C If.F]y and [f] C [f,F].

Proof. 1t is enough to prove that [f], C [f,F],. Let x = (x¢) € [f], and F be an
Orlicz function satisfying A, —condition. Since F is right continuous at zero, given
€ > 0 there exists 8 with 0 < & < I such that F(¢) < € whenever 0 <t < .

Hence we get

1 i+n i+n 1 i+n 1 1 i+n
- Z F(|x]) = Z F(|x|)+ - Z F (Jx]) < 8n+ Z F(|x]). 2.1

=i+1 k i+1 k=i+1 k=i+1

e[ < e[ > e[ >

Since 0 < § < 1, we get for every k € N, that x| < < \xk] <l+-—= ‘xk’

On the other hand F is an Orlicz function satisfymg A, —condition, so we have by
(1.2) that

F(hl) < F (1 + x"’) —F (12+ ! 2'”“) 2F(2) LHB o)

3 27239 2%
< —I—H)F(2)|x§|. 2.2)
Combining (2.1) and (2.2) we get
1 i+n 1+H 1 i+n
LY Fuh<er U pa)l ¥ gy
=it =it
Since x = (x¢) € [f], we conclude that x € [f, F],. This proves the result. O

The next result is an analog of Lemma 1 of Demirci [7].

Lemma 1. Let F be an Orlicz function satisfying Ay—condition. Then [f,F], is
an ideal in [”.

Proof. Let x € [f,F], and y € [*. We prove that xy € [f,F],NI*. Since y € [,
there is H; > 1 so that ||y|| < H,. Since F is nondecreasing and satisfies A —condition
we have

F (sevel) < F(Hy [xl) < H(L+ D F (i), (H > 0).
Hence, one can get

1 i+n i+n

= Y F(bawl) <H(+H)- Z F(|xk|)
=i =i+l
from which we conclude that

i+n
hmf Z F (|xxyx|) = 0, uniformly in i.
Ly . i+1
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We will require the following lemmas:

Lemma 2. Let M be an ideal in [ and let x € [*.Then x is in the closure of M in
I if and only if Yk (ve) € M for all € > 0 (see, [5]).

As in Lemma 1 one can see that [f] is an ideal in [**. On the other hand we can
get the following result by using the idea that Freedman and Sember [9] used.

Lemma 3. [f], is closed ideal in [*.
Our next result concerns the equality [f] = [f,F]NI*.

Theorem 1. Let F be an Orlicz function which satisfies Ap—condition. Then we
have

1= FIne=.

Proof. We just prove that [f], = [f,F],N[*. By Proposition 1 we have [f], C
[f,F],. In order to prove the opposite inclusion we first note that

1 i+n 1 i+n
n Z F XK xs) = I’l Z XK (x:e) (2.3)
k=i+1 k=i+1

1
Let x € [f,F],N[* and € > 0. Now define a sequence y = (yx) by yx = — if |xx| >
X

and y; = 0 otherwise. Since xy = Y (xe) and [f,F], NI~ is an ideal in [~ we get that
Xk(xe) € [f5FloN I~ and therefore

i+n
lim — Z F Xsz)( )) =0, uniformly in i.
oG i+1
Now (2.3) implies that
1 i+n
hm Z XK (x:€)
= i+1
Combining this result with Lemma 2 and Lemma 3 we conclude that x € [f],. This
proves the theorem. U

By (1.1) and Theorem 1 we get the following

Corollary 1. If F is an Orlicz function satisfying Ao —condition then we have
] = [f,FINI" = 5,01

Our final result shows that [f, F| lies between [f] and S,,.

Theorem 2. Let F be an Orlicz function satisfying Ay—condition. Then we have

[f] C[f,F] CS.,
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Proof. The first inclusion is given in Proposition 1. We now prove that [f, F] C S,.
Let x € [f,F], and y € [*. By Lemma 1 we have that xy € [f,F],. Let € > 0 and
x € [f,F],. We define a bounded sequence y = (yx) by yx = ﬁ, if x| >eand y, =0
otherwise. Hence xy = Xk (xe) € [f,F],- Now Theorem 1 implies that Y (x.e) € [f]o-
So inclusion (1.1) implies that x is uniformly statistically convergent. U
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Abstract. The analytic relation between of solutions of the original Cauchy problem and a cor-
responding perturbed problem is established for the controlled neutral functional-differential
equation with the continuous initial condition, whose right-hand side is linear with respect to
the prehistory of the phase velocity. In the representation formula of solution the effects of per-
turbations of the delay parameter containing in the phase coordinates, of the initial and control
functions are revealed. Continuity at the initial moment means that at the initial moment values
of the initial function and trajectory always coincide. The representation formula of solution
plays an important role in proving the necessary conditions of optimality in neutral optimization
problems, allows one to get an approximate solution of the perturbed equation and to carry out a
sensitivity analysis of mathematical models.
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1. INTRODUCTION

The neutral functional-differential equation is a mathematical model of such sys-
tem whose behavior at a given moment depends on the velocity of the system in the
past. Many real processes are described by neutral functional-differential equations

[3,6,8,14,23]. Many works are dedicated to the investigation of neutral functional-
differential equations and neutral optimization problems, including [2, 8, 11, 14, 18,

,23,24]. In the paper the quasi-linear neutral functional-differential equation
x(t) =A(t,x(1))x(t — o) + f(t,x(¢),x(t —70),uo(t)),t € I = [to,11] (1.1)
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with the continuous initial condition

x(1) =@o(t),t <19 (1.2)

is considered. The condition (1.1) is called the continuous initial condition because
always x(fo) = @o(fo). Let xo(¢) be solution of the original Cauchy problem (1.1) -
(1.2) and let x() be solution of the corresponding perturbed (with respect to delay
79, initial function @g(z) and control function u()) problem. In the paper, for the
first time the analytic relation between solutions xo(¢) and x(z) is proved on the
interval I in the case when the coefficient A(-) depends on the phase coordinate
and perturbations do not depends on a small parameter € > 0. Moreover, the es-
sential novelty here is the effects of the continuous initial condition (1.2) and per-
turbation of the delay T in the representation formula. We note that such analytic
relation plays an important role in proving the necessary conditions of optimality
[1,4,5,7,9,10,12,13,16,17,21,23]. Besides, such relation allows one to get an
approximate solution of the perturbed equation and to carry out a sensitivity analysis
of mathematical models. The case when A(¢,x(¢)) = A(t) and perturbations depends
on a parameter € is considered in [11, 18,24]. The case when A(z,x(¢)) = 0 is con-
sidered in [13,15,19,21,22]. The paper is organized as follows. In Section 2, the
main theorem is formulated and some comments are given. In Section 3 the auxiliary
lemmas are given and proved. In Section 4 the main theorem is proved.

2. FORMULATION OF THE MAIN RESULT

Let R” be the n-dimensional vector space of points x = (x',...,x")7 and let O C
R", U C R’ be convex open sets; let 6 > 0 and T, > 71 > 0 be given numbers, with

fo+max{c,To} < 1. (2.1)

Suppose that the n x n -dimensional matrix function A(¢,x) is continuous on the set
I x O and continuously differentiable with respect to x*,i = 1,2, ..., n; moreover, there
exists My > 0 such that

n

A(,x)|+ Y

iA(t,x)‘ < My, ¥(t,x) € 1% 0. 2.2)
i=1

ox!

Let the n-dimensional function f(z,x,y,u) be continuous on the set I x O*> x U and
continuously differentiable with respect to x, y, u; moreover, there exists M, > 0 such
that

£t x|+ LG+ O+ £ € Mo, V(0 y,u) €1 0P x U, (23)

Further, denote by ® and Q the sets of continuous differentiable functions @(z) €
O,t € I} = [%,19], where T = fp — max{0, T, } and measurable functions u(r) € U,r €I,
respectively, with the set clu(1) is compact and clu(l) C U.

To each element

u=(T,0(t),u(t)) € A= (11,72) x P x Q
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we assign the quasi-linear neutral functional-differential equation

#(1) = At x(0)3(t — 0) + f(1,x(1) x(t —),u(t))t €1 (2.4)
with the continuous initial condition
x(t) = 9(0),1 € [f.10]. 25)

Definition 1. Let u € A, a function x(r) = x(t;u) € O,t € [1,1;] is called a solution
of equation (2.4) with the condition (2.5) or a solution corresponding to the element
u and defined on the interval [; if it satisfies the condition (2.5) and is absolutely
continuous on the interval / and satisfies equation (2.4) almost everywhere (a.e.) on
I

Let us introduce the notations:
= el + ol + ], Ac(eo) = {pe A Ju—po] <e}
where
ol =sup{ o)+ 16() 1 €1y}, lull = sup { u(o)] :r € 1},
€ > 0is a fixed number and o = (To, Po(¢),uo(t)) € A is a fixed element; furthermore,
dt=1—710, O0Q(r) =@(t)—o(t), Su(t)=u(t)—un(r),
Su = p— po = (87,8¢(1),du(t)),
|8 =[] +[|d@]|1 +- || ul],
1801 = sup{[8¢(r)| + |d¢(r)| : 1 € I }.
Let x(¢;u0) be solution corresponding to the element yy € A and defined on the in-
terval I;. Then there exists a number €; > 0 such that to each element u = o + du €

Ag¢, (o) corresponds solution x(#; ) i. e. Cauchy’s perturbed problem has solution,
defined on the interval I; (see Lemma 1 in the Section 3).

(2.6)

Theorem 1. Let xo(t) = x(t;19) be solution corresponding to the element iy =
(T0,90(2),uo(t)) € A and defined on the interval I,. Then there exist number €, €
(0,€1) such that, for arbitrary u € Ag, (o) on the interval I the following representa-
tion holds:

x(t3) = x0(1) + dx(1: 8u) + ot 8p), 2.7)
where
Bx(1:8) = ¥ltin)S0(0)+ | V(E+0inAl +olbo(E)dE
[ vErmnpkulbo@ds s [ VEnAEsuEE

~{ [ v @0AlEE - w0)de} e (2.8)
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and
lim o(t;0u)/|du| =0 uniformly for 7 € I.
[8u|—0
Here,
Alg] = A(&,%0(8)), /4 [8] = £3(8,x0(8),%0(& —T0), u0(§)):
for the fixed t € (to,11), n X n matrix functions W(&;t) and Y (§;t) satisfy the linear
system

Pe(E) =Y (EN{Z|All(E—0)] + £}
~Y (€+10:0) /46 + 0], (2.9
Y(&1) =P(En)+Y(E+oit)AE+0].E € (t0,1)
and the condition

O

where E is the identity matrix and © is the zero matrix and

aax Alelin(&—o0)| = aax[A@»X)xo(g—G)L_xo@f

Some Comments. The function dx(z;0u) in (2.7) is called the first variation of
solution xo(¢). The expression (2.8) is called the variation formula of solution. The
term “variation formula of solution” has been introduced by R. V. Gamkrelidze and
proved for the ordinary differential equation in [5].

The expression

Y (En)Se(0) + [ ¥(E+ o)A+ olbo(E)dE

10

+ Y (& +70:1) /5[& + 10]39(8)dE

to—"To
in formula (2.8) is the effect of perturbation @ (z), where Y (&;19)39(to) is the effect
of the continuous initial condition.
The addend

(2.10)

RO

in formula (2.8) is the effect of perturbation u(7).
The expression
t
{[ v slgo—raz o
0
in formula (2.8) is the effect of perturbation Ty.

Formula (2.7) allows us to obtain an approximate solution of the perturbed equa-
tion in the analytical form on the interval /. In fact, for a small |du| from (2.7) it
follows

x(158u) = xo(t) + dx(t;0u),
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where Ox(7;8u) has the form (2.8). We note that in order to construct dx(z; du) it is
sufficient to find a solution to the linear problem (2.9)- (2.10).
3. AUXILIARY ASSERTIONS

Lemma 1. [23] Let xo(t) = x(t; 110) be the solution corresponding to the element
to = (T0,@o(t),u0(t)) € A, defined on the interval I,. Then there exists a number €| >
0 such that to each element u = (t,¢(t),u(t)) € A¢,(1o) there corresponds solution
x(t) =x(t;u) € O defined on the interval I.

Lemma 2. There exist numbers L; > 0,i = 1,2 such that the following inequalities
hold

A(t,x) — A(t,y)] < Li|x—y[,¥(t,x,y) €I x 0%
|f(tx,y1,u1) — f(t,x2,y2,u2)| < La[|x1 —xa| +[y1 — y2| + |ug —ual]
Vrel, Y(xi,yi,u) € 0 xU,i=1,2.

On the basis of (2.2) and (2.3) the Lemma 2 can be proved analogously to Lemma
2.2 (see [21]).

Lemma 3. There exist a number N > 0 such that the following inequality holds
[%o(t)| <N, ae.t €1. 3.1
Proof. Lett € [%,1p) then
%o ()] = [o(2)] < [|@oll1 = No.
Let t € [to,t) + o] then
|Xo(2)| = |A[t]x0(t —0) + ft]| < MiNo+ M, = Ny,

where
Alt] = A(t,xo(t)), flt] = f(t,x0(t),%0(t —0),u0(t))
(see (2.2),(2.3)). If r € [to+ 0,10 + 20] we get

[to(2)| < MiNi +My = Ns.
Continuing this process to f; we get the finite quantity numbers Ny, Ny, ..., Ny, where

hdm ifto+mo <t <to+(m+1)0c,
C\m=1 ifto+mo=rn

(see (2.1)). Thus, N = max{Ny, N, ..., Ni}. O
Lemma (1) allows one to introduce the increment of the solution xy(7) :
Ax(t) = Ax(t;0u) = x(t;u) —xo(t), teli, (3.2)
where = pio + 8 € A, (H0), i-e. Su € Ag, (o) — Ho-
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Lemma 4. For arbitrary du € A¢, (1) — uo the following inequality holds
sup|Ax(r)| < O(3), (33)

tel

where

lim O(8u)|du| < oo.
|8u|—0

Proof. Lett € [%,1] then
|Ax(1)] = [89(1)| < |8u| = O(8u) (3.4)
(see (2.6)). It is not difficult to see that the function Ax(¢) = x(¢) — xo(¢) satisfies the
equation
Ax(t) = A(t,x0(t) + Ax(t))Ax(t — o) +ou(t; du) + B(t:8u), a.e.t €1 (3.5)
and the initial condition
Ax(t) = 8(1),1 € [%,10], (3.6)
where
ou(t; 8p) = [A(t,xo(t) +Ax(1)) —Alf] | %0(t — o)
B(z;8u) = f (2, x0(t) + Ax(2), x0(r — T) + Ax(t — 7)o (1) + Bu(t)) — flt].

The solution Ax(z) of the problem (3.5)-(3.6) can be represented on the interval I in
the following form
10

Ax(t) = 80(10) + ; GYo(ﬁ;f)A(ﬁﬂLG,xe(%ﬂLG)+M(§+G))3¢(§)d§

!
+ [ Yol fo(E:3u) + BE: e
0
(see Theorem 1.7 in [23]), where Yy (&;7) = Yo(&;#,0u) is n x n matrix function satis-
fying the difference equation
Yo(§1) = E+Y(§+0:1)A(§+0,x0(§+0) +Ax(§ +0)),& € [10,7]
and the condition
E, g =1,
Yo(Git) =
b(E:) { o for
where E is the identity matrix and @ is the zero matrix. It is clear that
[Yo(§:1,8u)| < const,¥(&,1,8u) € I* x (Ae, (o) — ko)
(see (2.2)). Further,

AY(6)] < [80(00)| +0M1 |1 118011 +[1%l] | [L1NIAx(E) |+ Lolax(®)

+ Lo | Ax(§ — )| + La[xo (§ — ©) — x0(§ —T0)] + L2|8u(&)[ |G
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t
< (1+|\Yo\IM10+HYolle(n—to))\ﬁﬂl+|\Yo\|(L1N+Lz)/ |Ax(E)[d
4]

t
+lnlLa [ 14(E = Dlde+ ol | (=) ~s0(E =)l
0
(3.7
(see Lemmas 2 and 3), where
|1%0]| = sup{[¥o(§:2,8u)| : (§,1) € I*,8u € (A¢, (10) — o) }-
Now we transform the two last addends of (3.7). We have,

[ st =iz = [ ae)iez

Letfo+7T > 1)+ 0o thenif t € [tg,to+ 06| wehavet —T1<tp+06—T<1fH+T—T =1,
1. e.
—T o
[ iax@ag < [ [s0@)ids <tlaul < wlu = 03w 33)
Let to+7T < to+ o then if 7 € [fg,70 + 7] we have t — T < 1y; if € [tp + T,%p + G| then
we have t — T > 1)+ T — T = fp. Consequently, if ¢ € [ty,t) + T| we have (3.8) and if
t € [to+ 7,1+ o] we have

[ i@ = [ jax@lae [ s < ofe)

+ [ @)
(see (3.4)). Thus,
/ IAX(E —1)|dE < O(8u) +/ IAX(E)|dE. (3.9)

Further,

f nyor&T
| =0 —xoE&—w)las= [ | [~ " lro(c)lde|dg
t0 to E—1
< (11 —10)N|8u| = O(3u). (3.10)
Taking into account (3.9), (3.10) from (3.7) it follows
t
Ax(0)] < 0w + Vol (LiN+2L2) [ AXE)IdE, 1 €1
0
By the Gronwall-Bellman inequality, from the last inequality it follows
|Ax(t)| < O(8u) exp]||Yo||[(LiN +2Ly)(t —t0)] < O(8u),t € 1. (3.11)
On the basis of (3.4) and (3.11) we get (3.3). ]

Lemma 5. The following inequality holds
|Ax(t)| < O(8u), a.e.t € 1;.
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Using Lemma 2 and equation (3.5) Lemma 5 without principle difficulties can be
proved by the step method with respect to ¢ (see proof of Lemma 3).

4. PROOF OF THEOREM 1

The function Ax(t) satisfies the equation (see the previous section)

Ax(t) = Alf]Ax(t — o) + {aax [Altkio(e = 0)| + £li] pax(r)
T AIAYE — o) + fulllSu(t) +a(t:80) + b(dw) (@)

with the initial condition

Ax(t) = 8¢(t),t € [3,10],

where
a(t;0u) = A(t,xo(t) + Ax(t))xo(t — 6) — Alt]xo(t — )
—;[A [1]0(r — G}Ax )+(A(t,xo(t)—i-Ax(t))—A[t])Ax(t—G);

b(t;8u) = bo(t;8p) — filt|Ax(r) — fy[r] Ax(t —To) — fu[1]Bu(2),
bo(#;8u) = [ (t,x0(1) + Ax(t), x0(t = T) + Ax(t — T),uo(¢) + 8u(t)) — ft].

By using the Cauchy formula (see Theorem 1.5, [23]) one can represent the solution
of equation (4.1) in the form

Ax(r) = Pa&)doli)+ [ Y&+ oAk +olbp(E)d

+ Y (& 470:8)/5[C + T0]80(E)dE + ai (1:8u) + b1 (1:8u),  (4.2)

10—"To

where
(t:30) = [ V(En)alESude. bi(rdu) = [ ¥E0b(ESIE;

W (&;t) and Y (&;7) are matrix functions satisfying equation (2.9) and condition (2.10).
Now we estimate |a; (¢;0u)|, we have

(i) = | [ V&) [ diA(ea,xo@ +5Ax(8) o & — )ds] e

/ Y (&) 3 [ARHoE - c)]Ax(&)da
1) (A& %0(8) + Ax(E)) — AlE] ) Ax(E o)
L/ a

Y t>{ / (a[ (& <&>+sm<&>>xo<a—c>}
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- 2 [ABl0(& - 0)] ) ax(E)as bt

+ [ ¥ (A6r(®) + ax(E) - Al ) Av(e - o)
< Il [ p&idnds + i - 0)06w) |

(see Lemma 5), where
Y| = sup{|Y(E:1)[ : §,2 € 1},
0830 = [ | 2 [AEx0®) + 58l ~ )] — 2 [AlEJi0(& )]s,

By the Lebesgue theorem on the passage to the limit under the integral sign, we have

lim (& du)dg =0.

18| =0

Consequently,
ai(t;8u) = o(t; 8p). (4.3)
We introduce the notations:
flt:0,8u] = f(t,x0(r) +0Ax(t),x0(t —T0) +O[x0(t —T) —x0(t —T0) + Ax(t — 7)],
uo(t) +68u(r))
(130, 8u) = fi[1:0,8u] — f[r].
Obviously,

pofs:30) = [ 110,840
= [ U0, 3010 + 0,805 9) 20— )
FAxlr 9] £l0.80u() a0 = | [ (1:0,80] Av()
| [ o080 (e ) -xle - 0)+ At - 9)

+[/O au<t68u>de] u(t) + F0AXE) + Al xolt — 1)

—x0(t = To) + Ax(r —T)] + fulr]du(r)

= Oy (13 8u) Ax(t ) + 0ty (15 8) (o (£ — T) —x0(r — To) + Ax(r — 7))
+ Ot (25 80)Sua(1) + fe[t] Ax(r) + f3[t] [0 (r — T) —x0(r — T0) + Ax(z — 7))
+ fult]Su(r),
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where |
o (13 831) = / o (£:0, 8u4)d6.
0

Taking into account the last relations we have

5
by (1;8u) = Y bai(t; 8u),
i=1
where

by (t;0u) = [Y(s;t)ocx(s;ﬁy)Ax(s)ds,

To

balt:80) = | ¥ (530t (s:.800) o (5 — ©) — 30 (5 — T0) + Ax(s — )]s,

fo

by3(t;0u) = /tt Y (s3t) fyls][xo(s —T) —xo(s — To)]ds,
boa(t;0u) = /tt Y (s3t) fy[s][Ax(s —T) — Ax(s — To)]ds,
bas r:80) = | ¥ (1)t (53 8)Su(s) .

It is not difficult to see that

1
b1 (1:80) | < ¥ |0(81) 0t (8u), 0t (Bp1) = / ERETIIER
0

(see Lemma 5);

a8 < Vo0 | {
< ¥ 0(Bu) o (30

[ bl g+ 0@ e

(see Lemma 4);
D25 (2 8u) || Y 1| O (8 0t (812)
Further,
t s—T
bt = [ Ysofbl{ [ i@a}as.

T §—T0
The function xo(§),§ € I}, is absolutely continuous, therefore for each fixed Lebesgue
point s € (fo,t1) of the function X(¢—1To), ¢ € (t,t1), we get

s—T s—0T
[ | o(E)de = / fo(G — To)dg = —so(s —10)8T
+p(s;81), (4.4)

where

I ; =
aim, P(5:87)/[87 =0
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From boundedness of the function xy(s),s € I; and (4.4) it follows
|p(s;01)]/|87| < const

a. e. on/. Thus,
t
by (t;8u) = —{/t Y(s;t)fy[s]xo(s—To)ds}S’H— p1(t;07),
0

where

p1(2:01) = /IY(s;t)ng[s]p(s;Sr)ds.

fo
It is clear that

ax(s =)~ As—0)] < | [ IAx@)Id] < 0o

(see Lemma 5). On the basis above obtained estimates and the Lebesgue theorem can
be concluded that

boy (1:81) = 0(1:81), bao (1:81) = o(1;8p2),
Do (13 84) = —{ [: Y (5:1),[s]io (s — To)ds}SH— o(t; ),
boy (13800) = 0(t:84), ban (1381) = o(t: ).

Consequently, we get

mdn =-{ [ ¥ (520) lshinls —t0)ds 8T+ o1 80). “5)

fo

From (4.2) by virtue of (4.3) and (4.5), we obtain (2.7), where dx(z; du) has the form
(2.8).

5. CONCLUSION

The formula (2.7) plays an important role in proving the necessary conditions of
optimality in the optimization problems. Besides, this formula allows one to get an
approximate solution of the perturbed equation and to carry out a sensitivity analysis
of mathematical models. Future work will consider the case when the initial moment
tp 1s non-fixed.
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Abstract. In this paper we study a Bernoulli-type differential equation that replace the usual de-
rivative by a fractal derivative. We show the goodness-of-fit of this model for real data comparing
it with classic models.
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1. INTRODUCTION

Fractal calculus (also called local fractional calculus) is utilized to handle various
nondifferentiable problems that appear in complex systems of the real-world phe-
nomena. This new calculus was first proposed by Kolwankar and Gangal in 1996
through renormalization of Riemann—Liouville definition [23]. Fractal derivatives
(or local fractional derivative) are defined as a non-Newtonian generalization of the
derivative dealing with the measurement of fractals and play an important role in the
study of anomalous diffusion. There are many definitions of fractal derivatives and
local fractional integrals (see for instance [3, 4, 6, 8, 21]). In this paper we used a
particular version of the definitions given in [12, 13,31]: for a, > 0, let us define
the (B, o)-fractal derivative of a function f at the point 7y by

1P(0) — fP(10)

dr® =1 1% —1

(1.1

if there exists this limit and it is finite. In this case, we say that f is (B, )-fractal
differentiable at ty. Here, the function t* is defined for t € R as t* := ¢[t|*~! and so,

The first author was supported in part by the financial support of the Postgraduate Study Fellow-
ship of the Secretaria de Ciencia, Humanidades, Tecnologia e Innovacién (SECIHTI) (grant number
1043969).

© 2026 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
BY 4.0.
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(t*) = aft|]*1; also, (|t|*) = at*~!. When B = 1, this derivative (1.1) can be viewed
as a fractional derivatives via fractional differences, which are very useful for solving
numerical problems of fractional differential equations (see e.g. [2, 16,20,22,29]).
However, for § # 1, this fractal derivative is not a linear operator and so, it does not
enjoy some desirable properties.

These derivatives engender a new kind of differential equations, referred as fractal
differential equations essentially different from the well-known fractional differen-
tial equations. As of today, many applications of these fractal derivatives are studied,
e.g. the Fokker-Planck equation in modelling phenomena involving fractal time [25]
and the time-space fabric underlying anomalous diffusion [12]. Moreover, in fractal
cosmology it has proved to be a nice derivative to treat certain universe models con-
sidering fractal space-time. Good references on this topic are the books [18,29-31]
and the papers [7,8, 11, 14,21,24,32].

The classic Bernoulli differential equation is a non-linear differential equation of
the form q

) a0 1o 0), nezy,
where a(t) and b(t) are continuous functions. The first discussion of this equation
goes back to Jacob Bernoulli in his work from 1695 [9]. Modern physics indeed uses
Bernoulli differential equations for modelling the dynamics behind certain circuit
elements, known as Bernoulli memristors [17]. The Bernoulli differential equation
also show up in some economic utility maximization problems (see for example [26]).
In the present paper we study Bernoulli-type differential equations of the form
dPy(z
20 a0 60))+ b0 50|, (12)
where Y€ R\ {1}. We solve an initial value problem for the equation (1.2). Finally,
it is shown the effectiveness of a fractal Bernoulli differential model to fit real data
associated with tuberculosis in Mexico.

2. BASIC PROPERTIES

This section summarizes a series of preliminary notions and tools that are required
in the main part of this work (for more details we refer to [5]).

Proposition 1. Let f be a differentiable function at ty. Assume that ty # 0 if o> 1,
and f(to) Z0if 0 < B < 1. Then f is (B,)-fractal differentiable at ty, and the
following formula holds

ds
dr*

B

o

(t0) Itol' %1 £ (10) [P~ ' (t0).

In particular,
dlf

1 )
qal0) =1 lto]' = f" (to).
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Proposition 2. Let c € R and let f be a (B, o)-fractal differentiable function at t.
Then the following statements hold:

i. We have

d's / dBf
dll ( ) f (t())a dr

ii. The function c is (B,o)-fractal differentiable at ty and

dfec
—(t9) = 0.
dto‘(o)

iii. The function cf is (B, a)-fractal differentiable at ty and

dP(cf) g dPf
dr® d o

(t0) = " =5 (10)-

iv. dB/dr® is a linear operator if and only if B = 1.

The following result shows how to compute the fractal derivative of the product
and the quotient of two functions.

Proposition 3 (Leibniz rule). Let f, g be (B, a)-differentiable functions at ty. Then
the following statements hold:

i. fgis (B,o)-fractal differentiable at ty and

B P &
T8 1) = T o) P(0) + 500 T )

ii. If g(ty) #0, then 1/g is (B, a)-fractal diﬂerentiable at ty and

2 (o)
_ dz

dl‘(x< ) ’g IO ‘ZB
iii. If g(to) #0, then /g is (B,

)
& L (10) 2B (t0) — £ (10) 2 (10)
s (o) 0= |

The next result is a kind of chain rule for the fractal derivatives.

~fractal differentiable at ty and

Proposition 4 (Chain rule). Let g be a continuous and (o, )-differentiable func-
tion at ty and let f be a (B, )-differentiable function at g(ty). Then fogis (B,a)-
fractal differentiable at ty and

dy

(f 0g)(to) = G

LS (0110)) 2 (0.

dt“ dr®



332 D. A. SANTIESTEBAN, R. A. BLAYA, Y. QUINTANA, AND J. M. SIGARRETA

Let I be an interval with 7y € I and a, 3 > 0. If f is a locally integrable function on
I with respect to the measure |s|*~!ds, let us define the operators

t
L0 = [ el f()ds.
) o s . @1
o, —
K20 = ([ el r5)as) = @),
0

for 1 € I. These operators behave as inverse operators of d'/dr* and dP/dr®, respect-
ively,

d! o B dB op .
3a (LhN) (@) = 5 (RGP (1) (1) = £(0).

3. FRACTAL BERNOULLI DIFFERENTIAL EQUATION

The Bernoulli differential equation is a fundamental theoretical element in the
solution of problems involving nonlinear differential equations. From the practical
point of view, its importance lies in its ability to describe and analyze problems in
Physics, Biology and Engineering, fundamentally, it allows the study of the behavior
of flows in systems where pressure, velocity and height phenomena intervene. It also
serves as a basis for the study of system dynamics, enzyme kinetics and population
dynamics (see [10, 15,28]). This equation has recently been studied in the context of
the global fractional operators [27]. The previous research has been complemented
by studying this Bernoulli differential equation by means of the local operators (con-
formable and non-conformable). Likewise, the research leaves open the possibility
of comparing the scope of both approaches (global and local) in practice (see for ex-
ample [20]). One of the advantages of the local differential operators studied, as well
as the global differential operators (Caputo, Fabricio, etc.) for o € (0,1), is that they
allow to use, generalize and extend many classic results.

Fractal calculus enjoys opening up new lines of research that also generalize many
classic results to distant and multiple areas [19]. The linear operator L% allows to
solve Bernoulli-type differential equation. The following theorem describes an initial
value problem for (1.2).

Theorem 1. Let Y€ R\ {1}, yo € R, I an interval with ty € I, and let a,b be
continuous functions on I. The function

exp (§L2(@)0)) (1 =L (bls)exp ((r— DLE(@)(5) ) () +36 ") )

" g
Yoexp (%L% (a)(z)) (ygv—ﬁ(l — V)L (b(s) exp ((Yy— 1LY, (a)(s))) (1) + 1) 7

ify>1,

3.
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will be a solution of the following initial value problem:
dPy
dre

witht € I, and

(1) = a() v(0)* + () y0) 7, ¥lt0) = yo,

(1 =L (bls)exp (Y= DLE@)(5)) ) () +55 P £ 0,
provided that Y < 0, whereas
P )L (b(s)exp ((r— DLE(@)()) ) (1) +1 40,
as long asy> 1.

Proof. Firstly, let us collect here the equalities that we will use:

T8 (1) = &1 1) 5000+ ) L2 ), 62
L@ =alror o, 63)
(ila (e5) (1) = &0 3;5(;)7 (3.4)

(ftla (LHN) (6) = f(0). (3-5)

Since the case y > 1 is similar, we can assume y < 1. Let us define
2(1) = y(1)P
= exp (L) (1 =12 (b(s)exp (- DLL @) ) ()05 #)
Proposition 2 gives that it suffices to prove that z(¢) satisfies the initial value problem

d'z

)

3o =a0)zO+bOO[", () = ¥
We have
<) = exp (£5 ) 10)) (1928 (b5)exp (7~ D)) ) ) 5 #1) 7
= exp(0) (0 +yg—By> 1/(1-y)
_ B
—p.

Note that 1/(1 —7y) > 0and y/(1 —y) > 0 if and only if y € [0, 1); if Y < 0, we have
the hypothesis (1 —7v)Lg (b(s) exp ((y— 1)L%(a)(s))) (t) +ygfﬁv £0.
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Since a and b are continuous functions on /, (3.5) implies

a .
2 (L(@) (1) =al),
dl

(L (ps)exp (Y= DLE@)(5) ) ) () = br) exp (Y= DLE (@) (1)).

By the above relations, in view of (3.2), (3.3) and (3.4), we obtain

3712@ ;l(x(exp( 2(@)0)) (1 -9 ()exp (- DLL@(E) ) () +3577) "7
Fexp (L ”"»*1(( DL (bls)exp (- DLE@)() ) 0+ #) ")

=alew(t ( VL (bls) exp(<v—1>L:;§<a><s>))<r>+y5‘m)”“’”

+CXP( ) 1— 'Y‘ —’Y)L, (b( )exp (('Y 1)L06( )(s )))(I)-Fygiﬁy‘l/(liwil
(=) P( (1= DL (@) (0)
=a(t) exp L(X ) (b(s eXp(( —1) (;(a)( ))>( )+yg BY)I/I Y)

Y- 1)L;
_py| Y/ (1=Y)
+b(t) exp (YL (a ><r>)\< VL (bls)exp (Y= DL (@)(5)) ) (1) + 55 ]
= a(t)z(t) +b(1)|z(t)|".
O
If the function b or a is identically zero, Theorem 1 has the following consequences.

Corollary 1. Let yg € R, I an interval with ty € I, and let a(t) be a continuous
function on I. Then the function

1
y(0) =voexp (g Lia)(1)
is a solution of the initial value problem

dfy

0 =a) (60" () =y

Corollary 2. Ler Y€ R\ {1}, yo € R, I an interval with ty € I, and let b(t) be a
continuous function on 1. The function

gy I/ (B=BY)
(A=vzeO+-47) ", i<,
1/(B-By
(b Pa—yLE®m+1) T iy,
is a solution of the initial value problem

el

O =bObO. )=,

y(t) =
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with
(= DLEB)O) +35 P #0,
provided that Y < 0, whereas
w0 (=L (B) W) +1£0,
as long asy> 1.
If the functions a(¢) and b(r) are constants, we have the following result:

Proposition 5. Letye R\ {1}, yo,a,b € R with a # 0. The function

_ 1/(B—Bv)
o) (OEPb)ew@aonee—g)-5) " <,
B - "5 5\ 1/ (B=BY)
o (14587P Y exp (a1 = (=) P E) L iy,

is a solution of the initial value problem

dy

d,oc(’):“(Y(t))BJFHY(f)’BY, y(to) = Yo,

when t > ty, and the following assumption are required:

(5742 ) exp (a1 - (*—1§)) 2 #0,

ify<O0, and
b _pb
(145872 Yexp (a1 =) (i~ 1)) =55 P2 20,

ify> 1.

Proof. Without loss of generality we can assume that Y < 1. The case when y> 1
is analogous. We have

L%(a)(1) = a/toc\so‘lds — a8,

0]
Theorem 1 yields

20 =exp (5 8(@)0) (1 -0 (penp (- D2 @) ) (™)

a

P (E(f"‘ —IS‘)) (b(l —7)L; (exp ((y=1)a(s* _zg))) (1) + yg—ﬁv) /6=
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Since

(1—-y)Ly (exp ((y— l)a(sa—tg)))(t) =(1-7) /toc|s|°‘716xp ((y—1)a(s*—1g))dr

fo
_ t
= 71 oufs|®a(y—1)exp (a(y—1)(s* —1§)) dr
fo
s=t

=— {exp (a(y— 1)(s“—t8‘))L:lO
= é(l —exp (a(Y— 1)<fa_t(()x)))7

we conclude that

Y1) =exp (% (e —t8‘)) (b(l —7)L (exp ((y=1)a(s _zg))) (1) + yg—ﬁy) /(B
=exp (g —15)) (2 (1-exp(aty— (e~ §))) +o5 ) 1/(8-By

- ((ygfﬁug)exp (a1 =) (1% — 1)) 72)1/@73 ]

0

We have the following consequence of Proposition 5 when Yy=2,a=A and b =
—B, which solves a kind of fractal differential equation.

Corollary 3. Let yy,A,B € R with A > 0 and yoB > 0. The function given by the
expression

0 =x0((10 %) e (—ate ) )

is a solution fort > ty of the initial value problem

@(,) = (v@)*(A-Br®)"),  ¥(t0) =0

dre
Proof. By Proposition 5, we need to prove that the function
B B
u(t) = (1 —ygg) exp ( —A(tOc —tg)) +ygg

is not O for every t > #y. Since A > 0 and ypB > 0, we have that ygB /A >0 and

B

0A(1—exp(—A(t°‘—t8‘))) >0, t>1.

u(t)=exp(—A(*—15)) +y
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4. A REAL DATA FITTING WITH MATLAB

First we will graph the solutions to the following initial value problem for the
fractal Bernoulli differential equation by varying o and B:

p
=100, @

y(0)=1.

In Figure 1, black curve is related to the usual derivative (B = 1,a0 = 1). The yel-
low, green, blue, red and brown curves correspond to the following (o, ) values:
(1.1,1.5), (1.8,3.0), (1.5,0.8), (0.2,0.7) and (0.4,2.1), respectively.

We also plot the solutions to the following equation

dy

(1) =200)P = [y(0)"* 4.2)

with the same initial condition as the problem (4.1). In Figure 2, black curve is
also related to the ordinary derivative (B = 1,0 = 1). However, in this case the yel-
low, green, blue, red and brown curves correspond to the following (o, ) values:
(0.7,1.0), (1.5,1.0), (1.2,1.4), (0.7,0.8) and (0.8, 1.5), respectively.

0 B S RS
0.0 0.5 10 15 2.0

FIGURE 1. Fractal Bernoulli differential model (4.1) for arbitrary
values of o and 3
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FIGURE 2. Fractal Bernoulli differential model (4.2) for arbitrary
values of o and 3

In [20], the authors proposed a generalized conformal fractional derivative G§
given by the formula

ot — hela—T
(63 1)(1) = pim PO

—0 h ’

and applied it to study a Gompertz model. In addition, a real data set on tuberculosis
in Mexico was studied and used to solve the inverse problem to estimate the order
of the proposed fractional derivative and compare it with the usual derivative and
other fractional derivatives (e.g. Khalil and Caputo derivatives). The results they
yielded were surprising because the proposed fractional conformable approximation
minimizes the error in the adjustments of the parameters associated to the Gompertz
model. In what follows we will see that a particular fractal Bernoulli differential
equation best fits the data set studied in [20]. For this study we used the same data
of the percentage of people with tuberculosis in Mexico between the years 1990 and
2015 [1].

Figure 3 shows the data associated with the percentage of people with tuberculosis
in Mexico (black asterisk) and the corresponding fits to the Gompertz model

D _ 0.2008-y(1)n (y(l,)> , “3)
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Final values: G=0.98017 L=0.96492
1 T T T T T T T * T *
* * %

* *

0.9

0.8

0.7

Models

0.6

0.5

Gompertz growth
Logistics growth
%  Data set

Time

FIGURE 3. Data and estimates of tuberculosis infectious using
Gompertz and logistics models

and logistics model
dy(r)

dt
both with initial condition y(0) = 0.335. Using Matlab we have written a script to
obtain numerical calculation of the solution of fractal Bernoulli differential equations.
For its implementation we used the efficient ode45 function based on an explicit
Runge-Kutta formula, the Dormand-Prince pair. We arrive that the following fractal

Bernoulli differential model:

=0.2008-y(r) (1 —y(t)), (4.4)

0.9
d dt{ ff ) _ <1 - (;99) - [0.087(y(1))** +0.008(y(1))*%], 4.5)
¥(0) =0.335,

best fits the data of the percentage of people with tuberculosis in Mexico with respect
to the previous models (see Figure 4).

Table 1 shows the fitting errors of the studied models: the mean absolute error
(MAE) and the mean squared error (MSE). It should also be noted that the fitting
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Final values: B=0.98828
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* Fractal Bernoulli differential model
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¥
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FIGURE 4. Data and estimates of tuberculosis infectious using the
fractal Bernoulli differential model (4.5)

errors of the generalized Gompertz model proposed in [20] were relatively larger
than those obtained by our model (4.5). The MAE and MSE had values of 0.0416
and 0.0027, respectively.

Fitting errors

Models MAE MSE
Gompertz growth (4.3) 0.0495 0.0047
Logistics growth (4.4) 0.0614 0.0057

Fractal Bernoulli differential model (4.5) 0.0329 0.0020
TABLE 1. Fitting errors for the studied models

The script is shown below:

function fbernoulli
global alpha beta
%$%% Set parameters
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alpha=1.4 ; % FILL IN A VALUE FOR ALPHA
beta=0.9; % FILL IN A VALUE FOR BETA
$%% Solve equations
pt = linspace(0,20,100); % Generate t for p
p = (alpha/beta)*pt.” (alpha-1); % Generate p(t)
Tspan = [0 20]; % Solve from t=0 to t=20

= 0.335; % y(t=0)=
[T L] = ode45(Q@(t,1) myode2(t,1l,pt,p),Tspan, IC)
%%%Errors
err2=immse ([0.335,0.36,0.355,0.39,0.45,0.628,0.78,0.74,0.73,0.8,0.93,0.965,
0.94,0.96,0.96,0.945,0.985,0.96,0.973,0.955,0.99], [0.335,deval (oded5 (@ (t,1)
myode2 (t,1,pt,p),Ispan,IC),1),deval (oded5(@(t,1l) myode2(t,l,pt,p),Tspan,IC),2),
deval (oded45(@(t,1) myode2(t,1,pt,p),Tspan,IC),3),deval (oded5(Q@(t,1)
myode2 (t,1,pt,p),Ispan,IC),4),deval (ode45(Q@(t,1l) myode2(t,1,pt,p),Tspan,IC),5),
deval (oded5(@(t,1) myode2(t,l,pt,p),Tspan, IC) 6),deval (oded5(Q@(t, 1)
myode2 (t,1,pt,p), Tspan,IC),7),deval (oded5(@(t,1l) myode2(t,1,pt,p),Tspan,IC),8),
deval (oded45(@(t,1) myode2(t,1,pt,p),Tspan,IC),9),deval (oded5(Q(t,1)
myode2 (t,1,pt,p),Ispan, IC),10),deval (oded5 (@ ( ;1) myode2(t,1,pt,p),Tspan,IC),11),
deval (oded45(@(t,1) myode2(t,1,pt,p),Tspan,IC),12),deval (oded5(Q@(t,1)
myode2 (t,1,pt,p), Tspan,IC),13),deval (oded5(Q@(t,1l) myode2(t,1,pt,p),
Tspan, IC),14),deval (oded5(Q@(t,1l) myode2(t,1, pt,p
Tspan, IC),15),deval (oded5(Q@(t,1) myode2(t,1,pt,p),
Tspan, IC),16),deval (oded45(@(t,1) myode2(t,1,pt,p
deval (oded5(@(t,1) myode2 (t, l pt,p),Tspan, IC),18
myode2 (t,1,pt,p), Tspan,IC),19),deval (oded5(@(t,1
Tspan, IC),20)])
mae2=mae ([0.335,0.36,0.355,0.39,0.45,0.628,0.78,0.74,0.73,0.8,0.93,0.965,
0.94,0.96,0.96,0.945,0.985,0.96,0.973,0.955,0.99], [0.335,deval (oded5 (@ (t,1)
myode2 (t,1,pt,p),Tspan,IC),1),deval (ode45(Q@(t,1l) myode2(t,1,pt,p),Tspan,IC),2),
deval (ode45(@(t,1) myode2(t,l,pt,p),Tspan,IC),3),deval (oded5(E(t,1)
myode2 (t,1,pt,p), Tspan, IC),4),deval (oded5(Q@(t,1l) myode2(t,1,pt,p),
Tspan, IC),5),deval (ode45(@(t,1l) myode2(t,1, pt p),Tspan, IC), 6),
deval (oded5(@(t,1) myode2(t,l,pt,p),Tspan,IC),7),deval (oded5 (@ (t,1)
myode2 (t,1,pt,p), Ispan,IC),8),deval (oded5(Q@(t,1l) myode2(t,1,pt,p),Tspan,IC),9),
deval (oded5(@(t,1) myode2(t,l,pt,p),Tspan,IC),10),deval (oded5 (€ (t,1)
myode2 (t,1,pt,p),Ispan, IC),11),deval (oded5 (@ ( ;1) myode2(t,1,pt,p),
Tspan, IC),12),deval (oded45(@(t,1) myode2(t,1,pt,p),Tspan,IC),13),
( 14
1
p
18
1

, Tspan, IC),17),
,deval (oded5 (@ (t,1)

)
)
)
)I
)
)
)
) myode2(t,l,pt,p),

),

)

)
deval (oded5(@(t,1) myode2 (t, l pt,p), Tspan, IC) ) ,deval (oded5 (@ (t, 1)
myode2 (t,1,pt,p),Ispan, IC),15),deval (oded5 (@ ( ;1) myode2(t,1l,pt,p),
Tspan, IC),16),deval (ode45(@(t,1) myode2(t,1,pt,p),Tspan,IC),17),
deval (oded45(@(t,1) myode2 (t, l pt,p), Tspan, IC) )
myode2 (t,1,pt,p),Ispan,IC),19),deval (oded5 (@ ( , 1)
Tspan, IC),20)])
%%% Plot results
figure;
plot(T,L,"green’,0,0.335,"k*",1,0.36,"k*",2,0.355,"k*",3,0.39,"k*",4,0.45,
"k*',5,0.628,"k*",6,0.78,"k*",7,0.74,"k*",8,0.73,"k*",9,0.8,"k*’,10,0.93,
"k*',11,0.965,"k*",12,0.94,"k*",13,0.96,"k*",14,0.96,"k*’,15,0.945,
"k*’,16,0.985,"k*",17,0.96,"k*",18,0.973,"k*",19,0.955,"k*",20,0.99,"k*");

,deval (oded5(@(t, 1)
myode2 (t,1,pt,p),
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title('Plot of y as a function of time’);

xlabel (' Time’);

ylabel ("Models’);

legend(’Fractal Bernoulli differential model’,’Data set’)
function dl\mathrm{d}t = myode2 (t,1,pt,p)

global beta

f = interpl (pt,p,t); % Interpolate the data set (pt,p) at time t
dl\mathrm{d}t =

f.*(abs(l)) " (l-beta)*0.1*(0.87*1"beta+0.08*1" (0.7*beta))*(1-(1/0.99));

5. CONCLUSIONS

The advantage of using fractal differential equations in general is that we can in-
corporate the variable order of this operator, unlike ordinary differential equations
where the simulation and modeling is referred only to the time variable. Thus we
have a theoretical-practical panorama that is much broader, more general and richer
than that of ordinary differential equations, and which has demonstrated its effect-
iveness and efficiency in the solution of multiple problems. In this work we studied
Bernoulli-type differential equations using fractal derivatives. We were able to show
the goodness-of-fit of a particular fractal Bernoulli differential model for the study of
real data related to tuberculosis in Mexico. This last fact is remarkable because with
such fractal derivatives the curve fit is better than with classic models using usual
derivatives. The question of finding a fractal model that further minimizes the fitting
error of the data remains open to us. As future work, we plan to use Bayesian stat-
istics to estimate the alpha and beta orders with the aim of finding an optimal model,
following the ideas of the paper [16].
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Abstract. In this manuscript, we study the Sturm—Liouville differential operator with two con-
stant delays. We investigate the properties of the asymptotic form of solutions, eigenvalues, and
eigenfunctions of the operator. An inverse spectral problem is studied of recovering the potential
functions and delay points from four boundary value problems. Also, we construct the Fourier
coefficients. So, we construct the potential functions by using the Fourier series.

2010 Mathematics Subject Classification: 34B24; 34B27; 34K10

Keywords: Sturm-Liouville problems, inverse problems, constant delay, asymptotic form of
solution

1. INTRODUCTION

We consider the Sturm-Liouville differential equations

by ==Y () +q(x)y(x—ar) + (=D 'q(x)y(x —az) = Ay(x), x€(0,m), (1.1)

subject to the boundary conditions

(0) =y (m) =0, (1.2)

where q(x) € L(ai, =), g2(x) € L(az,m), gi1(x) =0 for x < ay, and ¢2(x) = 0 for
x < ap, are real functions. In what follows, we always take i, j = 0, 1. The coefficient
aj,ay € [0,m) are real and assumed to be known a priori and fixed and a; < a;.
For simplicity we use the notation L; ; := L; j(¢1(x); g2(x); a1; az), for the problems
(1.1)—(1.2).

For the Sturm—Liouville problems, we have three types of problems: Direct prob-
lems, Isospectral problems and Inverse problems. In direct problems, the eigenvalues,
eigenfunctions and some properties of the problem are estimated from the known
coefficients. In isospectral problems, for a given problem, we want to obtain dif-
ferent problems of the same form, which have the same eigenvalues of the initial
problem. Isospectral Sturm-Liouville problems are studied in [6,9, 10]. The third

© 2026 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
BY 4.0.
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type of problems related to the Sturm—Liouville problems are inverse problem. The
inverse spectral Sturm—Liouville problem can be regarded as three aspects: existence,
uniqueness and reconstruction of the coefficients with specific properties of eigenval-
ues and eigenfunctions, (see [4,8,12,16-19,21,22,26] and the references therein).

In the seminal paper [5], G. Freiling and V. A. Yurko motivated by the inverse
Sturm-Liouville problem with a constant delays inside the interval. In this paper,
they proved that if the spectra of the problems L;(g), j = 0,1, coincide with the
spectra of L;(0), j = 0,1, respectively, then g(x) =0 a.e. on (0,7). So, they proved
a spacial uniqueness theorem in the case of one constant delay. This uniqueness
theorem was later extended by me to the cases of two and finite number of constant
delays [20,21]. In [23], M. Shahriari, B. N. Saray, and J. Manafian studied the inverse
delay Sturm-Liouville problems with a transmission conditions inside the interval.
We constructed delay point and the potential function by using the coefficients of
the Fourier series of the Sturm—Liouville differential operator. Moreover, in [11],
S. Mosazadeh were studied an inverse Sturm-Liouville problem with a delay and
eigenparameter—dependent boundary conditions.

Although other effective methods have been created and some aspects of the direct

and inverse problems for operators with a delay can be found in [1-3,7,14,15,24,27].
For general background on the delay differential equations we refer (e.g.) to the
monographs [13,25].

In the present paper, we study an inverse problem of Sturm-Liouville differential
operators. In this note, we discuss the reconstruction of the potential functions g (x),
g2(x) and constant delays a;, ay with four boundary spectral problems (1.1)—(1.2).
For this purpose, we study the asymptotic form of eigenvalues and eigenfunctions of
the problems. So, we investigate the inverse spectral problem of recovering operators
from their four spectra in the Dirichlet-Dirichlet and Dirichlet-Neumann boundary
conditions with two constant delays inside the interval. Finally, we construct the
potential functions by using the Fourier series.

2. ASYMPTOTIC FORM OF SOLUTIONS AND EIGENVALUES
Let ¢'(x,\) be the solution of Eq. (1.1) with ajN < Tt < a;(N+1) and aaM <
T < ay(M + 1) under the initial conditions ¢'(0,A) = 0, ¢ (0,A) = 1. For each fixed

X, the functions (pi(j ) (x,\) are entire in A of order 1/2. The function ¢’(x,A) is the
unique solution of the integral equation

; sinpx sinp(x—t , . _
() = 225 [P (41— )+ (-1 a9~ e )
(2.1)
with p?> = A and p = 6 +it. Solving (2.1) by the method of successive approxima-
tions, we get

O (x,A) = 0h(x,A) + @} (X, 1) + - + @iy (x, A). (2.2)
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So, we have
; sinpx
Pyl ) = B, (2.3)
p
0, x < kay,
‘ - bmp Q. (t—ay,\)dt, ka; < x < kas,
ity = oo R T e
Jiar gmp ()@ (1 —ai,\)dr
+(— ) f;faz smpx Lgr(1)@h_, (1 —az, \)dr, x> kay,
0, x <ka,
(p};/(x, A) = Jiay CO8P(x —1)q1 (1)@} _, (t — a1, M)z, ka; < x <kay,

f/fal COSP(?C—I)Ql(f)(Pﬁ;_I(t —a1,.7»)dt
+(—1) Jr, cOSP(x —1)qa ()9, (t —az, \)dt, x> kas,

(2.5)
fork=1,2,...,M and
. X<ka],
(0, A) = ; . _ 2.6
Fle2) {@f” GG (1 —ar N, x> kay, 20
<
0 x <kap, 2.7

il
o (x,\) =< .
3 Jio cosp(x—1)qi (1)@, (t —ar, \)dt, x> kay,
fork=M+1,M+2,...,N. Using the formulas (2.3)—(2.5) we calculate
0, x<ay,
0 () = f;l qu(t)(pé(t—al,k)dt, a <x<a,
1\ -

f;l sinp‘()x—l)ql(l")(pé(t —01,7\.)dt
+(_1>ifx w42(1‘)(%(! —ay,N)dt, x> ay,

a p
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0, x<ay,
f;l Sinp‘()xfl‘)ql(t) Sinp(;fal)dt’ a SXS a,
f;l sinp‘()x—t)ql(t) sinp(l;—m)dt
+(_1)lf(jc2 smp[()xft)qz(t) smp([t)faz)dt’ x> a,
0, x < ai,
ﬁ (—cosp(x—al)f;1 q1(t)dt
+ [; cosp(2t —x—ai)qi(r)dt), a <x<a,

L (—cosplx—an) [ (1)
~(~1)icosplx—as) [ aa(r)
+ J5, cosp(2t —x—ay)qi (t)dt
4—(—1)’];2 cosp(2t—x—a2)q2(t)dt), x> an,

)
0, x<a,

217 (—cosp(x—al)ff1 q1(t)de
+cosp(x+ar) [, cos(2pt)qi(t)dt
—|—sinp()c—i-a])f;1 cos(2pt)qi (t)dt) , a <x<ay,

ﬁ (—cosp(x—al)f;1 q1(t)dt
—(—l)icosp(x—az)f;zqz(t)dt
+cosp(x—+ar) [, cos(2pt)qi(r)dt
+sinp(x+ay) [, sin(2pt)q: (¢)dr
+(—1) cosp(x+az) [, cos(2pt)ga(r)dt

+sinp(x+ay) [, sin(2pt)ga(t)dr) x> ay,
(2.8)
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0, xsala

ﬁ (sinp(x—a1) [5 qi(1)dr + [} sinp(2t —x—ap)qi(1)dt), ay <x<as,

ﬁ (sinp(x—a1) [ q1(2)ds + (—1)'sinp(x —a) [ g2 (t)dt
+ J5, sinp(2t —x —ay)q (t)dt

\ +(71)"f;2 sinp (2t fxfaz)qz(t)dt) , x> an,
0, x<ay,
21? (sinp(x—ay) [ q1(¢)dt —sinp(x+ay) [, cos(2pt)qy(t)d
+sinp(x+ai) [ cos(2pt)qi (t)dt), a; <x<a,

= { S (—cosple—a) [ ar(r)di — (~1) cosp(x—aa) [ aa(t)ds
+cosp(x+ap) [, sin(2pt)q; (t)dt

—sinp(x+ay) [; cos(2pt)qi(t)ds

+(—1) cosp(x+az) [, sin(2pt)ga(r)ds

—(—1)'sinp(x+ay) [, cos(2pt)ga(t)dr) x> a.
(2.9)
For k = 2 from (2.5)—(2.9) we get
(O, x < 2ay,
(0 h) = fzxal Smp q1(0)@y(t —ay,\)dt, 2a1 < x < 2a»,
Sy R gy (1)1 (1 — ar, M) de
+(— ) f2xa2 gmp 4o (1)@1 (1 — az, M)dr, x> 2ay,
(2.10)
and
'O, x < 2ay,

(pé’(x’x) _ f2xgl cosp(x—l)q1 (t)(pl (t_ab}\’)dtv 2a, §x§2a27

J2a, c08P(x = 1)q1 (1)1 (¢ —ar, )dt
[ (=1 5, cosp(x—1)ga(1) @1 (2 — az, M)dr, x> 2a.
2.11)
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From Egs. (2.8)—(2.11) with a simple calculation we obtain
i (1) _ 07 X S 2611, I
00 ={ G el 2a), v2am P
where T = Imp. Using Eqgs. (2.3)—(2.9) by induction one can easily show that

0, XSka

i (J) _ 0
O (x,l)—{ 0(pj—k—1exp(|1:|(x—ka1))), x > kay, Pl = oo

Denote A%()) := ¢ U)(x,A). The functions Al,(\) are entire functions in A of order
5 and the zeroes of A%(A) coincide with the eigenvalues A}, of L;o and s of L;;. So,
the function A’j(k) is called the characteristic function for L; ;. From Egs. (2.1)—(2.2),
(2.8)—(2.9), and (2.11) we calculate the following asymptotic formula for |p| — oo,

Aj(A) = ¢l (x, 1) e
von 1 .
_ s1npp N - [—cosp(n—m)wl —(=1) cosp(m —as)wy

+/ncosp(2t—n—a1)q1(t)dt+(—l)i/ncosp(Zt—n—az)qz(t)dt
ro(SntEE=a)
and

1) =¢"(m,1) (2.13)

= COSpT+ 21p sinp(m—ap)w; + (—l)isinp(fc—az)W2

+/ansinp(2t—n—a1)q1(t)dt+(—l)i/nsinp(Zt—Tc—az)qz(t)dt]

a
Lo <6XP(ITI(72T—01))> 7
p
where wy := [ g1 (t)dr and wy := [} ga(1)dt.
Lemma 1 ([20, Sec. 2]). The asymptotic formula for the eigenvalues N\, = PLO2
and ui, = p;lz as n — oo are of the following forms:

) 1 . 1
pio =n+ =— [wicosna; + (—1)'wycosnaz| + o <> : (2.14)
n

2nn
i —n—l—i-L W] Ccos n—1 a; +(—1)'wycos n—1 a| +o !
Pt =17 5 o |1 2)" 2 2)" n)
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Lemma 2 ([20, Lemma 2.1], [23, Lemma 2.1] ). The specification of the spectrum
{M} n>1and j=0,1, uniquely determines the characteristic function Aj(A) by
the formulaes

- = Mo —A . = AL —
M =n[TH0% Ay =]

n=1 n n=1 (n_%)Z'

3. RECONSTRUCTION OF POTENTIAL FUNCTION

In this section, we study the Sturm-Liouville differential operator with two con-
stant delays. We solve the inverse spectral problems of these operators when a; €
(3,7) and a2 € (5,m). We will first show that the delay points a;, a; and the val-
ues of w; and wy are uniquely determined by the spectrum. So, we prove our main
theorem.

Lemma 3. If {M }n>1 are the spectrum of L; o then the delay points a; and a; are
uniquely determined.

Proof. Let us consider the sequence

5 A0+t
" 2
and
LYY
n 2 .
From (2.14) we get the asymptotic formulas:
Xn:nz—l—%cosnal—i-o(l) 3.1
and w
Ay = ?ZCOSHQQ-FO(I). (3.2)

There are infinitely many numbers k,/ € N with sin(ka,) # 0 and sin(/a;) # 0. From
(3.1) and (3.2) we get

lim Mera — Men —tim wa(cosaz(k+2) —cosaz(k—2))+o(1)
koo Ay — Ay ke wn(cosa(k+1) —cosay(k—1)) 4 o(1)

sinka; sin2a; 4+ o(1)

= lim — .
k—eo sinkas sinaz +o(1)
in2
= T 2 cosa (3.3)
sinay

and
lim 5LI+2 — (l +2)2 — 5\,1_2 + (l — 2)2
k‘>°°5\/]+1 — (l + 1)2 — 5\«1_1 + (l — 1)2




352 M. SHAHRIARI

cosaj(I+2)—cosaj(l—2)+o(
= lim
= cosay(l+1)—cosa(l—1)+o(
sinla; sin2a; +o(1)

[
~—

[
~—

=li
k—eo sinlaj sina; +o(1)

_sin2a

~ sing

=2cosaj. (3.4)
Then, we get the delay points a; and a>. U

Lemma 4. If {XL}HN are the spectrum of L then the values of wi and wy are
uniquely determined.

Proof. There are infinitely many &k € N satisfying

coska; coskas
det[ coska; —coskay } #0. (3.5)
From (2.13), we get
wi cosnag —I—(—l)iwzcosnaz :n(?\,fl—nz)+o(1), (3.6)

So, from (3.5) and (3.6), we calculate

(A —k?)+o(1) coska, }

o (A —k*)+o0(1) —coskay

w1 = lim

k—so0 coska; coskay
det
coska; —coskap
3.7
we| cOSkar (A} — k%) +0(1)
. coska; m(A —k*)+o(1)
wy = lim
k—so0 coska, coskay
det
coska; —coskap
]

Applying g;(x) = 0 for x € [0,a;) and g2(x) = 0 for x € [0,a2), we obtain that
Joqi(t)de = [ qi(¢)dt and [ ga(¢)dt = [ g2(r)dr. By using Lemma 4, we get the
first Fourier coefficient of the potential ¢; and ¢, on [0, T|.

Now, we will obtain the Fourier coefficients of the potential function ¢;(x) and
g2(x). So, we will prove that these coefficients are uniquely determined from the
spectrum of L; ;. Denote the Fourier coefficients of g; and g by

T T
ap, :/ q1(t)cos2nt dt, b, 2/ qi1(t)sin2nt dr,
0 0

T (L
Cn:/ q2(t) cos2nt dt, dn:/ q2(t)sin2nt dr.
0 0
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So, we finally come to our main result.

Theorem 1. If {Ai},>1 and {u.},> be the eigenvalues of the boundary value
problems L; and L; 1, respectively, then the Fourier coefficient ay, by, c,, and d, of
the potential functions q; and q, uniquely determined for all n € N.

Proof. From the Eq. (2.12), (2.13) and ay,a; € (%, 7) we obtain

Fio(p) = Ap(M)

=¢'(m,1)
sinpm 1 .
= 1pp +2pz[—cosp(n—al)wl—(—1)’cosp(7t—a2)wz

T

+/ncosp(2t—n—a1)q1(t)dt—|—(—l)i/

aj a

cosp(2t —m—az)q2 (t)dt]

sinpt 1 ;
= ) +2pz[—cosp(n—a1)w1—(—l) cosp(T—az)ws

T T
+cosp(n+ar) / cos(2p1)q1 (1)dt +sinp(n+ar) / sin(2p1)qy (¢)dr
1

a aj

+(=1)'cosp(n+as) /TE cos(2pt)qa(t)dt

as

+ (—1)"sinp(75+a2)/1t sin(2pt)q2(t)dt] ,

and
Fii(p) = AL(A) = ¢ (m,))

= cospm+ 21p sinp (1 —ajp)wy + (—1)sinp (T — az)w,

az

—&—/nsinp(Zt—n—al)ql(I)dI—i—(—l)i/nsinp(2t—Tc—az)qz(t)dt]

= CoSpT+ 21p sinp(m —ap)w; + (—1)isinp(n—a2)W2

T

+cosp(n+ar) / " in(2p1)q1 (1)dr — sinp(n+ay) / cos(2pt)q1 (1)d

ai ai

(= 1Ycosp(x+an) / " in(2p1)qa (1)dr

az
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7

~ (= 1)sinp(n-+an) [

az

cos(2pt)qa (t)dt] .

Now by putting p = n (for n € N), we obtain
Ai(n) =A,+ (—1)'C, (3.8)

Bi(n) =B, +(—1)'D, (3.9)
where
Ai(n) :=2n*F;o(n) +cosn(n —ay )wy + (—1) cosn(n — az)w,
Bi(n) :=2n(F;1(n) — (—1)") —sinn(t —a;)w; — (—1)'sinn(t —ax)w,
Ay = /ncosn(Zt—n—al)ql(I)dt, B, = / sinn(2t — 7 —ar)qi (1)de

aj
T T

Cp = / cosn(2 —T—ar)qa(t)dt, D= / sinn(2t — 11— az)gn (£)dr
ap a

Applying Lemmas 2, 3, and 4, we can compute A;(n) and B;(n). Using the formulas
(3.8) and (3.9), we determine the coefficients A,, B,, C, and D, of the following
forms:

A = Ao +A() L Ao(n) —Ai(n)
n ) s n ) s
Bn:Bo(n)—;Bﬂn)’ Dn:BO(n);Bl(n).

So, with a simple calculation we obtain the coefficients of the Fourier series
a, =Aycosn(t+ay)+ By sinn(n+ay),
b, =A,sinn(nt+ay) — B,cosn(n+ay),
¢n = Dysinn(n+ay) + C,cosn(n+az),
d, = Cysinn(n+ay) — Dycosn(T+ay).
Finally, we use the Fourier series for computing the potential functions g (x) and
q2(x). O
Algorithm 1.

(i) Using Egs. (3.3) and (3.4), for recovering the delay point a; and a;.
(i1) Using (3.7) for constructing the values wy and w.
(iii) Applying Lemma 2 for computing Aj(n) and A’ (n).
(iv) Compute the value of a,, by, c,, and d, the coefficients of Fourier series by
applying Theorem 1.
(v) Applying the Fourier series for reconstruction the unknown potentials.
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3.1. Example
In this section, an example is presented.

Example 1. Suppose that in Egs. (1.1)—~(1.2), a; = 2, ap = 2/5, and the potential
functions are

41(x):{ gfx—z)(n—x), ii;’
and
[ 20(x—2.5)sin(m—x), x>2/5,
42(x) = { 0, S x<2/5,

Figure 1 shows that the reconstruction of g (x) and g (x).

FIGURE 1. Reconstruction of potential functions ¢;(x) ((a) n =5,
(b) n=10) and g2(x) ((c) n =5, (d) n = 10).
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Abstract. The notions of multiset and multiset sequences play an important role in the the-
ory of computation and information sciences. To study convergence properties of multiset se-
quences, notions of statistical convergence, statistical limit points, and cluster points for multiset
sequences were introduced by Debnath and Debnath [5]. Later, in [6], Demir and Giimiis in-
troduced the notions of I-convergence and I*-convergence for multiset sequences to generalize
the results in [5] and investigated the connections between these two notions. In this paper,
we extend the results in [6] and introduce and study the notion of I-limit points and [-cluster
points for multiset sequences. Further, we introduce and study the notions of I-Cauchy and I*-
Cauchy multiset sequences, and establish relationships with the notions of I-convergence and
I'*-convergence of multiset sequences.

2010 Mathematics Subject Classification: 03E99; 40D05; 40D99

Keywords: multiset, multiset sequences, ideal Cauchy, ideal convergence, ideal limit point, ideal
cluster point

1. INTRODUCTION

According to classical set theory, a set is a well-defined collection of distinct ob-
jects, and there is no ordering of the objects in the set. Each object occurs only once
in a set. But, in many situations, multiple occurrences of a particular object play an
important role in our daily lives. For example, in the case of a cellphone number, one
digit can occur multiple times. Also, we know that duplicates could appear at differ-
ent points in the information retrieval process. In such cases, the notion of multisets
comes into play.

Let X be a non-empty set. A multiset M with elements from the set X contains
elements x € X with the multiplicity C(x), where C : X — N, where N is the set of all
positive integers. The positive integer C(x) represents the multiplicity of the element
x. Consider the set {3,3,8,8,8,8,7,7}. This is a multiset as 3 occurs 2 times, 8
occurs 4 times, and 7 occurs 2 times. In this case, we represent this multiset as
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{3]2,8|4,7|2} . Here, C(3) =2,C(8) =4,C(7) = 2. Multiset theory can be employed
in instances where classical set theory is inadequate. In 1980, Hickman [10] studied
algebraic operations on multisets. In 1981, Knuth studied multisets related to the
computer programming [11]. Bender [1] investigated the partitions of multisets. In
1976, Lake [14] gave axiomatization of the theory of multisets. In [15], Majumdar
introduced the notion of soft multisets, and studied distance, and similarity between
two soft multisets. The theory of multiset has many applications in computer and
information sciences, interested readers can see [1, 2, 20,22, 23], and many other
references therein. In 2021, Pachilangode and John [17] introduced the notion of
distance dy(x,y) = d(x,y) +|C(x) — C(y)| on a multiset M whose elements are from
a metric space (Z,d), and in addition, they introduced and studied the notions of
Wijsman convergence, and Hausdorff convergence in the realm of multisets.

On the other hand, the idea of convergence of a sequence of real numbers has been
extended to statistical convergence by Fast [8], and Steinhaus [21] independently,
and later on re-introduced by Schoenberg [19], and is based on the notion of asymp-
totic density of the subset of natural numbers. Let K C N. The asymptotic density

1 o
of K is defined as d(K) = li_r>nf| {k <n:ke K}|if the limit exists. In 1980, Salat
n—ooqn

[18] has considered the set of all statistically convergent sequences in /., over the sup
norm and showed that the set is dense in /.. In 1985, Fridy [9] has defined the notion
of statistically Cauchy sequence and investigated the relationships between statistical
convergence and statistically Cauchy sequence. In 2000, Kostyrko et al. [12] general-
ized the notion of statistical convergence of sequences of real numbers by introducing
the notion of I-convergence (/ is an ideal on the set of natural numbers N) for se-
quence of elements in a metric space (Z,d). In addition, they introduced and studied
the notions of 7-limit points and I-cluster points for sequence of elements in a metric
space (Z,d). In [7], Dems introduced and studied the notion of I-Cauchy sequences
of real numbers and established its relationships with the notion of /-convergence of
sequence of real numbers. Later in 2007, Nabiev et al. [16] introduced and studied
the notions of 7-Cauchy sequence and I*-Cauchy sequence of elements in a metric
space (Z,d). Moreover, they have established relationships between the notions of 7-
convergence and /-Cauchy. For further studies in the direction, one can see [3,4, 13],
and references therein.

In 2021, Debnath and Debnath [5] introduced the notion of statistical convergence
for multiset sequences, and established various properties of this new convergence.
Moreover, they defined the notion of statistically boundedness in case of multiset se-
quences, and established the relation between statistically boundedness and statistical
convergence of multiset sequences. Later in 2023, Demir and Giimiis [6] introduced
and discussed the notion of ideal convergence for multiset sequences.

The notion of multisets plays an important role in the realm of computer and in-
formation sciences. For example, some domain-specific language, such as Structured
Query Language (SQL), operates on multisets and displays identical data. To see
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some applications of multisets, we refer interested readers to [20]. In recent years
one can see a surge in studies on the notion of multisets. Naturally, some people de-
sire to investigate further in the area of multisets. In this paper, we plan to do so. The
significance of this work lies in the fact that further investigation on multisets may
lead to advancements in the realm of computer science and information sciences. We
note that this work advances the work done in [6]. This paper is organized as follows:
In section 2, we discuss some preliminary notions about ideal and multiset sequence.
In section 3, we introduce the notions of [-limits and I-cluster points for multiset
sequences and study the concepts. We also investigate the between ideal conver-
gence and /-limit points, and /-cluster points. In section 4, we introduce the notions
of I-Cauchy and I'*-Cauchy multiset sequences. We prove that a multiset sequence
is I-convergent if and only if it is 7-Cauchy. Also, we show that every I*-Cauchy
multiset sequence is /-Cauchy. We provide an example to show that there exists an
ideal I for which the notions of I-Cauchy and I*-Cauchy are different. Furthermore,
we establish that the notions of I-Cauchy, and I*-Cauchy are equivalent if I satisfies
weakly additive property.

2. PRELIMINARIES

In this section, we consider some basic notions and results that help us to under-
stand the paper thoroughly.

Definition 1 ([12]). Let Z be a non-empty set. A non-void family I of subsets of
Z is said to be an ideal on Z if the following conditions hold:

(1) A\ BE [ = AUBE I;
(2)Ac I,LBCA=>Bel.

Definition 2 ([12]). Let I be an ideal on Z. Then, I is said to be admissible if
{z} € I foreachz € Z.

Clearly, & € I, so, I is always non-empty. If Z ¢ I and I # {@}, then I will be
called a non-trivial proper ideal on Z. From now on, we always consider an ideal to
be non-trivial, proper, and admissible unless otherwise stated.

Definition 3 ([12]). Let Z be a non-empty set. A family ¥ of subsets of Z is said
to be a filter on Z if the following conditions hold:
) o¢F;
2) A\ Be F —ANBe ¥;
B)AcF,ACB=—Bc ¥.

Let I be an ideal on Z. Then, the family 7 (I) ={A CZ:Z\A € I} is afilter on
Z. We say that F (1) is the filter associated with ideal I.

Definition 4 ([12]). admissible ideal I on N is said to have the property (AP)
if for any sequence {A,A;,...} of mutually disjoint sets in I, there is a sequence
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{B1,By,...} of sets such that for each i € N, the symmetric difference A;AB; is finite

Definition 5 ([12]). Let (Z,d) be a metric space and I be an admissible ideal
on N. A sequence (z,) in Z is said to be I-convergent to a € Z if for every € > 0,
{neN:d(zy,a) > e} € I.

Definition 6 ([12]). Let (Z,d) be a metric space and I be an admissible ideal
on N. A sequence (z,) in Z is said to be I*-convergent to a € Z if a set M =
{ki <kp <...} € F(I) such that (z,) is convergent to a.

Definition 7 ([12]). Let (Z,d) be a metric space, I be an admissible ideal on N,
and (z,) be a sequence in Z.

(1) An element a € Z is said to be an I-limit point of (z,) if there exists a set
M ={k) <ky <...} ¢ I such that (z,) is convergent to a.

(2) An element a € Z is said to be an I-cluster point of (z,) if for every € > 0,
{neN:d(zy,a) <e} ¢ I.

Definition 8 ([16]). Let (Z,d) be a metric space and I be an admissible ideal
on N. A sequence (z,) in Z is said to be I-Cauchy if for each € > 0 there exists a
k = k(€) € N such that

{neN:d(zy,z) > €} e 1.

Definition 9 ([16]). Let (Z,d) be a metric space and I be an admissible ideal
on N. A sequence (z,) in Z is said to be I*-Cauchy if there exists a set M =
{k1 <k < ...} € F(I) such that (z,) is a Cauchy subsequence of (z,).

Proposition 1 ([10]). Let (Z,d) be a metric space and I be an admissible ideal on
N. If (z,) is I*-Cauchy, then (z,) is I-Cauchy. In addition, if we consider the ideal 1
with property (AP), then the concepts I-Cauchy sequence and I*-Cauchy sequence
coincide.

Definition 10 ([5]). A set of real numbers where repetition of real numbers is
allowed, is called a multiset of real numbers, denoted by mR. Thus,

mR = {x|c:x e RAceNp}.

Definition 11 ([5]). A function whose domain is the set N of natural numbers and
co-domain mR is said to be a multiset sequence of mR (in short, multisequence). We
denote a multiset sequence by H = {x,|c, }, where x,, € R and ¢,, € N for each n € N.

Let (Z,d) be a metric space. On a multiset M whose elements are from Z one can
define different types of metric, for more details see [17]. In this paper, we consider
the metric

ot (¥, yaldn) =\ (on =32 + (0 — b )?
on M.
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Definition 12 ([6]). Let I be an ideal on N. A multiset sequence by H = {x,|c,}
is said to be I-convergent to /|c if for each € > 0,

{n € N:dy(xp|cn,llc) > €} € 1.

Definition 13 ([0]). Let I be an ideal on N. A multiset sequence by H = {x,|c,}
is said to be I*-convergent to /|c if there exists a set M = {m; <mp < ...} € F(I)
such that the multisubsequence {x,,|c, } is convergent to /|c.

Throughout the paper, whenever we use the term multiset sequence, we mean
multiset sequence of mR unless otherwise stated.

3. I-LIMIT POINTS AND /-CLUSTER POINTS

We introduce the notions of /-limit points and I-cluster points for a sequence of
multisets as follows:

Definition 14. Let H = {x,|c,} be a multiset sequence. An element {x|c} is said to
be an I-limit point of H if there existsaset T = {h; < hy < ...} CN,T ¢ I such that
the multiset sequence {xp,|cy, } is convergent to x|c; i.e, V€ > 0, there exists ng € N
such that dy (xp,|cp,, x|c) < € for all i > ng. The collection of all /-limit point of H is
denoted by I(A}).

Definition 15. Let H = {x,|c, } be a multiset sequence. An element {x|c} is said
to be an I-cluster point of H if for all € > 0, {n € N : dy(x,|c,,x|c) <€} ¢ I. The
collection of all I-cluster point of H is denoted by I(I'};).

Theorem 1. Let I be any proper nontrivial admissible ideal and H = {xy|c, } be
a multiset sequence. Then, I(A};) C I(I'};).

Proof. Letx|cbe an I-limit point of H. Then, there existsaset T ={h; < hy < ...}
C N,T ¢ I such that dy(xp,|cp,,x|c) — 0 as n — eo. Let € > 0. So, there exists
no € N such that dy(xp, |cp,,x|c) < € forall i > ng. We have T'\ {hy,ha,...,h,} C
{i € N:dpy(xi|ci,x|c) < €}. But, if {i € N: dy(xi|ci,x|c) < €} € I, then this will im-
ply T € I.So, {i € N: dy(xi|ci,x|c) <€} ¢ I.So, x|c be an I-cluster pointof H. [J

But, converse of Theorem 1 is not true. Let 3 = {J;,/2,J3,... } be mutually dis-
joint partition of N such that each of J; is infinite. If we take

I ={ACN: thereexist/i,l,...,l, suchthat ANJ, # ¢ foralli=1,2,...,p},

then I becomes a proper nontrivial admissible ideal. Define a multiset sequence H
with same multiplicity p by

%, if n € J; and i is even,
Xn = .
1, otherwise.
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Now, consider the multiset {O|p} . Then, for any € > 0, we have {i € N : dy(xi|p,0|p)
< e} ¢ I.S0,0|pisan I-cluster point of H. Also, it can be easily verified that 0|p is
not an [-limit point of H.

Theorem 2. Let H = {x,|c,} be a multiset sequence and I be a proper nontrivial
admissible ideal in N. Let H is I-convergent to x|c. Then, x|c is an I-cluster point of
H.

Proof. Since H is I-convergent to x|c, for € > 0,
{neN: \/(xn—x)z—i-(cn—c)2 ZE} el.

Therefore, {n EN:/(x—x)2+(ch—c)2 < 8} ¢ I.Otherwise, N € T which is not

possible. This shows that x|c is an I-cluster point of H. O

Theorem 3. Let H = {x,|c,} be a multiset sequence and I be a proper nontrivial
admissible ideal in N. Let H is I*-convergent to x|c. Then, x|c is an I-limit point of
H.

Theorem 4. Let H = {x,|c,} be a multiset sequence and 1,7 be two ideals in N
with § C I. If {x|c} is an I-limit point (I-cluster point) of H, then {x|c} is an J-limit
point (J-cluster point) of H.

Proof. Let H = {x,|c,} be a multiset sequence and I,  be two ideals in N with 7 C
I.Let {x|c} is an I-limit point of H. Then, there exists aset T ={t; <tp < ...} ¢ I
such that the multisubsequence {x;|c; } is convergent to {x|c}. Since T = {r; <t <
...} & 79,50, {x|c} is also, an J-limit point of H. Similarly, we can show that {x|c}
is an J-cluster point of H. O

Now, we introduce the notion of I —limsup and I —liminf for a multiset sequence
H with respect to a proper nontrivial admissible ideal I. The introduced notion will
improve the corresponding notion in [5] as the results will become a particular case
for the density zero ideal ;. We start with a multiset sequence H = {x,|c, } . Consider
the two sets,

BH:{x]c:{neN: X2+ (cp—1)2 > x2+(c—1)2}¢1}

and

AHz{x|c:{n€N: X4 (ep—1)2< x2+(c—1)2}¢1}.

sup By and infAg is defined in the same way as in [5].

Definition 16. Let H = {x,|c, } be a multiset sequence and I be a proper nontrivial
admissible ideal in N. We define

supBy, if By # 9,

I —limsupH = .
—00, lfBH = (l)
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infAy, ifAy #0,

I —liminfH = )
oo, lfAH = ¢

Example 1. Consider the ideal I = I of all finite subsets of N. Let H = {x,|c, }

be defined by

04, if i is even,

(xilci) = P

1|3 if i is odd.

Here, it can be shown that
By = {[-2.2011,[-2,2)12,[-2,2)13, [-V2, V2|1, [-V2, V2] 2}
So, I —limsupH = 2|3. Also,
Ap = {(—w,—\fs]y47...,[\f5,oo)|4, [\/§,oo)|5,...,(—oo,—f31|3,...}.

So, I —liminfH = +/5|4.

Theorem 5. Let H = {x,|c,} be a multiset sequence and I be a nontrivial proper
admissible ideal on N. Then, I —limsupH and I —liminfH are unique.

Proof. Proof is straightforward, so omitted. O

Theorem 6. Let H = {x,|c,} be a multiset sequence. If I —limsupH = p|r, then

for every € > 0,
(1) {neN: V24 (e —1)2 > \/(p—a)z—i—(r—l)Z} ¢ 1.
(2) {neN: V24 (e —1)2 > \/(p+8)2—|—(r—1)2} el

Proof. Since I —limsupH = p|r. Then, r is the greatest multiplicities in By and
p is the supremum of all real numbers whose multiplicity is ». Let € > 0. So, there
exists a real number ¢ with (p —€) < g and g|r € By. Since \/(p—€)2+ (r—1)2 <

V@ + (r—1)2 {nEN: V24 (e —1)2 > \/q2+(r—1)2} Cc {neN:

VA + (e — 17> \/(p— )7+ (r—1)7} . This shows that

{neN: x,%+(cn—1)2>\/(p—e)z—i-(r—l)z}gél.
On the other hand for € >,0 if
{neN: x,%+(cn—1)2>\/(p—i-e)z—i-(r—l)z}gé[,

then (p+¢€)|r € By, and this will contradict the fact that p is the supremum of all real
numbers whose multiplicity is r. So,

{neN: 24 (cp—1)2> \/(p+8)2+(r—1)2} el
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]
Theorem 7. Let H = {x,|c,} be a multiset sequence. If I —liminfH = p|r, then
for every € >0,
(1) {n EN:V/X2+(c,—1)2>/(p+e)2+(r— 1)2} ¢ 1.
(2) {n EN:V/X2+(c,—1)2>/(p—€)2+(r— 1)2} el
Proof. Proof is similar to Theorem 6, so omitted. O

4. I-CAUCHY AND [*-CAUCHY MULTISET SEQUENCES

In this section, we introduce and study the notions of I-Cauchy and I*-Cauchy
sequences. Furthermore, we establish relationships between the notions of /-conver-
gence, I*-convergence, I-Cauchy, and I*-Cauchy multiset sequences.

Definition 17. Let H = {x,|c,} be a multiset sequence. Then, H = {x,|c, } is said
to be I-Cauchy if for each € > 0, there exists N € N such that

{neN: \/(xn—xN)2+(cn—cN)2>8} el

Example 2. Let I be an admissible ideal on N such that A € I, where A is an
infinite subset of N. Let {x,} be any I-Cauchy sequence of real numbers. Define a
sequence of positive integers {c, } as follows:

n, ifneA
Cn = .
10, otherwise.

Clearly, the multiset sequence H = {x,|c,} is I-Cauchy.

Remark 1. Since I is an admissible ideal, every multiset Cauchy sequence is I-
Cauchy. In particular, if I; is the ideal of all finite subsets of N, then the notions
of multiset Cauchy sequences and I;-Cauchy sequences are equivalent. Let I; be
the collection of all density zero subsets of N. Then, I; is a non-trivial admissible
ideal on N. A multiset sequence is said to be statistically Cauchy if and only if it is
1;-Cauchy.

Theorem 8. A multiset sequence H = {x,|c,} is I-convergent if and only if it is
I-Cauchy.

Proof. Let H = {xy|c,} is convergent to /|c. Then, for any € > 0,

A(%) - {neN: V=24 (e =) > }e .

N m



CONVERGENCE OF MULTISETS 367

Choose N ¢ A (%) and fix it. Then, \/(xy —1)>+ (cy —¢)? < §. Also, for all n ¢
A (%), we have \/(x, —1)2+ (¢, — ¢)> < §. Then, by the property (triangle inequal-
ity) of the usual norm in R?, we have

v G =) 4 (e — en)? < /(= 12+ (e — P2/ (oy — 12+ (en —0)? <
for all n ¢ A (%). Consequently, {n EN:/(x,—xn)2+ (cn—cn)? > 8} CA(5).

Since A (§) € I, {n EN:\/(xy—xn)2+ (cn—cn)? > 8} € I. Hence, H = {x,|c,}
is I-Cauchy.

Conversely, let H = {x|c,} be I-Cauchy. Then, for any € > 0, there exists a
positive integer k¢ such that

Ae) = {n eN: \/(xn—xks)2+(cn—ck£)2 > 8} el.

Set g, = 2#,, for m € N. Then, for each m € N there exists k,,;, € N such that

A(m) = {n eN: \/(x,,—)ckm)z—k(cn—ckm)2 > 8;} el

Define recursively, By = clB(x,, 5 ), E1 = clB(cy,, 3 ),

Em+1
By1 =By NclB(xy,, mT+),
and e
1
Ens1 = EnNclB(c,.,, %)

for m € N. We claim that both B, and E,, are nonempty for each m € N.

Indeed, since A(1) € I, for each n ¢ A(1) we have \/(x, —xx, )%+ (¢ — cx, )2 < &
Since both |x, —x¢, | and |c, — ¢y, | are less than or equal to \/(x,, —xp, )2+ (cn —cxy )?,
X, € By and ¢, € E;. Similarly, x, € ClB(ka+17€'nT+l) and ¢, € ClB(Cka,EmT“) for all
n¢ A(m+1)andm € N. Let m € Nand C € I such that x,, € B,, and ¢, € E,, for each
n ¢ C. Then, x, € By and ¢, € E,,4 for all n ¢ CUA(m+ 1). Furthermore, since
{Bn} and {E,,} are nested sequences of closed sets of real numbers with diameters
tend to zero, there exist /,c € R such that (", B, = {l/} and N, E = {c}. We show
that H = {x,|c,} is I-convergent to [|c. Let § > 0 be given. Then, there exists m € N
such that g, < 2. Let

B(8) = {neN: \/(xnl)2+(cnc)225}.

If B(3) is empty, then B(3) € I. Let B(d) # @. Then, for all n € B(3), we have
V(=12 + (cy — ) > 8. Since

VG =024 (e =€ < \f (=3, )2 + (en — 0,0 44 (1 =3, )2 4 (e — e, 2,
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either \/(x, — X1, )2 + (cn — c, )2 > S > 28 o1 /(I —x1, )2 + (¢ — cx,,)2 > S > 28,

But [ € clB(xy,, %) and ¢ € clB(cy,,, %), that is, |x, — | < &, and ¢k, —c| < &p.

m? 7
Therefore, v/ (I —xi, ) + (¢ — )% < |xk, — | + |ck, — ¢| < 2&,,. Thus,

m

B(d) C {n €N: \/(xn—ka)z—I—(c,,—ckm)2 > 28,,,} CAn€1.

Hence, the multiset sequence H = {x,|c,} is I-convergent to [|c. O

Definition 18. A multiset sequence H = {x,|c,} is said to be I*-Cauchy if there
exists a set M = {m; <my < --- <my <---} € F(I) such that the submultiset se-
quence {x, |cy, } is Cauchy.

Proposition 2. A multiset sequence H = {x,|c,} is I*-convergent if and only if it
is I*-Cauchy.

Theorem 9. If a multiset sequence H = {x,|c, } is I*-Cauchy, then it is I-Cauchy.
Proof. Since H = {x,|c,} is I*-Cauchy, there exists a set
M={m<m<--<m<---}eF)

such that for any € > O there exists ne € N such that for all £ > ne, we have

\/(xm _xmns)2 + (em — Crmye )2 <E.

Set N =my,, + 1 and

A(e) = {n eN: \/(xn —xn)2+ (cn—cn)? > 8} :

Clearly, A(e) C (N\M)U{mj,my,--- ,my,, }. Since the latter set is in I, so does A(€).
Hence, H = {x,|c,} is I-Cauchy. O

The following example shows that the notions of 7/-Cauchy and I*-Cauchy of
multiset sequences are not equivalent in general:

Example 3. Let N =(J;A}, be a decomposition of N such that each A; is infinite
and A;NA; = @ for i # j. Let I be the class of all subsets A of N which intersects
at most finite number of A;’s. It is easy to verify that I is a non-trivial admissible
ideal of N. Construct a multiset sequence H = {x,|c,} as follows: x, = % ifne
Aj and ¢, = 10 for all n € N. Let € > 0 be given. Then, there exists j € N such
that ]% < &. Let mg be the least positive integer such that mg € Aj;;. Let C(g) =
{n eN: \/(xn —Xmg )2+ (€n—Cmy)? > 8} . Clearly, C(e) CAjUA2U---UA;. Since
the latter set belongs to I, so does C(€). Therefore, the multiset sequence H = {x,|c, }
is I-Cauchy.

Now we show that H = {x,|c,} is not I*-Cauchy. Suppose, on contrary H =
{xu|cn} is not I*-Cauchy. Then, there existsaset M ={m; <mp < --- <my < ---} €




CONVERGENCE OF MULTISETS 369

F (I) such that for any € > 0 there exists ne € N such that for all kK > ne, we have

\/(ka — Xy, )2+ (¢my — Cmy, )* < €. From the definition of 7, we have N\M C A; U

ApU---UA; for some [ € N. Thus, A; C M for all i > . Therefore, there are infinitely
1 1

many terms of the sequence {x, } equal to ;7 and 1%2 Let 0 < € < grpyrray-

Then, there does not exit any ng, € N such that \/ (Xm, — Xy, )24 (Cm, — Cyg, )2 < g

holds for all k > ng,, which is a contradiction. Hence, H = {x,|c, } is not I*-Cauchy.

We now introduce the following definition to provide a sufficient condition for a
multiset 7-Cauchy sequence to be an [*-Cauchy.

Definition 19. An admissible ideal I on N is said to have the weakly additive
property (WAP) if for every sequence of mutually disjoint sets {P;} in I, there exists
aset P € F(I) such that P\ P; is finite for all i € N.

From [16, Lemma 4], we observe that if an admissible ideal has the property (AP),
then it has the property (WAP).

Theorem 10. Let I be an admissible ideal and it has the property (WAP). If a
multiset sequence H = {x,|c,} is I-Cauchy, then it is I*-Cauchy.

Proof. Since H = {x,|c, } is I-Cauchy, for any € > 0, there exists a positive integer
me such that

Ale) = {n PN O 2 (e e )? s} er.

Set P; = {n €N /(X —Xm)2+ (cn —my)2 < %} for all i € N. Clearly, P, € F(I)
for all i € N. Since I has the property (WAP), we have a set P € F (I) such that
P\ P; is finite for all i € N. Let 8 > 0 be given. Then, there exists j € N such that
5 < %. Since P\ P; is finite, there exists a positive integer k; such that m,n € P; for
all m,n € P and m,n > k;. Therefore,

1
\/(xm —ij)z—l- (Cm _ij)Z < ;

and

1
\/(Xn _ij)2+ (cn _ij)2 < ;

for all m,n € P and m,n > k;. Hence, by a property (triangle property) of the usual
norm of R?, we have \/ (X, — X,)2 + (¢ — cn)? < % < dforallm,n e Pand m,n > kj.
This proves that H = {x,|c, } is I*-Cauchy. O

Corollary 1. Let I be an admissible ideal and it has the property (WAP). Then,
the notions of I-Cauchy, I-convergent, I*-Cauchy, and I*-convergent of multiset
sequences are equivalent.
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CONCLUSION

In this paper, we introduced and studied the notions of /-limit points and 7-cluster
points for multiset sequences. Also, we introduced and studied the notions of I-
Cauchy and I*-Cauchy multiset sequences. We proved some basic results. We ob-
served that if [ is an admissible ideal and has weak additive property (WAP), then
the notions of I-Cauchy, I-convergent, I*-Cauchy, and I*-convergent of multiset se-
quences are equivalent. Let (Z,d) be a metric space. On a multiset M whose elements
are from Z, in this paper, we considered the metric

bt (xnlen.yald) = 1 (on — )2+ (0 — )

on M. However, one may start with a probabilistic metric space and consider a
multiset whose elements are from the probabilistic metric space. Now the question
is, can we define a probabilistic metric on the multiset? In addition, we leave the
following question to the interested reader: If the notions of 7-Cauchy, /-convergent,
I*-Cauchy, and I'*-convergent of multiset sequences are equivalent for an admissible
ideal I, then can we say that I has the property (WAP)?
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Abstract. Let A,P and T be bounded linear operators on a Hilbert space such that P is an or-
thogonal projection commuting with A, and zero is not in the numerical range of 7. We prove
that if PT = TA, then A = P. As a consequence, Embry’s Theorem on the similarity of normal
operators follows easily from our result. Furthermore, we demonstrate that this theorem cannot
be extended to quasinormal operators, thereby providing a negative answer to a conjecture posed
by Mortad in [9].
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1. INTRODUCTION

Let (#,(-,-)) be a complex Hilbert space, and let B(#) denote the algebra of
all bounded linear operators on . For an operator 7 € B(H), we denote its null
space and range by A (T') and R (T), respectively. For the spectrum of 7 we use the
notation 6(7'), while the numerical range will be denoted by W (T'). Recall that

W(T) ={(Tx,x) : [|lx] =1}.

The adjoint of T is denoted by 7*. An operator T is called positive, written 7' > 0,
if (Tx,x) > 0 for all x € H, and it is called self-adjoint (or Hermitian) if 7 = T*. An
operator P € B(#) is called an orthogonal projection if it satisfies P = P* = P2, It
is clear that any orthogonal projection is a positive operator.

An operator T is said to be normal if 7*T = TT*. The theory of normal operators
has been studied in great depth, largely due to the powerful structure afforded by
the Spectral Theorem, which serves as a foundational tool in their analysis. For a
comprehensive introduction to Spectral Theorem and its applications, see [11].

This work has been supported by the Ministry of Science, Technological Development and Innova-
tion of the Republic of Serbia [Grant Number: 451-03-137/2025-03/200102].

© 2026 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
BY 4.0.
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A fundamental result in the theory of normal operators is the Fuglede—Putnam
Theorem [5, 13], which asserts that if A,B € B(#) are normal operators and T €
B(H ) satisfies AT = TB, then it necessarily follows that A*T = TB*. This theorem
highlights the rigidity of normal operators under intertwining and has profound im-
plications in spectral theory. For the different proofs of Fuglede-Putnam Theorem,
and in different settings, see [5,7, 13—15, 17].

Fuglede-Putnam Theorem has many fundamental consequences. For example, it
is used to show that the product of two commuting normal operators must be normal
(cf. [3]).

Another very interesting result relying on the Fuglede-Putnam Theorem is the fol-
lowing theorem by Embry [4].

Theorem 1 (Embry’s Theorem). [4] Let A,B € B(#H ) be commuting normal op-
erators. If there exists T € B(#H ) such that 0 ¢ W(T) and AT = TB, then A = B.

The importance of this theorem lies in its elegant combination of spectral the-
ory, the geometry of the numerical range, and operator similarity. In the same paper,
Embry also demonstrated that neither the commutativity condition on A and B, nor the
numerical range condition 0 ¢ W/ (T), can be omitted. Moreover, the same counter-
example reveals that the condition 0 ¢ W (T) cannot be weakened to 0 ¢ o(T'). For
an interesting comparison between Embry’s Theorem and Fuglede-Putnam Theorem,
see [10].

This paper revisits Embry’s Theorem and explores its potential generalizations
beyond the class of normal operators.

2. MAIN RESULTS

Our approach begins with a seemingly elementary, yet powerful, characterization
involving orthogonal projections and the numerical range.

Theorem 2. Let A,P,T € B(H) be such that P is an orthogonal projection com-
muting with A and 0 ¢ W(T). If PT = TA, then A = P.

Proof. Without loss of generality, we may assume that P ¢ {0,/}. With respect to
the decomposition H = R (P) & N (P), we can write

. I 0O . A1 A2 o T1 T2
R )

Since P and A commute, we immediately have that A =0 and A3 =0, i.e.,
1A O
A= [ ' A4] .
Condition PT = TA is now equivalent with the system of equations

Ti(I-A1)=0, T(I-A4)=0, TA =0, T1A4=0. 2.1
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Next, note that 7; and 7; are one-to-one. Indeed, let x € A(T}) C R (P), and let
X = [)(;] € H. Then,

=[5 =

and so it must be x = 0. Similarly, we can show that A[(74) = {0}. The first and the
last equation in (2.1) now imply that A} = and A4 = 0, which clearly demonstrates
that A = P. U

Remark 1. It is easy to see that the previous theorem also holds if P is any scalar
multiple of an orthogonal projection.

As a consequence, we recover Embry’s Theorem.

Proof of Theorem 1. Let E4 and Ep be the spectral measures corresponding to A
and B, respectively, and let A be an arbitrary Borel set in the complex plane. Since
AT = TB, the Fuglede-Putnam Theorem gives

EA(A)T =TEg(A).
Moreover, since A and B commute, the Fuglede Theorem also ensures that
EA(A)Eg(A) = Eg(A)E4(A).

Theorem 2 now yields that E4(A) = Eg(A). Since A was arbitrary, we conclude that
A=B. O

A natural attempt to generalize Embry’s Theorem and extend it to some super-
classes of normal operators is to follow the path of generalizing Fuglede-Putnam
Theorem. The crucial insight that allowed certain generalizations is to replace one of
the normal operators with its adjoint. Recall that T € ®B(#) is called p-hyponormal
forsome 0 < p < 1if (TT*)? < (T*T)?. If p=1, T is simply called a hyponormal
operator. Clearly, any normal operator is p-hyponormal. For example, we have the
following generalization of the Fuglede-Putnam Theorem:

Theorem 3. [3, Theorem 7] Let A,B € B(H) be such that A and B* are p-
hyponormal operators. If

AX =XB
for some X € B(H ), then
A*X = XB*.

For many other generalizations of the Fuglede-Putnam Theorem, see [12] and the
references therein.
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We may try to extend Embry’s Theorem in the same way. However, such a gen-
eralization would not fundamentally change the original theorem, as the follow-
ing discussion shows. We say that (A,B) € B(#)? has the FP-property if for any
X € B(H),

AX=XB — A'X=XB".

Also, recall the following result.

Corollary 1. [/6, Corollary 1] Suppose that (A, B) € B(H)? has the FP-property.
If there exists a quasi-affinity X € B(H) (X is one-to-one and has dense range) such
that AX = XB, then A and B are unitarily equivalent normal operators.

Theorem 4. Suppose that a commuting pair (A,B) € B(H)? has the FP-property.
Ifthere exists T € B(H ) such that 0 ¢ W(T) and AT =T B, then A and B are normal,
and A =B.

Proof. Since the condition 0 ¢ W (T) implies that T is quasi-affinity, the conclu-
sion follows immediately from Corollary 1 and Theorem 1. O

In particular, Theorem 3 yields the following:

Theorem 5. Let A, B € B(H) be such that A and B* are p-hyponormal operators,
and A and B commute. If there exists T € B(H) such that 0 ¢ W(T) and AT = TB,
then A and B are normal, and A = B.

Another attempt to generalize Embry’s Theorem is the following conjecture which
appeared in [9] (cf. [12]).

Conjecture 1. Let A, B € B(H) be two commuting hyponormal (subnormal, quas-
inormal) operators. If there exists T € B(H) such that 0 ¢ W(T) and AT =TB, then
A=B.

Recall that T € B(H) is called subnormal if it has a normal extension, and quas-
inormal if it commutes with 7*T. It is also well-known that

normal = quasinormal = subnormal = hyponormal.

The following example shows that the Conjecture 1 does not hold even for quas-
inormal operators.

Example 1. Let P € B(#) be a non-zero positive operator, and let 0 < g < 1.
Define operators A, B, T € B(Di, #) as follows:

0

gP O
A=10 ¢gP O
0 gP O
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0
P 0
B—=10 P O
0 P 0 ’
(1 0
0 g¢ O
T= 0 ¢1 0

By Brown’s characterization of quasinormal operators (see [1] or [2, Chapter 2, The-
orem 3.2]), or by direct verification, we have that A and B are quasinormal, and it is
evident that AB = BA. Using [6, Chapter 1, Proposition 1.8] and the obvious fact that

W(q"I)={q"} (n>0),

we have that W(T) is the convex hull of the set {¢" : n > 0}, which is clearly (0, 1].
Thus, 0 ¢ W(T). Finally,

0
gP 0
AT=|0 ¢P 0 ~TB,

while A # B.

3. CONCLUSION

In conclusion, our analysis underscores the intrinsic connection between Embry’s
Theorem and the class of normal operators. Under the current restriction on the
numerical range, any meaningful generalization of the theorem appears implausible.
Nevertheless, as illustrated in Example 1, although 0 ¢ W/(T), it is in fact the case
that 0 € W(T). This observation suggests that a variant of Embry’s Theorem under

the stronger condition 0 ¢ W (T) might be worth investigating.
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INTEGRAL CHARACTERIZATIONS OF UNIFORM
H-DICHOTOMY IN MEAN FOR DISCRETE-TIME STOCHASTIC
SKEW-EVOLUTION SEMIFLOWS

TIMEA MELINDA SZEMELY FULOP

Received 13 September;, 2024

Abstract. The paper provides integral characterizations for the concept of uniform dichotomy
in the mean with growth rates for discrete-time stochastic skew-evolution semiflows in Banach
spaces. More precisely, necessary and sufficient conditions are given using both invariant pro-
jection families and strongly invariant projection families to the discrete-time stochastic skew-
evolution semiflows. As a consequence, we obtain integral characterizations for uniform expo-
nential dichotomy in mean.

2010 Mathematics Subject Classification: 93D20; 37L55; 39A12

Keywords: growth rate, discrete-time skew-evolution semiflows, uniform dichotomy in mean

1. INTRODUCTION

Occurrences in the real world, within domains such as biology, economics, and en-
vironmental sciences, happen at specific points in time rather than continuously. Con-
sequently, the discrete-time approach has become essential. By utilizing stochastic
skew-evolution semiflows, we aim to develop a framework that enhances the analysis
of discrete dynamical systems, providing a deeper understanding of their behavior
and properties.

The concept of dichotomy is a key focus in the study of asymptotic behavior for
evolution equations. O. Perron [21] introduced the concept of exponential dichotomy
for linear differential equations. This concept was further explored in the mono-
graph by J. L. Daleckii and M. G. Krein [10], as well as in a more recent work by
Dragicevi¢, Sasu, and Sasu [12]. In their study, the authors introduce new admissibil-
ity conditions for uniform exponential dichotomy and provide novel characterizations
of polynomial dichotomy through double admissibilities.

An alternative perspective on studying dichotomic behavior focuses on cases where
the asymptotic behaviours are of polynomial type. In this context, we address the
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concepts of nonuniform polynomial dichotomy, initially introduced by L. Barreira
and C. Valls in [3] for the continuous case of evolution operators, and subsequently
extended by A.J.G. Bento and C. Silva in [4] for discrete-time systems. Additional
results related to polynomial behavior are discussed in [5],[14],[15].

Several significant papers have addressed the problem of the existence of stochastic
semiflows for stochastic evolution equations. Notable examples of stochastic evolu-
tion semiflows arise from these equations, and readers can refer to the monographs
by Arnold [1] and Prato and Zabczyk [9] for more information. The exponential di-
chotomy in a stochastic setting was discussed by many authors, such as A. M. Ateiwi
in [2], T. Caraballo et al. in [8] or D. Stoica and M. Megan in [23].

The concept of skew-evolution semiflow was introduced by Megan and Stoica for
the continuous case in [ 1 8] and for the discrete case in [17]. This research was further
developed by M. Megan and C. Stoica in [19], as well as by C. Stoica in [22].

This investigation aims to outline several characterisations of uniform /-dichotomy
in mean of discrete-time stochastic skew-evolution semiflows in Banach spaces, where
h:N — [1,00) acts as a growth rate function. Specifically, /4 is a non-decreasing and
bijective function with the property that n%l_r}rgo h(m) = oo. For recent contributions, we

refer to the works [0, 7], [13], [16], [20], and [24].

This paper builds on the foundational work of Datko [ | 1] who provided an integral
characterization of uniform exponential stability for evolution operators. Expanding
on Datko’s results, and the aforementioned studies, we present integral characteriz-
ations for the concept of uniform dichotomy in mean with growth rates for discrete-
time stochastic skew-evolution semiflows considering invariant projections families
and, respectively, strongly invariant projection families.

2. DEFINITIONS AND NOTATIONS

Let (,B,u) be a probability space. Let A be the set defined by A = {(m,n) €
N2 :m >n >0} and let T be the set defined by T = {(m,n,p) € N> :m > n > p}.
For a real or complex Banach space X we denote by B(X) the Banach algebra of all
bounded linear operators on X.

Definition 1. A measurable random field @ : A x Q — Q is said to be a discrete-
time stochastic evolution semiflow on Q if the following properties hold:

(es1))  @(m,m,®) = o, for all (m,0) € N x Q,

(es2)  @(m,n,@(n,p,®)) = @(m,p,®), forallm>n>p>0andall ® € Q.

Definition 2. Let ®: A x Q — B(X) be a measurable map. We say that ® is a
discrete-time stochastic evolution cocycle associated to the stochastic evolution semi-
flow @ : A x Q — Q if the following conditions hold:

(ec;)  ®(m,m,w) = I (the identity operator on X), for all (m,®) € N x Q,
(ec) P(m,n,@(n,p,0))P(n,p,0) =P(m,p,w), forallm >n> p >0 and all
o e Q.



INTEGRAL CHARACTERIZATIONS OF U.H.D.M. 381

If ® represents a discrete-time stochastic evolution cocycle over a discrete-time
stochastic evolution semiflow @, then the pair C = (P, @) is referred to as a discrete-
time stochastic skew-evolution semiflow.

Definition 3. A map P: N x Q — B(X) with the property P?(n,®) = P(n,®) for
all (n,®) € N x Q is called projections family on X.

Remark 1. If P N x Q — B(X) is a projections family, then the map QO:NxQ—
B(X) defined as Q(n,w) = I — P(n,®) is called a projection family. This is referred
to as the complementary projections family of P.

Definition 4. A projections family P : N x Q — B(X) is said to be invariant to the
discrete-time stochastic skew-evolution semiflow C = (®, @) if

(P,
B(m,n, ©)B(n,0) = P(m, 0(m, n,0))D(m, n,0),
for all (m,n,®) € A x Q.
If P remains invariant for C = (®, @), we denote by ®5 : A x Q — B(X) the map
defined by ®p(m,n,) = ®(m,n,®)P(n,®).
From Definitions 2 and 4, it immediately follows:
Proposition 1. The properties of the map ®3 are as follows:
(i) @p(m,n,) = P(m,(m,n,0))®s(m,n,0), vV (m,n,o) € AxQ;
(ii) ®p(m,m,®) =P(m,®), V (m o) NxQ;
(iii) @p(m,p,®) = Ds(m,n,0(n,p,0))Ps(n,p,w), V(mn,pw) el xQ.

Proof. The properties (i) and (ii) are immediate from Definition 4 and Definition
2. For (iii) we observe that

@p(m, p,w) = D(m, p,w)P(p,w) = D(m,n,@(n, p,0))P(n,¢(n, p,0))Ps(n, p,o)
= q)ﬁ(man7(p(n7p7m))q)ls(nvpam)a
for all (m,n,p,0) € T x Q. O

Remark 2. If the projections family P is invariant to C = (&, ) then its comple-
mentary Q(n,) = I — P(n,®) is also invariant to C. Thus, for all (m,n,®) € A x Q
we have that ®(m,n,®)(Range O(n,®)) C Range O(m,9(m,n,®)).

Definition 5. The projections family P : N x Q — B(X) is said to be strongly
invariant to C = (®, ) if it is invariant to C and for all (m,n,®) € A x Q, the map
®(m,n,®) is an isomorphism from Range Q(n,®) to Range Q(m,(m,n,®)).

Remark 3. If the projections family P : N x Q — B(X) is strongly invariant to
the discrete-time stochastic skew-evolution semiflow C = (@, @), then there exists
WA x Q — B(X) such that for all (m,n,®) € A x Q, ¥(m,n,®) is an isomorphism
from Range Q(m,®(m,n,®)) to Range O(n,®).
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We will use the following notation:
lIIQ (m7 n7 ('0) = lI](m7 n7 w)Q(m7 (P(m? n7 0))) °

Proposition 2. If the projections family P : N x Q — B(X) is strongly invariant
to the discrete-time stochastic skew-evolution semiflow C = (P, @) then the map ¥
has the following properties:

(i) Dg(m,n,@)¥5(m,n,0) = O(m,(m,n,0)), forall (m,n,0) € AxQ;
(i) ¥ 5(m,n,@)Ps(m,n,0) = O(n, ), forall (m,n,®)cAxQ;
(iii) Wy (m,n,0) = 0(n,0)¥5(m,n,0), forall (m,n,®) € AxQ.
(iv) ¥p(m,m,m) = Q(m,w), forall (m,®) €N x Q;
() ¥(m,p,0) =¥s(n,p,®)¥s(m,n,@(n,p,0)), forall (m,n,p,0) € T x Q.
Proof. The properties (i) and (ii) are immediate from Definition 5 and Remark 3.
To prove (iii), we will use the first two conditions and we have

O(n, @)% 5(m,n,0) = ¥5(m,n,®)Ps(m,n,®)¥s(m,n, o)
= TQ(m7 n? m)Q(m7 (p(m7 n7 (D)) = ‘PQ(m’ n’ (0)7
for all (m,n,®) € Ax Q.
The condition (iv) it follows from (i) by taking n = m
¥ (m,m, 0)¥5(m,m,0) = Q(m,p(m,m,®))
which is equivalent with ¥ 5(m,m,®) = Q(m,®) and more Q(m,w)‘I’Q(m,m, ) =

Q(m, ). Follows that ¥ (m,m,w) = O(m,w).
To prove (v), using the properties (i)-(iv) we obtain

¥ 5 (m, p,0)0(p,®)¥5(m, p,®)
=W¥y(n,p,w)@s(n, p,0)¥ps(m, p,w)
=¥5(n,p,0)0(n,9(n, p,0))®s(n, p,®)¥s(m, p, )
=¥5(n,p,0)¥g(m,n,@(n, p,w))Py(m,n,¢(n, p,))Ps(n, p,®)¥5(m, p,)
=W5(n,p,0)¥g(m,n,@(n, p,w))Ps(m, p,)¥s(m, p,0)
=¥ (n, p,®)¥g(m,n,¢(n, p,))0(m,@(m, p,w))
=¥5(n,p,0)¥5(m,n,¢(n,p,w)),
for all (m,n,p,0) € T x Q. O

Definition 6. A nondecreasing map & : N — [1,00) with lim A(m) = e is called a
M—yoo

growth rate.

Let C = (®, ) be a strongly measurable discrete-time stochastic skew-evolution
semiflow, P an invariant projections family for C and & : N — [1,00) a growth rate.
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In the following, L(Q,X,u) denotes the Banach space of all Bochner-measurable
functions f : Q — X such that/ I|f (o) du(®) < oo.
Q

Definition 7. Let C = (®,¢) be a discrete-time stochastic skew-evolution semi-
flow. We say that C is strongly measurable if, for all (p,x) € N x L(Q, X, u), the map

n— / |®(n, p,®)x(0)||du(®), is measurable on N, for all n > p.
Q

Definition 8. The pair (C,P) is said to be uniformly h-dichotomic in mean (u.h.
d.m.) if there are some constants N > 1 and v > 0 such that

(uhdim)
(m)* [ 1 @p(m, p. @)x(©) |du(w)
<Nh(" | [@p(n.p. @)x(0)] du(o):
(uhdzm)

nom)* [ 19g(n,p,0)x(®)|du(@) < Nb(w)* | |@g(m,p,0)x(@)]du(w)

for all (m,n,p,w) € T x Qand x € L(Q,X,u);

When we examine the specific cases where h(m) = €™ and h(m) = m+ 1, we
infer the concepts of uniform exponential dichotomy in mean and uniform polynomial
dichotomy in mean respectively.

Remark 4. The pair (C,P) is uniformly h-dichotomic in mean if and only if there
exist N > 1 and v > 0 with

(uhd;m)
(m)* [ |9p(m,n,@)x() |du(w) <
Ni(w)®* [ 1P(n,0)x(w)du(w):
(uhd,m)
nm)* [ 1001, @)x(o) ldu(o)
<N | |g(m,n,0)(n,@)x(o) |du(w),

for all (m,n,®) € A x Q and x € L(Q, X, u).

Proposition 3. The pair (C,P) is uniformly h-dichotomic in mean if and only if
there are N > 1 and v > 0 such that
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(uhd;m)
)" [ 1 (m.n.0)x(0) |du(o)
<N | [P, 0)+(0) |du(w):
(uhd,m)
n(m)* [ [1¥g(mn,@)x(o) |du(w)
< Ni()* [ 10 (m,9(m,1.0))x(@) |du(w).
for all (m,n,®) € Ax Q and x € L(Q,X, ).

Proof. It follows immediately from Remark 4 and Proposition 2. O

Theorem 1. The pair (C, P) is uniformly h-dichotomic in mean if and only if there

exist some constants N > 1 and v > 0 with
"

(uhd; m)
n(m)* [ 1 @p(m, p. @)x(©) |du(w)
<N [ Bl p,0)x(@)]du():
(uhd, m)
W | 1950m p.0)+(0) |du(o)
<Nh()" | [¥g(mn.00n.p.0)
X(®)||du(w), for all (m,n, p,®) € T x Q and x € L(Q, X, ).

Proof. It arises from Definition 8, Proposition 2 and Proposition 3. O

Definition 9. The pair (C, P) is said to be with uniform h-growth in mean (u.h.g.m.)
if there exist constants M > 1 and o > 0 such that:

(uhg;m)
W [ [@p(m, p,0)x(®)|du(o)
< M(m)® | [p(n,p,)x(0) |du(o):
(uhg;m)

W [ [g(n.p,0)x(®)|du(w)
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< Mh(m)* [ |@g(m. p,0)x(@)]du(o).
for all (m,n, p,w) € T x Q and x € L(Q, X, ).

As specific cases we note that when the growth rate is ¢, this establishes the
concept of uniform exponential growth in mean and if the growth rate is m + 1, then
we arrive at the concept of uniform polynomial growth in mean respectively.

Remark 5. The pair (C, P) has uniform A-growth in mean if and only if there exist
M > 1 and o0 > 0 with

(uhg;m)
)% [, I@p(m,n,0)x(0) [du(o)
< Mh(m /||Pnco )| du():
<uhg’2m>
) [ 10(n,0)x(@)]du(o)

< Mh(m)* | [|@g(m.n,0)+(0)|du(w)
for all (m,n,®) € Ax Q and x € L(Q,X,u).

Proposition 4. The pair (C,P) is said to be with uniform h-growth in mean if and
only if there exist two constants M > 1 and o > 0 such that

(uhg;m)
W) [ 1@ (m,n,@)x() du(o)
(m)* [ 1P(n,0)+(0) |du(w)
(uhgm)

) [ [12g(m. . 0)x(0)] du(o)
< Mh(m /Hqu)mnm))
x(0)||du(®), for all (m,n,®) € Ax Q and x € L(Q, X, ).
Proof. It follows a similar approach as Proposition 3. g

Theorem 2. The pair (C,P) has uniform h-growth in mean if and only if there are
M > 1 and o > 0 with
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(uhg, m)
n)* [ @5l p,0)x(®) |du(w)
m)® [ 1©p(n,p. 0)x(@)] du(o):
(uhg; m)
) [ 1¥g(m.p,0)x(®)du(w)
< Mi(n)* [ [¥g(m.n.(n.p.w)

x(®) || du(w), for all (m,n,p,®) € T x Q and x € L(Q,X, ).

Proof. The proof uses the same technique demonstrated in Theorem 1. U

3. MAIN RESULTS

We denote by H; the set of all functions / : N — [1,0) with the following proper-
ties:
o7 the set of all functions /4 : N — [1,00) with the property that for all § < 0,
exists H; > 1 such that h(m+ 1) < H h(m), for all m > 0 and
Z h(k)B < H; h(n)B, forall n>0.
k=n

e 74, the set of functions /2 : N — [1,00) with the property that for all > 0, exists
H, > 1 such that h(m + 1) < Hyh(m) and

Zh ()P <Ho h(m)P, forall m>0.

Remark 6. If h(m) = €™, then h € H,.

Theorem 3. We assume that C = (®,9) is a strongly measurable discrete-time
stochastic skew-evolution semiflow, (C,P) with uniform h-growth in mean and h €
H,. The pair (C,P) is uniformly h-dichotomic in mean if and only if there exist
constants D > 1 and d € (0, 1) such that

nlma) T 1) ( [ 105k p.0)x(0) (o)

) <D h(n)! (fo [|®p(n, p, w)x()||du(w));
forall (n,p,®) € AxQand x € L(Q,X, ).
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1 h(k) D h(n)?
(uhD>mq) Z < oDk, (@) [d(@) — T [Bg(m p, 0)x(@)[d(®)’
for all (n, p, )GAanndxeL(Q,X,,u)

with | |o(n,p,w)x(®)] £0.

Proof. Necessity. Letd € (0,v). For (uhdim) = (uhD}m,) we have

oo

¥ 10 () Ip(k.p.0x(@)duto))

k=n
§Nk2n CONC ( |, 150 p.0)x(@) (o))
()" | 120, p.0)x(@) () X (1"
< V()" | [|@p(n,p,0)x(®) |du(@)Hi(m)

— NHih(n)" [ [p(n p.0)x(0)|du(@) < Dh(n)* | |@p(n.p. @)x(@) |du(o),
where D =1+ NH;.
Analogously, we have to prove (uhdym) == (uhDimy)
S h(k

)
kzanH(pQ(k P, 0)x(0)]|du(o)

) (k)
<NZ< )) JalI@g(n, p,0)x(w)]||du(o)
_ Nh(n)" -
= Tl p oo duw) &, "V

Nh(n)Y Ly
< fQHCDQ(n’p’(D)x((’))de(o))th( )

Dh(n)?

= Tal@g(n.p, 0)x(@) [du(®)”

where D = 14 NH,, for all (n,p,m) € Ax Q and x € L(Q, X, u),
with [ [94(n,p,0)x(0) |du(®) £0.

Sufficiency. To establish (uhDim,;) == (uhdym), we need to examine the follow-
ing cases:
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Case I1. Tfm > p+ 1 we have

) ([ 19p0m.p.00x(0)dut))
=o' ¥
i) (2" ( [ fpth. . 0x(0)du(o) )
= (1) ([ st pomlauo))

L h ([, 140 (o) (o)

=

</Q|!<I>p(m,p,m)x(m)||dy(m)>

1

T
1

IA
N =
(agE

SIERIEERES

=
N

IN

H

—Q

IN

DHY h(n)" | |0p(1n,p. @)x(0) |du(®)
Therefore,
) ( [ 1950m,p.0)x(0) ldu(o)
M o-+d d
< SDHF () | [p(n,p,0)x(0) [du(w).
for all (n,p,) € Ax Qand x € L(Q, X, u).
Case1.2.Ifn € [p,p+1) we have

) ([ 10p0m.p.0)x(0) )

<oy (1) [ Iyt p.x(@) (o)

B h(m) o+d )
= () [ gl p.0)x(@) (o)

< MHH0(n)? [ |9p(n.p.0)x(@)du(w)

Thus,
) ([ 1050 p.0)x(0) (o))

< MH ()" | |p(n, p.0)x(0) |du(w)
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From Case I.1. and Case [.2. it results that there exists N = MDH{”d + 1 with

([ Ip0m.p.0)x0)du))
< Ni(w)* [ [ @p(n,p,0)x(@)]du(),

for all (n,p,) € Ax Qand x € L(Q, X, u).
For the second relation (uhDim,) == (uhDym), we initially consider (m,n, p,®) €

T x © and / |5 (m, p,®)x(®)|[du(®) # 0. Moreover, there are two cases to be
Q

considered:
Case I1.1. When n > p+ 1 we obtain
h(m)? B h(m)?
Ja l@5(m, p,@)x(@)|du(®) — 2, % [, [|®s(m, p,0)x(o)|du(®)
M & (h(m) * h(m)?
=72 k:;—l <h(k)) Jo |@5(m, p, 0)x(®)||du(w)
M <h(m) )“*d h(k)?
2\ h(k) Jo [|@5(m, p, 0)x(®)||du(w)
M oiay h(k)
<3 L o gt p. o)@) [du@)
% o+d ( )d
= 2P T (n. . o)x(@)[du(w)
So,

) [ | @g(n. p.0)x(0)|du(w) < 5 DHE ) [ |@g0m,p,0)x(0)du(o),

for all (n,p,) € Ax Qand x € L(Q,X,u).
Case I1.2.1f n € [p, p+ 1) with / 1 (m, p, ©)x() [ du(w) £ 0
Q

m)? [ [ @g(0n.p. @)x(©)] du(o)
<y (1) [ g p.@a(@) (@)

— () )W ) [ 10g(m. . )+(@) ldu(o)

< MHh(n)e / 1D (m, p, ©)x(0)||du(w)
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Thus,
o ( [ 160000 p.@)2(@) (@) ) < MHEh(0) | [@0m,p.0)x(0) o)

From Case I1.1. and Case I1.2. it follows that there exists N = MDHl(Hd + 1 with

) ( [ 19000 p.@)2(@) (@) ) < Mibio)? | @0, p.)x(@)duo),
for all (m, p,®) € Ax Q and x € L(Q, X, u). O

Corollary 1. We suppose that C = (®,¢) is a strongly measurable discrete-time
stochastic skew-evolution semiflow, (C‘ , P) with uniform exponential growth in mean.
The pair (C,P) is uniformly exponentially dichotomic in mean if and only if there
exist constants D > 1 and d € (0,1) with

(ueD}my)
L ( [, 1otk p.oiso)ldu(o)

<D ( [ @500 .00 du(o) ) s
forall (m,n,p,®) € T x Q and x € L(Q,X, ).

1 edk D edn
(vebima) 3. @567, O (@) (@) = Jo [P, OI(@) @)

for all (m,n,p,®) € T x Q and x € L(Q,X,u) with / [@5(n, p,w)x(w)|| #
Q
0.

Proof. Tt follows from Theorem 3 for h(m) = ™. O

Theorem 4. Consider C = (®, ) as a strongly measurable discrete-time stochastic
skew-evolution semiflow, (C' ,P) has uniform h-growth in mean and h € %5. The pair
(C,P) is uniformly h-dichotomic in mean if and only if there exist constants D > 1
and d € (0,1) such that

m n(j) D h(m)~
hD? < ,
(uhDima) Y. 1507, oI (@[d(@) ~ Jq [op(m.p. @hx(@) [ da(w)
forall (m,n,p,®) € T x Q and x € L(Q, X, p),
with [ [[©p(0m.p. 0)x(@)|du(@) £ 0.
(uhD3mg)

L0 ( [, 1oat.. o) ldsio
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< D h(m (/ |@g(m, p,© )||d#((°)> :

for all (m,p,®) € Ax Q and x € L(Q, X, ).

Proof. Necessity. Letd € (0,v). For (uhdim) = (uhD3m,) we have

; )
j= pfgz”q)P(J P, 0)x(0)||du(w)
v —d
SE)N( hm)) Ja |¢Pmp, >< V(o)
B Nh(m)™Y M
= fQHq)P(mvp7 )X(O) Hd,u( J;h(J)
NH>h(m)™ —
= Jol|®p(m, p,w)x(0) || du(w)
Dh(m)~¢

"~ Joll®s(m. p,0)x()]du(w)’
where D = 1+ NH,  with /Q 1D 5(m, p, )x() | du(w) # 0

For the implication (uhdym) = (uhD3m,) we have
P50/, p, 0)x(0)]|du(w)
Jgpng Q]pj)d u
()" JallPg(m, p, 0)x(w)|ldu(w)

<ZN (m>> hj)!

NfQHq’ (m,p,®)x(0)||du(w) &
o BY
SNth( )V —d fQH(I)Q(m p& if( )Hd‘U( )
_ D Jal[@g(m, p,0)x(0)|du(w)

whereD =1+ NH,.

Sufficiency. For (uhDim,) = (uhdym) we have two cases:
Casel.1. Ifn>p+1 wehave

h(n)=¢
Jall®s(j;n, 0)x(0)]|du(®)
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1P+1 h(n)fd
2 &, [ 1Pp(j,n, 0)x(0)du(w)

| il () h(j)~ h(j)
<3 Zh <<n>> Jo I@p(j, p, ©)x(0) [ du(w)

Mp+1 () o+d h(j)fd
Z< h(n )) Jall®s(j; p,®)x(w)||du(w)

% o-+d h(j)id
<7 H ngucbp(] . (@) [d(0)
% o+d h(m)_d
= 2P @ p, ) (@) [du(o)

We obtain
" [ 1p(m. p.)x(@) (@) < D HE hin)? [ @500 p.0)x(@)du(w),

for all (n,p,) € Ax Qand x € L(Q,X,u).
Case 1.2. T m € [p,p+1) and/ 1D 5(m, p, ©)x(0)||du(w) £ 0
Q

[ 1@5(m. p,0)x(w)[du(w)
= [ 100,000, p.0))B5(n p.0)x(0) |d(o)

<M<h((’:))> /”p n,0(n, p,w))Pp(n, p,)x(0)||du(w)
(m)

<u ()" (h((’:)))_d [ 1250, p.0)x(0) du(0)
<aamg (M) 7 e, o),

for all (n,p,) € Ax Qand x € L(Q, X, u).
From Case I.1. and Case 1.2. it follows that there exists N = MDHEH‘Z + 1 with

m)? 15 (m. p.0)x(0) |duw) < MDHSh(m)* | |0p(n.p. @)x(@)]du(w).

for all (n, p,®) € A x Q and x € L(Q, X, ).
For the relation (uhD3m,;) = (uhd,m) we also consider two cases:
Case I1.1. Whenn > p+ 1 we obtain

[ 19g0n.p,0)x(@) |du(w)
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+1
lpzh 7 ([ 120np.0(0) u(o) )
+1 A @
<1’th M (G ) [ 12g0.p.01(0)lduto)

+1 oc+d
Mpz (i) 0 1oty poxelduto)
o HE Zh = [ 1@, 0)x(®)du(@)

M
2
M
<
2

S DH ) | |@g(m,p,0)x(®)]du(w)
So, we obtain

) [ | @g(n.p.0)x(0)|du(w) < 5 DHEh(n)! [ |@g(0m,p,0)x(w)du(o),
for all (m, p,®) € Ax Qand x € L(Q,X, ).

Case I1.2.If t € [p,p+ 1) we have

h(m)?
JallPg(m, p,0)x(®)||du(w)
h(m)
)

(m)\®
<M( <n>> To [ (.. 0)x(0) [du(®)
(m)\ h(n)"
( <>> o @5 (m.p.0)x(@) [du(©)

h(n)!
JalI@g(n, p,0)x(®)]|du(w)

SAng+d

Therefore,
nomy* [ 10 p.0)x() |du(w) < MES 1) [ |9(m,p,0)x(®)|du(w)

for all (m,p,®) € Ax Q and x € L(Q, X, u).
From Case I1.1. and Case I1.2. it follows that there exists N = MDH;Hd + 1 with

m)? [ 1 @g(0n.p. @px()du(w) < Nhn)? [ [|@g(m. p.0)+(w)|du(w).

for all (m, p,) € Ax Q and x € L(Q, X, u). O

Corollary 2. Let C = (®,¢) as a strongly measurable discrete-time stochastic
skew-evolution semiflow, (C,P) has uniform exponential growth in mean. The pair
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(C,P) is uniformly exponentially dichotomic in mean if and only if there exist con-
stants D > 1 and d € (0,1) with

(ueDfmd) i - e < Der ,
= Ja 1 ®p(; p, 0)x(0)ldu(®) = Jo [[®p(m, p, ®)x(0)]|du(w)

forall (m,n,p,®) € T x Q and x € L(Q, X, u), with
[ 1@5(m. p,0)x(w) du(@) £ 0.
(ueD?my)

Z e ( [ 1950 p.0)x(0) !du(w)>

<D ( / rq>g<m,p,m>x<m>udu<w>) ,

for all (m,p,®) € Ax Qand x € L(Q,X, ).
Proof. Tt follows from Theorem 4 for h(m) = ™. O

Theorem 5. Let C = (®,9) be a strongly measurable discrete-time stochastic
skew-evolution semiflow, (C,P) with strong uniform h-growth in mean and h € H,.
The pair (C,P) is uniformly h-dichotomic in mean if and only if there are two con-
stants D > 1 and d € (0,1) such that

(uhD3my)

kZ 1 ([ 19tk p.0)x(0) (o)

< Dh(n)* | |0p(n, p.0)x(0) |du(w):

forall (m,n,p,®) € T x Q and x € L(Q,X, ).

(uhD3mg)
i h(k)4
= Jo ¥ g(m k, 0k, p, ®))x(0) || du(®)

- Dh(p)*
= Joll¥o(m, p,0)x(w)||du(w)’
forall (m,n,p,®) € T x Q and x € L(Q,X, ).

Proof. Necessity. The relation (uhdym) == (uhDimy) is similar with the proof of
Theorem 3. To prove the relation (uhdym) = (uhD3m,) we suppose that (C, P) has
u.h.g.m. and we obtain

i h(k)!
=, Ja ¥ (m.k,0(k, p,0))x(0) | du(w)
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> h(k)\ ™" h(k)?
LV (h <p>> To o, p, @)x(@)] du(®)
Nh (p)v - d—v
< oo po(@dn) & "%
h(p)’
To g 0m, p, 0)x(@) [du(w)
whereD =1+ NH;.

< NH,

Sufficiency. The implication (uhD3m)) == (uhdym) is similar with the proof of
Theorem 3. For the relation (uhD3mg) = (uhd,m) we have two cases:

= (
Case I.1. n2p+1and/ 1% 5 (m, p, ©)x(0) [ du(®) # 0.
l i 1
fQ||Q(m7(P(m7P7€°))x(03 ldu(®) — 2,5 Jo [®g(m, p,0)¥g (m, p,o)x(0)du(o)

1 & h(n)\* 1
2 ZM<h(k)> fQHcI)Q(k7p7 ‘PQ(m p,® ||d:u

f_’ (ZEZ; OC+d< > d< ?)) fgH‘PQ(m»ka(P(kvlz%m))x(ﬁ’)||d.u(ﬁ’)
n —d d
Hi (ZEP))> Z},Gllf? ) ng‘P m,k, ¢ (k, ;, ) x(o) || du(ow)

h(l’)) Jol|®o (m, p,®) x(0) | du(w)

Casel.2. nelp,p+1).

[ 1% (m.p.0) x(@)] du(@)

(1) [ 1o tmg mep.o) () o

@
<u (M) (1 E) [ 126m.0m. . ) x(@) | du(o)

<MH°‘+d< ) /HQ m, @ (m, p,0)) x(0)|| du(w)

Combining Case /.1. with Case 1.2., we can conclude that there exist N = 1 +
MH®™D and v = d such that (uhdym) holds for all (m,p,®) € Ax Q and all x €
L(Q,X,u). Hence, we have shown that (C,P) is u.h.d.m., completing the proof. [J

IN

M
M
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Corollary 3. We assume that C = (®,0) be a strongly measurable discrete-time
stochastic skew-evolution semiflow, (C, P) with strong uniform exponential growth in
mean. The pair (C,P) is uniformly exponentially dichotomic in mean if and only if
there are two constants D > 1 and d € (0, 1) with

(ueD3my)

¥ et ([ 1tk p.00x(@)au(o))

k=p

<D™ | |[@p(n,p.0)x(0)] du(o):

forall (m,n,p,®) € T x Q and x € L(Q, X, ).

(ueD3mq)
i edk
=, Jo ¥ 5(m, k,0(k, p,0))x(0) || du(w)

DedP
< 9
= Jol¥s(m, p, w)x(w)||du(o)
forall (m,n,p,®) € T x Q and x € L(Q,X, ).

Proof. Tt follows from Theorem 5 for h(m) = ™. O

Theorem 6. We assume that C = (®, Q) be a strongly measurable stochastic skew-
evolution semiflow, (C,P) with strong uniform h-growth in mean and h € #,. The
pair (C,P) is uniformly h-dichotomic in mean if and only if there exist D > 1 and
d € (0,1) such that

(uhD{my)
- ()¢
= Joll®s(i, p, w)x(0)||du(w)

D h(m)~4
= Jo 1@s(m, p,@)x(w)||du(®)’
forall (m,n,p,®) € T x Q and x € L(Q, X, ), with

[ 15, p,0)x(@)]du(@) 70

(uhDjmy)
z h(j)*
= Jall¥o(m, j,0(j, p,w))x(®)du(w)

< D h(m)?
~ Jal¥g(m, p,0)x(0)||du(w)’
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forall (m,n,p,®) € T x Q and x € L(Q, X, ), with
| 1¥g(m. p.0)x(0)|du(w) #0.

Proof. Necessity. The relation (uhdym) = (uhD}myq) is similar with the proof
of Theorem 4. To prove the relation (uhdym) = (uhD3m,) we suppose that (C, P)
has u.h.g.m. and we obtain

3 1) (|, 190m. 7.0, p.0)x(@)] (o))

Y () M ’ D(m, @(m by
< 200N (i) (,120m00mp0)x(olaco))
= N(m) ™ [ 100m,0m,p,0)x(@) i) Y 1)
< Ni(m / 1Qm. @m. p. )x(@) [du(w) Hph(m)
< NHh(m) | [10(m. 9(m, p.))x(0) |du(w).
whereD = 1+ NH,.

Sufficiency. The implication (uhD}mg) == (uhdim) is similar with the proof of
Theorem 4. For the relation (uhD3my) = (uhdym) we have two cases:
Casel.l1. n>p+1and

[ 1g(0m. . @)x()] du(o)

) r( / [¥(m.p.0)x() (o) )

_1'f My (”))(/ 1490500 .0)3(0) () )
+1

h(p

g?(ﬁjﬁ”i)dz (DY (MDY ([ 1t oot (o))
d

,,
< Mgt (MDY (DY gm0t o))
)

j=pr
d
<MDHg+d( ) [ 180m,9(m,p,0)x(@) (o).
Casel.2. n€[p,p+1).
/Q 1% 5 (m, p, ©)x(0) | du()



398 TIMEA MELINDA SZEMELY FULOP

h(m)\* ~
gM(h(p)) [ 100 6(m.p.0))x()du(o)

< <Z(<f;)))d (Z((p;)d [ 100n,9(m,p,0)x(@) i)

d
< MHE <,’j(<,fj)) [ 1006m,00m,p.0))x(0)]du(o).

From Case [.1. with Case 1.2., it results that there exist N = 1 +MH§‘+‘1D andv=d
such that (uhdym) holds for all (m, p,®) € A x Q and all x € L(Q,X,u). Hence, we
have shown that (C, P) is u.h.d.m., completing the proof. O

Corollary 4. We suppose that C = (®,9) be a strongly measurable stochastic
skew-evolution semiflow, (C, P) with strong uniform exponential growth in mean. The
pair (C,P) is uniformly exponentially dichotomic in mean if and only if there exist
D> 1andd € (0,1) with

(ueDjmy) i e < De "

d ; < ,
U & o9, 0)x(0) [du(0) ~ fol|Ps(m, p,0)x()|du(w)
forall (m,n,p,®) € T x Q and x € L(Q,X, ),

with | |0p(m. p,0)x(0)|du(®) £0.

(ueD3my)
m edj
L T %ol 7007 o) @) d()

- D edm

= JoI¥s(m, p,@)x(w)||du(®)’
forall (m,n,p,®) € T x Q and x € L(Q, X, ),
with | | g(m, p. )0 (o) |du(w) 0.

Proof. It follows from Theorem 6 for h(m) = ™. O

CONCLUSIONS

This study broadens several well-known results on uniform exponential dichotomy
in mean by applying them to the more general framework of uniform A-dichotomy
in mean. Integral characterizations for this generalized concept are provided for
discrete-time stochastic skew-evolution semiflows, considering both invariant pro-
jection families and strongly invariant projection families. From these characteriza-
tions, necessary and sufficient conditions are derived for the specific case of uniform
exponential dichotomy in mean. Future research will focus on unifying the analysis
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of discrete and continuous asymptotic properties for stochastic skew-evolution semi-
flows. Additionally, efforts will be directed toward extending these findings to the
nonuniform case.
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Abstract. In this short note, we prove a version of the Johnson-Lindenstrauss flattening Lemma
for point sets taking values in discrete subgroups. More precisely, given d, Ay, Nop € N and € €

(0, %) suitably chosen, we show there exists a natural number k = k(d,€) = O <Ei2 10gd>, such
that for every sufficiently large scaling factor A € N and any point set D C %Zd NB(0,ANy) with
cardinality d, there exists an embedding F : D — iZk , with distortion at most (1 +e+ ﬁ)

2010 Mathematics Subject Classification: 26B35; 46B85

Keywords: Johnson-Lindenstrauss lemma, discrete subgroups

1. INTRODUCTION

The renowned Johnson-Lindenstrauss Lemma [4,7,8] (JL-Lemma for short) estab-
lishes that, given a point set D = {xj,...,x;} C R? and a positive number € € (0, 1),
there exists a (linear) embedding @ : RY — RK, where k = k(d, &) = O(logd /€?), that
maps D into R¥ with distortion at most (1+4¢€). Although Johnson and Lindenstrauss
proved their lemma to tackle a problem concerning extensions of Lipschitz maps, the
computer and data science communities realized the potential of this lemma in redu-
cing the dimension of high-dimensional data while preserving its key features up to
a constant multiplicative error ~ 1; we refer the reader to [1, 3, 5] and the references
therein for a broader discussion.

Albeit JL-Lemma has become a powerful tool for “flattening” high-dimensional
data, represented by vectors in R? for some d > 1, without distorting the distances
too much, in the author’s opinion a more realistic scenario for a computer model-
space of d-dimensional vectors is the set }E—OZd N By,, where Ay, Ny are fixed positive
integers and By, denotes the euclidean ball with radius Ny centered at the origin;
this is because we cannot consider vectors with arbitrarily large entries (in absolute
value) or as many decimals as we want. Thus, an interesting question is, fixed some

© 2026 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
BY 4.0.
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suitable error term € € (0, 1), whether we can reduce the number of variables of data
in 7-7¢ N By, by embedding them into the grid ;-7 N By in the same spirit as JL-
Lemma, for some positive integer N, and k <, logd.

A naive approach is to proceed as follows: after applying the JL-Lemma to a data
point set D C %OZ”I N By, with |D| = d, we obtain a point set Dot = {y1,...,yk} C

R*, where & is given as in the conclusions of JL-Lemma; then define i)Hat = {z1,
...,Z4}, Where Z; is the closest point of %OZI‘ from y;. A priori, for any A > 0 we can
only ensure that
1\ Vk
d (xﬂ)ﬂatu }\.OZ > S 7\‘0 .
Even in the best case, by uniform distribution modulo 1 (see the proof of Lemma
2 below), we could find a sequence of positive integers (n;);>; such that

1
(VI>1): d (nl@ﬂat,z’<> <g
o

this means that (a priori) only a subsequence of dilations of Dy, are close-enough
to %Zk . In view of the previous discussion, we aim to prove the following: given
d,h € N and € € (0,1/2) appropriately chosen, then every sufficiently separated
point set in %Zd can be flattened into a k-dimensional sub-lattice %Zk with distortion
~en, 1 (i.e., with distortion factor close to 1 and depending on € and Ag), for some
k=k(d,e) <d.

Proposition 1 (Main Proposition). Let d,Ay,No € N and € € (O, Mlﬁ) be given.
There exists ¢ = c(€) > 0 such that the following holds for every positive integer
k > clogd: there is a scaling factor Ay = A (ho,€,k,No) € N such that for every
A > A1 and for every point set D C %Zd N By, with |D| = d, there is a mapping
F:D— %Zk such that

nyem) (1-em g ) ol <IF@-FOI < (1es 10 ) Il
(1.1)

This version of JL-Lemma has the advantage that, after rescaling a data set by
A, we can reduce its dimension with small distortion while keeping the number of
decimals and the magnitude of the flattened data bounded.

Besides the JL-Lemma itself, the following remarkable Theorem due to Tamar
Ziegler [9, Theorem 1.3] (see also [2] for an elementary proof in the case of even
dimensions) plays a crucial role in the proof of the Proposition 1.

Theorem 1 (Ziegler’s Theorem). Let D := {xy,...,x,} be a set of n vectors in R4
and € > 0 be given. Then there is ly = ly(€, D) > 0 such that for any | > ly, there
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exists a rotation p = p(l) € SO(d) satisfying that
(Vi=1,...,n): dp(l-x;),2%) <e.
2. PROOF OF MAIN PROPOSITION

The following result is a key ingredient to determine the dependence of the para-
meter A.

Lemma 1. Letr € (0,1)\Q, N € N, and € > 0 be fixed. Then there exists A| =

M(t,€,N) € N such that for every A > A and D C tZ* N By, there must exist a
rotation p = p(A) € SO(k) such that

d(p(AD),ZF) < e.

Proof. Since t € (0,1)\ Q, the sequence (nf),>; is uniformly distributed modulo
1 (see for instance [0]); in particular, given € > 0, there exist n; = n;(e,N) € N and
p € Z such that

n p .
1 N
Thus, for every = 1, e ,k and q= (ql,. .. ,qk) € Z*¥ N By, we obtain:

€
[nitqr — pqi| < L\q/‘ <€ 2.1
Hence from (2.1), for every subset D of tZF N By there holds that d(n; D, Z') < e.
The rest of the proof follows the very same lines as in [2]. O

Proof of the Proposition 1. Let Dyat := ®(D), where @ : RY — R is the linear
embedding given by the Johnson-Lindenstrauss Lemma, and write y; := ®(x;) where
D = {x1,...,x4}; the proof is quite direct if k is a perfect square, and so we assume
that v/k is an irrational number. Since a translation by a vector is an isometry, we can
assume that the origin of R* is the circumcenter of Dy,r. Moreover, by [7, Theorem

3.1] (see also [8, Theorem 1.35]), we can consider Dy, as a subset of Mlx//;Zk, since
& takes the form: !
®(x) = —Rx',
=7

where R is a d x k (random) matrix with entries taking values in {0, 1}. In particular,
by linearity, for every t > 0 we have that

tDhar = (D),
and in consequence, we get that ® odil, : D — t Dy, C R¥ is an (1 4 ¢)-embedding,
where dil, stands for the dilation by ¢.
By Theorem | and Lemma 2, there exists a scaling factor A; = Ay (g,k,Ny) € N
such that for every A > A there is a rotation p = p(A) € SO(k), such that

| R € €
_ < < Z
d (P(M)ﬂat), XOZ ) St
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and thus for each i € {1,...,d}, there exists z; € ZF such that

1 €

p(Ayi) — EZi < 5 (2.2)
Firstly we shall prove that for i # j, there holds that z; # z;; indeed, by (2.2), the
linearity of &, the triangle inequality, the definition of Dy,¢, and since the x;’s belong
to A—IOZd , we have that

(1—¢) e 1
e = (=8l =l < iyl < 54 55 llz =l

and thus, by the choice of €, we have that
1 1 1
—|lzi—zil| > ——¢e[14+— ) >0.
7\‘7\'0”& ZJH - 7\‘0 < +7\‘0>
Now we claim that the mapping F : Ax; — izi verifies (1.1). By triangle inequality,

the fact the JL-embedding & has distortion at most (14 ¢€), and that the x;’s belong to
iZ‘l , and since p € SO(k) is an isometry, we get

1
ag Izl e+ lip(hyn) —p(y))| < e+A(1+€)llx — x|

< (1+e+kio> Ao — A - 2.3)
Analogously, we have that
(1-e- 5 ) Il < gl -l e
Ao Ao
Therefore, (1.1) follows from (2.3) and (2.4). This finishes the proof. O
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Abstract. This paper applies the qualitative theory of differential equations to explore the global
structure of the generalized KdV-Burgers equation, including a complete description of the phase
portrait at infinity and the amplitude estimation of the oscillating shock wave. And based on KCC
theory, the deviation curvature tensor of the generalized KdV-Burgers equation is given. After
determining the Jacobi stability at any point on the traveling wave solution, this paper applies
the Melnikov method to further discuss the chaotic behavior when the dissipative term receiving
periodic perturbations.
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Keywords: generalized KdV-Burgers equation, dynamics, chaos, Kosambi-Cartan-Chern (KCC)
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1. INTRODUCTION

For nonlinear partial differential equations, it is very difficult to find its analytical
solutions. A common way to analysis the partial differential equation is to transform
the equation into two-dimensional ordinary differential equations through traveling
wave transformation, and then analyze the traveling wave solutions of the equivalent
system. Traveling wave solutions play a crucial role in nonlinear science, as they can
effectively describe various natural phenomena such as vibrations [4] and propagat-
ing waves [20].

In this paper, we investigate the dynamics of the generalized KdV-Burgers equa-
tion in the following form [24].

@+Baz—u+a ”a—”+a—”—
9w awz T N

= o 0, (1.1)

The first author was supported in part by the National Natural Science Foundation of China (Grant
No. 12371179), the Natural Science Foundation Innovation Research Team Project of Guangxi (Grant
No. 2025GXNSFGA069001).
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where y # 0 is the dispersion coefficient, 3 is the dissipation coefficient and o # 0 is
the nonlinear term. This equation with n > 1 arises in modeling waves generated by
a wavemaker in a channel and the waves incoming from deep water into nearshore
zones [18]. In fact, if one takes different values for o, B, v, n, the equation (1.1)
includes many equations. For example, the KdV-Burgers equation with n =1 [1],
the Gardner equation with n = 2 [8] and the generalized KdV equation with a closed
orbit when B =0 [6].

The generalized KdV-Burgers equation also has two different traveling wave solu-
tions. One of which is a monotonic shock wave [11]. The other one is an oscillating
shock wave which is difficult to calculate the exact solution. Therefore, further re-
search on the oscillation behavior of the oscillating shock wave is needed. This paper
further explores the case of n = 1. The generalized KdV-Burgers equation is a more
general case, leading to more general conclusions.

KCC theory (or Jacobi analysis) [2, 5, 13] is a geometric method for studying the
stability of dynamic systems. As one of the KCC invariants, deviation curvature
tensor is used to obtain Jacobi stability of the second-order ordinary differential equa-
tion. Nowadays, KCC theory has been applied to many three-dimensional systems,
such as Rabinovich system [16], Yang-Chen system [17], Chen system [12, 19] and
other unusual systems [3, 7, 14,22,23]. In these literatures, there is a close connec-
tion between the deviating curvature tensor and the chaotic behavior of trajectories.
Besides, KCC theory has also been applied in traveling wave solutions [15]. This
provides a new point for studying the dynamic behavior of traveling wave solutions.
It helps to analyze the stability of the traveling wave solution at any point.

The rest of this paper is organized as follows. In Sec. 2, dynamics of the equivalent
plane system near equilibria and at infinity is discussed. A more accurate amplitude
estimation of the oscillating shock wave solution is given for (1.1) and the global
structure diagram is presented. In Sec. 3, Jacobi stability and the deviation vector of
the generalized KdV-Burgers equation is discussed. In Sec. 4, the chaotic behavior of
traveling wave solutions when the dissipative term receiving periodic perturbations
is analytically confirmed by Melnikov method. Conclusions are given in the last
section.

2. GLOBAL ANALYSIS

This section will analyse the global dynamic behavior of the traveling wave solu-
tions of the generalized KdV-Burgers equation.

2.1. equilibrium points

By traveling wave transformation { = x — ct, ¢ # 0, integrating both sides and mak-
ing the constant of integration zero, the generalized KdV-Burgers equation becomes

(04
yu2§+[3u§+n+1u"“ —cu=0. 2.1)
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One can formalize (2.1) into the equivalent planar system.

du _
ag ="

dv B o i, C

— = ——y— "+ —u. 2.2)
gy (n+1)y Y

When 7 is an odd number, the plane system (2.2) has two equilibrium points,
Ey=(0,0) and E| = (%,0). If n is an even number, there has one equilibrium point
Ey = (0,0) for & > 0. For { < 0, there has three equilibrium points Ey = (0,0),

E ((“gﬁ)l ,0> and E» (— (”a‘))] ,o).

The Jacobi matrix corresponding to Ej is

0 1
J(EO):<C _5>7
Yy v

. 2 4
and the eigenvalues are A » = %i Bz|;r\ .

Similarly, the system (2.2) has the same Jacobi matrixes at £ and E».

0 1
J(EI)ZJ(EZ):<_M B))

Y Y

. 2—4
and the eigenvalues are A3 4 = %i BZM a

Local phase diagrams of the equilibrium points of (2.2) are depicted in Fig. 1.

If n is an even number, and g > 0, system (2.2) has three equilibrium points Ey
and E », their stability is shown as the table 1.

If n is an even number, and g < 0, system (2.2) has only one equilibrium point
Ey, the stability is shown as the table 2.

If n is an odd number, system (2.2) has two equilibrium points Ey and E|, their
stability conclusions are consistent with Table 1. But there is no equilibrium point
E.
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TABLE 1. Parameter Condition and Equilibrium Point Type for ¢ >0

Condition Ey Ei»
B>2,/ncy stable node
0 <p<2yncy stable focus
c>0 B=0 saddle point center
—2/ncy <P <0 unstable focus
¥>0 B < —2/ncy unstable node
B>2—cy stable focus
0<B<2y/—cy stable node
c<0 B=0 center saddle point
—24/—cy<P <0 unstable node
B<—2/=cy  unstable focus
B>2y/—cy unstable node
0<pB<2y/—cy unstable focus
c>0 B=0 center saddle point
—2/=cy<PB <0 stable focus
¥<0 B< -2y stable node
B>2,/ncy unstable focus
0 < B <2yncy unstable node
c<0 B=0 saddle point center
—2/ncy<P<0 stable node
B < —2/ncy stable focus

2.2. Dynamics at infinity

In this subsection, one will discuss dynamics at infinity and give the global struc-
ture diagram of the generalized KdV-Burgers equation.

For the limit cycle, it can be proved that there is no limit cycle in the system (2.2).
Due to the equation system (2.1), one has

vu—|—<—Bv—i—Cu—Ocu”H> :—E
Yy v (ntl)y v Y

According to the Bendixson criterion, when B # 0, the system does not have any
closed orbits. Thus, there is no limit cycle.
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TABLE 2. Equilibrium Point Type for ¢ <0

Condition Ey
c>0 For any P saddle point
0 B>2—cy stable focus
V= 0<P<2y/—cy  stable node
c<0 B=0 center
—2,/—=cy< P <0 unstable node
B<—2,/—cy unstable focus
B>2/=cy unstable node
0<PB<2y/=cy unstable focus
c>0 B=0 center
—2/—cy<P <0 stable focus
Y<0 B<—2\/cy stable node
c<0 For any f saddle point

2

—l,c=4 —l,c=4 —l,c=4

FIGURE 1. (a) Saddle point - focus - Saddle point (b) Saddle point - cen-
ter - Saddle point (c) Saddle point - node - Saddle point (d) focus - Saddle
point - focus (e) center - Saddle point - center (f) node - Saddle point - node
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For the infinite singularities, Poincaré Compaction Technology is a common tool
to analyze it.
Making u = % V= % dT = i—f, system (2.2) becomes

dz _ n+1

ar -~ "

dw 2_n B n o cz"

— = ——wz'— —. 2.3

dT e sz (nJrl)\(Jr Y 23)
When z = 0, the system (2.3) has no equilibrium point.

Letu = %, V= %, dT = %C, and 7 = 7", it is obtained that

dZ 2B w'Zna cnwz?
dT vy (n+1)y Y
d ! n+2 2./

l:WZB_|_W oc_cwz_i_z,. 2.4)
ar vy (n+ly v

The origin is an equilibrium point of the system (2.4). Suppose

)

wiB  w'a ew?? nf witly
P2 = + - yq2 =
Yy (n+l)y v Y (n+1)y Y

Assuming that the equation

na,  cnwz’?

2+ p2 = 0 has the solution z = @(w) = c;w+cow? +- -,

one has
ciw—+ <62+Bcl> w? + <C3+Bczcc1) w4 ... =0.
Y Y v
One can get
0 o
Cl=Cr=Cy=-+-+-"=2¢(¢C = C = — .
1 =C2=20C3 n+1 yCnt2 CES,
Thus, there is 7/ = — (nfl)ywnﬂ 4,
The equation (2.4) becomes
7 2nB  wldno cnwe? _ no? JEE
ar -y = (n+1)y Y (n+1)2p2
One obtains that
B, (n+2)o , .y 2¢ , 2nB, no. . 2nc
2wt (@)= +7—"WwW"  ——wit+—z+ W — —wz
(p2)utla2)e] Y (n+1ly Y Y (n+1)y Y

Y



413

(a) (b)

FIGURE 2. For = 1,y=1,n =4, the phase diagrams near the singularity
at infinity: (a)c =4, o = 8; (b)c = —4, a = —8.

eE

() C> (b) C< (©)Bp=0

FIGURE 3. The global structure diagram of system (2.2) when 7 is an odd number.

and

4o? n(n+2)
A= bn+1+4(m+1)a2n+3 72 [1 ( —i—l) ]>0.

Therefore, the singularity is an unstable node when 7 is an odd number, as shown
in Fig. 2. For n is an even number, the sufficient small domain of the singularity
consists of a hyperbolic sector and an elliptical sector. If o0 and 'y have the same sign,
the hyperbolic sector is above the elliptical sector. Otherwise, the elliptical sector is
above the hyperbolic sector. Due to n being an even number, the image below the
V-axis is symmetrical from the image above the V-axis.

Combining the conclusions of Section 2.2 and Theorem 1, the global phase dia-
gram corresponding to each situation is shown in Fig. 3 and Fig. 4.

2.3. Amplitude estimation

In order to understand the dynamic behavior of the generalized KdV-Burgers equa-
tion, one further analyzes the amplitude of the oscillating shock wave.
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@ ®©

(@ y=1n=40=38, (b) y=1,n=4,0=38, ©y=1,n=4a=38,
c=—-4p=1 c=—-4p=9 c=—-4pB=0

dy=Ln=40=38, e)y=1n=4,0=38,
c=4,p=1 c=4,=9

= Wy=Ln=40= @Oy=Ln=4a=
~8,c=—4B=9 ~8,c=—4,B=0

FIGURE 4. The global structure diagram of system (2.2) when n is an
even number.

2
For convenience, one fixes Y > 0, > 0, ¢ > 4Bsz and transfers the focus to the

1
origin. Let v(s) = u({) — (%) ", we have

1\ n+1 1
(n+1)c\n" B (n+1)e\")
YWas + Bvs + 7+1 <v+ (Oc clv+ " =0. (2.5
1\ ntl
Let expand <v+ (%) "> )

1 n+1 ntl
<v+<(”“)c>"> :v"+1+---+c::ﬂv<nzl)c+<(”“)C) e

(04 (04
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Substitute equation (2.6) into equation (2.5),

Yas + Bvs + %f(v) +ncv =0, 2.7)
where
ntl il i\ ntl
om0 (1))

Then v(s) has a series of peaks and valleys. So one can set the first and largest wave
peak up and obtain the initial value condition

1)c\n
w(0)  =uo— ()" 2.8)
vs(0) =0.
Therefore, equation (1.1) becomes an initial value problem
Was +Bvs +nev = — 55 f(v),
(n+1)c % (2.9)
v(0) :uo—( a > ,v5(0) = 0.
On the one hand, the problem
WO (s)2s + Pw?(s)s +new =0,
N (2.10)
wo (5)(0) —ug— <(n—i(-xl)c> w2 (0) =0,
has a solution w°(s). Because of the parameter condition ¢ > %, the solution is
_B 1 Vaney—p?
w(s) = e [(uo — (L)) by o VARV B
o 2y
1
B(uo — (M>) /Ancy— B2

V4ncy— B2 2y

On the other hand, the nonlinear initial value problem

{ywéf +PBwi+ew™ =0,

2.11
WH0) = 0w (0) = — & f(v), @1

has the solution

w(s,1) = e H b 209 2f(v(t)) sin ~4n;Z_BZ(s —1).

(n+1)\/4ncy—P



416

The solution of the initial value problem (2.9) is

S
00S)—|—/W
0

To obtain the upper bound of w(s), one discusses the upper bound of w?(s) and

Jo W (s, 1)d.
For w?(s), one takes the derivative of the part within the parentheses,

e (DN Ay =B Ay — B
(o () s

o 2y 2y

Ty 2y
After simplification, it can be obtained that tan ~ 4"26 i s = LA
i \/ 4ncy—p?

From this, it can be obtained that

/ 2 / _R2 / _R2
sin dey— B B and cos dncy Bs— dncy B

2y Vancy 2y - Vaney

So the maximum value of w(s) is

(e < e <uo_ (<n+1>c>i> Ve - (")

o Vancy Vaney— B2 Vancy
(2:12)
Let f(v) < (v+ ((" Deyiyntl < up*!, the upper bound of fj w**(s,1)d is
s 2oy _Be [ B
w (s,10)dl < uj e ZYS/ v(V)|ez'du. (2.13)
fy e < by [ )
According to the existence and uniqueness of the solution, one has
N
W(s)| = W) < )+ [ w (s 2.14)
0

According to Gronwall inequality and returning to the original situation, one can get

wozenf syt oo )] )

(uo DY) VAT] (1)
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The amplitude of the generalized KdV-Burgers equation is

0 4oy B B
1o iy e o0 (B3
(o~ (5)" )y ey

It can be seen that the oscillating shock wave is exponentially stable, and the spiral
will converge to the equilibrium point at this speed.

X

Remark 1. When n becomes a variable, the calculation process is different from
the case when n = 1. This paper makes changes in the selection of the maximum wave
amplitude and calculates the amplitude estimation of the KdV-Burgers equation with
n as a variable.

3. JACOBI ANALYSIS

In this section, Jacobi stability of the traveling wave solutions at any point of the
trajectory is analysed on the basis of KCC theory. In addition, the deviation vector is
calculated.

3.1. KCC theory and Jacobi stability

In the subsection, one introduces the basic concepts of the KCC theory, including
nonlinear connection, Berwald connection, deviation curvature tensor and the defin-
ition of Jacobi stability, et.al. [9][21]. The Einstein summation convention is used
throughout.

Let (x') = (x',x%,...,x") € R" and (') = (y',y?,...,") € R". The coordinates y'
are defined by y' = dx’/d{. One considers second-order differential equations of the
form

d’x'

P
where (x',y',) € Q C R" x R" x R, Q is an open connected set, and each function
G'(x,y,() is C* in a neighborhood at any point.

The coefficient of the nonlinear connection N’ is defined by N; = i = dG'/dy/. The
value of N are closely related to the linear stablhty of the equlhbrlum point [10].

One considers the disturbed trajectories x'({) of the system (3.1) as

2(0) =x'(C)+n&' (), 3.2)

where |1 is a small parameter, and £/({) are the components of a contravariant vector
field defined along the path x'({). Substituting Eq. (3.2) into Eq. (3.1) and taking the

+2Gl(xy7§)_07i:1727'”7’17 (31)
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limit  — 0, one obtains the equation in the form
dZE_,’ d& BG‘

NI J = 33
Converting to the KCC covariant differential, Eq. (3.3) becomes
D2§i i
a0 =Pt/ (3.4)
where
P 299 2G'G! N, NN+ il 3.5
= 25 20 Gty g NN+ G-

and G’l = ON: /y is Berwald connection coefficients. The tensor P’ is called the
second KCC 1nvar1ant or the deviation curvature tensor. The tra]ectorles of (3.1) are
Jacobi stable if and only if the real parts of the eigenvalues of the deviation curvature
tensor P; are strictly negative everywhere. Otherwise, the trajectories are Jacobi un-
stable.
According to the formula (3.5), one can get KCC differential invariants:
2

4
P G0 p= bt dey
2y’ AT
Therefore, the following propositions can be proved.

N_

Proposition 1.

(1) If B and y have the same sign, the equilibrium points are linear stable.
(2) If B and v have different signs, the equilibrium points are linear unstable.

From equation (3.5), the Jacobi stability of any point on the system (2.2) orbit can
be obtained. When 7 is an odd, we can obtain Proposition 2.

Proposition 2.

Q8 If E>0andu< (B +‘;‘7> the orbit of the system (2.2) is Jacobi unstable.
Otherwzse the orbit is ] acobl stable.

@ Ify L <0and u< (ﬁ +4;¢y> the orbit of the system (2.2) is Jacobi unstable.
OtherWlse the orbit is Jacobi stable.

When 7 is an even, we can obtain Proposition 3.

Proposition 3.

20y 20y
system (2.2) are Jacobi unstable. Otherwise, the orbits are Jacobi stable.
Q) If % > 0, B2+ 4cy < 0, the orbits of the system (2.2) are Jacobi stable.

3 If % <0, B2 44cy > 0, the orbits of the system (2.2) are Jacobi unstable.

1 1
(1) If% >0, B2 +4cy> 0and — (BZHCY) "<u< (BZHCY) ", the orbits of the
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1 1
4) If% <0, B*+4cy<0, and — (%Y) "<u< ([Sz%ﬁ{cv)" , the orbits of the

system (2.2) are Jacobi stable. Otherwise, the orbits are Jacobi unstable.

Remark 2. When o and ¢ have different signs, system (2.2) does not have bounded
traveling wave solutions.

One discusses the deviation curvature tensor at the equilibrium points.

B2 +4cy

Proposition 4. At the point Ey, it is obtained that P = g

(1) Ify>0and c > —%, the equilibrium point Ey is Jacobi unstable.
2) Ify>0andc < —%, the equilibrium point Ey is Jacobi stable.
2

3) Ify<Oandc> —E—Y, the equilibrium point Ey is Jacobi stable.
@) Ify<Oandc< —%, the equilibrium point Ey is Jacobi unstable.

Similarly, one can analyze the Jacobi stability of equilibrium point E ,.

B2 —dncy

Proposition 5. At the point E », it is obtained that P = g

(1) Ify>0andc > 4%, the equilibrium point E\  is Jacobi stable.

2) Ify>0andc < 4%, the equilibrium point E\ » is Jacobi unstable.

3) Ify<Oandc> %zy, the equilibrium point E\ > is Jacobi unstable.
@) Ify<Oandc> 4%, the equilibrium point E\ > is Jacobi stable.

When 7 is an odd, the boundary line P = 0 will go through the following stages.
In the first stage B < —2,/cnY, the boundary line appears to the right side of the two
equilibrium points. As B gradually increases to 2,/cny > § > —2,/cny, the boundary
moves between two equilibrium points. Specially, when P increases to 0, the linear
stability of equilibrium points changes. As 3 continues to increase to 3 > 2, /cn, the
boundary line will move back to the right of the equilibrium points.

When 7 is even, in the first stage B < —2,/cny, the boundary line appears out-
side the two equilibrium points. As [ gradually increases to 2,/cny > B > —2,/cny,
the boundary moves between the equilibrium points E;, and Ey. Specially, when
B increases to 0, the linear stability of equilibrium points changes. As [ continues
to increase to 3 > 2,/cny , the boundary line will move back to the outside of the
equilibrium points. This conclusion can correspond the type of equilibrium points
mentioned earlier.
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3.2. Dynamic behavior of deviation vectors

In this subsection, the dynamic behavior of deviation vectors is analyzed. Accord-
ing to the equation (3.3), the dynamical equation of the deviation vector is

e pd ¢
d§§+5d2+< —Y>§:O. oo

For convenience, one makes ¥ > 0,3 > 0. About other situations, conclusions can be
obtained similarly.

3.2.1. Dynamic behavior of deviation vectors at Ey

For equilibrium point Ey(0,0), according to expression (3.6), it can be obtained

that § :
d 0 Bd 0 C
+ == 0, 3.7
ag Tyat oy G-

According to the initial conditions &y(0) = 0,&y(0) = &y, The solution of the equa-

tion (3.2) is
exp (_MWC) —exp <_B_ 252+4CYC> C e

4y
. 2
o= gexp (- 52), -k 6
. 2
exp <—%C> sin(—p? — 4cy)¢, c< —B—Y.
3.2.2. Dynamic behavior of deviation vectors at E1 »

For equilibrium point E; 2(@ 0), it can be obtained that

d’¢; | Pdt

dg oy dg
Similarly, one utilizes initial conditions &;(0) = 0,&;(0) = &;;. The solution of the
equation (3.4) is

exp (—B+ B2_4ncyc> —exp <_B_WC> > B

72‘; —0. 3.9

2y 4y

— 2
&= Cep (-5, =B @310

. 2

exp <—%C) sin(—B? +4ncy)C c< %/'

4. MELNIKOV ANALYSIS OF CHAOTIC BEHAVIORS

In this section, one begins by the equation (2.1) when the dissipation term is peri-
odically disturbed.

un+l

Yuzg + B(1 +Scos i)

il —cu=0. 4.1)
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one transforms the equation (4.1) into an equivalent planar system.

du
ac "
dv B L c
— = ——(14d8coswl)v— Wt Zu 4.2)
d Y (n+1)y Y
When B is small enough, one can define € = —B as disturbance amplitude. So the

system (3.6) can be transformed into the following form.

au_
ac ="

dv o 41 C

o W+ Zu4-e(dcosly —v). 4.3)
g (n+1)y Y ( @)

For equation (4.3) without disturbance, one obtains Hamiltonian function

vVio_ € o n+2
2 o T ar )"

Let H = 0, the explicit expression for the homoclinic orbit can be obtained as

wl0) - ((W‘)”Sechig_i <<n+1>w+z>c>"sechzcmc> |

200 200

Therefore, Melnikov function for the homoclinic orbit go({) becomes

M= [ va0)Beoswly(ao) ~ (o)l

where
v(qo) = —i(W);seChﬁCtanhC.
M= % <W—1)2(013—|—2)c> ' [/Z SSech%CtanhZCcosw(C+Co)dC
—/oo sech%Ctanh2 Cdg] .

It is clear that the homoclinic Melnikov function M has simple zeros for
cos®({+ &) = % This means the equation (4.1) has chaos in the sense of Smale
horseshoe.
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5. CONCLUSION

This paper analyzes the cases where n is an odd and an even respectively and
devotes to the dynamic behavior of traveling wave solutions of the generalized KdV-
Burgers equation. The global structure diagrams of the system (2.2) under different
parameters are sketched. An amplitude estimation of the generalized KdV-Burgers
equation (1.1) is obtained. The KdV-Burgers equation is a special case when n = 1.
Therefore, the obtained results are more accurate and universal. The conditions of
Jacobi stability of the system (2.1) at any point on the trajectory are obtained. When

vY>0andc < —E—i, ory<O0andc> —E—i, the equilibrium point Ej is Jacobi stable,

2 2
and for y> 0 and ¢ > A%Y, ory<Oandc< f—ny, the equilibrium points Ej > are Jacobi
stable. For the equation (2.1) with the dissipative term receiving periodic perturba-
tions, it is discovered that the system is chaotic in the sense of Smale horseshoe when

18] > 1.
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IMPULSIVE BASSET FRACTIONAL DIFFERENTIAL EQUATION
WITH NONLINEAR BOUNDARY CONDITION
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Abstract. In this paper, we consider the existence of solutions for a class of impulsive Basset
fractional differential equation with nonlinear boundary condition. Using the comparison prin-
ciple established and Schauder’s fixed point theorem, we show that the problem has at least a
solution between the upper and lower solution under appropriate conditions. Meanwhile, the
existence of extreme solutions is obtained by means of quasilinearization technique. Finally, two
examples are presented to illustrate the applicability of our main results.
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Keywords: Basset fractional differential equation, impulse, upper and lower solutions

1. INTRODUCTION

In the paper, we consider the following nonlinear Basset fractional differential
equation with impulses

X (1) +MD*x(t) = f(t,x(r)), t€(0,1], t#t,
Ax(t) = I(x(1)), k=1,2,....p, (1.1)
g(x(0),  x(1))=0,

where 0< o< LM ER, 0=19 <t <tr <+ <tp <tpp1=1,Ax(tx) =x(t;}) —x(t;)
denotes the jump of x(¢) at # = t, x(t;) and x(r,) represent the right and left limits
of x(r) at t = 1 respectively, and D%x = D{x is the Caputo fractional derivative.

Fractional integrals and derivatives are vital for modeling phenomena across en-
gineering, physics, and biology [8,11,18,20]. As such, the widespread application of
fractional differential equations has led to significant and growing research interest,
as seenin [5,9,13,15,25,26] and related works.

The first author was supported by Hunan Provincial Natural Science Foundation of China (No
2022J730236).

© 2026 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
BY 4.0.
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Significant attention has been directed towards fractional differential equations
that blend classical and fractional derivatives for modeling specialized physical phe-
nomena. A foundational example is the Basset fractional differential equation, which
originated from Basset’s study of a sphere under gravity [4]. He introduced a special
hydraulic force, now known as the ”"Basset force,” which Mainardi [16] later inter-
preted as being proportional to the fractional derivative of order 1/2 of the particle’s
relative velocity. Consequently, this model incorporates both a first-order derivat-
ive and a fractional derivative. Stanék [22] considered the general Basset fractional
equation

{u’(l) = ADu(t) + f(t,u(t)), (1.2)

u(0) = u(T),

where 0 < o < 1. Under appropriate conditions, the author showed the existence of
solution for (1.2) by using the Leray-Schauder degree method.

In modelling the motion of a rigid body immersed in Newtonian fluid, Torvik and
Bagley [23] introduced the following fractional differential equation

Au(t) +BD?u(t) + Cu(t) = £(t),

where A,B,C are real numbers, f is the known function, which is referred to as
Bagley-Torvik equation by later literature.

Fazli, Sun, Aghchi and Nieto [6] studied the following fractional differential equa-
tion with the nonlinear conditions

u™ (1) + MD%u(t) = f(t,u(r)), 0<t<T,
g (@® (1), u® (1)),...,u® (1)) =0,

where m—1<0<mO0=f<n<--<t,=T,k=0,1,...,m— 1. The authors
obtained the existence of extremal solutions by establishing one comparison theorem
and applying the monotone iterative method. The other results about those equations,
we refer the reader to [1-3, 14, 17, 19] and the references therein.

Impulsive perturbation originates from external disturbances in the process of time
evolution and is commonly present in practical problems in modern technology. Im-
pulsive fractional differential equation has also attracted the interest of many re-
searchers, see [7,12,21]. In [10], Guo and Jiang studied the fractional impulsive
problem

un(t> :f(t7u(t))7 re [OvT]/{t17t27"'atm}a 0< q< 17
Au(t) = I(u(t),  k=1.2,....m, (1.3)
au(0) +bu(T) =c,

where 0 =) <t < -+ <ty <tpy1 =T, and f: J xR — R is continuous. They

obtained some existence results by using fixed point method and generalized singu-
lar Gronwall's inequality. In [24], Yang and Chen studied the following impulsive
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fractional differential equation

D%u(t) = f(t,u(t)), t€0,1)/{t, 12, ... tm},
Au(tk)—lk( (l‘k)) ADBM(tk):Jk(u(l‘k)), k=1,2,....m (14)
u(0) + K1 DPu(1) = 0y, '

DPu(0) + Kou(1) = 65,

where f: [0,1] xR — R, € (1,2],B € (0,1], K1,K>,01,0, are constants. By ap-
plying Krasnoselskii’s fixed point theorem and contraction mapping principle, the
authors showed the existence of solution of (1.4) under appropriate conditions.

The model (1.1) investigated in this work possesses several distinctive features
when compared to existing formulations. Unlike (1.2), it incorporates impulsive per-
turbations and a nonlinear boundary condition. Furthermore, it differs from (1.3) by
including a first-order derivative term and a more complex boundary structure. To
the best of our knowledge, the solvability of impulsive Basset equations remains an
unexplored area. Therefore, this paper aims to establish the existence of solutions to
(1.1) employing the method of lower and upper solutions.

The paper is organized as follows. In section 2, we establish a comparison prin-
ciple related to the problem (1.1). In section 3, the concept of lower and upper
solution of (1.1) is introduced. By using fixed point theorem and the approach of
quasilinearization, we obtain the existence results of (extreme) solution for (1.1).

2. PRELIMINARIES
Let Jy = [0,t1),Jl = (t1,02),. ., Jpo1 = (tp—1,1p),Jp = (tp, 1], = [0.1],
PC(J)={x:J=R|xeC(L), k=0,1,....p, x(t;"),x(t;
x(t7)=x(t), i = 1,2,...,p},

then PC(J) is Banach spaces with the norm ||x|| = sup,; |x(¢)|. A function x € A :=
{u e PC(J)yNC'(J*): u' € L'(0,1)} is called a solution of (1.1) if it satisfies (1.1),
where J* =J/{t1,t2,...,1p}.

)exist,,

Definition 1 ([11, (3.1) of Chapter 3 ]). Two-parameter Mittag-Leffler function

E &)=Y —> R, a>0, beR.
»(&) ;0 i i D) EeR,a>0,b€

Definition 2 ([I |, Definition 2.1]). Let x € L'(a,b), its Riemann-Liouville frac-
tional integral ,I)x of order y > 0 is defined as

1 ! _
A1x(0) = /0 (1 — )" 'x(s)ds.
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Definition 3 ([ 11, Definition 2.3]). Let x € L!(a,b), its Caputo fractional derivat-
ive ,D}x of order n — 1 <y < n is defined by
_ 1 !
DY 1) = In Y (”) 1) = / r— n—1-y (”) d
Dix(t) = (aly ™) (1) e (=) (s)ds,
provided that the right-hand side integral exists and is finite.
The Caputo fractional derivative ,D;x of x can also be defined by

n=1 (k)
DIx(t) =D (1) (x(t) - Z : kf )tk) , n—1<y<n,

k=0
provided that the right-hand side integral exists and is finite, see [6].

Lemma 1. Assume that x € A, then its Caputo fractional derivative of order o
exists and
D%x(t) € C(J*)NL'(0,1).

Proof. Without losing generality, we assume that p = 1. Since o/} ~* is bounded

on LP(0,1) for any 1 < p < oo (see Theorem 2.2(i) of [11]), ¥ € L'(0,1) and
_ 1 4 B
D%x(1) = (oI 7% (1) = F(l—oc)/o (t—5)"%(s)ds,
D%x exists almost everywhere and D%x € L'(0,1).Using Theorem 2.2(iii) of [11],
from that fact that x’ € C[0,7,), we have
D%x(t) € €0, 9]

for any [0,6] C [0,1). Forr; <r <1,

D%(t) = 1“(11—(1) /0t1 (t—s5)"%(s)ds + 1“(11—0c) /t:(t —5) "%/ (s)ds

- 1“(11—00 /0" (r =) (s)ds + (o} =) (1) 1= (1) + (1),

where

) = Frg o 0= s hale) = (1)) =, D).

INl—a

Since (t —s)~*x/(s) is continuous in 7 € (¢1,1] and integrable in s € (0,11), hy €
C(1,1]. Similar to the case x € C[0,1;), hy € C(1;,1]. Hence, D%x(t) € C(J*). O

Consider the linear equation

() + MD*(1) = h(t), 11,
Ax(ty) = dy, k=1,2,...,p, 2.1)
x(0) = xo,

where 1 € C(J*)NL'(0,1) and M,d;(1 <k < p),xo € R.
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Lemma 2. The function X € A is the solution of if and only if

x(t) = /IEI(M (=M (t —5)""*) h(s)ds+xo + Y, dr.
0 0<n <t
Proof. Assume that x1,x, are two solutions of (2.1) and y = x| — x3, then
V() +MD%(1) =0, 1 #4,
Ay(t) =0, k=12,...,p,
¥(0) =0.

Since y € C![0,#1), by employing Laplace transform, one can obtain that y = 0 in
[0,7,) and thus y(#;) = 0 since y is left continuous. For ¢ € (11,1,), we have

Y (t) +MD%y(t) = (1) +MoD}'y(t) = ¥/ (t) + My, D'y(r) = 0.

Therefore y = 01in (t1,1,]. Similarly, y=01in [t;,#;11],i = 2,. .., p. Hence, the solution
of (2.1) is unique.
Let g(t) = [y E1—a,1 (—M(t —s)'"*)h(s)ds and

W) =)~ (1= @) [ B (M=) %0 - ) “h(s)as,

where E{lja 1(£) = (E1_0,1(#))", which is continuous in R. Tt follows from 4 € C(J*)N
L'(0,1) that g € C[0, 1]. Hence,

)?(0) = X, (l‘k ) (l‘k) A)f(l‘k) =dy, k=1,2,...,p.
For 0 <y <x <1, we have

/\V £)dr = / h(t)dt — M(1 — o /dr/ O (=M (r—5)'=%) (1 — 5)~%h(s)ds
:/ h(t)dt—M(l—oc)[/O h(s)ds/y ED (M) 5)ar

+ [ s B mlr ) )
:/y h(t)dt+/0 [E1_aq1(—M(x—5)""%) — E1_o1 (=M (y — )" *)]h(s)ds

+ / B o (=M (x—$)"%) — Ey_q.1 (0)]h(s)ds

= g(x) —g(y),
which implies that g(r) = (7).
We show that y € C(J*). For simplicity, we assume that p = 1. Let H(t,s) =

EDy (—M(t—5)' =) (1 —5)"%h(s). 0 <1 <11,

/H t,s ds—/ 1()(“( Ms'=*) s %h(t — 5)ds.
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Since Eﬁ)a L (=Ms'=*)s=%h(t — 5) is continuous in ¢ and integrable in s € [0,],
JoH(t,s)ds € C[0,1)). If t; <t < 1, taking t —#; < T <, we have

/H (t,s ds-/ H(t,s) ds—l— El( )al( Ms'=)sn(t — s)ds := g (1) + g2(¢).

Noting that E fja,1(_M (t— s)lfo‘)(t —5)%h(s) is continuous in 7 and integrable in
sel0,7],E 1( )(x L (—=Ms'=*)s™%h(t —s) is continuous in 7 and integrable in s € [0, —1],
we get that g1, g> € C(t1, 1]. Hence, y € C(J*) and g € C' (J*).

It follows from the fact |E1(1—)0t,1 (—M(t—s5)'"%)| < El(l_)OL,1 (M) in region {(z,s5)|0 <
s <t < 1} that there exists C > 0 such that

[ B9 s has| < (0= s as

= CT(1 - ool ~“|A(t)]-

Since I ~® is bounded on L'(0,1), we have

/O t E\Vo (Mt —5)'"%)(t —5)~*h(s)ds € L'(0,1),

which implies that y € L'(0,1) and thus g’ € L!(0, 1). It follows from Lemma 1 that
D%g(t) exists. In addition, for 0 < ¢,/ < 1,

Mol ~g(t) =1} ~*8(1)]

r(11‘f /’_’ /El o1 (=M (r—s)'"*)h(s)dsdr

F(lAf / /El a1 (=M (r—s)'"*)h(s)dsdr
M ' i}
= F(l—oc)/o h(s )ds/s (t—r)"E1_oq1(—M(r—s)'"*)dr

l : - 1-o
= T MO [ 1= Ban(-Mlr =9 ar

M t a (r—s)(lf‘x)"
_F(l—(x)/oh<) /t—r Z i+ 1) dr

- M/lh(s)dsll(l—r)_aEl—oc,l(—M(r—s)l_a)dr

I(1-o)
M s ' t(t r) "% (r—s)1-%igy
1“(1_/ lz:f) I(1—o)i+1)

ds

. F(l—oo/o h(s)ds/s (1 =) Erat (~M(r =)' ~)dr
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B " 00 (_M)i(t_s)(lfoc)(zﬁrl)
_M/o h(s)i_;) NCE T ES

M /0 ' h(s)ds / (1= 1) By o1 (—M(r—s)'~)dr
__ /0 E1an (—M(t — )% = 1(s)ds

+ /O B an (=M —5)1%) — 1h(s)ds

=)= ¢0)+ [ h)as,

where we use the formula

/Z(t — ) % (r—s) 1" ®igy =

(t—s)1=DEHDL —a) (1 —a)i+ 1)
r((l—a)(i+1)+1) '

Hence,
t t t
[ g @asm [ o1 -g(s)as = [ nis)as,
! ! !
'(t) +MD%g(t) = h(t .
¢ (1) +MD () = (1), ac o)
g(0)=0.
It follows from (2.2) and the fact ¥ = g’ € C(J*) for t # ; and D*%(t) =o I % (1)
that ¥ is the solution of (2.1). The proof is completed. U
Remark 1. If h € C(J*)NL'(0,1) and ay, cx,xo € R, then the problem
X(t)+MD%(t) = h(t), t+#t,
Ax(tk) :akx(tk)+ck, k=1,2,...,p, (2.3)
x(0) = xo
has a unique solution
t
x(0) = [ Eia (-M(t-5)"%) h(s)ds
0
+x0 [] O+a)+ Y, a J] (1+a)) 2.4

o< <t O<y<t 1<t;<t

S Y a I (1+ay) /O " (“M(t — )" ) h(s)ds.

O<n<t [<tj<t
Lemma 3. Ifa € [0,1], b > a, then

Ea7b(x) >0, VxeR.
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Proof. By Corollary 3.2 of [11], E,(—x) is completely monotone on R, which
implies that E, ,(—x) > 0 for x > 0. In addition, it follows from the definition of E, ,
that £, 5 (x) > 0 for x > 0. O

Using (2.4) and Lemma 3, we have
Lemmad. Ifh >0, ay > —1,c, > 0(1 <k < p) and xog > 0, then the solution x of

(2.3) satisfies
x>0, tel.

3. MAIN RESULTS

Definition 4. The function u# € A is said to be the lower solution of (1.1) if

u' (1) +MD%u(r) < f(t,u(t)), t#t,
Au(ty) < I (u(ty)), k=1,2,...,p,
8(u(0),u(1)) <0

and it is an upper solution of (1.1) if the above inequalities are reverted.

We list the following assumptions.

(Hy) (1.1) has the lower solution u, the upper solution vy and ug < vo forz € J.

(Hy) f:J x[Y1,72] — R is continuous, here y; = min{min,c;up, min,c;vo} and
Y2 = max{max,c; ug, max;c;vo}. Ix(u) is continuous in u € [uo(),vo(t)]
fork=1,2,...,p.

(H3) g: R?* — Ris continuous and g(-,v) is nonincreasing in v € [y1,72].

(Hy) For up <v<u<wvgandtel, f(t,u) > f(t,v). There exist by < 1(k =
1,2,...,p) such that It (§) + bi& > I (C) + bl for uo(tx) < { < & <vo(#) and
k=1,2,....p.

(Hs) g:R%? — R is continuous and there exist constants A > 0, > 0 such that

g01,¥2) —g,y2) MY —y1) —u( —y2)
foryi <y <y, <m,i=1,2.

Theorem 1. Assume that (Hy) — (Hy) are satisfied, then (1.1) has one solution
x € [ug,vo] ={u e PC(J) :up <u<vy,t €J}.

Proof. Let n(t,x) = max{uo(t), min{x,vo(¢)}},F (¢,x) = f(¢,n(t,x)) and [} (x) =
bin(tx,x) +I(n(tx,x)). Consider the equation
X (t) +MD%x(t) = F(t,x(1)), t # 1y,
Ax(tk) = —bkx(tk)—i—llf(x(tk)), k=1,2,....,p, 3.1
x(0) = n(0,x(0) — g(x(0),x(1)))-
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According to Remark 1, the solution of (3.1) satisfies

xt):/o’Ela,l(—M(t—s)l—oc)p(s,x(s))der Y L((w) [T (1-5))

0<y<t 1<tj<t

_ Z by H (l—bj)/otkEl_a_rl (—M(tk—s)lfo‘)F(s,x(s))ds

o< <t H(<tj<t

+n(0,x(0) —g(x(0),x(1))) [T (1—be) = (Ax)(r).

o<t <t

Let the right-hand part of the above equality be Ax so that we define the operator A
in PC(J). Clearly, the fixed point of A in PC(J) is the solution of (3.1).
By the continuity of f,g,I; and the definition of n, there is L > 0 such that for any
x€PC(),
[F(6,x)] <L, [n(0,x(0) = g(x(0),x(1))| <L, [l (x(t))] <L,

which imply that there exists D > 0 such that ||Ax|| < D for any x € PC(J).
Let Q={uc PC(J): ||u|]| <D}, then A: Q — Q. Itis obvious that A: Q — Q is
continuous. Let t,,7* € (t,t+1] and ¢, < *, then for x € Q,

(A9~ (A0 <L [ 1B ar(-M —5)"%) ~ Erg (-M(—)' *)lds

[*
+L/ IE1 ot (—M(1* —5)1=%)|ds,
1

which implies that |(Ax)(*) — (Ax)(t.)| — O if |t* —#,| — 0 and thus A: Q — Q is
completely continuous. It follows from Schauders fixed point theorem that there
exists x € Q such that Ax = x. Moreover, x € A since x is the solution of (3.1).

Next, we show that uy < x <vg. Let y = x — ug, from the definition of lower
solution and (Hy), we have

Y +MD% = f(t,n(t,x(t))) — ug(t) =MD uo(t) > f(t,n(t,x(t))) — f(t,uo(t)) > 0,
Ay(te) = —brx(te) + I (x(tx)) — Auo(ty.)
> —bpx(ti) + I (uo () ) + bruo (te) — Auo (1) > —biy (i),
¥(0) =x(0) —uo(0) = 0.

Clearly, f(t,n(t,x(t))),uy, D*uo € C(J*) NL'(0,1). Using Lemma 4, we obtain that
x > ug for all r € J. Similarly, x < vg for all t € J. Hence,

X(1)+MD (1) = f(1,x(1)), 1 # 1,
Ax(t) = L(x(t)), k=12,....p

Finally, we show that g(x(0),x(1)) = 0. We only need to show that uy(0) <
x(0) — g(x(0),x(1)) < wo(0). If x(0) — g(x(0),x(1)) < uo(0), then x(0) = n(0,x(0) —
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2(x(0),x(1))) = up(0) and thus g(x(0),x(1)) > 0. From the definition of lower solu-
tion and (H3), we have
8(uo(0),u0(1)) <0 < g(x(0),x(1)) = g(uo(0),x(1)) < g(uo(0),u0(1)) <0,
which is a contradiction. Hence x(0) — g(x(0),x(1)) > up(0). Similarly, x(0) —
)

Uuo
8(x(0),x(1)) <vo(0). Hence, x(0) = n(0,x(0) — g(x(0),x(1))) = x(0) — g (x(0),x(1))
and thus g(x(0),x(1)) = 0. x is a solution of (1.1) and x € [ug, vo]. O

Theorem 2. Assume that (H,) — (H,) and (Hs) — (Hs) are satisfied, then there
exist sequences {u;},{vi} C A such that lim; e u; = u*,lim;_,e v; = v* and u*,v* €
[uo, vo| are minimal and maximal solutions of (1.1), respectively.

Proof. The proof is divided into four steps.

Step 1: Constructing sequences {u;},{v;}. Consider the following linear equa-
tion
u/tl—&-l()—i_MDa i+l(t):f(t7vvi(t))7 teJat?étka
AWip1 (1) = —bkWi (1) + I (Wi(t)), k=1,2,...,p, (3.2)
Wi 1(0) = W;(0) — 5.8(Wi(0), Wi(1)),

where Wy = ug or Wy = vo. From Remark 1, (3.2) has a unique solution
Wiy (t / E\—q, ( t—S)l_a)f(f,Wi(f))ds
(Wi(0) —A~"g(Wi(0), Wi(1))) TT (1—bx)

0<n <t

= ¥ b T 00 [ B (-Ms—5)) 0, Wi0)3ds

<<t H(<tj<t

+ ), W) TT (1-8)).

O<# <t 1e<tj<t

(3.3)

Setting W; = u; if Wy = up, W; = v; if Wy = vg, we obtain two sequences
{u;} and {v;} and u;,v; € Afori=1,2,.
Step 2: Monotone property of sequences {u,-}, {vi}:

up <up Sup <o < St SV Svp < <vp <.
Let z = u; — up, we obtain that
Z(t) +MD%(t) > f(t,uo(t)) — f(t,u0(t)) =0,
Az(ty) = —bruy (te) + I (uo (1)) — Auo(tx)
—bi(ur (1) — uo (1)) + I (uo (1)) — Auo (k)

—by(ur (1) — uo (1)),

2(0) = —5 8(u0(0),u0(1)) > .

>
>
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It follows from Lemma 4 that z > 0, so ug < u; for all t € J. Similarly, one
can prove that v; < vy for all # € J. Now, let ® = v; —uy, using (Hy) and
(Hs), we obtained

o' (1) + MD*0(t) > 0,
A0(t) = —brvi (tx) +I; (vo(tx)) + bruy (k) — I (uo(tx))
> —br(vi(tx) —u1(t)) + br(vo(tx) — uo(tx)) + I (vo(tx)) — Ik (uo (1))
> —br(vi(te) —ur(te)) = —brw(te),
®(0) > = (vo(1) ~uo(1)) > 0.
Hence, v; > u;. From (Hs) and (Hs), we obtain that
wy (1) +MD%u(t) < f(t,ui (1)),
Auy (1) = —byu (1) + I (o (1)) = —bic(ur (1) — o (1)) + L (o (1))
< Ie(u1 (1)),
g(u1(0),u1 (1)) < g(uo(0),u0(1)) +A(u1(0) — uo(0)) — p(uer (1) — uo(1))
= —p(ur (1) —uo(1)) <0.

Therefore, u; is the lower solution of (1.1). Similarly, v; is the upper solution
of (1.1). Using the similar argument, we can show that u; < u; 1 < vy <v;
fori>1.

Step 3: According to Step 2, the sequences {u; }, {v;} are monotonic and bound-
ed. Therefore, the pointwise limits exist and we assume that

~— —

limu; = u*, limv; =v",
i—oo i—oo

where u*,v* € [ug, vo).
From (H,), (Hs) and lim; . W; = W € [ug,vo|, where W = u* or v*, let
i — oo in (3.3) and applying the dominated convergence theorem, we obtain

that
W) = [ Eran (M —5)'%) faewoass ¥ W) TT 1)
Y w Il (1_19,.)/”‘&%1 (=Mt —5)"%) £(2.W(1))ds
O<ty<t B<tj<t 0
+(W(0) =AW (0),w(1))) T (1—x).
o< <t

Through simple calculation, we have

W' (1) + MDW (1) = £(1,W (1)), _n

AW (1) = bW (1) + KW (1)) = LW (1)), k=1,2,....p,
W(0) = W(0) = A~ g(W(0),W(1)).
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Therefore, u*,v* are solutions of (1.1).

Step 4: u*,v* are the extremal solutions of (1.1) in [ug,Vvo]. Assume that u €
[uo, vo] is a solution of (1.1), we suppose that u; < u < v; for some i € N. By
(Hy), we have

f(tui(t) < ft,u(t)) < ft,vi(1)),

Alu(tie) = uiv1 () = De(u(te)) + biutier — I (ui (1))
b (uis1 (tx) — ui(tx)) + Ie(u(te)) — Lo (1)
—br(u(ti) — uiv1(t))-
Similarly, A(viyq (t) —u(tx)) > —be(vie1 (k) — u(ty)).
Using (Hs), we have

0i11(0) = 1(0) 3 8(0), (1)

< u(0) = 5 (u(1) — (1)) < (0).

Similarly, u(0) < v;11(0). It follows from Lemma 4 that u; 1 < u < v;y;.
Therefore,
uj<u<v;, j=ii+1,i+2,.... (3.4)
Taking limit in (3.4) as j — oo, we get that u* < u < v*. Therefore, u*,v* are
the extremal solutions of (1.1) in [ug, vo.
O

Example 1. Consider the equation
(1) +kD2x(t) = t(1425(1)), 143,
Ax(0.5) = 0.1 —sinx(0.5), (3.5)
x*(0) sinx(0) — x*(1) —x(1) =0,
where B > 0 and K is a positive parameter.

We claim that for any [ € N, (3.5) has at least [ solutions for ¥ > 2(2n/ 4 2)B. In
fact,

ft,s)=t(1+sP), 1(s)=0.1—sins, g(u,v)=u*sinu—v>—v.
LetU;=2jn, V;=2jrn+1+t,j=1,...,1, then
1
Ul(t) +xD2U;(r) =0 < 1(1+UP(r)), t+£0.5,
AU;(0.5) =0 < 0.1 —sinU;(0.5) = 0.1,
U7 (0)sinU;(0) —UF(1) = U;(1) = —(2jm)* = 2jm < 0,
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1

V;(t)-i—KDZVj(t):l—i-zL\/}{;Zt(l—l—VP(t)), t#0.5,

AV;(0.5) =0>0.1 —sinV;(0.5) = 0.1 —sin(1.5),

VH0)sinV;(0) = V(1) = V;(1)

= (2jm+ 1)*sin(1.5) — (2jn+2)* —2jt—2 > 0,
which imply that U; and V; are the lower and upper solutions of (3.5), respectively.
Hence, (H,) holds. Obviously, f: J xR —-R,I;: R—+Rand g: R? — R are con-
tinuous. In addition, f(-,s) is nondecreasing in (0,+o0) and g(+,v) is nonincreasing
n (0,+o0). Moreover, there exists b; = 1 such that

LE)+018 =1 (8)+b:

for & > (. Therefore, (H>) — (Hs) holds. It follows from Theorem 1 that (3.5) has
solutions x;j € [U;,V;](j=1,...,1).

Example 2. Consider the equation
1 242
X(1) = 1Dix(0) = § 320 - 52|, r#nn,
Ax(te) = 4ik1n( +x2 (1)), k=12, (3.6)
100x(0) +x3(1) — 15x(1) = 0,

where 0 <) <t < 1.

In fact,

t[2+2 2 1
f(t,s):4{21ss—io}, I(s) = o In(14+7). g(v) = 100u+v" — 5.

Let

1t 0<r<t,
Ut)=0, V()=1 1+, 1 <t<t,
141, H<t<l.

Clearly, U is a lower solution of (3.6). In addition,

1 N/
V(1) — =DV (1 _1—— -
11 5 11 )
V(1) =3 > sn(14+(025+0)), AV(2)= 5 > In(1+(0.5+n)°),
g(V(0),v(1)) =3.
So, V is a upper solution of (3.6) and (H;) holds. Moreover, f: J xR — R and
I1,I;: R — R are continuous. For f, we have
40 —5(2+5)?
T = - |—
i) =7 [ 20(2+5)2

> f(6,V()),

] >0, Vs €[0,2], t €[0,1].
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Hence, f(z,s) is nondecreasing in s € [0,2]. There exist b; = b, = 0 such that for
0<({<E<2,k=1,2,

I(E) + & = In(1+&%) > R(§) + bl = —— In(1+ ).

1 1
4+k 4+k

Hence, (H,) and (Hy) are satisfied.
In addition, g: R* — R are continuous and

g(57,52) — g1,y2) = 100(37 —y1) + (32 + 232 +¥5 — 15) (72 — ¥2)
<100(y1 —y1) =32 —y2)

for 0 <y; <y; <2,i=1,2. Therefore, (Hs) holds. It follows from Theorem 2 that
there exist monotone iterative sequences {u;},{v;} which converge to the extremal
solutions u*,v* of (3.6),respectively.

Remark 2. Even if I, =0 and g(u,v) = u — v, our results are also new because one
of the prerequisites of [22] is that A > 0 in (1.2), which is equivalent to the condition
M < 0in (1.1). Our conditions are different from those in [22].
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Abstract. Let 0 < o < n, My be the fractional maximal operator, M? be the sharp maximal oper-
ator and b be the locally integrable function. Denote by [b, M¢] and [b,M?] be the commutators
of the fractional maximal operator My, and the sharp maximal operator M®. In this paper, we
show some necessary and sufficient conditions for the boundedness of the commutators [b, M)
and [b,M Ij] on slice spaces when the function b is the Lipschitz function, by which some new
characterizations of the non-negative Lipschitz function are obtained.
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1. INTRODUCTION AND MAIN RESULTS

Let T be the classical singular integral operator and b be the locally integrable
function, the commutator [b, T] is defined by

[0, T)f(x) = bT f(x) =T (bf)(x).

The well-known result of Coifman, Rochberg and Weiss[6] showed that the commut-
ator [b,T] is bounded on L”(R") for 1 < p < oo if and only if b € BMO(R"). The
bounded mean oscillation space BMO(R") was introduced by John and Nirenberg
[14], which is defined as the set of all locally integrable functions f on R" such that

1
Iflsworse) = sup o [ [7(06) = foldx < o=
00 0l Je ¢
where the supremum is taken over all cubes in R" and fp := ‘1@ Jof(x)dx. In 1978,

Janson[12] obtained some characterizations of the Lipschitz space AB (R™) via the
commutator [b,T] and proved that [b,T] is bounded from L? (R") to LY (R") if and
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only if b € Ag(R") (0 < B < 1), where 1 < p <n/Band1/p—1/q=p/n (see also
Paluszyniski[ | 7]). Recently, the commutators have been studied intensively by many
authors, which plays an important role in harmonic analysis and partial differential
equations (see, for example, [1,5,10,11,19,21]).

As usual, a cube Q C R” always means its sides parallel to the coordinate axes.
Denote by |Q| the Lebesgue measure of Q and ) the characteristic function of Q.
For 1 < p < oo, we denote by p’ the conjugate index of p, namely, p’=p/(p—1). We
always denote by C a positive constant which is independent of the main parameters,
but it may vary from line to line. The symbol f < g means that f < Cg . If f < g and
g < f, we then write f ~ g.

Let 0 < a < n, for a locally integrable function f, the maximal operator My, is
given by

1
Mal)0) =0 gy [ Ol

where the supremum is taken over all cubes Q C R” containing x.

When o = 0, My is the classical Hardy-Littlewood maximal operator M, and M,
is the classical fractional maximal operator when 0 < o < n.

The sharp maximal operator M* was introduced by Fefferman and Stein [9], which
is defined as

1
Vs =sup o 1700~ folay,

where the supremum is taken over all cubes Q C R” containing x.
The maximal commutator of the fractional maximal operator M with the locally
integrable function b is given by

Map )0 =500 ez [ 1660 bSOy

where the supremum is taken over all cubes Q C R" containing x.
The nonlinear commutators of the fractional maximal operator M, and sharp max-
imal operator M* with the locally integrable function b are defined as

[0, Mo] (f)(x) = b(x)Mo(f)(x) — Mo (bf)(x)
and
[, M)(f) (x) = b)M* () (x) = MF(BS) ().

When o = 0, we simply write by [b,M]| = [b,My] and M}, = My,. We also re-
mark that the commutators M, and [b, M| essentially differ from each other. For
example, maximal commutator My, 5, is positive and sublinear, but nonlinear commut-
ators [b, My and [b,M ﬁ] are neither positive nor sublinear. The study of the mapping
properties of commutators of maximal operators has been widely explored, we refer

the readers to see [8, 18,20,22,23,25] and therein references.
To state our results, we first present some definitions and notations.
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_ Definition 1. Let 0 < B < 1, we say a function b belongs to the Lipschitz space
Ag(IR") if there exists a constant C such that for all x,y € R",

|b(x) = b(y)| < Clx—y[P.

The smallest such constant C is called the AB norm of the function b and is denoted
by [|6] 4,-
B

In 2019, Auscher and Mourgoglou [2] introduced the slice space (EY),(R") with
0 <t <eand 1 < p < oo, they studied the weak solutions of boundary value problems
with a 7-independent elliptic systems in the upper half plane. Recently, Auscher and
Prisuelos-Arribas[3] obtained the boundedness of some classical operators on the
slice space (Ef),;(R") with 0 <t <eoand 1 < p,r < oo.

For 0 < p < oo, the Lebesgue space L”(R") is defined as the set of all measurable
functions f on R” such that

I fllLr@ry == </Rn |f(x)|P dx> " < oo,

Definition 2. Let0 <7 <o and 1 < r, p < e. The slice space (EF),(IR") is defined
as the set of all locally r-integrable functions f on R" such that

1 r ; %
17l 2, ey = </R <’Q(“)| /Q(m) F O dy) dx) < oo,

If we take r = p, then the slice space (EY),(R") is the Lebesgue space L” (R"). For
a cube Q, we denote by || /|y, (o) = I/ %ollEr), @)

For a fixed cube Q and 0 < o < n, the maximal operator with respect to Q of a
function f is given by

1
Mao(£)(0)= sup i [ |f()lay,
e 02003x | Qo| 1=a/n Jo,
where the supremum is taken over all the cubes Qg with Qg C Q and Qg 2 x. Moreover,
we denote by My = My o when o0 = 0.
In 2017, Zhang [24] showed some characterizations via the boundedness of the

commutator [b, M] on Lebesgue spaces, where the function b belongs to the Lipschitz
space Ag(R") and b > 0.

Theorem 1. [24] Let 0 < B < 1 and b be a locally integrable function. If 1 < p <

n/Band 1/q=1/p—B/n, then the following statements are equivalent:

(1) b e Ag(R") and b > 0.
(2) [b,M] is bounded from LP(R") to L1(R").
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(3) there exists a constant C > 0 such that

1 1 1/q
Sup ——— 7/ 1b(x) — Mo (b) (x)|? dx> <c.
o QP <|Q\ 0 ¢
Next, we recall the result of [22], which showed some characterizations via the
boundedness of the commutator [b, M] on slice spaces, where the function b belongs
to the Lipschitz space Ag(R") and b > 0.

Theorem 2. [22] Let 0 < B < 1, 0 < t < oo and b be a locally integrable function.
Ifl<p<r<e, l<g<s<eandB/n=1/p—1/r=1/q—1/s, then the following
statements are equivalent:

(1) b€ Ag(R") and b > 0.
(2) [b,M] is bounded from (E});(R") to (ES),(R").
(3) There exists a constant C > 0 such that

1
SZP\Q!B/TI/‘W?() —Mo(b)()ll &z (0) < C-

Our first result can be stated as follows.

Theorem 3. Let0<B<1,0<a<n 0<a+PB<n 0<t<ooandb bealocally
integrable function. If 1 < p <r<oo, 1 <g<s<oand (u+P)/n=1/p—1/r=
1/q— 1/s, then the following statements are equivalent:

(1) be Ag(R") and b > 0.
(2) [b,My] is bounded from (E}),(R") to (ES),(R™).
(3) There exists a constant C > 0 such that

1
sup gz 0~ Me®) Ol o) < (1.1
(4) There exists a constant C > 0 such that
1
supi/ b(x)—Mp(b)(x)|dx <C. (1.2)
0 ’Q|1+B/” Q| ( ) Q( ) )‘

Here is the second result.

Theorem 4. Let0<PB<1,0<a<n 0<a+PB<n 0<t<ooandb bealocally
integrable function. If 1 <p <r<oo, 1 <g<s<oand (u+P)/n=1/p—1/r=
1/q— 1/s, then the following statements are equivalent:

(1) b e Ag(R").
(2) My, is bounded from (EZ),;(R") to (ES),(R").
(3) There exists a constant C > 0 such that

1
sngHb(-)—bQIl(E;),(Q) <C. (1.3)
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(4) There exists a constant C > 0 such that
1
supi/ b(x) —bp|ldx <C. (1.4)

Finally, we obtain the following result.

Theorem 5. Let 0 < B < 1, 0 <t < o and b be a locally integrable function. If
l<p<r<e, l<g<s<oandB/n=1/p—1/r=1/q—1/s, then the following
statements are equivalent:

(1) b € Ag(R") and b > 0.

(2) [b,M*] is bounded from (E});(R") to (E5),(R").

(3) There exists a constant C > 0 such that

N —opmh .
o IQ\B/nH/s 16¢) =207 (%0) ()l g, () < - (1.5)
(4) There exists a constant C > 0 such that
4
sup |Q|1+B/n / |b(x) —2M* (byp) (x)|dx < C. (1.6)

2. PRELIMINARIES

To prove our results, we give some necessary lemmas in this section. It is well-
known that the Lipschitz space AB (R™) coincides with some Morrey-Companato
spaces (see [13] for example) and can be characterized by mean oscillation as the
following lemma, which is due to DeVore and Sharpley [7] and Paluszynski [17].

Lemma 1. Let 0 < B < 1 and 1 < g < . The space /.\Bﬂ (R™) is defined as the set
of all locally integrable functions f such that

I (i [ soltas)

A —sup(/fx—f dx) < oo,

b0 =5 o o] Jo /1 o

Then, for all0 < B <1and 1 < q < e, Ag(R") = Ag , (R") with equivalent norms.

Lemma 2. [26] Let 0 < o0 < n, Q be a cube in R" and f be locally integrable.
Then

My (fxo) (x) = Mo o(f)(x), forall x € Q.

The following lemma is given by Lu, Wang and Zhou[15], they obtained that the
boundedness of the fractional maximal operator M, on slice spaces.

Lemma3. Ler0 <t <oo, | <p<r<oandl <g<s<oowitho/n=1/p—
1/r=1/q—1/sforO0<o<n. If f € (EL)(R"), then

Mo f [l (&), () < CIlSf N £9), (mr)s

where the positive constant C is independent of f and t.
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Lemmad. [/6] Let O <t < oo, 1 < p,r <ooand Q be a cube in R". Then
%ol &), rny ~ 1017

Lemma 5. [4] For any fixed cube Q, let E = {x € Q:b(x) <bp} and F = {x €
Q :b(x) > bg}. Then the following equality is true:

/E!b(x>—bg\dx:/F\b(x)—bedx.

3. PROOFS OF THEOREMS 3-5

Proof of Theorem 3. (1) = (2): Assume b € AB(R") and b > 0. For any locally
integral function f, we have

I Ml = Ml )0~ Mol
<sup o [, 1000 B0y

< C||b]| 4, su 7/ d
H ”ABQQEIQ‘]_(OH_B)/H Q’f(y)’ y
< Cbll5, Mo () ().

By Lemma 3, we obtain that [b, M, is bounded from (E}),(R") to (ES),(R™).
(2) = (3): We divide the proof into two cases based on the scope of c.
Case 1. Assume 0 < o < n. For any fixed cube Q,

1
W||b() —Mo(D)()ll(es) (0)

1
by o ,
S!QIB/”“/S b()-le M“’Q(b)()Hw;'),(Q)
|Q|B/n+1/s o a"M“Q(b>(')‘MQ(Z’)(')H(E»,(Q)
=1+11.

For I. By the definition of My o, we can see
Mo (o) (x) = |Q|%/", for all x € Q. 3.1)

Using Lemma 2, for any x € Q, we have

Mo (X0) (x) = Ma.o (o) () = [Q|*/", Mo (bt0) (x) = Moo (b) (x)-
Thus, for any x € Q,

b(x) — |01/ Mo 0(b)(x) = 01" (B(x)|QI*" — Mec0(B) (x)
= 101" (b(x)Ma (x) (x) ~ Ma (bxg) (x))
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= |07 [b.Ma] (xo) (x)-

Since [b, Mg] is bounded from (E}),(R") to (EZ);(R"), then by Lemma 4 and noting
that (o +P)/n=1/q—1/s, we have

b() — 101" Ma o (b))

— OB b, Mo] (120) () 01
< 1O P gl o, e
<C.

I = |Q’7[3/n71/s

(E?)i(Q)

Next, we estimate //. Similar to (3.1), by Lemma 2.3 and noting that

Mo (%) (x) = %o (x), forall x € O,
it is easy to see
M (%0) (x) = xo(x) and M (by,p) (x) = Mp(b)(x),for any x € Q. (3.2)
Then, by (3.1) and (3.2), for any x € Q, we obtain
101~ Ma,0(b) (x) — Mo(b) (x)
<1017 (Mo (bxo) (x) — [b(x)| Mo (Xo) (<)
+1017"1b(x) [Ma () (¥) — M (Xo) ()M (bxg) (¥)]
= 017" |Ma (1blxo) (x)—|b(x) Mo (Xo) (¥)]
+1017%" Mo (Xo) (0)[1b(x) [M (x0) (x) — M (bxo) (x)]
= Q" |[1b], Mo (x0) ()| +[1b],M] (x0) (x)] .

Since [b, M) is bounded from (E}),(R") to (E?);(R") and we can see that b € Ag (R")
implies |b| € Ag (R"). By the definitions of [b, M) and M, we have, for any x € Q,

|[1b], Mo (x0) (¥)| <'s SUP T [b(x) =b(y)lxe()ldy

1
|Q/’1 o/n 0

1
< bllaye) 9P e [ o]y
Aﬁ(R)Q19x|Ql|17(a+B)/'I o 0

< |16l zgMap (Xo) (x)
= [Bll, 101 P o ().
Similarly, we can see

1151, M](x0) (x)| < [1b1l4,101" " %o (x), for any x € Q.
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Thus, for any x € Q,
|0~ Ma,0(b) (x) = Mo(b)(x)| < Cb] 4, 12" "xo ().
B
Then, by Lemma 4, we have

Il = ‘nyﬁ/nfl/s

101" Ma 0 (b)(-) —MQ(”)(')H
<clol' ||XQ||(E§);(Q) <C.
This gives the desired estimate
O 1b() = Mo (B) (| g3, 10) < €

which leads us to (1.1) since Q is arbitrary and the constant C is dependent of Q.
Case 2. Assume o = 0. For any fixed cube Q and any x € Q, by (3.2), we can see

b(x) = Mq(b)(x) = b(x)M (%0) (x) = M (bxo) (x) = [b,M] (X0) (¥)-

Assume that [b,M] is bounded from (E}),(R") to (E%),(R") and B/n = 1/g— 1/s,
then by Lemma 4, we have

01 P15 ()~ Mo(B) N e 0y = 191717 16.M] () Ol
< C|Q|_B/n_l/s HXQH(E;),(R") <G,

(E3):(Q)

which implies (1.1).
(3) = (4): Assume (1.1) holds, then for any fixed cube Q, by Holder’s inequality
and (1.1), we can see

W/Q’b(x)_MQ(b)(X)Idx
C

< 1gyrewn 120) = Mo®)O)l gy, @) el 7,

C
< g 120~ Mo®)0l, 0 < C.

where the constant C is independent of Q. Thus we have (1.2).
(4) = (1): To prove b € Ag(R"), by Lemma 1, it suffices to show that there is a
constant C > 0 such that for any fixed cube Q,

1

For any fixed cube Q, let E = {x € Q:b(x) <bp} and F = {x € Q : b(x) > bp}.
Since for any x € E, we have b(x) < bg < My(b)(x), then

|b(x) = bo| < |b(x) — Mg (b)(x)|- (3.3)
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By Lemma 5 and (3.3), we obtain

1 2
o |, 16@) —boldx = oammr |[b(x) —boldx
0| 0 0| E

gwﬁw/wm—mwwmu

<

< g J, ) ~Mob) ] dr < €

Thus we obtain b € Ag (R"). Next, we will prove b > 0, it suffices to show b~ =0,
where b~ = —min{b,0}. Let b™ = |b| —b~, then b = b" — b~. For any fixed cube Q

and x € Q, we observe that
0< b7 (x) <[b(x)] < Mg(b) (),
then it is easy to see
0<b™(x) < Mg(b)(x) = b7 (x) + b7 (x) = Mg(b)(x) — b(x).

Combining with the above estimates and (1.2), we obtain

1 B 1
|Q4b@mgméy@ww—mm

1
<10 (gt 9~ Mo(b) 0l ax) < CloP ™.

Thus, b~ = 0 follows from Lebesgue’s differentiation theorem.
This completes the proof of Theorem 3. O

Proof of Theorem 4. (1) = (2): Assume b € AB(R”). For any fixed cube Q C R”,
we have

Mes ()0 =580 oz [ 1609~ bO)ILF)dy

< Cl1blL gy Mors ./ ().

By Lemma 3, we obtain that M, is bounded from (E}),(R") to (ES),(R").
(2) = (3): For any fixed cube Q C R" and all x € Q, we have

—-b b(x )|d
b~ bol < o [ 166) ~b(v) Iy

QWHQ“W/| b0) o)y
< 101" Mas (o) ().
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Since My, is bounded from (E}),(R") to (E¥);(R"), then by Lemma 4 and noting

that (ot+B)/n=1/q—1/s, we obtain

1 - n— s
Wub(')_bQHEg),(Q) < |o P Mg, (o) Ol Es),0)

< C\Q!f(wm/"*l/s ”XQH(E;Z),(R") <C,

which implies (1.3) since the cube Q C R" is arbitrary.
(3) = (4): Assume (1.3) holds, we will prove (1.4). For any fixed cube Q, by
Holder’s inequality and Lemma 4, it is easy to see

1 c
Q1 B/ /Q 1bl) = boldx < 15 16C) = boll sy, o) %ol i), )

C
= JoPFir 15() = boll gy, (0) < €

(4) = (1): It follows from Lemma 1 directly, thus we omit the details.
The proof of Theorem 4 is finished. g

Proof of Theorem 5. (1) = (2): Assume b € AB (R") and b > 0. For any locally
integral function f, the following estimate was given in [25]:

|[b, M%) f (x)| < ClIbl|,Mp( ) ()-

Then, by Lemma 3, we obtain that [b, M*] is bounded from (E}),(R") to (E}) (R").
(2) = (3): Assume [b, M*] is bounded from (E}}),(R") to (E?),(R"), we will prove
(1.5). For any fixed cube Q, we have (see [4] for details)

M* (%) (x) = 1/2, forall x € Q.
Then, for all x € Q,
b(x) —201% (bxg) (x) = 2 (BLOM (10) (x) — MF (btg) (v))
— 20, M (x) (x)-

Since [b,M?] is bounded from (E}),(R") to (E$),(R"), then applying Lemma 4 and
noting that B/n =1/ — 1/s, we obtain

QP 1b() = 2M° (o) () g, gy = 2121 |10 M7 (%) | 51,0
<clo[ P/ %ol £9), (mmy < €,

where the constant C is independent of Q. Then we achieve (1.5).
(3) = (4): Assume (1.5) holds, we will prove (1.6). For any fixed cube Q, it
follows from Holder’s inequality and (1.5) that

|Qp1+w1 /Q 1b(x) — 2M% () (x)| dx
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< Clof B/ o) — 2 (bo) (-

Nigp, 0 <€

which implies (1.6) since the constant C is independent of Q.
(4)=(1): We ﬁrst prove b € Ag (R"). For any fixed cube Q, the following estim-
ate was given in [

|Q/yb —bgldx < ’Q|/}b —2M* (byp) (x)| dx.

Then by (1.6), we have

1 2
W/Q“’@‘) —boldx < W/Q\b@c)—zw (bxo) ()] dx < C,

which leads to b € Ag (R") by Lemma 1.
Now, let us prove b > 0. It suffices to show b~ = 0, where b~ = —min{b,0} and
let b* = |b| — b~ . For any fixed cube Q, we have (see [4] for details)

lbo| < 2M* (byp) (x), for any x € Q.
Then, for all x € Q,

2M* (bxg) (x) — b(x) > |bo| — b(x) = bo| — b™ (x) + b7 (x).
By (1.6), we obtain

b b+ )dx + — b‘ dx < C|Q|P/", 3.4

where the constant C is 1ndependent of 0.

Let the side length of Q tends to O (then |Q| — 0 ) with x € Q. By Lebesgue’s
differentiation theorem, we obtain that the limit of the left-hand side of (3.4) equals
to

|b(x)| —bT(x)+b (x) =2b" 2}19 ‘
Moreover, the right-hand side of (3.4) tends to 0. Thus, we have b~
The proof of Theorem 5 is completed. O
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Abstract. Gorenstein Krull domains (G-Krull domains) are defined as domains R that satisfy the
following three conditions: (1) For each prime ideal p of R of height one, Ry is a Gorenstein
ring. (2) R =Ry, where p ranges over all prime ideals of R of height one. (3) Any nonzero
element of R lies in only a finite number of prime ideals of height one. In this paper, we aim to
characterize G-Krull domains from the perspective of Gorenstein homological algebra, similar to
Gorenstein Dedekind domains (G-Dedekind domains). To achieve this objective, we introduce
the notion of w-locally Gorenstein projective modules (G-projective modules). An R-module M
is called w-locally Gorenstein projective if My, is G-projective for any maximal w-ideal m of R.
‘We show that a domain R is G-Krull if and only if R is a strong Mori domain and every w-ideal
of R is w-locally G-projective. Additionally, we establish that a domain R is G-Dedekind if and
only if R is a Noetherian domain and every maximal ideal of R is G-projective.
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1. INTRODUCTION

All rings considered in this paper are commutative with identity. In [7], Qiao and
Wang introduced Gorenstein Krull domains (for short, G-Krull domains). A domain
R is called a G-Krull domain if R satisfies the following three conditions: (1) For
each prime ideal p of R of height one, R, is a Gorenstein ring. (2) R = Ry, where p
ranges over all prime ideals of R of height one. (3) Any nonzero element of R lies in
only a finite number of prime ideals of height one ([7, Page 48, Definition]). R is said
to be Gorenstein if idg  Rp < oo (the injective dimension of Ry, as an Rp-module)
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for any maximal ideal m of R (refer to [9, Definition 4.6.12]). They characterized
G-Krull domains in the context of various conditions, including the following: a
domain R is G-Krull if and only if R is an SM domain, and any nonzero w-ideal of
R is a v-ideal. Recently, Xing ([12]) characterized G-Krull domains in terms of w-
factor rings: an integral domain is G-Krull if and only if, for any nonzero nonunit,
the Gorenstein global dimension of its w-factor ring is zero. SM domains are the
analog of Noetherian domains. A domain R is called strong Mori (for short, SM) if
R satisfies the ascending chain condition on w-ideals of R ([10, Definition 4]). Note
that a domain R is a G-Dedekind domain if and only if R is a Noetherian domain
and any nonzero ideal of R is a v-ideal ([ 1, Proposition 1.5]). Thus, G-Krull domains
can be viewed as the w-version of G-Dedekind domains. G-Dedekind domains were
introduced by Mahdou and Tamekkante in [6]. Recall that a domain R is called G-
Dedekind if every submodule of a projective R-module is G-projective ([6, Definition
2.1(1)]). An R-module M is said to be Gorenstein projective (for short, G-projective)
if there exists an exact sequence --- — P; — Py — P* — P! — ... of projective R-
modules with M = Ker(P® — P°) such that Homg(—, Q) leaves the sequence exact
whenever Q is a projective R-module.

In this paper, we aim to characterize G-Krull domains from the Gorenstein homo-
logical algebra point of view, similar to G-Dedekind domains. To attain this object-
ive, for convenience, we introduce the notion of w-locally G-projective modules. An
R-module M is called w-locally G-projective it My, is G-projective for any maximal
w-ideal m of R. Then we obtain that a domain R is G-Krull if and only if R is an SM
domain and every w-ideal of R is w-locally G-projective; if and only if R is an SM
domain and every prime (or maximal) w-ideal of R is w-locally G-projective.

Now recall some definitions and notations from [3] and [9]. Let R be an integral
domain with quotient field K and let F(R) denote the set of all fractional ideals of R.
A star operation on R is a mapping x: F(R) — F(R) satisfying: for any A,B € F(R)
and 0 # a € K, we have

(1) (aR)x =aR and (aA), = dA;

(2) If A CB, then A, C By;

(3) ACA, and (A,). =A..
For any fractional ideal A of R, A is called a fractional x-ideal if A, = A, and A
is called a x-ideal if A is an ideal of R and A, = A. For the introduction of star
operations, one may consult [3, Section 32 and 34] or [9, Section 7.2]. Examples
of classical star operations include the v-operation, where A, = (A~!)"! and A~! =
{x € K| xA C R}, the r-operation, where

A = U{Bv | B is taken over all finitely generated fractional subideals of A},
and the w-operation, where

A, = {x €A®K | xJ C A for some finitely generated ideal J of R with J~' = R}.
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A nonzero ideal p of R is said to be a prime w-ideal if p is both a prime ideal and
a w-ideal, denoted by p € w-Spec(R); and a maximal w-ideal if p is maximal in the
set of all proper w-ideals of R, denoted by p € w-Max(R). Each maximal w-ideal
is prime. The w-Krull dimension or w-dimension of R, denoted by w-dim(R), is the
supremum of the heights of all maximal w-ideals of R.

Any unexplained terminology is standard as in [9].

2. MAIN RESULTS

To characterize G-Krull domains in terms of w-locally G-projective modules, we
begin with the following lemmas.

Lemma 1 ([8], Proposition 1.8). Let S be a multiplicative subset of R, M be an
R-module, and N be an Rg-module. Then the natural Rs-homomorphism

0: Homg(M,N) — Homg,(Ms,N)
is an isomorphism.

Lemma 2. Let S be a multiplicative subset of R, M be an R-module, and N be an
Rg-module. Then the natural Rs-homomorphism

0: Extk(M,N) — Extg,(Ms,N)
is an isomorphism.

Proof. This is followed by setting T := Rg, A:=M, M :=T, and X := N in [9,
Theorem 3.3.11]. O

Lemma 3 ([©], Theorem 7.4.13). A domain R is an SM domain if and only if Ry
is a Noetherian domain for any maximal w-ideal m of R, and each nonzero element
of R lies in only finitely many maximal w-ideals of R.

Theorem 1. The following statements are equivalent for a domain R.

(1) R is an SM domain and idgRy, < 1 for any maximal w-ideal m of R.

(2) Ris an SM domain and idg Ry < 1 for any maximal w-ideal m of R.

(3) R is an SM domain and every w-ideal of R is w-locally G-projective.

(4) R is an SM domain and every prime w-ideal of R is w-locally G-projective.

(5) Ry is a G-Dedekind domain for any maximal w-ideal m of R, and each
nonzero element of R lies in only finitely many maximal w-ideals of R.

(6) R is a G-Krull domain.

Proof. (1) = (2) Letm be a maximal w-ideal of R. Then0 — Ry, — K — K/Ry, —
0 is an exact sequence of both Ry,-modules and R-modules. Since idgR,, < 1, we can
get that K/Ry, is an injective R-module. Let I, be an ideal of Ry, where [ is an
ideal of R. Then Exty _(Rm/Im,K/Rn) = Extp(R/I,K/Ry) = 0 by Lemma 2, which
implies that K /Ry, is an injective Ryy-module. Thus idg, R < 1.
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(2) = (1) Let m be a maximal w-ideal of R. If idg Ry < 1, then K/Ry, is an
injective Ry,-module. Thus, K/Ry, is an injective R-module by [9, Exercise 3.16].
So, idgRy, < 1.

(2) < (5) It follows by [9, Theorem 11.7.7] and Lemma 3.

(3) < (5) Note that I, = (I,,)m for any maximal w-ideal m of R. Then it follows
by [9, Theorem 11.7.7] and Lemma 3.

(3) = (4) It is trivial.

(4) = (3) Let

I'={I|Iis a w-ideal of R and [ is not a w-locally G-projective R-module}.

If I is not empty, then I" has a maximal element by [9, Theorem 6.8.5]. Let p be a
maximal element of I'. If p is a prime ideal of R, then p is a w-locally G-projective
R-module by (4), a contradiction with p € I'. Therefore, I" is empty, i.e., every w-ideal
of R is w-locally G-projective.

Next, we show that p is a prime ideal of R. If not, then there exist some a,b € R\ p
such that ab € p. Then p C (p :g Ra) and p C (p + Ra),,. Note that (p :g Ra) is a w-
ideal of R. Then both (p :g Ra) and (p + Ra),, are w-locally G-projective R-modules.
Consider the following commutative diagram with exact rows:

0 0
(p ‘R Ra) (p ‘R Ra)
0 P L R 0
*°

0——p—> (]J—FRQ)W — (p+Ra)w/p —0,

where @(r) = ra+p for any r € R. Let m be a maximal w-ideal. Then (p :g Ra)m =
(Pm iRy, @Rm) and ((p+Ra)w/P)m = (Pm + aRm)/pm. Note that

m R
0 —— (Pm R, GRm) R ¢ pm—pka o 0
m

is an exact sequence. Then 0 — (p :g Ra)m — Ly — (p + Ra)m — 0 is an exact
sequence. Since (p :g Ra)y and (p + Ra)y, are G-projective Rp,-modules, we can
conclude that Ly, is a G-projective R,,-module. Note that 0 — p, — Ly — Ry — 0
is a split exact sequence of Ry,-modules. Therefore, py, is a G-projective Ry,-module.
Thus, p is a w-locally G-projective R-module, a contradiction with p € I". Hence, p
is a prime ideal of R.
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(5) = (6) Since Ry, is a G-Dedekind domain for any maximal w-ideal m of R,
we can conclude that dim(Ry,) < 1 by [9, Corollary 11.7.8]. Thus, w-dim(R) < 1.
Therefore, w-Max(R) is precisely the set of all prime ideals of R of height one. Hence,
R= N Ry, Therefore, R is a G-Krull domain by (5).

mew-Max(R)

(6) = (5) If R is a G-Krull domain, then w-dim(R) = 1 by [7, Corollary 4.5].
Thus, X'(R) = w-Max(R), where X!(R) denotes the set of height-one prime ideals
of R. Then (5) holds by the definition of G-Krull domains. ]

It is well known that a G-Dedekind domain is of finite character, i.e., each nonzero
element of a G-Dedekind domain R lies in only finitely many maximal ideals of R.
Next, we show that a domain R satisfying that Ry, is a G-Dedekind domain for any
maximal w-ideal m of R is not necessarily of w-finite character, i.e., some nonzero
element of such a domain R may be contained in infinitely many maximal w-ideals
of R.

In [4], Kang called a domain R t-almost Dedekind if Ry, is a discrete valuation
ring for each maximal z-ideal m of R [4, Page 166]. Note that maximal ¢-ideals
and maximal w-ideals coincide [9, Theorem 7.3.4]. Then a domain R is a f-almost
Dedekind domain if and only if Ry, is a discrete valuation ring for each maximal
w-ideal m. Note that a domain R is a Krull domain if and only if R is a f-almost
Dedekind domain and R is an SM domain by [9, Theorem 7.9.3].

Example 1. Let R be a non-Krull z-almost Dedekind domain. Such a detailed
example can be referenced in [4, Page 167, Remark]. Then, for any maximal w-ideal
m of R, Ry, is a discrete valuation ring, thus a G-Dedekind domain. However, R does
not satisfy that each nonzero element of R lies in only finitely many maximal w-ideals
of R. If not, we would get that R is an SM domain by Lemma 3. Thus, R would be a
Krull domain, a contradiction.

For many cases, if every prime ideal of R satisfies the property, then every ideal
of R satisfies such a property. For example, if every prime ideal of R is finitely
generated, then every ideal of R is finitely generated, i.e., R is Noetherian. This is
the well-known Cohen theorem. However, if every maximal ideal of R satisfies some
property, it is not necessary that every ideal of R does. For example, let R = Z+ Q[X],
where Z denotes the ring of integers and Q denotes the rational number field. Then
the maximal ideals of R are those of the form pR, where p is a prime element of
Z, and the principal ideals f(X)R, where f(X) is irreducible in Q[X] and f(0) =1
([2, Theorem 4.21]). In this case, every maximal ideal of R is finitely generated, but
R is not Noetherian.

It is noteworthy that if a domain R is Noetherian and every maximal ideal of R is
G-projective, then every ideal of R is G-projective, i.e., R is G-Dedekind (Corollary
1). Based on the above result, we also can conclude that a domain R is G-Krull if and
only if R is an SM domain and every maximal w-ideal of R is w-locally G-projective
(Theorem 3).
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Lemma 4 ([5], Theorem 211). Let (R,m) be a local Noetherian domain, p a prime
ideal of R with p C m, and M a finitely generated R-module. IfEXt};rl (R/O,M) =0
for any prime ideal Q properly containing p, then ExtL(R/p,M) = 0.

Theorem 2. Let (R,m) be a local Noetherian domain. If m is a G-projective
R-module, then R is a G-Dedekind domain.

Proof. Since m is a G-projective R-module, we have Ext'y"! (m,R) = 0 by [9, Co-
rollary 11.1.3]. Then Extiy*(R/m,R) = 0. By the Generalized Principal Ideal The-
orem of Noetherian rings ([9, Theorem 4.3.12]), the height of m is finite. Assume
that ht(m) = 7. For any prime ideal p of R with ht(p) =7 — 1, Exte*(R/p,R) = 0 by
Lemma 4. Then for any prime ideal p of R with ht(p) = ¢ — 2, Exti*(R/p,R) = 0,
again by Lemma 4. Continuing this process, we get that Ext;?z(R /p,R) = 0 for any
prime ideal p of R. Let M be a finitely generated R-module. Then there exists an
ascending chain of submodules of M

O=MoCM  CMC---CMy 1 CM,=M

such that M, /M; = R/p; for some prime ideal p;+; of R, i =1,2,...,n— 1. For
the exact sequence 0 — R/p; — M — R/p, — 0, we get the exact sequence

Ext3(R/p2,R) — Exti(M,R) — Extx(R/p,R).

Then Exty(M»,R) = 0. By the same method, we get that Ext(M,R) = 0. Thus,
idg(R) < 1. Therefore, Exth(I,R) = 0. Thus, R is a G-Dedekind domain by [9,
Theorem 11.7.7]. ]

Corollary 1. If R is a Noetherian domain and every maximal ideal of R is G-
projective, then R is G-Dedekind.

Proof. Let m be a maximal ideal of R. Then (Ry,mRy) is a local Noetherian
domain. Since m is G-projective over R and m is super finitely presented (i.e., there
exists an exact sequence --- — P, — --- — P| — Py — m — 0, where each P; is
a finitely generated projective R-module), we get that mR,, is a G-projective Ry,-
module by [9, Theorem 11.6.17]. Then Ry, is G-Dedekind by Theorem 2. Hence,
the Krull dimension of R, is less than or equal to 1. The same holds for the Krull
dimension of R, which implies that every nonzero prime ideal of R is maximal. Thus,
R is G-Dedekind by [9, Theorem 11.7.7]. O

Theorem 3. The following statements are equivalent for a domain R.

(1) R is a G-Krull domain.
(2) Ris an SM domain and every maximal w-ideal of R is w-locally G-projective.

Proof. (1) = (2) It follows by Theorem 1.
(2) = (1) Let m be a maximal w-ideal of R. If R is an SM domain, then Ry, is a
Noetherian domain and each nonzero element of R lies in only finitely many maximal
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w-ideals of R by Lemma 3. By (2), mR,, is a G-projective Ry,,-module. Then Ry, is a
G-Dedekind domain by Theorem 2. Thus, R is a G-Krull domain by Theorem 1. [

In Theorem 1, it is shown that if R is an SM domain and idgR,, < 1 for any maximal
w-ideal m of R, then R is a G-Krull domain. Next, we show that if R is an SM domain
and idgR < 1, then R is just G-Dedekind (Theorem 4).

First, we recall the notion of w-modules. The w-operation on domains was intro-
duced by Wang and McCasland in [10], and then considered for commutative rings
by Yin et al. in [13]. Let J be a finitely generated ideal of R. If the natural homo-
morphism @ : R — J* = Homg(J, R) is an isomorphism, then J is called a GV-ideal,
denoted by J/ €GV(R). Let M be an R-module. Define

torgv(M) ={x € M | Jx =0 for some J € GV(R)}.
Thus, torgy (M) is a submodule of M. And M is said to be GV-torsion (resp., GV-
torsion-free) if torgy (M) = M (resp., torgy (M) = 0). Clearly, R is a GV-torsion-free
R-module ([13, Corollary 1.5]). A GV-torsion-free module M is called a w-module

if Exty(R/J,M) = 0 for any J € GV(R) ([ 13, Definition 2.2]). The w-envelope of a
GV-torsion-free module M is the set given by

M, ={x€ E(M) |Jx C M for some J € GV(R)},

where E (M) is the injective hull of M. And M is a w-module if and only if M,, = M.
A w-module M is of finite type if M = N,, for some finitely generated submodule N
of M ([13, p. 216]). Recall that a GV-torsion-free R-module M is said to be a strong
w-module if Bxty(N,M) = 0 for each integer i > 1 and for any GV-torsion R-module
N ([11, p. 1918, Definition]).

Proposition 1. [fidgR < 1, then R is a strong w-module.

Proof. Since R is a w-module, we have that Exty(N,R) = 0 for any GV-torsion
module N by [9, Theorem 6.2.7]. Given that idgR < 1, we also have Ext,(N,R) =0
for any GV-torsion module N and for any integer i > 2. Thus, R is a strong w-
module. U

Proposition 2. Let R be a domain. If idgR < 1, then R is a DW domain; that is,
every ideal of R is a w-ideal.

Proof. Let I be a nonzero finitely generated ideal of R. Then there exists an exact
sequence
0—->K—F—I1—0,

where F' is a finitely generated free R-module. Since idgR < 1, we have
Extk(I,R) = Extx(R/I,R) = 0.
Thus, we obtain the exact sequence

0—=I"—>F" —K"—0,



462 D. ZHOU, H. KIM, AND K. HU

where M* = Homg(M,R) for any R-module M. Hence, K* is a finitely generated
torsion-free R-module. Therefore, there exists an exact sequence

0—-K"—F —C—0,
with F; a free R-module. Consequently,
Exth(K*,R) = Ext4(C,R) = 0,
which implies that the sequence
0—>K*—=F"—=I"=0

is exact. Now consider the following commutative diagram with exact rows:

0 K F I 0
l p1 J/ P2 i P3

By [9, Proposition 2.1.29(1)], both p; and p3 are monomorphisms, and p; is an iso-
morphism by [9, Theorem 2.3.7(3)]. Then, by the Five Lemma ([9, Theorem 1.9.9]),
p1 is also an epimorphism. Hence, p; is an isomorphism, and it follows that / is a
w-ideal of R.

Now let A be a nonzero ideal of R. Then

Ay, = UBW7
i

where B ranges over the set of finitely generated subideals of A. Since each B is a
w-ideal, we have B,, = B, and thus A,, = A. Therefore, every ideal of R is a w-ideal,
and R is a DW domain. ]

Theorem 4. The following statements are equivalent for a domain R with quotient
field K.

(1) R is an SM domain and idgR < 1.

(2) R is a Noetherian domain and idgR < 1.

(3) R is an SM domain and Ext}Q(M ,R) = 0 for every submodule M of a free
module.

(4) R is an SM domain, K /R is a w-module, and Exty(M,R) = 0 for every finite
type submodule M of a free module.

(5) Ris an SM domain, K /R is a w-module, and Exth(I,R) = O for every w-ideal
I of R.

(6) R is an SM domain and Exth(I,R) = 0 for every ideal I of R.

(7) R is an SM domain and every nonzero ideal I of R is a v-ideal.

(8) R is a G-Dedekind domain.
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Proof. (1) < (2) follows from Proposition 2.
2) & (8) = (3), and (2) = (7), follow from [9, Theorem 11.7.7].
(3) = (4) It suffices to show that K/R is a w-module. Let J be a GV-ideal of R.
Then the exact sequence
0—-J—R—R/J—0

yields Ext(J,R) = Extx(R/J,R). By (3), we obtain Extk(J,R) =0, so Extx(R/J,R) =
0. Now, from the exact sequence
0—+R—K—K/R—0,
we have the long exact sequence
Exth(R/J,K) — Exty(R/J,K/R) — Extx(R/J,R).

Since the last term is zero, it follows that Exty(R/J,K/R) = 0. Hence, K/R is a
w-module.

(4) = (5) This is clear.

(5) = (1) To show idgR < 1, it suffices to prove that K/R is injective over R, since
we have the exact sequence

0—+R—K—K/R—0
and K is injective over R. By (5), for any w-ideal I of R, the sequence
0 — Homg(I,R) — Homg(I,K) — Homg(I,K/R) — 0

is exact. Consider the following commutative diagram:

0 -] —" >R R/I 0
Jdg - H%W -
e h=n®
Zn
0 R K K/R 0

For any f € Homg(I,K/R), there exists g € Homg(/, K) such that f = mg. Since K is
injective, there exists ¢ € Homg (R, K) with g = @A. Then & = ¢ € Homg(R,K/R)
satisfies KA = f. Hence, Exty(R/I,K/R) = 0. Since K /R is a w-module, it is injective
over R by [9, Theorem 6.8.26], so idgR < 1.

(1) < (6) follows from the isomorphism Extk(1,R) = Extx(R/I, R) for every ideal
1 of R.

(7) = (8) If R is an SM domain and every nonzero ideal / of R is a v-ideal, then
each such ideal is also a w-ideal. Thus, R is a DW domain, and hence Noetherian.
Therefore, R is a G-Dedekind domain by [9, Theorem 11.7.7]. O
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