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Creating subsets of natural numbers with a given weighted
density

Daniel Téth
J. Selye University, Faculty of Economics and Informatics,
Department of Mathematics, 945 01 Komarno, Slovakia
tothd @ujs.sk, ©® 0009-0007-5712-8426

OSSZEFOGLALO. A természetes szamok részhalmazainak silyozott siiriségeinek vizsgalatakor
gyakran dolgozunk A = [ J°°; ((¢, d,] NN), alaki blokkszerkezet(i halmazokkal, ahol (c;,) és
(dy) egész szamokbdl all6 sorozatokra teljesiil, hogy 0 < ¢, < d;, < Cpy1.

Ebben a cikkben azt vizsgaljuk, hogyan lehet tetsz6leges alsé és felsd stlyozott stirtiségii halma-
zokat definidlni, milyen kapcsolat van a blokkok mérete és a sulyozott stiriség kozott, és hogyan
alkalmazhat6 a Cesaro—Stolz-tétel a stlyozott siiriségek kiszamitasara.

Vizsgéljuk tovabba az f(n) sdlyfiiggvény és az f*(n) = f(n)/(f(1) + --- + f(n)) dltal

o

meghatarozott stirtiségek kozotti kapcsolatot a blokkszerkezetti halmazok esetében.

ABSTRACT. When studying the weighted densities of subsets of the natural numbers, we of-
ten work with block-structured sets of the form A = (52 ((¢n, dn] N'N), where the integer
sequences (cy,) and (d,,) satisfy 0 < ¢, < dy, < Cpy1-

In this article, we examine how to construct sets with arbitrary lower and upper weighted den-
sity, the relationship between the size of the blocks and the weighted density, and how the
Cesaro—Stolz theorem can be applied to compute weighted densities.

We also investigate the relationship between densities defined by the weight function f(n) and
f*(n) = f(n)/(f(1)+---+ f(n)) in the case of block-structured sets.

1 Introduction

Let N = {1,2,3,...} be the set of natural numbers. In the quantitative characterization of
the size of subsets of natural numbers, one of the most natural and commonly used tools is the
asymptotic density.

Definition 1. Let A C N, and denote A(n) = |{a € A : a < n}|. Then the values

d(A) = lim inf An) and d(A) = limsup A(n)

n—o0 n n—00 n

are called the lower and upper asymptotic density of the set A, respectively. If d(A) = d(A),
then this common value is the asymptotic density of the set A [6].

HUNGARIAN TITLE. A természetes szamok adott stlyozott siiriiségli részhalmazainak konstrudldsa.
KULCSSZAVAK. Aszimptotikus siirliség, logaritmikus siirliség, Erd6s—Ulam-s{iriség.
KEYWORDS. Asymptotic density, logarithmic density, Erd6s—Ulam density.

©2025 the Author(s). Published by University of Sopron Press. This is an open access article under the CC
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Denote by x 4 the characteristic function of the set A, that is

(n) 1, if neA,
n)=
x4 0, if neA

We call a function f: N — R™ an Erdés—Ulam function if it satisfies f(1) = 1,

> fn) = o,

and
li_)m f*(n) =0, where f*(n)= nf(n) . (1)
o > S0)

Using an Erd6s—Ulam function, we can define an Erdds—Ulam density as follows.
Let f be an Erd6s—Ulam function. For any A C N, let

Fa(n) = ,  where Af<n>=Zf(j>-xA(j>, Nf<n>=Zf<j> [2].

Obviously, for every n € N, 0 < Fa(n) < 1.
Let o
d¢(A) =liminf F4(n) and d;(A) = limsup Fa(n)

— n—00 n—o00

be the lower and upper f-density of the set A [1]. It is obvious that
0 < df(A) <dp(A) < 1. )

If df(A) = ds(A), then the set A possesses an f-density, which we denote by d(A).

The asymptotic density corresponds to the choice f (n) = 1, while the logarithmic density

corresponds to the choice f(n) = <.

For any Erd6s—Ulam function f, the f-density of finite sets is 0, while that of sets with finite
complement is 1. The other subsets of natural numbers can be written in the following form

[3, 41.
Definition 2. Let (¢,) and (d,,) be sequences of integers such that
0 S Cp < dn < Cp41-

Let -
A= ((en,d] NN). 3)
n=1

The Erdds—Ulam density of certain sets given in the form (3) can be computed using the
Cesaro—Stolz theorem [5].

Cesaro—Stolz theorem. Let (a,,) and (b,,) be real sequences such that
(1) 0<by <by<...andlim,, o by = 00,

(i) lim,, o 251202 — | € R,
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Then lim,,, o 3= = k.
m

If we substitute sequences of the form a,,, = an:1 Qpy, by = 2;":1 5, into the theorem,

we obtain the following theorem which is more suitable for us.

Corollary 3. (Cesaro-Stolz theorem [5, page 42].) Let (v,), (B3,) be sequences of positive real
numbers such that

> B = oo,
n=1
and o
55, =k
Then -
lim 2=t
m—00 anl B
The following two lemmas present the property of sets of the form (3) that the index sub-

Ag(cn)
. . . N.f(c") . .
sequence, and the index subsequence belonging to the limit superior is a subsequence of the

(d,,) sequence.

sequence belonging to the limit inferior of the sequence < ) is a subsequence of the (c,)

Lemma 4. Let A C N. Then for every natural number n > 2

e ifn € A, then Ag(n) > Ag(n — 1)

Nyn) = Nyt 1)
g Ay(n) _ Agn 1)
i A the Gy < Ryfa— 1)

Proof. Letn > 2andn € A. Then A¢(n) = As(n — 1) + f(n), therefore

Af(n) _ Af(n — 1) + f(n) > Af(n— 1)
Nf(n) Nf(n—l)—i—f(n) - Nf(n—l)

Now let n > 2 and n ¢ A. Then Ay(n) = Ag(n — 1), therefore

As(n) _ Asn—1) _ As(n—1)
Ny(n) — Ny(n) = Ny(n—1)

Corollary 5. Let A be a set defined in the way (3). Then

i ing A (en) A — 1 As(dn)
ﬂ<A>_h¢?_l>l£fW and df(A)—thﬁsolipW.

2 Results

In the following theorem, we give a condition under which the index sequence belonging to
Ag(cn)
N¢(cn)

the limit inferior of the sequence ( ) , respectively to the limit superior, coincides with the

(¢n), respectively (d,,) sequences.
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Theorem 6. Let A be a set defined in the way (3). If

{JE&(N}C(C”H) —Ny(en)) =00 and nh—>nolo Niléiijj)__l\g;fi) - O‘a}

( lim (Ny(dnt1) —Ng(d,)) =00 and lim Ny (dni1) = Ny(eni) _ ﬁ,)

then
) = J 725 = |
(0= 775 =)

Proof. The statement can be proved directly using the Cesaro—Stolz theorem. Define the

Bn = Nf(cn—i-l) - Nf(cn)7 B;l = Nf(dn—H) - Nf(dn)a
= Ny(da) = Ny(ea), 0y = Ny(dnir) = Ny(ensn)

sequences. Apply the Cesaro—Stolz theorem to the sequences («,), (53,), and (o)), (/3)), from
which the statement follows immediately. [

Remark 7. If N ( )N ( )
lim ) —
n—oo Nf(dn) - Nf(dn—l)

then in the previous theorem o = f3, that is

=1,

dy(A) = dy(A).
In the following theorem, we provide a method for constructing sequences (c,,) and (d,,)

that define a set with a prescribed lower f-density o and upper f-density .

Theorem 8. Let [ be a non-increasing Erdds—Ulam function and 0 < o < 3 < 1. Define the
set

A:

(@

((Cn7 dn] m N) )

n=1

where the sequences (c,,) and (d,,) are constructed as follows. Let i: N — R be a function such
that lim,,_, i(n) = oo (e.g., i(n) = n). Let ¢; be an arbitrary positive integer. For eachn > 1:

o If 8 < 1, then

dn:min{kEN:Nf(k:)> 1:;Nf(cn)}. 4)
o If B =1, then

d, =min{k € N: N¢(k) > i(n) N¢(c,)}. 5)
e Ifa >0, then

cn+1:min{k€N:Nf(k)>ng(dn)}. (6)

e I[fa =0, then
Cnp1 = min{k € N:Ng(k) > i(n)Ns(dy,)} . (7)
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Then, the set A satisfies
dy(A) =a and ds(A) = 8.
Proof. We proceed by considering the different cases based on the values of « and /3.
e Case § < 1. By 4)

1-— 1-—
—5Nf(cn) < Nf(d ) < WNJC(C”) + f(d -+ 1)
Since (1) and f is non-increasing
11—«
Nf(dn) - 1— ﬁ (Cn) + O(Nf(cn)). (8)
— Subcase o > 0 (then 3 > 0). By (6)
ON () < Nylenen) < ONG() + Flewn + 1),
giving
Ny(ensn) = DNy (d,) + o(Ny(d). ©
From (8) and (9)
11—«
Nf(dn—i-l) 1_ BNf(Cn-H) + O(Nf(cn—i-l))
l—a B
= —N¢(d, N(d,)),
= 15 Ny () + o(N(d,)
B 11—«
Nylenr1) =~ 1= BNf(Cn) + o(Ny(cn))-
Then ws 8
i M) = Ny(Cnr) _ o 155e —a T
n—oo Nf<dn+1> — Nf(dn) n—00 }:_045 —14o0(1) ’
and . 0
d) — =2 —1+o0(1
lim Ny (dn) = Ny(cn) zlimllﬁﬂ = a.
n—00 Nf(cn—l—l) — Nf(cn) n—00 ﬁ E = 1+ 0(1)
— Subcase a = 0. By (7)
fim rdn)
n—o0 N¢(cpy1)
Then N (dy) — Ny(cn) Ny(dn) _ Ny(en)
lim T S gy Hrlee) o) (10)
n—oo Ny(cpq1) = Np(e,)  nooo 1 Nylen)
Ny(en+1)
From (8) forn + 1
lim Ny(dnt1) — Ny(cni1)
n—o0 Np(dnt1) — Ny(dy)
Nfidn_‘_lg .
T Nf Cn+1
=0 ay W@
Nf(ent1)  Ng(ens1)
l—a 11 o(1
= Jim = ==
"TE T Ny T O
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e Case f =1. By ()

lim Ny (cn)

= 0.

Then

_ Nylent1)
n—0oo Nf(dnJr]_) — Nf(dn) n—oo | _ Ny (dn)
Ny (dn+1)

=1.

— Subcase a > 0. From (6)

Ny(enn) = Ny (da) + o(Ny ).
Then

lim Nf(dn) - Nf(cn)
n—eo Nf(cn—i—l) - Nf(cn)

_ Ng(en)

_ T Ny (dn)
= M e Ny
Ny¢(dn) Ny (dn)

. Ny (cn)

— hm 1 Nf(dn)

n—oo B Ny(en) B
— E_N;(dn)—{—o(l)

— Subcase o = 0. Then (10) holds.

In all cases, the conditions of Theorem 6 are satisfied, completing the proof. [
In the following lemma, we give a precise condition for the existence of f-density.

Lemma9. Let A C Nand f be an Erdos—Ulam function. The set A has f-density exactly when
there exists a sequence (i,,) of natural numbers such that

(i) foreveryn € N, 1,, < 1,41,

(i) Timinf 22 _ gy Arliz-t),
n—»00 Nf(n) n—00 Nf(z2n71)
(

e 1 Ags(n) . Ag(ion)
i7i) limsu = lim —
() ISP Ry (n) ~ 50 N (72)
. . Nf<in+1)

(iv) lim ————= = 1.

Proof. 1f ds(A) = d(A), then let the sequence i, = n (n = 1,2, ...). Then properties (i)-(iv)
obviously hold.

Let (i,,) be such a sequence that properties (i)-(iv) hold

et Np(n) ~ nte Ny(iag) — mooe Ny (izn)

ds(A) = limsup Arm) _ lim Ay (izn) < liminf Aplign-1) + Ny(izn) — Ny(ign-1)

< liminf (M v1- M) — d;(A).
(Zzn—l
dy

n=eo \Ng(izn-1) Ny (ian)

From which it follows that d(A) (A). O
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In the following, we examine what value the lower and upper f-density takes for sets of the
form (3), if it does not have f*-density.

Lemma 10. Let f be an Erdés—Ulam function. If for some sequence of integers (i)

lim inf —Nf* (int1)

>1,

then .
lim Nf (Z7L'+1) _

Proof. We can write the following inequality.

In+1

Nf* (in—l-l) Nf* Zn

kz+1

< Ny (i) + y f<k_)

_ Nf* (@n) + Nf(in-i-l) - Nf(in) '

Nf (171)
From this, it directly follows that
Ny (ip41) . .
—————> > N (pr1) — Np(2,,). 11
Ry 2 NasCinn) = Ny (i) an
According to the condition, there exist 6 > 0 and ny € N such that

N * bm
Lfl) >1+6 forevery m > ng.
Nf*(zm)

From this it follows that
Nf* (im—i—l) - Nf* (@m) > 5Nf* (Zm)
According to inequality (11)

Nf(ierl) . . .
——————= > N (2 — Ny (2,,) = ON e (4, ).
o) 2 Ny (i) = Ny-(in) 2 NG
Since N« (4,,) — 0o (as m — 00), therefore
lim supw = 0. [
n—00 Nf@ﬂ)

Theorem 11. Let f be an Erdés—Ulam function, and let (i,,) be a sequence of integers such that

lim inf M
n—oo Nf* (Zn)

Let L, H C N be sets that possess f-density and satisfy d;(L) < ds(H). Define

> 1. (12)

||C8

< ZQn 171271 ﬂH) ((i2nai2n+1] N L))

Then
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Proof. Based on the definition of set A

Aplizn) — Aylizn—1) = Hp(ign) — Hy(i2n-1)-
According to Corollary 5

— . Ay (ign)
d¢(A) = limsu .
f( ) n—>oop Nf@?n)

Af(ign-1) + Hp(izn) — Hy(inn-1)

= limsu ,
n—>oop Nf(ZQn)

— Yim sup (Af(lén—l) Nf(iz.n—l) n Hf(l:%) B Hf@n—l) Nf(ign—l)) '
n—soo \Njf(izn—1) Np(ion) — Np(ion)  Np(izn-1) Np(izn)

Based on (12) and Lemma 10

f Nelinc) _
n—00 Nf(zn)
Hence, it follows that (122)
df(A) = lim ————= =d¢(H).
A) = Jim e = dy ()
Similarly, it can be proven that
Al
de(A) = lim Alians1) _ ds(L).

3 Conclusion

In this article, we examined certain properties of sets of the form (3) with respect to Erd6s—Ulam
densities.

In Theorem 6, we determined the f-densities of sets defined by sequences (c,) and (d,,),
and provided a condition for the existence of the f-density. Using Theorem 6, we then defined
a method that constructs a set A C N forany 0 < o < < 1 such that ds(A) = « and

dy(4) = 5.
Acknowledgments
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Computer-aided validation of basic concepts of probability
theory for high school students

Sandor Zsuppan
Berzsenyi Daniel Evangélikus (Liceum) Gimndzium és Kollégium
Sopron, Hungary
zsuppans @ gmail.com, ® 0009-0006-3454-1528

OSSZEFOGLALO. A kozépiskolai matematika tananyag részét képezd valészintiség, feltételes
valdsziniiség, valdszinliségi eloszlds és varhatd érték fogalmak szamitogépes segitséggel torténd
szemléltetését mutatjuk be. Az internetr8l hozzaférhetd véletlenszertien vagy pszeudorandom
mddon generdlt, viszonylag sok adatot tartalmaz6 adathalmazokkal dolgozunk, hogy a nagy
szamok torvénye alapjan a fenti fogalmakat a relativ gyakorisdg és atlag fogalmakkal allithas-
suk parhuzamba. Kitekintésképpen a Bernstein-polinomokhoz hasonld, de a hipergeometrikus
eloszlasbol szarmaztatott polinomokat vizsgalunk réviden.

ABSTRACT. In this note we cover some examples of computer-aided illustration of the con-
cepts of probability, conditional probability, probability distribution and expected value for high
school students. We utilize relatively big true random or pseudorandom datasets available on the
internet or generated locally in order to be able to make use of the law of large numbers. Apropos
of an example we briefly investigate Bernstein like polynomials derived from the hypergeometric
rather than from the binomial distribution.

1 Introduction

Several basic concepts of statistics and probability theory are contained in the requirements [ 1]
for high school graduation in mathematics. These include at the intermediate level exam e.g.
relative frequency and average in statistics and their parallel concepts probability and expected
value in probability theory, respectively. Ref. [1] requires at the advanced level additionally
the concepts of conditional probability and probability distribution, especially the binomial and
the hypergeometric ones for random sampling with or without replacement, respectively. Even
though the law of large numbers in its precise form is not directly specified in [1], the stu-
dents should use it intuitively by knowing that although the outcome of a random event is not
predictable, the relative frequency of the favorable outcomes from many mutually independent
random samplings is a good approximation for its probability. Moreover, in the same sense
the average of many mutually independent random samplings approximates the expected value.
These correspondences facilitate the utilization of randomly generated big datasets and of the

HUNGARIAN TITLE. Valészinliségszamitasi fogalmak szamitégépes illusztilasa kozépiskoldsoknak
KULCSSZAVAK. val6sziniiség, szamitogéppel tdmogatott, Bernstein polinom.
KEYWORDS. probability, computer-aided, Bernstein polynom.

©2025 the Author(s). Published by University of Sopron Press. This is an open access article under the CC
BY-NC-SA 4.0 license.
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computers processing them for demonstrating the above mentioned concepts. On the one hand
such datasets in various subjects are easily and mostly freely available on the internet, on the
other hand basic programming skills are also required for high-school graduation in informatics
not only on the advanced level but also on the intermediate level exam. Hence experimenting
with the processing of such big datasets on a computer can improve not only the mathematical
but also the programming skills of the students. A similar concept for computer-aided illustra-
tion of interesting mathematical problems for high school students was treated in [6].

In this note we discuss some examples, wherein the used datasets consist of true random
numbers from the internet or pseudorandom numbers generated locally by the computer. As
recommended for the graduation exam in informatics we utilize the Python programming lan-
guage (python.org) along with the useful libraries NumPy (numpy.org) and SciPy (scipy.org)
for calculations and Matplotlib (matplotlib.org) for graphical visualization in the Jupyter Note-
book interface (jupyter.org). This note is not intended as a full description of the teaching
methodology of the subject, we just demonstrate some interesting exercises in the first section.
In one of these exercises some polynomials pop up, which resemble the Bernstein polynomi-
als [2, 5], however, these polynomials emerge from the hypergeometric distribution rather than
from the binomial one. In the final section we briefly investigate some basic properties of these
Bernstein-like polynomials.

2 Exercises for probability theory with big datasets

In this section we discuss some interesting probability theory exercises. The results will be vi-
sualized using relatively big datasets stored in comma-separated value (csv) files which Python
can handle.

Exercise 1. Simulate many rolls of a 6-sided fair die and plot the variation of the relative
frequencies of all possible outcomes as functions of the number of rolls! Compare the diagram
to the probabilities of the respective outcomes! Plot also the variation of the average of the
outcomes as a function of the number of rolls! Compare the diagram to the expected value of
the outcomes!

The probability of each outcome of a die roll is é and the expected value equals 3.5. We use
the 'Random Integer Generator’ item on random.org and save the generated random integers
between 1 and 6 (both inclusive) as a ’csv’ file. (This service is free up to 10000 random
integers.) We can observe that according to the law of large numbers the relative frequencies
and averages of the outcomes tend (however oscillating) toward but at the same time oscillate
around the probability % and expected value 3.5, respectively.

Exercise 2. Generate many random digits independently and let move a random walk along the
number line as follows: start at zero and move a distance which equals the random digit left if
the digit is even but right if it is odd. Let the random variable X,, denote the position of the
random walk after n steps! Calculate the expected value and the standard deviation of X ;! Plot
the position of the generated random walk as a function of the number of steps and compare the
outcome to the expected value and to the standard deviation! Treat the digits of some irrational
numbers as if they were generated at random, plot the connected random walk and compare it
to the results of the previous two parts!

If the digits are selected with equal probability %), then the expected value of one step of
the walk equals £y = Zzzo(—l)k“k = % and for the standard deviation we have D? =
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Figure 1. Simulating dice rolls

Sho ((=1)F 1k — %)2 = 282.5 and hence D; = 1/282.5 ~ 16.8. Because the steps in this
random walk are mutually independent there follows E(X,) = $n and D*(X,,) = nD? which

implies D(X,,) = v/282.5n =~ 16.8y/n. According to the diagram on the right of Figure 2 the

‘Random walks' with the decimal fraction digits
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Figure 2. ’Random walks’ with irrational numbers

relative frequency variations of the decimal digits of 7 pretend to be randomly generated with
discrete uniform distribution, however this is not yet proven, see e.g. [4] and the references
there. On the left diagram of Figure 2 we can see that using the irrational numbers 7, v/2, the
golden ratio ¢ and the Euler constant e as 'random digit generators’ give very similar results to
an actual random walk with digits generated on random.org. (The digits of the used irrationals
can be found in e.g. https://apod.nasa.gov/htmltest/rjn_dig.html and https://www?2.cs.arizona.
edu/icon/oddsends/phi.htm.)

Exercise 3. Let the random variable R denote the distance of a random point in the unit square
[0; 1]? from the origin. Calculate the probability P(R < 1)! Determine the distribution function
of the random variable R and compute its expected value! Place many random points into
the unit square, calculate the relative frequency of those with R < 1 and compare it to the
probability! Compute also the average distance of the points from the origin and compare it to
the expected value!

In order to produce the diagrams on Figure 3 we used the 'Decimal Fraction Generator’
item on random.org to obtain two times 10000 random decimal fractions in the interval [0;1]


https://apod.nasa.gov/htmltest/rjn_dig.html
https://www2.cs.arizona.edu/icon/oddsends/phi.htm
https://www2.cs.arizona.edu/icon/oddsends/phi.htm
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Figure 3. Geometric probability exercise

which then ordered in pairs serve as coordinates for points in the unit square. The exercise can
be solved with geometric probability calculating the corresponding areas (depicted on Figure 3
for r = 1.15 as an example) inside the unit square. For the distribution function of the random
variable R we have

( if r <0, then 0
if0 <1 <1, then %ﬁ
F(r)y=P(R<r) =4 - 1 ey
if1 <r < /2, then ZTQ +/r2 —1 —r?arccos —
,
| ifvV2<r thenl
Hence P(R < 1) = 7 and the expected distance can be calculated from the integral
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foﬁ rf(r)dr, where f = F’ is the probability density function. Although this integral can

be solved analytically and equals exactly w, we also can solve it numerically in an

online integral calculator. Finally here should be mentioned that some parts of this exercise are
beyond the high-school mathematics curriculum.

The next exercise is about the intriguing Monty-Hall probability puzzle about the concept
of conditional probability, see e.g. https://en.wikipedia.org/wiki/Monty_Hall_problem. In this
conceptual game a player is given a choice of three doors. Behind one door is a car, behind the
other doors a goat. After the player picks one of the doors, the host of the game (who knows
what lies behind each door) opens one of those doors having a goat and offers the player to
switch his first choice or stay at the originally picked door. The player wins whatever is behind
the door that he lets open after his final decision.

Exercise 4. Simulate many Monty-Hall games with an additional parameter 0 < p < 1, which
denotes the a priori probability that the player switches his door choice. Calculate the rel-
ative frequencies of each of the possible outcomes (stay,goat), (stay,car), (switch,goat) and
(switch,car) and compare them to their corresponding probabilities! Calculate the conditional
probability of winning a car if switching the first choice.

The tree graph on the left of Figure 4 shows a Monty-Hall game, where the rectangles are
the doors (C=car, G=goat) and the border denotes the choice of the player. The probabilities
of the outcomes are calculated by multiplying the probabilities on the corresponding branches.
These theoretical formulae give rise to linear functions on the right diagram of Figure 4. In the
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Figure 4. Monty-Hall puzzle

simulations we used the Python inbuilt pseudorandom number generator. Each point depicts
the relative frequency result of 1000 games for the corresponding outcome. The experimental
points fit fairly good onto the corresponding lines. Figure 5 shows the relative frequencies
of the outcomes (on the left) and the conditional frequencies (on the right) tending to their
corresponding probabilities as the number of random Monty-Hall games increases in case of
the arbitrary chosen switching probability p = 0.8.

In the next exercise we utilize the PyOTP Python library for generating and verifying one-
time passwords for implementing two-factor (2FA) authentication methods for applications
which require users to log in. For more information and usage of the library see the Project
description on https://pypi.org/project/pyotp/.

Exercise 5. Determine the probability distribution of the number of digits which occur at least
twice in a randomly generated six digit long one time password (OTP for short) and calculate


https://en.wikipedia.org/wiki/Monty_Hall_problem
https://pypi.org/project/pyotp/
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Figure 5. Monty-Hall simulation with p = 0.8

the expected value of this number! Generate many such OTPs and compare the experimental
relative frequencies and averages with the theoretical probabilities and expected value!

Let the random variable X denote the number of digits which occur at least twice in the six
digit long OTP. The possible values are X = 0, 1,2,3. Their probabilities can be calculated
so that one chooses the appropriate number of distinct digit out of 10, then one chooses which
digits how many times occur and finally one makes all possible permutations of the six prepared
digits, c.f. Figure 6. The expected value of X from this distribution is £(X) = 1.14265. The
experiments show that relative frequencies of the possible outcomes and the averages tend to
the probabilities and to the expected value, respectively, c.f. the diagrams on Figure 6. The
pseudorandomly generated OPT codes pretend true random behavior.
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Figure 6. Distribution of at least twice occuring digits
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In the last two exercises we examine the Hungarian lottery in which 5 winning numbers are
drawn from 90. A comprehensive and continuously updated list of the drawings can be found
e.g. at https://bet.szerencsejatek.hu/cmsfiles/otos.csv.

Exercise 6. Compute the probability of drawing a particular number in the hungarian 5 from
90 lottery! Let the random variable X denote how many times a particular number is drawn in
a total of n mutually independent drawings! Determine the probability distribution of X and its
expected value! Compare the theoretical results to the actual dataset of the drawn numbers!

89
The probability of the contrary event, that a particular number is not drawn equals ng’og = %,
5
hence the probability of drawing a particular numberis p = 1 — % = %. Because the drawings

are supposed to be mutually independent, the random variable X has a binomial distribution
with success probability p = % and n the total number of drawings, which is in our example

1 — 3582:
2 k 3582—k
k) = <35§ ) (%) <%) for 0 < k < 3582.

The expected value of X is E(X) = 3582 - % = 199. In order to compare this theoretical
distribution to the actual drawing data, we count how many times each number was drawn.
This gives a sample list of 90 numbers for the random variable X the histogram of which fits
fairly good to the theoretical binomial distribution, c.f. Figure 7. Moreover, the expected value
of X equals the average drawing frequency of the numbers.
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Figure 7. Drawing frequencies of the winning numbers

Exercise 7. In the 5 from 90 lottery the drawn winning numbers are published in ascending
order. Let the random variable Y, (¢ = 1;2; 3; 4; 5) denote the /-th winning number. Determine
the distribution of the random variables Y;! Calculate the expected value of each Y;! Compare
the theoretical distributions to the actual dataset of the drawn numbers!

We utilize the hypergeometric distribution. The outcome Y; = k means that the first £ — 1
winning numbers are drawn from the first £ — 1 numbers, the /-th winning number is k£ and the
other 5 — ¢ winning numbers are drawn form the other 90 — k& numbers bigger than k. Hence

there follows E—1\ 90—k

(5)

P(Y,=k)= , for ¢ <k <85+ /.


https://bet.szerencsejatek.hu/cmsfiles/otos.csv
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The expected value of Y is determined by

=~ A

These probability distributions and expected values can be compared to the relative frequency
distributions and to the averages of the /-th winning numbers: The values in Table 1 and the

By =S )G SRWGS) o,

[

I 2 3 4 5
E(Y,) = | 1516 | 30.3 | 455 | 60.6 | 75.83
average ~ | 14.87 | 29.78 | 45.45 | 60.34 | 75.35

Table 1. Comparison of the average ¢-th winning numbers with £(Y7)
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Figure 8. Distribution comparisons of the winning numbers

diagrams on Figure 8 show a very good accordance between the theoretical results and the
actual dataset, which contains every drawing outcome from the first drawing in the 10th week
of 1957 until the drawing in the 43rd week of 2025.

The distributions of the random variables Y, on Figure 8 can be extended to a function on the

z—1) /90—
whole interval z € [0; 90] with z — %, where the generalized binomial coefficients are
5

defined with the I" function as (Z) = % For integer values of a and b this coincides

with the usual definition because we have n! = I'(n+1) for every natural number n. The graphs
of these functions and the diagrams of the distributions of Y; show a striking resemblance with

the graphs of the Bernstein polynomials By 4(x) = (jf) 2'(1 — )4 for ¢ = 0;1;2;3;4 resp.,

see e.g. [5]. We investigate this resemblance further in the next section.
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3 Bernstein-like polynomials from the hypergeometric distri-
bution

The Bernstein polynomials with parameters n > 0 and 0 < k < n are defined by

Bpn(7) = (Z) (1 —2)" " for0 <z < 1. )

These polynomials and their further generalized versions have an extensive literature and they
found usage far beyond probability theory, c.f. [2]. Their connection to the binomial distribution
P(X = k) = (})p*(1 — p)"* with success probability 0 < p < 1 is obvious by setting
= x. The binomial distribution describes the probability of a k-times success out of total
n mutually independent trials by random sampling with replacement from a population which
size 1s denoted by N. The success probability equals p = % where 0 < K < N denotes
the size of some subpopulation such that the choice of an element from this subpopulation is
considered as a success.
If the random sampling is done without replacement, then we use the hypergeometric dis-
tribution instead, which is given by

(o) Coie)
()

where we also have n < N and k£ < K. Defining here also z = % as the fraction of the sub-
population size in the whole population, then using the properties of the generalized binomial

coefficients we obtain alternative expressions for the hypergeometric distribution

() () ()
P(X = k) =~k ook ) _ W) aNok) 4)
K=h="" B
()

Herein we have the function ~2%-* of the variable x instead of z* (1 —z)"~

P(X =k)= , for0 <k <n, 3)

k

, see (2). Moreover,
xN

if the parameters k,n, N are integers with 0 < k£ < n < N, then the probabilities (4) as

functions of the variable 0 < 2 < 1 are in fact polynomials with these three parameters

k—1 n—1
n N —/ 1—x)N - (¢ -k
Binn(x) = (k:) H N7 ( )N—E( ), for0 <z <1. ®))
=k

=0

From the definition (5) we have By n(z) = Boo(z) = 1, Byin(x) = Boi(z) =1 — x and
Byin(x) = Byi(x) = x foreach N > 0, i.e. the polynomials (2) and (5) coincide if n = 0, 1.
Although this does not remain true for n > 2, we have the following

Theorem 1. For each fixed parameter pair (k,n) and for x € [0; 1] we have

lim Bk,n,N(«T) = Bk’n(x) (6)

N—o0
Proof. For fixed parameters (k,n) with 0 < k < n < N the polynomials (2) consists of n
factors for which we have
N — /¢ (1—z)N — (L —k)

lim =z and lim

Nosoco N —/ N—o0 N —/ =l-z
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foreach0 < ¢ <k —1and k < /¢ < n — 1, respectively. Hence the first k factors of (5) tend
to x and the last n — k factors of (5) tend to 1 — z, which implies (6). From the probability
theory point of view this merely means that for sample sizes n way much smaller than the
population size /N it practically does not matter whether the random sampling occurs with or
without replacement. 0

Theorem 1 is visualized on Figure 9 for some arbitrary parameter values. Figure 9 also
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Figure 9. Illustration of Theorem 1

shows a major difference between (2) and (5), namely that whilst each of the polynomials (2) are
nonnegative in the interval [0; 1] having multiple roots only on z = 0 or = 1, the polynomials
(5) have also negative values and only simple roots at the points © = % for0<?¢<k—-1or
r=1- % for k < ¢ < n—1. Despite this difference the usual Berstein polynomials (2) derived
from the binomial distribution and the ones (5) derived from the hypergeometric distribution
have some other properties in common concerning for example symmetry or recursive relations
between them. We formulate these in the following

Theorem 2. The system (5) of polynomials has the following properties.

* Bygnn(l—2) = Bpn,n(2)

k—1
n—k+1 I~ N

M Bk,n,N<x> = % : l—x—IL;,k kal,n,N(T)
r—k=1 1—gp—n=k=1
* Bran(z) = ﬁ - Bp—1n—1n(x) + # - B n—1.n(x)

* > ko Bran(z) =1
Proof. Starting from the definition (4) the first identity follows as

(G R TG oo I o 1 G

N N
() ()
For the second and third identities we use the property (Z) = (
binomial coefficients, which is proved by

(a)_ F(a+1)  T(a+1) _a—b~|—1( a>
b) TO+1)(a—-b+1) prp)teta b b—1)’

a—b+1

Bn—k,n,N(l - l’) -

= Bk,n,N(x)-

a
b—1

) of the generalized




Computer-aided validation of probability theory concepts for high school students 23

where we used the functional identity ['(x + 1) = zI'(x) for the gamma function. From this

follows also (;) = 25 (,,). Again starting with (4) we obtain

n—k k 1—2)N—(n—k) \n—k+1
() ()
k—1

- : B—n >
k, 1_x_n—k k177N('ZC>

oty ) 2R g (20

N
which proves the second identity. The third identity is proved in two steps. On the one hand we
have
_ N 11—z
x_%'Bkl 1N(:L,)::CN ( 1)((n )
B = gy
k N 1—x)N
_J}N (k 1) N—(k— )( )((n))_kB ()
= : N = —Dkn,N
N — (TL— 1) N—(n—l)(n)
On the other hand we also have
n—k— N 1—z)N
Ukl SN S Ut el et (k)(ﬁkh)
N n—k 1—x)N
 (l—-z)N—(n—k—1) (k)m((n_i )
- ’ n N
N — (Tl - 1) m(n)
n—=~k
= B .
—— B (2)
Adding the latter two equalities the third identity follows
k—1 n—k—1
x— = l—2— k n—=k
—2  Biinan (@) + ———— - Bin-in(2) = —Bran(z) + BN ()
-N 1==5 n
= Bk,n,N(x)-
The last identity (partition of unity) expresses the mere fact that all the probabilities of the
hypergeometric distribution denoted by By, ,, y(2) in (4) add up to 1. O

Remark 3. All the properties in Theorem 2 simplify to the respective properties of the ordinary
Bernstein polynomials (2) with the same parameters k, n in the limiting case N — oo. The
first (symmetric) and the third (recursive) property together give rise to a Pascal’s triangle like
structure of these polynomials (5) resembling the same structure of the Bernstein polynomials
(2), however these have finite extent because the requirement £ < n < N limits the allowed
values for the parameters k£ and n. This enriches a little bit the already vast literature of the
generalizations of the Pascal triangle, see e.g. [3].

Conclusion

In this note we discussed a variety of examples how basic concepts of probability theory can
be demonstrated for high-school students using big datasets. Obviously we only have scratched
the surface of a huge multitude of possibilities since randomness can be found in datasets of
several subjects taught in high-school. As a byproduct of an exercise concerning lottery num-
ber distributions we obtained Bernstein like polynomials from the hypergeometric distribution,
some basic properties of which we briefly investigated.
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A Cayley-Hamilton tétel és a vektor-matrixok algebraja
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OSSZEFOGLALO. A linearis algebraban a Cayley-Hamilton tétel kimondja, hogy egy
kommutativ gytir(i feletti minden négyzetes matrix (pl. valos vagy komplex szamok) kielégiti
sajat karakterisztikus egyenletét. Attekintjiik az altalanositott komplex szamok C,, az
altalanositott kvaterniok H,p , az altalanositott oktoniok Qgp,, €s az altalanositott szedeniok

Sapys algebrajat. Bebizonyitjuk a Cayley-Hamilton tételt a C, , H,p asszociativ €s az Qgp, ,
Sapys nem asszociativ algebrakban.

ABSTRACT. In linear algebra, the Cayley-Hamilton theorem states that every square matrix over
a commutative ring (such as the real or complex numbers) satisfies its own characteristic
equation. We review the algebra of generalized complex numbers C,, generalized quaternions
Hgp, generalized octonions Qgp, and generalized sedenions Syp,5. We prove the Cayley-

Hamilton theorem in the associative algebras C,, Hyp and non-associative algebras Qyp,,,

Saﬁy6~

1. Bevezetés

A Cayley-Dickson-féle megkettézési eljaras [2] Albert, A.A. [1] altal bevezetett altalanositasa
lehetdséget kinal egymasra épiild algebrak egy szép és fontos sorozatanak felépitésére.

Els6 lépésként a valdos szdmok R struktardjabol, mint onmaga feletti 1-dimenzios
algebrabdl kiindulva a megkett6zési eljarassal az altalanositott komplex szamok C, (@ € R) 2-
dimenzios, neutralis elemes, kommutativ és asszociativ algebrajat nyerjik [0]. Az a =1
specialis esetben az eljaras a klasszikus Gauss-féle komplex szdmok C algebrajat eredményezi
[+, [5]-

A C, algebrara megismételve a megkettdz¢si eljarast az altalanositott kvaterniok H,g
(B € R) 4-dimenzids, neutralis elemes, nem kommutativ, viszont asszociativ algebrajahoz
juthatunk [6]. Az @ = B = 1 kiilonleges esetben az eljaras eredményeként igy a klasszikus
Hamilton-féle kvaterniok H algebrajat kaphatjuk [4], [5].

A Hgp algebrabdl kiindulva a megkettOzési eljarassal az altalanositott oktoniok Qg

(y € R) 8-dimenzids, neutralis elemes. nem kommutativ, nem asszociativ, de alternalo
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algebrajat allithatjuk elé [7], [3]. Aza = B = y = 1 véalasztassal ezen a modon a klasszikus
Cayley-Graves-féle @ oktonidk szarmaztathatok [4], [5].

Ezutan a megismételt megkettézeési eljarassal az Qgp, algebrabol allithatjuk el6 az
altaldnositott szedeniok Sqp,5 (6 € R) 16-dimenzios, neutrélis elemes, nem kommutativ, nem
asszociativ, nem is alternald, viszont flexibilis algebrajat [9], [10]. E négy emlitett, a
megkettozési eljarassal felépiild struktura kozil az elsd kettdé véges dimenzids asszociativ
algebra, igy alkalmas matrixok segitségével reprezentalhatdo. A masodik kettd viszont nem
asszociativ algebra, ezek a Zorn, M.A. [12], [13] é&ltal bevezetett vektor-matrixok
strukturajaval reprezentalhatok eredményesen.

A linedris algebra nevezetes tétele a Cayley-Hamilton tétel, amely azt allitja, hogy egy
kommutativ, neuralis elemes R gylrli feletti n-edrendii négyzetes matrixok M, (R)
struktirajaban minden matrix kielégiti sajat karakterisztikus egyenletét [2], [11]. E tétel egy
kiilonleges esetét elészor Hamilton , W.R. (1805 — 1865) ir matematikus, fizikus és csillagasz
bizonyitotta be 1853-ban a kvaterniok algebrajara. Ez a struktura bizonyos negyedrendi valds,
vagy alkalmas masodrendli komplex komponensli matrixok felhasznéalasaval reprezentalhato.
Cayley, A. (1821 — 1895) angol matematikus a tételt a legfeljebb harmadrendii matrixokra
1858-ban targyalta, de csupan a masodrendi matrixokra publikalt bizonyitast. Ami az n-
edrendii matrixokat illeti, Cayley kijelentette: ,,... nem tartottam sziikségesnek a tétel formalis
bizonyitasat barmilyen rendii matrix altalanos esetére.” A Cayley-Hamilton tételt altalanosan
elészor Frobenius, F.G. (1849 — 1917) német matematikus bizonyitotta be 1878-ban.

Dolgozatunkban azt a kérdést vizsgaljuk meg, hogy ez a fontos tétel bizonyithato-e a
fentiekben emlitett négy nevezetes algebraban.

2. A Cayley-Hamilton tétel a C, algebraban

Ebben a fejezetben bebizonyitjuk, hogy az altaldnositott komplex szamok C, algebrajat
reprezentdld matrixok strukturajaban érvényes a Cayley-Hamilton tétel.
Legyen {R, +,-} a valos szamok teste a 0 Osszeadasi és az 1 szorzasi neutralis elemmel. A

Cyo:i=f{a+b-i:abeR,i¢&R} (D

alaku kifejezéseket az altalanositott komplex szamok halmazanak nevezzik, ha az {1,i}
altalanositott komplex-egységek eleget tesznek a kdvetkezd szorzasi szabalyoknak:

1-1:=1, 1-i=i-1:=i, i?:=—a (2)

ahol a € R egy rogzitett valos paraméter.

A C, halmazban értelmezhetiink az R elemeivel, mint skaldrokkal valé szorzast, egy
Osszeadast és a (2) Osszefiiggések felhasznalasaval az algebrak szerkesztésének homogén és
disztributiv szabalyait kdvetve egy szorzast is[6]. Tetszélegesr E R,a+ b-i,c +d-i € C,
esetén
skalarral valo szorzas: r-(a+b-i):=((r-a)+ (r-b)-i (3)

osszeadas: (a+b i)+ (c+d-i):=(a+c)+(b+d)-i 4)

szorzas: (a+b-i)-(c+d-i):=(ac—a-b-d)+(a-d+b-c)-i. (5)
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Az altalanositott komplex szamok C, halmaza a rajta értelmezett (3), (4) és (5) miveletekkel
egy 2-dimenzios, neutralis elemes, kommutativ €és asszociativ algebrat alkot a valos szamok R
teste felett.

A C, algebra részletes targyalasa a szerz6 [6] munkajaban megtalalhato.

c gy

tetszdleges z = a + b - i € C, esetén
1:z=0+0-i)-(a+b-i)=a+b-i (6)
irz=0+1-)-(a+b-i))=—a-b+a-i (7)

adodik, ezen Osszefliggéseket az

1-2\ _ a by (1
(i-z)_(—a-b a) (l) (8)
matrixegyenlet formdjaban irhatjuk fel. Ezt felhasznalva tekintsiik ezért az

ME(R) := {(_Of , Z):a,b e R} 9)

alaki matrixok halmazat. Har € R, 4, B € M$(R), akkor egyszerii szamolassal belathatjuk,
hogy r-A,A+B,A-B € M{(R) teljesiil, igy MS(R) részalgebrat alkot az R feletti

masodrendli négyzetes matrixok M, (R) teljes matrixalgebrajaban.
Tekintsiik most az

Fe:Cp > MES(R),a+b-i H(—c?-b Z) (10)

leképezést! Az F¢ bijektiv, hiszen F¢ ' is leképezés. Har € R, z,t € C,, tetszdleges elemek,
akkor az F¢ leképezésre teljesiil a

homogeén:
Fe(r-z) =r-Fe(2) , (11)
additiv:
Fe(z +t) = Fe(2) + Fe (D) (12)
multiplikativ:
Fe(z - t) = Fe(2) - Fe(0) (13)

tulajdonsag. Igy a (10) leképezés egy R algebra-izomorfizmus. Ebben, a C, algebraval
izomorf M$(R) matrixalgebraban bizonyitjuk, hogy igaz a Cayley-Hamilton tétel.

_ a b C ” s
Ha A = (—a b a) € M5 (R) egy tetszOleges matrix, akkor

det(4) = det (_5_ b Z) =a’+a-b?€eR (14)

teljesiil. Legyen 1 € R és E € MS(R) az egységmatrix, akkor

A_A.E:(—c?-b Z)_’l'((l) 2):((—16!_-/119 aﬁl)' (15)
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igy az A matrix karakterisztikus polinomja
ka(A) =det(A—A-E)=22-2-a-2+ (a®>+a-b?) = (16)
=22 —tr(A4) + det(4) € R[x],
ahol tr(A) az A matrix nyoma.
. b
1. Tétel. HaA = ¢
étel. Ha (—a b a

karakterisztikus egyenletét.
BIZONYITAS. A (14) - (16) 6sszefliggések felhasznalasaval

=% D%, D-za (L0, Dr@ram(f 9=

) € MS(R) , akkor k,(A) = 0O, tehat az A matrix kielégiti sajat

—a'b a —ab a —a-b 0 1
:(az—a-b2 2-a-b )_( 2-a® 2-a-b)+(a2+a-b2 0 ):
—2-a-a*b a*—a-b? —2-a-a*b 2-a? 0 a’+ a- b?

_(0 0y _
-0 9o w

teljesiil, vagyis az A matrix kielégiti sajat karakterisztikus egyenletét. Ez pedig pontosan a
Cayley-Hamilton tétel az M (R) algebraban. m

3. A Cayley-Hamilton tétel a H,z algebraban

Ezutan belatjuk, hogy az altalanositott kvaterniok H,p algebrdjat reprezentaldo matrixok
struktarajaban is érvényes a Cayley-Hamilton tétel.

A
Hep:={a+b-i+c-j+d-kiabc,d€ER;i,jk&Ri+j+k=+i} (18)

alaku kifejezéseket altalanositott kvaterniok halmazanak nevezziik, ha az {1,i,j,k}
altalanositott kvaternio-egységek kozott teljesiilnek az alabbi szorzasi szabalyok

1-1:=1,1-i=i-1:=i1-j=j-1:=j,1-k=k-1:=k
i%i=—a,j%i=—p,k?i=—a-f (19)
irj=—ji:=kj-k=-k-j:=p-i,k-i=—i-k:=a-],

ahol , B € R rogzitett valos paraméterek.

A Mg halmazban értelmezhetiink az R elemeivel, mint skalarokkal valo szorzast, egy
Osszeadast és a (19) osszefiiggések felhasznalasaval az algebrak szerkesztésének homogén és
disztributiv szabalyait kGvetve egy szorzast is [6]. TetszOlegesr E R,a+b-i+c-j+d -k,
a'+b"-i+c'-j+d -k €Hgypeseténa
skalarral valo szorzas:

r-(a+b-i+c-j+d-k):=r-a)+@-b)-i+@-c)-j+@-d)-k (20)
Osszeadas:
(a+b-i+c-j+d-k)+@+b-i+c-j+d-k):=
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=(a+a)+b+b)-i+(c+)j+(d+d)-k (21)
SZOrZAas:
(a+b-i+c-j+d-k)-(@a+b-i+c-j+d -k):=
=(a-a'—a-b-b'—f-c-c'—a-p-d-d)+

+(a-b'+b-a+B-c-d—-p-d-c)i+
+(a-c—a-b-d+c-a'+a-d-b)j+
+(a-d+b-c"—c-b'+d-a')k (22)

Az altalanositott kvaterniok H,z halmaza a rajta értelmezett (20), (21) és (22) miiveletekkel
egy 4-dimenzids, neutrdlis elemes, nem kommutativ, de asszociativ algebrat alkot a valos
szamok R teste felett.

A (19) osszefiiggésben szerepld i - j = k felhasznalasaval a tetszéleges ¢ =a+b-i+
c+j+d-k € Hgp altalanositott kvaternio egyértelmiien irhato fel

q=a+b-itcjtd-k=(@+b-D)+(c+d-i)j=2z+2,"] (23)

alakban, ahol zy =a+b-i,z, =c+d-i € C,, ez a q kvaterni6 komplex-algebrai alakja. A
(20) — (23) osszefiiggések felhasznalasaval az altalanositott kvaterniok komplex-algebrai
alakjara levezethetok az aldbbi szamolasi szabalyok:

Har € R,z; + z; - j,wy + w, - j € Hp, akkor

Tzt 2z )=0z)+ (T 2)] (24)
(z1tz )+ Wy +wyj)= (21 +wy) + (22 +wy) (25)
(z1+ 2z ) Wi +wy))=(20 wy — B2 Wy) + (21w + 25 - Wy) - . (26)

A (26) 0sszefiiggésben szerepld feliilvonas az adott altalanositott komplex szdm konjugaltjat
jelenti, ahol a z=a+b-i € C, konjugaltjan a Z=a — b i € C, altalanositott komplex
szamot értjiik. A H,p algebra részletes tirgyalasa a [6] dolgozatban megtalalhato.

crcr

tetszOleges q = z; + z, * j € Hyp esetén (26) és a C, struktirdban a konjugdlt képzésének
tulajdonsagai [6] alapjan

1:gq=A+0-j)(z1+tz, j)=2z1+ 2] (27)
Jjrq=0+1-))(z1+z ) )=—P 2, +2 "] (28)

kovetkezik, amely Osszefiiggéseket a

(11 2> - (_ﬁZTZ_z i—f) ' (]1) (29)

matrixegyenlet forméjaban is felirhatjuk. Tekintsiik ezutan az
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MiC) ={(_g 7 7) mmety (30)

alaku matrixok halmazat! Har € R, 4, B € M (C,), akkor a C, algebraban levé konjugalasi
szabalyok felhaszndldsaval egyszerli szamoldssal igazolhatjuk, hogy r-A,A+ B,A-B €
ME(C,) teljesiil, ezért ME(C,) részalgebrat alkot a C,, feletti masodrendii négyzetes matrixok
M, (C,) teljes matrixalgebrajaban.

Vizsgaljuk most az

Z1 Zz)

FuiHop > MECD.zi vz = (Lp' 7 7 (31)

leképezést! Az Fy bijektiv, hiszen F' is leképezés. Har € R; p,q € Hgp tetsz8leges elemek,
akkor az Fy leképezésre teljesiil az

Fy(r-p) =r-Fy(p) (32)
homogeén,
Fy(p + q) = Fu(p) + Fu(q) (33)
additiv,
Fu(p - q) = Fu(p) - Fu(q) (34)

multiplikativ tulajdonsag. Ezért igaz, hogy a (31) Osszefiiggésben szereplé Fy leképezés egy
R algebra-izomorfizmus.

Ebben, a Hp algebraval izomorf M2 (C,) matrixok alkotta algebraban bizonyitjuk, hogy

igaz a Cayley-Hamilton tétel.

zZ zZ
Ha A = (—3 ! z Z_i) € MJ(C,) egy tetsz8leges matrix, akkor

Zy

Z
det(A)=alet(_ﬁ,fz_2 Z_1)=z1-z—1+ﬁ-z2-z—2enzz. (35)

Legyen A € C,, tovdbba E € ME(C,) az egységmatrix, akkor
___Zl Zz__lO_Z1_/1 Zz)
1-r8=(giy 2= V=55 222) (36)
ezért az A matrix karakterisztikus polinomja

k,(A) = det(A—1-E) =de1:(zl"1 2 >:

87 Z—A
=2 —(z1+2) A+ (z 21+ B2, 23) = 22 —tr(A) - 1 + det(A) € R[x] . (37)
, A Zp H . e e .
2. Tétel. Ha A = (—,[3 . Z_1) € M3 (C,), akkor k4(A) = O, vagyis az A matrix kielégiti

sajat karakterisztikus egyenletét.
BI1zONYITAS. A (35) — (37) Osszefliggések felhasznalasaval

bW=(g's ) (pn 2)-Grm (s 2)+
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. 7 . .—.1 0 _< le_.B'Zz'Z_z Zl'Zz+zz-z_1>_
+(z1 21+ B2y Z3) (0 1)— Bz 75 (B —f2,5
_( zi+z,° 7 21'22"‘22'2_1) (Zl'Z_1+,3'Zz'Z_2 0 )
Bz BB 77+ (7)) 0 zy 2+ B2y 2
0 0
=(y o) =0€MIC. (38)

vagyis az A matrix kielégiti sajat karakterisztikus egyenletét. Ez pedig azt jelenti, hogy a
Cayley-Hamilton tétel igaz az M4 (C,) algebraban. m

4. A Cayley-Hamilton tétel az O,;, algebraban

aBy
Most belatjuk, hogy az altalanositott oktoniok Qp, algebrajat reprezentalod vektor-matrixok

struktirdjaban szintén érvényes a Cayley-Hamilton tétel.
Az

Qapy = {Xic0ai"€iieg=1Le @ R(I<i<7),e # (i # )} (39)

alaku kifejezéseket az 4ltalanositott oktoniok halmazanak nevezziik, ha az {e;}/_, éltalanositott
oktonid-egységek kozott teljesiilnek a [8] dolgozat végén szerepld miveleti tablazatban
megadott e; - e; szorzasi szabalyok, ahol tovabba a, 8,y € R rogzitett valos paraméterek.

Az Q4p, halmazban értelmezhetiink az R elemeivel, mint skalarokkal valo szorzast, egy
Osszeadast és az {e;}_, elemek felhasznalasaval az algebrak szerkesztésének szabalyait
kovetve egy szorzast is [8].

TetszOleges 7 € R, 01 = Y- a; " €;,05 = Ni— b; * €; € Oyp, esctén legyen
skalarral valo szorzas:

r- (Zi7=0 a;: ei) = i7=0(r ’ ai) e, (40)
Osszeadas:
Yioaie;+Xl_obie =X _ola; +b) e, (41)
SZOrzas:
Eloai-e) (Zizobj- &) =Xl j=0(ai bj) - (ei-¢)) . (42)

Az éltalanositott oktoniok Q,p, halmaza a rajta értelmezett (40), (41) és (42) miiveletekkel
egy 8-dimenziods, neutralis elemes, nem kommutativ, nem asszociativ, alternalé algebrat alkot
a valds szamok R teste felett.

Minden o = Y.7_, a; e; 4ltalanositott oktonié egyértelmiien irhat6 fel

0=q,+q;"E (43)

alakban, ahol q1, g, € Hyp €s E = ey, ez az ltalanositott oktonié kvaternio-algebrai alakja.

A (40) — (43) oOsszefiiggések felhasznalasaval az altalanositott oktonidok kvaternio-
algebrai alakjara levezethetok a kovetkezd szamolési szabalyok:
har €R, py +p; E,q;1 + q2 - E € Qpp,, akkor

r(p1+p2-E)=(0"p)+(@-py)-E (44)
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(p1+p2 E)+ (@1 +q E)=(@1+q) +(p2+q2) " E (45)
P1+p2'E) (1 +q2 E)=(1 1=V Q2 p2)+ 02 @1 +q2°p1) " E . (46)

A (46) 6sszefiiggésben szerepld feliilvonas az adott altalanositott kvaternioé konjugaltjat jelenti.
Mindeng =a+b-i+c-j+d-k € Hgp egyértelmiien irhato fel

alakban, ahol a = S(q) € Ragq valés része, U =b-i+c-j+d-k=V(q) € Im(]HIaﬁ) aq
képzetes része. Ez a q € H,g Hamilton-féle alakja.
Minden 0 = q; + q; - E € Qp, pedig egyértelmiien irhat6 fel a (47) felhasznalasaval

o=(a+U)+(b+V)-E (48)

alakban, ahol q; =a+U,q, =b+V € Hyp, itta,b € Rés U,V € Im(Hyp) teljesiil. Ez az
0 € 04p, Hamilton-féle alakja.

Az Qgp, algebra részletes targyaldsa az [ 7], [©] és [9] dolgozatokban taldlhato.

Az Qp, algebra reprezentalasahoz tekintsiik a

zorn(3,¢,) = {(F 1 o U Y cab e R UV € m(Hgg).i € R, 2 = —y} (49)

halmazt, amelynek elemei a Zorn-féle vektor-matrixok. Lathato, hogy e vektor-matrixok f6-
atlojaban a C,, mell¢katlojaban pedig a (Cf, elemei taldlhatok. E vektor-matrixok kozott
értelmezhetiink egy komponensenként elvégzendd R-beli elemmel, mint skalarral valo szorzast
és egy Osszeadast, valamint egy * szorzast is a [9] dolgozatban bemutatott médon. Ha r € R és
ABE€E Zorn(3, (Cy), akkorr-A,A+ B,A*B € Zorn(3, Cy), tehat e vektor-matrixok halmaza
zart a koztiik értelmezett miiveletekre nézve.

Tekintsiik most az

a+i-b —U+i'V)

F@i@aﬁy_’Zom(3'(cy)'(a+U)+(b+V)'EH(U+i-V a—i-b

(50)

leképezést! Az Fgy bijektiv, hiszen Fg' inverze is leképezés. Ha 7 € R, 04,0, € O
tetszOleges elemek, akkor az Fg leképezésre teljesiil az

apy

Fo(r-o01) =1 Fg(0,) (51)

homogén, az
Fo(o1 + 0;) = Fg(oy) + Fp(03) (52)

additiv és az
Fo(oy - 03) = Fg(01) * Fg(0,) (53)

multiplikativ tulajdonsag.
Ezért az (50) Osszefiiggésben szerepld Fg leképezés egy R algebra-izomorfizmus. Ebben,
az Qgp, algebraval izomorf Z orn(3, (Cy) Zorn-féle vektor-matrixok alkotta algebraban
bizonyitjuk, hogy igaz a Cayley-Hamilton tétel.
Legyen most
A=(a+L-b -U+i-V

griy ) ezom(se) (54)
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egy tetszOleges Zorn-féle vektor-matrix, ekkor

det(4) :det(lcjii:g —aU_+ii.'bV) =(a+i-b)-(a—i-b)—

—WU+i-V)o(-U+i-V)=a?+y-b>?+UcU+y-(VoV)ER (55)

teljesiil, itt o a [9] dolgozatban értelmezett (Cf,-beli altalanositott skalaris szorzat. Ha 1 € C,,
tovabba E € Z 0rn(3, (Cy) az egyseég vektor-matrix, akkor

_(a+i-b -U+i-V\y_, (1+i-0 O0+i-0)_
4 AE_(U+VV a—bb) (0+v0 1—p0)‘
_(la+i-b)—2 -U+i-V )
"( U+i-V (a—i-b)—A) (56)
ezért az A matrix karakterisztikus polinomja

_ ey (a+i-b)—2 =U+i'V )_

ka(W) = det(A—2-E) = dee (@ 7170 aoiipea)=
=[(a+i-b)=2]-[(a=i-b)=A]=WU+i-V)o(=U+i-V)= (57)

=22 —[(a+i-b)+(@—i-bD)]A+[a?+y-b2+UcU+y-(VoV)] =
=22 —tr(A) -1+ det(Ad) € R[x] .

) _(a+ib -U+i-V B ,
3. Tétel. Ha A = (U LIV a—i-b ) € Zorn(3,(C],), akkor k,(A) = O, tehat az A
vektor-matrix kielégiti sajat karakterisztikus egyenletét.

BizONYITAS. Az (54) — (57) Osszefiiggések felhasznalasaval

_(a+i-h —U+i-Vy (a+i-h —-U+i-Vy_
kA(A)_(U+i'V a_i-b)*(U+i-V a—i-b)

_Z_Q_(a+i-b —U+i-V)+

U+iV a-—i'b (58)

1+i-0 0+i-0

2 .2 o (Vo )
a2 +y D2+ UolU+y-(V m](0+b0 1+l._0).
Az (58) Osszefliggésben kijeldlt, vektor-matrixok kozotti miiveletek elvégzése utan a [9]
dolgozatban szerepld (C;’;-beli X altalanositott vektoridlis szorzat tulajdonsagai és e dolgozatban

levé Lemmak alapjan

(az—ybz+i-2ab—U0U—y-(V0V) —2aU +i-2aV >+
2aU +i-2aV a’? —yb?—i-2ab—UoU—y-(VoV)
—2a% —i-2ab 2aU—i-2aV>
+ + 59
(—ZaU—i-ZaV —2a? +i-2ab (59)
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+(a2+yb2+U0U+y-(V0V) 0+i-0 )_
O+i-0 a?+yb?+UoU+y-(VoV)

:(0+i-0 0+i-0):0
O+i-0 0+4+i-0

adodik, tehat az A matrix kielégiti sajat karakterisztikus egyenletét. Ez pedig azt jelenti, hogy a
Cayley-Hamilton tétel igaz a Z orn(3, (C],) vektor-matrix algebraban.m

5. A Cayley-Hamilton tétel az Sz, 5 algebraban

Végiil megmutatjuk, hogy az altalanositott szedeniok S,p,s algebrajat reprezentald vektor-

matrixok struktirdjaban is igaz a Cayley-Hamilton tétel.
Az
Sapys i={Xi20a;i"Ei: Eg:=1,E; ¢ R(1<i<15),E; #E (i #j)} (60)

alaku kifejezéseket az altalanositott szedeniok halmazanak nevezziik, ha az {E;}}2,
altalanositott szedenio-egységek kozott érvényesek a [10] dolgozat végén levé miiveleti
tablazatban szerepld E; - Ej szorzasi szabalyok, itt a, B,y, § € R rogzitett valos paraméterek.
Az S,pys halmazban értelmezhetjiik az R elemeivel, mint skalarokkal valo szorzast, egy
Osszeadast, valamint az Aaltaldnositott szedenid-egységek elemparjai szorzatainak
felhasznalasaval az algebrak altalanos megszerkesztésének szabalyait kdvetve egy szorzasi
miiveletet is [10].
Tetszbleges 7 € R, 53 = Y120 a; " Ei, 5 = X120 b; - E; € Sgpys esetén
skalarral val6 szorzas:

re (BiZpa; E;) = i20(r - ap) - Ey (61)
Osszeadas:
1500, Ei +X15b; - E; :=Y15(a; + b)) - E; (62)
SZOrZAs:
(Eioai-E) - (Zj20b; - Ey) := Xij=o(ai - by) - (Ei - E;) - (63)

Az altalanositott szedeniok (60) Osszefiiggéssel értelmezett halmaza a (61), (62) és (63)
miiveletekkel egy 16-dimenzids, neutralis elemes, nem kommutativ, nem asszociativ, nem is

alternal6, viszont flexibilis algebrat alkot a valos szamok R teste felett.

Minden s = ¥}, a; - E; altalanositott szedeni6 egyértelmiien irhato fel

s=0,+0,F (64)

alakban, ahol 0, 0, € Qg4p,, €s F = Eg, ez az altalanositott szedeniok oktonio-algebrai alakja.
A (61) — (63) Osszefiiggések felhasznalasaval az altalanositott szedeniok oktonio-algebrai
alakjara bizonyithatok a kovetkezd szamolasi szabalyok:
har € R,uy +uy - F,vy + v, - F € Sppys, akkor
re(utu F)=0u)+0 u)F, (65)
(u1+u2'F)+(U1+U2'F)=(u1+v1)+(u2+v2)'F, (66)

(uytuy F)- (v +vy, F)=(uy vy — 603 up) + (up vy + v uy) - F (67)
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teljesiil. A (67) Osszefliggésben szerepld feliilvonas az adott altalanositott oktonid konjugaltjat
jelenti. A (47) és (48) Osszefliggések gondolatait folytatva minden s = 0; + 0, * F € Sypys
egyértelmiien irhato fel

s=(@+U)+b+V)F (68)

alakban, ahol 0; =a+U,0, =b+V € Opp,, itt a,b € R, U,V € Im(Qpp,) . Ez a (68)
eldallitas az s altalanositott szedenid6 Hamilton-féle alakja.
Az Sy, algebra részletes targyaldsa a [10] dolgozatban megtalélhato.

crer

a+i-b -U+i-V

Zorn(7,Cs) ::{(U+i'V a—i-b

):a,b €RU,V € Im(04p,),i € R, i* = 5} (69)

halmazt, amelynek elemei a Zorn-féle vektor-matrixok. Figyeljiik meg, hogy e vektor-matrixok
foatlojaban a Cs, mig mellékatlojaban a C} elemei 4llnak. E vektor-matrixok kozott
értelmezhetiink egy komponensenként elvégzendd R-beli elemmel, mint skalarral val6 szorzast
és egy Osszeadast, valamint egy * szorzast is a [ 1 (] dolgozatban bevezetett modon.

Har € R, A,B € Zorn(7,Cs), akkor r-A,A+ B,A * B € Zorn(7,Cg), vagyis az ilyen
tipusu vektor-matrixok halmaza zart ezen miiveletekre nézve.

Tekintsiik ezutan az

Fs: Sagys = Z0rn(7,C), (@ + V) + (b +V) - F o> (] j: y I’i aU_+l,l. bV) (70)

leképezést! Az Fy bijektiv, mert Fg * inverz is leképezés. Har € R, sy, 5, € Sapys tetszleges
elemek, akkor az Fg leképezésre teljesiil az

FS(T "Sy)=71" FS(S1) (71)

homogeén,
Fs(sy + s3) = Fs(sy) + Fs(s2) (72)

additiv, és
Fs(s1 - s3) = Fs(s1) * Fs(s3) (73)

multiplikativ tulajdonsag. fgy a (70) Osszefiiggésben szerepld Fg leképezés egy R algebra-
izomorfizmus.
Ebben, az S,p,s algebraval izomorf Zorn(7,Cs) Zorn-féle vektor-matrixok alkotta
algebraban bizonyitjuk, hogy érvényes a Cayley-Hamilton tétel.
Legyen most
= (5 I i ‘b/ aU—+iL- bV) € Zorn(7,Cs) (74)

egy tetszoleges vektor-matrix, ekkor az el6z6 fejezettel teljesen analdég okoskodéssal

a+i-b -U+i-V

det(a) =det (573 T

)=a2+6-b2+UoU+6-(VoV)ER (75)

teljesiil. Ha 1 € Cg, tovabba E € Zorn(7, Cs) az egységmatrix, akkor
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a-aee=(C g0 amioby2)’ (76)
ezért az A vektor-matrix karakterisztikus polinomja
ka(A) =det(A—A-E)=A2—-2-a-2+[a?+6-b2+UU+6-(Vol)]=
=12 —tr(A) -1+ det(A) € R[x] . (77)

Ezutan mar az el6zo fejezet 3. Tételével teljesen analég mddon konnyen bizonyithatjuk a
kovetkezo allitast.

. _(a+ib -U+i'V _ - .
4.Tétel. Ha A = (U 40V a—i-b ) € Zorn(7,Cs), akkor k4 (A) = O teljesiil, vagyis az
A vektor-matrix kielégiti sajat karakterisztikus egyenletét.

BIZONYITAS. A (74) — (77) 6sszefliggések felhasznalasaval

_(a+ib -U+i-V\ (a+i-b -U+i-V\_
IR GRS A K ARG

5. . (atib -U+i-V 2 2 . Ve .
Za(Uﬂ.,V a—i-b)+[a +8- b2+ UoU+8-(VoV)]
1+i-0 O+i-0\_(0+i-0 O0+i-0\ _
(0+i-0 1+i-0)_(0+i-0 O+i-0)_0 (78)

adodik a 3. Tétel bizonyitasaval megegyezd okoskodassal, ez pedig tételiink allitasat

bizonyitja.m

6. Osszefoglalo

Dolgozatunkban a klasszikus lineéris algebra egy nevezetes tételének, a Cayley-Hamilton
tételnek négy nevezetes, R feletti algebraban valo érvényességével foglalkoztunk.

Tudjuk, hogy a véges dimenzids asszociativ algebrdk alkalmas matrixok struktaraival
reprezentdlhatok. Ilyen asszociativ algebrak az altalanositott komplex szdmok ¢és az
altalanositott kvaterniok is. Egyszerii direkt bizonyitast mutatunk be dogozatunk elsé felében
arra, hogy ezen algebrakat leir6 matrixok struktiraiban — valojadban nem is meglepé modon —
teljesiil a Cayley-Hamilton tétel.

Erdekesebb kérdés, hogy az altalanositott oktoniok és altalanositott szedenidk nem
asszociativ algebrajaban, amelyek Zorn nyoman alkalmas vektor-matrixok strukttraival
reprezentalhatok, vajon érvényes-e ez a fontos klasszikus tétel? A szerz6 korabbi [7] - [10]
dolgozataira tdmaszkodva igazoltuk munkédnk f6 eredményét, hogy az emlitett két nevezetes
nem asszociativ algebrékat leird vektor-matrix struktirakban is igaz a Cayley-Hamilton tétel.
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OsszeFOGLALG. A tanulmény 154 év (1870-2023) adatait elemzi négy magyar varosban a csapadék
és hdmérséklet stacionaritisdnak vizsgdlatdra. A havi csapadék Szegeden és Nyiregyhdzin
viszonylag stabil, mig Budapesten s Sopronban csokkend tendencidt mutat. A hémérsékleti
id6sorok minden varosban nem staciondriusak, jol kimutathat6 trendekkel és szerkezeti torésekkel.
Az eredmények kiemelik a regiondlis kiilonbségeket és a toréspontérzékeny elemzések jelentdségét.

ABsTRACT. The study analyses 154 years of climate data (1870-2023) from four Hungarian
cities to evaluate stationarity in precipitation and temperature. Monthly precipitation remains
relatively stable in Szeged and Nyiregyhdza, while Budapest and Sopron show a gradual decline.
Temperature series in all cities are non-stationary, with clear trends and structural breaks. These
findings emphasize regional differences in climate behaviour and the relevance of break-aware
approaches for robust trend assessment.

1 Introduction

Long-term climatic records are crucial for understanding trends in temperature and precipitation
patterns. Previous studies have highlighted significant shifts in climate variability, often indicating
non-stationarity due to factors such as urbanization and anthropogenic influences.

Extensive literature exists on the non-stationarity and trends of temperature and extreme
precipitation. Urban warming significantly increased air temperatures in China from 1959 to

HunGariAN TITLE. Stacionaritds és nem-stacionaritds a hosszu tdvid magyarorszagi éghajlati idGsorokban.
KuLcsszavak. Stacionaritas, csapadék, hdmérséklet, KPSS-proba.
Keyworps. Stationarity, precipitation, temperature, KPSS test.
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2018, with urban areas showing more pronounced changes [27]. In major Asian cities, including
Osaka, Seoul, Tokyo, Taipei, Jakarta, and Bangkok, notable urban warming trends have been
observed from 1901 to the present, with significant increases noted especially after 1981 [20].
Increasing minimum temperatures were observed across India from 1901 to 2003, particularly
in winter and post-monsoon seasons [36]. In the USA, from 1968 to 2013, annual maximum
air temperature trends increased [25], and the climate grids produced for Canada and the U.S.
between 1901 and 2000 confirm significant trends in climate variables and model accuracy [29].
Extreme precipitation in the U.S. shows continental increases alongside significant regional
variability, influenced by factors such as water vapour and climate change impacts, with a
notable shift from snow to rain in various regions [33]. In South America, monthly climate
variations showed distinct trends influenced by geographical factors, particularly from 1901 to
2000 [13]. Prominent positive temperature trends were observed in Spain from 1961 to 2006,
with over 60% of the country experiencing increases [32]. In France, from 1948 to 2008, drought
severity increased in the southern half, while drought timing showed earlier starts [14]. Extreme
precipitation trends are significant in Europe, with an increase observed since recent years [28].
Significant increases in surface temperature in Africa have been observed from 1901 to 2014
[16]. Extreme temperatures in Turkey increased significantly between 1970 and 2018 [2]. In
Iran, significant warming trends were observed from 1960 to 2005, particularly noted after 1990
[24]. In Australia (1967-2021), rainfall increased for shorter storm durations [19].

The literature on this topic is vast, with a general consensus that much of the Earth is expected
to experience prolonged warming and more extreme precipitation patterns. The economic, social,
and political impacts of climate change are now considered some of the most significant scientific
issues, posing severe risks to global economies and social structures.

However, the persistence of certain climatic features suggests that stationarity may still
characterize specific regions under certain conditions. The stationarity may, in some cases — at
least locally — cast doubt on the trends. Research indicates that the assumption of stationarity is
often challenged by local climatic variations, leading to uncertainties in trend analysis. Stationarity
is generally established in the context of precipitation patterns. Historical data (1951-2003)
indicates no significant trend for precipitation in most areas of the Hanjiang basin, China [&].
In arid Central Asia, precipitation variability is analysed over 126 years, revealing stationarity
[39]. The global trend for annual total precipitation was not significant from 1921 to 1995
[35]. (Studies on the local stationarity of temperature trends are much more sporadic and less
convincing.)

In this study, we investigate whether long-term daily temperature and precipitation data from
four Hungarian cities — Budapest, Nyiregyhdza, Sopron, Szeged (Figure 1) — between 1870 and
2023 exhibit stationarity. Long-term data is available only for these four Hungarian cities.

Naturally, the situation in Hungary has also been extensively analysed. An increasing trend
in extreme precipitation events was identified in Pécs, a city in southwest Hungary, between 1971
and 2020 [34]. The trend in Keszthely between 1871 and 2014 shows a significant decreasing
trend in annual precipitation, especially in autumn [23]. A study revealed a trend of increasing
drought intensity and duration in western Hungary compared to eastern Hungary between 1961
and 2010 [3]. Linear models were acceptable for annual, spring, winter, and autumn temperature
data in Hungary between 1901 and 2018 at a 0.1 significance level, but not for summer data,
where a higher-order function may be necessary for accurate trend estimation [17]. Significant
decreasing trends in both annual and seasonal precipitation amounts, including winter, were
observed in Hungary during the period from 1901 to 1998 [1 1]. Research has reconstructed the
temperature conditions of the Carpathian Basin over the past two millennia, identifying four
main periods, the last of which was a cooling phase peaking around 1850 after a general warming
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Figure 1. Analysed Hungarian cities

period [7]. The periodic behaviour of shallow groundwater levels in Hungary was investigated,
revealing connections to large-scale circulation patterns and offering insights into future drought
frequency and duration [12]. In summary, it is likely that Hungary and the Carpathian region will
experience another warming phase, accompanied by significant changes in precipitation patterns,
as highlighted in various studies [6, 10,22].

Compared to the previously mentioned context, there is an even more abundant Hungarian
literature. It rarely addresses the issue of stationarity.

This analysis aims to contribute to ongoing discussions regarding climate stability and
variability. Understanding these patterns is vital for future climate predictions and can provide
insights into the resilience of ecosystems and human infrastructure under changing climatic
conditions.

2 Data and methods

2.1 Data

The analysis is based on historical meteorological data from four major Hungarian cities, spanning
from 1870 to 2023. The dataset is sourced from the National Meteorological Service and includes
original, verified, and homogenized data [1].

The analysis of long-term weather data from Budapest, Nyiregyhdza, Sopron, and Szeged is
crucial for climate research because it allows for the examination of regional climate patterns and
trends across diverse geographical and climatic contexts within Hungary. Comparing data from
these cities can reveal local variations in temperature, precipitation, and extreme weather events,
contributing to a better understanding of climate change impacts. Of course, this is only relevant
if the data does not show stationarity everywhere.
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2.2 Research objective

The research objective is to investigate whether the temperature and precipitation can be
considered stationary during the studied period and across the four cities. In the analysis, KPSS
(Kwiatkowski-Phillips-Schmidt-Shin) test were applied [26]. The KPSS test is used to test for
stationarity in time series. The model is expressed as

Vi = M T+ €,

where y; is the observed time series, y; is the deterministic trend component, and ¢ is the
stationary error term. The null hypothesis of the KPSS test is that the time series is stationary
around a mean or a linear trend, which can be written as

Hy : p; = po  (stationarity).
The alternative hypothesis states that the time series follows a random walk, formulated as
H; : y; follows a random walk (non-stationarity).

The test statistic is calculated as

T
1 .
KPSS = - Z S2/62,

r=1

where §; = th.:l i; 1s the partial sum of the residuals, #; are obtained from regressing y, on an
intercept or a linear trend, &2 is an estimator of the long-run variance of €, and 7T is the number
of observations.

The KPSS statistic is compared to critical values from the KPSS distribution. If the test
statistic exceeds the critical value, the null hypothesis of stationarity is rejected.

The KPSS test functions effectively when there is temporal correlation (autocorrelation) in
the time series being analysed, as it accounts for the possibility that past values influence future
observations, which is a common characteristic in non-stationary processes. In the analysis,
the presence of autocorrelation was assessed using the Autocorrelation Function (ACF) and the
Augmented Dickey-Fuller (ADF) test.

The ACF, implemented through the acf function from the stats package in R, facilitated
the examination of the correlation between the time series and its lagged values, allowing for the
identification of significant autocorrelation patterns. Subsequently, the ADF test, conducted using
the adf . test function from the tseries package in R, evaluated the stationarity of the time
series, helping to determine if a unit root was present, which is indicative of non-stationarity. The
KPSS test works best with larger samples. (The high sample size was considered fulfilled without
detailed separate examination.) The constancy of variance is fundamental to the reliability of
the KPSS test results. If the variance of the time series is not constant (heteroscedastic), it can
influence the test outcomes, potentially leading to incorrect conclusions regarding stationarity.
Therefore, assessing heteroscedasticity is essential for ensuring the validity of subsequent analyses
and interpretations. To investigate heteroscedasticity in the datasets, linear regression models
were fitted using the 1m function in R. Specifically, the response variable r was regressed against
the date variable for each location. The Breusch-Pagan test for heteroscedasticity was conducted
using the bptest function from the 1mtest package. This procedure allowed for the evaluation
of whether the variance of the residuals from the regression models was constant across the
different time periods analysed.
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A stationary series can be either level stationary or trend stationary. A time series is considered
level stationary if its mean and variance remain constant over time, with fluctuations around a
fixed mean. It does not exhibit trends or seasonal effects. A time series is trend stationary if
it has a deterministic trend, meaning that while the series may exhibit a long-term upward or
downward movement, the deviations from this trend are stationary.

The seasonal adjustment of the time series was performed in R by first aggregating daily
data into monthly. This reduced the dataset from daily observations (n = 56247) to monthly
aggregates (n = 1848). A time series object was then created with the ts function, specifying
a start date and a frequency of 12 for monthly data. The series was decomposed using the
stl function, and the seasonal effects were removed with the seasadj function, resulting in a
seasonally adjusted time series.

The analysis tested for level stationarity using the KPSS testimplemented in R. The kpss . test
function from the tseries package was utilized to perform this test. The null hypothesis for
the KPSS test under the level stationarity assumption is that the time series is level stationary,
meaning that its mean remains constant over time. The analysis also examined trend stationarity
using the KPSS test implemented in R. The kpss. test function from the tseries package was
utilized for this purpose, too. In the context of the KPSS test, the null hypothesis posits that the
time series is trend stationary, indicating that any trends present in the data can be represented as
deterministic. A linear regression model was fitted to the data using the 1m() function from the
stats package, where the dependent variable was the time series of the adjusted data, and the
independent variable was a sequence representing the time index. This model aimed to capture
the deterministic trend in the seasonal and random effect-free data.

2.3 Stationarity

A time series is said to be strongly stationary if its joint probability distribution does not change
when shifted in time. This means that for any given set of time points #1, 3, . . . , x and any time
lag h, the joint distribution remains unchanged under this shift, which means that

P(th’ Xlzv e th) = P(Xl‘1+h’ Xt2+h’ e th+h)'

This definition implies that all statistical properties (mean, variance, and higher-order moments)
are constant over time.
A time series is considered weakly stationary if its first two moments are time-invariant,
meaning that the mean is constant over time (E[X;] = u for all 7), the variance is constant
(Var(X;) = o2 for all t), and the covariance between any two time points depends only on the
lag i and not on time (Cov(X;, X;+,) = y(h) for all 1).
In practice, weak stationarity is often the more commonly used condition for time series
analysis, especially in the context of weather data. When dealing with weakly stationary processes,
it is important to note that spurious trends can easily emerge if stationarity is not adequately
assessed. Weak stationarity implies that the mean and variance of the process are constant, but
the data can still be influenced by random fluctuations and other effects that may distort long-term
results. If (weak) stationarity is not examined or is overlooked, several issues can arise:
 False trends: Statistical analyses, such as regression models, may reveal false trends that
are actually the result of random fluctuations or seasonality rather than genuine long-term
changes [9].

* Measurement errors: The variations caused by weak stationarity may lead to biases in
trend measurement, resulting in misleading conclusions about climate change or other
climatic impacts [15].
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* Inconsistent results: Different analytical methods may yield varying results, making it
difficult to draw reliable conclusions about temperature changes.
Therefore, it is crucial to thoroughly investigate the stationarity issue before analysing weakly
stationary processes, and to apply appropriate statistical methods to filter out false trends.

Note on the scope of the KPSS test: The KPSS assesses level- or linear trend-stationarity
under a single deterministic component. When time series exhibit non-linear or multi-phase
(piecewise) trajectories, KPSS outcomes near conventional thresholds may be ambiguous. We
therefore complement KPSS with Bai—Perron multiple-break tests (unknown break dates) and
with Zivot—Andrews unit-root tests allowing for a single endogenous break; these directly probe
parameter instability and help distinguish persistent stochastic trends from regime shifts.

2.3.1 Structural breaks and nonlinear trends

We fit piecewise-linear trend models and test for unknown breakpoints via the Bai—Perron
methodology [4,5]. Let y; denote the seasonally adjusted monthly series and t = 1,...,7. With
M breaks at ordered dates 1 < 1) < --- < 13y < T, a parsimonious specification is given by

M
v: = Bo+ Bit + Z Om(t — )+ + &, wWhere (x), = max(x,0),

m=1

and &; may exhibit short-range dependence and mild heteroskedasticity. The global null of
parameter constancy is tested by supF statistics and the number of breaks is selected by BIC. The
supF statistic is given by

supF = sup F(1).
TeT
For robustness, we also compute HAC-adjusted p-values [30]. In addition, we run Zivot—Andrews
unit-root tests (model “both”), which endogenously estimate a single break in the deterministic
component [40]. Implementation uses strucchange (Bai—Perron) and urca (ZA) packages in
R.

3 Results

The ADF tests were conducted as preliminary tests to assess the stationarity of the precipitation
and average temperature data across the four cities. All series showed a p-value of < 0.01,
indicating strong evidence against the null hypothesis of non-stationarity for both precipitation
and temperature data across the four cities. This result suggests that these time series are
stationary. It’s important to note that these ADF tests were performed as preliminary checks prior
to conducting the KPSS test. The ADF test was not used as a primary analytical tool because the
assumption of linearity was not met in all cases (Table 1).

Note: The ADF tests reported here use the default specification without a deterministic
trend component. For temperature series with strong trends and possible structural breaks, this
can lead to over-rejection of the unit root hypothesis. Furthermore, the p-values returned by
tseries: :adf.test are discrete and often capped at 0.01 for very small values, which may
give the impression of uniformly strong evidence against non-stationarity. Therefore, these results
should be interpreted as preliminary checks only. Robust inference is provided by KPSS tests
and breakpoint diagnostics (Bai—Perron, Zivot—Andrews) discussed later.

The autocorrelation function (ACF) analysis of seasonally adjusted daily precipitation data
reveals interesting characteristics across different cities (Figure 2). For Budapest, the first lag
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City Metric Statistic p-value Conclusion
Budapest Precipitation -11.280 0.01 Stationary
Budapest Temperature -10.251 0.01 Stationary
Nyiregyhdza Precipitation -12.370 0.01 Stationary
Nyiregyhdza Temperature -11.039 0.01 Stationary
Sopron Precipitation  -12.305 0.01 Stationary
Sopron Temperature  -9.651 0.01 Stationary
Szeged Precipitation -11.990 0.01 Stationary
Szeged Temperature -10.865 0.01 Stationary

Table 1. ADF test results

exhibits a positive autocorrelation of 0.063, which suggests a slight persistence in precipitation
from one day to the next. However, as the lags increase, the values decrease rapidly, with
subsequent lags approaching zero, indicating a lack of significant long-term dependencies.
Similar trends are observed in the precipitation data from Sopron and Szeged, where the
autocorrelations at lag 1 are very low, 0.008 and 0.074, respectively. These findings imply that
while there may be short-term correlations in daily precipitation, longer-term persistence is
minimal.

Budapest (prec.) Nyiregyhaza (prec.) Sopron (prec.) Szeged (prec.)
0.10 0.10 0.10 0.10
0.05 0.05 0.05 0.05
LL LL LL LL
< 0.00 < 0.00 < 0.00 < 0.00
-0.05 -0.05 -0.05 -0.05
0 10 20 30 0 10 20 30 0 10 20 30 0 10 20 30
Lag Lag Lag Lag

Budapest (mt.) Nyiregyhaza (mt.) Sopron (mt.) Szeged (mt.)

0.3 0.3 0.3 0.3
0.2 0.2 0.2 0.2
LL LL LL LL
] ] ] ]
< < < <
0.1 0.1 0.1 0.1
0.0 0.0 0.0 0.0
0 10 20 30 0 10 20 30 0 10 20 30 0 10 20 30

Figure 2. ACF test results for monthly precipitation and temperature (mean) data

In contrast, the analysis of seasonally adjusted temperature data indicates a different pattern
of autocorrelation. For Budapest, the first lag shows a significant autocorrelation of 0.263,
suggesting that daily temperature readings are strongly related to one another. This trend is
further evidenced by the declining autocorrelation values, which remain appreciable across
multiple lags, with values such as 0.126 at lag 2 and 0.093 at lag 3. Similar results are noted
in Sopron and Szeged, where the autocorrelation at lag 1 is 0.253 and 0.287, respectively. The
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City Parameter Statistic  p-value

Budapest Precipitation 0.032 0.859
Nyiregyhdza Precipitation 0.860 0.354
Sopron Precipitation 0.212 0.645
Szeged Precipitation 0.001 0.980
Budapest Temperature 2.150 0.143
Nyiregyhdza Temperature 6.036 0.014
Sopron Temperature 0.437 0.509
Szeged Temperature 4.062 0.044

Table 2. Breusch-Pagan test results

persistent autocorrelation values indicate that temperature readings are highly correlated over
time, suggesting the presence of a trend or seasonal effect. Overall, the analysis reveals that the
precipitation data exhibit characteristics of a stationary process.

In contrast, the temperature data are non-stationary, as both level and trend stationarity are
rejected. This indicates that the series do not remain stable over time, but it does not confirm
the presence or nature of any specific trend. The KPSS test alone cannot determine whether a
deterministic or stochastic trend exists, nor can it identify its direction or significance.

For the precipitation models, no significant heteroskedasticity was detected in any of the
cities. The p-values were consistently high (ranging from 0.3538 to 0.9798), indicating that
the assumption of homoskedasticity holds and the variance of residuals remains constant. In
contrast, the temperature models, based on monthly average temperature data, yielded mixed
results. While Budapest and Sopron exhibited no significant heteroskedasticity (p-values of
0.1426 and 0.5088, respectively), both Szeged (p = 0.0439) and Nyiregyhdza (p = 0.0140)
displayed evidence of heteroskedasticity. This suggests that for these two cities, the residuals’
variance may vary with the independent variable (monthly data), requiring further attention in
subsequent analyses (Table 2).

Given the presence of heteroskedasticity in the temperature models for Szeged and
Nyiregyhdza, it is crucial to interpret the results of the KPSS test with caution in these
cases, as the assumption of constant variance in the monthly average temperature may not hold,
potentially affecting the reliability of stationarity testing. Adjustments or alternative modeling
techniques may be considered to address these issues.

The KPSS test results for both precipitation and temperature data reveal important insights
regarding stationarity in the selected cities. In Precipitation Data, the null hypothesis of level
stationarity was rejected in Budapest and Sopron, indicating that the precipitation series in
these cities are non-stationary. Conversely, the null hypothesis was not rejected for Szeged
and Nyiregyhdza, suggesting that their precipitation data may be stationary at the level. When
examining the trend stationarity, all cities’ precipitation data fail to reject the null hypothesis,
suggesting that the trend component of the precipitation series is stationary across all locations.
For temperature data, the situation differs significantly.

The null hypothesis of level stationarity is rejected for all cities indicating that the temperature
series in these locations are non-stationary. Furthermore, the trend stationarity is also rejected
for all cities, implying that there is a significant trend in the temperature data over time (Table 3).

The main findings indicate that the precipitation analysis reveals a general decreasing trend. In
Budapest, the decline in precipitation is more pronounced, with a significant intercept suggesting
that the precipitation level is not zero. The model’s R? value is low, indicating that it explains only
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City Parameter Statistic p-value Stationarity Significance
Budapest Precipitation 1.264 0.010 Level Reject Null
Nyiregyhdza Precipitation 0.296 0.100 Level Fail to Reject Null
Sopron Precipitation 0.706 0.013 Level Reject Null
Szeged Precipitation 0.435 0.062 Level Fail to Reject Null
Budapest Temperature 4.939 0.010 Level Reject Null
Nyiregyhdza Temperature 4.007 0.010 Level Reject Null
Sopron Temperature 5.742 0.010 Level Reject Null
Szeged Temperature 4.296 0.010 Level Reject Null
Budapest Precipitation 0.126 0.087 Trend Fail to Reject Null
Nyiregyhdza Precipitation 0.060 0.100 Trend Fail to Reject Null
Sopron Precipitation 0.036 0.100 Trend Fail to Reject Null
Szeged Precipitation 0.084 0.100 Trend Fail to Reject Null
Budapest Temperature 0.468 0.010 Trend Reject Null
Nyiregyhdza Temperature 0.243 0.010 Trend Reject Null
Sopron Temperature 0.622 0.010 Trend Reject Null
Szeged Temperature 0.296 0.010 Trend Reject Null

Table 3. KPSS test results
Note: We report approximate p-values because the KPSS test statistic has a non-standard asymptotic distribution, so
exact probabilities cannot be computed analytically. Instead, critical values (0.01, 0.05, 0.10) are tabulated from
simulations and used as thresholds. This is the standard procedure for KPSS testing.

a small portion of the variance. Based on the F-statistic and p-value, the model is statistically
significant. In Sopron, the decrease is slower, but the intercept is also significant, indicating a
positive average precipitation. The model also exhibits a low R? value, with the F-statistic and
p-value showing statistical significance, although weaker compared to Budapest. For Szeged and
Nyiregyhdza, similar precipitation trends are observed, with a slight decline in both cities. The
intercepts are significant, but the slope values are not as strong as in Budapest or Sopron. The R?
values are low, and the F-statistic and p-value indicate that evidence for the trend is weak.

Temperature trends show an increase in all four cities, with significant intercept values
indicating a positive baseline temperature level. The slope values are positive, and the models
have slightly higher R? values compared to precipitation, although still low. The F-statistics and
low p-values confirm the increasing trend in temperature, which is valid for all four cities (Table
4).

City Parameter Bo B R?> F-statistic p-value
Budapest Precipitation 49.398 -0.005 0.007 13.490 0.000
Nyiregyhdza Precipitation 47.406 -0.002 0.002 2.881 0.090
Sopron Precipitation 59.971 -0.004 0.004 6.495 0.011
Szeged Precipitation 46.509 -0.002 0.002 3.417 0.065
Budapest Temperature 10.676  0.001 0.054 104.786 0.000
Nyiregyhdza Temperature 9.165 0.001 0.045 87.456 0.000
Sopron Temperature  9.163  0.001 0.066 130.713 0.000
Szeged Temperature  9.979  0.001 0.048 92.682 0.000

Table 4. Trend Model Summary
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City Parameter Breaks (BIC) supF  p-value
Budapest Precipitation 1 8202 0.190
Nyiregyhdza Precipitation 1 6922 0.302
Sopron Precipitation 1 4.268 0.681
Szeged Precipitation 1 14.224 0.016
Budapest Temperature 1 53.618 0.000
Nyiregyhdza Temperature 1 39.214 0.000
Sopron Temperature 1 64.401 0.000
Szeged Temperature 1 42.662 0.000

Table 5. Breakpoint diagnostics (Bai—Perron / supF)

Breakpoint diagnostics are based on Bai—Perron supF tests and BIC-selected break counts, as
summarized in Table 5. For Szeged precipitation, a significant break is detected (supF p = 0.016),
whereas for Budapest, Nyiregyhdza, and Sopron precipitation the supF test is not significant. In
all four temperature series, supF tests are highly significant (p < 0.001), with one break selected
by BIC. These results indicate multi-phase behaviour, particularly for temperature, consistent
with long-term warming while allowing for regime shifts.

To interpret borderline full-sample KPSS outcomes for Szeged and Nyiregyhdza precipitation,
we re-apply the KPSS test within Bai—Perron segments. For Szeged, KPSS fails to reject
stationarity in both segments, whereas for Nyiregyhdza the first segment shows some evidence
against level stationarity (p = 0.016), while the later period does not reject (p = 0.100). Overall,
these results support a multi-phase interpretation rather than global non-stationarity.

4 Discussion

The findings of this study reveal significant insights into the stationarity and trends of monthly
precipitation and temperature data in the four analysed cities.

The stationarity observed in Nyiregyhdza and Szeged’s monthly precipitation stands in
contrast to the prevailing trends reported in many studies, which often highlight increasing
variability and non-stationarity in precipitation patterns globally. This suggests that the climatic
behaviour in these two cities may be less susceptible to the impacts of climate change compared
to other regions, aligning with some localized studies but differing from the general narrative that
points toward increasing precipitation variability in Hungary. This contributes to the relatively
limited literature on climate stationarity [8,35,39]. In certain aspects, our findings align most
closely with the observed increasing trend in drought intensity and duration in western Hungary
compared to eastern Hungary over the period from 1961 to 2010, as Nyiregyhdza and Szeged are
located in the east, while Sopron is situated in the west [3].

In contrast, the non-stationary and declining precipitation trends observed in Budapest and
Sopron align with findings from the broader literature, which indicates that urban areas are
particularly vulnerable to changes in precipitation patterns. This scientific finding reflects the
results of both international [14,28] and Hungarian [1 1, 12,23, 34] literature to date.

The non-stationary nature of monthly mean temperatures across all four cities indicates a
clear upward trend, corroborating extensive research that links rising temperatures to global
climate change [2, 13, 16,20,24,25,27,29,32,33,36].

These results contribute to the growing body of literature on climate dynamics in Hungary,
highlighting the importance of localized climate studies [6,7, 10, 17,22]. Future research should
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City Parameter Segment Start End p (level) p (trend)
Nyiregyhdza Precipitation 1 1 1519 0.016 0.100
Nyiregyhdza Precipitation 2 1519 1848 0.100 0.100
Szeged Precipitation 1 1 868 0.100 0.100
Szeged Precipitation 2 868 1848 0.100 0.100

Table 6. Segment-wise KPSS for precipitation in Szeged and Nyiregyhdza

City Parameter ZA statistic 5% critical Break (index) Reject Hy
Budapest Precipitation -29.444 -5.08 156 TRUE
Nyiregyhdza Precipitation -29.180 -5.08 1828 TRUE
Sopron Precipitation -30.552 -5.08 1651 TRUE
Szeged Precipitation -29.285 -5.08 43 TRUE
Budapest Temperature -26.882 -5.08 1287 TRUE
Nyiregyhdza Temperature -25.966 -5.08 1287 TRUE
Sopron Temperature -26.971 -5.08 1287 TRUE
Szeged Temperature -26.379 -5.08 1287 TRUE

Table 7. Zivot—Andrews unit-root tests with an endogenous break

focus on the underlying mechanisms driving these trends and their implications for climate
resilience, particularly in areas exhibiting non-stationarity.

Segment-wise KPSS testing within Bai—Perron breaks clarifies borderline full-sample
outcomes (Table 6). For Szeged and Nyiregyhdza precipitation, this approach reveals regime
changes that full-sample stationarity masks, aligning with hydro-climate evidence and highlighting
the importance of break-aware inference in long records.

It would be reasonable to limit the analysis to the post-1970 period, as this better reflects
the effects of climate change. This consideration is indeed relevant and was taken into account
during the analysis. However, maintaining the full historical period from 1870 to 2023 provides
significant analytical advantages. It enables the assessment of long-term trends and variability,
which are essential for understanding the broader context of climate-related changes. Furthermore,
the extended dataset allows for the detection of regime shifts through structural break tests such
as Bai—Perron and Zivot—Andrews, offering insights into different phases of climate dynamics
(Table 7). Segmented stationarity tests, including KPSS applied to sub periods, ensure that
the analysis captures both persistent patterns and transitional behaviours. This comprehensive
approach enhances the robustness and interpretability of the findings compared to restricting the
analysis to recent decades. Possible geographical reasons for (near-)stationary precipitation in
Szeged and Nyiregyhaza:

» Topography and flat basin structure: The cities lie in the flat Pannonian (Carpathian) Basin;
lack of significant terrain forces often leads to slow-moving weather systems, facilitating
stationary precipitation [31].

* Atmospheric blocking patterns: Persistent high-pressure systems (blocking highs), like
Omega or Rex blocks, can halt the movement of frontal systems, resulting in prolonged
precipitation over one region [21].

* Weak steering winds: The Carpathian Basin frequently experiences low mid-upper level
wind speeds under anticyclonic regimes, permitting near-stationary rain bands [ 18].

* Soil moisture and local evaporation: Proximity to the Tisza River and irrigated lands
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increases surface wetness, promoting sustained convective activity and localized rainfall
[371.

* Urban heat island (UHI) effect: Especially in Szeged, urban heating can destabilize the
boundary layer, enhance convergence, and trigger or reinforce convective precipitation
cells, contributing to stationary rainfall dynamics [38].

5 Conclusion

This study highlights the complex dynamics of monthly precipitation and temperature in Budapest,
Nyiregyhdza Sopron, and Szeged. The stationarity of monthly precipitation in Szeged and
Nyiregyhdza represents a novel finding in the context of existing literature, indicating a potential
stability in precipitation patterns in these areas. In contrast, the declining precipitation trends in
Budapest and Sopron signal increasing vulnerability to drought and water scarcity.

All cities displayed non-stationary behavior in monthly mean temperatures, reflecting a
consistent upward trend. This trend aligns with global warming observations, suggesting that
rising temperatures may influence local climates and ecosystem health. Allowing for a break the
conclusions are slightly different:

» Szeged (precipitation): The supF test is significant and segment-wise KPSS does not reject

within either segment, pointing to multi-phase but segment-stationary behaviour.

» Nyiregyhdza (precipitation): BIC selects one break; segment-wise KPSS shows earlier

non-stationarity at the level and later stationarity, consistent with a change in regime.

» Temperature (for all four cities): The supF tests reject parameter constancy with BIC

selecting one break, consistent with a monotonic warming plus level shifts.
Although full-sample KPSS results may suggest level stationarity (e.g., precipitation in Szeged
and Nyiregyhdza), break-aware diagnostics indicate that segment-wise assessment is preferable
for climate-sensitive applications such as design standards and risk studies.

Data availability

The data is available in the database of the Hungarian National Meteorological Service (OMSZ)
[1].
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OSSZEFOGLALO. Szdmos publikicié foglalkozik kiilonbozd alaki sikidomokkal val elhelye-
zésekkel vagy a kombinatorika egyik nagyon érdekes alakzatdnak vizsgdlatdval, a Fibonacci-
kocka graffal. Mi ezt a két kutatési teriiletet kombindljuk. Rovid cikkiinkben egy bijektiv meg-
felelést adunk az un. Fibonacci-elhelyezések és a Fibonacci-kockdk csucsai kozott. Meghataroz-
zuk az azonos tipusti mozaikok kozotti egyértelmii szomszédsiagot, amely megadja a megfeleld
graf éleit. Ezenkiviil példdkat mutatunk be a cikkcakk alakud hatszogletti lancok és a Fibonacci-
kocka teljes parositdsainak kapcsolatéra.

ABSTRACT. Several articles deal with tilings with various shapes, and also a very frequent type
of combinatorics is to examine the Fibonacci cube graph and its generalizations. We combine
these two things. In our note, we give a one-to-one contention between the Fibonacci tilings and
vertices of the Fibonacci cubes. We define a clear adjacency between the tiles of the same type,
which gives us the edges of the corresponding graph. In addition, we present examples of the
relationship between perfect matchings of zigzag hexagonal chains and Fibonacci cube.

1 Introduction

Hundreds, if not thousands, of articles can be found about tilings and about the Fibonacci cube,
but to the best of our knowledge, there is not any paper that deals with both at the same time. In
this article, we connect these two subfields of combinatorics as follows. We define a neighbor-
hood relationship among the tilings, which allows us to represent the tilings in a graph structure
that is isomorphic to the Fibonacci cube. It is important to look for connections between differ-
ent areas of mathematics, as it can be beneficial to each area. The results having achieved in one
of the fields may be applied and reinterpreted in the other field, or fields, which can give new
impetus to research. We hope that our observations will be useful in the combinatorial study of
tilings and the Fibonacci cube as well.

Let t,, be the number of the different tilings (n-tilings) with (1 x 1)-squares and (1 x 2)—
dominoes (two squares with a common edge) of a (1 x n)-board. Hereafter, a square always
means (1 x 1)-square and a domino means (1 x 2)-domino. It is known, e.g., in [3], that the
number of possible tilings of a (1 x n)-board is t,, = F,, .1, where (F,,) denotes the Fibonacci
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sequence (defined by F,, = F,,_1 + F,,_o, Fy = 0, F; = 1 and A000045 in OEIS [15]). Some
researchers generalized the tilings with colored or weighted shapes, i.e., [1, 4, 16]. Moreover,
Komatsu, Németh, and Szalay [12] examined the tilings with colored squares and dominoes on
the hyperbolic (2 x n)-board, and they gave the fourth order linear homogeneous recurrence
relation of ¢,,, where the coefficients satisfy recurrence sequences, as well. There are numerous
articles in which authors examine various generalizations or restrictions, i.e., with regard to
shapes, colors, or dimensions. For example, Khadir, Németh, and Szalay [9] examined a type
of tilings in which the colors had a specific order and a “darker" element could never come
before a “lighter" element.

The Fibonacci cube of dimension n > 1, denoted as I',,, is the subgraph of the hypercube (),
induced by vertices with no consecutive 1s in their coordinates. Hsu [8] introduced this graph
as an interconnection network. I', is an isometric subgraph and is inspired by the Fibonacci
numbers. It has attractive recurrent structures, such as its decomposition into two subgraphs
which are also Fibonacci cubes themselves. Structural properties of these graphs were more
extensively studied afterwards; see, for example, the survey [10] and the recent book [7]. There
are several kinds of cube graphs, ex., the Lucas cubes A,,, introduced in [ 4], that have attracted
attention as well due to the fact that these cubes are the cyclic version of Fibonacci cubes. For
other generalizations, i.e., see [2, 6]. They have also been widely studied.

In this article, we combine both of the above-mentioned combinatorial examinations.

2 Structure of tilings with squares and dominoes

In this section, we define a neigbouring among the n-tilings, which implies a structure.

Let the divide—join base transformation, shortly divide—join transform, be when we divide a
domino into two squares or we join two consecutive squares into one domino (see: [__J«—{1]).
We say, that two n-tilings are neighboring if we can transform them into each other with only
one divide—join transform. For example, in Figure 1, the two 6-tilings are neighbors, they defer
exclusively in the light blue parts.

o0 ey

Figure 1. Two neigbouring tilings

Let I',, for n > 1 be the graph, where the vertices are the (n + 1)-tilings and between any
two neighboring tilings there is an edge. For example, Figure 2 shows the graph I's.

Figure 2. Graph I';3

Theorem 1. For n > 1 the graph I',, is isomorphic to the Fibonacci n-cube T',,.

Proof. Now we give a one-to-one correspondence between (1 x n)-tilings and the binary bit
strings of length n — 1 with no block of 2 or more 1s. The base of the bijection is what follows.
Imagine a (1 x n)-square grid behind the tiling, where neighbor squares are separated from
each other by vertical edges. If such an edge is covered by the tiling, then we write 1 above
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the edge; otherwise, we write 0. Figure 3 shows all the (1 x n)-tilings and their corresponding
binary strings for n = 2, 3,4, 5. (We mention that in [9], there was introduced a similar code for
a type of general tilings on (1 x n)-board, but the rules of 0 and 1 were changed.) Because we
tile with at most dominoes, there is no two consecutive 1s in any codes which are the vertices
of graph I',,. Moreover, in case of the neighboring tilings, the codes differ only one bit. That
means, the corresponding vertices are joined with edges in I',, and in n-cube I',, as well. O

0 1 00 10 01

0 O0J . 0o C0o
000 00 1 010 100 101
OO0 OO 0 OO
0000 0001 0010 0100

o) ey oo 0 o e

1000 0101 1001 1010

C OO0 01 ) 11

Figure 3. All the n-tilings and their codes up ton = 5

Figures 4 and 5 show the structures of some n-tilings in graph forms.

01

010
[T ] (1

I
0 1 0 0 10 00/ 00
CH— ] [ [ —{ T[] [ [T ]

Figure 4. Fibonacci cubes with tilled vertices if n = 1,2, 3
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Figure 5. Fibonacci cube with tilled vertices when n = 4

2.1 Concluding remarks and future works

2.1.1 Fibonacci cubes and tilings

The connection of the tilings and the Fibonacci cubes can provide many new theorems. For
example:
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* It is well known that every Fibonacci cube has a Hamiltonian path. That means that all
n-tilings can be drawn in a sequence, where the consecutive tiling are neigbours. Figure 6
shows a path, moreover, with the dashed line a circle of 5-tilings.

bt =1 [t [1[]
|
I

Figure 6. Neigbouring circle of the 5-tilings

* By the omitting the tilings, where the first and last peaces are dominoes (their codes in
the first and last positions contain 1s) the structure of the n-tilings is isomorphic to the
Lucas cubes A,, 1 (see Figure 7).

Figure 7. Lucas cube

* The presented method allows for the definition of additional tiling structures, such as
tribonacci cubes [2], Pell graphs [13].

2.1.2 Resonance graphs — graphs of perfect matchings

It is well known that Fibonacci cubes are the resonance graphs of fibonacenes which are specific
types of hexagonal chains, where no three consecutive hexagons are in a straight line; see the
paper by Klavzar and Zigert [| |]. On the other hand, it is easy to construct a bijection between
perfect matchings in a zig-zag fibonacene with n hexagons and all matchings in a path of length
n. An example is given in Fig. 3 of Doslic’s paper [5], where the path and the corresponding
matchings are obtained by taking the horizontal edges in the backbone path of a fibonacene.
A matching is a set of edges in a graph, where no two edges share a common vertex, and a
matching is perfect when every vertex in the graph is an endpoint of an edge in the matching.

Using the notations, where the chosen edges of hexagonal chains are double lines (see [5])
we show the connection among the perfect matchings of zigzag hexagonal chains, Fibonacci
tilings, and binary strings in Figure 8. (A small circle appears inside a hexagonal, if it has three
edges in the perfect matching.) The key links are the blue edges from the “backbone” of the
perfect matching as we see in the figure. Each horizontal blue line is covered by a domino.

Thus, the vertices of the resonance graphs are perfect matchings and two perfect matchings
are connected in the resonance graph if their symmetric difference (the set of edges in one but
not the other) forms a cycle around a hexagonal. In Figure 9, the two perfect matchings are
neighbors, they connect along the blue hexagons. (The symmetrical difference of these is a
hexagon.)
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Figure 8. Connection among the perfect matchings of zigzag hexagonal chains,
Fibonacci tilings, and binary strings

QB0 Q345

Figure 9. Two neigbouring perfect macthings

Figures 10 and 11 show the resonance graphs with corresponding binary strings when n =
1,2,3,0r4.

‘@O
| \v 29
6—0 —Cs Q¥ — v

Figure 10. Fibonacci cubes with perfect matching vertices if n = 1,2, 3

“ “ “
0 O/O O 0/1
1 0 0/0 0 0/1

—

Figure 11. Fibonacci cubes with perfect matching vertices if n = 4

Now let’s examine all the matching and their graph structures, not just the perfect matchings
forn = 1 and 2. Let two matchings be neighbors if their symmetric differential is a single edge.
(The two matchings differ in only one edge.) Then Figure 12 shows the graph structure of all 18
matchings when n = 1. As we see the graph is a connected subgraph of the 3-dimensional cube
mosaic graph. The blue edges form two cubes that share a common vertex, which is the empty
(edge-less) matching. These two cube graphs together can be an extension of the corresponding
resonance graph, see left subfigure of Figure 10.

Similarly, if we expand the resonance graph in the case of n = 2, we obtain Figure 13. It
contains for cube graphs with a common edges.
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Figure 13. An extension graph of resonance graph when n = 2

It is obvious that any edge of a resonance graph can be extended in a similar way, only the
connecting hexagonal parts change. Thus, we can formulate the following statement.

Theorem 2. All the edges of a resonance graphs can be extended by two 3-dimensional cube
graphs which vertices are matchings.

But what might the complete graph structure look like? We present Figure 14 which contain
some matchings when n = 2. This graph is also a subgraph of the 3-dimensional cube mosaic
graph, but the structure of all the 148 matchings cannot be a subgraph of the 3-dimensional cube
mosaic graph, because, for example, the matching without edges ( (5 ) has 11 neigbours.
Therefore, this part (the graph of the empty matching and its neighbours) is at least a subgraph
of a 6-dimensional hypercube mosaic. Based on our observations, we can conclude that most of
the structure may be a subgraph of the cube- or a higher-dimensional hypercube mosaics. And
if the graph structure of all the matchings of the n-long zigzag hexagonal chain is a subgraph of
the d-dimensional hypercube mosaic, than d is [2%E].
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Figure 14. Graph of some machings if n = 2
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OSSZEFOGLALO. A kutatds célja a dimenzidanalizis modszerének bemutatésa és gyakorlati
alkalmazasanak ismertetése. Ez a modszer hatékonyan csokkenti a fiiggetlen valtozok szamat,
mikdzben biztositja az eredmények altalanos érvényességét. Az elmult évszazadban a modszert
sikeresen alkalmaztak hétani, mechanikai, aramlastani és faipari problémak megoldasara,
kiiléndsen olyan esetekben, amikor a vizsgalt jelenségek részletei nem voltak teljesen ismertek,
ezért pontos matematikai modelljiilk nem volt felirhatdé. A publikdcié hozzéajarul a modszer
szélesebb korti megismertetéséhez, kiemelve annak jelentdségét a faipari tudoméanyokban.

ABSTRACT. The aim of the research is to present the method of dimensional analysis and its
practical application. This method effectively reduces the number of independent variables
while ensuring the general validity of the results. Over the past century, the method has been
successfully applied to solve problems in thermodynamics, mechanics, fluid dynamics, and
wood science, particularly in cases where the details of the phenomena under investigation
were not fully understood, and an exact mathematical model could not be formulated. The
publication aims to promote broader awareness of this practical and effective method,
highlighting its significance in the field of wood sciences.

1. Bevezetés

A tudomanyok elsddleges célja 10j, eddig ismeretlen Osszefliggések feltardsa, amelyek
segitségével egy jelenség minél pontosabb leirdsat lehet adni az azt befolyasold tényezdk
(valtozok) fliggvényében. A miiszaki tudomanyokban a kiilonbozd jelenségeket meghatarozott
hajtoer6k mozgatjak és ezek Osszefliggéseit a természeti torvények hatdrozzak meg. Ezek a
torvények 1dotdl fliggetlenek, valtozatlanok és determinisztikusak [25]. Ugyanakkor a
jelenségek gyakran rendkiviil bonyolultak, igy a tudoméany sok esetben még nem tarta fel az

ENGLISH TITLE. Application of the dimensional analysis method for generalizing research results.
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Osszes Osszefliggést és ilyenkor a meglévo ismeretek kiegészitésére van sziikség.

A korszert gépek, berendezések, miiveletek ¢és technologiak tervezéséhez elengedhetetlen
bizonyos alapvetd torvényszeriiségek és Osszefliggések ismerete, amelyek pontosan leirjak a
jelenséget befolyasolo valtozok kozotti kapesolatot. Az dsszefiiggések feltardsanak klasszikus
modszere a matematikai modellek, példaul differencidlegyenletek elméleti levezetése, amely a
meglévé tudomanyos ismeretek és az alaptudomanyok, mint a mechanika, aramlastan vagy
hotan felhasznaldsaval torténik. Az ilyen elméleti levezetések azonban feltételezéseken
alapulnak, ezért az igy kapott 0sszefliggések helyességét kisérleti uton is célszerti ellendrizni.

Az elméleti modellek kidolgozasa csak akkor lehetséges, ha a jelenség mechanizmusa
pontosan ismert, azaz a befolyasolo valtozok (tényezok) hatasat megfelelden figyelembe tudjuk
venni. Amikor azonban a vizsgalt feladatok bonyolddnak ezaltal a valtozok szambavétele
nehezebbé valik, a jelenség részleteinek pontos megértése akadalyokba {iitkozhet. Gyakran
eléfordul az is, hogy az alaptudomanyok nem nyujtanak elegendd ismeretet a jelenség
leirasdhoz. Ilyen esetekben a dimenzidanalizis médszere hatékony megkdzelitést kinal, amely
gyakorlati megfigyelésekre ¢és kisérleti mérésekre tdmaszkodik. E modszer segitségével
kovetkeztetni lehet a jelenség mechanizmusara €s a befolyasold valtozokra. Kiilonosen fontos
a relevans valtozok pontos azonositdsa, mivel ezek nélkiil nem lehetséges szisztematikus
kisérleteket megtervezni és kivitelezni [2; [4; 15].

A tudomanyos megéllapitdsok (természeti torvények) a matematika segitségével,
Osszefiiggésekkel irhatdak le. Az dsszefiiggés mindig harom részbdl all [6; &; 25]:

— kimend adatrendszer (V;),
— afiggvénykapcsolatok rendszere (F(x;)),
— abemeno adatbazis (X).

Formalisan felirva a fentieket:
Yi = F(X), (1
ahol X; — a fliggetlen valtozokat jeloli.

A fenti harom elembdl kettét mindig ismerni kell ahhoz, hogy az 6sszefiiggés hasznalhato
legyen. Egyszerti a helyzet, ha a fiiggvénykapcsolatok rendszere mar ismert, de az esetek dontd
tobbségében sajnos pont ez az ismeretlen. A kutatas sordn éppen ezért legtobbszor bemend
adatokat kozliink a rendszerrel, majd a rendszer valaszol ra kimend adatok form4jaban. A kutato
feladata megfejteni, hogy a rendszer milyen természeti torvény alapjan valaszolt, vagyis hogyan
néz ki a fliggvénykapcsolatok rendszere.

1.2. A Buckingham-féle dimenzidanalizis mdodszer

A tudomanyos kisérletek gyakran koltségesek és iddigényesek, ezért kiemelt fontossagu, hogy
a mar elvégzett kisérletek eredményeit hasonld esetekre altalanositsuk. Ugyanakkor a
hasonldsag megitélése sokparaméteres folyamatok esetén nem mindig egyszerii feladat. Az
altalanositas lehetdsége nélkiil azonban a kisérletek eredményeinek értékelése korlatozott
hasznossagi. Két vagy tobb folyamat akkor tekinthetd hasonlonak, ha lényegi, belso
Osszefliggéseik megegyeznek [V]. Ez a feltétel azonban csak sziikséges, de nem elégséges a
hasonlésag megallapitasahoz, mivel a folyamatot leiro differencialegyenletek végtelen sok
lehetséges megoldasa koziil az egyértelmiiségi feltételek hatdrozzak meg a keresett megoldast.
A hasonlosag tovabbi feltétele tehat, hogy a vizsgalt folyamatok egyértelmiiségi feltételei —
példaul kezdeti és peremfeltételek, geometriai jellemzdk, valamint az értelmezési tartomany —
azonosak legyenek, vagy azonos alakra transzformalhatok legyenek [©; 17; 15; 23].
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A kisérleti adatok feldolgozasanak hagyomanyos megkozelitése a valtozok szerinti elemzés.
Ebben az esetben a részosszefiiggések szdma megegyezik a fliggetlen valtozok szdmaval, ami
gyakran bonyolulttd teszi az Osszefliggések Osszerendezését és az eredd fiiggvény helyes
matematikai alakjanak meghatirozasat. A kisérletek szervezése azonban jelentOsen
egyszeriibbé valik és az eredmények altalanosan alkalmazhatova tehetdk, ha a kisérleti adatokat
hasonldsagi kritériumok forméjaban dolgozzuk fel. Ebben a folyamatban kiemelkedd segitséget
nyujt a dimenzidanalizis mddszere [ 9; 19].

A dimenzidanalizis torténete a 19. szdzad végére nyulik vissza, amikor a fizikusok és
mérnokok felismerték a fizikai mennyiségek dimenzidinak jelentdségét a természeti torvények
megértésében. Az elsd jelentds hozzéjaruldst Joseph Bertrand francia matematikus tette 1878-
ban [4], mig Lord Rayleigh 1877-es ,,The Theory of Sound” cimii mlivében részletesen targyalta
a modszert és annak alkalmazasi lehetdségeit [71]. A dimenzidanalizis formalis rendszerezése
¢s gyakorlati alkalmazhat6saganak megteremtése azonban Edgar Buckingham [“] nevéhez
fiz6dik, aki 1914-ben publikalt munkajaban bevezette a z-tételt. Buckingham érdeme, hogy a
modszert egységes elméleti keretbe foglalta és gyakorlati szempontbol is széles korben
alkalmazhatova tette, kiilondsen a mérnoki és fizikai problémak kezelésében. Bar a tétel
altalanositasat mas kutatok, példaul Vaschy (1892) és Riabouchinsky (1911) is elvégezték,
Buckingham munkaja kiemelkedett vilagos rendszerezésével és a dimenzi6 nélkiili z-csoportok
fogalménak bevezetésével, amely megalapozta a mdodszer nemzetkozi elterjedését.

A dimenzidanalizis az elmult 100 év soran szamos tudomanyteriileten bizonyitotta
hatékonysagat, tobbek kozott mechanikai [7], dinamikai [?], fizikai [12; ; ],
hidrodinamikai [5], kémiai [20], gépészeti [] és kozgazdasagtani [! |] alkalmazasokban. A
tudomanyos vilagban szdmos dimenzi6o nélkiili szdm valt alapvetd jelentdségiivé kiilonféle
teriileteken. A teljesség igénye nélkill ime néhdny példa: a Reynolds-szam a folyadékok
aramlastani jellemzdit irja le, és meghatdrozza, hogy egy dramlés lamindris vagy turbulens lesz-
e. A Prandtl-szdm a hdatadés és az dramlas kozotti viszonyt jellemzi, mig a Nusselt-szam a
konvekcios héatadas hatékonysagat fejezi ki. A Froude-szam a gravitacio és a tehetetlenségi
erok ardnyat adja meg, ¢és kiilonosen fontos a hajotervezésben ¢€s hullamjelenségek
vizsgalataban.

A Buckingham z-tétel kimondja, hogy ha egy fizikai problémaban n fiiggetlen valtozo
szerepel, és ezek k fliggetlen dimenzidval rendelkeznek (példaul hossz, id6, tomeg), akkor n—k
darab fliggetlen, dimenzi6 nélkiili mennyiséget, ugynevezett z-csoportot lehet képezni. Ez a
madszer jelentdsen leegyszeriisiti a bonyolult, tobb valtozot tartalmazo rendszerek elemzését.
A tétel Iényege, hogy a rendszer valtozoinak dimenzidit figyelembe véve olyan kombinécidkat
hozunk létre, amelyek dimenziomentesek, vagyis fiiggetlenek az alkalmazott
mértékegységektdl. Ennek érdekében a dimenzidmatrix-maddszer €s linearis algebrai technikak
segitségével azonositjuk a fliggetlen valtozokat, amelyek alapjan a z-csoportok felépithetdk.
Fontos szabaly, hogy minden valtozé csak egyszer szerepelhet egy adott z-csoportban, de mas
csoportokban ujra felhasznalhato. Ez biztositja, hogy a csoportok egymastdl fiiggetlenek
legyenek, €s ne tartalmazzanak redundéans informaciot. A m-csoportok olyan kombinacidkat
alkotnak, amelyek nemcsak dimenziomentesek, hanem egymastdl fiiggetlenek is, ami azt
jelenti, hogy egyik csoport sem lehet masik aranya vagy tobbszordse.

A modszer lehetévé teszi, hogy minden fliggetlen valtozé hatasat figyelembe vegyiik,
mikdzben a fizikai rendszer egyszerisitett, altalanosan alkalmazhaté leirasat nyujtja. Ezaltal a
Buckingham z-tétel a dimenzidanalizis egyik alapvetd eszkdze a tudoményos és mérnoki
problémak megoldasaban.

A hasonlosagi elmélet szerint barmilyen jelenséget leird 6sszefliggés kifejezhetd a jelenségre
jellemzd hasonlosagi kritériumok fiiggvényében:

F(my, my, ... m,) =0, (2)
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ahol a 7, @, ... m, dimenzionélkiili szamok.

Ha a kisérleti eredményeket hasonldsagi kritériumok formajaban dolgozzuk fel, altalanos
érvényll Osszefiiggéseket kapunk, amelyek minden egymassal hasonld jelenségre
alkalmazhatok. Az igy megfogalmazott egyenletek természetes formaja a kritériumi egyenlet,
amely kétféleképpen allithato eld: egyrészt példaul differencidlegyenletek alapjan, masrészt a
dimenzidanalizis modszerével. A kritériumi egyenletekben a hasonlésagi kritériumok mellett
eléfordulhatnak tgynevezett szimplexek is, amelyek azonos dimenzidji mennyiségek
hanyadosaként definialhatok [#; 1%; 19]. A hasonldésagelmélet szerint a kritériumi egyenletek
altalaban hatvanyfiiggvények szorzataként irhatok fel:

m, = C-m,% 3P .. ™, (3)

ahol a C és g, b... n allandokat a kisérleti eredmények alapjan kell meghatarozni.

A dimenzidanalizis modszerének alkalmazasakor eldszor a megfeleld mértékegység-
rendszert kell kivalasztani. Az alapegységek lehetnek példaul ,,hossz-erd-ido” vagy ,,hossz-
tomeg-ido”, de bizonyos esetekben tovabbi, latszolagos mértékegységek is hasznalhatok.
Ugyanakkor valamennyi hasonlosagi kritérium szamszeri egyezOségének megvaldsitasa a
gyakorlatban sokszor lehetetlen. Ezért gyakran kénytelenek vagyunk teljes hasonlosag helyett
részleges hasonlosaggal dolgozni [16; 1 7; 19]. Ez azt jelenti, hogy a hasonlosag csak a folyamat
né¢hdny — lehetdség szerint dontd — elemére érvényes. Ilyenkor bizonyos részjelenségeket
elhanyagolunk, és az elhanyagolas mértéke donti el, mennyire hasznalhatok a kapott
eredmények. A dimenzidanalizis egyik legnagyobb elénye, hogy egyszerlien alkalmazhat6 a
sokvaltozos folyamatok leirasara, igy elkeriilhetok a bonyolult matematikai modellek. Hatranya
azonban, hogy a valtozokat helyesen kell kivéalasztani és — a mddszer szabélyai szerint —
csoportositani. Emellett kiemelten fontos a kisérletek pontos kivitelezése, mivel a mért adatok
helyes — a kritériumi egyenletnek megfeleld — feldolgozasa igazolja az egyenlet helyességét
vagy helytelenségét. Gyakori probléma, hogy nehéz eldonteni, a kisérleti adatok hibasak-e,
vagy maga a kritériumi egyenlet tartalmaz téves Osszefiiggéseket. Ha a mérési pontok nem
illeszkednek megfelelden a kritériumi egyenlet altal meghatarozott fliggvényhez, akkor vagy a
mérések pontatlanok, vagy a kritériumi egyenlet helytelen. Az is el6fordulhat, hogy a kisérletek
megfeleldek, de az analizis soran bizonyos fontos valtozokat figyelmen kiviil hagytunk, vagy
nem megfeleld valtozokat vettiink figyelembe. Ez helytelen dimenzi6 nélkiili szamokhoz, hibas
hasonlosagi kritériumi egyenlethez, ezéltal inkonzisztencidhoz vezethet. A megbizhato
eredmények érdekében ezért elengedhetetlen a mérések tobbszori megismétlése és a valtozok
alapos szakmai megvalasztasa.

2. A dimenziéanalizis modszerének bemutatasa faipari
példan keresztiil

A dimenzidanalizis mddszerének gyakorlati alkalmazasat az 1. &bran bemutatott faipari példan
keresztiil szemléltetjiik. A példaban szerepld forgacsolédsi kisérlet mérési koriilményeinek
leirdsa a jelolt szakirodalomban [?4] megtalalhatd, ugyanakkor a mérési adatok dimenzid
nélkiili feldolgozasara eddig ilyen formédban nem keriilt sor. Célunk ezért, hogy a marasi
teljesitményfelvétel (V) kapcsan egy altalanos érvényli hasonldsagi egyenletet allitsunk fel. Az
1. dbran egy marasi miivelet teljesitményfelvételét (V) lathatjuk feny6 faanyag forgacsolasakor
az id6egység alatt forgacsolt keresztmetszet (e- H ) fliggvényében kiilonboz6 fogasmélység (H)
¢és egy fogra juto eldtolas (e:) mellett.
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1. abra. A maras teljesitményfelvétele [24, p. 355.]

Az 1. dbran bemutatott kisérlet soran bizonyos paraméterek nem valtoztak. Ilyenek a
fordulatszam (n), a kések szama (z), a forgacsolasi szélesség (b), a szerszam élkorsugara (R) €s
a fafaj. A valtoz6 paraméterek kozott szerepelt a fogasmélység (H), az eldtolasi sebesség (e) és
a vele Osszefliggd egy fogra jutd eldétolas (e:) Az 1. abra fébb metszéspontjai alapjan a
forgacsolasra jellemz0 mérési adatokat és az egyes paraméterek kozotti dsszefliggéseket az
alabbi tablazatokban (1-2. tablazat) foglaltuk ossze.

1. tdblazat. A mérést 6sszefoglalo adat és paramétertablazat

Paraméter megnevezése Jelolés Erték/osszefiiggés Mértékegység
Szerszam élkorsugara R 0,06 m
Gyalutengely fordulatszama n 100 /s
Forgacs szélesség b 0,01 m
Faanyag (fenyd) hajlitoszilardsaga  o» 60000000 Pa
Forgacsold6 élek szama z 4 db
Egy fogra esd el6tolas e: e/(z*n) m
El6tolési sebesség e €, Nz m/s

Forgacsolasi sebesség vy 2R*m*n m/s
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2. tdblazat. A mért értékek Osszefoglald tablazata (1. dbra metszéspontjai alapjan)

H e; N e
(mm) (m) (W) (m/s)
0,001 1150 0,400
10,0006 750 0,248
0,0002 400 0,082

0,001 1580 0,400
20,0006 1080 0,248
0,0002 500 0,087
0,001 2250 0,400
40,0006 1500 0,248
0,0002 815 0,085

A kovetkezd 1épés a forgacsolas teljesitményfelvételét befolyasold tényezdk, mint fiiggetlen
valtozok szambavétele és a konzekvens dimenziok megadasa tomeg(M)-hossz(L)-ido(T)
bazison:

N = f(H,b,R,e,0), “4)
ahol
Meértékegység formalisan felirva

N —  amarasi teljesitményigény, kg-m?/s> ML2T-

H— afogasmélység, m L

b— aforgacsolasi (marasi) szélesség, m L

R—  aszerszam élkorsugara, m L

e— azelbtolasi sebesség, m/s LT!

oo @ faanyag hajlitoszilardsaga, ke/m-s? ML-'T2

(fafaji sajatossag)

Célszerli olyan valtozokat kivalasztani, amelyek a gyakorlat szempontjabol a legnagyobb hatést
gyakoroljak a forgacsolasi teljesitményre. Ezért a feladat megolddsaban az eldtolési sebességet
(e) vesszikk figyelembe a valtozok kozott, mivel kozvetleniil aranyos az e., n és z
paraméterekkel, valamint kozvetetten a forgacsolasi sebességgel (vy). Az e ismeretében e.
szamolhato¢ igy elkeriilhetd barmilyen inkonzisztencia a szamitasokban.

A kovetkezd 1épés az alapvetd dimenziok és a fiiggetlen m-csoportok szamanak a
meghatarozasa. A valtozok szama 6 (N, H, b, R, e, op), az alapvetd dimenzidk szdma 3 (M, L,
T), tehat a fiiggetlen m-csoportok szdma: 6 - 3 = 3. Vagyis harom dimenzio6 nélkiili t-csoportot
kell 1étrehoznunk. A megoldashoz a dimenzidomatrix médszerét alkalmazzuk [1; 6; &; 10]. A
dimenzidématrixot a kivalasztott paraméterek dimenzidinak felirasaval készitjiik el. Az oszlopok
az egyes valtozokat, a sorok pedig a dimenziokat képviselik.
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3. tablazat. A valtozok dimenziomatrixa

Dimenziok/Valtozok N H b R e ob
M (tomeg, kg) 1 0 0 0 0 1
L (hossz, m) 2 1 1 1 1 -1
T (ido, sec) -3 0 0 0 -1 -2

Ezek utan kivalasztunk harom alapvaltozot, amelyek mindharom alapvetd dimenziot lefedik. A
Buckingham z-tétel szerint ugyanis az alapvaltozok szdma mindig megegyezik az alapvetd
dimenzidk szamaval. Célszerli olyan alapvaltozokat valasztani, amelyek egyszeriien
kombinalhatok a fennmaradoé valtozokkal, ¢s amelyek lefedik az 6sszes alapvetd dimenzidt. Az
alapvaltozok kivalasztasa tobbféleképpen torténhet, de a végeredmény minden esetben azonos
marad: a hasonlosagi egyenlet dimenzi6é nélkiili, fiiggetlen csoportokat tartalmaz. Ezek a
csoportok azonban kiilonb6z6 kombinaciokban tartalmazhatjak a valtozokat az alapvalasztastol
fliggden. A vdlasztott alapvaltozok legyenek az aldbbiak:

H- (hosszegység, [L]),
e— (hosszegység és id6, [LT']),

A célunk, hogy a fennmarad6 valtozokkal (N, b, R) ugy kombindljuk az alapvaltozokat (H, e,

op), hogy minden dimenzié kioltddjon, ezaltal dimenzi6 nélkiili csoportokat kapunk.
Az els6 m-csoportot (dimenzi6 nélkiili csoportot) a kdvetkezo alakban irhatjuk fel:

m =N-H%-eb-g,°. (5)

Most helyettesitsiik be a dimenzidkat minden valtozohoz:
N: [ML*T"]
H: [L]
e: [LT]
op: [ML'T]

Behelyettesitve a dimenziokat ;-be (5. egyenlet):

my = [MIPT™3] - [L) - [LT )P - [MLTT2)° (6)
Bontsuk fel a kifejezést, és rendezziik el a tagokat az egyes dimenzidk szerint:
1. Tomeg (M) szerint: Mt
2. Hossz (L) szerint: J2+a+b—c

3. 1d6 (T) szerint: T~3-b-2¢
Ahhoz, hogy 7; dimenzi6 nélkiili legyen, minden egyes kitevonek nullanak kell lennie:

1. Tomegegyenlet: 1+c=0->c=-1

2. Hossz egyenlet (c értékét behelyettesitve): 2+a+b—-—c=0->2+a+b+1=0-
a+b=-3

3. Id6egyenlet: =3 —b—2c=0->-3—-b+2=0-b=-1

Megoldva az egyenleteket a, b és c értéke: a=-2; b=-1;c=-1
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Az elsé m-csoport tehat:

- — _ N
m=N-H?-el.g,71=

(7)

op-HZ%e'

A tovéabbi & csoportokhoz (72 és m3) az R és b valtozokat hasznaljuk, hogy dimenzié nélkiili
aranyokat hozzunk 1étre H-val. Az el6z6khoz hasonldan az alabbi dimenzi6 nélkiili csoportokat
kaptuk eredményiil:

R b
M=, €s m3=—. (8)
A Buckingham z-tétel szerint ezek a csoportok egy fliggvénnyel dsszekapcsolhatok:

f(my,my,m3) = 0. )

Azaz a két dimenzid nélkiili csoport kdzott egy altalanos kapcsolat all fen. Ezt ugy is felirhatjuk,
hogy

my = f(my, m3). (10)
vagy kifejtve:
N _ (R
op-H?%e _f(H'H)’ (11)

ahol f egy ismeretlen fliggvény, amely empirikus adatok vagy elméleti elemzések alapjan
hatarozhaté meg. Ha empirikus adatok alapjan szeretnénk meghatarozni a fliggvényt, gyakran
feltételezziik, hogy a dimenzi6 nélkiili szamok kozott ardnyossag all fenn, amely jo kozelitéssel
hatvanyfiiggvénnyel irhato le:

N R\ (bp\™
o ey = (80" e
A kitevok (n €és m) és a C alland6 (aranyossagi tényez0) értékének meghatarozasa empirikus
uton torténik, a kisérleti adatok feldolgozasaval és logaritmus-transzformalt egyenlet
segitségével. A logaritmus-transzformécido segitségével linearizalhatjuk a hasonldsagi
egyenletet (12. egyenlet) az aldbbiak szerint:

Ezaltal a kifejezés az alabbi alakban irhato fel:
y=In(C)+n-x; +m-x,. (13)

Ez egy tobbvaltozos linearis regresszid forma, ahol y a fiiggd valtozo, x; és x2 a fliggetlen
valtozok, és In(C) az y-tengelymetszet.
Ezek utan a lineéris regresszié eredményei megadjak:
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— nértékét, amely az x;-hez (azaz In(R/H)-hoz) tartozé meredekség.
— m értékét, amely az x»-h6z (azaz In(b/H)-hoz) tartoz6 meredekség.
— In(C) értékét, amely az y-tengelymetszet, vagyis C = e™'s*,

A kisérleti adatok felhasznalasaval a 4. tablazatban megadtuk a hasonlosagi egyenletben
szerepld m-csoportokat, valamint a kitevék meghatarozasdhoz sziikséges logaritmizalt

értékeket.

4. tablazat. A dimenzi6 nélkiili mennyiségek dsszefoglald tablazata

H €z N (mért) e

Nl(oy+H? +e) RIH b/H In(Ni(oy* I +¢)) In(R/H) In(b/H) Niszimol
m W) s e n(Niop+ H* +e)) In(RIH) In(b/H) Nissmiy

0,001 0,001 1150 0,400 47,917 60 10 3,869 4,094 2,303 1222
0,001 0,0006 750 0,248 50,505 60 10 3,922 4,094 2,303 756
0,001 0,0002 400 0,082 81,301 60 10 4,398 4,094 2,303 251

0,002 0,001 1580 0,400 16,458 30 5 2,801 3,401 1,609 1986

0,002 0,0006 1080 0,248 18,182 30 5 2,900 3,401 1,609 1229

0,002 0,0002 500 0,087 23,946 30 5 3,176 3,401 1,609 432

0,004 0,001 2250 0,400 5,859 15 3 1,768 2,708 0916 3225

0,004 0,0006 1500 0,248 6,313 15 3 1,843 2,708 0916 1996
3

0,004 0,0002 815 0,085 9,988 15 2,301 2,708 0,916 685

A kitevok (n és m) értékeit ezek alapjan meghatdrozhatjuk az aldbbi fliggvénykapcsolatok
rendszerében:

45

4 ®.Te
35 uo
T 3 ey =0,6228x+ 1,5343
w e 2=
N, R? =0,9401
[aa]
5 2
B
E 15
1
05
0
0 0,5 1 1,5 2 25 3 3,5 4 a5 5
In(R/H)

2. abra. n kitevo értékének meghatarozasa

Az adatokra illesztett linedris regresszios egyenes alapjan meghataroztuk az n kitevo értékét: n
= 0,6228. Hasonl6 mddon, az m kitevd értékét az alabbi grafikus dbrazolas segitségével kaptuk
meg (3. dbra): m = 0,6228. A regresszios elemzés eredményei alapjan megallapithato, hogy a
pontok jol illeszkednek a regresszios egyenesre, amit az R* = 0,94 determinécids egyiitthaté is
alatdmaszt. Ez az illeszkedési szint megfelel a tudomanyos eredmények igazolasahoz sziikséges
kovetelményeknek.
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W

»
n

N

..'_.-‘ y=0,6228x-0,2575
R*=0,9401

In(N/(oB+H2 +e))

=]
w

o

0 0,5 1 15 2 2,5 3 35 4 4,5 5
In(b/H)

3. ébra. m kitevo értékének meghatarozasa

A kisérleti adatok feldolgozéasa utan a hasonldsagi egyenlet az alabbi konkrét alakban irhato fel:

N —C. (2)0,6228 . (2)0,6228 vagy

op-H?e

—cC. (2;5)0,6228‘ (14)

op-H?-e

C-éallando atlagos értéke ennek megfeleléen C = 0,796 —ra adddott, igy a végsd egyenlet az
alabbiak szerint alakult:

N R-b0,6228
i = 0,796 (%3) (15)
Kifejezve a forgacsolasi teljesitményt (N):
10,6228
N=0b-H2-e-O,796-(2—f) (16)

3. Konkluzio

Az empirikus egyenlet (16. egyenlet) a kiindulési paraméterek fiiggvényében adja meg a marasi
teljesitményigény egy lehetséges szdmitasi formuldjat. Ez az 4ltalanos alak mas, hasonlo
forgéacsolasi koriilményekre is alkalmazhato, azonban a kitevok (n, m) és a C-allando értékei az
adott kisérleti koriilményekhez kotottek. Ezért ezeket mindig a specifikus feltételekhez kell
igazitani, és értékeiket kisérleti uton kell meghatarozni.

A 4. tablazatban bemutatott mért és a hasonlosagi formulaval szamolt teljesitményértékek
alapjan az alabbi kovetkeztetések vonhatok le:

A szamitott teljesitményértékek altalaban jo kozelitést nyljtanak a mért értékek atlagos
értekéhez. Azonban az adatok szorasa €s az egyedi eltérések elemzése alapjan
kijelenthetd, hogy az egyenlet pontositasa sziikséges lehet. A jelentdsebb eltérések
okainak feltarasa érdekében célszerli lenne tovabbi, eddig figyelmen kiviil hagyott
tényezoket (pl. egyéb forgacsolast befolyasold paraméterek, szerszamkopas, dinamikus
hatasok) is figyelembe venni a modellben.

A C élland¢ atlagos értéke (C = 0,796) és szorasa (£28,02%) kapcsan megallapithato,
hogy az egyenlet jelenlegi forméja nem képes teljes pontossaggal figyelembe venni az
Osszes relevans paramétert, amelyek hatdssal vannak a marasi teljesitményre. A szoras
nagyrészt a C-érték paraméterfiiggdségének eredménye, amelyet példaul az
anyagjellemzok, forgacsolési sebesség, elotolas vagy a szerszam allapotanak valtozasai
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befolyasolnak. Ez azt mutatja, hogy az éatlagos C-érték alkalmazdsa ugyan
egyszerlsitést nyujt, de jelentds szorast eredményez a mért és szamitott
teljesitményértékek kozott, kiilondsen szélsdséges koriilmények esetén.

— A jelenlegi formaban az egyenlet alkalmazhat6 durva becsléshez, kiilonosen olyan

forgacsolasi koriilmények kozott, amelyek kozel allnak a mért értékek atlagahoz.

Az eredmények azt sugalljak, hogy a C allandot a kisérleti paraméterek fliggvényében
célszeri ujra modellezni. Kutatdsunk tovabbi célja, hogy C értékét explicit modon
Osszefiiggésbe hozzuk a befolyasold paraméterekkel, illetve csoportositott analizis segitségével
csokkentsiik a szorast. Ezzel a modell (egyenlet) pontossaga és alkalmazhatosaga jelentosen
javithato.

4. Osszefoglalas

A dimenzidanalizis egyszerii és hatékony moddszert kinal a komplex rendszerek vizsgalatara,
mértékegységtdl fiiggetleniil, altalanos érvényli hasonlosagi egyenletek formajaban. Ez
kiilondsen elényds a mérnoki és természettudomanyos kutatdsokban, mivel lehetdvé teszi a
rendszerek viselkedésének skalazasat és a valtozok szamanak jelentds csokkentését. A modszer
elényei kozé tartozik a kisérletek optimalizalasa, kevesebb méréssel elérhetd altaldnosithato
eredmények, valamint uj fizikai torvényszertiségek felismerése.

A mesterséges intelligencia (Al) tovabbi lehetdségeket kinal a dimenzidanalizis gyakorlati
alkalmazasadban. Az Al algoritmusai képesek gyorsan és hatékonyan elemezni nagyméretii
adatbazisokat, azonositani a dimenzio6 nélkiili csoportokat, valamint optimalizalni az empirikus
modellek paramétereit. Ezaltal a dimenzidanalizis alkalmazasi lehetdségei jelentdsen
boéviilhetnek a jovoben. E modszer egyszeriisége és sokoldalisaga biztositja, hogy a
dimenzidanalizis a tudomanyos és mérnoki problémak megoldasanak egyik alapvetd eszkozéve
valjon.
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