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Abstract: Recently, there has been an increasing focus on maritime transport, as it offers 
many advantages in terms of storage and transport. As a result, shipping companies need to 
reduce the fuel consumption of their vessels. These companies have tried to define methods 
of operation and maintenance in order to reduce greenhouse gas emissions and also to 
reduce operating costs, thus increasing company profits. One important parameter that 
directly affects speed, power requirements, and fuel consumption is the hull resistance. 
Computational Fluid Dynamics (CFD) can be used to calculate the resistance of a rough 
surface using special wall functions that take into account the effect of roughness on the 
boundary layer near the hull. These results can be compared with those of a smooth surface. 
In addition to the effect of surface roughness on hull resistance to pressure, this method also 
allows the combination of roughness and non-linear effects such as the spatial distribution 
of contaminants, the movement of the ship in waves, and the effect of thrust on hull resistance. 
Accordingly, the aim of this research is to determine the effect of surface roughness on the 
ship resistance for different values of roughness height, boundary layer, and values of 
velocity, pressure, and kinetic energy fields for the KVLCC2 model hull by CFD using the 
RANS equations and the k-�&���6�6�7���P�R�G�H�O�����$���Q�X�P�H�U�L�F�D�O���V�W�X�G�\���Z�D�V���S�H�U�I�R�U�P�H�G���W�R���G�H�W�H�U�P�L�Q�H���K�R�Z��
surface roughness affects the velocity field and kinetic energy. 
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1 Introduction  
�:�K�H�Q���W�K�H���G�H�V�L�J�Q���D�Q�G���F�D�O�F�X�O�D�W�L�Rns���I�R�U���D���V�K�L�S�����R�Q�H���R�I���W�K�H���P�R�V�W���L�P�S�R�U�W�D�Q�W���W�K�L�Q�J�V���L�V���W�R��
�N�Q�R�Z�� �W�K�H�� �F�R�Q�G�L�W�L�R�Q�V�� �X�Q�G�H�U�� �Z�K�L�F�K�� �W�K�H�� �S�U�R�S�H�O�O�H�U�� �Z�L�O�O�� �R�S�H�U�D�W�H���� �V�X�F�K�� �D�V�� �W�K�H���V�S�H�H�G����
�S�U�H�V�V�X�U�H���� �N�L�Q�H�W�L�F�� �H�Q�H�U�J�\���D�Q�G�� �Y�R�U�W�L�F�H�V���� �7�K�L�V�� �L�V�� �D�� �Y�H�U�\�� �L�P�S�R�U�W�D�Q�W�� �S�D�U�D�P�H�W�H�U�� �I�R�U��
�S�U�H�G�L�F�W�L�Q�J���W�K�H���W�K�U�X�V�W���W�K�D�W���W�K�H���S�U�R�S�H�O�O�H�U���F�D�Q���S�U�R�G�X�F�H�����$�F�F�R�U�G�L�Q�J�O�\�����W�K�H���H�I�I�H�F�W���R�I���W�K�H��
�V�X�U�I�D�F�H���U�R�X�J�K�Q�H�V�V���R�Q���W�K�H�V�H���W�Z�R���I�L�H�O�G�V�����L�Q���W�K�H���Z�R�U�N�L�Q�J���S�O�D�Q�H���R�I���W�K�H���S�U�R�S�H�O�O�H�U�����V�K�R�X�O�G��
�E�H���L�Q�Y�H�V�W�L�J�D�W�H�G�����,�W���L�V�����W�K�H�U�H�I�R�U�H�����Q�H�F�H�V�V�D�U�\���W�R���X�Q�G�H�U�V�W�D�Q�G���D�Q�G���D�Q�D�O�\�]�H���W�K�H���Y�D�U�L�D�W�L�R�Qs��
�R�I���W�K�H���E�R�X�Q�G�D�U�\���O�D�\�H�U���D�U�R�X�Q�G���W�K�H���V�K�L�S�����G�X�U�L�Q�J���P�R�W�L�R�Q�����D�V���W�K�L�V���L�V���W�K�H���P�R�V�W���L�P�S�R�U�W�D�Q�W��
�I�D�F�W�R�U���I�R�U���V�W�X�G�\�L�Q�J���W�K�H���I�O�R�Z���D�U�R�X�Q�G���W�K�H���K�X�O�O����
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�3�U�D�Q�G�W�O��[1]���D�Q�G���3�U�D�Q�G�W�O��[2]���G�H�I�L�Q�H�G���W�K�H���F�R�Q�F�H�S�W���R�I���D���E�R�X�Q�G�D�U�\���O�D�\�H�U���D�V���D���W�K�L�Q���]�R�Q�H��
�Q�H�D�U���W�K�H���V�X�U�I�D�F�H���R�I���D���E�R�G�\���L�Q���D���I�O�R�Z�L�Q�J���I�O�X�L�G�����$���S�U�R�S�H�U���G�H�V�F�U�L�S�W�L�R�Q���R�I���W�K�H���S�K�\�V�L�F�D�O��
�S�U�R�F�H�V�V�H�V�� �W�D�N�L�Q�J�� �S�O�D�F�H�� �L�Q�� �W�K�H�� �E�R�X�Q�G�D�U�\�� �O�D�\�H�U�� �E�H�W�Z�H�H�Q�� �D�� �I�O�X�L�G�� �D�Q�G�� �D�� �V�R�O�L�G�� �S�O�D�\�� �D�Q��
�L�P�S�R�U�W�D�Q�W���U�R�O�H���L�Q���I�O�X�L�G���P�H�F�K�D�Q�L�F�V���S�U�R�E�O�H�P�V����

�2�Q�H�� �R�I�� �W�K�H�� �I�R�U�H�P�R�V�W�� �F�R�Q�V�L�G�H�U�D�W�L�R�Q�V�� �L�Q�� �V�K�L�S�� �G�H�V�L�J�Q�� �D�Q�G�� �F�D�O�F�X�O�D�W�L�R�Q�����L�Q�Y�R�O�Y�H�V��
�D�F�T�X�L�U�L�Q�J�� �F�R�P�S�U�H�K�H�Q�V�L�Y�H�� �N�Q�R�Z�O�H�G�J�H�� �D�E�R�X�W�� �W�K�H�� �S�U�R�S�H�O�O�H�U�
�V�� �R�S�H�U�D�W�L�R�Q�D�O�� �F�R�Q�G�L�W�L�R�Q�V����
�H�Q�F�R�P�S�D�V�V�L�Q�J�� �I�D�F�W�R�U�V�� �V�X�F�K�� �D�V�� �Y�H�O�R�F�L�W�\���� �S�U�H�V�V�X�U�H���� �N�L�Q�H�W�L�F�� �H�Q�H�U�J�\���� �D�Q�G���Y�R�U�W�L�F�H�V������
�7�K�H���Y�H�O�R�F�L�W�\���I�L�H�O�G���D�Q�G���N�L�Q�H�W�L�F���H�Q�H�U�J�\���O�H�Y�H�O�V���D�W���Z�K�L�F�K���W�K�H���S�U�R�S�H�O�O�H�U���I�X�Q�F�W�L�R�Q�V���D�V�V�X�P�H��
�W�K�H�� �X�W�P�R�V�W�� �V�L�J�Q�L�I�L�F�D�Q�F�H�� �L�Q�� �H�V�W�L�P�D�W�L�Q�J�� �W�K�H�� �U�H�V�X�O�W�D�Q�W�� �W�K�U�X�V�W�� �I�R�U�F�H�����&�R�Q�V�H�T�X�H�Q�W�O�\���� �L�W��
�E�H�F�R�P�H�V���L�P�S�H�U�D�W�L�Y�H���W�R���L�Q�Y�H�V�W�L�J�D�W�H���W�K�H���L�Q�I�O�X�H�Q�F�H���R�I���V�X�U�I�D�F�H���U�R�X�J�K�Q�H�V�V���R�Q���W�K�H�V�H���W�Z�R��
�I�L�H�O�G�V�� �Z�L�W�K�L�Q�� �W�K�H�� �R�S�H�U�D�W�L�R�Q�D�O�� �S�O�D�Q�H�� �R�I�� �W�K�H�� �S�U�R�S�H�O�O�H�U���� �7�K�X�V���� �F�R�P�S�U�H�K�H�Q�G�L�Q�J�� �D�Q�G��
�V�F�U�X�W�L�Q�L�]�L�Q�J�� �W�K�H�� �E�R�X�Q�G�D�U�\�� �O�D�\�H�U�� �W�K�D�W�� �G�H�Y�H�O�R�S�V�� �D�U�R�X�Q�G�� �W�K�H�� �V�K�L�S�� �G�X�U�L�Q�J�� �L�W�V�� �P�R�W�L�R�Q��
�E�H�F�R�P�H�V�� �S�L�Y�R�W�D�O���� �D�V�� �L�W�� �U�H�S�U�H�V�H�Q�W�V�� �W�K�H�� �S�U�L�Q�F�L�S�D�O�� �G�H�W�H�U�P�L�Q�D�Q�W�� �L�Q�� �V�W�X�G�\�L�Q�J�� �W�K�H�� �I�O�R�Z��
�G�\�Q�D�P�L�F�V���H�Q�F�L�U�F�O�L�Q�J���W�K�H���V�K�L�S�
�V���K�X�O�O����

�5�H�F�H�Q�W�O�\�����V�H�Y�H�U�D�O���S�D�S�H�U�V���K�D�Y�H���E�H�H�Q���S�X�E�O�L�V�K�H�G���R�Q���W�K�H���D�Q�D�O�\�V�L�V���R�I���W�K�H���H�I�I�H�F�W���R�I���V�X�U�I�D�F�H��
�U�R�X�J�K�Q�H�V�V���R�Q���I�O�R�Z���S�D�U�D�P�H�W�H�U�V�����6�R�Q�J���H�W���D�O�����>���@���F�R�Q�G�X�F�W�H�G���D���Q�X�P�H�U�L�F�D�O���V�W�X�G�\���R�Q���W�K�H��
�H�I�I�H�F�W���R�I���K�H�W�H�U�R�J�H�Q�H�R�X�V���K�X�O�O���U�R�X�J�K�Q�H�V�V���R�Q���V�K�L�S���U�H�V�L�V�W�D�Q�F�H���D�Q�G���G�H�Y�H�O�R�S�H�G���D���8�5�$�1�6-
�E�D�V�H�G���&�)�'���P�R�G�H�O���X�V�L�Q�J���W�K�H���P�R�G�L�I�L�H�G���Z�D�O�O���I�X�Q�F�W�L�R�Q���D�S�S�U�R�D�F�K�����7�K�H���S�U�H�G�L�F�W�H�G���W�R�W�D�O��
�U�H�V�L�V�W�D�Q�F�H�� �F�R�H�I�I�L�F�L�H�Q�W�V�� �I�R�U�� �G�L�I�I�H�U�H�Q�W�� �K�X�O�O�� �F�R�Q�G�L�W�L�R�Q�V�� �Z�H�U�H�� �F�R�P�S�D�U�H�G�� �Z�L�W�K��
�H�[�S�H�U�L�P�H�Q�W�D�O�� �G�D�W�D�� �I�U�R�P�� �6�R�Q�J�� �H�W�� �D�O���� �>���@�� �Z�K�L�F�K�� �V�K�R�Z�H�G�� �D�� �F�R�Q�Y�L�Q�F�L�Q�J�� �D�J�U�H�H�P�H�Q�W����
�Z�K�H�U�H���W�K�H���K�L�J�K�H�V�W���H�U�U�R�U���Z�D�V���D�U�R�X�Q�G��������%���I�R�U��TC �R�I���W�K�H��W�L�J�O�H�\���K�X�O�O���Z�L�W�K��� � � ����E�R�Z-

�U�R�X�J�K���D�Q�G��� � � ����D�I�W-�U�R�X�J�K���F�R�Q�G�L�W�L�R�Q�V����

�6�L�P�L�O�D�U���R�E�V�H�U�Y�D�W�L�R�Q�V���Z�H�U�H���P�D�G�H���E�\���6�R�Q�J���H�W���D�O�����>���@���Z�K�R���U�H�O�D�W�H�G���R�E�V�H�U�Y�D�W�L�R�Q�V���R�Q���W�K�H��
�H�I�I�H�F�W�V���R�I���K�H�W�H�U�R�J�H�Q�H�R�X�V���K�X�O�O���U�R�X�J�K�Q�H�V�V���W�R���W�K�H���G�L�V�W�U�L�E�X�W�L�R�Q���R�I���O�R�F�D�O���Z�D�O�O���V�K�H�D�U���V�W�U�H�V�V��
�D�Q�G���W�K�H���U�R�X�J�K�Q�H�V�V���5�H�\�Q�R�O�G�V���Q�X�P�E�H�U�����7�K�H���U�H�V�X�O�W�V���V�K�R�Z�H�G���W�K�D�W���O�R�F�D�O���G�L�I�I�H�U�H�Q�F�H�V���L�Q��
�Z�D�O�O���V�K�H�D�U���V�W�U�H�V�V���O�H�G���W�R���G�L�I�I�H�U�H�Q�W���U�R�X�J�K�Q�H�V�V���5�H�\�Q�R�O�G�V���Q�X�P�E�H�U�V���D�Q�G���K�H�Q�F�H���G�L�I�I�H�U�H�Q�W��
�U�R�X�J�K�Q�H�V�V���H�I�I�H�F�W�V���G�H�S�H�Q�G�L�Q�J���R�Q���W�K�H���O�R�F�D�W�L�R�Q���R�I���K�X�O�O���U�R�X�J�K�Q�H�V�V�����7�K�H���K�\�S�R�W�K�H�V�L�V���R�I��
�6�R�Q�J���H�W���D�O�����>���@���Z�D�V���F�R�Q�I�L�U�P�H�G���L�Q���W�K�L�V���V�W�X�G�\�����&�R�Q�V�H�T�X�H�Q�W�O�\�����W�K�H���Q�X�P�H�U�L�F�D�O���D�S�S�U�R�D�F�K��
�S�U�H�V�H�Q�W�H�G�� �L�Q�� �W�K�L�V�� �V�W�X�G�\�� �F�D�Q�� �E�H�� �D�S�S�O�L�H�G�� �W�R�� �S�U�H�G�L�F�W�� �W�K�H�� �H�I�I�H�F�W�� �R�I�� �K�H�W�H�U�R�J�H�Q�H�R�X�V��
�U�R�X�J�K�Q�H�V�V���R�Q���S�U�R�S�H�O�O�H�U���S�U�R�S�H�O�O�H�U�V����

�5�H�\�Q�R�O�G�V�� �$�Y�H�U�D�J�H�G�� �1�D�Y�L�H�U-�6�W�R�N�H�V�� ���5�$�1�6���� �V�R�O�Y�H�U�V���� �R�Q�F�H�� �G�H�Y�H�O�R�S�H�G�� �R�Q�O�\�� �W�R��
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�V�R�O�Y�H�U���Z�L�O�O���E�H���D�E�O�H���W�R���D�G�G�U�H�V�V���S�U�R�E�O�H�P�V���R�I���G�U�D�J�����V�H�D-�N�H�H�S�L�Q�J�����D�Q�G���P�D�Q�H�X�Y�H�U�L�Q�J�����&�)�'��
�Z�R�U�N�V�K�R�S�V���R�Q���Q�X�P�H�U�L�F�D�O���V�K�L�S���K�\�G�U�R�G�\�Q�D�P�L�F�V���K�D�Y�H���E�H�H�Q���R�U�J�D�Q�L�]�H�G���U�H�J�X�O�D�U�O�\���V�L�Q�F�H��
�����������W�R���D�V�V�H�V�V���W�K�H���F�X�U�U�H�Q�W���V�W�D�W�H���R�I���&�)�'���G�H�Y�H�O�R�S�P�H�Q�W���D�Q�G���W�R���V�H�W���Q�H�Z���J�R�D�O�V���>���@����

�,�Q�� �W�K�H�L�U�� �S�D�S�H�U���� �7�D�K�D�U�D�� �H�W�� �D�O���� �>���@�� �S�U�R�Y�L�G�H�G�� �D�Q�� �R�Y�H�U�Y�L�H�Z�� �R�I�� �Q�X�P�H�U�L�F�D�O���P�H�W�K�R�G�V�� �D�Q�G��
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�U�R�X�J�K�Q�H�V�V�� �I�X�Q�F�W�L�R�Q�� �R�I�� �D�� �S�U�H�Y�L�R�X�V�O�\�� �F�U�H�D�W�H�G�� �V�D�Q�G-�J�U�D�L�Q�H�G�� �V�X�U�I�D�F�H�� �Z�D�V�� �X�V�H�G�� �W�R��
�U�H�S�U�R�G�X�F�H���W�K�H���U�R�X�J�K�Q�H�V�V���H�I�I�H�F�W���L�Q���W�K�H���W�X�U�E�X�O�H�Q�W���E�R�X�Q�G�D�U�\���O�D�\�H�U�����7�K�H���R�X�W�S�X�W���R�I���W�K�H��
�&�)�'�� �V�L�P�X�O�D�W�L�R�Q�V�� �Z�D�V�� �W�K�H�Q�� �F�R�P�S�D�U�H�G�� �Z�L�W�K�� �W�K�H�� �H�[�S�H�U�L�P�H�Q�W�D�O�� �U�H�V�X�O�W�V�����7�K�H�� �U�H�V�X�O�W�V��
�V�K�R�Z�H�G���D�� �F�R�Q�Y�L�Q�F�L�Q�J�� �D�J�U�H�H�P�H�Q�W���� �L�Q�� �W�K�H�� �F�D�V�H�� �R�I�� �W�K�H�� �K�X�O�O���Z�D�Y�H�� �S�U�R�I�L�O�H�� �Z�L�W�K�R�X�W���W�K�H��
�S�U�R�S�H�O�O�H�U�����W�K�H���P�D�[�L�P�X�P���H�U�U�R�U���R�E�V�H�U�Y�H�G���Z�D�V���D�S�S�U�R�[�L�P�D�W�H�O�\�����������L�Q�G�L�F�D�W�L�Q�J���W�K�D�W���W�K�H��
�&�)�'���D�S�S�U�R�D�F�K���D�F�F�X�U�D�W�H�O�\���S�U�H�G�L�F�W�V���W�K�H���H�I�I�H�F�W���R�I���U�R�X�J�K�Q�H�V�V���R�Q���W�K�H���R�Y�H�U�D�O�O���G�U�D�J���R�I���W�K�H��
���'���K�X�O�O�����)�L�Q�D�O�O�\�����W�K�H���H�I�I�H�F�W���R�I���U�R�X�J�K�Q�H�V�V���R�Q���W�K�H���G�L�I�I�H�U�H�Q�W���U�H�V�L�V�W�D�Q�F�H���F�R�P�S�R�Q�H�Q�W�V���R�I��
�W�K�H���V�K�L�S���Z�D�V���L�Q�Y�H�V�W�L�J�D�W�H�G�����7�K�H���I�X�U�W�K�H�U���H�Y�D�O�X�D�W�L�R�Q���W�R�R�N���S�O�D�F�H���D�W���W�K�H���&�)�'���:�R�U�N�V�K�R�S��
�����������G�L�V�F�X�V�V�L�R�Q�V���L�Q���7�R�N�\�R�����Z�K�H�U�H���E�R�W�K���P�H�W�K�R�G�V���Z�H�U�H���S�U�H�V�H�Q�W�H�G����

�7�K�L�V���S�D�S�H�U���D�L�P�V���W�R���D�Q�D�O�\�]�H���D�Q�G���L�Q�W�H�U�S�U�H�W���W�K�H���Y�D�U�L�D�W�L�R�Q���R�I���Y�H�O�R�F�L�W�\�����S�U�H�V�V�X�U�H�����N�L�Q�H�W�L�F��
�H�Q�H�U�J�\���� �D�Q�G�� �Y�R�U�W�L�F�L�W�\�� �Z�L�W�K�� �V�X�U�I�D�F�H�� �U�R�X�J�K�Q�H�V�V���� �Z�K�L�F�K�� �D�I�I�H�F�W�� �W�K�H�� �R�S�H�U�D�W�L�R�Q�� �R�I�� �W�K�H��
�S�U�R�S�H�O�O�H�U���� �E�\�� �Q�X�P�H�U�L�F�D�O�� �V�L�P�X�O�D�W�L�R�Q���� �7�K�H�� �Q�X�P�H�U�L�F�D�O�� �F�D�O�F�X�O�D�W�L�R�Q�V�� �D�U�H�� �S�H�U�I�R�U�P�H�G���E�\��
�&�)�'�� �Z�L�W�K���W�K�H���F�K�R�L�F�H���R�I���V�X�U�I�D�F�H���U�R�X�J�K�Q�H�V�V���I�X�Q�F�W�L�R�Q���X�V�L�Q�J���W�K�H���W�X�U�E�X�O�H�Q�W���P�R�G�H�O���I�R�U��
�.�5�,�6�2���9�H�U�\���/�D�U�J�H���&�U�X�G�H���&�D�U�U�L�H�U���Q�R�����������.�9�/�&�&�������V�K�L�S���P�R�G�H�O����

2 Wall Functions 
�7�K�H���O�D�U�J�H���J�U�D�G�L�H�Q�W�V���L�Q���Y�H�O�R�F�L�W�\�����S�U�H�V�V�X�U�H�����D�Q�G���N�L�Q�H�W�L�F���H�Q�H�U�J�\���F�D�Q���E�H���K�D�Q�G�O�H�G���L�Q���&�)�'��
�H�L�W�K�H�U�� �E�\�� �G�L�U�H�F�W���V�R�O�X�W�L�R�Q���R�U�� �E�\�� �X�V�L�Q�J�� �Z�D�O�O���I�X�Q�F�W�L�R�Q�V���� �1�X�P�H�U�R�X�V�� �H�[�S�H�U�L�P�H�Q�W�V�� �K�D�Y�H��
�E�H�H�Q�� �F�D�U�U�L�H�G�� �R�X�W�� �W�R�� �V�W�X�G�\�� �D�Q�G�� �G�H�W�H�U�P�L�Q�H�� �W�K�H�� �S�U�R�S�H�U�W�L�H�V�� �R�I�� �W�X�U�E�X�O�H�Q�W�� �I�O�R�Z�V����
�S�D�U�W�L�F�X�O�D�U�O�\�� �L�Q�� �W�K�H�� �E�R�X�Q�G�D�U�\�� �O�D�\�H�U���� �D�Q�G�� �W�K�H�V�H�� �H�[�S�H�U�L�P�H�Q�W�V�� �K�D�Y�H�� �V�K�R�Z�Q�� �W�K�D�W�� �W�K�H��

�G�L�P�H�Q�V�L�R�Q�O�H�V�V�� �F�X�U�Y�H���R�I�� �W�K�H���Y�H�O�R�F�L�W�\�� �G�L�V�W�U�L�E�X�W�L�R�Q������y U� � � ����� �F�D�Q���E�H���G�H�V�F�U�L�E�H�G���E�\�� �D��

�Q�H�D�U�O�\���L�G�H�Q�W�L�F�D�O���I�R�U�P�X�O�D���L�Q���D�O�O���F�D�V�H�V�������V�H�H���)�L�J������������

�,�Q���W�K�H���W�X�U�E�X�O�H�Q�W���E�R�X�Q�G�D�U�\���O�D�\�H�U�����W�K�H���K�\�G�U�R�G�\�Q�D�P�L�F���H�I�I�H�F�W�V���F�D�Q���E�H���H�[�S�U�H�V�V�H�G���E�\���W�K�H��
�Q�R�Q-�G�L�P�H�Q�V�L�R�Q�D�O���P�H�D�Q���Y�H�O�R�F�L�W�\���S�U�R�I�L�O�H���>���@�����>���@��

�� ��y f U� � � �� �� ��1����

�Z�K�H�U�H��U �� ���L�V���W�K�H���Q�R�Q-�G�L�P�H�Q�V�L�R�Q�D�O���Y�H�O�R�F�L�W�\���S�U�R�I�L�O�H���L�Q���W�K�H���E�R�X�Q�G�D�U�\���O�D�\�H�U����y�� �L�V���W�K�H��

�Q�R�Q-�G�L�P�H�Q�V�L�R�Q�D�O���G�L�V�W�D�Q�F�H���P�H�D�V�X�U�H�G���S�H�U�S�H�Q�G�L�F�X�O�D�U���W�R���W�K�H���V�X�U�I�D�F�H�����7�K�H�V�H���S�D�U�D�P�H�W�H�U�V��
�D�U�H���G�H�I�L�Q�H�G���D�F�F�R�U�G�L�Q�J���W�R���W�K�H���I�R�O�O�R�Z�L�Q�J���W�Z�R���H�T�X�D�W�L�R�Q�V��
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�Z�K�H�U�H��U �L�V���W�K�H���D�Y�H�U�D�J�H���I�O�X�L�G���Y�H�O�R�F�L�W�\����U�W�W�K�H���I�U�L�F�W�L�R�Q�D�O���Y�H�O�R�F�L�W�\���L�V���G�H�I�L�Q�H�G���E�\���W�K�H��

�U�H�O�D�W�L�R�Q��w� W � U���� y ���W�K�H���Z�D�O�O���G�L�V�W�D�Q�F�H�����X �W�K�H���N�L�Q�H�P�D�W�L�F���Y�L�V�F�R�V�L�W�\����w�W���W�K�H���V�K�H�D�U��

�V�W�U�H�V�V���D�W���W�K�H���Z�D�O�O���� �U���W�K�H���I�O�X�L�G���G�H�Q�V�L�W�\����

�7�K�H���U�D�Q�J�H 0 5y��� � � ����L�V���W�K�H���O�L�Q�H�D�U���U�D�Q�J�H�����Z�K�H�U�H���W�K�H���H�I�I�H�F�W���R�I���Y�L�V�F�R�V�L�W�\���G�R�P�L�Q�D�W�H�V��

�D�Q�G�� �W�K�H�� �H�T�X�D�W�L�R�Q��U y� � � �� �L�V�� �V�D�W�L�V�I�L�H�G���� �,�Q�� �W�K�H�� �U�D�Q�J�H��5 70y��� d � d���� �W�K�H�� �K�\�E�U�L�G��

�U�H�J�L�R�Q�����D���W�U�D�Q�V�L�W�L�R�Q���I�U�R�P���D���O�L�Q�H�D�U���U�H�O�D�W�L�R�Q�V�K�L�S���E�H�W�Z�H�H�Q��U �� �D�Q�G��y�� �W�R���D���O�R�J�D�U�L�W�K�P�L�F��

�U�H�O�D�W�L�R�Q�V�K�L�S�� �R�F�F�X�U�V���� �:�L�W�K�L�Q�� �W�K�H�� �U�D�Q�J�H��5 30y��� d � d���� �E�R�W�K�� �Y�L�V�F�R�X�V�� �D�Q�G�� �W�X�U�E�X�O�H�Q�W��

�V�W�U�H�V�V�H�V�� �D�U�H�� �L�Q�� �H�T�X�L�O�L�E�U�L�X�P���� �D�Q�G�� �W�K�H�� �O�L�Q�H�D�U�� �U�H�O�D�W�L�R�Q�V�K�L�S�� �E�H�W�Z�H�H�Q��U �� �D�Q�G�� y�� �L�V��

�S�U�H�V�H�U�Y�H�G���� �$�W��30y�� � ���� �W�K�H�� �O�R�J�D�U�L�W�K�P�L�F�� �U�D�Q�J�H�� �L�Q�� �Z�K�L�F�K�� �W�K�H�� �G�R�P�L�Q�D�Q�F�H�� �R�I��

�W�X�U�E�X�O�H�Q�F�H���L�V���V�D�W�L�V�I�L�H�G���E�H�J�L�Q�V�����D�Q�G���W�K�H���Y�H�O�R�F�L�W�\���G�L�V�W�U�L�E�X�W�L�R�Q���I�U�R�P���W�K�L�V���Y�D�O�X�H���L�V���J�L�Y�H�Q��
�D�V���G�H�V�F�U�L�E�H�G���L�Q��[7]����

�� �� �� 1
�O�Q ��

const

U y y B
k

� � � � � �� ������������5 30y��� d � d�� ��������

�Z�K�H�U�H��B ���L�V���D���F�R�Q�V�W�D�Q�W���W�K�D�W���F�R�Q�V�L�G�H�U�V���W�K�H���H�I�I�H�F�W���R�I���V�X�U�I�D�F�H���U�R�X�J�K�Q�H�V�V���R�Q���W�K�H���Y�H�O�R�F�L�W�\��
�G�L�V�W�U�L�E�X�W�L�R�Q�����D�Q�G���D�F�F�R�U�G�L�Q�J���W�R���P�D�Q�\���H�[�S�H�U�L�P�H�Q�W�V�����W�K�H���Y�D�O�X�H��5B � ���L�V���W�K�H���E�H�V�W���Y�D�O�X�H��

�I�R�U���L�W���D�Q�G����������constk � ���L�V���.�i�U�P�i�Q�¶�V���F�R�Q�V�W�D�Q�W��[10]����

��

�)�L�J�X�U�H������

�7�K�H���Q�R�Q-�G�L�P�H�Q�V�L�R�Q�D�O���F�X�U�Y�H���R�I���W�K�H���Y�H�O�R�F�L�W�\���G�L�V�W�U�L�E�X�W�L�R�Q���L�Q���W�K�H���W�X�U�E�X�O�H�Q�W���E�R�X�Q�G�D�U�\���O�D�\�H�U���>���@��

�6�X�U�I�D�F�H���U�R�X�J�K�Q�H�V�V���F�D�X�V�H�V���D�Q���L�Q�F�U�H�D�V�H���L�Q���W�X�U�E�X�O�H�Q�F�H�����Z�K�L�F�K���L�Q�F�U�H�D�V�H�V���V�K�H�D�U���V�W�U�H�V�V�H�V��
�D�W���W�K�H���Z�D�O�O���D�Q�G���W�X�U�E�X�O�H�Q�F�H���V�W�U�H�V�V�H�V�����E�R�W�K���R�I���Z�K�L�F�K���U�H�G�X�F�H���Y�H�O�R�F�L�W�\�����5�R�X�J�K�Q�H�V�V���F�D�Q��
�E�H�� �E�U�R�D�G�O�\�� �G�L�Y�L�G�H�G�� �L�Q�W�R��k-�W�\�S�H�� �D�Q�G��d-�W�\�S�H�� �U�R�X�J�K�Q�H�V�V���� �Z�K�L�F�K�� �D�U�H�� �W�K�H�� �W�Z�R�� �P�R�V�W��
�F�R�P�P�R�Q���W�\�S�H�V�����7�K�L�V���F�D�W�H�J�R�U�L�]�D�W�L�R�Q���L�V���G�H�W�H�U�P�L�Q�H�G���E�\���W�K�H���U�R�X�J�K�Q�H�V�V���I�X�Q�F�W�L�R�Q�V���X�V�H�G����
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�7�K�H���S�U�L�P�D�U�\���S�D�U�D�P�H�W�H�U���I�R�U���W�K�H��k-�W�\�S�H���U�R�X�J�K�Q�H�V�V���I�X�Q�F�W�L�R�Q�V���L�V���W�K�H���U�R�X�J�K�Q�H�V�V���K�H�L�J�K�W��
k���� �Z�K�L�O�H�� �W�K�H�� �S�U�L�P�D�U�\�� �S�D�U�D�P�H�W�H�U�� �I�R�U�� �W�K�H��d-�W�\�S�H�� �U�R�X�J�K�Q�H�V�V�� �I�X�Q�F�W�L�R�Q�V�� �L�V�� �W�K�H�� �S�L�S�H��
�G�L�D�P�H�W�H�U���>�����@�����5�H�V�H�D�U�F�K���R�Q���K�R�Z���V�X�U�I�D�F�H���U�R�X�J�K�Q�H�V�V���D�I�I�H�F�W�V���W�K�H���W�X�U�E�X�O�H�Q�W���E�R�X�Q�G�D�U�\��
�O�D�\�H�U���Q�H�D�U���W�K�H���V�X�U�I�D�F�H���L�V���R�I���I�X�Q�G�D�P�H�Q�W�D�O���L�P�S�R�U�W�D�Q�F�H���D�Q�G���K�D�V���E�H�H�Q���V�W�X�G�L�H�G���V�L�Q�F�H������������
�D�Q�G�� �L�V�� �V�W�L�O�O�� �R�Q�J�R�L�Q�J���� �D�Q�G�� �W�K�H�� �P�R�V�W�� �L�P�S�R�U�W�D�Q�W�� �V�W�X�G�L�H�V�� �L�Q�� �W�K�L�V�� �D�U�H�D�����Z�K�L�F�K�� �Z�H��
�U�H�F�R�P�P�H�Q�G�� �W�K�H�� �U�H�D�G�H�U�� �W�R�� �U�H�Y�L�H�Z���� �L�Q�F�O�X�G�H��[10-20]���� �,�Q�� �W�K�L�V�� �S�D�S�H�U���� �Z�H�� �F�R�Q�V�L�G�H�U�� �W�K�H��
�U�R�X�J�K�Q�H�V�V���R�I��k-�W�\�S�H�����V�L�Q�F�H���L�W���K�D�V���E�H�H�Q���V�K�R�Z�Q���W�K�D�W���K�X�O�O���U�R�X�J�K�Q�H�V�V���L�V���R�I��k-�W�\�S�H���>�����@����
�D�Q�G���K�H�Q�F�H�I�R�U�W�K���W�K�H���W�H�U�P���U�R�X�J�K�Q�H�V�V���L�V���X�V�H�G���W�R���P�H�D�Q���U�R�X�J�K�Q�H�V�V���R�I���W�\�S�H��k�����,�Q���D�G�G�L�W�L�R�Q��
�W�R���R�W�K�H�U���I�D�F�W�R�U�V���W�K�D�W���P�D�\���E�H���X�V�H�G���W�R���G�H�W�H�U�P�L�Q�H���U�R�X�J�K�Q�H�V�V�����W�K�H���S�U�L�P�D�U�\���S�D�U�D�P�H�W�H�U���L�V��
�W�K�H���U�R�X�J�K�Q�H�V�V���K�H�L�J�K�W��k���R�U���W�K�H���U�R�X�J�K�Q�H�V�V���K�H�L�J�K�W���R�I���H�T�X�L�Y�D�O�H�Q�W���V�D�Q�Gsk �����7�K�H���5�H�\�Q�R�O�G�V��

�Q�X�P�E�H�U���I�R�U���U�R�X�J�K�Q�H�V�V�����Z�K�L�F�K���L�V���D���Q�R�Q-�G�L�P�H�Q�V�L�R�Q�D�O���T�X�D�Q�W�L�W�\�����F�D�Q���W�D�N�H���W�K�H���S�O�D�F�H���R�I��
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�5�H�\�Q�R�O�G�V���Q�X�P�E�H�U�����D�W���Z�K�L�F�K���W�K�H���Y�H�V�V�H�O���R�S�H�U�D�W�H�V�����7�K�H���I�O�X�L�G���L�Q�O�H�W���L�V���W�K�H���,�Q�O�H�W���V�X�U�I�D�F�H����

�D�Q�G���W�K�H���R�X�W�O�H�W���L�V���W�K�H���2�X�W�O�H�W���V�X�U�I�D�F�H�����7�K�H���G�H�Q�V�L�W�\���L�V�������������� 3kg m �����W�K�H���Y�L�V�F�R�V�L�W�\���L�V��

������������������ ��kg m�� ���D�Q�G���W�K�H���U�D�W�L�R���R�I���V�S�H�F�L�I�L�F���K�H�D�W���L�V������������

3.2 Geometrical Dimensions and Boundary Conditions for the 
Plate 

�5�H�J�D�U�G�L�Q�J���W�K�H���F�D�O�L�E�U�D�W�L�R�Q���S�O�D�W�H�����7�D�E�O�H�������V�K�R�Z�V���W�K�H���G�L�P�H�Q�V�L�R�Q�V���R�I���6�F�K�X�O�W�]���S�O�D�W�H���D�Q�G��
�)�L�J���������V�K�R�Z�V���L�W��[31]����

�7�D�E�O�H������

�7�K�H���G�L�P�H�Q�V�L�R�Q�V���R�I���W�K�H���S�O�D�W�H���>�����@��

Geometric dimension Symbol Value Unit  

�/�H�Q�J�W�K�� plateL �� ���������� m ��

�%�U�H�D�G�W�K�� plateB  590�� mm 

�+�L�J�K�W plateT  �������� mm 

�(�G�J�H���W�X�U�Q�L�Q�J���U�D�G�L�X�V plater  �������� mm 



Z. Ali et al. Investigation of the Impact of Surface Roughness, on a Ship’s Drag (Hull Resistance) 

�Å��18 �Å��

��

�)�L�J�X�U�H������

�9�D�O�L�G�D�W�L�R�Q���S�O�D�W�H���>�����@��

�)�L�J�X�U�H������ �L�O�O�X�V�W�U�D�W�H�V�� �W�K�H�� �J�H�R�P�H�W�U�L�F�� �G�R�P�D�L�Q�� �X�V�H�G�� �L�Q�� �W�K�H�� �F�D�V�H�� �R�I�� �W�K�H�� �S�O�D�W�H�� �K�D�V�� �W�K�H��
�J�H�R�P�H�W�U�L�F���G�L�P�H�Q�V�L�R�Q�V���G�H�I�L�Q�H�G���D�F�F�R�U�G�L�Q�J���W�R���6�F�K�X�O�W�]�¶�V���H�[�S�H�U�L�P�H�Q�W���>�����@���D�V���I�R�O�O�R�Z�V����

�� �
�
 �
�
 �
�
 �� ������ ������plate plate plateL B T L L L� u � u �  � u � u��

��

�)�L�J�X�U�H������

�&�R�P�S�X�W�D�W�L�R�Q�D�O���G�R�P�D�L�Q���D�Q�G���E�R�X�Q�G�D�U�\���F�R�Q�G�L�W�L�R�Q�V���D�U�R�X�Q�G���W�K�H���S�O�D�W�H��

4 The Fluid Flow Model 
�7�K�H�� �1�D�Y�L�H�U-�6�W�R�N�H�V�� �H�T�X�D�W�L�R�Q�V�� �D�Q�G�� �W�K�H�� �F�R�Q�V�H�U�Y�D�W�L�R�Q�� �R�I�� �P�D�V�V�� �H�T�X�D�W�L�R�Q�� �H�[�S�O�D�L�Q�� �W�K�H��
�P�R�W�L�R�Q���R�I���L�Q�F�R�P�S�U�H�V�V�L�E�O�H���1�H�Z�W�R�Q�L�D�Q���I�O�X�L�G�V�����7�X�U�E�X�O�H�Q�F�H���D�Q�G���I�O�R�Z���D�U�H���G�H�V�F�U�L�E�H�G���E�\��
�I�R�X�U�� �H�T�X�D�W�L�R�Q�V�����8�V�L�Q�J�� �&�)�'�� �D�Q�G���$�1�6�<�6�� �������� �V�R�O�X�W�L�R�Q�V�� �W�R�� �W�K�H�� �V�\�V�W�H�P�� �R�I�� �H�T�X�D�W�L�R�Q�V��
�Z�H�U�H���R�E�W�D�L�Q�H�G����

�0�H�Q�W�H�U��[32]���S�X�W���I�R�U�W�K���W�K�H��k-�&���6�6�7�����6�6�7-�6�K�H�D�U���6�W�U�H�V�V���7�U�D�Q�V�S�R�U�W�����P�R�G�H�O�����7�K�H��k-�&��
�D�Q�G��k-�0���P�R�G�H�O�V���D�U�H���F�R�P�E�L�Q�H�G����
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�,�Q���W�K�L�V���P�R�G�H�O�����W�K�H���E�H�Q�H�I�L�W�V���R�I���W�K�H���W�Z�R���P�R�G�H�O�V���D�U�H���L�Q�W�H�J�U�D�W�H�G�����:�K�L�O�H���W�K�H��k-�0���P�R�G�H�O���L�V��
�X�W�L�O�L�]�H�G���R�X�W�V�L�G�H���W�K�H���E�R�X�Q�G�D�U�\���O�D�\�H�U���U�H�J�L�R�Q���L�Q���W�K�H���I�U�H�H-�I�O�R�Z���D�U�H�D�����W�K�H��k-�& �P�R�G�H�O���L�V��
�D�S�S�O�L�H�G���F�O�R�V�H���W�R���W�K�H���Z�D�O�O���Z�L�W�K�L�Q���W�K�H���E�R�X�Q�G�D�U�\���O�D�\�H�U���U�H�J�L�R�Q�����7�K�H���I�R�O�O�R�Z�L�Q�J���D�U�H���W�K�H��
�W�U�D�Q�V�I�H�U���H�T�X�D�W�L�R�Q�V���I�R�U���W�K�H���G�L�V�W�X�U�E�D�Q�F�H���U�D�W�H���&���D�Q�G���W�K�H���G�L�V�W�X�U�E�H�G���N�L�Q�H�W�L�F���H�Q�H�U�J�\��k [32-
�����@����

- k – equation 

�� ���
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����

-  �& – equation 
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- Eddy viscosity t�P-equation: 
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�7�K�H���E�O�H�Q�G�L�Q�J���I�X�Q�F�W�L�R�Q���L�V���X�V�H�G���W�R���F�K�D�Q�J�H���E�H�W�Z�H�H�Q���W�K�H���W�Z�R���W�X�U�E�X�O�H�Q�F�H���P�R�G�H�O�V�����7�K�H��
�P�R�G�H�O���F�R�H�I�I�L�F�L�H�Q�W�V���D�U�H���S�U�H�V�H�Q�W�H�G���L�Q���W�K�H���I�R�O�O�R�Z�L�Q�J���7�D�E�O�H��������

�7�D�E�O�H������
�&�R�H�I�I�L�F�L�H�Q�W�V���R�I���N-�&���6�6�7���P�R�G�H�O���>�����@��

*�E  2�D  1�E�� 1k�V �� 2k�V  1�Z�V  2�D  2�E  2�Z�V  

���������� ������������ ������������ ���������� 1�� �������� ���������� �������������� ������������
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5 Mesh Generation 
�)�L�J�X�U�H�� ���� �V�K�R�Z�V�� �W�K�H�� �V�W�U�X�F�W�X�U�H�G�� �J�U�L�G�� �H�P�S�O�R�\�H�G�� �L�Q�� �W�K�H�� �Q�X�P�H�U�L�F�D�O�� �V�L�P�X�O�D�W�L�R�Q���� �Z�K�L�F�K��
�Z�D�V�� �G�H�V�L�J�Q�H�G�� �D�S�S�U�R�[�L�P�D�W�H�O�\�� �Z�L�W�K�� �������������� �Q�R�G�H�V�� �L�Q�� �W�K�H�� �F�D�V�H�� �R�I�� �D�� �V�\�P�P�H�W�U�L�F��
�F�R�Q�I�L�J�X�U�D�W�L�R�Q�����7�K�L�V���J�U�L�G���Z�D�V���J�H�Q�H�U�D�W�H�G���X�V�L�Q�J���,�&�(�0���S�U�R�J�U�D�P���D�Q�G���Z�D�V���V�S�H�F�L�I�L�F�D�O�O�\��
�R�U�L�H�Q�W�H�G���S�H�U�S�H�Q�G�L�F�X�O�D�U���W�R���W�K�H���V�K�L�S�
�V���V�X�U�I�D�F�H���W�R���H�Q�V�X�U�H���D�Q���D�F�F�X�U�D�W�H���U�H�S�U�H�V�H�Q�W�D�W�L�R�Q���R�I��
�W�K�H���Y�L�V�F�R�X�V���I�O�R�Z���I�L�H�O�G���V�X�U�U�R�X�Q�G�L�Q�J���W�K�H���V�K�L�S�����,�Q���W�H�U�P�V���R�I���F�H�O�O���G�L�V�W�U�L�E�X�W�L�R�Q�����W�K�H���E�R�Z����
�V�W�H�U�Q�����D�Q�G���U�X�Q���V�H�F�W�L�R�Q�V���R�I���W�K�H���V�K�L�S���Z�H�U�H���D�V�V�L�J�Q�H�G���D���K�L�J�K�H�U���F�H�O�O���F�R�X�Q�W���F�R�P�S�D�U�H�G���W�R��

�W�K�H�� �F�H�Q�W�U�D�O���V�H�F�W�L�R�Q���� �7�K�H�� �P�L�Q�L�P�X�P�� �V�L�]�H�� �R�I�� �D�� �F�H�O�O���U�D�Q�J�H�G���W�R���E�H�� ������������10 3e m���u ���W�R��

������������ 10 3e m���u �����G�H�S�H�Q�G�L�Q�J���R�Q���W�K�H���L�Q�I�O�R�Z���Y�H�O�R�F�L�W�\�����7�K�L�V���Y�D�U�\�L�Q�J���F�H�O�O���V�L�]�H���H�Q�D�E�O�H�G��
�I�L�Q�H�U���U�H�V�R�O�X�W�L�R�Q���L�Q���U�H�J�L�R�Q�V���R�I���K�L�J�K�H�U���I�O�R�Z���F�R�P�S�O�H�[�L�W�\���D�Q�G���I�D�F�L�O�L�W�D�W�H�G���F�D�S�W�X�U�L�Q�J���W�K�H��
�U�H�O�H�Y�D�Q�W���I�O�R�Z���S�K�\�V�L�F�V���Z�L�W�K���J�U�H�D�W�H�U���I�L�G�H�O�L�W�\����

��

�)�L�J�X�U�H������

�6�W�U�X�F�W�X�U�H�G���J�U�L�G���D�U�R�X�Q�G���W�K�H���.�9�/�&�&�����F�D�U�U�L�H�U�����X�S�S�H�U���I�L�J�X�U�H�����D�Q�G���W�K�H���U�H�I�L�Q�H�P�H�Q�W���L�Q���W�K�H���E�R�X�Q�G�D�U�\���O�D�\�H�U��

�U�H�J�L�R�Q�����O�R�Z�H�U���I�L�J�X�U�H����

�7�K�H���V�W�U�X�F�W�X�U�H�G���J�U�L�G���X�W�L�O�L�]�H�G���L�Q���W�K�H���Q�X�P�H�U�L�F�D�O���V�L�P�X�O�D�W�L�R�Q���R�I���W�K�H���F�D�O�L�E�U�D�W�L�R�Q���S�O�D�W�H���L�V��
�V�K�R�Z�Q���L�Q���)�L�J����������
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��

�)�L�J�X�U�H������

�6�W�U�X�F�W�X�U�H�G���J�U�L�G���D�U�R�X�Q�G���W�K�H���S�O�D�W�H�����X�S�S�H�U���I�L�J�X�U�H�����D�Q�G���W�K�H���U�H�I�L�Q�H�P�H�Q�W���L�Q���W�K�H���E�R�X�Q�G�D�U�\���O�D�\�H�U���U�H�J�L�R�Q�����O�R�Z�H�U��

�I�L�J�X�U�H����

�7�K�L�V�� �J�U�L�G���� �G�H�V�L�J�Q�H�G�� �I�R�U�� �V�\�P�P�H�W�U�L�F�� �F�R�Q�I�L�J�X�U�D�W�L�R�Q���� �F�R�Q�V�L�V�W�H�G�� �R�I�� �����������������Q�R�G�H�V������
�7�K�H���J�U�L�G���J�H�Q�H�U�D�W�L�R�Q���S�U�R�F�H�V�V���Z�D�V���F�D�U�U�L�H�G���R�X�W���X�V�L�Q�J���W�K�H���,�&�(�0���S�U�R�J�U�D�P�����7�R���F�D�S�W�X�U�H��
�W�K�H���I�O�R�Z���F�K�D�U�D�F�W�H�U�L�V�W�L�F�V���Q�H�D�U���W�K�H���S�O�D�W�H���V�X�U�I�D�F�H���D�F�F�X�U�D�W�H�O�\�����D���J�U�R�Z�W�K���U�D�W�H���R�I�����������Z�D�V��
�F�K�R�V�H�Q���I�R�U���J�U�L�G���U�H�I�L�Q�H�P�H�Q�W���L�Q���W�K�H���E�R�X�Q�G�D�U�\���O�D�\�H�U���U�H�J�L�R�Q�����V�H�H���)�L�J�������������7�K�L�V���U�H�I�L�Q�H�P�H�Q�W��
�V�W�U�D�W�H�J�\�� �D�O�O�R�Z�H�G�� �I�R�U�� �D�� �P�R�U�H�� �U�H�I�L�Q�H�G�� �P�H�V�K�� �U�H�V�R�O�X�W�L�R�Q�� �L�Q�� �W�K�H�� �Y�L�F�L�Q�L�W�\�� �R�I�� �W�K�H�� �S�O�D�W�H����
�H�Q�V�X�U�L�Q�J���H�Q�K�D�Q�F�H�G���I�L�G�H�O�L�W�\���L�Q���F�D�S�W�X�U�L�Q�J���Q�H�D�U-�Z�D�O�O���I�O�R�Z���S�K�H�Q�R�P�H�Q�D�����7�K�H���V�W�U�X�F�W�X�U�H�G��
�Q�D�W�X�U�H�� �R�I�� �W�K�H�� �J�U�L�G�� �I�D�F�L�O�L�W�D�W�H�G���H�I�I�L�F�L�H�Q�W���F�R�P�S�X�W�D�W�L�R�Q�D�O���S�H�U�I�R�U�P�D�Q�F�H�� �D�Q�G���P�D�L�Q�W�D�L�Q�H�G��
�J�U�L�G���U�H�J�X�O�D�U�L�W�\�����D�L�G�L�Q�J���L�Q���F�R�Q�Y�H�U�J�H�Q�F�H���D�Q�G���R�Y�H�U�D�O�O���V�R�O�X�W�L�R�Q���D�F�F�X�U�D�F�\����

6 Solution Method 
�,�Q���R�X�U���V�W�X�G�\�����W�K�H���I�L�Q�L�W�H���H�O�H�P�H�Q�W���P�H�W�K�R�G�����)�(�0�����L�P�S�O�H�P�H�Q�W�H�G���Z�L�W�K�L�Q���$�1�6�<�6���V�H�U�Y�H�V��
�D�V���W�K�H���S�U�L�P�D�U�\���Q�X�P�H�U�L�F�D�O���D�S�S�U�R�D�F�K���I�R�U���D�F�F�X�U�D�W�H�O�\���D�S�S�U�R�[�L�P�D�W�L�Q�J���W�K�H���E�H�K�D�Y�L�R�X�U���R�I��
�R�X�U���V�\�V�W�H�P����
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7 Validation Study 
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7.2 Assessment of Numerical Results for KVLCC2 
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8 Numerical Results and Discussion 
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�S�R�Z�H�U���L�V���U�H�T�X�L�U�H�G���W�R���R�Y�H�U�F�R�P�H���W�K�H���U�H�V�L�V�W�D�Q�F�H���D�Q�G���P�D�L�Q�W�D�L�Q���W�K�H���G�H�V�L�U�H�G���S�U�R�S�X�O�V�L�R�Q��
�S�H�U�I�R�U�P�D�Q�F�H����

��

�)�L�J�X�U�H��������

�9�R�U�W�L�F�H�V���I�R�U�P�L�Q�J���E�H�K�L�Q�G���W�K�H���K�X�O�O���R�I���W�K�H���.�9�/�&�&�����W�D�Q�N�H�U��

Conclusions 

�,�Q�� �W�K�L�V�� �U�H�V�H�D�U�F�K���� �W�K�H�� �&�)�'�� �W�H�F�K�Q�L�T�X�H�� �Z�D�V�� �X�V�H�G�� �W�R�� �L�Q�Y�H�V�W�L�J�D�W�H�� �W�K�H�� �H�I�I�H�F�W�� �R�I�� �V�X�U�I�D�F�H��
�U�R�X�J�K�Q�H�V�V���R�Q���Y�H�K�L�F�O�H���U�H�V�L�V�W�D�Q�F�H�����D�Q�G���W�K�H���I�R�O�O�R�Z�L�Q�J���F�R�Q�F�O�X�V�L�R�Q�V���Z�H�U�H���U�H�D�F�K�H�G����

�x �3�U�R�S�H�O�O�H�U���S�H�U�I�R�U�P�D�Q�F�H���L�V���V�L�J�Q�L�I�L�F�D�Q�W�O�\���D�I�I�H�F�W�H�G���E�\���W�K�H���V�X�U�I�D�F�H���U�R�X�J�K�Q�H�V�V���R�I��
�W�K�H���K�X�O�O����
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�x �$�V�� �W�K�H�� �V�X�U�I�D�F�H�� �U�R�X�J�K�Q�H�V�V�� �R�I�� �W�K�H�� �K�X�O�O�� �L�Q�F�U�H�D�V�H�V���� �W�K�H�� �Y�H�O�R�F�L�W�\�� �I�L�H�O�G���L�Q�� �W�K�H��
�Z�R�U�N�L�Q�J���D�U�H�D���R�I���W�K�H���S�U�R�S�H�O�O�H�U���E�H�F�R�P�H�V���P�R�U�H���L�Q�F�R�Q�V�L�V�W�H�Q�W�����D�Q�G���W�K�H���Y�H�O�R�F�L�W�\��
�J�U�D�G�L�H�Q�W���L�Q�F�U�H�D�V�H�V���L�Q���W�K�H���G�L�U�H�F�W�L�R�Q���S�H�U�S�H�Q�G�L�F�X�O�D�U���W�R���W�K�H���I�O�R�Z�����7�K�L�V���O�H�D�G�V���W�R��
�D�Q�� �L�Q�F�U�H�D�V�H�� �L�Q�� �Y�L�E�U�D�W�L�R�Q�� �L�Q�� �W�K�H�� �S�U�R�S�H�O�O�H�U���� �Z�K�L�F�K�� �F�D�Q�� �Q�H�J�D�W�L�Y�H�O�\�� �D�I�I�H�F�W��
�S�U�R�S�H�O�O�H�U�� �S�H�U�I�R�U�P�D�Q�F�H�� �D�Q�G�� �F�D�X�V�H�� �L�Q�F�U�H�D�V�H�G�� �Y�L�E�U�D�W�L�R�Q�� �D�Q�G�� �V�W�U�H�V�V�� �R�Q�� �W�K�H��
�S�U�R�S�H�O�O�H�U���E�O�D�G�H�V����

�x �$�V�� �W�K�H�� �V�X�U�I�D�F�H�� �U�R�X�J�K�Q�H�V�V�� �L�Q�F�U�H�D�V�H�V���� �W�K�H�� �N�L�Q�H�W�L�F�� �H�Q�H�U�J�\�� �J�U�D�G�L�H�Q�W�� �L�Q���W�K�H��
�G�L�U�H�F�W�L�R�Q�� �S�H�U�S�H�Q�G�L�F�X�O�D�U�� �W�R�� �W�K�H�� �S�O�D�Q�H�� �R�I�� �V�\�P�P�H�W�U�\�� �D�O�V�R�� �L�Q�F�U�H�D�V�H�V�����7�K�L�V��
�U�H�V�X�O�W�V�� �L�Q�� �D�Q�� �L�Q�F�U�H�D�V�H�� �L�Q�� �W�K�H�� �L�Q�W�H�Q�V�L�W�\�� �R�I�� �Y�R�U�W�L�F�H�V�� �H�Q�W�H�U�L�Q�J�� �W�K�H�� �S�U�R�S�H�O�O�H�U����
�Z�K�L�F�K���F�D�Q���I�X�U�W�K�H�U���G�H�J�U�D�G�H���W�K�H���S�H�U�I�R�U�P�D�Q�F�H���R�I���W�K�H���S�U�R�S�H�O�O�H�U������

�x �:�K�H�Q�� �G�H�V�L�J�Q�L�Q�J�� �D�Q�G�� �F�D�O�F�X�O�D�W�L�Q�J�� �D�� �Y�H�V�V�H�O���� �L�W�� �L�V�� �H�V�V�H�Q�W�L�D�O�� �W�R�� �W�D�N�H���V�X�U�I�D�F�H��
�U�R�X�J�K�Q�H�V�V���L�Q�W�R���D�F�F�R�X�Q�W���D�V���L�W���D�I�I�H�F�W�V���W�K�H���S�H�U�I�R�U�P�D�Q�F�H���R�I���W�K�H���S�U�R�S�H�O�O�H�U����

�x �$�Q�� �L�Q�F�U�H�D�V�H�� �L�Q�� �V�X�U�I�D�F�H�� �U�R�X�J�K�Q�H�V�V�� �O�H�D�G�V�� �W�R�� �D�Q�� �L�Q�F�U�H�D�V�H�� �L�Q�� �Y�H�O�R�F�L�W�\�� �I�L�H�O�G��
�L�Q�F�R�Q�V�L�V�W�H�Q�F�\���� �N�L�Q�H�W�L�F�� �H�Q�H�U�J�\���� �D�Q�G�� �Y�R�U�W�H�[�� �I�R�U�P�D�W�L�R�Q���� �Z�K�L�F�K�� �L�Q�� �W�X�U�Q�� �F�D�Q��
�Q�H�J�D�W�L�Y�H�O�\���D�I�I�H�F�W���S�U�R�S�H�O�O�H�U���S�H�U�I�R�U�P�D�Q�F�H����

�x �5�$�1�6���H�T�X�D�W�L�R�Q�V�����N-�&���6�6�7���P�R�G�H�O�����D�Q�G���W�K�H���U�R�X�J�K�Q�H�V�V���I�X�Q�F�W�L�R�Q���X�V�H�G���L�Q���W�K�H��
�$�Q�V�\�V���S�U�R�J�U�D�P���J�L�Y�H���Y�H�U�\���J�R�R�G���U�H�V�X�O�W�V���L�Q���P�D�U�L�Q�H���D�S�S�O�L�F�D�W�L�R�Q�V���D�Q�G���K�H�O�S���V�D�Y�H��
�P�D�W�H�U�L�D�O���F�R�V�W�V���D�Q�G���W�L�P�H�����H�V�S�H�F�L�D�O�O�\���Z�K�H�Q���F�D�O�F�X�O�D�W�L�Q�J���U�H�V�L�V�W�D�Q�F�H�V������

�x �5�R�X�J�K�Q�H�V�V���K�D�V���D���V�L�J�Q�L�I�L�F�D�Q�W���L�P�S�D�F�W���R�Q���W�K�H���I�R�U�F�H�V���D�F�W�L�Q�J���R�Q���W�K�H���Y�H�V�V�H�O���D�Q�G��
�W�K�H���I�O�R�Z���F�K�D�U�D�F�W�H�U�L�V�W�L�F�V���D�U�R�X�Q�G���W�K�H���K�X�O�O������

�x �$�Q�� �L�Q�F�U�H�D�V�H�� �L�Q�� �V�X�U�I�D�F�H�� �U�R�X�J�K�Q�H�V�V�� �O�H�D�G�V�� �W�R�� �D�Q�� �L�Q�F�U�H�D�V�H�� �L�Q�� �Y�H�O�R�F�L�W�\�� �I�L�H�O�G��
�L�Q�F�R�Q�V�L�V�W�H�Q�F�\���� �N�L�Q�H�W�L�F�� �H�Q�H�U�J�\���� �D�Q�G�� �Y�R�U�W�H�[�� �I�R�U�P�D�W�L�R�Q���� �Z�K�L�F�K�� �L�Q�� �W�X�U�Q�� �F�D�Q��
�Q�H�J�D�W�L�Y�H�O�\���D�I�I�H�F�W���S�U�R�S�H�O�O�H�U���S�H�U�I�R�U�P�D�Q�F�H����

�x �7�K�H�V�H���U�H�V�X�O�W�V���D�U�H���X�V�H�I�X�O���I�R�U���S�U�H�G�L�F�W�L�Q�J���W�K�H���H�Q�H�U�J�\���U�H�T�X�L�U�H�G���W�R���R�S�H�U�D�W�H���W�K�H��
�V�K�L�S�� �L�Q�� �P�D�U�L�Q�H�� �F�R�Q�G�L�W�L�R�Q�V���� �I�X�H�O�� �F�R�Q�V�X�P�S�W�L�R�Q���� �D�Q�G�� �J�U�H�H�Q�K�R�X�V�H�� �J�D�V��
�H�P�L�V�V�L�R�Q�V����

Nomenclature 
Symbols 

B �� -�� �F�R�Q�V�W�D�Q�W���F�R�Q�V�L�G�H�U�V���W�K�H���H�I�I�H�F�W���R�I���V�X�U�I�D�F�H���U�R�X�J�K�Q�H�V�V���R�Q��
�W�K�H���Y�H�O�R�F�L�W�\���G�L�V�W�U�L�E�X�W�L�R�Q��

moldedB �� m �� �E�U�H�D�G�W�K�����P�R�O�G�H�G����

plateB �� mm�� �E�U�H�D�G�W�K���R�I���W�K�H���S�O�D�W�H��

�
B �� m �� �Z�L�G�W�K���R�I���W�K�H���J�H�R�P�H�W�U�L�F���G�R�P�D�L�Q���I�R�U���W�K�H���V�K�L�S���P�R�G�H�O��

�
�
B �� m �� �Z�L�G�W�K���R�I���W�K�H���J�H�R�P�H�W�U�L�F���G�R�P�D�L�Q���I�R�U���W�K�H���S�O�D�W�H��

bC �� -�� �E�O�R�F�N�D�J�H���F�R�H�I�I�L�F�L�H�Q�W��

dC �� -�� �G�U�D�J���F�R�H�I�I�L�F�L�H�Q�W��

fC �� -�� �I�U�L�F�W�L�R�Q���F�R�H�I�I�L�F�L�H�Q�W��
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pC �� -�� �S�U�H�V�V�X�U�H���F�R�H�I�I�L�F�L�H�Q�W��

sC �� -�� �U�R�X�J�K�Q�H�V�V���F�R�Q�V�W�D�Q�W��

TC �� -�� �W�R�W�D�O���U�H�V�L�V�W�D�Q�F�H���F�R�H�I�I�L�F�L�H�Q�W��

��T EFDC �� -�� �W�R�W�D�O���U�H�V�L�V�W�D�Q�F�H���F�R�H�I�I�L�F�L�H�Q�W���D�F�F�R�U�G�L�Q�J���W�R���H�[�S�H�U�L�P�H�Q�W�D�O��
�U�H�V�X�O�W�V��

���&T FDC �� -��
�W�R�W�D�O���U�H�V�L�V�W�D�Q�F�H���F�R�H�I�I�L�F�L�H�Q�W���D�F�F�R�U�G�L�Q�J���W�R���Q�X�P�H�U�L�F�D�O��
�U�H�V�X�O�W�V��

wC �� -�� �Z�D�Y�H���U�H�V�L�V�W�D�Q�F�H���F�R�H�I�I�L�F�L�H�Q�W��

d �� m �� �U�R�X�J�K�Q�H�V�V���K�H�L�J�K�W���Y�D�O�X�H��

rf  -�� �U�R�X�J�K�Q�H�V�V���F�R�H�I�I�L�F�L�H�Q�W��

rF  -�� �)�U�R�X�G�H���Q�X�P�E�H�U��

g �� 2��m s�� �� �D�F�F�H�O�H�U�D�W�L�R�Q���R�I���J�U�D�Y�L�W�\��

h �� m �� �W�K�H���F�K�D�U�D�F�W�H�U�L�V�W�L�F���O�L�Q�H�D�U���G�L�P�H�Q�V�L�R�Q��

constk �� -�� �.�i�U�P�i�Q�¶�V���F�R�Q�V�W�D�Q�W��

k  m �� �U�R�X�J�K�Q�H�V�V���K�H�L�J�K�W��

sk  m ��
�W�K�H���H�T�X�L�Y�D�O�H�Q�W���V�D�Q�G���U�R�X�J�K�Q�H�V�V���K�H�L�J�K�W�����S�K�\�V�L�F�D�O��
�U�R�X�J�K�Q�H�V�V���K�H�L�J�K�W����

sk ��  -�� �Q�R�Q-�G�L�P�H�Q�V�L�R�Q�D�O���U�R�X�J�K�Q�H�V�V���K�H�L�J�K�W��

plateL �� m �� �O�H�Q�J�W�K���R�I���W�K�H���S�O�D�W�H��

ppL �� m �� �O�H�Q�J�W�K���E�H�W�Z�H�H�Q���S�H�U�S�H�Q�G�L�F�X�O�D�U�V��

�
L �� m �� �O�H�Q�J�W�K���R�I���W�K�H���J�H�R�P�H�W�U�L�F���G�R�P�D�L�Q���I�R�U���W�K�H���V�K�L�S���P�R�G�H�O��

�
�
L �� m �� �O�H�Q�J�W�K���R�I���W�K�H���J�H�R�P�H�W�U�L�F���G�R�P�D�L�Q���I�R�U���W�K�H���S�O�D�W�H��

wlL �� m �� �O�H�Q�J�W�K���R�I���W�K�H���Z�D�W�H�U���O�L�Q�H��

p �� 2N m �� �S�U�H�V�V�X�U�H��

Re -�� �5�H�\�Q�R�O�G�V���Q�X�P�E�H�U��

plater �� mm�� �H�G�J�H���W�X�U�Q�L�Q�J���U�D�G�L�X�V���I�R�U���W�K�H���S�O�D�W�H��

S  2m �� �Z�H�W�W�H�G���V�X�U�I�D�F�H���D�U�H�D���Z�L�W�K�R�X�W���D�S�S�H�Q�G�D�J�H�V��

T  m �� �G�U�D�I�W�����P�R�O�G�H�G����

plateT �� mm �G�U�D�I�W���R�I���W�K�H���S�O�D�W�H��

�
T �� m  �G�U�D�I�W���R�I���W�K�H���J�H�R�P�H�W�U�L�F���G�R�P�D�L�Q���I�R�U���W�K�H���V�K�L�S���P�R�G�H�O��

�
�
T �� m  �G�U�D�I�W���R�I���W�K�H���J�H�R�P�H�W�U�L�F���G�R�P�D�L�Q���I�R�U���W�K�H���S�O�D�W�H��
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U �� 1��m s�� �� �W�K�H���P�H�D�Q���Y�H�O�R�F�L�W�\���R�I���W�K�H���R�E�M�H�F�W���U�H�O�D�W�L�Y�H���W�R���W�K�H���I�O�X�L�G��

eU �� 1��m s�� �� �W�K�H���I�U�H�H���I�O�R�Z���Y�H�O�R�F�L�W�\��

pU  -�� �W�K�H���Q�R�Q-�G�L�P�H�Q�V�L�R�Q�D�O���I�O�R�Z���Y�H�O�R�F�L�W�\���D�O�R�Q�J���W�K�H���Z�D�O�O���L�Q��
�W�K�H���E�R�X�Q�G�D�U�\���O�D�\�H�U��

U �� �� -�� �W�K�H���Q�R�Q-�G�L�P�H�Q�V�L�R�Q�D�O���Y�H�O�R�F�L�W�\���L�Q���W�K�H���E�R�X�Q�G�D�U�\���O�D�\�H�U��
���Y�H�O�R�F�L�W�\���S�U�R�I�L�O�H����

*U  1��m s�� �� �I�U�L�F�W�L�R�Q���Y�H�O�R�F�L�W�\��

U�W�� 1��m s�� �� �I�U�L�F�W�L�R�Q�D�O���Y�H�O�R�F�L�W�\��

U ���' �� -�� �U�R�X�J�K�Q�H�V�V���I�X�Q�F�W�L�R�Q��

V  3m �� �G�L�V�S�O�D�F�H�P�H�Q�W��

y �� m �� �Z�D�O�O���G�L�V�W�D�Q�F�H��

y�� �� -��
�W�K�H���Q�R�Q-�G�L�P�H�Q�V�L�R�Q�D�O���G�L�V�W�D�Q�F�H���P�H�D�V�X�U�H�G��
�S�H�U�S�H�Q�G�L�F�X�O�D�U�O�\���W�R���W�K�H���V�X�U�I�D�F�H��

 
Greek letters 

��� D � E�� -��  k-�&���6�6�7���F�R�H�I�I�L�F�L�H�Q�W�V��

�G�� m �� �W�K�H���E�R�X�Q�G�D�U�\���O�D�\�H�U���W�K�L�F�N�Q�H�V�V��
�H�� -�� �W�K�H���U�D�W�H���R�I���G�L�V�V�L�S�D�W�L�R�Q���R�I���W�K�H���W�X�U�E�X�O�H�Q�W���N�L�Q�H�W�L�F���H�Q�H�U�J�\��
�P�� kg ms�� �G�\�Q�D�P�L�F���Y�L�V�F�R�V�L�W�\��

t�P  kg ms�� �(�G�G�\���Y�L�V�F�R�V�L�W�\����

v  2m s�� �N�L�Q�H�P�D�W�L�F���Y�L�V�F�R�V�L�W�\��

shipv �� 1��m s��  �V�K�L�S���Y�H�O�R�F�L�W�\��

Tv  2m s�� �W�X�U�E�X�O�H�Q�W���Y�L�V�F�R�V�L�W�\��

�U�� 3kg m �� �W�K�H���G�H�Q�V�L�W�\���R�I���W�K�H���I�O�X�L�G��

�V 2N m �� �Q�R�U�P�D�O���V�W�U�H�V�V��

w�W�� 2N m �� �V�K�H�D�U���V�W�U�H�V�V��

�Z 1 S�� �V�S�H�F�L�I�L�F���G�L�V�V�L�S�D�W�L�R�Q���U�D�W�H��
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Abstract: Human-machine cooperation is an activity used to maximize job openness for all 
workers by removing barriers of languages, disability, age, gender barriers and 
maximizing employee well-being and motivation. The diverse technologies providing 
physical and cognitive assistance should facilitate attractiveness and facilitate employment, 
and thus social sustainability within the production section. The main goal of this paper is 
to analyze the current state of human-machine cooperation and identify the requirements 
for future human-machine cooperation for socially sustainable manufacturing in Industry 
4.0. 
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Introduction 

The world has witnessed three industrial revolutions since the end of the 
eighteenth century, which have brought major leaps in the efficiency and 
productivity of industrial activities. The 4th Industrial Revolution and Digitization 
Society are currently taking place on a global scale. We encounter elements of 
digitization not only in industrial enterprises and industry as such, but they can be 
found in everyday life as well. 

While the first and second industrial revolutions were characterized by 
mechanization based on the invention of the steam engine and electrification of 
production processes, the third industrial revolution was defined by more 
progressive automation of processes to production [1]. 
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A characteristic element of the fourth industrial revolution is the digitization of all 
systems within the organization and their interconnection into one whole, such a 
revolution can be referred to as Industry 4.0. Industry 4.0 is characterized by 
interactions and communication between industrial equipment (machines) and 
cyberphysical systems for real-time operations management, the Internet of 
Things, artificial intelligence, robotics, cybersecurity, and other elements and 
technologies that contribute to technical sophistication, increased competitiveness, 
and production automation [2, 3]. 

The main idea of industrial transformation is to increase the competitiveness of 
enterprises, through increasing resource efficiency and productivity [4]. Quality of 
work, quality of processes, overall quality, and product safety are important for 
maintaining and improving the competitiveness of companies. The issue of quality 
in every industry has become a parameter of a company's survival in a turbulent 
competitive market. In addition to the quality of products and services, the success 
of companies also depends on the performance of the processes taking place in the 
system [5, 6]. 

The article is structured as follows: section 1 provides the theoretical background 
characterizing sustainable production, followed by human-machine collaboration 
in industrial practice. Section 2 describes the empirical data on the issue under 
study, obtained through a survey, then the research questions and hypotheses are 
stated. In Section 3, the research questions and hypotheses are evaluated and 
interpreted. Section 4 provides a discussion of the paper's topic, followed by a 
conclusion, including a suggestion of possible directions for future research. 

1 Theoretical Background 

One of the goals of the implementation of Industry 4.0 is to increase the 
professional knowledge and qualifications of people, and thus increase the well-
being of employees under the guarantee of sustainable jobs. In Industrial 
Revolution 4.0, there is no competitive battle between workers and machinery. 
Industry 4.0 offers opportunities for more efficient use of human potential in 
cooperation with machines [3]. 

The EU's population is aging and the EU's working-age population will fall by 1/3 
by 2050 [7]. In addition to this change in society, new working styles, working 
from home and working with robots are becoming popular, and societal and 
working lives are being transformed [8]. 
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1.1 Socially Sustainable Production 

Social sustainability was emphasized only after the Rio Conference in 1992.  
The United Nations Conference on Environment and Development (UNCED) sets 
out in its Agenda 21 human and social issues and their impact on sustainability. 
The first part of Agenda 21 emphasizes the importance of combating poverty, 
protecting and promoting human health, and creating an impetus for sustainable 
human settlements, a social and economic dimension [9]. Researchers also define 
social sustainability as "a code of conduct for human survival and growth" and 
"must be achieved in a mutually accessible and prudent manner" [10]. Social 
responsibility can be defined as "the obligation of a company to use its resources 
in a way that is beneficial to society, through engaged participation as a member 
of society, consideration of society as a whole, and improving the well-being of 
society as a whole without regard to direct profits" [11]. 

This concept of social sustainability can be extended to include the management 
of social resources, including people's skills and abilities, relationships, and social 
values. The United Nations Framework for Sustainable Development (UNDSD) 
classifies the dimensions of sustainable development and includes the social and 
economic environment. In the social dimension, the identified indicators are 
equality, education, health, housing, safety, and population. Social Sustainability 
(SU) is grouped into three categories (SU development, SU bridging, and SU 
maintenance) [12, 13]. 

It is these three categories of social sustainability that speak of social 
sustainability as an approach that helps humanity address social issues such as 
poverty, equality, education, wages, human rights, and diversity. However, social 
problems in industrialized economies differ from emerging economies due to their 
very different social standards. Social sustainabili ty seems to be more difficult to 
accept and understand in many enterprises. Measuring the impact of social 
responsibility is a more challenging task for organizations, especially small and 
medium-sized enterprises. The concept of corporate social responsibility includes 
activities related to the social dimension of sustainability, but can have different 
meanings depending on the context and interpretation. In companies, we often 
discuss the concept of sustainable production [14, 15]. 

In addition to research, the concept of sustainable production has also moved to 
small and medium-sized enterprises, especially in industrial production. 
Sustainability of production is based on three areas: economic, environmental, and 
social. Sustainable production can be defined as the production of products in a 
way that minimizes environmental impacts and takes on the social responsibility 
of employees, the community, and consumers throughout the product life cycle 
and achieves positive economic results. The results of aligning organizations with 
the goals of socially sustainable production are clear. Decent jobs help keep 
employees at work, occupational safety and health care reduce illness and 
absence, and continuous employee training provides them with higher quality and 
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productivity. At present, the sustainability of production is most closely linked to 
the environment, for example, companies in the automotive industry. The aim is to 
reduce emissions in production through which it is possible to reduce the 
environmental impact by 45% per vehicle produced. Automotive companies such 
as Volkswagen, Tesla, etc. came up with a new concept for the production of 
electric cars. The mentioned examples of sustainable production with respect to 
the environment are related to human-machine cooperation. The reason for this 
cooperation is and will be new technologies and machines and at the same time a 
declining demographic curve. Man-machine cooperation is expected to contribute 
to reducing emissions, greenhouse gases, and industrial waste. Humanity is 
entering a period where the industry's intention is to affect the climate and the 
environment as little as possible. However, we cannot forget the man and his 
stable working conditions and environment at the same time, so a man in the 
production environment is complemented by a robot and two human-machine 
entities work together [15, 16, 17]. 

1.2 Man-Machine Cooperation 

In order to prepare for labor shortages in the near future, it is necessary to take 
into account the fact that the working style of employees will change. Humans 
will work in coexistence with intelligent systems and robots. The production 
system in industrial enterprises will be fully automated, using various technologies 
and machines. The focus of job fear has shifted to automation, where people are 
replaced by machines. So we should discuss partnerships and man-machine 
cooperation in the workplace. Paradigms, between human-machine cooperation, 
should move from taking on a role to thinking together, learning together, and 
working together. The vision for the future is that machines will increasingly work 
and behave like humans. This means that creativity, intuition, and ethics can be 
common to humans as well as to machines in certain elements. It is assumed that 
human-machine algorithms will be developed and human-machine relationships 
will be managed by experts. People will have to trust the decisionmaking of 
autonomous machines. Relationships between humans and machines will require 
new industrial psychology [18]. 

One of the central characteristics of Industry 4.0 activities is the integration of two 
entities, the machine, modern technological progress and people (employees) [19]. 
It follows that future competitiveness should not only be ensured by superiority in 
productivity based on automation, but especially in the offer of added value to 
customers. For this reason, meaningful integration of the strengths of both the 
human and machine entities will increase production flexibility [20]. Successful 
cooperation and interaction of people with different machines (innovative 
technological hardware and software components) will be of great importance in 
various areas of industrial production (automotive industry, engineering industry, 
electrical industry, metallurgy) and also in the field of agricultural production.  
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In order to achieve a symbiosis of man and machine [21, 22]. The Industrial 
Revolution, in which industry, as well as society as a whole, finds itself, is 
transforming the design, engineering, production, operation, and service of 
products and production systems [23]. 

As stated by Krupitzer in his research [22], in which he analyzes the current state 
of human-machine interaction in Industry 4.0. Initial research and scientific efforts 
in the study focused on fully manageable systems. Over time, research has 
focused on adaptive mechanisms. This has led to the requirement to establish 
human-machine elements and to work together. In a complex the man-machine 
system can no longer be considered individual isolated units, but as a dynamic 
team working together on a common task. It is natural that even if some of the 
jobs of operators in production remain, some will not survive as we know them 
today. New profiles of workers with specific skills will be needed immediately, 
where manual work will be reduced in favor of cognitive and analytical skills and 
the way of working will be fundamentally changed. Information technology and 
work activities such as data analysis come to the front. According to the estimates 
of the US statistical office, there is talk of 1.37 million people in the US who will 
be retrained for the so-called "New viable" professions. Professions that do not 
currently exist at all, but will require skills and abilities in the field, such as 
(analysis of big data of users and entities, internet of things, markets with 
applications and web, virtual reality, creators of computer systems, cooperation 
with stationary robots, humanoid robots, etc.). These positions will include 
software developers, database administrators, computer systems engineers, and 
computer and information research scientists [15, 24]. 

Advanced modern digital and industrial technologies will help people stay in, 
return to, or join modern manufacturing companies and workgroups. Thanks to 
technological developments, such as new connectivity options and intelligent 
technologies between components, machines and humans, industrial production 
systems are increasingly evolving towards the idea of leaner, and more integrated 
production, real-time data monitoring, evaluation, and adaptation to production 
conditions [25]. 

The new work environment, based on the ideas of cyberphysical factories and the 
digital twin, will directly affect the operator, the nature of the work, and create 
new working connections between people and machines in the workplace, but also 
between the digital and physical environments. The future of companies through 
transformation to Smart Factories will require a new design and engineering 
philosophy for production systems focused on socio-technological transformation. 
Automation, robotics, and other modern technologies are considered elements that 
could further improve and expand human capabilities [21, 26]. The expansion and 
improvement of human capabilities in Smart Factory will be controlled by the 
Operator 4.0 model, where the operator will be understood as an "intelligent and 
skilled operator" performing its work not only with robots but also with intelligent 
machines using cyberphysical systems to achieve advanced human-machine 
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interaction and achieving a man-machine working symbiosis in automation. This 
understanding of Operator 4.0 is based on the assumptions of the industrial 
production of the future, which will require the analysis of big data of users and 
entities, the Internet of Things application, virtual reality cooperation with 
stationary robots and humanoid robots. The result will be the creation and 
development of new skills and knowledge of operators. In the future, the operator 
will be understood in a different sense than today. The operator will need to be 
qualified and professionally focused on data analysis, working with information 
systems, cloud solutions, and the Internet of Things. It is very likely that human-
machine cooperation will take place using a computer [27]. 

A study [28] describes simultaneous localization and mapping (SLAM) 
technology. This technology is used in robots and robotic devices that evaluate 
and scan space in real-time. Using similar technology, new robots will be created 
in the industrial environment, which will be able to relieve people in the 
production process. Hancock [29] expressed the idea of human-machine 
interactions with respect to social sustainability. According to him, machines and 
automation should adapt to the cognitive and physical requirements of people in a 
dynamic way. In such a sense, adaptive automation aims to optimize man-machine 
cooperation and efficiently distribute man-machine work in a production system. 
The idea of adaptive automation will help increase the efficiency of the production 
system in a sustainable way, man and machine will achieve symbiosis in the 
production system and achieve production goals. The main goal of this adaptive 
automation paradigm is to achieve efficient production efficiency, prevent errors, 
and thus increase quality and eliminate forms of waste and improve the mental 
and physical burden on people. Everything is focused on the fact that people 
should never be subordinated to machines and automation, but on the contrary, 
machines, and automation must be helpful to people. According to Hancock and 
others, in order to achieve the sustainable development of human society, that is, 
the symbiosis between man and machine, automation is needed through the use of 
intelligent automation systems that will enable man's goals and plans to be met. 
Romero presented the involvement of "Enterprise Architecture (EA)", which 
represents a set of knowledge between man-machine cooperation. EA considers 
the socio-technological aspects of systems, combines management and 
engineering practices, highlights key requirements, principles, and models, 
includes people, business information, and technology processes, and describes 
the company's future position [25, 29, 30]. 

Innovation, based on the human-machine cooperation paradigm, benefits 
primarily from the advent of new technologies and ideas in the industrial 
environment. The advantage of open systematic innovation is primarily the use of 
machine intelligence on complex networks in the environment and the ability to 
quickly select those innovative technologies with the greatest potential. 
Technologies based on the ideas of a socially sustainable business environment, 
technologies that make work easier for people, minimize environmental pollution, 
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and improve the economic environment of the company. Closed innovation in the 
business environment will lead to a well-modeled search for business 
opportunities that can benefit the whole community. Patented systematic 
innovation will benefit from the man-machine function, joint innovation at a 
competitive advantage through rapid decision making, the creation of new 
markets, and the alignment of products and services with market dynamics.  
The technologies needed for machine intelligence are already available. The use 
of these technologies can have a positive impact on people's behavior and business 
development. The needs of today's market, as expressed by today's and 
tomorrow's consumers, call for advanced innovation processes that are fast and 
lead to customer-tailored products and services that are efficient. In this complex 
environment, intelligent machines will play an important role in the future.  
The impact of emerging events that have the potential to change the world of work 
and life will continue to evolve exponentially, resulting in the constant 
development of innovation, both inside and outside the business environment [31]. 

For Industry 4.0, costs and sustainable development are key aspects to consider 
when implementing new technologies. Cyber-physical systems, cybersecurity, 
blockchain, and additive manufacturing play an important role in the redistributed 
production model that promotes social sustainability. Technologies such as digital 
twins and Big Data will enable better data analysis in cooperation in the context of 
man and machine [32, 33, 34]. 

Lagashev [35] says in his research that cloud computing is currently one of the 
most widely used technical solutions for data processing and interconnection of 
this data within machines. And in the presented article he discusses the issue of a 
cloud server, which also deals with human-machine cooperation. 

1.1.1 Man-Machine Cooperation in Industrial Practice 

German industrial corporations in the automotive and engineering industries are 
among the leaders in Europe and in the world. Companies are technologically 
advanced, they are introducing new technologies and they have the financial 
means to implement new elements of the most modern technologies. 

When the government of the Federal Republic of Germany came to the public in 
2011 with the term Industry 4.0, all German corporations and companies began to 
implement elements of Industry 4.0. Industry 4.0 was created to improve the 
economic and industrial environment in Germany and Europe. The issue of the 
aging population in the EU and the labor shortage in the industry are also 
significant. As a result, technologies and machines have begun to be introduced 
into manufacturing companies and industries that can replace people or make 
work easier. This Industry 4.0 idea is not about removing people from production. 
Rather, it should motivate people to make their work easier, one of these 
paradigms being man-machine cooperation. 
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2 Materials and Methods 

Empirical data on the researched issue were obtained using a scientific 
questionnaire. The questionnaire contained 37 closed questions, the first part was 
focused on finding out the identification and demographic characteristics of 
respondents, and in the second part we focused on the following four questions: 

RQ1: Do you feel threatened by the introduction of new technologies in your 
organization? 

RQ2: Do you currently consider your employer's social behavior (employee care) 
to be socially responsible? 

RQ3: In what areas do you consider your employer's behavior to be socially 
responsible? 

RQ4: Which skills do you consider most important in terms of digitization and job 
automation (0 don't know; 1 least important to 5 most important)? 

Based on the research questions and for the purpose of the paper, the following 
research hypotheses were defined: 

Hypothesis 1: In the fear of employment by introducing new technologies, there is 
a significant difference between employees of different positions. 

Hypothesis 2: There is a significant difference in skills needed with regard to 
digitization and automation between employees in different job positions. 

It was 556 respondents who filled in the questionnaire. Respondents answered the 
questions in the questionnaire as representatives for the company, not as 
individuals in terms of their employment status. Due to the thematic focus of our 
contribution, we focused on companies operating in the industrial sector with 
small (10 to 49 employees), medium (50 to 249 employees), and large (250 and 
more employees). We have excluded micro-enterprises (1 to 9 employees) from 
our research because the topic of human-machine cooperation will be 
implemented significantly in small, medium, and large enterprises. After filtering 
out the variables, we looked at a research sample of 322 respondents. 

Data processing was performed using Microsoft Excel and IBM SPSS Statistics 
28.0.0.0. The interpretation of the data was processed through statistical methods, 
such as histograms, pie charts, and chart analyses. Statistical quadratic tests and 
ANOVA were used to test the relationships between dependent and independent 
variables. 

A deeper distribution of respondents operating in individual sectors of industrial 
production can be found in Figure 1. We focused mainly on the 4 largest industrial 
sectors in Slovakia. 
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Figure 1 

Distribution of respondents operating in individual sectors of industrial production 

The distribution of respondents according to the size of the company according to 
the number of employees in which they work is shown in the pie chart in Figure 2. 
The graph shows that the largest part of respondents come from large companies 
(72.4%). It is in large companies that a massive integration of human-machine 
entities is expected. The rest of the respondents come from medium-sized 
enterprises (19.9%) and small enterprises (7.8%). In another question, we 
examined the representation of respondents depending on gender and job position. 
Based on these data, we can conclude that 64.3% of respondents were men, and 
35.7% were women. Part of socially sustainable production is balancing gender 
equality across the organization, and based on the results of the analysis, the 
authors state that the current distribution is not in line with the trend of sustainable 
development, which may result in fewer inaccuracies in predictions for future 
human-machine cooperation with regard to gender diversity. 

 

Figure 2 

Representation of the relative number of respondents and the size of the company according to the 

number of employees 
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The distribution of respondents by job position is shown in Table 1. The term 
employee specialist is understood as an employee who may or may not be in a 
managerial position, but in terms of his job description is key to the management 
of production. Further, a 'production worker' is not a person who carries out 
operational activities directly in production, but a person who manages operational 
activities (i.e. the lowest level of management within the relevant organisational 
management structure, e.g. a teamleader). For this reason, we consider these views 
to be comparable. 

Table 1 

Distribution of respondents by job position and men/woman 

Work position 
Overall Men Women 

Absolute 
frequency 

Relative 
frequency 

Absolute 
frequency 

Relative 
frequency 

Absolute 
frequency 

Relative 
frequency 

employee 
specialist 

102 31.7% 71 34.3% 31 27.0% 

administrative 
staff member 80 24.8% 31 15.0% 49 42.6% 

production 
worker 61 18.9% 42 20.3% 19 16.5% 

management 
position 

59 18.3% 46 22.2% 13 11.3% 

other 20 6.2% 17 8.2% 3 2.6% 

3 Research Results 

In the following section, the individual research questions are evaluated and 
interpreted, as well as the research hypotheses that the authors considered. Due to 
the insignificant number of respondents who indicated other in the job position, 
these responses were excluded when examining the research questions and 
hypotheses as the results would not have relevant predictive power. 

Research Question 1: Do you feel threatened by the introduction of new 
technologies in your organization? 

We used basic descriptive statistics to evaluate the research question. In this 
research question, we examined how employees feel threatened by the 
introduction of new Industry 4.0 technologies. The significance of the threat in 
this research question is defined by the future expected degree of threat to their 
current job position. The obtained results are shown in Table 2. Based on the 
above results, it can be stated that 93 respondents (31%) state that their position is 
not in danger or employees do not feel threatened by the implementation of new 
technologies and 82 respondents (27%) say, "no, I assume that this will have a 
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significant positive effect on my work". The fact that 58% of all respondents have 
a positive attitude towards the introduction of new technologies in companies is a 
very important factor for the future of the business environment and the 
competitiveness of Slovak companies. In such work environments, human-
machine cooperation will be implemented much better and more smoothly. From 
a job standpoint, it is worth mentioning the words "yes, I am worried about my 
job" (15%) and "yes, I am afraid that this will have a significant negative impact 
on my job" (10%) by production workers. From the results, we can conclude that 
the introduction of new technologies into companies from the perspective of 
employees can be perceived as a positive feature of the 4th Industrial Revolution, 
which focused on a high degree of automation and direct man-machine 
cooperation. The fourth industrial revolution, focusing on human-machine 
cooperation in the context of socially sustainable production, does not aim to 
remove employees from companies, but on the contrary to simplify their work or 
provide them with new jobs with an adequate retraining program. 
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Table 2 

The feeling of endangering employees by introducing new technologies in the company 

Hypothesis 1: In the fear of employment by introducing new technologies, 
there is a significant difference between employees of different positions. 

Table 3 

Results of Hypothesis 1 

Chi-Square Tests 

Please indicate which sector you work in: Value df 
Asymptotic 

Significance (2-sided) 

industrial 
production 

Pearson Chi-Square 48.736 18 0.000 

Likelihood Ratio 51.539 18 0.000 

Linear-by-Linear Association 3.407 1 0.065 

N of Valid Cases 302   

 

employee 
specialist 

administrative 
staff member 

production 
worker 

management 
position overall  

Abs. 
freq. 

Rel. 
freq. 

Abs.  
freq. 

Rel. 
freq. 

Abs. 
freq. 

Rel. 
freq. 

Abs.  
freq. 

Rel. 
freq. 

Abs. 
freq. 

Rel. 
freq. 

yes, I am 
worried about 

my place 
2 2% 3 4% 9 15% 1 2% 15 5% 

yes, I am 
afraid it will 

have a 
significant 

negative 
impact on my 

work  

5 5% 3 4% 6 10% 0 0% 14 5% 

I think it will 
affect my 
work to a 
minimum 

14 14% 18 23% 12 20% 7 12% 51 17% 

I do not feel 
threatened 

31 30% 23 29% 17 28% 22 37% 93 31% 

I did not think 
about it 13 13% 9 11% 8 13% 2 3% 32 11% 

no, I assume 
that this will 

have a 
significant 

positive effect 
on my work 

34 33% 19 24% 5 8% 24 41% 82 27% 

I am worried 
about my 

work for other 
reasons (e.g. 

economic 
consequences 
of COVID-19) 

3 3% 5 6% 4 7% 3 5% 15 5% 

overall 102 100% 80 100% 61 100% 59 100% 302 100% 
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The hypothesis was tested based on the job positions from which the possibility of 
job positions, which have been included in other, was excluded. The results are 
shown in the Table 3, the hypothesis was verified by Chi-Square Test and the 
strength of the correlation was determined using Cramer´s V value in the Table 4. 

Table 4 

Results of Hypothesis 1 Cramer´s V 

Significance came out less than 0.05, that is, we reject H0 at 0.05 level of 
significance and this implies that there are significant differences among the 
workers in their concern about their job position. According to the value of 
Cramer's V is 0.226 so the result is that the dependence between the variables is 
moderately strong. 

Research question 2: Do you currently consider your employer's social 
behavior (employee care) to be socially responsible? 

In this research question, we examined the opinion of employees on the social 
area, with which we can connect social sustainability. The results obtained are 
shown in Table 5 depending on the job position. Based on the above results, it can 
be stated that a total of 218 respondents (72%) rate the employer's behavior as 
socially responsible. These results were evaluated depending on the variable job 
position and from the above results it is worth noting that up to 54 respondents, 
which is 92%, who work in the management positions evaluate the employer as 
socially responsible. 

Table 5 

Socially responsible (socially sustainable) behavior of the employer 

Symmetric Measures 

Please indicate which sector you work in: Value 
Approximate 
Significance 

industrial 
production 

Nominal by 
Nominal 

Phi 0.391 0.000 

 Cramer's V 0.226 0.000 
N of Valid Cases  302  

 

employee 
specialist 

administrative 
staff member 

production 
worker  

management 
position 

overall 

Absolute 
frequency 

Relative 
frequency 

Absolute 
frequency 

Relative 
frequency 

Absolute 
frequency 

Relative 
frequency 

Absolute 
frequency 

Relative 
frequency 

Absolute 
frequency 

Relative 
frequency 

yes 69 68% 62 78% 33 54% 54 92% 218 72% 

do not 
know 23 23% 15 19% 20 33% 4 7% 62 21% 

no 10 10% 3 4% 8 13% 1 1% 22 7% 

overall 102 100% 80 100% 61 100% 59 100% 322 100% 
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Research Question 3: In what areas do you consider your employer's behavior 
to be socially responsible? 

In the third research question, we examined the opinion of employees on a 
specific social area in which their employer behaves socially responsibly.  
The results obtained are shown in Table 6 as absolute and relative numbers 
depending on the employee's job position. In the given question, the respondents 
had the opportunity to choose from several answers. Based on the above results, it 
can be stated that we received a total of 338 responses, of which a maximum of 
193 (57%) responses were listed under the option "activities and measures to 
promote health". Other answers were "work-life balance" answered by 82 (24%) 
respondents. It was 38 (11%) respondents described “support for disadvantaged 
employees” and “support for vulnerable communities” was identified by 25 (7%) 
by respondents as the area that respondents considered least affected by the 
employer's actions. 

Table 6 

Areas of social behavior of the employer 

Research questions 2 and 3 are directly related to the socially sustainable area and 
say what activities employers carry out in order for this social area to develop and 
be sustainable. 

Research question 4: Which skill s do you consider most important in terms of 
digitization and job automation (0 don't know; 1 least important to 5 most 
important)? 

 

 

 

 

employee 
specialist 

administrative 
staff member 

production 
worker 

management 
position overall 

Abs. 
freq. 

Rel. 
freq. 

Abs.  
freq. Rel. freq. Abs. 

freq. 
Rel. 
freq. 

Abs.  
freq. 

Rel. 
freq. 

Abs. 
freq. 

Rel. 
freq. 

activities and 
health 

promotion 
measures 

64 62% 54 62% 25 39% 50 60% 193 57% 

support for 
disadvantage
d employees 

9 9% 9 10% 9 14% 11 13% 38 11% 

work-life 
balance 

22 21% 21 24% 22 34% 17 20% 82 24% 

support for 
vulnerable 

communities 
8 8% 3 3% 8 13% 6 7% 25 7% 

overall 103 100% 87 100% 64 100% 84 100% 360 100% 
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Table 7 

Ability / skill 

In the last research question, the authors dealt with the abilities or skills that 
employees consider most important with regard to digitization and job automation. 
The research question, by its very nature, deals with the future requirements for 
the ability of employees in human-machine cooperation. In the questionnaire 
survey, respondents commented on the question on a scale from 0 (I do not know); 

 

V
alue 

employee 
specialist 

administrative 
staff member 

production 
worker 

management 
position overall 

Abs. 
freq. 

Rel. 
freq. 

Abs.  
freq. Rel. freq. 

Abs
. 

fre
q. 

Rel. 
freq. 

Abs.  
freq. 

Rel. 
freq. 

Abs. 
freq. 

Rel. 
freq. 

technical 
(professi

onal) 
skills 

0 3 3% 1 1% 3 5% 0 0% 7 2% 

1 26 25% 16 20% 10 16% 7 12% 59 20% 

2 7 7% 9 11% 6 10% 4 7% 26 9% 

3 5 5% 12 15% 9 15% 10 17% 36 12% 

4 29 28% 17 21% 13 21% 20 34% 79 26% 

5 32 31% 25 31% 20 33% 18 31% 95 31% 

digital 
skills 

0 3 3% 1 1% 2 3% 0 0% 6 2% 

1 23 23% 14 18% 6 10% 5 8% 48 16% 

2 11 11% 9 11% 9 15% 9 15% 38 13% 

3 11 11% 14 18% 12 20% 12 20% 49 16% 

4 18 18% 12 15% 7 11% 14 24% 51 17% 

5 36 35% 30 38% 25 41% 19 32% 110 36% 

ability to 
learn 

0 3 3% 0 0% 1 2% 0 0% 4 1% 

1 26 25% 23 29% 10 16% 7 12% 66 22% 

2 7 7% 3 4% 11 18% 7 12% 28 9% 

3 9 9% 15 19% 8 13% 13 22% 45 15% 

4 20 20% 18 23% 14 23% 15 25% 67 22% 

5 37 36% 21 26% 17 28% 17 29% 92 30% 

flexibilit
y, 

adaptati
on  

0 5 5% 1 1% 2 3% 0 0% 8 3% 

1 17 17% 15 19% 6 10% 5 8% 43 14% 

2 13 13% 10 13% 8 13% 11 19% 42 14% 

3 20 20% 23 29% 19 31% 13 22% 75 25% 

4 18 18% 17 21% 14 23% 11 19% 60 20% 

5 29 28% 14 18% 12 20% 19 32% 75 25% 

social 
(ability 
to get 
along 
with 
other 

people) 

0 5 5% 1 1% 3 5% 0 0% 9 3% 

1 16 16% 14 18% 7 11% 10 17% 47 16% 

2 28 27% 20 25% 18 30% 13 22% 79 26% 

3 27 26% 19 24% 17 28% 21 36% 84 28% 

4 11 11% 14 18% 9 15% 8 14% 42 14% 

5 15 15% 12 15% 7 11% 7 12% 41 14% 

overall  102 100% 80 100% 61 100% 59 100% 302 100% 
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1 (least important) to 5 (most important). Respondents had the opportunity to 
comment on the following skills: technical (professional) skills; communication 
skills; organization of time within work, and work tasks; ability to manage and 
make decisions; ability to learn; ability to work under pressure; digital skills; 
language (foreign languages); social (ability to get along with other people); 
initiative (entrepreneurship, commitment); flexibility, adaptation; creativity and 
creativity. As some skills and knowledge do not directly relate to our research 
area, human-machine cooperation in socially sustainable production, we have 
decided to select only the following skills/competencies that we consider essential 
in human-machine cooperation. The skills and competencies are evaluated in 
Table 7. Overall, the most numerous skills were of a technical (professional) 
nature and digital skills. It was 110 (36%) respondents rated digital skills as the 
most important and up to 95 (31%) respondents rated technical (professional) 
skills as the most important. We assume that the effective synergy between the 
mentioned digital skills and professional skills will be key in the integration of 
employees affected by Industry 4.0 technologies in the context of human-machine 
cooperation. 

Hypothesis 2: There is a significant difference in skills needed with regard to 
digitization and automation between employees in different job positions. 

The hypothesis was tested based on the job positions. The results are shown in the 
Table 8, the hypothesis was verified using analysis of variance. 

Table 8 
Results of Hypothesis 2 - ANOVA  

ANOVA  

 
Sum of 
Squares df Mean 

Square F Sig. 

technical 
(professional) 
skills 

Between Groups 4.311 3 1.437 0.630 0.596 
Within Groups 663.723 291 2.281   
Total 668.034 294    

digital skills Between Groups 3.521 3 1.171 0.524 0.666 
Within Groups 654.070 292 2.240   
Total 657.591 295    

ability to 
learn 

Between Groups 4.202 3 1.401 0.593 0.620 
Within Groups 695.009 294 2.364   
Total 699.211 297    

flexibili ty, 
adaptation 

Between Groups 5.998 3 1.999 1.069 0.362 
Within Groups 542.234 290 1.870   
Total 548.231 293    

social (ability 
to get along 
with other 
people) 

Between Groups 0.240 3 0.080 0.500 0.985 
Within Groups 464.565 289 1.607   
Total 464.805 292    

For each skill category, the significance came out greater than 0.05, i.e., we do not 
reject H0 at the 0.05 level of significance and this implies that there are no 
significant differences in skills among workers with respect to digitization and 
automation of work. For all positions tested, these skills are equally important. 
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4 Discussion 

Due to the advantages and disadvantages of human-machine cooperation, 
collaboration is very important, a machine can represent a person in certain 
activities and a person will have more time and energy for other activities that the 
machine cannot handle (handling more complex parts of products). From the 
results we analyzed, we came to the conclusion that employees in companies are 
aware of the need to introduce new technologies, which we can state based on the 
results focused on the need for skills and abilities. Employees, respondents rated 
technical (professional) skills as well as digital skills as the most necessary, which 
is undoubtedly the basis for human-machine cooperation. We can define precise 
paths of activities and procedures for the machine so that they are economical and 
efficient for the company, and that is why one will have to develop these two 
areas of skills, which serve precisely to coordinate with the robot. Cooperation 
between man-machine opens up new possibilities for advancing not only industry 
but also everyday life. 

Conclusion 

In the last decade, technology and technological progress have gone exponentially 
to the forefront. Today, humanity, science, and industry know the technologies 
that undoubtedly make people's daily lives easier. Technological progress is still 
advancing and at present, we cannot even realize what awaits us in the industry in 
the future, but the application of the Industry 4.0 paradigm, accelerating and 
improving production processes, focusing on the sustainability of production and 
production processes in accordance with the 3 dimensions of sustainability 
(economic, social and environmental). The views of authors [21, 24, 31] and 
scientific researchers differ. Many authors state in a global sense the negative 
impact on human-machine cooperation, others discuss the positive impact on man 
and his work. Man in the production process is an irreplaceable aspect, just like a 
machine. There must be a definition of areas of work for the machine, for man, 
and their cooperation. Collaboration in terms of outlining the activities that will be 
performed by a man and by machine. Defining, for example, specific tasks such as 
feeding parts to a machine/robot for the human assembly, so that man does not 
interfere with the production process (feeding parts) of the machine and the 
machine, robot into human work activities (assembly of parts). Furthermore, to 
define the distances between the machine or robot and human, if a human 
approaches a specified distance, which can endanger a human, he must cause the 
machine to stop its movement, and activity. Defining ergonomic requirements 
when working with loads, wherein such an activity, the work of the robot is a 
human aid. The primary purpose of introducing technology, automation, and 
digitization into the industry is due to a weakening workforce and the facilitation 
of human activities. 
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Without the implementation of the basic elements and technologies of Industry 
4.0, companies will not be able to constantly adapt to the new challenges that 
come with this new paradigm. Without basic innovations and implementations 
within the Industry 4.0 trend, small, medium, and large Slovak companies will not 
be able to apply technologies that would support human-machine interaction. 
Employees, especially production workers, based on the current results of a 
questionnaire survey, more than 65% of employees would say that they generally 
do not feel threatened by the introduction of new technologies into the company in 
which they work. More than 85% of employees do not feel threatened by 
administrative staff. It is the production and administrative staff that are expected 
to be the most vulnerable groups in terms of the introduction of digitization-
related technologies and Industry 4.0. 
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Verification of Articulatory Phonetics Features 
with Quantitative Data 

László Czap 

�,�Q�V�W�L�W�X�W�H���R�I���$�X�W�R�P�D�W�L�R�Q���D�Q�G���,�Q�I�R�F�R�P�P�X�Q�L�F�D�W�L�R�Q�����8�Q�L�Y�H�U�V�L�W�\���R�I���0�L�V�N�R�O�F�����+-����������
�0�L�V�N�R�O�F-�(�J�\�H�W�H�P�Y�i�U�R�V�����+�X�Q�J�D�U�\�����F�]�D�S�#�X�Q�L-�P�L�V�N�R�O�F���K�X��

Abstract: This paper aims to refine the base data set of visemes – the visual counterparts of 
phonemes – with quantitative data to provide accurate input for visual speech synthesis (a 
talking head that supports the training of speech production of deaf and hard-of-hearing 
children).  Measurement-based features extend the existing data and refine our previously 
used dynamic model of articulation. This requires the definition of two major types of data 
simultaneously: the shape of the mouth, which can be examined relatively simply in an 
ordinary camera image, and the position of the tongue, the analysis of which requires the 
use of medical-level imaging devices and the processing of their signals. Articulatory 
phonetics can be divided up into three areas to describe consonants. These are voice, 
place, and manner respectively. This study aims to confirm the description of the place of 
articulation with measurement data. Data derived from the shape and position of the 
tongue is suitable for determining the place of articulation of sounds. In the case of vowels, 
we estimated the tongue position with the centroid of the tongue while in the case of 
consonants, we define the place of articulation with the measured distance of the tongue 
from the palate. To measure these, we used MRI and US images and determined tongue 
contours with an automated process. The results of this analysis statically define data for 
articulation keyframes for visual speech synthesis. We applied our results to improve the 
existing Hungarian transparent talking head with a more accurate model based on the 
clarification of the dynamic features. We also adapted the same model to the Chinese 
Shaanxi Xi’an dialect. 

Keywords: Quantitative tongue description; Articulatory phonetics; Place of articulation; 
Talking head; Viseme features 

1 Introduc tion 

�3�U�H�Y�L�R�X�V�� �V�W�X�G�L�H�V�� �V�K�R�Z�� �W�K�D�W�� �Y�L�V�X�D�O�� �L�Q�I�R�U�P�D�W�L�R�Q�� �R�Q�� �W�K�H�� �S�K�\�V�L�R�O�R�J�L�F�D�O�� �S�U�R�F�H�V�V�H�V�� �R�I��
�K�X�P�D�Q�� �V�S�H�H�F�K�� �J�U�H�D�W�O�\�� �F�R�Q�W�U�L�E�X�W�H�V�� �W�R�� �X�Q�G�H�U�V�W�D�Q�G�L�Q�J�� �W�K�H�� �F�R�P�S�O�H�[�� �P�H�F�K�D�Q�L�V�P�� �R�I��
�V�S�H�H�F�K�� �I�R�U�P�D�W�L�R�Q�� �D�Q�G���� �W�K�U�R�X�J�K�� �W�K�L�V���� �W�R�� �W�K�H�� �H�I�I�H�F�W�L�Y�H�� �G�H�Y�H�O�R�S�P�H�Q�W�� �R�I�� �V�S�H�H�F�K��
�V�\�Q�W�K�H�V�L�V�� �P�H�W�K�R�G�V��[1]���� �7�K�H�� �U�D�G�L�R�O�R�J�L�F�D�O�� �D�Q�G�� �P�R�Q�L�W�R�U�L�Q�J�� �S�U�R�F�H�V�V�H�V�� �F�X�U�U�H�Q�W�O�\��
�D�Y�D�L�O�D�E�O�H���� �V�X�F�K�� �D�V�� �P�D�J�Q�H�W�L�F�� �U�H�V�R�Q�D�Q�F�H�� �L�P�D�J�L�Q�J�� ���0�5�,����[2]���� �F�R�P�S�X�W�H�U�� �W�R�P�R�J�U�D�S�K�\��
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���&�7����[3]���� �X�O�W�U�D�V�R�X�Q�G�� ���8�6����[4]���� �H�O�H�F�W�U�R�S�D�O�D�W�R�J�U�D�S�K�\�� ���(�3�*����[5]���� �R�U�� �H�O�H�F�W�U�R�P�D�J�Q�H�W�L�F��
�D�U�W�L�F�X�O�R�J�U�D�S�K�\�� ���(�0�$����[6]���D�U�H�� �L�Q�G�L�V�S�H�Q�V�D�E�O�H�� �L�Q�� �J�H�W�W�L�Q�J�� �W�R�� �N�Q�R�Z�� �W�K�H�� �G�\�Q�D�P�L�F��
�I�H�D�W�X�U�H�V�� �R�I�� �D�U�W�L�F�X�O�D�W�L�R�Q���� �7�K�L�V�� �L�V�� �E�H�F�D�X�V�H�� �W�K�H�� �P�R�U�S�K�R�O�R�J�L�F�D�O�� �D�Q�G�� �J�H�R�P�H�W�U�L�F�� �G�D�W�D��
�R�E�W�D�L�Q�H�G���Z�L�W�K���W�K�H���K�H�O�S���R�I���L�P�D�J�L�Q�J���W�H�F�K�Q�L�T�X�H�V���F�D�Q���E�H���X�V�H�G���W�R���P�D�S���W�K�H���D�U�W�L�F�X�O�D�W�L�R�Q��
�P�R�Y�H�P�H�Q�W�V���E�H�O�R�Q�J�L�Q�J���W�R���W�K�H���J�L�Y�H�Q���V�S�H�H�F�K���V�L�J�Q�D�O�����7�K�L�V���L�V���H�V�V�H�Q�W�L�D�O�����I�R�U���H�[�D�P�S�O�H�����L�Q��
�W�K�H�� �S�D�U�D�P�H�W�H�U�L�]�D�W�L�R�Q�� �R�I�� �D�� �W�D�O�N�L�Q�J�� �K�H�D�G�� �L�P�L�W�D�W�L�Q�J�� �W�K�H�� �D�U�W�L�F�X�O�D�W�L�R�Q���� �,�Q�� �W�K�L�V�� �U�H�V�H�D�U�F�K��
�T�X�D�Q�W�L�W�D�W�L�Y�H�� �G�D�W�D�� �I�U�R�P�� �D�� �V�H�U�L�H�V�� �R�I�� �0�5�,�� �D�Q�G�� �8�6�� �L�P�D�J�H�V�� �K�D�Y�H�� �E�H�H�Q�� �G�H�U�L�Y�H�G���� �7�K�X�V����
�Z�H���S�U�R�Y�L�G�H�G���D�S�S�U�R�S�U�L�D�W�H���S�D�U�D�P�H�W�H�U�V���I�R�U���R�X�U���D�Q�L�P�D�W�L�R�Q���D�O�J�R�U�L�W�K�P�����7�K�H���P�D�L�Q���I�H�D�W�X�U�H��
�R�I���W�K�L�V���D�S�S�O�L�F�D�W�L�R�Q���L�V���W�R���V�K�R�Z���W�K�H���W�R�Q�J�X�H���P�R�Y�H�P�H�Q�W�V���L�Q���D���W�U�D�Q�V�S�D�U�H�Q�W-�I�D�F�H�G���W�D�O�N�L�Q�J��
�K�H�D�G���� �7�K�H�� �E�D�V�L�F���L�W�H�P�V�� �R�I�� �W�K�L�V�� �D�Q�L�P�D�W�L�R�Q�� �D�U�H�� �W�K�H�� �Y�L�V�H�P�H�V���� �6�X�F�K�� �D�� �V�\�V�W�H�P�� �F�D�Q�� �E�H��
�X�V�H�G�� �Z�H�O�O�� �L�Q�� �V�S�H�H�F�K�� �W�K�H�U�D�S�\���� �L�Q�� �W�K�H�� �G�H�V�L�J�Q�� �R�I�� �Q�R�Q-�Q�D�W�L�Y�H�� �O�D�Q�J�X�D�J�H�� �O�H�D�U�Q�L�Q�J��
�W�U�D�L�Q�L�Q�J�����R�U���H�Y�H�Q���L�Q���W�K�H���F�R�Q�V�W�U�X�F�W�L�R�Q���R�I���V�\�Q�W�K�H�V�L�]�H�U�V���W�R���F�R�Q�Y�H�U�W���D�U�W�L�F�X�O�D�W�L�R�Q���I�H�D�W�X�U�H�V��
�L�Q�W�R���V�L�O�H�Q�W���V�S�H�H�F�K��[7]�����$�G�D�S�W�D�W�L�R�Q���I�R�U���D���&�K�L�Q�H�V�H���G�L�D�O�H�F�W���K�D�V���E�H�H�Q���H�[�D�P�L�Q�H�G���D�V���Z�H�O�O����

�7�K�H�� �S�D�S�H�U�� �D�L�P�V���W�R�� �S�U�R�Y�L�G�H�� �D�� �Q�H�Z�� �T�X�D�Q�W�L�W�D�W�L�Y�H�� �P�H�W�K�R�G�� �I�R�U�� �D�Q�D�O�\�]�L�Q�J�� �W�R�Q�J�X�H��
�P�R�Y�H�P�H�Q�W�V���� �'�H�D�I�� �D�Q�G���K�D�U�G-�R�I-�K�H�D�U�L�Q�J���S�H�R�S�O�H�� �D�U�H�� �D�F�F�X�V�W�R�P�H�G�� �W�R�� �O�L�S�U�H�D�G�L�Q�J���� �E�X�W��
�X�Q�D�E�O�H�� �W�R�� �R�E�V�H�U�Y�H�� �W�K�H�� �L�Q�Y�L�V�L�E�O�H�� �W�R�Q�J�X�H�� �P�R�Y�H�P�H�Q�W�V���� �:�L�W�K�R�X�W�� �I�X�O�O�� �D�F�R�X�V�W�L�F��
�S�H�U�F�H�S�W�L�R�Q�����W�K�H�\�� �U�H�O�\�� �R�Q���W�K�H���Y�L�V�X�D�O�� �P�R�G�D�O�L�W�\�� �R�I�� �V�S�H�H�F�K�� �W�R�� �E�H�� �D�E�O�H�� �W�R�� �I�R�U�P�� �W�K�H�L�U��
�V�S�H�F�L�D�O�� �V�S�H�H�F�K�� �V�L�J�Q�D�O�V���� �7�K�H�� �T�X�D�Q�W�L�W�D�W�L�Y�H�� �G�D�W�D�� �R�E�W�D�L�Q�H�G���K�H�O�S�H�G�� �L�Q���W�K�H���E�H�W�W�H�U��
�U�H�D�O�L�]�D�W�L�R�Q���R�I���D���W�U�D�Q�V�S�D�U�H�Q�W���W�D�O�N�L�Q�J���K�H�D�G����

2 Methods and Material 

�7�K�H�� �S�U�R�F�H�V�V�L�Q�J�� �R�I�� �0�5�,�� �D�Q�G�� �8�6�� �L�P�D�J�H�V���Z�D�V���S�H�U�I�R�U�P�H�G�� �G�X�U�L�Q�J�� �W�K�H�� �V�W�D�W�L�F�� �D�Q�G��
�G�\�Q�D�P�L�F���D�Q�D�O�\�V�L�V�����7�K�H���S�U�R�J�U�D�P�V���I�R�U���W�K�L�V���Z�H�U�H���Z�U�L�W�W�H�Q���L�Q���0�$�7�/�$�%���H�Q�Y�L�U�R�Q�P�H�Q�W����
�L�Q���W�K�H���I�U�D�P�H�Z�R�U�N���R�I���Z�K�L�F�K���Z�H���I�L�W�W�H�G���D�Q���D�X�[�L�O�L�D�U�\���F�X�U�Y�H���W�R���W�K�H���V�X�U�I�D�F�H���R�I���W�K�H���W�R�Q�J�X�H��
�E�D�V�H�G���R�Q���G�\�Q�D�P�L�F���S�U�R�J�U�D�P�P�L�Q�J��[8]����

�7�K�H���U�H�V�R�O�X�W�L�R�Q���R�I���W�K�H���U�D�Z���0�5�,���L�P�D�J�H�V���L�V���������î���������S�L�[�H�O�V�����D�V���)�L�J�X�U�H�����D���V�K�R�Z�V�����$�V��
�W�K�H�� �I�L�U�V�W�� �V�W�H�S�� �R�I�� �S�U�H�S�U�R�F�H�V�V�L�Q�J���� �W�K�H�� �L�P�D�J�H�� �L�V�� �U�H�V�D�P�S�O�H�G�� �U�D�G�L�D�O�O�\�� �L�Q�� �W�K�H�� �P�L�G�V�D�J�L�W�W�D�O��
�0�5�,�� �F�U�R�V�V-�V�H�F�W�L�R�Q�� �L�P�D�J�H�� �E�\�� �I�R�U�P�L�Q�J�� �U�D�G�L�D�O�� �O�L�Q�H�V�� �I�U�R�P�� �D�� �Y�L�V�X�D�O�O�\�� �V�H�O�H�F�W�H�G�� �F�L�U�F�O�H��
�F�H�Q�W�H�U�����V�H�H���S�R�L�Q�W���$���L�Q���)�L�J�X�U�H�����D���������+�H�U�H���D�Q�G���L�Q���W�K�H���I�R�O�O�R�Z�L�Q�J�����V�F�D�O�H�G���I�L�J�X�U�H�V���D�U�H���L�Q��
�S�L�[�H�O�V�������7�K�L�V�� �L�V�� �Q�H�F�H�V�V�D�U�\���W�R���D�Y�R�L�G�� �W�K�H�� �D�S�S�H�D�U�D�Q�F�H�� �R�I�� �W�Z�R�� �F�R�Q�W�R�X�U�� �S�R�L�Q�W�V�� �L�Q�� �W�K�H��
�V�D�P�H���F�R�O�X�P�Q���R�I���W�K�H���L�P�D�J�H��–���Z�K�H�U�H���W�K�H���W�R�Q�J�X�H���F�R�Q�W�R�X�U���E�H�Q�G�V���E�D�F�N��–���W�K�D�W���W�K�H���H�G�J�H-
�G�H�W�H�F�W�L�Q�J���D�O�J�R�U�L�W�K�P���F�R�X�O�G���Q�R�W���K�D�Q�G�O�H�����)�R�U���W�K�H���V�D�N�H���R�I���F�O�D�U�L�W�\�����O�L�Q�H�V���D�U�H���R�Q�O�\���V�K�R�Z�Q��
�E�\�� �W�H�Q�� �G�H�J�U�H�H�V�� �L�Q�� �)�L�J�X�U�H�����D�� �E�X�W�� �L�Q�� �U�H�D�O�L�W�\���� �U�H�V�D�P�S�O�L�Q�J�� �L�V�� �G�R�Q�H�� �E�\�� �R�Q�H�� �G�H�J�U�H�H����
�$�U�U�D�Q�J�L�Q�J�� �W�K�H�� �V�H�F�W�L�R�Q�V�� �W�K�X�V�� �R�E�W�D�L�Q�H�G�� �L�Q�� �D�� �&�D�U�W�H�V�L�D�Q�� �F�R�O�X�P�Q���� �D�� �P�D�W�U�L�[�� �L�V�� �J�D�L�Q�H�G����
�7�K�H�� �U�H�V�D�P�S�O�H�G�� �L�P�D�J�H�� �L�V�� �U�H�S�U�H�V�H�Q�W�H�G�� �L�Q�� �W�K�H�� �'�H�V�F�D�U�W�H�V�� �F�R�R�U�G�L�Q�D�W�H�� �V�\�V�W�H�P�� ���)�L�J�X�U�H��
���E������ �7�K�H�� �E�R�W�W�R�P�� �O�L�Q�H�� �F�R�Q�W�D�L�Q�V�� �W�K�H�� �F�H�Q�W�H�U�� �S�R�L�Q�W�� �Z�K�L�O�H�� �W�K�H�� �W�R�S�� �O�L�Q�H�� �U�H�S�U�H�V�H�Q�W�V�� �W�K�H��
�S�R�L�Q�W�V���R�I���W�K�H���F�L�U�F�X�P�I�H�U�H�Q�F�H���R�I���W�K�H���F�L�U�F�O�H����
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�)�L�J�X�U�H������

�3�U�H�S�U�R�F�H�V�V�L�Q�J�����6�W�H�S�����������D�����U�H�V�D�P�S�O�L�Q�J���W�K�H���0�5�,���L�P�D�J�H���U�D�G�L�D�O�O�\�������E�����W�K�H���&�D�U�W�H�V�L�D�Q���F�R�O�X�P�Q���P�D�W�U�L�[���R�I���W�K�H��

�U�H�V�D�P�S�O�H�G���L�P�D�J�H��

�,�Q���W�K�H���V�H�F�R�Q�G���V�W�H�S�����L�Q���W�K�H���P�D�W�U�L�[�����Z�H���I�L�Q�G���W�K�H���O�D�U�J�H�V�W���F�X�P�X�O�D�W�L�Y�H���O�X�P�L�Q�D�Q�F�H���F�X�U�Y�H��
�L�Q�� �W�K�H�� �L�P�D�J�H�� �R�E�W�D�L�Q�H�G�� �D�I�W�H�U�� �H�G�J�H�� �H�Q�K�D�Q�F�L�Q�J�� �Z�L�W�K�� �G�\�Q�D�P�L�F�� �S�U�R�J�U�D�P�P�L�Q�J�����)�L�J�X�U�H��
���D������ �3�U�R�F�H�V�V�L�Q�J�� �L�V�� �G�R�Q�H�� �I�U�R�P�� �W�K�H�� �O�H�I�W�� �F�R�O�X�P�Q�� �W�R�� �W�K�H�� �U�L�J�K�W�� �F�R�O�X�P�Q�� �R�I�� �W�K�H�� �L�P�D�J�H������
�7�K�H�� �L�G�H�Q�W�L�I�L�H�G�� �F�R�Q�W�R�X�U�� �L�V�� �L�Q�G�L�F�D�W�H�G�� �Z�L�W�K�� �Z�K�L�W�H�� �S�R�L�Q�W�V�� �L�Q���)�L�J�X�U�H�����D���� �7�K�H�� �X�Q�H�Y�H�Q��
�W�R�Q�J�X�H�� �F�R�Q�W�R�X�U���L�V�� �V�P�R�R�W�K�H�G���E�\�� �I�L�O�W�H�U�L�Q�J���E�H�I�R�U�H���I�X�U�W�K�H�U�� �S�U�R�F�H�V�V�L�Q�J���� �7�K�H�� �V�P�R�R�W�K�H�G��
�W�R�Q�J�X�H�� �F�R�Q�W�R�X�U�� �U�H�S�U�H�V�H�Q�W�V�� �W�K�H�� �E�D�V�H�� �I�R�U�� �W�K�H�� �I�X�U�W�K�H�U�� �D�Q�D�O�\�V�L�V�� �R�I�� �D�U�W�L�F�X�O�D�W�L�R�Q���� �,�Q�� �W�K�H��
�L�P�D�J�H�� �R�I���)�L�J�X�U�H�����E�����W�K�H���W�R�Q�J�X�H�� �F�R�Q�W�R�X�U�� �F�D�Q�� �E�H�� �I�R�O�O�R�Z�H�G�� �E�\�� �S�U�R�M�H�F�W�L�Q�J�� �L�W�� �E�D�F�N�� �W�R��
�W�K�H�� �R�U�L�J�L�Q�D�O�� �L�P�D�J�H���� �7�K�H�� �G�H�I�L�Q�L�W�L�R�Q�� �R�I�� �W�K�H�� �W�R�Q�J�X�H�� �F�R�Q�W�R�X�U�� �R�I�I�H�U�V�� �D�Q�� �R�S�S�R�U�W�X�Q�L�W�\�� �W�R��
�S�H�U�I�R�U�P���Y�D�U�L�R�X�V���D�Q�D�O�\�V�H�V����
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�)�L�J�X�U�H��������

�3�U�H�S�U�R�F�H�V�V�L�Q�J�����6�W�H�S�����������D�����7�K�H���K�L�J�K�O�L�J�K�W�H�G���H�G�J�H���R�I���W�K�H���&�D�U�W�H�V�L�D�Q���L�P�D�J�H���P�D�U�N�V���W�K�H���I�R�X�Q�G���W�R�Q�J�X�H���F�R�Q�W�R�X�U��

�Z�L�W�K���Z�K�L�W�H���S�R�L�Q�W�V�������E�����W�K�H���W�R�Q�J�X�H���F�R�Q�W�R�X�U���L�V���S�U�R�M�H�F�W�H�G���R�Q�W�R���W�K�H���R�U�L�J�L�Q�D�O���L�P�D�J�H��
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2.1 Analysis of Tongue Position 

�7�K�H�� �G�H�I�L�Q�L�W�L�R�Q�� �R�I�� �W�K�H�� �W�R�Q�J�X�H�� �F�R�Q�W�R�X�U�� �P�D�N�H�V�� �L�W�� �S�R�V�V�L�E�O�H�� �W�R�� �F�D�O�F�X�O�D�W�H�� �J�H�R�P�H�W�U�L�F��
�I�H�D�W�X�U�H�V�� �I�R�U�� �D�� �V�H�J�P�H�Q�W�H�G�� �S�D�U�W�� �R�I�� �L�W���� �'�X�H�� �W�R�� �D�� �O�D�F�N�� �R�I�� �+�X�Q�J�D�U�L�D�Q�� �U�H�F�R�U�G�L�Q�J�V���� �D��
�P�X�O�W�L�O�L�Q�J�X�D�O�� �0�5�,�� �Y�L�V�X�D�O�� �G�D�W�D�E�D�V�H��[9]���Z�D�V�� �X�V�H�G�� �W�R�� �G�H�W�H�U�P�L�Q�H�� �W�K�H�� �W�R�Q�J�X�H�� �S�R�V�L�W�L�R�Q��
�D�V�V�R�F�L�D�W�H�G���Z�L�W�K���H�D�F�K���V�S�H�H�F�K���V�R�X�Q�G���D�V���W�K�H���P�D�O�H���V�S�H�D�N�H�U���S�U�R�G�X�F�H�G���Y�R�Z�H�O�V���D�Q�G���9�&�9��
�V�R�X�Q�G���V�H�T�X�H�Q�F�H�V�� ���9���� �Y�R�Z�H�O�����&���� �F�R�Q�V�R�Q�D�Q�W������ �7�K�U�R�X�J�K�� �W�K�H�� �H�[�S�O�R�U�D�W�L�R�Q���R�I�� �W�K�H�� �S�O�D�F�H��
�R�I�� �D�U�W�L�F�X�O�D�W�L�R�Q�� �L�Q�� �0�5�,�� �L�P�D�J�H�V���� �Z�H�� �R�E�W�D�L�Q�H�G�� �V�W�D�W�L�F�� �Y�L�V�H�P�H�� �G�D�W�D�� �I�R�U�� �H�D�F�K�� �V�S�H�H�F�K��
�V�R�X�Q�G����

2.1.1 Method of Defining Tongue Position of Vowels with Quantitative 
Data 

�7�K�H���L�G�H�D���Z�D�V���W�K�D�W���E�\���G�H�I�L�Q�L�Q�J���W�K�H���F�H�Q�W�U�R�L�G���R�I���W�K�H���F�U�R�V�V-�V�H�F�W�L�R�Q���R�I���W�K�H���W�R�Q�J�X�H���E�R�G�\����
�Z�H���F�R�X�O�G���R�E�W�D�L�Q���T�X�D�Q�W�L�W�D�W�L�Y�H���G�D�W�D���D�E�R�X�W���W�K�H���K�R�U�L�]�R�Q�W�D�O���D�Q�G���Y�H�U�W�L�F�D�O���S�R�V�L�W�L�R�Q�V���R�I���W�K�H��
�W�R�Q�J�X�H���F�K�D�U�D�F�W�H�U�L�V�W�L�F���R�I���W�K�H���F�X�U�U�H�Q�W���V�S�H�H�F�K���V�R�X�Q�G�����7�K�H���F�H�Q�W�U�R�L�G�����&�[�\�����R�I���W�K�H���W�R�Q�J�X�H��
�L�V�� �G�H�U�L�Y�H�G���D�V�� �W�K�H�� �I�L�U�V�W-�R�U�G�H�U�� �P�R�P�H�Q�W�X�P�� �R�I�� �W�K�H�� �K�R�U�L�]�R�Q�W�D�O���D�Q�G���Y�H�U�W�L�F�D�O���F�R�R�U�G�L�Q�D�W�H�V��
�R�I���W�K�H���Z�K�L�W�H���S�R�L�Q�W�V���R�I���W�K�H���I�L�O�O�H�G-�X�S���W�R�Q�J�X�H���E�R�G�\�����������D�V���V�K�R�Z�Q���L�Q��F�L�J�X�U�H������[����������1]����

 

 
(1) 

�Z�K�H�U�H��f(x,y)=1���L�Q�� �W�K�H�� �Z�K�L�W�H�� �D�U�H�D����f(x,y)=0���R�X�W�V�L�G�H�� �W�K�H�� �Z�K�L�W�H�� �D�U�H�D�����D�Q�G��n���L�V�� �W�K�H��
�Q�X�P�E�H�U���R�I���Z�K�L�W�H���S�R�L�Q�W�V����

��

�)�L�J�X�U�H������

�)�L�O�O�L�Q�J���W�K�H���V�H�F�W�L�R�Q���R�I���W�K�H���W�R�Q�J�X�H�����V�R�X�Q�G�����-������

�:�H�� �D�O�V�R�� �Q�H�H�G�� �W�R�� �G�H�W�H�U�P�L�Q�H�� �W�K�H�� �R�S�W�L�P�D�O�� �Q�X�P�E�H�U�� �R�I�� �S�L�[�H�O�� �U�R�Z�V�� �W�R�� �I�L�O�O�� �W�K�H�� �W�R�Q�J�X�H��
�E�R�G�\�� �G�R�Z�Q�Z�D�U�G�V�� �I�U�R�P�� �W�K�H�� �W�R�S�� �S�R�L�Q�W�� �R�I�� �W�K�H�� �W�R�Q�J�X�H�� �W�R�� �G�H�I�L�Q�H�� �W�K�H�� �F�H�Q�W�U�R�L�G���� �)�L�O�O�L�Q�J��
�W�R�R�� �I�H�Z���U�R�Z�V�� �P�L�J�K�W���O�H�D�G���W�R���L�Q�D�F�F�X�U�D�W�H���P�H�D�V�X�U�H�P�H�Q�W���R�I�� �W�K�H���W�R�Q�J�X�H�� �S�R�V�L�W�L�R�Q���Z�K�L�O�H��
�I�L�O�O�L�Q�J�� �W�R�R�� �P�D�Q�\�� �U�R�Z�V�� �P�L�J�K�W�� �O�H�D�G�� �W�R�� �R�Y�H�U�V�L�P�S�O�L�I�L�F�D�W�L�R�Q�� �D�Q�G�� �O�R�V�L�Q�J�� �W�K�H��
�F�K�D�U�D�F�W�H�U�L�V�W�L�F���W�R�Q�J�X�H���S�R�V�L�W�L�R�Q���R�I���G�L�V�W�L�Q�F�W���V�R�X�Q�G�V����
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�)�L�J�X�U�H������

�7�K�H���Y�D�U�L�D�Q�F�H���R�I���W�K�H���F�H�Q�W�U�R�L�G�V���L�Q���S�L�[�H�O�V���R�I���W�K�H���������Y�R�Z�H�O�V�����Y�H�U�W�L�F�D�O���D�[�L�V�����R�I���W�K�H���G�D�W�D�E�D�V�H����

�D�V���D���I�X�Q�F�W�L�R�Q���R�I���W�K�H���G�H�S�W�K���R�I���I�L�O�O�L�Q�J�����K�R�U�L�]�R�Q�W�D�O���D�[�L�V����

�7�R���G�H�W�H�U�P�L�Q�H���W�K�H���I�L�O�O�L�Q�J���G�H�S�W�K�����W�K�H���V�W�D�Q�G�D�U�G���G�H�Y�L�D�W�L�R�Q���R�I���W�K�H���F�H�Q�W�H�U���R�I���J�U�D�Y�L�W�\���R�I���D�O�O��
�Y�R�Z�H�O�V���R�I���W�K�H���P�X�O�W�L�O�L�Q�J�X�D�O���Y�L�G�H�R���G�D�W�D�E�D�V�H���Z�D�V���H�[�D�P�L�Q�H�G�����O�R�R�N�L�Q�J���I�R�U���D���P�D�[�L�P�X�P��
�I�R�U�� �W�K�H�� �K�L�J�K�H�V�W�� �G�L�V�W�L�Q�F�W�L�R�Q����In���)�L�J�X�U�H���������W�K�H���Y�D�U�L�D�Q�F�H�����W�K�H�� �D�Y�H�U�D�J�H�� �R�I�� �G�H�Y�L�D�W�L�R�Q�V��
�I�U�R�P���W�K�H���P�H�D�Q�����G�H�F�U�H�D�V�H�V���E�\���I�L�O�O�L�Q�J���R�Y�H�U���������U�R�Z�V���R�I���S�L�[�H�O�V���D�V���W�K�H���W�R�Q�J�X�H�
�V���U�R�R�W���L�V��
�O�H�V�V�� �G�L�V�F�U�L�P�L�Q�D�W�L�Y�H���� �6�H�O�H�F�W�L�Q�J�� �O�H�V�V�� �W�K�D�Q�� ������ �U�R�Z�V�� �G�H�I�L�Q�H�V�� �D�� �F�U�R�V�V-�V�H�F�W�L�R�Q��
�U�H�S�U�H�V�H�Q�W�L�Q�J���M�X�V�W���W�K�H���W�R�S���R�I���W�K�H���W�R�Q�J�X�H���D�Q�G���Q�R�W���W�K�H���P�D�V�V���R�I���L�W����

�%�D�V�H�G�� �R�Q�� �W�K�H�� �D�U�J�X�P�H�Q�W�D�W�L�R�Q�� �D�E�R�Y�H���� �W�K�H�� �W�R�Q�J�X�H�� �F�H�Q�W�U�R�L�G�� �I�R�U�� �W�K�H�� �Y�R�Z�H�O�V�� �Z�D�V��
�L�Q�Y�H�V�W�L�J�D�W�H�G�� �I�L�O�O�L�Q�J�� �W�K�H�� �G�H�S�W�K�� �R�I�� ������ �U�R�Z�V�� �R�I�� �S�L�[�H�O�V�� �I�R�U�� �H�D�F�K�� �Y�R�Z�H�O�� �E�\�� �W�K�H�� �J�L�Y�H�Q��
�U�H�V�R�O�X�W�L�R�Q���R�I���W�K�H���0�5�,���L�P�D�J�H�����,�Q���S�K�\�V�L�F�D�O���G�L�P�H�Q�V�L�R�Q�V�����W�K�H���X�S�S�H�U���������P�L�O�O�L�P�H�W�H�U�V���R�I��
�W�K�H���W�R�Q�J�X�H���F�U�R�V�V-�V�H�F�W�L�R�Q���Z�H�U�H���V�H�O�H�F�W�H�G����

2.1.2 Method of Defining the Place of Articulation for Consonants with 
Quantitative Data 

�7�K�H���D�U�W�L�F�X�O�D�W�L�R�Q���R�I���F�R�Q�V�R�Q�D�Q�W�V���L�V���V�X�E�V�W�D�Q�W�L�D�O�O�\���G�L�I�I�H�U�H�Q�W���I�U�R�P���W�K�D�W���R�I���Y�R�Z�H�O�V�����7�K�L�V��
�F�D�Q���E�H���F�K�D�U�D�F�W�H�U�L�]�H�G���E�\���W�K�H���S�O�D�F�H���R�I���D�U�W�L�F�X�O�D�W�L�R�Q�����Z�K�L�F�K���L�V���G�H�W�H�U�P�L�Q�H�G���E�\���D���J�D�S���R�U��
�F�O�R�V�X�U�H���I�R�U�P�H�G���E�\���W�K�H���O�L�S-�W�R�Q�J�X�H-�M�D�Z���P�R�Y�H�P�H�Q�W����

�7�K�H���S�O�D�F�H���R�I���D�U�W�L�F�X�O�D�W�L�R�Q���L�V���G�H�W�H�U�P�L�Q�H�G���E�\���W�K�H���Q�D�U�U�R�Z�L�Q�J���R�U���F�O�R�V�X�U�H���I�R�U�P�H�G���E�\���W�K�H��
�D�U�W�L�F�X�O�D�W�R�U�\���P�R�Y�H�P�H�Q�W�V��[12]�����7�K�X�V�����W�K�H���S�O�D�F�H���R�I���D�U�W�L�F�X�O�D�W�L�R�Q���F�D�Q���E�H���D�V�V�L�J�Q�H�G���W�R���W�K�H��
�S�O�D�F�H���R�I���W�K�H���Q�D�U�U�R�Z���S�D�U�W���I�R�U�P�H�G���E�\���W�K�H���W�R�Q�J�X�H���D�Q�G���W�K�H���X�Q�P�R�Y�L�Q�J���S�D�U�W���R�I���W�K�H���R�U�D�O��
�F�D�Y�L�W�\����
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�G�H�I�L�Q�L�W�L�R�Q�� �R�I�� �W�R�Q�J�X�H�� �F�R�Q�W�R�X�U���� �7�K�H�� �R�Q�O�\�� �G�L�I�I�H�U�H�Q�F�H�� �L�V�� �W�K�D�W�� �P�R�Y�L�Q�J�� �D�Z�D�\�� �I�U�R�P�� �W�K�H��
�F�L�U�F�O�H���F�H�Q�W�H�U���Z�H���Q�H�H�G���W�R���I�L�Q�G���Q�R�W���G�H�F�U�H�D�V�L�Q�J���E�U�L�J�K�W�Q�H�V�V��–���D���I�D�O�O�L�Q�J���H�G�J�H��–���E�X�W���U�D�W�K�H�U��
�L�Q�F�U�H�D�V�L�Q�J�� �E�U�L�J�K�W�Q�H�V�V��–���D�� �U�L�V�L�Q�J�� �H�G�J�H���� �,�Q�� �L�P�D�J�H�V�� �Z�K�H�U�H�� �W�K�H�� �S�D�O�D�W�H�� �K�D�V�� �Q�R�� �V�K�D�U�S��
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3 Results 

�,�Q�� �R�X�U�� �H�[�S�H�U�L�P�H�Q�W�V�����Z�H�� �R�E�W�D�L�Q�H�G�� �T�X�D�Q�W�L�W�D�W�L�Y�H�� �G�D�W�D�� �I�U�R�P�� �W�K�H�� �G�H�W�H�U�P�L�Q�D�W�L�R�Q�� �R�I�� �W�K�H��
�W�R�Q�J�X�H�� �F�R�Q�W�R�X�U�� �G�X�U�L�Q�J�� �V�S�H�H�F�K���� �7�K�H�� �U�H�V�X�O�W�V�� �D�U�H�� �V�K�R�Z�Q�� �V�H�S�D�U�D�W�H�O�\�� �I�R�U�� �Y�R�Z�H�O�V�� �D�Q�G��
�F�R�Q�V�R�Q�D�Q�W�V�����F�R�P�S�D�U�L�Q�J���W�K�H�P���W�R���W�U�D�G�L�W�L�R�Q�D�O���G�H�V�F�U�L�S�W�L�Y�H���S�K�R�Q�H�W�L�F���G�D�W�D����

3.1 Vowels 

�,�Q���W�K�H���F�D�V�H���R�I���Y�R�Z�H�O�V�����F�U�R�V�V-�V�H�F�W�L�R�Q���G�D�W�D���I�R�U�P�H�G���D�O�R�Q�J���W�K�H���O�R�Q�J�L�W�X�G�L�Q�D�O���D�[�L�V���R�I���W�K�H��
�Y�R�F�D�O�� �W�U�D�F�W�� �D�U�H�� �D�I�I�H�F�W�H�G�� �E�\�� �M�D�Z�� �R�S�H�Q�Q�H�V�V�� �D�Q�G�� �W�R�Q�J�X�H�� �S�R�V�L�W�L�R�Q���� �7�K�H�� �Q�D�U�U�R�Z�H�U�� �D�Q�G��
�Z�L�G�H�U�� �V�H�F�W�L�R�Q�V�� �R�I�� �W�K�H�� �Y�R�F�D�O�� �W�U�D�F�W���D�Q�G�� �W�K�H�� �O�L�S�V�
�� �V�K�D�S�H���G�H�W�H�U�P�L�Q�H�� �W�K�H�� �V�S�H�F�W�U�D�O��
�S�U�R�S�H�U�W�L�H�V�� �R�I�� �W�K�H�� �H�[�F�L�W�D�W�L�R�Q���V�L�J�Q�D�O���F�R�P�L�Q�J�� �I�U�R�P�� �W�K�H�� �O�D�U�\�Q�[��[14]���� �)�L�J�X�U�H��8�D���V�K�R�Z�V��
�W�K�H�� �S�R�V�L�W�L�R�Q�� �R�I�� �Y�R�Z�H�O�� �D�U�W�L�F�X�O�D�W�L�R�Q�� �D�F�F�R�U�G�L�Q�J�� �W�R�� �W�K�H�� �S�K�R�Q�H�W�L�F�� �S�D�U�D�P�H�W�H�U�V�� �Z�L�W�K�� �W�K�H��
�F�R�Q�Y�H�Q�W�L�R�Q�D�O�� �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�� �L�Q�� �O�L�W�H�U�D�W�X�U�H���� �7�K�L�V�� �I�L�J�X�U�H�� �L�V�� �D�G�R�S�W�H�G�� �I�U�R�P�� �W�K�H�� �Z�H�E�V�L�W�H��
�R�I���W�K�H���,�Q�W�H�U�Q�D�W�L�R�Q�D�O���3�K�R�Q�H�W�L�F���$�O�S�K�D�E�H�W�������,�3�$������
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�D�F�F�R�U�G�L�Q�J���W�R���W�K�H���������î���������S�L�[�H�O���F�R�R�U�G�L�Q�D�W�H���V�\�V�W�H�P���L�Q�����H���J�����)�L�J�X�U�H�����D���D�Q�G���)�L�J�X�U�H�����E����
�Z�K�L�F�K���Y�L�V�X�D�O�O�\���U�H�I�O�H�F�W�V���W�K�H���S�K�R�Q�H�W�L�F���D�U�U�D�Q�J�H�P�H�Q�W���R�I���)�L�J�X�U�H��9�D����

��
�����������������������������������������D�������������������������������������������������������������������������������������������������������� �������������������������������������������E����

�)�L�J�X�U�H��9��

���D�����$�U�W�L�F�X�O�D�W�L�R�Q���P�D�S���R�I���Y�R�Z�H�O�V��[15]�������E�����W�R�Q�J�X�H���F�H�Q�W�U�R�L�G�V���L�Q���W�K�H���0�5�,���L�P�D�J�H�V�����W�K�H���E�D�F�N���S�D�U�W���R�I���W�K�H���R�U�D�O��

�F�D�Y�L�W�\���L�V���V�K�R�Z�Q���R�Q���W�K�H���U�L�J�K�W�����W�K�H���I�U�R�Q�W���S�D�U�W���R�Q���W�K�H���O�H�I�W����
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�7�K�H�� �W�U�D�G�L�W�L�R�Q�D�O�� �P�D�S�� �R�I�� �W�R�Q�J�X�H�� �S�R�V�L�W�L�R�Q��–�� �G�L�Y�L�G�H�G�� �Y�H�U�W�L�F�D�O�O�\�� �L�Q�W�R�� �I�R�X�U�� �D�Q�G��
�K�R�U�L�]�R�Q�W�D�O�O�\���L�Q�W�R���W�K�U�H�H���V�H�F�W�L�R�Q�V��–���Z�D�V���F�R�P�S�D�U�H�G���Z�L�W�K���W�K�H���P�H�D�V�X�U�H�G���F�H�Q�W�U�R�L�G���G�D�W�D�� 

�,�Q�� �7�D�E�O�H�� ������ �W�K�H�� �W�R�Q�J�X�H�� �S�R�V�L�W�L�R�Q�V�� �O�R�F�D�W�H�G�� �L�Q�� �W�K�H�� �F�R�U�U�H�F�W�� �V�H�F�W�L�R�Q�� �D�U�H�� �L�Q�G�L�F�D�W�H�G�� �L�Q��
�X�Q�V�K�D�G�H�G���F�H�O�O�V�����*�U�D�\���V�K�D�G�L�Q�J���L�Q�G�L�F�D�W�H�V���D���R�Q�H-�E�R�[���G�L�I�I�H�U�H�Q�F�H���H�L�W�K�H�U���K�R�U�L�]�R�Q�W�D�O�O�\���R�U��
�Y�H�U�W�L�F�D�O�O�\�����7�K�H���P�R�U�H���Z�K�L�W�H���F�H�O�O�V���D�U�H���L�Q���W�K�H���W�D�E�O�H�����W�K�H���E�H�W�W�H�U���W�K�H���W�K�H�R�U�H�W�L�F�D�O���D�Q�G���W�K�H��
�P�H�D�V�X�U�H�G���T�X�D�Q�W�L�W�D�W�L�Y�H���G�D�W�D���P�D�W�F�K���H�D�F�K���R�W�K�H�U�����1�R���G�L�I�I�H�U�H�Q�F�H�V���J�U�H�D�W�H�U���W�K�D�Q���R�Q�H���E�R�[��
�Z�H�U�H���P�H�D�V�X�U�H�G����

�7�D�E�O�H������

�7�K�H���D�F�F�X�U�D�F�\���R�I���W�K�H���W�R�Q�J�X�H���S�R�V�L�W�L�R�Q�V��

��

3.2 Consonants 

�7�D�E�O�H�������V�K�R�Z�V���W�K�H���S�O�D�F�H���R�I���D�U�W�L�F�X�O�D�W�L�R�Q���R�I���F�R�Q�V�R�Q�D�Q�W�V�����7�K�H���W�R�Q�J�X�H���S�R�V�L�W�L�R�Q���R�I���W�K�H��
�E�L�O�D�E�L�D�O���D�Q�G���O�D�E�L�R�G�H�Q�W�D�O���V�R�X�Q�G�V���Z�D�V���Q�R�W���H�[�D�P�L�Q�H�G�����7�K�H���U�H�D�V�R�Q���I�R�U���W�K�L�V���L�V���W�K�D�W���L�Q���W�K�H��
�I�R�U�P�D�W�L�R�Q�� �R�I�� �W�K�H�V�H�� �V�R�X�Q�G�V���� �W�K�H�� �S�R�V�L�W�L�R�Q�� �R�I�� �W�K�H�� �W�R�Q�J�X�H�� �L�V�� �L�Q�G�H�W�H�U�P�L�Q�D�W�H���� �W�K�D�W�� �L�V���� �L�W��
�D�G�D�S�W�V�� �W�R�� �W�K�H�� �W�R�Q�J�X�H�� �S�R�V�L�W�L�R�Q�� �R�I�� �W�K�H�� �D�G�M�D�F�H�Q�W�� �V�R�X�Q�G�V�����,�Q�� �W�K�H�V�H�� �F�D�V�H�V�� �W�K�H�� �S�O�D�F�H�� �R�I��
�D�U�W�L�F�X�O�D�W�L�R�Q���L�V���Q�R�W���G�H�W�H�U�P�L�Q�H�G���E�\���W�K�H���W�R�Q�J�X�H���E�X�W���E�\���W�K�H���W�H�H�W�K���D�Q�G���O�L�S�V����
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�7�D�E�O�H��1��

�3�O�D�F�H���R�I���D�U�W�L�F�X�O�D�W�L�R�Q���R�I���F�R�Q�V�R�Q�D�Q�W�V��[16]��

��

�)�L�J�X�U�H���������V�K�R�Z�V���W�K�H���S�O�D�F�H�V���R�I���D�U�W�L�F�X�O�D�W�L�R�Q���R�E�W�D�L�Q�H�G���Z�L�W�K���W�K�H���P�H�W�K�R�G���G�H�V�F�U�L�E�H�G���L�Q��
��������������

��

��

��

��

��

��

��

��

��

��

��
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�)�L�J�X�U�H��������
�&�D�O�F�X�O�D�W�H�G���S�O�D�F�H���R�I���D�U�W�L�F�X�O�D�W�L�R�Q���R�I���F�R�Q�V�R�Q�D�Q�W�V���P�D�U�N�H�G���L�Q���W�K�H���0�5�,���L�P�D�J�H��

�7�K�H�� �W�K�H�R�U�H�W�L�F�D�O�� �D�Q�G�� �T�X�D�Q�W�L�W�D�W�L�Y�H�� �G�H�I�L�Q�H�G�� �S�O�D�F�H�V�� �R�I�� �D�U�W�L�F�X�O�D�W�L�R�Q�� �G�L�I�I�H�U�� �R�Q�O�\�� �I�R�U�� �D��
�V�L�Q�J�O�H�� �V�R�X�Q�G�� ���K���� ���P�D�U�N�H�G�� �Z�L�W�K�� �U�H�G�� �L�Q�� �W�K�H�� �I�L�J�X�U�H������ �7�K�L�V�� �P�H�D�Q�V�� �W�K�D�W�� �W�K�H�� �S�O�D�F�H�V�� �R�I��
�D�U�W�L�F�X�O�D�W�L�R�Q�� �G�H�I�L�Q�H�G�� �Z�L�W�K�� �T�X�D�Q�W�L�W�D�W�L�Y�H�� �G�D�W�D�� �P�D�W�F�K�� �W�K�H�� �S�K�\�V�L�R�O�R�J�L�F�D�O�� �G�H�I�L�Q�L�W�L�R�Q�V��
�Z�H�O�O����
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3.3 Application of the Results in the Speech Assistant System 

�7�K�H���6�S�H�H�F�K���$�V�V�L�V�W�D�Q�W���V�\�V�W�H�P��–���H�O�D�E�R�U�D�W�H�G���I�R�U���W�K�H���+�X�Q�J�D�U�L�D�Q���O�D�Q�J�X�D�J�H���W�R���V�X�S�S�R�U�W��
�W�K�H���G�H�D�I���L�Q���O�H�D�U�Q�L�Q�J���W�R���V�S�H�D�N��–���Z�D�V���I�X�U�W�K�H�U���U�H�I�L�Q�H�G���E�\���L�Q�F�R�U�S�R�U�D�W�L�Q�J���W�K�H���U�H�V�X�O�W�V���R�I��
�W�K�L�V�� �Z�R�U�N�� [17]���� �)�L�J�X�U�H�� 11�� �V�K�R�Z�V�� �W�K�H�� �Y�L�V�X�D�O�L�]�H�G�� �L�P�D�J�H�� �R�I�� �W�K�H�� �U�H�I�H�U�H�Q�F�H��
�S�U�R�Q�X�Q�F�L�D�W�L�R�Q�����E�R�W�W�R�P�����D�Q�G���W�K�D�W���R�I���W�K�H���V�R�X�Q�G���U�H�F�R�U�G�H�G���G�X�U�L�Q�J���S�U�D�F�W�L�F�H�����W�R�S�������Z�K�L�O�H��
�R�Q���W�K�H���U�L�J�K�W���V�L�G�H�����L�W���G�L�V�S�O�D�\�V���W�K�H���W�U�D�Q�V�S�D�U�H�Q�W���W�D�O�N�L�Q�J���K�H�D�G���L�Q���W�Z�R���Y�L�H�Z�V�����7�K�H���W�D�O�N�L�Q�J��
�K�H�D�G���I�R�U���W�K�H���6�K�D�D�Q�[�L���;�L�¶�Dn���G�L�D�O�H�F�W���R�I���&�K�L�Q�H�V�H���D�Q�G���L�W�V���6�S�H�H�F�K���$�V�V�L�V�W�D�Q�W���V�\�V�W�H�P���L�V��
�X�Q�G�H�U���G�H�Y�H�O�R�S�P�H�Q�W����

��

�)�L�J�X�U�H����1��

�6�F�U�H�H�Q���Y�L�H�Z���R�I���W�K�H���6�S�H�H�F�K���$�V�V�L�V�W�D�Q�W���G�X�U�L�Q�J���S�U�D�F�W�L�F�H��

Conclusions 

�$�� �T�X�D�Q�W�L�W�D�W�L�Y�H�� �D�Q�D�O�\�V�L�V�� �R�I�� �D�U�W�L�F�X�O�D�W�L�R�Q�� �Z�D�V�� �S�H�U�I�R�U�P�H�G�� �P�D�L�Q�O�\�� �W�R�� �P�D�N�H�� �W�K�H��
�D�U�W�L�F�X�O�D�W�L�R�Q���Y�L�V�L�E�O�H���L�Q���D���W�U�D�Q�V�S�D�U�H�Q�W���W�D�O�N�L�Q�J���K�H�D�G�����,�Q���W�K�H���F�D�V�H���R�I���Y�R�Z�H�O�V�����W�K�H���W�R�Q�J�X�H��
�S�R�V�L�W�L�R�Q�� �Z�D�V�� �G�H�V�F�U�L�E�H�G�� �Z�L�W�K�� �I�L�U�V�W-�R�U�G�H�U�� �P�R�P�H�Q�W�X�P�V�� �G�H�U�L�Y�H�G�� �I�U�R�P�� �0�5�,�� �L�P�D�J�H�V������
�%�\�� �F�R�Q�V�R�Q�D�Q�W�V���� �W�K�H�� �S�O�D�F�H�� �R�I�� �D�U�W�L�F�X�O�D�W�L�R�Q�� �Z�D�V�� �L�G�H�Q�W�L�I�L�H�G�� �Z�L�W�K�� �W�K�H�� �S�O�D�F�H�� �R�I�� �W�K�H��
�F�O�R�V�X�U�H�� �R�U�� �Q�D�U�U�R�Z�L�Q�J�� �E�H�W�Z�H�H�Q�� �W�K�H�� �W�R�Q�J�X�H�� �D�Q�G�� �W�K�H�� �D�O�Y�H�R�O�D�U�� �U�L�G�J�H�� �R�U�� �W�K�H���S�D�O�D�W�H������
�7�K�H�� �U�H�V�X�O�W�V�� �R�I�� �W�K�H�� �D�S�S�U�R�D�F�K�� �F�R�Q�I�L�U�P�� �W�K�H�� �V�X�L�W�D�E�L�O�L�W�\�� �R�I�� �T�X�D�Q�W�L�W�D�W�L�Y�H�� �D�Q�D�O�\�V�L�V�� �I�R�U��
�Y�H�U�L�I�\�L�Q�J���G�H�V�F�U�L�S�W�L�Y�H���S�K�R�Q�H�W�L�F���F�O�D�V�V�L�I�L�F�D�W�L�R�Q�V�����7�K�X�V�����D�Q���L�P�S�R�U�W�D�Q�W���V�W�H�S���W�R�Z�D�U�G�V���W�K�H��
�T�X�D�Q�W�L�W�D�W�L�Y�H�� �G�H�V�F�U�L�S�W�L�R�Q�� �R�I�� �W�K�H�� �D�U�W�L�F�X�O�D�W�L�R�Q�� �R�I�� �V�S�H�H�F�K�� �S�U�R�G�X�F�W�L�R�Q�� �Z�D�V���W�D�N�H�Q������
�7�K�H�� �W�U�D�G�L�W�L�R�Q�D�O�� �S�K�R�Q�H�W�L�F�� �F�O�D�V�V�L�I�L�F�D�W�L�R�Q�� �R�I�� �V�S�H�H�F�K�� �V�R�X�Q�G�V���� �W�K�H�� �F�D�O�F�X�O�D�W�H�G�� �S�O�D�F�H�� �R�I��
�D�U�W�L�F�X�O�D�W�L�R�Q�����D�Q�G���W�K�H���W�R�Q�J�X�H���S�R�V�L�W�L�R�Q���G�H�I�L�Q�H�G���E�\���P�H�D�V�X�U�H�P�H�Q�W�V���D�U�H���F�R�Q�V�L�V�W�H�Q�W���Z�L�W�K��
�G�H�V�F�U�L�S�W�L�R�Q�V�� �U�H�S�R�U�W�H�G�� �L�Q�� �W�K�H�� �U�H�O�H�Y�D�Q�W�� �O�L�W�H�U�D�W�X�U�H���� �6�X�S�S�R�U�W�L�Q�J�� �D�U�W�L�F�X�O�D�W�R�U�\�� �S�K�R�Q�H�W�L�F�V��
�Z�L�W�K�� �T�X�D�Q�W�L�W�D�W�L�Y�H�� �G�D�W�D�� �U�H�T�X�L�U�H�V�� �I�X�U�W�K�H�U���� �P�R�U�H�� �G�H�W�D�L�O�H�G�� �L�Q�Y�H�V�W�L�J�D�W�L�R�Q�V�����7�K�H�� �Q�D�W�L�Y�H��
�(�Q�J�O�L�V�K�� �V�S�H�D�N�H�U�� �S�H�U�I�H�F�W�O�\���D�U�W�L�F�X�O�D�W�H�G�� �W�K�H���V�R�X�Q�G�V�� �R�I�� �W�K�H�� �,�Q�W�H�U�Q�D�W�L�R�Q�D�O�� �3�K�R�Q�H�W�L�F��
�$�O�S�K�D�E�H�W���� �7�K�H�� �R�E�W�D�L�Q�H�G�� �U�H�V�X�O�W�V�� �G�R�� �Q�R�W�� �F�R�Q�W�U�D�G�L�F�W�� �W�K�H�� �I�L�Q�G�L�Q�J�V�� �R�I�� �W�K�H�� �+�X�Q�J�D�U�L�D�Q��
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�G�H�V�F�U�L�S�W�L�Y�H�� �S�K�R�Q�H�W�L�F�� �F�O�D�V�V�L�I�L�F�D�W�L�R�Q�V�����$�F�F�R�U�G�L�Q�J�� �W�R�� �W�K�H�� �W�H�V�W�L�P�R�Q�\�� �R�I�� �)�L�J�X�U�H�� ���� �D�Q�G��
�7�D�E�O�H���������W�K�H���S�O�D�F�H���R�I���D�U�W�L�F�X�O�D�W�L�R�Q���R�I���W�K�H���Y�R�Z�H�O�V���P�D�W�F�K�H�V���W�K�H���G�H�V�F�U�L�S�W�L�Y�H���S�K�R�Q�H�W�L�F�V��
�G�D�W�D���Z�L�W�K���D�W���P�R�V�W���R�Q�H���F�O�D�V�V�L�I�L�F�D�W�L�R�Q���V�H�F�W�L�R�Q���H�U�U�R�U�����7�K�H���H�[�W�H�Q�V�L�R�Q���R�I���W�K�H���D�Q�D�O�\�V�L�V���W�R��
�D�� �O�D�U�J�H�U�� �Q�X�P�E�H�U�� �R�I�� �V�S�H�D�N�H�U�V�� �D�Q�G�� �G�L�I�I�H�U�H�Q�W�� �V�R�X�Q�G�� �H�Q�Y�L�U�R�Q�P�H�Q�W�V�� �R�I�I�H�U�V�� �W�K�H��
�S�R�V�V�L�E�L�O�L�W�\���R�I���L�P�S�U�R�Y�H�P�H�Q�W����

�7�K�H���U�H�V�X�O�W�V���V�K�R�Z���W�K�D�W���W�K�H���D�Q�D�O�\�V�L�V���R�I���W�K�H���D�U�W�L�F�X�O�D�W�L�R�Q���R�I���W�K�H���&�K�L�Q�H�V�H���6�K�D�D�Q�[�L���;�L�¶�Dn��
�G�L�D�O�H�F�W�� �V�S�H�D�N�H�U���E�D�V�H�G���R�Q���X�O�W�U�D�V�R�X�Q�G�� �L�P�D�J�H�V�� �P�D�N�H�V�� �L�W�� �S�R�V�V�L�E�O�H�� �W�R�� �G�H�I�L�Q�H�� �W�K�H�� �V�W�D�W�L�F��
�G�D�W�D���R�I���Y�L�V�H�P�H�V�� �E�X�W���D�O�V�R���R�I�I�H�U�V�� �W�K�H�� �R�S�S�R�U�W�X�Q�L�W�\�� �W�R���S�H�U�I�R�U�P���D�� �G�\�Q�D�P�L�F�� �G�H�V�F�U�L�S�W�L�R�Q��
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The Enhancement of the Overall Group 
Technology Efficacy using Clustering Algorithm 
for Cell Formation 

Lan Xuan Phung*, Trung Kien Nguyen, Son Hoanh Truong 

�6�F�K�R�R�O���R�I���0�H�F�K�D�Q�L�F�D�O���(�Q�J�L�Q�H�H�U�L�Q�J�����+�D�Q�R�L���8�Q�L�Y�H�U�V�L�W�\���R�I���6�F�L�H�Q�F�H���D�Q�G���7�H�F�K�Q�R�O�R�J�\����
�+�D�Q�R�L����100�����������9�L�H�W�Q�D�P�����O�D�Q���S�K�X�Q�J�[�X�D�Q�#�K�X�V�W���H�G�X���Y�Q����
�W�U�X�Q�J���Q�J�X�\�H�Q�N�L�H�Q�#�K�X�V�W���H�G�X���Y�Q�����V�R�Q���W�U�X�R�Q�J�K�R�D�Q�K�#�K�X�V�W���H�G�X���Y�Q��
* �&�R�U�U�H�V�S�R�Q�G�L�Q�J���D�X�W�K�R�U��

Abstract: Cellular manufacturing is a principal application of group technology in which 
machine cells and part families are generated based on their similarity in the production 
process to minimize overall movement cost and maximize machine utilization by using 
complex mathematical programming procedures or computer tools with a lot of 
computational effort and time to solve problems. In this study, the clustering analysis based 
on a similarity coefficient is developed to efficiently solve cell formation problems in both 
single and multiple process routings. A novel similarity coefficient is developed to integrate 
operation sequence especially adjacent operation, processing time, production volume, 
machine capacity, and multi-visits to minimize the number of actual inter-cell moves and 
voids in machine cells. An improved clustering algorithm is proposed for grouping machines 
into cells and simultaneously determining the machine sequence in cells to reduce intra-cell 
moves as well as selecting the best process routing for each part. The practical effectiveness 
of the proposed method is demonstrated through computational experiments involving 
eighteen test instances, varying in scale from small to large problems. When compared to 
other complex methods, the proposed approach not only enhances overall group technology 
efficacy but also significantly reduces computational time, making it a highly promising and 
practical solution for addressing cellular manufacturing challenges. 

Keywords: cell formation; overall group technology efficacy; similarity coefficient; 
clustering algorithm 

1 Introduction  

�/�H�D�Q�� �S�U�R�G�X�F�W�L�R�Q�� �I�R�F�X�V�H�V�� �R�Q�� �R�S�W�L�P�L�]�L�Q�J�� �H�I�I�L�F�L�H�Q�F�\���� �U�H�G�X�F�L�Q�J�� �F�R�V�W�V�����P�L�Q�L�P�L�]�L�Q�J��
�Z�D�V�W�H���D�Q�G���L�P�S�U�R�Y�L�Q�J���R�Y�H�U�D�O�O���T�X�D�O�L�W�\�����&�H�O�O�X�O�D�U���P�D�Q�X�I�D�F�W�X�U�L�Q�J�����&�0�����L�V���R�Q�H���R�I���W�K�H���N�H�\��
�S�U�L�Q�F�L�S�O�H�V�� �X�V�H�G�� �W�R�� �D�F�K�L�H�Y�H�� �W�K�H�V�H�� �R�E�M�H�F�W�L�Y�H�V���D�Q�G���S�O�D�\�V�� �D�� �F�U�X�F�L�D�O�� �U�R�O�H�� �L�Q�� �O�H�D�Q��
�S�U�R�G�X�F�W�L�R�Q�����>������ ���@�����&�0���L�V�� �E�D�V�H�G�� �R�Q�� �J�U�R�X�S�� �W�H�F�K�Q�R�O�R�J�\�� �S�U�L�Q�F�L�S�O�H�V�� �E�\�� �V�H�S�D�U�D�W�L�Q�J��
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�P�D�F�K�L�Q�H�V�� �L�Q�W�R�� �J�U�R�X�S�V�� �Z�L�W�K�� �V�L�P�L�O�D�U�� �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V�� �D�Q�G�� �G�L�V�W�U�L�E�X�W�L�Q�J�� �S�D�U�W�V�� �L�Q�W�R�� �S�D�U�W��
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Step 3�����&�O�X�V�W�H�U���P�D�F�K�L�Q�H�V���L�Q�W�R���0C���E�\���F�R�Q�V�L�G�H�U�L�Q�J���W�K�H���P�D�F�K�L�Q�H���S�D�L�U���Z�L�W�K���W�K�H���K�L�J�K�H�V�W��
�5�Ý�Þ�����'�X�U�L�Q�J�� �S�U�R�F�H�V�V�L�Q�J���� �W�K�H�� �S�R�V�L�W�L�R�Q�� �R�I�� �D�� �P�D�F�K�L�Q�H�� �L�Q�� �W�K�H�� �D�V�V�L�J�Q�H�G�� �0�&�� �L�V�� �D�O�V�R��
�G�H�W�H�U�P�L�Q�H�G���E�\���F�D�O�F�X�O�D�W�L�Q�J���D�Q�G���F�R�P�S�D�U�L�Q�J���W�K�H���O�L�Q�N�D�J�H���V�W�U�H�Q�J�W�K�����.�E�J�G�/�Ý�Þ�����E�H�W�Z�H�H�Q��
�P�D�F�K�L�Q�H�V���F���D�Q�G���P�D�F�K�L�Q�H���G�����7�K�H���R�U�G�H�U���Z�L�W�K���W�K�H���K�L�J�K�H�V�W���.�E�J�G�/�Ý�Þ �L�V���J�L�Y�H�Q���S�U�L�R�U�L�W�\����
�:�L�W�K���P�D�F�K�L�Q�H�V���F���D�Q�G���G���L�Q���D���F�H�O�O�����W�K�H���O�L�Q�N�D�J�H���V�W�U�H�Q�J�W�K���.�E�J�G�/�Ý�Þ �L�V���F�D�O�F�X�O�D�W�H�G���E�D�V�H�G��
�R�Q���W�K�H���W�R�W�D�O���E�D�F�N�Z�D�U�G���P�R�Y�H�V���E�H�W�Z�H�H�Q���W�K�H�P���D�V���V�K�R�Z�Q���L�Q���(�T����11����
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�,�Q���W�K�L�V���V�W�H�S�����W�K�H�U�H���D�U�H���V�R�P�H���F�D�V�H�V���D�V���I�R�O�O�R�Z�V����

3�D�����,�I���Q�R���0�&���L�V���J�H�Q�H�U�D�W�H�G�����W�K�H���I�L�U�V�W���0�&���L�V���F�U�H�D�W�H�G���F�R�Q�W�D�L�Q�L�Q�J���P�D�F�K�L�Q�H�V���F �D�Q�G���G����
�7�K�H���R�U�G�H�U���L�Q���W�K�H���I�L�U�V�W���F�H�O�O���F�D�Q���E�H��( �F, �G)���R�U��(�G,�F)���G�H�S�H�Q�G�L�Q�J���R�Q���W�K�H���F�R�P�S�D�U�L�V�R�Q��
�Y�D�O�X�H�V���R�I���.�E�J�G�/�Ý�Þ �D�Q�G���.�E�J�G�/�Þ�Ý �D�V���D�E�R�Y�H-�P�H�Q�W�L�R�Q�H�G����

3�E���� �,�I�� �W�K�H�U�H�� �L�V�� �D�W���O�H�D�V�W���R�Q�H�� �J�H�Q�H�U�D�W�H�G���0�&�� �D�Q�G���E�R�W�K�� �P�D�F�K�L�Q�H�V���F �D�Q�G���G���K�D�Y�H�� �Q�R�W��
�E�H�H�Q���D�V�V�L�J�Q�H�G���W�R���D�Q�\���0�&���\�H�W�����7�K�H�Q�����W�K�H���P�H�U�J�L�Q�J���J�U�R�X�S���S�U�R�F�H�V�V���L�V���D�S�S�O�L�H�G���W�R��
�G�H�W�H�U�P�L�Q�H�� �Z�K�H�W�K�H�U���E�R�W�K�� �P�D�F�K�L�Q�H�V�� �D�U�H�� �D�V�V�L�J�Q�H�G�� �L�Q�� �D�� �Q�H�Z�� �0�&�� �R�U�� �D�� �S�U�H-
�J�H�Q�H�U�D�W�H�G���0�&�����/�H�W���T���E�H���D�Q�\���P�D�F�K�L�Q�H���L�Q���J�H�Q�H�U�D�W�H�G���0�&�����,�I���E�R�W�K���5�Ý�ë���D�Q�G���5�Þ�ë��
�D�U�H���O�D�U�J�H�U���W�K�D�Q���O�6�D�N�A�O�D�K�H�@���D�Q�G���W�K�H���Q�X�P�E�H�U���R�I���P�D�F�K�L�Q�H�V���L�Q���W�K�H���P�H�U�J�H�G���F�H�O�O��
�L�V���Q�R�W���O�D�U�J�H�U���W�K�D�Q���W�K�H���P�D�[�L�P�X�P���H�[�S�H�F�W�H�G���W�K�H���Q�X�P�E�H�U���R�I���P�D�F�K�L�Q�H�V���L�Q���F�H�O�O�V����
�P�D�F�K�L�Q�H���F �D�Q�G���G���D�U�H���P�H�U�J�H�G���L�Q�W�R���W�K�H���D�V�V�L�J�Q�H�G���0�&�����2�W�K�H�U�Z�L�V�H�����D���Q�H�Z���0�&���L�V��
�F�U�H�D�W�H�G���I�R�U���W�K�H���P�D�F�K�L�Q�H���S�D�L�U����

3�F�����,�I���P�D�F�K�L�Q�H���F���K�D�V���D�O�U�H�D�G�\���E�H�O�R�Q�J�H�G���W�R���W�K�H���F�H�O�O�����D�Q�G���P�D�F�K�L�Q�H���G���K�D�V���Q�R�W���E�H�H�Q��
�D�V�V�L�J�Q�H�G���� �0�D�F�K�L�Q�H���G���L�V�� �D�O�O�R�F�D�W�H�G�� �W�R�� �W�K�H�� �F�H�O�O�� �W�K�D�W�� �L�Q�F�O�X�G�H�V�� �P�D�F�K�L�Q�H���F������
�7�K�H�� �S�R�V�L�W�L�R�Q�� �R�I�� �P�D�F�K�L�Q�H���G���L�Q�� �0�&�� �G�H�S�H�Q�G�V���R�Q�� �W�K�H�� �Y�D�O�X�H�� �R�I���.�E�J�G�/�Þ�ë���D�Q�G��
�.�E�J�G�/�ë�Þ���E�H�W�Z�H�H�Q���G���D�Q�G���H�D�F�K���D�V�V�L�J�Q�H�G���P�D�F�K�L�Q�H�����P�D�F�K�L�Q�H���T�����L�Q���W�K�H���0�&���W�R��
�I�L�Q�G���W�K�H���S�R�V�L�W�L�R�Q���K�D�Y�L�Q�J���W�K�H���K�L�J�K�H�V�W���O�L�Q�N�D�J�H���V�W�U�H�Q�J�W�K���Y�D�O�X�H����

3�G�����,�I���P�D�F�K�L�Q�H���G���K�D�V���D�O�U�H�D�G�\���E�H�O�R�Q�J�H�G���W�R���W�K�H���F�H�O�O�����D�Q�G���P�D�F�K�L�Q�H �F���K�D�V���Q�R�W���E�H�H�Q��
�D�V�V�L�J�Q�H�G�����0�D�F�K�L�Q�H���F���L�V���D�V�V�L�J�Q�H�G���W�R���W�K�H���F�H�O�O���W�K�D�W���L�Q�F�O�X�G�H�V���P�D�F�K�L�Q�H���G����

3�H���� �,�I�� �E�R�W�K���P�D�F�K�L�Q�H���F���D�Q�G���P�D�F�K�L�Q�H���G���K�D�Y�H���D�O�U�H�D�G�\���E�H�O�R�Q�J�H�G���W�R���W�K�H���V�D�P�H���F�H�O�O����
�7�K�H�U�H�I�R�U�H�����W�K�H���P�D�F�K�L�Q�H���S�D�L�U���F�D�Q���E�H���L�J�Q�R�U�H�G���D�Q�G���J�R���W�R���W�K�H���Q�H�[�W���V�W�H�S����

3�I�����,�I���P�D�F�K�L�Q�H�V���F���D�Q�G���G���K�D�Y�H���E�H�H�Q���D�O�O�R�F�D�W�H�G���W�R���W�Z�R���G�L�V�W�L�Q�F�W���F�H�O�O�V�����7�K�L�V���L�Q�I�R�U�P�D�W�L�R�Q��
�F�D�Q���E�H���U�H�V�H�U�Y�H�G���I�R�U���I�X�W�X�U�H���S�U�R�F�H�V�V�H�V���V�X�F�K���D�V���P�H�U�J�L�Q�J���W�Z�R���0�&�V���Z�L�W�K���V�S�H�F�L�I�L�F��
�F�R�Q�G�L�W�L�R�Q�V����

Step 4���� �� �5�H�S�H�D�W�� �V�W�H�S��3���Z�L�W�K�� �W�K�H�� �Q�H�[�W�� �K�L�J�K�H�V�W���5�Ý�Þ���X�Q�W�L�O�� �D�O�O���I ���P�D�F�K�L�Q�H�V�� �K�D�Y�H�� �E�H�H�Q��
�D�V�V�L�J�Q�H�G���W�R���0�&�V����
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Step 5�������$�V�V�L�J�Q���S�D�U�W�V���F�R�U�U�H�V�S�R�Q�G�L�Q�J���W�R���0�&�V���W�R���J�H�Q�H�U�D�W�H���S�D�U�W���I�D�P�L�O�L�H�V�����7�K�H���I�R�O�O�R�Z�L�Q�J��
�V�X�E-�V�W�H�S�V�� �D�U�H�� �U�H�T�X�L�U�H�G�� �W�R�� �D�V�V�L�J�Q�� �S�D�U�W�V�� �L�Q�W�R�� �S�D�U�W�� �I�D�P�L�O�L�H�V�� �F�R�U�U�H�V�S�R�Q�G�L�Q�J�� �W�R�� �W�K�H��
�J�H�Q�H�U�D�W�H�G���0�&�V�����)�R�U���V�S�H�F�L�D�O���F�D�V�H�V�����I�X�U�W�K�H�U���S�U�R�F�H�V�V���V�X�F�K���D�V���P�H�U�J�L�Q�J���F�H�O�O�V���L�V���D�S�S�O�L�H�G����

5�D���� �)�R�U�� �H�D�F�K�� �S�D�U�W���E�� �Z�L�W�K�� �U�R�X�W�H���N �D�Q�G�� �H�D�F�K�� �P�D�F�K�L�Q�H�� �F�H�O�O�����G�H�W�H�U�P�L�Q�H��
�0�8�Ü�å �U�H�S�U�H�V�H�Q�W�L�Q�J���W�K�H���W�R�W�D�O���Q�X�P�E�H�U���R�I���P�D�F�K�L�Q�H�V���W�K�D�W���D�U�H���Q�R�W���Y�L�V�L�W�H�G���E�\���S�D�U�W���E����
�D�Q�G���0�1�Ü�å���Z�K�L�F�K���G�H�Q�R�W�H�V���W�K�H���V�X�P���R�I���R�S�H�U�D�W�L�R�Q�V���R�I���S�D�U�W���E���R�X�W�V�L�G�H���W�K�L�V���F�H�O�O����

5�E���� �3�D�U�W���E���Z�L�W�K���U�R�X�W�H���N���L�V���D�V�V�L�J�Q�H�G�� �W�R�� �W�K�H�� �S�D�U�W�� �I�D�P�L�O�L�H�V�� �F�R�U�U�H�V�S�R�Q�G�L�Q�J�� �W�R���W�K�H��
�P�D�F�K�L�Q�H���F�H�O�O���Z�K�H�U�H���W�K�H���V�X�P���0�8�1�Ü�å���L�V���P�L�Q�L�P�D�O���D�V���F�D�O�F�X�O�D�W�H�G���E�\���(�T������������

�0�8�1�Ü�å= �0�8�Ü�å+ �0�1�Ü�å�� (1������

5�F�����5�H�S�H�D�W���V�W�H�S��5�D���X�Q�W�L�O���D�O�O���S�D�U�W�V���D�U�H���D�O�O�R�F�D�W�H�G���L�Q���S�D�U�W���F�H�O�O�V����

�)�R�U���S�D�U�W�V�� �Z�L�W�K�� �P�X�O�W�L-�U�R�X�W�L�Q�J�V�����W�K�H�� �I�R�O�O�R�Z�L�Q�J���S�U�R�F�H�V�V�H�V�� �L�Q���V�W�H�S�������D�U�H�� �S�U�R�F�H�H�G�H�G�� �W�R��
�V�H�O�H�F�W���W�K�H���E�H�V�W���U�R�X�W�L�Q�J����

Step 6:���6�H�O�H�F�W���U�R�X�W�L�Q�J�V���I�R�U���H�D�F�K���S�D�U�W��

���D���� �)�R�U�� �H�D�F�K�� �S�D�U�W���E���L�Q�� �W�K�H�� �U�R�X�W�H���N���� �G�H�W�H�U�P�L�Q�H���5�#�+�$�Ü�å���W�K�D�W���L�V�� �F�D�O�F�X�O�D�W�H�G�� �E�\�� �W�K�H��
�Z�H�L�J�K�W�H�G���V�X�P���R�I���W�K�H���W�R�W�D�O���Q�X�P�E�H�U���R�I���D�F�W�X�D�O���L�Q�W�H�U-�F�H�O�O���P�R�Y�H�V��(�#�+�/�Ü�å) �D�Q�G���W�K�H��
�W�R�W�D�O���Q�X�P�E�H�U���R�I���D�F�W�X�D�O���E�D�F�N�Z�D�U�G���P�R�Y�H�V��(�#�$�/�Ü�å) �D�V���V�K�R�Z�Q���D�W���(�T����13����

�5�#�+�$�Ü�å= �#�+�/�Ü�å+ �M.�#�$�/�Ü�å�� (13����

���E�����$�P�R�Q�J���W�K�H���Y�D�U�L�R�X�V���U�R�X�W�L�Q�J�V�����W�K�H���U�R�X�W�H���Z�L�W�K���V�P�D�O�O�H�V�W���5�#�+�$�Ü�å���L�V���F�K�R�V�H�Q�����,�Q���W�K�H��
�F�D�V�H�� �R�I�� �W�K�H�� �V�D�P�H���5�#�+�$�Ü�å�����W�Z�R�� �D�G�G�L�W�L�R�Q�D�O�� �V�X�E-�F�R�Q�G�L�W�L�R�Q�V�� �D�U�H�� �H�P�S�O�R�\�H�G������
�7�K�H�� �I�L�U�V�W�� �V�X�E-�F�R�Q�G�L�W�L�R�Q�� �L�Q�Y�R�O�Y�H�V�� �H�Y�D�O�X�D�W�L�Q�J�� �W�K�H�� �U�D�W�L�R�� �R�I�� �Y�R�L�G�V�� �I�R�U�� �U�R�X�W�H���N����
�G�H�Q�R�W�H�G���D�V���4�0�8�+�Ü�å���D�Q�G���F�D�O�F�X�O�D�W�H�G���X�V�L�Q�J���(�T����1�������7�K�H�� �V�H�F�R�Q�G���V�X�E-�F�R�Q�G�L�W�L�R�Q��
�S�H�U�W�D�L�Q�V�� �W�R�� �W�K�H�� �S�U�R�F�H�V�V�L�Q�J�� �W�L�P�H�� �R�E�M�H�F�W�L�Y�H���� �P�H�D�V�X�U�H�G���D�V�� �W�K�H�� �W�R�W�D�O���S�U�R�F�H�V�V�L�Q�J��
�W�L�P�H���L�Q���U�R�X�W�H���N��(�5�6�Ü�å) ���D�Q�G���F�R�P�S�X�W�H�G���X�V�L�Q�J���(�T������5�����'�H�S�H�Q�G�L�Q�J���R�Q���W�K�H���V�H�O�H�F�W�H�G��
�R�E�M�H�F�W�L�Y�H�����R�Q�H���R�I���W�Z�R���V�X�E-�F�R�Q�G�L�W�L�R�Q�V���L�V���F�R�P�S�D�U�H�G���D�F�U�R�V�V���Y�D�U�L�R�X�V���U�R�X�W�L�Q�J�V���W�R��
�G�H�W�H�U�P�L�Q�H���W�K�H���R�S�W�L�P�D�O���U�R�X�W�L�Q�J�����Z�K�L�F�K���\�L�H�O�G�V���W�K�H���V�P�D�O�O�H�V�W���Y�D�O�X�H����
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�� (1������
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����������w�K�H�U�H���0�8�Ü�å���L�V���Q�X�P�E�H�U���R�I���Y�R�L�G�V���I�R�U���H�D�F�K���S�D�U�W���E���L�Q���W�K�H���U�R�X�W�H���N�����0�+�Ü�å���L�V���Q�X�P�E�H�U��
�R�I���R�S�H�U�D�W�L�R�Q�V���L�Q�V�L�G�H���P�D�F�K�L�Q�H���F�H�O�O�V���I�R�U���S�D�U�W���E���L�Q���W�K�H���U�R�X�W�H���N��

���F�����5�H�S�H�D�W���6�W�H�S�����E���X�Q�W�L�O���D�O�O���S�D�U�W�V���F�D�Q���F�K�R�R�V�H���W�K�H���E�H�V�W���U�R�X�W�L�Q�J����

Step 7�����6�W�R�S��
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2.3 Modified Group Technology Efficacy (MGTE)  

�7�K�H�� �P�R�G�L�I�L�H�G�� �J�U�R�X�S�� �W�H�F�K�Q�R�O�R�J�\���H�I�I�L�F�D�F�\�� ���/�)�6�' ���� �L�V�� �L�Q�W�U�R�G�X�F�H�G�� �W�R���L�Q�W�H�J�U�D�W�H�� �W�K�H��
�D�F�W�X�D�O���E�D�F�N�Z�D�U�G���P�R�Y�H�V�����L�Q�F�O�X�G�L�Q�J���H�[�W�H�U�Q�D�O���R�S�H�U�D�W�L�R�Q�V�����D�Q�G���W�K�H���Z�H�L�J�K���I�D�F�W�R�U���T�����,�Q��
�S�U�D�F�W�L�F�D�O�� �S�U�R�G�X�F�W�L�R�Q���� �W�K�H�� �L�Q�W�H�U-�F�H�O�O�� �P�R�Y�H�� �L�V�� �W�K�H�� �P�D�L�Q�� �F�R�Q�F�H�U�Q�� �D�Q�G�� �K�D�V�� �W�K�H�� �K�L�J�K�H�V�W��
�H�I�I�H�F�W�V�� �R�Q�� �W�K�H�� �W�U�D�Y�Hl�O�L�Q�J�� �F�R�V�W���L�Q�� �&�)�3���� �7�K�X�V���� �W�K�H���L�Q�W�H�U-�F�H�O�O�� �P�R�Y�H���V�K�R�X�O�G�� �K�D�Y�H�� �D��
�V�W�U�R�Q�J�H�U�� �H�I�I�H�F�W�� �W�K�D�Q�� �R�W�K�H�U�� �I�D�F�W�R�U�V���D�Q�G���M���V�K�R�X�O�G�� �E�H�� �D�G�G�H�G�� �L�Q���/�)�6�' ���F�D�O�F�X�O�D�W�L�R�Q����
�'�H�S�H�Q�G�L�Q�J���R�Q���W�K�H���S�U�D�W�L�F�D�O���L�Q�W�H�U-�F�H�O�O���D�Q�G���L�Q�W�U�D-�F�H�O�O���P�R�Y�H���F�R�V�W�����W�K�H���T���Y�D�O�X�H���F�D�Q���F�K�D�Q�J�H��
�W�R���P�H�H�W���V�S�H�F�L�I�L�F�� �S�U�R�G�X�F�W�L�R�Q�� �F�R�Q�G�L�W�L�R�Q�V�� �E�X�W�� �L�V�� �Q�R�W�� �I�L�[�H�G�� �I�R�U�� �D�O�O���F�D�V�H�V�����8�V�L�Q�J���W�K�H��
�S�U�R�S�R�V�H�G���/ �)�6�' �����W�K�H���R�Y�H�U�D�O�O���J�U�R�X�S���W�H�F�K�Q�R�O�R�J�\���H�I�I�L�F�D�F�\���F�D�Q���E�H���H�Y�D�O�X�D�W�H�G���D�V���V�K�R�Z�Q��
�L�Q���(�T������������

�/�)�6�' =
1 
F
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1 +
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�0�+

�� (1������

3 Illustrative Examples 

�7�R���H�[�S�O�D�L�Q���W�K�H�� �F�D�O�F�X�O�D�W�L�R�Q�� �S�U�R�F�H�G�X�U�H�� �R�I�� �W�K�H�� �S�U�R�S�R�V�H�G�� �P�H�W�K�R�G���� �H�[�D�P�S�O�H�� ���� �Z�D�V��
�J�H�Q�H�U�D�W�H�G���Z�L�W�K���V�L�[���S�D�U�W�V���D�Q�G���I�L�Y�H���P�D�F�K�L�Q�H�V���I�R�U���V�L�Q�J�O�H���U�R�X�W�L�Q�J�����L�Q�F�R�U�S�R�U�D�W�L�Q�J���P�X�O�W�L-
�Y�L�V�L�W�V�����6�X�E�V�H�T�X�H�Q�W�O�\�����H�[�D�P�S�O�H�������X�W�L�O�L�]�H�G���S�U�R�G�X�F�W�L�R�Q���G�D�W�D���I�H�D�W�X�U�L�Q�J���V�H�Y�H�Q���S�D�U�W�V�����W�H�Q��
�P�D�F�K�L�Q�H�V�����D�Q�G���I�R�X�U�W�H�H�Q���D�O�W�H�U�Q�D�W�L�Y�H���U�R�X�W�L�Q�J�V����

3.1 Example of Single Routing and Multi -Visits (Example 1) 

�5�D�Q�G�R�P���S�U�R�G�X�F�W�L�R�Q���G�D�W�D���L�V���J�H�Q�H�U�D�W�H�G���Z�L�W�K���D���P�D�F�K�L�Q�H-�S�D�U�W���P�D�W�U�L�[���R�I�����[�������L�Q�G�L�F�D�W�L�Q�J��
�W�K�H�� �R�S�H�U�D�W�L�R�Q�� �V�H�T�X�H�Q�F�H���� �D�Q�G���W�K�H���S�U�R�G�X�F�W�L�R�Q�� �Y�R�O�X�P�H�� �L�V�� �V�K�R�Z�Q�� �L�Q�� �7�D�E�O�H��1�����,�Q�� �W�K�L�V��
�H�[�D�P�S�O�H�����D�O�O���S�D�U�W�V���K�D�Y�H���W�K�H���V�L�Q�J�O�H���U�R�X�W�L�Q�J�����7�K�H���6�&���F�D�O�F�X�O�D�W�L�R�Q���L�Q���V�W�H�S�������L�V���D�S�S�O�L�H�G��
�I�R�U�� �D�O�O�� �P�D�F�K�L�Q�H�� �S�D�L�U�V�����D�Q�G�� �W�K�H�� �U�H�V�X�O�W�V�� �D�U�H�� �V�K�R�Z�Q�� �L�Q���7�D�E�O�H���������$�W���V�W�H�S�� ���D�� �5�5�8���L�V��
�G�H�W�H�U�P�L�Q�H�G���D�V���W�K�H���K�L�J�K�H�V�W���Y�D�O�X�H�����������������������V�R���P�D�F�K�L�Q�H�V�������D�Q�G�������V�K�R�X�O�G���E�H���J�U�R�X�S�H�G��
�L�Q���W�K�H���I�L�U�V�W���P�D�F�K�L�Q�H���F�H�O�O�����7�K�H���R�U�G�H�U���R�I���P�D�F�K�L�Q�H�V�������D�Q�G�������L�V���G�H�W�H�U�P�L�Q�H�G���E�\���F�R�P�S�D�U�L�Q�J��
�W�K�H�� �O�L�Q�N�D�J�H�� �V�W�U�H�Q�J�W�K�� �F�D�O�F�X�O�D�W�L�R�Q�� �R�I���W�K�H�� �P�D�F�K�L�Q�H�� �S�D�L�U���� �%�H�F�D�X�V�H���.�E�J�G�/�5�8= 2 ���D�Q�G��
�.�E�J�G�/�8�5= 1 �����P�D�F�K�L�Q�H�������V�K�R�X�O�G���K�D�Y�H���E�H�H�Q���L�Q���I�U�R�Q�W���R�I���P�D�F�K�L�Q�H���W�R���R�E�W�D�L�Q���W�K�H���K�L�J�K�H�V�W��
�O�L�Q�N�D�J�H���V�W�U�H�Q�J�W�K���Y�D�O�X�H�����5�6�7���L�V���W�K�H���V�H�F�R�Q�G-�K�L�J�K�H�V�W���Y�D�O�X�H�����������������������V�R���P�D�F�K�L�Q�H�V�������D�Q�G��
���� �V�K�R�X�O�G�� �K�D�Y�H�� �E�H�H�Q���J�U�R�X�S�H�G�� �L�Q�� �W�K�H�� �V�H�F�R�Q�G�� �P�D�F�K�L�Q�H�� �F�H�O�O�����7�K�H�� �O�L�Q�N�D�J�H�� �V�W�U�H�Q�J�W�K��
�E�H�W�Z�H�H�Q���P�D�F�K�L�Q�H�V�������D�Q�G�������L�V���K�L�J�K�H�U���W�K�D�Q���W�K�D�W���E�H�W�Z�H�H�Q���P�D�F�K�L�Q�H�V�������D�Q�G���������+�H�Q�F�H����
�P�D�F�K�L�Q�H��3���V�K�R�X�O�G���K�D�Y�H���E�H�H�Q���L�Q���I�U�R�Q�W���R�I���P�D�F�K�L�Q�H���������$���V�L�P�L�O�D�U���S�U�R�F�H�V�V���L�V���H�[�H�F�X�W�H�G��
�I�R�U���W�K�H���R�W�K�H�U���P�D�F�K�L�Q�H���S�D�L�U�V�����D�Q�G���W�Z�R���0�&�V���D�U�H���I�L�Q�D�O�O�\���J�H�Q�H�U�D�W�H�G�����L�Q�F�O�X�G�L�Q�J�����������������D�Q�G��
���������������������D�W���W�K�H���H�Q�G���R�I���V�W�H�S���������7�K�H���S�D�U�W�V���W�K�H�Q���D�U�H���D�V�V�L�J�Q�H�G���W�R���W�K�H���0�&���L�Q���W�K�H���V�W�H�S���������)�R�U��
�H�D�F�K���S�D�U�W�����0�8�Ü�å���D�Q�G���0�1�Ü�å���I�R�U���H�D�F�K���P�D�F�K�L�Q�H���F�H�O�O���D�U�H���F�D�O�F�X�O�D�W�H�G���W�R���D�V�V�L�J�Q���W�K�H���S�D�U�W���W�R��
�W�K�H���V�S�H�F�L�I�L�F���0�&���Z�L�W�K���W�K�H���V�P�D�O�O�H�V�W���V�X�P���R�I���0�8�Ü�å���D�Q�G���0�1�Ü�å�����)�L�Q�D�O�O�\�����W�Z�R���S�D�U�W���I�D�P�L�O�L�H�V��
�D�U�H���J�H�Q�H�U�D�W�H�G�����L�Q�F�O�X�G�L�Q�J�����������������������D�Q�G�����������������������D�F�F�R�U�G�L�Q�J���W�R���W�Z�R���P�D�F�K�L�Q�H���F�H�O�O�V�� 
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�7�D�E�O�H��1��

�7�K�H���S�U�R�G�X�F�W�L�R�Q���G�D�W�D���I�R�U���(�[�D�P�S�O�H��������

�3�D�U�W��i��
�0�D�F�K�L�Q�H��

PV��
�0���� �0���� �0���� �0���� �0����

��������������P1�� 3�� 1�� ���� �� �� ��������
������������P���� �� ���� ���������� �� ���� 310��
������������P3�� ���������� 1�� �� 3�� �� ��������
������������P���� �� 1�� �� 3�� ���� ��������
������������P5�� �� �� �� ���� 1�� ������
������������P���� 1�� �� �� ���� �� 150��

�7�D�E�O�H������

�6�L�P�L�O�D�U�L�W�\���F�R�H�I�I�L�F�L�H�Q�W���P�D�W�U�L�[���I�R�U���(�[�D�P�S�O�H��������

�0�D�F�K�L�Q�H��
�0�D�F�K�L�Q�H��

�0���� �0���� �0���� �0���� �0����
���������������0�� �� 1�� �������������� �������������� 0.8703 ��

�������������0���� �������������� 1�� 0.8481�� �������������� ��������������
�������������0���� �������������� 0.8481 1�� �� 0.7777 
�������������0���� 0.8703 �������������� �� 1�� ��������������
�������������0���� �� �������������� 0.7777 �������������� 1��

3.2 Example of Multi -Routings and Selected Objective 
(Example 2) 

�7�K�H�� �V�H�F�R�Q�G�� �H�[�D�P�S�O�H���Z�L�W�K�� �D���W�H�V�W�� �L�Q�V�W�D�Q�F�H���V�L�]�H���R�I�����[�����[�������X�V�H�V�� �D���S�U�R�G�X�F�W�L�R�Q���G�D�W�D��
�V�D�P�S�O�H�� �I�U�R�P�� �W�K�H���H�[�L�V�W�L�Q�J�� �O�L�W�H�U�D�W�X�U�H�����L�Q�F�O�X�G�L�Q�J�� ���� �S�D�U�W�V�� �D�Q�G�� ������ �P�D�F�K�L�Q�H�V�� �D�Q�G�� ������
�D�O�W�H�U�Q�D�W�L�Y�H���U�R�X�W�L�Q�J�V���>���@�����7�K�H���S�U�R�F�H�V�V�L�Q�J���W�L�P�H���I�R�U���D�O�O���R�S�H�U�D�W�L�R�Q�V���L�V���D�V�V�X�P�H�G���W�R���E�H���W�K�H��
�V�D�P�H�����$�F�F�R�U�G�L�Q�J���W�R���W�K�H���F�D�O�F�X�O�D�W�L�R�Q���R�I���W�K�H���5�%���P�D�W�U�L�[�����W�K�H���P�D�F�K�L�Q�H���S�D�L�U�V��������������������������
�������� �������� ���������D�Q�G�������������������K�D�Y�H�� �K�L�J�K�H�V�W�� �6�&�� �Y�D�O�X�H���� �7�K�H�U�H�I�R�U�H�����W�K�H���P�D�F�K�L�Q�H�� �S�D�L�U�� ��������������
�V�K�R�X�O�G���E�H���D�V�V�L�J�Q�H�G���W�R���W�K�H���I�L�U�V�W���0�&���D�Q�G���W�K�H���P�D�F�K�L�Q�H���S�D�L�U�����������������D�V�V�L�J�Q�H�G���W�R���W�K�H���V�H�F�R�Q�G��
�0�&���V�L�Q�F�H���W�K�H���P�H�U�J�L�Q�J���F�R�Q�G�L�W�L�R�Q���D�W���V�W�H�S��3�G���L�V���Q�R�W���V�D�W�L�V�I�L�H�G����

�7�K�H���Q�H�[�W���K�L�J�K�H�V�W���5�%���L�V���I�R�U���P�D�F�K�L�Q�H���S�D�L�U�������������������0�D�F�K�L�Q�H�������K�D�V���D�O�U�H�D�G�\���E�H�H�Q���D�V�V�L�J�Q�H�G��
�W�R���W�K�H���V�H�F�R�Q�G���0�&�����7�K�H�Q���P�D�F�K�L�Q�H�������L�V���D�V�V�L�J�Q�H�G���W�R���W�K�H���V�H�F�R�Q�G���0�&�����7�K�H���P�D�F�K�L�Q�H���S�D�L�U��
�������� ���������K�D�V���Q�R�W�� �E�H�H�Q�� �D�V�V�L�J�Q�H�G���W�R���D�Q�\���0�&�V���� �7�K�H�� �P�H�U�J�L�Q�J���F�R�Q�G�L�W�L�R�Q���R�I�� �W�K�L�V�� �S�D�L�U���L�V��
�V�D�W�L�V�I�L�H�G���E�H�F�D�X�V�H���E�R�W�K���6�&���Y�D�O�X�H�V���I�R�U���P�D�F�K�L�Q�H���S�D�L�U�V�����������������D�Q�G�������������������D�U�H���K�L�J�K�H�U���W�K�D�Q��
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�3�D�U�W�� �5�R�X�W�H��
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�0���� �0���� �0���� �0���� �0������ �0���� �0���� �0���� �0���� �09�� �� �� ��
P1 R1  3 4  5 1  2   1 �� ��
P2 R3 2 3 4 5 6  1    1 �� ��
P3�� R���� 1�� ���� �� 3�� 5�� �� �� �� �� ���� ���� 0.25 5 
P5�� R1�� 1  3 �� 5    ��  ���� 0.25 5 
P6 R1   3  4  1 2   1 �� ��
P7�� R1�� 1�� �� �� ���� 3�� �� �� �� �� �� 0�� 0.67 3 
P1�� R���� ��   ��   1  3 5 ��  ��
�3���� R1��  ��   �� 1 �� 3 5  3  ��
�3���� R���� ��     1  3 �� 5 ��  ��
P3�� R1��   3 ��  1  ��  5 ���� 0.67 5 
P4 R1       1 2 3 4 0  ��
P5�� R���� �� �� 3�� �� �� 1�� ���� �� �� ���� 2 0.67 4 
�3���� R����    ��  1    3 �� �� ��
P7�� R����       1 �� 3 �� 0 0.25 4 
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4 Comparison Results and Discussion 
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�H�D�F�K�� �W�H�V�W�� �L�Q�V�W�D�Q�F�H���� �D�O�R�Q�J�� �Z�L�W�K�� �D�� �F�R�P�S�D�U�L�V�R�Q�� �W�R�� �W�K�H�� �E�H�V�W�� �U�H�V�X�O�W�V���D�F�K�L�H�Y�H�G���E�\�� �R�W�K�H�U��
�D�S�S�U�R�D�F�K�H�V���L�Q���W�K�H���O�L�W�H�U�D�W�X�U�H�����7�K�H���S�U�R�S�R�V�H�G���P�H�W�K�R�G���J�H�Q�H�U�D�O�O�\���R�X�W�S�H�U�I�R�U�P�V���S�U�H�Y�L�R�X�V��
�V�W�X�G�L�H�V�� �L�Q���W�H�U�P�V�� �R�I�� �$�,�0�� �D�Q�G�� �$�%�0���� �H�[�F�H�S�W�� �I�R�U�� �W�K�H�� �����[������ �D�Q�G�� �����[������ �H�[�D�P�S�O�H�V����
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Metaheuristic Algorithms for Related Parallel 
Machines Scheduling Problem with Availability 
and Periodical Unavailability Constraints 

Mihály Gencsi 

�'�H�S�D�U�W�P�H�Q�W���R�I���&�R�P�S�X�W�D�W�L�R�Q�D�O���2�S�W�L�P�L�]�D�W�L�R�Q�����8�Q�L�Y�H�U�V�L�W�\���R�I���6�]�H�J�H�G�����È�U�S�i�G��t�p�U��2����
672�����6�]�H�J�H�G�����+�X�Q�J�D�U�\�����J�H�Q�F�V�L�#�L�Q�I���X-�V�]�H�J�H�G���K�X��

Abstract: The Related Parallel Machine Scheduling Problem (R-PMSP) is a type of optimal 
job scheduling problem. The problem is to assign different types of jobs to different parallel 
machines. Every machine has a speed rate that can execute a job faster or slower than other 
machines. This paper focuses on an R-PMSP, with availability and periodical unavailability 
constraints. Some jobs can also have machine preferences. The problem with these 
constraints is NP-hard. This study describes three metaheuristic algorithms for solving the 
problem. Namely, the algorithms are Genetic Algorithm (GA), Simulated Annealing (SA), 
and Discrete Grey Wolf Optimizer (DGWO). This article focuses on examining the 
performance of the algorithms, determined by the required time, to find a suboptimal 
threshold. Simulated Annealing proved to be the best in terms of efficiency and time required 
to find the suboptimal threshold. In addition, the study describes a benchmark generator 
method for this problem, which guarantees to create a problem with given properties and 
with a given optimum. 

Keywords: Parallel Machines Scheduling; Availability and Periodical Unavailability 
Constraint; Genetic Algorithm; Simulated Annealing; Grey Wolf Optimizer 

1 Introduction  
�7�D�V�N�� �V�F�K�H�G�X�O�L�Q�J�� �S�U�R�E�O�H�P�V�� �F�D�Q�� �E�H�� �V�H�H�Q�� �L�Q�� �D�Q�\�� �S�D�U�W�� �R�I�� �R�X�U�� �O�L�Y�H�V���� �I�R�U�� �H�[�D�P�S�O�H����
�V�F�K�H�G�X�O�L�Q�J�� �S�U�R�G�X�F�W�L�R�Q�� �O�L�Q�H�V���� �V�F�K�H�G�X�O�L�Q�J�� �W�D�V�N�� �H�[�H�F�X�W�L�R�Q���� �D�Q�G�� �D�V�V�L�J�Q�L�Q�J�� �F�O�L�H�Q�W�V�� �W�R��
�V�H�U�Y�L�F�H���T�X�H�X�H�V�����7�K�D�W���L�V���Z�K�\���V�F�K�H�G�X�O�L�Q�J���L�V���R�Q�H���R�I���W�K�H���P�R�V�W���G�R�P�L�Q�D�Q�W���S�U�R�E�O�H�P�V���W�R���E�H��
�V�R�O�Y�H�G���W�R�G�D�\�����7�K�H�U�H���D�U�H���P�D�Q�\���D�S�S�U�R�D�F�K�H�V���W�R���V�R�O�Y�L�Q�J���W�K�H�V�H���S�U�R�E�O�H�P�V���L�Q���W�K�H���O�L�W�H�U�D�W�X�U�H����
�E�X�W���W�K�H���G�L�Y�H�U�V�L�W�\���R�I���W�K�H���S�U�R�E�O�H�P���P�H�D�Q�V���P�D�Q�\���R�S�H�Q���D�U�H�D�V�����7�L�P�H���L�V���R�Q�H���R�I���W�K�H���H�V�V�H�Q�W�L�D�O��
�U�H�V�R�X�U�F�H�V����V�D�O�X�D�E�O�H���W�L�P�H���F�D�Q���E�H���V�D�Y�H�G���E�\���S�U�R�S�H�U�O�\���D�O�O�R�F�D�W�L�Q�J���W�D�V�N�V���W�R���W�K�H���P�D�F�K�L�Q�H�V����
�7�K�H���P�R�W�L�Y�D�W�L�R�Q���I�R�U���W�K�L�V���U�H�V�H�D�U�F�K���F�R�P�H�V���I�U�R�P���W�Z�R���S�U�R�E�O�H�P�V���W�K�D�W���Q�H�H�G���W�R���E�H���V�R�O�Y�H�G����
�7�K�H���I�L�U�V�W���L�V���W�K�H���V�F�K�H�G�X�O�L�Q�J���R�I���S�D�W�L�H�Q�W�V���W�R���W�H�V�W�L�Q�J���O�D�E�R�U�D�W�R�U�L�H�V���I�R�U���L�Q�G�L�Y�L�G�X�D�O���W�H�V�W�V�����7�K�L�V��
�F�D�Q���L�Q�F�O�X�G�H���&�7�����0�5�,�����E�O�R�R�G���W�H�V�W�V�����F�D�Q�F�H�U���S�U�H�Y�H�Q�W�L�R�Q���W�H�V�W�V�����H�W�F�����7�K�H���G�X�U�D�W�L�R�Q���R�I���W�H�V�W�V��
�Y�D�U�L�H�V���D�Q�G���S�D�W�L�H�Q�W�V���K�D�Y�H���W�K�H���R�S�W�L�R�Q���R�I���F�K�R�R�V�L�Q�J���O�D�E�R�U�D�W�R�U�L�H�V�����)�R�U���L�Q�V�W�D�Q�F�H�����W�K�H���S�D�W�L�H�Q�W��
�K�D�V�� �D�Q�� �D�J�U�H�H�P�H�Q�W���Z�L�W�K�� �W�K�H�� �O�D�E�R�U�D�W�R�U�\���� �7�K�H�� �W�H�V�W�L�Q�J�� �O�D�E�R�U�D�W�R�U�L�H�V�� �K�D�Y�H�� �G�L�I�I�H�U�H�Q�W��



M. Gencsi Metaheuristic Algorithms for Related Parallel Machines Scheduling Problem 
  with Availability and Periodical Unavailability Constraints  

�Å��90 �Å��

�F�K�D�U�D�F�W�H�U�L�V�W�L�F�V�����P�D�[�L�P�X�P���D�Y�D�L�O�D�E�L�O�L�W�\�����R�S�H�Q�L�Q�J���W�L�P�H�V�����D�Q�G���S�H�U�L�R�G�L�F�D�O���X�Q�D�Y�D�L�O�D�E�L�O�L�W�\��
�W�L�P�H�����E�U�H�D�N���W�L�P�H�V�����P�D�L�Q�W�H�Q�D�Q�F�H���W�L�P�H�������6�R�P�H���O�D�E�R�U�D�W�R�U�L�H�V���S�H�U�I�R�U�P���W�K�H�L�U���W�D�V�N�V���I�D�V�W�H�U��
�W�K�D�Q���R�W�K�H�U�V�����G�L�Y�H�U�V�L�W�\���R�I���0�5�,���P�D�F�K�L�Q�H�V�����H�W�F���������7�K�H���V�H�F�R�Q�G���H�[�D�P�S�O�H���L�V���W�K�H���V�F�K�H�G�X�O�L�Q�J��
�R�I���W�D�V�N�V���W�R���Y�D�U�L�R�X�V���F�R�P�S�X�W�L�Q�J���G�H�Y�L�F�H�V�����:�L�W�K���V�R���P�D�Q�\���G�L�I�I�H�U�H�Q�W���W�\�S�H�V���D�Y�D�L�O�D�E�O�H�����V�X�F�K��
�D�V�� �3�&�V���� �V�X�S�H�U�F�R�P�S�X�W�H�U�V���� �D�Q�G���P�L�F�U�R�F�R�Q�W�U�R�O�O�H�U�V�����W�K�H�� �S�U�R�F�H�V�V�L�Q�J�� �V�S�H�H�G�� �Y�D�U�L�H�V���� �D�Q�G��
�W�D�V�N�V���P�X�V�W���E�H���D�V�V�L�J�Q�H�G���D�F�F�R�U�G�L�Q�J�O�\���W�R���R�S�W�L�P�L�]�H���W�K�H�L�U���U�X�Q�Q�L�Q�J���W�L�P�H�������8�W�L�O�L�]�L�Q�J���D���I�D�V�W��
�P�D�F�K�L�Q�H���F�D�Q���U�H�G�X�F�H���W�K�H���U�X�Q�Q�L�Q�J���W�L�P�H���R�I���D�O�O���W�D�V�N�V�����$�G�G�L�W�L�R�Q�D�O�O�\�����F�H�U�W�D�L�Q���W�D�V�N�V���P�D�\��
�E�H�� �G�H�O�H�J�D�W�H�G�� �W�R�� �S�U�H�G�H�W�H�U�P�L�Q�H�G�� �P�D�F�K�L�Q�H�V�� �I�R�U�� �U�H�D�V�R�Q�V�� �V�X�F�K�� �D�V�� �G�D�W�D�� �S�U�R�W�H�F�W�L�R�Q�� �R�U��
�F�R�Q�W�U�D�F�W�X�D�O���R�E�O�L�J�D�W�L�R�Q�V�����7�K�H�V�H���P�D�F�K�L�Q�H�V���S�R�V�V�H�V�V���Y�D�U�\�L�Q�J���F�K�D�U�D�F�W�H�U�L�V�W�L�F�V�����L�Q�F�O�X�G�L�Q�J��
�U�H�E�R�R�W�� �W�L�P�H���� �P�D�L�Q�W�H�Q�D�Q�F�H�� �V�F�K�H�G�X�O�H�V���� �D�Q�G�� �F�O�H�D�Q�L�Q�J�� �L�Q�W�H�U�Y�D�O�V���� �7�K�H�� �P�D�F�K�L�Q�H��
�V�F�K�H�G�X�O�L�Q�J���S�U�R�E�O�H�P���F�D�Q���E�H���S�U�H�F�L�V�H�O�\���P�D�W�F�K�H�G���Z�L�W�K���W�K�H���S�D�W�L�H�Q�W���V�F�K�H�G�X�O�L�Q�J���S�U�R�E�O�H�P����
�7�K�H�� �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V�� �R�I�� �W�Z�R�� �H�[�D�P�S�O�H�V�� �D�U�H�� �S�H�U�I�H�F�W�O�\�� �U�H�F�R�Q�F�L�O�D�E�O�H�������3�D�W�L�H�Q�W�V�� �D�U�H�� �W�K�H��
�W�D�V�N�V�����D�Q�G���O�D�E�R�U�D�W�R�U�L�H�V���D�U�H���W�K�H���P�D�F�K�L�Q�H�V�����,�Q���E�R�W�K���F�D�V�H�V�����W�K�H���J�R�D�O���L�V���W�R���P�L�Q�L�P�L�]�H���W�K�H��
�P�D�N�H�V�S�D�Q�����L���H�����P�L�Q�L�P�L�]�L�Q�J���W�K�H���W�L�P�H���G�L�I�I�H�U�H�Q�F�H���E�H�W�Z�H�H�Q���W�K�H���V�W�D�U�W���D�Q�G���W�K�H���H�Q�G���R�I���W�K�H��
�W�D�V�N�� �V�H�T�X�H�Q�F�H���� �7�K�L�V�� �S�U�R�E�O�H�P�� �L�V�� �F�D�O�O�H�G�� �W�K�H�� �5�H�O�D�W�H�G�� �3�D�U�D�O�O�H�O�� �0�D�F�K�L�Q�H�� �6�F�K�H�G�X�O�L�Q�J��
�3�U�R�E�O�H�P�����5-�3�0�6�3�����Z�L�W�K���F�R�Q�V�W�U�D�L�Q�W�V����

�,�Q�� �W�K�H�� �Q�H�[�W�� �V�H�F�W�L�R�Q���� �L�Q�� �F�K�U�R�Q�R�O�R�J�L�F�D�O�� �R�U�G�H�U���� �W�K�H�� �V�W�D�W�H�� �R�I�� �W�K�H�� �D�U�W�� �R�Q�� �W�K�H�� �S�U�R�E�O�H�P�� �L�Q��
�P�R�U�H���G�H�W�D�L�O���L�V���S�U�H�V�H�Q�W�H�G�����7�K�H�Q�����W�K�H���W�\�S�H�V���R�I���V�F�K�H�G�X�O�L�Q�J���S�U�R�E�O�H�P���D�Q�G���S�U�H�V�H�Q�W���F�X�U�U�H�Q�W��
�P�H�W�K�R�G�V���D�U�H�� �G�H�V�F�U�L�E�H�G���� �,�Q�� �6�H�F�W�L�R�Q��3�����D���P�D�W�K�H�P�D�W�L�F�D�O�� �P�R�G�H�O�� �R�I�� �R�X�U�� �S�U�R�E�O�H�P���L�V��
�G�H�I�L�Q�H�G���� �6�H�F�W�L�R�Q��4�� �S�U�H�V�H�Q�W�V�� �D�� �E�H�Q�F�K�P�D�U�N�� �J�H�Q�H�U�D�W�L�R�Q�� �P�H�W�K�R�G���W�K�D�W�� �\�L�H�O�G�V�� �W�K�H��
�R�S�W�L�P�X�P���� �7�K�H�� �X�V�H�G�� �P�H�W�D�K�H�X�U�L�V�W�L�F�� �D�Q�G�� �W�K�H�L�U�� �S�U�R�E�O�H�P-�V�S�H�F�L�I�L�F�� �P�R�G�L�I�L�F�D�W�L�R�Q�V�� �D�U�H��
�G�H�V�F�U�L�E�H�G�� �L�Q�� �6�H�F�W�L�R�Q��5�����7�K�H���F�R�P�S�X�W�D�W�L�R�Q�D�O�� �U�H�V�X�O�W�V�� �D�U�H�� �G�L�V�F�X�V�V�H�G�� �L�Q�� �6�H�F�W�L�R�Q��6����
�)�L�Q�D�O�O�\�����L�Q���W�K�H���O�D�V�W���V�H�F�W�L�R�Q�����6�H�F�W�L�R�Q���������W�K�H���U�H�V�X�O�W�V���D�U�H���F�R�Q�F�O�X�G�H�G�����V�X�P�P�D�U�L�]�H�G���D�Q�G���W�K�H��
�S�R�V�V�L�E�L�O�L�W�L�H�V���I�R�U���I�X�U�W�K�H�U���L�P�S�U�R�Y�H�P�H�Q�W�V���D�U�H���G�L�V�F�X�V�V�H�G����

2 Related Work 
�5�H�V�H�D�U�F�K�H�U�V�� �K�D�Y�H�� �U�H�F�H�Q�W�O�\�� �G�H�I�L�Q�H�G�� �F�D�W�H�J�R�U�L�H�V�� �D�Q�G�� �W�\�S�H�V�� �R�I�� �R�S�W�L�P�D�O�� �V�F�K�H�G�X�O�L�Q�J��
�S�U�R�E�O�H�P�V����T�Z�R���E�U�R�D�G���F�D�W�H�J�R�U�L�H�V���F�D�Q���E�H���G�L�V�W�L�Q�J�X�L�V�K�H�G����

•  Single-stage job scheduling�� �: �K�H�U�H���H�D�F�K���M�R�E���F�R�Q�V�L�V�W�V��

�R�I���R�Q�O�\���R�Q�H����

  �H�[�H�F�X�W�L�R�Q���S�K�D�V�H��

��

•  Multi -stage job scheduling�� �: �K�H�U�H���H�D�F�K���M�R�E���F�R�Q�V�L�V�W�V��

�R�I���V�H�Y�H�U�D�O��

�� �� �H�[�H�F�X�W�L�R�Q���S�K�D�V�H�V���W�K�D�W���P�X�V�W���E�H���H�[�H�F�X�W�H�G���L�Q��

�� �� �S�D�U�D�O�O�H�O���R�U���D���S�U�H�G�H�I�L�Q�H�G���R�U�G�H�U���D�F�F�R�U�G�L�Q�J���W�R��

�� �� �G�L�I�I�H�U�H�Q�W���U�X�O�H�V��
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T�K�H�U�H���D�U�H���V�H�Y�H�U�D�O���W�\�S�H�V���R�I���V�L�Q�J�O�H-�V�W�D�J�H���M�R�E���V�F�K�H�G�X�O�L�Q�J�����V�L�Q�J�O�H-�P�D�F�K�L�Q�H���V�F�K�H�G�X�O�L�Q�J����
�L�G�H�Q�W�L�F�D�O-�P�D�F�K�L�Q�H���V�F�K�H�G�X�O�L�Q�J�����U�H�O�D�W�H�G-�P�D�F�K�L�Q�H���V�F�K�H�G�X�O�L�Q�J�����D�Q�G���X�Q�U�H�O�D�W�H�G���P�D�F�K�L�Q�H��
�V�F�K�H�G�X�O�L�Q�J�����7�K�U�H�H���W�\�S�H�V���R�I���P�X�O�W�L-�V�W�D�J�H���V�F�K�H�G�X�O�L�Q�J���S�U�R�E�O�H�P�V���D�U�H���N�Q�R�Z�Q�����R�S�H�Q-�V�K�R�S��
�V�F�K�H�G�X�O�L�Q�J�����I�O�R�Z-�V�K�R�S�� �V�F�K�H�G�X�O�L�Q�J�����D�Q�G�� �W�K�H�� �M�R�E-�V�K�R�S�� �V�F�K�H�G�X�O�L�Q�J�� �S�U�R�E�O�H�P���� �7�K�H�V�H��
�I�X�Q�G�D�P�H�Q�W�D�O���S�U�R�E�O�H�P�V���F�D�Q���E�H���H�[�W�H�Q�G�H�G���Z�L�W�K���G�L�I�I�H�U�H�Q�W���P�D�F�K�L�Q�H���R�U���M�R�E���F�R�Q�V�W�U�D�L�Q�W�V����
�0�D�F�K�L�Q�H���F�R�Q�V�W�U�D�L�Q�W�V���F�D�Q���E�H���D�V���I�R�O�O�R�Z�V�����D���P�D�F�K�L�Q�H���F�D�Q���Z�R�U�N���I�R�U���D���S�D�U�W�L�F�X�O�D�U���W�L�P�H����
�H�D�F�K���P�D�F�K�L�Q�H���K�D�V���L�W�V���R�Z�Q���W�L�P�H���W�R���S�U�R�F�H�V�V���W�K�H���L�Q�I�R�U�P�D�W�L�R�Q���Q�H�H�G�H�G���W�R���F�R�P�S�O�H�W�H���W�K�H��
�W�D�V�N���� �D�Q�G�� �P�D�F�K�L�Q�H�V�� �F�D�Q�� �V�W�R�S�� �S�H�U�L�R�G�L�F�D�O�O�\���� �7�D�V�N�� �F�R�Q�V�W�U�D�L�Q�W�V�� �F�D�Q�� �D�O�V�R���E�H�� �R�I�� �P�D�Q�\��
�N�L�Q�G�V�����W�D�V�N�V���P�X�V�W���U�X�Q���Z�L�W�K�L�Q���D���J�L�Y�H�Q���W�L�P�H�����D���W�D�V�N���F�D�Q���E�H���P�R�Y�H�G���W�R���D�Q�R�W�K�H�U���P�D�F�K�L�Q�H����
�W�D�V�N�V���F�D�Q���R�Q�O�\���E�H���D�Y�D�L�O�D�E�O�H���D�I�W�H�U���D���S�D�U�W�L�F�X�O�D�U���W�L�P�H�����D�Q�G���W�D�V�N�V���F�D�Q���E�H���V�S�O�L�W���X�S���R�U���Q�R�W����
�7�K�Hre���F�D�Q���E�H���G�L�I�I�H�U�H�Q�W���R�E�M�H�F�W�L�Y�H���I�X�Q�F�W�L�R�Q�V���W�R���P�L�Q�L�P�L�]�H���>�����@�����P�D�N�H�V�S�D�Q�����P�D�[�L�P�X�P��
�O�D�W�H�Q�H�V�V���� �W�K�H�� �W�R�W�D�O�� �F�R�P�S�O�H�W�L�R�Q�� �W�L�P�H�����Q�X�P�E�H�U�� �R�I�� �O�D�W�H���M�R�E�V�����R�U�� �W�K�H�� �W�R�W�D�O�� �W�D�U�G�L�Q�H�V�V������
�7�K�H���L�Q�W�H�U�H�V�W�H�G���U�H�D�G�H�U���L�V���U�H�I�H�U�U�H�G���W�R���>���@��[16�@���D�Q�G���W�K�H���U�H�I�H�U�H�Q�F�H�V���W�K�H�U�H�L�Q����

2.1 The Single-Machine Scheduling Problem with Constraints 

�7�K�H���V�L�P�S�O�H�V�W���Y�H�U�V�L�R�Q���R�I���W�K�H���S�U�R�E�O�H�P���L�V���W�K�H���V�L�Q�J�O�H-�P�D�F�K�L�Q�H���V�F�K�H�G�X�O�L�Q�J���S�U�R�E�O�H�P�����W�R��
�Z�K�L�F�K�� �S�H�U�L�R�G�L�F�� �R�U�� �U�D�Q�G�R�P�� �E�U�H�D�N�V�� �F�D�Q�� �E�H�� �D�V�V�L�J�Q�H�G���� �,�Q�� �>���@���� �W�K�H�� �V�L�Q�J�O�H-�P�D�F�K�L�Q�H��
�V�F�K�H�G�X�O�L�Q�J�� �S�U�R�E�O�H�P�� �Z�L�W�K�� �D�Y�D�L�O�D�E�L�O�L�W�\�� �F�R�Q�V�W�U�D�L�Q�W�V�� �L�V�� �G�L�V�F�X�V�V�H�G���� �7�Z�R�� �W�\�S�H�V�� �R�I��
�D�Y�D�L�O�D�E�L�O�L�W�\�� �F�R�Q�V�W�U�D�L�Q�W�V�� �D�U�H�� �L�Q�W�U�R�G�X�F�H�G���� �$�� �P�D�F�K�L�Q�H�� �P�X�V�W�� �V�W�R�S�� �P�D�L�Q�W�H�Q�D�Q�F�H�� �D�I�W�H�U�� �D��
�V�S�H�F�L�I�L�F���W�L�P�H�����R�U���D���W�R�R�O���P�X�V�W���E�H���U�H�S�O�D�F�H�G���D�I�W�H�U���D���S�D�U�W�L�F�X�O�D�U���S�U�R�F�H�V�V�H�G���M�R�E�����,�Q���W�K�L�V���F�D�V�H����
�W�K�H�� �J�R�D�O�� �L�V�� �W�R�� �P�L�Q�L�P�L�]�H�� �W�K�H���P�D�N�H�V�S�D�Q���� �,�W�� �K�D�V�� �E�H�H�Q�� �V�K�R�Z�Q�� �W�K�D�W�� �D�� �V�L�Q�J�O�H-�P�D�F�K�L�Q�H��
�S�U�R�E�O�H�P�� �Z�L�W�K�� �W�Z�R�� �P�D�L�Q�W�H�Q�D�Q�F�H�� �F�R�Q�V�W�U�D�L�Q�W�V�� �L�V�� �1�3-�K�D�U�G���� �6�L�[�� �W�\�S�H�V�� �R�I�� �K�H�X�U�L�V�W�L�F��
�D�O�J�R�U�L�W�K�P�V�� �D�U�H�� �S�U�R�S�R�V�H�G�� �W�R�� �V�R�O�Y�H�� �W�K�H�� �S�U�R�E�O�H�P���� �D�Q�G�� �L�W�� �L�V�� �V�K�R�Z�Q�� �W�K�D�W�� �W�K�H�� �E�H�V�W��
�S�H�U�I�R�U�P�L�Q�J�� �D�P�R�Q�J�� �W�K�H�P�� �L�V�� �W�K�H�� �G�H�F�U�H�D�V�L�Q�J�� �R�U�G�H�U�� �Z�L�W�K�� �I�L�U�V�W�� �I�L�W�� �D�O�J�R�U�L�W�K�P�� ���'�)�)��������
�,�Q���>�����@�����W�K�H���V�L�Q�J�O�H-�P�D�F�K�L�Q�H���S�U�R�E�O�H�P���L�V���D�G�G�U�H�V�V�H�G���X�Q�G�H�U���W�D�V�N�V���G�X�H���G�D�W�H�V���D�Q�G���P�D�F�K�L�Q�H��
�X�Q�D�Y�D�L�O�D�E�L�O�L�W�\���F�R�Q�V�W�U�D�L�Q�W�V�����7�K�H���J�R�D�O���L�V���W�R���P�L�Q�L�P�L�]�H���W�K�H���V�X�P���R�I���P�D�[�L�P�X�P���H�D�U�O�L�Q�H�V�V��
�D�Q�G�� �W�D�U�G�L�Q�H�V�V���� �$�� �P�D�W�K�H�P�D�W�L�F�D�O�� �I�R�U�P�X�O�D�W�L�R�Q�� �Z�D�V�� �G�H�Y�H�O�R�S�H�G���W�R�� �H�[�D�F�W�O�\���V�R�O�Y�H�� �V�P�D�O�O��
�S�U�R�E�O�H�P�V�����7�K�H���9�D�U�L�D�E�O�H�� �1�H�L�J�K�E�R�U�K�R�R�G�� �6�H�D�U�F�K�� ���9�1�6���� �Z�D�V�� �X�V�H�G�� �W�R�� �V�R�O�Y�H�� �U�H�D�O-�O�L�I�H��
�S�U�R�E�O�H�P�V�����7�K�H�� �9�1�6�� �Z�D�V�� �H�[�W�H�Q�G�H�G�� �Z�L�W�K�� �W�Z�R�� �N�Q�R�Z�O�H�G�J�H�� �P�R�G�X�O�H-�E�D�V�H�G�� �O�R�F�D�O��
�V�H�D�U�F�K�H�V���� �Z�K�L�F�K�� �L�P�S�U�R�Y�H�V�� �W�K�H�� �Z�H�D�N�Q�H�V�V�H�V���R�I�� �W�K�H�� �U�D�Q�G�R�P�� �V�H�D�U�F�K�� �R�I�� �9�1�6����
�(�[�S�H�U�L�P�H�Q�W�D�O�� �U�H�V�X�O�W�V�� �K�D�Y�H�� �V�K�R�Z�Q�� �W�K�D�W�� �W�K�H�� �P�R�G�L�I�L�H�G�� �9�1�6�� �F�D�Q�� �D�F�K�L�H�Y�H�� �R�S�W�L�P�D�O�� �R�U��
near-�R�S�W�L�P�D�O���V�R�O�X�W�L�R�Q�V���L�Q���D���U�H�D�V�R�Q�D�E�O�H���W�L�P�H�����,�Q���D�G�G�L�W�L�R�Q���W�R���W�K�H�V�H���Z�R�U�N�V�����Q�X�P�H�U�R�X�V��
�R�W�K�H�U���V�W�X�G�L�H�V���L�Q���W�K�H���O�L�W�H�U�D�W�X�U�H���I�R�U�P�X�O�D�W�H���W�K�H���S�U�R�E�O�H�P���D�V���D���0�,�/�3���P�R�G�H�O���D�Q�G���V�R�O�Y�H���W�K�H��
�S�U�R�E�O�H�P���X�V�L�Q�J���Y�D�U�L�R�X�V���S�U�R�Y�H�Q���P�H�W�K�R�G�V��[2]���>�����@����

2.2 The Two-Machine Scheduling Problem with Constraints 

�0�D�Q�\�� �S�D�S�H�U�V�� �L�Q�� �W�K�H�� �O�L�W�H�U�D�W�X�U�H�� �I�R�F�X�V�� �R�Q�� �W�K�H�� �W�Z�R-�P�D�F�K�L�Q�H�� �5-�3�0�6�3���Z�L�W�K�� �Y�D�U�L�R�X�V��
�F�R�Q�V�W�U�D�L�Q�W�V�����,�Q���>���@�����W�K�H���S�U�R�E�O�H�P���Z�D�V���V�W�X�G�L�H�G���X�Q�G�H�U���W�K�H���S�H�U�L�R�G�L�F���D�Y�D�L�O�D�E�L�O�L�W�\���F�R�Q�V�W�U�D�L�Q�W��
�R�I�� �D�� �P�D�F�K�L�Q�H���� �7�K�H�L�U�� �J�R�D�O�� �L�V�� �W�R�� �P�L�Q�L�P�L�]�H�� �W�K�H�� �P�D�N�H�V�S�D�Q���� �7�K�H�\�� �V�K�R�Z�H�G�� �W�K�D�W�� �W�K�H��
�/�R�Q�J�H�V�W���3�U�R�F�H�V�V�L�Q�J���7�L�P�H���I�L�U�V�W���D�O�J�R�U�L�W�K�P�����/�3�7�����K�D�V���D���Z�R�U�V�W-�F�D�V�H���U�D�W�L�R���R�I�����������L�I���W�K�H��
�S�U�R�E�O�H�P�� �L�V�� �R�I�I�O�L�Q�H���� �,�Q�� �>��� @� �� � � W� K� H� � � W� Z� R-�P�D�F�K�L�Q�H�� �S�U�R�E�D�E�L�O�L�W�\�� �Z�D�V�� �J�U�D�G�H�G�� �X�Q�G�H�U�� �W�K�H��
�F�R�Q�V�W�U�D�L�Q�W���W�K�D�W���R�Q�H���P�D�F�K�L�Q�H���L�V���X�Q�D�Y�D�L�O�D�E�O�H���D�W���D���J�L�Y�H�Q���W�L�P�H�����7�K�H�L�U���J�R�D�O���L�V���W�R���P�L�Q�L�P�L�]�H��
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�W�K�H�� �W�R�W�D�O�� �Z�H�L�J�K�W�H�G�� �F�R�P�S�O�H�W�L�R�Q�� �W�L�P�H���� �7�K�H�\�� �G�H�Y�H�O�R�S�H�G�� �D�� �I�X�O�O�\�� �S�R�O�\�Q�R�P�L�D�O-�W�L�P�H��
�D�S�S�U�R�[�L�P�D�W�L�R�Q�� �V�F�K�H�P�H�� ���)�3�7�$�6���� �I�R�U�� �W�K�L�V�� �S�U�R�E�O�H�P���� �7�K�H�\�� �D�O�V�R�� �J�H�Q�H�U�D�O�L�]�H�G�� �W�K�L�V��
�V�F�K�H�P�H���W�R m �S�D�U�D�O�O�H�O���P�D�F�K�L�Q�H�V�����,�Q���>���@�����W�K�H���W�Z�R-�P�D�F�K�L�Q�H���V�F�K�H�G�X�O�L�Q�J���S�U�R�E�O�H�P���Z�L�W�K��
�X�Q�D�Y�D�L�O�D�E�L�O�L�W�\���R�I���D���V�L�Q�J�O�H���P�D�F�K�L�Q�H���I�R�U���D���V�S�H�F�L�I�L�F���W�L�P�H���Z�D�V���D�G�G�U�H�V�V�H�G�����7�K�H�L�U���J�R�D�O���Z�D�V��
�W�R���P�L�Q�L�P�L�]�H���W�K�H���P�D�N�H�V�S�D�Q�����7�K�H�\���V�H�S�D�U�D�W�H�O�\���F�K�R�V�H���I�L�Y�H���F�D�V�H�V���I�R�U���W�K�L�V���S�U�R�E�O�H�P���D�Q�G��
�G�H�Y�H�O�R�S�H�G�� �D�� �V�H�S�D�U�D�W�H�� �V�R�O�X�W�L�R�Q�� �P�H�W�K�R�G�� �I�R�U�� �H�D�F�K�� �F�D�V�H���� �,�W�� �Z�D�V�� �V�K�R�Z�Q�� �W�K�D�W���W�K�H�V�H��
�P�H�W�K�R�G�V���D�U�H���H�I�I�L�F�L�H�Q�W���H�Y�H�Q���I�R�U���D���O�D�U�J�H���Q�X�P�E�H�U���R�I���L�W�H�P�V����

2.3 Multiple Machine Scheduling Problem with Constraints 

�7�K�H�U�H���D�U�H���D�O�V�R���S�D�S�H�U�V���L�Q���W�K�H���O�L�W�H�U�D�W�X�U�H���U�H�O�D�W�H�G���W�R���P�X�O�W�L-�P�D�F�K�L�Q�H���W�D�V�N���V�F�K�H�G�X�O�L�Q�J�����)�R�U��
�P�X�O�W�L-�P�D�F�K�L�Q�H�� �W�D�V�N�� �V�F�K�H�G�X�O�L�Q�J���� �V�H�Y�H�U�D�O�� �W�\�S�H�V�� �R�I�� �F�R�Q�V�W�U�D�L�Q�W�V�� �F�D�Q�� �E�H�� �I�R�X�Q�G�� �L�Q���W�K�H��
�O�L�W�H�U�D�W�X�U�H�����I�R�U���Z�K�L�F�K���G�L�I�I�H�U�H�Q�W���D�O�J�R�U�L�W�K�P�V���K�D�Y�H���E�H�H�Q���G�H�Y�H�O�R�S�H�G�����7�K�H���Z�R�U�N���>���@���G�H�D�O�V��
�Z�L�W�K���D���S�V�H�X�G�R-�D�Q�D�O�\�V�L�V���R�I���W�K�H���F�O�D�V�V�L�F�D�O���V�F�K�H�G�X�O�L�Q�J���S�U�R�E�O�H�P�����I�R�U���Z�K�L�F�K���X�Q�D�Y�D�L�O�D�E�L�O�L�W�\��
�W�L�P�H�V���I�R�U���P�D�F�K�L�Q�H�V���D�Q�G���U�H�O�H�D�V�H���G�D�W�H�V���D�Q�G���G�H�O�L�Y�H�U�\���G�H�D�G�O�L�Q�H�V���I�R�U���W�D�V�N�V���D�U�H���L�Q�W�U�R�G�X�F�H�G����
�$���E�U�D�Q�F�K�L�Q�J���V�W�U�D�W�H�J�\���D�Q�G���D���Q�H�Z���O�R�Z�H�U���D�Q�G���X�S�S�H�U���E�R�X�Q�G���I�R�U���W�K�H���W�D�V�N�V���D�U�H���G�H�Y�H�O�R�S�H�G��
�E�D�V�H�G�� �R�Q�� �D�� �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�� �W�D�N�L�Q�J�� �D�O�O�� �W�K�H�� �S�H�U�P�X�W�D�W�L�R�Q�V�� �R�I�� �W�D�V�N�V���� �,�W�� �L�V�� �V�K�R�Z�Q�� �W�K�D�W��
�H�P�E�H�G�G�L�Q�J���D���V�H�P�L-�S�U�H�H�P�S�W�L�Y�H���O�R�Z�H�U���E�R�X�Q�G���E�D�V�H�G���R�Q���P�D�[-�I�O�R�Z���F�R�P�S�X�W�D�W�L�R�Q�V���L�Q���D��
�E�U�D�Q�F�K-�D�Q�G-�E�R�X�Q�G�� �D�O�J�R�U�L�W�K�P�� �\�L�H�O�G�V�� �Y�H�U�\�� �S�U�R�P�L�V�L�Q�J�� �S�H�U�I�R�U�P�D�Q�F�H���� �8�V�L�Q�J�� �W�K�L�V��
�P�H�W�K�R�G���� �W�K�H�\�� �Z�H�U�H�� �D�E�O�H�� �W�R���V�R�O�Y�H�� �������� �W�D�V�N�V�� �Z�L�W�K�� ������ �P�D�F�K�L�Q�H�V���Z�L�W�K�L�Q���D�� �U�H�D�V�R�Q�D�E�O�H��
�&�3�8���W�L�P�H�����7�K�H���D�X�W�K�R�U�V���R�I���>�����@���I�R�F�X�V���R�Q���W�K�H���P�X�O�W�L-�P�D�F�K�L�Q�H���W�D�V�N���V�F�K�H�G�X�O�L�Q�J���S�U�R�E�O�H�P��
�Z�L�W�K�R�X�W���H�[�W�U�D���F�R�Q�V�W�U�D�L�Q�W�V�����7�K�H�L�U���J�R�D�O���L�V���W�R���P�L�Q�L�P�L�]�H���W�K�H���P�D�[�L�P�X�P���G�H�O�D�\�����7�R���V�R�O�Y�H��
�W�K�L�V�� �S�U�R�E�O�H�P���� �W�K�H�� �/�D�U�J�H�V�W�� �W�K�H�� �V�X�P�� �R�I�� �3�U�R�F�H�V�V�L�Q�J�� �W�L�P�H���D�Q�G�� �'�H�O�L�Y�H�U�\�� �7�L�P�H�� �I�L�U�V�W��
�6�L�P�X�O�D�W�H�G���$�Q�Q�H�D�O�L�Q�J���D�O�J�R�U�L�W�K�P���F�D�O�O�H�G���/�3�'�7-�6�$���L�V���G�H�Y�H�O�R�S�H�G�����7�K�H���L�Q�L�W�L�D�O���V�R�O�X�W�L�R�Q��
�Z�D�V���J�H�Q�H�U�D�W�H�G���X�V�L�Q�J���D���K�H�X�U�L�V�W�L�F���/�3�'�7���P�H�W�K�R�G�����,�Q���D�G�G�L�W�L�R�Q���W�R���W�K�H�V�H�����W�K�H�\���X�V�H�G���D�Q��
�H�I�I�H�F�W�L�Y�H���V�R�O�X�W�L�R�Q���I�R�U���W�K�H���U�H�S�U�H�V�H�Q�W�D�W�L�R�Q���W�K�D�W���H�I�I�L�F�L�H�Q�W�O�\���L�P�S�O�H�P�H�Q�W�V���V�Z�D�S�S�L�Q�J���D�Q�G��
�L�Q�V�H�U�W�L�R�Q���L�Q�W�R���W�K�H���Q�H�L�J�K�E�R�U�K�R�R�G���D�Q�G���D�Y�R�L�G�V���Z�R�U�V�H���V�R�O�X�W�L�R�Q�V�����7�K�H���U�H�V�X�O�W�L�Q�J���D�O�J�R�U�L�W�K�P��
�L�V�� �D�E�O�H�� �W�R�� �V�R�O�Y�H�� �S�U�R�E�O�H�P�V�� �Z�L�W�K�� �������� �W�D�V�N�V�� �L�Q�������� �V�H�F�R�Q�G�V���� �D�Q�G�� �W�K�H�� �D�Y�H�U�D�J�H�� �H�U�U�R�U��
�E�H�W�Z�H�H�Q���W�K�H�� �O�R�Z�H�U�� �E�R�X�Q�G�V���I�R�U�� �D�O�O������������ �U�D�Q�G�R�P�� �L�Q�V�W�D�Q�F�H�V�� �L�V�� ���������������� �,�Q�� �W�K�H���V�W�X�G�\��
[13�@���� �W�K�H�� �S�D�U�D�O�O�H�O���P�D�F�K�L�Q�H�� �V�F�K�H�G�X�O�L�Q�J���S�U�R�E�O�H�P�� �L�V�� �V�W�X�G�L�H�G���Z�L�W�K�� �P�X�O�W�L�S�O�H�� �V�F�K�H�G�X�O�H�G��
�X�Q�D�Y�D�L�O�D�E�L�O�L�W�\���S�H�U�L�R�G�V�����,�Q���W�K�H�L�U���S�U�H�V�H�Q�W�H�G���F�D�V�H�����W�K�H�\���D�O�O�R�Z���W�K�H���W�D�V�N�V���W�R���E�H���U�H�V�W�D�U�W�H�G����
�7�K�H�L�U���J�R�D�O���L�V���W�R���P�L�Q�L�P�L�]�H���W�K�H���P�D�N�H�V�S�D�Q�����7�K�H�\���I�L�U�V�W���I�R�U�P�X�O�D�W�H���W�K�H���S�U�R�E�O�H�P���D�V���D���0�,�/�3��
�I�R�U���V�P�D�O�O�����P�H�G�L�X�P�����D�Q�G���P�R�G�H�U�D�W�H�O�\���O�D�U�J�H���L�Q�V�W�D�Q�F�H�V�����7�K�H�\���S�U�R�S�R�V�H�G���D�Q���H�Q�X�P�H�U�D�W�L�R�Q��
�D�O�J�R�U�L�W�K�P�� �X�V�L�Q�J�� �O�H�[�L�F�R�J�U�D�S�K�L�F�� �V�H�T�X�H�Q�F�L�Q�J���� �7�K�H�\�� �F�R�P�S�D�U�H�G�� �W�K�L�V�� �P�H�W�K�R�G�� �Z�L�W�K�� �W�K�H��
�0�,�/�3���P�R�G�H�O�����,�W���L�V���V�K�R�Z�Q���W�K�D�W���W�K�H���S�U�R�S�R�V�H�G���D�O�J�R�U�L�W�K�P���R�E�W�D�L�Q�V���W�K�H���R�S�W�L�P�D�O���V�R�O�X�W�L�R�Q��
�D�Q�G���L�V���I�D�V�W�H�U�����,�Q���>���@�����W�K�H���V�F�K�H�G�X�O�L�Q�J���S�U�R�E�O�H�P���R�I���V�W�D�W�L�F��m���L�G�H�Q�W�L�F�D�O���S�D�U�D�O�O�H�O���P�D�F�K�L�Q�H�V��
�Z�L�W�K���V�K�D�U�H�G���V�H�U�Y�H�U���D�Q�G���V�H�T�X�H�Q�F�H-�G�H�S�H�Q�G�H�Q�W���V�H�W�X�S���W�L�P�H�V���L�V���D�G�G�U�H�V�V�H�G�����7�K�H�L�U���J�R�D�O���L�V��
�W�R���P�L�Q�L�P�L�]�H���W�K�H���P�D�N�H�V�S�D�Q�����7�K�H�\���G�H�V�F�U�L�E�H���D���0�,�/�3���P�R�G�H�O���I�R�U���W�K�H���S�U�R�E�O�H�P���D�Q�G�����L�Q��
�D�G�G�L�W�L�R�Q�����L�P�S�O�H�P�H�Q�W���D���6�L�P�X�O�D�W�H�G���$�Q�Q�H�D�O�L�Q�J���D�Q�G���*�H�Q�H�W�L�F���$�O�J�R�U�L�W�K�P���I�R�U���O�D�U�J�H-�V�F�D�O�H��
�S�U�R�E�O�H�P�V�����$�I�W�H�U���F�R�P�S�D�U�L�Q�J���W�K�H���H�I�I�L�F�L�H�Q�F�\���R�I���W�K�H���W�K�U�H�H���P�H�W�K�R�G�V�����W�K�H�\���F�R�Q�F�O�X�G�H�G���W�K�D�W��
�W�K�H�� �*�$�� �D�O�J�R�U�L�W�K�P���S�U�R�Y�L�G�H�V���E�H�W�W�H�U�� �T�X�D�O�L�W�\�� �V�R�O�X�W�L�R�Q�V�� �L�Q�� �D���U�H�D�V�R�Q�D�E�O�H�� �F�R�P�S�X�W�D�W�L�R�Q��
�W�L�P�H����
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3 Model Description 
�,�Q���W�K�L�V���V�H�F�W�L�R�Q�����Z�H���G�H�V�F�U�L�E�H���R�X�U���S�U�R�E�O�H�P�����7�K�H���S�U�R�E�O�H�P���V�W�X�G�L�H�G���L�V���V�L�Q�J�O�H-�V�W�D�J�H���R�I�I�O�L�Q�H��
�M�R�E�� �V�F�K�H�G�X�O�L�Q�J���� �,�Q�� �R�W�K�H�U�� �Z�R�U�G�V�����Z�H���Z�D�Q�W�� �W�R�� �D�V�V�L�J�Q�� �D�� �S�U�H�G�H�I�L�Q�H�G�� �V�H�W�� �R�I�� �M�R�E�V�� �W�R��
�P�D�F�K�L�Q�H�V�����R�I�I�O�L�Q�H�������$�O�O���W�D�V�N�V���D�U�H���X�Q�U�H�O�D�W�H�G�����W�K�L�V���P�H�D�Q�V���W�K�D�W���W�K�H�\���G�R���Q�R�W���I�R�U�P���M�R�E�V����
�D�Q�G���Z�H���F�D�Q�Q�R�W���E�U�H�D�N���W�K�H���M�R�E�V���L�Q�W�R���V�P�D�O�O�H�U���W�D�V�N�V���R�U���S�D�X�V�H���W�K�H�P�����V�L�Q�J�O�H-�V�W�D�J�H�������7�K�X�V����
�Z�H���Z�L�O�O���X�V�H���W�D�V�N���D�Q�G���M�R�E���D�V���V�\�Q�R�Q�\�P�V����Data��are���I�L�[�H�G���D�Q�G���G�H�W�H�U�P�L�Q�L�V�W�L�F�����:�H���D�V�V�L�J�Q��
�P�D�F�K�L�Q�H-�V�S�H�F�L�I�L�F���F�R�Q�V�W�U�D�L�Q�W�V���W�R���W�K�H���S�U�R�E�O�H�P�����P�D�[�L�P�X�P���D�Y�D�L�O�D�E�L�O�L�W�\���F�R�Q�V�W�U�D�L�Q�W���D�Q�G��
�S�H�U�L�R�G�L�F�D�O�� �X�Q�D�Y�D�L�O�D�E�L�O�L�W�\�� �F�R�Q�V�W�U�D�L�Q�W���� �0�D�F�K�L�Q�H�V�� �F�D�Q�� �K�D�Y�H�� �G�L�I�I�H�U�H�Q�W���V�S�H�H�G�V�����Z�K�L�F�K��
�P�H�D�Q�V���W�K�D�W���D���P�D�F�K�L�Q�H���F�D�Q���H�[�H�F�X�W�H���D�O�O���W�D�V�N�V���I�D�V�W�H�U�����R�U���V�O�R�Z�H�U�������7�K�X�V�����W�K�H���O�H�Q�J�W�K�V���R�I��
�W�D�V�N�V�� �D�U�H�� �J�L�Y�H�Q�� �L�Q�� �Q�X�P�E�H�U�� �R�I�� �P�D�F�K�L�Q�H�� �L�Q�V�W�U�X�F�W�L�R�Q�V�� ���1�0�,������ �Z�K�H�U�H�� �R�Q�H���P�D�F�K�L�Q�H��
�L�Q�V�W�U�X�F�W�L�R�Q���L�V���G�R�Q�H���L�Q���R�Q�H-�W�L�P�H���X�Q�L�W���R�Q���D���X�Q�L�W-�V�S�H�H�G���P�D�F�K�L�Q�H�����:�H���F�D�Q���F�R�Q�V�L�G�H�U���R�Q�H��
�X�Q�L�W�� �R�I�� �W�L�P�H�� �D�V�� �R�Q�H�� �P�L�Q�X�W�H�� �I�R�U��an���H�D�V�L�H�U�� �G�L�V�F�X�V�V�L�R�Q�����6�X�S�S�R�V�H�� �W�K�D�W���Z�H���K�D�Y�H�� �D�Q��
�H�[�D�P�L�Q�D�W�L�R�Q���Z�L�W�K���W�H�Q���P�D�F�K�L�Q�H���L�Q�V�W�U�X�F�W�L�R�Q�V�����D���O�D�E�R�U�D�W�R�U�\���Z�L�W�K�����������V�S�H�H�G�����D�Q�G���D���I�D�V�W�H�U��
�O�D�E�R�U�D�W�R�U�\�� �Z�L�W�K�� �������� �V�S�H�H�G���� �)�R�U�� �H�[�D�P�S�O�H���� �W�K�H�� �V�H�F�R�Q�G�� �O�D�E�R�U�D�W�R�U�\���K�D�V���I�D�V�W�H�U�� �&�7��
�H�T�X�L�S�P�H�Q�W�� �D�Q�G�� �E�H�W�W�H�U-�T�X�D�O�L�I�L�H�G�� �V�W�D�I�I�� �W�K�D�Q�� �W�K�H�� �I�L�U�V�W���R�Q�H���� �7�K�H�� �I�L�U�V�W�� �O�D�E�R�U�D�W�R�U�\�� �F�D�Q��
�F�R�P�S�O�H�W�H�� �W�K�L�V�� �W�D�V�N�� �L�Q�� �Q�L�Q�H�� �P�L�Q�X�W�H�V���� �Z�K�L�O�H�� �W�K�H�� �V�H�F�R�Q�G�� �O�D�E�R�U�D�W�R�U�\�� �L�Q�� �I�L�Y�H�� �P�L�Q�X�W�H�V������
�7�K�H�� �P�D�F�K�L�Q�H�� �D�Y�D�L�O�D�E�L�O�L�W�\�� �F�R�Q�V�W�U�D�L�Q�W���P�H�D�Q�V�� �W�K�D�W���D�� �P�D�F�K�L�Q�H�� �L�V�� �X�Q�D�Y�D�L�O�D�E�O�H�� �D�I�W�H�U�� �D��
�S�D�U�W�L�F�X�O�D�U���W�L�P�H�����)�R�U���H�[�D�P�S�O�H�����L�I���Z�H���K�D�Y�H���D���O�D�E�R�U�D�W�R�U�\���Z�L�W�K���D���I�R�X�U-�K�R�X�U���G�D�L�O�\���Z�R�U�N��
�V�F�K�H�G�X�O�H�����Z�H���F�D�Q�Q�R�W�� �D�V�V�L�J�Q�� �P�R�U�H�� �W�K�D�Q�� �I�R�X�U�� �K�R�X�U�V�� �R�I���H�[�D�P�L�Q�D�W�L�R�Q���� �7�K�H�� �S�H�U�L�R�G�L�F��
�X�Q�D�Y�D�L�O�D�E�L�O�L�W�\���F�R�Q�V�W�U�D�L�Q�W���F�R�Q�V�L�V�W�V���R�I���W�Z�R���F�R�P�S�R�Q�H�Q�W�V�����P�D�L�Q�W�H�Q�D�Q�F�H���W�L�P�H���D�Q�G���X�S�W�L�P�H����
�$�I�W�H�U�� �W�K�H�� �H�Q�G�� �R�I�� �W�K�H�� �X�S�W�L�P�H���� �W�K�H�� �P�D�F�K�L�Q�H�V�� �P�X�V�W�� �E�H�� �S�H�U�L�R�G�L�F�D�O�O�\�� �V�X�V�S�H�Q�G�H�G�� �I�R�U��
�P�D�L�Q�W�H�Q�D�Q�F�H���W�L�P�H�����6�X�S�S�R�V�H���W�K�D�W���Z�H���K�D�Y�H���D���O�D�E�R�U�D�W�R�U�\���Z�K�R�V�H���L�Q�W�H�U�Q�D�O���U�X�O�H�V���U�H�T�X�L�U�H��
�W�K�D�W���Z�R�U�N�H�U�V���Q�H�H�G���W�R���W�D�N�H���D��ten-�P�L�Q�X�W�H���E�U�H�D�N���H�Y�H�U�\���������� �P�L�Q�X�W�H�V�����,�Q���W�K�L�V���F�D�V�H�����W�K�H��
�X�S�W�L�P�H�� �L�V�� ���������P�L�Q�X�W�H�V�����D�Q�G�� �W�K�H�� �P�D�L�Q�W�H�Q�D�Q�F�H�� �W�L�P�H�� �L�V�� ������ �P�L�Q�X�W�H�V���� �7�K�H�� �P�D�F�K�L�Q�H��
�S�D�U�D�P�H�W�H�U�V���D�U�H���G�L�I�I�H�U�H�Q�W���I�R�U���H�D�F�K���P�D�F�K�L�Q�H�����,�I���W�K�H���V�D�P�H���F�R�Q�V�W�U�D�L�Q�W���Z�H�U�H���L�P�S�R�V�H�G���R�Q��
�D�O�O���P�D�F�K�L�Q�H�V�����Z�H���Z�R�X�O�G���R�E�W�D�L�Q���D���S�D�U�W�L�F�X�O�D�U���F�D�V�H���R�I���W�K�H���S�U�R�E�O�H�P�����6�L�P�L�O�D�U�O�\�����D�V���Z�H���F�D�Q��
�L�Q�W�U�R�G�X�F�H�� �I�H�D�W�X�U�H�V�� �I�R�U�� �D�� �P�D�F�K�L�Q�H�����Z�H���F�D�Q�� �D�O�V�R�� �L�Q�W�U�R�G�X�F�H�� �I�H�D�W�X�U�H�V�� �I�R�U�� �W�D�V�N�V������
�7�K�H���P�D�F�K�L�Q�H���S�U�H�I�H�U�H�Q�F�H���I�R�U���D���W�D�V�N���L�V���V�H�W���W�R���D���S�U�H�G�H�I�L�Q�H�G���P�D�F�K�L�Q�H���D�Q�G���V�S�H�F�L�I�L�H�V���W�K�D�W��
�W�K�H���W�D�V�N���P�X�V�W���E�H���H�[�H�F�X�W�H�G���R�Q���W�K�D�W���P�D�F�K�L�Q�H�����,�W���L�V���L�P�S�R�U�W�D�Q�W���W�R���S�R�L�Q�W���R�X�W���W�K�D�W���V�S�O�L�W�W�L�Q�J��
�D���W�D�V�N���L�Q�W�R���V�P�D�O�O�H�U���V�X�E-�W�D�V�N�V���L�Q���R�X�U���S�U�R�E�O�H�P���L�V���L�P�S�R�V�V�L�E�O�H�����7�K�H���W�D�V�N�V���K�D�Y�H���Q�R���V�H�W�X�S��
�W�L�P�H�����Q�R���D�S�S�H�D�U�D�Q�F�H���G�D�W�H�����D�Q�G���Q�R���H�[�H�F�X�W�L�R�Q���G�D�W�H�����$�O�O���W�D�V�N�V���D�U�H���N�Q�R�Z�Q���D�Q�G���D�Y�D�L�O�D�E�O�H��
�D�W���W�K�H���V�W�D�U�W�L�Q�J���W�L�P�H�����2�X�U���J�R�D�O���L�V���W�R���P�L�Q�L�P�L�]�H���W�K�H���P�D�N�H�V�S�D�Q����

�7�D�E�O�H���� ��
�1�R�W�D�W�L�R�Q�V��

�, = {�F�Ü}�� �-�R�E�V�����E= 1, … ,�J��
�2= {�L�Ü}�� �1�X�P�E�H�U���R�I���P�D�F�K�L�Q�H-�L�Q�V�W�U�X�F�W�L�R�Q�V���R�I���H�D�F�K���M�R�E��
�,�2= {�F�L�Ü }�� �0�D�F�K�L�Q�H���S�U�H�I�H�U�H�Q�F�H���R�I���H�D�F�K���M�R�E��

�/ = 
[�I �Ý
_�� �0�D�F�K�L�Q�H�V�����F= 1, … ,�I ��

�5= 
[�O�Ý
_�� �6�S�H�H�G���R�I���H�D�F�K���P�D�F�K�L�Q�H��

�7�6= 
[�Q�P�Ý
_�� �3�H�U�L�R�G�L�F���X�S�W�L�P�H���R�I���H�D�F�K���P�D�F�K�L�Q�H��

�/�6 = 
[�I�P�Ý
_�� �0�D�L�Q�W�H�Q�D�Q�F�H���W�L�P�H���R�I���H�D�F�K���P�D�F�K�L�Q�H��

�#= 
[�=�Ý
_�� �$�Y�D�L�O�D�E�O�H���W�L�P�H���R�I���H�D�F�K���P�D�F�K�L�Q�H��
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�7�R���I�R�U�P�D�O�L�]�H���W�K�H���S�U�R�E�O�H�P�����Z�H���Q�H�H�G���W�R���L�Q�W�U�R�G�X�F�H���Q�R�W�D�W�L�R�Q�V�����V�X�P�P�D�U�L�]�H�G���L�Q���7�D�E�O�H��������
�, �U�H�S�U�H�V�H�Q�W�V���W�K�H���L�Q�G�H�[���D�U�U�D�\���R�I���W�K�H���W�D�V�N�V�����(�D�F�K���W�D�V�N���L�V���J�L�Y�H�Q���E�\���L�W�V���1�0�,�����L�Ü�����I�U�R�P���W�K�H��
�D�U�U�D�\���2�����,�Q���D�G�G�L�W�L�R�Q�����H�D�F�K���W�D�V�N���L�V���D�V�V�L�J�Q�H�G���D���F�L�Ü���Y�D�O�X�H�����Z�K�L�F�K���L�Q�G�L�F�D�W�H�V���W�K�H���P�D�F�K�L�Q�H��
�R�Q���Z�K�L�F�K���D���W�D�V�N���Q�H�H�G�V���W�R���E�H���H�[�H�F�X�W�H�G�����,�I���Z�H���G�R���Q�R�W���K�D�Y�H��a���P�D�F�K�L�Q�H���S�U�H�I�H�U�H�Q�F�H�����W�K�L�V��
�Y�D�O�X�H�� �L�V�� �Q�X�O�O�����/ ���U�H�S�U�H�V�H�Q�W�V�� �W�K�H�� �L�Q�G�H�[�� �D�U�U�D�\�� �R�I�� �W�K�H�� �P�D�F�K�L�Q�H�V���� �(�D�F�K�� �P�D�F�K�L�Q�H�� �L�V��
�D�V�V�L�J�Q�H�G���L�W�V���V�S�H�H�G���O�Ý���I�U�R�P���W�K�H���L�Q�W�H�U�Y�D�O�����������������@�����Z�K�H�U�H���D���V�S�H�H�G�����������P�H�D�Q�V���D���W�Z�R-�W�L�P�H�V��
�I�D�V�W�H�U���P�D�F�K�L�Q�H���W�K�D�Q���V�S�H�H�G�������L�Q���U�H�O�D�W�L�R�Q���W�R���S�U�R�F�H�V�V�L�Q�J���W�L�P�H�����)�R�U���H�D�F�K���P�D�F�K�L�Q�H�����Q�P�Ý��
�D�Q�G���I�P�Ý���V�S�H�F�L�I�L�H�V���W�K�H���L�Q�W�H�U�Y�D�O�V���D�W���Z�K�L�F�K���W�K�H���P�D�F�K�L�Q�H���L�V���D�F�W�L�Y�H���R�U���S�D�X�V�H�G�����,�Q���D�G�G�L�W�L�R�Q����
�W�K�H�� �P�D�[�L�P�X�P�� �D�Y�D�L�O�D�E�L�O�L�W�\�� �W�L�P�H�� �R�I�� �H�D�F�K�� �P�D�F�K�L�Q�H���=�Ý���L�V�� �D�O�V�R�� �J�L�Y�H�Q���� �)�U�R�P�� �W�K�H�� �O�D�V�W��
�S�D�U�D�P�H�W�H�U�V�����R�Q�H���F�D�Q���F�R�P�S�X�W�H���W�K�H���P�D�[�L�P�X�P���Q�X�P�E�H�U���R�I���V�H�J�P�H�Q�W�V���I�R�U���H�D�F�K���P�D�F�K�L�Q�H����

�Q�D�P�H�O�\�����J�O�Ý= 
Œ 
�Ô_�Ý�>�à�ç_�Ý

�è�ç�Õ�> �à�ç�Õ 
 
•����

�%�D�V�H�G���R�Q���W�K�H���D�E�R�Y�H�����Z�H���F�D�Q���I�R�U�P�X�O�D�W�H���W�K�H���I�R�O�O�R�Z�L�Q�J���G�H�F�L�V�L�R�Q���Y�D�U�L�D�E�O�H�V������

�T�Þ�Ý
�Ü = 
\1,  if the �E�ç�Û job is run on the �G�ç�Û segment of the �F�ç�Û machine; 

 0,  otherwise.
��

�:�L�W�K���W�K�H�V�H���S�D�U�D�P�H�W�H�U�V���D�Q�G���Y�D�U�L�D�E�O�H�V�����R�Q�H���F�D�Q���I�R�U�P�X�O�D�W�H���W�K�H���P�D�W�K�H�P�D�W�L�F�D�O���P�R�G�H�O���R�I��
�W�K�H���S�U�R�E�O�H�P�����7�K�H�Q�����V�X�F�K���D���P�R�G�H�O���F�D�Q���E�H���X�V�H�G���W�R���V�R�O�Y�H���W�K�H���S�U�R�E�O�H�P���E�\���D�Q�\���P�H�W�K�R�G��
�I�R�U���,�/�3�����*�L�Y�H�Q���W�K�H���F�R�P�S�O�H�[�L�W�\���R�I���R�X�U���S�U�R�E�O�H�P�����D�L�P�L�Q�J���I�R�U���D���F�R�Q�F�U�H�W�H���P�D�W�K�H�P�D�W�L�F�D�O��
�P�R�G�H�O�� �L�V�� �Q�R�W���Z�R�U�W�K�\���E�H�F�D�X�V�H�� �,�/�3�� �V�R�O�Y�H�U�V�� �F�D�Q�Q�R�W�� �V�R�O�Y�H�� �U�H�D�V�R�Q�D�E�O�H�� �S�U�R�E�O�H�P�V��
�H�I�I�L�F�L�H�Q�W�O�\���� �7�K�H�U�H�I�R�U�H�����W�K�H���J�R�D�O�� �Z�D�V�� �W�R�� �G�H�V�F�U�L�E�H�� �W�K�H�� �S�U�R�E�O�H�P�� �D�W�� �K�D�Q�G�����V�R�� �W�K�D�W�� �W�K�H��
�U�H�D�G�H�U���F�R�X�O�G���X�V�H���D�Q�G���U�H�F�U�H�D�W�H���W�K�H���S�U�R�E�O�H�P���D�V���S�U�H�V�H�Q�W�H�G����

4 Benchmark Generating Method 
�7�K�H�U�H�� �L�V�� �Q�R�� �E�H�Q�F�K�P�D�U�N�� �I�R�U�� �W�K�L�V�� �S�U�R�E�O�H�P�� �L�Q�� �W�K�H�� �O�L�W�H�U�D�W�X�U�H�� �W�R�� �S�U�R�Y�L�G�H�� �D�Q�� �R�S�W�L�P�D�O��
�V�R�O�X�W�L�R�Q�����,�Q���W�K�H���S�D�S�H�U�V���P�H�Q�W�L�R�Q�H�G���L�Q���6�H�F�W�L�R�Q��2�����U�D�Q�G�R�P�O�\���J�H�Q�H�U�D�W�H�G���W�H�V�W���L�Q�V�W�D�Q�F�H�V��
�Z�H�U�H���X�V�H�G�����7�K�H���E�H�Q�F�K�P�D�U�N�V���L�Q���W�K�H���O�L�W�H�U�D�W�X�U�H���D�U�H���Q�R�W���G�H�V�L�J�Q�H�G���I�R�U���V�X�F�K���D���S�U�R�E�O�H�P����
�W�K�H�\���G�R���Q�R�W���F�R�Q�W�D�L�Q���E�U�H�D�N�V�����D�Q�G���W�K�H���F�R�Q�V�W�U�D�L�Q�W�V���G�H�I�L�Q�H�G���D�U�H���Q�R�W���L�Q�F�O�X�G�H�G�����$�G�D�S�W�L�Q�J��
�W�K�H�V�H���H�[�L�V�W�L�Q�J���E�H�Q�F�K�P�D�U�N�V���I�R�U���W�K�H���W�D�V�N���L�V���Y�H�U�\���W�L�P�H-�F�R�Q�V�X�P�L�Q�J�����D�Q�G���R�Q�H���Z�R�X�O�G���E�H��
�X�Q�D�E�O�H�� �W�R�� �S�U�R�Y�L�G�H�� �W�K�H�� �R�S�W�L�P�X�P���� �7�K�H�U�H�I�R�U�H���� �D�� �E�H�Q�F�K�P�D�U�N�� �J�H�Q�H�U�D�W�L�Q�J�� �P�H�W�K�R�G���L�V��
�S�U�H�V�H�Q�W�H�G�����W�R���H�Q�V�X�U�H���W�K�H���R�S�W�L�P�D�O���V�R�O�X�W�L�R�Q���R�U���W�R���G�H�I�L�Q�H���D���Y�D�O�X�H���F�O�R�V�H���W�R���W�K�H���R�S�W�L�P�D�O��
�R�Q�H�����J�H�Q�H�U�D�W�H���J�D�S�V���Z�K�L�O�H���N�H�H�S�L�Q�J���W�K�H���R�S�W�L�P�D�O���V�R�O�X�W�L�R�Q�����D�Q�G���K�D�Q�G�O�H���D�O�O���F�R�Q�V�W�U�D�L�Q�W�V����
�6�H�Y�H�U�D�O���S�D�U�D�P�H�W�H�U�V���R�I���R�X�U���J�H�Q�H�U�D�W�L�Q�J���P�H�W�K�R�G���D�U�H���F�R�Q�W�U�R�O�O�H�G�����Z�K�L�F�K���D�O�O�R�Z�V���I�R�U���W�K�H��
�V�S�H�F�L�I�L�F�D�W�L�R�Q���R�I���W�K�H�� �J�H�Q�H�U�D�W�H�G�� �S�U�R�E�O�H�P���� �)�R�U�� �H�[�D�P�S�O�H�����R�Q�H���F�D�Q�� �V�H�W�� �O�L�P�L�W�V�� �R�Q�� �W�K�H��
�P�D�F�K�L�Q�H���L�Q�V�W�U�X�F�W�L�R�Q�����W�K�H���P�D�[�L�P�X�P���D�Y�D�L�O�D�E�L�O�L�W�\���F�R�Q�V�W�U�D�L�Q�W�����W�K�H���S�H�U�L�R�G�L�F�D�O���X�S�W�L�P�H�����W�K�H��
�V�S�H�H�G���R�I���W�K�H���P�D�F�K�L�Q�H�V�����D�Q�G���W�K�H���S�U�R�E�D�E�L�O�L�W�\���R�I���P�D�F�K�L�Q�H���S�U�H�I�H�U�H�Q�F�H�����,�Q���D�G�G�L�W�L�R�Q�����W�K�H��
�Q�X�P�E�H�U���R�I���P�D�F�K�L�Q�H�V���D�Q�G���W�K�H���Q�X�P�E�H�U���R�I���J�D�S�V���I�R�U���H�D�F�K���P�D�F�K�L�Q�H���F�D�Q���E�H���V�S�H�F�L�I�L�H�G����
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4.1 Description of the Generating Method 

�,�Q�� �W�K�H�� �I�L�U�V�W�� �V�W�H�S���� �W�K�H���D�L�P�� �L�V���W�R�� �F�U�H�D�W�H�� �D�� �S�U�R�E�O�H�P�� �I�R�U�� �Z�K�L�F�K�� �Z�H�� �N�Q�R�Z�� �W�K�H�� �R�S�W�L�P�D�O��
�V�R�O�X�W�L�R�Q�����,�W���F�D�Q���E�H���D�F�K�L�H�Y�H�G���E�\���V�H�W�W�L�Q�J���W�K�H���W�R�W�D�O���W�L�P�H���R�I���H�D�F�K���P�D�F�K�L�Q�H���W�R���W�K�H���J�L�Y�H�Q��
�R�S�W�L�P�X�P���� �7�K�D�W�� �L�V�����W�D�N�H�� �U�D�Q�G�R�P���X�Q�L�I�R�U�P���L�Q�W�H�J�H�U�� �Y�D�O�X�H�V�� �I�R�U�� �H�D�F�K�� �P�D�F�K�L�Q�H���� �I�U�R�P���D��
�J�L�Y�H�Q���L�Q�W�H�U�Y�D�O�����Z�K�L�F�K���Z�L�O�O���J�L�Y�H���W�K�H���W�R�W�D�O���1�0�,���L�W���F�D�Q���S�U�R�F�H�V�V�����W�K�H�V�H���K�D�Y�H���W�R���E�H���O�D�U�J�H�U��
�W�K�D�Q���W�K�H���R�S�W�L�P�X�P���D�Q�G���G�R���Q�R�W���W�D�N�H���P�D�L�Q�W�H�Q�D�Q�F�H���W�L�P�H�V���L�Q�W�R���D�F�F�R�X�Q�W���D�W���W�K�L�V���S�R�L�Q�W�������6�H�W��
�W�K�H���V�S�H�H�G���R�I���H�D�F�K���P�D�F�K�L�Q�H�����V�X�F�K���W�K�D�W���W�K�H���H�[�H�F�X�W�L�R�Q���W�L�P�H���R�I���W�K�H�L�U���J�H�Q�H�U�D�W�H�G���1�0�,�V��
�W�D�N�H�V���H�[�D�F�W�O�\���W�K�H���R�S�W�L�P�D�O���W�L�P�H�����$�I�W�H�U���W�K�D�W�����D�V�V�L�J�Q���P�D�L�Q�W�H�Q�D�Q�F�H���W�L�P�H�V���D�Q�G���X�S�W�L�P�H�V���W�R��
�H�D�F�K���P�D�F�K�L�Q�H���E�H�W�Z�H�H�Q���W�K�H���O�L�P�L�W�V�����V�X�F�K���W�K�D�W���W�K�H���O�D�V�W���V�H�J�P�H�Q�W���L�V���D�O�Z�D�\�V���V�K�R�U�W�H�U���W�K�D�Q��
�W�K�H���R�W�K�H�U�V�����E�X�W���V�W�U�L�F�W�O�\���O�D�U�J�H�U���W�K�D�Q���������7�K�L�V���Z�L�O�O���H�Q�V�X�U�H���W�K�D�W���W�K�H���R�S�W�L�P�X�P���Z�L�O�O���E�H���W�K�H��
�J�L�Y�H�Q�� �Y�D�O�X�H���� �:�K�H�Q�� �J�H�Q�H�U�D�W�L�Q�J�� �W�D�V�N�V�����P�D�N�H�� �V�X�U�H�� �W�K�D�W��t�K�H�� �O�L�P�L�W�� �R�I�� �W�K�H�� �Q�X�P�E�H�U�� �R�I��
�L�Q�V�W�U�X�F�W�L�R�Q�V�� �L�V�� �U�H�V�S�H�F�W�H�G���D�Q�G�� �W�K�D�W���W�K�H�U�H�� �D�U�H�� �Q�R�� �J�D�S�V�� ���L�G�O�H�� �W�L�P�H�V���� �R�Q�� �W�K�H�� �P�D�F�K�L�Q�H�V����
�(�D�F�K���S�D�U�W���R�I���D���V�H�J�P�H�Q�W���L�V���O�L�Q�N�H�G���W�R���D���M�R�E�����7�K�L�V���P�H�D�Q�V���W�K�D�W���W�D�V�N�V���R�Q���W�K�H���P�D�F�K�L�Q�H���P�X�V�W��
�I�R�O�O�R�Z���H�D�F�K���R�W�K�H�U�����D�Q�G���R�Q�O�\���P�D�L�Q�W�H�Q�D�Q�F�H���W�L�P�H���F�D�Q���E�H���D�G�G�H�G���E�H�W�Z�H�H�Q���W�K�H�P�����$�V�V�L�J�Q��
�W�K�H�� �P�D�[�L�P�X�P�� �D�Y�D�L�O�D�E�L�O�L�W�\�� �F�R�Q�V�W�U�D�L�Q�W�V�� �W�R���W�K�H�� �P�D�F�K�L�Q�H�V�� �U�D�Q�G�R�P�O�\�� �E�H�W�Z�H�H�Q�� �W�K�H��
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�D�Q���H�[�D�F�W���D�O�J�R�U�L�W�K�P���W�K�D�W���F�D�Q���V�R�O�Y�H���R�X�U���S�U�R�E�O�H�P���I�R�U���U�H�D�O-�O�L�I�H���W�H�V�W���F�D�V�H�V���L�Q���D���U�H�D�V�R�Q�D�E�O�H��
�W�L�P�H�����7�K�H�U�H�� �D�U�H�� �H�[�D�F�W���D�O�J�R�U�L�W�K�P�V���I�R�U�� �S�U�R�E�O�H�P�V�� �Z�L�W�K�� �W�Z�R�� �P�D�F�K�L�Q�H�V�� �R�U�� �Z�L�W�K�R�X�W��
�F�R�Q�V�W�U�D�L�Q�W�V�����E�X�W���L�I���Z�H���L�Q�F�U�H�D�V�H���W�K�H���Q�X�P�E�H�U���R�I���P�D�F�K�L�Q�H�V�����W�D�V�N�V�����D�Q�G���R�U���D�G�G���F�R�Q�V�W�U�D�L�Q�W�V����
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�W�K�H���*�U�H�\���:�R�O�I���2�S�W�L�P�L�]�H�U�����'�*�:�2���� �W�R���V�R�O�Y�H���W�K�H���S�U�R�E�O�H�P����
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5.1 Common Representation and Operators of the Algorithms 

�7�K�H���W�K�U�H�H���D�O�J�R�U�L�W�K�P�V���X�V�H���W�K�H���V�D�P�H���U�H�S�U�H�V�H�Q�W�D�W�L�R�Q���I�R�U���W�K�H���V�R�O�X�W�L�R�Q�V�����,�Q���D�G�G�L�W�L�R�Q�����Z�H��
�X�V�H���W�K�H���V�D�P�H���I�L�W�Q�H�V�V���I�X�Q�F�W�L�R�Q�����F�U�R�V�V�R�Y�H�U�����P�X�W�D�W�L�R�Q�����D�Q�G���L�Q�L�W�L�D�O���V�R�O�X�W�L�R�Q���J�H�Q�H�U�D�W�L�R�Q��
�S�U�R�F�H�G�X�U�H����

5.1.1 Representation of Individuals or Solutions 

�:�H�� �F�D�Q�� �D�F�K�L�H�Y�H�� �I�D�V�W�H�U�� �F�R�Q�Y�H�U�J�H�Q�F�H�� �Z�L�W�K�� �D�� �Z�H�O�O-�F�K�R�V�H�Q�� �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�� �R�I�� �D�Q��
�L�Q�G�L�Y�L�G�X�D�O���R�U���D���V�R�O�X�W�L�R�Q�����$���J�R�R�G���U�H�S�U�H�V�H�Q�W�D�W�L�R�Q���D�O�O�R�Z�V���X�V���W�R���E�H�W�W�H�U���H�[�S�O�R�U�H���R�X�U���V�H�D�U�F�K��
�V�S�D�F�H�����$���R�Q�H-�G�L�P�H�Q�V�L�R�Q�D�O���D�U�U�D�\���U�H�S�U�H�V�H�Q�W�V���L�Q�G�L�Y�L�G�X�D�O�V���R�U���V�R�O�X�W�L�R�Q�V�����7�K�H���E�ç�Û���H�O�H�P�H�Q�W��
�R�I���W�K�H���D�U�U�D�\���F�R�U�U�H�V�S�R�Q�G���W�R���W�K�H���W�D�V�N���F�Ü�����D�Q�G���H�Q�F�R�G�H���Z�K�L�F�K���V�H�J�P�H�Q�W���R�I���Z�K�L�F�K���P�D�F�K�L�Q�H��
�L�W���L�V���D�V�V�L�J�Q�H�G�����V�H�H���W�K�H���6�R�O�X�W�L�R�Q���O�L�Q�H���L�Q���)�L�J�X�U�H�����������7�R���G�R���W�K�L�V�����Z�H���I�L�U�V�W���H�Q�X�P�H�U�D�W�H���H�D�F�K��
�V�H�J�P�H�Q�W���R�I�� �H�D�F�K�� �P�D�F�K�L�Q�H�� ���Z�L�W�K�L�Q�� �W�K�H�� �D�Y�D�L�O�D�E�O�H�� �W�L�P�H�� �R�I�� �W�K�H���P�D�F�K�L�Q�H�����V�H�T�X�H�Q�W�L�D�O�O�\��
�I�U�R�P�� �W�K�H�� �I�L�U�V�W�� �P�D�F�K�L�Q�H�� �W�R�� �W�K�H�� �O�D�V�W���� �:�H�� �V�W�R�U�H�� �Z�K�L�F�K�� �V�H�J�P�H�Q�W�V�� �E�H�O�R�Q�J�� �W�R�� �Z�K�L�F�K��
�P�D�F�K�L�Q�H�V���L�Q���D�Q���L�Q�G�H�[���D�U�U�D�\�����,�Q���D�G�G�L�W�L�R�Q�����W�R���V�S�H�H�G���X�S���W�K�H���F�D�O�F�X�O�D�W�L�R�Q�V�����Z�H���V�W�R�U�H���W�K�H��
�J�D�S�V�� ���L�G�O�H�� �W�L�P�H�V���� �R�I�� �H�D�F�K�� �V�R�O�X�W�L�R�Q�� �L�Q�� �D�Q�� �D�U�U�D�\���� �W�K�D�W�� �L�V���� �K�R�Z�� �P�X�F�K�� �H�P�S�W�\�� �V�S�D�F�H�� �L�V��
�D�Y�D�L�O�D�E�O�H���R�Q���H�D�F�K���P�D�F�K�L�Q�H���V�H�J�P�H�Q�W�����,�Q���W�K�L�V���Z�D�\�����G�X�U�L�Q�J���F�U�R�V�V�R�Y�H�U���D�Q�G���P�X�W�D�W�L�R�Q�����Z�H��
�G�R���Q�R�W���Q�H�H�G���W�R���F�D�O�F�X�O�D�W�H���Z�K�L�F�K���V�H�J�P�H�Q�W���K�D�V���H�Q�R�X�J�K���V�S�D�F�H���I�R�U���D���W�D�V�N�����7�K�H���U�H�T�X�L�U�H�G��
�V�W�R�U�D�J�H�� �V�S�D�F�H�� �L�Q�F�U�H�D�V�H�V�� �E�\�� �V�W�R�U�L�Q�J�� �W�K�H�� �J�D�S�V�� �L�Q�� �W�K�H�� �V�H�J�P�H�Q�W�V���E�X�W�� �U�H�G�X�F�H�V�� �W�K�H��
�F�R�P�S�X�W�D�W�L�R�Q�D�O���W�L�P�H���F�R�Q�V�L�G�H�U�D�E�O�\����

�7�Z�R���V�R�O�X�W�L�R�Q�V���D�U�H���H�T�X�L�Y�D�O�H�Q�W�����Z�K�H�U�H���R�Q�O�\���W�K�H���S�H�U�P�X�W�D�W�L�R�Q���R�I���Q�R�Q-�O�D�V�W���V�H�J�P�H�Q�W�V���R�I��
�D�Q�\�� �P�D�F�K�L�Q�H�� �L�V�� �G�L�I�I�H�U�H�Q�W���� �7�K�H�V�H�� �L�Q�G�L�Y�L�G�X�D�O�V�� �G�L�I�I�H�U�� �E�H�F�D�X�V�H�� �W�K�H�� �V�H�J�P�H�Q�W�V�� �D�U�H�� �L�Q�� �D��
�G�L�I�I�H�U�H�Q�W���R�U�G�H�U�����E�X�W���W�K�H���W�D�V�N�V���D�V�V�L�J�Q�H�G���W�R���D���J�L�Y�H�Q���V�H�J�P�H�Q�W���D�U�H���P�X�W�X�D�O�O�\���H�T�X�L�Y�D�O�H�Q�W����
�7�K�H�� �D�E�R�Y�H�� �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�� �F�R�Q�V�L�G�H�U�V�� �W�K�H�V�H�� �V�R�O�X�W�L�R�Q�V�� �G�L�I�I�H�U�H�Q�W���� �7�K�X�V���� �Z�H�� �R�U�G�H�U�� �W�K�H��
�V�H�J�P�H�Q�W�V���� �H�[�F�H�S�W���W�K�H�� �O�D�V�W���� �Z�L�W�K�L�Q�� �W�K�H�� �P�D�F�K�L�Q�H�� �L�Q���G�H�V�F�H�Q�G�L�Q�J�� �R�U�G�H�U���E�D�V�H�G���R�Q�� �W�K�H�L�U��
�L�G�O�H�� �W�L�P�H���� �:�L�W�K�� �W�K�L�V�� �V�R�U�W�L�Q�J�����W�K�H���O�R�D�G�H�G�� �V�H�J�P�H�Q�W�V�� �D�U�H�� �P�R�Y�H�G�� �W�R�� �W�K�H�� �I�U�R�Q�W�� ���V�H�H���W�K�H��
�V�H�J�P�H�Q�W�V���J�D�S�V���L�Q���)�L�J�X�U�H�����������,�Q���W�K�H���F�D�V�H���Z�K�H�U�H���W�Z�R���V�H�J�P�H�Q�W�V���K�D�Y�H���W�K�H���V�D�P�H���L�G�O�H���W�L�P�H����
�W�K�H���F�K�R�L�F�H���L�V���E�D�V�H�G���R�Q���W�K�H���Q�X�P�E�H�U���R�I���W�D�V�N�V���L�Q���W�K�H���V�H�J�P�H�Q�W�V����

�)�R�U���H�[�D�P�S�O�H�����Z�H���F�D�Q���V�H�H���W�K�H���W�H�V�W���F�D�V�H���I�U�R�P���)�L�J�X�U�H�������R�Q���W�K�H���P�D�F�K�L�Q�H�V���L�Q���)�L�J�X�U�H��������
�:�H���K�D�Y�H���W�K�U�H�H���P�D�F�K�L�Q�H�V�����������W�D�V�N�V�����M�R�E�V�������D�Q�G���W�K�H���R�S�W�L�P�X�P���L�V�����������,�Q���W�K�H���H�[�D�P�S�O�H����
�Z�H���V�H�H���R�Q�H���J�D�S�����P�D�U�N�H�G���Z�L�W�K���D���U�H�G���V�W�U�L�S�H�G���E�R�[�����R�Q���W�K�H���I�L�U�V�W���P�D�F�K�L�Q�H���D�Q�G���R�Q�H���R�Q���W�K�H��
�I�L�U�V�W���V�H�J�P�H�Q�W���R�I���W�K�H���V�H�F�R�Q�G���P�D�F�K�L�Q�H�����7�K�H���F�K�D�U�D�F�W�H�U�L�V�W�L�F�V���R�I���W�K�H���P�D�F�K�L�Q�H�V���D�U�H���V�K�R�Z�Q��
�L�Q���7�D�E�O�H�� ������ �:�H�� �V�H�H�� �W�K�H�� �V�R�O�X�W�L�R�Q�� �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q���R�I�� �W�K�H�� �V�D�P�H�� �L�Q�� �)�L�J�X�U�H�� ������ �7�K�H�� �I�L�U�V�W��
�D�U�U�D�\���F�R�Q�W�D�L�Q�V���W�K�H���1�0�,���R�I���W�K�H���W�D�V�N�V�����W�K�H���V�H�F�R�Q�G���G�H�V�F�U�L�E�H�V���W�K�H���V�H�J�P�H�Q�W���L�Q�G�H�[���R�I���W�K�H��
�P�D�F�K�L�Q�H�V�����W�K�H���Q�H�[�W���H�Q�F�R�G�H�V���W�K�H���V�R�O�X�W�L�R�Q����an�G���W�K�H���O�D�V�W���D�U�U�D�\���S�U�H�V�H�Q�W�V���W�K�H���J�D�S�V���R�Q���W�K�H��
�V�H�J�P�H�Q�W�V�����:�H���F�D�Q���V�H�H���L�Q���W�K�H���V�R�O�X�W�L�R�Q���D�U�U�D�\���W�K�H���V�H�J�P�H�Q�W���L�Q�G�H�[�H�V�����)�R�U���H�[�D�P�S�O�H�����W�K�H��
�I�L�U�V�W���W�D�V�N�����Q�D�P�H�G���-�R�E�������L�Q���)�L�J�X�U�H���������Z�L�O�O���E�H���S�H�U�I�R�U�P�H�G���R�Q���W�K�H���V�H�J�P�H�Q�W���Z�L�W�K���L�Q�G�H�[��
�R�Q�H�����Z�K�L�F�K���L�V���W�K�H���V�H�J�P�H�Q�W���R�I���W�K�H���I�L�U�V�W���P�D�F�K�L�Q�H�����7�K�H���W�K�L�U�G���W�D�V�N�����F�D�O�O�H�G���-�R�E�������L�Q���)�L�J�X�U�H��
2�����Z�L�O�O���E�H���H�[�H�F�X�W�H�G���R�Q���W�K�H���V�H�J�P�H�Q�W���Z�L�W�K���L�Q�G�H�[���I�L�Y�H�����Z�K�L�F�K���L�V���W�K�H���I�L�U�V�W���V�H�J�P�H�Q�W���R�I���W�K�H��
�W�K�L�U�G���P�D�F�K�L�Q�H����

��
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�7�D�E�O�H���� ��

�0�D�F�K�L�Q�H���F�K�D�U�D�F�W�H�U�L�V�W�L�F�V��

Constraints �I �5�� �I �6�� �I �7��
�0�D�[�L�P�X�P��
�D�Y�D�L�O�D�E�L�O�L�W�\��

22�� 22�� 23��

�6�S�H�H�G�� ���������� �������� ��������
�8�S�W�L�P�H�� 30�� 7�� 16��
�0�D�L�Q�W�H�Q�D�Q�F�H���W�L�P�H�� 0�� 2�� 4��

��
 ��

�6�R�O�X�W�L�R�Q���U�H�S�U�H�V�H�Q�W�D�W�L�R�Q��

 ��

�*�H�Q�H�U�D�W�H�G���W�H�V�W���F�D�V�H���Z�L�W�K�������P�D�F�K�L�Q�H�V�����������M�R�E�V���Z�L�W�K���W�K�H���R�S�W�L�P�X�P��������

5.1.2 Generation of Initial Solutions or Individuals 

�7�K�H���L�Q�L�W�L�D�O���S�R�S�X�O�D�W�L�R�Q���R�U���V�R�O�X�W�L�R�Q���L�V���J�H�Q�H�U�D�W�H�G���D�W���U�D�Q�G�R�P�����:�H���I�L�U�V�W���D�V�V�L�J�Q���W�D�V�N�V���Z�L�W�K��
�P�D�F�K�L�Q�H�� �S�U�H�I�H�U�H�Q�F�H�� �W�R�� �W�K�H�L�U�� �F�R�U�U�H�V�S�R�Q�G�L�Q�J�� �P�D�F�K�L�Q�H�V���� �E�X�W�� �W�K�H�� �V�H�J�P�H�Q�W�� �Z�L�W�K�L�Q�� �D��
�P�D�F�K�L�Q�H���L�V���F�K�R�V�H�Q���U�D�Q�G�R�P�O�\�����6�H�F�R�Q�G�����W�K�H���U�H�P�D�L�Q�L�Q�J���W�D�V�N�V���D�U�H���D�V�V�L�J�Q�H�G���W�R���U�D�Q�G�R�P�O�\��
�V�H�O�H�F�W�H�G���P�D�F�K�L�Q�H���V�H�J�P�H�Q�W�V���I�U�R�P���W�K�R�V�H���Z�K�H�U�H���W�K�H�\���I�L�W���L�Q�����)�L�Q�D�O�O�\�����Z�H���U�H�J�H�Q�H�U�D�W�H���W�K�H��
�L�Q�G�L�Y�L�G�X�D�O���R�U���V�R�O�X�W�L�R�Q���L�I���W�K�H���W�D�V�N���F�D�Q�Q�R�W���E�H���D�V�V�L�J�Q�H�G���W�R���D���P�D�F�K�L�Q�H���H�Y�H�Q���D�I�W�H�U���P�X�O�W�L�S�O�H��
�D�W�W�H�P�S�W�V����

5.1.3 Fitness Function 

�7�K�H���I�L�W�Q�H�V�V���I�X�Q�F�W�L�R�Q���P�H�D�V�X�U�H�V���K�R�Z���F�O�R�V�H���D���J�L�Y�H�Q���V�R�O�X�W�L�R�Q���L�V���W�R���W�K�H���R�S�W�L�P�D�O���V�R�O�X�W�L�R�Q��
�R�I�� �W�K�H���S�U�R�E�O�H�P���� �,�W���L�V�� �D�� �Q�X�P�H�U�L�F�� �Y�D�O�X�H�� �D�V�V�L�J�Q�H�G���W�R�� �D�Q�� �L�Q�G�L�Y�L�G�X�D�O���R�U�� �D�� �V�R�O�X�W�L�R�Q���� �:�H��
�F�R�X�O�G�� �X�V�H�� �R�Q�O�\�� �W�K�H�� �P�D�N�H�V�S�D�Q�� �D�V�� �D�� �I�L�W�Q�H�V�V�� �I�X�Q�F�W�L�R�Q���� �E�X�W���L�Q�V�W�H�D�G���Z�H�� �X�V�H�� �D�� �P�R�U�H��
�F�R�P�S�O�H�[���I�L�W�Q�H�V�V�� �I�X�Q�F�W�L�R�Q���� �Z�H���D�G�G���W�K�H�� �Q�X�P�E�H�U���R�I���R�F�F�X�S�L�H�G���V�H�J�P�H�Q�W�V�� �D�Q�G���W�K�H���W�R�W�D�O��
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�L�G�O�H���W�L�P�H���R�Q���W�K�H���R�F�F�X�S�L�H�G���V�H�J�P�H�Q�W�V���W�R���W�K�H���P�D�N�H�V�S�D�Q�����:�H���F�D�Q���I�R�U�P�D�O�L�]�H���W�K�H���I�L�W�Q�H�V�V��
�I�X�Q�F�W�L�R�Q���D�V���(�E�P�J�A�O�O(�T) = �K�?�?�Q�L�E�A�@_�O�A�C(�T) + �P�K�P�=�H_�E�@�H�A(�T) + �I�=�G�A�O�L�=�J(�T)����

5.1.4 Crossover 

�$���F�U�R�V�V�R�Y�H�U���L�V���D���J�H�Q�H�W�L�F���R�S�H�U�D�W�R�U���L�Q���Z�K�L�F�K���J�H�Q�H�W�L�F���L�Q�I�R�U�P�D�W�L�R�Q���I�U�R�P���W�Z�R���V�H�O�H�F�W�H�G��
�L�Q�G�L�Y�L�G�X�D�O�V�����S�D�U�H�Q�W�V�����L�V���F�R�P�E�L�Q�H�G���W�R���S�U�R�G�X�F�H���Q�H�Z���L�Q�G�L�Y�L�G�X�D�O�V�����F�K�L�O�G�U�H�Q�������:�H���K�D�Y�H��
�L�P�S�O�H�P�H�Q�W�H�G�� �V�H�Y�H�U�D�O�� �W�\�S�H�V�� �R�I�� �F�U�R�V�V�R�Y�H�U�� �R�S�H�U�D�W�R�U�V�� �W�K�D�W�� �F�D�Q���E�H�� �X�V�H�G�� �Z�L�W�K�� �W�K�H�� �R�Q�H-
�G�L�P�H�Q�V�L�R�Q�D�O���D�U�U�D�\���U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�����'�L�I�I�H�U�H�Q�W���F�U�R�V�V�R�Y�H�U�V���S�H�U���D�O�J�R�U�L�W�K�P���Z�H�U�H���V�K�R�Z�Q���W�R��
�E�H���E�H�W�W�H�U�����:�H���K�D�Y�H���L�P�S�O�H�P�H�Q�W�H�G���N-�S�R�L�Q�W�����X�Q�L�I�R�U�P�����D�Q�G���W�K�U�H�H-�S�D�U�H�Q�W�V���F�U�R�V�V�R�Y�H�U���>�����@����
�:�H���V�Z�D�S�S�H�G���U�D�Q�G�R�P�O�\���V�H�O�H�F�W�H�G���V�H�J�P�H�Q�W�V���R�I���W�K�H���L�Q�G�L�Y�L�G�X�D�O�V�����)�R�U���H�D�F�K���V�X�E�V�W�L�W�X�W�L�R�Q����
�Z�H���F�K�H�F�N�H�G���W�K�H���I�H�D�V�L�E�L�O�L�W�\���R�I���W�K�H���V�R�O�X�W�L�R�Q�����D�Q�G���G�U�R�S�S�H�G���W�K�H���F�K�L�O�G�U�H�Q���Z�K�L�F�K���Z�H�U�H���Q�R�W��
�I�H�D�V�L�E�O�H�� ���W�K�H�� �Q�H�Z�� �V�H�J�P�H�Q�W�� �G�R�H�V�� �Q�R�W�� �I�L�W�� �L�Q�W�R�� �L�W�V�� �Q�H�Z�� �S�O�D�F�H������ �:�H���R�E�V�H�U�Y�H�G�� �W�K�D�W�� �W�K�H��
�F�U�R�V�V�R�Y�H�U�V�� �X�V�H�G�� �L�Q�� �W�K�L�V�� �Z�D�\�� �Z�H�U�H�� �D�O�P�R�V�W���X�V�H�O�H�V�V�����D�Q�G�� �W�K�H�� �P�H�W�K�R�G�V�� �F�R�Q�Y�H�U�J�H�� �W�R�� �D��
�Z�U�R�Q�J���V�R�O�X�W�L�R�Q���T�X�L�W�H���T�X�L�F�N�O�\����

�&�R�Q�V�H�T�X�H�Q�W�O�\�����Z�H���F�U�H�D�W�H�G���P�R�G�L�I�L�H�G���F�U�R�V�V�R�Y�H�U�V���W�K�D�W���S�H�U�I�R�U�P���V�H�J�P�H�Q�W���U�H�S�O�D�F�H�P�H�Q�W��
�E�\���U�D�Q�G�R�P�O�\���V�H�O�H�F�W�L�Q�J���W�K�H���V�H�J�P�H�Q�W���I�U�R�P���W�K�R�V�H���W�K�D�W���I�L�W���R�Q���W�K�H���U�H�S�O�D�F�H�P�H�Q�W���P�D�F�K�L�Q�H����
�,�Q���F�D�V�H�V���Z�K�H�U�H���L�W���Z�D�V���Q�R�W���S�R�V�V�L�E�O�H���W�R���V�Z�D�S���G�X�H���W�R���P�D�F�K�L�Q�H���S�U�H�I�H�U�H�Q�F�H���R�U���Q�R�Q�H���R�I���W�K�H��
�V�H�J�P�H�Q�W�V���I�L�W�����Z�H���O�H�I�W���W�K�H���H�O�H�P�H�Q�W���X�Q�F�K�D�Q�J�H�G�����,�Q���W�K�L�V���Z�D�\�����W�K�H���F�U�R�V�V�R�Y�H�U���R�S�H�U�D�W�R�U�V��
�J�H�Q�H�U�D�W�H���P�R�U�H���F�R�U�U�H�F�W���V�R�O�X�W�L�R�Q�V���D�Q�G���E�H�W�W�H�U���W�U�D�Y�H�U�V�H���W�K�H���V�H�D�U�F�K���V�S�D�F�H����

5.1.5 Mutation  

�$�� �P�X�W�D�W�L�R�Q���L�V�� �D�� �J�H�Q�H�W�L�F�� �R�S�H�U�D�W�R�U�� �U�H�V�S�R�Q�V�L�E�O�H�� �I�R�U���G�L�Y�H�U�V�L�I�\�L�Q�J�� �D���S�R�S�X�O�D�W�L�R�Q���� �,�W���L�V�� �D��
�V�O�L�J�K�W���P�R�G�L�I�L�F�D�W�L�R�Q���R�I���D�Q���L�Q�G�L�Y�L�G�X�D�O���R�U���D���V�R�O�X�W�L�R�Q�����7�K�H���G�L�V�F�U�H�W�H���Y�H�U�V�L�R�Q���R�I���W�K�H���*�U�H�\��
�:�R�O�I���2�S�W�L�P�L�]�H�U���U�H�T�X�L�U�H�V���V�H�Y�H�U�D�O���P�X�W�D�W�L�R�Q�V���W�R���P�D�L�Q�W�D�L�Q���S�R�S�X�O�D�W�L�R�Q�����Q�D�P�H�O�\�����S�D�F�N���R�I��
�Z�R�O�Y�H�V�����G�L�Y�H�U�V�L�I�L�F�D�W�L�R�Q�����:�H���K�D�Y�H���L�P�S�O�H�P�H�Q�W�H�G���E�L�W���I�O�L�S�����V�Z�D�S�����L�Q�Y�H�U�V�H�����D�Q�G���U�H�Y�H�U�V�H��
�P�X�W�D�W�L�R�Q���>�����@�����,�Q���W�K�H�V�H���L�P�S�O�H�P�H�Q�W�D�W�L�R�Q�V�����V�H�J�P�H�Q�W�V���D�U�H���P�R�G�L�I�L�H�G���W�R���R�W�K�H�U���V�H�J�P�H�Q�W�V����
�:�H���F�R�Q�V�L�G�H�U���D���P�X�W�D�W�L�R�Q���W�R���K�D�Y�H���E�H�H�Q���X�V�H�G���L�I���W�K�H���U�H�V�X�O�W�L�Q�J���L�Q�G�L�Y�L�G�X�D�O���V�D�W�L�V�I�L�H�V���W�K�H��
�F�R�Q�V�W�U�D�L�Q�W�V���R�I���W�K�H���S�U�R�E�O�H�P�V�����2�W�K�H�U�Z�L�V�H�����D���Q�H�Z���L�Q�G�L�Y�L�G�X�D�O���L�V���J�H�Q�H�U�D�W�H�G���I�U�R�P���V�F�U�D�W�F�K����
�,�Q�� �D�G�G�L�W�L�R�Q���� �Z�H�� �L�P�S�O�H�P�H�Q�W�H�G�� �D�� �P�R�G�L�I�L�H�G�� �Y�H�U�V�L�R�Q�� �R�I�� �H�D�F�K�� �P�X�W�D�W�L�R�Q�� �Q�D�P�H�G�� �D�E�R�Y�H������
�,�Q�� �W�K�H�V�H�� �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q�V���� �Z�H�� �V�Z�D�S�S�H�G�� �W�K�H�� �P�D�F�K�L�Q�H�V�����E�X�W���Z�H���F�K�R�V�H�� �W�K�H�� �V�H�J�P�H�Q�W�V��
�U�D�Q�G�R�P�O�\����

5.1.6 Selection 

�6�H�O�H�F�W�L�R�Q���L�V���D���U�X�O�H���W�K�D�W���G�H�W�H�U�P�L�Q�H�V���W�K�H���L�Q�G�L�Y�L�G�X�D�O�V���L�Q���W�K�H���I�R�O�O�R�Z�L�Q�J���S�R�S�X�O�D�W�L�R�Q���R�U���W�K�H��
�L�Q�G�L�Y�L�G�X�D�O�V���S�D�U�W�L�F�L�S�D�W�L�Q�J���L�Q���W�K�H���F�U�R�V�V�R�Y�H�U���D�Q�G���P�X�W�D�W�L�R�Q�����)�R�U���F�U�R�V�V�R�Y�H�U���D�Q�G���P�X�W�D�W�L�R�Q����
�Z�H���U�D�Q�G�R�P�O�\���V�H�O�H�F�W���L�Q�G�L�Y�L�G�X�D�O�V���I�U�R�P���W�K�H���F�X�U�U�H�Q�W���S�R�S�X�O�D�W�L�R�Q�����:�H���X�V�H���W�K�H���W�R�X�U�Q�D�P�H�Q�W��
�V�H�O�H�F�W�L�R�Q���U�X�O�H���W�R���F�U�H�D�W�H���D���Q�H�Z���S�R�S�X�O�D�W�L�R�Q���I�R�U���R�X�U���S�U�R�E�O�H�P���>���@����

5.2 The Algorithms and their Adaptations 

�:�H�� �P�R�G�L�I�\�� �W�K�H���6�$���� �W�K�H���*�$�����D�Q�G�� �W�K�H���'�*�:�2 ���Z�L�W�K�� �F�K�D�Q�J�H�V�� �W�K�D�W�� �D�F�K�L�H�Y�H�� �I�D�V�W�H�U��
�F�R�Q�Y�H�U�J�H�Q�F�H���D�Q�G���L�P�S�U�R�Y�H���W�K�H���T�X�D�O�L�W�\���R�I���W�K�H���V�R�O�X�W�L�R�Q�V����
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5.1.7 Simulated Annealing 

�7�K�H�� �6�L�P�X�O�D�W�H�G�� �$�Q�Q�H�D�O�L�Q�J�� �D�O�J�R�U�L�W�K�P�� �R�U�L�J�L�Q�D�W�H�V�� �I�U�R�P�� �P�H�W�D�O�O�X�U�J�\���� �Z�K�L�F�K�� �D�L�P�V�� �W�R��
�F�K�D�Q�J�H�� �W�K�H�� �S�K�\�V�L�F�D�O�� �S�U�R�S�H�U�W�L�H�V�� �R�I�� �D�� �P�D�W�H�U�L�D�O�� �E�\�� �K�H�D�W�L�Q�J�� �D�Q�G�� �F�R�Q�W�U�R�O�O�H�G�� �F�R�R�O�L�Q�J������
�7�K�H�� �P�H�W�K�R�G�� �H�P�S�O�R�\�V�� �D�Q�� �L�W�H�U�D�W�L�Y�H���P�R�W�L�R�Q�� �D�F�F�R�U�G�L�Q�J���W�R�� �W�K�H���Y�D�U�\�L�Q�J�� �W�H�P�S�H�U�D�W�X�U�H��
�S�D�U�D�P�H�W�H�U�V���E�D�V�H�G���R�Q���W�K�H���D�Q�Q�H�D�O�L�Q�J���R�S�H�U�D�W�L�R�Q���R�I���P�H�W�D�O�V����

�$�O�J�R�U�L�W�K�P�� ���� �G�H�V�F�U�L�E�H�V�� �W�K�H�� �6�L�P�X�O�D�W�H�G�� �$�Q�Q�H�D�O�L�Q�J�� �D�O�J�R�U�L�W�K�P�� �Z�H�� �X�V�H���� �Z�K�H�U�H��
�L�à  �G�H�Q�R�W�H�V�� �W�K�H�� �P�X�W�D�W�L�R�Q�����L�Ö�â���G�H�Q�R�W�H�V�� �W�K�H�� �F�R�R�O�L�Q�J�� �V�F�K�H�P�H�� �S�D�U�D�P�H�W�H�U�V���� �D�Q�G���@�=�P�=��
�H�Q�F�R�G�H�V���W�K�H���S�U�R�E�O�H�P���W�R���E�H���V�R�O�Y�H�G����

�7�K�H�� �D�O�J�R�U�L�W�K�P���U�H�T�X�L�U�H�V�� �D�Q�� �L�Q�L�W�L�D�O�� �W�H�P�S�H�U�D�W�X�U�H���� �D�� �U�H�G�X�F�W�L�R�Q�� �V�F�K�H�P�H���� �D�� �Q�X�P�E�H�U�� �R�I��
�L�W�H�U�D�W�L�R�Q�V�����D�Q�G���D�Q���L�Q�L�W�L�D�O���V�R�O�X�W�L�R�Q�����Z�K�L�F�K���Z�L�O�O���E�H���F�D�O�O�H�G���W�K�H���F�X�U�U�H�Q�W���V�R�O�X�W�L�R�Q�����7�K�H�U�H��
�D�U�H�� �V�H�Y�H�U�D�O���W�H�P�S�H�U�D�W�X�U�H���U�H�G�X�F�W�L�R�Q�V���V�F�K�H�P�H�V�����O�L�Q�H�D�U���� �O�R�J�D�U�L�W�K�P�L�F���� �H�[�S�R�Q�H�Q�W�L�D�O���� �D�Q�G��
�T�X�D�G�U�D�W�L�F�����7�K�H���O�L�Q�H�D�U���V�F�K�H�P�H���L�V���W�K�H���E�H�V�W���I�R�U���W�K�H���S�U�R�E�O�H�P�����7�K�H���W�H�P�S�H�U�D�W�X�U�H���L�V���U�H�G�X�F�H�G��
�I�U�R�P���W�K�H���L�Q�L�W�L�D�O���W�H�P�S�H�U�D�W�X�U�H���D�F�F�R�U�G�L�Q�J���W�R���W�K�H���U�H�G�X�F�W�L�R�Q���P�H�F�K�D�Q�L�V�P�����,�Q���H�D�F�K���L�W�H�U�D�W�L�R�Q����
�Z�H���J�H�Q�H�U�D�W�H���D���Q�H�L�J�K�E�R�U�L�Q�J���V�R�O�X�W�L�R�Q���X�V�L�Q�J���W�K�H���F�X�U�U�H�Q�W���V�R�O�X�W�L�R�Q�����7�K�H���F�X�U�U�H�Q�W���V�R�O�X�W�L�R�Q��
�L�V���F�R�P�S�D�U�H�G���Z�L�W�K���W�K�H���Q�H�L�J�K�E�R�U�L�Q�J���V�R�O�X�W�L�R�Q�����,�W���L�V���V�Z�D�S�S�H�G���L�I���L�W�V���I�L�W�Q�H�V�V���Y�D�O�X�H���L�V���E�H�W�W�H�U��
�W�K�D�Q���W�K�H���F�X�U�U�H�Q�W���I�L�W�Q�H�V�V���Y�D�O�X�H�����2�W�K�H�U�Z�L�V�H�����L�W���L�V���V�Z�D�S�S�H�G���Z�L�W�K���D���F�H�U�W�D�L�Q���S�U�R�E�D�E�L�O�L�W�\����
�7�K�H�� �U�R�O�H�� �R�I�� �W�K�H�� �D�F�F�H�S�W�D�Q�F�H�� �S�U�R�E�D�E�L�O�L�W�\�� �L�V�� �W�R�� �E�H�� �D�E�O�H�� �W�R�� �P�R�Y�H�� �R�X�W�� �R�I�� �W�K�H�� �O�R�F�D�O��
�P�L�Q�L�P�X�P���S�R�L�Q�W�V���D�Q�G���P�R�Y�H���W�R�Z�D�U�G�V���E�H�W�W�H�U���V�R�O�X�W�L�R�Q�V�����$�V���W�K�H���W�H�P�S�H�U�D�W�X�U�H���G�H�F�U�H�D�V�H�V����
�W�K�H���Y�D�O�X�H���R�I���W�K�L�V���D�F�F�H�S�W�D�Q�F�H���S�U�R�E�D�E�L�O�L�W�\���G�H�F�U�H�D�V�H�V�����6�H�Y�H�U�D�O���V�W�R�S�S�L�Q�J���F�R�Q�G�L�W�L�R�Q�V���F�D�Q��
�E�H���L�Q�W�U�R�G�X�F�H�G�����D�I�W�H�U���D���J�L�Y�H�Q���Q�X�P�E�H�U���R�I���V�W�H�S�V���N�����L�I���W�K�H���E�H�V�W���V�R�O�X�W�L�R�Q���K�D�V���Q�R�W���L�P�S�U�R�Y�H�G����
�R�U���W�K�H���P�D�[�L�P�X�P���Q�X�P�E�H�U���R�I���L�W�H�U�D�W�L�R�Q�V���K�D�V���E�H�H�Q���U�H�D�F�K�H�G�����'�X�H���W�R���W�K�H���K�H�X�U�L�V�W�L�F���Q�D�W�X�U�H��
�R�I���W�K�H���D�O�J�R�U�L�W�K�P�����W�K�H���R�S�W�L�P�D�O���V�R�O�X�W�L�R�Q���F�D�Q���E�H���U�H�D�F�K�H�G���D�I�W�H�U���P�X�O�W�L�S�O�H���U�X�Q�V������

�,�Q���R�X�U���Y�H�U�V�L�R�Q�����Z�H���X�V�H���W�K�H���P�X�W�D�W�L�R�Q���R�S�H�U�D�W�R�U�V���W�R���J�H�Q�H�U�D�W�H���D���Q�H�L�J�K�E�R�U�L�Q�J���V�R�O�X�W�L�R�Q�����,�Q��
�F�R�Q�W�U�D�V�W���W�R���W�K�H���E�D�V�L�F���D�O�J�R�U�L�W�K�P�����Z�H���G�R���Q�R�W���J�H�Q�H�U�D�W�H��an���D�G�M�D�F�H�Q�W���V�R�O�X�W�L�R�Q���S�H�U���L�W�H�U�D�W�L�R�Q����
�,�Q�V�W�H�D�G�����Z�H���J�H�Q�H�U�D�W�H���J���D�Q�G���F�R�P�S�D�U�H���W�K�H���E�H�V�W���R�Q�H���Z�L�W�K���W�K�H���F�X�U�U�H�Q�W���V�R�O�X�W�L�R�Q����

��
Algorithm 1 �6�L�P�X�O�D�W�H�G�$�Q�Q�H�D�O�L�Q�J���@�=�P�=�� �6�� �E�P�A�N�à�Ô�ë�� �L�à �����L�Ö�â�� �J�A�E�C�D�>�K�K�N�æ�Ü�í�Ø�� 

������ �T�Ö�è�å���8���*�H�Q�H�Q�H�U�D�W�H�3�R�S�X�O�D�W�L�R�Q���@�=�P�=����1������
������ �E���8���������T�Õ�Ø�æ�ç���8���T�Ö�è�å���� �N�Q�J���8 �P�N�Q�A����
������ while ���E���ª���E�P�A�N�à�Ô�ë &&���N�Q�J����do��
������ �������P�A�I�L�Ö�è�å���8���&�D�O�F�7�H�P�S���E�����6�� �L�Ö�â������
������ �������: ���8���*�H�Q�H�U�D�W�H�1�H�L�J�K�E�R�R�U�V���T�Ö�è�å���� �L�à �����J�A�E�C�D�>�K�K�N�æ�Ü�í�Ø������
������ �������T�ç�à�ã���8���6�H�O�H�F�W�%�H�V�W�1�H�L�J�K�E�R�R�U���: ������

������ ������if ���)�L�W�Q�H�V�V���T�ç�à�ã�� 
Q �)�L�W�Q�H�V�V���T�Ö�è�å����then��

������ �������������T�Ö�è�å���8���T�ç�à�ã����

������ ������������if ���)�L�W�Q�H�V�V���T�ç�à�ã����
Q���)�L�W�Q�H�V�V���T�Õ�Ø�æ�ç����then��

�������� �������������������T�Õ�Ø�æ�ç���8���T�ç�à�ã����

�������� ������������end if 
�������� ������else 
�������� ������������if ���5�D�Q�G�R�P��0, 1�����ª���H�[�S�����)�L�W�Q�H�V�V���T�Ö�è�å���í�)�L�W�Q�H�V�V���T�ç�à�ã������ �P�A�I�L�Ö�è�å����then��

�������� �������������������T�Ö�è�å���8���T�ç�à�ã����

�������� ������������end if 
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�������� ������end if 
�������� ������ �N�Q�J���8���(�[�D�P�L�Q�H�6�W�R�S�&�U�L�W�H�U�L�R�Q��������
�������� end while 
�������� return ���T�Õ�Ø�æ�ç�����)�L�W�Q�H�V�V���T�Õ�Ø�æ�ç����

 ��

�6�L�P�X�O�D�W�H�G���$�Q�Q�H�D�O�L�Q�J��

5.1.8 Genetic Algorithm 

T�K�H���*�H�Q�H�W�L�F���$�O�J�R�U�L�W�K�P���L�V���D���S�R�S�X�O�D�W�L�R�Q-�E�D�V�H�G���P�H�W�D�K�H�X�U�L�V�W�L�F���D�O�J�R�U�L�W�K�P���L�Q�V�S�L�U�H�G���E�\��
�Q�D�W�X�U�D�O���V�H�O�H�F�W�L�R�Q�����,�Q�V�W�H�D�G���R�I���R�Q�H���V�R�O�X�W�L�R�Q�����Z�H���Z�R�U�N���Z�L�W�K���D���V�H�W���R�I���V�R�O�X�W�L�R�Q�V�����Q�D�P�H�O�\����
�S�R�S�X�O�D�W�L�R�Q�����7�K�H���H�O�H�P�H�Q�W�V���R�I���W�K�H���S�R�S�X�O�D�W�L�R�Q���D�U�H���F�D�O�O�H�G���L�Q�G�L�Y�L�G�X�D�O�V�����D�Q�G���W�K�H���Q�X�P�E�H�U��
�R�I���L�W�H�U�D�W�L�R�Q�V���L�V���F�D�O�O�H�G���J�H�Q�H�U�D�W�L�R�Q�V����

�$�O�J�R�U�L�W�K�P�� �����S�U�H�V�H�Q�W�V�� �W�K�H�� �S�V�H�X�G�R�F�R�G�H�� �R�I���W�K�H���*�H�Q�H�W�L�F�� �$�O�J�R�U�L�W�K�P���� �Z�K�H�U�H���L�Ö���L�V�� �W�K�H��
�F�U�R�V�V�R�Y�H�U�����L�à ���L�V���W�K�H���P�X�W�D�W�L�R�Q�����D�Q�G���L�æ���L�V���W�K�H���V�H�O�H�F�W�L�R�Q���S�D�U�D�P�H�W�H�U����

Algorithm 2 �*�H�Q�H�W�L�F�$�O�J�R�U�L�W�K�P���@�=�P�=�����L�K�L�æ�Ü�í�Ø�����C�A�J�æ�Ü�í�Ø�����L�Ö�����L�à �����L�æ�� 

������ �L�K�L�Ö�è�å���8���*�H�Q�H�U�D�W�H�3�R�S�X�O�D�W�L�R�Q���@�=�P�=�����L�K�L�æ�Ü�í�Ø������
������ �T�Õ�Ø�æ�ç���8���6�H�O�H�F�W�%�H�V�W�,�Q�G�L�Y�L�G�X�D�O���L�K�L�Ö�è�å������
������ for ���E��= 1 ���������������������C�A�J�æ�Ü�í�Ø��do��
������ �������?�N�K�O�O�K�R�A�N���8���^�`���� �I�Q�P�=�P�E�K�J���8���^�`����
������    for �F��= 1 ����������������������

�ã�â�ã�Þ�Ô�å�Ð

�6
��do��

������ �������������N�5�����N�6�����N�7���8���5�D�Q�G�,�Q�W��0�����L�K�L�æ�Ü�í�Ø������
������       �?�N�K�O�O�K�R�A�N���8���?�N�K�O�O�K�R�A�N���ë���&�U�R�V�V�R�Y�H�U���L�Ö�����L�K�L�Ö�è�å�����N�5�����N�6������
������       �I�Q�P�=�P�E�K�J���8���I�Q�P�=�P�E�K�J���ë���0�X�W�D�W�L�R�Q���L�à �����L�K�L�Ö�è�å�����N�7������
������ ������end for 
��������    �L�K�L�Ö�è�å�����8���L�K�L�Ö�è�å�����ë���I�Q�P�=�P�E�K�J���ë���?�N�K�O�O�K�R�A�N����
��������    �T�Ö�è�å���8���6�H�O�H�F�W�%�H�V�W�,�Q�G�L�Y�L�G�X�D�O���L�K�L�Ö�è�å���� 
�������� ������if ���)�L�W�Q�H�V�V���T�Õ�Ø�æ�ç�����«���)�L�W�Q�H�V�V���T�Ö�è�å����then 
��������       �T�Õ�Ø�æ�ç �8���T�Ö�è�å�� 
�������� ������end if 
��������    �L�K�L�Ö�è�å���8���6�H�O�H�F�W�L�R�Q���L�æ�����L�K�L�Ö�è�å���� 
�������� end for 
�������� return ���T�Õ�Ø�æ�ç�����)�L�W�Q�H�V�V���T�Õ�Ø�æ�ç����

 ��

�*�H�Q�H�W�L�F���$�O�J�R�U�L�W�K�P��

�7�K�H�� �D�O�J�R�U�L�W�K�P�� �U�H�T�X�L�U�H�V�� �D�� �S�R�S�X�O�D�W�L�R�Q���V�L�]�H���� �D�� �J�H�Q�H�U�D�W�L�R�Q�� �V�L�]�H�����D�Q�G�� �D�Q�� �L�Q�L�W�L�D�O��
�S�R�S�X�O�D�W�L�R�Q�����,�Q�G�L�Y�L�G�X�D�O�V���I�U�R�P���W�K�H���F�X�U�U�H�Q�W���S�R�S�X�O�D�W�L�R�Q���D�U�H���V�H�O�H�F�W�H�G���D�F�F�R�U�G�L�Q�J���W�R���V�R�P�H��
�V�H�O�H�F�W�L�R�Q�� �U�X�O�H���� �:�H�� �X�V�H�� �R�X�U�� �P�R�G�L�I�L�H�G�� �F�U�R�V�V�R�Y�H�U�� �D�Q�G�� �P�X�W�D�W�L�R�Q�� �R�S�H�U�D�W�R�U�V���� �7�K�H�Q���� �W�K�H��
�S�R�S�X�O�D�W�L�R�Q���R�I���W�K�H���Q�H�Z���J�H�Q�H�U�D�W�L�R�Q���L�V���V�H�O�H�F�W�H�G���I�U�R�P���W�K�H���F�X�U�U�H�Q�W���S�R�S�X�O�D�W�L�R�Q�����L�Q�F�O�X�G�L�Q�J��
�P�X�W�D�W�L�R�Q���D�Q�G���F�U�R�V�V�R�Y�H�U���U�H�V�X�O�W�V�����7�K�L�V���V�H�O�H�F�W�L�R�Q���F�D�Q���E�H���E�D�V�H�G���R�Q���D�J�H���R�U���I�L�W�Q�H�V�V�����7�K�H��
�D�O�J�R�U�L�W�K�P�� �F�D�Q�� �E�H�� �V�W�R�S�S�H�G�� �Z�K�H�Q�� �D�� �J�H�Q�H�U�D�W�L�R�Q�� �Q�X�P�E�H�U�� �L�V�� �U�H�D�F�K�H�G�� �R�U�� �L�I�� �Q�R��
�L�P�S�U�R�Y�H�P�H�Q�W���L�V���R�E�V�H�U�Y�H�G���D�I�W�H�U���N���V�W�H�S�V����
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�,�Q���R�X�U���L�P�S�O�H�P�H�Q�W�D�W�L�R�Q�����Z�H���Z�R�U�N���Z�L�W�K���D���I�L�[�H�G���S�R�S�X�O�D�W�L�R�Q�����7�K�H���L�Q�L�W�L�D�O���S�R�S�X�O�D�W�L�R�Q���L�V��
�J�H�Q�H�U�D�W�H�G���U�D�Q�G�R�P�O�\���D�F�F�R�U�G�L�Q�J���W�R���W�K�H���P�H�W�K�R�G���G�H�V�F�U�L�E�H�G���L�Q���6�X�E�V�H�F�W�L�R�Q�����������������,�Q���H�D�F�K��
�L�W�H�U�D�W�L�R�Q�� �R�U�� �J�H�Q�H�U�D�W�L�R�Q���� �Z�H�� �J�H�Q�H�U�D�W�H�� �Q�H�Z�� �L�Q�G�L�Y�L�G�X�D�O�V�� �H�T�X�D�O�� �W�R�� �K�D�O�I�� �W�K�H�� �S�R�S�X�O�D�W�L�R�Q��
�V�L�]�H���E�\���F�U�R�V�V�R�Y�H�U���D�Q�G���P�X�W�D�W�L�R�Q���R�S�H�U�D�W�R�U�V�����7�K�H���L�Q�G�L�Y�L�G�X�D�O�V���L�Q�Y�R�O�Y�H�G���K�H�U�H���D�U�H���V�H�O�H�F�W�H�G��
�U�D�Q�G�R�P�O�\�����:�H���X�V�H���W�R�X�U�Q�D�P�H�Q�W���V�H�O�H�F�W�L�R�Q���I�R�U���W�K�H���V�H�O�H�F�W�L�R�Q���R�I���Q�H�Z���S�R�S�X�O�D�W�L�R�Q�V����

5.1.9 Discrete Version of the Grey Wolf Optimizer 

�7�K�H���*�U�D�\���:�R�O�I�� �2�S�W�L�P�L�]�H�U�� �L�V���D�� �S�R�S�X�O�D�W�L�R�Q-�E�D�V�H�G���P�H�W�D�K�H�X�U�L�V�W�L�F���D�O�J�R�U�L�W�K�P�� �L�Q�V�S�L�U�H�G��
�E�\���Q�D�W�X�U�H�����7�K�H���P�H�W�K�R�G���D�W�W�H�P�S�W�V���W�R���P�L�P�L�F���W�K�H���K�L�H�U�D�U�F�K�\���D�Q�G���K�X�Q�W�L�Q�J���P�H�F�K�D�Q�L�V�P���R�I��
�J�U�H�\�� �Z�R�O�Y�H�V���� �*�U�H�\�� �Z�R�O�Y�H�V�� �D�U�H�� �R�U�J�D�Q�L�]�H�G�� �L�Q�W�R�� �D�� �K�L�H�U�D�U�F�K�\���� �D�O�S�K�D���� �E�H�W�D���� �G�H�O�W�D�����D�Q�G��
�R�P�H�J�D���Z�R�O�Y�H�V�����(�D�F�K���O�H�Y�H�O���R�I���W�K�H���K�L�H�U�D�U�F�K�\���K�D�V���L�W�V���U�R�O�H�����D�Q�G���Q�R���R�Q�H���F�D�Q���E�H���D�E�V�H�Q�W��
�I�U�R�P���W�K�H���K�L�H�U�D�U�F�K�\�����7�K�H���D�O�S�K�D���Z�R�O�I���L�V���D�W���W�K�H���W�R�S���R�I���W�K�H���K�L�H�U�D�U�F�K�\�����+�L�V���U�R�O�H���L�V���W�R���P�D�N�H��
�G�H�F�L�V�L�R�Q�V���D�E�R�X�W���W�K�H���S�D�F�N���D�Q�G���W�R���O�H�D�G���W�K�H���S�D�F�N�����7�K�H���E�H�W�D���Z�R�O�I���L�V���W�K�H���V�H�F�R�Q�G���O�H�Y�H�O���R�I��
�W�K�H���K�L�H�U�D�U�F�K�\�����+�L�V���U�R�O�H���L�V���W�R���D�V�V�L�V�W���W�K�H���D�O�S�K�D���Z�R�O�I���L�Q���G�H�F�L�V�L�R�Q-�P�D�N�L�Q�J�����W�R���U�H�O�D�\���W�K�H��
�G�H�F�L�V�L�R�Q�V���R�I���W�K�H���D�O�S�K�D���Z�R�O�I���W�R���W�K�H���S�D�F�N�����E�X�W���K�H���D�O�V�R���K�D�V���D���O�H�D�G�H�U�V�K�L�S���U�R�O�H�����7�K�H���O�R�Z�H�V�W��
�O�H�Y�H�O���R�I���W�K�H���K�L�H�U�D�U�F�K�\���L�V���W�K�H���R�P�H�J�D���Z�R�O�I�����Z�K�L�F�K���U�H�S�U�H�V�H�Q�W�V���W�K�H���Z�H�D�N�H�V�W���Z�R�O�I���L�Q���W�K�H��
�S�D�F�N���� �+�H���G�R�H�V�� �Q�R�W���K�D�Y�H�� �D�Q���L�P�S�R�U�W�D�Q�W���U�R�O�H�� �L�Q�� �W�K�H�� �S�D�F�N���� �E�X�W���K�L�V�� �D�E�V�H�Q�F�H�� �F�D�Q���F�U�H�D�W�H��
�L�Q�W�H�U�Q�D�O�� �F�R�Q�I�O�L�F�W���� �$�O�O�� �Z�R�O�Y�H�V�� �W�K�D�W�� �G�R�� �Q�R�W�� �E�H�O�R�Q�J�� �W�R�� �W�K�H�� �S�U�H�Y�L�R�X�V�� �W�K�U�H�H���D�U�H�� �G�H�O�W�D��
�Z�R�O�Y�H�V�����7�K�H�L�U���U�R�O�H���L�V���W�R���V�F�R�X�W�����S�U�R�W�H�F�W�����D�Q�G���K�X�Q�W�����7�K�H���K�X�Q�W�L�Q�J���P�H�F�K�D�Q�L�V�P���R�I���J�U�H�\��
�Z�R�O�Y�H�V���D�O�V�R���S�O�D�\�V���D�Q���L�P�S�R�U�W�D�Q�W���U�R�O�H���L�Q���W�K�H���D�O�J�R�U�L�W�K�P�����7�K�H���D�O�J�R�U�L�W�K�P���P�L�P�L�F�V���K�X�Q�W�L�Q�J����
�S�U�H�\���V�H�D�U�F�K�����S�U�H�\���H�Q�F�O�R�V�X�U�H�����D�Q�G���S�U�H�\���D�W�W�D�F�N���L�Q���L�W�V���P�H�W�K�R�G�V����

�$�O�J�R�U�L�W�K�P�������S�U�H�V�H�Q�W�V���W�K�H���S�V�H�X�G�R�F�R�G�H���I�R�U���W�K�H���X�V�H�G���*�U�H�\���:�R�O�I���2�S�W�L�P�L�]�H�U�����Z�K�H�U�H���L�Ö��
�L�V�� �W�K�H�� �F�U�R�V�V�R�Y�H�U�����L�à ���L�V�� �W�K�H�� �P�X�W�D�W�L�R�Q�����L�>�à�Ô�ë ���D�Q�G�����L�>�à�Ü�á  �D�U�H�� �W�K�H�� �O�R�F�D�O�� �D�Q�G�� �J�O�R�E�D�O��
�V�W�D�J�H���P�H�D�V�X�U�H�V�����U�H�V�S�H�F�W�L�Y�H�O�\����

��
Algorithm 3 �'�L�V�F�U�H�W�H�*�:�2���@�=�P�=�����L�=�?�G�æ�Ü�í�Ø�����C�A�J�æ�Ü�í�Ø�����L�Ö�����L�à �����L�>�à�Ô�ë�����L�>�à�Ü�á�� 

������ �L�=�?�G �8���*�H�Q�H�U�D�W�H�3�R�S�X�O�D�W�L�R�Q���@�=�P�=�����L�=�?�G�æ�Ü�í�Ø������
������ �T�� �����T�	 �������T�� ���8���6�H�O�H�F�W�%�H�V�W�:�R�O�I�V���L�=�?�G������

������ �T�Õ�Ø�æ�ç���8 �T�� ����
������ for ���E��� ��1���������������������C�A�J�æ�Ü�í�Ø do��
������ �������T�� �� �T�	 ���� �T�� ���8���/�R�F�D�O�6�H�D�U�F�K�8�S�G�D�W�H���T�� �� �T�	 �����T�� �����L�à ������

������ ������for �F��� ��1������������������ �L�=�?�G�æ�Ü�í�Ø do��
������ ������������if ���5�D�Q�G�R�P��0����1����
Q�����L�>�à�Ô�ë���í�����L�>�à�Ô�ë���í�����L�>�à�Ü�á������ �E/ �C�A�J�æ�Ü�í�Ø then��
������          �L�=�?�G�Ü���8���6�H�H�N�L�Q�J�0�R�G�H���L�=�?�G�Ü�����L�Ö������
������ ������������else 
�������� �������������������L�=�?�G�Ü �8���7�U�D�F�L�Q�J�0�R�G�H���L�=�?�G�Ü�����L�Ö������
�������� ������������end if 
�������� ������end for 
��������    �T�� �����T�	 �����T�� ���8���6�H�O�H�F�W�%�H�V�W�:�R�O�I�V���L�=�?�G���� 

�������� ������if ���)�L�W�Q�H�V�V���T�Õ�Ø�æ�ç�����«���)�L�W�Q�H�V�V���T�� �� then 
�������� �������������T�Õ�Ø�æ�ç���8 �T�� �� 
�������� ������end if 
�������� end for 
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�������� return ���T�Õ�Ø�æ�ç�����)�L�W�Q�H�V�V���T�Õ�Ø�æ�ç����

 ��

D�L�V�F�U�H�We���Y�H�U�V�L�R�Q���R�I���W�K�H���*�U�H�\���:�R�O�I���2�S�W�L�P�L�]�H�U��

�7�K�H���D�O�J�R�U�L�W�K�P���U�H�T�X�L�U�H�V���D���S�R�S�X�O�D�W�L�R�Q���R�U���S�D�F�N���V�L�]�H���D�Q�G���D���Q�X�P�E�H�U���R�I���L�W�H�U�D�W�L�R�Q�V�����,�Q���W�K�H��
�D�O�J�R�U�L�W�K�P���� �W�K�H�� �W�D�L�O�V���Ù�����Ú �D�Q�G���Ü �L�Q�G�L�F�D�W�H�� �W�K�H�� �I�L�U�V�W�� �W�K�U�H�H�� �V�R�O�X�W�L�R�Q�V�� �Z�L�W�K�� �W�K�H�� �O�R�Z�H�V�W��
�I�L�W�Q�H�V�V���Y�D�O�X�H�V�����7�K�H���ñ �G�H�Q�R�W�H�V���D�O�O���R�W�K�H�U���V�R�O�X�W�L�R�Q�V�����7�K�H���I�L�U�V�W���V�W�H�S���R�I���W�K�H���D�O�J�R�U�L�W�K�P���L�V��
�W�R�� �J�H�Q�H�U�D�W�H���D�Q�� �L�Q�L�W�L�D�O���S�D�F�N���� �I�U�R�P�� �Z�K�L�F�K�� �Z�H�� �V�H�O�H�F�W���W�K�H�� �I�L�U�V�W�� �W�K�U�H�H�� �Z�R�O�Y�H�V���� �7�K�H�Q���� �L�Q��
�H�D�F�K���L�W�H�U�D�W�L�R�Q�����D���O�R�F�D�O���V�H�D�U�F�K���P�H�W�K�R�G���L�V���D�S�S�O�L�H�G���W�R���W�K�H���Z�R�O�Y�H�V���Ù�����Ú���D�Q�G���Ü���D�Q�G���W�K�H�L�U��
�Y�D�O�X�H�V���D�U�H���X�S�G�D�W�H�G�����7�K�H�Q�����I�R�U���H�D�F�K���Z�R�O�I���L�Q���W�K�H���S�D�F�N�����Z�H���X�V�H���W�K�H���V�H�H�N�L�Q�J���P�R�G�H���R�U���W�K�H��
t�U�D�F�L�Q�J���P�R�G�H���L�Q���D�G�G�L�W�L�R�Q���W�R���W�K�H���V�H�O�H�F�W�L�R�Q���S�U�R�E�D�E�L�O�L�W�\�����7�K�H���V�W�R�S�S�L�Q�J���F�R�Q�G�L�W�L�R�Q�V���F�D�Q��
�E�H���W�K�H���P�D�[�L�P�X�P���Q�X�P�E�H�U���R�I���L�W�H�U�D�W�L�R�Q�V���R�U���Q�R���F�K�D�Q�J�H���L�Q���R�X�U���E�H�V�W���V�R�O�X�W�L�R�Q���D�I�W�H�U���N���V�W�H�S�V����

�,�Q���G�H�W�D�L�O�����W�K�H���O�R�F�D�O���V�H�D�U�F�K���D�Q�G���X�S�G�D�W�H���D�O�J�R�U�L�W�K�P�����O�L�Q�H�������L�Q���$�O�J�R�U�L�W�K�P���������F�D�O�O�V���W�K�H���O�R�F�D�O��
�V�H�D�U�F�K�� �I�R�U�� �W�K�H�� �Z�R�O�Y�H�V���Ù�����Ú �D�Q�G���Ü �D�Q�G�� �V�R�U�W�V�� �W�K�H�V�H�� �W�K�U�H�H�� �Z�R�O�Y�H�V�� �E�\�� �I�L�W�Q�H�V�V�� �Y�D�O�X�H������
�,�Q���W�K�H���O�R�F�D�O���V�H�D�U�F�K�����Z�H���L�P�S�U�R�Y�H���W�K�H���I�L�W�Q�H�V�V���Y�D�O�X�H���X�V�L�Q�J���W�K�U�H�H���W�\�S�H�V���R�I���P�X�W�D�W�L�R�Q�����:�H��
�X�V�H���W�Z�R���V�H�D�U�F�K���P�R�G�H�V���L�Q���W�K�H���D�O�J�R�U�L�W�K�P�����F�R�U�U�H�V�S�R�Q�G�L�Q�J���W�R���W�K�H���O�R�F�D�O���D�Q�G���J�O�R�E�D�O���V�H�D�U�F�K��
�V�W�D�J�H�V���� �:�H�� �D�S�S�O�\�� �W�K�H�� �V�H�D�U�F�K�� �V�H�O�H�F�W�L�R�Q���P�H�Q�W�L�R�Q�H�G���L�Q�� �O�L�Q�H�� ���� �L�Q���$�O�J�R�U�L�W�K�P�� �������Z�K�L�F�K��
�H�[�S�O�R�U�H�V���W�K�H���J�O�R�E�D�O���V�S�D�F�H���L�Q���W�K�H���I�L�U�V�W���V�W�D�J�H�V���R�I���W�K�H���V�H�D�U�F�K�����F�O�X�V�W�H�U�L�Q�J���D�U�R�X�Q�G���O�R�F�D�O��
�R�S�W�L�P�D�����,�Q���O�D�W�H�U���V�W�D�J�H�V�����L�W���F�R�Q�Y�H�U�J�H�V���W�R���W�K�H���J�O�R�E�D�O���R�S�W�L�P�X�P�����,�Q���W�K�H���V�H�H�N�L�Q�J���P�R�G�H�����Z�H��
�D�L�P���W�R���S�U�H�V�H�U�Y�H���S�R�S�X�O�D�W�L�R�Q���G�L�Y�H�U�V�L�W�\���D�Q�G���D�Y�R�L�G���S�U�H�P�D�W�X�U�H���F�R�Q�Y�H�U�J�H�Q�F�H�����7�K�L�V���F�D�Q���E�H��
�D�F�K�L�H�Y�H�G�� �E�\���X�V�L�Q�J�� �W�K�H���F�U�R�V�V�R�Y�H�U�� �E�H�W�Z�H�H�Q�� �D�� �U�D�Q�G�R�P�O�\�� �V�H�O�H�F�W�H�G�� �L�Q�G�L�Y�L�G�X�D�O�� �D�Q�G�� �W�K�H��
�F�X�U�U�H�Q�W���L�Q�G�L�Y�L�G�X�D�O�����7�K�H���W�U�D�F�N�L�Q�J���P�R�G�H���L�V���X�V�H�G���I�R�U���O�R�F�D�O���V�H�D�U�F�K�H�V�����7�K�H���P�H�W�K�R�G���V�H�O�H�F�W�V��
�W�K�H �Ù�����Ú �D�Q�G���Ü���Z�L�W�K���I�L�W�Q�H�V�V-�E�D�V�H�G���V�H�O�H�F�W�L�R�Q�����D�Q�G���H�[�H�F�X�W�H���D���F�U�R�V�V�R�Y�H�U���R�Q���W�K�H���V�H�O�H�F�W�H�G��
�Z�L�W�K���W�K�H���F�X�U�U�H�Q�W���V�R�O�X�W�L�R�Q���>�����@������

6 Experimental Results 
�,�Q���W�K�L�V���V�H�F�W�L�R�Q�����Z�H���S�U�H�V�H�Q�W���R�X�U���F�R�P�S�X�W�D�W�L�R�Q�D�O���U�H�V�X�O�W�V�����)�L�U�V�W�����Z�H���V�K�R�Z���W�K�H���W�H�V�W���F�D�V�H�V����
�Z�K�L�F�K���Z�H�U�H���J�H�Q�H�U�D�W�H�G���X�V�L�Q�J���W�K�H���P�H�W�K�R�G���G�H�V�F�U�L�E�H�G���L�Q���6�H�F�W�L�R�Q��4�����7�K�H�Q�����Z�H���G�L�V�F�X�V�V��
�K�R�Z���Z�H���G�H�W�H�U�P�L�Q�H�G���W�K�H���S�D�U�D�P�H�W�H�U�V���R�I���W�K�H���D�O�J�R�U�L�W�K�P�V�����)�L�Q�D�O�O�\�����Z�H���D�O�V�R���G�L�V�F�X�V�V���W�K�H��
�P�H�W�K�R�G�V���I�R�U���F�R�P�S�D�U�L�Q�J���W�K�H���D�O�J�R�U�L�W�K�P�V����

6.1 Generating Test Cases 

�7�H�V�W���F�D�V�H�V���Z�H�U�H���J�H�Q�H�U�D�W�H�G���X�V�L�Q�J���W�K�H���P�H�W�K�R�G���G�H�V�F�U�L�E�H�G���L�Q���6�H�F�W�L�R�Q��4�����:�H���Z�D�Q�W�H�G���W�R��
�V�H�H�� �W�K�H�� �U�H�V�X�O�W�V�� �F�R�P�S�D�U�H�G�� �W�R�� �D�� �N�Q�R�Z�Q�� �R�S�W�L�P�D�O�� �V�R�O�X�W�L�R�Q�� �I�R�U�� �H�D�F�K�� �W�H�V�W�� �F�D�V�H���� �V�R�� �Z�H��
�J�H�Q�H�U�D�W�H�G�� �R�Q�O�\�� �D�V�� �P�D�Q�\�� �J�D�S�V�� �W�K�D�W�� �G�L�G�� �Q�R�W�� �F�K�D�Q�J�H�� �W�K�H�� �R�S�W�L�P�D�O�� �V�R�O�X�W�L�R�Q���� �,�W�� �L�V��
�L�P�S�R�V�V�L�E�O�H���W�R���G�L�U�H�F�W�O�\���F�R�Q�W�U�R�O���W�K�H���Q�X�P�E�H�U���R�I���V�H�J�P�H�Q�W�V���D�Q�G���W�K�H���Q�X�P�E�H�U���R�I���W�D�V�N�V���L�Q��
�W�K�H���J�H�Q�H�U�D�W�L�Q�J���P�H�W�K�R�G�����7�K�H�U�H�I�R�U�H�����V�R�P�H���S�D�U�D�P�H�W�H�U�V���R�I���W�K�H���J�H�Q�H�U�D�W�L�R�Q���P�H�W�K�R�G���D�U�H��
�F�R�Q�W�U�R�O�O�H�G���D�Q�G���R�W�K�H�U�V���D�U�H���O�H�I�W���Z�L�W�K���D���K�L�J�K�H�U���G�H�J�U�H�H���R�I���I�U�H�H�G�R�P�����:�H���V�W�U�L�F�W�O�\���V�H�W���W�K�H��
�S�D�U�D�P�H�W�H�U�� �F�R�Q�W�U�R�O�O�L�Q�J�� �W�K�H�� �P�D�F�K�L�Q�H�� �S�U�H�I�H�U�H�Q�F�H�� �W�R�� �������� ���V�R�� �������� �R�I�� �W�K�H���W�D�V�N�V�� �K�D�Y�H��
�S�U�H�I�H�U�H�Q�F�H�������W�K�H���Q�X�P�E�H�U���R�I���P�D�F�K�L�Q�H�V���W�R���I  =  5, 10,20�����D�Q�G���W�K�H���P�D�F�K�L�Q�H���V�S�H�H�G���W�R��
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�W�K�H���L�Q�W�H�U�Y�D�O���>�����������������@�����:�H���V�H�W���P�D�[�L�P�X�P���D�Y�D�L�O�D�E�L�O�L�W�\��at���>���������������@�����S�H�U�L�R�G�L�F�D�O���X�S�W�L�P�H��
at���>��������40]���D�Q�G�� �W�K�H�� �P�D�L�Q�W�H�Q�D�Q�F�H�� �W�L�P�H�� �D�W���>������ �����@���� �7�K�H�� �Q�X�P�E�H�U�� �R�I�� �V�H�J�P�H�Q�W�V�� �S�H�U��
�P�D�F�K�L�Q�H�V�� �D�U�H�� �H�L�W�K�H�U�� ������ �R�U�� �F�K�R�V�H�Q�� �I�U�R�P�� �>���������@�� �E�\�� �W�K�H�� �J�H�Q�H�U�D�W�R�U���� �G�H�Q�R�W�H�G�� �E�\���J�O
$
$
$=
0,10�����:�H���V�H�W���W�K�H���Q�X�P�E�H�U���R�I���W�D�V�N�V���W�R���E�H���F�K�R�V�H�Q���I�U�R�P���W�K�U�H�H���L�Q�W�H�U�Y�D�O�V�����J �Ð [25-�����@����
[51-�������@���D�Q�G���>������-�������@�����)�R�U���W�K�H���H�D�V�L�H�U�����Z�H���Z�L�O�O���G�H�Q�R�W�H���W�K�H�V�H���E�\���J
$= ����������������������������
�)�R�U�� �H�D�F�K�� �W�D�V�N���� �1�0�,�� �L�V�� �V�H�W���W�R���>���������@���� �:�L�W�K�� �W�K�H�V�H�� �S�D�U�D�P�H�W�H�U�V���� �Z�H�� �J�H�Q�H�U�D�W�H�G�� ������ �W�H�V�W��
�F�D�V�H�V�����)�U�R�P���H�D�F�K���V�H�W���R�I���W�H�V�W���F�D�V�H�V�����Z�H���U�D�Q�G�R�P�O�\���V�H�O�H�F�W�H�G�������W�H�V�W���F�D�V�H�V����

�,�Q���W�R�W�D�O�����Z�H���K�D�Y�H���W�K�H���I�R�O�O�R�Z�L�Q�J���F�O�D�V�V�H�V���I�R�U���E�R�W�K���J�O
$
$
$= ���������������6�H�H���L�Q���7�D�E�O�H����������

�7�D�E�O�H���� ��

B�H�Q�F�K�P�D�U�N���J�H�Q�H�U�D�W�L�Q�J���W�H�V�W���F�D�V�H���F�O�D�V�V�H�V��

�I �� 5�� 10�� 20��
�J
$�� 50�� 100�� 200�� 50�� 100�� 200�� 50�� 100�� 200��

6.2 Parameter Tuning of the Algorithms 

�:�H���I�L�Q�H-�W�X�Q�H���D�O�O���S�D�U�D�P�H�W�H�U�V���R�I���W�K�H���W�K�U�H�H���P�H�W�D�K�H�X�U�L�V�W�L�F���D�O�J�R�U�L�W�K�P�V���E�\���F�R�Q�W�U�R�O�O�H�G���J�U�L�G��
�V�H�D�U�F�K�����7�K�H���W�H�V�W���F�D�V�H�V���I�R�U���I�L�Q�H-�W�X�Q�L�Q�J���D�U�H���U�D�Q�G�R�P�O�\���J�H�Q�H�U�D�W�H�G�����:�H���F�R�Q�V�L�G�H�U�H�G���H�D�F�K��
�F�R�P�E�L�Q�D�W�L�R�Q���P�H�Q�W�L�R�Q�H�G���L�Q���6�H�F�W�L�R�Q�������������(�D�F�K���W�H�V�W���F�D�V�H���Z�D�V���U�X�Q���W�H�Q���W�L�P�H�V�����:�H���W�U�\���W�R��
�G�H�I�L�Q�H���W�K�H���S�D�U�D�P�H�W�H�U�V���D�Q�G���R�S�H�U�D�W�R�U�V���E�D�V�H�G���R�Q���L�P�S�U�R�Y�L�Q�J���W�K�H���P�H�D�Q�����P�L�Q�L�P�X�P�����D�Q�G��
�Y�D�U�L�D�Q�F�H�� �S�H�U�� �L�W�H�U�D�W�L�R�Q���� �:�H���I�R�F�X�V���R�Q�� �N�H�H�S�L�Q�J�� �W�K�H�� �Y�D�U�L�D�Q�F�H�� �O�D�U�J�H�� �L�Q�L�W�L�D�O�O�\�� �D�Q�G��
�G�H�F�U�H�D�V�L�Q�J���V�O�L�J�K�W�O�\���S�H�U���L�W�H�U�D�W�L�R�Q���V�R���W�K�D�W���R�X�U���V�H�D�U�F�K���V�S�D�F�H���L�V���Z�H�O�O-�W�U�D�Y�H�U�V�H�G�����:�H���D�O�V�R��
�H�Q�V�X�U�H�G�� �W�K�D�W�� �W�K�H�� �D�Y�H�U�D�J�H�� �F�R�Q�Y�H�U�J�H�V�� �W�R�� �W�K�H�� �P�L�Q�L�P�X�P�� �E�\�� �W�K�H�� �H�Q�G�� �R�I�� �W�K�H�� �L�W�H�U�D�W�L�R�Q�V����
�7�K�L�V�� �P�H�W�K�R�G�� �D�O�O�R�Z�H�G�� �X�V�� �W�R�� �I�L�O�W�H�U�� �R�X�W�� �P�R�V�W�� �R�I�� �W�K�H�� �S�D�U�D�P�H�W�H�U�V���� �7�R�� �G�H�W�H�U�P�L�Q�H�� �W�K�H��
�D�G�G�L�W�L�R�Q�D�O���S�D�U�D�P�H�W�H�U�V�����Z�H���F�R�Q�V�L�G�H�U�H�G���K�R�Z���P�D�Q�\���W�L�P�H�V���R�X�W���R�I���W�H�Q���U�X�Q�V���U�H�D�F�K�H�G����������
�R�I���W�K�H���R�S�W�L�P�D�O���Y�D�O�X�H�����:�H���F�R�Q�V�L�G�H�U���W�K�H���Z�L�Q�Q�L�Q�J���S�D�U�D�P�H�W�H�U���W�R���E�H���W�K�H���R�Q�H���W�K�D�W���U�H�D�F�K�H�V��
�W�K�H���O�L�P�L�W���P�R�U�H���W�L�P�H�V���D�Q�G���L�V���F�O�R�V�H�U���W�R���W�K�H���R�S�W�L�P�X�P���R�Q���D�Y�H�U�D�J�H������

6.3 Experiences and Results 

�$�O�O���U�X�Q�V���Z�H�U�H�� �S�H�U�I�R�U�P�H�G���R�Q���D�� ���������� �*�+�]�� �,�Q�W�H�O���;�H�R�Q���3�U�R�F�H�V�V�R�U�� ���(��-���������� �Y���� �����0��
�F�D�F�K�H�����Z�L�W�K���������*�%���5�$�0�����:�H���H�[�D�P�L�Q�H���W�K�H���D�Y�H�U�D�J�H���S�H�U�I�R�U�P�D�Q�F�H���R�I���W�K�H���D�O�J�R�U�L�W�K�P�V��
�I�U�R�P���������U�X�Q�V���R�Q���W�K�H���W�H�V�W���F�D�V�H�V���S�U�H�V�H�Q�W�H�G���L�Q���W�K�H���6�X�E�V�H�F�W�L�R�Q���D�E�R�Y�H�����$�G�G�L�W�L�R�Q�D�O�O�\�����Z�H��
�F�R�P�S�D�U�H���W�K�H���W�L�P�H���U�H�T�X�L�U�H�G���I�R�U���W�K�H���D�O�J�R�U�L�W�K�P�V���W�R���U�H�D�F�K���D���V�X�E�R�S�W�L�P�D�O���W�K�U�H�V�K�R�O�G����

6.1.1 The Performance of the Algorithms 

�:�H���V�W�X�G�\���W�K�H���S�H�U�I�R�U�P�D�Q�F�H���R�I���W�K�H���D�O�J�R�U�L�W�K�P�V���R�Q���W�K�H���J�H�Q�H�U�D�W�H�G���W�H�V�W���F�D�V�H�V�����)�L�U�V�W�����Z�H��
�G�L�Y�L�G�H�� �W�K�H�� �W�H�V�W�� �F�D�V�H�V�� �L�Q�W�R�� �W�Z�R�� �J�U�R�X�S�V���� �R�Q�H�� �W�K�D�W�� �G�R�H�V�� �Q�R�W�� �F�R�Q�W�D�L�Q�� �S�H�U�L�R�G�L�F�D�O��
�D�Y�D�L�O�D�E�L�O�L�W�\�� �F�R�Q�V�W�U�D�L�Q�W�V�����D�Q�G�� �W�K�H�� �R�W�K�H�U�� �W�K�D�W�� �F�R�Q�W�D�L�Q�V�� �S�H�U�L�R�G�L�F�D�O�� �D�Y�D�L�O�D�E�L�O�L�W�\��
�F�R�Q�V�W�U�D�L�Q�W�V�����7�K�H�Q�����Z�H���U�X�Q���W�K�H���D�O�J�R�U�L�W�K�P�V���R�Q���H�D�F�K���W�H�V�W���F�D�V�H���������W�L�P�H�V���D�Q�G���H�[�D�P�L�Q�H���W�K�H��
�R�S�W�L�P�X�P�����,�I���W�K�H���D�O�J�R�U�L�W�K�P���G�R�H�V���Q�R�W���V�W�R�S���D�I�W�H�U�������������V�H�F�R�Q�G�V�����L�W���L�V���V�W�R�S�S�H�G�����D�Q�G���W�K�H��
�E�H�V�W���V�R�O�X�W�L�R�Q���L�V���D�V�V�L�J�Q�H�G���W�R���W�K�H���U�X�Q�����:�H���Q�R�U�P�D�O�L�]�H���W�K�H���U�H�V�X�O�W���R�I���H�D�F�K���U�X�Q���E�\���G�L�Y�L�G�L�Q�J��
�W�K�H�� �D�E�V�R�O�X�W�H�� �H�U�U�R�U�� �R�I�� �H�D�F�K�� �U�H�V�X�O�W�� �R�I�� �W�K�H�� �U�X�Q�� �Z�L�W�K�� �W�K�H�� �R�S�W�L�P�D�O�� �Y�D�O�X�H���� �7�K�L�V�� �Y�D�O�X�H��
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�U�H�S�U�H�V�H�Q�W�V�� �W�K�H�� �U�H�O�D�W�L�Y�H�� �G�H�Y�L�D�W�L�R�Q�� �H�U�U�R�U�� �I�U�R�P�� �W�K�H�� �R�S�W�L�P�X�P���� �1�H�[�W���� �Z�H�� �F�D�O�F�X�O�D�W�H�� �W�K�H��
�P�D�[�L�P�X�P�����P�L�Q�L�P�X�P�����D�Q�G���P�H�D�Q���R�I���W�K�L�V���U�H�O�D�W�L�Y�H���I�R�U���H�D�F�K���W�H�V�W���F�O�D�V�V�����7�K�H�V�H���Y�D�O�X�H�V���D�U�H��
�J�U�R�X�S�H�G�� �L�Q�� �L�Q�F�U�H�D�V�L�Q�J�� �R�U�G�H�U�� �E�\�� �D�O�J�R�U�L�W�K�P���� �Q�X�P�E�H�U�� �R�I���P�D�F�K�L�Q�H�V�����D�Q�G�� �W�D�V�N�V���� �)�R�U��
�H�[�D�P�S�O�H�����W�K�H���J�U�R�X�S���I = ���������J= ���>���������������@�����6�$���P�H�D�Q�V���I = ���������J= ���>���������������@���X�V�L�Q�J��
�W�K�H���6�$���� �)�L�Q�D�O�O�\���� �Z�H�� �F�D�O�F�X�O�D�W�H���W�K�H�� �P�H�D�Q���� �W�K�H�� �P�H�D�Q���P�L�Q�L�P�X�P�����D�Q�G���P�D�[�L�P�X�P�� �H�U�U�R�U��
�S�H�U�F�H�Q�W�D�J�H�� �R�I�� �W�K�H�� �J�U�R�X�S���� �,�Q�� �W�K�H�� �I�L�J�X�U�H�V���� �W�K�H�� �F�R�O�R�U�H�G�� �F�R�O�X�P�Q�� �J�L�Y�H�V�� �W�K�H���U�H�O�D�W�L�Y�H��
�D�Y�H�U�D�J�H�� �H�U�U�R�U���� �Z�K�L�O�H�� �W�K�H�� �W�K�L�Q�� �E�O�D�F�N�� �O�L�Q�H�� �V�K�R�Z�V�� �W�K�H�� �U�D�Q�J�H�� �E�\�� �W�K�H�� �P�L�Q�L�P�X�P�� �D�Q�G��
�P�D�[�L�P�X�P���R�I���W�K�H���U�H�O�D�W�L�Y�H���H�U�U�R�U�����D�O�O���L�Q���S�H�U�F�H�Q�W�D�J�H�V����

�)�L�J�X�U�H��3���V�K�R�Z�V�� �W�K�H�� �U�H�V�X�O�W�V���I�R�U�� �W�K�H���W�H�V�W�� �F�D�V�H�V�� �Z�L�W�K�R�X�W�� �S�H�U�L�R�G�L�F�D�O�� �D�Y�D�L�O�D�E�L�O�L�W�\��
�F�R�Q�V�W�U�D�L�Q�W�V�����7�K�H���W�K�U�H�H���D�O�J�R�U�L�W�K�P�V���R�E�W�D�L�Q���W�K�H���R�S�W�L�P�X�P���Z�L�W�K���D���V�P�D�O�O���H�U�U�R�U���I�R�U���W�K�H���W�H�V�W��
�F�D�V�H�V�� �Z�L�W�K���I = �������� �$�V�� �W�K�H�� �Q�X�P�E�H�U�� �R�I�� �P�D�F�K�L�Q�H�V�� �L�Q�F�U�H�D�V�H�V���� �W�K�H�� �S�H�U�F�H�Q�W�D�J�H�� �H�U�U�R�U��
�L�Q�F�U�H�D�V�H�V���O�L�Q�H�D�U�O�\�����7�K�H���D�O�J�R�U�L�W�K�P�V���R�E�W�D�L�Q�H�G���W�K�H���P�L�Q�L�P�X�P���R�X�W���R�I���������U�X�Q�V���I�R�U���D�O�O���W�H�V�W��
�F�D�V�H�V���� �)�R�U�� �W�K�H�� ������ �P�D�F�K�L�Q�H�� �U�X�Q�V���� �W�K�H�� �P�D�[�L�P�X�P�� �D�Y�H�U�D�J�H�� �H�U�U�R�U�� �L�Q�F�U�H�D�V�H�G���� �E�X�W�� �W�K�H��
�D�Y�H�U�D�J�H���H�U�U�R�U���G�L�G���Q�R�W���H�[�F�H�H�G��3%�����$�V���W�K�H���Q�X�P�E�H�U���R�I���W�D�V�N�V���L�Q�F�U�H�D�V�H�G�����W�K�H���S�H�U�I�R�U�P�D�Q�F�H��
�R�I���W�K�H���D�O�J�R�U�L�W�K�P�V���L�Q�F�U�H�D�V�H�G�����7�K�H�U�H���P�D�\���E�H���V�H�Y�H�U�D�O���S�R�V�V�L�E�O�H���V�R�O�X�W�L�R�Q�V���I�R�U���P�D�Q�\���W�D�V�N�V��
�F�O�R�V�H���W�R���W�K�H���R�S�W�L�P�X�P�����,�Q���F�R�Q�F�O�X�V�L�R�Q�����D�V���W�K�H���Q�X�P�E�H�U���R�I���W�D�V�N�V���L�Q�F�U�H�D�V�H�V�����W�K�H���D�Y�H�U�D�J�H��
�H�U�U�R�U���G�H�F�U�H�D�V�H�V�����$�V���W�K�H���Q�X�P�E�H�U���R�I���P�D�F�K�L�Q�H�V���L�Q�F�U�H�D�V�H�V�����W�K�H���H�U�U�R�U���L�Q�F�U�H�D�V�H�V������
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�D�O�J�R�U�L�W�K�P���I�R�U���W�H�V�W���F�D�V�H�V���Z�L�W�K���S�H�U�L�R�G�L�F�D�O���D�Y�D�L�O�D�E�L�O�L�W�\���F�R�Q�V�W�U�D�L�Q�W�V�����7�K�H���U�H�O�D�W�L�Y�H���D�Y�H�U�D�J�H��
�H�U�U�R�U�� �L�Q�F�U�H�D�V�H�V�� �O�L�Q�H�D�U�O�\�� �D�V�� �D�� �I�X�Q�F�W�L�R�Q���R�I�� �W�K�H�� �Q�X�P�E�H�U���R�I�� �P�D�F�K�L�Q�H�V�����7�K�H�� �D�O�J�R�U�L�W�K�P�V��
�R�E�W�D�L�Q�H�G���W�K�H���P�L�Q�L�P�X�P���R�X�W���R�I���������U�X�Q�V���I�R�U���D�O�O���W�H�V�W���F�D�V�H�V�����7�K�H���U�H�O�D�W�L�Y�H���D�Y�H�U�D�J�H���H�U�U�R�U���R�I��
�W�K�H���D�O�J�R�U�L�W�K�P�V���G�R�H�V���Q�R�W���H�[�F�H�H�G�����������H�Y�H�Q���I�R�U���S�U�R�E�O�H�P�V���Z�L�W�K���������P�D�F�K�L�Q�H�V�����,�Q���D���I�H�Z��
�F�D�V�H�V�����L�W���L�V���R�E�V�H�U�Y�H�G���W�K�D�W���W�K�H���P�D�[�L�P�X�P���H�U�U�R�U���G�H�F�U�H�D�V�H�V���Z�K�H�Q���L�Q�F�U�H�D�V�L�Q�J���W�K�H���Q�X�P�E�H�U��
�R�I�� �W�D�V�N�V���� �7�K�H�� �E�H�V�W�� �S�H�U�I�R�U�P�L�Q�J�� �D�O�J�R�U�L�W�K�P�� �K�H�U�H�� �L�V�� �D�O�V�R�� �W�K�H���6�$� �� � � ,� Q� � � W� K� L� V� � � F� D� V� H� �� � � W� K� H� �
�P�D�[�L�P�X�P���D�Y�H�U�D�J�H���G�R�H�V���Q�R�W���H�[�F�H�H�G����������������
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�D�O�J�R�U�L�W�K�P��

6.1.2 The Time Required to Find a Suboptimal Threshold 

�:�H�� �V�W�X�G�\�� �W�K�H�� �D�Y�H�U�D�J�H�� �W�L�P�H���U�H�T�X�L�U�H�G�� �W�R�� �U�H�D�F�K�� �V�R�P�H�� �V�X�E�R�S�W�L�P�D�O�� �W�K�U�H�V�K�R�O�G���� �:�H��
�L�Q�W�U�R�G�X�F�H�� �I�R�X�U�� �W�\�S�H�V�� �R�I�� �W�K�H�� �V�X�E�R�S�W�L�P�D�O�� �W�K�U�H�V�K�R�O�G���� ���������� ���������� �������� �D�Q�G�� ������ �W�K�H��
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ImpKmeans: An Improved Version of the K-
Means Algorithm, by Determining Optimum 
Initial Centroids , based on Multivariate Kernel 
Density Estimation and Kd-Tree 

�$�O�L���ùenol 

�'�H�S�D�U�W�P�H�Q�W���R�I���&�R�P�S�X�W�H�U���(�Q�J�L�Q�H�H�U�L�Q�J�����)�D�F�X�O�W�\���R�I���(�Q�J�L�Q�H�H�U�L�Q�J�����7�D�U�V�X�V���8�Q�L�Y�H�U�V�L�W�\����
�(�Q�J�L�Q�H�H�U�L�Q�J���)�D�F�X�O�W�\�����������������7�D�U�V�X�V�����0�H�U�V�L�Q�����7�X�U�N�H�\��
�D�O�L�V�H�Q�R�O�#�W�D�U�V�X�V���H�G�X���W�U��

Abstract: K-means is the best known clustering algorithm, because of its usage simplicity, 
fast speed and efficiency. However, resultant clusters are influenced by the randomly selected 
initial centroids. Therefore, many techniques have been implemented to solve the mentioned 
issue. In this paper, a new version of the k-means clustering algorithm named as ImpKmeans 
shortly (An Improved Version of K-Means Algorithm by Determining Optimum Initial 
Centroids Based on Multivariate Kernel Density Estimation and Kd-tree) that uses kernel 
density estimation, to find the optimum initial centroids, is proposed. Kernel density 
estimation is used, because it is a nonparametric distribution estimation method, that can 
identify density regions. To understand the efficiency of the ImpKmeans, we compared it with 
some state-of-the-art algorithms. According to the experimental studies, the proposed 
algorithm was better than the compared versions of k-means. While ImpKmeans was the most 
successful algorithm in 46 tests of 60, the second-best algorithm, was the best on 34 tests. 
Moreover, experimental results indicated that the ImpKmeans is fast, compared to the 
selected k-means versions. 

Keywords: k-means; clustering; kernel density estimation; centroid initialization; kd-tree 

1 Introduction  
�&�O�X�V�W�H�U�L�Q�J���D�O�J�R�U�L�W�K�P�V���D�U�H���X�Q�V�X�S�H�U�Y�L�V�H�G���D�S�S�U�R�D�F�K�H�V�����W�K�D�W���V�H�S�D�U�D�W�H���G�D�W�D���L�Q�W�R���J�U�R�X�S�V����
�W�K�D�W���D�U�H���F�D�O�O�H�G���F�O�X�V�W�H�U�V�����D�F�F�R�U�G�L�Q�J���W�R���L�Q�F�O�X�G�H�G���V�L�P�L�O�D�U�L�W�L�H�V���D�Q�G���G�L�V�V�L�P�L�O�D�U�L�W�L�H�V��[1]��[2]����
�&�O�X�V�W�H�U�L�Q�J�� �D�S�S�U�R�D�F�K�H�V�� �D�L�P�� �W�R���P�D�[�L�P�L�]�H�� �D�V�� �P�X�F�K�� �D�V�� �S�R�V�V�L�E�O�H�� �E�R�W�K�� �W�K�H�� �V�L�P�L�O�D�U�L�W�L�H�V��
�D�P�R�Q�J���W�K�H���G�D�W�D���L�Q���W�K�H���V�D�P�H���J�U�R�X�S���D�Q�G���D�O�V�R���W�K�H���G�L�V�V�L�P�L�O�D�U�L�W�\���D�P�R�Q�J���W�K�H���G�D�W�D���L�Q���W�K�H��
�G�L�I�I�H�U�H�Q�W���J�U�R�X�S�V�����,�Q���J�H�Q�H�U�D�O���W�H�U�P�V�����F�O�X�V�W�H�U�L�Q�J���D�O�J�R�U�L�W�K�P�V���D�U�H���G�L�Y�L�G�H�G���L�Q�W�R���I�L�Y�H���S�D�U�W�V��
�Z�K�L�F�K�� �D�U�H�� �S�D�U�W�L�W�L�R�Q�L�Q�J-�E�D�V�H�G�� �P�H�W�K�R�G�V���� �K�L�H�U�D�U�F�K�L�F�D�O�� �P�H�W�K�R�G�V���� �G�H�Q�V�L�W�\-�E�D�V�H�G��
�P�H�W�K�R�G�V���� �J�U�L�G-�E�D�V�H�G�� �P�H�W�K�R�G�V���� �D�Q�G�� �P�R�G�H�O-�E�D�V�H�G�� �P�H�W�K�R�G�V���� �D�Q�G�� �'�%�6�&�$�1���>���@����
�2�3�7�,�&�6���>���@�����N-�P�H�D�Q�V��[5]�����$�I�I�L�Q�L�W�\���3�U�R�S�D�J�D�W�L�R�Q��[6]�����$�J�J�O�R�P�H�U�D�W�L�Y�H���&�O�X�V�W�H�U�L�Q�J��[7]����
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�+�'�%�6�&�$�1��[8]�����D�Q�G���0�&�0�6�7�&�O�X�V�W�H�U�L�Q�J��[9]���D�U�H�� �V�R�P�H�� �H�[�D�P�S�O�H�V�� �R�I�� �F�O�X�V�W�H�U�L�Q�J��
�D�O�J�R�U�L�W�K�P�V�����6�R�P�H���R�I���W�K�H���D�S�S�O�L�F�D�W�L�R�Q���D�U�H�D�V���R�I���F�O�X�V�W�H�U�L�Q�J���D�U�H���S�D�W�W�H�U�Q���U�H�F�R�J�Q�L�W�L�R�Q���>��������
11]���� �P�D�F�K�L�Q�H�� �O�H�D�U�Q�L�Q�J��[12]��[�����@�����E�L�R�L�Q�I�R�U�P�D�W�L�F�V���>����]��[15]�����G�D�W�D�� �P�L�Q�L�Q�J��[16]��[17]����
�Z�H�E���P�L�Q�L�Q�J��[1]��[18]�����V�W�U�H�D�P���P�L�Q�L�Q�J��[12]��[19]�����H�W�F����

�%�D�V�L�F���N-�P�H�D�Q�V���F�O�X�V�W�H�U�L�Q�J��wa�V���S�U�R�S�R�V�H�G���E�\���6�W�X�D�U�W���/�O�R�\�G���L�Q�������������D�V���D���W�H�F�K�Q�L�T�X�H���I�R�U��
�S�X�O�V�H-�F�R�G�H�� �P�R�G�X�O�D�W�L�R�Q�� �W�R�� �G�H�I�L�Q�H�� �O�L�Q�H�D�U�O�\�� �V�H�S�D�U�D�E�O�H�� �F�O�X�V�W�H�U�V���� �,�W�� �L�V�� �R�Q�H�� �R�I�� �W�K�H��
�S�D�U�W�L�W�L�R�Q�L�Q�J-�E�D�V�H�G���F�O�X�V�W�H�U�L�Q�J���D�O�J�R�U�L�W�K�P�V���W�K�D�W���G�L�Y�L�G�H�V���W�K�H���G�D�W�D�V�H�W���L�Q�W�R���N���F�O�X�V�W�H�U�V���R�Y�H�U��
�U�D�Q�G�R�P�O�\���V�H�O�H�F�W�H�G���L�Q�L�W�L�D�O���F�H�Q�W�U�R�L�G�V�����$�O�W�K�R�X�J�K���N-�P�H�D�Q�V���L�V���H�I�I�L�F�L�H�Q�W���D�Q�G���H�D�V�\���W�R���X�V�H����
�L�W���H�Q�F�R�X�Q�W�H�U�V���S�U�R�E�O�H�P�V���L�I���W�K�H���G�D�W�D�V�H�W���L�V���Q�R�W���O�L�Q�H�D�U�O�\���V�H�S�D�U�D�E�O�H�����7�K�H���P�D�L�Q���S�U�R�E�O�H�P�V��
�U�H�O�D�W�H�G���W�R���N-�P�H�D�Q�V���D�U�H���D�V���I�R�O�O�R�Z�V����

�x �7�K�H���I�L�Q�D�O���F�O�X�V�W�H�U�V���D�U�H���G�H�S�H�Q�G�H�Q�W���R�Q���U�D�Q�G�R�P�O�\���V�H�O�H�F�W�H�G���F�H�Q�W�U�R�L�G�V�����$�V���V�K�R�Z�Q��
�L�Q���)�L�J�X�U�H���������L�I���W�K�H���U�D�Q�G�R�P�O�\���V�H�O�H�F�W�H�G���F�H�Q�W�U�R�L�G�V���D�U�H���Q�R�W���O�R�F�D�W�H�G���R�S�W�L�P�D�O�����L�W��
�I�D�L�O�V���Z�K�L�O�H���G�H�I�L�Q�L�Q�J���F�O�X�V�W�H�U�V����

�x K-�P�H�D�Q�V���F�O�X�V�W�H�U�L�Q�J���D�V�V�X�P�H�V���W�K�D�W���W�K�H���V�K�D�S�H���R�I���W�K�H���F�O�X�V�W�H�U�V���W�R���E�H���I�R�X�Q�G���L�V��
�V�S�K�H�U�L�F�D�O�����+�R�Z�H�Y�H�U����a���P�L�Q�R�U�L�W�\���R�I���W�K�H���G�D�W�D�V�H�W�V���D�U�H���V�S�K�H�U�L�F�D�O�����D�Q�G���P�D�M�R�U�L�W�L�H�V��
�D�U�H���D�U�E�L�W�U�D�U�\���L�Q���U�H�D�O-�O�L�I�H����

�x K-�P�H�D�Q�V���F�D�Q�Q�R�W���K�D�Q�G�O�H���R�X�W�O�L�H�U�V���E�H�F�D�X�V�H���L�W���S�D�U�W�L�W�L�R�Q�V���W�K�H���G�D�W�D���L�Q�W�R���N���F�O�X�V�W�H�U�V��
�Z�L�W�K�R�X�W���V�H�D�U�F�K�L�Q�J���I�R�U���R�X�W�O�L�H�U�V����

�x �,�W���H�Q�F�R�X�Q�W�H�U�V���V�R�P�H���S�U�R�E�O�H�P�V���L�I���W�K�H���V�L�]�H�V���R�I���F�O�X�V�W�H�U�V���D�U�H���G�L�I�I�H�U�H�Q�W����

�x �,�I���W�K�H���F�O�X�V�W�H�U�V���D�U�H���Q�R�W���O�L�Q�H�D�U�O�\���V�H�S�D�U�D�E�O�H���R�U���R�Y�H�U�O�D�S�S�H�G�����N-�P�H�D�Q�V���H�Q�F�R�X�Q�W�H�U�V��
�V�R�P�H���L�V�V�X�H�V����

�6�L�Q�F�H���W�K�H���E�D�V�L�F���N-�P�H�D�Q�V���F�O�X�V�W�H�U�L�Q�J���D�O�J�R�U�L�W�K�P���Z�D�V���S�U�R�S�R�V�H�G�����P�D�Q�\���Y�D�U�L�D�Q�W�V���R�I���L�W���K�D�Y�H��
�E�H�H�Q���S�U�R�S�R�V�H�G���W�R���G�H�D�O���Z�L�W�K���P�H�Q�W�L�R�Q�H�G���L�V�V�X�H�V���W�K�D�W���D�U�H���J�L�Y�H�Q���D�E�R�Y�H���>�����@����K�H�U�Q�H�O���N-
�P�H�D�Q�V�� �K�D�V�� �E�H�H�Q�� �S�U�R�S�R�V�H�G��t�R�� �R�Y�H�U�F�R�P�H�� �W�K�H�� �S�U�R�E�O�H�P�� �R�I�� �L�G�H�Q�W�L�I�\�L�Q�J�� �F�O�X�V�W�H�U�V�� �W�K�D�W��
�F�D�Q�Q�R�W���E�H�� �O�L�Q�H�D�U�O�\�� �V�H�S�D�U�D�W�H�G��[21]��[22]�����%�\�� �X�V�L�Q�J�� �N�H�U�Q�H�O�� �P�H�W�K�R�G�V���� �N�H�U�Q�H�O���N-�P�H�D�Q�V��
�F�D�Q���G�H�I�L�Q�H���Q�R�Q-�V�S�K�H�U�L�F�D�O���F�O�X�V�W�H�U�V�����+�R�Z�H�Y�H�U�����N�H�U�Q�H�O���N-�P�H�D�Q�V���U�X�Q-�W�L�P�H���F�R�P�S�O�H�[�L�W�\���L�V��
�K�L�J�K�����D�Q�G�� �L�W�V�� �W�L�P�H�� �F�R�P�S�O�H�[�L�W�\�� �L�V�� �K�L�J�K���� �2�Q�� �W�K�H�� �R�W�K�H�U�� �K�D�Q�G���� �W�R�� �P�H�H�W�� �W�K�H�� �Q�H�H�G�� �I�R�U��
�V�H�O�H�F�W�L�Q�J�� �R�S�W�L�P�D�O�� �L�Q�L�W�L�D�O�� �F�H�Q�W�U�R�L�G�V���� �P�D�Q�\���D�G�Y�D�Q�F�H�G�� �Y�H�U�V�L�R�Q�V�� �R�I�� �N-�P�H�D�Q�V���Z�H�U�H��
�S�U�R�S�R�V�H�G�����O�L�N�H�� �N-�P�H�D�Q�V������[22]���� �D�Q�G���D�O�J�R�U�L�W�K�P�V�� �O�L�N�H�� �)�X�]�]�\�� �&-�0�H�D�Q�V�����W�R��
�D�X�W�R�P�D�W�L�F�D�O�O�\�� �G�H�W�H�U�P�L�Q�H�� �W�K�H�� �Q�X�P�E�H�U�� �R�I�� �F�O�X�V�W�H�U�V���>����]��[�����@���� �,�Q���N-�P�H�D�Q�V�������� �F�O�X�V�W�H�U��
�F�H�Q�W�H�U�V���D�U�H���F�K�R�V�H�Q���P�R�U�H���L�Q�Q�R�Y�D�W�L�Y�H�O�\���W�R���D�Y�R�L�G���F�R�P�S�O�H�W�H���U�D�Q�G�R�P�Q�H�V�V�����&�H�Q�W�U�R�L�G�V���D�U�H��
�F�K�R�V�H�Q���V�W�H�S���E�\���V�W�H�S���D�F�F�R�U�G�L�Q�J���W�R���W�K�H���F�H�Q�W�U�R�L�G�V���V�H�O�H�F�W�H�G���E�H�I�R�U�H���W�R���P�L�Q�L�P�L�]�H���W�K�H���F�R�V�W����
�7�K�L�V���D�S�S�U�R�D�F�K���P�D�N�H�V���N-�P�H�D�Q�V�������E�H�W�W�H�U���W�K�D�Q���E�D�V�L�F���N-�P�H�D�Q�V�����+�R�Z�H�Y�H�U�����W�K�L�V���D�S�S�U�R�D�F�K��
�L�V�� �Q�R�W�� �H�D�V�\�� �W�R�� �S�H�U�I�R�U�P���� �)�U�L�W�]�N�H�� �S�U�R�S�R�V�H�G�� �.-�P�H�D�Q�V-�X�
���� �D�Q�� �L�P�S�U�R�Y�H�G���Y�H�U�V�L�R�Q�� �R�I�� �N-
�P�H�D�Q�V���������W�R���L�P�S�U�R�Y�H���W�K�H���O�L�P�L�W�V���R�I���N-�P�H�D�Q�V������[25]�����%�X�W�����X�V�H�G���R�S�H�U�D�W�L�R�Q�V���L�Q�F�U�H�D�V�H��
�W�K�H�� �F�R�P�S�O�H�[�L�W�\�� �R�I�� �W�K�H�� �D�O�J�R�U�L�W�K�P�� �V�L�J�Q�L�I�L�F�D�Q�W�O�\���� �$�Q�R�W�K�H�U�� �Y�H�U�V�L�R�Q�� �R�I�� �N-�P�H�D�Q�V�� �W�R��
�R�Y�H�U�F�R�P�H�� �W�K�H�� �L�V�V�X�H�� �R�I�� �V�H�O�H�F�W�L�R�Q���R�I�� �L�Q�L�W�L�D�O���F�H�Q�W�U�R�L�G�V�� �Z�D�V���S�U�R�S�R�V�H�G���E�\�� �=�K�D�Q�J�� �H�W���D�O����
[26]���� �,�Q�� �W�K�H�L�U�� �V�W�X�G�\���� �D�O�W�K�R�X�J�K�� �W�K�H�� �D�F�F�X�U�D�F�\�� �R�I�� �F�O�X�V�W�H�U�L�Q�J�� �U�H�V�X�O�W�V�� �L�P�S�U�R�Y�H�G���� �L�W�� �L�V��
�X�Q�V�X�L�W�D�E�O�H���I�R�U���E�L�J���G�D�W�D�V�H�W�V���E�H�F�D�X�V�H���W�K�H���D�O�J�R�U�L�W�K�P�
�V���W�L�P�H���F�R�P�S�O�H�[�L�W�\���L�V���K�L�J�K�����=�K�D�Q�J��
�H�W���D�O����[27]���S�U�R�S�R�V�H�G���D�Q�� �D�G�Y�D�Q�F�H�G���Y�H�U�V�L�R�Q���R�I�� �N-�P�H�D�Q�V�� �E�D�V�H�G���R�Q���G�H�Q�V�L�W�\�� �F�D�Q�R�S�\�� �W�R��
�I�H�H�G���W�K�H���N-�P�H�D�Q�V���Z�L�W�K���W�K�H���E�H�V�W���L�Q�L�W�L�D�O���F�H�Q�W�H�U�V�����7�K�H�\���X�V�H�G���W�K�H���F�D�Q�R�S�\���D�O�J�R�U�L�W�K�P���W�R��
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�I�L�Q�G���W�K�H���E�H�V�W���Y�D�O�X�H�V���I�R�U���N���D�Q�G���L�Q�L�W�L�D�O���F�H�Q�W�U�R�L�G�V���I�R�U���N-�P�H�D�Q�V���F�O�X�V�W�H�U�L�Q�J�����$�O�W�K�R�X�J�K���L�W��
�H�I�I�H�F�W�L�Y�H�O�\���L�P�S�U�R�Y�H�V���F�O�X�V�W�H�U�L�Q�J���T�X�D�O�L�W�\�����W�K�H�L�U���P�H�W�K�R�G���L�Q�F�U�H�D�V�H�V���W�K�H���D�O�J�R�U�L�W�K�P�
�V���W�L�P�H��
�F�R�P�S�O�H�[�L�W�\���� �$�V���X�Q�G�H�U�V�W�R�R�G�� �I�U�R�P�� �H�[�S�O�D�L�Q�H�G�� �Y�H�U�V�L�R�Q�V�� �R�I�� �N-�P�H�D�Q�V�� �F�O�X�V�W�H�U�L�Q�J��
�D�O�J�R�U�L�W�K�P�����Z�H���Q�H�H�G���D���Q�H�Z���N-�P�H�D�Q�V-�E�D�V�H�G���F�O�X�V�W�H�U�L�Q�J���D�O�J�R�U�L�W�K�P���W�K�D�W���F�D�Q���F�O�X�V�W�H�U���W�K�H��
�G�D�W�D�V�H�W���P�R�U�H���D�F�F�X�U�D�W�H�O�\���D�Q�G���T�X�L�F�N�O�\����

�7�K�L�V�� �V�W�X�G�\�� �S�U�R�S�R�V�H�V�� �D�� �Q�R�Y�H�O�� �D�S�S�U�R�D�F�K�� �W�K�D�W���X�V�H�V�� �P�X�O�W�L�Y�D�U�L�D�W�H�� �N�H�U�Q�H�O�� �G�H�Q�V�L�W�\��
�H�V�W�L�P�D�W�L�R�Q�� �W�R�� �I�L�Q�G�� �R�S�W�L�P�X�P�� �L�Q�L�W�L�D�O�� �F�H�Q�W�U�R�L�G�V�� �I�R�U�� �N-�P�H�D�Q�V�����6�L�Q�F�H���N�H�U�Q�H�O�� �G�H�Q�V�L�W�\��
�H�V�W�L�P�D�W�L�R�Q���L�V���D���Q�R�Q�S�D�U�D�P�H�W�U�L�F���S�U�R�E�D�E�L�O�L�W�\���G�H�Q�V�L�W�\���I�X�Q�F�W�L�R�Q�����.�'�(�������Z�H���X�V�H���L�W���W�R���I�L�Q�G��
�G�H�Q�V�H�U���U�H�J�L�R�Q�V���W�R���V�H�O�H�F�W���W�K�H�P���D�V���L�Q�L�W�L�D�O���F�H�Q�W�U�R�L�G�V�����,�W���F�D�Q���I�L�Q�G���G�H�Q�V�H�U���U�H�J�L�R�Q�V���D�Q�G���W�K�H��
�G�H�J�U�H�H���R�I���G�H�Q�V�L�W�\���L�Q���D�Q�\���G�D�W�D���G�L�V�W�U�L�E�X�W�L�R�Q�����7�K�H���P�D�L�Q���F�R�Q�W�U�L�E�X�W�L�R�Q�V���W�K�D�W���W�K�L�V���D�U�W�L�F�O�H��
�K�D�V���D�Q�G���V�W�D�W�H-�R�I-�W�K�H-�D�U�W���D�O�J�R�U�L�W�K�P�V���G�R���Q�R�W���K�D�Y�H���D�U�H���V�X�P�P�D�U�L�]�H�G���D�V���I�R�O�O�R�Z�V����

�x �7�K�H���D�F�F�X�U�D�F�\���R�I���N-�P�H�D�Q�V���F�O�X�V�W�H�U�L�Q�J���D�O�J�R�U�L�W�K�P�V���L�Q�F�U�H�D�V�H�V���W�K�D�Q�N�V���W�R���X�V�L�Q�J��
�N�H�U�Q�H�O���G�H�Q�V�L�W�\���H�V�W�L�P�D�W�L�R�Q���W�R���G�H�W�H�F�W���F�H�Q�W�U�R�L�G�V���R�I���F�O�X�V�W�H�U�V����

�x �%�H�F�D�X�V�H���W�K�H���G�H�W�H�F�W�H�G���F�H�Q�W�U�R�L�G�V���D�U�H���D�O�V�R���W�K�H���I�L�Q�D�O���F�H�Q�W�U�R�L�G�V�����R�X�U���D�S�S�U�R�D�F�K��
�G�R�H�V���Q�R�W���Q�H�H�G���D�Q���L�W�H�U�D�W�L�Y�H���S�U�R�F�H�G�X�U�H���W�R���U�H�D�F�K���I�L�Q�D�O���F�O�X�V�W�H�U�V�����)�L�Q�D�O���F�O�X�V�W�H�U�V��
�D�U�H���I�R�U�P�H�G���L�Q���W�K�H���I�L�U�V�W���L�W�H�U�D�W�L�R�Q�����7�K�L�V���P�H�W�K�R�G���P�D�N�H�V���R�X�U���D�S�S�U�R�D�F�K���Y�H�U�\���I�D�V�W����
�Z�K�H�Q���F�R�P�S�D�U�H�G���Z�L�W�K���H�[�L�V�W�L�Q�J���P�H�W�K�R�G�V����

�)�L�J�X�U�H������

�)�L�Q�D�O���F�O�X�V�W�H�U�V���R�I���E�D�V�L�F���N-�P�H�D�Q�V���D�F�F�R�U�G�L�Q�J���W�R���U�D�Q�G�R�P�O�\���V�H�O�H�F�W�H�G���L�Q�L�W�L�D�O���F�H�Q�W�H�U�V��

�7�K�H���U�H�V�W���R�I���W�K�H���S�D�S�H�U���L�V���R�U�J�D�Q�L�]�H�G���D�V���I�R�O�O�R�Z�V�����,�Q���W�K�H�����Q�G���V�H�F�W�L�R�Q�����U�H�O�D�W�H�G���P�H�W�K�R�G�V���D�U�H��
�H�[�S�O�D�L�Q�H�G���� �Z�K�L�O�H�� �L�Q�� �W�K�H�����U�G���V�H�F�W�L�R�Q�����W�K�H�� �S�U�R�E�O�H�P�� �L�V�� �V�W�D�W�H�G���� �7�K�H�Q���L�Q�� �W�K�H�� ���W�K���V�H�F�W�L�R�Q����
�G�H�W�D�L�O�V���D�E�R�X�W���W�K�H���S�U�R�S�R�V�H�G���D�O�J�R�U�L�W�K�P���D�U�H���S�U�R�Y�L�G�H�G�����7�K�H�Q�����G�H�W�D�L�O�V���R�I���W�K�H���H�[�S�H�U�L�P�H�Q�W�D�O��
�V�W�X�G�\���D�U�H���V�K�D�U�H�G���L�Q���W�K�H�����W�K���V�H�F�W�L�R�Q�����Z�K�L�O�H���W�K�H���Z�R�U�N���L�V���F�R�Q�F�O�X�G�H�G���L�Q���W�K�H�����W�K���V�H�F�W�L�R�Q����
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2 Preliminaries 

2.1 Basic K-means 

K-�P�H�D�Q�V���F�O�X�V�W�H�U�L�Q�J���L�V���E�D�V�H�G���R�Q���W�K�H���S�D�U�W�L�W�L�R�Q�L�Q�J���D�S�S�U�R�D�F�K���D�Q�G���L�V���W�K�H���E�D�V�L�F���F�O�X�V�W�H�U�L�Q�J��
�D�O�J�R�U�L�W�K�P�� �R�I�� �F�O�X�V�W�H�U�L�Q�J�� �W�H�F�K�Q�L�T�X�H�V���� �,�W�V�� �S�U�R�F�H�G�X�U�H�� �L�V�� �V�L�P�S�O�H�� �D�Q�G�� �H�I�I�H�F�W�L�Y�H�� �L�I�� �W�K�H��
�V�K�D�S�H�V���R�I���F�O�X�V�W�H�U�V���D�U�H���V�S�K�H�U�L�F�D�O���D�Q�G���W�K�H�U�H��are���Q�R���R�X�W�O�L�H�U�V�����,�W���X�V�H�V���D�Q���L�W�H�U�D�W�L�Y�H���D�S�S�U�R�D�F�K��
�R�Y�H�U�� �U�D�Q�G�R�P�O�\�� �V�H�O�H�F�W�H�G�� �L�Q�L�W�L�D�O�� �F�H�Q�W�U�R�L�G�V�� �W�R�� �U�H�D�F�K�� �W�K�H�� �I�L�Q�D�O�� �F�O�X�V�W�H�U���� �%�X�W���� �M�X�V�W�� �D�V�� �D�Q��
�H�[�D�P�S�O�H���L�V���L�O�O�X�V�W�U�D�W�H�G���L�Q���)�L�J�X�U�H���������L�Q�L�W�L�D�O���F�H�Q�W�U�R�L�G�V���D�I�I�H�F�W���W�K�H���I�L�Q�D�O���F�O�X�V�W�H�U�V���G�L�U�H�F�W�O�\����
�7�K�H���P�D�L�Q���R�E�M�H�F�W�L�Y�H���R�I���L�W�H�U�D�W�L�R�Q�V���L�V���W�R���P�L�Q�L�P�L�]�H���W�K�H���V�W�D�Q�G�D�U�G���G�H�Y�L�D�W�L�R�Q���R�I���W�K�H���G�D�W�D�V�H�W����
�7�K�H���R�E�M�H�F�W�L�Y�H���I�X�Q�F�W�L�R�Q���R�I���N-�P�H�D�Q�V���L�V���J�L�Y�H�Q���L�Q���(�T�X�D�W�L�R�Q����1������

�, = �I�E�J�Ã �Ã �.�T�Ü
F �ä�Ý�.
�6

�ë�Ô�Ð�¼�Ô
�Þ
�Ý�@�5 �� �� �� �� �� ��������������������������������

�Z�K�H�U�H��k���L�V���W�K�H���Q�X�P�E�H�U���R�I���F�O�X�V�W�H�U�V����µj���L�V���W�K�H���F�H�Q�W�U�R�L�G���R�I���W�K�H��j th���F�O�X�V�W�H�U����x���L�V���D���G�D�W�D���S�R�L�Q�W����

�.�T�Ü
F �ä�Ý�.
�6
���L�V���W�K�H���G�L�V�W�D�Q�F�H���I�U�R�P���W�K�H���G�D�W�D���S�R�L�Q�W���T�Ü���W�R���W�K�H���F�O�X�V�W�H�U���F�H�Q�W�H�U�����Z�K�L�F�K���L�V���ä�Ý���R�I��

�W�K�H��j th �F�O�X�V�W�H�U�����/�H�W��X���E�H���W�K�H���G�D�W�D���S�R�L�Q�W�V���W�K�D�W���F�R�Q�V�W�U�X�F�W���W�K�H���G�D�W�D�V�H�W�����W�K�H���S�V�H�X�G�R-�F�R�G�H���R�I��

�N-�P�H�D�Q�V���L�V���J�L�Y�H�Q���L�Q���$�O�J�R�U�L�W�K�P��������

2.2 Kernel Density Estimation (KDE) 

�,�Q���W�K�H���O�L�W�H�U�D�W�X�U�H�����W�Z�R���W�\�S�H�V���R�I���G�H�Q�V�L�W�\���H�V�W�L�P�D�W�L�R�Q���P�H�W�K�R�G�V���D�U�H���F�R�P�P�R�Q�O�\���X�V�H�G�����7�K�H�V�H��
�P�H�W�K�R�G�V���D�U�H���S�D�U�D�P�H�W�U�L�F���D�Q�G���Q�R�Q�S�D�U�D�P�H�W�U�L�F���D�S�S�U�R�D�F�K�H�V�����3�D�U�D�P�H�W�U�L�F���P�H�W�K�R�G�V���O�L�N�H���W�K�H��
�*�D�X�V�V�L�D�Q�� �P�H�W�K�R�G�� �D�V�V�X�P�H�� �D�O�O�� �W�K�H�� �G�D�W�D�� �G�L�V�W�U�L�E�X�W�L�R�Q�� �L�V�� �X�Q�L�I�R�U�P�� �D�Q�G���P�R�V�W���G�D�W�D�� �L�V��
�J�D�W�K�H�U�H�G���D�U�R�X�Q�G���W�K�H���F�H�Q�W�H�U���L�Q���W�K�H���F�L�U�F�O�H���Z�L�W�K���D���V�W�D�Q�G�D�U�G���G�H�Y�L�D�W�L�R�Q���U�D�G�L�X�V�����,�Q���F�R�Q�W�U�D�V�W����
�Q�R�Q�S�D�U�D�P�H�W�U�L�F���P�H�W�K�R�G�V���D�V�V�X�P�H���W�K�H�U�H���P�D�\���E�H���P�R�U�H���W�K�D�Q���R�Q�H���G�H�Q�V�H�U���D�U�H�D���D�P�R�Q�J���W�K�H��
�G�D�W�D�����1�D�P�H�O�\�����D�F�F�R�U�G�L�Q�J���W�R���W�K�H���S�D�U�D�P�H�W�U�L�F���P�H�W�K�R�G�V�����W�K�H�U�H���L�V���R�Q�O�\���R�Q�H���S�H�D�N���R�Q���W�K�H��
�F�X�U�Y�H�����Q�R�Q�S�D�U�D�P�H�W�U�L�F�� �P�H�W�K�R�G�V�� �D�V�V�X�P�H�� �W�K�H�U�H�� �P�D�\�� �E�H�� �P�R�U�H�� �W�K�D�Q�� �R�Q�H�� �S�H�D�N������
�7�K�H���S�U�R�E�D�E�L�O�L�W�\���G�H�Q�V�L�W�\���I�X�Q�F�W�L�R�Q���R�I���W�K�H���X�Q�L�Y�D�U�L�D�W�H���Q�R�U�P�D�O���G�L�V�W�U�L�E�X�W�L�R�Q���Z�L�W�K���P�H�D�Q��µ��
�D�Q�G���Y�D�U�L�D�Q�F�H���12 �L�V���J�L�Y�H�Q���L�Q���(�T�X�D�W�L�R�Q����2������



Acta Polytechnica Hungarica Vol. 21, No. 2, 2024 

�Å��115 �Å��

�B(�T) =
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�Z�K�H�U�H���W�K�H���Y�D�O�X�H���R�I��x���L�V���L�Q��-�’�� ���� �[������ �’ �L�Q�W�H�U�Y�D�O�����2�Q���W�K�H���R�W�K�H�U���K�D�Q�G�����L�Q���D�G�G�L�W�L�R�Q���W�R��
�D�V�V�X�P�L�Q�J�� �W�K�D�W�� �W�K�H�U�H�� �P�D�\�� �E�H�� �P�R�U�H�� �W�K�D�Q�� �R�Q�H�� �S�H�D�N�� �R�Q�� �W�K�H�� �F�X�U�Y�H���� �Q�R�Q�S�D�U�D�P�H�W�U�L�F��
�G�L�V�W�U�L�E�X�W�L�R�Q���H�V�W�L�P�D�W�L�R�Q���P�H�W�K�R�G�V���P�D�\���Q�R�W���E�H���X�Q�L�I�R�U�P�����/�H�W���: = [ �: �5, … ,�: �á]

�Í ���E�H���D�Q���Q-
�G�L�P�H�Q�V�L�R�Q�D�O�� �Y�H�F�W�R�U�� �R�I�� �P�X�O�W�L�Y�D�U�L�D�W�H�� �*�D�X�V�V�L�D�Q�� �G�L�V�W�U�L�E�X�W�L�R�Q�� �R�I��n-�G�L�P�H�Q�V�L�R�Q�D�O�� �P�H�D�Q��
�Y�H�F�W�R�U���ä�ó�~�á���D�Q�G���™�� �W�K�H�� �F�R�Y�D�U�L�D�Q�F�H�� �P�D�W�U�L�[���R�I��n x n �G�L�P�H�Q�V�L�R�Q�V�����7�K�H�U�H�I�R�U�H���� �W�K�H��
�P�X�O�W�L�Y�D�U�L�D�W�H���N�H�U�Q�H�O���G�L�V�W�U�L�E�X�W�L�R�Q���H�T�X�D�W�L�R�Q���Z�L�O�O���E�H���(�T�X�D�W�L�R�Q����������[28]����

�L(�T, �ä, �-) =
�5


¥(�6��) �Ù|�Š|
exp(
F

�5

�6
(�è 
F �ä) �Í �-�?�5( �T 
F �ä)) ������ �� ��������

�)�L�J�X�U�H������

�7�Z�R���H�[�D�P�S�O�H�V���R�I���W�K�H���H�I�I�H�F�W���R�I���U�D�Q�G�R�P�O�\���V�H�O�H�F�W�H�G���F�H�Q�W�U�R�L�G�V���R�Q���I�L�Q�D�O���F�O�X�V�W�H�U�V���L�Q���V�W�D�Q�G�D�U�G���N-�P�H�D�Q�V��

�$�V���D���Q�R�Q�S�D�U�D�P�H�W�U�L�F���P�H�W�K�R�G�����N�H�U�Q�H�O���G�H�Q�V�L�W�\���H�V�W�L�P�D�W�L�R�Q��tr�L�H�V���W�R���H�V�W�L�P�D�W�H���Z�K�H�U�H���D�Q�\��
�Q�H�Z���L�Q�F�R�P�L�Q�J���G�D�W�D���W�R���O�R�F�D�W�H���D�F�F�R�U�G�L�Q�J���W�R���H�[�L�V�W�L�Q�J���G�D�W�D�����2�Z�L�Q�J���W�R���W�K�L�V���D�E�L�O�L�W�\�����.�'�(��
�L�V���X�V�H�G���L�Q���P�D�Q�\���D�U�H�D�V���O�L�N�H���P�D�F�K�L�Q�H���O�H�D�U�Q�L�Q�J�����K�H�D�O�W�K�F�D�U�H���V�\�V�W�H�P�V�����V�W�R�F�N���P�D�U�N�H�W�V�����H�W�F����
[2]�����$�V���Z�H���P�H�Q�W�L�R�Q�H�G���H�D�U�O�L�H�U���D�Q�G���D�V���L�Q���W�K�H���H�[�D�P�S�O�H���L�Q���)�L�J�X�U�H���������W�K�H�U�H���F�D�Q���E�H���P�X�O�W�L�S�O�H��
�G�H�Q�V�L�W�\���S�H�D�N�V���R�Q���W�K�H���F�X�U�Y�H�����D�Q�G���W�K�H�U�H���D�U�H���P�D�Q�\���W�\�S�H�V���R�I���.�'�(���I�X�Q�F�W�L�R�Q�V�����N�Q�R�Z�Q���D�V��
�V�P�R�R�W�K�L�Q�J�� �I�X�Q�F�W�L�R�Q�V���� �D�V�� �J�L�Y�H�Q�� �L�Q�� �)�L�J�X�U�H�� �������7�K�H�Q���� �.�'�(�� �L�V�� �F�D�O�F�X�O�D�W�H�G�� �D�V�� �J�L�Y�H�Q�� �L�Q��
�(�T�X�D�W�L�R�Q�������������Z�K�H�U�H���.���������L�V���R�Q�H���R�I���W�K�H���I�X�Q�F�W�L�R�Q�V���L�Q���)�L�J�X�U�H��������
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3 Problem Statement 
�7�K�H���P�R�V�W���L�P�S�R�U�W�D�Q�W���S�U�R�E�O�H�P���U�H�O�D�W�H�G���W�R���N-�P�H�D�Q�V���L�V���F�H�Q�W�U�R�L�G���L�Q�L�W�L�D�O�L�]�D�W�L�R�Q�����6�L�Q�F�H���W�K�H��
�L�Q�L�W�L�D�O���F�H�Q�W�U�R�L�G�V���D�U�H���V�H�O�H�F�W�H�G���U�D�Q�G�R�P�O�\���L�Q���V�W�D�Q�G�D�U�G���N-�P�H�Q�D�V�����E�R�W�K���I�L�Q�D�O���F�O�X�V�W�H�U�V���D�Q�G��
�W�K�H���D�F�F�X�U�D�F�\���P�L�J�K�W���E�H���D�I�I�H�F�W�H�G���G�L�U�H�F�W�O�\���L�Q���D���Q�H�J�D�W�L�Y�H���Z�D�\�����$�O�W�K�R�X�J�K���P�D�Q�\���D�G�Y�D�Q�F�H�G��
�Y�H�U�V�L�R�Q�V���R�I���N-�P�H�D�Q�V���K�D�Y�H���E�H�H�Q���S�U�R�S�R�V�H�G�����W�K�H���W�L�P�H���F�R�P�S�O�H�[�L�W�L�H�V���R�I���W�K�H�V�H���D�O�J�R�U�L�W�K�P�V��
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�D�U�H���Y�H�U�\���K�L�J�K�����7�K�H�U�H���L�V���V�W�L�O�O���D���Q�H�H�G���I�R�U���Q�H�Z���N-�P�H�D�Q�V���Y�H�U�V�L�R�Q�V���W�K�D�W���F�D�Q���G�H�W�H�U�P�L�Q�H���W�K�H��
�E�H�V�W���L�Q�L�W�L�D�O���F�H�Q�W�U�R�L�G�V���D�Q�G���K�D�Y�H���O�R�Z���W�L�P�H���F�R�P�S�O�H�[�L�W�\�����,�Q���W�K�L�V���V�W�X�G�\�����Z�H���S�U�R�S�R�V�H���D���Q�H�Z��
�Y�H�U�V�L�R�Q���R�I���N-�P�H�D�Q�V���W�R���R�Y�H�U�F�R�P�H���W�K�H���P�H�Q�W�L�R�Q�H�G���L�V�V�X�H�V����

�)�L�J�X�U�H������

�7�K�H���U�H�O�D�W�L�R�Q�V�K�L�S���E�H�W�Z�H�H�Q���K�L�V�W�R�J�U�D�P�V���D�Q�G���S�H�D�N�V���L�Q���.�'�(��

�)�L�J�X�U�H������

�7�\�S�H�V���R�I���N�H�U�Q�H�O���G�H�Q�V�L�W�\���H�V�W�L�P�D�W�L�R�Q���F�X�U�Y�H�V��

�)�L�J�X�U�H������

�(�[�D�P�S�O�H���R�I���W�K�H���L�Q�L�W�L�D�O���F�H�Q�W�U�R�L�G���D�Q�G���W�K�H���U�D�G�L�X�V���X�V�H�G���W�R���G�H�W�H�U�P�L�Q�H���W�K�H���L�J�Q�R�U�D�Q�F�H���D�U�H�D���R�Q���W�K�H���$�J�J�U�H�J�D�W�L�R�Q��

�G�D�W�D�V�H�W��
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4 The Proposed Algorithm 
�7�K�L�V�� �V�H�F�W�L�R�Q�� �G�H�V�F�U�L�E�H�V�� �W�K�H�� �G�H�W�D�L�O�V�� �R�I�� �W�K�H�� �S�U�R�S�R�V�H�G�� �D�O�J�R�U�L�W�K�P� �� � � ,� Q� � � W� K� L� V� � � V� W� X� G� \� �� � � Z� H� �
�S�U�R�S�R�V�H�� �D�� �Q�H�Z�� �Y�H�U�V�L�R�Q�� �R�I�� �N-�P�H�D�Q�V�� �F�O�X�V�W�H�U�L�Q�J�� �W�R�� �R�Y�H�U�F�R�P�H�� �W�K�H�� �L�V�V�X�H�� �R�I�� �L�Q�L�W�L�D�O��
�F�H�Q�W�U�R�L�G�V���G�H�W�H�U�P�L�Q�D�W�L�R�Q�����:�H���W�U�\���W�R���G�H�W�H�F�W���S�H�D�N���S�R�L�Q�W�V���L�Q���W�K�H���G�D�W�D�V�H�W���W�R���U�H�D�F�K���W�K�H���J�R�D�O����
�7�R���I�L�Q�G���S�H�D�N���S�R�L�Q�W�V�����Z�H���X�V�H�G���P�X�O�W�L�Y�D�U�L�D�W�H���N�H�U�Q�H�O���G�H�Q�V�L�W�\���H�V�W�L�P�D�W�L�R�Q�����7�K�H���S�X�U�S�R�V�H���R�I��
�I�L�Q�G�L�Q�J�� �S�H�D�N�� �S�R�L�Q�W�V�� �L�V�� �W�R�� �V�H�O�H�F�W�� �G�H�W�H�U�P�L�Q�H�G�� �S�H�D�N�� �S�R�L�Q�W�V�� �D�V�� �L�Q�L�W�L�D�O�� �F�H�Q�W�U�R�L�G�V�� �I�R�U�� �N-
�P�H�D�Q�V���� �1�D�P�H�O�\���� �W�K�H�� �S�R�L�Q�W�V�� �Z�L�W�K�� �K�L�J�K�� �.�'�(�� �D�U�H�� �F�D�Q�G�L�G�D�W�H�V�� �I�R�U���L�Q�L�W�L�D�O�� �F�H�Q�W�U�R�L�G�V����
�7�K�H�U�H�I�R�U�H�����Z�H���V�H�O�H�F�W��k���S�R�L�Q�W�V���D�V���L�Q�L�W�L�D�O���F�H�Q�W�U�R�L�G�V�����+�R�Z�H�Y�H�U�����D�V���V�K�R�Z�Q���L�Q���)�L�J�X�U�H��������
�V�H�O�H�F�W�H�G��k �S�R�L�Q�W�V�� �Z�L�W�K�� �W�K�H���K�L�J�K�H�V�W���Y�D�O�X�H�V�� �P�D�\�� �E�H�� �W�R�R�� �F�O�R�V�H���W�R�� �H�D�F�K���R�W�K�H�U�����,�I�� �W�K�H�V�H��
�S�R�L�Q�W�V���Z�H�U�H���F�K�R�V�H�Q���D�V���W�K�H���L�Q�L�W�L�D�O���F�H�Q�W�U�R�L�G�V�����W�K�H���D�F�F�X�U�D�F�\���R�I���W�K�H���I�L�Q�D�O���F�O�X�V�W�H�U�V���Z�R�X�O�G��
�E�H�� �U�H�G�X�F�H�G�����7�K�H�U�H�I�R�U�H���� �L�Q�� �,�P�S�.�P�H�D�Q�V���� �Z�H�� �X�V�H�� �R�Q�H�� �P�R�U�H�� �S�U�H�G�H�I�L�Q�H�G�� �S�D�U�D�P�H�W�H�U����
�L�J�Q�R�U�D�Q�F�H���U�D�G�L�X�V�����:�K�H�Q���V�H�D�U�F�K�L�Q�J���I�R�U���D���Q�H�Z���L�Q�L�W�L�D�O���F�H�Q�W�U�R�L�G���X�V�L�Q�J���N�G-�W�U�H�H���D�Q�G���U�D�Q�J�H��
�V�H�D�U�F�K�����Z�H���L�J�Q�R�U�H���G�D�W�D���D�U�R�X�Q�G���S�U�H�Y�L�R�X�V�O�\���V�H�O�H�F�W�H�G���F�H�Q�W�U�R�L�G�V���W�K�D�W���D�U�H���L�Q�V�L�G�H���W�K�H���U�D�G�L�X�V��
�R�I�� �L�J�Q�R�U�D�Q�F�H�����1�R�Z���� �O�H�W�
�V�� �J�L�Y�H�� �P�R�U�H�� �G�H�W�D�L�O�V�� �D�Q�G�� �G�H�I�L�Q�H�� �W�K�H�� �S�D�U�D�P�H�W�H�U�V�� �X�V�H�G�� �L�Q��
�,�P�S�.�P�H�D�Q�V����

4.1 Definitions 

Definition 1 (ignorance radius - ignorance_r):���7�K�H���L�J�Q�R�U�D�Q�F�H���U�D�G�L�X�V���G�H�W�H�U�P�L�Q�H�V���W�K�H��
�L�J�Q�R�U�D�Q�F�H���D�U�H�D���D�U�R�X�Q�G���H�D�F�K���V�H�O�H�F�W�H�G���F�H�Q�W�U�R�L�G�����7�K�L�V���D�S�S�U�R�D�F�K���P�D�N�H�V���L�W���S�R�V�V�L�E�O�H���I�R�U��
�R�X�U���D�O�J�R�U�L�W�K�P���W�R���R�Y�H�U�F�R�P�H���O�R�F�D�O���P�D�[�L�P�D�����$�V���J�L�Y�H�Q���L�Q���)�L�J�X�U�H���������L�I���Z�H���G�L�G�Q�¶�W���X�V�H���W�K�L�V��
�D�S�S�U�R�D�F�K�����D�O�O���L�Q�L�W�L�D�O���F�H�Q�W�U�R�L�G�V���Z�R�X�O�G���E�H���V�H�O�H�F�W�H�G���I�U�R�P���W�K�H���V�D�P�H���G�H�Q�V�H�U���U�H�J�L�R�Q�V�����7�K�L�V��
�D�S�S�U�R�D�F�K���P�D�N�H�V���L�W���S�R�V�V�L�E�O�H���W�R���V�H�O�H�F�W���L�Q�L�W�L�D�O���F�H�Q�W�U�R�L�G�V���I�U�R�P���G�L�I�I�H�U�H�Q�W���G�H�Q�V�H�U���U�H�J�L�R�Q�V����

Definition 2 (the number of clusters  - k):���7�K�H���Q�X�P�E�H�U���R�I���F�O�X�V�W�H�U�V���L�V���W�K�H���S�U�H�G�H�I�L�Q�H�G��
�Q�X�P�E�H�U�� �R�I���F�O�X�V�W�H�U�V�� �W�K�H�� �X�V�H�U�� �H�Q�W�H�U�V�����+�R�Z�H�Y�H�U���� �W�K�L�V�� �G�R�H�V�� �Q�R�W�� �Q�H�F�H�V�V�D�U�L�O�\�� �P�H�D�Q�� �W�K�D�W��
�W�K�H�U�H���Z�L�O�O���D�O�Z�D�\�V���E�H���N���I�L�Q�D�O���F�O�X�V�W�H�U�V�����,�Q���,�P�S�.�P�H�D�Q�V�����W�K�H���I�R�U�P�H�G���F�O�X�V�W�H�U�V���P�D�\���E�H���O�H�V�V��
�W�K�D�Q���W�K�H���V�H�O�H�F�W�H�G���N���Y�D�O�X�H����

Definition 3 (MultiKDE):���$�V���S�U�R�F�H�V�V�H�G���G�D�W�D���L�V���P�X�O�W�L�G�L�P�H�Q�V�L�R�Q�D�O�����L�Q���,�P�S�.�P�H�D�Q�V����
�Z�H�� �F�D�O�F�X�O�D�W�H�� �W�K�H�� �P�X�O�W�L�Y�D�U�L�D�W�H�� �N�H�U�Q�H�O�� �G�H�Q�V�L�W�\�� �H�V�W�L�P�D�W�L�R�Q�� �Y�D�O�X�H�� �I�R�U�� �H�D�F�K���G�D�W�D������
�,�Q�� �D�G�G�L�W�L�R�Q�� �W�R���D�S�S�O�\�L�Q�J�� �.�'�(�� �W�R�� �X�Q�L�Y�D�U�L�D�W�H�� �G�D�W�D�����Z�H�� �F�D�Q�� �D�S�S�O�\�� �L�W�� �W�R�� �P�X�O�W�L�Y�D�U�L�D�W�H��
�G�D�W�D�V�H�W�V�����7�R���D�G�D�S�W���W�K�H���.�'�(���W�R���S�U�R�F�H�V�V���P�X�O�W�L�Y�D�U�L�D�W�H���G�D�W�D�V�H�W�V�����Z�H���V�K�R�X�O�G���X�V�H���D���N�H�U�Q�H�O��
�F�R�Q�V�W�U�X�F�W�H�G�� �E�\�� �D�� �S�U�R�G�X�F�W�� �N�H�U�Q�H�O�� �R�U�� �D�� �U�D�G�L�D�O�� �E�D�V�L�V�� �I�X�Q�F�W�L�R�Q�� �W�R�� �S�U�R�F�H�V�V��
�P�X�O�W�L�G�L�P�H�Q�V�L�R�Q�D�O�� �G�D�W�D�V�H�W�V���� �/�H�W�
�V�� �K�D�Q�G�O�H�� �D�� ��-�G�L�P�H�Q�V�L�R�Q�D�O�� �G�D�W�D�V�H�W���� �/�H�W���: =
(�:�5, �: �6, �: �7, … ,�: �×)

�ñ���E�H���D���V�D�P�S�O�H���R�I���P�X�O�W�L�Y�D�U�L�D�W�H���U�D�Q�G�R�P���Y�D�U�L�D�E�O�H�V���Z�L�W�K���W�K�H���G�H�Q�V�L�W�\��
�R�I����f(x)���G�H�I�L�Q�H�G���R�Q���4�×���D�Q�G����{�T�5, �T�6, �T�7… ,�T�á}���E�H���D�Q���L�Q�G�H�S�H�Q�G�H�Q�W���V�D�P�S�O�H���W�D�N�H�Q���I�U�R�P��
f(x)�����7�K�H�Q���W�K�H���P�X�O�W�L�Y�D�U�L�D�W�H���N�H�U�Q�H�O���G�H�Q�V�L�W�\���H�V�W�L�P�D�W�L�R�Q���L�V���F�D�O�F�X�O�D�W�H�G���E�\���(�T�X�D�W�L�R�Q����5������
�Z�K�H�U�H��K(.)���L�V���D���P�X�O�W�L�Y�D�U�L�D�W�H���N�H�U�Q�H�O���I�X�Q�F�W�L�R�Q�����D�Q�G��h���L�V���D���S�R�V�L�W�L�Y�H���E�D�Q�G�Z�L�G�W�K���P�D�W�U�L�[����

�B�D
â (�T) =
�5

�á|�Û| �7
�-
�.
�Ã �- ( �D�?

�-
�.( �T 
F �:�Ü))

�á
�Ü�@�5 �� �� �� �� �� ��������

Definition 4 (kd-tree-based rangesearch):���)�L�J�X�U�H�������V�K�R�Z�V���W�K�D�W���N�G-�W�U�H�H���L�V���D���W�U�H�H���G�D�W�D��
�W�\�S�H���W�K�D�W���F�D�Q���S�U�R�F�H�V�V���P�X�O�W�L�G�L�P�H�Q�V�L�R�Q�D�O���G�D�W�D�V�H�W�V�����:�K�L�O�H���S�O�D�F�L�Q�J���W�K�H���G�D�W�D���L�Q�W�R���W�K�H���W�U�H�H����
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�L�W���H�Y�D�O�X�D�W�H�V���R�Q�H���G�L�P�H�Q�V�L�R�Q���L�Q���H�D�F�K���V�W�H�S�����2�Q���W�K�H���R�W�K�H�U���K�D�Q�G�����D���U�D�Q�J�H�V�H�D�U�F�K���R�S�H�U�D�W�L�R�Q��
�L�V���D�Q���R�S�H�U�D�W�L�R�Q���W�K�D�W���L�V���S�H�U�I�R�U�P�H�G���R�Q���D�Q�\���N�G-�W�U�H�H���W�R���I�L�Q�G���W�K�H���G�D�W�D���L�Q�V�L�G�H���D���F�L�U�F�O�H���R�I��
�U�D�G�L�X�V���R�I��r�����7�K�H���U�H�D�V�R�Q���W�R���X�V�H���W�K�L�V���D�S�S�U�R�D�F�K���L�Q���R�X�U���D�O�J�R�U�L�W�K�P�V���L�V���W�K�D�W���W�K�H���N�G-�W�U�H�H���D�Q�G��
�W�K�H���U�D�Q�J�H�V�H�D�U�F�K���K�D�Y�H���O�R�Z���F�R�P�S�X�W�D�W�L�R�Q�D�O���F�R�P�S�O�H�[�L�W�\��

�)�L�J�X�U�H������

�'�H�F�R�P�S�R�V�L�W�L�R�Q���R�I���W�K�H���N�G-�W�U�H�H���G�D�W�D�V�H�W��
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4.2 Algorithm 

�$�V���Z�H���H�[�S�O�D�L�Q�H�G���D�E�R�Y�H�����W�K�H���P�D�L�Q���F�R�Q�W�U�L�E�X�W�L�R�Q�V���R�I���,�Pp�.�P�H�D�Q�V���D�U�H���W�K�D�W���L�W���F�D�Q���G�H�W�H�F�W��
�W�K�H���E�H�V�W���L�Q�L�W�L�D�O���F�H�Q�W�U�R�L�G�V���I�R�U���N-�P�H�D�Q�V���D�Q�G���G�R�H�V���Q�R�W���Q�H�H�G���D�Q���L�W�H�U�D�W�L�Y�H���V�H�D�U�F�K���P�H�W�K�R�G��
�W�R���U�H�D�F�K���I�L�Q�D�O���F�O�X�V�W�H�U�V�����$�V���D�Q���H�[�D�P�S�O�H�����L�O�O�X�V�W�U�D�W�H�G���L�Q���)�L�J�X�U�H���������.�'�(���P�D�N�H�V���L�W���S�R�V�V�L�E�O�H��
�W�R���I�L�Q�G���W�K�H���G�H�Q�V�H�U���D�U�H�D�V�����D�Q�G���L�J�Q�R�U�D�Q�F�H���U�D�G�L�X�V���P�D�N�H�V���L�W���S�R�V�V�L�E�O�H���W�R���I�L�Q�G���W�K�H���L�Q�L�W�L�D�O��
�F�H�Q�W�U�R�L�G�V���L�Q���G�L�I�I�H�U�H�Q�W���U�H�J�L�R�Q�V�����,�P�S�.�P�H�D�Q�V���D�O�J�R�U�L�W�K�P���L�V���G�L�Y�L�G�H�G���L�Q�W�R���W�Z�R���S�D�U�W�V����

�x �,�Q�� �W�K�H�� �L�Q�L�W�L�D�O�� �V�W�D�J�H�����N�H�U�Q�H�O�� �G�H�Q�V�L�W�\�� �H�V�W�L�P�D�W�L�R�Q�� �I�L�Q�G�V�� �S�H�D�N�� �S�R�L�Q�W�V�� �L�Q�� �W�K�H��
�G�D�W�D�V�H�W�����N���S�R�L�Q�W�V���W�K�D�W���P�L�Q�L�P�L�]�H���W�K�H���F�R�V�W���D�U�H���V�H�O�H�F�W�H�G���D�V���L�Q�L�W�L�D�O���F�H�Q�W�U�R�L�G�V����

�x �,�Q���W�K�H���V�H�F�R�Q�G���V�W�D�J�H�����L�Q�L�W�L�D�O���F�H�Q�W�U�R�L�G�V���S�U�R�S�R�V�H�G���E�\���N�H�U�Q�H�O���G�H�Q�V�L�W�\���H�V�W�L�P�D�W�L�R�Q��
�D�U�H���J�L�Y�H�Q���W�R���E�D�V�L�F���N-�P�H�D�Q�V���D�V���L�Q�L�W�L�D�O���F�H�Q�W�U�R�L�G�V�����D�Q�G���W�K�H���G�D�W�D�V�H�W���L�V���F�O�X�V�W�H�U�H�G��
�D�F�F�R�U�G�L�Q�J���W�R���W�K�H�V�H���F�H�Q�W�U�R�L�G�V���L�Q���R�Q�O�\���R�Q�H���L�W�H�U�D�W�L�R�Q����

�$�F�F�R�U�G�L�Q�J�� �W�R�� �W�K�H�� �D�E�R�Y�H�P�H�Q�W�L�R�Q�H�G�� �H�T�X�D�W�L�R�Q�V�� �D�Q�G�� �H�[�S�O�D�Q�D�W�L�R�Q�V�� �D�E�R�X�W�� �R�X�U�� �P�H�W�K�R�G����
�W�K�H���S�V�H�X�G�R-�F�R�G�H���R�I���,�P�S�.�P�H�D�Q�V���L�V���J�L�Y�H�Q���$�O�J�R�U�L�W�K�P�V�������D�Q�G��������

4.3 Time Complexity 

�/�H�W��n���E�H���W�K�H���Q�X�P�E�H�U���R�I���Y�H�F�W�R�U�V���R�I��d-�G�L�P�H�Q�V�L�R�Q�V����k���E�H���W�K�H���Q�X�P�E�H�U���R�I���F�O�X�V�W�H�U�V���L�Q���W�K�H��
�G�D�W�D�V�H�W�����D�Q�G��i���E�H���W�K�H���Q�X�P�E�H�U���R�I���L�W�H�U�D�W�L�R�Q�V���Q�H�H�G�H�G���W�R���E�H���F�R�Q�Y�H�U�J�H�G�����W�K�H���F�R�P�S�D�U�L�V�R�Q��
�R�I���W�K�H���W�L�P�H���F�R�P�S�O�H�[�L�W�\���R�I���W�K�H���S�U�R�S�R�V�H�G���D�O�J�R�U�L�W�K�P���Z�L�W�K���W�K�H���V�W�D�W�H-�R�I-�W�K�H-�D�U�W���D�O�J�R�U�L�W�K�P��
�L�V���J�L�Y�H�Q���L�Q���7�D�E�O�H���������%�H�F�D�X�V�H���Z�H���X�V�H���N�G-�W�U�H�H���F�R�Q�V�W�U�X�F�W�L�R�Q���D�Q�G���U�D�Q�J�H���V�H�D�U�F�K���R�Q���L�W�����W�K�H��
�W�L�P�H���F�R�P�S�O�H�[�L�W�\���R�I���R�X�U���D�O�J�R�U�L�W�K�P���L�V���W�K�H���V�X�P�P�D�W�L�R�Q���R�I��O(dn logn)���I�R�U���F�R�Q�V�W�U�X�F�W�L�Q�J��

�W�K�H���N�G-�W�U�H�H���D�Q�G���2���@�J�5�?
�-
�Ï

�>�Þ�����I�R�U���U�H�D�Q�J�H�V�H�D�U�F�K���R�S�H�U�D�W�L�R�Q�����,�Q���D�G�G�L�W�L�R�Q����O(nkd)���L�V���W�K�H��
�F�R�P�S�O�H�[�L�W�\���R�I���D�V�V�L�J�Q�L�Q�J���W�K�H���G�D�W�D���W�R���V�H�O�H�F�W�H�G���L�Q�L�W�L�D�O���F�H�Q�W�U�R�L�G�V�����7�K�H�U�H�I�R�U�H�����W�K�H���D�O�O�R�Y�H�U��

�W�L�P�H���F�R�P�S�O�H�[�L�W�\���R�I���R�X�U���D�O�J�R�U�L�W�K�P���L�V���2��dn logn + �@�J�5�?
�-
�Ï

�>�Þ +  nkd�������7�K�L�V���F�R�P�S�O�H�[�L�W�\��

�F�R�X�O�G�� �E�H�� �V�L�P�S�O�L�I�L�H�G�� �D�V�� �2���@�J�5�?
�-
�Ï

�>�Þ).���$�V�� �R�X�U�� �D�O�J�R�U�L�W�K�P�� �G�R�H�V�� �Q�R�W�� �X�V�H�� �D�Q�� �L�W�H�U�D�W�L�Y�H��
�D�S�S�U�R�D�F�K�����L�W���L�V���H�[�S�H�F�W�H�G���W�R���E�H���I�D�V�W�H�U�����F�R�P�S�D�U�H�G���Z�L�W�K���W�K�H���R�W�K�H�U���D�O�J�R�U�L�W�K�P�V����

�7�D�E�O�H������

�7�L�P�H���F�R�P�S�O�H�[�L�W�\���F�R�P�S�D�U�L�V�R�Q���R�I���D�O�J�R�U�L�W�K�P�V��

�$�O�J�R�U�L�W�K�P�� �&�R�P�S�O�H�[�L�W�\��
�N-�P�H�D�Q�V�� O(nkdi) 
�N-�P�H�G�L�R�G�V�� O(n2kdi) 
�N-�P�H�D�Q�V������ O(n2k2di) 
�)�&�0�� O(nkdi) 
�,�P�S�.�P�H�D�Q�V�� O(nkd) 
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5 Experimental Study 

5.1 Development Environment 

�,�Q���W�K�L�V���V�W�X�G�\�����W�R���P�H�D�V�X�U�H���W�K�H���H�I�I�L�F�L�H�Q�F�\���R�I���R�X�U���D�O�J�R�U�L�W�K�P�����Z�H���W�H�V�W�H�G���L�W���R�Q���V�\�Q�W�K�H�W�L�F��
�D�Q�G�� �U�H�D�O�� �G�D�W�D�V�H�W�V�� �L�Q�� �W�K�H�� �$�Q�D�F�R�Q�G�D�� �H�Q�Y�L�U�R�Q�P�H�Q�W�� �E�\�� �X�V�L�Q�J�� �3�\�W�K�R�Q�� �S�U�R�J�U�D�P�P�L�Q�J��
�O�D�Q�J�X�D�J�H���Z�L�W�K���W�K�H���Q�H�H�G�H�G���O�L�E�U�D�U�L�H�V�����7�R���P�H�D�V�X�U�H���L�W�V���F�O�X�V�W�H�U�L�Q�J���D�F�F�X�U�D�F�\���D�Q�G���V�S�H�H�G����
�Z�H���F�R�P�S�D�U�H�G���L�W���Z�L�W�K���V�R�P�H���V�W�D�W�H-�R�I-�W�K�H-�D�U�W���D�O�J�R�U�L�W�K�P�V���O�L�N�H���N-�P�H�D�Q�V�����N�P�H�D�Q�V���������N-
�P�H�G�R�L�G�V���� �D�Q�G�� �)�X�]�]�\�� �&-�0�H�D�Q�V���� �$�O�O�� �H�[�S�H�U�L�P�H�Q�W�D�O�� �V�W�X�G�L�H�V�� �Z�H�U�H�� �S�H�U�I�R�U�P�H�G�� �R�Q�� �D��
�F�R�P�S�X�W�H�U���Z�L�W�K�������� �*�%���5�$�0�����D�Q���,�Q�W�H�O���L���� �S�U�R�F�H�V�V�R�U�����D�Q�G�� �:�L�Q�G�R�Z�V�� ������ �R�S�H�U�D�W�L�Q�J��
�V�\�V�W�H�P���L�Q�V�W�D�O�O�H�G����

5.2 Experimental Setup 

�7�R���E�H���V�X�U�H���W�K�D�W���H�D�F�K���G�D�W�D���L�V���L�Q���W�K�H���V�D�P�H���U�D�Q�J�H���D�Q�G���W�R���V�H�O�H�F�W���S�D�U�D�P�H�W�H�U�V���H�D�V�L�O�\�����W�K�H��
�G�D�W�D���Z�H�U�H���Q�R�U�P�D�O�L�]�H�G���Z�L�W�K���W�K�H���P�L�Q-�P�D�[���Q�R�U�P�D�O�L�]�D�W�L�R�Q�����7�K�H���H�T�X�D�W�L�R�Q���R�I���P�L�Q-�P�D�[��
�Q�R�U�P�D�O�L�]�D�W�L�R�Q���L�V���J�L�Y�H�Q���L�Q���(�T�X�D�W�L�R�Q����6��������

            �V�Ü�Ý=
�ë�Ô�Õ�?�à�Ü�á�ë�Õ

�k�_�v �ë�Õ�?�k�g�l�ë�Õ
�� �� �� �� �� �� ������������������������������������

�$�G�G�L�W�L�R�Q�D�O�O�\�����Z�H���X�V�H�G���$�5�,�����$�G�M�X�V�W�H�G���5�D�Q�G���,�Q�G�H�[�������3�X�U�L�W�\�����D�Q�G���6�L�O�K�R�X�H�W�W�H���,�Q�G�H�[���W�R��
�H�Y�D�O�X�D�W�H���D�Q�G���F�R�P�S�D�U�H���W�K�H���F�O�X�V�W�H�U�L�Q�J���T�X�D�O�L�W�\���R�I���W�K�H���D�O�J�R�U�L�W�K�P�V�����(�T�X�D�W�L�R�Q�V���D�E�R�X�W���W�K�H�V�H��
�L�Q�G�L�F�H�V�� �D�U�H�� �J�L�Y�H�Q�� �L�Q�� �(�T�X�D�W�L�R�Q�V������������ ���������� �D�Q�G�� ���������� �U�H�V�S�H�F�W�L�Y�H�O�\�����Z�K�H�U�H��nij, ai, bj, �E�H��
�Y�D�O�X�H�V���R�E�W�D�L�Q�H�G���I�U�R�P���W�K�H���F�R�Q�W�L�Q�J�H�Q�F�\���W�D�E�O�H�����N���W�K�H���Q�X�P�E�H�U���R�I���F�O�X�V�W�H�U�V�����D�Q�G���F���D�Q�G���W��
�D�U�H���W�K�H���P�D�[�L�P�X�P���F�R�X�Q�W���R�I���G�D�W�D���L�Q���W�K�H���U�H�O�D�W�H�G���F�O�X�V�W�H�U�V����
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�Z�K�H�U�H��a(x)���L�V���W�K�H���D�Y�H�U�D�J�H���G�L�V�W�D�Q�F�H���W�R���D�O�O���W�K�H���G�D�W�D���R�I���W�K�H���F�O�X�V�W�H�U���W�K�D�W��x �L�V���L�Q�����D�Q�G��b(x)��
�L�V���W�K�H���D�Y�H�U�D�J�H���G�L�V�W�D�Q�F�H���W�R���D�O�O���W�K�H���G�D�W�D���R�I���W�K�H���F�O�R�V�H�V�W���F�O�X�V�W�H�U���W�K�D�W���[���L�V���Q�R�W���L�Q����

5.3 Used Datasets 

�6�\�Q�W�K�H�W�L�F�� �D�Q�G�� �U�H�D�O�� �G�D�W�D�V�H�W�V�� �Z�H�U�H�� �X�V�H�G�� �L�Q�� �W�K�H�� �H�[�S�H�U�L�P�H�Q�W�D�O�� �V�W�X�G�\�� �W�R�� �F�R�P�S�D�U�H�� �W�K�H��
�V�X�F�F�H�V�V�� �R�I�� �R�X�U�� �D�O�J�R�U�L�W�K�P�� �Z�L�W�K�� �W�K�H�� �V�W�D�W�H-�R�I-�W�K�H-�D�U�W�� �D�O�J�R�U�L�W�K�P�V���� �6�L�Q�F�H�� �W�K�H�� �P�D�L�Q��
�S�X�U�S�R�V�H���R�I���R�X�U���D�S�S�U�R�D�F�K���L�V���W�R���L�P�S�U�R�Y�H���W�K�H���D�F�F�X�U�D�F�\���R�I���N-�P�H�D�Q�V���D�Q�G���U�H�G�X�F�H���W�K�H���W�L�P�H��
�F�R�P�S�O�H�[�L�W�\���� �W�K�H�� �V�H�O�H�F�W�H�G�� �G�D�W�D�V�H�W�V�� �D�U�H�� �V�S�K�H�U�L�F�D�O�� �L�Q�� �J�H�Q�H�U�D�O���� �2�Q�� �W�K�H�� �R�W�K�H�U�� �K�D�Q�G���� �W�R��
�P�H�D�V�X�U�H���W�K�H���H�I�I�L�F�L�H�Q�F�\���R�I���R�X�U���D�O�J�R�U�L�W�K�P���R�Q���W�K�H���L�P�E�D�O�D�Q�F�H�G���G�D�W�D�V�H�W�����Z�H���V�H�O�H�F�W���V�R�P�H��
�L�P�E�D�O�D�Q�F�H�G���G�D�W�D�V�H�W�V���O�L�N�H���2�X�W�O�L�H�U�V�����$�J�J�U�H�J�D�W�L�R�Q�����D�Q�G���7�K�\�U�R�L�G�����'�H�W�D�L�O�V���R�I���W�K�H���G�D�W�D�V�H�W�V��
�X�V�H�G���L�Q���W�K�H���H�[�S�H�U�L�P�H�Q�W�D�O���V�W�X�G�\���D�U�H���J�L�Y�H�Q���L�Q���7�D�E�O�H��������
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�7�D�E�O�H������

�8�V�H�G���G�D�W�D�V�H�W�V��

Dataset  Type # of Features # of data # of class Reference 
�2�X�W�O�L�H�U�V�� �� �6�\�Q�W�K�H�W�L�F�� 2�� �������� ���� [29]��������
�&�R�U�Q�H�U�V���� �6�\�Q�W�K�H�W�L�F�� 2�� ���������� ���� [29]��������
�,�U�L�V�� �� �5�H�D�O�� ���� �������� ���� �>�����@��
�%�U�H�D�V�W���&�D�Q�F�H�U�� �� �5�H�D�O�� 8�� 699�� 2�� �>�����@��
�$�J�J�U�H�J�D�W�L�R�Q�� �� �6�\�Q�W�K�H�W�L�F�� 2�� 788�� 7�� �>�����@��
�7�K�\�U�R�L�G�� �� �5�H�D�O�� ���� 215�� 2�� �>�����@��
�;�F�O�D�U�D�� �� �6�\�Q�W�K�H�W�L�F�� 2�� ���������� ���� �>�����@��
�7�Z�H�Q�W�\�� �� �6�\�Q�W�K�H�W�L�F�� 2�� ���������� ������ �>�����@��
���G-�����F�� �� �6�\�Q�W�K�H�W�L�F�� 2�� ���������� ������ �>�����@��
���G-�����F�� �� �6�\�Q�W�K�H�W�L�F�� 2�� 1517�� ������ �>�����@��
���G-���F�� �� �6�\�Q�W�K�H�W�L�F�� 2�� 625�� ���� �>�����@��
���G-���F�� �� �6�\�Q�W�K�H�W�L�F�� 2�� ���������� ���� �>�����@��
�'���� �� �� �6�\�Q�W�K�H�W�L�F�� 2�� ���������� ������ �>�����@��
R15�� �� �6�\�Q�W�K�H�W�L�F�� 2�� �������� 15�� �>�����@��
�'�L�D�P�R�Q�G���� �� �6�\�Q�W�K�H�W�L�F�� 2�� ���������� 9�� �>�����@��
�6�L�]�H�V���� �� �6�\�Q�W�K�H�W�L�F�� 2�� ���������� ���� �>�����@��
�'�6-�������� �� �6�\�Q�W�K�H�W�L�F�� 2�� �������� 5�� �>�����@��
�)�R�X�U�W�\�� �� �6�\�Q�W�K�H�W�L�F�� 2�� ���������� ������ �>�����@��
�6-�V�H�W���� �� �6�\�Q�W�K�H�W�L�F�� 2�� ���������� 16�� �>�����@��
�6�W�������� �� �6�\�Q�W�K�H�W�L�F�� 2�� �������� 9�� �>�����@��

5.4 Experimental Procedure and Parameter Setting 

�,�Q���W�K�H���H�[�S�H�U�L�P�H�Q�W�D�O���V�W�X�G�\�����Z�H���X�V�H�G���D���U�D�Q�G�R�P���V�H�D�U�F�K���P�H�W�K�R�G���Z�L�W�K���U�D�Q�G�R�P�O�\���V�H�O�H�F�W�H�G��
�S�D�U�D�P�H�W�H�U�V���W�R���U�H�D�F�K���W�K�H���E�H�V�W���U�H�V�X�O�W�V���I�R�U���H�D�F�K���D�O�J�R�U�L�W�K�P�����:�H���U�X�Q���H�D�F�K���D�O�J�R�U�L�W�K�P���R�Q��
�H�D�F�K�� �G�D�W�D�V�H�W�� �������� �W�L�P�H�V�� �Z�L�W�K�� �U�D�Q�G�R�P�O�\�� �V�H�O�H�F�W�H�G�� �S�D�U�D�P�H�W�H�U�V�� �R�I�� �H�D�F�K�� �D�O�J�R�U�L�W�K�P�� �I�R�U��
�H�D�F�K���L�Q�G�H�[�����$�5�,�����3�X�U�L�W�\�����D�Q�G���6�,�������7�K�H���K�L�J�K�H�V�W���R�E�W�D�L�Q�H�G���Y�D�O�X�H���R�I���H�D�F�K���L�Q�G�H�[���R�Q���H�D�F�K��
�G�D�W�D�V�H�W�� �Z�D�V�� �W�K�H�� �E�H�V�W�� �Y�D�O�X�H�� �I�R�U�� �W�K�H�� �V�H�O�H�F�W�H�G�� �D�O�J�R�U�L�W�K�P���� �6�L�P�L�O�D�U�O�\�����W�K�H�� �S�D�U�D�P�H�W�H�U�V��
�H�Q�D�E�O�L�Q�J���X�V���W�R���U�H�D�F�K���W�K�L�V���Y�D�O�X�H���Z�H�U�H���W�K�H���E�H�Vt�����2�Q���W�K�H���R�W�K�H�U���K�D�Q�G�����Z�H���D�O�V�R���F�R�P�S�D�U�H�G��
�W�K�H���V�S�H�H�G���R�I���D�O�J�R�U�L�W�K�P�V���R�Q���V�H�O�H�F�W�H�G���G�D�W�D�V�H�W�V����

5.5 Results on Both Synthetic and Real Datasets 

�:�H���X�V�H�G���W�K�H���S�U�R�F�H�G�X�U�H���H�[�S�O�D�L�Q�H�G���L�Q���6�H�F�W�L�R�Q�����������W�R���I�L�Q�G���W�K�H���E�H�V�W���S�D�U�D�P�H�W�H�U�V���I�R�U���H�D�F�K��
�D�O�J�R�U�L�W�K�P���D�Q�G���F�O�X�V�W�H�U�L�Q�J���U�H�V�X�O�W�V�����2�E�W�D�L�Q�H�G���U�H�V�X�O�W�V���D�U�H���V�K�R�Z�Q���L�Q���7�D�E�O�H�V�������������D�Q�G��������
�7�K�H�� �$�5�,�� �Y�D�O�X�H�V�� �R�I���,�P�S�.�P�H�D�Q�V���� �N-�P�H�D�Q�V���� �N-�P�H�G�R�L�G�V���� �)�&�0���� �D�Q�G�� �N-�P�H�G�R�L�G�V�� �D�U�H��
�V�K�D�U�H�G���L�Q���7�D�E�O�H���������$�G�G�L�W�L�R�Q�D�O�O�\�����Y�L�V�X�D�O���U�H�V�X�O�W�V���D�U�H���S�U�R�Y�L�G�H�G���L�Q���)�L�J�X�U�H���������$�F�F�R�U�G�L�Q�J��
�W�R���W�K�H���U�H�V�X�O�W�V�����L�W���L�V���R�E�Y�L�R�X�V���W�K�D�W���R�X�U���D�O�J�R�U�L�W�K�P���L�V���P�R�U�H���V�X�F�F�H�V�V�I�X�O���R�Q���������G�D�W�D�V�H�W�V���R�Y�H�U��
������ �G�D�W�D�V�H�W�V���� �2�Q�� �W�K�H���R�W�K�H�U�� �K�D�Q�G���� �N-�P�H�D�Q�V���� �N-�P�H�D�Q�V�������� �N-�P�H�G�R�L�G�V���� �D�Q�G���)�&�0��were��
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�W�K�H���E�H�V�W���R�Q���������������������D�Q�G�������G�D�W�D�V�H�W�V���R�Y�H�U���������G�D�W�D�V�H�W�V�����U�H�V�S�H�F�W�L�Y�H�O�\�����,�U�L�V�����'���������6�L�]�H�V������
�D�Q�G���'�6-��������were���W�K�H���G�D�W�D�V�H�W�V���L�Q���W�K�D�W���R�X�U���D�O�J�R�U�L�W�K�P���Z�D�V���Q�R�W���W�K�H���P�R�V�W���V�X�F�F�H�V�V�I�X�O�����%�X�W��
�W�K�H�� �$�5�,�� �Y�D�O�X�H�V�� �W�K�D�W�� �R�X�U�� �D�O�J�R�U�L�W�K�P�� �D�F�K�L�H�Y�H�G��were���Y�H�U�\�� �F�O�R�V�H�� �W�R�� �W�K�H�� �E�H�V�W�� �Y�D�O�X�H�V����
�7�K�H�U�H�I�R�U�H�����Z�H���F�D�Q���V�D�\���W�K�D�W���R�X�U���D�O�J�R�U�L�W�K�P���L�V���W�K�H���E�H�V�W���L�Q���G�D�W�D�V�H�W�V���E�\���W�K�H���D�V�S�H�F�W���R�I���$�5�,����

�5�H�J�D�U�G�L�Q�J�� �3�X�U�L�W�\�����R�X�U�� �D�O�J�R�U�L�W�K�P�� �Z�D�V�� �W�K�H�� �P�R�V�W���V�X�F�F�H�V�V�I�X�O�� �R�Q�� ������ �G�D�W�D�V�H�W�V�� �R�Y�H�U�� ��������
�Z�K�L�O�H���N-�P�H�D�Q�V�����N-�P�H�D�Q�V���������N-�P�H�G�R�L�G�V�����D�Q�G���)�&�0���Z�H�U�H���W�K�H���E�H�V�W���R�Q���������������������D�Q�G��������
�G�D�W�D�V�H�W�V���R�Y�H�U���������G�D�W�D�V�H�W�V�����U�H�V�S�H�F�W�L�Y�H�O�\�����:�K�H�Q���Z�H���H�[�D�P�L�Q�H�G���R�X�U���D�O�J�R�U�L�W�K�P�V�
���U�H�V�X�O�W�V��
�R�Q���W�K�H���G�D�W�D�V�H�W�V���L�Q���Z�K�L�F�K���L�W���Z�D�V���Q�R�W���W�K�H���E�H�V�W�����L�W�V���3�X�U�L�W�\���Y�D�O�X�H�V��were���Y�H�U�\���F�O�R�V�H���W�R���W�K�H��
�E�H�V�W���� �6�R���� �L�Q�� �3�X�U�L�W�\���� �R�X�U�� �D�O�J�R�U�L�W�K�P�� �L�V�� �Y�H�U�\�� �F�R�P�S�H�W�L�W�L�Y�H���F�R�P�S�D�U�H�G�� �W�R���W�K�H�� �R�W�K�H�U��
�D�O�J�R�U�L�W�K�P�V�����$�V���I�R�U���6�,�����L�W���Z�D�V���V�H�H�Q���W�K�D�W���R�X�U���D�O�J�R�U�L�W�K�P���Z�D�V���W�K�H���P�R�V�W���V�X�F�F�H�V�V�I�X�O���R�Q��������
�G�D�W�D�V�H�W�V���R�Y�H�U�������� �Z�L�W�K���N-�P�H�D�Q�V���������Z�K�L�O�H���N-�P�H�D�Q�V�����N-�P�H�G�R�L�G�V�����D�Q�G���)�&�0��were���W�K�H��
�P�R�V�W���V�X�F�F�H�V�V�I�X�O���R�Q�������������D�Q�G�������G�D�W�D�V�H�W�V�����$�V���U�H�D�O���G�D�W�D�V�H�W�V�����Z�H���W�H�V�W�H�G���W�K�H���D�O�J�R�U�L�W�K�P�V���R�Q��
�,�U�L�V���� �%�U�H�D�V�W�� �&�D�Q�F�H�U���� �D�Q�G�� �7�K�\�U�R�L�G���� �2�X�U�� �D�O�J�R�U�L�W�K�P�� �Z�D�V�� �P�R�U�H�� �V�X�F�F�H�V�V�I�X�O�� �L�Q�� �%�U�H�D�V�W��
�&�D�Q�F�H�U�� �D�Q�G�� �7�K�\�U�R�L�G���� �$�V�� �I�R�U�� �,�U�L�V���� �R�X�U�� �D�O�J�R�U�L�W�K�P�� �L�V�� �Y�H�U�\�� �F�O�R�V�H�� �W�R�� �W�K�H���E�H�V�W�� �Y�D�O�X�H�V����
�&�R�Q�V�H�T�X�H�Q�W�O�\�����D�V���S�Ue�V�H�Q�W�H�G���L�Q���7�D�E�O�H���������R�X�U���D�O�J�R�U�L�W�K�P���D�S�S�H�D�U�V���W�R���E�H���P�R�U�H���V�X�F�F�H�V�V�I�X�O��
�Z�K�H�Q���F�R�P�S�D�U�H�G���Z�L�W�K���W�K�H���R�W�K�H�U���D�O�J�R�U�L�W�K�P�V����

�)�L�J�X�U�H������

�&�R�Q�W����

��

��
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�)�L�J�X�U�H������

�&�R�Q�W����
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�)�L�J�X�U�H������

�&�R�Q�W����

��
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�)�L�J�X�U�H������

�9�L�V�X�D�O���F�O�X�V�W�H�U�L�Q�J���U�H�V�X�O�W�V�����$�5�,���Y�D�O�X�H�V�����R�I���D�O�J�R�U�L�W�K�P�V���R�Q���W�K�H���V�\�Q�W�K�H�W�L�F�D�O���G�D�W�D�V�H�W�V��

�7�D�E�O�H������

�$�5�,���H�Y�D�O�X�D�W�L�R�Q��

�� FCM 
Lloyd’s  
k-means k-means++ k-medoids ImpKmeans 

�2�X�W�O�L�H�U�V�� �������������� ������������ �������������� �������������� 1 
�&�R�U�Q�H�U�V�� 1 1 1 1 1 
�,�U�L�V�� �������������� �������������� �������������� 0.743 ��������������
�%�U�H�D�V�W���&�D�Q�F�H�U�� �������������� 0.8391 0.8391 �������������� 0.8391 
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�$�J�J�U�H�J�D�W�L�R�Q�� �������������� �������������� �������������� �������������� 0.8239 
�7�K�\�U�R�L�G�� �������������� �������������� �������������� �������������� 0.8434 
�;�F�O�D�U�D�� 0.9929 0.9929 0.9929 0.9929 0.9929 
�7�Z�H�Q�W�\�� 1 �������������� 1 �������������� 1 
���G-�����F�� 0.9967 0.9967 0.9967 ������������ 0.9967 
���G-�����F�� �������������� �������������� �������������� �������������� 0.8377 
���G-���F�� �������������� 0.7638 0.7638 0.7638 0.7638 
���G-���F�� 0.9983 0.9983 0.9983 �������������� 0.9983 
�'���� �� �������������� �������������� 0.57 �������������� ��������������
R15�� 0.9928 0.9928 0.9928 �������������� 0.9928 
�'�L�D�P�R�Q�G���� 1 1 1 �������������� 1 
�6�L�]�H�V���� �������������� �������������� �������������� 0.9578 ��������������
�'�6-�������� �������������� �������������� �������������� 0.9042 ��������������
�)�R�X�U�W�\�� �������������� �������������� 1 �������������� 1 
�6-�V�H�W���� ������������ ������������ ������������ �������������� 0.9954 
�6�W�������� 0.8398 0.8313 0.8313 �������������� 0.8313 

�7�D�E�O�H������

�3�X�U�L�W�\���H�Y�D�O�X�D�W�L�R�Q��

�� FCM 
Lloyd’s  
k-means k-means++ k-medoids ImpKmeans 

�2�X�W�O�L�H�U�V�� 1 1 1 1 1 
�&�R�U�Q�H�U�V�� 1 1 1 1 1 
�,�U�L�V�� 0.98 ���������� �������������� �������������� ��������������
�%�U�H�D�V�W���&�D�Q�F�H�U�� �������������� ���������� ���������� 0.9742 0.9742 
�$�J�J�U�H�J�D�W�L�R�Q�� �������������� 0.9962 �������������� 0.9962 ��������������
�7�K�\�U�R�L�G�� �������������� 0.9628 �������������� �������������� 0.9628 
�;�F�O�D�U�D�� 0.9997 �������������� ������������ �������������� 0.9997 
�7�Z�H�Q�W�\�� 1 1 1 �������� 1 
���G-�����F�� 0.9997 �������������� �������������� �������������� 0.9997 
���G-�����F�� 0.8471 �������������� �������������� �������������� ��������������
���G-���F�� �������������� 0.9944 ������������ ������������ 0.9944 
���G-���F�� 1 1 1 1 1 
�'���� �� 0.4835 0.4835 �������������� �������������� 0.4835 
R15�� 0.9967 0.9967 0.9967 �������������� 0.9967 
�'�L�D�P�R�Q�G���� 1 1 1 ������������ 1 
�[�[�6�L�]�H�V���� ������������ 0.986 ������������ ������������ ������������
�'�6-�������� �������������� �������������� �������������� �������������� 1 
�)�R�X�U�W�\�� ���������� ������������ 1 ������������ 1 
�6-�V�H�W���� �������������� �������������� �������������� ������������ 0.9978 
�6�W�������� 0.9256 �������������� �������������� �������������� ��������������

��
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�7�D�E�O�H������

�6�,���H�Y�D�O�X�D�W�L�R�Q��

�� FCM 
Lloyd’s  
k-means k-means++ k-medoids ImpKmeans 

�2�X�W�O�L�H�U�V�� �������������� �������������� 0.6136 �������������� 0.6136 
�&�R�U�Q�H�U�V�� �������������� �������������� �������������� �������������� 0.5699 
�,�U�L�V�� ������������ 0.6295 0.6295 0.6295 0.6295 
�%�U�H�D�V�W���&�D�Q�F�H�U�� ������������ �������������� �������������� 0.5968 ��������������
�$�J�J�U�H�J�D�W�L�R�Q�� �������������� �������������� �������������� 0.5385 ��������������
�7�K�\�U�R�L�G�� �������������� �������������� 0.5852 �������������� 0.5852 
�;�F�O�D�U�D�� 0.6945 0.6945 0.6945 0.6945 0.6945 
�7�Z�H�Q�W�\�� 0.738 �������������� 0.738 �������������� 0.738 
���G-�����F�� 0.8368 0.8368 0.8368 ������������ 0.8368 
���G-�����F�� �������������� �������������� 0.6172 �������������� ��������������
���G-���F�� �������������� �������������� �������������� �������������� 0.5562 
���G-���F�� 0.8738 0.8738 0.8738 �������������� 0.8738 
�'���� �� �������������� �������������� 0.4832 �������������� ��������������
R15�� 0.7528 0.7528 0.7528 �������������� 0.7528 
�'�L�D�P�R�Q�G���� 0.5487 0.5487 0.5487 �������������� 0.5487 
�[�[�6�L�]�H�V���� 0.5934 0.5934 0.5934 0.5934 0.5934 
�'�6-�������� �������������� �������������� �������������� 0.5652 ��������������
�)�R�X�U�W�\�� �������������� �������������� 0.6852 �������������� 0.6852 
�6-�V�H�W���� 0.7116 0.7116 0.7116 �������������� 0.7116 
�6�W�������� �������������� 0.4436 0.4436 �������������� 0.4436 

�7�D�E�O�H������

�2�Y�H�U�D�O�O���F�O�X�V�W�H�U���T�X�D�O�L�W�\���F�R�P�S�D�U�L�V�R�Q�V���R�I���W�K�H���D�O�J�R�U�L�W�K�P�V��

Algorithms ARI  Purity  SI Total 
�N-�P�H�D�Q�V�� 9�� 11�� 9�� 29��
m-�P�H�G�R�L�G�V�� 6�� 5�� 6�� 17��
�N-�P�H�D�Q�V������ 12�� 7�� 15 ������
�)�&�0�� 8�� 12�� 8�� 28��
�,�P�S�.�P�H�D�Q�V�� 16 15 15 46 

5.6 Speed Analysis 

�$�V���Z�H���H�[�S�O�D�L�Q�H�G���L�Q���7�D�E�O�H���������R�X�U���D�O�J�R�U�L�W�K�P���L�V���H�[�S�H�F�W�H�G���W�R���E�H���I�D�L�U���U�H�J�D�U�G�L�Q�J���U�X�Q-�W�L�P�H��
�F�R�P�S�O�H�[�L�W�\���� �%�H�F�D�X�V�H�� �R�X�U�� �D�O�J�R�U�L�W�K�P�� �G�R�H�V�� �Q�R�W�� �X�V�H�� �D�Q�\�� �L�W�H�U�D�W�L�Y�H�� �D�S�S�U�R�D�F�K�����,�Q�� �R�X�U��
�D�S�S�U�R�D�F�K�����W�K�H���W�L�P�H-�F�R�Q�V�X�P�L�Q�J���V�W�D�J�H���L�V���W�K�H���L�Q�L�W�L�D�O���V�W�D�J�H�����L�Q���Z�K�L�F�K���W�K�H���N�H�U�Q�H�O���G�H�Q�V�L�W�\��
�H�V�W�L�P�D�W�L�R�Q�� �E�D�V�H�G���R�Q���L�Q�L�W�L�D�O�� �F�H�Q�W�U�R�L�G�V�� �L�V���G�H�W�H�U�P�L�Q�H�G�����(�[�S�H�U�L�P�H�Q�W�D�O�� �V�W�X�G�L�H�V�� �D�O�V�R��
�V�X�S�S�R�U�W�� �R�X�U�� �L�G�H�D�����D�V�� �V�H�H�Q�� �L�Q�� �)�L�J�X�U�H�������� �2�Q�� �W�K�H�� �R�W�K�H�U�� �K�D�Q�G���� �L�Q�� �V�R�P�H�� �G�D�W�D�V�H�W�V�����O�L�N�H��
�7�Z�H�Q�W�\�����L�Q�� �Z�K�L�F�K�� �W�K�H�� �Q�X�P�E�H�U�� �R�I�� �F�O�X�V�W�H�U�V�� �L�V�� �K�L�J�K�� �F�R�P�S�D�U�H�G�� �W�R�� �W�K�H�� �R�W�K�H�U�V���� �W�K�H��
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�F�R�Q�V�X�P�H�G���W�L�P�H���L�Q���W�K�H���,�P�S�.�P�H�D�Q�V���L�V���V�O�L�J�K�W�O�\���K�L�J�K�H�U�����,�Q���R�W�K�H�U���Z�R�U�G�V�����Z�H���F�D�Q���V�D�\���W�K�D�W��
�W�K�H�� �K�L�J�K�H�U�� �W�K�H�� �Q�X�P�E�H�U�� �R�I�� �F�O�X�V�W�H�U�V���� �W�K�H�� �K�L�J�K�H�U�� �W�K�H�� �U�X�Q-�W�L�P�H�� �F�R�P�S�O�H�[�L�W�\�� �I�R�U��
�,�P�S�.�P�H�D�Q�V����

�)�L�J�X�U�H������

�7�L�P�H���F�R�P�S�D�U�L�V�R�Q���R�I���W�K�H���D�O�J�R�U�L�W�K�P�V���R�Q���V�R�P�H���R�I���W�K�H���X�V�H�G���G�D�W�D�V�H�W�V��

Conclusion and Future Work 

�,�Q�� �W�K�L�V�� �V�W�X�G�\���� �Z�H�� �S�U�R�S�R�V�H�G�� �D�� �Q�H�Z�� �D�G�Y�D�Q�F�H�G�� �Y�H�U�V�L�R�Q�� �R�I�� �N-�P�H�D�Q�V�����Q�D�P�H�G��
“ �,�P�S�.�P�H�D�Q�V�´�����V�K�R�U�W�O�\���W�R���R�Y�H�U�F�R�P�H���W�K�H���L�V�V�X�H�V���R�I���L�Q�L�W�L�D�O���F�H�Q�W�U�R�L�G���G�H�W�H�U�P�L�Q�D�W�L�R�Q���D�Q�G��
�W�K�H���W�L�P�H���F�R�P�S�O�H�[�L�W�\�����W�K�D�W���W�K�H���R�W�K�H�U���Y�H�U�V�L�R�Q�V���R�I���N-�P�H�D�Q�V���I�D�F�H�����2�X�U���D�S�S�U�R�D�F�K���J�H�W�V���L�W�V��
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Bolt Preload Variations During Repeated 
Tightenings 

Talal Alsardia 

�'�H�S�D�U�W�P�H�Q�W���R�I���5�D�L�O�Z�D�\���9�H�K�L�F�O�H�V���D�Q�G���9�H�K�L�F�O�H���6�\�V�W�H�P���$�Q�D�O�\�V�L�V�����)�D�F�X�O�W�\���R�I��
�7�U�D�Q�V�S�R�U�W�D�W�L�R�Q���(�Q�J�L�Q�H�H�U�L�Q�J���D�Q�G���9�H�K�L�F�O�H���(�Q�J�L�Q�H�H�U�L�Q�J�����%�X�G�D�S�H�V�W���8�Q�L�Y�H�U�V�L�W�\���R�I��
�7�H�F�K�Q�R�O�R�J�\���D�Q�G���(�F�R�Q�R�P�L�F�V�����0�&�H�J�\�H�W�H�P���U�N�S���������������������%�X�G�D�S�H�V�W�����+�X�Q�J�D�U�\����
e-�P�D�L�O�����D�O�V�D�U�G�L�D�#�H�G�X���E�P�H���K�X��

Abstract: Bolt preload prediction, through torque value, is challenged by friction variations 
within the bolted joint. Accurately estimating the initially achieved preload, is a persistent 
problem. This study aims to examine the repeatability of the bolt tightening process, under 
constant torque values, using experimental data. The experiments were conducted on bolts 
and nuts with a black finish surface, and the preload and nut factor variations were examined 
under four lubrication scenarios. 

Keywords: Bolt preload variation; Torque-preload relationship; Lubrication; Nut factor 

1 Introduction  
�)�L�[�W�X�U�H�V���D�U�H���Q�H�F�H�V�V�D�U�\���W�R���M�R�L�Q���W�Z�R���R�U���P�R�U�H���H�O�H�P�H�Q�W�V���W�R�J�H�W�K�H�U���D�Q�G���D���Z�L�G�H���Y�D�U�L�H�W�\���R�I��
�I�L�[�W�X�U�H�V�� �D�U�H�� �D�Y�D�L�O�D�E�O�H�� �L�Q�� �W�K�H�� �L�Q�G�X�V�W�U�\���� �&�K�R�R�V�L�Q�J�� �W�K�H�� �U�L�J�K�W�� �I�L�[�W�X�U�H�� �D�Q�G�� �S�U�R�Y�L�G�L�Q�J�� �D��
�U�H�O�L�D�E�O�H���G�H�V�L�J�Q���U�H�T�X�L�U�H�V���D���W�K�R�U�R�X�J�K���V�\�V�W�H�P���D�Q�D�O�\�V�L�V���>��]��[2]�����$�P�R�Q�J���W�K�H�V�H���I�L�[�W�X�U�H�V����
�E�R�O�W�H�G�� �M�R�L�Q�W�V���D�V�V�X�P�H�V�� �D�Q�� �H�D�V�\-�W�R-�U�H�O�H�D�V�H�� �O�L�Q�N�� �E�H�W�Z�H�H�Q�� �S�D�U�W�V���� �%�R�O�W�H�G�� �M�R�L�Q�W�V�� �K�D�Y�H�� �D��
�Z�L�G�H���U�D�Q�J�H���R�I���D�S�S�O�L�F�D�W�L�R�Q�V�����V�X�F�K���D�V���W�K�R�V�H���V�H�H�Q���L�Q��[3-5]�����,�Q���E�R�O�W�H�G���M�R�L�Q�W�V����t�K�H��p�R�Z�H�U��
�L�V���W�U�D�Q�V�P�L�W�W�H�G���I�U�R�P���R�Q�H���S�D�U�W���W�R���D�Q�R�W�K�H�U���W�K�U�R�X�J�K���I�U�L�F�W�L�R�Q�����7�K�H���W�D�V�N���R�I���W�K�H���E�R�O�W�H�G���O�L�Q�N��
�L�V���W�R���D�V�V�X�P�H���W�K�H���Q�R�U�P�D�O���I�R�U�F�H���D�O�O�R�Z�L�Q�J���W�K�L�V���I�U�L�F�W�L�R�Q�����7�K�H���Q�R�U�P�D�O���I�R�U�F�H���F�D�O�O�H�G���S�U�H�O�R�D�G��
�L�V���D���U�H�V�X�O�W���R�I���W�K�H���E�R�O�W���W�L�J�K�W�H�Q�L�Q�J���S�U�R�F�H�V�V�����7�K�H���K�L�J�K�H�V�W���D�O�O�R�Z�H�G���E�R�O�W���S�U�H�O�R�D�G���L�V���X�V�X�D�O�O�\��
�H�V�W�L�P�D�W�H�G���D�V���D���S�H�U�F�H�Q�W�D�J�H���R�I���W�K�H���E�R�O�W���P�D�W�H�U�L�D�O���\�L�H�O�G���V�W�U�H�Q�J�W�K��[6]�����%�R�W�K���L�Q�V�X�I�I�L�F�L�H�Q�W���R�U��
�H�[�F�H�V�V�L�Y�H���E�R�O�W���S�U�H�O�R�D�G���F�D�Q���O�H�D�G���W�R���M�R�L�Q�W���I�D�L�O�X�U�H�����7�K�H�U�H�I�R�U�H�����V�H�Y�H�U�D�O���P�H�W�K�R�G�V���D�U�H���X�V�H�G��
�W�R���F�R�Q�W�U�R�O���W�K�H���E�R�O�W���S�U�H�O�R�D�G�����V�X�F�K���D�V���W�R�U�T�X�H���D�Q�G���D�Q�J�O�H���F�R�Q�W�U�R�O�����E�R�O�W���H�O�R�Q�J�D�W�L�R�Q���F�R�Q�W�U�R�O����
�D�Q�G�� �W�R�U�T�X�L�Q�J�� �F�R�Q�W�U�R�O��[7]���� �'�X�U�L�Q�J�� �E�R�O�W�� �W�L�J�K�W�H�Q�L�Q�J���� �D�S�S�U�R�[�L�P�D�W�H�O�\�� ������-�������� �R�I�� �W�K�H��
�D�S�S�O�L�H�G���W�R�U�T�X�H���J�H�Q�H�U�D�W�H�V���S�U�H�O�R�D�G�����L�Q���W�K�H���E�R�O�W�����7�K�H���U�H�P�D�L�Q�L�Q�J���S�D�U�W���L�V���X�V�H�G���W�R���R�Y�H�U�F�R�P�H��
�I�U�L�F�W�L�R�Q�� �L�Q�� �W�K�H�� �E�R�O�W�H�G�� �M�R�L�Q�W��[8]��[9]�����)�L�J�X�U�H�� �����L�O�O�X�V�W�U�D�W�H�V�� �W�K�H�� �H�V�W�L�P�D�W�H�G�� �W�R�U�T�X�H��
�G�L�V�W�U�L�E�X�W�L�R�Q�����,�W���F�D�Q���E�H���V�H�H�Q���W�K�D�W���I�U�L�F�W�L�R�Q���S�O�D�\�V���D�Q���H�V�V�H�Q�W�L�D�O���U�R�O�H���L�Q���S�U�H�O�R�D�G���I�R�U�P�D�W�L�R�Q����
�D�Q�G�� �L�W�V�� �Y�D�U�L�D�W�L�R�Q�� �L�Q�� �D�Q�\�� �U�H�J�L�R�Q�� �V�L�J�Q�L�I�L�F�D�Q�W�O�\�� �L�P�S�D�F�W�V�� �W�K�H�� �E�R�O�W�� �S�U�H�O�R�D�G���� �,�Q�� �W�K�H��
�O�L�W�H�U�D�W�X�U�H�����-�����'�U�X�P�K�H�O�O�H�U��[9]���L�Q�G�L�F�D�W�H�G���W�K�D�W���D���������I�U�L�F�W�L�R�Q���F�R�H�I�I�L�F�L�H�Q�W���L�Q�F�U�H�D�V�H�����X�Q�G�H�U��
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�W�K�H���K�H�D�G���R�U���R�Q���W�K�H���W�K�U�H�D�G�����F�R�X�O�G���U�H�G�X�F�H���W�K�H���S�U�H�O�R�D�G���W�R���K�D�O�I�����0�R�U�J�D�Q���D�Q�G���+�H�Q�V�K�D�O�O��
�>�����@���L�Q�Y�H�V�W�L�J�D�W�H�G���W�K�H���H�I�I�H�F�W���R�I���M�R�L�Q�W���I�U�L�F�W�L�R�Q���R�Q���W�K�H���E�R�O�W���S�U�H�O�R�D�G���R�I���Z�K�H�H�O���E�R�O�W�V���D�Q�G��
�Q�X�W�V�����7�K�H�\���U�H�S�R�U�W�H�G���W�K�D�W���U�H�S�H�D�W�H�G���W�L�J�K�W�H�Q�L�Q�J���S�U�R�F�H�V�V�H�V���F�D�X�V�H�G���X�S���W�R���D�����������U�H�G�X�F�W�L�R�Q��
�L�Q���E�R�O�W���S�U�H�O�R�D�G�����Z�K�L�O�H���D���F�R�Q�V�W�D�Q�W���V�W�D�W�H���Z�D�V���U�H�D�F�K�H�G���Z�K�H�Q���U�H-�O�X�E�U�L�F�D�W�H�G���Z�L�W�K���H�Q�J�L�Q�H��
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�S�D�U�D�P�H�W�H�U�V���R�I���W�K�H���M�R�L�Q�W��

�.�� �1�X�W���I�D�F�W�R�U���� �.�� �7�K�U�H�D�G���O�H�D�G���D�Q�J�O�H�����ƒ����
T�L�Q�����7�,�Q�S�X�W�����7�� �,�Q�S�X�W���W�L�J�K�W�H�Q�L�Q�J���W�R�U�T�X�H�����1���P�������� �0�H�W�U�L�F���W�K�U�H�D�G���S�U�R�I�L�O�H���D�Q�J�O�H�����ƒ����

�0 �+�����7�+�H�D�G�� �%�H�D�U�L�Q�J���V�X�U�I�D�F�H���I�U�L�F�W�L�R�Q���W�R�U�T�X�H��
���1���P���� ��n�������E��

�8�Q�G�H�U���W�K�H���K�H�D�G���I�U�L�F�W�L�R�Q��
�F�R�H�I�I�L�F�L�H�Q�W��
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2 Theoretical Background 
�*�H�Q�H�U�D�O�O�\���� �L�Q�� �P�D�F�K�L�Q�H�� �H�O�H�P�H�Q�W�� �W�K�H�R�U�\���� �W�K�H�� �E�R�O�W�� �W�L�J�K�W�H�Q�L�Q�J�� �W�R�U�T�X�H�� �H�T�X�D�W�L�R�Q�V�� �D�U�H��
�F�R�P�S�R�V�H�G���R�I���W�K�U�H�H���P�H�P�E�H�U�V�����Z�K�H�U�H���W�Z�R���D�U�H���O�L�Q�N�H�G���W�R���I�U�L�F�W�L�R�Q�����D�Q�G���R�Q�O�\���R�Q�H���L�V���O�L�Q�N�H�G��
�W�R���W�K�H���S�U�H�O�R�D�G����
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�$�V���H�D�F�K���P�H�P�E�H�U���F�R�Q�W�D�L�Q�V���W�K�H���S�U�H�O�R�D�G���I�R�U�F�H���)�� �D�V���D���S�D�U�D�P�H�W�H�U���� �D���J�H�Q�H�U�D�O�L�]�H�G���I�R�U�P��
�F�D�Q���E�H���Z�U�L�W�W�H�Q���D�V����

�6= �( �® �:���� ��������

�+�H�U�H��T���L�V�� �W�K�H�� �L�Q�S�X�W�� �W�R�U�T�X�H����F���L�V�� �W�K�H�� �E�R�O�W�� �S�U�H�O�R�D�G���� �D�Q�G�� �W�K�H�� �F�R�Q�V�W�D�Q�W��X���U�H�I�O�H�F�W�V�� �W�K�H��
�J�H�R�P�H�W�U�L�F�D�O���D�Q�G���I�U�L�F�W�L�R�Q�D�O���S�D�U�D�P�H�W�H�U�V���R�I���W�K�H���M�R�L�Q�W�����7�K�H���S�U�R�E�O�H�P���Z�L�W�K���W�K�L�V���V�W�U�X�F�W�X�U�H��
�L�V�� �W�K�D�W���L�W���L�V�� �E�D�V�H�G���R�Q���D�� �W�Z�R-�G�L�P�H�Q�V�L�R�Q�D�O���P�R�G�H�O�����D�[�L�D�O���V�H�F�W�L�R�Q���F�X�W���� �R�I�� �W�K�H���W�K�U�H�D�G�H�G��
�I�D�V�W�H�Q�H�U�V���� �7�K�L�V�� �P�R�G�H�O�� �X�V�H�V�� �W�K�H�� �D�V�V�X�P�S�W�L�R�Q�V�� �R�I�� �X�Q�L�I�R�U�P�O�\�� �G�L�V�W�U�L�E�X�W�H�G���F�R�Q�W�D�F�W��
�S�U�H�V�V�X�U�H���D�O�R�Q�J���W�K�H���H�Q�J�D�J�H�G���W�K�U�H�D�G���V�X�U�I�D�F�H�V���>�����@���D�Q�G���D���F�R�Q�V�W�D�Q�W���I�U�L�F�W�L�R�Q���F�R�H�I�I�L�F�L�H�Q�W��
�D�W���H�Y�H�U�\���V�X�U�I�D�F�H���S�D�L�U�����D�V���L�W���L�V���G�L�I�I�L�F�X�O�W���W�R���P�H�D�V�X�U�H���W�K�H���I�U�L�F�W�L�R�Q���X�Q�G�H�U���W�K�H���K�H�D�G���E�R�O�W���Q�X�W��
�D�Q�G���R�Q���W�K�H���W�K�U�H�D�G���G�X�U�L�Q�J���U�R�W�D�W�L�R�Q�����,�W���L�V���N�Q�R�Z�Q���W�K�D�W���W�K�H���U�H�D�O���I�U�L�F�W�L�R�Q���F�R�H�I�I�L�F�L�H�Q�W�V���D�U�H��
�G�L�I�I�H�U�H�Q�W���G�X�U�L�Q�J���H�D�F�K���W�L�J�K�W�H�Q�L�Q�J�����D�Q�G���L�W���L�V���Q�R�W���H�D�V�\���W�R���K�D�Y�H���D���F�R�Q�V�W�D�Q�W���J�X�H�V�V���Y�D�O�X�H����
�)�U�R�P���D���S�U�D�F�W�L�F�D�O���S�R�L�Q�W���R�I���Y�L�H�Z�����D�Q�R�W�K�H�U���V�K�R�U�W���H�[�S�U�H�V�V�L�R�Q���F�D�Q���E�H���X�V�H�G���I�R�U���W�K�H���W�R�U�T�X�H-
�W�H�Q�V�L�R�Q���U�H�O�D�W�L�R�Q�V�K�L�S���>�����������������������������@�����Z�K�H�U�H���W�K�H���L�Q�S�X�W���W�L�J�K�W�H�Q�L�Q�J���W�R�U�T�X�H��T���L�V���U�H�O�D�W�H�G��
�W�R�� �W�K�H�� �E�R�O�W�� �S�U�H�O�R�D�G��F �L�Q�� �W�K�H�� �I�X�Q�F�W�L�R�Q�� �R�I�� �W�K�H�� �E�R�O�W�� �G�L�D�P�H�W�H�U��D. �+�H�U�H�� �W�K�H�� �F�R�Q�V�W�D�Q�W��
�F�R�Q�W�D�L�Q�L�Q�J���D�O�O���I�U�L�F�W�L�R�Q���S�D�U�D�P�H�W�H�U�V���L�V���F�D�O�O�H�G���W�K�H���Q�X�W���I�D�F�W�R�U��K�����7�R�U�T�X�H���F�R�H�I�I�L�F�L�H�Q�W���,�6�2��
�����������������7�K�L�V���J�L�Y�H�V���W�K�H���I�R�O�O�R�Z�L�Q�J���V�L�P�S�O�H���H�T�X�D�W�L�R�Q����

�6= �- · �( · �&���� ��5����

�7�K�H���$�6�0�(�� �6�W�D�Q�G�D�U�G���3�&�&-�����>�����@���V�W�D�W�H�V���W�K�D�W���³K���L�V�� �D�Q���H�[�S�H�U�L�P�H�Q�W�D�O�O�\�� �G�H�W�H�U�P�L�Q�H�G����
�G�L�P�H�Q�V�L�R�Q�O�H�V�V�� �F�R�Q�V�W�D�Q�W�� �U�H�O�D�W�H�G�� �W�R�� �W�K�H�� �F�R�H�I�I�L�F�L�H�Q�W�� �R�I�� �I�U�L�F�W�L�R�Q���´�� �(�T�X�D�W�L�R�Q�� �������� �K�D�V�� �D��
�V�L�P�S�O�H�� �I�R�U�P�� �D�Q�G�� �L�V�� �H�D�V�\�� �W�R�� �X�V�H���� �D�V�� �L�W�� �F�R�Q�W�D�L�Q�V�� �V�W�D�Q�G�D�U�G�� �P�H�D�V�X�U�D�E�O�H�� �G�D�W�D����
�8�Q�I�R�U�W�X�Q�D�W�H�O�\�����P�D�Q�\���H�[�S�H�U�L�P�H�Q�W�V���D�U�H���U�H�T�X�L�U�H�G���W�R���J�H�W���V�W�D�W�L�V�W�L�F�D�O�O�\���I�L�U�P���G�D�W�D���I�R�U���H�D�F�K��
�E�R�O�W���G�L�D�P�H�W�H�U���Z�L�W�K���D�Q���D�F�F�H�S�W�D�E�O�\���Q�D�U�U�R�Z���F�R�Q�I�L�G�H�Q�F�H���O�H�Y�H�O�����7�K�H�V�H���V�W�D�W�L�V�W�L�F�D�O�O�\���V�R�X�Q�G��
�U�H�V�X�O�W�V���D�U�H���P�R�U�H���D�F�F�X�U�D�W�H���I�R�U���L�Q�G�X�V�W�U�L�D�O���D�S�S�O�L�F�D�W�L�R�Q�V��[7]����

��
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3 Methodology and Experimental Procedure 
�$�O�O���H�[�S�H�U�L�P�H�Q�W�V���Z�H�U�H���S�H�U�I�R�U�P�H�G���D�F�F�R�U�G�L�Q�J���W�R���,�6�2�������������L�Q���D���F�O�R�V�H�G���U�R�R�P���Z�K�H�U�H���W�K�H��
�D�L�U���F�R�Q�G�L�W�L�R�Q�L�Q�J���N�H�S�W���W�K�H���W�H�P�S�H�U�D�W�X�U�H���D�Q�G���K�X�P�L�G�L�W�\���D�W���F�R�Q�V�W�D�Q�W���O�H�Y�H�O�V���������ƒ�&����������������
�W�R�� �K�D�Y�H�� �D�� �F�R�Q�V�L�V�W�H�Q�F�H�� �F�O�D�P�S�L�Q�J�� �I�R�U�F�H�� �U�H�V�X�O�W�V���� �V�L�Q�F�H�� �W�K�H�� �F�O�D�P�S�L�Q�J�� �I�R�U�F�H�� �F�D�Q�� �E�H��
�D�I�I�H�F�W�H�G���E�\���W�H�P�S�H�U�D�W�X�U�H���D�Q�G���K�X�P�L�G�L�W�\���Y�D�U�L�D�W�L�R�Q�V��[7]����

��

�)�L�J�X�U�H��2��
�5�H�S�U�H�V�H�Q�W�D�W�L�R�Q���R�I���W�K�H���W�H�V�W�H�G���E�R�O�W�H�G���O�L�Q�N��

3.1 Preload Variation M easurement 

�,�Q�� �W�K�H�V�H�� �H�[�S�H�U�L�P�H�Q�W�V���� �0���[������ �I�X�O�O-�W�K�U�H�D�G�H�G�� �E�R�O�W�V�� �Z�H�U�H�� �X�V�H�G���� �7�K�H�� �E�R�O�W�� �K�H�D�G�� �Z�D�V��
�F�O�D�P�S�H�G�� �L�Q�W�R�� �D���Y�L�V�H���� �W�K�H�Q���� �D�� �E�R�O�W�� �I�R�U�F�H�� �V�H�Q�V�R�U�� �Z�D�V�� �P�R�X�Q�W�H�G�� �E�H�W�Z�H�H�Q�� �W�Z�R�� �V�S�H�F�L�D�O��
�Z�D�V�K�H�U�V�����7�K�H���W�L�J�K�W�H�Q�L�Q�J���H�O�H�P�H�Q�W���Z�D�V���D�Q���0�����Q�X�W�����)�L�J�X�U�H��2�������7�K�H���W�R�U�T�X�H���Z�D�V���D�S�S�O�L�H�G��
�W�K�U�R�X�J�K���D���ò-�L�Q�F�K���P�H�F�K�D�Q�L�F�D�O���W�R�U�T�X�H���Z�U�H�Q�F�K�����%�U�•�G�H�U���0�D�Q�Q�H�V�P�D�Q�Q���:�H�U�N�]�H�X�J�H�����R�I��
�D���W�\�S�H���,�,���F�O�D�V�V���$���Z�L�W�K���D���U�D�Q�J�H���R�I��������-���������1���P�����“�������������7�K�H���L�Q�S�X�W���W�R�U�T�X�H���Z�D�V���V�H�W���W�R���D��
�F�R�Q�V�W�D�Q�W���Y�D�O�X�H���R�I���������1���P�����5�H�I�H�U�U�L�Q�J�����W�R���,�6�2��������-�����D�Q�G���,�6�2��������-�����V�W�D�Q�G�D�U�G�V�����I�R�U���E�R�O�W��
�R�I���J�U�D�G�H�������������W�K�H���E�U�H�D�N�L�Q�J���W�R�U�T�X�H���L�V���V�S�H�F�L�I�L�H�G���W�R���E�H���������1���P�����D�Q�G���D�F�F�R�U�G�L�Q�J���W�R���>�����@��
�W�K�H�� �U�H�F�R�P�P�H�Q�G�H�G�� �W�L�J�K�W�H�Q�L�Q�J�� �W�R�U�T�X�H�� �I�D�O�O�V�� �Z�L�W�K�L�Q�� �W�K�H�� �U�D�Q�J�H�� �R�I�� ������-�������� �R�I�� �W�K�H��
�E�U�H�D�N�L�Q�J���W�R�U�T�X�H�����W�R���J�H�Q�H�U�D�W�H���W�H�Q�V�L�R�Q���L�Q���W�K�H���E�R�O�W���D�S�S�U�R�[�L�P�D�W�H�O�\�����������W�R�����������R�I���H�O�D�V�W�L�F��
�O�L�P�L�W�����\�L�H�O�G���V�W�U�H�Q�J�W�K�����R�I���W�K�H���E�R�O�W���P�D�W�H�U�L�D�O�����$�I�W�H�U���W�L�J�K�W�H�Q�L�Q�J���� �W�K�H���S�U�H�O�R�D�G���I�R�U�F�H���Z�D�V��
�Q�R�W�H�G�����D�Q�G���W�K�H�Q���W�K�H���Q�X�W���Z�D�V���U�H�O�H�D�V�H�G���W�L�O�O���L�W���E�H�F�D�P�H���O�R�R�V�H�����D�Q�G���W�K�H���S�U�H�O�R�D�G���E�H�F�D�P�H��
�]�H�U�R�����7�K�L�V���W�L�J�K�W�H�Q�L�Q�J���F�\�F�O�H���Z�D�V���U�H�S�H�D�W�H�G���W�Z�H�Q�W�\���W�L�P�H�V���R�Q���W�K�H���V�D�P�H���E�R�O�W�����)�R�U���K�D�Y�L�Q�J��
�D�� �V�W�D�W�L�V�W�L�F�D�O�� �E�D�V�H���� �W�Z�H�Q�W�\�� �Q�H�Z�� �E�R�O�W�V�� �D�Q�G�� �Q�X�W�V�� �Z�H�U�H���X�V�H�G���� �Z�L�W�K�� �W�Z�H�Q�W�\�� �W�L�J�K�W�H�Q�L�Q�J��
�F�\�F�O�H�V���H�D�F�K����

�7�K�H���H�I�I�H�F�W���R�I���W�K�H���W�L�J�K�W�H�Q�L�Q�J���V�S�H�H�G���Z�D�V���Q�R�W���W�D�N�H�Q���L�Q�W�R���F�R�Q�V�L�G�H�U�D�W�L�R�Q�����D�V���L�W���K�D�V���O�L�W�W�O�H��
�H�I�I�H�F�W���R�Q���W�K�H���Q�X�W���I�D�F�W�R�U���>����-23]�����1�R�W�H���W�K�D�W���D�O�O���W�K�H���W�L�J�K�W�H�Q�L�Q�J���F�\�F�O�H�V���Z�H�U�H���F�R�Q�G�X�F�W�H�G��
�E�\�� �W�K�H���V�D�P�H���R�S�H�U�D�W�R�U�����W�K�H���D�X�W�K�R�U������ �X�V�L�Q�J�� �W�K�H���V�D�P�H���W�R�R�O���� �L�Q���W�K�H���V�D�P�H���H�[�S�H�U�L�P�H�Q�W�D�O��
�H�Q�Y�L�U�R�Q�P�H�Q�W�����)�L�J�X�U�H��3���V�K�R�Z�V���D���V�D�P�S�O�H���R�I���W�K�H���F�R�Q�G�X�F�W�H�G���W�L�J�K�W�H�Q�L�Q�J-�U�H�O�H�D�V�L�Q�J���F�\�F�O�H��
�D�V���D���I�X�Q�F�W�L�R�Q���R�I���W�L�P�H�����+�H�U�H���W�K�H���F�R�O�R�U�H�G���D�U�H�D���L�Q�G�L�F�D�W�H�V���W�K�H���W�L�P�H���G�X�U�D�W�L�R�Q���Q�H�H�G�H�G���W�R��
�J�H�Q�H�U�D�W�H�� �W�K�H�� �S�U�H�O�R�D�G���� �7�K�H�� �F�D�O�F�X�O�D�W�H�G�� �D�Y�H�U�D�J�H�� �W�L�P�H�� �L�V�� �R�I�� ���������� �V�H�F�R�Q�G�V�����S�H�U�� �R�Q�H��
�W�L�J�K�W�H�Q�L�Q�J���H�[�H�F�X�W�L�R�Q����
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�)�L�J�X�U�H��3��

�%�R�O�W���W�L�J�K�W�H�Q�L�Q�J-�U�H�O�H�D�V�L�Q�J���F�\�F�O�H���Y�V�����W�L�P�H��

�)�R�X�U�� �F�D�V�H�V�� �R�I�� �O�X�E�U�L�F�D�W�L�R�Q�� �Z�H�U�H�� �V�W�X�G�L�H�G�� �W�R�� �F�R�Q�V�L�G�H�U�� �W�K�H�� �H�I�I�H�F�W�� �R�I�� �D�Q�� �H�Y�H�Q�W�X�D�O��
�O�X�E�U�L�F�D�W�L�R�Q���� �,�Q�� �W�K�H�� �I�L�U�V�W�� �F�D�V�H�����R�X�W�� �R�I�� �W�K�H�� �E�R�[������ �Z�H�� �X�V�H�G�� �W�K�H�� �V�X�U�I�D�F�H�V�� �D�V�� �W�K�H�\�� �Z�H�U�H��
�R�E�W�D�L�Q�H�G���I�U�R�P���W�K�H���P�D�Q�X�I�D�F�W�X�U�H�U�����Z�K�L�F�K���Q�D�P�H�G���D�V���³�$�V-�L�V�´���F�D�V�H���L�Q���W�K�L�V���D�U�W�L�F�O�H�����,�Q���W�K�H��
�V�H�F�R�Q�G���F�D�V�H�����Z�H���D�S�S�O�L�H�G���G�U�R�S�V���R�I���P�L�Q�H�U�D�O-�E�D�V�H�G�������:-�������P�R�W�R�U���R�L�O�����0�2�/���0�6�(�����R�Q��
�W�K�H���E�R�O�W���W�K�U�H�D�G���D�Q�G���X�Q�G�H�U���W�K�H���E�R�O�W���K�H�D�G���V�X�U�I�D�F�H���E�H�I�R�U�H���W�K�H���I�L�U�V�W���W�L�J�K�W�H�Q�L�Q�J�����7�K�L�V���L�V���W�K�H��
�³�R�L�O�H�G�´���F�D�V�H�����,�Q���W�K�H���W�K�L�U�G���F�D�V�H�����D�O�O���V�X�U�I�D�F�H�V���Z�H�U�H���F�O�H�D�Q�H�G���Z�L�W�K���D���G�H�J�U�H�D�V�H�U�����/�R�F�W�L�W�H��
�6�)���������������E�H�I�R�U�H���W�K�H���I�L�U�V�W���W�L�J�K�W�H�Q�L�Q�J�����7�K�L�V���L�V���W�K�H���³�G�U�\�´���F�D�V�H�����,�Q���W�K�H���I�R�X�U�W�K���F�D�V�H�����V�R�O�L�G��
�S�R�Z�G�H�U���O�X�E�U�L�F�D�Q�W�� ���P�R�O�\�E�G�H�Q�X�P�� �G�L�V�X�O�I�L�G�H�����0�R�62���� �Z�D�V�� �D�S�S�O�L�H�G�� �R�Q�� �W�K�H�� �W�K�U�H�D�G�V�� �D�Q�G��
�X�Q�G�H�U���W�K�H���E�R�O�W���K�H�D�G���E�H�I�R�U�H���W�K�H���I�L�U�V�W���W�L�J�K�W�H�Q�L�Q�J�����)�R�U���H�D�F�K���O�X�E�U�L�F�D�W�L�R�Q���F�D�V�H�����E�U�D�Q�G-�Q�H�Z��
�E�R�O�W�V�� �D�Q�G���Q�X�W�V���Z�H�U�H���X�V�H�G���� �2�Y�H�U�D�O�O���� �������E�R�O�W�V�� �D�Q�G���Q�X�W�V�� �Z�H�U�H���X�V�H�G�� �L�Q�� �W�K�H�� �V�W�X�G�\���� �D�Q�G��
�����������L�Q�G�L�Y�L�G�X�D�O���P�H�D�V�X�U�H�P�H�Q�W�V���Z�H�U�H���H�[�H�F�X�W�H�G�����)�L�J�X�U�H����������

��

�)�L�J�X�U�H������

�(�[�S�H�U�L�P�H�Q�W�D�O���S�U�R�F�H�V�V���I�O�R�Z�F�K�D�U�W��

���� 22 ���� 26 28 ���� 32 ���� 36 38 ���� ���� ���� ���� ���� ����
��

2

��

6

8

����

����

�3
�U

�H
�O

�R
�D

�G
���

��N
�1

��

�7�L�P�H�����V�H�F��



Acta Polytechnica Hungarica Vol. 21, No. 2, 2024 

�Å��139 �Å��

��

�)�L�J�X�U�H��5��

�7�H�V�W�H�G���E�R�O�W���V�F�K�H�P�D�W�L�F�>�����@��

�7�K�H���G�D�W�D���D�F�T�X�L�V�L�W�L�R�Q���V�\�V�W�H�P���F�R�Q�V�L�V�W�H�G���R�I���D�Q���+�%�0���4�X�D�Q�W�X�P���;���G�D�W�D���F�R�O�O�H�F�W�R�U���G�H�Y�L�F�H����
�D�� �F�R�P�S�X�W�H�U���� �D�Q�G�� �D�Q�� �+�%�0�� �.�0�5������ �����N�1�� �E�R�O�W�� �I�R�U�F�H�� �V�H�Q�V�R�U�� �F�D�O�L�E�U�D�W�H�G�� �D�V�� �S�H�U��
�9�'�,���9�'�(�� ������������ �Z�L�W�K�� �D�Q�� �D�F�F�X�U�D�F�\�� �F�O�D�V�V�� �R�I�� �������� ���“���������� �7�K�H�� �W�H�F�K�Q�L�F�D�O�� �L�Q�I�R�U�P�D�W�L�R�Q��
�D�Q�G���J�H�R�P�H�W�U�L�F�D�O�� �G�D�W�D���R�I�� �W�K�H���W�H�V�W�H�G�� �E�R�O�W�� ���)�L�J�X�U�H��5���� �D�U�H�� �V�X�P�P�D�U�L�]�H�G�� �L�Q�� �7�D�E�O�H�� ������
�)�X�U�W�K�H�U�P�R�U�H�����)�L�J�X�U�H��6���V�K�R�Z�V���W�K�H���H�[�S�H�U�L�P�H�Q�W�D�O���V�H�W�X�S���O�D�\�R�X�W����

�7�D�E�O�H������

�%�R�O�W���V�S�H�F�L�I�L�F�D�W�L�R�Q�V��

�6�X�U�I�D�F�H���I�L�Q�L�V�K�� �%�O�D�F�N���I�L�Q�L�V�K��

�*�U�D�G�H��
�%�R�O�W�� ����������
�1�X�W�� 8��

�6�L�]�H�����G���>�P�P�@�� 8�� �7�K�U�H�D�G���O�H�D�G���D�Q�J�O�H�����= �>�ƒ�@�� ������������
�7�K�U�H�D�G���S�L�W�F�K��[mm]�� ���������� �'�L�V�W�D�Q�F�H���D�F�U�R�V�V���I�O�D�W�����V��[mm]�� ������
�0�H�W�U�L�F���W�K�U�H�D�G���S�U�R�I�L�O�H���D�Q�J�O�H��������[�ƒ]�� ������ �'�L�V�W�D�Q�F�H���D�F�U�R�V�V���F�R�U�Q�H�U�����H��[mm]�� ������
�7�L�J�K�W�H�Q�L�Q�J���W�R�U�T�X�H�����1���P���������� �+�H�D�G���W�K�L�F�N�Q�H�V�V�����N��[mm]�� ����������

d�5[mm]�� ������������ �8�Q�W�K�U�H�D�G�H�G���O�H�Q�J�W�K�����D��[mm]�� ����������

d�6[mm]�� ������������ �:�D�V�K�H�U���I�D�F�H���G�H�S�W�K�����F��[mm]�� ��������
�$�V�V�X�P�H�G���—�W�K���D�Q�G���—n���I�U�R�P�� [25]�� �:�D�V�K�H�U���I�D�F�H���G�L�D�P�H�W�H�U�����G�Z��[mm]�� ������

�&�R�P�S�X�W�H�G���D�Q�J�O�H�����O�¤ �>�ƒ�@�� ������������ �+�H�D�G���M�X�Q�F�W�L�R�Q���U�D�G�L�X�V�����U��[mm]�� ��������
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�(�[�S�H�U�L�P�H�Q�W�D�O���V�H�W�X�S��

4 Results and Discussion 
�7�K�H���U�H�V�X�O�W�V���R�I���W�K�H���H�[�S�H�U�L�P�H�Q�W�V���D�U�H���G�L�V�F�X�V�V�H�G���L�Q���W�Z�R���S�D�U�W�V�����7�K�H���I�L�U�V�W���S�D�U�W���G�H�V�F�U�L�E�H�V��
�W�K�H���E�R�O�W���S�U�H�O�R�D�G���Y�D�U�L�D�W�L�R�Q�V�����D�Q�G���W�K�H���V�H�F�R�Q�G���W�K�H���Q�X�W���I�D�F�W�R�U���Y�D�U�L�D�W�L�R�Q����

4.1 Bolt Preload 

�,�Q���W�K�L�V���V�H�F�W�L�R�Q�����W�K�H���F�R�O�O�H�F�W�H�G���H�[�S�H�U�L�P�H�Q�W�D�O���S�U�H�O�R�D�G���G�D�W�D���D�U�H���S�U�H�V�H�Q�W�H�G�����7�K�H���H�I�I�H�F�W�V���R�I��
�W�K�H�� �S�U�H�V�H�Q�F�H�� �R�I�� �O�X�E�U�L�F�D�W�L�R�Q�� �G�X�U�L�Q�J�� �W�K�H�� �U�H�S�H�D�W�H�G�� �W�L�J�K�W�H�Q�L�Q�J-�U�H�O�H�D�V�L�Q�J�� �D�U�H�� �V�K�R�Z�Q������
�7�R���Y�D�O�L�G�D�W�H���W�K�H���U�H�V�X�O�W�V�����D���V�W�D�W�L�V�W�L�F�D�O���V�W�X�G�\���Z�D�V���S�H�U�I�R�U�P�H�G���W�R���V�K�R�Z���W�K�H���V�L�J�Q�L�I�L�F�D�Q�F�H���R�I��
�W�K�H���D�F�K�L�H�Y�H�G���G�D�W�D����

�7�K�H�� �W�K�H�R�U�H�W�L�F�D�O�� �S�U�H�O�R�D�G���Y�D�O�X�H�V�� �Z�H�U�H�� �F�D�O�F�X�O�D�W�H�G���X�V�L�Q�J���W�K�H�� �L�Q�I�R�U�P�D�W�L�R�Q���S�U�R�Y�L�G�H�G���L�Q��
�7�D�E�O�H���������7�K�H���Y�D�O�X�H�V���R�E�W�D�L�Q�H�G���I�U�R�P���H�T�X�D�W�L�R�Q�����������D�Q�G���H�T�X�D�W�L�R�Q�����������Z�H�U�H�����������������N�1��
�D�Q�G�����������������N�1�����U�H�V�S�H�F�W�L�Y�H�O�\�����7�K�H���D�V�V�X�P�H�G���I�U�L�F�W�L�R�Q���F�R�H�I�I�L�F�L�H�Q�W���Z�D�V���X�V�H�G���F�R�Q�V�L�V�W�H�Q�W�O�\��
�I�R�U���E�R�W�K���H�T�X�D�W�L�R�Q�V�����U�H�V�X�O�W�L�Q�J���L�Q���Q�R���V�L�J�Q�L�I�L�F�D�Q�W���G�L�I�I�H�U�H�Q�F�H���E�H�W�Z�H�H�Q���W�K�H���Y�D�O�X�H�V�����7�D�E�O�H��
2���S�U�H�V�H�Q�W�V���W�K�H���P�H�D�Q���R�I���W�K�H���P�H�D�V�X�U�H�G���S�U�H�O�R�D�G���D�F�K�L�H�Y�H�G���L�Q���W�K�H���I�L�U�V�W���W�L�J�K�W�H�Q�L�Q�J�����V�R�U�W�H�G��
�L�Q���G�H�V�F�H�Q�G�L�Q�J���R�U�G�H�U�����,�W���F�D�Q���E�H���R�E�V�H�U�Y�H�G���W�K�D�W���W�K�H���W�K�H�R�U�H�W�L�F�D�O���H�T�X�D�W�L�R�Q���L�V���Y�D�O�L�G�D�W�H�G���I�R�U��
�W�K�H���R�L�O�H�G���F�D�V�H���� �+�R�Z�H�Y�H�U���� �Z�K�H�Q���W�K�H���V�X�U�I�D�F�H�V���D�U�H���G�U�\���� �W�K�H���S�U�H�O�R�D�G���Y�D�O�X�H�V���D�U�H���O�R�Z�H�U��
�W�K�D�Q���W�K�H���W�K�H�R�U�H�W�L�F�D�O���S�U�H�G�L�F�W�L�R�Q�V�����&�R�Q�Y�H�U�V�H�O�\�����I�R�U���W�K�H���$�V-�L�V���D�Q�G���0�R�62���O�X�E�U�L�F�D�Q�W���F�D�V�H�V����
�W�K�H���S�U�H�O�R�D�G���G�X�U�L�Q�J���W�K�H���L�Q�L�W�L�D�O���W�L�J�K�W�H�Q�L�Q�J���H�[�F�H�H�G�V���W�K�H���W�K�H�R�U�H�W�L�F�D�O���Y�D�O�X�H�V����
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�7�D�E�O�H��2��

�0�H�D�Q���R�I���W�K�H���P�H�D�V�X�U�H�G���S�U�H�O�R�D�G���I�R�U���W�K�H���I�L�U�V�W���W�L�J�K�W�H�Q�L�Q�J���F�\�F�O�H��

Case Measured Preload 
(kN) 

Assumed µth and 
µn 

Theoretical 
Preload (kN) 

�0�R�62�� ������������ ����������[25]�� ��������������

�$�V-�L�V�� ������������ ����������[25]�� ��������������

�2�L�O�H�G�� ������������ ��������[25]�� ��������������
�'�U�\�� ������������ ������3��[25]�� ��������������

�$�� �G�H�W�D�L�O�H�G�� �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�� �R�I�� �W�K�H�� �G�L�V�W�U�L�E�X�W�L�R�Q�� �R�I�� �W�K�H�� �H�[�S�H�U�L�P�H�Q�W�D�O�� �G�D�W�D�� �I�R�U�� �H�D�F�K��
�U�H�S�H�W�L�W�L�R�Q���L�V���S�U�H�V�H�Q�W�H�G���L�Q���W�K�H���I�R�U�P���R�I���E�R�[�S�O�R�W�V�����7�K�H���P�H�G�L�D�Q�V���R�I���W�K�H���G�D�W�D���D�U�H���G�H�S�L�F�W�H�G��
�E�\���W�K�H���F�H�Q�W�H�U�V���R�I���W�K�H���E�R�[�H�V�����Z�K�L�O�H���W�K�H���L�Q�W�H�U�T�X�D�U�W�L�O�H���U�D�Q�J�H�����U�H�S�U�H�V�H�Q�W�H�G���E�\���W�K�H���K�H�L�J�K�W��
�E�H�W�Z�H�H�Q���W�K�H���H�Q�G�V���R�I���W�K�H���E�R�[�H�V�����S�U�R�Y�L�G�H�V���L�Q�V�L�J�K�W���L�Q�W�R���W�K�H���V�S�U�H�D�G���R�I���W�K�H���G�D�W�D���Z�L�W�K�L�Q��
�W�K�H���P�L�G�G�O�H�����������R�I���W�K�H���R�E�V�H�U�Y�D�W�L�R�Q�V�����7�K�H���K�H�L�J�K�W���R�I���W�K�H���Z�K�L�V�N�H�U�V���I�X�U�W�K�H�U���L�O�O�X�V�W�U�D�W�H�V��
�W�K�H���G�L�V�S�H�U�V�L�R�Q���R�I�� �W�K�H���G�D�W�D���� �$�O�O���F�D�V�H�V���K�D�Y�H���W�K�H���V�D�P�H���Y�H�U�W�L�F�D�O���D�[�L�V���V�F�D�O�H���I�R�U���H�D�V�H���R�I��
�F�R�P�S�D�U�L�V�R�Q����

��

�)�L�J�X�U�H��7��

�3�U�H�O�R�D�G���E�R�[���S�O�R�W���R�I���W�K�H���E�O�D�F�N���E�R�O�W���X�Q�G�H�U���O�X�E�U�L�F�D�W�L�R�Q���F�R�Q�G�L�W�L�R�Q�V�����D�����$�V-�L�V�����E�����G�U�\�����F�����0�R�62�����G�����R�L�O�H�G��

�/�H�W���X�V���F�R�Q�V�L�G�H�U���W�K�H���S�U�H�O�R�D�G���Y�D�U�L�D�W�L�R�Q�����)�L�J�X�U�H��7�������+�H�U�H�����L�Q���W�K�H���$�V-�L�V���F�D�V�H�����W�K�H���P�H�G�L�D�Q��
�R�I���W�K�H���S�U�H�O�R�D�G���G�H�F�U�H�D�V�H�V���V�O�L�J�K�W�O�\���Z�K�H�Q���W�K�H���Q�X�P�E�H�U���R�I���W�L�J�K�W�H�Q�L�Q�J���F�\�F�O�H�V���L�Q�F�U�H�D�V�H�V����
�7�K�H���U�D�Q�J�H���R�I���W�K�H���O�R�Z�H�U���T�X�D�U�W�L�O�H���L�Q�F�U�H�D�V�H�V���D�W���W�K�H���O�D�V�W���I�H�Z���W�L�J�K�W�H�Q�L�Q�J���U�X�Q�V���L�Q�G�L�F�D�W�H�V��
�W�K�D�W���W�K�H���G�L�V�W�U�L�E�X�W�L�R�Q���L�V���Q�H�J�D�W�L�Y�H�O�\���V�N�H�Z�H�G���� �D�Q�G���W�K�H�U�H���L�V���D���K�L�J�K�H�U���W�H�Q�G�H�Q�F�\�� �W�R���J�H�W���D��
�O�R�Z�H�U���S�U�H�O�R�D�G���Y�D�O�X�H���D�V���W�K�H���Q�X�P�E�H�U���R�I���W�L�J�K�W�H�Q�L�Q�J���L�Q�F�U�H�D�V�H�V�����V�H�H���)�L�J�X�U�H��7�����,�Q���W�K�H���G�U�\��
�F�D�V�H���� �W�K�H�� �P�H�G�L�D�Q�� �R�I�� �W�K�H�� �S�U�H�O�R�D�G�� �G�H�F�U�H�D�V�H�V�� �D�O�P�R�V�W�� �O�L�Q�H�D�U�O�\�� �Z�L�W�K�� �W�K�H���Q�X�P�E�H�U�� �R�I��
�W�L�J�K�W�H�Q�L�Q�J���F�\�F�O�H�V�����7�K�H���V�K�R�U�W���E�R�[���S�O�R�W�V���V�K�R�Z���D���V�P�D�O�O���P�H�G�L�D�Q���Y�D�U�L�D�W�L�R�Q���L�Q���W�K�H���R�E�V�H�U�Y�H�G��
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�G�D�W�D���� �Z�L�W�K�� �D�� �S�O�D�W�\�N�X�U�W�L�F�� �G�L�V�W�U�L�E�X�W�L�R�Q�� ���)�L�J�X�U�H��8������ �,�Q�� �W�K�H�� �0�R�62���O�X�E�U�L�F�D�W�H�G�� �F�D�V�H���� �W�K�H��
�U�H�V�X�O�W�� �V�K�R�Z�V�� �D�� �V�L�J�Q�L�I�L�F�D�Q�W�� �V�F�D�W�W�H�U�� �Z�L�W�K�� �D�� �V�\�P�P�H�W�U�L�F�D�O�� �G�L�V�W�U�L�E�X�W�L�R�Q���� �W�K�L�V�� �F�R�X�O�G�� �E�H��
�U�H�O�D�W�H�G���W�R���W�K�H���S�U�H�V�H�Q�F�H���R�I���W�K�H���U�R�O�O�L�Q�J���S�R�Z�G�H�U���R�Q���W�K�H���I�U�L�F�W�L�R�Q���V�X�U�I�D�F�H�V�����7�K�H���S�U�H�O�R�D�G��
�P�H�G�L�D�Q�� �J�U�D�G�X�D�O�O�\�� �G�H�F�U�H�D�V�H�V�� �D�V�� �W�K�H�� �Q�X�P�E�H�U�� �R�I�� �W�L�J�K�W�H�Q�L�Q�J�� �U�H�S�H�W�L�W�L�R�Q�V�� �L�Q�F�U�H�D�V�H�V����
�)�L�Q�D�O�O�\���� �L�Q�� �W�K�H�� �R�L�O�H�G�� �F�D�V�H���� �W�K�H�� �P�H�G�L�D�Q�� �J�U�D�G�X�D�O�O�\�� �L�Q�F�U�H�D�V�H�V�� �G�X�U�L�Q�J�� �W�K�H�� �I�L�U�V�W�� �I�L�Y�H��
�W�L�J�K�W�H�Q�L�Q�J���F�\�F�O�H�V���D�Q�G���W�K�H�Q���V�W�D�E�L�O�L�]�H�V���D�W���D���Y�D�O�X�H���D�U�R�X�Q�G�����������K�L�J�K�H�U���W�K�D�Q���W�K�H���L�Q�L�W�L�D�O��
�S�U�H�O�R�D�G����

��

�)�L�J�X�U�H��8��

�+�L�V�W�R�J�U�D�P���R�I���E�O�D�F�N���E�R�O�W���S�U�H�O�R�D�G���I�R�U���G�L�I�I�H�U�H�Q�W���O�X�E�U�L�F�D�W�L�R�Q���F�R�Q�G�L�W�L�R�Q�V��

�)�L�J�X�U�H��9���V�K�R�Z�V�� �W�K�H�� �H�I�I�H�F�W�� �R�I�� �U�H�S�H�D�W�H�G�� �W�L�J�K�W�H�Q�L�Q�J�� �R�Q�� �W�K�H�� �P�H�D�Q�� �R�I�� �W�K�H�� �P�H�D�V�X�U�H�G��
�S�U�H�O�R�D�G���I�R�U���G�L�I�I�H�U�H�Q�W���O�X�E�U�L�F�D�W�L�R�Q���F�R�Q�G�L�W�L�R�Q�V�����7�K�H���I�R�O�O�R�Z�L�Q�J���U�H�P�D�U�N���F�D�Q���E�H���P�D�G�H����

���� �7�K�H���S�U�H�O�R�D�G���Y�D�O�X�H�V���H�[�K�L�E�L�W�H�G���D�O�W�H�U�D�W�L�R�Q�V���L�Q���W�K�H�L�U���U�H�O�D�W�L�Y�H���R�U�G�H�U���D�V���W�K�H���Q�X�P�E�H�U��
�R�I�� �F�\�F�O�H�V���L�Q�F�U�H�D�V�H�G�����'�X�U�L�Q�J�� �W�K�H���V�H�F�R�Q�G�� �F�\�F�O�H�����W�K�H�� �R�U�G�H�U�� �R�I�� �S�U�H�O�R�D�G�� �Y�D�O�X�H�V��
�I�U�R�P���K�L�J�K�H�V�W���W�R���O�R�Z�H�V�W���Z�D�V���$�V-�L�V�����0�R�62�����R�L�O�H�G���I�L�Q�D�O�O�\���G�U�\�����7�K�L�V���R�U�G�H�U���F�K�D�Q�J�H�G��
�W�K�H���V�X�E�V�H�T�X�H�Q�W���F�\�F�O�H�V�����%�\���W�K�H���W�K�L�U�G���F�\�F�O�H�����W�K�H���R�L�O�H�G���F�R�Q�G�L�W�L�R�Q���K�D�G���D���K�L�J�K�H�U��
�S�U�H�O�R�D�G���Y�D�O�X�H���W�K�D�Q���W�K�H���0�R�62�����Z�K�L�F�K���S�H�U�V�L�V�W�H�G���X�Q�W�L�O���W�K�H���W�H�Q�W�K���F�\�F�O�H�����7�K�H���I�L�Q�D�O��
�R�U�G�H�U�� �E�H�F�D�P�H�� �2�L�O�H�G�� �$�V-�L�V���� �0�R�6������ �D�Q�G�� �I�L�Q�D�O�O�\�� �'�U�\���� �Z�K�L�F�K�� �U�H�P�D�L�Q�H�G��
�X�Q�F�K�D�Q�J�H�G���X�Q�W�L�O���W�K�H���W�Z�H�Q�W�L�H�W�K���F�\�F�O�H����

���� �)�R�U���W�K�H���$�V-�L�V���F�R�Q�G�L�W�L�R�Q�����W�K�H���S�U�H�O�R�D�G���Y�D�O�X�H�V���G�H�F�U�H�D�V�H���J�U�D�G�X�D�O�O�\���I�U�R�P�������������N�1��
�Z�L�W�K���D���I�H�Z���I�O�X�F�W�X�D�W�L�R�Q�V���X�Q�W�L�O���U�H�D�F�K�L�Q�J���L�W�V���P�L�Q�L�P�X�P���Y�D�O�X�H���R�I�������������N�1���D�W���F�\�F�O�H��
��������

���� �)�R�U���W�K�H���0�R�62���F�R�Q�G�L�W�L�R�Q�����W�K�H���S�U�H�O�R�D�G���Y�D�O�X�H�V���G�H�F�U�H�D�V�H���F�R�Q�W�L�Q�X�R�X�V�O�\���Z�L�W�K���D���I�H�Z��
�I�O�X�F�W�X�D�W�L�R�Q�V���X�Q�W�L�O���F�\�F�O�H�����������Z�K�H�U�H���L�W���U�H�D�F�K�H�V���L�W�V���P�L�Q�L�P�X�P���Y�D�O�X�H���R�I�������������N�1����

���� �)�R�U���W�K�H���2�L�O�H�G���F�R�Q�G�L�W�L�R�Q�����W�K�H���S�U�H�O�R�D�G���Y�D�O�X�H�V���V�K�R�Z���D���V�O�L�J�K�W���L�Q�F�U�H�D�V�H���I�U�R�P���W�K�H��
�I�L�U�V�W���F�\�F�O�H���W�R���W�K�H���I�L�I�W�K���F�\�F�O�H���D�Q�G���W�K�H�Q���V�W�D�E�L�O�L�]�H���I�R�U���W�K�H���U�H�P�D�L�Q�L�Q�J���F�\�F�O�H�V����

���� �)�R�U�� �W�K�H�� �G�U�\�� �F�R�Q�G�L�W�L�R�Q�� �W�K�H�� �S�U�H�O�R�D�G���L�V�� �W�K�H�� �O�R�Z�H�V�W�� �D�P�R�Q�J�� �W�K�H�� �W�L�J�K�W�H�Q�L�Q�J��
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�U�H�S�H�W�L�W�L�R�Q�V�����D�Q�G���W�K�H���G�H�F�U�H�D�V�L�Q�J���U�D�Q�J�H���L�V���W�K�H���V�P�D�O�O�H�V�W�����I�U�R�P���������������N�1���W�R��������������
�N�1������

���� �*�H�Q�H�U�D�O�O�\���� �W�K�H�� �S�U�H�O�R�D�G�� �P�H�D�Q�� �Y�D�O�X�H�V�� �F�K�D�Q�J�H�� �X�S�R�Q�� �D�� �E�L�O�L�Q�H�D�U�� �F�X�U�Y�H�� �D�V�� �D��
�I�X�Q�F�W�L�R�Q�� �R�I�� �W�K�H�� �Q�X�P�E�H�U�� �R�I�� �W�L�J�K�W�H�Q�L�Q�J�� �F�\�F�O�H�V���� �7�K�H�� �V�O�R�S�H�� �F�K�D�Q�J�H�� �K�D�S�S�H�Q�V��
�D�U�R�X�Q�G���W�K�H���I�L�I�W�K���W�L�J�K�W�H�Q�L�Q�J���I�R�U���W�K�H���$�V-�L�V���D�Q�G���W�K�H���R�L�O�H�G���O�X�E�U�L�F�D�W�L�R�Q���F�R�Q�G�L�W�L�R�Q����
�7�K�H���I�L�U�V�W���D�Q�G���W�K�H���V�H�F�R�Q�G���V�O�R�S�H���G�H�S�H�Q�G���R�Q���W�K�H���W�\�S�H���R�I���O�X�E�U�L�F�D�W�L�R�Q�����7�K�H���W�U�H�Q�G�V��
�D�U�H���V�X�P�P�D�U�L�]�H�G���L�Q���7�D�E�O�H��������

��

�)�L�J�X�U�H��9��

�(�I�I�H�F�W���R�I���U�H�S�H�D�W�H�G���W�L�J�K�W�H�Q�L�Q�J���R�Q���W�K�H���S�U�H�O�R�D�G���I�R�U���W�K�H���E�O�D�F�N���E�R�O�W���X�Q�G�H�U���G�L�I�I�H�U�H�Q�W���O�X�E�U�L�F�D�W�L�R�Q���F�R�Q�G�L�W�L�R�Q�V��

�7�D�E�O�H��3��

�3�U�H�O�R�D�G���Y�D�U�L�D�W�L�R�Q�V���L�Q���W�K�H���F�D�V�H���R�I���E�O�D�F�N���E�R�O�W�V��

Lubrication Range  
(kN) 

First slope Second slope 

�$�V-�L�V�� �����������W�R������������ ���� �G�H�F�U�H�D�V�H��
�'�U�\�� �������W�R������������ �6�O�L�J�K�W�O�\���G�H�F�U�H�D�V�H�� �6�O�L�J�K�W�O�\���G�H�F�U�H�D�V�H��

�0�R�62�� �����������W�R������������ �6�W�U�R�Q�J���G�H�F�U�H�D�V�H���6�W�U�R�Q�J���G�H�F�U�H�D�V�H��
�2�L�O�H�G�� �����������W�R������������ �L�Q�F�U�H�D�V�H�� ����

�7�K�H�� �F�R�O�O�H�F�W�H�G�� �G�D�W�D�� �L�V�� �U�H�O�D�W�H�G�� �W�R�� �D�� �U�D�Q�G�R�P�O�\�� �V�H�O�H�F�W�H�G�� ������ �E�R�O�W�V�� �Z�L�W�K�� �P�D�W�L�Q�J�� �Q�X�W�V����
�Y�L�V�X�D�O�O�\���L�Q�V�S�H�F�W�H�G���I�R�U���D�Q�\���V�H�H�Q���G�D�P�D�J�H�����D�Q�G���U�D�Q�G�R�P�O�\���D�V�V�L�J�Q�H�G���W�R���H�D�F�K���O�X�E�U�L�F�D�W�L�R�Q��
�J�U�R�X�S�����:�H���K�D�Y�H���W�K�H���V�D�P�H���V�D�P�S�O�H���V�L�]�H���Q� ���������R�Y�H�U���D�O�O���F�\�F�O�H�V�����)�R�U���K�D�Y�L�Q�J���V�W�D�W�L�V�W�L�F�D�O��
�H�Y�L�G�H�Q�F�H�� �D�E�R�X�W�� �W�K�H�� �V�X�S�S�R�V�L�W�L�R�Q�V�� �P�D�G�H�� �S�U�H�Y�L�R�X�V�O�\�����D�� �W�Z�R-�Z�D�\�� �P�L�[�H�G�� �$�1�2�9�$��
�G�H�V�L�J�Q���D�V���G�H�V�F�U�L�E�H�G���L�Q��[26]���Z�D�V���S�H�U�I�R�U�P�H�G���D�I�W�H�U���W�H�V�W�L�Q�J���W�K�H���$�1�2�9�$���D�V�V�X�P�S�W�L�R�Q�¶�V��
�D�S�S�O�L�F�D�E�L�O�L�W�\�� ���H���J�������Q�R�U�P�D�O�L�W�\�����K�R�P�R�J�H�Q�H�L�W�\�����W�K�H���D�V�V�X�P�S�W�L�R�Q�� �R�I�� �V�S�K�H�U�L�F�L�W�\��������
�7�K�H�� �W�D�U�J�H�W�� �Z�D�V���W�R�� �F�R�P�S�D�U�H�� �W�K�H�� �P�H�D�Q�V�� �R�I�� �J�U�R�X�S�V�� �F�U�R�V�V-�F�O�D�V�V�L�I�L�H�G�� �E�\�� �W�Z�R�� �G�L�I�I�H�U�H�Q�W��
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���������� �����$�6���L�V������������ �����'�U�\���������� �����0�R�62�������������������������2�L�O�H�G����
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�W�\�S�H�V���R�I���I�D�F�W�R�U���Y�D�U�L�D�E�O�H�V�����L�Q�F�O�X�G�L�Q�J����

�$�� �%�H�W�Z�H�H�Q-�V�X�E�M�H�F�W�V���I�D�F�W�R�U�V�����Z�K�L�F�K���K�D�Y�H���L�Q�G�H�S�H�Q�G�H�Q�W���F�D�W�H�J�R�U�L�H�V����

���� �/�X�E�U�L�F�D�W�L�R�Q���F�R�Q�G�L�W�L�R�Q�����$�V-�L�V�����G�U�\�����0�R�62�����D�Q�G���R�L�O�H�G����

�%�� �:�L�W�K�L�Q-�V�X�E�M�H�F�W�V���I�D�F�W�R�U�V�����Z�K�L�F�K���K�D�Y�H���U�H�O�D�W�H�G���F�D�W�H�J�R�U�L�H�V�����D�O�V�R���N�Q�R�Z�Q���D�V���U�H�S�H�D�W�H�G��
�P�H�D�V�X�U�H�V����

���� �&�\�F�O�H���������«������������

�7�K�H���W�Z�R-�Z�D�\���P�L�[�H�G���$�1�2�9�$���W�H�V�W�H�G���W�K�U�H�H���Q�X�O�O���K�\�S�R�W�K�H�V�H�V�����D�W���D���V�L�J�Q�L�I�L�F�D�Q�W���O�H�Y�H�O���.� ��
�������������D�U�H����

���� �7�K�H���P�H�D�Q�V���R�I���S�U�H�O�R�D�G���I�R�U�F�H���D�U�H���H�T�X�D�O���I�R�U���W�K�H���I�R�X�U���O�X�E�U�L�F�D�W�L�R�Q���F�R�Q�G�L�W�L�R�Q�V����

�����$�V-�L�V�����G�U�\�����0�R�62�����D�Q�G���R�L�O�H�G������

�—�$�V-�L�V��� ���—�'�U�\��� ���—���0�R�6����� ���—�2�L�O�H�G��

���� �7�K�H���P�H�D�Q�V���R�I���S�U�H�O�R�D�G���I�R�U�F�H���D�U�H���H�T�X�D�O���R�Y�H�U���W�K�H���������F�\�F�O�H�V����

�—����� ���—2��� ������������������� ���—������

���� �7�K�H�U�H�� �L�V�� �Q�R�� �V�L�J�Q�L�I�L�F�D�Q�W�� �H�I�I�H�F�W�� �R�I�� �W�K�H�� �L�Q�W�H�U�D�F�W�L�R�Q�� �E�H�W�Z�H�H�Q�� �W�K�H�� �O�X�E�U�L�F�D�W�L�R�Q��
�F�R�Q�G�L�W�L�R�Q�V���D�Q�G���W�K�H���F�\�F�O�H����

�7�K�H��t�Z�R-�Z�D�\���P�L�[�H�G���$�1�2�9�$���W�H�V�W���Z�D�V���S�H�U�I�R�U�P�H�G���X�V�L�Q�J���W�K�H���5���V�R�I�W�Z�D�U�H���H�Q�Y�L�U�R�Q�P�H�Q�W����
�D�Q�G���W�K�H���U�H�V�X�O�W�V���D�U�H���V�X�P�P�D�U�L�]�H�G���L�Q���7�D�E�O�H��������

�%�D�V�H�G�� �R�Q�� �W�K�H�� �$�1�2�9�$�� �U�H�V�X�O�W�� �L�Q���7�D�E�O�H�� �������D�O�O�� �W�K�H�� �P�D�L�Q�� �H�I�I�H�F�W�V�� �R�I�� �W�K�H�� �W�Z�R�� �I�D�F�W�R�U�V��
�V�L�J�Q�L�I�L�F�D�Q�W�O�\���D�I�I�H�F�W�H�G���W�K�H���S�U�H�O�R�D�G���Y�D�O�X�H���D�W���Ù= 0.05���V�L�Q�F�H�����S-�Y�D�O�X�H<  2�A�?�5�:���������Z�K�L�F�K��
�O�H�D�G�V���X�V���W�R���U�H�M�H�F�W���W�K�H���W�K�U�H�H���Q�X�O�O���K�\�S�R�W�K�H�V�H�V���D�Q�G���D�F�F�H�S�W���W�K�H���D�O�W�H�U�Q�D�W�L�Y�H���K�\�S�R�W�K�H�V�H�V���D�V��
�I�R�O�O�R�Z�V����

���� �7�K�H���P�H�D�Q���R�I���W�K�H���S�U�H�O�R�D�G���L�V���G�L�I�I�H�U�H�Q�W���I�R�U���G�L�I�I�H�U�H�Q�W���O�X�E�U�L�F�D�W�L�R�Q���F�R�Q�G�L�W�L�R�Q�V����

���� �7�K�H�� �P�H�D�Q�� �R�I���W�K�H�� �S�U�H�O�R�D�G�� �R�Y�H�U�� �W�K�H�� ������ �F�\�F�O�H�V�� �L�V�� �G�L�I�I�H�U�H�Q�W�� �I�R�U�� �W�K�H�� �V�D�P�H��
�O�X�E�U�L�F�D�W�L�R�Q���F�R�Q�G�L�W�L�R�Q����

���� �7�K�H�U�H���L�V�� �D�� �V�L�J�Q�L�I�L�F�D�Q�W���L�Q�W�H�U�D�F�W�L�R�Q���H�I�I�H�F�W���E�H�W�Z�H�H�Q���W�K�H���F�\�F�O�H���D�Q�G���O�X�E�U�L�F�D�W�L�R�Q��
�F�R�Q�G�L�W�L�R�Q�V����

�7�D�E�O�H������

�5�H�V�X�O�W���W�D�E�O�H���I�R�U���W�K�H���7�Z�R-�Z�D�\���P�L�[�H�G���$�1�2�9�$��

�2�Q�O�\���E�H�W�Z�H�H�Q���V�X�E�M�H�F�W���I�D�F�W�R�U��
�6�R�X�U�F�H���R�I���Y�D�U�L�D�W�L�R�Q���'�) �� �6�X�P���6�T�� �0�H�D�Q���6�T�� �)���Y�D�O�X�H���3�U���!�)����� ���S-

�Y�D�O�X�H��
�&�R�Q�G�L�W�L�R�Q��3�� 27229�� ���������� ������������ <  2�A�?�5�:��
�5�H�V�L�G�X�D�O�V����76�� 8237�� �������� �� ��

�%�H�W�Z�H�H�Q���V�X�E�M�H�F�W���I�D�F�W�R�U���R�Y�H�U���W�K�H���Z�L�W�K�L�Q���W�K�H���I�D�F�W�R�U��
�6�R�X�U�F�H���R�I���Y�D�U�L�D�W�L�R�Q���'�) �� �6�X�P���6�T�� �0�H�D�Q���6�T�� �)���Y�D�O�X�H���3�U���!�)����� ���S-

�Y�D�O�X�H��
�&�\�F�O�H�� ���� �������������� �������������� �������������� <  2�A�?�5�:��
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�&�R�Q�G�L�W�L�R�Q�������&�\�F�O�H��3�� �������������� ������������ ������������ <  2�A�?�5�:��
�5�H�V�L�G�X�D�O�V��76�� ������������ ���������� �� ��

�,�Q�� �Z�K�D�W�� �I�R�O�O�R�Z�V���� �Z�H�� �V�W�X�G�\�� �W�K�H�� �R�Y�H�U�D�O�O�� �E�R�O�W�L�Q�J�� �S�H�U�I�R�U�P�D�Q�F�H�� �Z�L�W�K�� �W�Z�R�� �P�R�U�H�� �W�R�R�O�V����
�O�X�E�U�L�F�D�W�L�R�Q���F�R�Q�W�U�R�O���D�Q�G���F�\�F�O�H���F�R�Q�W�U�R�O����

�$�V�� �O�X�E�U�L�F�D�W�L�R�Q�� �F�R�Q�W�U�R�O���� �D�� �'�X�Q�Q�H�W�W�¶�V�� �W�H�V�W�� �Z�D�V�� �X�V�H�G�� �W�R�� �H�[�D�P�L�Q�H�� �W�K�H�� �W�Z�R�� �I�D�F�W�R�U�V�¶��
�L�Q�W�H�U�D�F�W�L�R�Q�V�����7�K�L�V���W�H�V�W���L�V���X�V�H�G���W�R���F�R�P�S�D�U�H���D���R�Q�H-�I�D�F�W�R�U���O�H�Y�H�O�¶�V���H�I�I�H�F�W���R�Q���W�K�H���U�H�V�S�R�Q�V�H��
�Z�K�H�Q���R�Q�H���R�I���W�K�H���O�H�Y�H�O�V���L�V���D�V�V�X�P�H�G���W�R���E�H���F�R�Q�W�U�R�O�O�H�G���X�Q�G�H�U���W�K�H���Q�X�O�O���K�\�S�R�W�K�H�V�L�V����

�*�4: �ä�Ú�å�â�è�ã(�Ü) 
F �ä�Ö�â�á�ç�å�â�ß= 0 ��

�Z�K�H�U�H���ä�Ú�å�â�è�ã(�Ü) ��-���W�K�H�� �P�H�D�Q�� �R�I�� �W�K�H�� �W�U�H�D�W�P�H�Q�W�� �J�U�R�X�S��i�����ä�Ö�â�á�ç�å�â�ß��-���W�K�H�� �P�H�D�Q�� �R�I�� �W�K�H��
�F�R�Q�W�U�R�O���J�U�R�X�S����

�,�Q���W�K�L�V���U�H�V�H�D�U�F�K���� �W�K�H���O�H�Y�H�O���³�$�V-�L�V�´�� �L�V�� �D�V�V�X�P�H�G���W�R���E�H���W�K�H���F�R�Q�W�U�R�O���O�H�Y�H�O���L�Q���W�K�H���I�D�F�W�R�U��
�O�X�E�U�L�F�D�W�L�R�Q���F�R�Q�G�L�W�L�R�Q�����7�D�E�O�H���������3�U�H�V�H�Q�W���W�K�H���R�X�W�F�R�P�H�V���R�I���W�K�H���'�X�Q�Q�H�W�W�C�V���W�H�V�W�����)�U�R�P���W�K�H��
�U�H�V�X�O�W�����Z�H���F�D�Q���F�R�Q�F�O�X�G�H���W�K�H���I�R�O�O�R�Z�L�Q�J�����)�R�U���W�K�H���I�L�U�V�W���F�\�F�O�H�����W�K�H���$�V-�L�V���O�X�E�U�L�F�D�W�L�R�Q���Z�D�V��
�V�L�J�Q�L�I�L�F�D�Q�W�O�\�� �E�H�W�W�H�U�� �W�K�D�Q�� �W�K�H�� �G�U�\�� �D�Q�G�� �W�K�H�� �R�L�O�H�G�� �O�X�E�U�L�F�D�W�L�R�Q���� �Z�L�W�K�� �Q�R�� �V�L�J�Q�L�I�L�F�D�Q�W��
�G�L�I�I�H�U�H�Q�F�H���I�U�R�P���W�K�H���0�R�62���O�X�E�U�L�F�D�W�L�R�Q�����$�I�W�H�U���I�L�Y�H���F�\�F�O�H�V�����W�K�H���$�V-�L�V���O�X�E�U�L�F�D�W�L�R�Q���Z�D�V��
�V�L�J�Q�L�I�L�F�D�Q�W�O�\�� �E�H�W�W�H�U�� �W�K�D�Q�� �W�K�H�� �G�U�\�� �D�Q�G�� �W�K�H���0�R�62���O�X�E�U�L�F�D�W�L�R�Q�V���� �Z�L�W�K�� �Q�R�� �V�L�J�Q�L�I�L�F�D�Q�W��
�G�L�I�I�H�U�H�Q�F�H���I�U�R�P���W�K�H���R�L�O�H�G���O�X�E�U�L�F�D�W�L�R�Q�����$�I�W�H�U���������D�Q�G���������F�\�F�O�H�V�����W�K�H���$�V-�L�V���O�X�E�U�L�F�D�W�L�R�Q��
�L�V���V�W�L�O�O���V�L�J�Q�L�I�L�F�D�Q�W�O�\���E�H�W�W�H�U���W�K�D�Q���W�K�H���G�U�\���D�Q�G���W�K�H���0�R�62���O�X�E�U�L�F�D�W�L�R�Q�V�����Z�L�W�K���Q�R���V�L�J�Q�L�I�L�F�D�Q�W��
�G�L�I�I�H�U�H�Q�F�H���I�U�R�P���W�K�H���R�L�O�H�G���O�X�E�U�L�F�D�W�L�R�Q�����)�L�Q�D�O�O�\�����D�I�W�H�U���������F�\�F�O�H�V�����W�K�H���R�L�O�H�G���O�X�E�U�L�F�D�W�L�R�Q��
�V�L�J�Q�L�I�L�F�D�Q�W�O�\���E�H�F�R�P�H�V���W�K�H���E�H�V�W���O�X�E�U�L�F�D�W�L�R�Q���F�R�Q�G�L�W�L�R�Q����

�7�D�E�O�H��5��
�5�H�V�X�O�W���R�I���'�X�Q�Q�H�W�W�¶�V���W�H�V�W���R�I���W�K�H���O�X�E�U�L�F�D�W�L�R�Q���F�R�Q�G�L�W�L�R�Q�V���I�D�F�W�R�U���Z�L�W�K���F�R�Q�W�U�R�O���O�H�Y�H�O���³�$�V-�L�V�´���R�Y�H�U���I�L�Y�H���O�H�Y�H�O�V��

�R�I���W�K�H���F�\�F�O�H���I�D�F�W�R�U���������������������������������D�Q�G����������

Cycle Comparison Difference p-value 

����
�'�U�\��–���$�V-�L�V�� -������������ <2e-������

�0�R�62��–���$�V-�L�V�� ������������ ������������

�2�L�O�H�G��–���$�V-�L�V�� -������������ �������H-������

5��
�'�U�\��–���$�V-�L�V�� -�������������� <2e-������

�0�R�62��–���$�V-�L�V�� -������������ �������H-7��

�2�L�O�H�G��–���$�V-�L�V�� -������������ ������������

������
�'�U�\��–���$�V-�L�V�� -�������������� <2e-������

�0�R�62��–���$�V-�L�V�� -������������ �������H-8��

�2�L�O�H�G��–���$�V-�L�V�� ������������ ������������

������
�'�U�\��–���$�V-�L�V�� -������������ <2e-������

�0�R�62��–���$�V-�L�V�� -������������ �������H-9��

�2�L�O�H�G��–���$�V-�L�V�� ������������ ������������

������
�'�U�\��–���$�V-�L�V�� -������������ �������H-������

�0�R�62��–���$�V-�L�V�� -������������ �������H-8��

�2�L�O�H�G��–���$�V-�L�V�� ������������ ��������������
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�)�R�U�� �W�K�H�� �F�\�F�O�H�� �F�R�Q�W�U�R�O���� �W�R�� �L�O�O�X�V�W�U�D�W�H�� �W�K�H�� �H�I�I�H�F�W�� �R�I���W�K�H���F�\�F�O�H���� �O�H�W�� �X�V�� �F�R�Q�V�L�G�H�U�� �W�K�H��
�I�R�O�O�R�Z�L�Q�J���H�[�S�U�H�V�V�L�R�Q���I�R�U���W�K�H���S�H�U�F�H�Q�W�D�J�H���F�K�D�Q�J�H���R�I���W�K�H���S�U�H�O�R�D�G���I�R�U�F�H����

V�Ü= �Z
�¿�-�?�¿�Ô

�¿�-
�Z× 100%���� ��6����

�+�H�U�H��i=1..20���L�Q�G�L�F�D�W�H�V���W�K�H���Q�X�P�E�H�U���R�I���W�L�J�K�W�H�Q�L�Q�J���F�\�F�O�H�V�����7�K�H���S�U�H�O�R�D�G���F�R�P�L�Q�J���I�U�R�P��
�W�K�H���I�L�U�V�W���W�L�J�K�W�H�Q�L�Q�J�����(�5�����L�V���F�R�Q�V�L�G�H�U�H�G���D�V���D���U�H�I�H�U�H�Q�F�H���V�L�Q�F�H���W�K�H���P�D�Q�X�I�D�F�W�X�U�H�U�V���R�I�W�H�Q��
�S�U�H�V�F�U�L�E�H�� �X�V�L�Q�J�� �D�� �Q�H�Z�� �E�R�O�W�� �D�Q�G�� �Z�D�V�K�H�U�� �D�I�W�H�U�� �G�L�V�D�V�V�H�P�E�O�\���� �7�K�H�� �V�X�P�P�D�U�\�� �R�I�� �W�K�H��
�Y�D�U�L�D�W�L�R�Q�V���L�V���S�O�R�W�W�H�G���L�Q���)�L�J�X�U�H�����������7�K�H���R�E�V�H�U�Y�D�W�L�R�Q�V���D�U�H���W�K�H���I�R�O�O�R�Z�L�Q�J����

��

�)�L�J�X�U�H��������

�3�U�H�O�R�D�G���S�H�U�F�H�Q�W�D�J�H���G�H�F�U�H�D�V�H���U�H�O�D�W�L�Y�H���W�R���W�K�H���I�L�U�V�W���W�L�J�K�W�H�Q�L�Q�J��

���� �,�Q���W�K�H���F�D�V�H���R�I���$�V-�L�V���O�X�E�U�L�F�D�W�L�R�Q�����W�K�H���E�R�O�W���S�U�H�O�R�D�G���O�R�V�V���I�O�X�F�W�X�D�W�H�V���D�U�R�X�Q�G���]�H�U�R��
�W�L�O�O���W�K�H���I�L�I�W�K���W�L�J�K�W�H�Q�L�Q�J�����$�V���W�K�H���Q�X�P�E�H�U���R�I���F�\�F�O�H�V���L�Q�F�U�H�D�V�H�V�����W�K�H���S�U�H�O�R�D�G���Y�D�O�X�H��
�O�R�V�V��at���W�K�H�������W�K���F�\�F�O�H���L�V���D�S�S�U�R�[�L�P�D�W�H�O�\�����������R�I���W�K�H���I�L�U�V�W���F�\�F�O�H����

���� �)�R�U�� �W�K�H�� ���0�R�6������ �F�R�Q�G�L�W�L�R�Q���� �W�K�H�� �S�U�H�O�R�D�G�� �Y�D�O�X�H�V�� �G�H�F�U�H�D�V�H�� �P�R�U�H�� �V�W�H�H�S�O�\��
�W�K�U�R�X�J�K�R�X�W�� �W�K�H�� ������ �F�\�F�O�H�V���� �7�K�H�� �S�U�H�O�R�D�G�� �Y�D�O�X�H�� �D�W�� �W�K�H�� �����W�K�� �F�\�F�O�H�� �Z�D�V��
�D�S�S�U�R�[�L�P�D�W�H�O�\���������������O�R�Z�H�U���W�K�D�Q���W�K�D�W���R�I���W�K�H���I�L�U�V�W���F�\�F�O�H����

���� �7�K�H�� �S�U�H�V�H�Q�F�H�� �R�I�� �R�L�O�� �V�W�D�E�L�O�L�]�H�V�� �W�K�H�� �S�U�H�O�R�D�G�� �Y�D�U�L�D�W�L�R�Q�� �D�Q�G�� �K�D�V�� �W�K�H�� �E�H�V�W��
�S�H�U�I�R�U�P�D�Q�F�H���D�P�R�Q�J���W�K�H���R�W�K�H�U���O�X�E�U�L�F�D�W�L�R�Q�V�����7�K�H���S�U�H�O�R�D�G���Y�D�O�X�H�V���V�K�R�Z���D���V�O�L�J�K�W��
�L�Q�F�U�H�D�V�H�� �W�L�O�O�� �W�K�H�� �I�L�I�W�K�� �F�\�F�O�H�� �E�\�� �������� �K�L�J�K�H�U�� �W�K�D�Q�� �W�K�H�� �I�L�U�V�W�� �Y�D�O�X�H�� �D�Q�G�� �W�K�H�Q��
�I�O�X�F�W�X�D�W�H���D�U�R�X�Q�G���W�K�D�W���S�H�U�F�H�Q�W�D�J�H����

�� 2 �� 6 8 ���� ���� ���� ���� ���� ����
������

������

������

������

������

��

����

����

����

�3
�U

�H
�O

�R
�D

�G
���

S
�H

�U
�F

�H
�Q

�W
�D

�J
�H

���
F

�K
�D

�Q
�J

�H
���

���
���

���

�5�H�S�H�W�L�W�L�R�Q

���$�V���L�V���������������� ���'�U�\�������������������������0�R�62������������ ���2�L�O�H�G



Acta Polytechnica Hungarica Vol. 21, No. 2, 2024 

�Å��147 �Å��

���� �3�U�H�O�R�D�G���S�H�U�F�H�Q�W�D�J�H���F�K�D�Q�J�H���L�Q���W�K�H���I�X�Q�F�W�L�R�Q���R�I���W�L�J�K�W�H�Q�L�Q�J���F�\�F�O�H�V���I�R�U���G�L�I�I�H�U�H�Q�W��
�O�X�E�U�L�F�D�W�L�R�Q�V���L�V���Q�R�W���W�K�H���V�D�P�H�����7�K�H���R�L�O���O�X�E�U�L�F�D�W�L�R�Q���J�D�Y�H���W�K�H���E�H�V�W���S�H�U�I�R�U�P�D�Q�F�H����
�D�Q�G���W�K�H���U�D�Q�N���R�U�G�H�U�L�Q�J���L�V�����R�L�O�H�G�����$�V-�L�V�����0�R�62�����D�Q�G���G�U�\���X�Q�W�L�O���W�K�H�������W�K���F�\�F�O�H�����W�K�H�Q��
�W�K�H���G�U�\���E�H�F�D�P�H���E�H�W�W�H�U���W�K�D�Q���W�K�H���$�V-�L�V���O�X�E�U�L�F�D�W�L�R�Q����

4.2 Nut Factor Variation 

�,�Q���W�K�L�V���V�H�F�W�L�R�Q�����D�Q���D�Q�D�O�\�V�L�V���R�I���W�K�H���Y�D�U�L�D�W�L�R�Q���L�Q���W�K�H���Q�X�W���I�D�F�W�R�U���L�V���S�U�H�V�H�Q�W�H�G�����7�K�H���Q�X�W��
�I�D�F�W�R�U�� ���.���� �Z�D�V�� �F�D�O�F�X�O�D�W�H�G�� �X�W�L�O�L�]�L�Q�J���W�K�H�� �F�R�O�O�H�F�W�H�G�� �H�[�S�H�U�L�P�H�Q�W�D�O�� �S�U�H�O�R�D�G�� �G�D�W�D���D�Q�G��
�H�T�X�D�W�L�R�Q������������ �7�K�H���F�D�O�F�X�O�D�W�L�R�Q���R�I�� �W�K�H���Q�X�W���I�D�F�W�R�U���Z�D�V���S�H�U�I�R�U�P�H�G���I�R�U���H�D�F�K���W�L�J�K�W�H�Q�L�Q�J��
�L�Q�V�W�D�Q�F�H�����D�Q�G���V�X�E�V�H�T�X�H�Q�W�O�\�����W�K�H���P�H�D�Q���Y�D�O�X�H���Z�D�V���F�R�P�S�X�W�H�G����

�)�R�U���W�K�H���I�L�U�V�W���F�\�F�O�H�����7�D�E�O�H�������V�K�R�Z�V���W�K�H���Q�X�W���I�D�F�W�R�U���I�R�U���H�D�F�K���O�X�E�U�L�F�D�W�L�R�Q���F�D�V�H�����Z�K�H�U�H���W�K�H��
�F�D�O�F�X�O�D�W�H�G���Q�X�W���I�D�F�W�R�U���Y�D�O�X�H���L�V���F�D�O�F�X�O�D�W�H�G���X�V�L�Q�J���W�K�H���P�H�D�V�X�U�H�G���S�U�H�O�R�D�G���Y�D�O�X�H�V�����D�Q�G���W�K�H��
�W�K�H�R�U�H�W�L�F�D�O�� �Q�X�W�� �I�D�F�W�R�U�� �Y�D�O�X�H�� �L�V�� �F�D�O�F�X�O�D�W�H�G�� �X�V�L�Q�J�� �W�K�H�� �W�K�H�R�U�H�W�L�F�D�O�� �S�U�H�O�R�D�G�� �Y�D�O�X�H�V������
T�K�H���G�L�I�I�H�U�H�Q�F�H���E�H�W�Z�H�H�Q���W�K�H�V�H���W�Z�R���Y�D�O�X�H�V���F�D�Q���L�Q�G�L�F�D�W�H���W�K�H���D�F�F�X�U�D�F�\���L�Q���S�U�H�G�L�F�W�L�Q�J���W�K�H��
�I�U�L�F�W�L�R�Q�� �F�R�H�I�I�L�F�L�H�Q�W�� �I�R�U���W�K�H�� �W�K�H�R�U�H�W�L�F�D�O�� �H�T�X�D�W�L�R�Q���I�R�U�� �H�D�F�K�� �O�X�E�U�L�F�D�W�L�R�Q�� �F�R�Q�G�L�W�L�R�Q������
�7�K�H���W�K�H�R�U�\���Z�D�V���Y�D�O�L�G���R�Q�O�\���I�R�U���W�K�H���R�L�O�H�G���O�X�E�U�L�F�D�W�L�R�Q���F�R�Q�G�L�W�L�R�Q����

�7�D�E�O�H��6��

�7�K�H�R�U�H�W�L�F�D�O���D�Q�G���F�D�O�F�X�O�D�W�H�G���Q�X�W���I�D�F�W�R�U���I�R�U���H�D�F�K���O�X�E�U�L�F�D�W�L�R�Q���F�R�Q�G�L�W�L�R�Q���D�W���W�K�H���I�L�U�V�W���F�\�F�O�H��

Lubrication Calculated Nut factor 
K 

Theoretical Nut factor 
K 

�0�R�62�� ������������ ����������

�$�V-�L�V�� ������������ ������������

�2�L�O�H�G�� ������������ ������������
�'�U�\�� ������������ ����������

�7�K�H���P�H�D�Q���Y�D�O�X�H�V���R�I���W�K�H���Q�X�W���I�D�F�W�R�U�����.�����D�U�H���G�H�S�L�F�W�H�G���L�Q���)�L�J�X�U�H�����������7�K�H���Q�X�W���I�D�F�W�R�U���L�V��
�N�Q�R�Z�Q���W�R���L�Q�F�O�X�G�H���W�K�H���H�I�I�H�F�W���R�I���D�O�O���X�Q�N�Q�R�Z�Q���I�D�F�W�R�U�V���W�K�D�W���L�Q�I�O�X�H�Q�F�H���W�K�H���U�H�O�D�W�L�R�Q�V�K�L�S��
�E�H�W�Z�H�H�Q�� �W�K�H�� �L�Q�S�X�W�� �W�R�U�T�X�H�� �D�Q�G�� �W�K�H�� �R�X�W�S�X�W�� �S�U�H�O�R�D�G���� �7�K�H�U�H�I�R�U�H���� �E�\�� �X�V�L�Q�J�� �L�W���� �Z�H�� �F�D�Q��
�F�R�P�S�D�U�H�� �W�K�H���E�H�K�D�Y�L�Rr���R�I�� �H�D�F�K�� �W�\�S�H�� �R�I�� �E�R�O�W���S�U�H�O�R�D�G���X�Q�G�H�U�� �G�L�I�I�H�U�H�Q�W�� �O�X�E�U�L�F�D�W�L�R�Q��
�F�R�Q�G�L�W�L�R�Q�V���D�Q�G���K�D�Y�H���W�K�H���I�R�O�O�R�Z�L�Q�J���U�H�P�D�U�N�V����

���� �$�� �K�L�J�K�H�U�� �Q�X�W�� �I�D�F�W�R�U�� �L�Q�G�L�F�D�W�H�V�� �K�L�J�K�H�U�� �O�R�V�V�H�V�� �L�Q�� �W�K�H�� �L�Q�S�X�W�� �W�R�U�T�X�H���� �,�W�� �L�V�� �Y�H�U�\��
�V�L�J�Q�L�I�L�F�D�Q�W���L�Q���W�K�H���G�U�\���F�D�V�H����

���� �7�K�H���O�R�Z�H�V�W���L�Q�L�W�L�D�O���Q�X�W���I�D�F�W�R�U���P�H�D�Q�V���W�K�H���K�L�J�K�H�V�W���S�U�H�O�R�D�G���Y�D�O�X�H���Z�D�V���U�H�D�F�K�H�G����
�7�K�L�V���K�D�S�S�H�Q�H�G���Z�K�H�Q���0�R�62���Z�D�V���D�S�S�O�L�H�G����

���� �/�X�E�U�L�F�D�W�L�R�Q�� �L�P�S�U�R�Y�H�V�� �E�R�W�K�� �W�K�H�� �W�L�J�K�W�H�Q�L�Q�J�� �S�U�R�F�H�V�V�� �H�I�I�L�F�L�H�Q�F�\�� �D�Q�G�� �L�W�V��
�U�H�S�H�D�W�D�E�L�O�L�W�\�����7�K�H���.���Y�D�O�X�H���Z�D�V���O�H�V�V���W�K�D�Q�������������L�Q���W�K�H���$�V-�L�V���D�Q�G���R�L�O�H�G���F�D�V�H�V����
�1�R�W�H���W�K�D�W���W�K�H���U�H�F�H�L�Y�H�G���E�O�D�F�N���E�R�O�W�V���P�L�J�K�W���K�D�Y�H���D���W�K�L�Q���R�L�O���O�D�\�H�U���W�R���D�Y�R�L�G���U�X�V�W�L�Q�J��
�G�X�U�L�Q�J���V�W�R�U�D�J�H����

���� �7�K�H���O�X�E�U�L�F�D�W�L�R�Q���W�\�S�H���D�Q�G���W�K�H���F�\�F�O�H���Q�X�P�E�H�U���F�R�P�E�L�Q�D�W�L�R�Q�V���K�D�Y�H���D�Q���L�P�S�R�U�W�D�Q�W��
�H�I�I�H�F�W���R�Q���W�K�H���S�U�H�O�R�D�G����
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�)�L�J�X�U�H��������
�&�D�O�F�X�O�D�W�H�G���Q�X�W���I�D�F�W�R�U���D�Q�G���L�W�V���Y�D�U�L�D�W�L�R�Q���G�X�U�L�Q�J���U�H�S�H�D�W�H�G���W�L�J�K�W�H�Q�L�Q�J��

�,�Q���W�K�H���E�R�[�S�O�R�W���R�I���)�L�J�X�U�H�����������W�K�H���G�L�V�S�H�U�V�L�R�Q���R�I���W�K�H���F�D�O�F�X�O�D�W�H�G���Q�X�W���I�D�F�W�R�U���L�V���S�U�H�V�H�Q�W�H�G��
�I�R�U���D�O�O���O�X�E�U�L�F�D�W�L�R�Q���F�R�Q�G�L�W�L�R�Q�V���W�K�U�R�X�J�K�R�X�W���W�K�H���W�Z�H�Q�W�\���W�L�J�K�W�H�Q�L�Q�J���F�\�F�O�H�V�����,�W���F�D�Q���E�H���V�H�H�Q��
�W�K�D�W���R�L�O�L�Q�J���L�V���J�R�R�G���I�R�U���N�H�H�S�L�Q�J���W�K�H���Q�X�W���I�D�F�W�R�U���G�L�V�S�H�U�V�L�R�Q���V�P�D�O�O�����0�L�Q�L�P�D�O���Q�X�W���I�D�F�W�R�U��
�Y�D�O�X�H�V�� �D�U�H�� �S�U�H�V�H�Q�W�� �L�Q�� �W�K�H�� �F�D�V�H���R�I���W�K�H���R�L�O�H�G���� �I�R�O�O�R�Z�H�G�� �E�\�� �W�K�H�� �$�V-�L�V�� �F�D�V�H�� �G�X�H�� �W�R�� �W�K�H��
�S�U�R�W�H�F�W�L�R�Q���R�L�O���I�L�O�P�����7�K�H���Z�L�G�H���.���U�D�Q�J�H���I�R�U���W�K�H���0�R�62�����G�H�V�S�L�W�H���W�K�H���K�L�J�K���L�Q�L�W�L�D�O���D�F�K�L�H�Y�H�G��
�S�U�H�O�R�D�G�����F�D�Q���D�O�V�R���E�H���V�H�H�Q����

��

�)�L�J�X�U�H��������
�1�X�W���I�D�F�W�R�U�V���U�D�Q�J�H���W�K�U�R�X�J�K�R�X�W���W�K�H���W�L�J�K�W�H�Q�L�Q�J���U�H�S�H�W�L�W�L�R�Q�V��

Conclusions 

�7�K�L�V���V�W�X�G�\���H�[�D�P�L�Q�H�G���W�K�H���Y�D�U�L�D�W�L�R�Q���R�I���S�U�H�O�R�D�G���I�R�U�F�H�����L�Q���D���E�R�O�W�H�G���M�R�L�Q�W�����X�Q�G�H�U���U�H�S�H�W�L�W�L�Y�H��
�W�L�J�K�W�H�Q�L�Q�J�� �F�\�F�O�H�V���� �,�Q�L�W�L�D�O�O�\���� �W�K�H�� �S�U�H�O�R�D�G�� �I�R�U�F�H�� �Y�D�U�L�D�W�L�R�Q�� �Z�D�V�� �L�Q�Y�H�V�W�L�J�D�W�H�G�� �X�Q�G�H�U��
�G�L�I�I�H�U�H�Q�W�� �O�X�E�U�L�F�D�W�L�R�Q�� �F�R�Q�G�L�W�L�R�Q�V���� �7�K�H�� �Q�X�W�� �I�D�F�W�R�U���L�V�� �D�� �P�H�D�V�X�U�H�� �R�I�� �W�K�H�� �L�Q�I�O�X�H�Q�F�H�� �R�I��
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�Y�D�U�L�R�X�V���X�Q�N�Q�R�Z�Q���I�D�F�W�R�U�V���R�Q���W�K�H���U�H�O�D�W�L�R�Q�V�K�L�S���E�H�W�Z�H�H�Q���W�K�H���L�Q�S�X�W���W�R�U�T�X�H���D�Q�G���W�K�H���R�X�W�S�X�W��
�S�U�H�O�R�D�G�����7�K�L�V���I�D�F�W�R�U���Z�D�V���X�W�L�O�L�]�H�G���W�R���F�R�P�S�D�U�H���W�K�H���E�H�K�D�Y�L�R�U���R�I���W�K�H���E�R�O�W���S�U�H�O�R�D�G���X�Q�G�H�U��
�G�L�I�I�H�U�H�Q�W�� �O�X�E�U�L�F�D�W�L�R�Q�� �F�R�Q�G�L�W�L�R�Q�V���� �6�X�E�V�H�T�X�H�Q�W�O�\���� �W�K�H�� �Q�X�W�� �I�D�F�W�R�U�� �Y�D�U�L�D�W�L�R�Q�V�� �Z�H�U�H��
�F�R�P�S�X�W�H�G���E�D�V�H�G���R�Q���W�K�H���P�H�D�V�X�U�H�P�H�Q�W�V���R�E�W�D�L�Q�H�G�����7�K�H���U�H�V�X�O�W�V���L�Q�G�L�F�D�W�H���W�K�D�W���W�K�H���S�U�H�O�R�D�G��
�I�R�U�F�H�� �H�[�K�L�E�L�W�V�� �Y�D�U�L�D�W�L�R�Q�V�� �G�X�U�L�Q�J�� �V�X�F�F�H�V�V�L�Y�H�� �W�L�J�K�W�H�Q�L�Q�J�� �F�\�F�O�H�V���� �Z�L�W�K�� �D�� �Q�R�W�D�E�O�H��
�G�H�F�U�H�D�V�H����

�7�K�H���V�W�X�G�\�
�V���U�H�V�X�O�W�V���Y�D�O�L�G�D�W�H���W�K�H���H�Q�J�L�Q�H�H�U�L�Q�J���S�U�D�F�W�L�F�H���R�I���Q�R�W���U�H�X�V�L�Q�J���G�L�V�P�D�Q�W�O�H�G���E�R�O�W�V����
�Z�D�V�K�H�U�V���� �D�Q�G���Q�X�W�V���� �D�V���W�K�H���L�Q�L�W�L�D�O���S�U�H�O�R�D�G���R�I���Q�H�Z���E�R�O�W�V���D�Q�G���Q�X�W�V���Z�D�V���W�K�H���K�L�J�K�H�V�W���L�Q��
�P�R�V�W���O�X�E�U�L�F�D�W�L�R�Q���F�D�V�H�V����

�7�K�H���L�Q�I�O�X�H�Q�F�H���R�I���O�X�E�U�L�F�D�W�L�R�Q���R�Q���S�U�H�O�R�D�G���Y�D�U�L�D�W�L�R�Q���Z�D�V���R�E�V�H�U�Y�H�G�����Z�L�W�K���D���V�P�D�O�O���D�P�R�X�Q�W��
���I�H�Z���G�U�R�S�V�����R�I���R�L�O���O�X�E�U�L�F�D�Q�W���O�H�D�G�L�Q�J���W�R���D���V�W�D�E�O�H���U�H�S�H�D�W�H�G���S�U�H�O�R�D�G���Y�D�O�X�H�����$�S�S�O�L�F�D�W�L�R�Q��
�R�I�� �D�� �S�R�Z�G�H�U�� �O�X�E�U�L�F�D�Q�W�� ���0�R�62���� �U�H�V�X�O�W�H�G�� �L�Q�� �K�L�J�K�H�U�� �S�U�H�O�R�D�G�� �I�R�U�F�H�� �E�X�W�� �D�O�V�R�� �D�� �Z�L�G�H�U��
�G�L�V�W�U�L�E�X�W�L�R�Q�� �X�Q�G�H�U�� �U�H�S�H�D�W�H�G�� �W�L�J�K�W�H�Q�L�Q�J���� �6�L�P�L�O�D�U�� �S�U�H�O�R�D�G���E�H�K�D�Y�L�Rr�� �Z�D�V�� �R�E�V�H�U�Y�H�G��
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The Project and Risk Management Challenges 
of Start-ups 

Tamás Bence Venczel1, László Berényi2 and Krisztián Hriczó3 
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Abstract: Start-up companies are essential to maintaining innovation in an economy. 
However, the high failure ratio of start-ups indicates that market, financial, and other risks 
require serious attention. As start-ups mostly evolved at the end of the 20th Century or the 
beginning of the 21st Century, the history of project and risk management practices for them 
has a shorter history. Overall, 90% of start-ups fail, 10% within the first year, and 70% 
within two and five years after foundation; therefore, understanding the underlying factors 
and how proper project and risk management can reduce the likelihood of failure, is 
worthwhile. This paper reviews the history of start-ups and the typical causes of failure based 
on a literature review. Finding the appropriate way and tools for risk management, a new 
approach is introduced. Considering start-ups as projects, a much more mature methodology 
is available for solving the problems. As a result of the diversity resulting from industry and 
other specificities, a two-level approach is suggested, including a risk-oriented management 
framework model and an additional flexible toolset. 

Keywords: start-up; project management; risk management 

1 Introduction  

�'�X�H���W�R���W�K�H���U�H�V�X�O�W���R�I���W�K�H���O�D�W�H�V�W���W�H�F�K�Q�L�F�D�O���L�P�S�U�R�Y�H�P�H�Q�W�V���R�I���W�K�H���O�D�V�W���F�H�Q�W�X�U�\�����W�K�H�U�H���K�D�Y�H��
been���Q�X�P�H�U�R�X�V�� �L�Q�Q�R�Y�D�W�L�R�Q�V�� �D�F�U�R�V�V�� �W�K�H�� �J�O�R�E�H�� �U�H�J�D�U�G�L�Q�J�� �Q�H�Z�� �S�U�R�G�X�F�W�� �D�Q�G�� �V�H�U�Y�L�F�H��
�G�H�Y�H�O�R�S�P�H�Q�W�V�����$�V���V�W�D�U�W-�X�S���F�R�P�S�D�Q�L�H�V���K�D�Y�H���D���U�H�P�D�U�N�D�E�O�H���F�R�Q�W�U�L�E�X�W�L�R�Q���W�R���L�Q�Q�R�Y�D�W�L�R�Q��
�S�U�R�F�H�V�V�H�V���U�H�J�D�U�G�O�H�V�V���R�I���W�K�H���L�Q�G�X�V�W�U�\�����W�K�H���U�H�V�H�D�U�F�K���L�Q�W�H�U�H�V�W���L�V���L�Q�F�U�H�D�V�L�Q�J���L�Q���W�K�H���I�L�H�O�G��
[1]�����6�W�D�U�W-�X�S���F�R�P�S�D�Q�L�H�V���F�D�Q���J�H�Q�H�U�D�W�H���U�H�O�H�Y�D�Q�W���H�F�R�Q�R�P�L�F���D�Q�G���V�R�F�L�D�O���L�P�S�D�F�W�����E�X�W���W�K�H�\��
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�X�V�X�D�O�O�\���W�D�N�H���K�L�J�K�H�U���U�L�V�N�V���W�R���D�F�K�L�H�Y�H���V�X�F�F�H�V�V���W�K�D�Q���R�W�K�H�U���F�R�P�S�D�Q�L�H�V�����7�K�H�U�H�I�R�U�H�����V�W�D�U�W-
�X�S�V���F�D�Q���E�H���L�Q�Y�H�V�W�L�J�D�W�H�G���D�V��entities���Z�L�W�K���D���J�R�D�O���W�R���J�H�Q�H�U�D�W�H���S�U�R�I�L�W���D�V���Z�H�O�O���D�V���L�Q�F�X�E�D�W�R�U�V��
�R�I���L�Q�Q�R�Y�D�W�L�R�Q�����U�H�J�D�U�G�O�H�V�V���R�I���E�X�V�L�Q�H�V�V���R�X�W�F�R�P�H��[2]�����7�K�H���F�R�P�S�H�W�L�Q�J���J�R�D�O�V���R�I���F�U�H�D�W�L�Q�J��
�S�U�R�I�Lt���D�Q�G���P�D�L�Q�W�D�L�Q�L�Q�J�� �D���K�L�J�K�� �O�H�Y�H�O�� �R�I���F�U�H�D�W�L�R�Q���P�X�V�W�� �E�H�� �D�F�K�L�H�Y�H�G�� �V�L�P�X�O�W�D�Q�H�R�X�V�O�\����
G�O�R�E�D�O���S�R�O�L�F�\���L�Q�L�W�L�D�W�L�Y�H�V���K�D�Y�H���H�P�H�U�J�H�G���W�R���I�X�O�I�L�O�O���W�K�L�V���J�R�D�O���L�Q���W�K�H���S�D�V�W���I�H�Z���\�H�D�U�V���W�R��
�V�X�S�S�R�U�W���W�K�H���H�Q�Y�L�U�R�Q�P�H�Q�W���R�I���Q�H�Z���F�R�P�S�D�Q�L�H�V���Z�L�W�K���O�R�F�D�O���U�H�J�X�O�D�W�L�R�Q�V���D�Q�G���U�H�G�X�F�H���W�K�H��
�U�L�V�N�V���R�Y�H�U���W�K�H���O�L�I�H���F�\�F�O�H�����3�R�O�L�F�\�P�D�N�H�U�V���K�D�Y�H���D�O�V�R���D�F�N�Q�R�Z�O�H�G�J�H�G���W�K�H���L�P�S�R�U�W�D�Q�F�H���R�I��
�V�W�D�U�W-�X�S�V���L�Q���W�K�H���H�F�R�Q�R�P�\�����H�V�S�H�F�L�D�O�O�\���D�I�W�H�U���W�K�H���J�O�R�E�D�O���U�H�F�R�Y�H�U�\���I�U�R�P���W�K�H���H�I�I�H�F�W�V���R�I���W�K�H��
COVID-19���S�D�Q�G�H�P�L�F��[3]����

�7�K�H���K�L�J�K�H�V�W���Q�X�P�E�H�U���R�I���V�W�D�U�W-�X�S�V���D�U�H���R�S�H�U�D�W�L�Q�J���L�Q���W�K�H���W�H�F�K�Q�R�O�R�J�L�F�D�O���V�H�F�W�R�U�����H�V�S�H�F�L�D�O�O�\��
�L�Q���W�K�H���)�L�Q�W�H�F�K���L�Q�G�X�V�W�U�\�����W�R�W�D�O����������������[4]�����7�K�H���8�Q�L�W�H�G���6�W�D�W�H�V���K�D�G���W�K�H���K�L�J�K�H�V�W���Q�X�P�E�H�U��
�R�I���V�W�D�U�W-�X�S�V���U�H�J�L�V�W�H�U�H�G���D�W���W�K�H���H�Q�G���R�I�������������������������������Z�K�L�F�K���L�V���Z�D�\���D�E�R�Y�H���W�K�H���V�H�F�R�Q�G����
�,�Q�G�L�D�� ����������������[5]���� �'�H�V�S�L�W�H�� �W�K�H�� �K�L�J�K�� �Q�X�P�E�H�U�� �R�I���V�W�D�U�W-�X�S�V�����W�K�H�L�U�� �V�X�F�F�H�V�V�� �U�D�W�H��is��
�U�H�O�D�W�L�Y�H�O�\���O�R�Z�����$���V�W�X�G�\���E�D�V�H�G���R�Q���W�K�H���D�Q�D�O�\�V�L�V���R�I���������V�W�D�U�W-�X�S�V���L�Q���0�D�U�F�K���R�I�������������I�R�X�Q�G��
�W�K�D�W���R�Q�O�\�����������R�I���V�W�D�U�W-�X�S�V���Z�L�O�O���P�D�N�H���L�W���W�K�U�R�X�J�K���W�K�H�L�U���I�L�U�V�W���\�H�D�U�����7�K�H���P�R�V�W���I�U�H�T�X�H�Q�W��
�U�H�D�V�R�Q���I�R�U���I�D�L�O�X�U�H���L�V���W�K�H���O�D�F�N���R�I���S�U�R�G�X�F�W-�P�D�U�N�H�W���I�L�W���R�U���P�D�U�N�H�W���Q�H�H�G�����������������D�Q�G���W�K�H��
s�H�F�R�Q�G���L�V���W�K�H���O�D�F�N���R�I���I�X�Q�G�V�����������������(�Y�H�Q���L�I���W�K�H�\���V�X�U�Y�L�Y�H���W�K�H���I�L�U�V�W���\�H�D�U�����R�Q�O�\�����������R�I��
�W�K�H���F�R�P�S�D�Q�L�H�V���Z�L�O�O���E�H�F�R�P�H���S�U�R�I�L�W�D�E�O�H�����7�K�H�U�H���Z�D�V���Q�R���V�L�J�Q�L�I�L�F�D�Q�W���G�L�I�I�H�U�H�Q�F�H���I�R�X�Q�G��
�E�H�W�Z�H�H�Q���L�Q�G�X�V�W�U�L�H�V;���W�K�H���K�L�J�K�H�V�W���I�D�L�O�X�U�H���U�D�W�H���L�V���Z�L�W�K�L�Q���,�7�����������������W�K�H���O�R�Z�H�V�W���L�V���Z�L�W�K�L�Q��
�I�L�Q�D�Q�F�H�����L�Q�V�X�U�D�Q�F�H�����D�Q�G���U�H�D�O���H�V�W�D�W�H�����������������D�Q�G���P�D�Q�X�I�D�F�W�X�U�L�Q�J���U�H�S�U�H�V�H�Q�W�V���W�K�H���D�Y�H�U�D�J�H��
���������������1�R�W�D�E�O�\�����D�E�R�X�W���K�D�O�I���R�I���W�K�H���V�W�D�U�W-�X�S���R�Z�Q�H�U�V���H�[�S�H�F�W���D�Q���D�F�T�X�L�V�L�W�L�R�Q���E�\���D���O�D�U�J�H�U��
�F�R�U�S�R�U�D�W�L�R�Q���>���@����R�H�J�D�U�G�L�Q�J���W�K�H���L�Q�Y�H�V�W�H�G���D�P�R�X�Q�W���R�I���P�R�Q�H�\�����W�K�H���P�R�V�W���V�S�H�F�W�D�F�X�O�D�U�O�\��
�J�U�R�Z�L�Q�J���V�W�D�U�W-�X�S���V�H�F�W�R�U�V�� �D�U�H�� �K�H�D�O�W�K�F�D�U�H�� ��������2���E�L�O�O�L�R�Q���8�6�'������ �W�U�D�Q�V�S�R�U�W�D�W�L�R�Q�� ��������5��
�E�L�O�O�L�R�Q��USD)�����D�Q�G���I�L�Q�D�Q�F�L�D�O���V�H�U�Y�L�F�H�V���������������E�L�O�O�L�R�Q���8�6�'�����>���@����

�6�D�Q�W�L�V�W�H�E�D�Q���H�W�� �D�O����[8]���H�P�S�K�D�V�L�]�H�� �W�K�D�W�� �W�K�H�� �V�X�F�F�H�V�V�� �R�I�� �D���V�W�D�U�W-�X�S���L�V�� �L�Q�I�O�X�H�Q�F�H�G�� �E�\��
�D�S�S�O�L�H�G�� �S�U�R�M�H�F�W�� �P�D�Q�D�J�H�P�H�Q�W�� �D�Q�G�� �U�L�V�N�� �P�D�Q�D�J�H�P�H�Q�W�� �V�W�U�D�W�H�J�L�H�V���� �$�� �E�U�R�D�G�� �U�D�Q�J�H�� �R�I��
�S�U�R�M�H�F�W���P�D�Q�D�J�H�P�H�Q�W���P�H�W�K�R�G�V���H�Y�R�O�Y�H�G���L�Q���W�K�H�������W�K��C�H�Q�W�X�U�\�����P�D�L�Q�O�\���L�Q���S�D�U�D�O�O�H�O���Z�L�W�K��
�W�K�H�� �G�H�Y�H�O�R�S�P�H�Q�W�� �R�I�� �F�R�P�S�X�W�H�U�� �W�H�F�K�Q�R�O�R�J�L�H�V��[9]�� �D�Q�G�� �F�R�Q�W�L�Q�X�H�� �W�R�� �D�G�Y�D�Q�F�H�� �D�V��
�R�U�J�D�Q�L�]�D�W�L�R�Q�V���U�H�F�R�J�Q�L�]�H�� �W�K�H�� �L�P�S�R�U�W�D�Q�F�H�� �R�I�� �F�R�Q�V�F�L�R�X�V�� �S�U�R�M�H�F�W�� �P�D�Q�D�J�H�P�H�Q�W����
�+�R�Z�H�Y�H�U���� �W�K�H�V�H���S�U�R�M�H�F�W���P�D�Q�D�J�H�P�H�Q�W���P�H�W�K�R�G�V���D�Q�G���I�U�D�P�H�Z�R�U�N�V���Z�H�U�H���G�H�V�L�J�Q�H�G���I�R�U��
�O�D�U�J�H���F�R�P�S�D�Q�L�H�V���Z�L�W�K���D���P�D�W�X�U�H���P�D�Q�D�J�H�P�H�Q�W���V�\�V�W�H�P�����D�Q�G���W�K�H���T�X�H�V�W�L�R�Q���D�U�L�V�H�V���Z�K�H�W�K�H�U��
�W�K�H���S�U�D�F�W�L�F�H�V���D�U�H���D�O�V�R���D�S�S�O�L�F�D�E�O�H���W�R���V�W�D�U�W-�X�S�V���R�U���P�L�J�K�W���U�H�T�X�L�U�H���G�L�I�I�H�U�H�Q�W���D�S�S�U�R�D�F�K�H�V����

�5�L�V�N�V���D�U�H���X�V�X�D�O�O�\���F�R�Q�V�L�G�H�U�H�G���R�E�V�W�D�F�O�H�V���Z�L�W�K���D���Z�L�G�H���U�D�Q�J�H���R�I���S�U�R�E�D�E�L�O�L�W�L�H�V���W�R���D�F�K�L�H�Y�H��
�V�X�F�F�H�V�V�����'�X�H�� �W�R�� �Z�R�U�O�G�Z�L�G�H�� �J�O�R�E�D�O�L�]�D�W�L�R�Q�����V�H�Y�H�U�D�O�� �S�R�V�V�L�E�L�O�L�W�L�H�V�� �H�P�H�U�J�H�G�� �I�R�U��
�R�U�J�D�Q�L�]�D�W�L�R�Q�V�����E�X�W���L�Q�� �S�D�U�D�O�O�H�O�����W�K�H�� �Q�X�P�E�H�U�� �R�I�� �U�L�V�N�V�� �W�R�� �K�D�Q�G�O�H�� �L�Q�F�U�H�D�V�H�G�� �W�R�R�� �>�����@������
�7�K�H�� �P�R�V�W���H�I�I�H�F�W�L�Y�H���D�S�S�U�R�D�F�K���W�R���U�L�V�N�� �P�D�Q�D�J�H�P�H�Q�W�� �X�V�X�D�O�O�\�� �F�R�Q�V�L�G�H�U�V�� �H�F�R�Q�R�P�L�F��
�D�V�S�H�F�W�V�����D�V���W�K�H���P�D�L�Q���W�D�U�J�H�W���R�I���S�U�L�Y�D�W�H���F�R�P�S�D�Q�L�H�V���L�V���W�R���D�F�K�L�H�Y�H���W�D�U�J�H�W�H�G���S�U�R�I�L�W�D�E�L�O�L�W�\����
�Z�K�L�F�K���F�D�W�D�O�\�]�H�V��t�K�H���G�H�Y�H�O�R�S�P�H�Q�W���R�I���S�U�R�M�H�F�W���U�L�V�N���P�D�Q�D�J�H�P�H�Q�W���S�U�L�Q�F�L�S�O�H�V��[11]�����,�W���O�D�W�H�U��
�F�R�Q�V�L�G�H�Us���W�K�H�L�U���D�S�S�O�L�F�D�E�L�O�L�W�\���I�R�U���V�W�D�U�W-�X�S�V��[12]����
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2 History of Start -ups and their Research 

�$���6�W�D�Q�I�R�U�G���8�Q�L�Y�H�U�V�L�W�\���S�U�R�I�H�V�V�R�U���D�Q�G���H�Q�W�U�H�S�U�H�Q�H�X�U�����6�W�H�Y�H���%�O�D�Q�N�����G�H�I�L�Q�H�G���D���V�W�D�U�W-�X�S��
�D�V���D���³�W�H�P�S�R�U�D�U�\���R�U�J�D�Q�L�]�D�W�L�R�Q���W�K�D�W���D�L�P�V���W�R���S�X�U�V�X�H���D���U�H�S�H�D�W�D�E�O�H���D�Q�G���V�F�D�O�D�E�O�H���E�X�V�L�Q�H�V�V��
�P�R�G�H�O�´��[13]���� �7�K�H�� �G�H�I�L�Q�L�W�L�R�Q�� �L�V�� �T�X�L�W�H�� �V�L�P�L�O�D�U�� �W�R�� �W�K�D�W���R�I��s�P�D�O�O�� �D�Q�G�� �P�H�G�L�X�P-�V�L�]�H�G��
�H�Q�W�H�U�S�U�L�V�Hs�����6�0�(s������but�� �W�K�H�U�H�� �L�V���D�� �U�H�O�H�Y�D�Q�W���G�L�I�I�H�U�H�Q�F�H�� �E�H�W�Z�H�H�Q�� �W�K�H�P�� �Ln�� �W�K�H��
�L�Q�Q�R�Y�D�W�L�Y�H���D�S�S�U�R�D�F�K�����6�W�D�U�W-�X�S�V���D�U�H���K�L�J�K�O�\���L�Q�Q�R�Y�D�W�L�Y�H���F�R�P�S�D�Q�L�H�V���D�Q�G���K�D�Y�H���E�H�F�R�P�H��
�L�Q�F�U�H�D�V�L�Q�J�O�\�� �S�R�S�X�O�D�U�� �V�L�Q�F�H�� �W�H�F�K�Q�R�O�R�J�L�F�D�O�� �L�Q�Y�H�Q�W�L�R�Q�V�� �P�D�N�H�� �L�Q�Q�R�Y�D�W�L�R�Q�� �S�U�R�F�H�G�X�U�H�V��
�H�D�V�L�H�U���D�Q�G���I�D�V�W�H�U���L�Q���E�D�V�L�F�D�O�O�\���H�Y�H�U�\���L�Q�G�X�V�W�U�\����

�7�K�L�V���N�L�Q�G���R�I���H�Q�W�U�H�S�U�H�Q�H�X�U�V�K�L�S���F�D�Q���E�H���F�R�Q�V�L�G�H�U�H�G���D���E�X�V�L�Q�H�V�V���P�R�G�H�O���W�K�D�W���F�D�Q���D�G�D�S�W���W�R��
�W�K�H���U�D�S�L�G�O�\���F�K�D�Q�J�L�Q�J���H�Q�Y�L�U�R�Q�P�H�Q�W���Z�L�W�K���F�R�Q�V�W�D�Q�W���U�H-�L�W�H�U�D�W�L�R�Q���W�R���U�H�D�F�K���W�K�H���W�D�U�J�H�W���D�Q�G��
�F�U�H�D�W�H���Y�D�O�X�H�����$�O�V�R�����W�K�H���O�H�Y�H�O���R�I���F�R�P�S�H�W�L�W�L�R�Q���L�V���V�L�J�Q�L�I�L�F�D�Q�W���E�H�W�Z�H�H�Q���V�W�D�U�W-�X�S�V���V�L�Q�F�H���W�K�H��
�H�F�R�Q�R�P�L�F���U�D�F�H���L�V���R�E�Y�L�R�X�V�O�\���L�Q�F�U�H�D�V�L�Q�J���L�Q���O�L�Q�H���Z�L�W�K���W�K�H���Q�X�P�E�H�U���R�I���D�F�W�R�U�V���Z�L�W�K�L�Q���D�Q��
�L�Q�G�X�V�W�U�\�����'�L�J�L�W�L�]�D�W�L�R�Q�����W�K�H���L�Q�W�H�U�Q�H�W���Z�L�W�K���V�L�P�S�O�H���D�Q�G���T�X�L�F�N���D�F�F�H�V�V���W�R���N�Q�R�Z�O�H�G�J�H�����D�Q�G��
�J�O�R�E�D�O���V�X�S�S�O�\���F�K�D�L�Q���L�P�S�U�R�Y�H�P�H�Q�W�V���D�O�O���V�X�S�S�R�U�W���W�K�H���E�L�U�W�K���R�I���Q�H�Z���V�W�D�U�W-�X�S�V���Z�R�U�O�G�Z�L�G�H����

�6�W�D�U�W-�X�S�V���D�U�H�� �R�I�W�H�Q�� �O�L�Q�N�H�G�� �Z�L�W�K�� �W�K�H�� �U�L�V�H�� �R�I�� �6�L�O�L�F�R�Q�� �9�D�O�O�H�\�����Z�K�H�U�H���P�R�V�W�� �R�I�� �W�K�H��
�L�Q�Q�R�Y�D�W�L�Y�H�� �W�H�F�K�Q�R�O�R�J�\���� �P�D�L�Q�O�\�� �V�H�P�L�F�R�Q�G�X�F�W�R�U�� �P�D�Q�X�I�D�F�W�X�U�L�Q�J���� �F�R�P�S�D�Q�L�H�V��
�F�R�Q�F�H�Q�W�U�D�W�H�G��in���W�K�L�V���D�U�H�D���L�Q���W�K�H�����������V�����$�I�W�H�U���W�K�L�V�����D���K�X�J�H���³�E�R�R�P�´���V�W�D�U�W�H�G���L�Q���W�K�H�����������V��
�Z�L�W�K���W�K�H���G�H�Y�H�O�R�S�P�H�Q�W���R�I��I�Q�W�H�U�Q�H�W���F�R�P�S�D�Q�L�H�V�����Z�K�L�F�K���L�V���F�R�Q�V�L�G�H�U�H�G���W�K�H���V�H�F�R�Q�G���S�K�D�V�H��
�R�I���V�W�D�U�W-�X�S���K�L�V�W�R�U�\�����/�D�W�H�U�����W�K�H���W�H�F�K�Q�R�O�R�J�L�F�D�O���L�P�S�U�R�Y�H�P�H�Q�W�V���S�U�R�Y�L�G�H�G���D���E�D�V�H���I�R�U���R�W�K�H�U��
�L�Q�G�X�V�W�U�L�H�V�� �W�R�� �J�H�W�� �O�H�Y�H�U�D�J�H�� �I�U�R�P�� �W�K�H�� �O�D�W�H�V�W�� �G�H�Y�H�O�R�S�P�H�Q�W�V���� �1�R�Z�D�G�D�\�V�����V�W�D�U�W-�X�S�V���D�U�H��
�D�P�R�Q�J���V�H�Y�H�U�D�O���W�H�F�K�Q�R�O�R�J�L�H�V���D�Q�G���D�U�H���D���Z�R�U�O�G�Z�L�G�H���W�U�H�Q�G�����D�Q�G���Q�R���O�R�Q�J�H�U���H�[�F�O�X�V�L�Y�H�O�\��
�L�Q���W�K�H���8�Q�L�W�H�G��S�W�D�W�H�V����

�7�K�H���I�L�U�V�W���G�H�I�L�Q�L�W�L�R�Q���R�I���W�K�H���P�R�G�H�U�Q���V�W�D�U�W-�X�S���Z�D�V���S�X�E�O�L�V�K�H�G���E�\���)�R�U�E�H�V��[14]���L�Q��������������
�D�Q�G���D�I�W�H�U�Z�D�U�G�����L�Q���%�X�V�L�Q�H�V�V�� �:�H�H�N��[15]�����W�K�H���W�H�U�P���V�W�D�U�W-�X�S���F�R�P�S�D�Q�\���Z�D�V���G�H�I�L�Q�H�G������
�,�Q���W�K�H�����������V�����9�D�Q���G�H���9�H�Q���>�����@���D�Q�D�O�\�]�H�G���W�K�H���P�D�Q�D�J�H�P�H�Q�W���I�U�D�P�H�Z�R�U�N���R�I���V�W�D�U�W-�X�S�V����
�I�R�O�O�R�Z�H�G���E�\���'�H�D�Q���>�����@���W�R�� �G�L�V�F�R�Y�H�U�� �W�K�H�� �S�U�R�M�H�F�W�� �P�D�Q�D�J�H�P�H�Q�W�� �D�V�S�H�F�W�V�� �R�I���V�W�D�U�W-�X�S�V����
�5�H�F�H�Q�W�O�\���� �D���G�H�W�D�L�O�H�G�� �F�O�D�V�V�L�I�L�F�D�W�L�R�Q�� �R�I�� �G�L�I�I�H�U�H�Q�W���V�W�D�U�W-�X�S���W�\�S�H�V���Z�D�V���F�R�O�O�H�F�W�H�G�� �E�\��
�.�U�L�V�K�Q�D�Q���H�W���D�O����[12]���L�Q��������������

�)�L�Q�N�H�O�V�W�H�L�Q��[18]���W�D�U�J�H�W�H�G���W�K�H���J�H�Q�H�U�D�O���U�L�V�N�V���U�H�O�D�W�H�G���W�R���V�W�D�U�W-�X�S�V�����&�K�D�Q�J��[19]���L�Q������������
�D�Q�G���.�R�Q�H�F�V�Q�\���>�����@���L�Q�������������H�[�S�O�D�L�Q�H�G���W�K�H���D�S�S�O�L�F�D�E�L�O�L�W�\���R�I���R�Q�H���R�I���W�K�H���P�R�V�W���I�U�H�T�X�H�Q�W�O�\��
�X�V�H�G���U�L�V�N���P�D�Q�D�J�H�P�H�Q�W���P�H�W�K�R�G�V�����Y�H�Q�W�X�U�H���F�D�S�L�W�D�O���I�L�Q�D�Q�F�L�Q�J�����W�R���P�L�W�L�J�D�W�H���W�K�H���I�L�Q�D�Q�F�L�D�O��
�U�L�V�N�V�� �R�I���V�W�D�U�W-�X�S�V�����$�� �V�L�P�L�O�D�U�� �D�S�S�U�R�D�F�K�� �Z�D�V���I�R�O�O�R�Z�H�G�� �E�\�� �0�L�G�O�H�U��[21]���L�Q�� ��������;���K�H��
�L�Q�Y�H�V�W�L�J�D�W�H�G���W�K�H���L�P�S�R�U�W�D�Q�F�H���R�I���F�R�Q�W�L�Q�X�R�X�V���O�H�D�U�Q�L�Q�J�����%�O�D�Q�N���D�Q�G���'�R�U�I��[13]�����7�U�L�P�L���H�W��
�D�O����[22]�����(�U�]�X�U�X�P�O�X���H�W���D�O����[23]�����D�Q�G���3�L�F�N�H�Q��[24]���D�O�O���L�Q�Y�H�V�W�L�J�D�W�H�G���W�K�H���U�R�O�H���R�I���E�X�V�L�Q�H�V�V��
�P�R�G�H�O�V��in���V�W�D�U�W-�X�S�V�����6�H�Y�H�U�D�O�� �D�X�W�K�R�U�V���D�Q�D�O�\�]�H�G���W�K�H�� �U�L�V�N�� �P�D�Q�D�J�H�P�H�Q�W�� �S�U�D�F�W�L�F�H�V�� �R�I��
�V�W�D�U�W-�X�S�V���O�L�N�H���(�U�]�X�U�X�P�O�X���H�W���D�O����[23]�����-�D�U�R�V�O�D�Z��[25]�����D�Q�G���+�D�O�P�R�V�L���>�����@�����0�D�Q�W�L�O�O�D���>�����@��
�D�Q�G���6�D�Q�W�L�V�W�H�E�D�Q���H�W���D�O����[8]���F�D�O�O�H�G���D�W�W�H�Q�W�L�R�Q���W�R���W�K�H���G�L�I�I�L�F�X�O�W�L�H�V���D�Q�G���V�X�F�F�H�V�V���I�D�F�W�R�U�V���R�I��
�V�W�D�U�W-�X�S�V����

�6�W�D�U�W-�X�S�V���G�L�I�I�H�U�� �I�U�R�P���R�W�K�H�U���F�R�P�S�D�Q�L�H�V��t�K�D�W���X�V�H�� �W�U�D�G�L�W�L�R�Q�D�O�� �E�X�V�L�Q�H�V�V�� �S�O�D�Q�Q�L�Q�J��
�V�W�U�D�W�H�J�L�H�V��[13]���E�H�F�D�X�V�H���W�K�H�L�U�� �I�X�W�X�U�H�� �S�U�H�G�L�F�W�L�R�Q�V�� �F�D�Q�Q�R�W���E�H�� �P�D�G�H�� �E�D�V�H�G�� �R�Q���S�D�V�W��
�H�[�S�H�U�L�H�Q�F�H�� �V�L�Q�F�H���D�� �F�R�P�S�U�H�K�H�Q�V�L�Y�H�� �R�S�H�U�D�W�L�R�Q�V���G�D�W�D�E�D�V�H���L�V�� �Q�R�W�� �D�Y�D�L�O�D�E�O�H��[28]����
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�7�K�H�U�H�I�R�U�H���� �D���N�H�\�� �S�R�L�Q�W�� �W�R�� �U�X�Q�Q�L�Q�J���D���V�X�F�F�H�V�V�I�X�O���V�W�D�U�W-�X�S�� �E�X�V�L�Q�H�V�V�� �L�V���P�D�Q�D�J�L�Q�J��
�N�Q�R�Z�O�H�G�J�H�� �W�R�� �E�X�L�O�G�� �O�H�V�V�R�Q�V�� �O�H�D�U�Q�H�G�� �L�Q�W�R�� �W�K�H�� �Q�H�[�W�� �O�R�R�S�� �R�I�� �V�W�U�D�W�H�J�L�F�� �S�O�D�Q�Q�L�Q�J�� �D�Q�G��
�L�Q�L�W�L�D�W�H�� �D�� �T�X�L�F�N�O�\�� �D�G�D�S�W�D�E�O�H���V�\�V�W�H�P���I�R�U���I�D�V�W�� �F�K�D�Q�J�H�V���� �7�K�H�\�� �L�P�S�U�R�Y�H���W�K�U�R�X�J�K��
�F�R�Q�W�L�Q�X�R�X�V���F�K�D�Q�J�H�V���D�Q�G���E�X�L�O�G�L�Q�J���D���E�X�V�L�Q�H�V�V���P�R�G�H�O�����I�R�U���W�K�H���D�F�W�X�D�O���V�L�W�X�D�W�L�R�Q��[24]��[29-
31]���� �7�H�H�F�H�� �V�W�D�W�H�G�� �W�K�D�W���W�K�H�� �V�X�F�F�H�V�V�� �R�I�� �D�Q�� �R�U�J�D�Q�L�]�D�W�L�R�Q���L�V���K�L�J�K�O�\�� �G�H�S�H�Q�G�H�Q�W���R�Q��its��
�D�E�L�O�L�W�\���W�R���D�G�D�S�W���W�K�H���E�X�V�L�Q�H�V�V���P�R�G�H�O���G�\�Q�D�P�L�F�D�O�O�\��[32]����

�$�O�O���W�K�H�V�H���F�R�Q�W�U�L�E�X�W�L�Q�J���I�D�F�W�R�U�V���W�R���W�K�H���K�L�J�K���I�D�L�O�X�U�H���U�D�W�H���R�I���V�W�D�U�W-�X�S�V��[19]��[33]���F�D�Q���E�H��
�F�R�Q�V�L�G�H�U�H�G���U�L�V�N�V�����D�Q�G���V�R�P�H���R�I���W�K�H�V�H���F�D�Q���E�H���W�U�D�F�H�G���E�D�F�N���W�R���L�Q�W�H�U�Q�D�O���P�D�Q�D�J�H�U�L�D�O���L�V�V�X�H�V����
�7�U�L�P�L���D�Q�G���%�H�U�E�H�J�D�O-�0�L�U�D�E�H�Q�W��[22]���K�L�J�K�O�L�J�K�W���W�K�D�W���D���P�D�M�R�U���F�D�X�V�H���R�I���V�W�D�U�W-�X�S���I�D�L�O�X�U�H���L�V��
�W�K�H�� �O�D�F�N�� �R�I�� �D�� �V�W�U�X�F�W�X�U�H�G�� �S�U�R�F�H�V�V�� �W�R���X�Q�G�H�U�V�W�D�Q�G�� �W�K�H�L�U�� �P�D�U�N�H�W�V�� �E�H�W�W�H�U���D�Q�G�� �Y�D�O�L�G�D�W�H��
�W�K�H�R�U�L�H�V�� �L�Q���W�K�H���H�D�U�O�\�� �V�W�D�J�H�V���R�I�� �W�K�H�� �F�R�P�S�D�Q�\���� �/�H�D�U�Q�L�Q�J���D�E�R�X�W���W�K�H�� �U�H�O�D�W�H�G���U�L�V�N�V�� �D�Q�G��
�H�[�S�O�D�L�Q�L�Q�J���W�K�H�L�U���U�H�D�V�R�Q�V���L�V���F�U�L�W�L�F�D�O���W�R���L�Q�F�U�H�D�V�L�Q�J���W�K�H���V�X�F�F�H�V�V���U�D�W�H�����7�K�L�V���D�U�W�L�F�O�H���D�L�P�V��
�W�R���P�D�S�� �W�K�H�� �I�U�H�T�X�H�Q�W�� �U�L�V�N�V�� �R�I���V�W�D�U�W-�X�S�V���W�R�� �E�H�W�W�H�U���X�Q�G�H�U�V�W�D�Q�G�� �F�X�U�U�H�Q�W�� �R�E�V�W�D�F�O�H�V���D�Q�G��
�H�[�S�O�R�U�H�� �R�S�W�L�R�Q�V���I�R�U�� �L�P�S�O�H�P�H�Q�W�L�Q�J���S�U�R�M�H�F�W�� �P�D�Q�D�J�H�P�H�Q�W�� �S�U�D�F�W�L�F�H�V�� �W�R���P�L�W�L�J�D�W�H�� �U�L�V�N�V��
�H�I�I�H�F�W�L�Y�H�O�\����

3 Risks of Start -ups 

�7�K�H�� �O�L�W�H�U�D�W�X�U�H�� �Rn���F�R�U�S�R�U�D�W�H���U�L�V�N�� �P�D�Q�D�J�H�P�H�Q�W�� �L�V���E�U�R�D�G�����&�R�P�S�H�W�L�Q�J�� �L�Q�I�R�U�P�D�W�L�R�Q���L�V��
�D�Y�D�L�O�D�E�O�H�� �U�H�J�D�U�G�L�Q�J�� �W�K�H�� �G�H�I�L�Q�L�W�L�R�Q�� �R�I�� �U�L�V�N�V���� �U�L�V�N�� �P�D�Q�D�J�H�P�H�Q�W�����D�Q�G�� �L�W�V�� �U�H�O�D�W�L�R�Q�� �W�R��
�S�U�R�M�H�F�W���P�D�Q�D�J�H�P�H�Q�W��[34]����S�W�X�G�L�H�V���R�Q���U�L�V�N���P�D�Q�D�J�H�P�H�Q�W���H�P�H�U�J�H�G���L�Q���W�K�H�����������V�����D�O�R�Q�J��
�Z�L�W�K�� �W�K�H�� �D�S�S�U�H�F�L�D�W�L�R�Q���R�I���E�X�V�L�Q�H�V�V�� �V�W�U�D�W�H�J�L�H�V�� �D�Q�G�� �S�U�R�M�H�F�W�� �P�D�Q�D�J�H�P�H�Q�W������
�7�K�H���P�R�W�L�Y�D�W�L�R�Q���I�R�U���G�H�Y�H�O�R�S�L�Q�J���U�L�V�N�� �P�D�Q�D�J�H�P�H�Q�W�� �Z�D�V�� �W�K�D�W�� �P�D�Q�\�� �S�U�R�M�H�F�W�V�� �Z�H�U�H��
�F�R�P�S�O�H�W�H�G���O�D�W�H�����R�Y�H�U���E�X�G�J�H�W�����R�U���G�L�G���Q�R�W���S�H�U�I�R�U�P���D�V���H�[�S�H�F�W�H�G�����$���G�D�W�D�E�D�V�H���I�U�R�P���W�K�H��
���������V���V�K�R�Z�H�G���W�K�D�W���³�P�D�Q�\���S�U�R�M�H�F�W�V���P�H�W���W�K�H�L�U���W�L�P�H-�W�D�U�J�H�W��–���W�K�H���D�Y�H�U�D�J�H���V�O�L�S�S�D�J�H���Z�D�V��
��������–���E�X�W���W�K�H�U�H���Z�D�V���D���F�O�H�D�U���R�Y�H�U-�U�X�Q-�R�Q���F�R�V�W��–���W�K�H���D�Y�H�U�D�J�H���R�Y�H�U-�V�S�H�Q�G���Z�D�V���������´����
�:�L�O�O�L�D�P�V���J�D�Y�H���D���G�H�W�D�L�O�H�G���E�L�E�O�L�R�J�U�D�S�K�\���R�I���W�K�H���W�R�S�L�F��[35]����

�$�F�F�R�U�G�L�Q�J���W�R���*�L�D�U�G�L�Q�R���H�W���D�O����[33]�����D�E�R�X�W���F�X�W�W�L�Q�J-�H�G�J�H���W�H�F�K�Q�R�O�R�Jies�����M�X�V�W���R�Q�H���I�D�L�O�H�G��
�S�U�R�M�H�F�W�� �F�D�Q�� �G�H�V�W�U�R�\�� �W�K�H���V�W�D�U�W-�X�S�¶�V���I�X�W�X�U�H�����&�D�V�H�� �V�W�X�G�L�H�V�� �V�K�R�Z���K�R�Z�� �L�Q�F�Rnsistent��
�P�D�Q�D�J�H�P�H�Q�W�� �V�W�U�D�W�H�J�\�� �D�Q�G�� �H�[�H�F�X�W�L�R�Q�� �O�H�D�G�� �W�R�� �I�D�L�O�X�U�H�� �>�����@���� �,�W�� �L�V�� �L�P�S�R�U�W�D�Q�W�� �W�R��
�X�Q�G�H�U�V�W�D�Q�G�� �W�K�H���L�P�S�R�U�W�D�Q�F�H���R�I�� �D���I�D�V�W���D�Q�G�� �H�I�I�H�F�W�L�Y�H�� �O�H�D�U�Q�L�Q�J�� �S�U�R�F�H�G�X�U�H�����H�V�S�H�F�L�D�O�O�\��
�U�H�J�D�U�G�L�Q�J���W�K�H���P�D�U�N�H�W�����Z�K�L�F�K���U�H�T�X�L�U�H�V���L�Q�I�R�U�P�D�W�L�R�Q�����7�K�H���V�W�X�G�\���U�H�Y�H�D�O�V���³�L�Q�F�R�Q�V�L�V�W�H�Q�F�\��
�E�H�W�Z�H�H�Q���W�K�H���V�W�U�D�W�H�J�\���R�I���X�Q�G�H�U�V�W�D�Q�G�L�Q�J���D�Q�G���W�H�V�W�L�Q�J���W�K�H���S�U�R�E�O�H�P���V�R�O�X�W�L�R�Q���I�L�W���D�Q�G���W�K�H��
�E�H�K�D�Y�L�R�U�D�O���H�[�H�F�X�W�L�R�Q�� �R�I�� �S�X�U�V�X�L�Q�J�� �W�K�H�� �S�U�R�G�X�F�W���P�D�U�N�H�W�� �I�L�W���´�� �(�D�U�O�\�� �U�H�F�R�J�Q�L�W�L�R�Q�� �D�Q�G��
�V�R�O�X�W�L�R�Q���R�I���S�U�R�E�O�H�P�V���O�H�D�G���W�R���K�L�J�K�H�U���F�K�D�Q�F�H�V���R�I���V�W�D�U�W-�X�S���V�X�F�F�H�V�V�����7�K�H���D�Q�D�O�\�]�H�G�����I�D�L�O�H�G��
�V�W�D�U�W-�X�S�V�����V�K�R�Z�H�G���D���U�H�O�X�F�W�D�Q�W���E�H�K�D�Y�L�R�U���W�R���U�H�I�O�H�F�W���F�X�V�W�R�P�H�U���Q�H�H�G�V���D�S�S�U�R�S�U�L�D�W�H�O�\��[33]����

�%�D�V�H�G�� �R�Q�� �H�P�S�L�U�L�F�D�O�� �L�Q�Y�H�V�W�L�J�D�W�L�R�Q���D�P�R�Q�J���\�R�X�Q�J���F�R�P�S�D�Q�L�H�V���L�Q�� �W�K�H�L�U���I�R�U�P�D�W�L�Y�H�� �D�J�H��
����-�����\�H�D�U�V���R�O�G�����D�F�U�R�V�V���������(�8���F�R�X�Q�W�U�L�H�V���D�Q�G���������V�H�F�W�R�U�V�������V�R�P�H���V�L�P�L�O�D�U�L�W�L�H�V���F�D�Q���E�H��seen��
�L�Q���W�K�H���U�L�V�N���P�D�Q�D�J�H�P�H�Q�W���R�I���W�K�H�V�H���F�R�P�S�D�Q�L�H�V�����)�L�Q�D�Q�F�L�D�O���U�L�V�N�V���F�D�Q���E�H���P�D�Q�D�J�H�G���Z�L�W�K��
�W�K�H���V�X�S�S�R�U�W�� �R�I�� �I�R�U�P�D�O�� �D�Q�G�� �L�Q�I�R�U�P�D�O�� �Q�H�W�Z�R�U�N�V���� �0�D�U�N�H�W�� �U�L�V�N�V���D�U�H���X�V�X�D�O�O�\�� �Q�R�W�� �Z�H�O�O��
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�P�D�Q�D�J�H�D�E�O�H���E�\���W�K�H�V�H���F�R�P�S�D�Q�L�H�V�����)�L�U�P�V���L�Q���N�Q�R�Z�O�H�G�J�H-�L�Q�W�H�Q�V�L�Y�H���V�H�F�W�R�U�V�����K�L�J�K-�W�H�F�K��
�P�D�Q�X�I�D�F�W�X�U�L�Q�J���� �D�Q�G�� �F�R�P�S�D�Q�L�H�V�� �Z�L�W�K�� �P�R�U�H�� �I�R�U�P�D�O�O�\�� �H�G�X�F�D�W�H�G�� �O�H�D�G�H�U�V�� �D�S�S�O�\�� �U�L�V�N��
�P�D�Q�D�J�H�P�H�Q�W�� �P�R�U�H�� �F�R�Q�V�F�L�R�X�V�O�\���� �7�H�F�K�Q�R�O�R�J�\�� �D�Q�G�� �I�L�Q�D�Q�F�L�D�O�� �U�L�V�N�V�� �D�U�H�� �S�R�V�L�W�L�Y�H�O�\��
�U�H�O�D�W�H�G�� �W�R�� �L�Q�W�H�U�Q�D�O�� �U�L�V�N�� �P�L�W�L�J�D�W�L�R�Q�� �D�Q�G�� �Q�H�W�Z�R�U�N�L�Q�J���� �2�S�H�U�D�W�L�R�Q�D�O�� �U�L�V�N�� �L�V�� �S�R�V�L�W�L�Y�H�O�\��
�U�H�O�D�W�H�G�� �W�R�� �L�Q�W�H�U�Q�D�O�� �U�L�V�N�� �P�L�W�L�J�D�W�L�R�Q�� �E�X�W�� �Q�H�J�D�W�L�Y�H�O�\���W�R�� �Q�H�W�Z�R�U�N�L�Q�J���� �0�D�U�N�H�W�� �U�L�V�N���L�V��
�H�[�D�F�W�O�\���W�K�H���R�S�S�R�V�L�W�H���R�I���R�S�H�U�D�W�L�R�Q�D�O���U�L�V�N�����7�K�H���H�G�X�F�D�W�L�R�Q���R�I���I�R�X�Q�G�H�U�V���D�Q�G���Q�H�Z���S�U�R�G�X�F�W��
�L�Q�W�U�R�G�X�F�W�L�R�Q���D�U�H���S�R�V�L�W�L�Y�H�O�\���U�H�O�D�W�H�G���W�R���D�O�O���D�V�S�H�F�W�V���R�I���U�L�V�N���P�L�W�L�J�D�W�L�R�Q�����6�K�R�U�W���O�L�I�H���F�\�F�O�H�V��
�D�U�H�� �V�W�U�R�Q�J�O�\�� �U�H�O�D�W�H�G�� �W�R�� �P�D�U�N�H�W�� �U�L�V�N�� �P�L�W�L�J�D�W�L�R�Q�� �V�W�U�D�W�H�J�L�H�V�� �D�F�U�R�V�V�� �D�O�O�� �V�H�F�W�R�U�V����
N�H�W�Z�R�U�N�L�Q�J�� �D�Q�G�� �W�H�F�K�Q�R�O�R�J�\�� �U�L�V�N�� �P�D�Q�D�J�H�P�H�Q�W���V�K�R�Z���D���F�R�U�U�H�O�D�W�L�R�Q�� �L�Q�� �O�R�Z-�W�H�F�K��
�V�H�F�W�R�U�V�����$�W���W�K�H���V�D�P�H���W�L�P�H�����L�W���Z�D�V���I�R�X�Q�G���W�K�D�W���W�K�H���I�R�X�Q�G�H�U�V�¶���S�U�H�Y�L�R�X�V���H�P�S�O�R�\�P�H�Q�W���Z�D�V��
un�U�H�O�D�W�H�G���W�R���U�L�V�N���P�L�W�L�J�D�W�L�R�Q���D�F�W�L�Y�L�W�L�H�V���>�����@����

�7�D�E�O�H������

�6�X�P�P�D�U�\���R�I���V�W�D�U�W-�X�S���U�L�V�N���F�D�W�H�J�R�U�L�H�V��

Source Risk or reason of failure categorized 

Giardino et al. [33] �/�D�F�N���R�I���3�U�R�E�O�H�P���6�R�O�X�W�L�R�Q���I�L�W��
Giardino et al. [33] �1�H�J�O�H�F�W�H�G���/�H�D�U�Q�L�Q�J���3�U�R�F�H�V�V��

Janaji et al. [38] �/�D�F�N���R�I���I�X�Q�G��
Cantamessa et al. �>�����@ �%�X�V�L�Q�H�V�V���P�R�G�H�O�����H���J�������Q�R���Z�U�R�Q�J���E�X�V�L�Q�H�V�V���P�R�G�H�O����

�S�U�R�G�X�F�W���P�D�U�N�H�W������
Cantamessa et al. �>�����@ �3�U�R�G�X�F�W�����H���J�������Q�R�W���I�H�D�V�L�E�O�H�����E�D�G���T�X�D�O�L�W�\����
Cantamessa et al. �>�����@ �(�Q�Y�L�U�R�Q�P�H�Q�W�����H���J�������F�R�P�S�H�W�L�W�R�U�V�����O�D�F�N���R�I���I�X�Q�Gs)��
Cantamessa et al. �>�����@ �&�X�V�W�R�P�H�U���X�V�H�U�����H���J�������I�H�Z���F�X�V�W�R�P�H�U�V����
Cantamessa et al. �>�����@ �2�U�J�D�Q�L�]�D�W�L�R�Q�����H���J�������Z�U�R�Q�J���O�H�D�G�H�U�V�K�L�S�����Z�U�R�Q�J���V�F�D�O�L�Q�J����

Kim et al. [39] �&�R�P�P�H�U�F�L�D�O�L�]�D�W�L�R�Q��
Pisoni et al. �>�����@ �+�X�P�D�Q���F�D�S�L�W�D�O��
Pisoni et al. �>�����@ �)�L�Q�D�Q�F�L�D�O���U�H�V�R�X�U�F�H�V��
Pisoni et al. �>�����@ �6�W�U�D�W�H�J�L�F���P�D�Q�D�J�H�U�L�D�O���G�H�F�L�V�L�R�Q�V��
Pisoni et al. �>�����@ �3�U�R�G�X�F�W���V�H�U�Y�L�F�H-�U�H�O�D�W�H�G���D�V�S�H�F�W�V��
Pisoni et al. �>�����@ �&�R�Q�W�H�[�W�X�D�O���H�Q�Y�L�U�R�Q�P�H�Q�W�D�O-�U�H�O�D�W�H�G���D�V�S�H�F�W�V��

�7�K�H�U�H���D�U�H���P�X�O�W�L�S�O�H���D�S�S�U�R�D�F�K�H�V���W�R���F�D�W�H�J�R�U�L�]�L�Q�J���W�K�H���P�R�V�W���F�R�P�P�R�Q���U�L�V�N�V���R�I���V�W�D�U�W-�X�S�V��
���7�D�E�O�H�� ��)�����7�K�H�� �6�+�(�/�/�� �P�R�G�H�O�����)�L�J�X�U�H�� �������G�H�Y�H�O�R�S�H�G�� �E�\�� �&�D�Q�W�D�P�H�V�V�D�� �H�W�� �D�O�����>�����@���L�Q��
�����������L�V���D���U�R�E�X�V�W���I�U�D�P�H�Z�R�U�N���W�R���S�U�R�Y�L�G�H���D���V�W�U�X�F�W�X�U�D�O���P�H�W�K�R�G���W�R���D�Q�D�O�\�]�H���S�R�V�V�L�E�O�H���U�L�V�N�V��
�R�I���V�W�D�U�W-�X�S�V�����7�K�H���F�R�Q�F�O�X�V�L�R�Q���Z�D�V���W�K�D�W���W�K�H���W�R�S���W�K�U�H�H���U�H�D�V�R�Qs���I�R�U���V�W�D�U�W-�X�S���I�D�L�O�X�U�H�V���D�U�H��
�³�1�R���:�U�R�Q�J���%�X�V�L�Q�H�V�V���0�R�G�H�O�´�����������������³�/�D�F�N���R�I���E�X�V�L�Q�H�V�V���G�H�Y�H�O�R�S�P�H�Q�W�´������������ �����D�Q�G��
�³�5�X�Q���R�X�W���R�I���F�D�V�K�´����������������

�$���%�U�D�]�L�O�L�D�Q���V�W�X�G�\�� �L�Q�������������U�H�J�D�U�G�L�Q�J���U�L�V�N���P�D�Q�D�J�H�P�H�Q�W���E�H�K�D�Y�L�R�U���D�L�P�H�G���W�R���D�Q�D�O�\�]�H��
�V�L�P�L�O�D�U�L�W�L�H�V�� �L�Q�� �W�K�H���U�L�V�N�� �P�D�Q�D�J�H�P�H�Q�W�� �R�I�� �F�R�P�S�D�Q�L�H�V���W�K�U�R�X�J�K���F�R�U�U�H�O�D�W�L�R�Q�� �D�Q�D�O�\�V�L�V������
�7�K�H���P�D�L�Q���I�L�Q�G�L�Q�J���Z�D�V���W�K�D�W���W�K�H�U�H���L�V�� �Q�R���X�Q�L�T�X�H���Z�D�\;���W�K�H���V�W�D�U�W-�X�S�V���O�R�R�N���D�W���G�L�I�I�H�U�H�Q�W��
�Z�D�\�V���R�I���U�L�V�N���P�D�Q�D�J�H�P�H�Q�W�����7�K�H�L�U���D�S�S�U�R�D�F�K���W�R���U�L�V�N���P�D�Q�D�J�H�P�H�Q�W���G�R�H�V���Q�R�W���G�H�S�H�Q�G���R�Q��
�W�K�H���R�S�H�U�D�W�L�R�Q���W�L�P�H���D�Q�G���D�P�R�X�Q�W���R�I���L�Q�Y�H�V�W�P�H�Q�W�����E�X�W���D���V�W�D�U�W-�X�S���Z�L�W�K���D���P�R�U�H���G�H�Y�H�O�R�S�H�G��
�V�W�U�D�W�H�J�L�F���I�U�D�P�H�Z�R�U�N���K�D�V���D���E�H�W�W�H�U���U�L�V�N���P�D�Q�D�J�H�P�H�Q�W���S�U�R�F�H�V�V����
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�)�L�J�X�U�H������

�6�+�(�/�/���P�R�G�H�O���E�D�V�H�G���R�Q���>�����@��

�1�R�W�D�E�O�\�����P�D�Q�D�J�H�U�V���Z�K�R���S�D�U�W�L�F�L�S�D�W�H�G���L�Q���W�K�H���V�X�U�Y�H�\���Z�H�U�H���L�Q�W�H�U�H�V�W�H�G���L�Q���L�P�S�U�R�Y�L�Q�J���W�K�H�L�U��
�U�L�V�N���P�D�Q�D�J�H�P�H�Q�W���S�U�D�F�W�L�F�H�V�����7�K�H���D�Y�D�L�O�D�E�O�H���U�L�V�N���P�D�Q�D�J�H�P�H�Q�W���P�H�W�K�R�G�R�O�R�J�L�H�V���Z�H�U�H���W�R�R��
�H�[�W�H�Q�V�L�Y�H�� �D�Q�G���U�R�E�X�V�W�� �I�R�U���W�K�H���X�V�D�J�H�� �R�I���V�W�D�U�W-�X�S�V�����Z�K�L�F�K���F�O�H�D�U�O�\�� �D�V�N�V�� �I�R�U�� �W�K�H��
�G�H�Y�H�O�R�S�P�H�Q�W�� �R�I�� �W�D�U�J�H�W�H�G�� �D�Q�G�� �V�L�P�S�O�L�I�L�H�G�� �P�H�W�K�R�G�V�� �L�Q�� �O�L�Q�H�� �Z�L�W�K�� �W�K�H�� �V�W�D�U�W-�X�S��
�F�K�D�U�D�F�W�H�U�L�V�W�L�F�V�����7�K�H�� �U�H�F�R�P�P�H�Q�G�D�W�L�R�Q���R�I�� �W�K�H�� �D�X�W�K�R�U�� �L�V�� �W�K�H�� �,�6�2�� ������������ �S�U�R�F�H�G�X�U�H��
���)�L�J�X�U�H��2)�����Z�K�L�F�K�� �L�V�� �D�� �V�L�P�S�O�H�� �D�Q�G�� �H�D�V�\-�W�R-�L�P�S�O�H�P�H�Q�W�� �S�U�R�F�H�G�X�U�H�� �I�R�U���V�W�D�U�W-�X�S�V����
�%�H�V�L�G�H�V�����V�R�P�H���V�W�D�U�W-�X�S�V���I�R�O�O�R�Z�H�G�� �W�K�H���P�H�W�K�R�G�R�O�R�Jies���R�I�� �/�H�D�Q���6�W�D�U�W-�X�S��[41]���R�U��
�6�&�5�8�0��[42]���� �7�K�H�V�H�� �P�H�W�K�R�G�R�O�R�J�L�H�V�� �R�I�I�H�U�� �D�Q�� �L�Q�F�R�U�S�R�U�D�W�H�G�� �W�R�R�O�V�H�W���I�R�U�� �U�L�V�N��
�P�D�Q�D�J�H�P�H�Q�W���D�O�R�Q�J���W�K�H���L�W�H�U�D�W�L�R�Q���F�\�F�O�H�V�����7�K�H���D�S�S�U�H�F�L�D�W�L�R�Q���R�I���W�K�H���D�J�L�O�H���D�S�S�U�R�D�F�K���W�R��
�S�U�R�M�H�F�W�� �P�D�Q�D�J�H�P�H�Q�W�� �H�P�S�K�D�V�L�]�H�V�� �F�X�V�W�R�P�H�U���L�Q�Y�R�O�Y�H�P�H�Q�W�� �D�W�� �D�O�O���S�U�R�M�H�F�W�� �V�W�D�J�H�V����
�L�Q�F�O�X�G�L�Q�J�� �D�Q�� �L�P�S�U�R�Y�H�G�� �I�H�H�G�E�D�F�N�� �V�\�V�W�H�P�����,�W�� �F�R�X�O�G���L�Q�G�L�F�D�W�H���W�K�D�W�� �W�K�H�� �D�Q�D�O�\�]�H�G��
�F�R�P�S�D�Q�L�H�V���W�U�L�H�G���W�R���E�H�K�D�Y�H���D�V���F�R�P�S�D�Q�L�H�V���L�Q���W�K�H�L�U���V�W�D�E�O�H���H�Q�W�H�U�S�U�L�V�H���S�K�D�V�H�����Q�R�W���L�Q���W�K�H�L�U��
�L�Q�L�W�L�D�O���S�K�D�V�H��[43]����
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�)�L�J�X�U�H��2��

�,�6�2���������������U�L�V�N���P�D�Q�D�J�H�P�H�Q�W���S�U�R�F�H�V�V��[43]��

�$�O�V�R�����D�Q���H�[�F�L�W�L�Q�J���D�S�S�U�R�D�F�K���Z�D�V���L�Q�W�U�R�G�X�F�H�G���E�\���6�D�Q�]-�3�U�L�H�W�R���H�W���D�O����[44]���L�Q�������������F�D�O�O�H�G��
�W�K�H���7�H�F�K�Q�L�F�D�O���'�X�H���'�L�O�L�J�H�Q�F�H���P�H�W�K�R�G�R�O�R�J�\�����'�X�H���G�L�O�L�J�H�Q�F�H���L�V���G�H�I�L�Q�H�G���D�V���D���S�U�R�F�H�V�V��
�W�K�D�W�� �L�Q�Y�R�O�Y�H�V�� �L�G�H�Q�W�L�I�\�L�Q�J�� �D�Q�G�� �H�Y�D�O�X�D�W�L�Q�J���U�L�V�N�V�� �Z�L�W�K�L�Q���D���I�U�D�P�H�Z�R�U�N�����L�Q�F�O�X�G�L�Q�J��
�L�Q�Y�H�V�W�P�H�Q�W�V���R�U�L�J�L�Q�D�W�H�G���E�\���F�R�P�P�H�U�F�L�D�O�L�]�D�W�L�R�Q���D�F�W�L�Y�L�W�L�H�V�����H�V�V�H�Q�W�L�D�O�O�\���W�K�H���S�X�U�F�K�D�V�H���D�Q�G��
�V�D�O�H�� �R�I�� �F�R�P�S�D�Q�L�H�V���� �E�X�V�L�Q�H�V�V�� �X�Q�L�W�V�����D�Q�G���D�F�W�L�R�Q�V�� �U�H�O�D�W�H�G�� �W�R�� �P�H�U�J�H�U�� �D�Q�G�� �F�R�U�S�R�U�D�W�H��
�D�E�V�R�U�S�W�L�R�Q���P�H�F�K�D�Q�L�V�P�V�����'�X�H���G�L�O�L�J�H�Q�F�H���P�H�D�Q�V���U�L�J�R�U�R�X�V�O�\���L�Q�Y�H�V�W�L�J�D�W�L�Q�J���W�K�H���S�R�V�V�L�E�O�H��
�R�S�H�U�D�W�L�R�Q�D�O�� �U�L�V�N�V�� �D�Q�G�� �U�H�G�X�F�L�Q�J�� �W�K�H�P�� �W�R�� �W�K�H���E�D�U�H���P�L�Q�L�P�X�P�� �H�[�S�U�H�V�V�L�R�Q������
�7�K�H���P�H�W�K�R�G�R�O�R�J�\���L�Q�W�H�Q�G�V���W�R�� �S�H�U�I�R�U�P�� �D�� �W�H�F�K�Q�L�F�D�O�� �L�Q�V�S�H�F�W�L�R�Q�� �R�I�� �D�Q�� �D�V�V�H�W���� �S�U�R�G�X�F�W����
�V�H�U�Y�L�F�H�����R�U�� �S�U�R�F�H�V�V���� �L�Q�F�O�X�G�L�Q�J���V�W�D�U�W-�X�S���H�F�R�V�\�V�W�H�P�V���� �7�K�H�� �S�U�R�F�H�V�V�� �L�V�� �G�L�Y�L�G�H�G��in�W�R��
�S�K�D�V�H�V�� ���.�L�F�N-�R�I�I�� �F�D�O�O���� �'�R�F�X�P�H�Q�W�D�W�L�R�Q�� �U�H�Y�L�H�Z���� �)�R�O�O�R�Z-�X�S���� �D�Q�G���5�H�S�R�U�W��������
�7�K�H���D�S�S�O�L�F�D�E�L�O�L�W�\���R�I���W�K�H���P�H�W�K�R�G���L�V���U�H�V�W�U�L�F�W�H�G���W�R���V�W�D�U�W-�X�S���D�F�T�X�L�V�L�W�L�R�Q;���W�K�H�U�H�I�R�U�H�����L�W���L�V���D��
�S�D�U�W�L�F�X�O�D�U���F�D�V�H���D�P�R�Q�J���W�K�H���D�Y�D�L�O�D�E�O�H���P�H�W�K�R�G�V��[44]����

�)�L�O�L�S�S�H�W�W�R���H�W�� �D�O����[45]���R�I�I�H�U�� �D�� �P�D�W�K�H�P�D�W�L�F�D�O�� �P�R�G�H�O�� �G�H�Y�H�O�R�S�H�G�� �D�P�R�Q�J�� �V�R�I�W�Z�D�U�H��
�G�H�Y�H�O�R�S�P�H�Q�W�� �F�R�P�S�D�Q�L�H�V�����5�L�V�N�� �P�R�G�H�O�L�Q�J�� �U�H�T�X�L�U�H�V���D�Q�D�O�\�]�L�Q�J�� �K�L�V�W�R�U�L�F�D�O�� �G�D�W�D���� �W�K�H�Q��
�F�U�H�D�W�L�Q�J���D�Q���D�O�J�R�U�L�W�K�P���W�R���H�V�W�D�E�O�L�V�K���D���W�R�R�O���I�R�U���I�X�W�X�U�H���U�L�V�N���S�U�H�G�L�F�W�L�R�Q�����7�K�H�\���F�R�P�S�R�V�H���D��
�F�R�P�S�X�W�D�W�L�R�Q�D�O�� �P�R�G�H�O�� �W�R�� �U�H�G�X�F�H���W�K�H���S�U�R�E�D�E�L�O�L�W�\�� �R�I�� �S�U�R�M�H�F�W�� �I�D�L�O�X�U�H�� �E�D�V�H�G�� �R�Q���W�K�H��
�S�U�H�G�L�F�W�L�R�Q�� �R�I�� �U�L�V�N�V�� �E�\�� �X�V�L�Q�J�� �K�L�V�W�R�U�L�F�D�O�� �G�D�W�D�� ���)�L�J�X�U�H��3�������6�L�Q�F�H���W�K�H�� �P�H�W�K�R�G�� �X�V�H�V��
�K�L�V�W�R�U�L�F�D�O�� �G�D�W�D�����L�W�� �L�V�� �Q�R�W�� �D�S�S�O�L�F�D�E�O�H�� �I�R�U�� �V�W�D�U�W�L�Q�J�� �F�R�P�S�D�Q�L�H�V���� �E�X�W�� �D�F�F�H�S�W�L�Q�J�� �L�W�� �D�V�� �D��
�I�U�D�P�H�Z�R�U�N�����F�R�Q�W�L�Q�X�R�X�V���G�D�W�D���F�R�O�O�H�F�W�L�R�Q���P�D�\���V�X�S�S�R�U�W���D���T�X�L�F�N���L�Q�W�U�R�G�X�F�W�L�R�Q�����0�R�U�H�R�Y�H�U����
�G�D�W�D�� �P�D�Q�D�J�H�P�H�Q�W�� �F�R�R�U�G�L�Q�D�W�H�G�� �E�\�� �D�Q�� �L�Q�F�X�E�D�W�R�U�� �R�U�J�D�Q�L�]�D�W�L�R�Q�� �P�D�\�� �D�O�O�R�Z�� �D�F�F�H�V�V�� �W�R��
�U�H�O�H�Y�D�Q�W���L�Q�I�R�U�P�D�W�L�R�Q���W�R���D���O�R�F�D�O���R�U���L�Q�G�X�V�W�U�L�D�O���F�R�P�P�X�Q�L�W�\���W�R���E�R�R�V�W���W�K�H���G�H�Y�H�O�R�S�P�H�Q�W���R�I��
�V�W�D�U�W-�X�S�V�����7�K�H���V�W�X�G�\���F�R�Q�V�L�G�H�U�H�G���������F�R�P�S�O�H�W�H�G���S�U�R�M�H�F�W�V���D�Q�G���F�R�Q�V�L�G�H�U�H�G�����������R�I���W�K�H�L�U��
�G�D�W�D���W�R���L�Q�L�W�L�D�W�H���D���O�H�D�U�Q�L�Q�J���V�\�V�W�H�P���W�R���J�H�Q�H�U�D�W�H���U�H�F�R�P�P�H�Q�G�D�W�L�R�Q�V���I�R�U���I�X�W�X�U�H���S�U�R�M�H�F�W�V����
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�$�G�G�L�W�L�R�Q�D�O�� �������� �R�W�K�H�U�� �S�U�R�M�H�F�W�V�� �I�U�R�P�� �G�L�I�I�H�U�H�Q�W�� �F�R�P�S�D�Q�L�H�V���Z�H�U�H���X�V�H�G�� �D�V�� �F�R�Q�W�H�[�W��
�K�L�V�W�R�U�L�H�V�����$�I�W�H�U���W�K�H���F�D�O�F�X�O�D�W�L�R�Q���E�\���W�K�H���D�O�J�R�U�L�W�K�P�����D���F�R�P�S�D�U�L�V�R�Q���Z�D�V���P�D�G�H���Z�L�W�K���D�Q��
�H�[�S�H�U�W���M�X�G�J�P�H�Q�W���U�H�J�D�U�G�L�Q�J���W�K�H���S�U�H�G�L�F�W�H�G���U�L�V�N�V�����7�K�H���U�H�V�X�O�W���V�K�R�Z�H�G���D�����������D�F�F�H�S�W�D�Q�F�H��
�U�D�W�H���E�\���S�U�R�I�H�V�V�L�R�Q�D�Os���D�Q�G�����������D�F�F�X�U�D�F�\���F�R�P�S�D�U�H�G���W�R���R�O�G���S�U�R�M�H�F�W�V�����7�K�H���P�R�G�H�O���D�Q�G��
�V�W�X�G�\���R�X�W�O�L�Q�H�� �D�� �S�R�V�V�L�E�O�H�� �I�X�W�X�U�H�� �U�H�V�H�D�U�F�K�� �I�L�H�O�G��in�� �U�L�V�N�� �P�D�Q�D�J�H�P�H�Q�W�����D�V���W�K�H��
�G�H�Y�H�O�R�S�P�H�Q�W���R�I���D�U�W�L�I�L�F�L�D�O���L�Q�W�H�O�O�L�J�H�Q�F�H���D�Q�G���E�L�J���G�D�W�D���F�R�X�O�G���V�L�J�Q�L�I�L�F�D�Q�W�O�\���V�X�S�S�R�U�W���U�L�V�N��
�S�U�H�G�L�F�W�L�R�Q���P�R�G�H�O�V���Z�L�W�K���D���K�L�J�K���D�P�R�X�Q�W���R�I���D�Y�D�L�O�D�E�O�H���G�D�W�D�����2�I���F�R�X�U�V�H�����K�L�V�W�R�U�L�F�D�O���G�D�W�D��
�F�D�Q���R�Q�O�\���E�H���R�E�W�D�L�Q�H�G���I�U�R�P���W�K�H���L�Q�G�X�V�W�U�\���L�Q���W�K�H���F�D�V�H���R�I���D���Q�H�Z���V�W�D�U�W-�X�S�����E�X�W���W�K�H���O�H�D�U�Q�L�Q�J��
�S�U�R�F�H�G�X�U�H���F�D�Q���E�H���P�R�U�H���H�I�I�H�F�W�L�Y�H���Z�L�W�K���W�K�L�V���P�H�W�K�R�G��[45]����

��

�)�L�J�X�U�H��3��

�5�L�V�N���U�H�F�R�P�P�H�Q�G�D�W�L�R�Q���I�O�R�Z���L�Q���D���S�U�R�M�H�F�W�����E�D�V�H�G���R�Q���)�L�O�L�S�S�H�W�W�R��[45]��

�:�D�U�G���>�����@���D�L�P�H�G���W�R���F�O�D�U�L�I�\���W�K�H���P�H�D�Q�L�Q�J���R�I���U�L�V�N���P�D�Q�D�J�H�P�H�Q�W���D�Q�G���H�V�S�H�F�L�D�O�O�\���F�R�Q�V�L�G�H�U��
�L�W�� �U�D�W�K�H�U�� �D�� �S�U�R�M�H�F�W�� �X�Q�F�H�U�W�D�L�Q�W�\�� �P�D�Q�D�J�H�P�H�Q�W�� �W�K�D�Q���D���P�D�Q�D�J�H�P�H�Q�W�� �R�I�� �S�X�U�H�O�\�� �³�E�D�G��
�H�Y�H�Q�W�V�´�����,�W���V�H�H�P�V���W�K�H���U�L�V�N���L�V���X�V�X�D�O�O�\���F�R�Q�V�L�G�H�U�H�G���D�Q���H�Y�H�Q�W���W�K�D�W���F�D�Q���Q�H�J�D�W�L�Y�H�O�\���D�I�I�H�F�W��
�W�K�H�� �S�U�R�M�H�F�W���� �K�R�Z�H�Y�H�U���� �D�S�S�U�R�D�F�K�L�Q�J�� �L�W�� �D�V�� �X�Q�F�H�U�W�D�L�Q�W�\�� �F�R�X�O�G�� �S�U�R�Y�L�G�H���D���E�H�W�W�H�U��
�S�H�U�V�S�H�F�W�L�Y�H�����L�Q�F�O�X�G�L�Q�J���R�S�S�R�U�W�X�Q�L�W�\���P�D�Q�D�J�H�P�H�Q�W�����7�K�H���D�X�W�K�R�U���D�U�J�X�H�V���W�K�D�W���F�X�U�U�H�Q�W���U�L�V�N��
�P�D�Q�D�J�H�P�H�Q�W�� �P�H�W�K�R�G�R�O�R�J�L�H�V���D�U�H���Q�R�W�� �I�X�O�I�L�O�O�L�Q�J�� �W�K�H�L�U�� �S�R�W�H�Q�W�L�D�O�����D�V�� �W�K�H�� �S�H�U�V�S�H�F�W�L�Y�H��
�V�K�R�X�O�G�� �D�O�V�R�� �I�R�F�X�V�� �R�Q�� �R�S�S�R�U�W�X�Q�L�W�L�H�V���E�H�\�R�Q�G���W�K�U�H�D�W�V�����0�R�U�H�R�Y�H�U�����W�K�H�� �H�Y�H�Q�W-�E�D�V�H�G��
�D�S�S�U�R�D�F�K���V�K�R�X�O�G���E�H���L�P�S�U�R�Y�H�G�����D�V���L�W���F�D�Q���U�H�V�X�O�W���L�Q���D���O�D�F�N���R�I���D�W�W�H�Q�W�L�R�Q���W�R���V�H�Y�H�U�D�O���D�U�H�D�V����
�O�L�N�H���Y�D�U�L�D�E�L�O�L�W�\���E�H�F�D�X�V�H���R�I���G�L�I�I�H�U�H�Q�W���N�Q�R�Z�O�H�G�J�H���O�H�Y�H�O�V���R�U���W�K�H���E�D�V�L�V���R�I���H�V�W�L�P�D�W�H�V�����,�W���L�V��
�U�H�F�R�P�P�H�Q�G�H�G�� �W�R�� �U�H�Q�D�P�H�� �3�U�R�M�H�F�W�� �5�L�V�N�� �0�D�Q�D�J�H�P�H�Q�W�� �W�R�� �3�U�R�M�H�F�W�� �8�Q�F�H�U�W�D�L�Q�W�\��
�0�D�Q�D�J�H�P�H�Q�W���W�R���P�R�Y�H���W�K�H���I�R�F�X�V���W�R�Z�D�U�G���W�K�H���Q�H�Z���D�S�S�U�R�D�F�K�����7�K�H���D�X�W�K�R�U���U�H�F�R�P�P�H�Q�G�V��
�D�S�S�O�\�L�Q�J���W�K�L�V���P�D�Q�D�J�H�P�H�Q�W���D�S�S�U�R�D�F�K���H�D�U�O�L�H�U���L�Q���W�K�H���S�U�R�M�H�F�W���O�L�I�H���F�\�F�O�H���>�����@����

�6�0�(�V�����V�P�D�O�O���D�Q�G���P�H�G�L�X�P-�V�L�]�H�G���H�Q�W�H�U�S�U�L�V�H�V�����K�D�Y�H���V�R�P�H���V�L�P�L�O�D�U�L�W�L�H�V���Z�L�W�K���V�W�D�U�W-�X�S�V����
�L�Q���V�R�P�H���F�D�V�H�V���� �W�K�H�\�� �F�D�Q�Q�R�W���E�H���H�D�V�L�O�\�� �V�H�S�D�U�D�W�H�G���� �,�Q���������������%�U�X�V�W�E�D�X�H�U���D�Q�D�O�\�]�H�G���W�K�H��
�U�L�V�N���P�D�Q�D�J�H�P�H�Q�W�� �S�U�D�F�W�L�F�H�V�� �R�I�� �6�0�(�V�� �E�D�V�H�G�� �R�Q�� �D�� �T�X�H�V�W�L�R�Q�Q�D�L�U�H���� �+�H�� �V�X�J�J�H�V�W�V�� �W�K�D�W��
�F�R�P�S�D�Q�L�H�V���V�K�R�X�O�G���D�S�S�O�\���D���S�D�V�V�L�Y�H�����G�H�I�H�Q�V�L�Y�H���V�W�U�D�W�H�J�\�����R�U���D�F�W�L�Y�H�����R�I�I�H�Q�V�L�Y�H���V�W�U�D�W�H�J�\����
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�U�L�V�N���P�D�Q�D�J�H�P�H�Q�W���P�H�W�K�R�G�����7�K�H���F�K�R�V�H�Q���P�H�W�K�R�G���V�K�R�X�O�G���E�H���E�D�V�H�G���P�D�L�Q�O�\���R�Q���F�R�P�S�D�Q�\��
�V�L�]�H�����V�H�F�W�R�U���D�I�I�L�O�L�D�W�L�R�Q�����D�Q�G���R�Z�Q�H�U�V�K�L�S���V�W�U�X�F�W�X�U�H�����5�L�V�N���P�D�Q�D�J�H�P�H�Q�W���L�V���D���V�L�J�Q�L�I�L�F�D�Q�W��
�L�V�V�X�H���I�R�U���6�0�(�V�����P�D�L�Q�O�\���E�H�F�D�X�V�H���R�I���W�K�H���O�D�F�N���R�I���U�H�V�R�X�U�F�H�V���I�R�U���W�K�L�V���D�F�W�L�Y�L�W�\�����D�Q�G���D�E�R�X�W��
�W�Z�R-�W�K�L�U�G�V���R�I�� �W�K�H���D�Q�D�O�\�]�H�G���F�R�P�S�D�Q�L�H�V���K�D�Y�H���D�� �S�D�V�V�L�Y�H���U�L�V�N���P�D�Q�D�J�H�P�H�Q�W���D�S�S�U�R�D�F�K����
�$�O�V�R�����O�D�U�J�H�U���F�R�P�S�D�Q�L�H�V���K�D�Y�H���D���J�U�H�D�W�H�U���D�I�I�L�Q�L�W�\���I�R�U���L�P�S�O�H�P�H�Q�W�L�Q�J���U�L�V�N���P�D�Q�D�J�H�P�H�Q�W��
�V�W�U�D�W�H�J�L�H�V�����7�K�H�� �D�X�W�K�R�U�� �L�Q�W�H�U�S�U�H�W�V�� �W�K�D�W�� �D�S�S�O�\�L�Q�J�� �U�L�V�N�� �P�D�Q�D�J�H�P�H�Q�W�� �L�Q�F�U�H�D�V�H�V��
�F�R�P�S�H�W�L�W�L�Y�H�Q�H�V�V�� �D�Q�G�� �V�X�F�F�H�V�V���� �$�� �N�H�\���I�D�F�W�R�U�� �I�R�U�� �H�I�I�H�F�W�L�Y�H�� �U�L�V�N�� �P�D�Q�D�J�H�P�H�Q�W�� �L�V�� �W�K�H��
�D�Z�D�U�H�Q�H�V�V���R�I�� �W�K�H���F�R�P�S�D�Q�\�� �U�H�J�D�U�G�L�Q�J���S�R�V�V�L�E�O�H���U�L�V�N�V���� �,�I�� �D�� �F�R�P�S�D�Q�\���L�V���Q�R�W���U�H�D�G�\���W�R��
�G�H�I�L�Q�H���W�K�H���U�L�V�N���L�Q���L�W�V�H�O�I���D�Q�G���L�W�V���V�X�U�U�R�X�Q�G�L�Q�J�V����it��is���Q�R�W���S�R�V�V�L�E�O�H���W�R���F�U�H�D�W�H���D�Q���H�I�I�H�F�W�L�Y�H��
�D�F�W�L�R�Q���S�O�D�Q���I�R�U���U�L�V�N���P�L�W�L�J�D�W�L�R�Q���>�����@����

�,�W���L�V���H�V�V�H�Q�W�L�D�O���W�R���H�P�S�K�D�V�L�]�H���W�K�H���G�H�Y�H�O�R�S�P�H�Q�W���R�I���V�W�D�U�W-�X�S���S�R�O�L�F�L�H�V�����Z�K�L�F�K���F�D�Q���D�O�V�R���E�H��
�F�R�Q�V�L�G�H�U�H�G���D���U�L�V�N���U�H�G�X�F�W�L�R�Q���D�S�S�U�R�D�F�K���I�R�U���V�W�D�U�W-�X�S�V�����$�V���J�R�Y�H�U�Q�P�H�Q�W�V���U�H�F�R�J�Q�L�]�H�G���W�K�H��
�D�S�S�U�H�F�L�D�W�L�R�Q���R�I���V�W�D�U�W-�X�S�V���L�Q�� �V�R�F�L�D�O�� �D�Q�G�� �H�F�R�Q�R�P�L�F�� �D�V�S�H�F�W�V�����W�K�H�\�� �V�W�D�U�W�H�G�� �W�R�� �F�U�H�D�W�H��
�S�R�O�L�F�L�H�V���W�R���V�X�S�S�R�U�W���W�K�H���J�U�R�Z�W�K���R�I���V�W�D�U�W-�X�S�V���D�Q�G���V�H�F�X�U�H���W�K�H�L�U���H�F�R�Q�R�P�L�F���H�Q�Y�L�U�R�Q�P�H�Q�W��
�W�R�� �L�Q�F�U�H�D�V�H���W�K�H���S�U�R�E�D�E�L�O�L�W�\�� �R�I�� �W�K�H�L�U�� �V�X�F�F�H�V�V���� �+�R�Z�H�Y�H�U�����0�D�V�R�Q��[48]���D�O�V�R�� �U�D�L�V�H�V�� �W�K�H��
�T�X�H�V�W�L�R�Q�� �R�I�� �³�K�X�J�H�� �L�Q�W�H�U�Q�D�O�� �L�Q�H�T�X�D�O�L�W�L�H�V�´�� �E�D�V�H�G�� �R�Q�� �6�L�O�L�F�R�Q�� �9�D�O�O�H�\�� �V�W�X�G�L�H�V�����Z�K�L�F�K��
�F�R�X�O�G���E�H���U�H�F�R�Q�V�L�G�H�U�H�G���L�Q���I�X�U�W�K�H�U���V�W�X�G�L�H�V����

4 Project Management Considerations for Risk 
Mitigation 

�6�R�P�H���V�W�D�U�W-�X�S���F�R�P�S�D�Q�L�H�V���W�U�\���W�R���D�S�S�O�\���W�U�D�G�L�W�L�R�Q�D�O���S�U�R�M�H�F�W���P�D�Q�D�J�H�P�H�Q�W���P�H�W�K�R�G�V��[49]����
�E�X�W���W�K�H�V�H���P�L�J�K�W���Q�R�W���E�H���V�X�L�W�D�E�O�H���I�R�U���V�W�D�U�W-�X�S�V�����7�K�H���P�D�W�X�U�L�W�\���R�I���W�K�H���P�D�Q�D�J�H�P�H�Q�W�����W�K�H��
�L�P�P�D�W�X�U�H�� �V�W�U�X�F�W�X�U�H�����D�Q�G�� �W�K�H�� �O�H�Y�H�O�� �R�I�� �D�F�F�X�P�X�O�D�W�H�G�� �H�[�S�H�U�L�H�Q�F�H���U�H�T�X�L�U�H���D���G�L�I�I�H�U�H�Q�W��
�D�S�S�U�R�D�F�K�����2�Q���W�K�H���R�Q�H���K�D�Q�G�����U�L�V�N�V���D�U�H���Q�R�W���V�H�O�H�F�W�L�Y�H���D�F�F�R�U�G�L�Q�J���W�R���P�D�W�X�U�L�W�\�����I�L�Q�D�Q�F�L�D�O����
�P�D�U�N�H�W�����D�Q�G���R�S�H�U�D�W�L�R�Q�D�O���L�V�V�X�H�V�����W�K�H�V�H���D�U�H���W�K�H���V�D�P�H���I�R�U���V�W�D�U�W-�X�S�V���D�Q�G���R�W�K�H�U���F�R�P�S�D�Q�L�H�V����
�2�Q�� �W�K�H�� �R�W�K�H�U�� �K�D�Q�G�����D���O�H�V�V�� �G�H�Y�H�O�R�S�H�G�� �R�U�J�D�Q�L�]�D�W�L�R�Q�� �L�V�� �D�O�V�R�� �D�� �V�R�X�U�F�H�� �R�I�� �U�L�V�N����
�&�R�Q�V�L�G�H�U�L�Q�J���V�W�D�U�W-�X�S�V���D�V���S�U�R�M�H�F�W�V���F�D�Q���R�S�H�Q���Q�H�Z���R�S�S�R�U�W�X�Q�L�W�L�H�V���W�R���E�X�L�O�G���D���W�R�R�O�V�H�W���W�K�D�W��
�V�X�S�S�R�U�W�V���U�L�V�N���P�L�W�L�J�D�W�L�R�Q�����D�P�R�Q�J���R�W�K�H�U���S�X�U�S�R�V�H�V����

�0�D�Q�W�L�O�O�D���>�����@���S�H�U�I�R�U�P�H�G���T�X�D�O�L�W�D�W�L�Y�H���U�H�V�H�D�U�F�K���R�Q���K�R�Z���G�L�I�I�H�U�H�Q�W���V�W�D�U�W-�X�S�V���L�P�S�O�H�P�H�Q�W��
�S�U�R�M�H�F�W���P�D�Q�D�J�H�P�H�Q�W���P�H�W�K�R�G�R�O�R�J�L�H�V�����$�F�F�R�U�G�L�Q�J���W�R���6�D�Q�W�L�V�W�H�E�D�Q���D�Q�G���0�D�X�U�L�F�L�R���>�����@����
�������� �R�I�� �V�W�D�U�W-�X�S�V�� �O�D�V�W�� �P�R�U�H�� �W�K�D�Q�� �I�L�Y�H�� �\�H�D�U�V���� �7�K�H�� �V�W�X�G�\�� �U�H�Y�H�D�O�H�G���W�K�D�W���������� �R�I��
�F�R�P�S�D�Q�L�H�V�� �X�V�H�G�� �$�J�L�O�H�� �P�H�W�K�R�G�V�� ���O�L�N�H�� �.�D�Q�E�D�Q���� �/�H�D�Q�� �6�W�D�U�W-�X�S���� �7�U�H�O�O�R������ �������� �X�V�H�G��
�W�U�D�G�L�W�L�R�Q�D�O���P�H�W�K�R�G�V�����H���J�������:�%�6�����3�(�5�7�����D�Q�G���*�$�1�7�7�������D�Q�G�����������R�Q�O�\���S�O�D�Q�Q�H�G���W�R���X�V�H��
�D�Q�\���S�U�R�M�H�F�W���P�D�Q�D�J�H�P�H�Q�W���P�H�W�K�R�G�R�O�R�J�\���L�Q���W�K�H���I�X�W�X�U�H�����)�R�X�U���R�X�W���R�I��ten���V�W�D�U�W-�X�S�V���X�V�H�G��
�0�L�F�U�R�V�R�I�W�� �R�U�� �*�R�R�J�O�H��O�I�I�L�F�H�� �S�U�R�G�X�F�W�V�����D�Q�G���I�L�Y�H���X�V�H�G�� �R�Q�O�L�Q�H�� �S�U�R�G�X�F�W�V���V�X�S�S�R�U�W�L�Q�J��
�S�U�R�M�H�F�W�� �P�D�Q�D�J�H�P�H�Q�W�� �D�Q�G�� �F�R�P�P�X�Q�L�F�D�W�L�R�Q�����$�V�D�Q�D���� �-�L�U�D�����R�U�� �7�U�H�O�O�R������ �7�K�H�� �D�X�W�K�R�U��
�D�V�V�X�P�H�G���W�U�D�G�L�W�L�R�Q�D�O�� �3�0�� �P�H�W�K�R�G�V�� �D�U�H�� �K�D�U�G�H�U�� �W�R�� �L�P�S�O�H�P�H�Q�W�� �L�Q�� �V�W�D�U�W-�X�S�V�����D�Q�G�� �W�K�H�V�H��
�F�R�P�S�D�Q�L�H�V���Q�D�W�X�U�D�O�O�\���W�H�Q�G���W�R�Z�D�U�G�V���D�J�L�O�H���P�H�W�K�R�G�V�����>�����@����
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�2�Q�H���R�I���W�K�H���I�L�U�V�W���D�U�W�L�F�O�Hs���G�H�D�O�L�Q�J���Z�L�W�K���V�W�D�U�W-�X�S���S�U�R�M�H�F�W���P�D�Q�D�J�H�P�H�Q�W���L�V���U�H�O�D�W�H�G���W�R���'�H�D�Q��
���������������� �+�H�� �V�K�R�Z�V�� �W�K�H�� �³�S�U�L�Q�F�L�S�D�O�� �U�H�V�X�O�W�V�� �R�E�W�D�L�Q�H�G�� �E�\�� �D�S�S�O�\�L�Q�J�� �W�K�H�� �S�U�R�M�H�F�W��
�P�D�Q�D�J�H�P�H�Q�W�� �D�S�S�U�R�D�F�K�� �W�R�� �V�W�U�D�W�H�J�L�F�� �S�O�D�Q�Q�L�Q�J�� �D�Q�G�� �R�S�H�U�D�W�L�R�Q�V�� �P�D�Q�D�J�H�P�H�Q�W�� �R�I��
�L�Q�Q�R�Y�D�W�L�Y�H���V�W�D�U�W-�X�S�� �I�L�U�P�V�¶���N�H�\�� �D�F�W�L�Y�L�W�L�H�V�´���>�����@���� �7�K�H�� �D�S�S�U�R�D�F�K�� �L�P�S�O�H�P�H�Q�W�V��
�H�Q�W�U�H�S�U�H�Q�H�X�U�V�K�L�S���D�V���D���V�\�V�W�H�P�D�W�L�F���S�U�L�Q�F�L�S�O�H���D�Q�G���V�X�J�J�H�V�Ws���F�R�Q�V�L�G�H�U�L�Q�J���L�Q�Q�R�Y�D�W�L�R�Q���D�V��
�R�Q�H�� �R�I�� �W�K�H�� �V�\�V�W�H�P�D�W�L�F�� �S�U�L�Q�F�L�S�O�H�V���� �'�X�U�L�Q�J�� �W�K�H�� �E�L�U�W�K�� �R�I�� �D���V�W�D�U�W-�X�S���F�R�P�S�D�Q�\���� �V�H�Y�H�U�D�O��
�D�F�W�L�Y�L�W�L�H�V���V�K�R�X�O�G���E�H�� �S�H�U�I�R�U�P�H�G�� �L�Q���D�Q���X�Q�F�H�U�W�D�Ln���H�Q�Y�L�U�R�Q�P�H�Q�W���D�Q�G�� �Z�L�W�K�� �O�L�P�L�W�H�G��
�U�H�V�R�X�U�F�H�V�����+�H���F�R�Q�F�O�X�G�H�G���W�K�D�W���³�Z�L�W�K�R�X�W���D���F�H�Q�W�U�D�O�L�]�H�G�����F�R�K�H�V�L�Y�H�����D�Q�G���O�R�J�L�F�D�O���V�\�V�W�H�P�V��
�D�S�S�U�R�D�F�K���� �W�K�H�� �H�Q�W�L�U�H�� �V�W�D�U�W-�X�S�� �R�S�H�U�D�W�L�R�Q�� �F�D�Q�� �T�X�L�F�N�O�\�� �E�H�F�R�P�H�� �D�� �K�R�S�H�O�H�V�V�� �W�D�Q�J�O�H�� �R�I��
�X�Q�U�H�O�D�W�H�G���M�R�E�V�´���>�����@�����7�K�H���V�W�X�G�\���I�R�X�Q�G���W�K�D�W���W�K�H���O�D�F�N���R�I���D���J�H�Q�H�U�D�O�O�\���H�I�I�H�F�W�L�Y�H���E�X�V�L�Q�H�V�V��
�D�Q�G���S�U�R�M�H�F�W���P�D�Q�D�J�H�P�H�Q�W���S�O�D�Q���D�Q�G���D�U�E�L�W�U�D�U�\���G�H�F�L�V�L�R�Q-�P�D�N�L�Q�J�����E�D�V�H�G���R�Q���I�H�H�O�L�Q�J�V���D�Q�G��
�L�Q�W�X�L�W�L�R�Q���U�D�W�K�H�U���W�K�D�Q���V�W�U�D�W�H�J�L�F���S�O�D�Q�Q�L�Q�J���O�H�D�Gs���W�R���X�Q�S�U�H�G�L�F�W�D�E�O�H���R�X�W�F�R�P�H�V�����,�W���L�V���Z�R�U�W�K��
�F�R�Q�V�L�G�H�U�L�Q�J���D���V�W�D�U�W-�X�S���F�R�P�S�D�Q�\���D�V���D���S�U�R�M�H�F�W���V�L�Q�F�H���W�K�H���W�R�R�O�V�H�W���D�S�S�O�L�H�G�����W�D�V�N���G�H�I�L�Q�L�W�L�R�Q����
�S�U�H�F�H�G�H�Q�F�H���U�H�O�D�W�L�R�Q�V�����G�X�U�D�W�L�R�Q�V�����P�L�O�H�V�W�R�Q�H�V�����W�K�U�R�X�J�K�S�X�W���W�L�P�H���S�O�D�Q�Q�L�Q�J�����L�V���F�R�P�P�R�Q����
�3�U�R�M�H�F�W�� �P�D�Q�D�J�H�P�H�Q�W�� �W�R�R�O�V�� �V�X�S�S�O�\�� �U�H�O�H�Y�D�Q�W�� �L�Q�L�W�L�D�O�� �S�R�L�Q�W�� �W�R�R�O�V�� �E�H�F�D�X�V�H�� �W�K�H�� �E�R�G�\�� �R�I��
�N�Q�R�Z�O�H�G�J�H���D�E�R�X�W���W�K�H�P���L�V���H�[�W�H�Q�V�L�Y�H�����L�Q�F�O�X�G�L�Q�J���F�D�V�H���V�W�X�G�L�H�V���D�Q�G���F�R�Y�H�U�L�Q�J���F�R�Q�F�H�S�W�V��
�R�U���V�W�D�Q�G�D�U�G�V�����7�K�H�V�H���F�D�Q���P�R�G�H�U�D�W�H���W�K�H���U�L�V�N���R�I���P�L�V�V�L�Q�J���H�[�S�H�U�L�H�Q�F�H���D�W���V�W�D�U�W-�X�S�V�����'�H�D�Q��
�S�U�R�S�R�V�H�G�� �D�� �E�D�V�L�F�� �S�U�R�M�H�F�W�� �P�D�Q�D�J�H�P�H�Q�W�� �D�S�S�U�R�D�F�K�� �I�R�U�� �D�Q�� �L�Q�Q�R�Y�D�W�L�Y�H���V�W�D�U�W-�X�S�����D�V��
�V�X�P�P�D�U�L�]�H�G���L�Q���)�L�J�X�U�H��4����

��

�)�L�J�X�U�H��4��

�3�U�R�M�H�F�W���P�D�Q�D�J�H�P�H�Q�W���D�S�S�U�R�D�F�K���W�R���P�D�Q�D�J�L�Q�J���W�K�H���L�Q�Q�R�Y�D�W�L�Y�H���V�W�D�U�W-�X�S���I�L�U�P�����E�D�V�H�G���R�Q���'�H�D�Q�����>�����@��

�0�L�G�O�H�U���D�Q�G���6�L�O�E�H�U�]�D�K�Q��[21]���S�U�H�V�H�Q�W���F�D�V�H�V���D�E�R�X�W���W�K�H���L�P�S�R�U�W�D�Q�F�H���R�I���O�H�D�U�Q�L�Q�J���W�K�U�R�X�J�K��
�W�K�H���S�U�R�G�X�F�W���G�H�Y�H�O�R�S�P�H�Q�W���S�U�R�F�H�V�V���R�I���V�W�D�U�W-�X�S�V�����/�H�D�U�Q�L�Q�J���H�I�I�L�F�L�H�Q�F�\���Z�D�V���I�R�X�Q�G���W�R���E�H��
�D���F�U�L�W�L�F�D�O���I�D�F�W�R�U�� �L�Q�� �W�K�L�V�� �F�R�Q�W�H�[�W���� �7�K�H�\���D�Q�D�O�\�]�H�G�� �W�K�U�H�H�� �W�K�H�R�U�H�W�L�F�D�O�� �D�V�S�H�F�W�V���� �S�U�R�M�H�F�W��
�P�D�Q�D�J�H�P�H�Q�W�����R�U�J�D�Q�L�]�D�W�L�R�Q�D�O���O�H�D�U�Q�L�Q�J�����D�Q�G���H�Q�W�U�H�S�U�H�Q�H�X�U�V�K�L�S�����7�K�H���V�W�X�G�\���F�R�Q�F�O�X�G�H�G��
�W�K�D�W���H�[�S�O�R�U�D�W�L�R�Q���D�Q�G���O�H�D�U�Q�L�Q�J���D�U�H���N�H�\���Z�L�W�K���W�K�H�V�H���V�W�D�U�W-�X�S�V�����D�V���W�K�H���F�X�P�X�O�D�W�L�Y�H���O�H�D�U�Q�L�Q�J��
�P�H�W�K�R�G���V�H�H�P�V���P�R�U�H���V�X�F�F�H�V�V�I�X�O��[21]�����$�Q�R�W�K�H�U���V�W�X�G�\��[51]���D�Q�D�O�\�]�H�G���K�R�Z���F�R�P�S�D�Q�L�H�V��
�K�D�Q�G�O�H���I�H�D�W�X�U�H���L�Q�Q�R�Y�D�W�L�R�Q���R�Q�� �D���V�W�U�D�W�H�J�L�F�� �O�H�Y�H�O� �� � � 7� K� H� � � D� E� L� O� L� W� \� � � R� I� � � D� � � F� R� P� S� D� Q� \� � � W� R� �
�V�X�F�F�H�V�V�I�X�O�O�\�� �G�H�S�O�R�\�� �I�H�D�W�X�U�H�� �L�Q�Q�R�Y�D�W�L�R�Q�V�� �L�V�� �D�� �F�U�L�W�L�F�D�O�� �F�D�S�D�E�L�O�L�W�\�� �W�K�D�W���D�O�O�R�Z�V�� �F�D�U��
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�P�D�Q�X�I�D�F�W�X�U�H�U�V���W�R���E�H���F�R�P�S�H�W�L�W�L�Y�H��i�Q���W�K�H���P�D�U�N�H�W�����7�K�H���V�W�X�G�\���L�Q�Y�H�V�W�L�J�D�W�H�G��nine���J�H�Q�H�U�D�O��
�F�D�U���P�D�Q�X�I�D�F�W�X�U�H�U�V���D�Q�G���������I�H�D�W�X�U�H���L�Q�Q�R�Y�D�W�L�R�Q���F�D�V�H�V�����V�K�R�Z�L�Q�J���D���³�F�O�H�D�U���W�U�H�Q�G���W�R�Z�D�U�G�V��
�W�K�H���V�W�U�X�F�W�X�U�H�� �R�I�� �D�X�W�R�Q�R�P�R�X�V�� �³�D�G�Y�D�Q�F�H�G�� �H�Q�J�L�Q�H�H�U�L�Q�J�´�� �X�Q�L�W�V�� �D�Q�G�� �S�U�R�F�H�V�V�H�V��
�U�H�V�S�R�Q�V�L�E�O�H�� �I�R�U�� �H�[�S�O�R�U�L�Q�J�� �L�Q�Q�R�Y�D�W�L�Y�H�� �I�H�D�W�X�U�H�V�� �D�Q�G�� �W�U�D�Q�V�I�H�U�U�L�Q�J�� �W�K�H�P�� �W�R�� �P�X�O�W�L�S�O�H��
�S�U�R�G�X�F�W�V�´���� �7�K�H�\�� �I�R�X�Q�G���W�K�D�W�� �D�X�W�R�P�R�W�L�Y�H�� �F�R�P�S�D�Q�L�H�V�� �V�H�S�D�U�D�W�H�G�� �W�K�H�� �S�U�R�G�X�F�W��
�G�H�Y�H�O�R�S�P�H�Q�W�� �S�U�R�F�H�V�V�� �I�U�R�P�� �W�K�H�� �L�Q�Q�R�Y�D�W�L�R�Q�� �G�H�Y�H�O�R�S�P�H�Q�W�� �S�U�R�F�H�V�V�� �E�\�� �F�D�O�O�H�G��
�³�$�G�Y�D�Q�F�H�G�� �(�Q�J�L�Q�H�H�U�L�Q�J�´�� �G�H�S�D�U�W�P�H�Q�W�V���� �7�K�H�� �V�W�X�G�\�� �S�U�R�Y�H�V�� �W�K�D�W�� �W�K�H�� �L�Q�Q�R�Y�D�W�L�R�Q��
�L�P�S�O�H�P�H�Q�W�D�W�L�R�Q���S�U�R�F�H�V�V���K�D�V���D���³�G�L�U�H�F�W���L�P�S�D�F�W���R�Q���W�K�H���F�R�P�S�H�W�H�Q�Fi�H�V���D�Q�G���U�R�X�W�L�Q�H�V���R�I��
�W�K�H���F�D�U�P�D�N�H�U�´���D�Q�G�����W�K�H�U�H�I�R�U�H�����L�W���P�L�J�K�W���E�H���D���P�D�M�R�U���G�U�L�Y�H�U���I�R�U���G�\�Q�D�P�L�F���F�D�S�D�E�L�O�L�W�\��[51]����

�7�K�H���L�Q�F�U�H�D�V�L�Q�J���D�W�W�H�Q�W�L�R�Q���S�D�L�G���W�R���V�X�V�W�D�L�Q�D�E�L�O�L�W�\���D�O�V�R���R�I�I�H�U�V���O�H�V�V�R�Q�V���O�H�D�U�Q�H�G�����3�U�R�M�H�F�W�V��
�L�Q�� �W�K�L�V�� �I�L�H�O�G�� �I�D�F�H���K�L�J�K-�U�L�V�N�� �V�L�W�X�D�W�L�R�Q�V�� �D�Q�G�� �U�H�T�X�L�U�H�� �V�S�H�F�L�D�O�L�]�H�G�� �N�Q�R�Z-�K�R�Z�����$���V�W�X�G�\��
[23]���D�Q�D�O�\�]�H�G�����������F�O�H�D�Q���W�H�F�K�Q�R�O�R�J�\���S�U�R�M�H�F�W�V���L�Q���W�K�H���8�6���W�R���F�R�P�S�D�U�H���K�R�Z���R�S�H�U�D�W�L�R�Q��
�G�H�V�L�J�Q���D�I�I�H�F�W�V���U�L�V�N���D�Q�G���H�Q�K�D�Q�F�Hs���S�U�R�M�H�F�W���Y�D�O�X�D�W�L�R�Q�����$���S�R�V�L�W�L�Y�H���F�R�U�U�H�O�D�W�L�R�Q���K�D�V���E�H�H�Q��
�F�R�Q�I�L�U�P�H�G���E�H�W�Z�H�H�Q���G�H�S�O�R�\�P�H�Q�W���I�H�D�V�L�E�L�O�L�W�\���D�Q�G���S�U�R�M�H�F�W���Y�D�O�X�D�W�L�R�Q����

�<�X�G�L�Q�H��[52]���S�U�R�S�R�V�H�G���D���I�R�X�U-�G�L�P�H�Q�V�L�R�Q�D�O���W�K�L�Q�N�L�Q�J���P�H�W�K�R�G�R�O�R�J�\���W�R���G�H�Y�H�O�R�S���V�W�D�U�W-�X�S��
�S�U�R�M�H�F�W�V���� �7�K�H�� �P�H�W�K�R�G�� �F�R�Q�W�D�L�Q�V���W�K�U�H�H���V�W�D�J�H�V�� �R�I�� �G�H�Y�H�O�R�S�P�H�Q�W�� �D�Q�G���I�L�Y�H���S�K�D�V�H�V�� �R�I��
�P�L�O�H�V�W�R�Q�H�V�����7�K�H���V�W�X�G�\���G�R�H�V���Q�R�W���S�U�R�Y�L�G�H���H�Y�L�G�H�Q�F�H���R�I���W�K�H���D�S�S�O�L�F�D�E�L�O�L�W�\���R�I���W�K�H���S�U�R�S�R�V�H�G��
�P�H�W�K�R�G���E�D�V�H�G���R�Q���H�P�S�L�U�L�F�D�O���G�D�W�D����

1st���V�W�D�J�H������ “C�K�D�R�W�L�F�´�� �W�K�L�Q�N�L�Q�J�� �E�U�R�D�G�Z�L�V�H�� �R�Q�� �D���W�Z�R-�G�L�P�H�Q�V�L�R�Q�D�O�� �S�O�D�Q�H�� �R�I��
�L�Q�W�H�U�G�L�V�F�L�S�O�L�Q�D�U�\���O�L�Q�N�V��

2�Q�G���V�W�D�J�H������ �7�K�H���W�K�L�Q�N�L�Q�J���L�Q���W�K�H���W�L�P�H-�G�L�P�H�Q�V�L�R�Q��

3�U�G���V�W�D�J�H������ �7�K�L�Q�N�L�Q�J���L�Q���W�K�H���Y�H�U�W�L�F�D�O���G�L�U�H�F�W�L�R�Q��

1st���S�K�D�V�H������D�H�Y�H�O�R�S�L�Q�J���D�Q���L�G�H�D���I�R�U���W�K�H���V�W�D�U�W�X�S-�S�U�R�M�H�F�W��

2�Q�G���S�K�D�V�H������ �7�K�H���%�X�V�L�Q�H�V�V-�S�O�D�Q���R�I���W�K�H���V�W�D�U�W�X�S-�S�U�R�M�H�F�W��

3�U�G���S�K�D�V�H������ �7�K�H���V�H�D�U�F�K���I�R�U���W�K�H���I�L�Q�D�Q�F�L�D�O���U�H�V�R�X�U�F�H��

4�W�K���S�K�D�V�H������ �7�K�H���L�P�S�O�H�P�H�Q�W�D�W�L�R�Q���R�I���W�K�H���S�U�R�M�H�F�W��

5�W�K���S�K�D�V�H������ �7�K�H���D�V�V�H�V�V�P�H�Q�W���R�I���W�K�H���V�W�D�U�W�X�S-�S�U�R�M�H�F�W���H�I�I�L�F�L�H�Q�F�\��

�7�K�H���P�R�G�H�O���S�U�R�S�R�V�H�V�� �W�R�� �V�L�P�S�O�L�I�\�� �W�K�H�� �E�X�V�L�Q�H�V�V�� �S�U�R�F�H�G�X�U�H���I�R�U���D�� �Q�H�Z���V�W�D�U�W-�X�S���D�V�� �W�K�H��
�L�Q�I�R�U�P�D�W�L�R�Q�D�O�� �R�Y�H�U�O�R�D�G�� �F�D�Q�� �D�I�I�H�F�W�� �P�D�Q�D�J�H�U�L�D�O�� �M�X�G�J�P�H�Q�W�� �D�Q�G�����F�R�Q�V�H�T�X�H�Q�W�O�\�����W�K�H��
�H�I�I�L�F�L�H�Q�F�\���R�I���W�K�H���F�R�P�S�D�Q�\�����3�K�D�V�H�V���R�I���W�K�H���P�H�W�K�R�G���K�D�Y�H���E�H�H�Q���G�H�W�D�L�O�H�G���E�X�W���N�H�S�W���W�R���D��
�V�L�P�S�O�H���O�H�Y�H�O���W�R���P�D�N�H��it���³�X�V�H�U-�I�U�L�H�Q�G�O�\�´�����7�K�H���D�X�W�K�R�U���U�H�F�R�P�P�H�Q�G�V���I�R�U���I�X�W�X�U�H���V�W�X�Gies��
�W�K�H���L�P�S�O�H�P�H�Q�W�D�W�L�R�Q���D�Q�G���H�I�I�H�F�W�L�Y�H�Q�H�V�V���F�K�H�F�Ns���R�I���W�K�H���S�U�R�S�R�V�H�G���P�H�W�K�R�G��[52]����

Conclusions 

�6�W�D�U�W-�X�S�V���D�U�H���W�K�H���E�H�D�W�L�Q�J���K�H�D�U�W���R�I���H�F�R�Q�R�P�L�F���J�U�R�Z�W�K�����W�K�U�R�X�J�K���V�X�V�W�D�L�Q�L�Q�J���W�K�H���G�\�Q�D�P�L�F�V��
�R�I���Q�H�Z���S�U�R�G�X�F�W�V���D�Q�G���Q�R�Y�H�O���V�R�O�X�W�L�R�Q�V�����7�K�H���K�L�J�K���I�D�L�O�X�U�H���U�D�W�L�R���D�P�R�Q�J���V�W�D�U�W-�X�S�V���L�V���D���F�D�O�O��
�W�R���D�G�G�U�H�V�V���W�D�U�J�H�W�H�G���D�F�W�L�R�Q�V�����7�K�H���I�D�F�W���W�K�D�W���W�K�H���I�D�L�O�X�U�H���U�D�W�L�R���K�D�V���E�H�H�Q���K�L�J�K���I�R�U���D���O�R�Q�J��
�W�L�P�H���L�Q�G�L�F�D�W�H�V���D���O�D�F�N���R�I���H�I�I�H�F�W�L�Y�H�Q�H�V�V��in���W�K�H���S�U�R�S�R�V�H�G���V�R�O�X�W�L�R�Q�V�����D�Q�G���D���I�X�Q�G�D�P�H�Q�W�D�O�O�\��
�Q�H�Z���D�S�S�U�R�D�F�K���L�V���Q�H�H�G�H�G���W�R���K�D�Q�G�O�H���W�K�H���U�L�V�N�V�����+�D�Q�G�O�L�Q�J���D���V�W�D�U�W-�X�S���D�V���D���S�U�R�M�H�F�W���D�O�O�R�Z�V��
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�P�D�\���E�H���D�Q���L�Q�L�W�L�D�O���V�W�H�S�����$���V�W�D�U�W-�X�S���L�V���Q�R�W���D���S�U�R�M�H�F�W�����E�X�W���S�U�R�M�H�F�W�V���K�D�Y�H���D���G�H�F�L�V�L�Y�H���U�R�O�H��
�L�Q���W�K�H�L�U���O�L�I�H���F�\�F�O�H�����S�U�R�M�H�F�W���P�D�Q�D�J�H�P�H�Q�W���W�R�R�O�V���P�D�\���K�D�Y�H���D���S�U�D�F�W�L�F�D�O���H�[�W�H�Q�V�L�R�Q���W�R���W�K�H�L�U��
�R�U�J�D�Q�L�]�D�W�L�R�Q�D�O���V�X�S�S�R�U�W���L�Q���W�K�H���I�L�H�O�G���R�I���U�L�V�N���P�D�Q�D�J�H�P�H�Q�W����

S�W�D�U�W-�X�S�V���D�U�H�� �Q�R�W�� �P�D�W�X�U�H�� �D�Q�G���Q�R�W���H�[�S�H�U�L�H�Q�F�H�G�� �R�U�J�D�Q�L�]�D�W�L�R�Q�V���W�K�D�W�� �F�D�Q���L�Q�W�U�R�G�X�F�H��
�F�R�P�S�O�H�[���P�D�Q�D�J�H�P�H�Q�W���V�\�V�W�H�P�V�����F�R�Y�H�U�L�Q�J���S�U�R�M�H�F�W���R�U���U�L�V�N���P�D�Q�D�J�H�P�H�Q�W�����6�R�P�H���W�U�\���W�R��
�X�V�H���W�U�D�G�L�W�L�R�Q�D�O���P�R�G�H�O�V�����R�W�K�H�U�V���I�R�F�X�V���R�Q���D�J�L�O�H���S�U�D�F�W�L�F�H�V�����G�H�S�H�Q�G�L�Q�J���R�Q���W�K�H���N�Q�R�Z�O�H�G�J�H��
�O�H�Y�H�O���D�Q�G���W�K�H���L�Q�G�X�V�W�U�L�D�O���V�S�H�F�L�I�L�F�D�W�L�R�Q�V�����7�K�H���K�L�J�K���I�D�L�O�X�U�H���U�D�W�L�R���D�O�V�R���V�X�J�J�H�V�W�V���W�K�D�W���Q�R��
�F�R�P�P�R�Q���S�U�D�F�W�L�F�H���L�V�� �D�Y�D�L�O�D�E�O�H���� �D�Q�G�� �W�K�H�� �F�D�V�H�� �V�W�X�G�L�H�V���D�U�R�X�Q�G���O�H�V�V�R�Q�V�� �O�H�D�U�Q�H�G�����D�U�H��
�D�S�S�U�H�F�L�D�W�H�G�� �L�Q�� �I�L�Q�G�L�Q�J�� �X�Q�L�T�X�H�� �V�R�O�X�W�L�R�Q�V�����7�K�H�� �D�Q�D�O�\�V�L�V�� �R�I���F�D�X�V�H�V���I�R�U���I�D�L�O�X�U�H����
�H�P�S�K�D�V�L�]�H�� �D���P�L�V�D�O�L�J�Q�P�H�Q�W���E�H�W�Z�H�H�Q���S�U�R�G�X�F�W�V���R�U���V�H�U�Y�L�F�Hs���D�Q�G���P�D�U�N�H�W���G�H�P�D�Q�G�����W�K�H��
�L�Q�F�R�P�S�H�W�H�Q�F�H���W�R���L�P�S�U�R�Y�H���W�K�U�R�X�J�K���T�X�L�F�N���L�W�H�U�D�W�L�R�Q���D�Q�G���W�K�H���O�D�F�N���R�I���V�W�U�X�F�W�X�U�H�G���E�X�V�L�Q�H�V�V��
�P�D�Q�D�J�H�P�H�Q�W���S�U�R�F�H�V�V�H�V����

�$���V�L�P�L�O�D�U�� �F�K�D�U�D�F�W�H�U�L�V�W�L�F�� �R�I�� �D�� �V�W�D�U�W-�X�S���D�Q�G�� �D�� �S�U�R�M�H�F�W�� �L�V�� �H�P�E�R�G�L�H�G���L�Q���S�U�R�M�H�F�W-�E�D�V�H�G��
�R�U�J�D�Q�L�]�D�W�L�R�Q�V�����,�P�S�O�H�P�H�Q�W�L�Q�J�� �F�R�Q�V�F�L�R�X�V�� �U�L�V�N�� �P�D�Q�D�J�H�P�H�Q�W�� �S�U�D�F�W�L�F�H�V�� �L�Q�W�R�� �W�K�H�L�U��
�E�X�V�L�Q�H�V�V�� �P�D�Q�D�J�H�P�H�Q�W�� �V�\�V�W�H�P�� �L�V�� �D�G�Y�L�V�H�G���D�V�� �S�D�U�W�� �R�I�� �W�K�H�� �S�U�R�M�H�F�W�� �P�D�Q�D�J�H�P�H�Q�W��
�S�U�D�F�W�L�F�H�V�����7�K�H���P�R�V�W���I�U�H�T�X�H�Q�W���U�L�V�N�V���D�U�H���U�H�O�D�W�H�G���W�R���I�L�Q�D�Q�F�L�D�O�����P�D�U�N�H�W���D�Q�G���F�R�Q�W�L�Q�X�R�X�V��
�O�H�D�U�Q�L�Q�J���L�P�S�O�H�P�H�Q�W�D�W�L�R�Q�����7�K�H�U�H�I�R�U�H�����W�K�H�V�H���L�W�H�P�V���V�K�R�X�O�G���E�H���K�D�Q�G�O�H�G���V�H�S�D�U�D�W�H�O�\���L�Q���W�K�H��
�S�U�R�M�H�F�W�� �S�K�D�V�H�� �S�O�D�Q�Q�L�Q�J�� �D�F�W�L�Y�L�W�L�H�V�����7�K�H�U�H�� �D�U�H�� �D�O�V�R�� �J�O�R�E�D�O�� �S�R�O�L�F�L�H�V���D�Q�G�� �V�W�D�Q�G�D�U�G�V��
�L�Q�L�W�L�D�W�H�G���L�Q���W�K�H���S�D�V�W���I�H�Z���\�H�D�U�V���I�R�U���V�W�D�U�W-�X�S�V���W�K�D�W���F�D�Q���U�H�G�X�F�H���U�L�V�N�V����

�)�X�U�W�K�H�U���U�H�V�H�D�U�F�K���D�L�P�V���W�R���H�[�S�O�R�U�H���L�Q�G�X�V�W�U�L�D�O���G�L�I�I�H�U�H�Q�F�H�V���D�P�R�Q�J���V�W�D�U�W-�X�S�V���D�Q�G���V�H�H�Ns��
�F�R�P�P�R�Q���F�K�D�U�D�F�W�H�U�L�V�W�L�F�V�����L�I���W�K�H�\���H�[�L�V�W�����,�Q���O�L�Q�H���Z�L�W�K���D�Q���D�J�L�O�H���H�Q�Y�L�U�R�Q�P�H�Q�W�����G�H�Y�H�O�R�S�L�Q�J��
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Abstract: This paper presents the semantic framework for the description and automatic 
composition of the data analytical processes. The framework specifies how to describe 
goals, input data, outputs and various data operators for data pre-processing and 
modelling that can be applied to achieve the goals. The main contribution of this paper is 
the formal language for the specification of the preconditions, postconditions, inputs and 
outputs of the data operators. The formal description of the operators with the logical 
expressions allows automatic composition of operators into the complex workflows 
achieving the specified goals of the data analysis. The evaluation of the semantic 
framework was performed on the two real-world use cases from the medical domain, where 
the automatically generated workflow was compared with the implementation manually 
programmed by the data scientist. 
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1 Introduction  

Analysis of data and application of machine learning and artificial intelligence 
methods become very important approach successfully applied to the research or 
business problems in the various domains. However, the application of these 
methods is not always straightforward and requires extensive knowledge exchange 
between data scientists and domain experts. Additionally, the implementation of 
these applications is rather complex, with many constraints coming from the 
definition of the goal, properties of input data and constraints of the algorithms 
applied to generate the results. The result is that implementation of the data 
analytical approach can be time and resource-consuming. In this paper, we 
propose the semantic framework for automatization of the data-analytical 
processes based on the application of ontologies and logical inference.  
The proposed framework allows to automatically compose data-analytical 
workflow based on the semantic description of the goals. 
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The paper is organized as follows. The first chapter describes the current state-of-
the-art and our motivation. In the following Chapter 3, we introduce our semantic 
model for data-analytical processes, followed by the main contribution of this 
paper: semantic description of the data analytical processes for the automatic 
composition of workflows and additional types of data operators covering various 
data and model visualization techniques. Last Chapter 4 then presents the 
evaluation of the proposed approach on the real application cases from the 
medical domain. 

2 Semantic Description of Data Analytical Processes 

A few semantics have been proposed to describe data-analytical process models 
formalized as ontologies [1-2]. One of the main proposals is the OntoDM 
ontology [3], which consists of 3 modules. The first module deals with the 
specification of input and output data and is based on the ISO standard for 
describing data types (atomic and composite). The main module characterizes the 
concepts that describe the data, the data analysis tasks (such as classification, 
clustering, etc.), the data mining algorithms, and the analysis outputs in the form 
of general data mining models. The third module uses concepts from the first two 
modules to formalize the different phases of the overall process according to the 
CRISP-DM methodology [4]. 

The other proposed ontologies extend the definition of some concepts introduced 
in OntoDM. DMOP ontology [5] deals mainly with the detailed description of the 
data mining algorithms, including their internal principle, e.g., a description of the 
numerical optimization method used, the error function, or the regularization of 
learning. DMOP covers 3 phases of CRISP-DM. DMWF ontology [6] defines data 
operators, which are applicable in data pre-processing, modelling, and evaluations. 
Operators are described similarly to services by definition of their inputs, outputs, 
assumptions, and effects. These input and output conditions are defined as logical 
expressions in the SWRL language as far as possible use of automatic derivation 
in the composition of workflows at data analysis. 

One of the most general proposals that extend OntoDM is ontology Exposé [7], 
which extends the CRISP-DM phase of the data analysis process to the level of 
experiments to ensure, e.g., reusability of procedures in data analysis and 
reproducibility of results. In addition to conceptualization, it also provides a 
language for describing experiments based on XML [8], which allows you to 
publish and share a description of experiments on the web in a machine-readable 
format. 

Panov et al. describe OntoDT, ontology to represent knowledge about data types. 
This ontology defines basic entities such as datatypes and their properties, 
specifications, characterizing operations, and datatype taxonomy [9]. 
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In [10] Tianxing et al. presents a meta-mining ontology, which is used for building 
a domain-oriented ontology. The main goal of creating INPUT ontology is to 
understand data and business goals better and use it as an input interface for user 
queries. 

The conceptualization of these semantic models is based on the description 
interfaces of existing software tools used for data analysis, such as R environment 
or sci-kit-learn library. Other relevant technologies can also include formats for 
exchanging data-analytical models when deploying them, such as XML standard 
PMML, PFA format based on JSON notation or currently the most supported 
ONNX format focused mainly on the exchange of models of deep learning. 

Data Science Ontology (DSO) is a data science knowledge base focusing on 
computer programming. DSO is a way of organizing and classifying the concepts 
and entities within the field of data science. It helps define the relationships 
between different aspects of data science work and provides a framework for 
understanding and communicating about the field. One important aspect of data 
science ontology is the classification of data types and sources. This includes 
things like structured data, unstructured data, and semi-structured data, as well as 
data sources such as databases, APIs, and text files. Another important aspect is 
the classification of data analysis and modelling techniques. This can include 
things like statistical methods, machine learning algorithms [11], data 
visualization techniques, and natural language processing. The concepts for this 
ontology are gleaned from statistics, machine learning [29], and software 
engineering for data science. In addition to concepts, ontology also provides 
semantic annotations for data science. The annotations map the types and 
functions of the libraries to the universal concepts of ontology [12]. Data science 
ontology also includes the different roles and responsibilities within a data science 
team. This can include roles such as data engineer, data analyst, data scientist, and 
machine learning engineer, as well as the specific tasks and responsibilities 
associated with each role. Data science ontology can also include the models, 
frameworks and methodologies that are used in the field. These can include things 
like CRISP-DM for data mining, SEMMA for data mining and statistics, and the 
OSEMN framework for data science. 

Data visualization and models should not be forgotten in the preprocessing and 
modelling framework; there is a VISO ontology [13] for describing such concepts, 
which formally models concepts and facts specific to visualizations. Visualization 
ontology is an important area of study, as it provides a structured and consistent 
way of understanding and discussing the field of data visualization. By 
understanding the different types of visualizations, design elements, and ways of 
representing data, we can create more effective and engaging visualizations that 
can help to communicate complex data in a more understandable way.  
The advantages of this ontology, also achieved thanks to well-established 
semantics standards such as RDFs [14] and OWL [14-16], are technical 
interoperability, support for a common understanding between interdisciplinary 
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parties in the visualization process, and the ability to derive new knowledge from 
existing facts. Viso is characterized by being composed of 7 modules: Graphic - 
formalizes concepts related to graphical relations and representations; Data - 
defines data variables and structures; Facts - formalizes constraints, rankings and 
defaults; Activity - deals with the human aspect within the visualization; System - 
this module covers HW and SW; User - characterizes user extensions and Domain 
- describes the domain specifications. 

3 Semantic F�U�D�P�H�Z�R�U�N���I�R�U Automatization of Data-
Analytical Processes 

In our previous work [17-18], we have defined the semantic framework for the 
description of the data analytical processes, which is divided into the following 
modules: 

�x Domain Concepts - concepts for the description of entities and known 
relationships in the domain under investigation used for data analysis 
methods. 

�x Data Items and Performance Indicators - concepts for the description of 
key performance indicators formalising business and research 
requirements and goals of data analysis and concepts to describe input 
and output data attributes and data sets. 

�x Algorithms and Data Mining Models - concepts for describing methods 
and data mining algorithms and their settings, and concepts for 
describing data mining models (main outputs of data analysis). 

The first module is mainly designed from the point of view of a domain expert, 
using domain concepts to formalise the description of a given domain. The second 
module contains concepts that are shared between the domain expert and the data 
analyst and is used to formally describe the goals of the analysis and the data.  
The last module was mainly proposed for the semantic documentation of the 
existing data-analytical processes to achieve interoperability and reproducibility of 
the processes. The main contribution of this paper is in the extension of the 
framework, with the concepts which will allow the automatic composition of the 
workflows and automation of the data-analytical processes. The following 
subchapters will describe the proposed modules in detail. 

3.1 Domain Concepts 

Concepts for domain formalisation are specified using the SKOS metamodel [19], 
which allows the specification of title, narrative description and definition of 
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concepts localised in several natural languages. Concepts can be arranged 
hierarchically in the form of a thesaurus/taxonomy by the relations 
skos#broader/skos#narrower. It is also possible to define polyhierarchical 
schemes. In addition to the hierarchical arrangement, terms can also be linked 
associatively by the relation skos#related. 

A defined common dictionary of domain terms can also be used as a classification 
scheme for organising different types of documents that enter into data analysis as 
domain documentation, created by data analysts to document the analysis process 
itself, the data and the results achieved. The document types themselves can be 
specified as a classification taxonomy in SKOS. 

In addition to the narrative description, in some domains, it is also appropriate to 
explain existing concepts using various diagrams, schemes and other types of 
graphical notations (e.g., using BPMN diagrams for modelling business processes 
or process diagrams for visualising production processes in the field of Industry 
4.0, etc.). In this case, the individual graphical elements (e.g., an activity block in 
a BPMN diagram) are described as separate SKOS concepts that are linked to a 
given element to allow bi-directional navigation between the graphical notation 
and a set of semantic concepts. However, the proposed formalism does not define 
how these links are represented either in a semantic representation or inserted 
directly into the graphical notation format. 

3.2 Data Elements and Performance Indicators 

Figure 1 illustrates the basic concepts that represent the input and output data. 
Data elements are specified on two levels: logical and physical. Logical data 
elements are utilized to describe every input data attribute that the domain expert 
recognizes as relevant for resolving the given task of data analysis or for 
describing all output data produced during the analysis process, including 
prediction of the data-analytical models or values of domain and technical 
performance indicators. 

The logical representation defines the metadata for each data attribute, which 
includes its name and definition in natural language, logical data type (for 
example, whether it is nominal, ordinal, numeric data, scalar, vector quantity, 
spatially-arranged data, time series, etc.), the commonly used physical unit of 
measurement, and the role of the data element in the data analysis process (such as 
whether it is input, output, or input-output data). 

Logical data attributes can be connected by interdependencies, which are 
represented by the Dependency class. The Dependency class defines a relationship 
between one dependent data element and one or more independent elements.  
The dependency can be described in text or specified mathematically using a 
known physical or economic model. Dependencies can be further specified by 
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basic type, for example, expressing whether the value of a dependent element is 
derived from an independent element through transformation or is an aggregation 
of multiple independent elements, etc. 

 

Figure 1 

Data elements and performance indicators 

The physical location of the data during analysis is represented by the physical 
data elements, and one logical attribute can have multiple physical realizations. 
Physical data elements are assigned physical data formats and types. The physical 
type is based on the ISO standard for describing data formats in software systems 
and can be atomic (real/integer, Boolean value, string) or composite (record with 
data fields, list, or unordered set). The specific location of the data is defined using 
IRI, which represents a unique identifier in a software environment for data 
analysis or a URL for placement on the web. Multiple physical data elements can 
be combined into a single data element set referenced through IRI. 

The results of the data analysis are quantitatively described by the measurable 
performance indicators, which are defined as the special type of data elements. 
Similarly, to the description of input data, the performance indicators are divided 
into two subclasses: domain indicators and technical indicators. Domain indicators 
are commonly introduced by the domain expert for the evaluation of the results 
from the business perspective. They include indicators which specify, for 
example, financial costs/savings, energy or resource consumption, environmental 
impact, etc. The technical indicators include statistics expressing the performance 
of the data-mining model, such as accuracy, specificity, sensitivity, etc., estimated 
on the test or validation data set or using the cross-validation. In addition to 
performance metrics, technical indicators also cover the various metrics 
expressing the complexity or interpretability of data-mining models (e.g., the 
number of numerical parameters, the number of classifications or association 
rules, the number of clusters, etc.). Technical indicators are formally mapped by 
the data analyst to domain indicators by specifying the dependencies represented 
by the Dependency class, which allows to retrospectively determine how the 
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technical quality of data-mining models quantitatively affects the required quality 
of business goals. 

 

Figure 2 

Example of the physical and logical data elements 

Figure 2 presents an example which demonstrates the relations between logical 
and physical data elements. The physical dataset is represented with the WDBC 
instance, which points to the data stored in the comma-separated value file on the 
disk. The file consists of multiple columns, which are represented as instances of 
the Physical Data Element class. The example column is represented with the 
SYMMETRY_MEAN instance, which corresponds to the logical data element 
represented by the SymmetryAvrg instance. Another example of the logical 
element is Symmetry instance from which the SymmetryAvrg element is derived 
by arithmetic averaging. The dependency between the two logical elements is 
formally represented by the Average instance of type Dependency. In this case, 
the Average instance can specify directly by a structured formula for the 
computation of the arithmetic average over the source element. 

3.3 Algorit hms and Data-Analytical Models 

The use of the algorithm in the analysis is determined by the definition of the data 
mining task as specified by the data analyst (Figure 3). The task is defined by a set 
of constraints (Constraint class) that use logical expressions to outline the desired 
properties of the resulting data mining model. These constraints cover the 
characteristics of the input data (such as data type attributes and the presence of 
missing or extreme values), the type of desired model (such as classification, 
regression, clustering, association rules, anomaly detection, etc.), and the quality 
and interpretability of the model by limiting technical performance indicators. 
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These constraints are further divided into hard constraints, which must be fully 
met in the solution of the task, and soft constraints, which should be taken into 
consideration in the solution but may not necessarily be met unconditionally. 

 

Figure 3 

Data mining tasks, algorithms, and models 

The main concept which covers all operations over the data is the Operator class. 
The machine learning algorithms are represented with the Algorithm concept, 
which is the special type of the operator with the data input and output in the form 
of the data mining model. The Model itself is the Operator, which can be applied 
to the input data for scoring. The output of the Model operator are data elements 
with predicted values and with the optional additional metadata such as 
confidence scores, identifiers of the classification rules, or weights of the 
contributing input values. In addition to the output model, an algorithm can have a 
set of (hyper) parameters that need to be set before it can be executed. Each 
parameter has a defined data type and a predetermined value. A special type of 
algorithm is the MetaLearningSchema class [20], which internally optimises 
parameter settings for a given training set and basic learning algorithm or selects 
the best algorithm from a group of algorithms for a given training data. 

Figure 4 presents an example of the formalisation of the predictive machine 
learning algorithm and model. The RandomForest algorithm is the instance of the 
Algorithm concept, which is constrained for the classification task.  
The classification task specifies the constraint for the output predicted value (it 
must be of ordinal or nominal type). The algorithm is the data operator, which can 
be applied to input data represented as the physical dataset and which outputs the 
data mining model represented as the RFModel instance. An algorithm can have 
multiple parameters (settings which must be specified by the data scientist or 
automatically optimised), which are represented as the instances of type 
AlgorithmParameter. The figure shows a parameter for the number of trees 
included in the random forest model. Parameters can be semi-automatically 
optimised using the meta-learning schema. In the presented example, the number 
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of trees parameter is optimised by GridSearch meta-algorithm, which iteratively 
learns and evaluates model using the given algorithm (e.g., RandomForest) and 
selects the optimal value of the selected parameter. 

 

Figure 4 

Example of the algorithms and data-analytical models 

3.4 Process Model for Data Analytical W �R�U�N�I�O�R�Zs 

The proposed process model can be used to automatically generate workflows for 
data analysis tasks and also to formally describe existing data analysis scripts, 
ensuring their replicability and reusability. It is designed similarly to a process 
model for choreography and orchestration of web services, with the state 
represented by instances assigned to the shared variables. The process consists of 
nodes (Figure 5) that represent individual operations (Operator class) for data 
preprocessing, modelling, and evaluation, or control blocks such as branches, 
cycles, parallel execution, and synchronization (ControlNode class). The nodes 
are connected in a workflow by edges represented by the GuardedTransition class, 
which represents conditional transitions between nodes. Operators are described 
functionally, with inputs, outputs, assumptions, and effects defined as logical 
expressions. The flow of the process is determined by backward chaining of the 
effects and assumptions, taking the desired target effects from the task 
specification of the data mining. Some restrictions may be imposed by the 
algorithms used in the workflow, such as the ability to only work with certain 
types of attributes or to handle missing values. 
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An important part of our semantic framework is the formalism used for the 
description of the logical expressions in the specification of the operators inputs, 
outputs, preconditions and postconditions. The formalism is divided into variants 
with gradually increased expressiveness, which allows for choosing a trade-off 
between complexity and expressiveness and simplify the implementation of the 
automatic planning. The full specification was based on the Web Service 
Modelling Language (WSML) formalism [21], which combines constructs from 
descriptive logic and logic programming. WSML expressions consist of logical 
variables, functional symbols, logical operators (and, or, classical negation and 
negation as a failure) and quantifiers (existential and universal). Our current 
proposal substantially reduced the expressiveness of the WSML expressions in 
order to even further simplify formalism and implementation of the automatic 
method for the process composition. 

 

Figure 5 

Process model for data analytical workflows 

The current specification corresponds to the WSML light variant with the 
following constraints: 

�x Al l logical variables in the expressions are universally quantified. 

�x If  �., �� and �� are terms (identifiers, data values or variable symbols): �. 
subConceptOf ��, �. memberOf �� and �.[����hasValue ��] are atomic 
formulas where sub-concept of  predicate specifies that the type �. is the 



Acta Polytechnica Hungarica Vol. 21, No. 2, 2024 

 – 177 – 

sub-type of the ��, member of predicate constrains the type of the term �. 
and has value predicate defines that the term �. has value �� for the 
property ��. 

�x Atomic formulas can be further combined with the logical operators and, 
or and negation as a failure (denoted as not). 

Examples 

The following example describes inputs, outputs, preconditions and 
postconditions for the operator, which replaces missing values of all numerical 
attributes in the input dataset. 

Inputs: 

    ?x memberOf PhysicalDataset 

Preconditions: 

    ?x[hasDataElement hasValue ?y] and ?y memberOf NumericalAttribute 

Outputs: 

    ?x memberOf PhysicalDataset 

Postconditions: 

    not hasMissingValues(?y) 

The operator defines the physical dataset as an input with the precondition that all 
data elements (columns in the input physical dataset) have a numerical type (note 
that all variables are implicitly universally quantified). The output of the operator 
is the same dataset with the postcondition that all attributes are without missing 
values (tested with the hasMissingValues predicate). All variables within the 
definition are shared between the inputs/precondition and outputs/postconditions, 
so for example, it is not necessary to bind variable ?y in the postconditions since it 
was already constrained in the preconditions. 

The following example defines the operator for the logistic regression machine 
learning algorithm. 

Inputs: 

    ?x memberOf PhysicalDataset 

Preconditions: 

    ?x[hasDataElement hasValue ?y] and 

    ?y memberOf NumericalAttribute and 

    not hasMissingValues(?y) 

Outputs: 

    ?z memberOf LogisticRegressionModel 
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The input to the operator is the physical dataset with numerical attributes without 
the missing values, and the output is the logistic regression machine learning 
model represented with the type LogisticRegressionModel (which is subsequently 
sub-concept of ClassificationModel, etc.). 

Finally, the process of creating an executable workflow in a specific software 
environment involves anchoring the operators with the Grounding class. 
Grounding is a customizable text template that generates code for the operator's 
function in the environment when filled with variables. Operators can have 
multiple anchors, each designed for a different programming language (e.g. R or 
Python) or version of the software library used. The task specification can also 
include constraints on the anchoring, ensuring that only operators compatible with 
the given environment are used in the workflow. 

3.5 Visualization Concepts 

These concepts describe visualization in data mining processes. The key concepts 
are Algorithm, which is a type of operator that depends on input variables, and 
VisualizationMethod, which is an operator that takes data or a model as an input 
and outputs a visualization in the form of a graph. 

Figure 6 illustrates the concepts of data visualization. As an example, we have 
selected the visualization of the PDP method for explaining machine learning 
models. In the beginning, it is important to define the type of visualization that is 
required. In principle, any visualization requires data as input. Either the data can 
be visualized as part of the data understanding or preprocessing phase, or the 
output of the visualization can be in the form of graphical representations of the 
models used for data mining. The concept of Algorithm is treated as a class 
operator, which is represented as a generic operation that transforms an input of a 
specific type into the desired output. The output of algorithms is then represented 
by the Model class. This concept is used together with data as input for the PDP 
(Partial Dependence Plot) [22], a graphical tool that helps understand the 
relationship between the input and the predicted variable. The outputs of the PDP 
operator are used to compute PDPStats, defined as TechnicalIndicator, which is a 
technical indicator specified based on domain indicators. The values obtained 
from PDPStats are inputs to the PDPVisualMethod. The final desired output is a 
PDP graph, which is a subclass of the VisualizationMethod operator and is 
specified in this case as a Graph. 
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Figure 6 

Example of the visualization concepts 

4 Experiments 

The proposed semantic model is intended for the formal description of the data 
analytical processes, ensuring their reproducibility and interoperability and for the 
automation of the analytical processes. To evaluate the proposed approach, we 
have applied the semantic model to two real-world case studies from the medical 
domain [23]. In the evaluation, we have at first manually annotated all scripts used 
for the pre-processing, modelling and evaluation of the machine learning models 
with the concepts from the proposed semantic model; and, second, compared code 
manually created by the data scientists with the code automatically generated from 
the knowledge graph. 

For the comparison of the code, we have defined mainly metrics based on the code 
coverage [24], namely the number of lines of the code (including control 
statements for branching and cycling), the number of exact operator matches and 
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the number of operators with the partially matched parameters. We have defined 
the semantic constraints for the final data mining model to exactly match the 
results of the expert’s code without the additional automatic optimization using 
the meta-learning schema. In addition to evaluating the coverage of the code, the 
accuracy of the learned models was also tested, and there were no significant 
differences in the quality of the learned models between the generated and the 
original code. 

5 Evaluation 

The first task was a binary classification for the diagnosis of breast cancer.  
The features are computed from a digitized image of a fine needle aspirate (FNA) 
of a breast mass. They describe characteristics of the cell nuclei present in the 
image, such as radius, texture, perimeter, area, etc. All features were real-valued 
numerical attributes without the missing values. Some attributes were derived 
from the source attribute but aggregation functions (e.g., overall average 
symmetry computed from the symmetry of each annotated cell, etc.). Together the 
dataset [25] contains 32 attributes. The code manually created by the data 
scientists [26] was in the R language and covered pre-processing, modelling, and 
evaluation for the six data mining algorithms for the classification ranging from 
decision trees, random forest, k-nearest neighbours, naïve Bayes classifier (with 
the normal distribution of the attribute probabilities) and support vector machines 
with the linear and polynomial kernels. The models were evaluated using the 
standard metric for the overall accuracy and precision/recall for the positive class. 

For the evaluation, we have defined the semantic constraints for the final data 
mining model to exactly match the results of the expert’s code without the 
additional automatic optimization using the meta-learning schema.  
The comparison of the code coverage between the experts’ code and automatically 
generated code is summarized in Table 1. 

Metric  Expert 
code 

Generated 
code 

Coverage 
% 

Number of code lines 328 - - 
Number of code lines with operators 126   
Number of algorithms 6 6 100 
Number of visualization methods 6 4 67 
Number of evaluation metrics 1 1 1 
Number of variables 98 80 82 
Number of operator arguments 26 21 81 
Number of functions 2 - - 
Number of branchings 8   
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The scripts for this case were developed as the Shiny application, where a large 
part of the code is related to the programming of the user interface, which is not 
relevant to the data analytical task. From the remaining code, 126 lines contain the 
operations over data and models. The automatically generated code covers all 6 
evaluated algorithms (decision tree, random forest, Naïve Bayes, k-nearest 
neighbour, neural network and SVM). Some parameters (i.e. number of decision 
trees in the random forest and the number of neighbours for kNN) were optimised 
in the original code with the simple cycle. This part of the optimisation was 
replaced in the semantic model with the equivalent grid-search operator.  
The models were evaluated with the same set of technical KPIs for binary 
classification (accuracy and contingency table) [27]. The coverage of the 
visualisation operators was 67%, where two visualisation methods were not 
covered by our current model. Non-covered visualisation methods show 
dependency between the selected technical KPI (e.g. precision) and one of the 
algorithm parameters (e.g. number of trees in the random forest algorithm).  
The coverage of variables also includes all variable aliases in the initial code (i.e. 
when the same data value is assigned to the two variables with different names). 
Overall, the semantic model has a much lover and consistent set of unique 
variables. All branchings in the original code were covered since they were related 
to the selection of the model. Additionally, the original code contains the 
definition of two helper functions. Both were used as data preprocessing 
operators, and both were replaced in the generated code with the equivalent 
functions from the standard R packages. 

The second use case was also from the medical domain for the diagnosis of Acute 
lymphoblastic leukaemia (ALL ). The dataset [28] was preprocessed from the set 
of images with a convolutional neural network, and the extracted features were 
reduced with the ANOVA method and with the importance of weighting based on 
the random forest tree algorithm. The final set of features includes 584 numerical 
attributes without the missing values. The code manually created by the data 
scientists was implemented in Python and covers preprocessing, modelling and 
evaluations. 

Metric  Expert 
code 

Generated 
code 

Coverage 
% 

Number of code lines 211 - - 
Number of code lines with operators 88   
Number of algorithms 4 4 100 
Number of visualization methods 4(2) 4 100 
Number of evaluation metrics 5 5 100 
Number of variables 75   
Number of operator arguments 20   
Number of functions 5 - - 
Number of branchings 3   
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In this case, the generated code covers all classification algorithms (random forest, 
support vector machine, naïve Bayes and k-nearest neighbours). Code also covers 
all five technical key performance indicators (accuracy, precision, recall, F1 score 
and confusion matrix). The visualisation methods cover mainly the visualisation 
of the confusion matrix with the heatmap. Additionally, scripts contain two 
visualisations of input image data before and after cropping, but these 
visualisations serve just for the visual checking for data scientists and are not 
relevant to the automatically generated code. An interesting case which was not 
covered by our current semantic framework is the usage of machine learning 
models for feature extraction. The framework just specifies that each predictive 
machine learning model can be used as a data operator for scoring (i.e. 
computation of the output prediction data element from the input data). However, 
in the presented use case, the internal state of the model (convolutional deep 
learning neural network) is used to extract input data features. Annotated 
extension, which was not covered in our current framework, is the case where the 
output of the predictive machine learning model is used for the feature importance 
weighting for feature selection. The latter case was a straightforward extension, 
but the former case requires better specification of the internal structure of the 
models (especially for deep learning models), which will be the goal of future 
work. 

Conclusions 

In this paper, we have presented the application of semantic technologies for 
automatization of the data-analytical processes. We have demonstrated that it is 
possible to semantically describe the goals of the data mining tasks and data 
analysis and automatically orchestrate the data mining workflows to find a 
solution to the goals. Additionally, the proposed semantic description can be used 
to formally document existing data analytical scripts for their reproducibility.  
In our experiments, we have demonstrated good coverage of the proposed 
semantic framework on the various real-case scenarios of data analysis in the 
medical domain. During the experiments, we have also identified some corner 
cases which were not initially covered in the framework, namely, visualization of 
dependencies between technical KPIs (performance metrics) and algorithm’s 
parameters, usage of the internal state of the predictive models as the feature 
extraction method and usage of the output of the predictive models for feature 
selection. 

Our experiments also showed that besides the overall quality of the final model 
(i.e., optimal business KPIs), an important part of the data scientist’s work is also 
data understanding and post-analysis of results for explainability of the model. 
This is also the motivation for our future research, where we are planning to 
extend our semantic model to cover also constraints for better data understanding 
and explainability of the machine learning algorithms. 

 



Acta Polytechnica Hungarica Vol. 21, No. 2, 2024 

 – 183 – 

�$�F�N�Q�R�Z�O�H�G�J�Hment 

This work was supported by the grant APVV-16-0213, APVV-20-0232 and 
VEGA 1/0685/21. 

References 

[1] N. Guarino and P. Giaretta. “Formal ontology, conceptual analysis and 
knowledge representation”. International Journal of Human - Computer 
Studies 43, 625-640, 1995 

[2] P. Panov. “A modular ontology of data mining”. Doctoral dissertation. 
�-�R�å�H�I���6�W�H�I�D�Q���,�Q�W�H�U�Q�D�W�L�R�Q�D�O���3�R�V�W�J�U�D�G�X�D�W�H���6�F�K�R�R�O�����/�M�X�E�O�M�D�Q�D������������ 

[3] P. Panov, S. Dzeroski and L. N. Soldatova. “OntoDM: An Ontology of 
Data Mining”. In: 2008 IEEE International Conference on Data Mining 
Workshops. 2008. pp. 752-760 

[4] M. Muchova, J. Paralic and M. Nemcik. “Using Predictive Data Mining 
Models for Data Analysis in a Logistics Company”. Information systems 
architecture and technology, PT I. Springer International Publishing AG, 
Gewerbestrasse 11, CHAM, Switzerland. pp. 161-170, 2018, doi: 
10.1007/978-3-319-67220-5_15 

[5] M. Hilario, P. Nguyen, H. Do, A. Woznica and A. Kalousis. “Ontology-
Based Meta-Mining of Knowledge Discovery Workflows”. In: Meta-
Learning in Computational Intelligence. 2011 

[6] J. Kietz, F. Serban, A. Bernstein and S. Fischer. “Towards Cooperative 
Planning of Data Mining Workflows”. In: Proceedings of the Third 
Generation Data Mining Workshop at the 2009 European Conference on 
Machine Learning. 2009 

[7] J. Vanschoren and L. Soldatova. “Exposé: An ontology for data mining 
experiments”. In: International workshop on third generation data mining: 
Towards service-oriented knowledge discovery. 2010. pp. 31-46 

[8] S. Decker, S. Melnik, F. Van Harmelen, D. Fensel, M. Klein, J. Broekstra, 
M. Erdmann and I. Horrocks. “The Semantic Web: the roles of XML and 
RDF”. IEEE Internet Computing 4, 2000. pp. 63-73 

[9] P. Panov, L. N. Soldatova, and �6���� �'�å�H�U�R�V�N�L. “Generic ontology of 
datatypes”, Information Sciences. 2016. pp. 900-920, doi: 
https://doi.org/10.1016/j.ins.2015.08.006 

[10] M. Tianxing, N. Zhukova, A. Vodyaho, and T. Aung. “A Meta-Mining 
Ontology Framework for Data Processing”. International Journal of 
Embedded and Real-Time Communication Systems. 2021. pp. 37-56, doi: 
10.4018/IJERTCS.2021040103 



P. Bednár et al. Semantic Composition of Data Analytical Processes 

 – 184 – 

[11] J. Palša, J. Hurtuk, M. Chovanec and E. Chovancová. “Using Machine 
Learning Algorithms to Detect Malware by Applying Static and Dynamic 
Analysis Methods”. Acta Polytechnica Hungarica. 2022, pp. 177-196 

[12] E. Patterson, I. Baldini, A. Mojsilovic and K. Varshney. “What is the Data 
Science Ontology?” [online] [cit. 31.01.2023] doi: 
<https://www.datascienceontology.org/help> 

[13] J. Polowinski and M. Voigt. “VISO: a shared, formal knowledge base as a 
foundation for semi-automatic infovis systems”. In: CHI ’13 Extended 
Abstracts on Human Factors in Computing Systems, Paris France. 2013, 
pp. 1791-1796, doi: 10.1145/2468356.2468677 

[14] G. Antoniou and F. Van Harmelen. “A semantic Web primer”. 2nd ed. 
Cambridge, Mass: MIT Press (Cooperative information systems) 2008, pp. 
264 

[15] Ontologies and Semantic Web: Working with Ontologies, [online] [cit. 
2023-01-13] doi: <https://www.obitko.com/tutorials/ontologies-semantic-
web/working-with-ontologies.html> 

[16] A. Gomez-Perez and O. Corcho. “Ontology languages for the Semantic 
Web”. IEEE Intelligent Systems 17. 2002, pp. 54-60 

[17] P. Bednár, J. �,�Y�D�Q�þ�i�N�R�Y�i and M. Sarnovský. “Semantic automatiozation of 
the data-analytical processes”. In: International Symposium on Applied 
Computational Intelligence and Informatics. 2022 

[18] M. Sarnovsky, P. Bednar, and M. Smatana. “Cross-Sectorial Semantic 
Model for Support of Data Analytics in Process Industries”. Processes 7, 
No. 5: 281, 2019, doi: https://doi.org/10.3390/pr7050281 

[19] A. Miles and S. Bechhofer. SKOS Simple Knowledge Organization System 
Reference. W3C Recommendation. World Wide Web Consortium. 2009, 
doi: https://www.w3.org/TR/skos-reference/ 

[20] M. Sarnovsky and J. Marcinko. “Adaptive Bagging Methods for 
Classification of Data Streams with Concept Drift”. Acta Polytechnica 
Hungarica. 2021. pp. 47-63, doi: 10.12700/APH.18.3.2021.3.3 

[21] J. Bruijn, H. Lausen, A. Polleres, and D. Fensel. “The web service 
modelling language WSML: An overview”. 2006, pp. 604, doi: 
10.1007/11762256_43 

[22] Ch.Molnar, “Interpretable Machine Learning”, A Guide for Making Black 
Box Models Explainable, 2023, [online] [cit. 2023-03-02] doi: 
<https://christophm.github.io/interpretable-ml-book/> 

[23] P. Šatala, P. Butka, A. Samaiev and P. Levická. “Cueing of Parkinson’s 
Disease Patients by Standard Smart Devices and Deep Learning 
Approach”. Acta Polytechnica Hungarica. 2023, pp. 165-184 



Acta Polytechnica Hungarica Vol. 21, No. 2, 2024 

 – 185 – 

[24] S.Pittet. “What is code coverage?” [online] [cit. 2023-01-29] doi: 
<https://www.atlassian.com/continuous-delivery/software-testing/code-
coverage> 

[25] Breast Cancer Wisconsin (Diagnostic) Data Set. [online] [cit. 2023-02-25] 
doi: <https://www.kaggle.com/uciml/breast-cancer-wisconsin-data> 

[26] �-���� �,�Y�D�Q�þ�i�N�R�Y�i���� �)���� �%�D�E�L�þ�� �D�Q�G�� �3���� �%�X�W�N�D. “Comparison of different machine 
learning methods on Wisconsin dataset”. 2018 IEEE 16th World 
Symposium on Applied Machine Intelligence and Informatics. Kosice and 
Herlany, Slovakia, 2018, pp. 173-178, doi: 10.1109/SAMI.2018.8324834 

[27] P. P. Bakucz and J. Z. Szabó. “Determining the Embedded Key 
Performance Indicator (KPI), based on a Fuzzy FxLMS Algorithm”. Acta 
Polytechnica Hungarica. 2021, pp. 127-139, doi: 
10.12700/APH.18.9.2021.9.8 

[28] A. Gupta and R. Gupta. ALL Challenge dataset of ISBI 2019 The Cancer 
Imaging Archive. Data set [online] [cit. 2023-02-25] doi: 
<https://doi.org/10.7937/tcia.2019.dc64i46r> 

[29] V. Diaz and G. Rodríguez. “Machine Learning for Detection of Cognitive 
Impairment”. Acta Polytechnica Hungarica. pp. 195-213, 2022, doi: 
10.12700/APH.19.5.2022.5.10 



Acta Polytechnica Hungarica Vol. 21, No. 2, 2024 

�Å��187 �Å��

Similarity Measure Supported Fuzzy Failure 
Mode and Effect Analysis 

Edit Laufer  

�%�i�Q�N�L���'�R�Q�i�W���)�D�F�X�O�W�\���R�I���0�H�F�K�D�Q�L�F�D�O���D�Q�G���6�D�I�H�W�\���(�Q�J�L�Q�H�H�U�L�Q�J�����Ï�E�X�G�D���8�Q�L�Y�H�U�V�L�W�\����
�%�p�F�V�L���������%�����+-�����������%�X�G�D�S�H�V�W�����+�X�Q�J�D�U�\�����O�D�X�I�H�U���H�G�L�W�#�E�J�N���X�Q�L-�R�E�X�G�D���K�X��

Abstract: Nowadays in the various engineering fields quality requirements are continuously 
increasing. There is also a need to develop flexible and highly adaptive systems to meet 
current requirements. At the same time, it is also essential to predict possible system failures 
and to address the arising problems appropriately. A widely used approach for predicting 
and preventing system failures is the Failure Mode and Effect Analysis (FMEA), which 
accompanies the entire development process and is able to adapt to changes in the system. 
The conventional method can be improved if fuzzy logic is incorporated into the evaluation. 
In this way the often arising subjectivity and uncertainty can be handled to ensure a more 
reliable result. In this paper, the author proposes a Fuzzy-FMEA (F-FMEA) based approach 
supported by similarity measures, for the system level. In the evaluation fuzzy arithmetic 
operations are applied to determine the Probability of Failure for the different failure codes. 
In addition to the single-expert F-FMEA system, the evaluation method that takes into 
account the opinions of multiple experts is also presented. 

Keywords: risk assessment; expert system; Fuzzy Failure Mode and Effect Analysis; 
similarity measures 

1 Introduction  

�$�V�� �D�� �F�R�Q�V�H�T�X�H�Q�F�H�� �R�I�� �W�K�H�� �U�D�S�L�G�� �G�H�Y�H�O�R�S�P�H�Q�W�� �R�I�� �W�H�F�K�Q�R�O�R�J�\���� �Q�R�W�� �R�Q�O�\�� �W�K�H��
�R�S�S�R�U�W�X�Q�L�W�L�H�V���L�Q���W�K�H���H�Q�J�L�Q�H�H�U�L�Q�J���I�L�H�O�G���D�U�H���H�[�S�D�Q�G�L�Q�J�����E�X�W���D�W���W�K�H���V�D�P�H���W�L�P�H���W�K�H���T�X�D�O�L�W�\��
�U�H�T�X�L�U�H�P�H�Q�W�V���D�U�H���D�O�V�R���L�Q�F�U�H�D�V�L�Q�J�����Z�K�L�O�H���F�R�Q�W�L�Q�X�R�X�V���D�Y�D�L�O�D�E�L�O�L�W�\���P�X�V�W���E�H���H�Q�V�X�U�H�G���D�V��
�Z�H�O�O�����7�K�H�V�H���F�U�L�W�H�U�L�D���F�D�O�O���I�R�U���D���I�O�H�[�L�E�O�H�����K�L�J�K�O�\���D�G�D�S�W�L�Y�H���V�\�V�W�H�P���W�K�D�W���F�D�Q���E�H���R�S�H�U�D�W�H�G��
�Z�L�W�K���K�L�J�K���U�H�O�L�D�E�L�O�L�W�\�����,�Q���R�U�G�H�U���W�R���H�Q�V�X�U�H���U�H�O�L�D�E�O�H���R�S�H�U�D�W�L�R�Q�����L�W���L�V���Q�R�W���R�Q�O�\���Q�H�F�H�V�V�D�U�\���W�R��
�F�K�R�R�V�H���W�K�H���U�L�J�K�W���P�D�Q�X�I�D�F�W�X�U�L�Q�J���P�H�W�K�R�G�����E�X�W���F�R�Q�W�L�Q�X�R�X�V���I�D�L�O�X�U�H-�I�U�H�H���R�S�H�U�D�W�L�R�Q�����D�Q�G��
�T�X�L�F�N�� �L�G�H�Q�W�L�I�L�F�D�W�L�R�Q�� �D�Q�G�� �P�D�Q�D�J�H�P�H�Q�W�� �R�I�� �D�Q�\�� �I�D�L�O�X�U�H�V�� �W�K�D�W�� �P�D�\�� �D�U�L�V�H���D�U�H�� �D�O�V�R��
�L�Q�G�L�V�S�H�Q�V�D�E�O�H���>���@����[2]�����2�Q�H���R�I���W�K�H���P�R�V�W���I�U�H�T�X�H�Q�W�O�\���X�V�H�G���P�H�W�K�R�G�V���L�V���W�K�H���)�D�L�O�X�U�H���0�R�G�H��
�D�Q�G���(�I�I�H�F�W���$�Q�D�O�\�V�L�V�����)�0�(�$�������Z�K�L�F�K���L�V���V�X�L�W�D�E�O�H���I�R�U���S�U�H�G�L�F�W�L�Q�J���D�Q�G���S�U�H�Y�H�Q�W�L�Q�J���V�\�V�W�H�P��
�H�U�U�R�U�V���D�O�U�H�D�G�\���L�Q���W�K�H���S�O�D�Q�Q�L�Q�J���S�K�D�V�H�����D�Q�G���F�D�Q���E�H���F�R�Q�W�L�Q�X�H�G���W�K�U�R�X�J�K�R�X�W���W�K�H���H�Q�W�L�U�H���O�L�I�H��
�R�I���W�K�H���S�U�R�G�X�F�W���R�U���V�H�U�Y�L�F�H�����'�X�U�L�Q�J���W�K�H���D�Q�D�O�\�V�L�V�����D�O�O���S�R�V�V�L�E�O�H���H�Y�H�Q�W�V���W�K�D�W���F�R�X�O�G���F�D�X�V�H��
�I�D�L�O�X�U�H���L�Q���W�K�H���V�\�V�W�H�P���G�X�U�L�Q�J���W�K�H���S�U�R�F�H�V�V���D�U�H���F�O�D�V�V�L�I�L�H�G���D�Q�G���U�D�Q�N�H�G�����,�Q���W�K�H���W�U�D�G�L�W�L�R�Q�D�O��
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�F�U�L�V�S�� �)�0�(�$�� �P�H�W�K�R�G���� �W�K�H�� �O�H�Y�H�O�� �R�I�� �U�L�V�N�� �F�D�Q�� �E�H�� �V�S�H�F�L�I�L�H�G�� �Z�L�W�K�� �Q�X�P�H�U�L�F�D�O�� �Y�D�O�X�H�V��
�E�H�W�Z�H�H�Q����-1000�����+�R�Z�H�Y�H�U�����W�K�H�V�H���Y�D�O�X�H�V���D�U�H���G�L�I�I�L�F�X�O�W���W�R���T�X�D�Q�W�L�I�\���V�L�Q�F�H���W�D�V�N�V���R�I���W�K�L�V��
�Q�D�W�X�U�H���D�U�H���I�X�O�O���R�I���X�Q�F�H�U�W�D�L�Q�W�\���D�Q�G���V�X�E�M�H�F�W�L�Y�L�W�\�����7�K�L�V���S�U�R�E�O�H�P���F�D�Q���E�H���D�G�G�U�H�V�V�H�G���X�V�L�Q�J��
�W�K�H�� �I�X�]�]�\�� �D�S�S�U�R�D�F�K���� �D�V�� �L�W�� �X�V�H�V�� �O�L�Q�J�X�L�V�W�L�F���W�H�U�P�V�� �D�Q�G�� �F�D�Q�� �K�D�Q�G�O�H�� �W�K�H�� �V�X�E�M�H�F�W�L�Y�L�W�\����
�L�Q�D�F�F�X�U�D�F�\���D�Q�G���X�Q�F�H�U�W�D�L�Q�W�\���W�K�D�W���D�U�L�V�H���G�X�U�L�Q�J���H�Y�D�O�X�D�W�L�R�Q��[3]����

�'�X�H���W�R���W�K�H���D�I�R�U�H�P�H�Q�W�L�R�Q�H�G���D�G�Y�D�Q�W�D�J�H�R�X�V���S�U�R�S�H�U�W�L�H�V���R�I���I�X�]�]�\���O�R�J�L�F�����W�K�H���U�H�O�L�D�E�L�O�L�W�\���R�I��
�W�K�H���P�R�G�H�O���F�D�Q���E�H���V�L�J�Q�L�I�L�F�D�Q�W�O�\���L�Q�F�U�H�D�V�H�G�����,�Q���W�K�H���)�X�]�]�\���)�0�(�$�����)-�)�0�(�$�������L�Q�V�W�H�D�G��
�R�I���Q�X�P�H�U�L�F�D�O���U�L�V�N���Y�D�O�X�H�V�����I�X�]�]�\���V�H�W�V���D�U�H���X�V�H�G���L�Q���W�K�H���P�R�G�H�O�����,�Q���W�K�H���O�L�W�H�U�D�W�X�U�H���V�H�Y�H�U�D�O��
�S�D�S�H�U�V���D�U�H���D�Y�D�L�O�D�E�O�H���U�H�O�D�W�H�G���W�R���W�K�H���)-�)�0�(�$-�E�D�V�H�G���I�D�L�O�X�U�H���S�U�H�G�L�F�W�L�Q�J���D�Q�G���S�U�H�Y�H�Q�W�L�Q�J��
�P�H�W�K�R�G�����1�����&�K�D�Q�D�P�R�R�O���D�Q�G���7�����1�D�H�Q�Q�D���G�H�Y�H�O�R�S�H�G���D���I�X�]�]�\���)�0�(�$���P�R�G�H�O���V�X�L�W�D�E�O�H���I�R�U��
�S�U�L�R�U�L�W�L�]�L�Q�J���D�Q�G���H�Y�D�O�X�D�W�L�Q�J���S�R�V�V�L�E�O�H���I�D�L�O�X�U�H�V���L�Q���W�K�H���Z�R�U�N���S�U�R�F�H�V�V�H�V���R�I���W�K�H���H�P�H�U�J�H�Q�F�\��
�G�H�S�D�U�W�P�H�Q�W���W�R�� �F�K�R�R�V�H�� �W�K�H�� �D�S�S�U�R�S�U�L�D�W�H�� �D�F�W�L�R�Q�� �D�Q�G�� �L�Q�F�U�H�D�V�H�� �W�K�H�� �F�R�Q�I�L�G�H�Q�F�H�� �R�Q��
�K�R�V�S�L�W�D�O�V��[4]�����*�����-�L�Q�����4�����0�H�Q�J���D�Q�G���:�����)�H�Q�J���S�U�R�S�R�V�H�G���D�Q���$�+�3�����$�Q�D�O�\�W�L�F���+�L�H�U�D�U�F�K�\��
�3�U�R�F�H�V�V�����V�X�S�S�R�U�W�H�G���)-�)�0�(�$���P�H�W�K�R�G���W�R���D�Q�D�O�\�]�H���W�K�H���F�D�X�V�H�V���R�I���I�D�L�O�X�U�H���R�I���W�K�H���O�R�J�L�V�W�L�F�V��
�V�\�V�W�H�P���� �,�Q�� �W�K�H�� �V�\�V�W�H�P�� �W�K�H�� �Z�H�L�J�K�W���R�I�� �W�K�H�� �U�L�V�N�� �L�Q�G�L�F�D�W�R�U�V�� �Z�D�V�� �G�H�W�H�U�P�L�Q�H�G���X�V�L�Q�J�� �W�K�H��
�$�+�3���P�H�W�K�R�G��[5�@�����,�Q���W�K�H���S�D�S�H�U���R�I���;�����+�X�����-�����/�L�X���D�Q�G���<�����:�D�Q�J���D�Q���R�Q�W�R�O�R�J�\-�E�D�V�H�G���)-
�)�0�(�$���P�R�G�H�O���L�V���L�Q�W�U�R�G�X�F�H�G�����L�Q���Z�K�L�F�K���W�K�H���U�D�W�L�Q�J���E�D�V�H�G���R�Q���H�Q�W�U�R�S�\���Z�H�L�J�K�W���D�Q�G���I�X�]�]�\��
�7�2�3�6�,�6�����7�H�F�K�Q�L�T�X�H���I�R�U���2�U�G�H�U���R�I���3�U�H�I�H�U�H�Q�F�H���E�\���6�L�P�L�O�D�U�L�W�\���W�R���,�G�H�D�O���6�R�O�X�W�L�R�Q�����>�����@����
[7]����

�7�K�H���D�E�R�Y�H���V�\�V�W�H�P�V���F�D�Q���Z�R�U�N���H�I�I�H�F�W�L�Y�H�O�\���L�I���W�K�H���H�Y�D�O�X�D�W�L�R�Q���R�I���S�R�V�V�L�E�O�H���I�D�L�O�X�U�H�V���K�D�V���W�R��
�E�H���F�R�P�S�L�O�H�G���E�D�V�H�G���R�Q���W�K�H���X�Q�L�I�L�H�G���R�S�L�Q�L�R�Q���R�I���D���V�L�Q�J�O�H���J�U�R�X�S���R�I���H�[�S�H�U�W�V�����+�R�Z�H�Y�H�U����
�W�K�H�U�H���P�D�\���E�H���G�L�V�D�J�U�H�H�P�H�Q�W���Z�L�W�K�L�Q���W�K�H���J�U�R�X�S�����D�Q�G���L�Q���R�U�G�H�U���W�R���P�D�N�H���W�K�H���D�V�V�H�V�V�P�H�Q�W��
�P�R�U�H���U�H�O�L�D�E�O�H�����L�W���L�V���Z�R�U�W�K���D�V�N�L�Q�J���I�R�U���W�K�H���R�S�L�Q�L�R�Q�V���R�I���V�H�Y�H�U�D�O���J�U�R�X�S�V���R�I���H�[�S�H�U�W�V�����Z�K�L�F�K��
�P�D�\���D�O�V�R���G�L�I�I�H�U���� �+�D�Q�G�O�L�Q�J�� �G�L�I�I�H�U�H�Q�W���R�S�L�Q�L�R�Q�V�� �S�U�R�S�H�U�O�\�� �L�V�� �D�� �F�R�Q�V�L�G�H�U�D�E�O�H���F�K�D�O�O�H�Q�J�H��
�V�L�Q�F�H���D���F�R�Q�V�H�Q�V�X�V���K�D�V���W�R���E�H���D�U�U�L�Y�H�G���D�W��[8]�����,�Q���W�K�H���O�L�W�H�U�D�W�X�U�H���V�H�Y�H�U�D�O���G�L�I�I�H�U�H�Q�W���P�H�W�K�R�G�V��
�D�U�H�� �S�U�H�V�H�Q�W�H�G���W�R�� �D�G�G�U�H�V�V�� �W�K�L�V�� �S�U�R�E�O�H�P���� �V�X�F�K�� �D�V�� �2�U�G�H�U�H�G�� �:�H�L�J�K�W�H�G�� �$�Y�H�U�D�J�L�Q�J�� �W�R��
�D�J�J�U�H�J�D�W�H�� �H�[�S�H�U�W�� �S�U�H�I�H�U�H�Q�F�H�V�� �>���@���� �F�R�Q�V�L�V�W�H�Q�F�\-�E�D�V�H�G�� �D�O�J�R�U�L�W�K�P�V�� �X�V�L�Q�J�� �I�X�]�]�\��
�S�U�H�I�H�U�H�Q�F�H���U�H�O�D�W�L�R�Q�V���>10]�����R�U���V�L�P�L�O�D�U�L�W�\���P�H�D�V�X�U�H�V����

�6�L�P�L�O�D�U�L�W�\���P�H�D�V�X�U�H�V���D�U�H���Z�L�G�H�O�\���X�V�H�G���L�Q���U�L�V�N���D�V�V�H�V�V�P�H�Q�W���E�D�V�H�G���R�Q���L�W�V���D�G�Y�D�Q�W�D�J�H�R�X�V��
�S�U�R�S�H�U�W�L�H�V�����7�K�L�V���D�S�S�U�R�D�F�K���K�D�V���I�D�Y�R�X�U�D�E�O�H���F�R�P�S�X�W�D�W�L�R�Q�D�O���U�H�T�X�L�U�H�P�H�Q�W�V���E�H�F�D�X�V�H���L�W���F�D�Q��
�E�H���F�D�O�F�X�O�D�W�H�G���E�\���F�R�P�S�D�U�L�Q�J���V�L�P�S�O�H���I�H�D�W�X�U�H�V���R�I���I�X�]�]�\���V�H�W�V��[11]����[12]����

�,�Q���W�K�L�V���S�D�S�H�U�����W�K�H���D�X�W�K�R�U���P�D�N�H�V���D���J�H�Q�H�U�D�O�����I�O�H�[�L�E�O�H���S�U�R�S�R�V�D�O���I�R�U���V�L�P�L�O�D�U�L�W�\���P�H�D�V�X�U�H-
�E�D�V�H�G���)�X�]�]�\���)�D�L�O�X�U�H���0�R�G�H���D�Q�G���(�I�I�H�F�W���$�Q�D�O�\�V�L�V�����6�)-�)�0�(�$�����P�R�G�H�O���W�R���V�S�H�F�L�I�\���W�K�H��
�S�U�R�E�D�E�L�O�L�W�\���R�I���W�K�H���S�R�W�H�Q�W�L�D�O���I�D�L�O�X�U�H�V�����3�R�)�����I�R�F�X�V�L�Q�J���R�Q���W�K�H���V�\�V�W�H�P���O�H�Y�H�O�����'�X�H���W�R���W�K�H��
�I�X�]�]�\�� �D�S�S�U�R�D�F�K�� �)�0�(�$�� �F�R�P�S�R�Q�H�Q�W�V�� �D�U�H�� �U�H�S�U�H�V�H�Q�W�H�G�� �E�\�� �I�X�]�]�\�� �V�H�W�V�� �W�D�N�L�Q�J�� �W�K�H��
�D�G�Y�D�Q�W�D�J�H���R�I���X�V�L�Q�J���O�L�Q�J�X�L�V�W�L�F���W�H�U�P�V�����D�Q�G���W�K�H���P�D�Q�D�J�H�D�E�L�O�L�W�\���R�I���X�Q�F�H�U�W�D�L�Q�W�L�H�V�����,�Q���W�K�H��
�V�\�V�W�H�P���&�R�Q�V�H�T�X�H�Q�F�H���R�I���)�D�L�O�X�U�H�����&�R�)�����L�V���D�O�V�R���F�R�Q�V�L�G�H�U�H�G���I�R�U���H�D�F�K���S�R�W�H�Q�W�L�D�O���I�D�L�O�X�U�H��
�F�R�G�H�V���W�R���G�H�W�H�U�P�L�Q�H���W�K�H���R�Y�H�U�D�O�O���V�\�V�W�H�P���U�H�V�X�O�W�����7�K�H���D�X�W�K�R�U���P�D�G�H���D���S�U�R�S�R�V�D�O���E�R�W�K���I�R�U��
�W�K�H���F�D�V�H���Z�K�H�Q���W�K�H���R�S�L�Q�L�R�Q���R�I���D���V�L�Q�J�O�H���X�Q�L�I�L�H�G���J�U�R�X�S���R�I���H�[�S�H�U�W�V���L�V���D�Y�D�L�O�D�E�O�H�����D�Q�G���Z�K�H�Q��
�W�K�H�� �S�R�W�H�Q�W�L�D�O�O�\�� �G�L�I�I�H�U�H�Q�W�� �R�S�L�Q�L�R�Q�V�� �R�I�� �V�H�Y�H�U�D�O�� �G�L�I�I�H�U�H�Q�W�� �J�U�R�X�S�V�� �P�X�V�W�� �E�H���W�D�N�H�Q�� �L�Q�W�R��
�D�F�F�R�X�Q�W�����7�K�H���F�X�U�U�H�Q�W���3�R�)���Y�D�O�X�H�V���Z�H�U�H���G�H�W�H�U�P�L�Q�H�G���X�V�L�Q�J���I�X�]�]�\���D�U�L�W�K�P�H�W�L�F���R�S�H�U�D�W�R�U�V����
�W�K�H�Q���W�K�H���U�H�V�X�O�W���Z�D�V���F�R�P�S�D�U�H�G���W�R���W�K�H���U�H�I�H�U�H�Q�F�H���I�X�]�]�\���V�H�W�V���X�V�L�Q�J���V�L�P�L�O�D�U�L�W�\���P�H�D�V�X�U�H�V��
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�W�R�� �G�H�W�H�U�P�L�Q�H�� �W�K�H�� �F�X�U�U�H�Q�W�� �U�H�V�X�O�W�����)�X�U�W�K�H�U�P�R�U�H�����D�� �V�L�P�L�O�D�U�L�W�\���P�H�D�V�X�U�H-�E�D�V�H�G�� �P�H�W�K�R�G��
�Z�D�V�� �L�Q�W�U�R�G�X�F�H�G�� �W�R�� �V�S�H�F�L�I�\�� �W�K�H�� �P�D�J�Q�L�W�X�G�H�� �R�I�� �W�K�H�� �F�R�Q�V�H�Q�V�X�V�� �L�Q�� �W�K�H�� �P�X�O�W�L�S�O�H-�H�[�S�H�U�W��
�F�D�V�H���W�R���G�H�I�L�Q�H���D���Z�H�L�J�K�W���I�D�F�W�R�U�����Z�K�L�F�K���F�D�Q���E�H���X�V�H�G���L�Q���W�K�H���D�J�J�U�H�J�D�W�L�R�Q���R�I���W�K�H���H�[�S�H�U�W��
�J�U�R�X�S�V�¶���R�S�L�Q�L�R�Q����

�7�K�H���S�D�S�H�U���L�V���R�U�J�D�Q�L�]�H�G���D�V���I�R�O�O�R�Z�V�����,�Q���6�H�F�W�L�R�Q�������W�K�H���E�D�V�L�F���F�R�Q�F�H�S�W�V���U�H�O�D�W�H�G���W�R���I�X�]�]�\��
�V�H�W���W�K�H�R�U�\�����I�X�]�]�\���R�S�H�U�D�W�L�R�Q�V�����)�X�]�]�\���)�D�L�O�X�U�H���0�R�G�H���D�Q�G���(�I�I�H�F�W���$�Q�D�O�\�V�L�V���D�Q�G���V�L�P�L�O�D�U�L�W�\��
�P�H�D�V�X�U�H�V�� �D�U�H�� �G�H�I�L�Q�H�G���� �6�H�F�W�L�R�Q�� ���� �S�U�H�V�H�Q�W�V�� �W�K�H�� �S�U�R�S�R�V�H�G�� �V�L�P�L�O�D�U�L�W�\�� �V�X�S�S�R�U�W�H�G�� �)-
�)�0�(�$���L�Q���W�Z�R���V�X�E�V�H�F�W�L�R�Q�V�����6�X�E�V�H�F�W�L�R�Q�����������L�Q�W�U�R�G�X�F�H�V���W�K�H���F�D�V�H���Z�K�H�Q���W�K�H���)-�)�0�(�$���L�V��
�S�U�H�S�D�U�H�G�� �E�D�V�H�G�� �R�Q�� �W�K�H�� �R�S�L�Q�L�R�Q�� �R�I�� �D���V�L�Q�J�O�H���H�[�S�H�U�W���J�U�R�X�S���� �Z�K�L�O�H�� �6�X�E�V�H�F�W�L�R�Q�� ��������
�F�R�Q�V�L�G�H�U�V�� �W�K�H�� �F�D�V�H�� �Z�K�H�Q���W�K�H���R�S�L�Q�L�R�Q���R�I�� �P�X�O�W�L�S�O�H���H�[�S�H�U�W���J�U�R�X�S�� �L�V�� �D�Y�D�L�O�D�E�O�H���� �Z�K�L�F�K��
�P�D�\�� �G�L�I�I�H�U���� �,�Q�� �6�H�F�W�L�R�Q�� �����D�� �P�H�W�K�R�G�� �L�V�� �S�U�R�S�R�V�H�G�� �W�R�� �G�H�I�L�Q�H�� �W�K�H�� �P�D�J�Q�L�W�X�G�H�� �R�I�� �W�K�H��
�F�R�Q�V�H�Q�V�X�V���E�H�W�Z�H�H�Q���W�K�H���G�L�I�I�H�U�H�Q�W���H�[�S�H�U�W�V�¶���R�S�L�Q�L�R�Q�����D�Q�G���E�D�V�H�G���R�Q���W�K�L�V���Y�D�O�X�H���D���Z�H�L�J�K�W��
�I�D�F�W�R�U�� �L�V�� �G�H�I�L�Q�H�G�� �W�R�� �F�D�O�F�X�O�D�W�H�� �W�K�H�� �D�J�J�U�H�J�D�W�H�G�� �H�[�S�H�U�W�V�¶�V�� �R�S�L�Q�L�R�Q���� �7�K�H�Q�����L�Q���W�K�H��
�&�R�Q�F�O�X�V�L�R�Q�V���V�H�F�W�L�R�Q���W�K�H���U�H�V�X�O�W�V���D�U�H���V�X�P�P�D�U�L�]�H�G����

2 Applied Methods 

2.1 Preliminaries 

�7�K�L�V���V�H�F�W�L�R�Q���R�X�W�O�L�Q�H�V���W�K�H���G�H�I�L�Q�L�W�L�R�Q�V���R�I���F�R�Q�F�H�S�W�V���H�V�V�H�Q�W�L�D�O���I�R�U���W�K�H���S�U�H�V�H�Q�W�D�W�L�R�Q���R�I���W�K�H��
�P�H�W�K�R�G�V����

Generalized fuzzy set�����)�X�]�]�L�Q�H�V�V�� �F�D�Q�� �E�H�� �U�H�S�U�H�V�H�Q�W�H�G�� �E�\�� �D�� �I�X�]�]�\�� �V�H�W���� �Z�K�L�F�K�� �L�V��
�G�H�Y�R�W�H�G���W�R���V�S�H�F�L�I�\���W�K�H���H�[�W�H�Q�W���W�R���Z�K�L�F�K���W�K�H���H�O�H�P�H�Q�W���E�H�O�R�Q�J�V���W�R���W�K�H���V�H�W�����P�H�P�E�H�U�V�K�L�S��
�G�H�J�U�H�H�������7�K�H�� �I�X�]�]�\�� �V�H�W�����#(�=, �>, �?, �@,�D�º) ���L�V�� �G�H�W�H�U�P�L�Q�H�G�� �E�\�� �D�� �F�R�Q�W�L�Q�X�R�X�V�� �P�D�S�S�L�Q�J��
���P�H�P�E�H�U�V�K�L�S���I�X�Q�F�W�L�R�Q�����I�U�R�P���5���W�R���W�K�H���F�O�R�V�H�G���L�Q�W�H�U�Y�D�O���>�������@�����7�U�D�S�H�]�R�L�G�D�O���P�H�P�E�H�U�V�K�L�S��
�I�X�Q�F�W�L�R�Q���L�V���U�H�S�U�H�V�H�Q�W�H�G���E�\������������
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�Z�K�H�U�H���= 
M �>,�? 
M �@���D�Q�G���D�º ���L�V���W�K�H���P�D�[�L�P�X�P���Y�D�O�X�H���R�I���W�K�H���V�H�W�����D�º �Ð]0,1]��[13�@����

Normality of a fuzzy set�����7�K�H���Q�R�U�P�D�O�L�W�\���R�I���W�K�H���I�X�]�]�\���V�H�W��A���L�V���E�D�V�L�F�D�O�O�\���G�H�W�H�U�P�L�Q�H�G��
�E�\���L�W�V���K�L�J�K�H�V�W���Y�D�O�X�H��(�D�º) �����,�Q���P�R�V�W���F�D�V�H�V���Q�R�U�P�D�O���V�H�W�V�����L���H�����D�º = 1 �����D�U�H���X�V�H�G�����+�R�Z�H�Y�H�U����
�L�Q���W�K�H���F�D�V�H���R�I���J�H�Q�H�U�D�O�L�]�H�G���I�X�]�]�\���V�H�W�V���O�R�Z�H�U���Y�D�O�X�H���L�V���D�O�V�R���D�O�O�R�Z�H�G�����L���H����0 < �D�º 
Q1��
[13�@����
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Defuzzification�����'�H�I�X�]�]�L�I�L�F�D�W�L�R�Q���L�V���D���S�U�R�F�H�V�V���Z�K�H�Q���D���I�X�]�]�\���V�H�W�����H���J�����V�\�V�W�H�P���U�H�V�X�O�W����
�V�K�R�X�O�G���E�H���U�H�S�U�H�V�H�Q�W�H�G���E�\���D���V�X�L�W�D�E�O�H���F�U�L�V�S���Y�D�O�X�H�����7�K�H���P�R�V�W���F�R�P�P�R�Q�O�\���X�V�H�G���P�H�W�K�R�G��
�L�V�� �W�K�H�� �&�H�Q�W�U�H�� �R�I�� �*�U�D�Y�L�W�\�� ���&�R�*������ �Z�K�L�F�K�� �F�D�Q�� �D�V�V�L�J�Q�� �D�� �F�U�L�V�S�� �Y�D�O�X�H�� �W�R���D�Q�\�� �V�K�D�S�H�� �V�H�W��
�S�U�R�S�H�U�O�\���� �+�R�Z�H�Y�H�U���� �W�K�H�� �J�U�H�D�W�H�V�W�� �G�L�V�D�G�Y�D�Q�W�D�J�H�� �R�I�� �W�K�L�V�� �D�S�S�U�R�D�F�K�� �L�V�� �W�K�H���K�L�J�K��
�F�R�P�S�X�W�D�W�L�R�Q�D�O�� �U�H�T�X�L�U�H�P�H�Q�W�����7�R�� �K�D�Q�G�O�H�� �W�K�L�V�� �G�U�D�Z�E�D�F�N�� �W�K�H�� �6�L�P�S�O�L�I�L�H�G���&�H�Q�W�U�H�� �R�I��
�*�U�D�Y�L�W�\�����6�&�R�*�����P�H�W�K�R�G���L�V���X�V�H�G���L�Q���W�K�L�V���V�W�X�G�\�����7�K�H���E�D�V�L�V���R�I���W�K�L�V���D�S�S�U�R�D�F�K���L�V���W�K�H���F�H�Q�W�H�U��
�F�X�U�Y�H���R�I���W�K�H���W�U�D�S�H�]�R�L�G�D�O���I�X�]�]�\���V�H�W���>�����@����[14]���Z�K�L�F�K���F�D�Q���E�H���F�D�O�F�X�O�D�W�H�G���I�R�U���W�U�D�S�H�]�R�L�G�D�O��
�V�H�W�V�����#(�=, �>, �?, �@,�D�º) ���D�F�F�R�U�G�L�Q�J���W�R����������������������
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Fuzzy arithmetic operations�����,�Q�� �R�U�G�H�U�� �W�R�� �E�H�� �D�E�O�H�� �W�R�� �S�H�U�I�R�U�P�� �R�S�H�U�D�W�L�R�Q�V�� �Z�L�W�K��
�J�H�Q�H�U�D�O�L�]�H�G���I�X�]�]�\���Q�X�P�E�H�U�V�����D�U�L�W�K�P�H�W�L�F���R�S�H�U�D�W�L�R�Q�V���V�K�R�X�O�G���E�H���G�H�I�L�Q�H�G�����,�Q���W�K�L�V���V�W�X�G�\����
�&�K�H�Q�¶�V�� �R�S�H�U�D�W�R�U�V�� �D�U�H�� �X�V�H�G�� �I�R�U�� �W�K�H�� �D�E�R�Y�H�� �G�H�I�L�Q�H�G�� �I�X�]�]�\�� �V�H�W�V��

�@�#�5
k�=�5, �>�5, �?�5, �@�5, �D�º�-

o; �#�6
k�=�6, �>�6, �?�6, �@�6, �D�º�.


o�A���D�V���I�R�O�O�R�Z�V��[15]����

�$�G�G�L�W�L�R�Q����( �#�5 �R �#�6) = �@�=�5+ �=�6, �>�5+ �>�6, �?�5 + �?�6, �@�5+ �@�6, �I�E�J
k�D�º�-
, �D�º�.


o�A�� ��������

�6�X�E�W�U�D�F�W�L�R�Q����( �#�5 �S �#�6) = �@�=�5 
F �@�6, �>�5 
F �?�6, �?�5 
F �>�6, �@�5 
F �=�6, �I�E�J
k�D�º�-
, �D�º�.


o�A����������

�0�X�O�W�L�S�O�L�F�D�W�L�R�Q����(�#�5 �T �#�6) = �@�=�5 × �=�6, �>�5 × �>�6, �?�5 × �?�6, �@�5 × �@�6, �I�E�J
k�D�º�-
, �D�º�.


o�A����������

�'�L�Y�L�V�L�R�Q����( �#�5 �U �#�6) = �F
�Ô�-

�Ô�.
,
�Õ�-
�Õ�.

,
�Ö�-
�Ö�.

,
�×�-

�×�.
, �I�E�J
k�D�º�-

, �D�º�.

o�G�� �� �� ��������

2.2 Fuzzy Failure Mode and Effect Analysis 

�)�D�L�O�X�U�H���0�R�G�H���D�Q�G���(�I�I�H�F�W���$�Q�D�O�\�V�L�V�����)�0�(�$�����L�V���D�Q���H�I�I�H�F�W�L�Y�H���W�H�F�K�Q�L�T�X�H���I�R�U���S�U�H�G�L�F�W�L�Q�J��
�D�Q�G���S�U�H�Y�H�Q�W�L�Q�J���V�\�V�W�H�P���I�D�L�O�X�U�H�V�����,�W���L�V���D���F�R�P�P�R�Q�O�\���X�V�H�G���D�S�S�U�R�D�F�K���L�Q���P�D�Q�X�I�D�F�W�X�U�L�Q�J��
�V�\�V�W�H�P�V�����P�D�L�Q�O�\���L�Q���W�K�R�V�H���W�K�D�W���S�U�R�G�X�F�H���V�D�I�H�W�\-�F�U�L�W�L�F�D�O���S�U�R�G�X�F�W�V���D�Q�G���F�R�Q�W�D�L�Q���D�G�Y�D�Q�F�H�G��
�H�O�H�F�W�U�R�Q�L�F���D�Q�G���P�H�F�K�D�Q�L�F�D�O���H�T�X�L�S�P�H�Q�W���E�D�V�H�G���R�Q���V�\�V�W�H�P���D�Q�D�O�\�V�L�V��[����]�����7�K�H���H�V�V�H�Q�F�H��
�R�I���W�K�H���P�H�W�K�R�G���L�V���W�R���T�X�D�O�L�I�\���D�Q�G���S�U�L�R�U�L�W�L�]�H���W�K�H���U�D�Q�G�R�P���D�Q�G���Q�D�W�X�U�D�O���H�Y�H�Q�W�V���R�F�F�X�U�U�L�Q�J��
�L�Q�� �W�K�H�� �V�\�V�W�H�P�� �G�X�U�L�Q�J�� �W�K�H���S�U�R�F�H�V�V�����Z�K�L�F�K���F�D�Q���F�D�X�V�H�� �G�D�P�D�J�H�����(�D�F�K�� �I�D�L�O�X�U�H�� �P�R�G�H�� �L�V��
�F�K�D�U�D�F�W�H�U�L�]�H�G�� �E�\�� �W�K�U�H�H�� �P�H�W�U�L�F�V���� �&�R�Q�V�H�T�X�H�Q�F�H�� �R�I�� �)�D�L�O�X�U�H�� ��CoF������ �3�U�R�E�D�E�L�O�L�W�\�� �R�I��
�)�D�L�O�X�U�H�� ��PoF���� �D�Q�G�� �'�H�W�H�F�W�D�E�L�O�L�W�\�� �R�I�� �)�D�L�O�X�U�H�� ��DoF�������7�K�H�V�H�� �W�K�U�H�H�� �D�V�S�H�F�W�V���D�U�H�� �R�I�W�H�Q��
�U�H�I�H�U�U�H�G�� �W�R�� �L�Q�� �W�K�H�� �O�L�W�H�U�D�W�X�U�H�� �D�V�� �6�H�Y�H�U�L�W�\�� ���K�H�U�H��CoF������ �2�F�F�X�U�U�H�Q�F�H�� ���K�H�U�H��PoF������ �D�Q�G��
�'�H�W�H�F�W�D�E�L�O�L�W�\�����K�H�U�H��DoF�������7�K�H���F�U�L�V�S���)�0�(�$���P�H�W�K�R�G���L�V���E�D�V�H�G���R�Q���D���Q�X�P�H�U�L�F�D�O���V�F�D�O�H����
�U�D�Q�J�L�Q�J���I�U�R�P�������W�R�����������Z�K�H�U�H�������L�V���W�K�H���O�R�Z�H�V�W���U�L�V�N���D�Q�G���������L�V���W�K�H���K�L�J�K�H�V�W�����7�D�N�L�Q�J���L�Q�W�R��
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�D�F�F�R�X�Q�W���W�K�H�V�H���W�K�U�H�H���F�K�D�U�D�F�W�H�U�L�V�W�L�F�V���W�R�J�H�W�K�H�U�����5�L�V�N���3�U�L�R�U�L�W�\���1�X�P�E�H�U����RPN�����K�D�V���W�R���E�H��
�F�D�O�F�X�O�D�W�H�G�����X�V�L�Q�J�����������W�R���E�H���D�E�O�H���W�R���U�D�Q�N���W�K�H���S�D�U�W�L�F�X�O�D�U���U�L�V�N���V�F�H�Q�D�U�L�R�V����

i i i i�5�3�1 �&�R�) �3�R�) �'�R�)�  � ˜ � ˜�� ��������

�Z�K�H�U�H���E �Ð[1, �J]����n���L�V���W�K�H���Q�X�P�E�H�U���R�I���W�K�H���G�L�I�I�H�U�H�Q�W���I�D�L�O�X�U�H���F�R�G�H�V����

�7�K�H�V�H���N�L�Q�G�V���R�I���W�D�V�N�V���D�U�H���I�X�O�O���R�I���X�Q�F�H�U�W�D�L�Q�W�L�H�V���D�Q�G���V�X�E�M�H�F�W�L�Y�L�W�\�����7�K�H���I�X�]�]�\���D�S�S�U�R�D�F�K��
�L�V�� �D�� �J�R�R�G�� �V�R�O�X�W�L�R�Q�� �I�R�U�� �W�K�L�V�� �S�U�R�E�O�H�P�� �E�H�F�D�X�V�H�� �L�W�� �L�V�� �D�E�O�H�� �W�R�� �K�D�Q�G�O�H�� �V�X�E�M�H�F�W�L�Y�L�W�\����
�L�P�S�U�H�F�L�V�L�R�Q���D�Q�G���X�Q�F�H�U�W�D�L�Q�W�\���L�Q���W�K�H���H�Y�D�O�X�D�W�L�R�Q�����,�Q���W�K�L�V���Z�D�\���W�K�H���U�H�O�L�D�E�L�O�L�W�\���R�I���W�K�H���P�R�G�H�O��
�F�D�Q���E�H���V�L�J�Q�L�I�L�F�D�Q�W�O�\���L�Q�F�U�H�D�V�H�G�����,�Q���R�U�G�H�U���W�R���I�X�]�]�L�I�\���W�K�H���S�U�R�F�H�V�V��CoF����PoF �D�Q�G��DoF��
�V�K�R�X�O�G���E�H���U�H�S�U�H�]�H�Q�W�H�G���E�\���I�X�]�]�\���V�H�W�V���L�Q�V�W�H�D�G���R�I���F�U�L�V�S���Q�X�P�E�H�U�V�����7�K�H�V�H���V�H�W�V���K�D�Y�H���W�R���E�H��
�D���S�D�U�W�L�W�L�R�Q���R�I���W�K�H���>���������@���L�Q�W�H�U�Y�D�O�����,�Q���W�K�L�V���V�W�X�G�\�����>�������@���L�Q�W�H�U�Y�D�O���L�V���X�V�H�G���S�U�R�S�R�U�W�L�R�Q�D�O�O�\��
�G�X�H�� �W�R�� �O�D�W�H�U�� �F�D�O�F�X�O�D�W�L�R�Q�V�����)�X�]�]�\�� �V�H�W�V�� �U�H�S�U�H�V�H�Q�W�L�Q�J��CoF����PoF���D�Q�G��DoF���Y�D�O�X�H�V�� �D�U�H��
�L�O�O�X�V�W�U�D�W�H�G���L�Q���)�L�J��������[17]����

��

�)�L�J�X�U�H������

�&�R�)�����3�R�)���D�Q�G���'�R�)���I�X�]�]�\���V�H�W�V�����/�L�Q�J�X�L�V�W�L�F���W�H�U�P�V���I�R�U���&�R�)���3�R�)���'�R�)�������&�R�)���3�R�)���'�R�)��� ��

�/�R�Z���,�P�S�U�R�E�D�E�O�H���(�D�V�L�O�\�'�H�W�H�F�W�D�E�O�H�����&�R�)���3�R�)���'�R�)��� ���0�H�G�L�X�P���2�F�F�D�V�L�R�Q�D�O���'�H�W�H�F�W�D�E�O�H�����&�R�)���3�R�)���'�R�)��� ��

�+�L�J�K���3�U�R�E�D�E�O�H���+�D�U�G�O�\�'�H�W�H�F�W�D�E�O�H�����U�H�V�S�H�F�W�L�Y�H�O�\����

�,�Q���W�K�H���)�X�]�]�\���)�0�(�$�����)-�)�0�(�$�����W�K�H��RPN���Y�D�O�X�H���L�V���G�H�W�H�U�P�L�Q�H�G���E�\���D���I�X�]�]�\���L�Q�I�H�U�H�Q�F�H��
�V�\�V�W�H�P�����Z�K�H�U�H���W�K�H���H�Y�D�O�X�D�W�L�R�Q���L�V���E�D�V�H�G���R�Q���D���U�X�O�H���E�D�V�H��[4]�����,�Q���W�K�L�V���V�W�X�G�\�����W�K�H���0�D�P�G�D�Q�L-
�W�\�S�H���L�Q�I�H�U�H�Q�F�H���L�V���X�V�H�G�����L���H�����W�K�H���R�X�W�S�X�W���G�R�P�D�L�Q���L�V���D�O�V�R���F�R�Y�H�U�H�G���E�\���I�X�]�]�\���V�H�W�V�����V�H�H���)�L�J����
��������

�7�K�H���L�Q�S�X�W���R�I���W�K�H���)-�)�0�(�$���F�D�Q���E�H���D���F�U�L�V�S���Y�D�O�X�H���R�U���H�Y�H�Q���D���I�X�]�]�\���Q�X�P�E�H�U�����+�R�Z�H�Y�H�U����
�I�X�]�]�\���V�H�W-�U�H�S�U�H�V�H�Q�W�H�G���H�[�S�H�U�W���N�Q�R�Z�O�H�G�J�H���L�V���P�R�U�H���L�Q�I�R�U�P�D�W�L�Y�H�����&�R�Q�V�H�T�X�H�Q�W�O�\�����L�Q���W�K�L�V��
�V�W�X�G�\�����W�K�H���I�X�]�]�\���Q�X�P�E�H�U���W�\�S�H���R�S�L�Q�L�R�Q�V���D�U�H���F�R�Q�V�L�G�H�U�H�G�����6�L�P�L�O�D�U�O�\���W�R���W�K�H���F�U�L�V�S���)�0�(�$����
�L�Q���L�W�V���I�X�]�]�\���Y�H�U�V�L�R�Q���H�D�F�K���I�D�L�O�X�U�H���F�R�G�H���K�D�V���W�R���E�H���H�Y�D�O�X�D�W�H�G���X�V�L�Q�J���W�K�H���D�E�R�Y�H���P�H�W�K�R�G����
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��

�)�L�J�X�U�H������

�5�3�1���I�X�]�]�\���V�H�W�V���U�H�S�U�H�V�H�Q�W�L�Q�J���W�K�H���Q�H�F�H�V�V�L�W�\���R�I���D�F�W�L�R�Q��

2.3 Similarity Measures 

�6�L�P�L�O�D�U�L�W�\�� �P�H�D�V�X�U�H�V�� �D�U�H�� �X�V�H�G�� �W�R�� �F�R�P�S�D�U�H�� �I�X�]�]�\�� �V�H�W�V�� �D�Q�G�� �Q�X�P�E�H�U�V�� �F�D�O�F�X�O�D�W�L�Q�J�� �W�K�H��
�G�H�J�U�H�H���R�I���V�L�P�L�O�D�U�L�W�\����0 < �5(�#�5, �#�6) 
Q1�����Z�K�H�U�H���#�5, �#�6���D�U�H���I�X�]�]�\���V�H�W�V���R�U���Q�X�P�E�H�U�V�����,�I��
�W�K�H���V�L�P�L�O�D�U�L�W�\���Y�D�O�X�H���L�V���������W�K�H���I�X�]�]�\���V�H�W�V���D�U�H���W�K�H���V�D�P�H�����7�K�H���O�R�Z�H�U���L�W�V���Y�D�O�X�H���W�K�H���J�U�H�D�W�H�U��
�W�K�H���G�L�I�I�H�U�H�Q�F�H���E�H�W�Z�H�H�Q���W�K�H���V�H�W�V�����6�L�P�L�O�D�U�L�W�\���L�V���G�H�W�H�U�P�L�Q�H�G���E�D�V�H�G���R�Q���W�K�H���F�K�D�U�D�F�W�H�U�L�V�W�L�F�V��
�R�I�� �I�X�]�]�\�� �V�H�W�V���� �W�K�H�U�H�� �D�U�H�� �P�D�Q�\�� �G�L�I�I�H�U�H�Q�W�� �D�S�S�U�R�D�F�K�H�V�����,�Q�� �W�K�L�V�� �V�W�X�G�\�����W�K�H�� �I�X�]�]�\�� �V�H�W��
�S�D�U�D�P�H�W�H�U�V���D�Q�G���W�K�H���G�H�I�X�]�]�L�I�L�H�G���Y�D�O�X�H���D�U�H���X�V�H�G���I�R�U���W�K�H���F�R�P�S�D�U�L�V�R�Q�����F�D�O�F�X�O�D�W�L�Q�J���W�K�H��
�6�&�R�*���Y�D�O�X�H���I�R�U���H�D�F�K���I�X�]�]�\���V�H�W���E�\�����������������������6�L�P�L�O�D�U�L�W�\���F�D�O�F�X�O�D�W�L�R�Q���F�D�Q���E�H���S�H�U�I�R�U�P�H�G��
�X�V�L�Q�J������������������������������������

�� �� 1 2 1 2 1 2 1 2
�� �� �6�&�R�*

� D � D � E � E � F � F � G � G
�6 �$ � � � $ �F � � � [ � 0
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� § � ·� � � � � � � � � � � � � �
�  � � � '� ¨ � ¸

� © � ¹
�� ��������

�Z�K�H�U�H��

A A1 2
�6�&�R�* �6�&�R�* �6�&�R�*� [ � � � [ � [� ' �  � � � ��� ����������

�� ��
�� ��

A A1 2

A A1 2

�6�&�R�* �6�&�R�*

�6�&�R�* �6�&�R�*
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�0

�P�D�[ �\ �� �\
� �� ����������

c���L�V���D���F�R�Q�V�W�D�Q�W���W�R���V�S�H�F�L�I�\���W�K�H���G�L�U�H�F�W�L�R�Q���R�I���W�K�H���G�H�Y�L�D�W�L�R�Q�����L�I���Q�H�H�G�H�G�����,�I���W�K�H���G�L�U�H�F�W�L�R�Q���L�V��
�Q�R�W���U�H�O�H�Y�D�Q�W�����R�U���T�Ì�¼�â�À�² �-


R �T�Ì�¼�â�À�² �.
���W�K�H�Q���?= 1 �����,�I���T�Ì�¼�â�À�² �-

< �T�Ì�¼�â�À�² �.
���W�K�H�Q���?= 
F1����

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

RPN

0

0.2

0.4

0.6

0.8

1

D
eg

re
e 

of
 m

em
be

rs
hi

p

Unnecessary Suggested Needful VeryNeedful



Acta Polytechnica Hungarica Vol. 21, No. 2, 2024 

�Å��193 �Å��

3 Fuzzy Failure Mode and Effect Analysis using 
Simiarity Measures 

�,�Q���W�K�H���)-�)�0�(�$���P�H�W�K�R�G���W�K�H���S�R�W�H�Q�W�L�D�O���I�D�L�O�X�U�H�V���R�I���W�K�H���V�\�V�W�H�P���F�D�Q���E�H���U�H�S�U�H�V�H�Q�W�H�G���E�\��
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3.2 Aggregated Experts’ Opinion-based Evaluation 
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�R�I�� �W�K�H�� �G�L�I�I�H�U�H�Q�W�� �I�D�L�O�X�U�H�� �F�R�G�H�V�����=�Ü�Ý, �>�Ü�Ý, �?�Ü�Ý, �@�Ü�Ý, �D�Ü�Ý���D�U�H�� �W�K�H�� �J�H�Q�H�U�D�O�L�]�H�G�� �I�X�]�]�\�� �V�H�W��
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�U�H�S�U�H�V�H�Q�W���W�K�H���D�Y�H�U�D�J�H���I�X�]�]�\���V�H�W���S�D�U�D�P�H�W�H�U�V���I�R�U���I�D�L�O�X�U�H���F�R�G�H��i����

�)�R�O�O�R�Z�L�Q�J���W�K�H���D�J�J�U�H�J�D�W�L�R�Q�����W�K�H���S�U�R�F�H�V�V���L�V���W�K�H���V�D�P�H���D�V���L�Q���W�K�H���R�U�L�J�L�Q�D�O�����V�L�Q�J�O�H���H�[�S�H�U�W����
�F�D�V�H�����E�X�W���L�Q�V�W�H�D�G���R�I���W�K�H���R�S�L�Q�L�R�Q���R�I���W�K�H���V�L�Q�J�O�H���H�[�S�H�U�W�����W�K�H���D�E�R�Y�H���F�D�O�F�X�O�D�W�H�G���D�Y�H�U�D�J�H��
PoF���Y�D�O�X�H��
k�2�K�(�Ô�é�Ú�Ô
o���L�V���X�V�H�G�����7�K�H���Q�H�[�W���V�W�H�S���L�V���W�K�H���R�Y�H�U�D�O�O��PoF���Y�D�O�X�H���F�D�O�F�X�O�D�W�L�R�Q���E�\��
�������������W�K�H�Q�� �W�K�H�� �R�E�W�D�L�Q�H�G�� �J�H�Q�H�U�D�O�L�]�H�G�� �I�X�]�]�\�� �Q�X�P�E�H�U��
k�2�K�(�Ô�é�Ú�À
o���F�R�P�S�D�U�H�G�� �W�R�� �W�K�H��
�U�H�I�H�U�H�Q�F�H�� �I�X�]�]�\�� �V�H�W�V�� �V�S�H�F�L�I�L�H�G�� �L�Q�� �)�L�J�� ������ �&�R�P�S�D�U�L�V�R�Q�� �L�V�� �S�H�U�I�R�U�P�H�G�� �E�\�� �V�L�P�L�O�D�U�L�W�\��
�P�H�D�V�X�U�H�� �X�V�L�Q�J�� ���������� ������������ ���������� �D�Q�G�� �W�K�H�� �U�H�I�H�U�H�Q�F�H�� �V�H�W�� �I�R�U�� �Z�K�L�F�K�� �W�K�H�� �O�D�U�J�H�V�W�� �Y�D�O�X�H��
�R�E�W�D�L�Q�H�G���U�H�S�U�H�V�H�Q�W�V���W�K�H���V�\�V�W�H�P���U�H�V�X�O�W����
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�Z�K�H�U�H���E �Ð[1, �J]����n���L�V���W�K�H���Q�X�P�E�H�U���R�I���W�K�H���I�D�L�O�X�U�H���F�R�G�H�V����

�/ �H�W�� �W�K�H���Q�X�P�E�H�U�� �R�I�� �W�K�H�� �I�D�L�O�X�U�H�� �F�R�G�H�V�� �E�H�� ������ �D�Q�G�� �W�K�H�� �Q�X�P�E�H�U�� �R�I�� �W�K�H���G�L�I�I�H�U�H�Q�W�� �H�[�S�H�U�W��
�J�U�R�X�S�V���E�H���������7�K�H���R�S�L�Q�L�R�Q���R�I���W�K�H���J�U�R�X�S�V���D�U�H���S�U�H�V�H�Q�W�H�G���L�Q���7�D�E�O�H���������Z�K�H�U�H���W�K�H���'�H�J�U�H�H��
�R�I���&�R�Q�I�L�G�H�Q�F�H�����'�R�&�����R�I���W�K�H���J�U�R�X�S�V���D�U�H���U�H�S�U�H�V�H�Q�W�H�G���E�\���W�K�H���K�H�L�J�K�W���R�I���W�K�H���I�X�]�]�\���V�H�W�V����

�7�D�E�O�H������

�(�[�S�H�U�W���J�U�R�X�S�V�¶���R�S�L�Q�L�R�Q���I�R�U���W�K�H���G�L�I�I�H�U�H�Q�W���I�D�L�O�X�U�H���F�R�G�H�V��

�)�D�L�O�X�U�H���F�R�G�H�� �*�U�R�X�S����
���'�R�&� ����������

�*�U�R�X�S����
���'�R�&� ����������

�*�U�R�X�S����
���'�R�&� ����������

�)�D�L�O�X�U�H���� �,�P�S�U�R�E�D�E�O�H�� �2�F�F�D�V�L�R�Q�D�O�� �,�P�S�U�R�E�D�E�O�H��
�)�D�L�O�X�U�H���� �3�U�R�E�D�E�O�H�� �2�F�F�D�V�L�R�Q�D�O�� �2�F�F�D�V�L�R�Q�D�O��
�)�D�L�O�X�U�H���� �3�U�R�E�D�E�O�H�� �2�F�F�D�V�L�R�Q�D�O�� �2�F�F�D�V�L�R�Q�D�O��
�)�D�L�O�X�U�H���� �,�P�S�U�R�E�D�E�O�H�� �,�P�S�U�R�E�D�E�O�H�� �2�F�F�D�V�L�R�Q�D�O��
�)�D�L�O�X�U�H���� �2�F�F�D�V�L�R�Q�D�O�� �3�U�R�E�D�E�O�H�� �3�U�R�E�D�E�O�H��

�)�L�U�V�W�����D�Y�H�U�D�J�H��PoF���Y�D�O�X�H���V�K�R�X�O�G���E�H���F�D�O�F�X�O�D�W�H�G���E�\���W�D�N�L�Q�J���L�Q�W�R���D�F�F�R�X�Q�W���W�K�H���R�S�L�Q�L�R�Q���R�I��
�D�O�O���H�[�S�H�U�W���J�U�R�X�S�V�� �X�V�L�Q�J�� ������������������������������������ �7�K�H�V�H�� �D�Y�H�U�D�J�H�� �Y�D�O�X�H�V�� �D�U�H�� �V�X�P�P�D�U�L�]�H�G�� �L�Q��
�7�D�E�O�H��������

�7�D�E�O�H������

�$�Y�H�U�D�J�H���3�R�)���D�Q�G���&�R�)���Y�D�O�X�H�V���I�R�U���H�D�F�K���I�D�L�O�X�U�H���F�R�G�H��

�)�D�L�O�X�U�H���F�R�G�H�� PoF�_�t�e�_�� �&�R�)i��

�)�D�L�O�X�U�H���� ���������������������������������������� ����������������������������
�)�D�L�O�X�U�H���� ���������������������������������������� ������������������������������������
�)�D�L�O�X�U�H���� ���������������������������������������� ����������������������������
�)�D�L�O�X�U�H���� ���������������������������������������� ����������������������������
�)�D�L�O�X�U�H���� ���������������������������������������� ������������������������������������

�$�I�W�H�U�� �W�K�H�� �D�Y�H�U�D�J�H�� �Y�D�O�X�H�V�� �D�U�H�� �D�Y�D�L�O�D�E�O�H���� �W�K�H�� �3�R�)���Y�D�O�X�H�� �F�D�Q�� �E�H�� �F�D�O�F�X�O�D�W�H�G�� �I�R�U�� �W�K�H��
�R�Y�H�U�D�O�O���V�\�V�W�H�P���L�Q���W�K�H���V�D�P�H���Z�D�\���D�V���L�Q���W�K�H���V�L�Q�J�O�H���H�[�S�H�U�W���F�D�V�H�����D�Q�G���W�K�H���R�Y�H�U�D�O�O���3�R�)���V�H�W��
�L�V���D�V���I�R�O�O�R�Z�V����

O�D�Y�J�3�R�) �������������� ������������ ������������ ������������� �� ��

�7�K�H���I�L�Q�D�O���V�W�H�S���R�I���W�K�H���S�U�R�F�H�V�V���L�V���W�R���F�R�P�S�D�U�H���W�K�H���R�Y�H�U�D�O�O���3�R�)���Y�D�O�X�H���W�R���W�K�H���U�H�I�H�U�H�Q�F�H��
�I�X�]�]�\���V�H�W�V�����V�H�H���)�L�J�������������7�K�H���G�H�J�U�H�H���R�I���V�L�P�L�O�D�U�L�W�L�H�V���D�U�H���S�U�H�V�H�Q�W�H�G���L�Q���7�D�E�O�H��������
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�7�D�E�O�H������

�6�L�P�L�O�D�U�L�W�\���Y�D�O�X�H�V���R�I���W�K�H���R�Y�H�U�D�O�O���3�R�)���D�Q�G���U�H�I�H�U�H�Q�F�H���V�H�W�V��

�3�R�)i�� S(PoF�g,PoF�S)��
�3�R�)�������,�P�S�U�R�E�D�E�O�H���� ������������
�3�R�)�������2�F�F�D�V�L�R�Q�D�O���� ������������
�3�R�)�������3�U�R�E�D�E�O�H���� ������������

�7�K�H���K�L�J�K�H�V�W���Y�D�O�X�H���G�H�W�H�U�P�L�Q�H�V���Z�K�L�F�K���O�L�Q�J�X�L�V�W�L�F���Y�D�U�L�D�E�O�H���F�D�Q���E�H���D�V�V�L�J�Q�H�G���W�R���W�K�H���3�R�)��
�Y�D�O�X�H���R�I���W�K�H���R�Y�H�U�D�O�O���V�\�V�W�H�P�����,�W���F�D�Q���E�H���V�H�H�Q���W�K�D�W���W�K�H���K�L�J�K�H�V�W���Y�D�O�X�H���L�V�����������������D�Q�G���W�K�H��
�D�V�V�R�F�L�D�W�H�G���I�X�]�]�\���V�H�W���L�V��PoF2�����U�H�S�U�H�V�H�Q�W�L�Q�J���W�K�H���O�L�Q�J�X�L�V�W�L�F���W�H�U�P��Occasional�����7�K�L�V���U�H�V�X�O�W��
�P�H�D�Q�V�� �W�K�D�W�� �L�Q�W�H�U�Y�H�Q�W�L�R�Q�� �P�D�\�� �E�H�� �Q�H�F�H�V�V�D�U�\�� �W�R�� �D�Y�R�L�G�� �W�K�H���R�F�F�X�U�H�Q�F�H�� �R�I�� �D�� �S�R�W�H�Q�W�L�D�O��
�I�D�L�O�X�U�H����

4 Consensus-based Similarity Supported FMEA 
Model 

�,�Q�� �W�K�L�V�� �V�H�F�W�L�R�Q�� �D���F�R�P�S�D�U�L�V�R�Q�� �P�H�W�K�R�G�� �L�V�� �L�Q�W�U�R�G�X�F�H�G���� �Z�K�R�V�H�� �P�D�L�Q�� �S�X�U�S�R�V�H���L�V���W�R��
�U�H�S�U�H�V�H�Q�W�� �W�K�H�� �P�D�J�Q�L�W�X�G�H�� �R�I�� �W�K�H�� �F�R�Q�V�H�Q�V�X�V�� �E�H�W�Z�H�H�Q�� �W�K�H�� �G�L�I�I�H�U�H�Q�W�� �H�[�S�H�U�W�V�¶�� �R�S�L�Q�L�R�Q����
�7�K�H�Q�����E�D�V�H�G�� �R�Q�� �W�K�H�� �R�E�W�D�L�Q�H�G�� �Y�D�O�X�H�� �D�� �Z�H�L�J�K�W�� �I�D�F�W�R�U�� �L�V�� �G�H�I�L�Q�H�G���� �E�\�� �Z�K�L�F�K���W�K�H��
�D�J�J�U�H�J�D�W�H�G���H�[�S�H�U�W�V�¶�V���R�S�L�Q�L�R�Q���F�D�Q���E�H���F�D�O�F�X�O�D�W�H�G����

�,�Q���W�K�L�V���V�W�X�G�\�����W�K�H���F�R�P�S�D�U�L�V�R�Q���L�V���S�H�U�I�R�U�P�H�G���W�D�N�L�Q�J���L�Q�W�R���D�F�F�R�X�Q�W���W�K�H��PoF���Y�D�O�X�H���E�D�V�H�G��
�R�Q���W�K�H���H�[�S�H�U�W�V�¶���R�S�L�Q�L�R�Q�����U�H�S�U�H�V�H�Q�W�H�G���E�\���I�X�]�]�\���V�H�W�V�����'�X�U�L�Q�J���W�K�H���H�Y�D�O�X�D�W�L�R�Q���V�X�E�Q�R�U�P�D�O��
�I�X�]�]�\���V�H�W�V���#(�=, �>, �?, �@,�D�º) ���D�U�H���D�S�S�O�L�H�G�����Z�K�H�U�H���W�K�H���K�H�L�J�K�W���R�I���W�K�H���V�H�W��(�D�º)���U�H�S�U�H�V�H�Q�W�V��
�W�K�H���G�H�J�U�H�H���R�I���F�R�Q�I�L�G�H�Q�F�H���D�V�V�R�F�L�D�W�H�G���Z�L�W�K���H�D�F�K���H�[�S�H�U�W����

�7�R���G�H�W�H�U�P�L�Q�H���W�K�H���G�H�J�U�H�H���R�I���F�R�Q�V�H�Q�V�X�V�����R�Q�H���V�K�R�X�O�G���S�H�U�I�R�U�P���W�K�H���I�R�O�O�R�Z�L�Q�J���S�U�R�F�H�V�V��
�I�R�U���H�D�F�K���I�D�L�O�X�U�H���F�R�G�H����

���� �)�X�]�]�\���V�H�W���#(�=, �>, �?, �@,�D�º) ���F�U�H�D�W�L�R�Q���E�D�V�H�G���R�Q���W�K�H���H�[�S�H�U�W�V�¶���R�S�L�Q�L�R�Q����
���� �6�&�R�*��(�T�Ì�¼�â�À, �U�Ì�¼�â�À) ���Y�D�O�X�H���L�V���F�D�O�F�X�O�D�W�H�G���I�R�U���H�D�F�K���I�X�]�]�\���V�H�W���E�\��������������������
���� �6�L�P�L�O�D�U�L�W�\���F�D�O�F�X�O�D�W�L�R�Q���W�R���F�R�P�S�D�U�H���W�K�H���V�H�W�V���E�\����������������������������������

�7�K�H���U�H�V�X�O�W���R�I���W�K�L�V���S�U�R�F�H�V�V���L�V���W�K�H���P�D�J�Q�L�W�X�G�H���R�I���W�K�H���F�R�Q�V�H�Q�V�X�V���E�H�W�Z�H�H�Q���W�K�H���G�L�I�I�H�U�H�Q�W��
�H�[�S�H�U�W�V���� �7�K�H�� �J�U�H�D�W�H�U�� �W�K�H�� �R�E�W�D�L�Q�H�G�� �Y�D�O�X�H�V�� �W�K�H�� �K�L�J�K�H�U�� �W�K�H�� �F�R�Q�V�H�Q�V�X�V���� �,�W�V�� �P�D�[�L�P�X�P��
�Y�D�O�X�H���L�V���������Z�K�L�F�K���P�H�D�Q�V���W�K�D�W���W�K�H���G�L�I�I�H�U�H�Q�W���H�[�S�H�U�W�V���F�R�P�S�O�H�W�H�O�\���D�J�U�H�H���R�Q���W�K�H���V�S�H�F�L�I�L�F��
�H�U�U�R�U�� �F�R�G�H�����%�D�V�H�G�� �R�Q�� �W�K�H�� �P�D�J�Q�L�W�X�G�H�� �R�I�� �W�K�H�� �F�R�Q�V�H�Q�V�X�V�� �D�� �Z�H�L�J�K�W�� �I�D�F�W�R�U�� �F�D�Q�� �E�H��
�V�S�H�F�L�I�L�H�G���W�R���X�V�H���Z�K�H�Q���W�K�H���H�[�S�H�U�W�V�¶���R�S�L�Q�L�R�Q���D�U�H���D�J�J�U�H�J�D�W�H�G�����)�X�]�]�\���V�H�W�V���Z�L�W�K���L�G�H�Q�W�L�F�D�O��
�R�U���Q�H�D�U�O�\���L�G�H�Q�W�L�F�D�O���S�D�U�D�P�H�W�H�U�V���F�D�Q���E�H���U�H�S�U�H�V�H�Q�W�H�G���E�\���D���V�L�Q�J�O�H���V�H�W�����7�K�H�Q�����W�K�H���Q�X�P�E�H�U��
�R�I���W�K�H�V�H���N�L�Q�G�V���R�I���V�H�W�V���L�V���X�V�H�G���W�R���F�D�O�F�X�O�D�W�H���W�K�H���Z�H�L�J�K�W���I�D�F�W�R�U��
k�S�Ý
o���R�I���W�K�L�V���V�L�Q�J�O�H���V�H�W����
�7�K�L�V�� �Z�H�L�J�K�W�� �I�D�F�W�R�U�� �H�Q�V�X�U�H�V�� �W�K�H�� �Z�R�U�N�� �Z�L�W�K�� �Q�R�U�P�D�O�� �I�X�]�]�\�� �V�H�W�V���� �L���H�������L�Q�V�W�H�D�G�� �R�I�� �W�K�H��
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Conclusions 

�,�Q�� �H�Q�J�L�Q�H�H�U�L�Q�J�� �V�\�V�W�H�P�V�����L�W�� �L�V���Q�R�W�� �R�Q�O�\�� �Q�H�F�H�V�V�D�U�\�� �W�R�� �D�S�S�O�\�� �W�K�H�� �W�H�F�K�Q�R�O�R�J�L�F�D�O�O�\��
�D�S�S�U�R�S�U�L�D�W�H���P�H�W�K�R�G�����E�X�W���D�O�V�R���W�R���F�R�Q�W�L�Q�X�R�X�V�O�\�� �D�Y�R�L�G�� �D�Q�\�� �X�Q�Z�D�Q�W�H�G���H�Y�H�Q�W�V�����)�D�L�O�X�U�H��
�0�R�G�H���D�Q�G���(�I�I�H�F�W���$�Q�D�O�\�V�L�V���L�V���R�Q�H���R�I���W�K�H���P�R�V�W���F�R�P�P�R�Q�O�\���X�V�H�G���D�S�S�U�R�D�F�K�H�V���V�X�L�W�D�E�O�H��
�I�R�U���W�K�H���T�X�L�F�N�� �L�G�H�Q�W�L�I�L�F�D�W�L�R�Q�� �D�Q�G�� �P�D�Q�D�J�H�P�H�Q�W�� �R�I�� �S�R�W�H�Q�W�L�D�O�� �I�D�L�O�X�U�H�V�� �L�Q�� �W�K�H�� �V�\�V�W�H�P������
�7�K�H�� �H�[�W�H�Q�V�L�R�Q�� �R�I�� �W�K�L�V�� �P�H�W�K�R�G�� �Z�L�W�K�� �I�X�]�]�\�� �O�R�J�L�F�����)-�)�0�(�$�����P�D�N�H�V�� �L�W�� �S�R�V�V�L�E�O�H�� �W�R��
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�W�R���(�[�H�F�X�W�L�R�Q����V�R�O�������������1�R�����������������������G�R�L������������������������������������������������������������������

[17]�� �6�����.�R�F�D�N�����/�����3�R�N�R�U�i�G�L�����(�����7�y�W�K-�/�D�X�I�H�U�����)�X�]�]�\���+�L�H�U�D�U�F�K�L�F�D�O���)�D�L�O�X�U�H���0�R�G�H���D�Q�G��
�(�I�I�H�F�W���$�Q�D�O�\�V�L�V�����3�U�R�F���R�I���W�K�H��15�W�K���,�(�(�(���,�Q�W�H�U�Q�D�W�L�R�Q�D�O���6�\�P�S�R�V�L�X�P���R�Q���$�S�S�O�L�H�G��
�&�R�P�S�X�W�D�W�L�R�Q�D�O���,�Q�W�H�O�O�L�J�H�Q�F�H���D�Q�G���,�Q�I�R�U�P�D�W�L�F�V���6�$�&�,���������������7�L�P�L�V�R�U�D�����5�R�P�D�Q�L�D����
�S�S����������-��������������������
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Mathematical Modeling of a Hydraulic Lifting 
System for the Autodock Docking Leveler 
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�����3�R�O�L�W�H�K�Q�L�F�D���8�Q�L�Y�H�U�V�L�W�\���7�L�P�L�ú�R�D�U�D�����'�R�F�W�R�U�D�O���6�F�K�R�R�O���������5�H�Y�R�O�X�
�L�H�L���6�W�U�H�H�W������������������
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Abstract: This paper focuses on aspects regarding the design of a universal lifting system 
(actuation) of the platform of a product such as hydraulically operated docking levelers, with 
example on the Autodock leveler, which can be found as a component of the external docking 
stations of logistics warehouses. Aspects regarding the configuration of this product are 
treated as well as functional aspects reflected through a mathematical model that describes 
the interdependence between the parameters that describe the movement of this mechanical 
system. It also describes the situation of the stresses that occur in this system during 
operation and how they vary depending on certain key parameters. Summarizing, an image 
is created on a design method that imposes a set of conditions and universal steps valid for 
the design of the leveler lifting system for any special configuration found in the required 
configuration limits. The aim of the paper is to form a clear picture of the interdependence 
of the parameters that shape the designed lifting system. 

Keywords: docking; model; hydraulic; system; design; leveler 

1 Introduction  
�'�R�F�N�L�Q�J���O�H�Y�H�O�H�U�V���D�U�H���V�S�H�F�L�D�O���G�H�Y�L�F�H�V���L�Q�V�W�D�O�O�H�G���L�Q���O�R�J�L�V�W�L�F�V���Z�D�U�H�K�R�X�V�H�V���Z�L�W�K���W�K�H���D�L�P��
�R�I�� �P�D�N�L�Q�J�� �W�K�H�� �F�R�Q�Q�H�F�W�L�R�Q�� �E�H�W�Z�H�H�Q�� �W�K�H�� �H�Q�W�U�D�Q�F�H�� �W�R�� �W�K�H�� �Z�D�U�H�K�R�X�V�H�� �W�K�U�R�X�J�K�� �W�K�H��
�G�R�F�N�L�Q�J���V�W�D�W�L�R�Q���D�Q�G���W�K�H���Y�H�K�L�F�O�H���Y�L�V�L�W�L�Q�J���W�K�H���Z�D�U�H�K�R�X�V�H���>���@�����>���@�����>���@�����/�R�D�G�L�Q�J���U�D�P�S�V��
�S�U�R�Y�L�G�H�� �P�D�[�L�P�X�P�� �O�R�D�G�L�Q�J�� �V�S�H�H�G�� �D�Q�G�� �H�I�I�L�F�L�H�Q�F�\�� �E�\�� �E�X�L�O�G�L�Q�J�� �D�� �S�H�U�P�D�Q�H�Q�W�� �E�U�L�G�J�H��
�E�H�W�Z�H�H�Q���W�K�H���O�R�D�G�L�Q�J���D�U�H�D���D�Q�G���W�K�H���Y�H�K�L�F�O�H���L�Q���D�U�H�D�V���Z�K�H�U�H���W�K�H�U�H���L�V���D���O�R�W���R�I���H�Q�W�U�\���D�Q�G��
�H�[�L�W���J�R�R�G�V���V�K�L�S�P�H�Q�W�����7�K�H���K�L�Q�J�H�G���O�R�D�G�L�Q�J���U�D�P�S���F�R�Q�V�L�V�W�V���R�I���W�Z�R���P�D�L�Q���S�D�U�W�V����

�•  �W�K�H���P�D�L�Q���S�O�D�W�I�R�U�P�����Z�K�L�F�K���L�Q�F�O�X�G�H�V���D���U�D�P�S�����K�L�Q�J�H�G���D�O�R�Q�J���L�W�V���U�H�D�U���H�G�J�H�������D�Q�G��

�•  �W�K�H���O�L�S�����K�L�Q�J�H�G���D�W���W�K�H���I�U�R�Q�W���R�I���W�K�H���U�D�P�S���>���@�����>���@�����>���@����
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�7�K�D�Q�N�V���W�R���W�K�L�V���V�L�P�S�O�H���E�X�W���Z�H�O�O–�G�H�V�L�J�Q�H�G���V�\�V�W�H�P�����L�W���L�V���S�R�V�V�L�E�O�H���W�R���F�R�Q�W�U�R�O���V�W�D�Q�G�D�U�G��
�K�L�Q�J�H�G���U�D�P�S�V���Z�L�W�K���D���V�L�Q�J�O�H���E�X�W�W�R�Q�����(�T�X�L�S�P�H�Q�W���D�Q�G���O�R�J�L�V�W�L�F�V���P�D�F�K�L�Q�H�U�\���W�U�D�Q�V�L�W�V���R�Y�H�U��
�W�K�H�V�H���G�R�F�N�L�Q�J���O�H�Y�H�O�H�U�V�����Z�K�L�F�K���F�D�Q���E�H���I�R�X�Q�G���L�Q���Y�D�U�L�R�X�V���W�\�S�H�V���D�Q�G���V�L�]�H�V����

�7�K�H�� �K�\�G�U�D�X�O�L�F�� �R�L�O�� �S�X�P�S���� �Y�D�O�Y�H�V���� �S�L�V�W�R�Q�V���� �D�Q�G�� �W�K�H�� �F�R�Q�W�U�R�O�� �E�R�D�U�G�� �P�R�Y�H�� �W�K�H�� �P�D�L�Q��
�S�O�D�W�I�R�U�P���D�Q�G���O�L�S���S�U�R�S�H�U�O�\�����7�K�H���S�D�S�H�U���G�H�D�O�V���Z�L�W�K���W�K�H���G�H�V�L�J�Q���R�I���W�K�H���O�L�I�W�L�Q�J���V�\�V�W�H�P���R�I��
�D�Q���$�X�W�R�G�R�F�N���K�\�G�U�D�X�O�L�F���O�H�Y�H�O�H�U�������������D���O�H�Y�H�O�H�U���W�K�D�W���L�V���L�Q�V�W�D�O�O�H�G���R�X�W�V�L�G�H���W�K�H���Z�D�U�H�K�R�X�V�H��
�E�X�L�O�G�L�Q�J�����Z�K�L�F�K���V�X�S�S�R�U�W�V���R�Q���W�K�H���H�G�J�H�V���R�I���L�W�V���I�U�D�P�H���D���P�H�W�D�O���O�R�D�G�K�R�X�V�H���F�R�Q�V�W�U�X�F�W�L�R�Q��
���������R�Q���Z�K�L�F�K���L�V���L�Q�V�W�D�O�O�H�G���D���V�H�D�O�L�Q�J���G�H�Y�L�F�H���F�D�O�O�H�G���V�K�H�O�W�H�U������������

������ ��
�)�L�J�X�U�H������

�'�R�F�N�L�Q�J���V�W�D�W�L�R�Q���O�R�F�D�W�H�G���R�X�W�V�L�G�H���W�K�H���O�R�J�L�V�W�L�F�V���Z�D�U�H�K�R�X�V�H�����H�T�X�L�S�S�H�G���Z�L�W�K���$�X�W�R�G�R�F�N���O�H�Y�H�O�H�U��

�7�K�L�V���L�V���D���W�D�E�O�H���H�[�D�P�S�O�H�����7�K�H���S�U�R�E�O�H�P���R�I���G�H�V�L�J�Q�L�Q�J���D���G�R�F�N�L�Q�J���S�O�D�W�I�R�U�P���O�L�I�W�L�Q�J���V�\�V�W�H�P��
�L�V���Q�H�F�H�V�V�D�U�\���G�X�H���W�R���W�K�H���F�K�D�U�D�F�W�H�U���R�I���W�K�L�V���S�U�R�G�X�F�W���E�H�L�Q�J���I�R�X�Q�G���D�V���D���V�H�U�L�H�V���S�U�R�G�X�F�W���L�Q��
�V�W�D�Q�G�D�U�G���F�R�Q�I�L�J�X�U�D�W�L�R�Q�V���I�R�U���Q�H�Z�O�\���E�X�L�O�W���Z�D�U�H�K�R�X�V�H�V���D�Q�G���D�V���D���S�U�R�G�X�F�W���Z�L�W�K���V�S�H�F�L�D�O��
�F�R�Q�I�L�J�X�U�D�W�L�R�Q���I�R�U���H�[�L�V�W�L�Q�J���O�R�Qg–�W�H�U�P���Z�D�U�H�K�R�X�V�H�V�����H�V�S�H�F�L�D�O�O�\���L�Q���(�X�U�R�S�H�����Z�K�L�F�K���W�K�H�\��
�K�D�Y�H���Q�R�W���E�H�H�Q���F�R�P�P�X�Q�L�]�H�G���Z�L�W�K���W�K�H���Q�H�Z���U�H�J�X�O�D�W�L�R�Q�V���D�Q�G���V�W�D�Q�G�D�U�G�V����

�$�W���S�U�H�V�H�Q�W�����Z�H���X�V�H�G���D���V�H�W���R�I���O�L�Q�H�D�U���K�\�G�U�D�X�O�L�F���P�R�W�R�U�V���D�V���G�U�L�Y�H���V�\�V�W�H�P�V���I�R�U���$�X�W�R�G�R�F�N��
�O�H�Y�H�O�H�U�V���E�X�W���Q�R�W�� �R�Q�O�\���� �'�X�H�� �W�R�� �W�K�H�� �Z�L�G�H�� �U�D�Q�J�H�� �R�I�� �F�R�Q�I�L�J�X�U�D�W�L�R�Q�� �R�I�� �W�K�H�� �O�H�Y�H�O�H�U��
�G�L�P�H�Q�V�L�R�Q�V�����W�K�L�V���S�O�D�W�I�R�U�P���O�L�I�W�L�Q�J���V�\�V�W�H�P���L�V���D�O�V�R���L�Q�I�O�X�H�Q�F�H�G�����Z�K�L�F�K���F�U�H�D�W�H�V���D���Q�H�H�G���I�R�U��
�W�K�H���L�P�S�O�H�P�H�Q�W�D�W�L�R�Q���R�I���U�X�O�H�V���D�Q�G���D�O�J�R�U�L�W�K�P�V���L�Q���W�K�H���G�H�V�L�J�Q���S�U�R�F�H�V�V���I�R�U���S�R�V�L�W�L�R�Q�L�Q�J���D�Q�G��
�F�K�R�R�V�L�Q�J���W�K�H���F�R�U�U�H�F�W�����O�L�Q�H�D�U���K�\�G�U�D�X�O�L�F���P�R�W�R�U�V���I�R�X�Q�G���L�Q���W�K�L�V���V�\�V�W�H�P�����7�K�L�V���S�D�S�H�U���Z�L�O�O��
�G�H�I�L�Q�H���D���V�H�U�L�H�V���R�I���S�D�U�D�P�H�W�H�U�V���D�Q�G���F�R�Q�G�L�W�L�R�Q�V���Q�H�F�H�V�V�D�U�\���W�R���R�E�W�D�L�Q���D���X�Q�L�Y�H�U�V�D�O���V�R�O�X�W�L�R�Q��
�L�Q���W�H�U�P�V���R�I���G�H�V�L�J�Q�L�Q�J���W�K�L�V���O�L�I�W�L�Q�J���V�\�V�W�H�P���I�R�U���G�R�F�N�L�Q�J���O�H�Y�H�O�H�U�V���Z�L�W�K���H�[�D�P�S�O�H���R�Q���W�K�H��
�F�D�V�H���R�I���$�X�W�R�G�R�F�N���W�\�S�H���O�H�Y�H�O�H�U���>���@�����>���@�����>���@����

�7�K�H�V�H�� �D�X�W�R�P�D�W�L�F�� �O�R�D�G�L�Q�J�� �G�R�F�N�� �O�H�Y�H�O�H�U�V�� �D�Q�G�� �P�D�Q�X�D�O�� �G�R�F�N�� �S�O�D�W�H�V�� �Z�R�U�N�� �Z�L�W�K���P�R�V�W��
�W�\�S�H�V���D�Q�G���V�L�]�H�V���R�I���Y�H�K�L�F�O�H�V���W�R���N�H�H�S���\�R�X�U���R�S�H�U�D�W�L�R�Q�V���U�X�Q�Q�L�Q�J���V�D�I�H�O�\���D�Q�G���V�P�R�R�W�K�O�\��[1]����
�+�\�G�U�D�X�O�L�F�� �W�H�O�H�V�F�R�S�L�F–�O�L�S�� �G�R�F�N�� �O�H�Y�H�O�O�H�U�V�� �K�D�Y�H�� �D�� �P�R�Y�D�E�O�H�� �W�H�O�H�V�F�R�S�L�F�� �O�L�S���� �Z�K�L�F�K��
�S�U�R�Y�L�G�H�V���D���O�D�U�J�H�U���F�R�Q�W�D�F�W���D�U�H�D���E�H�W�Z�H�H�Q���Y�H�K�L�F�O�H���E�H�G���D�Q�G���G�R�F�N���O�H�Y�H�O�O�H�U�����7�K�D�Q�N�V���W�R���W�K�D�W����
�W�K�H�\���F�D�Q���E�H���S�U�H�F�L�V�H�O�\���S�R�V�L�W�L�R�Q�H�G���R�Q���W�K�H���Y�H�K�L�F�O�H���E�H�G���I�R�U���R�S�W�L�P�D�O���O�R�D�G���X�W�L�O�L�]�D�W�L�R�Q���D�Q�G��
�L�P�S�U�R�Y�H�G���V�D�I�H�W�\��[1]�����3�U�H�Y�H�Q�W�L�Y�H���P�D�L�Q�W�H�Q�D�Q�F�H���L�V���H�D�V�\���D�Q�G���I�D�V�W���W�R���V�H�F�X�U�H���I�X�Q�F�W�L�R�Q�D�O�L�W�\����
�$�O�O���K�\�G�U�D�X�O�L�F���W�H�O�H�V�F�R�S�L�F–�O�L�S���G�R�F�N���O�H�Y�H�O�O�H�U�V���D�U�H���H�D�V�\���W�R���R�S�H�U�D�W�H��[1]����
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2 Leveler Description 
�7�K�H���$�X�W�R�G�R�F�N���G�R�F�N�L�Q�J���O�H�Y�H�O�H�U���L�V���F�R�P�S�R�V�H�G���R�I�������O�D�U�J�H���V�X�E�D�V�V�H�P�E�O�L�H�V���W�K�D�W���D�U�H���I�R�X�Q�G��
�H�Y�H�U�\�Z�K�H�U�H���L�Q���W�K�H���F�R�Q�V�W�U�X�F�W�L�R�Q���R�I���K�\�G�U�D�X�O�L�F�D�O�O�\���R�S�H�U�D�W�H�G���G�R�F�N�L�Q�J���O�H�Y�H�O�H�U�V�����Q�D�P�H�O�\����
�I�U�D�P�H���� �S�O�D�W�I�R�U�P�� �D�Q�G�� �O�L�S���� �)�L�J�X�U�H�� ���� �V�K�R�Z�V�� �W�K�H�� �P�D�L�Q�� �F�R�P�S�R�Q�H�Q�W�V�� �R�I�� �W�K�H�� �G�R�F�N�L�Q�J��
�$�X�W�R�G�R�F�N���W�\�S�H���O�H�Y�H�O�H�U�����W�K�H�\���F�D�Q���E�H���I�R�X�Q�G���L�Q���V�H�Y�H�U�D�O���F�R�P�E�L�Q�D�W�L�R�Q�V���R�I���W�\�S�H�V���D�Q�G���V�L�]�H�V����
�G�H�S�H�Q�G�L�Q�J���R�Q���W�K�H���F�R�Q�I�L�J�X�U�D�W�L�R�Q���R�I���W�K�H���O�H�Y�H�O�H�U�����L�P�S�R�V�H�G���E�\���W�K�H���R�S�H�U�D�W�L�Q�J���V�L�W�X�D�W�L�R�Q�V��
�D�Q�G���R�W�K�H�U���W�H�F�K�Q�L�F�D�O���I�D�F�W�R�U�V���G�H�U�L�Y�H�G���I�U�R�P���W�K�H���G�R�F�N�L�Q�J���S�U�R�F�H�V�V����
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�O�R�Z�H�U�L�Q�J�� �W�K�H�� �S�O�D�W�I�R�U�P�� �X�Q�W�L�O�� �W�K�H�� �O�L�S�� �F�R�P�H�V�� �L�Q�W�R�� �F�R�Q�W�D�F�W�� �Z�L�W�K�� �W�K�H�� �S�O�D�W�I�R�U�P�� �R�I�� �W�K�H��
�Y�H�K�L�F�O�H�� �L�Q�� �W�K�H�� �G�R�F�N�L�Q�J�� �V�W�D�W�L�R�Q���� �7�K�H�� �U�H�W�U�D�F�W�L�R�Q�� �W�R�� �W�K�H�� �U�H�V�W�� �S�R�V�L�W�L�R�Q�� �L�V�� �S�H�U�I�R�U�P�H�G�� �L�Q��
�U�H�Y�H�U�V�H���R�U�G�H�U����

3 Defining the Lifting System 
�7�D�N�L�Q�J���L�Q�W�R���D�F�F�R�X�Q�W���W�K�H���F�R�Q�I�L�J�X�U�D�W�L�R�Q���S�D�U�D�P�H�W�H�U�V���R�I���W�K�H���$�X�W�R�G�R�F�N���G�R�F�N�L�Q�J���O�H�Y�H�O�H�U����
�W�K�H���D�L�P���L�V���W�R���G�H�W�H�U�P�L�Q�H���W�K�H���W�H�F�K�Q�L�F�D�O���F�K�D�U�D�F�W�H�U�L�V�W�L�F�V���W�K�D�W���G�H�I�L�Q�H���W�K�H���O�L�Q�H�D�U���K�\�G�U�D�X�O�L�F��
�P�R�W�R�U�V���Z�L�W�K���V�L�P�S�O�H���D�F�W�L�R�Q���L�Q�W�H�Q�G�H�G���I�R�U���O�L�I�W�L�Q�J���W�K�H���S�O�D�W�I�R�U�P����

�7�K�H���I�L�U�V�W���W�H�F�K�Q�L�F�D�O���V�S�H�F�L�I�L�F�D�W�L�R�Q���F�R�Q�V�L�G�H�U�H�G���L�V���W�K�H���X�V�H�I�X�O���I�R�U�F�H���G�H�Y�H�O�R�S�H�G���)���>�N�1�@���L�W�V��
�P�D�J�Q�L�W�X�G�H���L�V���J�L�Y�H�Q���E�\���I�R�U�P�X�O�D������������

F =
�r�f�c �j�m�_�b �a�_�n�_�a�g�r�w �m�d �r�f�c �j�c�t�c�j�c�p

�6
�®k �q�®k �b������������������������������������������������������������������������������������������������������������������������������������

�Z�K�H�U�H����k �q
Fsafety factor,considered 1.5;��

������������������������k �b 
Fdynamic load coefficient,considered 1.4����

�7�K�H���F�R�H�I�I�L�F�L�H�Q�W�V��k �q���D�Q�G��k �b���D�U�H���L�Q���D�F�F�R�U�G�D�Q�F�H���Z�L�W�K���V�W�D�Q�G�D�U�G���(�1�����������������������>���@����

�,�W���L�V���D�O�V�R���Q�H�F�H�V�V�D�U�\���W�R���G�H�W�H�U�P�L�Q�H���W�K�H���G�L�P�H�Q�V�L�R�Q�D�O���O�L�P�L�W�V���R�I���W�K�H���K�\�G�U�D�X�O�L�F���P�R�W�R�U���V�X�F�K��
�D�V���W�K�H���P�L�Q�L�P�X�P���O�H�Q�J�W�K��L�k�g�l [mm]�����W�K�H���P�D�[�L�P�X�P���O�H�Q�J�W�K��L�k�_�v [mm]���D�Q�G���W�K�H���V�W�U�R�N�H��
�R�I���W�K�H���S�L�V�W�R�Q��St [mm]���J�L�Y�H�Q���L�Q���I�R�U�P�X�O�D��������

St = L �k�_�v
FL�k�g�l����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

�$�Q���L�P�S�R�U�W�D�Q�W���I�H�D�W�X�U�H���R�I���W�K�H���K�\�G�U�D�X�O�L�F���P�R�W�R�U���L�V���D�O�V�R���W�K�H���L�Q�Q�H�U���G�L�D�P�H�W�H�U��D�g�����Z�K�L�F�K���L�V��
�U�H�T�X�L�U�H�G���E�\���W�K�H���G�H�V�L�J�Q���L�Q�S�X�W���G�D�W�D���W�R���E�H�������P�P���D�Q�G���W�K�H���R�X�W�H�U���G�L�D�P�H�W�H�U����D�c���L�Q���W�K�H���Y�D�O�X�H��
�R�I�������P�P�����$�Q�R�W�K�H�U���I�H�D�W�X�U�H���W�R���F�R�Q�V�L�G�H�U���L�V���W�K�H���V�S�H�H�G���R�I���W�K�H���S�L�V�W�R�Q��V�n���Z�K�L�F�K���F�D�Q���E�H��
�D�G�M�X�V�W�H�G���I�U�R�P���W�K�H���K�\�G�U�D�X�O�L�F���X�Q�L�W���E�\���Y�D�U�\�L�Q�J���W�K�H���I�O�R�Z���R�I���W�K�H���S�X�P�S���>���@�����>���@����

V�n = Q �n �®
� �®�H�_

�.

�8
��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

�Z�K�H�U�H��Q�n [l/ min]���L�V���W�K�H���S�X�P�S���I�O�R�Z���I�U�R�P���W�K�H���K�\�G�U�D�X�O�L�F���X�Q�L�W����
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�7�K�H���P�D�L�Q���S�D�U�D�P�H�W�H�U�V���X�V�H�G���L�Q���W�K�H���F�R�Q�I�L�J�X�U�D�W�L�R�Q���R�I���W�K�H���G�R�F�N�L�Q�J���U�D�P�S�V���D�U�H���S�U�H�V�H�Q�W�H�G��
�L�Q���7�D�E�O�H�������Z�K�H�U�H���D�U�H���V�K�R�Z�Q���W�K�H���L�Q�W�H�U�Y�D�O�V���E�H�W�Z�H�H�Q���Z�K�L�F�K���W�K�H�\���F�D�Q���E�H���I�R�X�Q�G����

�7�D�E�O�H������

�$�X�W�R�G�R�F�N���G�R�F�N�L�Q�J���O�H�Y�H�O�H�U���F�R�Q�I�L�J�X�U�D�W�L�R�Q���S�D�U�D�P�H�W�H�U�V��

�'�H�V�F�U�L�S�W�L�R�Q�� �3�D�U�D�P�H�W�H�U��
notation��

�8�0�� �5�D�Q�J�H��
�0�L�Q�L�P�� �0�D�[�L�P��

�/�R�D�G���F�D�S�D�F�L�W�\���R�I���W�K�H���O�H�Y�H�O�H�U�� –�� �N�1�� ������ ��������
�1�R�P�L�Q�D�O���O�H�Q�J�W�K�� �1�/�� �P�P�� ���������� ����������
�1�R�P�L�Q�D�O���Z�L�G�W�K�� �1�:�$�' �� �P�P�� ���������� ����������
�1�R�P�L�Q�D�O���K�H�L�J�K�W�� DH�� �P�P�� �������� ����������
�)�U�D�P�H���W�K�L�F�N�Q�H�V�V�� LH�� �P�P�� �������� ��������
�/�L�S���Z�L�G�W�K�� �1�: �� �P�P�� ���������� ����������
�7�K�H���O�H�Q�J�W�K���R�I���W�K�H���O�L�S�� LL �� �P�P�� �������� ����������
�0�D�[�L�P�X�P���R�S�H�Q�L�Q�J�� �/�V�� �P�P�� �������� ��������
�0�L�Q�L�P�X�P���R�S�H�Q�L�Q�J�� Li �� �P�P�� �������� ��������

��

��

�)�L�J�X�U�H������

�&�R�Q�V�W�U�X�F�W�L�Y�H���S�D�U�D�P�H�W�H�U�V���R�I���W�K�H���O�L�I�W�L�Q�J���V�\�V�W�H�P���G�H�V�L�J�Q�H�G���I�R�U���W�K�H���$�X�W�R�G�R�F�N���G�R�F�N�L�Q�J���O�H�Y�H�O�H�U��

�)�L�J�X�U�H�� ���� �V�K�R�Z�V�� �W�K�H�� �S�D�U�D�P�H�W�H�U�V�� �W�K�D�W�� �L�Q�I�O�X�H�Q�F�H�� �W�K�H�� �O�L�I�W�L�Q�J�� �V�\�V�W�H�P�� �R�I�� �W�K�H�� �K�\�G�U�D�X�O�L�F��
�U�D�P�S�����L�W���F�D�Q���E�H���V�H�H�Q���W�K�D�W���W�K�H���K�\�G�U�D�X�O�L�F���P�R�W�R�U�������L�V���I�L�[�H�G���L�Q���W�Z�R���D�U�W�L�F�X�O�D�W�H�G���V�X�S�S�R�U�W�V��
�I�R�U�P�L�Q�J���W�K�H���D�Q�J�O�H���R�I���L�Q�F�O�L�Q�D�W�L�R�Q���=���Z�K�L�F�K���L�V���F�R�Q�V�L�G�H�U�H�G���������G�H�J�U�H�H�V���D�O�Z�D�\�V���Z�K�H�Q���W�K�H��
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�O�H�Y�H�O�H�U�� �L�V�� �V�W�D�W�L�R�Q�D�U�\���� �L�Q�� �W�K�L�V�� �F�D�V�H�� �W�K�H�� �R�W�K�H�U�� ���� �S�D�U�D�P�H�W�H�U�V��L�5���D�Q�G��L�6���G�H�V�F�U�L�E�H�� �W�K�H��
�S�R�V�L�W�L�R�Q���R�I���W�K�H���I�L�[�L�Q�J���D�U�W�L�F�X�O�D�W�H�G���V�X�S�S�R�U�W�V���Z�L�W�K���U�H�V�S�H�F�W���W�R���W�K�H���F�H�Q�W�H�U���R�I���W�K�H���K�L�Q�J�H���W�K�D�W��
�I�R�U�P�V���W�K�H���U�H�D�U���M�R�L�Q�W���R�I���W�K�H���O�H�Y�H�O�H�U�����7�K�H���S�D�U�D�P�H�W�H�U�V��L�v���D�Q�G��L�w���D�U�H���L�Q�I�O�X�H�Q�F�H�G���E�\���W�K�H��
�O�H�Q�J�W�K���R�I���W�K�H���K�\�G�U�D�X�O�L�F���P�R�W�R�U���G�X�U�L�Q�J���W�K�H���U�H�V�W���S�R�V�L�W�L�R�Q����

L�v = L �w= LH 
Fa 
Fb��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

�&�R�Q�V�L�G�H�U�L�Q�J�� �W�K�H�� �S�R�V�L�W�L�R�Q�� �R�I�� �W�K�H�� �F�H�Q�W�H�U�� �R�I�� �J�U�D�Y�L�W�\�� �H�[�W�U�D�F�W�H�G�� �D�F�F�R�U�G�L�Q�J���W�R�� �W�K�H�� ���'��
�P�R�G�H�O���R�I���W�K�H���S�O�D�W�I�R�U�P���D�Q�G���O�L�S���D�V�V�H�P�E�O�\���D�V�����������R�I���W�K�H���1�/���S�D�U�D�P�H�W�H�U�����P�H�D�V�X�U�H�G���I�U�R�P��
�W�K�H�� �F�H�Q�W�H�U�� �R�I�� �W�K�H�� �U�H�D�U�� �K�L�Q�J�H�� �W�R�� �W�K�H�� �O�L�S���� �W�K�H�� �I�R�U�P�X�O�D�V�� �I�R�U�� �G�H�W�H�U�P�L�Q�L�Q�J�� �W�K�H�� �I�L�[�H�G��
�G�L�P�H�Q�V�L�R�Q�V��L�5���D�Q�G��L�6���F�D�Q���E�H���F�R�Q�V�L�G�H�U�H�G����

L�5 = 0,55 �®NL����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

L�6 = L �5 
FL�v����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

�,�W�� �L�V�� �D�O�V�R�� �S�R�V�V�L�E�O�H�� �W�R�� �F�D�O�F�X�O�D�W�H�� �W�K�H�� �O�H�Q�J�W�K�� �/�� �R�I�� �W�K�H�� �K�\�G�U�D�X�O�L�F�� �P�R�W�R�U�� �L�Q�� �W�K�H�� �U�H�V�W�L�Q�J��
�S�R�V�L�W�L�R�Q���V�W�D�W�H���R�I���W�K�H���O�H�Y�H�O�H�U�����W�K�L�V���E�H�L�Q�J���J�L�Y�H�Q���E�\���I�R�U�P�X�O�D��������

L =
�P�o

�q�g�l�‘
=

�P�n
�a�m�q�‘

������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

�:�K�H�Q���F�K�R�R�V�L�Q�J���W�K�H���W�\�S�H���R�I���K�\�G�U�D�X�O�L�F���P�R�W�R�U���L�W���L�V���Q�H�F�H�V�V�D�U�\���W�R���U�H�V�S�H�F�W���W�K�H���F�R�Q�G�L�W�L�R�Q��
�������� �L�Q���R�U�G�H�U���W�R���K�D�Y�H���D���V�X�I�I�L�F�L�H�Q�W���V�W�U�R�N�H���R�I���W�K�H���S�L�V�W�R�Q���Q�H�F�H�V�V�D�U�\���Z�K�H�Q���O�R�Z�H�U�L�Q�J���W�K�H��
�S�O�D�W�I�R�U�P���R�I���W�K�H���G�R�F�N�L�Q�J���O�H�Y�H�O�H�U���E�H�O�R�Z���W�K�H���O�H�Y�H�O���R�I���W�K�H���K�R�U�L�]�R�Q�W�D�O����

L > 0,35 �®L�k�_�v������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

�$�W���W�K�H���V�D�P�H���W�L�P�H�����D���������P�P���U�H�V�H�U�Y�H���R�I���W�K�H���S�L�V�W�R�Q���V�W�U�R�N�H���L�V���U�H�T�X�L�U�H�G���L�Q���W�K�H���P�L�Q�L�P�X�P��
�R�S�H�U�D�W�L�Q�J�� �S�R�V�L�W�L�R�Q�� �R�I�� �W�K�H�� �O�H�Y�H�O�H�U���� �7�K�L�V�� �F�R�Q�G�L�W�L�R�Q�� �L�V�� �G�X�H�� �W�R�� �W�K�H�� �I�D�F�W�� �W�K�D�W�� �W�K�H�� �I�O�X�L�G��
�V�X�S�S�O�\�� �R�I�� �W�K�H�� �K�\�G�U�D�X�O�L�F�� �P�R�W�R�U�� �L�V�� �P�D�G�H�� �Z�L�W�K�R�X�W�� �W�K�H�� �H�[�L�V�W�H�Q�F�H�� �R�I�� �D�Q�� �D�Q�W�H�� �I�L�O�O�L�Q�J��
�F�K�D�P�E�H�U���Z�L�W�K���I�O�X�L�G�����W�K�H���V�X�S�S�O�\���E�H�L�Q�J���P�D�G�H���E�\���D�Q���R�U�L�I�L�F�H���Z�L�W�K���D���V�H�F�W�L�R�Q���P�X�F�K���V�P�D�O�O�H�U��
�W�K�D�Q�� �W�K�H�� �D�F�W�L�Y�H�� �V�X�U�I�D�F�H�� �R�I�� �W�K�H�� �S�L�V�W�R�Q���� �,�Q�� �W�K�L�V�� �F�D�V�H���� �W�K�H�� �S�R�V�V�L�E�L�O�L�W�\�� �R�I�� �O�R�F�N�L�Q�J�� �W�K�H��
�K�\�G�U�D�X�O�L�F���P�R�W�R�U���P�D�\���R�F�F�X�U���G�X�H���W�R���L�W�V���L�Q�D�E�L�O�L�W�\���W�R���G�H�Y�H�O�R�S���W�K�H���X�V�H�I�X�O���I�R�U�F�H���U�H�T�X�L�U�H�G��
�W�R���O�L�I�W���W�K�H���S�O�D�W�I�R�U�P����

�7�K�H�V�H���G�L�P�H�Q�V�L�R�Q�D�O���S�D�U�D�P�H�W�H�U�V���E�H�L�Q�J���G�H�W�H�U�P�L�Q�H�G���L�W���F�D�Q���E�H���F�R�Q�V�L�G�H�U�H�G���W�K�D�W���W�K�H���O�L�I�W�L�Q�J��
�V�\�V�W�H�P���R�I���W�K�H���S�O�D�W�I�R�U�P���D�U�H���F�R�P�S�O�H�W�H�O�\���G�H�I�L�Q�H�G���I�U�R�P���D���F�R�Q�V�W�U�X�F�W�L�Y�H���S�R�L�Q�W���R�I���Y�L�H�Z���L�Q��
�W�K�H���U�H�V�W�L�Q�J���S�R�V�L�W�L�R�Q���R�I���W�K�H���G�R�F�N�L�Q�J���O�H�Y�H�O�H�U���>���@����

4 Mathematical Modeling of the Lifting System 
�7�K�H�� �G�H�W�H�U�P�L�Q�D�W�L�R�Q���R�I�� �W�K�H�� �P�D�[�L�P�X�P�� �R�S�H�Q�L�Q�J��L�q���D�F�F�R�U�G�L�Q�J�� �W�R��F�L�J�X�U�H�� ������ �Z�K�L�F�K�� �W�K�H��
�O�L�Q�H�D�U�� �K�\�G�U�D�X�O�L�F�� �P�R�W�R�U�� �F�D�Q�� �R�I�I�H�U�� �I�R�U�� �W�K�H�� �G�L�I�I�H�U�H�Q�W�� �F�R�Q�I�L�J�X�U�D�W�L�R�Q�V�� �R�I�� �W�K�H�� �$�X�W�R�G�R�F�N��
�O�H�Y�H�O�H�U�� �L�V�� �P�D�G�H�� �E�\�� �H�O�D�E�R�U�D�W�L�Q�J�� �D�� �P�D�W�K�H�P�D�W�L�F�D�O�� �P�R�G�H�O�� �G�H�V�F�U�L�E�L�Q�J�� �W�K�H�� �U�H�O�D�W�L�R�Q�V��
�E�H�W�Z�H�H�Q���D�O�O���W�K�H���S�D�U�D�P�H�W�H�U�V���W�K�D�W���Y�D�U�\���G�X�U�L�Q�J���W�K�H���D�F�W�X�D�W�L�R�Q���R�I���W�K�H���S�O�D�W�I�R�U�P����
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��

�)�L�J�X�U�H������
�7�K�H���S�D�U�D�P�H�W�H�U�V���R�I���W�K�H���S�O�D�W�I�R�U�P���O�L�I�W�L�Q�J���V�\�V�W�H�P���L�Q���W�K�H���X�S�S�H�U���R�S�H�U�D�W�L�Q�J���S�R�V�L�W�L�R�Q���R�I���W�K�H���O�H�Y�H�O�H�U��

�7�K�H�� �P�D�L�Q�� �S�D�U�D�P�H�W�H�U�V�� �W�K�D�W�� �G�H�V�F�U�L�E�H�� �W�K�L�V�� �S�D�W�K�� �R�I�� �W�K�H�� �S�O�D�W�I�R�U�P�� �P�R�Y�H�P�H�Q�W�� �D�U�H�� �W�K�H��
�L�Q�F�O�L�Q�D�W�L�R�Q���D�Q�J�O�H���R�I���W�K�H���K�\�G�U�D�X�O�L�F���P�R�W�R�U���=�����W�K�H���L�Q�F�O�L�Q�D�W�L�R�Q���D�Q�J�O�H���R�I���W�K�H���S�O�D�W�I�R�U�P���>��
�D�Q�G���W�K�H���H�O�H�Y�D�W�L�R�Q���W�K�D�W���G�H�V�F�U�L�E�H�V���W�K�H���Y�H�U�W�L�F�D�O���P�R�Y�H�P�H�Q�W���R�I���W�K�H���O�L�S���W�L�S��L�q����

�)�L�J�X�U�H�� ���� �V�K�R�Z�V�� �W�K�H�� �G�L�D�J�U�D�P�� �G�H�V�F�U�L�E�L�Q�J�� �W�K�H�� �N�L�Q�H�P�D�W�L�F�� �S�D�U�D�P�H�W�H�U�V�� �R�I�� �W�K�H�� �U�R�X�W�H��
�W�U�D�Y�H�O�H�G���E�\���W�K�H���S�O�D�W�I�R�U�P���D�Q�G���W�K�H���H�[�W�H�Q�V�L�R�Q���R�I���W�K�H���K�\�G�U�D�X�O�L�F���P�R�W�R�U�V���W�K�D�W���G�U�L�Y�H���L�W����

��

�)�L�J�X�U�H������
�7�K�H���V�F�K�H�P�H���R�I���W�K�H���S�D�U�D�P�H�W�H�U�V���L�Q�Y�R�O�Y�H�G���L�Q���W�K�H���P�D�W�K�H�P�D�W�L�F�D�O���P�R�G�H�O���R�I���W�K�H���S�O�D�W�I�R�U�P���P�R�Y�H�P�H�Q�W��

�3�R�L�Q�W�V�� �$���� �%�� �D�Q�G���&�� �D�U�H�� �M�R�L�Q�W�V���W�K�D�W���D�O�O�R�Z�� �W�K�H�� �U�R�W�D�W�L�R�Q�D�O���P�R�Y�H�P�H�Q�W�����S�R�L�Q�W�V�� �%���D�Q�G���&��
�E�H�L�Q�J���I�L�[�H�G���D�Q�G���P�R�E�L�O�H���S�R�L�Q�W���$�����D�O�V�R���W�K�H���F�R�Q�V�W�U�X�F�W�L�Y�H���S�D�U�D�P�H�W�H�U�V���+�����/�������/�������D���D�Q�G��
�7�1�/���D�U�H���F�R�Q�V�L�G�H�U�H�G���W�K�H���S�D�U�D�P�H�W�H�U�V���H�V�W�D�E�O�L�V�K�H�G���D�F�F�R�U�G�L�Q�J���W�R���W�K�H���U�D�P�S���F�R�Q�I�L�J�X�U�D�W�L�R�Q��
�D�Q�G���D�U�H���Q�R�W���F�R�Q�V�L�G�H�U�H�G���Y�D�U�L�D�E�O�H�V���L�Q���W�K�L�V���D�Q�D�O�\�V�L�V���R�I���P�R�Y�H�P�H�Q�W����
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�7�K�H���R�U�G�H�U���R�I���W�K�H���V�F�K�H�P�H���I�R�U���W�K�H���P�D�W�K�H�P�D�W�L�F�D�O���G�H�W�H�U�P�L�Q�D�W�L�R�Q���R�I���H�D�F�K���S�D�U�D�P�H�W�H�U���L�V���D�V��
�I�R�O�O�R�Z�V����

BC= 
¥L�6
�6 + H �6������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

�X= cos�?�5�@
�F�G�. �>�P�.

�. �?�L�.

�6�®�F�G�®�P�.
�A����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

�B= 90 
F �X������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

�@= 180 
F �= 
F �X����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

�T= 90 
F �=������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

BA = 
¥L�5
�6 + a �6����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

�E= sin�?�5�@
�F�G�®�q�g�l�“

�F�E
�A������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

�J= 180 
F �@ 
F �E������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

�7�K�H���S�D�U�D�P�H�W�H�U���$�&���U�H�S�U�H�V�H�Q�W�V���W�K�H���O�H�Q�J�W�K���R�I���W�K�H���H�[�W�H�Q�G�H�G���O�L�Q�H�D�U���K�\�G�U�D�X�O�L�F���P�R�W�R�U���I�R�U��
�D���F�H�U�W�D�L�Q���Y�D�O�X�H���R�I���W�K�H���S�D�U�D�P�H�W�H�U���=�����7�K�H���D�G�G�L�W�L�R�Q�D�O���S�D�U�D�P�H�W�H�U�V��L�v���D�Q�G��L�w���F�D�Q���D�O�V�R���E�H��
�G�H�W�H�U�P�L�Q�H�G����

AC= BA+ BC
F
¥2 �®BA�®BC�®cos�J����������������������������������������������������������������������������������������������������������������������������������������

L�v = AC�®sin �T������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

L�w= AC�®sin �=������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

�D= cos�?�5�@
�P�-

�. �>�F�E�. �?�_

�6�®�P�-�®�`�_
�A����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

�P= �B+ �J 
F90������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

�.�Q�R�Z�L�Q�J�� �W�K�H�� �S�D�U�D�P�H�W�H�U���>���W�K�D�W�� �F�K�D�U�D�F�W�H�U�L�]�H�V�� �W�K�H�� �L�Q�F�O�L�Q�D�W�L�R�Q�� �R�I�� �W�K�H�� �S�O�D�W�I�R�U�P�� �F�D�Q��
�G�H�W�H�U�P�L�Q�H���W�K�H���P�D�[�L�P�X�P���R�S�H�Q�L�Q�J���R�I���W�K�H���O�H�Y�H�O�H�U��L�q����

�>= �P+ �D������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

L�q= TNL �®sin �>��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

�.�Q�R�Z�L�Q�J���D�O�O���W�K�H�V�H���U�H�O�D�W�L�R�Q�V�K�L�S�V�����L�W���F�D�Q���E�H���F�R�Q�V�L�G�H�U�H�G���W�K�D�W���W�K�H���O�L�I�W�L�Q�J���V�\�V�W�H�P���R�I���W�K�H��
�S�O�D�W�I�R�U�P�� �K�D�V�� �D�� �S�D�W�K�� �W�K�D�W�� �L�V�� �F�O�H�D�U�O�\�� �G�H�I�L�Q�H�G�� �I�U�R�P�� �D�� �P�D�W�K�H�P�D�W�L�F�D�O�� �S�R�L�Q�W�� �R�I�� �Y�L�H�Z����
�F�R�Y�H�U�L�Q�J���W�K�H���F�R�Q�I�L�J�X�U�D�W�L�R�Q���U�D�Q�J�H���R�I���W�K�H���$�X�W�R�G�R�F�N���G�R�F�N�L�Q�J���O�H�Y�H�O�H�U���S�U�R�G�X�F�W���>���@�����>���@����

�,�Q���F�D�V�H���R�I���O�R�Z�H�U�L�Q�J���W�K�H���S�O�D�W�I�R�U�P���E�H�O�R�Z���W�K�H���K�R�U�L�]�R�Q�W�D�O���O�H�Y�H�O�����W�K�H���O�R�Z�H�U���O�L�P�L�W���P�X�V�W���E�H��
�=> 30�m�����7�K�L�V���O�L�P�L�W�D�W�L�R�Q���L�V���G�X�H���W�R���W�K�H���D�Y�R�L�G�D�Q�F�H���R�I���W�K�H���D�S�S�H�D�U�D�Q�F�H���R�I���D���W�R�R���V�P�D�O�O��
�Y�H�U�W�L�F�D�O���F�R�P�S�R�Q�H�Q�W���R�I���W�K�H���X�V�H�I�X�O���I�R�U�F�H���G�H�Y�H�O�R�S�H�G���E�\���W�K�H���K�\�G�U�D�X�O�L�F���P�R�W�R�U�V�����Q�H�F�H�V�V�D�U�\��
�W�R�� �O�L�I�W�� �W�K�H�� �S�O�D�W�I�R�U�P���� �Z�K�L�F�K�� �O�H�D�G�V�� �W�R�� �W�K�H�� �L�P�S�R�V�V�L�E�L�O�L�W�\�� �R�I�� �O�L�I�W�L�Q�J�� �W�K�H�� �S�O�D�W�I�R�U�P������
�7�K�H���V�H�F�R�Q�G���U�L�V�N���W�K�D�W���P�D�\���R�F�F�X�U���L�V���W�K�D�W���W�K�H���K�R�U�L�]�R�Q�W�D�O���F�R�P�S�R�Q�H�Q�W���R�I���W�K�H���I�R�U�F�H�����P�X�F�K��
�J�U�H�D�W�H�U�� �W�K�D�Q���W�K�D�W���U�H�T�X�L�U�H�G���W�R���O�L�I�W���W�K�H�� �S�O�D�W�I�R�U�P�����G�H�Y�H�O�R�S�H�G���E�\�� �W�K�H���K�\�G�U�D�X�O�L�F�� �P�R�W�R�U�V��
�K�D�V�� �D�� �G�H�V�W�U�X�F�W�L�Y�H�� �F�K�D�U�D�F�W�H�U�� �E�\�� �L�Q�G�X�F�L�Q�J�� �V�W�U�H�V�V�H�V�� �L�Q�� �Y�D�U�L�R�X�V�� �I�U�D�P�H�� �F�R�P�S�R�Q�H�Q�W�V�� �R�U��
�H�Y�H�Q���L�Q���W�K�H���V�X�S�S�R�U�W���M�R�L�Q�W�V���R�I���K�\�G�U�D�X�O�L�F���P�R�W�R�U�V����
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5 The Balance of the Forces Developed within the 
System 

�5�H�J�D�U�G�L�Q�J���W�K�H���G�H�P�D�Q�G���G�H�Y�H�O�R�S�H�G���Z�L�W�K�L�Q���W�K�H���O�L�I�W�L�Q�J���V�\�V�W�H�P���R�I���W�K�H���G�R�F�N�L�Q�J���S�O�D�W�I�R�U�P����
�W�K�H���V�L�W�X�D�W�L�R�Q���L�V���U�H�S�U�H�V�H�Q�W�H�G���V�F�K�H�P�D�W�L�F�D�O�O�\���L�Q��F�L�J�X�U�H���������7�K�H���P�D�L�Q���I�R�U�F�H���D�F�W�L�Q�J���G�X�U�L�Q�J��
�W�K�H���O�L�I�W�L�Q�J���R�I���W�K�H���S�O�D�W�I�R�U�P���L�V���W�K�H���J�U�D�Y�L�W�D�W�L�R�Q�D�O���I�R�U�F�H���*���Z�K�L�F�K���L�V���G�L�Y�L�G�H�G���R�Q���W�K�H���W�Z�R��
�O�L�Q�H�D�U���K�\�G�U�D�X�O�L�F���P�R�W�R�U�V�����D�F�W�L�Q�J���R�Q���H�D�F�K���R�Q�H���V�H�S�D�U�D�W�H�O�\���W�K�H���F�R�P�S�R�Q�H�Q�W��G�P����

��

�)�L�J�X�U�H������

�'�L�V�W�U�L�E�X�W�L�R�Q���R�I���I�R�U�F�H�V���Z�L�W�K�L�Q���W�K�H���G�H�V�L�J�Q�H�G���O�H�Y�H�O�H�U���O�L�I�W�L�Q�J���V�\�V�W�H�P��

�7�K�H�� �U�H�D�F�W�L�R�Q�� �I�R�U�F�H�V�� �S�U�H�V�H�Q�W�� �L�Q�� �W�K�H�� �M�R�L�Q�W�V�� �Z�L�W�K�� �I�L�[�H�G�� �S�R�V�L�W�L�R�Q�� �L�Q�� �W�K�H�� �V�\�V�W�H�P����
�U�H�S�U�H�V�H�Q�W�H�G���E�\���S�R�L�Q�W�V���%���D�Q�G���&���D�U�H���K�L�J�K�O�L�J�K�W�H�G���L�Q���)�L�J�X�U�H�������L�Q���E�O�X�H�����D�P�R�Q�J���Z�K�L�F�K���D�U�H��
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�M�X�G�L�W���D�O�E�H�U�W�#�V�W�X�G�H�Q�W���X�Q�L-�P�L�V�N�R�O�F���K�X�����D�J�Q�H�V���W�D�N�D�F�V�#�X�Q�L-�P�L�V�N�R�O�F���K�X��

Abstract: Monitoring the temperature of medical products is essential, to ensure their safety 
and stability. The thermoelectric Peltier-modules can be used for either cooling or heating 
in this application. In this work, different geometries are applied and the resulting 
performance of the Bi2Te3-based module, characterized via finite element simulations and 
materials, is analyzed, where the primary objective was to reduce shear and torque stresses, 
which also depends operating conditions. In the first phase, Finite Element Analysis (FEM) 
analysis of the thermo-mechanical test unit for the Peltier-modules, is conducted. In the 
second phase, the best design concept selection phase, using multi-criteria decision theory 
is introduced, where the ranking of the criteria is weighted by the characteristics assigned 
to the selected values. The object is to choose the best design concept, from the alternatives 
generated during the first phase. 

Keywords: MCDM methods; VIKOR algorithm; FEM 

1 Introduction  
�1�R�Z�D�G�D�\�V���� �W�K�H�� �L�V�V�X�H�� �R�I�� �W�K�H�U�P�R�H�O�H�F�W�U�L�F�� �P�D�W�H�U�L�D�O�V�� �L�V�� �Y�H�U�\�� �L�P�S�R�U�W�D�Q�W���� �G�X�H�� �W�R�� �W�K�H��
�L�Q�F�U�H�D�V�H�� �R�I�� �J�O�R�E�D�O�� �H�Q�H�U�J�\�� �S�U�L�F�H�V���� �E�X�W�� �R�Q�H�� �R�I�� �W�K�H�� �P�D�L�Q�� �S�U�R�E�O�H�P�V�� �U�H�O�D�W�H�G�� �W�R��
�W�K�H�U�P�R�H�O�H�F�W�U�L�F�� �G�H�Y�L�F�H�V�� �L�V�� �W�K�H�� �O�R�Z�� �H�I�I�L�F�L�H�Q�F�\�� �R�I�� �D�S�S�O�L�F�D�W�L�R�Q�V���� �Z�K�H�U�H�� �W�K�H�L�U��
�S�H�U�I�R�U�P�D�Q�F�H�� �L�V�� �X�V�X�D�O�O�\�� �G�H�W�H�U�P�L�Q�H�G�� �E�\�� �W�K�H�� �P�D�W�H�U�L�D�O�� �S�U�R�S�H�U�W�L�H�V�� �R�I�� �W�K�H�� �F�R�Q�V�W�L�W�X�H�Q�W��
�P�D�W�H�U�L�D�O�V���>���@�����,�P�S�U�R�Y�L�Q�J���W�K�H���H�O�H�F�W�U�L�F�D�O���S�H�U�I�R�U�P�D�Q�F�H�����L�W���L�V���D�O�V�R���L�P�S�R�U�W�D�Q�W���W�R���H�[�W�H�Q�G��
�W�K�H���O�L�I�H���D�Q�G���L�P�S�U�R�Y�H���W�K�H���U�H�O�L�D�E�L�O�L�W�\���R�I���W�K�H���P�R�G�X�O�H�����7�K�H�U�P�D�O���V�W�U�H�V�V���L�V���D���E�L�J���S�U�R�E�O�H�P��
�L�Q���H�O�H�F�W�U�R�Q�L�F���V�\�V�W�H�P�V�����7�K�H�U�P�D�O���V�W�U�H�V�V�H�V���D�Q�G���G�H�I�R�U�P�D�W�L�R�Q�V���D�U�H���W�K�H���P�D�L�Q���U�H�D�V�R�Q�V���I�R�U��
�W�K�H���O�L�P�L�W�H�G���O�L�I�H�W�L�P�H���R�I���H�O�H�F�W�U�R�Q�L�F���G�H�Y�L�F�H�V���>���@�����$�P�R�Q�J���R�W�K�H�U���W�K�L�Q�J�V�����O�R�F�D�O���G�L�I�I�H�U�H�Q�F�H�V��
�L�Q�� �W�K�H�� �F�R�H�I�I�L�F�L�H�Q�W�V�� �R�I�� �W�K�H�U�P�D�O�� �H�[�S�D�Q�V�L�R�Q�� ���&�7�(���� �R�I�� �G�L�I�I�H�U�H�Q�W�� �P�D�W�H�U�L�D�O�V���� �F�D�Q�� �E�H�� �W�K�H��
�F�D�X�V�H�� �R�I�� �I�D�L�O�X�U�H�� �>���@���� �5�H�J�D�U�G�L�Q�J�� �W�K�H�� �P�H�F�K�D�Q�L�F�D�O�� �I�D�L�O�X�U�H�� �F�U�L�W�H�U�L�D�� �R�I�� �7�K�H�U�P�R�H�O�H�F�W�U�L�F��
�P�R�G�X�O�H�V�����7�(-�P�R�G�X�O�H�����>���@�����W�K�H���O�L�W�H�U�D�W�X�U�H���Z�L�G�H�O�\���F�R�Q�V�L�G�H�U�V���W�K�H���Y�R�Q���0�L�V�H�V���V�W�U�H�V�V�����D�V��
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�W�K�H���J�H�Q�H�U�D�O���V�W�U�H�V�V�����W�R���G�H�W�H�U�P�L�Q�H���W�K�H���I�D�L�O�X�U�H�����L�W���X�V�H�V���D���)�(�0���W�R���F�D�O�F�X�O�D�W�H���V�X�F�K���V�W�U�H�V�V�H�V��
�>���@���>���@�����2�W�K�H�U�V���K�L�J�K�O�L�J�K�W�H�G���W�K�H���E�H�Q�G�L�Q�J���D�Q�G���V�K�H�D�U���V�W�U�H�V�V���U�H�V�S�R�Q�V�L�E�O�H���I�R�U���P�H�F�K�D�Q�L�F�D�O��
�I�D�L�O�X�U�H�� �>���@���� �7�K�H�� �U�H�V�X�O�W�V�� �R�I�� �W�K�H�� �H�[�D�P�L�Q�D�W�L�R�Q�� �V�K�R�Z�� �W�K�D�W�� �W�K�H�� �O�L�I�H���H�[�S�H�F�W�D�Q�F�\�� �F�D�Q�� �E�H��
�L�P�S�U�R�Y�H�G�� �E�\�� �U�H�G�X�F�L�Q�J�� �W�K�H�� �P�D�[�L�P�X�P�� �W�K�H�U�P�D�O�� �V�W�U�H�V�V�� �L�Q�� �W�K�H�� �S�H�O�O�H�W�V���� �7�R�� �Y�H�U�L�I�\�� �W�K�H��
�P�H�F�K�D�Q�L�F�D�O���U�H�O�L�D�E�L�O�L�W�\���R�I���H�O�H�F�W�U�R�Q�L�F���G�H�Y�L�F�H�V�����I�L�Q�L�W�H���H�O�H�P�H�Q�W���V�R�I�W�Z�D�U�H���L�V���Q�R�Z���Z�L�G�H�O�\��
�X�V�H�G���W�R���V�D�Y�H���D�Q�D�O�\�V�L�V���W�L�P�H�����/�R�R�N�L�Q�J���D�W���S�U�H�Y�L�R�X�V���O�L�W�H�U�D�W�X�U�H�����P�R�V�W���V�W�X�G�L�H�V���G�L�V�F�X�V�V�H�G��
�W�K�H�� �H�I�I�H�F�W�V�� �R�I�� �F�K�D�Q�J�L�Q�J�� �S�D�U�D�P�H�W�H�U�V�� �R�Q�� �P�H�F�K�D�Q�L�F�D�O�� �D�Q�G�� �H�O�H�F�W�U�L�F�D�O�� �S�H�U�I�R�U�P�D�Q�F�H������
�,�Q�� �*�D�R�
�V�� �U�H�V�H�D�U�F�K�� �>���@���� �K�H�� �L�Q�Y�H�V�W�L�J�D�W�H�G�� �W�K�H�� �W�K�H�U�P�D�O�� �V�W�U�H�V�V���G�L�V�W�U�L�E�X�W�L�R�Q���� �P�H�F�K�D�Q�L�F�D�O��
�S�U�R�S�H�U�W�L�H�V�����D�Q�G���W�K�H�U�P�R�H�O�H�F�W�U�L�F���S�U�R�S�H�U�W�L�H�V���R�I���D���7�(-�P�R�G�X�Oe���X�V�L�Q�J���W�K�H���I�L�Q�L�W�H���H�O�H�P�H�Q�W��
�P�H�W�K�R�G�����+�H���I�R�X�Q�G���W�K�D�W���W�K�H���S�H�U�I�R�U�P�D�Q�F�H���D�Q�G���H�I�I�L�F�L�H�Q�F�\���R�I���7�(-�P�R�G�X�O�H���D�U�H���Q�R�W���R�Q�O�\��
�L�Q�I�O�X�H�Q�F�H�G�� �E�\�� �P�D�W�H�U�L�D�O�� �S�U�R�S�H�U�W�L�H�V�� ���6�H�H�E�H�F�N�� �F�R�H�I�I�L�F�L�H�Q�W���� �H�O�H�F�W�U�L�F�D�O�� �U�H�V�L�V�W�D�Q�F�H���� �D�Q�G��
�W�K�H�U�P�D�O���F�R�Q�G�X�F�W�L�Y�L�W�\�������E�X�W���L�W���L�V���D�O�V�R���G�H�W�H�U�P�L�Q�H�G���E�\���W�K�H���P�H�F�K�D�Q�L�F�D�O���S�U�R�S�H�U�W�L�H�V���R�I���7�(-
�P�R�G�X�Oe�����+�R�Z�H�Y�H�U�����I�H�Z���R�I���W�K�H�V�H���S�U�R�Y�L�G�H�G���D���S�U�D�F�W�L�F�D�O���Z�D�\���W�R���W�D�N�H���L�Q�W�R���D�F�F�R�X�Q�W���W�K�H��
�Y�D�O�X�H�V���R�I���P�H�F�K�D�Q�L�F�D�O���D�Q�G���W�K�H�U�P�D�O���V�W�U�H�V�V���R�Q���W�K�H���H�Q�W�L�U�H���V�W�U�X�F�W�X�U�H�����D�Q�G���W�R���X�V�H���W�K�H�P���L�Q��
�W�K�H�� �H�Y�D�O�X�D�W�L�R�Q�� �R�I�� �Q�H�Z�� �7�(-�P�R�G�X�O�H�V�� �F�R�Q�V�W�U�X�F�W�L�R�Q�V���� �L�Q�� �W�K�H�� �L�Q�L�W�L�D�O�� �G�H�V�L�J�Q�� �S�K�D�V�H����
�7�K�H�U�H�I�R�U�H���� �W�K�H�� �D�L�P�� �R�I�� �W�K�L�V�� �Z�R�U�N�� �L�V�� �W�R�� �L�Q�F�U�H�D�V�H�� �W�K�H�� �O�L�I�H�W�L�P�H�� �R�I�� �7�(-�P�R�G�X�Oe���E�\��
�H�[�S�O�R�U�L�Q�J���W�K�H���S�R�W�H�Q�W�L�D�O���V�W�U�H�V�V-�U�H�O�L�H�Y�L�Q�J���H�I�I�H�F�W�V���R�I���W�K�H���J�H�R�P�H�W�U�\���G�H�V�L�J�Q���D�W���W�K�H���L�Q�L�W�L�D�O��
�G�H�V�L�J�Q�� �V�W�D�J�H�� �R�I�� �7�(-�P�R�G�X�Oe���E�\�� �L�Q�Y�H�V�W�L�J�D�W�L�Q�J�� �W�K�H�� �R�Y�H�U�D�O�O�� �V�W�U�H�V�V�H�V�� �D�Q�G�� �G�H�I�O�H�F�W�L�R�Q�V����
�8�V�L�Q�J���W�K�H���Y�D�O�X�H�V���G�H�V�F�U�L�E�L�Q�J���W�K�H���E�H�K�D�Y�L�R�U���R�I���W�K�H���7�(-�P�R�G�X�Oe���G�H�W�H�U�P�L�Q�H�G���G�X�U�L�Q�J���W�K�H��
�V�L�P�X�O�D�W�L�R�Q�� �R�I�� �W�K�H�� �I�L�Q�L�W�H�� �H�O�H�P�H�Q�W�� �P�H�W�K�R�G�� ���)�(�0����–t�K�H�� �H�I�I�L�F�L�H�Q�F�\�� �R�I�� �W�K�H�� �G�H�V�L�J�Q��
�F�R�Q�F�H�S�W�V–���Z�D�V���U�D�Q�N�H�G���Z�L�W�K���D�Q���L�Q�W�H�U�Y�D�O-�E�D�V�H�G���W�D�U�J�H�W���Y�D�O�X�H���9�,�.�2�5���D�O�J�R�U�L�W�K�P����

��

�)�L�J�X�U�H������

�6�W�U�X�F�W�X�U�H���R�I���W�K�H���7�(-�P�R�G�X�Oe���������[�����[���������P�P�������O�H�I�W���V�L�G�H�����D�Q�G�����'���P�R�G�H�O�����U�L�J�K�W���V�L�G�H�����R�I���W�K�H���L�Q�W�H�U�Q�D�O��

�V�W�U�X�F�W�X�U�H���R�I���W�K�H���W�H�V�W�H�G���7�(-�P�R�G�X�O�H�����3�H�O�W�L�H�U�������[�������V�H�D�O�H�G���4�X�L�F�N-�&�R�R�O���4�X�L�F�N-�2�K�P���4�&-������-������-�������0�6����

2 Research Methodology 
�7�K�H���U�H�V�H�D�U�F�K���G�L�V�F�X�V�V�H�V���W�K�H���H�[�W�H�Q�V�L�R�Q���R�I���W�K�H���H�Y�D�O�X�D�W�L�R�Q���R�I���G�H�V�L�J�Q���F�R�Q�F�H�S�W�V���E�\���W�D�N�L�Q�J��
�L�Q�W�R�� �D�F�F�R�X�Q�W�� �Z�H�L�J�K�W�H�G�� �S�H�U�I�R�U�P�D�Q�F�H�� �Y�D�O�X�H�V���� �L�Q�� �W�K�H�� �H�D�U�O�\�� �V�W�D�J�H�V�� �R�I�� �W�K�H���S�U�R�G�X�F�W��
�G�H�Y�H�O�R�S�P�H�Q�W���S�U�R�F�H�V�V�����,�Q���F�D�V�H���R�I���F�R�Q�I�O�L�F�W�L�Q�J���U�H�T�X�L�U�H�P�H�Q�W�V�����L�W���L�V���L�P�S�R�U�W�D�Q�W���W�R���D�Q�D�O�\�]�H��
�W�K�H�� �V�H�O�H�F�W�L�R�Q�� �R�I�� �P�D�W�H�U�L�D�O�V���� �W�K�H�� �V�H�O�H�F�W�L�R�Q�� �R�I�� �W�K�H�� �G�H�V�L�J�Q�� �F�R�Q�F�H�S�W���� �W�K�H�� �V�H�O�H�F�W�L�R�Q�� �R�I��
�S�U�R�G�X�F�W�L�R�Q�� �S�U�R�F�H�V�V�H�V�� �D�Q�G�� �W�K�H�� �O�L�I�H�� �F�\�F�O�H�V�� �D�O�U�H�D�G�\�� �D�W�� �W�K�L�V�� �G�H�V�L�J�Q�� �V�W�D�J�H���� �V�L�Q�F�H��
�F�R�P�S�U�R�P�L�V�H���V�R�O�X�W�L�R�Q�V���F�D�Q���E�H���I�R�X�Q�G���E�D�V�H�G���R�Q���W�K�H���L�Q�I�R�U�P�D�W�L�R�Q���R�E�W�D�L�Q�H�G���>�������������������@����
�'�X�U�L�Q�J�� �W�K�H�� �F�R�Q�F�H�S�W�X�D�O�� �G�H�V�L�J�Q�� �R�I�� �W�K�H�� �G�H�Y�H�O�R�S�P�H�Q�W�� �R�I���7�(-�P�R�G�X�Oe���� �W�K�H�� �E�H�V�W�� �G�H�V�L�J�Q��
�F�R�Q�F�H�S�W�� �L�V�� �V�H�O�H�F�W�H�G�� �E�\�� �X�V�L�Q�J�� �9�,�V�H�.�U�L�W�H�U�L�M�X�P�V�N�D�� �2�S�W�L�P�L�]�D�F�L�M�D���,�� �.�R�P�S�U�R�P�L�V�Q�R��
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�5�H�V�H�Q�M�H�� ���9�,�.�2�5���� �>�����@���� �Z�K�L�F�K�� �L�V�� �D�� �P�X�O�W�L-�F�U�L�W�H�U�L�D�� �G�H�F�L�V�L�R�Q-�P�D�N�L�Q�J�� ���0�&�'�0����
�P�H�W�K�R�G���� �,�Q�� �R�U�G�H�U�� �W�R�� �F�R�P�S�D�U�H�� �W�K�H�� �G�H�V�L�J�Q�� �F�R�Q�F�H�S�W�V���� �Z�H�� �U�H�F�R�U�G�H�G�� �W�K�H�� �G�D�W�D�� �R�E�W�D�L�Q�H�G��
�G�X�U�L�Q�J���W�K�H���I�L�Q�L�W�H���H�O�H�P�H�Q�W���D�Q�D�O�\�V�L�V�����)�(�$�������7�K�H���S�H�U�I�R�U�P�D�Q�F�H���R�I���W�K�H���G�H�V�L�J�Q���F�R�Q�F�H�S�W�V��
�Z�D�V���S�U�H�G�L�F�W�H�G���D�Q�G���H�V�W�L�P�D�W�H�G���X�V�L�Q�J���W�K�H���0�&�'�0���P�H�W�K�R�G�����Q�D�P�H�O�\���W�K�H���L�Q�W�H�U�Y�D�O-�E�D�V�H�G��
�W�D�U�J�H�W���Y�D�O�X�H���9�,�.�2�5���P�H�W�K�R�G�����L�Q���R�U�G�H�U���W�R���R�E�W�D�L�Q���W�K�H���F�R�Q�F�U�H�W�H���Y�D�O�X�H�V���R�I���W�K�H���L�Q�G�L�Y�L�G�X�D�O��
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3 Modelling of Thermoelectric Modules 
�,�Q�� �W�K�H�� �H�D�U�O�\�� �V�W�D�J�H�V�� �R�I�� �G�H�V�L�J�Q���� �Q�X�P�H�U�L�F�D�O���P�R�G�H�O�O�L�Q�J�� �W�H�F�K�Q�L�T�X�H�V�� �F�D�Q�� �E�H�� �H�I�I�H�F�W�L�Y�H�O�\��
�D�S�S�O�L�H�G�� �W�R�� �S�U�R�Y�L�G�H�� �L�P�S�R�U�W�D�Q�W�� �L�Q�I�R�U�P�D�W�L�R�Q�� �D�E�R�X�W�� �W�K�H�� �V�W�U�X�F�W�X�U�D�O�� �V�W�U�H�Q�J�W�K�� �R�I�� �Q�H�Z��
�F�R�Q�V�W�U�X�F�W�L�R�Q���G�H�V�L�J�Q�V�����0�D�Q�\���O�L�W�H�U�D�W�X�U�H�V���X�V�H���W�K�H���Y�R�Q���0�L�V�H�V���V�W�U�H�V�V���D�V���D���J�H�Q�H�U�D�O���V�W�U�H�V�V��
�W�R�� �G�H�W�H�U�P�L�Q�H�� �W�K�H�� �I�D�L�O�X�U�H�� �R�I�� �D�� �7�(-�P�R�G�X�Oe���� �Z�K�L�O�H�� �R�W�K�H�U�V�� �K�L�J�K�O�L�J�K�W�� �W�K�H�� �E�H�Q�G�L�Q�J�� �D�Q�G��
�V�K�H�D�U�� �V�W�U�H�V�V�H�V�� �U�H�V�S�R�Q�V�L�E�O�H�� �I�R�U�� �P�H�F�K�D�Q�L�F�D�O�� �I�D�L�O�X�U�H�� �>������������ ���@���� �,�Q�� �W�K�L�V�� �F�D�V�H���� �W�K�L�V�� �Z�R�U�N��
�E�H�J�L�Q�V���Z�L�W�K���W�K�H���P�R�G�H�O�O�L�Q�J���R�I���W�K�H���7�(-�P�R�G�X�Oe�����Z�L�W�K���W�K�H���K�H�O�S���R�I���W�K�H���6�R�O�L�G�:�R�U�N�V���W�K�U�H�H-
�G�L�P�H�Q�V�L�R�Q�D�O�������'�����F�R�P�S�X�W�H�U���G�H�V�L�J�Q���V�R�I�W�Z�D�U�H���D�Q�G���W�K�H�Q���Z�L�W�K���W�K�H���I�L�Q�L�W�H���H�O�H�P�H�Q�W���V�R�O�Y�H�U��
�R�I���W�K�H���S�U�R�J�U�D�P�����Z�H���P�R�G�H�O���Q�H�Z���G�H�V�L�J�Q�V���Z�L�W�K���W�K�H���R�S�H�U�D�W�L�Q�J���F�R�Q�G�L�W�L�R�Q�V���D�Q�G���D�Q�D�O�\�V�H�V��
�W�K�H���R�E�W�D�L�Q�H�G���U�H�V�X�O�W�V�����,�Q���D�G�G�L�W�L�R�Q���W�R���S�U�L�P�D�U�\���I�L�Q�L�W�H���H�O�H�P�H�Q�W���D�Q�D�O�\�V�L�V���F�R�Q�I�L�U�P�H�G���W�K�D�W��
�V�R�O�G�H�U�H�G���M�R�L�Q�W�V���D�Q�G���S�H�O�O�H�W�V���D�U�H���F�R�P�S�R�Q�H�Q�W�V���R�I���W�K�H���V�W�U�X�F�W�X�U�H���W�K�D�W���V�X�I�I�H�U���I�U�R�P���S�O�D�V�W�L�F��
�G�H�I�R�U�P�D�W�L�R�Q���D�Q�G���Q�R�Q-�O�L�Q�H�D�U���H�I�I�H�F�W�V����
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3.2 Material Properties 
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3.3 Boundary Conditions and Parameters used in the 
Numerical Simulation 
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�L�O�O�X�V�W�U�D�W�H�V���W�K�H���I�L�W���L�Q�W�R���W�K�H���P�D�L�Q���V�W�U�X�F�W�X�U�H�����:�H���S�U�H�V�H�Q�W���D�O�O���W�K�H���D�Q�D�O�\�]�H�G���U�H�V�X�O�W�V���I�R�U���W�K�H��
�7�(-�P�R�G�X�Oe���W�R���L�O�O�X�V�W�U�D�W�H���D�O�O���W�K�H���P�H�F�K�D�Q�L�F�D�O���E�H�K�D�Y�L�R�U���D�Q�G���G�L�V�S�O�D�F�H�P�H�Q�W�V���G�X�U�L�Q�J���W�K�H��
�D�S�S�O�L�F�D�W�L�R�Q���R�I���W�K�H���S�U�H�V�F�U�L�E�H�G���F�O�D�P�S�L�Q�J���I�R�U�F�H����
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�7�D�E�O�H������

�'�L�P�H�Q�V�L�R�Q�V���R�I���W�K�H���H�O�H�P�H�Q�W�V���R�I���W�K�H���P�R�G�H�O�O�H�G���7�(-�P�R�G�X�Oe��

Elements Size (mm) 
�&�H�U�D�P�L�F�������(�O�H�F�W�U�L�F���L�Q�V�X�O�D�W�R�U�������$�O���23�� �����[�����[��������
�&�R�S�S�H�U�������(�O�H�F�W�U�L�F���F�R�Q�G�X�F�W�R�U�������&�X�� �������[�������[����������
�6�R�O�G�H�U���O�D�\�H�U�����6�Q�3�E�� �������[�������[����������
�3�H�O�O�H�W�V�����%�L���7�H3�� �������[�������[��������

�7�D�E�O�H������

�0�D�W�H�U�L�D�O���S�U�R�S�H�U�W�L�H�V���R�I���W�K�H���H�O�H�P�H�Q�W�V���R�I���W�K�H���P�R�G�H�O�O�H�G���7�(-�P�R�G�X�Oe��

 

Material property  Ceramic 
(Electric 

insulator), Al 2O3 

Copper 
(Electric conductor), 

Cu 

Solder 
layer, 
SnPb 

�&�R�H�I�I�L�F�L�H�Q�W�� �R�I�� �W�K�H�U�P�D�O��
�H�[�S�D�Q�V�L�R�Q�����&�7�(������
����-�������ƒ�&���������í�����.�í1����

��������-���������� ��������-���������� ����������

�'�H�Q�V�L�W�\�����!�����N�J���P3���� ���������� ���������� ����������
�<�R�X�Q�J�
�V��
�P�R�G�X�O�X�V����E�����*�3�D����

�������� 115�� ����������

�3�R�L�V�V�R�Q�
�V���U�D�W�L�R�������� ���������� ���������� ����������

�7�D�E�O�H������

�3�U�R�S�H�U�W�L�H�V���R�I���L�V�R�W�U�R�S�L�F���E�L�V�P�X�W�K���W�H�O�O�X�U�L�G�H���X�V�H�G���I�R�U���V�L�P�X�O�D�W�L�R�Q�V���>�����@ 

Material property  p-type  n-type 
�&�R�H�I�I�L�F�L�H�Q�W���R�I���W�K�H�U�P�D�O���H�[�S�D�Q�V�L�R�Q�����&�7�(������
����-�������ƒ�&���������í�����.�í1����

���������� ����������

�'�H�Q�V�L�W�\�����!�����N�J���P3���� �������������� ��������������
�<�R�X�Q�J�
�V���P�R�G�X�O�X�V����E�����*�3�D���� ������ ������
�3�R�L�V�V�R�Q�
�V���U�D�W�L�R�������� �������� ��������

3.4 Results 

3.4.1 Stresses and Displacements 

�6�L�P�X�O�D�W�L�R�Q���U�H�V�X�O�W�V���S�U�H�V�H�Q�W�H�G���L�Q���7�D�E�O�H���������W�K�H���P�D�[�L�P�X�P���D�Q�G���P�L�Q�L�P�X�P���Y�D�O�X�H�V���R�I���W�K�H��
�Y�R�Q���0�L�V�H�V���V�W�U�H�V�V���D�U�H���J�L�Y�H�Q���I�R�U���D���W�H�P�S�H�U�D�W�X�U�H���G�L�I�I�H�U�H�Q�F�H���R�I�������ƒ�&���D�Q�G���D���F�R�P�S�U�H�V�V�L�Y�H��
�O�R�D�G���R�I�������������N�3�D����

�%�D�V�H�G���R�Q���W�K�H���U�H�V�X�O�W�V���R�I���V�L�P�X�O�D�W�L�R�Q�V�����L�W���F�D�Q���E�H���V�D�L�G���W�K�D�W���W�K�H���P�D�[�L�P�X�P���V�W�U�H�V�V���L�V���Q�R�W��
�D�O�Z�D�\�V���I�R�X�Q�G���L�Q���W�K�H���V�D�P�H���S�H�O�O�H�W���H�O�H�P�H�Q�W�����E�X�W���D�O�Z�D�\�V���D�W���W�K�H���F�R�U�Q�H�U���R�I���D���S�H�O�O�H�W�����D�W���W�K�H��
�S�R�L�Q�W���R�I���F�R�Q�W�D�F�W���Z�L�W�K���W�K�H���Z�H�O�G�L�Q�J���P�D�W�H�U�L�D�O���D�V���L�O�O�X�V�W�U�D�W�H�G���L�Q���)�L�J�X�U�H���������%�\���U�H�G�X�F�L�Q�J���W�K�H��
�W�H�P�S�H�U�D�W�X�U�H���L�Q�W�H�U�Y�D�O�����W�K�H���P�D�[�L�P�X�P���P�H�F�K�D�Q�L�F�D�O���V�W�U�H�V�V���O�H�Y�H�O���D�O�V�R���G�H�F�U�H�D�V�H�V����
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�&�R�O�G���V�L�G�H��

��

�)�L�J�X�U�H������
�7�K�H���D�V�V�H�P�E�O�H�G���V�X�E�V�W�U�X�F�W�X�U�H��

�7�D�E�O�H������
�7�K�H���Y�R�Q���0�L�V�H�V���V�W�U�H�V�V���L�Q���W�K�H���S�H�O�O�H�W�V�����0�3�D�����L�Q���W�K�H���7�(-�P�R�G�X�Oe���L�Q���W�K�H���F�D�V�H���R�I���D���P�D�[�L�P�X�P���S�H�U�P�L�V�V�L�E�O�H���O�R�D�G��

���������1���D�Q�G���W�K�H���W�H�P�S�H�U�D�W�X�U�H���G�L�I�I�H�U�H�Q�F�H���R�I�������ƒ�&���E�H�W�Z�H�H�Q���W�K�H���K�R�W���D�Q�G���F�R�O�G���V�L�G�H��

Pellets height 
L (mm) 

von Mises stress (MPa) 
Min.  Max. 

�������� ������������ ��������������
�������� ������������ ��������������
1�� ������������ ��������������
�������� ������������ ��������������
�������� ������������ ��������������
�������� ������������ ��������������
�������� ������������ ��������������
���� ������������ ��������������
�������� ������������ ��������������
�������� ������������ ��������������

�7�K�H�� �G�X�F�W�L�O�H�� �E�U�D�]�L�Q�J�� �D�O�O�R�\�� �X�Q�G�H�U�J�R�H�V�� �G�X�F�W�L�O�H�� �G�H�I�R�U�P�D�W�L�R�Q�� �Z�K�H�Q���W�K�H�� �V�W�U�H�V�V�� �O�H�Y�H�O��
�H�[�F�H�H�G�V�� �W�K�H�� �\�L�H�O�G�� �V�W�U�H�Q�J�W�K���� �7�K�L�V�� �G�H�I�R�U�P�D�W�L�R�Q�� �U�H�G�X�F�H�V�� �W�K�H�� �V�W�U�H�V�V�H�V�� �D�U�L�V�L�Q�J�� �L�Q�� �W�K�H��
�S�H�O�O�H�W�V�����6�R�����L�I���3�E-�6�Q���D�O�O�R�\�V���Z�H�U�H���X�V�H�G���L�Q�V�W�H�D�G���R�I���W�K�H���P�R�U�H���P�H�F�K�D�Q�L�F�D�O�O�\���U�H�V�L�V�W�D�Q�W���6�Q-
�6�E���E�U�D�]�L�Q�J���D�O�O�R�\�����W�K�H���\�L�H�O�G���V�W�U�H�Q�J�W�K���Z�R�X�O�G���E�H���O�R�Z�H�U���D�Q�G���W�K�H���P�D�[�L�P�X�P���V�W�U�H�V�V���O�H�Y�H�O��
�L�Q�� �W�K�H�� �S�H�O�O�H�W�V�� �Z�R�X�O�G�� �I�X�U�W�K�H�U�� �G�H�F�U�H�D�V�H���>�����@���� �$�W�� �W�K�H�� �F�R�U�Q�H�U�V�� �R�I�� �W�K�H�� �F�R�S�S�H�U�� �H�O�H�P�H�Q�W�V��
�F�O�R�V�H�� �W�R�� �W�K�H�� �F�H�U�D�P�L�F�� �V�X�U�I�D�F�H���� �W�K�H�U�H�� �D�U�H�� �O�R�F�D�O�O�\�� �K�L�J�K�� �V�W�U�H�V�V�� �U�H�J�L�R�Q�V���� �D�V�� �O�D�U�J�H�� �V�W�U�H�V�V��
�J�U�D�G�L�H�Q�W�V���G�H�Y�H�O�R�S���L�Q���W�K�H�V�H���D�U�H�D�V�����G�X�H���W�R���W�K�H���G�L�I�I�H�U�H�Q�F�H���E�H�W�Z�H�H�Q���W�K�H���F�R�H�I�I�L�F�L�H�Q�W�V���R�I��
�W�K�H�U�P�D�O���H�[�S�D�Q�V�L�R�Q���R�I���W�K�H���F�R�S�S�H�U���D�Q�G���W�K�H���S�H�O�O�H�W�����,�Q���D�G�G�L�W�L�R�Q�����W�K�H���W�H�Q�V�L�R�Q���G�H�F�U�H�D�V�H�V��
�I�U�R�P���W�K�H���K�L�J�K���V�W�U�H�V�V���D�U�H�D���D�O�O���W�K�H���Z�D�\���W�R���W�K�H���E�D�V�H���V�X�U�I�D�F�H���R�I���W�K�H���F�O�D�P�S�L�Q�J���H�O�H�P�H�Q�W����

���� ��
�)�L�J�X�U�H������

�7�K�H���Y�R�Q���0�L�V�H�V���V�W�U�H�V�V�����0�3�D�������O�H�I�W���V�L�G�H�����D�Q�G���G�L�V�S�O�D�F�H�P�H�Q�W�����P�L�F�U�R�Q�������U�L�J�K�W���V�L�G�H�����D�U�L�V�L�Q�J���L�Q���W�K�H���S�H�O�O�H�W�V��
���/� ���������P�P�������L�Q���F�D�V�H���R�I���D���W�H�P�S�H�U�D�W�X�U�H���G�L�I�I�H�U�H�Q�F�H���R�I�������ƒ�&���E�H�W�Z�H�H�Q���W�K�H���K�R�W���D�Q�G���F�R�O�G���V�L�G�H���L�Q���W�K�H���7�(-

�P�R�G�X�Oe��
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3.4.2 Summary of Results 

�7�K�L�V�� �V�W�X�G�\�� �H�[�D�P�L�Q�H�V�� �W�K�H�� �I�H�D�V�L�E�L�O�L�W�\�� �R�I�� �L�P�S�U�R�Y�L�Q�J�� �W�K�H�� �V�W�U�X�F�W�X�U�D�O�� �L�Q�W�H�J�U�L�W�\�� �R�I�� �7�(-
�P�R�G�X�O�H���� �)�R�U�� �W�K�L�V�� �S�X�U�S�R�V�H���� �)�(�$�� �Z�D�V�� �F�D�U�U�L�H�G�� �R�X�W���� �Z�K�H�U�H�� �W�K�H�� �G�H�I�R�U�P�D�W�L�R�Q�� �U�H�V�X�O�W�V�� �D��
�V�L�J�Q�L�I�L�F�D�Q�W�� �L�Q�F�U�H�D�V�H�� �L�Q�� �W�K�H�� �F�D�V�H�� �R�I�� �O�D�U�J�H�� �W�H�P�S�H�U�D�W�X�U�H�� �J�U�D�G�L�H�Q�W�V���� �V�R���L�W�� �F�D�Q�� �E�H��
�U�H�F�R�P�P�H�Q�G�H�G���W�K�D�W���W�K�H���W�K�H�U�P�R�H�O�H�F�W�U�L�F���P�R�G�X�O�H���E�H���L�Q�V�W�D�O�O�H�G���Z�L�W�K���D���G�D�P�S�L�Q�J���V�S�U�L�Q�J����
�U�H�G�X�F�L�Q�J�� �W�K�H�� �V�W�U�H�V�V�H�V�� �D�U�L�V�L�Q�J�� �L�Q�� �W�K�H�� �H�O�H�P�H�Q�W�V�� �R�I�� �W�K�H�� �J�H�Q�H�U�D�O�� �F�R�Q�V�W�U�X�F�W�L�R�Q���� �Z�K�L�F�K��
�D�O�O�R�Z�V���H�[�W�H�Q�G�L�Q�J���W�K�H���O�L�I�H���R�I���W�K�H���7�(-�P�R�G�X�Oe�����:�L�W�K���W�K�H���X�V�H���R�I���W�K�H���G�D�P�S�L�Q�J���V�S�U�L�Q�J���L�Q��
�W�K�H���P�R�G�H�O�V�����D���V�L�J�Q�L�I�L�F�D�Q�W���U�H�G�X�F�W�L�R�Q���R�I���V�W�U�H�V�V�H�V���D�Q�G���W�R�W�D�O���G�H�I�R�U�P�D�W�L�R�Q���Z�D�V���R�E�V�H�U�Y�H�G��
�D�W���W�K�H���F�R�U�Q�H�U�V���R�I���W�K�H���F�R�S�S�H�U���H�O�H�P�H�Q�W�V���F�O�R�V�H���W�R���W�K�H���F�H�U�D�P�L�F���V�X�U�I�D�F�H�����Z�L�W�K���O�R�Z�H�U���Y�R�Q��
�0�L�V�H�V���V�W�U�H�V�V�H�V�����V�K�H�D�U���V�W�U�H�V�V�H�V���D�Q�G���V�P�D�O�O�H�U���7�(-�P�R�G�X�Oe���W�R�W�D�O���G�H�I�R�U�P�D�W�L�R�Q�����,�Q���D�O�O���F�D�V�H�V����
�W�K�H���P�D�[�L�P�X�P���V�W�U�H�V�V�H�V���R�F�F�X�U�U�H�G���D�U�R�X�Q�G���W�K�H���H�G�J�H���R�I���W�K�H���F�R�S�S�H�U���H�O�H�P�H�Q�W�V�����Q�H�D�U���W�K�H��
�F�H�U�D�P�L�F�� �S�O�D�W�H���� �7�K�H�� �K�L�J�K�H�U�� �V�W�U�H�V�V�� �O�H�Y�H�O�V�� �D�U�R�X�Q�G�� �W�K�H�� �F�R�U�Q�H�U�� �]�R�Q�H�V�� �Z�H�U�H���F�D�X�V�H�G�� �E�\��
�V�W�U�H�V�V���F�R�Q�F�H�Q�W�U�D�W�L�R�Q�V�����7�K�H���P�H�F�K�D�Q�L�F�D�O���V�W�U�H�V�V���G�L�V�W�U�L�E�X�W�L�R�Q���L�Q���W�K�H���F�U�R�V�V-�V�H�F�W�L�R�Q�D�O���D�U�H�D�V��
�R�I�� �W�K�H�� �P�R�G�X�O�H�� �Y�D�U�L�H�V�� �X�Q�L�I�R�U�P�O�\���� �%�D�V�H�G�� �R�Q�� �W�K�H�� �U�H�V�X�O�W�V���� �L�W���L�V�� �V�K�R�Z�Q���W�K�D�W�� �Z�L�W�K�� �W�K�H��
�Y�D�U�L�D�E�O�H���S�H�O�O�H�W���K�H�L�J�K�W���L�Q���W�K�H���G�H�V�L�J�Q���F�R�Q�F�H�S�W�V�����W�K�H���P�D�[�L�P�X�P���V�W�U�H�V�V���O�H�Y�H�O���D�Q�G���W�K�H���W�R�W�D�O��
�G�H�I�O�H�F�W�L�R�Q���F�D�Q���E�H���U�H�G�X�F�H�G���E�\���F�K�D�Q�J�L�Q�J���W�K�H���J�H�R�P�H�W�U�L�F�D�O���G�H�V�L�J�Q���D�Q�G���D�F�F�R�U�G�L�Q�J�O�\���W�K�H��
�P�H�F�K�D�Q�L�F�D�O���S�H�U�I�R�U�P�D�Q�F�H���O�L�I�H�W�L�P�H���R�I���W�K�H���W�K�H�U�P�R�H�O�H�F�W�U�L�F���P�R�G�X�O�H���F�D�Q���E�H���L�P�S�U�R�Y�H�G����

4 Ranking of Design Concepts with Interval-based 
Target Value VIKOR Method 

4.1 The Interval-based Target Value VIKOR Method 

�7�K�H�� �L�Q�W�H�U�Y�D�O-�E�D�V�H�G�� �W�D�U�J�H�W�� �Y�D�O�X�H�� �9�,�.�2�5�� �P�H�W�K�R�G�� �L�V�� �D�� �S�R�V�V�L�E�O�H�� �V�R�O�X�W�L�R�Q�� �W�R�� �P�X�O�W�L-
�D�W�W�U�L�E�X�W�H�� �G�H�F�L�V�L�R�Q�� �S�U�R�E�O�H�P�V�� ���0�$�'�0������ �7�R�� �D�S�S�O�\�� �W�K�H�� �9�,�.�2�5�� �P�H�W�K�R�G���� �G�H�Q�R�W�H���W�K�H��
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�H�[�D�P�L�Q�H�G�������7�D�E�O�H�� �������7�D�E�O�H�� ���� �S�U�H�V�H�Q�W�V�� �W�K�H�� �Y�D�O�X�H�V�� �R�I�� �W�K�H�� �F�U�L�W�H�U�L�D�� �X�V�H�G�� �I�R�U�� �W�K�H��
�H�Y�D�O�X�D�W�L�R�Q�� �D�Q�G�� �R�E�W�D�L�Q�H�G�� �G�X�U�L�Q�J�� �W�K�H�� �V�L�P�X�O�D�W�L�R�Q�V���� �7�D�E�O�H�������S�U�H�V�H�Q�W�V�� �W�K�H�� �U�H�O�D�W�L�Y�H��
�L�P�S�R�U�W�D�Q�F�H���R�I���W�K�H���F�U�L�W�H�U�L�D���D�Q�G���W�K�H���W�D�U�J�H�W���Y�D�O�X�H�V�����7�D�E�O�H�������S�U�H�V�H�Q�W�V���W�K�H���U�D�Q�N�L�Q�J���E�D�V�H�G��
�R�Q���W�K�H���F�U�L�W�H�U�L�D�����5�H�V�X�O�W�V���S�U�H�V�H�Q�W�H�G���L�Q���7�D�E�O�H�������V�K�R�Z���W�K�D�W���W�K�H���F�R�Q�F�H�S�W���F�U�H�D�W�H�G���Z�L�W�K������
�P�P���K�L�J�K���S�H�O�O�H�W�V���U�H�F�H�L�Y�H�G���W�K�H���K�L�J�K�H�V�W���U�D�Q�N�L�Q�J�����D�Q�G���W�K�H���G�H�V�L�J�Q���F�R�Q�F�H�S�W�V���L�P�S�O�H�P�H�Q�W�H�G��
�Z�L�W�K�����������P�P���D�Q�G�����������P�P���K�L�J�K���S�H�O�O�H�W�V���Z�H�U�H���W�K�H���Q�H�[�W���E�H�V�W���G�H�V�L�J�Q�V�����L���H�������W�K�H�V�H���G�H�V�L�J�Q��
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�F�R�Q�F�H�S�W�V���Z�H�U�H���F�O�R�V�H���W�R���W�K�H���L�G�H�D�O���V�R�O�X�W�L�R�Q���E�D�V�H�G���R�Q���W�K�H���9�,�.�2�5���P�H�W�K�R�G�����:�H���I�R�X�Q�G��
�W�K�D�W���I�R�U���W�K�H���E�H�V�W-�S�H�U�I�R�U�P�L�Q�J���G�H�V�L�J�Q���F�R�Q�F�H�S�W���L�Q���W�K�H���7�(-�P�R�G�X�O�H�����W�K�H���F�U�R�V�V-�V�H�F�W�L�R�Q�V���R�I��
�W�K�H�� �S�H�O�O�H�W�V�� �Z�H�U�H�� �F�O�R�V�H�U�� �W�R�� �W�K�H�� �R�S�W�L�P�D�O�� �U�D�W�L�R���� �W�K�H�� �S�H�O�O�H�W�� �K�H�L�J�K�W�� �L�Q�F�U�H�D�V�H�G�� �D�Q�G�� �W�K�H��
�F�R�Q�W�D�F�W���U�H�V�L�V�W�D�Q�F�H���G�H�F�U�H�D�V�H�G����

�7�D�E�O�H������

�&�U�L�W�H�U�L�D���Y�D�O�X�H���L�Q������-�S�R�L�Q�W���V�F�D�O�H���I�R�U�P�D�W��

Quality value of the material selection factor ��
�(�[�F�H�S�W�L�R�Q�D�O�O�\���O�R�Z�� ������������
�(�[�W�U�H�P�H�O�\���O�R�Z�� ������������
�9�H�U�\���O�R�Z�� ������������
�/�R�Z�� ������������
�%�H�O�R�Z���D�Y�H�U�D�J�H�� ������������
�$�Y�H�U�D�J�H�� ������������
�$�E�R�Y�H���D�Y�H�U�D�J�H�� ������������
�+�L�J�K�� ������������
�9�H�U�\���K�L�J�K�� ������������
�(�[�W�U�H�P�H�O�\���K�L�J�K���� ������������
�(�[�F�H�S�W�L�R�Q�D�O�O�\���K�L�J�K�� ������������

�2�Y�H�U�D�O�O���� �L�Q�� �W�K�H�� �L�Q�L�W�L�D�O�� �V�W�D�J�H�� �R�I�� �W�K�H�� �F�R�Q�V�W�U�X�F�W�L�R�Q�� �S�U�R�F�H�V�V���� �W�K�H�� �V�H�O�H�F�W�L�R�Q�� �H�Y�D�O�X�D�W�L�R�Q��
�V�X�S�S�R�U�W�H�G���E�\�� �W�K�H�� �L�Q�W�H�U�Y�D�O-�E�D�V�H�G���W�D�U�J�H�W���Y�D�O�X�H�� �9�,�.�2�5�� �P�H�W�K�R�G���R�I�� �W�K�H���S�U�R�S�R�V�D�O�V�� �I�R�U��
�F�K�D�Q�J�L�Q�J���W�K�H���F�R�Q�V�W�U�X�F�W�L�R�Q���J�H�R�P�H�W�U�\�����L�Q���W�K�L�V���F�D�V�H���W�K�H���V�L�]�H���R�I���W�K�H���S�H�O�O�H�W�V�����L�Q���W�K�H���G�H�V�L�J�Q��
�F�R�Q�F�H�S�W�V�� �R�I�� �W�K�H�� �7�(-�P�R�G�X�O�H���� �D�F�F�H�O�H�U�D�W�H�V�� �D�Q�G�� �V�X�S�S�R�U�W�V�� �W�K�H�� �H�D�U�O�\�� �G�H�V�L�J�Q�� �S�U�R�F�H�V�V�� �R�I��
�F�R�Q�V�W�U�X�F�W�L�R�Q�V����

�7�D�E�O�H������

�&�R�P�S�D�U�L�V�R�Q���D�Q�G���T�X�D�Q�W�L�W�D�W�L�Y�H���Y�D�O�X�H���R�I���W�K�H���L�Q�Y�H�V�W�L�J�D�W�H�G���F�U�L�W�H�U�L�D��

Criteria  Total 
Relative 

importance, wj 

�����3�H�O�O�H�W���V�X�U�I�D�F�H�����P�P������ ���� ������������
�����3�H�O�O�H�W���Z�H�L�J�K�W�����J���� ���� ������������
�����3�H�O�O�H�W���G�L�V�S�O�D�F�H�P�H�Q�W�����P�P���� ������ ������������
�����3�H�O�O�H�W���Y�R�O�X�P�H�����P�P3���� ���� ������������
�����Y�R�Q���0�L�V�H�V���V�W�U�H�V�V���L�Q���S�H�O�O�H�W�V�����0�3�D���� 15�� ������������
�����3�H�O�O�H�W���K�H�L�J�K�W���/�����P�P���� ������ ������������
�����7�R�W�D�O���G�H�I�R�U�P�D�W�L�R�Q���H�Q�H�U�J�\���L�Q���S�H�O�O�H�W�V�� ������ ������������

��

��

��

��
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�7�D�E�O�H������

�7�K�H���Y�D�O�X�H�V���R�I���W�K�H���F�U�L�W�H�U�L�D���X�V�H�G���I�R�U���W�K�H���H�Y�D�O�X�D�W�L�R�Q���D�Q�G���R�E�W�D�L�Q�H�G���G�X�U�L�Q�J���W�K�H���V�L�P�X�O�D�W�L�R�Q�V��

Pellet 
Heigh 

L 
(mm) 

Pellet 
surfa

ce 
(mm2

) 

Pellet 
volume 
(mm3) 

Pellet 
weigh

t 
(g) 

Total 
Deformatio

n 
Energy 

in pellets 
Max. 

von 
Mises 
stress 

in 
pellets 
Max. 
(MPa) 

von 
Mises 

stress in 
pellets 
Min. 

(MPa) 

Pellet 
Displ. 
Max. 
(mm) 

Pellet 
Displ. 
Min.  
(mm) 

�������� ���������� ���������� ���������� �������������(-������ �������������� ������������ ������������
����������

����

�������� �������� ���������� ���������� �������������(-������ �������������� ������������ ������������
����������

����

1�� ���������� ���������� ���������� �������������(-������ �������������� ������������ ������������
����������

����

�������� ������������ ���������� ���������� �������������(-������ �������������� ������������ 1��
����������

1��

�������� ������������ ���������� ���������� �������������(-������ �������������� ������������ ����������
����������

����

�������� ������������ ���������� ���������� �������������(-������ �������������� ������������ ��������
����������

����

�������� ������ ���������� ���������� �������������(-������ �������������� ������������ ����������
����������

5��

���� ������������ ���������� ���������� �������������(-������ �������������� ������������ ����������
����������

����

�������� ������������ ���������� ���������� �������������(-������ �������������� ������������ ����������
����������

3��

�������� ������������ �������� ���������� �������������(-������ �������������� ������������ ����������
����������

����

�7�D�E�O�H������

�'�H�W�H�U�P�L�Q�L�Q�J���W�K�H���U�H�O�D�W�L�Y�H���L�P�S�R�U�W�D�Q�F�H���R�I���F�U�L�W�H�U�L�D��

Criteria  

1 Pellet 
surface 
(mm2) 

2 Pellet 
weight 

(g) 

3 Pellet 
displace

ment 
(mm) 

4 Pellet 
volume 
(mm3) 

5 von 
Mises 

stress in 
pellets 
(MPa) 

6 Pellet 
height L 

(mm) 

7 Total 
deformation 

energy in 
pellets 

�5�H�O�D�W�L�Y�H��
�L�P�S�R�U�W�D�Q�F�H��

�R�I���F�U�L�W�H�U�L�D�����Zj��
������������������ �������������������� �������������������� �������������������� �������������������� ������������������ ������������������

�7�D�U�J�H�W��
�Y�D�O�X�H�����7j��

�������� ���������� ���������� ���������� ������������ �������������� ��������������

�0�D�[����
�[j�8�P�D�[��

�������� ������������ �������� ���������� �������������� ���������� ��������������

�0�L�Q����
�[j�/�P�L�Q��

�������� ���������� ���������� ���������� ������������ �������������� ��������������
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Conclusions 

�3�U�H�Y�L�R�X�V�� �S�X�E�O�L�F�D�W�L�R�Q�V�� �>�����@�� �>�����@�� �K�D�Y�H�� �F�R�Q�F�H�Q�W�U�D�W�H�G�� �R�Q�� �9�,�.�2�5�� �G�H�F�L�V�L�R�Q�� �P�H�W�K�R�G�V����
�7�K�L�V�� �V�W�X�G�\�� �D�G�G�V�� �D�� �V�\�V�W�H�P�D�W�L�F�� �D�Q�D�O�\�V�L�V�� �W�R�� �W�K�H�� �I�R�U�H�J�R�L�Q�J���� �Z�K�L�O�H�� �D�W�� �W�K�H�� �V�D�P�H���W�L�P�H����
�E�D�V�L�Q�J���W�K�H���G�H�F�L�V�L�R�Q���P�D�N�H�U�
�V���G�H�F�L�V�L�R�Q���S�U�R�F�H�V�V�����R�Q���W�Z�R���G�L�I�I�H�U�H�Q�W���V�X�S�S�R�U�W�L�Q�J���P�H�W�K�R�G�V����
�)�L�U�V�W�����D���E�U�L�H�I���R�Y�H�U�Y�L�H�Z���R�I���W�K�H���U�H�O�H�Y�D�Q�W���G�H�V�L�J�Q���S�U�R�F�H�V�V���I�R�U���7�(-�P�R�G�X�Oe���G�H�V�L�J�Q���F�R�Q�F�H�S�W�V��
�Z�D�V���G�H�V�F�U�L�E�H�G����

�7�D�E�O�H������

�5�D�Q�N�L�Q�J���R�I���G�H�V�L�J�Q���F�R�Q�F�H�S�W�V��

Weightin
g 

for the 
strategy 

�. 

0.5 

Optimis
m 

level 
v 

0.5 

    
Pellet 
Height 
L (mm) 

Si
L Si

U Ri
L Ri

U Qi
L Qi

U 
Ran

k 
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1�� ������������������ �������������������� �������������������� �������������������� �������������������� �������������������� 1��

�������� ������������������ �������������������� �������� �������������������� �������������������� �������������������� 3��

�������� ������������������ ������������������ �������� ������������������ �������������������� �������������������� ����

�������� ������������������ ������������������ �������������������� �������������������� �������������������� �������������������� 5��

�������� ������������������ ������������������ �������������������� �������������������� �������������������� �������������������� ����
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�7�K�L�V�� �L�V�� �I�R�O�O�R�Z�H�G���E�\�� �6�H�F�W�L�R�Q�� ������ �Z�K�L�F�K�� �G�H�V�F�U�L�E�H�V�� �W�K�H�� �G�L�V�W�L�Q�J�X�L�V�K�L�Q�J�� �I�H�D�W�X�U�H�V�� �R�I�� �W�K�H��
�V�W�H�S�V�� �R�I�� �W�K�H�� �D�G�H�T�X�D�F�\�� �D�V�V�H�V�V�P�H�Q�W�� �S�U�R�F�H�V�V�����6�H�F�W�L�R�Q�� ���� �R�I�� �W�K�L�V�� �Z�R�U�N���S�U�H�V�H�Q�W�V�� �W�K�H��
�U�H�V�H�D�U�F�K�� �V�W�H�S�V�� �D�Q�G�� �W�K�H���D�S�S�O�L�H�G���P�D�W�H�U�L�D�O�V���� �7�K�H�� �D�X�W�K�R�U�V�� �X�V�H�G�� �L�Q�W�H�U�Y�D�O-�E�D�V�H�G�� �W�D�U�J�H�W��
�Y�D�O�X�H���9�,�.�2�5���D�Q�D�O�\�V�L�V�����W�R���D�Q�D�O�\�]�H���W�K�H���F�D�V�H���V�W�X�G�\���U�H�V�X�O�W�V�����7�K�H���V�W�X�G�\���L�O�O�X�V�W�U�D�W�H�V�����W�K�D�W��
�L�Q�G�L�Y�L�G�X�D�O���D�V�V�H�V�V�P�H�Q�W�V�����E�\���H�[�S�H�U�W�V�����D�U�H���Y�H�U�\���E�H�Q�H�I�L�F�L�D�O���L�Q���W�K�H���H�Y�D�O�X�D�W�L�R�Q���S�U�R�F�H�V�V����

References  

�>���@�� �%�L�V�Z�D�V���.�������+�H���-�������%�O�X�P���,�����'�������:�X���&�����,�������+�R�J�D�Q���7�����3�������6�H�L�G�P�D�Q���'�����1�������'�U�D�Y�L�G��
�9�����3������ �.�D�Q�D�W�]�L�G�L�V�� �0�����*������ �+�L�J�K-�S�H�U�I�R�U�P�D�Q�F�H�� �E�X�O�N�� �W�K�H�U�P�R�H�O�H�F�W�U�L�F�V�� �Z�L�W�K�� �D�O�O-
�V�F�D�O�H���K�L�H�U�D�U�F�K�L�F�D�O���D�U�F�K�L�W�H�F�W�X�U�H�V�����1�D�W�X�U�H�����������������G�R�L���������������������Q�D�W�X�U�H������������

�>���@�� �/�H�H�����&�����&�������&�K�L�D�Q�J�����.�����1�������7�K�H�U�P�D�O���6�W�U�H�V�V–�,�Q�G�X�F�H�G���,�Q�W�H�U�I�D�F�L�D�O���)�D�L�O�X�U�H���0�R�G�H�V��
�R�I���$�G�Y�D�Q�F�H�G���(�O�H�F�W�U�R�Q�L�F���'�H�Y�L�F�H�V�����,�Q�����+�H�W�Q�D�U�V�N�L�����5�����%�������H�G�V�����(�Q�F�\�F�O�R�S�H�G�L�D���R�I��



Acta Polytechnica Hungarica Vol. 21, No. 2, 2024 

�Å��229 �Å��

�7�K�H�U�P�D�O�� �6�W�U�H�V�V�H�V���� �6�S�U�L�Q�J�H�U���� �'�R�U�G�U�H�F�K�W���� ������������ �G�R�L���� ����������������������-����-������-
��������-���B��������

�>���@�� �(���� �6�X�K�L�U���� �7�K�H�U�P�D�O�� �6�W�U�H�V�V�� �)�D�L�O�X�U�H�V�� �L�Q�� �(�O�H�F�W�U�R�Q�L�F�V�� �D�Q�G�� �3�K�R�W�R�Q�L�F�V�����3�K�\�V�L�F�V����
�0�R�G�H�O�O�L�Q�J�����3�U�H�Y�H�Q�W�L�R�Q�����-�R�X�U�Q�D�O���R�I���7�K�H�U�P�D�O���6�W�U�H�V�V�H�V�����������������������������S�S����������-��������

�>���@�� �=�R�X�L���� �0�����$������ �%�H�Q�W�R�X�E�D���� �6������ �6�W�R�F�K�R�O�P���� �-�����*������ �%�R�X�U�R�X�L�V���� �0������ �$�� �5�H�Y�L�H�Z�� �R�Q��
�7�K�H�U�P�R�H�O�H�F�W�U�L�F�� �*�H�Q�H�U�D�W�R�U�V���� �3�U�R�J�U�H�V�V�� �D�Q�G�� �$�S�S�O�L�F�D�W�L�R�Q�V���� �(�Q�H�U�J�L�H�V�������������� �S�S����
����������

�>5�@�� �$�����6�����$�O-�0�H�U�E�D�W�L�����%�����6�����<�L�O�E�D�V�����$�����=�����6�D�K�L�Q�����7�K�H�U�P�R�G�\�Q�D�P�L�F�V���D�Q�G���W�K�H�U�P�D�O��
�V�W�U�H�V�V���D�Q�D�O�\�V�L�V���R�I���W�K�H�U�P�R�H�O�H�F�W�U�L�F���S�R�Z�H�U���J�H�Q�H�U�D�W�R�U�����,�Q�I�O�X�H�Q�F�H���R�I���S�L�Q���J�H�R�P�H�W�U�\��
�R�Q���G�H�Y�L�F�H���S�H�U�I�R�U�P�D�Q�F�H�����$�S�S�O�L�H�G���7�K�H�U�P�D�O���(�Q�J�L�Q�H�H�U�L�Q�J�����9�R�O�X�P�H�����������,�V�V�X�H��������
�������������S�S����������-��������

�>���@�� �8���� �(�U�W�X�U�X�Q���� �.���� �0�R�V�V�L���� �$�� �I�H�D�V�L�E�L�O�L�W�\�� �L�Q�Y�H�V�W�L�J�D�W�L�R�Q�� �R�Q�� �L�P�S�U�R�Y�L�Q�J�� �V�W�U�X�F�W�X�U�D�O��
�L�Q�W�H�J�U�L�W�\���R�I���W�K�H�U�P�R�H�O�H�F�W�U�L�F���P�R�G�X�O�H�V���Z�L�W�K���Y�D�U�\�L�Q�J���J�H�R�P�H�W�U�\�����L�Q���3�U�R�F�H�H�G�L�Q�J�V��
�R�I���W�K�H���$�6�0�(�������������&�R�Q�I�H�U�H�Q�F�H���R�Q���6�P�D�U�W���0�D�W�H�U�L�D�O�V�����$�G�D�S�W�L�Y�H���6�W�U�X�F�W�X�U�H�V���D�Q�G��
�,�Q�W�H�O�O�L�J�H�Q�W���6�\�V�W�H�P�V�����6�H�S�W�H�P�E�H�U���������������S�S����������-��������

�>���@�� �.�����1�����6�X�E�U�D�P�D�Q�L�D�Q�����/�H�D�G-�)�U�H�H���6�R�O�G�H�U�V�����0�D�W�H�U�L�D�O�V���5�H�O�L�D�E�L�O�L�W�\���I�R�U���(�O�H�F�W�U�R�Q�L�F�V����
�-�R�K�Q���:�L�O�H�\���	���6�R�Q�V�����1�H�Z���<�R�U�N�����1�<�����8�6�$�������V�W���H�G�L�W�L�R�Q�����������������S�S������-��������

�>���@�� �*�D�R���-��-�/�������'�X���4��-�*�������=�K�D�Q�J���;��-�'���������-�L�D�Q�J���;��-�4�������7�K�H�U�P�D�O���V�W�U�H�V�V���D�Q�D�O�\�V�L�V���D�Q�G��
�V�W�U�X�F�W�X�U�H�� �S�D�U�D�P�H�W�H�U�� �V�H�O�H�F�W�L�R�Q�� �I�R�U�� �D�� �%�L���7�H3-�E�D�V�H�G�� �W�K�H�U�P�R�H�O�H�F�W�U�L�F�� �P�R�G�X�O�H����
�-�R�X�U�Q�D�O���R�I���(�O�H�F�W�U�R�Q�L�F���0�D�W�H�U�L�D�O�V�����9�R�O������������N�R�����������������������S�S����������-��������

�>���@�� �3�U�D�V�D�G�����%�������&�R�Q�F�X�U�U�H�Q�W���(�Q�J�L�Q�H�H�U�L�Q�J���)�X�Q�G�D�P�H�Q�W�D�O�V�����9�R�O���,�������,�Q�W�H�J�U�D�W�H�G���3�U�R�G�X�F�W��
�D�Q�G���3�U�R�F�H�V�V���2�U�J�D�Q�L�]�D�W�L�R�Q�����G�R�L�����������������������5�*���������������������������������������������S�S������-��������

�>�����@�� �-�����$�O�E�H�U�W�����È�����7�D�N�i�F�V�����7�K�H���9�,�.�2�5���$�O�J�R�U�L�W�K�P���L�Q���0�D�W�H�U�L�D�O���'�H�F�L�V�L�R�Q���6�X�S�S�R�U�W����
�'�(�6�,�*�1���2�)���0�$�&�+�,�1�(�6���$�1�'���6�7�5�8�&�7�8�5�(�6�����������������������S�S������-13��

�>�����@�� �-�����$�O�E�H�U�W�����È�����7�D�N�i�F�V�����$�S�S�O�L�F�D�W�L�R�Q���D�V�S�H�F�W�V���R�I���W�K�H���9�,�.�2�5���D�O�J�R�U�L�W�K�P���L�Q���P�D�W�H�U�L�D�O��
�V�H�O�H�F�W�L�R�Q���G�H�F�L�V�L�R�Q�V�����*�e�3������������-�������������������S�S��������-������

�>�����@���� �6�����2�S�U�L�F�R�Y�L�F�����0�X�O�W�L�F�U�L�W�H�U�L�D���2�S�W�L�P�L�]�D�W�L�R�Q���R�I���&�L�Y�L�O���(�Q�J�L�Q�H�H�U�L�Q�J���6�\�V�W�H�P�V�����3�K�'��
�7�K�H�V�L�V�����)�D�F�X�O�W�\���R�I���&�L�Y�L�O���(�Q�J�L�Q�H�H�U�L�Q�J�����%�H�O�J�U�D�G�H�������������������������S����

�>�����@�� �K�W�W�S�������Y�L�M�D�\�G�H�H�S���L�Q���Z�S-�F�R�Q�W�H�Q�W���X�S�O�R�D�G�V���9�*�������3�J������-�W�R-���������S�G�I��

�>�����@�� �7�+�����&�/�,�1�����6�����7�8�5�(�1�1�(�����'�����9�$�6�,�/�(�9�6�.�,�<�����5�����$�����0�$�6�8�7�����1�X�P�H�U�L�F�D�O��
�6�L�P�X�O�D�W�L�R�Q�� �R�I�� �W�K�H�� �7�K�H�U�P�R�P�H�F�K�D�Q�L�F�D�O�� �%�H�K�D�Y�L�R�U�� �R�I�� �(�[�W�U�X�G�H�G�� �%�L�V�P�X�W�K��
�7�H�O�O�X�U�L�G�H���$�O�O�R�\���0�R�G�X�O�H�����'�2�,���������������������V����������-������-��������-����

�>�����@�� �$���� �-�D�K�D�Q���� �.���� �/���� �(�G�Z�D�U�G�V���� �0���� �%�D�K�U�D�P�L�Q�D�V�D�E���� ����-���0�X�O�W�L-�F�U�L�W�H�U�L�D�� �G�H�F�L�V�L�R�Q-
�P�D�N�L�Q�J�� �I�R�U�� �P�D�W�H�U�L�D�O�V�� �V�H�O�H�F�W�L�R�Q���� �0�X�O�W�L-�F�U�L�W�H�U�L�D�� �'�H�F�L�V�L�R�Q�� �$�Q�D�O�\�V�L�V�� �I�R�U��
�6�X�S�S�R�U�W�L�Q�J�� �W�K�H�� �6�H�O�H�F�W�L�R�Q�� �R�I�� �(�Q�J�L�Q�H�H�U�L�Q�J�� �0�D�W�H�U�L�D�O�V�� �L�Q�� �3�U�R�G�X�F�W�� �'�H�V�L�J�Q��
���6�H�F�R�Q�G���(�G�L�W�L�R�Q�������%�X�W�W�H�U�Z�R�U�W�K-�+�H�L�Q�H�P�D�Q�Q�����������������S�S��������-������

�>�����@�� �6�D�\�D�G�L�� �0�.���� �+�H�\�G�D�U�L�� �0���� �6�K�D�K�D�Q�D�J�K�L�� �.���� �(�[�W�H�Q�V�L�R�Q�� �R�I�� �9�,�.�2�5�� �P�H�W�K�R�G�� �I�R�U��
�G�H�F�L�V�L�R�Q�� �P�D�N�L�Q�J�� �S�U�R�E�O�H�P�� �Z�L�W�K�� �L�Q�W�H�U�Y�D�O�� �Q�X�P�E�H�U�V���� �$�S�S�O�� �0�D�W�K�� �0�R�G�H�O�� ������������
�K�W�W�S�V�������G�R�L���R�U�J�������������������M���D�S�P��������������������������



Acta Polytechnica Hungarica Vol. 21, No. 2, 2024 

 – 231 – 

The Effect of Layer Thickness and Orientation 
of 3D Printed Workpieces, on The Micro- and 
Macrogeometric properties of Turned Parts 

Gábor Kónya1*, Péter Ficzere2 

1Department of Innovative Vehicles and Materials, GAMF Faculty of Engineering 
and Computer Science, John von Neumann University, Izsáki út 10, H-6000 
Kecskemét, Hungary; konya.gabor@nje.hu  

2Department of Railway Vehicles and Vehicle System Analysis, Faculty of 
Transportation Engineering and Vehicle Engineering, Budapest University of 
Technology and �(�F�R�Q�R�P�L�F�V�����0�&�H�J�\�H�W�H�P���U�N�S�����������+-1111 Budapest, Hungary; 
ficzere.peter@kjk.bme.hu 

Abstract: 3D printing technologies have developed significantly over the last 30 years, 
having a major impact on all segments of today’s industry. Additive Manufacturing (AM) 
offers the possibility to produce both prototype and finished parts, reducing product 
development time and costs while producing higher quality results. However, producing 
high precision and quality surfaces, such as threads, is still difficult with 3D printing 
technologies. To eliminate these problems, there are already machines that combine some 
form of the 3D printing process and of subtractive manufacturing technology. In this type 
of production, extra material is always left on the surface of the workpiece during the 
printing process, and functional surfaces are created by removing this extra material. In 
this scientific study, the authors have dealt with the effect of layer thickness and orientation 
of the 3D printed workpiece, for the micro- and macro-geometric properties, on the printed 
and the machined (turned) parts. The authors measured the surface roughness, the 
deviation from nominal size and determined the cylindricity, after printing and machining. 
During turning, the effects of printing orientation and chip formation process were 
investigated. The aim was to investigate the effect of the orientation and layer thickness of 
the printed objects, on the quality and cylindricity of the final turned parts. 

Keywords: 3D printing; PLA; turning; cylindricity, surface roughness 

1 Int roduction 

���'�� �S�U�L�Q�W�L�Q�J�� �K�D�V�� �U�H�Y�R�O�X�W�L�R�Q�L�]�H�G�� �W�K�H�� �D�X�W�R�P�R�W�L�Y�H�� �L�Q�G�X�V�W�U�\�� �L�Q�� �V�H�Y�H�U�D�O�� �Z�D�\�V���� �%�\��
allowing for rapid prototyping, companies can quickly test and refine their 
designs, which results in faster time-to-market and reduced costs [1]. Additionally, 
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the ability to produce high-quality parts with complex geometries and internal 
structures has led to increased design freedom, enabling the creation of lighter and 
more efficient components. This, in turn, has made it possible to develop new 
vehicles that are lighter, more efficient, and have improved performance 
�F�K�D�U�D�F�W�H�U�L�V�W�L�F�V���� �2�Y�H�U�D�O�O���� �W�K�H�� �X�V�H�� �R�I�� ���'�� �S�U�L�Q�W�L�Q�J�� �W�H�F�K�Q�R�O�R�J�\�� �L�Q�� �W�K�H�� �D�X�W�R�P�R�W�L�Y�H��
industry has resulted in a more flexible, efficient, and cost-effective 
manufacturing process [2] �>���@�� 

Utilizing Additive Manufactur�L�Q�J�� ���$�0������ �D�O�V�R�� �N�Q�R�Z�Q�� �D�V�� ���'�� �S�U�L�Q�W�L�Q�J���� �Z�K�L�F�K��
produces parts layer by layer based on models created with Computer Aided 
Design (CAD), it is possible to design geometries that would be difficult or even 
impossible to realize using traditional manufacturing methods [4]. These 
technologies allow greater design freedom, such as generative design, which 
allows conventional parts to be replaced by lighter parts with identical or 
improved strength characteristics. In addition, the option to print parts from 
multiple materials has opened up new avenues for innovation, allowing 
manufacturers to produce composite parts [5] that offer improved performance 
and durability [6] �>���@�����,�Q���F�R�Q�F�O�X�V�L�R�Q�������'���S�Uinting has had a profound impact on the 
automotive industry, enabling the development of lighter, safer, and more 
environmentally friendly vehicles that offer improved performance and efficiency 
[8]. 

�7�K�H�U�H�� �D�U�H�� �Q�X�P�H�U�R�X�V�� �S�D�S�H�U�V�� �F�R�P�S�D�U�L�Q�J�� ���'�� �S�U�L�Q�W�L�Q�J�� �S�U�R�F�H�V�V�H�V, but the most 
comprehensive study was carried out by Hanon et al. According to this study, 
FDM (Fused Deposition Modelling) was found to be the most favorable ���'  
printing process based on several factors, including accuracy, printable size, post-
processing, number of raw materials, machine size, and price of the machine [9]. 
�:�K�L�O�H�� �)�'�0�� �P�D�\�� �Q�R�W�� �K�D�Y�H�� �W�K�H�� �K�L�J�K�H�V�W�� �D�F�F�X�U�D�F�\�� �F�R�P�S�D�U�H�G�� �W�R�� �R�W�K�H�U�� ���' printing 
processes, it can still be an excellent choice for some applications. For example, if 
precise and aesthetically outstanding finishes are not a requirement, and functional 
surfaces can be post-machined, FDM can provide an affordable and efficient 
�V�R�O�X�W�L�R�Q���� �%�D�V�H�G�� �R�Q�� �W�K�H�� �I�L�Q�G�L�Q�J�V�� �R�I�� �+�D�Q�R�Q�¶�V�� �S�D�S�H�U���� �)�'�0�� ���'�� �S�U�L�Q�W�L�Q�J�� �W�H�F�K�Q�R�O�R�J�\��
was selected for this study because it is relative�O�\�� �F�K�H�D�S�� �F�R�P�S�D�U�H�G�� �W�R�� �R�W�K�H�U�� ���'��
printing processes and has a wide range of available materials, therefore, it is 
widely used by companies [10]. 

�,�Q�� �)�'�0�� ���'�� �S�U�L�Q�W�L�Q�J���� �W�K�H�� �W�K�H�U�P�R�S�O�D�V�W�L�F�� �S�R�O�\�P�H�U�� �I�L�O�D�P�H�Q�W�� �L�V�� �P�H�O�W�H�G�� �L�Q�V�L�G�H�� �W�K�H��
extruder and then extruded through a nozzle onto the build platform. The extruder 
head moves along the "x-y" axes to create a cross-sectional layer of the model, 
and the platform is lowered in the "z" direction after each layer is completed. This 
process is repeated until the entire model is built up layer by layer, as shown in 
Fig. 1 [11] [12]. 
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Figure 1 

Printed met�K�R�G���R�I���)�'�0�����'���S�U�L�Q�W�L�Q�J 

�+�R�Z�H�Y�H�U�������'���S�U�L�Q�W�L�Q�J���S�U�R�F�H�V�V�H�V���D�U�H���X�Q�D�E�O�H���W�R���S�U�L�Q�W���Z�L�W�K���W�K�H���D�F�F�X�U�D�F�\���D�Q�G���V�X�U�I�D�F�H��
quality that is a necessity in cases where high precision is required, such as a 
sealing surface. Even options that can be modified during pre-processing are not 
�V�X�I�I�L�F�L�H�Q�W���W�R���L�P�S�U�R�Y�H���W�K�H�V�H���I�D�F�W�R�U�V���>�����@�����7�K�L�V���L�V���D�O�V�R���W�\�S�L�F�D�O���I�R�U���S�O�D�V�W�L�F���D�Q�G���P�H�W�D�O�O�L�F��
parts, which often require post-machining [14]. Research work on PLA machining 
cannot be found in the literature. However, other engineering plastics, such as 
ABS or POM-C were turned [15] [16]. In both cases, the authors found that higher 
cutting speed and medium depth of cut are the more important when turning these 
materials. 

This paper investigates the effects of layer thickness and orientation of the parts 
on the surface roughness, cylindricity and turning process. The aim is to determine 
what layer thickness and orientation is appropriate for printing products whose 
functional surfaces will be finished by turning. 

2 Methodology 

2.1 3D Printer and Prin ting Technology 

�7�K�H�� �3�U�X�V�D�� �L���� �L�V��a popular a�Q�G�� �Z�L�G�H�O�\�� �X�V�H�G�� ���'�� �S�U�L�Q�W�H�U�� �N�Q�R�Z�Q�� �I�R�U�� �L�W�V�� �U�H�O�L�D�E�L�O�L�W�\����
affordability, and ease of use. Printing with PLA (Polylactic Acid) is a common 
choice �I�R�U�� �P�D�Q�\�� ���'�� �S�U�L�Q�W�L�Q�J�� �D�S�S�O�L�F�D�W�L�R�Q�V�� �G�X�H�� �W�R�� �L�W�V�� �J�R�R�G�� �G�L�P�H�Q�V�L�R�Q�D�O�� �Vtability, 
low shrinkage, and ease of printing. PLA is a thermoplastic that is derived from 
renewable resources and is known for producing high-quality prints with a smooth 
surface finish [17]. The properties of PLA can vary depending on the specific 
manufacturer, but the ranges listed in Table 1 should give a good idea of the 
material's general characteristics. 
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Table 1 
Property ranges for PLA materials [18] [19] 

Properties PLA 
Tensile strength (MPa) 15.5-72.2 
Tensile modulus (GPa) 2.020-���������� 
Elongation at break (%) 0.5-9.2 
Flexural strength (MPa) 52-115.1 
Flexural modulus (GPa) ����������-���������� 
Printing temperature (°C) 190-220 
Printing speed (mm/s) 40-90 

By printing a total of 8 cylindrical test pieces with different orientations, you can 
gain a better understanding of the effects of orientation on the mechanical 
properties of the printed parts, therefore 4-4 Ø20X50 mm workpieces were printed 
with 0.05, 0.1, 0.2 and 0.4 mm layer thickness, as shown in Fig. 2. 

 
Figure 2 

Printed workpieces: a) horizontal, b) vertical 

The use of a CAD software like Solid Edge to model the cylinder and export an 
�6�7�/���I�L�O�H���L�V���D���F�R�P�P�R�Q���S�U�D�F�W�L�F�H���L�Q�����'���S�U�L�Q�W�L�Qg. The STL file format is widely used 
�L�Q�����'���S�U�L�Q�W�L�Q�J���D�V it �G�H�V�F�U�L�E�H�V���D�����'���R�E�M�H�F�W���D�V���D���V�H�U�L�H�V���R�I���W�U�L�D�Q�J�O�H�V���W�K�D�W���P�D�N�H���X�S���W�K�H 
surface of the object. The angle subtended by the planes and tolerance specified 
during the export process can affect the overall accuracy and quality of the printed 
part. During the exportin�J���� �W�K�H�� �D�Q�J�O�H�� �V�X�E�W�H�Q�G�H�G�� �E�\�� �W�K�H�� �S�O�D�Q�H�V�� �Z�D�V�� ���ƒ�� �D�Q�G�� �W�K�H��
tolerance was 0.05 mm. Choosing the right structure is very important as it can 
influence not only the geometric dimensions but also the material properties [20]. 
�3�U�L�Q�W�L�Q�J���Z�D�V���G�R�Q�H���Z�L�W�K���D�����������G�H�Q�V�L�W�\���Jyroid type fill, because it is known for its 
good mechanical properties and is often used in high-strength applications. [21]. 

When printing parts in a horizontal orientation, it is often necessary to use support 
material to ensure the printed part has adequate stability during the printing 
process. The support material helps to hold up the overhanging or cantilevered 
portions of the part, preventing them from collapsing or warping during printing. 
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The design of the support material is a crucial factor, as it can affect the overall 
quality and accuracy of the printed part. Therefore, at places with up to 40° 
inclination support material was utilized. This is shown with the gyroid infill in 
�)�L�J�������� 

 

Figure �� 

Production planning for the horizontally oriented workpieces 

Note: horizontal orientation, 0.4 mm layer thickness 

In order to carry out the turning experiments, the number of top and bottom layers 
of horizontal oriented pieces has been increased, otherwise the infill part would 
start earlier and the workpiece would not conform during machining. This can also 
cause errors, as the concentricity of the walls during printing can only be ensured 
layer by layer. For the unsupported parts, where the wall is supposed to be 
sufficiently steep, it was necessary to use active cooling because without it the 
layers became misaligned, as shown in Fig. 4. 

 

Figure 4 

Printed part a) without active cooling, b) with active cooling 

Note: 0.4 mm layer thickness, horizontal orientation 

The printing parameters are listed in Table 2. 
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Table 2 

Printing parameters 

Properties PLA 
Layer thickness (mm) 0.05; 0.1; 0.2; 0.4 
Wall thickness (mm) 2.5 
Filling density (%) ���� 
Printing temperature (°C) 215 
Printing speed (mm/s) 40 
Fill printing speed (mm/s) 40 
Active cooling - 

2.2 Cuttin g Parameters 

After the surface roughness and cylindricity measureme�Q�W���R�I���W�K�H�����'���S�U�L�Q�W�H�G���S�D�U�W�V����
each part was turned with the following parameters: cutting speed was 
vc = 100 m/min, feed rate was vf = 0.� �� � �P�P� ��U�H�Y� �� � �D�Q�G� � �W�K�H� � �G�H�S�W�K� � �R� I� � �F�X�W� � �Z�D�V� � �Y�D�U�L�H�G� �
because the aim was to achieve a workpiece diameter of 18 mm in order to make 
the dimensional accuracy comparable. The cutting experiments were carried out 
on the NCT Euroturn 12 CNC lathe. A PCD (polycrystalline diamond) insert was 
used for the machining, as illustrated in Fig. 5. 

 

Figure 5 

Experimental setup for turning 

2.3 Surface Roughness Measurement 

Measuring the surface roughness of the printed parts is an important step in 
evaluating the quality of the printed parts. A Mitutoyo Formtracer SV-�&����������
tactile roughness tester was used for measuring the surface roughness of the 
workpieces according to MSZ EN IS 4287:2002 and the results were evaluated in 
Microsoft Excel. This information can help to determine which parameters have a 
notable influence on the average surface roughness (Ra). 
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2.4 Cylindricity  Measurement 

For cylindricity, each point on the real cylindrical surface must be located between 
two coaxial cylindrical surfaces with a radius difference of the specified tolerance 
[22], as shown in Fig. 6. Cylindricity was measured in a prism using a Mitutoyo 
������-270B dial indicator with an accuracy of 0.01 mm, assessing the dimensional 
deviation from the nominal size. The Roundness Measurement System could not 
to be used because the dimensional deviation was too large. The measurement was 
taken from the end of the workpiece in three planes at 5, 10 and 15 mm. Four 
measurements were taken in each plane at 0°, 90°, 180° and 270°, as illustrated in 
Fig. 7. and the results were evaluated in Microsoft EXCEL. 

 

Figure 6 

Interpretation of cylindricity, adapted from [22] 

 

Figure 7 

Principle of measurement 
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3 Results 

3.1 Results of Surface Roughness Measurement 

The roughness profiles measured after printing and turning for each layer 
thicknesses and orientations are shown in Fig. 8-15. 

 

Figure 8 

Roughness profiles after printing and turning 

 

Figure 9 

Roughness profiles after printing and turning 
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Figure 10 

Roughness profiles after printing and turning 

 

Figure 11 

Roughness profiles after printing and turning 
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Figure 12 

Roughness profiles after printing and turning 

 

Figure 1�� 

Roughness profiles after printing and turning 
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Figure 14 

Roughness profiles after printing and turning 

 

Figure 15 

Roughness profiles after printing and turning 

�)�R�U�� �H�D�F�K�� �V�S�H�F�L�P�H�Q���� ���� �U�R�X�Jhness measurements were taken and then averaged, 
these are shown in Tables ��-6. As illustrated in Table 6 and Fig. 17, the surface 
roughness obtained after turning the 0.4 mm of layer thickness, horizontal oriented 
specimen has no data because it could not be measured as the surface was smeared 
during turning, as shown in Fig. 15. 
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Table �� 

Ra values as a function of layer thickness for vertical orientation after printing 

Layer thickness Ra1  Ra2 Ra3  avg. Ra  Dispersion 
0.05 7.981 7.780 9.017 8.259 0.664 
0.1 11.064 9.051 7.612 9.242 ���������� 
0.2 ������������ ������������ 10.786 11.740 ���������� 
0.4 24.552 ������������ 22.202 ������������ 1.226 

Table 4 

Ra values as a function of layer thickness for horizontal orientation after printing 

Layer thickness Ra1  Ra2 Ra3  avg. Ra  Dispersion 
0.05 1.895 1.745 2.624 2.088 0.470 
0.1 0.651 1.507 1.067 1.075 0.428 
0.2 1.785 ���������� ���������� 2.550 ���������� 
0.4 1.721 ���������� 1.648 1.578 0.188 

The average surface roughness (Ra) after printing and turning as a function of layer 
thickness in case of vertical orientation is shown in Fig. 16. 

 

Figure 16 

Ra as a function of the layer thickness after printing and turning in case of vertical orientation 

Table 5 

Ra values as a function of layer thickness for vertical orientation after turning 

Layer thickness Ra1  Ra2 Ra3  avg. Ra  Dispersion 
0.05 7.605 ���������� 6.968 ���������� ���������� 
0.1 8.282 7.587 7.286 7.718 0.511 
0.2 7.119 7.686 ���������� 7.710 ���������� 
0.4 7.571 ���������� 7.154 7.649 ���������� 
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Table 6 

Ra values as a function of layer thickness for horizontal orientation after turning 

Layer thickness Ra1  Ra2 Ra3  avg. Ra  Dispersion 
0.05 8.265 7.509 8.117 7.964 0.401 
0.1 6.496 ���������� ���������� 6.717 0.229 
0.2 ������������ ������������ 11.692 ������������ 1.001 
0.4 n/a. n/a. n/a. n/a. n/a. 

The average surface roughness after printing and turning as a function of layer 
thickness in case of horizontal orientation is shown in Fig. 17. 

 

Figure 17 

Ra as a function of the layer thickness after printing and turning in case of horizontal orientation 

3.2 Results of Cylindricity  Measurement 

The deviation from nominal size and calculated tolerance as a function of layer 
thickness in case of vertical orientation after printing is shown in Table 7 and 
Fig. 18. 

Table 7 

Deviation from nominal size and calculated tolerance as a function of layer thickness for vertical 

orientation after printing 

Layer thickness Lower limit size 
(mm) 

Upper limit size 
(mm) 

Tolerance field 
width  (mm) 

0.05 -0.155 0.002 0.157 
0.1 -0.091 0.06 0.151 
0.2 -���������� 0.111 0.146 
0.4 -������ -0.178 0.122 
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Figure 18 

Deviation from nominal size and calculated tolerance as a function of layer thickness for vertical 

orientation after printing 

The deviation from nominal size and calculated tolerance as a function of layer 
thickness in case of horizontal orientation after printing is shown in Table 8 and 
Fig. 19. 

Table 8 

Deviation from nominal size and calculated tolerance as a function of layer thickness for horizontal 

orientation after printing 

Layer thickness Lower limit size 
(mm) 

Upper limit size 
(mm) 

Tolerance field 
width  (mm) 

0.05 -0.097 0.296 ���������� 
0.1 0.012 ���������� �������� 
0.2 0.095 �������� 0.265 
0.4 ���������� 0.688 ���������� 

 

Figure 19 

Deviation from nominal size and calculated tolerance as a function of layer thickness for horizontal 

orientation after printing 
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The deviation from nominal size and calculated tolerance as a function of layer 
thickness in case of vertical orientation after turning is shown in Table 9 and 
Fig. 20. 

Table 9 

Deviation from nominal size and calculated tolerance as a function of layer thickness for vertical 

orientation after turning 

Layer thickness Lower limit size 
(mm) 

Upper limit size 
(mm) 

Tolerance field 
width  (mm) 

0.05 -0.01 0.02 0.���� 
0.1 -0.01 0.���� 0.04 
0.2 -0.02 0.���� 0.05 
0.4 -0.01 0.04 0.05 

 

Figure 20 

Deviation from nominal size and calculated tolerance as a function of layer thickness for vertical 

orientation after turning 

The deviation from nominal size and calculated tolerance as a function of layer 
thickness in case of horizontal orientation after turning is shown in Table 10 and 
Fig. 21. As illustrated, the deviation from nominal size and calculated tolerance 
obtained after turning the 0.4 mm of layer thickness, horizontal oriented specimen 
has no data because it could not be measured as the surface was smeared during 
turning, as shown in Fig. 15. 

Table 9 

Deviation from nominal size and calculated tolerance as a function of layer thickness for horizontal 

orientation after turning 

Layer thickness Lower limit size 
(mm) 

Upper limit size 
(mm) 

Tolerance field 
width  (mm) 

0.05 -0.01 0.05 0.06 
0.1 -0.0�� 0.04 0.07 
0.2 -0.1 0.12 0.22 
0.4 n/a. n/a. n/a. 
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Figure 21 

Deviation from nominal size and calculated tolerance as a function of layer thickness for horizonal 

orientation after turning 

3.3 Chip Formation 

The chip produced during the turning for both orientations are shown in Fig. 22. 

 
Figure 22 

Flowing chips in case of a) vertical and fragmented chips b) horizontal orientation during turning 

4 Analysis 

4.1 Results of the Surface Roughness Measurement 

The average surface roughness values after printing and turning and their plotting 
� D� U� H� � � V� K� R� Z� Q� � � L� Q� � � 7� D� E� O� H� � � �� �� �� � � 7� D� E� O� H� � � �� �� � � D� Q� G� � � )� Lg. 16 in case of vertical orientation.  
The surface roughness degradation increases with increasing layer thickness in 
case of printed surfaces. However, this deterioration is not proportional, as it is 
minimal when comparing 0.05 mm and 0.1 mm layer thicknesses, but the 
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machining time is halved. Table 5. Fig. 8-11. and Fig. 16 show that the surface 
roughness measured after printing has essentially no effect on the surface 
roughness after turning, with values ranging from 7.2 µm to 7.7 µm. Therefore, if 
the functional surface is to be produced by cutting technology, it is recommended 
to choose a layer thickness of 0.4 mm for printing, because it has no influence on 
the turned surface, but the printing time is nearly one eighth compared to the 
printing time required for printing with a layer thickness of 0.05 mm. 

The average surface roughness values after printing and turning and their plotting 
are shown in Table 4, Table 6, Fig. 12-15 and Fig. 17 in case of horizontal 
orientation. In the case of printing, the surface roughness decreased minimally as 
the layer thickness increased, but this result is not significant as the measurement 
was taken parallel to the printing direction. However, the surface roughness 
increased exponentially as a function of layer thickness after turning in all cases. 
As shown in Fig. 15 and 17, after turning the specimen printed with a 0.4 mm 
layer thickness, the surface roughness could not be measured because the surface 
was smeared. 

In the end, the results of the two orientations cannot be compared, because while 
in the vertical orientation the measurements were taken perpendicular to the 
printed layers, in the horizontal orientation the measurements were taken parallel 
to the layer orientation. From Fig. 16-17, it can be said that after turning, better 
results can be achieved in vertical orientation than in horizontal orientation, 
regardless of the layer thickness. 

4.2 Results of Cylindricity  Measurement 

As illustrated in Table 7 and Fig. 18, the deviation from the nominal size 
increased in the negative direction with increasing layer thickness in case of 
vertical orientation workpieces after printing. It was also observed that as the layer 
thickness increased, the width of the tolerance decreased. As shown in Table 9 and 
Fig. 20, the layer thicknesses and the dimensional variation observed in them had 
no influence on the dimensional stability of the turned specimen. The target 
diameter of 18 mm was achieved with a toler�D�Q�F�H�� �R�I�� ��������-0.05 mm due to the 
accuracy of the lathe. 

In case of horizontal orientation, as shown in Table 8 and Fig. 19, the dimensional 
deviation from the nominal size increased with increasing layer thickness after 
printing. An optimum in dimensional stability and accuracy is observed at a layer 
thickness of 0.2 mm. As illustrated in Table 10 and Fig. 21, the dimensional 
tolerance and dimensional stability of the turned surface deteriorate with 
increasing layer thickness. The workpiece printed at 0.4 mm layer thickness was 
also not measurable because the surface was smeared during turning. 
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Finally, as show in Figs. 20-21, it can be determined that the accuracy and 
dimensional stability of the vertically printed specimen is much better than that of 
the horizontally printed specimens. 

4.3 Chip Formation 

Fig. 21 shows the resulting chips during turning. It can be observed that 
workpieces printed with a vertical orientation formed a flowing chip during 
machining, which is understandable since the direction of the printed filament is 
the same as the direction of the cutting speed. On the other hand, in the case of the 
specimens with a horizontal orientation, small, fragmented chips were formed, 
which is due to the direction of the printed filament being perpendicular to the 
direction of the cutting speed. Consequently, it is better to chip specimens in a 
horizontal orientation because the broken chips are easier to handle. However, 
chip breakage can also be improved in the vertical orientation, but further 
experiments are needed to investigate this. 

Conclusions 

As shown in Fig. 16, the roughness of the printed surface has no influence on the 
roughness of the turned surface, the result being almost constant as a function of 
the layer thickness in case of vertical orientation. Fig. 17, shows that the surface 
roughness of the turned surface increases as a function of layer thickness, and 
deteriorates to the extent that it was unmeasurable at a layer thickness of 0.4 mm. 
Comparing the surface roughness measured in terms of orientation, it was found 
that the surface roughness was better for all layer thicknesses in the vertical 
orientation. 

Fig. 20 shows that the tolerance of the turned surfaces is nearly constant as a 
function of layer thickness in case of vertical orientation, so there is no effect on 
accuracy. On the other hand, in the horizontal orientation, the accuracy of the 
turned surface deteriorates significantly as a function of layer thickness, and was 
unmeasurable for a layer thickness of 0.4 mm. Comparing the dimensional 
accuracy measured in terms of orientation, it was found that it was better for all 
layer thicknesses in the vertical orientation. 

If functional surfaces are to be finished by some cutting technology, it is advisable 
to choose the printing in vertical orientation with layer thickness of 0.4 mm.  
The surface roughness is almost constant as a function of layer thickness, and a 
dimensional accuracy of 0.05 is adequate for many engineering applications. Only 
the chip breakage is favorable for the horizontal orientation, but this can be 
improved by using a chip breaker or by modifying the process parameters.  
The latter, will require further investigation. 
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Abstract: The article aims at quantifying the export potential and barriers of SMEs in V4 
using specific criteria. The research took place in SMEs in Visegrad countries from 
September 2019 to April 2020, including a questionnaire survey of 478 managers and 
business owners using logic regression. The results showed differences in export activities 
of SMEs regarding their legal form, province, size, type of management, legislative obstacles 
and tax policies. Language and cultural differences were not a barrier to SMEs’ export 
activities. Micro enterprises’ likelihood of export was 70% smaller than medium-sized firms. 
Small companies’ prospect of trade abroad was 42% smaller than medium-scale 
organizations. The export potential grew with the size of an enterprise, indicating an 
increased export likelihood in limited liability and joint-stock companies with the highest 
chance in the transport and production sector. The type of management (an owner) was 
hugely impactful on the company’s exporting activities. Our results give valuable 
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information about effective strategies for export marketing and national exporter 
development programmes. 

Keywords: micro enterprises, small and medium-sized enterprises, exporting activities, 
export policies, export barriers, support for exporters 

1 Introduction  
�6�P�D�O�O�� �D�Q�G�� �P�H�G�L�X�P-�V�L�]�H�G�� �H�Q�W�H�U�S�U�L�V�H�V��(�6�0�(�V)���D�U�H�� �D�Q�� �H�Q�J�L�Q�H�� �R�I�� �W�K�H�� �(�X�U�R�S�H�D�Q��
�H�F�R�Q�R�P�\���>���@���E�H�F�D�X�V�H���W�K�H�\���S�O�D�\���L�P�S�R�U�W�D�Q�W���U�R�O�H�V���L�Q���W�K�H���F�U�H�D�W�L�R�Q���R�I���*�'�3�����H�P�S�O�R�\�P�H�Q�W��
�D�Q�G���W�K�H���V�X�S�S�O�\���R�I���J�R�R�G�V���D�Q�G���V�H�U�Y�L�F�H�V�����9�D�U�J�D���D�O�V�R���H�P�S�K�D�V�L�V�H�V���W�K�H�L�U���D�E�L�O�L�W�\���W�R���S�U�R�G�X�F�H��
���V�X�S�S�O�\�����I�R�U���H�[�S�R�U�W���P�D�U�N�H�W�V���>���@����

�7�K�H�� �G�U�L�Y�L�Q�J�� �I�R�U�F�H�V�� �E�H�K�L�Q�G�� �J�O�R�E�D�O�L�]�D�W�L�R�Q�� �P�D�N�H�� �6�0�(�V�� �L�Q�G�L�V�S�H�Q�V�D�E�O�H�� �I�R�U�� �W�H�U�U�L�W�R�U�L�D�O��
�G�H�Y�H�O�R�S�P�H�Q�W���� �)�L�H�U�F�H�� �P�D�U�N�H�W�� �F�R�P�S�H�W�L�W�L�R�Q�� �Z�L�W�K�� �O�D�U�J�H�� �P�X�O�W�L�Q�D�W�L�R�Q�D�O�� �D�Q�G���V�X�S�U�D-
�Q�D�W�L�R�Q�D�O���I�L�U�P�V���U�H�T�X�L�U�H�V���6�0�(�V���W�R���J�H�Q�H�U�D�W�H���V�X�V�W�D�L�Q�D�E�O�H���F�R�P�S�H�W�L�W�L�Y�H���D�G�Y�D�Q�W�D�J�H�����/�D�U�J�H��
�F�R�P�S�D�Q�L�H�V���L�Q�Y�H�V�W���W�K�H�L�U���I�X�Q�G�V���D�Q�G���D�E�L�O�L�W�L�H�V���L�Q���P�D�Q�D�J�H�U�V�¶���N�Q�R�Z-�K�R�Z���D�Q�G���K�L�J�K-�T�X�D�O�L�W�\��
�H�[�S�R�U�W�� �G�H�S�D�U�W�P�H�Q�W�V�� �I�R�U�� �P�D�Q�D�J�L�Q�J�� �H�[�S�R�U�W�� �D�F�W�L�Y�L�W�L�H�V���� �7�K�H�� �6�0�(�V�¶�� �O�D�F�N���R�I�� �H�T�X�D�O��
�R�S�S�R�U�W�X�Q�L�W�L�H�V�� �D�Q�G�� �U�H�V�R�X�U�F�H�V�� �F�D�O�O�V�� �I�R�U�� �U�H�V�H�D�U�F�K�� �L�Q�� �P�X�O�W�L�Q�D�W�L�R�Q�D�O�� �W�U�D�G�H�� �D�Q�G�� �W�K�H��
�P�X�O�W�L�Q�D�W�L�R�Q�D�O�L�]�D�W�L�R�Q���R�I���6�0�(�V����

�:�H�� �V�W�L�O�O�� �Q�H�H�G�� �W�R�� �X�Q�Y�H�L�O�� �W�K�H�� �6�0�(�V�¶�� �V�W�U�D�W�H�J�L�H�V�� �Z�K�H�Q�� �H�Q�W�H�U�L�Q�J�� �W�K�H�� �P�X�O�W�L�Q�D�W�L�R�Q�D�O��
�P�D�U�N�H�W�V���D�Q�G���P�D�U�N���W�K�H�L�U���H�I�I�H�F�W�L�Y�H�Q�H�V�V���Z�K�L�O�H���N�Q�R�Z�L�Q�J���W�K�D�W���V�P�D�O�O���H�Q�W�H�U�S�U�L�V�H�V�¶���H�[�S�R�U�W��
�S�U�R�F�H�V�V�H�V���D�U�H���P�R�U�H���F�R�P�S�O�H�[���W�K�D�Q���O�D�U�J�H���F�R�P�S�D�Q�L�H�V��[���@��[���@���>���@�����*�O�R�E�D�O���W�K�L�Q�N�L�Q�J���D�O�V�R��
�F�U�H�D�W�H�V���D�P�S�O�H���R�S�S�R�U�W�X�Q�L�W�L�H�V���I�R�U���W�U�D�G�L�Q�J���D�E�U�R�D�G�����D�O�O�R�Z�L�Q�J���J�R�Y�H�U�Q�P�H�Q�W�V���W�R���H�Q�F�R�X�U�D�J�H��
�P�X�O�W�L�Q�D�W�L�R�Q�D�O�L�]�D�W�L�R�Q�� �D�Q�G�� �H�[�S�R�U�W�� �Y�H�Q�W�X�U�H�V�� [6�@�����$�Y�D�L�O�D�E�O�H�� �V�F�L�H�Q�W�L�I�L�F�� �V�W�X�G�L�H�V��
�G�L�V�F�U�L�P�L�Q�D�W�H���E�H�W�Z�H�H�Q���H�[�S�R�U�W���E�D�U�U�L�H�U�V���D�Q�G���R�W�K�H�U���F�R�P�S�D�Q�L�H�V�¶���F�K�D�O�O�H�Q�J�H�V��-���H�[�S�R�U�W�H�U�V����
�7�K�H���I�R�U�P�H�U���L�Q�Y�R�O�Y�H�V���I�D�F�W�R�U�V���S�U�H�Y�H�Q�W�L�Q�J���I�L�U�P�V���I�U�R�P���H�[�S�R�U�W�L�Q�J�����D�S�S�H�D�O�L�Q�J���I�R�U���F�D�U�H�I�X�O��
�J�H�Q�H�U�D�O�L�]�D�W�L�R�Q���R�I���V�W�X�G�L�H�G���S�K�H�Q�R�P�H�Q�D���D�Q�G���F�R�Q�V�L�V�W�H�Q�F�\���R�I���W�K�H���W�H�U�P�V���U�H�O�D�W�H�G���W�R���I�L�U�P�V�¶��
�P�X�O�W�L�Q�D�W�L�R�Q�D�O�L�]�D�W�L�R�Q����

�5�H�V�H�D�U�F�K���V�W�X�G�L�H�V���R�Q���6�0�(�V�¶���P�X�O�W�L�Q�D�W�L�R�Q�D�O�L�]�D�W�L�R�Q���D�U�H���X�Q�F�O�H�D�U�����V�K�R�Z�L�Q�J���Q�R���F�R�Q�W�H�Q�W����
�W�K�H�R�U�H�W�L�F�D�O�� �R�U�� �P�H�W�K�R�G�R�O�R�J�L�F�D�O�� �F�R�Q�V�L�V�W�H�Q�F�\���� �:�H�� �W�K�H�U�H�E�\�� �Q�H�H�G�� �W�R�� �L�Q�W�H�J�U�D�W�H�� �W�K�H�L�U��
�R�X�W�F�R�P�H�V���� �U�H�I�H�U�� �W�R�� �S�U�H�Y�L�R�X�V�� �V�W�X�G�L�H�V�� �R�Q�� �Y�D�U�L�R�X�V�� �E�X�V�L�Q�H�V�V�� �D�V�S�H�F�W�V�� �D�Q�G�� �L�P�S�O�H�P�H�Q�W��
�I�L�Q�G�L�Q�J�V�� �H�V�V�H�Q�W�L�D�O�� �I�R�U�� �F�R�U�S�R�U�D�W�H�� �S�U�D�F�W�L�F�H�� �D�Q�G�� �S�R�O�L�F�\���� �7�K�H�� �W�R�S�L�F�� �G�H�V�H�U�Y�H�V�� �G�H�Y�L�V�L�Q�J��
�T�X�D�O�L�W�\�� �P�H�W�K�R�G�R�O�R�J�L�H�V�� �I�R�U�� �W�H�U�U�L�W�R�U�L�D�O�� �V�H�O�H�F�W�L�R�Q�� �L�Q�Y�R�O�Y�L�Q�J�� �F�D�U�H�I�X�O�� �G�D�W�D�� �F�R�O�O�H�F�W�L�R�Q����
�V�D�P�S�O�L�Q�J���H�T�X�L�Y�D�O�H�Q�F�H���D�Q�G���F�U�L�W�H�U�L�D���R�I���D�Q�D�O�\�V�H�G���G�L�P�H�Q�V�L�R�Q�V�����)�X�W�X�U�H���R�S�S�R�U�W�X�Q�L�W�L�H�V���Z�L�O�O��
�D�O�V�R�� �I�D�Y�R�X�U�� �D�� �Q�H�W�Z�R�U�N�� �R�I�� �U�H�V�H�D�U�F�K�� �W�H�D�P�V�� �V�S�D�Q�Q�L�Q�J�� �W�K�U�R�X�J�K�� �W�H�U�U�L�W�R�U�L�H�V�� �D�Q�G��
�F�R�R�S�H�U�D�W�L�Q�J���Z�L�W�K���L�Q�W�H�U�H�V�W�H�G���L�Q�Q�R�Y�D�W�L�Y�H���D�J�H�Q�F�L�H�V���D�Q�G���D�V�V�R�F�L�D�W�L�R�Q�V�����7�K�H���G�H�Y�H�O�R�S�P�H�Q�W��
�R�I�� �Q�H�Z�� �P�X�O�W�L�Q�D�W�L�R�Q�D�O�� �G�D�W�D�E�D�V�H�V�� �Z�R�X�O�G�� �D�O�O�R�Z�� �W�K�H�� �F�U�H�D�W�L�R�Q�� �R�I�� �X�S-�W�R-�G�D�W�H��
�T�X�D�O�L�W�D�W�L�Y�H���T�X�D�Q�W�L�W�D�W�L�Y�H�� �D�S�S�U�R�D�F�K�H�V���� �P�H�W�K�R�G�V�� �D�Q�G�� �V�R�S�K�L�V�W�L�F�D�W�H�G�� �D�Q�D�O�\�W�L�F�D�O��
�L�Q�V�W�U�X�P�H�Q�W�V����

�7�K�H�V�H�� �F�L�U�F�X�P�V�W�D�Q�F�H�V�� �S�U�R�P�S�W�H�G���X�V�� �W�R�� �T�X�D�Q�W�L�I�\�� �W�K�H�� �H�[�S�R�U�W���S�R�W�H�Q�W�L�D�O���D�Q�G���E�D�U�U�L�H�U�V�� �L�Q��
�6�0�(�V���L�Q���9�����X�V�L�Q�J���V�S�H�F�L�I�L�F���F�U�L�W�H�U�L�D����
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2  Literature R eview and Theoretical Framework 
Development 

�9�D�U�L�R�X�V���V�W�X�G�L�H�V���K�D�Y�H���E�H�H�Q���W�D�F�N�O�L�Q�J���F�R�P�S�D�Q�L�H�V�¶���P�X�O�W�L�Q�D�W�L�R�Q�D�O�L�]�D�W�L�R�Q���D�Q�G���H�[�S�R�U�W���I�R�U��
�W�K�H���O�D�V�W���I�L�Y�H���G�H�F�D�G�H�V�����G�L�V�F�X�V�V�L�Q�J���E�R�W�K���L�V�V�X�H�V���D�Q�G���W�K�H���L�P�S�D�F�W�V���R�I���J�O�R�E�D�O�L�]�D�W�L�R�Q���R�Q���W�K�H��
�E�X�V�L�Q�H�V�V���V�S�K�H�U�H�����0�D�Q�\���L�Q�T�X�L�U�L�H�V���D�U�H���K�H�W�H�U�R�J�H�Q�H�R�X�V�����G�H�D�O�L�Q�J���Z�L�W�K���S�D�U�W�L�D�O���S�U�R�E�O�H�P�V��
�R�I�� �P�X�O�W�L�Q�D�W�L�R�Q�D�O�L�]�D�W�L�R�Q�� �R�U�� �H�[�S�R�U�W�� �L�Q�� �D�� �F�R�X�Q�W�U�\���� �U�H�J�L�R�Q�� �R�U�� �F�R�P�S�D�Q�\���� �F�R�P�S�U�L�V�L�Q�J��
�V�D�P�S�O�H�V�� �L�Q�� �P�X�O�W�L�S�O�H�� �H�F�R�Q�R�P�L�F�� �D�Q�G�� �S�R�O�L�W�L�F�D�O�� �H�Q�Y�L�U�R�Q�P�H�Q�W�V���� �'�H�V�S�L�W�H�� �R�E�Y�L�R�X�V��
�V�K�R�U�W�F�R�P�L�Q�J�V���� �W�K�H�� �V�W�X�G�L�H�V�� �L�Q�V�S�L�U�H�G�� �X�V�� �W�R�� �H�[�S�O�R�U�H�� �K�R�Z�� �G�L�I�I�H�U�H�Q�W�� �P�D�Q�D�J�H�U�V�� �D�Q�G��
�H�Q�W�U�H�S�U�H�Q�H�X�U�V�� �S�H�U�F�H�L�Y�H�� �H�[�S�R�U�W�� �D�F�W�L�Y�L�W�L�H�V���� �0�D�Q�\�� �D�Q�D�O�\�V�H�V�� �D�O�V�R�� �S�U�R�Y�L�G�H�� �L�Q�I�R�U�P�D�W�L�R�Q��
�R�Q�� �F�R�U�S�R�U�D�W�H�� �D�Q�G�� �S�X�E�O�L�F�� �S�R�O�L�F�L�H�V�� �D�Q�G�� �L�Q�V�W�L�W�X�W�L�R�Q�V�� �H�[�D�P�L�Q�L�Q�J�� �W�K�H�� �E�X�V�L�Q�H�V�V��
�H�Q�Y�L�U�R�Q�P�H�Q�W����

�3�H�W�U�R�Y�L�W�R���D�Q�G���3�R�]�]�R�O�R�� �L�Q�V�S�H�F�W�H�G�� �W�K�H�� �U�H�O�D�W�L�R�Q�V�K�L�S�� �E�H�W�Z�H�H�Q�� �F�U�H�G�L�W�� �F�R�Q�V�W�U�D�L�Q�W�V�� �D�Q�G��
�H�[�S�R�U�W�V���R�I���6�0�(�V���L�Q���������H�P�H�U�J�L�Q�J���D�Q�G���G�H�Y�H�O�R�S�L�Q�J���F�R�X�Q�W�U�L�H�V���E�H�W�Z�H�H�Q�������������D�Q�G��������������
�J�D�W�K�H�U�L�Q�J�� �L�Q�W�H�O�O�L�J�H�Q�F�H�� �R�Q�� �F�U�H�G�L�W�� �H�Y�D�O�X�D�W�L�R�Q�� �W�K�U�R�X�J�K�� �I�L�U�P�V�¶�� �V�H�O�I-�H�Y�D�O�X�D�W�L�R�Q������
�7�K�H�� �D�X�W�K�R�U�V�� �U�H�Y�H�D�O�H�G�� �D�� �F�O�R�V�H�� �O�L�Q�N�� �E�H�W�Z�H�H�Q�� �V�H�Y�H�U�H���� �V�W�D�W�L�V�W�L�F�D�O�O�\�� �D�Q�G�� �H�F�R�Q�R�P�L�F�D�O�O�\��
�V�L�J�Q�L�I�L�F�D�Q�W�� �I�L�Q�D�Q�F�L�D�O�� �U�H�V�W�U�L�F�W�L�R�Q�V�� �D�Q�G�� �W�K�H�� �F�R�P�S�D�Q�\�¶�V�� �R�X�W�O�R�R�N�� �I�R�U�� �H�[�S�R�U�W���� �L�Q�F�O�X�G�L�Q�J��
�W�K�H�� �H�[�S�R�U�W�¶�V�� �F�R�Q�W�U�L�E�X�W�L�R�Q�� �W�R�� �W�K�H�� �R�Y�H�U�D�O�O�� �V�D�O�H�V�� ���H�[�W�H�Q�V�L�Y�H�� �D�Q�G�� �L�Q�W�H�Q�V�L�Y�H���P�D�U�J�L�Q��������
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