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Abstract: The topology optimization, is a dynamically developing research area, with 

numerous applications, to many research and engineering fields and despite the decades of 

progress, still remains one of the most important research tasks, within the area of 

structural and material design. The implementation of innovative, efficient and versatile 

optimization approaches and methods, stimulate this process. Among many research 

problems, where topology optimization is present, there is generation of topologies for 

structures under random loads. As reported in the literature, random changes in load 

magnitude, angle of load application, as well as its position can affect resulting topologies. 

The idea of the paper is to propose an easy to implement numerical approach, which 

allows for the prediction of resulting topologies of structures, in the case of load 

uncertainty. This simple, but effective technique, based on transforming random loads into 

deterministic problem of multiple loads, is discussed, its numerical implementation based 

on the idea of Cellular Automata, is described and some examples are presented to 

illustrate the concept. Based on obtained results, it can be concluded that the approach 

discussed in the paper can be a useful tool to support the research within structural 

topology optimization, under random loads. 

Keywords: structural topology optimization; random loads; Cellular Automata 

1 Introduction 

The papers by Bendsoe and Kikuchi [1] and Bendsoe [2], dated back to the late 
80s of the 20th Century, are broadly treated as the pioneering ones within the field 
of structural topology optimization. Since then, the intensive research on this 
subject has been conducted for decades and the results have been widely presented 
in engineering literature. The numerous approaches to generation of optimal 
topology have been presented together with appearing concepts which have been 
implemented in various engineering and research fields. A broad discussion on 
various aspects of topology optimization has been provided by many survey 
papers: e.g. [3-6] with the recent ones by Ribeiro et al. [7], Logo and Ismail [8]. 
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Despite a long lasting development the topology optimization still remains one of 
the most important research fields within the area of structural and material 
design. Novel ideas and formulations emerge simultaneously with new fields of 
their application. The researchers community continuously works on innovative 
and efficient topology optimization methods and algorithms, what stimulates that 
progress. The spectrum of numerous solutions of topology optimization problems 
ranges from classic Michell structures to sophisticated contemporary engineering 
ones. 

Among many research problems where topology optimization is present there is 
structural topology optimization with consideration of load uncertainties. This 
subject has received for the recent decades increasing interest within the design 
optimization community. The variety of approaches and techniques has been 
proposed to handle with random and uncertain loads and the comprehensive study 
of associated problems has been provided in numerous publications. Among them, 
there are problems of reliability-based topology optimization and robust topology 
optimization. The recent papers [9-13] and the newly published by Yin et al. [14], 
Shen et al. [15], Wang et al. [16], Tauzowski et al. [17], along with presentation of 
particular subjects, bring extensive literature review on topology optimization 
under uncertainty. 

The idea of this paper is to present an easy to implement numerical approach 
which allows to predict resulting topologies of structures in the case of random 
loads. The simple but effective technique based on transforming random loads 
into deterministic problem of multiple loads is implemented. From computational 
point of view the applied approach is based on the concept of Cellular Automata. 
Cellular Automata (CA) are developed to represent behavior of complicated 
systems in a relatively easy way. The special local rules are implemented with a 
view to mimic the performance of a considered system. Then, local physical 
quantities are respectively updated, what allows to describe the global behavior of 
the system. 

Since the late 1940s when von Neumann and Ulam proposed the concept of 
Cellular Automata this idea has been found interesting by researchers representing 
various fields. In the paper by Inou et al. [18] probably for the first time topology 
optimization has been discussed within CA approach. Since then many papers 
have been published on that subject. The majority of them have appeared during 
last two decades, see e.g. [19-22] or [23]. The efficient CA algorithm has been 
also proposed and then developed by Bochenek and Tajs-Zielińska [24] [25] and 
recently [26] [27]. 

The outline of the paper is as follows. In Section 2.1, the topology optimization 
problem is formulated with extension to multiple load case described in Section 
2.2. The concept of Cellular Automata is introduced in Section 2.3, together with 
the detailed description of numerical algorithm built based on this idea.  
The illustrative introductory example discussed in Section 2.4 presents 
implementation of the paper concept. Next, utilizing results of the preliminary 
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analysis, the Cellular Automaton is applied in Section 3 to solve the selected tasks 
of topology generation under random loads. Where available, the obtained 
topologies are compared with those works reported in the literature. Based on the 
results of performed tests, the paper ends in Section 4, with concluding remarks. 

2 Problem Formulation and Numerical Treatment 

2.1 Structural Topology Optimization 

The idea of performing topology optimization is to generate within a specified 
design domain a material layout so as to meet the assumed optimality criteria.  
The optimized structure gains a new shape and material layout since some parts of 
material are relocated and others are selectively removed. This allows, for 
example, creating a stiffer construction with minimal amount of material. 
Generated this way concept solutions can be the inspiration for further efforts of 
engineers and designers. Over years many formulations of topology optimization 
problems have been proposed. The discussion on this subject one can find for 
example in the paper by Lewiński et al. [28] 

When searching for the stiffest design, it is very often that the structure 
compliance is minimized, since minimal compliance results in maximal stiffness 
of the optimized structure. The compliance can be defined as the work done by the 
applied external forces, as proposed in the early papers [1] [2]. Along with the 
development of topology optimization, especially within the power law approach, 
the problem has been formulated also as minimization of the elastic strain energy 
stored in the deforming structure. The compliance has been defined then as twice 
the total strain energy, see e.g. Stolpe and Svanberg [29]. The problem of 
equivalence of these two forms of objective function has been discussed together 
with proposals of new approaches and fields of implementation. Hence, it is 
important that the structure is elastic, subjected to specified external forces and 
fixed structural support. In more complex cases, including mixed boundary 
conditions or various types of loading, modifications of the above formulations 
are required. The papers by Niu et al. [30], Zhang et al. [31] or Araujo et al. [32] 
may serve here as examples. 

The finite element based strategy for structural topology optimization has gained 
strong attention of researchers and engineers and considerable progress within this 
area has been observed. This paper follows the structural topology optimization 
problem formulated in widely recognized paper by Sigmund [33]. The objective 
function and constraints are defined within the finite element approach.  
The objective is to minimize compliance c represented by Eq. (1). The available 
material volume fraction κ is defined and treated as the constraint imposed on 
structure volume V in the optimization process, Eq. (2): 
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The quantity un represents displacement vector whereas kn stands for the stiffness 
matrix. Both are defined for N elements. The design variable dn which represents 
the material relative density is assigned to each element. In Eq. (3) k is the global 
stiffness matrix, u stands for the global displacement vector and f represents 
vector of forces. Singularity of dn is avoided due to the simple bounds imposed in 
Eq. (4) on the design variables with dmin as a non-zero minimal value of relative 
density. 

The SIMP - solid isotropic material with penalization, see e.g. Bendsoe and 
Sigmund [34], in the form of power law is adapted as the material representation. 
For each finite element the modulus of elasticity En is a function of the design 
variable dn: 

00  nn

p
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In Eq. (5) p (typically p=3) is responsible for penalization of intermediate 
densities what allows controlling the design process and leads to obtaining black-
and-white resulting structures. The quantities E0 and 0 stand for modulus of 
elasticity and material density, both defined for a solid material. The topology 
generation process leads to a redistribution of material within design domain, 
which results in removing parts unnecessary from design criterion point of view. 

2.2 Topology Optimization for Multiple Load Case and Paper 

Concept 

As described in the papers by Bendsoe [35], Bendsoe and Sigmund [34], Sigmund 
[33] the compliance minimization problem formulated in the previous section can 
be extended to multiple load case. Similarly to the formulation of multi-objective 
optimization problem, the case of multiple load case can be implemented to the 
formulation of the topology optimization problem by using the weighted sum of 
objectives/compliances subjected to all considered load cases. The topology 
optimization algorithm has to be therefore only slightly modified to cope with this 
problem, what was illustrated in [33] by the two load case example, see Fig. 1, 
which is recalled below. 
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                      (a)                                              (b)                                             (c) 

Figure 1 

(a) The square structure: support and two loads (b) The resulting topology for the two load case 

Dealing with the above problem, the equilibrium equations are solved for both 
load cases and the objective is defined as the sum of compliances referring to each 
case. The numerical implementation, as described in detail in [33], requires only 
modification of a few lines of numerical code, namely insertion of the sum of 
compliances which replaces the single one. 

The idea of the present paper is to adapt the above approach to deal with random 
loads. These are treated here as sets of loads for which topology is generated.  
The values, positions or angles of application are generated from particular 
random distributions. 

           

                    (a)                                              (b)                                             (c) 

Figure 2 

(a) Random magnitude of load (b) Random load position (c) Random angle of load application 
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Allowing for random changes of load magnitude, angle or position of load 
application, see Fig. 2, the formulations (1)-(4) has to be slightly modified.  
In what follows, the objective is now represented by the sum of compliances, Eq. 
(5), calculated for each load case 
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whereas u(i) and f(i) refer to displacement and force vectors representing each load 
case. 

The sets of loads are randomly generated according to the following: 
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for random angle of load application. 

In Eqs. (6-8) the P , x ,   represent admisible change of load magnitude, 

position and angle of application, respectively. The random value r is taken from 
uniform distribution or from the normal one. In numerical implementation the 
rand and randn Matlab functions have been applied. 

2.3 Cellular Automata Rules for Topology Optimization 

The effectiveness of topology optimization process is determined by selecting a 
proper method of topology generation. Heuristic optimization techniques are 
gaining popularity among researchers because they are easy for numerical 
implementation, do not require gradient information, and one can easily combine 
this type of algorithm with any finite element structural analysis code. 

In this paper an efficient heuristic approach based on the concept of Cellular 
Automata is proposed. The implementation of CA requires decomposition of the 
design domain usually into uniform lattice of cells which are usually equivalent to 
finite elements while performing analysis and topology optimization. It is assumed 
that the interaction between cells takes place only within the neighboring cells and 
is governed by local rules. The rules are identical for all cells and are applied 
simultaneously to each of them. 

In this paper, a heuristic local update rule [27] is implemented utilizing the Jacobi 
update scheme, where updating is based on the states of the surrounding cells 
determined in the previous iteration, see Eq. (9): 
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In Eq. (9), m denotes move limit (e.g. m=0.2). The values of F for a central cell (n) 
and for M neighboring ones (k) are calculated based on local compliance values. 
In what follows, the structural analysis is performed first and based on obtained 
results the values of local compliances are calculated for all cells/elements. Then, 
compliances are sorted in ascending order and those having the lowest and the 
highest values are identified. As the next step, N1, N2 are selected and values of 
F(n) are assigned according to Eq. (10): 
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As to the intermediate interval N1 ≤ n ≤ N2 a monotonically increasing function 
representing elements compliances is selected and then its values are assign to the 
design elements, respectively. Here, the linear function in Eq. (11) is built to fulfill 
the conditions CNf )( 1  and CNf )( 2 , thus: 
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The quantity Cα is a user-specified parameter, usually equal to 1. 

The numerical algorithm was built in order to implement the above proposed 
design rule. As for the optimization procedure, the sequential approach was 
adapted, meaning that for each iteration, the structural analysis performed for the 
optimized element is followed by a local updating process. Simultaneously, a 
global volume constraint is applied for a specified volume fraction. As a result, the 
generated topologies preserve a specified volume fraction of a solid material 
during the optimization process. 

2.4 Introductory Example 

The rectangular structure, discussed by many authors, shown in the Fig. 3 has 
been chosen as the introductory example. 

Volume fraction has been selected as 0.2. The regular mesh of 2500 (50×50) 
elements has been implemented to perform structural analysis and topology 
optimization, for E=1, P=1, ν=0.3. The Moore type neighborhood has been 
applied. Generation of topology has been performed for a single deterministic load 
as well as for the increasing number of random ones. In the subsequent figures the 
resulting structures are presented. 
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                                       (a)                                                              (b)  

Figure 3 

(a) The square structure under single (deterministic) load (b) The structure under random loads 

It can be seen from the results shown in the Fig. 4 that there is no significant 
difference between topologies generated under increasing number of loads. 
Moreover, the average values of compliances are close each other. 

            
                           (a)                                        (b)                                        (c) 

…..       
                                                  (d)                                        (e)  

Figure 4 

The square structure 50×50 cells. Topologies obtained for: (a) Deterministic load (b) Random 100 

loads (c) Random 1000 loads (d) Random 10000 loads (e) Random 100000 loads. Uniform distribution 

 = π/18 
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                          (a)                                          (b)                                           (c) 

Figure 5 

The square structure 100×100 cells. Topologies obtained for: (a) Random 100 loads 

(b) Random 1000 loads (c) Random 10000 loads. Uniform distribution Δα = π/18 

The calculations have been repeated for the square structure which has been 
discretized with mesh of 100×100 cells. The topologies obtained for 100, 1000 
and 10000 applied random loads are shown in the Fig. 5. 

           
                    (a)                                          (b)                                           (c)  

Figure 6 

The square structure 200×200 cells. Topologies obtained for: (a) Random 1000 loads, Δα = π/36 

(b) Random 1000 loads, Δα = π/18. (b) Random 1000 loads. Uniform distribution Δα = π/9 

           
                                             (a)                                                    (b)  

Figure 7 

The square structure 200×200 cells. Topologies obtained for: (a) Random 1000 loads, Δα = π/18 

(b) Random 1000 loads, Δα = π/9. Normal distribution. 
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Another comparison regards topologies generated for various Δα. The considered 
structure has been discretized with mesh of 200×200 cells. The topologies 
obtained for Δα = π/36, π/18, π/9 and 1000 applied random loads are shown in the 
Fig. 6. 

The topologies obtained for Δα = π/18, π/9 and 1000 applied random loads from 
normal distribution are shown in the Fig. 7. 

As can be seen from the results of the test example discussed in this section the 
implemented strategy which mimics random loads allows to generate topologies 
in an easier way. 

3 Results of Topology Generation under Random 

Loads 

In order to illustrate the paper concept more thorough some numerical test 
examples have been selected. Below presented are the results of numerical 
calculations. The attention has been focused mainly on the case of random angle 
of load application. 

3.1 The Michell Structure 

The structure shown in the Fig. 8 has been selected as the test example. The angle 
of applied load, see Fig. 8b, is treated as the random value which is generated 
according to uniform or normal distribution. 

     
                                  (a)                                                                      (b)  

Figure 8 

The rectangular Michell structure: (a) load and support (b) random angle of applied load 

Volume fraction has been selected as 0.3. The regular mesh of 20000 (200×100) 
elements has been implemented to perform structural analysis and topology 
optimization, for E=1, P=1, ν=0.3. The Moore type neighborhood has been 
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applied. The topology generation has been performed for a single deterministic 
load as well as for selected random ones. In the Fig. 9a the resulting structure 
obtained for the single load case is presented. 

      
                                     (a)                                                                  (b)  

Figure 9 
The Michell structure 200×100 cells. (a) Topology obtained for the deterministic load. (b) Random 100 

loads. Uniform distribution Δα = π/6 

      
                                     (a)                                                                  (b)  

Figure 10 
The Michell structure 200×100 cells. Topologies obtained for: (a) Random 1000 loads (b) Random 

10000 loads. Uniform distribution Δα = π/6 

The topologies generated under random loads are shown in the Figs. 9b, 10.  
The number of loads has been selected as 100, 1000 and 10000, and random 
values have been generated from uniform distribution for  Δα = π/6. 

The topology obtained for Δα = π/6 and 1000 applied random loads taken from 
normal distribution are shown in the Fig. 11. 

 

Figure 11 
The Michell structure 200×100 cells. Topology obtained for random 1000 loads. 

Normal distribution Δα = π/6 

For the structure under random load the additional line connecting supports has 
been generated. The obtained results can be compared with the ones reported in 
[36] [16]. 
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3.2 The Tower Structure 

The second example is the tower structure shown in the Fig. 12. The angle of 
applied load, see Fig. 12b, is treated as the random value which is generated 
according to uniform or normal distribution. 

           
                                          (a)                                                          (b)  

Figure 12 

The tower structure (a) Load and support (b) Random angle of applied load 

Volume fraction has been selected as 0.25. The regular mesh of 38400 elements 
has been implemented. The data are the same as for other examples. The Moore 
type neighborhood has been applied. The topology generation has been performed 
for a single deterministic load as well as for selected random ones. 

           
                                            (a)                                                    (b)  

Figure 13 

The tower structure 240×160 cells. (a) Single load case, deterministic solution (b) Random 100 loads. 

Uniform distribution Δα = π/4 
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                                            (a)                                                    (b)  

Figure 14 

The tower structure. Topologies obtained for: (a) Random 1000 loads (b) Random 10000 loads. 

Uniform distribution Δα = π/4 

In the Fig. 13a the resulting structure obtained for the single load case is 
presented, whereas the Figs. 13b, 14 show topologies found for uniform random 
loads 

The topology obtained for Δα = π/9 and 1000 applied random loads taken from 
normal distribution are shown in the Fig. 15. 

For the structure under random load the additional stiffening within column part 
has been generated. The above solution can be compared with the one presented in 
[37] and [38], where similar changes in topology layout are observed when 
comparing deterministic and randomized results. 

 

Figure 15 

The tower structure. Topology obtained for random 1000 loads. Normal distribution Δα = π/9 
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3.3 The Foot Structure 

The structure shown in the Fig. 16 has been selected as the next test example. 

    
                                        (a)                                                              (b)  

Figure 16 

The foot structure. (a) Load and support (b) Random angle of applied load 

The angle of applied load, see Fig. 16b, is treated as the random value which is 
generated according to uniform or normal distribution. Volume fraction has been 
selected as 0.25. The regular mesh of 25000 elements has been implemented.  
The Moore type neighborhood has been applied. The topology generation has 
been performed for a single deterministic load as well as for selected random 
ones. In the Fig. 17a the resulting structure obtained for the single load case is 
presented. 

     
                                        (a)                                                              (b)  

Figure 17 

The foot structure. 200×125 cells. (a) Single load case, deterministic solution (b) Random 100 loads. 

Uniform distribution Δα = π/4 

The topologies generated for random loads are shown in the Figs. 17b, 18.  
The number of loads has been selected as 100, 1000 and 10000, random values 
have been generated from uniform distribution and Δα = π/4. 
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                                        (a)                                                              (b)  

Figure 18 

The foot structure. Topologies obtained for: (a) Random 1000 loads (b) Random 10000 loads.  

Uniform distribution Δα = π/4 

The topology obtained for Δα = π/9 and 1000 applied random loads taken from 
normal distribution are shown in the Fig. 19. 

 

Figure 19 

The foot structure. Topology obtained for random 1000 loads. Normal distribution Δα = π/9 

For the structure under random load the additional stiffening within middle part of 
the structure has been generated. The results of this section can be compared with 
the one presented in [37] and [39]. 

3.4 The Structures under Random Load Position or 

Magnitude 

As stated within introduction the load magnitude and its position can be also 
random variables. The numerical approach of this paper allows considering such 
cases therefore two additional, simple examples are presented to slightly broaden 
the discussion of this section. 

As to the random load position, the structure used as introductory example is 
revisited, see Fig. 20. This time horizontal position of load can vary within a 
specified range defined by Δx. 
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                                       (a)                                                              (b)  

Figure 20 

(a) The square structure under single (deterministic) load (b) The structure under random load position 

             
                                          (a)                                                         (b)  

Figure 21 

The square structure. (a) Single load case, deterministic solution (b) Topology obtained for random 

1000 loads and Δx =0.2a. Uniform distribution 

The topology has been generated and the result is presented in the Fig. 21b. One 
can see that it is different from these obtained under random angle of load 
application. 

The final example regards illustration of generation of topology in the case of load 
magnitude changing at random. These changes usually do not affect significantly 
resulting topologies, however if the load orientation can vary results can be 
different from deterministic ones. The test example discussed in [40] is here 
revisited and resulting topologies are presented in the Fig. 22. The obtained 
structures comply with the ones reported in [40]. 
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                                        (a)                                                              (b)  

Figure 22 

The rectangular structure. (a) Load and support (b) Random load magnitude 

          
                                        (a)                                                              (b)  

Figure 23 

The rectangular structure. (a) Single load case, deterministic solution (b) Topology obtained for 

random 1000 loads. Normal distribution, mean of load magnitude equals 0. 

Conclusions 

In this paper, an easy to implement, numerical approach, which allows for the 
prediction of resulting topologies of structures, in the case of random loads, has 
been introduced and implemented. Based on obtained results, of selected test 
examples, it can be concluded that reasonably low number of load cases, can 
mimic load acting at random and is enough to obtain final topologies.  
The topologies generated under random loads, represent the same layout changes, 
compared to other deterministic solutions, as those reported in the literature.  
It seems that the approach discussed in this paper, can be a useful tool, supporting 
the research within structural topology optimization under random loads.  

The benefit of the proposed approach based on a CA generator, besides the 
possibility of obtaining fine optimal topologies, is also that mesh dependency, and 
the “grey areas” can be eliminated without using any additional filtering. 
Moreover, the presented algorithm is versatile, which allows for its easy 
combination with any structural analysis solver, built on the finite element method 
(FEM). The presented approach can also be applied to 3D problems. 
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Abstract: The optimal design for loads with multiple points of application is herein 

investigated by using a formulation of displacement-constrained minimum volume topology 

optimization. For each one of the several points in which a moving force may be applied, a 

static load case is introduced, and a local enforcement is implemented to control the relevant 

displacement. Inspired by some recent contributions in stress-based topology optimization 

of large-scale structures, an Augmented Lagrangian approach, is adopted to handle 

efficiently the arising multi-constrained problem, in conjunction with mathematical 

programming. The results of some numerical simulations are shown to comment on optimal 

shapes for loads with multiple points of application, as compared to classical solutions for 

fixed loads. 

Keywords: topology optimization; moving loads; local constraints; structural optimization 

1 Introduction 

Topology optimization is a design technique that allows investigating the optimal 

shape of structural components by distributing material within a given design 

domain, given a goal and a set of constraints [1] [2]. Among the others, the design 

performed by distribution of isotropic material is extensively adopted to investigate 

lightweight structures [3-5]. By selecting the density field as the unknown that 

governs pointwise the elastic modulus of the material, a minimization problem can 

be formulated adopting as objective function the work of the external loads at 
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equilibrium (the so-called structural compliance), while enforcing a constraint on 

the allowed amount of material (the available volume fraction). This is the well-

known volume-constrained minimum compliance problem [6]. Since the structural 

compliance equals twice the strain energy stored in the design domain, under the 

effect of any given load, this problem is in turn equivalent to searching for the 

distribution of an available amount of material that minimizes the strain energy, i.e. 

maximizes the overall structural stiffness. Minimum compliance problems may be 

solved very efficiently, see the recent contribution given in [7]. 

The design of two-dimensional structural components is addressed in the present 

work as a displacement-constrained minimum volume problem, focusing on the 

implementation of multiple constraints and load cases. Among the others, reference 

is made to [8-11] for discussions and reviews on displacement constraints in 

topology optimization, and to [12] for an insight on the optimal design including 

multiple loading. A displacement-constrained minimum volume formulation is 

ideally conceived to investigate lightweight design at the serviceability limit state. 

Indeed, displacement limits are prescribed for structural elements by technical 

codes, whereas the amount of material needed to fulfil these constraints is an 

outcome of the design problem. When the controlled displacement is that at the 

loaded point along the direction of the applied force, the work of the external load 

at equilibrium equals the scalar product of the controlled displacement and the 

applied force. In this case, the displacement-constrained minimum volume problem 

is equivalent to a classical volume-constrained minimum compliance problem.  

As discussed in [13], the same solution (up to a scaling) is expected to arise when 

considering either problem. This rationale does not apply when multiple loading or 

distributed loads are dealt with. 

Recent contributions in stress-constrained topology optimization, see in particular 

[14] [15], have shown that very large sets of local enforcements can be efficiently 

tackled by combining sequential convex programming and Augmented Lagrangian 

(AL) strategies, as an effective alternative to aggregation methods. Within the 

family of sequential programming approaches, the Method of Moving Asymptotes 

(MMA) [16] is widely adopted in structural optimization since it may linearize the 

objective function and the constraints not only in the direct variables but also in the 

reciprocal ones, see e.g. the discussion on topology optimization of elastic trusses 

in [17] and the application in [18]. In [14] an Augmented Lagrangian approach is 

proposed in which the original penalization term, see [19], is normalized with 

respect to the number of stress constraints. This approach is implemented herein to 

enforce a local control of the deflection when addressing loads with multiple points 

of application. When dynamic effects can be neglected, the case of a moving force 

may be handled as a set of several static load cases (describing successive positions 

of the load). A displacement constraint may be therefore implemented for each one 

of the load cases, to control the relevant displacement at the loaded node. Reference 

is also made to [20] [21], for examples of application of structural optimization on 

this topic. 
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While most of the methods available in topology optimization deal with volume-

constrained minimum compliance optimization, the proposed approach is 

concerned with the application of multiple local constraints to control the 

displacement field. Indeed, when dealing with the design of structural components 

at the serviceability limit state, prescriptions on the admissible deflection must be 

fulfilled. A peculiarity of the proposed approach consists in the adoption of the AL 

strategy to handle large sets of displacement constraints. Leveraging this 

framework, it is possible to control the deflection at each one of the loaded points 

when addressing distributed loads and (static) moving loads. The former case is 

frequently encountered in problems of structural design, see Figure 1(left): given a 

geometric domain with prescribed supports, the best shape is sought to carry a 

distributed load while fulfilling constraint for the deflection along the edge where 

the load is applied. The latter case is peculiar to the conceptual design of bridges or 

elements supporting overhead cranes, see Figure 1(right): the desired optimal shape 

must carry a load with multiple points of application, with full control of the 

deflection caused by the load in each one of its possible positions. 

 

Figure 1 

Design domain and boundary conditions for two problems of structural design: the case of distributed 

loads (left), and the case of (static) moving forces (right) 

It is finally stated that, accounting for the wide variety of topology optimization 

methods for structural design, see in particular [1, 3, 5], alternative strategies may 

be successfully implemented when modelling the problem and enforcing 

constraints. Among the others, reference is made to the use of polygonal finite 

elements in topology optimization to solve the elastic problem [22], thus 

minimizing any mesh-related polarization in the research of optimal distributions 

of material when using standard four-node elements, see also [23]. It is finally 

remarked that the uncertainty inherent in material properties, loads, and boundary 

conditions of any structural design problem can be conveniently embedded in the 

optimization, see e.g., the reliability-based topology optimization with 

displacement limit state function discussed in [24]. This topic will be object of 

future extensions of the method. 

The organization of the paper is as follows. Section 2.1 presents the displacement-

constrained formulation, whereas Section 2.2 gives details on the numerical 

implementation, including the computation of the sensitivity information by means 

of the adjoint method. In Section 3 numerical applications are shown pointing out 

mechanical features of the achieved optimal layouts. They are focused on simple 

examples (rather than industrial applications), due to the main goal of preliminary 

assessing the proposed method through benchmark. Finally, conclusions are drawn 

based on the outcome of the numerical tests. 
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2 Problem Formulation and Implementation 

When dealing with the considered multi-constrained problem of topology 

optimization, the finite element method is used to solve the governing equation, 

herein the linear elastic equilibrium. The element-wise constitutive properties of the 

material depend on the set of optimization unknowns through an interpolation law. 

A gradient-based minimization algorithm is used to iteratively update the unknowns 

in order to find the set that minimizes the objective function, accounting for the 

enforced constraints. In each step, a finite element analysis is performed to solve 

the elasticity problem with the current distribution of unknowns to compute updated 

information for the minimizer. 

2.1 Problem Statement 

Standard four-node displacement-based elements are used to get a discretization of 

a given design domain. A discrete design variable is assigned to each element.  

In the e-th of the n elements belonging to the mesh, 0  𝜌  1 is the so-called 

“density” of the material. Using the Solid Isotropic Material with Penalization 

(SIMP) [6][25], the constitutive matrix 𝑪ሺ𝜌ሻ reads:  𝑪ሺ𝜌ሻ ൌ 𝜌𝑪𝟎  𝑪𝒎𝒊𝒏 (1) 

where 𝑪𝟎 is the plane stress constitutive matrix at full density, 𝑪𝒎𝒊𝒏 ൌ 10ିଽ𝑪𝟎 

stands for “void” and p is an interpolation parameter that penalizes intermediate 

densities, see in particular [7]. In the numerical simulations, p is increased from 3 

to 9 during the optimization by means of the continuation approach used in the 

referenced work. 

The statement of the displacement-constrained problem of minimum volume 

topology optimization [12] is: 

൞ min
0𝜌𝑒1

𝑉 ൌ ∑ 𝜌𝑉,𝑛𝑒ൌ1

subject to ൫∑ 𝜌𝑒𝑝 𝑲0,𝑒𝑛𝑒ൌ1 ൯𝑼𝑗 ൌ 𝑭𝑗, for 𝑗 ൌ 1, . . . 𝑙𝑢  𝑢, , for 𝑖 ൌ 1, . . .𝑚 (2) 

In the above problem, the objective function is the volume of the structural element 𝑉. This may be computed through the sum over the contributions 𝜌𝑉,, being 𝑉, 

the volume of the e-th element at full density, that is for 𝜌 ൌ 1. 

The first constraint in Eqn. (2) prescribes the static equilibrium of the structural 

element under multiple load cases. The global stiffness matrix is given by the 

element contributions accounting for the constitutive law of Eq. (1). The element 

stiffness matrix reads 𝜌 𝑲,, where 𝑲, refers to 𝜌 ൌ 1. For the j-th of the l load 

cases, 𝑭 is the load vector, and 𝑼 is the relevant nodal displacement vector. 

Design-independent loads are dealt with in the numerical investigations that follow. 
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The i-th of the m displacement components to be controlled is denoted by 𝑢.  
The second constraint in Eqn. (2) enforces a prescribed limit 𝑢,. This quantity 𝑢, stands for the maximum value that the i-th displacement component is 

allowed to undergo at the serviceability limit state. Assuming that 𝑢 is an entry of 𝑼 , meaning that the i-th constraint refers to the j-th load case, one has: 𝑢 ൌ 𝑳் 𝑼 (3) 

where 𝑳 is a vector made of zeros with the exception of the entry referring to the 

i-th displacement degree of freedom, which takes unitary value. 

2.2 Numerical Details 

In this section, an insight is given on the treatment of the density field to avoid well-

known numerical instabilities while achieving crisp black/white layouts, and on the 

gradient-based approach used to handle the arising multi-constrained problem. 

2.2.1 Filtering and Projection 

A linear filter [26] [27] is implemented on the element variables 𝜌 to avoid the 

arising of checkerboard patterns and mesh dependence. The original variables 𝜌 

are mapped to the new set of 𝜌 as: 𝜌 ൌ ଵ∑ ுೞ ∑ 𝐻௦𝜌௦𝐻௦ ൌ maxሺ0, 𝑟 െ distሺ𝑒, 𝑠ሻሻ (4) 

where distሺ𝑒, 𝑠ሻ is the distance between the centroid of the e-th and s-th element, 

and 𝑟 is the filter radius, both entering the weight factor 𝐻௦. The filtered 

densities 𝜌 are subsequently mapped to the set of physical densities 𝜌ො to get crisp 

black/white solutions, see the projection proposed in [28]: 𝜌ො ൌ ୲ୟ୬୦ሺఉఎሻା ୲ୟ୬୦ሺఉሺఘିఎሻሻ୲ୟ୬୦ሺఉఎሻା ୲ୟ୬୦ሺఉሺଵିఎሻሻ  (5) 

with 𝜂 ൌ ሾ0,1ሿ and 𝛽 ൌ ሾ1,∞ሿ. In the numerical simulations, 𝜂 ൌ 0.5, whereas 𝛽 is 

smoothly increased during the run from 2 to 16, by means of the continuation 

approach used in [7]. The layout of the optimal solution is given using maps of 𝜌ො. 

2.2.2 Solving Algorithm 

The optimization problem in Eqn. (2) is solved via mathematical programming, 

using the Method of Moving Asymptotes (MMA) [16] as minimizer. Displacement 

constraints are treated following the Augmented Lagrangian method implemented 

in [14]. Constraints are gathered in a modified version of the objective function such 

that the problem is turned into an unconstrained minimization. At the k-th AL step, 

this objective function reads: 
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𝑉 ൌ 𝑉  ଵ∑ ቆ𝑎𝑖ሺ𝑘ሻ ௨௨,  ଵ
2
𝑏ሺ𝑘ሻ ൬ ௨௨,൰2ቇ𝑚𝑖ൌ1  (6) 

where 𝑎ሺሻ is the i-th entry of the vector of the Lagrangian multiplier estimators and 𝑏ሺሻ  0 is a penalty factor. MMA is used to find an approximate solution of the 

normalized function in Eqn. (6). This solution allows updating the current values of 

the estimators of the Lagrangian multipliers and the penalty factor for the 

subsequent AL step. In the numerical simulations, the number of MMA iterations 

per AL step has been set to 5. 

The overall process is repeated until convergence is met, i.e. the maximum 

difference in terms of the minimization unknowns between two subsequent steps is 

less than 10ିଷ. 

2.2.3 Sensitivity Computation 

The adjoint method is used to compute derivatives in order to provide the gradient-

based minimizer with the sensitivity with respect to the design variables, see e.g. 

[1]. Accordingly, 𝑢 of Eqn. (3) does not change when a zero function is added at 

the right hand side. Exploiting the discrete equilibrium in Eqn. (2), denoting by 𝑲ሺ𝝆ሻ the overal sriffenss matrix depending on the vector gathering the element 

unknowns, one may write: െ𝝀் ൫𝑲ሺ𝝆ሻ𝑼 െ 𝑭൯ (7) 

where 𝝀 is any arbitrary but fixed vector. After re-arrangement of terms, the 

derivative of 𝑢 with respect to the h-th entry of 𝝆 may be computed as: డ௨డఘ ൌ ቀ𝑳் െ 𝝀் 𝑲ሺ𝝆ሻቁ డ𝑼ೕడఘ െ 𝜆் డ𝑲ሺ𝝆ሻడఘ 𝑼 (8) 

that can be in turn written as: డ௨డఘ ൌ െ𝜆் డ𝑲ሺ𝝆ሻడఘ 𝑼 (9) 

In the above expression, 𝝀 satisfies the adjoint equation: 𝑲ሺ𝝆ሻ𝝀 ൌ ൬డ௨డ𝑼ೕ൰் ൌ 𝑳 (10) 

Eqn. (9) can be evaluated recalling that the derivative of the e-th element stiffness 

matrix with respect to 𝜌 is equal to 𝑝𝜌ିଵ 𝑲,, being 𝑲, the element stiffness 

matrix at full density. This sensitivity is null if  𝑒 ് ℎ. 

The derivatives with respect to the filtered variables 𝜌  and the physical ones 𝜌ො 

can be evaluated by applying the chain rule to Eqn. (4) and Eqn. (5), respectively. 

At each iteration in the process, only one matrix inverse must be computed to 

evaluate constraints and their sensitivities. This is because the linear systems in the 

first constraint of Eqn. (2) and Eqn. (11) share the same coefficient matrix 𝑲ሺ𝝆ሻ.  
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It is also remarked that this framework is ideally conceived for a straightforward 

implementation within commercial finite element codes, exploding their application 

programming interfaces, see e.g. [29]. 

3 Numerical Simulations 

Numerical simulations considering the optimal design under displacement 

constraints are presented in this section, dealing with fixed point forces, uniformly 

distributed loads, and forces with multiple points of application. The latter are 

referred to as moving point forces in the discussion that follows. 

In all the examples, the controlled displacements 𝑢 are those read at the m loaded 

nodes in the direction of the acting force. The limit 𝑢, is defined either as 𝛼𝑢,, 
i.e. 𝛼 times the value found at the same point in case of full material beam 𝑢,, or 

as 𝛼max 𝑢,. In the former case, the goal is reproducing the stiffness provided by 

a full material beam, with the scaling given by 𝛼. In the latter case, the bound of the 

displacement is the same for all the controlled points, as conventionally done in the 

assessment of structures at the serviceability limit state. In the numerical 

simulations that follow 𝛼 ൌ 1.50. 

Rectangular domain analyzed next have height equal to L and filter radius 

rmin=L/10. All the layouts presented next are respectful of all the enforced local 

constraints. Each solution is endowed with the value of the volume fraction of the 

material at convergence vf, that is the ratio of the last value of the objective function 

in Eqn. (2) to the volume of a full material beam. 

3.1 Cantilever Beam 

The first numerical investigation refers to a 3L × L cantilever beam that is fully 

clamped at the left side. A mesh of 300 × 100 four-node elements is used. At first, 

it is assumed that the specimen is acted upon by a vertical force located at the bottom 

right corner of the rectangular domain. According to Maxwell’s principle for 

elements in bending having constant cross-section, this is the location of a vertical 

force moving along the bottom side of the rectangular domain, such that the 

deflection of the element is the largest one. The formulation in Eqn. (2) is 

implemented considering one load case (l = 1) and controlling the vertical 

component of the displacement read at the loaded point, that is the lower corner of 

the tip (m = 1). The achieved design is the truss-like structure shown in Figure 2. 

The volume fraction is vf = 0.50. This means that only half of the material making 

a full material beam is needed if an increase by half in the deflection is allowed. 
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Figure 2 

Cantilever beam: optimal design considering a force applied at the tip (vf = 0.50) 

A second investigation is performed considering a uniformly distributed load acting 

all over the lower side of the rectangular domain. A set of constraints is enforced in 

the formulation of Eqn. (2) to control the vertical displacement at each one of the 

loaded nodes within the same load case (l = 1, m = 300). The optimal layouts that 

are found by enforcing the same ulim throughout the span (𝛼max 𝑢,) and by 

implementing the varying ulim (𝛼𝑢,), are shown in the left and right picture of 

Figure 3, respectively. 

  

Figure 3 

Cantilever beam: optimal design considering a uniformly distributed load, for the same ulim all over the 

span (left, vf = 0.40), and varying ulim to approximate the deflection of a full beam (right, vf = 0.50) 

The relevant deformed shapes are sketched in Figure 4, along with a horizontal line 

representing the quantity 𝛼max 𝑢,. In the latter case, the design is heavier than in 

the former (vf = 0.50 vs. 0.40) due to the stricter displacement constraints. Indeed, 

almost one half of the bottom side of the domain lies along the line representing the 

quantity 𝛼max 𝑢, in the former case, whereas in the latter such a deflection is 

allowed at the tip only. 

  

Figure 4 

Cantilever beam: deformed shapes of the layouts achieved considering a uniformly distributed load: 

same ulim all over the span (left), and varying ulim to approximate the deflection of a full beam (right) 

Two additional simulations are set to investigate the difference between 

displacement-constrained minimum volume optimization and volume-constrained 

minimum compliance design. Minimum compliance layouts are found using as 
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input the volume fractions found in output for the minimum volume layouts of 

Figure 3. The optimal layouts (in their deformed configuration) for vf = 0.40 and vf 

= 0.50 are represented in the left and right picture of Figure 5, respectively. In both 

pictures, the horizontal line representing the quantity 𝛼max 𝑢, already used in 

Figure 4 is reported to check the deformability. The achieved minimum compliance 

layouts have some similarity with the minimum volume design approximating the 

deflection of a full material beam, see Figure 3 (right). However, as expected, 

neither of them is stiff as the solutions found by enforcing a local control of the 

displacement field. 

  

Figure 5 

Cantilever beam: deformed shapes of the minimum compliance layouts achieved considering a 

uniformly distributed load and prescribing: vf = 0.40 (left), and vf = 0.50 (right) 

Finally, the optimal design in case of a point force moving along the lower side of 

the geometrical domain of the cantilever is considered. This may be simply 

implemented in Eqn. (2) by defining a load case for each one of the nodes belong 

to the load path of the point force (l = 300), and by controlling the relevant 

displacement at the loaded node (m = 300). Along the lines of the simulations 

performed in case of uniformly distributed load, two optimization strategies have 

been tested. The picture on the left in Figure 6, is the layout achieved by enforcing 

the same displacement limit all over the load cases (𝛼max 𝑢,). The optimal design 

has the same volume fraction of the optimal design found in the case of a specimen 

loaded by a vertical force at the tip. However, it has less and thicker members than 

the layout in Figure 2. Dealing with the moving force, a subsequent optimization is 

performed using the varying ulim that is aimed at reproducing the deflection of a full 

material beam (𝛼𝑢,). A much heavier design arises in this case to fulfil the stricter 

deflection constraints, see the picture on the right in Figure 6. 

  

Figure 6 

Cantilever beam: optimal design considering a moving vertical force, for the same ulim throughout the 

span (left, vf = 0.50), and varying ulim to approximate the deflection of a full beam (right, vf = 0.58) 
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3.2 Single Span Beams 

In this section the displacement-constrained minimum volume design is 

investigated dealing with single span beams occupying a rectangular domain with 

size 6L × L. A mesh of 600 × 100 four-node elements are used. Forces are applied 

at the lower side of the rectangular domain. 

At first, the case of simply supported beam is considered. Figure 7 gathers pictures 

representing the optimal layouts found when considering a force applied at midspan 

(top), a uniformly distributed load (center), and a moving vertical force (bottom). 

The last two layouts have been found by enforcing the same displacement limit all 

over the loaded points (𝛼max 𝑢,). The optimal design achieved in case of 

uniformly distributed load takes full advantage of the symmetry of the load and of 

the low value of the shear force around midspan. The solution found for the moving 

force is a more branched variation of that found considering a force applied at 

midspan. Indeed, this is the location of the point force for which the deflection is 

the largest in a beam with uniform cross section. The achieved design costs a very 

minor increase in terms of volume fraction (vf = 0.52 vs. 0.50). 

Then, the case of a two hinged beam is analyzed, considering the same loads and 

optimization problems already implemented for the simply supported beam.  

The achieved results are given in Figure 8. The optimal layout found for the 

uniformly distributed load is an efficient arch-like structure with inclined ties, a 

widely implemented solution in bridge design. In the solution found considering a 

force applied at midspan, the point load hangs from a central stiff region that is 

supported by two inclined struts. This layout cannot accommodate effectively 

forces with different point of applications. Indeed, the optimal solution found for 

the moving point force is a much heavier structure: the arch already exploited in the 

design for the uniformly distributed load is here endowed with a strut-and-tie sub-

structure that supports the point force all over its path. 

 

 

 

Figure 7 

Simply supported beam: optimal design considering a force applied at midspan (top, vf = 0.50), a 

uniformly distributed load (center, vf = 0.37), and a moving vertical force (bottom, vf = 0.52) 
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Figure 8 

Hinged beam: optimal design considering a force applied at midspan (top, vf = 0.42), a uniformly 

distributed load (center, vf = 0.36), and a moving vertical force (bottom, vf = 0.53) 

3.3 Two-Span Beam 

A two-span beam is considered adopting the same mesh used in the previous 

example. An additional support is added in the middle of the lower side. At first the 

optimal design is dealt with considering a uniformly distributed load applied at the 

lower edge all over the two spans (l = 1 and m = 598). The same displacement limit 

(𝛼max 𝑢,) is enforced at all the loaded points. The optimal design is represented 

in the top picture of Figure 9. The arm between the upper and the lower chord of 

the structure is in good agreement with the diagram of the bending moment of a 

two-span beam made of full material. To maximize the deflection, an alternative 

load scenario could be conveniently considered. The optimal design shown in the 

bottom picture of Figure 9 concerns the implementation of two load cases.  

The uniformly distributed load acts in one span at a time, i.e. l = 2 and m = 598, 

with half of the constraints referring to the points loaded in the left span (first load 

case) and half to the points loaded in the right span (second load case). In each of 

the two spans the design is quite similar to that found for the simply supported beam, 

see Figure 7 (center). 

The last set of investigations refers to a moving point force whose path is the lower 

side of the rectangular domain. This is implemented in Eqn. (2) by defining a load 

case for each one of the nodes belonging to the path followed by the point force (l 

= 598) and by controlling the relevant displacement at the loaded node (m = 598). 

As done in Section 3.1, two optimization strategies have been tested. 
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Figure 9 

Two-span beam: optimal design considering a uniformly distributed load acting on both spans 

simultaneously (top, vf = 0.46), and acting in one span at a time (bottom, vf = 0.50) 

In Figure 10 the optimal layout achieved by enforcing the same displacement limit 

all over the load cases (𝛼max 𝑢,) is represented. In Figure 11 the optimal design 

achieved by enforcing the varying ulim that is aimed at reproducing the deflection of 

a full material beam (𝛼𝑢,) is given. In both figures a map of the vertical 

displacements computed at the varying loaded point is provided, along with a plot 

of the fixed/ varying ulim. Although the optimal layouts are quite similar in terms of 

topology and volume fraction (vf = 0.62 vs 0.65), the relevant displacement plots 

are quite different. While most of the deck undergoes the maximum allowed 

displacement in the former case, a smoother variation is found, as expected, in the 

latter. 

  

  

Figure 10 

Two-span beam: design considering a moving vertical force and the same ulim throughout the spans (vf 

= 0.62): optimal layout and displacement computed at the varying loaded point 
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Figure 11 

Two-span beam: design considering a moving vertical force and a varying ulim aimed at approximating 

the deflection of a full beam (vf = 0.65): optimal layout and displacement computed at the varying 

loaded point 

Conclusions 

A formulation of topology optimization, by distribution of isotropic material, has 

been proposed, searching for structures of minimum volume subjected to multiple 

displacement constraints. The same problem can deal with fixed point or distributed 

loads and forces with multiple points of application. Indeed, for each one of the 

several points, in which a moving force may be applied, a local enforcement may 

be used to control the relevant displacement. 

Following recent contributions addressing stress-based topology optimization of 

large-scale structures, a modified Augmented Lagrangian approach has been 

implemented, in conjunction with sequential convex programming, to handle the 

arising multi-constrained problem, in an efficient way. 

Numerical simulations have been shown to elaborate on optimal design with 

multiple displacement constraints. Two strategies have been tested to formulate 

enforcements regarding the deflection: as conventionally done at the serviceability 

limit state, the same upper bound of the displacement can be used for all the 

controlled points. Alternatively, a varying limit may be used to mimic the stiffness 

provided by a full material beam. Optimal solutions for moving loads have been 

compared to classical solutions for fixed loads, both point forces and distributed 

loads. In a few examples, the optimal topology for moving loads was found to be a 

slightly heavier variation of the topology obtained for a single force applied where 

the maximum deflection was expected (see results concerning the cantilever beam 

and the simply supported beam). However, alternative layouts may arise to provide 

the required support along the entire load path (see results on the two hinged beam). 

It is also remarked, that the strategy adopted to enforce deflection constraints 

remarkably affects, as expected, the displacement read under the moving force (see 

results on the two-span beam). 
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The proposed design tool can be conveniently used to sketch preliminary solutions 

for any load conditions and restraint configurations. It is finally remarked that the 

considered multi-constrained formulation could be effectively augmented with 

other types of enforcements, such as buckling constraints and stress constraints, 

with the main aim of designing effective structural components [30]. The ongoing 

research is devoted to the extension of the proposed approach to multiscale design, 

moving from a deterministic framework, to a probabilistic one, implementing the 

methods proposed in [31-33]. 
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Abstract: In this study, an investigation regarding optimal elastic-plastic analysis method of 

different reinforced concrete (RC) structures is held by applying the residual plastic 

deformations limitations on the steel bars inside the reinforced concrete. Where different 

structures, including simple beam and slab, are selected as benchmarks and modelled 

numerically using ABAQUS in order to calibrate their experimental behaviour according to 

laboratory tests. Furthermore, concrete damage plasticity (CDP) constitutive model was 

applied to represent concrete behaviour in the numerical models considered. Then, an 

objective function was established for optimizing the applied plastic loads for each structure 

where the process of controlling plastic deformations was carried out by applying constraints 

on the complementary strain energy of the residual internal forces initiated inside the steel 

bars. This methodology was applied by authors by writing MATLAB code and linking it with 

ABAQUS to determine the corresponding applied plastic load for each entered 

complementary strain energy. Generally, applying optimization problem for each model 

showed that the complementary strain energy of the residual forces reflects the general 

behaviour of the structures and may be assumed as a constraint controlling the plastic 

behaviour of the structures whereas the obtained results indicated how structures acted 

differently when possessing different complementary strain energy values turning from 

elastic into elasto-plastic condition and then reaching plastic state. 

Keywords: optimal analysis; non-linear elasto-plastic analysis; complementary strain 

energy; reinforced concrete beam; reinforced concrete slab; limited residual plastic 

deformations 

1 Introduction 

Composite steel-concrete structures represent an efficient and economical form of 

construction for building and bridge applications leading to economical and 

efficient structural solutions. Therefore, steel behaviour is carried out in different 

cases and investigations [1, 2, 3, 4, 5]. On the other hand, controlling steel 

deformation is one of the most typical problems within metals processing where the 
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influence of residual stresses on fatigue behaviour is regarded as an essential issue 

to control the steel behaviour. Over the last few years, an increasing number of 

investigations have been held out to understand the effects of residual stresses and 

deformations on mechanical performance, Christidis et al., [6] proposed an efficient 

and simple method for specifying ultimate seismic displacements generated in steel 

frames caused by the residual deformation by investigating the non-elastic 

behaviour of various steel frames subjected to powerful ground movements. 

Therefore, based on comprehensive parametric investigations, observed equations 

are made to determine the seismic displacement that can be calculated after 

powerful seismic possibilities. And as a result, the usage of residual deformations 

could be effectively employed to estimate the performance status of steel structures 

after an earthquake. Generally, Residual stresses appear in numerous simulated 

structures and features so a large number of researches investigated this 

phenomenon. Gradually, various techniques have been created to calculate residual 

stress for diverse kinds of elements to get a dependable estimation. The different 

techniques have developed over many years and their applications have 

significantly aided by the growth of complementary methods like computing power 

and numerical methods. Rossini et al., [7] classified the various residual stresses 

measuring techniques and provided a summary of some recent advancements to 

assist investigators in choosing their methods between destructive, semi-

destructive, and non-destructive methods depending on the application and the 

availabilities of the methods. Considering extensive parametric research on 

structures with a single degree of freedom structures, Hatzigeorgiou et al. [8], 

constructed practical formulas for an uncomplicated and adequate calculation of the 

maximum seismic deformation using residual displacements, that can be computed 

after powerful seismic events. 

As for concrete, it is major to understand the behavior of this essential material, that 

is why, different researchers considered studying concrete properties 

experimentally and numerically [9, 10, 11]. The concrete damaged plasticity model 

(CDP) is presently one of the considerable concrete models employed for concrete 

simulation in ABAQUS. This model was described theoretically by Lubliner et al. 

in 1989 [12] then developed by Lee and Fenves in 1998 [13]. Where the model 

basically illustrates that there are two damage mechanisms including tensile 

cracking and compressive crushing of concrete, where the stiffness of the material 

is decreased by two damage parameters, individually for tension and compression, 

also the yield function is defined according to Lubliner [12] while the flow potential 

is a hyperbolic function [14]. Michał and Andrzej, [15] used the concrete damaged 

plasticity model (CDP) for modeling reinforced concrete structures using ABAQUS 

software. Performing numerical simulations concerning uniaxial and biaxial 

compression and uniaxial tension of a sample concrete specimen to be compared 

with experimental results. While, Shafieifar et al., [16] determined the tensile and 

compressive behaviour of ultra-high-performance concrete using the Concrete 

Damage Plasticity model (CDP) to define concrete performance in the absence of 

sufficient experimental data. 
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Plastic analysis and design methods are used when there are several engineering 

issues during the analysis and design of structures subjected to normal loads 

supplying details of the collapse and the post-yield behaviour benefiting in savings 

in materials. The optimal plastic design aims to make use of the plastic reserve of 

structures and to specify the optimal configuration of the material leading to a 

decrease in the overall weight or improving the load-carrying capacity. However, 

repeated plastic deformations and extreme residual displacements could be gathered 

and the structure might become unworkable. That is why limitations for the residual 

strains and displacements have to be involved in plastic analysis and design 

enabling the controlling of the plastic behaviour in structures. 

As one of the oldest branches of mathematics, optimization theory catalyzed the 

development of geometry and differential calculus as it finds applications in a 

myriad of scientific and engineering disciplines [17, 18, 19]. Kaliszky and Logo, 

[20] presented three appropriate methods for the finding the optimal material form 

in the case of elasto-plastic structures under extreme loading. In meanwhile, Rohan 

and Whiteman [21] stated that the problem of optimal design belongs to a branch 

of the optimal control hypothesis that the control variable specifies the geometry of 

the issue aiming to find the shape of a compliant body so that an objective function 

reaches its minimum over an admissible set, where the general objective function 

affects both the state variables and the control variables as design parameters.  

As shape optimization for elastic deformation is easier than the elasto-plastic case, 

sensitivity analysis and optimization of elasto-plastic bodies are held as isotropic 

strain hardening takes place where the elasto-plastic behaviour of the material is 

controlled by a non-linear complementarity problem. Wang and Ohmori [22] 

utilized a cumulative elasto-plastic analysis approach forecasting the factor of the 

collapse load applied on a truss. The acquired factor of the collapse load is included 

in truss optimization used to develop the truss that keeps load-carrying capacity 

underneath standard load conditions and avoids collapse. 

On the other hand, some applications of nonlinearity and concrete behavior were 

considered where Sae-Long et al. [23] suggested an efficient frame model with the 

inclusion of shear-flexure interaction for nonlinear analyses of columns normally 

presented in reinforced concrete (RC) frame buildings built prior to the introduction 

of modern seismic codes in the Seventies. While He et al. [24] considered the 3D 

printing procedure as a discontinuous control system and gave a straightforward and 

readable bond stress-slip model for a new and intelligent building 3-D printed 

concrete. 

Besides, delivering a method for efficient prediction of areas in the structure as high 

stresses that lead to plastic deformation will occur. Where Strzalka et al. [25] 

proposed an investigation concentrated on the exploration of an efficient method 

for the a priori detection of a structural component’s highly stressed areas. While 

an efficient method for the a priori detection of highly stressed areas of force-

excited components was presented by Strzalka and Zehn [26], based on modal stress 

superposition. As the component’s dynamic response and related stress are always 



S. Khaleel Ibrahim et al. Optimal Elasto-Plastic Analysis of Reinforced Concrete Structures  
 under Residual Plastic Deformation Limitations 

‒ 48 ‒ 

a function of its excitation, where certain attention is paid to the effect of the loading 

position. 

This study aims to introduce a novel optimal elasto-plastic analysis method aiming 

to put the plastic behaviour of reinforced concrete structures under control by 

restraining the residual plastic deformations initating inside the steel bars of two 

selected models, a reinforced concrete beam [27] and a reinforced concrete slab 

[28], employing complementary strain energy of residual forces which is considered 

globally displacement limitation. Thereafter, these chosen structures were 

numerically calibrated using ABAQUS and CDP model [14], which defines the 

concrete damage developed in the structures. The used method is extended from the 

work originally produced by Kaliszky and Lógó [29]. Generally, the work in this 

study includes considering an objective function to optimize the applied plastic load 

assuming that the complementary strain energy is a constraint controlling the plastic 

behaviour of steel bars. Then, the authors created a non-linear optimization 

programming code using MATLAB and this was connected to the numerical 

models calibrated in ABAQUS where residual stresses were calculated after 

running the code for each increment in order to achieve the optimal load values, 

after that, the complementary strain energy was calculated and a comparison with 

the allowed value set in the MATLAB code was considered to investigate the 

influence of the complementary strain energy on the plastic limit of structures 

loading bearing capacity. 

The structure of this paper includes the numerical modelling procedure of the two 

benchmarks in Section 2, while Section 3 has a clear description of the limited 

residual plastic deformation approach applied on steel bars. furthermore, Section 4 

contains the formulations of the optimization problem, while Section 5 presents a 

summary of results and explanations of the optimized structures. Eventually, 

conclusions are demonstrated in Section 6. 

2 Numerical Calibration of the Structures 

2.1 Simple Reinforced Concrete Beam Case 

Simply supported reinforced concrete beam model having concrete strength of 25 

MPa was considered in this section [27]. The test programs consisted of 

manufacturing and testing RC beam with rectangular cross-section of 250 mm x 

350 mm and a length of 2500 mm, under four-point load as displayed in Fig. 1 

where the details of the chosen model S20-1 are clarified. Sequentially, this beam 

was calibrated by ABAQUS as indicated in Fig. 2 using the CDP model to define 

concrete behavior where a 3D eight nodes solid element (C3D8) was used to 

represent concrete, while the reinforcement bars were represented as a 3D beam 

element with a 2-node linear beam in space (B31). Consequently, crack patterns and 
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load-deflection curves were acquired as illustrated in Figs. 3 and 4, which clearly 

show that the numerical results are agreeing with the experimental results given by 

the study. 

Figure 1 

Details of S20-1 model 

Figure 2 

S20-1 numerical modelling 

 
Figure 3 

Crack patterns of S20-1 model 

 
Figure 4 

Load-Deflection relationship for S20-1 model 
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2.2 Reinforced Concrete Slab Case 

In this section, a one-way reinforced concrete slab model (SP1) was considered [28] 

with 1750 mm in length, 700 mm in width, and 100 mm in depth. The slab was 

tested under two-point load with 500 mm load distance, and supported with a clear 

span of 1725 mm, also, the reinforcement bars were 8 mm in diameter. Fig. 5 shows 

the model properties where this model was calibrated using ABAQUS by applying 

a 3D eight nodes solid element (C3D8) to represent the concrete, while as the 

reinforcement bars were represented as a 3D beam element with a 2-node linear 

beam in space (B31) as shown in Fig. 6. As a result, crack patterns and load-

deflection curves were obtained for the slab as displayed in Figs. 7 and 8, and these 

results are compatible with the experimental results offered by the study. 

 

Figure 5 

Details of SP1 model 

 
Figure 6 

Numerical modelling of SP1 



Acta Polytechnica Hungarica Vol. 20, No. 1, 2023 

‒ 51 ‒ 

 

Figure 7 

Crack patterns for SP1 model 

 

Figure 8 

Load-Deflection relationship for SP1 model 

3 Limited Residual Plastic Deformation Theory 

Applied on Steel Bars 

Presenting the Euler notation, assume a body formed of elasto-plastic, time- and 

temperature-independent material with volume V and surface 𝑆. A part of 𝑆, 𝑆௨ is 

under zero surface displacements, whilst the remaining part 𝑆, is under quasi-static 

surface tractions 𝑞 ሺ𝑡ሻ. The subsequent amounts regarding the surface tractions 𝑞 ሺ𝑡ሻ are described at time 𝑡, as [30, 31]: 𝜎ሺ𝑡ሻ = actual stresses, 𝜖ሺ𝑡ሻ  and 𝑢ሺ𝑡ሻ = actual strains and displacements, 𝜎ሺ𝑡ሻ  = fictitious stresses that would occur if the material were purely elastic, 
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𝜖ሺ𝑡ሻ and 𝑢ሺ𝑡ሻ = fictitious elastic strains and displacements corresponding to 𝜎ሺ𝑡ሻ, besides, the following different self-stress distributions are introduced: 𝜎ோሺ𝑡ሻ  = actual residual stress distribution, 𝜎തோ = any arbitrary, time-independent self-stress distribution. 

The real strain is divided into elastic and plastic parts, as shown in Eq. (1). Devoting 

the latest notation, the elastic strain parts are linked to real stresses by the 

constitutive law, 𝜖 ൌ 𝜖  𝜖                                                  (1) 𝜖 ൌ 𝐶𝜎                                                   (2) 

As the plastic strain 𝜖  and the elastic tensor 𝐶  are expressed by the 

accompanied flow rule, 

       𝜖 ൌ 𝜆 డడఙೕ ,     𝜆  0 if 𝑓 ൌ 0 and 𝑓ሶ ൌ 0,    otherwise  𝜆 ൌ 0                  (3) 

here 𝑓ሺ𝜎ሻ is the yield function and 𝑓ሺ𝜎ሻ = 0 defines a convex surface in the stress 

space. 

Yet, the fictitious elastic stresses 𝜎ሺ𝑡ሻ, the actual stresses 𝜎ሺ𝑡ሻ, and the actual 

residual stresses 𝜎ோ should fulfill the next relation: 

        𝜎ሺ𝑡ሻ ൌ 𝜎ሺ𝑡ሻ  𝜎ோ                                                 (4) 

here 𝜎ሺ𝑡ሻ is related to the fictitious elastic strain 𝜖ሺ𝑡ሻ by the constitutive law, 𝜖ሺ𝑡ሻ ൌ 𝐶𝜎ሺ𝑡ሻ.                                                 (5) 

Assume the entire complementary plastic work 𝑊ሺ𝜏ሻ achieved during a load path 

from the undisturbed state at 𝑡 = 0 up to 𝑡 = 𝜏. This outcome could be regarded as 

an appropriate measurement in evaluating the plastic behaviour and general plastic 

deformation of an elasto-plastic body. Its upper bound can be acquired by the 

subsequent theory presented by Capurso [32, 33] and Capurso et al. [34, 35]. 

If any time-independent distribution of self-stresses 𝜎തோ could be discovered so that 

the situation: 

          𝑓൫𝜎ாሺ𝑡ሻ   𝜎തோ൯  0                                              (6) 

is satisfied in V at any time 𝑡  𝜏, then the total complementary plastic work is 

upper bounded by the condition: 

      𝑊ሺ𝜏ሻ  ଵଶ𝐶  𝜎തோ 𝜎തோ  𝑑𝑉.                                      (7) 
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It can be seen that the bound may be enhanced using the proper selection of ( 𝜎തோ) 

[32, 33]. Considering the bound on the complementary plastic work illustrated by 

Eq. (7). To stop excessive plastic deformations, set a suitably selected allowed 𝑊 

on the plastic work 𝑊. The boundaries of the plastic deformations are defined by 

the existent residual stresses; i.e., it is assumed that:                                                            

    𝜎തோ ≡ 𝜎ோ .                                                     (8) 

This assumption delivers a reasonable upper bound and permits a proper form of 

the issue. Thus, the plastic deformation constraint will be: 

              𝑊ሺ𝜏ሻ ൌ ଵଶ 𝐶 𝜎ோ 𝜎ோ𝑑𝑉 െ  𝑊   0.                              (9) 

Consequently, a proper computational approach was suggested that the 

complementary strain energy of the residual forces may be described as a general 

measure of the plastic behaviour of structures whereas the residual deformations are 

needed to be restrained using boundaries for such energy amount. Eq. (9) were 

created regarding the case of bar elements, the complementary strain energy is 

calculated by the residual forces as the following: 𝑊 ൌ ଵଶ  ∑ ୪  𝑁ோమ  𝑊୬୧ୀଵ                                  (10) 

where 𝑊 is a suitable permissible energy value for 𝑊 and can be derived from 

the elastic strain energy of the structure (see, e.g., Kaliszky and Lógó [36]). Also, 𝑙 , ሺ𝑖 ൌ 1, 2, … ,𝑛ሻ  represents the length of the member (bar elements), while the 

area of bar elements cross-section is represented by, 𝐴 , ሺ𝑖 ൌ 1, 2, … ,𝑛ሻ  while  𝑁ோ 

denotes the residual force of the bar members and E is Young's modulus of the 

material of bars. By applying Eq. (10), the plastic deformations of bar elements are 

limited as a suitable limited value 𝑊 is presented. 

Besides, the residual forces 𝑁ோ  that held in the structure after finishing the 

unloading are introduced by the internal plastic force 𝑁 which will occur in the 

structure by applying the loading 𝑃 and the elastic internal forceെ𝑁: 𝑁ோ ൌ 𝑁 െ 𝑁                                           (11) 

where: 

                                           𝑁 ൌ 𝐹ିଵ𝐺்𝐾ିଵ𝑃                                                    (12) 

Where the flexibility matrix is represented by F; whilst the geometrical matrix is 

denoted by G; moreover, the stiffness matrix is represented by K. Mainly, this 

approach will be used on the steel bars used to reinforce the RC structures for 

controlling the plastic deformation developed within, nevertheless, the internal 

forces generated in the concrete are not counted during the optimization problem 

because of its weak contribution in tension if compared with steel. 
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4 Optimization Problem 

The mathematical equation to determine the optimal load value of RC structures is 

arranged in this part. A non-linear optimization approach is proposed to obtain the 

maximum optimal plastic load (𝐹) applied to the selected models, employing the 

extremum plasticity principles, the step-by-step redeveloped constitutive elements 

are not needed. The next equations represent the elements employed in the 

optimization code where the purpose is to maximize the applied load (𝐹) whilst 

the plastic deformation is controlled (𝑊 value) using the constraints provided, 

also, 𝐴  and 𝑙 describe the cross-section area and length of each steel element, 

respectively. 𝑀𝑎𝑥.  →  𝐹 (13a) 

 𝑆𝑢𝑏𝑗𝑒𝑐𝑡𝑒𝑑 𝑡𝑜:  𝑁 ൌ  𝐹ିଵ𝐺𝐾ିଵ𝑃; (13b) 

െ𝑁തതതതത   𝑁   𝑁തതതതത; (13c) 

 

1

2E
  l୧𝐴  𝑁ோమ  𝑊୬
୧ୀଵ . 

(13d) 

 

Eq. (13b) shows the estimation of the elastic fictitious internal normal forces 

developed in the steel elements, whilst the inequality Eq. (13c) indicates the lower- 

and upper-plastic limit conditions, whereas 𝑁തതതതത represents the ultimate plastic limit 

load. Furthermore, boundary Eq. (13d) shows the complementary strain energy of 

residual forces employed for controlling the plastic deformations in steel elements 

as a globally known measurement of plastic behaviour of the structures. Fig. 9 

describes the procedure of the optimization problem as the CDP parameters used in 

the optimization problem are regarded constants. 

Essentially, the boundary of plastic deformation employing complementary strain 

energy is used on steel bars located inside RC structures for controlling the plastic 

deformation developed within. However, the internal forces developed in the 

concrete are not included during the optimization process due to its weak 

contribution in tension in comparison with steel where it is comprehended that 

tension strain in steel is higher than tension strain in concrete that can drive the early 

collapse of concrete subjected to tension condition. 
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Figure 9 

Optimization problem process 

5 Results and Discussions 

5.1 Simple Reinforced Concrete Beam Case 

In this part, the results of having reinforced concrete beam are presented and 

discussed. Apparently, Fig. 10 displays the load-𝑾𝒑𝟎 relationship for S20-1 beam 

noting that as 𝑾𝒑𝟎 value increases, the related load is increasing too showing a 

higher plasticity condition. When 𝑾𝒑𝟎 value is zero, the curve is within an elastic 
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state, nevertheless, the curve starts pushing towards the plastic state when 𝑾𝒑𝟎 value increases. 

Additionally, Table 1 demonstrates steel stress intensity for the model assuming 

different cases of 𝑾𝒑𝟎, and it is clear that the red spots that symbolize high-stress 

intensity in steel are increasing as 𝑾𝒑𝟎value increases as the colour varies from 

blue (low-stress intensity in steel) into red (high-stress intensity in steel). 

Eventually, having such results proves the effectiveness of the complementary 

strain energy as a plasticity controller that makes it possible in expecting and 

controlling the plastic failure behaviour of the beam. 

 
Figure 10 

Load-𝑾𝒑𝟎 relationship for S20-1 model 

Table 1 𝑊𝑝0 - load effect on the stress intensity of S20-1 model 𝑾𝒑𝟎 (N.mm) P (kN) Stress intensity 

0 300 

 

  > 0.9  

  < 0.05  



Acta Polytechnica Hungarica Vol. 20, No. 1, 2023 

‒ 57 ‒ 

5.5 370 

 

113 420 

 

440 425 

 

1200 427 

 

5.2 Reinforced Concrete Slab Case 

The results of having reinforced concrete slab are illustrated and discussed in this 

section where it is worth mentioning that the bars in the long direction are not 

yielded in this case as the slab is working as a one-way slab. Apparently, Fig. 11 

shows the load-𝑾𝒑𝟎 relationship for the selected slab noting that by the increment 

  > 0.9  

  < 0.05  

  > 0.9  

  < 0.05  

  > 0.9  

  < 0.05  

  > 0.9  

  < 0.05  
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of 𝑾𝒑𝟎 value, the corresponding load is increasing too indicating that higher 

plasticity state is acquired that when 𝑾𝒑𝟎 value is zero, the curve act in elastic 

condition, yet, the curve begins proceeding towards plastic state as 𝑾𝒑𝟎value 

growths. 

For more explanations, Table 2 displays steel stress intensity for SP1 model 

considering various possibilities of 𝑾𝒑𝟎, and by comparison, it is detected that the 

red spots that shows high-stress intensity in steel, increase when 𝑾𝒑𝟎 value 

increases as the colour goes from blue (low-stress intensity in steel) into red (high-

stress intensity in steel). So, having such outcomes proves the usefulness of the 

complementary strain energy as a plasticity controller which makes it likely in 

predicting and controlling the plastic failure behaviour of the slab. 

 
Figure 11 

Load-𝑾𝒑𝟎 relationship for SP1 model 

Table 2 𝑊𝑝0 - load effect on the stress intensity of SP1 model 𝑾𝒑𝟎 (N.mm) P (kN) Stress intensity 

0 70 

 

  > 0.9  

  < 0.05  
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2 125 

 

60 155 

 

Conclusions 

In this investigation, the optimal analysis problem of RC structures was studied. 

Thus, a numerical calibration process was carried out in order to validate the two 

benchmarks selected from earlier studies [27, 28] where the concrete damage 

plasticity (CDP) constitutive model was employed to define the behaviour of the 

used concrete. Sequentially, an optimization problem was used to maximize the 

plastic loading while controlling the plastic deformations by employing the 

complementary strain energy of the residual internal forces 𝑾𝒑𝟎 as a constraint. 

Eventually, different points were concluded whereas 𝑾𝒑𝟎  value increases, the 

corresponding load is increasing too indicating that a higher plasticity state is 

acquired. Moreover, when 𝑾𝒑𝟎 value is small, the curves are within elastic region, 

nonetheless, the curves start moving towards plastic region as 𝑾𝒑𝟎 value increases. 
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Abstract: The purpose of the paper is to develop methods of entropy application for 

simulation of the ballast layer operation of a railway track in the tasks of predicting and 

controlling the service life. The author developed a method for determining the entropy of 

the ballast layer as an element of a railway track through calculations of the mechanical 

work performed by ballast as a result of the reaction to an external load. To determine the 

array of stresses and deformations operating in the ballast layer space, the spatial model of 

the stress-strained state of a railway track based was used on the elastodynamic problem. 

The major part of the developed method is supplemented by the technique of assessing the 

entropy of a system according to the deviation measuring results in its geometric position. 

The geometric position of a railway track was measured by a track renewal train. Files 

archiving to determine the randomness of data recorded in them were carried out using the 

LZMA algorithm. The tasks of predicting and controlling the service life of ballast have 

been further developed. The usage of entropy has allowed simulating the ballast 

degradation as a random process that depends on cyclic stresses and deformations arising 

in ballast from rolling stock. For the first time, the method of assessing the quality of the 

track surfacing through the entropy of the ballast layer is proposed. The developed 

mathematical tool may be used to compare the service life of ballast in various operating 

conditions, which allows optimizing consistency between the track design and parameters 

of train movements. 

Keywords: railway; ballast; entropy; stress-strained state; track state 

1 Introduction 

The railway track, like any engineering structure, has a certain operational 
resource. Forecasting resource exhaustion is a key tool for planning the frequency 
of repairs, organizing current maintenance, and, in general, establishing 
reasonable operating conditions that could meet both the technical capabilities of 
the railway and economic feasibility. 



D. Kurhan Entropy Application for Simulation the Ballast State as a Railway Element 

 – 64 –

At present, the main criterion for justifying the compliance of the railway structure 
with the operating conditions and forecasting inter-repair time is the passed 
tonnage. However, this approach does not take into consideration the structure of 
the train flow and excludes the possibility of assessing the impact of certain 
categories of trains. It is clear that there are cases when, with the same general 
load intensity, the impact of rolling stock on the track, and, accordingly, the 
timing of the disorder in its elements, would be different. First of all, it concerns 
main directions with the movement of passenger trains at high speeds, or freight 
trains with a large axle load, or tracks at industrial enterprises with special-
purpose rolling stock. 

To take such features into consideration, there is a need to substantiate the 
appropriate estimation tool. 

2 Statement of the Problem 

Today, there is a wealth of experience in scientific research on the issues related to 
diagnosing, estimating, and forecasting the state of the railway track. Thus, works 
[1-3] provide a fairly detailed overview of such studies with their advantages and 
disadvantages. 

Given that the section of a railway track has uniform design characteristics and 
established operating conditions at a large length, the occurrence of deviations in 
its condition can be considered as a random process subordinated to the law of 
large numbers. 

Methods of probability theory in the research of railway operations are 
increasingly used. It is shown in [4] that the accuracy of the source data has a 
significant impact on the results of the forecast of the geometric state of the track. 
Most often, specially equipped track measuring cars are used to measure the 
geometry of the track. They produce a large amount of information, but both the 
mechanics of its acquisition and subsequent mathematical processing algorithms 
lead to a certain uncertainty of the full-on position of the track, which necessitates 
the application of approaches from probability theory. 

Current procedures for predicting failures of the railway track should take into 
consideration the likelihood of the appearance of a particular event, which makes 
it possible to reduce operational risks [5]. 

Taking into consideration various factors, including those of a random nature, 
makes it possible to devise system methods for optimal management of a transport 
enterprise. Thus, work [6] proposed an approach to determining the effective 
management system of a transport enterprise on the example of mining and 
metallurgical companies based on the theory of mass service. 
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The presence of changes in the state of the track directly affects its interaction 
with the rolling stock. This is especially true of difficult operating conditions, for 
example, for braking processes along sections with significant slopes [7]. 

Some general approaches to describing deviations in the geometry of the track 
using the normal law of distribution of random variables are shown in work [8]. 
Of the elements that make up the upper structure of the railway track, probably 
more difficult in terms of forecasting the state change over time is a ballast layer 
[9, 10]. Thus, the rail, with an adequacy enough for most problems, can be 
described as a homogeneous beam that works at bending. Reinforced concrete 
sleeper transfers the load from the rail to the ballast almost without compression 
or bending and has the largest established service life among other elements of the 
upper structure of the track. Deformation of the ballast layer as a loose material 
[11, 12], when working under load, is more difficult – due to the elastic movement 
of individual particles, which leads to their gradual destruction and mixing [13]. 
That causes changes in elastic properties in some places and, as a result, leads to 
uneven deflection and the formation of residual strains [14]. Irregularities in the 
ballast layer are reflected at the position of the rail-sleeper mesh and form 
indentation in the geometry of the track in general. 

Deviations in the vast majority do not appear as a result of stress outside the 
permissible ones but are the result of fluctuations induced by relatively small but 
repeated loads. The measure of system order violation due to such random 
fluctuations can be described through entropy. 

Entropy makes it possible to numerically determine the state of the system and 
predict its "aging". This approach is used in many areas [15-17]. 

The author of the paper [18] provides a justification for determining the entropy of 
the railway track as a system in general, by calculating mechanical work. 
However, the issue of the detailed description to transition to the likelihood of 
destruction and service life of individual elements, such as the ballast layer, and 
the question of determining entropy by natural geometric deviations remain 
unresolved. 

To calculate the entropy of the full-on position of the system, it is necessary to 
determine the probabilities of all possible variations of its condition. With the 
increase in the size of the system, the complexity of the problem quickly 
increases, and, for most cases, solving it is impossible even for modern computing 
devices. In work [19], a creative solution to such a problem was proposed and 
substantiated. The authors of the cited work proved that the entropy of the system 
is proportional to the degree to which it is possible to compress a lossless byte 
sequence describing the predefined system configuration through discrete levels of 
connections of all degrees of freedom. That proves the uniformity of the approach 
to modeling the development (aging) of systems through entropy for various 
industries: from gas thermodynamics to solid-state physics, biology, chemistry, as 
well as information applications. The procedure proposed in [19] can be used, 
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with a certain adaptation, as one of the elements in the entropy calculations of 
railway tracks. 

3 Methods and Results 

The condition of the track can be estimated according to different criteria. For 
most problems, they primarily include the geometric deviations of an actual 
position of the track elements relative to the values set by the project. The main 
ones are the position of the rail threads in the horizontal plane (plan), in the 
vertical plane (sagging), the width of the track, and the mutual position of rail 
threads in the vertical plane (distortions). These indicators refer to those that are 
restored during the relevant repair work and do not require direct replacement of 
elements of the railway track. The list of indicators reflecting the condition of the 
track includes another group: the wear of rails, damage to fasteners, destruction of 
sleepers, ballast layer diseases (clogging, abrasion of gravel, uneven sealing). 
Some of these deviations can be attributed to partially restorable by executing 
special operations (for example, grinding rails, cleaning ballast), while the 
elimination of others is possible only through replacement. All indicators that 
characterize the state of the track, either directly or indirectly are reduced to a set 
of linear geometric characteristics at the level of several units or several tens of 
millimeters. Depending on the operating conditions established in a given section, 
regulatory documents regulate the permissible values of such deviations.  
The presence of deviations to certain established limits would determine the 
serviceable state of the track that is, one that does not require operational 
restrictions. Further increase in the level of deviations would lead to the transition 
to a partially working state when a further operation could be possible with certain 
restrictions (usually the permissible speed of movement). Large values of 
deviations can lead to an inoperable state when further operation without their 
elimination is not allowed due to a threat to traffic safety. Carrying out timely 
scheduled repairs and proper current maintenance of the track typically makes it 
impossible for an inoperable state to occur, except for sudden failures such as, for 
example, breaking the rail. 

For each of these indicators, the state of the track can be described as a set of 
values of its geometric position, measured in a certain step  i , where the 

difference of i  from zero would show the level of deviation. Most deviations 

would be within a certain range. The presence of individual deviations beyond its 

boundaries is possible but their probability is insignificant   ; 1iP      , 

where   is the permissible level of deviations in accordance with the established 
speed of movement. Then there should be an average deviation indicator 
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    (1) 

Taking into consideration the design and operation of the railway track   , 

based on expression (1)   maxiP    , the further process of development of 

deviations mainly occurs due to an increase in   and only to some extent due to 

an increase in  . 

A set of values that reflects the state of the track can be represented in a discrete 
form 

i


      
, (2) 

where   is the smallest difference in the geometric position of the track. 

Then the indicator of its condition may be the weight of such a set 

iZ



     . (3) 

The process of further degradation of the section of the railway track can be 
described as 

 1 ,t tZ Z f t P  , (4) 

where  ,f t P  is the function that shows how many discrete deviations can be 

added, as a result of the next external action, taking into consideration the 
probability that not all potential residual deformations will be implemented. 

The above definitions of gradual degradation of the railway track match the 
principle of entropy. 

In a general form, the entropy of the system is described by the following equation 

1 lnS k W , (5) 

where 1k is the coefficient showing elementary entropy (in the classical approach 

–a Boltzmann constant); W is the weight of the system state, namely the number 
of micro conditions (variations of the interaction of its elements), corresponding to 
the general macrostate of the system. That is Z W , or, in other words, the set   
with a metric Z  is one of the possible implementations of the state of the system 
with entropy S , and  Z f S   . 

Further considerations will apply to the ballast layer as the most complex but also 
the most indicative element of the railway track as part of this study. 
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Violations of the state of ballast under the influence of external load can be 
considered changes in the integrity of this layer as a system that perceives pressure 
from sleepers and, reacting with elastic strains, transfers it to the soil bed. Such 
changes occur both directly due to the destruction of gravel and due to the 
irreversible movement of its particles. An event in which mechanical violations 
should be observed is an excess of permissible stresses. However, it is known that 
the destruction of connections between the particles of ballast and even the 
degradation of gravel has also happened at a much lower level of stress. 

As an elementary component of external action, it is appropriate to adopt the 
travel of one wheel along the track. A one-time application of such a load, and at 
the level of stresses that do not reach the permissible values, cannot lead to the 
occurrence of residual deformations. However, having dozens of wheelsets in 
each train, dozens of trains running per day, and several years of operation, 
researcher shall obtain the transformation of some minor fluctuations into 
significant geometric irregularities. 

If researcher consider a specific cross-section of the section, taking into 
consideration its isotropic length along the track and meeting the condition of non-
exceeding permissible stresses, the occurrence of an irregularity in this very cross-
section is almost zero. With an increased length of the observed section, the 
frequency of deviations would approach the theoretical probability predetermined 
by entropy. Thus, there is no exact mapping of the calculated entropy into a set 
that recognizes the state of the section ( S  ), although the number of such 
mappings is finite and depends on W . But for the set tasks of comparing the 
operating conditions over a sufficiently long period, it is possible to predict 
changes in the state of the section (equation (4)) relative to the increase in entropy 
( S ). 

A ballast layer can be described as a set of objects; their number would depend on 
the degree of detail of the model. Each element has several degrees of freedom of 
potential change in position relative to the project, related to movement, rotation, 
or 3D strain. Such a system works on the perception of the load transmitted to it 
by other elements of the railway track from the rolling stock; its entropy then 
would depend on a change in internal energy, which can be expressed through 
mechanical work. The increase in entropy ( S ) is proportional to a change in the 
energy of the system exerted by external influence ( Q ) 

2S k Q  , (6) 

where 2k  is the proportionality coefficient (for Boltzmann entropy – the value 

opposite to the temperature value). 

The equivalent of a single energy change cycle to be adopted is the mechanical 

work of the ballast cross-section ( *A ) when one wheel travels over it ( t ) 
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 *
3

t

Q k A t dt   , (7) 

where 3k  is the proportionality coefficient; for the elements of the railway track, 

accepted to equal 0.066 [18]. 

The mechanical operation of the system is defined as the sum of mechanical 
works of each element, which describe the ballast layer when modeling its 
stressed-strained state 

 

* ;

, .

i

i i i
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  (8) 

where ,i i   are, respectively, the stresses and elastic deformations of the ith 

element of the ballast layer. 

Then the state of the system after a certain period of operation over years ( T ) can 
be determined as follows 

 
3 ;

365 , ,

k A

d c w ij ij j

j i t

W e

A T N N N f t dt 



    (9) 

where wN  is the number of wheelsets in a railway car; cN  is the number of cars 

of the j-th type; dN – the number of trains with such cars per day. 

The above approach is convenient to use to compare variants of different train 
flows. If the base variant has a term of operation ( 0T ), then, for an alternative, it 

can be determined through the following ratio of system states 

0
0x

x

W
T T

W
  (10) 

or 

 3 0
0

xk A A
xT T e

  (11) 

To determine the stressed-strained state of the ballast layer, an arbitrary 
mathematical model can be used, which makes it possible to obtain the necessary 
array of data  , ,i i t   with details sufficient for the problem being solved. For 

further research, within the framework of this work, a model of the stressed-
strained state of the railway track was used, based on the dynamic problem of 
elasticity theory whose basic provisions are given in works [20, 21]. The feature 
of this model is the calculation of dynamic stresses and deformations using the 
propagation of elastic waves through the objects of the railway track. The sites of 
the application of external load are used to start building a set of vectors in all 
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directions of the semi-space. The results of calculations according to such a 
mathematical model are the values of stresses and deformations, required for 
equation (9), for each time step. 

Typically, a train flow moving along a given section of the railway track consists 
of trains that have different set speeds, weight, length, etc. This is especially 
inherent in mainline tracks. Moreover, this difference is not limited to simple 
separation into passenger and freight traffic. Both freight trains can have different 
purposes, different cargo, and, accordingly, different loads on the axle and other 
characteristics, and passenger trains can be divided into intercity, high-speed, and 
others. It is known that the introduction of trains in the train flow, which differ 
from others by the increased axle load or speed, increases the intensity of 
accumulation of residual deformations of the tracks, despite the fact that the 
stresses from their wheels in the elements of the track do not exceed the 
permissible values, and the total volume of transportation (cargo intensity) does 
not change significantly. Our method makes it possible to take into consideration 
such differences to some extent. 

As an illustration, let us consider a problem on comparing the operational time of 
a ballast layer for different variants of the train flow using a numerical example. 

Author accept that the train flow consists of freight cars (with an axle load of 
18 t/axle, 42 cars per train) and passenger trains (15 cars per train), moving at 
speeds of 80 km/h and 120 km/h, respectively. Option 1: 25 freight and 8 
passenger trains per day. Option 2: 16 freight and 40 passenger trains per day.  
The initial data are simplified and selected in such a way that both options could 
produce a load capacity of 30 million tons gross per km per year, which implies 
the same inter-repair terms. 

The following structure of a railway track is adopted: rails UIC60; reinforced 
concrete sleepers; gravel ballast with a thickness of 0.5 m with a deformation 
module of 200 MPa; soil bed with a deformation module of 35 MPa. With the 
specified composition, the general module of deformation of the under-rail base 
obtained was at the level of 52 MPa. 

The results of calculations according to the proposed method for both options, 
such as the values of stresses and mechanical work in the elements of the ballast 
layer, are shown in Figs. 1-4. The stress plots demonstrate the maximum values – 
when the wheel is passing directly above the estimated cross-section. The plots of 
mechanical work show the total values when a wheel travels over the estimated 
cross-section from the beginning of the track deflection, when the wheel is at a 
certain distance, to the end of the action when the wheel has already traveled 
further by a symmetrical distance. 

The calculation results corresponding to the values of stresses in cross-section 
(Figs. 1 and 2) and mechanical work (Figs. 3 and 4) are given on the same scale 
for the possibility of comparing the effect exerted by a freight car and passenger 
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car both in terms of values and quality. The difference is observed not only in the 
absolute values of stresses in the elements of the track (in this case, in the ballast 
layer) but also in the propagation of stresses in different zones. 

According to the calculations according to equation (9), the total annual 
mechanical work of the ballast layer cross-section would equal 20.78 MN∙m and 
16.20 MN∙m for the first and second options, respectively. Then, equation (11) 
can be represented as a ratio 2 11.35T T . Thus, for the considered initial data for 

option 2 of the train flow (dominated by passenger traffic), the accumulation of 
residual deformations in the ballast would occur 35% slower. 

 

Figure 1 

Propagation of maximum vertical stresses in the ballast induced by a freight car wheel in cross section 

(18 t/s, 80 km/h) 

 

Figure 2 

Propagation of maximum vertical stresses in the ballast induced by a passenger car wheel in cross 

section (120 km/h) 
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Entropy can be used not only for forecasting tasks but also to assess the current 
state of the system or the quality of repair work. However, the problem of 
calculating the entropy of a complex system based on its condition has no direct 
unambiguous solution. 

 

Figure 3 

Distribution of mechanical work in the ballast cross-section space induced by a freight car wheel 

 

Figure 4 

Distribution of mechanical work in the ballast cross-section space induced by a passenger car wheel 

A hypothesis is proposed in [19] that such a problem can be solved by switching 
to information entropy. To this end, one determines the number of degrees of 
freedom of the system ( D ), as minimally sufficient, given the number of elements 
of which it consists, their possible fluctuations, and ties. Each degree of freedom 
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is described by the required number of discrete states ( sn ). A set of states of all 

degrees of freedom is converted to a chain of numbers (bytes). A file that is a 
sequence of such bytes is archived without data loss. According to the authors of 
work [19], the degree of archiving does reflect the entropy of the system, given 
that the size of the archive depends on the chaoticity of the data 

1 Log s

CFS ZFS
S K D n

RFS ZFS





, (12) 

where CFS  is the size of the archive file describing the state of the system; ZFS  
is the archive of the file, in which all degrees of freedom are in zero position (the 
system is in a state of minimal entropy); RFS  is the archive of the file with 
"white noise" – all degrees of freedom have a random value from the possible 
ones (the system is in a state of maximum entropy). 

This approach does not contradict the understanding of ballast entropy, given that 
the deterioration of its condition should be characterized precisely by the 
unevenness of deviations of adjacent elements while uniform compaction 
(loosening) is not reflected in the irregularity of the track. 

Irregularities in the ballast layer can be tracked for deviations in the vertical 
position of the rail. There are machine-based means for measuring this value along 
the section – by a track measuring car or a straightening-tamping machine. Paper 
[22] provides an example of such an entry before and after the track correction. 
Based on these examples, Fig. 5 shows ballast deviations in a vertical plane along 
a 500-m long section. The array has 800 points, the distance between points is 
0.625 m. 
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Figure 5 

Registering track deviations in a vertical plane 

The data given in Fig. 5, consisting of a sequence of deviations in the position of 
the track, indirectly reflect the position of the rail in the vertical plane. For the 
correct perception of the picture, it should be noted that the horizontal and vertical 
scales vary greatly – variations in the range from -15 mm to +30 mm (vertical 
axis) occur along a 500-m long section (horizontal axis). That is, the considered 
section has certain deviations but, in general, its profile is quite even. 
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To create files according to equation (12), the position of each point was written in 
one byte with a sampling level of 1 mm through the conversion 

   127...128 0...255  . The LZMA algorithm was used for archiving. Given 

that ballast is considered as a system that obeys the law of large numbers and has 
approximately the same state in its length, the sample size should ensure that the 
ratio of data archiving is approximated to a constant value, Fig. 6. 

If researcher talk about the correction and not about repairs with a complete 
replacement of the upper structure of the track, then its execution does not imply 
the return of the outline of the section to the design position. This is due to the 
inability to significantly lower the level of the track, which requires cutting 
ballast, and other technical limitations of track machines. Thus, the correction 
work requires preliminary calculations, which are the solution to the optimization 
problem of finding a compromise between the quality of the track outline and the 
magnitude of its displacement, with restrictions on ballast volumes, machine 
capabilities, and others. Such an optimization problem does not have an 
unambiguous solution, and, therefore, requires the existence of a method for 
assessing the position of the track both at the stage of calculations and 
immediately after work. 
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Figure 6 

Entropy indicator dependence on a sample size 

Figure 6 shows, in addition to entropy calculations for the data reflecting the 
actual state of the section before the correction (Fig. 5), the corresponding results 
for the state of the section after correction. 

The method of correction and the numerical data on its application are given in 
[22]. Regarding the example under consideration (Fig. 6), it can be concluded that 
the entropy of the ballast is reduced after correction. According to equation (11), 

its lifetime has been restored by  3.238 2.977
0 01.298e T T

  , that is, by 30% of the 

base operating life. 
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Conclusions 

This paper reports the devised method for determining the entropy of the ballast 
layer as an element of the railway track using the calculations of mechanical work 
performed by the ballast as a result of a reaction to an external load. The main part 
of the devised method is supplemented with the procedure for estimating the 
entropy of the system according to the results of measuring deviations in its 
geometric line. 

Thus, the tasks of forecasting and managing the lifetime of the ballast have been 
advanced. The use of entropy has made it possible to simulate ballast degradation 
as a random process, depending on cyclic stresses and deformations that arise in 
the ballast due to rolling stock. A procedure for evaluating the quality of track 
correction through the entropy of the ballast layer has been proposed for the first 
time. 

The built mathematical toolset can be used to compare the resource of ballast 
operation under different operating conditions, which makes it possible to 
optimize the correspondence between the track design and train traffic indicators. 
This is of particular importance under difficult operating conditions: high-speed 
passenger traffic, excessive weight of freight trains, specialized trains of industrial 
enterprises. This paper gives a numerical example of comparing the resource of 
ballast work for two variants of the train flow, which are identical in cargo 
intensity but significantly differ in the ratio of passenger and freight traffic. 

As part of the initial data of the considered example, it was concluded that when 
passenger traffic dominates, the accumulation of residual deformations occurs 
35% slower. 

A numerical example of the use of entropy to assess the quality of track correction 
is also provided. Along the considered section, the correction operation was 
carried out by the VPR-02 machine according to the procedure proposed in [22]. 
The assessment showed that after the correction, the entropy of the ballast 
decreased, which increased the resource of its operation by 30%. 
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Abstract: Mobile machines perform many functions in the development and maintenance of 

railway infrastructure. Among them, particular emphasis is on hydraulic excavators.  

The paper defines a mathematical model of a hydraulic excavator for determining the static 

and dynamic loads of the railway during the operation of an excavator resting on the 

railway track. Based on the mathematical model, an excavator simulation program was 

developed. As an example, using the developed program, the loads of the railway tracks 

were determined for the operation of an excavator of 17000 kg in mass, equipped with a 

manipulator with a backhoe bucket of 0.6 m3 in volume. 

Keywords: hydraulic excavators; railway transport; load analysis 

1 Introduction 

Rail transport, as a reliable and efficient means of transporting passengers and 

goods has been the subject of interest of numerous researchers. The research 

related to rail transport is quite broad and includes various investigations such as 

those related to locomotive engines [1], interaction of trains and railways [2], 

environment protection by reducing the noise emitted from the rails [3] [4], 

efficient inspection of railways [5], behavior of rails under different conditions [6] 

[6] [7], to name but a few research directions. There are numerous mobile 

machines (hydraulic excavators, loaders, graders, dumpers, cranes) (Figure 1a) 

that are used on railways in performing operational transport functions, but also in 

the operation and maintenance of railways and other railway infrastructure. 

Hydraulic excavators weighing from 10000 kg to 25000 kg with a support and 
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movement mechanism on caterpillars and tires are the most common mobile 

machines for performing various functions on the railway. Hydraulic excavators 

move and rest on railway tracks using modular devices with one pair of rail 

wheels for narrow, standard or wide gauge railway track, installed on the 

supporting structure of standard support and movement mechanisms in the front 

and in the rear. According to drivetrains, motion modules can be divided into: a) 

motion modules with indirect drivetrain, and b) motion modules with direct 

drivetrain. 

 

 

 

 

 

 

 

 

 

 
 

Figure 1 

Mobile machines and tools which are used in railway transport 

In motion modules with indirect drivetrain, the drive wheel (Figure 1b) in a 

friction pair transmits drive directly or indirectly to the rail wheel. In motion 

modules with direct drivetrain (Figure 1c) there are two concepts. The first 

achieves motion of the machine through the friction pair of the drive wheel and 

rail stripes. In the second, motion modules have their own hydrostatic 

transmission, which drives the rail wheels independently of the transmission of the 

machine movement. Motion modules have a brake system that is derived in the 

form of hydraulic disc brakes. During operation, resting on railway tracks, 

hydraulic excavators mostly have a backhoe manipulator, which is equipped with 

various executive tools in the form of a bucket, hook, or grabber (Figure 1c). 

Railway track loads are investigated by experimental measurements and 

theoretical analyses through the development of mathematical models and 

numerical simulation procedures [8] [9]. Research [10] into railway track loads 

refer to the experimental simulation of the spectrum of static and dynamic loads, 

which can occur during the lifetime, with the aim of optimizing and determining 

the capacity and service life of the elements of the railway track structure. In paper 

[11], the dynamic relationship between the railway track and the railway vehicle 

when moving in the curve of the railway track was analyzed using the developed 

mathematical model. The influence of crawler mobile machines on the moving 

surface was analyzed in [12] with the aim of determining the parameters of the 

movement mechanism of a machine, which enables comfortable driving when 

moving on different surface configurations. The load of a flat surface when a 

crawler support and movement mechanism of a hydraulic excavator is resting was 

a) 

d) 

b) c) 
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analyzed in [13], on the basis of the developed dynamic mathematical model of an 

excavator with a backhoe manipulator. The analysis of the capacity of hydraulic 

excavators resting on railway tracks is given in [14], where the permissible 

capacity of the excavator with a backhoe manipulator, in the entire working space, 

is determined based on the static stability of the excavator and the hydraulic 

stability of manipulator drive mechanisms. In what follows, a general 

mathematical model of a hydraulic excavator is defined to determine the load of 

the railway track and the dynamic stability during the operation of the excavator 

resting on the railway track. 

2 Mathematical Model 

A mathematical model is developed for the general configuration of an excavator 

kinematic chain composed of: the support and movement mechanism L1, (member 

by which the excavator rests or moves) (Figure 2a), the rotating platform L2 and 

the three-plane manipulators with: boom L3, stick  L4 and backhoe bucket L5, 

which drives the hydraulic cylinder two-way action c3,c4,c5. The support and 

movement member of the excavator is a conventional (standard) movable 

mechanism with integrated pneumatic modules, having a pair of railway wheels 

with a mechanism for raising and lowering without stabilizers. 

The position of the members of the excavator kinematic chain is defined by the 

mathematical model in the absolute coordinate system OXZY with the generalized 

coordinate i  (Figure 2a) determined by the set [15]: 

 54321 ,,,,     (1) 

where: 1 - the displacement of the support-movement member, 2 - the angle of 

the rotation platform, 3 - the angle of the boom position, 4  - the angle of the 

stick position and 5  - the angle of the backhoe bucket position. 

The mathematical model of the member of the kinematic chain excavator Li was 

defined in its local coordinate system Oi xi yi zi, with geometric, kinematic and 

dynamic parameters covered with a set of quantities: 

 iiiiii J,m,,, L tse        (2) 

where: 
ie  - the unit vector of joint axes Oi whose member Li is linked to the 

previous member Li-1, si - the position vector of the center joint Oi+1, which is the 

chain member Li linked with the next member Li+1 (intensity vector is the length 

of the kinematic members) ti- the position vector of the center of mass of member 

Li, mi – the mass of member, Ji – the member moment of inertia. The parameters 
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of the manipulator drive mechanism of the excavator are determined using a set of 

parameters: 

 ciii2ii1i m,b,a,d,d P         (3) 

where: di1, di2 - the diameter of the piston/piston rod in the hydraulic cylinder,     

ai, bi - the vectors, i.e. coordinates, of the position of the centers of the joints in 

which the hydraulic cylinders are connected to the members of the drive 

mechanism kinematic pair, mci - the mass of the hydraulic cylinder. 

Figure 2 

The mathematical model of the hydraulic excavator for determining reaction reliance 

The mathematical model of the excavator is based on Newton-Eyler dynamic 

equations and the following assumptions: 

 the support surface and kinematic chain members are modeled using rigid bodies, 

 during the manipulation task, gravitational and inertial forces and digging 

resistance force W act on the members of the kinematic chain, 

 the support surface of the excavator lies in the horizontal plane OXZ of the 

absolute coordinate system, 

 the movement of the support-movement member of the excavator is neglected 

and it is accepted that the generalized coordinate is 01  °, 

 all excavator loads are transferred to the support surface in the centers A, B, C 

and D of the contact surfaces of railway wheels and railway tracks, 
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 connecting lines (x-x and z-z) of the centers A, B, C and D of contact surfaces 

are potential lines of overturning of excavators, which form a supporting 

polygon with the center in the coordinate origin O of the absolute coordinate 

system OXYZ with unit vectors i, j, k. 

According to the introduced assumptions, by reducing all the loads of the 

excavator to the center of the support surface O, the resulting force F1 and the 

resulting moment M1, which load the support surface of the excavator, are 

obtained [15-17]: 





5

3i

ci

5

1i

gmjFWF ui1   (4) 

ci
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5

1i
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 jrMFrWrM ciuiuitiw1   (5) 

where: W [kN]- the vector of the digging resistance force, Fui [kN]- the vector of 

the total force acting in the center of mass of the member of the excavator 

kinematic chain, Mui [kNm]- the vector of
 
inertial moment of the member of the 

excavator kinematic chain, rw - the vector of position of the
 
cutting-edge of the 

bucket, rti – the vector of the center of mass of the member of the excavator 

kinematic chain, mci – the mass of hydraulic cylinders of the excavator 

manipulator drive mechanisms, rci - the vector of the center mass of the hydraulic 

cylinder. 

The vector of the total force Fui acting in the center of mass of the member of the 

excavator kinematic chain is determined by the following equation: 

juFui iii gmm 
   (6) 

where: ui - the vector of linear acceleration of the member. 

Components of the vector of the resulting force F1 and the moment M1 in the 

absolute coordinate system are 

   F         ; F       ; F z1y1x1 kFjFiF 111 
  (7) 

   M        ; M       ; M z1y1x1 kMjMiM 111 
    (8) 

Horizontal forces in the centers A, B, C and D  of the
 
support surface which load 

the
 
railway track in the OX direction

 
have the value: 
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where: L - the range of railway wheels of the excavator movement mechanism. 

Vertical forces in the centers A, B, C and D of the
 
support surface which load the

 

railway track in the OY direction
 
have the value: 
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where: H - the width of the railway track of railway wheels of the excavator 

movement mechanism. 

Based on the set mathematical model, a program was developed for dynamic 

simulation of the excavator and, among other things, determination of dynamic 

loads of the railway during the operation of the excavator resting on the railway 

track. During the simulation, the conditions of movement of the kinematic chain 

of the excavator and technological resistances of movement during the 

manipulation task of the excavator were set. 

3 Example 

As an example, using the mathematical model and program, the railway load 

analysis was performed during the operation of an excavator, weighing 17000 kg, 

resting on the railway track with a support and movement mechanism with 

railway wheels, longitudinal wheel range L (Table 1) and wheel width H.  

The numerical simulation procedure was used to analyze the configuration of a 

kinematic chain with a backhoe manipulator with a boom, stick and bucket with a 

volume of 0,6 m3 (Table 1). The manipulation task of the excavator was simulated 

with the following operations: capturing (digging), transfer and unloading of 

material of specific mass γz=1500 kg/m3 and returning to the new digging position 

(Table 1). During the simulation, the conditions of movement of the members of 

the excavator kinematic chain during the manipulation task were given, as defined 

in the set of the following simulation parameters: 

 
52,51,42,41,32,31,22,21

pppppppp,c,c,c,U 5432   (17) 
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where: 2 [°]- the angle of the rotation platform (Figure 3), c3 [m]– the length of the 

boom cylinder (Figure 3), c4 [m]– the length of the stick cylinder, c5 [m]– the length of 

the bucket cylinder, p21,p22 [MPa]– the pressures in the hydraulic motor lines to turn the 

platform (Figure 4), p31,p32 [MPa]- the pressures in the hydraulic cylinder lines of the 

boom (Figure 4), p41,p42 [MPa]- the pressures in the hydraulic cylinder lines of the stick 

(Figure 5), p51,p52 [MPa]- the pressures in the hydraulic cylinder lines of the bucket 

(Figure 5). The given parameters of simulation of the excavator were determined by 

measuring a physical model of the hydraulic excavator weighing 17000 kg with a 

backhoe manipulator, when operating in exploitation conditions [18]. Based on the given 

simulation parameters, the developed program determined: the coordinates of the 

position of the members of the kinematic chain, the linear and angular velocities and 

accelerations, the gravitational and inertial forces and inertial moments of the members, 

the components of the resistance of the digging force and the static and dynamic loads of 

the railway. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3 

Given simulation parameters for the angle of the rotation platform θ2, and the lengths (strokes) of the 

hydraulic cylinder of the boom c3, stick c4 and bucket c5 

Title Symbol Values [m] Mass[kg]  

Support and movement member L1 L/H 4,610 /1,435 7040 

Rotation platform L2 - - 6765 

Boom  L3 s3 5,0 1270 

Stick  L4 s4 1,8 430 

Bucket L5 s5 1,3 540 

Hydraulic motor of rotation platform 1xC2 d21/d22 75/75 cm3 25 

Boom hydraulic cylinder 2xC3 d31/d32 0,115/0,080 205 

Stick hydraulic cylinder 1xC4 d41/d42 0,140/0,090 280 

Bucket hydraulic cylinder 1xC5 d51/d52 0,115/0,080 190 

 

Tabele 1 

Parameters of kinematics chain of excavator (Figure 2) 

t[s] 

ci

[m]
  θ2   

.10 

[°] θ2 
c5 

c4 

c3 
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Figure 5 

The parameters of simulation: pressures in the hydraulic cylinder lines of the stick p41, p42 iand bucket 

p51, p52 

c) 

t[s] 

    pi 

[MPa]

p21 
p22 
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p31 

Figure 4 

The  parameters of simulation: pressures in the hydraulic motor lines to turn the platform p21, p22 and  

pressures in the hydraulic cylinder lines of the boom p31, p32 
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t[s] 

b) 

    Wx 

    Wy 

4 Analysis 

The obtained simulation results show that during the capture operation ( 02  ) 

the maximum digging depth is Yw=-1,5 m (Figure 6a), and during the unloading 

operation ( 302  ) the maximum unloading height is around Yw=4m. 

During the capturing of materials  (t=0-5,8 s), the components of vector W (Figure 

6b) of the digging resistance force change differently. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6 

The parameters of the manipulation task of the excavator: a) the center path of the bucket cutting edge, 

b) the components of the digging resistance force W vector 

The horizontal component Wx has a variable one-way action, while the vertical 

component Wy has a variable intensity and a variable direction of action.  

The lateral component is of insignificant intensity in relation to other components 

of the digging resistance force W. 

It is characteristic that the magnitude of the total force F1 (Figure 7a) and the total 

moment M1 (Figure 7b) obtained by reducing all excavator loads to the center of 

the excavator support surface during the manipulation task possesses, in addition 

to gravitational forces, inertial loads of kinematic chain members. A comparison 

of total (F1,M1) with static loads (F1s,M1s) shows that the highest inertial loads 

occur at the beginning (t=6s) of the material transfer operation, when the 

manipulator is abruptly lifted from the material capture channel. 
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Figure 7 

Load vector components: a) forces F1 and b) moment M1 in the center of the excavator support surface 

Slightly smaller inertial loads occur (t=5 s) at the beginning of the accelerated 

rotation of the platform with the manipulator from the digging plane ( 02  ) to 

the unloading plane ( 362  ). The increase in inertial loads occurs again (t=15 

s) due to abrupt stopping of the platform with the manipulator in the unloading 

plane of material. Inertial loads of lower intensity also occur during the unloading 

operation due to an abrupt change in the mass of the captured material when 

emptying the bucket. 

The lowest intensity of inertial loads occurs during the operation of capturing 

(digging) the material due to the relatively slow and not so abruptly changing 

movement of the members of the kinematic chain of the excavator.  
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By decomposing the total force F1 and the moment M1, significantly variable 

loads of the railway
 
track were obtained during the manipulation task in the 

centers A, B (Figure 8) C, D (Figure 9) of the support surface of the railway 

wheels of the support and movement mechanism of the excavator on the railway 

track. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 8 

Forces loading the railway track in the X and Y directions in supports: a) A, b) B 

According to the given conditions of the excavator simulation, the railway track is 

most loaded in supports A (Figure 8a) and C (Figure 9a), while in supports B 

(Figure 8b) and D (Figure 9b) minimal loads occur during the highest period of 

the manipulation task, especially in support D. 

During the operation of capturing (digging) (t=0-5,8 s), the railway track is most 

loaded in supports A and C due to static loads - the resistance of digging and 

gravitational forces of the members of the kinematic chain of the excavator, while 
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inertial loads are small. During the same operation, the horizontal railway track 

loads FAx and FCx (Figures 8, 9) occur due to the action of the horizontal 

component Wx of the digging resistance force, while the railway track is unloaded 

in the same direction FBx=FDx=0 (Figures 8, 9). 

The vertical loads FAy and FCy of the railway track in supports A and C, at the 

beginning (t = 0-2,5 s) of the digging operation, decrease due to the increase in the 

positive value of the vertical component Wy of the digging resistance force, up to 

(t = 2,5 s) of unloading (FAy=FCy=0) of the railway track in that direction. In the 

same period, loads FBy and FDy (Figures 8b, 9b) of the railway track in supports B 

and D increase and reach the maximum value during the digging operation.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In other operations of the manipulation task, the maximum vertical load of the FAy 

of the railway track occurs (t = 14s) in support A due to the occurrence of the 

maximum inertial loads at the end of the material transfer operation due to abrupt 

stopping of the platform with the manipulator in the unloading plane. 

Figure 9 

Forces loading the railway track in the X and Y directions in supports : a) C, b) D  
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In the same period (t = 12-15 s) there is an increase in the vertical load FBy (Figure 

8b) of the railway track in support B and a decrease (t = 10-15 s) in the vertical 

load FCy to unload the railway track (FCy=0) in support C. The increase in vertical 

loads of the FCy, FDy railway track in supports C and D occur during the operation 

of returning the manipulator by turning the platform to a new digging plane (t=18-

23 s). Slight horizontal loads FAx and FCx (Figure 8a, 9a) of the railway track, in 

relation to the same loads during the digging operation, occur at the beginning (t = 

13 s) of the material transfer operation and at the beginning (t = 18 s) of the 

manipulator return operation to the new digging position. 

The results of the analysis show that the vertical loads of the railway track in the 

supports are significantly higher than the horizontal loads. Comparing the static 

vertical loads of the railway track (FAsy, FBsy, FCsy, FDsy), caused by the action of 

the digging resistance force and gravitational forces of the kinematic chain of the 

excavator and material in the bucket, with the total vertical loads (FAy, FBy, FCy, 

FDy), indicates that the maximum inertial forces of the railway track occur due to 

lifting the manipulator with the captured material from the digging channel, then 

at the beginning and end of the operation of material transfer by turning the 

platform with the manipulator, and at the end of the operation of returning to a 

new digging plane. 

Conclusion 

Mobile machines (hydraulic excavators, loaders, cranes, …) have found great 

application on the railway in performing operational functions of transmission and 

transport, but also in the development and maintenance of infrastructure - 

especially railway tracks. For performing functions on the railway track, mobile 

machines are equipped with special support and movement mechanisms, with two 

- axle railway wheels, which enable them stable support and movement. 

Hydraulic excavators weighing 10000-25000 kg, equipped with various 

manipulators and tools (buckets, hooks, grapples, …) are used on the railway to 

perform various manipulative tasks. In the paper, a general mathematical model of 

a hydraulic excavator was developed for determining the dynamic loads of the 

railway during the operation of an excavator resting on the railway track. 

The mathematical model includes the configuration of a kinematic chain of an 

excavator, weighing 17000 kg, with a support and movement mechanism, with 

two - axle railway wheels and a backhoe manipulator. The numerical simulation 

procedure of the excavator yielded the results which show that during the 

operation of the excavator resting on the railway track, dynamic loads of the 

railway track occur. 

Loads depend on the position and character of the change in the movement of the 

members of the kinematic chain of the excavator during the manipulation task. 

During the capture operation, the static loads of the railway track are primary due 

to the action of the digging resistance force and the gravitational forces of the 

members of the kinematic chain of the excavator. 
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During the material transfer operation, in addition to static forces, the railway 

track is significantly loaded by inertial forces occurring due to the abrupt 

movement and stopping of the rotating platform with the manipulator when 

moving from the digging plane to the material unloading plane. The obtained 

research results, in addition to the analysis of the railway track load, can be used 

to assess the dynamic stability of excavators. 
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Abstract: Internal combustion powered railway vehicles require extremely rugged and 

reliable transmissions. While high-powered applications use electric or complex 

hydrodynamic transmissions, in the low to medium power range of railway vehicles, 

transmissions derived from ordinary highway truck or bus automatic transmissions and 

hydromechanical transmissions, are used. Modern railway vehicles must be able to operate 

in both directions at the same speed, which is particularly important when units from the 

same series are connected in a multiple unit lash-up. Simple hydrodynamic and mechanical 

transmissions are commonly used in such vehicles, but planetary gear trains are also 

suitable for the application, either as an output gearbox or as the main transmission 

gearbox in the case of simpler vehicles. This planetary gearbox is designed to provide two 

equal transmission ratios, however with the output shaft rotating in different directions. 

Design priority should be given to clutch-type brakes for compactness and reliability, 

however band brakes should have priority for ease of maintenance is a priority. 

Additionally, the gearbox design should give priority to boxes that do not experience power 

circulation, and do not require hollow shafts or complex planet carrier arrangements.  

The application of planetary gearbox designed according to the guidelines laid out in this 

paper would simplify the design and manufacture of hydrodynamic, hydromechanical and 

mechanical transmissions for railway vehicles. 

Keywords: Railway vehicle; mechanical power transmission; reversible planetary gearbox 
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1 Introduction 

Internal combustion engines (ICEs), whether using spark or compression ignition, 

have been in railway use since the early 1930s as an improvement over steam 

technology. However, as the crankshaft of an ICE cannot be connected directly to 

the wheels as in the case of a steam engine, it requires a transmission which will 

transfer power to the wheels while matching the speed and torque range of the 

engine to the requirements of the wheels [1]. It must also enable the ICE to 

disconnect from the wheels when the vehicle is stationary, so that the ICE can idle 

or be started up from standstill. 

As the ICE is a constant power machine, the transmission must provide an 

amplification of the output torque in the range of 10:1 to 5:1, depending on the 
application, with an adequate number of transmission ratios to enable the whole 

power range of the engine to be used. Furthermore, the internal efficiency of the 

transmission must be as high as possible to meet environmental demands and reduce 

operating costs [2-8]. The transmission must also change gears without reducing or 

interrupting the engine power output. It must also be reversible, and in some special 

applications (e.g., shunting) it must be even able to reverse under load.  

The transmission should be robust, reliable, and low maintenance [9]. Finally, the 

transmission should be unaffected by climatic extremes and exposure to snow. 

Currently, mechanical, hydrostatic, hydrodynamic, electrical, and combined 

hydro-mechanical transmissions are in use, depending on the application. Modern 

electrical transmissions are highly reliable, but their weight and size make them 

applicable only to power ranges beyond 500 kW. Hydrodynamic transmissions 
have been successfully applied up to 2 MW, although the transmissions tend to 
become large and heavy in the higher power ranges. Hydrostatic transmissions are 
simple, reliable and offer continuously variable transmission ratios, however oil 

cooling issues limit them to approximately 150 kW. Mechanical transmissions use 

simple, robust, and reliable automotive-derived solutions. Designs using friction 

and dog clutches are applicable up to 200 kW, however they are usually limited to 
lightweight maintenance vehicles. More robust designs using planetary gearsets 

must be coupled to a torque converter and can be used up to 600 kW. 

Modern railway vehicles must be able to operate in both directions at the same 

speed, especially when operated in multiples, as they might end up coupled “head 

to head” or “tail to tail” and still need to move in the same direction. Furthermore, 

the transmission should have the same efficiency in both directions. Electrical and 

hydrostatic transmissions achieve this easily, however on hydrodynamic, 

mechanical, and hydro-mechanical transmissions a separate gearbox or gearbox 

stage is required, however this solution creates a slightly different transmission 

ratio in one direction of travel. 

This can be resolved with the application of a two-carrier reversible planetary 

gearbox controlled by two brakes, which will have the same transmission ratio in 
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each of its directions of rotation, preferably with the same or very similar 

efficiency [10-18]. This gearbox can be used on its own with a torque converter 

for low powered applications, as the output box for a main planetary gearbox in 

medium powered applications, or as the output stage of high-powered 

hydrodynamic transmissions. 

It is known that the application of planetary gear trains (PGTs) offers considerable 

advantages in relation to conventional gear train solution, resulting in expanded 

possibilities for application in mechanical engineering solutions. Some areas of 

application have been mentioned in [19-22], with railway vehicles being another 

area of application as they are required to move both forwards and backwards and 

in multiple at the same speed. Hydrodynamic and PGT transmissions are 

commonly used in such vehicles, however an additional mechanical stage is 

required to reverse. This mechanical stage can be easily replaced by an output 

planetary gearbox consisting of a compound two-speed PGT created by 

appropriately linking the shafts of the elements of its component planetary gear 

trains (stages). For the purposes of the research presented in this article, two-speed 

two-carrier PGTs with four external shafts composed of two PGTs of the basic 

type were considered. The internal structures of the researched gear trains were 

laid out. As there is a considerable number of all possible schemes and layout 
variants, a systematization was performed, and appropriate labelling was devised. 

A software program for numerical simulation and calculation of PGT parameters 
was developed to determine the structure and important basic parameters of the 

component gear trains and the whole gear train, based on the application 

constraints. The explanation of the operation of this software is followed by a 

numerical example in which the optimal two-speed planetary gear train that meets 

predefined transmission requirements is selected and then defined by the numbers 

of teeth of the component PGT sun gears, gear modules and transmission ratios. 

The position of the PGT in the transmission chain and the operating conditions of 

railway vehicles determine the input data for the computer program that defines 

the structure and important parameters of the component planetary gear trains. 

The acceptable transmission solutions for the selected application were generated 

using this specially developed computer program. The final selection between the 

solutions generated by the program, is performed by comparative analysis [23] 

[24]. 

2 Planetary Gear Boxes 

The two-carrier compound PGT (compound train) is the simplest form of 

compound PGT (Fig. 1). 

This simplest form of compound PGT has two component trains and four external 

shafts (Fig. 1). 
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Figure 1 

Planetary gear train with four external shafts (compound train) 

It is created by connecting two shafts of one component PGT with two shafts of 
the other component PGT. The resulting four external shafts can then be 
subdivided to two coupled shafts and two single external shafts. Both component 

PGTs are planetary gear trains of the basic type consisting of a sun gear 1, planet 

gear 2, ring gear 3 and planet carrier h, as shown in Fig. 2. The simple and 

compound PGTs discussed in this paper will be described by means of Wolf-
Arnaudov symbols (Figure 2) [12, 15, 18]. This is the most common type of PGT, 
and it is commonly used in engineering applications as a single stage transmission, 

or as a building block for higher compound planetary gear trains. The application 

of this component PGT offers several advantages over other types, notably its 

efficiency, small overall dimensions and mass, and relatively low manufacturing 

costs due to the relatively simple production process. 

 

Figure 2 

Wolf-Arnaudov symbol and torque ratios of the basic type of PGT [8] 

The torque loads on the planetary gear train shafts are indicated in Fig. 2.  

The torque on the ring gear shaft T3 and the torque on the carrier shaft Th are given 

as functions of the ideal torque ratio t and the torque acting on the sun gear shaft 

T1. The ideal torque ratio is defined as 

3 3
0

1 1

1
T z

t i
T z

= = = - > +  (1) 

where i0 is the basic transmission ratio, z1 is the number of teeth of the sun gear 

and z3 is the number of teeth of the ring gear. The transmission ratio depends on 
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whether the sun gear, ring gear or carrier is the locked element. It is possible to 

connect two component trains in a total of 36 possible ways (schemes) [12, 15], 

however this is reduced by isomorphism to only 12 different schemes resulting in 

PGTs with four external shafts, Fig. 3. In every presented scheme it is possible to 

put brakes as well as the driving or the operating machine on external shafts in 12 

different configurations (layout variants), the cardinal directions of the input and 

output shafts being used for naming (Fig. 4). The power flow and kinematic 

characteristics of the gearbox are influenced by the placement of brakes on 

different shafts, enabling their use as multiple-speed gearboxes. 

 

Figure 3 

Systematization of all schemes of two-carrier PGTs with four external shafts [10, 15] 

 

Figure 4 

Layout variants of two-carrier planetary gear trains with four external shafts [15] [16] 
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3 Numerical Example and Discussion 

The computer program DVOBRZ is used to select the optimal variant from 

similar multispeed PGTs, and it operates by synthesizing two-speed PGTs [14]. 

The program can determine the values of the parameters of valid component 

PGTs, such as basic gearset efficiency η0, gear pitch diameters d1,2,3, gear modules 

m etc. for every valid combination of gear tooth numbers z1,2,3, as functions of the 

ideal torque ratios tI,II . Furthermore, for every valid combination of component 

PGTs for the selected scheme and layout variant, the parameters of the component 

PGT, such as iBr1, iBr2 (transmission ratios with the respective brake Br1 or Br2 

activated), ηBr1 and ηBr2 (efficiencies with the respective brake activated), are also 

calculated as functions of the ideal torque ratios tI and tII and then stored (Fig. 5). 

Every layout variant has two separate functions relating the transmission ratios as 

iBr1, iBr2 to the ideal torque ratios tI and tII (Fig. 5, left). The program effectively 

seeks the ideal torque ratios that will place the overall transmission ratios of the 

compound PGT into the desired range (Fig 5, right). 

 

Figure 5 

Operating principle of the DVOBRZ program  

All valid solutions are compared according to the defined relevant criteria, such as 

minimal radial dimensions, maximum equivalent efficiency etc. [9]. In this case, a 

railway vehicle transmission will be used to demonstrate the selection of two-

speed PGTs. Considering that the required transmission ratios are i1= -4.5 and i2= 

4.5, solutions have been found with transmission ratios in the ranges -4.6 ≤ i1 ≤ -

4.4 and 4.4 ≤ i2 ≤ 4.6. The important outer input datum is the frequency of 

operation of each transmission ratio: α1i = 0.5 (50%) and α2i = 0.5 (50%).  
The program is now tasked with finding the optimal solution according to 

efficiency, while considering the operating conditions of the vehicle.  

The DVOBRZ program then lists six possible solutions for two-speed PGTs, 

using the previously listed requirements and assumptions. The main solution 

parameters are summarized in Table 1 while the kinematic schemes of acceptable 

solutions are shown in Figs. 5-10. The main parameters include the numbers of 

teeth of all gears and ideal torque ratios for both component gear trains.  



Acta Polytechnica Hungarica Vol. 20, No. 1, 2023 

 – 101 – 

The program DVOBRZ determines the ideal torque ratios for both gear trains.  

The tooth numbers of all gears were adopted based on the ideal torque ratios [17] 

and presented in Table 1. All tooth numbers respect the assembly conditions of 
coaxiality, adjacency and conjunction. Component gearsets have either 3 or 4 (z2 

marked in bold in Tab. 1) planets. The transmission ratios and efficiencies have 

been calculated for all acceptable solutions for cases of either brake being active. 

The results are presented in Table 1, with transmission ratios iBr1 and iBr2 defined 

by means of the using the adopted tooth number. Also, the basic efficiency η0 was 

calculated as a function of the tooth numbers of all gears [14] [18]. The efficiency 

with active brake Br1 ηBr1 and the efficiency with active brake Br2 ηBr2 were 

calculated as a function of ideal torque ratios and basic efficiencies [13]. It was 

determined that all solutions provide the required transmission ratios and present 

high efficiency values in both directions of output shaft rotation. 

Table 1 

Main parameters of both component gear trains 

The valid solutions are presented in Figs. 6-11, showing the general kinematic 

layout and power flow for cases of brake Br1 or brake Br2 being on. The power 

flow is marked by the red line, while A denotes power input and B denotes power 
output. The kinematic layouts shown in Figs. 6-11 have been obtained using 

computer simulation and torque method analysis combined with appropriate 

transformations. A diagram linking the ideal torque ratios tI and tII of the 

component PGTs (ring to sun gear tooth number ratio) to the required 
transmission ratio irev is provided for each valid solution. The torque ratios can 

then be used to determine the required tooth numbers for both component PGTs 
by just inverting the assembly conditions. Design constraints (bearing solutions, 

planet gear rotational speed, noise etc.) place the acceptable values of irev into an 

area where the ideal torque ratios exceed 1.5. 

The operation of the S36SN gearbox is shown in Figure 6. The gearbox is idle 

with both brakes off (Fig. 6a). With brake Br1 on, a positive transmission ratio is 

obtained with only component PGT I active, while component PGT II is idle (Fig. 

6b). With brake Br2 on, a negative transmission ratio is obtained, only component 

PGT II is active, while component PGT I is idle (Fig. 6c). The ideal torque ratios 

for transmission ratio irev = +/˗ 5, are tI = 4 and tII= 5 (Fig. 6d). The acceptable 

transmission ratio range is irev = +/˗ 2.5…+/˗ 12. 

Mark tI tII iBr1 iBr2 z1I z2I z3I z1II z2II z3II ηBr1 ηBr2 

S36SN 4.053 5 5.053 -5 19 29 77 16 32 80 0.986 0.982 

S16WE 2 1.553 -5.106 4.932 24 12 48 47 13 73 0.953 0.969 

S33SE 2 5 -5 5 24 12 48 16 32 80 0.982 0.948 

S13WN 2 4.053 5.053 -4.923 24 12 48 19 29 77 0.986 0.922 

S12WS 5 1.52 -5 4.947 16 30 80 50 13 76 0.981 0.966 

S55NE 4.053 2 5.053 -5.102 19 29 77 24 12 48 0.986 0.945 
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The operation of the S16WE gearbox is displayed in Figure 7. The gearbox is idle 

with both brakes are off (Fig. 7a). With brake Br1 on, a negative transmission 

ratio is obtained with both component PGTs in active operation (Fig. 7b). With 

brake Br2 on, a positive transmission ratio is obtained, also with both component 

PGTs in active operation (Fig. 7c). The ideal torque ratios for transmission ratio 

irev = +/˗ 5, are tI = 1.5 and tII= 2 (Fig. 7d). The acceptable transmission ratio range 

is irev = +/˗ 4…+/˗ 5. 

  

Figure 6 

Kinematic arrangement and power flow (top row), and relation of transmission ratio irev to ideal torque 

ratios tI and tII (bottom) for S36SN gearbox 
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Figure 7 

Kinematic arrangement and power flow (top row), and relation of transmission ratio irev to ideal torque 

ratios tI and tII (bottom) for S16WE gearbox  

The operation of the S33SE gearbox is seen in Figure 8. The gearbox is idle with 

both brakes off (Fig. 8a). With brake Br1 on, a negative transmission ratio is 

obtained with only component PGT II in active operation, while component PGT I 

remains idle (Fig. 8b). With brake Br2 on, a positive transmission ratio is 

obtained, with both component PGTs in active operation (Fig. 8c). The ideal 

torque ratios for transmission ratio irev = +/˗ 5, are tI = 2 and tII= 5 (Fig. 7d).  

The acceptable transmission ratio range is irev = +/˗ 4…+/˗ 12. 

The operation of the S13WN gearbox is shown in Figure 9. The gearbox is idle 

with both brakes off (Fig. 9a). With brake Br1 on, a positive transmission ratio is 

obtained with only component PGT I active, while component PGT II is idle (Fig. 
9b). With brake Br2 on, a negative transmission ratio is obtained with both 

component PGTs active. The power flow goes from A to B, with power 
circulation inside the gearbox as shown in the figure (Fig. 9c). The ideal torque 

ratios for transmission ratio irev = +/˗ 5, are tI = 4 and tII= 1.5 (Fig. 19d).  

The acceptable transmission ratio range is irev = +/˗ 2.5…+/˗ 5. 

The S12WS gearbox is shown in Figure 10. With both brakes off, the gearbox is 

idle (Fig. 10a). With brake Br1 on, a negative transmission ratio is obtained with 

only component PGT I active, while component PGT II idles (Fig. 10b). With 

brake Br2 on, a positive transmission ratio is obtained with both component PGTs 
in active operation. Power flows from A to B, with power circulation inside the 
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gearbox as shown in the figure (Fig. 10c). For example, for a transmission ratio of 

±5, the ideal torque ratios are tI=5 and tII=1.5. The ideal torque ratios for 

transmission ratio irev = +/˗ 5, are tI = 5 and tII= 1,5 (Fig. 10d). The acceptable 

transmission ratio range is irev = +/˗ 1.5…+/˗ 5. 

The operation of the S55 NE gearbox is seen in Figure 11. The gearbox is idle 

with both brakes off (Fig. 11a). With brake Br1 on, a positive transmission ratio is 

obtained with only component PGT II active, while component PGT I is idle (Fig. 

11b). With brake Br2 on, a negative transmission ratio is obtained with both 

component PGTs active. The power flows from A to B, with power circulation 
inside the gearbox as shown in the picture (Fig. 11c). The ideal torque ratios for 

transmission ratio irev = +/˗ 5, are tI = 2 and tII= 4 (Fig. 11d). The acceptable 

transmission ratio range is irev = +/˗ 4…+/˗ 5. 

The optimal solution is then selected by the designer according to technological 

and economical demands, such as manufacturing costs. This is achieved by 

analyzing the kinematic diagrams, (Figs. 6a to 11a). Priority is given to designs 

which do not require drilled shafts or complex planet carrier arrangements, and 

layout S36SN satisfies both conditions. In this design, both brakes are acting on 

single external shafts, and it is obvious that in both situations, i.e. with any of two 

brakes activated only component PGT is operational (two-shaft operating mode), 

while the other remains idle. Because of this, power wastage occurs in only one 

PGT stage and there is only one power sink. 

      

Figure 8 

Kinematic arrangement and power flow (top row), and relation of transmission ratio irev to ideal torque 

ratios tI and tII (bottom) for S33SE gearbox 
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Figure 9 

Kinematic arrangement and power flow (top row), and relation of transmission ratio irev to ideal torque 

ratios tI and tII (bottom) for S13WN gearbox  

      

Figure 10 

Kinematic arrangement and power flow (top row), and relation of transmission ratio irev to ideal torque 

ratios tI and tII (bottom) for S12WS gearbox 
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Figure 11 

Kinematic arrangement and power flow (top row), and relation of transmission ratio irev to ideal torque 

ratios tI and tII (bottom) for S55NE gearbox 

Conclusions 

This paper covers two-speed planetary gear trains, with four external shafts 

controlled by two brakes, composed of two simple component PGTs, complete 
with a systematization of their kinematic structures and layout variants. Due to 

their characteristics, such gear configurations are applicable in systems which 

require the transmission ratio to be change under load, or without disconnecting 

the prime mover from the transmission. A concise determination of the structure 

and important basic parameters of two-speed planetary gear trains is also 

presented, enabled by the application of DVOBRZ, a computer program 

developed for the research of two-speed planetary gear trains. The procedure is 

explained by a numerical example dealing with the application for a railway 

vehicle, where two directions of rotation, at the same speed are necessary. All 
possible schemes obtained by program are then analyzed and the main parameters 

are defined. The most appropriate scheme is selected by ranking the obtained 

systems according to technological demands. 
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Abstract: Structural models and their related parameters, are most often considered as 

deterministic, in numerical analysis. However, according to test results, one can see the 

existence of uncertainties, in most cases, due to various reasons, such as, natural variabilities 

and ignorance. Thus, dealing with uncertainty has gained massive attention, due to its 

importance in structural analysis and anticipating the performance of models. In fact, in 

some cases of special structure components, like glue laminated timber beams, it appears to 

be, that there is an absence of information concerning uncertainties. Therefore, the main 

objective of this study is to inspect uncertainties that facing designers and their role in glue 

laminated timber beams behavior, by considering different material parameters as random 

variables. In addition, four-point bending tests are conducted and finite element analysis is 

conducted, using ABAQUS software, to model the nonlinear behavior of GLT beams. For 

purposes of numerical model calibration, Hill yield criterion constitutive model is considered 

based on the obtained data from the experimental test. The results of this study provide a 

better outline for understanding the effect of uncertainties on glue laminated timber beams. 

Keywords: Glue laminated timber beams; Hill yield criterion; Reliability-based design; 

Finite element analysis 

1 Introduction 

Timber has been greatly considered as a construction material since centuries in 

various structural projects, due to its benefits such as its low cost, well mechanical 

properties, durability, lightweight material, and its ability to respond to seismic and 

high wind events without occurring of critical failure [1-3]. Moreover, timber is 

considered as anisotropic material which shows various constitutive relationship in 

tension and compression which categorized according to the direction of grain by 

three distinct directions: longitudinal, radial, and tangential [4] [5]. A composite 

doubly-curved laminated shells were investigated in the study of Monge et al. [6] 
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by utilizing kinematic models, where a simply supported shell was subjected to 

various loads. Also, in the study of Le et al. [7], an analytical technique was adopted 

to expect the nonlinear buckling behavior of graphene-reinforced composite 

laminate shells considering thermal environment. Taking into consideration that 

one of the most structural timber product is glued laminated timber (GLT) which 

can be effectively used in cases curved shapes production. 

Glue laminated beams could be either horizontally or vertically laminated. Also, 

these configurations can illustrate the fact that the horizontal method can produce 

curved members efficiently [8]. 

Glued laminated timber nowadays is considered as one of most common building 

material since it has shown efficient behavior and saving energy properties. Thus, 

glue laminated timber is widely used in industrial projects. 

Recently, GLT has been utilized in uncovered applications like vaulted roofs and 

huge open spaces. Also, glulam is utilized when you look for a mixture of aesthetic 

and structural qualities. This incorporates a scope of engineering applications, such 

as glulam gallery which was built in Johor Bahru [9], an arched glulam timber 

bridge in Sheshan golf court of Shanghai in China [10] and Grandstand of Kulm 

Hotel in St. Moritz [11]. 

Different constitutive models have been developed during last decades to represent 

the nonlinear behavior of timber, which can be classified into three categories: 

elasto-plastic material models, elastic-damage models and combination of elasto-

plastic material with damage model [12] [13]. Thus, finite element models have 

been considered recently to simulate the behavior of timber. 

Currently, the Hill yield criterion and Tsai-Hill criterion are widely used to model 

the timber behavior. For instance, Xu et al. [14] presented in their study a nonlinear 

finite element model to simulate the strength of GLT. A constitutive elasto-plastic 

model of timber beam with openings was introduced in the study of Guan and Zhu 

[15]. 

The existence of randomness such as in material, loadings, and geometry properties 

that might reduce the strength of timber, lead engineers to deal with uncertainties. 

Thus, a stochastic models of timber structures are required for designs. In fact, with 

contrary to deterministic approach, the probabilistic method improves design 

reliability where it provides several benefits to designers such as improve sensitivity 

analysis and allow designers to determine the crucial parameters of uncertain 

models [16]. 

Numerical investigations have turned into a significant common methodology for 

analyzing various designing systems. Simulations are normally depicted as the 

means for supplanting the actual world according to a combination of theories as 

well as envisioned models of reality. 
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Monte Carlo simulation technique was created to be a probabilistic way to deal with 

complex deterministic complications as computers simply simulate a large number 

of exploratory tests which yield random results [17]. In the study of Corradi et al. 

[18], the uncertainty in strength of reinforced timber was modelled and various 

bending tests were carried to illustrate the effect of reinforcement on timber 

strength. The randomness of longitudinal strength of timber beam according to the 

existence of knots was analyzed by Czmoch [19] where Monte Carlo technique was 

adopted to find the statistics of a specified timber elements. Jenkel et al. [20] 

investigated and analyzed two timber structures by considering stochastically 

models of material parameters. 

The goal of this study is to examine the effect of reliability indices on the GLT 

beams using probabilistic finite element analysis. Thus, the novelty of the article is 

about considering the probabilistic design in order to make the model more reliable 

and safer in which the designer must deal with the existence of uncertainties to make 

the method more practical. Moreover, this paper presents the results of an 

experimental program of 4-point bending tests of GLT beams. A written code is 

used to pursue the required goal by considering the reliability index as a limit when 

the material parameters for both tension and compression sides of timber are 

considered as random variables. Moreover, Monte Carlo sampling method has been 

adopted to calculate the reliability indices depending on statistics of material 

parameters. Finally, determination of corresponding load, displacement, and mean 

stresses values. 

The rest of this paper is structured as: Section 2 introduce the used model of timber 

material behavior while Section 3 illustrates the reliability-based analysis. 

Furthermore, Section 4 introduces the experimental program and numerical model 

validation. Finally, Sections 5 and 6 represent the discussion of the results and 

conclusions respectively. 

2 Behavior of Timber Material 

The behavior of timber in compression parallel to grain exhibits some strain relaxing 

as a rule, it tends to be roughly viewed as elastic perfectly plastic. The fundamental 

anisotropic yield criterion which can be applied in evaluating timber is the Hill yield 

criterion. 

The Hill yield criterion can be used in the numerical analysis of wooden elements. 

The theory is based on the generalization of the Huber-Mises-Hencky hypothesis 

for anisotropic materials where a connection is allowed between the anisotropic 

directions and material strengths. This can be adopted in modelling of materials, 

such as metals in rolling processes, which display partial orthotropic behavior or 

composite materials. 
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In case of using this criterion along the isotropic hardening option, the yield function 

is expressed by [21]: 𝑓𝑓(𝜎𝜎) = �(𝜎𝜎)𝑇𝑇 ∙ [𝑀𝑀] ∙ (𝜎𝜎) − 𝜎𝜎0(𝜀𝜀�𝑝𝑝)               (1) 

where 𝜎𝜎0 is the reference yield stress, 𝜀𝜀𝑝𝑝 is the equivalent plastic strain and [M ] 
represents mass matrix. While in case of use it with kinematic hardening option, the 

yield function will have the following expression: 𝑓𝑓(𝜎𝜎) = ��(𝜎𝜎) − (𝛼𝛼)�𝑇𝑇 ∙ [𝑀𝑀] ∙ �(𝜎𝜎) − (𝛼𝛼)� − 𝜎𝜎0  (2) 

where α is the yield surface translation vector. The Hill yield stress potential within 

a coordinate system which is aligned with anisotropy coordinate system can be 

formulated as following: 𝑓𝑓�𝜎𝜎,𝜎𝜎𝑦𝑦� = 𝐹𝐹(𝜎𝜎22 − 𝜎𝜎33)2 + 𝐺𝐺(𝜎𝜎33 − 𝜎𝜎11)2 + 𝐻𝐻(𝜎𝜎11 − 𝜎𝜎22)2 + 2𝐿𝐿𝜎𝜎232
+ 2𝑀𝑀𝜎𝜎312 + 2𝑁𝑁𝜎𝜎122 − 𝜎𝜎𝑦𝑦2 = 0 

  (3) 

where F, G, H, L, M and N are constants calculated experimentally [21] of the 

material in various orientations. 𝐹𝐹 =
12 ∙ � 1𝑅𝑅222 +

1𝑅𝑅332 − 1𝑅𝑅112 �        (4) 𝐺𝐺 =
12 ∙ � 1𝑅𝑅332 +

1𝑅𝑅112 − 1𝑅𝑅222 �        (5) 𝐻𝐻 =
12 ∙ � 1𝑅𝑅112 +

1𝑅𝑅222 − 1𝑅𝑅332 �        (6) 𝐿𝐿 =
32∙𝑅𝑅232          (7) 𝑀𝑀 =
32∙𝑅𝑅132          (8) 𝑁𝑁 =
32∙𝑅𝑅122          (9) 

where Ri:j are anisotropic yield stress ratios. 

Furthermore, this criterion can be used in modelling wood and processed wood 

products, fiber matrix composites, zirconium alloys and titanium alloys. 

3 Reliability-based Analysis 

The fundamental concept of reliability analysis can be presented, by assuming 𝑋𝑋𝑅𝑅 

which indicates the non-negative limit for 𝑋𝑋𝑆𝑆, thus the failure could be estimated 

through 𝑋𝑋𝑅𝑅  ≤  𝑋𝑋𝑆𝑆. Supposing that 𝑋𝑋𝑅𝑅 and 𝑋𝑋𝑆𝑆 independent random variables having 
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probability density functions 𝑓𝑓𝑅𝑅 (𝑋𝑋𝑅𝑅  ) and 𝑓𝑓𝑅𝑅 (𝑋𝑋𝑆𝑆). The probability of failure 𝑃𝑃𝑓𝑓 

could be estimated according to following expression [22]: 𝑃𝑃𝑓𝑓 =  𝑃𝑃[𝑋𝑋𝑅𝑅 ≤ 𝑋𝑋𝑆𝑆] =  ∬ 𝑓𝑓𝑅𝑅 (𝑋𝑋𝑅𝑅)𝑋𝑋𝑅𝑅≤𝑋𝑋𝑆𝑆 𝑓𝑓𝑆𝑆 (𝑋𝑋𝑆𝑆)𝑑𝑑𝑋𝑋𝑅𝑅𝑑𝑑𝑋𝑋𝑆𝑆              (10) 

A possible definition of the previous formulation can be given in terms of the so-

called limit-state function which is identified by: 𝑔𝑔(𝑋𝑋𝑅𝑅 ,𝑋𝑋𝑆𝑆) = 𝑋𝑋𝑅𝑅 − 𝑋𝑋𝑆𝑆                               (11) 

Taking into consideration that 𝑔𝑔 ≤  0 identifies the failure domain 𝐷𝐷𝑓𝑓. Thus, 𝑃𝑃𝑓𝑓 is 

expressed by: 𝑃𝑃𝑓𝑓 = 𝐹𝐹𝑔𝑔(0)                                                                             (12) 

Additionally, 𝑃𝑃𝑓𝑓 can be determined as: 𝑃𝑃𝑓𝑓 = ∫ 𝑓𝑓(𝑋𝑋)𝑑𝑑𝑋𝑋 = ∫ 𝑓𝑓(𝑋𝑋)𝑑𝑑𝑋𝑋𝐷𝐷𝑓𝑓𝑔𝑔(𝑋𝑋𝑅𝑅,𝑋𝑋𝑆𝑆)≤0                  (13) 

Monte-Carlo sampling method involves realizations generating 𝑥𝑥  of the random 

vector 𝑋𝑋 upon their probability joint density function 𝑓𝑓𝑋𝑋(𝑥𝑥) and examining if failure 

occurs or not according to a given realization. The failure probability can be 

estimated according to the ratio of total number of points within the failure domain 

to the entire number of generated points. The number of points in the failure domain 

with respect to the total number of generated points is an estimator of the probability 

of failure. This concept could be formulated by initiating an indicator function of 𝐷𝐷𝑓𝑓[23]: 𝜒𝜒𝐷𝐷𝑓𝑓(𝑥𝑥) = � 1                𝑖𝑖𝑓𝑓  𝑥𝑥 ∈  𝐷𝐷𝑓𝑓
0               𝑖𝑖𝑓𝑓  𝑥𝑥 ∉  𝐷𝐷𝑓𝑓 �                                            (14) 

Then equation (13) can be rewritten as: 𝑃𝑃𝑓𝑓 = ∫   .  .  .  ∫ 𝜒𝜒𝐷𝐷𝑓𝑓(𝑥𝑥)𝑓𝑓𝑋𝑋(𝑥𝑥)𝑑𝑑𝑥𝑥+∞−∞+∞−∞                  (15) 

Consequently, function 𝜒𝜒𝐷𝐷𝑓𝑓(𝑋𝑋) is a random variable having two points distribution: ℙ � 𝜒𝜒𝐷𝐷𝑓𝑓(𝑋𝑋) = 1� =  𝑃𝑃𝑓𝑓                   (16) ℙ � 𝜒𝜒𝐷𝐷𝑓𝑓(𝑋𝑋) = 0� =  1 − 𝑃𝑃𝑓𝑓                  (17) 

where 𝑃𝑃𝑓𝑓 = ℙ[ 𝑋𝑋 ∈  𝐷𝐷𝑓𝑓 ]. The mean value and variance of 𝜒𝜒𝐷𝐷𝑓𝑓(𝑋𝑋) are expressed by: 𝔼𝔼 �𝜒𝜒𝐷𝐷𝑓𝑓(𝑋𝑋)� = 1 ∙ 𝑃𝑃𝑓𝑓 + 0 ∙ �1 − 𝑃𝑃𝑓𝑓� = 𝑃𝑃𝑓𝑓                 (18) 𝕍𝕍𝑎𝑎𝑎𝑎 �𝜒𝜒𝐷𝐷𝑓𝑓(𝑋𝑋)� = 𝔼𝔼 �𝜒𝜒𝐷𝐷𝑓𝑓2 (𝑋𝑋)� − (𝔼𝔼 �𝜒𝜒𝐷𝐷𝑓𝑓(𝑋𝑋)�)2 = 𝑃𝑃𝑓𝑓 − 𝑃𝑃𝑓𝑓2 = 𝑃𝑃𝑓𝑓(1 − 𝑃𝑃𝑓𝑓)          (19) 

In Monte-Carlo sampling method, to determine 𝑃𝑃𝑓𝑓 , the following estimator of mean 

value is applied: 
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𝔼𝔼� �𝜒𝜒𝐷𝐷𝑓𝑓(𝑋𝑋)� =
1𝑍𝑍∑ 𝜒𝜒𝐷𝐷𝑓𝑓(𝑋𝑋(𝑧𝑧)𝑍𝑍𝑧𝑧=1 ) = 𝑃𝑃�𝑓𝑓                              (20) 

Where 𝑋𝑋(𝑧𝑧) are random independent vectors (where 𝑧𝑧 = 1, … ,𝑍𝑍) accompanied with 

probability density functions which can be determined by 𝑓𝑓𝑋𝑋(𝑥𝑥) . Due to the 

uncertainties, the material properties are defined as a random variables and it 

follows the Gaussian distribution with mean value 𝔼𝔼  and variance 𝕍𝕍𝑎𝑎𝑎𝑎 . 

Accordingly, the mean value and the variance of the estimator can be simply 

determined as the following: 𝔼𝔼�𝑃𝑃�𝑓𝑓� =
1𝑍𝑍∑ 𝔼𝔼 �𝜒𝜒𝐷𝐷𝑓𝑓�𝑋𝑋(𝑧𝑧)�� =

1𝑍𝑍𝑍𝑍𝑧𝑧=1 𝑍𝑍𝑃𝑃𝑓𝑓 = 𝑃𝑃𝑓𝑓    (21) 𝕍𝕍𝑎𝑎𝑎𝑎�𝑃𝑃�𝑓𝑓� =
1𝑍𝑍2∑ 𝕍𝕍𝑎𝑎𝑎𝑎 �𝜒𝜒𝐷𝐷𝑓𝑓�𝑋𝑋(𝑧𝑧)�� =

1𝑍𝑍2 𝑍𝑍𝑃𝑃𝑓𝑓�1 − 𝑃𝑃𝑓𝑓� =𝑍𝑍𝑧𝑧=1 1𝑍𝑍 𝑃𝑃𝑓𝑓�1 − 𝑃𝑃𝑓𝑓�            (22) 

Therefore, the reliability constraint can be illustrated by considering the reliability 

index 𝛽𝛽 as: 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑔𝑔𝑡𝑡𝑡𝑡 − 𝛽𝛽𝑐𝑐𝑡𝑡𝑐𝑐𝑐𝑐 ≤ 0 (23) 

To calculate 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑔𝑔𝑡𝑡𝑡𝑡 and 𝛽𝛽𝑐𝑐𝑡𝑡𝑐𝑐𝑐𝑐, the following equations are used: 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑔𝑔𝑡𝑡𝑡𝑡 = −𝛷𝛷−1�𝑃𝑃𝑓𝑓,𝑡𝑡𝑡𝑡𝑡𝑡𝑔𝑔𝑡𝑡𝑡𝑡� (24) 𝛽𝛽𝑐𝑐𝑡𝑡𝑐𝑐𝑐𝑐 = −𝛷𝛷−1�𝑃𝑃𝑓𝑓,𝑐𝑐𝑡𝑡𝑐𝑐𝑐𝑐� (25) 

4 Numerical Model Validation 

4.1 Experimental Program 

In this research, four-point bending tests are conducted similar to de Jesus [24]. 

Based on this experimental work, three beams of 2500 𝑚𝑚𝑚𝑚  long GLT beams 

having a cross-sectional area of 100 ×  240 𝑚𝑚𝑚𝑚 are tested. Adhesion test of timber 

was performed before the start of the tests. Commercial glulam available beams are 

used, the properties of which were defined by the producer. Table 1 represents the 

experimental properties of the used materials. Furthermore, the layout of the 

laboratory experimental test is shown in Figure 1. 

Table 1 

Material properties 

Material 

Flexural 

strength 

[N/mm2] 

Compression 

strength 

[N/mm2] 

Tensile 

strength 

[N/mm2] 

Shear 

strength 

[N/mm2] 

Elastic 

modulus 

[N/mm2] 

Timber fm,k = 50.0 
fc,0,k = 29.0 

fc,90,k = 3.2 

ft.0.k = 30.0 

ft90.k = 0.4 
fv.k = 4.0 

E0,mean = 9400  

E90,mean = 390 
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Figure 1 

Layout of the experiment 

4.2 Material and Methods 

Finite element analysis is considered to model the nonlinear behavior of GLT 

beams. 8-node solid element (C3D8) is considered for modeling the laminated 

beams. While the contact between lamellas is assumed perfectly bonded. At points 

of loading, steel bearing plates with dimensions of length = 150 𝑚𝑚𝑚𝑚 , width = 

100 𝑚𝑚𝑚𝑚 and thickness = 30 𝑚𝑚𝑚𝑚 are installed to avoid local failure which might be 

caused by crushing. 

The geometry, loading and supporting conditions of the beams are presented in 

Figure 2, where the whole beams are tested under monotonic loading up to failure, 

with two concentrated load acting on the top of the beams. 

 

Figure 2 

Beams geometry and loading condition 

The boundary conditions are roller as a left support to produce rotation and 

horizontal movement and pin set as the right support to produce rotation. Two 

vertical concentrated loads are given on the distribution plates which are placed at 

the top of the beam and these applied loads are distributed by the coupling effect. 

Furthermore, a fine mesh is considered to obtain results with sufficient accuracy, 

where the number of total elements is approximately 60000. Figure 3 shows the 

considered numerical model, while Tables 2 and 3 show the numerical specimen’s 

properties. 
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(a) 

(b) 

 

(c) 

Figure 3 

Considered numerical model: (a) assembly of the model (b) finite element mesh of the model (c) 

the considered elements for FEA 

Table 2 

Material properties for numerical modelling of timber (compression side) 

Elasticity Plasticity 

E1=9400 MPa E2=0.53 GPa E3= 0.53 GPa σyield= fc,0,k = 29.0 MPa 

G12=0.72 GPa G13=0.24 GPa G23=0.24 GPa R11=5.800 R22=0.640 R33=0.640 

ν12 = 0.40 ν13=0.40 ν23  = 0.40 R12=1.386 R13=1.386 R23=1.386 

Table 3 

Material properties for numerical modelling of timber (tension side) 

Elasticity Plasticity 

E1=9400 MPa E2=0.39 GPa E3= 0.39 GPa σyield= ft,0,k = 30.0 MPa 

G12=0.72 GPa G13=0.24 GPa G23=0.24 GPa R11=6.000 R22=0.080 R33=0.080 

ν12 = 0.40 ν13=0.40 ν23  = 0.40 R12=1.386 R13=1.386 R23=1.386 

Figure 4 show the deflections of the middle cross section of the validated model 

compared to the average experimental test. 
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Figure 4 

Comparison of experimental and numerical results 

5 Results and Discussion 

In order to validate the numerical model, finite element software (ABAQUS) is used 

based on the collected data from experimental tests. Afterward, a code is written 

and connected to ABAQUS to begin the analysis considering the reliability index 

as a limit and timber properties as random variables with mean values and standard 

deviations. Table 4 represents the considered random variables for timber material. 

Table 4 

Considered random variables of material properties 

P
ar

am
et

er
 fc,0,k fc,90,k fv.k ft.0.k ft,90,k E0 E90 G 

ν 
N/mm2 N/mm2 N/mm2 N/mm2 N/mm2 N/mm2 N/mm2 GPa 

M
ea

n
 

29.00 3.20 4.00 30.00 0.40 9400 390 0.72 0.40 

S
td

 

D
ev

. 

5% 

The Monte Carlo simulation technique is used to analyze the samples according to 

various material properties to examine the effect of reliability index on the behavior 

of the timber beam by assuming the number of sample point (Z = 3 × 106).  

For illustration, Table 5 shows results of three different considered reliability index. 

0

20

40

60

80

100

120

0 5 10 15 20 25 30 35 40

F
o

rc
e

 [
k

N
]

Displacement [mm]

Numerical model Average experimental test



D. Harrach et al. Numerical Investigation of Glue Laminated Timber Beams considering Reliability-based Design 

‒ 118 ‒ 

The effect of reliability index (𝛽𝛽) as it works as a limit is obvious on the results 

alongside the variation of the material properties to show the corresponding loads 

(𝐹𝐹) and displacements (𝑈𝑈). Furthermore, adopting small values of  𝛽𝛽 will produce 

higher loads, thus greater values of displacements too, so a small value 𝛽𝛽  will 

involve more applied loads to be achieved. However, assuming the material 

properties with a variance, will cause the operation to produce random material 

properties, for each cycle and this explains how the role of uncertainties, is 

considered in this paper. 

Table 5 

Results of beam analysis 

𝛽𝛽 
fc,0,k fc,90,k fv.k ft.0.k ft,90,k E0 E90 G 

ν 
U F 

N/mm2 N/mm2 N/mm2 N/mm2 N/mm2 N/mm2 N/mm2 GPa mm kN 

4.83 27.44 3.35 4.02 31.40 0.41 9308 384 0.71 0.42 22.07 88 

4.28 30.19 3.42 3.78 30.06 0.38 8478 386 0.68 0.41 23.16 90 

3.32 26.02 3.14 3.83 26.60 0.45 9271 411 0.71 0.39 23.39 92 

Moreover, the variation of material properties which showed in Table 4, 

indicates that the performance of the applied 5% standard deviation on those values 

and the results are changed accordingly where the material properties are directly 

affecting the load and displacement values alongside with the inserted 𝛽𝛽 values. 

Another comparison is made to show the stress distribution of the model according 

to three different 𝛽𝛽  values as shown in table 6. Besides, Table 7 shows the 

deterministic results which obtained by applying the ultimate load (𝐹𝐹𝑢𝑢). Also, the 

mean stress value and the corresponding displacement (𝑈𝑈) are presented. 

As three different models having different 𝛽𝛽  values were considered, it can be 

noticed that the value of mean stress increases as 𝛽𝛽 decreases, also the yielding 

stresses distribution which presented by the red color are more intense in the 

deterministic case than the probabilistic case. 

Table 6 

Stress distribution according to probabilistic analysis 

𝛽𝛽 
F 

(kN) 
 

Displacement 

(mm) 

Mean 

stress 

(MPa) 

Stress distribution 

4.83 88  22.07 12.04  

 

4.28 90  23.16 12.35  

 



Acta Polytechnica Hungarica Vol. 20, No. 1, 2023 

‒ 119 ‒ 

3.32 92  23.39 12.64  

 

Table 7 

Stress distribution of according to deterministic analysis 

F 

(kN) 
 

Displacement 

(mm) 

Mean 

stress 

(MPa) 

Stress distribution 

114  31.09 13.77  

 

From the obtained results of introducing the probabilistic analysis, it can be noticed 

that that the values of mean stresses in case of deterministic design are higher than 

which are obtained in probabilistic design. Hence, we can say that the 𝛽𝛽 is working 

as a bound for a safe design controlling the yielding status in the model, where the 

intensity of the stress is graded from maximum red to minimum blue as seen in 

tables. 

Conclusions 

In this paper, the effect of considering the reliability index, for glue laminated 

timber beams, is examined, by using deterministic and reliability-based finite 

element analysis. Justification of the numerical model has been proposed using the 

Hill yield criterion constitutive model after recording the necessary data according 

to the experimental tests. In addition, a written code was utilized to achieve the aim 

of considering the reliability index as a limit while material properties of timber are 

considered as random variables with mean values and standard deviation for each 

parameter. Hence, according to what have been mentioned previously, the 

following key points are noted: 

1) The effect of considering 𝜷𝜷 is obvious on the results as it works as a 

limit together with the varied material properties to provide the 

corresponding loads and displacements. 

2) It can be noticed according to the obtained results that as 𝜷𝜷 decreases, 

the corresponding values of mean stresses increases. 

3) Choosing smaller values of 𝜷𝜷 will produce greater loads, thus greater 

displacements. 
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4) The considered standard deviation and mean values of timber properties 

causes random varied results since the timber properties are directly 

affecting the load and displacement values collaborating with the 

inserted 𝜷𝜷 values. 

5) Yield stress distributions are less intensive in the probabilistic cases in 

comparison to the deterministic cases, thus we can say that 𝜷𝜷 works as 

a bound parameter controlling the yield state in the model. 
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Abstract: Temporal temperature evolution of ballastless railway track is a random process 

caused by complex environmental actions. The vertical temperature gradient (VTG), 

varying continuously with time, has significant effects on the repeated deformation of 

ballastless track. However, few researchers have considered the statistical analysis of 

VTGs in alpine and plateau environs characterized by high altitude, strong solar radiation 

and high diurnal temperature differences. In this study, a temperature field test platform of 

ballastless track was established in Shannan City, Tibet and the temperature field of 

ballastless track was measured. Based on four statistical methods, a Monte Carlo 

simulation (MCS), Gaussian mixture model (GMM), Generalized Pareto distribution 

(GPD) and a third-order polynomial normal transformation technique (TPNT), the VTGs of 

ballastless track in alpine and plateau areas, are statistically analyzed. The results show 

that the applied statistical methods, used for predicting the VTG representative value, in 

ballastless track, are feasible within different application conditions. The recommended 

positive and negative representative values of the VTG of ballastless track are 91.58 oC/m 

and -40.15 oC/m, and 82.83 oC/m and -35.03 oC/m, with failure probabilities of 1% and 5% 

respectively, in alpine and plateau areas. The research results can provide a reference for 

the design and maintenance of ballastless track used in alpine and plateau environs. 

Keywords: Ballastless track; Temperature distribution; Long-term field test; Vertical 

temperature gradient; alpine and plateau environs; Statistical analysis 
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1 Introduction 

The high-speed railways, due to their high transportation capacity, environmental 

friendliness, and safe operation, have been the latest trend for railway 

developments all over the world [1] [2]. Among them, the Southwest Plateau 

Railway is of great significance to China’s 13th Five-Year Plan, which 

subsequently climbs 5000 m and runs across the Tibetan plateau [3] [4].  

The alpine and plateau environs generally experience high levels of solar radiation, 

low rainfall, and large diurnal temperature variation [5]. The effects of the 

complex alpine plateau climatic environment on the construction of the Southwest 

Plateau Railway should not be ignored. 

Ballastless tracks with high stability, small settlements, and low maintenance have 

been widely utilized and developed in the construction of the Southwest Plateau 

Railway, but the damage of them cannot be avoided during their service life. 

Ballastless tracks with large material property differences and complex climatic 

variations, were vulnerable to various degrees of damage in the complex service 

environment [6]. The effects of temperature loads on the interface damage 

evolution process of ballastless tracks have been analyzed [7] [8]. The damage 

characteristics of ballastless track structures were related to deformation 

imbalance caused by thermal loads, and various degrees of the arch at the joints 

between prefabricated slabs were produced under non-uniform temperature 

distributions [9]. The problems of ballastless track structures have been analyzed 

combined with the effect of temperature increase and positive temperature 

gradient [10]. The damage of ballastless tracks under time-varying service 

environments was closely related to the effects of temperature gradients. 

Therefore, the study of temperature gradients has significant effects on the 

optimization design, maintenance, and damage control of ballastless tracks in 

alpine and plateau environs. 

Many pieces of research focused on temperature distributions in concrete 

structures exposed to various environmental actions [11]. The heat transfer 

analysis of ballastless tracks has been conducted to calculate the non-uniform 

temperature distributions and vertical temperature gradients based on 

meteorological data such as solar radiation and environmental temperature [6] [12]. 

The vertical temperature gradient and temperature variation of ballastless tracks in 

natural environment have been investigated, based on field test and temperature 

simulation [13] [14]. The variation trend of temperature field evolvement and 

temperature gradient of ballastless tracks has been studied considering the 

geographical locations and environmental conditions [15] [16]. Based on the 

meteorological data, the nonlinear temperature distribution and temperature 

gradients of ballastless tracks obey certain statistical regularity [17]. Because 

meteorological conditions change all the time, the statistical characteristics of 

temperature gradients of ballastless tracks are varied. Thus, the statistical analysis 

of the temperature gradient in ballastless tracks exposed to alpine plateau climatic 

conditions deserves to be studied in detail. 
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The statistical analysis of temperature gradients, in different structures considering 

environmental conditions, has been concerned by many researchers. Effective 

extreme value analysis has been proposed to establish the most unfavourable 

temperature gradient of concrete-filled steel tubes [18]. The statistical 

characteristic of maximum or minimum temperature differences has been 

described by the Gaussian mixture model of flat-steel-box girders and truss girders 

[19]. Temperature action representative values in a bridge-track system have been 

researched through a statistical method of a virtual distribution built by high-order 

moments of data [20]. Based on the stationary binomial probability model, the 

vertical temperature gradient models and transverse temperature gradient models 

of concrete box girder have been determined [21] [22]. In the existing studies, the 

statistical analysis of a certain mathematical model applied to VTG in different 

structures has been concerned [23]. However, the application of different 

statistical methods is various under different monitoring periods and analysis 

objectives. The comparative analysis of different statistical methods for predicting 

VTG of ballastless track in alpine and plateau environs warrants further detailed 

study. 

In this study, based on the long-term temperature field test of ballastless track in 

Shannan City, Tibet, the statistical methods including MCS, GMM, GPD, and 

TPNT, are used to investigate the VTG variation trend of ballastless track 

considering complex alpine plateau climatic. The VTG representative values with 

different failure probabilities are analyzed based on the four statistical methods. 

Furthermore, the recommended positive and negative representative values of 

VTG of ballastless track are determined. 

2 Experimental Program 

2.1 Experimental Setup 

The temperature distribution of ballastless track influenced by atmospheric 

temperature, wind speed, altitude, and climatic conditions vary continuously with 

time. The site construction of the ballastless track located in Gongga County, 

Shannan City, Tibet Autonomous Region, China (N29.25˚, E92.21˚) was shown in 
Figure 1. The ballastless track is situated in the plateau climatic zone 

(mountainous area), with an air pressure of 61.3 kPa and an altitude of 3535 m. 

The length and width of the ballastless track were 4.0 m and 2.8 m, respectively, 

and the interval between supporting block tracks was 0.65 m. The centerline of the 

ballastless track was in the direction of northeastern 23˚, and the plane layout of 
the ballastless track was described in Figure 2. Section A-A was the middle 

section of the ballastless track, where temperature measuring sensors were 

arranged. 
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)a) Concrete pouring of ballastless track )b) Concrete maintenance of ballastless track 

Figure 1 

The ballastless track used on site 

 

Figure 2 

The plane layout of ballastless track (unit: mm) 

2.2 Experimental Procedure 

The monitoring period of the long-term field test was from 00:19:10 on January 

31, 2021 to 03:19:10 on March 1, 2022, with a sampling frequency of 0.5 hours. 

Thermometers were arranged on the A-A section of ballastless track, to obtain the 

temperature variation trend of ballastless track in Gongga County. The VTGs of 

ballastless track were analyzed, and the VTG representative values of ballastless 

track with different failure probabilities were determined. Structural dimensions 

and layout of thermometers of ballastless track were shown in Figure 3. 
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Figure 3 

Structural dimensions and layout of thermometers (unit: mm) 

From Figure 3, the thermometers T1, T2, T3, and T4 were arranged on the path a 

of ballastless track, and the thermometers T5, T6, T7, and T8 were arranged on 

path b of ballastless track. The thermometers T1 and T5 were arranged on the top 

edge of ballastless track, and the thermometers T4 and T8 were arranged on the 

bottom edge of ballastless track. The arrangement of thermometers and the data 

acquisition system were shown in Figure 4. 

   

(a) Thermometers on the top 

edge of the ballastless track  

(b) Thermometers embedded in 
the ballastless track 

(c) Data acquisition system 
powered by solar energy 

Figure 4 

The arrangement of thermometers in ballastless track and data acquisition system 

From Figure 4, thermometers were arranged on the top edge of ballastless track 

and embedded in ballastless track, respectively, to obtain the temperature 

distribution of ballastless track. Thermometers YC-PT1000/3 with the accuracy 

±0.1 oC and measurement ranging from -85 oC to 300 oC, were used to monitor the 

temperature variations of ballastless track and atmospheric. Based on the 

temperature monitoring data of ballastless track, the non-uniform temperature 

distribution, and the temporal and spatial temperature variation of ballastless track 

were put forward. 
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2.3 Experimental Results 

In this experiment, the temperature variations along path a and b of the ballastless 

track from January 31, 2021 to March 1, 2022 were investigated. Except for 

several data missing due to instrumental failure, most of the temperature data has 

been obtained via the monitoring system. The temperature evolutions along path a 

and b of the ballastless track were shown in Figure 5. 

  

)a) Temperature variation along path a )b) Temperature variation along path b 

Figure 5 

Temperature variations of the ballastless track 

From Figure 5, the temperature variation trend along path a and b of the ballastless 

track were almost the same. The temperature variation of sensor T1 along path a 

ranged from -12.06 oC to 45.61 oC, and the temperature variation of sensor T5 

along path b ranged from -11.76 oC to 41.45 oC. The temperature variation trend 

along path a varied more drastically than that of path b. Due to the heat transfer 

laws of concrete materials, the evolution of the internal temperature of the 

ballastless track lags behind the edge temperature of the ballastless track [24].  

The VTG of the track slabs is φ β( ) /T T D− , where φT  is the temperature of the top 

edge in the track slabs; βT  is the temperature of the bottom edge in the track slabs; 

and D  is the track slabs thickness (0.24 m). The VTG of ballastless track can 

provide an important reference for their design and maintenance, and the variation 

trend of VTGs (path a) and air temperature were shown in Figure 6. 
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)a) Variation trend of VTGs along path a )b) Variation trend of air temperature 

Figure 6 

Comparison of the VTG in the ballastless track 
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From Figure 6, the variation characteristics of VTGs and air temperature were 

almost the same. The VTGs of ballastless track varied from -47.16 oC/m to 88.88 

oC/m, and the atmospheric temperature varied from -13.81 oC and 35.09 oC. 

Furthermore, the distribution characteristics of VTGs were described and the VTG 

representative values with different failure probabilities were predicted based on 

various statistical methods. 

3 Statistical Analysis 

Because the most unfavourable VTGs of ballastless track occurred in the summer 

and winter of the long-term field test period from January 31, 2021 to March 1, 

2022, the temperature experiment could reflect the statistical characteristics of a 

year. The temperature distribution of ballastless track showed temporal and spatial 

variation characteristics with the change of measured position and time, and the 

VTG representative values could be analyzed using statistical methods. Positive 

and negative daily extreme VTG along path a obtained from the long-term 

temperature field test were set as random variables, respectively. Statistical 

methods including MCS, GMM, GPD, and TPNT were used to describe the 

distribution characteristics of ballastless track’ VTGs and predict the VTG 

representative value Rq with a failure probability q of 5%. 

3.1 Monte-Carlo Simulation 

Monte Carlo simulation is a method of repeated random sampling based on 

Bernoulli's law of large numbers, to predict the VTG representative values in 

ballastless track with different failure probabilities [25]. The positive daily 

extreme VTG sample set S , with a size of pn ( 339pn = ) was sampled randomly 

for W(W=109) times, and the sample set *S  could be obtained, where 
* * * *

1 2 W{ , ,..., }S S S S= . The performance function was defined as * *

i iG R S= − , 

where R  was the initial ultimate value; and the set 
*G  was determined by 

sampling randomly, where * * * *

1 2 W{ , ,..., }G G G G= . The VTG positive 

representative value Rq with different failure probabilities q of the ballastless track 

could be expressed in Eq. (1): 
W

*

1

( )
q=

W

i

i

L G
=
∑

 (1) 

where: 
1 0

( )
0 0

x
L x

x

≤
=  >

; and W is the number of random experiments.  

The failure frequency of VTG in the ballastless track was conducted in 
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W 9(W=10 )  random experiments, and the VTG positive representative value Rq 

with different failure probabilities q of the ballastless track could be calculated and 

shown in Figure 7. 
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Figure 7 

The VTG positive representative values with different failure probabilities 

From Figure 7, the VTG positive representative values decreased with the increase 

of the failure probabilities. When the number of random experiments was large 

enough, the failure frequency of VTG was convergent to the failure probability of 

VTG. The VTG representative values showed nonlinear characteristics when the 

failure probability was less than 5% and more than 95%, because the statistical 

analysis of MCS was sensitive to the tail data of VTG sample. When the failure 

probability was between 5% and 95%, the VTG representative values were 

linearly correlated with failure probabilities. The VTG representative value with a 

failure probability of 5% was calculated in Eq. (2): 
910

*

5%

1

9

( )
=5%

10

i

i

L R S
=

−∑
 (2) 

Based on this, the VTG positive representative value of ballastless track in alpine 

and plateau environs was 82.41 oC/m with a failure probability of 5%. According 

to the same calculation principle, the VTG negative representative value of 

ballastless track was -34.13 oC/m with a failure probability of 5%. 

3.2 Gaussian Mixture Model 

The temperature distribution of ballastless track can be accurately described by 

GMM defined in Eq. (3), which is a statistical method composed of several 

Gaussian distributions [26]. 

1

( | ) ( | )
L

l l

l

f X Xθ α φ θ
=

=∑  (3) 
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where 
lα  is the weight coefficient of the lth Gaussian distribution ( 0lα ≥  and 

1

1
L

l

l

α
=

=∑ ); L  is the number of combinations of Gaussian distribution; and 

( | )lXφ θ  is the probability density function of the lth Gaussian distribution, 

described in Eq. (4). 
2

2

( )1( | ) exp( )
22

l

l

ll

X
X

µ
φ θ

σπσ
−

= −  (4) 

where 
lθ  is equal to 2( , )l lµ σ ; 

lµ  is the mean of the lth Gaussian distribution; and 

2

lσ  is the variance of the lth Gaussian distribution. Based on the Expectation-

maximization algorithm and Kolmogorov-Smirnov test, the parameters of the 

GMM 
1 2 1 2=( , ,..., ; , ,..., )l Lθ α α α θ θ θ  were estimated [27, 28]. When L  was 4, 

significance level α  was 0.05 and sample size was pn , KS statistic D  in Eq. (5) 
was 0.019 smaller than the critical value ( , )D n α , and the null hypothesis where 

the sample random variable X  came from GMM failed to be rejected [29].  

The statistical characteristics of VTG sample were described using GMM in Eq. 

(6): 

0
1
max | ( ) ( ) |N j N j

j n
D F X F X

≤ ≤
= −  (5) 

Where 
jX  is the jth VTG sample (with 1,2,...,j n= ); 

NF  is the empirical 

cumulative distribution function; and 
0NF  is the cumulative distribution function 

of the VTG sample. 

1 1 2 2 3 3 4 4( | ) ( | ) ( | ) ( | ) ( | )f X X X X Xθ α φ θ α φ θ α φ θ α φ θ= + + +  (6) 

where 
1 =0.251α , 

2 0.098α = , 
3 0.332α = , 

4 0.320α = ; and 
1 =(77.70 ),31.06θ , 

2 (34.55,91 4).1θ = , 
3 (63.34,22 0).7θ = , 

4 (47.59,30 0).1θ = . 

Based on this, the probabilistic histogram and probability density function of 

GMM was obtained as shown in Figure 8. 

From Figure 8, the variation trend of probabilistic histogram and probability 

density function of GMM was almost the same, so the statistical characteristics of 

VTG in the ballastless track could be described by the GMM. Based on the trial 

algorithm and probability density function of the GMM, the VTG positive 

representative value Rq with different failure probabilities q in the ballastless track 

could be defined in Eq. (7): 

0

( )
q=

( )
qR

f X dX

f X dX

+∞

+∞

∫
∫

 (7) 
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Figure 8 

Distribution of vertical temperature gradient 

Based on this, the VTG positive representative value of ballastless track in alpine 

and plateau environs was 82.41 oC/m with a failure probability of 5%. According 

to the same calculation principle, the VTG negative representative value of 

ballastless track was -34.56 oC/m with a failure probability of 5%. 

3.3 Generalized Pareto Distribution 

The GPD is a function of predicting the tail data of test sample that is beyond a 

position parameter, which can be expressed in Eq. (8): 

-1/ξ1 (1 ) 0
( )

1 exp( ) 0

X u

P X u
X u

ξ ξ
σ

ξ
σ

− − + ≠> =  − − − =


 (8) 

where u  is the position parameter; ξ  is the shape parameter; and σ  is the scale 

parameter [30]. The VTG representative values of different failure probabilities of 

the ballastless track could be predicted by GPD [31]. In detail, the VTG samples 

were divided into 9( 9)3m m =  groups of independent samples according to the 

interval of t∆ (1 day). The maximum VTG value 
iX  in each group was 

determined, which belonged to the maximum value set { }( 1,2,..., )iX i m= , and 

the set of order statistics *

i{ }X  could be obtained by sorting the maximum value 

set, where * * *

1 2 ... mX X X≤ ≤ ≤ . The empirical cumulative probability function of 

order statistics was defined in Eq. (9): 
^

* *

i i( ) ( ) / ( 1) / 400 (1 400)F X F X X i m i i= ≤ = + = ≤ ≤  (9) 

Based on Minimum Squared Error, BoostStarp Method, and Trial Method, the 

size k  of tail order statistic set was obtained and the sample 
1S  was composed of 

tail order statistic, where * * *

1 - 1 - 2{ , ,..., }m k m k mS X u X u X u+ += − − − . The position 
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parameter u  was described in Eq. (10), and the shape parameter 
0ξ  of the sample 

1S  was calculated in Eq. (11): 

*

-=Xm ku  (10) 

2

1
0

1

( )=0.5(1 )
var( )
E S

S
ξ −  (11) 

The sample-set Z was determined by repeated random sampling for k numbers 

from the sample 
1S , which was carried out p  times, and the shape parameter 

zξ  

of sample set Z was computed, where 1 2{ , ,..., }z pξ ξ ξ ξ= . The bias, variance, and 

mean square error of the shape parameter 
zξ  were expressed from Eq. (12) to Eq. 

(14), respectively: 

0

1

1bias( )=E( )=
i

p

z z

ip
ξ ξ ξ ξ

=

−∑  (12) 

2

1 1

1 1var( ) ( )
-1

p p

z i j

i jp p
ξ ξ ξ

= =

= −∑ ∑  (13) 

2MSE( )=bias ( ) var( )z z zξ ξ ξ+  (14) 

When the size k, position parameter u, shape parameter ξ , and empirical 

cumulative probability 
^

( )F u  of the tail order statistic set were 20, 81.88, -0.61, 

and 0.94, respectively, the mean square error of the tail order statistic set was the 

minimum, where MSE( )=0.23ξ , and k, u, ξ , and 
^

( )F u  were the optimal 

estimation results. When the shape parameter ξ  is less than zero, the real shape 

parameter ξ  tends to be zero. Thus, the shape parameter ξ  was revised to zero 

with the modified GPD determined, and the scale parameter σ  of the tail order 

statistic set was described in Eq. (15): 
2

1

1

1

( )=0.5 (S )( +1)
var( )
E S

E
S

σ  (15) 

Based on this, the cumulative probability function of the random variable X  of 

VTG, and the VTG representative value Rq with different failure probabilities 

q(q 11%)≤  of the ballastless track were computed in Eq. (16) and Eq. (17): 

^

^ ^

( )
( )

( ) [1 ( )][1 exp( )] >

F X X u
F X

X u
F u F u X u

σ

 ≤=  −
+ − − −



 (16) 
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^

q ^

(1-q) ( )ln(1 )
1 ( )

F u
R u

F u

σ −
= − −

−
 (17) 

where 81.88u = , 8=5.4σ , and 
^

( ) 0.94F u = . Based on this, the probabilistic 

histogram and probability density function of GPD with the random variable X  

larger than 81.88 were expressed and shown in Figure 9. 
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Figure 9 

 Distribution of vertical temperature gradient 

From Figure 9, the probabilistic histogram and probability density function of 

GPD with the random variable X  larger than 81.88 were almost the same, and the 

statistical characteristics of VTGs in the ballastless track were described by GPD 

( X u> ). The VTG representative values were conservative because the 

probability density function of GPD was lower than the probabilistic histogram of 

VTG. Based on this, the VTG positive representative value of ballastless track in 

alpine and plateau environs was 82.77 oC/m with a failure probability of 5%. 

According to the same calculation principle, the VTG negative representative 

value of ballastless track was -34.25 oC/m with a failure probability of 5%. 

3.4 Third-Order Polynomial Normal Transformation 

Technique 

The evolution characteristics of VTGs in the ballastless track are described by the 

third-order polynomial normal transformation method, based on the definition of 

the probability moment without empirical judgment [32]. The first four moments 

(i.e., the mean, standard deviation, skewness, and kurtosis) of the VTG sample S  

of the ballastless track were calculated in Eq. (18) and Eq. (19) [33]: 

1 1

1 1, ( )
1

n n

S j S j S

j j

X X
n n

µ σ µ
= =

= = −
−∑ ∑  (18) 
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1

1 ( ) , 3, 4
1

n
r r

rS S j S

j

X r
n

α σ µ
=

= − =
− ∑  (19) 

where 
Sµ , 

Sσ , 
3Sα , and 

4Sα  were the mean, standard deviation, skewness, and 

kurtosis of the VTG sample S , respectively. The distribution variation of VTGs 

was analyzed, and the first four moments of the VTG samples of
Sµ , 

Sσ , 
3Sα , and 

4Sα  were 59.096, 15.123, -0.218, and 2.546, respectively. The first four moments 

(
Gµ , 

Gσ , 
3Gα , and 

4Gα ) of the performance function ( )=Z G X R S= −  can be 

obtained by 
Sµ , 

Sσ , 
3Sα , and 

4Sα , which can be described in Eq. (20): 

3 459. 096 15.123 0.218 2.5= , = , 46= , =G G G GRµ σ α α− −  (20) 

The performance function ( )Z G X=  can be standardized using its mean and 

standard deviation, and the standardized performance function 
GZ  was 

approximated by a third-order polynomial of the standard normal random variable 

u , which was expressed in Eq. (21) and Eq. (22) [34]: 

( ) G

G

G

G X
Z

µ
σ
−

=  (21) 

2 3

1 2 3 4F( , )=GZ u a a u a u a u= + + +M  (22) 

where M  was the vector denoting the first four moments of the performance 

function ( )Z G X= . The coefficients of 
1a , 

2a , 
3a , and 

4a  were described from 

Eq. (23) to Eq. (26) [35] [36]: 

1 3 0a a+ =  (23) 

2 2 2

2 3 2 4 42 6 15 1a a a a a+ + + =  (24) 

2 3 2

2 3 3 2 3 4 3 4 36 8 72 270 Ga a a a a a a a α+ + + =  (25) 

4 3 2 2 3 4

2 2 4 2 4 2 4 4

2 2 2 2

3 2 3 2 4 4 4

3( 20 210 1260 3465 )
12 (5 5 78 375 ) G

a a a a a a a a

a a a a a a α

+ + + +

+ + + + =
 (26) 

With the skewness 
3Gα  and kurtosis 

4Gα  of the performance function known, the 

standardized performance function 
GZ  was expressed in Eq. (27), and the 

distribution characteristics of u  and 
GZ  were shown in Figure 10: 

2 30.045 1.097 0.045 0.035( , )GZ F u u u u−= + + −= M  (27) 
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(a) The distribution of random variable u (b) The distribution of ZG 

Figure 10 

The distribution of random variable u  and standardized performance function 
GZ  

From Figure 10, the distribution variation of the standardized performance 

function 
GZ  was different from that of the random variable u . The distribution of 

GZ  was asymmetric, and the probability density of negative 
GZ  was higher than 

that of positive 
GZ . The ballastless track was in the limit or failure state when the 

performance function Z  was less than or equal to zero. The VTG representative 

value Rq with different failure probabilities q can be determined in Eq. (28): 

2

q Prob( ( ) 0)=Prob( Z + 0)

=Prob(Z )=Prob(Z )

G G G

G

G G M

G

G X σ µ
µ

β
σ

= ≤ ≤

≤ − ≤ −
 (28) 

where 
2Mβ  equal to /G Gµ σ  was the second-order second-moment reliability 

index [37]. Based on Trial Method, the VTG positive representative value of 

ballastless track in alpine and plateau environs was 82.83 oC/m with a failure 

probability of 5%. According to the same calculation principle, the VTG negative 

representative value of ballastless track was -35.03 oC/m with a failure probability 

of 5%. 

4 Discussions 

In this study, MCS, GMM, GPD, and TPNT have been conducted to analyze the 

VTG representative values with the failure probability of 5% of the ballastless 

track. The VTG representative values with different failure probabilities were 

obtained, and the comparisons of the four statistical methods are shown in Table 1 

and Table 2. 
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Table 1 

VTG positive representative values (unit: oC/m) 

Failure 

probability (%) 
Recommended 

values 
MCS GMM GPD TNPT 

1 91.58 87.82 87.47 91.58 87.89 

2 87.78 86.66 85.54 87.78 86.32 

5 82.83 82.41 82.41 82.77 82.83 

10 79.14 78.90 79.14 78.97 78.79 

Average relative error (%) 0.50 1.53 0.28 

Table 2 

VTG negative representative values (unit: oC/m) 

Failure 

probability (%) 
Recommended 

values 
MCS GMM GPD TNPT 

1 -40.15 -40.15 -39.71 -38.98 -39.63 

2 -37.69 -36.04 -37.38 -36.77 -37.69 

5 -35.03 -34.13 -34.56 -34.25 -35.03 

10 -32.87 -32.86 -32.72 -32.60 -32.87 

Average relative error (%) 1.62 1.52 2.14 

Based on large random experiments (
910  times), the VTG representative values in 

MCS tend to be accurate. From Table 1 and Table 2, the average relative error 

(ARE) of the VTG representative values in GMM, GPD, and TPNT was 1.26% 

compared with MCS, verifying that these statistical methods can predict the VTG 

representative values with different failure probabilities. 

The deviation of statistical results was influenced by the different calculation 

principles of these statistical methods. MCS has high requirements for the 

discretization degree and the data scale of VTG sample. When the accuracy of 

MCS was required to be less than 0.1%, the number of repeated random sampling 

of the VTG sample needs to be more than 
510  times. The calculation accuracy of 

GMM was high (ARE of 1.06%), but the statistical automation of GMM 
(subjective randomness inevitable) cannot be realized with the prediction process 
being complex and tedious. The statistical results of GPD were sensitive to the tail 

data of VTG samples and difficult to be stable. Furthermore, the calculation 

accuracy of TNPT depended on the distribution of standardized performance 

function, and it was an automatic computation technique avoiding haphazard and 

subjectivity. 

The VTG representative values obtained by the four statistical methods were 

deviated, and the recommended representative values of VTG should be 

conservative, considering the safety and reliability of ballastless track. As seen in 

Table 1 and Table 2, the recommended representative values of VTG were the 

maximum representative values among these statistical methods. The positive and 
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negative VTG representative values of 91.58 oC/m and -40.15 oC/m are larger than 

that of 90 oC/m and -45 oC/m in China High Speed Railway Design Code.  

The positive VTG value in China High Speed Railway Design Code is not 

conservative for ballastless track design in alpine and plateau areas. Based on this, 

the recommended positive and negative representative values of VTG of 

ballastless track were 91.58 oC/m and -40.15 oC/m, and 82.83 oC/m and -35.03 
oC/m, with failure probabilities of 1% and 5% respectively in alpine and plateau 

environs. 

Conclusions 

In this study, various statistical analysis tools were employed, using MCS, GMM, 

GPD and TPNT, to describe the evolution characteristics of the VTGs in a 

ballastless railway track system, based on the long-term temperature field test of 

ballastless track in Shannan City, Tibet. The VTG representative values with 

various failure probabilities are investigated and the statistical results from the 

above mentioned statistical tools, are examined. The main conclusions are as 

follows: 

1) Based on the long-term temperature field test, the temperature variation of 

ballastless track in alpine and plateau environs has been studied.  

The temperature variation of the ballastless track ranged from -12.06 oC to 

45.61 oC, and the VTG of the track slab ranged from -47.16 oC /m to 88.88 oC 

/m from January 31, 2021 to March 1, 2022, in alpine and plateau environs. 

2) These statistical methods are feasible to predict the representative value of 

VTG of the ballastless track with different failure probabilities.  

The deviation of these statistical results is caused by the different calculation 

principles and application conditions of these statistical methods. 

3) MCS has high requirements for the discretization degree and the data scale of 

VTG sample. The statistical automation of GMM cannot be realized with 

subjective randomness inevitable and prediction process tedious.  

The statistical results of GPD are sensitive to the tail data of VTG samples. 

Furthermore, TPNT is an automatic computation technique avoiding 

haphazard subjectivity. 

4) The recommended positive and negative representative values of VTG of 

ballastless track are 91.58 oC/m and -40.15 oC/m, and 82.83 oC/m and -35.03 
oC/m, with failure probabilities of 1% and 5% in alpine and plateau areas. 

The positive VTG value in China High Speed Railway Design Code is not 

conservative for ballastless track design, in alpine and plateau environments. 
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Abstract: Topology is a particular feature of road networks. Topology refers to properties, 

such as the connection of roads, but not only through their axes or reference lines, but also 

at the level of lanes. The map topology of road networks does not currently have procedures 

that can be expressed in mathematical formulas (or only to a minimal extent), but can only 

be implemented by algorithms. Our research, therefore, aimed at observing such topological 

regularities and then developing a method of investigation, by constructing rules and 

additional algorithms. To test this work, we used synthetic and real data, focusing on the 

case of map content embodied in four formats. In this paper, we present the test methods for 

the data models, the results of our test runs and finally, we point out that topological checks 

are extensively justified to determine the quality of the produced map. In the future we plan 

to develop an automatic correction mechanism based on this. 

Keywords: road network; topology analysis; autonomous vehicle simulation 

1 Introduction 
One of the most promising developments of our time is the automation of transport. 
Computers are increasingly being used in the development of self-driving vehicles, 
through simulation techniques [1] [2]. Simulations need an accurate and detailed 
representation of reality, which can be provided by specific map content [3-8]. 
These maps have “grown out” of traditional navigation products, but have some 
unique features. 

Self-driving vehicles are expected to make autonomous decisions on how to control 
the vehicle as it moves through traffic. By making safe choices, they can select and 
follow the best and safest route. This requires support from maps in which the true 
geometric characteristics of the road infrastructure are given. Beyond pure 
geometry, however, the importance of topology was recognized very early. 
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Topology is the science of the invariant properties of objects that are preserved 
during various deformations or transformations. Examples of such properties are 
the connection of surfaces without gaps or overlaps, the connection of lines and line 
chains, or the inclusion of points on them. 

In this paper, we will discuss various theoretical and practical implementations of 
map topology, their analysis and verification, the errors that occur, and how to 
correct them. In the second section of the paper, we describe the theoretical 
background of map topology. In the third section, we present four realizations found 
in practice. The fourth section is devoted to the investigation of the road network 
topology. We close our study with a conclusion. 

2 Topology Models 
Map topology is most often described using graphs. By definition, a graph G 
consists of its vertices and the edges that connect them: G = (V, E), where V is the 
set of vertices (alternative names are nodes, points) and E is the set of edges (or 
alternatively arcs, links, lines). For the latter, we define the following relation, 
which makes sense of the edge fit of the vertices: 𝐸𝐸 ⊆  {(𝑥𝑥, 𝑦𝑦)} | (𝑥𝑥,𝑦𝑦)  ∈  𝑉𝑉2 𝑎𝑎𝑛𝑛𝑑𝑑 𝑥𝑥 ≠ 𝑦𝑦     (1) 

Instead of storing the data in the above-unordered list format, it is often more 
appropriate to use the matrix notation, which also helps to keep track of the data. 
The simplest matrix is the adjacency matrix for the vertex-to-vertex collocation, 
which is n × n for n nodes. Its elements take values according to the following rule: 𝐴𝐴𝑖𝑖𝑖𝑖 = �1 𝑖𝑖𝑖𝑖 𝑒𝑒𝑑𝑑𝑒𝑒𝑒𝑒 �𝑉𝑉𝑖𝑖 ,𝑉𝑉𝑖𝑖�

0 𝑖𝑖𝑖𝑖 𝑛𝑛𝑛𝑛 𝑒𝑒𝑑𝑑𝑒𝑒𝑒𝑒       (2) 

The second matrix representation is the edge-vertex representation, called also as 
incidence matrix. By definition, it is the following: 𝐵𝐵𝑖𝑖𝑖𝑖 = �−1 𝑆𝑆𝑆𝑆

1 𝐸𝐸𝑆𝑆
0 𝑛𝑛𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖𝑒𝑒𝑒𝑒       (3) 

where SP is the starting point, EP is the endpoint. The edge-edge representation is 
defined as 𝐶𝐶𝑖𝑖𝑖𝑖 = �−1 𝑆𝑆

1 𝑆𝑆
0 𝑛𝑛𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖𝑒𝑒𝑒𝑒       (4) 

where P means, that the predecessor of Vi is Vj, whilst the successor S of Vi is the 
vertex Vj. 
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The above matrix forms can be interleaved with mathematical expressions, i.e. the 
edge-vertex matrix can be used to calculate the other two matrices: 𝐀𝐀 =  𝐁𝐁𝐓𝐓 ∙ 𝐁𝐁        (5) 𝐂𝐂 = 𝐁𝐁 ∙ 𝐁𝐁𝐓𝐓        (6) 

This is of paramount importance in storing data and maintaining and monitoring 
data consistency [9]. 

The strongest connection between geometry and topology is revealed in topological 
errors. The main types of errors are shown in Figure 1. 

 
Figure 1 

Topological errors 

For the road network, directed graphs (digraphs) are preferred, where the edges are 
oriented. 

3 Data Formats for Road Network Storage 
Graphs are implemented in concrete formats in order to manage real road networks 
in geographic information systems (GIS). These realizations consist not only of a 
data model, i.e. a way of describing the elements of the graph, but also of an 
application environment. The essential components of the latter are the procedures 
and operations that can be performed on the data stored in the data model. 

Our approach describes four types of solutions. The first is specific to one of the 
most common GI systems. The developer, ESRI (Environmental Systems Research 
Institute) ArcGIS handles line elements by storing points with their coordinates and 
then creates an “Arc-Node Topology”, the concrete form of which, is the Arc 
Attribute Table (AAT). This table contains the edge identifiers (ID), start point 
(From-node), end point (To-node), and may be extended with the identifiers of the 
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polygons on the left and right sides (Lpoly and Rpoly). The storage organized in 
coverage requires strict rules: 6 points, 15 lines, 10 polygons, and 1 line/polygon 
basic rules are defined. 

Our second example is OpenStreetMap (OSM), a map database based on 
community data collection and mapping. OSM has been created as a collaborative 
project by Steve Coast in the UK in 2004, initially inspired by the success of 
Wikipedia. OSM is community-owned, but supported by the OpenStreetMap 
Foundation. OSM data is stored in a PostgreSQL database with PostGIS extension. 
For data transfer, dumps are created, which are available in two formats: XML and 
Protocol Buffer Binary Format (PBF). There are further data providers (e.g., the 
German Geofabrik), where also ESRI shape (SHP) format data is available [10] 
[11]. 

OSM’s topological data structure is built up from four core elements (also known 
as data primitives): 

• Nodes:  Points with a geographic position 

• Ways:  Ordered lists of nodes, representing a polyline, or a polygon 

• Relations: A relation is a multi-purpose data structure that documents a 
 relationship between two or more data elements (nodes, ways, 

and/or other relations) 

• Tags:  Key-value data pairs 

Topology element nodes are twofold in the strict GIS sense: start or end point – 
called node, and intermediate point – called vertex. 

OpenStreetMap has 8.3 million registered users, contains 7.4 billion nodes, have ~4 
million map changes/day from 1.75 million different user contributors. The world’s 
uncompressed XML-format OSM database exceeds the size of 1561.5 GB. 
(Statistics from [12] and [13] on 2022-04-21). The complete Hungarian road 
network available from Geofabrik has 7.6 million points (1.7 million nodes and 5.9 
million vertices) and 864 thousand polylines. 

If two polylines are connected at a T-intersection, in a strict topology, the 
connection point must be a node, which means, that the previously created line must 
be broken and a node element must be inserted. In contrast, the OSM topology is 
more permissive: the endpoint of the line starting at the join must be on the other 
line, but a “simpler” vertex element is sufficient. 

The other very important difference from the strict GIS topology is that edges 
cannot only be directed. This will result in unidirectional and bidirectional elements 
being “mixed up” in the database, making it difficult for application developers to 
implement, for example, route planning (Fig. 2). 
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Figure 2 

Topology example of a minor road crossing a motorway: both unidirectional and bidirectional edges 
(see red arrows!) are included in the database (made with the JOSM editor at the junction of the 

motorway M3 and the rural road 3208) 

The third system is the Navigation Data Standard (NDS) generally used in the 
vehicle navigation world [14] [15]. It is a standardized format for automotive-grade 
navigation databases, jointly developed by automobile manufacturers and suppliers. 
NDS is also an association registered in Germany with 43 international members of 
automotive developers, map data providers, and navigation device/application 
providers. 

NDS uses the SQLite Database File Format. An update region represents a 
geographic area in a database that can be subject to an update. Update regions thus 
enable incremental and partial updating of defined geographic regions within an 
NDS database. All navigation data is organized into specific building blocks: 3D 
objects, Basic map display, Digital terrain model, Full-text search, Junction view, 
Lane, Name, Natural guidance, Orthoimages, Points of interest, Routing, Shared 
data, Speech, Traffic information, Volatile data. 

In topological terms, NDS is one of the most sophisticated, most mature solutions. 
It has two data levels: road level and lane level. Fig. 3 illustrates a complex junction 
with intersecting roads and the corresponding lanes. Roads and lanes are joint with 
connectors, also numbered and identified in the data model. 
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Figure 3 

NDS example: A schematic junction with the road and lane level elements [14] 

Finally, the last format is OpenDRIVE, used in the world of automotive simulators. 
It was originally a format developed by the German company Vires for various 
vehicle-oriented simulations to represent real-world map data [3] [4]. It is now 
standardized; the latest version is 1.7. 

OpenDRIVE is used to describe road infrastructure and its environment in 3D. Its 
XML format provides an inefficient storage for tags encoding many features 
hierarchically. The format carries the extension XODR. 

In terms of topology, the format provides connectivity at the road and lane level 
using links (Fig. 4). In ambiguous cases (at splitting or merging), a junction must 
be formed. The road axes are directed, to which the traffic lanes are related.  
The lanes may point in the same direction as the axis and in the opposite direction 
(e.g., a bidirectional road). The links of the directional elements can be of 
predecessor and successor types. From a topological point of view, additional rules 
can then be introduced, for example, in the case of two connecting roads, taking 
into account the direction of the axes, the second road can be the successor of the 
first one, while the second has the first as a predecessor. The possible cases and 
their implementation are described in detail in the article [9]. It should be 
emphasized that in OpenDRIVE, we specify the connections not only at the road 
level but also at the lane level, i.e., the logic of the lane connections must be 
specified. 
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Figure 4 

Schema of the OpenDRIVE model with road linkages 

4 Evaluation Strategy for Road Topology 
The first of the four topological approaches described, the ESRI model, is included 
in this paper because it is considered in GIS as a kind of cord scale; in most cases it 
is used as a benchmark. Of course, this includes both the topology of coverage and 
shape formats. 

The OpenStreetMap model was analyzed in depth with data from 2015.  
(The analysis software written during the research started a few years ago is 
outdated due to a change in the data model in 2016; it needs to be rewritten, which 
is not yet fully completed.) The total road network of the country stored in OSM 
looked like the following in 2015 (Fig. 5). 
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Figure 5 

The entire road network of Hungary in 2015 with all 419 076 elements mapped 

In the road network, 37 different road categories have been distinguished, but with 
a huge variation in the number of elements. Fig. 6 displays the frequencies for the 
eight most important road types. It can be seen that compared to the 140 996 
residential types, secondary has only 15 741 items, a difference of almost 9 times 
(one order of magnitude). 

 
Figure 6 

Frequencies of the eight main road categories 
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The differences in frequency also draw attention to the fact that the interchange 
between different road categories and connections is of paramount importance for 
practical use. 

If the network is restricted to the element types motorway, motorway link, primary 
and primary link, i.e., the main road network, the number of polylines downloaded 
is 15 307, which in the Geofabrik (format-converted) shapefile represents 142 904 
points. A small fraction of this set of points (30 614 points, ~21%) is the node, the 
rest being the vertex (112 290 points). 

For topological verification, we defined a geometric tolerance, so that two points 
occurring within a radius of 5 m were considered as one. This metric was 
determined based on the size of the lanes and practical experience. While keeping 
the tolerance in mind, we rebuilt the topology: we gradually added to the model the 
points that were found to be different and the edges that matched them. In all cases, 
we followed the strict topology rules of ESRI. 

This analysis resulted in 15 208 independent points, 231 282 978 distinct edges.  
On an average notebook, the topology build-up was about 29 s. 

The connectivity of the edges of the path network, the nonzero elements of its 
primary adjacency matrix, is shown in Fig. 7. It can be seen that there are no 
prominent nodes, i.e., the network has a largely uniform topological distribution. 

 
a) the main road network 

 
b) primary adjacency matrix 

Figure 7 
The main road network and the primary adjacency matrix 

Very similarly to the adjacency matrix, a distance matrix can be derived, and then 
by generalizing it to an all-pair type, the distance of each node to each node can be 
given. Using such an analysis technique, a network reachability analysis can be 
performed. 

To investigate the NDS topological model, a sample model of the St. Gellért Square 
in Budapest was created by orthophoto on-screen digitization (Fig. 8).  
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The orthophoto was captured in 2019 on behalf of the municipality, from which the 
mosaics of the working area were merged as Geotiff at a geometric resolution of 
0.0625 m in HD72/EOV map projection system. It should also be added that the 
evaluation was carried out by several independent evaluators. The resulting models 
were then aggregated and the conflicting positions were discussed and finalized by 
consensus. The guiding principle for the evaluation was the accurate consideration 
of traffic rules (e.g., no turning). From the 378 evaluated elements, 9 intersections 
and 33 lane groups were constructed according to the NDS standard. The generated 
graph was compared with the data content of the HERE HD map for verification 
[16]. In the sample area, the complete agreement between the two datasets has 
proven that the lane design was performed according to the NDS rules. As there are 
many improvements to the NDS by map data providers, we did not attempt to 
analyze this model in depth. 

 
Figure 8 

An orthophoto of the sample area with the evaluated NDS elements and a detail of the HERE HD map 
for comparison 

Of the topological models, the OpenDRIVE implementation for simulators has 
received the most attention. This standard is the youngest, has the least experience, 
and could play a major role in the development of autonomous vehicles.  
In automotive simulators, standard version 1.4 is the most commonly supported, so 
we have focused our work on that. 

One of the easiest tools to create OpenDRIVE models is the MathWorks 
RoadRunner software [17]. We used it to create several synthetic test cases and then 
studied how topology appeared in the models. One of the synthetically designed 
complex sample spaces (with a roundabout, an X-intersection, and several types of 
T-intersections) is shown in Fig. 9. It is worth observing how complex the lanes and 
their relationships can become in turning situations. 
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Figure 9 

Synthetic OpenDRIVE sample for topological analysis 

The sample area shown consists of 83 roads, 258 lanes, 7 intersections, and 117 
lanes within them. To study the OpenDRIVE topology, 10 basic rules have been 
established [9]. An extracted example of the rules: using adjacency matrix equation 
(2) and incidence matrix equation (3), the following theorem should hold for the 
endpoints of the path reference lines: ∑ 𝐵𝐵𝑖𝑖𝑖𝑖𝐸𝐸𝐸𝐸 =  ∑ 𝐴𝐴𝑘𝑘𝑖𝑖𝑖𝑖𝑖𝑖        (7) 

where 𝐵𝐵𝑖𝑖𝑖𝑖𝐸𝐸𝐸𝐸 is the endpoint focused incidencies (edge-vertex relations). 

OpenDRIVE distinguishes between predecessors and successors of roads and lanes, 
which are contained in links and junction elements (see Section 3). In addition, 
inference rules can be defined for these to check the consistency of the database 
[18]. An excellent example of inference rules [19] is that if for two consecutive 
roads it is true that the successor of Road 2 is Road 1 and the endpoint of Road 1 is 
the same as the starting point of Road 2 (a variant of a possible continuation), then 
the predecessor of Road 2 must be Road 1. Furthermore, the conclusions so applied 
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can be extended to the numbered lanes of the roads in a sequence, allowing each 
lane to be uniquely identified and their junctions to be examined. In ambiguous 
cases, OpenDRIVE requires the use of the standard junction. However, it is very 
important from a topological point of view that the inference rules can be used to 
examine the junction lanes and compare them with the links. If they do not match, 
consistency errors occur, which are reported by the simulators as continuity errors. 
The synthetic example has one case of a predecessor overlapping error, which is 
currently only available as an error list and can be corrected manually (Fig. 10a). 

 
a) synthetic example 

 
b) Karlsruhe real test site 

Figure 10 
Predecessor-successor verification using synthetic and real examples 

In parallel, we also carried out tests with real data. Thus, several models derived 
from field surveys (e.g., by Atlatec [20]), such as from German motorways, 
expressways or urban road networks, were analyzed. One of these surveyed models 
is the motorway near Karlsruhe (“Südtangente”), which consists of 114 roads, 886 
lanes, of which 189 are junction lanes and 22 junctions. It is interesting to note that 
the XODR model from the German A9 motorway survey for international practice 
is completely flawless, although containing 248 roads, 2 683 lanes, 510 junction 
lanes, and 63 junctions (Fig. 10b). 

Conclusions 

In this work, we have reinforced the idea that topology is an extremely important 
part of the map content in geoinformatics, especially in the world of vehicles and 
transportation. We examined four different formats in which topology is 
implemented in different ways. These are, ESRI coverage, OpenStreetMap, 
Navigation Data Standard and OpenDRIVE respectively. In the course of the 
research, we found that topology can be embodied in quite different interpretations 
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in these formats. Accordingly, we tailored our investigations to the data of each 
implementation: for OSM we focused on the large network connectivity, for NDS 
we looked at the lane geometry and connectivity appropriate for HD map content, 
and for OpenDRIVE we looked at the lane connectivity essential for smoothly 
serving simulations. 

Our research required different tools: parsing XML files, populating and 
interpreting custom topological tables, graph analyzing techniques, establishing 
topological and inference rules and applying the rule set – to name just a few of the 
solutions implemented. We have shown that topology, which has been largely 
neglected, until now, is crucial and needs to be further investigated, verified and 
sometimes, fixed. Our overall aim is to create a procedure that is as automated as 
possible and performs the discussed steps, with minimal human intervention.  
We are therefore designing such a model application, which we intend to implement 
with the inclusion of Artificial Intelligence. 

Acknowledgment 

The research reported in this paper and carried out at the Budapest University of 
Technology and Economics has been supported by the National Research 
Development and Innovation Fund (TKP2020 Institution Excellence Subprogram, 
Grant No. BME-IE-MIFM) based on the charter of bolster issued by the National 
Research Development and Innovation Office under the auspices of the Ministry 
for Innovation and Technology. The project has been supported by the European 
Union, co-financed by the European Social Fund. EFOP-3.6.3-VEKOP-16-2017-
00001. Supported by the ÚNKP-21-3 New National Excellence Program of the 
Ministry for Innovation and Technology from the source of the National Research, 
Development and Innovation Fund. 

References 

[1] M. Burg, “Simulation as Tool,” 2019 
[2] “Mechanical Simulation.” [Online] Available: https://www.carsim.com/ 

[Accessed: 26-Sep-2019] 
[3] “VTD - VIRES Virtual Test Drive.” [Online] Available: 

https://vires.com/vtd-vires-virtual-test-drive/ [Accessed: 26-Sep-2019] 
[4] Vires, “Vires VTD,” 2022 [Online] Available: 

https://vires.mscsoftware.com/ [Accessed: 02-Apr-2022] 
[5] “Simulation Technologies - avl.com.” [Online] Available: 

https://www.avl.com/hu/web/guest/simulation [Accessed: 26-Sep-2019] 
[6] “SUMO - Simulation of Urban Mobility.” [Online] Available: 

http://sumo.sourceforge.net/ [Accessed: 26-Sep-2019] 
[7] M. T. Horváth, Q. Lu, T. Tettamanti, Á. Török, and Z. Szalay, “Vehicle-In-

The-Loop (VIL) and Scenario-In-The-Loop (SCIL) Automotive Simulation 
Concepts from the Perspectives of Traffic Simulation and Traffic Control,” 



J. M. Lógó et al. Evaluation of Topology Description Models in Road Network Formats 

‒ 156 ‒ 

Transp. Telecommun. J., Vol. 20, No. 2, 2019 
[8] “CarMaker | IPG Automotive.” [Online] Available: https://ipg-

automotive.com/products-services/simulation-software/carmaker/ 
[Accessed: 26-Sep-2019] 

[9] J. M. Lógó and A. Barsi, “THE ROLE OF TOPOLOGY IN HIGH-
DEFINITION MAPS FOR AUTONOMOUS DRIVING,” Int. Arch. 
Photogramm. Remote Sens. Spat. Inf. Sci., Vol. XLIII-B4-2022, pp. 383-
388, Jun. 2022 

[10] ESRI, “Geodatabase topology rules and fixes for polyline features—ArcGIS 
Pro | Documentation.” [Online] Available: https://pro.arcgis.com/en/pro-
app/2.8/help/editing/geodatabase-topology-rules-for-polyline-features.htm 
[Accessed: 25-Apr-2022] 

[11] OpenStreetMap, “OpenStreetMap,” 2022 [Online] Available: 
https://www.openstreetmap.org. [Accessed: 25-Apr-2022] 

[12] OpenStreetMap, “Stats – OpenStreetMap Wiki,” 2022 [Online] Available: 
https://wiki.openstreetmap.org/wiki/Stats. [Accessed: 25-Apr-2022] 

[13] OpenStreetMap, “Planet.osm – OpenStreetMap Wiki,” 2022 [Online] 
Available: https://wiki.openstreetmap.org/wiki/Planet.osm [Accessed: 25-
Apr-2022] 

[14] NDS, “Navigation Data Standard - Wikipedia,” 2022 [Online] Available: 
https://en.wikipedia.org/wiki/Navigation_Data_Standard [Accessed: 25-
Apr-2022] 

[15] NDS, “Navigation Data Standard (NDS) - The worldwide standard for map 
data in automotive eco-systems,” 2022 [Online] Available: https://nds-
association.org/. [Accessed: 25-Apr-2022] 

[16] HERE, “HD Maps for Autonomous Driving and Driver Assistance | HERE,” 
2018 [Online] Available: https://www.here.com/products/automotive/hd-
maps. [Accessed: 08-Dec-2019] 

[17] MathWorks, “RoadRunner - MATLAB & Simulink.” [Online] Available: 
https://www.mathworks.com/products/roadrunner.html [Accessed: 02-Apr-
2022] 

[18] M. Barsi and A. Barsi, “TOPOLOGICAL ANOMALY DETECTION IN 
AUTOMOTIVE SIMULATOR MAPS,” in ISPRS - International Archives 

of the Photogrammetry, Remote Sensing and Spatial Information Sciences, 
2022, p. 6 

[19] Wikipedia, “Inference engine.” [Online] Available: 
https://en.wikipedia.org/wiki/Inference_engine [Accessed: 02-Apr-2022] 

[20] A. GmbH, “Atlatec,” 2022 [Online] Available: https://atlatec.de/en/ 
[Accessed: 02-Apr-2022] 

 



Acta Polytechnica Hungarica Vol. 20, No. 1, 2023 

 – 157 – 

Evaluating Annual Operation Performance of 

Serbian Railway System by using Multiple 

Criteria Decision-Making Technique 

Nikola Petrović1, Jelena Mihajlović1, Vesna Jovanović1,  

Dušan Ćirić1, Tanja Živojinović2 

1 University of Niš, Faculty of Mechanical Engineering 

Aleksandra Medvedeva 14, 18106 Niš, Serbia 

petrovic.nikola@masfak.ni.ac.rs, jelena.mihajlovic@masfak.ni.ac.rs, 

vesna.jovanovic@masfak.ni.ac.rs, dusan.ciric@masfak.ni.ac.rs 

2 University of Belgrade, Faculty of Transport and Traffic Engineering 

Vojvode Stepe 305, 11010 Belgrade, Serbia 

t.zivojinovic@sf.bg.ac.rs 

Abstract: The railway is a complex dynamic system, including the railway infrastructure, 

vehicles and personnel, each of which has its own functions or goals. Evaluating operation 

performance for freight and passenger railway systems is important for the government, 

operators and passengers. This paper will use a well-known, Multiple Criteria Decision-

Making (MCDM) technique, to evaluate the freight and passenger rail systems operational 

performance. Initially, the authors will create the evaluation indicator system based on 

official data, having 5 basic indicators and a total of 18 sub-indicators, for freight 

transport, as well as passenger transport. Also, these operational data/indicators will be 

used as the input for the MCDM approach. Next, a formulated approach to obtain the 

performance evaluation is used as follows: The Entropy weight method is employed to 

calculate the weight of each sub-indicator; the Technique for Order Preference by 

Similarity to Ideal Solution (TOPSIS) method, will be used to calculate the comprehensive 

evaluation values and rankings of performance for each year. Finally, the Serbian railway, 

with 7 years of data, will be chosen, as the case study, to test the MCDM approach; the 

related recommendations for freight transport, as well as passenger rail transport, will 

also be provided. 

Keywords: Railway; Entropy; TOPSIS; Operation performance evaluation 

1 Introduction 

Rail transport is described as a reliable, efficient, safe and complex system of 

vehicles, infrastructure, equipment and technology, and people. This system is 
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capable of transporting huge amounts of goods and people, over long distances at 

high speeds. But, it is less flexible and more expensive, in comparison to road 

transport, when lower traffic levels are considered. Thus, Rail is more efficient in 

urban and highly-populated areas. Rail transport has been the second largest block 

in the modal split, after private motorized transport in Germany in 2018 [1]. 

Freight transport by rail involves various actors, the most important of which are: 

Shippers, rail transport companies competing in an open market in the EU since 

2007; infrastructure managers and national regulators, and safety authorities.  

At the European level, the railroad serves an important role in passenger transport. 

Although the EU has one of the densest railroad networks in the world, the 

national railroad systems in the EU, have different standards. 

In order to modernize and increase efficiency, but simultaneously support cleaner, 

greener, smarter and sustainable transport, the European Commission adopted, at the 

end of the last year, a set of proposals [2] [3]. Those proposals refer to the increase 

of connectivity and the transportation of more passengers and freight to rail and 

inland waterways. By optimizing performance and greater use of more energy 

efficient modes of transport, 30% of road freight transport should be redirected to 

other modes such as rail and water transport by 2030, and more than 50% by 2050, 

connecting all airports by rail and providing sufficient measure the connection of all 

seaports to the rail freight and, where possible, inland waterways [2]. 

The best way of monitoring the performance of some organization or some 

process is by the properly defined indicator or the set of indicators that are more 

specifically aimed at the observation area of interest. This way the management 

could monitor the entire system and make proper decisions to enhance their 

operations. One of the examples of measuring performance is a key performance 

indicator (KPI). Actually, a KPI is a universal tool that represents a measurable 

value that shows the effectiveness of a company in achieving its goals. 

Consequently, the KPI can be applied to measure railway operation efficiency 

from available data [4]. In order to make an overall KPI of the railway system, 

many indicators and sub-indicators must be involved. Those indicators regard 

reliability, lead time, costs, flexibility and visibility, punctuality performance, 

mobility, capacity, business and financial performance, safety, etc. 

In addition to the proper definition of the KPI and selecting the measuring units 

for each of them, the data acquisition and the quality of the data, are crucial.  

The data input could be done digitally, but often, the human factor is the 

dependent variable. Another perspective of the applied KPI on the railway 

operation depends on the viewpoint of the stakeholders. This means that the 

government perspective differs from the passenger perspective or the employee 

perspective. 

The government evaluation of the railway system's performance, mostly favors 

financial performance and the subventions involved. In this way, proper 

improvements and optimizations can be applied. The employee process evaluation 
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defers on the level of the hierarchy and the process itself. But, it is commonly 

observed as the process performance and whether the goals are achieved on time 

and on what level. The passenger evaluation of the railway system is based on 

accessibility, reliability, flexibility, time and money-saving, environmental 

impact, service quality, and satisfaction, etc. 

Today, in addition to the accountable authorities, responsibility is divided between 

infrastructure managers and transport operators. In the modern rail system, 

infrastructure management can be independent of the infrastructure owner, 

although the latter is often responsible for marketing the train tracks. 

Traditionally, operation covered the entire spectrum from timetabling and 

dispatching to higher-level transport management. In addition, energy supply, 

infrastructure maintenance, or the operation of stations and other services can be 

integrated or located in separate companies or parts of companies. In the EU, these 

areas are increasingly being taken over by specialized companies that do not 

belong to the respective former state railroads. Another important role is played by 

transport service providers. These include transport companies that transport 

goods or passengers on their own behalf or on behalf of the state, or nowadays 

also on the basis of municipal orders [5]. 

The structure of this paper is as follows: The Introduction, discusses the 

importance and analysis of railway operational performance at the global (state) 

and local (service users), the second section is devoted to reviewing the literature 

on the application of approaches and methodologies for evaluating railway 

performance. There is a wide range of criteria that can be studied when it comes to 

the efficiency of railways as a system, and for that reason. The third section 

describes a general mathematical procedure, using multicriteria defining sets of 

input data, in the form of criteria for passenger and freight rail transport. Next, the 

fourth section gives a brief overview of the methods used, Entropy for calculating 

weights and Topsis for ranking the performance of rail transport in the Republic of 

Serbia, for the time period from 2013 to 2019, based on valid statistics for the 

railway system, of the Republic of Serbia. At the end of the paper, in fifth section, 

the main conclusions and an overview of future research tasks are presented. 

2 Literature Review 

There are a large number of methods and techniques that are applied in certain 

analyzes [6-8]. Methods of multi-criteria decision-making are most often used 

because they are based on decision-making when there are several defined and 

conflicting criteria [9-11]. When reviewing the literature on railway performance 

analysis, it is seen that in a limited number there are studies that use different 

decision-making methods with multiple criteria to obtain an assessment of rail 

transport efficiency. There are two well-known approaches to evaluating and 
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measuring railway performance. First, parametric approaches are very rarely used 

because they need certain assumptions to establish the desired function, and 

second is refers to researchers who prefer using nonparametric approaches that 

involve fewer assumptions [12]. 

Various multi-decision making techniques are used to measure and evaluate 

performance in rail traffic such as AHP (Analytical Hierarchy Process), ANP 

(Analytical Network Process), DEMATEL (Decision making trial and evaluation 

laboratory), TOPSIS, SAW (Simple Additive Weighting) and etc. Also, the use of 

the DEA (Data Envelopment Analysis) method and machine learning can be 

found in different areas of the railway [13] [14]. DEA method can be used alone 

or in combination with MCDM methods. 

Yu used the DEA method to conduct an efficiency and effectiveness study for a 

group of 40 large railway systems (passenger and freight) in 2002 [15]. The DEA 

method is used to evaluate the efficiency of European railway companies, taking 

into account different input and output configurations [16]. 

The authors in [17] developed a model for predicting the volume of railway 

transport that could be applied in different economic contexts and used as a means 

of transport planning. The model is made using common machine learning 

techniques that learn from past experience. Indicators defined by the World Bank 

were used as input parameters in the preparation of the model. 

Based on the analysis of publicly available statistical data, taken from Eurostat service 

at a European level, the authors [18] enabled the identification and comparison of 

various indicators that affect the performance of the railway system from an 

infrastructural and operational perspectives. The paper highlights case studies for 

various parameters that are important for infrastructure managers, railway operators, 

policymakers and end-users. 

A proposed method for the evaluation of service quality for measuring the 

performances of railway transit lines through passenger satisfaction surveys is 

given in [19]. Railway transit systems are one of the most desirable modes to 

avoid traffic congestion, especially during rush hours. The method combines 

statistical analysis, fuzzy trapezoidal numbers, and the TOPSIS method for 

estimating service quality levels. In the research conducted in Istanbul in 2012, 

2013, and 2014, the authors [19] identified factors that need to be improved, gave 

recommendations for improving the work of certain lines, and guidance for future 

investments. Risk analysis is also an important aspect of railways [20]. 

The paper [21] presents the methodology for the assessment and classification of 

railway network performance along with the Trans-European Transport Network 

(TEN-T). Twenty-two infrastructural, economic and technological criteria for 

evaluating rail transport were used as input data. Based on the adopted criteria, 

countries are ranked using multi-criteria decision-making methods. The results 
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show that the eight countries involved in the Orient–East Med corridor can be 

classified into three groups. 

The authors [22] applied MCDM methods in presenting the planning process of an 

integrated urban transport system where the proposed approach has a universal 

character and can be applied by urban planners, traffic engineers, and municipal 

authorities in strategic planning of urban transport systems and design of advanced 

transport solutions. 

The operation performance evaluation of the urban railway system in the Chinese 

city – Chengdu during 34 months using the Entropy – TOPSIS methods was 

performed in [23]. The authors created a set of evaluation indicators with 8 

indicators and a total of 41 sub-indicators. The operational data of 41 sub-

indicators were used as input data for access. 

Based on the review of the literature and indicated models and methods, and with 

the aim of determining the operational performance, a multi-criteria analysis will be 

conducted for both passenger and freight railway transport of the Republic of Serbia. 

3 MCDM Methodology and Input Data 

Multi-criteria decision-making methods have been developed as mathematical tools 

to support decision-makers involved in the decision-making process [24]. Those 

methods are gaining importance as potential tools for analyzing and solving 

complex problems due to their inherent ability to evaluate different alternatives with 

respect to various criteria for possible selection as the best alternative [25].  

The choice of the method which will be used for solving the specific multi-criteria 

analysis problem depends on the nature of the problem, the availability of 

information concerning a problem, the number of alternatives, as well as the 

knowledge, previous experience, and preferences of the decision-maker. 

Indicators are often defined as quantitative measures that can be used "to simply 

illustrate and communicate complex phenomena, including trends and progress 

over time." Indicators can perform different functions. The data collected may be 

suitable for analysis by those involved in decision-making and thus contribute to 

better decision-making. 

The largest data sources for comparative assessment are statistics and annual reports 

of companies, however, the main issue under consideration in the last few years is 

the data availability from privatized and divided transport companies and the fact 

that many privatized operators find it very difficult to some of the details from their 

business. Although the large number of entities that are vital for transport make the 

task of collecting data for comparative assessment more complex, their presence on 

the other hand, should increase the quality and scope of comparative assessment. 
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The data collected through regular monthly, quarterly and annual statistical reports 

were taken from [26] and shown in Table 1. 

Table 1 

Indicators and sub-indicators of rail transport  

The key indicators that are used Basic indicators of rail transport, Employees in rail 

transport, Generating power of rail transport, Consumption of fuel and electricity in 

transport and Railway asset. After that, the Entropy method is utilized, for 

determining weighting factors and the TOPSIS method, for ranking alternatives. 

The weight coefficients are values that can be obtained by any of the following 

methods (Eigenvector method, Least squares weight method, Entropy method, etc.). 

The entropy method is a method for determining the weighting coefficients of 

multi-criteria decision-making. The method was invented by Claude Shannon 

(1984) [27]. Determining the weight of coefficients based on the entropy method 

consists of normalization of the values of alternatives according to each of the 

criteria, calculation entropy of all alternatives in terms of criteria, the degree of 

divergence of the average internal information of each criterion, and the final 

relative weights of the criteria are obtained by additive normalization [27]. 

Indicator 
Sub-

indicator 

Specification of each 
Unit of each sub-indicator 

Basic indicators of rail 

transport 

f1 
Passenger transport 

(locomotive km)  
train km, thous. 

f2 
Freight transport 

(locomotive km) 
train km, thous. 

f3 Passenger transport gross-ton km, mill. 

f4 Passenger transport gross-ton km, mill. 

f5 
Number of transported 

passengers  
thous. 

f6 Realized pkm passenger-kilometers, thous. 

f7 
Quantity of goods 

transported 
thous. t 

f8 Realized tkm  ton-km, thous. 

Employees in rail 

transport  
f9 - number 

Generating power of rail 

transport 

f10 Internal-combustion engines kW, thous. 

f11 Electric engines kW, thous. 

Consumption of fuel and 

electricity in rail 

transport 

f12 Liquid fuels thous. t 

f13 Electricity thous. MWh 

Railway asset 

f14 Effective length of tracks km 

f15 Passenger wagon stock and 

motor trains 

number 

f16 seats thous. 

f17 
Freight wagon stock 

number 

f18 tons of carrying capacity, thous. 
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TOPSIS (Technique for the Order Preference by Similarity to Ideal Solution) 

method was introduced by Hwang and Yoon (1981). The ordinary TOPSIS 

method is based on the concept that the best alternative should have the shortest 

Euclidian distance from the ideal solution (positive ideal solution – PIS) and at the 

same time the farthest from the anti-ideal solution (negative ideal solution – NIS). 

It is a method of compensatory aggregation that compares a set of alternatives by 

identifying weights for each criterion [24]. This method can be implemented using 

develop decision matrix which needs to normalize and weighted then determine 

the positive ideal and the negative ideal solutions, calculated the distance from the 

ideal and anti-ideal solutions for each alternative using the two Euclidean 

distances and calculate the relative closeness of every alternative to the positive 

ideal solution. The higher values indicate that the rank is better. 

Alternatives represent the years of observation, and the criteria are the operational 

performance of rail freight and passenger transport in the Republic of Serbia. 

4 The Approach and Results Discussion for Case 

Study: The Serbian Railway 

To make a good decision, it is necessary to define alternatives by specifying 

appropriate criteria [28]. It is also necessary to define the values of weight coefficients 

for each criterion; i.e. the importance of each criterion in relation to the others [29, 30]. 

Weights will show the importance of the participation of certain criteria in making a 

decision on the ranking of alternatives (years). Determining the objective weights of 

criteria according to the Entropy method is based on measuring the uncertainty of 

information contained in the decision matrix and directly generates a set of weight 

values of criteria based on the contrast of individual criteria values of alternatives 

for each criterion and then simultaneously for all criteria using formulas from. 

The basic concept of the TOPSIS method is that the chosen alternative should have 

the smallest distance from the ideal solution and the largest distance from the 

negative ideal solution, in the geometric sense. During the normalization process, 

the transformation of minimization into maximization criteria is not performed. For 

each alternative, the distance from the ideal and negative ideal solution is calculated 

in relation to each criterion, taking into account the criteria that are minimized and 

maximized. The weight/significance of each alternative is finally determined based 

on the relative closeness of the alternatives to the ideal solution [17]. 

Based on the adopted indicators, for both passenger (Tab. 2) and freight transport 

(Tab. 3) - Transpose matrix, evaluation of operation performance of the Serbian 

railway was done by Entropy method for determining weight coefficients and the 

TOPSIS method for ranking the observed years. The calculation results of 

weighting coefficients show that for passenger rail transport the Passenger wagon 
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stock and motor trains (0.1825) and for freight rail transport the Generating power of 

rail transport - Internal-combustion engines (0.2573) are the two most important 

indicators (sub-indicator) in the evaluation system. 

Railway asset – Effective length of tracks has the smallest weighting coefficient 

for both passenger (0.0053) and freight (0.0090) rail transport and shows that this 

indicator has a minor impact in the operation performance evaluation process. 

Table 2 

Passenger railway transport – indicators, weighting coefficients and ranking 

Criteria (Sub-

indicator)/ Weight 
Year 

fi wi 2013 2014 2015 2016 2017 2018 2019 

f1 0.1306 11531 11170 16256 10930 16644 10417 9030 

f3 0.0201 1745 1666 1624 1957 1529 1727 1486 

f5 0.0676 7158 6443 6258 6092 5638 5062 4190 

f6 0.1469 612 452 509 438 377 347 285 

f9 0.1504 18047 17078 16622 13641 10229 10207 10596 

f10 0.0841 190 180 153 191 129 123 133 

f11 0.0128 626 626 605 687 585 556 671 

f12 0.0256 9 9 10 10 10 11 12 

f13 0.0596 148 139 136 120 116 115 90 

f14 0.0053 3819 3819 3766 3766 3764 3724 3323 

f15 0.1145 786 748 833 883 691 542 467 

f16 0.1825 48 45 56 59 48 30 27 

Rank 4 5 1 2 3 6 7 

Table 3 

Freight railway transport – indicators, weighting coefficients and ranking 

Criteria (Sub-

indicator)/ Weight 
Year 

fi wi 2013 2014 2015 2016 2017 2018 2019 

f2 0.0198 5947 5878 5919 5103 4997 5424 5540 

f4 0.0153 5520 5464 5731 4870 5081 5390 5809 

f7 0.0154 10463 10826 11887 11896 12352 12297 11475 

f8 0.0097 3022 2988 3249 3087 3288 3187 2861 

f9 0.2524 18047 17078 16622 13641 10229 10207 10596 

f10 0.2573 190 180 153 191 129 89 133 

f11 0.0606 626 626 605 687 585 462 671 

f12 0.0429 9 9 10 10 10 11 12 

f13 0.1055 148 139 136 120 116 110 90 

f14 0.0090 3819 3819 3766 3766 3764 3752 3323 

f17 0.0921 8452 8486 8486 7277 6781 6589 5661 

f18 0.1200 431 432 432 411 342 371 259 

Rank 5 4 6 1 2 7 3 
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By ranking with TOPSIS method on the basis of adopted indicators for passenger 

transport of the Serbian railways in the time frame from 2013 to 2019, it can be 

seen that the best operation performances were in 2015, while in 2019 they 

recorded the worst-case scenario (Tab. 2). When it comes to the obtained results 

for freight transport of the Serbian railways by ranking the appropriate indicators, 

it can be seen that the best operation performances were in 2016, while in 2018 

they recorded the worst-case scenario (Tab. 3). 

Conclusions 

Increasingly modern rail transport, provides a more convenient and less expensive 

mode of daily passenger and goods transport, so the support of the State is 

necessary. It is important to set operational goals in advance and optimize the 

allocation of resources. In this paper, based on literature reviews, the evaluation of 

the railway operation efficiency in the Republic of Serbia is performed, based on 

data collected by the regular statistical reports, of traffic business entities, with that 

help, are formed into two sets of indicators, for passenger and for freight transport. 

The total number of used indicators is 5 and 18 sub-indicators, i.e. individually for 

passenger and freight, 5 indicators and 12 sub-indicators, based on which the input 

matrices were formed in the observed period from 2013 to 2019. The importance of 

each indicator was calculated by the Entropy method, while the TOPSIS method was 

used to evaluate operation performance; i.e. to rank the results on an annual basis. 

The calculation results of weighting coefficients show that for passenger rail 

transport the Passenger wagon stock and motor trains (f14) and for freight rail 

transport the Generating power of rail transport - Internal-combustion engines (f10) 

are the two most important indicators (sub-indicator) in the evaluation system. 

Railway asset – Effective length of tracks (f14) has the smallest weighting 

coefficient for both passenger and freight rail transport and shows that this 

indicator is the least important indicator (sub-indicator). 

Using the TOPSIS method, the adopted indicators, for the passenger rail transport 

system of the Republic of Serbia, were ranked in the time frame from 2013 to 

2019, based on which, it is shown that the best operational performances were in 

2015, while in 2019, showed the worst scenario. When it comes to the obtained 

results for freight transport of the Serbian railways, by ranking the appropriate 

indicators, it can be seen that the best operational performances were in 2016, 

while in 2019, showed the worst-case scenario. 

Increasing the efficiency and competitiveness of railroads, to promote the market 

share of environmentally friendly rail, is one of the most important transport 

policy objectives of the EU and national transport policies are needed to meet the 

current and future challenges of transport markets, in particular, the increasing 

demand for long-distance passenger and freight transport. 
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The framework and goals of future research will be reflected in the use of this 

approach, to assess the performance of other transport modes or systems, using 

appropriate indicators. 
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Abstract: An extension of bi-directional evolutionary structural optimization, by considering 

three-dimensional geometrically nonlinear reliability-based elasto-plastic topology 

optimization, is presented in this study. Due to the important role of the existence of 

uncertainties to make structural design more practical, this study considers the reliability-

based design. Thus, for probabilistic purposes, volume fraction is considered random.  

The reason of considering the volume fraction as random variable that the application of 

reliability-based topology optimization shows different topological results comparing to 

those which are obtained through deterministic designs. By adopting Monte-Carlo technique, 

the reliability indices are calculated based on the failure probabilities. Different values of 

volume fractions are considered to explore the effect of changing it on the resultant 

topologies in case of deterministic design. Furthermore, study the influence of considering 

different values of reliability indices on the results of probabilistic designs. The plastic-limit 

analysis is considered in this study in case of elasto-plastic models. A 3D elasto-plastic  

L-shape beam is considered as a benchmark problem to demonstrate the proficiency of the 

proposed method. In addition, 3D cantilever beam is considered for deterministic and 

probabilistic topology optimization designs in cases of elastic and elasto-plastic materials. 

Keywords: BESO method; Structural optimization; Geometrically nonlinear analysis; 

Elasto-plastic deformation; Reliability-based design optimization 

Nomenclature 𝜂𝜂𝑖𝑖𝑖𝑖  Total Lagrangian strain 𝑉𝑉𝑖𝑖 Element volume 𝐵𝐵 Transformation finite element 
t i  

𝑉𝑉∗ Total volume of structure 𝑈𝑈 Finite element displacement 
t  

𝑉𝑉0 Volume of design domain 𝑠𝑠𝑖𝑖𝑖𝑖 The constituent of second Piola-

Kirchhoff stress 
𝑉𝑉𝑓𝑓 Volume fraction 𝑝𝑝𝑒𝑒 Péclet number 𝑁𝑁 Number of elements 𝑝𝑝 Penalization power 𝑥𝑥𝑖𝑖 Binary design variable 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖0  Solid isotropic material 

tit ti  t  
𝑥𝑥 Generated realizations 𝜂𝜂𝑖𝑖𝑖𝑖 The Green-Lagrange strains 𝑋𝑋 Random vector 𝑅𝑅 Residual vector 𝑓𝑓𝑋𝑋(𝑥𝑥) Probability joint density 

f ti  
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𝑠𝑠 Piola-Kirchhoff stress 𝛽𝛽 Reliability index 𝑃𝑃 The applied load 𝑃𝑃𝑓𝑓 Probability of failure 𝐾𝐾𝑇𝑇 Tangential stiffness matrix 𝜐𝜐 Poisson’s ratio 𝐹𝐹𝑖𝑖 Given force 𝑟𝑟𝑚𝑚𝑖𝑖𝑚𝑚 Filter radius 𝑚𝑚𝑠𝑠 Load multiplier 𝐸𝐸𝑅𝑅 Evolutionary volume ratio 𝐹𝐹0 Initial predefined applied forces 𝜏𝜏 Allowable convergence 
t l  𝑚𝑚𝑝𝑝 Plastic load multiplier 𝑊𝑊𝑐𝑐 The complementary work 𝐶𝐶 Mean compliance 𝜎𝜎𝑦𝑦 Yield stress 𝑢𝑢 Displacement vectors 𝜎𝜎HMH The Huber-v. Mises-Hencky 
(𝐻𝐻𝐻𝐻𝐻𝐻)  𝐾𝐾 Global stiffness matrix   

1 Introduction 

Topology optimization (TO) is a mathematical approach used to obtain the effectual 
material distribution within a specified design domain to reach the goal of finding 
the best structural performance considering fulfilling various constraints. TO has 
drawn the interest of designers to deal with innovative designs of structures. Thus, 
the improvement of appropriate applications of (TO) techniques in the construction 
industry has obtained an increasing consideration [1] [2]. In fact, (TO) can be 
considered as a promising method to apply in various civil engineering projects 
such as in concrete and steel structures as well as in case of railway barriers 
optimization to achieve best designs [3-6]. Besides, (TO) is a powerful technique in 
finite element analysis of various structures since it allows the designer to identify 
the parts of the assembly which are unnecessary to satisfy the structure requirements 

[7-12]. 

Structural topology optimization has undergone a rapid evolution during last 
decades. Various tools which facilitate structural optimization in different manners 

were provided by many authors, for instance, determining load paths in the 
structures [13], or through determining highly stressed structural areas in a quite 
effective way [14] [15]. A topology optimization problem of minimizing structural 
weigh subjected to stress constraints was introduced in the study of Cheng and Jiang 
[16]. Bi-directional evolutionary structural optimization (BESO) is one of the 
developed methods which has experienced various improvements recently. In 
general, the essential idea of (BESO) method is adding and deleting the elements 
within the design domain at same time according to their sensitivity numbers [17] 

[18]. A structural topology optimization approach was integrated into laminated 
composites plates in the study of Chandrasekhar et al. [19] by considering two 
different goal functions of fundamental frequency and strain energy. Furthermore, 
Sahithi and Chandrasekhar [20] proposed isogeometric topology optimization 
based on evolutionary algorithm of swarm intelligence. 
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Reliability-based topology optimization aims to find a strongly reliable design. 
Uncertainty topology optimization was considered in the study of Dunning et al. 
[21] by random assume of the loading magnitude and its direction. Lógó et al. [22] 
considered uncertainty load condition to develop an updated optimization 
formulation. Lately, geometrical nonlinearity has been adopted in structural 
topology optimization by applying it in various problems such as compliant 
mechanisms and energy absorption. Luo et al. [23] examined in their study topology 
optimization of structures undergo large displacement. Topology optimization 
method of elasto-plastic structures was presented in the study of Tauzowski et al. 
[24]. Blachowski et al. [25] proposed a topology optimization method of elasto-

plastic materials considering fulfillment of stress constraints. An updated 
optimization algorithm considering large displacement was introduced in the study 
of Gomes and Senne [26]. In the case of materially nonlinear analysis, such as 
elasto-plastic models, one needs to define the material elastic modulus, plastic 
hardening and the yield stress to perform elasto-plastic topology optimization.  
The elastoplastic deformation was considered for topology optimization of 
composite structures in the study of Kato et al. [27]. Gopal and Panchal [28] 
proposed an integrated technique to examine the reliability and risk problems within 
uncertain environment of the process of milk industry. 

The three-dimensional topology optimization was considered in various scientific 
papers. In the study of Liu and Tovar [29], three-dimensional models were 
considered to perform topology optimization by using MATLAB code. A 3D 
topology optimization with the aim of minimization of the mean compliance was 
considered in the study of Zuo and Xie [30]. Langelaar [31] presented a self-
supporting topology optimization formulation by considering the effect of 
excluding unprinted geometries from design domain in case of additive 
manufacturing. 

This study is a continues research work of the development of BESO method, which 
aims to present 3D reliability-based topology optimization of geometrically 
nonlinear and elasto-plastic problems. The rest of this paper is organized as 
following: Section 2 represents theoretical background of the problem. Numerical 
examples which are considered in this paper are included in Section 3. Finally, the 

work is summarized in Section 4, the Conclusions. 

2 Theoretical Background 

2.1 Deterministic Elasto-Plastic BESO 

Total nonlinear Lagrangian finite element model is considered to perform the 
analysis of nonlinear large displacements: 
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𝜂𝜂𝑖𝑖𝑖𝑖 =
12 �𝑢𝑢𝑖𝑖,𝑖𝑖 + 𝑢𝑢𝑖𝑖,𝑖𝑖 + 𝑢𝑢𝑖𝑖,𝑖𝑖  𝑢𝑢𝑖𝑖,𝑖𝑖�                                            (1) 

where 𝑢𝑢 is point-wise displacement, and 𝑖𝑖. 𝑗𝑗 and 𝑘𝑘 represent coordinate axes. 𝑑𝑑𝜂𝜂 = 𝐵𝐵(𝑈𝑈)𝑑𝑑𝑈𝑈                      (2) 

where 𝐵𝐵 is the finite element matrix which transforms the change in displacement 𝑑𝑑𝑈𝑈 into a strain changing, and 𝑈𝑈 is finite element displacement vector. The Hooke's 
law for material densities can be expressed as: 𝑠𝑠𝑖𝑖𝑖𝑖 =  (𝑝𝑝𝑒𝑒)𝑝𝑝 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖0  𝜂𝜂𝑖𝑖𝑖𝑖       (3) 

where 𝑠𝑠𝑖𝑖𝑖𝑖  is the constituent of second Piola-Kirchhoff stress, 𝑝𝑝𝑒𝑒 represents Péclet 
number, 𝑝𝑝 is penalization power, 𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖0  is solid isotropic material constitutive tensor 
and 𝜂𝜂𝑖𝑖𝑖𝑖 is the Green-Lagrange strains. Hence, the residual can be defined as the 
error of the obtained equilibrium. 𝑅𝑅(𝑈𝑈) =  𝑃𝑃 −  ∫ 𝐵𝐵𝑇𝑇  s 𝑑𝑑𝑉𝑉𝑉𝑉       (4) 

where 𝑠𝑠 refers to the vector of Piola-Kirchhoff stress and 𝑃𝑃 represents the applied 
load. The equilibrium found when the residual vector equal to zero vector. As a rule, 
the finite element equilibrium (4) is solved by using Newton-Raphson iterative 
scheme. 𝐾𝐾𝑇𝑇 =  −  

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕        (5) 

where 𝑲𝑲𝑻𝑻 is the tangential stiffness matrix. 

The plastic-limit analysis is considered in this study in case of elasto-plastic models. 
The theory of this type of analysis is based on assumption indicates that an elasto-

plastic body is exposed to a given force 𝐹𝐹𝑖𝑖 which is gradually increased. The relative 
load is expressed as: 𝐹𝐹𝑖𝑖 = 𝑚𝑚𝑠𝑠 𝐹𝐹0 (6) 

Where 𝑚𝑚𝑠𝑠  is the load multiplier and 𝐹𝐹0  represents the initial predefined applied 
forces. As 𝑚𝑚𝑠𝑠 increases, plastic zones of the body start to appear until reach extreme 
intensity which is 𝑚𝑚𝑝𝑝. Hence, an unrestricted flow of plastic state finally reached. 
By way of explanation, the corresponding plastic strains and displacements become 
feasible for the first time during the loading process. According to the definition of 
plastic limit state, the resultant work of the applied force cannot be negative, 
therefore, 𝑚𝑚𝑠𝑠 −𝑚𝑚𝑝𝑝 ≤ 0. 

An extensive explanation of BESO method can be found in various academic papers 
and literature. Thus, only the applied improvements of BESO method are briefly 
discussed in this study. 

The deterministic elasto-plastic BESO problem can be constructed as following: 𝐻𝐻𝑖𝑖𝑀𝑀𝑖𝑖𝑚𝑚𝑖𝑖𝑀𝑀𝑀𝑀: 𝐶𝐶 =  𝑢𝑢𝑇𝑇𝐾𝐾𝑢𝑢 (7.a) 
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𝑆𝑆𝑢𝑢𝑆𝑆𝑗𝑗𝑀𝑀𝑆𝑆𝑆𝑆𝑀𝑀𝑑𝑑 𝑆𝑆𝑡𝑡:   𝑉𝑉∗  −  ∑ 𝑉𝑉𝑖𝑖𝑥𝑥𝑖𝑖𝑁𝑁𝑖𝑖=1 =  0 (7.b) 𝑉𝑉∗𝑉𝑉0 − 𝑉𝑉𝑓𝑓 ≤ 0 (7.c) 𝑥𝑥𝑖𝑖 ∈  {0,1} (7.d) 𝑚𝑚𝑠𝑠 −𝑚𝑚𝑝𝑝 ≤ 0 (7.e) 

Where 𝐶𝐶 stands for the mean compliance, 𝑢𝑢 represents displacement vectors and 𝐾𝐾 

denotes the global stiffness matrix. Besides, 𝑉𝑉𝑖𝑖 , 𝑉𝑉∗, 𝑉𝑉0  and 𝑉𝑉𝑓𝑓  represent element 
volume, total volume of structure, volume of design domain and volume fraction 
respectively. 𝑁𝑁 is the number of entire elements, and 𝑥𝑥𝑖𝑖 is binary variable which 
indicates the presence of the solid element. Here, Eq. (7.e) introduces the plastic-

limit constraint. Based on the static principle, any statically allowable load 
multiplier 𝑚𝑚𝑠𝑠  is less or equal the plastic limit load multiplier 𝑚𝑚𝑝𝑝  for the whole 
design domain. 

2.2 Probabilistic Elasto-Plastic BESO 

The reliability-based design is considered in this study by applying Monte-Carlo 
technique. The very basic concept of Monte-Carlo technique is generating of 
realizations 𝒙𝒙 of the random vector 𝑿𝑿 from their probability joint density function 𝒇𝒇𝑿𝑿(𝒙𝒙) . Consequently, the reliability indices 𝜷𝜷  is determined by estimating the 
probability of failure 𝑷𝑷𝒇𝒇 according to the number of the points inside failure domain 
with respect to the number of total generated points [32]. It should be mentioned 
that 𝑽𝑽𝒇𝒇 is considered as a random variable having probabilistic characteristics of 
mean value and standard deviation. 

Accordingly, the reliability constraint can be formulated considering the reliability 
index 𝛽𝛽 as: 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡 − 𝛽𝛽𝑐𝑐𝑡𝑡𝑖𝑖𝑐𝑐 ≤ 0 (8) 

where 𝛽𝛽𝑐𝑐𝑡𝑡𝑖𝑖𝑐𝑐 is the calculated reliability index for each iteration and when it reaches 
the target value of reliability index 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡, the program will be terminated since 
that this constraint is satisfied. 

To calculate 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡 and 𝛽𝛽𝑐𝑐𝑡𝑡𝑖𝑖𝑐𝑐, the following equations are used: 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡 = −𝛷𝛷−1�𝑃𝑃𝑓𝑓,𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡� (9) 𝛽𝛽𝑐𝑐𝑡𝑡𝑖𝑖𝑐𝑐 = −𝛷𝛷−1�𝑃𝑃𝑓𝑓,𝑐𝑐𝑡𝑡𝑖𝑖𝑐𝑐� (10) 

Thus, the probabilistic optimization problem can be illustrated as: 𝐻𝐻𝑖𝑖𝑀𝑀𝑖𝑖𝑚𝑚𝑖𝑖𝑀𝑀𝑀𝑀: 𝐶𝐶 =  𝑢𝑢𝑇𝑇𝐾𝐾𝑢𝑢 (11.a) 𝑆𝑆𝑢𝑢𝑆𝑆𝑗𝑗𝑀𝑀𝑆𝑆𝑆𝑆 𝑆𝑆𝑡𝑡:   𝑉𝑉∗  −  ∑ 𝑉𝑉𝑖𝑖𝑥𝑥𝑖𝑖𝑁𝑁𝑖𝑖=1  =  0 (11.b) 
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𝑥𝑥𝑖𝑖 ∈  {0,1} (11.c) 𝑚𝑚𝑠𝑠 −𝑚𝑚𝑝𝑝 ≤ 0 (11.d) 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡 − 𝛽𝛽𝑐𝑐𝑡𝑡𝑖𝑖𝑐𝑐 ≤ 0 (11.e) 

Here Eqs. (11.a), (11.b) and (11.c) have same roles as Eqs. (7.a), (7.b) and (7.d). 
While Eq. (7.e) presents the reliability boundary condition on the 𝑉𝑉𝑓𝑓 . 

2.3 The Procedure of the Improved BESO 

After the brief description of the mathematical technique of the new method, the 
algorithm can be assembled as shown in Figure 1 for both deterministic and 
probabilistic designs. 

Start

Introduce BESO 
parameters: ER, V* and 

ARmax

Define probabilistic 
characters of the random 

variable (Vf) 

(In case of deterministic 
design neglect this step)

Calculate the target 
volume for the next 

design

Construct a new design

Estimating the 
probability of failures 
and reliability indices

 (In case of deterministic 
design neglect this step)

Are the defined 
constraints satisfied?

Converged? Yes End

Specify design domain 
and FE mesh 

Performing FEA and 
sensitivity numbers of 

elements 

Calculate sensitivity 
number for nodes

Applying filtering 
scheme

Averaging 
sensitivity numbers

Yes

No

No

 

Figure 1 

Flow chart of reliability-based geometrically nonlinear elasto-elastic BESO 

The algorithm steps can be summed as following: 

1)  Specify the design domain and FE mesh 

2)  Introducing BESO parameters 

3)  Defining mean value and standard deviation (for probabilistic problem) 
4)  Carrying out finite element simulation 

5)  Calculate sensitivity numbers for elements and nodes then applying filter 
and average schemes 

6)  Calculate the target volume for the next iteration 

7)  Constructing new design 
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8)  Estimation of the 𝑷𝑷𝒇𝒇 and 𝜷𝜷 values (for probabilistic problem) 

9)  Repeat steps 4-8 until fulfillment of the specified constraints as well as the 
solution is converged 

3 Numerical Examples 

In this section, two 3D numerical models are considered for the improved bi-
directional evolutionary structural optimization (BESO) method. The first example 
is a 3D cantilever beam fixed at one end. A 3D L-shape beam model is considered 
as the second example, to demonstrates the efficiency of the proposed method, the 
results of this example are compared with a benchmark example which was done 
by Rad et al. [33]. For purpose of evaluating probabilistic nature, Monte-Carlo 
technique as well as 𝑉𝑉𝑓𝑓  is considered as random variable with mean value and 
standard deviation. 

3.1 3D Cantilever Beam Model 

The first example in this study is 3D cantilever model. At the beginning, reliability-

based topology optimization of elastic linear and geometrically nonlinear models is 
considered. Then, reliability elasto-plastic topology optimization is considered for 
the same model. The design domain of the model is represented in Figure 2.  
The common parameters for both optimization processes are Young’s modulus of 
70.2 𝐺𝐺𝑃𝑃𝐺𝐺  with Poisson’s ratio 𝜐𝜐 = 0.25 . BESO parameters are 𝑟𝑟𝑚𝑚𝑖𝑖𝑚𝑚 = 3 𝑚𝑚𝑚𝑚 , 𝐸𝐸𝑅𝑅 = 3%, and 𝜏𝜏 =  0.1%. In addition, volume fraction 𝑉𝑉𝑓𝑓 is assumed random and 
has probabilistic properties of mean value 10% and standard deviation 5%. Finally, 
Monte-Carlo technique is considered with number of simulations  3.0 ×  106. 

 

Figure 2 

3D cantilever beam model 

3.1.1 Elastic Topology Optimization Problem 

Elastic reliability-based topology optimization of linear and geometrically 
nonlinear models is considered in this part. Considering that the applied load at the 
free end as shown in Figure 2 has a magnitude of 𝐹𝐹 = 1 𝑘𝑘𝑁𝑁. 
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The resulted topological designs of linear and geometrically nonlinear analysis 
beside the complementary work 𝑊𝑊𝑐𝑐  of different volume fraction values of 
deterministic design are shown in Table 1. It can be noted from Table 1 that there 
is a significant decrease in the complementary work from linear design to 
geometrically nonlinear designs for each value of volume fraction. By considering 𝑉𝑉𝑓𝑓 = 0.16, the complementary work value dropped down by 22.2% from 1.35 𝑘𝑘𝑘𝑘 
in linear case to 1.05 𝑘𝑘𝑘𝑘  in geometrically nonlinear case. Also, for 𝑉𝑉𝑓𝑓 = 0.10, the 

complementary work value declined by 37.3%  from 1.93 𝑘𝑘𝑘𝑘  in linear case to 
1.21 𝑘𝑘𝑘𝑘 in geometrically nonlinear design. Thus, the optimal resulted topologies in 
case of nonlinear designs are stiffer than those which are obtained in case of linear 
design. Besides, according to the obtained results, it should be mentioned that as 𝑉𝑉𝑓𝑓 

declines the complementary work raises for elastic linear and geometrically 
nonlinear models. 

Table 1 

Resulted topological designs and complementary work in case of deterministic design 
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1.13 

0.10 

 

1.93 0.10 

 

1.21 

Table 2 shows the resulted topological designs of probabilistic linear and 
geometrically nonlinear analysis beside the complementary work 𝑊𝑊𝑐𝑐 considering 
different 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡  values. It can be noted that there are significant differences in the 
complementary work between linear design and geometrically nonlinear designs for 
each case of volume fraction. By considering 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡 = 4.37, the complementary 
work value dropped by 13.01%  from 1.69 𝑘𝑘𝑘𝑘  in linear case to 1.47 𝑘𝑘𝑘𝑘  in 

geometrically nonlinear case. In addition, for the lowest value of target reliability 
index 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡 = 3.05 , the complementary work value fallen by 10.28%  from 
1.75 𝑘𝑘𝑘𝑘 in linear case to 1.57 𝑘𝑘𝑘𝑘 in geometrically nonlinear design. In other words, 
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in case of geometrically nonlinear designs, the resulted topologies are stiffer from 
which are obtained in case of linear designs. Also, it can be said that as 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡 
become less the complementary work raises for elastic linear and geometrically 
nonlinear models. 

Table 2 

Resulted topological designs and complementary work in case of probabilistic design 
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𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡 Optimized shape 𝑊𝑊𝑐𝑐 

4.37 

 

1.69 4.37 

 

1.47 

3.64 

 

1.71 3.64 

 

1.52 

3.05 

 

1.75 3.05 

 

1.57 

3.1.2 Elasto-Plastic Topology Optimization Problem 

Deterministic and probabilistic geometrically nonlinear topology optimizations of 
elasto-plastic 3D cantilever model are considered in this part. The yield stress equals σ𝑦𝑦 = 135 𝐻𝐻𝑃𝑃𝐺𝐺 . The plastic-limit load multiplier 𝑚𝑚𝑝𝑝  is assumed 5.0, the initial 
load is assumed to be 𝐹𝐹0 = 0.5 𝑘𝑘𝑁𝑁 and the ultimate load is 𝐹𝐹ult = 2.6 𝑘𝑘𝑁𝑁 .  
To demonstrate the effect of load multiplier, three load cases are considered: 𝐹𝐹1 =

 0.5 𝐹𝐹0, 𝐹𝐹2 =  2.5 𝐹𝐹0 , 𝐹𝐹3 =  5 𝐹𝐹0.  

Table 3 represents the Huber-v. Mises-Hencky (𝐻𝐻𝐻𝐻𝐻𝐻) stresses of deterministic 
resulted topological optimum designs of geometrically nonlinear analysis for 
different values of 𝑉𝑉𝑓𝑓  considering three different values of load multiplier 𝐹𝐹1,𝐹𝐹2 and 𝐹𝐹3. 

According to the results which are included in Table 3, it can be noticed that in case 
of lowest applied load (𝐹𝐹1 =  0.5 𝐹𝐹0), the mean stress is increased by 18.27% from 
10.96 𝐻𝐻𝑃𝑃𝐺𝐺 in case of 𝑉𝑉𝑓𝑓 = 0.16 to 13.41 𝐻𝐻𝑃𝑃𝐺𝐺 when 𝑉𝑉𝑓𝑓 = 0.10. Corresponding to 
the highest load multiplier (𝐹𝐹3 =  5.0 𝐹𝐹0), the mean stress is raised by 10.37% from 
90.36 𝐻𝐻𝑃𝑃𝐺𝐺 in case of 𝑉𝑉𝑓𝑓 = 0.16 to 100.81 𝐻𝐻𝑃𝑃𝐺𝐺 when 𝑉𝑉𝑓𝑓 = 0.10. Thus, according 
to these results, we can say that as 𝑉𝑉𝑓𝑓 decreases, that the mean stress increases for 
each loading case. 
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Table 3 

Resulted topological designs and 𝐻𝐻𝐻𝐻𝐻𝐻 stresses according to various 𝑉𝑉𝑓𝑓 considering 𝐹𝐹1,𝐹𝐹2 𝐺𝐺𝑀𝑀𝑑𝑑 𝐹𝐹3 𝑉𝑉𝑓𝑓 𝐹𝐹1 =  0.5 𝐹𝐹0 
𝜎𝜎HMH𝜎𝜎𝑦𝑦  𝐹𝐹2 =  2.5 𝐹𝐹0 

𝜎𝜎HMH𝜎𝜎𝑦𝑦  𝐹𝐹3 =  5.0 𝐹𝐹0 
𝜎𝜎HMH𝜎𝜎𝑦𝑦  

0.16 

 
 

 
 

 
 

Mean 
stress 

(𝐻𝐻𝑃𝑃𝐺𝐺) 

10.96 54.41 90.36 

0.12 

 
  

 
  

 
  

Mean 
stress 

(𝐻𝐻𝑃𝑃𝐺𝐺) 

11.26 55.68 96.92 

0.10 

 
 

 

 
  

 
 

 
Mean 
stress 

(𝐻𝐻𝑃𝑃𝐺𝐺) 

13.41 67.05 100.81 

Furthermore, it can be observed from the obtained results that in case of first load 
multiplier there is almost no plastic regions. While, in case of highest load 
multiplier, plastic zones are obtained largely. 

The corresponding Huber-v. Mises-Hencky (𝐻𝐻𝐻𝐻𝐻𝐻) stresses of different load cases 𝐹𝐹1 =  0.5 𝐹𝐹0,  𝐹𝐹2 =  2.5 𝐹𝐹0  and 𝐹𝐹3 =  5 𝐹𝐹0  according to the resulted probabilistic 
geometrically nonlinear topological designs are shown in Table 4. Considering that 
three values of 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡 are considered. 

According to Table 4, it is well noticed that in case of lowest load case (𝐹𝐹1 =

 0.5 𝐹𝐹0),  the mean stress is increased by 6.20%  from 10.74 𝐻𝐻𝑃𝑃𝐺𝐺  in case of 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡 = 4.37 to 11.45 𝐻𝐻𝑃𝑃𝐺𝐺 when 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡 = 3.05. Corresponding to the highest 
load multiplier ( 𝐹𝐹3 =  3.05 𝐹𝐹0 ), the mean stress is raised by 5.92%  from 
89.77 𝐻𝐻𝑃𝑃𝐺𝐺 in case of 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡 = 4.37 to 95.42 𝐻𝐻𝑃𝑃𝐺𝐺 when 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡 = 3.05. 
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Table 4 

Resulted topological designs and 𝐻𝐻𝐻𝐻𝐻𝐻 stresses according to various 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡 considering 𝐹𝐹1,𝐹𝐹2 𝐺𝐺𝑀𝑀𝑑𝑑 𝐹𝐹3 

𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡 𝐹𝐹1 =  0.5 𝐹𝐹0 
𝜎𝜎HMH𝜎𝜎𝑦𝑦  𝐹𝐹2 =  2.5 𝐹𝐹0 

𝜎𝜎HMH𝜎𝜎𝑦𝑦  𝐹𝐹3 =  5.0 𝐹𝐹0 
𝜎𝜎HMH𝜎𝜎𝑦𝑦  

4.37 

 
 

 
 

 
 

Mean 
stress 

(𝐻𝐻𝑃𝑃𝐺𝐺) 

10.74 53.72 89.77 

3.64 

 
 

 
 

 
 

Mean 
stress 

(𝐻𝐻𝑃𝑃𝐺𝐺) 

11.08 55.56 92.20 

3.05 

 
 

 
 

 
 

Mean 
stress 

(𝐻𝐻𝑃𝑃𝐺𝐺) 

11.45 57.32 95.42 

In other words, the mean stress increases as 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡  decreases for each loading case. 
Also, the effect of load multiplier can be observed from the obtained results since 
that in the case of first load multiplier there is almost no plastic regions. While, in 
case of the highest load multiplier, plastic zones are obtained largely. 

3.2 3D L-Shape Beam Model 

3D L-shape model is the considered as the second example in this study. Figure 3 
represents the design domain of this problem. This work has implemented 
deterministic and probabilistic geometrically nonlinear elasto-plastic topology 
optimization. An applied load 𝐹𝐹  is acting at the top of the free end. Material 
properties are assumed 200 𝐺𝐺𝑃𝑃𝐺𝐺 of Young’s modulus and 0.25 of Poisson’s ratio. 
Considering that BESO parameters are 𝑟𝑟𝑚𝑚𝑖𝑖𝑚𝑚 = 18𝑚𝑚𝑚𝑚, 𝐸𝐸𝑅𝑅 = 1%, and 𝜏𝜏 =  0.1%. 
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Volume fraction 𝑉𝑉𝑓𝑓  has the probabilistic properties of mean value 21%  and 
standard deviation 5%. The number of Monte-Carlo simulation is assumed 3.0 ×

 106. 

 

Figure 3 

3D L-shaped beam model 

For purposes of considering plastic-limit analysis, the initial load is assumed 𝐹𝐹0 =

10 𝑘𝑘𝑁𝑁 and the value of yield stress 𝜎𝜎𝑦𝑦 =  93 𝐻𝐻𝑝𝑝𝐺𝐺. In addition, the limit of plastic 
load is 𝑚𝑚𝑝𝑝 = 3.48. consequently, four load cases are considered in this problem: 𝐹𝐹1 = 0.348𝐹𝐹0,  𝐹𝐹2 = 2.262𝐹𝐹0,𝐹𝐹 3 = 3.30𝐹𝐹0. Finally, as mentioned previously, the 
results of this work are compared with the study of Rad et al. [33]. Similar to the 
previous problem, Table 5 shows the results of deterministic topological optimum 
designs of elasto-plastic geometrically nonlinear analysis for different values of 𝑉𝑉𝑓𝑓 

according to 𝐹𝐹1 = 0.348𝐹𝐹0,  𝐹𝐹2 = 2.262𝐹𝐹0 and 𝐹𝐹3 = 3.30𝐹𝐹0. 
Table 5 

Resulted topological designs and 𝐻𝐻𝐻𝐻𝐻𝐻 stresses according to various 𝑉𝑉𝑓𝑓 by considering 𝐹𝐹1,𝐹𝐹2 𝐺𝐺𝑀𝑀𝑑𝑑 𝐹𝐹3 𝑉𝑉𝑓𝑓 𝐹𝐹1 = 0.348𝐹𝐹0 
𝜎𝜎HMH𝜎𝜎𝑦𝑦  𝐹𝐹2 = 2.262𝐹𝐹0 

𝜎𝜎HMH𝜎𝜎𝑦𝑦  𝐹𝐹3 = 3.30𝐹𝐹0 
𝜎𝜎HMH𝜎𝜎𝑦𝑦  

0.30 

      

Mean 
stress 

(𝐻𝐻𝑃𝑃𝐺𝐺) 
6.71 45.41 60.21 

0.28 

      

Mean 
stress 

(𝐻𝐻𝑃𝑃𝐺𝐺) 
7.19 48.63 64.67 
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0.27 

      
Mean 
stress 

(𝐻𝐻𝑃𝑃𝐺𝐺) 
7.48 50.65 67.50 

Similarly, to the results of previous problem, it can be noticed that the mean stress 
increases as 𝑉𝑉𝑓𝑓  decreases for each loading case. As obtained from the results of 
lowest load case (𝐹𝐹1 =  0.348 𝐹𝐹0), the mean stress is increased by 10.29% from 
6.71 𝐻𝐻𝑃𝑃𝐺𝐺 in case of 𝑉𝑉𝑓𝑓 = 0.30 to 7.48 𝐻𝐻𝑃𝑃𝐺𝐺 when 𝑉𝑉𝑓𝑓 = 0.27. Also, for the highest 
load multiplier (𝐹𝐹3 =  3.30 𝐹𝐹0 ), the mean stress is increased by 10.80%  from 
60.21 𝐻𝐻𝑃𝑃𝐺𝐺  in case of 𝑉𝑉𝑓𝑓 = 0.30  to 67.50 𝐻𝐻𝑃𝑃𝐺𝐺  when 𝑉𝑉𝑓𝑓 = 0.27.  Besides, here 
again the significant effect of load multiplier can be noticed from the obtained 
results since that in the case of first load multiplier there is almost no plastic regions. 
While the plastic zones are obtained largely in case of the highest load multiplier. 
Table 6 represents the corresponding Huber-v. Mises-Hencky (𝐻𝐻𝐻𝐻𝐻𝐻) stresses of 
load multiplier 𝐹𝐹1 =  0.348 𝐹𝐹0 , 𝐹𝐹2 =  2.262 𝐹𝐹0  and 𝐹𝐹3 =  3.30 𝐹𝐹0 in case of 
probabilistic elasto-plastic geometrically nonlinear topological designs. By 
considering three different values of 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡 . 

Table 6 

Resulted topological designs and 𝐻𝐻𝐻𝐻𝐻𝐻 stresses according to various 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡 by considering 𝐹𝐹1,𝐹𝐹2 𝐺𝐺𝑀𝑀𝑑𝑑 𝐹𝐹3 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡 𝐹𝐹1 = 0.348𝐹𝐹0 
𝜎𝜎HMH𝜎𝜎𝑦𝑦  𝐹𝐹2 =  2.262𝐹𝐹0 

𝜎𝜎HMH𝜎𝜎𝑦𝑦  𝐹𝐹3 =  3.30𝐹𝐹0 
𝜎𝜎HMH𝜎𝜎𝑦𝑦  

4.97 

   
   

Mean 
stress 

(𝐻𝐻𝑃𝑃𝐺𝐺) 
6.04 44.63 60.03 

4.16 

      

Mean 
stress 

(𝐻𝐻𝑃𝑃𝐺𝐺) 
6.87 46.34 63.70 
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3.21 

      

Mean 
stress 

(𝐻𝐻𝑃𝑃𝐺𝐺) 

7.15 49.72 66.20 

Table 6 shows that the increasing percentage of the mean stress is 15.52% from 
6.04 𝐻𝐻𝑃𝑃𝐺𝐺 in case of 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡 = 4.97 to 7.15 𝐻𝐻𝑃𝑃𝐺𝐺 when 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡 = 3.21 according 
to the lowest load case (𝐹𝐹1 =  0.348 𝐹𝐹0). Also, 9.32% is the increasing percentage 
of the mean stress from 60.03 𝐻𝐻𝑃𝑃𝐺𝐺  in case of 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡 = 4.97 to 66.20 𝐻𝐻𝑃𝑃𝐺𝐺  in 

case of 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡 = 3.21 according to the highest load case (𝐹𝐹3 =  3.30 𝐹𝐹0). Thus, we 
can say that the mean stress increases as 𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑡𝑡  decreases for each loading case. 
Again, here we can notice that in the case of first load multiplier there is no obtained 
plastic zones. On the other hand, by increasing the applied load, plastic zones can 
be obtained sufficiently until reach the plastic-limit load. 

Conclusions 

This work concerns the expansion of a reliability-based, geometrically nonlinear, 
elasto-elastic topology optimization, of 3D structures, by considering an extended 
BESO method. Due to the existence of uncertainties, 𝑉𝑉𝑓𝑓  is treated as a random 
variable during the optimization process. The reliability-based design is performed, 

by adopting Monte-Carlo simulation method, by determining the reliability indices 
according to the values of failure probabilities. In the case of elasto-plastic 
structures, the plastic-limit analysis method is considered. The proposed method 
can be considered as an effective structural optimization method, for solving the 

three-dimensional design problems, associated with a goal of mean compliance 
minimization. The results of the benchmark problem, obviously validate the 
efficiency of the proposed method. 

The work done in this study, can be summarized, by the following points: 

1)  In case of deterministic design, when multiple 𝑽𝑽𝒇𝒇  values are considered, 
there is a negative correlation between 𝑽𝑽𝒇𝒇 and complementary work. Also, 
between 𝑽𝑽𝒇𝒇 and the values of mean stresses. 

2)  In case of Probabilistic design, when multiple values of 𝜷𝜷𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕  are 
considered, it can be noted that as 𝜷𝜷𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕  decreases, the complementary 
work and the values of mean stresses increase. 

3)  For both deterministic and probabilistic designs, the complementary work 
values of geometrically nonlinear designs are smaller than which obtained 
in case of linear designs. 
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4)  It is noted, that in elasto-plastic design for both deterministic and 
probabilistic cases, there is almost no plastic regions obtained corresponding 
to the lowest acting load, while the plastic zones are clearly visible in case 
of highest acting load. 

This paper can be considered as a huge improvement, towards a more sensible and 
more extensive framework, for three-dimensional geometrically nonlinear elastic 
and elasto-plastic topology optimization, by adopting the plastic-limit analysis 
considering reliability constraint. Thus, based on the noted examples, the proposed 
approach can be considered as a valuable work in the work associated with finding 
the optimal topologies, in the design of structures, as compared to other methods. 
The proposed BESO method has the fundamental advantages of the basic BESO 
algorithm, exactly, effectiveness and simplicity. In addition, according to the 
obtained results, we can say that the optimum solutions are firmer in the case of 
geometrically nonlinear designs, than in the case of linear designs. However, the 
main concern of the proposed model is related to the global optimum. Thus, it is 

herein recommended to validate the loading and boundary conditions for each 
iteration. Nonetheless, additional research is planned to include other nonlinear 
designs. 
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Abstract: Many underground railway lines around the world consist of twin tunnels. One of 

the environmental vibration problems caused by these subways is the effect of the existence 

of loads in the two tunnels simultaneously. For example, measurement of the vibrations 

induced by two trains simultaneously in the field tests is rare. In this study, a 3D finite 

element model was built to investigate the ground vibrations induced by the subway twin 

tunnels and was verified against field measurements. A site measurement was performed on 

Line 1, Tabriz Metro. Furthermore, the influence of the second tunnel with various 

separation distances in the soil layer containing the different elastic modulus (for 3 values 

of 60, 150, and 400 MPa) on the surface vibrations is examined. The results show that 

when the elastic modulus of the soil decreases, the distance between two tunnels which the 

effect of the second tunnel disappears increases. So that, for the soil layer with an elastic 

modulus of 60, 150, and 400 MPa, the separation distance is obtained about 8, 9, and 10 

times of the tunnel radius. In addition, a correction factor of +6 dB has been proposed for 

the field measurement data of the twin tunnels, which was determined from one of the 

trains. 

Keywords: twin tunnels; railway vibration; situ measurement; numerical analysis 

1 Introduction 

Subway structure is undergoing increases in many cities in order to reduce the 

urban traffic. Subways usually run beneath the space of residential areas, which 

may cause disturbances to nearby buildings and their residents. The interaction 

between the wheel and the rail induces dynamic force, and causes vibrations, 

which that propagate through the tunnel and the surrounding soil into buildings. 

The induced vibration from the underground railway causes vibrations in the 

frequency range of 1–80Hz and re-radiated noise in the range of 1-200 Hz. [1].  

To design a new railway or checking the vibrations from existing lines, the 
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induced vibrations must be determined and compared with the standards. Then, 

according to the obtained values, vibration reduction solutions should be taken.  

In addition, the mitigation effects of the proposed methods need to be evaluated. 
However, the prediction model is necessitated to achieve the above goals [2]. 

In the past decade, several numerical and analytical models have been established 

to predict ground vibrations induced by underground railways. These studies have 

investigated vibration in single and twin tunnels. Numerous prediction models and 

field measurements have been performed for assessments of vibration induced by 

single tunnel and isolated systems [3-9]. While a common simplifying assumption 

adopted in these studies is to neglect the presence of a neighboring tunnel. 

However, most underground railway lines around the world consist of twin 

tunnels: one for the outbound direction and one for the inbound direction. For 

example, in London, Copenhagen, Washington DC, Shiraz, and Isfahan the metro 

lines are included twin tunnels. To date, few numbers of models are available in 

the literature, which accounts for the effect of second tunnel on induced vibration 

by another tunnel. 

Kuo et al. have presented the formulation of a model for underground-railway 

vibration induced from twin tunnels based on the single-tunnel Pip in Pip model. 

The superposition method has been used to determine of interaction between 

neighboring tunnels [10]. Hamad et al. have investigated the vibration response of 

the twin tunnels by two different methods, a fully coupled approach, and a 

superposition approach. The accuracy of the two methods is assessed [11]. He et 

al. present a 2.5D theoretical model for the solution of dynamic interaction 

between two parallel tunnels in a multi-layered half-space. The influence of soil 
layering and the stiffness of the soil above the tunnels were investigated [12]. 

Yuan et al. have proposed an analytical method for calculating vibrations from a 

twin tunnel in a saturated poroelastic half-space. The results show that the surface 

vibration from the half-space model is larger than those of the full-space model 

[13]. In another study, Yuan et al. have presented an analytical solution for 

estimating twin tunnels vibrations, which considers the multiple scattering effects 
between the two tunnels. The second tunnel has a small influence on the soil 
displacement at the low frequencies, while in the high frequencies the neighboring 

tunnel has significant scattering effects [14]. Heidary et al. have investigated the 

effect of axle load and speed of trains on the ground surface vibration, while two 

trains passed each other in the opposite direction in the twin tunnels [15]. Heidary 

et al. have studied the effect of surrounding soil layers and lens properties on the 

ground-borne vibration induced from twin tunnels. In the following, the results of 

the twin tunnels model have been compared with the single tunnel model [16]. 

Because of complexity of vibration source, uncertainty of transmission path and 

existing of different materials, study on vibration needs of reliable experimental 

data for the verification of numerical or analytical models. To date, several field 

studies of the single tunnel have conducted in previous works, but the evidence in 

the literature of a field measurement, which accounts for the vibrant interaction 
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between neighboring tunnels, does not exist. In this study, measurements are 

carried out to study the influence of the twin tunnels-induced vibration on the 

ground surface. At Tabriz, Iran, microtremor instrumentations on the ground 

surface and inside the underpass tunnel were carried out in order to evaluate train-

induced vibrations. These results were used to verify the 3D numerical model in 

the time domain. The effects of the existence of the second active tunnel and 

tunnels separation distance on the ground vibration were then investigated.  

The goal of this study is to determine the minimum separation distance of the two 

tunnels, that the effect of the second tunnel on the ground surface vibration is 

eliminated. Also, one of the study gaps in the field measurement of the twin 

tunnels has been investigated in this study. The possibility of recording vibrations 

from both trains simultaneously in the field measurements is very low. Therefore, 

in this study, the correction factor for this issue is determined. 

The outline of the paper is as follows. Section 2 introduces the test site in Tabriz 

(Iran) and addresses the determination of the soil, train and track characteristics. 

The 3D finite element model is presented in Section 3, and the experimental 

results are compared to results obtained by 3D FE modeling. Additional 

simulations are performed for the investigating of the tunnels separation distance 

effect in section 4. Also, the effect of a neighboring tunnel on the propagation of 

surface ground-borne vibrations is studied in Section 5. 

2 In-situ Measurements 

Underground Line 1 in Tabriz, Iran was designed in about 2002 to allow 

connection west to east with a length of 17.2 km and 17 stations. This line consists 

of twin tunnels, used for the outbound and inbound directions, respectively.  

The tunnel on this line is a deep-bored tunnel with a concrete lining and a single 

track in each tunnel. The tunnels were excavated in a clay stone and tuff soils, 
using a tunnel boring machine (TBM) at a depth of about 15-25 m below the 

surface. In the test site, the two tunnels are built as circular section with inner 

radius 3 m, outer radius 3.3 and burial depths 15 m. The two tunnels are separated 

by a transverse distance 13 m (Figure 1). 

2.1 Track and Train Specifications 

The rails are placed on the slab with rail pads, and the slab is connected to the 

tunnel invert by rubber mat. The distance between the rail pads is 0.6 meters, and 

the rail type is a S49. 

The line 1 trains are a normal passenger train, consisting of 5 cars: a driving motor 

car, three non-driving motor cars, and a driving motor car. The length of a motor 
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car is 21 m, while the length of a trailer car is 19.5 m. The bogie and axle 

distances on all cars are 12.6 and 2.2 m, respectively. The total length of the test 

train is 100 m (Figure 2). Considering the mass of a wagon and the bogies, the 

axle load is 9.5 tons. 

 

  

(a) (b) 

Figure 1 

(a) Cross section of the tunnels on line 1 and FE model, (b) location of field measurement 

  

Figure 2 

The configuration of the train 

2.2 Geodynamic Characterization 

The test site is located on line 1 of the Tabriz metro, between the Beheshti and 

Saat stations. The mechanical characteristics of the surrounding soil were 

determined using the Downhole seismic test. 

Figure 1 shows the locations of two parallel tunnels through the scheme of soil 

layers. The soil is defined as a superposition of seven horizontal layers. Soil layers 

include silty sand and silty clay upper the clay soil, the uppermost layer is formed 

by a sand mixture. The soil parameters are summarized in Table 1, for the 5 
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layers, in terms of Young’s modulus E, density ρ, Poisson’s ratio ν and wave 
velocity Vs. 

Table 1 

Dynamic soil characteristics 

Layer  E(Mpa) ν ρ (kg/m3) Vs(m/s) 

1 300 0.39 1600 250 

2 500 0.37 1800 300 

3 700 0.37 1800 370 

4 1350 0.36 1800 500 

2.3 Measurements and Data Processing 

The experimental measurements were carried out with the three vertical 

velocimeters (microtremor). These velocimeters were established on the ground 

surface and tunnel inside. The connected equipment includes a data recorder, 

power supply, and GPS are shown in Figure 3. 

 

(a)                                                             (b) 

Figure 3 

(a) Railway track, (b) Microtremor equipment 

The velocity responses were obtained at the tow points on the ground surface and 

one point on the slab. Points on the ground surface were located above the active 

tunnel and between a distance of the two tunnels. Three detection points were 

defined and are shown in Figure 1. 

Field measurements were performed at the time with lowest passing surface road 

traffic. Nevertheless, data processing was implemented which includes 

eliminating noise signals, baseline correction, and the appropriate frequency 

range. The frequency range for the recorded data was set between 0 to 100 Hz. 
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3 Numerical Modeling 

To predict the vibration responses, two 3D FE models were built with the FE code 

Midas GTS NX, one used for verification and the other used for other paper 

objectives. The model includes the soil layers, twin tunnels, and train load.  

To keep the model as simple as possible, also to decrease the model run time, 

superposition principle is applied for trainload. For this purpose, it is necessary to 

know the axle distribution and the train speed [17-19]. To simplify the cross-

section of the rail in the numerical model, it is considered as a rectangle section 

with a contact surface equal to the width of the original rail foot. Moreover, the 

inertia must be equal to that of the original rail. [18]. 

The dimensions of the 3D model are considered to be 35*35*30 m. In addition, 

the mesh size of the soil layers surrounding the tunnels is 0.5 m. The sensitivity 

analyses were performed in another paper by the same authors to study the effect 

of model dimensions, mesh size, and time increment [15]. The absorbing 

boundary was used to prevent the wave reflection from the model boundaries. 

Rayleigh damping theory used in the model includes a damping matrix [C] which 

can be calculated as is shown in Equation 1: 

[ ] [ ] [ ]C M Kα β= +  (1) 

Here α and β are the Rayleigh coefficients, and [M] and [K] are the mass and 
stiffness matrix, respectively. The damping ratio coefficients α and β have a 
relation with fundamental frequency and damping ratio. The fundamental 

frequency is determined by solving the free vibration equation of the system.  

The calculated α and β are 2.159 and 0.00115, respectively. 

3.1 Verification of the FE Model 

In the present section, the response to a train moving at a speed of 32 km/h is 

predicted with 3D FE model, and compared to the experimental results. Figure 4 

shows the comparison of measurement and calculation results, in time history and 

frequency content on the slab. 
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(a) (b) 

Figure 4 

The experimental and numerical: (a) time history and (b) frequency content of the station 1 response 

The general agreement between both results is acceptable. However, some 

discrepancy are existence, which this could be due to the underestimation of the 

dynamic forces and the influence of the train suspensions, which has been 

disregarded in the FE model. 

Vibration measurements have also been performed in above the Tabriz line 

tunnels on the surface as well as at the slab in tunnel. Figure 5 compares the 

experimental and computed ground surface vibration at the distance between the 

two tunnels. Both the experimental and numerical results show a relatively good 

agreement at the observation point. The difference between the predicted and 

experimental results could probably be due to background noise, soil layers 

damping or inhomogeneities in the soil layers. 

4 Effect of Separation Distance of Two Tunnels 

In this section, the influence of separation distance of the two tunnels on the 

responses at the ground surface is investigated. The single tunnel model and the 

present model under different separation twin tunnels distances have been 

compared. The goal is to determine the distance, which the induced vibration from 

the two tunnels does not affect each other. The cross sections of the two models, 

and the observation point at the ground surface are presented in Figure 6. 
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Figure 5 

The experimental and numerical: (a) time history and (b) frequency content of the station 2 response 

D/2

r

OtOs

 

Figure 6 

Cross sections of single tunnel and twin tunnel and observation point location  

For a complete study, a homogeneous single layer with 3 different elastic 

modulus, 60, 150 and 400 MPa are considered. The comparison of the results 

between the single and twin tunnels is shown in Figure 7 for layer elastic modulus 

150 MPa. 

As shown in Figure 7, the responses at the ground surface above the twin tunnels 

are greater than those of the single tunnel. This is because the values obtained 

above the twin tunnels are the sum of the vibrations from the active tunnel and 

reflected waves from the adjacent tunnel lining. However, the dynamic responses 

at point Os are only from the active tunnel. Also, the tunnels separation increases, 

the differences of the responses at observation points (Ot, Os) decrease. Figure 7 

shows that, when the distance between the two tunnels is more than 9r, the 

vibrations on the ground surface are equal to those of the single tunnel. 
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Figure 7 

The effect of the separation distance of twin tunnels on the induced vibration and comparison with a 

single tunnel (Esoil=150 MPa) 

The comparison between the single and twin tunnels models is shown in Figure 8 

under different layer elastic modulus. The difference between the results is 

represented as a percentage, which is determined from the following equation 

(Equation 2). 

( )-Velocity(Os)
( ) 100

Velocity(Os)

D Velocity Ot
DV

r
= ×  (3) 

  

Figure 8 

Comparison between the single tunnel and the twin tunnels model for different tunnels spacing and soil 

layer elastic modulus 

As can be seen, the differences increase first, because of second tunnel effect, and 

then decrease to zero by the increase of the D/r ratio. From the results Figure 8 it 

can be concluded that The effect of the second tunnel for the soil layer with 

Young's modulus 60, 150, and 400 MPa disappears at a D/r ratio of 8, 9, and 10, 

respectively. In other words, as the soil layer becomes softer, the second tunnel 

affects the response at the ground surface at a larger distance. 
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5 Effect of Twin Active Tunnels on Surface 

Vibrations 

During field measurements in twin tunnels, one of the trains usually passes 

through a tunnel. This is because as the second tunnel is not finished to the 

operation, or during measurement, two trains do not pass simultaneously. 

Therefore, if the measurement results are used to design the structure at ground 

surface above the tunnels, it is not completely correct. Because it is possible that 

during the structure lifespan, both trains pass each other through the tunnels at 

several times while daytime. To the author’s knowledge, this correction factor has 

not reported in any published work. This section aims to present the effect of 

second active tunnel on the free field response for soil layer with different elastic 

modulus 60, 150 and 400 MPa. In additional this parameter is investigated to 

different twin tunnel separation distance (Figure 9). Insertion Gain (IG) concept 

(Equation 3) is used to assess determined results [4]: 

2

1

20 log
x

IG
x

=
 
 
 

 (3) 

where x1 is the reference case results (twin tunnel with one active tunnel), and x2 

is result after changes (twin tunnel with two active tunnels). IG represents the 

changes in the vibration response and expresses in decibel (dB). 

 

Figure 9 

IG due to the existence of the load in the second tunnel compared to the passive tunnel model 

As can be seen, in all cases, the IG is positive, which means that the existence of 

the load in the second tunnel causes an increase the vibration at the ground 

surface. Figure 9 shows that as the distance between the tunnels increases, the 

effect of the load in the second tunnel on the induced vibrations increases. But this 

effect is small and can be ignored. Also, the influence of the stiffness of the soil 
beneath the tunnels on the response is small. therefore, the improvement factor +6 

dB (on average) have been suitable for the measurement of the field vibrations. 
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Conclusions 

In this paper, a 3D twin-tunnel model is presented to evaluate the vibrations 

induced by trains. In continuation, a 3D FE model is validated with filed 

measurement data. Then the effects of two tunnels separation distance and 

existence of second tunnel on the vibration response are investigated. The present 

work includes field measurements of twin tunnels, which do not exist in previous 

studies. Field measured data can be used for future works as a reference. With the 

increase of the separation distance of two tunnels, the response of the active tunnel 

on the ground surface decreases. In addition, the elastic modulus of the soil layer 

influences the obtained results. The response on the ground surface increases with 

the decrease of the Yang’s modulus of the soil layer. In other words, the distance 

between the tunnels, which the effect of the active tunnel disappears, for the soil 

layer with an elastic modulus of 60, 150, and 400 MPa, is equal to 8, 9, and 10 

times the tunnel radius, respectively. In the field measurements of twin tunnels, if 

measured data do not include the vibrations induced from the two trains that pass 

each other simultaneously, according to the results of this paper, +6 dB should be 

added to the obtained values. In addition, this value does not depend on the 

distance between the tunnels and the elastic modulus of the soil layer. 
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Abstract: Due to the impact of climatic and natural factors, the normal-speed railway 

subgrade is vulnerable to mud pumping, water accumulation, subsidence and other defects, 

hereafter called diseases, that frequently occur, after a period of service. It is imperative to 

quickly detect subgrade diseases. On the basis of studying the law of geological radar 

electromagnetic signal propagation along the railway subgrade, according to the results of 

site excavation and verification, this paper proposes a method for railway subgrade disease 

inspection based on ground penetrating radar. In addition, radar image features of typical 

subgrade diseases are clarified herein. Practical application results show that this inspection 

method is effective to accurately identify subgrade diseases. In particular, it is of great 

significance to the rapid inspection of hidden subgrade diseases. In addition, an analysis of 

inspection results and distribution of subgrade diseases along the line is conducive to 

determining the key section for treatment of subgrade diseases. 

Keywords: ground penetrating radar; subgrade disease; denoising; radar image; subgrade 

inspection device 

1 Preface 

The railway industry in China has undergone a rapid development. For example, 

the total mileage of railways in operation reached up to about 150,000 kilometers 

by the end of 2021("Statistical Bulletin on the Development of the Transportation 

Industry in 2021”, The Ministry of Transport of China). The railway subgrade 

directly bears and transfers the track gravity and the dynamic load of the train, and 

is also affected by geological conditions, construction and other factors, so that it is 

vulnerable to more and more subgrade diseases year by year [1]. In fact, in-situ 

excavation is one of the traditional methods for discovering subgrade diseases. 
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Although this method is intuitive, it is inefficient and hard to be rolled out at the 

railway network level because it will interfere with the normal operation of trains. 

As a subgrade inspection technology, ground penetrating radar technology has been 

developing rapidly in recent years. Many research institutions in the world have 

carried out various research projects and practices in this regard. In 1998, J. 

Hugenschmidt successfully applied geological radars to railway subgrade 

inspection for the first time [2]. From then on, many countries including China 

carried out related experiments [3-8]. For example, Szalai S, used image methods 

to study the deformation of ballasted railway tracks [9]. Trong Vinh Duong et al. 

conducted the physical modeling and in-depth research and analysis on the elements 

of mud pumping at the interface of railway ballast/subgrade, including particle 

distribution, water content, pore water pressure, and hydraulic conductivity [10]. 

Xu Xinjun studied the deep learning and target inspection of geological radar image 

features of mud pumping through the fast regional convolutional neural network 

[11]. Yang Xin'an proposed a method for identifying the development, distribution 

forms and diseases of mud pumping according to radar images in 2004 [12].  

In 2010, Du Panfeng proposed to classify the mud pumping diseases according to 

geological radar waveform stacking diagram [13]. In 2015, Hou Zhezhe explored a 

typical subgrade disease classification method based on radar image features 

through the study of actual detection data and theoretical analysis [14]. Sysyn 

proposed a non-destructive measurement method to investigate the distribution of 

the ballast consolidation along the sleeper [15, 16]. Liu studied the effect of 

different tamping operations on the longitudinal vibration transfer characteristics of 

the track bed and the frequency response function of the track bed under different 

temperature and humidity conditions [17, 18]. PAY Ibrekk assessed the abilities of 

a GPR system to detect anomalies like ballast pockets and to map the distribution 

of water in railway ballast [19]. 

Thanks to these studies and applications, the role of geological radars in detecting 

and positioning railway subgrade diseases has been gradually accepted. However, 

due to the differences in the hardware equipment of geological radars, processing 

software and processes, there is no unified standard for identifying railway subgrade 

diseases through geological radars. In order to solve the aforesaid problems, this 

paper explores a geological radar inspection method for subgrade diseases. Through 

this method, the distribution state of the subgrade disease along the long trunk line 

can be evaluated, and the basis for the treatment of subgrade disease can be 

provided. 
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2 Inspection Method 

2.1 Inspection Principle 

The geological radar method is used to detect and locate the target object according 

to the reflection characteristics of electromagnetic waves and the change law of 

propagation speed of the interface between the propagation media with different 

dielectric constants. With high-frequency or ultra-high-frequency electromagnetic 

waves as the information carrier, this method has the characteristics of real-time 

display, as well as fast, non-destructive, continuous inspection. 

Electromagnetic wave signals are emitted towards the ground through the 

continuous movement of the antenna. When such signals encounter a medium 

interface with electrical property differences (such as differences in the dielectric 

constant) in the process of propagation inside the object, the phenomena of 

reflection, transmission and refraction will occur. The larger difference in dielectric 

constants of the media on both sides of the medium interface indicates more 

electromagnetic wave energy reflected. After the electromagnetic waves to be 

reflected are received, by the receiving antenna, that moves synchronously with the 

transmitting antenna, the radar host will accurately record the two-way travel time, 

amplitude, phase and other motion features of the reflected electromagnetic wave. 

On this basis, the cross-sectional scanning images of underground media can be 

obtained. Underground targets can be identified through processing and 

interpretation of radar images (its working principle is shown in Figure 1). 

  

Figure 1 

Schematic diagram of geological radar inspection principle 

Since the propagation speed of electromagnetic waves in the same medium remains 

constant, the target object depth H can be calculated based on the two-way travel 

time t of the electromagnetic wave received and recorded. The specific calculation 

formula is as follows: 𝐻𝐻 =
𝑣𝑣𝑣𝑣2                                               (1) 

Where, 𝑣𝑣 = 𝐶𝐶/√𝜀𝜀indicates the propagation speed of electromagnetic waves in the 

medium, C represents the propagation speed of electromagnetic waves in the air 

(about 3×108 m/s), and ε denotes the relative dielectric constant of the medium. 
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2.2 Inspection Device 

The subgrade condition inspection system adopts IDS SRS system, which 

comprises a radar host, three IDS TR400 Radar antennas (corresponding to the three 

measurement lines distributed on the center between lines, ballast shoulders on both 

sides), a data acquisition instrument, a signal display instrument, a rangefinder, 

signal transmission cables, a global navigation satellite system(GNSS), etc. This 

inspection system is mounted on a special inspection vehicle, with the 25T 

passenger train body as the supporting platform. 

 

Figure 2 

Subgrade inspection device 

 

Figure 3 

Subgrade inspection system 

The inspection device is shown in Figure 2, and the system composition is detailed 

in Figure 3. The inspection speed reaches up to 120 km/h. After the inspection 

system is started, the rangefinder will trigger the radar system to transmit pulse 

signals according to the prescribed interval. Then the data acquisition instrument 

will receive and record the radar wave signals reflected from the subgrade structure 

layer, and the display system will display the detected echo signal (namely radar 

image) in real time. In this way, data on each structural layer of the subgrade can be 

obtained. 
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2.3 Inspection Data Processing 

Preprocessing of geological radar data constitutes an important part of radar data 

analysis. In the process of preprocessing, fidelity processing is required to ensure 

the reliability of subsequent analysis. 

Denoising is the most important part of preprocessing. Regarding the geological 

radar inspection of the railway subgrade, there are two main types of noise, namely 

external interference noise and background noise. Specifically, external 

interference noise mainly includes the superimposed noise caused by the influence 

of signals by railway infrastructures such as Rail Sleeper, rail and catenary, as well 

as tunnels, bridges, slopes and other structures. In addition, background noise 

mainly includes the noise generated by the instruments during their operation, and 

also the interference noise generated in the antenna coupling process. 

(1) The external interference noise is usually suppressed through the 

Complementary Ensemble Empirical Mode Decomposition (CEEMD) method.  

In 1998, the EMD method was proposed by E. Huang for the first time [20].  

In 2010, the EMD method was optimized and upgraded by Yeh et al. [21] 

Specifically, paired auxiliary noise (positive and negative) was added to eliminate 

the residual auxiliary noise in the reconstructed signal, which significantly 

improved the computational efficiency. This new method is renamed as CEEMD. 

The basic principle is as follows: 

Firstly, add the white noise of fixed intensity to the original signal, and decompose 

the additive noise signal through EMD to obtain an IMF (Intrinsic Mode Function) 

component; continue to decompose N kinds of white noise newly added for 

corresponding times, and calculate the overall average of obtained components.  

The specific calculation formula is as follows: 𝐼𝐼𝐼𝐼𝐹𝐹1 =
1𝑁𝑁∑ 𝐸𝐸𝑖𝑖[𝑥𝑥 + 𝜀𝜀𝜔𝜔𝑖𝑖]𝑁𝑁𝑖𝑖=1                                     (3) 

Where, 𝐼𝐼𝐼𝐼𝐹𝐹1 is the first-order IMF component, N represents the number of times 

of adding different kinds of noise, 𝐸𝐸𝑖𝑖 indicates the ith component generated by EMD 

decomposition, 𝜀𝜀  represents the proportion of added noise, and 𝜔𝜔𝑖𝑖  denotes the 

added white noise. The residual generated after subtracting the first-order IMF 

component is calculated as follows: 𝑟𝑟1 = 𝑥𝑥 − 𝐼𝐼𝐼𝐼𝐹𝐹1                                               (4) 

Then decompose 𝑟𝑟1 + 𝜀𝜀𝐸𝐸1[𝜔𝜔1], 𝑖𝑖 = 1,2, . . . ,𝑁𝑁, iteratively decompose to obtain the 

component meeting the 𝐼𝐼𝐼𝐼𝐹𝐹1 conditions, and then calculate the overall average of 

all 𝐼𝐼𝐼𝐼𝐹𝐹1  to obtain the second-order 𝐼𝐼𝐼𝐼𝐹𝐹2  of the original signal. The specific 

calculation formula is as follows: 𝐼𝐼𝐼𝐼𝐹𝐹2 =
1𝑁𝑁∑ 𝐸𝐸𝑖𝑖[𝑟𝑟1 + 𝜀𝜀𝐸𝐸𝑖𝑖[𝜔𝜔𝑖𝑖]]𝑁𝑁𝑖𝑖=1                                (5) 

Calculate the residual of the kth order (𝑟𝑟𝑘𝑘 = 𝑟𝑟𝑘𝑘−1 − 𝐼𝐼𝐼𝐼𝐹𝐹𝑘𝑘), extract the first-order 

IMF components of 𝑟𝑟𝑘𝑘 + 𝜀𝜀𝐸𝐸𝑘𝑘[𝜔𝜔1] (𝑖𝑖 = 1,2, . . . ,𝑁𝑁), and then calculate the overall 
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average to obtain the k+1th order component 𝐼𝐼𝐼𝐼𝐹𝐹𝑘𝑘+1  of the original signal.  

The specific calculation formula is as follows: 𝐼𝐼𝐼𝐼𝐹𝐹𝑘𝑘+1 =
1𝑁𝑁∑ 𝐸𝐸𝑖𝑖[𝑟𝑟𝑘𝑘 + 𝜀𝜀𝐸𝐸𝑘𝑘[𝜔𝜔𝑖𝑖]]𝑁𝑁𝑖𝑖=1                               (6) 

Continue to perform iterative screening until the number of extreme values of 

residual does not exceed 2. 𝑅𝑅 = 𝑥𝑥 − ∑ 𝐼𝐼𝐼𝐼𝐹𝐹𝑘𝑘𝐾𝐾𝑘𝑘=1                                      (7) 

Where, R indicates the residual value, and K denotes the number of IMF 

components. 

Finally, the original signal recovered from IMF component and residual sequence 

can be expressed as follows: 

                   𝑥𝑥 = ∑ 𝐼𝐼𝐼𝐼𝐹𝐹𝑘𝑘𝐾𝐾𝑘𝑘=1 + 𝑅𝑅                                      (8) 

 

  
(a) Radar cross-section with Rail Sleeper interference (b) Radar cross-section after denoising 

Figure 4 

Rail Sleeper interference removal 

Figure 4 shows the effect of Rail Sleeper noise disposal. Figure 4 (a) is a radar cross-

section featuring the Rail Sleeper interference, and Figure 4 (b) shows the cross-

section generated after decomposition and denoising by CEEMD, with the Rail 

Sleeper interference removed thoroughly relatively. 

(2) The mean image denoising algorithm is used for the background noise.  

To enhance the regular horizontal signal and attenuate the irregular reflected signal, 

the mean of all track data concerning the signal segment on the radar cross-section 

with obvious inter-track horizontal interference is calculated. This mean can be 

deemed as an interference signal caused by the instrument, thus needing to be 

removed from all data channels of the radar cross-section. Also, this mean is 

regarded as the value of instrument background noise. The background noise can 

be eliminated by calculating the difference between background noise and all 

channels of radar cross-section. 

The background noise is selected as follows: 𝑥𝑥𝛴𝛴(𝑡𝑡) =
1𝑁𝑁2−𝑁𝑁1+1∑ 𝑥𝑥𝑖𝑖(𝑡𝑡)𝑁𝑁2𝑖𝑖=𝑁𝑁1          𝑁𝑁1 < 𝑁𝑁2                           (9) 

Where, N1 is the starting channel of the cross-section background noise, and N2 

represents the ending channel of the cross-section background noise. 

Figure 5 shows the effect of background noise disposal. Figure 5(a) is the radar 

cross-section with background noise, and Figure 5(b) shows the cross-section after 

mean background denoising. The background noise is removed thoroughly 

relatively, but valid signals are maintained. 
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a) Radar cross-section with background noise (b) Radar cross-section after denoising 

Figure 5 

Background noise removal 

3 Radar Image Features of Typical Subgrade 

Diseases 

After data preprocessing, the signal-to-noise ratio (SNR) of geological radar 

inspection will be improved, and disease signal features will be clearly reflected.  

In combination with theoretical analysis and site excavation and verification, 

geological radar signal features of three subgrade diseases (namely mud pumping, 

water accumulation and subsidence) were analyzed and determined during the 

study. 

(1) The radar image of mud pumping is characterized by continuous flat or 

undulating strong reflection coaxial axis in the depth range from the ballast bed 

surface to the subgrade bed surface. Differences in water containing conditions 

might result in the differences in multiple reflections, and cover the signals reflected 

from the interfaces of ballast bed and subgrade bed. What’s worse, the illusion that 

the interface of ballast bed and subgrade bed uplifts towards the shallow layer might 

occur. The distance between the top surface of mud pumping and the top surface of 

the Rail Sleeper is limited to 25 cm. Mud pumping is further divided into concealed 

mud pumping (surface depth is less than 25 cm) and exposed mud pumping (surface 

depth is greater than 25 cm). 

 

Figure 6 

Radar image features of mud pumping 
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(2) The high water content of the subgrade or foundation might lead to the subgrade 

quality deterioration and instability, and further cause diseases such as mud 

pumping and subsidence. The image features of water accumulation are 

characterized by low frequency strong reflection, large amplitude, reverse phase 

and multiple reflections at the interface, and the interface is relatively flat. 

 

Figure 7 

Radar image features of water accumulation along the line 

Subsidence refers to the local or relatively large vertical settlement or subsidence 

deformation under the coupling effect of water, overlying load, self-weight, climate 

change, dynamic train load and vibration resulting from insufficient compactness 

of the ballast bed, subgrade, or foundation. It is also called ballast pit, ballast sack 

or ballast pocket in case of local or small range with the ballast trapped in the 

subgrade bed. Radar image features of subsidence area as follows: The reflective 

events of the interface between the ballast bed and the subgrade bed structure, and 

between the subgrade bed surface and the substratum indicate significant bending, 

discontinuity or offset of the depth downwards. By the length limit of 10 m, the 

subsidence diseases are further divided into ballast trap (with a length of less than 

10 m) and structural interface fluctuation (with a length of greater than 10 m).  

The subsidence is identified mainly through one-off inspection, which represents 

the condition of subgrade at the time of inspection. In contrast, multiple inspections 

are required for judging the subsequent development trend of subsidence. 

 

Figure 8 

Radar image features of subsidence 
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4 Case Analysis 

The subgrade of a normal-speed railway in Southwest China is vulnerable to 

relatively serious diseases. Particularly in the rainy season, mud pumping, water 

accumulation, subsidence and other diseases occur frequently, and it is difficult to 

maintain the track geometry. In July 2021, the authors of this paper conducted site 

inspection of the entire railway line using the subgrade inspection method and 

special inspection device introduced herein. Meanwhile, the work of data 

processing and interpretation was carried out. 

4.1 Summary of Inspection Results 

Through inspection, diseases were found in 262 places with a cumulative length of 

30,244 m, accounting for 4.50% of the total length (700 km) of subgrade inspected. 

Specifically, mud pumping disease was discovered in 36 places with a cumulative 

length of 5,238 m, accounting for 0.78% of the total length above; water 

accumulation was found in 217 places with a cumulative length of 22,382 m, 

accounting for 3.33% of the total length; and subsidence was found in 9 places with 

a cumulative length of 2,624 m, accounting for 0.39% of the total length. 

The distribution and proportions of various subgrade diseases are shown in Fig. 9. 

Specifically, by the ratio between cumulative length and total length, mud pumping, 

water accumulation and subsidence accounted 17.32%, 74.00%, and 8.68%, 

respectively. 

 

Figure 9 

Distribution of subgrade diseases 

Statistical analysis was made based on the cumulative length of diseases in the 10 

km interval. The results show that the cumulative length of subgrade diseases in the 

K1230-K1240 segment accounted for 19.70% of the total subgrade length of this 

segment. 
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Figure 10 

Distribution of diseases along the route 

Analysis of inspection data is makes it possible to understand the distribution of 

three typical diseases by line length (Figure 10) and depth. In particular, it is useful 

for accurately judging whether mud pumping has occurred inside the ballast bed.  

In addition, the railway maintenance unit can optimize the ballast bed screening 

plan according to the distribution of diseases by depth. In order to ensure the long-

term effect of ballast bed screening, the key subgrade diseases can be treated 

together. 

4.2 Site Excavation and Verification 

To verify the accuracy of inspection through this method, site excavation of 17 

sections of subgrade disease development was performed. The results of geological 

radar recognition are relatively consistent with the in-situ excavation conditions. 

 

Figure 11 

Excavation and verification results of mud pumping disease along the K920+800 line 

Figure 11 shows the excavation and verification results of mud pumping disease 

along the K920+800 line. Radar reflection waveform shows the characteristics of 

uneven reflections, there are multiple reflections in the underlying layer, and the 
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mud pumping interface has not reached the surface layer. Therefore, it is deemed as 

concealed mud pumping. Site excavation findings are consistent with the inspection 

conclusions. Obvious mud pumping was seen after excavation without access to the 

rail surface. 

 

Figure 12 

The result of water accumulation test of K1253+400 line 

Figure 12 shows the excavation and verification results of water accumulation along 

the K1253+400 line. The radar reflection waveform in Figure 12 shows parallel 

strong reflection characteristics, and there are multiple reflections in the underlying 

layer, Therefore, the line is deemed as water accumulation. Site excavation findings 

are consistent with the inspection conclusions, and obvious water accumulation was 

seen after excavation. 

Conclusions 

This paper proposes a method for railway subgrade disease inspection based on the 

geological radar. Firstly, radar data were denoised to improve the SNR, and then 

radar image features of typical subgrade diseases were determined according to the 

results of site excavation and verification. A special detection device equipment was 

used for rapid acquisition of geological radar data of subgrade, and effective 

identification of typical subgrade diseases according to comparison results of radar 

image features. The subgrade inspection method has been applied to a normal-speed 

railway in Southwest China. It is demonstrated that this method is effective to 

realize the rapid inspection and accurate identification of concealed subgrade 

defects. Conclusions are made as follows: 

(1) The CEEMD method and the mean background denoising algorithm are 

effective to remove the Rail Sleeper interference and background noise in 

the radar data, and to improve the SNR of inspection data. 

(2) This paper analyzes and summarizes the radar image features of three typical 

subgrade diseases, namely mud pumping, water accumulation and 

subsidence. According to the characteristics of typical subgrade diseases, 

radar inspection data of subgrade are interpreted, which provides a basis for 

the identification of concealed subgrade diseases. 
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(3) This inspection method makes it possible to understand the distribution of 

three typical subgrade diseases by line length and depth, so as to support the 

treatment of such diseases. In particular, it is useful for accurately judging 

whether diseases have existed inside the ballast bed. In addition, it is 

conducive to optimizing the ballast bed screening plan, and ensuring the 

long-term effect of ballast bed screening. 
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Abstract: A pre-removed segment is a new structure segment applicable to enlarging shield 

tunnel technology. It can facilitate the removal of the excess partitioned segment, for an 

enlarged station, by shield tunnel, however, it may cause certain risk of enlarged 

excavation construction, when a certain construction control limit is exceeded. To study the 

risk control problem for the removed segment, applicable to the shielded-tunnel-enlarged 

station, a risk control method, based on the load critical curve of the pre-removed segment 

is proposed. In this paper, a three-dimensional stratum structure model of the shielded-

tunnel-enlarged station is established and variations of forces on the interface of the pre-

removed segment are analyzed, under the influences of buried depth and staggered 

distance, for different enlarged excavation construction stages, as well as different soil 

properties (elasticity modulus). Combined with the load critical curve of the contact 

surface concerning the pre-removed segment obtained from the test, the critical 

construction control surface of buried depth and staggered distance, was obtained to 

ensure the bearing capacity of the pre-removed segment in different soil properties and in 

all of the involved enlarged excavation stages. It provides the technical guidance and 

reference for the construction risk control of the application of pre-removed segment in the 

shielded-tunnel-enlarged station. 

Keywords: pre-removed segment; buried depth; staggered distance; soil properties; 

enlarged excavation construction; the load critical curve; the critical construction control 

curve; risk control and shielded-tunnel-enlarged station 
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1 Introduction 

It is a special construction method of underground engineering to enlarge subway 

station by shield tunnel[1-4]. The shield equipment passes first, and then the shield 

tunnel structure is used to enlarge the subway station in combination with other 

excavation methods[5-7]. Due to the complex process of segment removal during 

enlarging, the segment to be removed or cut can be set in the form of pre-removal 

in advance, which can reduce the difficulty of enlarged construction and shorten 

the enlarged construction period. Therefore, if the station enlarging plan is carried 

out in a certain section of shield tunnel in the future, the pre-removed segment can 

be installed in this section in advance, which can provide great convenience for 

the station expansion in the later period. 

This leads to a question, of whether the internal force changes, of the pre-removed 

segment, can meet the requirements of the bearing capacity of the pre-removed 

segment during the shield tunnel, with the pre-removed segment still not enlarged. 

It is the key to control the construction risk to enlarge subway stations by shield 

tunnel, with the pre-removed segment, during this period. It should be said that 

this shielded-tunnel-enlarged station method, is not applicable to any operational 

stages, so the impact of subway train vibrations, on the shield tunnel structure, has 

not been considered[8]. In addition, this method is not suitable for staggered 

assembled segment tunnels in operation period [9]. 

At present, there are some cases concerning enlarged subway stations, with a 

shield tunnel: In Russia[10,11], the single-arch station structure was enlarged 

between two shield tunnels, in which some segments were partially removed and 

the interior space is poured into arch supports. In Saudi Arabia[12], open-cut 

method was used to remove part of large diameter shield tunnel, and the location 

where the tunnel was removed was enlarged into a station structure. In China, 

large-diameter shield segments were used to enlarge subway a station combined 

with a PBA method[13]. The segments at critical removal locations are also cut 

directly. In the above cases, segments are directly cut, which ensures the safety of 

the structure during the enlargement period, in which, segments are not removed. 

At the same time, it also increases the difficulty of partial demolition of segments 

during the enlarging of the subway station, especially for the underground 

construction. 

If the segment to be removed is designed in a partitioned form, the construction 

difficulty of segment removal can be greatly reduced. At the same time, it also 

increases the safety risks of the structure, during the construction period. This 

partitioned segment is defined as a pre-removed segment, as shown in the Figure 1. 

In fact, this segment has been used in the discussion scheme for the shielded-

tunnel-enlarged station of Beijing Metro Line 14. The bearing capacity test has 

also been done especially for this kind of segment[11]. Although it was not adopted 

in the final designing scheme, the experiments and related research are still 
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valuable for similar projects. This paper is one research work, which based on the 

construction risk control of the shielded-tunnel-enlarged station with a pre-

removed segment. 

 

Figure 1 

The pre-removed segment 

The purpose of this research is to establish a method to analyze the reasonable 

construction risk control parameters of the shielded-tunnel-enlarged station with 

the bearing capacity of pre-removed segments, so that designers can quickly 

predict a reasonable risk range during the preliminary design phase. 

In this paper, a three-dimensional stratum structure model for shielded-tunnel-

enlarged stations is established to analyze the internal force changes of the pre-

removed segment, under different key construction parameters with different soil 

properties. Based on the test results of the bearing capacity of the pre-removed 

segment, the reasonable construction key parameters are screened out, so the 

construction risk control index, of the shielded-tunnel-enlarged station, based on 

the bearing capacity of the pre-removed segment, was determined. 

2 Risk Control Principle Based on Bearing Capacity 

of Pre-removed Segment 

This paper is a research on construction risk control based on the completed 

bearing capacity test of pre-removed segment[14]. It was found through test 

analysis that there are many kinds of critical loading combinations on the contact 

surface of the same type of pre-removed segment, and these combinations will 

form the envelope of critical loading combinations, as shown in the Figure 2. 

The critical state features of the pre-removed segment are as follows: When the 

internal force of the pre-removed segment is in a group of critical state 

combinations. The displacement of the contact surface of the pre-removed 

segment will increase suddenly. It will cause the bolts connecting the segments to 
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be locked in place, so that the separation of the pre-removed segment cannot be 

successfully completed. At this time, the original cutting methods can only be 

adopted and the original intention of designing the pre-removed segment is invalid. 

 

Figure 2 

The load critical curve about the pre-removed segment 

Therefore, in different enlarged excavation construction stages and under different 

soil properties (elasticity modulus), the internal force on the pre-removed segment 

changes with the variation of construction parameters. When the internal force 

combination value of the removed segment corresponding different construction 

conditions is within the range of critical curve, the removed segment is in normal 

condition. Otherwise, the pre-removed segment cannot be removed successfully 

and it may cause structural safety and stability risks. Therefore, the reasonable risk 

control parameters can be found through the load-bearing critical curve of the pre-

removed segment. 

3 Analysis of Major Risk Factors 

This paper analyzes the risk factors of the enlarged subway station by the large-

diameter shield tunnel combined with the PBA method. From the perspective of 

the enlarged construction process, the stages in which the pre-removed segment is 

still in a working state include, as shown in the Table 1: 

(1) Initial state of tunnel segment 

(2) Pilot tunnel excavation 

(3) Supporting arch excavation 

(4) The pre-removed segment removed 



Acta Polytechnica Hungarica Vol. 20, No. 1, 2023 

 – 217 – 

The main influence of each risk factor on internal force of pre-removed segment is 

as follows: 

(1)  The buried depth of tunnel: With the change of buried depth, the ground 

stress in surrounding rock changes correspondingly, and the internal force 

on the pre-removed segment also adjusts accordingly. 

Table 1 

Main factors affecting internal force of pre-removed segment in different construction stages 

Enlarged 

excavation 

construction 

stages 

Enlarged construction 

diagram 

Main factors affecting the 

pre-removed segment 

Stages 1:  

Tunnel 

segment 

ring 

the pre-remo

 

buried depth of tunnel; 

the soil properties 

Stages 2: 

pilot tunnel 

excavation 

 

buried depth of tunnel; 

asymmetric excavation; 

the soil properties 

Stages 3: 

Supporting 

arch 

excavation 

 

buried depth of tunnel; 

asymmetric excavation;  

the soil properties 

Stages 4: 

The pre-

removed 

segment 

removed 

 

The pre-removed segment 

has been removed and this 

stage is beyond the analysis 

scope of this paper 

(2)  Enlarged excavation construction stage: The construction stages before 

the pre-removed segment is removed mainly include tunnel segment ring 

(Stages 1), pilot tunnel excavation (Stages 2) and supporting arch 

excavation (Stages 3), Shown in table 1. The internal forces on the contact 

surface of the pre-removed segment will be constantly adjusted in the three 

main construction stages. Each construction stage has different influence 

on the internal force of pre-removed segment. 
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(3)  Asymmetric excavation: In fact, it is difficult to complete the 

synchronous construction of the left and right sides in the pilot tunnel 

excavation stage and supporting arch excavation stage. When the two sides 

of the driving length are different, the partial load will be formed on the 

pre-removed segment, which will cause the change of the internal force of 

the pre-removed segment. 

(4)  Soil properties: Numerical analysis shows that the soil properties have a 

great influence on the internal force of the structure, the influence of elastic 

modulus of soil is particularly obvious. Considering that this kind of 

engineering may occur in different soil environments, this paper considers 

the influence of different elastic modulus of soil on the internal force of the 

contact surface of pre-removed segment based on the combination of the 

first three analyses. 

These four risk factors are correlated. buried depth is a key factor affecting 

structural mechanics. The internal force of pre-removed segment is also affected 

by different enlarged excavation construction stages, which also affect the 

allowable range of asymmetric excavation at each enlarged excavation 

construction stage. At the same time, the elastic modulus of soil has a further 

superposition effect on the internal force of the pre-removed segment. And the 

value range of internal force is limited by the bearing capacity of the enlarged 

segment which determines the reasonable range of the four main factors 

mentioned above. 

Therefore, three-dimensional numerical analysis can be used to grasp the 

influence of different buried depth, enlarged excavation construction stages and 

asymmetric excavation in different soil environments on the internal force of the 

pre-removed segment. And the critical line of bearing capacity of pre-removed 

segment is taken as the control standard. A reasonable parameter selection 

scheme, for risk control of enlarged subway station, is proposed based on the 

bearing capacity of the pre-removed segment, as a control standard. 

4 Model Analysis 

4.1 Establishment of Numerical Model 

The ABAQUS software is used to analyze the influence of enlarged excavation 

construction stages and asymmetric excavation on the internal force of the pre-

removed segment, in different buried depths and for different elastic modulus of 

soil. The simulation is carried out for the shielded-tunnel-enlarged station with the 

PBA method, which involves a construction process before the pre-removed 
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segment is removed. The models transverse length is 130 m and longitudinal 

length is 36 m. The width of each tunnel segment is 1.8 m, the thickness is 0.5 m. 

The model contains 20 tunnel segment rings. The 20 pre-removed segments will 

be removed in the model. Main parameters of the model are shown in Table 2. 

Table 2 

Main parameters of the model 

buried 

depth 

(m) 

Model 

height 

(m) 

Length difference of asymmetric excavation 

Pilot tunnel 

excavation 

Supporting arch 

excavation  

Elastic modulus of 

soil 

10 50 The staggered 

distance is 

divided into 6 

stages, with each 

stage increasing 

by 3.6 m and the 

range is 0-18 m 

The staggered 

distance is divided 

into 6 stages, with 

each stage 

increasing by 3.6 

m and the range is 

0-18 m 

The elastic modulus 

of soil is divided 

into three 

categories: 6 MPa, 

30 MPa and 150 

MPa 

18.5 60 

30 70 

40 80 

50 90 

Note: Because the numerical calculation uses the stratum structure model, the height of the calculation 
model will be adjusted accordingly with the change of the buried depth of the station roof structure in 

keeping the thickness of the soil at the bottom of the station constant. 

Table 3 

Physical and mechanical parameters of materials 

Model 

components 
Materials 

Density 

kg/m3 
Elastic modulus /GPa 

Poisson's 

ratio 

tunnel segment 
toncrete 

C50 
2450 34.5 0.2 

bolt steel 7800 210 0.2 

temporary support steel 7800 210 0.2 

Beam, column, 

primary lining 

toncrete 

C30 
2500 30 0.2 

Grouting layer 
grouting 

material 
2150 0.06 0.3 

Soil layer (all soil 

parameters are 

considered as a 

single 

homogeneous 

material by 

weighted average 

method) 

soil 1950 

The values of elastic 

modulus are shown 

in Table 2. And the 

cohesion of the soil 

is 20kPa and the 

angle of internal 

friction is 15°. 

0.3 

Hypothetical conditions: To study the main risk factors, material parameters 

such as all soil parameters are considered as a single homogeneous material by 

weighted average method. The cohesion of the soil is 20 kPa and the angle of 

internal friction is 15°. The cohesion of the grouting material is 50 kPa and the 

angle of internal friction is 35°. Each stage of the enlarged construction was 
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completed before the next enlarged construction begins. Pre-removed segment 

structure is simulated according to actual size. The pre-removed segment consists 

of three component blocks that are bolted together. These are all solid units.  

A contact unit is arranged between the blocks. Rigid contact is set in the normal 

direction of the block contact surface and frictional contact is set in the tangential 

direction. A binding connection is set between the two surfaces of the bolt and the 

inner surface of the bolt hole on the corresponding pre-removed segment, and the 

bolt is set up with a prestressing force of 100 kN. The temporary supports are used 

for beam units. The physical and mechanical parameters of the materials[15,16] 

involved in the calculations for the model, are shown in Table 3. 

The 3D model mesh division schematic and the bolt and contact surface detail 

schematic is shown in Figure 3. 

The contact surface of the partition

bolt

1.8m

the pre-removed segment  

Figure 3 

3D model and bolt connection of pre-removed segment 

4.2 Analysis of Computing Results 

ABAQUS calculation software is used to analyze the influence of enlarged 

excavation construction stages and asymmetric excavation on the internal force of 

the pre-removed segment in different buried depths. 

Table 4 shows the distribution of CPRESS (compressive stress) on the contact 

surface of the pre-removed segment in different enlarged excavation construction 

stages under the condition of 18.5m buried depth and 0m staggered excavation 

(i.e. symmetrical excavation) which in the elastic modulus of soil is 30 MPa. 

As can be seen from Table 4, when the buried depth of the structure is 18.5 m, the 

staggered distance is 0 m and the elastic modulus of soil is 30 MPa, the 

characteristics of the contact surface of the pre-removed segment change as 

follows: 
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Table 4 

Variation of CPRESS on the contact surface at different construction stages 

Enlarged excavation 

construction stages 

CPRESS diagram on the contact surface of the 

pre-removed segment 

Stages 1:  

Tunnel segment ring 

 

Stages 2: 

Pilot tunnel 

excavation 

 

Stages 3: 

Supporting arch 

excavation 

 

(1) Tunnel segment ring (Stages 1): The CPRESS (compressive stress) 

distribution on the contact surface of the pre-removed segment is relatively 

uniform. and the area near the bolt hole of the contact surface is in 

compressed state. and only the lower edge of the pre- removed segment is in 

open state. 

(2) Pilot tunnel excavation (Stages 2): The CPRESS distribution is basically the 

same as in the previous stage. However, the degree of pressure on the upper 

edge area and the degree of opening of the lower edge seam have increased, 

and the contact surface in the vicinity of the bolt is still under pressure.  

It indicates that in the pilot tunnel excavation stage, the tension of the lower 

edge of the contact surface of the pre-removed segment has a gradually 

increasing trend. 

(3) Supporting arch excavation (Stages 3): The CPRESS distribution is 

basically the same as in the first two stages. The compression degree of the 

upper edge and the opening degree of the lower edge increase further. 

Although the contact surface near the bolt is still under pressure, the upper 

part of the area near the bolt begins to open trend. It is obvious that the largest 

opening range of the pre-removed segment in this stage which among the 

previous several stages. 

In the same enlarged excavation construction stage, which the elastic modulus of 

the soil is 30 MPa, the converted axial force and bending moment on the contact 
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surface with different burial depth conditions and different staggered distances are 

obtained, as shown in Figure 4 and Figure 5. 

 

Figure 4 

The relationship about the internal force of contact surface of the pre-removed segment in pilot tunnel 

excavation stage 

Note: The calculation points of each burial depth in the figure are calculated in order of the staggered 

distance 0 m, 3.6 m, 7.2 m, 10.8 m, 14.4 m and 18 m, which the elastic modulus of the soil is 30 MPa. 

 

Figure 5 

The relationship about the internal force on contact surface of the pre-removed segment in supporting 

arch excavation stage 

Note: The calculation points of each burial depth in the Figure are calculated in order of the staggered 
distance 0 m, 3.6 m, 7.2 m, 10.8 m, 14.4 m and 18 m, which the elastic modulus of the soil is 30 MPa. 
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According to Figure 4 and Figure 5, the following rules can be seen. 

(1) In the same buried depth and enlarged construction condition, the internal 

forces on the contact surface of the pre-removed segment are different due 

to different staggered distances. The axial force and bending moment of the 

contact surface gradually increase with the increase of the staggered 

distance. 

(2) The influence range of the internal force of the contact surface caused by 

the excavation with the staggered distance of the buckle is greater than that 

of the excavation with the staggered distance of the small guide tunnel. 

(3) The internal force of the contact surface will increase gradually with the 

increase of the buried depth under the condition of the same staggered 

excavation. 

 

 

5 Construction Risk Control Based on Pre-removed 

Segment in Normal Service Conditions 

 

5.1 Risk Control in Pilot Tunnel Excavation Stage 

The internal force of the contact surface of the pre-removed segment obtained 

from the previous numerical analysis in pilot tunnel excavation stage was 

compared with the critical curve of the contact surface internal force obtained by 

the previous test, the following characteristics can be found, as shown in Figure 6. 

 

Figure 6 

The relationship between internal force of contact surface and critical curve of internal force of contact 

surface in different buried depth and staggered distance in pilot tunnel excavation stage 
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As shown in the Figure 6. In the condition of different buried depth and staggered 

distance and the elastic modulus of the 30 MPa soil layer, the internal force 

produced by pilot tunnel excavation on the contact surface of pre-removed 

segment is not all within the critical curve of internal force of contact surface. 

Therefore, when the combination of parameters beyond a certain burial depth and 

staggered distance is exceeded, no matter how the excavation is done, it cannot 

meet the normal use requirements of the pre-removed segment. According to the 

critical curve of internal force on the contact surface, the critical buried depth and 

staggered distance that meet the requirements of pre-removed segment should be 

determined. The analysis results are shown in Table 5. 

Table 5 

Critical staggered distance of different buried depths 

Buried depth 

(m) 

Axial force 

(kN) 

Bending Moment 

(kN·m) 

Conv. of staggered 

distance / m 

10 -- -- -- 

18.5 907.7 98.1 10.8 

30 912.9 95.6 8.3 

40 917.6 93.3 6.9 

50 921.9 91.1 5.7 

According to Table 5, the relationship in pilot tunnel excavation stage between 

critical burial depth and critical staggered distance excavation in normal use of 

pre-removed segment is calculated, as shown in Figure 7. 

 

Figure 7 

The critical relation about different buried depths and staggered distances in the pilot tunnel excavation 

stage 

In the soil, the elastic modulus of which is 30 MPa, when the combination of the 

buried depth and staggered distance is within the envelope of the critical curve, 

the pre-removed segment can meet the requirements of its bearing capacity. 
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Otherwise, the staggered distance needs to be adjusted to a reasonable range to 

ensure that the pre-removed segment can be used properly in the pilot tunnel 

excavation stage. 

Furthermore, the corresponding critical burial depth and staggered distance 

relationship can also be obtained in the pilot tunnel excavation stage for the 

different elastic modulus (6 MPa, 30 MPa, 150 MPa) of the soil. As shown in 

Figure 8, the critical relation surface in the pilot tunnel excavation stage can be 

obtained by combining these critical relationships, which are determined by 

different buried depths, staggered distances, and elastic modulus of the soil. 

 

Figure 8 

The critical surface about different buried depths, staggered distances, and the elastic modulus of soil 

in the pilot tunnel excavation stage 

In the soil, the elastic modulus of which is 6 MPa, 30 MPa, and 150 MPa, when 

the combination of the buried depth and staggered distance is within the envelope 

of the critical surface, the pre-removed segment can meet the requirements of its 

bearing capacity. Otherwise, the staggered distance needs to be adjusted to a 

reasonable range to ensure that the pre-removed segment can be used properly in 

the pilot tunnel excavation stage. 

5.2 Risk Control in Supporting Arch Excavation Stage 

The internal force of the contact surface of the pre-removed segment obtained 

from the previous numerical analysis in the supporting arch excavation stage was 

compared with the critical curve of the contact surface internal force obtained by 

the previous test, the following characteristics can be found, as shown in Figure 9. 
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Figure 9 

The relation between internal force of contact surface and critical curve of internal force of contact 

surface under different buried depth and staggered distance in supporting arch excavation stage 

As the same data analysis process as 5.1, the corresponding critical burial depth 

and staggered distance relationship can also be obtained in supporting arch 

excavation stage for the different elastic modulus (6 MPa, 30 MPa, 150 MPa) of 

the soil. As shown in Figure 10, the critical relation surface in the pilot tunnel 

excavation stage can be obtained in supporting arch excavation stage by 

combining these critical relationships, which are determined by different buried 

depths, staggered distances, and elastic modulus of the soil. 

 

Figure 10 

The critical surface about different buried depths, staggered distances, and the elastic modulus of soil 

in supporting arch excavation stage 
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In the soil, the elastic modulus of which is 6 MPa, 30 MPa, and 150 MPa, when 

the combination of the buried depth and staggered distance is within the envelope 

of the critical surface, the pre-removed segment can meet the requirements of its 

bearing capacity. Otherwise, the staggered distance needs to be adjusted to a 

reasonable range to ensure that the pre-removed segment can be used properly in 

supporting arch excavation stage. 

5.3 The Envelope Surface, for a Reasonable Risk Control 

Range 

Considering the actual construction requirements, the new envelope surface can be 

obtained by superimposing the critical surface of the two construction stages, as 

shown in Figure 11. 

 

Figure 11 

The envelope surface about different buried depths, staggered distances, and the elastic modulus of soil 

in all enlarged excavation stages 

The new envelope surface indicates when the construction parameter combination 

meets the combination of the station buried depth, staggered distance and elastic 

modulus of soil corresponding to the critical surface, the pre-removed segment 

can meet the requirements of its bearing capacity in all enlarged excavation stages 

prior to the pre-removed segment removed stage. 

Conclusions 

A risk control method of enlarged subway station construction, using a shield 

tunnel was proposed, using the bearing capacity of pre-removed segment. In this 

paper, a three-dimensional stratum structure model of the shielded-tunnel-enlarged 
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station is established and the internal forces of contact surface are screened in 

various enlarged construction conditions, different buried depths, staggered 

distances, and the elastic modulus of the soil. Combined with the critical internal 

force curve of the contact surface around the pre-removed segment, obtained from 

the test, the construction control surface of critical buried depth and staggered 

distance was obtained, to ensure the bearing capacity of the pre-removed segment. 

This provides a technical reference for the construction risk control of the 

application of pre-removed segment, in the shielded-tunnel-enlarged station. 

The results show that the internal force of the contact surface is largest in the 

supporting arch excavation stage, followed by the pilot tunnel excavation stage. 

The compression surface on the contact surface of the pre-removed segment 

gradually concentrates on the upper region and gradually detaches on the lower 

region. 

With the increase of buried depth, the internal force of the contact surface presents 

a nonlinear growth and the internal force growth, tends to slow, below 30 m. 

In the scenario of equal buried depth and the equal enlarged constructions, the 

internal force of the contact surface gradually increases with the increase of 

staggered distance. And the influence range of the internal force of the contact 

surface, caused by the enlarged excavation with staggered distance in supporting 

arch excavation stage, is greater than in the pilot tunnel excavation stage. 
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Abstract: Timber-concrete composite structures are not as widespread as traditional steel-

concrete fabrications; this structural design still has many critical points that require tests 

on laboratory specimens. This paper presents the complex testing process of timber-concrete 

composite structures, which must be followed from the investigation of the possibilities of 

connecting timber and concrete to each other, through the tests of bended beams acting as 

timber-concrete composites, to the laboratory tests of full-scale custom-designed timber-

concrete composite bridge structures subjected to both concentrated and distributed loads. 

In this study, to improve the flexural properties of timber beams, carbon fiber-reinforced 

polymer (CFRP) laminates are attached externally to timber elements. To verify the behavior 

of the designed structure, we built a full-scale experimental structure and performed a load 

test. In the laboratory tests, the serviceability limit states, standard loads and load 

arrangements were investigated. The results of the loading experiments were evaluated.  

The bridge structures in this article will be placed outdoors after completion of the tests, 

where they will be used as pedestrian-bicycle bridges. In the case of the examined structures, 

it was an important aspect, to use elements that are commercially available and suitable for 

use in the Hungarian design and regulatory systems. 

Keywords: — Timber-concrete structures; connections; composite structures; bridge model; 

static load 

1 Introduction 

"Composite structures are structures made of several different materials, in which 
at the moment of assembly, at least one part of the support made of material has 
considerable stiffness and load capacity. In addition, it is also important that the 
static characteristics of the structure are calculated according to the rules of 
elasticity, taking into account changes in stiffness over time. 

According to the narrower interpretation, a bent beam or beam grid is called a 
composites structure, which consists of a steel beam with bending stiffness at the 
moment of installation, the reinforced concrete slab above it, and sufficiently rigid 
joint connecting the two structural elements.” [1]. 
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Timber-concrete composite (TCC) structures produced using two elements 
(tensioned wooden beam and compressed reinforced concrete slab) where 
composite structures can be considered as modern structures [2]. Wood is a 
natural/renewable building material and reinforced concrete is a modern building 
material. In this work, the timber beams are located in a protected place under the 
reinforced concrete slab, which protects the wood from the swelling effects caused 
by precipitation. [3] 

The composite system created from two structure parts with different properties has 
a significantly higher load capacity and stiffness compared to (purely) wooden 
structures, and a significantly lower self-weight compared to concrete and 
reinforced concrete structures. Concrete behaves well against compressive forces, 
but its tensile strength is low and its self-weight (compared to wood) is significant. 
Compared to other building materials, wood has a much lower self-weight and a 
high tensile strength value (the density-strength ratio is very favorable). 

In case of outdoor application (e.g.: pedestrian bridge superstructure), an additional 
advantage is that the concrete layer protects the wooden beams from environmental 
effects (e.g.: direct rain or sunlight), thus increasing its service life. To use timber 
and concrete as a composite structure, it is necessary for the elements to work 
together. Ensuring adequate relationship rigidity is the main goal that is able to 
transfer shear forces at the connected part of the structure [4] [5]. Figure 1 illustrates 
the normal stress diagrams that develop depending on the type of connection. 

 
Figure 1 

Possible connection levels of timber-concrete structures 

The connection stiffness, which can be determined based on the tests, shows the 
resistance to displacement on the connection surface of the two parts during loading 
of the structure. K is the connection stiffness, a scalar value that expresses the 
degree of cooperation between two structural elements. The higher the value, the 
more cooperation prevails, see Figure 1 [6]: 

K<5.000 N/mm - no composite interaction 

- K=5-100,000 N/mm - partial cooperation 

- K>100,000 N/mm - perfect cooperation 
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The timber-concrete composite structural system has a history of almost 100 years, 
the first real-scale experiments on timber-concrete composite beams were 
conducted between 1938 and 1942, with the aim of comparing the behavior of 
different connection methods [7]. 

The analysis of the TCC structures are based on the dimensioning principle of 
flexibly connected multi-part bent beams, where the entire moment of inertia of the 
entire cross-section can be calculated, but the deformation of the connecting 
elements must be taken into account. Most design procedures (e.g. the Eurocode 5’s 
γ-method [8], the stiffness method [9], Girhammar's simplified analysis method 
[10]) are based on this connection stiffness factor, which must be determined 
experimentally. 

Timber-concrete composite bridges are widespread in the western and northern 
parts of Europe [5]. In the case of timber bridges with a lifespan of more than 30 
years and wooden structures with insufficient load-bearing capacity, the idea to 
reinforce the wooden beams with a concrete slab first came to light. In the 21st 
Century, perhaps the most important aspect in bridge construction is no longer 
applied to meet the requirements of functional needs where the aspects of structure 
selection do not determine the traffic requirements alone. In addition to load-bearing 
capacity, durability and economy are the most important design considerations, but 
aesthetics and environmental awareness have always been important in the design 
of modern bridges and structures. 

In order to achieve an optimal timber-concrete composite behavior, the neutral axis 
must be located in the vicinity of the contact plane. [11] The stiffness ratio and the 
strength of the materials show that the ratio of the optimal structural element 
thickness between timber and concrete should be around 1:10 [12]. However, this 
ratio is not economical in the case of small bridge structures because the design 
standards and design regulations prescribe a minimum reinforced concrete slab 
thickness of 15-20 cm depending on the structural variation in e-UT 07.01.14:2011 
[13]. 

In this paper, we deal with the process from the measurements of the connection 
between timber and concrete to the static load test of the full-scale (6.0 m span, 2.4 
m wide) bridge model in laboratory conditions. The special feature of the designed 
TCC bridges, that they have been designed in such a way that they can be used as 
an actual pedestrian-bicycle bridge with minimal reconstruction. During the design 
of the experimental program, it was important to match the bridge structures to the 
real traffic loads. 



D. Harrach et al. Comprehensive Laboratory Test Series of Timber-Concrete Composite Structures 

‒ 234 ‒ 

2 Connecting Timber and Concrete 

In order to determine the mechanical properties of any composite structure, it is 
essential to know the strength and deformation characteristics of the joint that 
connects the different materials. In the case of a timber-concrete composite system, 
these are influenced by the type of connection. When considering the characteristics 
of wood and concrete, the initial slip between the two support sections and the 
effective bending stiffness of the composite system are taken into consideration. 

However, it is important to note that joining timber and concrete does not mean 
joining two perfectly rigid materials. For the Timber-concrete composite (TCC) 
connection, the difference is that of the steel-concrete composite, so that the 
coupling element can be moved, pivoted and pushed in both the wood and the 
concrete [14]. Both wood and concrete have time-dependent properties (shrinkage, 
swelling, permanent deformation), in the case of design an optimal connection, the 
coupling element must also be able to absorb the resulting additional stresses [6]. 

 

Figure 2 

The model of the connection of timber-concrete composite structures [4] 

When designing the connections of timber-concrete composite structures, the 
linear-elastic connection stiffness models only give appreciable results in a very 
narrow range. The dimensioning procedure that takes into account the non-linear 
behaviours of the connection exists only at a theoretical level and cannot currently 
be used for calculations. Its essence is that in the case of relationships and material 
properties, it calls for a transition from Hooke's linear material model and Winkler's 
spring model to higher-level theories and functions [14]. 

The mechanical properties of the connection influence the behaviour of the structure 
(distribution of stresses, deformations). The classification of shear connections was 
carried out by Ceccotti [4], who classified the connections, based on their stiffness. 

Class A:  Inexpensive, easy-to-build, low-rigidity connections 

Class B:  Connections with greater stiffness and ductility 

Class C:  Shear wedges reinforced with anchoring units 

Class D:  Connections with the greatest stiffness. There is no slippage between 
the two structural elements 
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2.1 Test Method for the Connection between Timber and 

Concrete 

To test the connection between wood and concrete, researchers typically follow the 
requirements of the EN 26891:1997 [15] and ASTM D5652-21 [16] and EN 1994-
1-1:2010 [17] and based on this, they develop their experimental method for 
examining wood-concrete composite connections. Three different layouts are used 
for shear testing of wood-concrete composite structures: Pure shear test specimen, 
Single shear push out test specimen and Double shear push out test specimen. There 
are two types of the last, when the wood is surrounded between two sides of 
concrete (CWC concrete-wood-concrete), and when the concrete is located between 
two wooden parts (WCW wood-concrete-wood). Figure 3 shows the test 
arrangements for the connection between wood and concrete. 

 
Figure 3 

The most common wood-concrete connection test assemblies [18] 

2.2 Push-Out Tests 

When choosing the test method, I took into account the recommendations of 
Ceccotti [4] and Holschemacher et al [19], and to determine the connection 
stiffness, twice sheared push-out wood-concrete-wood (WCW) test specimens I 
made. The test specimens were designed uniformly with a contact surface of 
100x200 mm, because the smaller test specimens can be produced in large 
quantities and in good quality. The geometry of the test specimens is a 
150x100x250 mm wooden beam and a 130x100x250 mm concrete beam adapted 
to the type of connecting element. A total of 10 different types of connection 
designs were made, three test specimens per connection type. The characteristics 
of the test specimens are listed in Table 1. 
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Table 1 

The main characteristics of test specimens for the connection between wood and concrete 

Type Connection method Contact element quantity 

ACS 
threaded rod with a tightening 

torque of 109 Nm 
1 pc M20-8.8 – Ø20 

ICO flexible adhesive Icosit® KC 340/65 

RM epoxy adhesive Sikadur®-31 CF Normal 

FCS90 timber-concrete screw at 90° 1 pc VB-48-7,5x100 

FCS45 timber-concrete screw at 45° 1 pc VB-48-7,5x100 

FCS±45 timber-concrete screw at ±45° 2 pc VB-48-7,5x100 

BB45 bent rebar 
1 pc B500B - Ø8 

Sikadur®-30 Normal 

EA glued perforated steel plate 
1 pc 120x200x3mm 

Stw. 22, stainless steel 
Sikadur®–52 Injection Normal 

KFCS glued hardwood dowel 
1 pc hardwood dowel: D24 (Ø20) 

Sikadur®-30 Normal 

ICOPL 
flexibly embedded perforated 

steel sheet 

1 pc 120x200x3mm 
Stw. 22, glued hardwood dowel 

Icosit® KC 340/65 

The concrete part is made with non-reinforced construction, uniformly with 
concrete quality C35/45-XA1-XC4-XD3-XF2-16-F3, while the timber‘s material 
quality C24. Figure 4 show the design of the connection test specimens. The tests 
were perforated based on the loading procedure of the MSZ EN 26891:1995 [15] 
standard. 

 

Figure 4 

The plans of the test specimens EA and ACS 

2.3 Test Results 

The main test results are contained in Table 2. The connection stiffness values to be 
used during linear design methods, i.e. the connection stiffness value for the service 
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limit state (Kser) and the ultimate limit state (Ku). In addition, the K(x) function of 
stiffness for the implementation of non-linear design methods was given. 

Table 2 

The main results of push-out tests 

Type 
Fmax 

[kN] 
Kser 

[kN/mm] 
Ku 

[kN/mm] 
K(x) 

Function of the connection stiffness 

ACS 94.9 38.5 23.8 
K(x)= if x≤0.2 → 221.97x 

if x>0.2 → 4.8145x+43.431 

ICO 119.4 42.5 32.5 K(x) = -3.2333x2 + 40.021x 

RM 125.4 170.0 194.3 K(x) = 174.76x0.8013 

FCS90 25.8 3.9 2.3 K(x) = -0.0765x2 + 2.8122x 

FCS45 10.0 8.7 7.8 K(x) = 1.1342ln(x) + 6.8077 

FCS±45 56.3 193.5 121.3 K(x) = 7.2937ln(x) + 39.11 

BB45 20.6 41.0 28.2 K(x) = 1.8245ln(x) + 13.32 

EA 83.2 73.8 70.0 K(x) = -9.8284x2 + 63.371x 

KFCS 36.2 11.0 5.8 K(x) = -4.7948ln(x) + 15.412 

ICOPL 56.2 59.0 35.1 K(x) = 6.2976ln(x) + 31.573 

The connection type with sufficient connection stiffness and ductile reserve -out of 
the 10 different connection designs examined - is the shear connection with 
perforated steel plate glued into the timber part (EA) when using a monolithic 
reinforced concrete. While using a prefabricated reinforced concrete, the threaded 
rods (ACS) gives favorable design. Figure 5 shows the typical force-displacement 
diagram of the various connection types measured during the experiment. 

 
Figure 5 

Characteristic force-displacement diagrams 
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3 Timber-Concrete Composite Beams 

Timber-concrete composite structures are most often used as two-support, bent 
beams. The timber-concrete composite bridges built in Europe were used almost 
exclusively as simply supported, upper-track beams. 

Accordingly, the laboratory measurements of TCC were carried out in all cases by 
examining the three- or four-point bending of simply supported beams, as was done, 
for example, by Brazilian researchers in [20], Gutkowski's research team [11], and 
by the Spanish researchers [12] also. During the tests, experiments were carried out 
in accordance with the principles of EN 408:2010+A1:2012 [21]. 

In order to reduce the structural height, the timber beams are provided with carbon 
fiber reinforcement at the tensioned side and as a result, the beam’s height can be 
significantly reduced [22]. 

3.1 Test Specimens 

During the laboratory test, two series of test specimens were loaded. The test 
specimens were uniformly made of 360x80 mm C35/45 quality reinforced concrete 
slab (B500B reinforcing steel), 120x240 mm GL24h quality glue laminated timber 
beams, and two pieces of Sika CarboDur-S-512 lamellas glued to the lower plane 
of the timber beams with SikaDur-30. The difference between the two series is the 
different connection system between the two main elements: for the prefabricated 
reinforced concrete slab: threaded rods with a tightening torque (ACS); for the 
monolithic reinforced concrete slab: glued perforated steel plate (EA) were used. 

Table 3 

Material parameters for timber-concrete composite beams 

 
fc 

[N/mm2] 

ft 

[N/mm2] 

fv 

[N/mm2] 

E 

[kN/mm2] 

ε 
[N/mm2] 

Concrete 35 3.2  34 0.35 

Reinforcement - 563 - 200 10 

CFRP - 3.100 - 170 1.70 

Epoxy 85-95 26-31 16-19 11.2 - 

Perforated steel plate - 510-680  210 - 

Injection material 52 37 - 1.8 - 

 

Through Threaded Rods with Friction Connection (1-3) 

The threaded rods were M10, material quality 8.8, and were placed in the Ø14 mm 
sleeves formed in the test specimens. The threaded rods were uniformly tightened 
with a tightening torque of 49 Nm, thus creating a frictional connection. 
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Glued Perforated Steel Plate Connection (I-III) 

The connection between the concrete and the wooden part is provided by a Qg10-
15x3 type Qg10-15x3 square mesh perforated stainless steel plate with a thickness 
of 3 mm glued to the timber beam with SikaDur-52 Injection. 

The cross-sections of the specimens are showed in Figure 6. 

 
Figure 6 

Cross-section of the test specimens (Dimension in cm) 

3.2 Test Results 

During the tests, three-point loading was carried out, and deformations were 
measured in three cross-sections (at the center of the support and at the quartering 
points). At both ends of the beams, fork-shaped, hinged supports were placed. 
Furthermore, the end plate displacement between the timber and concrete part was 
examined, with the test layout as can be seen at Figure 7. 

 
Figure 7 

The test layout of the three-point bending test of timber-concrete composite beams 
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Figure 8 shows the deflection of the central cross section of the composite beams 
during the loading process. On the diagram, I also marked the theoretical deflection 
function of the timber beam, and the different connection levels "Perfect" and 
"Partial" based on EN 1995-1-1:2010 [8]. 

In the case of a frictional connection, based on the measurement of the slippage 
between the timber and concrete part, no displacement occurs up to a load value of 
~30-35 kN, the friction holds the two parts together, but after that the two parts slide 
in relation to each other. This slippage is permanent, i.e. the two support parts did 
not return to their original position during or at the end of the load cycles. 

The failure of the beams was caused by the fact that the threaded rods were no 
longer able to prevent the sliding of the timber and concrete elements beyond the 
friction limit. 

In the case of the perforated plate connection, based on the slippage between the 
wooden and concrete parts, the stiffness of the connection is constant up to a load 
value of ~60 kN, but after that the behaviour of the connection is no longer linear. 

 
Figure 8 

Deflection of the central cross-section as a function of the load force 

In the case of the perforated plate specimens, the failure was caused by the fact that 
the glued-laminated beams were not able to withstand the stresses resulting from 
bending. The plane of failure occurred above the lower lamella of the laminated 
glued support, the two lower lamellas were sheared due to horizontal sliding forces, 
as shown in Figure 9. 
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Figure 9 

Shearing of the last lamella layer 

EN 1995-1-1:2010 [8] works with an excessively large error in the cases we 
examined, as shown in Table 4, the difference in stiffness is almost double - to the 
detriment of safety. In addition to the fictitious stiffness values (EIfikt), the table 
below also includes the deflection (e30kN) and the breaking load (Fmax) 
corresponding to a load value of 30 kN. 

Table 4 

Comparison of measured and calculated test results 

 “Perfect” Perforated steel plate Frictional connection Timber 

 EC5B EC5B TEST EC5B TEST EC5 

e30kN 

[mm] 
0.62 1.78 3.52 2.01 3.96 5.08 

Fmax 
[kN] 

176.13 116.80 105.04 109.58 85.49 52.66 

It can also be seen from the results presented in the table that the results measured 
under laboratory conditions and those determined by Eurocode calculations 
working with the simplified linear elastic theory are not even close to the same.  
The linearly flexible dimensioning according to Eurocode ‒ in comparison with the 
experimental results ‒ increases the stiffness, deflection by about twice as much, 
and the breaking strength by approx. It approximates by 10-30% to the detriment of 
safety. The main reason for this is the neglect of approximations and 
material/relational nonlinearities in theoretical calculations. 
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4 Timber-Concrete Composite Bridge Models 

4.1 Models 

Two timber-concrete composite (TCC) bridges were made with dimensions of 6.5 
m bridge length, 6.0 m span, and 2.4 m track width (without parapet). The first 
bridge has two glue-laminated timber (GLT) girders design (TC-A), while the 
second has six GLT girders (TC-B). The shear connection between the timber and 
the concrete is given by a perforated steel plate connection glued into the timber 
beams along its entire length and the shear elements were connected to the 
reinforcement of the reinforced concrete traffic deck. The ends of the timber girders 
are also connected to the cross girder with the same connection type. 

Since the case of a connection between concrete and timber, the wood extracts water 
from the concrete and reduces the strength of the concrete near the connection, a 
separation layer was built between the timber and the concrete parts in order to 
separate the water from the wood during the setting of the concrete. The tensioned 
side of the timber beams was reinforced with CFRP strips to reduce the required 
structural height of the bridge models. Table 5 provides the properties of the 
materials used. 

Table 5 

Materials properties 

Material 

Compression 

strength 

fc [N/mm2] 

Tensile 

strength 

ft [N/mm2] 

Modulus of 

elasticity 

E [N/mm2] 

Concrete C35/45 35 3.20 34 000 

Rebar B500B 500 500 200 000 

CFRP CarboDur S-1214 - 3.1000 170 000 

Epoxy glue SikaDur 30 - 26-30 11 200 
Perforated steel Qg 10-15-3 S355J 85-95 510-680 210 000 

Injection SikaDur-52 52 37 1 800 

Figure 10, displays the cross-section of the TC-A bridge model which has a 12 cm 
reinforced concrete desk, and two GLT beams - 16x32 cm, also, two shear 
connections were placed between the timber beam and the reinforced concrete slab. 
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Figure 10 

Cross-section of the two girders bridge model (TC-A) 

In the case of the six-girders design (TC-B), the thickness of the deck is 8 cm, the 
timber beams are made with a 12x24 cm cross-sections as shown in Figure 11. 

 
Figure 11 

Cross-section of the six girders bridge model (TC-B) 
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4.2 Loading Process 

Several loads were applied to the bridge models in order to simulate the actual 
behavior. However, the load-bearing limit of the structures could not be reached 
and the bridges did not load up to failure as the investigation was in operating 
condition. During the loading process, we followed the regulations of EN 1995-
2:2014 [23] and e-UT 07.01.14:2011 [13] standards where the aim was to prove the 
resistance for the standard loads. The bridge models will be installed in an external 
site after the laboratory test period as these bridges will be pedestrian-bicycle 
bridges and according to the planned location, we dealt with the load required for 
pedestrian-bicycle bridges according to EN 1991-2:2006 [24] 

• Distributed load: Load Model No. 1: 

Recommended characteristic value for pedestrian traffic areas and bicycle 
lanes of short or medium-length footbridges: 

 qfk = 5,00 kN/m2               (1) 

• Concentrated load: Load Model No. 2: 

To test the local effects, a vertical force shall be applied to a surface of 0.1 x 
0.1 m: 

 Qf,wk = 10 kN               (2) 

• Service Vehicle Load: Load Model No. 3: 

Figure 12 shows the standard load arrangement of the service vehicle 
according to EC. The arrow indicates the direction of travel of the vehicle. 

 

Figure 12 

Vertical load model of the service vehicle 

Concerning the case of distributed load at an area, different load arrangements 
have been investigated: 

- Full loading (Full) 

- Full loading over half the length (Uni) 
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- One-sided full loading (Lane) 

- Checkerboard loading (Chess) 

The distributed loading was applied by placing sandbags at the loading area 
considering load steps of 100 kg/m2 (1,00 kN/m2). Figures 13 and 14 shows typical 
arrangements for the distributed loads. 

 
Figures 13-14 

Load arrangements for distributed load (Chess_1 and Lane_1) 

In the case of concentrated forces, the following types were examined separately: 

- The total load of the service vehicle at the point of maximum bending stress 

- The load on the one-sided wheels of the service vehicle at the point of 
maximum bending stress, placed on the edge of the console 

- The load on the main axle of the service vehicle at the middle of the span 

- Load of one-sided wheel of the main axle of the service vehicle in the middle 
of the span, placed on the edge of the console 

 
Figures 15-16 

Axle load arrangements during concentrated load (S_1 and A-4) 

Axle and wheel loads were tested with forces acting on standard surfaces. Figures 
15 and 16 shows the test setups of the concentrated loading period of the models. 
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4.3 Test Results 

During the load tests, the deflections resulting from the self-weight of the bridges 
were not measured separately, only the deflections due to overload were recorded. 
The vertical deflection of the bridges was measured in three different cross-sections 
at a total of fifteen measuring points during the whole loading process. The load-
displacement diagrams obtained during loading showed linear behavior for all 
measurement points. Besides, the magnitudes of the largest deflection values 
correspond to the results obtained during the modeling. Figures 17 and 18 shows 
the shape of the structure as the maximum load value was reached in different 
representations. 

 

Figure 17 

Deflection diagram of the TC-B bridge model under the effect of the total load of the service vehicle in 
nonsymmetrical arrangements (S_3) 

 
Figure 18 

Contour line map of the TC-A bridge model under right-hand eccentric loading at the middle of the 
bridge (A_2) 

Table 6 shows the maximum measured deflection values for TC-A and TC-B 
bridges under different concentrated loads. The load A_1 to A_4 refers to the 
asymmetrical load positioning along the bridge model length, the load types S_1 to 
S_4 refers to the symmetrical concentrated load arrangement. 
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Table 6 

Experimental test results for concentrated load 

Load type 

Load 

location 

dx [mm] 

Eccentricity 

of load 

dy [mm] 

Load 

Fmax [kN] 

Deflection 

emax [mm] 

TC-A TC-B 

A_1 2500 0 2x60 kN 7.78 9.66 
A_2 2500 +350 2x60 kN 9.21 11.54 
A_3 2500 -350 2x60 kN 8.56 12.29 
A_4 2500 -1000 1x60kN 5.62 8.67 
S_1 3000 0 2x40 kN 5.12 6.62 
S_2 3000 +350 2x40 kN 6.11 8.25 
S_3 3000 -350 2x40 kN 5.90 8.01 
S_4 3000 -1000 1x40kN 3.84 5.88 

Table 7 shows the maximum measured deflection values for TC-A and TC-B 
bridges under different distributed loads. An indexed load of “_2” means an inverse 
arrangement of an indexed load of “_1”. 

Table 7 
Experimental test results for distributed loads 

Load 

type 

Load 

qmax [kN/m2] 

Deflection 

emax [mm] 

TC-A TC-B 

Full 5.00 3.21 3.54 
Chess_1 5.00 1.75 1.89 
Chess_2 5.00 1.74 1.90 
Uni_1 5.00 1.61 1.89 
Uni_2 5.00 1.65 1.97 
Lane_1 5.00 1.96 2.78 
Lane_2 5.00 1.91 2.64 

Based on the results of the tests, both bridge structures remained in the operating 
load level due to the load as no permanent deformations have occurred. Most 
importantly, it was possible to compare the maximum deflection values by the 
standards e-UT 07.01.12:2011 [25] and EN 1995:2:2014 [23] prescribes the limit 
for the maximum deflection of footbridges due to traffic loads as follows: 

L/400 = 15.625 mm > emax               (3) 

Conclusion 

This paper presents the tests of wood-concrete composite structures under 
laboratory conditions. 

Small-scale push-out tests of the connections between wood and concrete were 
carried out in order to find the optimal connection system. For the connection to 
precast concrete, we considered a prestressed, frictional connection to be the best. 
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Until the friction caused by the tension force ceases, the connection between the 
two elements can be taken into account with a high value. The wood is loaded 
perpendicular to the grain direction, by the tension force. This type of connection 
system requires subsequent maintenance; the planned tension force must be 
checked during the operating period. 

In the case of the connection to monolithic concrete, the perforated plate connection 
gave the best results, in terms of the stiffness and ductility of the connection.  
By connecting the steel plate and the reinforcing bars of the reinforced concrete 
structures, the problem of concrete splitting can also be treated. 

A three-point bending test was performed on the composite beams. Using the results 
of the connection test specimens, we loaded the beams formed with the ACS and 
EA connection types. As expected, the two connection designs behaved almost 
identically in the initial (low load) range. During higher loads, however, in the case 
of the screw connection, the connecting force disappeared and the two structural 
parts separated from each other. 

In the case of timber-concrete beams, the failure was caused by tensile stresses 
arising from bending on the stretched side of the wood due to the sizes available on 
the market and required by the construction rules. 

The last tests were static trials of timber-concrete composite models, where the 
behavior of two and six, main girder structures, under concentrated and distributed 
loads, was examined. 

The main aim of this research was to investigate the bridge models under standard 
loads. After the investigation, the models will become functional bridges, at an 
external site. Under the bridge standard loads, the structures were adequate, after 
conversion to road regulations (placing pedestrian parapets, application of the anti-
slip coatings…), are suitable to prove against actual traffic. The bridges will be 
equipped with a monitoring system at the actual installation site, that will provide 
an opportunity to compare laboratory tests and on-site results, thus, describing the 
behavior of the structures, as accurately and completely as possible. 
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