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Udaipur-313001, India Udaipur-313002, India
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Abstract. By applying the g-derivative operator of order m (m € Ny),
we introduce two new subclasses of p-valently analytic functions of com-
plex order. For these classes of functions, we obtain the coefficient in-
equalities and distortion properties. Some consequences of the main re-
sults are also considered.

1 Introduction and preliminaries

The theory of g-analysis in recent past has been applied in many areas of
mathematics and physics, as for example, in the areas of ordinary fractional
calculus, optimal control problems, g-difference and g-integral equations, and
in g-transform analysis. One may refer to the books [5], [7], and the recent
papers [1], [2], [3], [4], [8] and [12] on the subject. Purohit and Raina recently in
[10], [11] have used the fractional g-calculus operators in investigating certain
classes of functions which are analytic in the open disk. Purohit [9] also studied
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similar work and considered new classes of multivalently analytic functions in
the open unit disk.

In the present paper, we aim at introducing some new subclasses of functions
defined by applying the g-derivative operator of order m (m € Ny) which are
p-valent and analytic in the open unit disk. The results derived include the
coefficient inequalities and distortion theorems for the subclasses defined and
introduced below. Some consequences of the main results are also pointed out
in the concluding section.

To make this paper self contained, we present below the basic definitions
and related details of the g-calculus, which are used in the sequel.

The g-shifted factorial (see [5]) is defined for &, q € C as a product of n
factors by

1; n=20
(oc;q)n:{ 1—o)(1T—axq)...(1—axq™'); neN"’ (1)

and in terms of the basic analogue of the gamma function by

_ (1=q)"Tq(x+mn)
rq(‘x)
where the g-gamma function is defined by [5, p. 16, eqn. (1.10.1)]

(4%; 9)n (n>0), (2)

. _ 1—x
ramz(mwmﬂ q) 0<q<1. 3)

(9% q)oo

If |q] < 1, the definition (1) remains meaningful for n = oo, as a convergent
infinite product given by

1°_°I (1—adq)
j=0

We recall here the following g-analogue definitions given by Gasper and
Rahman [5]. The recurrence relation for g-gamma function is given by

(1—q%) Tg(x)

) (4)

and the g-binomial expansion is given by

v v ) 1*(U/X)qn
(X_U)V =X (_U/X;q)v =X . |:1_(y/x)qv+nj| . (5)

n=
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Also, the Jackson’s g-derivative and g-integral of a function f defined on a
subset of C are, respectively, defined by (see Gasper and Rahman [5, pp. 19,
22])

Dasfle) = oo (2£0,a 21 ()

and -
| foagt =20 - q) ¥ a¥flzq"). (7)

0 k=0

Following the image formula for fractional g-derivative [10, pp. 58-59], namely:

Fq(14+A) _
x A q A—a >
a2 = 0 +A—o) z (x>0, A>—1), (8)

we have for x =m (m € N) :

Fq(T+A) A

pmoA=- T A>—1).
Q2% N0+ A— )z (meN, A>-—1) 9)
Further, in view of the relation that
. (4%59)n
L = 10
ql;Q (T—q)™ (&)n, (10)

we observe that the g-shifted factorial (1) reduces to the familiar Pochhammer
symbol ()n, where (a)p =1 and (), = x(x+1)...(x+n—1) (ne€N).

2 New classes of functions

By A, (n), we denote the class of functions of the form:

o)

flz) =22+ ) @z (n,peN), (11)
k=n+p

which are analytic and p-valent in the open unit disc U={z: z € C, |z| < 1}.
Also, let A;(n) denote the subclass of Ap(n) consisting of analytic and p-
valent functions expressed in the form

f(z) = 2P — Z az®  (ax>0,m, peN). (12)
k=n+p
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Differentiating (12) m times with respect to z and making use of (9), we get

q1+p) - = (T +k)
DM f(z) = — T~ _ P _ S
4= Iq(T+p—m) k_;rp Mq(1+k—m) (13)
(n, p e N;m € No,p > m).
By applying the g-derivative operator of order m to the function f(z), we
define here a new subclass MmpO\,é, q) of the p-valent class A;(n), which
consist of functions f(z) satisfying the inequality that

1{ z Dafsz(z) +Aq 2 Déj;mf(z) Cp—m] } <1
8 | Az DiZ™f(z) + (1 —A) DI,f(2) d ’ (14)
Mm<ppeNmMeNy; 0<ALT 6eC\{0}; 0<q<1; zel),
where the g-natural number is expressed as
1—q"
nlq = T4 0<qg<1). (15)

Also, let /\/{%(7\, 8,q) denote the subclass of Ay (n) consisting of functions
f(z) which satisfy the inequality that

%{Dl,j;mf(z) +Az D3M(z) — [p—m]q}‘ <[p—mlg, (16)

Mm<ppeNmMeNy, 0<A<LT 5ecC\{0}; 0<qgq<1; zeU).
The following results give the characterization properties for functions of

the form (12) which belong to the classes defined above.

Theorem 1 Let the function f(z) be defined by (12), then f(z) € M, (A, 6, q)
if and only if
> (81— q“ ™ —Klg) Alk,m, A, q) ax < 8] A(p, M, A q),  (17)
k=n+p

where A(k, m, A, q) is given by

(T+k—m—1]4 g A)TH(1+k)

A(k)m)A>q): Fq(1+k—m) )

such that

A(P>m,7\>q)— Z A(k>m))\aq) Ak > 0. (19)
k=n+p
The result is sharp.



Some classes of analytic and multivalent functions

Proof. Let f(z) € M, (A, 8, q), then on using (14), we get

z DIM*™Mf(z) + A q 22 D2E™f(2)
gz L TRAE Zas TE g b > s,
Az Dg™f(z) + (1 —=A) Dg}zf(z)
Now, in view of (13), we have
N =z D ™(z) + A q 2 DF™f(z)
0 +P) o i a lU 4K m
Fq(p—m) Kt p Mq(k—m)
Tq(1+7p) 2 e qT+%k) e
+AqE? | 2 ag ——— 2™
|:Fq(pm1) k%p Mgk —m—1)
_ 1 Aq
=Tq(14+p)2P m[ + }
P =) TR mo)
> N 1 Aq
- akr(1+k)zkm[ + }
k_%p d Mqk—m)  Tyk—m-—1)
_pml(+p—m—Tlq g Mg(1+P)
i k—mlg(0+k—m—1]q g ANTq(1+%)
- e T+ k—m) z
k=n-+p 4
[e.e]
=lp—mlg Alp,m,Aq) 2 ™= Y a [k—mlg Alk,m,A q) 2™,
k=n+p

where A(k, m,A, q) is given by (18).
Similarly, we can obtain

D=AzDyi™f(z) + (1—A) DL f(z) = A(p,m,A, q)z" ™

o0
— Z ar Ak, M, A, q) 25
k=n+p
Hence

N—[p—m]D = Z q“ ™ [p —klq Ak, m, A, q) @y 25™.
k=n+p
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Therefore, from (20), we obtain the simplified form of the inequality that
( ey @™ [P —Klg Alk,my A q) i 24

> —19]. 21
A(p,m,k q Zp m Zk =n+p k m77\>q) ax Zk_m) ( )

By putting z = r, the denominator of (21) (say DN(r)) becomes

DN(r) = Alp, m,A, Q" ™ — 3 A(k,m,A, q) g T
k=n-+p

=1 A(p,m,?\ q Z Ak, m, A, q) akrk P )
k=n-+p

which is positive for r = 0, and also remains positive for 0 < r < 1, with
the condition (19). So that on letting r — 1~ through real values, we get the
desired assertion (17) of Theorem 1.

To prove the converse of Theorem 1, first we would show that

z D]+mf( )+Aqz? Déj;mf(z)
Az DgE™(z) + (1 —A) DI f(z)

—[p- ]q

(22)
Zk:n-i-p ke [p _k] (k m>)\ q) ak
N A(pam))\>q Zk n+p k ma)\ q)
We have
z D]]j;mf(z) +Aq2? Défz’“f(z) )
Az DgzMf(z) + (1—A) DLf(z) ;
S _ _ 23
S8y €™ I~ Kg Ak m, A, ) ™| (23)
) (p)m))\ q Zp m— Zk =n+p k m, 7\>q) akzkim‘
On the other hand if |z| = 1, then
Y d“ T p—Kg Alk,mA, q) at T
—n+p
Z ‘q —Klq Alk,m, A, q) a 2™ (24)
—n+p
Z the A(k,m, A, q) a

k=n+p
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and

Alp, myA, q)zP ™ — Z Ak, My A, q) ™

k=n+p
> [Alp,mA @2 = 3 Ak M2 a ™ (25)
k=n-+p
= A(p,myA, q) — Z A(k,m, A, q) ag.
k=n-+p

Now (23), (24) and (25) imply (22), and then by applying the hypothesis (17),
we find that

z Dllf;mf(z) +Aqz? Dé;‘“f(z)

Az Dgi™(z) + (1 —A) DI, f(z)

81 {AmmA Q) — T2y Alk,m, A Q) a
Alp, m, A, q) — Z]‘iﬂﬂ) A(k,my A, q) ax

—[p—mlq

=19].

Hence, by the maximum modulus principle, we infer that
f(z) € M7, (A8, q).

It is easy to verify that the equality in (17) is attained for the function f(z)
given by

3 Alp, m, A, q)

Zn-i—p
(18l + gP~™Mm]q)An + p,m, A, q)

f(z) = 2P —

(m <p;p,nc N)m € NO))
(26)
where A(p, myA, q) is given by (18). O

We now derive the following corollaries from Theorem 1.

From Theorem 1, we easily get the following corollary:

Corollary 1 If the function f(z) is defined by (12) and f(z) € M, (A, 8,q),
then

Y <18l Z(p,n,m A8, ), (27)
k=n+p
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where Z(p,n, my, A, d, q) is defined by

- Alp,myA, q)
= A b = 28
(p)n)m) ) )q) (|6|+qp_m[n]q)A(n-i-p,m,?\,q)’ ( )
and A(k,myA, q) is given by (18).
Corollary 2 If f(z) € M7, (A, 8, q), then
D [Kglk—Tlg---k—p+Tlg ac < 18] ©(p,n,m,A,8,q),  (29)
k=n+p

where O(p,n, m, A, 8, q) is defined by

lq(1+n+p—m) Alp,m,A, q)

(18l +qP™lg) T+ +p—m—1]g q A)T(T+n)
(30)

@(p)n> m, }\) 6) q) =

)

and A(k,myA, q) is given by (18).

Proof. Since f(z) € M}',(A,8,q), then under the hypotheses of Theorem 1,
we have

i (18] — g ™p — Klg) (14 k—m—1]q g A) Tq(1 +k) o

Nl Iq(1T+k—m) (31)

< [8] Alp,m, A, q),

where A(k, m, A, q) is given by (18).
Using the recurrence relation (4) successively p times, we can write

(1 4K) = Kglk—1q...[k—p + 1q Tq(k—p+1). (32)

We now show here that
o < Qerdy

where

(I8l — g~ ™p—Xg) T+qgAk—m—1)T4(1+k—p)
M(1+k—m) (33)

X =

= (Ax) (By) (Cy),
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Ax =8l — ¢ ™p — kg,
Bk:]-i-q A [k—m—ﬂq and
Iq(1 +k—p)

L I —

It is sufficient to show that

o (Ax) (Bi) (G <1

O+ (A1) (Bry1)(Cyqr) —

Evidently, for k = n + p, we have

Av _ I8l+qP ™l
At Bl i+ 1y

and since [n + 1]q > [nlg, hence Ay is positive and consequently

Ax
At

< 1. (34)

Also, it follows easily that

By 1+gAMm+p—m-—1]

q
= < 1. 35
By T+gAMm+p—mlg (35)

Further, upon using the familiar asymptotic formula ([6, pp. 311, eqn. (1.7)])
given by

My(x) 1—q1"H g (x— o0, 0<qg< 1),

n=0
it can be verified that

Nf1+k—p)  (—=q) " P21 —q™)
Tq(1+k—m) (1 —q)"=T=*m]e (1 —qnt) (36)
=1=q)P ™ (k—o0, 0<g<l,m<p).

kK =

Thus, for large k, we conclude that

Ky

<1T.
k41
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We, therefore, from (31) and (32) infer that

> Kk —Tg...k—p+1q a
k=n+p
|5| A(k)m)A)q)rq(] +n+p—m)
T (I8l Pl )T+ +p—m—1]qg g A) Tg(1+n)’

which in view of (30) yields the desired inequality (31).

Next, we prove the following result.

Theorem 2 Let the function f(z) be defined by (12), then f(z) € NTTP(A, 5,q)

if and only if
Nyt (1+m)
where Q(k, my A, q) is given by

Ok, m,A, q) = [ :1 ] (14 k—m—1]g \).
q

The result is sharp with the extremal function given by

flz) = 27 — [p—mlg 18] =1+ T4(1+m) Q(p,m,)\,q)]Zner
M+p—mlq Tg(1+m) Q(n+p,m,A, q) '

Proof. Let f(z) € N;;}p(x, d,q), then on using (16), we get
DA {D;;mf(z) + Az DEM(z) — [p — m]q} > — 8] [p—mlg.

Now, in view of (13), we have

M+P) om Nq(1+Kk)
DT (z) + A z DEM(z) = 4~ FL gpmeT Q= 7
4z b= rq (p—m) k;rp r‘q (k—m)
y(1+7p) PR - Mg(T+k) o2
+Az |4 apme2 Z a —3+ = pkm
1 A
=Tg(1 + )zp“”[ + ]
L Lp—m)  Typ—m—1)

Z [k_m]qQ(k)m)A)q)akg [P—m]q L—~|6|_1 +Q(p)m)7\)q) ) (37)
q

(38)

(39)

—m—1
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1 A
Rk—m) ' Tqk—m_1)

_ Z ay rq(]—l-k) Zkimi]
k=n+p
[p—mlg(0+p—m—1g g1 +p) ,
z
lq(T+p—m)
_ i a [k—m]q(1+[k—m_”q A)rq(]+k) Zk—m—]
. Nq(1+k—m) '

k=n+p
From (40), we obtain a simplified form of the inequality which is given by

> k—mlg(1+k—m—1g Mq(1+k) g
R — Z ax q q q Zk—m
T+p—m—1]g NI (1+ e
Now taking (38) into account, the above inequality yields
R — Z [k —ml]qQ(k, m, A, )T (1T +m) ax Zm-l
k=n+p (41)

—fp —mlq (1 — Ok, m, A, q)Ty(1 +m)zp—m—‘)} > — 18] fp — ml,.

By putting z = r in (41), and letting v — 17 through real values, we get the
desired assertion (37) of Theorem 2.
To prove the converse of Theorem 2, we have

‘{D;fsz(z) +AzDIM(z) — [p— m]q}‘

<D k—mlgQk,mA, @)l (1+m) ay 2™
k=n+p

+ ‘[p —mlq (1= Qk,m, A, @1 +m)z ™) ‘ .
Letting |z| = 1, we find that
|{DLEme(2) + A 2 D2E™(2) — bp — ml ||
< i [k —mlqQ(k, m,A, q)Tq(14+m) ax

k=n-+p
+ [P _m]q (1 _Q(k)m))\)q)rq(] +m)))
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then by applying the hypothesis (37), we find that
j{D];;“f(z) + Az DEM(z) — [p — m]q}j < 18| Ip — mlq.
Hence, by the maximum modulus principle, we infer that
f(z) € Mip (A, 8, 9).
]

The following corollaries follow from Theorem 2 in the same manner as
Corollaries 1 and 2 from Theorem 1.

Corollary 3 If the function f(z) be defined by (12) and f(z) € N{‘}p(?\,é, q),
then

Z ak S X(p)n)m>)\)5)q)) (42)
k=n+p

where X(p,m, m, A, 8, q) is given by

_Ip—mlg 3] =1+ T4(1+m) Q(p, m, A, q)]
X(p)n>m)7\)6)q) — rq(] +m)[n+p_m]q Q(n—i—p,m,?\,q) . (43)

Corollary 4 If f(z) € N% (A, 8, q), then

o0

D> Kglk—Tg- - k—p+1q a < ¥(p,m,mA8,q),  (44)
k=n-+p

where Y(p,n,m, A, 8, q) is given by
W(p,n) m’ A’ 6’ q)

[p—mlq 8] =1+ Tq(1+m) Q(p, M, A\, @)I Tq(1 +n+p—m) (45)
Tq(l+n)m+p—mlg T+ +p—m—1]4 A) '

3 Distortion theorems

In this section, we establish certain distortion theorems for the classes of func-
tions defined above involving the g-differential operator.

Theorem 3 Let A € R and & € C\ {0} € N satisfy the inequalities:

m<p, meNy;, p,neN; 0<A<L], 0<q<].
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Also, let the function f(z) defined by (12) be in the class ML (A8, q), then
IF(2)] — 2P| < 18] =(p,m, m,A,8,q) 2P (z € 1), (46)
where Z(p,n, M, A\, 8, q) is given by (28).
Proof. Since f(z) € M}, (A, 8, q), then from the Corollary 1, we have
Z ax <8 =Z(p,m,m,A,d,q),
k=n-+p
where Z(p,n, m, A, 8, q) is given by (28).

This inequality in conjunction with the following inequality (easily obtain-
able from (11)):

[e.e] o0
P Y <RI < P MY ay, (47)
k=n+p k=n+p
yields the assertion (46) of Theorem 3. O

To obtain the distortion theorem for a normalized multivalent analytic func-

tion of the form (12), we define here a g-differential operator D!, which is
expressed in the form
Iq(1+p—m)
Dy, f(z) = A ———z"Dy f 48
q,z (Z‘) rq(‘l +p) z q,z ( ) ( )

Theorem 4 Let m<p; me Ny, p,ne N, 0<A<1, e C\{0}eN, 0<
q <1, and let the function f(z) defined by (12) be in the class M7\, (A, 8, q).
Then

||Dgf(2)| — 12| <18 Alp,n,m,A,8,q) [2"P, (49)

where

T+p—m—1]4qA

A A S, q) = B
(p,n,m, ) aq) (|6|+qpf‘“[n]q) (] _|-[n—i—p—m—]]q q 7\) ( )
Proof. Since
NPRUL LRSS RV PO P
Dy.flz) = Tq(1+p) Pa, - Z ak PTG k—m) =

k=n+p



18 S. D. Purohit, R. K. Raina

therefore, on using the relation (32), we can write

moein v Kgk=Tlg...k=p+TTg1+k—pTg(d+p—m)
DRuflz) =2~ ax (1 +p)Tq(1 + k—m) z

k=n+p
=2P =Y aKlglk—Tq... k= p+1]q d(k) ¥,
k=n+p
(51)
where
¢(k):Fq(1+k—p)Fq(1+p—m) (52)

(1 +p)T(1+k—m)

Now, we show that the function ¢(k) (m € Ny, k > n+p; p,n € Nym < p)
is a decreasing function of k for m € Np, 0 < q < 1.
We note that
dk+1) Tq2+k—pH(1+k—m)

S0 T2k my (I tk_p) (=nrrmpel)

and it is sufficient here to consider the value k = n + p, so that on using (4),
we get
dk+1) 1—q'™m

d(k) —1_ qln+p—m (0<qg<1).

The function ¢(k) is a decreasing function of k if d)é)k(z)” <1 (n,p € N), and
this gives

1 __q1+n
T g <1 (0<qg<1).
Multiplying the above inequality both sides by 1 — q'*™ ™ (provided that
m < p), we are at once lead to the inequality m < p. Thus, ¢(k) (k >
n+p;n,p € N) is a decreasing function of k for m < p,m € Np,0 < q < 1.

Using (51), we observe that

[Dgf(2)] 2 127 = 3 Kl —1q... Tk —p+1lq b(k) la |2/*
k=n+p

>z — b +p) ™ Y Kk —Tq...k—p+1]g la,
k=n-+p
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which in view of (29) of Corollary 2 leads to

D f(2)| 2 127 — 8] d(n+p) Op,n,m,A,8,q) [z

> [2l” — 8 Alp,n,m,A8,q) 2", (53)

where A(p,m, m,A,d, q) is given by (50).
Similarly, it follows that

IDIf(z)] < 2P + 18] Alp,n,m,A8,q) 1217, (54)

and hence, (53) and (54) establish the assertion (49) of Theorem 4. O

The following distortion inequalities for the function f(z) € NTTP (A, 8, q) can
be proved in the same manner as detailed in the proof of Theorem 4 above:

Theorem 5 Let A € R and & € C\ {0} € N satisfy the inequalities:
m<pmeNypp,neN, 0<A<L<], 0<qg<].
Also, let the function f(z) defined by (12) be in the class J\/'TTP(A,é, q), then
If(2)] — 2P| < [8] X(p,n, m,A,8,q) [z]""F (z € V), (55)
where X(p,m, m, A, 8, q) is given by (43).

Theorem 6 Let m<p; me Ny, p,ne N, 0<A<1 6 C\{0}eN, 0<
q < 1 and let the function f(z) defined by (12) be in the class N% (A, 8, q).
Then

D f(2)] — 2P| < 18] Blp,m,m,A,8,q) 2P, (56)
where

Cp—mlg 8] =1+ T4(1+m) Q(p, m,A, q)I Tq(1+p—m)
Blp,m,m,A,8,q) = gl +p)n+p—mlg T+Mm+p—m—1]g A)
(57)

)

Q(p,m,A, q) is given by (38).
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4 Some consequences of the main results

In this section, we briefly consider some special cases of the results derived in
the preceding sections.

When m = 0 and &6 = yf (y € C\ {0}, 0 < f < 1), the condition (14)
reduces to the inequality:

] {z Dg.f(z) +A qz? Dé’zf(z) B [p]q}

v | Az Dgaf(z) + (1 - Nf(z) <B (58)

PeN, 0<A<LT; 0<B<T, yeC\{0}; 0<qg< 1 z€l)

and we write

Mg,p(k)yﬁ)q) :Rn,p(}\)f’)y)q)) (59)

where R p(A, B,Y,q) represents a subclass of p-valently analytic functions
which satisfy the condition (58).

Similarly, the condition (16) when m = 0 and & = yf reduces to the in-
equality:
1
‘y {Dq,zf(z) +Az Dé’zf(z) — [p]q}‘ < B [plgs (60)

PeN, 0<A<ST; 0<B<T, yeC\{0}; 0<qg< 1 z€l)

and we write
-N‘T?)pU\)YB)q) :En,pO\)BaV)q)) (61)

where L (A, B,7, q) is another subclass of p-valently analytic functions which
satisfy the condition (60).

Now, by setting m = 0, & = yf, and making use of the relations (59) and
(61), Theorems 1 and 2 give the following coefficient inequalities for the classes
Rn,p(A) BaYa CI) and £n,p 0‘) B)Y) q)7 respectively.

Corollary 5 Let the function f(z) be defined by (12), then f(z) € Rnp(A, By, q)
if and only if

o0

> (B W—q*p—Kg) (1+k=1g qA) ax <B yI(1+p—1]q qA). (62)
k=n+p

The result is sharp with the extremal function given by

B h(T+p—1lqqA) nt
=zP - P
flz) == (B I +qPlnlg) T+n+p—1]gqA) 2o

(63)
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Corollary 6 Let the function f(z) be defined by (12), then f(z) € Lnp(A, B,Y,q)
if and only if

o9}

Z klg (T+k—=TqgA) ax <I[plqB WI+p—1lqAl. (64)
k=n+p

The result is sharp with the extremal function given by

[P}q“?’ |Y|+[P*”q Al P

—
flz) =z m+plqg T+ Mn+p—1]4A)

(65)

Again, if we put m = 0, 6 = yf, then Theorem 3 and Theorem 5, respec-
tively, yield the following distortion theorems for the classes Rnp(A, 3,7, q)

and Ln,p(}\a B,Y, q)

Corollary 7 Let A, € R and vy € C\ {0} € N satisfy the inequalities:
p,neN, 0<ALST, 0<qg<T.
Also, let the function f(z) defined by (12) be in the class Rnp(A, B,Y,q), then
1f(2)] — 2P| < Byl E(p,n, A, By, q) 12MF (z € 1), (66)

where

[3|Y‘+qp[n]q)(1 +[T1+P—”q q 7\)'

E(pan>)\)B>Y>q) = ( (67)

Corollary 8 Let A\, € R and vy € C\ {0} € N satisfy the inequalities:
p,nmeN; 0<A<LT, 0<q<T.
Also, let the function f(z) defined by (12) be in the class Lnp (A, B,7Y,q), then
If(2)l = 2P| < F(p,myA, By, q) [2"F (2 € 1), (68)

where

_ [plgIBlyI+p—1]q Al
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Further, if we set p = 1, then from (59) and (61), we get

M%,]U\ﬂ/ﬁyq) :RnJ (7\>B>Y>q) :’Hno\)Y)B)q) (70)

and

NT?,] (}\)Yﬁ) Q) = ﬁn,] ()\) B)Y) q) - gn()\ﬂ/) B) q)» (71)

where Hn(A,v, ,q) and Gn(A,v,,q) are precisely the subclass of analytic
and univalent functions studied recently by Purohit and Raina [11]. Thus, if we
set p = 1, and taking into consideration the relations (70) and (71), Corollary
5 to Corollary 8 yield the known results obtained recently by Purohit and
Raina [11].

Finally, by letting q — 17, and making use of the limit formula (10), we
observe that the function classes M, (A, 8, q), Nﬂp(?\, 0, q) and the inequal-
ities (17) and (37) of Theorem 1 and Theorem 2 provide, respectively, the
g-extensions of the known results due to Srivastava and Orhan [13, pp. 687-
688, eqn. (11) and (14)].
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Hydromagnetic thermosolutal instability of
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with suspended particles and variable

gravity field in porous medium
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Abstract. The thermosolutal instability of Rivlin-Ericksen elastico-
viscous rotating fluid permeated with suspended particles (fine dust) and
variable gravity field in porous medium in hydromagnetics is considered.
By applying normal mode analysis method, the dispersion relation has
been derived and solved analytically. It is observed that the rotation,
magnetic field, gravity field, suspended particles and viscoelasticity in-
troduce oscillatory modes. For stationary convection, the rotation and
stable solute gradient has stabilizing effects and suspended particles are
found to have destabilizing effect on the system whereas the medium
permeability has stabilizing or destabilizing effect on the system under
certain conditions. The magnetic field has destabilizing effect in the ab-
sence of rotation whereas in the presence of rotation, magnetic field has
stabilizing or destabilizing effect under certain conditions. The effect of
rotation, suspended particles, magnetic field, stable solute gradient and
medium permeability has also been shown graphically.

1 Introduction

A detailed account of the thermal instability of a Newtonian fluid, under
varying assumptions of hydrodynamics and hydromagnetics has been given by

2010 Mathematics Subject Classification: 76A05, 76A10, 76E07, 76505
Key words and phrases: Rivlin-Ericksen fluid, thermosolutal instability, suspended par-
ticles, magnetic field, variable gravity field, porous medium
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Chandrasekhar [3]. Bhatia and Steiner [1] have studied the thermal instability
of a Maxwellian visco-elastic fluid in the presence of magnetic field while the
thermal convection in Oldroydian visco-elastic fluid has been considered by
Sharma [14]. Veronis [20] has investigated the problem of thermohaline con-
vection in a layer of fluid heated from below and subjected to a stable salinity
gradient. The buoyancy forces can arise not only from density differences due
to variations in solute concentration. Thermosolutal instability problems arise
in oceanography, limnology and engineering.

The medium has been considered to be non-porous in all the above studies.
Lapwood [5] has studied the convective flow in a porous medium using lin-
earized stability theory. The Rayleigh instability of a thermal boundary layer
in flow through a porous medium has been considered by Wooding [21] whereas
Scanlon and Segel [13] have considered the effect of suspended particles on the
onset of Be'nard convection and found that the critical Rayleigh number was
reduced solely because the heat capacity of the pure gas was supplemented by
the particles. The suspended particles were thus found to destabilize the layer.

Sharma and Sunil [15] have studied the thermal instability of an Oldroy-
dian viscoelastic fluid with suspended particles in hydromagnetics in a porous
medium. There are many elastico-viscous fluids that cannot be characterized
by Maxwell’s constitutive relations or Oldroyd’s constitutive relations. One
such class of fluids is Rivlin-Ericksen [12] elastico-viscous fluid. Srivastava and
Singh [18] have studied the unsteady flow of a dusty elastico-viscous Rivlin-
Ericksen fluid through channels of different cross-sections in the presence of
time-dependent pressure gradient. Garg et al. [4] has studied the rectilinear
oscillations of a sphere along its diameter in conducting dusty Rivlin-Ericksen
fluid in the presence of magnetic field.

Stommel and Fedorov [19] and Linden [6] have remarked that the length
scalar characteristic of double diffusive convecting layers in the ocean may
be sufficiently large that the Earth’s rotation might be important in their
formation. Moreover, the rotation of the Earth distorts the boundaries of a
hexagonal convection cell in a fluid through a porous medium and the dis-
tortion plays an important role in the extraction of energy in the geothermal
regions. Brakke [2] explained a double-diffusive instability that occurs when
a solution of a slowly diffusing protein is layered over a denser solution of
more rapidly diffusing sucrose. The problem of thermosolutal convection in
fluids in a porous medium is of importance in geophysics, soil sciences, ground
water hydrology and astrophysics. The scientific importance of the field has
also increased because hydrothermal circulation is the dominant heat transfer
mechanism in the development of young oceanic crust (Lister, [7]). Gener-
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ally, it is accepted that comets consist of a dusty ‘snowball’ of a mixture of
frozen gases which in the process of their journey change from solid to gas and
vice-versa. The physical properties of comets, meteorites and inter-planetary
dust strongly suggest the importance of porosity in the astrophysical context
(McDonnel, [8]).

Thermal instability of a fluid layer under variable gravitational field heated
from below or above is investigated analytically by Pradhan and Samal [9)].
Although the gravity field of the Earth is varying with height from its surface,
we usually neglect this variation for laboratory purposes and treat the field
as constant. However, this may not the case for large scale flows in the ocean,
the atmosphere or the mantle. It can become imperative to consider gravity
as a quantity varying with distance from the centre.

A porous medium is a solid with holes in it, and is characterized by the
manner in which the holes are imbedded, how they are interconnected and the
description of their location, shape and interconnection. However, the flow of
a fluid through a homogeneous and isotropic porous medium is governed by
Darcy’s law which states that the usual viscous term in the equations of motion

of Rivlin-Ericksen fluid is replaced by the resistance term [_k]_] (H + % )} q,

where pu and p’' are the viscosity and viscoelasticity of the incompressible
Rivlin-Ericksen fluid, k; is the medium permeability and ¢ is the Darcian
(filter) velocity of the fluid (Garg et al. [4], Sharma and Sunil [15] and Sharma
and Rana [16, 17]).

Sharma and Rana [16] have studied thermal instability of Walters’ (Model
B/) elastico-viscous in the presence of variable gravity field and rotation in
porous medium. Sharma and Rana [17] have also studied the thermosolu-
tal instability of incompressible Walters’ (Model Bl) rotating fluid perme-
ated with suspended particles and variable gravity field in porous medium.
Recently, Rana and Kumar [11] have studied thermal instability of Rivlin-
Ericksen elastico-viscous rotating fluid permeated with suspended particles
and variable gravity field in porous medium and thermal instability of com-
pressible Walters’ (Model B’) elastico-viscous rotating fluid a permeated with
suspended dust particles in porous medium have been studied by Rana and
Kango [10]. Keeping in mind the importance in various applications mentioned
above, our interest, in the present paper is to study the thermosolutal instabil-
ity of Rivlin-Ericksen elastico-viscous rotating fluid permeated with suspended
particles and variable field in porous medium in hydromagnetics.
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2 Mathematical formulation of the problem

Consider an infinite horizontal layer of an electrically conducting Rivlin-Ericksen
elastico-viscous fluid of depth d in a porous medium bounded by the planes
z =0 and z = d in an isotropic and homogeneous medium of porosity € and
permeability ki, which is acted upon by a uniform rotation Q (0,0, Q) uniform
vertical magnetic field H (0,0, H) and variable gravity g (0,0,—g), g = Agpo,
go (> 0) is the value of g at z =0 and A can be positive or negative as grav-
ity increases or decreases upward from its value go. This layer is heated and
soluted from below such that a uniform temperature gradient 3 (: “(11—1 ) and
a uniform solute gradient B’ (: ’%D are maintained as shown in schematic
sketch of physical situation.

The character of equilibrium of this initial static state is determined by
supposing that the system is slightly disturbed and then following its further
evolution.

z
= g(0,0.-z
. g=g(0.0.-g)
| . .__o-com
— Fivlin-Encksen
: - ) ) rotating fuid pemested
| Forous Me dium wih suspended particles
H=(00H)

of T 1111t

Heated and soluted from below

Schem atic Sketch of Physical Situation
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The hydromagnetic equations in porous medium (Chandrasekhar [3], Rivlin
and Ericksen [12], Rana and Kumar [11]) relevant to the problem are

1[dq 1 o §p 1 ;0
E EJFE(qIV)q}_ PovP+g<1+po) k1 <v+v at)q
, o (1)
+2(qx Q)+ — (qa—q) + = (V x H) x H,
€ Po€

41100

oT mNCy¢ 0
E— )T+ — |e— V|T=« VT 3
5 T @ VIT+ 50Cr [eat+Qd ] Kk VT, (3)

aC mNChL [ 9
E'— )T P e~ VI|T=«'VT 4
6t+(q V)T+ ooC! [eat—i—qu} k'V (4)
V-H=0, (5)

oH

Tl V x (q x H) + enV?H, (6)
where E = e+ (1—¢) (%), Ps, Cs; Po, Cf denote the density and heat capacity

of solid (porous) matrix and fluid respectively and E’ is a constant analogous to
E but corresponding to solute rather than heat; k, k” are the thermal diffusivity
and solute diffusivity respectively.

The equation of state is

p=poll —a(T—To) 4+ o/(C— Co)l, (7)

where the suffix zero refers to values at the reference level z = 0. Here p,v,v’,
P, &, T, Cy e, o, &', q(0,0,0) and H(0,0,H) stand for density, kinematic vis-
cosity, kinematic viscoelasticity, pressure, medium porosity, temperature, so-
lute concentration, magnetic permeability, thermal coefficient of expansion, an
analogous solvent coefficient of expansion, velocity of the fluid and magnetic
field. Here qq(X,t) and N(X,t) denote the velocity and number density of the
particles respectively, K = 6mmpv, where 1 is particle radius, is the Stokes drag
coefficient, qq = (1, 7,s) and X = (x,y, z).

If mN is the mass of particles per unit volume, then the equations of motion
and continuity for the particles are

d 1 ,
mN %“‘E(Qd'v)Qd =KN(q—ad), (8)
N
ea +V-(Nqq) =0. 9)



G. C. Rana 29

The presence of particles adds an extra force term proportional to the velocity
difference between particles and fluid and appears in the equation of motion
(1). Since the force exerted by the fluid on the particles is equal and opposite
to that exerted by the particles on the fluid, there must be an extra force term,
equal in magnitude but opposite in sign, in the equations of motion for the
particles (8). The buoyancy force on the particles is neglected. Interparticles
reactions are not considered either since we assume that the distance between
the particles are quite large compared with their diameters. These assumptions
have been used in writing the equations of motion (8) for the particles.

The initial state of the system is taken to be quiescent layer (no settling)
with a uniform particle distribution number. The initial state is

q= (0>O)0))qd = (0>O)0))
T=—Bz+Ty,C=—p'z+ Cy,

p = po(1+ afz— a’B’z), Ny = constant (10)

is an exact solution to the governing equations.

3 Perturbation equations

Let q(u,v,w), qq(l,1,s), 6,y, dp and dp denote, respectively, the perturba-
tions in fluid velocity q(0, 0, 0), the perturbation in particle velocity qq4(0, 0, 0),
temperature T, solute concentration C, pressure p and density p.

The change in density dp caused by perturbation of temperature 0 and
solute concentration vy is given by

§p = —po(af—a'y). (11)

The linearized perturbation equations governing the motion of fluids are

19q 1 , 1 ;9
T ——Qbp—g (oc@—oc y) N <v+v a) q )

' 2

+ o (aa—q) + = (qx Q)+ - (V x h) x H,

€ 471pg
V.q=0, (13)
m 0
_— — 14
(ac+1)aa=a (14)
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Q0
(E + be) 3t = B (w+bs)+ V30, (15)
Q6 /
(E'+D’e )a—_B (w+b s>+ k'V2y (16)
V-h=0, (17)
aH
eoe =(H V)q+ enV?H, (18)
where b = ng:gf‘, I = mp—]\lgﬁ’— and w,s are the vertical fluid and particles
velocity.

In the Cartesian form, equations (12)—(18) can be expressed as

e \ K’ 0t ot K’ ot X
1 /0
‘E(“* at>

u.H (0oh, Oh, 2/mo
. (22 q)a
* 47tpo ( z  ox ) e\ka v

l(mi >a_V__l<ma+>i(5)
e \K' ot ot po \K ot oy °F
1 ;0 m 0 mN ov
‘k—](‘)*“aﬂwat )‘e—poa
h

H(2hy  0h)2
41tpg \ 0z oy / €

= B (w+bs) + kV?26,
(E’+b’e) Q_G =p’ (w—i—b's) + k'V3y
au

dh,
= H— + enV’hy,

TR

(19)
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Ohy v )
e =Hy_ +env’hy, (26)
oh, . 0w )

€ ot = HE + €nV hz, (27)

oh, 0ohy 0h,
0x * oy * 0z

=0. (28)

Operating equation (19) and (20) by % and % respectively, adding and
using equation (25)-(28), we get

1 /m?ad d [ow 1 /mad 5 02
z(wa“)a(a—z>—a(wa“> (V ‘W)ép—
1 /0 m 0 ow mN 0 /ow
- ma aw)  mR 9 (oW 29
K <v+ 6t> <K'6t+1><az> ep06t<az>+ (29)

m 0 cH 2/m?ad
+<Wa“>4np0 h. = 5(?&“)“

where ( = a—z — g—‘y‘ is the z-component of vorticity.
Operating equation (21) and (29) by <V2—§> and % respectively and

adding to eliminate dp between equations (21) and (29), we get
1 /m?ad 0 1 v’ 0 m 0
L e 1 2 o o e 1 2
e<l</at+ )at(v Y <v at> <K’at+ >VW+
R W ALK, mN 9
— + = ——+1 0 — 2 30
+9<ax2+ay2><l<’at+>°‘ epo 3t (VW) H (30)
H (m o d_, 2(/m2d Qg
o) ovh, -2 (22 4 1) o=
+47[p0 (K’at+ > ot e\t oz’
where V2= a Pl + ayz + azz .

Operating equation (19) and (20) by —4- and i respectively and adding,
we get

e \K' ot ot K at) \ K’ ot

31
mNQl 2/md ow ueH /m 0 Q& (31)
—_— == +1]|O0O—+ — 41 =
epo Ot K’ ot 0z  4mpy \ K’ 0ot ot’
where & = aaLX” — aa% is the z-component of current density.
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Operating equations (25) and (26) by —=- and 3x Tespectively and adding,
we get
1Q¢& Q¢

et R N 2, 2
<ot at—i—enVci (32)

4 Dispersion relation

Analyzing the disturbances into normal modes, we assume that the pertur-
bation quantities have x, y and t dependence of the form
w,s,0,v,C e, E] =W (2),S5(2),0(2),Z(2), T'(z), K(z),X(z)]
exp (ikyx + ikyy +nt), (33)
where ky and ky are the wave numbers in the x and y directions, k = (kx2 + kyz) 12
is the resultant wave number and n is the frequency of the harmonic distur-

bance, which is, in general, a complex constant.
Using expression (33) in (30)—(32), (27), (23), and (24) become

n dz 2 2 ’ ] dz 2
E[d—zz—k}w——gk(o@—ocr) o (v+vn) <ﬁ—k>w
mNn a2 2042 weH d (& L\, (34
———sz——d—+4 =l )%
€po< n—i—]) dz € dz  4mpydz \ dz
1 , N 20dW  H
2Z=—— (vHv'n) - — <74+ oS5 4 E DX, (35)
€ kq epo<%n+1> e dz 4mpg
enx = HYZ 4 ¢ d—z—kz X (36)
Nz T a2 ’
dw az
dZ
(E+be)n® =B (W+bS) + K<ﬁ—k2>@ (38)

2
(E'+b'e)nr =B’ (W+b's) + « (% —k2> r (39)
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Equations (34)—(39) are in non dimensional form, become

F 232
[g<1+ M >+1+ G](Dz_a2>w+gada®_
€ v

1 P
azdzjc':020d3 l Hd (40)
-~ 3 + DZ—ue—<D2—az)DK:O,
v €V 41V P9
1 Hd
2 2 — (=
[D a? —pio| X ( - > DZ, (41)
. H
[Dz—az—pzd K:—(—d> DW, (42)
J €n
M 1+Fo] 204d? H
T4 kel (B9 pwy Hd gy ug)
€ 1+T0 Py | €V 47vpg
: d?\ /B+mT0o
D2_ 2 __(B m
[ o’ —Epio| © ( p )(HW)W (44)

/2 !
2 2 i (B4 B +Ti0
D? —a? ~ Efpio| T = (K,><]+W>W, (45)

where we have put

nd?

TV mN
a=kd,o=—1=
v

= — M:—
dz) po)

7|3

y Tl

Ef =E+be,B=b+1,F=7%5, P = 1;—} is the dimensionless medium
permeability, p; = 2 is the thermal Prandtl number, p; = 5 is the Schmidt

number, p; = TB] is the magnetic Prandtl number and D* = d% and the

superscript * is suppressed.
Applying the operator (D2 —a?— P20) to the equation (41) to eliminate X
between equations (41) and (42), we get

o M 14+ Fo 3 3 Q. .,
{[€<1+1+T10>+ ) }(D a pzcr)—i—eD w

~204d°
v

(46)

(D2 —a?— p20> DW.
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Eliminating K, ® and Z between equations (40)—(46), we obtain

[9(1 . M > 4+ +FG}(D2—aZ)(D2—aZ—E1plo)

€ 1+ 10 Py
B+mT10o
]+T10‘)
B/+T10'
]+T10‘>

(D? — a® — p,0)(D? — a® — Ejpjo)W — Ra2A<
(D? — a® — E{pj0)(D? — a® — p0)W + SaZA(

(D? — a? — E1p10)(D? — a? — pro)W + %
(D? — a®)(D? — a®> — E{pjo)(D? — a®> — E;p1o)W+
. [T—A(Dz — 2 —E1p10)(D2 — 2 — E/po)(D? — a® — py0)°

e? ):|D2W:0)
{%(1—1— M )+%}(D2—az—p20)+%D2

T+110

(47)

where R = 9%{2‘14, is the thermal Rayleigh number,

S = QMTW, is the analogous solute Rayleigh number,

Q . Heszz

= Trmopem> 18 the Chandrasekhar number,

2
and Ty = (%) , is the Taylor number.
Here we assume that the temperature at the boundaries is kept fixed, the
fluid layer is confined between two boundaries and adjoining medium is elec-

trically non conducting. The boundary conditions appropriate to the problem
are [Chandrasekhar, (1981); Veronis, (1965)]

W=D? W=DZ=T =0=0 at z=0 and 1, (48)

and the components of h are continuous. Since the components of the magnetic
field are continuous and the tangential components are zero outside the fluid,
we have

DK =0, (49)

on the boundaries. Using the boundary conditions (48) and (49), we can show
that all the even order derivatives of W must vanish for z =0 and z =1 and
hence, the proper solution of equation (47) characterizing the lowest mode is

W =W,sinniz; W, is a constant. (50)
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Substituting equation (50) in (47), we obtain the dispersion relation

io M 14 Fri?ioy
RixA=|—|(1 1
1 [ € ( 1+T]7Tzi(71> P (T4x)
. 1+ tydiog
1 E -
( A ]p]w]>(B+Tmzicr1
. S]X?\(] +X+E1p1l(¥1> B’ —i—T]thi(Y]
B + Ti7mioq
D? —a?—Ejpjo (51)
N & (1 +x> (1 +x—|—E1p1w1> 1 ¢ i
€ 1+ x + paioy B + Tymioy
T .
N S (1 +x+Eyprioy) 1+ 1yrioy
B + tymtioy /)

m<1 + M >+ 17F7]r)2io1

141172109

R S T 2.
where R] :F’ S] :F’T/M :F/},X:%,IG] :%,P:TIZPI, Q] :%.

Equation (51) is required dispersion relation accounting for the effect of sus-
pended particles, stable solute gradient, magnetic field, medium permeability,
variable gravity field, rotation on thermosolutal instability of Rivlin-Ericksen
elastico-viscous fluid in porous medium.

5 Stability of the system and oscillatory modes

Here we examine the possibility of oscillatory modes, if any, in Rivlin-Ericksen
elastico-viscous fluid due to the presence of suspended particles, stable solute
gradient, rotation, magnetic field, viscoelasticity and variable gravity field.
Multiply equation (40) by W* the complex conjugate of W, integrating over
the range of z and making use of equations (41)—(44) with the help of boundary
conditions (48) and (49), we obtain

o M 1+Fo Heen 1+ T0*
—(1 I — I *1
[e( +]+T10‘>+ Py ] ! 4mvpg B + T110* 2%P20 %

2 *
xa“Agok 1+ 10
— I4+E 1
B BiTo 4t Ep10ols

* M 1+ Fo*
+a?| (14 + 0,
€ 1+T0 P
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ueend? 14 1y0* N
I o'l
+ 4mv0 B+T1G*<7+p2 8>

, , 52
« a’Agok 1+ 7110 (52

v’ B +mT0*

(Io + E{p{O'*Im) =0,

where

1
I = (|DW|2 +a? |W|2) dz,
0

1 2
L= (’DZK’ + a* K[> + 2a2|DK|2> dz,
JO
1
Iy = <|DK|2 n a2|1<|2) dz,
0

Iy = 1 (ID@I2 + a2|@|2) dz,

JO
1

Is = | |©]dz,
JO
1

Is = | |ZPdz,
JO

1
I, = <|DX|2 + a2|X|2> dz,
0

1
Is = | [Xdz,
0

1
Iy = (|Dr|2 n a2|F|2> dz,
0

1
Iio= | IM*dz.
JO

The integral parts I;-I;9 are all positive definite. Putting o = io; in equation
(52), where oy is real and equating the imaginary parts, we obtain
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1 M F
—(1+————)+—|(1,—a%
() ) (0

_ Heem 71(B—1) L M N
4mvpg | \ B2 + 112072 B2 + 1,20 5P2l3 | 0%
2
xa“Agok B-i—’t] o
! vp {<BZ+T120‘ ) B2 + 12 2E1P115] (53)
+ oc’az)\goK' [( T](B -1) ) B’ +T1 o’ E/pllm}
vp’ B'% 4 1,20,2 B2 1 120 1
peend? [/ T(B—1) B—i-’r]zcrlz

Equation (53) implies that o; = 0 or 07 # 0 which mean that modes may be
non oscillatory or oscillatory. The oscillatory modes introduced due to pres-
ence of rotation, stable solute gradient, magnetic field, suspended particles,
viscoelasticity and variable gravity field.

6 The stationary convection

For stationary convection putting o = 0 in equation (51) reduces it to

T+x [T+x Qi Ta, (1+x)P SiB’

R =
""" AB | P e {e(1+x)+QiPle B’

(54)

which expresses the modified Rayleigh number Ry as a function of the dimen-
sionless wave number x and the parameters Ty,, B, P, Q7 and Rivlin-Ericksen
elastico-viscous fluid behave like an ordinary Newtonian fluid since elastico-
viscous parameter F vanishes with o.

To study the effects of suspended particles, rotation and medium perme-

oF dRy  dRy  dR; dRg dRy ;
ability, we examine the behavior of "3, T Q@S and “gp- analytically.

Equation (54) yields

Ry T+x[14+x  Q Ta, (1+x)P $1B’
B~ wB| P Te teiiorare B Y

which is negative implying thereby that the effect of suspended particles is
to destabilize the system when the gravity increases upward from its value go
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(i.e., A > 0 ). This stabilizing effect is an agreement with the earlier work of
Scanlon and Segel [13] and Rana and Kumar [11].
From equation (54), we get

dRy  [(T+x (1+x)P
dTa, <?\XB ) {e(1+x)+Q P}e’

(56)

which shows that rotation has stabilizing effect on the system when gravity

increases upwards from its value go (i.e., A > 0). This stabilizing effect is an

agreement of the earlier work of Sharma and Rana [17], Rana and Kango [10].
From equation (54), we get

dR] 1+x

dQ; B

1 Tu(+x0P ] , (57)

€ [e(1+x)+QiPfe

which implies that magnetic field stabilizes the system, if
{e(1+x)+QiPY > Ta, (1 +x)P?,
and destabilizes the system, if
{e(14+x) + QiPY < Tx, (1 +x) P,

when gravity increases upwards from its value go (i.e., A > 0).

In the absence of rotation, magnetic field has destabilizing effect on the
system, when gravity increases upwards from its value go (i.e., A > 0). From
equation (54), we get

dRy B’

— = 58
which is positive implying thereby that the stable solute gradient has a sta-
bilizing effect. This stabilizing effect is an agreement of the earlier work of
Sharma and Rana [17],

It is evident from equation (54) that

ARy (0+x* {1 Ta (4% (59)
dP AB |P2 {e(14x) 4+ QPP

From equation (58), we observe that medium permeability has destabilizing
effect when {e (1 +x) + Q]P}z < Ta, (1+x) P? and medium permeability has
a stabilizing effect when {e (1 +x) + Q]P}2 > Ta, (1 +%) P2, when gravity in-
creases upwards from its value gy (i.e. A >0 ).
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In the absence of rotation and for constant gravity field % is always nega-
tive implying thereby the destabilizing effect of medium permeability which is
identical with the result as derived by Rana and Kumar [11], Rana and Kango
[10].

The dispersion relation (54) is analyzed numerically. Graphs have been plot-
ted by giving some numerical values to the parameters, to depict the stability
characteristics.

In Fig. 1, Rayleigh number Ry is plotted against suspended particles B for
A=2,Ta, =5 €=05P=02 Q =10, S; = 10, B’ = 2 for fixed wave
numbers x = 0.2, x = 0.5, and x = 0.8. For the wave numbers x = 0.2,x = 0.5,
and x = 0.8, suspended particles have a destabilizing effect.

In Fig. 2, Rayleigh number R; is plotted against rotation Ta, for B = 3,
A=2,e=02,P=02 Q; =10, S4 = 10, B’ = 2 for fixed wave numbers
x = 0.2,x = 0.5, and x = 0.8. This shows that rotation has a stabilizing effect
for fixed wave numbers x = 0.2,x = 0.5, and x = 0.8.

In Fig. 3, Rayleigh number R; is plotted magnetic field Q; for B = 3,
A=2,e=02 Ty, =5 P =027 =10, B' = 2 for fixed wave numbers
x = 0.2,x = 0.5, and x = 0.8. This shows that magnetic field has a destabilizing
effect for Q1 = 0.1 to 1.5 and has a stabilizing effect for Q; = 1.5 to 10.

B0 -

a0 -
T ) ——x=0.2
- 30 -
= ¥=0.5
20 4
—k—x=0.8

Figure 1: Variation of Rayleigh number R; with suspended particles B for
A=2Ty, =5Q =10, e =02,P =0.2,S1 =10, B’ = 2 for fixed wave
numbers x = 0.2,x = 0.5, and x = 0.8.
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Figure 2: Variation of Rayleigh number R; with magnetic field S; for B = 3,
A=2,e=0.2,P =02 Ty, =5,Q =10, for fixed wave numbers x = 0.2,x =
0.5, and x = 0.8.
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Figure 3: Variation of Rayleigh number R; with magnetic field Q; for B =
33A=2,e=02,P=02Ty, =5,5 =10,B’ = 2 for fixed wave numbers
x =0.2,x = 0.5, and x = 0.8.
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Figure 4: Variation of Rayleigh number Ry with magnetic field S; for B =3,A =
2,e=0.2,P=0.2,Ta, =5,Q7 =10 for fixed wave numbers x = 0.2,x = 0.5,
and x = 0.8.

In Fig. 4, Rayleigh number R; is plotted against stable solute gradient B’
for B=3,A=2€=0.2,P=0.2,Q; =10, S; = 10, for fixed wave numbers
x = 0.2,x = 0.5, and x = 0.8. This shows that the stable solute gradient has a
stabilizing effect for fixed wave numbers x = 0.2,x = 0.5 and x = 0.8.

In Fig. 5, Rayleigh number R; is plotted against medium permeability P for
B=3,A=2,e=02,Ta, =5, Q1 =2,5 =10, B’ = 2 for fixed wave numbers
x = 0.2,x = 0.5, and x = 0.8. This shows that medium permeability has a
destabilizing effect for P = 0.1 to 0.8 and has a stabilizing effect for P = 0.8
to 2.0.

7 Conclusion

The thermosolutal instability of Rivlin-Ericksen elastico-viscous rotating fluid
permeated with suspended particles and variable gravity field in porous medium
in hydromagnetics has been investigated. For the stationary convection, it has
been found that the rotation has stabilizing effect on the system as gravity
increases upward from its value gy (i.e. for A > 0). The stable solute gradi-
ent has stabilizing effect on the system and is independent of gravity field.
The suspended particles are found to have destabilizing effect on the system
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Figure 5: Variation of Rayleigh number Ry with medium permeability P for
B=3,A=2,Q1=2,e=0.2,Ty, =5, =10,B’ = 2 for fixed wave numbers
x =0.2,x = 0.5 and x = 0.8.

as gravity increases upward from its value gy (i.e. for A > 0) whereas the
medium permeability has a stabilizing / destabilizing effect on the system
for {e (14+x)+ QiPY* < Ta, (14+x)P?/ {e (1 +x) + Q1PY > Ta, (1 +x)P?,
as gravity increases upward from its value gy (i.e. for A > 0). The magnetic
field has stabilizing destabilizing effecton the system for {e (1 + x) + Q1P}2 >
Ta, (1+x) P2/{le(1+x)+ Q]P}2 < Ta, (1+x) P2, as gravity increases upward
from its value go (i.e. for A > 0). The presence of rotation, gravity field, sus-
pended particles and viscoelasticity introduces oscillatory modes. The effects
of rotation, suspended particles and medium permeability on thermal insta-
bility have also been shown graphically.
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Nomenclature

q Velocity of fluid

dd Velocity of suspended particles
P Pressure

g Gravitational acceleration vector
g Gravitational acceleration

ki Medium permeability

T Temperature

t Time coordinate

cr Heat capacity of fluid

Cpt Heat capacity of particles

mN Mass of the particle per unit volume
k Wave number of disturbance
Kx,ky ~ Wave numbers in x and y directions
1 Thermal Prandtl number

Py Dimensionless medium permeability
Q Magnetic field

Ta Taylor number

Symbols

€ Medium porosity

p  Fluid density

w  Fluid viscosity

w  Fluid viscoelasticity

v Kinematic viscosity

v’ Kinematic viscoelasticity

1 Particle radius

k  Thermal diffusitivity

k' Solute diffusivity

« Thermal coefficient of expansion

o’ Solvent coefficient of expansion

p Adverse temperature gradient

B’ Solute gradient

© Perturbation in temperature

n  Growth rate of the disturbance
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0  Perturbation in respective physical quantity
(¢ z-component of vorticity

&  z-component of current density

Q Rotation vector having components (0, 0, Q)
v  Perturbation in solute concentration

e Magnetic permeability
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Some applications of differential
subordination to certain subclass of
p-valent meromorphic functions involving
convolution

Abstract. By using the principle of differential subordination, we in-
troduce subclass of p-valent meromorphic functions involving convolution
and investigate various properties for this subclass. We also indicate rele-
vant connections of the various results presented in this paper with those
obtained in earlier works.
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1 Introduction

For any integer m > —p, let L, 1, denote the class of all meromorphic functions
f of the form

flz) =27+ ) az (peN={1,2,...}), (1)
k=m

which are analytic and p-valent in the punctured disc U* ={z € C:0 < |z| <
1} = U\{0}. For convenience, we write L, 41 = Z,. If f and g are analytic in

2010 Mathematics Subject Classification: 30C45
Key words and phrases: differential subordination, Hadamard product (convolution),
meromorphic function, hypergeometric function

46
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U, we say that f is subordinate to g, written symbolically as, f < g or f(z) <
g(z), if there exists a Schwarz function w, which (by definition) is analytic in
U with w(0) = 0 and w(z)| < 1(z € U) such that f(z) = g(w(z)) (z € U).
In particular, if the function g is univalent in U, we have the equivalence (see
[10] and [11]):

f(z) < g(z) & f(0) = g(0) and f(U) C g(U).
For functions f € Ly, given by (1), and g € L, 1, defined by
9(z) =z P+ ) bz" (m>—p;p eN), (2)
k=m
then the Hadamard product (or convolution) of f and g is given by
(fxg)=zP+ ) abz=(gxfz) (m>-—ppeN). (3)
k=m
For complex parameters
(X])"')O(qand Biy.eesBs (B) Z Za ={0,—-1,-2,...% j= 1,2,...,8),

we now define the generalized hypergeometric function Fs(o1, ..., &q; B1,.. .,
Bs;z) by (see, for example, [14, p. 19])

_ =y (e (@ 2*
qu(Och..-»o‘q»Bh---)stZ)_é (B])k---(ﬁs)k.k! (4)

(g <s+1;q,s € No=NU{0}; z € U),

where (0)y is the Pochhammer symbol defined, in terms of the Gamma func-
tion I', by

(0) _Te+v) _[1 (v=0;6 € C* =C\{0}), 5)
YUorme o 1 e0—-1)...06+v—-1) (veN;0e€C).
Corresponding to the function hy (o, ..., 0tg; B1y. .., Bs; z), defined by
hp (&1, .oy g5 By ooy Bs;2) =27 P gFs(@ry ooy g Bryenny Bsyz)y  (6)

we consider a linear operator

Hp (oo g Bryeey Bsyz)  Zp — Ly,
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which is defined by the following Hadamard product (or convolution):

Hp(otry ooy g5 By ovy Bs)f(2) = hplotry . ovy &g; Bry ooy Bsy 2) + f(2). (7)

We observe that, for a function f(z) of the form (1), we have

Hp (01, .oy &gs Bry ooy B)F(2) =2 P+ ) T g (1) @iz, (8)
k=m
where (o) (e
(06 cee | X
Moy (001) = L T (9)

(Bl)k+p (Bs)k-&-p(k"f—]?)!'

If, for convenience, we write

Hp,q,s(oﬂ) = Hp((xhu-)“q;ﬁla“') Bs)a

then one can easily verify from the definition (7) that (see [8])
2(Hp,q.5(01)f(2)) = oiHyp q.s(01 + 1)F(2) — (07 +p)Hp qs(c1)f(2).  (10)
For m = —p + 1(p € N), the linear operator H, q(x1) was investigated
recently by Liu and Srivastava [8] and Aouf [2].
In particular, for q = 2,s = 1,01 > 0,31 > 0 and ay = 1, we obtain the
linear operator

Hp (o, 1, B1) f(2) = €y (0, B1)f(2)  (f € Lp),

which was introduced and studied by Liu and Srivastava [7].
We note that, for any integer n > —p and f € X,

1

. _ pn+p—1 -
Hp21(n+p,1;1)f(z) =D f(z) = ZP (1 — z)ntp

*f(z),

where D™P~1 is the differential operator studied by Uralegaddi and Somanatha
[16] and Aouf [1].

For functions f, g € X} m, we define the linear operator D}\‘,p (fxg): Zpm —
Lom A>0; peN; neNg) by

D, (Fxg)(z) = (Fxg)(2), (11)
D), (fxg)(z) = Dry(f*g)(z)
= (I—A)(f*g)( )+ AzP (2P (fx g)(z)) (12)

= 7P+Z Ak +p)] ai bz (A>0; peN),
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D3, (fxg)(z) = D(D),(f*g))(z)
= (1=A)D,(fxg)(z) + Az P (2P D} ,(f x ) (2))

= 2P+ ) [ +Ak+p)Pabez® (A >0; p e N),

k=m
and (in general)
D}, (f+ g)(z) = D(DY (F+ g)(2))
— 13
=z P+ Z 0+ 7\(k+p)]“akbkzk (7\ > 0) ( )

k=m

From (13) it is easy to verify that:

2 xp(f*g)(z))’z%D;;‘(f*g)(z)—(p+%mxp(f*g)(z) (A>0). (14)

For m = 0 the linear operator D}, (f x g) was introduced by Aouf et al. [4].

Making use of the principle of differential subordination as well as the linear
operator D;"p(f * g), we now introduce a subclass of the function class X, 1, as
follows:

For fixed parameters A and B (—1 < B < A < 1), we say that a function f €
2,m is in the class Z}tp’m(f* g; A, B), if it satisfies the following subordination
condition:

DR (Fxg)(2) 14+Az
P “ 118z
In view of the definition of subordination, (15) is equivalent to the following
condition:

(15)

(D}, [+ g) (2)) +p
BzP (D} (f * g)(2)) + pA

<1 (zelU).

For convenience, we write

20
?,p (f*9;1 _p)_1> :Z;\l,p (f*g;C) )

where Z?)p (f * g;C) denotes the class of functions f(z) € L, satisfying the
following inequality:

R {2 (DR, (Fg) (2)} > ¢ (0<C<pzel).
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We note that:

(1) For by = A =1 in (15), the class Z}\"p’m(f * g; A, B) reduces to the class
L5 m(A,B) introduced and studied by Srivastava and Patel [15];

(i) For by = T} q,s (1), where T, g s (1) is given by (9), and n = 0 in (15),
we have Z}\"P(f*g;/\, B) = L7 s (o1, A, B), where the class L7, (o1, A, B)
introduced and studied by Aouf [3].

(iii) For q = 2, s = 1,01 = a > 0,31 = ¢ > 0 and & = 1, we have
Zg}q’s(oq,A,B) = Yqc(p;m, A, B), where the class Zyc(p;m, A,B) was
studied by Patel and Cho [13].

2 Preliminary lemmas

In order to establish our main results, we need the following lemmas.

Lemma 1 [6]. Let the function h be analytic and convex (univalent) in U with
h(0) = 1. Suppose also that the function @ given by

e(z) =1+ Cp+mzp+m + Cp+m+1zp+m+] +oe (16)

i analytic in W. If

<h(z) (Rly) >0y #0), (17)

then

z
0(z) <P(z) = —F zim Jtpl/m—m(t)dt < h(z),
and \p is the best dominant.

For real or complex numbers a,b and ¢ (c ¢ Z; ), the Gaussian hypergeo-
metric function is defined by

ab z ala+Nbb+1) 22
2hila,bigz) =1+ AT cle+1) " (18)
We note that the above series converges absolutely for z € U and hence rep-
resents an analytic function in U (see, for details [17, Chapter 14]).

Each of the identities (asserted by Lemma 2 below) is well-known (cf., e.g.,

[17, Chapter 14]).
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Lemma 2 [17, Chapter 14]. For real or complex parameters a,b and c (c ¢
Zy)
0/

1

b—1(1 _ y\c=b-1(7 _ —a 34 r(b)r P
lt (1—1) (1—zt) %dt = o) 2Fi(a, b;c;z) (19)
(%(c) > R(b) > 0),
2Fila,bieiz) = (1-2)° 2Fi(a,e = bye; ——), (20)

JFi(a,biciz) = oFi(a,b—Ticiz) + %2F1(a+ LbctTz).  (21)

3 Main results

Unless otherwise mentioned, we assume throughout this paper that A,u >
O,m>—p, pe NyneNjand g is given by (2).

Theorem 1 Let the function f defined by (1) satisfying the following subor-
dination condition:

(1 —W)z2P (DR (Fx 9)(2)) + uP (DR (2 9)(2)) 1+ Az

- p “ 138z
Then . )
zPTH(DR, (f* g)(2)) 1+ Az
— ! —_— 22
, <6(2) < 75, (22)
where the function G given by
— . 1 . B
oo { BHO= D08 TR0 Tty + 100 (B2£0)
is the best dominant of (22). Furthermore,
DR (F % g)(2)
N {— )"pp J >& (zel), (23)

where

a—{ g+ =30 =B 2F(L g + hesr) (B#0)
1

= A B
T Anlprm)+1 (B=0).

The estimate in (23) is the best possible.
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Proof. Consider the function ¢ defined by

+1(Pn * !
¢(z) - (Dx’p: 9)(z)) (zel). (24)

Then @ is of the form (16) and is analytic in U. Differentiating (24) with
respect to z and using (14), we obtain

(1= WzP (DR (F % g)(2)) + uzP T (DR (F % g) (2))

P
’ 1 + Az
= A .
¢(2) + Az (z) < 3=
Now, by using Lemma 1 for 3 = 5-, we obtain
p+l(pn (f !
_Z ( 7\yp( *g)(z)) _<g(z) _ 7] Z_?\H(lj+m t?xuv+m -1 < +At>
P Au(p +m)

JErEe (
by change of variables followed by the use of the identities (19), (20) and
1 . .
(21) (witha=1,c=b+1,b = ﬂ) This proves the assertion (22) of
Theorem 1.
Next, in order to prove the assertion (23) of Theorem 1, it suffices to show
that

_{ §+(1—Am+Bz)f1zF1(1,1;M,;+m)+1;1Eg1) (B #0)
B=0

inf {R(G(2))} = G(-1). (25)

|z|<1

Indeed we have, for |z] <1 <1,

g)r{<]+AZ> - 1—Ar'

1+Bz) ~ 1—Br
Upon setting

1+ACZ and dv(() = — ' ¢mmElag (0 < ¢ < 1),

9(62) = 75, A(p + )

which is a positive measure on the closed interval [0, 1], we get

1
Glz) = Jg(c, 2)av(Q),
0
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so that
1—-Alr

1
0

) dv(¢) =g(—r) (zZl<r<1).

Letting r — 17 in the above inequality, we obtain the assertion (23) of Theo-
rem 1.

Finally, the estimate in (23) is the best possible as the function G is the best
dominant of (22). O

Taking u = 1in Theorem 1, we obtain the following corollary.

Corollary 1 The following inclusion property holds for the function class
p(fxg A B):

Sl (Fx g A B) C IR, (Fx g B) C IR, n(f % G; A, B),

where
s [ BTO—DO=B R0 TEg i) (B£0)

The result is the best possible.

Takingu=1,A=1— %‘T (0 <0< p)and B=—1 in Theorem 1, we obtain
the following corollary.

Corollary 2 The following inclusion property holds for the function class

pm(frgo):
i (fxg0) C IR, L (FxgiB)) C IRy w(f* g;0),
where

1 1
B:G‘F(P_U){ZFI(])];M+]§2)—]}'

The result is the best possible.

Theorem 2 Iff € Z}\‘)p’m(f* g;0) (0 <0 < p), then

2 {2 (1= W)(DR, (1 9)(2)) + (DL (T 9)(2))| } > 0 (12 <R), (26)

where 1

p+m

R= {\/1 —i—?\zuz(p—i—m)z—?\u(p—l—m)}

The result is the best possible.



54 T. M. Seoudy, M. K. Aouf

Proof. Since f € Z}\‘)p(f * g;0), we write

— 2P (DY (fxg)(z)) =0+ (p—0)ulz) (zeU). (27)

Then, clearly, u is of the form (16), is analytic in U, and has a positive real
part in U. Differentiating (27) with respect to z and using (14), we obtain

P (1 — W) (DL (f = (DM (f 1+0
(- WD, (5 )(=)) + (DR (Fx 9)(2)] o) (e

p—906
(28)

Now, by applying the well-known estimate [5]

’zu/ (z)
R{u(z)

(p+mjrP™

T 2 (lzZl =r<1)

2
=
in (28), we obtain

P [(1= (DR, (F 9)(2)) + (D} (5 )(2) ] +0

R
poe (29)
2Au(p + m)rptm
(1 = r20ptm))

> R{u(z)}. (1

It is easily seen that the right-hand side of (29) is positive provided that r < R,
where R is given as in Theorem 2. This proves the assertion (26) of Theorem
2.

In order to show that the bound R is the best possible, we consider the
function f € X, 1y defined by

—PH DR (Fxg)(2) =0+ (p—0) 53— (0<B8<ppeNzell).

Noting that

2P| (1= (DR, (F+ 9)(2)) + W(DLS (£ 9)(z)) | +0

p—96
1 — 2P 4 2Apu(p + m)zPt™ B

o (1 — zptm)2

in
p+m

1
for z = Rr+m exp ( ), we complete the proof of Theorem 2. [l

Putting © =1 in Theorem 2, we obtain the following result.
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Corollary 3 If f € prm(f* g;0) (0 <0 < p;p € N), then f satisfies the

condition of Z;\‘Jrr)]m(f x g;0) for|z| < R*, where

1

R* :{ 1+)\2(p+m)2—?\(p+m)}p+m.

The result is the best possible.

Theorem 3 Let f € Z)\pm(f* g;A,B) and let
6 z
_ S+p—1 .
Fsp(f)(z) = Zéﬂ’Jt PPt dt (6>0ze U). (30)
0
Then B ,
P (DR, (Fsp (f) % g)(2)) 1+Az
_ ) ’ < d E— 31
» (2) < 05, (31)
where the function @ given by
O(z) = FH0—=5)0+B2) 2R (L, 120 + T 52%) (B#0)
1+ éerer/\z (B =0),
is the best dominant of (31). Furthermore,
ZPHDN (Fso(F) % g)(2)
m{_ (D} ( r REIC) PR, )
where
£ = %+(16—*)(1 —B) R, opn + 1 g5y) (B#0)
1= s (B=0).
The result is the best possible.
Proof. Defining the function ¢ by
PN DY (Fsp(f) + g)(2))
olz) =~ 0P TIRED (e ), (33)

P

we note that ¢ is of the form (16) and is analytic in U. Using the following
operator identity:

2(DR (Fsp(f) * g)(2))" = 8DR, (F 5 )(2) — (54 P)DRy (Fop(f) % 9)(z)  (34)
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in (33) and differentiating the resulting equation with respect to z, we find
that

DY (Fr)(2) ()4 20 1+Az

P ¢ 5 1+Bz
Now the remaining part of Theorem 3 follows by employing the techniques
that we used in proving Theorem 1 above. 0

Remark 1 By observing that

DR, (Fop(f) % 9)(2) = ijtf’*v(m (fxg)(t) dt (f € Tpmiz € W),
0

(35)
the following statement holds. If 8 >0 and f € X}, m(fxg;A,B), then

z
) /
R — - th’ﬂ’(D“ (fxg)(t)) dt p > &* (z € U),
P 0
&* is given as in Theorem 3.

In view of (35), Theorem 3 for A =1 — %e 0<O0<ppeN)and B=-1
yields.

Corollary 4 If 6 > 0 and if f € L, satisfies the following inequality
R DR (4 )(2) } >0 (0<B8<ppeNzel)
then
—d

%y 7 j(%(f*g)( 1) dt
0

5 1
—0) |,F (1,1; =) —1 u).
>0+ (p 6){21<,,p+m+,) }(ze)

2

The result is the best possible.

Theorem 4 Let f € L, . Suppose also that h € L, i satisfies the following
nequality:

R{2P(Dy,(hxg)(z))} >0 (zel).
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If
DY (f*xg)(z
Q’P( I 3l o1 ew,
Dy (h*g)(2)
then
2(D},(f* g)(2))
R — P 0 R
where
1
R Vop +m)P2 +4p2p+m)—3(p+m)| "™
0 22p+m)
Proof. Letting
DY _(f*g)(z
W(Z) %) 9) ) 1= tp+mz‘p+m +tp+m+]z‘p+m+1 4+ (36)

~ Dy, (hxg)(z)

we note that w is analytic in U, with w(0) = 0 and [w(z)| < [zZP™™ (z € U).
Then, by applying the familiar Schwarz’s lemma [12], we obtain

w(z) = 2P T™Y(z),

where the functions ¥ is analytic in U and [¥(z)| < 1(z € U). Therefore, (36)
leads us to

ap(f*9)(z) =Dy (hxg)(z) (1+ ZPTMY(z)) (zeU). (37)

Differentiating (37) logarithmically with respect to z, we obtain

2D}, (Fg)(z) DY (heg)z) 2 {(p+m¥(E) +2¥ () N
D;\"p(f*g)(z) N D)T\‘)p(h*g)(z) + 1+ zPtmY(z) - (38)

Putting @(z) = ZPD}\"p(h * g)(z), we see that the function ¢ is of the form
(16), is analytic in U, R{e(z)} > 0(z € U) and

’

2(D},(hxg)(2)  z¢'(z)
Dy (hxg)(z)  o(z)

- P



58 T. M. Seoudy, M. K. Aouf

so that we find from (38) that

2D}, (F* 9)(2)
”{ D}, [T+ 9)(2) }

! 39
> 2¢'(2) Zptm {(p +m)¥(z) + z¥ (z)} | (39)
=P ©(z) B 1+ zp+tmy(z) (zel).
Now, by using the following known estimates [9]
o'(2)| _2p+mprmt
©(z) = 1 — 2(p+m) (lzl =r<T1)
and
(p+m¥(z) +2¥'(z)| _ (p+m)
< —r<]
1+ zPrmy(z) Sy (H=T<D)
in (39), we obtain
z(DY (f * z ' — p+m __ 2(p+m)
o AP 9)@) | p=3p+m™ = (2Zp+ mr (ll=r<1),
Dyp(f* g)(z) 1 — 2

which is certainly positive, provided that r < Ry, Ry being given as in Theorem
4. O
Theorem 5 If f € L, msatisfies the following subordination condition

1+ Az

1
(1= w)2PDR, (f* g)(2) + pzP DY (F* g)(2) < 1+B2

then , :
R{ZPDy,(fxg)(z)}? >&a (deN;zel),

where & is given as in Theorem 1. The result is the best possible.

Proof. Defining the function ¢ by
¢(z) =2°Dy,(fx g)(z) (f € Lpym;z € U), (40)

we see that the function ¢ is of the form (16) and is analytic in U. Differenti-
ating (40) with respect to z and using the identity (14), we obtain

14+ Az
1+Bz"

(1= W2PDR, (F % 9)(2) + n2P DRy (F % 9)(2) = @(2) + Anuze'(2) <
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Now, by following the lines of the proof of Theorem 1 mutatis mutandis, and
using the elementary inequality:

% (Wi ) = (Bw)d (R(w) > 0;d € N),
we arrive at the result asserted by Theorem 5. ]

Remark 2 (i) Taking by = A =1 in the above results, we obtain the results
obtained by Srivastava and Patel [15];

(i1) Taking by = T qs (1), where T}, qs (1) is given by (9), and n = 0 in
the above results, we obtain the results obtained by Aouf [3].
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On some Ringel-Hall numbers in tame
cases
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Abstract. Let k be a finite field and consider the finite dimensional path
algebra kQ, where Q is a quiver of tame type i.e. of type An, Dm E6, E7, Es.
Let H(kQ) be the corresponding Ringel-Hall algebra. We are going to de-
termine the Ringel-Hall numbers of the form F';;, with P, P/ preprojective
indecomposables of defect -1 and F& with I, 1’ preinjective indecompo-
sables of defect 1. It turns out that these numbers are either 1 or 0.

1 Introduction

Let k be a finite field with q elements and consider the path algebra kQ
where Q is a quiver of tame type i.e. of type An, Dn, Eg, E7, Es. When Q is
of type An we exclude the cyclic orientation. So kQ is a finite dimensional
tame hereditary algebra with the category of finite dimensional (hence finite)
right modules denoted by mod-kQ. Let [M] be the isomorphism class of M €
mod-kQ. The category mod-kQ can and will be identified with the category
rep-kQ of the finite dimensional k-representations of the quiver Q = (Qo =
{1,2,...,n} Q). Here Qo = {1,2,...,n} denotes the set of vertices of the
quiver, Q1 the set of arrows and for an arrow o« we denote by s(«) the starting
point of the arrow and by e(«) its endpoint. Recall that a k-representation of
Q is defined as a set of finite dimensional k-spaces {V;/i = T,n} corresponding
to the vertices together with k-linear maps Vi : V(«) — Vi(«) corresponding
to the arrows. The dimension of a module M = (Vi, V) € mod-kQ = rep-kQ

2010 Mathematics Subject Classification: 16G20
Key words and phrases: tame hereditary algebra, Ringel-Hall algebra, Ringel-Hall num-
bers

61
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is then dimM = (dimy V;)
a <biff by —a; > 0 Vi.

Let P(i) and I(i) be the projective and injective indecomposable correspond-
ing to the vertex i and consider the Cartan matrix Cq with the j-th column
being dimP(j). We have a biliniar form on Z" defined as (a,b) = aCétbt.
Then for two modules X,Y € mod-kQ we get

(dimX, dimY) = dimy Hom(X, Y) — dimy Ext' (X, Y).

€ Z™. For a = (ai),b = (by) € Z™ we say that

11n

We denote by q the quadratic form defined by q(a) = (a, a). Then q is positive
semi-definite with radical Zb, that is {a € Z™|q(a) = 0} = Zb. Here b is known
for each type An, Dn, Eg, E7, Eg (see [4]). A vector a € N is called positive real
root of q if q(a) = 1. It is known (see [4]) that for all positive roots a there is
a unique indecomposable module M € mod-kQ (unique up to isomorphism)
with dimM = a. The rest of the indecomposables are of dimension td, with t
positive integers. The defect of a module M is OM = (8, dimM) = —(dimM, §).
For a short exact sequence 0 - X — Y — Z — 0 we have that 0Y = 0X + 0Z.

Consider the Auslander-Reiten translates T = D Ext'(— kQ) and 7! =
Ext'(D(kQ),—), where D = Homy(—, k). An indecomposable module M is
preprojective (preinjective) if exists a positive integer m such that t™(M) =0
(T7™(M) = 0). Otherwise M is said to be regular. Note that the dimension vec-
tors of preprojective and preinjective indecomposables are positive real roots
of q. A module is preprojective (preinjective, regular) if every indecomposable
component is preprojective (preinjective, regular). Note that an indecompos-
able module M is preprojective (preinjective, regular) iff oM < 0 (M > 0,
oM = 0). Moreover if Q is of type An then OM = —1 for M preprojective
indecomposable and 0M = 1 for M preinjective indecomposable.

We consider now the rational Ringel-Hall algebra #(kQ) of the algebra kQ.
Its Q-basis is formed by the isomorphism classes [M] from mod-kQ and the
multiplication is defined by

The structure constants FM}NZ =H{M D Ul U = N,, M/U = N;}| are called
Ringel-Hall numbers. It is well-known that Ringel-Hall algebras play an impor-
tant role in linking representation theory with the theory of quantum groups.
They also appear in cluster theory. This is why it is important to know the
structure of these algebras, by deriving formulas for Ringel-Hall numbers.
When Q is the Kronecker quiver (i.e. of type A1) then the Ringel-Hall num-
bers were determined in [7] and [3]. It was shown that for P, P’ preprojective
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indecomposables the Ringel-Hall numbers F;{, are 0 or 1. A dual statement
could be formulated for preinjectives. This result was important since it played
a crucial role in obtaining other formulas for Ringel-Hall numbers.

Our main theorem generalizes this result for every tame case. More precisely
we show that the Ringel-Hall numbers of the form FP]; with P, P’ preprojective
indecomposables of defect -1 and F x with I, 1" preinjective indecomposables
of defect 1 are either 1 or 0. We also describe the modules X for which these
Ringel-Hall numbers are 1.

We should remark that the main result of this paper is a fundamental tool
in obtaining other important formulas for the Ringel-Hall products in tame
cases (see also the paper [9]).

Finally we note that the left to right implication part of Lemma 4 appears
as main result in [10], however for the sake of completeness we include the full
proof of it.

2 Facts on tame hereditary algebras

For a detailed description of the forthcoming notions we refer to [1],[2],[4],[6]
and [12].

Let k be a finite field with q elements and consider the path algebra kQ
where Q is a quiver of tame type.

The vertices of the Auslander-Reiten quiver of kQ are the isomorphism
classes of indecomposables and its arrows correspond to the so-called irre-
ducible maps. It will have a preprojective component (with all the isoclasses
of preprojective indecomposables), a preinjective component (with all the iso-
classes of preinjective indecomposables). All the other components (containing
the isoclasses of regular indecomposables) are “tubes” of the form ZA.,/m,
where m is the rank of the tube. The tubes are indexed by the points of the
scheme IP)IL, the degree of a point x € IP’]L being denoted by degx. A tube of rank
1 is called homogeneous, otherwise it is called non-homogeneous. We have at
most 3 non-homogeneous tubes indexed by points x of degree degx = 1. All
the other tubes are homogeneous. Notice that the number of points x € IP’]
of degree 1 is q + 1 and there are N(q,1) = | Zdu p )q¢ points of degree
1l > 2, where pn is the Mdbius function and N(q,1) is the number of monic,
irreducible polynomials of degree 1 over a field with q elements (see [12]).

Indecomposables from different tubes have no nonzero homomorphisms and
no non-trivial extensions. Note that all regular modules form an extension-
closed abelian subcategory of mod-kQ, the simple objects in this subcate-
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gory being called quasi-simple modules; any indecomposable regular module
is regular uniserial and hence it is uniquely determined by its quasi-socle and
quasi-length, and also by its quasi-top and quasi-length.

In case of a homogeneous tube Ty we have a single quasi-simple regular
denoted by Ry[1] with dimR4[1] = (degx)d, which lies on the “mouth” of
the tube. Ry[t] will denote the regular indecomposable with quasi-socle Ry[1]
and quasi-length t. In case of a non-homogeneous tube 1, of rank m on the
mouth of the tube we have m quasi-simples denoted by R;[]] i= 1,7111 such
that ZlL diimR;[H = 9. R;[t] will denote the regular indecomposable with
quasi-socle R;[H and quasi-length t.

The following lemma is well-known.

Lemma 1 a) For P preprojective, 1 preinjective, and R reqular module we have
Hom(R, P) = Hom(I,P) = Hom(I,R) = Ext' (P,R) = Ext' (P, 1) = Ext'(R,I) =
0.

b) If x # x' and Ry (Ry/) is a reqular with components from the tube Ty
(Ty/), then Hom(Ry, Ry/) = Ext! (Ry, Ry/) = 0.

c) For tx homogeneous and Ry[t], Ry[t'] indecomposables from Ty we have
dimy Hom(Ry [t], Ry[t]) = dimy Ext'(Ry[t], Re[t’]) = min(t, t’) degx.

d) For T, non-homogeneous of rank m and RL[t] an indecomposable from Ty
such that lm < t < (14 1)m we have dimy End(RL[t]) =1+ 1.

e) For Ty non-homogeneous of rank m and RL[t] an indecomposable from Ty
such that lm < t < (1+ 1)m we have dimy Ext' (RL[t], RE[E]) = 1.

f) For P preprojective and 1 preinjective indecomposable modules we have
End(P) = k, End(I) = k, |Aut(P)| = |Aut(I)] = q — 1 and Ext'(P,P) =
Ext'(I,1) = 0.

3 Some Ringel-Hall numbers

Consider the Ringel-Hall numbers of the form qu/, with P, P’ preprojetive in-
decomposables of defect -1 and F};( with I, I’ preinjective indecomposables of
defect 1. We are going to show that these numbers are either 1 or 0.

We consider the preprojective case, the preinjective case being dual. We
begin with some lemmas. The first lemma is well known (see for example in

[11]).

Lemma 2 Let P be a preprojective indecomposable with defect OP = —1, P/ a
preprojective module and R a reqular indecomposable. Then we have:
a) Every nonzero morphism f: P — P’ is a monomorphism.



Ringel-Hall numbers 65

b) For every nonzero morphism f: P — R, f is either a monomorphism or
Imf is reqular. In particular if R is quasi-simple and Imf is reqular then f is
an epimorphism.

Proof. a) Consider the short exact sequence 0 — Ker f — P — Im f — 0. Since
Kerf C P and Imf C P’ we have that Ker f and Im f are either preprojective
(so with negative defect) or 0. Moreover we have that 0 Ker f +0Imf = 0P =
—1 and we know that Imf # 0 (since f is nonzero). It follows that Ker f = 0.

b) Consider the short exact sequence 0 — Kerf — P — Imf — 0. Since
Ker f C P we have that Ker f is either preprojective (so with negative defect)
or 0. On the other hand Im f C R implies that Im f can contain preprojectives
and regulars as direct summands (and it is nonzero since f is nonzero). The
equality 0 Kerf + 0Imf = 0P = —1 gives us two cases. When 0 Kerf = 0
then Ker f is 0 so f is monomorphism. In the second case (when 0 Ker f = —1)
0Imf =0, so Imf can contain just regular direct summands. O

Lemma 3 Let P be a preprojective indecomposable with defect 9P = —1 (Then
dimP # & since dimP is a positive real root of q).

a) Suppose that dimP > 6. Then P projects to the quasi-simple reqular Ry[1]
from each homogeneous tube T, with (degx)d < dimP. Also P projects to a
unique quasi-simple reqular from the mouth of each non-homogeneous tube Ty.
We will denote these quasi-simple requlars by RE[1] where for T, homogeneous
with (degx)d < dim P we have RE[]] = R, [1].

b) Suppose that dimP < &. Then P projects at most to a single quasi-simple
regular from each non-homogeneous tube T, denoted by RE[1].

Proof. a) Suppose that Ry[1] denotes the quasi-simple regular from the mouth
of the homogeneous tube T, with dimRy[1] = (degx)d < dimP. Then we have
Ext](P, Rx[1]) =0 (see Lemma 1) so

dimy HOIH(P, Rx[”) = <dlimp» @Rx[1]> = <dlimpa (degx)é) =

(degx)(—0P) = degx # 0.

This means that we have a nonzero morphism f : P — R,[1] with dimP >
dimRy[1]. Using Lemma 2 we deduce that f is not a monomorphism, so Im f
is regular and Ry[1] is quasi-simple, which means that f is an epimorphism.
Denote by Ri[1], i = T,m the i-th quasi-simple regular from the mouth of
the non-homogeneous tube Ty of rank m > 2. Notice that this time degx =1,
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S M, dimRi[1] = § and Ext' (P,RY[1]) = 0, so we have

> dimy Hom(P,R{[1]) = ) (dimP, dimRY[1])

i=1 i=1

m
= (dimP, ) dimR{[1]) = (dimP, ) = —0P = 1.

i=1

It follows that 3!ip such that Hom(P, R}f 1 # 0, so we have a nonzero mor-
phism f : P — RY°[1] with dimP > & > dimR[1]. Using Lemma 2 we deduce
that f is not a monomorphism, so Im f is regular and R[] is quasi-simple,
which means that f is an epimorphism. Let RE[H = RY[1].

b) Since dimP < & clearly P could project only on quasi-simple regulars from
non-homogeneous tubes. Denote again by RL[1], i = T, m the i-th quasi-simple
regular on the mouth of the non-homogeneous tube T, of rank m > 2. As above
we can deduce that J!iy such that Hom (P, R;O.[ﬂ) # 0, so we have a nonzero
morphism f : P — RP[1]. But if dimP % dimR}°[1] then f is a monomorphism
and not an epimorphism. O

Remark 1 Notice that dimy, Hom(P,RF[1]) = degx.

Lemma 4 Let P 2 P’ be preprojective indecomposables with defect —1. Then
F;; = 0 iff X satisfies the following conditions:

i) it is a regular module with dimX = dimP’ — dimP;

ii) if it has an indecomposable component from a tube Ty then the quasi-top
of this component is the quasi-simple regular R,':/[H;

iii) its indecomposable components are taken from pairwise different tubes.

Proof. “=” Suppose F';G/, # 0. We will check the conditions i), ii) and iii).

Condition i). Since F%, # 0 we have a short exact sequence 0 — P — P’ —
X — 0. Then dimX = dimP’ — dimP and 0P’ = 0P + 0X, but 0P’ = 0P = —1,
so 0X = 0. Notice that X can’t have preprojective components, for if P” would
be such a component then P/ — P” 22 P’ which is impossible due to Lemma 2
a). So X is regular.

Condition ii). Let R be an indecomposable component of X taken from the
tube Tx. Denote by topR its quasi-top which must be quasi-simple due to
uniseriality. Then P’ — X — R — topR so using Lemma 3 topR = RE .

Condition iii). Suppose X = X' @ Ry & ... @ Ry, where Ry,..., Ry are taken
from the same tube Ty. Then by Condition ii) they have the same quasi-top
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RP'[1] and we have the monomorphism
0 — Hom(X, RY'[1]) — Hom(P/,RY'[1]).

It follows that
dimy Hom(X, Rzl[ﬂ) < dimy Hom(P’, RE/[H) = degx.

We can conclude that

1
dimy Hom(X, RY'[1]) = dimy Hom(X’, RE'[1])+ ) dimy Hom(R;, RE'[1]) < degx,

i=1

dimy Hom(R;, RY ny = degx for Ty homogeneous

and

dim Hom(Ry, RE l[l]) > 1 = degx for T, non-homogeneous.

It follows that 1 =1.

“&” Let R be an indecomposable regular module with dimR < dimP’ sat-
isfying condition ii). By Lemma 2 b) it follows that for a nonzero morphism
f: P’ — R, Imf is regular. We will show that P’ projects on R. Observe that
if R= RE "[1] the assertion is true due to Lemma 3. Suppose now that R is not
a quasi-simple.

If R is from a homogeneous tube T, then R = R,[t], dimR = t(degx)6 and
Hom(P’,R) # 0 since dimy Hom(P’,R) = (dimP’, t(degx)8) = —t(degx)oP’' =
tdeg x. Notice that in the case when there are no epimorphisms in Hom(P’,R)
then using Lemma 2 b) and the uniseriality of regulars we would have
Hom(P’,R) = Hom(P’, R¢[t]) = Hom(P’, Ry [t—1]), a contradiction. So we have
an epimorphism P’ — R. .

If R is from a non-homogeneous tube Ty of rank m then degx =1, R = R [t]
and topR = RE/ 1] = R;[]] (condition ii)). We have that dimR = dimR)[t—1]+
dim(topR), so dimy Hom(P’,R) = (dimP’, dimR)[t—1])+(dimP’, dim(topR)) =
dimy Hom(P’, R, [t—1]) +1 > 0. If there is no epimorphism P’ — R then using
uniseriality and Lemma 2 b) for nonzero f € Hom(P’,R) we have that Im f =
RL[U with 1 <1< t and P’ projects on top Im f so topR[l] = topRL[t] = topR
(see Lemma 3). But this means that t —1 = sm with s > 1 so if t < m we
have a contradiction and if t > m as in the homogeneous case we would have
that Hom(P’, Ry[t]) = Hom(P’,R\[t — m]) that is

0 = (dimP’, dimR} [t] — dimR] [t — m]) = (dimP’,8) =1,

again a contradiction.
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Suppose now that the module X = R; & ... @ Ry satisfies conditions i), ii)
and iii). From the discussion above we have the epimorphisms f; : P’ — R;.
Let f: P/ = X, f(x) = >_ fi(x) the diagonal map. Due to Lemma 2 b) we have
that Im f is regular, so due to uniseriality Imf = R} @ ... ® R/ with R/ C R;.
Since fi = pif are epimorphisms we have that R{ = Ry, so f is an epimorphism.
Notice that Kerf C P’ hence it is preprojective, 0 Kerf = 0P’ — 09X = —1
therefore Ker f is an indecomposable preprojective with dim Ker f = dimP. It
follows that Kerf = P, so we have an exact sequence 0 — P — P/ — X — 0
which implies that F;; # 0. U

Lemma 5 Let P 2 P’ be preprojective indecomposables with defect —1 such
that Hom(P,P’) # 0. Suppose the points y; € }P}L, i=1,s (s =0,1,2,3) are
indezing the non-homogeneous tubes (in case s =0 we have only homogeneous
tubes). Then dimP’ —dimP = to6+ Y § ; 09, where 0 < 0¥ < § and 0¥ (in case
it is nonzero) is the dimension of a regular from the non-homogeneous tube
Ty, with top RE: (1]. In this case dimy Hom(P,P’) =ty + 1 so tg is unique.

Proof. Since Hom(P, P’) # 0 we have a monomorphism P — P’ with factor X
satisfying conditions i),ii),iii) from the previous lemma. It follows that dimP’—
dimP = dimX = t§ + ) ;_; 0y, where 0 < oy (in case it is nonzero) is the
dimension of a regular R; from the non-homogeneous tube T, with top Ryp_: (1].
Suppose o; = ;0 + o‘? with 0 < o‘? < & and 0 < t;. If t; # O then there is a
unique regular Ry; of dimension t; from the non-homogeneous tube Ty, which
embeds into Ri; the factor will be of dimension ¢¢ with top RS: (1] (if oY £0).
Let to =t+ > ;ti.

We show that dimy Hom(P,P’) = ty 4+ 1. Suppose first that we don’t have
non-homogeneous tubes, so we are in the Kronecker case (see [12]). In this
case 6 = (1,1), dimP’ — dimP = t¢4 and then dimy Hom(P,P’) =ty + 1. (see
for example [7] Lemma 2.1). Consider now the case when we do have non-
homogeneous tubes, so s > 1 and suppose tpd + O'(]) # 0 . Then there are
unique regular indecomposables Ry € Ty, of dimension t¢d + O‘(]) and top RHP]’ (1]
and R; € Ty, of dimension G? and top Rg: Mforiel={1= ﬂlog % 0}
Suppose that 1’ = {i = 1,s]0?{ # 0} and |I’| = 1 (where we can have 1 = 0). Let
R = Ry @ (@jc; Ri). It follows from the previous lemma that FE{, # 0 so we
have a short exact sequence 0 — P — P’ — R — 0 which induces the exact
sequences

0 — End(P) — Hom(P,P’) — Hom(P,R) — Ext' (P, P)
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and
0 — End(R) — Hom(P’,R) — Hom(P,R) — Ext' (R,R) — Ext'(P’,R).
We deduce using Lemma 1 and Remark 1 that
dimy Hom(P, P/) = dimy Hom(P,R) + 1 =
dimy Hom(P’, R) 4 dimy Ext' (R, R) — dimy End(R) + 1,

where

S
dimy Hom(P’, R) = (dimP’, dimR) = (dimP’, tod + ¥ o) =to +1,

i=1

dimy Ext' (R, R) = dimy Ext' (R, Ry) + ) dimy Ext' (Ry, Ry) = to,
iel
dim End(R) = dimy End(Ry) + ) dimy End(R;) = to + 1,
iel
so it results that dimy Hom(P,P’) = to + 1. O

The following lemma can be found in [5] or in [8].

Lemma 6 For ty nonnegative integer we have that

to+1
o=t
q—1
(JCX)XGJP’11<
ty € Z,ty >0

> tx(degx) =to

Now we are ready to prove the main theorem.

Theorem 1 Let P %2 P’ be preprojective indecomposables with defect —1. If
Hom(P,P’) = 0 then F%, = 0 for every X. If Hom(P,P’) # 0 then F;ll, =1 for
any X satisfying conditions i), i) and iii) from Lemma 4, otherwise F;; =0.

Proof. Suppose Hom(P,P’) # 0. Then using the notation from Lemma 5
dimP’ —dimP = to8+ Y | ; 09, where 0 < 0¥ < § and o? (in case it is nonzero)
is the dimension of a regular from the non-homogeneous tube Ty, with top
RyPil [1]; also we have dimy Hom(P, P’) = ty+1. Since by Lemma 2 every nonzero
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morphism in Hom(P, P’) is a monomorphism and | Aut(P)| = g — 1. We have
that the number of submodules of P’ which are isomorphic to P is

pr |Hom(P,P)|—1 qtotl —1

YT T AR T g1

A regular module X satisfying conditions i), ii) and iii) from Lemma 4 will be
called of good type. By Lemma 4 we have that

LLI]?’ = Z F])D(P = Z F;P)
(XI X]
X of good type

the terms in the last sum being nonzero. We will count now the number of
nonisomorphic regulars of good type. For T, a homogeneous tube and t > 1
denote by Ry(t) the regular Ry[t] of quasi-length t and let Ry (0) = 0. For Ty,
(i = 1,s) a non-homogeneous tube and t # 0 denote by Ry, (t) the unique
indecomposable from Ty, of dimension td + O'g with top Ryp_: [1]. For t =0 and

o‘? # 0 let Ry, (0) be the unique indecomposable from Ty, of dimension o‘? with
top RUP: [1]. For t =0 and 0'? =0 let Ry, (0) = 0. Then the modules

b Re(ty)

(tX)XEPL
ty € Z,ty > 0
Zx tx(deg X) =t
are nonisomorphic regulars of good type, so by the previous lemma we have
1
at least 9% of them. It follows that

qto-i-] —1

q —1 = Z Ff(P’
(X]
X of good type
the number of nonzero terms in the sum being at least 9%, so the assertion
of the theorem follows. g

Remark 2 [t follows from the previous theorem that for P % P’ preprojective
indecomposables with defect —1 such that Hom(P,P’) # 0 the decomposition
from Lemma 5 dimP’ — dimP = tod + ) |, O'g (where 0 < G? < & and Gg (in
case it is nonzero) is the dimension of a regular from the non-homogeneous
tube Ty, with top RUP: (11) is unique, so both ty and Gg are unique.
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We can dualize the previous results for preinjective modules. So we have the
dual of Lemma 3.

Lemma 7 Let I be a preinjective indecomposable with defect 01 = 1.

a) Suppose that diml > &. Then the quasi-simple regular Ry[1] from each
homogeneous tube T with (degx)d < dim I embeds into 1. Also, a unique quasi-
simple regular from the mouth of each non-homogeneous tube Tty embeds into 1.
We will denote these quasi-simple regulars by R,IC[H, where for T, homogeneous
with (degx)d < dim I we have R,I([ﬂ = R, [1].

b) Suppose that diml < §. Then at most a single quasi-simple regular from
each non-homogeneous tube Ty embeds into 1. We denote this quasi-simple
regular by RL[1].

The dual of Theorem 1 is

Theorem 2 Let I 21’ be preinjective indecomposables with defect 1.

If Hom(I',1) = 0 then Fg( =0 for every X. If Hom(I',1) # 0 then Fg( =1
for X satisfying the conditions i), i) and iii) below, otherwise Fg( =0.

i) X is a regular module with dimX = dimP’ — dimP;

ii) If X has an indecomposable component from a tube Ty then the quasi-socle
of this component is the quasi-simple reqular R)I(/ 1;

iii) The indecomposable components of X are taken from pairwise different
tubes.
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Abstract. Motivated by a recent paper of U. Hohle and T. Kubiak
on regular sup-preserving maps, we investigate a particular Galois-type
connection between relations on one set X to another Y and functions
on the power set P(X) to P(Y).

Since relations can largely be identified with union-preserving set
functions, the results obtained can be used to provide some natural gene-
ralizations of most of the former results on relations and relators (families
of relations). The results on inverses seem to be the only exceptions.

1 Introduction

In this paper, a subset R of a product set XxY is called a relation on X to
Y. And, a function U on the power set P(X) to P(Y) is called a corelation
on X to Y.

Motivated by a recent paper of Hohle and Kubiak [9], for any relation R
on X to Y, we define a correlation R* on X to Y such that R*(A) = R[A]
for all A C X. Moreover, for any correlation U on X to Y, we define a relation
U* on X to Y such that U*(x) = U({x}) for all x € X.

And, we show that the functions x and * establish an interesting Galois-
type connection between the family P (XxY) of all relations on X to Y and
the family Q (X, Y) of all correlations on X to Y, whenever P (X xY) is
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considered to be partially ordered by the ordinary set inclusion and Q (X, Y)
by the pointwise one.

Since relations can largely be identified with union-preserving correlations,
the results obtained can be used to provide some natural generalizations of
most of the former results on relations and relators (families of relations). ( The
most relevant ones are in [21] and [16].) The results on inverse relations and
relators seem to be the only exceptions.

To keep the paper almost completely self-contained, the most important
definitions concerning relations, functions, ordered sets and Galois connec-
tions [5, p. 155] will be briefly listed in the next two preparatory sections in
somewhat novel forms. They will clarify our subsequent results and show the
way to further investigations on Galois-type connections.

2 Relations and functions

A subset F of a product set XxY is called a relation on X to Y. If in particular
F C X2, with X2 = XxX, then we may simply say that F is a relation on X.
In particular, Ax ={(x, x) : x € X} is called the identity relation on X.

If F is a relation on X to Y, then for any x € X and A C X the sets
F(x) ={yeY: (x,y) €F} and F[A] =J,ca Fla) are called the images
of x and A under F respectively. If (x,y) € F, then we may also write xFy.

Moreover, the sets D = {x € X: F(x) # (0} and R = F[X] are called
the domain and range of F, respectively. If in particular D = X, then we say
that F is a relation of X to Y, or that F is a non-partial relation on X to Y.

In particular, a relation f on X to Y is called a function if for each x € Dy
there exists y € Y such that f(x) ={y}. In this case, by identifying singletons
with their elements, we may simply write f(x) =y in place of f(x) ={y}.

Moreover, a function x of X to itself is called a unary operation on X.
While, a function * of X2 to X is called a binary operation on X. And, for
any X,y € X, we usually write x* and x*y instead of x(x) and * ((x, y)).

For any relation Fon X to Y, we may naturally define a set-valued function
F® on X such that F°(x) = F(x) for all x € X. This F® can be identified with
F. However, thus in contrast to F C XxY we already have F® C XxP(Y).

Therefore, instead of F°, it is usually more convenient to work with F or
its selection functions. A function f of Df to Y is called a selection of F if
fCF, ie, f(x)e€F(x) for all x € Dg.

Thus, the Axiom of Choice can be briefly expressed by saying that every
relation has at least one selection function. Moreover, it can be easily seen
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that each relation is the union of its selection functions.

If Fis arelation on X to Y, then F=J,cx{x}xF(x). Therefore, the values
F(x), where x € X, uniquely determine F. Thus, a relation F on X to Y can
be naturally defined by specifying F(x) for all x € X.

For instance, the complement relation F€ can be naturally defined such
that F¢(x) = F(x)¢ = Y\ F(x) for all x € X. The latter notation will not cause
confusions, since thus we also have F¢€ =XxY \ F.

Quite similarly, the inverse relation F~' can be naturally defined such that
F'(y) ={x € X: y € F(x)} for all y € Y. Thus, the operations ¢ and —1
are compatible in the sense (Fc)f] = (Ffl)c.

Moreover, if in addition G is a relation on Y to Z, then the composition
relation G oF can be naturally defined such that (GoF)(x) = G[F(x)] for
all x € X. Thus, we also have (GoF)[A] =G [F[A]] for all A C X.

On the other hand, if G is a relation on Z to W, then the box product
relation FIXG can be naturally defined such that (RXG )(x, z) = F(x) x G(z)
forall x e X and z € Z.

The box product relation, whose origin seems to go back to a thesis of J.
Riquet in 1951, has been mainly investigated in [21]. In that, for instance, we
have proved that (FRG)[A]=GoAoF ! forall A C XxZ.

Hence, by taking A ={(x, z)}, and A = Ay if Y = Z, one can see that
the box and composition products are actually equivalent tools. However, the
box product can immediately be defined for an arbitrary family of relations.

3 Generalized ordered sets and Galois connections

Now, a relation R on X may be called refiexive if Ax C R, and transitive if
RoR C R. Moreover, R may be called symmetric if R™' C R, and antisym-
metric if RNR™ C Ax.

Thus, a reflexive and transitive (symmetric) transitive relation may be called
a preorder (tolerance) relation. And, a symmetric (antisymmetric) preorder
relation may be called an equivalence (partial order) relation.

For instance, for A C X, the Pervin relation Px = A2 U A¢xX [18] is a
preorder relation on X. While, for a pseudo-metric d on X and r > 0, the
surrounding BS = {(x, y)ex?: d(x,y) < T} is a tolerance relation on X.

Moreover, we may recall that if A is a partition of X, i.e., a family of
pairwise disjoint, nonvoid subsets of X such that X = |J A, then E4q =
Uaca A? is an equivalence relation on X, which can be identified with A.
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According to [15], an ordered pair X(<) = (X, <), consisting of a set X
and a relation < on X, will be called a generalized ordered set, or an ordered
set without axioms. And, we shall usually write X in place of X(<).

Now, a generalized ordered set X(<) may, for instance, be called reflexive
if the relation < is reflexive. Moreover, the generalized ordered set X'(<') =
X (<71) may be called the dual of X(<).

Having in mind the terminology of Birkhoff [1, p. 1], a generalized ordered
set will be briefly called a goset. Moreover, a preordered (partially ordered)
set will be called a proset (poset).

Thus, every set X is a proset with the universal relation X2 . Moreover, X
is a poset with the identity relation Ayx. And every subfamily of the power
set P(X) is a poset with the ordinary set inclusion C.

The usual definitions on posets can be naturally extended to gosets [15].
(And also to relator spaces [14] which include formal context [7, p. 17] as an
important particular case).

For instance, for any subset A of a goset X, we may naturally define

Ib(A)={xeX: VaeA: x<a},
w(A)={xeX: VacA: a<x},

and
min(A)=ANIb(A), max(A)=ANub(A),
inf(A):max(lb(A)), sup(A):min(ub(A)).

Thus, for instance, min may be considered as a relation on P(X) to X,
or as a function of P(X) of to itself. However, if X is antisymmetric, then
card (min (A)) < 1 for all A C X. Therefore, min is actually a function.

Now, a goset X may, for instance, be naturally called inf-complete if inf(A) #
) for all A C X. In [3], as an obvious extension of [1, Theorem 3, p.112],
we have proved that thus “inf-complete” is also equivalent to “sup-complete”.

However, it now more important to note that, for any two subsets A and
B of a goset X, we also have

Ib(A)c’'B <= BCIb(A) & A C ub(B).

Therefore, the set-functions 1b and ub form a Galois connection between
the poset P(X) and its dual in the sense of [5, Definition 7.23], suggested by
Schmidt’s reformulation [12, p. 209] of Ore’s Galois connexion [10].

Instead of Galois connections, it is usually more convenient to use residuated
mappings of Blyth and Janowitz [2] in some modified and generalized forms
suggested by the present author in [19, 17, 24, 22].
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However, now for a function f of one goset X to another Y and a function
g of Y to X, we shall say that

(1) f and g form an increasing upper Galois connection between X and Y
if f(x) <y implies x < g(y) forall x€ X and y €Y,

(2) f and g form an increasing lower Galois connection between X and Y
if x <g(y) implies f(x) <y forall x€X and y €Y.

Now, if both (1) and (2) hold, then we may naturally say that the functions
f and g form an increasing Galois connection between X and Y. Important
examples for Galois connections can be found in [6]. (See also [13, 16, 4].)

In the theory of relator spaces, it has turned out that the increasing upper
and lower Galois connections are actually particular cases of upper and lower
semicontinuous pairs of relations [20].

Therefore, they can be naturally extended to relators between relator spaces
[23]. For this, it is enough to study first these connections only for functions
between power sets instead of those between gosets.

4 Functions on one power set to another

Definition 1 If U is a function on one power set P(X) to another P(Y),
then we simply say that U is a correlation on X to Y.

Remark 1 According to Birkhoff [1, p. 111], the term “operation on X”
could also be used. However, this may cause some confusions because of the
customary meaning of this expression.

Definition 2 A correlation U on X to Y, is called
(1) increasing if U(A) C U(B) forall A CB CX,
(2) quasi-increasing if U({x}) C U(A) forall xe ACX,
(3) umion-preserving if U (|JA) ={Jacq U(A) forall ACP(X).

Remark 2 In the X = Y particular case, U may also be naturally called
extensive, intensive, involutiv, and idempotent if A C U(A), U(A) C A,
U(U(A)) =A, and U(U(A)) =U(A) for all A C X, respectively.

Moreover, in particular an increasing and idempotent correlation may be
called a projection or modification operation. And an extensive (intensive)
projection operation may be called a closure (interior) operation.

Simple reformulations of properties (2) and (1) in Definition 1 give the
following two theorems.
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Theorem 1 For a correlation U on X to Y, the following assertions are
equivalent:
(1) U is quasi-increasing,

(2) Uxea U({x}) CU(A) forall ACX.

Theorem 2 For a corelation U on X to Y, the following assertions are equi-
valent:

(1) U is increasing,

(2) UpeaUA)cU(UA) forall ACP(X),

(3) UA)UU(B)C U(AUB) forall A,BCX.

Hence, it is clear that in particular we also have

Corollary 1 A correlation U on X to Y is union-preserving if and only if it
is increasing and U (|J A) C Upeq UW(A) forall ACP(X).

However, it now more important to note that we also have the following
theorem which has also been proved, in a different way, by Pataki [11].

Theorem 3 For a correlation U on X to Y, the following assertions are
equivalent :

(1) U is uninon-preserving ,

(2) U(A)=UyeaU({x}) forall AcCX.

Proof. Since A = J,a{x} for all A C X, it is clear that (1) implies (2).
On the other hand, if (2) holds, then we can note that U is already increa-
sing. Therefore, to obtain (1), by Corollary 1, we need only prove that U (|J .A)
CUpeca U(A) for every AC P(X).
For this, note that if A C P(X), then by (2) we have

u(Ua)= U u@x).

xeJA

Therefore, if y € U (|J .A), then there exists x € | J A such that y € U({x}) .
Thus, in particular there exists A, € A such that x € A,, and so {x} C A,.
Hence, by using the increasingness of U, we can already infer that

yeU{x}) cU(A,) c [J u(Aa).
AcA
Therefore, the required inclusion is also true. |

From this theorem, by Theorem 1, it is clear that in particular we also have
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Corollary 2 A correlation U on X to Y is union-preserving if and only if it
is quasi-increasing and U(A) C Uy U({x}) for all A C X.

Definition 3 For any two correlations U and V on X to Y, we write
U<v &= U(A)CV(A) forall AcCX.

Remark 3 Note that if in particular U C V, then U(A) = V(A) for all
A €Dy and UA) =0 cC V(A) for all A Cc X with A € Dy . Therefore, we
have U(A) Cc V(A) for all A C X, and thus U <V.

Theorem 4 With the inequality considered in Definition 3, the family Q(X,Y)
of all correlations on X to Y, forms a complete poset.

Proof. It can be easily seen that if ¢/ is a family of correlations on X to Y
and
V(A)= [ U(A)
Uelid
for all A C X, then V€ @(X,Y) such that V =sup (U).
Therefore, Q(X,Y) is sup-complete, and hence it is also inf-complete. [

Remark 4 Note that if in particular each member of U is increasing (quasi-
increasing), then V is also increasing (quasi-increasing).

Therefore, with the inequality given in Definition 3, the family Q1(X,Y) of
all quasi-increasing correlations on X to Y is also a complete poset.

5 A Galois connection between relations and corre-
lations

According to the corresponding definitions of Hohle and Kubiak [9], we may
also naturally introduce the following

Definition 4 For any relation R on X to Y, we define a correlation R* on
X to Y such that
R*(A) =RI[A]

for all A C X.
Conversely, for any correlation U on X to Y, we define a relation U* on X
to Y such that
U*(x) =U({x})

for all x € X.
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Now, by using the corresponding definitions, we can easily prove the follo-
wing two theorems.

Theorem 5 If U is a correlation on X to Y, then R* < U implies R C U*
for any relation R on X to Y.

Proof. If R* < U, then by the corresponding definitions
R(x) =R [(x)] = R*({x}) € U({x)) = U* (%

for all x € X. Therefore, R C U* also holds. ]

Theorem 6 For a correlation U on X to Y, the following assertions are
equivalent :

(1) U is quasi-increasing,

(2) RcU* dmplies R* < U for any relation R on X to Y.

Proof. If (1) holds and R C U*, then
R*(A)=RI[A]= [ JRX c [J U x) =[] U({x}) cU(A)
XEA XEA XEA

for all A C X. Therefore, R* < U, and thus (2) also holds.
Conversely, if (2) holds, then because of U* C U* we have (U*)* < u.
Therefore, for any A C X, we have

U**(A) C U(A).
Moreover, by using the corresponding definitions, we can see that

U (A)=U[A]= (U x) = [ Uu({x}).

XEA XEA

Therefore, (Jyca U({x}) C U(A), and thus (1) also holds. O

Now, as an immediate consequence of the above two theorems, we can also
state

Corollary 3 For an arbitrary relation R and a quasi-increasing correlation
U on X to Y, we have

R*<U <= RcCU*.
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Remark 5 This corollary shows that the operation x and the restriction of
x to Q1(X,Y) establish an increasing Galois connection between the posets
P(XxY) and Q1(X,Y).

Therefore, the extensive theory of Galois connections (see [2, 8, 5]) could
be applied here. However, because of the simplicity of Definition 4, it seems
now more convenient to use some elementary, direct proofs.

6 Some further properties of the operations *
and x

By the corresponding definitions, we evidently have the following

Theorem 7 Under the notation of Definition 4,
(1) RCS implies R* <S* for any relations R and S on X to Y,
(2) U<V idimplies U* C V* for any correlations U and V on X to Y.

Remark 6 Note that, by using Corollary 3, instead of assertion (2), we could
only prove that the restriction of the operation * to Q;(X,Y) is increasing.

From (2), by using Remark 3, we can immediately derive

Corollary 4 U C V also implies U* C V* for any correlations U and V on
X to Y.

Moreover, we can also easily prove the following theorem whose first state-
ment has also been established by Hohle and Kubiak [9].

Theorem 8 For any two relations R and S on X to Y,
(1) R** =R,
(2) R* < S* implies RCS.

Proof. By the corresponding definitions, we have
R**(x) = (R*)*(x) = R*({x}) =R [{x}] =R(x)

for all x € X. Therefore, (1) is also true.
To prove (2), note that if R* < S* holds, then by Theorem 7 we also have
R** C $**. Hence, by using (1), we can see that R C S also holds. O
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Remark 7 The above theorem shows that the function x is injective, x is
onto P(X,Y), and x* is the identity function of P(XxY).

Moreover, by Theorems 7 and 8, we can also at once state

Corollary 5 For any two relations R and S on X to Y, we have R C S if
and only if R* < S*,

Concerning the dual operation *x, we can only prove the following theorem
which, to some extent, has also been established by Hohle and Kubiak [9] and
Pataki [11].

Theorem 9 For a corelation U on X to Y, the following assertions are equi-
valent :

(1) u**=u,
(2) U is union-preserving,
(3) U=R* for some relation R on X to Y.

Proof. If (2) holds, then by the proof of Theorem 6, and Theorem 3, we have

U(A) = [J u({x}) =u(A)

XEA

for all A C X. Therefore, (1) also holds.
Now, since (1) trivially implies (3), we need only show that (3) also implies
(2). For this, note that if (3) holds, then

U(A) =R*(A) =R[A] = JR(x) = JR[x}] = JR*({x}) = u({x})

XEA XEA XEA XEA

for all A C X. Therefore, by Theorem 3, assertion (2) also holds. O

Remark 8 The above theorem shows that the function x maps P (X xY)
onto the family Q3(X,Y) of all union-preserving correlations on X to Y.

Moreover, the restriction of * to Q3(X,Y) is injective and that of *x is the
identity function of Q3(X,Y). Therefore, the Galois connection mentioned in
Remark 5 is rather particular.

Now, as an immediate consequence of Theorems 7 and 9, we can also state
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Corollary 6 For any two union-preserving correlations U and V on X to
Y, we have U <V if and only if U* C V*.

Proof. Note that if U* C V* holds, then by Theorem 7 we also have U** <
V**. Hence, by Theorem 9, we can see that U <V also holds. O

Moreover, in addition to Theorem 9, we can also prove the following

Theorem 10 Under the notation o = xx, for any two correlations U and
Von X to Y, we have

(1) ue=u,

(2) U<V implies U° < V°,

(3) U° < U if and only if U is quasi-increasing .

Proof. Assertion (2) is immediate from Theorem 7. While, from the proof of
Theorem 6, we know that

U°(A) =U"(A) = | U({x})
XEA
for all A C X. Hence, by Definition 2 and Theorem 1, it is clear that (3) is
true.
Moreover, from the above equality, we can also see that

ue(A) = [J ue(ix) = [J u(ix)) = us(a)

XEA XEA
for all A C X. Therefore, (1) is also true. O

Remark 9 The above theorem shows that the function o is a projection
operation operation on Q(X, Y) such that its restriction to Q7(X, Y) is al-
ready an interior operation.

Moreover, from Theorem 9, we can see that, for any correlation U on X to
Y, we have U° = U if and only if U is union-preserving. Therefore, Q3(X, Y)
is the family of all open elements of Q(X, Y).

Now, as some useful consequences of our former results, we can also easily
prove the following two theorems.

Theorem 11 If R is a relation on X to Y and U = R*, then

(1) U is the smallest quasi-increasing correlation on X to Y such that
R C U*,
(2) U is the largest union-preserving correlation on X to Y such that

u*cR.
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Proof. From Theorems 9 and 8, we can see that U is union-preserving and
u* = R** =R.

Moreover, if V is a quasi-increasing corelation on X to Y such that R C V*,
then by Theorem 6 we also have R* <V, and thus U < V. Therefore, (1) is
true.

On the other hand, if V is a correlation on X to Y such that V* C R,
then by Theorem 7 we also have V** < R* | and thus V** < U. Hence, if in
particular V is union-preserving, then by Theorem 9 we can see that V < U.
Therefore, (2) is also true. O

Theorem 12 If U is a correlation on X to Y and R=U*, then

(1) R is the largest relation on X to Y such that R* < U whenever U is
quasi-increasing ,

(2) R is the smallest relation on X to Y such that U < R* whenever U
1S UNION-PTESETVING .

Proof. If U is quasi-increasing, then by Theorem 10 we have R* = U** =
U° < U. While, if U is union-preserving, then by Theorem 9 we have R* =
u** = u.

Moreover, if S is a relation on X to Y such that S* < U, then by Theorem
5 we also have S C U*, and thus S C R even if U is not supposed to be
quasi-increasing. Thus, in particular (1) is true.

While, if S is a relation on X to Y such that U < S*, then by Theorem
7, we also have U* C $**. Hence, by the definition of R and Theorem 8, we
can see that R C S even if U is not supposed to be union-preserving. Thus,
in particular (2) is also true. O

Remark 10 Concerning the operations x and *, it is also worth noticing
that if R is relation and U is a correlation on X to Y, then by the correspond-
ing definitions of [14] we have

(1) R*(A)=clg1(A) forall AcCX,
(2) R*<U < Aeclntg(U(A)) forall ACX.

Moreover, if U is quasi-increasing, then under the notation
Int,(U)={SCXxY: S*<Uu}

we have U* = max (Int*(U)) = J Int,(U) by assertion (1) in Theorem 12.
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7 Compatibility of the operation » with some set
and relation theoretic ones

Now, as some immediate consequence of the corresponding results on relations,
we can also state the following theorems.

Theorem 13 If R is a relation on X to Y, then for any family A of subsets
of X we have

(1) R*(UA)=Unea R*(A), (2) R*(NA) CNaea R7(A).
Theorem 14 If R is a relation on X to Y, then for any A, B C X we have
(1) R*(A)\R*(B) CR*(A\B), (2) R*(A)*C R*(A®) if Y=R[X].

Remark 11 If in particular R~ is a function, then the corresponding equal-
ities are also true in the above two theorems.

Theorem 15 If R is a family of relations on X to Y, then for any A C X
we have

1) (UR)(A) =Uger R*(A), 2) (NR)(A) CNrer R*(A).

Theorem 16 If R and S are relations on X to Y, then for any A C X we
have
(1) R*(AINS*(A) C(R\S)*(A), (2) R*(A)°CR(A) if A#D.

Theorem 17 If R is a relation on X to Y, then for any A C X we have

RE*(A)C = (Noen R(X).

XEA

Moreover, we can also easily prove the following theorem which has also
been established by Hohle and Kubiak [9].

Theorem 18 For any two relations R on X to Y and S on Y to Z, we have
(SoR)*=S*oR*.
Proof. By the corresponding definitions, we have
(SoR)*(A)=(SoR)[A]=S[R[A]] =S*(R*(A)) = (S*oR*)(A)

for all A C X. Therefore, the required equality is also true. ]

From this theorem, by using Theorem 9, we can immediately derive
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Corollary 7 For an arbitrary relation on R on X to Y and a union-preserving
correlation V on Y to Z, we have

(VFoR)*=VoR*.

In addition to Theorem 18, we can also easily prove the following correction
of a false statement of Hohle and Kubiak [9].

Theorem 19 For an arbitrary correlation U on X to Y and a union-preserving
correlation V on Y to Z, we have

(VolU)*=V*oU*.
Proof. By the corresponding definitions and Theorem 9, we have

(Vol)* (x) =(Vol)({x}) =V (U({x}))
=V (U*(x)) =V (U*(x)) =V [U*(x)] = (Vo U")(x)

for all x € X. Therefore, the required equality is also true. O

From this theorem, by using Theorems 9 and 8, we can immediately derive

Corollary 8 For a correlation U on X to Y and a relation S on Y to Z,
we have
(S*oU)*=SoU*.

Remark 12 In addition to Theorem 18, it is also worth mentioning that if R
is a relation on X to Y and S is a relation on Z to W, then for any A C XxZ
we have

(RRS)*(A)=SoAoR™.

8 Partial compatibility of the operation x with the
relation theoretic inversion

Theorem 20 For a relation R on X to Y, the following assertions are equi-
valent :

(1) RToR=Ay,
@) (R (RT)",
(3) R7! is a function on Y onto X.
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Proof. For any x € X, we have
R*({x)) =R[{x}] =R(x),  andthus {x}€ (R*)"(R(x)).
Hence, if (2) holds, we can infer that
{x}€ (R7)"(R(x)), andthus  (R7")*(R(x))={x}.
Therefore,
RT[R(x)] ={x}, andthus (R7'ToR)(x)=Ax(x).

Hence, we can see that (1) also holds.
To prove the converse implication, note that if A C X and B C Y such that
A€ (R*)f] (B), then we also have

R*(A) =B, and thus R[A]=B.
Hence, we can infer that
R[R[A]]=R'[B], andthus (R 'oR)[A]=R'[B].
Therefore, if (1) holds, then
Ax[A]=R7T[B], and thus A = (R7)"(B).

Hence, it is clear that (2) also holds.

Therefore, (1) and (2) are equivalent. The proof of the equivalence of (1)
and (3) will be left to the reader. O

From Theorem 20, by writing R~ in place of R we can immediately derive
the following

Theorem 21 For a relation R on X to Y, the following assertions are equi-
valent :

(1) RoR™=Ay,
2) (R c(R%)7,
(3) R s a function on X onto Y.

Proof. Note that now R~ is a relation on Y to X. Therefore, by Theorem
20, the following assertions are equivalent :

(@) (R') T oRT=Ay;
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b) (R (R
(c) (Rq)*] is a function on X onto Y.

Hence, since R = (R*] ) -

, and

it is clear that assertions (1), (2) and (3) are also equivalent. O

Now, as an immediate consequence of the above two theorems, we can also
state

Corollary 9 For a relation R on X to Y, the following assertions are equi-
valent :

(1) (R7) = (RT)",
(2) RToR=Ax and RoR7"=Ay,

(3) R is an injective function of X onto Y.

9 Partial compatibility of the operation x with the
relation theoretic inversion

From Theorem 20, by writing U* in place of R, we can easily derive

Theorem 22 If U is a union-preserving correlation on X to Y such that
(U*)_] s a function on Y onto X, then

(U c (u*)“.
Proof. Now, by Theorems and , we have

U= (u) T = ((u)) e ((un) )

Hence, by using Corollary and Theorem , we can infer that

(W) e (™)) = (u)™) = u™

From Theorem 21, we can quite similarly derive the following
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Theorem 23 If U is a union-preserving correlation on X to Y such that U*
s a function on X onto Y, then

(U)o (uy.

Now, as an immediate consequence of the above two theorems, we can also
state

Corollary 10 If U is a union-preserving correlation on X to Y such that U*
s an injective function of X onto Y, then

(ur) = (u)
Moreover, by using Corollary 9, we can also easily prove the following

Theorem 24 If U is an injective, union-preserving correlation on X to Y
such that U™ is also union-preserving, then the following assertions are equiv-
alent :

(1) (U™ =(uy,

(2) U* is an injective function of X onto Y.

Proof. Now, since the implication (2) = (1) has already been established
in Corollary 10, we need only prove that (1) also implies (2).
For this note that if (1) holds, then by Theorem 9 we also have

(u)) = =u = (u) = ((u)) = (U
Therefore, by Corollary 9, assertion (2) also holds. O

From Corollary 9, we can also immediately derive the following

Theorem 25 For a symmetric relation R on X, the following assertions are
equivalent :

(1) R? =Ax,
2) R* is an involution
(2) ;

(3) R is an injective function of X onto Y.

Remark 13 Moreover, by Theorem 18, we can at once see that, for an
arbitrary relation R on X, the correlation R* is an involution if and only
if R? = Ax. That is, for any x, y € X, we have R(x)NR™'(y) # () if and only
if x=vy.
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Abstract. We explore the combinatorial properties of a particular type
of extension monoid product of preinjective Kronecker modules. The con-
sidered extension monoid product plays an important role in matrix com-
pletion problems. We state theorems which characterize this product in
both implicit and explicit ways and we prove that the conditions given
in the definition of the generalized majorization are equivalent with our
criteria. Generalized majorization is a purely combinatorial construction
introduced by its authors in a different setting.

1 Introduction

In order to understand the motivation behind our work we need to recall briefly
the notion of matrix pencil and the problem of matrix subpencil. Kronecker
modules and related notions will be presented in Section 3.

A matriz pencil over a field « is a matrix A + AB where A, B are matrices
over k of the same size and A is an indeterminate. Two pencils A+AB, A’ +AB’
are strictly equivalent, denoted by A +AB ~ A’ +AB’, if and only if there exists
invertible, constant (A independent) matrices P, Q such that P(A’ +AB’)Q =
A + AB.

Every matrix pencil is strictly equivalent to a canonical diagonal form, de-
scribed by the classical Kronecker invariants, namely the minimal indices for
columns, the minimal indices for rows, the finite elementary divisors and the
infinite elementary divisors (see [7] for all the details).
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A pencil A’+AB’ is called subpencil of A+AB if and only if there are pencils
A1 + ABy2, Ay + ABa1, Ay + ABj) such that

A'+AB"  Aj;; +AByp2 >

A+ AB~
* ( A1 +ABy1 A +ABp

In this case we also say that the subpencil can be completed to the bigger
pencil.

There is an unsolved challenge in pencil theory with lots of applications
in control theory (problems related to pole placement, non-regular feedback,
dynamic feedback etc. may be formulated in terms of matrix pencils, for details
see [9]). This important open problem can be formulated in the following way:
if A+AB, A’+AB’ are pencils over C, find a necessary and sufficient condition
in terms of their classical Kronecker invariants for A’ + AB’ to be a subpencil
of A 4+ AB. Also construct the completion pencils A1y + ABy2, Az + ABy,
A2 + ABpp.

Han Yang was the first to give a representation theoretical modular approach
to the matrix subpencil problem, the connection being detailed in [8]. Also,
the Kronecker invariants of a module correspond to the classical Kronecker
invariants of the associated pencil. In this way a one-to-one correspondence
can be made between isoclasses of Kronecker modules and equivalence classes
of matrix pencils (with respect to the strict equivalence relation mentioned
earlier). In particular, preinjective Kronecker modules correspond to matrix
pencils having only minimal indices for columns. This correspondence between
matrix pencils and Kronecker modules allows us to deal with the matrix sub-
pencil problem on a module theoretical level, armed with new tools and in-
sights, in addition to the “classical” approach (linear algebra, matrix theory,
combinatorics). The matrix subpencil problem itself can be formulated in a
very elegant and succinct way in terms of the extension monoid product of
certain Kronecker modules (see [17]).

Particular cases of the matrix subpencil problem were considered by Dodig
and Stosi¢ in a series of articles (e.g. [3, 4, 6]). One can see that one of the
central notions of their work is the so-called generalized majorization, a gen-
eralization of the dominance of partitions (which is a well-known notion in
partition combinatorics).

Generalized majorization seems to be inevitable when dealing with pencil
completion problems. In this paper we give a module theoretical interpretation
of this purely combinatorial construction in the form of a particular extension
monoid product, together with equivalent formulations and a simple linear-
time algorithm to work with in practice.
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The paper is organized in the following way:

e In Section 2 we recall some elementary notions of partition combina-
torics, and also present the notion of generalized majorization. Gener-
alized majorization was introduced in [5] and is intensively studied and
used by the authors in dealing with technical difficulties of matrix com-
pletion problems (e.g. [3, 4, 6]).

e Section 3 is dedicated to a brief survey of the category of Kronecker mod-
ules, presenting in some detail the preinjective (and dually preprojective)
Kronecker modules.

e In Section 4 we present the notion of extension monoid product, as it
applies in the case of preinjective Kronecker modules. Also, this is the
place for our new results: Theorem 6 and Theorem 7 giving an implicit
and respectively an explicit combinatorial description, followed by an
easy linear-time algorithm. Corollary 2 establishes the link between the
extension monoid product of preinjective Kronecker modules and the
generalized majorization.

We emphasize that all our new results are valid in a field independent context
and can be dualized to preinjective modules in a natural way.
From now on, throughout the paper empty sums are considered to be zero.

In case of integers a and b, by {a,...,b} we mean the set of all integers x,
such that a < x < b, so if a > b, then {a,...,b} = 0. We will usually
denote sequences of integers like (aj, az,...,an). If in a certain sequence or

subsequence the index of the first element is strictly greater than the index of
the last one, the sequence is regarded as being empty.

2 Some elementary notions of partition combina-
torics

An integer sequence is a sequence a = (aj,az,...) of integers, with only
finitely many nonzero elements. The largest integer 1 > 0 with aq; # 0 is
called the length of a, denoted by {(a) (if a is a sequence consisting only
of zeros, then £(a) = 0). We will not distinguish between integer sequences
which differ only in the number of zero elements after the 1t" position, there-
fore we regard (aj, ap,...,ai), (aj,as,...,a;,0), (a7,az,...,0a;,0,...,0) and
(ar,azy...,ay,0,...) as being the same integer sequence. Clearly, a € Z™" for
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some n > max{{(a),1}. The weight of an integer sequence is the sum of its
elements, denoted by |a|=a; +ay +---.

A raising operator R is defined in the following way (on the set of integer
sequences having length at most n):

R:Z" =7 R=]]R}

1 )

i<j
where 135 € N and Ry : Z™ — ZT,
Rj(a) = (ar,...,ai +1,ai41,...,0—1,0; — 1, Q415 . ., An)
for any pair of integers i and j with 1 <i<j <nand any a = (aj,...,a,) €

Z™. Note that the terms in the product above commute with each other.

If = (i, 12,...) and A = (A1, Az, ... ) are integer sequences and Z?:] u <
Zf:] Ai for all T < k, we say that u is dominated (or majored) by A. The
dominance (or majorization) relation is a partial order on the set of integer
sequences and is denoted by p < A.

Another natural order on the set of integer sequences is the lexicographical
ordering. If u # A then A is lexicographically strictly greater than u if for the
smallest 1 such that p; # A; one has A; > ;. The lexicographical order is a
total order on the set of integer sequences.

The following two theorems make the connection between raising operators
and dominance relation (for proofs see [10]).

Theorem 1 Let a € Z™ and R a raising operator. Then a < Ra.
Conversely, we have:

Theorem 2 Let a,b € Z™ be such that a < b and |a] = |b|. Then there exists
a raising operator R such that b = Ra.

If the elements of the integer sequence a are weakly ordered and nonnegative
(iie. a1 > ap >+ > 0), then we call a a partition of m = |a|. Naturally,
everything said so far about integer sequences applies in the case of partitions
as well. In particular, the dominance (or majorization) relation is a partial
order on the set of partitions. If we denote by Py, the set of partitions of
m, we can put together the two previous theorems in form of the following
corollary:

Corollary 1 Let a,b € Py, be two partitions of m. Then a < b if and only
if there is a raising operator R such that b = Ra.
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In [5] the authors consider a generalization of the dominance relation, the
so-called generalized majorization, defined as follows:

Definition 1 Consider the partitions d = (ds,...,dy), a = (aj,...,ay) and
9 =1(91y-+,9xry). Then g is said to be majorized by d and a if the following
conditions hold:

dizgﬁ_y’ 121,...)(, (1)
h; hj—j j
Zgi_zdigzab j=1...,Y, (2)
i=1 i=1 i=1

x+y

X Yy
Zgi:Zdi—f—Zai. (3)
i=1 i=1 i=1

Here hy := min{i|di_j11 < gi}, j = 1,...,y. This relation is called the general-
ized majorization and is denoted in the following way: g <’ (d, a).

Remark 1 Observe that in the previous definition we have 0 < hy < hy <
- < hy <x+y-+1 for the values hj. Also, this strictly increasing sequence
determines another one, denoted by 0 < hj <h) <--- <h, <x+y+1,in
the following way:
h_,:{min{le{1,...,x+y}|17éhj,l§j§y} i=1
min{le (h{ ; +1,...,x+ylll#h;,1<j<y} T<i<x

The elements of these two sequences form disjoint sets, moreover we have
di > g for all i € {1,...,hy —y}, the sequence (h{,hﬁ,...,h{w_y) being
lexicographically the smallest one with this property. Conversely, if there are
sequences (hi,h},...,h}) satisfying di > gns for all i € {1,...,x} we can
define the sequence (hi,hy,...,hy) in terms z)f lexicographically the smallest
such sequence (hj,hj, ..., h}) in the following way:

. min{lE{1,...,X+y}|l75hj’,1gjgx} i=1
P min{l e {hi + T, x+ylL£R,T<j<x} 1<i<y’

then we get back exactly the sequence (hi,hy, ..., hy) given in Definition 1.

3 The category of Kronecker modules

In this section we present a short compilation of definitions and well-known
facts about the category of Kronecker modules, with emphasis on preinjective
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(and dually preprojective) Kronecker modules. The calculations, justifications
and proofs leading to these results can be found in many standard textbooks
on representation theory of algebras (e.g. [1, 2, 12, 13]).

Let K be the Kronecker quiver

and k an arbitrary field. The path algebra of the Kronecker quiver is the
Kronecker algebra and we will denote it by kK. A finite dimensional right
module over the Kronecker algebra is called a Kronecker module. We denote
by mod-kK the category of finite dimensional right modules over the Kronecker
algebra.

A (finite dimensional) k-linear representation of the quiver K is a quadru-
ple M = (V1, V2; @, @) where Vi, V, are finite dimensional k-vector spaces
(corresponding to the vertices) and @4, @pg : V2 — V; are k-linear maps (corre-
sponding to the arrows). Thus a k-linear representation of K associates vector
spaces to the vertices and compatible k-linear functions (or equivalently, matri-
ces) to the arrows. Let us denote by rep-kK the category of finite dimensional
k-representations of the Kronecker quiver. There is a well-known equivalence
of categories between mod-«kK and rep-«kK, so that every Kronecker module
can be identified with a representation of K.

The simple Kronecker modules (up to isomorphism) are

S1:k&=0 and S;:0 &= k.

For a Kronecker module M we denote by dimM its dimension and by [M] the
isomorphism class of M. The dimension of M is a vector

dimM = ((dim M)y, (dim M)) = (ms, (M), ms, (M)),

where mg, (M) is the number of factors isomorphic with the simple module S;
P

in a composition series of M, i = 1,2. As a representation M : V] & V;, we
¢p

have that dimM = (dim V7, dimg V).

The defect of M € mod-kK with dimM = (a,b) is defined in the Kronecker
case as OM =b —a.

An indecomposable module M € mod-kK is a member in one of the following
three families: preprojectives, preinjectives and regulars. In what follows we
give some details on the first two of these families.
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The preprojective indecomposable Kronecker modules are determined up to
isomorphism by their dimension vector. For n € N we will denote by Py
the indecomposable preprojective module of dimension (n + 1,n). So Py and
P; are the projective indecomposable modules (Py = S; being simple). It is
known that (up to isomorphism) P, = (k™' k™ f,g), where choosing the
canonical basis in k™ and k™', the matrix of f : k™ — k™ (respectively of

g: k" — k™) s (Hg ) (respectively <HO ) ). Thus in this case
n

where I, is the identity matrix. We have for the defect 0P, = —1.

We define a preprojective Kronecker module P as being a direct sum of
indecomposable preprojective modules: P = Py, @ Py, @ --- @ Py, where we
use the convention that a; < a; <--- < qy.

The preinjective indecomposable Kronecker modules are also determined up
to isomorphism by their dimension vector. For n € N we will denote by I, the
indecomposable preinjective module of dimension (n,n+ 1). So Iy and I; are
the injective indecomposable modules (Py = S; being simple). It is known that
(up to isomorphism) I, = (k™ k™*1:f, g), where choosing the canonical basis
in k™1 and k™, the matrix of f: k™' — k™ (respectively of g : k™! — k™) is
(I, 0) (respectively (0 I)). Thus in this case

(In 0)
n<—— Kn-H
B )

(0In)

Ih: K

where I, is the identity matrix. We have for the defect 0I,, = 1.

We define a preinjective Kronecker module 1 as being a direct sum of inde-
composable preinjective modules: [ = Iy, @ Iq, @ -+ ® I, where we use the
convention that a; > a; > --- > q.

The sequence (aj, az,...,a;) determines the preinjective (respectively) pre-
projective Kronecker module up to isomorphism therefore this sequence is
called a Kronecker invariant of the module.

The category of Kronecker modules has been extensively studied because the
Kronecker algebra is a very important example of a tame hereditary algebra.
Moreover, the category has also a geometric interpretation, since it is derived
equivalent with the category of coherent sheaves on the projective line. In
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addition, Kronecker modules correspond to matrix pencils in linear algebra,
so the Kronecker algebra relates representation theory with numerical linear
algebra and matrix theory.

4 The extension monoid product of preinjective Kro-
necker modules

For d € N? let Mg = {[M]IM € mod-«K, dimM = d} be the set of isomorphism
classes of Kronecker modules of dimension d. Following Reineke in [11] for
subsets A C Mg, B C M. we define

AxB ={[X] € Mge|30—- N — X = M — 0 exact for some [M] € A, [N] € B}.

So the product A * B is the set of isoclasses of all extensions of modules M
with [M] € A by modules N with [N] € B. This is in fact Reineke’s extension
monoid product using isomorphism classes of modules instead of modules.
It is important to know (see [11]) that the product above is associative, i.e.
for A C Mg, B C M, C C My, we have (A*xB)*C = Ax (Bx*C). Also
{[0]} * A = A% {[0]} = A. We will call the operation “«” simply the extension
monoid product.

Remark 2 For M,N € mod-kK and k finite, the product {[M]} * {{N]} co-
incides with the set {[MI[N]} of terms in the Ringel-Hall product [M][N] (see
Section 4 from [18]).

From now on we deal only with the extension monoid product of preinjective
Kronecker modules. It is very important to mention that all results can be
dualized in natural way to preprojective Kronecker modules as well.

According to the main result from [16] (Theorem 3.3), the possible middle
terms in preprojective (and dually preinjective) short exact sequences do not
depend on the base field. This allows us to describe the combinatorial rules
governing the extension monoid product of preinjective Kronecker modules
in a field independent way. Specifically, this allows us to restate the main
result from [18] involving the Ringel-Hall product (valid only over finite fields)
in terms of the extension monoid product (in a field independent manner).
The following theorem gives an implicit description of the extension monoid
product of two arbitrary preinjective Kronecker modules over an arbitrary
field:
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Theorem 3 Ifa; >---ap >0,by>--->by>0andcy >--->c¢c, >0 are
nonnegative integers, then

I, @@l ]e{lly & - ly,l}«{ly, & &Iy, l}

if and only if r =n+p, P : {1,...,n} = {1,...,n+p}, o : {1,...,p} —

{1,...,n+7p} both functions strictly increasing with ImocNImPB = () and Elm} >
0,1<i<n, 1<j<p, such thatV Le{l,...,n+p}
b — Zﬁ(1)< G4) m], where 1 = B_] (£) €elImp
_ 1<j<p A
“ 1 (4)
a; + Zﬁ(1)< G) m where j = « () {elIma
1<i<n

We can formulate another version of the previous theorem, based on Lemma
4 from [19], giving another equivalent characterization of the considered ex-
tension monoid product:

Theorem 4 Ifa; >...ap >0,by>--->by>0andcy >--->¢c, >0 are
nonnegative integers, then

I, @@l ]e{lly & - &l l}«{ly, & dIy,l}

if and only if r = n+p, anp =3P e+ Y, 3B {1} —
{0, ..oon+p}, Joe: {1,...,p} = {1,...,n+p} both functions strictly increasing
wz’th ImaNImB =0 such that by > cgi) and aj < Coj) for 1 <i<n, 1<j<p
and for any j € {1,...,p} the following inequality is satzsﬁed

j

Z b—cﬁ Z —ak

B(i)<alj) k=1
1<i<n

The following combinatorial rule describes products of the form {[Iq, J}*{[Io, ,1}*
-~ #{[Iq,]} with 0 < an < ap—1 < --- < @ increasing. It has been proved in
[15] for finite fields and also in [20] (in a field independent context):

Theorem 5 Suppose that a1 > --->an >0 andcy > --->cqn > 0. Then
[Iq @ Icz ISP Icn] S {[Ian]} * {[Ian_1]}' ce ok {[Im]}

if and only if ZE:] ¢ < Z:f:] ai forallk e{l,...,npwith Y ' ci =31, ai.
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Remark 3 The condition Z‘fﬂ ¢ < ZL] a; in Theorem 5 says that the par-
tition ¢ = (¢1,C2y...,Cn) is dominated by a = (a1, az,...,ayn), i.e. ¢ < Q.

Using Theorem 4 and Theorem 5 we are ready now to prove our first result,
which is a characterization of the products of the form

{Tap ]} {la, I - oo {{Tay I} o {Tpy 1 # {{Tp, 1} - - - e { [T, I},

where the integers 0 < ap, < a1 < -+ < ay are increasingly ordered, whereas
the integers by > by > .- > b, > 0 are decreasing.

Theorem 6 Ifa; >---ap, >0,b;>--->by>0andc; >--->c¢ >0 are
nonnegative integers, then

[le, L, & @ Le,] € {[la, ]} #{lla, (I} - - #{[La, [} #{[To, I} #{[Tv, 1} - - -+ {{Ip,, ]}

if and only if r = n+ p, ZnﬂocI =3P ai+ Y1, b, 3B {1,...,n} >
{1,...on+p}, Ja: {1,...,p} = {1,...,n+p} both functions strictly increasing
wzth ImaNImpB =0 Such that by > cpy) for 1 <i<mnand foranyj € {l,...,p}
the following inequality is satisfied:

j

Z (bi —cppy) Z k) — k). (5)

B(i)<alj) k=1
1<i<n

Proof. As a first step, observe that {[Iap]} * {[Iap_]]} ook Iy 1} * {Tp, ]} *
{To, 1} 5 -+ 5 {llo, ) = ({[Tap 1} {Tay 13 % - {[Tay 13)  ({[Tw, 13 {Tp, 0} - - %
{T6,]}) = (a1} {[a, 13- - % {Ig, 1}) *{[lp, ® Ip, B~ - - & Ip,]}. Here we have
used the associativity of the extension monoid product and we have applied
repeatedly Theorem 3 on the second part of the product to get the equality
{Tp, I} # {[Tp, [} # - -+ {[Ip, [} = {[Ip, @ Tp, - - @ Iy, ]}

As for the first part of the product we use Theorem 5 to write {[Iq, ]} * - - - *
{[Icu]} = {[Ia{ - D Ia{,] | ((l]/, DR} G.é)) = (ala- . -)ap)a Z]i?:] (l{ = Z‘f:] ai}-
Hence we have that [Ic; © I, ®- - @ 1c,] € {[La, I} #{[la, ;115 x{{Ia, [} x{[Ip, I}«
{Ty, ]} - - - *{(Ip, ]} if and only if there exists a partition a’ = (aj,..., p) such
that |a’| =al, a’ < a = (aj,...,ap) and [I;, ®--- @ L] e{lly® - olyllx
{Iy, @ - - & Iy, ]}. For the rest of the proof we will work with this equivalent
statement.

“==" Suppose there is a partition a’ = (aj,...,a}) such that [a’| = |al,
a’ < aand [I,,® - -®l,] € {Ig®-- '@Ia{,]}*{[lb] @®- - @Iy, 1}. Using Theorem 4
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we immediately get the equalities 1 = n+p, respectively Z?:]p =)0 a+
Y i, bi and the existence of the strictly increasing functions § : {1,...,n} —
{,...;n+ptand a: {1,...,p} = {1,...,n+p} With disjoint images such that

b; >CB for1<1<nandzﬁ <(x)(b (i) = 2 kg (capo — ap) for all
1<i<n
j €{1,...,p}. By reordering the last inequality and using the fact that a’ < a

we obtam

j j
MRS WD LTS LD KNS i
B(i)<u() B(i)<e(j) k=1 k=1 B(1)<x(j)
1<i<n 1<1<n 1<i<n

leading to Zﬁgggg(j)(bi —cp(i)) = Xt (cap — ax) as desired.
n
“e=" Conversely, suppose that the inequalities (5) and all other conditions
from the right-to-left implication are satisfied. If in addition a; < ¢4 for
1 < j < p, then using Theorem 4 we are done (in this case a’ = a) If
aj > cqfj) for some j € {1,...,p}, then there exists a raising operator R and a
partltlon a’ = (aj,.. ,ap) such that a = Ra’ and a ey for 1 <5 <p

(using the fact that > " Pci =Y P, ai+Y [, b and b > cpy for 1 <i<n).
Suppose in addition that a’ is lexicographically the greatest partltlon with the
mentioned property. Then the inequality

j

Z (b; — Cp(i) Z — ak
(1)<a(j

B(i)<a(j) k=1
1<i<n
is satisfied for all j € {1,...,p}. Since a = Ra’, by Corollary 1 we have a’ < a
and therefore [Ic, @ --- @ 1., ] € {[Ia{ DD Ia{)]} #{[Ip, ® - ® Ip,]} (since all
the conditions from Theorem 4 are fulfilled). O

As one can see, all we had to do to obtain the characterization of products
of the formn {[lg ) # lla, 1)+ - = ([La ) = Iy ]}« (I, ¢ -+ ([, 1) withs
0<a,<apg<--<a and by >b2_ - > b, > 0 was a relaxation of
Theorem 4 by dropplng the condition a < cq(j) for T <j < p. We can do the
very same thing with the explicit versmn of Theorem 4 (which is Theorem 6
from [19]). We state the following:

Theorem 7 Leta; >---a, >20,by>--->by>0,¢1 >+ >¢; >0 be de-
creasing sequences of nonnegative integers and let B; = {l € {0, ..., n}| Zlk:] b+
S ja> Y e for 1 <j<p. Then

e, ®1c, & @ Le,] € {lla, [} {lla, ([} {{La, [} {[Tp, I} {{To, ]} - - {[Tv, J}
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if and only if r =p+m, Y i ¢ =23 ai+ Y by, Bj#0, by >cp, for
1<j<pand1 <i<n, where

o — min(By + 1), j=1
! max(og_1 + 1,min B; +j), 1<j<p

and

5 {mmﬂeﬂ,”qﬂﬂ#ab1§j§ph i=1
i=

min(l € {Big+1,...,Tll#a,1<j<p), 1T<i<n

In this case all we had to do was to drop the condition a; < cq;.

This also leads to a very simple linear-time algorithm (in the number of
indecomposables), a slightly modified version of the algorithm given in [19].
Given the preinjective modules I¢; ® Ic, ® -+ ® ¢,y layy .oy Lapy Loy oo vy Iny, €
mod-kK (with 0 < a, < ap1 <---<ajand by > by >--- > by >0) thisis
a method one could follow in practice to decide whether [Ic, @I, ®---®1.] €
{[Tap 1} {[Ta, oo {{Tqy I {[To, I [T, 1} o {{Tp, I

First check the conditionst =n+p and Y |_;ci =Y ' ai+Y i, bi. If these
are not fulfilled stop with a negative answer, otherwise set the initial values
j =1 =k =1 for the integers used to index elements from the sequences
(ary...,ap), (bry...,bn) respectively (ci,...,c;). Repeat the following steps
for all successive values of 1 <k < r:

L Ifj<pand (a+---+aj1)+(by+---+bi1)+a; > c1+---+cx, then
increase j by one.

2. Else, ifi<mn and by > cx and (a1 +---+aj_1)+(by+---+bi_1)+b; >
c1+ -+ ck, then increase 1 by one.

3. If none of the steps above can be carried out than stop with a negative
answer.

Finally, if one of the first two steps can be made for k = r too, then return
a positive answer, i.e. we have [Io, ® 1., & -- - ® 1] € {[Iap]} * {[Iap,1]} X ek

{[Tay 1} {{Tpy I} o {[To, 13 - - - {[Tp, ]

It is trivial to see that the algorithm is linear in the number of indecompos-
ables (i.e. in r = n + p), since the only cycle in the algorithm runs at most r
times and the partial sums aj +---+aj, by +---+bj and ¢1 +--- + ¢ can be
computed one term at a time at every iteration.
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Finally, we show that the conditions given in Theorem 6 are equivalent to the
conditions of the generalized majorization, described in Section 2, establishing
a module theoretical background for this notion.

Corollary 2 Let d = (dy,...,dy), a = (aj,...,ay), and g = (g1,..., Gxiy)
be partitions. Then

g & & Lgy,,) € (o b5 - {llay T} % {lTg b 5 - (g )}
if and only if g <’ (d,qa), i.e. g is majorized by d and a.

Proof. The proof is obviously based on Theorem 6, hence let us begin by high-
lighting the equivalent notations: x =n,y=p, x+y =71, a=(aj,...,ay) =
(ah---)ap)a d= (dh---)dx) = (bh---vbn)a g = (91)-'-v9X+y) = (Ch-'-vcr):
where n, p, v, (ai,...,ap), (b1,...,bn) and (c1,...,c;) are the corresponding
variables used in the statement of Theorem 6.

s Tf [y @ - @ Ly, € {llay ]} o - # ([T, 1} % {1 # - # {{Ta,J} then
condition (3) from Definition 1 is immediate. We also know that we have a
strictly increasing function p : {1,...,x} — {1,...,x +y} such that d; > gg
for 1 < 1i < x. Among all these functions let 3 be the function for which the
sequence (B(1),B(2),...,R(x)) is lexicographically the smallest one with this
property. We immediately have for the corresponding function o« : {1,...,y} —
{1,...,x+y} that (x(1),...,(y)) = (h1,...,hy) (see Remark 1 at the end of
Section 2). By reordering the inequality corresponding to (5) from Theorem 6
we get

j j
Z di‘f‘Zak > Zga(k)-l- Z
k=1 )<«

B(1)<alj) k=1 B(i)<a(j)
1<i<x 1<i<x

o(j)
gp(i) = Z 9i,

i=1
which is equivalent with

ofj) ofj)—i j
Z gi < Z di + Z ai
i=1 i=1 i=1

for all j € {1,...,y}. Since (x(1),...,x(y)) = (hi,...,hy), this is exactly
condition (2) from the definition. Condition (1) also follows easily, since (i) <
i+y and therefore d; > gp(y) > giy for all i € {1,...,x}.

“<=" Conversely, let g to be majorized by d and a. Set («(1),...,x(y)) =
(h1y...,hy) and (B(1),...,B(x)) = (hi,...,h}) as described in Remark 1.
Then condition (2) is equivalent with the inequalities (5) from Theorem 6.
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Condition (3) transfers as it is, and we also know that d; > gg(; for all
ie{l,...,;aly) —y} If a(y) —y = x, we are done, otherwise we must have
Bla(y)—y+1),...,B(x)) = (x(y)+1,...,x+y). Considering now condition
(1) we can write di > giry = gp(y) for all i € {«(y) —y+1,...,x}, 50 di > ggp)
is fulfilled on the whole range 1 < i < x and the implication now follows by

Theorem 6. g
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functions
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Abstract. Let ¢ be an analytic self-map of the open unit disk D in
the complex plane. Such a map induces through composition a linear
composition operator Cy, : f — fod. We are interested in the combination
of Cy with the differentiation operator D, that is in the operator DCy, :
f— ¢’ (fodd) acting between weighted Bergman spaces and weighted
Banach spaces of holomorphic functions.

1 Introduction

Let D denote the open unit disk in the complex plane. For an analytic self-map
¢ of D the classical composition operator Cgy is given by

Cy : H(D) — H(D), f—= fo o,

where H(ID) denotes the set of all analytic functions on . Combining this
with differentiation we obtain the operator

DCy: H(D) = H(D), f— ¢’ - (f' o d).

2010 Mathematics Subject Classification: 47B33, 47B38
Key words and phrases: composition operator, differentiation operator, weighted
Bergman spaces, weighted Banach spaces of holomorphic functions
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Composition operators occur naturally in various problems and therefore have
been widely investigated. An overview of results in the classical setting of the
Hardy spaces as well as an introduction to composition operators is given in
the excellent monographs by Cowen and MacCluer (cf. [6]) and Shapiro (cf.
13)).

Next, let us explain the setting in which we are interested. Bounded and
continuous functions v : D —]0, co[ are called weights. For such a weight v we
define

HY® = {f € H(D); [[f]ly == supv(z)If(2)] < oo}
zeD

Since, endowed with the weighted sup-norm ||.||y, this is a Banach space, we say
that H° is a weighted Banach space of holomorphic functions. These spaces
arise naturally in several problems related to e.g. complex analysis, spectral
theory, Fourier analysis, partial differential and convolution equations. Con-
crete examples may be found in [4]. Weighted Banach spaces of holomorphic
functions have been studied deeply in [3], but also in [5] and [2].

The weighted Bergman space is defined to be the collection of all analytic
functions f € H(D) such that

Avp = {f € H(D); [[fllp = (JD f(2)Pv(z) dA(z)> " <ol T<p<oo

where dA(z) denotes the normalized area measure. The investigation of
Bergman spaces has quite a long and rich history. An excellent introduction
to Bergman spaces is given in [9].

In this article we characterize boundedness and compactness of operators
DCy : Ayp — HY in terms of the involved self-map ¢ and the weights v
and w.

2 Basics

We study weighted spaces generated by the following class of weights. Let v
be a holomorphic function on D that does not vanish and is strictly positive on
[0, T[. Moreover, we assume that lim,_,; v(r) = 0. Then we define the weight v
in the following way

v(z) := v(|z?) for every z € D. (1)

Examples include all the famous and popular weights, such as
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1. the standard weights v(z) = (1 —|z|2)%, o > 1,

2. the logarithmic weights v(z) = (1 —log(1 — [z*))P, B > 0,

1
3. the exponential weights v(z) =e 0-129% o > 1.

For a fixed point a € D, we introduce a function
va(z) := v(az) for every z € D.

Since v is holomorphic on D, so is the function vq. Moreover, in particular, we
will often assume that there is a constant C > 0 such that
v(z)

sup sup
aeD zeD [Va(2)]

<C. (2)

In the sequel we analyze which role condition (2) plays in the zoo of conditions
on weights. Lusky (cf. [12]) studied weights satisfying the following conditions
(L1) and (L2) (renamed after the author) which are defined as follows

_ 9—n-—1 —Q)—n—j
(L1) inf vl -2 ) >0 and (L2) lim sup v -2 )

vw—s_J W=2 gy j € N.
neN v(1—21) msup g5y < 1 forsomej €N

Actually, weights which enjoy both conditions (L1) and (L2) are normal weights
in the sense of Shields and Williams (see [14]). Obviously, condition (2) is con-
nected with condition (L2) in the following way. If we change (2) as follows

(2)
sup sup
aeD zeb [Va(2)]

<1, (3)

then (L2) is equivalent with (3), if we assume that |v(z)| > v(|z|]) for every

z € D. To show this, let us first assume that (L2) holds. Hence we can find

j € N such that '
v(1—2"")
v(l1—2)

Next, we fix z € D and a € D. Then we can find n € N such that

< 1 for every n € N,

Izl >1—2""7 and |az| < 1 —27™.

Now, ‘
v(z) < v(1—2""7)

fi .
Nzl = V(i =2 < 1 for every n € N
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Finally

v(z
sup sup () <T.

aeD zeD |Va(Z)|

Conversely, we suppose that (3) is satisfied. We take j = 1, fix n € N and
select

. (] 72—n)2
an = ==k
We obtain :
v(l—2"1) v(z) v(z)
< < supsup —— < 1.
V(=2 = V(an2)l ~ aehaeb Va2

Thus, under some additional assumptions (2) is a weaker version of (L2). Cal-
culations show that the standard weights as well as the logarithmic weights
satisfy condition (2), while the exponential weights do not fulfill condition (2).
Finally, we need some geometric data of the unit disk. A very important tool
when dealing with operators such as defined above is the so-called pseudohy-
perbolic metric given by

p(z,a) :=loq(z]],

where 04(z) = 1=,

changes a and 0.

z,a € D, is the Mobius transformation which inter-

3 Results

Lemma 1 Let v(z) = f(|z]) for every z € D, where f € H(D) is a function
whose Taylor series (at 0) has nonnegative coefficients. We assume addition-
ally that v satisfies condition (2). Then there is a constant C > 0 such that

If(2)] < Cv —— €]l 2
v(0)7 (1 — |z2)?v(z)

o=

Proof. Recall that a weight v as defined above may be written as
v(z) := max{|g(Az)];|A| = 1} for every z € D.

We will write ga(z) := g(Az) for every z € D. Next, fix A € C with [A] = 1.
Moreover, let & € D be an arbitrary point. We consider the map

2

Ton : AD = AP, Toaf(2) = F(04(2))0L(2) ga(0w(2))7 .
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Then a change of variables yields
ITanflll, = JDv(znf(oa(z))P|o;(z)|2|gx(aa(z))|dA(z)
v(z)
< JD floal2)l e
< c J J f(0a(2))V(0a(2))]0% (2) dA(2)
DJD

|og(2)] dA(z)

< c JDv(tm(tnp dA(t) = C[I[5,.

Now put hya(z) := Ty (z) for every z € D. By the mean value property we
obtain

VOO < | vizi(zIP dA() = [, < CITIE,.
D
Hence
v(0)[hA(0)P = v(0)If ()P (T — led*)*gale)| < CIFID,.
Since A was arbitrary we obtain that
V(0)IF(e)P (T — o) ?v(ex) < CIID,

Thus,
[f(o)] < C% [ Hvam 2 T
v(0)7 (1 —[a2)Pv(x)®

Since « was arbitrary, the claim follows. O

Lemma 2 Let v(z) = f(|z]) for every z € D, where f € H(D) is a function
whose Taylor series (at 0) has nonnegative coefficients. We assume addition-
ally that v satisfies condition 2. Then for every f € A there is C, > 0 such
that

1 1
2 1) 2 1 } p(Z)W)
(T —lzR)pv(z)? (T —wl2)pv(w)P

f(z) = f(w)[ < Cyl[f[lv,p max {

for every z,w € D.

Proof. The proof is completely analogous to the proof given in [17]. Hence we
omit it here. O
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Lemma 3 Let v(z) = f(|z]) for every z € D, where f € H(D) is a function
whose Taylor series (at 0) has nonnegative coefficients. We assume addition-
ally that v satisfies condition (2). Then for f € HP and z € D:

M
7(2)] < — Il
v(0)P (1 —[z2) TP v(2)?
Proof. By Lemma 2 we have that
M 1 1
|f(Z) _f(W” < 1 { 2 1) 2 1 } p(Z)W)HfHV,P‘
v(0)r L(1T =z pv(z)r (1 —w)pv(w)p
Now
’f(z+h) —f(z)
h|
M 1 1
< T max{ 7 i 5 T } p(z+h,z)|fllvp
v(0)rh (1T—lz+h2H)rv(z+h)? (1—z2)rv(z)®

=

M max{ 1 1 }
v(0)7 |h| (1= +hR)rviz+ )P (1 —|Z2)7v(z)
z+h—

z
- f
TGz M

<=

M max{ 1 1 }
v(0)? (1= 2+ hR) vz + v (1—|22)v(z)
1

- — f .
1— (z—l—h)z‘ I¥llvp

Finally, let h tend to zero and obtain
M

v(0)7 (1= z2)FPv(z)?

If'(z)] < [ fllv,p-

O

Proposition 1 Letv(z) = f(|z|) for every z € D, wehre f € H(D) is a function
whose Taylor series (at 0) has nonnegative coefficients. We assume addition-
ally that v satisfies condition (2). Then DCy : A, p — HY is bounded if and
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only if

w(z)l¢p’(2)]
sup

i - < o0, (4)
€D (1 — | (2)2) v v(d(2) 7

Proof. First, we assume that (4) is satisfied. Applying Lemma 1 we obtain

IDCyfllw = supwi(z)ld’ (2)lIf' (b (2))] < Csup iz 'ﬂz)' T
= 2D (1~ |p(2)2) 7 v(0(2))7

Hence DCy : Ay p — H;yY must be bounded.
Conversely, let a € D be arbitrary. Then there exists ff in the unit ball of H®
such that [fq(a)P = \7(17) Now put

ga(z) :=fa(z2)@q(z) for every z € D.

Hence ||ga|lp = [ 19a(2)[PV(z) dA(2) < sup,cpv(z)Ifa(2)lP [ l@a(2)P dA(z) <
K. Moreover,

94(z) = fo(2)@a(z) + fa(z) 4 (2) for every z € D.
Next, we assume that there is a sequence (z,)n C D such that |p(zn)| — 1 and

Wizl (zn)]
(1= [ (zn) ) P v(d(2n))

Thus consider now gn(z) := gg¢(z,)(z) for every n € N as defined above. Obvi-
ously (gn)n is contained in the closed unit ball of A, and

W(zn) [ (2
V(d(zn))? (1= [b(za)2) 5

for every n € N which is a contradiction. O

>n for every n € N.

<=

¢ > w(zn)ld' (za)llgn (b (zn))l =

>n

Proposition 2 Let v(z) = f(|z|]), z € D, where f € H(D) is a function whose
Taylor series (at 0) has nonnegative coefficients. Moreover, we assume that v
satisfies (2). Then the operator DCy : A} — HS is compact if and only if

1. w(z)l$’(z)|

1m sup -
-1 (1= 1b(2)) P v(d(2)7
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Proof. Let (fy)n be a bounded sequence in A, that converges to zero uni-
formly on the compact subsets of . Let M = sup,, ||fn|lv,p < co. Given ¢ >0
there is v > 0 such that if |p(z)| > 0, then

w(z)|¢(2)] L
(1= lp)P) FFv(d(z)r 26

On the other hand, since f, — 0 uniformly on {u; [u| < v}, there is anng € N
such that if [p(z)] < r and n > no, then w(z)If] (d(2))lld’(z)] < 5. Now, an
application of Lemma 3 yields

supw(z)lfy ((2))l(2))] < sup w(z)lfy(d(2))lld'(2)|

zeD Ip(z)I<r

+ sup w(2)If($(2))lld'(2)]

[b(z)|>r
E—I—Sup ()Id>()| ;
\>r(1—|d>( )lz) V(d(2)

o=

IN

< E.

Thus, the claim follows.
Conversely, we suppose that DCy : A, , — HJ is compact and that there are
>0 and (zn)n C D with |¢p(zn)] — 1 such that

W(zn)b (z0)]
(1= [ (zn) ) TP u((20))

Since |d(zn)| — 1 there exist natural numbers a(n) with limp e a(n) = 0o
such that |¢p(zy)|¥™ > % for every n € N.
Next, for every n € N we consider the function

> 0.

where fi € H such that |[fh|y < 1 and [fo(dp(zn))P = m Then we
obtain
IDCofnllw > Wiza)ld' (zn)lIf(d(zn))
o W)l )l (zn)
T W (z)) T (1= 19(z)R)
. Wizn)I4(z0) s Ty
25(dp(zn))? (1= Id(za)?) 5~ 2

This is a contradiction. O
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