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Abstract. The purpose of the present paper is to study the properties
of the v-curvature tensor in C-reducible Finsler space and conformal v-
curvature tensor in C3-like Finsler space F™ of dimension (n > 4), in
which the conformal Cartan torsion tensor Eijk is said to be a conformal
C3-like Finsler space.

1 Preliminaries

Let F* = (M™ L) be a Finsler space on a differential manifold M endowed
with a fundamental function L(x,y).
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We use the following notations [2, 6]:

T.: 5 ; O . d

a) gy = iala]l— y gl) = (gl)) ) ai = ayi»
1. 1 i

b) Ciyk = iakgij) C]fj = Egkm(amgij)»
c) hi; = gy — Lil, L=0k -,
d)  mi=bi—pL L}, (1)
e) Chlp=0,
f) h,imi = My,
g) lm;=0,

where 1i, mi and n; are the unit vectors, and hy; is a angular metric tensor.

Definition 1 Let F* = (M™, L(x,y)) and F' = (M™, L(x,y)) be two Finsler
spaces on the same underlying manifold M™. If the angle in F™ is equal to
that in F for any tangent vectors, then F™ is called conformal to F" and the
change L — L = e°L of the metric is called a conformal change and o(x) is a
conformal factor.

Example 1 We consider a Finsler space F* = (M™, L(«, B)), where o« is a
Riemannian metric, B is a 1-form and a conformal change L(o, ) — L =
e"™ML(«, B). Since L, B) is assumed to be (1)p-homogeneous in o and P,
we get L = L(&, B), where ® = e°™a and p = e®XpB. Thus the conformal
change gives rise to the change (o, ) — (&, B) = (e M«, e®™B) of the pair
(«, B) independently of the form of the function L(x,B). Thus we also get

the conformal change x — & = e ™« of the associated Riemannian space
R* = (M" «).

Under the conformal change, we get the following relations [3, 4]:

a) gy = e*°gy, g)=e *°gY,

b)  Ciyk = e*Cyx, dk = Ch, Cij = Ci=Cl = Cy,

) T =e°l Li=el, b =e*y, (2)
d  hy=ehy,  Ry=h

e) L=¢e"L,

f) mg = e“my.
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Definition 2 ([1]) A Finsler space is said to be C-reducible if it satisfies the
equation
Cijx = (Cihji + Cjhyq + Cxhyy) /(n +1). (3)

Definition 3 A conformal Finsler space F" is said to be a semi-C-reducible
conformal Finsler space if Cijx is of the form,

Cﬁk = % 7(‘“3_ ”{hﬁCk + hjkCi + hkic)'} + %CiCjCk .
There are three kinds of torsion tensors in Cartan theory of Finsler space F™.
Two of them are (h)hv-torsion tensor Cyy and (v)-torsion tensor Pij, which
are symmetric in all its indices. It is obvious that F™ is Riemannian if the
tensor Cyjx vanishes. For a three dimensional Finsler space F3, Cyjk is always
written in the form [5]

LCiji = Hmimymye — Jgolmimimud + I o imimmad + JTninymy, (4)

where i i5){} denotes the cyclic permutation of the indices i, j, k and addition
H, I and J are main scalars; we assume that they are invariant under conformal
change and (li, mi, ny) is Moor’s frame. Here 1; = a.iL is the unit vector along
the element of support, my is the unit vector along Cj, i.e., my = C;/C, where
CcZ= gﬁCiCj and ny is a unit vector orthogonal to the vector l; and m;.

Example 2 The C-reducible Finsler space (3) it is written for a three dimen-
sional case as
4Cﬁk = hi]-Ck + h,-kCi + hkiCj. (5)

The unit vector my = % is orthogonal to li, because Ciyt = 0. Therefore
equation (5) can be written as

4LCyx = LC [Smimjmk + {mimjnk + minymy + mmjmk}] , (6)

comparing equations (4) and (6) we have, 4H = 3LC, LC = (H + 1) and
] = 0. So we get H = 31. Conversely, H = 31 and LC = H + I lead to

the above. Therefore the necessary and sufficient condition for C-reducible is

H=3I, LC=(H+1) and ] =0.

Under conformal change, equation (4) can be written as,

LCyjx = Hmyimymy — Jo{mimmi) + WMy + Jumme (1)
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Suppose H, I and J are conformal invariants, then equation (7) reduces to
LCijk = e>°LCijy.

The angular metric tensor hyj in F3 can be written as [5]
hy = mymy + nyn;. (8)

Under conformal change, equation (8) can be written as

hy = mymy +nym;,
™ 2
]’L’Lj = e G(mimj + TliTLj).

After simplification, equation (7) can be written as

Cijk = Uiji (hyyax + CiCjby), 9)

where

—
w

10 _
ax = {Imk—I—]nk},

B = — H_ T)my— ﬂﬁ
Kk = 2 3 k3 e
Then — by using (2(e),(f)) — the above equation becomes
_ 1 J
ax = T {Imk + Snk} ,
b = e [(H_ [)myg— ﬂn
T Ler|\3 AL
Substitute @, and by in (9), we get,

ik = ﬂ(ijk)(ezghﬁak+QZGCiCibk)»

gk = e® Ui (hijax + CiCiby). (10)

Ol O

The equation (10) can also be written in the form of

Ci = €™ (hjeal + C;CybY). (11)
A Finsler space F™* (n > 4) is called a C3-like conformal Finsler space if there
exist two vector fields ay and by, which are positively homogenous of degree
-1 and +1, respectively.
The purpose of the present paper is to find the v-curvature tensor of the
conformal Finsler space F when it satisfies (10).
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2 Properties of C3-like conformal Finsler space

Let Cyjx be the indicatory tensor and contract equation (10) with gk, we get
éijkgjk = ezg(hﬁ ax + CiCjbk + hjkai + C)'Ckbi + hkia]- + CkCib]‘)gjk,
Ci = (CiCp+ (n+1)ai+ C%bi+ C'Cy),
Ci — ZCiCb = ((Tl + 1)(11 + Czbi),
Ci(1-2Cp) = (n+1)ay+ C?by, (12)
where Cb = Cibi.
Lemma 1 The three vectors ai, by, Ci are linearly dependent vectors.

Contracting (12) with C!, we get

(1—2Cy)CiCY = (n+ 1)a;Ct+ C%b;CH,

(1—2Cp)C? = (M+1)Cq+ C2Cy,
(1—2Cp)C2—C?C, = (n+1)Cq,

(1—3Cp)C? = (n+1)Ca

Lemma 2 If C; is perpendicular to by, then Cq = (ncij), and if Cy is perpen-

dicular to ai, then Cy = %
Now equation (12) can be written as

(1-2Cp)Ci  (n+1ay
b; = o2 o o2 L. (13)

Substitute (13) in equation (10), we get

Cyx = €™ Ui {hyak + CiCibyl,

= 2 (1—2Cb)Ck (n—l—])ak
Cijk = e Gﬂ(ijk) |:hija—k+ CiCj { c2 — c2 ,
= n+1 3(1—-2C
Cyx = ezcu(ijk) {hi)'ak — (Cz)cicjak} + ezc’(czb) CiC;Cx.
If a; is parallel to Cj, i.e. a; = 77121 Ci, where p is some scalar, then Eijk
reduces to
20
= p e“°3P
Cyx = 6267(11 7 ){hijck + hCi + hyi G5 — ?CiC]-Ck +

203(1 - 2C
L e ( b)

2 CiC;Cy,



106 S.K. Narasimhamurthy, S.T. Aveesh, P. Kumar

3626(:1(:]' Ck

Ciyx = QZGL{hﬁCk + hyCi 4+ i G + oz (1—-2Cp—P),

n+1)

Cije = e (np%”{hijck + hjCi + i G} + %CiCjCk )

where ¢ = 3(1 — 2Cy, — p). Hence we state:

Theorem 1 A C3-like conformal Finsler space reduce to a semi-C-reducible
conformal Finsler space if the vectors a; and by are parallel to Cj.

3 The v-curvature tensor of C-redusible Finsler space

The v-curvature tensor Sy;jk of F™* is given by
Shijk = ChirCij — Cjr Gl (14)
Using (3), the above equation can be written as
Shijk = [CiCihnk + CrCihij — CiCxhpj — CpCihud/(n+1)2 (15)
Therefore equation (15) reduces to,
Shijk = Ci[Cihnk — Chpgl/(n + 1)2 4 CplCyhy; — Cihyd /(n + 1)2. (16)
Contracting (16) with respect to yt, and after some simplification, we get

0 = CrlCry;— Cjurl/(n+ 1),
Cwy; = Gy (17)

Theorem 2 The C-reducible Finsler space and v-curvature tensor Snijk sa-
tisfies the symmetric property and it holds (17).

Corollary 1 Under conformal change, the C-reducible condition and v-curvature
tensor also satisfy property (17).

Example 3 Let Ty be a tensor of (0,2)-type of a two dimensional Finsler
space and Ty be scalar components of Ty with respect to the Berwald frame:

Ty = Tl + Toolimy + Toymgly + Toomym,.

If Ty is symmetric, we have T2 = T2y, and if Ty is skew-symmetric, then
To; = 0, Ty = O; therefore, by this condition, the v-curvature tensor Syik of
CT' of any two dimensional Finsler space vanishes identically.
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4 The v-curvature tensor of C3-like conformal Finsler
space

Under conformal change, equation (14) can be written as,

ghijk = ezo-[cher{j_ChjrC{k]a

using (10), (11), the above equation becomes

Shijk = €2 [{(hnkar + ChCiby + hyran + CrCrby + hynay + CrCrby} x
{hya" + CiCjb" + hja; + C;C™b; + hia; + C'Cibj} —
{hnjar + CrCjby + hyjran + C5Crbn + hynaj + CrCrbj) x
{hyxa" + C;Cyb" + hﬁai + CxC™b; + h{ak + C'CibyJl.

After some simplification and rearrangement, we get the following equation:

- 2
Shijk = 62(y |:{hhk (C;hij + aia,- + CiC]-arbr + (Cib]' + C]-bi)Ca) } X

2
hy; <(;hhk + apag + ChCrarb" + (Cyxby + Chbk)Ca> } —

2
{hhj <azhik + ajax + CiCra,b" + (Cybi + Cibk)Ca> } X

2
hik <(;hhj + anaj + CtharbT + (Cjbh+ Chbj)ca> } +
C2(Cibp — Cby) (Cyb; — cjbk)] .

The above equation can be rewritten in the form:

Shijk = €*“ThukBi; + hijBrkl — hpBix — hixBij
+C%(Cibp — Cnbi)(Cxb; — Ciby)], (18)

where Bi]' = %Zhij + aiq; + CiC]’arbT + (Cibj + C]-bi)Ca.

Theorem 3 The conformal v-curvature tensor Spijx on a C3-like conformal
Finsler space reduces to equation (18).
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Abstract. In this paper we study an eigenvalue problem in RN, which
involves the p-Laplacian (1 < p < N), and the nonlinear term has a global
(p — 1)-sublinear growth. We guarantee an open interval of eigenvalues,
for which the eigenvalue problem has three distinct radially symmetric
solutions in a weighted Sobolev space. We use a compact embedding
result of Su, Wang and Willem ([6]) and a Ricceri-type three critical
points theorem of Bonanno ([1]).

1 Main result

Let V,Q : (0,00) — (0, 00) be two continuous functions satisfying the following
hypotheses
(V) there exist real numbers a and ag such that
V(r) V(r)

liminf —= > 0,liminf —— > 0.
500 ra r—0 1%

(Q) there exist real numbers b and by such that

lim inf Qlr) < 00, liminf Qlr)

r—oo T 150 Tbo

< 00

AMS 2000 subject classifications: 35J35, 46E35
Key words and phrases: quasilinear problem, eigenvalue problem, variational methods,
weighted Sobolev space
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Let C¥° (RN) denote the collection of smooth functions with compact support
and
&T(RN) ={ue CSO(RN)\u is radially symmetric}.

We recall that a function u € Cg° (RN) is radially symmetric, if u(|x|) = u(x),
for any x € RN,
Let Dl‘p(RN) be the completion of C§’ (RN) under

,T
lu|lP = J IVulPdx.
RN
Define the Lebesgue spaces for p > 1 and q > 1:

LP(RN; V) = {u: RN - Rlu is measurable,J V([x)uPdx < oo}
RN

LYRM™ Q) = {u: RN = Rju is measurable,J Q(x])u|%dx < oo}
RN

with the corresponding norms

1/p
||u|LP(RN;V):<J V(XI)ude> ,
RN

1/q
||u|Lq(RN;Q):<J Q(IXI)IqudX> .
RN

For these norms, we use the abbreviations: [[ull(»gn.y) = [[ullp,v and
el gz = Iulg -
Then define Wl‘p(]RN;V) = Dl‘p(RN) N LP(R™N; V), which is a Banach space

under

lin, =J {1V Vi P) dx
R

In order to state the embedding theorem used in our proofs, we need to intro-
duce the following notations:

PZ(N—=14+Db)—ap

) b2a>_)

pIN=T)+alp—1) P

q*_ M) bZ_—pZa,
N—p

P, b S max{a, _p}
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P(N + bo)
N—p ) boZ—P,‘lOZ—D»
2
q- =< P(N—1+bpo)—aep S N-1
- S 5 L S
00, ap < —%D‘bo > ao.

We shall use the following embedding theorem.

Theorem 1 [6, Theorem 1.] Let 1 <p < N. Assume (V) and (Q). Then we
have the embedding
WIP(RN, V) < LI(RN; Q) (1)

for g« < q < g%, when q* < 0o and for d. < q < oo, when q* = co.
Furthermore, the embedding is compact for q. < q < q*. And if b <
max{a, —p} and bg > min{—p, ap}, the embedding is also compact for q = p.

Therefore, supposing besides (V) and (Q) the condition
(ab) b < max{a, —p} and by > min{—p, ao},

the embedding
WIP(RN V) < LP(R™N; Q) (2)

is also compact.
The collection of those functions, which satisfy the conditions (V), (Q) and
(ab) is not empty. For example, taking

a:p)b:_p_])aoz_p)boz_p+])
the functions V and Q defined by

V(r) :max{hr]p},

. 1 1
Q(x) = min {TDH’ o }

satisfy all three assumptions for every 1 < p < N.

For A > 0, we consider the following problem:

—Apu + V(XD uP~2u = AQ(|x|)f(u) in RN

(P?\) y
lu(x)] — 0,as x| — oo
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where f: R — R is a continuous function.
We say that u € WJ‘D(RN;V) is a weak radial solution of the problem (Pj)
if

J (IVWP2Vuvv + V(x))[ulP~?uv)dx — ?\J Q(xNf(u(x))v(x)dx =0,
RN

RN

for every v € WJ’D(RN;V).
We assume the following conditions on f :
(1) there exists C > 0 such that [f(s)] < C(1 4 |s|P~"), for every s € R;
. f(s) _
(£2) lim 25 =0
(f3) there exists sg € R such that F(sg) > 0, where F(s) = LS) f(t)dt.

Our main result is the following

Theorem 2 Let f: R — R be a continuous function which satisfies (1), (f2),
(f3), and assume that (V), (Q) and (ab) are verified. Then, there exists an
open interval A C (0,00) and a constant i > 0 such that for every A € A prob-
lem (Py) there are at least three distinct weak radial solutions in Wl’p(]RN;V),
whose W, P(RN:V)—norms are less than .

2 Auxiliary results

In this section we give a few preliminary results. These will be used in the
proof of the main result in the next section.

We denote the best embedding constant of the embedding (1) by Cq, i.e. we
have the inequality:

ulg,Q < Cqllullw.

We define the energy functional corresponding to (P) as

Ex: WIPRN, V) 5 R
Tiap
Exlu) = gllul\w— AJ(u),
where ] : Wl P(RN: V) = R is the functional defined by

) = | QedFux)a,
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The functional &y is of class C! (see for instance [3, Lemma 4]), and its deriva-
tive is given by

(ExX(w),v) = JRN (VWP 2Vuvv+V (X)) uP~uv) dx—A JRN QUxNf(u(x))v(x)dx,

for every v € w, P(RN; V). Therefore, the critical points of the energy func-
tional are exactly the weak radial solutions of the problem (P).

Lemma 1 For every A > 0, the functional &y : w, PRN:V) = R is sequen-
tially weakly lower semicontinuous.

Proof. Due to (f,), for arbitrary small ¢ > 0, there exists & > 0 such that
f(s)] < epls|P~!, for every s <] (3)
Combining this inequality with condition (f1), we obtain
[f(s)] < epls|P~! + K(8)r[s|""", for every s € R, (4)

where 1 €]q4, q*[ is fixed and K(8) > 0 does not depend on s.
Let {u,} be a sequence from w, P(RN; V), which is weakly convergent to some
ue Wl P(RN: V). Then there exists a positive constant M > 0 such that

Menllw < M, [un — ullw < M, ¥n € N. (5)

We claim that [J(un)—J(u)| — 0 asn — oo. Using inequality (4), the standard
mean value theorem for F and the Hélder’s inequality, we obtain:

Jun) =T < JRN QXNIF(un(x)) — Flu(x))ldx <

< | QU — (1 = B lun(x) — uixlax <

IN

ep JRN QXN IOuR(x) = (1= BIu(x)IP un (x) — w(x)ldx +
+ K(é)rJRN QUXNIOUR(x) = (1= B)u(x)I"™ Thun (x) — u(x)ldx <
< ep JRN QX (un ()P~ 4 ()P~ e () — (o) dx +

+ K(a)rjRN QUXNI (e ()™ A+ ()" (x) — u(x)|dx <
ep(hunll® g + I ) hun — ullp +

IN

+ K@) r(unlllg + I Q)lun — ull g
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Now, using the embeddings (1), (2) and the inequalities (5) we have

T(un) = J(w]

IN

epCh(I[unllfy " + lullfy lhun — ullw +
+ KO (funlly " + ulliy i — ullg <
< ZepCEMp—|—ZK(é)rCIqu*]IIun—ullr,Q.

Since the embedding WJ’D(RN;V) — L"(R™; Q) is compact for v €lqs, q*[,
we have that |[un —ull;, o — 0, whenever n — oo. Besides that, ¢ is chosen
arbitrarily, so the claim follows from the last inequality. |

Lemma 2 For every A > 0, the functional &y : w, PRN:V) = R is coercive.

Proof. Let n be a constant such that

1
0<n< —7, 6
pCh ©)

where C,, is the best embedding constant of the embedding Wl PRN:V) —
LP(RN; V). Due to conditions (1) and (f;), there is a function k € L'(R™; Q)
such that

[F(s)| < nlsl” + k(x),Vs € R, ¥x € RN, (7)

Then, we obtain
:
E(u) > IIuII‘JVnJ Q(IXI)Iu(X)deJ Q(x[)k(x)dx >

P RN RN
1

> EH“HB\/*HCBHW\J—HS\/*HkHI,Q:

1
= (p—nCB) iy, — [k,

By the choice of the function k, we have that |[k||; o is bounded. Therefore,
using the inequality (6), we obtain that &x(u) — oo, as |[u|lw — oo, concluding
the proof. |

Lemma 3 For every A > 0, the functional &y : WT] P(RN; V) = R satisfies the
Palais-Smale condition.

Proof. Let {u,} C Wl‘p(RN;V) be a (PS)-sequence for the function &, i.e.
(1) {&x(un)} is bounded;
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(2) &(un) — 0.
Since &, is coercive, we have that {u,} is bounded. The reflexivity of the
Banach space Wl P(RM: V) implies the existence of a subsequence (notated also
by {un}), such that {un} is weakly convergent to an element u € w, PRN: V).
Therefore, we have

(E(u),un —u) — 0 as n — oo. (8)

Because the inclusion W, PRN:V) — LP(RN:;V) is compact, we have that
un — u strongly in LP(R™; V). We would like to prove that u, converges
strongly to u in w, P(RN; V). For this, we will use the following estimates
from [2, Lemma 4.10]

& — P < M(JEP2E — |UP20)(& — ¢), forp>2 (9)
& — ¢ < Mo(JEP2E — P20 (& — Q) (&) +12)*P,  for p €]1,2,  (10)

where M and M are some positive constants. We separate two cases. In the
first case let p > 2. Then we have:

||un—u|svj
R

< My J}RN {IVun(X)Ip_ZVun(X) — IVu(X)Ip_ZVu(X)] (Vitn(x) — Vu(x))dx

V(] = VP | VD) — )P

+ My JRN V(Ix[) [|un(x)|pfzun(x) - Iu(x)\pfzu(x)} (un(x) — u(x))dx
= Mil(EX(wn), tn — 1) — (EXW), tn — 1) + A (1) — T (), 1 — 1))
< My (1185l o gy + AT (1) = T (Wl ey ) Tt =l
— M(&(u), un —u).

Since un — u weakly in Wi 'P(R™N; V) and ]/ are compact (see [3, Lemma 4]),

we have that ||J/(un) —I’(u)|\w1,p(RN vy 0 . Moreover [|€; (un)|| — 0, hence

using (8), we have that |[u, —ullw — 0, as n — oo.
In the second case, when 1 < p < 2, we recall the following result: for all
s € (0,00) there is a constant cg > 0 such that

(x +y)® < cs(x®*+y®), for any x,y € (0,00). (11)

Then we obtain
2

|n — ullfy = (JRN [Vun(x) = Vu(x)[Pdx + JRN VilxPhun(x) — u(X)Ide> '
(12)
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<c [(JR Vin(x) — Vu(xnpdx) "y (JR V(IxDhun(x) — u(xnpdx) ] .

Now, using (10) and the Holder inequalities, we get:

NS

J Vin(x) — Vulx)Pdx = J (IVun(x) — V()P Fdx <
RN

RN

N

IN

Mo+ [ (VG0 2V un () — V()P 2V () (Vun(x) — Vu(x)))
JRN

p(2—p)

(IVun(x)| + [Vu(x))) ~ 7 dx =

NS

~ M| [(IVun(X)Ip_ZVun(XJ*IVu(X)Ip_ZVu(X))(Vun(X)fVu(XJ)}
JO

[(IVun ()] + [Vu(x))P1 2> dx =

P

IVu(x)lpdx) ’

IN

M, (JRN [Vn (x)[Pdx + JR

]

(j (1Vun (P2 V() — V() P2V14(x)) (Vin () — Vu(x))dx>
RN

M, [(JRN IVun(x)Ipdx> : + (J}RN Vu(x)pdx> 2] .

(J (IVun ()P Vun(x) = [Vu(x) P Vu(x)) (Vin(x) — Vu(X)MX)
RN

IN
N

AN
Mg

M2+ ([, (7m0 23] = 1900 270 V) — Tl v

(2-p)p (2—p)p
<||un|wz il ) |

Then, using again relation (11) and the above inequality, we have the estimate:

(J Vn(x) Vu(x)pdx>" < (13)
RN

< Mj- (JRN(Vun(X)pZVun(X) — [Vu(x) P2V (x) (Vin(x) —Vu(X))dX> :

2— 2—
(Irunlf? + Il )
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We introduce the following notation: I(u) = %Hu||€v- As we used before, the
directional derivative of I, in the direction v € E is

(I'(u),v) = JRN IVu(x)[P~2Vu(x) Vv(x)dx — JRN V([x)) [ (x) [P~ (x)v(x) dx.

Using the inequalities (12), (13) we have
= wlfy < Mb (T (wn) = T ()t —u) - (anlfy * + Rl )

Since Uy, is bounded, the same argument as in the first case (when p > 2)
shows that u, converges to u strongly in W; PRN: V).

Thus &, satisfies the (PS) condition for all A > 0. |
Lemma 4 o
lim sup{J(u) : lullyy, <pt} 0.
t— 0t t
Proof. From inequality (4) we obtain:
[F(s)] < ¢|s|P + K(8)]s]", for every s € R, (14)

where 1T €]q4, q*[ is fixed and K(6) does not depend on s. Then
Jw) < el o + K)o
Now, using emeddings (1), (2), we get:
J(w) < eChllullyy, + K(8) Cl[ully.

Therefore, )
sup{J(u) : [ull}y, < pt} < eChpt + K(8)Cl(pt)7.

Since ¢ is chosen arbitrarily and v > p, by dividing this last inequality with t
and taking the limit, whenever t — 0", we conclude the proof. |

3 Proof of theorem 2

The main tool in the proof of Theorem 2 is a Ricceri-type critical points
theorem (see [4], [5]) refined by Bonanno in [1].

Theorem 3 (G. Bonanno [1]) Let X be a separable and reflexive real Banach
space, and let @,] : X — R be two continuously Gateaux differentiable func-
tionals. Assume that
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(1) there exists xg € X, such that ®(xq) = J(xo) = 0;
(il) @ (x) > 0 for every x € X;

(iil) there exists x1 € X, p > 0, such that p < ®(x1) and sup{J(x) : D(x) <

P} < P

(iv) the functional ® — A] is sequentially weakly lower semicontinuous, sa-
tisfies the Palais—Smale condition for every A > 0 and it is coercive, for
every A € [0, al, where @ = cp , with ¢ > 1.

Oy P S

Then there is an open interval A C [0, al and a number o > 0, such that for
each A € A, the equation ®'(x) — AJ'(x) = 0 admits at least three distinct
solutions in X, having norm less than o.

We also need the following result of Su, Wang, Willem.

Lemma 5 [6, Lemma 4] Assuming (V) with a > —N—jp, there exists C > 0,

P
such that for allu € w, PRN:V)

_p(N-T)+alp-1)
hu(x)| < Clx| »? ullw, x> 1. (15)

Proof of Theorem 2. Let so € R be from (f3), i.e. F(sg) > 0. We denote by
B, the N-dimensional closed ball with center 0 and radius r > 0.

Since Q and V are positive continuous functions, for an R > 0 there exist the
positive constants mg, Mg, My such that:

mqQ = ﬁgﬁQ(‘X')’ Mg = max Q(Ixl);

My = max V(|x|).
[x|<R

For a o €0, 1[ we define the function ug: RN — R by
0, if x € RN\ Bg

if x € Bor
(R—1x|), if x € Bg\ Bgr.

uU(X) = SO’ SO

R(1— o)
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It is clear that ugs belongs to Wl P(RN; V). Denoting the volume of the ball
B by wn, we obtain:

P
S0
heol®, = J V(|X)|Sode+J LU L
oW Bor Br\Bor R(1— o)
+J V(XI)‘SOD(R—IX)de<
Br\Bor R(1 - G) o
< JsoPwnRN(6"My +R7P(1 = 0) P(1 — ™)) +
HsolPRP(1 — 0)_vaJ (R — [x)Pdx <
Br\Bgr
< solPwnRN(My +R7P(1 — o) P(1 — ™))
and
J(uo) > wnRN(MaF(so)o™ — Mg max F(t)(1—o™)). (16)

[tI<Iso]

By the choice of mg and Mg, we have that 0 < % < 1. Therefore,

[tI<Isol
_1
F
we can choose a 0g € 1+ mQ—(SO) , 11 <J0, 1, such that
Mg max F(t)
[tI<Iso]
J(ugy) > 0. (17)

By Lemma 4 and inequality (16) it follows the existence of a positive constant
po > 0 so small that
[y [y
po< — —+ (18)
sup{J(w) : [[ulljy < po}  pJluc,)
Po [ L5y
Using the Lemmas from the previous section and inequalities (18), (19), all the
assumptions of Theorem 3 are satisfied with the choices: E = Wl PRN: V),
1

O = EHLLHSV, X1 =Ug,, X0 =0 and =1+ pp and

(19)

1+ po
PJ (e )yl — sup{J(u) : [[ullfy, < tlpy!

a=

Then, there exists an open interval A C (0,00) and a constant p > 0 such
that for every A € A the equation & = ® — A] admits at least three distinct



120 1. 1. Mezei

critical points: u;\,uf\,ui € Wr] P(RN; V) such that

max{] [y, [ugliw, Iu3llw < . (20)

It remains to show that |u}\(x)\ — 0 as x| = oo, for i € {1,2,3}. Using Lemma
5 and taking into account the estimate (20), the claim follows immediately. W

Acknowledgement

This research supported by Grant PN. II, ID_527/2007 from MEdC-ANCS.

References

[1] G. Bonanno, Some remarks on a three critical points theorem, Nonlinear
Analysis TMA, 54 (2003), 651-665.

[2] J. 1. Diaz, Nonlinear partial differential equations and free boundaries. Vol.
L. Elliptic equations, Research Notes in Mathematics, 106. Pitman (Ad-
vanced Publishing Program), Boston, MA, 1985.

[3] K. Pfliiger, Existence and multiplicity of solutions to a p-Laplacian equa-
tion with nonlinear boundary condition, FElectron. J. Differential Equa-
tions, 10 (1998), 1-13.

[4] B. Ricceri, On a three critical points theorem, Arch. Math. (Basel) 75
(2000), 220-226.

[5] B. Ricceri, A three critical points theorem revisited, Nonlinear Analysis
TMA, 70 (2008), 3084-3089.

[6] J. Su, Z.-Q. Wang, M. Willem, Weighted Sobolev embedding with un-
bounded and deacying radial potentials, J. Differential Equations, 238
(2007), 201-219.

Received: April 25, 2009



ActA UNIV. SAPIENTIAE, MATHEMATICA, 1, 2 (2009) 121-142

&

Density of safe matrices
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Eotvos Lorand University,
Department of Computer Algebra
1117 Budapest, Pazmény P. sétdny 1/C.
email: tony@compalg.inf.elte.hu

Abstract. A binary matrix A of size m x n is called r-good if it con-
tains in each column at most r 1’s; the matrix is called r-schedulable if,
by deleting some zeros, the matrix becomes r-good; A is called r-safe if
the first k (1 < k < n) columns of the matrix contain at most kr 1’s.

Let Z = [zij]mxn be a matrix of independent random variables, hav-
ing the common distribution P(zy; = 1) = p and P(zy; = 0) = 1 —p,
where 0 < p < 1. For m > 1, lower and upper bounds are presented for
the asymptotic probability of the event that a concrete realization of Z
is 1-schedulable: the lower bound is connected with good, and the upper
bound with safe matrices. Further exact formula is given for the critical
probabilities scrit(m) defined as the supremum of probabilities, guaran-
teeing that the matrix Z is 1-safe with positive probability for arbitrary
value of n and m.

1 Introduction

Percolation is a very popular research area of combinatorics [2, 3, 5, 6, 9, 10,
11, 18, 19, 20, 22, 23, 24, 25, 26, 27, 29, 52] and physics [15, 28, 36, 37, 38, 39,
42, 46].

In this paper we use and extend a mathematical model proposed by Peter
Winkler [53] and studied later among others in [13, 14, 19, 20, 33, 35, 46].
This model is also useful for the investigation of some scheduling problems of
parallel processes [40, 51] using resources requiring mutual exclusion [1, 7, 16,
21, 34, 45, 50].

AMS 2000 subject classifications: 60G50, 82B43, 68M20
Key words and phrases: random walk, percolation, scheduling of parallel processes
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122 A. Ivanyi

According to the Winkler model, two processes share one unit of a resource.
We extend this model for m > 2 processes and v > 0 units of the resource
requiring mutual exclusion. The rise of the number of processes results a
model describing the percolation in three or more dimensions.

Estimations of the probability of schedulability of processes are derived using
different methods, first of all by investigating of asymmetric random walks
across the x axis.

2 Formulation of the problem

Let m and n be positive integers, let 1 (0 < r < m) and p (0 <p < 1) be real
numbers and let

Z11 Z12 ... Zin
z Z v z

7 — 21 22 2n
Zml Zm2 .-+ Zmn

be a matrix of independent random variables with the common distribution

Plzy = k) = P, ifk=Tand1<i<m, 1<j<n,
VYTl g=1-p, ifk=0andl<i<m, 1<j<n.
Let
a a2 ... Qin
A — a;y az ... Qazn
am] anlz [ am-n_

be a concrete realization of Z.

The good, safe and schedulable matrices are defined as follows.

Matrix A is called r-good if the number of the 1’s is at most r in each column.
The number of different r-good matrices of size m x n is denoted by G(m,n),
and the probability that Z is good is denoted by g.(m,n,p).

Matrix A is called r-safe if

m

k
> ) ay<kr (k=1,2,...,n).

i=1 j=1

The number of different r-safe matrices of size m x 1 is denoted by S.(m,n)
and the probability that Z is safe, is denoted by s;(m,n,p).
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If ai; = 0, then it can be deleted from A. Deletion of ai; means that we de-
crease the second indices of aij41,...,aim and add aijym =0 to the ith row of
A.

Matrix A is called Winkler r-schedulable (shortly r-schedulable or r-
compatible) if it can be transformed into an r-good matrix B using dele-
tions. The number of different r-schedulable matrices of size m x n is de-
noted by Wy(m,n), and the probability that Z is r-schedulable is denoted by
wy(m,n,p). The function w,(m,n,p) is called r-schedulability function.
The functions g(m,n,r), wy(m,n,r) and s;(m,n,r) are called the density of
the corresponding matrices. The asymptotic density of the good, safe and
schedulable matrices are defined as:

gr(m,p) = lim g.(m,n,p),
n—oo

se(m,p) = lim sy(m,n,p),

WT‘(m, p) = nL)H;O WT‘(m) na p)

The critical probabilities defined as
Wcrit,r(m) = Sup{p | Wr(m»p) > O},

Gerit,r(M) = sup{p | gr(m,p) > 0},

and
Scrit,r(m) = Sup{p | Sr(m>p) > O}

represent special interest for some applications.

The aim of this paper is to characterise the density, asymptotic density and
critical probability of good, schedulable and safe matrices.

The starting point of our research is due to Péter Gacs [20], proving that

wi(2,p) is positive for p small enough. His proof implies that wep1(2) >
]07400‘

2.1 Interpretation of the problem

Although the Winkler model was proposed to study the percolation, we de-
scribe a possible interpretation as a model of parallel processes. Let m pro-
cesses use T units of some resource R. The requirements of the process P; are
modelled by the sequence aii, ai2,...,aim. aij = 1 means that the process Py
needs a unit of the given resource in the j*" time unit. aij = 0 means that the
process P; executes some background work in the j*"* time unit which can be
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delayed and executed after the last usage of R.

The special case m = 1 and r = 1 is the well-known ticket problem [52] or
ballot problem [17], while the special case m = 2 and r = 1 is the Winkler
model of percolation [20, 53].

The good matrices are schedulable without deletion of zeros. But some not
good matrices are schedulable, since they can be transformed into good matri-
ces using the permitted deletion operation. Safeness is a necessary condition
of schedulability. Therefore, the number of good matrices gives a lower bound
and the number of safe matrices results an upper bound for the number of
schedulable matrices.

Since we handle the model as a model of informatics, in the sequel we follow
the terminology used by Feller [17] in queueing theory.

3 Analysis

In this section first of all we investigate — using different methods — the function
of the asymptotic density of 1’s as the function of the probability p of the
appearance of 1’s and of the number of sequences m.

Some basic properties of the investigated functions (g(m,n,p), wy(m,n,p)
and sy(m,n,p)) are the following:

encN' reRandre[0,m],p e Randpc0,1];

e as the functions of n they are monotonically decreasing;
e as the functions of p they are monotonically decreasing;
e as the functions of m they are monotonically decreasing;

e as the functions of r they are monotonically increasing;

In the following we suppose that r = 1, that is in the column of the good
matrices at most one 1, and in the first k columns of the safe matrices at most
k 1’s are permitted. Since r everywhere equals 1, it is omitted as an index.

3.1 Preliminary results

In the further sections we need the following assertions.

Let C,, (n € NT) denote the number of binary sequences aj, as,...,dmn,
containing n ones and N zeros in such a manner that each prefix ai, ap, ..., ax
(1 <k < 2n) contains at most so many ones as zeros.
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Lemma 1 Ifn >0, then

1 n
Ch=—— .
T+ < n )
It is worth remark that C,, is the n'™ Catalan number, whose explicit form
appears in numerous books and papers [8, 30, 31, 32, 48, 52].

Lemma 2 [f0 <x <1, then

X
f(x):XZ]<2k>(x(1—x))k= T—x if0<x< 3,
o kT IAK 17 ifl<x<.

Proof. See [47]. [

If m > 2, then the columns containing only 0’s are called white (W), the
columns containing only 1’s are called black (B) and the remaining columns
are called gray (G).

If m > 2, then each column of the matrix A is white or gray with probability
q™+mpq™ ", therefore g(m,n,p) = (¢™+mpg™ ") If p > 0, then

. 1 n
g(m,p) = lim (q‘“+pq’“* m) =0,
n—oo

so the density of the good matrices tends to zero, when the number of the
columns tends to infinity.

If in the case m = 2 we delete the white columns from a good matrix, then
only gray columns remain in the matrix, that is, each row of the matrix is the
complementer of the other row.

The following simple assertion plays an important role in the following.

Lemma 3 If m > 2, then the good matrices are schedulable, and the schedu-
lable matrices are safe.

Proof. If in every column of matrix A is at most one 1, then the first k
columns contain at most k 1’s.

If there is a k (1 < k < n), that the first k columns of matrix A contains more
1’s than k, then — according to the pigeonhole principle — there is at least one
column containing two 1’s. If we delete a zero from A, then the number of the
1’s in the first k columns does not decrease, therefore A is not schedulable. B

A useful consequence of this assertion is the following corollary.
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Corollary 1 If m > 2, then
g(m,n,p) <w(m,n,p) <s(mmn,p),
glm,p) <w(m,p) < s(m,p),

gcrit(m) S Wcrit(m) S Scrit(m)-

3.2 Matrices with two rows

For the simplicity of the notations we analyse the function w(2,n,p) =1 —
s(2,n,p) instead of s(2,n,p). At first we derive a closed formula for u(2,n, 0.5).

Lemma 4 Ifn > 1, then

no LG22
u2,n,05) =) 21—‘—21cj<
j=0

i—=T\ i

. 2 )4 . (1)
i=1

Proof. Let’s classify the possible matrices of size 2 x n according to their first
such column, in which the cumulated number of 1’s became greater than the
number of 0’s. This column is called the deciding column of the matrix.
The index of the deciding column is 1,2,...,n— 1 or n. The matrices of the
received classes can be further classified according to the number of black
columns before the deciding column: the possible values of this number are
0, 1,..., [In—=1)/2].

The outer summing takes into account the deciding columns, while the inner
summing does the black columns before the deciding column. The binomial
coefficient mirrors the number of possibilities for the placement of the 2j black
and white columns in the i — 1 columns preceding the deciding column. The
j*h Catalan number C; gives the number of corresponding sequence of the
black and white columns. The power of base 2 gives the number of possible
arrangements of the gray columns. Finally the power of base 4 takes into
account the fact, that the columns after the deciding one can be filled in
arbitrary manner — the matrix will be unsafe in any case. |
It seems that it would be hard to handle the formula (1) for w(2,n,0.5).
Therefore, we present a combinatorial method and three further ones based
on random walks to get the explicit form of s(2,p).

Lemma 5 If0 <p <1, then

p2

1-s(2,p) =u(2,p) ={ ¢2’ ifO<p <
1, if 3 <p<i

Nl—
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Proof. Some part of the unsafe matrices is unsafe due to the first black
column. The general form of such matrices is G*BAP, where a+b+1=mn,
further G means a gray, B means a black and A means an arbitrary column.
The asymptotic fraction of such columns is

2

Zco 2pq)*© ]_pzpqco.

The general form of the following group of the unsafe matrices is G*BGPW
G°BAY, where a+b+c+d+3 = n. The fraction of such matrices asymptotically
equals to

e 2 2 2

2pq)® 292y (2 L p a
;}(Pq)pbz_o(pq ;}pq =T 25qS' T 2pa 1= 2ng

Generally, if the (i 4+ 1)*™ black column is deciding, then the asymptotic con-
tribution of such matrices to the probability of the unsafe matrices equals

t
¢ 2 2 2 2
P> (P q

1—2pq "\1—-2pq1—2pq/ "’
0 2 2 2 i

p p q
2,p) = - .
HaP) é]zpqc‘(lzpmzpq)

Lemma 2, gives the required formula with the substitutions p?/(p?+ q%) = x
and q?/(p?+q%) =1—x. [
We get a useful method for the investigation of our matrices assigning to each
matrix a random walk [17, 43] on the real axis containing a sink at the point
—T.

Another proof of Lemma 5 is as follows. In the following proofs of Lemma 5
we consider only the case 0 < p < 1/2 since if 1/2 < p < 1, then the following
famous result of Gyorgy Polya [41, 43] implies our assertion.

and so

Lemma 6 The probability that the moving point performing a random walk
over the real axis returns infinitely often to its initial position is equal to one.

Second proof of Lemma 5. Let’s assign a random walk to matrix A so that
a black column implies a step to left, a white column implies a step to right
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and a gray column results that the moving point preserves its position.
Let bi(A) denote the number of 1’s in the first k columns of matrix A. Then

k

b= (arsz).

i=1

Ifbi<kfori=1,2,...,k, then after k time units the moving point is in the
point (k — by, 0) of the real axis, otherwise the point is absorbed by the sink
at —1.

We wish to determine the probability of the absorption of the moving point.
The probability of a step to left is p?, the probability of a step to right is
g? and 2pq is the probability of the event that the point does not change its
position.

Using the notation u(2,p) = x we have

x = p? + 2pgx + q°x°.
The roots of this equation are

1-2pq++/(1-2pq)?—4p%q? _p’>+a°+/(p?—q?)?

X12 =

zqz zqz ’
from where we get
p2
x1:?andx2:1. (2)
This formula and s(2,p) =1 —u(2,p) result the required formula. |

Since first of all we are interested in the probability of the absorption, we can
assign a random walk to matrix Z neglecting the gray columns, as the gray
columns have no influence on the limit probability of the absorption (they only
make the convergence slower).
Another proof of Lemma 5 is the following.
Third proof of Lemma 5. Dividing the probability of the gray columns
among the black and white columns in the corresponding ratio we get for the
probability a of the step to left and for the probability of the step to right
that 5

a = ﬁ és b= ﬁ
Using these probabilities, we get the equation

2

(3)

x = a+ bx>.
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Substituting a and b into the roots of this equation, according to (3), we also
get here the roots corresponding to (2). [
Finally we present such a method, which later can be extended to arbitrary
m > 2 sequences.

Fourth proof of Lemma 5. Let xi (k = —1,0,1,2,...) denote the proba-
bility of the event that the point starting at point k will be absorbed by the
sink at x = —1. Let’s assign again a step to left to the columns containing
two 1’s, a step to right to the columns containing two 0’s and preserve of the
position to the mixed columns.

Then we can write the following system of equations.

Xo = 4*x1 + 2qpxo + P
x1 = q’*x2 + 2qpx1 + pxo,
Xy = q2X3 + 2qpx2 + p2X1, (4)
X3 = d*x4 + 2qpxz + Ppxa,

Let -
G(z) = Z xizt
i=1

be the generator function of sequence xg,x1, X2, . ... Multiplying the equation
beginning with x; I = 1,2, ... of the system of equations (4) by z' and summing
up the new equations, we get the equation:

G(z) =q

G(Z)Z—XO +2pqG(z) + p2(1 4 2G(2)).

From this equation G(z) can be expressed in the form

_ P(2)
G(z) = Q)
where
P(z) = a%xo— pz
and

Q(z) = p?2® + 2pqz + ¢° — z.

In the zero places z, with |zg| < 1 of the polynomial Q(z), according to Cauchy-
Hadamard theorem [44, page 69] it must hold P(z) = 0. Writing the equation
Q(z) =0 in the form

(pz+q)* =z
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0.8
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0 0.1 02 p 03 0.4 0.5

Figure 1: The curve of the schedulability function s(2,p,1) in the interval
p € [0,0.5].

we directly get that z = 1 is a root of the polynomial Q(z). From the equation
P(1) = 0 we get the root

implying

2
5(2)17):1_%» n

Figure 1 shows the part belonging to the interval p € [0,0.5] of the curve of
the function s(2,p, 1) defined in the interval [0, 1].

According to the properties of the functions g(2,p) and s(2,p), the critical
probabilities satisfy the following inequalities:

0= gcrit(z) < Wcrit(z) < Scrit(z) = %
Let’s remind that Gécs proved wp(2) > 10740 [20].
Let T(m,n) denote the number of binary matrices of size m x n. Then
T(m,n) =2m"
Figure 2 contains the number and fraction of the good, schedulable and safe
matrices for the case m = 2, p = 0.5, and n = 1,2,...,15. In this case
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| n| cew Wy | wen [ SEE | sen | wmh | S
1 3| 0.750 3| 0.750 3| 0.750 1
2 91| 0.562 10 | 0.625 10 | 0.625 1
3 27 | 0.452 35 | 0.547 35 | 0.547 1
4 81 | 0.316 124 | 0.484 126 | 0.492 | 0.984
5 243 | 0.237 444 | 0.434 462 | 0.451 | 0.961
6 729 | 0.178 1592 | 0.389 1716 | 0.419 | 0.927
7 2187 | 0.133 5731 | 0.350 6435 | 0.393 | 0.890
8 6561 | 0.100 20671 | 0.315 24310 | 0.371 | 0.850
9 19683 | 0.075 74722 | 0.285 92378 | 0.352 | 0.808
10 59049 | 0.056 270521 | 0.258 352716 | 0.336 | 0.767
11 177147 | 0.042 980751 | 0.234 1352078 | 0.322 | 0.725
12 531441 | 0.032 3559538 | 0.212 5200300 | 0.310 | 0.684
13 | 1594323 | 0.022 | 12931155 | 0.193 | 20058300 | 0.299 | 0.646
14 | 4782969 | 0.018 | 47013033 | 0.175 | 77558760 | 0.289 | 0.606
15 | 14348907 | 0.013 | 171036244 | 0.159 | 300540195 | 0.280 | 0.568

Figure 2: Rounded data belonging to the parameters m =2 and p = 0.5.

the fractions equal to the probability of the corresponding matrices. Ac-
cording to Lemma 5 in this case G(m,n)/T(m,n), W(m,n)/T(m,n), and
S(m,n)/T(m,n) tend to zero when n tends to infinity.

Figure 3 contains the fractions of the good, schedulable and safe matrices for
thecase m=2,p=04,andn=1,2,...,16. In column s(2,n,0.4) of Table
3 the computed limit is 5/9 ~ 0.555.

Figure 4 contains the fractions of the good, schedulable and safe matrices for
thecase m =2, p=0.35 andn=1, 2, ..., 17. For the column s(2,n,0.35)
of Table 4 the computed limit is 120/169 ~ 0.710.

3.3 Matrices with three rows

If m = 3, then the possible ratios of the 1’s and 0’s are 3:0, 2:1, 1:2 or 0:3.
We assign such random walk to the investigated matrix, in which the walking
point jumps by two to left with the probability p> of the column containing
three 1’s; the point makes a step to left with the probability 3p?q; the position
is preserved with the probability q3 of the column containing only zeros.

Using the notation xy introduced in the fourth proof of Lemma 5, we get the
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’ n ‘ T(2,n) ‘ g(2,n,0.4) ‘ w(2,n,0.4) ‘ s(2,n,0.4) %
1 4 0.8400 0.8400 0.8400 1
2 16 0.7056 0.7632 0.7632 1
3 64 0.5927 0.7171 0.7171 1
4 256 0.4979 0.6795 0.6862 0.9902
5 1024 0.4182 0.6487 0.6639 0.9771
6 4096 0.3513 0.6206 0.6470 0.9592
7 16384 0.2951 0.5957 0.6339 0.9397
8 65536 0.2479 0.5731 0.6234 0.9193
9 262144 0.2082 0.5524 0.6149 0.8984
10 1048576 0.1749 0.5332 0.6078 0.8773
11 4194304 0.1469 0.5155 0.6019 0.8565
12 16777216 0.1234 0.4988 0.5967 0.8359
13 67108864 0.1037 0.4832 0.5924 0.8157
14 268435456 0.0871 0.4685 0.5886 0.7960
15 1073741824 0.0731 0.4545 0.5854 0.7764
16 4294967296 0.0644 0.4412 0.5825 0.7574
17 | 169779869184 0.0516 0.4286 0.5800 0.7390

Figure 3: Rounded data belonging to the parameters m = 2 and p = 0.4.

following equations:

X0
X1
X2
X3

Let

be the generator function of the sequence xg, x1, X2, . .

q
q
q
q

w W W W

X1
X2
X3
X4

3q%pxo
3g%pxy
3q%px2
3g%px3

+ 4+

3qp?

3qp?xo
3qp?x;
3qp*x2

+ 4+ +

G(z) = i xnz'
i=0

.. Then multiplying the

equations of the system (5) with the corresponding powers of z and summing
up the received equations, we get:

G(z)=q

sCE X0 4 3020G(2) + 3ap2(1 +26(2)) +° (1 +2 4 2%6(2))
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] n \ T(2,n) \ g(2,0.35) \ w(2,0.35) \ s(2,1,0.35) \ i \
1 4 0.8775 0.8775 0.8775 1
2 16 0.7700 0.8218 0.8218 1
3 64 0.6757 0.7901 0.7901 1
4 256 0.5929 0.7645 0.7699 | 0.9930
5 1024 0.5203 0.7441 0.7561 0.9841
6 4096 0.4565 0.7255 0.7462 | 0.9723
7 16384 0.4006 0.7094 0.7389 | 0.9601
8 65536 0.3515 0.6949 0.7334 | 0.9475
9 262144 0.3085 0.6817 0.7291 0.9350
10 1048576 0.2707 0.6696 0.7258 | 0.9226
11 4194304 0.2375 0.6585 0.7231 0.9107
12 16777216 0.2084 0.6481 0.7210 | 0.8989
13 67108864 0.1839 0.6383 0.7192 | 0.8875
14 | 268435456 0.1605 0.6291 0.7178 | 0.8764
15 | 1073741824 0.1401 0.6204 0.7166 | 0.8658
16 | 4294967296 0.1236 0.6122 0.7156 | 0.8555

Figure 4: Rounded data belonging to the parameters m = 2 and p = 0.35.

from where G(z) can be expressed as the fraction of two polynomials:

where

and

P(z) = a*x0 — 3qp°z — p*(2 + 2%)

Q(z) = p323 4 3p%qz® + 3pq?z+ q° — z.

The equation Q(z) = 0 can be transformed into the form

(a+7pz)’ =z
from where the root z; = 1 follows immediately. Expressing xo from the
equation P(1) =0, we get:
3p2  2p3
xo= P4 2P0 (6
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w(3,n,0.5)
n T(3,n) | g(3,n,0.5) | w(3,n,0.5) | s(3,n,0.5) SB.m.05)
1 8 0.5000 0.5000 0.5000 1.0000
2 64 0.2500 0.2969 0.2969 1.0000
3 512 0.1250 0.1914 0.1914 1.0000
4 4 096 0.0625 0.1282 0.1296 0.9892
) 32 768 0.0312 0.0880 0.0907 0.9702
6 262 144 0.0156 0.0612 0.0651 0.9401
7 2 097 152 0.0078 0.0429 0.0475 0.9032
8 | 16 777 216 0.0039 0.0303 0.0352 0.8594

Figure 5: Rounded data belonging to the parameters m = 3 and p = 0.5.

implying
(7)

The value of the function 1—x¢ = xo(p/q) is 1 at p/q = 0 and it is decreasing
if 0 < p/q < 1/2. With the multiplication by q = (1—p)> we get the equation

3p? 2p3
P S+ 1 o=,
(T=p)> (0-p)
which — by algebraic manipulations — results the value p = 1/3, that is

Scrit(s) = ]/3

Figure 5 contains the fraction of the good, schedulable and safe matrices for
the case m=3,p=05,andn=1,2,...,8.

In this table g(3,n,0.5), w(3,n,0.5), and s(3,n,0.5) all have to tend to zero
when n tends to infinity.

Figure 6 contains fraction of the good, schedulable and safe matrices for the
cassem=3,p=0.25andn=1,2,...,5.

In this table g(3,1,0.25) has to tend to zero, if n tends to infinity, but accord-
ing to formula (7) 16/23 ~ 0.593 is the computed limit for s(3,n,0.25) when
n tends to infinity.

We remark that the master thesis of Rudolf Szendrei [49] contains further
simulation results.
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w(3,n,0.25)
n | T3,m) | g(3,n,025) | w(3,n,0.25) | s(3,n,0.25) SB.m.025)
1 8 0.8437 0.8437 0.8437 1.0000
2 64 0.7119 0.7712 0.7712 1.0000
3 512 0.6007 0.7286 0.7286 1.0000
4 4 096 0.5068 0.6981 0.7004 0.9967
5 | 32768 0.4276 0.6748 0.6804 0.9917

Figure 6: Rounded data belonging to the parameters m = 3 and p = 0.25.

4 Main result

The analysis of the safe matrices of size m x n in the case of m > 4 is similar.
If a column of matrix A contains at least b > 3 1’s, then the walking point
jumps (b — 2) positions to left; if the column contains two 1’s then the point
makes a step to left; in the case of one 1 the point preserves its position and
if the column contains only 0’s, then the point makes a step to right. The
corresponding probabilities are (7)p®~2q™" 2 (F)p™2q?, (T)pg™ ' and
(?)qm,. So we get the following equations:

o = (g)a™  + (Ppa™xo +  (Ppra™

+  (Hpam™? + (r™
xi = (d™2  + (Ppa™ " + (Dp<a™ o

+  (PpPa™? + + (™, (8)
x2 = (a™axs + (Pea™'x2 + (H)p2a™ *x;

+ (Pp3a™3x0 + + (Mp™,

Let -
G(z) = Z Xnz™"
i=0

be the generator function of the sequence xg, %1, X2, .... Then multiplying the
equations in (8) with the corresponding powers of z and summing up them,
we get:

6(2) = (3 )am S0 (T pam 6tz + (7 )wam 201 + 260

+ (T;)p3qm_3(1+z+z2G(z))+~ ot (2)1}‘“ (1 tzdo 2™ g™ G(z)) ,



136 A. Ivanyi

from where one can express G(z) as the fraction of two polynomials:

where
m m m . ) i-2 )
szz<o>qu“_;; <i>p%wll2%£
f—y ]:

If the denominator has a root x with [x| < 1, then the value of the nominator
at x must be zero.
Reordering the equation Q(z) = 0 to the form

(g+pz)™ =1

we get the root zy = 1. Division of the equation P(1) = 0 by g™ results the

equation
m m i )
0 () () e
i=2

The value of the function xg = xo(p) is zero at p = 0, and the function is
increasing, if p is positive. From the equation xg =1 we get p = 1/m.
Taking into account the results received above for cases m = 2 and m = 3, we
received the following result.

Theorem 1 Ifm > 2 and 0 < p <m, then

Scrit(m) = TTlL (9)

and

S(m,p)_{ =Y%M (%) A=1), fo<p<g, (10)

- 0, fl<p<l.

Proof. a) The special case m = 2 is equivalent with Lemma 5.
b) The special case m = 3 is equivalent with formula (7).
c¢) For the case m > 4, see the proof before the theorem. |
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5 Summary

We determined the explicit form of the asymptotic density s(m,p) for every
number of the rows m > 2 and probability of 1’s p. Furthermore we gave
the exact values of the critical probabilities s.q(m) for m > 2. The value of
Sert(2) 18 0.5, which is characteristic to several other two dimensional critical
probabilities. The further critical probabilities are decresse when m grows.
According to the simulation experiments the critical probabilities are near to
the received upper bounds: Table 2 shows the data belonging to m = 2 and
p = 0.5, Table 3 the data belonging to m = 2 and p = 0.4, Table 4 the data
for m = 2 and p = 0.35, Table 5 the data belonging to m = 3 and p = 0.5,
and Table 6 presents the data belonging to m = 3 and p = 0.25.

On the base of the data of the figures we suppose that the bound p >
1074 in [20] can be improved, but the analysis of the behaviour of frac-
tion w(m, p)/s(m,p) requires further work.

We are able to give a bit better lower and upper bounds of the investigated
wy(m,n,p) probabilities, but the more precise characterisation of the critical
probabilities requires more useful matrices than the good and safe ones.
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Abstract. In [3] Bege introduced the generalized Apostol’s Mobius
functions py m(n). In this paper we present new properties of these
functions. By introducing the special set of k-free numbers, we have ob-
tained some asymptotic formulas for the partial sums of these functions.

1 Introduction

Mbobius function of order k, introduced by T. M. Apostol [1], is defined by the
following formula:

1 ifn=1,
0 if p¥t1 | n for some prime p,
He(n) = ¢ (=17 ifn=pk - prTTp{, witho <oy <k,
i>r
1 otherwise.

The generalized function is denoted by py m(n), where T <k < m.
If m =Xk, pxk(n) is defined to be puy(n), and if m > k the function is defined
as follows:

1 ifn=1,
1 if p¥ 4 n for each prime p,
Mem(M) =4 (1) ifn=pP-pm[[pY, witho<a<k, (1)
i>r
0 otherwise.
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In this paper we show some relations that hold among the functions py m(n).
We introduce the new type of k-free integers and we make a connection be-
tween generalized Mobius function and the characteristic function gy ., (n)
of these. We use these to derive an asymptotic formula for the sumrrfatory
function of q*k)m(n).

2 Basic lemmas

The generalization py m, like Apostol’s px(n), is a multiplicative function of
N, so it is determined by its values at the prime powers. We have

1 if 0<a<k,
m(p® =4 -1 if a=k,
0 if o>k,

whereas
1 if 0<a<k,

o) 0 if k<a<m,
-1 if a=m,
0 if oa>m.

Hi,m(P

In [1] Apostol obtained the asymptotic formula

3 uk(n) = Agx + O(x logx), (3)

n<x

where 5 :
Are=TT(1-2+ > |
k 1:[ ( pk Tkt

Later, Suryanarayana [5] showed that, on the assumption of the Riemann
hypothesis, the error term in (3) can be improved to

4k
) <x4k2+1 w(x)) , (4)
where
w(x) = exp{A log x(loglog x) ™'}

for some positive constant k.
In 2001 A. Bege [3] proved the following asymptotic formulas.
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Lemma 1 ( [3], Theorem 3.1.) Forx >3 and m >k > 2, we have

i XTL2 Xk,m %
EX weml™) = Fipmioecmy * 0 (OmFR) )
(T‘,TL_) =1

uniformly in x, n and k, where 0(n) is the number of square-free divisors of
n?

1
Xk,m = H (] T m—k+1 m—k+2 . m) ’
: p +p 4+ Fp

1
OCk,m(n) = TIH <1 - pm—k+] + pm—kJrZ 4+ .4 pm> ’
pn

1 1
wk(n):nH<1+p—l—~-+pk1>,
pin
and

ox(x) = exp {—A K5 log% x (loglog x)*%}, A > 0.

Lemma 2 ([3], Theorem 3.2.) If the Riemann hypothesis is true, then for
x >3 and m >k > 2 we have

- xn? oem -
EX (1) = e 40 (omx=Twx)  (6)
(r, n_) =1

uniformly in x, n and k.

Lemma 3 ([2]) Ifs>0,s#1,x>1, then

1 1 1
> e o).

n<x

3 Generalized k-free numbers

Let Qy denote the set of k-free numbers and let qx(n) to be the characteristic
function of this set. Cohen [4] introduced the Qj} set, the set of positive



146 A. Bege

integers n with the property that the multiplicity of each prime divisor of n is
not a multiple of k. Let qj(n) be the characteristic function of these integers.

1, ifn=1
qpm) =< 1, ifn=p...pp*, a;Z0 (mod k)
0, otherwise.

We introduce the following special set of integers
Qk,m: = {n|n:n1'n2) (n1an2):1»n1€Qk)
ny=1lorny=(pr...pJ)"™, pi € P},

with the characteristic function

B 1, ifne Qk,m
™ ={ o itngom

The function qy m(n) is multiplicative and

di,m(n) = [pgm(n)l. (7)

We introduce the following set Qy ,,, which, in the generalization of Qy. The
integer n is in the set Qy ,,, 1 < k < m iff the power of each prime divisor
of n divided by m has the remainder between 1 and k — 1. The characteristic
functions of these numbers is

£ (n) = I, ifn=p...pp% 3 m< o <lm+k
Qiem!T) = 0, otherwise.

If we write the generating functions for this functions, we have the following
result.

Theorem 1 If m > k and the series converges absolutely, we have

= emn) o1

YR = T (1 et s )
o dem(™ 1

>t = as)ams)rp[(l & pm+p(mﬂ)s), (9)
— dm(n) 1 1 1

S = oI (1 et e )
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Proof. Because the function py m(n) is multiplicative, when the series con-
verges absolutely (s > 1), we have:

0 x
S lik,ms(n) _ (1 n ukms(p) - uk,milo ) ) _
= n p P

— dim(m) 9i.m(P) Qiem(P%)

y Shm o ||<1+ km - 44k +...>:
n P pes

n=1 P

1 1 1
= ds)ems) [ (1 —pm—pmwmﬂ)s)-
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Because gy m(n) is multiplicative and gy m(n) = [pkm(n)|, we have:
0 o
Z qk,ms(n) _ H <] + qk,nls(p) + .+ qk,nlo(;j ) + > _
n p p
n=1 P
—H<1+1+ - +]>—
- ps T S(k=1)s T pms | T
o P p S P
1 1 1 1
- H 1 — ) =
1 H< ks ms (m+1) )
p 1— 1; P p P p e
1 1 1
= C(S)H<1_ks+nls_ )
(m+1)
; pks p(m+1)s
|
In the particular case when m = k, we have pxm(n) = px(n), qxm(n) =
dr+1(n) and
— kk(n) 2 1
) = C(S)H<]_k+ K1)s |
o ns 5 P s p( )s
$- @l d
~= mns C((k+1)s)
We have the following convolution type formulas.
Theorem 2 If m >k
Gm™ = Y em(d), (11)
dmdé=n
pom™) = Y u(d)agm(d). (12)
dmé=n

Proof. Because gy m(n) and pyx m(n) are multiplicative, it results that both
sides of (11) are multiplicative functions. Hence it is enough if we verify the
identity for n = p%, a prime power.

fa=fm+iand 0 <i<k

D wem®) = wemP ™+ T + L e (0™ +
dmd=p%

+ (@Y =1 = qrmP®).
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If a =fm+1and k <1< m, then

> wem@®) = ™Y A ™Y 4 4 (™) +
dmd=p%

+  pem®PY) =0 = qrm(p%).

If x =4m

D teml® = emP™) A+ P 4 em(P™) A+ aem(1) =
dm d=p«

= —14+1=0=qm(p%).

(12) results from the Mobius inversion formula.
|

4 Asymptotic formulas

Theorem 3 Forx >3 and m >k > 2, we have

Y ainn = ’W +0 (xF8(x)) (13)

r<x

uniformly in x, n and k, where

1
Xk,m = H <1 T m—k+1 m—k+2 m)
: P +p - Fp

8(x) = exp {—A log% x (loglog x)_]?},

for some absolute constant A > 0.

Proof. Based on (11) and (5) with n =1, we have

S odimm= Y mm®= Y Y )=

r<x 5d™ < x d<xm 0<%

- x {6 |-
d<x

1
m
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X0, 1 1_ 1
== ) S O Slxe Y P
d< X d< X
Now we use (3), and the fact that 5(x)x€ is increasing for all € > 0, we choose
€ >0, so that ¥ —em > 1+ €’ and we obtain (13). |

Applying the method used to prove Theorem 1, and making use of Lemma 2,
we get

Theorem 4 If the Riemann hypothesis is true, then forx >3 and m >k > 2

we have {(m)
> dlmlr) = TR 40 (T w(x) (14)

r<x

uniformly in x, n and k.
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Abstract. In this paper we define the concept of weakly Ciri¢-contractive
operator and give a fixed point result for this type of operators. Then
we study the data dependence for the fixed point set.

1 Introduction

Let (X,d) be a metric space. A singlevalued operator T from X into it-
self is called contractive if there exists a real number v € [0,1) such that
d(T(x), T(y)) < rd(x,y) for every x,y € X. It is well known that if X is a
complete metric space, then a contractive operator from x into itself has a
unique fixed point in X.

In 1996, Japanese mathematicians O. Kada, T. Suzuki and W. Takahashi
introduced the w-distance (see [4]) and discussed some properties of this new
distance. Later, T. Suzuki and W. Takahashi, starting by the definition above,
gave some fixed points result for a new class of operators, weakly contractive
operators (see [8]).

The purpose of this paper is to give a fixed point theorem for a new class
of operators, namely the so-called weakly Ciri¢-contractive operators. Then,
we present a data dependence result for the fixed point set.

AMS 2000 subject classifications: 47H10, 54H25
Key words and phrases: w-distance, weakly Cirié-contraction, fixed point, multivalued
operator
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2 Preliminaries

Let (X, d) be a complete metric space. We will use the following notations:

P(X) - the set of all nonempty subsets of X;

P(X)=P(X)U0O

Pa(X) - the set of all nonempty closed subsets of X;

Pu(X) - the set of all nonempty bounded subsets of X;

Py c1(X) - the set of all nonempty bounded and closed, subsets of X;
For two subsets A, B € Py(X), we recall the following functionals:

D:P(X) x P(X) - R.,D(ZY) =inf{ld(x,y):x € Z,y €Y}, ZC X — the
gap functional.

5:P(X) x P(X) — Ry, 8(A,B) :=sup{d(a,b)|x € A,b € B} — the diameter
functional;

p:P(X)xP(X) — Ry, p(A,B) := sup{D(a,B)la € A} — the excess func-
tional,;

H: P(X) x P(X) —» Ry, H(A, B) := max{sup inf d(a,b),sup inf d(a,b)} —
acA beB beB acA
the Pompeiu-Hausdorff functional;

Fix F:={x € X | x € F(x)} — the set of the fized points of F;

The concept of w-distance was introduced by O. Kada, T. Suzuki and W.
Takahashi (see [4]) as follows:
Let (X,d) be a metric space, w : X x X — [0, 00) is called w-distance on X if
the following axioms are satisfied :

1. w(x,z) <w(x,y) +wl(y,z), for any x,y,z € X;
2. for any x € X:w(x,-): X — [0, 00) is lower semicontinuous;

3. for any € > 0, there exists 6 > 0 such that w(z,x) < & and w(z,y) < &
implies d(x,y) < e.

Let us give some examples of w-distances (see [4]).

Example 1 Let (X, d) be a metric space . Then the metric ”d” is a w-distance
on X.

Example 2 Let X be a normed liniar space with norm ||-||. Then the function
w: X x X = [0,00) defined by w(x,y) = ||x|| + Y|l for every x,y € X is a w-
distance.
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Example 3 Let (X,d) be a metric space and let g : X — X a continuous
mapping. Then the function w: X x Y — [0,00) defined by:

w(x,y) = max{d(g(x),y), d(g(x),g(y))}

for every x,y € X is a w-distance.

For the proof of the main results we need the following crucial result for
w-distance (see [8]).

Lemma 1 Let (X,d) be a metric space, and let w be a w-distance on X. Let
(xn) and (yn) be two sequences in X, let (xn), (Bn) be sequences in [0, +ool
converging to zero and let x,y,z € X. Then the following holds:

1. If w(xn,y) < an and w(xn,z) < Bn for anyn € N, then y = z.

2. Ifw(xn,Un) < an and w(xn,z) < Bn for anyn € N, then (yn) converges
to z.

3. If w(xn,xm) < an for any n,m € N with m > n, then (xn) is a Cauchy
sequence.

4. If w(y,xn) < an for any n € N, then (x) is a Cauchy sequence.

3 Existence of fixed points for multivalued weakly
Ciri¢-contractive operators

At the beginning of this section let us define the notion of multivalued
weakly Ciri¢-contractive operators.

Definition 1 Let (X,d) be a metric space and T : X — P(X) a multivalued
operator. Then T is called weakly Cirié-contractive if there exists a w-distance
on X such that for every x,y € X and u € T(x) there is v € T(y) with
w(w,v) < q maz{w(x,y), Dw(x, T(x), Dyw(y, T(y)), 3Dw(x, T(y))},

for every q € [0,1).

Let (X, d) be a metric space, w be a w-distance on X xg € X and r > 0.
Let us define:

Bw(x0;1) :={x € X|w(xp,x) < 7} the open ball centered at xo with radius
T with respect to w;
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g;v(xo; 1) = {x € X|w(xg,x) < 7} the closed ball centered at xo with radius
T with respect to w;
~d
B, (xg;1)- the closure in (X, d) of the set By, (xg;1).
One of the main results is the following fixed point theorem for weakly
Cirié-contractive operators.

Theorem 1 Let (X,d) be a complete metric space, xog € X, v > 0 and T :
é:v(xo;r) — Pa(X) a multivalued operator such that:
(i) T is weakly Cirié-contractive operator;
(ii) Dyu(xo, T(xo)) < (1— q)r-
Then there exists x* € X such that x* € T(x*).

Proof. Since D,y(x0, T(x0)) < (1 — q)r, then for every xg € X there exists
x1 € T(xo) such that Dy, (xg, T(x0)) < w(xg,x1) < (1 —qg)r <.
Hence x;1 € é:v(xo;r).
For x; € l?;\,(xo;r), there exists x> € T(x1) such that:
i. w(x1,x2) < qw(xo,x1)
ii. w(x1,x2) < dDw(x0, T(x0)) < qw(xo,x1)
iii. w(xy,%2) < qDw(x1,T(x1))
iv. w(x1,%x2) < 9Dwl(x0, T(x1)
w(x1,%x2) < Fw(xo,x1) + wW(
(1 —Pwlx1,x2) < Fw(xo,x1
w(x1,%2) < 728 wlxo,x1).
Then w(x1,%2) < max {q, ﬁ}w(xo,xﬂ
Since q > qu for every q € [0, 1), then w(x1,%x2) < gw(xg,x1) < q(1—q)r.

Then w(xo,x2) < W(xo,x1) +W(x1,%2) < (1=a)r+4q(1—g)r = (1—g*)r <.

Hence x5 € Byy(x0;7).
For x; € é:v(xo;r) and x; € T(x1), there exists x3 € T(x2) such that
i. w(xz,x3) < gw(x1,x2)
ii. w(x2,x3) < gDw(x1,T(x1))
iii. w(x2,x3) < qDw(x2, T(x2)

)

(T—Fwlxz,x3) < Fwlx,x2
w(xz,x3) < 74 w(x1,%x2).
Then w(x2,x3) < max {q, 3% Jw(x1,%2).

Since q > qu for every q € [0, 1), then w(x2,x3) < qw(x1,x2) < q?(xo,x1) <
2
(1 —q)r.
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Then w(xg,x3) < W(xo,x2) +W(x2,%x3) < (1 —g?)r —1112(1 —q)r=
=(1—q)(1+qg+qg%)r=(1—qg3)r<r. Hence x3 € By(x0;7).
By this procedure we get a sequence (xn)nen € X of successive applications
for T starting from arbitrary xp € X and xq € T(xp), such that

(1) Xn41 € T(xn), for every n € N;

(2) Wxn, Xns1) < G™W(xo,x1) < q™(1 — q)r, for every n € N.
For every m,n € N, with m > n, we have

W(Xn, Xm) < W(Xn, Xnt1) + W(Xnt1, Xnt2) + oo + W(Xm—1,Xm) <

< q™Ww(x0,%1) + 4" M w(xo, x1) + oo + ™ T W(x0,x1) <

n

<

w(xo,x1) < q"r.

By Lemma 1(3) we have that the sequence (xn)nen € é\;\,(xo;r) is a Cauchy
sequence in (X, d). Since (X, d) is a complete metric space, then there exists
x* € B4 (xq; 1) such that x,, 4

Fixn € N. Since (Xm)men converge to x* and w(xn, -) is lower semicontinuous,

we have
mn

W(xn,x*) < lim inf w(xn,xm) < w(xo,x1) < q"r.

m— o0 ]—q

For x* € é\é\,(xo;r) and x, € T(xn_1), there exists u, € T(x*) such that
i Wlxn, Un) < qW(xn_1,%*) < 7w(x0,x1)
ii. W(xn, un) < gDw(xn-1, T(xn-1)) < gw(xn_ 1»Xn) <..<
i, W(xn, Un) < gDy (x*, T(x*)) < qw(x*, un) < 1Low(xo,x1)
n—1

)
lV W(XTU TL) < qD (XTLf])T(X )) S %W(anhun) S % : q],q W(XO)X1)

gw(xo )

(
Then W(XTU TL) {] q’q »2 )} (XO)X1)
Since for q € [0,

q"
) we have true ]— > g™ and 7 > g We get that

W(xn, un) < Eow(xo,x1) < g™,

So, for every n € N we have:

W(xn, x*) < q™r

Then, from 1(2), we obtain that un 94 As U, € T(x*) and using the
closure of T result that x* € T(x*). |
A global result for previous theorem is the following fixed point result for
multivalued weakly Ciri¢-contractive operators.
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Theorem 2 Let (X,d) be a complete metric space, T : X — Pa(X) a multi-
valued weakly Cirié-contractive operator. Then there exists x* € X such that
x* e T(x*).

4 Data dependence for weakly Cirié-contractive mul-
tivalued operators

The main result of this section is the following data dependence theorem
with respect to the above global theorem 2.

Theorem 3 Let (X, d) be a complete metric space, T1, T2 : X — Po(X) be two
multivalued weakly Cirié-contractive operators with q; € [0,1) with i = {1,2}.
Then the following are true:

1. FixTy # 0 # FixTy;

2. We suppose that there exists 1 > 0 such that for every w € Ty(x) there
exists v € Ta(x) such that w(u,v) <1, (respectively for every v € Ty(x)
there exists w € Ty(x) such that w(v,u) <n).

Then for every u* € FixTy, there exists v € FixT, such that
w(u*, v < Q—q, where q = qi fori={1,2};
(respectively for every v* € FixT, there exists u* € FixTy such that

wv* u*) < ]E—q, where q = qy for i =1{1,2}).

Proof. From the above theorem we have that FixT; # () # FixT,.
Let ug € FixTy, then ug € Ty(up). Using the hypothesis (2) we have that there
exists uy € Ta(ug) such that w(ug, u7) <mn.
Since Ty, T, are weakly Cririé-contractive with gi € [0,1) and 1 = {1,2} we
have that for every up, u; € X with u; € To(ug) there exists uy; € To(u) such
that
i w(ur,uz) < gw(ug, ut)
ii. w(ug, uz) < Dywl(ug, T2(wo)) < gw(up,uq)
iii. w(uy,uz) < Dyy(ug, T2(wq)) < qwlug, uz)
iv. w(ug,uz) < 9Dy (up, T2(ur)) < Jw(up, uz)
wlur, uz) < Fwlug,ur) +wlug, uy)]
wlug, ug) < 74 wluo, ug).

<
) < <
) <



Existence and data dependence 157

Then w(wr, 1) < max{q, 7% w(uo, wr).
Since for q € [0,1) we have true q > qu, then we have

w(ug, uz) < gw(ug,ur).

For uq € X and uy € Tr(uq), there exists uz € To(u,) such that
i. wluz,u3) < qw(ug, uz)
ii. w(uz,uz) < Dy(ug, T2(uq))
iii. w(uz,uz) < Dyl(uz, To(us))
iv. wuz,uz) < 9Dyw(ur, T2(uz))
wluz,uz) < Jlwlur,uz) +wluz
w(uz,u3) < zqu(uhuz)
Then w(uy,u3) < max{q, qu}w(m,uz).
Since for q € [0,1) we have true q > qu, then we have

aw(u, uz)

aw(uz, u3)

< Jw(ug,uz)
, W

3)]

<
<

w(uz,u3) < gwlur, uz) < g*wlug, ur).

By induction we obtain a sequence (un)nen € X such that
(1) Un41 € T2(un), for every n € N;
(2) W(un, uns1) < q"w(uo, us).

For n,m € N, with m > n we have the inequality

W(Un, Um) < W(Un, Uni1) F W(Unt1, Unt2) + - F W(Umo1, Um) <
< q"w(uo, W) + g™ wlug,ur) + -+ g™ wlug,ug) <
< ﬂqu(uO)l’H)

By Lemma 1(3) we have that the sequence (un)nen is a Cauchy sequence.
Since (X, d) is a complete metric space, we have that there exists v* € X such
that u, E> v,

By the lower semicontinuity of w(x,-) : X — [0, 00) we have
n

W, v¥) < lim infw(tn, tm) < ——w(uo, up).
m—oo 1—

For u,,—1,v* € X and u, € To(un—_1) there exists z, € To(v*) such that we
have
i w(un,zn) < gwlun_1,v ) < 1(47“ (uo, u1)
ii. W(un,zn) < qDw(un1, T2(un—1)) < qw(un—
iii. w(un, zn) < gDw(v*, To(v¥)) < w(v*, zn) <
(v

iv. W(un, zn) < 3Dw(un1, T2(v)) < Jwlun_1,2n) < z7=gwluo, ur).
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Then W(uTh Zn) S maX{]q_iqa qn) ﬁ}w(u()) uq )

Since % > g™ and % > 2(?7:” for every q € [0,1) we have that

n

w(ug, uy).
q 0, W1

So, we have:
W(ln, v*)
W(un, zn)

Applying Lemma 1(2), from the above relations we have that z,, 4,

Then, we know that z,, € T>(v*) and z, 94 V¥, Tn this case, by the closure
of Ty, it results that v* € Tp(v*). Then, by w(un,v*) < ﬂqu(uo,m), with
n € N, for n =0, we obtain

1 n

< — <
Wlug V) < g owluow) < g7

which completes the proof. |
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Abstract. In this paper we present experimental results on probable
primality. More than four billion of randomly chosen integers having 256,
512 and 1024 bits were tested. We realized more experiments than Rivest
did in 1991, and can confirm his observation: Miller—Rabin test does not
ameliorate the small prime divisors test followed by Fermat test with the
only base 2.

1 Introduction

Prime integers play a fundamental role in mathematics. They have always
been a source of interest and fascination. Since the appearance of public key
cryptography at the end of 1970’s (see, for instance [1,9]), they have become
more and more useful. RSA, Rabin cryptosystem, elliptic curve method, dis-
crete logarithm problem and many digital signature protocols are completely
based on large prime integers. By large, we mean that the considered numbers
have at least 256 binary digits, or around 77 decimal digits.

It is well-known (see, for instance, [5]) that the running time of algorithms
for constructing cryptosystem keys is dominated by the running time for gen-
erating prime integers. Finding rapid procedures for this latter task has, there-
fore, great importance.
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It is also well known that there is no efficient and practical deterministic
algorithm for quickly producing prime integers. That is why we only look for
non deterministic algorithms which give us integers that are primes with a
strong probability. There is a new look at the primality concept: an integer is
taken as prime, not because it is really prime in an exact mathematical sense,
but instead of that, it is prime because one thinks that nobody can factorize
it. Recently, an integer is called industrial-grade prime (the term is due to
H. Cohen) if its primality has not been proven, but it has undergone probable
prime test(s).

The purpose of this work is to confirm what was concluded by Rivest in [10],
as we made more experiments than Rivest. By analyzing experimental results
on 4.13 billion randomly selected large integers, we show that a particular
probabilistic algorithm for generating large prime integers based on three tests
is likely equivalent to a similar algorithm, but based on only two tests. More
precisely, our experimental results tend to indicate that using only two tests,
division by small prime divisors followed by the Fermat test (see, for example
[3,12]) produces the same results as using three tests: division by small primes,
then the application of Fermat test, followed by Rabin-Miller test (see, for
example [7,8]) with eight random bases. The Miller—-Rabin test seems to be a
waste of time when added as the third one to the first two aforesaid tests.

The paper is organized as follows. In section 2 we review the three tests
composing the main algorithm and specify their formal parameters. In section
3 we briefly recall Rivest experimental results, and then we describe our own
experiments, present and analyze the computing results. Section 4 contains
conclusion and suggestion on possible forthcoming work.

In the sequel, we will adopt classical notation. In particular, N is the set
of non-negative integers. Let a,b,c € N. Then gcd(a,b) denotes the great
common divisor of a and b, while the remainder of a, when divided by b is
denoted by a mod b. We write a = b [c¢] if ¢ divides the difference a — b.
As usual, let 7t(x) denote the number of primes less than or equal to the real
number x. Finally, the bit length 1y of a positive integer n = Z];:_(; 2tay is
lp =k, where ax_1 =1, and a; € {0,1}ifi=0,...k— 2.

2 Three known tests

In this section we review three known tests and specify their formal parame-
ters. Let n > 1 be an odd integer for which we want to test primality.
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2.1 Small division test T,

This test is the trial division by small divisors, namely by primes that are
less than a fixed bound B. We divide n by all primes less than B. If we
find one divisor, then n is composite, otherwise n is a candidate to be prime.
Eratostenes sieve is applied to generate all primes between 2 and the bound
B.

2.2 Fermat test T,

Here we use a test based on the little Fermat theorem (see, for example [3,12]).
If an integer a satisfies gcd(a,n) = 1, we calculate a™ ! mod n and compare
it to 1. If a™ ' # 1 [n], then n is composite, otherwise n is a candidate to be
prime.

2.3 Miller—Rabin test T;

Miller-Rabin test (see, for example [7,8]) is more efficient than Solovay and
Strassen probabilistic test (see, for instance [11,6]). Since n is odd, we can
uniquely find two positive integers r and s such that n —1 = 2"s. Let a be
any integer such that gcd(a,n) =1. If a*#1 [n]and Vj € {0,1,...,7—1}:
a?$ # —1 [n], then n is composite.

If n passes all three tests, then it is probably a prime integer. In other
words, we believe in its primality.

3 Results of our experiments

In this section, first we recall Rivest experimental tests [10], and then describe
our own experiments providing the main results.

3.1 Rivest experiences

In 1991, Rivest examined 718 million randomly chosen 256-bit integers. Firstly
he tested them by small divisors with the upper bound B = 10*. 43,741,404
passed this first test. Of those, 4,058, 000 passed Fermat test with the base 2.
Of those, no one was eliminated by Miller-Rabin test with 8 random bases.
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3.2 Owur own experiments

Three kinds of experiments were realized with Maple software, versions 9.5
and 10, depending on the bit length: 256, 512 or 1024. We used ordinary
personal computers working with Pentium IV 3.4 GHz processor and 248 MB
of RAM. The main parameters were taken as in Rivest experiments:

e the upper limit of small primes is B = 104,
e the Fermat base is b = 2,
e the eight bases in the Miller—-Rabin test are randomly chosen from the

set {3,4,...,n—2}

In our case, we used blocks of integers and the number of randomly selected
integers in each block was mainly between 5 and 10 million. Sometimes we
used smaller or larger blocks as well.

We summarize the results in the next table where numbers N, Ny, N, and
N3 are defined as follows.

N is the number of the randomly selected integers,

N1 denotes the number of integers which passed the first test Ty,
N, is the number of integers which passed both T; and Ty,

N3 shows the number of integers which passed all the three tests.

Moreover, for i =1, 2, and 3 let Ry = 100%.

We began to test more than one billion of integers whose bit lenght is 256,
more than what was tested by Rivest. We found that the time required by PCs
to run every range of 5 million of integers is around 40 minutes and around
80 minutes for every range of 10 million. For data see Table 1.

[bitlength [ N [ Ny [ N [ N3 |

| 256 [[1.13x 107 ] 68781054 [ 6 381145 [ 6 381 145 ||
512 107 60 875 654 [ 2 820 804 | 2 820 804
512 107 60 893 522 | 2822 109 | 2 822109

| 1024 [ 107 ][ 60876414 [ 1408923 | 1408 923 ||

[ bit length || N | Ri%) | R(*%) | Rs(%) |

| 256 [[1.13x 107 | 6.0868189 | 0.5647031 [ 0.5647031 |
512 107 6.0875654 | 0.2820804 | 0.2820804
512 107 6.0893522 | 0.2822109 | 0.2822109

| 1024 [ 107 ] 6.0876414 | 0.1408923 | 0.1408923 ||

Table 1.



Experimental results on probable primality 165

Then we tested two times one billion integers with bit lenght 512. And,
finally, we tested one billion of integers with 1, = 1024. For comparison, see
again Table 1.

We emphasized that, in the three kinds of experiment, we found N3 = N
implying R3 = R».

4 Conclusions

I. In this work, we realized new experiments on large integers in order to
determine their primality. We tested more than four billion integers having
256, 512 and 1024 bits. They were all selected randomly. The main fact is
that, from those which passed the small divisor test and the Fermat test, no
one was blocked by the Miller-Rabin test. This result, based on more exper-
iments, confirms what was already observed by Rivest. With the parameters
mentioned above, the Miller-Rabin test does not improve the probabilistic
algorithm based on the two first tests. Hence it seems that the Miller—Rabin
test is unnecessary as the third stage of the three tests.

On the other hand, for future work, we suggest to replace the Miller—Rabin

test by an alternative one and to verify experimentally if this modification
brings any amelioration or not.
II. It seems that the upper bound on small primes is unnecessarily high. Both
Rivest and us first used B = 104, but now we suggest B = 300 or B = 3000
instead. Why? Because with B = 10% we filtered 93.91% of the attendants
independently from the bit length (supposing that 1y is large enough). If we
have all the primes py =2, p2 =3, ..., Pm < B, then in the first step of the
3 tests they exclude expectedly

DD

part of the attendants. This formula gives 50% for B = 2, approximately
66.667% for B = 3, and so on, and provides 93,911% for B = 10% (this was the
preferred case). But for B = 300 we already have 90,245%, and going further,
for B = 3000 we obtain 93,003%, which almost coincides with what we had
for B = 10% before.

The following table shows the comparison of running experiences of different
values B if lp = 256. One can observe, that if we decrease B, then the number
of random integers which failed the small prime divisor test also decreases,
but the final ratio of the integers survived all the three tests is approximately
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constant. Furthermore, the values in the third column of Table 2 coincide with
the values forecasted by (1).

’ B ‘ Size of sample H Failed T, ‘ Passed TI AT, A T3 ‘

10000 1.13 billion 93.913181 0.564703

3000 100 million 93.005612 0.564496

300 100 million 90.251749 0.564111
Table 2.

III. In the experiment we randomly chose a huge number of integers to clas-
sify them by three consecutive primality tests. Therefore, it is natural to
compare the number of integers passing through all three tests (the number
of industrial-grade primes) and the expected value of primes. Now we recall
the thesis of Dusart [2], providing good approximations of the function 7t(x).

Theorem 1 (Dusart, [2], p.36.) If x > 1.332-10'°, then
X 1 1.8 X 1.0992
—(1+—+—) < 7nlx) < — 1+ .
Inx Inx  In?x Inx Inx

Let m, and d,, =

s
%] denote the number of primes and the density of the

m
primes in the interval I, = [2" ;2™ — 1], respectively. By Theorem 1, we
obtain

71256
0.0056 424 < djs56 = 575 < 0.0056 509 ,

0.0028 194 <  dg2 = % <0.0028 217 ,

0.001409 299 < djo24 = % < 0.001409 875 .

Note, that in the experiment we investigated 1.13 and 2 and 1 billion random
integers from the interval 1,56, 1512 and Ij024, respectively. Hence, with the
given cardinality of the samples, the expected values Es6, E512 and Eqppq of
primes, by Dusart’s theorem, satisfy the inequalities

6375919 < Ezse < 6385530,

5638897 < Es12 < 5643385,

1409299 < < 1409874 .

N

E1024
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The following table recalls the statistics about the candidates for primality
(the integers survived the three tests).

y | 256 | 512 [ 1024 |

cardinality of sample || 1.13 billion | 2 billion | 1 billion
number of candidates 6381145 5642913 | 1408923

Table 3.

When the bit length is 256, then we gained 6381145 industrial-grade primes
and this number is in the interval [6375919; 6385530] bounding E,56. Similarly
it is true when we choose random integers from I51;. In the case of longest
bit length, 1408923 is not in the interval around Ejg24, but less then its lower
limit 1409299 (better case).

These data also reinforce the primality of integers passing through the three
tests.
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Approximating poles of complex rational
functions
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1117 Budapest, Padzmény Péter sétdny 1/C.
email: locsi@inf.elte.hu

Abstract. In this paper we investigate the application of the Nelder—
Mead simplex method to approximate poles of complex rational func-
tions. To our knowledge, there isn’t any algorithm which is able to find
the poles of a function when only the values on the unit circle are given.
We will show that this method can accurately approximate 1, 2 or even
3 poles without any preliminary knowledge of their locations. The work
presented here has implications in the study of ECG signals.

1 Introduction

The research presented in this article is motivated primarily by the fact that
by combining a couple of simple complex rational functions and examining the
values on the unit circle, the result can be very similar to an ECG signal (see
Fig.1). These functions can be applied for analysis, compression and denoising
of ECG signals. Diagnostic applications may also be possible.

Rational functions play an important role in control theory. The Malmquist—
Takenaka systems are often used to identify the transfer function of a system,
see [1], [2], [9], and [10]. However automatic approximation of the poles of
these functions proved not trivial when only the values on the unit circle are
given and we have no preliminary knowledge about the locations of the poles.

A function, such as the one in Fig. 1, can be defined by its poles and the
corresponding coefficients. The coefficients can be expressed by means of scalar

AMS 2000 subject classifications: 30E10, 33F05, 65E05, 65D15
Key words and phrases: Complex rational functions, Malmquist—Takenaka system, ap-
proximation of poles, Nelder—-Mead simplex algorithm, ECG
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(a) An ECG signal from [3]. (Apnea- (b) An approximating function.
ECG Database)

Figure 1: An ECG signal and a very similar function produced using complex
rational functions.

products when using an orthonormal system, so the main problem is to find
the poles generating an appropriate system.

In this paper we investigate the application of the Nelder—-Mead simplex
method to approximate poles of generated complex rational functions given
by their values on the unit circle. The question of H* approximation (see [1]
and [2]) is also to be analyzed.

2 Mathematical background

In this section we will introduce our functions of interest and recall some
properties of related orthonormal systems. Then we give a summary of the
Nelder-Mead simplex method, a commonly used nonlinear optimization algo-
rithm.

2.1 Complex rational functions

Denote by C the set of complex numbers and let D:={z € C : |z| < 1} be the
open unit disk, T :={z € C : |z = 1} the unit circle and D* := C\ (DU T).
The natural numbers will be considered as the set N:={1,2,3,...}.

The disk algebra, i.e. the set of functions analytic on D and continuous on
DUT, will be denoted by A. The scalar product on T is defined by:

| n ity =(,it
(F.9) = 3 | fletgle)a.
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Figure 2: Examples of complex rational functions.

We shall examine functions generated by the collection of

1
@n(Z)::W (ZGC,TYLGN,TLZ],,m),

where ap € D (n =1,...,m) and mp = ) ;. ai—ay, | the multiplicity of
the parameter a,,. We note that ¢, has a paley in aj, = 1/ay € D* and
D:=(pn:n=1,...,m) C A

Fig. 2 illustrates some rational functions of the form f = Y ™ ; cn@n with
a=(as,...,am),c=(c1,...,cm)and m=1,2. 1

By applying the Gram—Schmidt orthogonalization procedure to ®, we ob-
tain an orthonormal system W := ({n:n = 1,...,m) on T, the so-called
Malmquist-Takenaka system (introduced in [7] and [11], see also [6]), which
can be expressed by the Blaschke functions:

By(z) :i= —— (beD;zeC).

'The values on T are shown, i.e. for a function f we plot f(z) = f(e'), where t € [0, 27].
The solid line is the real part, the dashed line is the imaginary part of f(z).
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Namely
1—lan/* 2]
wn(l):ﬁHBak(Z) (zeCn=1,...,m),
M=

which suggests a convenient computation method for the values of y,.
The orthonormality of the Malmquist—Takenaka functions is defined by

(Wi, b1) = d1a (k,1L=1,...,m),

where &y is the Kronecker symbol. Note that span ® = span¥, i.e. the systems
@ and V¥ generate the same m-dimensional subspace.

Given a function f € A we can compute Pyf = Pq, . . anf, the orthogonal
projection of f on the subspace span¥ by the formula

m

Pof =Y (f,bn) bn.

n=1

Let &yf = Eq, ... anm T denote the best approximation of f in [|.[|,, in span¥:

.....

Eyf = |If — Pyfll, = \/(f — Ps, f — Py).

Our aim is to minimize Eyf for a given function f € A (f is given by its
values on T) and m € N dimension by choosing the parameters aj, az, ..., am
of the ¥ (or @) system "well’.

Naturally, in our computations we use the discrete approximation of the
scalar product:

N-—1
1 . B )
[f,gl :=[f, 0l = 5N § f(eka/N) g(eka/N)
k=0

for a sufficiently large N. Let us choose e.g. N = 256. Furthermore a function
is given by its values on the set

TN::{ZE'H‘:z:ezmk/N;kzo,...,N—1}.
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2.2 The Nelder—-Mead algorithm

The method introduced by Nelder and Mead in [8] is for the minimalization of
a function of n variables, which depends only on the comparison of function
values at the n+1 vertices of a general simplex, followed by the replacement of
the vertex with the highest value by another point. The simplex adapts itself
to the local landscape and contracts on to the final minimum. The method
has been shown to be effective and computationally compact. Though there
are very few proofs concerning its convergence properties (see [4] and [5]),
it is widely used in practice in natural sciences and engineering for function
optimization.

The method is described as follows. Let f: R™ — R be an arbitrary function
and X1,%2,...,Xn+1 € R™ the vertices of the current (nondegenerate) simplex
in n-dimensions. Usually the vertices are defined by an x4 starting point and
w > 0:

X1:=Xs, X{:=Xs+W:-eiq i=2,...,n+1),
where e; is the ith element of the canonical basis in R™.

Let yi:=f(xi) (i=1,...,n+ 1) and define the indices h and 1 such that

yp=max{y;:i=1,...,n+1}, yy=min{y;i:i=1,...,n+1},
the highest and lowest values. Further define X the centroid of the points x;
with 1 # h.

At each stage in the process xy, is replaced by a new point; three operations

are used: reflection, expansion and contraction with the following parameters:

a=1,6= % and y = 2, since the natural ('standard’) strategy given by these
values proved to be the best, see [8]. These are defined as follows:

e The reflection of xy, is defined by the relation
Xr = (14 )X — axp, Yr = F(xy).

If y, < yr < yYn, then xy, is replaced by x, and we start again with the
new simplex.

o If y,. < vy, i.e. the reflection has produced a new minimum, then we
expand X, to Xe by the relation:

Xe =YX+ (1 =¥)X, Ye:=flxe).

If ye < yr, we replace xn, by xe and restart the process; but if ye >
Yy, then we have a failed expansion, and we replace xn by x, before
restarting.
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e If on reflecting x, to x; we find that y, > y; for all i # h, i.e. that
replacing xp by x; leaves y; the maximum, then we define a new xp, to
be either the old xy, or Xy, whichever has the lower y value (when yn = y»
then choose xy,), and form

Xe == Pxp+ (1= B)X, yc = flxc).

We then accept x¢ for xj, and restart, unless x¢ > min{xp, X, }, i.e. the
contracted point is worse than the better of xy, and x,. For such a failed
contraction we replace all x; points by %(xi—i-xl) and restart the process.?

We stop the iteration when the standard deviation is less then ¢, a small
preset value:

where
n+1

_ 1
e DI

Let us choose e.g. ¢ = 107°.

The Nelder-Mead method is an effective and robust algorithm, but it often
stops near local minima ignoring better global solutions. In these cases a
reinitialization of the simplex at another starting point may prove helpful.

In Fig.3 we illustrate the steps of a 2-dimensional simplex with starting
point xs = (4,6) and w = 1 optimizing the quadratic function:

1 (x' —2)%+ (x" = 3)? (x',x" € R).

) = ', %) =

The effects of reflection, expansion and contraction can be observed, as defined
above. It is clear that in this simple case the simplex contracts on the minimum
Xmin = (2>3)~3

2This operation is called a shrink and a shrinking parameter & can also be defined. The
standard choice is & = %

3This algorithm is also known as the amoeba method for the similarity of the simplex’s
moves to the named unicellular creature.
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Figure 3: Moves of a Nelder—-Mead simplex optimizing a quadratic function.

3 Methodology

In this section we explain how the Nelder—-Mead method can be applied to
find suitable parameters for the approximation. Furthermore, we describe our
experiments and measurements.

Our goal is to minimize the function &yf = &¢, .. q,.f introduced in Section
2.1 for a given f € A function (f is given by its values on T) and m € N dimen-
sion by choosing the parameters aj, ay,..., am,m of the ¥ system. For solving
this minimization problem, we shall use the Nelder-Mead simplex algorithm
described in Section 2.2.

The parameters of the ¥ system are to be chosen from ID. The simplex
method requires vertices from R™. So in order to allow the simplex to move
freely in R™ i.e. without any constraints to its steps, we set n = 2m and use
the map

u A%

z= + ieD.
VIi+uZ+v2 VT4 uZ+42

R?5 (u,v) +—

This map is a bijection between R? and . Then a map from R?™ to D™ can
be easily given by considering pairs of coordinates in R?™,

The traditional map used comes from the following idea. Imagine a half
sphere on the complex unit disk D and then lay a plane R? on the half sphere.
Then the corresponding z € D to an (u,v) € R? point is given by joining
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(u,v)

0 Z 1 ¢

Figure 4: Mapping (u,v) € R? to z € D.

the complex zero with (u,v) by a straight line and projecting its intersection
with the half sphere in C as seen in Fig.4. The formula can be deduced from
properties of the similar triangles on the figure.

So to find the (aj,...,am) € D™ parameter values minimizing Eyf, we
use a simplex in R?™. Let the starting position xs be the zero of R?™, and
w = 0.1. The iteration stops when the standard deviation of the &yf values
in the vertices of the simplex descend below &€ = 107°.

For a given m € N and function f € A of the form

f(z) = Z Cn@n(z) (z€T; cneC)
n=1

with parameters aj, ..., a;n € D defining the functions @ (n =1,..., m) and
the approximations by, ..., by € D of the parameters a,, define
Df :=max{|lan—bn :m=1,...,m},

the error of the approximation of the poles. (For convenience, we sometimes
refer to the a,, parameters of the rational system as poles although these are
actually not poles of the functions in focus. The 1/a; values are.) Further

define
max { [f(t) — (Po, .. b, f)(t)] : t €T}

f:=
T max{[f(t) : t€ T} ’

the relative error of the approximation in H* norm. Naturally, in our com-
putations we use the discrete approximation of Hf. And finally define

NfeN,

the number of calculations the simplex algorithm performs before terminating,
where one calculation means evaluating &, v, for a given function and set
of parameters.
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In our first experiments we used 1024 functions with one pole a7 randomly
chosen from the uniform distribution on D, forming f(z) = c1¢@1(z) with ¢4
also randomly chosen from . We avoided extreme values of a; and cq too
close to zero (less than 0.05), because these values would result in almost
constant function values on T. We also avoided a; values too close to T
(greater than 0.95), because @1 can no longer be defined with its parameter in
T and our discretization may prove insufficient to reflect the properties of these
extreme functions. For each function f we applied the Nelder-Mead algorithm
as described above to find its pole and measured the previously defined Df,
Hf and N values.

Then we generated another 1024 functions with two poles i.e. functions of
the form f(z) = c191(z) + c292(z) with aq, az, c1,c2 chosen similarly to the
previous case and measured the Df, Hf and Nf values again.

This experiment has been repeated for another 1024 functions with three
random poles and coefficients: f(z) = Zle cipi(z).

Finally we investigated the iterated application of the simplex algorithm in
the case m = 3. This means that if the result was not good enough (e.g.
Df > 10™%), we reinitalized the simplex with w = 0.1 and x in the position
reached in the previous iteration and started the optimization process again,
at most 5 times.

4 Results

The statistics of our measurement results of the Df, Hf and Nf values are
summarized in Table 1. The histograms of these values are shown in Fig. 5,
6 and 7. Fig. 5 and 6 show the number of functions (out of 1024) with Df
and Hf approximation error values with an order of magnitude of 1078, 1077,
etc. Fig. 7 shows the number of functions (out of 1024) with A'f values in the
intervals shown on the horizontal axis.

One can observe that in the case m = 1, i.e. the case of functions with one
pole, the algorithm always gives a very good approximation of the pole. The
order of the approximation error is better than 107° and so is the approx-
imation error in the H* norm. The algorithm is very effective and fast, it
requires 90 calculations on average. We also found that the algorithm needs
more steps when applied to a function with its pole closer to T. In these cases
the approximation is usually more accurate too.

In the case m = 2 (i.e. the case of functions with two poles) in most cases
the poles can be approximated with precision at least of order 107°. The
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min max avg std. dev.

1 pole Df 2.83-100% 210-107° 4.74-1007 1.15-10°°¢
Hf 720-1078 219.107> 652-1077 1.34.10°¢

Nt 56 116 89.92 8.30
2poles Df 574-1008 427-1007 1.85-1073 1.95.10°2
Hf 6.95-107% 587-1073 1.09-107> 1.89.-10°*
Nt 91 792 283.58 68.03
3poles Df 7.46-108 1.78-10° 1.13-1077  2.71-107"!
Hf 853-1008% 337-100' 1.82-1073 149.102
NFf 181 2006 712.64 272.56

3poles Df 746-100% 594.10°' 391.1073 3.03-102
iterated Hf 8.53-107% 257-107% 191.107¢ 1.24.107°
Nt 430 2782 944.54 361.27

Table 1: The measured minimum, maximum, average and standard deviation
values of Df, Hf and N'f in the four investigated cases.

approximation in the H* norm is also very good. The algorithm requires
about 280 calculations on average. The cases when the Df value is in the order
of 1071 or 1072, are the ones when the two poles are very close to each other
and there is a significant difference in the absolute values of the coefficients.
In such cases the function could be almost as precisely approximated using
functions with only one pole as using functions with two poles.

For functions with three poles (m = 3), there are lot more cases when Df
is of the order 107!, even if the H*® error is small enough. We observed that
in these cases the algorithm finds two poles with high precision, but the third
one is far from the original. Then if we start again by initializing the simplex
in the point reached (we iterate the application of the algorithm), the third
pole is also find usually with an error less than 10~ and the error of the H®
approximation also decreases. Naturally the computation cost rises with m
and with the iterated application of the algorithm.

In the case of functions with even more poles, our few experiments show
that this algorithm is not as powerful as in the cases detailed above (See also
[4].) For instance, if the function is generated with 8 different poles, then the
simplex method usually finds 4 of the poles with very small errors, but the
others remain unknown.
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800 600

(c)m=3 (d) m = 3, iterated

Figure 5: Number of functions (out of 1024) vs. order of Df.

5 Conclusions

Our results show that the Nelder-Mead simplex algorithm can be applied
effectively to solve the problem of approximating poles of complex rational
functions with 1, 2 or even 3 poles, when the functions are given by their
values on T and we have no preliminary knowledge about the location of the
poles. We also get a satisfying approximation in H* norm.

The results presented here have proven sufficient to perform promising cal-
culations in the case of approximating ECG signals.

6 Further research

The main area of application of this research is the processing and analysis of
ECG signals. The representation using complex rational functions may give an
efficient way to compress and store these signals. We can gain a new method
for denoising too, because of the smoothness of the functions applied. The
potentials in diagnostics are also to be explored.
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The effect of adding noise to the examined functions may also be investi-
gated.

The direct use of D and hyperbolic coordinates instead of R? in the imple-
mentation of the algorithm also seems to be an interesting field of research.

The design of new algorithms or possible improvement of the Nelder-Mead
method for finding poles of functions with more singularities effectively is also
to be studied.
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Abstract. We study two extensions of notions related to perfect num-
bers. One is the extension of “superperfect” numbers, the other one is
a new notion called “aperfect” numbers. As particular cases, many re-
sults involving the arithmetical functions o, 0%, 0**, @, @*, { and their
compositions are presented in a unitary way.

1 Introduction

Let o(n) denote the sum of distinct divisors of the positive integer n. It
is well-known that n is called perfect if o(n) = 2n. Euclid and Euler have
determined all even perfect numbers (see [8] for history of this theorem) by
showing that they are of the form n = 2¥. q, where q = 2% — 1 is a prime
(k > 1). Prime numbers of the form 2 — 1 are called Mersenne primes, and
it is one of the most difficult open problems of mathematics the proof of the
infinitude of such primes. Up to now, only 46 Mersenne primes are known
(see e.g. http://www.mersenne.org/). On the other hand, no odd perfect
number is known ([3]). In 1969 D. Suryanarayana [10] defined the so-called
superperfect numbers n, having the property o(o(n)) = 2n; and he and H. J.
Kanold [4] obtained the general form of even superperfect numbers. All odd
superperfect numbers must be perfect squares, but we do not know if there

AMS 2000 subject classifications: 11A25, 11A41, 11A99
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exists at least one such number.

In what follows we denote by N the non-zero positive integers: N ={1,2,...}.
We call a g function multiplicative, if g(ab) = g(a)g(b) for all a,b > 1, with
(a,b) =1.

In what follows, we denote by o*(n) the sum of unitary divisors of n, i.e.
those divisors dn, with the property (d,n/d) = 1. A divisor d of n is called
bi-unitary if the greatest common unitary divisor of d and n/d is 1. It is
well-known that (see e.g. [2], [8]) 0* and 0™ are multiplicative functions, and

o (p%) =p* 41, (1)
. T+p+...+p2*—p% if p =2u
By —
o ){1+p—|-...+p2°‘+1:cr(p°‘), if p=2o0+1" (2)

where p is an arbitrary prime and « > 1 is a positive integer.
Clearly, o is also a multiplicative function and

op¥)=1+p+...+p% (3)

for any prime p and o« > 1.
The Euler’s totient function is a multiplicative function with

G =p . (p-1), (4)

while its unitary analogue is a multiplicative function with

o(p

e (p*) =p*—1, (5)

(see e.g. [2], [9])-
Finally, Dedekind’s arithmetical function 1y is a multiplicative function with
the property

Yp*) =p* - (p+1), (6)

(see e.g. [3], [7]).

In what follows, we shall call a number n “f-perfect”, if

f(n) =2n (7)
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Thus the classical perfect numbers are the o-perfect numbers, while the su-
perperfect numbers are in fact o o o-perfect numbers.

In 1989 the first author [6] determined all even 1 o o-perfect numbers. In fact,
he proved that for all even n one has

P(o(n)) > 2n, (8)

with equality only if n = 2X, where 27" — 1 is a Mersenne prime. Since
o(m) > P(m) for all m, from (8) we get:

o(o(n)) > P (o(n)) > 2n for n = even, (9)

an inequality, which refines in fact the Kanold-Suryanarayana theorem.
We note the contrary to the o o o-perfect numbers; at least one odd solution
to P o o-perfect numbers is known, namely n = 3.

2 Extensions of even superperfect numbers

The main result of this section is contained in the following.

Theorem 1 Letf,g: N — N be two arithmetic functions having the following
properties:

1. g is multiplicative
2. f(ab) > af(b) for all a,b > 1
3. g(m) > m, with equality only for m =1

4. £(g(2%)) = 2% with equality only if 2tV —1 € A, where A is a set of
positive integers

Then for all even n one has

f(g(n)) > 2n, (10)

and all even f o g-perfect numbers are of the form 2%, where 271 —1 € A.
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Proof. Let n = 2. m with m = odd, be an even integer. By condition 1. one
has g(n) = g(2¥)g(m), so by 2. we can write that f(g(n)) = f(g(2%)g(m)) >
g(m)f(g(2%)). Since g(m) > m (by 3.) and f(g(2")) > 251 (by 4.), we get
that f(g(m)) > 2n, so (10) follows. For equality we must have g(m) = 1
and f(g(Zk)) =281 so m =1 and 25t —1 € A. This finishes the proof of
Theorem 1. |

Remark 1 If at least one of the inequalities 2.—4. is strict, then in (10) one
has strict inequality. As a consequence, n cannot be an even f o g-perfect
number.

Corollary 1 (Sdndor [6])
All even \p o o-perfect numbers n have the form n = 2%, where
prime.

— The first \ o o-perfect numbers are: 2 =21, 3,4 =22, 16 =24, 64 = 2°,
4096 = 212, 65536 = 2'°, 262144 = 28 where 22 —1 =3, 23 -1 = 7,
25-1=31,27-1=127,23—-1=28191, 277 —1 = 131071, 2'7 — 1 = 524287
are Mersenne primes.

— Put f(n) = P(n) and g(n) = o(n) in Theorem 1. Then property 2. is
known (see e.g. [7]), while 3. and 4. are well known. Since for t > 1 one has
P(t) >t + 1, with equality only for t = prime, by o(2%) = 21 — 1, we get
A = set of primes of the form 2*t1 —1.

pAL gL R,

Corollary 2 (Sdndor [6])
The only even o oP-perfect number n is n = 2.

— Put f(n) = a(n) and g(n) = PY(n) in Theorem 1. Then properties 1.-3.
are well-known; for 4. one has Pp(2%) =2571.3: 50 0(21.3) = ((2—1)-4) >
2k s 2k > 2 Thusk =1 and A ={3).

Corollary 3 (Kanold-Suryanarayana [4])
All even o o o-perfect numbers n have the form n = 2%, where 281 — 1 is
prime.
— The first o o o-perfect numbers are:
2=2"4=2% 16 =2% 64 = 2° 4096 = 2'2, 65536 = 2'°, 262144 = 218,
1073741824 = 230, 1152921504606846976 = 20, where 22 —1=3,23—-1=7,
25-1=31,2"-1=127,213-1=28191, 277 -1 =131071, 29 — 1 = 524287,
231 1 =2147483647, 27 — 1 = 2305843009213693951 are Mersenne primes.
— This also follows from inequality (10) for f(n) = o(n) and g(n) =P(n),
but a direct proof applies for f(n) = g(n) = a(n).
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Corollary 4 (Sdndor [6])
There is no even P o p-perfect number.

— Put f(n) = g(n) =P (n). Since inequality 4. will be strict, inequality (10)
holds true also with strict inequality.

Remark 2 In [6] it is proved also that the only odd \ o \p-perfect number is
n=23.

Corollary 5 The only even o o 0**-perfect number n is n = 2.
— Let f(n) = o(n) and g(n) = ¢**(n) in Theorem 1. Clearly 3. holds true,
as more generally it is known that (see e.g. [1], [8]):

o*(m)>m-+1 form>1, (11)

with equality only for m =p or m =p? (p = prime).

Now, let k be odd. Then o**(2¥) = ¢(2K) = 2% — 1 and o(0**(24)) =
(28T — 1) > 2801 with equality only if 25T" — 1 = prime. Fork >3, as k is
odd, clearly k+1 is even, so it is immediate that 2X"" —1 =0 (mod 3). Thus
we must have k =1, i.e. n =2 is a solution.

When k is even, put k = 2a. Then 0™ (2%) = 0**(229) =142 +...+2% 1 ¢
200 4422 = (1424429 ) (142911 = (24— 1) (29T +1). Thus,
20+ 1. (1424420 1)

o(0*(2%) = o((2¢—=1)- 29T+ 1)) > (2 —1)o(2%—1) > (2%t +1) .29 >
22041 — 2kH1 g0 dinequality 4) is strict for k even number.

3 Aperfect numbers

The equality f(n) = n + 2, for f(n) > n is a kind of additive analogue of
f(n) =n-2, i.e. of classical perfect numbers. We shall call a number n f-plus
aperfect (aperfect = “additive perfect”), if

fn) =n+ 2. (12)

This notion also extends the notion of perfect numbers. Put e.g. f(n) =
o(n) —n+ 2. Then o(n) = 2n, so we obtain again the perfect numbers.
Similary, for f(n) < n we have a similar notion. We call n f-minus aperfect, if

fin) =n-—2. (13)
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We can state the following general result:

Theorem 2 Let f,g: N — N be two arithmetic functions such that g(n) >
n+1 forn > 1, with equality only for n = p* (p prime, & > 1 integer) and
f(m) > m 41, for m > 1, with equality only for m = qP (q prime, p > 1
integer). Then one has the inequality

f(g(n)) >n+2 (14)

for all n, and n is f o g-plus aperfect only if the prime powers p* and qP
satisfy the equation

Proof. TFrom the stated conditions, one can write f(g(n)) >gn)+1 >
(N4 1) +1 = n + 2. One has equality only if n = p* and g(n) = qP, ie.
g(p*) = qP, which means equality (15). |

Corollary 6 (Sdndor [6])
All o 0 0*-plus aperfect numbers n have form n = 25 where 2° 41 is a prime
(i.e. Fermat prime, s =2% ).

~ The first o o 0*-plus aperfect numbers are: 2 = 2', 4 = 22, 16 = 24,
256 =28, 65536 = 2'°, where 2' +1=3,224+1=5,2441=17,28+1 =257,
216 + 1 = 65537 are Fermat primes.

~ Let f(n) = o(n), g(n) = o*(n). Then (15) may be written as o*(p*) = qP.
Since o(m) = m+ 1 only for m = prime, we have =1, thus p*+1 = q.
Forp > 3,p*+ 1 is even number, so we must have p = 2, i.e. q = 2%+ 1.
Since n =p* = 2%, then result follows.

Corollary 7 All ¢* o o-plus aperfect numbers are n = 2, or have the form
n =2%K—1, where 2% — 1 is a Mersenne prime.

— The first 6* o o-plus aperfect numbers are: 2, 22 —1 =3, 23 -1 =7,
25-1=31,27-1=127,23—-1=28191, 27 —1 =131071, 2'9 — 1 = 524287
(Mersenne primes).

— Let f(n) = 0*(n),g(n) = o(n) in Theorem 2. Then (15) has the form
o(p*) =qP. Sincex =1, one hasp+1=qP, i.e. p=qP—1. For q > 3 this
is even, so we must have q = 2, when p = 2P —1 is Mersenne prime. When

=3 for B =1 we get the prime 2, the first 0* o o-plus aperfect number.
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Corollary 8 The only o o o-plus aperfect number n is n = 2.
— Let f(n) = g(n) = o(n). Then we get x = f =1 so o(p) = q, i.e.
p+ 1= q withp,q This is possible only forp =2,q = 3.

Corollary 9 The only 0** o 0**-plus aperfect numbers n are n = 2,3,4.
— Since the equality 6**(n) =n + 1 is satisfied only if n =p orn =p? (p
prime), we must study the equality:

p*) =qP (16)

for o, B €{1,2}.

If o =1, then =1 implies p+1 = q, which is possible only forp =2,q = 3.
Now forc=1,p=2wegetp+1=q? sop=q?>—1=(q—1)(q+1), which
1s possible only for @ =2 and p = 3. Thus p = 3 is acceptable too.
Ifa=1,B=2, wegetq’>+1=p,ie q>=p—1. Herep =2 is not possible,
while for p > 3,p — 1 is even, thus 2|/q%. This means q = 2. Sop =5 is
another solution. For q* 41 =1p? we get > = (p—1)(p + 1), which forp =2
gives q* = 3, which is impossible. For p > 3 we get q = 3, so 5 = p?%, which
s again impossible. Then result follows.

Similarly to Theorem 2, we may prove the following;:
Theorem 3 Let f,g: N — N be two arithmetic functions, such that g(n) <
n—1 forn > 1, with equality only for n = p* (p prime, & > 1 integer) and
f(m) < m—1, for m > 1, with equality only for m = qP (q prime, p > 1
integer). Then one has the inequality:

f(g(n)) <n—-2 (17)

for alln > 2, and n is f o g-minus aperfect only if the prime powers p* and
qP satisfy the equation

g(p®) = qP. (18)
Proof. From the stated properties one can write f ( ) < gn)—-1<
(n—1) —1 =n — 2, with equality only if n = p* and g(n) = qP, so (18)

follows. [ |
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Corollary 10 All ¢ o @*-minus aperfect numbers n are n = 3, or have the
form =29 where 2% — 1 is a Mersenne prime.

— The first @ o @*-minus aperfect numbers are: 3, 4 =22, 8 =23, 32 = 23,
128 =27, 8192 =2"3, where 22 —1=3,23-1=7,2—-1=31,2"-1=127,
213 1 =28191 are Mersenne primes.

— Let f(n) = @(n),gn) = @*(n) in Theorem 3. As @(m) =m—1 only for
m = prime, we have 3 =1, so (18) becomes @*(p*) = q, i.e. p*—1=q.
Then p = 2, so q = 2% —1 is a Mersenne prime. Here n = 2%, so the
result follows. When p =3 and o« = 1, then q = 1, and we obtain the first
@ o @*-minus aperfect number: 3.

Corollary 11 All @*o@-minus aperfect numbers n have the formn = 2941 =
Fermate prime.

~ The first @* o @-minus aperfect numbers are: 3 = 21+ 1,5 = 22 +1,
17 =2%+1, 257 = 28 + 1 Fermat primes.

~ Put f(n) = @*(n), g(n) = @(n) in Theorem 3. Now =1, so ¢(p) = qP,
ie. p—1=qP, implying p = qP + 1. Since p, q are primes, one must have
q=2. Thusp = 2P +1 and n = p, which implies the assertion.

Remark 3 At the present state of the science, there are only 5 Fermat primes
known, namely n = 3,5,17,257,65537 (see [5], [3]).

Corollary 12 All ©* o @*-minus aperfect numbers are n =9 or n = 2% with
2% —1 is Mersenne prime, or n = 2B + 1 is Fermat prime.

— The first ©* o ©*-minus aperfect numbers are: 8, 4, 5, 8, 9, 17, 32, 128,
257, 8192.

- We have @*(m) = n — 1 only if n = p%, so we must solve the equation
e*(p™) =p*—1=qP.

Case 1) If q > 3, then as p* = qP 4+ 1 = even, we get 2Ip*, sop =2. We
get the equation:

qP =2%—1. (19)
Equation (19) has been studied in [9] (Lemma 6°), so we get p =1,q =2%—1

is Mersenne prime.
Case 2) If q =2, then we get the equation:

p*=2P41, (20)
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studied in [9] (Lemma 4). Thus we have: a) p = 3, & = 2,3 = 3, in which
casen =p*¥=3%2=9; b) o =1,p =2P +1 is Fermat prime.
This finishes the proof of Corollary 12.

Remark 4 It is easy to see that the only @ o @-minus aperfect number is
n=23.

Remark 5 Since the result of Corollary 7 is a characterisation of odd solu-
tions, it could be used as a Mersenne prime test, too; and Corollary 11 could
be used as a Fermat prime test, too.
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Abstract. The goal of this paper is to study the parametric vector
equilibrium problems governed by vector topologically pseudomonotone
maps. The main result gives sufficient conditions for closedness of the
solution map defined on the set of parameters.

1 Introduction

M. Bogdan and J. Kolumban [3] gave sufficient conditions for closedness of
the solution map defined on the set of parameters. They considered the para-
metric equilibrium problems governed by topological pseudomonotone maps
depending on a parameter. In this paper we extend this result for parametric
vector equilibrium problems.

Let X be a Hausdorff topological space and let P (the set of parameters) be
another Hausdorff topological space. Let Z be a real topological vector space
with an ordering cone C, where C is a closed convex cone in Z with Int C # ()
and C # Z.

We consider the following parametric vector equilibrium problem, in short
(VEP)p:

Find a, € Dy, such that

fp (ap,b) ¢ —C\ {0}, Vb € Dy,

AMS 2000 subject classifications: 49N60, 90C31
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where Dy, is a nonempty subset of X and f, : X x X — Z is a given function.

It is well-known that VEP contains several problems as special cases, namely,
vector optimization problem, vector saddle point problem, vector variational
inequality problem, vector complementarity problem, etc.

Denote by S (p) the set of the solutions for a fixed p. Suppose that S (p) # 0,
for all p € P. For sufficient conditions for the existence of solutions see [8],
[13].

The paper is organized as follows. In Section 2, we introduce a new notion
of the vector topological pseudomonotonicity and we recall the notion of the
Mosco convergence of the sets. Section 3 is devoted to the closedness of the
solution map for parametric vector equilibrium problems.

2 Preliminaries

In this section, we will introduce a new definition of the vector topologically
pseudomonotone bifunctions with values in Z. First, the definition of the
suprema and the infima of subsets of Z are given. Following [1], for a subset
A of Z the suprema of A with respect to C is defined by:

SupA={z€ A:AN(z+IntC) =0},
and the infima of A with respect to C is defined by:
InfA={zeA:AN(z—IntC) =0}.

Let (zi);cy be a net in Z. Let Aj = {z;:j > i} for every i in the index set I.
The limit inferior of (zi) is given by:

Liminf z; = Sup <U Inf Ai> .

icl

Similarly, the limit superior of (z;) can be defined as

Limsup z; = Inf <U Sup Ai> .

iel
Theorem 1 ([7], Theorem 2.1) Let (zi);c; be a net in Z convergent to z,
and let Ay ={z;:5 > i}

i) If there is an g such that, for everyi > io, there existsj > 1 with Inf Aj # 0,
then z € Liminf z;.
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ii) If there is an ig such that, for everyi > io, there exists j > i with Sup Aj #
(0, then z € Limsup z;.

We introduce the definition of vector topologically pseudomonotonicity, which
plays a central role in our main results.

Definition 1 Let (X,0) be a Hausdorff topological space, and let D be a
nonempty subset of X. A function f : D x D — Z is called vector topolog-
ically pseudomonotone if for every b € D, v € C and for each net (ai)icy in

D satisfying a; — a € D and
Liminf f (ay,a) N (—Int C) = 0, (1)
then for every i in the index set 1

{f(aj;b):j > i}N[f(a,b) +v—Cl #0.

In Definition 1, if Z = R, and if C is the set of all non-negative real numbers,
then we get back the well-known topological pseudomonotonicity introduced
by Brézis [4].

Let us consider o and T two topologies on X. Suppose that T is stronger
than o on X.

For the parametric domains in (VEP),, we shall use a slight generalization
of Mosco’s convergence [14].

Definition 2 ([3], Definition 2.2.) Let D, be subsets of X for all p € P.
The sets Dy, converge to Dy, in the Mosco sense (Dyp M Dy, ) asp — po if:

a) for every subnet (ap,)ic1 with ap, € Dy, Pi — Po and ap, 2 a implies
a € Dy,

b) for every a € Dy, there exists ap € Dy such that ap S aasp = po.

3 Closedness of the solution map

This section is devoted to prove the closedness of the solution map for para-
metric vector equilibrium problems.

Theorem 2 Let X be a Hausdorff topological space with o and T two topolo-
gies, where T is stronger than o. Let Dy, be nonempty sets of X, and let po € P
be fized. Suppose that S (p) # 0 for each p € P and the following conditions
hold:
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i) Dp M Dy
ii) For each net of elements (pi,ap,) € GraphS, if pi — po, ap, 2 a,

by, € Dp,, b € Dy, and by, 5 b, then

Liminf (fp, (ap,, bp,) — fp, (ap,, b)) N (—Int C) # 0.
iii) fp, : X X X = Z is vector topologically pseudomonotone.

Then the solution map p —— S (p) is closed at po, i.e. for each net of
elements (pi, ap,) € GraphS, pi — po and ap, 2 a imply (po,a) € Graphs.

Proof. Let (pi, ap, )ic1 be a net of elements (pi, ap,) € GraphsS, i.e.
f‘pi (a‘pi)b) ¢ _C\{O}> Vb € Dpia (2)

with p; — po and ap, 2 a. By the Mosco convergence of the sets Dy, we get

a € Dp,. Moreover, there exists a net (bpi)iel’ by, € Dy, such that by, 5 a.
From the assumption 1) we obtain that

Liminf (£, (ap,, bp,) — Fpy (ap;, a)) N (—Int C) 0. (3)

Since —Int C is an open cone, it follows that there exists a subnet (ay,)
denoted by the same indexes such that

fp, (ap;, bp) — fp, (ap,,a) € =Int C for all i € L. (4)
By replacing b with by, in (2), we get
fpi (ap, bp) & —C\{0}. (5)
From (5) and (4) we obtain that
fpo (ap,a) € (=C)° C (—Int C)¢, for all i € I,
since (—Int C)€ is closed, it follows
Liminf fp, (ap,,a) N (—Int C) = 0.

Now, we can apply iii) and we obtain that for every b € Dy, v € C, and
for every i € I we have

{Fro (ap;,b) 13 = 1} N [f, (a,B) +v—C| £0. (6)
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We have to prove that
fpo (a,b) & —C\ {0}, Vb € Dy, .
Assume the contrary, that there exists b € Dy, such that
fpo (a,b) € —C\{0}.

Let be fp, (a,g) = —v, where v € C\{0}. From (6) we obtain that for every
i€ 1 we have

i.e. there exists a subnet (ap, ) denoted by the same indexes such that
fpo (ap;,b) € —=C for all i € 1, (8)
or
fpo (ap;, b) converges to a point in — 9C. 9)

Since b € Dy, from the Mosco convergence of the sets Dy, we have that

there exists (Em)i c1 € Dy, such that by, — b. By using again the assumption
ii), it follows that there exists a subnet (ap,) denoted by the same indexes,
for which

fp; (ap;, bp;) — fpo (ap;,b) € =Int C, for all i € L. (10)
From (8), (9) and (10) it follows that there exists an index ip € I such that
fp: (ap;, bp,) € —Int C, i > o, (11)
but on the other side (p;, ap,) € GraphS, and
fpe (ap, bp) & —C\{0],

which is a contradiction. Hence (po, a) € GraphS. |

M. Bogdan and J. Kolumbén [3] showed that the topological pseudomono-
tonicity and the assumption ii) are essential in scalar case.

Remark 1 The assigment il) can not be replaced by

ii’) For each net of elements (pi,ap,) € GraphS, if pi — po, ap, 5 a,
bp, € Dy, b € Dy, and by, 5 b, then

Liminf (fp,, (ap,, bp;) — fp, (ap;, b)) N (—Int CU{0}) # 0.

Therefore Theorem 2 does not imply Theorem 1 in [3].
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The following example confirms this statement.

Example 1 Let P = N U {00}, po = o0 (00 means +oo from real analysis),
where we consider the topology induced by the metric given by d(m,n) =
[1/m—1/n|, d(n,c0) = d(oo,n) =1/n, for m,n € N, and d(oco,00) = 0. Let
X = [0,1] where o, T are natural topologies, Z = R?, D, = [0,1], p € P, the
real vector functions fr, : [0,1] x [0,1] — RZ. The ordering cone C is the third
quadrant, i.e. C = {(a,b) €eR?:a<0,b< O}.

Let fr(a,b) =(a—b—2/n,1—2a), n € N and the function T, be defined
by

(a—b,1—a) if a>0

fm(a’b):{ (b,1) if a=0 "

The fo is vector topologically pseudomonotone. Indeed, for a > 0, o is
continuous, therefore it is vector topologically pseudomonotone. Let us study
the case when a = 0.

We have to prove that for every b € [0,1], v € C for each (an)n, an € [0,1]
with an — 0 satisfying

Liminf fo, (an,0) N (—Int C) =0,

then for every m € N we have

{foo (an,b):n>miN[fe (a,b) +v—C] £ 0.

If an, =0, for allm € N, one has the obvious relation for everyb € [0,1], v € C

{foo (0,b):n>m}N[fy (0,b) +v—C] #0, Ym € N.
If there exists a k € N such that ay # 0, then one has that
foo (A, 0) € Liminf o, (an,0). (12)

Indeed, fo (ax,0) is an inferior point, because otherwise it has to exist an
j >k such that
(a]',1 — a]-) S ((lk, 1— ak) —Int C.

{aj>ak
1—a]->1—ak,

which is a contradiction. Similarly we can prove that fo (ay,0) is a superior
point.

This implies that
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Since foo (ax,0) € (—1Int C), it follows from (12), that
Liminf f, (an,0) N (—Int C) # 0,

so T is wector topologically pseudomonotone.
If an = 1/n for allmn € N, the assumption ') holds. Indeed, from Theorem
1, it follows that

(O)O) € Liminf (fTL (anabn) - fOO (an»b)) )

where by, — b. We have (n,1/n) € GraphS for each n € N, S (c0) = {1}, so
0 ¢ S(c0). Hence S is not closed at oo.

If the (VEF‘)]O is defined on constant domains, D, = X for all p € P, we can
omit the Mosco convergence. In this case condition ii) can be weakened.

Theorem 3 Let (X,0) be a Hausdorff topological space, and let po € P be
fized. Suppose that S(p) # 0, for each p € P, and

i) For each net of elements (pi, ap,) € GraphS, if pi — po, ap, 2 a, and
b € X, then

Liminf (f5, (ap,,b) — fpy (@p,, b)) N (—Int C) # 0.

i) fp, : X X X = Z is vector topologically pseudomonotone.

Then the solution map p — S(p) is closed at po.
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