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PREFACE

A Conference on Modelling Fluid Flow

We are pleased to bring to you this special issue of the Journal of Computational and
Applied Mechanics, which contains, among others, twelve selected papers from the
Conference on Modelling Fluid Flow (CMFF’03). This event, the 12th International
Conference on Fluid Flow Technologies, was held September 4-6, 2003 in Budapest,
Hungary. It was the most recent in a series of events that make up the International
Conference on Fluid Machinery, which has been held every fourth year in Budapest
since 1959.

The CMFF’03 conference program included over 170 presentations by authors from
30 countries. The papers included here were chosen from among them based on the
recommendations of referees for journal publication. These referees were members of
the International Scientific and Program Committee, and we are grateful for the time
given and the care with which they read and commented upon the papers.

In this issue we bring to you twelve CMFF’03 conference papers from authors
around the world. Their papers are on varied topics within the fields of fluids engi-
neering. Many of them are focused on fluid machinery, while the others address a wide
range of topics within heat and fluids engineering. This reflects the topics covered in
the conference itself, which is moving towards a broader focus on computational and
experimental studies in fluids engineering, while still retaining its original focus upon
fluid machinery.

In this issue, we offer several papers from the conference on various topics related to
turbomachinery. Experimental studies in turbomachinery were performed by Canepa
et al. and Hergt et al.; while computational methods were used by Lampart and in
the study of Lewis. Gabi and Klemm, and Vad employed both computational and
experimental methods in their studies. The other papers cover a wide range of topics:
a mathematical approach to turbulence modelling by Corsini et al.; an experimental
study in the area of combustion by Trimis and Wawrzinek; a paper on flow visualiza-
tion by Rusch et al.; a computational study related to process engineering and heat
transfer by Nikrityuk et al.; and two papers on external flow, one experimental by
Koide et al., and one computational by Baranyi.

The scope of the conference included both the theoretical and practical aspects
of numerical simulation of flows and physical modelling of flow processes using ad-
vanced measurement methods. The sessions were on Axial Flow Turbomachinery;
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Complex Flows with Chemical Reactions; Multiphase Flow; Turbulence Modelling
and Numerical Methods; Chemical and Process Engineering; Combustion and Heat
Transfer; Optical Flow Diagnostics; Turbines; Fluid Machinery; Internal Flows; Ra-
dial Flow Turbomachinery; External Fluid Dynamics; and Environment. Workshops
were offered in the following areas: Particle Image Velocimetry with High Temporal
Resolution; Numerical Modelling of Turbomachinery Fluid Dynamics; Recent State
and Future Trends in Pump Design and Development; Challenges in Optimization
of Axial Flow Turbomachinery Blades for 3D Flow; Including Sweep and Dihedral
Effects; and What Do Users/Developers of CFD-Codes Expect from Advanced Ex-
periments on Turbomachinery, while a popular poster session was also available.

Special thanks go to the invited lecturers who addressed the conference: Profes-
sor Rudolf Shilling (Application of CFD-Techniques in Fluid Machinery); Profes-
sor Michael Leschziner (Modelling Separation from Curved Surfaces with Anisotropy-
Resolving Turbulence: Closures and Related Supplementary Observations on LES );
Professor Franz Durst (Development of Fluid Mechanics Methods in the 20 th Century
and the Application to Laminar and Turbulent Flow Investigations); and Professor
Tibor Frank (Theodore von Kármán: A Global Life).

The following cooperating organizations are most gratefully thanked for their help
in organizing, advertising, and supporting CMFF’03: Budapest University of Technol-
ogy and Economics (Department of Fluid Mechanics & the Department of Hydraulic
Machines); FLUENT Europe Ltd.; the Hungarian Academy of Sciences (Committee of
Fluid Mechanics and Thermodynamics); the Japan Society of Mechanical Engineers;
the Scientific Society of Mechanical Engineers (Flow Technology Section); the Univer-
sity of Miskolc (Department of Heat and Fluid Engineering); and the Visualization
Society of Japan (in alphabetical order).

The next Conference of Modelling Fluid Flow (CMFF’06), the 13th in the Inter-
national Conference on Fluid Flow Technologies series, is scheduled to be held in
Budapest, Hungary in September 2006. We await the participation of those engaged
in experimental and computational research in fluid and heat engineering. Please
watch for announcements of CMFF’06 in conference lists and journals as the confer-
ence approaches, including the Calendar of Events to be found on the homepage of
this journal.

We hope that you will find many articles of interest to you in this special issue.

Miskolc, July 1, 2004 László Baranyi
Editor of the special issue

János Vad
Guest editor
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NUMERICAL SIMULATION OF FLOW PAST A CYLINDER IN
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László Baranyi
Department of Fluid and Heat Engineering, University of Miskolc

H-3515 Miskolc-Egyetemváros, Hungary
arambl@uni-miskolc.hu
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Abstract. A finite difference solution is presented for 2D laminar unsteady flow around a
circular cylinder in orbital motion placed in a uniform flow for Re = 130, 160, and 180. Four
cases displaying full lock-in are presented. The variation of time-mean and root-mean-square
(rms) values of lift and drag coefficients were investigated against the amplitude of vibration
in transverse direction. Abrupt jumps were found in the time-mean and rms values of lift
and rms values of drag. These jumps seem to be caused by a change in the vortex structure.

Mathematical Subject Classification: 76B47, 76D25, 76M20
Keywords: circular cylinder, lock-in, orbital motion, vortex shedding, unsteady flow

Nomenclature

a0 [-] cylinder acceleration, nondimensionalized byU2/d
A [-] amplitude of oscillation, nondimensionalized by d
CD [-] drag coefficient
CL [-] lift coefficient
d [m] cylinder diameter
D [-] dilation
f [-] oscillation frequency, nondimensionalized by U/d
p [-] pressure, nondimensionalized by ρU2

Re [-] Reynolds number, Ud/ν
t [-] time, nondimensionalized by d/U
U [m/s] free stream velocity, velocity scale
u, v [-] velocities in x, y directions, nondimensionalized by U
x, y [-] Cartesian coordinates, nondimensionalized by d
ν [m2/s] kinematic viscosity
ρ [kg/m3] fluid density
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Subscripts
L lift
D drag
rms root-mean-square value
x, y components in x and y directions

1. Introduction

Flow-induced vibration of structures is encountered in various fields of engineering
such as civil engineering, power generation and transmission, ocean engineering and
offshore industry, aero-space industry, wind engineering. These motions are often not
limited to one direction, i.e. they oscillate in both transverse and in-line directions.
Oscillation in two directions can result in an orbital motion of the body, in which it
follows an elliptical path.

Oscillatory flow has been fairly widely researched (e.g. [1]-[4]), as have oscillating
cylinders in uniform flow (e.g. [5]-[9]). Also in fluid at rest, an orbiting cylinder has
been investigated numerically by Teschauer et al. [10], while Stansby and Rainey
[11] investigated a cylinder which was orbiting and rotating. However, research on an
orbiting cylinder in uniform flow seems to have been neglected.

Earlier the author carried out computational investigations on a cylinder in orbital
motion in a uniform stream at Re = 180 [12]. The orbital path resulted from the
superposition of in-line and transverse oscillations, with frequencies of 85% that of the
vortex shedding frequency from a stationary cylinders at that Reynolds number. The
non-dimensional amplitude of oscillation in the in-line direction Ax was kept constant,
while that of the transverse oscillation Ay was varied. At about Ay equals one-third
of Ax, sudden jumps were observed in the time-mean value of the lift coefficient and
in the root-mean-square (rms) values of lift and drag coefficients.

These unexpected results led the author to investigate this phenomenon further.
It was thought that the jumps may be related to three-dimensional instability, called
Mode A instability, occurring at around Re = 188.5 for a stationary cylinder as proven
theoretically by Barkley and Henderson [13] and Posdziech and Grundmann [14], and
experimentally by Williamson [15], although Norberg’s results showed a somewhat
lower value [16]. In this study, lower Reynolds numbers were also investigated (Re =
130, 160).

2. Governing equations

The governing equations are the two components of the Navier-Stokes equations, the
continuity equation and the pressure Poisson equation written in dimensionless form
in the non-inertial system fixed to the orbiting cylinder. The Navier-Stokes equations
can be written as

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= −∂p

∂x
+

1

Re
∇2u− a0x , (2.1)
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∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
= −∂p

∂y
+

1

Re
∇2v − a0y , (2.2)

where ∇2 is the 2D Laplacian operator, a0x and a0y are the x and y components of
the cylinder acceleration. In these equations the body force is included in the pressure
terms. The equation of continuity has the form

D =
∂u

∂x
+
∂v

∂y
= 0 , (2.3)

where D is the dilation. Taking the divergence of the Navier-Stokes equations yields
the Poisson equation for pressure

∇2p = 2

[
∂u

∂x

∂v

∂y
− ∂u

∂y

∂v

∂x

]
− ∂D

∂t
. (2.4)

No-slip boundary condition (BC) is used on the cylinder surface for the velocity
and a Neumann-type condition is used for pressure p. A potential flow distribution
is assumed far from the cylinder. We do not go into further details here (see [7, 17]).

3. Transformation of domain

Boundary conditions can be imposed accurately by using boundary fitted coordi-
nates. In this way interpolation, often leading to poor solutions, can be omitted. By
using unique, single-valued functions g(ξ), f(η), the physical domain (x, y, t) can be
mapped into a computational domain (ξ, η, τ) (see Figure 1):

x (ξ, η) = R (η) cos [g (ξ)] , (3.1)
y (ξ, η) = −R (η) sin [g (ξ)] , (3.2)

t = τ , (3.3)

where the dimensionless radius is

R (η) = R1 exp [f (η)] . (3.4)

In this study the following linear mapping functions are used:

g (ξ) = 2π
ξ

ξmax
; f (η) =

η

ηmax
log

(
R2

R1

)
, (3.5)

where subscript max refers to maximum value, R1 is the dimensionless radius of the
cylinder, and R2 is that of the outer boundary of the computational domain (see
Figure 1). Using equations (3.1) to (3.5) cylindrical coordinates with logarithmically
spaced radial cells are obtained on the physical plane, providing a fine grid scale near
the cylinder wall and a coarse grid in the far field.

Using equations (3.1) to (3.5), the governing equations and BCs (not shown here)
can also be transformed into the computational plane. The transformed equations
are solved by using the finite difference method, see e.g. [7, 17].
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4. Computational results

The motion of the center of the cylinder is specified as follows

x0 (t) = Ax cos (2πfxt) ; y0 (t) = Ay sin (2πfyt) , (4.1)

where Ax, Ay and fx, fy are the dimensionless amplitudes and frequencies of os-
cillations in x and y directions, respectively. Here fx = fy which for nonzero Ax,
Ay amplitudes gives an ellipse, the orbital path of which will become a circle when
the two amplitudes are equal to each other. If one of the amplitudes is zero, in-line
or transverse oscillation is obtained. When both amplitudes are zero, the cylinder
becomes stationary.

Figure 1. Physical and computational domains

Computations were carried out for Reynolds numbers 130, 160 and 180. The
dimensionless frequencies fx and fy were kept constant at 85% of the frequency of
vortex shedding from a stationary cylinder at that Reynolds number. This value was
chosen because we wanted to reach lock-in without very large amplitudes of Ax and
Ay.

Here, Ax was kept constant for a given Reynolds number while increasing the
value of Ay. Various Ax values were used in computations; only those cases in which
lock-in was reached at zero Ay value are shown in this paper. These were Re =
130 (Ax = 0.3), Re = 160 (Ax = 0.3), and Re = 180 (Ax = 0.3, Ax = 0.26). Lock-in
is a phenomenon typical of oscillating structures. When the body is vibrating, either
in forced or natural motion, a nonlinear interaction occurs as the frequency of the
vibration approaches that of the vortex shedding. In this case vortex shedding occurs
at the vibration frequency of the body, a phenomenon called lock-in.

In an earlier paper [12] computational results were shown for a cylinder in orbital
motion at Re = 180 and Ax = 0.3. CLrms, CDrms and C̄D, (the overbar denotes
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time-mean value of the quantity) were shown against different Ay values. In that
paper the time-mean and rms values were approximated based on the maximum and
minimum values of the lift and drag coefficients. In the current study a more refined
approach was applied to take into account the non-sinusoidal nature of the functions
by following the integral definition of mean and rms values of a function f

f̄ =
1

nT

t1+nT∫
t1

f (t) dt , (4.2)

frms =

√√√√√ 1

nT

t1+nT∫
t1

[
f (t)− f̄

]2 dt , (4.3)

where t1 is the starting time value for integration, T is the length of one cycle and n
is the number of cycles. The rms and time-mean values were evaluated for a few n
values in order to find the most precise fit. The original approach showed a sudden
jump at Ay = 0.1 in all three values shown (CDrms, CLrms, C̄D). The more precise
current approach showed that, although the rms values are essentially the same,
there is now only a small shift in C̄D at Ay = 0.1. This indicates that signals should
not be assumed to be sinusoidal in case of oscillating cylinders or those in orbital
motion. While for a stationary cylinder, the simple original approach worked very
well (showing that those signals are extremely near to sinusoidal shape), for oscillating
cylinders Equations (4.2) and (4.3) should be used for evaluating time-mean and rms
values.

Actually, CL signals are rather distinctly asymmetric. Figures 2 and 3 show the
time history of the lift coefficient at Re = 160, Ax = 0.3. In Figure 2, Ay is at 0.068
and the upper peaks are quite rounded and somewhat asymmetric, while the lower
peaks are relatively sharp and more symmetric. In Figure 3, where Ay is just a little
higher at 0.07, the pattern has reversed itself, with sharper upper peaks and more
rounded lower peaks. In addition, the minimum value of CL dropped substantially.
The calculated mean value of the lift coefficient at Ay = 0.068 is 0.2432, and at
Ay = 0.07 it is −0.3685 as seen in Table 2 in the Appendix. This rather drastic
change is not limited to the lift coefficient.

Figures 4 to 6 (and their corresponding Tables, given in the Appendix) show the
variations of time-mean and rms values of lift and drag coefficients CL and CD at
Ax = 0.3 against Ay. As mentioned earlier, the frequency of oscillation in x and y
directions (resulting in an elliptical path) was taken to be 85% of the vortex shedding
frequency of a stationary cylinder at the same Reynolds number.

In Figure 4 (and Table 1), where Re = 130 and fx = fy = 0.1521, two sudden
jumps were found in C̄L. Other values are just slightly affected at these critical
Ay values. The time-mean value of C̄D has practically no jump, and it slightly
increases with increasing Ay values. Although it seems that C̄D is hardly affected by
the phenomenon that causes jumps in C̄L values, CDrms is influenced at the second
critical point, though to a much lesser extent than C̄L. While passing through the
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210 215 220 225 230 235 240 245 250
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

dimensionless time
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L

orbital; CL; Re=160; Ax=0.3; Ay=0.068; fx=fy=0.1598

Figure 2. Time history of the lift coefficient for flow around a cylinder
in orbital motion at Re = 160, Ax = 0.3, Ay = 0.068

210 215 220 225 230 235 240 245 250
-1.5
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-0.5

0

0.5

1
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C
L

orbital; CL; Re=160; Ax=0.3: Ay=0.07; fx=fy=0.1598

Figure 3. Time history of the lift coefficient for flow around a cylinder
in orbital motion at Re = 160, Ax = 0.3, Ay = 0.07

critical values in Ay, there are also sudden changes in the shape of the time history
curve of CL, similar to those shown in Figures 2 and 3.

Time history signals for CD also exhibited a change in amplitude after passing
through the critical Ay values, although their shape was quite similar before and
after. Before, between and after the jumps the slope of C̄L is roughly identical and
C̄L decreases with increasing Ay approaching zero when Ay tends to Ax. After the
second jump CLrms decreases and CDrms increases with Ay.



Numerical simulation of flow past a cylinder in orbital motion 215

In Figure 5 (and Table 2), where Re = 160 and fx = fy = 0.1598, only one sudden
jump was found in C̄L. Here C̄D seems to be insensitive to the phenomenon causing
the jump in C̄L. The change in the shape of the CL signal before and after the critical
value Ay can be seen in Figures 2 and 3. Again, before and after the jump the slope
of C̄L is roughly identical. The rms values tend in opposite directions with Ay from
those in Figure 4.

In Figure 6 (and Table 3), where Re = 180 and fx = fy = 0.165665, there are
three sudden jumps in C̄L. Here C̄D seems to be almost completely unaffected by the
phenomenon that causes the jumps in C̄L. The change in the shape of the CL signal
while passing through the three critical Ay values is very similar to the changes shown
in Figures 2 and 3. The slope of C̄L between and after the jumps is again roughly
identical. The variation of the rms values with Ay is very similar to that shown in
Figure 5. Here C̄L tends to about −0.5 as Ay tends to Ax. The rms curves are very
similar to those shown in Figure 4.

Figure 7 (and Table 4) show the variations of time-mean and rms values of lift
and drag coefficients at Ax = 0.26 against Ay for Re = 180. Just a small change
(compared to Figure 6) in Ax resulted in a drastic change in the variation of C̄L with
Ay, while the other signals shown in Figures 6 and 7 are very similar to each other.
All four variables are very similar to those in Figures 5 and 7.

Orbital; Re=130; Ax=0.3; fx=fy=0.1521

-0,5

0

0,5

1

1,5

2

0 0,1 0,2 0,3

Ay

CDmean CLrms CDrms CLmean

Figure 4. Time-mean and rms values of lift and drag coefficients
versus Ay for Re = 130 and Ax = 0.3



216 L. Baranyi

Orbital; Re=160; Ax=0.3; fx=fy=0.1598
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Figure 5. Time-mean and rms values of lift and drag coefficients
versus Ay for Re = 160 and Ax = 0.3

Orbital; Re=180; Ax=0.3; fx=fy=0.165665
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Figure 6. Time-mean and rms values of lift and drag coefficients
versus Ay for Re = 180 and Ax = 0.3
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Orbital; Re=180; Ax=0.26; fx=fy=0.165665
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Figure 7. Time-mean and rms values of lift and drag coefficients
versus Ay for Re = 180 and Ax = 0.26

To sum up, four cases were reported here. Reynolds numbers and the dimensionless
amplitude of oscillation in the in-line direction Ax were kept fixed and the dimension-
less amplitude of oscillation in transverse direction Ay was varied. One, two or three
sudden jumps can be observed in the time-mean values of the lift coefficient C̄L in each
of the cases shown in Figures 4 to 7. The shape of the CL signal changes abruptly
while passing through the critical values of Ay values where the jumps take place.
Interestingly, the slope of curve C̄L is roughly identical before and after the jump(s).
For all cases C̄D seems to be almost completely unaffected by the phenomenon causing
the jumps in C̄L and it increases slightly with Ay. The rms values of the lift and drag
coefficients have their most discernable jumps only at the highest critical Ay values.
In case of Re = 180, these upper critical Ay values are practically equal to one third
of Ax. This is not true for Re = 130 and 160. Somewhat unexpectedly, the direction
in which rms values jump at the last critical Ay value differed: for Re = 130, where
CDrms jumped upwards and increased thereafter and CLrms jumped downwards and
decreased, and for the other three cases, in which the directions were reversed.

While not shown here, base pressure coefficients were also calculated for Re = 130
and 160, and their time-mean and rms values also exhibit the same number of jumps
as C̄L at the same Ay values.
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Our original possible explanation was that the jump(s) might have been caused
by the 3D instability that occurs at around Re = 188.5 for a stationary cylinder.
However, here we found that these jumps occurred at lower Reynolds number (Re =
130 and 160) as well, so the instability explanation seems unlikely, unless instability
zones are very different for oscillating cylinders compared to stationary cylinders.
Experimental evidence (see e.g. [18, 19]) for oscillating cylinders shows that lock-
in increases the span-wise correlation of signals and the two-dimensionality of the
flow compared to flow around stationary cylinders. In [19] the increase in the cross
correlation coefficient for velocity is actually used to identify lock-in. Poncet [20]
shows how the 3D wake behind a circular cylinder can be made 2D by using lock-in
triggered by rotary oscillation of the cylinder. These results suggest that the jumps
are probably not caused by 3D instabilities. The only explanation we can offer at
present is that the structure of vortices changes while going through the critical Ay

values, which is represented by the change in lift coefficient signals as shown in Figures
2 and 3. There is a possibility that bifurcation occurs at these critical values. This
phenomenon needs further investigation.

5. Summary

Flow around a circular cylinder in orbital motion placed in an otherwise uniform
flow was investigated numerically using the computational method developed by the
author, based on a finite difference solution. Four cases are shown in the paper: (a)
Re = 130, Ax = 0.3; (b) Re = 160, Ax = 0.3; (c) Re = 180, Ax = 0.3; (d) Re = 180,
Ax = 0.26. Reynolds numbers and the dimensionless amplitude of oscillation in the
in-line direction Ax were kept fixed and the dimensionless amplitude of oscillation in
transverse direction Ay was varied. Lock-in was observed at all Ay values. One, two
or three sudden jumps can be observed in the time-mean values of the lift coefficient
C̄L for (a)-(d). The shape of the CL signal changes abruptly while going through the
critical values of Ay where the jumps take place. The slope of curve C̄L is roughly
identical before and after the jump(s). For all cases C̄D seems to be almost completely
unaffected by the phenomenon that caused the jumps in C̄L, unlike CDrms. The rms
values of the lift and drag coefficients have their most discernible jumps exactly at
the highest critical Ay value.

The jumps were originally thought to have been possibly caused by the 3D in-
stability that occurs at around Re = 188.5 for a stationary cylinder. However, the
fact that jumps occurred at lower Reynolds numbers make this explanation unlikely.
Furthermore, other researchers have found that lock-in states for oscillating cylinders
strengthen the 2D effects, when compared to flow around stationary cylinders. The
only explanation we can offer at present is that the vortex structure must change while
passing through the critical Ay values. Further plans include further investigation of
the phenomenon of the jumps and trying to find a physical explanation, beginning
with the possibility of bifurcation effects.
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6. APPENDIX

Tables 1 to 4 are appended here, containing time-mean and rms values for lift and
drag coefficients versus dimensionless amplitude of transverse oscillation for different
Reynolds numbers. These Tables contain the data on which Figures 4 to 7 were based.

Table 1. Time-mean and rms values of lift and drag coefficients for
Re = 130 and Ax = 0.3

Ay C̄D CLrms CDrms C̄L

0 1.4571 0.5409 0.5715 0.2641
0.01 1.4752 0.5357 0.5763 0.2556
0.015 1.4757 0.5335 0.5789 0.2514
0.02 1.4736 0.5467 0.5598 −0.2805
0.03 1.4735 0.5489 0.5540 −0.2886
0.05 1.4730 0.5488 0.5414 −0.3035
0.06 1.4719 0.5439 0.5345 −0.3096
0.07 1.4666 0.5250 0.5265 −0.3109
0.072 1.4858 0.5042 0.6051 0.2043
0.075 1.4858 0.5017 0.6065 0.2012
0.08 1.4870 0.4988 0.6086 0.1970
0.1 1.4930 0.4878 0.6168 0.1806
0.15 1.5099 0.4586 0.6340 0.1409
0.2 1.5317 0.4315 0.6479 0.1028
0.25 1.5567 0.4072 0.6596 0.0662
0.3 1.5846 0.3875 0.6696 0.0307
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Table 2. Time-mean and rms values of lift and drag coefficients for
Re = 160 and Ax = 0.3

Ay C̄D CLrms CDrms C̄L

0 1.5316 0.6979 0.6110 0.3053
0.03 1.5331 0.674 0.6266 0.2779
0.05 1.5353 0.6580 0.6364 0.2598
0.06 1.5367 0.6500 0.6409 0.2506
0.065 1.5375 0.6460 0.6432 0.2461
0.068 1.5380 0.6436 0.6445 0.2432
0.07 1.5367 0.7522 0.5693 −0.3685
0.08 1.5382 0.7599 0.5630 −0.3771
0.1 1.5421 0.7747 0.5496 −0.3947
0.15 1.5560 0.8098 0.5145 −0.4371
0.2 1.5746 0.8412 0.4772 −0.4779
0.25 1.5985 0.8649 0.4385 −0.5173
0.3 1.6306 0.8629 0.3994 −0.5585

Table 3. Time-mean and rms values of lift and drag coefficients for
Re = 180 and Ax = 0.3

Ay C̄D CLrms CDrms C̄L

0 1.5524 0.7719 0.6481 0.2766
0.005 1.5521 0.7770 0.6453 −0.2827
0.01 1.5519 0.7818 0.6425 −0.2874

0.0175 1.5520 0.7890 0.6384 −0.2945
0.021 1.5514 0.7918 0.6364 −0.2990
0.025 1.5551 0.7478 0.6606 0.2544
0.05 1.5590 0.7241 0.6720 0.2310

0.0675 1.5624 0.7075 0.6796 0.2142
0.075 1.5636 0.7006 0.6829 0.2066
0.09 1.5671 0.6867 0.6889 0.1925
0.095 1.5686 0.6818 0.6907 0.1872
0.0975 1.5696 0.6792 0.6913 0.1851
0.09875 1.5696 0.6792 0.6913 0.1851

0.1 1.5560 0.8674 0.5887 −0.3696
0.1025 1.5566 0.8694 0.5869 −0.3727
0.125 1.5600 0.8906 0.5718 −0.3913
0.15 1.5643 0.9139 0.5547 −0.4114
0.2 1.5769 0.9604 0.5185 −0.4494
0.25 1.5909 1.0067 0.4819 −0.4825
0.3 1.6076 1.0532 0.4455 −0.5115
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Table 4. Time-mean and rms values of lift and drag coefficients for
Re = 180 and Ax = 0.26

Ay C̄D CLrms CDrms C̄L

0 1.5093 0.7208 0.5509 0.2788
0.02 1.5099 0.7024 0.5619 0.2606
0.035 1.5115 0.6891 0.5694 0.2468
0.042 1.5106 0.6816 0.5722 0.2397
0.05 1.5122 0.6748 0.5760 0.2323
0.065 1.5167 0.6630 0.5834 0.2188
0.08 1.5201 0.6499 0.5900 0.2046
0.082 1.5209 0.6481 0.5905 0.2033
0.084 1.5212 0.6464 0.5915 0.2009
0.0845 1.5165 0.7919 0.5000 −0.3574
0.085 1.5178 0.7917 0.4990 −0.3596
0.088 1.5176 0.7943 0.4974 −0.3614
0.09 1.5180 0.7962 0.4961 −0.3629
0.095 1.5191 0.8001 0.4927 −0.3675
0.1 1.5205 0.8042 0.4893 −0.3720

0.125 1.5281 0.8238 0.4716 −0.3946
0.15 1.5379 0.8420 0.4530 −0.4170
0.175 1.5479 0.8605 0.4345 −0.4378
0.188 1.5540 0.8695 0.4247 −0.4484
0.2 1.5602 0.8768 0.4152 −0.4587

0.215 1.5683 0.8857 0.4035 −0.4711
0.23 1.5772 0.8935 0.3917 −0.4835
0.26 1.5970 0.9054 0.3682 −0.5078
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Abstract. Results of an experimental investigation of the unsteady flow in a two-stage
low-pressure large-scale research turbine are presented. Velocity and turbulence measure-
ments were performed upstream and downstream each blade row at midspan by means of
a two-sensor hot-wire probe. Results show a complex unsteady flow with remarkable wake
generated and potential flow interaction effects.

Keywords: axial flow turbine, hot-wire measurements, rotor-stator aerodynamic interaction

Nomenclature

c absolute velocity
g stator pitch
r radial coordinate
t time
T rotor blade passing period
w relative velocity
x axial coordinate
y circumferential coordinate
α absolute flow angle
β relative flow angle
ω rotational speed

Subscripts and superscripts

nom nominal condition
x, y in axial, tangential direction
′ fluctuating component
∼ ensemble averaged
∼ ′ ensemble averaged rms of fluctuating components
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1. Introduction

Current design of axial turbines is carried out under the hypothesis of steady flow,
regardless of whether the flow in bladed components is unsteady and blade boundary
layer development and associated losses are strongly influenced by unsteady effects.

Aerodynamic rotor-stator interaction constitutes the major cause of unsteadiness
in turbomachines working under nominal conditions. Each cascade produces a non-
uniform flow field which is due to potential flow effects as well as viscous effects acting
through blade wakes and secondary flows. Therefore a blade row in relative motion
with respect to the preceding one is affected by strong periodic variations of all the
thermofluid-dynamic quantities and operates under strongly unsteady flow conditions.

In general perturbation causes the stage loss to increase compared with the ideal
condition of isolated blade row [1-2]. However, the interaction between blade rows in
relative motion has sometimes also positive effects, as it happens when the periodic
perturbation promotes the boundary layer transition before laminar separation takes
place [3-4]. This is the case of the low pressure stages of aero-engine gas turbines
operating at low Reynolds numbers (50000-200000) during high altitude cruise. To
avoid severe boundary layer laminar separations, characteristic of such low Re con-
ditions, the designer is forced to limit the blade loading and to reduce the boundary
layer laminar extension, with a consequent increase of losses under the high Reynolds
number operating conditions [5]. Therefore, only a deep knowledge of the phenome-
non can allow the designer to remove the aerodynamic loading restriction obtaining
a more compact and efficient turbine design.

Results from fundamental experiments on wake-boundary layer interaction on flat
plates and in cascades operating with inlet flow perturbed by the wakes are available in
the technical literature (among the most recent [6-8]). They provide detailed insights
into the physics of the rotor-stator interaction phenomena, contributing to increase
the understanding of the physics and stimulating ideas applicable to wake-induced
transition modelling to be used for CFD calculations.

In order to extend these unsteady flow principles to a real machine environment
and incorporate the appropriate physical models into the design procedures a further
step is essential [9, 10], which consists in detailed experiments on realistic geometries
representative of a multi-stage turbine environment. For this reason a large-scale
research turbine has been conceived, designed and constructed in the framework of a
National Research Program (PRIN 1998) and it is in operation in the Aerodynamics
and Turbomachinery Laboratory of the University of Genova [11]. This facility is
suitable for both basic and applied experiments focused on the exploitation of blade
row interaction effects for low-pressure turbine performance improvement.

The present paper describes the large-scale low-pressure research turbine and pre-
sents the results of a preliminary investigation aiming at identifying and quantifying
the aerodynamic interaction mechanisms in the two-stage turbine model.
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2. Test Facility and Experimental Procedure

2.1. Axial flow turbine. The test facility, shown in Figure 1, is a large-scale low-
speed two-stage axial flow research turbine representative of low-pressure gas turbine
stages and its overall dimensions are 3766mm×2170mm×2269mm (length×width×
height). The working fluid is atmospheric air fed by a centrifugal fan mounted down-
stream of the turbine. The rig allows chord based Reynolds number variations from
50000 up to 500000. To obtain repetitive flow conditions on the two stages as well as
to vary the operating point, the turbine is provided with a variable stagger centripetal
distributor producing pre-swirled flow at the first stage inlet.

2
2

6
9

3766

Ø
 1

1
0

0

Ø
 7

0
0

Figure 1. Meridional section of the turbine model

The turbine is braked by means of a 40 kW D.C. reversible electric motor and the
fan is driven by a 60 kW electric motor, both of them equipped with a variable speed
electronic controls. The desired operating point is obtained by acting simultaneously
on the rotational speeds of the electric motors and on the guide vane stagger angle.

The turbine model has been especially designed to study unsteady flow phenomena
in LP turbines. All four rows consist of unshrouded blades mounted on discs, whose
circumferential and axial positioning may be varied, thus allowing both rows clocking
and gapping. The Plexiglas casing is designed to allow independent rotation. A long
longitudinal opening, where modular caps or an optical glass window may be fitted,
allows for stationary probes insertion between the rows and for LDV measurements.
A photograph of the research turbine is shown in Figure 2.

Axial and radial positioning of the probes is realised by means of a two-axis travers-
ing system mounted on the casing, while angular positioning is obtained by means
of the casing rotation system; all movements are computer controlled with minimum
steps of 10µm.

2.2. Flow conditions and turbine geometry. The meridional channel mean diam-
eter is 900mm and the blade height and chord are 200mm and 120mm, respectively;
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Figure 2. Two-stage low-pressure research turbine

the bladings may be axially moved within a maximum length of 925mm. At the de-
sign operating condition the rotational speed is 450 rpm and the flow rate 11.8 kg/s,
with a total pressure drop per stage of about 1200Pa and an overall ideal power of
about 24 kW .

In the present configuration the stage is symmetric at midspan and is provided
with a MTU T106 blade profile (β1 = 37.7 deg, β2 = −63.2 deg, angles measured
from axial direction) for which extensive cascade investigations exist (e.g. [12-13]); at
nominal conditions the Zweifel coefficient is 1.055. However, the particular mechanical
solutions allow for an easy substitution of the bladed disks and different geometries
can be easily tested.

The two stages are repetitive and the stator has prismatic blades radially stacked
on the trailing edge. The rotor has twisted blades, designed to obtain an outlet flow
similar to the one generated by the centripetal distributor at the turbine inlet, so that
nearly repetitive stages are obtained. Particular care has also been put in obtaining
a highly loaded stage at midspan without extensive separations at both stator and
rotor tips where solidity is lower.

2.3. Experimental procedure. Measurements of the unsteady velocity components
were made using a two-component crossed hot-wire probe (Dantec P64) and a two-
channel constant temperature anemometer (Dantec 55M10). Data were sampled by
means of a Metrabyte DAS 58 Sample & Hold AD converter board and the instanta-
neous velocity components were determined by means of the directional calibration
and non-iterative hot-wire analysis method of Schroeder [14].

In order to measure the velocity components on the blade-to-blade surfaces, the
probe was traversed radially at 5 axial positions upstream and downstream each blade
row. A scheme of the turbine blade rows with the measuring sections is shown in
Figure 3. In the following only the results obtained at midspan surfaces are reported.
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Figure 3. Scheme of measuring sections

In the present experiment the axial gap between blade rows at midspan was 0.35 of
the axial chord.

A phase-locked ensemble average technique [15], with the reference signal obtained
from the shaft encoder, has been applied to separate periodic velocity variations
associated with the blade passing frequency from random fluctuations.

In order to investigate rotor-stator interaction flow effects, measurements at each
axial position are repeated for several different relative circumferential positions be-
tween probe and stator vanes [16].

The instantaneous velocity is a function of time (tj) or rotor circumferential coor-
dinate, of the data record (n), of the stationary probe circumferential position with
respect to the stator vane (θk) and of the axial coordinate (x).

Omitting for simplicity’s case the axial coordinate, the equations defining the en-
semble average procedure are as follows:
- instantaneous velocity

c(tj , θk, n) = c̃(tj , θk) + c′(tj , θk, n)

- ensemble averaged velocity

c̃(tj , θk) =
1

N

N∑
n=1

c(tj , θk, n)

- root mean square of the random unsteady fluctuations√
c̃′2(tj , θk) =

√√√√ 1

(N − 1)

N∑
n=1

[c(tj , θk, n)− c̃(tj , θk)] 2

where:

n = 1 . . . N is the index of the sequence of records to be ensemble averaged or
rotor revolutions considered,
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j = 1 . . . J is the index of the time coordinate t or order of the sampled signal
in the record,
k = 1 . . .K is the index of the circumferential position of the probe.

Typical data acquisition parameters for the present investigation are as follows:
Rotational speed ω = 20.94 rad/s
Sampling frequency fs = 10 kHz
Number of data for each rotor blade passage I = 100
Number of measured blade passages z = 5
Dimension of each sampled record J = zI = 500
Number of rotor revolutions or records to be ensemble
averaged N = 500

Number of circumferential measuring positions over 1.5
stator pitch N = 500

From verification tests performed in a steady flow calibration wind tunnel the
following experimental uncertainties have been estimated [14]:

velocity magnitude = ±1%, yaw angle = ±1 deg.
Statistical uncertainties of ensemble averaged quantities due to the finite number

of samples with confidence level of 95%, turbulence intensity of 20% and 500 samples
are as follows:

εc = ±1.75% εc′ = ±6.2% .

3. Results and Discussion

The test Reynolds number is based on the stator vane outlet velocity and, as a con-
sequence, depends on the turbine expansion ratio, which is determined by the fan
rotational speed. In the present experiment a Reynolds number of 230000 was pre-
scribed. Once the Reynolds number is prescribed, the nominal turbine operating
condition can be searched for by imposing null incidence condition on both stators 1
and 2 at midspan. While the incidence angle on stator 1 is easily achieved by adjust-
ing the inlet guide vane stagger angle, the null incidence on stator 2 has to be sought
by changing the turbine rotational speed.

Figure 4 shows the ensemble averaged relative velocity and absolute flow angle
distributions downstream of rotor 1 at midspan, with the rotational speed as varying
parameter. For ω/ωnom = 1, the mean yaw angle results in 38 deg, i. e. the zero
incidence condition on stator 2 is achieved. At this rotational speed the rotor wake
velocity defect and the standard deviations of the random fluctuations (Figure 5)
indicate a suitable non-separated rotor flow with a moderate tangential extension of
the wake.

The pressure side is on the right of the rotor wakes. As expected, the wake defect
is larger on the suction side, where the unresolved unsteadiness is also larger. The
increase of unresolved unsteadiness in the mid-pitch region of the rotor passage is a
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Figure 5. Ensemble averaged velocity fluctuations for different tur-
bine rotational speeds

trace of the vane wake of stator 1. The chopped nozzle wake segments are conveyed
through the rotor passages and distorted by the velocity gradients in the rotor passage.

In order to identify flow interaction effects between blade rows, ensemble averaged
velocity components and random fluctuations rms are represented in space-time di-
agrams (Figures 6 to 11). Data for three blade passing periods are plotted on the
vertical axis t/T . The normalized circumferential positions of the probe in the abso-
lute frame of reference y/g are plotted on the horizontal axis. Data were measured
over 1.5 times the stator pitch g. Stator vane wakes are represented in the plots by
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Figure 6. Space-time plots of absolute velocity components: section 2
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Figure 7. Space-time plots of rms of velocity fluctuations: section 2

vertical lines (fixed absolute circumferential positions), while rotor blade wakes appear
as inclined lines since disturbances reach the probe in the absolute frame of reference
with the peripheral velocity u. The probe is traversed circumferentially through the
vane wake from the suction to the pressure side, therefore the vane suction side is on
the left of the vane wakes. Rotor blade wakes hit the probe sensor with the suction
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Figure 8. Space-time plots of relative velocity and flow angle: section 3
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Figure 9. Space-time plots of rms of velocity fluctuations: section 3

side first and then leave the probe with the pressure side. Therefore the rotor blade
suction side is on the lower side of the inclined strips.

At station 2 (downstream stator 1) vane wakes are clearly identified by vertical
lines displaying the velocity defect (Figure 6) and the increase of random fluctuations
(Figure 7). The turbulence level based on the rms of the random velocity fluctuations
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and the averaged velocity varies between 2-3 per cent in the free-stream flow and
8-10 per cent in the vane wakes. As expected, the turbulence level is only weakly
influenced by the downstream passing rotor blades.

On the contrary, the potential flow effect from the downstream rotor blades on the
stator outflow is remarkable. The main effect of the passing rotor blades is to depress
both components of the velocity on the suction side of the stator passage, inducing a
strong periodic increase of the vane wake defect. The opposite happens on the vane
pressure side where the outcoming flow is periodically accelerated.

At station 3 (between rotor 1 and stator 2) the flow pattern is dominated by the
wakes shed from rotor blades, identified by the inclined lines showing the velocity
defect and the random fluctuations increase (Figures 8 and 9).

In Figure 9 nuclei of relatively large values of rms of the velocity fluctuations are
located at a fixed position around y/g = 0.75 in the absolute frame of reference. These
high turbulence flow patches are the segments of the stator vane wakes chopped by
the rotor blades, transported through the rotor and finally shed by each individual
rotating channel. In the relative frame these vane wake segments are located between
mid-pitch and blade pressure side. According to the analysis of Zaccaria and Lakshmi-
narayana [17] in highly loaded rotor passages the nozzle wake segments are re-oriented
near the rotor leading edge and become nearly parallel to the rotor pressure side.

This type of wake redistribution is further confirmed by the results of recent DNS
and LES numerical simulations of the wake periodically perturbed flow in a linear
cascade equipped with T106 profiles [18]. The numerical results show that high levels
of turbulence kinetic energy occur at the passage exit near the vane pressure side
where the simulations predict that the bow apex of the chopped wake segment is
located.

A second important spatial non-uniformity of the turbulence distributions is the
remarkable increase of turbulence around y/g = 1 on the suction side of the wake.
Presently it is not clear if it is due to a viscous effect (stator 1 vane wakes) or to the
potential flow effect of stator 2. Looking at the relative velocity plots of Figure 8, it
turns out that these high turbulence wake regions correspond to zones with relatively
weak velocity defect. The blade wake velocity defect, in fact, is non–uniform in the
absolute frame of reference, and a region with large velocity defect and relatively low
turbulence alternates in y/g with a region of relatively low velocity defect and large
turbulence. Figure 8 shows the high non-uniformity of the relative flow angle both
in time (through the rotor passage) and in space. In general the flow changes from a
more tangential direction to a more axial one from suction to pressure side through
the blade wake. However, the most striking feature of the flow angle distribution is the
presence of nuclei of low absolute values (flow more axial) fixed in space at y/g = 0.6.
The flow becomes more axial after the rotor blade pressure side has passed in front
of the vane leading edge of stator 2 (located at y/g = 0.3).

A comparison between the distributions of relative yaw angle at station 3 (down-
stream rotor 1, Figure 8) and at station 5 (downstream rotor 2, without any other
blade row downstream, Figure 10) confirms the significant upstream potential flow
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Figure 10. Space-time plots of relative velocity and flow angle: sec-
tion 5
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Figure 11. Space-time plots of rms of velocity fluctuations: section 5

effects generated by the downstream vanes of stator 2 on the flow coming out from
rotor 1. However, at station 5 a certain circumferential non-uniformity resulting from
the presence of the two stators upstream is still evident. Overall the flow leaving
rotor 2 is more tangential than the flow leaving rotor 1. Since the geometry of the
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two rotors is identical, the downstream stator seems to influence the outflow angle
and consequently also the rotor work extraction.

Comparing the relative velocity distributions of Figure 8 and Figure 10 it can be
shown that the kinematic fields downstream of the two rotors are very similar. The
main difference is that at station 5 the relative velocity is moderately higher than at
station 3. That is due to the combined effects of a larger endwall flow obstruction
and higher absolute values of relative flow angle at station 5.

At station 5 the rms of random fluctuations (Figure 11) are increased compared
with the distributions at station 3, because turbulence is continuously produced
through the stages. Turbulence of the second stage nozzle wake segments is added to
the diffused background turbulence. The mixing of increased turbulence has flurred
the details of the remains of preceding blade row wakes and also the blade wakes of
the second rotor are less distinguishable.

4. Conclusions

Results from an experimental investigation of the unsteady flow in a two-stage low-
pressure large-scale research turbine were presented. The flow was surveyed upstream
and downstream each blade row by means of hot-wire anemometry. In order to study
rotor-stator aerodynamic interaction, the flow has been investigated at each measuring
axial station moving the probe circumferentially over 1.5 pitches of the stators.

The potential flow unsteadiness generated by the downstream rows is remarkable
and comparable to the wake generated unsteadiness. Rotor wakes present a significant
spatial non-uniformity in terms of turbulence level and relative velocity defect due to
the combined viscous and potential flow effects.

Segments of the wakes of the preceding stator vanes can be easily identified down-
stream each rotor. Due to the high aerodynamic loading of the blade profiles, the
segments are distorted and shifted to mid-pitch and toward the pressure side of the
rotor wake streets.

Random fluctuations increase continuously through turbine blade rows. Down-
stream of rotor 2 the inter-blade turbulence associated with the remains of wake
segments of the preceding rows is comparable with rotor 2 blade wake turbulence.

In the near future investigations will be performed in order to separate the effects
of wake generated and potential flow interaction mechanisms.
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Abstract. A new stabilized FEM formulation for advective-diffusive-reactive problems is
presented. The new method, called Spotted Petrov-Galerkin (SPG), combines two pertur-
bations of quadratic Galerkin weight function: the first one is a generalized SUPG operator,
the second one a nodal spot-like controlling operator designed for reactive instabilities. The
formulation covers all the combinations of advective and reactive effects, associated with the
dimensionless element Peclet and reaction numbers. After an introduction to the method,
we assess the reliability of SPG in the control of reactivity related oscillations both in model
problems and in turbomachinery turbulence modelling. In the numerical experiments the
SPG performance has been compared to classical stabilization schemes, e.g. SUPG.
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1. Introduction

In this work we focus on the numerical solution of advective-reactive-diffusive prob-
lems using the Finite Element Method (FEM) on quadratic space of approximation.
Here, diffusion, advection and reaction refer to the terms in the partial differential
equations (PDEs) involving second, first and zero order derivatives of the unknowns.
This family of equations that governs several phenomena of industrial interest is
discussed here because of its importance in the modelling of turbomachinery fluid
dynamics.

Several sources of oscillations affect the solution of PDEs in fluid dynamics if stan-
dard schemes are used (e.g. central finite differences or Galerkin finite elements).
In the finite element framework a number of stabilized formulations have been pro-
posed during the last two decades as remedial strategies. Most of them were based
on a Petrov-Galerkin (PG) approach, where the stabilization is achieved preserving
the Euler-Lagrange condition’s consistency by adding a perturbation to the Galerkin
weights (such as SUPG [1-4], or PSPG [3], or Discontinuity Capturing [5] schemes).
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An additional origin of instabilities stems from the reaction or zero order derivative
terms. Local oscillations arise near boundaries or solution discontinuities and it is
not possible to obtain a global stability estimate in the H1 norm, though it could be
evaluated in L2 [6]. Moving towards the turbomachinery CFD, these terms are usually
related to the rotation of turbomachinery frame of reference (e.g. in the modelling
of Coriolis forces), but it is worth noting that they appear also in an absorption-
like fashion in the turbulence modelling closure equations (e.g. two equations eddy
viscosity models (EVM)).

To the best of the authors’ knowledge, in the open literature only equal order PG
formulations have been developed to control advective-diffusive-reactive flow prob-
lems, dealing with scalar equations (e.g. (SU+C)PG in [7]) or linear reactive operators
[8]. Few studies are concerned with reactive problems pertinent to real turbomachin-
ery fluid dynamics [6].

From this viewpoint, the present work addresses the definition of a new Petrov-
Galerkin stabilization scheme for the reactive flow limit, formulated on a quadratic fi-
nite element space of approximation. The use of a higher order stabilized formulation,
though its complexity is due to the non-negligibility of second order derivatives, guar-
antees the best compromise between solution stability and accuracy [9]. In particular,
the authors propose a stabilized formulation that performs well both in the advection
and in the reaction dominated case. The new method is called Spotted Petrov-Galerkin
(SPG) and possesses some distinctive features. For advection-diffusion problems it
behaves like a SUPG method, whereas in the reactive-diffusive limit the space in-
variant problem is controlled by a perturbation able to give rise to spot-like weight
functions, symmetric and concentrated around each nodal position. In intermediate
situations, the scheme combines the perturbation integrals using tuning or upwind
coefficients that depend on element Peclet and reaction numbers.

The remainder of the paper is organized as follows. In Section 2 the SPG formula-
tion is presented for linear scalar advective-diffusive-reactive equations. The extension
of the formulation to multi-dimensional case is discussed, and the family of weights for
Q2 element is shown. In Section 3 the reactivity features of general PDE that models
the budget of turbulent determining-scale variables are commented on. Finally in
Section 4 the performance of SPG is assessed in three test cases against solutions
provided by SUPG, Streamline Upwind or Galerkin.

2. Finite element scalar advective-diffusive-reactive problem

2.1. Introductory remarks. Let us take the general linear scalar advective-reactive-
diffusive problem statement on the closed domain Ω for the unknown φ:

ujφ,j − kφ,jj + cφ = f , (j = 1, nsd)
φ(Γg) = φg ,
φ,n(Γh) = θn ,

(2.1)

where nsd is the number of space dimensions, k > 0 is constant diffusivity, uj are the
velocity components, c > 0 is the reaction coefficient, and f is the source term. The
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boundary conditions are specified along Γ = Γh ∪ Γg (Γ h and Γg are closed, disjoint
subsets of Γ), including Dirichlet (φg) and Neumann conditions (θn).

A finite element partition of the original closed domain Ω into elements Ωe, e = 1,
nel (nel number of elements) reads as

∪e Ωe = Ω and ∩e Ωe = ∅ (2.2)

with the definition of interior boundary as Γint = ∪eΓe − Γ.

Let us define the finite dimensional spaces of trial and weight functions as:

Sh = φh|φh ∈ H1h(Ω), φh = φg on Γg, φg ∈ H(1/2)h(Γg) (2.3)

Wh =
{
wh|wh ∈ H1h

0 , wh = 0 on Γg
}

(2.4)

where H1h(Ω) and H1h
0 (Ω) are the Sobolev spaces for the continuous pair of finite

element functions, H(1/2)h(Γg) is their restriction to the domain boundary, and the
superscript h denotes the characteristic length scale of the domain discretization.

The Galerkin weak formulation of problem (2.1) reads as follows:

nel∑
e=1

∫
Ωe

whujφ
h
,jdΩ +

nel∑
e=1

∫
Ωe

wh,jkφ
h
,jdΩ+

nel∑
e=1

∫
Ωe

whcφhdΩ =

nel∑
e=1

∫
Ωe

whfdΩ +

∫
Γh

whk
∂φh

∂n
dΓ . (2.5)

2.2. Galerkin formulation in one dimension. Let us consider the ordinary differ-
ential equation obtained from (2.1) for nsd = 1 and source term f = 0. The problem
statement reads as:

u
dφ

dx
− kd

2φ

dx2
+ cφ = 0 , (2.6)

The discretization of (2.6) by using the Galerkin method on a quadratic space of
interpolation with uniform elements of length h, in case of constant coefficients leads
to the following difference equations:

φi−1[−4− 2Pe+ r/10] + φi[8 + r4/5] + φi+1[−4 + 2Pe+ r/10] = 0 (2.7)

if (i) is chosen as element central node and

φi−2[1 + Pe− r/10] + φi−1[−8− 4Pe+ r/5]+

φi[14 + r4/5] + φi+1[−8 + 4Pe+ r/5] + φi+2[1− Pe− r/10] = 0 (2.8)

if (i− 2, i, i+ 2) are chosen as element extreme nodes.

In the above equations, the magnitudes of advection or reaction versus diffusion are,
respectively, given by element Peclet number Pe = ||u|| h/2k, and element reaction
number r = ch2/k.

Let us now focus on the element central node (i). Now the null advection limit
equation (2.7) reads as:
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φi−1[−4 + r/10] + φi[8 + r4/5] + φi+1[−4 + r/10] = 0 . (2.9)

The solutions of the characteristic equation associated with (2.9), which are the
so-called Galerkin nodal amplification factors [8], purely depend on the magnitude of
reaction:

ρ =
−(8 + 4

5r)±
√

(8 + 4
5r)

2 − 4(−4 + r
10 )2

2(−4 + r
10 )

(2.10)

where it could be easily seen that the exact solution exponential behavior is preserved
only with r < 40. This circumstance confirms the need for a stabilized scheme with
built-in component to preclude oscillatory behavior in reaction dominated cases.

2.3. SPG formulation. The stabilized SPG formulation is obtained by imposing
nodal exactness on the numerical solution of problem (2.6). Provided that different
equations have been obtained for the extreme and central nodes [4], it is possible to
find two optimal perturbations, on the basis of the discrete equations (2.7) and (2.8)
separately.

The PG weight functions now result from the addition to the Galerkin ones wi of
two perturbations P 1i and P 2i as:

w̃i = wi + αP1i + γP2i (2.11)

with α and γ being the tuning coefficients for element central nodes, and

w̃i = wi + βP1i + ηP2i (2.12)

with β and η being the tuning coefficients for element extreme nodes.

The first perturbation is formally similar to a SUPG one and reads as:

P1i =
h

2 ‖u‖
ukw,k . (2.13)

On the other hand, the design of P2i is based on the following constraints. First, in
null advection case the invariance of the equation under coordinate inversion suggests
preserving the weight symmetry [7]. Moreover, in the pure reaction limit (r → ∞),
the optimal weight would be a Dirac’s delta. On this basis, the expression of P2i

suggested by the authors is a polynomial of the sixth order, negative definite inside
each element:

P2i = −CSPG
h6

[ξ6 − h2

2
ξ4 +

h4

16
ξ2] , (2.14)

where ξ represents the coordinate in the master or logic space, and the coefficient
CSPG sets the asymptotic values of reactive tuning functions γ and η, without affect-
ing α and β.

Figure 1 shows the perturbation P2i and the resulting weight functions for nodes
of two neighboring elements, for one-dimensional quadratic elements in case of null
advection with varying γ and η coefficients. The weights are plotted for CSPG =
(212/32) × 0.35. This value stems from the fulfillment of seven constraints forP 2i
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Figure 1. 1D null advection. Resulting nodal weights for neighboring
elements (solid lines: γ = −2η = 0; dashdot lines: γ = −2η = 0.5;
dashed lines: γ = −2η = 1; longdash lines: P2i function)

perturbation on quadratic elements, including null nodal values and derivatives, and
P2i magnitude at ξ = ± h/4.

The expression for the tuning functions α and γ, and β and η are consequent to
the super-convergence condition. Figures 2.a and 2.b show the behaviors of α and γ
for different combinations of Pe and r. Furthermore, Figures 3a and 3b show those
of β and η tuning functions.

Figure 2. Tuning functions: a) α and b) γ

2.4. Extension of SPG formulation to multi-dimensional case. The 2D ex-
tension of the P2i function has been designed to preserve its 1D requirement, that is
the isotropic concentration of the perturbed weight around the nodal positions. To
this end, we designed a Cartesian product between the 1D counterparts of the second



242 A. Corsini, F. Rispoli and A. Santoriello

Figure 3. Tuning functions: a) β and b) η

perturbation function, where the P2i spots are moved in the element portion closer
to the corresponding nodes.

This concept is depicted in Figure 4, which shows the resulting geometries for the
two-dimensional second perturbation functions on logic space.

Figure 4. 2D P2i functions in the logic space: a) central-central node
(0,0), b) corner node (-1,-1), c) mid-side node (-1,0)
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3. Problem statement for EVM

Let us now examine the determining-scale equations in a first moment turbulence
closure. The general steady-state advective-diffusive-reactive equation used to model
the budget of a turbulent variable φ (i.e. φ could represent the turbulent viscosity νt,
the turbulent kinetic energy k, or the dissipation ε) reads as:

Fφa + Fφd = Pφ + εφ + Sφ (3.1)

here: Fφa are the convective fluxes, Fφd are the diffusive fluxes, Pφ is the production,
εφ is the dissipation (or destruction) term, and Sφ is the term containing the near
wall extra sources. When the standard k−ε model proposed by Launder and Sharma
(1974) [10] is used, the budget structure (3.1) gives rise to the terms sketched in Table
1.

Table 1. k − ε turbulence model equations; budget

k ε
Fφa ρ uj k,j ρ uj ε,j
Fφd −[(v + vt

σk
)k,j ],j −[(v + vt

σk
)ε,j ],j

Pφ vt[ui,j + uj,i]ui,j c1f1
ε
kvt[ui,j + uj,i]ui,j

εφ − ε
kk −c2f2

ε
kk

Sφ 0 E = 2 v vt(
∂2ui

∂xj ∂xk
)2

In Table 1: νt = cµfµk
2/ε is the scalar eddy viscosity; f1, f2, fµ are damping

functions; c1, c2, cµ,σk, σε are empirical constants. The extra term E is the buffer-
layer source to correct the near wall dissipation behaviour.

It is worth mentioning that in the numerical approach developed, the dissipation
integrals εφ explicitly contain the reaction terms and, for the EVM under study, they
are made proportional to the inverse of turbulence time scale τ = k/ε. These integrals
are included as left-hand side (LHSV) contributions to the coefficient matrix. By that
way a strong coupling is built between the k− ε determining-scale equations in order
to improve the solver convergence.

4. Numerical examples

4.1. The examples presented. In this section we assess the numerical performance
of the proposed SPG formulation for model problems and for configurations pertinent
to turbomachinery fluid dynamics. In these validation studies the improvement of
the SPG are discussed with respect to the classical stabilization schemes, such as the
SUPG or Streamline Upwind. It is remarkable that, since all the stabilization schemes
usually share the optimum property in 1D, all the investigated test cases violate one of
the super-convergence conditions (i.e. non-uniform mesh, multidimensional domain,
non-linear equations and problems with source terms).
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4.2. Scalar advective-diffusive-reactive equation on a square domain. The
first test cases (labeled TC1 and TC2) concern the numerical solution of the linear
scalar advective-diffusive-reactive model problem (2.1), in a unit square domain. The
mesh is uniform with 10 × 10 quadratic elements, thus consisting of 441 nodes. For
both TC1 and TC2 the known velocity field u is assumed to have a parabolic profile
(e.g. u(x, y) = 2y−y2, v(x, y) = 0), with maximum value equal to 1. The coefficients
are: k = 10−5, c = 5 × 102. The maxima for dimensionless element numbers are:
Pe = o(103) and r = o(105). As concerns the source term, TC1 has null f value,
whereas in TC2 a non–uniform f has been adopted with a peak value equal to 50 φBC .
For both the test cases the SPG solutions are compared to quadratic Galerkin (G
Q2), and SUPG Q2 ones. Concerning TC1, the complete problem statement and the
solution fields for Galerkin and SPG are shown in Figure 5.

Figure 5. Scalar advective-diffusive-reactive problem statement TC1
( f = 0) and solution fields: a) G Q2 and b) SPG

As it clearly appears, the proposed SPG formulation is able of controlling com-
pletely the instability origins in the near- and far-wall regions. Figure 6 shows the
φ streamwise profiles predicted by G Q2, SUPG Q2 and SPG schemes at y = 0.05
where reaction dominates. The PG-like solutions are both able to predict smooth φ
profiles, thus improving the G Q2 oscillatory behaviour. Nonetheless, the SUPG Q2
returns an over-diffused layer close to the Dirichlet bound. This confirms its inability
to control the reactive effects, with respect to SPG solution that predicts a sharp but
continuous solution layer.

As far as the TC2 case is concerned, in Figure 7 the problem statement and the
SUPG Q2 and SPG solutions are shown. It is worth noting that the source integral
has been approximated linearly, according to Q2 element optimal conditions [4].
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Figure 6. TC1 comparison of streamwise φ profiles at y = 0.05

Moreover, Figure 8 shows the φ streamwise profiles predicted by G Q2, SUPG Q2
and SPG schemes at y = 0.05, where the reactive effect is combined with a positive
gradient of the source.

Figure 7. Scalar advective-diffusive-reactive problem statement TC2
(fmax(y=0.1) = 50) and solution fields: a) SUPG Q2 and b) SPG

The comparison between stabilized PG schemes confirms that the SPG is able to
totally recover a non-oscillatory solution, also where the sharp streamwise solution
layer develops under the effect of a non–uniform source.

4.3. Semi-circular leading edge. The last test case concerns the prediction of the
turbulent boundary layer development on a flat plate, with a semi-circular leading
edge. The leading edge configuration is that proposed by ERCOFTAC Special In-
terest Group on Transition in 1991 (labelled T3L). The experimental data have been
provided by Palikaras et al. [11], for the zero pressure gradient configuration.



246 A. Corsini, F. Rispoli and A. Santoriello

Figure 8. TC2 comparison of streamwise φ profiles at y = 0.05

The Reynolds number, based on inlet velocity and leading edge radius (er = 5mm)
is equal to 1660. The free stream turbulence intensity (TI) at the inlet is set to 7%,
and the chosen dissipation length lε is 18mm.

The flow is assumed two-dimensional with constant temperature and incompress-
ible. A 12681 node block-structured (H-O) grid has been used. In the vicinity of
the wall (O-connected region) the nearest node to the solid wall has a dimensionless
distance δ+ = 1.0. At the inlet section of the computation domain, the experimental
free-stream uniform profile is used for the mean velocity (u = 5m/s). Uniform dis-
tributions are also imposed on the turbulent variables, computed on the basis of TI
and lε. No-slip conditions are then applied on the solid surface, and homogeneous
Neumann conditions are imposed at the outlet section.

The SUPG and SPG formulations have been used on Q2Q1 elements, with PSPG-
like relaxation of incompressibility constraint. The turbulence closure is the standard
k − ε model [10], in its near wall extension. A GMRes(50) solver has been used
with convergence thresholds for error Rres and solution Rsol residuals set to 10−6.
The convergence histories are first compared in Figure 9, clearly showing the faster
convergence of SPG compared to the SUPG scheme. Figures 10 and 11 show the
streamwise turbulence intensity and velocity profiles computed in two locations close
to the leading edge stagnation point at x/er = 2.4 and x/er = 3.2, respectively. The
predicted velocity and turbulence intensity profiles agree with published numerical
studies using isotropic EVMs (e.g. [10]). To this end, the stabilized formulations are
able to give a good prediction of the free-stream values. Notwithstanding, the near
wall region is affected by an over-prediction of TI level and layer thickness related
to the stagnation point anomaly [12]. With respect to the comparative performance
between PG schemes, the solutions do not show appreciable differences, as shown in
Figures 10 and 11.

This evidence confirms that in a flow region dominated by the effect of advection,
such as the flat plate region downwind the leading edge, where the maximum reaction
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Figure 9. T3L convergence histories for PG formulations: a) Rsol
and b) Rres

Figure 10. Comparison of streamwise: velocity u(m/s) a) and tur-
bulence intensity u′(m/s) b) at x/er = 2.4

Figure 11. Comparison of streamwise: velocity u(m/s) a) and tur-
bulence intensity u′(m/s) b) at x/er = 3.2

number is of o(102), the SPG correctly annihilates its sensitivity to the equation
reactivity recovering a SUPG-like behaviour. Moving upwind in the stagnating flow
region, some distinguishing feature of the proposed SPG could be found. To this end
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in Figures 12 and 13 are compared, respectively, the computed TI and turbulence
time scale profiles along the stagnation streamline.

Figure 12. Comparison of TI profiles along the stagnation streamline

Figure 13. Comparison of τ profiles along the stagnation streamline

The comparison of turbulence intensity profiles, in Figure 12, demonstrates that
the SPG is able to reduce the TI peak (TISPG = 28% instead TISUPG = 36%). This
suggests that approaching a null-advection region, the SPG partially corrects one of
the well recognized drawbacks of linear two-equation EVMs, the so-called stagnation
point anomaly. Figure 13 shows that this remarkable feature of SPG formulation is
related to the capacity of controlling the over-prediction of turbulence time scale in the
pure reactive-diffusive flow limit. In this condition, the SPG perturbation activates a
dependence of weights from the predicted turbulence scale intensity able to affect the
corresponding residual projection basis.

5. Conclusions

The paper investigated the prediction capabilities of a FEM stabilized formulation de-
veloped for the purpose of solving advective-diffusive-reactive problems. This scheme,
called SPG, addresses the use of a perturbation to the weight function composed by
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two contributions. The first is a SUPG–like operator and is used to overcome in-
stabilities due to advective or skew-symmetric terms, whereas the second operator is
a symmetric one aiming at precluding oscillations due to reactive terms. The FEM
formulation has been obtained by means of one-dimensional nodal exactitude, but
has been tested in several more complex examples that violate the super convergence
conditions. In this respect, the SPG method demonstrates its suitability for solving
the typical equations of turbulence EVMs used in turbomachinery CFD.
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MIUR-Ateneo 2001.
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Abstract. The prediction of performance characteristics and flow field data of cross-flow
fans (CFF) is difficult due to the complex flow structure and working principle. Numerical
methods will become more important in order to get a better knowledge of the complex
flow-phenomena in CFF and will lead to a reduction of experimental work in the process of
development and construction. CFD calculations are carried out to compute the flow field
and the performance of CFF. For the validation of the numerical computations, experimen-
tal investigations are made to measure flow field and performance data. In the flow field
measurements mainly Particle Image Velocimetry (PIV) is used.

Keywords: cross-flow fan, CFD, particle image velocimetry

1. Nomenclature

D2 [m] impeller outer diameter
D1 [m] impeller inner diameter
L [m] blade length
M [Nm] rotor torque
n [s−1] rotation speed
∆p [Pa] pressure difference
Q [m3/s] volume flow rate
Re [-] Reynolds number
S [m] blade chord length
U2 [m/s] peripheral speed
V [m/s] velocity (local or global)
ϕ [-] volume flow coefficient
ψ [-] pressure coefficient
ν [m2/s] kinematic viscosity
ρ [kg/m3] fluid density
ω [s−1] angular velocity
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2. Introduction

Cross-flow fans (CFF), as per Figure 1, are used in cooling, heating, air conditioning
systems, in automotive applications as well as in industrial applications e.g. for
heating and drying purposes.

Figure 1. Typical construction of a CFF

They consist of a broad cylindrical rotor with many forward curved blades of a high
ratio of diameter D1/D2. The air passes the blade grid twice, driven by a large
vortex, the steering vortex, situated inside and outside of the impeller, near the so
called stabilizer, see Figure 2 and 3.

Figure 2. Flow field

Position, size and intensity of this vortex is strongly influenced by geometrical pa-
rameters of the casing and the point of operation (volume flow rate and pressure
difference) of the CFF [1] .
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Figure 3. Global flow pattern

Depending on geometry and operating conditions also secondary vortices in the inlet
and outlet zones may appear. The flow field and the performance characteristics of
a CFF depend much more significantly on the shape of the surrounding casing than
on the design of the rotor and the blade grid. Because of the principle of operation,
the performance characteristics of a CFF is characterized by high volume flow and
pressure coefficients, in comparison to other fan types, see Figure 4.

Figure 4. Comparison of fan types

Due to the complex flow structure, the design process is still mainly based on nu-
merous experiments, because classical design methods are not applicable to a CFF in
a satisfying way. It is helpful to use numerical methods for getting a better impression
of the complex flow phenomena of a CFF and to reduce the number of experiments
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in the process of design, development and construction. Therefore CFD calculations
are used to compute the flow field and the performance characteristics of CFF [4].

In order to validate and prove the numerical computations, experimental investi-
gations are made to measure the flow field and the performance characteristics. For
the flow field measurements mainly the Particle Imaging Velocimetry (PIV) method
is used [3, 5].

3. Numerical simulation

The object of the numerical simulations is to get a better impression of the flow field
in a CFF, particularly inside the impeller. The results of these numerical investi-
gations should be the basis to develop guidelines for the design and construction of
efficient CFF. The main objective is to develop numerical procedures to obtain the
flow variables determining the characteristics of CFF, such as pressure coefficient and
efficiency vs. volume flow coefficient as well as velocity and pressure fields.

In the literature only few papers dealing with CFD calculation of the flow in CFF
are published. Mainly the flow is considered to be two-dimensional, inviscid and
steady. The impeller usually is modelled by an infinite number of thin blades. More
recent studies try to take into account transient and viscous effects, but need the
calibration of constants used in the mathematical modelling using experimental in-
vestigations. Today the development of hardware and calculation methods allows cal-
culation of the complete flow inside the CFF. Most of the commercial CFD software
packages are based on finite volume methods (FVM). The FVM is also implemented
in the software package STAR-CD, which is used for the present investigations [6].

Figure 5. Computational domains and boundaries

Figures 5 and 6 show computational domains and boundaries. The model of Figure
5 shows a very simple configuration, which is very well documented in literature [2].
Figure 6 shows the typical configuration of a frequently used geometry with a 90
degree deflection. Because of the distinctive transient character of the flow through
the impeller, it is necessary to use a transient method in the impeller domain. The
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link between the rotating impeller domain and the casing domain is realised by a
sliding interface.

Figure 6. Computational domains and boundaries

An ‘arbitrary sliding mesh method’ (ASI), which is implemented in STAR-CD, is
used to simulate the movement of the different mesh regions. The ‘sliding’ involves
a continuous change in connectivity for cells on each side of the interface. Due to an
indirect addressing method, the two sides of the interface remain coupled implicitly
during this process. Appropriate interpolations in time and space preserve flux conti-
nuity across the interface and avoid the production of perturbations to the flow field.
It is assumed, that in a broad CFF-impeller the flow can be taken as two-dimensional
with negligible changes perpendicular to the main flow direction. The influences of
the side walls of the casing and the end and intermediate discs of the impeller are
neglected. The k − ε turbulence model is used for turbulence modelling.

Flow characteristics and performance of CFF are usually described by the following
dimensionless parameters:

ReS = U2S
ν Reynolds-number (chord length)

ReD = U2D2

ν Reynolds-number (global)

ϕc = Q
LD2U2

volume flow coefficient (CFF)

ϕ = 4Q
πD2

2U2
volume flow coefficient (global)

ψs = ∆pstat
1
2ρU

2
2

stat. pressure coefficient
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4. Experimental investigations

4.1. Test installation. Planning the experimental investigations, measurements of
the global performance data pressure rise, volume rate and input torque, as well as
velocity distributions have to be provided. A test rig was set up as a closed circuit
channel, which contains all installations to control and measure the volume rate, the
pressure rise and the input power of the test CFF. The principle of the channel is
similar to a standard airway for fans [7]. Figure 7 shows the view of the complete test
channel from the top.

Figure 7. Test installation

4.2. PIV measurements. Figure 8 shows the details of the test installation for the
CFF with the PIV system. Due to the complex geometry, several transparent wall
sections are realized for the laser light sheets. The PIV measurements were carried
out in the inlet and outlet zones, in a representative plane perpendicular to the axis
of rotation. Inside the impeller, PIV measurements cannot be performed actually.

The global performance data are measured at positions which correspond to the
analysis of the numerical data.

Figure 8. PIV measurements
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5. Results

5.1. Test case. This geometry was investigated experimentally by Tuckey et al. [2].
The CFF is designed as the air supply for an open-circuit wind tunnel. The resulting
rotor parameters and operating conditions are shown in Table 1, the geometrical val-
ues correspond to Figure 9. This table also shows the dimensions and the operational
conditions of the model fan in the test installation. The geometrical scale factor is
0, 16.

Figure 9. Test geometry [2]

Figure 10 represents the results of measurements of the static pressure coefficient
vs. the volume rate coefficient of both fans.
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Figure 10. Comparison of experimental and numerical results

The fact that the pressure coefficient of the model is higher than that of the large fan
in the left part of the characteristics may be caused by the higher number of blades.
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Table 2. Geometric and operating data

Literature [2]:
impeller diameter D2 0.625m
diameter ratio D1/D2 0.78
blade angles β1 = 90o, β1 = 26o

number of blades 24
chord length S 0.084m
blade profile circular arc
rotating speed n = 6.67 sec−1

Re (chord length) ReS = 70.000
Re (global) ReD = 550.000
volume flow coefficient 0.2 < ϕ < 0.9
stat. pressure coefficient 1, 6 < ψs < 2, 2
Model:
impeller diameter D2 0.098m
diameter ratio D1/D2 0.65
blade angles β1 = 90o, β1 = 26o

number of blades 36
chord length S 0.01m
blade profile circular arc
rotating speed n = 25 sec−1

Re (chord length) ReS = 5.000
Re (global) ReD = 50.000
volume flow coefficient 0, 3 < ϕ < 1, 1
stat. pressure coefficient 0 < ψs < 3

The line marks the results of the numerical calculations. Corrections for 3D losses,
caused by friction of the discs and volumetric losses in the lateral gaps are not taken
into consideration during the numerical calculations.

Velocity field, numeric
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Figure 11. Velocity field, numeric

Figure 12. Velocity field, PIV

Figure 11 shows a calculated velocity field, which gives a good impression of the steer-
ing vortex. It corresponds with the PIV measurements in Figure 12 in a satisfactory
way.

5.2. Variation of operational conditions. Within these investigations a variation
of the point of operation is calculated and measured for a typical CFF configuration
with a 90 degree deflection. Figures 13 and 14 show the CFD results for two different
values of the volume flow coefficient. In Figures 15 and 16 the corresponding flow
fields measured with PIV are shown. Calculated and measured flow fields, especially
the formation of the steering vortex are in good agreement.

Figure 13. Velocity field, calculated, ϕ = 0, 96
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Figure 14. Velocity field, calculated, ϕ = 0, 77

Figure 15. Velocity field, PIV, ϕ = 0, 96

Figure 16. Velocity field, PIV, ϕ = 0, 75
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6. Summary

PIV measurement techniques in combination with CFD are useful tools to understand
the flow fields in fluid machinery. Particularly with regard to CFF, whose functional
principle cannot be described sufficiently with the common theories of fluid machin-
ery, these techniques can help in the process of design and dimensioning. Further
investigations will allow a better look into the zones more immediate to the impeller.
It is also planned to arrange PIV measurements inside the impeller to detect vortices
more exactly.
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Abstract. The present work is devoted to the combined microwave and convective drying
behavior of carpets. The mathematical relations developed may be used to describe the mois-
ture sorption mechanisms of carpets. The effects of important parameters during the drying
process are discussed and the mathematical relations are formulated to illustrate the range of
their applications. According to the results presented in this work, it is shown that combined
microwave and convective drying can provide higher drying rates and, consequently, faster
drying times.
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1. Introduction

The cost of drying carpets, which is done toward the end of the manufacturing process,
is quite high. A very common method of removing water from carpets is convective
drying. Hot air is used as the heat transfer medium and is exhausted to remove
vaporized water. Considerable thermal energy, about 30% of the total energy used, is
required to heat make-up air as the hot air is exhausted. Thus, reducing the amount
of exhaust is clearly a way to conserve energy, but there is little in the literature that
can be used as guidelines for optimizing dryer exhaust flow. In this case the effect of
humidity on the drying rates of carpet tiles should be studied.

When the water is deep within the carpet, combined microwave and convective
drying, which have faster heat and mass transfer, may be a better choice. To fully
understand the heat and mass transfer phenomena occurring within the carpet dur-
ing combined microwave and convective drying, it is required to analyze the moisture,
temperature, and pressure distributions generated throughout the process. The water
remaining in the carpet is 50-60% times the weight of the carpet and after mechan-
ical removal is in its thermodynamically favorable position, largely because the low
viscosity of the water and connectivity of the pores ensure rapid equilibration. The
pores are approximated as essentially cylindrical, with their axis vertical to the carpet
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backing. The amount of porosity, i.e., the volume fraction of voids within the carpet,
determines the capacity of a carpet to hold water; the greater the porosity, the more
water the carpet can hold. The carpet is able to absorb 6 times it weight in water.
When the water content is reduced to roughly 50-60% by mechanical extraction, free
water is probably situated in pores with an effective capillary diameter of up to 200
µm. The occupied pores are distributed throughout the carpet pile thickness and
largely within the yarns.

The flow of air through carpet dryers is very complex, and neither simple concur-
rent or countercurrent flow of air and material takes place. Usually there are a set
of well mixed zones, throughout which the drying conditions are effectively uniform.
The commonest strategy for regulating a dryer’s behavior is feedback control, in which
the controlled variables (such as the moisture content of the material) are compared
with the desired set point. The difference signal, suitably processed by the controller,
is then used to modulate the input parameter being used as the control variable. An
ideal three-term controller incorporates proportional, integral and derivative action.
The proportional term gives a rapid response to an error signal, but the controlled
variable is permanently offset from its desired value. The integral function compen-
sates for the steady-state error. Derivative action is rarely used, except with well
defined signals, because noise in the signal can confuse the controller, resulting in a
hunting action about some mean value. The difficulties in obtaining online measures
of a material’s moisture content have led to the use of environmental control of the
humidity or temperature within the drying chamber. This strategy, however, can lead
to inadequate control, as the wet-bulb depression is the driving force for drying. Use
of the dry-bulb temperature or relative humidity of the bulk air as the control vari-
able will only be satisfactory as long as the surface conditions of the material remain
constant. The difference in temperature between the surface and the bulk air will
give a measure of the surface moisture content, provided the material is hygroscopic
and all unbound moisture has been driven out.

2. Notational conventions

Notations
CP Specific heat
D Diffusivity (m2s−1)
g Gravitational constant (ms−2)
h Intrinsic averaged enthalpy (Jkg−1)
hvap Latent heat of evaporation (Jkg−1)
∆hW Differential heat of sorption (Jkg−1)
K Intrinsic permeability (m2)
K′ Thermal conductivity (kW m−1 K−1)
Kg Relative permeability of gas
Km Mass transfer coefficient (ms−1)
KW Relative permeability of water
L Thickness of the fabric (m)
M Molar mass (kg mol−1)
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Pabs Power absorbed in the material per unit area (Wm−2)
Q Heat transfer coefficient (Wm−2K−1)
R Universal gas constant (J mol−1 K−1)
S Volume saturation
t Time (s)
T Temperature (K)
v Averaged velocity (ms−1)
z Distance (m)
θ Non-dimensional temperature
ρ Density of the fibers (kg m−3)
σ Surface tension (Nm−1)
τ Non-dimensional time
φ Porosity (m3m−3)
χ Surface porosity (m2m−2)
Φ Internal microwave power source (Wm−3)
Ψ Relative humidity
µg Dynamic viscosity of gas (kg m−1s−1)
µW Dynamic viscosity of water (kg m−1s−1)
µ Permeability of free space (Hm−1)

Subscripts
a Air
c Capacity
g Gas
v Vapor
W Liquid
o Atmospheric
1 Initial

3. Background

In general, drying means disposing of the liquid completely or partially. We define it
more narrowly in this paper as the vaporization and removal of water from a material.
The typical drying curve begins with a warm-up period, where the material is heated
and the drying rate is usually low. The drying rate can be negative in the warm-
up period if the gas stream is humid enough. As the material heats up, the rate of
drying increases to peak rate that is maintained for a period of time known as the
constant rate period. Eventually, the moisture content of the material drops to a level,
known as the critical moisture content, where the high rate of evaporation cannot be
maintained. This is the beginning of the falling rate period. During the falling rate
period, the moisture flow to the surface is insufficient to maintain saturation at the
surface. This period can be divided into the first and second falling rate periods. The
first falling rate period is a transition between the constant rate period and the second
falling rate period. In the constant rate period, external variables such as gas stream
humidity, temperature, and flow rate dominate. In the second falling rate period,
internal factors such as moisture and energy transport in the carpet dominate.
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Although much of the water is removed in the constant rate period of drying, the
time required to reduce the moisture in the product to the desired value can depend
on the falling rate period. If the target moisture content is significantly lower than the
critical moisture content, the drying rates in the falling rate period become important.

It has been recognized that microwave could perform a useful function in carpet
drying in the leveling out of moisture profiles across a wet sample. This is not sur-
prising because water is more reactive than any other material to dielectric heating
so that water removal is accelerated.

Many investigators have attempted to explain the effect of humidity drying rates
and the existence of inversion temperatures. The explanations are usually based
on changes that occur in convective heat transfer, radiative heat transfer, and mass
transfer as the humidity and temperature of the gas stream change. We will briefly
discuss these explanations.

At a given gas stream temperature, convective heat transfer rate can change as the
humidity in the gas stream is varied, because product temperature and fluid properties
vary with humidity. These effects can be explained using the following relationship
for the convective heat transfer rate:

q

A
= h (T∞ − TS) = h∆T ,

where q
A = convective heat transfer per unit surface area A, h = heat transfer coeffi-

cient, T∞ = free stream temperature of the drying medium, TS = surface temperature
of material being dried.

Since the product temperature is dependent on humidity, clearly ∆T is also depen-
dent. Further, the heat transfer coefficient h is a function of both product temperature
and fluid properties. Thus, the convective heat transfer rate changes with humidity,
as does the drying rate of a material. However, drying in air will always have an
advantage over drying in steam because ∆T is larger for drying in air; this is a con-
sequence of TS being very near the wet bulb temperature. The wet bulb temperature
is lowest for dry air, increases with increasing humidity, and reaches the saturation
temperature of water for a pure steam environment. Thus, ∆TAIR will be larger than
∆TSTEAM , but ∆TAIR/∆TSTEAM decreases with increasing T∞. Further, the heat
transfer coefficient increases with humidity. Apparently, the net effect of the changes
in h and ∆T is that the convective heat transfer rate increases faster for steam than
for air with increasing temperature.

King and Cassie [1] conducted an experimental study on the rate of absorption
of water vapor by wool fibers. They observed that, if a textile is immersed in a
humid atmosphere, the time required for the fibers to come to equilibrium with this
atmosphere is negligible compared with the time required for the dissipation of heat
generated or absorbed when the regain changes. McMahon and Watt [2] investigated
the effects of heat of sorption in the wool-water sorption system. They observed that
the equilibrium value of the water content was directly determined by the humidity
but that the rate of absorption and desorption decreased as the heat-transfer efficiency
decreased. Heat transfer was influenced by the mass of the sample, the packing density
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of the fiber assembly, and the geometry of the constituent fibers. Crank [3] pointed
out that the water-vapor-uptake rate of wool is reduced by a rise in temperature that
is due to the heat of sorption.

The dynamic-water-vapor-sorption behavior of fabrics in the transient state will
therefore not be the same as that of single fibers owing to the heat of sorption and
the process to dissipate the heat released or absorbed.

Henry [4,5] was the first to start theoretical investigation of this phenomenon. He
proposed a system of differential equations to describe the coupled heat and moisture
diffusion into bales of cotton. Two of the equations involve the conservation of mass
and energy, and the third relates fiber moisture content to moisture in the adjacent air.
Since these equations are non-linear, Henry made a number of simplifying assumptions
to derive an analytical solution.

In order to model the two-stage sorption process of wool fibers, David and Nordon
[6] proposed three empirical expressions for a description of the dynamic relationship
between fiber moisture content and the surrounding relative humidity. By incorporat-
ing several features omitted by Henry [4] into the three equations, David and Nordon
[6] were able to solve the model numerically. Since their sorption mechanisms (i.e.
sorption kinetics) of fibers were neglected, the constants in their sorption-rate equa-
tions had to be determined by comparing theoretical predictions with experimental
results.

Farnworth [7] reported a numerical model describing the combined heat and water-
vapor transport through fibers. The assumptions in the model did not allow for
the complexity of the moisture-sorption isotherm and the sorption kinetics of fibers.
Wehner et al [8] presented two mechanical models to simulate the interaction between
moisture sorption by fibers and moisture flux through the void spaces of a fabric. In
the first model, diffusion within the fiber was considered to be so rapid that the
fiber moisture content was always in equilibrium with the adjacent air. In the second
model, the sorption kinetics of the fiber were assumed to follow Fickian diffusion. In
these models, the effect of heat of sorption and the complicated sorption behavior of
the fibers were neglected.

Li and Holcombe [9] developed a two-stage model, which takes into account water-
vapor-sorption kinetics of wool fibers and can be used to describe the coupled heat
and moisture transfer in wool fabrics. The predictions from the model showed good
agreement with experimental observations obtained from a sorption-cell experiment.
More recently, Li and Luo [10] further improved the method of mathematical sim-
ulation of the coupled diffusion of the moisture and heat in wool fabric by using a
direct numerical solution of the moisture-diffusion equation in the fibers with two sets
of variable diffusion coefficients. These research publications were focused on fabrics
made from one type of fiber. The features and differences in the physical mechanisms
of coupled moisture and heat diffusion into fabrics made from different fibers have
not been systematically investigated.

Downes and Mackay [11] found experimentally that the sorption of water vapor
by wool is a two-stage process, the first stage obeys Fick’s law of diffusion with
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a concentration-dependent diffusion coefficient. The second stage, which involves
structural changes within fibers, is much slower than the first. To simulate the two-
stage-sorption process, David and Nordon [6] proposed an exponential function to
describe the rate of change of fiber water content, which needed to be adjusted ac-
cording to the measured fabric moisture content. Li and Holcombe [9] developed a
two stage sorption-rate equation to describe the moisture sorption of wool. The first
stage is represented by a Fickian diffusion with a constant coefficient. The diffusion
equation was solved by using Crank’s truncated solution [3]. The second stage is
described by an exponential relationship, which also needs to be adjusted according
to the experimental measurements. The relative contributions of the two stages to
the total moisture sorption are functions of the sorption time and the initial regain
of the fibers.

Before a carpet is conveyed into the drying oven, most of the water is typically
vacuum extracted. After vacuum extraction, the moisture regain is about 50-60%,
indicating that there is still a significant amount of water inside the carpet. This water
is usually removed with heat in industrial manufacturing processes. As a general rule,
the water is distributed in larger pores.

It seems reasonable to anticipate that many of these pores are formed within the
pile yarns throughout the thickness of the carpet. The location of this water is of
interest to people in the carpet industry.

4. Mathematical Formulation

It was shown by Ilic and Turner [12] that a theory based on a continuum approach
led to the following equations of motion governing the drying of a slab of material:

Total mass:
∂

∂t
(φSgρg + φSW ρW ) +∇. (XgρgVg +XW ρWVW ) = 0 . (4.1)

Total liquid:
∂

∂t
(φSgρgv + φSW ρW ) +∇. (xgρgvVgv +XW ρWVW ) . = 0 (4.2)

Total enthalpy:

∂

∂t

[
φSgρgvhgv + φSgρgahga + φSgρgahga + φSW ρWhW +

+ (1− φ)ρShS − φρW

SW∫
0

∆hW (S)dS

]
+

+∇. (XgρgvVgvhgv +XgρgaVgahga +XW ρWVWhW ) =

= ∇. ((KgXg +KWXW +KS(1−X))∇T ) + φ , (4.3)

where φ is the internal microwave power dissipated per unit volume. In equation (3)
the effects of viscous dissipation and compressional work have been omitted.



Relations for water-vapor transport through fibers 269

Equations (1-3) are augmented with the usual thermodynamic relations and the
following relations:

Flux expressions are given as follows:

• Gas flux:
XgρgVg = −KKg(SW )ρg

µg(T )
[∇Pg − ρgg] , (4.4a)

• Liquid flux:

XW ρWVW = −KKW (SW )ρW
µW (T )

[∇ (Pg − PC(SW , T ))− ρW g] , (4.4b)

• Vapor flux :

XgρgvVgv = XgρgvVg −
XgρgD (T, Pg)MaMv

M2
∇
(
Pqv

Pg

)
, (4.4c)

• Air flux :
XgρgaVga = XgρgVg −XgρgVgv . (4.4d)

Relative humidity (Kelvin effect):

ψ (SW , T ) =
Pgv

Pgvs(T )
= exp

(
2σ(T )Mv

r(SW )ρWRT

)
,

where Pgvs(T ) is the saturated vapour pressure given by the 0Clausius-Clapeyron
equation.

Differential heat of sorption:

∆hW = RvT
2 ∂(lnψ)

∂T
.

Enthalpy-Temperature relations:

hga = Cpa(T − TR) ,

hgv = h0vap + Cpv (T − TR) ,

hW = CpW (T − TR) ,

hs = Cps(T − TR) .

The expressions for Kg , KW are those given by Turner and Ilic [12], and µg, µW

have had functional fits according to the data by Holman [13]. The diffusivity

D (T, Pg)

is given by Quintard and Puiggali [14] and the latent heat of evaporation given by

hvap (T ) = hgv − hW .

After some mathematical manipulations, the one-dimensional system of three non-
linear coupled partial differential equations which model the drying process in a ther-
mal equilibrium environment are given by :

as1
∂SW

∂t
+ as2

∂T

∂t
=

∂

∂Z

[
KS1

∂SW

∂Z
+KT1

∂T

∂Z
+KT1

∂T

∂Z
+KP1

∂Pg

∂Z
+Kgr1

]
,

(4.5)
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aT1
∂SW

∂t
+aT2

∂T

∂t
=

∂

∂Z

(
Ke

∂T

∂Z

)
−φρWhvap

∂

∂Z

[
KS

∂SW

∂Z
+KT

∂T

∂Z
+KP

∂Pg

∂Z
Kgr

]
+

[
φρWCpW

(
KS2

∂SW

∂Z
+KT2

∂T

∂Z
+KP2

∂Pg

∂Z
+Kgr2

)]
∂T

∂Z
+ Φ (SW , T ) , (4.6)

aP1
∂SW

∂T
+aP2

∂T

∂t
+aP3

∂Pg

∂t
=

∂

∂Z

[
KS

∂SW

∂Z
+KT

∂T

∂Z
+KP3

∂Pg

∂Z
+Kgr3

]
. (4.7)

The capacity coefficients aS1 , aT1 , ap1 and the kinetic coefficients KS1 , KT1 , KP1,
Kgr1 all depend on the independent variables : Saturation SW , Temperature T and
total pressure Pg. The boundary conditions are written in one dimension as:

At z = 0 (Drying surface) :

KS1
∂SW

∂Z
+KT1

∂T

∂Z
+KP1

∂Pg

∂Z
+Kgr1 =

KmMV

RφρW

(
PgV

T
− PgV 0

T0

)
, (4.8a)

Ke
∂T

∂Z
− φρWhV ap

(
KS

∂SW

∂Z
+KT

∂T

∂Z
+KP

∂Pg

∂Z
+Kgr

)
= Q (T − T0) , (4.8b)

Pg = Po . (4.8c)

At z = L (Impermeable surface):

KS1
∂SW

∂Z
+KT1

∂T

∂Z
+KP1

∂Pg

∂Z
+Kgr1 = 0 , (4.9a)

Ke
∂T

∂Z
− φρWhV ap

(
KS

∂SW

∂Z
+KT

∂T

∂Z
+KP

∂Pg

∂Z
+Kgr

)
= 0 , (4.9b)

(KS1 −KS)
∂SW

∂Z
+ (KT1 −KT )

∂T

∂Z
+ (KP1 −KP3)

∂Pg

∂Z
+ (Kgr1 −Kgr3) = 0 .

(4.9c)

Initial conditions:
T (z, 0) = T1 , (4.10a)
Pg (z.0) = P0 , (4.10b)
∂Pc

∂Z
= −ρW g . (4.10c)

The numerical solution technique employed to solve the resulting system over the
control volume is discussed by Patankar [15].

5. Discussion

Figures 1 and 2 show a comparison of convective drying with and without microwave.
Whilst for convective drying there are definite constant rate periods, when microwaves
are added, the form of the curves change and the use of the words constant and falling
rate may no longer apply. In hot air drying the constant rate period is the period of
drying before the drying front recedes below the outer boundary. In our calculations
the SMER (Figure 3) is defined as the energy required to extract a unit of water from
the product. Figure 3 shows that the SMER for the microwave case is much lower
than the convective case.
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Figure 5. Rate of evaporation as function of distance

The analysis of liquid and gas flux as given by equations (4.4a)-(4.4d) has been ex-
hibited in Figures 4 and 5, for both the combined microwave and convective and
convective drying cases. During this period the convective heat transfer is used for
evaporation only, resulting in a constant surface temperature and drying rate (see
horizontal plateau in Figure 4). The liquid flows to the surface initially in a linear
fashion. As the fibers begin to dry out, there is a liquid flux up to what can confi-
dently be explained as the position of evaporation front and there is no movement of
liquid from that point to the surface.

6. Conclusion

The primary parameter monitored during the drying tests was moisture content,
which may be calculated as a ratio of wet weight minus the final dry weight over
the final dry weight. The weights include the weight of the entire sample, tufts,
and backing. Weight loss during drying is predominately due to water evaporation.
Although other materials such as finish may be driven off during drying, the associated
weight loss is insignificant compared to that of water. Thus, the determination of
moisture content is simple yet accurate.

For most industrial carpet tile operations, the target moisture content is set so
that the weight of moisture on the tiles is approximately 5% of the weight of the face
yarns. Whilst for convective drying there are definite constant rate and falling rate
periods, when microwaves are added, the use of the words constant and falling rate
may no longer apply.
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In hot air drying the constant rate period is the period of drying before the dry-
ing front recedes below the outer boundary. During this period the convective heat
transfer can be used for evaporation only, resulting in a constant surface temperature
and drying rate.

As the material begins to dry out, there is a liquid flux up to what can confidently
be explained as the position of evaporation front and then there is no movement of
liquid from that point to the surface.

According to the results presented in this work, it is concluded that combined
microwave and convective drying can provide higher drying rates and consequently
faster drying times. Moreover, there are higher fluxes of liquid to the drying surface
from the interior of the carpet. A good dryer design should take advantage of this
feature and optimize excess water removal from the drying surface.
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Abstract. Measurements of the unsteady velocity, pressure and flow angle have been carried
out at the impeller outlet of a centrifugal pump with and without volute casing at 5 operating
points using the hotwire technology and a fast response single hole cylindrical probe. The
test fluid was air. While the velocities and pressures depend only on the axial coordinate and
are rotationally symmetrical, if there is no casing around the impeller, the influence of the
volute on the circumferential distribution of these quantities increases with the deviation of
the operating point from the design point. With respect to the local throughflow distribution,
this influence is much more pronounced in comparison to the pressure distribution.

Keywords: spiral casing pump, rotor stator interaction, experimental investigation

Nomenclature

b [mm] width of the vaneless radial diffuser, inlet width of the volute (42mm)
cm [m/s] meridional velocity at, rM
rM [mm] radial position of the measuring section (208.5mm)
u2 [m/s] peripheral velocity at the impeller outlet
x [mm] axial distance from the front shroud at, rM
H [m] total head
Q [m3/s] flow rate
Qdes [m3/s] flow rate at design point
ε [◦] circumferential angle from the tongue in the sense of rotation
ϕ [-] flow coefficient, cm/u2
ϕdes [-] flow coefficient at design point
ϕ̄ [-] local mean value of ϕ =

∫ 1

0
ϕd
(
x
b

)
¯̄ϕ [-] local mean value of ϕ = 1

2π

∫ 2π

0
ϕ̄ dε

ψ [-] pressure coefficient, 2gH
u2
2
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1. Introduction

Single stage centrifugal pumps are mostly designed and produced with a volute casing.
It is well known that – in this case – the flow at the impeller outlet can only be nearly
independent of the circumferential position in the volute if the volute geometry is well
designed and the pump is operated at its design point. For off-design operation of
volute casing pumps, the volute casing geometry does not ‘fit’ the outflow from the
impeller. This leads to a non-uniform distribution of (time averaged) pressure and
velocity along the circumference of the volute.

Different approaches exist for modelling this type of rotor-stator-interactions in
turbomachines (mixing plane, frozen rotor, transient), see e.g. [2, 5]. To compare
the capabilities of the respective modellings in taking into account and describing
important features of off-design flow in volute casing pumps, detailed flow field mea-
surements and evaluations are needed.

A research project was carried out at the Laboratory for Turbomachinery and Fluid
Power of the Darmstadt University of Technology which aimed at gaining more insight
into the aspects of rotor-stator interactions in volute casing pumps and – additionally
– creating a data basis for the validation of CFD simulations. Likewise experimental
investigations on rotor stator interactions can be found in [1, 2, 4-8].

2. Test rig

The test rig and its instrumentation which was described in more detail in [4] are
suited for measurements of transient velocity and pressure distribution for different
circumferential positions inside the volute near the impeller outlet. For this purpose
and to enable a continuous variation of the measuring positions along the whole
circumference of the volute, the volute casing of the test pump can be turned by an
electrical motor around the pump axis while the mechanism for traversing the probes
is mounted to a fixed inner part of the casing and remains at a constant location.
Table 1 shows the technical data of the pump.

Table 2. Technical specifications

Impeller outlet diameter : 405mm
Impeller outlet width : 38mm
Impeller inlet diameter : 240mm
Blade number : 7
Outlet angle, shroud : 25◦
Outlet angle, hub : 29◦
Specific speed : 35min−1

Rotational speed : 3000min−1

Design flow rate : 1380m3/h
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As can be seen in Figure 1, the inner part of the casing is mounted on two vertical
uprights on the front side and rear side while the turnable volute casing is supported
on the inner parts (see Figure 2) by ball bearings. For the sealing between both parts
of the casing, sheets of felt are used.

Figure 1. Test rig configuration without volute

The configuration with mounted volute is shown in Figure 2.

Figure 2. Test rig with mounted volute

In the case of the test rig configuration without the volute part of the casing (Figure
1), flow measurements are possible for free impeller discharge where the pressure at
the impeller outlet is constant (= atmospheric pressure) along the impeller outlet.
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The analysis of flow was performed by the use of hotwire anemometry and a fast
response single hole cylindrical probe [4] which were located 6mm radially outward
of the impeller outlet. Using this single hole cylindrical probe with an integrated high
frequency response pressure transducer gives information on the unsteady static and
total pressure of the flow from which also the flow velocity can be calculated. But
from the experience gained, more reliable information on the unsteady velocity and
flow angle is found from a single-wired hotwire probe.

Both probes are traversed across the width of the impeller outlet (see Figure 3). As
the probes are turned stepwise around their longitudinal axis at each axial position
while the flow direction is nearly perpendicular to the longitudinal axis, the flow angle
can be determined by calculating the position of the maximum of measurement data
for all time steps (as an ensembled average value in dependence of the angular impeller
position and as a time-averaged value, as well).

Figure 3. Meridional contour and position of probe

The circumferential distribution of pressure on the surface of the single hole cylin-
drical probe is detected through a 0.3mm diameter hole. A calibration for different
constant velocities allows one to find the exact maximum pressure position and to de-
termine a circumferential position on the cylinder surface where the measured pressure
equals the local static pressure in the flow. The angle of the position where the mea-
sured pressure indicates the static pressure of the flow remains constant for a wide
range of velocities as described in Schlichting [3]. Because transient effects in unsteady
flow influence the circumferential pressure distribution on the probe surface and thus
especially the right position where the surface pressure equals the local static pressure
of the flow, the determination of the flow direction and magnitude of velocity is done
additionally by the hotwire technique.
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3. Results and discussion

3.1. Impeller without casing, throughflow. The distribution of the throughflow
component ϕ is plotted versus the dimensionless axial coordinate in Figure 4 for
various values of the normalized flow rate Q/Qdes. The character of the curves is well
known from other publications and shows that the main throughflow takes place near
the rear shroud.

Figure 4. Distribution of the meridional velocity, without casing

At strongly reduced flow rates (Q/Qdes = 0.50 and 0.25), backflow occurs at the
measuring location near the front shroud. Because of the flow recirculation inside
and outside the impeller, part of the outflow from the impeller serves to compensate
the backflow in the balance of mass flow. Therefore, only the remaining part of the
outflow is representative for the mass transport through the pump and is called ‘true
throughflow’. In Figure 4, the broken part of the curves indicates the width of the
recirculation zone within which the part of the outflow only compensates the backflow.
All distributions are rotationally symmetrical.

3.2. Impeller without casing, head. The distribution of the local head is shown
in Figure 5. While the head is nearly independent of the axial coordinate at high
flow rates, higher heads are measured near the rear shroud at low flow rates. This is
somewhat surprising because this is also the area with the higher meridional velocities,
i.e. local throughflow (see Figure 4).
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Figure 5. Distribution of local head, without casing

3.3. Throughflow distribution at the volute inlet. The meridional component
characterising the local throughflow in the measuring section (that is now the volute
inlet) is shown for 5 values of the normalized flow rate in Figure 6.

The broken curves on the diagrams for 75%, 50% and 25% of the design flow rate
represent the limit of the true throughflow area. The remaining area characterises the
recirculation zone with a negative and the corresponding positive flow rate.Whereas
the high meridional velocities are still found near the rear shroud, the circumferential
distribution becomes the more irregular the more the flow rate deviates from the
design value. It can clearly be observed from the distributions that at part load
flow rates, only part of the volute width and circumference contribute to the true
throughflow while outside this area backflow and forward flow compensate each other
and no net mass flow results. The borderline between the backflow area and the
forward flow area can be identified from the isocontour having the value 0 of the
dimensionless meridional component.

At 125% of the design flow rate, the highest throughflow component has been
measured approximately 30◦ upstream of the tongue, which means that the local flow
rate increases along the circumference as is found also by theoretical considerations.

Contrary to this, the local flow rate decreases along the circumference if the pump
is operated at low flow rates which is also in correspondence with the theory.

At 25% of design flow rate, less than half of the volute inlet cross-section contributes
to the throughflow. The rest consists of a strong recirculation especially just upstream
of the tongue where no true throughflow exists. Referring to the impeller frame of
reference, it becomes evident that blade channels passing through this area of the
volute do not contribute to the net impeller mass flow and are exposed to strong
backflow once per each impeller revolution.
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Figure 6. Distribution of meridional component at the volute inlet

The curves in Figure 7 underline the findings for 50% flow rate and some selected
circumferential positions.

The local ϕ̄-values related to the true throughflow coefficient ¯̄ϕ are plotted in Figure
8 versus the angular position.
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Figure 7. ϕ/ ¯̄ϕ for different circumferential positions. ϕ = 0.5 · ϕdes

Figure 8. Local ϕ̄-values depending on the angular position

Two facts are striking in the context:

i) ϕ̄ = ¯̄ϕ at approximately 205◦ for all flowrates.
ii) ϕ̄ is approximately independent of the flow rate at ca. 30◦ downstream of the

tongue (3.8 × 0.25 ≈ 1.95 × 0.5... etc.)

This seems to be an interesting feature of the impeller-volute interaction but cannot
yet be explained at present.
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Figure 9. Flow rate integrated along the circumference

Integrating the local flow rates along the circumference leads to Figure 9.

As it could be expected already from Figure 6 there is a linear dependence between
the flow rate and the angular position at ϕ = ϕdes, while the local flow rate increases
up to 1.2× ¯̄ϕ (ε ≈ 270◦) and falls down to 1.0× ¯̄ϕ in the following sections due to the
strong backflow in this area (see Figure 6).

3.4. Head distribution at the volute inlet. In addition to the throughflow distri-
bution of Figure 6, the distribution of head is shown in Figure 10. Again, the broken
lines characterize the true throughflow areas.

In comparison to the distribution of the meridional velocity, the distribution of
head is more regular along the width of the measurement section for overload and
design point. For part load, the shape along the width deviates from a flat distribution
to a distribution with increased head near the rear shroud as this can also be found
for the head distribution of the impeller without casing in Figure 5.

As expected, the circumferential distribution becomes more irregular with increas-
ing deviation from the design flow rate. This could at least partially be caused by the
variation of the circumferential velocity components. The lowest pressure coefficients
have been measured in the backflow zones (ϕ < 0) where a part of the energy has
been lost through wall friction and mixing losses.

A detailed explanation of the relations between flow and head distribution is rather
difficult due to the lack of information about what is caused by separation and recir-
culation within the impeller on the one side and within the volute only on the other
side.
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Figure 10. Distribution of local head at the volute inlet
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To get this information, measurements within the impeller would be necessary in
addition.

4. Summary

Distributions of flow and head at the impeller outlet in a centrifugal pump with volute
casing were shown. Some typical distributions for these kinds of pumps were explained
and discussed. Most of the results are strictly related to theory. Thus the findings
and the qualitative shape of the illustrated graphs and distributions can serve as an
orientation for computational fluid dynamics and may encourage researchers to do
similar analysis in the frame of postprocessing such calculations.

Acknowledgement. Thanks are due to the KSB-foundation whose financial and technical
support made this work possible.
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Abstract. The new IIW (International Institute of Welding) fatigue design recommen-
dations are used for the determination of the optimum strut dimensions and truss height
minimizing the structural mass or cost. In an illustrative numerical example a simply sup-
ported uniplanar CHS truss with parallel chords is designed, which is loaded by a pulsating
force. An advanced cost function is minimized which contains the costs of material, cutting
and grinding of strut ends, assembly, welding and painting. Fatigue design constraints are
formulated for governing X- and K-gap joints. Six strut dimensions are optimized for a
series of discrete truss height ratios and the optimum height ratio is selected considering the
minimum cost. A parametric investigation is made to find the relation between the optimum
truss height ratios and the span length.

Mathematical Subject Classification: 73A05
Keywords: truss structures, fatigue design, optimization, tubular structures, welded struc-
tures, cost function

1. Introduction

Tubular trusses are recently more popular, due to their high strength and low weight.
They are in many cases subject to fluctuating loads, e.g. cranes, vehicles, bridges,
offshore structures, bodies of agricultural machines, etc. Since high stress concen-
trations arise in their welded joints, it is important to have a reliable fatigue design
method. The IIW Subcommission XV-E for welded tubular joints has made great
efforts to give designers such methods.

In 1985 design rules were given for fatigue design [1], which made it possible to
work out some optimum design applications in this field [2], [3]. Based on a wide
international experimental work, the subcommission has developed a modern version
of design rules [4], [5]. Our aim is to show how to apply these rules for the optimum
fatigue design of a simply supported uniplanar truss constructed from circular hollow
section (CHS) rods subject to a fluctuating force (Figure 1).
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For the optimization continuous functions are necessary, therefore we use approxi-
mate polynomials for stress concentration factors instead of diagrams given in [1]. For
correction factors we use the formulae given by Zhao et al. [4] instead of diagrams.

The optimum height (distance between the parallel chords) is determined, which
minimizes the mass or cost of the structure. From the point of view of economy it
is important to formulate a realistic cost function. For welded plated structures we
have developed and applied a relatively simple cost function containing material and
welding costs, based on welding times given by the Netherlands Welding Institute [6],
[7], [8], [9]. On the basis of cost data given by Tizani et al. [10], we have developed a
modified cost function, which considers the specialties of tubular trusses.

2. Problem formulation

A simply supported uniplanar truss with parallel chords is designed (Figure 1). The
truss is welded from CHS rods with K-type gap joints and loaded by a pulsating force
at midspan.

Data: a = 2 m, L = 12 × 2 = 24 m, the range of the pulsating force is ∆F = 160
kN, the number of cycles is NF = 105. Three groups of rods are considered having
the same cross-sectional area, one for lower chords (d0, t0), one for upper chords (d2,
t2) and one for braces (d3, t3). Thus, the number of unknown strut dimensions is 6.
The truss height ratio of ω = h/a is discretely varied with steps of 0.1.

The truss mass as well as cost is minimized for each h/a ratio to obtain the optimum
h/a ratio. Design constraints relate to the fatigue strength of governing joints E, F
and A. Ranges of validity defined by [5] are related to zero joint eccentricity and limit
the main ratios of strut dimensions.

3. Design constraints

3.1. Fatigue strength. The fatigue strength constraints have the following form

(MF )
∆Fi

Ai
SCF0(β, θ)CF (γ, τ) ≤ Srhs

γMf
, (3.1)

where (MF ) is the magnification factor expressing the effect of additional bending
moments. Note that other bending effects are not considered, since a geometrical
constraint on zero eccentricity is taken into account. SCF 0 is the stress concentration
factor depending on β = dbrace/dchord and on θ = arctanω; CF is the correction
factor depending on γ = di/2ti and on τ = tbrace/tchord, Ai = π(di− ti)ti is the cross-
sectional area of rods. Note that, in some cases, instead of SCF 0xCF other formulae
are used. Srhs is the hot spot stress range depending on the number of cycles and
the member thickness. For NF = 105 equation (3.2) is used:

logSrhs =
1

3
(12.476 − logNF ) + 0.06 logNF log

16

ti
, (3.2)
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Simply supported uniplanar CHS truss with parallel chords subject to a fluctuating
force

Figure 1. Simply supported uniplanar CHS truss with parallel chords
subject to a fluctuating force

where γMf = 1.25 is the fatigue safety factor. It should be mentioned that, for K-gap
joints, in the case of axial balanced brace, the values of SCF 0 are given in diagrams.
Since for the optimization continuous functions are needed, we have replaced these di-
agrams by approximate second order polynomials. For CF we have used the formulae
given in Zhao et al. [4] instead of the diagrams in [5].

3.2. Fatigue strength of the chord of joint E. The joint E is selected instead of
G, since in the chord wall at joint E stress concentration arises also from the balanced
axial loading.

1.5
NE0

A0
SCFCH,CH + 1.3

NE3

A3
SCF0,CH,AXCFCH,AX ≤ Srhs

γMf
. (3.3)

The axial member forces are as follows:

NE0 =
2∆F

ω
;NE3 =

∆F (1 + ω2)0.5

ω
. (3.4)
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In the calculation of SCF for chord loading the formula given by Zhao et al. [4] in
Table D.3 is used instead of Figure D.8 in [5]:

SCFCH,CH = 1.2

(
t3
t0

)0.3

(sin θ)
−0.9

. (3.5)

In the calculation of SCF 0 for balanced axial loading in the two braces the following
approximate continuous formula is used instead of the diagram of Figure D.6 given
by [5]

SCF0,.CH,AX = 0.217+0.1171θ−0.0009311θ2+(2.99−0.173θ+0.0017111θ2)
d3
d0
. (3.6)

In the calculation of CF for balanced axial loading the formula given by Zhao et al.
[4] in Table D.3 is used instead of the diagram in Figure D.6 in [5]

CFCH,AX =

(
d0

24t0

)0.4(
t3

0.5t0

)1.1

. (3.7)

In Srhs (equation 3.2) ti = t0.

3.3. Fatigue strength of the brace of joint E.

1.3
NE3

A3
SCF0,B,AXCFB,AX ≤ Srhs

1.25
, (3.8)

where

SCF0.B,AX = 2.49 − 0.078θ + 0.001664θ2 − (3.6 − 0.186θ + 0.0029333θ2)
d3
d0
, (3.9)

CFB,AX =

(
d0

24t0

)0.5(
t3

0.5t0

)0.5

. (3.10)

In Srhs (equation 3.2) ti = t3.

3.4. Fatigue strength of the chord of joint F.

1.5
NF2

A2
SCFCH,CH + 1.3

NF3

A3
SCF0,CH,AXCFCH,AX ≤ Srhs

1.25
, (3.11)

where

NF2 =
3∆F

ω
,NF3 = NE3. (3.12)

For SCFCH,CH equation (3.4) is used, but with t2 instead of t0.
For SCF 0,CH,AX equation (3.5) is used, but with d2 instead of d0.
For CFCH,AX equation (3.6) is used, but with d2 and t2 instead of d0 and t0.
In Srhs (equation 3.2) ti = t2.
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3.5. Fatigue strength of the brace of joint F.

1.3
NF3

A3
SCF0.B,AXCFB,AX ≤ Srhs

1.25
. (3.13)

For SCF 0,B,AX equation (3.8) is used, but with d2 instead of d0.
For CFB,AX equation (3.9) is used, but with d2 and t2 instead of d0 and t0.
In Srhs (equation 3.2) ti = t3.

3.6. Fatigue strength of the chord of joint A. Joint A is calculated as an X-joint.

γ =
d0
2t0

; τ =
t3
t0

;β =
d3
d0
, (3.14)

1.5
NA0

A0
X1,2max ≤ Srhs

1.25
, (3.15)

NA0 =
∆F

2ω
, (3.16)

X1 = 3.87γτβ
(
1.1 − β1.8

)
sin1.7 θ, (3.17)

X2 = γ0.2τ
[
2.65 + 5 (β − 0.65)

2
]
− 3τβ sin θ. (3.18)

Note that the approximate value of α is calculated as

α =
2a

d0
=

2x4000

400
= 80 > 12, (3.19)

thus, F2 = 1. In Srhs (equation 3.2) ti = t0.

3.7. Fatigue strength of the brace of joint A.

1.3
NA3

A3
X3,4max ≤ Srhs

1.25
, (3.20)

where NA3 = NE3;

X3 = 1 + 1.9γτ0.5β0.9
(
1.09 − β1.7

)
sin2.5 θ, (3.21)

X4 = 3 + γ1.20.12 exp(−4β) + 0.011β2 − 0.045, (3.22)
In Srhs (equation 3.2) ti = t3. γ, τ, β are defined in Section 3.5.

3.8. Size constraints. The ranges of validity are as follows:

0.3 ≤ d3
d0
,
d3
d2

≤ 0.6, (3.23)

24 ≤ d0
t0
,
d2
t2

≤ 60, (3.24)

0.25 ≤ t3
t0
,
t3
t2

≤ 1.0, (3.25)

300 ≤ θ ≤ 600, (3.26)

4 ≤ t0,2,3 ≤ 50 mm. (3.27)
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3.9. Constraint on zero joint eccentricity. From the limitation for the gap g that

g =
d0,2
tan θ

− d3
sin θ

≥ 2t3, (3.28)

one obtains
d0,2 ≥ 2t3ω + d3

(
1 + ω2

)0.5
. (3.29)

4. The cost function

4.1. Cost function components. The cost function contains the costs of material,
cutting and grinding of strut ends, assembly, welding and painting

K = KM +KC +KA +KW +KP (4.1)

In the material cost
KM = ρ

∑
i

kMiAiLi (4.2)

the material cost factors of Price List [11] are used as given in Table 1. The material
density is ρ = 7.85x10−6kg/mm3. The hot formed CHS profiles are selected according
to prEN 10210-2 [12]. Some new profiles are given in [13].

The strut lengths are as follows L0 = 24000, L2 = 20000, L3 = 24000
(
1 + ω2

)0.5
mm.

For the calculation of cutting and grinding times of strut ends an empirical formula
is developed on the basis of measurements in a Hungarian steel construction factory
as follows:

Ti = 3.0442x1.007di (min), (4.3)

di in mm.

This formula is valid for diagonals. In our example

KC = kF ΘCx3.0442(2x1.007d0 + 2x1.007d2 + 24x1.007d3), (4.4)

where the difficulty factor is taken as ΘC = 2 and the fabrication cost factor is selected
using the data of Tizani et al [10] as kF = 0.6667 $/min. Note that the cutting time
data of Tizani et al. [10] cannot be used here, since they are related to too small a
diameter of 60 mm [14]. It should be mentioned that in our other paper [15] another
formula is used which contains also the effect of strut thickness.

KA = CAkF ΘA (κρV )
0.5
, (4.5)

where CA = 1.0 min/kg0.5; ΘA = 3.5; the number of structural elements to be
assembled is κ = 14.

The cost calculation of welding is based on welding times developed from the COST-
COMP [6] software for different welding technologies and weld types.

KW = kF ΘW

∑
i

CWia
n
WiLWi, (4.6)
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where the difficulty factor is taken as ΘW = 2. The fillet weld size is aW = t3. For
fillet welds performed by SMAW (shielded metal arc welding)

CWanW = 0.7889x10−3a2W . (4.7)

d (mm) kM ($/kg)
88.9, 101.6, 114.3 1.0553
139.7, 168.3, 177.8, 193.7 1.1294
219.1, 244.5, 273.0, 323.9 1.2922
355.6, 406.4 1.3642
457.0, 508.0 1.4081

Table 1. Material cost factors for available hot formed CHS profiles

The weld length in our example is

LW = πd3
(
1 + ω2

)0.5
/ω. (4.8)

The painting cost is calculated as

KP = kPSP , (4.9)

where, according to Tizani et al. [10] the cost factor is kP = 14.4 $/m2. The painted
surface in our example is

SP = 10−6π(24.000d0 + 20.000d2 + 24.000d3
(
1 + ω2

)0.5
). (4.10)

5. Mathematical optimization and results

5.1. Constrained function minimization. The constrained function minimization
is performed using the Rosenbrock’s hillclimb method with additional discretization
to find the corresponding available cross-sectional dimensions [8]. The results are
summarized in Tables 2, 3 and Figure 5.1.

The optimum solution of h/a = 1.5 is marked by bold letters.

The optimum strut dimensions in the case of h/a = 1.5 are given in Table 3.

ω = h/a K($)
1.0 27599.3
1.1 27344.5
1.2 27061.8
1.3 26592.2
1.4 26061.3
1.5 25942.8
1.6 26491.1
1.7 26912.8
1.8 27112.5

Table 2. The cost of continuous (nondiscrete) solutions against the
truss height ratio h/a
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Cost against h/a ratio

d0, t0 323.9x12.5
d2, t2 323.9x12.5
d3, t3 168.3x5

Table 3. Optimum strut dimensions in mm for h/a = 1.5

L (m) optimum value of ω = h/a
15 1.3
20 1.4
24 1.5
30 1.5
35 1.6
40 1.6
45 1.7
50 1.7

Table 4. Optimum value of ω = h/a for different span lengths

We have made a parametric survey changing the span length keeping all other
parameters at the same values and calculating the optimum values of ω = h/a. Due
to the limits on θ, i.e. 300 ≤ θ ≤ 600, ω can be varied between 0.6 and 1.8 .
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It is visible from Table 4 that the optimum value of ω is proportional to the span
length. All optima in the calculation were nondiscrete, so the discrete solution dis-
tances can be different from the nondiscrete ones. The optimum value of ω is changing,
depending on the shape of structure, loadings, supports, etc. so it is difficult to arrive
at a general conclusion. At least we can say that ω has an optimum value and it is
worth finding.

6. Conclusions

In the welded joints of tubular trusses high stress concentrations occur. The new IIW
fatigue design rules enable designers to calculate the stress concentration factors more
precisely than previously. This calculation method is used for the optimum design of
a uniplanar CHS truss subject to a fluctuating force.

In the optimization process the cross-sectional dimensions and the distance between
the parallel chords (truss heights) are optimized, which minimizes the structural cost.
The height is discretely varied. Three rod groups are defined having the same cross-
sectional area, thus six unknown variables are optimized for each truss height ratio.

The existence of an optimum height can be explained by the fact that, increasing the
height, the chord forces decrease, but the branch length increases and this tendency
turns back when the height decreases.

The difference between the cost corresponding to the best and worst solution,
indicated in Table 2, is 6.4%.

After a parametric survey, changing the span length, we have found that ω has an
optimum value and it is proportional to the span length.

The advanced cost function, which contains the costs of material, cutting and
grinding of strut ends, assembly, welding and painting, enables designers to calculate
the costs more realistically than previously.
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Abstract. Three cylindrical bodies with different cross–sectional configurations, i.e. a
circular, semi-circular and triangular cylinder, are used as the test cylinders, in order to
investigate the influence of movement of the separation point on the Kármán vortex exci-
tation. The cylinders were supported elastically by plate springs. The synchronization of
Kármán vortex shedding occurs on all three cylinders over almost equal ranges of oscillation
amplitude and frequency given by the mechanical oscillator. However, the Kármán vortex
excitation behavior differs drastically among the three cylinders in spite of the fact that the
cylinders are supported elastically with virtually equal structure parameters.
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1. Introduction

The Kármán vortex excitation is an oscillation caused by the hydrodynamic force
which originates from periodic Kármán vortex formation and shedding, and it has
basically the nature of resonance of a linear system. That is, the cylinder is oscillated
by the alternating force due to Kármán vortex shedding and the amplitude is large
when the vortex shedding frequency fv is equal to the natural frequency of the struc-
ture fn. The cylinder motion affects the flow around it and then the magnitude and
frequency of exciting force in turn.

Therefore, the Kármán vortex excitation is regarded as non-linear self-excitation
caused by the feedback loop which is constituted by two interactions, i.e. the effect
of cylinder motion on the fluid force due to the periodic vortex shedding and the
response of the structure to the resulting fluid force. Hence, its mechanism can be
discussed by separating the process into the two interactions.

Funakawa [1] showed that the separation point on an oscillating circular cylinder
moves forward and backward, synchronized with the cross-flow oscillation. Based
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on this observation he suggested a self-excitation mechanism for the Kármán vortex
excitation.

In this work, influence of the cross-sectional configuration of a cylindrical body
on the Kármán vortex excitation was investigated experimentally by using a circular
cylinder, a semi-circular cylinder and a triangular cylinder, in order to investigate the
role of separation point movement in the mechanism of the Kármán vortex excitation.

2. Experimental apparatus and measurements

Table 1 shows cross-sectional configurations of the cylinders used in this investigation.
They were set in a uniform flow from left to right (in the x-direction) in a wind tunnel.
When the cylinders are set in a uniform flow, the separation point movement is free
on the circular cylinder surface, restricted to the upstream circular arc of the semi-
circular cylinder and fixed at the downstream vertices of the triangular cylinder [2].
Measurements were carried out in a blow-down type wind tunnel with a measuring
section of 320 (H)×320 (W )×1000 (L)mm. The turbulence level at the center of the
measuring section is less than 0.6 % at U = 2.0m/s. A ring type vortex anemometer
[3] was applied to measure U .

Figure 1 shows the experimental apparatus arrangement for the measuring section.
The test cylinder was set horizontally and perpendicularly to the free stream. The
height d of each cylinder was 26mm and the blocking ratio was about 8 %. The
cylinder was passing through slots on the side walls and supported at both ends
outside the measuring section, as shown in Figure 1. End plates were attached to the
cylinder to remove influence of flow through the slots [4].

The elastically supported system is composed of two cantilever plate springs. Since
the length of the cantilever plate is much longer than the oscillation amplitude A, the
cylinder motion is regarded as translational oscillation in the vertical direction (z-
direction), i.e. cross-flow oscillation. Two laser displacement meters were used to
measure cylinder displacement Z at both ends of the cylinder, as shown in Figure 1.
The oscillation amplitude A was calculated from root-mean square (rms) value of Z,
i.e. A =

√
2Zrms.

Table 1. Cross-sectional configuration and effective mass me of the
elastically supported cylinders (d = 26× 10−3m)

Circular cylinder Semi-circular cylinder Triangular cylinder
Effective

53.7× 10−3 50.1× 10−3 50.7× 10−3

Mass [kg]

Cross-sectional
 z 

x 
y O 

d 

 z 

x 
y O 

d 

 

60° 

z 

x 
y O 

d Configuration

Flow direction: from left to right
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x 

y 

z 

Ring type vortex anemometer 

Plate spring 

Laser displacement sensor 

Hot wire probe 

End plate 

Free stream 

4d 

Figure 1. Arrangement of the experimental apparatus (elastically-
supported system) and the coordinate system

The natural frequency fn, effective mass me and logarithmic damping factor δ of
the system were determined by free damping oscillation in otherwise quiescent air.
The values of fn, me and δ were set virtually equal for all the three cylinders.

The vortex shedding frequency fv was obtained by applying FFT analysis to the
streamwise fluctuating velocity u detected by a hot wire probe at a location in the near
wake of the cylinder (x = 2d, z = d). The spectrum of u was averaged over 20 data
to reduce the effect of turbulence. The vortex shedding frequency fv was determined
as the frequency at which the spectrum of u had the maximum peak. Furthermore,
the phase difference between u and Z was calculated and its average value φuZ was
obtained from 20 data. The standard deviation of φuZ , σφ was also obtained. The
cross–correlation coefficient Ruu was obtained from two u signals detected by two hot
wire probes set with 4d spanwise separation. The cross–correlation coefficient Ruu
increases due to Kármán vortex excitation since it shows an enhancement of spanwise
coherency of the Kármán vortex [2]. In this paper, the increase of Ruu is adopted as
one of criteria to decide whether Kármán vortex excitation occurs or not.

The lift force FL exerted on the stationary cylinder was measured by load trans-
ducers at both ends of the cylinder outside the measuring section.

3. Results and discussion

3.1. Behavior of the cylinder oscillation and vortex shedding in Kármán
vortex excitation. Figures 2, 3 and 4 show the behavior of the cylinder oscillation
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Figure 2. fv, A/d, φuZ and σφ versus U for the circular cylinder.
fn = 16.93Hz, δ = 0.00958 (Closed symbols: U increased, open
symbols: U decreased)

and vortex shedding against the free stream velocity U for the circular cylinder,
the semi-circular cylinder and the triangular cylinder, respectively. In one run of
the wind tunnel experiment, U was first increased stepwise from the lowest value of
around 1.5m/s to the velocity beyond the Kármán vortex excitation range, and then
decreased again to the lowest velocity. The closed symbols are for increasing U and
the open symbols for decreasing U , respectively.

The vortex shedding frequency fv and the non-dimensional oscillation amplitude
A/d are plotted in Figures 2(a), 3(a) and 4(a). The Kármán vortex shedding frequency
from the stationary cylinder fv0 is also plotted to compare with fv. In these Figures,
U0 is the velocity at which fv0 coincides with the natural frequency of the system fn,
and UAmax indicates the velocity at which A/d is maximum. Figures 2(b), 3(b) and
4(b) show the phase difference φuZ between velocity fluctuation u and the cylinder
displacement Z and its standard deviation σφ. The shaded region is the Kármán
vortex excitation region when U is increased.
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Figure 3. fv, A/d, φuZ and σφ versus U for the semi-circular cylin-
der. fn = 16.86 Hz, δ = 0.0116 (Closed symbols: U increased, open
symbols: U decreased)

3.1.1. Circular cylinder. Figure 2 shows the results of the circular cylinder. As shown
in Figure 2(a), the oscillation amplitude A/d is large and the vortex shedding fre-
quency fv coincides with fn over a certain velocity range including U0, showing that
the Kármán vortex excitation occurs there. In the case of the circular cylinder, the
velocity U0 is very close to the lower velocity edge of the Kármán vortex excitation
range. In contrast, the synchronization of Kármán vortex shedding was observed at
both sides of U0 when the circular cylinder was oscillated with a certain amplitude
and frequency using a mechanical oscillator [2].

The amplitude of the circular cylinder due to the Kármán vortex excitation has
a maximum value of A/d = 0.4 at UAmax, which is considerably larger than U0. In
a linear oscillation model, the oscillation amplitude reaches its maximum when the
frequency of the excitation force coincides with the natural frequency, which means
that A/d would be maximum at U0 in the present experiment. From the discrepancy
between U0 and UAmax, it is inferred that the alternating lift force FL exerted on
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Figure 4. fv, A/d, φuZ and σφ versus U for the triangular cylinder.
fn = 17.03 Hz, δ = 0.0141 (Closed symbols: U increased, open
symbols: U decreased)

the oscillating cylinder is larger than that on the stationary cylinder and enhanced
with the oscillation amplitude due to the influence of the cylinder oscillation on the
Kármán vortex shedding.

A remarkable hysteresis is observed near the higher velocity edge of the excitation
range, where both A/d and fv at a same value of U differs depending on whether U
is increased or decreased. When the circular cylinder was oscillated using a mechan-
ical oscillator, such hysteresis was not observed. The phase difference φuZ changes
gradually in the excitation range around UAmax, and the total amount of the change
is approximately π, as seen in Figure 2(b). This shows that the timing of the vortex
shedding becomes anti-phase against the cylinder oscillation. The standard deviation
σφ represents the extent of disturbance in φuZ , and it is an index of coherency be-
tween the cylinder oscillation and the vortex shedding. In Figure 2(b), φuZ varies
continuously in the range U0 < U < UAmax, and σφ considerably increases at the
same time. This result shows that the coherency of vortex shedding with the cylinder
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oscillation becomes lower with U in this range. In contrast, φuZ is nearly constant and
σφ is almost suppressed in the range of U > UAmax in the excitation range, showing
that the vortex shedding is completely synchronized with the cylinder oscillation.

3.1.2. Semi-circular cylinder. The Kármán vortex excitation occurs over a consid-
erable velocity range in the case of the semi-circular cylinder as seen in Figure 3.
However, the maximum amplitude for the semi-circular cylinder is 1/3 of that for the
circular cylinder, in spite of the fact that the height d, the effective mass me, the
logarithmic damping factor δ and velocity U are almost the same in the two cases.
When U increases, the non-dimensional amplitude A/d continues increasing in the
excitation range, and the oscillation suddenly ceases soon after A/d reaches its max-
imum. The excitation range of the semi-circular cylinder lies on both sides of U0,
while that of the circular cylinder exists only on U ≥ U0.

A definite hysteresis is observed for the semi-circular cylinder in fv and A/d ∼ U
curves at higher velocity edge of the excitation range, and the repeatability of the
hysteresis behavior is much higher for the semi-circular cylinder than for the circular
cylinder.

In the excitation range, φuZ is virtually constant and σφ is very small, showing
that the vortex shedding is well synchronized with the cylinder oscillation. A sudden
change of φuZ is observed simultaneously with the cessation of the oscillation at the
higher velocity edge. However, it cannot be concluded whether this change of φuZ
is caused by the same phenomenon that caused the change of φuZ in the excitation
range of the circular cylinder.
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3.1.3. Triangular cylinder. Although experimental conditions for the triangular cylin-
der are the same as those of the circular cylinder and the semi-circular cylinder, the
maximum value of A/d is 1/30 of the circular cylinder as shown in Figure 4(a). The
vortex excitation is observed over a narrow velocity range. It seems that the vortex
excitation range lies on U ≤ U0 in contrast to the cases of the circular and the semi-
circular cylinders. The hysteresis is not discerned clearly, maybe because A/d is small
and the vortex excitation range is narrow.

Figure 4(b) shows that φuZ steeply decreases with U in the vortex excitation range.
However, the standard deviation σφ in Figure 4(b) is small over the same range, which
indicates the occurrence of definite synchronization of Kármán vortex shedding in
spite of the large change in φuZ .

3.2. Lift force acting on the cylinder.

3.2.1. Lift force acting on the stationary cylinder. The alternating lift force FL, which
acts on the fixed cylinders, was measured over a free stream velocity U range including
the vortex excitation range presented in Section 3.1. Since FL was composed of the
contributions of Kármán vortex shedding and other unsteady turbulence, the root
mean square value of FL, (FL)rms, was used to estimate the magnitude of FL. Hence,
the fluctuating lift coefficient of a stationary cylinder (CL0)rms was calculated by the
following equation:

(CL0)rms =
(FL)rms
1
2ρU

2dl
, (3.1)

where ρ is air density, d is the height of the cylinder and l is the effective length of
the cylinder defined as the distance between the two end plates (see Figure 1).
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The lift coefficients (CL0)rms for the three cylinders were plotted against the
Reynolds number Re in Figure 5. The shaded region shows the range where the
oscillation measurement for the circular cylinder was carried out. (CL0)rms for a cir-
cular cylinder measured by Vickery, Bishop and Hassan, Keefe [5] was also plotted in
Figure 5 for comparison. The lift coefficient (CL0)rms of the circular cylinder obtained
in this work agrees well with those by others when Re > 5000, but is considerably
lower when 2500 < Re < 4500.

The lift coefficient (CL0)rms of the circular cylinder increases gradually with Re in
the range of the oscillation experiment, say from 0.1 at Re = 2500 to 0.3 at Re = 5000.
While (CL0)rms for the semi-circular cylinder and the triangular cylinder are equal
to that of the circular cylinder when Re = 2500, they remain constant in the same
Re range. Hence, (CL0)rms of the circular cylinder is larger than those of the other
two cylinders by a factor of 3 at Re = 5000.

3.2.2. Lift force acting on the oscillating cylinder excited by Kármán vortex excitation.
In order to estimate the alternating fluid force exerted on the cylinder under the
Kármán vortex excitation, it is assumed that the cylinder supported elastically by
two plate springs is a linear system with constant mass, spring and damping. Based
on this assumption, the following equation determines the cylinder motion Z

meZ̈ + cŻ + kZ = FL, (3.2)

where me is the effective mass of the cylinder, c is the damping factor and k is the
spring constant. FL is the lift force caused by the periodic Kármán vortex shedding,
and is assumed to be sinusoidal. That is,

FL = F0 sin(2πfvt). (3.3)

From the solutions of equations (3.2) and (3.3) together with the definition of the lift
coefficient (CLR)rms as equation (3.1), we obtain

(CLR)rms =
8π2mef

2
nA

√
(1− η2)2 + (2ζη)2√
2ρU2dl

, (3.4)

where η = fv/fn and ζ is the damping ratio (= δ/(2π)). From equation (3.4) it is
seen that a slight difference between fv and fn in the vortex excitation range affects
(CLR)rms drastically when the damping ratio ζ is very small like in the experiments in
this work. Therefore, the results for the circular cylinder in Figure 2(a) were examined
more precisely. Figure 6 shows the oscillation frequency fc and the vortex shedding
frequency fv in the vortex excitation range in detail. In this Figure, it is seen that fc
coincides with fv but they do not coincide with fn when U is smaller than UAmax.
The slight difference between fv and fc reflects the large value of σφ in the range
U0 < U < UAmax shown in Figure 2(b). When U > UAmax in the vortex excitation
range, fc and fv are strictly equal to fn.

(CLR)rms was calculated using equation (3.4), based on the results that are de-
scribed in Section 3.1. In Figure 7, (CLR)rms of the circular cylinder, the semi-circular
cylinder and the triangular cylinder are plotted against A/d for the cases of increas-
ing U . In the Figure, the arrows indicate the order of measurement. The alternating
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lift coefficients of the oscillating circular cylinder by Khalak and Williamson [6] and
Hayashi et al. [7] are added for comparison. The former was measured directly in
water and the latter in air.

The lift coefficient (CLR)rms of the circular cylinder and the semi-circular cylinder
are equal to each other and increase with A/d when A/d < 0.13. However, the maxi-
mum value of (CLR)rms of the semi-circular cylinder is around 0.4 at A/d = 0.13 while
(CLR)rms of the circular cylinder continues to increase till it attains the maximum
value around unity, at A/d = 0.45. The lift coefficient (CLR)rms of the triangular
cylinder at very small amplitude is nearly equal to that of the other two cylinders,
and no definite increase is observed since the range of A/d is limited. Although the
experimental conditions for the three cylinders are almost the same, the maximum
value of (CLR)rms is quite different among them, e.g. maximum value of (CLR)rms
for the circular cylinder is about 10 times that for the triangular cylinder.

The difference between (CLR)rms of the three cylinders with different cross-sectional
configurations is attributed to the separation point movement of these cylinders [2].
For the circular cylinder, the separation point moves widely on the arc of surface
synchronized with the cylinder oscillation. In contrast, the separation point on the
triangular cylinder is fixed at the rear vertex irrespective of the cylinder oscillation.

The lift coefficient (CLR)rms of the circular cylinder based on the linear analysis in
this work coincides with the direct measurements by Khalak et al. [6] and Hayashi et
al. [7] in the range of A/d < 0.13. When 0.13 < A/d < 0.45, (CLR)rms of the higher
stem (i.e. U < UAmax) in this work agrees well with that by Khalak et al., while
that by Hayashi et al. is considerably higher. When A/d is still higher, or begins to
decrease passing its maximum, results of the three works are largely different from
each other. This may be because of the fact that the assumption of a linear model
does not hold when A/d is large, or because of the difference between experimental
conditions and ways of measurements.

3.3. Occurrence region of the Kármán vortex excitation. The synchronization
region of the Kármán vortex shedding was investigated for all the three cylinders
by giving them a controlled oscillation using a mechanical oscillator by the present
authors [2]. Since the behavior of Kármán vortex excitation is disturbed by irregular
modulation and its magnitude is drastically different among the three cylinders, the
criterion of Kármán vortex excitation should be defined more precisely. According to
the earlier study, occurrence of the Kármán vortex excitation is defined by a criterion
composed of the following four conditions:

i) an increase of the oscillation amplitude,
ii) fc = fv,
iii) an increase of the cross-correlation coefficient RuZ between the velocity u and

the cylinder displacement Z, and
iv) an increase of the cross-correlation coefficient Ruu.

When all of these four conditions are satisfied, the Kármán vortex excitation, and
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and hence the synchronization of vortex shedding with the cylinder oscillation, i.e.
‘Lock-in’, is decided to occur. When none of the four conditions are satisfied, it is
taken to be no vortex excitation and ‘No Lock-in’. The remaining cases are defined
as ‘Transition’.

The occurrence regions of the Kármán vortex excitation on the plane of frequency
ratio fv0/fn and the non-dimensional amplitude A/d are plotted in Figures 8(a), 8(b)
and 8(c) for each of the cylinders, where the synchronization data obtained by the
controlled oscillation experiment are also added [2]. In these controlled oscillation
experiments, Re was fixed at about 3500, i.e. U was constant at 2m/s, to exclude
the influence of Re. Since the measurement of Kármán vortex excitation was carried
out for increasing or decreasing U , Re is not constant in these Figures. Some of the
data were obtained by using systems with different damping factors.

As seen by comparing Figures 8(a), (b) and (c), the Kármán vortex excitation
regions for the elastically supported cylinder are drastically different among them,
although the synchronization regions for a controlled oscillation experiment are almost
the same for all of the cylinders. The Kármán vortex excitation region for the semi-
circular cylinder and the triangular cylinder lies within the synchronization region
of controlled oscillation experiment. The Kármán vortex excitation region for the
circular cylinder is the broadest among the three cylinders and exceeds beyond the
lock-in region of controlled oscillation experiment when fv0/fn > 1. The following
can be considered the causes for the discrepancy:

i) Re was not kept constant for the vortex excitation experiment different from
the controlled oscillation experiments,
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ii) the mechanical oscillator gives the cylinder a precise sinusoidal oscillation,
while the Kármán vortex excitation includes considerable modulation of am-
plitude,

iii) the cantilever support system induces an attack angle fluctuation synchronized
with the cylinder oscillation superimposed on the z-displacement oscillation.
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4. Concluding remarks

In the previous work by the present authors the synchronization of Kármán vortex
shedding was investigated by giving a controlled cross-flow oscillation to a circular,
a semi-circular and a triangular cylinder, and it is shown that the synchronization
region is almost the same for the three cylinders in spite of the different behaviors of
separation point movement [2].

In this work, influence of the cross-sectional configuration of a cylindrical body
on the Kármán vortex excitation was investigated experimentally by using the same
cylinders to investigate the role of separation point movement in the Kármán vortex
excitation. The three cylinders were supported elastically by cantilever plate springs
so that the experimental conditions, such as the mass, natural frequency and damping
factor, were almost equal.

Kármán vortex excitation appears on all the three cylinders. However, the oscilla-
tion behavior was drastically different among them.

The alternating lift coefficient is equal for the three cylinders when they are at rest.
However, the lift coefficient (CLR)rms obtained from measured oscillation amplitude
A/d are largely different from each other. Although (CLR)rms increases with A/d for
all the three cylinders, the maximum value is largely different in each case, that is,
(CLR)rms is around 1.0 at A/d = 0.45 for the circular cylinder, 0.4 at A/d = 0.15
for the semi-circular cylinder and 0.1 at A/d = 0.05, for the triangular cylinder.
This tendency of enhancement of lift coefficient by the oscillation corresponds with
the separation point movement on these cylinders shown by the controlled oscillation
experiment in the previous work.

In conclusion, the mechanism of the Kármán vortex excitation can be explained
as follows. A cylinder is oscillated by the alternating lift force due to the periodic
Kármán vortex shedding, and the amplitude reaches its maximum when the flow
velocity is around U0. The resulting cylinder oscillation causes the synchronization of
the vortex shedding, which makes the resonance range of flow velocity broader than
otherwise. At the same time, the cylinder oscillation influences the movement of the
separation point and enhances the lift, depending on the cross-sectional configuration.
This enhancement effect is largest for the circular cylinder and negligibly small for
the triangular cylinder.
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Abstract. Blading of a high-pressure (HP) steam turbine stage is optimized using an idea
of direct constraint optimization. The objective function to be minimized is the enthalpy
loss of the stage. A simplex method of deformed polyhedron proposed by Nelder-Mead is
used for optimization. Current values of the objective function are found from 3D Reynolds-
averaged Navier Stokes (RANS) computations. To secure global flow conditions, there are
constraints imposed on the mass flow rate, exit swirl angle, and reaction. The optimized
parameters here are the stator and rotor blade numbers and stagger angles, rotor blade twist
angle and parameters of stator blade compound lean at root and tip. Blade profiles are not
changed. Optimization gives a design with new 3D stacking lines of the blades and increased
flow efficiency, compared to the original design.
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1. Introduction

Optimization of 3D blading in turbomachinery is a relatively new field of research. It
has become possible only with the development of 3D Navier-Stokes codes for turbo-
machinery applications capable of locating and quantifying loss generation processes
in complex turbomachinery geometries, and also thanks to increasing capabilities of
computing machines. A robust 3D solver in collaboration with a reliable optimiza-
tion technique can be a powerful design tool, also in the turbomachinery environment.
At present two optimization/design approaches become conspicuous with respect to
turbine blading systems. One approach concentrates on development of 3D inverse
design using Euler or Navier-Stokes codes where the shape of the blading changes dur-
ing an iterative procedure until the target distribution of, for example, blade surface
static pressure, or downstream velocity is reached, guaranteeing the required perfor-
mance, e.g. [1,2]. Another approach focuses on optimization of global characteristics
of the stage, and the final shape is obtained from minimising/maximising an objec-
tive function, for example the total energy loss or efficiency, total pressure loss of the
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stage, etc. Values of the objective function for new geometries can be found directly
from 3D viscous flow computations, e.g. [3,4]. However, as the direct optimization
is time consuming and the main cost is time required for the Navier-Stokes solver,
an interesting idea of approximate representation of the objective function using an
artificial neural network trained over a data base of RANS solutions was put forward
in [5]. In the process of optimization new geometries can be selected using a number
of optimization methods, the most popular of which are the steepest gradient method,
simplex methods and genetic algorithms.

Optimization of 3D blading in low-pressure (LP) steam turbine stages, especially
for exit stages, is shown in [4,6] to bring considerable efficiency gains. There seems
to be less room for efficiency improvements in low-load high-pressure (HP) steam
turbine stages, [3,7]. Efficiency of cylindrical (radially stacked and straight) blades
is relatively high here unless a mistake was made while selecting basic parameters of
the blading, like stator and rotor blade numbers and stagger angles. This, however,
makes the optimization task even more challenging.

A typical 3D design to raise the efficiency of HP stages is compound lean where
some blade sections, usually at the root and tip, are linearly or non-linearly displaced
in circumferential direction with respect to other sections. The effects of this design
were investigated e.g. in [7-9]. It was found there that lean redistributes blade load,
mass flow rate and loss span-wise, compared to the cylindrical blading, and can serve
as a means of controlling secondary flow and tip leakage losses in HP turbines. Lean
can change the state of boundary layers at the blade suction surface and at the end-
walls, as well as can reduce span-wise variations of the exit swirl angle, which is likely
to reduce downstream mixing losses and make stator/rotor matching easier. The
quantitative effect of lean on the stage loss varies with turbine stage geometry and
operation conditions. Due to a number of shape parameters involved in this design
it is required that automatic optimization techniques are used to find the optimum
design.

The procedure for optimization of an HP steam turbine stage is based on the con-
cept of direct constrained optimization, using the Nelder-Mead method of deformed
polyhedron and a 3D RANS solver for turbomachinery applications. Direct optimiza-
tion is considered highly time consuming. The main cost is CPU time required for
the Navier-Stokes solver that computes changing flow geometries. Therefore, 3D com-
putational grids used during optimization will be relatively coarse. However, some
experience of the author shows that major tendencies in changing flow patterns with
changing geometry of the turbine stage can already be discovered on coarse grids.
Anyway, at least the original and final geometries will be checked on refined grids,
and possible changes in flow patterns and efficiency gains will be implied based on the
comparison of post-optimization computations of the original and final geometries on
refined grids.
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2. Method of optimization

2.1. Optimised functions and parameters. Shape optimization of turbine blad-
ing is carried out with the help of a code Optimus, [10]. Optimization is understood
here as an iterative procedure that seeks for an extremum of an objective function –
a function of some shape parameters.

In this investigation, the optimized (minimized) objective function is the enthalpy
loss of the stator/rotor stage (the leaving energy not considered a loss and assumed
to be used in the subsequent stage), defined as ξ = (h2 − h2s)/(h0T − h2s) where
h0T , h2, h2s are the inlet total enthalpy, exit static enthalpy and isentropic enthalpy
referred to the exit static pressure, respectively. Alternatively, one can also choose
the total enthalpy loss of the stage including the leaving energy (as for the exit
turbine stages), or stage power as an objective function. The following parameters
of blade shape can be considered during the optimization for each blade row: blade
number, stagger angle, blade height, linear twist angle, linear lean angle, and linear
sweep angle, 4 parameters of compound twist (2 at hub, 2 at tip), 4 parameters of
compound lean (2 at hub, 2 at tip), and 4 parameters of compound sweep (2 at hub,
2 at tip). Each parameter is allowed to vary in a prescribed range of variation.

2.2. Flow constraints. To secure global flow conditions, there are also constraints
imposed on the mass flow rate, exit angle, average reaction, reaction at tip and root.
The exit angle and reactions are not allowed to assume values beyond the prescribed
ranges, which is pronounced in the shape of the objective function f , that is f = ζ,
if the exit angle and reactions fall within the prescribed range, or f = ∞ (a very
large number) otherwise, where ζ is a value of an optimized characteristic (enthalpy
loss of the stage) obtained from the RANS solver. The penalty function is imposed
on the mass flow rate if it falls beyond a required very narrow interval [G−, G+]:
f = ζ, if G− ≤ G ≤ G+, or f = ζ +min[(G−G±)2]/ε otherwise, where G - current
mass flow rate, ε – penalty coefficient prescribed in a way that the objective function
sharply rises to infinity with increasing distance from the limits of the assumed range
of variation. As the pressure drop during the optimization is kept constant and the
mass flow rate is constrained in a very narrow range of variation, any change of power
of the optimized stage can be attributed to the reduced flow losses only.

2.3. Method of deformed polyhedron. It is generally accepted that none of the
available optimization methods can be considered superior for all types of turboma-
chinery applications. The most popular seem to be the steepest gradient method,
simplex-based methods and genetic algorithms. In this investigation, subsequent ge-
ometries in the course of optimization are selected using a simplex method of deformed
polyhedron proposed by Nelder & Mead [11]. In this method, optimization of the ob-
jective function of n independent variables is performed using n + 1 points being
vertices of a polyhedron in the space of optimized parameters Rn. The initial poly-
hedron is usually generated in a random way from the prescribed range of variation
of the optimized parameters, or the choice of initial vertices can also be supported by
an educated guess, which is drawing on some engineering knowledge. The first aim
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of each iteration during the optimization procedure is to replace the least favorable
vertex for which the objective function reaches the ‘worst’ value with a new vertex,
and to form a new polyhedron. This is done with the help of the following operations:
symmetrical reflection with respect to a gravity center, stretching, compression or
reduction. These operations enable deformation of the polyhedron and its adapting
to the topography of the objective function. An extremum of the objective function
can be found even far away from the initial polyhedron. Of great importance for
the effective operation of the algorithm is proper selection of the reflection ratio α,
compression ratio β, stretching ratio γ and reduction ratio δ. An adequately chosen
reflection ratio is decisive for the rate of convergence of the algorithm and its ability
to go beyond the vicinity of local extrema and to find a path towards a global ex-
tremum. Certainly there is no guarantee that an extremum to which the algorithm
would converge is a global extremum. Anyway, there are at least three ways of further
treatment if the designer feels that the algorithm holds on to a local extremum. First,
to recognise the fact that a local minimum is a solution whose objective function is
‘better’ than that of the original design. Second, to increase the reflection ratio, and
third, to begin the optimization process from another initial polyhedron.

Usually, Nelder-Mead’s method of deformed polyhedron enables efficient optimiza-
tion of 5-10 geometrical parameters of 3D blading. Unlike for gradient-based methods,
the efficiency of the deformed polyhedron method measured by the number of calcu-
lations of the objective function within one iteration, does not depend on the number
of optimized parameters, and on average is limited to 2-3 RANS calculations per iter-
ation. Yet it usually requires more iterations to converge, as compared to the steepest
gradient method, however, fewer than in the case of genetic algorithms. Details of
the algorithm used can be found in [3,6].

2.4. 3D RANS solver. Values of the objective function are found from postprocess-
ing CFD computations performed with the help of a code FlowER - solver of viscous
compressible flows through multi-stage turbomachinery [12]. The solver draws on the
set of Reynolds-averaged Navier-Stokes equations for perfect gas. During the opti-
mization on coarse grids the effects of turbulence are taken into account with the
help of a modified algebraic model of Baldwin-Lomax [13], whereas verifying compu-
tations of original and final geometries on refined grids are made using the Menter
SST turbulence model [14]. This is a two-equation eddy-viscosity model where the
standard k − ω model is activated in the sublayer and logarithmic region, and then
switched to the k− ε model in the wake region of the boundary layer, and where the
eddy viscosity is redefined so as to guarantee the proportional relationship between
the principal turbulent shear stress and the turbulent kinetic energy in the boundary
layer. The governing equations are solved numerically based on the Godunov-type
upwind differencing, high resolution ENO scheme and implicit operator δ of Beam &
Warming, assuring second-order accuracy everywhere in space and time. An H-type
multi-grid refined at the endwalls, blade walls and trailing and leading edges is used.
The computations are carried out in one blade-to-blade passage of the stator and
rotor, and converge to a steady state, with the condition of spatial periodicity, and
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mixing plane approach assumed. The assumed inlet/exit boundary conditions impose
the pressure drop and let the mass flow rate be resultant.

The code has recently been validated on a number of turbomachinery test cases,
including Durham Low Speed Turbine Cascade, NASA Rotor37, NASA Low Speed
Centrifugal Compressor and a model air turbine of ITC Łódź. For details of the flow
solver and its validation the reader is referred to [15-18].

3. Optimization of a high-pressure steam turbine stage

The optimized stage is an HP impulse stage of a 200 MW steam turbine with originally
cylindrical blades and shrouded rotor blades. The stage power is about 5 MW, its
average reaction 17%. The stage operates at a pressure drop p2/p0 = 0.9. Initial
geometrical parameters of the stator and rotor are as follows: span/chord - 0.8 (stator)
and 2 (rotor); stagger angles as defined between the profile chord and the normal to
the cascade front – 46o (stator) and 72o (rotor), blade numbers – 50 (stator), 120
(rotor).

Figure 1. Compound lean geometry of stator blade – leading and
trailing edge in circumferential view

In this investigation, the 3D-shaped compound leaned stator blade is optimized
together with stator and rotor blade numbers and stagger angles as well as rotor
blade twist. There are nine geometrical parameters for the Nelder-Mead method -
stator blade number and stagger angle, rotor blade number and stagger angle, rotor
blade linear twist angle, and four parameters of stator blade compound lean – two
compound lean displacements at each endwall as defined in Figure 1. The blade
sections (profiles) are assumed not to change during the optimization. The objective
function is the enthalpy loss of the stage not including the leaving energy. A penalty
is imposed on the mass flow rate if it changes by more than ±0.5%, compared to the
original geometry. The average reaction is assumed not to exceed the original value.
To control changes of the exit energy, the absolute exit swirl angle is not allowed to
vary beyond the interval (−10o, 10o). Flow computations (3D RANS) are carried out
for perfect gas assuming the specific heat ratio γ = 1.3 and individual gas constant
R = 430 J/kgK. Tip leakage flow over shrouded rotor blades is not evaluated here.
Due to time restrictions, RANS computations in the course of optimization are carried
out on coarse grids of 100 000 cells (stator + rotor), also using the faster and less
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expensive turbulence model of Baldwin-Lomax. After optimization, the original and
optimized geometries were recalculated on refined grids – 800 000 cells (stator +
rotor), using the Menter SST turbulence model.

The optimization process was completed after 65 iterations (with 120 geometries
calculated). The objective function was decreased by 0.4% on a coarse grid. The
previously cylindrical stator blades acquired compound lean shapes with the lean
direction opposite to that of rotation of the rotor blades at both endwalls. At the
trailing edge of the new stator blade the compound lean displacements at the tip are
larger, compared to those at the root. Some rotor blade twist was introduced, closing
throats towards the tip. Stator and rotor blade numbers and stagger angles were also
modified. Changes of the optimized parameters are given in Table 1.

Table 1. Change of the optimized parameters of the HP turbine stage
(l - blade height)

Optimised parameter Its change
Stator blade number 3
Rotor blade number −3
Stator stagger angle at hub1 [o] 0.7
Rotor stagger angle at hub1 [o] −0.5
Rotor twist angle2 [o] −1.3
Stator compound lean displacement at tip3 ∆x/l −0.08
Stator compound lean displacement at tip1 ∆y/l 0.28
Stator compound lean displacement at hub3 ∆x/l −0.05
Stator compound lean displacement at hub1 ∆y/l 0.20

1 positive value of stagger angle increment opens throats, negative value closes throats
2 positive value of twist angle opens throats towards tip, negative value closes throats towards tip,
3 positive value of stator blade at the hub/tip is protruded with rotation of the moving blades

A comparison of the flowfield results for the original and optimized stage (obtained on
refined grids using the Menter SST turbulence model) is presented in Figures 2 to 6.
The comparison exhibits significant differences in total pressure and entropy patterns
in characteristic sections of the stator and rotor, as well as in span-wise distribution of
pressures, velocities and losses. Changes of each optimized parameter have an effect
on the stage performance. Two groups of parameters can be distinguished whose
effects can clearly be separated – the first group consisting of stator and rotor blade
numbers and stagger angles plus rotor blade twist (5 parameters), the other group
consisting of four parameters of stator blade compound lean at the hub and tip.

The effect of the first group is best observed in Figure 2 showing the entropy function
contours in the rotor 10% of the blade span from the root. The contours exhibit the
presence of a separation zone at the front part of the rotor blade suction surface at
the root in the original design. The size of the separation zone at the root in the
optimized design is considerably reduced. This is owing to changes of stator blade
number and stagger angle which decrease the incidence on the rotor blade by about
2 degrees (in the rotating frame of reference). At the same time changes in the rotor
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Figure 2. Entropy function contours in rotor 10% blade span from
root; original (left), optimized (right)

blade number and stagger angle together with introduced rotor blade twist keep the
well-streamlined flow patterns at the mid-span and tip, as well as the average reaction
unchanged.

The effect of the second group of parameters is best observed in Figures 3 to 5.
The chosen direction of compound lean (opposite to that of rotation of the moving
blades) increases pressure at the endwalls in the stator, unloads stator blades and

Figure 3. Span-wise distribution of pressure (right) and velocity (left)
in the stator (top) and rotor (bottom)
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reduces velocities there – Figure 3. This should reduce boundary layer losses near the
endwalls. Let us note here that the boundary layer losses can be assumed proportional
to the integral from the boundary layer edge velocity (relative to the exit isentropic
velocity) in third power over the wall area, Denton [19]. However, as a result of
additional span-wise pressure gradient there is increased convection of boundary layer
fluid toward mid-span sections in the optimized design, which can be observed from
total pressure contours downstream of the stator presented in Figure 4. The secondary
flow maxima downstream of the stator at the mixing plane are less intensive in the
optimized design, however, the wake seems to be slightly thicker at the mid-span.

The streamline curvature changes in the axial gap between the stator and rotor.
In the optimized design, the pressure and velocity near the endwalls in the rotor
exhibit opposite tendencies to those in the stator. The pressure decreases and velocity
increases at the endwalls in the rotor, as compared to the original design. More
mass is passed through the endwall regions, which is likely to increase endwall losses.
However, the centres of loss due to secondary flows stay nearer the endwalls, see total
pressure contours at the rotor trailing edge presented in Figure 4.

Figure 4. Total pressure contours downstream of the stator (top)
and at the rotor trailing edge; original (left), optimized (right)

Figure 5 shows the comparison of span-wise distribution of enthalpy losses in the
stator, rotor and stage for the original and optimized design. In the optimized de-
sign, stator losses are considerably decreased near the endwall sections, and negligibly
increased at the mid-span. Quantitatively, the stator losses (mass-averaged) are de-
creased by 0.3%. Rotor losses are increased at the endwalls. However, peaks due to
secondary flows and separation at the root are considerably lower. Quantitatively, the
rotor losses are decreased by 0.8% here. The combination of stator and rotor losses
shows that stage losses without the exit energy are decreased near the endwalls, and
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Figure 5. Span-wise distribution of enthalpy losses in stator, rotor
and stage (without leaving energy)

Figure 6. Span-wise distribution of exit velocity (left) and exit swirl
angle (right)

3D peaks are lower than in the original design. Quantitatively, the stage losses are
decreased from the calculated value of 5.9% down to 5.5%, that is by 0.4%. The level
of loss decrease on a refined grid is here the same as on a coarse grid. Note that the
stator losses are determined at the mixing plane, whereas the rotor and stage losses at
a section located 40% of the rotor axial chord downstream of the rotor trailing edge.

The exit energy was not optimized in the process of optimization, but its value
was controlled due to constraints imposed on the mass flow rate and mean exit swirl
angle. Figure 6 shows the comparison of exit velocity and exit swirl angle in the non-
rotating reference frame for the original and the optimized stage. For approximately
the same mass flow rate (it turned out to be decreased by 0.1% compared to the
original design), the mean exit velocity is slightly decreased in the optimized design.
This is largely due to reduction of 3D peaks in exit swirl angle. Apart from the root
section, the redistribution of the exit swirl angle should reduce downstream mixing
loss and provide more favorable inlet conditions to the subsequent stage.
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4. Summary

Stator blade compound lean was optimized together with stator and rotor blade num-
bers and stagger angles, as well as rotor blade twist in a low-load HP steam turbine
stage. Nine geometrical parameters were optimized to reduce the stage loss (with-
out the leaving energy). The idea of direct constrained optimization was presented.
Geometries changing in the course of optimization were found using Nelder-Mead’s
method of deformed polyhedron, whereas the corresponding values of the objective
function were found using a 3D RANS solver. There were also constraints imposed
on the mass flow rate, exit swirl angle, and reaction. As a result of optimization, the
stator of the tested stage acquired a new 3D stacking line, and the calculated stage
loss without the leaving energy was decreased by 0.4%. The loss decrease can be at-
tributed here to a reduced size of the separation zone at the rotor root, and decreased
endwall and secondary flow losses. The obtained efficiency gains are not impressive
here. However, further efficiency gains can still be expected due to a more favourable
distribution of exit velocity and swirl angle, which is likely to reduce the downstream
mixing loss and provide more favourable inlet conditions for the subsequent stage.
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Abstract. The objective of this paper is extension of vortex cloud simulation to the study of
deep rotating stall cell propagation in radial turbomachines. Previous studies [1][2] provided
the basic analysis, summarized in part here, for radial and mixed-flow blade rows but with
identical blade-to-blade flow. Lifting of this restriction here permits the natural development
of circumferential flow variations, revealing the growth of major upstream rotating stall cells
for a radial diffuser with ten log-spiral blades but with high angle of attack (deep stall).
For the same blade row run as a radial fan, however, stall cell formation and propagation
is found to be inhibited. Additional studies are included for a cambered blade geometry
typical of axial compressors. Used as an eight bladed radial diffuser, classical rotating stall
is predicted. When operated as a rotor, rotating is again inhibited and modified.
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1. Introduction

A full statement and development of the underlying equations for vortex cloud simula-
tion of mixed-flow and radial turbomachines have been given in previous presentations
[1][2] and a brief summary only of these techniques will be given here. A detailed ex-
position of the underlying methodology of vortex cloud analysis has been given in ref.
[3] and a more recent review of numerical developments and applications in ref. [4].
First, the basic equations for surface vorticity flow modelling will be given in Sections
2 & 3 including extension to vortex cloud modelling of turbomachine linear cascades.
Second, the transformation techniques for applying these equations to radial cascades
will be summarized in Section 4. Investigations of the stalling flow of a ten bladed ra-
dial diffuser will also be studied in Section 4, followed by studies of an identical blade
row run as a fan rotor, Section 5. A second radial blade row will be considered in
Section 6 based on typical axial compressor geometry with a cambered blade profile.
A summary of conclusions will follow in Section 7.
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2. Vorticity modelling of cascades

The fundamental basis of vortex element representation of the Navier-Stokes equations
has been given by the author [3], beginning with the boundary integral equation for
potential flow past an arbitrary body, equation (1), with reference

1
2γ(sm) +

∮
k(sm, sn)γ(sn)dsn +

+W∞(cosα∞ cosβm + sinα∞ sinβm) = 0 (1)

where, for the boundary condition of zero internal velocity inside the body, the surface
velocity vsn is equal to the surface vorticity γ(sn).

vsn = γ(sn) (2)

Figure 1. Surface vorticity model for flow past a body in a uniform
stream W∞

The coupling coefficient k(sm, sn) linking pointsm & n on the body surface is given
by

k(sm, sn) =
1

2π

{
(ym − yn) cosβm − (xm − xn) sinβm

(xm − xn)2 + (ym − yn)2

}
. (3)

For a turbomachine cascade blade periodic in the y direction with pitch t, this becomes

k(sm, sn) =
1

2t

{
sin 2π

t (ym − yn) cosβm − sinh 2π
t (xm − xn) sinβm

cosh 2π
t (xm − xn) − cos 2π

t (ym − yn)

}
. (4)

The standard numerical strategy is to represent the body surface by M discrete
elements as shown in Figure 2, whereupon equation (1) transforms to the set of
M linear equations

M∑
1

K(sm, sn)γ(sn) = −U∞ cosβm − V∞ sinβm . (5)
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Figure 2. Numerical discretisation of the body surface

The revised coupling coefficients are then given by

K(sm, sn) = k(sm, sn)∆sn . (6)

These equations are of course only applicable to inviscid/potential flows, but may be
extended to handle viscous fluids by vortex dynamics modelling, for which additional
terms appear on the right hand side to account for the influence of the distributed
vorticity of the external flow field. Thus we have

M∑
1
K(sm, sn)γ(sn) = −U∞ cosβm − V∞ sinβm

−
Z∑
j=1

∆Γj(Umj cosβm + Vmj sinβm)
, (7)

where the spatially distributed vorticity has been discretised into a large number Z
of small discrete vorticies ∆Γj . The unit velocities induced by ∆Γj are given by

Umn =
1

2t

sin 2π
t (ym − yn)

cosh 2π
t (xm − xn) − cos 2π

t (ym − yn)

Vmn = − 1

2t

sinh 2π
t (xm − xn)

cosh 2π
t (xm − xn) − cos 2π

t (ym − yn)

 . (8)

The numerical analysis is conducted over a series of small discrete time steps ∆t for
each of which a discrete vortex element ∆Γj is shed from each body surface element
which, for a typical element j , will be of strength

∆Γj = γ(sj)dsj . (9)

The right-hand side of the basic governing equation, i.e., equation (7) thus includes
the influence of the superimposed uniform stream W∞ plus the vorticity already shed
into the mainstream flow. In the author’s previous publications [1] to [3], for cascades
the assumption was made that each blade flow was indentical, a not unreasonable
assumption for unstalled turbine or fan blade rows. However, for off-design angles of
attack leading to stall it is well known that there can be significant blade-to-blade
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variations particularly in fan and compressor cascades and the aim here is to extend
the analysis to deal with such situations. We will deal with this in the next section.

3. Revised cascade modelling

Adaption of the previous vortex cloud model to allow simulation of at least some
blade-to-blade variations is in fact relatively simple and is as illustrated in Figure 3.

T=Nt

y

t’

x

Figure 3. Revised model for the cascade with N independent blade
profiles and group pitch T .

The approximation here is that there are N independent blades, (in this example
5) and that the flow pattern will thus repeat at the revised cascade pitch T = Nt.
The group of N = 5 blades selected here may then be regarded as a single body shape
when making up theK(sm, sn) matrix of equations (7). The blade pitch t in equations
(4) and (8) is then replaced by the group pitch T . In effect we are now analysing the
flow through a group of N separate bodies, but cascaded as a group at pitch T in the
y direction. Choice of the group size N is then a matter of computational limitations
including available memory, time of execution and numerical accuracy available for
inversion of the large K(sm, sn) matrix. The outcome is best illustrated at this point
by a typical solution as shown below in Figure 4.
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Figure 4. Simulation of deep propagating stall through a fan cascade
at high angle of attack.

The fan cascade shown here consists of five C4 profiled blades with zero camber
θ, a stagger angle of λ = 60o and a pitch/chord ratio t/l = 1.0. We note that the
predicted pattern is repeated after every five normal blade pitches t as indicated by
the repeated blade numbering from 1 to 5.

The inflow angle β1 of 85o for this example corresponds to 25o angle of attack and is
naturally excessive, ensuring a state of deep stall. The outcome of this is well known
but none the less remarkable. After a period of time as the motion proceeds, we
observe the development of a large stall cell actually upstream of the blade row which
propagates in the vertical direction. The reason for this behaviour can be deduced
from the vortex dynamics simulation demonstrating the power of this CFD technique
for prediction and diagnosis. Thus we may observe that the major blockage of the
blade passage at position 2 due to the stall cell is causing increased flow through the
passages adjacent to blade 5 due to the consequent decrease in angle of attack of the
blades behind the moving stall cell. Shortly blade No.1 will also begin to unstall as
the cell proceeds upward. Thus blades 4,5 and 1 are delivering a pressure rise locally
across the blade row whereas the adjacent blades 2 and 3 are totally stalled. The
outcome of this is that the stagnant fluid in the blade passages adjacent to blade 2
is blown upstream to augment the developing upstream stall cell causing a periodic
fluctuation and thus likely strong aerodynamic excitation of the blades.
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In this example there were only five independent blade profiles resulting in one
large stall cell. In practice there could be several cells developing and propagating
and one simulation with ten independent blades of a compressor cascade undertaken
by the author revealed two cell regimes, i.e. one every 5 blade pitches. This situation
is illustrated in the next example to be investigated in Section 4, namely the case of
a radial diffuser.

4. Extension to radial diffusers

 

Figure 5. Simulation of deep stall in a radial outflow diffuser with ten blades.

Because the distributed vorticity of the mainstream flow has been replaced in the
numerical model by a cloud of discrete vorticies, it is valid to apply conformal transfor-
mations to the linear cascade and its flowfield provided the vortex element strengths
∆Γ remain unchanged. Thus the previous analysis may be applied directly to radial
stators by means of the following transformation [3][4] between a radial diffuser in the
Z plane and a rectilinear cascade parallel to the η axis in the ζ plane,

ζ = lnZ , (10)

where Z = reiθ and ζ = ξ+ iη. The coordinate and velocity transformations are then
given by

ξ = ln r, η = θ , (11a)
qζ = qZr , (11b)

where r, θ are polar coordinates of the actual radial blade row.
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Figure 5 shows the outcome of applying this transformation to analysis of a ten
bladed radial outflow diffuser. The blade geometry in the cascade ζ plane is identical
to that used in Section 3, namely a C4 base profile with θ = 0o, λ = 60o, t/l = 1.0
and with a pre-whirl inlet angle β1 = 85o (anti-clockwise outflowing swirl). For this
computation the number of blades was set at N = 10 to achieve full simulation of
flow through the radial diffuser.

The main observation to note here is the development of two major rotating stall
cells on the upstream (inner) side of the diffuser. These are not identical but very
similar in size and extent and are found to precess around the inner region in the
well known manner of rotating stall in axial compressors and fans. At circumferen-
tial locations between the two stall cells the blades are less stalled (and sometimes
temporarily unstalled) due to their increased local distribution of the mass flow and
hence reduced local angles of attack. In these regions pressure recovery through the
diffuser is achieved resulting in higher pressure surrounding the exit regions. This
higher pressure forces the stagnant fluid in the stall cell regions to be pushed back
inwards with a consequent build up of the stall cells and a perpetuation of the large
scale disturbances. In the case of a centrifugal fan it can be expected that these
stall cells would cause serious fluctuating interference with the rotor and be a serious
source of unwanted vibrations.

It is of considerable interest to extend these studies from radial stators to radial
rotors since in the latter we would expect the additional influence of work input
including those due to relative eddy and Coriolis forces. The question raised then
is whether these additional effects would enhance stall cell development or inhibit
it. Fortunately all the relevant equations to handle this have already been derived
[3] and applied to potential flow through radial and mixed-flow turbomachines. To
summarise, the governing equation (7) develops into the extended form

M∑
n=1

K(sm, sn)γ(sn) = −U∞ cosβm

−
[
V∞+Ω

{
r2− 1

2

(
r21+r22

)}]
sinβm

−
Z∑
j=1

∆Γj(Umj cosβm + Vmj sinβm)


, (12)

where the new middle line includes the influence of blade row rotation with angular
speed Ω. From the appearance of this term Ω

{
r2 − 1

2

(
r21 + r22

)}
one can immediately

detect that it represents the additional influence upon the flow due to Coriolis accel-
erations of fluid particles as they pass through the rotor and one might anticipate
some considerable influence upon the consequent flow. This is indeed the case as we
shall see from the following example.
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Figure 6. Flow through a backward sloping radial fan with relative
inlet angle β1 = 85o.

In this example the previous blade row as shown in Figure 5 was rotated clockwise
as a radial fan rotor with zero prewhirl but with sufficient angular velocity Ω to deliver
the same relative inflow angle of β1=85˚ and thus 25˚ angle of attack. A summary
of the data is as follows:

Table 1. Design data for radial fan

Inlet radius r1 1.0 m
Outlet radius r2 1.3691 m
Meridional velocity at r1 1.0 m/s
Angular velocity 109.15 revs/min
Prewhirl angle α1 0˚
Relative inlet angle β1 at r1 85˚
Camber θ 0˚
Stagger λ 60˚
Pitch/chord ratio t/l 1.0
Time step ∆t 0.005 sec

As can be seen from the predicted flow pattern after 300 time steps, Figure 6,
although there is clear evidence of stall with some circumferential variation from blade
to blade, there has been no establishment of the upstream eddy regimes characteristic
of the stationary blade row, Figure 5. It is quite clear that the presence of Coriolis
accelerations and relative eddy effects have had a major stabilising effect in the case
of this radial fan rotor as compared with its stator equivalent Figure 5.
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5. Axial compressor type blade rows

In the foregoing fan uncambered blade row studies it was difficult to detect classical
cascade stall propagation or regular rotating stall in the radial diffuser at smaller
angles of attack. Although some stall propagation was present below 15o angle of
attack it was largely intermittent. It was decided therefore to consider also a typical
axial compressor blade row with the following specification.

Table 2. Axial compressor cascade design data

Chord length
Velocity normal to cascade
Camber θ
Stagger λ
Pitch/chord ratio t/l
Design inlet angle β1

Predicted design outlet angle β2

1.0 m
1.0 m/s
44.49˚
41.11˚
1.162
54.59˚
30.69˚

Figure 7. Stall propagation in a compressor cascade (Table 2 data
with β1=74.59˚ & δt=0.015)

Adopting here the cascade geometry studied in refs. [5]&[6], we note the introduc-
tion of typical camber θ=44.49o and stagger λ=41.11o. The design inlet angle given
above is that for shock-free inflow for which the inlet stagnation point is precisely on
the leading edge. Vortex cloud analysis was undertaken with a time step δt=0.015s
for angles of attack of 0, 5, 10, 15 and 20o angle of attack above this for a cascade-
with eight independent blades. Only for the last of these studies, with an inlet angle
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β1=74.59˚, was regular stall propagation actually found to develop in this cascade
and a sample of the results is shown in Figure 7.

Figure 8. Development of rotating stall cells in an eight bladed ‘axial
compressor type’ radial diffuser

As may be observed, after 160 time steps a stall cell has built up in blade passage
No. 5. After successive intervals of 40 time steps this stall cell has propagated upwards
to blade passages 6, 7 and 8. It should be noted that this pattern behaviour was found
to occur only with 20o angle of attack. At lower inlet angles there was evidence of
developing stall progagation but with less firm regularity.

To conclude, let us consider adaption of the above cascade geometry for design of an
equivalent radial diffuser. Application of the conformal transformation equations (10)
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and (11) results in the circular radial outflow cascade shown in Figure 8. Adopting
an inlet prewhirl angle of β1=74.59o, with time steps of magnitude δt = 0.015 and a
meridional velocity at the inlet radius r1 of value 1.0, the predicted flow pattern after
300 and 335 time steps is shown in Figures 8(a) and 8(b), respectively.

We observe from Figure 8 the presence of a single passage stall cell at the bottom
region which has moved anticlockwise into the next blade passage after 35 time steps.
We also note, however, the presence of a second but less concentrated cell located at
the top of the diffuser also rotating anticlockwise at the same speed. Reference back
to Figure 7 in fact reveals the presence of a similar second stall cell region around
passage 1 to begin with, moving upwards to passage 4 finally. The main difference fluid
dynamically between the two axial and radial cascades lies in the influence of viscous
diffusion. For infinite Reynold’s number viscous effects would have little influence.
For the cascade Reynold’s number of 1×105 selected here on the other hand, viscous
diffusion will differ considerably due to the additional mainstream radial diffusion
in the case of the radial diffuser. Despite this, stall cell propagation is remarkably
similar for both cases considered comparing Figures 7 and 8.

To conclude finally, the flow through the previous cambered radial blade row was
investigated when used as a radial fan rotor with two speeds of rotation, Figure 9.

Figure 9(b) shows the typical long term flow pattern for Ω=34.644revs/s, at which
angular velocity zero prewhirl α1 provides the same relative inlet angle as the stator
just considered in Figure 8, β1=74.59o. Figure 9(a), on the other hand, shows the
predicted flow pattern for half this speed of rotation, Ω=17.322 revs/s, but with
sufficient prewhirl α1=61.15o to give the same relative inlet angle β1=74.59o. Three
important observations may be made:

(a) Although some rotating stall still occurs, there is decreasing evidence of major
stall cells as the rotor angular velocity increases.

(b) Major separation seems to be limited largely to the leading edge region with
evidence of what seems to be an approach towards reattachment at mid-chord
on the trailing surface t.

(c) From mid-chord towards the trailing edge region there is evidence of migration
of diffused vorticity from the trailing surface t to the leading surface l, indicated
by M in Figure 9(b).

Undoubtedly the explanation for the above is the influence of Coriolis accelerations
upon the relative flow through these radial rotors. Specific work input due to associ-
ated Coriolis forces is dependent only upon the radial shift of the fluid from inlet r1
to outlet r2 and the rotor angular velocity Ω as shown by the Euler Pump Equation,
namely

1
ρ (p02 − p01) = U2cθ2 − U1cθ1 = Ω(r2cθ2 − r1cθ1)

= Ω(r2wθ2 − r1wθ1)︸ ︷︷ ︸
Aerodynamic

specific work input

+ Ω2(r22 − r21)︸ ︷︷ ︸
Coriolis specific

work input

 , (13)
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Ω = 17.322revs/s, Prewhirl angle α1=61.15o 280 iterations with δt=0.015.

Ω = 34.644revs/s, Prewhirl angle α1=0.0o, 360 iterations with δt=0.01.
l - leading surface. t - trailing surface.
M - Circumferential vorticity migration.

Figure 9. Flow through the radial diffusing blade row operating as a
radial fan rotor

where wθ is the swirl velocity measured relative to the rotor, and is related to the
absolute swirl velocity cθ through

cθ = wθ + rΩ . (14)

It is clear that although there is leading edge flow separation due to the sharp angle
of attack, the specific work input imposed by Coriolis effects has a stabilising effect
as the fluid proceeds further through the blade passages. However, partly due to
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the anticlockwise ‘relative eddy rotation’ or ‘slip flow’ in the passage exit region, free
vorticity tends to migrate from where it has been created on the unstable trailing
surface t towards the leading surface l.

6. Conclusions

The following summary of conclusions may be drawn from these fluid dynamic devel-
opments and studies:

1. The basic linear cascade vortex dynamics code developed here has success-
fully predicted the presence of rotating stall in fan and compressor cascades in
agreement with earlier work.

2. At high incidence angles in deep stall, substantial stall cells intrude back up-
stream of the blade row.

3. A conformal transformation technique has succeeded in extending these flow
simulations to deal with radial blade rows used as either stators or rotors.

4. At large relative inlet angles a couple of large rotating deep-stall cells were
found to develop on the inlet side of a radial outflow diffuser stator comprising
a backward swept zero camber fan cascade at high stagger.

5. For the cambered compressor type radial diffuser stator no deep-stall cells of
this kind developed for the same leading edge angle of attack of 20o, although
rotating stall was present.

6. For the same blade row employed as a radial fan rotor, work input due to Cori-
olis forces leads to general stabilization of the initial leading edge stall regime.
The same ‘relative eddy’ effects result in vorticity migration at the outlet radii
from the trailing (highly loaded) blade surface towards the (generally low ve-
locity) leading edge surface.
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Abstract. The main aim of this work is to study numerically the influence of an external
rotating magnetic field with magnetic Taylor number between 104...105 on the convection
process within liquid binary metal alloy undergoing solidification. Based on the continuum
model of two-phase flow the transient transport of momentum, energy and species in presence
of a Lorentz force during solidification of Pb85wt%Sn alloy is modeled. The geometry under
study is a cylindrical mold with adiabatic walls and cooled bottom. The calculations showed
that when meridional flow velocity exceeded solidification front velocity a mushy zone front
with convex shape developed with the maximum located on the axis of rotation.
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1. Introduction

Rotating magnetic fields (RMF) are widely used in metallurgical applications for
stirring and mixing liquid metals and electrically conducting liquids in general [1].
Particularly, the stirring, i.e. the generation of swirling flow by a rotating magnetic
field, is used during solidification processes to homogenize the liquid phase by modi-
fying the internal convection, namely thermosolutal and shrinkage-driven flow. The
homogenization of the liquid zone promotes the isotropy of the solid phase, which
leads in turn to isotropic mechanical properties of the solidified material. Certainly
the existence of favorable combinations of magnetic induction and cooling rate values
for optimal properties of a given alloy can be assumed. To study this question it is
necessary to model not only the interaction of the liquid alloy phase with the magnetic
field but also to simulate the solid and the mushy-zone domains.

Mathematical models and numerical procedures to study solidification processes
have been improved over the past ten years [2]-[8]. Basically there are two concepts
of mathematical models for transport phenomena during solidification. The first con-
cept has been introduced by Beckermann [3],[4] and is called Representative Volume
Element (REV). This model uses volume-averaged conservation equations for each
phase. The second concept is based on the mixture theory [5]-[8] which describes a
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two-phase flow as a mixture of solid and liquid phases. In this model microstructure
evolution as well as the macroscale transport in solidification of alloys is governed
by the progress of the two-phase ‘mushy-zone’. This model is able to predict both
the macrosegregation [9] and the channel formations in the mushy zone [10] in a
unidirectional solidification. In this work the second concept is used.

Experimental and theoretical works analyzing the influence of external magnetic
fields on the convection of liquid metal without [11]-[15] and with solidification [16]-[20]
of binary metal alloy have demonstrated that the motion of the melt depends on the
particular type of the magnetic field applied to the molten metal alloy. The influence
of a time-harmonic (a.c.) magnetic field on the Pb19%wtSn alloy solidification was
studied numerically in a 2D geometry in [19, 20]. Particularly in [19] it was shown
that turbulence, induced by the electromagnetic stirring, has a significant effect on
the solidification.

In this work the influence of a rotating magnetic field on the liquid phase flow
during the solidification of the Pb85%wtSn alloy is studied.

2. Numerical formulation

2.1. Assumptions. The continuum model [5] has been adopted for the binary alloy
solidification under the following assumptions:

1. All of the properties of the mixture can be obtained from the properties of its
components in each phase.

2. All transport properties of each phase, such as thermal and electrical conduc-
tivity or viscosity, are constants.

3. The density is constant in each phase and the densities of the two phases are
similar.

4. The mushy region is modeled by means of using the mixture viscosity (mushy
fluid model [2]).

5. The phases are in local thermodynamic equilibrium. The phase diagram is
applied.

6. The flow of the liquid phase is assumed to be laminar and axisymmetric.
7. The liquid and solid phases move at the same mass average velocity.
8. The gravity is zero.

2.2. Governing Equations. Based on the assumptions made above, the set of equa-
tions has the following form:

Mass Conservation Equation:

∂ρm
∂t

+∇ · (ρm~u) = 0, (2.1)

where ρm is the density of the mixture, ~u is the velocity vector, which has three
velocity components ur, uθ, uz.
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Momentum Conservation Equation:

∂(ρm~u)

∂t
+∇ · (ρm~u · ~u) = −∇p+∇ · (µm∇~u) + ~FL, (2.2)

where p is the pressure, µm is the dynamic viscosity of the mixture, ~FL is the Lorentz
force vector. The projection of the momentum conservation equation in azimuthal
direction has the form:

∂ (ρmuθ)

∂t
+∇ · (ρm~u · uθ) = ∇ · (µm∇uθ)−

µmuθ
r2
− ρuruθ

r
+ FLθ, (2.3)

where the last term in equations (2.2) and (2.3) involves the Lorentz force, which
has only the azimuthal component FLθ. The mixture viscosity is calculated using the
approximation formula taken from [20]:

µm =


εµl + (1− ε)µs, ε ≤ 0.5

k · (1− ε) + b, 0.5 < ε < 0.6

µl exp (4.5 · (1− ε)) , ε ≥ 0.6

, (2.4)

where ε is the volume fraction of liquid. The constants k and b in equation (2.4) were
obtained from a linear interpolation between the points ε = 0.5 and ε = 0.6. Dynamic
viscosity of the solid phase µs was set to 100 Ns

m2 .

Energy Conservation Equation:

∂ (ρmhm)

∂t
+∇ · (ρmhm · ~u) = ∇ ·

(
λm
cps
∇hm

)
+∇ ·

(
λm
cps
∇ (hs − hm)

)
(2.5)

Here hs and hl refer to the enthalpy of the solid and liquid phase, respectively, λm is
the thermal conductivity of the mixture, cps is the specific heat of the solid phase.
The liquid and solid enthalpies are related to the equilibrium temperature through
the following thermodynamic relations:

hl = cplT + (cps − cpl)Te + L and hs = cpsT, (2.6)

where cpl is the specific heat of the liquid phase, Te is the eutectic temperature, L is
the latent heat. The first two terms on the right-hand side of equation (2.5) represent
the net Fourier diffusion flux ∇λm∇T . It can be seen by substituting ∇hs = cps∇T
into the second term on the right-hand side of equation (2.5). Note that expressing
the net Fourier diffusion flux in the manner of equation (2.5) makes this equation
suitable for solving it using an implicit scheme.

Species Mass Conservation Equation:

∂ (ρmf
α)

∂t
+∇ · (ρmfα · ~u) = ∇ · (ρmDm∇fα) +∇ · ρmDm∇ (fαl − fα) , (2.7)

where fα is the mass concentration of Sn, Dm is the mass diffusion coefficient of the
mixture. The first two terms on the right-hand side of equation (2.7) represent the
net diffusive (Fickian) species flux. Note that for a two-phase, solid-liquid system,
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the diffusion in the solid phase can be neglected relative to that in the liquid phase
[5], so that Dm ≈ flDα

l . Mixture quantities are defined in the following manner:

ρm = (1− ε) ρs + ερl,

fs = (1− ε) ρs
ρm
, fl = ε ρlρm

(2.8)

hm = fshs + flhl, f
α = fsf

α
s + flf

α
l , (2.9)

where fl, fs are mass fraction of the liquid and the solid phases, respectively.

2.3. Lorentz Force. The interaction of a RMF with a conducting liquid depends on
several parameters including the material properties of the liquid, the characteristics
of the RMF (magnetic induction B, angular frequency of the magnetic field ω = 2πν,
where ν is the frequency of the alternating current, and the ratio of the number of
poles to the number of phases in the current source pB) and the geometry of the
system (height, H, and radius, R, of cylinder). These parameters can be grouped
into the following dimensionless quantities: the Hartmann number Ha = B · R

√
σ
2µ ,

the Reynolds number Reω = ρωR2

ρBµ
corresponding to the magnetic field rotation, the

relative frequency of the magnetic field ω̄ = µ0σωR
2 (µ0 is the magnetic permeability

of free space) and the aspect ratio A = H
2R . Ha and Reω can be unified in the

magnetic Taylor number Ta = Ha2 Reω.

To calculate these dimensionless parameters we use material properties of liquid
Pb85wt%Sn: ρm = 7889 kg

m3 , µl = 1.873 · 10−3 N ·sm2 , σ = 1.5 · 106 A
V ·m . Together with

ν = 50Hz and pB = 1 we arrive at A = 1.26, ω̄ = 0.471, Reω = 8.15 · 105. The
corresponding values of Taylor and Hartmann numbers are given in Table 1.

Table 1. The correspondence of magnetic induction to the Taylor and
Hartmann numbers

B, mT Ta Ha

0.2 8.15 · 103 0.1

0.5 5.1 · 104 0.25

1 2.04 · 105 0.5

It can be seen that ω̄ < 1, i.e., the skin depth of the RMF is larger than the
radius of the cylinder. In this case the low-frequency approximation can be used [13].
The low-induction condition implies that the angular velocity induced by the RMF
does not change the magnetic field applied. This condition is satisfied by Ha4

Reω
<< 1

[13]. The substitution of the Hartmann number, given in Table 1, into the expression
written above shows that the low-induction condition is satisfied for all three B. Once
the low-frequency and low-conduction conditions are fulfilled for pB = 1 (if the ratio is
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Figure 1. The time averaged azimuthal Lorentz force induced by ro-
tating magnetic field with B = 1mT , ν = 50Hz for a finite cylinder
with a radius of 25mm and a height of 63mm.

unity, the applied rotating magnetic field can be treated as a spatially uniform field),
an analytical solution can be written for the time-averaged Lorentz force, which solely
has an azimuthal component. Under the condition of the infinite cylinder an analytical
solution in cylindrical coordinates can be written for the time-averaged Lorentz force
[1]:

Fθ∞ =
1

2
σ · ω ·B2 · r . (2.10)

For a finite cylinder there is an analytical solution for the time-averaged azimuthal
Lorentz force [14], which has the form:

fθ = Fθ∞ · f(r, z) ,

f(r, z) = 1− 2R

r

∞∑
k=1

J2(λk) · λk · J1
(
λk

r
R

)
· ch

(
λk

z
R

)
(λ2k − 1) · J2

1 (λK) · ch
(
λk

H
2R

) , (2.11)

where J1, J2 are Bessel functions, λk are the roots of J ′ (x) = 0. The time-averaged
azimuthal Lorentz force calculated by (11) for a cylinder with a height of 63 mm and
a radius of 25 mm is shown in Figure 1.

2.4. Closure of Energy and Species Conservation Equations. The closure of
the system of conservation equations requires supplementary relationships between fs,
T and fα. With the assumption of local equilibrium, the expressions required may be
obtained from the equilibrium phase diagram [21]. The volume fraction of liquid ε in
the mushy zone is approximated by means of a conduction-dominated solidification
rule [22]:
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ε =
T − Ts
Tl − Ts

, (2.12)

where Ts and Tl are the temperatures on the solidus and liquidus line in the phase
diagram, respectively. The functional dependencies of Ts and Tl from the mixture
concentration have been calculated by means of the least square method:

Tl =

{
600.5− 3.38386 · C + 0.0479617 · C2 − 0.000500933 · C3, if C ≤ 61.9wt%

374.001 + 1.34899 · C − 0.000390725 · C2, if 61.9wt% < C ≤ 100wt%
,

(2.13)

Ts =

{
600.52− 8.84703 · C + 0.718111 · C2 − 0.0363395 · C3, if C ≤ 18.3wt%

456K, if 18.3wt% < C ≤ 100wt%
.

(2.14)

Here C = fα · 100 must be inserted.

In order to define the volume fraction of the liquid, the set of equations (2.6), (2.8),
(2.9), (2.12)-(2.14) is solved iteratively. To avoid oscillations, arising from the volume
fraction calculation on the liquid/mush- and solid/mush-boundaries, the following
relaxation is used:

ε = (1− αε) · ε∗ + αε · ε, (2.15)
where αε is the relaxation factor which was set equal to 0.5. ε∗is the liquid volume
fraction of the previous iteration.

2.5. Calculated Domain and Boundary Conditions. The equations of conserva-
tion of mass, momentum, energy and solute are solved in a two-dimensional domain,
see Figure 2, with boundary conditions cited in Table 2. Following Figure 2, AB is

Table 2. Boundary conditions

AB BC CD AD

ur
∂ur
∂z

= 0 0 0 0

uθ
∂uθ
∂z

= 0 0 0 0

uz 0 0 0
∂uz

∂r
= 0

p′
∂p′

∂z
= 0

∂p′

∂r
= 0

∂p′

∂z
= 0

∂p′

∂r
= 0

hm
∂T

∂z
= 0

∂T

∂r
= 0 f(time)

∂T

∂r
= 0

fα
∂fα

∂z
= 0

∂fα

∂r
= 0

∂fα

∂z
= 0

∂fα

∂r
= 0
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the top of the cylinder with a height of 63 mm and a radius of 25 mm, BC is the
cylindrical wall, CD represents the cooled bottom and AD is the symmetry axis of the
cylinder. The time dependent temperature at the bottom is prescribed in the cooling
curve, which has been taken from the experiment [23].

3. Code validation

The solidification model described above has been implemented into the open source
code of a 2D Navier-Stokes solver [24], where the SIMPLE algorithm with collocated-
variables arrangement is used to calculate the pressure and the velocities. For the
stabilization of pressure-velocity coupling the interpolated cell face velocities are mod-
ified by the difference between the interpolated pressure gradient and the gradient
calculated at the cell face. More details describing the whole coupling algorithm
can be found in [24]. The set of equations has been discretized by a finite-volume-
finite-difference based method. The system of linear equations is solved by using
Stone’s strongly-implicit procedure (SIP). The time derivatives are discretized by a
three-time-level scheme. The convection terms are discretizied by a central difference
second order scheme (CDS).

Figure 2. Scheme of calculated domain

To validate the code, a verification test case was performed. The test case corre-
sponds to the laminar steady flow in an infinite cylinder induced by the time-averaged
Lorentz force (2.10). Also an analytical solution exists for this test case [1]:

uθ =
U2 · r · ρ

16 · µl ·R2
·
(
R2 − r2

)
. (3.1)

The comparison of the calculated azimuthal velocity with the analytically predicted
one is shown in Figure 3. It can be seen that the velocities are identical.
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Figure 3. The radial distribution of azimuthal velocity of a liquid
metal induced by RMF with B = 0.01mT , ν = 50Hz. The proper-
ties of the metal are: σ = 1.5 · 106 , ρ = 104 kg

m3 , µ = 2 · 10−3 Ns
m2 .

The theoretical curve corresponds to equation (3.1)

4. Computational results

In this section we present the results of numerical simulations of transient flows driven
by low-frequency, low-induction RMF (0.2mT ≤ B ≤ 1mT ) during Pb85wt%Sn alloy
solidification. Beside exploring the flow structure, a main goal of the simulations is to
define the influence of magnetic field strength on the shape of the mushy zone. The
time step was fixed at maximum 0.1 sec. The maximal number of outer iterations
per each time step was equal to 500 allowing to reach residual of less than 10−4.
The material properties used in simulations were calculated from the mixture rule
according to the 85 wt% of Sn composition. The transport properties of pure Sn and
Pb were taken from [17].

The initialization temperature was set to 570 K. The stirring and cooling begin
simultaneously. The calculated domain was discretized with a uniform mesh of 130
control volumes (CV) in the vertical z-direction and 45 CV in the radial r-direction.

For the analysis of convection within the liquid phase we use the volume averaged
azimuthal Uθ and meridional Urz velocities, which showed a good capability of pre-
diction of flow transition from laminar to turbulent regime [25]. The volume-averaged
velocities Uθ and Urz, characterizing during the time the strength of the primary and
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secondary flow, respectively, are calculated from the following equations:

Uθ =

2 · π ·
H∫
0

R∫
0

r
√
uθ2drdz

πR2H
, (4.1)

Urz =

2 · π ·
H∫
0

R∫
0

r
√
ur2 + uz2drdz

πR2H
. (4.2)

Figures 4 and 5 show the time histories of Uθ and Urz calculated for different magnetic
field inductions B. It can be seen that during the first period of time the liquid is
accelerated due to the begining of the stirring, e.g. the spin-up period for B = 1mT
corresponds to about 50 sec, but the time needed to establish the meridional flow
is about 20 sec. Interestingly, the duration of Urz increases till the first maximum
corresponds to the Stockes flow regime shown in Figure 6. The following after spin-up
slow decrease of the volume-averaged azimuthal velocity (Figure 4) corresponds to the
cutting down of the aspect ratio of the volume with the liquid due to solidification. An
analysis of Figure 5 shows that by B = 1mT between spin-up and spin-down regimes
a turbulent regime exists. In addition, the time histories of volume-averaged velocities
show that the whole time of solidification is about 200 sec, which corresponds to the
averaged solidification front velocity of 0.2÷ 0.3mm/s.

The spatial distribution of azimuthal and meridional velocities predicted at 60 and
100 sec for different magnetic field strengths are shown in Figures 7, 8 and 9. The
velocity vectors show that due to rotation of the liquid so-called Ekman layers begin
to form on the bottom of the cylinder. This phenomenon is very well described in
the literature [1] and [26]. Inspecting Figures 7, 8 and 9 in more detail, three regimes
depending on the magnetic field strength can be identified.

The first regime is characterized by the presence of laminar meridional flow or so
called Stokes flow. Its flow structure for B = 0.2mT at different times of solidification
is plotted in Figure 7. The analysis of Figure 7 shows that the mushy zone front
evolution is not affected by the meridional flow. Note that the mushy zone front can
be considered to be the boundary between zero and non-zero velocities.

The increase of magnetic field strength leads ( B = 0.5mT ) to the second regime.
We call it nonlinear flow. The swirling flow induces a secondary meridional flow in
the shape of two toroidal vortices with different sizes. The big one is the result of
Ekman pumping and located near the mushy zone front. The small one is placed in
the corner zone near the top free surface, see Figure 8. It can be seen that already
in 60 sec the secondary flow affects the mushy zone formation, which is explained by
fact that the meridional flow velocity near the mushy front exceeds the solidification
front velocity, which is about 0.3mm/s.

The third regime following after spin-up is a turbulent one. It is characterized
by the occurrence of Taylor vortices along the cylindrical wall, see Figure 9a. By
decreasing the aspect ratio of the liquid part of the alloy due to its solidification,
the turbulence is suppressed and the meridional flow becomes nonlinear, see Figure
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Figure 4. Predicted time histories of volume-averaged azimuthal velocity

Figure 5. Predicted time histories of volume-averaged meridional velocity
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9b. The mushy zone has a convex shape due to the high meridional velocity near
the mushy zone which exceeds the velocity of the solidification front. The results
presented in Figures 8 and 9 are in qualitative agreement with [20], [27].

The analysis of Figures 5, 8 and 9 shows that the change of the mushy zone shape
happens when the volume-averaged meridional velocity exceeds the local velocity of
the solidification front.

It should be noted that after the whole material solidification no macrosegregations
were predicted for all three inductions. Probably it is explained by the high cooling
rate.

 

Figure 6. Predicted flow pattern at 7 sec of simultaneous stirring and
cooling. B = 1mT : isoswirls (left) and meridional velocity vectors
(right)

5. Conclusions

Numerical simulations were performed for the solidification of Pb85wt%Sn under
the influence of rotating magnetic fields with magnetic inductions of 0.2mT , 0.5mT
and 1mT corresponding to magnetic Taylor numbers 8.15 · 103, 5.1 · 103, 2.04 · 105,



348 P.A. Nikrityuk, K. Eckert and R. Grundmann

a  

b

Figure 7. Predicted flow pattern at different times of simultaneous
stirring and cooling. B = 0.2mT : a− time = 60 sec, isoswirls (left)
and meridional velocity vectors (right); b− time = 100 sec, isoswirls
(left) and meridional velocity vectors (right)
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a  

b  

Figure 8. Predicted flow pattern at different times of simultaneous
stirring and cooling. B = 0.5mT : a− time = 60 sec, isoswirls (left)
and meridional velocity vectors (right); b− time = 100 sec, isoswirls
(left) and meridional velocity vectors (right)
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a  

b  

Figure 9. Predicted flow pattern at different times of simultaneous
stirring and cooling. B = 1mT : a − time = 60 sec, isoswirls (left)
and meridional velocity vectors (right); b− time = 100 sec, isoswirls
(left) and meridional velocity vectors (right)
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respectively. A rotating magnetic field withB = 1mT produces a turbulent flow in the
liquid phase. Furthermore, the calculations showed that when the volume averaged
meridional velocity exceeds the solidification front velocity, the liquid-mushy zone and
solid-mushy zone interfaces are of convex shape, which is attributed to the Ekman
pumping effect.
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Abstract. This paper introduces a new data visualization technique for the evaluation of
3D unsteady data using the various terms of the deterministic unsteady vorticity transport
equation. The toroidal vortex residing in the inlet cavity of an axial turbine rotor labyrinth
is discussed using the proposed technique. Especially, secondary flow effects and the effect
of unsteadiness with respect to its contribution to loss generation were investigated. The
analysis allowed further insight in flow physics. It was found that the rotational acceleration
of the vortex shows a phase shift of one quarter of blade passing period relative to the vortex
strength.
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Nomenclature
C [−] circumferential position, θ/pblade
fbp [Hz] blade passing frequency
h [J/kg] specific enthalpy
~ß [−] unit vector
p [Pa] static pressure
pblade [deg] blade pitch, 360◦/42
r [m] radial position
R [−] radial height, (r − rHub)/(rTip − rHub)
s [J/(kgK)] specific entropy
t [s] time
tbp [s] blade passing period, 1/fbp
T [K] temperature
~v [m/s] velocity vector
v∞ [m/s] undisturbed velocity
v⊥ [m/s] velocity component perpendicular to ~ω
v⇑ [m/s] velocity component parallel to ~ω
vz [m/s] axial velocity component
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z [mm] axial direction parallel to machine axis
α̂ [1/s2] rotational acceleration
~β [−] unit vector
ρ [kg/m3] density
σ [m] coordinate along a vortex line
∆σ [m] coordinate increment along a vortex line
τ [N/m2] stress tensor
~ω [1/s] vorticity vector
ωθ [1/s] circumferential component of ~ω
ω̂ [1/s] rotational speed
Y [−] non dimensional time, t/tbp

1. Introduction

One of the key issues in modern turbomachinery design is the improvement of com-
ponent efficiency. The aerodynamic efficiency of a turbine stage is drastically reduced
by secondary flows. Langston [1] estimates the contribution of the secondary loss to
be up to 50% of the total aerodynamic loss. Hence, secondary flow control plays a key
role in the strive for more efficient and environmentally friendly turbomachines. This
goal can only be reached through improved understanding of the secondary flow de-
velopment and interactions. There have been a number of investigations focusing on
the total pressure loss coefficients, secondary velocity [2] and - in more recent papers
- the vorticity distribution [3].

Pullan and Denton [4] presented a visualization method using a passive scalar tech-
nique which was found to greatly enhance the analysis of their numerical simulations
of vortex-blade interaction. The kinematic behavior of a stator passage vortex within
the downstream rotor has been studied both with and without the influence of rotor
endwall flows.

A large body of research work has been devoted to secondary flows within turbo-
machines. Sieverding [5] summarized recent progress in the understanding of basic
aspects of secondary flows in turbine blade passages and Langston [1] recently pre-
sented a comprehensive review of secondary flows in axial turbines.

Gregory-Smith et al. [6] showed a method of evaluating streamwise vorticity from
traverse data and obtaining a streamwise direction from a least-squares linear fit of
pitchwise averaged yaw and pitch angles. This method produces a reduced streamwise
vorticity that indicates the number of rotations that a lump of fluid with such a
vorticity would make as it travelled the distance between the blade rows.

Roth [7] examined existing extraction algorithms and analyzed their underlying
definitions of a vortex. He proposed an elementary operation on a pair of vector fields
to be used as a building block for defining and computing global line-type features of
vector or scalar fields.

The present work proposes a novel technique to analyze complex flow fields involv-
ing vortical structures. Considering the terms of the vorticity equation, such as the
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Measurement volume

Figure 1. Geometry overview. The box indicates the location of the
measurement volume

vortex stretching and the time derivative term, a deeper insight in flow physics is
gained.

2. Experimental setup

The data presented in this paper were taken from a two-stage axial research turbine,
which is described in detail in Sell et al. [8]. All measurements were taken at the
same operating point using a single sensor fast response aerodynamic pressure probe
(FRAP) [9,10]. The raw data is phase-lock averaged using an accurate rotor trigger
and finally reduced to the requested time-resolved flow parameters such as the 3D,
unsteady velocity vector, as well as the total and static pressure.

The location of the measurement volume is indicated in Figure 1. The resolved
volume covers both the cavity and a part of the main flow region. The coordinate
system is defined as follows: C denotes the non-dimensional circumferential and R
the non-dimensional radial position. According to the definition, R = 1 represents
the tip radius. The z axis denotes the axial direction as indicated in Figure 1. A local
axial coordinate axis is introduced denoting the first measurement plane with z = 0.
The last of the 5 measurement planes is found at z = 7.5mm.

As an example for the way how secondary flow effects the cavity flow situation, the
time-averaged total pressure distribution downstream the second nozzle guide vane
(NGV2) is depicted in Figure 2. The data range covers both, main and cavity flow
in radial direction and 1.1 pitches in circumferential direction. The hub is located at
R = 0 and the tip at R = 1, respectively. In order to visualize the periodicity of the
flow, the results are copied three times in circumferential direction. The view is from a
downstream position into the upstream direction. The flow region of low total pressure
behind the blade shows the typical wake-loss core structure in the main flow. Both
the passage vortices at the hub as well as at the tip can be clearly identified. These
loss cores are created by the passage vortices, which entrain all incoming boundary
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R [-] 

C [-] 

Figure 2. Total pressure distribution downstream of the second stator (NGV2)

layer fluid and move it to the suction side of the wake. The cavity flow regions at
hub and tip are characterized with significantly lower total pressure. The interface
between main and cavity flow both at hub and tip shows a wavy structure.

3. Data Postprocessing

The new flow visualization technique is based on the vorticity transport equation
(3.2). The resolution of the volume data set in both space and time is high enough to
evaluate derivatives using finite differences. For each time step, the unsteady vorticity
field is evaluated directly using the definition

ω = ∇× ~v. (3.1)

Having both the full three dimensional time resolved vorticity and velocity field, the
evaluation of the substantial derivative within the compressible unsteady vorticity
transport equation (3.2) [11] is straightforward using its definition (3.3).

D

Dt

(
~ω

ρ

)
=

1

ρ
~ω · ∇~v +

1

ρ3
∇ρ×∇p+

1

ρ
∇×

(
1

ρ
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)
, (3.2)
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(
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ρ

)
=

∂

∂t

(
~ω

ρ

)
+ (~v · ∇)

(
~ω

ρ

)
. (3.3)

For visualization reasons, both terms on the right-hand side of equation (3.3) were
evaluated and discussed in [12] as they allow flipping between the Lagrangian and
the Eulerian frame of reference and describe the acceleration of the vortices. Besides
the acceleration term, the new flow visualization technique focuses especially on the
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vortex stretching term
1

ρ
~ω · ∇~v, (3.4)

which describes the vortex tilting and stretching. A discussion of this term and its
application to flow field visualization will be done in the next section.

From the application point of view, the baroclinic generation term

1

ρ3
∇ρ×∇p (3.5)

cannot be derived from measurements. The missing information is the unsteady
temperature distribution. Together with the static pressure distribution, the time
resolved density field could be evaluated. For the evaluation of the other terms in
equation (3.2), the lack of accurate density information has only a minor influence,
since the values of the temperature distribution are within a relatively narrow band.

Nevertheless, it is worthwhile to theoretically discuss the baroclinic vorticity gen-
eration term as it can be related to the entropy distribution. Taking the curl of

T ds = dh− 1

ρ
dp or T∇s = ∇h− 1

ρ
∇p (3.6)

and using the identity ∇×∇h ≡ 0, equation (3.6) can be written as

∇× (T∇s) = ∇×∇h−∇×
(

1

ρ
∇p

)
= −∇×

(
1

ρ
∇p

)
. (3.7)

Utilizing equation (3.7) and the vector identity (Wilcox [13])

∇×
(

1

ρ
∇p

)
=

1

ρ
∇×∇p+∇1

ρ
×∇p = ∇1

ρ
×∇p (3.8)

the following relation can be derived:

1

ρ3
∇ρ×∇p =

1

ρ
∇T ×∇s . (3.9)

In addition to the ideal gas law, equation (3.9) represents three coupled differential
equations for the time-resolved entropy. However, the time-resolved temperature
measurement is missing for the presented data set.

4. Results

4.1. Toroidal vortex. In this section, the toroidal vortex located at the inlet cavity
of a turbine rotor labyrinth seal - as discussed by Pfau et al. [14] - is under investi-
gation applying both standard as well as the newly proposed visualization technique
using the vortex stretching term (3.4). The cavity vortex is driven by the main flow
due to viscous interaction. The behavior of this vortex is of interest, as it affects the
leakage mass flow over the shroud and redirects cooling air in cooled turbines.
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Figure 3. Total pressure distribution behind a stator visualized using
radial slices. The black lines represent streamlines

4.2. Steady 3D flow visualization using total pressure. A useful property to
study loss generation is the steady total pressure. The corresponding distribution
downstream of the second stator is given in Figure 3. Five radial cuts and one axial
cut, which is located at z = 0, were used to intersect the measurement volume. In
addition, streamlines were added in order to visualize the flow.

From the total pressure distribution, the volume under investigation can be split
into two regions, one being the main flow region (R < 1), which is represented by
high total pressure and the other being the cavity flow region (R > 1), which is
characterized by low total pressure. The motion of the main flow shows a large
circumferential component as expected downstream of swirl generating stator. The
location of low total pressure within the main flow represents the loss core as found
in Figure 2.

Within the cavity, the presence of the toroidal vortex aligned in circumferential
direction can be verified by observing the streamlines which show very small axial
motion and even back flow at the outer part. A qualitative description of the flow
situation within the cavity is depicted in Figure 4. The axial component of the velocity
vz(r) is constant in the main flow region and then decays while moving into the cavity.
At the centre of the ring vortex, the sign changes and finally the fluid comes to rest
due to the non-slip condition at the cavity wall.
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Figure 4. Generic cavity flow structure in an (r, z) cut: expected
axial velocity and circumferential vorticity distribution

4.3. Unsteady 3D flow visualization using static pressure and the circum-
ferential vorticity component. In this Section, the unsteady flow structure in the
measurement volume is investigated. At first, the time-resolved static pressure distri-
bution is given in Figure 5. The different plots are equidistant in time and represent
the flow during one blade passing period.

Vortices create a local minimum of static pressure in their center of rotation. The
vortex gets stronger if the static pressure in the center is decreased. The toroidal
vortex located in the cavity (R > 1) can be identified with this reflection in the plot
as a region of low static pressure. This zone of the flow is pointed out in the middle
radial cut of Figure 5 using a black circle. Looking at this region for a blade passing
period, it can be seen that the level of the static pressure does not remain constant.
It shows a cyclic change where the pressure level within this middle radial cut reaches
its minimum between Y = 1/6 and Y = 2/6. The cyclic change is correlated to the
blade passing period.

Figure 6 shows the circumferential component of the vorticity vector ωθ. Consider-
ing the cavity flow model depicted in Figure 4, it can be stated that ωθ changes while
going radially outward through the cavity: As ωθ is proportional to the slope of the
axial velocity vz, it vanishes in the main flow region, where vz is about constant. In
the tip zone, vz decays and therefore ωθ gets positive and stays positive as long as the
slope of the axial velocity profile shows the same sign. At maximum negative axial
velocity, ωθ is zero. At this radial position, ωθ changes its sign and remains negative
until the cavity wall is reached. The presented idealized radial distribution of the
circumferential component of the vorticity vector can also be found in the unsteady
measurements presented in Figure 6, considering one of the radial cuts. ωθ vanishes
in the undisturbed main flow. Going radially outward, ωθ shows at first positive and
then negative values as discussed. Moreover, the transient behavior is as expected
from the previous reflections on the static pressure distribution. Looking again at the
middle radial cut, a maximum value is reached between Y = 1/6 and Y = 2/6.
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Figure 5. Unsteady static pressure distribution downstream of the
second stator: one blade passing period

A monitor point was selected at the middle radial slice within the core of the cavity
vortex as indicated in Figure 5 with the black dot. The behavior of p and ωθ at this
point during 3 blade passing periods is given in Figure 8 and allows a direct transient
comparison between p and ωθ. It is evident that ωθ increases by as much as 100% in
a negative pressure gradient zone and decreases gradually by as much in a positive
pressure gradient area. Clearly and as expected, the circumferential vorticity and the
gradient of the static pressure in the cavity are inversely related.
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Figure 6. Unsteady circumferential vorticity component downstream
of the second stator: one blade passing period

4.4. Unsteady 3D flow visualization using the circumferential component
of the vortex stretching term. In Figure 7 the circumferential component of the
vortex stretching term is depicted. Consider a vortex line in a velocity field as in-
dicated in Figure 9. According to the definition, vortex lines are tangential to the
local vorticity vector ~ω. The local velocity vector ~v can be split into a component
tangential v⇑ and a component normal v⊥ to the vortex line as it is described in [15].



362 D. Rusch, A. Pfau, J. Schlienger, A.I. Kalfas and R.S. Abhari

 

 

 

negative 

positive 

Figure 7. Unsteady component of the circumferential vortex stretch-
ing term downstream of the second stator: one blade passing period

Neglecting the density, term (3.4) can be written as

~ω ·∇~v =

[
~ω ·

(
~ßσ

∂

∂σ
+~ßn

∂

∂n
+~ßm

∂

∂m

)]
~v = |~ω| ∂

∂σ
~v = |~ω| ∂

∂σ
~v⇑+ |~ω| ∂

∂σ
~v⊥, (4.1)

where σ denotes the coordinate along the vortex line, n away from the center of
curvature andm along the third normal. Equation (4.1) makes use of ~ω·~ßn = ~ω·~ßm = 0

and ~ω · ~ßσ = |ω|. Considering the derivative of the first term in equation (4.1) to be
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positive, which corresponds to the case that ~v⇑(σ + ∆σ) > ~v⇑(σ), the section of the
vortex tube under observation will be stretched and the rotational speed will increase
as the tube diameter decreases (see Figure 9). The opposite behavior is true for
~v⇑(σ + ∆σ) < ~v⇑(σ). The second term on the right-hand side of equation (4.1) is
responsible for the vortex tilting as can be seen by considering ~v⊥(σ + ∆σ) 6= ~v⊥(σ).
Going back to Figure 7, one can see that the circumferential component of the vortex
stretching term undergoes a cyclic change as well. At Y = 0 the stretching term is
positive, whereas it is negative at Y = 3/6, looking again at the middle radial cut. As
mentioned before, a positive component in the direction of the vortex line represents
a stretching of the vortex and a negative one squeezes the vortex, if the vortex is
aligned with the stretching term vector. In case of the toroidal vortex, the vortex
is aligned in circumferential direction and the vortex stretching term will therefore
primarily stretch (rather than tilt) the vortex and thus increase the strength of the
circumferential vorticity component and decrease the static pressure in its core. The
opposite is true for the negative vortex stretching term, which is consistent with the
findings up to now. It has to be stated, that the vortex stretching term is ahead of
the vortex strength term. That means that the vortex stretching term reaches its
maximum before the vortex strength term does. Therefore, the spin-up process of the
vortex needs some time, which is discussed in the following paragraph.

At Y = 3/6, the vortex stretching term in circumferential direction is negative and
thus squeezes the vortex. As it can be seen in Figure 5, the strength of the vortex
will decrease. The behavior found in the experiment can be explained by considering
a solid body rotation. Let ω̂ denote the rotational speed of the vortex expressed
as a harmonic function according to ω̂ = ω̄ + ω′ sin(ωbpt) with ωbp = 2πfbp. The
rotational acceleration is then the time derivative of the rotational speed α̂ = ∂

∂t ω̂ =
ωbpω

′ cos(ωbpt) and is thus a quarter of a period ahead of the rotational speed. This is
exactly the behaviour found in the measurements: The acceleration term represented
by the circumferential component of the vortex stretching is a quarter of a period
ahead of the terms which represent the speed or the strength of the vortex (such as
the static pressure distribution and the circumferential component of the vorticity).

5. Conclusions

Nowadays, sophisticated probe technology and high computational power make it
possible to analyze complex flow in four dimensions, i.e. space and time. Considering
the huge amount of data, intuitive visualization is the key for further processing and
analyzing data as well as for locating interesting features. It allows us to gain insight
in physical mechanisms and promotes flow understanding.

The visualization of the vortex stretching term of the deterministic unsteady vor-
ticity transport equation has proved to be a powerful tool. It makes it possible to
locate complex features in the flow, such as the toroidal vortex and to associate dif-
ferent properties with each other. In the example under investigation, the stretching
and squeezing of the vortex line around the annulus could be connected with the
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Figure 8. Time series of static pressure and circumferential vorticity component

Figure 9. Influence of the velocity field on the vorticity

transient behavior of the static pressure and the circumferential component of the
vorticity vector distribution.

The baroclinic vorticity generation term was related to the gradient of the entropy.
For the evaluation of the entropy differences, the temperature distribution has to be
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time-resolved. Hence, the time-resolved temperature measurement is a very important
research area for the future as it would allow us to calculate entropy differences.
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Abstract. Flame propagation experiments in porous media were carried out for mixtures
with different Lewis-numbers in order to determine the critical Péclet-number, above which
flame propagation is possible. The critical Péclet-number of 65, known from previous studies,
was confirmed for mixtures with Lewis-numbers above and equal to unity but for mixtures
with a high diffusive mass transport to heat transport ratio, i.e. with Lewis-numbers below
unity, the critical Péclet-number was found to lie far below this limit. The experimental
results allow for a better design of flame traps for highly diffusive mixtures.
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Nomenclature
a [m2/s] thermal diffusivity
l [m] length
t [s] time
D [m] diameter
D [m2/s] diffusion coefficient
SL [m/s] laminar flame speed
λf [W/mK] thermal conductivity of the fluid
ρf [kg/m3] density of the fluid
τ [s] characteristic reaction time
Φ [-] equivalence ratio

Subscripts
c component
crit critical
eff effective
f fluid, fluidic
p pore
L laminar
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Abbreviations
HV R high velocity regime
LV D low velocity detonation
LV R low velocity regime
MFC mass flow controller
ND normal detonation
RCR rapid combustion regime
SV R sound velocity regime
Lec ≡ af

De
Lewis-number

Pe ≡ SLdp,eff
af

modified Péclet-number

1. Introduction

Flame propagation in porous inert media depends on the structure and physical prop-
erties of the solid matrix and on the properties of the combustible gas. The resulting
flame propagation modes can be classified into different regimes, of which some im-
portant parameters are given in Table 1.

Table 1. Flame propagation regimes in porous media [1], [2], [6], [7]

Regime
Speed of combus- Mechanism of flame
tion wave m/s propagation

Low velocity
0− 10−4 Heat conduction and inter-

(LV R) phase heat exchange
High velocity

0.1− 10 High convection
(HV R)
Rapid combus-

10− 100
Convection, low

tion (RCR) pressure gradient
Sound velocity

100− 300
Convection with signi-

(SV R) ficant pressure gradient
Low velocity

500− 1000
Self ignition with

detonation (LV D) shock wave
Normal detonation

1500− 2000
Detonation with momentum

(ND) and heat loss

In this paper only such regimes are discussed in which no pressure gradient occurs
in the reaction zone, i.e. the low velocity regime (LV R) and the high velocity regime
(HV R). The solid matrix strongly influences the reaction conditions of the combus-
tion, mainly because the heat transport in the burner is dominated by the properties
of the solid material. Ceramic spheres and other packing material can be used in
this application. In [3] and [4] an overview about applicable porous media for porous
burners is given.

Since the major influence of the solid matrix derives from the enhanced heat trans-
port, the effects of the matrix properties on flame stabilization in porous media are
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Figure 1. Overview of flame stabilization methods in porous media

described. Furthermore, the diffusive mass transfer and its effects on flame stabiliza-
tion are discussed and experimentally investigated.

2. Influence of heat transport

2.1. Heat transport in porous medium. Concerning the flame stabilization in
porous inert media significant differences occur in comparison with free flames. The
stabilization depends mainly on the heat transport properties of the solid matrix.
The heat transport inside of a porous medium is often described by an effective heat
conductivity which comprises radiation and heat conduction of both solid and gas
phase and additionally gas convection and dispersive mechanisms [5]. The effective
heat transport inside of a porous medium is 2–3 orders of magnitude higher than in
free flames and can be considered the dominant parameter for flame propagation for
most cases. Compared with free flames the higher heat transfer leads to a faster flame
propagation, which hampers flame stabilization in porous media. For solving the task
of flame stabilization in porous media different approaches have been developed, which
are summarized in Figure 1.

In the most relevant for burner applications LVR and HVR regimes flame propaga-
tion or extinction can be described by a modified Péclet-number Pe, which is defined
by

Pe =
SLdp,eff ρfcp,f

λf
=
SLdp,eff
af

. (2.1)

Pe is formed with the laminar flame speed SL instead of a flow velocity and describes
the ratio between the heat release due to combustion in a pore and the heat removal on
the walls of a pore. This ratio must exceed a critical value for flame propagation in a
cold porous medium, which is given by [1] as 65±45. Flame propagation in this regime
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is dominated by convection but also the high conductivity and radiative properties of
the solid matrix influence the flame speed. Further parameters of Pe are the effective
pore diameter dp,eff and the thermal diffusivity af . dp,eff represents an equivalent
length scale for heat transport. The decision, whether or not flame propagation in a
porous inert medium will occur, can be made by the choice of the pore size of the solid
matrix. Thus, a critical pore size exists above which flame propagation and below
which flame quenching occurs. Nevertheless, flame propagation may also occur in
subcritical cavities if the temperature of the matrix is high enough, so that reactions
are not quenched by the low wall temperature. This kind of operation is often called
filtration combustion.

2.2. Stabilization by unsteady operation. Combustion in subcritical porous me-
dia will only take place if the temperature of the matrix is high enough to ignite
the mixture. Flame propagation is driven mainly by the heat conductivity of the
solid material and the interphase heat exchange where the heat transport in the gas
phase is negligible. The so-called combustion wave travels very slowly through the
porous matrix at a speed of 10−5 − 10−4 m/s [9], [10], [11]. This wave travels either
in or against the flow direction. In the former case superadiabatic and in the latter
subadiabatic combustion temperatures occur. The direction of the wave is mainly
dependent on the heat capacities of the solid and the gas phase and on the interphase
heat exchange. For a standing wave only one single operational point is possible for
a certain gas mixture. However, the very low speed of the combustion wave allows
operation with varying gas velocities by changing the flow direction when the com-
bustion reaches the end of the reactor. In Figure 2 the temperature profiles inside
of a reactor with a subcritical porous matrix are shown. In this case the combustion
wave travels in flow direction. The heat of the combustion heats up the porous matrix
downstream of the combustion wave.

When the flow direction is reversed, the hot porous matrix preheats the fresh
gas mixture and superadiabatic combustion occurs [10], [11]. With this principle gas
mixtures with very low heat content can be burned. The flame speeds in such reactors
are about 2− 4 times higher than the laminar flame speed [12], [13].

2.3. Stabilization in steady operation. In supercritical porous media in princi-
ple the same mechanisms of flame propagation act as in free flames, but the higher
effective heat conductivity must be taken into consideration. The effective heat con-
ductivity as well as the thermal diffusivity are 2-3 orders of magnitude higher than in
a gas. Following the simplified theory of flame propagation [14], the flame speed S is
proportional to the square root of the temperature diffusivity:

S =

√
af
τ

(2.2)

with the thermal diffusivity af and a characteristic time scale of the reaction τ .
From this results that the flame speed in supercritical porous media is 10− 30 times
higher than the laminar flame speed. One possibility to stabilize the combustion in
supercritical porous media is to induce a change of the flow speed by a stepwise or
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Figure 2. Scheme of a subcritical porous reactor in alternating operation

continuous change of the cross-sectional area. For methane/air mixtures in porous
media the required flow speed to avoid flashback lies in the range of 2− 5m/s, which
is about ten times higher than in free flames.

Another possibility for flame stabilization is to apply cooling of the reaction zone,
e.g. by embedded water-cooled tubes in the main reaction zone. The cooling can
also be realized by intense radiation from the reaction zone. In Figure 3 these two
principles are schematically shown.

In the case on the left-hand side the combustion takes place inside of the pores,
and the heat of reaction is conducted to the embedded water tubes. In the other case
the combustion region must be located close to the surface of the porous matrix.

The porous surface extracts heat from the flame and radiates to the environment.
Effective heat transport by radiation only occurs at high temperatures above the
ignition limits. This means that for radiation-cooled burners the porous matrix must
be subcritical, because otherwise the flame could slowly move into the porous matrix,
which finally would lead to flashback.

In [8] another principle for flame stabilization was introduced, which made use of
thermal flame quenching. The combination of two regions with different pore sizes was
carried out, which results in supercritical and subcritical Péclet-numbers, respectively.
This principle is shown in Figure 4.

In region A, through which the unreacted cold gas mixture flows, combustion is
not possible due to the subcritical Péclet-number, so combustion only occurs in the
supercritical region C with larger pores. Thus the flame stabilizes at the interface
between the two regions. This arrangement allows flame stabilization at the same
position over a wide range of flow velocities. In order to prevent flashback the amount
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Figure 3. Flame stabilization in porous media by cooling
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heat transport in axial direction 
by radiation, conduction, 
dispersion and convection

Figure 4. Heat transport and flame stabilization in a two-layer porous
burner [8]

of heat which is transported against the flow direction must not be higher than the
amount which is carried convectively by the fresh gas mixture into the combustion
region, because otherwise a combustion wave can develop starting from the hot inter-
face between region A and C, which possibly travels against the flow direction. This
can be satisfied by means of a low conductive region A, which allows only a small
amount of heat transport against the flow direction. In contrast, region C should
feature a high effective heat conductivity, because this allows operation at high flow
rates without the danger of blow-off. Typically, thermal heat loads of 3000 kW/m2 in
steady operation and up to 4500 kW/m2 for peak loads are feasible. In [15] a power
modulation ratio of 20:1 was realized with very low emissions over the whole modu-
lation range and high flame stability in a wide equivalence ratio range. In [16] a flat
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porous burner was designed, which is applied in industrial applications and makes
use of the high emissivity of a SiC foam. The heat is radiated out of the volume
of the SiC foam and enables high radiation efficiency to be achieved compared with
standard surface radiating burners.

The principle of flame stabilization by changing the Péclet-number may be used
with advantage in many application fields. However, in the Péclet-number criterion
mainly heat transport processes are considered, and if diffusive mass transport be-
comes dominant, inaccurate critical pore diameters are predicted.

3. Influence of diffusive mass transport

3.1. Preliminaries. Up to now the influence of the diffusive mass transport on the
stabilization of a flame in a porous medium was not investigated intensively. In [1]
and [17] flame instabilities were observed for certain gas mixtures. These instabilities
were linked to the increased influence of the diffusive mass transport, which decreased
the dominance of the heat transport on the flame stabilization. The ratio between
diffusive mass transport and heat transport can be described by the Lewis-number
Lec of a component c of the gas mixture.

Lec =
λf

Dc ρf cP,f
=
af
Dc

, (3.1)

which is the ratio between the temperature diffusivity af and the diffusion coefficient
of the component Dc. According to [1] and [18] the flame structure changes for Lewis-
numbers smaller than unity. For many widely used gases, e.g. methane/air mixtures,
Le is close to unity and therefore its influence is often neglected. However, mixtures
with Lewis-numbers far below one require the consideration of mass diffusion. For ex-
ample hydrogen/air and hydrogen/chlorine mixtures feature Lewis-numbers of about
0.4. For such low values one can expect a strong influence of the diffusion on the
flame stabilization in porous media. This influence is neglected in the Péclet-number
criterion, because only the laminar flame speed is considered, which does not account
for deformations of the flame front. Such deformations can be driven by diffusion.
This means that the constant value of the critical Péclet-number is not sufficient for
the design of a porous burner flame trap.

In this study experiments concerning flame propagation in porous media were per-
formed with gas mixtures of different Lewis-numbers. The aim of these experiments
was to gain a better knowledge for the design of the porous burner flame trap.

3.2. Experimental determination of critical Péclet-number at various Lewis-
numbers. In the following, experiments concerning the flame propagation of gases
at different Lewis-numbers are described, with the aim of finding the critical Péclet-
number for each mixture. Packings from steel spheres were used as the porous
medium. In Table 2 the gases and the sphere packings which were investigated are
summarized.
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Table 2. Gas mixtures with different Lewis-number

Composition
Sphere sizes

Lewis-number
dsphere in mm

CH4/air 10.0, 11.9, 14.3 ≈ 0.96 in fuel rich flames
C2H6/air 10.0, 11.9, 14.3 ≈ 1.42 in fuel lean flames

C3H8/air 10.0, 11.9, 14.3
≈ 1.8 in fuel lean flames
≈ 0.8 in fuel rich flames

H2/air 2.5, 3.5, 4.0
≈ 0.4 in fuel lean flames
≈ 2.0 in fuel rich flames

H2/Cl2/HCl 3 ≈ 0.33

It is important to note that the limiting Lewis-number is defined by the lacking
component, i.e. oxygen in fuel rich mixtures and the fuel component in fuel lean
mixtures. The equivalent pore diameter dpeff of the sphere packing can be estimated
according to [2] with dsphere = 2.77 dpeff . The gases in Table 1 cover a wide range
of Lewis-numbers and by the investigation of the flame propagation limits in sphere
packings a relation between critical Péclet-number and Lewis-number can be given.

3.2.1. Experimental set-up for detection of flame propagation. In order to investigate
the critical Péclet-number, the critical pore diameter for the flame propagation of
a certain mixture must be determined. The experiments were carried out in cold
sphere packings. The gas mixture was ignited at the reactor exit. The detection
whether or not the flame propagated through the matrix was carried out by two
photo diodes, which gave an opportunity also to measure the propagation velocity of
the flame inside of the porous medium. In Figure 5 the experimental set-up is shown
schematically. The flow rates of the gas components were adjusted with mass flow
controllers (MFC) in order to reach the required composition. In order to bring the
gas to rest, the valves were closed when the correct composition was reached inside
the packing. Just before ignition the upper valve was opened. The flame was detected
by the two photo diodes. Figure 6 presents a typical signal sequence.

For each gas and sphere size the flame velocity in the packing and both the rich and
the lean limit of flame propagation was determined. From the laminar flame speed at
the limits and the corresponding physical properties of the mixture, the actual critical
Péclet-number was determined.

For the last gas mixture of Table 1, the H2/Cl2/HCl mixture, a different ex-
perimental procedure was applied. A closed system was used, because of the toxic
gas mixture, with a two layer porous burner in which the flame trap consisted of
3mmAl2O3 spheres. The temperature inside of this region was measured as an in-
dication whether or not the flame was quenched. In these experiments the H2/Cl2
ratio was kept constant close to stoichiometry and the HCl fraction was varied until
the limit point of flashback was found. This gas mixture was of interest because of
its low Lewis-number of around 0.33.
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3.2.2. Results and discussion. In order to investigate the flame propagation behav-
ior, the equivalence ratio was varied in the different sphere packings, until no flame
propagation was registered. In the following Figures 7 to 10 the measured flame speeds
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and the laminar flame speed of the same mixture are plotted against the equivalence
ratio. The critical Péclet-number can be calculated for the minimal and the maximal
equivalence ratio, the corresponding laminar flame speed, the gas mixture properties
and the diameter of the spheres.

In Figure 7 the flame speed of methane/air mixtures in different sphere packings
is shown. The flame propagation is 2 to 6 times higher than in a free laminar flame.
Similar behavior is observed for ethane/air and propane/air mixtures, for which the
measured flame speeds are presented in Figures 8 and 9. In both cases flame prop-
agation in the packings was up to 10 times higher than in the laminar free flame.
The maximum value of the flame speed occurred at the same equivalence ratio as
for the laminar flame. This does not apply for the hydrogen/air mixtures (Figure
10), for which the maximum flame propagation speed in the packings were measured
at equivalence ratios just lower than one, whereas the maximum flame speeds in a
laminar hydrogen/air flame occurs at fuel rich conditions. This effect can be ex-
plained by the physical properties of the gas mixture. In hydrogen/air flames the
heat conductivity of the mixture increases significantly with increasing equivalence
ratio and the high heat conductivity of hydrogen becomes dominant in the mixture.
This leads to an acceleration of the flame propagation due to the high heat conduc-
tivity of hydrogen. In porous media the effective heat conductivity is dominated by
the transport properties of the solid phase almost regardless of the equivalence ratio
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Figure 8. Flame speeds of ethane/air mixtures in sphere packings

of the gas mixture. Therefore, the influence of the increase of the gas conductivity at
high equivalence ratios is negligible regarding the flame propagation. With increasing
equivalence ratio the influence of the thermal flame propagation gains influence against
the diffusive mechanism especially at high reaction temperatures, which occur close
to stoichiometry.

A major result of the experiments described was the determination of the flame
propagation limits in the applied packings, which is finally expressed by the critical
Péclet-number. For each packing the critical Péclet-number was calculated for the lean
and the rich flame propagation limit with the laminar flame speed at the corresponding
equivalence ratio. The procedure was repeated for different diameters of the spheres.
The average of the critical Péclet-numbers is plotted against the Lewis-number in
Figure 11. For Lewis-numbers close to and larger than one the criterion of [1] of
Pecrit ≈ 65 could be confirmed.

However, for mixtures of Lewis-numbers below one the critical Péclet-number was
much lower than this value. For rich C3H8/air mixtures with a Lewis-number of 0.8
the critical Péclet-number reached 27. With 17 the critical Péclet-number was even
lower for lean hydrogen/air-mixtures with a Lewis-number of about 0.4.

The experiment with the H2/Cl2/HCl-mixture also led to an interesting result.
For mixtures with a molar HCl/Cl2-ratio less than 3, the temperature in the flame
trap region was rising significantly fast. Thus, at these conditions the critical Péclet
number was reached. The laminar flame speed for the H2/Cl2/HCl-mixture upon
which the critical Péclet-number was determined was calculated with the CHEMKIN
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Figure 9. Flame speeds of propane/air mixtures in sphere packings
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3.6 software applying kinetic data of [23]. The resulting critical Péclet-number was
with 6.5 the lowest reached in this study.

The uncertainties in Figure 11 derive mainly from the uncertainty about the de-
termination of the laminar flame speed, with which the critical Péclet-number was
calculated. The laminar flame speed was determined at the corresponding equivalence
ratio, which could be adjusted by means of the mass flow controllers with an accuracy
of ± 0.05. The relative uncertainty of the calculation of the effective pore diameter
applying the formula of [2] was estimated with 10%. The same uncertainty was also
estimated for the value of the thermal diffusivity. The spreading of the critical Péclet-
numbers for the different sphere sizes fit all well within these calculated limits except
for methane/air mixtures. The spreading of the values of the critical Péclet-number
for methane/air-mixtures for the different sphere sizes was almost double what would
be expected from the above described calculation. A possible explanation for this is
the fact that the Lewis-number of these mixtures is almost unity, which means that
both heat transport and mass diffusivity play an important role in flame propagation.
Therefore, both effects are superposed, which would lead to an increased sensitivity
to small variations. However, this effect cannot be calculated exactly. The uncer-
tainty bar of the methane/air-mixture corresponds to the spreading of the critical
Péclet-numbers for the different sphere sizes.
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4. Conclusion

The results of this experimental study show that gas mixtures with a high diffusivity
compared with the thermal diffusivity of the mixture, i.e. Lewis-numbers less than
unity, show lower critical pore diameters or critical Péclet-numbers than mixtures
with Lewis-numbers equal or larger than unity, concerning flame propagation. The
Lewis number is calculated for the reaction component present at a mixture fraction
lower than the stoichiometric mixture fraction.

With the presented results quantitative estimation of the influence of the diffusivity
on flame stabilization in porous media becomes possible. The results can be used for
a more accurate design of flame traps applied in porous media burners.
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Abstract. Isolated stationary airfoils of simple geometry were tested in incompressible flow
in order to study the combined aerodynamic effects of sweep, spanwise changing circulation,
and their combination. Endwall effects were excluded from the studies. The tool of study was
computational fluid dynamics, supplemented with wind tunnel experiments involving laser
Doppler anemometry and flow visualisation. The computational results suggested unloading
effects due to leading and trailing edge sweep. A model has been proposed for the description
of such effects. It has been rendered probable that harmonization of the sweep with the
spanwise circulation gradient results in reduction of the fluid pathline length on the suction
side, giving a potential for reduction of profile losses.

Keywords: airfoil, axial flow turbomachinery, computational fluid dynamics, controlled vor-
tex design, spanwise changing circulation, sweep

Nomenclature
b [m] projection of airfoil at midspan
c [−] force coefficient
cp [−] static pressure coefficient
f [m] camber height
F [N ] force
` [m] blade chord
LR [−] lift coefficient ratio
p [Pa] static pressure
pt [Pa] total pressure
s [m] span
v [m/s] velocity
y [m] transverse coordinate
α [◦] geometric angle of incidence
λ [◦] sweep angle of the stacking line
λEQ [◦] equivalent sweep (equation 5.3)
λLE [◦] leading edge sweep
λTE [◦] trailing edge sweep
ρ [kg/m3] air density
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ξ [−] total pressure loss coefficient (equation 5.5)
Γ [m2/s] circulation1

Subscripts and superscript
inlet at the inlet of the test section
L,D lift, drag
mid at 50 percent span (midspan)
PS, SS pressure side, suction side
SW,USW swept, unswept
ref reference
x, y, s orthogonal coordinates2

ˆ chordwise averaged

1. Introduction

An axial flow turbomachinery blade is swept when each blade section of a datum
blade with a radial stacking line is displaced parallel to its chord line in a prescribed
manner. Backward or forward sweep occurs if a blade section at a given radius is
downstream or upstream of the adjacent blade section at lower radius, respectively.

Blade sweep, often combined with dihedral, offers a potential for improvement
of turbomachinery stage performance and efficiency, increase of pressure peak, shift
of stall margin towards lower flow rate [1], [2], reduction of shock losses [3]; and
noise reduction [4]. No general concept exists for prescribing the optimum spanwise
blade sweep distribution for best stage efficiency. Only a qualitative guideline –
regarding the direction of optimum sweep – can be given, and even the applicability
of this guideline is restricted to the near-endwall region. The loss-reducing effects of
‘positive sweep’ (for which the blade section under consideration is upstream of the
adjacent inboard section) are widely acknowledged for the near-endwall blade sections
in low-speed rectilinear cascades [5]-[7], in transonic propfan rotors [8], in stators of
low-speed compressors [9] and in transonic compressors [10]. This suggests the trend
that a high-efficiency blading should have backward sweep near the hub and forward
sweep near the tip, as appears in [8], [11], [12].

However, even such a qualitative guideline has not yet been found in the literature
regarding optimum sweep for sections further away from the endwalls, as concluded
in the CMFF’03 workshop organized in this topic [13]. For parts of blades of large
aspect ratio where the flow is less affected by the endwalls, optimization of sweep
could be an important issue in efficiency improvement. With the lack of a general
concept yielding optimum sweep (design output), designs consider spanwise sweep
distribution as input (arbitrarily prescribed) data. Optimum sweep is sought even

1integral of velocity on a closed curve surrounding an airfoil section and fitting to a plane normal
to the spanwise direction

2axial (along the wind tunnel axis), transverse, spanwise (Figure 3)
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in the most recent research programs on a trial-and-error basis, by means of testing
bladings of various sweep or skew prescribed in an arbitrary manner.

The lack of a general sweep optimization concept manifests itself in apparently
contradictory results in the technical literature. Disregarding the advantages of back-
ward sweep near the hub, the studies by most researchers suggest the benefits of
forward sweep along the entire span. Such benefits are: higher energy transfer, lower
wake losses and better blade element flow [1], better fit to design flow conditions
along the entire span [2], reduced shock/boundary layer interaction [3], and generally
improved fan performance [4], [11]. In contrast to the concept of leading edge (LE)
sweep benefit near the endwalls, it has been reported in [14] that a forward-swept
rotor with unswept LE is favorable for obtaining good hydraulic efficiency. There are
a few reports opposing the view that forward sweep is advantageous in general. In [8],
it has been pointed out that sweep results in a longer path of the fluid particles over
the suction surface near midspan, thus increasing the thickness of the suction side
boundary layer compared to the case of no sweep. This suggests that, although sweep
diminishes shock losses, both forward and backward sweep may result in increased
profile losses and reduced efficiency. Studies in [15] and [16] show that both backward
and forward sweep reduce the total pressure rise and efficiency, however, the swept-
back blading had more regular wake along the entire span and demonstrated better
overall characteristics than the forward-swept one.

It is a generally widespread view in the turbomachinery community that the sweep
angle and blade circulation distribution along the span are independent design vari-
ables. However, a correlation appears to exist between the aerodynamic optimum
sweep and the spanwise circulation gradient. Favorable tendencies due to forward
sweep have been reported usually in the case of rotors for which a positive spanwise
blade circulation gradient was present. This was either due to the controlled vortex
design (i.e. total pressure rise increasing along the dominant part of span) [2], [3], [11],
[17]; or due to a flow rate lower than design [1], [4]. Unswept blades were proven to
be most beneficial for rotors of free vortex operation (negligible spanwise circulation
gradient by design) [8], [16]. Measurements in [15], [18] showed that both perfor-
mance and efficiency were reduced for a swept-forward bladed rotor compared to a
swept-back blading. In this case, a slight negative spanwise circulation gradient was
present in the swept-forward bladed rotor, due to the only approximate realization of
the free vortex design concept.

Similar tendency can be observed in the case of glider or bird wings. Figure 1
shows a lifelike example of presumable aerodynamic optimum combination of sweep
and spanwise circulation gradient. The seagull wing has evolved over millions of
years to realize a high lift-to-drag ratio, making effective gliding possible. In this
paper, the classic sign convention and interpretation in [19] applies, i.e. the sweep
angle λ (the angle between the stacking line and the spanwise direction) is positive
for backward sweep and is negative for forward sweep. Starting from the body of
the bird (nearly zero circulation) up to midspan, increasing circulation dominates
(dΓ/ds > 0). Accordingly, the wing is swept forward (λ < 0) in this region. Above
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midspan, the circulation must decrease along the span (dΓ/ds < 0) to zero (wing tip).
During evolution, backward sweep (λ > 0) has been developed for this wing section.

Figure 1. Seagull wing

As a step towards a concept for aerodynamic optimum harmonization of sweep and
spanwise changing circulation in turbomachine design, this paper presents a case study
for exploration of fluid mechanical effects due to sweep, spanwise changing circulation,
and their combination applied to airfoils, with exclusion of endwall and compressibil-
ity effects. The case study has been carried out by means of Computational Fluid
Dynamics (CFD) supplemented by wind tunnel experiments involving laser Doppler
anemometry (LDA) and flow visualization. Preliminary studies have been reported
in [20]. Isolated stationary airfoils of simple geometry are studied herein and similar
qualitative behavior is assumed for rotating cascade arrangements, as in [5]. The for-
mer studies presented in the literature on swept airfoils and cascades usually aimed at
the investigation of endwall effects. Furthermore, the loading [19] or camber geometry
[6], [7] was constant with span, i.e. no attention was paid to the combined effects of
sweep and spanwise changing circulation farther from the endwalls.

2. Test airfoils

The subjects of the present investigation are four airfoils, either unswept (US) or
backward-swept (BS), and either of spanwise nearly constant circulation (CC) or
spanwise decreasing circulation (DC) at midspan. The airfoils have been labelled
accordingly, as shown in Figure 2. In Figure 2, the vertical upward direction is con-
sidered to be spanwise direction. During the experiments, each airfoil was placed
in a single airfoil configuration in a wind tunnel section of rectangular cross-section
430mm × 520mm in such a way that the airfoil root and tip extended to the tun-
nel walls (s = 430mm) and the airfoil was located in the tunnel mid-plane. The
coordinate system is indicated in Figure 3a.

Each airfoil consists of geometrically similar circular arc plate sections parallel to
the xy plane. The data of such airfoil sections are presented in Table 1. The leading
and trailing edges (LE, TE) have been rounded. US/CC was used as a reference. The
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US/DC US/CC BS/DC BS/CC 

Inflow 

Figure 2. Scheme of airfoils

camber geometry and the geometrical angle of incidence (angle between the far-field
upstream velocity and the chord) result in a lift coefficient of 0.740 and a maximum
lift-to-drag ratio of approximately 40 for US/CC in two-dimensional (2D) tests [21].
BS/CC and BS/DC are swept backward, i.e. the consecutive blade sections along
the span have been shifted toward the relative downstream direction, parallel to their
chord. The capabilities of the wind tunnel limited the mean axial velocity set in
the test to 10.0m/s, and this value was used as reference velocity vref . The chord
decreases linearly along the span in the cases of US/DC and BS/DC. The Reynolds
number calculated with midspan chord, reference velocity, and kinematical viscosity
of air at 20 ◦C was 1.13 · 105 during the tests. This relatively low value may raise
the question of whether laminar separation occurs on the airfoils. The experiments
and, consistently, the CFD runs showed no evidence for separation, supported also
by the fact that the airfoil sections were adjusted to the angle providing maximum
lift-to-drag ratio for the 2D airfoil test case [21]. The Mach number computed with
reference velocity and speed of sound in air at 20 ◦C was 0.03 and therefore, the flow
was considered truly incompressible. It is not an objective of this paper to report on
problems related to compressibility or on shock loss reduction by means of appropriate
sweep. The midspan chord length, lift coefficient, and sweep angle of the stacking line
(the line passing through the airfoil section centers of gravity) were set to values equal
to those valid for the case study in [22].

This paper reports studies on the behavior of the airfoils at 50 percent span only,
where the endwall effects were found negligible. As is known, the shed vorticity due
to the presence of endwalls induces downwash/upwash and thus effective spanwise
changes of bound circulation. Computations on the endwall effects have been carried
out for US/CC and BS/CC using the method proposed in [19]. These computations
showed that the modification of incidence due to downwash perturbation fell below 1
percent of the geometrical angle of incidence 60 percent chord length farther from the
endwalls. Considering the aspect ratio s/`mid = 2.53, this implies that endwall effects
are negligible near midspan in the cases studied. Computed pressure distributions on
the suction and pressure surfaces and LDA wake measurements at different spanwise
locations also showed that near-endwall fluid mechanical effects, for example due to
LE and TE inclined to the spanwise direction [27], practically do not affect the flow
field near midspan.
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Table 1. Airfoil data

Airfoil US/DC US/CC BS/DC BS/CC
λ 0◦ 0◦ 35◦ 35◦

d`/ds −0.572 0 −0, 572 0
Common data
Rel. curvature (camber height-to-chord ratio): f/` = 0.04
Camber angle: 18.28◦

Plate thickness: 2.0mm
Span: s = 430.0mm
Midspan chord: `mid = 170.0mm
Aspect ratio: s/`mid = 2.53
Geometrical angle of incidence: α = 3.3◦

Lift coefficient (2D airfoil): cL = 0.740
Axial inlet velocity (reference velocity): vref = 10.0m/s

The force coefficient for either lift or drag force acting on an elementary airfoil
section parallel to the xy plane and having spanwise height ds is defined as follows:

cL,D =
dFL,D

ds ` (ρ/2) v2ref
, (2.1)

where L and D represent lift and drag, respectively.

The circulation around such an airfoil section, in accordance with the Kutta-
Joukowski theorem, can be approached as follows:

Γ =
dFL

ds ρ vref
=
cL ds ` ρ v

2
ref / 2

ds ρ vref
=
cL ` vref

2
. (2.2)

Near midspan, the endwall effects and the downwash/upwash due to trailing shed
vorticity were found negligible for US/DC and BS/DC, resulting in a constant inci-
dence (practically equal to the geometrical angle of incidence). This, together with
the constant camber relative curvature, yields a spanwise constant lift coefficient in
the midspan region. Since the reference velocity is also constant along the span, the
spanwise decreasing circulation has been represented by spanwise decreasing chord
near midspan for US/DC and BS/DC, quantified by d`/ds, as indicated in Table 1.

3. CFD technique

The wind tunnel tests have been simulated by means of the commercial finite-volume
CFD code FLUENT 6 [23]. Figure 3 shows the structured computational mesh for
BS/DC as an example, together with an enlarged view of the mesh near the LE. The
mesh structure is similar for the TE. The computational domain extends to 3 and 8
`mid upstream and downstream of the airfoil section at midspan, respectively. The
total number of nodes is 50 in the spanwise direction. There are 34 nodes in the trans-
verse direction farther from the airfoils, and 30 refined additional nodes have been
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applied in the vicinity of the airfoil, both on the suction side (SS) and the pressure
side (PS). In the axial direction, 30 nodes are applied upstream of the wing, 8 refined
nodes are in the vicinity of both the LE and TE, 20 nodes are along the chord, and
100 nodes are in the downstream section. This amounts to a total number of cells of
approximately 800 000, being a compromise with the limited computational infras-
tructure. When elaborating the grid structure, with special regard to the near-blade
region, the guidelines obtained in international collaboration on carefully optimized
turbomachinery CFD tools [14], [17], [18], [24] have been followed.

a)  b)  

Figure 3. a) Computational mesh for airfoil BS/DC, b) Enlarged
view of near-LE region

The turbulence model elaborated by Spalart and Allmaras [25] has been used be-
cause it is acknowledged to give good results for wall-bounded flows and boundary
layers subjected to adverse pressure gradients. It has been successfully applied in
advanced design systems of swept-bladed turbomachinery [26].

As the LDA measurements revealed, the inlet velocity was practically axial and
uniform in the wind tunnel (nearly equal to vref ), and the inlet turbulence intensity
was 0.5 percent. These data have been applied as inlet conditions in the CFD studies.
A fixed static pressure has been used as the outlet condition.

4. Experiments

The wind tunnel experiments were carried out in the National Physics Laboratory
(NPL) type wind tunnel at the Department of Fluid Mechanics, Budapest University
of Technology and Economics. An inlet contraction with honeycombs and static
pressure taps for flow rate measurements, followed by a 1.3m-long straight duct,
precedes the test section. The 0.8m-long test section is equipped with glass endwalls
for optical access during LDA measurements. The airflow is induced by an axial fan
of variable speed 2m downstream of the test section. An ILA flowPOINT fp50-fus
LDA system was connected to the test section. The diameter and the length of the
LDA probe volume are 0.3 and 3.3mm, respectively. The flow was seeded with oil
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droplets of mean diameter 1.5µm by means of a DANTEC Fog 2005 Loop seeding
generator.

LDA measurements were carried out upstream and downstream of the airfoils in
order to obtain inlet data for CFD and to check the airfoil wake structure. Five
hundred pieces of data were collected for each measuring point. The capability of
the CFD technique can be critically evaluated by means of comparison of the CFD
and LDA results obtained in the wake. The computed and measured transverse
distributions of axial velocity vx in the wake regions at midspan, 6 percent midspan
chord downstream of the TEs, non-dimensionalized by the axial reference velocity
vref , viewed from the downstream direction, are presented in Figure 4. The estimated
experimental uncertainty of the LDA measurements is 0.5 percent. The transversal
coordinate y has been non-dimensionalized by the b width of projection of the airfoils
onto the ys plane at midspan. The velocity profiles are arranged in such a way that
the minimum axial velocity appears at y/b = 0. The PS and SS wake regions can be
seen at y/b < 0 and y/b > 0, respectively (also for Figure 8). As the Figure shows,
the width of the wakes is approximately equal to b, behaving as expected in absence
of separation, and the SS wake region is wider, in accordance with the thickened
SS boundary layer near the TE. The wake velocity structure is practically identical
for each airfoil, within the uncertainty range dedicated to geometrical and alignment
uncertainties. The agreement between CFD and LDA data is satisfactory in the
middle of the wake. More significant discrepancy can be observed farther away, which
could have probably been reduced with repeated attempts on further optimization of
the grid. Thus, the computation was considered to be an acceptable basis for only a
qualitative comparison of loss behavior.

The flow in the boundary layers of BS/DC has been visualized by emission of a
white tracer liquid at midspan near the LE, similarly to the technique applied in
[6]. The experimental results, compared to computed pathlines, are shown in Figure
5. The experimental and CFD results are in satisfactory agreement, representing
the upward and weak downward flow on the PS and SS, respectively, developing in
accordance with the trailing shed vorticity due to spanwise decreasing circulation.

5. Computational results and discussion

In the following, the discussion is based on the computed results. Figure 6 shows the
computed static pressure distribution on the surface of the airfoils at 50 percent span,
represented by the static pressure coefficient

cp =
p− p ref

(ρ/2) v2ref
, (5.1)

where p ref is a reference pressure. Data points of larger absolute value near the LE
are not shown.

Considering that cL ≈ ĉp PS − ĉp SS , the lift coefficients were calculated on the
basis of the data in Figure 6 and are presented in Table 2. In the case of US/CC,
the computed lift coefficient is in satisfactory agreement with the nominal value of
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Figure 4. Axial velocity in the wake region

0.740 obtained for the 2D test case (see Table 1). The departure is probably due
to the approximations in CFD modelling, as well as numerical integral-averaging of
the pressure coefficients along the chord and computation of the lift coefficient from
pressure coefficients. The satisfactory agreement confirms the applicability of the
CFD tool at the present state of research and also that neglect of endwall effects –
also regarding the sidewalls – is reasonable in the region under investigation. Such
confirmation can also be made on the basis of the fact that the ratio between the lift
coefficients BS/CC and US/CC is 0.81. This value approaches cos λ = 0.82 with high
accuracy, fitting to the theory stating that, if uncorrected, sweep tends to reduce the
lift by the factor of cos λ for airfoils of infinitely large aspect ratio (no endwall effects)
[1], [11], [19]. This theory, termed herein ‘classic cos λ law’, can be easily explained
by resolving the incoming flow into components parallel to and perpendicular to the
stacking line, parallel to both the LE and TE in the case of BS/CC.

Table 2. Geometrical and computed aerodynamic characteristics

Airfoil US/DC US/CC BS/DC BS/CC
cL 0.736 0.797 0.657 0.643
λLE 16.0◦ 0◦ 44.6◦ 35◦

λTE −16.0◦ 0◦ 22.4◦ 35◦

λEQ 16.0◦ 0◦ 33.5◦ 35◦
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Figure 5. Experimentally and computationally visualized pathlines
past airfoil BS/DC

Figure 6. Computed pressure coefficient distribution
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It can be observed in Figure 6 and in Table 2 that, although no sweep of stacking
line has been applied, US/DC also produces reduced lift compared to US/CC. Fur-
thermore, a slight increase of load can be observed for BS/DC compared to BS/CC
on the SS after mid-chord. This effect manifests itself in reduced cp values on the
SS between mid-chord and the TE (indicated by arrow and label ‘I’ in Figure 6),
whereas the pressure is practically equal on the PS. In contrast, the load between the
LE and mid-chord of BS/DC is slightly reduced compared to that of BS/CC (slightly
reduced pressure on the PS, indicated by arrow and label ‘R’ in Figure 6; and equal
pressures on the SS). The dominance of increased load after mid-chord results in a
slightly increased lift for BS/DC vs. BS/CC.

For explanation of these phenomena, the angles between the airfoil edges and the
spanwise direction have been calculated and presented in Table 2 as leading edge sweep
(λLE) and trailing edge sweep (λTE). The sign convention (positive and negative
angles for backward and forward sweep, respectively) has consequently been applied.

Based on the above observations, it can be concluded that regardless of the sweep
of the stacking line, the sweep of both airfoil edges originating from their inclina-
tion to the spanwise direction may cause local unloading of the airfoil. The local
unloading can be interpreted similarly to the classic cos λ law: resolving the flow into
components parallel to and perpendicular to the LE or TE, only the perpendicular
component contributes to the lift. The larger the sweep, the higher the unloading
(e.g. LE sweep in sequence for US/CC, US/DC, BS/CC and BS/DC), and reduced
sweep causes increased loading (e.g. TE sweep for BS/DC vs. BS/CC). Deliberate
use of sweep for unloading the blade LE near the endwalls has been discussed in
[27]. However, such effects away from the endwalls have been disregarded, and no TE
sweep phenomena have been reported. As the observations presented herein suggest,
LE and TE sweep may also be used deliberately farther from the endwalls in order
to realize a more favorable load distribution along the chord.

The above suggests that the cos λ law may be extended to airfoil or blade geome-
tries for which both the LE and TE may have sweep, although the stacking line is
not necessarily swept.

The lift coefficient ratio LR is introduced as the ratio between lift coefficient cLSW

of a swept airfoil section (with LE and/or TE sweep) and that of an unswept 2D
airfoil cLUSW (no LE and/or TE sweep, US/CC in the case investigated). Unloading
effects of LE and/or TE sweep are expressed in the present case study by means of
LR. The following relationships are proposed for LR in order to make a comparison
possible with the classic cos λ law:

LR =
cL SW

cL USW
= cosλEQ, (5.2)

where the equivalent sweep is defined as

λEQ =
|λLE |+ |λTE |

2
. (5.3)
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The diagram corresponding to equation (5.2), compared with the LR results com-
puted for the presently investigated airfoils of various λEQ (summarized in Table 2),
is presented in Figure 7a. For comparison, Figure 7b presents the correlation between
the computed data and the classic cos λ law stating that

LR =
cL SW

cL USW
= cosλ . (5.4)

The sparseness of data points must be acknowledged; the present discussion is to
be supported by further tests in the future. Still, the following observations can be
made. Both diagrams show the linear trendlines fitted to the data points with use of
the least squares method, together with the coefficient of determination R2. Despite
the simple model in equation (5.2), it appears to represent the test results better than
the classic cos λ law: in Figure 7a, no inclination and only moderate shift of trendline
is observed compared to the plot of equation (5.2); and R2 is closer to unity. Better
agreement could be achieved by: i) considering the streamline inclination modifying
the effective angles of sweep; ii) considering that fluid particles along the inclined
streamlines pass regions of various local lift in the case of US/DC and BS/DC, due
to the spanwise changing geometry.

a)     b)  

Figure 7. Comparison of a) equation (4), b) the classic cos λ law
with computed data

The ratio between the lift coefficients for BS/DC and US/DC is 0.89. If intending
to correct the lift reduction of BS/DC due to sweep using the classic cos λ law (on
the basis of stacking line sweep angle λ = 35◦), one would realize that a correction by
cos λ = 0.82 would overshoot the required lift. Instead, (cosλ)0.58 = 0.89 would give
an appropriate correction. This is in agreement with the results in [11]. Based on
several computations, the authors found that fans designed with a sweep correction
of (cosλ)0.62 instead of cos λ achieved the prescribed pressure rise more accurately.
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Beside the effects of finite aspect ratio, the model in equation (5.2) may contribute
to the explanation of this observation. Based on [28], it can be established that the
rotors studied in [11] had blades with chord decreasing along the span, resulting in
LE and TE sweep and thus, in non-zero λEQ even if the stacking line was unswept
(λ = 0). Therefore, a lift reduction was present even in the reference bladings of
unswept stacking line (equation 5.2), and sweep correction moderate compared to
cos λ was found sufficient to retain this reduced lift.

Figure 8 shows the distribution of total pressure loss coefficient at midspan, 6
percent midspan chord downstream of the TEs. This characteristic was calculated as
follows:

ξ =
pt inlet − pt
(ρ/2) v2ref

. (5.5)

US/CC appears to generate the highest losses, implying that the drag is the largest
for this airfoil. However, it must also be noted that the lift of US/CC is also the largest,
probably resulting in reasonably high lift-to-drag ratio. Regarding the airfoil series of
US/CC, US/DC and BS/CC, a reduction of total pressure loss can be observed.

Figure 8. Computed total pressure loss distribution in the wake region

Further reduction of total pressure loss appears on the SS of BS/DC, compared
to BS/CC (indicated by an arrow in Figure 8). In the following, causes of this
favourable effect are investigated. For qualitative evaluation, Figure 9 presents the
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map of computed ξ distributions for BS/CC and BS/DC, including the airfoil part
of 75 percent to 100 percent chord. The black regions represent the airfoil. The
light grey zones in the SS boundary layer and in the wake correspond to increased
losses. The losses are moderate on the SS along the entire represented zone of BS/DC,
suggesting that a favourable phenomenon is in effect for this airfoil after mid-chord.
As Figure 6 suggests, the chordwise pressure gradient is moderate on the SS from 50
to 80 percent chord for BS/DC compared to BS/CC. This is due to the increased load
of BS/DC after mid-chord since its TE is less swept (see Table 2). Such reduction
of the adverse pressure gradient appears to reduce the losses. However, one would
expect increased losses in the zone of 80 to 100 percent chord where the chordwise
pressure gradient is higher in the case of BS/DC. Since Figure 9 shows moderate
losses of BS/DC also near the TE, another beneficial effect must be presumed. A
possible explanation follows.

Figure 9. Computed total pressure loss map near the trailing edges

As suggested by the results in [8], the longer path of the fluid particles on the
suction surface results in increased losses since the wall friction is more effective along
the longer path. Figure 10a shows computed pathlines at the edge of SS boundary
layers of BS/CC and BS/DC at midspan, in the region of 75 percent to 100 percent
chord. In order to make the inclination of pathlines more visible, the sketches have
been compressed to 25 percent in the chordwise direction. The arrows indicate the
direction of pathlines at the TE. Due to spanwise constant circulation, no trailing
vortices are shed from the TE of BS/CC. This results in SS pathlines parallel to the
inflow near the TE of BS/CC. In contrast, trailing shed vorticity is present in the case
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of BS/DC due to spanwise decreasing circulation, manifesting itself in SS pathlines
inclined downward. (Spanwise increasing circulation would result in upward flow
on the SS, as experienced, for example, in [29].) Due to the swept-back TE and
downward inclined streamlines for BS/DC, the particles reach the TE along a shorter
path. This is a possible explanation of reduced losses also near the TE. Spanwise
increasing circulation would elongate the pathlines in the case of a swept-back TE,
potentially leading to increased losses. The simplified sketch in Figure 10b illustrates
these effects in the vicinity of the TE in a lifelike manner. The case of swept-forward
TE could be interpreted in an ‘upside down’ configuration.

Figure 10. a) Computed suction side pathlines near the trailing
edges, b) Sketch of suction side pathlines for different spanwise cir-
culation gradients

The above suggests that tuning TE sweep and spanwise circulation gradient to-
gether can be an aspect for reducing profile losses via reduction of pathline length
on the SS near the TE. In the case of swept-forward/swept-back TEs, trailing vor-
ticity according to spanwise increasing/decreasing circulation of appropriate gradient
contributes to such pathline reduction, whereas an unswept TE requires spanwise
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constant circulation from this aspect. Flow field details reported in [3], [8], [15], and
[30] appear to support this pre-concept, already mentioned in the Introduction.

Sweep is often applied in axial flow turbomachines e.g. for noise reduction and
improved near-stall behavior. On the other hand, spanwise circulation gradient ap-
pears deliberately in blade rows of controlled vortex design. Therefore, both sweep
and spanwise circulation gradient are present in certain bladings. Their appropriate
tuning may give a potential for efficiency improvement.

6. Summary

The results of the case study presented herein are summarized as follows:

1. The studies suggested that regardless of the sweep of the stacking line in itself,
the sweep of LE and/or TE causes local unloading of the airfoil. This may
enable aerodynamically favorable tuning of chordwise distribution of load.

2. With introduction of equivalent sweep, a model has been proposed to calculate
the reduced lift compared to a 2D infinite airfoil in the case of airfoil or blade
geometries for which both LE and TE may have sweep, although the stacking
line is not necessarily swept. This model represents the results of the present
case study better than the classic cos λ law.

3. A possible aspect in reduction of profile losses is reduction of the fluid particle
pathline length on the SS. This can be realized via appropriate prescription of
forward sweep / no sweep / backward sweep for spanwise increasing / constant
/ decreasing circulation, respectively, and vice versa.
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Number of copies printed: 200
Put to the Press on September 30, 2004
Number of permission: TU 2004-820-ME HU ISSN 1586–2070



A Short History of the Publications of the University of Miskolc

The University of Miskolc (Hungary) is an important center of research in Central Eu-
rope. Its parent university was founded by the Empress Maria Teresia in Selmecbánya
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