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Abstract. Making use of the so-called optimal measures dealt with in [1-2], we characterize
the boundedness of measurable functions, the uniform boundedness and some well-known
asymptotic behaviours of sequences of measurable functions (such as discrete, equal as well
as pointwise types of convergence). The so-called quasi-uniform convergence is also charac-
terized in the fourth section.
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1. Introduction

Making use of the so-called ’optimal measures’ (cf. [1-2]), our main goal here is to
characterize some well-known notions in Analysis such as the boundedness of measur-
able functions, the uniform boundedness as well as some commonly used asymptotic
behaviors of sequences of measurable functions. We should like to mention that our
results in [1-2] and in this article might interest everyone who handles measurable
functions. Before we tackle our paper, let us first recall the following results (as we
need them later on).

All along (9, F) will stand for any measurable space (where the elements of F are
referred to as measurable sets).

By an optimal measure we mean a set function p : F — [0, 1] fulfilling the
following axioms:

Pl. p(0) =0and p(Q) = 1.
P2. p(BUE)=p(B)Vp(FE) for all measurable sets B and E.

P3. p ( N En> = lim p(E,), for every decreasing sequence of measurable sets
n=1 n—0oo
(En).

(The symbols \/ and A will stand for the maximum and minimum respectively.)
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First we shall summarize the background of the Theory of Optimal Measures .

Let s = Z bix (B;) be an arbitrary nonnegative measurable simple function,
where {B; : i = 1 ., n}C f is a partition of 2. Then the so-called optimal average
of s is defined by 1nsdp = \/ bip (B;), where x (B) is the indicator function of the

measurable set B. We note that this quantity does not depend on the decompositions
of s (cf. [1], Theorem 1.0., page 135).

The optimal average of a measurable function f is defined by 1 | f| dp = sup o sdp,
where the supremum is taken over all measurable simple functions s > 0 for which
s <|f|. (From now on m.f.’s will stand for measurable functions.)

Let fbe any m.f. We shall say that f belongs to:

1. Ax (p) if p(|f] <b) =1 for some constant b € (0, o).

2. Au (p) if 1o || dp < 00, a € [1, 00).

For any « € [1, 00, the space A, (p) endowed with the norm || - ||, , defined by

”fH { inf{bE(O, OO):p(|f|§b):1}, if fe Ax(p), a =00
* Vo £ dp, if feAy(p),acll, )

is a Banach space. (For more about this refer to [1].)

In [2] we have obtained the following results for all optimal measures p.

By (p-)atom we mean a measurable set H, p (H) > 0 such that whenever B € F,
B C H, then p(B)=p(H) or p(B) =0.

A p-atom H is decomposable if there exists a subatom B C H such that p(B) =
p(H) = p(H\B). If no such subatom exists, we shall say that H is indecomposable.

Fundamental Optimal Measure Theorem. Let (2, F) be a measurable space and
p an optimal measure on it. Then there exists a collection H (p) = {H,:n € J} of
disjoint indecomposable p-atoms, where J is some countable (i.e. finite or countably
infinite) index-set such that for any measurable set B, with p (B) > 0, we have that

p(B) :max{p(BﬂHn) :neJ}.

Moreover the only limit point of the set {p (Hy,):n € J} is O provided that J is a
countably infinite set. (H (p) is referred to as p-generating countable system.)

In proving the Fundamental Optimal Measure Theorem we used Zorn’s lemma
which, as we know, is equivalent to the Axiom of Choice. It is worth noting that in
[6] the above structure theorem has been proven without Zorn’s lemma.

By a quasi-optimal measure we mean a set function ¢ : F — [0, co) satisfying the
axioms P1.-P3. with the hypothesis q () =1 in P1. replaced by 0 < ¢ () < oc.
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We say that a quasi-optimal measure ¢ is absolutely continuous relative to an
optimal measure p (abbreviated ¢ << p) if ¢ (B) = 0 whenever p(B) =0, B € F.

Remark A. Every m.f. is constant almost surely on each indecomposable atom (cf.
[2], page 84, Remark 2.1.).
Theorem B. (cf. [1] page 139, Theorem 3.1.)

1. If (fn) is an increasing sequence of nonnegative m.f.’s, then lim g fndp =
n—oo

z (lim fn) dp.
(9] n—oo
2. If (gn) is a decreasing sequence of nonnegative m.f.’s with g1 < b for some
b e (0, 00), then lim 2qg.dp = g < lim gn> dp.
n—oo n—oo
Lemma C. Let g be a quasi-optimal measure, absolutely continuous relative to an op-

timal measure p. Then H, (p) ={H € H(p) : ¢(H) > 0} is a g-generating countable
system (where H (p) denotes a p-generating countable system,).

Lemma D. (cf. [1] page 141, Lemma 3.2.) If (f.) and (hy,) are sequences of
nonnegative m.f.’s, then for every optimal measure p, we have that

1. q (hnm loréffn) dp < l%’{n 10%f 1 fadp;

2. limsuplg hndp <0 <lim suphn> dp, provided that (hy,) is a uniformly bounded
sequenc%.ﬁoo e

NOTATIONS.
1. P will denote the set of all optimal measures defined on (2, F).

2. P« oo is the collection of all optimal measures whose generating systems are
finite.

3. Po is the set of all optimal measures whose generating systems are countably
infinite.

4. For every fixed w € €, the optimal measure p,, (defined on (€2, F) by p,, (B) =1
if we B, and 0 if w ¢ B) will be referred to as w-concentrated optimal measure.

5. |E| stands for the cardinality of the measurable set E.

6. N will stand for the set of positive integers.

2. Some preliminary results

We say that a nonempty measurable set E is closely related to some sequence (wy,) C
if

] _f o0, if [E|=00
‘Eﬂ{“n'”EN}‘—{ E|, it |E| < oo
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(that is, if E is infinite, then infinitely many members of the sequence belong to E,
otherwise all of its elements are members of the sequence).

Definition 2.1. Let F be closely related to a sequence (wy,) C €, and let («v,,) C [0, 1]
be any fixed sequence tending decreasingly to 0. The optimal measure pg : F — [0, 1],
defined by pg (B) = max {a,, : w, € B}, will be called 1st-type FE-dependent optimal
measure.

Proposition 2.1. Let p € P and f be any m.f. Then

W |fldp =sup {2y |fldp:ne J},

where H (p) = {H, : n € J} is a p-generating countable system.

Moreover if f € Ay (p), then o|f|dp = sup{c, -p(Hy,):n € J}, where ¢, =
f (w) for almost all w € H,, n € J.

(The proof is straightforward.) The following remark is worth being noted.

Remark 2.1. Let p, ¢ € P, H(p) = {H, : n € J} be a p-generating countable system
and f any m.f. Suppose that ¢ << p and q(H) < p(H) for every H € H (p). Then
2 |fldg < |f] dp, provided that g | f]dp < oo.

(This is immediate from Lemma C and Proposition 2.1.)

Remark 2.2. If (z,) is a sequence of real numbers such that limsup |z, | < oo, then

n— oo
for each of its subsequences (x,, ) we have that limsup |z, | < co.
k— o0

NOTICE. For every fixed m.f. f, the mapping z; : P — [0, oo, defined by zf (p) =
2o |fldp, is a function.

Lemma 2.2. Let w € Q be fized. Then for every m.f. f, we have that z¢ (pw) =
[f (@)

k
Proof. Let 0 < s = Z bix (B;) be a measurable simple function. Then it is obvi-

i=1
ous that zs (p,) = s(w). Let (s,) be a sequence of nonnegative measurable simple

functions tending increasingly to |f|. Then by Theorem D it ensues that
zp(po) = limz, (po) = lims, (w) = |f ()|
which was to be proved. q.e.d.

Theorem 2.3. Let f be any m.f. The following assertions are equivalent.
1. f is bounded.
2. lim | f>2) |fldp =0 for all p € Pu.

T — OO

3. There exists a constant b > 0 such that Yo |f|dp # b for all p € Puo.
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(The proof will be carried out in two steps. In Proposition 2.4 we shall show the
equivalence 1. «— 2. and then the equivalence |1. «<—13. in Proposition 2.5.)

Proposition 2.4. A m.f. f is bounded if and only if 1im (|f>a) |f|dp =0 for all
P € P

Proof. Suppose that f is bounded, and write b > 0 for its bound. Then for every
P € Poo, we have that (| ¢j>q) [fldp <b-p(|f| > 2) — 0, as z — oo.

Conversely, assume that klim Uif1zk) |fldp = 0 for all p € P, but for every
— 00 -
n € N we have that (|f| > n— 1) # (). It obviously ensues that

(Iflzn=D\(fl Zn) =Hp #0

for infinitely many n € N. (Suppose without loss of generality that H,, # 0, n € N.)
Further let (w,) C © be such that w,, € H,, for all n € N. Define p € Py, by p(B) =
max {+ :w, € B} . Clearly (H,) is a generating system for p. Then by assumption

it follows that klim Yf1=k) |fldp = 0. Now note that (|f| >k) = |J H; for all
; — OO0 - i=k+1
k € N. Hence Proposition 2.1. entails that (| ¢j>k) |f|dp = sup g, |f|dp. It is not
i>k+1

difficult to check that i, |f|dp > 1 — %, 1>k + 1. Consgquently it results that
Uif1zk) | fldp > 1 — %H (k € N), leading to 0 = klim Af1=k) |fldp > 1, which is

absurd. This contradiction concludes on the validity of the sufficiency, ending the
proof. q.e.d.

Proposition 2.5. Let f be a finite m.f. Then f is unbounded if and only if for every
constant ¢ > 0, there exists some p. € Poo such that

(1.1) 2 (pe) = c.

Proof. Necessity. Assume that f is unbounded. For every n € N, write E, =
(c-(n—1) <|f| <c¢-n) where ¢ > 0 is an arbitrarily fixed constant. Clearly the

[ee]
members of the sequence (F,) are pairwise disjoint and Q@ = |J E,. Fix a se-
n=1
quence (w,) C Q in the following way: w, € E,, n € N. Define p. € P by
pe(B) = max{L:w, € B}. It is obvious that sequence (E,) is a p.-generating
system such that zy(p.) = sup g, |f|dpe, because of Proposition 2.1. But as
n>1

(L-%)e<iz,

2 fldpe = Zf (pe) -

fldp. < ¢ (for alln € N), it ensues that ¢ = sup g
n>1

Sufficiency. Suppose that for every constant ¢ > 0, identity (1.1) holds with a suitable
P € Ps. Assume that f is bounded (and denote by b its bound). Now let ¢ > b be any
fixed constant with a corresponding p. € Pso satisfy (1.1). Then we trivially obtain
that z¢ (pe) < b. Hence we must have that ¢ < b, which is in contradiction with the
choice of ¢. This absurdity allows us to conclude on the validity of the proposition.
q.e.d.
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Lemma 2.6. Let p € Py and (By) be a sequence of measurable sets tending in-
creasingly to a measurable set B # (. Then there exists some ng € N such that
p(B) = p(B,) whenever n > nyg.

(See the proof of Lemma 0.1., [1] page 134.)

We shall next give a set of measurable functions including uniformly bounded
ones.

Definition 2.2. We say that a sequence of measurable functions (f,) is uniformly
bounded starting from an index if there can be found a real number b > 0 and some
positive integer ngy such that (f, > b) = 0 for all integers n > ng. (We shall simply
say that (f,,) is i-uniformly bounded.)

The following two results are just the extensions of Theorem B/2 and Lemma
D/2. We shall omit their proofs as they can be similarly carried out.

Lemma 2.7. Let (g,,) be a decreasing sequence of nonnegative m.f.’s and lim g, =g
n—oo
such that (gm < b) = Q for some m > 1 and some constant b > 0. Then lim 1o

n—00

gndp = 20gdp for all p € P.

Lemma 2.8. Let (f,) be an i-uniformly bounded sequence of nonnegative m.f.’s.

Then limsup g frdp <o <lim supfn) dp for every p € P.

n— oo n— o0

Theorem 2.9. Let (f,) be an arbitrary sequence of m.f.’s. Then
1. (fn) is i-uniformly bounded,
if and only if the following two assertions hold simultaneously:
2. zy (p) < ¢ for some constant ¢ >0 and all p € Py ;
3. limsupz, (p) < z¢(p), for all p € P (where f = limsup|f,| and z, (p) =

n — oo n— o0

0 | fnldp with n € N, p € Py ).

Proof. Necessity. We just note that the implication 1. — 2. is obvious and on the
other hand the implication 1. — 3. is no more than Lemma 2.8.

Sufficiency. Assume that 2. and 3. hold. Let us suppose further that 1. is false, i.e.
for every real number b > 0 and any positive integer ng there is some integer m > ng
such that (|f,,] >b) # 0. Then we can choose by recurrence a sequence (ny) of
positive integers as follows. Write ny =1 and ne = min{m > ny : (|fi| >n1) #0}.
If ny, has been defined, then write nyg+1; = min {m > ng : (|fim| > k- ng) # 0} . Clearly
the sequence (ny) tends increasingly to infinity and for all positive integers k& € N,

(| frss| > k- ni) #0. NowsetE:kt_lenk,where B, = (|farss| > k- ni) , k€N

k k—1
Write Hy = B,,,, and Hy, = (U Bn],) \ ( U an> , k > 2. It is obvious that (Hy)
j=1 j=1
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is a sequence of pairwise disjoint measurable sets with F = |J Hy. Let p € Py
k=1

be a lst-type E-dependent optimal measure defined by p (B) = max {% twy €D },

where (wy) C Q is a fixed sequence so that wy € Hyp (k € N). It is clear that

H(p) = {Hy : k € N} is a p-generating system. Then via 2. and 3. we have that

c > o <limsup|fn| dp > limsup g |fn| dp and hence b > limsup o }anl}dp for

n— oo n — 0o k—
some b > 0 (this is true because of Remark 2.2). Consequently, as p (Hy) = 1 for
every k € N, we must have

Hm suply | frs, | dp

b > limsuplq | fu,,. | dp
k0o k — oo

> limsuply, |fnk+1 } dp
k— oo
> limsupk - ng - p(Hy) = oo,

k — oo

which is absurd. This contradiction justifies the validity of the theorem. q.e.d.

3. The case of some well-known types of convergence

Definition 3.1. Let X be an arbitrary nonempty set. We say that a sequence of
real-valued functions (h,,) converges to a real-valued function h:

(i) discretely if for every x € X there exists a positive integer ng (z) such that
hy, (x) = h(z), whenever n > ng (x);

(ii) equally if there is a sequence (b,) of positive numbers tending to 0 and for
every « € X there can be found an ng (z) such that |h, () — h (z)| < b, whenever
n>ng(z).

(For more about these notions, cf. [3 - 5].)
Theorem 3.0. Let f and f, (n € N) be any m.f.’s. Then (f,) tends to f uniformly

if and only if (zy) tends to 0 uniformly on Puo, where z, (p) = |frn — f|dp with n
eN, p€ P

Proof. Sufficiency. Suppose that (z,) tends to 0 uniformly. To prove the sufficiency
it is enough to show that for every number b > 0, there can be found some ng (b) € N
such that (|f — fn| > b) = 0 whenever n > ng (b) + 1. In fact, let us assume that the
contrary holds. Then for some by > 0 and all ny € N, there is an integer m > ng such
that (|f — fi| = bo) # 0. Define

ny =min{m > ny : (|f — fi| > bo) # 0}
when ng = 1. If ny has been selected, define

g1 =min{m > ng : (|f — fm| > bo) # 0}
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when ng = ng. It is clear that sequence (ny) tends increasingly to infinity along-

side with k, so that (|f — fn,.| > bo) # 0, k¥ € N. Then by assumption some n,, €

{nk : k € N} exists such that z,, (p) < by, for all & > m and p € Py. Now let
[ee]

E., = U Bn,, (where By, = (|f — fa.l = b0), k € N). Write H,, = By, and for

k=m
k k—1
k>m+1, set Hy,, = ( U an> \ ( U Bn]) . Clearly H = {H,, : k> m} is a
j=m j=m

sequence of pairwise disjoint measurable sets with E,, = |J H,,. Fix a sequence
k=m
(wi) € Q so that wy € Hy, whenever k > m. Next, let pg € P be a lst-type E,p,-

dependent optimal measure defined by pg (B) = n,, -max {n% Tw € B} . It is obvious
that H is a pp-generating system. Hence we have on the one hand that z,,, (po) < bo.
Nevertheless on the other hand we also obtain that z,,, (po) >, |fa,, — fldpo >
by, since po (Hy,,, ) = 1. As these last two inequalities contradict each other, the suffi-

m

ciency is thus proved.

Necessity. Assume that f,, — f uniformly, as n — oo. Then for every b € (0, c0),
there is some ng (b) € N such that (|f, — f| < %) = Q whenever n > ng (b) . Conse-
quently, for every p € Py, it ensues that z, (p) < g < b, n > ng (b) . This completes
the proof of the theorem. q.e.d.

Lemma 3.1. Let f and f, (n € N) be any m.f.’s. If (f,) tends to f pointwise
(equally or discretely), then limsupB,, = (), where B, = (|fn — f| = ), n € N.

n— o0
Proof. It is enough to prove the lemma for the pointwise convergence, since proving
the remaining cases is similarly done. Assume that limsupB, # 0. Let us pick an

n — oo

arbitrary w € limsupB,,. Then it is clair that limsup|f, (w) — f (w)| = co and hence

n— o0 n— o0
oo
V |fj (w) = f(w)| = oo for every k € N. But since (f,) tends to f pointwise we
n==k j=n
must have that for every constant b > 0 there is a positive integer my = mg (b, w) such
that | fn (w) — f (w)| < b whenever n > mg. Hence b> AV |fj (w) — f (w)| = o0,

n=mgo j=n

oo

which is absurd, completing the proof. q.e.d.

Theorem 3.2. Let (f,) be any sequence of m.f.’s. Then (f,) tends to a m.f. f
pointwise if and only if (z,) tends to 0 pointwise on P« o, where for every n € N,
zn 18 defined on P< oo by 2z (p) = | fr — f| dp-

Proof. Sufficiency. Assume that for all b > 0 and p € P , there is a positive integer
no = no (b, p) such that z, (p) < b whenever n > ng. Then since for every fixed w € Q
the w-concentrated measure p, depends solely upon w € €, index ng (b, p,) also
depends on w. Hence via Lemma 2.2 we have for all n > ng (b, w) = ng (b, p,,) that

| fr (W) = [ (W) = 2n (pu) <.

Necessity. Suppose that for all @ > 0 and w € €2, there can be found some positive
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integer moy = myp (a, w) such that |f, (w) — f (w)| < a, whenever n > mg. Assume
further that there is some b > 0 and some p € P. o, such that for every n € N, there
exists some m > n with the property that z, (p) > b. Let Hy,... , Hg be a p-generating
system. Via Lemma 3.1, there is some ng € N, big enough so that f,, — f is finite on €
whenever n > ng. Then for every n > ng, a measurable set Aﬁf exists with Aﬁf ) C H;

and p (Aff)) = 0 such that f,, — f is constant on H; \An , 4 =1,...,k (because

Jj=no Jj=no

of Remark A). Clearly p ( U A ) = 0, so that the identity p (Hz\ U Ay)) _

p (H;) holds. Hence f, — f is constant on H;\ U A whenever ¢ € {1,... ,k} and

Jj=no
n > no. Fix w; € H;\ U A(-i), i € {1,...,k}. Then by assumption there must be
Jj=no

some positive integer k( D = ko (b w;) such that |fn (wi) = f(wi)] <b,n> k(()i). Thus
for all n > ko (where ko = \/ k ) we have that \/ | fro (wi) — f (w;)| < b. Now write

k* = max (kg, ng) . Then some integer m > k* ex1sts such that z,, (p) > b. Therefore
(via Proposition 2.1 and Remark A) we obtain that

k
bgzm(p):\/ci-p(HZ 7\/ \/|fm Wz - w1)|<b
i=1 i=1

where for i € {1,... ,k}, ¢; = |fm (W) — f(w)| if w € H;\ U A?). However, this is
Jj=mno
absurd, a contradiction which ends the proof of the theorem. g.e.d.

Theorem 3.3. A sequence of m.f.’s (fn) converges to some m.f. f equally if and
only if (z,) converges to 0 equally on P« o, where for every n € N, z, is defined on
P<oo by zn (p) =1 |fn — fldp.

Proof. Necessity. Suppose that there exists a sequence (b,) C (0, co) tending
to 0 and for every w € Q there can be found a positive integer ng (w) such that
|fn (W) — f(w)] < by for all n > ng (w). It is enough to show that the equal conver-
gence of (z;,) holds true for this sequence (b,,) . In fact, assume that for this sequence
(by) , there is some p € P, o, such that for all j € N an integer m = m(p) > j
can be found with the property that z,, (p) > b,,. Let Hy,..., Hy be a p-generating
system. Via Lemma 3.1, there is some ng € N, big enough so that f, — f is finite
on ) whenever n > ng. Then for every n > ng, a measurable set A( exists with

Asf) C H; and p (A% ) = 0 such that f, — f is constant on Hl\A%Z yi=1,... k.

But as p( U A?)) = 0, we can easily observe that p (Hl\ U A?)) =p(H,;),

Jj=no Jj=no

i€{1,...,k}. Hence f,, — f is constant on H;\ U A D for all i € {1,...,k} and

Jj=no
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n > ng. Fix w; € H;\ U Ay), i € {1,...,k}. Then by assumption there must
Jj=mno

be some positive integer k(()i) = ko (w;) such that |f, (w;) — f (wi)] < bp, n > k((]i).
ko, k

Thus for all n > ko (where ky = \/ k(()z)), we have that \/ |fn (w;) — f (wi)] < bp.
i=1 i=1

Consequently we have on the one hand that z,, (p) > b,,; But on the other hand,
Proposition 2.1 yields that

k k k
Zm (p) = \/ Ci 'p(Hi) < \/ Ci = \/ |fm (wi) - f(wz)| < bm
1=1 =1 1=1

oo .
(where for i € {1,... .k}, ¢ = |fm (W) — f )| if w € H\ (U A), meaning that
Jj=no
bm < by, which is, however, absurd. This contradiction concludes the proof of the
necessity.

Sufficiency. Assume that there is a sequence (b,) of positive numbers tend-
ing to 0 and for every p € P, there exists a positive integer ng (p) such that
zn (p) < b, whenever n > ng (p). Then for each fixed w € Q, Lemma 2.2. entails
that |f, (w) — f(w)] = 2z (Pw) < by, whenever n > ng (py,) = no (w) . The sufficiency
is thus proved, which completes the proof of the theorem. q.e.d.

Theorem 3.4. A sequence of m.f.’s (f,) converges to some m.f. f discretely if and
only if (zp) converges to 0 discretely on P< o, where for every n € N, z, is defined

on 7)<oo by Zn (p) :ZQ|fn _f|dp'

(The proof is omitted as it can be carried out ”mutatis mutandis” as in Theorems
3.3 and 3.4)

4. Quasi-uniform convergence

Definition 4.1. A sequence of real-valued functions (g,) , defined on a nonempty set
X, is said to converge quasi-uniformly to a real-valued function g if for every given
number € € (0, 1) there exists some nonempty set B. C X and some positive integer
ng = ng (€) such that |g, (z) — g (x)| < e whenever n > ng and z € B,.

Example 1. Every uniformly convergent sequence of m.f.’s also converges quasi-
uniformly.

Example 2. Let us endow the real line R with the Borel o-algebra B and let (f,)
be a sequence of Borel measurable functions defined by

fn(w):%,neN, z e R.

It is not difficult to see that (f,,) converges to zero pointwise but not uniformly. We
show that (f,) converges to zero quasi-uniformly. In fact, pick an arbitrary number
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e € (0, 1) and fix any number z € R. Clearly with the choice ng = ng (g, z) = [%} +1,
we have that ‘—Zl < ¢ for all n > ngy. Now define the set B, = {t € R : [%q < [M} }.

€

Obviously we have that J;J < ¢ for all t € B.. Therefore (f,) converges to zero
quasi-uniformly.

Lemma 4.1. Let f be any m.f., p € Poo, H some indecomposable p-atom with
p(H) =1 and € € (0, 1) any number. Then p(H ((|f| >¢€)) = 0 if and only if
b | fldp < e

Proof. As the necessity is obvious we shall just show the sufficiency. Suppose that
| fldp < e but p(H((|f] > €)) > 0. Then

€ > yl|fldp
= (2Hﬂ(\f|<e) | f] dp) V (2Hﬂ(|f\25) | f] dp)
= Wn(fize |f1dp
> e p(HNO(fl=¢).

But since H is an indecomposable p-atom and p (H () (|f| > €)) > 0, it ensues that
p(HN(|f] =€) =p(H) = 1. Consequently we must have that € > €, which is absurd,
indeed. This contradiction concludes the proof. q.e.d.

Theorem 4.2. Let f and f, (n € N) be any m.f.’s. Then (f,) tends to f quasi-
uniformly if and only if (z,) tends to 0 quasi-uniformly on Ps, where z, (p) =
| fn — fldp with n €N, p € Py

Proof. Sufficiency. Assume the quasi-uniform convergence of (f,), i.e. for every
€ € (0, 1) we can find some nonempty measurable set B< and some positive integer
ng = no (€) such that

Bs C (|fn—f|<§),n>n0.

Write Po (€) = {p € Poo : p (2\Bs) =0} . We note that Po () # 0, since each Ist-
type Bs-dependent optimal measure belongs to Poo (€) . Clearly for all n > mng and
D € Poo (€)

€
ZQ|fn—f|dPZZB§ |fn—f|dp§§<e.

Necessity. Assume the quasi-uniform convergence of (z,), but (f,) fails to converge
quasi-uniformly to f. Then the latter assumption means that for some €, € (0, 1), all
nonempty measurable sets B and every positive integer mg there exists an M > my
such that (|far — f| > €x) [\ B # 0. Nevertheless, because of the former assumption
there can be found some Po; (€.) C Po and some integer m, = my (ex) > 1 such
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that 2z, (p) < € for all m > m, and p € P (e4) . Let us fix some p € Py, (€4) with
(Hy) its generating system so that z,, (p) < €, whenever m > m,. Then Proposition
2.1 entails that i, |fm — f|dp < €, for all kK > 1 and m > m,. As the Fundamental
Theorem guarantees that klirrgo p (Hi) = 0, there must exist some integer 7 such that

p (Hj) = 1. Next, noting that the conditions of Lemma 4.1 are met, it results that
p((|fm - f| > f*) ﬂHJ) =0, m > m,. Write

S = H;\ ( U (Ufm-112 e*mHj)) = H;\ ( U (-1 e*>> :
TN=" 4 TN=" %

It is not difficult to see that (|fm — f| <e))S = S, m > m.. Consequently,

since we have rather assumed the negation of the conclusion, some integer i > m.

must exist so that (|f; — f| > €.)[)S # (. This, however, is in contradiction with

(Ifi — fl < ex) (NS =S, which ends the proof of the theorem. q.e.d.

5. Concluding remarks

I would like to simply note that when preparing those two works (see [1-2]) I
was not aware of the existence of the so-called ‘maxitive measures’ proposed by N.
Shilkret. in [7]. Hereafter one can find a briefing of his work.

By a-mazitive measures, i.e. set functions m : F — [0, o), satisfying the condi-

tions m () = 0 and m (U Ez> = supm () for every collection {E;},.;, C F, where
i€l i€l

F is a ring of subsets of an arbitrary nonempty set €2; it is called a maxitive measure
if I is finite or countably infinite. Shilkret realized that maxitive measures are not in
general continuous from above and he proved that: A maxitive measure m is continu-
ous from above if and only if the following assertion is false “There exist some k € N
and some sequence of measurable sets {E;} C F such that + <m (E;) <k, i€ N.”
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1. Introduction

This note is a survey of our recent results [3, 4, 7]. We here focus on concrete problems
and we refer the reader for proofs of results and for an abstract setting of problems
to the above mentioned papers.

P. Holmes and J. Marsden in [10] studied a forced partial differential equation of
a beam of the form

_ L2 = _
Wyt + Wezpr + TWey — K (fo wi(s,t) ds) Wey = € (qcoswt — dwy) (L)
w(0,) = w(l,") = we(0,-) = wyr(1,) =0,

where I' = external load, k = stiffness due to “membrane” effect, § = damping, and € is
small. They shown the existence of a Smale horseshoe. Consequently, (1.1) possesses
an infinite number of subharmonic weak solutions. The new way in this direction is
established in a series of papers by D.W. McLaughlin, J. Shatah, E.A. Overman II, S.
Wiggins, C. Xiong and Y. Li [14-16]. They studied perturbed nonlinear Schrodinger
equations and perturbed sine-Gordon equations.

We study in [3] a forced sine-beam partial differential equation given by
Upt + QUgrer + sinu + 7(x) = esint

2
w(z+1,t) = u(z, t), (12

where o > 0 is a constant, 7 is continuous, 1—periodic satisfying fol 7(z)dx = 0 and
€ € R is a small parameter.


http://dx.doi.org/10.18514/MMN.2000.23

100 Michal Feckan

A modified version of (1.1) is investigated in [4] of the form

Ut + Ugzre + Puzz + p (fol u2($7 t) dS, fol u%(sv t) d$> ngu = Eq(l') CoS %
w(0,+) = u(l,) = Uz (0, ) = uge(1,-) =0,

(1.3)

where Dy, u = —ug,, DS, is the &power of D,, in L2(0,1), 0 < ¢ < 1,T € R,
pe C*(RxR,R), p(0,0) =0, ¢g € H*(0,1) N H}(0,1), T > 0 and € € R is a small
parameter.

We assume that « is sufficiently large and also consider a limit ordinary differential

equation of (1.2) as & — oo of the form
i+ sinwu = esint. (1.4)

It is well-known [8, 18] that for € # 0 sufficiently small, (1.4) exhibits a chaotic
behaviour. In particular, it has an infinite number of subharmonic librational solutions
with periods tending to infinity.

Similarly, if we put
u(x,t) = z(t)V/2sin Tz
in (1.3) with e = 0 [10, 11] we arrive at an ordinary differential equation
43 (n? =Dz +p(22%, 7222 =0. (1.5)
By assuming
I >n% plz,722) =Kz Y220 (1.6)

for a constant k > 0, (1.5) becomes the Duffing equation [8]. It is well-known that
the Duffing equation possesses a one—parametric bounded family of periodic solutions
with periods tending to infinity.

We note that (1.2) and (1.3) are undamped and (1.1) is damped for € # 0. For
this reason, we show in [3, 4] only the existence of finitely, but arbitrarily many
subharmonic weak solutions of (1.2) or (1.3) persisting from (1.4) or (1.5) when o« — 00

1

or e is sufficiently small and [ ¢(z)sin 7z dz # 0, respectively.
0

A damped case of (1.1) is studied in [7] of the following form: The boundary value
problem for planar deflections of an elastic beam with a compressive axial load " and
pinned ends is

i =—u" —Tu' + [foﬂ (u/(s))? ds} uw’ — 2p90 + py coswot, 7)
w(0,t) = u(m,t) =u"(0,t) = v’ (m,t) =0,

where u(z,t) is the transverse deflection at a distance x from one end at time ¢. In
(1.7), a superior dot denotes differentiation with respect to ¢ and prime differentiation
with respect to z. We consider the p; terms as perturbations.
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Our first step is to consider the linearized, unperturbed problem and compute the
eigenvalues at the origin which are \,, = n?(n? —T) and corresponding eigenfunctions
on(z) = sinnx for n = 1,2,---. For small T the origin is a center with the first
bifurcation occurring at I' = 1, the first Euler buckling load. The corresponding
eigenfunction, ¢;(x) = sinz, is referred to as the first buckled mode. When T is
sufficiently large, (1.7) can exhibit chaotic behavior. The first work on this was done
by P. Holmes [9] and extended by P. Holmes and J. Marsden [10, 11]. Some more
recent work on the full equation is by H.M. Rodrigues and M. Silveira [19], S.W. Shaw
[21] and by M. Berti and C. Carminati [2].

In (1.7) substitute u(z,t) = > po; ug(¢) sin kz, multiply by sinnz and integrate
from 0 to 7. This yields the infinite set of ordinary differential equations

o0
tin, = n2(T — n?)u, — %nz lezuzl Uy, — 22Uy + 2141 COS Wol
k=1

n=1,2-.

We see that the linear parts of these equations are uncoupled and the equations
divide into two types. The system of equations where 1 < n? < I has a hyperbolic
equilibrium at the origin whereas, for n? > I this equilibrium is a center. Infinite sets
of ordinary differential equations are also investigated in [20)].

For simplicity let us assume 1 < I"' < 4. Then only the equation with n = 1 is
hyperbolic while the remaining equations have a center. To emphasize this let us

define p = uy and ¢, = upy1, n = 1,2,---. The preceding equations now take the
form

) T . .

P=a?p— 5 p? + Z(k +1)%q2 | p— 2u2p + 21 coswot

k=1
Gn = —w2gn —F(n+ 12 [P+ > (k+ 1)211;3] an (1.8)
k=1
o (71)7’%‘1'1

—2p2Gn + 21 coswot, m=1,2---,

m(n+1)

where we have defined a®> =T — 1 and w2 = (n + 1)?(n + 1)2 — T In (1.8) we project
onto the hyperbolic subspace by setting ¢ = 0 in the first equation of (1.8) to obtain
what we shall call the reduced equation. In our example this is

. 2 T 3 . 4

p=ap—3p — 2u9p + ;ulcoswot. (1.9)
We see that this is the forced, damped Duffing equation with negative stiffness for
which standard theory yields chaotic dynamics. The purpose of [7] is to show that
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the chaotic dynamics of (1.9) are, in some sense, shadowed in the dynamics of the full
equation (1.8).

2. The problem (1.2)
By using the results of [18, p. 253], we know that (—m,0) and (m,0) are hyperbolic
fixed points of the ordinary differential equation
T=vy, y=—sinx (2.1)
joined by the upper separatrix
(7,9), y=m—4tan"'(e™").

We consider (1.4) as an ordinary differential equation on the circle S = R/|0, 27].
Then (2.1) is defined on the cylinder S*™ x R 3 (z,y) and (-, 0), (7,0) are glued to
a hyperbolic fixed point of (2.1) joined by the homoclinic orbit (v,%).

We note that A\, = 167%k*, k € Zy = {0} UN are eigenvalues of gz, with the
periodic boundary value condition of (1.2), and

Z 3 +L _Z 3 N 1 181
Ve /) Ar2m?2 - 16mimA ) 1440°

A>0 m>1

We need the following lemma.
Lemma 2.1. ([3]) Let D € N. If S(d) is the set of all w> 1 satisfying

n
‘w B 47r2k2‘ = 1674 k4 Vk>0,VneZy

with 0 < d < 1674, then
181
D.D+1))>1——d
m(S(@d) 0 [D,D+1]) > 1~ -1,
where m(-) is the Lebesque measure.
Now we can state the main result of [3] concerning (1.2).

Theorem 2.2. ([3]) Let 8 > p > 5 and 0 < d < 720/181. There are constants
Ky >0, K3 > 0 such that for any 1 > |e| >0, m € N, 0 < n <1 satisfying
1 Kl m
7 <M< gz ez € 5@

1
n?[el?

(1.2) has a 2rm—periodic weak solution w,, with a= satisfying

—mm<t<mtm

1
max /um(x,t) dx —y(t — 0m)| < Ksle|
0
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for some 0,, € [—Ka, Ko).
The above results can be modified also to the equations
Ut + QUgger +sinu + 7(x) = ecost, u(z,t) =u(l —x,t)
e (0,8) = (1) = thy(0,8) = e (1,8) = 0,
and
Ut + QUgzee + 2u® — u+ 7(7) = ecost

2.3
w(z+1,t) = u(z, t), 23)

where oo > 0 is a constant, 7 is continuous satisfying fol T(x)dr =0 and e € R is a
small parameter. Moreover, 7 is either symmetric with respect to x = 1/2 for (2.2) or
1-periodic for (2.3). We note that the limit equation of (2.3) as & — oo is the forced
Duffing equation given by

i+ 2u® —u = ecost.

We end this section with an existence result following directly from [3, Theorem 2.9].
Theorem 2.3. Let 0 < d < 720/181. The equation

Ut + QUgzrr +u+ Osinu + 7(x) = esint
u(z+1,t) = u(z,1),

where T is the same as in (1.2) and 0 < 0 < 1, has a unique 2m—periodic weak solution
for any e € R and « satisfying

> (14)%/d*> and ae S(d).

3. The problem (1.3)

In this section we recall some results of [4] concerning (1.3). We note that
Aj=mj? (x5 —T), jeN

are the eigenvalues of the linear part of (1.3) given by wyzpe + Dy, with the corre-
sponding boundary value conditions.

Lemma 3.1. ([4]) Let D > 0 and p > 1/4. If S(c) is the set of all T > 0 satisfying

AT
2

A2 |sin >c YjEN: j2>T/n?,
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where ¢ > 0 is a constant, then the Lebesque measure of the complement
R\ S(c))N[D, D +1]

satisfies

2cm c 202
m((R\ S(c))N[D,D+1]) < + 5 +—— |-
ppems 2\t e

Now we can state the main result of [4] concerning (1.3).

Theorem 3.2. ([4]) Consider (1.3) with 0 < <1, 7> <T <372 Let1>¢>0
and let (1.6) hold. If fol q(z)sinmx dx # 0 then for any p € N, T satisfying

V2 e L c
Tom P S Ry il -

and pT € S(c), the equation (1.3) has a pT—periodic weak solution for any € suffi-
ciently small. Moreover, if 0 < £ < 1/2, then m (S(¢)N[D,D+1]) - 1 as ¢ — 04
uniformly with respect to D > 0.

Roughly speaking, Theorem 3.2 asserts that (1.3) with 0 < ¢ < 1/2 and 72 < T <
372, has many subharmonics for e sufficiently small when ¢ and 72 — T are sufficiently
small. On the other hand, since we do not know the structure of the set S(c), we
do not know a concrete case for pT'. This result can be related to the KAM theory
[13]. Furthermore, Lemma 3.1 gives that the Lebesque measure of S(c) tends to 1
as ¢ — 04. We note [4] that now p = (1 — £)/2 in Lemma 3.1. Consequently, we
put ¢ = (I' — 72)Y/* in Theorem 3.2, and the assumptions of Theorem 3.2 take the
following form

2 1 1
VT — 2 46\ /R4 2(Ax =€ (T — x2)3/

Summarizing we obtain the following result.
Theorem 3.3. ([4]) Let 1/2 > £ > 0 and n*> < T' < 3n%. If (1.6) holds and

pT € S((F*’/TQ)) .

1
[ q(z)sinmzdz # 0, then the smaller T — 72 > 0, the larger number of subharmonic
0

weak solutions of (1.5) persists for (1.3) when € is sufficiently small.

The above results deal with the bifurcation of subharmonic weak solutions. Now
we formulate some results about the existence of periodic weak solutions for (1.3).

Theorem 3.4. ([4]) Let 1/2 > &£ >0 and T’ € R\ {r?j2 | j € N} be arbitrari. For
almost oll T > 0 (in the sense of the Lebesque measure), there is a small T—periodic
weak solution of (1.3) for any € sufficiently small.

We do not know the form of T" in the above result. Particular results with concrete
T and T are given bellow. Related results are proved in [1, 12, 17, 22, 23].
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Theorem 3.5. ([4]) Consider (1.3) with 1 > £ > 0. If Tr € Q and /7% ¢ Q,
then there is a small T—periodic weak solution of (1.3) for any e sufficiently small.

Theorem 3.6. ([4]) Consider (1.3) with & = 0. If T = 2Q/x, T = 2mn?/,
where m € {—1,0} and Q@ > 0 has the infinite continuous fraction decomposition
[17] @ = [ao, a1, a2, -] such that a; < MVi € Z for a constant M € N satisfying
m2(M + 2) < 2Q, then there is a small T-periodic weak solution of (1.3) for any e
sufficiently small.

We remark that Theorem 3.4 provides a more general result than Theorems 3.5
and 3.6, while Theorems 3.5 and 3.6 give concrete forms of 7" and I' for the ex-
istence of periodic solutions of (1.3). For instance, Theorem 3.6 is valid for Q =
(M ++M?+4M) /2, M € N and m € {—1,0}.

Results like above are obtained in [4] also for the equation

Ut + Ugzar + DUgy + D (foz u?(s,t)ds, f02 u2(s,t) ds) DS, u
= ¢ (q1() cos 2 + go(z) sin Z) |
w(z,) =u(r+2,-) VreR,
where &, T, p are like in (1.3), DS, is the £&-power of D, in L2(R/2Z), ¢12 € H*(0,2)
and g1 2 are 2-periodic satisfying

f02 q1(z)cosTrdr =0, f02 @(z)sinTtrdr =0,

f02 q1(x)sinma dx # 0, f02 q2(x)cosTrdr #0.

4. The problem (1.7)

The reduced equations of (1.9) are

1 = T2, il
2y _Egd o 4 , (4.1)
To = a“xy 5 1 /1,221,'24-7‘_/1/1 COS Wo

obtained by setting ¢ = 0 in the hyperbolic part of (1.8). When p = 0, (4.1) has a
homoclinic solution given by v = (r,7) where r(t) = (2a/+/7 )sech at. The Melnikov
homoclinic function M for (4.1) [7, 18] becomes

8 16a3
M(p,a) = [ﬂ sin wpasech M} 1 — a o .

N 2a 3

Thus, the conditions M (g, ag) = 0, (OM /) (1o, o) # 0 are satisfied for all ug such
that

H’O,2
p’O,l

3\5%;00 se(:h7r—w0 .

< 2a
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We now obtain the following result from [7].

Theorem 4.1. There exists a constant C > 0 so that whenever gy satisfies

C< % < %sech% there exists a corresponding & > 0 such that if 0 < £ < &,

if the parameters in (1.7) are given by p= Euo and o2 7 0 then (1.7) is chaotic. In
the nonresonant case, i.e. if wg # wy for all n, then C = 0.

It is interesting to look at some history of this problem. The first work was by
P. Holmes [9] in which he started with the partial differential equation and carried
out the Galerkin expansion but restricted his analysis to the reduced equation. The
significance of that work is that it introduced the idea of Melnikov analysis. In
subsequent work [10, 11] P. Holmes and J. Marsden extended the results to infinite
dimension but abandoned the Galerkin approach in favor of nonlinear semigroup
techniques directly in infinite dimensions. In our work [7] we go back to the original,
simpler analysis of the reduced equation and then show that the results apply to the
original partial differential equation. Some advantages to this are that the Galerkin
projection is a technique familiar to many engineers and physicists and, also, we are
able to utilize general Melnikov results in Section 3 of [7] and Palmer’s important
results of [18]. This is illustrated further in [7] for the following generalizations:

— Nonplanar motion of a symmetric beam with one buckled mode.

— Nonplanar, nonsymmetric beam with one buckled mode in each plane.

— Planar motion of a symmetric beam with multiple buckled modes.

Acknowledgement: Partially supported by Grant GA-MS 1/6179/00. This paper is in
final form and no version of it will be submitted for publication elsewhere.
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Abstract. We improve a componentwise perturbation bound of Sun for the LU factoriza-
tion and derive a new perturbation bound for the LDU factorization. The latter bound also
improves a result of Sun given for the LDL” factorization.

Mathematical Subject Classification: 15A23, 15A45, 65F99.
Keywords: LU, LDU, LDL™ factorization, perturbation.

1. Introduction

Perturbation bounds for the LU, LDL" factorizations are given by many authors
(e.g., see [1], [9], [7], [8], [2]). Here we improve the componentwise LU perturbation
bound of Sun [9] and derive a new perturbation bound for the LDU decomposition.
These bounds are used to investigate the stability of full rank factorizations produced
by Egervéry’s rank reduction procedure [4], [3]. The LDU perturbation bounds are
then applied to positive definite symmetric matrices. The result is shown to be better
than the LDLT perturbation result of Sun [9].

We need the following notations. Let A = [a;;];";_,. Then [A] = [lay;|]; ;.

diag (A) = diag (a11,a22, -+ ,Gny) ,

tril (A1) = |y} ;— and triu (A1) = 18317 ._,» where 0 < [I] < n and

%,J

o Joay, =gl Sy, i<yl

a”_{ 0, i<j—1 ﬁw_{ 0, i>j—1

We also use the special notations tril (A) = tril (4,0), tril* (A) = tril (4,-1),

triu (A) = triu(A,0) and triu* (A) = triu(A,1). The spectral radius of A will

be denoted by p (A). For two matrices A, B € R™*™ the relation A < B holds if and

only if a;; < b;j forall4,j =1,... ,n. Let I = Zle eiel (e; € R™ is the ith unit

vector) for 1 <k <n, I, = 0 for k < 0 and min (A, B) = [min (a;;, bi)];’;_,-
In Sections 2 and 3 we derive the perturbation bound for the LU and LDU

factorizations. A numerical example is shown in Section 4.
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2. The LU factorization

We first prove the following
Lemma 1 Assume that A, B,C € R™*" are such that A,B,C > 0 and p(B) < 1.
The mazimal solution of the inequality A < C + Btriu(A,l) (1>0) is A* (A* > C),

IO

where A*ep, = (I - Blk_l) Cer (k=1,...,n). A* is the unique solution of the
fized point problem A = f(A) = C + Btriu(A,l). If Ag = (I — B)71 C, then A; =
f(Ai—1) converges to A* monotonically decreasing as © — +oo and 0 < A; — A* <
(I-B) ' Bi(Ag—A)) (i>1).

Proof. It follows from A < C + Btriu(A,l) < C+ BA that (I — B)A < C. As
I — B is a nonsingular M-matrix by assumption we obtain the upper bound A < Ay =
(I-B)"'C. As

)f(A)—f(Z)) - ‘B (triu(A,l)—tm’u (21,1))} gB)A—Z‘

for any two n x n matrices A and A, the map f (A) is a B-contraction [6] on R"*"
and there is a unique fixed point A* = f(A*). Let Xy € R™ " be arbitrary and
Xi = f(Xp_1) (k>1). Then |A* — X}| < (I — B) ' B*|X; — Xo| (k > 1). As for
any 0< A< A, f A <f (ﬁ) holds and

Ay = C + Btriu ((I—B)*lo,z) <C+B(I-B)'C=(I-B)""C=A4,,

the sequence A; = f(A;_1) tends to A* and is monotonically decreasing. We prove

that A* is the maximal solution of the inequality. Assume that a solution A exists
such that A > A*. Then A = A*+L+U, where triu (U,l) = U and tril (L,l — 1) = L.
Then

A=A"+L+U < C + Btriu(A* + L+ U,1) < C + Btriu(A,l) + BU

must hold implying that L+ U < BU and 0 < U < — (I — B)flL < 0. Hence
U =L =0. The kth column of A* can be written as A*e;, = Cey + Btriu (A*,1) e,

~ ~ -1
where triu (A*,1) e, = Iy_;A*e. Hence we obtain A*ey, = (I — BIk_l> Ce,. m

Remark 2 The sequence {A;},~ gives an improving sequence of upper estimates for
the mazimal solution A* of the inequality.

We will use the following notations: A* = ¢ (B, C,1), A; = ¢, (B,C,1), ¢, (B,C,1) =
(I —B)"'C and ¢, (B,C,1) = C + Btriu (¢;_1 (B,C,1),1) (i > 1). Notice that for

any diagonal matrix D, ¢ <B, CD, l) = ¢(B,C,1) D and ¢, <B, CD, z) = ¢, (B,C,1)D.
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Remark 3 Consider the inequality A < C+tril (A, =) B (1 >0) with0 < A, B,C €
R™™ and p(B) < 1. By transposition we obtain AT < CT + BTtril (A, —1)" = CT +
BTtriu (AT, l) the maximal solution of which is given by ¢ (BT, cT, l). The sequence
?; (BT, cT, l) tends to ¢ (BT, CT,Z) and is monotonically decreasing. Hence for the
original inequality we have the maximal solution ¢ (BT,CT,I)T and the monotone

decreasing sequence ¢; (BT, CT,Z)T converging to ¢ (BT, CT,Z)T.
The next theorem improves the componentwise estimate of Sun [9].

Theorem 4 Assume that the n X n matriz A has the LU decomposition A = LU,
where Ly is unit lower triangular and U is upper triangular. Also assume that the
perturbed matrix A+ 64 has the LU decomposition A+ da = (L1 + d5,) (U + dv),
where L1401, is unit lower triangular and U+ 4y is upper triangular. Finally assume
that p (}LléAU_lD < 1. Then we have

60, < |Laltril* (¢ (|L7'64U ], |LT 64U ,0)), (2.1)

T
60| < triu <¢ (|L;15AU—1|T : {L;léAU—l}T,l) ) U|. (2.2)
Proof. Using the relation
Su(U+06y) "+ L7, = L7604 (U +6p) 7",

where L7187, is a strict lower triangular matrix, while 0y (U + cSU)f1 is upper trian-
gular, we can establish the relations

tril* (L;laA (U+5U)*1) = 1715, (2.3)
triu (Ll_ldA (U + 6U)‘1) =6y (U +6p)7". (2.4)

From relation
L;l(sA U+ 5U)71 = LII(SAU_l — LII(SAU_l(sU U+ 6U)71 (2.5)

we obtain the inequality

|E7504 (U +00) 7| < [L71 04U + | L7640 | triu (| L7604 (U +60) 7| ) -

Applying Lemma 1 we obtain the bound

L76a (U +60) 7| < A" = 6 (LT 6T L7640

0.
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Hence {Lf16L1| < tril* (A*) and |0, | < |La| tril* (A%).
Using the relation

(5UU71 + (L1 +5L1)71 5[,1 = (L1 +6L1)71 5AU71,

where (L +6L1)_1 8z, is a strict lower triangular matrix, while §;U~! is upper
triangular, we can also establish the relations

tril* ((L1 +op,)7" 5AU*1> = (Ly+61,) " 6r, (2.6)
and
triu ((L1 o) 5AU—1) — oyU L. (2.7)
>From relation
(Ly+62,) 104U = L76AU ™ — (L +0p,) 00, LT H64U 1 (2.8)
we obtain the inequality

‘(L1 + 5L1)*15AU—1‘ < LT AU Y| + tril” (‘(L1 +5L1)*15AU—1D |L76AU

the maximal solution of which is
)(L1 o) 6AU*1) <A =¢ <}L1‘16AU*1}T, \Ltoau—", 1>T.
Hence }6UU_1} < triu (ﬁ*) and |0y | < triu (ﬁ*) |U|. This completes the proof. m

Remark 5 If function ¢ is replaced by ¢, in (2.1)-(2.2) we obtain the theorem of
Sun [9], Thm. 5.1). Hence, our result is sharper.

Remark 6 Assume that the LU factorizations A = LUy and
A+dy4= (L+5L) (Ul +6U1)

are such that Uy and U, +3y, are upper unit triangular. If AT = UL LT and AT 467 =
(UlT + 551) (LT +61) satisfy the conditions of the previous theorem we may write

60] < |LJtril (¢ (|7 6aUT|,|[L7104U7 Y 1)), (2.9)
and

|60, | < triu* <¢ (|L-15AU;1|T , {L—laAU;I}T , O)T) U] (2.10)

Hence, Theorem 4 is also true for the case A = LU, with unit upper triangular Uy .
Notice, however, that we have here tril and triu* instead of tril* and triu, respec-
tively. This is due to the change of the unit triangular part in the LU factorization.
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3. The LDU factorization

Consider the LDU factorization A = L1 DU; with unit lower triangular Lq, di-
agonal D and unit upper triangular U;. Assume that A + §4 can be factorized so
that

A+6p= (Ll +6L1)(D+5D) (U1 +6U1)

where Ly + 0z, is unit lower triangular and U + 0y, is unit upper triangular. For
dr, and 0y, we have the bounds (2.1) and (2.10), respectively. We now look for an
estimate of p. We use the relation

L7Y04 (UL 4 6p,) " = Doy, (U+6p,) " +6p + L7401, (D +6p),

where the matrix Doy, (U + cSUl)f1 is strict upper triangular, dp is diagonal, and
Li'61, (D +6p) is strict lower triangular. Hence

trit* (L7'64 (U +00,) ") = L3761, (D +0p), (3.1)
diag (Ll_léA (Ul + 5U1)_1) =dp, (3.2)
triu® (L;laA (U, + 5U1)‘1) = Déy, (Uy + 6p,) " (3.3)

>From relation
L*l(s U ) -1 _ -1 -1 _ 7-1 -1 -1
1 A( 1+ U1) = L1 5AU1 L1 5AU1 5U1 (Ul + 5U1) (3-4)
we obtain the inequality

Ll_léA(Ul—i—éUl)_l) < |L7'6aUT'D7Y D]+
+| LT 64U D7 i <‘L1_16A Uy + 5U1)_1D

the maximal solution of which is given by the bound

L7054 (U +60,) | < 6 (L7007 D!

Liy'saUT' DY D)L 1) .

)

)

Hence |0p| < |D|diag (¢ (|L7 64U ' DY, | LT 64U ' D71

We may get another estimate by using the expression

(Ly +01,) ' 64U = (D +0p) du, U +6p + (Ly +61,) 61, D,
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where the matrix (D + dp) oy, Uy 1 is strict upper triangular, ép is diagonal, and
(Ly 4 61,)"" 61, D is strict lower triangular. Hence

tril* ((Ll + (SLI)_l (5,4Ufl) = (L1 + (SLI)_l 5L1D, (3.5)
diag ((L1 o) 5AU;1) — b, (3.6)

triu* ((L +61,)7 6 U‘l) = -1
1 L1) AU = (D+5D)5U1U1 . (3.7)

>From relation
(L1 461,) 64U = LTY04UTY — (Ly 4 61,) " 6, LT 164U} (3.8)
we obtain the inequality

(L +061,) 7 00T < [DI[D LT 64U +
il (‘(L1 +65,)7" 5AU1—1D |D-LLT AU

It has the maximal solution

(La+01) 7t 0aUT | < 0 (|0 L4 [0 LU D) ,1)T.

T
D71L1_15AU1_1|T,1> . We now

Hence |[0p| < |D|diag (qﬁ <|D*1L1—1§AU1_1}T’

have two estimates for |0p|. As in general |AD| # |DA| these two estimates are
different. We can establish

Theorem 7 Assume that the nxn matriz A has the LDU decomposition A = L1 DUy,
where L1 is unit lower triangular, D s diagonal and Uy is unit upper triangular.
Also assume that the perturbed matric A+ §a has the LDU decomposition A+ 54 =
(L1 +95,) (D+6p) (Ur + 6v,), where Ly + 01, is unit lower triangular and Uy + 6y,
is unit upper triangular. Finally assume that max (p(Tr,),p(Ty,)) < 1 holds with
I'p, = }Ll_léAUl_lD_l} and I'y, = }D‘lLl_ldAUl_1|. Then the following inequalities
are satisfied:

|5L1| < |L1|tTZl* ((rb (FL17FL170)) ) (39)

90| < |D|min {diag (¢ (V.. Ts,. 1)), diag (¢ (VF,, 15,1 )} (3.10)

0v,| < triv (o (U5, TF,,0)" ) |4l (3.11)
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Remark 8 If ¢ is replaced by ¢, we obtain the following weaker estimates:

0l < 1 Ealtrit* (1 =T2,) 7' T, (3.12)
0, | < triw” (T, (I =Tw,) ™) Al (3.13)
. . —1 . —1
00| < |D|min (diag (1 =Tr,) "' Ts, ) s diag (T, (1 =Te,) ")) . (3.14)

Next we specialize the above result for symmetric and positive definite matrices.
Insuch acase I'p, =TF (I, =|Ly'6aL; "D~ , Ty, = |[D7'L7'04L7 ") and we
have the following

Corollary 9 Assume that A is symmetric and positive definite and its perturbation
04 18 such that A+ 64 remains symmetric and positive definite. If A and A+ 64 are
written in the forms A = LiDLY (D >0) and

At 64 = (L1 +01,) (D +0p) (Lf + 47, ),
respectively, then
02, < |Laftrid® (¢ (I'z,,T',,0)) (3.15)
and
|6p| < Ddiag (¢ (I'z,,I'z,,1)) - (3.16)
Replacing ¢ by the weaker estimate ¢, we obtain the following bounds:
162,| < |Ly| tril* ((Jerl)*lrLl) (3.17)
and
16p| < Ddiag ((I—FLI)_ll‘Ll). (3.18)
We recall that Sun ([9], Thm. 3.1) for symmetric positive definite matrices proved
that

161, | < |La| tril* <Eld (I - diag (D~ Eyq)) " D*I) : (3.19)

|0p| < diag (Eia) (3.20)
with

Eia=(I—|L7%aLy"| D7) Ly 6aL; ™). (3.21)
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We compare now estimates (3.17)-(3.18) and (3.19)-(3.20), respectively. We ex-
ploit the fact that for any diagonal matrix D, |AD| = |A||D| and diag(AD) =
diag (A) D hold. We can write

(I—Tp) "' Ty, = (I = |7 6aLy T | DY L 6aL; 7| D = BygD ™!
and then estimate (3.18) yield

65| < diag ((1 — L6 AL T DY) |L;15AL;T|) = diag (Eua).

As (I —diag (D7 Ep))"" > I and Eyq (I — diag (D~ Ey4))”' D! > EuD?, the
bound (3.19) satisfies

| Ly | tril* (Eld (I - diag (D' Epg)) ™ D—l) > |Ly| tril* ((I )" FLI) .

Thus it follows that Theorem 7 improves the special LDL? perturbation result of
Sun ([9], Thm. 3.1).

4. Final remarks

Computer experiments on symmetric positive definite MATLAB test matrices
indicate that estimate ¢, is often so good as ¢ itself. We could observe significant
difference between the estimates if I';,, was relatively large. A typical result is shown
in Figure 4.1.

Here we display the maximum difference between the components of the bound and
the true error matrix for Example 6.1 of [9] to which we added 20 random symmetric
matrices with elements of the magnitude 5 x 1073. Hence, the line marked with +
denotes estimate (3.19) of Sun, the line with triangles denotes the estimate (3.17), the
solid line denotes estimate ¢, while the line with circles denotes the best estimate.

The estimates of Theorems 4 and 7 are optimal, if one accepts inequalities of the
form A < C + Btriu(A4,l) (A,B,C > 0) in the estimation process. We can solve,
however, the equation A = C + Btriu (A,l) without any nonnegativity condition.
Hence we can give exact expressions for the perturbation errors. For example, in case
of Theorem 4 we can prove the following result.

Theorem 10 For k =1,... ,n we have

0
op,ex = k) (7 sk (k) Rk, ) ' s
— (LS (Ll) 5 5 (L1 U +51) e

and

) -1 -1 )
i, = o a1 (4000 ) (59 010" -]
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1.8

06T

04r

02r

Figure 1. Perturbation bounds for the LDL" factorization

where €, € R* is the kth unit vector,

Lo oo
1= k k
L

Ul(k) Uz(k)
o U

i

k k

5o | o o

) S ORI )
and L U® 5{F) ¢ RExk,

It does not seem easy to find componentwise estimates better than those of The-
orem 4. We can obtain, however, better result than those of Chang and Paige [2].

Finally we remark that either from Theorem 4 or Theorem 7 we can easily obtain
normwise perturbation estimates slightly weaker than those of Barrlund [1] by simply
using the relation |||Al|| = ||A]| » and ¢, instead of ¢.

Acknowledgement: The author is grateful to Prof. E. Spedicato of the University of
Bergamo for his helpful remarks and a supportive working environment. The author is also
indebted to Prof. C. Broyden for pointing out reference [2].
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Abstract. How many n-orthants can be intersected in the n-dimensional Euclidean space
simultaneously by a single straight line? In this sense of collinearity, how can we partition
the entire space into collinear sets of m-orthants? How could it happen that a nice and
innocent-looking conjecture is false in high dimensions? How are these questions related to
the dominating sets in graph theory? What is the relationship to the illumination theory in
intuitive geometry? We study such questions in this interdisciplinary paper.
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1. Introduction

We consider the n-dimensional Euclidean space, denoted R™, for n = 2,3,.... The
elements of such a space are the n-dimensional columns vectors z with real number
components x1,...,x, € R. Another name of such a vector is point. By a sign
vector we mean such a vector s € R™ for which each |s;| = 1. In other words, the set
of the sign vectors is {—1,41}". Obviously, the number of different sign vectors is
2", If s is a sign vector, we associate with s the following set, called open n-orthant:
{zx € R":x181 > 0,...,2,8, > 0}. Note that the 2-orthants are known as quadrants,
and the 2-quadrant associated to (ﬂ) was named the first quadrant by Monge when he
invented descriptive geometry and pioneered the development of analytical geometry
two centuries ago. Obviously, the open n-orthants are pairwise disjoint open convex
sets in n dimensions, and their number is 2"”. Each such open n-orthant contains
exactly one sign vector, the one that the open n-orthant is associated with.

By a straight line in general position we mean a set of vectors x € R™ in the
equation form z = a + tv where ¢t runs in R and a,v € R" are given fixed vectors
such that each a; # 0 and each v; # 0, furthermore for s = 1,2,... ,n the unique
solutions t; € R of the equations 0 = a; + t;v; are all distinct. Geometrically speak-
ing, a straight line in general position is such a line which is neither parallel to the
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coordinate hyperplanes (these are the n hyperplanes with equations x; = 0, where ¢
is one of 1,2, ...,n), nor goes through two coordinate hyperplanes at the same point.
For example, in 2 dimensions the straight lines in general position are those whose
equations are a1x1 + asze = [ for ag, a9, 8 € R, ajasfS # 0.

Obviously, in n dimensions almost all straight lines are in general position. If a
straight line is given in the equation form z = a + tv where ¢ runs in R and a,v € R"
are fixed, then obviously, at least one component of v is nonzero. We can change all
components a; and v; a little bit for ¢ = 1,...,n such a way that the new values all
become nonzeros and the ¢; numbers determined by the equations 0 = a; + t;v; all
become distinct. In this sense any straight line is a “point of accumulation” to the set
of the straight lines in general position. It is also obvious, that if an arbitrary straight
line meets (i.e., intersects) an arbitrary open n-orthant, then by changing the a; and
v; components just a little bit we gain a straight line in general position that meets
the same open n-orthant. In other words, for any fixed n-orthant any straight line
(not necessarily in general position) which meets the n-orthant in question is a “point
of accumulation” to the set of straight lines which are in general position and meet
the n-orthant in question. As a corollary, if each open n-orthant in a subset of the
set of all open n-orthants is met simultaneously by an arbitrary straight line, then a
straight line in general position can also be found to meet each element of the subset.

A straightforward question is this: Given a straight line in general position, how
many open n-orthants can it intersect? Equivalently, how many n-orthants can be
shot down with one shot from a point a into direction v? “How many birds can be
killed with one stone?” In 2 dimensions the answer is easy because any straight line
in general position meets all but one open quadrants. If, for example, a is in the
first open quadrant, and v is, for example, in the second open quadrant (the open
quadrant associated with (1)), then the straight line in the form z = a+tv is going to
intersect the first, the second and the fourth open quadrants (these are the 2-orthants
associated with (ﬁ), (1), and (H))

In the next section we will answer the above question in n dimensions. Our
Proposition 1 will state that any straight line in general position meets the same
number of open n-orthants, and this number is exactly n+1. From the above argument
and from the proof of this proposition it easily follows that in case of a straight line
not in general position this number must be smaller, moreover the set of those open
n-orthants which are met by a straight line not in general position is always a proper
subset of a straight line in general position.

In the above discussed sense we can talk about collinear sets of open n-orthants.
Such a set of open n-orthants is collinear whose elements can be met simultaneously
in a single straight line in general position. It is clear that one or two open n-orthants
are always collinear. (The empty set is also collinear.) If a subset of the 2™ open
n-orthants is not collinear, we say that the subset is noncollinear.

The collinear sets of n-orthants have a simple structure if n = 2. Namely, any set
of at most 3 open quadrants is collinear, but the set of all 4 open quadrants is not. In
3 dimensions the situation is a little bit more complicated. By inspection one can see
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that the set of all 8 open 3-orthants can be partitioned into 2 collinear subsets, and
there are 12 such partitions. This way we gain 12 pairs of collinear 4-element subsets,
and all collinear 4-element subsets are among them. However, the total number of 4-
element subsets is (§) = 70, and so the number of the noncollinear 4-element subsets is
46. Even a 3-element subset is not necessarily collinear; the number of the 3-element
subsets is (§) = 56, and there are 8 noncollinear 3-element subsets. An example of
such a noncollinear 3-element subset is the one whose elements are associated to those
sign vectors in 3 dimensions which have exactly one —1 component. Those subsets
which have more than 4 elements are all noncollinear. It is worth mentioning that
in 2 dimensions the collinear subsets of the n-orthants form a matroid but in higher
dimensions they do not.

2. The maximum number of collinear n-orthants

In this section we study the structure of the inclusion-maximal collinear sets of open
n-orthants.

Proposition 1. A straight line in general position in R™ intersects exactly n+1 open
n-orthants.

Proof. We prove by induction on n. The case n = 2 is obvious by inspection.
Assume that n > 3, and that for smaller dimensions the statement has already been
proved. Consider, in n dimensions, a straight line in general position given in the
form of the equation x = a + tv. Consider the largest t; among the ¢; numbers which
were used in the definition of the straight lines in general position. Without loss of
generality we may assume that the largest one among the distinct ¢; values is t,.
Let &, > 0 be chosen such that all ¢t; < ¢, —e,, ¢ = 1,...,n — 1. Now observe
that for 2’ = (z1,...,2,_1)%, a’ = (a1,...,an_1)", v = (v1,...,v,_1)" the equation
2’ = a’ + tv’ defines a straight line in general position in n — 1 dimensions. By the
induction assumption, this line intersects exactly n open (n — 1)-orthants in n — 1
dimensions. Since t,, was the largest among the distinct ¢; values, in n dimensions
the straight line with equation = a+ tv also intersects n open n-orthants for ¢t < t,,.
Note that the last components all have the same sign in these open n-orthants. For
t = t,, the point £ = a + tv is on the nth coordinate hyperplane. However, for ¢t > t,,,
there is only one open n-orthant in which all a+tv points are, and this open n-orthant
is associated with the sign vector (sq, ..., 5,1, —S,)’ where the sign vector associated
with the point a+ (t, —&,)v is (81, ..., Sn—1,5n) . So the entire straight line z = a+tv
intersects exactly n + 1 open n-orthants. O

3. Hypercubes and the associated graphs

By the n-dimensional hypercube in standard position we mean the convex hull of the
set {—1,+1}" C R™. The vertices of the cube are the sign vectors, i.e. the elements
of {—=1,+1}"™. Given two such vertices, their Hamming distance is the number of
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components where the two vertices, as sign vectors, are different. So the famous
Manhattan distance is exactly 2™ times larger that the Hamming distance. The graph
of the hypercube has the same vertex set as the hypercube, and the graph edges are
those pairs of vertices whose Hamming distance is exactly one. So the geometrical
vertices and the graph theoretical vertices coincide. Similarly, the geometrical hyper-
cube edges and the graph edges also coincide. So the number of vertices in the graph
is 2", and the number of edges is n2"~!. We color the edges of the graph with colors
1,2,...,n as follows: an edge gets color i if the vertices of the edge are different in the
ith component and only in that one. So for each color there are exactly 2"~ ! edges.
Two edges, as line segments with endpoints at the vertices of the edge, are parallel
(in the usual geometrical sense) if and only if they have the same color; otherwise the
two edges are geometrically perpendicular to each other.

In Figure 1 we show the hypercube graph for n = 5. The black dots represent the
32 vertices. The 16 horizontal lines represent the edges of color 1. The 16 vertical lines
represent the edges of color 2. The edges represented by the lines on the diagonals of
the big square are all of color 3. There are 8 such edges. However, there are 8 more
edges of color 3. Those are all among the sides of the central 20-gon. The tangents
of these 8 lines are +2, —2, +1/2, or —1/2. The remaining 32 edges form 8 deltoids.
There are 2 such deltoids in each corner of the figure. The edges of these deltoids are
alternatively of color 4 and color 5 in such a way that the almost vertical edges are all
of color 4. (The expression “almost vertical” is understood to mean that the tangent
of such a line is at least 2 in absolute value. Similarly, the “almost horizontal” lines
are those, whose tangents are between 0 and 1/2.

Figure 1. The graph of the 5-dimensional hypercube

We will use some usual notions of graph theory such as a star or a tree. By a super
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tree we mean such a tree, as an induced subgraph in the n-dimensional hypercube
graph, that has exactly n edges with n different colors. Such a super tree has n + 1
vertices. By a super star we mean such a super tree which is a star itself. In other
words, a super star contains a vertex, called central verter, and all those vertices, that
are neighbors of the central vertex in the graph.

For example, for n = 2 there are four super trees in the 4 vertex hypercube

graph. The vertex sets of these trees can be listed as follows: {(H), (ﬁ), (tHy},

{0, G0, CDYAED, CD, G0 AE1): (G1)s (£1))- All these super trees are super
stars.

For n > 3, not all super trees are super stars. For example, for n = 3 we have 8
super stars and 12 super trees that are path graphs in the graph theoretical sense. (A
super tree is a path if exactly n — 1 vertices have 2 neighbors.) The larger the value
of n the smaller the percentage the super stars represent among the super trees.

4. The main result

Our main theorem can be formulated as follows:

Theorem 2. Consider an arbitrary path, with edges of different colors, in the n-
dimensional hypercube graph. There exists such a straight line in general position
that intersects all n-orthants that are associated to the vertices of the path.

Proof. We prove by induction on n. Without loss of generality we may assume that
the given path has n edges (or equivalently, it has n+ 1 vertices) because in any other
case we can add extra vertices and edges. Actually we will prove a stronger theorem.
Given a straight line in general position in R™ in the form = = a + tv, consider the
distinct real numbers ¢;, 1 = 1,2, ..., n, as above. Let ¢y, and ¢, denote the smallest
and largest ¢;, respectively. We claim that the straight line in general position may
have such parameters for which a + (tmin — 1)v and a + (tmax + 1)v are in the open
n-orthants associated with the endvertices of the path. Moreover, we can prescribe
that which endvertex should corresponds t.x-

The case n = 2 is easy by inspection. We may assume that n > 3 and that the
statement has already been proved in smaller dimensions. Consider one endvertex of
the given path. Let it be denoted as P,. Let P,,_; denote its neighbor in the path.
Without loss of generality we may assume that the edge {P,, P,_1} is of color n.
Also, without loss of generality we may assume that P, = (+1,+1, ..., +1)T as a sign
vector. In other words, P, is the vertex which in the first open n-orthant. Now the
other vertices of the graph all have —1 in their last coordinate because color n can
never occur among the colors of the path edges. Similarly to the proof of Proposition
1 we can decrease the dimension number by one by cutting off the nth coordinates. By
the induction hypothesis we gain that there exists at least one straight line in general
position in R"~! which line intersects all open (n — 1)-orthants that are associated
with the first n vertices of our path. Consider such a straight line in the equation
form 2’ = o/ +tv’ where 2’ = (21, ...,x,_1)7, a' = (a1, ...,an_1)", v' = (v, ...,vn_1)7.
By the induction hypothesis we may assume that P,_1 is in the same (n — 1)-orthant
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as @' + (tmax + 1)v’. Now let us fix 7, € R arbitrarily such that 7,, > tmax + 2 and
let v, =1, ap = —Tpn, a = (a1,.; @n_1,an)%, v = (v1, ..., Vu_1,v,)T. We can choose
such a value of ¢,, for which the n-dimensional straight line with equation z = a + tv
will be in general position, and for this straight line all requirements are fulfilled.
Here t,, will be 7,, and thus for ¢ > ¢, the points x 4 tv all will be in the open
n-orthant associated with P,. At the same time for ¢t < t,, t #t;, i =1,2,...n—1,
the points x + tv will be in the open n-orthants associated with the vertex P # P, of
the n-dimensional path in question. O

5. Killing all birds with as few stones as possible

Consider the open n-orthants in n dimensions to be birds in the air. We have to kill
all birds. A straight line can be considered to be the orbit of a stone. We have shown
that one stone can kill n 4+ 1 birds. How many stones are needed to kill all birds?

Problem 3. How many straight lines in general position can together meet all open
n-orthants.

Let k(n) denote the minimum number of straight lines in general position that
can together meet all open n-orthants. In a more general form and by using different
terminology Gy. Kiss conjectured the following in [2].

Conjecture 4. (Gy. Kiss [2]) The vertex set of the n-dimensional hypercube graph
can be covered by using the vertex sets of k(n) super stars.

Here we tell some reasons to convince the reader that this conjecture is a reasonable
one. From the results of Kiss [2] it easily follows that there is bijection from the vertex
set of the n-dimensional hypercube to the set of all open n-orthant with the following
property: The image of the vertex set of a super star is an (n + 1)-element collinear
set of open n-orthants. On the other hand, from the proofs of our Proposition 1 and
Theorem 2 we can see that there is a natural correspondence between the superstars
and the paths formed by the sign vectors of the (n 4 1)-element collinear sets of
open m-orthants. Namely, let P an endvertex of the path, and consider such the
uniquely determined superstar whose 2 vertices are P and its neighbor in the path
in question. So the central vertex of the super star is the only neighbor of P in
the path. Furthermore, for any fixed pair of such a path and such a super star, the
bijection of Kiss can be chosen such that the image of this super star is exactly the set
of those open n-orthants who are associated to the vertices of the path in question.
Interestingly enough, those pairs of edges which corresponds to each other, always
have the same color in the hypercube graph.

Another fact to convince the reader is this: We can easily check that the conjecture
of Kiss is valid for n = 2,3. In both cases the entire set of all open n-orthants can
easily be partitioned into 2 collinear subsets. On the other hand, the two super stars
with central vertices s and —s, where each component of s is +1, obviously cover the
entire vertex set of the hypercube graph.

The conjecture is also valid for n = 4. One can easily see that the minumum
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number of super stars is the required covering which is nothing else but the famous
dominating number of the n-dimensional hypercube graph. (Cf. [1] for the impor-
tance of the dominating number). It is an easy exercise to check that the dominating
number of the 4-dimensional hypercube graph is 4. The total number of the ver-
tices is 16, and each super star has 5 vertices. So we need at least 4 super stars.
Here are the 4 central vertices of a feasible super star covering: (+1,+1,+1,—1)7,
(-1,-1,-1, -7, (+1,+1,+1,+1)7T, (=1,—1,—1,4+1)T. On the other hand, the fol-
lowing tables show the column vectors of three sets of collinear open 4-orthants (more
precisely, the associated sign vectors):

+1 | +1 [ +1 | +1] 1 -1|-1]-1]-1]+1 —1|-1|-1|-1
+1 | +1 | +1 | -1| —1 +1 | +1 | +1 | -1] -1 —1|({-1|-1|-1
+1 | +1f-1|-1|-1 +1 | +1f(-1|-1|-1 —1|{-1|-1|-1
+1 | -1 -1(-1|-1 -1 +1|+1]+1]+1 —1|{-1|-1|-1

Only 2 sign vectors are missing, but we know that a 2-element set of open n-
orthants is always collinear. This completes the proof of Conjecture 4 for n = 4.

Interestingly enough, Conjecture 4 is not valid for n = 5.

Theorem 5. We have x(5) = 6, and the vertices of the 5-dimensional hypercube
cannot be covered by the vertex sets of 6 superstars.

Proof. Here are the vertices of 6 paths in the 5-dimensional hypercube (only the signs
are showed):

-1 | +1 | +1|+1]|+1] +1 +1]-1]-1]-1|-1|-1
+1 | +1|(+1|-1]-1] -1 -1|-1|-1]-1]-1]+1
+1 ] 4+1 | -1|(-1|-1] -1 +1{+1 | +1 | -1 -1{ -1
+1 | +1 [ +1 | +1 ]| +1]| -1 +1|+1|-1|-1]-1] -1
-1|-1|-1)-1]4+1]+1 —1|(-1]-1]-1]+1]|+1
-1 -1 -1|+1]+1] +1 -1|-1|-1]-1]-1]+1
+1L | +1 | +1 | +1 | -1 -1 -1 -1|-1|-1]+1]+1
-1 -1 +1|+1]+1] +1 -1 -1]+1f+1]+1] +1
+1 | +1 | +1 | +1 | +1 | —1 +1{+1 | +1 | -1 -1{ -1
-1 | +1 | +1|+1]+1] +1 -1 +1|+1|{+1]+1] +1

+1 | +1 [ +1 | +1 ] +1 +1 ] -1|-1| -1

—1[+1|+1] +1] +1 -1 | —-1|+4+1|+1

+1 | +1f-1|-1]-1 -1 -1|-1|+1

1| -1|-1]-1]+1 —1|-1|-1] -1

1| -1 -1]+1]+1 —1|-1|-1] -1

On the other hand, it is well-known in graph theory that the so-called dominat-
ing number of the 5-dimension hypercube graph is larger than 6. This fact can be
formulated simply as follows: One cannot take 6 vertices from the graph of Figure 1
such that any other vertex is the neighbor of at least one chosen vertex. By using the
symmetry of Figure 1 we can easily check that this statement is true. O
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6. Concluding remarks

We have proved Conjecture 4 for n = 2, 3,4, and we have disproved it for n = 5.
We have not studied the conjecture in the cases n = 6,7, .... Kiss [2] proved such a
result which implies that Conjecture 4 is valid for infinite different values of n.
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1. Introduction

Bézier curves and surfaces play a significant role in Computer Aided Geometric De-
sign (CAGD), therefore their specification, modification and different properties are
of interest. Specification and modification of Bézier objects are well explored fields of
CAGD but there are some special problems to be solved, such as to find the optimal
way of computing the volume of solids bounded by Bézier surfaces. Following an
elementary approach, we derive an exact closed formula which can substitute approx-
imating numerical procedures. This task can be considered as a spatial generalization
of the problem of computing the signed area of a plane figure bounded by Bézier
curves, cf. [3].

In this paper we consider Bézier surfaces of the following definition:
Definition 1 The tensor product surface defined by the equation

n m

b (u,v) = ZZbijBf (u) Bj" (v),u € [0,1],v € [0,1] (1.1)

i=0 j=0

is called Bézier surface, where b;j € R® are the control points of the surface and

B (u) = ( ? ) ul (1—w)""", (i =0,...,n) is the i'™ Bernstein polynomial of degree
n.
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2. Volume calculation

Theorem 2 The signed volume of the solid bounded by the Bézier surface (1.1) and
the cones determined by its boundary curves and the origin is

z—3 z—2 z—1

1 n
V= 3(3n—1)(3m—1) Z Z Z ijkipq (Pij» Prts Bpq)

r=0s=r+1t=s+1

where (b;j, b, bpg) denotes the mized product of the specified vectors,
z=(n+1)(m+1),

jo= rmod(m+1),i=(r—j)/(m+1),
I = smod(m+1),k=(s—=10)/(m+1),
g = tmod(m+1),p=(t-q)/(m+1),
and
mo l(igfp);q(k*i)gj(pfgk)
() sty

(GG

Proof. First we determine the signed volume V of the solid bounded by the
surface s (u,v),u € [ug,u1], v € [vg,v1]and the cones determined by its boundary
curves and the origin. For this purpose we divide the interval [ug,u;] into ¢, and
[vo, v1] into d equal parts. The corresponding parameter lines divide the surface into
rectangular patches. We approximate the volume of the solid determined by such a
patch and the origin with tetrahedra of Figure 1. Their volumes are

1
Vij = E(S (Wit1,v5) — s (s, v5) 8 (s, vjg1) — s (ui,v5) s (u5,v5)) and
. 1
V9= (8w, vje) = 8 (wir, v5) o8 (Ui, vj1) = 8 (Ui, vj41) 58 (i1, vj41)) -

Denoting the sum of the appropriate tetrahedra by V.4 and V¢ we obtain

c—1d-1 c—1d—1
Vea =3 Vi, Ve4=3"3 "V and lim (Vea+ V) =V,
i=0 j=0 i=0 j=0 d—>oo

moreover, the equalities

51%% Vg = 511:% yed — é// ((%s (u,v), %s(u,v) ,S (u,v)) dudv

uo Vo
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hold, thus
1 up V1 a a
V§//<%S(u’v)’8v s(u,v),s(u ,v)> dudv.
S(t;50),1) S(Ujs15 V1)

Figure 1. The approximating tetrahedra

The partial derivatives of the Bézier surface of Equation (1.1) are

b () = >0 > by (B () - B (W) B (o),

?/1/1(22"” (B ) - B ) B (0),
0 0

SO By () (BET @) - B (), 30 by B () mw%m

k=0 1=0 o
n m n m n m 1 1

:%ZZZZZZ bij, bii, bpg // B (u) — B (u )
i=0 j=0 k=0 I= ]

By (u) By (u) B (v) = B" (v)) B (v) B" (v) dudv.
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The double integrals of the sum have a closed form but the sum contains many
superfluous terms, namely ((n + 1) (m + 1))3. Taking into consideration the equalities

(bij. brisbpg) = (bri,bpg, bij) = (bpg, bij, br) =
—(bkhbijvbpq) = _(bpqvbklvsz):_(bijvbpqvbk'l)

and the property that a mixed product is zero if at least two of its operands are equal,

(n+1)(m+1) )

we can reduce the number of terms in the sum to ( 3

This sum consists of the terms

(i, by bya) [ [ (Ar (ur0) + A () + As (u,) —
00

Ay (u,v) — As (u,v) — Ag (u, v)) dudv

where

= (B (w) = B (w) B (v) (B7" (v) = B (v)
B (u) By (u ) g (V)

= (B2 (u B" (w) B (v) (Byy (v) = Bt (v)
B (u) B (u ) i (v),

= (B)Zi (u B” " (w) By (v) (BY*1! (v) = B~ (v))
Bi (u) By (u ) " (v),

= (BiT1 (u B” H(w) B (v) (B3 (v) = B (v))
BL(U)BS( )B”( )

= (ByZi (w) = By~ (w) By (v) (Biy (v) = B" ™1 (v))
BL(U)BZ( )Bm( )

= (BiS (w) = B (w) B} (v) (Bg'y' (v) = B! (v)
By (u) B; (u )Bz (v).

After some simplification we gain

Ax (u,0) = Ao (wyv) = (BIS! () = BP™" () B (w) By (u)
(Bt () Byt () = Byt (0) B () By (0) =

010 | LS A Gird ey
<i+k+p1> (i+k+p>
(D (- ()

3m — 2 JHlta—1
<j+l+q—1 >

().
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Analogously we can obtain

As (u,v) — Ay (u,v) =

n\(n (Zi) B! (wwﬁ"l (u)
(D6 (

7 3n o 1 > i+k+p—1 3n _ 1 ) i+k+p

i+k+p-—1 i+k+p
(oGO ) -0
l q—l ] .7_1 q 3m—2
3 — 92 Bj+l+q71 (v),
<j+l+q—1>

i+k+p—1 i+k+p

n\(n (Z:i) Bl <u)_@33‘”‘1 (u)
(M|, <

3n -1 > i+k+p

(O ) -G
() -

1
Utilizing that [ B (u)du=1/(n+1),(i=0,1,... ,n) cf. [2] we gain
0

1 1

11
0/0/A1 (u,v) — Ag (u,v) dudv = P - < ET— )
) _

jHi+qg—1

n
k 3n—1 3n—1
i+k+p—1 i+k+p

(1) (o) (i)
(
GO ) - (e e
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Simplifying the binomials above (cf. [4]) we obtain

O —

1
[ [ A1 (u,v) — Ag (u,v) dudv =
0
(—q)(2i—k—p)
3m —2 3n—2 (2.1)

<7z><:><5>”<?31<75@3*

The integral of the differences Ag (u,v) — A4 (u,v) and As (u,v) — As (u, v) can anal-
ogously be expressed and we obtain the equations

3n(3m—1)m(3n—1)

}jAg — Ay (u,v) dudv =
°r (¢=4)(2k—i—p)
3n(3m—1)m(3n—1) j f;’zr_qz . ) ( i+?;{;n4>_p27 ) ) (2.2)
n n n m m m
() )G
and
11
[ [ Az (u,v) — A5 (u,v) dudv =
0° G=D(@2p—i—k)
3n(3m—1)m(3n—1) dm —2 3n—2 (2.3)

J+l+qg-1 t+k+p—1
OO
The sum of the integrals (2.1), (2.2) and (2.3) is
li—p)+tqlk—i)+jp—k)

3n — 2 3m — 2
n(3n—1)m(3m—1)< i+k+p—1 ) ( Jtl+qg—1 )

(GG )

The choice of the point triplets by;, by, by is still left. For this we transform
the matrix with elements b;;, (i =0,1,...,n; j=0,1,...,m) to a vector ¢,, (r =
0,1,...,2 —1). This vector has z = (n+ 1) (m + 1) components. The sum of the
required triplets can be gained by the triple summation

z—3 z—2 z—1

Z C,,Cs,Ct).
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The subscripts of the original matrix can be calculated from r,s,t by means of the
equalities

jo= rmod(m+1),i=(r—j)/(m+1),
I = smod (m+1),k=(s=10)/(m+1),
q = tmOd(m+l)ap:(t*q)/(m+1)v

which completes the proof. m

Although the formula looks a bit involved, it is pleasing due to its symmetry in
n and m. Moreover, it is easy to implement in a programming language, and the
program based on this formula will be efficient since the number of terms in the sum
is minimized.

3. Conclusions

By means of Theorem 2 one can compute the volume of any solid, the boundary of
which can be decomposed to Bézier surfaces. Moreover, we can compute the signed
volume of the solid bounded by a B-spline patch and the cones determined by its
boundary curves and the origin. In order to do this, we generate the Bézier points of
the B-spline patch, cf. [1], i.e. we decompose the B—spline patch to Bézier surfaces.
The sum of the signed volumes of the solids determined by these Bézier surfaces is
the signed volume of the solid determined by the B—spline patch.
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Abstract. We construct nonconstant lower and upper functions for the periodic boundary
value problem u” = f(t,u), u(0) = u(27), v'(0) = u'(27) and find their estimates. By
means of these results we prove existence criteria for the problems u” + g(u) = e(t), u(0) =
u(2m), u'(0) = u'(27), where limsup,_,q, g(z) = oo is allowed and e € L[0, 27] need not be
essentially bounded.
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1. Introduction

In this paper we construct lower and upper functions to the periodic boundary value
problem

o’ = f(t,u), u(0)=u2r), o'(0)=1u'(27). (1.1)

By means of these results, we prove existence criteria for the problems
u' +g(u) =e(t), u(0)=u(2r), u'(0)=1/(2m),

where limsup,_,o, g(z) = oo is allowed and e € L[0,27]| need not be essentially
bounded. We assume that f : [0,27] x R — R fulfills the Carathéodory conditions on
[0,27] xR, i.e. f has the following properties: (i) for each 2z € R the function f(.,z) is
measurable on [0, 27]; (ii) for almost every ¢ € [0, 2] the function f(t,.) is continuous
on R; (iii) for each compact set KC R the function mg(t) = sup ek |f(t,z)] is
Lebesgue integrable on [0, 27].
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For a given subinterval J of R (possibly unbounded), C(.J) denotes the set of func-
tions continuous on J. Furthermore, L[0, 27] stands for the set of functions Lebesgue
integrable on [0, 27], L3[0, 27] is the set of functions square Lebesgue integrable on
[0,27] and AC [0, 2] denotes the set of functions absolutely continuous on [0, 27]. For
2 bounded on [0,27], y € L]0, 27] and z € L2[0, 27] we denote

1 27

[zllc = sup |z(t)], ¥=
t€[0,27] 2

0

2w 2w %

ol = [ woldt and sl = ([ 20)”
0 0

By a solution of (1.1) we mean a function u : [0, 27] — R such that v’ € ACI0, 27],
u(0) = u(27), v'(0) = v/ (27) and

y(s)ds,

u'(t) = f(t,u(t)) fora.e. te|0,2n].
Definition 1. A function o4 is said to be a lower function of the problem (1.1) if
o} € AC|0, 27],
al(t) > f(t,o1(t)) for ae. t€0,2n],
01(0) = 01(2m), 07(0) = oy (2m).
Similarly, a function o9 is said to be an upper function of the problem (1.1) if
ob € AC|0, 2],
ab(t) < f(t,o2(t)) for ae. te€[0,27),
02(0) = 02(27), 05(0) < o5(2m).
The lower and upper functions approach we will use here is based on the following
theorem which is contained in [8, Theorems 4.1 and 4.2].

Theorem 2. Let 01 and oo be a lower and an upper function of the problem (1.1),
respectively.

(I) Suppose o1(t) < o2(t) on [0,2x]. Then there is a solution u of the problem (1.1)
such that o1(t) < u(t) < oa(t) on [0, 27].

) <
(II) Suppose o1(t) > o2(t) on [0,27] and there is m € L[0, 27| such that

f(t,x)
(or f(t, )

Then there is a solution u of the problem (1.1) such that ||u'||c < ||m|1 and

m(t) for ae te€0,2n] and all x € R

>
<mf(t) fora.e tel0,2n] and all x € R.)

oo2(ty) < u(ty) < o1(ty) for some t, € [0,27].
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2. Construction of lower and upper functions

Proposition 1. Assume that there are A € R and b € L]0, 27| such that

=0, (2.1)
f(t,xz) < b(t) for a.e. te[0,2n] and all x € [A, B], 2.2

<

where
T
B=A+ bl (2.3)

Then there exists a lower function o of the problem (1.1) such that
A<o(t) < B on [0,2n]. (2.4)

Proof. Define

27
oo(t) = co Jr/ g(t, s)b(s)ds for t € [0,2n],
0

where
Hs — 2m) if 0<t<s<2n,
2
g(t,s) = y
(t—2n)s if 0<s<t<2nm
2w

is the Green function of the problem v"” = 0, v(0) = v(27) = 0 and

1 2 27
Co=—5- ; (/0 g(t,s)b(s)ds)dt.
Then
oy (t) =b(t) a.e. on [0,27] (2.5)
and
00(0) = oo(27). (2.6)

Furthermore, by virtue of (2.1) we have also
0(0) = ag(2m). (2.7)

Multiplying the relation (2.5) by o, integrating it over [0, 27] and using the Holder
inequality we get
logll3 < l16lllloollc-

Further, as @y = 0, the Sobolev inequality (see [5, Proposition 1.3]) yields

o2 < \f bl bl
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and so

™
lobll < /5 ek,

wherefrom using again the Sobolev inequality we get
T
lloolle < & N1blh-
Thus, the function ¢ given by
o(t) = %||b||1 + A+ og(t) for t e 0,2n] (2.8)

satisfies (2.4). Furthermore, according to (2.1),(2.2) and (2.6)-(2.7) we have

o’ (t) = o((t) = b(t) > f(t,o(t)) for a.e. t € [0,27] (2.9)

and
a(0) =o(2m), o'(0) =o'(27m), (2.10)
i.e. o is a lower function of (1.1). O

The following assertion is dual to Proposition 1 and its proof will be omitted.
Proposition 2. Assume that there are A € R and b € L[0, 27] such that
b=0

and
f(t,z) > b(t) for a.e. t€[0,2n] and all z € [A, B]

where B is given by (2.3). Then there exists an upper function o of the problem (1.1)
with the property (2.4).

3. Applications to Lazer-Solimini singular problems

In this section we will consider possible singular problems of the attractive type
w4+ g(u) =e(t), u(0)=u(2r), «'(0)=1u(2m) (3.1)
and of the repulsive type
u’ —g(u) =e(t), w(0)=u(2r), «(0)=1u(27), (3.2)

where
g € C(0,00) and e € L0, 27] (3.3)

and it is allowed that limsup,_,q, g(z) = oc.
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The problem (3.1) has been studied by Lazer and Solimini in [6] for e € CJ0, 27]
and g positive. In [9, Corollary 3.3], their existence result has been extended to e €
IL[0, 27| essentially bounded from above. Here, we bring conditions for the existence
of solutions to (3.1) without assuming boundedness of e.

Theorem 1. Assume(3.3) and let there exist A1, Ay € (0,00) such that

g(x) > € for all = € [A1, B1], (3.4)

g(x) <€ for all x € [Ag, Bs], (3.5)
where

By — Ay :Bg—Agnge—EHl (3.6)
and As > Bj.

Then the problem (3.1) has a solution wu such that Ay < u(t) < By on [0, 27].

Proof. Define, for a.e. t € [0, 27],

q Ay if z< Al,

ft,z) =e(t) — { g((x)) if 2> A
Then f satisfies the Carathéodory conditions on [0,27] x R. Furthermore, by (3.4)
and (3.6), f satisfies (2.1)-(2.3) with b(t) = e(t) — € a.e. on [0,27] and [A, B] =
[A1, B1]. Hence, by Proposition 1 there exists a lower function o of (1.1) such that
o1(t) € [A1, By] for all t € [0, 27]. Similarly, (3.5), (3.6) and Proposition 2 yield the
existence of an upper function o2 of (1.1) such that oa(t) € [A2, B2 on [0, 27]. Now,
since Ay > By, we have 01(t) < o2(t) on [0,27] and the assertion (I) of Theorem 2
gives the existence of the desired solution u to (1.1) which is naturaly also a solution
to (3.1). O

Classical Lazer and Solimini’s considerations [6] of the repulsive problem (3.2)
have been extended by several authors (see e.g. [1]-[4], [7] and [10]). Here we present
a related result, where e need not be essentially bounded.

Theorem 2. Assume(3.3),
1

gjlg& ’ g(§)d§ = oo, (3.7)
and
g« := inf g(x) > —oc0. (3.8)
z€(0,00)

Furthermore, let there exist A1, Ay € (0,00) such that
g(z) < —€ for all z € [Ay, By], (3.9)
g(x) > —€ for all = € [As, B, (3.10)
where (3.6) is true and A; > Bs.
Then the problem (3.2) has a positive solution.
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Proof. Denote

B

K=l + g, B =B+ 20K and K= Klelh + [ lola
Az

It follows from (3.7) that limsup,_,o, g(x) = oo and there exists ¢ € (0, A2) such that

Az
/ g(x)dz > K* and g(e) > 0. (3.11)
Define
— v f oglx) if x>¢
9(z) —{ oe) if r<e
and

f(t,z) =e(t) + g(z) for a.e. t€0,27n] and all x € R.

Now, we can argue as in the proof of Theorem 1 obtaining a lower function o7 and
an upper function oy of (1.1) such that o1(¢) > o2(t) on [0, 27]. The assertion (II) of
Theorem 2 (with m(t) = g« + e(t) a.e. on [0, 27]) implies that (1.1) has a solution u
such that wu(t,) € [Ag, B1] for some t, € [0,27] and ||v/||c < K. It remains to show
that u(t) > e holds on [0, 27].

Let to and t; € [0,27] be such that

u(to) = te%%gﬂ}u(t) and u(ty) = terr[})%)ir]u(t).

Clearly, As < u(t;) < B. With respect to the periodic boundary conditions we have
uw'(to) = u/(t1) = 0. Now, multiplying the differential relation v (t) = e(t) + g(u(t))
by «'(t) and integrating over [tg,t1] we get

O:/lu"(t)u’(t)dt:/le(t)u'(t)dtJr/lﬁ(u(t))u’(t)dt,

to to to
ie.
u(t1) t1
/ g(z)dr = —/ e(t)u' (t)dt < K|lel|;.
u(to) to
Further,

A2 B
/ m@MSme+/\mmm:K*
u(to) A2

which, with respect to (3.11), is possible only if u(tg) > €. Thus, u is a solution to
(3.2). O

Ezample 3. Let g(z) = - on (0,00). If 7 > 0, then Theorem 1 ensures the existence
of a positive solution to (3.1) for any e € L[0, 2] such that

£>0and ga% le — el < 1. (3.12)
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1
The function e(t) = ¢ + ——= — — with ¢ € R is not essentially bounded from above
™

V27t

on [0, 27]. However, it satisfies (3.12) if

3 vy
0<c<(> .
™

We should mention that provided e € C[0, 27] or e is essentially bounded from above,
the condition & > 0 is sufficient for the existence of a solution to (3.1) (cf. [6] or [9],
respectively).

Ezample 4. Let e € L0, 27| be essentially unbounded from below and let

B 1—|—sin(§)
=

g9(z)

—arctan(z), z € (0,00).

Then g verifies the assumptions (3.3), (3.7) and (3.8) of Theorem 2. Let us suppose
that @ = —5. Then the equation g(x) = 5 has exactly 5 roots in the interval [0.125, c0).
In particular, we have (see Figures 1 and 2)
21 ~ 0.126804, 29 ~ 0.141071, 25 ~ 0.167853, x4 ~ 0.200541, 25 ~ 0.244461,
g(x) >5on (xg,x3)U (x4, 25) and g(z) <5on (z1,22)U (3,24) U (x5,00).

Therefore, by Theorem 2, if

3
lle —ell < ;(:175 — x4) 72 0.0419392,

the problem

u = % —arctan(u) + e(t), u(0) =u(27), '(0)=u'(27) (3.13)

has a solution u; such that ui(t*) € [x4, 25 + d1] for some ¢* € [0, 2x], where d; =
x5 — x4 (see Figure 3).

Similarly, by Theorems 1 and 2, if
3
lle —ell. < %(1'5 — x4) ~ 0.0209699,

the problem (3.13) has at least 2 different solutions u; and wug, where u;(t*) € (x5 —
da, x5+ dz) for some t* € [0, 27] and ua(t) € (x4 —da, x4 +ds) for all ¢ € [0, 27], where
dy = L(25 — 24) (see Figure 4).
Finally, if
3
lle — €|l < =(z2 — x1) =~ 0.0136238,

T

the problem (3.13) has at least 3 different solutions wu;, us and us, where u;(t*) €

[x5 — ds, x5 + d3] for some t* € [0, 27|, ua(t) € [x4 — d3, x4 + ds3] for all ¢ € [0, 27] and
us(t) € [z1,x2] for all t € [0, 27], where d3 = x2 — 1 (see Figure 5).
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Abstract. We introduce the notion of a classification system for an arbitrary complete
lattice. We give a characterization of those pseudocomplemented lattices which have the
property that any of their classification systems yields a decomposition of the lattice into
a direct product. By applying these results we prove new stucture theorems for particular
classes of complete pseudocomplemented lattices.
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1. Introduction

The notion of the classification system has its origin in an application of Concept
Lattices to one of the main problems of Group Technology, namely, to classify some
technical objects on the basis of their properties.

Given a set G of (technical) objects and a set M of (possible) properties, a binary
relation I € G x M is defined as follows:

(9,m) € I if and only if the object g € G has the property m € M.

The triple (G, M, I) is called formal context in mathematical literature and (by us-
ing the basic construction of Formal Concept Analysis) a complete lattice £L(G, M, I)
is associated with it, which is called the concept lattice of the context (G, M,I). (For
details see [3].) If the objects with the same properties are considered identical -
and this is the case in our technical application - then the context (G, M, I) is called
row-reduced. A classification of the elements of G means a partition 7 = {G;,i € I}
of the set G, where any block G; of 7 is characterized by the common properties of its
objects. The observation (see [7]) which led us to our investigations was the following:

"If (G, M, I) is a row-reduced context, then to any classification 7 = {G;,3 € I} of
the elements of G corresponds a system {a;,7 € I} of nonzero elements of the concept
lattice L(G, M, I) satisfying the conditions (1) and (2) of Definition 2.1. Conversely,
any set of elements of £(G, M, I) which satisfies conditions (1) and (2) induces a
classification of the elements of G.”
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In the next Section, we define and study classification systems in an arbitrary
complete lattice presenting some of their basic properties, making abstraction from
the original problem and the theory of Concept Lattices. In Section 3 we give a char-
acterization of those complete pseudocomplemented lattices which have the property
that any of their classification systems yields a decomposition of the given lattice
into a direct product. In Section 4 we apply these results to describe direct product
decompositions of certain pseudocomplemented lattices.

2. Basic notions

Let 0 and 1 stand for the least and the greatest element of a bounded lattice L,
respectively. (z] is our notation for the principal ideal generated by an « € L. The
supremum of a set A C L (if it exists) is denoted by VA. We set V& = 0, as usual.

Definition 2.1. Let L be a complete lattice. A set S = {a; | i € I}, I # & of
nonzero elements of L is called a classification system of L if the following conditions
are satisfied:

(1) a; Naj =0, for all i # j,

(2) z=V(rAa;), foralzelL.
i€l
If S = {1}, then we say that S is trivial. S is called weakly independent if
a; A( Va; ) =0 holds for all j € I. We say that S is strongly independent if the

i€\ {5}
relation (\/ a;) A (Va;) = ( Va; ) holds for all K,J & I.
icJ i€K i€JNK

The following lemma contains some simple properties of the classification systems.

Lemma 2.2. Let S = {a; | i € I} be a classification system of a complete lattice L.
Then the following statements hold:

(i) We have \/a; =1 and for any b € L, b # 0 the nonzero elements of the set
iel
{bAa; i€} form a classification system of the sublattice ().
(ii) If T ={b; | j € J} is a classification system of (a;,] (io € I), then S = {a; |
ieI\{io}} U{b;|j € J} is also a classification system for L.

(iii) Let K S I, K # @ arbitrary and b= \/ a;. If S is weakly independent then
S*={a; |1 € I\K}U{b} is also a classiﬁcagz‘eoifz system of L.
Proof. (i) Substituting « = 1 in relation (2) we obtain 1 = \/a;. Let V.= {bAa; |
i € K} be the subset of nonzero elements of {b Aa; | i € ﬁl(here K C I). Since
by (2) we have b= \/ (b A a;), V cannot be empty. As we have (bAa;) A (bAaj) =
bA (a; Naj) =0 f01:6i17fé Jj, relation (1) is satisfied by V. Now take an z € (b], then
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A Aa;)=(zAb)ANa; =z Aa;, Vi € I. Therefore, we can write:

x = \/(a:/\ai) = \/(ac/\(b/\ai)): \/(a:/\(b/\ai)).

i€l i€l €K
Thus V satisfies (2).

(ii) Relation (1) can be easily checked for S’. Since {b; | j € J} is a classification
system of (a;,] and since = A a;, € (a;,], we get

T A ai, = \/((x/\aio) Abj) = \/(ac/\ (@iy NDj)) = \/(x/\bj),fomllx e L.

jed jeJ jed

Thus we can write:
z=V(@na)=(zhai,)V( V (zrha))=(V @A)V V (2/ha)),
el i€I\{i0} jeJ €I\ {io}
and this proves that relation (2) holds for S’.
(i) We have a; Ab=a; A(V a;) S a; AN ( \/ a;). Since S is weakly independent
ieK ieI\{i}
a; AN\ ;) =0. Thus we obtain a; Ab =0 for all i € I'\ K, and this ensures that
ieI\{i
relation (1) holds for S*. Now for an x € L we have

}
=V@ra)s (V (@ha)V(V (@Aa)s (V @A)V (@Ab) s

i€l i€I\K €K i€I\K
Hence we get  (\/ (zAa;))V (zAb) =z, thus condition (2) is satisfied by S*. O
ie\K
Definition 2.3. An element a € L is called a central element of the lattice L if for all
x,y € L the sublattice generated by {a,x,y} is distributive and a is complemented.

A complement of an element a € L (if it exists) is denoted by a. We note that the
complement of a central element is unique. The central elements of L form a Boolean
sublattice of L denoted by CenL. We say that an ordered pair (a,b) of elements of
a lattice L is a modular pair and we write (a,b) € M if, for all x € L x < b implies
zV (aAb)=(xVa)Ab (see [6] or [8]). Clearly, we have (a,b) € M for any a €CenL
and b € L. The following lemma from [6] will be useful in our proofs.

Lemma 2.4. Let a be an element of a bounded lattice L. Then the following state-
ments are equivalent:

(i) a €Cenl,
(ii) There exists an element o’ € L such that
z=(@xAa)V(@Ad)=(xVa)A(zVd),

(ili) There exists an element o’ € L such that a Na' =0, (a,a’) € M, (¢/,a) € M
and x = (x Na)V (xANa') for every x € L.

Remark 2.5. It is easy to check that if the element a’ in (ii) or (iii) exists, then
a’ =a. Consequently, for any a €CenlL, {a,a} is a classification system both for L
and its dual L¢.
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Definition 2.6. Let L be a complete lattice. A classification system S = {a; | i € I}
is called a decomposition system of L if a; €CenL, for all i € I.

The following proposition clarifies the meaning of the former definition.

Proposition 2.7. Let L be a complete lattice. Then the following assertions are
true:

(i) If {a; |i € I} is a (nontrivial) decomposition system of L, then L= [](a;] .

iel
(ii) For any (nontrivial) direct decomposition L = []L; there exist elements
i€l

a; €CenL, i € I such that L; = (a;] and such that {a; | i € I} is a (nontrivial)
decomposition system of L.

Proof. Since the above statements are more or less known in the literature, we outline
only the principal steps of the proof.
(i) The isomorphism is given by the map h: L — [](as] , h(z) = (z A ai)ier-
i€l
Indeed, it is easy to check that h is a homomorphism, since for any a; €CenlL and
z,y € L we have (x Vy) Aa;, = (x ANa;) V (y Aa;) (and of course, (z Ay) Aa; =
(x Nai) A (yAa;)). Since by the assumption of (i) z = \/ (x A a;) holds for all z € L,
i€l
h(x1) = h(xs) implies x; = zo, therefore h is injective. Finally, the surjectivity of h
can be shown proving the equality

h (\/xz> = (2;)icr, forall z; <a;i€l.

el

(ii) Let 0; and 1; stand for the least and the greatest element of L;, respectively.

We define the elements a; € [[L; = L as follows: (a;); = 0;, for j € I, j # ¢ and
il

(a;); = 1;. Then obviously we have L; = (a;] and a; Aa; = 0 for all 4 # j. It is

also easy to check that any a; is a central element of [ L; , i.e. of L (see [4] or [6]).

el
Clearly, for all x = (z;);er € [[ Li we can write x = \/ (z Aa;), thus S = {a; | i € I}
i€l iel
is a decomposition system of L = [] L;. Evidently, whenever the set I contains more
iel
than one element, S is not trivial. O

Proposition 2.8. Any decomposition system S = {c; | i € I'} of a complete lattice L
is a strongly independent classification system of L. Moreover, we have \/ ¢; €CenlL,

i€k
for any K S 1.

Proof. In view of Proposition 2.7 we have L = [](c;]. For each M & I we define the
elements ¢ € T] (¢;] as follows: (cV); = ¢; forze?lll i € M, otherwise (cM); = 0;. It is
easy to check tilealt for any J, K € I we have ¢/ A& =¢/"K. Let h: L — H(Ci]’
h(z) = (x A ¢;)ier be the isomorphism as in the proof of Proposition 2.7.(1).l€SIince
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we have h (\/a:z> = (x;)ies for all z; < a; (as was indicated), h~! maps any = =
icl
(zi)ier € T](ci] to \/ z;. Thus we get h=1(cM) = \/ ¢; , for all M C I. Since h™! is
i€l i€l ieM
an isomorphism, now we can write:

(\/ ci> A ( V ci> = W () AR Y(K) = h (I AcK) = Y (K ) =\ e

ieJ ieK ieJNK
Thus {¢; | ¢ € I'} is a strongly independent system.

In order to prove the second assertion, let us define for any K € I the direct

products Ax = [] (] and Bx = [] (c], and denote by 04,14, and Op,,1B,
i€k i€EI\K

the least and the greatest elements of the lattices Ax and By, respectively. Clearly,

we have L = [[(¢;] & Ax X Bg. By [4], (1a,,08,) and (04,,1p,) are central
iel
elements of the lattice Ax X Bg and correspond by isomorphism to the elements
& € TI(¢;] and N\E € T](ci], respectively. Since h='(c) = \/ ¢;, and since the
i€l i€l ieK
central elements of a lattice are preserved by isomorphisms, we get \/ ¢; €CenL. O
ieK

3. Classification systems in particular lattices

A lattice L with 0 is said to be 0-modular if a,b € L,a < c and b A ¢ = 0 imply
(a Vb) Ac=a. By J.C. Varlet’s result (see e.g. [8]), this definition is equivalent to
the fact that there is no N5 sublattice in L including the element 0.

Proposition 3.1. If L is a 0-modular complete lattice, then any of its weakly inde-
pendent classification systems of it is a decomposition system.

Proof. Let S = {a; | ¢ € I} be a weakly independent classification system of L and
take b = \/ aj, ¢ € I. Since S is weakly independent, we have a; A b; = 0. In
JeI\{i}

view of Lemma 2.2(iii) the set {a;,b;} is a classification system of L, thus we get
z=(xAa;)V(xAb) for all z € L. Since L is 0-modular, we have (x V a;) ANb; =
for all z < a;. Thus we obtain « V (a; Ab;) =z = (2 Va;) Ab; and this relation means
that (a;,b;) € M. Similarly we can prove (b;,a;) € M. Now, by applying Lemma 2.4
we get a; €CenlL, i € I, therefore S is a decomposition system of L. O

A lattice L with 0 element is called a pseudocomplemented lattice if any element
x € L has a pseudocomplement x*, that is, for any x € L there exists an element
2* € L such that y Ax =0 iff y < x*.

Definition 3.2. (R. Beazer, [2]) An element a of a pseudocomplemented lattice L is
called a semicentral element if
z=(xAa)V(xAa*) holds for all z € L. (%)

Remark 3.3. The above definition implies ¢* = @ and a** = a for any semicentral
element a € L. From here it follows that the pseudocomplement of a, i.e. a*, is a
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semicentral element too. We note that in view of relation (k) the set {a,a*} is a
classification system of L. It is also clear that any ¢ €CenlL is a semicentral element.

Proposition 3.4. Any classification system S = {a; | i € I} of a complete pseudo-
complemented lattice L is weakly independent and it consists of semicentral elements
of L. Moreover, for any K €1, K #0 \/ a; is a semicentral element of L.

€K
Proof. As a; Naj = 0 for i # j, we have a; < a} for all j # i. Thus we can write

V a; £ af. As a consequence, we get a; A \V CLj) =0,9¢€1,ie. Sis

JeI\{i} JeI\{i}

weakly independent. Furthermore, we can write af = \/ (af Aaj) = (af Aa;) V

jer

( V (af /\aj)> < \V a;. Hence we obtain a] = \/ a;. Since S is a weakly
JeI\{i} JeI\{i} JeI\{i}

independent classification system, by applying Lemma 2.2(iii) with K = I\ {i} we

get that {a;, a}} is a classification system, too. Therefore x = (zVa;)V (z Aa}) holds

for all z € L (and 7 € I). Thus each a; is a semicentral element.

Finally, set b= \/ a;, fora K € I, K # (0. Then S* = {a; |t € I \ K} U{b} is

ieK
also a classification system of L, by Lemma 2.2(iii) again. Thus, as we have already
proved above, b = \/ qa; is a semicentral element. O
€K

Corollary 3.5. If L is a complete 0-modular pseudocomplemented lattice, then any
classification system of L is its decomposition system.

Proof. We apply Proposition 3.4 and Proposition 3.1. O

Example 3.6. Let TolL stand for the tolerance lattice of a lattice L. By [1], TolL is
a pseudocomplemented and 0-modular complete lattice. Thus, according to Corollary
3.5, any classification system of TolL is its decomposition system.

The last two results naturally raise the question: ”Under what conditions do the
classification systems of a complete lattice coincide with its decomposition systems?”
In the case of pseudocomplemented lattices the following is an answer.

Theorem 3.7. Let L be a complete pseudocomplemented lattice. Then the following
assertions are equivalent:

(i) Any semicentral element of L is its central element,
(ii) Any classification system of L is its decomposition system,
(iii) For any semicentral element a € L we have (a,a*) € M.

(iv) The complemented congruences of the algebra (L, A\,* ) and the factor congru-
ences of the lattice L are the same.

Proof. (i)=-(ii) is obvious, since any classification system of a pseudocomplemented
lattice consists of semicentral elements.

(ii)=-(iii). Since for any semicentral element a € L, the set {a, a*} is a classification
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system, by assumption of (ii) it follows that a,a* €CenL. Hence (a,a*) € M.

(iii)=-(i). Let a € L be a semicentral element. Then, according to Remark 3.3, a*
is a semicentral element, too, and a¢** = a. Thus by assumption we have (a,a*) € M
and (a*,a) € M and x = (x Aa)V (x Aa*), Ve € L. As a Aa* = 0, by applying
Lemma 2.4, we get that a €CenlL.

()& (iv). Let 0, = {(x,y) € L? | zAa = yAa}. Inview of [2], 8, is a complemented
congruence of the algebra (L,A,*) if and only if a is a semicentral element of L.
However a €CenlL if and only if 6, is a factor congruence of the lattice L (see [4]),
whence the required equivalence follows. O

4. Classification systems in CJ-generated pseudocomplemented lattices

An element p of a complete lattice L is called completely join-irreducible if for
any system of elements x; € L, i € I, the equality p = \/{z; | ¢ € I} implies
p = x;, for some iy € I. If any element of L is a join of the completely join-irreducible
elements, then L is called a CJ-generated lattice. The set of completely join-irreducible
elements of L is denoted by J(L). For an a € L let J(a) ={p € J(L) | p < a}. It

is clear that for any system of elements a; € L, ¢ € I we have J | Aa; | = () J(ai)
i€l i€l
and JJ(a;) € J (\/ai), moreover, if L is CJ-generated, then for any z,y € L
il iel

J(x) S J(y) <=z .

For an arbitrary relation p € X x X and for a set B € X we define p(B) =
{z € X | 3b € B such that (b,z) € p}. We say that the set B is closed relative to
the relation p if p(B) € B, i.e. for any b € B and = € X from (b,x) € p it follows
x € B. If p is an equivalence relation, then the equivalence class of an element z € X
is denoted by [z],.

Let L be a CJ-generated (complete) pseudocomplemented lattice. On the set
J(L)\ {0} we define the relation R as follows: pRq < pAq#0 (p,q € J(L)\ {0}). A
partition m = {A; | i € I} of J(L)\ {0} is called R-closed if every block A; is closed
relative to the relation R.

Now we can formulate the following
Proposition 4.1.

(i) If {a; | i € I} is a classification system of L, then the sets J(a;)\ {0}, i € I
form an R-closed partition of J(L) \ {0}.

(ii) If m = {A; | i € I} is an R-closed partition of the set J(L) \ {0} then the
elements a; =\ A;, i € I form a classification system of L with J(a;)\ {0} = A;.
Proof. (i) Since a; # 0, we have J(a;) \ {0} # 0, and for ¢ # j, a; A aj = 0 gives
(J(a;)\{0})N(J(a;j)\{0}) = 0. We prove |J (J(a;)\{0}) = J(L)\{0}. The inclusion

el
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U (J(a;) \ {0}) & J(L) \ {0} is obvious. To prove the converse inclusion take an
iel

arbitrary p € J(L) \ {0}. Then p = V\/ (p A a;), because {a; | 7 € I} is a classification

i€l
system of L. As p is completely join-irreducible, there exists an iy € I such that
P =D A a,, i.e. such that p € J(a;y) & U (J(a;) \ {0}). Thus {J(a;) \ {0} |i € I} is
iel

a partition of J(L)\ {0}.

Take now any p € J(a;)\ {0} and assume that pRq holds for some ¢ € J(L)\ {0}.
Since {J(a;)\ {0} | i € I} is a partition, we have ¢ € J(a;)\ {0} for some j € I. Then
p < a; and ¢ < a; implies pA g < a; Aaj. As a; Aa; = 0 for i # j, the assumption
pAq # 0 gives ¢ = j. Therefore g € J(a;) \ {0} and this means that J(a;) \ {0} is
R-closed.

(i) Let # = {A; | i € I} be an R-closed partition of J(L)\ {0} and put a; = \/ 4;,
i € I. Since A; # (), we have a; # 0. First, we show that J(a;) \ {0} = A;.

Let p € J(a;)\{0}. We claim that pAqg # 0 for some g € A;. Indeed, pAg =0,Vq €
A; would imply that a; = \/{q | ¢ € A;} < p*, thus we would get p = pAa; < pAp* =0
- a contradiction. Thus we must have pRq for some g € A;. Since A; is R-closed
by assumption, we get p € A; and this proves J(a;) \ {0} £ A;. The inclusion
A; € J(a;) \ {0} is obvious.

If ¢ # j then J(a; Aaj) = J(a;) N J(a;) = (A; U{0}) N (A4; U{0}) = {0}, and since
L is CJ-generated, from here it follows a; A a; = 0.

Finally, observe that, in order to prove that {a; | i € I'} is a classification system

of L, it is enough to show the inequality z £ \/ (x A a;) for any € L. For this
i€l

purpose take any p € J(x) \ {0}. Since {A; | i € I} is a partition of J(L) \ {0}, there

exists an 4, € I such that p € A; . Then we get p < x Aa;,, therefore p < \/ (z Aay).

i€l
Thus we obtain z = \/{p|p€ J(x)} < V (x A a;). O
iel

Let R denote the transitive hull of the relation R. Since R is reflexive and symmet-
ric by its definition, R is an equivalence on J(L)\ {0}. Clearly, the equivalence classes
[#]7, © € J(L)\{0} form an R-closed partition of J(L)\{0}. Let D = {d | d = \/[z]3,
xz € J(L)\ {0}}. Evidently the elements of D can be indexed by the elements of the
factor set Cr = (J(L) \ {0})/R , i.e. we can write: D = {d; | i € Cg}. Now, by
applying Proposition 4.1(ii) we obtain the following

Corollary 4.2. For any CJ-generated complete pseudocomplemented lattice L, the
set D ={d; | i€ Cgr} is a classification system of L.

We call a CJ-generated lattice L connected, if R is the total relation on the set
J(L) \ {0}, i.e. if for any p,q € J(L) \ {0} there exists a sequence of elements

P0P1,--»pn € J(L) \ {0}, such that po = p, p, = ¢ and p;—1 A p; # 0, for all
1 £ ¢ £ n. Now we have the following

Corollary 4.3 Let L be a CJ-generated complete pseudocomplemented lattice. Then

(i) L admits only the trivial classification system if and only if L is connected.
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(i) If L is connected, then it is directly irreducible.

Proof. (i) If L is not a connected lattice, then the equivalence R has more than one
class, thus applying Corollary 4.2 we get that D = {d; | i« € Cr} is a nontrivial
classification system of L.

Conversely, suppose that L is connected, and let {a; | ¢ € I} be a classification
system of L. In view of Proposition 4.1(i) the sets J(a;)\ {0}, 7 € I form an R-closed
partition of J(L)\{0}. Thus for every a; and any = € J(a;)\{0} we have [z]7 & J(a;).
As L is connected, we have [z] = J(L) \ {0} for all z € J(L) \ {0}, whence we get
that J(a;) = J(L), i.e. that a; =1, for all i € I. Hence any classification system of
L is trivial.

(ii) On the contrary, suppose that the lattice L is directly reducible. Then, by
Proposition 2.7, L admits a nontrivial decomposition system S. Since S at the same
time is a classification system, the above (i) gives that L is not connected, which is a
contradiction. |

Now we are able to formulate the main result of this section, which is the following

Theorem 4.4. Let L be a CJ-generated complete pseudocomplemented lattice. Then
the following assertions are equivalent.

(i) Any classification system of L is a decomposition system,
(ii) L is a direct product of connected lattices,
(iii) Any semicentral element of L is central.

Proof. The equivalence (i)« (iii) was proved by Theorem 3.7.

(i)=(ii). Let D = {d; | i € Cr} be the classification system induced by the
equivalence R. Since by assumption D is a decomposition system of L, Proposition 2.7
gives L = ] (d;]. Clearly, any (d;] as a principal ideal of L is a pseudocomplemented

ie€C
CJ—generatedRcomplete lattice and the set of its completely join-irreducible elements
is the same as J(d;) & J(L). Since any d; is of the form d; = \/[z]xz for some
z € J(L)\ {0}, and since J(d;) \ {0} = [z]f in view of Proposition 4.1(ii), we have
pRq for all p,q € J(d;) \ {0}. Thus any lattice (d;] is connected.

(ii)=-(iii). By assumption of (ii) we have L = [[L; , where all L; are connected.

iel
Then, in view of Proposition 2.7, there are ¢; €CenL such that L; 2 (¢;], ¢ € I and
S ={c¢; | i€} is adecomposition system of L. Now, let a be a semicentral element
of L. Since {a,a*} is a classification system of L, if ¢; Aa # 0 and ¢; A a* # 0 for
some ¢ € I, then by applying Lemma 2.2(i) we get that {¢; Aa, ¢; Aa*} is a nontrivial
classification system of the lattice (¢;]. (The system is nontrivial, since ¢; A a = ¢;
would imply ¢; £ a, i.e. ¢; Aa* =0, - a contradiction.) Since any (¢;] is a connected
lattice, it admits only the trivial classification system. Thus for each i € I we must
have either ¢; Aa = 0 or ¢; Aa* = 0, i.e. either ¢; < a* or ¢; £ a** = a. Let
K={iel]|c¢ <a}. Then we have ¢; < a* for all i € I\ K. Set b = \/ ¢; and
ieK
c¢= \/ ¢i. Then Proposition 2.8 gives b, ¢ €CenL, and since S is also a classification
ie\K
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system, we have bVe= \/ ¢ = 1.

iel
On the other hand, we have b = \V ¢ S aand ¢c = V ¢ £ a*, so we get
i€k i€l\K
cha<a*Na=0and cVa=cVb=1, whence a = ¢. As the complement of a
central element is also central, we obtain that a €CenL. Il

Corollary 4.5. Any finite 0-modular pseudocomplemented lattice L is a direct product
of connected directly irreducible lattices.

Proof. In view of Corollary 3.5 any classification system of L is a decomposition

system. Since any finite lattice is a CJ-generated complete lattice, we can apply

Theorem 4.4 and this gives that L is a direct product of connected lattices, i.e. that

L = ] L;, where any L; is connected and of course, finite and pseudocomplemented,
el

too. Applying now Corollary 4.3(ii) we get that each L; is directly irreducible. O

Finally, we present an application of our former results to the theory of Stone
lattices.

A bounded pseudocomplemented lattice L is called a Stone lattice if x* V x** =1
holds for all x € L. We say that a lattice L with 0 is handled, if it contains an atom
w € L such that w < z hold for all z € L\ {0}. Clearly, any bounded handled lattice
L is a pseudocomplemented lattice where z* = 0 and «** = 1, for all z € L\ {0}.
Thus any bounded handled lattice is a Stone lattice. It is also obvious that any CJ-
generated handled lattice is connected. In [5], G. Gritzer and E.T. Schmidt gave the
following fine characterization of finite distributive Stone lattices:

” A finite distributive lattice is a Stone lattice if and only if it is a direct product
of finite distributive handled lattices.”

Remark 4.6. It is easy to check that in a distributive Stone lattice L we have
x* €Cenl for all z € L. Conversely, if 2* €CenL holds for all z € L in a bounded
lattice L, then L is a Stone lattice. (We note that a lattice with this property is
not distributive in general.). In view of these observations, the next theorem can be
considered to be a generalization of the above cited result of G. Griitzer and E.T.
Schmidt.

Theorem 4.7. Let L be a CJ-generated complete lattice. Then the following state-
ments are equivalent:

(i) L is a pseudocomplemented atomic lattice, and for all x € L we have z* €CenlL.
(ii) L is a direct product of handled lattices.

Proof. (i)=(ii). Since any semicentral element a € L satisfies a = a**, the assumption
of (i) implies that any semicentral element of L is central. Thus, by applying Theorem

4.4 we get that L is of the form L = []L;, where all L; are connected CJ-generated
i€l

lattices. Evidently, any lattice L;, as a factor of L, is a complete pseudocomplemented

atomic lattice.

Now we prove that any L; (i € I) is a handled lattice. Denote by 0; and 1; the
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smallest and the largest element of L;, respectively. Let o be an atom of L;, we have
to show that a < x for all z € L;, x # 0;. On the contrary, let us assume that
bAa =0, for some b € L;, b # 0;. Then we have b* # 1; and b* =2 a > 0;. The
latter relation implies b** # 1;, and since b** = b, we have b** # 0;. Thus we get
b*, b** ¢ {0;,1;}.
Set now an element z = (zi)rer € [[ Lk, with z; = b. Since by assumption
kel
z*,z** €CenlL, and since z** = (z*) the set {z*,2**} is a decomposition system of
L. Thus we have z = (x A 2*) V (z A 2**) for all € [[L;. Clearly, we get z; =
i€l
(@i N(2)i) V(i AN(2**);) for all z; € L. Observe now, that for all x = (zx)rer € [] L
kel
we have 2* = (x})rer. Hence (2*); = b* and (2**); = b**. Summarizing, we get that
{b*,b**} is a classification system of L;. Since b* # 1;, this system is nontrivial. As
L; is a connected lattice, this result is in contradiction with Corollary 4.3(i).
(ii)=>(i). Let L = []L;, with all L; handled. As L is a bounded lattice, each
el
L; must be bounded, and consequently, it must be pseudocomplemented. Then it is
not hard to check that L itself, as a direct product of pseudocomplemented atomic
lattices L;, is a pseudocomplemented atomic lattice, too. Take now an arbitrary
x = (x;)ier € L. Then we have 2* = (z});c7. Since any L; is a bounded handled
lattice, we must have z = 0;, for all z; # 0;, and ] = 1; otherwise. Thus for all
i € I we have either (z*); = 0; or (z*); = 1;, and this fact proves that z* is a central

element of the product []L;. Hence z* €CenL. O
i€l
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1. Introduction

The so-called numerical-analytic method (shortly NAM) based upon successive ap-
proximations was introduced by the first author jointly with Professor A. Samoilenko
[1,2] for the purpose of studying the existence of solutions of non-linear boundary
value problems (BVP) and finding approximations to them. For a survey of the fur-
ther application and development of the NAM to various types of BVPs, including
periodic, two-point, multipoint, impulsive, and parametrised ones, one can consult
our series of papers in the Ukrainian Mathematical Journal joint with Samoilenko
and Trofimchuk. The most recently published paper [3] from this series contains
the seventh part of the survey. Extentions of NAM to some types of parametrised
boundary value problems (PBVPS) can be found in [4,5].

2. Main results

We consider the following two-point non-linear boundary value problem containing
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parameters both in the given differential equation and in the boundary condition:

dx/dt = f(t,z, A1), (2.1
Az(0) + C(A1)z(A2) = d(A1, Aa), (2.2)
1’1(0) = 10, 1‘2(0) = T20- (23)

Here, we suppose that = : [0,7] — R™, T > 0 is fixed, the functions f : Q :=
[0,T] x D x [a1,b1] — R™ and d : I; x Is — R™ are continuous in their domains of
definition, D C R™(n > 3) is a closed, connected, and bounded domain, and A\, €
I :=[a1,b1], A2 € Iz := (0, T] are unknown scalar parameters. The n X n matrices A
and C' (A1) are supposed to be such that det h(A1) # 0 and rank [1“11()\1), 7“12()\1)] =2
for some real ky and ko (k1 # ko) and all Ay € I, where h(A1) := k1A + kaC(\1),
H()\l) = h()\l)il,

r1i1(A1)  riz(Ar)
21 (/\1) T22 ()\1)

(In the equality above, the matrices 711(A1), r12(A1), r21(A\1), and ra2(A1) have di-
mension 2 x 2, 2 x (n —2), (n —2) x 2, (n —2) x (n — 2), respectively.)

We aim at obtaining the values A} € I; and A5 € I for which the BVP (2.1),
(2.2) has a solution z* satisfying the additional condition (2.3) for its first and second
components. By a solution of (2.1)-(2.3), we thus mean the pair (A, z), where A\ =
(A1, o).

It is obvious that the right-hand side boundary in BVP (2.1)—(2.3) should also be
regarded as a parameter.

Let us denote by |f| the column (|f1],|f2],-..,|fn]). The inequalities between the
vectors will be understood component-wise.

=E—-kH(M)A+C(\).

With this conventions adopted, we set

Dy i={z € R": B(,B(x)) C D},
where 8 : R — R”, and B(z, 5(z)) is the §(z)-neighbourhood of an « € R™.
We also assume that the following three conditions hold for the BVP (2.1)-(2.3):
(i) f is continuous on 2 and bounded by some vector M € R} :
[ft,z, M) <M for all (t,z, ) € Q,
and is Lipschitzian in the last two variables, i.e.,
(2, A1) = (82", M) < Ko — 2]+ [\ = M| M,

where K and M are non-negative matrices of dimension n X n and n X 1,
respectively;

(1) The set Dg, where
1
Bz, ) :== QTM’ + Bi(x, N),
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dy(z,A) := d(\) — [A+ C(\)]z,
Bi(x, A) := |(k1 — k2) H(A1) [d(A1, A2) — (A + C(M))x] | + [kr H(A1)dy (2, M),

and )
M == tyx, A1) — i t,z, A

9 (t,;g\al})(eﬂf( s Ly 1) (t,wI,Iilll;EQf( s Ly 1) )

18 not empty:
Dy # 0;
(iii) The greatest eigen-value Amax(K) of the matriz K satisfies the inequality
q
)\max K T
(K) < 7
where q = 13—0.
Let us introduce the sequence of functions
t
Bt (t0:N) = #(0)+ BHOD @) + [ 7o (o503, M)ds
0
t [
- N f(T, xm(Taya /\)a)\l)dT
A2 Jo
t
+ )\*2(7% — k1) H(M)di(2(y), A), (2.4)
where
z=col(z1,22, ..., Ziy. oy Zjy e, 2n)

= COl(y1’y27 .. ayl(y)a R 7y](y)’ e ayn—Q) = Z(y)v

y = col(y1,¥2, - .-, Yn—2), and y;(y), y;(y) are solutions of the first two equations in
the system

merl(O? Y, )‘) = COl(xlov Z20, $3(0)7 cee 7xn(0))7
i.e., the system
[E — le()\l){A + C’(/\l)}]z = COl(Ilo, 20, Ig(O), ey $n(0)) — d(Ah )\2) (25)
(Here and above, ¢ and j denote the numbers of components of the vector z with

respect to which system (2.5) is solvable.)

We set G = {y € R"2: z(y) € Dg}. One can verify by direct computation that
sequence (2.4) depending on the parameters A1, A2 and on the additional (n — 2)-
dimensional vector y, satisfies the boundary conditions (2.2), (2.3) for arbitrary A\; €
I, o €lr,andy € G.

Theorem 1 Assume that the conditions (i)—-(iii) hold.
Then:
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1. The sequence (2.4) converges to the function * = x*(t,y,\) as m — oo uni-
formly in (t,y,\) € [0,T] x G x I x I;

2. The limit function x* is a solution of the “perturbed” BVP (2.6), (2.2), (2.3),
da/dt = f(t,z, A1) + Ay, A), (2.6)
with the initial value x*(0,y,\) = z(y) + k1 H (A )d1(2(y), X), where

A2
Ay, A) = %2(7@2 — k1) H(M)d1(z(y), \) — %2 ; f(t 2" (t,y, \), \1)dt;

3. The following error estimation holds:

[ (9, A) — 2 (6, y, )| < @1 (t, A2)[Q™ (M) (B — Q(A2)) ' M’
+ KQ(X\)™ M E —Q(A\2)) 'Bi(2(y), N)], (2.7)

where 61(t7>\2) = %al(t,)\g) < g>\2, Oll(t, )\2) = 2t (1—tA51), Q()\Q) =
3Aa 1~
10 :

The proof of Theorem 1 can be carried out by using the techniques from [2] (The-
orems 16.1, 18.1, and 20.1) and Theorem 1 of [4].

The following statement establishes the relation of the limit function x* to the
solution of the original BVP (2.1)-(2.3).

Theorem 2 Under the conditions of Theorem 1, the pair (x*(-,y*, \*), \*) is a solu-
tion of the BVP (2.1)-(2.3) if, and only if (y*, \*) satisfies the determining equation

1 1 [

Ay, \) = " (ko — k1)H(A)d1(2(y), A) — A flt,z*(t,y,A), \)dt =0. (2.8)

The proof of Theorem 2 is analogous to the corresponding statements from [2]
(Theorems 16.3 and 18.3).

3. Sufficient existence conditions

In what follows, we need to consider the mth approximation to the determining
equation (2.8):

1 1 [

Ay, A) = )\2 (ko — k1)H(A)d1(2(y), \) — N Flt, xm(t,y, A), A1)dt = 0. (3.1)

Theorem 3 Suppose that, for PBVP (2.1)~(2.3), conditions (i)-(iii) hold and, fur-
thermore,
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(iv) There exists a closed, convexr subset
Q1:G1XI{XI£CGX11XIQ,

where, for some m > 1 fized, the approximate determining equation (3.1) has

only one solution (g, \), which has non-zero topological index;

(v) The inequality

10
inf  |Apn(y,A\)| > == su Mo KW (y, A 3.9
(y’A)eaQ| B> 5 Aeliglé{ KW M)} (32)

1s satisfied on the boundary 91 of the subset 2y, where
W(z,y) = Q™ (M) (E — Q(A2)) "M’ + KQ(X2)" (B — Q(X2)) " A1 (2(y), ).

Then, there exists a solution (x*,\*) of PBVP (2.1)-(2.3), and the initial value
x*(0) of this solution att =0 is equal to

2(y") + ki Hdi(2(y"), A7),
where y* € G1, A} € I], and N5 € I}.
Proof. Based on inequalities (2.7) and (3.2), similarly to Theorems 3.1 and 17.1
of [2], one can show that the vector fields A(-,\) and A,, (-, A) are homotopic for all

A, which, by the well-known result of degree theory, immediately implies the assertion
of Theorem 3. m

4. Necessary Existence Conditions

The following subsidiary statements will be used in the sequel.

Lemma 4 Under conditions (i)-(ii), for an arbitrary pair
{(z'\N), ", N} C D x I x I, (4.1)
the inequality
(8,9, N) — (8, y" A")| < [B +an(t, ) K[E - Q)] '] {12(y) — 2(y")
+ bl(y/,y//7)\/7)\ll)}
+au(t, 12)K[E - Q)] N — M[M: (42)
holds, where
by y" NN = [k [H (X)) da (2(y'), X) = H(X)da (2(y"), A7)

1
H(X)d1(2(y"), \")| + 2T M,

1
+ T|k2 — k1| YH(/\ll)dl(Z(Z//)a /\/) YA
2 2
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Z(y/) = COl(y/b:‘é, . -ayg—layz{(y/)a e 7y;'(y/)> s 7y;L—2)7

2(y") = col(yi, Y- i, U ()5 U (W) U —a),

and v, = max{A5, A5 }.

Proof. By virtue of (2.4), we have

xl(ta y/a A/) - $1(t, y”7 AH) = Z(y/) - Z(y//)
+ ki [H(X)di(2(y), N') = H(N"1)da (2(y"), A")]

+ / (s, 2), ) — Fls, 2, X)) dis
0

X ;

-5z [ pe s+ [ ). e
+ 5 Ok — k) HOWd: (2(), X)

2
— (k2 = k) HO)d (=), X)

2
=z(y") —2(y")
ki HODd (=), X) — B (2(5), X))

n / {f<s,z<y’>,x1> s 2 AY)
1 [

YA
>‘2 0

+ 5 o
+ 7/ f(r, 2(y"), N})dr — +7,/ flr,2(y"), N])dr
A3 Jo Ay Jo

(20, X — F(r 2y, X)) dT}ds

1

by — ) [%Hw)dmz(y'), )

1

)\/Q/H()\Y)dl(Z(y’),/\”)}

By using the Lipschitz condition on f, similarly to Lemma 19.1 from [2, p. 154],
we obtain

21 (8, y', N) — a1ty A < B+ aa(t,92) KTl2(y') = 2(y")]
+Oé1(t,’)’2)|)\/1 - /\ll/lMl
+ bl(y/,y//, A/,)\H).
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One can prove by induction that

m

(@ (4 N) = 2 (85" N <Y it 2) KPL2(y') — 2(y"))
=0

+ it 1) KN = MM,
=0

m—1

+ 3 it ) Ky NN, (43)
i=0

where (see, e.g., [2, p. 148] or [5])
t\ [ t [
amin(t)i= (1= 1) [Cannas+ & [an s
Y/ Jo Y Jt
and «aq(t,y) = 1.
Taking into account estimate (see Lemma 4 in [6])

3
%Mwws(

m
107) [e%1 (ta7)7

10_ 5
ai(t,y) = gal(m) <g7

and passing to the limit as m — oo in (4.3), we obtain the required inequality (4.2).
[

Lemma 5 Let us suppose that BVP (2.1)~(2.3) satisfies conditions (i)—(iii).

Then the determining function A is continuous in the domain G X I; X Iy and,
for arbitrary pairs (4.1), the following relation holds:

7
AW X) = AW < baly'sy" XX + N = MMy

25 B4 Trak(8 - Q0n) | (1) - 20

+M@WTMV0=w@WA%NMAW,M®
where

L HODd ), N) — — HO)d (2('), )| + 20

bg(y/,yn,)\l,AN) = |l€2 — ]f1| /\7/
2

and 1 := min{A5, \J}.

Proof. For every {y',y"} C G such that {z(v'),2(y")} C Dg, there exists a
continuous limit function of the uniformly convergent function sequence (2.4). The
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determining function is thus also continous and bounded in the domain G x I} X I5.
Due to the form of the function A in (2.8), we have

AWAU*MMA5:£ab*MWOwM4wAU
—;gwr4wHunmw@mxv

1 [ ) 1 [ )
—)\—,2 ; f(t,x (t,y’,A’),A’l)dt+/\g/o Ft,x*(t,y" N, \])dt.

By direct computation, using the Lipschitz condition on f and estimate (4.2), we
obtain

|A(yl,)\/) _ A(y”,)\//)| S bQ(yl7le7)\/, )\//)

1

_’_7
Ao

>\2
/O [f(t 2™ty X)X = f(t 2™ty A7), M) dt

1 5
S b2(y17y”7)‘/7 )‘//) + )\7// {K|.’Ii*(t,y/7)\l> - il'*(t, y//7)\//)| + ‘)‘ll - >\11/|M1}dt
2 J0

P
smmwxnw+ié &{w+mwwmwmwnwmwdw»

+(E+a(tv2)K(E - QM) )by, y" N, X’)] + [N - X{IMl}dt
< bo(y',y" NN
+ 2B+ k(- Q)| (1s6) — )1 + by NN )
+$meMﬁdN%MAWMW,
as required. m

The following statement gives a necessary condition for the existence of solutions
of PBVP (2.1)—(2.3).

Theorem 6 Assume that conditions (i)—(iii) hold. Then the subset
Do =Gy x I xI/ CGx1I; xI
may contain a pair (y*, \*) generating a solution
¥ (t,y*, ) = lm z, (¢ y*, A")
m—oo

of PBVP (2.1)~(2.3) only if, for every m > 1 and every pair (§,\), the following
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relation holds true:

Am(gaA) S SUP {bQ(gay75‘aA)+’Y2|5‘l 7>\1|M1
(y)A)GQZ ’Yl

+ 2 (B4 k(B - Qo) | (1) - )

b A)) } T (AG A, A ). (45)

Proof. Let the determining function A vanish at y = y*, A = \*, i.e., that
x*(-,y*, A*) is a solution of the PBVP (2.1)—(2.3). Rewriting inequality (4.4) for the
pairs (v, \) = (g, A) and (y”,\") = (y*, \*), we obtain

IA@ N < ba(, 5™, A ) + %m — N |M
V2 10 -1 ~ * ~ % *
+ %K E+ EWK(E— Q(2)) |2(9) — 2(y")| + b1(F,y", A, A7) .

Relations (2.8) and (3.1) yield

I
|A(y7)‘) - Am(yv)‘” = YQA [f(t7x*(t7ya )‘)7)\1) - f(ta xm(tvya /\)7 )\1)] dt

1 A2 10
< KW [ a2 = ZaKW(02) = By, ), An (s 0)- - (16)
0

Relation (4.6) with (y, A) = (¢, A) implies
A (G, M <A@+ (A, X), A (5, A). (4.7)

Combining (4.6) and (4.7), we obtain the desired necessary condition (4.5). m

Acknowledgement: The research was partially supported by the Hungarian-Ukrainian
Intergovernmental Scientific and Technical Cooperation Programme, Grant UK-3/1999 and
the Hungarian National Research Foundation, Grant T031961.

REFERENCES

[1] SAMOILENKO, A. M. and RoNTO, N. I.: Numerical-Analytic Methods of Investigating
Periodic Solutions, Mir Publishers, Moscow, 1980.

[2] SAMOILENKO, A. M. and RoNTO, N.I.: Numerical-Analytic Methods in the Theory of
Boundary-Value Problems, World Scientific, Singapore, 2000.

[3] RonTO, N. I., SAMOILENKO, A. M. and TROFIMCHUK, S. I.: Theory of numerical-

analytic method: Achievements and new trends of development. VII., Ukr. Mat. Zh.,
51(9), (1999), 1244-1261.



166 Miklos Ronté and Tamara Csikos-Marinets

[4] RonTO, N. I.: On numerical-analytic method for boundary value problems with param-
eters, Publ. Univ. Miskolc, Ser. D. Natur. Sci. Math., 36(2), (1996), 125-132.

[5] RonTO, N. I.: On some ezistence results for parametrized boundary value problems,
Publ. Univ. Miskolc, Ser. D. Natur. Sci. Math., 37(2), (1997), 95-103.

[6] RoNTO, M. and MESzZAROS, J.: Some remarks on the convergence analysis of the

numerical-analytic method based upon successive approzimations, Ukr. Mat. Zh., 48(1),
(1996), 90-95.



Doi: 10.18514/MMN.2000.30

Mathematical Notes, Miskole, Vol. 1., No. 2., (2000), pp. 167-170

SOLUTIONS OF A SYSTEM OF SECOND-ORDER
ORDINARY DIFFERENTIAL EQUATIONS

Kurr W. TOMANTSCHGER
Department of Mathematics, Technical University of Graz
Steyrergasse 30, A-8010 Graz, Austria
toman@weyl.math.tu-graz.ac.at

[Received March 24, 2000]

Abstract. A general solution of a coupled system of second-order ordinary differential
equations is obtained. The solution is represented by modified Bessel functions of the first
and second kind. The corresponding boundary conditions are also given. The boundary value
problem describes the motion of a micropolar suspension between two coaxial cylinders, and
the two unknown functions are, respectively, the velocity and the velocity of microrotation
of the micropolar theory.
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1. Introduction

Classical continuum mechanics is not sufficient to describe the behaviour of certain
materials (granular materials, fluid suspensions, liquid crystals, blood flow, polymeric
substances, composite materials, etc.). For this reason the continuum with microstruc-
ture was intruduced [1]. The new model is called the micropolar continuum, and it
possesses two independent kinematic quantities: the velocity vector ¥ (macromotion)
and the spin, or microrotation vector V.

Since 1965, the micropolar theory has attracted a great deal of attention.

Paper [2] considers the stationary motion of a suspension between two coaxial
cylinders. The inner cylinder with the radius R; is immobile, while the outer one
with the radius Ry (R2 > Rj) rotates with angular velocity . The axis of rotation
is horizontal.

Applying the basic relations and balance laws of micropolar theory, the following
result was obtained: The behaviour of the micropolar suspension between the two
coaxial cylinders is described by the system of the following two coupled differential
equations [2]:

(+k)r?" +rv' —o] —kr?y =0, (1)
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y[r" + V'] +k(vr) = 2krv = 0, Ry <r<R,. (2)

Hence, v(r) represents the velocity of the suspension (macromotion); v(r) is the mi-
crorotational velocity r is one of the coordinates of the cylindrical system; ~, u, and k
denote viscosity coefficients of the micropolar continuum (they are positive constants).

We treat this kind of motion of suspension when the suspension flows down the
walls of the cylinders, so that the boundary conditions for the velocity v(r) and the
microrotation velocity v(r) are

v(R1) =0, v(R2)=QRs and v(R1) =0, v(Rg)=0. (3)

In this paper, the general solution v(r) and v(r) of the differential equations (1) and
(2) are determined. The arbitrary constants of this solution are calculated on the
basis of the boundary conditions (3). Finally, we show, that in a special case, we
obtain from our result the same velocity v(r) which we would have got if we solved
this technical problem taking into account the laws of classical physics.

2. Solution of the coupled system

After multiplying (2) by r, the terms in the brackets of (1) and (2) are brought to the
form r™y("), 4 = y(r). These expressions may be reduced to derivatives with constant
coeflicients if we substitute

r = Roe ", resp. t=InRy —Inr. (4)

If the change of variable (4) is applied to v(r) and v(r), we determine the resulting
functions

V() =v(Ree ™) =wv(r) and  U(t) =v(Ree™ ") =v(r). (5)

Substituting (4), (5), rv’ = =V, r2v” = V 4+ V and the analogous v derivatives into
equations (1) and (2) then multiplying by 7, we obtain

V-V =—kRy(u+k)te U, (6)

U —2ky 'R2e™2'U = ky ' Roe t (V = V). (7)
After multyplying the above equation by ye'/(kRz) and differentiatiing it, we have

: Yot g vy 2 del)  detU)
—V=— -2 —-V=— -2
V-V iR eU—-2Rpe” U, V-V TR, di Ry I
These two equations and equation (6) are a system of three independent differential

equations. Consequently, V', V and V can be eliminated. In this way we obtain

NS

. ) k /2 1/2
0+ 20 — M2e20 =0, M= |F(2EE Rs. 9)
y\ut+k
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Suppose the Laplace transform of U(t) is denoted by Y(s). Then we take the Laplace
transform of both sides of equation (9). Dividing the transformed equation by s2(s +
2), then using the method of partial fraction and taking into account the boundary
conditions U(0) = v(Rg) = 0, we get

2

T T D = G U0+ <4i+§+4(sl+2)> ve).

Applying to this relation the inverse Laplace transform on this relation, we obtain
the integral equation

o [T : o U(0)
Ut)y— M e 2 U(te)dtadty =tU(0) + [-1+ 2t +e ]T.
o Jo
Introducing the new variables
=In(M/xz,), to = In(M/x5), t =1n(M/x) (10)

and setting

w(§) = Ulln(M/¢)]

we bring the integral equation to the form

dz, M. . Mz U(0)
// e w(es)dry St = In(=) U(0) +[~1+2In = + F]

If we apply to the transformed integral equation the differential operator d/dx (z d/dzx),
we obtain the modified inhomogeneous Bessel equation with zero order

zw” +w' — zw = M 2U(0), w = w(z).
The general solution of this differential equation is defined by
w(z) = C1Io(x) + CoKo(x) — M~2U(0). (11)

I, (resp. K,) is called the modified Bessel function of the first (resp., second kind)
of order n. K, is also known as MacDonald function.

Substituting z = Me™" (see (10)) and (11) into the first equation (8), we get
kRz x
nw+k M

LU0, (12

39‘7/(1‘) + ‘7( ) = (leo( ) + CQK()(ZL‘)) —2Rs m

By variation of constants we obtain a particular solution of the form f/p =C(z)x~L.

The general solution of equation (7) (resp. (12)) is now explicitely expressed:

&U(omw% ’“Rk — (Cily(z) - O (). (13)
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Substituting e~ = z/M into (4), using (5), z = Me™t, (11) and (13), we find

U(0) -1 k

v =— M2 T+03—+—kﬁ (Clll(NT) CQKl(NT)) y (14)
v = Culy(NT) + CoKo(NT) — %2) . N=M/R,. (15)

These two functions satisfy equations (1) and (2) identically. To determine the arbi-
trary constants, we apply the boundary conditions (3) to (14) and (15). This yields

Ci = ng [Ko(az) — Ko(a1)],  Ca= 952 [Io(az) — Io(ar)],
(5\2) _ 9}1;2 [Io(a1)Ko(az) — Io(a2)Ko(ar)],  aj = NR;, j=1,2,
2
Cy = % (I1(a1)[Ko(a1) — Ko(az)]+ Ki(a1)[lo(a1) — Io(az)] +

+R1[Io(a1)Ko(az) — In(a2)Ko(a1)]),
H = (R} — R3)[lo(a1)Ko(az) — Io(az) Ko(a1)] + [Ko(a1) — Ko(az)]
#[R111(a1) — Roli(az)] + [lo(a1) — lo(a2)][R1K1(a1) — R2 K (az2)].

3. Conclusion

The classic case of suspension motion is obtained if the material constant k of the
micropolar suspension is equal to zero. In that case, the relation for the velocity of
suspension motion is reduced to the well-known form

9 [, EBRB]
o |-

I
e

v
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