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Abstract. A bivariate operator with knots which form a geometric progression is con-
structed and some approximation properties of this operator are established.
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1. Preliminaries

It is well known that the classical Bernstein operator associates the polynomial

B =3 (1 )ara-or(2) (1)

r=0
to any function f € C[0,1].

In (1.1), the approximated function f is evaluated at equally spaced intervals.
Further were given extensions of this operator to the case of multivariate functions
by D. D. Stancu [10,11, 12], E. Dobrescu and I. Matei [6], C. Badea, I. Badea and
H. H. Gonska [1], and D. Barbosu [2, 3, 4]. In all these extensions, the approximated
function f : [0,1]™ — R is evaluated at equally spaced intervals.

G. M. Phillips [7, 8, 9] constructed a generalization of the classical operator of
Bernstein where the approximated function f is evaluated at intervals which form
a geometric progression. We start by recalling some results due to G. M. Phillips
containing g-integers.

Let ¢ > 0 be any positive real number. For any non-negative integer ¢ the so called
" g-integer” was introduced, denoted by [i] and defined by
1— qi
) , 1
i={ T-¢ 17 (1.2)
1, q=1.

A 7 g-factorial” was defined in the following obvious way:

il = {m[z' - 1],---[1],ii_—01,2, )
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and a ” ¢g-binomial coefficient” was defined as:

[f}zvm%gm' (1.4)

Note that the g-binomial coefficients satisfy — see [7] — the recurrence relations

RO KA T

[kjl}_[rﬁl}+¢{f]' (1.6)

Next, a sequence of positive linear operators B, : C[0,1] — C|0, 1] was constructed,

and

which associates for any positive integer n to any f € C[0, 1] the polynomial

mgm =35 " e T 0-eo) (19)

s=0

In (1.9) an empty product denotes 1 and f,. = f ([T]) Clearly, if ¢ = 1 the operator
(1.9) is reduced to the classical Bernstein operator.

It was proved ([7], [8], [9] ) that the properties of the generalized Bernstein operator
are similar to the properties of the classical Bernstein operator (1.1).

The aim of the present paper is to extend the operator (1.9) to the case of bivariate
functions.

2. Main results

Let 12 = [0,1] x [0,1] be the unit square and R’ = {f | f : I — R} denote the
space of real bivariate functions defined on this square.

For any function f € R! ® and any positive real numbers g1, g2 > 0 one denotes by

ni—ry—1
USRS SV R FO | (U (21)

T = =0 5120

and

nog—ro—1
Y (Fiavy) = me[”z] nO T (- (2.2)

) =0 S2 =0

respectively, the parametric extensions of the operator (1.9). Note that in (2.1) and
(2.2) an empty product denotes 1 and f,, = f (M y) s fr=1f ( x, [Tz ) Clearly,

[na]’
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for g1 = 1 and g2 = 1 the parametric extensions (2.1) and (2.2) are reduced to the
parametric extensions of the classical Bernstein operator.

From the definitions (2.1) and (2.2), it follows

Lemma 2.1. The parametric extensions (2.1) and (2.2) of the operator (1.9) are
linear positive operators on C(I?).

Lemma 2.2. Let f € C(I?). Then, for any y € [0, 1] the operator (2.1) has the
following interpolation properties

(i) By (f:0,y) = f(0,y)

(i) By, (f;1,9) = f(1,y).

Proof.

(i) By the definition (2.1), we obtain:

ny—ri—1
o (fiz,y) = Zfrl[nl} " H (1-qi'z) =

T1= =0 T1 =0

— { 8 } 20 nﬁl(l —¢'z) + f [ ’”;1 ] xni:f(l — gz ot (2.3)

s1=0 s=0
n n
++f”{n}x .

Here f; = f ([%] y) , i = 0,n. Substituting x = 0, we get that

B0 =h| o | =1 () = f0.0)

for any y € [0,1].
(ii) Substituting = 1in (2.3), one obtains B} (f;1,y) = f(1,y), forany y € [0,1].
In a similar way, we obtain

Lemma 2.3. For any = € [0,1] and any f € C(I?) the operator (2.2) has the
following interpolation properties

(i) Bpa(f;2,0) = f(x,0)

(i) B (fiz1) = f(z,1).
Lemma 2.4. The operators Bm,B}{2 commute on C(I?). Their product is the
linear positive operator By, ,, : C(I 2) — C(I?), which associates to any function

f € C(I?) the approximant

Ny

Bussalfi) = 35 3 g [ 2] [ 22 oy

r1=07r2=0
’I’L17T171 ’I’L277‘271

[I I-qg'z) I (Q-a°y).

51=0 32=0

(2.1)
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Proof. By direct computation one obtains

By, B, (fra,y) = By, (B, (fr2,y) =

no ng—ro—1
=Br (Z Ira { 7;; ]y” 11 (1q§2y)> =

T‘2=0 51=0
no ’n,g—’l“g—l no ’I’LQ—’I“Q—l
n2 n2
S Bl P ) QCEYAVERTRED S [l FEN ) (Y
ro=0 s9=0 ro=0 s9=0
ni nl—rl—l
ni
([ ]n T a-a) -
7‘1:0 81:0
ni no n n 77,177”171 ’I’Lg*Tzfl
_ 1 2 ri,,T s s
Sy e T a-a I 0-am
7‘1=07‘2=0 81=0 82=0

In a similar way, it follows

ny nag

xT nl n2 T T
B%zBrn(f;x?y) = E E [ ) :l |: o :l x'ty 2fr177’2 X
r1=07r2=0

nlfrlfl n277~271

IT a-¢= ] 0-¢.

8120 SQIO

We obtain (2.4). The positivity and linearity of B, , follow from relation (2.4).

Lemma 2.5. The generalized bivariate Bernstein operator (2.4) interpolates the
function f in the four corners of the unit square, i.e.,

{ Bn17n2(f;0,0 =
Bnlﬂ’LQ(f;l?O =

S—
~
—
=
o
=
Selon
3
<
3
[V
)
\'l—‘
—
S~—
Il

Proof. We apply lemma 2.4.

Lemma 2.6. Let e;; : I? — 1% ¢;5(z,y) = 'y’ (0 <i+j < 2,i,j — integers)
be the test functions. Then, the following equalities

(i) Bn,.m,(e00,7,y) = eon(z,9);
ny Ny (610;x, y) = e1o(x,y);

ng,n, (eOI;mv y) = 601(1‘7 y)7

— —
jar =
=

~—

Bn1 S, (ell;myy) = 611(%?%)?
v) B, n, (e20,7,y) = eao(z,y) + x(ﬁ;]x);
Vl) Bnl My (602;1’, y) = 602(1'7 y) + %7
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hold for any (z,y) € I
Proof. We show only the proof of (vi). By definition (2.4), one has

Bnl My (602; z, y) =

Yy (%) B }H(l i) T G- =

r1=07r2=0 s1=0 s2=0
n1 n ni—ry—1 ne [7”2] 2 nog—ro—1
:{Z [ " ]”3 II ﬂw?fﬂ)}{Z(ﬁ) v 1 (1—q52y)}:
’1"1:0 1 81:0 7‘2:0 2 82:0

- Bnl (60;1’) Bn2 (62;y)7

where B, , B, are the generalized Bernstein operators introduced by G. M. Phillips
—see [7] —and e; : [ — I,e;(z) = 2%(i = 0,1,2) are the one variate test functions. It
is well known [7] that these operators satisfy the following equalities

y(1—y)

Bnl (60;1') = 60(%), an (eQ;y) = eQ(y) +
[n2]

for all x € I and y € I. By using these two equalities, we get (vi).

Theorem 2.1. Let be ¢1 = ¢1(n1),¢2 = ¢2(n2), and let ¢1(n1) — 1,¢2(ng) — 1
from below as n; — 00,m9 — o0o. Then, for any f € C(I?) the sequence of bivariate

generalized Bernstein polynomials defined at (2.4) converges uniformly to f(z,y) on
12

Proof. By using relation (1.2) and the hypothesis that ¢ = ¢1(n1) — 1 as
n; — 00, one obtains that [n;] — oo as ny — oo.

In a similar way, [ns] — oo as ng — 0.

Next, using lemma 2.6, it follows that B, », (eij;x,y) = ei;, uniformly on I? as
ni,ng — OQO.

Applying now the well-known test theorem of Korovkin for bivariate functions,
one obtains that B, ., (f;z,y) converges to f(z,y), uniformly on I?, and the proof
ends.

Theorem 2.2. For any f : I? — R, bounded on I2, the inequality

R ) 29
holds.
In (2.5), [|f]

smoothness.

Proof. Let f : I? — R be a bivariate bounded function and den02ted and let
the set of all bounded bivariate functions defined on I? be denoted by R!™ Then, the

denotes the uniform norm and w denotes the first order modulus of
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first order modulus of smoothness is the function w : R — [0,1], defined for any
fe R and any (d1,02) € Ri by

w(81,62) = sup {|f(z,y) — f(&',y)| (z,y) € I*, (2, ¢) € I’ |z — 2’| <61,y —y| < b2}
(2.6)

It is well known that w, defined at (2.6), is a monotone increasing function with
respect to the natural order of R?, i.e.

((51,(52) € Ri, ((517(5 ) € Ri,&l < (5 (52 < (5’2 = W(61762) < w(6/1,6/2) (27)

After this introduction, let us to begin the proof. Using lemma (2.6) (the equality
(1)), we can write

B, i, (f;2,9) — flz,9)] =

-yl

() 7]

Taking into account the monotonicity of w, one obtains
XIE

oyt e = (6
(i CRE >(ﬁﬁ) >

(1] [n2]
From (2.7), (2.8) follows the inequality

o)
B, i, (f52,9) = fla,y)] S K (2.9)

)

[l
[

where

()
kﬂ—%[ﬁ}ﬂfiT%Lw?®+gx

=0 et
( - i:o % - 1‘ [ " ]yrz nzﬁol(l quy)+1> .
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Next, applying the Schwarz inequality, one obtains

(B8] o0 -

T1:0 51:0
1
_ i [7’1] JZ’ <|: n1 :|xr1 ”1ﬁ71(1 q5196)> ’ %
- T 1 — 4
7‘1:0 [nl] rl 81:0
ny—ry—1 % 2
l: :11 :| ! H (1 _ qflx)> <
51:0
(S T3] )
r1=0 [nl] " s1=0
ni n TLl—’I”l—l
(Z [ " }x 11 (1—(1?:0)) =
7‘1:0 1 81:0
= {Bn1 (e2;7) — 2z - By, (e157) + Bp (eo; z)} B, (eo;w) =
1—x) z(l—x) 1
m = T (210)
In a similar way we obtain
i <M_ > |: na :| rgnQﬁil(l_ So ) ’ < 1 (2 11)
S\be] ) L [T 10 0B ] |

Combining now the inequalities (2.9), (2.10) and (2.11), one obtains

1 1
|Bn177L2(f7‘ray)_f(x7y)|Sw( /—[n1]7 /_[TLQ])X
L iy, 1 Y L .
< [m]'Q—ml]-Fl)( [n]'2—[712]+1)_4 <\/W’\/@> (2.12)

From (2.12), computing the supremum follows (2.5) and the proof ends.

Remarks 2.1.

(i) Clearly, if g1 = g2 = 1, then operator (2.4) is reduced to the classical Bernstein
bivariate operator, considered first by D. D. Stancu [10].

In this case, the results contained in theorems 2.1 and 2.2 are reduced to the
well-known results due to D. D. Stancu [10, 11].

(ii) If g1 = 1,92 # 1 or q1 # 1,92 = 1, other interesting operators of Bernstein
type can be obtained. The approximation properties of these operators are similar to
the properties of the classical bivariate operator of Bernstein.
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(iii) All the results contained in the present paper can be extended to the case of
n-variate functions.

Finally , we mention that a first form of this paper was presented at ” micro-
CAD 99” (in Miskolc, Hungary, February 1999), and we express our gratitude to all
our colleagues from Miskolc, especially to Professor Aurél Galdntai.
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rank reduction algorithm and exploit this result concerning matrix decompositions and con-
jugation procedures.
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1. Introduction

In the paper we investigate the rank reduction procedure of Egervary [8], [10], [11],
[24] and conjugation algorithms which are related to the following class of conjugate
direction methods [25] for solving linear systems of the form

Az=b (AeR™™ beR™, det(A)+#0). (1.1)

ALGORITHM 1
Let y; € R™ be arbitrary.

fork=1:m
Ty = Ayk —b
a = vl r./ (] Apr)
Yk+1 = Yk — OkPE
end

Let P = [p1,p2,--. ,Pm] € R™*™ and V = [v1,v2,... ,Up] € R™*™ be nonsin-
gular. The pair (P,V) is said to be A-conjugate if the matrix L = VT AP is lower
triangular. The pair (P,V) is said to be A-biconjugate if VI AP = D is diagonal.
Algorithm 1 terminates in m steps if Ay,,,+1 = b. Combining the results of Stewart
[25] and Broyden [4] we can establish the following

Theorem 1 Algorithm 1 terminates in m steps for any starting point y1, if and only
if the pair (P,V) is A-conjugate.

A particular conjugate direction method is defined by the A-conjugate pair (P, V).
In the paper we investigate conjugation procedures which are related to the rank
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reduction algorithm of Egervéry. Thus we deal with the ABS conjugation procedure
of Abaffy, Broyden and Spedicato [1],[3], the conjugation procedure of Stewart [25],
the two-sided Gram-Schmidt procedure of Hegedts [16], [17], [18], Parlett [21], Chu,
Funderlic and Golub [6] (for other A-conjugation procedures, see Voyevodin [26]).

It should be mentioned that the rank reduction algorithm was rediscovered con-
cerning the ABS methods which were developed using quasi-Newton techniques [3].

We define A-conjugation for rectangular matrices as well. Let A € R™*" V €
R™ " and P € R™". The pair (P,V) is said to be A-conjugate if L = VTAP
is nonsingular lower triangular. The pair (P, V) is A-biconjugate if D = VT AP is
nonsingular diagonal.

Given any matrix A, the matrices A%, Al¥, A% and A*l will denote the subma-
trices consisting of the first k rows, the first k columns, the last k rows and the last
k columns, respectively. Thus Al* is the leading principal submatrix of order k. A
nonsingular matrix A € R™*"™ is said to be strongly nonsingular, if A has an LU de-
composition. It is well known that a nonsingular matrix A has an LU decomposition,
if and only if each Al* is nonsingular for k =1,... ,m — 1.

In Section 2 we introduce the rank reduction procedure. In Sections 3 and 4 we
investigate the necessary and sufficient conditions for performing the rank reduction
procedure without breakdown. In Section 5 we give an exact characterization for the
components of the full rank factorization H; = Q, D 'PT € R™*" produced by the
rank reduction algorithm and derive various factorization results. It is also shown
that the components of the full rank factorization are biconjugate. More precisely the
pair (@, P.) is Hy -biconjugate, where H; denotes any g-inverse of Hy. The ABS
conjugation procedure, which produces I-conjugate pairs (X, P), is investigated in
Section 6. Here we show that ABS conjugation is essentially a full rank factorization
by Egervéry’s rank reduction algorithm. The equivalence of Stewart’s conjugation
algorithm and the ABS conjugation is shown in Section 7. In Section 8 we investigate
the TSGS biconjugation process of Hegedis [16], [17], [18], Parlett [21], Chu, Funderlic
and Golub [6]. It is shown to be a special case of Egervéry’s rank reduction algorithm.
Section 9 reviews some of the TSGS related results of Chu, Funderlic and Golub [6]
giving new proofs as well.

2. Egervary’s rank reduction procedure

The rank reduction procedure is based on the following theorem of Egervary [10] and
Wedderburn [28].

Theorem 2 (Egervdry [10]) Let A € R™*™ be arbitrary with rank (A) > 1. Then
rank (A —bc") =rank (A) — 1 (be R™, ce R") (2.1)

holds if and only if be” = AuvT A/vT Au, where u € R™, v € R"™ are arbitrary vectors
subject only to the restriction v Au # 0.
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It was Wedderburn who proved the if part of the theorem first [28]. Therefore
we call this result the Egervary-Wedderburn theorem. For other proofs and related
matters we refer to Elsner-Rézsa [12] and Ouellette [20]. It is also noted that some
authors mistakenly attribute Theorem 2 only to Wedderburn ([19]), to Householder
([20]) or to Wedderburn and Householder ([7]).

The rank reduction procedure of Egervary [10], [11] is the following.

Let H; € R™*™ be an arbitrary matrix of rank r and let
Hyyr = Hy — Hyzpyl HJyg Heew, k=1,...,r (2:2)

for any vectors x; € R™ and y, € R™ for which ykTHkxk #0.

As rank (Hy11) = rank (Hy) — 1 the procedure terminates in r steps, that is
H, .1 = 0. Using the notation Dy = diag (y{ Hix1,... ,y} Hixy) we can write Hy,
and H; in outer-product form

yi Hy
Hyy1 = Hy — [Hyzy,... , Hyzy] Dy : (2.3)
yi Hy,
and
yi Hy
Hy, = [Hyzy,... ,H.x,] Dt : , (2.4)
y;FHT

respectively. It follows from recursion (2.2) that Range (Hyy1) C Range (Hj) and
Range (H[,,) C Range (H!). If X = [z1,...,x,] and Y = [y1,...,y,], then for
m=n=r

Null (Hy,) = Span (X'k*) ., Range (Hy) = Span™ (Y'kil) . (2.5)

3. The canonical form of Egervary

We seek for conditions under which k steps of successive simple rank reduction
operations (2.2) can be performed. We need the following result of Guttman [15]
(see also Ouellette [20]).

Lemma 3 (Guttman [15]) Let A € R™*™ be partitioned in the form

A:[g IIH (3.1)

where E € R¥*¥ is nonsingular. Then

rank (A) = rank (E) +rank (H — GE™'F) . (3.2)
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If both A and E are nonsingular, then the Schur complement H — GE~'F is also
nonsingular. The if part of the following basic theorem was first proved by Egervary
[10], [11], while the only if part was first proved by Abaffy, Broyden and Spedicato

1], [3]-

Theorem 4 The first k steps of rank reduction algorithm (2.2) can be carried out if
and only if Y'*T H, X% is strongly nonsingular. If YT H, X ¥ is strongly nonsingular,
then

—1
Hyor = Hi — HiX® (YlkTﬂlxlk) YT g, (3.3)

Proof. We first assume that k successive steps were performed, which means that
y! Hixy #0fori=1,... k. Let Qp = [Hyw1, ..., Hyay) and Py = [H{ y1, ... H yi).
Then

Hyy1 = Hy — QD' PL.

k

Let us observe that YFTQ, = [yiTHjxj]ij:I = Ly = LDy, is nonsingular lower

triangular and P,;‘FX““ = [leHlacJ] y

ij=1
Here Lj, and Uy, are unit lower and upper triangular, respectively. We can also observe
that

= U, = DUy is nonsingular upper triangular.

Hi X'¥ = (Hy — Hyp1) X* = QD PEXF = QD' Uy, = QiUy
from which Qy = 1171)(““U,;1D;€ = H1X|kU,;1 follows. Similarly we obtain that
VM) = Y (Hy — He) = YT QuD ' P = LD ' P = Ly P

and P! = DL 'Y Hy = L 'YI*" . Hence

- - .|
Hy = H - Ky XU ' D LYYW Hy = 1y — Hy XF (LkaUk> YT g1,

As
v Xk = YIFT Q. Dt PEX I = L, DU, (3.4)

we proved that YI*T H; X ¥ is strongly nonsingular. By substitution we obtain formula
(3.3). Let us suppose that YI*T H; XI* is strongly nonsingular. We must prove that
yI'Hiz; # 0 for i = 1,... k. As by assumption y{ Hixqy # 0 the matrix Hy =
Hy — Hyz1yf Hy /yT Hyz1 is defined. Let us assume that we have defined H; for i < k.
Then

AT CONT _ -1 AT
H, = H, — H, (X“‘1> <(Y|1‘1) H1X|1—1> (Y|2‘1> H,
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and

CN\T - \T SNt
vl Hiz: =yl -yl Hy (X170 ((Y'“) Hlxl“)

(Y'i*1>TH1mi.

Let us observe that y! H;z; is the Schur complement of the bordered matrix

Y‘iTHlei _

(vi=1" gy xli=t (vi=)T g,
yl Hy X I=1 y! Hyx; .

As rank (Y'iTHlX“) = ¢ and rank ((Y'i’l)T H1X|i’1> = i—1, the Guttman lemma

implies that rank (yZTHla:Z) =1 and leHla:Z # 0. Hence H;y; is defined and we
completed the proof of the theorem. m

The first part of the proof is a slight modification of Theorems 4.2 and 4.3 in [3].
The second part of the proof is new.

We recall that for general bordered matrices of the form

B’—[wbér i} (BGRka,z,wGRk)

the identity det (B’) = det (B) (A —w? B~12) holds, if B is nonsingular. For i > 1 we
can write
. ) . T )
yl Hix; = det (Y“THlX“) / det ((Yll_l) H1X|Z_1> . (3.5)

For i > 1 it easily follows that

f[ y! Hjz; = det (YliTﬂlx‘i) : (3.6)

J=1

This formula is well-known concerning the bordering inversion method, where 1/(A—
w? B712) appears in place of A in the inverse of B’ (see, e.g. [23], [6]).

Using the canonical form (3.3) we can easily prove
Proposition 5 Let H; be any g-inverse of Hy. Then
HyHyH; = H;H; Hy = H, (j <k). (3.7)
This result was first observed by Abaffy, Broyden and Spedicato for nonsingular H

[1], [3]. Let us notice that H; Hy’s are projectors. Particularly, for Hy = I € R™*™
all Hy’s are projectors.

For k = r the canonical form (3.3) leads to the decomposition

H = HX (YTHX) YTH, (3.8)
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where Z = X (YTHlX)_1 YT satisfies H1ZH, = H, and ZH,Z = Z. Hence Z is
a reflexive g-inverse of Hy. If H; = FG is a full rank factorization, X = GTM and
Y = FN (M,N € R™™" any nonsingular matrices), then Z = X (YTHlX)_1 Y7 is
the Moore-Penrose inverse of Hy. For other properties of the reflexive g-inverse Z we
refer to Egervary [9].

Proposition 6 If H, = FG is a full rank factorization, X = GT (GGT)_1 and
Y=F (FTF)fl, then Hy11 can be factorized in the form

Hyp1 = F (1 . I‘kﬁ) G (IeR™). (3.9)

4. Block rank reduction

Egervéry considered formula (3.3) as one block rank reduction [10], [11]. Block rank
reduction was also investigated by Cline and Funderlic [7], and Ouellette [20] (see also
Rao [22]). Here we recall the result of Cline and Funderlic ([7], Corollary 3.1) and
give a new proof which exploits a technique of Ouellette ([20], Thms. 2.6a and 2.6b).

Theorem 7 (Cline-Funderlic [7]) Let H,S € R™*™, rank (H) > rank (S) =k and
let UR'WVT (U € R™**, R €¢ R*>** vV € R"™¥) be a full rank factorization of S.
Then

rank (H — S) = rank (H) — rank (S) (4.1)
if and only if
U=HX, VI=YTH, Y'THX=R (4.2)

for some matrices X € R*** and Y € R™**.

Proof. We first prove the if part. Let us consider the matrix

B_[YTHX YTH]_[YT

S e,

From the Sylvester law of nullity it follows that rank (H) = rank (B). Applying the
Guttman lemma we obtain

rank (H —HX (YTHX) ™ YTH) = rank (H) — rank (S).

The only if part is demonstrated in the following way. Let us assume that rank (H — S) <
rank (H) — k 4+ 1 and let
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As by the Guttman lemma
rank (H) < rank (B) = rank (R) + rank (H — UR™'V") < rank (H) + 1,

we obtain that rank (H) = rank (B). Hence there exist matrices X and Y such that

[R,VT] =YT U H], [5}: [ ‘;{T }X.

From here we obtain that VI = YTH, U =HX and R=V X =Y'U =YTHX.
Thus we proved the theorem. m

Remark 8 The case k = 1 gives the Wedderburn-Egervary theorem. The if part
of Theorem 7 was first proved by Egervary [10], [11] and also appears in Rao [22].
Ouellette investigated the block rank reduction

H-HX (Y'"HX) Y'H
with rectangular YT HX and any choice of generalized inverse [20)].

The block rank reduction and the successive simple rank reductions are not equiv-
alent. Egervary proved that for strongly nonsingular Y/*7 H; X% the block reduction
(3.3) is obtainable by k successive simple rank operations [10], [11]. This is not the
case if YI*T H, XI¥ is not strongly nonsingular as shown by the following example

010
Hi=|110]|, X=Y=1I, k=2
00 1

So the conditions of block rank reduction are less restrictive. We can easily extend
the canonical formula of Egervary to the block rank reduction algorithm

—1
Hy = Hy — He Xp (Y HiXe) Y He, k=1,... .t (4.3)

where X, € R™* Y, € R™*% [, > 1 and rank (H;) > 2221 .

Let m = Zle l;. A matrix A € R™*™ is said to be partitioned with respect to
the partition {l1,...,lx}, if A= [Aij]f,jzl and A;; € Rli*li. A matrix A is said to
be block strongly nonsingular with respect to the partition {l,... I} if there exist
nonsingular block lower triangular L and nonsingular block upper triangular U such
that A = LU, and both matrices are partitioned with respect to {ly,...,lx}. Let
Xk =1[xy,..., X, YI* =[¥1,...,Y%]. Then

Range (Hy) = Span™ (}7““_1) . Null (Hy) = Span ()N(W_1> . (4.4)

The following result can be proved in the same way as Theorem 4.
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Theorem 9 The first k steps of block rank reduction algorithm (4.8) can be carried
out if and only if YT H X% is block strongly nonsingular. If Y*T H, X% s block
strongly nonsingular, then

~ ~ ~ -1 -
Hyn = Hy = i X (VT XI0) 90Ty, (4.5)

The only if part of the theorem first appeared in [2] with a slightly different proof
(see, also [3]). If YI*T Hy XI¥ is strongly nonsingular in the usual sense, then it is also
block strongly nonsingular for any partition. In this case the if part of the theorem
follows from Theorem 4, which is a special case of Theorem 9. We also note that all
the results of subsequent sections which follow from Theorem 4 can also be established
for the block case in a straightforward way.

5. Matrix factorizations and rank reduction

We determine the components of the full rank factorization (2.4) in terms of the pa-
rameters Hy, X and Y and derive important consequences such as matrix decomposi-
tions, orthogonalization and similarity transformations to Hessenberg and tridiagonal
forms. It is also shown that the pair (Q,, P.) is H -biconjugate, where H; is any
g-inverse.

Let B = LgDgUpg be the unique LD U-decomposition of matrix B € R™*™ with
unit lower triangular Lp, diagonal Dp and unit upper triangular Ug. We later use
the following simple observations.

If Y is nonsingular lower triangular, then Ly 4 = YL AD;,l7 Dy =DyDy and
Uy s = Uy. If X is nonsingular upper triangular, then Lax = La, Dax = DaDx
and Usx = D;(l UsX. LetY be anonsingular lower triangular matrix. A is strongly
nonsingular, if and only if YA is also strongly nonsingular. Similarly, let X be a
nonsingular upper triangular matrix. Then A is strongly nonsingular if and only if
AX is also strongly nonsingular.

If two nonsingular matrices A and B have the LU-decompositions A = L,U and
B = LyU with the same upper triangular U, then there is a unique lower triangular
matrix L such that A = LB. Similarly, if A = LU; and B = LU, hold with the
same lower triangular L, then there is a unique upper triangular matrix U such that
A = BU.

From the proof of Theorem 4 (formula (3.4)) we can easily establish that

Ek = Ly\kTHlx\k, Dk - DY\kTHlX““? ﬁk = Uy|kTHlx|k, (51)
P];F = L;/\lkTHlxlk,YlkTHlﬂ Qk = HlekU;l:I;«THlx\k' (52)

For k = r we obtain the components of Egervary’s full rank factorization in terms of
the parameters X,Y and H;.
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Theorem 10 Let H; € R™*™ of rank r and let YT H, X be strongly nonsingular.
The components of the full rank factorization Hy = QD 'PT are

T

Po=H{YLyTy «, Qr=HXUyt, «, Dp=Dyry,x, (5.3)

and Hy can be expressed in the form

-1 -1 —1 T
Hy = (B XUgty ) Dyt (b Y 7). (5.4)

Expression (5.3) for P, first appeared in [13], [14] with a different proof. It was
not realized until writing this paper that the proof of Theorem 4 can be modified so
that expressions (5.3)-(5.4) could be derived easily.

The matrices P, and @, can be written in the form P, = HI YU} and Q, =

XTHTY
H X L;(:; HTY respectively. The role of P, can be changed with @, by transposing
Hl- AS
T Ty r7—1 -1 -1 T 17T
HE = (HIYUGh ) Dxbpyy (B ey XTHT) (5.5)

several results on P, can be formulated for Q, if we replace H; by H{, X and Y by
each other.

We also note that for nonsingular upper triangular U; and U, the transformations
Y — YU; and X — XU, change the factorization (5.4) to

Hy = (B XUpty Do) (D5 Dyt D) (Do Lyh g xYTHL) . (5.6)

Hence the effect of these transformations is only a diagonal scaling.

The following observation enlightens a basic property of the full rank factorization
(5.4).

Proposition 11 Let H; denote any g-inverse of Hy. Then the pair (Q, P,) is Hy -
biconjugate.

Proof. By definition

PIH; Q= Ly y Y (HiH; Hy) XUy = Dyt x.
The rank reduction procedure defines a full rank factorization (5.4) of matrix
H;. The next observation, which follows from Theorem 10, shows that all full rank
factorizations can be generated by Egervédry’s rank reduction procedure.

Proposition 12 Let H; € R™ ™ be of rank r and let Hi = FG be any full rank
factorization. Let X = GT (GGT)f1 andY = F (FTF)fl. Then Q, =F, D, =1
and PT = G.
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We mention here two simple examples.

Example 13 Let the singular value decomposition of Hy € R™*"™ be given in the
form Hy = U(EVT), where U € R™*", V. € R UTU = I, VIV = I and
Y € R"™" is nonsingular. The choice F = U, G = V7T yields X = VX~ and
Y=U. Thus Q, =U and P, =XV 7.

The polar decomposition theorem says that every nonsingular matrix A € R™*™
can be written in the form A = QP, where @ is an orthogonal and P is a symmetric
positive definite matrix.

Example 14 Let Hy € R™*™ be nonsingular and let Hy = QP be its polar decom-
position. The choice F =P, G=Q yields X =P ! and Y = Q. Thus Q,, = Q and
PT =Pp.

We consider now the matrix factorizations we can obtain from Theorem 10. For
the rest of this section we assume that all matrices Hy, X,Y € R™*™ are nonsingular
so that XTH Y are strongly nonsingular. Then Q,, and P,, are also nonsingular,
Qm = H1P,;TD,, and formula (5.4) can be written in the form

Hy = (Y "Lyry,x Dy, x) Dyt g, x (Dyra,xUyr,xX71) . (5.7)

Proposition 15 P~ is upper triangular if and only if X is upper triangular. P~ is
lower triangular if and only if YT H,y is lower triangular. Q,, is upper triangular
if and only if H1 X is upper triangular. Q.,, is lower triangular if and only if YT is
lower triangular.

Proof. From the relation P’ = (Dyrpy, xUyrg,x) X ' = U, where U is upper

triangular, it follows that X! = U;% H, XD;% H, Xﬁ is also upper triangular. Hence

X is upper triangular. If PL = L;lT o XYTH 1= E, where L is lower triangular, then
YTH, = LyTHIXz is also lower triangular. Similarly, Q,, = HlXU;%Hlx = (7, if
and only if H;X is upper triangular. Finally, @,, = Y_TLyTHlXDyTHIX = E, if
and only if Y7 is lower triangular. m

Corollary 16 Q,, is lower triangular and PL is upper triangular, if and only if X
and 'Y are upper triangular.

In this case factorization (5.4) simplifies to the LU factorization
Hy = (Ly,Du,Dx) (Dx' Dy Dyt) (Dyr Dy, Ug,)

in agreement with (5.6). For X =Y = I this result was first observed by Egervary
[8], [10] (for ABS conjugation, see [3]).
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Proposition 17 P,, is upper Hessenberg if and only if HLY is upper Hessenberg.
Q. is upper Hessenberg if and only if H1 X is upper Hessenberg.

Proof. We exploit the fact that the upper Hessenberg form is invariant un-
der multiplication by upper triangular matrix from both sides. By definition P,, =
HfYL;ZHIX = F, where F is upper Hessenberg if and only if H{Y = FL%F,THIX
is upper Hessenberg. Similarly, @,, = H1 X U;% X = F' is upper Hessenberg if and
only if H1X = FUyrpy, x is upper Hessenberg.

Proposition 18 Let B € R™*™ be a symmetric and positive definite matrix. Py,
is B-orthogonal if and only if X = BHIYU holds with any nonsingular Y and a
nonsingular upper triangular U.

Proof. P,, is B-orthogonal, if and only if

PLBPy = Lyt Y THIBHYL T, =D,
where D is diagonal. This holds exactly if YT H,BHTY = LyTHlxDLz;THlx. This
implies Lyry, HTY = Lyry, x. Hence a nonsingular upper triangular U exists
such that YTH;BH{YU = YTH; X, from which X = BH{YU follows. As B is
symmetric and positive definite, the nonsingularity of Y and U is the condition for
the strong nonsingularity of Y7 H, X. m

We can drop the positive definiteness condition of B if we assume that Y7 H, X =
YTH, BH]'Y is strongly nonsingular.

Corollary 19 P,, is orthogonal up to a diagonal scaling and Q, is lower triangular
if and only if X = H{ YU holds with any nonsingular upper triangular U and Y. In
such a case, factorization (5.4) is the LQ-factorization of H;.

Proposition 20 Let B € R™*"™ be a symmetric and positive definite matriz. Q,
is B-orthogonal, if and only if Y = BH,XL" holds with any nonsingular X and a
nonsingular lower triangular L.

Proof. @,, is B-orthogonal if and only if

QnBQum = Uyt y X HBH\XUyz = D,
where D is diagonal. This holds exactly if X" Hf BH, X = Ug;THlXDUyTHlx from
which Uxrgrpm, x = Uyrh, x follows. Hence a nonsingular lower triangular matrix
L exists such that LXTHlTBHlX =YTH;X. This implies Y = BH; XL"”. As B is
symmetric and positive definite, the nonsingularity of X and L is the condition for
the strong nonsingularity of Y7 H; X. m

Corollary 21 Q,, is orthogonal up to a diagonal scaling and PL is upper triangular
if and only if Y = H1 XL" holds with any nonsingular lower triangular L and upper
triangular X. In such a case, factorization (5.4) is the QR-factorization of Hj.
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We note that special cases of Corollaries 19 and 21 appear in the ABS conjugation
[3].

Given a matrix H; € R™*™  a GR decomposition of H; is a factorization of
H, into a product B = GR, where G is nonsingular and R is upper triangular [27].
By Proposition 12 any GR decomposition can be obtained by the rank reduction
algorithm of Egervéary. For special cases such as the LU and QR factorizations we
refer to Corollaries 16 and 21.

Finally we investigate the special case H; = I. Then

I = (XUyty) Dyry (Lys

YTX YTXYT) (5-8)

and the factors Q@ = XU;%X = Y_TLyTXDYTXa D, = Dyrx and P, = YL;/:;X —
X*TUgTXDyTX are such that QVTH = (Pmel)_l'

m

The following table gives some LU factorization related results for H; = I and
the parameters given therein.

X Y [Qn D ITPT

A I LaDy Dzl Lzl
AT |1 [UYDs | Dy | UL
I | A |L,7 | D' | DALl
I AT [ Uyt D' | DaU,

It is noted that the parameters X = A” and Y = I define the implicit LU ABS
method (see [3]).

The following observations are related to the Lénczos reductions (see, e.g. [19]).
Let y; € R™ and y; = A ly; (i =2,...,m). Let y; € R™ be such that the Krylov
matrix Y = [yl, Ayq,. .. ,Amflyl] is nonsingular. Then A™y = Y7 ;A 'y; and
AY =Y F, where the companion matrix F' is defined by

o o0 ... 0 m
1 0 D
F=1lo0 1
: : 0 v,
L0 ... 0 1 v, |

We exploit that Q1 = (PmDnjl)fl for Hy = I . Let us consider the similarity
transformation

QLA(P.D;)Y) = DyrxLT, (YTIAY) L7 Dyry

_ _ 5.9
DYTXLgTXFLYg:XDY%X’ 59)

where the upper Hessenberg matrix F' is multiplied by two upper triangular ma-
trices. This multiplication keeps the upper Hessenberg form. Hence Egervary’s
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rank reduction algorithm defines a similarity transformation of matrix A to up-
per Hessenberg form and gives the transformation matrices Q1 and Q.7 simul-
taneously. Let us assume again that x; € R™ is such that the Krylov matrix
X = [ml,ATxl,... ,(AT)m_lxl] is nonsingular. Then A”X = XF; holds with
a suitable companion matrix Fy. With this choice of X, relation (5.9) becomes
QLA (PnD,)") =Uyty (XTAX Uy = Uyt Y Uy,
where the lower Hessenberg matrix Fi is multiplied by two lower triangular matrices.
This multiplication keeps the lower Hessenberg form. As QT A (PmD;ll) is of both
upper and lower Hessenberg form, the matrix must be tridiagonal. Hence the rank
reduction algorithm also defines a similarity transformation of matrix A to tridiagonal
form giving the transformation matrices Q1 and ;7 simultaneously.

Theorem 22 Let y; € R™ be such that Y = [yl, Ay, ... ,Am_lyl] s monsingular.
If H = I and X is such that YT X is strongly nonsingular, then QL A (PmD;ll)
defines an upper Hessenberg matrix which is similar to A. If, in addition X =
xy, ATxy, ... ,(AT)m_1 1:1} , then QL A (PmDT_nl) s a tridiagonal matriz, which is
similar to A.

Similar results appeared in Stewart [25], and Abaffy and Spedicato [3] in associa-
tion with the A-conjugation algorithms. What is really new here is the simultaneous
computation of the transformation matrix and its inverse.

6. The ABS conjugation procedure

In this section we investigate the ABS conjugation procedure of Abaffy, Broyden
and Spedicato [3]. This algorithm, which is based on the rank reduction procedure,
produces A-conjugate pairs (X, P). We assume that Hy, A € R™>™ are nonsingular.

ALGORITHM 2
H; € R™*™ is arbitrary nonsingular
fork=1:m
pr=Hlzx (21 € R™, xip #0)
Hyy1 = Hy — Hyxpyl He/yi Heoe (yr € R™, gl Hray #0)
end
As for i < j the relation z; € Null (H;) implies z] Ip; = x;fFHijj = 0, the
matrix L = X7 P is nonsingular lower triangular. Hence Algorithm 2 produces the
I-conjugate pair (P, X). The substitution x; = ATv; (i = 1,...,m) or X = ATV
yields L = XTP = VT AP. So the resulting pair (P, V) is A-conjugate. Therefore it
is enough to formulate and prove statements only for I-conjugate pairs.
We can also define the conjugate pair (Q,Y) by setting gr = Hrwi (K =1,... ,m)
and Q = [q1,... ,qm). Fori < j, yI'Iq; = yI Hjw; = 0. Hence the pair (Q,Y) is
indeed I-conjugate.
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For further use let Z = [21,. .. , z;y]. We seek for conditions under which Algorithm
2 produces nonsingular I-conjugate pairs (P, X). This happens if and only if

aelpe 20, yiHyxp #0 (i=1,...,m). (6.1)

The second condition holds if and only if X7 H,Y is strongly nonsingular. By defini-
tion 27p; = 2T H 2, and

-1
ol pes = ab  H 2y — ol HTY (X““THlTY““) X T,
which is the Schur complement of the bordered matrix

T XlkTHTy\k X|kTHTZ
X|k+1> HT {Y'k,z } _ [ 1 1 241 ] .
( 1 kol xf_HH;‘FY'k zi  Hi 2z

By the Guttman lemma $£+1pk+1 = 0 holds if and only if

T
rank (2} 1pr+1) = rank ((XlkH) HT |:Y|k72k+1:|) — rank (X““THlTY““) =1.

This happens exactly if rank ((X““H)T HT [Y'k, Zk+1]> =k + 1, that is if

det ((X’”l)THlT [Ylk,ZkJrl}) # 0.

Thus we have

Theorem 23 Algorithm 2 produces a nonsingular I-conjugate pair (P, X) if and only
if the matriz YT H, X is strongly nonsingular, ¥ HE 2y # 0 and

T
det <(X|k+1) Hr {Y'k,zkHD £0 (k=1,...,m—1). (6.2)
If we choose z; = y; (i =1,...,m), then condition (6.1) changes to
ipy =yl Hyxr, 20 (i=1,...,m). (6.3)

Hence, the strong nonsingularity of Y7 H; X is the necessary and sufficient condition
for producing nonsingular I-conjugate pairs (X, P). The choice Z = Y defines the
generalized implicit LU or GILUABS subclass of the ABS methods [13], [14]. Let
us notice that p; = Hl'y; is the ith component of P, the transpose of which we
investigated in Section 5. As P = P,, we can conclude that GILUABS conjugation
is producing the pair (X, P,;,), which is I-conjugate. So the GILUABS conjugation
is nothing else but a full rank factorization by Egervary’s rank reduction procedure.
Similarly, we have that pair (Q,,,Y) is also I-conjugate. Theorems 4 and 10 imply
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Theorem 24 Let Z = Y. Algorithm 2 produces a monsingular I-conjugate pair
(P, X) if and only if the matriz YT H, X is strongly nonsingular. If YT H, X is strongly
. _ Ty -T _ gTvrr—1
nonsingular, then P = Hj YLYTHlX = Hj YUXTHlTY‘
We prove the following characterizations of Algorithm 2.

Theorem 25 For any I-conjugate pair (P, X) there exist an orthogonal matriz Q and
a nonsingular diagonal matriz D such that Algorithm 2 with Hy =1,Y =7 = QD
generates the pair (P, X).

Proof. Let P = QDR; be a QR-factorization of P with diagonal D and unit
upper triangular Ry. As XTP = XTQDR, = L implies X7QD = LRl_l, the matrix
XTQD is strongly nonsingular. Hence by Theorem 24 Algorithm 2 produces exactly
the pair (P, X) for the parameters Hy =1, Z=Y =QD. ®

For a given X and orthogonal @) there does not necessarily exist an I-conjugate
pair (P, X) produced by a GILUABS conjugation. For example, let H; = I,

010 1 0 0
X=[|110]|, Q=0 a 2 (> +5°=1).
0 0 1 0 -8 «
Then
0 1 0
YITHX=Q"X=|a a -
B«

is not strongly nonsingular.

Proposition 26 Let Z =Y. Algorithm 2 produces a nonsingular I-biconjugate pair
(P, X), if and only if the matriz YT H1 X is lower triangular.

Proof. The pair (P, X) is I-biconjugate, if X7 P = D is diagonal. As XTP =
XTHITYU);;HlTY = LyrpryDxryry this may happen exactly if Lxryry is also
diagonal. m

Theorem 27 Let B € R™*™ be a symmetric positive definite matrix and Z =Y . Al-
gorithm 2 produces a nonsingular I-conjugate pair (P, X) such that P is B-orthogonal,
if and only if X = BHYY LT, where Y is any nonsingular and L is any nonsingular

: : _ gTyyr—1
lower triangular matriz. In such a case P = Hj YUYTHlBHlTY'

The same P can be obtained, if we select X = BP in Algorithm 2. Then X7 P =
PTBP = L implies that L = D is diagonal,

=T T T -1 _
Ut yry Y HABH YU} oy = D,
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YTH,BHTY = U§THTYDUXTHiTY and X = BH{YLT with a nonsingular lower

triangular L. In fact, the choice X = BP = BHlTYU_1 corresponds to LT =

XTHTY
-1
UXTHlT Y
The above result appeared first in Stewart [25] for the special case X = ATV,
V=AP, H =Z=Y =1and LT = I, when P =Y Uy} ,r ,y (see also [3]).

7. Stewart ’s conjugation procedure

Stewart’s A-conjugation process is based on the LU factorization VTAQ = LS, where
Q = [q1,... ,qn] is the parameter [25]. Clearly, P = QS~! defines the A-conjugate

pair (]3,V>. We prove that Stewart’s A-conjugation procedure is equivalent with

the GILUABS conjugation procedure. Hence it is also related to the rank reduction
algorithm.

STEWART’S CONJUGATION ALGORITHM
P1=q
fork=1:m
if k>1 )
=\~ T
s$p = (L\k—l) (VIE=1)T Ag,
Pr =g <Qk - ﬁlk_lsk) , Ok #0
end
LIF = (vIk)" Aplk
end

It is easy to see that
. N1
Dk+1 = O—IZ-&l-l,k-&-l (I — P (VlkTAP|k> VlkTA) qr+1-

As P = QS we can write Pk = Ql¥ (S‘l)|E and
plk (V|kTAP|k)_1 VIKT 4 — gk {V|kTAQ|k}_1 VIT 4.

By the simple substitution y, = J,;quk we obtain that p; = H,zyk fork=1,...,m.
Thus we proved that Stewart’s conjugation procedure is algebraically equivalent with
Algorithm 2 in the special case Z =Y, Hy = I and X = ATV. In fact, the Stewart
algorithm implicitly uses the canonical form (3.3).

8. The two-sided Gram-Schmidt method

In this section we deal with the two-sided Gram-Schmidt (TSGS) process, which pro-
duces an Hi-biconjugate pair (U, V). Let Hy € R™*™ be of rank v, X = [z1,... , ;]
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and Y = [y1,...,yr].- The two-sided Gram-Schmidt algorithm is defined by

U = 1, V1 =Y (8-1)
v; Hlxk
up = Z T (k=2,...,7) (8.2)
k—1
yi Hiu;
= — =——vw (k=2,..., 8.3
Vk Yk UTHl’lLiU ( T) ( )

i=1 1
where uy, and vg are the projections of xy and yy, respectively.

This process was developed and rediscovered by several authors, the first of which
is C. Hegeds [16], [17],[18]. Hegedts proved that the pair (U, V) is H;-biconjugate,
H, = HiU (VTHlU)f1 VTH,, and U (VTHlU)f1 VT is a reflexive g-inverse of H;
if the process is carried out. Parlett [21] defined algorithm (8.1)-(8.3) for Hy = I €
R™*™_ Chu, Funderlic and Golub [6] defined and investigated the TSGS biconjuga-
tion process in association with the Egervdry rank reduction algorithm. Finally we
mention Broyden [5], who gave a block generalization of the Gram-Schmidt algorithm,
which contains the TSGS biconjugation process of Hegedis as a special case.

Using Theorem 10 we give a unique characterization of U and V in terms of the
parameters Hy, X and Y. We show that TSGS biconjugation is a special case of
Egervéry’s rank reduction algorithm.

Chu, Funderlic and Golub [6] proved the following result in association with the
rank reduction algorithm (2.2).

Theorem 28 (Chu-Funderlic-Golub [6]) Provided that process (8.1)-(8.8) is carried

out, Hyup = Hyxy, vaHl = y,:ng, y,?Hkxk = v,:nguk for all k and vZTHluj =0 for
alli #j.

Let U = [u1,...,u,], V = [v1,...,v] and Q = diag (w;). Then VIH,U = Q
is nonsingular diagonal by Theorem 28. Hence the pair (U, V) is Hj-biconjugate.
We can observe that U and V also satisfy the relations Q, = HU, Q = D, and
P, = HI'V. Thus from the representation (5.3)-(5.4) we can assume that

1 T 1
U=XUptyx» V=YLyiy x=YUstyry- (8.4)

Using the proof of Theorem 4 we can prove this and more.

Theorem 29 Let H; € R™ ™ be of rank r, X € R"*" and Y € R™*" The TSGS
biconjugation algorithm can be carried out if and only if Egervdry’s rank reduction
algorithm can be carried out. In such a case, when YT H,X is strongly nonsingular,
relation (8.4) holds.

Proof. Let us assume first that Y7 H; X is strongly nonsingular. For k = 1,

u; = XUyry xer = Xe; = x1 and v; = YLYZH x€1 = Ye; = y;. Assuming the
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statement for 1 < ¢ < k — 1 we can write

T Ty,T Tr-1 T -1 T
U; Hlui =€ |4 H1U€i =€ LYTHlXY HlXUYTHlXei =€ DYTHlXei = Wj.

By definition we have

3
U = mkfg ——U;
— v-THlui
Mlel Lot JYTH Xey,

YTH X
= Xekf E lw
i=1 v

k=1 _ T
€; € T
_ -1 i€ Dyrm, x
= XUpry x (I E — ) Uyt m,x€k

—1
yTH, x &

i=1
= XUjz, e
YT H, Xk
Similarly we have
k-1 1
R /L L I
= = s .
— vZTHlui ‘ YTH1 X
=1
iq T . _ Tr—-1 T -1 T s
It is also clear that v; Hiu; = e; LYTHIXY HlXUYTHlxej =e; Dyrp, xe; is zero,

ifi # jand w; fori = j (1 <i,j < k). Let us assume now that Y7 H; X is not strongly
nonsingular. Then there is an index ¢ such that y! H;z; = 0 and y! Hyz; # 0 for i <t
(whenever ¢ > 1). Hence we can calculate {u;, Ui}§=1 with the T'SGS algorithm. We
cannot define, however, u;1; and v;41 because ytT Hixy = vtT Hiu; = 0. Thus we
proved the theorem. m

Let us notice that we also proved Theorem 28.

The following part of the above theorem was formulated and proved in a different
way by Chu, Funderlic and Golub [6].

Theorem 30 (/6/, Thm. 2.2) Let Hy € R™*" be of rank r, X € R™*" and Y €
R™ 7" The TSGS biconjugation algorithm can be carried out, if and only if YT H, X
is strongly nonsingular. In such a case, relation (8.4) holds.

This Theorem altogether with Theorem 4 also yields Theorem 29. The close rela-
tionship between the rank reduction and TSGS biconjugation is not at all surprising.
Next we show that TSGS is a special case of Egervdry’s rank reduction algorithm.
We have two possibilities for doing this.

Let Hy = A € R™*" be of rank 7, X € R™*" and Y € R™*" be such that YT AX
is strongly nonsingular. Let A~ = X (YTAX )71 YT be the reflexive g-inverse of A
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produced implicitly by the rank reduction procedure (2.2). Let us define the rank
reduction process

~

H = A™ (8.5)
Hyr = Hy— HoAopyl AHy Jyf AHyAzy, (k=1,....,7)

and the related quantities
pe=HEATyy, G = HyAzy, (k=1,...,7). (8.7)

As (ATY)TI;G (AX) = YTAA-AX = YTAX, the rank reduction process can be

carried out, and by the special choice of A~ we have @T =A"AX U;% ax =X U;% AX
and ﬁr = (A*)T ATYL;,gAX = YL;;AX. These are exactly U and V defined in
(8.4). We have the following recursions

4G A Ykt ~

=~ 77T AT
Pr+1 = H{ A" i1 — = i
i vl Al A,

and
ko
. ~ pi ATk
dk+1 = H1A$k+1 - —_——=—q;-
=1 v AH; Aw;
As for reflexive g-inverses (A~) = A, we can write

Also, by the special choice of A~, we have ﬁlTATka = yp+1 and ﬁlek+1 = Th1.
Thus we have the following recursion

ko
D; A$k+1 ~

ykT+1AZ1\iA g

k
Dkl =Ykt1 — )  —a———Di» Qht1 = Thp1 — (8.8)

i=1

Letting uy, = i and vy = pr, we obtain the TSGS recursion (8.1)-(8.3).

Theorem 31 The rank reduction process (8.5)-(8.7) can be written as TSGS bicon-
jugation algorithm.

We can obtain the TSGS biconjugation process without using a special reflexive
g-inverse, if we use two rank reduction processes as follows. Let I,,, denote the m x m
unit matrix. Let

H = I, (8.9)
ﬁk+1 = ﬁk - ﬁkATykngIk/mfﬁkATyk (]{,' = 1, e ,’I“) (810)
P = Hlxy (8.11)
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and
H = I, (8.12)
ErkJrl = f:tv[k - EkaxkykaIk/ygfIkAxk (k‘ = 1, ce ,7“) (813)
e = Hly. (8.14)

As YTAX is strongly nonsmgular both recursions can be carried out. By Theorem
10 PT = XL;(TATY = XU_TAX and P = YLYTAX These are exactly U and V

defined by (8.4). Let us notice that the related quantities Qr and QT are not equal
toVor U. For P and PT we have the following recursions

T
Y; AH Tha1 ~
Dkl = Tht1 — D
; oTH ATy,

and

k T AT T
~ z; AV H} Yy ~
Pk+1 = Yk+1 — E — = . D
i1 leHlAJJZ

Noticing that AH T — H; A we can write

yi AH 20 = D] Azpyr, o] ATH yesr = yi 1 Aps
xiTHiATyi = yiTHz-Axi = yiTHiHiA:cL =y; H AH T; = ﬁfAﬁz

By substitution we obtain the following recursion

k Ap,
e _ Di A-TkJrl ~ ~ . yk+1 Pi -
Prk4+1 = Tht1 — =11~ Pir PE4+1 = Yk41 — AT

i=1 bl Api i—1 7 AD;

Letting ur = pr and vy = pr we obtain the TSGS biconjugation process.

Theorem 32 The two rank reduction procedures (8.9)-(8.11) and (8.12)-(8.14) can
be written as TSGS algorithm.

Finally, we note that Abaffy and Spedicato proved that the TSGS algorithm of
Hegedtis (and also of Boddées) is a special case of the ABS conjugation algorithm ([3],
Thm. 8.30).

9. Biconjugation and factorizations

Although the TSGS biconjugation algorithm is a special case of the rank reduction
algorithm, it is useful to review the following main results of Chu-Funderlic and Golub
[6]. It is noted that we formulate and prove these results differently.
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Proposition 33 ([6], Thm. 8.2) Let H; € R"*". For X =Y = I, then the TSGS
algorithm can be carried out if and only if Hy is strongly nonsingular. In this case
the main diagonals of AHy, VT Hy, and Q are identical and Hy = V-TQU ! is the
unique LDU factorization of Hi.

Proof. The first part of the theorem follows from Theorem 29. If X = I and
Y =1, then U =Uy!, V = Ly" and Q = Dy,. Thus HiU = H\Uy = Ly, Dy, ,
VTH, = L;ﬁ H, = Dy, Upg, showing that all three matrices have the same diagonal.
The product V-TQU ! = Ly, Dy, Uy, is indeed an LDU factorization of H;. m

Proposition 34 (6], Thm. 3.3) If Hy € R"*" is symmetric and X € R"*"™ is such
that XTH, X is strongly nonsingular, then the resulting H,-biconjugate pair (U, V)
has U = V. In this case, VI H,U = Q is the canonical form of Hy, with respect to
congruence and the columns of U are A-orthogonal.

Proof. By Theorem 29 U = XUyt y and V = XLy T, = XUy, . Thus
U=V and

VIH,U=VTH,V = L]}

T _
xrxX HiXUxrp, x = Dxrpy, x-

Proposition 35 (/6], Thm. 3.6 ) Let Hy € R™*™ have full column rank, X = I
and Y = Hy. Then the TSGS biconjugation can be carried out and the resulting
H, -biconjugate pair (U, V) is such that Q = VDI_;T/; and R = D;ﬁH U defines a

1 41 1 1
QR-factorization of Hy.

Proof. The YTH,X = H{ H, is symmetric and positive definite. Hence U =

_ _ . _ -1/2 .
UH%HN V= HlUH%Hl. It is clear that @ = HlUHfl"HlDHlT/Hl is orthogonal, and @

and R = D;{; 1, Unr g, define the QR-factorization of Hy. m

For quadratic matrices this result appears in several forms (see, e.g. Stewart [25],
Abaffy-Spedicato [3] and Section 5 of this paper).

Proposition 36 (/6/, Thm. 3.7) Let Hy € R™*™ have the singular value decomposi-
tion Hy =YX XT, where YTY =1 = XTX and ¥ € R"™*" is nonsingular. For these
X andY the TSGS biconjugation algorithm produces the Hy-biconjugate pair (X,Y).

Proof. By definition Y7 H; X = ¥ is strongly nonsingular. So the biconjugation
can be carried out. Also by definition U = XU;%HIX =XandV = YL;ZHIX =Y.
|

This result is a special case of Proposition 12.

Proposition 37 ([6], Thm. 3.8) Let the nonzero singular values of Hy be ordered
such that w1 > we > ... > w, > 0. If in the rank reducing process wiy1 = ||Hk+1||27
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then the corresponding Tjy1and yiy+1 vectors may be chosen to be the corresponding
singular vectors of Hy, and the largest singular value of Hyy1 is the (k 4 1)th largest
singular value of Hy.

The result is a special case of Proposition 6 with the choice F = X and G = £ X7
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Abstract. A method is presented for the evaluation of a generalized Cauchy principal
value of an improper integral. The integral is transformed into a Riemann integral which
is evaluated using Romberg integration. This method is very convenient for computational
purposes. The classical Cauchy principal value can be considered as a special case of the
present one.

Mathematical Subject Classification: 65D30
Keywords: Cauchy principal value, improper integral, Romberg integration

1. Introduction

Various methods have been developed for the evaluation of principal value integrals
[1-5]. Some of these are based on the Gaussian quadrature [2-4]. Methods of this
type usually yield high accuracy for a given number of function evaluations. It may
be difficult, however, to choose the weighing functions and the abscissas where the
function is to be evaluated. Also if one desires to improve the accuracy by going to a
higher order method, the calculation must be done from scratch. Kutt [5] presented a
method for evaluation principal values by using finite-part integration. The authors [6]
calculated a certain type of improper integrals occurring in fluid flow computations.
That method has been extended and is applicable to a more general type Cauchy
principal value integrals. The p.v. integral is evaluated here by the computation of a
Riemann integral by using Romberg integration [7]. Although the number of function
evaluations in this case is higher than that of the Gaussian quadrature, a simple and
reliable method is presented by which high accuracy can be achieved within a fraction
of a second CPU time even on a Personal Computer.

2. Evaluation of generalized Cauchy principal value

Let us consider the following improper integral

@
1 —p.v./m hw) = h(xo)d (2.1)

0o—a
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where
— h(z) # h(xg) for x # x, while x € [xg — a,x0 + al,
— a is a positive constant,
— f(x) is continuous at x = xy and f(zo) # 0,
— f(z) is Riemann integrable over the interval [zg — a, zo + al,
— h(x) € C! in the vicinity of o,
— there is an interval around zy where the functions f’(z) and h”(z) exist, therefore
the following left and right side limits can be written
lim (w0 — ) = f~(@0)  lim f'(z0 +€) = /" (z0)

e—0
lim A’ (zg — €) = b~ (x9) liH(lJ R (zo +€) = h'"*(x0).

e—0

(2.2)

In this expression the single and double primes denote the first and second deriva-
tives, respectively. In equation (2.1) p.v. stands for principal value.

Theorem 2.1 If the conditions above hold true, the improper integral (2.1) is
equivalent to the following Riemann integral

I= /Oa g(xo,u)du (2.3)

where
e faotw
90 w) = F ) h(@e) T @+ w) —h(m)’ S 70 @4
"~ (x Tz x
g(@o,u) = = (;L)/(—;(;]; ) _ 2[;:/((;;))]2 [R"~ (x0) + ' (z0)]; ifu=0. (2.5)

Proof Let us resolve equation (2.1) into two parts

zo+a To—e cota
=pv L r = lim Lx) " L .
e / ) — o) / @) b *x/+ @) )
(2.6)

By introducing the transformation
u=|r— x|,

equation (2.6) can be reshaped to yield

—a J(zo —u) f(zo +u) y
- / [h(xo —u) — h(zo) * h(zo + u) — h(zo) du. (2.7)

It can be seen that we arrived at equations (2.3) and (2.4) for the case when u # 0. The
integrand g(zp,u) occurring in equation (2.7) is Riemann integrable and bounded in
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the interval (0, a]. When u tends to zero, integrand g(xo, u) becomes an indeterminate
of the form 0/0. Now let us examine the limiting case

lim g(xo,u).
u—0

By using Taylor’s theorem [8], functions occurring in the integrand of equation (2.7)
can be written as follows

flxo +u) = f(xo) + f'(b)u, where b € (z9, 7o + u);
f(zo —u) = f(zo) — f'(c)u, where ¢ € (zo — u, z9);

2
h(xg +u) — h(zo) = ' (x0)u + h”(d)%, where d € (xq,xo + u);

u2

h(zo —u) — h(zo) = —h'(xo)u + h”(e);, where e € (zg — u, zp).

The substitution of these expressions into equation (2.4) yields

S fu ) PO
9(wo,u) = —W (zo)u + I (€)% * W (zo)u+ b (d)%’ 70 (2:8)

By introducing a common denominator for the fractions in equation (2.8) and applying
some simple algebra, the equation can be reshaped

[f/(0) + f/ ()N (wo) — LEL[R" (e) + B"(d)] — [f' (bR (e) — f ()" (d)]%

[ (20)]2 + B/ (o) [ (d) — h"(e)]§ — B ()" (d) %
ifu£0. (2.9)

g(l'o,u) =

Bearing in mind equation (2.2), expressions in equation (2.9) in the limit of u tending
to zero will have the following forms

lim f(b) = [T (wo);  lim f'(c) = f'~ (o);
lim 1" (d) = K" (z0);  Tim B(e) = K"~ (o).

Carrying out now the limit of equation (2.9) when u tends to zero gives equation (2.5)
to be proved

—(x +(x x
t g, ) = SISO ) 4 o),

With this theorem 2.1 is proved.

Remark 2.1 By applying the theorem proved above the evaluation of the gener-
alized Cauchy principal value can be reduced to that of a Riemann integral by using
various types of numerical quadrature. The advantage of the method lies in its sim-
plicity. Computational experience gained shows that there is no need to evaluate the
integrand at the close proximity of the pole. In this way the error due to the summing
up of two large numbers of different signs can be avoided.
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Remark 2.2 In a case when the derivatives f'(x) and h”(z) are continuous at
x = xp, equation (2.5) will have the following form

_ f/(l'o)_ f(xo) o) ifu—
e e B e

Remark 2.3 The classical Cauchy principal value is obtained by substituting
h(z) ==z

into equation (2.1). In this case equations (2.4) and (2.5) are simplified to the following
equations
flzo+u) — flzo—u)

g(wo,u) = - L a0

g(xo,u) = '~ (z0) + T (x0), ifu=0.

Remark 2.4 The method shown in [6] worked out for the computation of in-
compressible inviscid flow around airfoils can also be considered as a special case of
the present method. It can easily be seen that the evaluation of the integral in [6]

I=puo. /Hfo-ﬂb _ S dz (2.10)

o—a COST — COSTo

can be carried out by the method shown here. The substitution of
h(z) = cosz

into equation (2.1) leads to equation (2.10). Now it is straightforward that the inte-
grands occurring in the two cases coincide
f(xo —u) f(xo +u)

= O.
9(x0,u) cos(zg — u) — cos xg + cos(zo 4+ u) — coszg’ .
cos T

/— I+
_f (fﬂo) + f (1'0) + f(xO) — , U= O7 sinxo 7£ 0.
sin xg S Ig

g(mo,u)

3. Examples

The computations of the following three examples were performed in double precision
on an IBM PC. The evaluation of the integral (2.3) was carried out by dividing the
domain of integration into n equidistant part-intervals and applying the Romberg
integration. Calculations were repeated for several different values of n; hence, its
effect on the convergence of the result can also be studied (see Tables 3.1-3.3).

(a)
15
I :p.v./o _de (3.1)

5 x3—1.
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Comparing equations (2.1) and (3.1) it can easily be seen that in this case
f(z)=1; h(z) = 23; a =0.5.

The primitive function F(z) of the integrand in (3.1) is also available in analytic form
[9]

1 (x —1)? 1 _1<—2m—1)
F(z)==log |———————| + —=tan — .
(z) 6 g{|x2+x+l|} V3 V3
Hence integral (3.1) can be evaluated as

1.5

d —e

I=puw. / 3—””1 ~ lim {[F(x)](l) s [F(x)]}je} = —0.342563258354480.
0.5 T°— e ’

This accurate result can be compared to that of the one obtained from the present

numerical approximation. The computational results for different values of the part-

intervals n are shown in Table 3.1

Table 3.1
n 1
4 | —0.342563143279927
8 | —0.342563258270464
16 | —0.342562258354677
32 | —0.342563258354481
64 | —0.342563258354480

(b)

1 =z
1 :p.v./ Cdr.
1z

Although as far as our knowledge goes, the primitive function does not exist in this
case, Table 3.2 displays a rapid convergence.

Table 3.2
n I
4 | 2.11450191410513
8 | 2.11450175080131
16 | 2.11450175075146
32 | 2.11450175075146
64 | 2.11450175075146

1.5 f£2
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The primitive function F'(x) of the integrand in the equation (3.2) is also available in
analytical form [9]

F(z)= % [log’i—;’ +2tan~! x] .

Hence integral (3.2) can be evaluated as

15 2

I= p.v./ %dx = lim {[F(x)]}; + [F(x)]}fe} = 0.131866651181764.
0.5 - e

This accurate result shows good agreement with the results of our computations

belonging to different values of n, contained in Table 3.3

Table 3.3

n 1

4 | 0.131866662407660
8 | 0.131866651984160
16 | 0.131866651180677
32 | 0.131866651181764
64 | 0.131866651181764

The fast convergence of the results can be observed in Tables 3.1-3.3. The advan-
tages of the method are its simplicity, high accuracy and reliability. Although there
may be faster methods, the actual CPU times for the evaluation of the sample cases
above were small fractions of a second even on a PC.
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1. Introduction

The so-called numerical-analytic method of successive approximations [1,2,3,4] is
widely used for studying the solvability of non-linear boundary value problems and
constructing approximate solutions. For a survey of applications and development of
the method to problems of higher order ordinary differential and impulsive differential
systems with affine (periodic, two- and multi-point) conditions, one can refer to the
appropriate parts of the series of survey papers [5, 6]

In [7,3], the methodology of the numerical-analytic method is extended in order
to make it possible to study the non-linear two-point boundary problem of the form

y'(t) = f(t,yt), tel0,T], (1.1)
9(y(0),y(T)) =0,

for which purpose a general non-linear change of variable was introduced in Eq. (1.1).
Here, we use a simpler substitution, which, as is shown, essentially facilitates the
subsequent application of the numerical-analytic method. In particular, all the as-
sumptions are formulated in terms of the original problem, and not the transformed
one.
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2. A reduction to the problem with linear conditions

Consider the boundary value problem (1.1), (1.2), where the functions f : [0, T] x
G — R" and g : G x G — R™ are continuous, G C R"™ being the closure of a bounded
domain. Assume that, for ¢ € [0, 7] fixed, f satisfies the Lipschitz condition

|f(t7y1)_f(t’y2)| SK|y1_y2|7 {ylva}CG’ (21)

where the square matrix K is supposed to have non-negative components. In (2.1),
the absolute value sign and inequality are understood component-wise.

Let us introduce the traditional (see, e.g.,[8]) substitution
y(t) = z(t) + w, (2.2)

where w € 2 C R™ is an unknown parameter. The domain, €2, of w is chosen so that
D + Q C G, whereas the new variable, x, is supposed to have range in D, the closure
of a bounded subdomain of G.

Substitution (2.2) allows one to rewrite (1.1), (1.2) as
z'(t) = f(t,z(t) + w), te[0,7], (2.3)
Az(0) + Bx(T) = ¢(x(0) + w, =(T) + w) — [A + Blw,
where ¢(u,v) := Au+ Bv + g(u,v).
It is natural to determine the parameter w from the additional equation
d(z(0) + w,z(T)+w) —[A+ Blw=0
or, equivalently,
Az(0) + Bx(T) + g(x(0) + w, z(T) + w) = 0. (2.5)

Thus, the essentially non-linear problem (1.1), (1.2) turns out to be equivalent to
problem (2.3), (2.4), and (2.5).

On the other hand, system (2.3), (2.4), (2.5) can be regarded as a collection of
problems

2'(t) = f(t,2(t) + w), (2.6)

Az(0)+ Bx(T)=0 (2.7)

parametrised by w belonging to a certain (unknown) set. The essential advantage
obtained thereby is that the boundary condition (2.7) is linear. Therefore, problems

of the family (2.6), (2.7) can be studied by using the numerical-analytic method
developed in [2,3].

Assume that

Dg:={z € R" | B(z, 8(z)) C D} # 0, (2.8)
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where

Bla) = T6() + (B~ A+ L)al.

Here,

SG(f) = m f(ta y) - min f(t7 y)

= ax
(t,y)€[0,T1xG (t,y)€[0,TIxG

Moreover, we suppose that
K)< —.
r(K) 31

Introduce the sequence of functions

t
Tt (t,w, 2) =2 —I—/ f(s,m(s,w, 2) + w)ds
0

(2.9)

(2.10)

(2.11)

T
- i/ f(s,zm (s, w, 2) +w)ds — i[B’IA + 1]z, (2.12)
T J, T

where m = 0,1,... and z(t,w,z) = z. It is easily seen that all the members of
sequence (2.12) satisfy condition (2.7) for every z € Dg and w € €. Furthermore,

Zm (0,w, z) = z for all m € N.
By virtue of (2.7), a solution x of (2.6), (2.7) satisfies

z(T) = =B~ Az(0)
and, therefore, Eq. (2.5) can be rewritten as

g(x(0) +w, —B~ ' Az(0) + w) = 0.

(2.13)

Summarising the above, we easily conclude that problem (2.6), (2.7), (2.5) is equiva-
lent to system (2.6), (2.7), (2.13). We suggest solving it sequentially: first solve (2.6),

(2.7), and then try to clarify whether (2.13) can be fulfilled.
Theorem 1 Assume conditions (2.1), (2.8), and (2.11). Then

1. Sequence (2.12) has a limit x*(-,w, z) uniform in (t,w,z) € [0,T] x Q x Dg;

2. The limit function x*(-,w, z) satisfies the ‘perturbed’ boundary value problem

() = f(t,z(t) + w) + Aw, 2),
Az(0) + Bz(T) =0,

where

T
Aw, z) :== 7%[37114 + 1]z — %/0 f(s,x*(s,w, z) + w)ds.

Furthermore, *(0,w, z) = z.
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8. The error estimate

) 20 AP N
|z* (t,w, 2) — zp (L, w, 2)] < ?t <1 — T) Q 1(In -Q) ! [§Q5G(f)

+ K|(B7'A+ I,L)z|] (2.14)
holds, where Q := 3LK and d¢(f) is as in (2.9).

Proof. It is carried out similarly to the proof of Theorem 1 from [9] and Theo-
rem 2.1 from [3, p. 32]. ®

The following statement shows the relation of the function z*(-,w, z) to problem
(2.6), (2.7).

Theorem 2 Under assumptions (2.1), (2.8), and (2.11), the function z*(-,w, z*) is
a solution of the boundary value problem (2.6), (2.7) if, and only if z = z* satisfies
the ‘determining equation’,

T
[B~'A+ 1]z + / f(s,z*(s,w, z) +w)ds =0,
0
where w s considered as a parameter.
Proof. Analogous to that of Theorem 2.4 from [3, p. 36]. =

Theorem 3 Assume conditions (2.1), (2.8), and (2.11). Then, for the function
x* (-, w, 2*) + w* to be a solution of the boundary value problem (1.1), (1.2), it is
sufficient that the parameters z = z*, w = w* satisfy the system of determining
equations

[B~'A+ I,]z + /T f(s,z*(s,w, z) +w)ds =0, (2.15)
gz + w(,)—B*IAz +w) =0. (2.16)

In this case,
y*(t) = 2* (¢, w*, 2*) + w* (2.17)

is a solution of the boundary value problem (1.1), (1.2).

Proof. It is obvious from the form of substitution (2.2) that equations (2.15) and
(2.16) hold whenever the transformed boundary value problem (2.6), (2.7), (2.13)
coincides with (1.1), (1.2). =
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Remark 4 In [7,3], a change of variable more general than (2.2) was used,
y(t) = z(t) + h(t, w). (2.18)

However, when Oh(t,w)/0t £ 0, substitution of (2.18) leads to a more complicated
transformed boundary value problem, as well as more complicated recursion sequence
and determining equations. Furthermore, the basic assumptions should then be made
on the transformed differential equation.

Remark 5 Considering (2.17), one can treat the function
Ym (t) =Tm (ta W, Zm) + W (219)

as the mth approximation to the exact solution, y*(-,w*,z*), of the boundary value
problem (1.1), (1.2). In (2.19), wy,, and z, are solutions of the ‘approximate deter-
mining equations’,

T
[B~'A+ 1]z + / f(syzm(s,w, z) +w)ds =0, (2.20)
0
g(z+w,—B ' Az +w) =0, (2.21)

and T (-, z,w) is given by (2.12). We do not consider the strict substantiation, re-
ferring the reader to [3] where similar techniques are described.

Remark 6 It follows from the consideration in [6] that the convergence of the recur-
sion sequence (2.12) can be proved under the condition r(K) < 3.4161...-T~1, which
is weaker than (2.11). Howewver, estimate (2.14) does not hold in this case.

Remark 7 By using an idea from [, one can obtain similar statements based on
replacing (2.12) by the sequence

t
Tma1(t,w,2) =2z — (A4 B)z+ / f(s,xm(s,w, 2) +w)ds
0

T
- @(t)/ f(s,zm(s,w, 2) +w)ds,
0
where @ is an arbitrary continuous matriz-valued function such that
A®(0)+ B®(T) = 1I,,.

In this case, the restrictive conditions of type (2.11) can be avoided. However, an
analogue of condition (2.8) is more difficult toverify unless f in Eq. (1.1) is globally
Lipschitzian.

Example 8 Consider the differential equation

Y0+ )+ ()P = e (0] (2.22)
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under the non-linear boundary conditions
(2.23)

We reduce Eq. (2.22) to the first order system
2t t (2.24)
/ _ - = .2 .
ya(t) = 123 1691(75) 4?/2(’5),

conditions (2.23) then rewrite as

12 (1)2(0) + 241 (0) = 0,

4
y1(1)y2(0) — %m(l) = —%.

Put A= B =1y and T = 1. It is not difficult to verify that the assumptions of the
theorems above hold in the domain G == {(y1,y2) | |ly1| < 1, |y2| < 3}

Namely, (2.8) holds when B from (2.9) satisfies the component-wise inequality

1

Blx1,z2) < (ﬁ) + 2(3L). The vector function in the right-hand side of (2.24)
256
satisfies (2.1) in G with K = (i i) Since r(K) = 1+4\/§, it is obvious that (2.11)
16 4
holds.
Substitution (2.2) in (2.24) leads us to the system

1 (t) = w2(t) + w2,

Bhlt) = 1o — 111 () + wn] = Floa(t) + unl®

In this case, the determining equation (2.21) has the form

1
w%—z§+z(21+w1) =0,

7
(w1 — Zl)(wQ + 22) — 5(1112 — 2’2) = —@.

(2.25)

Let us find the first approximation, x1 = (ﬁ; ), in the sense of Remark 5. Ac-
cording to (2.12), we have

$1,1(t7w1,w2, 21,29) = 21 — 2tz1,
3 2 £2

t = - — _ 2
x1,2(t, w1, we, 21, 22) 22+384 32(21 +wy) 8(21 + w2)

t t
+ 3—2(Z1 +w1) + g(z2 +wsz)? — 2tz

384
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The first approzimate determining equation (2.20) (i.e., that corresponding to m =

1), is equivalent to Aq(w,z) = 0, where Ay = (21;) is given by

Ay 1 (wr, w2, 2 Z)—ﬁz —L_;_Lw
1,1 1, W2, <1,<2) — 192 1 1536 192 1
1
+ —(Z2 + w2)2 + wo (226)
48
and
At o, 19, 21, 2) = — 22y Wy 4 —003 107531
1,2 1, W2,41,%2) — 15360 122 2 14155776 10321920 1
46079 322549 1 1
- W1 22W2

* 230002~ 10321920 T 57602 15360
1, 1, 107509 , 107531

15360 2~ 15360 2 ~ 2580480 2 1200240 "2
1 1 1

— MU} 2 _ V4 2 21w — ——Z21% 2
2580480 - 245760 ' 122880 ' ' 30720 ' °?
1 2 1 2 1 2 1 2
T 3072071 T 245760t T 30720 Y2 T 30720 MR
— L223w2* L222w22* Zowg® + ! 2221
3840 2560 3840 3840
+ @Zﬂm— %waz— %2211&2— @wzm

1 1,1,
S s )t (22
7682 T ggo® T g2 (227)

Solving system (2.25) together with the approzimate determining equations

Ay (wr,wa, 21,22) =0, Ay 2(wy,wa, 21,22) =0,

where A1 1 and A 5 are given by (2.26) and (2.27), we obtain the following values
wi,1 ) .

for z1 = (2;) and w; = (’un,z

z1,1 =~ —0.06206890391,
wi,1 ~ —0.0002202244703,

z1,2 =~ —0.00001967788609,
w2 ~ 0.1247889518.

With these values of parameters, the first approzimation, x1, has the form

x1,1(t) = —0.06228912838 + 0.1241378078 ¢,

1
r19(t) = —0.196778861 - 10~ + @t?’ +0.613798 - 10542
—0.2565424693 - 102,

Consequently, according to substitution (2.2), the solution, y, of problem (2.22),
(2.23), up to the first approximation yy(t) = x1(t) + w1, has the form
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Figure 1.

y1.1(t) ~ —0.06250935285 + 0.1241378078 ¢,
1
y1.2(t) = 0.1247692739 + @ﬁ +0.613798 - 107542
—0.2565424693 - 10~ 2¢.

Note that the function y*(t) = § — % is an exact solution of problem (2.22),

(2.23). As is seen from Figures 1 and 2, the graphs of the exact solution and the
first approximation almost coincide, whereas the deviation of their derivatives does
not exceed 0.001. Thus, even the first iteration of the method gives a satisfactory
approzimation for the solution of the problem considered.

3. Separated non-linear boundary conditions

It turns out that, in the case of separated, in a sense, boundary conditions, the
numerical-analytic method can be applied without any change of variable.

Consider the two-point boundary value problem

2/ (t) = f(t,z(t)), te0,7], (3.1)
z(T) = a(z(0)), (3.2)
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where a : D — R™ is continuous and f satisfies conditions (2.1) and (2.11) in the
closure, D, of a bounded domain from R™.

Put y(z) := L6p(f) + |a(z) — | and assume that
D, 0, (33)
where the set D, is defined similarly to (2.8), whereas the number dp(f) is given by
(2.10).
Introduce the sequence of functions

Tma1(t,2) =2 +/ f(s,xm(s,2))ds
0

— %/0 f(s,2m(s,2))ds + %[a(z) —z], (34)

where m = 0,1,... and z¢(t,2) = z € D,. Obviously, all the members of sequence
(3.4) satisfy condition (3.1) for every z € D,,.

Theorem 9 Assume conditions (2.1), (2.11), and (3.3). Then:
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1. Sequence (3.4) converges uniformly in [0,T) X D.,

lim sup |zn(t,2) —2*(t, 2)|| = 0.
=0 (¢ 2)€[0,T]x D,

2. The function x*(-, z) is a solution of the ‘modified’ problem,
' (t) = f(t,z(t)) + A(z), te[0,7],
z(T) = a(x(0)),

where

TA(z) :==a(z) — z — /OT f(s,x* (s, 2))ds.
Moreover, x*(-, z) satisfies ©*(0,2) = 21, (0, 2) = z (Ym € N).
3. The error estimate
7 (6 0,2) — w(t,0,2)| < 2 (1 - %) Qm (I, - Q) [%QéD(f)
+ Kla(z) — z|] (3.5)
holds, where Q) := %K and 0p(f) is defined by (2.10).
Proof. Analogous to that of Theorem 2.1 from [3, p. 32]. =
Theorem 10 Under conditions of Theorem 9, the limit function of sequence (3.4) is

a solution of problem (8.1), (3.2) if, and only if the parameter z = z* (which stands
for the initial value of the solution att = 0) satisfies the ‘determining equation,’

T
a(z) —z = / f(s,x* (s, 2))ds.
0
Proof. Similar to that of Theorem 2.3 from [3, p. 36]. =
Remark 11 When, in (3.1), a(z) = z, then (3.1), (3.2) is nothing but the T-periodic

boundary value problem. In this case, sequence (3.4) is reduced to the well-known [1]
T-periodic successive approximations,’

Trm41(t, 2) ::z—i—/o f(s,xm(s,2))ds — %/0 f(s,2m (s, 2))ds.

Remark 12 FEstimate (3.5) implies that the function t — 2, (L, 2m) s natural to be
taken as the mth approzimation of the exact solution of problem (8.1), (3.2), when
Z = zZpy S a 1Toot of the ‘mth approximate determining equation,’

T
a(z) —z = /0 f(s,zm (s, 2))ds. (3.6)
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Example 13 Let us apply the technique described above to the problem

" 7 t, 1 / 2 _ 1
() - s+ 5@ @)= teD1],
1 1
#(1) = 5 (0)° + 7, (37)
3
"1) = — —.
#(1) = —2(0) + =
As usual, we rewrite the second order problem (3.7) in the form

2y (t) = 2,
¢ 1,

dh(t)= 7 - £0al)  53@,  t€(01

1, 1 (3.8)

21(1) = 593(0) + 7o

3
Consider (3.8) in the domain
(t,CCl,JCQ) c [O, 1} xD, D= {(.131,(E2) | |5[31| <1, I.Z’2| < %} (39)

It is not difficult to wverify that the conditions of Theorem 9 are fulfilled with
To4l,2 . . . )
K= (8 %), ~y(x) < ( g tara—m ) The corresponding quantity (2.10) is estimated as

5711712

op(f) < (g), and K satisfies (2.11) because r(K) = £.

According to (3.4), we have the following formule for x1 = (7 ):

1 1
xl,l(t,gla <2) = Cl + t <§C§ - Cl + 1_6) 5 (310)
t2 1 3
xl,Q(t,CpCz):<2+EC2*1—6K2*7§ C1+42*E . (3.11)
The first approximate determining equations (3.6) has the form
Al,l(CpCQ) =0, A1,2(C17 CQ) =0, (3~12)
where
1 47 1 1
A == (-2 - =
1,1(¢1,€2) 2(2 9642 2§1 3
49 33 88165 827 31 1
A = 2, 2= 0 b R Z¢.2
12(¢1,C2) 48<1 512 89088<2 + 5120(2 192<2C1 + 6<1

The solution, ¢ = (gl), of system (3.12) has the form

2

T 6 =0, (3.13)
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Inserting (3.13) into (3.10) and (3.11), we obtain the first approximation
t 1 t
t = - — — t - —.
ma(t) = 5~ 15 z12(t) = 7
Note that the vector function with components

21

* _ * = — .14
w) =5 - o w0 = | (3.14)
is an exact solution of problem (3.8).
Let us construct the second approximation. By (3.4), we have
1 1 3 17
221 (t,C15Ca) = (1 + —=Cot® - —t2C1 =t = 2(2
48 3
49 1
— (ot — —t - ==t t 3.15
+ 9642 Cl 392 + C2a ( )
95 31 1 5 49
t =t — RSP
z2,2(t, (1, C2) 512 192 <2C1 +22+ 768@ Ca 48 G
1733 3 3041 5 4
- 5120 s+ 512 B 3072 B 2560<2t * ”241
1
_ L3 1.2 l l 3
GG+ 5PGG — Tttt et G =G
107
- G- —t3<1+ G+ sk (3.16)

Tt is not difficult to verify that inserting into (3.15) and (3.16) even the roots (3.13) of
the first determining system (3.12), we arrive at the exact solution (3.14) of problem
(3.8).
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1. Introduction

It is widely known that the stable limit cycles of the ordinary differential equations
play an exclusive role in the analysis of mathematical models of various oscillatory
systems with lumped parameters (in physics, biology, economics, engineering etc.).
However, it is useful to remember that the concept of a limit cycle was introduced
by the great scientist, A. Poincaré, purely theoretically, in the early 80s of the 19th
century. And only in the late 1920s did the outstanding Soviet physicist, A. A. An-
dronov, discovere that a stable limit cycle gives an adequate mathematical description
of a steady periodic regime.

There are models where the matter of principle is the existence of unique stable
limit cycle. In other models, however, it is interesting to discover the multiplicity
of such cycles. Everything depends on the properties of concrete applied problem
under consideration. Moreover, it is clear that, generally speaking, there exist various
number of stable limit cycles, depending on the values of parameters in the system
of differential equations. (These parameters describe actual properties of the object
under investigation.)

It is possible to give examples of systems of ordinary differential equations, where,
with appropriate choice of parameter values, one can guarantee the existence of an
arbitrary, beforehand prescribed finite number of stable limit cycles. For example, let
us consider the following second order system (in polar coordinates)

r=rsin(l/ar), ¢ =1,

where «,0 < o < 1/, is a parameter. For any natural number N it is easy to indicate
the value of parameter «, positive and close to zero, providing exactly N stable limit
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cycles, which are located in the area r > 1 of phase plane.

As it was mentioned above, the mathematical models of oscillatory systems with
lumped parameters are usually described by ordinary differential equations. However,
nowadays in physics, chemistry, biology, new engineering and modern technologies
the so-called oscillatory systems with distributed parameters or, more shortly, the
distributed oscillatory systems are widely spread. These are objects, the state of
which depends on both time and space variables; and the state of each point of space
changes periodically with time. Thus, periodic auto-oscillations are generated, or
auto-wave processes, following the term introduced by R. V. Khokhlov.

The dynamics of these objects is simulated, as a rule, by the partial differential
equations (with boundary and initial conditions). Each actual auto-oscillatory regime
corresponds to a stable cycle (it is a solution of the appropriate equation, periodic on
time and satisfying the boundary conditions). The partial differential equation, being
an adequate mathematical model of an oscillatory system with distributed parameters,
can have one or several stable cycles. It is natural that the number of such cycles,
generally speaking, may be different depending on the values of parameters in the
equation.

It is said that the bufferness phenomenon takes place in the distributed oscilla-
tory system if the system possesses the following property. The partial differential
equation, which is the mathematical model of the system, possesses, under the ap-
propriate values of parameters, an arbitrary, beforehand prescribed, finite number of
different stable cycles. Theoretically speaking, for any natural number N one can
choose physical characteristics of the system so that it will have N auto-oscillatory
regimes.

The typical example of a distributed oscillatory system is the classical autogen-
erator containing a long line. The problem of investigation of its periodic (with
time) regimes was initially formulated by A. A. Witt [1, 2]. It is appropriate here to
say more about this scientist, because his name is hardly known to mathematicians.
Alexander A. Witt was one of the bright scientists representing the remarkable Soviet
school of the oscillation theory (L. I. Mandelstam, N. D. Papalexi, A. A. Andronov,
V. V. Migulin etc.). He carried out a number of interesting and perspective theoret-
ical research. In particular, he was one of the co-authors of a classical book ”The
Oscillation Theory” [3]. However, as A. A. Witt was innocently convicted (and was
killed in 1937), his name did not appear in the book [3] and was rehabilitated only
after many years had passed [4, 5].

Let’s point out that A. A. Witt proposed, in his work [2], the following hypoth-
esis. There is a principal possibility that the oscillator with long line may possess
several stable cycles simultaneously. (However, the bufferness phenomenon was not
formulated yet). The fact that the number of auto-oscillating regimes may increase
under the variation of the parameter values of the object was first observed dur-
ing the physical experiment carried out by the research group of V. V. Migulin (see
[6]). As for the mathematical investigation of the bufferness phenomenon, it began on
Yu. S. Kolesov’s initiative. He studied this phenomenon in parabolic reaction-diffusion
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systems [7] using numerical methods; later he completed the theoretical research for
hyperbolic equations [8] (see also monograph [9]).

2. Bufferness phenomenon for periodic solutions

Let’s consider one mathematical result which theoretically proves the existence of
bufferness phenomenon in so-called LC'RG—autogenerator composed on a long line
with a tunnel diode. Omitting the description of physical details and the deduction
of the necessary equations (it is standard enough), we consider the boundary value
problem (see [10]) to be its mathematical model (under a number of conventional
assumptions — in particular, under cubic approximation of the diode characteristics):

Uy = —Ri — Lig, i, = —Gu — Cuy,

. 2.1
Z|I:1 =0, ’u,|$:0 + ko u|$:1 + ko u2|121 + k3 u3|121 =0, ( )

where ¢ is time, z is the coordinate along a line, u(¢,z) and i(¢,z) are the voltage
and the current in a line; all the autogenerator parameters (such as the distributed
resistance R, inductance L, capacity C' and conductivity G) are constant. It is well
known that this problem can be reduced to a boundary value problem for the so-called
telegraph equation.

It is shown in [11] that the problem of searching for auto-oscillations in this model
can be reformulated (after technical transforms and changes of variables) as a question
of existence and stability of periodic solutions of a nonlinear differential-difference
equation

Z(t)—(1—ae)2'(t—h)+ (1 —€)z(t) + (1 —ae)(1 +€)z(t — h) =
=alz(t) — (1 — ae)z(t — h)]? = [2(t) — (1 — ae)z(t — h)]3; (2.2)

here ¢ > 0 is a small parameter, the parameter o > 0 has the order of unit, the
parameters h = const > 0, a = const.

Let’s denote by wi < wsg < ... all the positive roots of the equation
wh
wtan — = 1.
2

Lemma. All the roots of a quasi-polynomial
PO =Ml-(1—-ae)e ™ +(1—e)+ (1 —ae)(l+ee

corresponding to zero equilibrium state of equation (2), for 0 < ¢ € 1 and a >
2(1 + w?)~! lie in a half-plane ReX < 0. If the parameter o > 0 is decreasing, and
when it becomes equal to the values 2(1 + w2)~1,n > 1, then the roots of a quasi-
polynomial P(\) transfer sequentially, one after another, to the half-plane ReA > 0.

Theorem. Let for some natural n > 1 the conditions

2

2 4

0<a<
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be fulfilled. Then there exists e, > 0, such that for any € € [0,€,] the equation (2)
has an exponentially orbital-stable (in metrics of the phase space W4 (—h,0)) periodic
solution z,(T,€) :

Zn(T+i_:’e) :Zn(Tae)V T:(]'—’_(;"(E))t.

For this solution the following asymptotic (when € — 0) representation is valid:

2
on(Tr€) = ex T/gm /H% — acoswnt + O(c), dnlc) = O(e).

It follows from the above Theorem (the proof of which is rather nontrivial), that the
following dynamics of equation (2) takes place under the appropriate decrease of the
parameters € and a.

Corollary. Zero equilibrium state of equation (2) is exponentially stable for all
a > 2(1+w?)~L. When the parameter « is equal to 2(1 + w?)~1, then a stable cycle
branches from this equilibrium state (the Andronov — Hopf bifurcation). For the
further decrease of «, when it becomes equal to each value 2(1 + w?)™1.n > 2, an
unstable cycle appears (the secondary Andronov — Hopf bifurcation), which becomes
stable for a > 2(1+ 2w? —w?)~L

Thus, under appropriate decrease of parameters € and «, one can guarantee the
existence of any beforehand prescribed number of stable cycles for equation (2). It
means that the bufferness phenomenon takes place for the system (1). That is, the
mathematical model of the LC RG—autogenerator with a long line, under suitable
choice of the values of its parameters, may possess an arbitrary number of stable
periodic regimes.

Let’s point out that the last conclusion can be illustrated by the real experiment
(see [12]).

To summarize all the above information, let us formulate the specific features of
the bufferness phenomenon from the physical point of view. A distributed oscillatory
system possessing the bufferness phenomenon has a set of stable periodic regimes.
Note that under the appropriate choice of the system parameters, this set may contain
an arbitrary large number of such regimes. When the values of parameters are fixed,
then the concrete regime, one of the potentially possible auto-oscillatory regimes,
comes into realization depending on the initial conditions or external factors. The
spontaneous transition of the system to some other periodic regime is impossible.

The further research concerning the bufferness phenomenon and associated prob-
lems is discussed in the monograph [13].

As a conclusion we will consider one more rather simple concrete example of a
system with a bufferness property — an example from mechanics.

Let’s consider an auto-oscillatory system consisting of the homogeneous string
of the length [ with fixed ends, to the middle of which a generator of mechanical
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oscillations is connected. Let’s assume that the oscillating string is characterized by
density p, tension T and condensation of friction forces h. As for the generator, it is
represented by a resonator consisting of the mass M, a spring with the elasticity &
and nonlinear element of friction h,(v) = A(v? — 1), > 0.

Omitting the rather simple deduction of the equations for the string and generator,
we shall consider only the final mathematical model (after necessary normalization of
the variables). It is the following boundary value problem in the segment 0 <z < 1:

Uty + EUt = Ugq,

Um0 = 0, [ugy + ea(u? — Duy + Bul|pm1 = —Yug|om1.-

Here the required function u(¢, x) characterizes the shift of an element of the string,
0 < € < 1, and parameters «, 3,7~ > 0 have the order of unit.

It appears (under certain assumptions, which are not formulated here for brevty’s
sake), that, with the appropriate increase of parameter « and proper decrease of
parameter €, one can guarantee that this boundary value problem possesses an arbi-
trary beforehand prescribed finite number of stable solutions, periodic with ¢; i.e. the
bufferness phenomenon is observed.
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1. Introduction

Let J =[0,7T] be a compact interval and, for any positive constant K, EK(J) ={z:
x € Li(J), |#(t)] < K for each t € J}. We write z, — x as n — oo in LX(J) if
lim,, 00 T, () = x(t) for a.e. t € J. We denote by |z|| = max{|z(¢)| : ¢ € J} and
x|, = f; |z(t)| dt the norms in the Banach spaces CY(J) and L;(J), respectively.
Set L£(J) = Ugso L5 ().

Consider the periodic boundary value problem (PBVP for short)

) = F(z,2(t), 2'(t)) (1), (1.1)

Here g : R — R is an increasing homomorphism with inverse g~ : R — R, g(0) =0
and F : CO(J) x R* — Li(J), (z,a,b) — F(z,a,b)(t) is the operator having the
following properties:

(i) F(x,y(t),z(t))(t) € L1(J) for z,y € C°(J) and z € L(J);
(i) for any K > 0, limy, oo (Zn, Yn, 2n) = (2,5, 2) in CO(J) x CO(J) x LX(J) =

i F (2, yn(t), 20 (1))(1) = F(z,y(t), 2(8))(t) in L1 (J);

n—oo
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(iii) a,b € R, 21,20 € CO(J), 21(t) < xa(t) for t € J =
F(z1,a,b)(t) > F(x2,a,b)(t) for a.e. t € J;

(iv) for any r > 0 there exists h, € Ly(J) such that (z,a,b) € C°(J) x R?, l|lz|| +
jal + o <7 =

|F(z,a,b)(t)] < h.(t) for ae. t € J.

The special cases of the operator F' having the properties (i)-(iv) are, for example,
the operators

a(t)

Fiu(z, a,b)(t) = / Fuls, €()2(5), a,b) ds + folt, a,b)

1 (t)

and
FQ(JC,(I, b)(t) = fl(ta (Sl‘)(t), a, b)7

where f1 (resp. fa2) satisfies the local Carathéodory conditions on J X R? (resp.
J x RQ) fi(t,-,a,b) is nonincreasing on R for a.e. t € J and each (a,b) € R?,
Y1, 99,6 € CO( ), 0 < @1(t) < poft) < T, &(t) > 0 for t € J and the operator
S : C%J) — C°J) is bounded continuous and z,y € CO(J), x(t) < y(t) for t € J
= (Sz)(t) < (Sy)(t) for t € J. For the operators F; and F5, equation (1) has the
form

Po (t)
(%ﬂmY=/ F1(5, €@ (s), (), ' (8)) ds + folt, 2(t), 2/ (1))

1 (1)

and
(9(2"(1)) = fu(t, (Sz)(t), 2(t), 2" (1)).

Under a solution of PBVP (1.1),(1.2) we mean a function € C'(.J) such that
g(2'(t)) is absolutely continuous on J (AC(J) for short), equality (1.1) is satisfied a.e.
on J and z satisfies the periodic boundary conditions (1.2).

The purpose of this paper is to give sufficient conditions formulated by upper
and lower functions of PBVP (1.1),(1.2) and one-sided growth restrictions on the

operator F' ensuring the existence of a solution and upper and lower solutions for
PBVP (1.1),(1.2) in a subset of C1(.J).

Let a, 5 be lower and upper functions of PBVP (1.1), (1.2) (see Section 2), a(t) <
B(t) for t € J, and set Moz = {z : = € CY(J), a(t) < z(t) < B(t) for t € J}.
The existence results for PBVP (1.1),(1.2) in the set Mg are proved by the Borsuk
antipodal theorem and the Leray-Schauder degree (see e.g. [2], [9]). Denote by
D.p the set of all solutions of PBVP (1.1),(1.2) in the set M,3. The proof of
the existence of upper and lower solutions for PBVP (1.1),(1.2) in the set Dyg is
based on the following two facts: a) for any u,v € Dyp there exist z,y € Dap
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such that z(t) < min{u(t),v(t)}, max{u(t),v(t)} < y(¢) for t € J, b) the functional
© 1 Dog — R, p(z) = fOT x(t) dt achieves its extremal values at upper and lower
solutions of PBVP (1.1), (1.2).

We observe that there are many papers devoted to PBVP
a”(t) = f(t,2(t), 2'(t)) (1.3)

with the scalar function f where the existence results have been proved by the method
of upper and lower functions combined with a priori estimates for solutions (see,
e.g., [1], [3-8], [10-15] and references cited therein). To obtain a priori estimates for
solutions of the above PBVP authors usually assumed that the function f satisfies
either the two-sided Bernstein-Nagumo growth condition ([1], 3, 4], [8], [10], [11], [13-
15]) or f satisfies some sign conditions ([12]) or f satisfies one-sided growth conditions
([6-7]). Our results generalized those of [7].

2. Notation, lemmas

Let G,Q € C°([0,00)) be defined on [0, 00) by the formulas
G(u) = max{—g(~u),g(u)}, Q(u)=max{—g~"(~u),g~" (u)}. (2.1)
Then
()| < G(lul), g7 (W) < Q(lul),  ueR. (2.2)

Clearly, G(u) = g(u), Q(u) = g~ '(u) on [0, 00) provided g is an odd function (for
example g(u) = |u[P~2u with p > 1).

Lemma 1 Let x € C1(J), g(z') € AC(J), = satisfy the periodic boundary conditions
( 1.2) and set

Ci={t:te J,a'(t) >0}, Co={t:teJz(t) <0}

Assume that there exist o, € {—1,1} (k = 1,2) and positive-valued functions h €
Ly(J) and w € C°(R) such that

0 dt o0 dt
| s =) wemm == 23)

or(g(@' (1)) < (h(t) + |2'(t))w(a'(t)) for a.e. t €C (k=1,2). (2.4)

Let P be a positive constant satisfying the inequality

0 g(P)
mm{/(m%, | s} > 2 2l @9)

and

Then
2| < P. (2.6)
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Proof. Let
B={t:teJ ' (t)=0}

and ||z'|| = |2/ (€)], £ € J. By (2), B # 0 and, without loss of generality, we can
assume that £ € (0,7]. For ||2’|] = 0 the inequality (2.6) is satisfied. Let ||z’| > 0.
We first assume that 2'(£) > 0. The next part of the proof is divided into two cases
according to whether oy =1 or o7 = —1.

a) Let o1 = 1. If BN[0,£) # 0 then there exists t; € BN[0,£) such that z'(t) > 0
for t € (t1,¢] and (cf. (2.4))

(g("(1))" < (h(t) + 2 (1)) w(2'(1)) (2.7)

for a.e. t € [t1,£], and consequently

g(ll=") dt B 9("(£)) dt S g @)
/0 w(g™'(t) /g(a:/(tl)) w(g™1() /tl w@®) "

(2.8)
13
S/t (h(t) +2'(t)) dt < ||hl[z, + 2|z

Let BN[0,£) = 0. Then z'(¢) > 0 on [0,¢], '(T) > 0 (by (1.2)) and there exists t5 € B
such that 2/(t)) > 0 for t € (t2,T]. Then (2.7) is satisfied for a.e. t € [0,&] U [t2,T],
and so

o) g e @ g T (g (1))
/o w(g=t(t)) /g( () w(g(E)) /t w(a(t)) i
< / ) dt < ||A]z, +2]e],
9('(€)) dt B (9(='(®))) ¢ /
/gu/(o)) w(g=1(t) /0 “w(@'(t) « </o (he) ) d < e+ 2l

Thus

/g<|x’|) t /g(x (0)) t o ©) g
+ / e
0 w(g=1(t) g0y w(g™(t)) (2.9)

<2(|[pllz, +2||w||)

b) Let 1 = —1. Assume £ < T. If BN (§,T] # 0 then there exists t3 € BN (£, 7]
such that a'(t) > 0 on [¢,t3) and (cf. (2.4))

(9@ (1)) > —(ht) + (1) w(z' (1)) (2.10)
for a.e. t € [¢,t3], which yields
g(llz’|) t3 t3
i )y y
| w@ / w(@ @) "= 5/ (e +a'B)dt oy

<|llz, + 2]l
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Let BN(&,T] = 0. Then z'(t) > 0 on [¢,T], 2'(0) = 2'(T) > 0, and there exists ¢4, € B
such that 2'(¢) > 0 on [0,¢4). Therefore (2.10) is satisfied for a.e. ¢ € [0,t4) U [£,T],

and so
O @O e
L s = o Smares ) eosdoa
< AL, + 2|,

9(2"(£)) dt B g9('(£)) dt o T (g(2' (1))
/g(z’(O)) w(g=1(t)) /g(r’(T)) w(g=1(t)) /g w(z'(t)) a

T
/5 (h(t) + ' (1) dt < |B]z, + 2]z

IN

hence

/g(lﬂcll) dt /g(ﬂf’(o)) dt g(z'(£)) dt
_ = —_—dt -l-/ _
0 w(g=(t)) Jo w(g=1(t)) g0y w(g™(t) (2.12)

< 2([pllz, + 2=]])-

Assume £ = T. Since 2'(0) = 2'(T) > 0, there exists t; € B such that 2/(¢) > 0 on
[0,t5) and (2.10) is satisfied for a.e. ¢ € [0,¢5]. Consequently

g(ll="1D dt - B (g(2' (1)) ts y
L wetm =) ey <[, @0+ (2.13)
< IRz, + 2|l
Summarizing, we have (cf. (2.8), (2.9) and (2.12)-(2.13))
[ e <, + 20 (2.14)
0 w(g=1(t) '
provided z’(§) > 0. Analogously (by (2.4) with k = 2) we can prove
0 dt
L w20 2l (215)

provided z'(£) < 0. The inequality (2.6) follows immediately from (2.5), (2.14) and
(2.15).

O

Remark 2 Lemma 1 is a generation of Lemma 2.5 in [7] which is proved for g(u) =
u.

For any number V > 0 and any function z : J — R, we define the functions ry z
%

and z by

2) =V i zt)>V
(ryz)(t) =< 0 if [2(t)| <V (2.16)
Z(t)+V if 2(t) < =V
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and
Vooifzt) >V
\4
z(t)‘iv —{ ) if]z(0)| <V (2.17)
-V ifz(t) < =V.

Let k,1,V be positive constants, g, € L1(J) be a positive-valued function and set

@ ={(@,0,0): (w,0,6) € CY(J) x R, [la]| < V +2,

(2.18)
2’|l < K, |a| < V +2, b] < z}.
Define the operator
H:[0,1]xQ" - c'(J) x R?
by
H(\ z,a,b) = (a + /Ot {(1 - ) (b—l— /OS o, (v)(rvz)(v) du)
+Ag7 ! (b + /05 0,(v)(rvx)(v) du)] ds, (2.19)

a+z(0) —x(T), b+ 2'(0) — 2'(T)

Lemma 3 D(I — H(1,-),Q%,0) # 0, where I is the identical operator on C1(J) x R®
and “D" stands for the Leray-Schauder degree.

Proof. Since r,(—z) = —ryx for x € C1(J), we have

H(0,—x,—a,—b) = —H(0,7,a,b), (x,a,b) €Q
and so H(0,-) is an odd operator.
Let H (Mo, zo, g, bo) = (20, ag, by) for some (Ao, zo, ag, bo) € [0,1] x 9Q*. Then
t s
ro(t) = ao +/ [0 20)(bo +/ 01 () (ryz0)(v) )
0 ) 0

s (2.20)
+Xog ! (bo + /0 01(v)(ryzo)(v) dz/)} ds,

20(0) = wo(T),  ah(0) = x(T). (2.21)

Assume ||zo|| > V. Then there exists € € [0,T") (see (2.21)) such that |zo(£)| = ||zo]|-
Let zo(§) > V (the case 2(§) < —V can be treated analogously). Then xo(t) > V on
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[€,11] with a ¢1 € (&, T]. From the definition (2.16) of the function 7y u, the equalities
zp(§) = 0 and (cf. (2.20))

)= (1= 20) (bt [ 0(6)rvo)(s) )

¢ (2.22)
+Xog ! (bo —|—/0 01(8)(ryxo)(s) ds), teJ

we see that

(1) = (1) — (€) = (1~ o) /5 01() (e o) (5) ds

ofs (b0 + [ aorem)s)ds) =g~ b+ | o) ran)(s) ds)] > 0

for t € (£,¢1], and consequently z is increasing on [¢,#1], a contradiction. Hence
llzo]] <V and then (cf. (2.22))

.%'6(25) =(1—Xg)bo + )\og_l(bo).
Since x¢(0) = zo(T) implies a4(7) = 0 for a 7 € (0,T'), we infer
(1= 2X0)bo + Aog ™ (bo) = 0,

which is satisfied if and only if by = 0. So z¢(t) = ag. We have proved: ||zq|] <V,
lz6ll = 0, Jag| <V and by = 0, a contradiction. Thus

H(\ z,a,b) # (x,a,b) for (A\,z,a,b) € [0,1] x OQ*.

Let (An, Tn, @n, by) — (N, 2,a,b) asn — oo in [0, 1]><C1(J)><R2. Then lim,, o0 v Tr, =
ryx in CY(J) and we see that

lim H(M, Tn, an,by) = H(A\, x,a,b).

n—oo

Hence H is a continuous operator. Let {(An,Zn,an,bn)} C [0,1] x @ and set
(Un, An, By) = H(Ap, Tn, an, by,). Then

un(t) = an + /Ot [(1 — )\n)(bn + /05 01(V)(ryxy,)(v) dy>

+Ang (bn + /0 0, (V)(rvan)(v) du)} ds,

Ap = a4+ 2,(0) — 2, (T), Bp =bn+2,(0) —2,(T)
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for t € J and n € N. It is easily seen that (cf. (2.1), (2.2) and (2.16))

lun()] <V +2+ T+ 2]e1llL,) + TQU A2l 1 ,),
[un (O] < T+ 2]l0y |z, + QU+ 2lley Ly ),
A, <3(V+2), |Bn <2k+1

fort € J and n € N,

Fix € > 0. Then there exists d1, 0 < d; < &, such that [g7!(v1) — g7 (v2)| < € for
v1,v2 € [—l = 2||lo||lL,, ! + 2||lol|lz,], |v1 — v2| < d1. Let d2 > 0 be a number such that

to 6
‘/ 01(9) ds‘ < ?1 for t1,ty € J, |t1 — ta] < d2. Then (for t1,ty € J, |t1 — ta]| < 02)
t1

to
/ 01(9) ds‘ < 01,

t1

[ a@maeds - [ aemaea] <2
and so
et <| [ a1
+‘ g ! (bn + /0 ! 01(8)(ry ) (5) ds) -g ! (bn + /O ; o1(s)(rvan)(s) dS)\

<01+ < 2,

which implies that {u/,(¢)} is equicontinuous on J. Now, by the Arzela-Ascoli theorem
and the Bolzano-Weierstrass theorem, there exists a subsequence of {(un, An, Bpn)}
converging in C'(J) x R®. Hence H is a compact operator. By the Borsuk theo-
rem and the homotopy, D(I — H(0,-),Q*,0) # 0 and D(I — H(1,-),Q*,0) = D(I —
H(0,-),Q2*,0). The proof is complete. O

Let 7,0 € AC(J) and ~(t) < 6(t) for t € J. For each u € AC(J), define the
truncation function A su : J — R, the penalty function p,su : J — [—1,1] and the
sets A1(7,0), A2(7,6), A(v,6) by

>
(Aysu)(t) = u(t) if y(t) <u(t) <o(t) (2.23)

1 if u(t) > o(t) + 1
u(t) — () if0(t) <wu(t) <(t)+1
(pysu)(t) = { 0 if () < u(t) < 5(t) (2.24)
u(t) =) i (1) =1 <u(t) <)
-1 if u(t) <~(t) -1,
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A1(7,0) = { (@.5.:b) : (2,9,8) € CO(J) x CO(J) x R, 7(t) < w(t) < 6(0),
Y(t) < y(t) < 8(t) for t € J, b > o},

As(7,8) = {(@.3,b) : (@,9,b) € C°() x C°(J) x R, 7(t) < a(t) < 8(0), .

A(t) < y(t) < 3(t) for t € J, b <0}, '

AW, 8) = {(2.3,0)  (2,,0) € C°(T) x COT) x R, (1) < a(t) < 8(2),
A1) < y(t) < 8(t) fort € J, b e R}.

It is easy to check that (A,su)(t) = max{y(t), min{d(t),u(t)}} for t € J. Since
min{a,b} = $(a+b—|a—b|), max{a,b} = 3(a+b+|a—b|) for a,b € R, we see that
Ays : AC(J) — AC(J) and

§'(t) if u(t) > 4(t)
(Aggu)' () = /(1) if () < u(t) < 5(t) (2.26)
Y (t) ifu(t) <~(1).

1%
From (A,su)’ € Ly(J) it may be concluded that (A su) , € L:1(J) for any
u€ AC(J) and V > 0.

A function o € C1(J) is called a lower function of PBVP (1.1),(1.2) if g(o/) is
absolutely continuous on J,

(g(c/ (1)) > F(a,a(t),d (t))(t) forae. teJ
and
a(0) =a(T), (0) > (T).
An upper function of PBVP (1.1), (1.2) is defined by reversing the above inequalities.

The following assumption will be needed throughout the paper.

(H;1) There exist lower and upper functions « and 8 of PBVP (1.1), (1.2), respectively,
and

a(t) < B(t) forte J;

(H3) There exist o, € {—1,1} (k = 1,2) and positive-valued functions h € L1(J),
w € C°(R) such that (2.3) is satisfied, w(u) and w(—u) are nondecreasing on
[0,00) and

orF(2,y(t),0)(t) < (h(t) + [b)w(b) (2.27)
for a.e. t € J and each (z,y,b) € Ax(a, 8) (k =1,2).
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Set
V = max{|«, ||8]/} (2.28)

and let P > V be a positive number such that

. 0 dt g(P) dt
mm{/g(_P) w(g (1)’ /0 m} > 2(||Allz, +2V). (2.29)

By the property (iv) of F', there exists a positive-valued function ¢ € Lq(J) such that

P

[P (Bas, (Aase) (1), (Basa) )] ) (O] < ot (2:30)

for a.e. t € J and each x € C1(J).

Consider the one-parameter family of the functional differential equations

FA(papx)(t) + o(t)(rvx)(t) (2.31)

P
(G ©)) = AP(Bas, (Aaso)(®), (Bas2) @) ) (1)

depending on the parameter A € [0, 1].

Lemma 4 Let assumptions (Hy) and (Hz) be satisfied. If u(t) is a solution of PBVP
(2.81)x, (1.2) for some X\ € [0,1] then

lull <V +1, o'l < QClallz, +T). (2.32)

Proof. Assume |jul| =u(§) >V +1, £ € J. From (2) we conclude that v/(§) =0
and we can assume £ € [0,T). Then there is a o > & such that u(t) > V + 1 for
t € [¢,to], and so (cf. (2.16), (2.24), (2.28) and (2.30))

(g(u'(1))" = A(L = o(t)) + o(t)(u(t) = V) > M1 = o(t)) + o(t) > 0

for a.e. t € [€,t0]. Hence g(u/(t)) is increasing on [€, %] and since g(v'(§)) = 0 we
have u'(t) > 0 for [, o], a contradiction.

Analogously for ||u|| = —u(e) >V +1, e € J. Thus ||u|| <V + 1. Then

[(g(u'(1)))'| < A1+ (1) + o(t) < 20(t) +1

for a.e. t € J. From the equality u(0) = u(T) it follows that v/(v) =0 forav € (0,7,
and consequently

lg(w' ()] = lg(u/' (1)) — g(/' (v))] < / (20(s) + D) ds| <2|ellr, + T

for ¢ € J. Hence (cf. (2.2)) ||/|| < Q(2|l¢llz, + T). O
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3. Existence results

Theorem 5 Let assumptions (Hy) and (Hz) be satisfied. Then PBVP (1.1),(1.2)
has a solution u(t) satisfying the inequalities

a(t) <u(t) < B(t) forted. (3.1)

Proof. Let V be given by (2.28) and let the constant P > V satisfy inequality
(2.29). Set

0= {(Jc,a, b): (z,a,0) € CL(J) x R?, |z < V +2,
2]l < Q2llellr, +T)+1, [a] <V +2,
ol < GIQElellz, +T) +1]}

and K : [0,1] x © — C1(J) x R?,
K(\z,0,b) = (a+/0tgl(b+/os PF(Bapz, (Bapz)(v), (Bas2) )| )W)

FA(Pap) () + 0(v) (@) (V)| dv) ds, a+2(0) = 2(T), b+a/(0) - x’(T))

where g € L1(J) is a positive-valued function satisfying (2.30) and the functions G, Q
are defined by (2.1).

We now prove that
D(I — K(1,-),9Q,0) # 0. (3.2)

Since (cf. (2.19) with o = ¢;) K(0,-) = H(1,-), Lemma 2 (with k = Q(2|¢||r, +T)+1
and I = G[Q(2|ollz, + T) + 1] in Q* defined by (2.18)) implies

D(I — K(0,-),9,0) % 0. (3.3)
Hence to prove (3.2) it is sufficient to verify that

(j) K is a compact operator, and

(Gi) K\ z,a,b) # (z,a,b) for (A, z,a,b) € [0,1] x IQ.

Let lim,, o0 (An, T, @n, bn) = (A, 2, a,b) in the Banach space [0, 1] x C1(J) x R®.
P
Then lim,, oo Aap®y = Anpz in CO(JT), {(Aupzs)’ Jc L),

P P
lim (Aalgﬁcn)/(t) = (Aaﬁx)l(t)‘

n—00 -pP -P

a.e. on J
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P P
(:> (Aapzy) T — (Aqpzx) " in ﬁP(J) as n — oo), limy, — o0 PapTn = Papr and

lim,, oo 7y, = ryx in C°(J), and consequently (see property (ii) of F)
limn— oo K (Ans Zns ans bn) = K(\, 2, a,b)inC(J) x R?
which shows that K is a continuous operator.

Let {(An, Zn, G, bp)} € [0,1] x Q and set
(Uny An, Bp) = K(Any Tny an,by), n €N
Then

wn(t) = an+ [ (bt / [P (Bestn, (Basz) ), Basr) )] ) )

FAn(Pagtn) (V) + o(V)(ry ) (v)] dv) ds,

A, =ap +x,(0) —2,(T), By, =b,+x,(0)—z,(T),
and consequently
[un(®)] <V +2+TQ(GIQelL, +T) +1] + 3llells, +1),

[, (0] < Q(G(@lelz, +T) + 1) +3llellz, +1),

ta
/ o(s) ds‘ + [t1 — ta]

t1

l9(up (1)) — g(u, (£2))] < 3

for t,t1,to € J and n € N. Then {u,} is bounded in C*(J), {u,(¢)} is equicontinuous
on J since g is continuous and increasing on R and {4, }, {B,} are bounded (in R),
and so there exists a subsequence {(ug, , Ay, , Bk, )} converging in C1(.J) x R®. Thus

K is a compact operator.

n? n?

Assume K (Ao, 2o, ag, bo) = (20, ag, by) for some (Ag, g, ag, by) € [0,1] x 9Q. Then
zo(t) is a solution of PBVP (2.31)x,,(1.2) and ap = z0(0), by = g(z((0)). By
Lemma 3, ||zo]| <V 4+ 1, ||z(]] < Q(2]lo|ln, + T), and so

laol <V +1,  |bo| < G[Q2llellz, +T)]

which contradicts (zo,ag,bg) € 9Q. We have proved that K satisfies (j) and (jj);
hence (3.2) holds. Then there exists a solution u(t) of PBVP (2.31)4, (1.2), that is

(6 @)Y = F (Bg, B 1), B 0] ) )

+(Papu)(t) + o(t)(rvu)(t)

(3.4)

for a.e. t € J and
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Set w(t) = u(t) — B(t) for t € J. Then
w(0) =w(T), w'(0)>w'(T). (3.6)

Let max{w(t) : t € J} = w(§) > 0 for some & € J. Then (cf. (3.6)) w'(¢) = 0 and
without loss of generality we can assume £ € [0,T). Since on any interval of the type
[€,t1] C J where w(t) > 0 we have (see property (iii) of F)

(G0 (1)) ~ (@B (1))' 2 F(Bapu, (Basu) (1), (B (0)] ) (1)
+(papu)(t) + o) (re u) (t) = F(8, 5(2), 8 (1)) (¢)
> F(8, A1), B'())(1) + minfw(t), 1} = F(8, 5(2), 8 (1)) (t) > 0,

t
and so from the equality g(u'(t)) — g(B'(t)) = / (g(u'(5)) — g(B'(s))) ds we deduce
3
w'(t) > 0 on a right neighbourhood of ¢ = &, a contradiction. Hence w(t) < 0 on J
and u(t) < g(t) for t € J.
Set z(t) = u(t) — a(t), t € J. Then

2(0) = 2(T), 2'(0) <2Z/(T). (3.7)

Let min{z(¢t) : t € J} = 2(v) < O withav € J. Then (cf. (3.7)) 2/(v) = 0 and without
loss of generality we can assume that v € [0,T). Hence there exists ¢; € (v,T] such
that z(¢t) < 0 on [v,¢1]. Then

(9(u (1)) = (9(e'(1)))" < F(a, a(t), &/ (1))(t) + (papu)(t) + o(t)(rvu)(t)
—F(a,at),d (1) (t) < (papu)(t) = max{z(t),—1} <0

for t € [v,t1], and consequently g(u/(t)) — g(c/(t)) < 0 on (v,t1] since g(u'(v)) —
g(a/(v)) = 0. Then 2'(¢t) = v/ (t) — &/(¢t) < 0 for ¢t € (v,#1], a contradiction. Hence
z(t) > 0on J.

From (3.1) now it follows
P
(g(u' (1)) = F(u,u(t),u'(t)’ P) (t) forae. teJ.

Then (cf. (Hz))

P P
or(g(w' @) < () + @) Ju(w' @] ) < () + W @)hw )
for a.e. t € C, (k = 1,2), where Cy, is defined in Lemma 1 (with 2 = ). Applying
Lemma 1 and using (2.29) and |lu|| < V, we see that ||v'|] < P. Thus (g(u'(t))) =
F(u,u(t),u(t))(t) and u is a solution of PBVP (1.1), (1.2) satisfying the inequalities
(3.1). O
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If assumptions (H;) and (Hjy) are satisfied then there exists a solution wu(t) of
PBVP (1.1),(1.2) in the set

Dop = {z : x is a solution of PBVP (1), (2) and a(t) < z(t) < B(¢t) for ¢t € J},

by Theorem 1.

We say that solutions wu,(t) and u*(t) are respectively lower and upper solutions
of PBVP (1.1),(1.2) in the set Dyp if us, u* € Dy and

u(t) Su(t) <u'(t), teJ

for any u € Dyg.

Theorem 6 Let assumptions (Hy) and (Hz) be satisfied. Then there exist lower and
upper solutions of PBVP (1), (2) in the set Dyg.

Proof. By Theorem 1, D,s # (). Let V be given by (2.28) and P > V satisfies
(2.29). From the assumption (H3) and applying Lemma 1 we conclude (see the proof
of Theorem 1) that ||u/|| < P for every u € Dog. Let u1,us € Dog and set

w_(t) = min{u (£),u2(t)}, wy(t) = max{ui(t),us(t}, te.J.

Then a(t) < w_(t) <wy(t) <B{E) on J, w_,wy € AC(J) and |[u]|| < P, [Juy]| < P.
We now show that there exist u,v € Dyg satisfying the inequalities

u(t) <w_(t), wy(t) <wo(t), te. (3.8)

Consider the one-parameter family of the functional differential equations

(9(2' ()" = MS4+2)(t) + Mpuw. p2)(t) + 5o(t) (rez)(t), A €[0,1], (3.9)
where

S, :CHJ) — Li(J),

(Se)(t) = F(Au, sz, (Bu,52)(0), (Dup2) (0] _)(0)
— [P (B, (B s2) 0, (B ) ()

~F (B, (Buys2)(0), (Auysa) (1)

— [P (A, (B 52) (0, (A, ) (1)

—F (B 5, (D) (8), (Do) ()
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and ¢ € Li(J) is a positive-valued function satisfying (2.30) for a.e. ¢ € J and each
x € CL(J).

Let

Q={(ab): (v.ab)cC () xR |z <V +2,
[l < Q(10llellz, +T) + 1, [a| <V +2,
ol < GIR0ollz, +T) + 1]},

and L : 0,1] x 0 — C(J) x R? be defined by the formula

Li(\z,a,b) =
= (a + /Ot g ! (b + /OS [)\(S+x)(y) + AMpuw, ) (V) + 5g(u)(r\fx)(1/)] dy> ds,

a+z(0) —x(T), b+ 2'(0) — m’(T)).

Here the function @ and G are defined by (2.1). We see that (cf. (2.19)) L4(0,-) =
H(1,-) (with o; = 50in (2.19) and k = Q(10||¢||z, +T)+1, ! = G[Q(10||¢||r, +T)+1]
in Q* given by (2.18)), and so

D(I - L+(07 )7970) 74‘ 0

by Lemma 2. Let L (o, Zo, ag,bo) = (20, ag, by) for some (A, zg, ag, bo) € [0, 1] x IN.
Then ag = x¢(0), by = g(x(0)) and xo(t) is a solution of PBVP (3.9),,, (1.2). Since
(cf. (2.30)) |(S+z)(t)| < 5o(t) for a.e. t € J and each z € C*(J), we can proceed
analogously to the proof of Lemma 3 to verify that

lzoll <V 41, ol < Q(10[lellz, + T),

and so |ag] <V +1, |bo| < G(Q(10||o|l, + T)). Hence (zo,ap,bo) ¢ 99, which is
impossible.

Analysis similar to that of the proof of Theorem 1 shows that Ly is a compact
operator. Thus

D(I — L.(1,-),9,0) =D — L4+(0,-),9,0) #0
and then, of course, there exists a fixed point (v, a,b) of the operator L, (1,-). Clearly,

v(t) is a solution of PBVP (3.9)1, (1.2). Assume max{v(t) — B(¢) : t € J} = v(§) —
B(£) > 0 for some £ € J. Then v'(£) = B'(£) and we can assume £ € [0,T). Let
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t1 € (§,T] be a point such that v(t) — 5(t) > 0 for t € [£,t1]. Then (for a.e. t € [£,11])
(9(v' (1)) — (9(B'(1))) =
> (S10)(t) + (puw, pv) () + 5o(t) (rvv)(t) — F (B, B(¢), B'(1))(t)

= F (A, 50, (B, 50) (1), <Aw+ﬂv>'<t>[1)) (8) + (Puy 50)(2) (3.10)
+50(t)(ry ) (1) = F(B, B(1), B'(£))(1)
> F(Au, v, B(2), B'(1)(t) = F(8,8(t), 8 (1)(t) > 0

) -
since F(Aw, v, B(), 8'(6))(1) = F(8, 5(t), 5'(£))(1) for a.e. t € J by property (iii) of
F. From (3.10) and the equality v'(£) = 8'(£) we deduce v/(t) > B'(t) for t € (£,t4],

a contradiction. Hence
o(t) < B(t), ted

Assume min{v(t) —ug(t) : t € J} < 0 for some k € {1,2}. Then there exist 74 € [0,T)
and ty € (7, T] such that v(7) —ug(7x) = min{v(t) —ux(t) : t € J}, v'(15) = u},(T)
and v(t) < ug(t) for ¢ € (7g,tx]. Then (for a.e. ¢t € [Tk, tx])

(90" (1)) = (g(u, (1)) =
= (540)(t) + (Puw, s0)(t) + 50(8) (rv 0) () — F (g, un(t), up,(£)) (2)
< F(Aw, pv, wy (), wly (0))(8) = F(wn, un(t), u (1)) (2)
—‘F wy 50, W (1), W ())(8) — F(Aw, gv, ur(t), ug (£))(1)
< F(Aw, g, w (), w) (1))(8) = F(Aw, v, ur(t), ug (£))(1)
[P (A, 0,101 (0, 0, (0)(E) = (A, o, u(0), u () (1) < 0
and consequently v'(t) < u).(t) on (7, tx], a contradiction. Hence
v(t) >uk(t), tedJ(k=1,2).
We have verified that w () <wv(t) < A(t) for t € J. Then |jv]| <V and

P
(9(0'(1)' = (S40)() + (Pur, 50)(8) + 5e(B)(r ) (8) = F(v,0(0),0'(0)] )0
for a.e. t € J. As in the proof of Theorem 1 we can show that ||v'|| < P. Hence v is
a solution of PBVP (1), (2).

To prove the existence of a solution u(t) of PBVP (1), (2) satisfying the inequalities
a(t) < u(t) < w_(t), t € J, we consider the operator L_ : [0,1] x & — C(J) x R?
given by the formula

L_(\z,a,b) =
= (a + /0 g b+ / A(S—2)(V) + A(Paw_x) (V) + 5o(v)(ryx)(v)] dv) ds,

0
a+ z(0) — z(T), b+ 2'(0) — x’(T)).
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where S_ : CY(J) — L1(J),

P
(S-2)(t) = F(Daw 2, (Baw_)(0). (Aew2) )] ) (O

2
+ P (Do, (Baw2)(0), (Bauw_ 2V ®)] )@

F(Baw B ?) (1), Bau)®)] )0
+ P (Do (Baw2)(B), (Bau_ 2V )] )@

~F (B, (B2 (0), (Baw2) ()] ) ()]

The proof is similar to that of the first part of this theorem and therefore it is omitted.

It is easy to check that D,g is a closed set in C'(.J). Since for each z € D, and
t1,to € J we have

loll < Ve < P Lot () = o't < | [ el

D,p is a compact set in C'(J). We shall prove only the existence of the maximal
solution u* of PBVP (1.1), (1.2) in the set D, since the case of the minimal solution
u, of PBVP (1.1),(1.2) in Dyp is very similar. By the compactness of Dyg, there
exists u* € Dyg such that

T T
/ u*(t)dtz/ 2(t)dt for z € Dug. (3.11)
0 0

Suppose that there exist g € Dog and ¢y € (0,T) such that zo(tg) > u*(¢y). By the
first part of the proof of our theorem, there exists 1 € D,p such that

max{u*(t), zo(t)} < z1(t) < B(t), te

/OTxl(t)dt>/0Tu*(t)dt,

contrary to (3.11). Hence u* is the maximal solution of PBVP (1.1),(1.2) in the set
Das. 0

Then

Corollary 7 Let assumption (Hy) be satisfied and let there exist positive-valued func-
tions h € L1(J) and w € CO(J) such that (5) is satisfied and w(u), w(—u) are non-
decreasing on [0,00). If at least one of the following inequalities

Fz,y(@),0)(t) < (h(t) + [b)w(b), (3.12)
Fa,y(),0)t) = —(h(t) + [b))w(d), (3.13)
F(z,y(t),b)(t)signb < (h(t) + |b]))w(b) (3.14)
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and
F(z,y(t),b)(t) signb > —(h(t) + |b))w(b) (3.15)

is satisfied for a.e. t € J and each (z,y,b) € A(a, ), then PBVP (1.1),(1.2) is
solvable and there exist lower and upper solutions in the set Dyg.

Proof. Corollary 1 follows at once from Theorems 1 and 2 assuming that (Hs)
o1 = o9 = 1 for (3.12), 01 = 02 = —1 for (3.13), 01 = —0o2 = 1 for (3.14) and
01 = —092 = —1 for (315) O

Example 8 Consider the functional differential equation

(" OF ') = | fuls,a(T = 5),2(t), ' (1)) ds

. (3.16)
+fa(t, x(t), 2’ () (@(t) > + o fs(t, 2(t), 2/ (1)) (= (t))"

where p > 1, f1 (resp. fa, f3) satisfies the local Carathéodory conditions on J X R?

(resp. J X RQ), fi(t,-,a,b) is nonincreasing on R for a.e. t € J and each a, b € R,
m,n € N and o € {—1,1}. In addition, there exist positive constants ¢ and | such
that the inequalities

21
|f1(tvu7$7y)lgf(1+|y|p)7 6§f2(t,$7y)§l(l+|y|p), f3(t7x7y)20

are satisfied for a.e. t € J and each u,x € [f Qm_i/g, 2”‘%}, y € R. Set

o=— 2’”§/Z and [ = zmi/z.
€ €

Then a(t) = a and B(t) = B are lower and upper functions of PBVP (8.16), (1.2)
and

t

F(a,y(t),z()(t) = [ fi(s,a(T — s),y(t), 2(t)) ds

i
2

+ha(ty(t), 2(0)) ()1 + o fa(t y(t), 2(4) (=(¢))"
satisfies assumption (Hz) with h(t) =1, w(y) =11+ £)(1+[y[*~P), g(u) = |[ulP~2u
and
o —0 if n is even
£ (—1)ko if n is odd.

Theorems 1 and 2 show that PBVP (3.16), (1.2) is solvable and has upper and lower
solutions in the set Myg={x: 2 € C1(J), a <z(t) < B forte J}.
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