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Abstract. As an application of the so-called "optimal measure" we attempt to seek sets
whose power sets are equinumerous with o-algebras, which seems to be new information
about o-algebras.
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1. Introduction

Some new information about o-algebras is investigated, consisting of mapping bijec-
tively o-algebras onto power sets. Such o-algebras, in fact, form a rather broad class.
A special grouping of the so-called optimal measures is used in our investigation (for
more about optimal measures cf. [1-4]. We provide constructively a bijective map-
ping that will serve the purpose. In the proof we first characterize set-inclusion as
well as some asymptotic behaviors of sequences of measurable sets. Without loss of
generality we shall restrict ourselves to infinite o-algebras, since the opposite case can
be easily done.

Throughout this communication (€2, F) will stand for an arbitrary measurable
space, with both Q and F being infinite sets (where, as usual, the elements of F are
referred to as measurable sets).

By an optimal measure we mean a set function p* : F — [0, 1] which fulfills the

following axioms:

P1. p*(0) =0 and p* () =
P2. p* (BUUEFE) =p*(B)Vp* ( ) for all measurable sets B and E (where \/ stands
for the maximum).

P3. p*< ) hm p*(E,) = /\ p* (E,), for every decreasing sequence of

measurable sets (E,), where )\ stands for the minimum.
In [2] we have obtained the following results for all optimal measures p*.
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By (p*)-atom we mean a measurable set H, p* (H) > 0 such that whenever B € F,
B C H, then p* (B) = p* (H) or p* (B) = 0.

A p*-atom H is decomposable if there exists a subatom B C H such that p* (B) =
p* (H) = p* (H\B) . If no such subatom exists, we shall say that H is indecomposable.

Fundamental Optimal Measure Theorem. Let (2, F) be a measurable space and
p* an optimal measure on it. Then there exists a collection H (p*) = {H, :n € J} of
disjoint indecomposable p*-atoms, where J is some countable (i.e. finite or countably
infinite) index-set such that for any measurable set B, with p* (B) > 0, we have that

p* (B) :max{p* (BmHn) 'n € J}.

Moreover, the only limit point of the set {p* (H,) :n € J} is 0 provided that J is a
countably infinite set. (H (p*) is referred to as a p*-generating countable system.)

NOTATIONS.
1. P will denote the set of all optimal measures defined on (€2, F).
2. Poo is the set of all optimal measures whose generating systems are countably
infinite.
For every A € F, we write A for the complement of A.
N stands for the set of counting numbers (or positive integers).
A C B means set A is a proper subset of set B.
A C B means set A is a subset of set B.
P (A) stands for the power set of set A.

N oUW

2. Main results

Definition 2.1. We say that an optimal measure p* € P, is of order-one if there is
a unique indecomposable p*-atom H such that p* (H) = 1. (Any such atom will be
referred to as an order-one-atom and the set of all order-one optimal measures will

be denoted by 7/%;)

Example 1. Fix a sequence (wy,) C Q and define pf € P by
1
v} (B) zmax{— twp € B}.
n

Then p, € PL .

In fact, via the Structure Theorem, there is an indecomposable pj-atom H such
that p§ (H) = 1. This is possible if and only if w; € H. We note that there is no
other indecomposable p§-atom H* with H* N H = () such that p§ (H*) = 1, otherwise

necessarily it would ensue that wy € H*, which is absurd. Hence pj§ € PL..
FURTHER NOTATIONS.
If H is the order-one-atom of some p* € 73,1:, we write p = {q* € /?%: (q* (H) = 1}.

We then refer to the elements of the class p as representing members of the class, and
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call H the unitary atom of the class. (If the unitary atom of a class is the order-one-
atom of a representing member, we shall speak of representation.)

We further denote by PL. the set of all p classes.

If A is a nonempty measurable set and p € PL | the identity p (A) = 1 (resp. the
inequality p (4) < 1) will simply mean that p* (4) = 1 (resp. p*(A) < 1) for any
representing member p* € p. We shall also write p (4) = 0 to mean that p* (A) =0
whenever p* € p.

Write v for the set of all unitary atoms on the measurable space (Q, F).

Lemma 2.1. Let A, B € F and p € P be arbitrary. In order that p(ANB) =1 it
is necessary and sufficient that p (A) =1 and p(B) = 1.

Proof. As the necessity is obvious, we only have to show the sufficiency. In fact,
assume that p(A) =1 and p(B) = 1. Let H be the unitary atom of class p, and let
p* denote an arbitrary but fixed representing member in the class. Without loss of
generality we may assume that p* is a representation of p (i.e. H is the order-one
atom of p*). Then p* (H) = 1. Clearly, p* (AN H) =1 and p* (BN H) = 1. Hence
p* (Z NHN E) = 0. It is enough to prove that both identities p* (A NHN E) = 0 and
p* (Z NHN B) = 0 are valid. On the contrary, assume that at least one of these iden-
tities fails to hold: p* (A NnNH OE) =0, say. Then p* (A NH ﬂﬁ) = 1. Now, since
p*(HNB) = 1, it ensues that either p* (ANHNB) =1 or p* (ANHNB) = 1.
Then combining each of these last identities with p* (Aﬁ H OE) = 1, we have
that p* (ADHDE) = 1and p*(ANHNB) = 1, or p* (AQHQE) = 1 and
p* (Zﬂ HnN B) = 1. This violates that H is an order-one-atom (because the sets
ANHNB,ANHNB and AN H N B are pairwise disjoint). q.e.d.

Remark 2.0. Let p € PL be arbitrary. Then the identity p (#) = 0 holds.

Remark 2.1. Let A € F and p € P, be arbitrary. Then the identities p (A) = 1 and
P (A) = 1 cannot hold simultaneously, i.e., for no representing member p* of class p
the identities p* (A) = 1 and p* (A) =1 hold at the same time.

In fact, assume the contrary. Then Lemma 2.1 would imply that
p(A)=p(A) =1=p(AnA)=p®) =0
which is absurd, indeed. q.e.d.

Definition 2.2. For any A € F define the set A (A) by
1. A(A) CPL.
2. Ifpe A(A), then p(A) = 1.

Remark 2.2. Let A € F. Then A (A) =0 if and only if A = 0.
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Remark 2.3. If H is a unitary atom (with p its corresponding class), then A (H) =

{r}.

Let A € F and denote by V 4 the set of all unitary atoms H such that p(A) =1,
where A (H) = {p}. It is clear that V4V = 0 and V4 |JVy = V. From this
observation the following lemma is straightforward:

Lemma 2.2. For every set A € F, we have that A (A) = A (A).

Proposition 2.3. Let A, B € F be arbitrary. Then
1. A(Q) =PL.
2. A(ANB)=A(A)NA(B).
3. A(AUB)=A(A)UA(B).

Proof. Part 1 is an easy task. Let us show Part 2. In fact, let p € A(A B).
Then p (AN B) = 1. Hence Lemma 2.1 implies that p(4) = 1 and p(B) = 1, so
that p € A(A) and p € A(B), i.e. p € A(A)NA(B). Consequently A (AN ) C
A (A)N A (B). To show the reverse inclusion, pick an arbitrary p € A (A)NA(B).
Then p(A) = 1 and p(B) = 1. Via Lemma 2.1, we have that p(ANB) = 1, ie.

pEA(ANB).So A(A)NA(B)CA(ANB).

To end the proof, let us show the third part. In fact, let A and B € F be
arbitrary. Then making use of the second part of this proposition, it ensues that
A (Z HF) =A (Z) NA (F) . By applying Lemma 2.2 and De Morgan identities, we
obtain that

A(AUB) = A(AUB)=A(ANB)=A(A)NA(B)

Il
>
=
C
>
=
=
C
>
E)
Il
> b
E
C
>
E

This was to be proven. q.e.d.

Lemma 2.4. Let A and B € F be arbitrary nonempty sets. In order that A C B, it
is necessary and sufficient that A (A) C A(B).

Proof. As the necessity is trivial, we need only show the sufficiency. In fact, assume
that A\ B is not an empty set. Then because of Remark 2.2, A (A\B) is neither empty.
Fix some p € A (A\B), i.e. p(A\B) = 1. This implies that p (B) < 1. (Otherwise we
would obtain via Lemma 2.1 that 1 = p((A\B) N B) = p(#) = 0, which is absurd.)
Then p(A) =1 and p(B) <1, ie. p€ A(A)\A(B). So the set A (A)\A (B) is not
empty. q.e.d.

Lemma 2.5. Let A and B € F be arbitrary nonempty sets. In order that ANB =0,
it is necessary and sufficient that A (A)NA(B) = 0.
(The proof follows from Proposition 2.3/2 and Remark 2.2.)

Lemma 2.6. Let A and B € F be arbitrary nonempty sets. In order that A = B it
is necessary and sufficient that A (A) = A(B).
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Proof. As the necessity is trivial, we need only show the sufficiency. In fact, assume
that A and B € F are such that A(A) = A(B), i.e. A(4A) C A(B) and A(B) C
A (A). By applying twice Lemma 2.4 it ensues that A C B and B C A. Therefore
A=B. q.ed.

Lemma 2.7. Let A and B € F be arbitrary nonempty sets. Then A(A\B) =
A(A)\A(B).
Proof. We simply note that Proposition 2.3/2 and Lemma 2.2 entail that
A(A\B) = A(ANB)=A(4A)NA(B)
= AN (AB)) =AAN\A(B),
which completes the proof. q.e.d.

Proposition 2.8. Let (4,) C F and A € F be arbitrary. Then (A,) converges
increasingly to A if and only if (A (A;)) converges increasingly to A (A).

Proof. Assume that (A,,) converges increasingly to A. Then by applying repeatedly
Lemma 2.4, we have for every n € N that

A(An) € A(Anir) C A(A).
We need to prove that A (A) = U A (A;) . To do this, it will be enough to show

that A (A) C U A(A,) and U A (A4,) C A(A). In fact, we note that the second

inclusion is tr1V1a1 To prove the first one, let us pick an arbitrary class p € A (A)
and fix any representing member p* of class p. We note that following the proof of
Lemma 0.1 (cf. [1], page 134), there can be found a positive integer ng such that

1=p*(A) =p* (U Ak> = p*(A,), whenever n > ng. Hence p € |J A(A,) C
k=1

n=ngo

GA(An),le
A) C D A(An) C GA A

n=ngo

Conversely, assume that sequence (A (A,,)) converges increasingly to A (A). Then for
every n € N we have that A(An) C A(Ant1) € A(A), so that A, C An+1 CA

(because of Lemma 2.4 ). Hence U A, C A. Now, suppose that set A\ U Ay, is not

empty. Then via Remark 2.2 and Amom 8 there can be found some p 6 Pl a
some representing member p* of class p such that

o (008 o (a0 - Ao ao

n=1 n=1
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since sequence (A_n) is a decreasing sequence. Consequently 1 = p* (A ﬂA_n) for all
n € N. But Lemma 2.1 yields that p* (A) = 1 and p* (4,,) =1 for all n € N. Hence
Axiom 8 entails that

= A @ = (V) -5 )
n=1 n=1
Nevertheless, this contradicts Remark 2.1 q.e.d.

Proposition 2.9. Let (A,) C F and A € F be arbitrary. Then (A,) converges
decreasingly to A if and only if (A (A,)) converges decreasingly to A (A).

Proof. Assume that (A,) converges decreasingly to A. Then by applying repeatedly
Lemma 2.4, we have for every n € N that

A(A) CA(Ant1) CA(AL).
We need to prove that A (A) = 61 A (A,). To do this, it will be enough to show
that A (4) C ﬁlA (A,) and ﬁlA (A,) € A(A). In fact, we note that the first
n= n=
inclusion is trivial. To prove the second inclusion let us pick some p € ﬁl A(Ay).

Then p € A(A,) for all n € N. Hence p(A4,,) = 1 for all n € N. If we fix any
representing member p* in class p, we then obtain via Aziom & that

p*(A)=p" (ﬂ An) = A\r(4) =1,
n=1 n=1

implying that p (A) =1, i.e. p € A(A). Consequently, (| A(4,) CA(A).
1

Conversely, assume that sequence (A (A,)) converges decreasingly to A (A) . Then
for every n € N we obtain that A (A) C A (Ap4+1) C A(A,) so that A C A1 C Ay,
o0

n € N (by Lemma 2.4). Hence A C [\ A,. To show the reverse inclusion let us

n=1
assume that set < N An> \A is not empty. Then via Remark 2.2 and Aziom & there
n=1
can be found some p € PL such that for every representing member p* of class p
e ((ﬂ“‘”> \A> - (ﬂAn”Z) = A\ v (4.07),
n=1 n=1 n=1

since (Ay) is a decreasing sequence. Consequently, 1 = p* (4, N'A) for all n € N.
Hence Lemma 2.1 yields that p (A) = 1 and p(A,) = 1 for all n € N. But then

p € A(A,) for all n € N and hence p € (| A(4,) = A(A). Nevertheless, this
n=1
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is absurd since p € A (A) = A(A). We can thus conclude on the validity of the
proposition. q.e.d.

Theorem 2.10. Let (A,,) C F and A € F be arbitrary. In order that (A,) converge
to A, it is necessary and sufficient that (A (Ay)) converge to A(A).

Proof. For every counting number n € N write E, = (| Ay and B, = |J Ax. It
k=n =

= k=n
is clear that sequence (B, ) converges decreasingly to limsupA,, and sequence (E,,)
n—oo
converges increasingly to lim inf A,,. Consequently, by applying Theorems 2.8 and 2.9
n—oo

to these sequences, we can conclude on the validity of the theorem. q.e.d.

Definition 2.3. A mapping A: F — P (77;0) is said to be powering if it is defined
by:

~ 0 A=
A(A)_{ {pePl :p(A)=1} fA#0D

Remark 2.3. If H is the unitary atom of a class p € PL, then A (H) = {p}.

The following result can easily be derived from Lemma 2.6 and Remark 2.2.

Proposition 2.11. If A : F — P(P;O) 1§ a powering mapping, then it is an
mjection.

Definition 2.4. If I' C PL is a nonempty set, then the collection C of all the unitary
atoms of the classes p € T will be called unitary-atomic collection of T.

Postulate of powering. If I € P (PL)\ {0} and C denotes the governing-atomic
collection of T, then |JC is measurable and A (|JC) CT.

Theorem 2.12. The powering mapping A : F — P (73;0) is surjective if and only if
the postulate of powering is valid.

Proof. Assume that Postulate of powering is valid. Let I' € P (77;0) be arbitrarily
fixed. We note that if I' = (), then there is nothing to be proven. Suppose that T’
is a nonempty subset of PL  and denote by C its corresponding governing-atomic
collection. Then (JC is measurable and A (|JC) C T (by the postulate). Let us show
that ' € A (|JC). In fact, pick any class p € " and p* any representing member of
p, with H the unitary atom of p. Since H C [JC, it ensues from Lemma 2.2 that
A(H) C A(UC). But, via Remark 2.8 we have that {p} = A(H) and p € A(JC),
ie. T C A(UC). Therefore I' = A (|JO).

To prove the converse biconditional, let us assume that the powering mapping A is
a surjection. We note that A is a bijection, since it is also an injection (by Proposition
2.11). Let T' € P (PL) \ {0} be arbitrary and write C for the corresponding unitary-
atomic collection. Obviously we have that I' = | J{A (H) : H € C} is a subset of PL.
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Then via the bijective property it ensues that A= (I') € F. Clearly A (H) C T for
every H € C. By Lemma 2.2 together with the bijective property, we obtain that

H=A"AH)cA D)

whenever H € C. Consequently the inclusion | JC € A~1 (') follows. Now let us show
that if w € A1 (T), then there is some H € C such that w € H. Assume on the
contrary that there can be found some w; € A™! (T) such that wy ¢ H for all H € C.
We can thus define an optimal measure ¢* : F — [0, 1] so that

« = 1 if w1 €B
1 (B){ < 1 ifw ¢B.
(See Example 1) Then there is a unique indecomposable g*-atom (to be denoted by
H) such that ¢* (fl) = 1. It is clear that w; € H and ¢* (A~' (")) = 1. We further
note that

Ua@E) :Hec=T=A(AT' () ={pePL:p(A~" @) =1}.

From this fact and the identity ¢* (A™! (I")) = 1, there must exist some class py € PL,
with po (A™! (")) = 1, such that ¢* (f{ NHNA™! (F)) =1, where H is the unitary
atom of class pg. Nevertheless, this is possible only if wy; € H, which is absurd, since
we have supposed that wy ¢ H for all H € C. Therefore, if w € A= (T), then there is
some H € C such that w € H. It ensues that w € [JC for allw € A= ("), as H c JC
whenever H € C. Thus A~ (T') C |JC. Therefore, | JC = A~ (T'), which leads to the
postulate. q.e.d.

Theorem 2.12 entails that an infinite o-algebra is equinumerous with a power set
if and only if Postulate 1 is valid. This suggests that there are infinite o-algebras that
are not equinumerous with infinite power sets.
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1. Introduction

The existence of solutions on compact intervals for three-point and multi-point bound-
ary value problems for second order differential equations has received much attention
in the last decade, we refer for instance to the papers of Boucherif and Bouguima [1],
Gupta [2-5], Gupta et al [6-8], Gupta and Trofimchuk [9-10] and Marano [11]. The
study of multi-point boundary value problems for second order ordinary differential
equations was initiated by I'In and Moiseev in [12-13], motivated by the work of
Bitsadze and Samarskii on nonlocal elliptic boundary value problems [14-16]. The
methods used are usually the topological transversality of Granas or the degree the-
ory methods combined with Wirtinger type inequalities.

Very recently, by means of a fixed point theorem for condensing multivalued maps
due to Martelli, an extension of three and four-point boundary value problems for
second order differential equations to the multivalued case has been done by the
authors in [17-18]. However, in these problems the right-hand side was assumed to be
convex valued. Here we drop this restriction and consider problems with a nonconvex
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valued right-hand side.

In Section 3 of this paper we shall prove a theorem which ensures the existence
of solutions defined on a compact real interval for the three-point boundary value
problem (BVP for short) of the second order differential inclusion

y" € F(t,y), tcJ=1[0,1], (1.1)
y(0) =0, y(n) = y(1), (1.2)

where F' : J x IR — P(IR) is a multivalued map, n € (0,1), and P(E) is the family
of all subsets of IR.
Section 4 is devoted to the study of the following four-point boundary value prob-
lem
y' € F(t,y), teJ=10,1], (1.3)
y(0) =y'(n), y(1) =y(7), (1.4)
where F,n are as in the problem (1.1)-(1.2) and 7 € (0,1). The method we are going
to use is to reduce the existence of solutions to problems (1.1)-(1.2) and (1.3)-(1.4)
to the search for fixed points of a suitable multivalued map on the Banach space

C(J,R). In order to prove the existence of fixed points, we shall rely on a fixed point
theorem for contraction multivalued maps, due to Covitz and Nadler [19].

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts from
multivalued analysis which are used throughout this paper.

Let (X, d) be a metric space. We use the notations:

PX)={Y e P(X):Y #0}, Pu(X)={Y € P(X):Y closed}, Py(X)=
{Y € P(X) : Y bounded}.

Consider H; : P(X) x P(X) — R4 U {0}, given by
Hy(A, B) = max {sup d(a, B),sup d(A, b)} ,
acA beB
where d(A,b) = inf,c 4 d(a,b), d(a, B) = infyecp d(a,b).

Then (Py o (X), Hq) is a metric space and (Py(X), Hq) is a generalized metric
space.

A multivalued map N : J — P.(X) is said to be measurable if, for each x € X,
the function Y : J — IR, defined by

Y(t) =d(z,N(t)) = inf{|z — 2| : z € N(¢¥)},

is measurable.
Definition 1 A multivalued operator N : X — P, (X) is called
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a) ~y-Lipschitz if and only if there exists -y > 0 such that

Hd(N(x)vN(y)) S’yd(xay), fO’f‘ each z, yEX,
b) contraction if and only if it is y-Lipschitz with v < 1.

N has a fized point if there is & € X such that © € N(z). The fixed point set of
the multivalued operator N will be denoted by FizN.

For more details on multivalued maps we refer to the books by Deimling [20],
Gorniewicz [21] and Hu and Papageorgiou [22].

Our considerations are based on the following fixed point theorem for contraction
multivalued operators given by Covitz and Nadler in 1970 [19] (see also Deimling, [20]
Theorem 11.1).

Lemma 2 Let (X,d) be a complete metric space. If N : X — P,(X) is a contraction,
then FizN # (.

3. Three-Point BVPs

The main result of this section concerns the three-point BVP (1.1)—(1.2). Before
we state and prove this result, we give the definition of a solution of the three-point
BVP (1.1)-(1.2).

Definition 3 A function y : J — IR is called a solution for the BVP (1.1)-(1.2)
if y and its first derivative are absolutely continuous and y" (which exists almost
everywhere) satisfies the differential inclusion (1.1) a.e. on J and the condition (1.2).

Theorem 4 Assume that:

(H1) F:J xR — P,(IR) has the property that F(-,y) : J — P,(IR) is measurable
for each y € R.

(H2) Hy(F(t,y),F(t, 7)) < It)ly —7l, for ae. t € J and y,§ € R, where | €
LY(J,IR).

Let L(t) = f(fl(s)ds, and p > 1. If

1, L)+ L)

<1,
% I—n

then the BVP (1.1)-(1.2) has at least one solution on J.
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Proof. Let the Bielecki-type norm | - ||z on C(J,IR) be defined by
— —pL(t)
lylls = max{ly(t)le }-

Transform the problem into a fixed point problem. Consider the multivalued map,
N:C(J,R) — P(C(J,IR)) defined by:

N(y) = {h € CLLR): h(t) = /0 (t = 8)g(s)ds + —— [ (= s)g(s)ds

where
g€ Spy={9€L"(JR):g(t) € F(ty(t)) forae teJ}.

Remark 5 (i) It is clear that the fized points of N are solutions to (1.1)-(1.2).

(i) For each y € C(J,R) the set Sg, is nonempty, since by (H1), F has a
measurable selection (see [23], Theorem II1.6).

We shall show that N satisfies the assumptions of Lemma 2. The proof will be
given in two steps.

Step 1: N(y) € P, (CJ,R) for each y € C(J,IR).

Indeed, let (yn)n>0 € N(y) such that y, — ¢ in C(J,IR). Then g € C(J,IR) and
foreacht € J

im0 € [ (6= 9Feue)ds + = [0 9F (o)
t 1
b | (1 —38)F(s,y(s))ds.

Because the sets

t t n t 1
/O(tfs)F(s,y(s))ds, 1—77/0 (n—s)F(s,y(s))ds and E/o (1—8)F(s,y(s))ds

are closed for each t € J, then for each t € J

i) = i) € [ - 9Fpends + = [ 9P
- ﬁ ; (1—98)F(s,y(s))ds.

Therefore § € N(y).
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Step 2: Hy(N(y1),N(y2)) < vly1 — ya| for each y1,y2 € C(J,IR) (where v < 1).

Let y1,y2 € C(J,IR) and hy € N(y1). Then there exists ¢1(¢t) € F(¢,y1(t)) such
that, for each t € J,

ha(t) = / <tfs>gl<s>ds+ﬁ / "<ns>gl<s>dsﬁ / (1 - $)ga (s)ds.

From (H2) it follows that
Ha(F(t,y1(1), F(t,y2(1))) < Uy () — ya(t)]-
Hence, there is w € F(t,ya(t)), such that
lg1(t) — w| < 1By () —y2(t)], teJ.
Consider U : J — P(IR), given by
Ut) ={w e R :|g1(t) — w| < 1(#)|y1(t) — v2(2)[}-

Since the multivalued operator V' (t) = U (¢)NF(t, y2(t)) is measurable (see Proposition
IT1.4 in [23] there exists g2(t) a measurable selection for V. So, g2(t) € F(t,y2(t)) and

91(6) = g2(8)] <UDy (8) — o(b)], for each ¢ € J

Let us define for each t € J

n

ha(t) = / (t—S)gz(S)dSJrﬁ 0 (n—S)gz(S)ds—li—n / (1 - 8)ga(s)ds.

Then we have

)= ha@) < [ =Sl - m0lds+ 1 [ 0= o) - a0l ds
s | 0= 9l0) - ()l
< [0 w1 [ - Ml -l
e [ = U)o (s) — pa(s)lds <

1-nJo
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t
/ Us)e PO FED y () — yo(s)] ds
0

1
— I wL(t) _
+1—77 (n)e ly1 — vzl

1
—  L(De*E® gy —
T L0 Oy~ ol

IA

t
. 1

I =l | 1 s+ = L) O s = ol

1
+EL(1)6’*L‘”|Iy1 —12lB

L[ i)y 1 ML)

= |y - yzHB; ; (e"™*) ds + TnL(ﬁ)e ly1 —v2ll8

1
+EL(l)e“L“)Hyl —yolls

— 1
91 y2HB€uL(t) + —1I(
0 l—n

1
— L(1De*E® 1y — )
+1_77 (De" Py — yalls

euL(t

IA

77) )||y1 —yzHB

Then L L)+ L)
+
I — hall < [; MU RO

By the analogous relation, obtained by interchanging the roles of y; and ys9, it follows
that

] Hyl - y2||B-

L(n) + L(1)

Ha(N(y1), N(y2)) < E + =2

} ||yl - yzHB-

So, N is a contraction and thus, by Lemma 2, it has a fixed point y, which is
solution to (1.1)-(1.2).

4. Four-Point BVPs

The main result of this section concerns the four-point BVP (1.3)—(1.4). Before
we state and prove this result, we give the definition of a solution of the four-point
BVP (1.3)—(1.4).

Definition 6 A function y : J — IR is called a solution for the BVP (1.3)-(1.4)
if y and its first derivative are absolutely continuous and y" (which exists almost
everywhere) satisfies the differential inclusion (1.3) a.e. on J and the conditions

(1.4).

Theorem 7 Assume that (H1) and (H2) are satisfied. If
1 L L(1
—+L(n)+2M <1,
p I—n
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then the BVP (1.3)-(1.4) has at least one solution on J.
Proof. Let || - || the Bielecki-type norm on C'(J,IR) defined by
— —pL(t)
lylls = max{ly(t)le }-

Transform the problem into a fixed point problem. Consider the multivalued map,
Ni: C(J,IR) — P(C(J,IR)) defined by:

Ni(y) = {h € C(J,R) : h(t) = /0 (t —s)g(s)ds + /Ong(s)ds

L[t [ a -]}

g€ Spy={9€L'(JJR):g(t) € F(t,y(t)) forae. inJ}.

We can easily show that N; has closed values and it is a contraction multivalued map.
We omit the details.

where

5. Concluding Remarks

Let a; € IR, with all of the a;s having the same sign, §; € (0,1),i =1,2,...,m — 2,
0 <& <& <...<¢,,_9 <1 Consider the following m-point boundary value
problem for second order differential inclusions

y'(t) € Fty(t), tel, (5.1)

m—2

y(0) = aiy (5.2)

It is well known (see [12] for example) that if a function y € C* satisfies the boundary
condition (5.2) and all of the a;,4 = 1,2,...,m — 2 have the same sign, then there
exists n € [£;,€,,_5], depending on y € C*(J,IR) such that

y(1) = ay(n)

m—2
with @« = > a;. Accordingly, the problem of the existence of a solution for the BVP
i=1
(5.1)=(5.2) can be studied via the three-point BVP
y'(t) € F(tyt), teJ,
y(0) =0, y(1) = ay(n),

where ) € (0, 1) is given. We omit the details, since the proof follows the steps of the
proof of Theorem 4, with obvious modifications.
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It is obvious that the above method can also be applied to other types of m-point
BVPs. For example for the BVPs

Y ()GF(ty()), ted,

or

which can be reduced to the following three point BVPs:

y'(t) € F(t,y(t), telJ,
y'(0) =0, y(1) = ay(n)

and

respectively.
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Abstract. The aim of this paper is to find the conditions under which the discontin-
uous initial value problem & (t) = g(z(t)) + S, a; sgnzi(t)e’, z(0) = zo, t € I =
[0, 00), where o € R™, a; € R and e’ denotes the i-th canonical unit vector in R™, de-
fines a dynamical system. A definition of dynamical systems which involves the existence and
the uniqueness of solutions to initial value problems is presented. Because the problem may
not have classical solutions, the Filippov regularization is used in order to restart the problem
as a differential inclusion which may enjoy the existence and even uniqueness of generalized
solutions. An illustrative example of this class of dynamical systems, a generalization of the
Chua’s circuit, is presented.
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1. Introduction

The paper is devoted to differential equations with discontinuous right-hand sides
which model a whole variety of applications: dry friction, electrical circuits, oscilla-
tions in visco-elasticity, brake processes with locking phase, oscillating systems with
viscous damping, elasto-plasticity, electrical circuits, forced vibrations, convex opti-
mization, control synthesis of uncertain systems, etc. (see e.g. [1]-[5] and the refer-
ences in [6], [7]). A large number of problems which belong to these applications can
be described by the following autonomous initial value problem (i.v.p.)

a(t) = f(2(t), 2(0) =m0, z0€R™, tel=]0,00), (1.1)

with the right-hand side f :R™ — R" a vector single-valued map, discontinuous with
respect to the state variable z and locally bounded in the metric space R™ (i.e.,
bounded on each bounded subset of R™). Our goal is to emphasize a class of i.v.p.
(1.1) which define dynamical systems (d.s.). Throughout this paper the discontinuity
is considered only with respect to the state variable x. Many authors consider the
concept of continuity of a d.s. as being with respect to time variable, while others
consider the continuity (or Lipschitz continuity) with respect to initial data in order
to define a continuous d.s. (see e.g. [8], [9] and the references therein). However,
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in the case of continuity with respect to the state variable, for most of the standard
assumptions leading to the existence and uniqueness of the solutions, the continuous
dependence on initial data follows (see [9]).

There are many mathematical definitions for a d.s. (see e.g. [8], [9] and the
references therein). Our definition uses the existence and, optionally, the uniqueness
of the solutions to the i.v.p. (1.1). If the right-hand side of (1.1) is discontinuous
with respect to x,the i.v.p. need not have classical solutions and another concept of
solution must be used. One of the typical cases for discontinuous i.v.p. is modeled
by the so-called switch problems.

Example 1.1. [10] Consider the discontinuous right-hand side equation & = 1 —
2 sgn x , with the classical solutions

CC(t) = { :if{:_%;’ $x<>00 , C1,C eR.
As t increases, the classical solutions tend to the linex = 0, but it cannot be continued
along this line, since the map x(¢) = 0 so obtained does not satisfy the equation in
the usual sense (for it, z(¢) = 0 and the right-hand side has the value 1—-2sgn0 =1).
Hence there are no classical solutions of i.v.p. starting with x(0) = 0. Therefore a
generalization of the concept of solution is required.

To get around to a solution of the i.v.p. (1.1) with a discontinuous right-hand side,
the problem may be restarted as a differential inclusion (d.i.)
z(t) € F(x(t)), =(0) =x¢, fora.a. tel, (1.2)

where F : R" = R" is a vector set-valued map into the set of all subsets of
R™ which can be defined in several ways. For the background and a comprehensive
theory of d.i. and set-valued maps we refer the reader to [10]-[12].

The simplest convex definition of F' is obtained by the so-called Filippov regular-
ization [10]

F(:c):ﬂconv(f({zER”:Hzfo§5}\M)), (1.3)
>0

where F(x) is the convex hull of f , u denotes the Lebesgue measure in R™, conv
is the convex hull, M is a null set and ¢ the radius of the ball centered in x. In
the points where the map f is continuous, F(x) consists of one point which coincides
with the value of f at this point (i.e., we get back f (x) as the right-hand side). In
the points belonging to M, the set is given by (1.3). Details and other regularization
procedures can be found in [10].

In order to justify the use of d.i. (1.2-1.3) to a physical system, we must use a small
so that the motion of the physical system is arbitrarily close to a certain solution of
d.i. (for instance, it tends to the solution as ¢ — 0).
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As an example, the Filippov regularization of the usual sign map is the signum
set-valued map

{-1}, =z<0
Sgnzx =< [-1,1], =0
{+1}, x>0

Remark 1.2. Embedding f into a set-valued map F', which has enough regularity,
closely related to the trajectories of the original differential equation, we can stress
the point that whenever f is continuous at z, then a solution to d.i. (1.2) satisfies
the i.v.p. (1.1). Certainly, any classical solution to the i.v.p. (1.1) is a solution to the
i.v.p. (1.2). Hence, as stipulated in [10], we are justified to call a solution of i.v.p.
(1.1) a solution of the i.v.p. (1.2).

On mild assumptions, d.i. (1.2) has generalized (Filippov) solutions that happen to
be even a.e. unique, but it could have multiple solutions as well.

Example 1.3. Let the discontinuous i.v.p. = = sgnz, x(0) = 0. There is no
classical solution starting from 0. However, considering the corresponding d.i. = €
F(z) = Sgnz, there are multiple Filippov solutions: z(t) =0 for ¢ < ¢, and z(t) =
+(t — t,) for t > t,, where t, > 0 could be oo.

Example 1.4. If we consider the i.v.p. z € —Sgnz, x(0) = 0, then there is a
unique Filippov solution
— <
x(t):{t* t, t<t, 7

0, t >ty

and the trajectory can be continuously extended from z = 0 for t > t,.

The main objective is the study of conditions under which the discontinuous i.v.p.
modeling the switch systems

z(t) = g(z(t)) + Zai sgnxi(t) ', x(0) =z9, t€l=][0,00), (1.4)

with ¢ :R™ — R" a vector single-valued map, a; € R and e’ the i-th canonical unit
vector in R™ could be viewed as a switch d.s. Consequently, we introduce in Section
2 a definition for switch d.s. considering the existence and optionally the uniqueness
of solution to i.v.p. (1.4). The existence (Péano’s theorem for d.i.) and uniqueness
(special Lipschitz conditions) of solutions of i.v.p. (1.4) will be analyzed through the
corresponding d.i. obtained by Filippov regularization. The explicit Euler method
for d.i. necessary to numerical dynamics is also presented. The main result of this
paper is introduced in Section 3 and states the assumptions in which the i.v.p. (1.4)
defines a switch d.s.

2. Preliminaries

Definition 2.1. A (Filippov) solution of i.v.p. (1.2) is an absolutely continuous
vector-valued map x: I — R” satisfying (1.2), for a.a. ton I .
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See [10] and [13] for properties of Filippov solutions.

Definition 2.2. The i.v.p. (1.1) is said to define a generalized switch d.s. on R"
if for every xg there exists a solution of i.v.p. (1.1) defined for a.a. t € I. If the
solution is a.e. unique, then the i.v.p. is said to define a switch d.s.

To establish conditions in which a d.i. admits solutions, few basic properties of
the set-valued maps are presented next.

Let X and Y be two non-empty sets. For practical reasons it is convenient to
characterize a vector set-valued map F': X = Y by its graph

Graph(F) :={(z,y) e X xY |y € F(x)}.

Remark 2.3. Due to the symmetric interpretation of a set-valued map as a graph
(see e.g. [12]), we shall say that a set-valued map satisfies a property if and only if
its graph satisfies it. For instance a set-valued map is said to be closed if and only if
its graph is closed.

Notation 2.4. Let denote with P the class of the so-called Péano maps i.e. upper
semicontinuous (u.s.c.) maps with non-empty closed and convex values, called basic
or Péano conditions.

Definition 2.5. [11], [12] A single-valued map f: R™ — R" is called a selection of
the set-valued F' map if
Ve eR", f(z)e F(x).

Generally, a set-valued map F admits (infinitely) many selections, each of them
giving rise to a differential equation z(¢) = f (z(t)) and whose classical solutions (if
any) are Filippov solutions of (1.2). There are many ways to choose a selection (see
[6]). The selections could be discontinuous (both with respect ¢t and z) . Let us
consider as an example the set-valued map F' : X =2 Y with closed convex images,
X being a metric space and Y a Hilbert space. The single-valued map

m(F(2)) = {u e F(z)| [lu = min ||y},

y € F(z)

is called the minimal norm selection. For the sign set-valued map, the minimal
selection is the discontinuous single-valued map

-1, x<0
m(Sgnz) =< 0, x=0
+1, x>0

An important condition to extend the existence interval for a solution of the i.v.p.
(1.2) to I =10, oo) is the compactness of the minimal selection.

Notation 2.6. We say that condition C is satisfied if there exists a compact subset
C C R"™ such that m(F(z)) CC for all x € R".
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Definition 2.7. F satisfies a growth condition (g.c.) on R™ if there exist constants
K17 KQ Z 0 with
1l < Kyl 2] + K2,

for all € € F(x), z € R™.

The g.c. implies that all solutions and selections remain in some bounded subset and
it is used instead of global boundedness of the right-hand side (compare [2], [7] and
[14]).

Remark 2.8. i) For f locally bounded, the set-valued map F defined by (1.3) has
the following properties: is u.s.c. with non-empty closed and convex values , i.e., a
Péano map (compare [11, Proposition 1 p.102] and [10, Lemma 3, p.67]).

i1) Moreover, because the convex hull of a finite set is compact, F(x) given by (1.3) is
a compact set (see [11, Corollary 1, p.20]). Hence, it is easy to verify that F verifies C
condition.

i11) The Sgn set-valued maps satisfies the g.c.

In order to prove the uniqueness of solutions for certain class of d.i., special Lip-
schitz conditions are necessary.

Definition 2.9. F satisfies a uniform one-sided Lipschitz condition (o0.s.L.) with
o.s.L. constant A\ if we have

(="l —a" < x| - ),
uniformly in ¢ and for all ¢’ € F(2'), ¢" € F(2"), with 2/, 2" € R™.

The o.s.L. is weaker than the classical Lipschitz condition or Lipschitz continuity. For
higher dimensional problems and explicit numerical methods, the usual o.s.L. is no
longer adequate to prove uniqueness of solution. Hence we need a stronger version,
the strengthened one-sided Lipschitz condition introduced in [15] (see also [16] and
[17)).

Definition 2.10. [15] F satisfies a strengthened one-sided Lipschitz condition
(s.0.8.L.) with o.s.L. constants (A1, Aa, ..., A,) if the implication

zp>af = GG+l -2,

is true for all and all 2/, 2” € R", (] € F(z'), ¢!/ € F(z”) and all components
i=1,2,...,n.

Remark 2.11. i) For n > 1 the s.o.s.L. is stronger than o.s.L. and weaker than
the classical Lipschitz condition for single-valued right-hand sides and, if n = 1, the
s.0.s.L. and o.s.L. are equivalent (see [18]).

i1) The unidimensional set-valued map —Sgn x satisfies the s.o.s.L., while +Sgnz
does not. The o0.s.L./ s.0.s.L. conditions are only sufficient conditions for uniqueness.
Thus a general criterion for uniqueness does not exist. However, for our class of
problems, the positiveness of some ay, in (1.4) seems to be adequate for nonuniqueness
(see Examples 1.2 and 1.3).
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In [18] the following lemma is proved

Lemma 2.12. [18] Let the set-valued map F be decomposable in the following form

F(z) = g(z) + Z Bi(z) €, (2.1)

forall x € R™, where the single-valued map g: R™ — AR” is Lipschitz continuous,
the set-valued maps (; : R — R satisfy o.s.L. and ¢e* denotes the i-th canonical
unit vector in R™. Then F salisfies s.0.s.L.

Let N be a natural number N € N’ C N, N’ denoting a subsequence of N tending
to infinity, T'> 0, h =T /N, and an equidistant grid

to<ti < ...<ty =T.

We associate with (1.2) a sequence of discrete-time inclusions in the form

Yr+1 GchV(hvyk% k:()a la "'7N717 Yo = o, (22)
where GIY : R"™ = R" is a discrete-time set-valued map. A solution of (2.2) on
[0, T] is any sequence of N + 1 vectors yo, y1, ..., yn that satisfies (2.2) for k =
0,1,...,N — 1. The simplest explicit difference method for d.i. is the set-valued

version of the classical Euler discretization method for differential equation with
G (hiy) = yr + hF (ty, yi) -

The Euler convergence theorem is presented in many works, and various forms (see
e.g. [10 Theorem 1, p.77], [11, Theorem 3, p.98], [12, Theorem 10.1.3, p.390], or the
papers [7], [14], [15], [18-20]), and uses the idea of the classical Péano theorem to
prove the existence of solutions to d.i. Selections strategies for (2.2) can be found in
[21].

The existence and uniqueness of solutions to a d.i. were treated in many ways and
regard the convergence of difference methods to solve a d.i. The following theorem is
the existence Péano’s Theorem to d.i.

Theorem 2.13. (Péano’s Theorem, [11]) Let the i.v.p. (1.2) verify the following
assumptions: F € P and verify the condition C. Then there exists a solution of i.v.p.
(1.2) on [0, c0).

The proof can be found e.g. in [11, Theorem 4 p.101] or [20].

Remark 2.14. In practical problems, it is more convenient to consider the closure
of the graph of F' instead the closed values of F' (see Remark (2.3) and [18] where a
practical variant of Theorem 2.13 using g.c. is presented).

Using the strengthened version of o.s.L., we can prove the following corollary ensuring
the uniqueness of the solutions of i.v.p. (1.2).
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Corollary 2.15. For the i.v.p. (1.2) with F satisfying a s.0.s.L. there exists at most
one solution.

Proof. Because F satisfies the s.0.s.L, it satisfies the o.s.L. as well (see Remark 2.114)
and in [19] uniqueness of differential equations with right-hand sides satisfying the
0.s.L. condition is proved (the subject is also treated in [10, Theorem 2, Remark 11,
p.5 and Theorem 1 p.106]). |

Remark 2.16. By uniqueness of a solution we mean here that a solution lying on
a surface of discontinuity of the right-hand side or on an intersection of surfaces of
discontinuities of i.v.p. (1.1) can be uniquely continued in the positive direction of
time. Note that uniqueness in the positive time direction does not necessarily imply
the uniqueness in the negative time.

3. Switch dynamical systems

Let us consider now our class of switched i.v.p. (1.4). Using the Filippov regulariza-
tion, the corresponding d.i. is

x(t) € F(x(t)) = g(x(t)) + Zai Sgnx; €', x(0) = xq, for a.e. tel. (3.1)

Then the main result of this paper is the following theorem

Theorem 3.1. Let g be Lipschitz continuous and satisfy a g.c. Then the i.v.p. (1.4)
defines a generalized switch d.s. If, moreover, all o; are negative, then the i.v.p. (1.4)
defines a switch d.s.

Proof. Using Remark 2.8 4ii) the right-hand side of (3.1) verifies a g.c. Hence it is
locally bounded and the Filippov regularization can be used. The set-valued map F
so obtained, belongs to P. Thus the i.v.p. (1.4) has solutions (Theorem 2.13). The
maximal interval of existence is I = [0, c0) because F verifies C condition (see
Remark 2.8 4i). Thus the i.v.p. defines a generalized switch d.s. If all coefficients
a are negative, then «; Sgnz; are set-valued maps verifying o.s.L. (see Remark
2.11 i) and using Lemma 2.12, F verifies s.0.s.L. Hence the solution is unique (see
Corollary 2.15) and the i.v.p. (1.4) defines a switch d.s. O

Application: Let us consider the following discontinuous right-hand side differen-
tial equations modeling a Chua circuit [22]

21 =—ab+ 1) (z1 — k sgnxy) + axs
To = X1 — To + T3 s (32)
T3 = —[y
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which has no global classical solutions in the classical sense on [0, o0). Using the
parameters value indicated in [20]: —a(b+ 1) = —2.57, « =9, 8 = 15.7 and k = 1.5,
the behavior becomes chaotic (see [8] for details about the chaotic behavior of a d.s.).
The Filippov regularization gives us the following d.i.

—2.57Tx1 4+ 929
z(t) € F(x(t)) with F(z(t)) = x1 —x2+ 23 +3.86 Sgn 1 e (3.3)
—B2

The discontinuity surface, S, is given by the equation z; = 0. If we denote [ =
(f1, fa, fg)T, F = (Fy, Fy, F3)T, then the graph of the set-valued map F} at the
discontinuity points (0, @2, x3), F1(0,22) = 922+ [—3.86, 3.86], is the dashed shape
in Figure 1. The assumptions in Theorem 3.1 are verified and the i.v.p. (3.2) defines
a generalized switch d.s., the solutions of d.i. (3.3) not being unique (see Remark
2.1143). The solutions, chaotic for § = 15.7, pass from one side of S to the other
(see Figure 2). To obtain the plot, a Matlab model was created (Figure 3). The
chaotic behavior for this value of the parameter § can be deduced for the bifurcation
diagram as well (see Figure 4, where the maxima of x3 versus § was plotted), and
also from the Poincaré section with the plane x5 = 0 (Figure 5). Hence, for this value
of [, the bifurcation diagram and Poincaré section indicate that there is no visible
periodical motion. Details on bifurcations and Poincaré sections for continuous d.s.
can be found in [8] and for discontinuous d.s. in [2]. In Figure 6 (a) and (b) phase
portraits and time series of a trajectory are represented. The plots in Figures 4, 5, 6
were obtained with a Turbo Pascal code using the explicit Euler method.

Remark 3.2. i) This type of motion, when the solution passes through a point of
the surface S and goes off it, is called sliding motion [2].

it) If we replace +3.86Sgnx; in (3.2) with —3.86 Sgnx;, the solution becomes
unique, i.e. (3.2) defines a switch d.s. Now the solution remains on S for ¢ >
t. (i-e., slides along the switching space; see [2] where details on these cases can be
found), t¢. being the moment when the solution enters S. Next, the solution
tends asymptotically to (0, 0, 0) (Figure 7). No chaotic behavior was found in this
case. The oscillations on the planes (z1, x2), and (1, x3), where the solution is
in fact a Filippov solution, are typical of (especially explicit) numerical methods for
differential inclusions. To avoid this situation, highly consistent methods must be
used, e.g. Runge-Kutta method for differential inclusions (see e.g. [6] for details).
i11) The non-uniqueness of solutions could be interpreted here in the following manner:
the value of 7 at zero value of the state variable xi, for each x5 € [—0.43, +0.43],
is uncertain and can take any value in the range 9x2 + [—3.86, +3.86]. Hence each
trajectory of (3.2) can be considered to be a possible motion of the system.
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Figure 6(a). A chaotic trajectory for § = 15.7 obtained with explicit Euler method
with stepsize h = 0.005: a) Three-dimensional phase portrait view;
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Figure 6(b). A chaotic trajectory for 3 = 15.7 obtained with explicit Euler method

Figure 7. A trajectory of (3.2) with —3.86 Sgn (x;) instead +3.86 Sgn (1) and
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4. Conclusions

In this paper we have focused on a class of discontinuous i.v.p. which can be viewed
as defining switch d.s. Therefore a definition for a class of discontinuous dynamical
systems, starting from a discontinuous i.v.p. was presented. Using well known results
on the existence (as Péano’s Theorem) and some criteria for uniqueness of solutions to
d.i., we introduced a theorem which states the assumptions in which the i.v.p. could
be viewed as a model of a (generalized) switch d.s.

The class of i.v.p. (1.4) was treated in [23] using the maximal monotonicity of Sgn x.
In [24] the Approximate selection Theorem ([11], [12]) was used.

In [25] the synchronization of switch d.s. modeled by the i.v.p. (1.4) is treated and in
[26] the explicit Euler method is considered as an d.s. which approximates the switch
d.s. (1.4).

Acknowledgement: The author expresses his gratitude to Professor J. Kolumban, Profes-
sor N. Vornicescu and Professor D. Trif for their many helpful suggestions.
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1. Introduction

The rank reduction algorithm and the bordered inversion method play important
roles in numerical linear algebra. The rank reduction algorithm, while keeping the
size of the matrix, decreases its rank to zero. The bordered inversion method, start-
ing from a small size leading principal submatrix, increases the size and rank of the
submatrix to obtain an inverse. The formulae of the two methods show certain formal
similarities. In this paper we are looking for a deeper connection between the two
methods. Using unexplored observations of Egervary [4], we determine three kinds
of relationship between the two algorithms and associated sequences. These results
are essentially the following. The rank reduction operation gives the reverse bor-
dered inversion formula. Using the inverse LDU decomposition algorithm included in
the bordered inversion method, we can produce the same full rank factorization as
the rank reduction algorithm. Finally, the bordered inversion formula leads to new
multiplicative canonical forms of the rank reduction algorithm.

2. Preliminary results

We need the following results. For proofs and other details, see Ouellette [12].
Lemma 1 (Guttman-1) Let

A[E

e fl } € ™" (E € RM). (2.1)

If E is nonsingular, then

rank (A) = rank (E) +rank (H — GE™'F) . (2.2)
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Corollary 2 If A and E are nonsingular, then the Schur complement
S=(A/E)=H-GE™'F
18 also monsingular.
Lemma 3 (Guttman-2) Let
A= { a H ] € Rmx" (HER]XJ). (2.3)
If H is nonsingular, then
rank (A) = rank (H) + rank (E — FH'G) . (2.4)
Corollary 4 If A and H are nonsingular, then the Schur complement
T=(A/H)=FE—-FH'G

18 also monsingular.

3. The inverse of partitioned matrices

Here we recall the most important results concerning the inverse of partitioned
matrices. For proofs and related results see Ouellette [12]. Let

EF nxn x
A:[G H]GR (E € R¥F) (3.1)

and E be nonsingular.

Theorem 5 (Banachiewicz-Frazer-Duncan-Collar) If the nonsingular matrix A €
R™™ s partitioned in the form (3.1), where E has an inverse, then A™1 can be
expressed in the partitioned form

(3.2)

gl | ETHETIPSTIGETY BT RS
B -S~'GE! St '

Remark 6 Provided that E is invertible, A is invertible if and only if S is invertible.

Remark 7 Formula (3.2) can be written in the following form

AT = [ Egl X ] + [ E:}F ] STUGE, 1] (3.3)
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4. The bordered inversion method

Formula (3.2) is the basis for the bordered inversion or escalator method of Frazer,
Duncan and Collar [6]. For k=1,...,m let

Hence ng11 = ng+pr and Ep1 = E. If B and S = Hk—GkE,lek are nonsingular,
then Ejy; is also nonsingular and by Theorem 5 we can calculate E,_ il.

The block bordered inversion algorithm
1. Determine E; .
2. For k=1,...,m set
Sy = Hi — GkEllek
and
E. '+ E 'S, 'GpE —E,;lFfS,gl

_S];leElzl Sk (41>

-1
Ek-i—l =
end

It is clear that E;li_l = E~! provided that Sj is nonsingular for k =1,...,m. If S
is singular for an index k, then the Guttman lemma implies that Fj is singular.

Theorem 8 (Guttman) Let E be nonsingular. The block bordered inversion method
gives the inverse of E if and only if all Ey are nonsingular for k=1,...,m.

Guttman suggested several block variants of the bordered inversion method. For
details, see Guttman [10] and Ouellette [12]. We also note that Gergely [9] observed
the equivalence of the bordered inversion method with the Gauss-Jordan inversion.

5. The rank reduction algorithm

The rank reduction procedure of Egervary is based on the following result.

Theorem 9 (Egervary-Guitman-Wedderburn) Let H,S € R™*™ and rank (H) >
rank (S) = k. Furthermore let UR™'VT (U € R™**, R € RF** VvV € R") be a
full rank factorization of S. Then

rank (H — S) = rank (H) — rank (S), (5.1)

if and only if
U=HX, V'=Y"H, Y'"HX=R (5.2)

for some matrices X € R™**F and Y € R™*k.
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Remark 10 We can write that

rank (H — S) = rank (H) — rank (S) & S = HX (Y"HX) ' YTH.

For the proof of the theorem see Egervary [4], Guttman [11], Cline and Funderlic
[3], Ouellette [12] and Galdntai [7].

The rank reduction algorithm which is important in full rank factorizations and
conjugation has the following form.

Let Ay = A, X; € Rv*b Y; € R™%E | [; > 1 and YiTAiXi be nonsingular for
i=1,2,... k.

The rank reduction procedure
A = A= AX; (VIAX) YA (1=1,2,0.,k), (5.3)

where rank (A) > Zle l;.

The algorithm is said to be breakdown free, if all Y; A;X; are nonsingular for

i=1,2,..., k. Assume that
k

rank (A) = Z l;.

i=1
In this case, Ax+1 = 0. Let

X=[X1,....X], Y=[V,...,Y]

and . .
X0 =X, x), YO =),

Then the following theorem is true.

Theorem 11 The rank reduction procedure can be carried out breakdown free if and
only if YTAX = [Y;TAXj]fj:I
reduction procedure has the canonical form

is block strongly nonsingular'. In this event the rank

. . W\ —1 .
Ajpr = A— AX® (Y@TAX@) YOTA (i=1,... k). (5.4)

For proof, see Galéntai [7], [8]. For ¢ = k the relation
A=AX (YTAX) ' Y"A

holds, where Z = X (YTAX )71 YT is a reflexive inverse of A. It is also easy to see
that algorithm (5.3) leads to the full rank factorization

A=QD !PT, (5.5)

1Tt means that the matrix has a block LU decomposition without pivoting.




Rank reduction and bordered inversion 121

where
P=[ATYy,... AV, Q=[AiXy,..., AL X}]
and
D = diag (Y{" A1 X1,..., VT A Xy) .

If a square matrix B has a block LDU decomposition with respect to a given
partition, then this unique factorization will be denoted by B = LgDgUpg. Then we
can prove

Theorem 12 Let YT AX be block strongly nonsingular. The components of the full
rank factorization (5.5) are

P=A"YL,T,, Q=AXUy},y., D=Dyrx, (5.6)
and A can be expressed in the form
A= (AXU;”}AX) D;’;AX (L;flTAXYTA) : (5.7)

For proof, see Galantai [7], [8].

6. Rank-reduction and bordered inversion I

We show a surprisingly simple connection between the rank reduction operation
and the bordered inversion.

Theorem 13 Assume that

A= [ oo } € RV (E € RV (6.1)
and
_ 0 nx(n—=k)
s [0 Jemon,
Then

A AJ(JTAT) T JTA = [ A ] ,

provided that H is invertible?.

Proof. By simple calculation we have

F

T “1ara
AT (J7AT) JA_{H

}Hl G = [ FH™'G F }

G H

and

-1 E—-FH™'G 0
A—J(JTAJ) JTA_{ 0 0},

which was to be proved. ®m

2This condition is in agreement with the strong block nonsingularity of Y7 AX. In fact, X1 =
Ys =J and YTAX; = H.
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Remark 14 If J is replaced by J= [ Iéc ], then we have

B 0 0 } (6.2)

e T N
A AJ(J AJ) JA_[O (A/E)
provided that E is nonsingular.

Remark 15 If A and H are replaced by A~' and S~', respectively then we have
(A71/571) = E~'. This means that

(6.3)

B —1
AL AL (JTAL) T T A = [ B0 ] .

0 0

We just obtained that one rank reduction step on matrix A~! results in the inverse
of the leading principal submatrix E. Relation (6.3) gives a direct connection between
the rank reduction and the bordered inversion. It was first discovered by Egervary
[4] in the scalar case (H € R), who developed it for solving difference equations with
modified boundary conditions [5]. The same idea appears in Brezinski et al. [2], who
give credit to Duncan and call it reverse bordered inversion. Their variant of identity
(6.3) is obtained in the following way.

Let

) )

Then R R
E=FE1'4+E'FS'GE™', F=-E'FS1,
G=-S'Gp™', H=8"

~

As F (ﬁ)i1 =-—E"'Fand F (1?)71 G=E-"'FS~'GE~! we have

~ ~ ~ /~\—1 ~
E'=E-E'FS'GE'=E-F (H) G, (6.4)

which is exactly the reverse bordered inversion formula of Brezinski et al. [2].

7. The bordered inversion method and triangular factorization

We associate sequences with the bordered inversion algorithm which produce the
inverse LDU factorizations of the leading principal submatrices Ej. It is based on the
following observation. Let £ = LDU be the unique block LDU decomposition of F.
If E is not partitioned, then we just take L = U = I and D = E. If A has the form
(3.1), then the inverse formula (3.3) can be written as
' —-E7'F D' 0 L=t 0

0 1 0 St
_ Ungzlely

A7 =
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which is the inverse block LDU decomposition of A~'. Thus we can define the fol-
lowing sequences related to the bordered inversion algorithm of Section 4.

Let E = L DUy denote the unique LDU decomposition of Ey, for k=1,...,m.
Inverse LDU decomposition algorithm

For k=1,...,m set

-1 Lyt 0 [ Dyt o
k+1 — _GkEk_l I | k+1 — 0 Sk_l ’

U71 _ |: Uk_l —Ek_lep :|
k+1 0 I ’
end
It is clear that Ekjl = U,;:lele,;il and
E7 = Ui D Ll (7.1)

The above algorithm, which requires no extra operations, is based on a remark
by Egervéry [4], according to which the bordered inversion (or escalator) method
"furnishes the triangular factorisation of the inverse”.

The associated procedure can be carried out if and only if the bordered inversion
can be so. Hence the necessary and sufficient condition for performing the algorithm
without breakdown is the block strong nonsingularity of E.

8. Rank-reduction and bordered inversion II

Here we determine a new relationship between rank reduction and bordered in-
version. More precisely, we show that certain sequences related to the rank reduction
and the bordered inversion algorithms, respectively, can be tied together. We recall
the facts that

1. The associated sequences of the bordered inversion method produce Ugl, Dgl
and LEI.

2. The rank reduction method produces the full rank factorization

A= QD_lPT = (AXU;%AX) D}_’%"AX (L;ITAXYTA) :

If X = BTV | then the pair (P, V) is block B-conjugate (see Galantai [7], [8]).
This conjugation property plays an important role in the ABS methods (see Abaffy-
Spedicato [1]).

Having the two observations above, we can easily derive the following
Conjugation algorithm

1. Apply the inverse LDU decomposition algorithm to the matrix Y7 AX and get

-1
LYTAX‘
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2. Set
Ty =T
P=A"YLyr,-
end

Thus we have a new connection between rank reduction and bordered inversion. It is
also clear that, similarly, we can have Q and D~!. Finally we mention that Stewart
[13] gave a conjugation algorithm which is based on LU factorization.

9. Rank-reduction and the reverse bordered inversion

We deal with the last connection found, which is, in fact, an application of identity
(6.3) to obtain new canonical forms for A;1. We start with the formula (5.4), which
tells us that

. . W\ 1 .
A1 = A— AXO (Y(Z)TAX(1)> YOTA (i=1,....k).

Let IU) be the first j columns of the identity matrix I,,. Furthermore let w; = 22:1 l;.
Then X = X1 and Y = Y1) and we can write

_ . W\ —1
Aipr = AX {(YTAX) ) (YOTAx D) IW)T} YT A

169 (yor AX(i))’l [T _ { (Y(”T%X“))_l 8 ]

we have the following

Theorem 16 A; .1 has the following canonical form

i i1
Aipr = AX ((YTAx)1 - [ (v )T%X( ) X D Y74 9.1)

under the conditions of Theorem 11.

We can observe that in the parentheses we have a variant of the identity (6.3) with
YT AX instead of A=!. Thus

- N1
(YTAX)A B [ (y(l)TAOX(z)) 8 }

= (yTAx)""J [JT (YTAx)™ J} T (YTAX) ",

J:[ 0 } (9.2)

Hence by simple calculations we have

where
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Theorem 17 A; 1 has the following canonical form
Ay =Y TJ(JTX Ay =T ) T x 9.3)
under the conditions of Theorem 11.

Assuming that

Q) =)
) )

(YTAX) " =

we can obtain a third form of A;4;.

Theorem 18 A;,1 has the following canonical form

0 0

. = =T ~
A2+1 Y |: 0 Hil

} X! (9.4)
under the conditions of Theorem 11.

These new multiplicative canonical forms indicate different properties of the rank
reduction algorithm. The first canonical form indicates the decrease of ||Ag41]]. The
second form shows the projector properties of the rank reduction matrix A;11. The
last canonical form shows the structure of A1 in terms of inverse quantities. These
three new forms certainly give a better understanding of rank reduction and may lead
to further new results.
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Abstract. In this paper, we define a concept of the weak McShane integral for functions
mapping a compact interval Ip in R™ into a Banach space X and discuss the relation between
the weak McShane integral and the Pettis integral. We show that the weak McShane integral
and the Pettis integral are equivalent if and only if the Banach space X contains no copy of
co. Further, combining the properties of the McShane integral and Pettis integral, we get
some equivalent statements concerning the McShane integral and the Pettis integral.
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1. Introduction

It is known to all that the McShane integral of real-valued functions is a Riemann-type
integral, which is equivalent to the Lebesgue integral. R. A. Gordon [1] generalized
the definition of the McShane integral for real-valued functions to abstract functions
from intervals in R to Banach spaces and discussed some of its properties. In [2] it
was proved that the McShane integral and Pettis integral are equivalent e.g. when
the Banach space X is reflexive with the property (P).

In this paper, at first we get some equivalent statements about the Pettis and the
McShane integrability of functions mapping an m-dimensional compact interval I
into a Banach space using the properties of the Pettis integral and McShane integral
appearing in [3], [4], [5], [6], [2] and [7]. Then, we define a concept of the weak
McShane integral and show that the weak McShane integral and the Pettis integral
are equivalent if and only if the Banach space X contains no copy of cg.
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2. The McShane integral

We begin with some terminology and notations. We denote by X a real Banach space
with the norm || - || and X* its dual.

Iy is a compact interval in R™, 3 is the set of all y-measurable subsets of Iy, u
stands for the Lebesgue measure.

B(X*) = {z* € X*; ||l=*|| < 1} is the closed unit ball in X*.
We first extend the notion of partition of an interval. A partial M-partition D in Ij is
a finite collection of interval-point pairs (I,&) with non-overlapping intervals I C I,
& € Iy being the associated point of I. Requiring £ € I for the associated point of I,
we get the concept of a partial K-partition D in Iy. We write D = {(I,§)}.

A partial M-partition D = {(I,&)} in I is a M-partition of I if the union of all
the intervals I equals Iy and similarly for a K-partition.

Let § be a positive function defined on the interval Iy. A partial M-partition
(K-partition) D = {(I,€)} is said to be d-fine if for each interval-point pair (I,£) € D
we have I C B(&,0(§)) where B(&,0(§)) = {t € R™; dist(&,t) < §(€)} and dist is the

metric in R™.
The m-dimensional volume of a given interval I C I is denoted by p(1).

Given a M-partition D = {(I,£)} we write

F(D)= (D)) f(©n)

for integral sums over D, whenever f : Iy — X.

DEFINITION 1. An X-valued function f is said to be McShane integrable on I if
there exists an Sy € X such that for every € > 0, there exists §(t) > 0, t € Iy such
that for every d-fine M-partition D = {(I,&)} of Iy, we have

(D) > F(Eu(I) = Sy <e.

We write (M) flo f =S5 and Sy is the McShane integral of f over Io.

f is McShane integrable on a set E C Ij if the function f-x g is McShane integrable
on Iy, where xp denotes the characteristic function of F.

We write (M) [, f = (M) [, fxg = F(E) for the McShane integral of f on E.
Denote the set of all McShane integrable functions f : Iy — X by M.

Replacing the term ” M-partition” by ” K-partition” in the definition above, we
obtain Kurzweil-Henstock integrability and the definition of the Kurzweil-Henstock

integral (K) ro I

It is clear that if f : Iy — X is McShane integrable, then it is also Kurzweil-
Henstock integrable.
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The basic properties of the McShane integral, for example, linearity and additivity
with respect to intervals can be found in [1-2], [5-6], [8], [9]. We do not present them
here. The reader is referred to the above mentioned references for the details.

DEFINITION 2. A set K C M is called M-equiintegrable (McShane-equiintegrable)
if for every e > 0 there is a § : Iy — (0, 400) such that

1(D) S HEu) - / fll<e

for every d-fine M-partition D = {(I,£)} of Iy and every f € K.
DEFINITION 3. f: Iy +— X is called (strongly) measurable if there is a sequence of
simple functions (f,,) with lim, .. || fn(t) — f(¢)]] = 0 for almost all ¢ € Iy.

f Iy — X is called weakly measurable if for each z* € X* the real function
x*(f) : Ip — R is measurable.

Two functions f, g : Iy — X are called weakly equivalent on Ij if for every 2* € X*

the relation
z*(f(t) = 2"(g(¢))
holds for almost all ¢t € Ij.

THEOREM 4. If f: Iy — X is McShane integrable on Iy, then

(a) for each z* in X*, 2*(f) is McShane integrable on Iy and [} a*(f) = 2*(f}, f),
(b) {z*(f); «* € B(X*)} is M-equiintegrable on Iy,
(c) f is weakly measurable.
Proof. Since f : Iy — X is McShane integrable on Iy, to every € > 0 there exists a

positive function ¢ defined on Iy such that for any §-fine M-partition D = {(1,£)} we
have [[(D) 3= f(E)(I) — [, fIl <e.

Hence for any z* € X* we have
(D) S & (F€)u(l) — o ( / D<) S A (D) — / £l < Nl e

for any é-fine M-partition D = {(I,¢)}.
Therefore (a) holds. If 2* € B(X™), then the above inequality gives
(D)Y 2™ (F(€)n) — 27 ( ’ Ni<e
0

for every x* € B(X™), so the set {z*(f); * € B(X*)} is M-equiintegrable on I and
f is weakly measurable because for every ©* € X* the real function z*(f) is Lebesgue
integrable (see e.g. [5]).

Some other properties of the McShane integral can be found in [2].
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3. The relation between the McShane integral and the Pettis integral

First of all the basic definitions concerning the Pettis integral have to be given. (See
e.g. [3], [5], etc.)

DEFINITION 5. If f : Iy — X is weakly measurable such that x*(f) € L for all
x* € X*, then f is called Dunford integrable . The Dunford integral of f over £ € &
is defined by the element z} of X** such that

wi ) = [ 2 0)

for all z* € X*, and we write 23 = (D) [, f. By D the set of all Dunford integrable
functions will be denoted.

In the case that fE f € X for each F € X, then f is called Pettis integrable and
we write (P) [}, f instead of (D) [, f to denote the Pettis integral of f over E € .
Denote by P the set of all Pettis integrable functions.

We have clearly P C D.

We denote by L the set of Lebesgue integrable real functions on Iy (with respect
to the Lebesgue measure ). It should be noted at this point that a real function f
belongs to £ if and only if it is McShane integrable, i.e. £ = M (see [10], [8], etc.).

We use the notation p(FE) for the Lebesgue measure of a (Lebesgue) measurable
set E C Iy.

DEFINITION 6. A set K C L is called uniformly integrable if

lim / =0
p(E)—0 Em

uniformly for f € K, where E C Iy are measurable sets.

Since (Iy, X, 1) is a finite perfect measure space we can use the result of Theorem
6 from [4,2] in the following form.

THEOREM 7. The function f : Iy — X is Pettis integrable if and only if there is a
sequence (f,) of simple functions from Iy into X such that

(a) the set {z*(f,); =* € B(X*),n € N} is uniformly integrable, and

(b) for each z* in X*, lim,,— z*(fn) = z*(f) a.e. on Iy.

R. A. Gordon proved (see [1], Theorem 17) the following.
THEOREM 8. Let f : Iy — X be given where either f is measurable or X is
separable.

If f is Pettis integrable on Iy, then f is McShane integrable on Ij.
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REMARK 9. In fact Gordon proved the result given in Theorem 8 for the case when
Iy = [a,b] € R is a one-dimensional interval. Looking at [1] it can be seen that the
approach of Gordon can be adopted also for the case of a compact interval I in R™.

DEFINITION 10. We say that a Banach space X has the property (P) if there
exists a sequence {z}, € B(X*);m € N} such that for each z* € X* there exists a
subsequence {z} € B(X*); k€ N} of {z}, € B(X*); m € N} such that

zp(z) — x*(z) foreveryz € X if k— oo.

In [2] the following was proved.

THEOREM 11. If f : Iy — X is Pettis integrable on Iy, f is weakly equivalent to
a measurable function ¢ : Iy — X and X has the property (P) then f is McShane
integrable on I, i.e. P C M.

G. F. Stefdnsson in [11] proved the following.

PROPOSITION 12. All weakly measurable functions determined by reflexive spaces
are weakly equivalent to strongly measurable functions.

Let us recall that a weakly measurable function f : Iy — X is said to be determined
by a subspace D of X if for 2* € X* which is restricted to D equals zero (z*|p = 0)
the function z*(f) equals zero almost everywhere on Ij.

Since every weakly measurable function f : Iy — X is determined by the space X
itself, we conclude easily that the following holds.

PROPOSITION 13. If the Banach space X is reflexive and f : Iy — X is weakly
measurable, then there exists a strongly measurable g : Iy — X which is weakly
equivalent to f.

Using this and Theorem 11 we obtain.

COROLLARY 14. If the Banach space X is reflexive with the property (P) and
f: Iy — X is Pettis integrable, then f is McShane integrable on Iy, i.e. P C M.

REMARK 15. Stefansson’s Proposition 12 can be used for stating the following.

If f: Iy — X is Pettis integrable on I, f is determined by a reflexive space and
X has the property (P), then f is McShane integrable on Ij.

THEOREM 16. If f is McShane integrable on I, then f is Pettis integrable, i.e.,
MCP.

The proofs of the above results can be found in [2].
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From Theorem 16 and by the properties of Pettis integrable functions presented
in [3] (Theorem 5, p. 53; Corollary 9, p. 56) we get the following.

COROLLARY 17. If f: Iy — X is McShane integrable on I, then
(1) F:Ew | g Jdp is a countable additive p-continuous vector measure on ¥,
(2) {F(E); E € X} is bounded,
(3) F(X) is relatively weakly compact.

By Corollary 14 and Theorem 16 we also have the following.

THEOREM 18. Let the Banach space X be reflexive with the property (P). Then
f i [a,b] — X is McShane integrable on [a, ] if and only if f is Pettis integrable, i.e.,
M=7P.

THEOREM 19. Let f : Iy — X be weakly equivalent to a measurable function
g : In — X and X has the property (P). Then the following statements are equivalent.

(a) f is McShane integrable on Iy,

(b) f is Pettis integrable on Iy,

(c) there is a sequence (f,,) of simple functions from I into X such that the set
{z*(frn); * € B(X*),n € N} is uniformly integrable and for each z* in X* we have
limy, 00 *(fr) = 2*(f) a.e. on Iy,

Proof. By Theorem 11 and Theorem 16, we know that (a) and (b) are equivalent and
(b) is equivalent to (¢) by Theorem 7.

Let us denote by B the set of all Bochner integrable functions f : Iy — X (see e.g.
3)-

In our paper [6] we gave some characterizations of B and we proved among others
the following.

THEOREM 20. The inclusion B C M holds in general and B = M if and only if the
Banach space X is finite dimensional.

Since finite dimensional Banach spaces are separable, we can combine this with
Theorem 8 and Theorem 20 to obtain the following.

THEOREM 21. The inclusion B C P holds in general and we have B = P if and only
if the Banach space X is finite dimensional.

4. Relation between the McShane integral and the Pettis integral

In this section we define the weak McShane integral and discuss the relation be-
tween the weak McShane integral and the Pettis integral.
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DEFINITION 22. An X-valued function f is said to be weakly McShane integrable
on Iy if for every x* € X* the real function z*(f) is McShane integrable on Iy and
for every interval I C Iy, there is a x; € X such that [, 2*(f) = 2*(z;). We write
X;=(WM) [, f.

f is weakly McShane integrable on a set £ C I if the function f . xg is weakly
McShane integrable on Iy, where x denotes the characteristic function of E.

We write (WM) [, f = (WM) [, fxp = F(E) for the weak McShane integral of
fonFE.

Denote the set of all weakly McShane integrable functions f : Iy — X by WM.

Looking at the corresponding definitions and using the well-known fact that the
McShane integrability of the real function z*(f) is equivalent to its Lebesgue integra-
bility, we obtain immediately the following statement concerning the various sets of
integrable functions.

PROPOSITION 23. If X is an arbitrary Banach space then

MCPCWMCD.

It is easy to prove that the weak McShane integral has the following basic prop-
erties.

THEOREM 24. Let f and g be functions mapping I into X.

(a) If f is weakly McShane integrable on Iy, then f is weakly McShane integrable
on every subinterval of I C Ij.

(b) If f is weakly McShane integrable on each of the intervals I; and I, where
I; are non-overlapping and I; U I = [ is an interval, then f is weakly McShane
integrable on I and

wan) [ r=wan) [ g [ g

Iy

(c) If f and g are weakly McShane integrable on Iy and if o and g are real numbers,
then af 4+ B¢ is weakly McShane integrable on Iy and

(W) /1 (af +89) = a(WM) [ f+BOVA) / 0.

I[) ID

(d) If f = g almost everywhere (with respect to the Lebesgue measure p in R™)
on Iy and f is weakly McShane integrable, then g is weakly McShane integrable on
Iy and (WM) [ f=(WM) [, g.

Let us start with an example which is a modified version of an example of Gordon
from [7].
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EXAMPLE 25. A weakly McShane integrable function that not Pettis integrable.
For each n € N let

II = —1 7”4_% II/: 7”4_% l
n n+1'nn+1))" " nn+1)'n

and define f,, : [0,1] — R by
fa(t) = 2n(n+1)(xp, (1) — xq/(2))-
Then the sequence {f,} converges to 0 pointwise and {[; f,} converges to 0, i.e.

{J; fn} € co for each interval I. Define f : [0,1] — co by f(t) = {fn(t)} for ¢t € [0,1].
Let 2* = {an} € l1 = (co)*. Then z*(f(t)) =, anfn(t) for t € [0,1]. Since

1
Z/ |0‘nfn‘ = ZQ|O‘7L| < 400
n 0 n

the Levi monotone convergence theorem applies to show that z*(f) is Lebesgue inte-
grable and, naturaly, also McShane integrable on [0, 1] and

(M)/Olfr*(f)—Z/Olanfn—Zan/olfn—x*({/olfn})_o

because fol frn =0 for every n € N.

If I C [0,1] is an interval, then we have [; f = {[; fu} € co by the choice of {f,}
and [ 2*(f) = 2*({J; fu})-

This yields that f is weakly McShane integrable on [0, 1].

On the other hand, f is not Pettis integrable on [0, 1] since for the measurable set
E = U,I], we have fEf = {fEfn} ={1} €l \ co-

According to Proposition 23, this example shows also that the function f : [0,1] —
co given above cannot be McShane integrable.

‘We come now to our main result.

THEOREM 26. Suppose that X is a Banach space and that a function f : Iy — X
is given. Then the weak McShane integral and the Pettis integral of the function f
are equivalent if and only if X contains no copy of cg.

Proof. If the weak McShane integral and the Pettis integral are equivalent, according
to Example 25, it is easy to see that X cannot contain a copy of c¢g.

Conversely, assume that f is weakly McShane integrable on Iy and X contains no
copy of cg.

Suppose that E is a measurable subset of Ij.
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Given a A such that 0 < A < 1 an interval I in R™ is called A-regular if

(r(I) is the regularity of the interval I) and d(I) = sup{|x — y|; z,y € I}, |z —y| =
maz{|x1 — Y1y s [Tm — Ym |}, and © = (21, .., Zm), Y = (Y1, oy Ym)-

Let {e} be a decreasing sequence of positive reals tending to zero.

Let 04(t) > 0x41(t) — 0 for £ — oo and let 0 < A < 1 be fixed.

Set
O, ={I C Iy,I aninterval; t € I C B(t,0,(t)),r(I) > A\t € E}.

Then & = {®,; n=1,2,...} is a Vitali cover of E.

By the Vitali covering theorem (see e.g. [9], Proposition 9.2.4), there is a sequence
E,, (E, is the finite union of non-overlapping intervals belonging to ®) such that

w(E\ E,) < ep,

ie, p(E\ E,) — 0 for n — oo for n — oc.

Hence there exists a sequence {I,,} of non-overlapping intervals I,, such that pu(FE\
Unln) = 0. Because f is weakly McShane integrable, the real function z*(f) is
Lebesgue integrable and (WM) [ I, fe X forallne N.

Thus, for each z* € X*, fE\U"I" z*(f) =0 and

/E””*(f):/E\unIn m*(f”/nlf“f):/u e =

:Z/zn =3 WM/f (W) /nf

Since X contains no copy of ¢g, by the Bessaga-Pelczynski Theorem ([3], p. 22) the
series > (WM) [, f is unconditionally convergent in norm to an element zp € X,

i.e.
N
Jim 132078 [ 7= oel =0,
n=1 n

Since

N

N
x*(Z(WM)/I f—xE):Zx*((WM)/I )= 5"@n) — 0 for N — 00

we obtain

N
/x*( :hmx ZWM/f—x TE)
E n=1 I
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and by definition f is Pettis integrable on Io and (WM) [} f = (P) ro I

Using Theorem 19 and Theorem 26 we obtain immediately

COROLLARY 27. If f : Iy — X is weakly equivalent to a measurable function
g : Iy — X and X has the property (P) then the McShane and the weak McShane
integral are equivalent if and only if X does not contain a copy of c¢p.
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1. Introduction

A useful approach to studying the existence of solutions of boundary—value problems
is the numerical-analytic method, for details see [6], [11] and the references there.
Recently it was extended in several directions to different problems, see for example
[6]-[14]. In this paper we apply this technique to the implicit differential system of
the form

F(t,z(t),2'(t)) =0, teJ=][0,T] (1.1)

with the integral boundary condition
T
Apz(0) +/ D(s)x(s)ds + A1z(T) = d, (1.2)
0

where F' € C(J x RP x RP, RP), and © is zero vector in RP. In the above, the matrices
(A0)pxps (A1)pxps Dpxp and dpx1 are given. Furthermore we assume that the matrix
D is continuous.

The numerical-analytic method is used to formulate corresponding existence re-
sults for problems of type (1.1)—(1.2) under the assumption that F satisfies the Lip-
schitz condition with respect to the second variable and the extra one with respect
to the last variable in matrix notation. This method combined with the comparison
one offers the convergence of approximate solutions to the solution of (1.1)—(1.2). In
our investigation, we discuss the sufficient conditions for such convergence and some
results (containing also conditions on the spectral radius of corresponding matrices)
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are given. A more general implicit problem with deviated arguments of neutral type
is also considered and corresponding existence results are formulated.

2. Assumptions

L(t,x)= (1 - %) /Ot x(s)ds — %/tTm(s)ds,
Dy —/ D(s D, = /OT sD(s)ds,

= (A;T+ Dy)™", Ds(Zo) = Dy[d— (Ag + Ay + Do)z ]

Put

assuming that the matrix Djy exists. According to the numerical-analytic method, we
need to find a parameter « such that x(t) = Zo + L(t, z) + ot satisfies the boundary
condition from (1.2). Then putting 2’ = z, we obtain the following auxiliary system

F(t,To,2,2) =0, te€J, (2.1)

where
T
F(t, To,u,v) = F(t,To + L(t, u) — th/ D(s)L(s,u)ds + tD3(Zo),v(t)), teJ.
0

Note that 2(9) = Zy. Indeed, a solution z of (2.1) depends on Zy.
Let us introduce the following

ASSUMPTION Hj. There are matrices K,xp, Lpxp with nonnegative entries, L1
exists, ™' has nonnegative entries and such that

‘F(tvxay) _F(ta*’fay” < K|£E—:Z'|,

for all t € J, x,Z,y,7 € RP. Here | - | denotes the absolute value of the vector, so
T
|z = (2], -+, [ap))
ASSUMPTION Hj. For any nonnegative function h € C(J x RP, R") there exists a
unique solution u € C(J, Rﬂ’_) of the comparison equation

Tu(t) + h(t,Zo) = u(t), te€J, (2.2)

where

Tu(t) = L'K lQu(t) - |D2|t/T|D(s)|Qu(s)ds] , ted,

Qu(t) = (1 - %) /Otu(s)ds—l—%/tTu(s)ds, te
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3. Lemmas
Forte J, n=0,1,---, let us define the sequence {u,} by
Unt1(t) =Tu,(t), uo(t) = u(t),

where u is defined as in Assumption Hy with h(t, Zo) = L™ F (¢, xo, 20, 20)|-
To obtain a solution of problem (2.1), we shall first establish some properties for
the sequence {u,}. They are given in the next two lemmas.

Lemma 1 Let Assumptions Hy and Hs be satisfied. Assume that the matriz Do
exists. Then

Un41(t) S un(t) <wup(t), teJ, n=0,1,---,

and the sequence {u,} converges uniformly to zero function, so u,(t) — 0, t € J if
n — 00.

Proof.  Note that ui(t) = Tui(¢) < wo(t), ¢ € J, by Assumption Hs. By
induction in n, we are able to prove that ue+1(t) < u,(t), ¢t € J, n =0,1,---
because operator I' is nondecreasing. Now, if n — oo, then u,, — u, where u is a
solution of the equation u(t) = T'u(t), t € J. By Assumption H,u(t) =0 on J. The
proof is complete.

Lemma 2 Assume that F € C(J x RP x RP, RP), and (Ao)pxp; (A1)pxps Dpxp and
dpx1 are given matrices and D is continuous on J. Assume that the matriz Do exists.
Let Assumptions Hy and Hs be satisfied. For any v € C(J, RP) there is a solution z
of the equation F(t,To,v,z) = ©. Then

|Zn+k(t) — 2z(t)] <wug(t), ted, nk=0,1,---, (3.1)

where zg € C(J, RP), and F(t,ZTo, 2n, 2n+1) = O, t € J.

Moreover, the functions x,, of the form
T
() = 20 + Lt 20) + tDs(Fo) — tDQ/ D(s)L(s, 2n)ds = d, te J
9

satisfy boundary condition (1.2) for all n =0,1,--- .

Proof. Note that our method is implicit since for each n we need to find the
element z,1 by solving the equation F(t, Zo, yn,y) = ©. This equation has a unique
solution. To show this we assume that it has two different solutions y and y. Then the
relation F(t, Zo, Yn,y) — F(t, To, Yn,§) = O follows |y(t) — §(t)] < O, by Assumption
H;. It proves that y = g on J, so the sequence {y,} is well defined.

Now we need to show (3.1). Indeed,

|Z1<ﬁ) — Zo(t)l < h(t, CC()) < ’LLO(t), teJ
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if we apply Assumption H; to the relation
F(t, o, 20, 21) — F(t, o, 21, 20) = —F (t, To, 20, 20)-

Assume that |z (t) — 20(t)| < ug(t), t € J for k > 0. Then, using Assumption H; to
the equality

f(taj()vzkazk-‘rl) _f(t,.f(),Z]g,Z0> :f(taj()vz())z()) _f(tij)Zksz) _f(ta'f()vz()azO)

we have
T
|2e41(t) — 20(t)| < LMK | |L(t, 21) — L(t, 20)| Jr1ﬁ|D2|/ |D(s)||L(s, z1) —L(s, z0)] ds
0

+ h(t, :f?o) < FUO(t) + h(t,.fo) = UO(t), teJ

Hence, by mathematical induction, we have |z, (t) — zo(t)| < uo(t), t € J for n =
0,1,--- . Based on the above, let us assume that |z,4x(t) — 2k ()| < uk(t), t € J for
all n and some k > 0. Then, using again Assumption H; to the relation

j:(tv :EOv Zn+k7 Zn+k+1) - ]:<t7 j()v z’n+k)7 Zk+1) = f(tv jj()a Zk;, zk)+1) - -7:(1;7 :EOv Zn+k7 Zk+1)

we have
T
|Zntk+1(t) — zp41(t)] < L'K lﬂuk(t) + t|Ds| / D(S)Quk(s)ds] = upy1(t)
0

for t € J. Hence, by mathematical induction, (3.1) holds. It ends to proof.

4. Existence results

Combining Lemmas 1 and 2 we have

Theorem 3 Let all assumptions of Lemma 2 be satisfied. Then, for every Tg € RP,
there exists a solution Z of problem (2.1) where z,(t) — Z(t), t € J as n — oo and
we have the estimate

|2 (t) — Z(t)| < un(t), te

Moreover, the function z(t) = Zo + fot Z(s)ds is the solution of problem (1.1)—(1.2)
iff e .
. / 2(s)ds + Dg/ D(s)L(s, )ds = Dy (7). (A1)
0 0

Remark 4 Let matriz Dy exist. Assumption Ho is satisfied if

T
p(Z) <1, where Z=L'K I+|D2\T/ |D(s)|ds
0

ol N
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Here p(Z) denotes the spectral radius of the matrix Z. To get condition (4.2) we
need to apply the Banach fixed point theorem to equation (2.2). Denote the left—hand
side of problem (2.2) by A. Let u, @ € C(J, RY). Then

|Au—Au| < L7'K

T
|Qu(t) — Qa(t)| + |D2|t/ |D(s)||Qu(s) — Qﬂ(s)|ds]
0
< Zl?ea:;( lu(t) — a(t)|.

Hence, operator A is a contraction mapping, so problem (2.2) has a unique solution
by the Banach fixed point theorem.

Remark 5 Indeed, condition p(Z) < 1 holds if

T K]

T
1+ | DT / ||D<s>||ds] <2,
0

where || - || denotes the maximum norm.

Remark 6 If Ay = Ay = 0pxp, and D(t) = Lyxp, t € J, then Dy = %I, and then
7 =iTL K.

Remark 7 Let D(t) = Opxp, t € J. Then, by Remark 4, Assumption Hs holds if
p (%L‘lK) < 1. Note that by [7], we have the weaker condition, namely p (%TL_lK)
< 1.

Remark 8 If F(t,u,v) = f(t,u)—v, then L = I, and we have the problem considered
in [4]-[14].

5. Implicit systems with deviated arguments of the neutral type

Let oy, 85 € C(J,J), i=1,2,---,r, j=1,2,---,m. Let us consider the following
differential equation

Gt z(an(t)), x(a(t), - w(an(t), 2" (B1()), &' (B2(t)), -+ &' (B (), 2'(£)) =(@ :
5.1
for t € J, where G € C(J x (RP)"*™+1 RP). Note that if G is solvable with respect
to the last variable, then we have the problem considered in [1], [3], see also [6], [9].
As in section 2, according to the numerical-analytic method, we have the following
auxiliary problem
G(t,%o,2,2) =0, teJ, (5.2)

where

G(t, To,u,v)
= G(tv U1 (t; jj(])a u2(t; f0)7 T ’ur(t; :Z'U)a u(ﬁl (t>)a u(ﬁ2(t)>a T 7u(5m(t))’ U(t)),
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and fori=1,2,--- 7,

wi(t; To) = To + L(;(t),u) — Dac;(t) /0 D(s)L(s,u)ds + D3(Zo)a;(t), t e J.

Now, we introduce the following

ASSUMPTION Hj. There are matrices K, L7  and L,y, with nonnegative
entries, i = 1,2,--- ,r, j=1,2,---,m and such that L' exists, L~! has nonnegative

entries and
|G(t,x1,$2,--~ y Ly Y1,Y2, aym,y> _G(t)jlaf%"' s Try Y1, Y2, agmay)|
r m
SZKZ|mi_i'i|+ZLJ|yq_gj|v
i—1 j=1
|G(t,$1,$2,"' s Lrs Y1,Y2, 7 - aywwy) *G(t,l’l,l’g,"' y Ly Y1,Y2, 7 aymay” > L|y7g|

for auter Z'i,i'i,yj,gj,y,gERp, Z:]_,Q’ s Ty ]:1,2, , M.

ASSUMPTION H,. For any nonnegative function H € C(J x RP, RY) there exists
a unique solution v € C(J, RY) of the comparison equation

Tyo(t) + H(t,Zo) = v(t), t€J, (5.3)
where

+L7NY Lu(B4(t).

j=1

To(t) = L_7ZKi Qu(a;(t)) + |D2\ai(t)/0 |D(s)|Qw(s)ds

Let y, g,z € C(J, RP). Then, by Assumption Hs we have
G (¢, %0, y, 2) — G(t, 70,9, 2)] < LT1w(t) for w=y—g|. (5.4)
Forte J, n=0,1,---, let us define the sequence {v,} by
vo(t) = v(t), Vny1(t) =Tyon(t),

where v is defined as in Assumption Hy with H(t,Z¢) = L~|G(t, Zo, 20, 20)|-

For zy € C(J, RP), we define the sequence {z,} by relations: G(, %o, zn, 2n+1) = O
fort € J,and n=0,1,.... Then we can formulate the following

Theorem 9 Assume that G € C(J x RP)" ™™ RP) ;. B; € C(J,J), and (Ao)pxp,
(A1)pxps Dpxp and dpx1 are given matrices and D is continuous on J. Assume that
matriz Do exists. Let Assumptions Hs and Cy be satisfied. Assume that for any
u € C(J, R) there is a solution z of G(t,Zo,u,z) = O. Then, for every Ty € RP, the
sequence {z,} converges to the solution Z of problem (5.2), so z,(t) — z(t) fort € J
if n — oo and for t € J we have the error estimate

20 (t) — Z(8)] S vn(t), t€J, n=0,1,---.
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Moreover, the function x(t) = Tg + fot Z(s)ds is the solution of problem (5.1) with
condition (1.2) iff relation (4.2) holds.

Proof. Note that the sequence {v,} converges to zero function (the proof is
similar to the proof of Lemma 3). Using relation (5.4), by mathematical induction,
we can show that |z,4+4(t) — 2k (t)] < vk(t), t € J, n,k=0,1,--- (the proof is similar
to that of Lemma 2). The rest is obvious and the proof is finished.

Remark 10 Note that Assumption H4 holds if it is assumed that

+Y LT < 1.

T
L+ [ Dafas (8 / 1D(s)lds
0 =

23 L7 K max (1) [1 - QT@)]

i=1

Remark 11 Let m =1 and B1(t) = t. Then operator T'y has the form
To(t) = Tou(t) + Av(t) for A= L 'L
and

Tov(t) = L1 ZKi Qu(a;(t)) + |D2|ai(t)/0 |D(5)|Qv(s)ds] .

Assume that p(A) < 1, so the matriz (I — A)™! exists and its entries are nonnegativ.
Then equation (1.1) takes the form

(I — A~ [Tov(t) + H(t,Zo)] = v(t), teJ
In this case Assumption Hy holds if p(A) < 1 and p(B) <1 for

B =2[L(I — A)]™* iKi

i=1

aiT(t)] .

T
I+ |D2|T/ D(s)|ds} max «; (t) [1 -
0 ted
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Abstract. We study an implicit function equation g(t,x) = 0 with discontinuous trajecto-
ries appearing as generating problem in the singular perturbed differential equations with
impulsive effects. The existence and periodicity of solutions to the problem are considered.
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1. Introduction

At present studying of differential equations with impulsive effects [1-5,6] is of great
importance. The principal feature of the given equations is that their solutions form
the set of power continuum. Such systems are essentially nonlinear and possess a num-
ber of specific effects caused by the presence of impulsive actions [6]. Many different
problems for systems with impulsive effects written usually by ordinary differential
equations, partial differential equations or delay differential equations [7] have been
considered so far. At the same time while studying a non-perturbed problem for
singularly perturbed differential equations with the impulsive effects [8], the problem
of implicit function equations with discontinuous trajectories (with impulsive effects)
research appears. In contrast with the case of differential equations with impulsive
effects, the corresponding problem for equations can have a countable or even a finite
number of solutions.

In this paper we study a system defined by the implicit function equation:
g(t,z) =0 (1.1)
and the condition of impulsive effects:

Azli—s, = x(8n +0) — z(sy, — 0) = I,(z),n e N C N. (1.2)

The function g(¢, ) is supposed to be continuous in variables (t,z) € D = 7 x R},
where 7 is an open linear connected set from R', and to have almost everywhere (by
Lebesgue measure) the first order continuous derivatives with respect to t, z, i.e.,
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g(t,x) € C’((tlwl)) (D) almost everywhere. We assume the set Z = {s,,n € N} C 7 to

be not empty. Functions I,,(z),n € A, are continuous on R'. Moments of impulsive
effects s, € Z, n € N, are fixed and additionally a real number § > 0 exists such that
Spy1 — Sp >0 for alln € V.

2. Definition of solutions and preliminary notes

We formulate below some definitions, which will be substantially used in the future.

Definition 2.1. [9] A point (tg,z¢) € £L = {(t,z) € D : g(t,x) = 0} is called a
critical point of the equation (1.1) any of its deleted neighborhoods V (£, o) contains
a point from the set £ and either there is not a neighborhood U of the point (g, <o)
such that g(¢,z) is continuously differentiable at every point (¢t,z) € U(to,xo) or
the function ¢(t, ) is continuously differentiable in some neighborhood U (tg, zg) but
glx(t(]ax(]) =0.

Definition 2.2. A function = = x(¢), t € (a, ), is called a solution to the equation
(1.1) if (¢,2(t)) € D for any t € (o, ), the equality g(¢,z(t)) = 0 holds and the set
{(t,xz(t)) : t € (o, )} contains no critical points.

Definition 2.3. An isolated solution to the equation (1.1) is a point (tg,z¢) € £
isolated in the set L.

Definition 2.4. The point (¢, z,) € £ that is neither a critical point nor an isolated

solution is called a regular point of the equation (1.1) .

Under the conditions imposed above, for any point (to,zo) € L\IL [9] there is a
continuously differentiable solution z(t) to the equation (1.1) defined on the maximal
interval (w_,wy) such that z(tg) = xg.

Further it would be relevant to mention the following definitions:

Definition 2.5. A point (¢.,x,) is called a left finite critical point of the equation
(1.1) if for some solution & = ¢(t) of the equation (1.1) limit , litm Ocp(t) = 1z, exists

and |z.| < +00. In the case |z.| = +0o the point (t.,z.) is called a left infinite critical
point of the equation (1.1) .

Definition 2.6. A piecewise continuous function z = z(t), t € (a,f3), is called a
bounded solution to the problem (1.1) , (1.2) , if:

(1) function x = () satisfies the equation (1.1) for all ¢ € (o, 8)\Z;
(2) the set {(t,z(t)) : t € (o, 5)\Z} contains no critical points of equation (1.1);
(3) function x(¢) is left continuous at points ¢ = s,, and satisfies condition (1.2).

Let © = ¢(t) be a solution to equation (1.1) defined on the maximal interval (c, t.).
It easy to show that the point (¢, p(ts)), where @(t.) = \ litm o ©(t), is a critical point

of equation (1.1) .
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Definition 2.7. A piecewise continuous function z = z(t) : (o, 8) — R' is called a
solution to the problem (1.1), (1.2), if:

(1) function x = xz(t) satisfies the equation (1.1) for all ¢t € (o, B)\Z;

(2) the set {(¢,z(¢)) : t € (o, )\Z} contains no critical points of the equation (1.1)

)

(3a) if the point s € ZN(«, B) and |z(s—0)| < +o0, then there exists a neighborhood
U(s) such that function = z(¢), t € U, is a bounded solution to the problem
(1.1), (1.2) in the sense of the definition 2.6;

(3b) if the point s € ZN (e, B) and |z(s — 0)] = 400, then the point (s,00) is a left
and right infinite critical point of the equation (1.1) simultaneously.

It should be noted here that if a solution to the problem (1.1) , (1.2) is defined
in both the left and right neighborhoods of the point s,, € Z, which coincides with
t—coordinate of an infinite critical point (s,,00), then it necessarily follows the point
(8n,00) is neither right continuous nor left continuous. By another way if the point
(Sn,xy) is a left infinite critical point then it is also a right infinite critical point.

If the limit . 1itm Ogo(t) does not exist, then there is a sequence {tx,k > 1} such
that g € (o, ty), tx — ts« as k — oo and limit klim o(tr) =: o[{tr}] exists. The set of
— 00

all these points ¢[{tx}] forms a linear connected set [a,b] C R'. In this case a point
(t«,ax) where ay € [a,b] is called a left continual critical point of the equation (1.1) .

Further we suppose the equation (1.1) has no continual critical points. Analogously
to definition 2.5, it is possible to introduce notions of a right finite, a right infinite
and a right continual critical point of the equation (1.1) .

It should be noted that point (¢, x.) can be both a left critical point for a solution
v1(t),t € (o, ts), and a right critical point for another solution s (t),t € (., 8).

In the case the point (¢.,x,) is a left critical point of the equation (1.1), there
exists a solution () to the equation (1.1) such that lim ¢(t,) = z. exists for
n—oo

any monotone increasing sequence {t,,n < 1} C (a,ts) : t, — tx as n — oo and
9(tn, p(ty)) = 0. Using this property, it is possible to clarify whether or not point
(ts,x4) is a left critical point for some solution to the equation (1.1). Namely, if a
sequence {(tn,Zn),n > 1} : g(tn, ) =0 and (t,, 2,) — (£« —0,2,) as n — oo exists,
then the point (t.,z.) is a left critical point of the equation (1.1). Otherwise the
point (t., ) is a right critical point.

Remark 2.1. Any critical point can be a point of non-uniqueness [10] of the solutions
to the equation (1.1) .
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3. Necessary condition of existence of a solution

Assuming the equation (1.1) has no isolated solution, let us study conditions of exis-
tence of a solution to the problem (1.1), (1.2).

Lemma 3.1. Let function x = x(t), t € T, be a solution to the problem (1.1), (1.2).
Then:

(1) if a point (sp,x(sy, — 0)) is either a regular point or a left critical point of the
equation (1.1), then point (s,,z(s, + 0)) is either a regular or a right finite
critical point of the equation (1.1);

(2) a point (sn,x(s, — 0)) is a left infinite critical point of the equation (1.1), iff
($n, (s +0)) is a right infinite critical point of the equation (1.1). .

Proof of the lemma follows from functions I,,(z) continuity.

Remark 3.1. Let us suppose:

(1) apoint (s, z(s,—0)), a solution x(t) to the problem (1.1) , (1.2) passes through,
is a left infinite critical point of the equation (1.1) ;

(2) solution z(t) is defined on an interval, the opened part of which contains point
Sn.

Then point (s,,x(s, + 0)) is a right infinite critical point of the equation (1.1) .
In addition, the value I,,(x,) = , lim OI" (x(t)) is considered to be finite.

Theorem 3.1. (necessary condition of existence of a solution to the problem (1.1),
(1.2) ). If the problem (1.1), (1.2) has a solution x(t), t € T, then there are points
T, € Rl, n € N, such that (sp,z,) € L, n € N, and one of the following conditions
takes place:

(i) if z, € R' then equality g(sp,xn + In(x,)) = 0 holds;

(i) if x,, € RI\R1 then point (s, (s, —0)) is a left infinite critical point and point
(Sn,x(sn +0)) is a right infinite critical point of the equation (1.1).

Proof. To prove the theorem it is enough to verify its statement for a point where
solution z(t), t € T, has discontinuity.

Let = z(t) be a solution to the problem (1.1), (1.2), defined on 7. In accordance
with the definition of a solution to the problem (1.1), (1.2) function z(t) is continu-

ously differentiable on the set 7, excepting points of impulsive effects where it is only
left continuous.
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Let s,, € 7 be an arbitrary point from the set Z. The case when the point
(Sng, Z(8ny — 0)) is a left infinite critical point or the point (sn,, z(sn, +0)) is a right
infinite critical one of the equation (1.1) is mentioned above in remark 3.1; thus we
suppose the solution z(t) to have a discontinuity of the first kind at the point s,,.

Let us consider set {(sp,,2n),n € N}, where 2, = lim x(t) as tx — sp, and

te—Sn—
ti < Spo- Since the given solution x(t) is defined on the whole set 7, and none of
points (Sp,,Ty) is a continual critical point of the equation (1.1), then for any n set
{(Snys Tn),n € N'} can contain the only point.

Assuming the correspondence x,, to s, for any ng € A and taking into account
that function z(t) satisfies the equation (1.1), we infer the set {(sp,,2,),n € N} to
be a subset of the set £. Hence the equality g(s,,z, + I,(x,)) = 0 is true for any
n € N and some set {z,,,n € N'} that completes the proof of the theorem. |

Theorem 3.2. Let set T x contain only finite critical points of the equation (1.1);
the functions I, (z), n € N are bounded. If the problem (1.1), (1.2) has the solution
defined on the interval (o, B), then this solution is necessarily bounded on every part

[a,8] C (a, B).

Proof. Let a function z(t) satisfying the problem (1.1), (1.2) be defined on interval

(a, B) and unbounded on a subinterval [a1,b1] C (a, ). In this case there is a point

to € [a1, b1] such that tlir? x(t) = oo. In accordance with definition 2.1, it is possible
—to

to deduce that the equation (1.1) has a critical point (t,00) € 7 x R'. The last
assumption contradicts the supposition of the theorem and concludes the proof. O

4. Necessary condition of existence of a periodic solution

It should be mentioned here that analogy of the necessary condition of the existence
of a periodic solution to a differential equation with impulsive effects [2, 5] also holds
in the case of the problem (1.1), (1.2). Namely the following theorem is true:

Theorem 4.1. (necessary condition of existence of a periodic solution to the problem
(1.1), (1.2) ). If the problem (1.1), (1.2) has a T—periodic solution defined on the whole

set T, then there are points ., € Rl, n € N and a natural number m € N such that
{(sn,Tn),n € N} C L and for any n € N the following conditions are fulfilled:

In+m(xn) = In(xn), Spgm = Sn + T, ke Na
provided that Spym € 7.

Proof. Let function ¢(t) be a periodic solution to the problem (1.1) , (1.2) and («, 8) C
7T be an interval of its definition. Then we evidently have g — a > T.

At first we shall show that if a point s,, € («, 5) belongs to the set Z and interval
(ar, B) contains at least one of the points s = s,, + 7 or s— = s, — T, then there is
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a natural m € N such that for any n € N we have I, 1, (z,,) = I,(z,), n € N and
Sntm = Sn + T having supposed s; € (a, ) for determination.

Evidently, inclusion s € («, 8) follows s, € Z. Otherwise, assuming s to be not
a point of an impulsive effect, we can conclude that function ¢(t) as a solution to
the problem (1.1), (1.2)is continuous at si. Hence due to the periodicity condition of
theorem 4.1, function ¢(t) has to be continuous at s,, = s4 — 7', which is impossible.

Thus, if s,, € Z and s = sy, + T € (o, B), then s € Z. As s, is an arbitrary
point, then we can infer that there is a natural m € N such that sy, = s, +7T €7
for any n € N provided that s,1m € (o, 3). In particular, m = n; — ng, where we

have denoted s,, = s4 = sp, + 1. We suppose the number m € N to be the least
such natural number.

Accordingly to theorem 3.1, there follows the existence of set {z,,n € N} such
that g(sp,Tn + In(zy)) = 0 for any n € N. Taking the condition of periodicity of the
solution = = ¢(t) in the form: ¢(t) = p(t +T) Vt € ((Sn_1, Sn1)\{Sno}) N7, where
Sny = Sng + 1, Sn_y = Sn, — 1, we get the following relationships:

Ing(xno) = ‘P(Sno + T+ 0) — Lp(SnO + T — 0) =

= ¢(Sngtm +0) — ©(8ngtm —0) =

= Tno+m + Ino+m(xno+m) — Tnog+m = Ino+m(xno+m) = Tloer(x’ﬂo)‘

Thus theorem 4.1 is proved. |

5. Criterion of existence of a solution

The maximal interval size of definition of a solution to the problem (1.1), (1.2) depends
on the existence of critical points of the equation (1.1) in the set 7 X R'. We pursue
proving the following theorem on necessary and sufficient conditions of the existence
of a solution to the problem (1.1), (1.2).

Theorem 5.1. (criterion of existence of a solution to the problem (1.1), (1.2)). Let
set T x R' contain no critical points of equation (1.1). Then the problem (1.1), (1.2)
has a bounded solution defined on the whole set T iff there are points x,, € R, n e N
such that {(sp,xn),n € N} C L and condition g(s,,xn + I,(x,)) = 0 holds for all
n € N and, additionally, the following condition takes place: for any n € N there is
a domain G, C T x R such that

a) points (Sn, Tn + Ln(xn)), (Snt1, Tny1) belong to the domain G, provided that
SnySn+1 € 7,

b) for any t« € (Sp,Sn+1) the equation g(t.,x) = 0 has the only solution x = x,
such that (t.,x.) € Gy.
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Proof. At first we note that the necessity of conditions of the theorem follows from
theorem 3.1. Indeed, let function x*(t) defined on the whole set 7 be a solution
to the problem (1.1), (1.2). In accordance with the definition 2.6, function x*(t)
is continuously differentiable with respect to ¢t € 7 everywhere, excepting points of
impulsive effects s, € Z, n € N ordered by the following way s; < s < ... .

Consider sets 7, C 7, k € N to have the following form: 73 = {t € T : t < 51},
n—1
Lh={teT\Th:t<so}ifsseZ, ... , T,={teT\ U T :t<s,}ifs, T
k=1

Since set Z is not empty, then there are at least two sets 77 and 7. Let x,(t) =
z*(t), t € T, for all n € N'. We denote

Tn = lim a*(t). (5.1)

t—s,—0

Evidently the set of points {(s,,x,),n € N} is a subset of £ and accordingly to the
necessary condition of existence of a solution, i.e., the equality g(s,,z, + In(2,)) =0
is true. Necessity is proved.

Let us prove the sufficiency. Assume points z,, € R, n € A exist. We prove that
the problem (1.1), (1.2) has a solution defined on the whole set 7. Again we consider
subsets 7, C T, n € N being devided by the points of impulsive effects s,, € Z. Since
point (s1,21) € L is not a critical point of the equation (1.1), then in accordance with
theorem [9] on a global existence of a solution to the equation (1.1), there is the only
continuously differentiable function x = x1(¢) defined on the whole set 7 such that
x1(s1) = z1. Let z*(¢) be a solution to the problem (1.1), (1.2). As before, we define
x1(t) as restriction of solution z*(¢) on the set 7y, i.e., 2*(t) = x1(¢) for any ¢t € T7.

Let us construct a right continuation of the solution z(¢). It can be fulfilled
because point (s1,2z1 + I1(z1)) € L is not a critical point of the equation (1.1).
Following the aforecited argument, we are able to affirm the existence of the only
continuously differentiable function defined on the whole set 7 such that z5(s;) =
x1 + I1(z1). We consider xa(t), t € Tz, as restriction of the solution z*(¢) on the set
To, ie., x*(t) = x2(t) for any ¢ € Ts.

If s9 ¢ 7, i.e., the set Z of points of impulsive effect contains the only point, then
function z*(¢) is defined on the whole set 7. Otherwise we repeat the aforementioned
procedure.

So for any n € N it is possible to build function z,,(¢) satisfying both the equation
(1.1) for any t € 7 and condition (1.2) at ¢ = s,. In addition, its restriction will
coincide with the solution z*(¢) on the interval (s,_1, S»].

If the whole set 7 is right bounded or the set Z contains only a finite number of
points of impulsive effects, then by means of finite steps we are able to construct the
solution z*(t) defined on the whole set 7. Otherwise, when 7 is right unbounded,
due to both theorem [9] on global existence of a solution to the equation (1.1) and
condition s, 41 > s, + 8, n € N, we are able to find z*(¢) for any ¢ € 7 by a finite
number of steps.
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It means that the problem (1.1), (1.2) has a solution defined on the whole set 7°
that proves the theorem 5.1. O

Let us consider now the case when set 7 x R contains some critical points of the
equation (1.1). Let us draw lines through the critical points being paralleled to axis
OX and assume that number of such lines is at most countable. We denote these
lines as t = 7,,m € B C N.

At first we consider the case when the set 7 contains only finite critical points.

Theorem 5.2. Let the critical points of the equation (1.1) belonging to the set TxR'
be only isolated finite critical points which are necessarily being elements of the set
Z. Then the problem (1.1), (1.2) has a solution defined on the whole set T iff the
following conditions are fulfilled:

1) there is a point (t,%) € L such that t < si;
2) there are points x,, € R, n € N such that condition i) of the theorem 8.1 holds;

3) for any n € Ny = N'U{0} there is a domain G, such that (t,Z), (s1,%1) € 0Gy
and points (Sp, Tn + In(Tn)), (Snt+1,Znt1) € O0Gy, if Spy1 € T;

4) for any ty € (sp,Sn+1) the equation g(t«,z) = 0 has the only solution © = x.
such that (t.,z.) € Gy.

Proof. Let us start proving the necessity of conditions of theorem 5.2. We denote the
finite critical points of equation (1.1) belonging to the set 7 x R! by the following
{(Tm, Km,),m € B,l € Z}, where in accordance with assumptions of theorem 5.2
{tm,m e B} C T.

Let the function z*(t) defined on the whole set 7 be a solution to the problem
(1.1), (1.2). Evidently, there is a point (¢,Z) € L, t < s1, since we can put & = z*(t)
for any ¢ € 7 such that ¢ < s;. Thus, the first condition holds.

By means of the argument used to prove theorem 5.1, we can show the existence
of points x,, € R, n € N such that {(s,,,2,),n € N} C L and for every point (s, z,)
the condition i) of theorem 3.1 holds.

Since the set (Sp, Snt1) X R! contains no critical points, there are not two differ-
ent solutions to the equation (1.1) passing through the same point belonging to set
(8n,8ni1) X RY because such a point would be a critical point of the equation (1.1).

Taking into account that all critical points of equation (1.1) belonging to 7 x R*
are isolated, we conclude that for any n € N there is a domain G,, such that condition
3) is satisfied, for we can consider an open linear connected set being a small enough
neighborhood of the function z,(¢), t € 7,, n € N, graph as the set G, n € Ny.
Additionally, condition 4) would be fulfilled.

Thus the necessity is proved.
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Having assumed conditions 1) — 4) of theorem 5.2 to hold we proceed to prove
sufficiency. Let us show that the problem (1.1), (1.2) has a solution defined on the
whole set 7. Since a point (¢, Z) belongs to the set £, then due to theorem [9] on the
existence of a global solution to equation (1.1) there is a continuously differentiable
function z1(t) defined at least on the set 7; such that () = z.

The solution z1(t) admits right-side continuation. Indeed, if (s1,21 + I1(z1)) is
a regular point of equation (1.1), then in accordance with theorem 5.1 this solution
can be extended to the next interval (sy, sa; if (s1,21 + I1(21)) is a critical point of
equation (1.1), then from condition 3 of the theorem it follows that this point is a left
finite critical one for equation (1.1) and, consequently, equation (1.1) has a solution
22(t) defined at least on the set 7o satisfying the condition xo(s; +0) = z1 + I1(x1),
or, in other words, ”entering” into this critical point.

If set Z contains the only point s1, then function z5(t) is defined on set 7o = T\Ty
and as a result function z*(¢), composed on functions z1(t), z2(t), is defined on the
whole set 7, satisfying the equation (1.1) and condition (1.2), i.e., it is a solution to
the problem (1.1), (1.2).

If s5 € Z, then the function z5(t) is defined on set 73 and we come across a problem
of x2(t) continuation on the next set 73 that we can solve using the speculations given
above. Thus, for any point s, € Z it is possible to construct function x,(t) defined
on set 7,,.

If set 7 is right bounded or contains only a finite number of its elements, then
by a finite number of steps we are able to construct solution z*(¢) defined on the
whole set 7. Otherwise, when set 7 is right unbounded, then due to both theorem [9]
on the global existence of a solution to equation (1.1) and condition $,4+1 > s, + 0,
n € N for any ¢ > s1, the value z*(t) can be found by means of a finite number of
the aforementioned steps. Thus theorem 5.2 is proved. O

Theorem 5.3. Let set T x R contain only infinite critical points of the equation
(1.1) which form set {(1x,00),k € B C } where 7, € T for all k € B. Then the problem
(1.1), (1.2) has a solution defined on the whole set T iff the following conditions take
place:

1) there is a point (t,T) € L such that t < sy;
2) there are points x,, € I@l, n € N such that:

a) {(sn,xn),n € N} C L;
b) condition i) or i) of theorem 3.1 holds;

8) for any n € N'U{0} there exists a domain G, C T x R* such that:

a) set GoU{(s1,2): —o0 <z < +oo} includes points (t,T) and (s1,1);

b) for anymn € N set G, U{(sp,z) : —00 < x < +00}U{(spt1,7) : —00 <z <
+oo} includes points (Sn, Tn+1In(zn)), (Sni1, Tni1) provided that s,11 € T;
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4) for allm € N and any t. € (Sn,Sn+1) the equation g(t.,z) = 0 has the only
solution © = x, such that (t.,z.) € Gy.

Proof. Necessity of the conditions is the first item to be proved. Let function z*(t)
defined on the whole set 7 be a solution to the problem (1.1), (1.2). Set Z, being not
empty according to the assumption, contains at least one element s;. Thus there is a
point ¢ € 7 such that ¢ < s and value T = 2*(¢) is defined. So, condition 1) holds.

In accordance with definition 2.6, function z*(t) is continuously differentiable for
all t € T excepting points of impulsive effects s,, € Z. For any n € N such that s, € Z
let denote x,(t) = x*(t) for s, <t < spt1; 2o(t) = 2™(t) for t € T N (=00, s1].

Similarly as in the proof of theorem 5.1, we put z,, = . lim O:p*(t) for allm € V.
—Sp—

Obviously, the set of points {(s,,z,),n € N} is a subset of £; hence, according
to theorem 3.1, the necessary conditions of existence of a solution are fulfilled.

Let us consider an interval (s;, sp4+1], where s,, 8,41 € Z. If (Sp41,Zny1) IS a
critical point for the equation (1.1), then refereing to the input conditions of theorem
5.3, we find this point to be a right infinite critical point of solution ., (t) = x*(¢),
t € (sn, Sn+1] and as a consequence, this point is a left infinite critical point of solution
Tnt1(t) = 2*(t), t € (Sn+1, Snt2)-

In conclusion we note that for any n € AU {0} domain G,, can be chosen as a
small enough neighborhood of graph of the function x,,(t), ¢ € (sn, Sn+1], such that
conditions 3) and 4) have to take place. Thus, the necessity has been demonstrated.

Now sufficiency is to be proved. Let conditions 1) —4) be right. By direct method
of constructing a function we shall show that the problem (1.1), (1.2) has a solution
defined on the whole set 7. Let us consider subsets on which the set 7 is divided
by points of impulsive effects s,, € Z starting from interval (—oo, s1] N 7. As point
(t,z) belongs to set £ then according to theorem [9] on the existence of a global
solution to the equation (1.1), there is a continuously differentiable function z;(t)
defined at least on interval 7 N (—oo, s1) such that z1(¢¥) = Z. Denoting solution to
the problem (1.1), (1.2) defined on the set 7 as z*(t), we obviously get x*(t) = x1(t)
for all t € T N (—o00,s1). In addition, x1(s1) = 1.

Let us build the right prolongation of function x;(t). If (s1,21) is a regular point
of the equation (1.1), then, due to theorem 5.1, solution to the problem (1.1), (1.2)
can be right-side extended either on interval (s1,sg] if s3 € 7 or set 7\(—o0, s1] if
so ¢ I. Otherwise, if (s1,21) is a critical point of the equation (1.1), then it is only
an infinite critical one. Thus relying on definition 2.7, we get solution z5(t) to the
problem (1.1), (1.2) defined either on interval (s, s2] if so € Z or set T\(—o0, s1] if
s2 ¢ Z. It should be mentioned here that assumptions 2) — 4) of theorem 5.3 supply
the existence and uniqueness of the function zo(t) satisfying equation (1.1), starting
at either point (s1,z1 + I1(z1)) (value x; is finite) or point (s1,00) (value z; = 00)
and ending at either point (s3,x2) (value 5 is finite) or point (s2, 00) (value 29 = 00).

)
If s5 ¢ Z, then the solution x4 (t) is defined on set 7 N(—o0, 1], hence, the solution
x*(t) composed on functions z1(t), z2(t) is defined on the whole set 7.
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If so € Z, then the solution to the problem (1.1), (1.2) is constructed on the set
(—o0,82]NT.

Based on the same arguments, it is easy to see that if the solution z = z*(¢) to
the problem (1.1), (1.2) is found on interval 7 N (—oo, sk, then it can be extended on
interval 7 N (—o00, sk11] under assumption sxy1 € Z, otherwise the solution obviously
exists on the whole set 7.

Thus, the solution to the problem (1.1), (1.2) can be constructed on the whole set
7, which completes the proof of the theorem. O

Let us introduce the notion of a piecewise smooth solution.

Definition 5.1. A function z = z(t) is called a piecewise smooth solution to the
problem (1.1), (1.2) if it is a solution to the problem (1.1), (1.2) in the sense of
definition 2.5 for all ¢t € 7 excepting values, coinciding with t—coordinates of critical
points where its continuation and smoothness properties may be not satisfied.

The above definition allows us to study a case when the set 7 contains a critical
point of the equation (1.1) such that its t—coordinate coincides with a moment of
impulsive effects.

Let us consider sets 7" = (7, Tmy1), m € B. Here, as before, 7, are t—
coordinates of critical points of the equation (1.1), which are ordered with indexes m,
ie., Ty < Ty for all mym+1 € B and there exists §; > 0 such that 7,,,41 — 7, > 1.
For the given case by analogy we can formulate a statement summarizing theorems
5.1-5.3.

Theorem 5.4. Let the set T xR' contain critical points of the equation (1.1). Then
the problem (1.1), (1.2) has a piecewise smooth solution defined on the set T\{Tpm,m €
B} iff:

(1) there is a point (t,T) € L, a non-critical one of the equation (1.1) such that
t<s €T;

(2) there are points x,, € I@l, n € N such that:
a) {(sn,xn),n € N} C L;
b) condition i) or i) of theorem 3.1 holds;

3) for any n € N U{0} there exists a set G, C T x R such that:
(3) for any

a) set Gy is connected and includes points (t,T) and (s1,z1);
b) for any n € N set Gy, is connected and includes points (s, x, + I (xy)),
(Sn+1,Tnt1) provided that s,11 € T;

(4) for allm € N and any t. € (sn, Snt1)\{7m : m € B} the equation g(t.,z) =0
has the only solution x = x. such that (t«,x+) € Gp;
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(5) for any m € B interval (Tp, Tm+1) contains at least one point t* such that the
equation g(t*,x) = 0 has a solution.

The proof of the theorem is similar to that of theorem 5.1 — 5.3 above and therefore
it is not given here.

6. Sufficient conditions of the existence of a periodic solution

Let us study the existence of a solution to the problem (1.1), (1.2) when function
g(t,x) is T-periodic with respect to time variable ¢t. If a solution to the problem
(1.1), (1.2) exists on an interval length of which is more than T, then under certain
additional conditions solution to the problem under consideration can be continued
on the whole set 7.

Sufficient conditions of the existence of a periodic solution (a piecewise continuous
solution) to the problem (1.1), (1.2) are given by the following theorem.

Theorem 6.1. Let us assume that the following conditions hold:
1) function g(t,x) is T—periodic with respect to variable t;
2) values of impulsive effects are constants, i.e., I(x) = Iy, where I}, € R. ke N;

3) the condition of periodicity of impulsive effects takes place, i.e., there is such a
natural m € that for allk, k+m e N : I = It, Sk = sk + T

4) problem (1.1), (1.2) has a solution (a piecewise continuous solution) p(t) defined
on interval [a, 8], where 8 —a =T and o(a) = ¢(B).

Then the problem (1.1), (1.2) has a periodic solution (a piecewise continuous so-
lution) defined on the whole set T N [sg, 00), where sg = min{s,,n € N'}.

Proof. As function ¢(t), t € [, 8], is a solution to the problem (1.1), (1.2), we put
O(t) =t —nT) for allt € [a+nT,B+nT]NT N [sp,x),n € Z.

Due to definition, function ®(¢) is defined on the whole set 7 and is T—periodic
in variable ¢. Let us show that ®(¢) satisfies the equation (1.1). Indeed, we have
g(t +nT,®(t +nT)) = g(t,¢(t)) =0 for all t € [a, 8] N [s0,00).

As p(a) = ¢(B) then ®(a) = ®(a+ sT) for any s € N.

Let us verify whether or not function ®(¢) satisfies the condition of impulsive
effects (1.2). From assumption 3) of theorem 6.1 it follows that for any moment of
impulsive effects s, € Z there is a point s* € [a, ] such that s* = s + npmT where
ny, is some integer and additionally Iy, = Ix4n, m.-

Then in accordance with construction of function ®(t) we get:
I, = ®(s, + 0) — (s, — 0) = (8" —npymT +0) — B(s* —npymT — 0) =
=¢(s" +0) —p(s" = 0) = Iytn.m-

Thus theorem 6.1 is proved. O
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