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Abstract. Let R be a prime ring with a characteristic not equal to two, o, 7 be automor-
phisms of R, and d be a nonzero derivation of R commuting with o and 7. It is proved that
for any (o, 7)-left Lie ideal U of R: (1) if d(U) C Z, then o(u) + 7(u) € Z, for all u € U,
(2) if d*(U) = 0, then o(u) + 7(u) € Z, for all uw € U, (3) if char R # 2,3, d(U) C U and
d*(U) C Z, then o(u) + 7(u) € Z, for all u € U.
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1. Introduction

Let R be a ring and o,7 be two mappings from R into itself. We write [z,y],
[%,Y]o,r for zy — yz and zo(y) — 7(y)z, respectively, and make extensive use of ba-
sic commutator identities: (xy,z) = zly, 2] + (z,2)y = z(y, 2) — [z, 2]y, [2y, 2]o.r =
zly, 2o, + [z, 7(2)]y = zly, 0(2)] + [z, 2oy

An additive mapping D : R — R is called a derivation if D(xy) = D(z)y + xD(y)
holds for all z,y € R. A derivation D is inner if there exists an a € R such that
D(x) = [a,z] holds for all z € R..

For subsets A,B C R, let [A, B] ([4, Bls,-) be the additive subgroup generated
by all [a,b] ([a,b],-) for all @ € A and b € B. We recall that in a Lie ideal, L is
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an additive subgroup of R such that [R, L] C L. We first introduce the generalized
Lie ideal in [6] as follows. Let U be an additive subgroup of R, 0,7 : R — R two
mappings. Then (i) U is a (o, 7)—right Lie ideal of R if [U,R],» C U. (i) U is a
(0, 7)—left Lie ideal of R if [R, U], C U. (2ii) U is both a (o, 7)—right Lie ideal and
(o, 7)—left Lie ideal of R then U is a (o,7)—Lie ideal of R. Every Lie ideal of R is a
(1,1)—left Lie ideal of R, where 1: R — R is the identity map. As an example, let T

be the set of integers,
_ ry
R_{(z t)|x,y,z,t€]},

U—{(g g)m,yEI}CR,

and 0,7 : R — R the mappings defined by 7(r) = aza, o(x) = bzb~!, where a =
(1) :i and b = (1) % € R. Then U is a (o, 7)—left Lie ideal but not a Lie
ideal of R. Some algebraic properties of (o, 7)—Lie ideals are considered in [2], [3] and

[6], where further references can be found.

Let R be a prime ring with a characteristic not equal to two, d : R — R a nonzero
derivation of R and U a Lie ideal of R. In [5] Bergen at all state that if d*(U) = 0,
then U C Z. Lee and Lee extended this result that if d*(U) C Z, then U C Z in [4].
Let d be a nonzero derivation such that od = do,7d = dr and U a (o, 7)—Lie ideal
of R. Aydin and Soytiirk [3] proved that if d*(U) = 0, then U C Z. In the present
paper, we generalize this result on (o, 7)—left Lie ideal of R. Furthermore, we shall
extend this theorem by proving that d>(U) C Z then o(u) + 7(u) € Z, for all u € U
in the case of a characteristic not equal to two and three.

Throughout, R will represent a prime ring with a characteristic not equal to 2 with
automorphisms o, 7 and non-zero derivation d such that od = do,7d = dr and Z the
center of R, U a (o, 7)—left Lie ideal of R. Further, we often use the relations:

[zy, 2]o,r = 2y, 2lo,r + [2,7(2)ly = 2y, 0(2)] + [z, 2|07y
2. Results

Lemma 1. Let U a (o,7)—left Lie ideal of R. d*>(U) =0 and d(U) C Z then o(u) +
T(u) € Z, for allue U .

Proof. If U C Z, then the proof is obvious. So, we assume that U ¢ Z. For any
we Uand z € R, 7(u)[z,u]e,r = [T(w)z,u]sr + [T(uw), 7(u)]x € U. By hypothesis,
0 = d(r(u)[z,ulor) = dld(T(w))[z, vl + T(w)d([z,uls,r)) = 2d(7(u))d([z, ulsr).
Since charR # 2, we obtain d(7(u))d([z,u]sr) = 0, for all x € R, u € U. Because of
d(U) C Z we have,

d(u) =0 or d([z,ule,r) =0 Ve e R,ueU. (2.1)
Assume d(u) # 0. Then d([z,ul,-) = 0, for all x € R. Writing zo(u) by = in this
equation, 0 = d([zo(u), ulo.r) = d([z,ulsr0(u)) = d([z,ulor)o(u) + [z, ulord(o(u))
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we obtain
[z,u]y d(o(u)) =0 Vo € R. (2.2)
Substituting zy,y € R for  in (2.2), we have 0 = [zy, ul, d(o(uv)) = z]y, u]s d(o(u))+
[, 7(u)]yd(c(u)) and so,
[R, 7(u)]Rd(o(u)) = 0.
By primeness of R, we obtain u € Z. Thus, if we return to (2.1), then we get
dlu)y=0 or weZ

Now, let us define the subsets L = {u € U | u € Z} and K = {u € U | d(u) =
0}. Clearly, each L and K is an additive subgroup of U. Moreover, U is the set-
theoretic union of L and K. But a group cannot be the set-theoretic union of two
proper subgroups, hence L = U or K = U. In the former case, U C Z, which is a
contradiction. Therefore, it must be d(U) = 0 and so,

0 =d([z,ulsr) = [d(z), u]sr forallz € R, ue U

By [7, Lemma 1], we obtain o(u) + 7(u) € Z, for all v € U. Hence the proof is
complete. O

Theorem 1. Let U a (o,7)—left Lie ideal of R. If d(U) C Z then o(u) + 7(u) € Z,
forallueU .

Proof. Assume that U ¢ Z. For any z,y € Rand u,v € U, by hypothesis, d([d(v)z, u]s,)
= d(d(v)[z, u)e,r + [d(v), T(w)]z) = d(d(v)[z,u]s-) € Z and so,

d*(v) [z, ule.r + d(v)d([z,u]sr) € Z
Since Z is a subring of R and d(U) C Z, we have

d?()[z,uler € Z Vo € Ryu,veU. (2.3)
Replacing z by zo(u),u € U in (2.3) and applying the above argument, we obtain
d*()[z,ulp o) €Z Vo€ Ruvel.

Since d?(v)[z,u], - € Z and R is prime ring, we get

d?(v)[z,u),r =0 or u€Z

If d*(v)[z,ulyr = 0 for all z € R. In this equation by taking zy,y € R for z and
using this equation, we have 0 = d?(v)[zy, u]s,» = d*(V)[z, uls -y + d*(v)zly, o(u)] =
d*(v)zly,o(u)]. By the primeness of R, it implies that d?(U) = 0 or U C Z. In the
former case, we get o(u) + 7(u) € Z, for all w € U by Lemma 1. Thus, we conclude
that o(u) + 7(u) € Z, for all u € U. O

Now, suppose that U is a (o, 7)—left Lie ideal of R. Since for all u,v € U and
T € R,

[z, d(u) + v]or = [z, d(u)]s,r
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We conclude that d(U)+U is a (o,7)—left Lie ideal of R. Furthermore, if d?(U) = 0
then d(d(U)+U) C d(U) C d(U)+U and d?(d(U)+U) = 0. Therefore without losing
generality, we may assume that if U is a (o, 7)—left Lie ideal of such that d*(U) = 0,
then d(U) C U.

Lemma 2. Let U a (o,7)—left Lie ideal of R. d*>(U) =0 and a be an element of R.
If ad([R,Uls+) =0, then a =0 or o(u) + 7(u) € Z, for allu e U .
Proof. For zlo(u),o(u)] + [x,u]sr0(u) = [xo(u), uls, € [R,Uls, by hypothesis 0 =
ad([z, u]sr0(w)) = ad([x, U]y )o(u) + a[z, u]srd(o(u)) and so

alz,uly rd(o(u)) =0,V € R,u € U. (2.4)

Since d?(U) = 0, from the above remark we may assume d(U) C U. So, replacing
u+d(v),v € U by uin (2.4)

0=alz,u+ d(v)]sd(o(u+ dv)).

Expanding the last equation and using d?(U) = 0,0d = do and (2.4), we get
alz,d(v)]s-d(o(u)) =0, for all u,v € U,z € R. That is,

o Ya[z,d(v)]s.,)d(U) = 0.

By [1, Theorem 2] we have o(u) + 7(u) € Z, for all w € U or a[z,d(v)],, = 0.
Replacing zy,y € R in the last equation, we obtain ax[y,c(d(v)] = 0. Since R is a
prime ring, we conclude a = 0 or d(U) C Z. It gives o(u) + 7(u) € Z, for all u € U
from Theorem 1. This completes the proof. O

Theorem 2. Let U a (o,7)—left Lie ideal of R. If d*>(U) = 0 then o(u) + 7(u) € Z,
forallueU.
Proof. Assume that U ¢ Z. There exists a ug € U such that
o(ug) + 7(up) ¢ Z. (2.5)
For [z, u]s0(u) € U,
0 = d*([z,u]sro(u))
= d*([z, uo,r)o(u) + 2d([2, u]o,r (o (w)) + [z, ulg,rd* (0 (u)).

In view of the hypothesis and charR # 2, we have

d([z,uler)d(o(u)) =0,Vz € R,u € U. (2.6)
Similarly for 7(u)[x,uls,r € U, we get

d(t(u))d([z,uls,) =0,YVz € R,u € U. (2.7)

By hypothesis 0 = d*([u, v]o,r) = [d*(u), v]o,r + 2[d(u), d(v)]sr + 4, d*(v)]s,r. Using
d*(U) = 0 and charR # 2, we obtain

[d(u),d(v)]e,r = 0,YVu,v € U.

That is
d(u)o(d(v)) = 7(d(v))d(u),Vu,v € U. (2.8)
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Now, let us linearize (2.7) on u = u + v and use (2.8), then we have
d(t(w))d([z, )]s, + d(T(v)d([z,u]s,-) = 0,Vz € R,u,v € U. (2.9)
Multiply on the right by d(o(u)) and use (2.8), (2.6), we obtain
(d(T(w)))?d([z,v],.,) = 0,Yz € R,u,v € U.

)2d([R,U],-) = 0. By Lemma 2 and (2.5), wi
v) for v in (2.9) and using dr = 7d, we see that

The last equation reduces to (d(r(U
get (d(U))? = 0. Otherwise, writing
);

d(U)r Y ([d(z),d(v)]s.r) = 0,¥z € R,v € U.

This means from [1, Theorem 2] o(u)+7(u) € Z, for allw € U or [d(z), d(v)]s,r = 0. By
our assumption, we get [d(z), d(v)]s,r =0, for all x € R,v € U. If we write zd(u),u €
U for z in the last equation, we have 0 = [d(zd(u),d(v)]sr = [d(z)d(u),d(v)]sr =
[d(x), 7(d(v)]d(u) and so,

v]
)
d(

df

[d(R), 7(d(U))]d(U) = 0.
From the above argument, we have d(U) C Z by [1, Theorem 2]. That is o(u)+7(u) €
Z, for all w € U from Theorem 1. O

Theorem 3. Let U a (o, 7)—left Lie ideal of R and charR # 2,3. If d(U) C U and
d*(U) C Z, then o(u) + 7(u) € Z, for allu € U.

Proof. If U C Z, then the proof of the theorem is obvious. So, we assume that U ¢ Z.
That is,
o(ug) + 7(uo) ¢ Z, Jug € U. (2.10)
Suppose that d(Z) = 0. Thus, we have
d*(U) = d(d*(U)) c d(Z) = 0.
Now, for 7(u)[z,ul, € U, where z € R and u € U,
0= d*(r(u)[z,u]y~)
= 3(d*(7(w)d([z, ulo,r) + d(7(w))d*([z, ulo,r)-
Since charR # 3, we get
& (7(w))d([z,ulo,r) + d((u))d* ([, u]s,) = 0.
Taking d(u) by u and using 7d = dr,d*>(U) = 0, we obtain
d*(7(u))d*([z, d(u)]o,r) = 0.
Since d?(U) C Z, the last equation gives us
d*(u) =0 or d*([z,d(uw)],) = 0.

Let usdefine K = {u € U | d*(u) =0} and L = {u € U | d*([z,d(u)]5r) = 0,Vz € R}.
Clearly, both K and L are additive subgroups of U. Moreover, U is the set-theoretic
union of K and L. But a group cannot be the set-theoretic union of two proper
subgroups, hence K =U or L=U. If K = U then o(u) + 7(u) € Z, for all w € U by
Theorem 2 and it contradicts (2.10). So, we get L = U. That is,

d*([z,d(u)]s.r) = 0,Yz € R,u € U. (2.11)
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In this equation replace = by 7(d(u))x,u € U,z € R, then we get

0 = d*(r(d(w))[z, d(u)]s,r)

= 7(d*(u))[z, d(w)]g,r + 27(d*(w))d([z, d(w)]g,r) + T(d(u)d* ([, d(w)]o,r).
Using (2.11) and d3(U) = 0, charR # 2, we obtain 7(d?(u))d([z, d(u)],-) = 0. Since
d*(U) C Z, we have
d*(u) =0 or d([z,d(u)]s,-) = 0.
Let K ={u e U |d*(u) =0} and L = {u € U | d([z,d(u)],) = 0,Vz € R}. Each of
K and L is an additive subgroup of U such that U = K U L. The above trick gives
us U = K or U = L. In the former case, d*(U) = 0, which forces o(u) + 7(u) € Z,
for all w € U by Theorem 2, which is a contradiction. Thus U = L and hence
d([z,d(uw)]sr) = 0 for all w € U. Replacing 7(d(u))z,u € U,z € R by = we have
7(d?(u))[x, d(u)]sr = 0. Since d*(U) C Z, we obtain
d*(u) =0 or [z,d(u)]e,r =0 for all x € R. (2.12)
Again applying the above trick, we obtain [z, d(u)],, = 0. Taking zy,y € R in place
of z and using (2.12), we have
0= [zy, d(u)]or = z[y, d(u)]or + [z, 0(d(u))ly = [z, 0(d(u))]y

Since R is a prime ring, we obtain d(U) C Z. By Theorem 1, it gives o(u) +7(u) € Z,
for all w € U, which is a contradiction. Thus, in the case of d(Z) = 0 the proof is
completed.

Now, we would like to settle the problem when d(Z) is different from zero. There
is a non-zero d(a) € d(Z) such that @ € Z. In view of the hypothesis for [ax, u]s =
a[x7u]a,7' ey,

d*(alz,ulyr) = d*(Q)[2,u]g.r + 2d()d([z,u]s ) + ad?([z,u]er) € Z .
Since d?(U) C Z, the third term is in the center of R. So, we get
d* () [z, u),.» + 2d(a)d([z,u], ) € Z,Yz € R,u € U. (2.13)
Replace z by za in (2.13) to get
(d®(a) [, ]y - + 2d(@)d([z,u], ) + 2d(a) [z, U]y rd(a) € Z.
However, in view of (2.13) and « € Z, this equation reduces to 2d(«)[x, ul, rd(a) € Z.
Since R is a prime ring, charR # 2 and 0 # d(«) € Z, we have [z,u],, € Z for all

x € Ryu € U. By [8, Lemma 1], we obtain o(u) + 7(u) € Z, for all v € U. This
completes the proof. O
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1. Introduction

In this paper we shall prove existence results for multi-point boundary value problems
(BVP for short). In Section 3 we study the three-point boundary value problem of
the second order differential inclusion

y" € F(t,y), teJ=1[0,1] (1.1)
y(0) =0, y(n) = y(1), (1.2)

where F' : J x R — P(R) is a given multivalued map, n € (0,1) and P(R) is the
family of all subsets in R.

Section 4 is devoted to studying the following four-point BVP
y" € F(t,y), t€J=][0,1] (1.3)
y(0) =y'(n), y(1) = y(7), (1.4)
where F,n are as in the problem (1.1)-(1.2) and 7 € (0,1).

The boundary value problems (1.1)-(1.2) and (1.3)-(1.4) in the case when the mul-
tivalued F' has convex values were studied very recently by Benchohra and Ntouyas
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in [1], [3] by using a fixed point theorem for condensing multivalued maps due to
Martelli [18]. The above problems in the case when the multivalued F' has nonconvex
values were studied by the same authors in [2], with the aid of a fixed point theo-
rem for contraction multivalued maps due to Covitz and Nadler [7]. Here, by using
Schaefer’s fixed point theorem, combined with a selection theorem of Bressan and
Colombo for lower semicontinuous and nonconvex valued multivalued operators with
decomposable values, existence results are proposed for the problems (1.1)-(1.2) and
(1.3)-(1.4). Possible generalizations are indicated in Section 4. For recent results on
multi-point BVP for ordinary differential equations we refer to [11]-[14].

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts from multi-
valued analysis which are used throughout this paper.

By C(J,R) we denote the Banach space of all continuous functions from J into R
with the norm

[Ylloo := supfly(t)] : t € J}.

L'(J,R) denotes the Banach space of measurable functions y : J — FE which are
Lebesgue integrable normed by

b
Iyl = / ()| di forall y e L'(JR).
0

AC*([0,T),R) is the space of i-times differentiable functions ¥ : [0, T] — R, whose i"
derivative, y(, is absolutely continuous.

Let A be a subset of J x R. A is £ ® B measurable if A belongs to the o-algebra
generated by all sets of the form Z x D where 7 is Lebesgue measurable in J and D is
Borel measurable in R. A subset B of L!(J,R) is decomposable if, for all u,v € B and
7 C J measurable, the function uxz +vx -z € B, where x denotes the characteristic
function.

Let E be a separable Banach space, X a nonempty closed subset of E and G :
X — P(E) a multivalued operator with nonempty closed values. G is lower semi-
continuous (ls.c.) if the set {x € X : G(x) N C # (0} is open for any open set C' in
E. G has a fixed point if there is € X such that = € G(z).

Definition 1. Let Y be a separable metric space and let N : Y — P(L'(J,R)) be a
multivalued operator. We say N has the property (BC) if

1) N is lower semi-continuous (I.s.c.);
2) N has nonempty closed and decomposable values.

Let F: J xR — P(R) be a multivalued map with nonempty compact values.
Assign to F' the multivalued operator

F:C(J,R) — P(L'(J,R))
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by letting

F(y) = {w e L'(J,R) : w(t) € F(t,y(t)) for ae. t € J}.
The operator F is called the Niemytzki operator associated with F. We say F' is the
lower semi-continuous type (l.s.c. type) if its associated Niemytzki operator F is lower
semi-continuous and has nonempty closed and decomposable values.

Next we state a selection theorem due to Bressan and Colombo.

Lemma 1. [6] Let Y be separable metric space and let N : Y — P(L*(J,R)) be a
multivalued operator which has the property (BC). Then N has a continuous selection,
i.e. there exists a continuous function (single-valued) g : Y — LY(J,R) such that

9(y) € N(y) for every y € .

For more details on multivalued maps and the proof of known results cited in this
section we refer to the books by Deimling [8], Gorniewicz [10], Hu and Papageorgiou
[15] and Tolstonogov [20].

3. Main Results

By the help of Schaefer’s theorem, combined with the selection theorem of Bressan and
Colombo for lower semicontinuous maps with decomposable values, we shall present
first an existence result for the problem (1.1)-(1.2). Before this, let us introduce the
following hypotheses which are assumed hereafter:

(H1) F:[0,1] x R — P(R) is a nonempty compact valued multivalued map such
that:
a) (t,y)— F(t,y) is L ® B measurable;
b) y — F(t,y) is lower semi-continuous for a.e. ¢ € [0, 1];

(H2) F is integrably bounded, that is, there exists a function H € L'(J,R) such
that

|1E(t, y)|| :==sup{|jv]| : v € F(t,y)} < H(t) for almost all ¢t € J and all y€R.
In the proof of our following theorem we will need for the auxiliary result:

Lemma 2. [9]. Let F': J xR — P(R) be a multivalued map with nonempty, compact
values. Assume (H1) and (H2) hold. Then F is of l.s.c. type.

Definition 2. A function y € AC*(J,R) is called a solution to the BVP (1.1)-(1.2)
if y satisfies the differential inclusion (1.1) a.e. on J and the condition (1.2).

Theorem 1. Suppose that hypotheses (H1), (H2) hold. Then the boundary value
problem (1.1)-(1.2) has at least one solution.

Proof. (H1) and (H2) imply by Lemma 2 that F' is of the lower semi-continuous
type. Then from Lemma 1 there exists a continuous function g : C(J,R) — L1(J,R)
such that g(y) € F(y) for all y € C(J,R).

We consider the problem
y”(t) = g(y)(t)7 ae teJ= [07 1]7 (31)
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y(0) =0, y(n) = y(1). (3.2)

Remark 1. Ify € C(J,R) is a solution to the problem (3.1)-(3.2), then y is a
solution to the problem (1.1)-(1.2).

Transform problem (3.1)-(3.2) into a fixed point problem. Consider the operator,
N :C(J,R) — C(J,R) defined by:

N)(t) = / <t—s>g<y><s>ds+%7 (n— 8)g(y)(s)ds

We shall show that N is a compact operator.
Step 1: N is continuous.

Let {y,} be a sequence such that y, — y in C(J,R). Then

Nw)O = N@Ol = [ =)o)~ a)()lds
s [ 0= 9latw)e) - slds
s | a9l - aw)las.

Since g is continuous, then

IN(yn) = N(¥)|loo = 0 as n — oo.

Step 2: N is bounded on bounded sets of C(J,R).

Indeed, it is enough to show that there exists a positive constant ¢ such that for
each h € N(y),y € B, ={y € C(J,R) : ||y|]lco <7} one has ||hlls < c.

By (H2) we have for each t € J that

|</ H(s d5+— 07’(77—s)]if(s)cls—i—1f177 ; (1 —s)H(s)ds.

Then
n 1

oo < /H ds+— 0 (77—3)H(s)czs+1%77 ==

Step 3: N sends bounded sets of C(J,R) into equicontinuous sets.
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Let t1,t2 € J, t1 < t2 and B, be a bounded set of C(J,R). Then we obtain

Ih(t2) — h(t)| < / (b2 — 9)lg(w)(s)lds + / (- 9)lg(w)(s)lds

to—t1 [" to—t1 [!
22 e @l + 22 [ (1= 9law)()las
< /0 (ts — ) H(s)ds + /t (b1 — 8)H(s)ds

ty—t; (" ty—t1 !
+—/0 (n—s)H(s)d5+—l " /0 (1—5)H(5)d$.

I—n
As ty — t7 the right-hand side of the above inequality tends to zero.

As a consequence of Steps 1 to 3, together with the Arzela-Ascoli theorem we can
conclude that N is completely continuous.

In order to apply Schaefer’s theorem, it remains to show that

Step 4: The set
Q:={yeC(J,R): \y=N(y) for some \>1}

is bounded.
Let y € Q. Then Ay = N(y) for some A > 1 and

y(t) =A-! / (t— 5)g(y)(s)ds + A —— / "~ $)g(y)(s)ds

1 L=
[ = s (s)ds, e
L—=nJo
This implies by (H2) that for each ¢ € J we have
t 1 n 1 1
ly(t)] < / (t—s)H(s)ds+—— [ (n—s)H(s)ds+—— | (1—s)H(s)ds.
0 L=mnJo L=nJo
Thus
1 1 n 1 1
lylloco < / (1—s)H(s)ds+—— | (n—9)H(s)ds+—— | (1—s)H(s)ds:= K.
0 L=nJo L—=nJo

This shows that € is bounded.

As a consequence of Schaefer’s theorem (see [19] p. 29) we deduce that N has a
fixed point which is a solution to (3.1)-(3.2) and hence from Remark 1 a solution to
the problem (1.1)-(1.2).

The next result concerns the four-point BVP (1.3)—(1.4). Before stating and prov-
ing this result, we give the definition of a solution of the four-point BVP (1.3)—(1.4).

Definition 3. A function y € AC*(J,R) is called a solution to the BVP (1.3)-(1.4)
if y satisfies the differential inclusion (1.3) a.e. on J and the conditions (1.4).
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Theorem 2. Assume that (H1), (H2) are satisfied. Then the BVP (1.8)-(1.4) has
at least one solution on J.

Proof. (H1) and (H2) imply by Lemma 2 that F' is of the lower semi-continuous
type. Then from Lemma 1 there exists a continuous function g : C(J,R) — L1(J,R)
such that g(y) € F(y) for all y € C(J,R).

We consider the problem

y'(t) = g(y)(t), ae. teJ=10,1], (3.3)

y(0) =y'(n), y(1) = y(7). (34)
Transform problem (3.3) - (3.4) into a fixed point problem. Consider the multivalued
map, Ny : C(J,R) — C(J,R) defined by:

n

Niw)(t) = / (t - )g(y)(s)ds + / o(y)(s)ds
L [ / (7 — $)gly)(s)ds — [ a9t

1—71

_|_

We can easily show that N7 has a fixed point, following the steps of Theorem 1.
We omit the details.

4. Concluding Remarks

Let a; € R, with all of the as having the same sign, & € (0,1),: =1,2,...,m — 2,
0 <& <& < ... <&pa <1 Consider the following m-point boundary value
problem for second order differential inclusions

y'(t) € F(t,y(t)), tedJ, (4.1)

y(0) =0, y(1) = 3 aiy(&). (42)
i=1

It is well known (see [16] for example), that if a function y € C1(J,R) satisfies the
boundary condition (4.2) and all of the a;,7 = 1,2, ..., m—2 have the same sign, then
there exists n € [£1, &, 2], depending on y € C*(J,R) such that

y(1) = ay(n),

m—2
with & = > a;. Accordingly, the problem of the existence of a solution to the BVP
1=

1

(4.1)-(4.2) can be studied via the three-point BVP
y'(t) € F(ty(t), ted,
y(0) =0, y(1) = ay(n),

where ) € (0, 1) is given. We omit the details, since the proof follows the steps of the
proof of Theorem 1, with obvious modifications.
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It is obvious that the above method can also be applied to other types of m-point

BVPs. For example for the BVPs
{ y'(t) € F(t,y(t), te,

YO)=0. ()= T a(&),

1

w M

or

m—2

y(0)=0, y'(1)= > ay'(&),

=1

{ y'(t) € F(t,y(t), tel,

which can be reduced to the following three point BVPs:

{ y'(t) € F(t,y(t), tel,
y'(0) =0, y(1) = ay(n),
and
{ y'(t) € F(t,yt), tel,
y(0) =0, ¥'(1) = ay'(n),
respectively.

Let b; € R having the same sign, (; € (0,1),i=1,2,...,n—-2,0< (1 < (2 < ... <
Cn—2 < 1. Then the following general m-point BVP

{ y'(t) € Ft,y(t), te,

0 =5 a9 =5 b)),

=1

m—2

w0 =S o). v =S (@)

1=1

{ y'(t) € F(t,y(t), tel,

w0 =5 we). v =S bt

1=1

{ y'(t) € Ft,y(t), te,

and

m—2

v =5 anl@), v =T b'©)

=1

{ y'(t) € Ft,y(t), te,

which can be reduced to the following four point BVP
{ y'(t) € F(ty(t), te,
y(0) = ay'(n), y(1) = By(7),
{ y'(t) € F(tyt), te,
y(0) = o/ (m), y'(1) = By'(7),
{ y'(t) € F(t,y(t), tel,
y(0) = ay(n), y(1) = By(7),

{ y'(t) € F(t,y(t), tel,
y(0) = ay(n), v'(1) =By (1),

and
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m—2

n—2
respectively with a = > a;, 8= > b;.
j=1

1]

2]

8]
[4]
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(6]
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(16]
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Abstract. In the present paper we construct new piecewise linear functions using a special
partition of the interval [—1,1]. This construction leads to the definition of some new linear
operators and we shall obtain global estimates for the remainder in approximating continuous
functions by these operators using the second order modulus of smoothness of Ditzian -
Totik.
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1. Introduction

Let (6x)?__,, be a sequence such that 6 = 6_x (k= 1,2,...,n) and 1/n? = §, <
Op—1 < ... < 01 < dp < cg/n. Furthermore, let (xp)y__, : =1 =2_p < T_py1 <
... < ZTp—1 <z, =1 be a partition of the interval [—1, 1] with the properties:

()1 < wpp1—a < 2 (k=-n,...,n—1)
2 (i) for any u € [zg,xp41] (B = -n+1,...,n—2) we have zp1; — ) <
PRy

n

Here and throughout cg, ¢1, c2 and ¢ denote absolute constants and the value of ¢ may
vary with each occurrence, even on the same line.

The existence of (0x)7__,, and (xx)p__,, is guaranteed by the constructive proof
of DeVore and Yu given in [1, p. 326 and p. 329]. This proof establishes a pointwise
estimate of the Timan - Teljakovski type for monotone polynomial approximation [1,
p. 324, Theorem 1]|. The idea of DeVore and Yu was successfully applied by Leviatan
[3, p. 3, Theorem 1’] to give a global estimate on monotone approximation. Both
proofs are based on a two - stage approximation. At first the function f € C[-1,1] is
approximated by a piecewise linear function S, f which interpolates f at the points
x (k=-n,—n+1,...,n). By Newton’s formula we have

(Suf)(@) = f(2) = (2 —2p) @rt1 —2) [2h, @ 215 [,
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2 < < xpy1 (k= —n,...,n—1), where the square brackes denote the divided
difference of f at xy,z,xk41. Using the proof of [3, p. 7, Theorem 7 ] we can deduce
the following result:

If = Sufll < cwi(f,n™h), (1.1)
where || - || is the sup - norm on [-1,1], ¢(z) = V1 —22, z € [-1,1] and w2 (f,t) =
SUPg<p<t HAfw(w)f(x)H is the Ditzian - Totik modulus of smoothness [2], where

AG ooy f (@) = (@ = ho(x)) — 2f (2) + f (2 + he(x)),
if x + ho(x) € [-1,1] and Afw(m)f(x) = 0, otherwise.

In this note we are interested in uniform approximation by piecewise linear func-
tions different from S, f.

2. Approximation by piecewise linear functions

Using a representation theorem given by Popoviciu for the operator S, [5], we consider
the following piecewise linear function:

(Unf)(z) =
_ T—n+1 _-T+|-T—n+1 _-T|
- 2(x7n+1 — x,n) ! f(m—n) +
n—1
+ Z W'[ﬂ%q, Th, Thg1; [t—x] ], -
k=—n+1
A flen +n"Vp(ar) — flar) + flar —n 7 e(zr) } +
b It o gl g

2(xp — Tp—1)
where f € C[—1,1] and v > 1 such that ¢;6_,, = ¢;n~? > n~7. Here we denote

by [ zk—1, Tk, Trp4+1 ; |t — x|z the fact that the divided difference is applied to the
variable t.

The operator U,, : C[—1,1] — C[-1,1] is linear which preserves the linear func-
tions. The function U, f interpolates f at the endpoints of the interval [—1,1]. More-
over, if f € C[—1,1] is a positive, convex function, then U, f is also positive. Indeed,
fork=-n+1,...,n—1 we have f(zr +n "p(xg)) — f(zr) + flxx —n Yp(zy)) >
f(zr) > 0. Hence, by definition of U,f we obtain (U,f)(z) > (Snf)(z) > 0,

x € [-1,1] because S, : C[—1,1] — C[—1,1] is a positive linear operator.
Our first result is the following:
Theorem 1. If f € C[-1,1], then ||f — Upf|| < cw2(f,n™1).
Proof. By (i) we get n ™ 7p(x_pn11) <n 7 <e¢10_p, <z_py1 —2_p. Hencez_, <

Tepg1 — N Yp(T_pt1) < T_py1. Again, by (i) and by the properties of (dx)}__,, we
have n V() <n™7 < 10— < 10 < g1 — 2k (k=-n+1,...,n—1). Then
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xp <z +nYo(xg) < xpy1 (k= -n+1,...,n—1). With the same hypotheses
we obtain n”Vp(xp_1) < 7Y < 10_y < 1051 < xp — -1 (K= —n+2,...,n).
Hence 1 <z —n Vp(zr_1) <2 (k=-n+2,...,n). This means that U, [ is
well - defined.
Now, in view of Popoviciu’s representation theorem [5] we have

Tl — T2 g — 1

(Snf)(x) = flan) +

2(-7:—11+1 - -T—n)

n—1

x — Tp—
+ Z %'[xk—h T, Thy1 5 [t =zl ], - flaw) +
k=—n+1

T —Tpo1+|T—Tp_1]
2(xy, — Tp_1)

Hence

(Unf)(@) = (Snf)(z) =

— - . - _
PE— {f@ i1 +n770(2 ny1))

= 2f(@ng1) + f@onpr — (@ ng)) (2.1)

forx_, <x<x_py1;
(Unf)(@) = (Snf)(z) =

Tk4+1 — T —
= _— T +n v €T j—
pp— {f(zx o(zr))

2 f(zk) + flaw —nVo(zi)} +

T — Tk _
+ 2 L f(@eer +n (@) —
P— {f(@rt (@k+1))

= 2 f(@pe1) + fl@rprr —n 7 Vp(zr41)) } (2.2)
forzp <x <z (k=-n+1,...,n—1);

(Unf)(@) = (Snf)(x) =

= b)) -
— 2 f(wn1) + F@not —n 7 p(20-1))} (2.3)

for xp_1 <z <z,

On the other hand, by definition of the Ditzian-Totik modulus of smoothness we
obtain from (2), (3), (4) and v > 1 the estimates

[(Unf)(@) = (Snf) ()] =

- ﬁ ' |Ai_7@($7n+1)f(x—"+1)|
“n n

< HAZ*’Y@(T)JC(:E)H Sw?o(fvn_l)v
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where z_,, <x < T_p41;

[(Unf)(@) = (Snf)(@)] <

Tpy1 — X 5
< A
T Xpg1 — Tk | n W‘P(wk,)f(xk” +
T — Tk 9
" Ths1 — T 1A% o) (Tr41)]

< AN @ f @] S Wi (f,nh),

where zp, <z < Tpy1;

L

(U F)(@) = (Suf)@)] = =2 A2 Fana)

Tp — Tp—1

||A121—”fgo(m)f(x)” < w?p(fvnil)v

IA

where x,, 1 <2 < x,. Hence |U,f—S,fl| < wi(f,n~!). Using (1) we obtain the
assertion of the theorem. (]

Our next piecewise linear function is the following:

Vaf)w) = dnzo 1 /MM%fwdu+

The1 — Tk C10k o,

_ Th41
L oo / F(u) du,

Tht1 — Tk €10k Sy —cyo)

if ap <z <1 (k=-n,...,n—1) and (V,,f)(z) = f(zx), if =z =ar (k=
—n,...,n).

Then V,, : C[—1,1] — Lo[—1,1] is a linear, positive operator such that V,, f interpo-
lates the function f at the points z; (k = —n,...,n). The main difference between
V., and S, is that V,, f is not necessarily continuous at z (k = —n+1,...,n—1).
Moreover, Vp,eo = eg and Vyep = e; + O(n~!) (here ep(z) = 1 and e;(z) = x for
x € [—1,1]). Indeed, the first statement is obvious and for the second one we have for
T <x < xppr (k=-n,...,n—1):

xkt-l-l —x 1 1 2 ¢2
V. T S ) ) 1)
(Vne1)(z) Tpt1 — T €10 2 ( TROLOK k) "
T —x 11
4k - (2xk+1015k - 0%513)

Tk+1 — Tk Cl(sk 2

1 Tpi1— T T — Xy
T+ = c10k + - .
2 Thyl — Tk Tpyl — Tk

Hence, by properties of (d;)7__,, we obtain

[(Vner)(z) —ex(z)] <
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Furthermore, we denote the set of all algebraic polynomials of degree at most n by 11,
and the best uniform approximation on [—1,1] by E,(f) =inf{||f —p| : p € I,}.
Our next results are the following:

Theorem 2. Let f € C[—1,1] and V,, (n € N, n > 2) be defined as above. Then
If=Vafll <

IN

c {wi(f,n_l) + nt /15 w?pg,t) dt + nt Eo(f)}

Corollary 1. Let f € C[-1,1], n € N, n>2. Then

3 W2(fit
I~ Vafl < en” {/ 200 g 4 Ifll}'

To prove our statements we need a lemma:
Lemma 1. For g € C%*[—1,1], n > 2 we have
lg = Vagll < ¢ {n7" llg'll + 272 llp®g"|I} -

Proof. Ifz, <z <wzpi1 (k=-n+1,...,n—2), then
(Vag)(@) — g(x) =

_ LTk+1 — X )
Tr+1 — Tk
1 Tp+c10k
[ ot~ g@)] dut g(an) - gla)
Cl k Tk
Lo
LTh+1 — Tk
1 Tht1
o [ o)~ glonen)) dut o) - g(o)
C10k  Jazpi1—c16k

Simple computations show that
B B
[ s —g@)du = [ (5-w g du

and

53 53
/ 19(8) — g(w)] du = / (4 ) g'(u) du.

(03
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Hence

(Vag)(z) — g(2)

_|_

_|_

T+l — T )
Tk4+1 — Tk

1 wk+01§k X
{m / (2 + 10k —u) ¢'(u) du —/ g (u) du}
T — Tk { 1
Tp+1 — Tk | c1k

LTk+1
/ (Tpr1 — 10k —u) ¢'(u) du —|—/

k+1—C10k x

Tr+41

g'(u) du
Thy1 — X 1

Th41 — Tk C10k

wk+01§k xX
{/ (T + 10 —u) ¢'(u) du —/ c10kg (u) du}

. 1 Tht1
T~ L {/ ($k+1 — 10k —u) gl(u) du +

Tyl — Tk C10g j1—C16k

Tht1
/ 109 () du}

Tht1 — 1
The1 — Tp €10k

z Ti+c16k
{/ (z) —u)g'(u) du —|—/ (T + 10 — u)g' (u) du}

Tht1 — Tk C10k

_ 1 *
T L {/ ($k+1 — 10 — u)gl(u) du +

k+1—C10k

R du} .

By partial integration we obtain

(Vag)(z) — g(z)

LT+l — T . 1 _1 _ 2 7
Tyl — Tk 015k{ 2(3% o) g@) +

@ 1
/ (zr —u)?g" (u) du+ 3 (zk + 10k — 2)* ¢'(x) +

k

N~ N

Tp+c10k
/ (zr 4 10k — u)?g" (u) du p +
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1 Tp+Cc10k
+ 3 / (zg + c16, —u)?g" (u) du p +

T — T 1 1 9
R S B ~ei6h —
* T+l — Tk C10k { 2 (@1 =10 —2)°g (@) +
1 T
+ = (Tpr1 — 16 — u)2g" (u) du +
2 Tp41—C10k
1 2/ 1 Th 2 1
+ 5 @ —2)g (@) + 5 (@1 —u)7g" (u) du o (2.4)

On the other hand, we get for z; < u < x4y by (i) and (i4)

‘ —% (v — )% + % (k + 16k — )2

1 1
= |016k(1'k — ;L‘) + 5 (Cl(sk)2| = 015k|(3ck — ;L‘) + = 015k|

2
1 3
< abp(e — o + 3 c10) < 5 10 (Tp41 — Tk)
3 V1—u? 0
< 5 10k - ¢ — — < '—Clnk; (2.5)

we have for xp <u <z < zp41, by (i)
9 9 1—u?
(g —u)” < (g1 — k) <c — (2.6)

and for z < x <u <z + €10k < Tpg1 or T < T + 16k < u < T < TRy we have
in view of (i) and (i7)

(2 + 10k — )2 < 2 (a3 — ) +2 (e164)2 < 4 (wps1 — 24)2 < o ;2“2 (2.7)
Using the same arguments we obtain
—% (g1 — 10 — x)> —|—% (Tpr1 —2)? | < ccl—sk (2.8)
for 1, <u < Tpy;
(@1 — 1ty —u)? < o 2 2.9
for o, <xpp1 — 10 Su< T <Ry or T < < U< Tpyg — 10 < Tg1 and
(e — ) < et (2.10)

n

for xp, < © < wu < xgy1. Then (5) — (11) and (43) imply
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[(Vag) (@) — g(2)] <

X - 1 1 1
= mm {' 2 (xk_x)2+§ (zk + 10k — )
1 T
@+ [ wma?ly' )] du +
T
1 Tp+c1og ,
+ 5 / (:Ek + 10k — u) |g”(u)| du +
T — Tk 1 1 1
T m ’ 015k {' - 5 ($k+1 - 01619 — J,‘)Z + 5 (xk+1 _ J,‘)2|
1 xT
|9'($)| + 5 / 5 (:Ek‘—‘,-l _ 015k _ u)2|gll(u)| du +
Th41—C10k

1 e 2 1
+t 3 (Tr41 — u)?|g" (u)| du

Tpal1 — X 1 c10k
$ -8 { gl +

IN

Tht1 — T C10k

1 [* 1—u?
+ g [ el

2
k n

Tp+c1dg 1— 2
/ e 2 g (w)] du
xT

1
2 n?

n T — Tk { clék J|
Tht1 — Tk C15k
1-—

/ e 1o g (w)] du
Tp41—C10k

Th41 1— u2
/I ¢ —j lg" (u)] du}. (2.11)

x T+c10k x T +c10k g +c10k
T x T x Tr

if z, < x < xp + €10} O

T Tk +c10k T
Lol L, =L L-2
T T T T +c10k

if xp + 16, < < zp41 and

€T Tk+41 x LTh+1 Tr+41
/ " / N / " / N /
ZTp41—C10k x Tpp1—C10k x Tpp1—C10k

}+

_|_

N~ N

But
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if 41 — 10 < T < Tpgq O

x Thi1 ZTp41—C10k Thi1
/P L A A A
Tp41—C10k T T T
Tr+41 LTh4+1 T+1
[
T X T

if o, < x <xpy1 —c1dk.  So we obtain in view of (12) that

|(Vag) (@) — g(2)] <

IN

T -z 1 16,
S k+1 . {C' 10k ||g/H +
Tkt1 — Tk C10k n

2 1
+c- ”(’;‘g” -max (¢105; ¢ — ﬂck)}
n
T — X 1 10k
n 5 {2 +
LTk4+1 — Tk C10k n
2 1
+c- w -max(cy0k; Tyl — x)}
< o {ut i et e (12 )
016k
By (i) we have x5 — xp < c20g. Therefore
[(Vag)(z) = g(x)] < ¢ {n7Ygll + n2[le’g"|} . (2.12)
Ifx_, <z <x_pqq then
(Vag)(@) —g(z) =
B Topt1 — T 1
o Tptl1 — T—n 015—11

T_p+c1d_n
/ l9(u) — gla—n)] du+ ge_n) g<x>}

xr—T_p 1
+ . .
Lontl —T—n 81(5,71

/m_n+1 [9(w) — g(z—ns1)] du+ g(z_pi1) — g(x)}

—n41—C16—n
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- {L‘_n_;’_l — X { 1

Toptl —T—p 10,

/ ” o0 = sl du= [ 5/ du}

T—T_n { 1
_|_ .

Topt1 —T_p c10_p

/w T ) = ()] dut / T W du}

—n+1—C10_n x

LTntl1 —T 1
LTnt+l — T—n 016—n

/:;n—wl&_n [/:n g (v) dv] du — /T: g’ (u) du}

T—T_p 1
_|_ . —

Hence

|(Vag) () — g(z)| <

LTnit1 —T 1
016_n

L-nt+l —T—n

T_ptcid_n u
/ / 19/ (0)] do

T—T_p 1
+ . .
T_pt+1l — T—n Cl(sfn

T—nt+1 T—nt+1 T—nt+1
/ [T e as [T g
T_py1—C10_n u x

LT_nt1 — T 1
clé_n

wu+ [ 19/ (@) du}

IN

LTntl —T—n

T_pt+c1d_n
/ (u—z_p) du+ (x—x_n)} gl

T—T_y, 1
. [
T_ptl — T—n 0167’”

T_pt1
/ (—pt1 —u) du+ (T—py1 — 90)} lg'll-

—n41—C10—n
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In view of (i) we have x_,, <u < z_,, + 10—y < Tpi1, Top < Topp1 — C10—p <
U< T py1 and x_, < x < T_py1, respectively. So

[(Vag) (@) — g(2)] <

IN

01(5,71

Teptl1 — 1
LTontl —T—n

T_n+cid_n
/ (@it — @) du+ (21 — 7—0) ¢ |||
T—n

T—T_p 1
+ .
Tnyl1 —T—pn 015—11

L —n41
/ (T_py1 — T—p) du+ (x_n+1 - -T—n)} HQIH

—nt1—C10_p

< 2 (x—n-&-l - x—n) ||9/||
Again, (¢) implies ©_p4+1 — 2_p, < c20_,. This means that
c
|(Vag)(x) —g(@)] < 2¢c2 0 |9l < — g'll- (2.13)

Analogously
(Vag)(@) —9@)| < — g/l (2.14)
for x,,—1 < & < z,,. In conclusion (13), (14) and (15) imply
lg = Vagll < ¢ {n7"llg'll + n72 lle?g"Il },
which completes the proof. O

Proof of Theorem 2. We have

Tr+c10k
@l < St L] i

Th+1 — Tk C10k

Pk TR / [Fw) du < |If]

Tht1 — Tk C10k k+1—C10k

[f ()] du

Tk

for o, < < agy1 (k=-n,...,n—1). Thus
IVafl < II£1- (2.15)

On the other hand, let us denote by p, € II, the best nth degree polynomial
approximation to f. Then we know for f € C[—1,1] (see [2, p. 79, Theorem 7.2.1])
that

Eu(f) = If =pall < cwi(fin™). (2.16)

Moreover, we have the following Bernstein type inequality [2, p. 84, Theorem 7.3.1]
for the best approximation polynomial

l?*phll < n? wi(f,n™h). (2.17)
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Then, using (16), Lemma 1, (17), (18) and the proof of [4, pp. 83 - 84, Theorem 3.2]
we obtain the conclusion of our theorem. [J

Proof of Corollary 1. In view of [4, p. 86, Remark 3.4], the proof is a direct
consequence of the fact that we can drop the first term on the right hand side of the
estimate given in Theorem 2 because of

1 2 1
> wy(fit) Sy [P dt -
L SOtigdt > w?p(f,n 1)A 5 > en®wl(f,n), n>2.

n

O
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1. Introduction

There is a large number of methods which mathematicians elaborated for studying
boundary value problems (BVPs). In the papers [1], [2] the numerical-analytic method
based upon successive approximations was introduced. The polynomial version of this
method in which the successive approximations are polynomials was proposed in [1]
and then developed in [3], [4] for three- and multi-point boundary conditions. In this
paper the issue of existence and approximate construction of the solutions of multi-
point boundary conditions for the systems of implicit ordinary differential equations
of the first order are studied by using polynomial approximations.

2. Construction of successive polynomial approximations

Let us consider a system of implicit equations

()] (21)
with a multi-point boundary conditions
q
Agz(0) + > Aga(ty) + Agaz(T) = d, (2.2)

k=1

where z,d € R", f:[0,T] x D1 x Dy — R™, Dy, Dy are closed bounded domains in
R 0=ty<t1 <...<tg<tgp1 =T, Ay (k=0,1,...,9+1) - are n X n matrices


http://dx.doi.org/10.18514/MMN.2002.57

114 1. Korol

q=1
so that det [Z Aktk} #0.
k=1

First of all we will introduce some notations [1].
It is known that for f(¢) € C[0,T] there is a unique polynomial PY (t) among all the
polynomials P,,(t) with no more than m degree which is the best approximation for

f@):
NN - Pr@)] = Anf 1F(®) = P (@]l

Let us set in the interval [0,7] the nodes

T (20— 1) .
== |cos———+1], 1=1,2,...,p+1, 2.3
2( 2+ 1) ) g 29

which are obtained by the substitution 7 = £ (7' + 1) from the corresponding zeroes
! € [-1,1] of the Chebyshev polynomials

Tp11(t) = cos ((p+ 1) arccost) .

For arbitrary continuous function x,.(t) by f? (¢, z,(t),y-(t)) we denote the Lagrange
interpolation polynomial with p degree and with respect to the points (2.3):

fp (t,.i’,‘r(t, .To),yr(t, '770)) = (f{7 (ta xT(tva)vyT(taxO)) AR fvg: (t’ ‘TT(tva)vyT(ta '770))) ’

where y,(t) = dmd;t(t), I (o (t,20), yr (8 0)) = ag; +aft + ... +ap;, J =

17 27 RN 2 ff (TivajT(Ti)7yT(Ti)) = fj(Tiyxr(Ti)yy’r‘(Ti)v 1= 17 27 Y 4 + 1
Let us denote by

T
Z(f,x,y,@xo) = f(t,l‘(t,l‘o) t x() 1 /f S, ZL‘ S £C(] (va(])) dS,
0

T

£(Geaptian) = [ | £ (raro), () = 1 [ £ (sva(s,a0),y(s,m0)) ds | dr.
0 0

We assume that the following conditions hold for the BVP (2.1), (2.2):

a) the vector-function f(¢,z,y) is continuous in Q@ = [0,7] x Dy x Dy (and
therefore it is bounded by some vector M) and Lipschitzian in  and y, i.e.,

|z, )l < M, [f(tz,y) = f(6,7,7)] < Ki |z —T)| + Ka |y =), (2.4)

where M and n x n matrices K7, Ky have non-negative components. The
absolute value sign and the inequalities we understand component-wise;
b) domains Dy and Ds satisfy the conditions

Dg, :={z € R" | B(z,Bi(z)) CD1} #@, B(0,5(x)) C Do,
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where B (z, p(z)) is the ball of radius p(x) with center z and

Bi(z) = (€E+G)~(M’+Lp)+T|d(x)|, G=T-3 |HA - a1 (tr),
k=1
1 a1 -1
Bow) = 2(M+Ly)+ =G (M + Lp) +|d(x)] 2:““ :

q+1
N O o R R N
d(z) = H (d ;Ak ) 1(t) 2t<1 T),

1
M == t,z, t
2{@£%d(xy)(ﬁgkf(xyﬂ

Ly = (5+1gp) maxE, (£ (t,27+ (t,20) 9% (t,20))) =
= (5-+1gp) - (maxE, (fu (a2 (two) 2 (1,20))) -

. ,mﬁ}pr (fn (¢, 2Pt (¢, @0) , P (, xO)))) ;

c) the eigenvalues \;(Q) of the matrix @ = Ky ($E+G) + K2 (2E + #G)
satisfy the inequalities

N(@I <1, j=1...n (2.5)
Let us introduce the sequence of polynomials with p + 1 degree

Pt 20) = 20 + L (fp, fnﬂl,ym Lt x()) + tHd(z)—

; (2.6)
—tH Z Akrﬁ (fp7xfn+7117y£1717tk7x0> ) $g+1 (tva) = Zo, M= 17 27 s
k=1
Their derivatives look as follows:
yfn(t,xo) (fp’ I:n+117ym i Io) +Hd($0)_
2.7)

—-H Z Ak‘c (fp7 gj_llvym 1,tk,$0>, ?Jg (t,ﬂ')o) :07 m = 1727"'

Here the above index means that this expression is a polynomials of a correspondent
degree. Tt is easy to see that all the members of the sequence (2.6) satisfy the boundary
condition (2.2) for arbitrary zy € Dag, .

The next theorem establishes the convergence of the sequence (2.6) and the properties
of the limit functions.

Theorem 1. Let BVP (2.1), (2.2) satisfy the conditions a)-c). Then:

(1) the sequences (2.6) and (2.7) converge to the functions x*(t, zo) and y*(t, xo),
respectively, as m — oo, uniformly in (t,x0) € [0,T] x Dg, :

x* (tv 330) = n}i_l)nooxgj_l(tv 330)7 y* (ta 330) = nvlgnooy?;n(t’ 330)7
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where y*(t, xo) = 76”*2;“0);

(2) the limit function x*(t,x0) satisfies the "perturbed” BVP
% = f (ta z, %) + A(.’Eo),

a (2.8)
Aoz (0) + >0 Apx(te) + Ag+12(T) =d,
k=1
where
T
A('TO) = _% f fp (87 x* (87 330) 7y* (57 'TO)) ds + Hd(.%'o)—
0
(2.9)
q
—-H Z Ak£ (fp’x*7 y*v tkv ZL‘()) )
k=1
with the initial value =* (0, z9) = xo;
(3) the following error estimations hold:
|ﬂc* (t, ) — xP ! (t,xo)} <(u(t)E+G)- WP _,, (2.10)
1
0" tan) =8 (b < (28 56) - WE, 2.11)
where
m—1
W1 = { Zo Ql] Ly +QMTHE-Q)
(B {(BE+G) M+ T d(wo)l} + Kz {20 + 2GM + [d(zo)|}] -
Proof. In addition to (2.6), (2.7) let us introduce the sequence of functions.
Tm(t,20) = 20 + L(f, Tm—1,Ym—1,t,20) + tHd(z5)—
. (2.12)
_tHZAk‘C(f7xmflvym717tk7x0)7 xo(t,l‘o):xo, m:1727"‘7
k=1
ym(t7 QL‘(]) = W = Z (fv Tm—1sYm—1, ta LC(]) + Hd(x(])_
. (2.13)
-H Z Ak‘c (fvxm—lvym—lvtk7x0)7 Yo (t,l‘(]) :07 m= 1727"'
k=1
Also we introduce some notations:
Tm = T (t,20), 20 = 2Bt 20), Tmgi(t, 20) := [Tmgr (8, 20) — T (E, 20)|
Ym = Ym(t, o), Yh, = yh,(t,70), Tmy1(t,T0) = [Ym+1(t, 20) — ym (¢, 70)| -
We note [1] that
| fP(t 2t b)) — ftaht yh)| < Ly, (2.14)
and making use of (2.4) we get
|12 ) — £ty y)| < [FP( 2B yh) = F(E B k) [+
(2.15)

+ |f(t,$fn+1,y?n) - f(tvxﬂ’uym)} < LP + Kl }'ng+1 - 'Tm} + K2 |y£7n - ym| .
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Using Lemma 3 of [5] we have that

£(f. w0 < aa())M < S0 (216)
q ’
THZAkﬁ (f7x7y7tkvaj0) S GM ) (217)
k=1
}ﬁ (fp7ajgj17 ygw ta 'T(]) - ‘C’ (f7 ajgm+17 ygw tv :CO)} S al(t)pr (218)

<GL,  (2.19)

q
THZA]C [ﬁ (fpvxfn+17y?n7tkvx0) - L (f7 .Tfn—i_l,yfn,tk,ﬂfo):l
k=1

We have to show that (2.6) is a Cauchy sequence in the space of continuous vector
functions. To begin with, we establish for arbitrary (¢,z¢) € [0,7] x Dg,, and
m=0,1,2,... that 221 (t,z9) € Dy and y, (¢, 7o) € D2 by using (2.16)-(2.19):

q
).1‘11’4'1 _;130) < ),C (fp7ajg+1,yg7t, .7,’0)) + ‘TH Z Akﬁ (fp,xg+17yg7tk,ﬂf0> =+
k=1

+T|d($0)| g )‘C (fpvxg+17ygvta LU(]) - ‘C (fv x07y07ta :L‘O)‘ + |‘C (f7 x07y07ta $0)| +
! p+1 p
+T|d($0)| + TH Z Ak? |:‘C (fp,l‘o 7y07tk7x0) _ﬁ(f7x07y07tk:7x0)} +
k=1

+ ‘TH kZi:l AL (f, Jfo,yo,tk,ﬂio) < (Oél(t)E + G) (Lp + M’) +T |d(.1‘0)| < ﬁl(.’lio),

+T|d($0)| S )‘C (fp,$g+1,yg,t, LU(]) - ‘C (fv x07y07ta :L‘O)‘ + |‘C (f7 x07y07ta $0)| +

q
+T |d($0)| + ‘TH Z Ak? |:‘C (fpvxg+17yg7tk7x0) - ﬁ(fv x07y07tk:7x0)} ‘ +
k=1

q
+ ‘TH > ARL(f, %0, Y0, tk, To)
k=1

< (u()E+G) (L + M)+ T|d(zo)| < Br(x0),

— q
W1 < [Z (47,08 s two ) | + (o) | + \sz AL (£, 98ty mo) | <
=1

< ‘Z (fp,w’(}“,yg,t,:co) —Z(f, 'T(]vy(htv-r())) + |Z(f, Zo, Yo, t, CC(J)} + |d(zo)| +
q 1
+ ‘H Z Ak |:£ (fpvxg 7yg7tk7x0> - C(f7x07y07tkax0):| ‘ +
k=1

+ 'Hki Ak‘c (fv x()?y(]vtkvx()) < 2 (M + Lp) + G(MI + Lp) + |Cl(CL'())| < BQ((L‘(]).
c=1

It follows that 22" (t,z0) € D1, 4(t,z0) € Dy. By induction in a similar way we
can establish that

|zt —ao| < Bi(zo),  [yh] < Ba(wo).
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Now we consider the differences z,,, — 22! and y,, — y?,. For m = 1 we have

‘xl _leﬂ_l‘ < ‘,C(f,l'(),y(),t,l‘(]) _L (fp7xg+17yg7t’m0)’+

q
+ 'THkZ Ak |:[’ (f;x(]vy();tk:x(]) L (fp7xg+1vygvtkax0>:| ‘ < (220)
=1
< (1 (H)E+G)L,
|y1_y110| S ‘Z(fwx(by(]vtaw(]) (fp p+17y(2]77t;w0)’+
; PGP+l P (2.21)
+ szlAk [ﬁ(f,%,yo,tk,wo) L (f 5 T 7y07tk7$0>} < .

<(2E+5G)L
Using (2.14)-(2.21) and Lemma 4 of [5] we get

‘xZ - ngrl‘ g “C(.ﬂxl?ylvta 1“0) - L (fp,l'erl,yf,t, :L‘O)’""
z p+1l  p
+ 'TH Z Ak |:£ (f?xlvyhtkyx(]) - L (fp7x1 7y17tk7x0>:| ‘ S
k=1
< [ () E + Ky (a2(t)E 4+ a1 ()G) + an (1) K2 (2E + 7G)] L+

+ ‘TH i Ay, [Ozl(tk)E + K (ag(tk)E + Oél(tk)G) + al(tk)Kg (2E + %G)J L

HE+G)[E+ K ($E+G)+ Ky (2E+ 4G)| L, <
<(@E+G)[E+QIL

|y2 - yg| g ‘Z(.ﬂxl?ylvta :L‘O) _Z (fp,ZL‘erl,yf,t, ZL‘O) ‘ +
q
+'H Z Ak |:£ (f?xlvyhtkny) (fp p+17y{)7tk7x0>:|‘ S
k=1

< 2 max ‘f(t,xl,yl) fPt a8y +

te[0,T

q
+ ‘H > Ay ‘ﬁ1 (fsz1, 91, th, x0) — L1 (fpﬁlfﬂ,y{),tk,xo) H <
=1

< (2E+4G) [E+Q]L
We can obtain by induction that

| T (t,20) — 2B (8, @0)| < (1 (D) E + G)

nf Qi] Ly, (2.22)

=1

[ym (t, 0) — Y2, (t, x0)| < <2E—|— G) lz_ Qll Ly. (2.23)



On polynomial approximations to solutions of implicit differential equations 119

Now we have to estimate ry,+1(t, o) and Fpm41(t, o) for every m = 0,1,2,... by
using Lemmas 3 and 4 of [5]:

Tl(t; 'T(]) S |£ (f7 x07y07t7x0)| + T |d(.’13(])| =+

q
+|TH Z Akﬁ (f7x07y07tk7x0)
k=1

< (LE+G) M + T |d(zo)| = (x0),

— q
71(t,z0) < |L(f, w0, 90, t,20)| + |d(zo)| + [H Y ArL (f, 20,0, th, To)
k=1

<

< 2M + |d(=zo)| + %GM’ = ya(x0),

T2(t7x0) S |£ (fvxlvyhtva) - L (f7 x07y07ta ZL‘(])| +

q
+ 'TH Z Ak [£ (fvxhylvtkvxo) - L (fv x07y07tk7x0)] <
k=1

(K171 (7, 20) 4+ Ko (7, o)| dT + & [ [K171(T, 20) + KoT1 (7, 20)] dT+

<(l-7)

o o
s—_

q tx
+ 'TH SO A [(1 — %) [ [EKiri (7, x0) + KoFi1 (7, 20)] dT+
k=1 0

—l—%é‘-f [K1r1 (7, 20) + K21 (T, 20)] dT] <(a1(t)E+ G) - [K171(x0) + Kava(x0)] s

7/"\2(15,33()) S }Z(f7x17y17t7x0) _Z(f7x07y07taw0)| +

< 2 max |Kyr (7, z9) + Koy (7, 20)| +

t€[0,T]
q t
+ ‘H > 4, [(1 — ) [ 1Ky (r, w0) + Ko (o)) dr+
k=1 0

+% f[KlTl(T, .To) + Kg?l(T, 330)] dT‘| < (QE + %G) . [Kl’yl(x‘o) + KQ’)/Q(.’EQ)] .

tr

Similarly,



120 1. Korol

+ 'TH S Ay [(1 — %) [ [Ki(a(1)E+ G) + Ky (2E + +G) | dr+

()

+ f (K1 (en(T)E +G) + K2 (2B + 7G)] dT]

122

} - [K1m1(w0) + Ka2v2(20)] <

<(a1(H)E +G)-Q - [Kimi(wo) + Kay2(z0)],

o) < {2 [ K (01(r)B + )+ K (28 + $6)] +

n 'sz: A, [(1 ) 2 Ky (y(1)E + G) + K (2B + 2G)] dret

i [ Ky (s (P)E + ) + Ky (2E + 4G)] dr

} [Kivi(wo) + Kaya(zo)] <

< (2E+ £G) - Q- [K171(x0) + Kaya(wo)] -

We can show by induction that for arbitrary m =0,1,2, ...
i1t 20) < (1(t)E + G) - Q™ - [Kiyi(wo) + Kav2(x0)] (2:24)

Terl(t .7,'0) (2E + G> . Qm_l . [Kl/yl (.’130) + KQ’}/Q(.Z‘Q)] . (225)

From (2.24) and assumption c) we obtain the inequality

j—1
|Zmtj (t,%0) — Tm (8, 20)| < X0 [Tmgitr (F,20) — T (8, w0)| <
1=0

< i (h0) €5 (@a(0E + G) QP Ky (o) + Kopa(ao)] < (226)

=0 =0

< (()E+G)- Q™ (E-Q)™" - [Kimi(w0) + Kava(wo)] -

For the derivatives y, (t,zo) from (2.25) in a similar way we have:
[Ym-+j (¢, T0) — Ym (¢, 20)| <

< 2B+ 1G) Qm1 (B — Q) [Kum (20) + Koo (wo) . (2.27)
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It follows that (2.12) and (2.13) are uniformly convergent sequences:

lim @, (¢, z0) = 2™ (¢, 20) ,T'}i_r)nooym (t,x0) = y* (£, 20).

m—00

Taking the limit as j — oo in (2.26) and (2.27) we get the error estimates
2% (t,20) — T (t,20)] < (1 () E + G) - Q™1 (E = Q)" - [K1mi (o) + Kava(wo)]

ly*(t,20) — Y (t,20)] < (2E + £G) - Q"1 (E - Q)™ - [K1m1(wo) + Koya ()] -

Combining the last two inequalities with (2.22) and (2.23), we get the error estimates
(2.10) and (2.11). Passing to the limit as m — oo in (2.6) we obtain that x*(¢, z¢)
satisfies the integral equation

q
.’If(t) =20 + L (f,ﬂf, y7t7x0) + tHd(.’Eo) - tHZAkE (f7 z, y7tkvaj0) .
k=1

While differentiating it, we get that z*(¢,z¢) is a solution of the perturbed BVP
(2.8)-(2.9). ]

The following statement gives necessary and sufficient conditions for the existence
of a solution of the BVP (2.1)-(2.2).

Theorem 2. Under the conditions of Theorem 1, the limit function x*(t,x§) is a
solution of the BVP (2.1)-(2.2) if and only if x§ verifies the determining equation

A(xo) = — [ f(s,2% (s,20) ,y* (s,20)) ds + Hd(zo)+

(2.28)
q
+H Z Ak‘c (f7 x*vy*vtknxO) =0.
k=1

Proof. The proof can be carried out in the same way as for the corresponding state-
ments from [2] (Theorem 2.3). O

3. Sufficient existence conditions

Consider the m-th approximation to the determining equation (2.28)

AL (w0) = = [ f? (s, 25, (s,20) , ¥, (5,%0)) ds + Hd(wo)+

(3.1)
q
+H > AL (fP 20 yP e, 20) = 0.
k=1

Theorem 3. Suppose that the conditions of Theorem 1 hold. Furthermore, assume
that

d) there exists a closed, convex subset D' = D} x Dy C Dy x Dy so that for
arbitrary m and fized p the approzimate determining equation (3.1) has only
one solution xo = xf),, with non-zero topological index;



122 1. Korol

e) on the boundary OD of the subset D the inequality
1
; P —G\we

holds.
Then there exists a solution x = x*(t) to the BVP (2.1)-2.2) with the initial
value *(0) = x5, where x5 € Dj.

Proof. Similarly to (2.15) and making use of (2.10) and (2.11), we get
1
[£0007) = Pt )| < | K fon 08 +6) + Ko (284 36) | why+ 1,

For the deviation of the exact and approximate determining functions we have that

T
|A(zo) — A (20)] < 7 Of /7 (8,27 (s,20) 4™ (s, w0)) —

q
_fp (&xgjl (S,ZL‘(]) 7yr?;L (va(]))} +H Z Ay |‘C (fp7x*7y*7tk7x0) -
k=1
—L (fp7x%+17ygmtk7x0)} S (E+ %G) (Qngfl + LP) S (E+ %G) W’#L

Similarly to Theorem 3.1 of [2], one can prove that the vector fields A(zg) and AP, (x¢)
are homotopic, which completes the proof of Theorem 3. ]
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Abstract. We present some new nonlinear Wendroff type integral inequalities with respect
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1. Introduction

Differential models of various real processes are described by systems of ordinary
differential equations with impulse influence [1-3]. Among the methods of investi-
gating the properties of these systems (such as existence, uniqueness, boundedness,
and stability of solutions), the method of integro-sum inequalities [4-15] plays an im-
portant role. Note that applications and generalizations of this method to estimate
solutions of systems of partial differential equations with impulse perturbations were
not considered.
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The study of this kind of problems is motivated by models of real processes in the
dynamics of hydromechanical systems which are described by certain classes of hy-
perbolic partial differential equations with impulse perturbations, where the impulse
effect is concentrated on surfaces transversal to characteristics.

Integro-sum representations of the solutions of such systems contain Lebesgue—
Stiltjes measure concentrated on the curves of jumps of the solutions.

2. Main results

Let us assume that:

(a) D* is an open set in R? (D* C R?);
) D*=D\T, whereD:Uij,jzl,z,...;
() T=U; 1y, T ={(z,9) : pj(z,y) =0,j = 1,2,... };
) @;(x,y) are real-valued continuously differentiable functions such that grad ¢;(x,y) >
0forall j=1,2,...;
(&) Dy < {(@,y) 1220, y =0, p1(w,y) < O;
Dk: déf {(x7y) tr 2> 07 Yy > 07 kafl(xﬂl/) > 07@k(x7y) < 07 vk > 27 ke N}a
(f) Gj ={(w,v): (z,y) € Dj, 0<u<z, 0<v<y, je N}
(8) ty, is the Lebesgue-Stiltjes measure concentrated on the curves I'y,.

Let us consider a real-valued nonnegative continuous function u(x,y) on D*, which
has finite jumps on the curves {I';}.

Denote by ®(x,y,u) a nonnegative, continuous, and nondecreasing function of w,
with z,y € D* fixed. We shall consider the functions ® of one of the following types
d=03, (j=1,4):

(1) él(mﬂuv ) fl(x7y) ( Y )

(i) @o(z,y,u) = folz, y)u(z,y) + f3(z,v),

(i) P3(x,y,u) = fa(z,y)u*(z,y), o = const > 0, # 1,

(iV) ©4('T’y7 ) f ( ) ('7" y) + f6(xay)ua($ay)v where fj(xay)(j = 176) are
continuous nonnegative functions in R3 = {(z,y): 2 >0, y > 0}.

Let W(z,y,u(z,y)) denote a function of one of the following two types W; and
Wo:
Wi = Bju(z,y), jeEN
where §; > 0 are constants, and
Wy = Bj(z, y)u(z,y), je€N,
where 3;(,y) are continuous functions nonnegative for all (z,y) € R%.

Let g(x,y) be a positive, nondecreasing continuous function in R%. Assume that
u(z,y) satisfies the following integro-sum inequality in D*:

uw) < gten)+ [ atrsutmondrdse Y [ W n)dn,, 220

Gn j:1 J mGn
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which is satisfied for all (z,y) € D*. Then the following results are true.
Proposition 1. The estimate
u(@,y) < g(z, y)exp[Fi(z,y)] [ [(8i(z.9), if & =1, W=Wa;  (22)
u(z,y) < g(z, y)exp[Fi(z,y)] [[(8)), if & = ®1, W =W
holds for all (x,y) € D*. Here,

v Y def .
/ / fi(r,8)drds = Fi(z,y), i=1,3,5,
o Jo

I [ swadn, = TG, TT0+6) (e L5,

j=17TiNGx j=1 [;NGn
where \/1 (tp;) is the complete variation of p,, .

Proposition 2. The estimate
U({L‘, y) S g(x7 y) eXp[FZ(mv y)] H(ﬁj ({L‘, y)) X

C [ ) —Fy(r, 8)|drds
<+ [ [ 2 explopr sy

holds if ® = &9, W = Wy, and

Y fs(rys
ule,y) < ol ) explFa(z )] T[(5) (1 | % exp|-Fi(r, s)]dnzs> |
0 0 ’
if ® =&y, W =W1.
Proposition 3. The following assertions hold.

(A) The estimate

11—«

u(z,y) < g(z,y) H(Bj(l"ay) [1 +(1 -0« /OI /Oy fa(T, )9 (T, s)des]

is true if 0 < a < 1, ® = ®3, and W = Wy. When B;(z,y) = ; = const > 0,
the expression [[(B;(x,y)) in estimate (A) is replaced by [[(5;)-
(B) The estimate

u(w,y) < gle,y) [[(B(@ ) [1 = (a = 1)x
X HOHI Bi(z,y) /0m /Oy fy(T, s)ga*I(T, s)dr, ds} o

holds for > 1 and for arbitrary (x,y) € D* such that
x Y a—1
| [ #ogtesyiras < @ = D G
o Jo

If Bj(x,y) = Bj = const > 0, then [[(Bj(z,y)) in estimate (B) is replaced
by 11(5;)-

Proposition 4. The following assertions hold.



126 A. Samoilenko, S. Borysenko, E. Laserra and G. Matarazzo

(C) The estimate

u(@,y) < gz, y) [ [(3i(2, ) exp[Fs(x, )] x

1

-«

1+<1—a>/0m/0yf6<r,s>ga1<T,s>><

x expl(a — 1)F5(r, s)|drds

holds for 0 < a < 1, ® = &4, W = Wy. If B;(x,y) = B;, the expression

[1(Bj(z,y)) in (C) changes to [](5;)-
(D) The estimate

u(@,y) < g(z,y) [[(8i(2,v)) exp[Fs (=, y)] ll —(a- D" Gita.m)x

1
a—1

X /OI /oy fo(7,8) x g* (7, 8) exp[(a — 1) F5(r, S)]deS]

is true for a > 1 and arbitrary (x,y) € D* such that

z Y a—1 -1
/ / fog™ ' expl(a — 1) F5]drds < [(04 —1) H (Bj(x,y))] .
o Jo
If Bj(z,y) = Bj, the expression [[(Bj(x,y)) in (D) changes to [[(5;).
The proofs of Propositions 1-4 are obtained by using the induction method.

Proof. Let us establish Proposition 1 (Propositions 2—4 are proved analogously).

Let (z,y) € D;. Inequality (2.1) reduces to the form
uw) < g+ [[ (s utr9)drs
G

We can suppose that g(z,y) = C > 0, a constant function, because otherwise, if
g(x,y) # C then, by using the fact that g is positive and nondecreasing, it is possible
to obtain the comparison inequality

pla,y) <1+ //G Dy (1, 8, pu(t, 8))drds,
1
where p = %.
Obviously, the following estimate holds in D;:
u(z,y) < Cexp|Fi(z,y)].
Consider the domain Ds. Let Gy = G} U G%, where
G5 ={(z.y) : (z,y) € D2N Ga}.

Then, for all (z,y) € Ds, the inequality



Wendroff type integro—sum inequalities and applications 127

w(z,y) < C + // By (7, 5, u(r, s))drds + / B (, y)ule, y)dpe,
G% NG

+// Dy (7, 8,u(T, s))drds
G3
holds.

On the curves I'; NGa, we select some points A;(x},y}), i =0, n — 1, and consider
the inequality

n—1

a1 ryi
u(z,y) < Z(C+/0 /0 Dy (7, 8,u(T, s))des—l—u(ﬂc},yil)ﬁl(m%,yil)Au%

i=0
z ry
—|—// fbl(T,s,u(T,s))des>,

where Au% is the variation of the measure function (5 on the segment A;A; ;. Using
(2.2), we obtain

n—1

u(z,y) <Y {CexplFi(x},y})] + CBi(x}, y} ) Apl, exp[Fi (), y})]+
1=0

z pry n—1 )
+ [ [ wdrdsy < 300+ Bl g A explFy(al )+
ziJy} i=0

+ [ [ oaran) < Sica+ sl s evneyl  3)

When maxg<i<n—1 AufPl — 0, we obtain

w(z,y) < CexplFi(, )] / (1 Brle ).

Let (2.2) be satisfied for all (z,y) € Dy. Let us consider (z,y) € Dyy1 and put
G =Gy UGEy,
Gy ={(@,y) : (z,9) € D1 NGY, Giyy = G\ Gy
Then
u(z,y) < C+ // b drds —l—/ Br(z, y)u(z, y)dpg, + // O, drds.
G} T'nNG G?

k41 k41

On the curve I'yNG, we select some points B; (z¥, y¥),i =0, n — 1. Denote by A/uprk
the variation of the measure on the segment B;B;;1. Similarly to the consideration
above, we obtain

n—1

ab oyk .
ueg) Y0+ [ wdrds+uat )l uHAL+
0 0

=0
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_ z ey
—|—u(xf,yf)ﬁk(xf,yf)Azpk + /k/k b drds).

Then
n—1

ule,y) < SICA + Bulak,u)) x Mg, explF (2, 9)] H/F By |
i=0 Ja

When maxo<i<n—1 A, — 0, we get

k
u(z,y) < Cexp[Fi(z,y) H/ . (1+Bj(z,y))dpuy,
j=1/mn

for all (x,y) € Dg41. This completes the proof of Proposition 1. O

3. Applications

Consider the model of a hydraulic system consisting of a tank, a delivery pipeline, an
auger centrifugal pump, and a pressure head pipeline giving a liquid in gasogenerator
and the chamber output pressure. Such systems were considered in [16, 17, 20]. Note
that there may be auto-oscillations stipulated by the feedback in a hydraulic part of
the system due to the fact that the system is located on a stand.

Experiments showed that, in certain cases, there may be a significant increase of
the amplitude of auto-oscillations of the stand. Thus, the oscillation frequencies of the
liquid in the tank are characterized by the eigenfrequencies of the stand that coincide
with the eigen-oscillations of the output pressure. The amplitude of the oscillations
may have white-noise-like-behaviour.

The main problem in the study of such systems is to describe the deviation of the
system state from the equilibrium.

3.1. Dynamics of fluid in the pipeline. In the one-dimensional case, the dynamics
of a compressed liquid in the homogeneous pipeline is usually described by a system
consisting of the following equations:

A) Equation of motion of the liquid:

oV ov. 10dp A

- — +—= V V|i=o0.

ot tu oz + ~v Ox + V=
Here, A is the resistance coefficient depending on the Reynolds number, x represents
the coordinate of an axis of the pipeline, ~ is the density of the liquid, d is the
diameter of the pipeline, p, V are the instantaneous pressure and speed of the liquid,

respectively.
B) Equation of continuity:
oy 87 6V
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C) The equation of state for the liquid, whose role is played by Hook’s law, is

pP—Po
T=" (1 + 5 ) :
Yoc
For the majority of hydraulic systems, the convection terms can be neglected. For

the turbulence analysis, the nonlinear term admits linearization, and the equations
with the distributed parameters reduce to the form

0 0
9 _ o <_2_+kq),

“9x  F.\ ot
op _y0q
ot F. oz’

Here, q is the volumetric intensity of the liquid.

3.2. The description of the centrifugal pump and pressure head sprocket.
Among the main characteristic features describing the mode of operation of the cav-
itational centrifugal pump is the dependence of the sizes of the cavitational cavities
Vi on the input and output pressure Vi = f(p, ¢). This dependence is related to the
cavitation number k(Vj,q) defined as the ratio of the pressure difference to the ve-
locity head p = p,, + k(Vi, q)’yw;, where p,, is the pressure of the saturated steam of
the liquid, w is the speed of the blade-to-blade flow in the auger channels, 7 is the
density of the liquid steam. When the liquid passes through the auger, the pressure
varies according to the rule

pn = (ain® + bng™ +¢;(¢M)*) f1(V),

where n is the number of revolutions of the shaft, a;, b;, ¢; are the parameters describ-
ing the operation of the pump and the pressure head sprocket, f1(V') is an experimen-
tally obtained function describing the influence of the size of the cavitational cavities
on the operation of the auger of the pump and the pressure of the head sprocket.

Thus, a simplified model of the dynamics of the system is as follows:

tank — delivery pipeline — auger of the pump — pressure head pipeline —
chamber of combustion positioned on the sliding stand.

This reduces to the following mathematical problems.

3.3. Model without sharing cavitational cavities. The corresponding system
contains the following equations:

1) Equation of mechanical oscillations of the stand:

R(t
(zpﬁv Z:1727767

B4 bi(t) 2 4 wi(t)z =
O+ 0% = s,

2) Equation of motion of the liquid in the pipeline:

I _ o On
83: F1 8t ’
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9 _ o

815 F1 83: ’
with the boundary conditions

H(t
p1(0,8) + Riqu (0,8) = 1 Zauzz + BnF Zazzz”

p1(l.t) = B1Vi + Bogi (I, 1) + EVi + Le(ly, 1).
Here, I; is the length of the pipeline and, in the quasistationary model, F = I, = 0.
3) Equation of motion of the liquid in the pressure head pipeline:

O _ 1290
or F2 0t’
9 _ &2 00
ot N F2 or

with the boundary conditions:
p2(ly +0,t) + Raga(ly + 0,8) = p1(ly — 0,8) + s1¢1(lh — 0,t) + Vi, (3.1)
T2l +l2,t) + pa(ls +l2,t) = Aaga(ly + 12, 1),
p2(ly + 1o, t) = pa(t).

4) Equation of material balance describing summarized size of cavitational cavities
in the pump:
"V, = q2(l1 —l—O,t) —ql(h —O,t). (32)

Relations (3.1), (3.2) can be considered to be the impulse effect concentrated on
the curves transversal to the characteristics. Thus, we have to study solutions of
the hyperbolic equations with impulse effect concentrated on surfaces transversal to
characteristics [18, 19].

3.4. Reduction to the integral equations and inequalities. The reduced model
is represented by an equation of hyperbolic type with, generally speaking, a nonlinear
right-hand member and boudary conditions acting as the impulse effect.

Let us assume s; = ¢; and z; = —7"—”- The general solution of the partial differential
equations considered has the form p;(z,t) = v(z — s;t) + u(x + s;t) and ¢;(z,t) =
Zi(y( —s;t) —u(z+s;t)). In view of the boundary conditions at ¢t = 0, by making the
standard substitution £ = x — st, and n = = + st, applying the d’Alembert formula in
the domain 0 < £ + 1 < 211, we obtain the following representation of the solutions:

ui(§,m) = 901(5)4-901 / (s ds+—// fi(s,t)uq(s,t)|ui(s,t)|dsdt.

Here, the functions ¢, are determined from the initial and boundary conditions.
The integration is carried out in the domain

Dy={s,t:s+t>0, s<& t<mn, E+n<2h}.
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Similarly, in the domain 2l < £ + n < 2, the formula of representation for
solutions has the form

watem) = Ty [Paids 5 [ o uate, Dluats, dsirs

+/ u(s, t)pa(s, t)dp.
ng’)/

Here,
Dy={s,t:s+t>0, s<& t<mn 2 <&+n<2s}
the curve v = {&, n : £+ n = 2l } represents the curve of rupture of the stream
stipulated by the presence of the pump. The functions are constant along the char-
acteristics in the domain Ds \ Dy; their change is determined by a Stieltjes integral
on the curve v and depends on the constant characteristics of the pump. We do not
consider the process of reflection of a wave from the blades of the pump.

Thus, the problem considered can be studied by using the multi-dimensional inte-
gral inequalities considered in Section 2.
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Abstract. The singular Dirichlet problem (r(z)z')’ = q(t)f(t,z), z(0) = z=(T) = 0,
Amax{z(t) : 0 <t < T} = —min{a(t) : 0 <t < T} is considered. Here f is singular
at the point x = 0 of the phase variable z and )\ is a positive parameter. The notions of
a solution and a w-solution of the above problem changing its sign exactly once on (0,7T)
are introduced. Effective conditions for the existence and multiplicity results are presented.
Next, the notion of an exceptional n-sign-changing w-solution of our problem with A =1 is
given and for such solutions existence and multiplicity results are proved.
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1. Introduction

Consider the problem

(r(z(®)2' ()" = q(t) f (¢, (1)), (1.1)
z(0) =0, =z(T)=0, (1.2)
Amax{x(t):0<t<T}=—min{z(t):0<t < T}, (1.3)

where T is a positive number, A is a positive parameter and f is singular at the point
x = 0 of the phase variable z in the following sense

lirg_ f(t,z) = —o0, lirg+ ft,x) =00 fortel0,T]. (1.4)

Definition 1.1. We say that z € C*([0,T]) is a solution of problem (1.1) — (1.3) if
x has precisely one zero ty on (0,7), r(z)z’ € C*((0,T) \ {to}), (1.1) is satisfied for
€ (0,T)\ {to}, = fulfils (1.2) and there exists A\g € (0,00) such that (1.3) holds with

A=A

Besides a solution of problem (1.1)-(1.3), we introduce in accordance with [15] the
notion of a w-solution of problem (1.1)-(1.3).
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Definition 1.2. Let A € (0,00). A function z € C°([0,T]) is called a w-solution of
problem (1.1) — (1.3) if  has precisely one zero ty € (0,T), z € C*([0,T]\ {to}), there
exist finite lim,_, - x'(t) and lim, .+ 2/ (t), r(x)x’ € CH((0,T)\ {to}), z fulfils (1.2),
(1.3), and (1.1) holds on (0,7) \ {to}-

We note that in contrast to a solution x of problem (1.1)-(1.3) which belongs to the
class C*([0, T]) and satisfies (1.3) with a suitable value of \, a w-solution x of problem
(1.1)-(1.3) is continuous on [0, 77, has continuous derivative on [0,tg) U (to, T'] where
to is the unique zero of z in (0,7") and (1.3) holds with a given value of A. Naturaly,
any solution of problem (1.1)-(1.3) is also a w-solution of this problem.

In the paper we will use the following assumptions:

(Hy) r € C°(R), r(x) > 79 > 0 for v € R;

(Hs2) q € C°((0,T)), q(t) <0 for t € (0,T) and Q = sup{|q(t)] : 0 <t < T} < o0;

(H3) f € C°%[0,T] x D), where D = (—o00,0) U (0,00), f(t,-) is nonincreasing on
D for t € [0,T] and

0< f(t,z)signz < g(z) for (¢t,z) €[0,T] x D,
where g € CY(D) and

[t oo [ateras < o

(Hy) for each (tg,z0,21) € (0,T7) x D x R, there exists a unique solution x of
(1.1) satisfying the initial conditions x(ty) = =g, 2'(tg) = x; defined in a
neighbourhood of t = t.

Remark 1.3. If f satisfies (Hs) then for each M > 0 there exists a positive function
kar € C°([0,T]) such that

0 < kp(t) < f(t,x)signa < g(x) on (¢,z) €[0,T] x ([-M,0)U (0, M]).

Next under the assumption that f is a locally Lipschitz function on (0,7) x D,
assumption (Hy) is satisfied.

In many papers (see, e.g., [1]-[13], [16]-[22] and references therein) only positive
(negative) solutions on (0, T') of the Dirichlet boundary value problems with the singu-
larity at the point x = 0 of the phase variable x in nonlinearities of considered second-
order differential equations have been studied. Solutions were considered either in the
class C°([0, T))NC2((0,T)) ( [1]-[3], [7], [11], [12], [18], [19]) or C*([0,T])NC?((0,T))
([4]-[6], [12], [13], [16]-[19], [22]) or C°([0,T]) N AC},.((0,T)) ([8]-[10], [20], [21]).
Here ACL_((0,T)) denotes the set of functions having absolutely continuous first
derivatives on any compact subintervals of (0,7"). The nonlinearities of equations are
usually nonpositive ([1], [2], [6]-]8], [11], [12], [16]-[20], [22]), but in [3]-[5], [9], [10],
[13] and [21] this assumption is overcome.
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For the first time in [14] solutions of singular Dirichlet boundary value problems
changing their signs exactly once on (0, T') were considered. Here differential equations
of the form

(r(2(2)2'(t))" = pa(t) f(t,=(t)) (1.5)

together with the condition
max{x(t): 0 <t <T}min{x(t):0<t<T} <0, (1.6)

were studied where p is a positive parameter and f is singular at the point x = 0
of the phase variable z. A function z € C'([0,7]) is called a solution of problem
(1.5),(1.2), (1.6) if = has precisely one zero tq on (0,7T), r(z)z’ € C1((0,T)\ {to}), =
fulfils (1.2) and (1.6) and there exists po > 0 such that (1.5) with p = i is satisfied for
t € (0,7)\{to}. In [14] under assumptions (H;)— (Hs3) it is proved among others that
for each A € (0,00) there exists a solution = of problem (1.5),(1.2),(1.6) such that
max{z(t) : 0 <t < T} = A. We see that any solution of problem (1.5),(1.2), (1.6)
depends on a value of the parameter p in equation (1.5) unlike our definition of a
solution of problem (1.1)-(1.3) depending on a value of the parameter A\ appearing in
condition (1.3).

A generalization of the notion of a solution of problem (1.5), (1.2), (1.6) was given
in [15]. Here z € CY([0, T)) is said to be a w-solution of problem (1.5), (1.2), (1.6) if z
has precisely one zero to in (0,T), x € C*([0, T]\{to}), there exist finite lim; ., _ '(t),
lim; ., @'(t), 7(z)z’ € C'((0,T) \ {to}), = fulfils (1.2) and (1.6), and finally there
exists o > 0 such that (1.5) with u = uo is satisfied for t € (0,7)\ {to}. It is proved
among others that under assumptions (H;) — (Hs) for A > 0 and ¢ € (0,7") problem
(1.5),(1.2),(1.6) has just two w-solutions vanishing at t, and having their maximum
values on [0, 7] equal to A.

This paper is a continuation of [15] and in comparison with (1.5) our equation
(1.1) does not depend on the parameter . By our definitions any solution as well as
any w-solution x of problem (1.1)-(1.3) have precisely one zero in (0,7") where they
change their signs. Hence any solution and any w-solution of problem (1.1)-(1.3) ‘pass
through’ the singularity of f at a point of the interval (0, 7).

The paper is organized as follows. In Section 2 we define functions Ay, &, A_
and ®_ by (2.6)-(2.9) and present some of their important properties. By these
functions we prove existence and uniqueness results for w-solutions of problem (1.1)-
(1.3) in Section 3 (Theorems 3.1 and 3.2). Section 4 is devoted to the study of
existence and multiplicity results for solutions of problem (1.1)-(1.3) (Theorem 4.5).
In Section 5 we first give the notion of an exceptional n-sign-changing w-solution z of
problem (1.1),(1.2), (5.1) which changes its sign exactly n times on [0, T] and on each
maximum subinterval of [0, 7] where x keeping its sign the function |z| has the same
maximum value. Existence and multiplicity results for the n-sign-changing w-solution
of problem (1.1), (1.2), (5.1) are given in Theorem 5.7.
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2. Lemmas, notation

Let 0 < a < b <T. In our consideration we will work with the following auxiliary
boundary conditions

z(a) =x(b) =0, x(t) >0 forte (a,b),

z(a) =z(b) =0, z(t) <0 forte (a,b) (2.2)
and we will use the function H : R — R defined by
H(u) = / r(s) ds (2.3)
0

with 7 occurring in (1.1) and satisfying assumption (H;). Clearly, H € C*(R) is
increasing on R and the inverse function to H denoted by H~' is increasing on RR.

We say that z is a solution of problem (1.1),(j), j € {2.1, 2.2} if z € C([a,b]),
r(z)x’ € C((a,b)), x satisfies the boundary conditions (j) and (1.1) is fulfilled for
t € (a,b).

Remark 2.1. Let the function ¢ : (0,7) — (—00,0) and f : [0,7] x D — R be
defined by 3
q(t) =q(T =), f(t,x)=f(T —t,x).
Then
0 < f(t,z)signz < g(z), (t,z)€[0,T] x D
and assumptions (Hy)-(H,) are satisfied with ¢ and f instead of ¢ and f. If we
consider the differential equation

(r(z(®)2' ()" = q(t) f (¢, (1)), (2.4)
we see that a function z is a solution of problem (1.1), (j) witha =0, b =c(< T) and
j€ {2.1, 2.2} if the function #(t) = x(T —t), t € [T — ¢, T}, is a solution of problem
(2.4),(j) with @ =T — ¢, b = T. Conversely, if Z is a solution of problem (2.4), (j)
witha =T —c(>0), b =T and j€ {2.1,2.2}, then the function z(t) = (T — t),
t € [0, ¢], is a solution of problem (1.1), (j) with a =0, b = c.

Remark 2.2. Let r* : R — [rg,00), fi : [0,T] x D — R and ¢g* : D — R be defined
by the formulas (see [14])

ri(@) =r(-z), f'(tx)=—f =), g"(z)=g(-2)
Then
0< f*(t,z)signa < g"(z), (t,z) €[0,T]x D
and assumptions (Hy) — (Hy) are satisfied with r*, f* and ¢g* instead of r, f and g.

It is easily seen that a function z is a solution of problem (1.1), (j), j€ {2.1, 2.2}, if
and only if +* = —z on [a, b] is a solution of problem (2.5), (j), where

(r*(@(t)' ()" = q(®) £ (¢, (2))- (2.5)
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Lemma 2.3. Let assumptions (H;) — (Hs) be satisfied. Then for each a, b € [0,T],
a < b, there exists a unique solution of problem (1.1), (2.1).

Proof. The assertion of our lemma follows from Theorem 2.1 in [14] with p© = 1.
O

Corollary 2.4. Under assumptions of Lemma 2.3, for each a, b € [0,T], a < b, there
exists a unique solution of problem (1.1), (2.2).

Proof. Fix 0 < a < b < T. Since assumptions (H;) — (Hs) are satisfied with
the functions r*, f* and g¢* defined in Remark 2.2 instead of r, f and g, problem
(2.5), (2.1) has a unique solution Z by Lemma 2.3. Now the function 2 = —% on [a, b]
is the unique solution of problem (1.1), (2.2). O

For each o € (0,7] and 8 € [0,T), we denote throughout this paper by u, and
vg the unique solution of problem (1.1),(2.1) witha =0, b=canda=§,b=T,
respectively. Next by T, and T3 we denote the unique solution of problem (1.1), (2.2)
with a =0, b = @ and a = B, b = T, respectively. The existence and uniqueness of
Uq, Vg and Uy, Vg follow from Lemma 2.3 and Corollary 2.4, respectively.

Lemma 2.5. (Lemma 2.7 in [14]. Let assumptions (Hy) — (Hs) be satisfied and let
0 <o <ag <T. Then

Ugy () < ug,(t)  forte€[0,aq].

By the solutions uy, vg, Uy and Tg define the functions Ay : (0,7] — (0,00),
&, :[0,T) — (0,00), A_: (0,T] — (—00,0), _ : [0,T) — (—00,0) by the formulas

Ay(a) = max{u,(t) : 0 <t < al, (2.6)

®4(6) = max{vp(t) : f <t <T}, (2.7)

A_(a) =min{u,(t): 0 <t < a} (2.8)
and

®_(B) = min{ovg(t) : 6 <t <T}. (2.9)

Properties of the functions A, &, A_ and ®_ are presented in the following lemmas.

Lemma 2.6. Let assumptions (H;) — (H3) be satisfied. Then A4 is continuous
nondecreasing on (0,7 and

lim Ay(a)=0.

a—0t
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Proof. As a direct consequence of Lemma 2.5 we get that A, is nondecreasing on
(0,T). Suppose that A is discontinuous on the right at a point ag € (0,7, i.e. there
is a decreasing sequence {a,} C (ap,T) such that lim, o, = ap and

lim Ay (an) > Ag(ap). (2.10)

Consider the sequence {uq,}. Since (r(uq, (t))uy, (1)) = q(t)f(t, ug, (t) < 0 for
€ (0,an), r(uq, )ug, is decreasing on [0, a,] and therefore there exists a (unique)
¢n € (0,ay) such that w, > 0 on [0,&,), u, < 0 on (&, ] and wu, (§,) = 0.

Integrating the inequalities

(r(ta, () ua, (1) (ua, (t))uq,, ()

(2.11)
2 —Qg(ta,, (1))7(ua, (t)uq,, (£), t € (0,8)
and
(r(ua, (1) ug,, (£))'r(ua, (1) ug,, (£) (2.12)
< —Qg(ua, ()7 (ta, ())ug,, (), T € (En,an) '
over [0,&,] and [, o], we obtain
A+(an A+(Oé1
(r(0)ul,, (0))* < ZQ/ s)ds < ZQ/ (s)r(s)ds
and N ) A )
ot e <20 [ goras <20 [ g s
respectively. Hence
Ir(ua, (t)ug,, ()] < 7(0) max{ug,, (0), ug,, ([}
Ap(a1) (2.13)
< \/2@/ g(s)r(s)ds, tel0,a,), neN
0
and
Ay (o)
()] < —\/2Q/ s)ds forte[0,an], neN. (2.14)
In addition, by Lemma 2.5,
Uao (1) < Uq, (t) < U, (t) forte[0,a0], n € N. (2.15)

From (2.14) and (2.15) we deduce that {uq, ()} is uniformly convergent on [0, «
and let lim, oo U, (t) = u(t), t € [0,a0]. Then u € C°([0, ]), u(0) = 0, u(t)

Uae (t) > 0 for t € (0,ap). Moreover, u(ag) = 0, since in the case that u(ag) > 0 i
may be concluded from

=1V el

u(ao) < Uq, (aO) = Uq,, (aO) - Uq,, (an) = u:)zn (nn)(ao - an)v
where 7, € (ag, ay,) that

lim v, (n,) < lim _ao) _ —00,
n—oo " n—oo (g — Qip,
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contrary to (2.14). As

0 < [t ta,,, (1) < ftua, @), lim f(t ua, (1) = f(E ), < (0,a0)

n—oo

and (see (2.13))

0 > /0% q(t)f (t, ua, (1)) dt = (v, (0))ug, (a0) — 7(0)ug,, (0)

Aq(az)
> —2\/2@/0 g(s)r(s)ds

for n € N, Fatou’s and Levi’s theorems give q(-) f(+,u(+)) € L1([0, o)) and

t

lim q(s)f(s,Uq, (s)ds = /0 q(s)f(s,u(s)ds, te0,a]

n—oo 0

By (2.14), {u, (0)} is bounded and we may assume that it is convergent. Let
lim,, . uy,, (0) = A. Letting n — oo in

H (tq,, (1)) = r(0)ug, (0 t—|—/ / f(,uq, (v)dvds fort e [0,ap], (2.16)

where H is given by (2.3), we get

H(u(t)) At—l—// v))dvds, t€ ][0,
u(t) = At+// dvds)

t

and so u € C'([0,ap]). Now from r(u(t))u'(t) = r(0)A —i—/ q(s)f(s,u(s))ds, t €

Then

[0, 0], and the above proved properties of u, we see that uO is a solution of prob-
lem (1.1),(2.1) with @ = 0 and b = «p, and consequently u = u,, by Lemma 2.3.
We have proved that lim,_,oo Ua,, (t) = Uq,(t) uniformly on [0, ap], which implies
lim;, 00 Aj (o) = Ay (o), contrary to (2.10). Hence A, is continuous on the right
n (0,7).

Assume now that A is discontinuous on the left at a point «g € (0,7, i.e., there
is an increasing sequence {ay} C (0, o) such that lim, o o, = ap and

lim A+(()én) < A+(o¢0). (217)

Then
Uq, (1) < Uay .,y (E) S Uao(t) forte[0,a), neN (2.18)
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by Lemma 2.5 and as above it can be verified that

A (ao)
|7 (ua,, ())ug,, (£)] < \/QQ/O g(s)r(s)ds,
, 1 A+ (a0)
ul, (8) < 70\/262 / g(s)r(s) ds

t A4 (o)
0> /O 0(5) F(5, e, (5)) ds > —2\/ 20 /O g(s)r(s) ds (2.20)

for t € [0,ap] and n € N. By (2.18) and (2.19), {uq, (t)} is locally uniformly con-
vergent on [0, ) and let lim,, o uq, (£) = u(t), t € [0,ap). Then u € C°([0, )),

(2.19)

and

w(0) =0, 0 < w(t) < ug,(t) for t € [0,a0) and hmt u(t) = 0. From the inequal-
ities f(t, uay, (1)) = f(t ta, i1 (F) 2 f(t tao(t) = (2 20), limp oo f(t, Ua, (1)) =
f(t,u(t)) for t € (0,ap) and Fatou’s theorem we obtaln q()f(,u(r) € Li([0, ag)).

Define u* € C°(]0, ap]) by
() = { u(t) fort €0, ap)

0 for t = ap.

Without violating generality, we can assume that {uj, (0)} is convergent and let
lim,, .o uy,, (0) = B. Taking the limit as n — oo in (2.16) which now holds on [0, o],
we obtain

H(u*(t)) Bt+// (v))dvds for t € [0, ap].

Then u* € C([0,ap]) and u* is a solution of problem (1.1), (2.1) with @ = 0 and
b = ap. Hence u* = uq, and from lim,_,oc Uq, (t) = uq,(t) locally uniformly on
[0, ag) we deduce that lim,, oo At (an) = Ay(ap), contrary to (2.17). It follows that
A is continuous on the left on (0,7]. Consequently, A is continuous on (0, 7).

Finally, assume that lim, .o+ Ay(a) = p > 0. Let {a,} C (0,T) be a decreas-
ing sequence and lim,_,ocan = 0. Let Ay(ay) = uq, (&) with a &, € (0,a,).
Then uq, (&n) > p and from p < uq, (§n) = Ua, (§n) — Ua, (0) = uf, (Tn)&n, where

€ (0,&), we have ul, (1,) > p/&, for n € N. Therefore lim, . ul, (7,) >
lim,, o0 /&, = 00, contrary to (2.14). Hence lim, g+ A4 (a) = 0. O

Lemma 2.7. Let assumptions (Hy) — (Hs3) be satisfied. Then &, is continuous
nonincreasing on [0,T) and
lim ¢ =0.
Sm_24(8) =

Proof. By Remark 2.1, for each v € (0,T] the function 4. (t) = v,(T —t), t €
[0,T — 4], is a (unique) solution of problem (2.4),(2.1) with @ = 0 and b =T — 1.
Set Ay (v) = max{i,(t) : 0 <t <~} for v € (0,7]. Applying Lemma 2.6 to equation
(2.4), we see that A, is continuous and nondecreasing on (0, 7] and lim., o+ Ay(y) =
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0. The assertion of our lemma now follows from the equality &, (8) = A, (T — 3) for
B €l[0,T). O

Lemma 2.8. Let assumptions (Hy) — (Hs3) be satisfied. Then A_ is continuous
nonincreasing on (0,77, ®_ is continuous nondecreasing on [0,7") and

lim A_(a) = lim ®_(8)=0.
g M) = lip () =0

Proof. Let A, and @, be associated to problem (2.5), (2.1) analogously as A and
@ are to problem (1.1), (2.1). Then A is continuous and nondecreasing on (0, 7], ®_
is continuous and nonincreasing on [0,7") and lim, g+ A+(a) = limg_, - <f>+(6) =0
by Lemmas 2.6 and 2.7. The assertions of the lemma follow immediately from the
equalities A_ = —A, on (0,7] and ®_ = —®, on [0,7) which we get applying
Remark 2.2. O

Lemma 2.9. Let assumptions (Hy)—(Hy) be satisfied. Then for each a1, ag € (0,77,
a1 < g, the inequality

Ug, (1) < Uqy(t)  fort e (0,aq] (2.21)
holds.

Proof. Fix 0 < a; < aig < T. Then 0 = uq, (1) < Uq,(aq) and, by Lemma 2.5,
Uqy (t) < Uay(t) for t € (0, ). If uq, (§) = Ua, (§) for some & € (0, 1), then ul, (&) =

/

uy,, (§), and consequently uq, = g, in a neighbourhood of ¢ = £ by assumption (Hy).

Repeated application of this result enables us to prove that u,, = s, on [0, 1),
which is impossible. Hence (2.21) holds. O

Lemma 2.10. Under assumptions (H;) — (Hy), A4 is increasing on (0,7, &4 is
decreasing on [0,7"), A_ is decreasing on (0,7] and ®_ is increasing on [0,T).

Proof. By Lemma 2.9, for each 0 < ay < ag < T, inequality (2.21) holds and from
the definition of A, we have A (1) < Ay (ag). Hence A, is increasing on (0,7]. The
other three assertions of the lemma can be verified from strict inequalities between
solutions v, , Vag; Uay s Uay aNd Ty, , Ve, with different a1 and as. O

3. Existence results for w-solutions of problem (1.1)-(1.3)
Theorem 3.1. Let assumptions (Hy) — (Hs) be satisfied. Then for each A € (0, o)
there exist at least two w-solutions of problem (1.1)-(1.3).

Proof. Fix A € (0,00). By Lemmas 2.6 and 2.8, the function A4 + ®_ is
continuous and nondecreasing on (0,7") and lim, g+ (AA+ (@) +P_(a)) = ©_(0) < 0,
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lim,_7- (A4 (a)+P_(a)) = AA4(T) > 0. Hence the equation A4 () +P_(a) =0
has at least one solution ay € (0,T'). Setting

| wau(t)  fort € [0,aq]
n(t) = { To, (t)  fort € (aq,T), 31

21 is a w-solution of problem (1.1)-(1.3). Analogously, the equation A® 4 (a)+A_(a) =
0 has at least one solution ag € (0,T') since A®; +A_ is continuous and nonincreasing
on (0,7) and lim, o+ (AP (a)+A_(a)) = A2, (0) > 0, lim,_,7- (AP4(a)+A_(a)) =
A_(T) < 0 by Lemmas 2.7 and 2.8. Then setting
Ua,(t) fort e |0,a
m(t):{ 0 0,02

Voo () for t € (az, T, (3.2)

x2 is the second w-solution of problem (1.1)-(1.3). From z; > 0 on (0, 1) and z2 < 0
on (0, a2) we see that x1 # xs. O

Theorem 3.2. Let assumptions (Hy) — (Hy4) be satisfied. Then for each A € (0, o)
there exist precisely two w-solutions of problem (1.1)-(1.3).

Proof. Fix A € (0,00). It follows from Lemma 2.10 and the properties of the
functions Ay, @4, A_ and ®_ given in Lemmas 2.6-2.8 that the equations M (a) +
®_(a) = 0 and A4 (a) + A_(«) = 0 have in (0,7") the unique solutions @y and
ag, respectively. Now z7 and x5 defined by (3.1) and (3.2) are unique w-solutions of
problem (1.1)-(1.3). O

4. Existence results for solutions of problem
(1.1)—(1.3)

Let assumptions (Hy) — (Hy) be satisfied. By Theorem 3.2, for each A € (0, 00) there
exist precisely two w-solutions z1(¢; \) and z2(¢; A) of problem (1.1)-(1.3). If ¢y is the
(unique) solution of the equation AA4(c) +P_(c) = 0 and «, is the (unique) solution
of the equation AP (a) + A_(a) = 0, then

y(50) = { icck(t) for ¢t € [0, ¢,
Ue, () fort € (ca, T
and
() = { Ug, (t)  for t € [0, a,]
Vo, ()  for ¢ € (ay,T).
Here solutions uq, vg, U, and g were defined in Section 2. Of course,
Amax{uc, (1) :0<t<ecpy}=-min{T., :cn <t <T},
Amax{vg, (t) 1oy <t <T}=—min{t,, : 0 <t <ax}
and ¢y (resp. «y) is the (unique) zero of x1(¢; A) (resp. za(t; N)) in (0,T).

Lemma 4.1. Let assumptions (H;) — (Hy) be satisfied. Then
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a) ¢y is continuous and decreasing on (0, 00),

lim ¢y =0, lim ¢\, =1,
A—07F

—00

b) ey, () > ue,, () for t € (0,c5,] and 0 < Ap < Aa.

Proof. We know (see the proof of Theorem 3.2) that ¢ is the (unique) solution of
the equation AA 4 (c)+®_(c) = 0. Hence the equality AA 4 (cx)+P_(cx) = 0 holds for
A€ (0,00). Let 0 < Ap < Ag. If ¢y, < cy,, then from the properties of the functions
Ay and ®_ given in Lemmas 2.6-2.10 it follows that 0 = MAy(ey,) + P_(cy,) <
XA (ex,)+P_(cy,), contrary to AaAy (e, ) +P_(ca,) = 0. Therefore ¢y is decreasing
on (0, 00).

Assume that ¢, is discontinuous at a point Ag € (0,00). Then there is a sequence
{An} C (0,00), lim, 00 A, = Ag such that lim, . cx, = pio # ¢x,. Letting n — oo
in the equalities A, Ay (cy,) + P_(cy,) =0, n € N, we get

)\0A+(,U,0) + <I>,(,u0) =0 (41)

since Ay and ®_ are continuous. But the equation AgA4(c) + ®_(c) = 0 has the
unique solution ¢ = ¢, contrary to (4.1). Hence ¢, is continuous on (0, c0).

Suppose limy 00 ¢y = g > 0. Then Ay (cy) > A (1) >0and ®_(c)) < d_(u) <0
for A € (0,00), and so limy—oo (AAL(cr) + P_(cn)) = 00, contrary to

AMy(ex) +P_(ca)) =0 for A € (0,00). (4.2)

Therefore limy o ¢y = 0. If limy_,g+ ¢y = 0 < T, then limy_g+ A (cx) = A (0) >0,
limy o+ P_(cx) = P_(p) < 0, and so limy g+ (AA4(cr) + P_(cn)) = P_(0) < 0
contrary to (4.2). Hence limy_,g+ cy =T

Finally, if 0 < A1 < Az, then ¢y, > ey, and ue, (t) > ue,, (t) for t € (0,cy,] by
Lemma 2.9. ]

Lemma 4.2. Let assumptions (Hy) — (Hy4) be satisfied and let {\,} C (0,00),
limy, o0 Ay = Ag > 0. Then

lim e, (t) = ue,, (t) locally uniformly on [0,cy,).

Proof. First from (2.14) it follows that

1 A+ (T)
i, () < T—O\/ 20 /0 g(s)r(s)ds forte0en], neN.  (43)
Now from (4.3) and using the fact that for {\,} decreasing, {cx,} is increasing and
Uy, (1) > te,, (8), t€[0,cr], nEN
and for {\,} increasing, {c,,} is decreasing and
Uey, (1) <tc,, (t), t€[0,en,,,], nE N

(see Lemma 4.1), we deduce the assertion of our lemma. ]
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Define the function Sy : (0,00) — (—00, 0] by the formula
S (A) = g, (er),

where uy, (cx) denotes the derivative of ., () on the left at the point ¢ = cy.

Lemma 4.3. Let assumptions (H;) — (Hy4) be satisfied. Then S, is continuous on
(0,00) and
lim S{(A) =0, limsupSy(XA) <O.

A—00 A—0+

Proof. Assume, on the contrary, that S is discontinuous at a point Ag € (0, 00).
Then there exist €9 > 0 and a sequence {A,} C (Ag/2,2X0), lim;,—00 Ay, = A such
that |S;(An) — S+ (Ao)| > o for n € N, that is

lugy, (ex,) = ug, (exo)| = €0 forne N. (4.4)
We claim that there exists v > 0 such that
€
lue, (t) —ug, (en,)] < EO for t € e, —v,cn,], n€N. (4.5)

If not, without restriction of generality we can assume that there is a sequence {7, } C
(0,7, T, < ey, limy 00 (7 — €y, ) = 0 such that

b, () —ul, (ex,) = %0 for n € N. (4.6)

If ug, (m) < 0, then r(uc,, (t))uc, (t) < 0 fort € [y, cx,] and integrating the
inequality

(r(tey,, (D)ue, , ()7 (uey, (), (1) < —Qg(te,, (D) (ue,, (£))uc, (£)  (47)

from 7, to c), we get

(0 <) (r(0)ue,, (ex,))? = (r(uey,, (70))uc, (1))
0 ey, (Tn

<-2Q g(s)r(s)ds = ZQ/

Uey, (Tn)
An

) 4.8
g(s)r(s) ds. 48)

If ug, (7o) > 0, then there exists &, € (7,cy,) such that u; (&) = 0 and then
integrating the inequality

(r(tey, ())ucy, ()7 (uey, (D)uc,, (8) = —Qg(uc,, (£)7(ucy, (B)uc,  (t)
from 7, to &, and inequality (4.7) from &, to ¢y, , we have

ey, (En)
(7 (tes,, () Jue, , (T0))? < 2Q g(s)r(s)ds (4.9)

Uey (Tn
A (1)

and

ey, (&n)
(Ol (ex,)? < 2Q /O g(s)r(s) ds. (4.10)
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Let Ny be the set of all n € N such that ], (7,) > 0. Assume Ny is infinite. Using
(4.3) and the equalities lim,, (&, —cy,) = 0 lim;, 00 (& — ) = 0, we have

hm (’LLC)% (§n) - u(:)\n (Tn)) = 07

neN}, n—oo

lim Uey,, (gn) = lim (uc/\n (gn) — Ucy,, (C)\n)) =0,

neNy, n—oo neN;, n—oo

and so (4.9), (4.10) and r(x) > rg > 0 for z € R yield

. I _ . / _
lim u,, (Tn) = lim u,, (cx,) =0,
neNL, n—oo " neNL, n—oo n

contrary to (4.6). Hence N, is finite and there is no loss of generality in assuming
g, () <0 forn € N and then (see (4.8))

CX

Uey, (n)
(0 ) (r(0)ug,, (ex,))* = (r(ucy, (Ta))uc,, (Ta))* < 2@/0 g(s)r(s)ds (4.11)

for n € N. From Lemma 1.2 in [14] (with p = 1) it follows that
2K

ug, (e,) < “Vown forne N, (4.12)
where
V:max{ (z):0 < 2 < max{ur(t) : 0<t<T}} (4.13)
szin[min{/ot/zsm( Ylk(s) ds // (1= Nalk(s)ds} : 2 < ¢ <20

and k € C°([0,T]) is a positive function such that
0 <k(t) < f(t,z)signa for (t,2) € [0,7] x ([~[lurl,0) U (0, [lur(])  (4.14)

with |Jur|| = max{up(t) : 0 < ¢ < T} (for the function k see Remark 1.3). By (4.3),
{ui, (cx,)} and {u, (7,)} are bounded, and so going if necessary to subsequences,
we can assume that they are convergent, say

lim uéM (ca,) = A, nh_)rréo uéxn (tn) = B.

By virtue of (4.6), we have

[A-B| =2 (4.15)
In addition, limy, e tc,, (Tn) = liMyp oo (Uey, (Tn) — te,, (cr,)) = 0 since (4.3) holds
and lim,, o (7,—cy, ) = 0. Letting n — oo in (4.11), we get 0 < (7(0))?(A4%2—B?) = 0.
Therefore A — B? = 0 and since A < —2K/(Ve¢y,/2) by (4.12) and B < 0, we have
A = B, contrary to (4.15). We have proved that (4.5) holds. Let

£
gy (£) =y (ex)] < 5 for £ € [ex, = 7.x] (4.16)

C,\O

where 7 is a positive constant. Set x = min{v,v}. Using (4.4) and (4.5) we have

€0
[y, (8) = ey (ex0)l = Juey (en,) = e, (exo)l = Jug, () —uey (x> 5
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for t € ey, — k,ca, ] and n € N. Assume that
€
N* = {n in e N g (t) — g, (ex,) > ?0 for t € [y, — n,cxn]}

is an infinite set (analogously for N\ N™ infinite). Then

t
e, (0= [l () < (ul () + 3 ) (=) (4.17)
Cap
for t € [cx, — K,cx,] and n € N, On the other hand, (4.16) gives

(ULAO (exg) + %) (t = exe) < ey, (7)

‘ - (4.18)
[ s < (u (o)~ D)t —en)
Cxp
for t € [cx, — K, ), )- Since lim, . (cx, — K) = ), — K, there exists ng € N such that
for n € N*, n > ng, we have ¢y, — & < ¢y, — #/2 and then letting n — oo in (4.17)
and using Lemmas 4.1 and 4.2,
€ K
Ueyg (t) < <u£:>\0 (C)\O) + g)(t - CAO)? te [C)\o - 576)\0}7

contrary to (4.18). We have proved that S is continuous on (0, c0).

Let {\,} C (0,00), lim;, 00 A, = 00. Then lim, o ¢y, = 0 by Lemma 4.1, and
there exists {£,}, 0 < &, < ca,, such that u, (£§,) =0 and r(ue,  (t))ur, (t) <0 on

n Cxn

(€n,ca,] and n € N. Integrating (4.7) from &, to ¢y, we get

Cxn,

Uey,, (571)
(r(0)ul,, (ex,))* < 2@/0 g(s)r(s)ds forn € N. (4.19)

By Lemma 1.2 in [14] (with p = 1), u, (t) < L, for t € [0,cy,] where L,, > 0 is an
arbitrary constant satisfying the inequality

Ly 9
2( / r(s) ds)
0
- .
@ [ ats)r(s)ds
0
From the last inequality we see that L,, can be chosen such that lim,,_.o, L, = 0 and

then (4.19) yields lim, . ug, (ca,) = 0. Hence limy_.oc S4+(A) = 0.

Let {\,} C (0,00), lim,— 0o A\, = 0. Then lim,, . ¢y, = T by Lemma 4.1, and
from Lemma 1.2 in [14] (with p = 1) we deduce that for each n € N such that
en, >T/2,

1<

2K,
u:i‘)\n (C)\n) S - VT ? n 6 N?
where V' is given by (4.13) and

K, = min [min{/ot/25|q(5)|k(s) ds, /t:Z(t—s)|q(s)|k(5) ds} :
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with k € C°([0,T1) satisfying (4.14). Hence limsup,_,g+ S+ (A\) < —2K,/(VT). O

Define the functions S_ : (0,00) — (0,00), Z+ : (0,00) — (0,00) and Z_ :
(0,00) — (—00,0) by the formulas

We observe that ¢y (resp. «y) is the (unique) solution of the equation AA4(c) +
®_(c) =0 (resp. A®4(a)+ A_(a) = 0). From the properties of the functions A,
A_, &, &_, using Remarks 2.1 and 2.2 and applying procedures analogical to those
in the proofs of Lemmas 4.1-4.3, we can show properties of the functions S_, Z; and
Z_ which are given in the following lemma.

Lemma 4.4. Let assumptions (Hy) — (Hy4) be satisfied. Then the functions S_, Z1
and Z_ are continuous on (0, 00) and

liminf S_(A) > 0, )\lim S_(A) =0,

A—0t

)\lirng Zi(N) =0, h)\Hi}oIéf Zi+(A\) >0,
lim Z_(A\) =0, [ Z_(A) <.
Jim Z_(A) =0, limsup Z_(})

Theorem 4.5. Let assumptions (H;) — (Hy) be satisfied. Then problem (1.1)-(1.3)
has at least two solutions.
Proof. Define the function k, p : (0,00) — R by
k(A) = 54(A) = Z-(A), p(A) = S-(A) = Z(N).
By Lemmas 4.3 and 4.4, the functions k& and p are continuous on (0, c0) and
limsup k(A\) < 0, h)\minfk()\) >0,

A—0t
liminf p(A) > 0, limsupp(A) < 0.
A—0F A—00

Hence there exist A1, A2 € (0,00) such that k(A1) = 0 and p(A2) = 0, that is S+ (A1) =
Z_(M) and S_(A2) = Z4(A2). Then the functions

() = { gcl (t) forte[0,c)
Ue, (t)  fort € (c1,T]

and B
o(t) = Ua, (t)  for t €0, aq]

Vo, (t)  fort € (a1,T]
are solutions of problem (1.1)-(1.3), where ¢; (resp. «1) is the (unique) solution of
the equation AjA;(c) + @_(c) = 0 (resp. Aa®@y(a) + A(a) = 0). Clearly, z1 # 2.
]
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5. Exceptional n-sign-changing w-solutions of
problem (1.1),(1.2), (5.1)

Let ¢ € (0,7T). In this Section we will use the following conditions

max{x(t) : 0 <t <T}=—min{z(t):0<t < T}, (5.1)
z(0) =0, =z(c)=0 (5.2)

and
max{z(t) : 0 <t <c}=—min{x(t): 0 <t <c}. (5.3)

We note that (5.1) is (1.3) with A = 1.

Definition 5.1. Let n € N, n > 2. We say that x is an n-sign-changing w-solution
of problem (1.1), (5.2), (5.3) if = has precisely n — 1 zeros t; < to < -++ < t—1 In
(0,¢), z € C°[0,c]) N CH([0,¢] \ {¢t1,t2,-++ ,tn—1}), there exist finite lim, ,- 2'(%),
lim, .+ a'(t) fori=1,2,--- ,n—1,r(z)a' € CH[0,¢] \ {t1,t2, -+ ,tn—1}), = satisfies
(5.2), equality (1.1) holds on (0,¢) \ {t1,t2,- - ,tn—1} and finally

max{z(t) : t; <t < tipo}min{z(t) : ¢; <t <t;42} <0
fori=0,1,--- ,n—2withty =0and t, = c.
If, in addition,
max{|z(t)] : 0 <t < t1} = max{|z(t)|: t; <t <tj41}

for j =1,2,--- ,n— 1, we say that x is an exceptional n-sign-changing w-solution of
problem (1.1), (5.2), (5.3). In case of ¢ = T, x is called an exceptional n-sign-changing
w-solution of problem (1.1), (1.2), (5.1).

Remark 5.2. We observe, that the notion of the w-solution of problem (1.1)-(1.3)
with A = 1 stated in Section 1 corresponds to the notion of exceptional 2-sign-changing
w-solution of problem (1.1), (1.2), (5.1).

Before we give existence results for exceptional n-sign-changing w-solutions of prob-
lem (1.1), (1.2), (5.1), we will define a function A whose properties are important in
our next considerations.

Let assumptions (Hy) — (Hy) be satisfied. Then, by Theorem 3.2 (with p = 1)
and its proof, for each ¢ € (0,7] there exists the unique w-solution of problem
(1.1),(5.2),(5.3), which is positive in the right neighbourhood of ¢ = 0. This so-
lution we will denote throughout this Section by w,.. Using w, we define the function
A+ : (07T] - (0,00) by

A (c) = max{w.(t) : 0 <t < c}.
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Lemma 5.3. Let assumptions (H;) — (Hy) be satisfied. Then A} is continuous and
increasing on (0,7 and
lim Ay(c) =0. (5.4)

c—0t

Proof. To prove that Ay is increasing on (0, 7] we assume, on the contrary, that
Ai(a) > A4(b) for some 0 < a < b <T. Let wy(t,) =0 and wy(tp) = 0 with unique
te € (0,a) and ¢ € (0,b). From Lemma 2.9 and our assumption Ay (a) > A4 (b) we
deduce that t, > t,. We claim that

wp(t) <wy(t) fort € (tg,al. (5.5)

If not, since 0 = wq(tq) > wp(ty) and 0 = wy(a) > wp(a) we have either wq (€) = wp (&)
for some £ € (tq,a) and wp(t) < wg(t) for ¢t € [t4,a] or there exist t, < v <7 < a
such that w, (V) = wy(v), we (1) = wp(7) and wy(t) > we(t) for ¢ € (v, 7). In the first
case w,, (&) = wy(§) and w, = wy in a neighbourhood of ¢t = £ by (Hy), and then by
repeated application of (Hy) we get w, = wp on (4, a), which is impossible. In the
second case, we have r(w, (v))w, (v) < r(wy(v))w;,(v) and f(t, we(t)) > f(t, wy(t)) for
t € (v,7]. Hence

w (t) "
(/ o 7(s) ds) =qt)(f(t,wp(t)) — f(t,wa(t))) >0, te(v,71],

wy (t) ’
and so ( / (s) ds) is nondecreasing on [v, 7] and then the equalities w,(v) =
we (t)

wp (t)
wp(V), we (1) = wp(7) imply / r(s)ds = 0 for t € [v, 7], contrary to wp > w,
wq (t)
on (v,7). Now (5.5) yields min{wy(t) : 0 < ¢ < b} < min{w,(t) : 0 < ¢ < a}, hence
A4 (b) > Ay(a), contrary to our assumption Ay (a) > A4 (b). We have proved that
Ay is increasing on (0, 7.
Suppose that Ay is discontinuous on the right at a point ¢y € (0,7, i.e., there is
a decreasing sequence {c,} C (co,T") such that lim,_,. ¢, = ¢o and
lim Ay(en) =p > Ay(e). (5.6)
Let we, (t,) = 0 for the (unique) ¢, € (0,c,), n € NU{0}. Since p < Ay (cpy1) <
Ay (cy) for n € N, Lemma 2.9 shows that tg < t,11 < t, for n € N. There is no
loss of generality in assuming #; < cg. Moreover, A (c,) = Ay(t,) for n € NU {0}
and from A4 (cg) < pp < Ay (t,) and the continuity of A, by Lemma 2.6, we see that

limy, 00 £, = t« > to. Applying the procedure as in the proof of Lemma 2.6 (now on
[tn, cn]), We get

Ay (tn) Aq(t1)
|r<wcn<t>>wzn<t>|s\/acz / g(s)r(s)dss\/w / g(s)r(s)ds  (5.7)
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for t € [tn,cn], n € N, and then

og[“«@ﬂaw%@»dw:Mw%uw¢xﬂ—rwmg@w

ln

\/ TS, (5.8)
<nf0 [ gt ds
0
for t € [tn,c,] and n € N. By (5.7),
lwl, (t)] <8 fort € [ty,cn), neN, (5.9)
where
1 Ay (ta)
s=L /20 / g(s)r(s) ds. (5.10)
To 0

From (5.9), 0 > we, (t) > —A4(t1) for t € [tn,cn], n € N, and the Arzela—Ascoli
theorem, we deduce that there exists a subsequence of {w,, }, which we denote by
{we, } again, such that lim, . we, (t) = w(t) locally uniformly on (t.,cp]. Then
w € C%(ty, o)), w < 0 on (t,co] and w(cy) = 0 since in the case that w(cy) < 0
from the relations

w(e
(0) > e (e0) = e, (o) — 0, () =, (€0 — €2
which are satisfied for sufficiently large n and where &, € (co, ¢, ), we obtain
w(co)

lim w, (&) > lim

n

n—oo n—oo 2(00 — Cn) =%
contrary to (5.9). We are going to show that w(t) < 0 on (t.,co) and

lim w(t) = 0. (5.11)

t—tf
By (Hj3) (see Remark 1.3), there exists a positive function k € C°([0,T]) such that
k(t) < f(t,z)signx  for (t,z) € [0,T] x [-AL(c1),0) U (0, Ay(cr)].
Now using our Remark 2.2 and Lemma 1.2 in [14] with g = 1, we get (for n € N)

2K, (t —
H—l(——”(t t")> for t € [tn,t”JrC"}
Cn —tn 2
we, (t) < L 2(en 1) e (5.12)
H (—7%_% ) forte(i2 ,cn},
where
(tn+cn)/2 Cn
K, = min { / (s —tn)]q(s)|k(s)ds, / (cn — 9)|q(s)|k(s) ds}
tn (tn+cn)/2

and H~! is the inverse to H given by (2.3). Let t, < (3t. + co)/4 and t, + ¢, <
(ts + 3co)/2 for n > ny with an ny € N. Then (for n > nq)

(tnten)/2 (tetc0)/2 36, 4o
[ etk s> [T (s gl ds,
tn (3t.4co)/4
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/ (en — $)la(s)|k(s) ds > / (co — )la(s)[k(s) ds
(

tntcn)/2 (te+3c0) /4
and from (5.12) it follows that
H—l(_M) for t ¢ [tmm}
we, () < cn —tn 2
Hil(—;K(Cn_t)) for ¢ € (L—’_Cn,cn},
—t 2
where

K= min{/((t*ﬂo)/2 s— 3t*zco>|Q(s)|k(s) ds, /(CO (co = 5)lq(s)[k(s) cls}.

3titco)/4 ( t.+3co)/4

Consequently,

H*1<——2K(t_tt*)) <0 fort € (t*,t*;co}
w(t) = lim w,, (t) < €0t

H_1<——(CO )><0 forte(—+co,co),
Co — 1y 2

and we see that w < 0 on (t«,co). If (5.11) is not true, then there exist ¢ < 0 and
a decreasing sequence {v,} C (., co) such that lim, . v, = t, and w(v,) < 0 for
n € N. Now let

7“0(5

4\/26,2 Arlt) g (s)r(s)ds

for some n, € N. Then there exists na € N such that w,, (v,,,) < §/2 and

é > We, (Vn,) = We, (Vn,) — We, (tn) = wlcn (¢n) (Vn, — tn)

2
for n > ng, where @, € (t,, vy, ). Therefore
. § § A+<t1 W
. —=4[2
Pen (n) < 2(vn, —tn) < 2(vp, — < Q/ 3

for n > na, contrary to (5.9).
Define wy : [t«, co] — (—00,0] by
w(t)  for t € (t«,co]
wy(t) =

0 for t = t,.
Then w, € CO([ts, co)), ws(ts) = wi(co) = 0 and w, < 0 for t € (t,,co). We are now
in a position to show that w, is a solution of problem (1.1),(2.2) with a = t. and
b = co. For this, we define for each n € N the function p,, : [t«, co] — (—00, 0] by

(t) = ft,we, (t))  fort € (tn,co
Pt =1 o for t € [t tn).
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Since

co co Ay (t1)
0 S/t q(t)pn(t) dt:/f Q(t)f(t,wcn(t))dt§2\/2Q/0 g(s)r(s)ds

by (5.8) and lim, oo pn(t) = f(t,w«(t)) for t € (t.,cp), Fatou’s theorem gives
q()f(,we(?)) € Li([t«,c0]). Fix B € (t1,¢0). Going if necessary to a subsequence,
we can assume that {r(we, (8))wr, (8)} is convergent, lim,, o r(we, (8))w, (8) = A.
Letting n — oo in

[wcn " r(s)ds = r(we, (B))w,, (8 / / Jwwe, (v)) dvds, € [t e

W, (B)
and using the Lebesgue dominated theorem, we get

wy ()
/ r(s)ds = // fv,we(v))dvds, t € [t,co]
w(B)

Whence
walt) = B (H(w,(8)) + At - 5) // Fo,w. @) dvods), ¢ € ftorco]

and we see that w, € C([t«, co]) and (r(w.(t))wl ()" = q(t) f(t,w«(t)) for t € (t., o).
Therefore w, is a solution of problem (1.1),(2.2) with a = ¢, and b = ¢y. Finally,
applying Remarks 2.1 and 2.2 to Lemma 2.9, we have we, () < wx(t) for t € [t., o),
and consequently

A (co) = min{we, (t) 1 to <t < co} <min{w.(t) : te <t <co} =—p,
contrary to (5.6). Hence Ay is continuous on the right on (0,T).
The continuity of A4 on the left on (0,77 can be proved similarly. O

Now, define the ‘dual’ function A_ : (0,7] — (0,00) to A4 by the formula
A_(c) = min{w.(t) : 0 <t < c},

where W, is the unique solution of problem (1.1), (5.2), (5.3) such that W, < 0 in the
right neighbourhood of ¢ = 0.

Lemma 5.4. Let assumptions (H;) — (Hy) be satisfied. Then A_ is continuous
decreasing on (0,7 and
lim A_(c)=0.

c—0t

Proof. Since the proof of the lemma is similar to that of Lemma 5.3, we will omit
it. O

Lemma 5.5. Let assumptions (H;) — (Hy) be satisfied. Then there exist exactly two
exceptional 3-sign-changing w-solutions of problem (1.1), (1.2), (5.1).
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Proof. By Lemmas 2.7, 2.10 and 5.3, & is continuous decreasing on [0,7), Ay
is continuous increasing on (0,7] and lim, .- ®1(¢) = lim. o+ Ay(c) = 0. Set
p+(c) = Ay(c) = () for ¢ € (0,7). Then py € C°(0,7)), lim.—o+ pi(c) =
—®,(0) <0, lim,_,7- p+(c) = AL(T) > 0 and since p; is increasing on (0,T), there
is the unique ¢4 € (0,T) such that py(cy) = 0. Hence the function

| we () fort €0, c4]
w+(8) = ve, (t)  fort e (cy,T]

is an exceptional 3-sign-changing w-solution of problem (1.1), (1.2), (5.1), which is
positive in the right neighbourhood of ¢ = 0. Assume that T, is an additional
exceptional 3-sign-changing w-solution of problem (1.1), (1.2), (5.1) having positive
values in the right neighbourhood of t = 0 and let T, (¢;) =0, j = 1,2, with 0 < t; <
to < T. Since Ty # x4, it is necessary to # 4, say ta > c4. Then Ay (t2)—P, (t2) >0
and from this inequality we deduce that

max{T,(t): 0 <t <t} = Ay (ta) > By (ta) = max{T,(t) 1ty < t < T},

contrary to the definition of an exceptional 3-sign-changing w-solution of problem
(1.1), (1.2), (5.1).

By Lemmas 2.8, 2.10 and 5.4, ®_ is continuous increasing on [0,7"), A_ is con-
tinuous decreasing on (0,7 and lim, ;- ®_(¢) = lim._g+ A_(c) = 0. Set p_(c) =
A_(c) — ®_(c) for c € (0,T). Then p_ € C°((0,7)), lim._g+ p—(c) = —P_(0) > 0,
lim,_7- p_(c¢) = A_(T) < 0 and since p_ is decreasing on (0, T), there is the unique
c— € (0,7T) such that p_(c_) = 0. The function

{ w._(t) forte0,c_]
() =4 _

T._(t) forte (c-,T)
is an exceptional 3-sign-changing w-solution of problem in the right neighbourhood
of t = 0 and x_ is the unique exceptional 3-sign-changing w-solution of problem
(1.1), (1.2), (5.1) having negative value in the right neighbourhood of ¢ = 0. O

Remark 5.6. Let assumptions (Hy) — (Hy) be satisfied and let ¢ € (0,7]. Then
(H1)—(Hy) are satisfied with ¢ instead of T, and so there exist exactly two exceptional
3-sign-changing w-solutions of problem (1.1), (5.2), (5.3) by Lemma 5.5.

Theorem 5.7. Let assumptions (H;) — (Hy) be satisfied. Then for each n € N,
n > 2, there exist exactly two exceptional n-sign-changing w-solutions of problem
(1.1),(1.2), (5.1).

Proof. We proceed by induction. By Theorem 3.2 (with A = 1) and Lemma 5.5,
there exist exactly two exceptional j-sign-changing w-solutions of problem (1.1),
(1.2),(5.1), j = 2,3. In addition (see Remark 5.6), for each ¢ € (0,7] there ex-
ists exactly two exceptional 3-sign-changing w-solutions of problem (1.1), (5.2), (5.3).
Assuming that this result holds for n = k > 3, we will prove it for n = k + 1. Since
the proof is similar to that of Lemma 5.5, we give only its main ideas.
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First, we assume that for each ¢ € (0,7 there exist exactly two exceptional k-
sign-changing w-solutions wy. and Wk, of problem (1.1),(5.2),(5.3) such that wy.
is positive and Wy, is negative in the right neighbourhood of ¢ = 0. Now define
Ak 1 (0,T] — (0,00) and A¥ : (0,7] — (0,00) by

A (¢) = max{uwre(t) : 0 < t < c}
and
A* () = max{@i(t) : 0 < t < c}.
Further, we can proceed as in the proof of Lemmas 5.3 and 5.4 to verify that A’j_

and A* are continuous increasing on (0,7, lim, g+ A% (c) = lim._ o+ A* (c) = 0.
Finally, if £ is an even positive integer, set

P = AL () = D4(0), pp(0) = AL +D () force (0,7).
Since p; and pj, are continuous increasing on (0,7, lim, ¢+ p} (c) = —®,(0) <
lim. 7 pi (¢) = AR(T) > 0, lim. o+ p; (¢) = ®_(0) < 0 and lim, .- p;, (c)
AF (T) > 0, there exists the unique solution ¢ (resp. c_) of the equation p; (c) =
(resp. py (¢) =0). Then

0,
0

z4(t) =

Wye, (t)  for t € [0,cy]
Ve, (t) for ¢t € (cy, T,

Wie_(t)  fort €[0,c_]
z_(t) =
Te_ (1) fort € (c_, T
are the unique two exceptional (k + 1)-sign-changing w-solutions of problem (1.1),
(1.2), (5.1).

If k£ is an odd positive integer, we now set
pi(c) =A%) +@_(c), pj(c)=A%(c)—Py(c) force(0,T).

Then p; and p, are continuous increasing on (0,7'), the equations pz(c) =0 and
Py, (¢) = 0 have the unique solutions c; and c_, respectively, and

) Wie, (t)  for t € [0,cy]
€T =

* T, (t)  fort e (cy,T),
and

x_(t) =

Wke_(t)  fort €0, c_]
ve_(t) fort € (c_,T]

are the unique two exceptional (k + 1)-sign-changing w-solutions of problem (1.1),
(1.2), (5.1). O
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Abstract. In this paper we prove several sharp inequalities involving the symmetric mean
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1. Introduction and notation

Given the positive real numbers = and y, let A(z,y) := %11, G(z,y) := /2y,

Ty ifox#y

Loy = { Ty {07

and

po,p\1/P
4y :
Hy(z,y) == ( 2 ) ?fp;éo
VTY ifp=0
denote their arithmetic, geometric, logarithmic, and Holder means, respectively. It is
well known that if  # y, then H), is strictly increasing in p. The symmetric mean of
x and y is defined by (see [4, pp. 44-45])
a,l—a l—a,a
Ty +z Y
Salz,y) == 5
Since Sy (x,y) = S1_a(z,y), it suffices to consider o > 1/2. Following A. O. Pittenger
[8], we write the symmetric mean into the form

a € R.

14vVE 16 1-V6 146
2 y =z

Sg(x,y)::x y * —;x Y 40 >0.
It is easily seen that if  # y, then Ss is strictly increasing in 4, so
G(z,y) = So(z,y) < Ss(x,y) < Si(z,y) = Az,y) (1.1)

for all 6 € ]0,1].


http://dx.doi.org/10.18514/MMN.2002.59

158 T. Trif

A. O. Pittenger [8, Theorem 1 and Theorem 2] proved that for all positive real
numbers x # y, the symmetric mean satisfies also the following inequalities:

Sl/d(x7y) <L($,y), (12)
Ss(z,y) < Hs(z,y) if0<6<1, (1.3)
Ss(z,y) > Hs(z,y)  if 6> 1. (1.4)

At this point we present a very short proof of the intriguing inequality (1.2), which
is sharp in the sense that 1/3 cannot be replaced by any greater constant. In order
to prove (1.2), let us apply the Gauss quadrature formula with two knots (see [1, pp.
343-344], [2, p. 36])

/f dt = (— 1f) f(2 2—%) /00 0<e<,

to the function f(t) = z'y'~t. Since fo t)dt = L(z,y) (this integral representation
of L(x,y) was pointed out for the first tlme by E. Neuman [6]), we get

1
L(z,y) = S1/3(z,y) + ——a%y ¢ (Inz — Iny)* 0<¢é< L

4320
Therefore
min(z,y) o4 N max(z,y)

This inequality yields (1.2) and estimates the sharpness of (1.2).

It is the main purpose of the present paper to point out other sharp inequalities
involving the symmetric mean. In Section 2 we are concerned with sharp "interpo-
lating inequalities" related to (1.1) and (1.2). In Section 3 we establish two sharp
inequalities involving the symmetric and special Gini means.

2. Sharp interpolating inequalities related to (1.1) and (1.2)

In the next theorem we prove a sharp interpolating inequality related to (1.1):

THEOREM 2.1. If 0 < § < 1, then for all positive real numbers x # y it holds that

Ss(z,y) < 6A(w,y) + (1 - 0)G(z,y). (2.1)
Moreover, (2.1) is the best possible inequality of the type
Ss(x,y) < AA(z,y) + (1 — M)G(=,y) 0< A<, (2.2)

in the sense that if 0 < XA < 4, then (2.2) cannot be true for all positive real numbers

Proof. Letting x/y = €?' (t € R) and multiplying both sides by e~!, we see that
(2.2) is equlvalent to fa(t) < 0for all ¢ # 0, where f) : R — R is the function defined
by fa(t) := cosh \/_ 6t) — Acosht — 1 + \. By using the power series expansion

— 1
coshz =1+ Z 2", (2.3)
“— (2n)!
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we get

@) = Z CE;L?(;)\') 2 where  a,(\) == 6" — \.

n=1

If 0 < A <4, then a;(A) = — X > 0, hence f)(¢t) > 0 for |¢| sufficiently small.
Therefore, (2.2) cannot be true for all positive real numbers z # y.

On the other hand, a1(d) = 0 and a,(6) < 0 for all n > 2. Consequently, f5(¢) <0
for all ¢ # 0. This proves the validity of (2.1). O

REMARK. Obviously, (2.1) is a refinement of the second inequality in (1.1). It
would be also interesting to compare (2.1) with (1.3). Thus, for 0 < § < 1/2 the
inequality (2.1) is weaker than (1.3), for § = 1/2 it coincides with (1.3), while for
1/2 < 6 < 1 it is stronger than (1.3). This assertion is proved by the following
theorem.

THEOREM 2.2. For all positive real numbers x # y it holds that
6A(z,y) + (1 - 0)G(z,y) > Hs(z,y)  if 0<d<1/2 (2.4)

and
0A(z,y) + (1 — 0)G(x,y) < Hs(x,y) if 1/2<d<1. (2.5)

Proof. Due to the symmetry, we may assume in both (2.4) and (2.5) that = > y.
Letting x/y = €* (¢t > 0) and multiplying both sides by e, we see that (2.4) is
equivalent to f5(t) > 1 for all ¢ > 0, where f5 : R — R is the function defined by

dcosht+1—9§
t) i = ——————.
f5(®) (cosh(t))1/5

We have
f5t) = %, where  g(t) = dsinh((1 — §)t) — (1 — 4) sinh(dt).
By using the power series expansion
sinh z = io mz%ﬂ (2.6)
we get "
PO S (ES s PN

n=1
Since 0 < 0 < 1/2, it follows that g(t) > 0 for all ¢ > 0, hence fs is strictly increasing
on |0, c0[. Therefore f5(t) > 1 for all ¢ > 0, because f5(0) = 1. This completes the
proof of (2.4). The proof of (2.5) is analogous. O

From (1.1) and (1.2) it follows that G(z,y) < Ss(z,y) < L(z,y) for all 0 < § < 1/3.
Related to this, the following sharp interpolating inequality holds.
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THEOREM 2.3. If 0 < & < 1/3, then for all positive real numbers x # y it holds
that

Moreover, (2.7) is the best possible inequality of the type
Ss(x,y) < AL(z,y) + (1 = NG(z,y) 0<A<1, (2.8)

in the sense that if 0 < A < 39, then (2.8) cannot be true for all positive real numbers

Proof. Due to the symmetry, we may assume in both (2.7) and (2.8) that = > y.
Letting z/y = €' (t > 0) and multiplying both sides by te™*, we see that (2.8) is
equivalent to f(t) < 0 for all ¢ > 0, where f) :]0,00[ — R is the function defined by
fa(t) == tcosh(v/dt) — Asinht — (1 — \)¢. From (2.3) and (2.6) we get

£r(t) = (;‘;—Eﬁ)!t%ﬂ, where  an()) := (2n+1)8" — A,

n=1
If 0 < A < 30, then a1 (A) =35 — A > 0, hence f)(¢) > 0 for ¢ > 0 sufficiently small.
Therefore, (2.8) cannot be true for all positive real numbers z # y.

On the other hand, a;(36) = 0 and a,,(36) = §[(2n +1)6"~1 — 3] < 0 for all n > 2,
because
2n+1

T —-3<0 for all n > 2.

(2n+1)6" 1 -3 <

The inequality 3™ > 2n+1 (n > 2) can be easily proved by induction. Consequently,
fa5(t) < 0 for all t > 0. This proves the validity of (2.7). O

REMARK. The inequality (2.7) is a refinement of (2.1), because
30L(z,y) + (1 —30)G(z,y) < 0A(z,y) + (1 — 0)G(z,y).

Indeed, this inequality is equivalent to
1 2
L({L‘,y) < gA(x,y) + gG(x,y),
a well known inequality due to E. B. Leach and M. C. Sholander [5].

From (1.1) and (1.3) it follows that G(z,y) < Ss(z,y) < Hs(x,y) for all 0 < § < 1.
It is not difficult to see that we cannot have a sharp inequality of the type

Ss(z,y) < AHjs(z,y) + (1 — N)G(x,y) 0<A<l1.

3. Sharp inequalities involving the symmetric and special Gini means

Given the positive real numbers z and y, the Lehmer mean L,(z,y) of z and y is
defined for each r € R by (see [9])

(L‘T+1 + yr+1

Le(z,y) = — v
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In this section we deal also with the mean

1 1
M (z,y) := exp (w ni 13 ny) = ¥/ (H)yy/@Hy),

It should be noted that both the Lehmer means and the mean M are special cases of
Gini means (see [3], [7]).

In the next theorem a sharp inequality involving the symmetric and Lehmer means
is established.

THEOREM 3.1. If r > 0, then for all positive real numbers x # y it holds that

SQrJrl(xa y) > LT ('Ta y) (31)
Moreover, (3.1) is the best possible inequality of the type
Sé(xvy) > Lr(x7y)v (32)

in the sense that if 0 < § < 2r 4+ 1, then (3.2) cannot be true for all positive real
numbers T # y.

Proof. Letting z/y = €% (t € R), after a little bit of algebra we see that

OREOMIOR

S&(x7y) -1 =
LT(.T,‘,y) 5 |:<%>r+1 +1:|
_ cosh(V/dt) cosh(rt)
cosh((r+1)t)
Js(t)

2cosh((r +1)t)’
where fs : R — R is the function defined by
f5(t) := cosh((r + V&)t) + cosh((r — V/8)t) — 2 cosh((r + 1)t).
By using the power series expansion (2.3) we get
fs(t) = Z ?;—7(16)!)152", where an(0) := (r + V8> + (r — V6)>" — 2(r +1)?".

n=1

Suppose first that 0 < § < 2r + 1. Since a1(§) = 2(6 — 2r — 1), it follows that
fs(t) < 0 for |t| sufficiently small. Consequently, Ss(z,y) < L.(z,y) for x # y
sufficiently close, hence (3.2) cannot be true for all positive real numbers z # y.

Next we show that (3.1) holds true. Set, for brevity,
an = a,(2r +1) = (r +V2r + 1) 4 (r —V2r +1)* = 2(r +1)*"

for each positive integer n. Then a; = 0 and, in order to establish the validity of
(3.1), it suffices to prove that a,, > 0 for every n > 2.
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Set @, = (r +2r + 1)?" + (r — /2r + 1)?" for each positive integer n. Then the
sequence (z,,) satisfies

Tnt1 = 2(r + 1)2xn — (7"2 —2r — 1)2xn_1 for every n > 2. (3.3)
We claim that
(r+1)>2x, > (r* —2r — )%z, (3.4)
for all n > 2. Since x1 = 2(r + 1)? and z3 = (r + v2r + D)* + (r — /2r + 1), for
n = 2 the inequality (3.4) is equivalent to
(r+V2r + 1) 4 (r —vV2r + 1) > 2(r2 —2r — 1) = 2(r +V2r + 1)%(r — V2r + 1)2,
which is true because u? + v? > 2uv for u # v. Assuming that (3.4) holds for n > 2,
we prove that it holds also for n + 1. By virtue of (3.3) we have
(r+ 1%z, — (r = 2r — 1)%z,
— [2(r + 1)4 — (T2 —2r — 1)2] (s 1)2(7“2 —2r — 1)2£En_1
= (r* +127° + 100 + dr + D, — (r+ 1)°(* = 2r = 1)z, 4
>+ Dz, — (r+ 120 —2r — 122,
> 0.
Consequently, (3.4) holds true as claimed.
Next, we prove by induction that
T, > 2(r +1)%" (3.5)

for all n > 2. Indeed, zo = 2(r + 1)* + 1673 + 8r% > 2(r + 1)*. Assuming that (3.5)
holds for n > 2, we show that it holds also for n + 1. By virtue of (3.3) and (3.4) we
have

Tpy1 > (r+1)22, > 2(r + 1) 12,
From (3.5) it follows that a,, > 0 for every n > 2, completing the proof of the theorem.
O

REMARKS. 1. The inequality (3.1) is a refinement of Sa,41(z,y) > Hary1(z,y) (see
(1.4)), by virtue of the inequality L,(x,y) > Har11(z,y) (see Z. Péles [7, Theorem 3],
K. B. Stolarski [9, Theorem 1]).

2. For —1/2 < r < 0 the means So,; and L, are not comparable. Indeed, with
the notations in the proof of Theorem 3.1, we have a; = 0 and ay = 82(2r + 1) < 0,
hence fa,4+1(t) < 0 for |¢| sufficiently small. Consequently, Sa,+1(x,y) < L,(z,y) for

x # y sufficiently close. On the other hand, since 2r+L V22T+1 > r+ 1, it follows that

Sary1(z,y) l(%> - <%) ) ] K%)T—i_l} >1
Ly(z,y) 2 <§>T+1+1]

for z/y sufficiently large.

Now we prove a sharp inequality involving the means S5 and M.
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THEOREM 3.2. For all positive real numbers x # y it holds that
Sa(z,y) > M(z,y). (3.6)
Moreover, (3.6) is the best possible inequality of the type
Ss(w,y) > M(z,y), (3.7)

in the sense that if 0 < § < 2, then (3.7) cannot be true for all positive real numbers

Proof. Letting x/y = €?' (t € R) and multiplying both sides by e~!, we see that
(3.7) is equivalent to f5(¢) > 0 for all ¢ # 0, where f5 : R — R is the function defined
by f5(t) := In(cosh(v/dt)) — ttanht. We have

0 2211(2211 _ 1) T
tanh 2z = = = Byt z
anh z nEZI @) o2 |z] < 1
and
oo 22n(22n _ 1) o T
In(cosh z) = E WB%Z |z] < T

n=1
where By, is the kth Bernoulli number. Consequently, for |¢| sufficiently small, the
inequality fs(t) > 0 is equivalent to

& 2211(2211 _ 1) & 2211(2211 _ 1)
e Vp e >3 22" =g pon
2 onizn) - ; @t 2

If 0 < § < 2, then the last inequality cannot be true for all ¢ # 0 with |¢| sufficiently
small, because the coefficient of ¢2 in the right side is greater than the coefficient of
t2 in the left side. Therefore, (3.7) cannot be true for all positive real numbers x # y.

Next we show that (3.6) holds true. We have just seen that (3.6) is equivalent to
f(t) == fa(t) = In(cosh(v/2t)) — ttanht >0  for all t # 0. (3.8)
We have
£(t) = sinh(v/2t) _sinht & g(t) 7
cosh(v/2t) cosht cosh®t  cosh(y/2t) cosh® ¢

where g(t) = v/2sinh(v/2t) cosh? ¢ — sinh t cosh t cosh(v/2t) — t cosh(v/2t). By means
of certain usual hyperbolic identities we obtain

g(t) = —Sinh(\/ﬁt) — tcosh(\/it) + 2-v2 LRAL V2

NG ™G ™G sinh((2 — V2)t).

Taking into account the power series expansions (2.3) and (2.6) we get

> a (24+V2)% — (2 —V2)"
t)=> =t wh o= —n2
g(t) Gt ) ere a NG n

sinh((2 + V2)t) —

n=0
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Note that a; = 0 and that
(2 4 \/5)271 -1 B n2n+1 - 922n 4 2n\/§22n71 -1 B n2n+1

2/2 2/2
22n — 14+ 271,\/5(22”71 _ 2n+1)
= >0
2v2
for all n > 2. Therefore, g(t) < 0 for ¢ < 0 and g(¢) > 0 for ¢t > 0, hence f'(t) < 0 for
t <0and f'(t) > 0 for ¢t > 0. Consequently, f is strictly decreasing on | — 0o, 0] and

strictly increasing on ]0,c0[. Since f(0) = 0, we can conclude that (3.8) holds true.
O

an

REMARKS. 1. The inequality (3.6) is a refinement of So(x,y) > Ly 2(x,y) (see
(3.1)), by virtue of the inequality M (xz,y) > Ly/2(x,y) (see Z. Péles [7, Theorem 3]).

2. From (3.8) we deduce that

2 tanh —= < In(cosh ) for all x € R.

V2o V2T

This inequality is complementary to the inequality
In(coshz) < :Etanhg for all x € R,

established by K. B. Stolarsky [9, Theorem 3].
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