
HU e-ISSN 1787-2413

MATHEMATICAL NOTES
A Publication of the University of Miskolc

VOLUME 3, NUMBER 2 (2002)

MISKOLC UNIVERSITY PRESS



Mathematical Notes

Volume 3, Number 2 (2002)

Contents

Contributed Papers
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Abstract. Let R be a prime ring with a characteristic not equal to two, σ, τ be automor-
phisms of R, and d be a nonzero derivation of R commuting with σ and τ . It is proved that
for any (σ, τ)-left Lie ideal U of R: (1) if d(U) ⊆ Z, then σ(u) + τ(u) ∈ Z, for all u ∈ U ,
(2) if d2(U) = 0, then σ(u) + τ (u) ∈ Z, for all u ∈ U , (3) if charR 6= 2, 3, d(U) ⊆ U and
d2(U) ⊆ Z, then σ(u) + τ(u) ∈ Z, for all u ∈ U .
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1. Introduction

Let R be a ring and σ, τ be two mappings from R into itself. We write [x, y],
[x, y]σ,τ for xy − yx and xσ(y) − τ(y)x, respectively, and make extensive use of ba-
sic commutator identities: (xy, z) = x[y, z] + (x, z)y = x(y, z) − [x, z]y, [xy, z]σ,τ =
x[y, z]σ,τ + [x, τ(z)]y = x[y, σ(z)] + [x, z]σ,τy.

An additive mapping D : R→ R is called a derivation if D(xy) = D(x)y + xD(y)
holds for all x, y ∈ R. A derivation D is inner if there exists an a ∈ R such that
D(x) = [a, x] holds for all x ∈ R..

For subsets A,B ⊂ R, let [A,B] ([A,B]σ,τ ) be the additive subgroup generated
by all [a, b] ([a, b]σ,τ ) for all a ∈ A and b ∈ B. We recall that in a Lie ideal, L is
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an additive subgroup of R such that [R,L] ⊂ L. We first introduce the generalized
Lie ideal in [6] as follows. Let U be an additive subgroup of R, σ, τ : R → R two
mappings. Then (i) U is a (σ, τ)−right Lie ideal of R if [U,R]σ,τ ⊂ U. (ii) U is a
(σ, τ)−left Lie ideal of R if [R,U ]σ,τ ⊂ U. (iii) U is both a (σ, τ)−right Lie ideal and
(σ, τ)−left Lie ideal of R then U is a (σ, τ)−Lie ideal of R. Every Lie ideal of R is a
(1, 1)−left Lie ideal of R, where 1 : R→ R is the identity map. As an example, let I
be the set of integers,

R =

½µ
x y
z t

¶
| x, y, z, t ∈ I

¾
,

U =

½µ
x y
0 x

¶
| x, y ∈ I

¾
⊂ R,

and σ, τ : R → R the mappings defined by τ(x) = axa, σ(x) = bxb−1, where a =µ
1 −1
0 −1

¶
and b =

µ
1 2
0 1

¶
∈ R. Then U is a (σ, τ)−left Lie ideal but not a Lie

ideal of R. Some algebraic properties of (σ, τ)−Lie ideals are considered in [2], [3] and
[6], where further references can be found.

Let R be a prime ring with a characteristic not equal to two, d : R→ R a nonzero
derivation of R and U a Lie ideal of R. In [5] Bergen at all state that if d2(U) = 0,
then U ⊂ Z. Lee and Lee extended this result that if d2(U) ⊂ Z, then U ⊂ Z in [4].
Let d be a nonzero derivation such that σd = dσ, τd = dτ and U a (σ, τ)−Lie ideal
of R. Aydın and Soytürk [3] proved that if d2(U) = 0, then U ⊂ Z. In the present
paper, we generalize this result on (σ, τ)−left Lie ideal of R. Furthermore, we shall
extend this theorem by proving that d2(U) ⊂ Z then σ(u) + τ(u) ∈ Z, for all u ∈ U
in the case of a characteristic not equal to two and three.

Throughout, R will represent a prime ring with a characteristic not equal to 2 with
automorphisms σ, τ and non-zero derivation d such that σd = dσ, τd = dτ and Z the
center of R, U a (σ, τ)−left Lie ideal of R. Further, we often use the relations:
[xy, z]σ,τ = x[y, z]σ,τ + [x, τ(z)]y = x[y, σ(z)] + [x, z]σ,τy.

2. Results

Lemma 1. Let U a (σ, τ)−left Lie ideal of R. d2(U) = 0 and d(U) ⊂ Z then σ(u) +
τ(u) ∈ Z, for all u ∈ U .

Proof. If U ⊂ Z, then the proof is obvious. So, we assume that U 6⊂ Z. For any
u ∈ U and x ∈ R, τ(u)[x, u]σ,τ = [τ(u)x, u]σ,τ + [τ(u), τ(u)]x ∈ U. By hypothesis,
0 = d2(τ(u)[x, u]σ,τ ) = d(d(τ(u))[x, u]σ,τ + τ(u)d([x, u]σ,τ )) = 2d(τ(u))d([x, u]σ,τ ).
Since charR 6= 2, we obtain d(τ(u))d([x, u]σ,τ ) = 0, for all x ∈ R,u ∈ U. Because of
d(U) ⊂ Z we have,

d(u) = 0 or d([x, u]σ,τ ) = 0 ∀x ∈ R,u ∈ U. (2.1)

Assume d(u) 6= 0. Then d([x, u]σ,τ ) = 0, for all x ∈ R. Writing xσ(u) by x in this
equation, 0 = d([xσ(u), u]σ,τ ) = d([x, u]σ,τσ(u)) = d([x, u]σ,τ )σ(u) + [x, u]σ,τd(σ(u))
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we obtain
[x, u]σ,τd(σ(u)) = 0 ∀x ∈ R. (2.2)

Substituting xy, y ∈ R for x in (2.2), we have 0 = [xy, u]σ,τd(σ(u)) = x[y, u]σ,τd(σ(u))+
[x, τ(u)]yd(σ(u)) and so,

[R, τ(u)]Rd(σ(u)) = 0.

By primeness of R, we obtain u ∈ Z. Thus, if we return to (2.1), then we get

d(u) = 0 or u ∈ Z.

Now, let us define the subsets L = {u ∈ U | u ∈ Z} and K = {u ∈ U | d(u) =
0}. Clearly, each L and K is an additive subgroup of U . Moreover, U is the set-
theoretic union of L and K. But a group cannot be the set-theoretic union of two
proper subgroups, hence L = U or K = U. In the former case, U ⊂ Z, which is a
contradiction. Therefore, it must be d(U) = 0 and so,

0 = d([x, u]σ,τ ) = [d(x), u]σ,τ for all x ∈ R, u ∈ U.

By [7, Lemma 1], we obtain σ(u) + τ(u) ∈ Z, for all u ∈ U. Hence the proof is
complete. ¤

Theorem 1. Let U a (σ, τ)−left Lie ideal of R. If d(U) ⊂ Z then σ(u) + τ(u) ∈ Z,
for all u ∈ U .

Proof. Assume that U 6⊂ Z. For any x, y ∈ R and u, v ∈ U, by hypothesis, d([d(v)x, u]σ,τ )
= d(d(v)[x, u]σ,τ + [d(v), τ(u)]x) = d(d(v)[x, u]σ,τ ) ∈ Z and so,

d2(v)[x, u]σ,τ + d(v)d([x, u]σ,τ ) ∈ Z

Since Z is a subring of R and d(U) ⊂ Z, we have

d2(v)[x, u]σ,τ ∈ Z ∀x ∈ R,u, v ∈ U. (2.3)

Replacing x by xσ(u), u ∈ U in (2.3) and applying the above argument, we obtain

d2(v)[x, u]σ,τσ(u) ∈ Z ∀x ∈ R,u, v ∈ U.

Since d2(v)[x, u]σ,τ ∈ Z and R is prime ring, we get

d2(v)[x, u]σ,τ = 0 or u ∈ Z.

If d2(v)[x, u]σ,τ = 0 for all x ∈ R. In this equation by taking xy, y ∈ R for x and
using this equation, we have 0 = d2(v)[xy, u]σ,τ = d2(v)[x, u]σ,τy + d2(v)x[y, σ(u)] =
d2(v)x[y, σ(u)]. By the primeness of R, it implies that d2(U) = 0 or U ⊂ Z. In the
former case, we get σ(u) + τ(u) ∈ Z, for all u ∈ U by Lemma 1. Thus, we conclude
that σ(u) + τ(u) ∈ Z, for all u ∈ U. ¤

Now, suppose that U is a (σ, τ)−left Lie ideal of R. Since for all u, v ∈ U and
x ∈ R,

[x, d(u) + v]σ,τ = [x, d(u)]σ,τ + [x, v]σ,τ

= [x, d(u)]σ,τ + [d(x), u]σ,τ − [d(x), u]σ,τ + [x, v]σ,τ
= d([x, u]σ,τ )− [d(x), u]σ,τ + [x, v]σ,τ ∈ d(U) + U.
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We conclude that d(U)+U is a (σ, τ)−left Lie ideal of R. Furthermore, if d2(U) = 0
then d(d(U)+U) ⊂ d(U) ⊂ d(U)+U and d2(d(U)+U) = 0. Therefore without losing
generality, we may assume that if U is a (σ, τ)−left Lie ideal of such that d2(U) = 0,
then d(U) ⊂ U.

Lemma 2. Let U a (σ, τ)−left Lie ideal of R. d2(U) = 0 and a be an element of R.
If ad([R,U ]σ,τ ) = 0, then a = 0 or σ(u) + τ(u) ∈ Z, for all u ∈ U .

Proof. For x[σ(u), σ(u)] + [x, u]σ,τσ(u) = [xσ(u), u]σ,τ ∈ [R,U ]σ,τ by hypothesis 0 =
ad([x, u]σ,τσ(u)) = ad([x, u]σ,τ )σ(u) + a[x, u]σ,τd(σ(u)) and so

a[x, u]σ,τd(σ(u)) = 0,∀x ∈ R,u ∈ U. (2.4)

Since d2(U) = 0, from the above remark we may assume d(U) ⊂ U. So, replacing
u+ d(v), v ∈ U by u in (2.4)

0 = a[x, u+ d(v)]σ,τd(σ(u+ d(v)).

Expanding the last equation and using d2(U) = 0, σd = dσ and (2.4), we get
a[x, d(v)]σ,τd(σ(u)) = 0, for all u, v ∈ U, x ∈ R. That is,

σ−1(a[x, d(v)]σ,τ )d(U) = 0 .

By [1, Theorem 2] we have σ(u) + τ(u) ∈ Z, for all u ∈ U or a[x, d(v)]σ,τ = 0.
Replacing xy, y ∈ R in the last equation, we obtain ax[y, σ(d(v)] = 0. Since R is a
prime ring, we conclude a = 0 or d(U) ⊂ Z. It gives σ(u) + τ(u) ∈ Z, for all u ∈ U
from Theorem 1. This completes the proof. ¤

Theorem 2. Let U a (σ, τ)−left Lie ideal of R. If d2(U) = 0 then σ(u) + τ(u) ∈ Z,
for all u ∈ U .

Proof. Assume that U * Z. There exists a u0 ∈ U such that

σ(u0) + τ(u0) /∈ Z. (2.5)

For [x, u]σ,τσ(u) ∈ U,

0 = d2([x, u]σ,τσ(u))

= d2([x, u]σ,τ )σ(u) + 2d([x, u]σ,τ )d(σ(u)) + [x, u]σ,τd
2(σ(u)).

In view of the hypothesis and charR 6= 2, we have
d([x, u]σ,τ )d(σ(u)) = 0,∀x ∈ R,u ∈ U. (2.6)

Similarly for τ(u)[x, u]σ,τ ∈ U, we get

d(τ(u))d([x, u]σ,τ ) = 0,∀x ∈ R,u ∈ U. (2.7)

By hypothesis 0 = d2([u, v]σ,τ ) = [d
2(u), v]σ,τ + 2[d(u), d(v)]σ,τ + [u, d

2(v)]σ,τ . Using
d2(U) = 0 and charR 6= 2, we obtain

[d(u), d(v)]σ,τ = 0,∀u, v ∈ U.

That is
d(u)σ(d(v)) = τ(d(v))d(u),∀u, v ∈ U. (2.8)
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Now, let us linearize (2.7) on u = u+ v and use (2.8), then we have

d(τ(u))d([x, v]σ,τ + d(τ(v))d([x, u]σ,τ ) = 0,∀x ∈ R,u, v ∈ U. (2.9)

Multiply on the right by d(σ(u)) and use (2.8), (2.6), we obtain

(d(τ(u)))2d([x, v]σ,τ ) = 0,∀x ∈ R,u, v ∈ U.

The last equation reduces to (d(τ(U)))2d([R,U ]σ,τ ) = 0. By Lemma 2 and (2.5), we
get (d(U))2 = 0. Otherwise, writing d(v) for v in (2.9) and using dτ = τd, we see that

d(U)τ−1([d(x), d(v)]σ,τ ) = 0,∀x ∈ R, v ∈ U.

This means from [1, Theorem 2] σ(u)+τ(u) ∈ Z, for all u ∈ U or [d(x), d(v)]σ,τ = 0. By
our assumption, we get [d(x), d(v)]σ,τ = 0, for all x ∈ R, v ∈ U. If we write xd(u), u ∈
U for x in the last equation, we have 0 = [d(xd(u), d(v)]σ,τ = [d(x)d(u), d(v)]σ,τ =
[d(x), τ(d(v)]d(u) and so,

[d(R), τ(d(U))]d(U) = 0.

From the above argument, we have d(U) ⊂ Z by [1, Theorem 2]. That is σ(u)+τ(u) ∈
Z, for all u ∈ U from Theorem 1. ¤

Theorem 3. Let U a (σ, τ)−left Lie ideal of R and charR 6= 2, 3. If d(U) ⊂ U and
d2(U) ⊂ Z, then σ(u) + τ(u) ∈ Z, for all u ∈ U.

Proof. If U ⊂ Z, then the proof of the theorem is obvious. So, we assume that U * Z.
That is,

σ(u0) + τ(u0) /∈ Z, ∃u0 ∈ U. (2.10)

Suppose that d(Z) = 0. Thus, we have

d3(U) = d(d2(U)) ⊂ d(Z) = 0.

Now, for τ(u)[x, u]σ,τ ∈ U, where x ∈ R and u ∈ U,

0 = d3(τ(u)[x, u]σ,τ )

= 3(d2(τ(u))d([x, u]σ,τ ) + d(τ(u))d2([x, u]σ,τ ).

Since charR 6= 3, we get
d2(τ(u))d([x, u]σ,τ ) + d(τ(u))d2([x, u]σ,τ ) = 0.

Taking d(u) by u and using τd = dτ, d3(U) = 0, we obtain

d2(τ(u))d2([x, d(u)]σ,τ ) = 0.

Since d2(U) ⊂ Z, the last equation gives us

d2(u) = 0 or d2([x, d(u)]σ,τ ) = 0.

Let us defineK = {u ∈ U | d2(u) = 0} and L = {u ∈ U | d2([x, d(u)]σ,τ ) = 0,∀x ∈ R}.
Clearly, both K and L are additive subgroups of U . Moreover, U is the set-theoretic
union of K and L. But a group cannot be the set-theoretic union of two proper
subgroups, hence K = U or L = U. If K = U then σ(u) + τ(u) ∈ Z, for all u ∈ U by
Theorem 2 and it contradicts (2.10). So, we get L = U. That is,

d2([x, d(u)]σ,τ ) = 0,∀x ∈ R,u ∈ U. (2.11)
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In this equation replace x by τ(d(u))x, u ∈ U, x ∈ R, then we get

0 = d2(τ(d(u))[x, d(u)]σ,τ )

= τ(d3(u))[x, d(u)]σ,τ + 2τ(d
2(u))d([x, d(u)]σ,τ ) + τ(d(u))d2([x, d(u)]σ,τ ).

Using (2.11) and d3(U) = 0, charR 6= 2, we obtain τ(d2(u))d([x, d(u)]σ,τ ) = 0. Since
d2(U) ⊂ Z, we have

d2(u) = 0 or d([x, d(u)]σ,τ ) = 0.

Let K = {u ∈ U | d2(u) = 0} and L = {u ∈ U | d([x, d(u)]σ,τ ) = 0,∀x ∈ R}. Each of
K and L is an additive subgroup of U such that U = K ∪ L. The above trick gives
us U = K or U = L. In the former case, d2(U) = 0, which forces σ(u) + τ(u) ∈ Z,
for all u ∈ U by Theorem 2, which is a contradiction. Thus U = L and hence
d([x, d(u)]σ,τ ) = 0 for all u ∈ U. Replacing τ(d(u))x, u ∈ U,x ∈ R by x we have
τ(d2(u))[x, d(u)]σ,τ = 0. Since d2(U) ⊂ Z, we obtain

d2(u) = 0 or [x, d(u)]σ,τ = 0 for all x ∈ R. (2.12)

Again applying the above trick, we obtain [x, d(u)]σ,τ = 0. Taking xy, y ∈ R in place
of x and using (2.12), we have

0 = [xy, d(u)]σ,τ = x[y, d(u)]σ,τ + [x, σ(d(u))]y = [x, σ(d(u))]y .

Since R is a prime ring, we obtain d(U) ⊂ Z. By Theorem 1, it gives σ(u)+ τ(u) ∈ Z,
for all u ∈ U, which is a contradiction. Thus, in the case of d(Z) = 0 the proof is
completed.

Now, we would like to settle the problem when d(Z) is different from zero. There
is a non-zero d(α) ∈ d(Z) such that α ∈ Z. In view of the hypothesis for [αx, u]σ,τ =
α[x, u]σ,τ ∈ U,

d2(α[x, u]σ,τ ) = d2(α)[x, u]σ,τ + 2d(α)d([x, u]σ,τ ) + αd2([x, u]σ,τ ) ∈ Z .

Since d2(U) ⊂ Z, the third term is in the center of R. So, we get

d2(α)[x, u]σ,τ + 2d(α)d([x, u]σ,τ ) ∈ Z,∀x ∈ R,u ∈ U. (2.13)

Replace x by xα in (2.13) to get

(d2(α)[x, u]σ,τ + 2d(α)d([x, u]σ,τ ))α+ 2d(α)[x, u]σ,τd(α) ∈ Z.

However, in view of (2.13) and α ∈ Z, this equation reduces to 2d(α)[x, u]σ,τd(α) ∈ Z.
Since R is a prime ring, charR 6= 2 and 0 6= d(α) ∈ Z, we have [x, u]σ,τ ∈ Z for all
x ∈ R,u ∈ U. By [8, Lemma 1], we obtain σ(u) + τ(u) ∈ Z, for all u ∈ U. This
completes the proof. ¤
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Abstract. In this paper, Schaefer’s fixed point theorem combined with a selection theorem
due to Bressan and Colombo is used to investigate the existence of solutions to multi-point
boundary value problems for second order differential inclusions with lower semicontinuous
and nonconvex valued right-hand side.
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1. Introduction

In this paper we shall prove existence results for multi-point boundary value problems
(BVP for short). In Section 3 we study the three-point boundary value problem of
the second order differential inclusion

y00 ∈ F (t, y), t ∈ J = [0, 1] (1.1)

y(0) = 0, y(η) = y(1), (1.2)

where F : J × R −→ P(R) is a given multivalued map, η ∈ (0, 1) and P(R) is the
family of all subsets in R.
Section 4 is devoted to studying the following four-point BVP

y00 ∈ F (t, y), t ∈ J = [0, 1] (1.3)

y(0) = y0(η), y(1) = y(τ), (1.4)
where F, η are as in the problem (1.1)-(1.2) and τ ∈ (0, 1).
The boundary value problems (1.1)-(1.2) and (1.3)-(1.4) in the case when the mul-

tivalued F has convex values were studied very recently by Benchohra and Ntouyas
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in [1], [3] by using a fixed point theorem for condensing multivalued maps due to
Martelli [18]. The above problems in the case when the multivalued F has nonconvex
values were studied by the same authors in [2], with the aid of a fixed point theo-
rem for contraction multivalued maps due to Covitz and Nadler [7]. Here, by using
Schaefer’s fixed point theorem, combined with a selection theorem of Bressan and
Colombo for lower semicontinuous and nonconvex valued multivalued operators with
decomposable values, existence results are proposed for the problems (1.1)-(1.2) and
(1.3)-(1.4). Possible generalizations are indicated in Section 4. For recent results on
multi-point BVP for ordinary differential equations we refer to [11]-[14].

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts from multi-
valued analysis which are used throughout this paper.

By C(J,R) we denote the Banach space of all continuous functions from J into R
with the norm

kyk∞ := sup{|y(t)| : t ∈ J}.
L1(J,R) denotes the Banach space of measurable functions y : J −→ E which are
Lebesgue integrable normed by

kykL1 =
Z b

0

|y(t)| dt for all y ∈ L1(J,R).

ACi([0, T ],R) is the space of i-times differentiable functions y : [0, T ]→ R, whose ith
derivative, y(i), is absolutely continuous.

Let A be a subset of J × R. A is L⊗ B measurable if A belongs to the σ-algebra
generated by all sets of the form I ×D where I is Lebesgue measurable in J and D is
Borel measurable in R. A subset B of L1(J,R) is decomposable if, for all u, v ∈ B and
I ⊂ J measurable, the function uχI+vχJ−I ∈ B, where χ denotes the characteristic
function.

Let E be a separable Banach space, X a nonempty closed subset of E and G :
X → P(E) a multivalued operator with nonempty closed values. G is lower semi-
continuous (l.s.c.) if the set {x ∈ X : G(x) ∩ C 6= ∅} is open for any open set C in
E. G has a fixed point if there is x ∈ X such that x ∈ G(x).

Definition 1. Let Y be a separable metric space and let N : Y → P(L1(J,R)) be a
multivalued operator. We say N has the property (BC) if

1) N is lower semi-continuous (l.s.c.);
2) N has nonempty closed and decomposable values.

Let F : J × R → P(R) be a multivalued map with nonempty compact values.
Assign to F the multivalued operator

F : C(J,R)→ P(L1(J,R))
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by letting
F(y) = {w ∈ L1(J,R) : w(t) ∈ F (t, y(t)) for a.e. t ∈ J}.

The operator F is called the Niemytzki operator associated with F. We say F is the
lower semi-continuous type (l.s.c. type) if its associated Niemytzki operator F is lower
semi-continuous and has nonempty closed and decomposable values.

Next we state a selection theorem due to Bressan and Colombo.

Lemma 1. [6] Let Y be separable metric space and let N : Y → P(L1(J,R)) be a
multivalued operator which has the property (BC). Then N has a continuous selection,
i.e. there exists a continuous function (single-valued) g : Y → L1(J,R) such that
g(y) ∈ N(y) for every y ∈ Y.

For more details on multivalued maps and the proof of known results cited in this
section we refer to the books by Deimling [8], Gorniewicz [10], Hu and Papageorgiou
[15] and Tolstonogov [20].

3. Main Results

By the help of Schaefer’s theorem, combined with the selection theorem of Bressan and
Colombo for lower semicontinuous maps with decomposable values, we shall present
first an existence result for the problem (1.1)-(1.2). Before this, let us introduce the
following hypotheses which are assumed hereafter:

(H1) F : [0, 1]×R −→ P(R) is a nonempty compact valued multivalued map such
that:
a) (t, y) 7→ F (t, y) is L⊗ B measurable;
b) y 7→ F (t, y) is lower semi-continuous for a.e. t ∈ [0, 1];

(H2) F is integrably bounded, that is, there exists a function H ∈ L1(J,R) such
that

kF (t, y)k := sup{kvk : v ∈ F (t, y)} ≤ H(t) for almost all t ∈ J and all y ∈ R.
In the proof of our following theorem we will need for the auxiliary result:

Lemma 2. [9]. Let F : J×R→ P(R) be a multivalued map with nonempty, compact
values. Assume (H1) and (H2) hold. Then F is of l.s.c. type.

Definition 2. A function y ∈ AC1(J,R) is called a solution to the BVP (1.1)-(1.2)
if y satisfies the differential inclusion (1.1) a.e. on J and the condition (1.2).

Theorem 1. Suppose that hypotheses (H1), (H2) hold. Then the boundary value
problem (1.1)—(1.2) has at least one solution.

Proof. (H1) and (H2) imply by Lemma 2 that F is of the lower semi-continuous
type. Then from Lemma 1 there exists a continuous function g : C(J,R)→ L1(J,R)
such that g(y) ∈ F(y) for all y ∈ C(J,R).
We consider the problem

y00(t) = g(y)(t), a.e. t ∈ J = [0, 1], (3.1)
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y(0) = 0, y(η) = y(1). (3.2)

Remark 1. If y ∈ C(J,R) is a solution to the problem (3.1)—(3.2), then y is a
solution to the problem (1.1)-(1.2).

Transform problem (3.1)-(3.2) into a fixed point problem. Consider the operator,
N : C(J,R) −→ C(J,R) defined by:

N(y)(t) =

Z t

0

(t− s)g(y)(s)ds+
t

1− η

Z η

0

(η − s)g(y)(s)ds

− t

1− η

Z 1

0

(1− s)g(y)(s)ds.

We shall show that N is a compact operator.

Step 1: N is continuous.

Let {yn} be a sequence such that yn → y in C(J,R). Then

|N(yn)(t)−N(y)(t)| =

Z t

0

(t− s)|g(yn)(s)− g(y)(s)|ds

+
t

1− η

Z η

0

(η − s)|g(yn)(s)− g(y)(s)|ds

− t

1− η

Z 1

0

(1− s)|g(yn)(s)− g(y)(s)|ds.

Since g is continuous, then

kN(yn)−N(y)k∞ → 0 as n→∞.

Step 2: N is bounded on bounded sets of C(J,R).

Indeed, it is enough to show that there exists a positive constant c such that for
each h ∈ N(y), y ∈ Br = {y ∈ C(J,R) : kyk∞ ≤ r} one has khk∞ ≤ c.

By (H2) we have for each t ∈ J that

|h(t)| ≤
Z t

0

H(s)ds+
1

1− η

Z η

0

(η − s)H(s)ds+
1

1− η

Z 1

0

(1− s)H(s)ds.

Then

khk∞ ≤
Z 1

0

H(s)ds+
1

1− η

Z η

0

(η − s)H(s)ds+
1

1− η

Z 1

0

(1− s)H(s)ds := c.

Step 3: N sends bounded sets of C(J,R) into equicontinuous sets.
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Let t1, t2 ∈ J, t1 < t2 and Br be a bounded set of C(J,R). Then we obtain

|h(t2)− h(t1)| ≤
Z t2

0

(t2 − s)|g(y)(s)|ds+
Z t2

t1

(t1 − s)|g(y)(s)|ds

+
t2 − t1
1− η

Z η

0

(η − s)|g(y)(s)|ds+ t2 − t1
1− η

Z 1

0

(1− s)|g(y)(s)|ds

≤
Z t2

0

(t2 − s)H(s)ds+

Z t2

t1

(t1 − s)H(s)ds

+
t2 − t1
1− η

Z η

0

(η − s)H(s)ds+
t2 − t1
1− η

Z 1

0

(1− s)H(s)ds.

As t2 −→ t1 the right-hand side of the above inequality tends to zero.

As a consequence of Steps 1 to 3, together with the Arzela-Ascoli theorem we can
conclude that N is completely continuous.

In order to apply Schaefer’s theorem, it remains to show that

Step 4: The set

Ω := {y ∈ C(J,R) : λy = N(y) for some λ > 1}
is bounded.

Let y ∈ Ω. Then λy = N(y) for some λ > 1 and

y(t) = λ−1
Z t

0

(t− s)g(y)(s)ds+ λ−1
t

1− η

Z η

0

(η − s)g(y)(s)ds

−λ−1 t

1− η

Z 1

0

(1− s)g(y)(s)ds, t ∈ J.

This implies by (H2) that for each t ∈ J we have

|y(t)| ≤
Z t

0

(t− s)H(s)ds+
1

1− η

Z η

0

(η − s)H(s)ds+
1

1− η

Z 1

0

(1− s)H(s)ds.

Thus

kyk∞ ≤
Z 1

0

(1− s)H(s)ds+
1

1− η

Z η

0

(η − s)H(s)ds+
1

1− η

Z 1

0

(1− s)H(s)ds := K.

This shows that Ω is bounded.

As a consequence of Schaefer’s theorem (see [19] p. 29) we deduce that N has a
fixed point which is a solution to (3.1)-(3.2) and hence from Remark 1 a solution to
the problem (1.1)-(1.2).

The next result concerns the four-point BVP (1.3)—(1.4). Before stating and prov-
ing this result, we give the definition of a solution of the four-point BVP (1.3)—(1.4).

Definition 3. A function y ∈ AC1(J,R) is called a solution to the BVP (1.3)-(1.4)
if y satisfies the differential inclusion (1.3) a.e. on J and the conditions (1.4).
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Theorem 2. Assume that (H1), (H2) are satisfied. Then the BVP (1.3)-(1.4) has
at least one solution on J.

Proof. (H1) and (H2) imply by Lemma 2 that F is of the lower semi-continuous
type. Then from Lemma 1 there exists a continuous function g : C(J,R)→ L1(J,R)
such that g(y) ∈ F(y) for all y ∈ C(J,R).
We consider the problem

y00(t) = g(y)(t), a.e. t ∈ J = [0, 1], (3.3)

y(0) = y0(η), y(1) = y(τ). (3.4)

Transform problem (3.3) - (3.4) into a fixed point problem. Consider the multivalued
map, N1 : C(J,R) −→ C(J,R) defined by:

N1(y)(t) =

Z t

0

(t− s)g(y)(s)ds+

Z η

0

g(y)(s)ds

+
1 + t

1− τ

·Z τ

0

(τ − s)g(y)(s)ds−
Z 1

0

(1− s)g(y)(s)ds

¸
.

We can easily show that N1 has a fixed point, following the steps of Theorem 1.
We omit the details.

4. Concluding Remarks

Let ai ∈ R, with all of the a,is having the same sign, ξi ∈ (0, 1), i = 1, 2, . . . ,m − 2,
0 < ξ1 < ξ2 < . . . < ξm−2 < 1. Consider the following m-point boundary value
problem for second order differential inclusions

y00(t) ∈ F (t, y(t)), t ∈ J, (4.1)

y(0) = 0, y(1) =
m−2X
i=1

aiy(ξi). (4.2)

It is well known (see [16] for example), that if a function y ∈ C1(J,R) satisfies the
boundary condition (4.2) and all of the ai, i = 1, 2, . . . ,m−2 have the same sign, then
there exists η ∈ [ξ1, ξm−2], depending on y ∈ C1(J,R) such that

y(1) = αy(η),

with α =
m−2P
i=1

ai. Accordingly, the problem of the existence of a solution to the BVP

(4.1)—(4.2) can be studied via the three-point BVP

y00(t) ∈ F (t, y(t)), t ∈ J,

y(0) = 0, y(1) = αy(η),

where η ∈ (0, 1) is given. We omit the details, since the proof follows the steps of the
proof of Theorem 1, with obvious modifications.
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It is obvious that the above method can also be applied to other types of m-point
BVPs. For example for the BVPs

y00(t) ∈ F (t, y(t)), t ∈ J,

y0(0) = 0, y(1) =
m−2P
i=1

aiy(ξi),

or 
y00(t) ∈ F (t, y(t)), t ∈ J,

y(0) = 0, y0(1) =
m−2P
i=1

aiy
0(ξi),

which can be reduced to the following three point BVPs:½
y00(t) ∈ F (t, y(t)), t ∈ J,
y0(0) = 0, y(1) = αy(η),

and ½
y00(t) ∈ F (t, y(t)), t ∈ J,
y(0) = 0, y0(1) = αy0(η),

respectively.

Let bj ∈ R having the same sign, ζi ∈ (0, 1), i = 1, 2, . . . , n−2, 0 < ζ1 < ζ2 < . . . <
ζn−2 < 1. Then the following general m-point BVP

y00(t) ∈ F (t, y(t)), t ∈ J,

y(0) =
m−2P
i=1

aiy0(ξi), y(1) =
n−2P
j=1

bjy(ζj),
y00(t) ∈ F (t, y(t)), t ∈ J,

y(0) =
m−2P
i=1

aiy0(ξi), y0(1) =
n−2P
j=1

bjy0(ζj),
y00(t) ∈ F (t, y(t)), t ∈ J,

y(0) =
m−2P
i=1

aiy(ξi), y(1) =
n−2P
j=1

bjy(ζj)

and 
y00(t) ∈ F (t, y(t)), t ∈ J,

y(0) =
m−2P
i=1

aiy(ξi), y0(1) =
n−2P
j=1

biy0(ζj)

which can be reduced to the following four point BVP½
y00(t) ∈ F (t, y(t)), t ∈ J,
y(0) = αy0(η), y(1) = βy(τ),½
y00(t) ∈ F (t, y(t)), t ∈ J,
y(0) = αy0(η), y0(1) = βy0(τ),½
y00(t) ∈ F (t, y(t)), t ∈ J,
y(0) = αy(η), y(1) = βy(τ),

and ½
y00(t) ∈ F (t, y(t)), t ∈ J,
y(0) = αy(η), y0(1) = βy0(τ),
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respectively with α =
m−2P
i=1

ai, β =
n−2P
j=1

bj .
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Abstract. In the present paper we construct new piecewise linear functions using a special
partition of the interval [−1, 1]. This construction leads to the definition of some new linear
operators and we shall obtain global estimates for the remainder in approximating continuous
functions by these operators using the second order modulus of smoothness of Ditzian -
Totik.
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1. Introduction

Let (δk)nk=−n be a sequence such that δk = δ−k (k = 1, 2, . . . , n) and 1/n2 = δn <
δn−1 < . . . < δ1 < δ0 < c0/n. Furthermore, let (xk)nk=−n : −1 = x−n < x−n+1 <
. . . < xn−1 < xn = 1 be a partition of the interval [−1, 1] with the properties:

: (i) c1 δk ≤ xk+1 − xk ≤ c2 δk (k = −n, . . . , n− 1)
: (ii) for any u ∈ [xk, xk+1] (k = −n + 1, . . . , n − 2) we have xk+1 − xk ≤

c ·
√
1−u2
n .

Here and throughout c0, c1, c2 and c denote absolute constants and the value of c may
vary with each occurrence, even on the same line.

The existence of (δk)nk=−n and (xk)
n
k=−n is guaranteed by the constructive proof

of DeVore and Yu given in [1, p. 326 and p. 329]. This proof establishes a pointwise
estimate of the Timan - Teljakovski type for monotone polynomial approximation [1,
p. 324, Theorem 1]. The idea of DeVore and Yu was successfully applied by Leviatan
[3, p. 3, Theorem 1’] to give a global estimate on monotone approximation. Both
proofs are based on a two - stage approximation. At first the function f ∈ C[−1, 1] is
approximated by a piecewise linear function Snf which interpolates f at the points
xk (k = −n,−n+ 1, . . . , n). By Newton’s formula we have

(Snf)(x)− f(x) = (x− xk) (xk+1 − x) [ xk, x, xk+1 ; f ],

Doi: 10.18514/MMN.2002.56
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xk ≤ x ≤ xk+1 (k = −n, . . . , n − 1), where the square brackes denote the divided
difference of f at xk, x, xk+1. Using the proof of [3, p. 7, Theorem 7 ] we can deduce
the following result:

kf − Snfk ≤ c ω2ϕ(f, n
−1), (1.1)

where k · k is the sup - norm on [−1, 1], ϕ(x) = √1− x2, x ∈ [−1, 1] and ω2ϕ(f, t) =

sup0<h≤t k∆2hϕ(x)f(x)k is the Ditzian - Totik modulus of smoothness [2], where

∆2hϕ(x)f(x) = f(x− hϕ(x))− 2f(x) + f(x+ hϕ(x)),

if x± hϕ(x) ∈ [−1, 1] and ∆2hϕ(x)f(x) = 0, otherwise.

In this note we are interested in uniform approximation by piecewise linear func-
tions different from Snf.

2. Approximation by piecewise linear functions

Using a representation theorem given by Popoviciu for the operator Sn [5], we consider
the following piecewise linear function:

(Unf)(x) =

=
x−n+1 − x+ |x−n+1 − x|

2(x−n+1 − x−n)
· f(x−n) +

+
n−1X

k=−n+1

xk+1 − xk−1
2

· [ xk−1, xk, xk+1 ; |t− x| ]t ·

·©f(xk + n−γϕ(xk))− f(xk) + f(xk − n−γϕ(xk))
ª
+

+
x− xn−1 + |x− xn−1|

2(xn − xn−1)
· f(xn),

where f ∈ C[−1, 1] and γ ≥ 1 such that c1δ−n = c1n
−2 ≥ n−γ . Here we denote

by [ xk−1, xk, xk+1 ; |t − x|]t the fact that the divided difference is applied to the
variable t.

The operator Un : C[−1, 1] → C[−1, 1] is linear which preserves the linear func-
tions. The function Unf interpolates f at the endpoints of the interval [−1, 1]. More-
over, if f ∈ C[−1, 1] is a positive, convex function, then Unf is also positive. Indeed,
for k = −n+ 1, . . . , n− 1 we have f(xk + n−γϕ(xk))− f(xk) + f(xk − n−γϕ(xk)) ≥
f(xk) ≥ 0. Hence, by definition of Unf we obtain (Unf)(x) ≥ (Snf)(x) ≥ 0,
x ∈ [−1, 1] because Sn : C[−1, 1]→ C[−1, 1] is a positive linear operator.
Our first result is the following:

Theorem 1. If f ∈ C[−1, 1], then kf − Unfk ≤ c ω2ϕ(f, n
−1).

Proof. By (i) we get n−γϕ(x−n+1) ≤ n−γ ≤ c1δ−n ≤ x−n+1 − x−n. Hence x−n ≤
x−n+1−n−γϕ(x−n+1) ≤ x−n+1. Again, by (i) and by the properties of (δk)nk=−n we
have n−γϕ(xk) ≤ n−γ ≤ c1δ−n ≤ c1δk ≤ xk+1 − xk (k = −n+ 1, . . . , n − 1). Then
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xk ≤ xk + n−γϕ(xk) ≤ xk+1 (k = −n + 1, . . . , n − 1). With the same hypotheses
we obtain n−γϕ(xk−1) ≤ n−γ ≤ c1δ−n ≤ c1δk−1 ≤ xk − xk−1 (k = −n+ 2, . . . , n).
Hence xk−1 ≤ xk − n−γϕ(xk−1) ≤ xk (k = −n+ 2, . . . , n). This means that Unf is
well - defined.

Now, in view of Popoviciu’s representation theorem [5] we have

(Snf)(x) =
x−n+1 − x+ |x−n+1 − x|

2(x−n+1 − x−n)
· f(x−n) +

+
n−1X

k=−n+1

xk+1 − xk−1
2

· [ xk−1, xk, xk+1 ; |t− x| ]t · f(xk) +

+
x− xn−1 + |x− xn−1|

2(xn − xn−1)
· f(xn).

Hence

(Unf)(x)− (Snf)(x) =
=

x− x−n
x−n+1 − x−n

· ©f(x−n+1 + n−γϕ(x−n+1)) −
− 2f(x−n+1) + f(x−n+1 − n−γϕ(x−n+1))

ª
(2.1)

for x−n ≤ x ≤ x−n+1;

(Unf)(x)− (Snf)(x) =
=

xk+1 − x

xk+1 − xk
· ©f(xk + n−γϕ(xk)) −

− 2 f(xk) + f(xk − n−γϕ(xk))
ª
+

+
x− xk

xk+1 − xk
· ©f(xk+1 + n−γϕ(xk+1)) −

− 2 f(xk+1) + f(xk+1 − n−γϕ(xk+1))
ª

(2.2)

for xk ≤ x ≤ xk+1 (k = −n+ 1, . . . , n− 1);

(Unf)(x)− (Snf)(x) =
=

xn − x

xn − xn−1
· ©f(xn−1 + n−γϕ(xn−1)) −

− 2 f(xn−1) + f(xn−1 − n−γϕ(xn−1))
ª

(2.3)

for xn−1 ≤ x ≤ xn.

On the other hand, by definition of the Ditzian-Totik modulus of smoothness we
obtain from (2), (3), (4) and γ ≥ 1 the estimates
|(Unf)(x)− (Snf)(x)| =

=
x− x−n

x−n+1 − x−n
· |∆2n−γϕ(x−n+1)f(x−n+1)|

≤ k∆2n−γϕ(x)f(x)k ≤ ω2ϕ(f, n
−1),
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where x−n ≤ x ≤ x−n+1;

|(Unf)(x)− (Snf)(x)| ≤

≤ xk+1 − x

xk+1 − xk
· |∆2n−γϕ(xk)f(xk)|+

+
x− xk

xk+1 − xk
· |∆2n−γϕ(xk+1)f(xk+1)|

≤ k∆2n−γϕ(x)f(x)k ≤ ω2ϕ(f, n
−1),

where xk ≤ x ≤ xk+1;

|(Unf)(x)− (Snf)(x)| =
xn − x

xn − xn−1
· |∆2n−γϕ(xn−1)f(xn−1)|

≤ k∆2n−γϕ(x)f(x)k ≤ ω2ϕ(f, n
−1),

where xn−1 ≤ x ≤ xn. Hence kUnf − Snfk ≤ ω2ϕ(f, n
−1). Using (1) we obtain the

assertion of the theorem. ¤
Our next piecewise linear function is the following:

(Vnf)(x) =
xk+1 − x

xk+1 − xk
· 1

c1δk

Z xk+c1δk

xk

f(u) du +

+
x− xk

xk+1 − xk
· 1

c1δk

Z xk+1

xk+1−c1δk
f(u) du,

if xk < x < xk+1 (k = −n, . . . , n − 1) and (Vnf)(x) = f(xk), if x = xk (k =
−n, . . . , n).
Then Vn : C[−1, 1]→ L∞[−1, 1] is a linear, positive operator such that Vnf interpo-
lates the function f at the points xk (k = −n, . . . , n). The main difference between
Vn and Sn is that Vnf is not necessarily continuous at xk (k = −n + 1, . . . , n − 1).
Moreover, Vne0 = e0 and Vne1 = e1 + O(n−1) (here e0(x) = 1 and e1(x) = x for
x ∈ [−1, 1]). Indeed, the first statement is obvious and for the second one we have for
xk < x < xk+1 (k = −n, . . . , n− 1) :

(Vne1)(x) =
xk+1 − x

xk+1 − xk
· 1

c1δk
· 1
2

¡
2xkc1δk + c21δ

2
k

¢
+

+
x− xk

xk+1 − xk
· 1

c1δk
· 1
2

¡
2xk+1c1δk − c21δ

2
k

¢
= x+

1

2
c1δk

µ
xk+1 − x

xk+1 − xk
− x− xk

xk+1 − xk

¶
.

Hence, by properties of (δk)nk=−n we obtain

|(Vne1)(x)− e1(x)| ≤ 1

2
c1δk ≤ c0c1

2n
, n ≥ 1.
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Furthermore, we denote the set of all algebraic polynomials of degree at most n by Πn
and the best uniform approximation on [−1, 1] by En(f) = inf{kf − pk : p ∈ Πn}.
Our next results are the following:

Theorem 2. Let f ∈ C[−1, 1] and Vn (n ∈ N, n ≥ 2) be defined as above. Then
kf − Vnfk ≤

≤ c

(
ω2ϕ(f, n

−1) + n−1
Z 1

2

1
n

ω2ϕ(f, t)

t3
dt + n−1 E0(f)

)
.

Corollary 1. Let f ∈ C[−1, 1], n ∈ N, n ≥ 2. Then

kf − Vnfk ≤ c n−1
(Z 1

2

1
n

ω2ϕ(f, t)

t3
dt + kfk

)
.

To prove our statements we need a lemma:

Lemma 1. For g ∈ C2[−1, 1], n ≥ 2 we have

kg − Vngk ≤ c
©
n−1 kg0k + n−2 kϕ2g00kª .

Proof. If xk < x < xk+1 (k = −n+ 1, . . . , n− 2), then
(Vng)(x)− g(x) =

=
xk+1 − x

xk+1 − xk
·

·
(

1

c1δk

Z xk+c1δk

xk

[g(u)− g(xk)] du+ g(xk)− g(x)

)
+

x− xk
xk+1 − xk

·

·
(

1

c1δk

Z xk+1

xk+1−c1δk
[g(u)− g(xk+1)] du+ g(xk+1)− g(x)

)
.

Simple computations show thatZ β

α

[g(u)− g(α)] du =

Z β

α

(β − u) g0(u) du

and Z β

α

[g(β)− g(u)] du =

Z β

α

(u− α) g0(u) du.
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Hence

(Vng)(x)− g(x) =

=
xk+1 − x

xk+1 − xk
·

·
(

1

c1δk

Z xk+c1δk

xk

(xk + c1δk − u) g0(u) du−
Z x

xk

g0(u) du

)

+
x− xk

xk+1 − xk
·
½

1

c1δk
·

·
Z xk+1

xk+1−c1δk
(xk+1 − c1δk − u) g0(u) du+

Z xk+1

x

g0(u) du

)
=

xk+1 − x

xk+1 − xk
· 1

c1δk
·

·
(Z xk+c1δk

xk

(xk + c1δk − u) g0(u) du−
Z x

xk

c1δkg
0(u) du

)

+
x− xk

xk+1 − xk
· 1

c1δk
·
(Z xk+1

xk+1−c1δk
(xk+1 − c1δk − u) g0(u) du +

+

Z xk+1

x

c1δkg
0(u) du

¾
=

xk+1 − x

xk+1 − xk
· 1

c1δk

·
(Z x

xk

(xk − u)g0(u) du+
Z xk+c1δk

x

(xk + c1δk − u)g0(u) du

)

+
x− xk

xk+1 − xk
· 1

c1δk
·
(Z x

xk+1−c1δk
(xk+1 − c1δk − u)g0(u) du +

+

Z xk+1

x

(xk+1 − u)g0(u) du
¾
.

By partial integration we obtain

(Vng)(x)− g(x) =

=
xk+1 − x

xk+1 − xk
· 1

c1δk

½
−1
2
(xk − x)2 g0(x) +

+
1

2

Z x

xk

(xk − u)2g00(u) du+
1

2
(xk + c1δk − x)2 g0(x) +

+
1

2

Z xk+c1δk

x

(xk + c1δk − u)2g00(u) du

)
+
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+
1

2

Z xk+c1δk

x

(xk + c1δk − u)2g00(u) du

)
+

+
x− xk

xk+1 − xk
· 1

c1δk

½
−1
2
(xk+1 − c1δk − x)2g0(x) +

+
1

2

Z x

xk+1−c1δk
(xk+1 − c1δk − u)2g00(u) du +

+
1

2
(xk+1 − x)2g0(x) +

1

2

Z xk+1

x

(xk+1 − u)2g00(u) du
¾
. (2.4)

On the other hand, we get for xk ≤ u ≤ xk+1 by (i) and (ii)¯̄̄̄
¯ −12 (xk − x)2 + 1

2 (xk + c1δk − x)2

¯̄̄̄
¯ =

= |c1δk(xk − x) +
1

2
(c1δk)

2| = c1δk|(xk − x) +
1

2
c1δk|

≤ c1δk(x− xk +
1

2
c1δk) ≤ 3

2
c1δk (xk+1 − xk)

≤ 3

2
c1δk · c

√
1− u2

n
≤ c · c1δk

n
; (2.5)

we have for xk ≤ u ≤ x < xk+1, by (ii)

(xk − u)2 ≤ (xk+1 − xk)
2 ≤ c

1− u2

n2
(2.6)

and for xk < x ≤ u ≤ xk + c1δk ≤ xk+1 or xk ≤ xk + c1δk ≤ u ≤ x < xk+1 we have
in view of (i) and (ii)

(xk + c1δk − u)2 ≤ 2 (xk − u)2 + 2 (c1δk)
2 ≤ 4 (xk+1 − xk)

2 ≤ c
1− u2

n2
. (2.7)

Using the same arguments we obtain¯̄̄̄
¯ −12 (xk+1 − c1δk − x)2 +

1

2
(xk+1 − x)2

¯̄̄̄
¯ ≤ c

c1δk
n

(2.8)

for xk ≤ u ≤ xk+1;

(xk+1 − c1δk − u)2 ≤ c
1− u2

n2
(2.9)

for xk ≤ xk+1 − c1δk ≤ u ≤ x < xk+1 or xk < x ≤ u ≤ xk+1 − c1δk ≤ xk+1 and

(xk+1 − u)2 ≤ c
1− u2

n2
(2.10)

for xk < x ≤ u ≤ xk+1. Then (5)− (11) and (ii) imply
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|(Vng)(x)− g(x)| ≤

≤ xk+1 − x

xk+1 − xk
· 1

c1δk

½
|− 1

2
(xk − x)2 +

1

2
(xk + c1δk − x)2|·

· |g0(x)|+ 1
2

Z x

xk

(u− xk)
2|g00(u)| du +

+
1

2

¯̄̄̄
¯
Z xk+c1δk

x

(xk + c1δk − u)2|g00(u)| du
¯̄̄̄
¯
)
+

+
x− xk

xk+1 − xk
· 1

c1δk

½
|− 1

2
(xk+1 − c1δk − x)2 +

1

2
(xk+1 − x)2|·

· |g0(x)|+ 1
2

¯̄̄̄
¯
Z x

xk+1−c1δk
(xk+1 − c1δk − u)2|g00(u)| du

¯̄̄̄
¯ +

+
1

2

Z xk+1

x

(xk+1 − u)2|g00(u)| du
¾

≤ xk+1 − x

xk+1 − xk
· 1

c1δk

½
c · c1δk

n
· kg0k +

+
1

2

Z x

xk

c · 1− u2

n2
· |g00(u)| du +

+
1

2

¯̄̄̄
¯
Z xk+c1δk

x

c · 1− u2

n2
|g00(u)| du

¯̄̄̄
¯
)
+

+
x− xk

xk+1 − xk
· 1

c1δk

½
c · c1δk

n
kg0k +

+
1

2

¯̄̄̄
¯
Z x

xk+1−c1δk
c · 1− u2

n2
|g00(u)| du

¯̄̄̄
¯ +

+
1

2

Z xk+1

x

c · 1− u2

n2
|g00(u)| du

¾
. (2.11)

But Z x

xk

+

¯̄̄̄
¯
Z xk+c1δk

x

¯̄̄̄
¯ =

Z x

xk

+

Z xk+c1δk

x

=

Z xk+c1δk

xk

if xk < x ≤ xk + c1δk orZ x

xk

+

¯̄̄̄
¯
Z xk+c1δk

x

¯̄̄̄
¯ =

Z x

xk

+

Z x

xk+c1δk

≤
Z x

xk

+

Z x

xk

= 2

Z x

xk

if xk + c1δk ≤ x < xk+1 and¯̄̄̄
¯
Z x

xk+1−c1δk

¯̄̄̄
¯ +

Z xk+1

x

=

Z x

xk+1−c1δk
+

Z xk+1

x

=

Z xk+1

xk+1−c1δk
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if xk+1 − c1δk ≤ x < xk+1 or

¯̄̄̄
¯
Z x

xk+1−c1δk

¯̄̄̄
¯ +

Z xk+1

x

=

Z xk+1−c1δk

x

+

Z xk+1

x

≤

≤
Z xk+1

x

+

Z xk+1

x

= 2

Z xk+1

x

if xk < x ≤ xk+1 − c1δk. So we obtain in view of (12) that

|(Vng)(x)− g(x)| ≤

≤ xk+1 − x

xk+1 − xk
· 1

c1δk

½
c · c1δk

n
kg0k +

+c · kϕ
2g00k
n2

·max (c1δk;x− xk)

¾
+

x− xk
xk+1 − xk

· 1

c1δk

½
c · c1δk

n
kg0k +

+c · kϕ
2g00k
n2

·max(c1δk;xk+1 − x)

¾
≤ c

½
n−1 kg0k+ n−2 kϕ2g00k ·max

µ
1;
xk+1 − xk

c1δk

¶¾
.

By (i) we have xk+1 − xk ≤ c2δk. Therefore

|(Vng)(x)− g(x)| ≤ c
©
n−1kg0k + n−2kϕ2g00kª . (2.12)

If x−n < x < x−n+1 then

(Vng)(x)− g(x) =

=
x−n+1 − x

x−n+1 − x−n
·
½

1

c1δ−n
·

·
Z x−n+c1δ−n

x−n
[g(u)− g(x−n)] du+ g(x−n)− g(x)

)

+
x− x−n

x−n+1 − x−n
·
½

1

c1δ−n
·Z x−n+1

x−n+1−c1δ−n
[g(u)− g(x−n+1)] du+ g(x−n+1)− g(x)

)
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=
x−n+1 − x

x−n+1 − x−n
·
½

1

c1δ−n
·

·
Z x−n+c1δ−n

x−n
[g(u)− g(x−n)] du−

Z x

x−n
g0(u) du

)

+
x− x−n

x−n+1 − x−n
·
½

1

c1δ−n
·

·
Z x−n+1

x−n+1−c1δ−n
[g(u)− g(x−n+1)] du+

Z x−n+1

x

g0(u) du

)

=
x−n+1 − x

x−n+1 − x−n
·
½

1

c1δ−n
·

·
Z x−n+c1δ−n

x−n

"Z u

x−n
g0(v) dv

#
du−

Z x

x−n
g0(u) du

)

+
x− x−n

x−n+1 − x−n
·
½
− 1

c1δ−n
·

·
Z x−n+1

x−n+1−c1δ−n

·Z x−n+1

u

g0(v) dv
¸
du+

Z x−n+1

x

g0(u) du

)
.

Hence

|(Vng)(x)− g(x)| ≤

≤ x−n+1 − x

x−n+1 − x−n
·
½

1

c1δ−n
·

·
Z x−n+c1δ−n

x−n

"Z u

x−n
|g0(v)| dv

#
du+

Z x

x−n
|g0(u)| du

)

+
x− x−n

x−n+1 − x−n
·
½

1

c1δ−n
·

·
Z x−n+1

x−n+1−c1δ−n

·Z x−n+1

u

|g0(v)| dv
¸
du+

Z x−n+1

x

|g0(u)| du
)

≤ x−n+1 − x

x−n+1 − x−n
·
½

1

c1δ−n
·

·
Z x−n+c1δ−n

x−n
(u− x−n) du+ (x− x−n)

)
kg0k

+
x− x−n

x−n+1 − x−n
·
½

1

c1δ−n
·

·
Z x−n+1

x−n+1−c1δ−n
(x−n+1 − u) du+ (x−n+1 − x)

)
kg0k.
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In view of (i) we have x−n ≤ u ≤ x−n + c1δ−n ≤ x−n+1, x−n ≤ x−n+1 − c1δ−n ≤
u ≤ x−n+1 and x−n ≤ x ≤ x−n+1, respectively. So

|(Vng)(x)− g(x)| ≤

≤ x−n+1 − x

x−n+1 − x−n

½
1

c1δ−n
·

·
Z x−n+c1δ−n

x−n
(x−n+1 − x−n) du+ (x−n+1 − x−n)

)
kg0k

+
x− x−n

x−n+1 − x−n

½
1

c1δ−n
·

·
Z x−n+1

x−n+1−c1δ−n
(x−n+1 − x−n) du+ (x−n+1 − x−n)

)
kg0k

≤ 2 (x−n+1 − x−n) kg0k.
Again, (i) implies x−n+1 − x−n ≤ c2δ−n. This means that

|(Vng)(x)− g(x)| ≤ 2 c2 δ−n kg0k ≤ c

n2
kg0k. (2.13)

Analogously

|(Vng)(x)− g(x)| ≤ c

n2
kg0k (2.14)

for xn−1 < x < xn. In conclusion (13), (14) and (15) imply

kg − Vngk ≤ c
©
n−1 kg0k + n−2 kϕ2g00k ª ,

which completes the proof. ¤

Proof of Theorem 2. We have

|(Vnf)(x)| ≤ xk+1 − x

xk+1 − xk
· 1

c1δk

Z xk+c1δk

xk

|f(u)| du

+
x− xk

xk+1 − xk
· 1

c1δk

Z xk+1

xk+1−c1δk
|f(u)| du ≤ kfk

for xk < x < xk+1 (k = −n, . . . , n− 1). Thus
kVnfk ≤ kfk. (2.15)

On the other hand, let us denote by pn ∈ Πn the best nth degree polynomial
approximation to f . Then we know for f ∈ C[−1, 1] (see [2, p. 79, Theorem 7.2.1])
that

En(f) = kf − pnk ≤ c ω2ϕ(f, n
−1). (2.16)

Moreover, we have the following Bernstein type inequality [2, p. 84, Theorem 7.3.1]
for the best approximation polynomial

kϕ2p00nk ≤ n2 ω2ϕ(f, n
−1). (2.17)
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Then, using (16), Lemma 1, (17), (18) and the proof of [4, pp. 83 - 84, Theorem 3.2]
we obtain the conclusion of our theorem. ¤

Proof of Corollary 1. In view of [4, p. 86, Remark 3.4], the proof is a direct
consequence of the fact that we can drop the first term on the right hand side of the
estimate given in Theorem 2 because ofZ 1

2

1
n

ω2ϕ(f, t)

t3
dt ≥ ω2ϕ(f, n

−1) ·
Z 1

2

1
n

dt

t3
≥ c n2 ω2ϕ(f, n

−1), n > 2.
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Abstract. In this paper the possibility to present by a polynomial an independent variable
for the approximate solutions of the systems of implicit ordinary differential equations under
multi-point boundary conditions is substantiated.
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1. Introduction

There is a large number of methods which mathematicians elaborated for studying
boundary value problems (BVPs). In the papers [1], [2] the numerical-analytic method
based upon successive approximations was introduced. The polynomial version of this
method in which the successive approximations are polynomials was proposed in [1]
and then developed in [3], [4] for three- and multi-point boundary conditions. In this
paper the issue of existence and approximate construction of the solutions of multi-
point boundary conditions for the systems of implicit ordinary differential equations
of the first order are studied by using polynomial approximations.

2. Construction of successive polynomial approximations

Let us consider a system of implicit equations

dx

dt
= f(t, x,

dx

dt
), (2.1)

with a multi-point boundary conditions

A0x(0) +

qX
k=1

Akx(tk) +Aq+1x(T ) = d, (2.2)

where x, d ∈ Rn, f : [0, T ]×D1 ×D2 → Rn, D1,D2 are closed bounded domains in
Rn, 0 = t0 < t1 < . . . < tq < tq+1 = T, Ak (k = 0, 1, . . . , q + 1) - are n× n matrices

Doi: 10.18514/MMN.2002.57

http://dx.doi.org/10.18514/MMN.2002.57
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so that det
·
q=1P
k=1

Aktk

¸
6= 0.

First of all we will introduce some notations [1].
It is known that for f(t) ∈ C [0, T ] there is a unique polynomial P 0m(t) among all the
polynomials Pm(t) with no more than m degree which is the best approximation for
f(t):

Em(f) ≡
°°f(t)− P 0m(t)

°° = inf
Pm(t)

kf(t)− Pm(t)k .

Let us set in the interval [0, T ] the nodes

τi =
T

2

µ
cos

(2i− 1)π
2(p+ 1)

+ 1

¶
, i = 1, 2, . . . , p+ 1, (2.3)

which are obtained by the substitution τ = T
2 (τ

0 + 1) from the corresponding zeroes
τ 0i ∈ [−1, 1] of the Chebyshev polynomials

Tp+1(t) = cos ((p+ 1) arccos t) .

For arbitrary continuous function xr(t) by fp (t, xr(t), yr(t)) we denote the Lagrange
interpolation polynomial with p degree and with respect to the points (2.3):

fp (t, xr(t, x0), yr(t, x0)) = (f
p
1 (t, xr(t, x0), yr(t, x0)) , . . . , f

p
n (t, xr(t, x0), yr(t, x0))) ,

where yr(t) :=
dxr(t)
dt , fpj (t, xr(t, x0), yr(t, x0)) = ar0j + ar1jt + . . . + arpj , j =

1, 2, . . . , n, fpj (τi, xr(τi), yr(τi)) = fj(τi, xr(τi), yr(τi), i = 1, 2, . . . , p+ 1.
Let us denote by

L (f, x, y, t, x0) = f (t, x(t, x0), y(t, x0))− 1

T

TZ
0

f (s, x(s, x0), y(s, x0)) ds,

L (f, x, y, t, x0) =
tZ
0

f (τ, x(τ, x0), y(τ, x0))− 1

T

TZ
0

f (s, x(s, x0), y(s, x0)) ds

 dτ.

We assume that the following conditions hold for the BVP (2.1), (2.2):

a) the vector-function f(t, x, y) is continuous in Ω = [0, T ] × D1 × D2 (and
therefore it is bounded by some vector M) and Lipschitzian in x and y, i.e.,

|f(t, x, y)| ≤M, |f(t, x, y)− f(t, x, y)| ≤ K1 |x− x)|+K2 |y − y)| , (2.4)

where M and n × n matrices K1, K2 have non-negative components. The
absolute value sign and the inequalities we understand component-wise;

b) domains D1 and D2 satisfy the conditions

Dβ1 := {x ∈ Rn | B (x, β1(x)) ⊂ D1} 6= ∅, B (0, β2(x)) ⊂ D2,
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where B (x, ρ(x)) is the ball of radius ρ(x) with center x and

β1(x) =

µ
T

2
E +G

¶
· (M 0 + Lp) + T |d(x)| , G = T ·

qX
k=1

|HAk| · α1 (tk) ,

β2(x) = 2 (M + Lp) +
1

T
G (M 0 + Lp) + |d(x)| , H =

"
q+1X
k=1

Aktk

#−1
,

d(x) = H ·
Ã
d−

q+1X
k=0

Akx

!
, α1(t) = 2t

µ
1− t

T

¶
,

M 0 =
1

2

·
max

(t,x,y)∈Ω
f(t, x, y)− min

(t,x,y)∈Ω
f(t, x, y)

¸
,

Lp = (5 + lg p) max
r

Ep

¡
f
¡
t, xp+1r (t, x0) , y

p
r (t, x0)

¢¢
=

= (5 + lg p) ·
³
max
r

Ep

¡
f1
¡
t, xp+1r (t, x0) , y

p
r (t, x0)

¢¢
, . . .

. . . ,max
r

Ep

¡
fn
¡
t, xp+1r (t, x0) , y

p
r (t, x0)

¢¢´
;

c) the eigenvalues λj(Q) of the matrix Q = K1

¡
T
2E +G

¢
+ K2

¡
2E + 1

TG
¢

satisfy the inequalities

|λj(q)| < 1, j = 1, . . . , n. (2.5)

Let us introduce the sequence of polynomials with p+ 1 degree

xp+1m (t, x0) = x0 + L
³
fp, xp+1m−1, y

p
m−1, t, x0

´
+ tHd(x0)−

−tH
qP

k=1

AkL
³
fp, xp+1m−1, y

p
m−1, tk, x0

´
, xp+10 (t, x0) = x0, m = 1, 2, . . .

(2.6)

Their derivatives look as follows:

ypm(t, x0) = L
³
fp, xp+1m−1, y

p
m−1, t, x0

´
+Hd(x0)−

−H
qP

k=1

AkL
³
fp, xp+1m−1, y

p
m−1, tk, x0

´
, yp0 (t, x0) = 0, m = 1, 2, . . .

(2.7)

Here the above index means that this expression is a polynomials of a correspondent
degree. It is easy to see that all the members of the sequence (2.6) satisfy the boundary
condition (2.2) for arbitrary x0 ∈ Dβ1 .
The next theorem establishes the convergence of the sequence (2.6) and the properties
of the limit functions.

Theorem 1. Let BVP (2.1), (2.2) satisfy the conditions a)-c). Then:

(1) the sequences (2.6) and (2.7) converge to the functions x∗(t, x0) and y∗(t, x0),
respectively, as m→∞, uniformly in (t, x0) ∈ [0, T ]×Dβ1 :

x∗(t, x0) = lim
m→∞x

p+1
m (t, x0), y∗(t, x0) = lim

m→∞y
p
m(t, x0),
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where y∗(t, x0) =
dx∗(t,x0)

dt ;
(2) the limit function x∗(t, x0) satisfies the ”perturbed” BVP

dx
dt = f

¡
t, x, dxdt

¢
+∆(x0),

A0x(0) +
qP

k=1

Akx(tk) +Aq+1x(T ) = d,
(2.8)

where

∆(x0) = − 1
T

TR
0

fp (s, x∗ (s, x0) , y∗ (s, x0)) ds+Hd(x0)−

−H
qP

k=1

AkL (fp, x∗, y∗, tk, x0) ,
(2.9)

with the initial value x∗ (0, x0) = x0;
(3) the following error estimations hold:¯̄

x∗ (t, x0)− xp+1m (t, x0)
¯̄ ≤ (α1(t)E +G) ·W p

m−1, (2.10)

|y∗ (t, x0)− ypm (t, x0)| ≤
µ
2E +

1

T
G

¶
·W p

m−1, (2.11)

where

W p
m−1 =

·
m−1P
i=0

Qi

¸
· Lp +Qm−1(E −Q)−1·

·
h
K1

n¡
T
2E +G

¢
M

0
+ T |d(x0)|

o
+K2

n
2M + 1

TGM
0
+ |d(x0)|

oi
.

Proof. In addition to (2.6), (2.7) let us introduce the sequence of functions.

xm(t, x0) = x0 + L (f, xm−1, ym−1, t, x0) + tHd(x0)−

−tH
qP

k=1

AkL (f, xm−1, ym−1, tk, x0) , x0 (t, x0) = x0, m = 1, 2, . . . ,
(2.12)

ym(t, x0) :=
dxm(t,x0)

dt = L (f, xm−1, ym−1, t, x0) +Hd(x0)−

−H
qP

k=1

AkL (f, xm−1, ym−1, tk, x0) , y0 (t, x0) = 0, m = 1, 2, . . .
(2.13)

Also we introduce some notations:
xm := xm(t, x0), xp+1m := xp+1m (t, x0), rm+1(t, x0) := |xm+1(t, x0)− xm(t, x0)| ,
ym := ym(t, x0), y

p
m := ypm(t, x0), brm+1(t, x0) := |ym+1(t, x0)− ym(t, x0)| .

We note [1] that ¯̄
fp(t, xp+1m , ypm)− f(t, xp+1m , ypm)

¯̄ ≤ Lp, (2.14)
and making use of (2.4) we get¯̄

fp(t, xp+1m , ypm)− f(t, xm, ym)
¯̄ ≤ ¯̄fp(t, xp+1m , ypm)− f(t, xp+1m , ypm)

¯̄
+

+
¯̄
f(t, xp+1m , ypm)− f(t, xm, ym)

¯̄ ≤ Lp +K1

¯̄
xp+1m − xm

¯̄
+K2 |ypm − ym| .

(2.15)
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Using Lemma 3 of [5] we have that

|L (f, x, y, t, x0)| ≤ α1(t)M
0 ≤ T

2
M

0
, (2.16)¯̄̄̄

¯TH
qX

k=1

AkL (f, x, y, tk, x0)
¯̄̄̄
¯ ≤ GM

0
, (2.17)¯̄L ¡fp, xp+1m , ypm, t, x0

¢− L ¡f, xp+1m , ypm, t, x0
¢¯̄ ≤ α1(t)Lp, (2.18)¯̄̄̄

¯TH
qX

k=1

Ak

£L ¡fp, xp+1m , ypm, tk, x0
¢− L ¡f, xp+1m , ypm, tk, x0

¢¤¯̄̄̄¯ ≤ GLp. (2.19)

We have to show that (2.6) is a Cauchy sequence in the space of continuous vector
functions. To begin with, we establish for arbitrary (t, x0) ∈ [0, T ] × Dβ1 , and
m = 0, 1, 2, . . . that xp+1m (t, x0) ∈ D1 and ypm(t, x0) ∈ D2 by using (2.16)-(2.19):¯̄̄

xp+11 − x0

¯̄̄
≤
¯̄̄
L
³
fp, xp+10 , yp0 , t, x0

´¯̄̄
+

¯̄̄̄
TH

qP
k=1

AkL
³
fp, xp+10 , yp0 , tk, x0

´¯̄̄̄
+

+T |d(x0)| ≤
¯̄̄
L
³
fp, xp+10 , yp0 , t, x0

´
− L (f, x0, y0, t, x0)

¯̄̄
+ |L (f, x0, y0, t, x0)|+

+T |d(x0)|+
¯̄̄̄
TH

qP
k=1

Ak

h
L
³
fp, xp+10 , yp0 , tk, x0

´
− L (f, x0, y0, tk, x0)

i¯̄̄̄
+

+

¯̄̄̄
TH

qP
k=1

AkL (f, x0, y0, tk, x0)
¯̄̄̄
≤ (α1(t)E +G) (Lp +M 0) + T |d(x0)| ≤ β1(x0),

+T |d(x0)| ≤
¯̄̄
L
³
fp, xp+10 , yp0 , t, x0

´
− L (f, x0, y0, t, x0)

¯̄̄
+ |L (f, x0, y0, t, x0)|+

+T |d(x0)|+
¯̄̄̄
TH

qP
k=1

Ak

h
L
³
fp, xp+10 , yp0 , tk, x0

´
− L (f, x0, y0, tk, x0)

i¯̄̄̄
+

+

¯̄̄̄
TH

qP
k=1

AkL (f, x0, y0, tk, x0)
¯̄̄̄
≤ (α1(t)E +G) (Lp +M 0) + T |d(x0)| ≤ β1(x0),

|yp1 | ≤
¯̄̄
L
³
fp, xp+10 , yp0 , t, x0

´¯̄̄
+ |d(x0)|+

¯̄̄̄
H

qP
k=1

AkL
³
fp, xp+10 , yp0 , tk, x0

´¯̄̄̄
≤

≤
¯̄̄
L
³
fp, xp+10 , yp0 , t, x0

´
− L (f, x0, y0, t, x0)

¯̄̄
+
¯̄L (f, x0, y0, t, x0)¯̄+ |d(x0)|+

+

¯̄̄̄
H

qP
k=1

Ak

h
L
³
fp, xp+10 , yp0 , tk, x0

´
− L (f, x0, y0, tk, x0)

i¯̄̄̄
+

+

¯̄̄̄
H

qP
k=1

AkL (f, x0, y0, tk, x0)
¯̄̄̄
≤ 2 (M + Lp) +G (M 0 + Lp) + |d(x0)| ≤ β2(x0).

It follows that xp+11 (t, x0) ∈ D1, yp1(t, x0) ∈ D2. By induction in a similar way we
can establish that ¯̄

xp+1m − x0
¯̄ ≤ β1(x0), |ypm| ≤ β2(x0).
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Now we consider the differences xm − xp+1m and ym − ypm. For m = 1 we have¯̄̄
x1 − xp+11

¯̄̄
≤
¯̄̄
L (f, x0, y0, t, x0)− L

³
fp, xp+10 , yp0 , t, x0

´¯̄̄
+

+

¯̄̄̄
TH

qP
k=1

Ak

h
L (f, x0, y0, tk, x0)− L

³
fp, xp+10 , yp0 , tk, x0

´i¯̄̄̄
≤

≤ (α1(t)E +G)Lp,

(2.20)

|y1 − yp1 | ≤
¯̄̄
L (f, x0, y0, t, x0)− L

³
fp, xp+10 , yp0 , t, x0

´¯̄̄
+

+

¯̄̄̄
H

qP
k=1

Ak

h
L (f, x0, y0, tk, x0)− L

³
fp, xp+10 , yp0 , tk, x0

´i¯̄̄̄
≤

≤ ¡2E + 1
TG
¢
Lp.

(2.21)

Using (2.14)-(2.21) and Lemma 4 of [5] we get¯̄̄
x2 − xp+12

¯̄̄
≤
¯̄̄
L (f, x1, y1, t, x0)− L

³
fp, xp+11 , yp1 , t, x0

´¯̄̄
+

+

¯̄̄̄
TH

qP
k=1

Ak

h
L (f, x1, y1, tk, x0)− L

³
fp, xp+11 , yp1 , tk, x0

´i¯̄̄̄
≤

≤ £α1(t)E +K1 (α2(t)E + α1(t)G) + α1(t)K2

¡
2E + 1

TG
¢¤
Lp+

+

¯̄̄̄
TH

qP
k=1

Ak

£
α1(tk)E +K1 (α2(tk)E + α1(tk)G) + α1(tk)K2

¡
2E + 1

TG
¢¤
Lp

¯̄̄̄
≤

≤ (α1(t)E +G)
£
E +K1

¡
T
3E +G

¢
+K2

¡
2E + 1

TG
¢¤
Lp ≤

≤ (α1(t)E +G) [E +Q]Lp,

|y2 − yp2 | ≤
¯̄̄
L (f, x1, y1, t, x0)− L

³
fp, xp+11 , yp1 , t, x0

´¯̄̄
+

+

¯̄̄̄
H

qP
k=1

Ak

h
L (f, x1, y1, tk, x0)− L

³
fp, xp+11 , yp1 , tk, x0

´i¯̄̄̄
≤

≤ 2 max
t∈[0,T ]

¯̄̄
f(t, x1, y1)− fp(t, xp+11 , yp1)

¯̄̄
+

+

¯̄̄̄
H

qP
k=1

Ak

¯̄̄
L1 (f, x1, y1, tk, x0)− L1

³
fp, xp+11 , yp1 , tk, x0

´¯̄̄¯̄̄̄
≤

≤ ¡2E + 1
TG
¢
[E +Q]Lp.

We can obtain by induction that¯̄
xm(t, x0)− xp+1m (t, x0)

¯̄ ≤ (α1(t)E +G)

"
m−1X
i=1

Qi

#
Lp, (2.22)

|ym(t, x0)− ypm(t, x0)| ≤
µ
2E +

1

T
G

¶"m−1X
i=1

Qi

#
Lp. (2.23)
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Now we have to estimate rm+1(t, x0) and brm+1(t, x0) for every m = 0, 1, 2, . . . by
using Lemmas 3 and 4 of [5]:

r1(t, x0) ≤ |L (f, x0, y0, t, x0)|+ T |d(x0)|+

+

¯̄̄̄
TH

qP
k=1

AkL (f, x0, y0, tk, x0)
¯̄̄̄
≤ ¡T2E +G

¢
M 0 + T |d(x0)| ≡ γ1 (x0) ,

br1(t, x0) ≤ ¯̄L (f, x0, y0, t, x0)¯̄+ |d(x0)|+ ¯̄̄̄H qP
k=1

AkL (f, x0, y0, tk, x0)
¯̄̄̄
≤

≤ 2M + |d(x0)|+ 1
TGM

0 ≡ γ2(x0),

r2(t, x0) ≤ |L (f, x1, y1, t, x0)− L (f, x0, y0, t, x0)|+

+

¯̄̄̄
TH

qP
k=1

Ak [L (f, x1, y1, tk, x0)− L (f, x0, y0, tk, x0)]
¯̄̄̄
≤

≤ ¡1− t
T

¢ tR
0

[K1r1(τ, x0) +K2br1(τ, x0)] dτ + t
T

TR
t

[K1r1(τ, x0) +K2br1(τ, x0)] dτ+
+

¯̄̄̄
TH

qP
k=1

Ak

·¡
1− tk

T

¢ tkR
0

[K1r1(τ, x0) +K2br1(τ, x0)] dτ+
+ tk

T

TR
tk

[K1r1(τ, x0) +K2br1(τ, x0)] dτ#
¯̄̄̄
¯ ≤ (α1(t)E +G) · [K1γ1(x0) +K2γ2(x0)] ,

br2(t, x0) ≤ ¯̄L (f, x1, y1, t, x0)− L (f, x0, y0, t, x0)¯̄+
+

¯̄̄̄
TH

qP
k=1

Ak [L (f, x1, y1, tk, x0)− L (f, x0, y0, tk, x0)]
¯̄̄̄
≤

≤ 2 max
t∈[0,T ]

|K1r1(τ, x0) +K2br1(τ, x0)|+
+

¯̄̄̄
H

qP
k=1

Ak

·¡
1− tk

T

¢ tkR
0

[K1r1(τ, x0) +K2br1(τ, x0)] dτ+
+ tk

T

TR
tk

[K1r1(τ, x0) +K2br1(τ, x0)] dτ#
¯̄̄̄
¯ ≤ ¡2E + 1

TG
¢ · [K1γ1(x0) +K2γ2(x0)] .

Similarly,
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r3(t, x0) ≤
½¡
1− t

T

¢ tR
0

£
K1 (α1(τ)E +G) +K2

¡
2E + 1

TG
¢¤
dτ+

+ t
T

TR
t

£
K1 (α1(τ)E +G) +K2

¡
2E + 1

TG
¢¤
dτ+

+

¯̄̄̄
TH

qP
k=1

Ak

·¡
1− tk

T

¢ tkR
0

£
K1 (α1(τ)E +G) +K2

¡
2E + 1

TG
¢¤
dτ+

+ tk
T

TR
tk

£
K1 (α1(τ)E +G) +K2

¡
2E + 1

TG
¢¤
dτ

#¯̄̄̄
¯
)
· [K1γ1(x0) +K2γ2(x0)] ≤

≤ (α1(t)E +G) ·Q · [K1γ1(x0) +K2γ2(x0)] ,

br3(t, x0) ≤ ½2 max
t∈[0,T ]

¯̄
K1 (α1(τ)E +G) +K2

¡
2E + 1

TG
¢¯̄
+

+

¯̄̄̄
H

qP
k=1

Ak

·¡
1− tk

T

¢ tkR
0

£
K1 (α1(τ)E +G) +K2

¡
2E + 1

TG
¢¤
dτ+

+ tk
T

TR
tk

£
K1 (α1(τ)E +G) +K2

¡
2E + 1

TG
¢¤
dτ

#¯̄̄̄
¯
)
· [K1γ1(x0) +K2γ2(x0)] ≤

≤ ¡2E + 1
TG
¢ ·Q · [K1γ1(x0) +K2γ2(x0)] .

We can show by induction that for arbitrary m = 0, 1, 2, . . .

rm+1(t, x0) ≤ (α1(t)E +G) ·Qm−1 · [K1γ1(x0) +K2γ2(x0)] , (2.24)

brm+1(t, x0) ≤ µ2E + 1

T
G

¶
·Qm−1 · [K1γ1(x0) +K2γ2(x0)] . (2.25)

From (2.24) and assumption c) we obtain the inequality

|xm+j (t, x0)− xm (t, x0)| ≤
j−1P
i=0
|xm+i+1 (t, x0)− xm+i (t, x0)| ≤

≤
j−1P
i=0

rm+i+1 (t, x0) ≤
j−1P
i=0
(α1(t)E +G)Qm+i−1 [K1γ1(x0) +K2γ2(x0)] ≤

≤ (α1(t)E +G) ·Qm−1 (E −Q)−1 · [K1γ1(x0) +K2γ2(x0)] .

(2.26)

For the derivatives ym (t, x0) from (2.25) in a similar way we have:

|ym+j (t, x0)− ym (t, x0)| ≤
≤ ¡2E + 1

TG
¢
Qm−1 (E −Q)−1 [K1γ1(x0) +K2γ2(x0)] .

(2.27)
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It follows that (2.12) and (2.13) are uniformly convergent sequences:

lim
m→∞xm (t, x0) = x∗ (t, x0) , lim

m→∞ym (t, x0) = y∗ (t, x0) .

Taking the limit as j →∞ in (2.26) and (2.27) we get the error estimates

|x∗(t, x0)− xm (t, x0)| ≤ (α1(t)E +G) ·Qm−1 (E −Q)−1 · [K1γ1(x0) +K2γ2(x0)] ,

|y∗(t, x0)− ym (t, x0)| ≤
¡
2E + 1

TG
¢ ·Qm−1 (E −Q)−1 · [K1γ1(x0) +K2γ2(x0)] .

Combining the last two inequalities with (2.22) and (2.23), we get the error estimates
(2.10) and (2.11). Passing to the limit as m → ∞ in (2.6) we obtain that x∗(t, x0)
satisfies the integral equation

x(t) = x0 + L (f, x, y, t, x0) + tHd(x0)− tH

qX
k=1

AkL (f, x, y, tk, x0) .

While differentiating it, we get that x∗(t, x0) is a solution of the perturbed BVP
(2.8)-(2.9). ¤

The following statement gives necessary and sufficient conditions for the existence
of a solution of the BVP (2.1)-(2.2).

Theorem 2. Under the conditions of Theorem 1, the limit function x∗(t, x∗0) is a
solution of the BVP (2.1)-(2.2) if and only if x∗0 verifies the determining equation

∆(x0) = − 1
T

TR
0

f (s, x∗ (s, x0) , y∗ (s, x0)) ds+Hd(x0)+

+H
qP

k=1

AkL (f, x∗, y∗, tk, x0) = 0 .
(2.28)

Proof. The proof can be carried out in the same way as for the corresponding state-
ments from [2] (Theorem 2.3). ¤

3. Sufficient existence conditions

Consider the m-th approximation to the determining equation (2.28)

∆p
m(x0) = − 1

T

TR
0

fp
¡
s, xp+1m (s, x0) , y

p
m (s, x0)

¢
ds+Hd(x0)+

+H
qP

k=1

AkL
¡
fp, xp+1m , ypm, tk, x0

¢
= 0 .

(3.1)

Theorem 3. Suppose that the conditions of Theorem 1 hold. Furthermore, assume
that

d) there exists a closed, convex subset D0 = D0
1 × D0

2 ⊂ D1 × D2 so that for
arbitrary m and fixed p the approximate determining equation (3.1) has only
one solution x0 = xp0m with non-zero topological index;
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e) on the boundary ∂D of the subset D the inequality

inf
x0∈∂D

|∆p
m (x0)| >

µ
E +

1

T
G

¶
Wp

m

holds.
Then there exists a solution x = x∗(t) to the BVP (2.1)-2.2) with the initial

value x∗(0) = x∗0, where x∗0 ∈ D0
1.

Proof. Similarly to (2.15) and making use of (2.10) and (2.11), we get¯̄
f(t, x∗, y∗)− fp(t, xp+1m , ypm)

¯̄ ≤ ·K1 (α1 (t)E +G) +K2

µ
2E +

1

T
G

¶¸
W p

m−1 + Lp.

For the deviation of the exact and approximate determining functions we have that

|∆(x0)−∆p
m(x0)| ≤ 1

T

TR
0

|fp (s, x∗ (s, x0) , y∗ (s, x0))−

−fp ¡s, xp+1m (s, x0) , y
p
m (s, x0)

¢¯̄
+H

qP
k=1

Ak |L (fp, x∗, y∗, tk, x0)−

−L ¡fp, xp+1m , ypm, tk, x0
¢¯̄ ≤ ¡E + 1

TG
¢ ¡
QW p

m−1 + Lp
¢ ≤ ¡E + 1

TG
¢
W p

m.

Similarly to Theorem 3.1 of [2], one can prove that the vector fields∆(x0) and∆p
m(x0)

are homotopic, which completes the proof of Theorem 3. ¤
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1. Introduction

Differential models of various real processes are described by systems of ordinary
differential equations with impulse influence [1-3]. Among the methods of investi-
gating the properties of these systems (such as existence, uniqueness, boundedness,
and stability of solutions), the method of integro-sum inequalities [4-15] plays an im-
portant role. Note that applications and generalizations of this method to estimate
solutions of systems of partial differential equations with impulse perturbations were
not considered.
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The study of this kind of problems is motivated by models of real processes in the
dynamics of hydromechanical systems which are described by certain classes of hy-
perbolic partial differential equations with impulse perturbations, where the impulse
effect is concentrated on surfaces transversal to characteristics.

Integro-sum representations of the solutions of such systems contain Lebesgue—
Stiltjes measure concentrated on the curves of jumps of the solutions.

2. Main results

Let us assume that:

(a) D∗ is an open set in R2 (D∗ ⊂ R2);
(b) D∗ = D \ Γ, where D = Sj Dj , j = 1, 2, . . . ;

(c) Γ =
S
j Γj , Γj = {(x, y) : ϕj(x, y) = 0, j = 1, 2, . . .};

(d) ϕj(x, y) are real-valued continuously differentiable functions such that gradϕj(x, y) >
0 for all j = 1, 2, . . . ;

(e) D1
def
= {(x, y) : x ≥ 0, y ≥ 0, ϕ1(x, y) < 0};

Dk
def
= {(x, y) : x ≥ 0, y ≥ 0, ϕk−1(x, y) ≥ 0, ϕk(x, y) < 0, ∀k > 2, k ∈ N};

(f) Gj = {(u, v) : (x, y) ∈ Dj , 0 ≤ u ≤ x, 0 ≤ v ≤ y, j ∈ N};
(g) µϕk is the Lebesgue-Stiltjes measure concentrated on the curves Γk.

Let us consider a real-valued nonnegative continuous function u(x, y) on D∗, which
has finite jumps on the curves {Γj}.

Denote by Φ(x, y, u) a nonnegative, continuous, and nondecreasing function of u,
with x, y ∈ D∗ fixed. We shall consider the functions Φ of one of the following types
Φ = Φj (j = 1, 4):

(i) Φ1(x, y, u) = f1(x, y)u(x, y),
(ii) Φ2(x, y, u) = f2(x, y)u(x, y) + f3(x, y),
(iii) Φ3(x, y, u) = f4(x, y)u

α(x, y), α = const > 0, α 6= 1,
(iv) Φ4(x, y, u) = f5(x, y)u(x, y) + f6(x, y)u

α(x, y), where fj(x, y)(j = 1, 6) are
continuous nonnegative functions in R2+ = {(x, y) : x ≥ 0, y ≥ 0}.

Let W (x, y, u(x, y)) denote a function of one of the following two types W1 and
W2:

W1 = βju(x, y), j ∈ N

where βj ≥ 0 are constants, and
W2 = βj(x, y)u(x, y), j ∈ N,

where βj(x, y) are continuous functions nonnegative for all (x, y) ∈ R2+.

Let g(x, y) be a positive, nondecreasing continuous function in R2+. Assume that
u(x, y) satisfies the following integro-sum inequality in D∗:

u(x, y) ≤ g(x, y)+

ZZ
Gn

Φ(τ, s, u(τ, s))dτds+
n−1X
j=1

Z
Γj∩Gn

W (x, y, u(x, y))dµϕj , (2.1)
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which is satisfied for all (x, y) ∈ D∗. Then the following results are true.

Proposition 1. The estimate

u(x, y) ≤ g(x, y)exp[F1(x, y)]
Y
(βj(x, y)), if Φ = Φ1, W =W2; (2.2)

u(x, y) ≤ g(x, y)exp[F1(x, y)]
Y
(βj), if Φ = Φ1, W =W1

holds for all (x, y) ∈ D∗. Here,Z x

0

Z y

0

fi(τ, s)dτds
def
= Fi(x, y), i = 1, 3, 5,

n−1Y
j=1

Z
Γj∩Gn

(1 + βj(x, y))dµϕj
def
=
Y
(βj(x, y)),

n−1Y
j=1

(1 + βj)
_
Γj∩Gn

(µϕj )
def
=
Y
(βj),

where
W
Γj∩Gn

(µϕj ) is the complete variation of µϕj .

Proposition 2. The estimate

u(x, y) ≤ g(x, y) exp[F2(x, y)]
Y
(βj(x, y))×

× (1 +
Z x

0

Z y

0

f3(τ, s)

g(τ, s)
exp[−F2(τ, s)]dτds)

holds if Φ = Φ2, W =W2, and

u(x, y) ≤ g(x, y) exp[F2(x, y)]
Y
(βj)

µ
1 +

Z x

0

Z y

0

f3(τ, s)

g(τ, s)
exp[−F2(τ, s)]dτds

¶
,

if Φ = Φ2, W =W1.

Proposition 3. The following assertions hold.

(A) The estimate

u(x, y) ≤ g(x, y)
Y
(βj(x, y)

·
1 + (1− α)

Z x

0

Z y

0

f4(τ, s)g
α−1(τ, s)dτds

¸ 1
1−α

is true if 0 < α < 1, Φ = Φ3, and W =W2. When βj(x, y) = βj = const > 0,
the expression

Q
(βj(x, y)) in estimate (A) is replaced by

Q
(βj).

(B) The estimate

u(x, y) ≤ g(x, y)
Y
(βj(x, y))

h
1− (α− 1)×

×
Yα−1

βj(x, y)

Z x

0

Z y

0

fy(τ, s)g
α−1(τ, s)dτ, ds

i− 1
α−1

holds for α > 1 and for arbitrary (x, y) ∈ D∗ such thatZ x

0

Z y

0

f4(τ, s)g
α−1(τ, s)dτds < [(α− 1)

Yα−1
(βj(x, y))]

−1.

If βj(x, y) = βj = const > 0, then
Q
(βj(x, y)) in estimate (B) is replaced

by
Q
(βj).

Proposition 4. The following assertions hold.
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(C) The estimate

u(x, y) ≤ g(x, y)
Y
(βj(x, y)) exp[F5(x, y)]×

"
1 + (1− α)

Z x

0

Z y

0

f6(τ, s)g
α−1(τ, s)×

× exp[(α− 1)F5(τ, s)]dτds
# 1
1−α

holds for 0 < α < 1, Φ = Φ4, W = W2. If βj(x, y) = βj, the expressionQ
(βj(x, y)) in (C) changes to

Q
(βj).

(D) The estimate

u(x, y) ≤ g(x, y)
Y
(βj(x, y)) exp[F5(x, y)]

"
1− (α− 1)

Yα−1
(βj(x, y))×

×
Z x

0

Z y

0

f6(τ, s)× gα−1(τ, s) exp[(α− 1)F5(τ, s)]dτds
#− 1

α−1

is true for α > 1 and arbitrary (x, y) ∈ D∗ such thatZ x

0

Z y

0

f6g
α−1 exp[(α− 1)F5]dτds <

·
(α− 1)

Yα−1
(βj(x, y))

¸−1
.

If βj(x, y) = βj, the expression
Q
(βj(x, y)) in (D) changes to

Q
(βj).

The proofs of Propositions 1—4 are obtained by using the induction method.

Proof. Let us establish Proposition 1 (Propositions 2—4 are proved analogously).

Let (x, y) ∈ D1. Inequality (2.1) reduces to the form

u(x, y) ≤ g(x, y) +

ZZ
G1

Φ1(τ, s, u(τ, s))dτds.

We can suppose that g(x, y) = C > 0, a constant function, because otherwise, if
g(x, y) 6= C then, by using the fact that g is positive and nondecreasing, it is possible
to obtain the comparison inequality

µ(x, y) ≤ 1 +
ZZ
G1

Φ1(τ, s, µ(τ, s))dτds,

where µ = u
g .

Obviously, the following estimate holds in D1:

u(x, y) ≤ Cexp[F1(x, y)].

Consider the domain D2. Let G2 = G12 ∪G22, where
G22 = {(x, y) : (x, y) ∈ D2 ∩G2}.

Then, for all (x, y) ∈ D2, the inequality
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u(x, y) ≤ C +

ZZ
G12

Φ1(τ, s, u(τ, s))dτds+

Z
Γ1∩G2

β1(x, y)u(x, y)dµϕ1

+

ZZ
G22

Φ1(τ, s, u(τ, s))dτds

holds.

On the curves Γ1∩G2, we select some points Ai(x
1
i , y
1
i ), i = 0, n− 1, and consider

the inequality

u(x, y) ≤
n−1X
i=0

³
C +

Z x11

0

Z y1i

0

Φ1(τ, s, u(τ, s))dτds+ u(x1i , y
1
i )β1(x

1
i , y
1
i )∆µϕii

+

Z x

x1i

Z y

y1i

Φ1(τ, s, u(τ, s))dτds
´
,

where∆µϕi1 is the variation of the measure function ϕ1 on the segment AiAi+1. Using
(2.2), we obtain

u(x, y) ≤
n−1X
i=0

{C exp[F1(x1i , y1i )] +Cβ1(x
1
i , y
1
i )∆µ

i
ϕ1 exp[F1(x

1
i , y
1
i )]+

+

Z x

x1i

Z y

y1i

Φ1dτds} ≤
n−1X
i=0

{C(1 + β1(x
1
i , y
1
i )∆µ

i
ϕ1exp[F1(x

1
i , y
1
i )]+

+

Z x

x1i

Z y

y1i

Φ1dτds)} ≤
n−1X
i=0

[C(1 + β1(x
1
i , y
1
i ))∆

i
ϕ1exp[F1(x, y)]]. (2.3)

When max0≤i≤n−1∆µiϕ1 → 0, we obtain

u(x, y) ≤ Cexp[F1(x, y)]

Z
Γ1∩G

(1 + β1(x, y))dµϕ1 .

Let (2.2) be satisfied for all (x, y) ∈ Dk. Let us consider (x, y) ∈ Dk+1 and put
G = G1k+1 ∪G2k+1,

G1k+1 = {(x, y) : (x, y) ∈ Dk+1 ∩G}, G2k+1 = G \G1k+1.
Then

u(x, y) ≤ C +

ZZ
G1k+1

Φ1dτds+

Z
Γk∩G

βk(x, y)u(x, y)dµϕk +

ZZ
G2k+1

Φ1dτds.

On the curve Γk∩G, we select some points Bi(x
k
i , y

k
i ), i = 0, n− 1.Denote by∆µiϕk

the variation of the measure on the segment BiBi+1. Similarly to the consideration
above, we obtain

u(x, y) ≤
n−1X
i=0

[C +

Z xki

0

Z yki

0

Φ1dτds+ u(xki , y
k
i )βk(x

k
i , y

k
i )∆

i
ϕk+
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+u(xki , y
k
i )βk(x

k
i , y

k
i )∆

i
ϕk
+

Z x

xki

Z y

yki

Φ1dτds].

Then

u(x, y) ≤
n−1X
i=0

[C(1 + βk(x
k
i , y

k
i ))×∆µiϕk exp[F1(x, y)]

n−1Y
j=1

Z
Γj∩G

(1 + βj(x, y))dµϕj ].

When max0≤i≤n−1∆µiϕK → 0, we get

u(x, y) ≤ Cexp[F1(x, y)]
kY

j=1

Z
Γj∩G

(1 + βj(x, y))dµϕj

for all (x, y) ∈ Dk+1. This completes the proof of Proposition 1. ¤

3. Applications

Consider the model of a hydraulic system consisting of a tank, a delivery pipeline, an
auger centrifugal pump, and a pressure head pipeline giving a liquid in gasogenerator
and the chamber output pressure. Such systems were considered in [16, 17, 20]. Note
that there may be auto-oscillations stipulated by the feedback in a hydraulic part of
the system due to the fact that the system is located on a stand.

Experiments showed that, in certain cases, there may be a significant increase of
the amplitude of auto-oscillations of the stand. Thus, the oscillation frequencies of the
liquid in the tank are characterized by the eigenfrequencies of the stand that coincide
with the eigen-oscillations of the output pressure. The amplitude of the oscillations
may have white-noise-like-behaviour.

The main problem in the study of such systems is to describe the deviation of the
system state from the equilibrium.

3.1. Dynamics of fluid in the pipeline. In the one-dimensional case, the dynamics
of a compressed liquid in the homogeneous pipeline is usually described by a system
consisting of the following equations:

A) Equation of motion of the liquid:

∂V

∂t
+ u

∂V

∂x
+
1

γ

∂p

∂x
+

λ

2d
V |V | = 0.

Here, λ is the resistance coefficient depending on the Reynolds number, x represents
the coordinate of an axis of the pipeline, γ is the density of the liquid, d is the
diameter of the pipeline, p, V are the instantaneous pressure and speed of the liquid,
respectively.

B) Equation of continuity:

∂γ

∂t
+ V

∂γ

∂x
+ γ

∂V

∂x
= 0.
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C) The equation of state for the liquid, whose role is played by Hook’s law, is

γ = γ0

µ
1 +

p− p0
γ0c2

¶
.

For the majority of hydraulic systems, the convection terms can be neglected. For
the turbulence analysis, the nonlinear term admits linearization, and the equations
with the distributed parameters reduce to the form

−∂p

∂x
=

γ

Fτ

µ
∂q

∂t
+ kq

¶
,

∂p

∂t
=

c2γ

Fτ

∂q

∂x
.

Here, q is the volumetric intensity of the liquid.

3.2. The description of the centrifugal pump and pressure head sprocket.
Among the main characteristic features describing the mode of operation of the cav-
itational centrifugal pump is the dependence of the sizes of the cavitational cavities
Vk on the input and output pressure Vk = f(p, q). This dependence is related to the
cavitation number k(Vk, q) defined as the ratio of the pressure difference to the ve-
locity head p = pn + k(Vk, q)γ

ω2

2 , where pn is the pressure of the saturated steam of
the liquid, ω is the speed of the blade-to-blade flow in the auger channels, γ is the
density of the liquid steam. When the liquid passes through the auger, the pressure
varies according to the rule

pn = (ain
2 + binq

(1) + ci(q
(1))2)f1(V ),

where n is the number of revolutions of the shaft, ai, bi, ci are the parameters describ-
ing the operation of the pump and the pressure head sprocket, f1(V ) is an experimen-
tally obtained function describing the influence of the size of the cavitational cavities
on the operation of the auger of the pump and the pressure of the head sprocket.

Thus, a simplified model of the dynamics of the system is as follows:

tank → delivery pipeline → auger of the pump → pressure head pipeline →
chamber of combustion positioned on the sliding stand.

This reduces to the following mathematical problems.

3.3. Model without sharing cavitational cavities. The corresponding system
contains the following equations:

1) Equation of mechanical oscillations of the stand:

z̈i + bi(t)żi + ω2i (t)zi =
R(t)

m(t)p6
p6, i = 1, 2, . . . , 6;

2) Equation of motion of the liquid in the pipeline:

−∂p1
∂x
=

γ1
F1

∂q1
∂t

,
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−∂p1
∂t
=

c2γ1
F1

∂q1
∂x

,

with the boundary conditions

p1(0, t) +R1q1(0, t) =
γ1H(t)

g

6X
i=1

αilz̈i + βγ1F1

6X
i=1

αi2żi,

p1(l1, t) = B1Vk +B2q1(l1, t) +EV̇k + Ikq̇(l1, t).

Here, l1 is the length of the pipeline and, in the quasistationary model, E = Ik = 0.

3) Equation of motion of the liquid in the pressure head pipeline:

−∂p2
∂x
=

γ2
F2

∂q2
∂t

,

−∂p2
∂t
=

c2γ2
F2

∂q2
∂x

with the boundary conditions:

p2(l1 + 0, t) +R2q2(l1 + 0, t) = p1(l1 − 0, t) + s1q1(l1 − 0, t) + εVk, (3.1)

τ ṗ2(l1 + l2, t) + p2(l1 + l2, t) = A2q2(l1 + l2, t),

p2(l1 + l2, t) = p2(t).

4) Equation of material balance describing summarized size of cavitational cavities
in the pump:

γ1V̇k = q2(l1 + 0, t)− q1(l1 − 0, t). (3.2)

Relations (3.1), (3.2) can be considered to be the impulse effect concentrated on
the curves transversal to the characteristics. Thus, we have to study solutions of
the hyperbolic equations with impulse effect concentrated on surfaces transversal to
characteristics [18, 19].

3.4. Reduction to the integral equations and inequalities. The reduced model
is represented by an equation of hyperbolic type with, generally speaking, a nonlinear
right-hand member and boudary conditions acting as the impulse effect.

Let us assume si = ci and zi =
ciFi
γi

. The general solution of the partial differential
equations considered has the form pi(x, t) = ν(x − sit) + u(x + sit) and qi(x, t) =
1
zi
(ν(x−sit)−u(x+sit)). In view of the boundary conditions at t = 0, by making the

standard substitution ξ = x− st, and η = x+ st, applying the d’Alembert formula in
the domain 0 < ξ + η < 2l1, we obtain the following representation of the solutions:

u1(ξ, η) =
ϕ1(ξ) + ϕ1(η)

2
+
1

2zi

Z η

ξ

ψ1(s)ds+
zi
2

ZZ
D

f1(s, t)u1(s, t)|u1(s, t)|dsdt.

Here, the functions ϕ,ψ are determined from the initial and boundary conditions.
The integration is carried out in the domain

D1 = {s, t : s+ t > 0, s < ξ, t < η, ξ + η < 2l1}.
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Similarly, in the domain 2l1 < ξ + η < 2l2, the formula of representation for
solutions has the form

u2(ξ, η) =
ϕ2(ξ) + ϕ2(η)

2
+
1

2zi

Z η

ξ

ψ2(s)ds+
zi
2

ZZ
D2

f2(s, t)u2(s, t)|u2(s, t)|dsdt+

+

Z
D2∩γ

u(s, t)ϕ2(s, t)dµ.

Here,
D2 = {s, t : s+ t > 0, s < ξ, t < η, 2l1 < ξ + η < 2l2, }

the curve γ = {ξ, η : ξ + η = 2l1} represents the curve of rupture of the stream
stipulated by the presence of the pump. The functions are constant along the char-
acteristics in the domain D2 \D1; their change is determined by a Stieltjes integral
on the curve γ and depends on the constant characteristics of the pump. We do not
consider the process of reflection of a wave from the blades of the pump.

Thus, the problem considered can be studied by using the multi-dimensional inte-
gral inequalities considered in Section 2.
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Abstract. The singular Dirichlet problem (r(x)x0)0 = q(t)f(t, x), x(0) = x(T ) = 0,
λmax{x(t) : 0 ≤ t ≤ T} = −min{x(t) : 0 ≤ t ≤ T} is considered. Here f is singular
at the point x = 0 of the phase variable x and λ is a positive parameter. The notions of
a solution and a w-solution of the above problem changing its sign exactly once on (0, T )
are introduced. Effective conditions for the existence and multiplicity results are presented.
Next, the notion of an exceptional n-sign-changing w-solution of our problem with λ = 1 is
given and for such solutions existence and multiplicity results are proved.
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1. Introduction

Consider the problem
(r(x(t))x0(t))0 = q(t)f(t, x(t)), (1.1)

x(0) = 0, x(T ) = 0, (1.2)

λmax{x(t) : 0 ≤ t ≤ T} = −min{x(t) : 0 ≤ t ≤ T}, (1.3)
where T is a positive number, λ is a positive parameter and f is singular at the point
x = 0 of the phase variable x in the following sense

lim
x→0−

f(t, x) = −∞, lim
x→0+

f(t, x) =∞ for t ∈ [0, T ]. (1.4)

Definition 1.1. We say that x ∈ C1([0, T ]) is a solution of problem (1.1) − (1.3) if
x has precisely one zero t0 on (0, T ), r(x)x0 ∈ C1((0, T ) \ {t0}), (1.1) is satisfied for
t ∈ (0, T ) \ {t0}, x fulfils (1.2) and there exists λ0 ∈ (0,∞) such that (1.3) holds with
λ = λ0.

Besides a solution of problem (1.1)-(1.3), we introduce in accordance with [15] the
notion of a w-solution of problem (1.1)-(1.3).
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Definition 1.2. Let λ ∈ (0,∞). A function x ∈ C0([0, T ]) is called a w-solution of
problem (1.1)− (1.3) if x has precisely one zero t0 ∈ (0, T ), x ∈ C1([0, T ]\{t0}), there
exist finite limt→t−0

x0(t) and limt→t+0
x0(t), r(x)x0 ∈ C1((0, T ) \ {t0}), x fulfils (1.2),

(1.3), and (1.1) holds on (0, T ) \ {t0}.

We note that in contrast to a solution x of problem (1.1)-(1.3) which belongs to the
class C1([0, T ]) and satisfies (1.3) with a suitable value of λ, a w-solution x of problem
(1.1)-(1.3) is continuous on [0, T ], has continuous derivative on [0, t0) ∪ (t0, T ] where
t0 is the unique zero of x in (0, T ) and (1.3) holds with a given value of λ. Naturaly,
any solution of problem (1.1)-(1.3) is also a w-solution of this problem.

In the paper we will use the following assumptions:

(H1) r ∈ C0(R), r(x) ≥ r0 > 0 for x ∈ R;
(H2) q ∈ C0((0, T )), q(t) < 0 for t ∈ (0, T ) and Q = sup{|q(t)| : 0 ≤ t ≤ T} <∞;
(H3) f ∈ C0([0, T ] ×D), where D = (−∞, 0) ∪ (0,∞), f(t, ·) is nonincreasing on

D for t ∈ [0, T ] and
0 < f(t, x)signx ≤ g(x) for (t, x) ∈ [0, T ]×D,

where g ∈ C0(D) andZ 0

g(s) ds <∞,

Z
0

g(s) ds <∞;

(H4) for each (t0, x0, x1) ∈ (0, T ) × D × R, there exists a unique solution x of
(1.1) satisfying the initial conditions x(t0) = x0, x0(t0) = x1 defined in a
neighbourhood of t = t0.

Remark 1.3. If f satisfies (H3) then for each M > 0 there exists a positive function
kM ∈ C0([0, T ]) such that

0 < kM (t) ≤ f(t, x)signx ≤ g(x) on (t, x) ∈ [0, T ]× ([−M, 0) ∪ (0,M ]).
Next under the assumption that f is a locally Lipschitz function on (0, T ) × D,
assumption (H4) is satisfied.

In many papers (see, e.g., [1]—[13], [16]—[22] and references therein) only positive
(negative) solutions on (0, T ) of the Dirichlet boundary value problems with the singu-
larity at the point x = 0 of the phase variable x in nonlinearities of considered second-
order differential equations have been studied. Solutions were considered either in the
class C0([0, T ])∩C2((0, T )) ( [1]—[3], [7], [11], [12], [18], [19]) or C1([0, T ])∩C2((0, T ))
([4]—[6], [12], [13], [16]—[19], [22]) or C0([0, T ]) ∩ AC1loc((0, T )) ([8]—[10], [20], [21]).
Here AC1loc((0, T )) denotes the set of functions having absolutely continuous first
derivatives on any compact subintervals of (0, T ). The nonlinearities of equations are
usually nonpositive ([1], [2], [6]—[8], [11], [12], [16]—[20], [22]), but in [3]—[5], [9], [10],
[13] and [21] this assumption is overcome.
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For the first time in [14] solutions of singular Dirichlet boundary value problems
changing their signs exactly once on (0, T ) were considered. Here differential equations
of the form

(r(x(t))x0(t))0 = µq(t)f(t, x(t)) (1.5)

together with the condition

max{x(t) : 0 ≤ t ≤ T}min{x(t) : 0 ≤ t ≤ T} < 0 , (1.6)

were studied where µ is a positive parameter and f is singular at the point x = 0
of the phase variable x. A function x ∈ C1([0, T ]) is called a solution of problem
(1.5), (1.2), (1.6) if x has precisely one zero t0 on (0, T ), r(x)x0 ∈ C1((0, T ) \ {t0}), x
fulfils (1.2) and (1.6) and there exists µ0 > 0 such that (1.5) with µ = µ0 is satisfied for
t ∈ (0, T )\{t0}. In [14] under assumptions (H1)−(H3) it is proved among others that
for each A ∈ (0,∞) there exists a solution x of problem (1.5), (1.2), (1.6) such that
max{x(t) : 0 ≤ t ≤ T} = A. We see that any solution of problem (1.5), (1.2), (1.6)
depends on a value of the parameter µ in equation (1.5) unlike our definition of a
solution of problem (1.1)-(1.3) depending on a value of the parameter λ appearing in
condition (1.3).

A generalization of the notion of a solution of problem (1.5), (1.2), (1.6) was given
in [15]. Here x ∈ C0([0, T ]) is said to be a w-solution of problem (1.5), (1.2), (1.6) if x
has precisely one zero t0 in (0, T ), x ∈ C1([0, T ]\{t0}), there exist finite limt→t0− x0(t),
limt→t0+

x0(t), r(x)x0 ∈ C1((0, T ) \ {t0}), x fulfils (1.2) and (1.6), and finally there
exists µ0 > 0 such that (1.5) with µ = µ0 is satisfied for t ∈ (0, T ) \ {t0}. It is proved
among others that under assumptions (H1)− (H3) for A > 0 and t0 ∈ (0, T ) problem
(1.5), (1.2), (1.6) has just two w-solutions vanishing at t0 and having their maximum
values on [0, T ] equal to A.

This paper is a continuation of [15] and in comparison with (1.5) our equation
(1.1) does not depend on the parameter µ. By our definitions any solution as well as
any w-solution x of problem (1.1)-(1.3) have precisely one zero in (0, T ) where they
change their signs. Hence any solution and any w-solution of problem (1.1)-(1.3) ‘pass
through’ the singularity of f at a point of the interval (0, T ).

The paper is organized as follows. In Section 2 we define functions Λ+, Φ+, Λ−
and Φ− by (2.6)-(2.9) and present some of their important properties. By these
functions we prove existence and uniqueness results for w-solutions of problem (1.1)-
(1.3) in Section 3 (Theorems 3.1 and 3.2). Section 4 is devoted to the study of
existence and multiplicity results for solutions of problem (1.1)-(1.3) (Theorem 4.5).
In Section 5 we first give the notion of an exceptional n-sign-changing w-solution x of
problem (1.1), (1.2), (5.1) which changes its sign exactly n times on [0, T ] and on each
maximum subinterval of [0, T ] where x keeping its sign the function |x| has the same
maximum value. Existence and multiplicity results for the n-sign-changing w-solution
of problem (1.1), (1.2), (5.1) are given in Theorem 5.7.
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2. Lemmas, notation

Let 0 ≤ a < b ≤ T . In our consideration we will work with the following auxiliary
boundary conditions

x(a) = x(b) = 0, x(t) > 0 for t ∈ (a, b), (2.1)

x(a) = x(b) = 0, x(t) < 0 for t ∈ (a, b) (2.2)
and we will use the function H : R→ R defined by

H(u) =

Z u

0

r(s) ds (2.3)

with r occurring in (1.1) and satisfying assumption (H1). Clearly, H ∈ C1(R) is
increasing on R and the inverse function to H denoted by H−1 is increasing on R.
We say that x is a solution of problem (1.1), (j), j ∈ {2.1, 2.2} if x ∈ C1([a, b]),

r(x)x0 ∈ C1((a, b)), x satisfies the boundary conditions (j) and (1.1) is fulfilled for
t ∈ (a, b).

Remark 2.1. Let the function q̃ : (0, T ) → (−∞, 0) and f̃ : [0, T ] × D → R be
defined by

q̃(t) = q(T − t), f̃(t, x) = f(T − t, x).

Then
0 < f̃(t, x)signx < g(x), (t, x) ∈ [0, T ]×D

and assumptions (H2)-(H4) are satisfied with q̃ and f̃ instead of q and f . If we
consider the differential equation

(r(x(t))x0(t))0 = q̃(t)f̃(t, x(t)), (2.4)

we see that a function x is a solution of problem (1.1), (j) with a = 0, b = c (< T ) and
j∈ {2.1, 2.2} if the function x̃(t) = x(T − t), t ∈ [T − c, T ], is a solution of problem
(2.4), (j) with a = T − c, b = T . Conversely, if x̃ is a solution of problem (2.4), (j)
with a = T − c (> 0), b = T and j∈ {2.1, 2.2}, then the function x(t) = x̃(T − t),
t ∈ [0, c], is a solution of problem (1.1), (j) with a = 0, b = c.

Remark 2.2. Let r∗ : R→ [r0,∞), f∗ : [0, T ]×D→ R and g∗ : D→ R be defined
by the formulas (see [14])

r∗(x) = r(−x), f∗(t, x) = −f(t,−x), g∗(x) = g(−x).
Then

0 < f∗(t, x)signx ≤ g∗(x), (t, x) ∈ [0, T ]×D

and assumptions (H1)− (H4) are satisfied with r∗, f∗ and g∗ instead of r, f and g.
It is easily seen that a function x is a solution of problem (1.1), (j), j∈ {2.1, 2.2}, if
and only if x∗ = −x on [a, b] is a solution of problem (2.5), (j), where

(r∗(x(t))x0(t))0 = q(t)f∗(t, x(t)). (2.5)
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Lemma 2.3. Let assumptions (H1)− (H3) be satisfied. Then for each a, b ∈ [0, T ],
a < b, there exists a unique solution of problem (1.1), (2.1).

Proof. The assertion of our lemma follows from Theorem 2.1 in [14] with µ = 1.
¤

Corollary 2.4. Under assumptions of Lemma 2.3, for each a, b ∈ [0, T ], a < b, there
exists a unique solution of problem (1.1), (2.2).

Proof. Fix 0 ≤ a < b ≤ T . Since assumptions (H1) − (H3) are satisfied with
the functions r∗, f∗ and g∗ defined in Remark 2.2 instead of r, f and g, problem
(2.5), (2.1) has a unique solution x̃ by Lemma 2.3. Now the function x = −x̃ on [a, b]
is the unique solution of problem (1.1), (2.2). ¤

For each α ∈ (0, T ] and β ∈ [0, T ), we denote throughout this paper by uα and
vβ the unique solution of problem (1.1), (2.1) with a = 0, b = α and a = β, b = T ,
respectively. Next by uα and vβ we denote the unique solution of problem (1.1), (2.2)
with a = 0, b = α and a = β, b = T , respectively. The existence and uniqueness of
uα, vβ and uα, vβ follow from Lemma 2.3 and Corollary 2.4, respectively.

Lemma 2.5. (Lemma 2.7 in [14]. Let assumptions (H1)− (H3) be satisfied and let
0 < α1 < α2 ≤ T . Then

uα1(t) ≤ uα2(t) for t ∈ [0, α1].

By the solutions uα, vβ, uα and vβ define the functions Λ+ : (0, T ] → (0,∞),
Φ+ : [0, T )→ (0,∞), Λ− : (0, T ]→ (−∞, 0), Φ− : [0, T )→ (−∞, 0) by the formulas

Λ+(α) = max{uα(t) : 0 ≤ t ≤ α}, (2.6)

Φ+(β) = max{vβ(t) : β ≤ t ≤ T}, (2.7)

Λ−(α) = min{uα(t) : 0 ≤ t ≤ α} (2.8)

and

Φ−(β) = min{vβ(t) : β ≤ t ≤ T}. (2.9)

Properties of the functions Λ+, Φ+, Λ− and Φ− are presented in the following lemmas.

Lemma 2.6. Let assumptions (H1) − (H3) be satisfied. Then Λ+ is continuous
nondecreasing on (0, T ] and

lim
α→0+

Λ+(α) = 0.
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Proof. As a direct consequence of Lemma 2.5 we get that Λ+ is nondecreasing on
(0, T ]. Suppose that Λ+ is discontinuous on the right at a point α0 ∈ (0, T ), i.e. there
is a decreasing sequence {αn} ⊂ (α0, T ) such that limn→∞ αn = α0 and

lim
n→∞Λ+(αn) > Λ+(α0). (2.10)

Consider the sequence {uαn}. Since (r(uαn(t))u0αn(t))0 = q(t)f(t, u0αn(t)) < 0 for
t ∈ (0, αn), r(uαn)u0αn is decreasing on [0, αn] and therefore there exists a (unique)
ξn ∈ (0, αn) such that u0αn > 0 on [0, ξn), u0αn < 0 on (ξn, αn] and u0αn(ξn) = 0.
Integrating the inequalities

(r(uαn(t))u
0
αn(t))

0r(uαn(t))u0αn(t)

≥ −Qg(uαn(t))r(uαn(t))u0αn(t), t ∈ (0, ξn)
(2.11)

and
(r(uαn(t))u

0
αn(t))

0r(uαn(t))u0αn(t)

≤ −Qg(uαn(t))r(uαn(t))u0αn(t), t ∈ (ξn, αn)
(2.12)

over [0, ξn] and [ξn, αn], we obtain

(r(0)u0αn(0))
2 ≤ 2Q

Z Λ+(αn)
0

g(s)r(s) ds ≤ 2Q
Z Λ+(α1)
0

g(s)r(s) ds

and

(r(0)u0αn(αn))
2 ≤ 2Q

Z Λ+(αn)
0

g(s)r(s) ds ≤ 2Q
Z Λ+(α1)
0

g(s)r(s) ds,

respectively. Hence

|r(uαn(t))u0αn(t)| ≤ r(0)max{u0αn(0), |u0αn(αn)|}

≤
s
2Q

Z Λ+(α1)
0

g(s)r(s) ds, t ∈ [0, αn], n ∈ N
(2.13)

and

|u0αn(t)| ≤
1

r0

s
2Q

Z Λ+(α1)
0

g(s)r(s) ds for t ∈ [0, αn], n ∈ N. (2.14)

In addition, by Lemma 2.5,

uα0(t) ≤ uαn(t) ≤ uαn+1(t) for t ∈ [0, α0], n ∈ N. (2.15)

From (2.14) and (2.15) we deduce that {uαn(t)} is uniformly convergent on [0, α0]
and let limn→∞ uαn(t) = u(t), t ∈ [0, α0]. Then u ∈ C0([0, α0]), u(0) = 0, u(t) ≥
uα0(t) > 0 for t ∈ (0, α0). Moreover, u(α0) = 0, since in the case that u(α0) > 0 it
may be concluded from

u(α0) ≤ uαn(α0) = uαn(α0)− uαn(αn) = u0αn(ηn)(α0 − αn),

where ηn ∈ (α0, αn) that

lim
n→∞u0αn(ηn) ≤ lim

n→∞
u(α0)

α0 − αn
= −∞,
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contrary to (2.14). As

0 < f(t, uαn+1(t)) ≤ f(t, uαn(t)), lim
n→∞ f(t, uαn(t) = f(t, u(t)), t ∈ (0, α0)

and (see (2.13))

0 >

Z α0

0

q(t)f(t, uαn(t)) dt = r(uαn(α0))u
0
αn(α0)− r(0)u0αn(0)

≥ −2
s
2Q

Z Λ+(α1)
0

g(s)r(s) ds

for n ∈ N, Fatou’s and Levi’s theorems give q(·)f(·, u(·)) ∈ L1([0, α0]) and

lim
n→∞

Z t

0

q(s)f(s, uαn(s) ds =

Z t

0

q(s)f(s, u(s) ds, t ∈ [0, α0].

By (2.14), {u0αn(0)} is bounded and we may assume that it is convergent. Let
limn→∞ u0αn(0) = A. Letting n→∞ in

H(uαn(t)) = r(0)u0αn(0)t+
Z t

0

Z s

0

q(v)f(v, uαn(v)) dv ds for t ∈ [0, α0], (2.16)

where H is given by (2.3), we get

H(u(t)) = r(0)At+

Z t

0

Z s

0

q(v)f(v, u(v)) dv ds, t ∈ [0, α0].

Then

u(t) = H−1
³
r(0)At+

Z t

0

Z s

0

q(v)f(v, u(v) dv ds
´
,

and so u ∈ C1([0, α0]). Now from r(u(t))u0(t) = r(0)A +

Z t

0

q(s)f(s, u(s)) ds, t ∈
[0, α0], and the above proved properties of u, we see that u is a solution of prob-
lem (1.1), (2.1) with a = 0 and b = α0, and consequently u = uα0 by Lemma 2.3.
We have proved that limn→∞ uαn(t) = uα0(t) uniformly on [0, α0], which implies
limn→∞Λ+(αn) = Λ+(α0), contrary to (2.10). Hence Λ+ is continuous on the right
on (0, T ).

Assume now that Λ+ is discontinuous on the left at a point α0 ∈ (0, T ], i.e., there
is an increasing sequence {αn} ⊂ (0, α0) such that limn→∞ αn = α0 and

lim
n→∞Λ+(αn) < Λ+(α0). (2.17)

Then

uαn(t) ≤ uαn+1(t) ≤ uα0(t) for t ∈ [0, αn], n ∈ N (2.18)
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by Lemma 2.5 and as above it can be verified that

|r(uαn(t))u0αn(t)| ≤
s
2Q

Z Λ+(α0)
0

g(s)r(s) ds,

|u0αn(t)| ≤
1

r0

s
2Q

Z Λ+(α0)
0

g(s)r(s) ds

(2.19)

and

0 ≥
Z t

0

q(s)f(s, uαn(s)) ds ≥ −2
s
2Q

Z Λ+(α0)
0

g(s)r(s) ds (2.20)

for t ∈ [0, αn] and n ∈ N. By (2.18) and (2.19), {uαn(t)} is locally uniformly con-
vergent on [0, α0) and let limn→∞ uαn(t) = u(t), t ∈ [0, α0). Then u ∈ C0([0, α0)),
u(0) = 0, 0 < u(t) ≤ uα0(t) for t ∈ [0, α0) and limt→α−0

u(t) = 0. From the inequal-
ities f(t, uαn(t)) ≥ f(t, uαn+1(t)) ≥ f(t, uα0(t)) ≥ 0, (2.20), limn→∞ f(t, uαn(t)) =
f(t, u(t)) for t ∈ (0, α0) and Fatou’s theorem we obtain q(·)f(·, u(·)) ∈ L1([0, α0]).
Define u∗ ∈ C0([0, α0]) by

u∗(t) =

(
u(t) for t ∈ [0, α0)
0 for t = α0.

Without violating generality, we can assume that {u0αn(0)} is convergent and let
limn→∞ u0αn(0) = B. Taking the limit as n→∞ in (2.16) which now holds on [0, αn],
we obtain

H(u∗(t)) = r(0)Bt+

Z t

0

Z s

0

q(v)f(v, u∗(v)) dv ds for t ∈ [0, α0].

Then u∗ ∈ C1([0, α0]) and u∗ is a solution of problem (1.1), (2.1) with a = 0 and
b = α0. Hence u∗ = uα0 and from limn→∞ uαn(t) = uα0(t) locally uniformly on
[0, α0) we deduce that limn→∞Λ+(αn) = Λ+(α0), contrary to (2.17). It follows that
Λ+ is continuous on the left on (0, T ]. Consequently, Λ+ is continuous on (0, T ].

Finally, assume that limα→0+ Λ+(α) = µ > 0. Let {αn} ⊂ (0, T ) be a decreas-
ing sequence and limn→∞ αn = 0. Let Λ+(αn) = uαn(ξn) with a ξn ∈ (0, αn).
Then uαn(ξn) ≥ µ and from µ ≤ uαn(ξn) = uαn(ξn) − uαn(0) = u0αn(τn)ξn, where
τn ∈ (0, ξn), we have u0αn(τn) ≥ µ/ξn for n ∈ N. Therefore limn→∞ u0αn(τn) ≥
limn→∞ µ/ξn =∞, contrary to (2.14). Hence limα→0+ Λ+(α) = 0. ¤

Lemma 2.7. Let assumptions (H1) − (H3) be satisfied. Then Φ+ is continuous
nonincreasing on [0, T ) and

lim
β→T−

Φ+(β) = 0.

Proof. By Remark 2.1, for each γ ∈ (0, T ] the function ũγ(t) = vγ(T − t), t ∈
[0, T − γ], is a (unique) solution of problem (2.4), (2.1) with a = 0 and b = T − γ.
Set Λ̃+(γ) = max{ũγ(t) : 0 ≤ t ≤ γ} for γ ∈ (0, T ]. Applying Lemma 2.6 to equation
(2.4), we see that Λ̃+ is continuous and nondecreasing on (0, T ] and limγ→0+ Λ̃+(γ) =
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0. The assertion of our lemma now follows from the equality Φ+(β) = Λ̃+(T − β) for
β ∈ [0, T ). ¤

Lemma 2.8. Let assumptions (H1) − (H3) be satisfied. Then Λ− is continuous
nonincreasing on (0, T ], Φ− is continuous nondecreasing on [0, T ) and

lim
α→0+

Λ−(α) = lim
β→T−

Φ−(β) = 0.

Proof. Let Λ̃+ and Φ̃+ be associated to problem (2.5), (2.1) analogously as Λ+ and
Φ+ are to problem (1.1), (2.1). Then Λ̃+ is continuous and nondecreasing on (0, T ], Φ̃+
is continuous and nonincreasing on [0, T ) and limα→0+ Λ̃+(α) = limβ→T− Φ̃+(β) = 0
by Lemmas 2.6 and 2.7. The assertions of the lemma follow immediately from the
equalities Λ− = −Λ̃+ on (0, T ] and Φ− = −Φ̃+ on [0, T ) which we get applying
Remark 2.2. ¤

Lemma 2.9. Let assumptions (H1)−(H4) be satisfied. Then for each α1, α2 ∈ (0, T ],
α1 < α2, the inequality

uα1(t) < uα2(t) for t ∈ (0, α1] (2.21)

holds.

Proof. Fix 0 < α1 < α2 ≤ T . Then 0 = uα1(α1) < uα2(α1) and, by Lemma 2.5,
uα1(t) ≤ uα2(t) for t ∈ (0, α1]. If uα1(ξ) = uα2(ξ) for some ξ ∈ (0, α1), then u0α1(ξ) =
u0α2(ξ), and consequently uα1 = uα2 in a neighbourhood of t = ξ by assumption (H4).
Repeated application of this result enables us to prove that uα1 = uα2 on [0, α1),
which is impossible. Hence (2.21) holds. ¤

Lemma 2.10. Under assumptions (H1) − (H4), Λ+ is increasing on (0, T ], Φ+ is
decreasing on [0, T ), Λ− is decreasing on (0, T ] and Φ− is increasing on [0, T ).

Proof. By Lemma 2.9, for each 0 < α1 < α2 ≤ T , inequality (2.21) holds and from
the definition of Λ+ we have Λ+(α1) < Λ+(α2). Hence Λ+ is increasing on (0, T ]. The
other three assertions of the lemma can be verified from strict inequalities between
solutions vα1 , vα2 ; uα1 , uα2 and vα1 , vα2 with different α1 and α2. ¤

3. Existence results for w-solutions of problem (1.1)-(1.3)

Theorem 3.1. Let assumptions (H1)− (H3) be satisfied. Then for each λ ∈ (0,∞)
there exist at least two w-solutions of problem (1.1)-(1.3).

Proof. Fix λ ∈ (0,∞). By Lemmas 2.6 and 2.8, the function λΛ+ + Φ− is
continuous and nondecreasing on (0, T ) and limα→0+(λΛ+(α)+Φ−(α)) = Φ−(0) < 0,
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limα→T−(λΛ+(α)+Φ−(α)) = λΛ+(T ) > 0. Hence the equation λΛ+(α)+Φ−(α) = 0
has at least one solution α1 ∈ (0, T ). Setting

x1(t) =

(
uα1(t) for t ∈ [0, α1]
vα1(t) for t ∈ (α1, T ],

(3.1)

x1 is aw-solution of problem (1.1)-(1.3). Analogously, the equation λΦ+(α)+Λ−(α) =
0 has at least one solution α2 ∈ (0, T ) since λΦ++Λ− is continuous and nonincreasing
on (0, T ) and limα→0+(λΦ+(α)+Λ−(α)) = λΦ+(0) > 0, limα→T−(λΦ+(α)+Λ−(α)) =
Λ−(T ) < 0 by Lemmas 2.7 and 2.8. Then setting

x2(t) =

(
uα2(t) for t ∈ [0, α2]
vα2(t) for t ∈ (α2, T ],

(3.2)

x2 is the second w-solution of problem (1.1)-(1.3). From x1 > 0 on (0, α1) and x2 < 0
on (0, α2) we see that x1 6= x2. ¤

Theorem 3.2. Let assumptions (H1)− (H4) be satisfied. Then for each λ ∈ (0,∞)
there exist precisely two w-solutions of problem (1.1)-(1.3).

Proof. Fix λ ∈ (0,∞). It follows from Lemma 2.10 and the properties of the
functions Λ+, Φ+, Λ− and Φ− given in Lemmas 2.6—2.8 that the equations λΛ+(α)+
Φ−(α) = 0 and λΦ+(α) + Λ−(α) = 0 have in (0, T ) the unique solutions α1 and
α2, respectively. Now x1 and x2 defined by (3.1) and (3.2) are unique w-solutions of
problem (1.1)-(1.3). ¤

4. Existence results for solutions of problem
(1.1)—(1.3)

Let assumptions (H1)− (H4) be satisfied. By Theorem 3.2, for each λ ∈ (0,∞) there
exist precisely two w-solutions x1(t;λ) and x2(t;λ) of problem (1.1)-(1.3). If cλ is the
(unique) solution of the equation λΛ+(c)+Φ−(c) = 0 and αλ is the (unique) solution
of the equation λΦ+(α) + Λ−(α) = 0, then

x1(t;λ) =

(
ucλ(t) for t ∈ [0, cλ]
vcλ(t) for t ∈ (cλ, T ]

and

x2(t;λ) =

(
uαλ(t) for t ∈ [0, αλ]
vαλ(t) for t ∈ (αλ, T ].

Here solutions uα, vβ, uα and vβ were defined in Section 2. Of course,

λmax{ucλ(t) : 0 ≤ t ≤ cλ} = −min{vcλ : cλ ≤ t ≤ T},
λmax{vαλ(t) : αλ ≤ t ≤ T} = −min{uαλ : 0 ≤ t ≤ αλ}

and cλ (resp. αλ) is the (unique) zero of x1(t;λ) (resp. x2(t;λ)) in (0, T ).

Lemma 4.1. Let assumptions (H1)− (H4) be satisfied. Then
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a) cλ is continuous and decreasing on (0,∞),
lim
λ→∞

cλ = 0, lim
λ→0+

cλ = T,

b) ucλ1 (t) > ucλ2 (t) for t ∈ (0, cλ2 ] and 0 < λ1 < λ2.

Proof. We know (see the proof of Theorem 3.2) that cλ is the (unique) solution of
the equation λΛ+(c)+Φ−(c) = 0. Hence the equality λΛ+(cλ)+Φ−(cλ) = 0 holds for
λ ∈ (0,∞). Let 0 < λ1 < λ2. If cλ1 ≤ cλ2 , then from the properties of the functions
Λ+ and Φ− given in Lemmas 2.6—2.10 it follows that 0 = λ1Λ+(cλ1) + Φ−(cλ1) <
λ2Λ+(cλ2)+Φ−(cλ2), contrary to λ2Λ+(cλ2)+Φ−(cλ2) = 0. Therefore cλ is decreasing
on (0,∞).
Assume that cλ is discontinuous at a point λ0 ∈ (0,∞). Then there is a sequence

{λn} ⊂ (0,∞), limn→∞ λn = λ0 such that limn→∞ cλn = µ0 6= cλ0 . Letting n →∞
in the equalities λnΛ+(cλn) +Φ−(cλn) = 0, n ∈ N, we get

λ0Λ+(µ0) +Φ−(µ0) = 0 (4.1)

since Λ+ and Φ− are continuous. But the equation λ0Λ+(c) + Φ−(c) = 0 has the
unique solution c = cλ0 , contrary to (4.1). Hence cλ is continuous on (0,∞).
Suppose limλ→∞ cλ = µ > 0. Then Λ+(cλ) ≥ Λ+(µ) > 0 and Φ−(cλ) ≤ Φ−(µ) < 0

for λ ∈ (0,∞), and so limλ→∞(λΛ+(cλ) +Φ−(cλ)) =∞, contrary to
λΛ+(cλ) +Φ−(cλ)) = 0 for λ ∈ (0,∞). (4.2)

Therefore limλ→∞ cλ = 0. If limλ→0+ cλ = ( < T , then limλ→0+ Λ+(cλ) = Λ+(() > 0,
limλ→0+ Φ−(cλ) = Φ−(() < 0, and so limλ→0+(λΛ+(cλ) + Φ−(cλ)) = Φ−(() < 0,
contrary to (4.2). Hence limλ→0+ cλ = T .

Finally, if 0 < λ1 < λ2, then cλ1 > cλ2 and ucλ1 (t) > ucλ2 (t) for t ∈ (0, cλ2 ] by
Lemma 2.9. ¤

Lemma 4.2. Let assumptions (H1) − (H4) be satisfied and let {λn} ⊂ (0,∞),
limn→∞ λn = λ0 > 0. Then

lim
n→∞ucλn (t) = ucλ0 (t) locally uniformly on [0, cλ0).

Proof. First from (2.14) it follows that

|u0cλn (t)| ≤
1

r0

s
2Q

Z Λ+(T )
0

g(s)r(s) ds for t ∈ [0, cλn ], n ∈ N. (4.3)

Now from (4.3) and using the fact that for {λn} decreasing, {cλn} is increasing and
ucλn+1 (t) > ucλn (t), t ∈ [0, cλn ], n ∈ N

and for {λn} increasing, {cλn} is decreasing and
ucλn+1 (t) < ucλn (t), t ∈ [0, cλn+1 ], n ∈ N

(see Lemma 4.1), we deduce the assertion of our lemma. ¤
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Define the function S+ : (0,∞)→ (−∞, 0] by the formula

S+(λ) = u0cλ(cλ),

where u0cλ(cλ) denotes the derivative of ucλ(t) on the left at the point t = cλ.

Lemma 4.3. Let assumptions (H1) − (H4) be satisfied. Then S+ is continuous on
(0,∞) and

lim
λ→∞

S+(λ) = 0, lim sup
λ→0+

S+(λ) < 0.

Proof. Assume, on the contrary, that S+ is discontinuous at a point λ0 ∈ (0,∞).
Then there exist ε0 > 0 and a sequence {λn} ⊂ (λ0/2, 2λ0), limn→∞ λn = λ0 such
that |S+(λn)− S+(λ0)| ≥ ε0 for n ∈ N, that is

|u0cλn (cλn)− u0cλ0 (cλ0)| ≥ ε0 for n ∈ N. (4.4)

We claim that there exists ν > 0 such that

|u0cλn (t)− u0cλn (cλn)| <
ε0
2

for t ∈ [cλn − ν, cλn ], n ∈ N. (4.5)

If not, without restriction of generality we can assume that there is a sequence {τn} ⊂
(0, T ), τn < cλn , limn→∞(τn − cλn) = 0 such that

|u0cλn (τn)− u0cλn (cλn)| =
ε0
2

for n ∈ N. (4.6)

If u0cλn (τn) ≤ 0, then r(ucλn (t))u
0
cλn
(t) ≤ 0 for t ∈ [τn, cλn ] and integrating the

inequality

(r(ucλn (t))u
0
cλn
(t))0r(ucλn (t))u

0
cλn
(t) ≤ −Qg(ucλn (t))r(ucλn (t))u0cλn (t) (4.7)

from τn to cλn we get

(0 ≤) (r(0)u0cλn (cλn))2 − (r(ucλn (τn))u0cλn (τn))2

≤ −2Q
Z 0

ucλn
(τn)

g(s)r(s) ds = 2Q

Z ucλn
(τn)

0

g(s)r(s) ds.
(4.8)

If u0cλn (τn) > 0, then there exists ξn ∈ (τn, cλn) such that u0cλn (ξn) = 0 and then
integrating the inequality

(r(ucλn (t))u
0
cλn
(t))0r(ucλn (t))u

0
cλn
(t) ≥ −Qg(ucλn (t))r(ucλn (t))u0cλn (t)

from τn to ξn and inequality (4.7) from ξn to cλn , we have

(r(ucλn (τn))u
0
cλn
(τn))

2 ≤ 2Q
Z ucλn

(ξn)

ucλn
(τn)

g(s)r(s) ds (4.9)

and

(r(0)u0cλn (cλn))
2 ≤ 2Q

Z ucλn
(ξn)

0

g(s)r(s) ds. (4.10)
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Let N+ be the set of all n ∈ N such that u0cλn (τn) > 0. Assume N+ is infinite. Using
(4.3) and the equalities limn→∞(ξn − cλn) = 0, limn→∞(ξn − τn) = 0, we have

lim
n∈N+, n→∞

(ucλn (ξn)− ucλn (τn)) = 0,

lim
n∈N+, n→∞

ucλn (ξn) = lim
n∈N+, n→∞

(ucλn (ξn)− ucλn (cλn)) = 0,

and so (4.9), (4.10) and r(x) ≥ r0 > 0 for x ∈ R yield

lim
n∈N+, n→∞

u0cλn (τn) = lim
n∈N+, n→∞

u0cλn (cλn) = 0,

contrary to (4.6). Hence N+ is finite and there is no loss of generality in assuming
u0cλn (τn) ≤ 0 for n ∈ N and then (see (4.8))

(0 ≤) (r(0)u0cλn (cλn))2 − (r(ucλn (τn))u0cλn (τn))2 ≤ 2Q
Z ucλn

(τn)

0

g(s)r(s) ds (4.11)

for n ∈ N. From Lemma 1.2 in [14] (with µ = 1) it follows that

u0cλn (cλn) ≤ −
2K

V cλ0/2
for n ∈ N , (4.12)

where
V = max

n
r(x) : 0 ≤ x ≤ max{uT (t) : 0 ≤ t ≤ T}

o
, (4.13)

K = min
h
min

nZ t/2

0

s|q(s)|k(s) ds,
Z t

t/2

(t− s)|q(s)|k(s) ds
o
:
λ0
2
≤ t ≤ 2λ0

i
and k ∈ C0([0, T ]) is a positive function such that

0 < k(t) ≤ f(t, x)signx for (t, x) ∈ [0, T ]× ([−kuTk, 0) ∪ (0, kuT k]) (4.14)

with kuTk = max{uT (t) : 0 ≤ t ≤ T} (for the function k see Remark 1.3). By (4.3),
{u0cλn (cλn)} and {u0cλn (τn)} are bounded, and so going if necessary to subsequences,
we can assume that they are convergent, say

lim
n→∞u0cλn (cλn) = A, lim

n→∞u0cλn (τn) = B.

By virtue of (4.6), we have

|A−B| = ε0
2
. (4.15)

In addition, limn→∞ ucλn (τn) = limn→∞(ucλn (τn)− ucλn (cλn)) = 0 since (4.3) holds
and limn→∞(τn−cλn) = 0. Letting n→∞ in (4.11), we get 0 ≤ (r(0))2(A2−B2) = 0.
Therefore A2 −B2 = 0 and since A ≤ −2K/(V cλ0/2) by (4.12) and B ≤ 0, we have
A = B, contrary to (4.15). We have proved that (4.5) holds. Let

|u0cλ0 (t)− u0cλ0 (cλ0)| ≤
ε0
4

for t ∈ [cλ0 − γ, cλ0 ] , (4.16)

where γ is a positive constant. Set κ = min{ν, γ}. Using (4.4) and (4.5) we have
|u0cλn (t)− u0cλ0 (cλ0)| ≥ |u

0
cλn
(cλn)− u0cλ0 (cλ0)|− |u

0
cλn
(t)− u0cλn (cλn)| >

ε0
2
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for t ∈ [cλn − κ, cλn ] and n ∈ N. Assume that
N∗ =

n
n : n ∈ N, u0cλn (t)− u0cλ0 (cλ0) >

ε0
2
for t ∈ [cλn − κ, cλn ]

o
is an infinite set (analogously for N \N∗ infinite). Then

ucλn (t) =

Z t

cλn

u0cλn (s) ds ≤
³
u0cλ0 (cλ0) +

ε0
2

´
(t− cλn) (4.17)

for t ∈ [cλn − κ, cλn ] and n ∈ N∗. On the other hand, (4.16) gives³
u0cλ0 (cλ0) +

ε0
4

´
(t− cλ0) ≤ ucλ0 (t)

=

Z t

cλ0

u0cλ0 (s) ds ≤
³
u0cλ0 (cλ0)−

ε0
4

´
(t− cλ0)

(4.18)

for t ∈ [cλ0 −κ, cλ0). Since limn→∞(cλn −κ) = cλ0 −κ, there exists n0 ∈ N such that
for n ∈ N∗, n ≥ n0, we have cλn − κ ≤ cλ0 − κ/2 and then letting n → ∞ in (4.17)
and using Lemmas 4.1 and 4.2,

ucλ0 (t) ≤
³
u0cλ0 (cλ0) +

ε0
2

´
(t− cλ0), t ∈

h
cλ0 −

κ

2
, cλ0

i
,

contrary to (4.18). We have proved that S+ is continuous on (0,∞).
Let {λn} ⊂ (0,∞), limn→∞ λn = ∞. Then limn→∞ cλn = 0 by Lemma 4.1, and

there exists {ξn}, 0 < ξn < cλn , such that u
0
cλn
(ξn) = 0 and r(ucλn (t))u

0
cλn
(t) < 0 on

(ξn, cλn ] and n ∈ N. Integrating (4.7) from ξn to cλn we get

(r(0)u0cλn (cλn))
2 ≤ 2Q

Z ucλn
(ξn)

0

g(s)r(s) ds for n ∈ N. (4.19)

By Lemma 1.2 in [14] (with µ = 1), ucλn (t) ≤ Ln for t ∈ [0, cλn ] where Ln > 0 is an
arbitrary constant satisfying the inequality

1 ≤
2
³Z Ln

0

r(s) ds
´2

(cλn)
2Q

Z Ln

0

g(s)r(s) ds

.

From the last inequality we see that Ln can be chosen such that limn→∞Ln = 0 and
then (4.19) yields limn→∞ u0cλn (cλn) = 0. Hence limλ→∞ S+(λ) = 0.

Let {λn} ⊂ (0,∞), limn→∞ λn = 0. Then limn→∞ cλn = T by Lemma 4.1, and
from Lemma 1.2 in [14] (with µ = 1) we deduce that for each n ∈ N such that
cλn ≥ T/2,

u0cλn (cλn) ≤ −
2K1

V T
, n ∈ N,

where V is given by (4.13) and

K1 = min
h
min

nZ t/2

0

s|q(s)|k(s) ds,
Z t

t/2

(t− s)|q(s)|k(s) ds
o
:
T

2
≤ t ≤ T

i
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with k ∈ C0([0, T ]) satisfying (4.14). Hence lim supλ→0+ S+(λ) ≤ −2K1/(V T ). ¤

Define the functions S− : (0,∞) → (0,∞), Z+ : (0,∞) → (0,∞) and Z− :
(0,∞)→ (−∞, 0) by the formulas

S−(λ) = u 0αλ(αλ),

Z+(λ) = v0cλ(αλ),
Z−(λ) = v 0αλ(cλ).

We observe that cλ (resp. αλ) is the (unique) solution of the equation λΛ+(c) +
Φ−(c) = 0 (resp. λΦ+(α) + Λ−(α) = 0). From the properties of the functions Λ+,
Λ−, Φ+, Φ−, using Remarks 2.1 and 2.2 and applying procedures analogical to those
in the proofs of Lemmas 4.1—4.3, we can show properties of the functions S−, Z+ and
Z− which are given in the following lemma.

Lemma 4.4. Let assumptions (H1)− (H4) be satisfied. Then the functions S−, Z+
and Z− are continuous on (0,∞) and

lim inf
λ→0+

S−(λ) > 0, lim
λ→∞

S−(λ) = 0,

lim
λ→0+

Z+(λ) = 0, lim inf
λ→∞

Z+(λ) > 0,

lim
λ→0+

Z−(λ) = 0, lim sup
λ→∞

Z−(λ) < 0.

Theorem 4.5. Let assumptions (H1)− (H4) be satisfied. Then problem (1.1)-(1.3)
has at least two solutions.

Proof. Define the function k, p : (0,∞)→ R by

k(λ) = S+(λ)− Z−(λ), p(λ) = S−(λ)− Z+(λ).

By Lemmas 4.3 and 4.4, the functions k and p are continuous on (0,∞) and
lim sup
λ→0+

k(λ) < 0, lim inf
λ→∞

k(λ) > 0,

lim inf
λ→0+

p(λ) > 0, lim sup
λ→∞

p(λ) < 0.

Hence there exist λ1, λ2 ∈ (0,∞) such that k(λ1) = 0 and p(λ2) = 0, that is S+(λ1) =
Z−(λ1) and S−(λ2) = Z+(λ2). Then the functions

x1(t) =

(
uc1(t) for t ∈ [0, c1]
vc1(t) for t ∈ (c1, T ]

and

x2(t) =

(
uα1(t) for t ∈ [0, α1]
vα1(t) for t ∈ (α1, T ]

are solutions of problem (1.1)-(1.3), where c1 (resp. α1) is the (unique) solution of
the equation λ1Λ+(c) + Φ−(c) = 0 (resp. λ2Φ+(α) + Λ(α) = 0). Clearly, x1 6= x2.

¤
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5. Exceptional n-sign-changing w-solutions of
problem (1.1), (1.2), (5.1)

Let c ∈ (0, T ]. In this Section we will use the following conditions
max{x(t) : 0 ≤ t ≤ T} = −min{x(t) : 0 ≤ t ≤ T}, (5.1)

x(0) = 0, x(c) = 0 (5.2)

and
max{x(t) : 0 ≤ t ≤ c} = −min{x(t) : 0 ≤ t ≤ c}. (5.3)

We note that (5.1) is (1.3) with λ = 1.

Definition 5.1. Let n ∈ N, n ≥ 2. We say that x is an n-sign-changing w-solution
of problem (1.1), (5.2), (5.3) if x has precisely n − 1 zeros t1 < t2 < · · · < tn−1 in
(0, c), x ∈ C0([0, c]) ∩ C1([0, c] \ {t1, t2, · · · , tn−1}), there exist finite limt→t−i

x0(t),
limt→t+i

x0(t) for i = 1, 2, · · · , n− 1, r(x)x0 ∈ C1([0, c] \ {t1, t2, · · · , tn−1}), x satisfies
(5.2), equality (1.1) holds on (0, c) \ {t1, t2, · · · , tn−1} and finally

max{x(t) : ti ≤ t ≤ ti+2}min{x(t) : ti ≤ t ≤ ti+2} < 0
for i = 0, 1, · · · , n− 2 with t0 = 0 and tn = c.

If, in addition,

max{|x(t)| : 0 ≤ t ≤ t1} = max{|x(t)| : tj ≤ t ≤ tj+1}
for j = 1, 2, · · · , n− 1, we say that x is an exceptional n-sign-changing w-solution of
problem (1.1), (5.2), (5.3). In case of c = T , x is called an exceptional n-sign-changing
w-solution of problem (1.1), (1.2), (5.1).

Remark 5.2. We observe, that the notion of the w-solution of problem (1.1)-(1.3)
with λ = 1 stated in Section 1 corresponds to the notion of exceptional 2-sign-changing
w-solution of problem (1.1), (1.2), (5.1).

Before we give existence results for exceptional n-sign-changing w-solutions of prob-
lem (1.1), (1.2), (5.1), we will define a function ∆+ whose properties are important in
our next considerations.

Let assumptions (H1) − (H4) be satisfied. Then, by Theorem 3.2 (with µ = 1)
and its proof, for each c ∈ (0, T ] there exists the unique w-solution of problem
(1.1), (5.2), (5.3), which is positive in the right neighbourhood of t = 0. This so-
lution we will denote throughout this Section by wc. Using wc we define the function
∆+ : (0, T ]→ (0,∞) by

∆+(c) = max{wc(t) : 0 ≤ t ≤ c}.
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Lemma 5.3. Let assumptions (H1)− (H4) be satisfied. Then ∆+ is continuous and
increasing on (0, T ] and

lim
c→0+

∆+(c) = 0. (5.4)

Proof. To prove that ∆+ is increasing on (0, T ] we assume, on the contrary, that
∆+(a) ≥ ∆+(b) for some 0 < a < b ≤ T . Let wa(ta) = 0 and wb(tb) = 0 with unique
ta ∈ (0, a) and tb ∈ (0, b). From Lemma 2.9 and our assumption ∆+(a) ≥ ∆+(b) we
deduce that ta ≥ tb. We claim that

wb(t) < wa(t) for t ∈ (ta, a]. (5.5)

If not, since 0 = wa(ta) ≥ wb(ta) and 0 = wa(a) > wb(a) we have either wa(ξ) = wb(ξ)
for some ξ ∈ (ta, a) and wb(t) ≤ wa(t) for t ∈ [ta, a] or there exist ta ≤ ν < τ < a
such that wa(ν) = wb(ν), wa(τ) = wb(τ) and wb(t) > wa(t) for t ∈ (ν, τ). In the first
case w0a(ξ) = w0b(ξ) and wa = wb in a neighbourhood of t = ξ by (H4), and then by
repeated application of (H4) we get wa = wb on (ta, a), which is impossible. In the
second case, we have r(wa(ν))w

0
a(ν) ≤ r(wb(ν))w

0
b(ν) and f(t, wa(t)) ≥ f(t, wb(t)) for

t ∈ (ν, τ ]. Hence
³Z wb(t)

wa(t)

r(s) ds
´00
= q(t)(f(t, wb(t))− f(t, wa(t))) ≥ 0, t ∈ (ν, τ ],

and so
³Z wb(t)

wa(t)

r(s) ds
´0
is nondecreasing on [ν, τ ] and then the equalities wa(ν) =

wb(ν), wa(τ) = wb(τ) imply
Z wb(t)

wa(t)

r(s) ds = 0 for t ∈ [ν, τ ], contrary to wb > wa

on (ν, τ). Now (5.5) yields min{wb(t) : 0 ≤ t ≤ b} < min{wa(t) : 0 ≤ t ≤ a}, hence
∆+(b) > ∆+(a), contrary to our assumption ∆+(a) ≥ ∆+(b). We have proved that
∆+ is increasing on (0, T ].

Suppose that ∆+ is discontinuous on the right at a point c0 ∈ (0, T ), i.e., there is
a decreasing sequence {cn} ⊂ (c0, T ) such that limn→∞ cn = c0 and

lim
n→∞∆+(cn) = µ > ∆+(c0). (5.6)

Let wcn(tn) = 0 for the (unique) tn ∈ (0, cn), n ∈ N ∪ {0}. Since µ < ∆+(cn+1) <
∆+(cn) for n ∈ N, Lemma 2.9 shows that t0 < tn+1 < tn for n ∈ N. There is no
loss of generality in assuming t1 < c0. Moreover, ∆+(cn) = Λ+(tn) for n ∈ N ∪ {0}
and from ∆+(c0) < µ < Λ+(tn) and the continuity of Λ+ by Lemma 2.6, we see that
limn→∞ tn = t∗ > t0. Applying the procedure as in the proof of Lemma 2.6 (now on
[tn, cn]), we get

|r(wcn(t))w
0
cn(t)| ≤

s
2Q

Z Λ+(tn)
0

g(s)r(s) ds ≤
s
2Q

Z Λ+(t1)
0

g(s)r(s) ds (5.7)
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for t ∈ [tn, cn], n ∈ N, and then

0 ≤
Z t

tn

q(s)f(s,wcn(s)) ds = r(wcn(t))w
0
cn(t)− r(0)w0cn(tn)

≤ 2
s
2Q

Z Λ+(t1)
0

g(s)r(s) ds

(5.8)

for t ∈ [tn, cn] and n ∈ N. By (5.7),
|w0cn(t)| ≤ S for t ∈ [tn, cn], n ∈ N, (5.9)

where

S =
1

r0

s
2Q

Z Λ+(t1)
0

g(s)r(s) ds. (5.10)

From (5.9), 0 ≥ wcn(t) ≥ −Λ+(t1) for t ∈ [tn, cn], n ∈ N, and the Arzelà—Ascoli
theorem, we deduce that there exists a subsequence of {wcn}, which we denote by
{wcn} again, such that limn→∞wcn(t) = w(t) locally uniformly on (t∗, c0]. Then
w ∈ C0((t∗, c0]), w ≤ 0 on (t∗, c0] and w(c0) = 0 since in the case that w(c0) < 0
from the relations

w(c0)

2
≥ wcn(c0) = wcn(c0)−wcn(cn) = w0cn(ξn)(c0 − cn) ,

which are satisfied for sufficiently large n and where ξn ∈ (c0, cn), we obtain

lim
n→∞w0cn(ξn) ≥ lim

n→∞
w(c0)

2(c0 − cn)
=∞,

contrary to (5.9). We are going to show that w(t) < 0 on (t∗, c0) and

lim
t→t+∗

w(t) = 0. (5.11)

By (H3) (see Remark 1.3), there exists a positive function k ∈ C0([0, T ]) such that

k(t) ≤ f(t, x)signx for (t, x) ∈ [0, T ]× [−∆+(c1), 0) ∪ (0,∆+(c1)].
Now using our Remark 2.2 and Lemma 1.2 in [14] with µ = 1, we get (for n ∈ N)

wcn(t) ≤


H−1

³
− 2Kn(t− tn)

cn − tn

´
for t ∈

h
tn,

tn + cn
2

i
H−1

³
− 2Kn(cn − t)

cn − tn

´
for t ∈

³tn + cn
2

, cn

i
,

(5.12)

where

Kn = min
nZ (tn+cn)/2

tn

(s− tn)|q(s)|k(s) ds,
Z cn

(tn+cn)/2

(cn − s)|q(s)|k(s) ds
o

and H−1 is the inverse to H given by (2.3). Let tn ≤ (3t∗ + c0)/4 and tn + cn ≤
(t∗ + 3c0)/2 for n ≥ n1 with an n1 ∈ N. Then (for n ≥ n1)Z (tn+cn)/2

tn

(s− tn)|q(s)|k(s) ds ≥
Z (t∗+c0)/2

(3t∗+c0)/4

³
s− 3t∗ + c0

4

´
|q(s)|k(s) ds,
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(tn+cn)/2

(cn − s)|q(s)|k(s) ds ≥
Z c0

(t∗+3c0)/4
(c0 − s)|q(s)|k(s) ds

and from (5.12) it follows that

wcn(t) ≤


H−1

³
− 2K(t− tn)

cn − tn

´
for t ∈

h
tn,

tn + cn
2

i
H−1

³
− 2K(cn − t)

cn − tn

´
for t ∈

³ tn + cn
2

, cn
i
,

where

K = min
nZ (t∗+c0)/2

(3t∗+c0)/4

³
s− 3t∗ + c0

4

´
|q(s)|k(s) ds,

Z c0

(t∗+3c0)/4
(c0 − s)|q(s)|k(s) ds

o
.

Consequently,

w(t) = lim
n→∞wcn(t) ≤


H−1

³
− 2K(t− t∗)

c0 − t∗

´
< 0 for t ∈

³
t∗,

t∗ + c0
2

i
H−1

³
− 2K(c0 − t)

c0 − t∗

´
< 0 for t ∈

³t∗ + c0
2

, c0
´
,

and we see that w < 0 on (t∗, c0). If (5.11) is not true, then there exist δ < 0 and
a decreasing sequence {νn} ⊂ (t∗, c0) such that limn→∞ νn = t∗ and w(νn) ≤ δ for
n ∈ N. Now let

νn∗ < t∗ − r0δ

4

q
2Q
R Λ+(t1)
0

g(s)r(s) ds

for some n∗ ∈ N. Then there exists n2 ∈ N such that wcn(νn∗) < δ/2 and

δ

2
> wcn(νn∗) = wcn(νn∗)−wcn(tn) = w0cn(ϕn)(νn∗ − tn)

for n ≥ n2, where ϕn ∈ (tn, νn∗). Therefore

w0cn(ϕn) <
δ

2(νn∗ − tn)
<

δ

2(νn∗ − t∗)
< − 2

r0

s
2Q

Z Λ+(t1)
0

g(s)r(s) ds

for n ≥ n2, contrary to (5.9).

Define w∗ : [t∗, c0]→ (−∞, 0] by

w∗(t) =

(
w(t) for t ∈ (t∗, c0]
0 for t = t∗.

Then w∗ ∈ C0([t∗, c0]), w∗(t∗) = w∗(c0) = 0 and w∗ < 0 for t ∈ (t∗, c0). We are now
in a position to show that w∗ is a solution of problem (1.1), (2.2) with a = t∗ and
b = c0. For this, we define for each n ∈ N the function pn : [t∗, c0]→ (−∞, 0] by

pn(t) =

(
f(t, wcn(t)) for t ∈ (tn, c0]
0 for t ∈ [t∗, tn].
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Since

0 ≤
Z c0

t∗
q(t)pn(t) dt =

Z c0

tn

q(t)f(t, wcn(t)) dt ≤ 2
s
2Q

Z Λ+(t1)
0

g(s)r(s) ds

by (5.8) and limn→∞ pn(t) = f(t, w∗(t)) for t ∈ (t∗, c0), Fatou’s theorem gives
q(·)f(·, w∗(·)) ∈ L1([t∗, c0]). Fix β ∈ (t1, c0). Going if necessary to a subsequence,
we can assume that {r(wcn(β))w

0
cn(β)} is convergent, limn→∞ r(wcn(β))w

0
cn(β) = A.

Letting n→∞ inZ wcn (t)

wcn(β)

r(s) ds = r(wcn(β))w
0
cn(β)(t− β) +

Z t

β

Z s

β

q(v)f(v,wcn(v)) dv ds, t ∈ [tn, cn]

and using the Lebesgue dominated theorem, we getZ w∗(t)

w∗(β)
r(s) ds = A(t− β) +

Z t

β

Z s

β

q(v)f(v,w∗(v)) dv ds, t ∈ [t∗, c0].

Whence

w∗(t) = H−1
³
H(w∗(β)) +A(t− β) +

Z t

β

Z s

β

q(v)f(v,w∗(v)) dv ds
´
, t ∈ [t∗, c0]

and we see that w∗ ∈ C1([t∗, c0]) and (r(w∗(t))w0∗(t))0 = q(t)f(t, w∗(t)) for t ∈ (t∗, c0).
Therefore w∗ is a solution of problem (1.1), (2.2) with a = t∗ and b = c0. Finally,
applying Remarks 2.1 and 2.2 to Lemma 2.9, we have wc0(t) < w∗(t) for t ∈ [t∗, c0),
and consequently

−∆+(c0) = min{wc0(t) : t0 ≤ t ≤ c0} < min{w∗(t) : t∗ ≤ t ≤ c0} = −µ,
contrary to (5.6). Hence ∆+ is continuous on the right on (0, T ).

The continuity of ∆+ on the left on (0, T ] can be proved similarly. ¤

Now, define the ‘dual’ function ∆− : (0, T ]→ (0,∞) to ∆+ by the formula
∆−(c) = min{wc(t) : 0 ≤ t ≤ c},

where wc is the unique solution of problem (1.1), (5.2), (5.3) such that wc < 0 in the
right neighbourhood of t = 0.

Lemma 5.4. Let assumptions (H1) − (H4) be satisfied. Then ∆− is continuous
decreasing on (0, T ] and

lim
c→0+

∆−(c) = 0.

Proof. Since the proof of the lemma is similar to that of Lemma 5.3, we will omit
it. ¤

Lemma 5.5. Let assumptions (H1)− (H4) be satisfied. Then there exist exactly two
exceptional 3-sign-changing w-solutions of problem (1.1), (1.2), (5.1).
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Proof. By Lemmas 2.7, 2.10 and 5.3, Φ+ is continuous decreasing on [0, T ), ∆+
is continuous increasing on (0, T ] and limc→T− Φ+(c) = limc→0+ ∆+(c) = 0. Set
p+(c) = ∆+(c) − Φ+(c) for c ∈ (0, T ). Then p+ ∈ C0((0, T )), limc→0+ p+(c) =
−Φ+(0) < 0, limc→T− p+(c) = ∆+(T ) > 0 and since p+ is increasing on (0, T ), there
is the unique c+ ∈ (0, T ) such that p+(c+) = 0. Hence the function

x+(t) =

(
wc+(t) for t ∈ [0, c+]
vc+(t) for t ∈ (c+, T ]

is an exceptional 3-sign-changing w-solution of problem (1.1), (1.2), (5.1), which is
positive in the right neighbourhood of t = 0. Assume that x+ is an additional
exceptional 3-sign-changing w-solution of problem (1.1), (1.2), (5.1) having positive
values in the right neighbourhood of t = 0 and let x+(tj) = 0, j = 1, 2, with 0 < t1 <
t2 < T . Since x+ 6= x+, it is necessary t2 6= c+, say t2 > c+. Then∆+(t2)−Φ+(t2) > 0
and from this inequality we deduce that

max{x+(t) : 0 ≤ t ≤ t2} = ∆+(t2) > Φ+(t2) = max{x+(t) : t2 ≤ t ≤ T},
contrary to the definition of an exceptional 3-sign-changing w-solution of problem
(1.1), (1.2), (5.1).

By Lemmas 2.8, 2.10 and 5.4, Φ− is continuous increasing on [0, T ), ∆− is con-
tinuous decreasing on (0, T ] and limc→T− Φ−(c) = limc→0+ ∆−(c) = 0. Set p−(c) =
∆−(c)− Φ−(c) for c ∈ (0, T ). Then p− ∈ C0((0, T )), limc→0+ p−(c) = −Φ−(0) > 0,
limc→T− p−(c) = ∆−(T ) < 0 and since p− is decreasing on (0, T ), there is the unique
c− ∈ (0, T ) such that p−(c−) = 0. The function

x−(t) =

(
wc−(t) for t ∈ [0, c−]
vc−(t) for t ∈ (c−, T ]

is an exceptional 3-sign-changing w-solution of problem in the right neighbourhood
of t = 0 and x− is the unique exceptional 3-sign-changing w-solution of problem
(1.1), (1.2), (5.1) having negative value in the right neighbourhood of t = 0. ¤

Remark 5.6. Let assumptions (H1) − (H4) be satisfied and let c ∈ (0, T ]. Then
(H1)−(H4) are satisfied with c instead of T , and so there exist exactly two exceptional
3-sign-changing w-solutions of problem (1.1), (5.2), (5.3) by Lemma 5.5.

Theorem 5.7. Let assumptions (H1) − (H4) be satisfied. Then for each n ∈ N,
n ≥ 2, there exist exactly two exceptional n-sign-changing w-solutions of problem
(1.1), (1.2), (5.1).

Proof. We proceed by induction. By Theorem 3.2 (with λ = 1) and Lemma 5.5,
there exist exactly two exceptional j-sign-changing w-solutions of problem (1.1),
(1.2), (5.1), j = 2, 3. In addition (see Remark 5.6), for each c ∈ (0, T ] there ex-
ists exactly two exceptional 3-sign-changing w-solutions of problem (1.1), (5.2), (5.3).
Assuming that this result holds for n = k ≥ 3, we will prove it for n = k + 1. Since
the proof is similar to that of Lemma 5.5, we give only its main ideas.
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First, we assume that for each c ∈ (0, T ] there exist exactly two exceptional k-
sign-changing w-solutions wkc and wkc of problem (1.1), (5.2), (5.3) such that wkc

is positive and wkc is negative in the right neighbourhood of t = 0. Now define
∆k
+ : (0, T ]→ (0,∞) and ∆k− : (0, T ]→ (0,∞) by

∆k
+(c) = max{wkc(t) : 0 ≤ t ≤ c}

and

∆k
−(c) = max{wkc(t) : 0 ≤ t ≤ c}.

Further, we can proceed as in the proof of Lemmas 5.3 and 5.4 to verify that ∆k
+

and ∆k− are continuous increasing on (0, T ], limc→0+ ∆k
+(c) = limc→0+∆k−(c) = 0.

Finally, if k is an even positive integer, set

p+k (c) = ∆
k
+(c)−Φ+(c), p−k (c) = ∆

k
−(c) +Φ−(c) for c ∈ (0, T ).

Since p+k and p−k are continuous increasing on (0, T ), limc→0+ p+k (c) = −Φ+(0) < 0,
limc→T− p

+
k (c) = ∆

k
+(T ) > 0, limc→0+ p−k (c) = Φ−(0) < 0 and limc→T− p

−
k (c) =

∆k−(T ) > 0, there exists the unique solution c+ (resp. c−) of the equation p+k (c) = 0

(resp. p−k (c) = 0). Then

x+(t) =

(
wkc+(t) for t ∈ [0, c+]
vc+(t) for t ∈ (c+, T ],

x−(t) =

(
wkc−(t) for t ∈ [0, c−]
vc−(t) for t ∈ (c−, T ]

are the unique two exceptional (k + 1)-sign-changing w-solutions of problem (1.1),
(1.2), (5.1).

If k is an odd positive integer, we now set

p+k (c) = ∆
k
+(c) +Φ−(c), p−k (c) = ∆

k
−(c)−Φ+(c) for c ∈ (0, T ).

Then p+k and p−k are continuous increasing on (0, T ), the equations p+k (c) = 0 and
p−k (c) = 0 have the unique solutions c+ and c−, respectively, and

x+(t) =

(
wkc+(t) for t ∈ [0, c+]
vc+(t) for t ∈ (c+, T ],

and

x−(t) =

(
wkc−(t) for t ∈ [0, c−]
vc−(t) for t ∈ (c−, T ]

are the unique two exceptional (k + 1)-sign-changing w-solutions of problem (1.1),
(1.2), (5.1). ¤
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[18] Taliaferro, S. D.: A nonlinear singular boundary value problem. Nonlin. Anal., 3,
(1979), 897—904.

[19] Tineo, A.: Existence theorems for a singular two-point Dirichlet problem, Nonlin. Anal.,
19, (1992), 323—333.

[20] Wang, J.: Solvability of singular nonlinear two-point boundary value problems, Nonlin.
Anal., 24, (1995), 555-561.

[21] Wang, J. and Gao, W.: A note on singular nonlinear two-point boundary-value prob-
lems, Nonlin. Anal., 39, (2000), 281—287.

[22] Zengquin, Z.: Uniqueness of positive solutions for singular nonlinear second-order
boundary-value problems, Nonlin. Anal., 23, (1994), 755-765.



Mathematical Notes, Miskolc, Vol. 3., No. 2., (2002), pp. 157—164

SHARP INEQUALITIES INVOLVING THE SYMMETRIC
MEAN

Tiberiu Trif
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Abstract. In this paper we prove several sharp inequalities involving the symmetric mean
of two arguments. They refine already known inequalities and relate to Hölder means as well
as to some special Gini means.
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1. Introduction and notation

Given the positive real numbers x and y, let A(x, y) := x+y
2 , G(x, y) :=

√
xy,

L(x, y) :=

½ x−y
lnx−ln y if x 6= y

x if x = y,

and

Hp(x, y) :=

( ³
xp+yp

2

´1/p
if p 6= 0√

xy if p = 0

denote their arithmetic, geometric, logarithmic, and Hölder means, respectively. It is
well known that if x 6= y, then Hp is strictly increasing in p. The symmetric mean of
x and y is defined by (see [4, pp. 44—45])

Sα(x, y) :=
xαy1−α + x1−αyα

2
α ∈ R.

Since Sα(x, y) = S1−α(x, y), it suffices to consider α ≥ 1/2. Following A. O. Pittenger
[8], we write the symmetric mean into the form

Sδ(x, y) :=
x
1+
√
δ

2 y
1−√δ
2 + x

1−√δ
2 y

1+
√
δ

2

2
δ ≥ 0.

It is easily seen that if x 6= y, then Sδ is strictly increasing in δ, so

G(x, y) = S0(x, y) < Sδ(x, y) < S1(x, y) = A(x, y) (1.1)

for all δ ∈ ]0, 1[.

Doi: 10.18514/MMN.2002.59
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A. O. Pittenger [8, Theorem 1 and Theorem 2] proved that for all positive real
numbers x 6= y, the symmetric mean satisfies also the following inequalities:

S1/3(x, y) < L(x, y), (1.2)

Sδ(x, y) < Hδ(x, y) if 0 < δ < 1, (1.3)

Sδ(x, y) > Hδ(x, y) if δ > 1. (1.4)

At this point we present a very short proof of the intriguing inequality (1.2), which
is sharp in the sense that 1/3 cannot be replaced by any greater constant. In order
to prove (1.2), let us apply the Gauss quadrature formula with two knots (see [1, pp.
343—344], [2, p. 36])Z 1

0

f(t)dt =
1

2
f

µ
1

2
+

1

2
√
3

¶
+
1

2
f

µ
1

2
− 1

2
√
3

¶
+

1

4320
f (4)(ξ) 0 < ξ < 1,

to the function f(t) = xty1−t. Since
R 1
0 f(t)dt = L(x, y) (this integral representation

of L(x, y) was pointed out for the first time by E. Neuman [6]), we get

L(x, y) = S1/3(x, y) +
1

4320
xξy1−ξ(lnx− ln y)4 0 < ξ < 1.

Therefore
min(x, y)

4320
(lnx− ln y)4 < L(x, y)− S1/3(x, y) <

max(x, y)

4320
(lnx− lny)4.

This inequality yields (1.2) and estimates the sharpness of (1.2).

It is the main purpose of the present paper to point out other sharp inequalities
involving the symmetric mean. In Section 2 we are concerned with sharp "interpo-
lating inequalities" related to (1.1) and (1.2). In Section 3 we establish two sharp
inequalities involving the symmetric and special Gini means.

2. Sharp interpolating inequalities related to (1.1) and (1.2)

In the next theorem we prove a sharp interpolating inequality related to (1.1):

Theorem 2.1. If 0 < δ < 1, then for all positive real numbers x 6= y it holds that

Sδ(x, y) < δA(x, y) + (1− δ)G(x, y). (2.1)

Moreover, (2.1) is the best possible inequality of the type

Sδ(x, y) < λA(x, y) + (1− λ)G(x, y) 0 < λ < 1, (2.2)

in the sense that if 0 < λ < δ, then (2.2) cannot be true for all positive real numbers
x 6= y.

Proof. Letting x/y = e2t (t ∈ R) and multiplying both sides by e−t, we see that
(2.2) is equivalent to fλ(t) < 0 for all t 6= 0, where fλ : R→ R is the function defined
by fλ(t) := cosh(

√
δt)− λ cosh t− 1 + λ. By using the power series expansion

cosh z = 1 +
∞X
n=1

1

(2n)!
z2n, (2.3)
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we get

fλ(t) =
∞X
n=1

an(λ)

(2n)!
t2n, where an(λ) := δn − λ.

If 0 < λ < δ, then a1(λ) = δ − λ > 0, hence fλ(t) > 0 for |t| sufficiently small.
Therefore, (2.2) cannot be true for all positive real numbers x 6= y.

On the other hand, a1(δ) = 0 and an(δ) < 0 for all n ≥ 2. Consequently, fδ(t) < 0
for all t 6= 0. This proves the validity of (2.1). 2
Remark. Obviously, (2.1) is a refinement of the second inequality in (1.1). It

would be also interesting to compare (2.1) with (1.3). Thus, for 0 < δ < 1/2 the
inequality (2.1) is weaker than (1.3), for δ = 1/2 it coincides with (1.3), while for
1/2 < δ < 1 it is stronger than (1.3). This assertion is proved by the following
theorem.

Theorem 2.2. For all positive real numbers x 6= y it holds that

δA(x, y) + (1− δ)G(x, y) > Hδ(x, y) if 0 < δ < 1/2 (2.4)

and
δA(x, y) + (1− δ)G(x, y) < Hδ(x, y) if 1/2 < δ < 1. (2.5)

Proof. Due to the symmetry, we may assume in both (2.4) and (2.5) that x > y.
Letting x/y = e2t (t > 0) and multiplying both sides by e−t, we see that (2.4) is
equivalent to fδ(t) > 1 for all t > 0, where fδ : R→ R is the function defined by

fδ(t) :=
δ cosh t+ 1− δ

(cosh(δt))1/δ
.

We have

f 0δ(t) =
g(t)

(cosh(δt))1+1/δ
, where g(t) = δ sinh((1− δ)t)− (1− δ) sinh(δt).

By using the power series expansion

sinh z =
∞X
n=0

1

(2n+ 1)!
z2n+1 (2.6)

we get

g(t) =
∞X
n=1

δ(1− δ)
£
(1− δ)2n − δ2n

¤
(2n+ 1)!

t2n+1.

Since 0 < δ < 1/2, it follows that g(t) > 0 for all t > 0, hence fδ is strictly increasing
on ]0,∞[. Therefore fδ(t) > 1 for all t > 0, because fδ(0) = 1. This completes the
proof of (2.4). The proof of (2.5) is analogous. 2

From (1.1) and (1.2) it follows that G(x, y) < Sδ(x, y) < L(x, y) for all 0 < δ ≤ 1/3.
Related to this, the following sharp interpolating inequality holds.
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Theorem 2.3. If 0 < δ ≤ 1/3, then for all positive real numbers x 6= y it holds
that

Sδ(x, y) < 3δL(x, y) + (1− 3δ)G(x, y). (2.7)

Moreover, (2.7) is the best possible inequality of the type

Sδ(x, y) < λL(x, y) + (1− λ)G(x, y) 0 < λ ≤ 1, (2.8)

in the sense that if 0 < λ < 3δ, then (2.8) cannot be true for all positive real numbers
x 6= y.

Proof. Due to the symmetry, we may assume in both (2.7) and (2.8) that x > y.
Letting x/y = e2t (t > 0) and multiplying both sides by te−t, we see that (2.8) is
equivalent to fλ(t) < 0 for all t > 0, where fλ : ]0,∞[ → R is the function defined by
fλ(t) := t cosh(

√
δt)− λ sinh t− (1− λ)t. From (2.3) and (2.6) we get

fλ(t) =
∞X
n=1

an(λ)

(2n+ 1)!
t2n+1, where an(λ) := (2n+ 1)δ

n − λ.

If 0 < λ < 3δ, then a1(λ) = 3δ−λ > 0, hence fλ(t) > 0 for t > 0 sufficiently small.
Therefore, (2.8) cannot be true for all positive real numbers x 6= y.

On the other hand, a1(3δ) = 0 and an(3δ) = δ[(2n+1)δn−1 − 3] < 0 for all n ≥ 2,
because

(2n+ 1)δn−1 − 3 ≤ 2n+ 1
3n−1

− 3 < 0 for all n ≥ 2.
The inequality 3n > 2n+1 (n ≥ 2) can be easily proved by induction. Consequently,
f3δ(t) < 0 for all t > 0. This proves the validity of (2.7). 2

Remark. The inequality (2.7) is a refinement of (2.1), because

3δL(x, y) + (1− 3δ)G(x, y) < δA(x, y) + (1− δ)G(x, y).

Indeed, this inequality is equivalent to

L(x, y) <
1

3
A(x, y) +

2

3
G(x, y),

a well known inequality due to E. B. Leach and M. C. Sholander [5].

From (1.1) and (1.3) it follows that G(x, y) < Sδ(x, y) < Hδ(x, y) for all 0 < δ < 1.
It is not difficult to see that we cannot have a sharp inequality of the type

Sδ(x, y) < λHδ(x, y) + (1− λ)G(x, y) 0 < λ < 1.

3. Sharp inequalities involving the symmetric and special Gini means

Given the positive real numbers x and y, the Lehmer mean Lr(x, y) of x and y is
defined for each r ∈ R by (see [9])

Lr(x, y) :=
xr+1 + yr+1

xr + yr
.
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In this section we deal also with the mean

M(x, y) := exp

µ
x lnx+ y ln y

x+ y

¶
= xx/(x+y)yy/(x+y).

It should be noted that both the Lehmer means and the mean M are special cases of
Gini means (see [3], [7]).

In the next theorem a sharp inequality involving the symmetric and Lehmer means
is established.

Theorem 3.1. If r > 0, then for all positive real numbers x 6= y it holds that

S2r+1(x, y) > Lr(x, y). (3.1)

Moreover, (3.1) is the best possible inequality of the type

Sδ(x, y) > Lr(x, y), (3.2)

in the sense that if 0 < δ < 2r + 1, then (3.2) cannot be true for all positive real
numbers x 6= y.

Proof. Letting x/y = e2t (t ∈ R), after a little bit of algebra we see that

Sδ(x, y)

Lr(x, y)
− 1 =

"³
x
y

´ 1+
√
δ

2

+
³
x
y

´ 1−√δ
2

#h³
x
y

´r
+ 1
i

2

·³
x
y

´r+1
+ 1

¸
=

cosh(
√
δt) cosh(rt)

cosh((r + 1)t)
− 1

=
fδ(t)

2 cosh((r + 1)t)
,

where fδ : R→ R is the function defined by

fδ(t) := cosh((r +
√
δ)t) + cosh((r −

√
δ)t)− 2 cosh((r + 1)t).

By using the power series expansion (2.3) we get

fδ(t) =
∞X
n=1

an(δ)

(2n)!
t2n, where an(δ) := (r +

√
δ)2n + (r −

√
δ)2n − 2(r + 1)2n.

Suppose first that 0 < δ < 2r + 1. Since a1(δ) = 2(δ − 2r − 1), it follows that
fδ(t) < 0 for |t| sufficiently small. Consequently, Sδ(x, y) < Lr(x, y) for x 6= y
sufficiently close, hence (3.2) cannot be true for all positive real numbers x 6= y.

Next we show that (3.1) holds true. Set, for brevity,

an = an(2r + 1) = (r +
√
2r + 1)2n + (r −√2r + 1)2n − 2(r + 1)2n

for each positive integer n. Then a1 = 0 and, in order to establish the validity of
(3.1), it suffices to prove that an > 0 for every n ≥ 2.
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Set xn := (r+
√
2r + 1)2n + (r−√2r + 1)2n for each positive integer n. Then the

sequence (xn) satisfies

xn+1 = 2(r + 1)
2xn − (r2 − 2r − 1)2xn−1 for every n ≥ 2. (3.3)

We claim that
(r + 1)2xn > (r2 − 2r − 1)2xn−1 (3.4)

for all n ≥ 2. Since x1 = 2(r + 1)2 and x2 = (r +
√
2r + 1)4 + (r − √2r + 1)4, for

n = 2 the inequality (3.4) is equivalent to

(r+
√
2r + 1)4 + (r −√2r + 1)4 > 2(r2 − 2r − 1)2 = 2(r +√2r + 1)2(r −√2r + 1)2,

which is true because u2 + v2 > 2uv for u 6= v. Assuming that (3.4) holds for n ≥ 2,
we prove that it holds also for n+ 1. By virtue of (3.3) we have

(r + 1)2xn+1 − (r2 − 2r − 1)2xn
=
£
2(r + 1)4 − (r2 − 2r − 1)2¤xn − (r + 1)2(r2 − 2r − 1)2xn−1

= (r4 + 12r3 + 10r2 + 4r + 1)xn − (r + 1)2(r2 − 2r − 1)2xn−1
> (r + 1)4xn − (r + 1)2(r2 − 2r − 1)2xn−1
> 0.

Consequently, (3.4) holds true as claimed.

Next, we prove by induction that

xn > 2(r + 1)2n (3.5)

for all n ≥ 2. Indeed, x2 = 2(r + 1)4 + 16r3 + 8r2 > 2(r + 1)4. Assuming that (3.5)
holds for n ≥ 2, we show that it holds also for n+ 1. By virtue of (3.3) and (3.4) we
have

xn+1 > (r + 1)
2xn > 2(r + 1)2n+2.

From (3.5) it follows that an > 0 for every n ≥ 2, completing the proof of the theorem.
2

Remarks. 1. The inequality (3.1) is a refinement of S2r+1(x, y) > H2r+1(x, y) (see
(1.4)), by virtue of the inequality Lr(x, y) > H2r+1(x, y) (see Z. Páles [7, Theorem 3],
K. B. Stolarski [9, Theorem 1]).

2. For −1/2 < r < 0 the means S2r+1 and Lr are not comparable. Indeed, with
the notations in the proof of Theorem 3.1, we have a1 = 0 and a2 = 8r2(2r+ 1) < 0,
hence f2r+1(t) < 0 for |t| sufficiently small. Consequently, S2r+1(x, y) < Lr(x, y) for
x 6= y sufficiently close. On the other hand, since 1+

√
2r+1
2 > r + 1, it follows that

S2r+1(x, y)

Lr(x, y)
=

"³
x
y

´ 1+
√
2r+1
2

+
³
x
y

´ 1−√2r+1
2

#h³
x
y

´r
+ 1
i

2

·³
x
y

´r+1
+ 1

¸ > 1

for x/y sufficiently large.

Now we prove a sharp inequality involving the means Sδ and M .
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Theorem 3.2. For all positive real numbers x 6= y it holds that

S2(x, y) > M(x, y). (3.6)

Moreover, (3.6) is the best possible inequality of the type

Sδ(x, y) > M(x, y), (3.7)

in the sense that if 0 ≤ δ < 2, then (3.7) cannot be true for all positive real numbers
x 6= y.

Proof. Letting x/y = e2t (t ∈ R) and multiplying both sides by e−t, we see that
(3.7) is equivalent to fδ(t) > 0 for all t 6= 0, where fδ : R→ R is the function defined
by fδ(t) := ln(cosh(

√
δt))− t tanh t. We have

tanh z =
∞X
n=1

22n(22n − 1)
(2n)!

B2nz
2n−1 |z| < π

4

and

ln(cosh z) =
∞X
n=1

22n(22n − 1)
2n(2n)!

B2nz
2n |z| < π

4
,

where Bk is the kth Bernoulli number. Consequently, for |t| sufficiently small, the
inequality fδ(t) > 0 is equivalent to

∞X
n=1

22n(22n − 1)
2n(2n)!

B2nδ
nt2n >

∞X
n=1

22n(22n − 1)
(2n)!

B2nt
2n.

If 0 ≤ δ < 2, then the last inequality cannot be true for all t 6= 0 with |t| sufficiently
small, because the coefficient of t2 in the right side is greater than the coefficient of
t2 in the left side. Therefore, (3.7) cannot be true for all positive real numbers x 6= y.

Next we show that (3.6) holds true. We have just seen that (3.6) is equivalent to

f(t) := f2(t) = ln(cosh(
√
2t))− t tanh t > 0 for all t 6= 0. (3.8)

We have

f 0(t) =
√
2
sinh(

√
2t)

cosh(
√
2t)
− sinh t
cosh t

− t

cosh2 t
=

g(t)

cosh(
√
2t) cosh2 t

,

where g(t) =
√
2 sinh(

√
2t) cosh2 t − sinh t cosh t cosh(√2t) − t cosh(

√
2t). By means

of certain usual hyperbolic identities we obtain

g(t) =
sinh(

√
2t)√
2

− t cosh(
√
2t) +

2−√2
4
√
2
sinh((2 +

√
2)t)− 2 +

√
2

4
√
2
sinh((2−

√
2)t).

Taking into account the power series expansions (2.3) and (2.6) we get

g(t) =
∞X
n=0

an
(2n+ 1)!

t2n+1, where an :=
(2 +

√
2)2n − (2−√2)2n

2
√
2

− n2n+1.
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Note that a1 = 0 and that

an >
(2 +

√
2)2n − 1
2
√
2

− n2n+1 >
22n + 2n

√
222n−1 − 1

2
√
2

− n2n+1

=
22n − 1 + 2n√2(22n−1 − 2n+1)

2
√
2

> 0

for all n ≥ 2. Therefore, g(t) < 0 for t < 0 and g(t) > 0 for t > 0, hence f 0(t) < 0 for
t < 0 and f 0(t) > 0 for t > 0. Consequently, f is strictly decreasing on ]−∞, 0[ and
strictly increasing on ]0,∞[. Since f(0) = 0, we can conclude that (3.8) holds true.
2

Remarks. 1. The inequality (3.6) is a refinement of S2(x, y) > L1/2(x, y) (see
(3.1)), by virtue of the inequality M(x, y) > L1/2(x, y) (see Z. Páles [7, Theorem 3]).

2. From (3.8) we deduce that
x√
2
tanh

x√
2
≤ ln(coshx) for all x ∈ R.

This inequality is complementary to the inequality

ln(coshx) ≤ x tanh
x

2
for all x ∈ R,

established by K. B. Stolarsky [9, Theorem 3].
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1D Pázmány P., H-1117 BUDAPEST, Hungary;
stoyan@cs.elte.hu

György SZEIDL, Department of Mechanics, Uni-
versity of Miskolc; H-3515 MISKOLC, Hungary;
Gyorgy.SZEIDL@uni-miskolc.hu
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